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If one were aware of Language in the intelligible, they would eventually 
realize that by binary recursion it provides the mind with four specific 
categories of grammar: Common Grammar, Arithmetic, Algebra and Geometry. 
The first three of these are logical while geometry is analogical. These form a 
grammar matrix by which a mind can use for all of information processing in 
binary. One also realizes that geometry is the cornerstone of grammar for with 
it, one can proof any other grammar whatsoever. 


This file contains examples of Euclid’s attempt at Geometry and a little of 
its journey through history. This starts, however, over a thousand years after 
the original work. 


As Grammar Systems provide us with four distinct methods of memory 
addressing using binary recursion which we use to manipulate memory, one 
may come to realize that to date, few, if any, have comprehended the Elements 
as applicable to the definition of rational behavior and how far from it the 
commentators of the Elements have always been from what they signify. The 
elements, in the abstract, are simply the two parts of a thing which can be 
named. The parts of a thing, are not things, and as Plato noted, they can only 
be named and not predicated of, a point every commentator on the Elements 
showed no recognition of, an element of a thing cannot possibly have a 
property at all and this has everything to do with data integrity which 
commentators never imagined. 


When Plato told the world that one can only name the parts of a thing, he 
was telling the world that all of information processing is simply methods of 
counting which is synonymous with naming. 

Today, mankind’s own computers are telling him constantly, that all 
information processing is simply methods of using binary recursion, and he 
still does not hear. 


WIKIPEDIA 
Euclid's Elements 


The Elements (Ancient Greek: Ztolyeia  Stoicheia) is a 
mathematical treatise consisting of 13 books attributed to the 
ancient Greek mathematician Euclid in Alexandria, Ptolemaic Egypt 
c. 300 BC. It is a collection of definitions, postulates, propositions 
(theorems and constructions), and mathematical proofs of the 
propositions. The books cover plane and solid Euclidean geometry, 
elementary number theory, and incommensurable lines. Elements is 
the oldest extant large-scale deductive treatment of mathematics. It 
has proven instrumental in the development of logic and modern 
science, and its logical rigor was not surpassed until the 19th 
century. 


Euclid's Elements has been referred to as the most successfull@ll>! 
and influential! textbook ever written. It was one of the very 
earliest mathematical works to be printed after the invention of the 
printing press and has been estimated to be second only to the Bible 
in the number of editions published since the first printing in 
1482,H1 with the number reaching well over one thousand.!¢! For 
centuries, when the quadrivium was included in the curriculum of 
all university students, knowledge of at least part of Euclid's 
Elements was required of all students. Not until the 20th century, by 
which time its content was universally taught through other school 
textbooks, did it cease to be considered something all educated 
people had read. 


Geometry emerged as an indispensable part of the 
standard education of the English gentleman in the 
eighteenth century; by the Victorian period it was also 
becoming an important part of the education of artisans, 
children at Board Schools, colonial subjects and, to a 
rather lesser degree, women. ... The standard textbook 
for this purpose was none other than Euclid's The 


Elements. 2 
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History 
Basis in earlier work 


Scholars believe that the Elements is largely a compilation of 
propositions based on books by earlier Greek mathematicians.|4! 





Proclus (412-485 AD), a Greek mathematician who lived around 
seven centuries after Euclid, wrote in his commentary on the 
Elements: "Euclid, who put together the Elements, collecting many 
of Eudoxus' theorems, perfecting many of Theaetetus', and also 
bringing to irrefragable demonstration the things which were only 
somewhat loosely proved by his predecessors". 


A fragment of Euclid's Elements on 
part of the Oxyrhynchus papyri 


Pythagoras (c. 570—495 BC) was probably the source for most of books I and II, Hippocrates of Chios (c. 
470—410 BC, not the better known Hippocrates of Kos) for book III, and Eudoxus of Cnidus (c. 408-355 
BC) for book V, while books IV, VI, XI, and XII probably came from other Pythagorean or Athenian 
mathematicians.!5! The Elements may have been based on an earlier textbook by Hippocrates of Chios, 
who also may have originated the use of letters to refer to figures. I0l 


Transmission of the text 


In the fourth century AD, Theon of Alexandria produced an edition of Euclid which was so widely used 
that it became the only surviving source until Francois Peyrard's 1808 discovery at the Vatican of a 
manuscript not derived from Theon's. This manuscript, the Heiberg manuscript, is from a Byzantine 
workshop around 900 and is the basis of modern editions.!7! Papyrus Oxyrhynchus 29 is a tiny fragment 
of an even older manuscript, but only contains the statement of one proposition. 


Although known to, for instance, Cicero, no record exists of the text having been translated into Latin 
prior to Boethius in the fifth or sixth century.!3! The Arabs received the Elements from the Byzantines 
around 760; this version was translated into Arabic under Harun al Rashid c. 800.!3! The Byzantine 
scholar Arethas commissioned the copying of one of the extant Greek manuscripts of Euclid in the late 


ninth century.!®! Although known in Byzantium, the Elements was 
lost to Western Europe until about 1120, when the English monk 
Adelard of Bath translated it into Latin from an Arabic 
translation.|¢! 


The first printed edition appeared in 1482 (based on Campanus of 
Novara's 1260 edition), ©! and since then it has been translated into 
many languages and published in about a thousand different 
editions. Theon's Greek edition was recovered in 1533. In 1570, John 
Dee provided a widely respected "Mathematical Preface", along with 
copious notes and supplementary material, to the first English 
edition by Henry Billingsley. 


Copies of the Greek text still exist, some of which can be found in the 
Vatican Library and the Bodleian Library in Oxford. The 
manuscripts available are of variable quality, and invariably 
incomplete. By careful analysis of the translations and originals, 
hypotheses have been made about the contents of the original text 
(copies of which are no longer available). 


Ancient texts which refer to the Elements itself, and to other 
mathematical theories that were current at the time it was written, 
are also important in this process. Such analyses are conducted by J. 
L. Heiberg and Sir Thomas Little Heath in their editions of the text. 


Also of importance are the scholia, or annotations to the text. These 
additions, which often distinguished themselves from the main text 
(depending on the manuscript), gradually accumulated over time as 
Opinions varied upon what was worthy of explanation or further 
study. 


Influence 


The Elements is still considered a masterpiece in the application of 
logic to mathematics. In historical context, it has proven enormously 
influential in many areas of science. Scientists Nicolaus Copernicus, 
Johannes Kepler, Galileo Galilei, and Sir Isaac Newton were all 
influenced by the Elements, and applied their knowledge of it to 
their work. Mathematicians and philosophers, such as Thomas 
Hobbes, Baruch Spinoza, Alfred North Whitehead, and Bertrand 
Russell, have attempted to create their own foundational "Elements" 
for their respective disciplines, by adopting the axiomatized 
deductive structures that Euclid's work introduced. 





i D f far eS = — — — 
An illumination from a manuscript 
based on Adelard of Bath's 
translation of the Elements, c. 
1309-1316; Adelard's is the oldest 
surviving translation of the Elements 
into Latin, done in the 12th-century 


work and translated from Arabic. 





Euclidis - Elementorum libri XV 
Paris, Hieronymum de Marnef & 
Guillaume Cavelat, 1573 (second 
edition after the 1557 ed.); in 8:350, 
(2)pp. THOMAS-STANFORD, Early 
Editions of Euclid's Elements, n^32. 
Mentioned in T.L. Heath's 
translation. Private collection Hector 
Zenil. 


The austere beauty of Euclidean geometry has been seen by many in western culture as a glimpse of an 
otherworldly system of perfection and certainty. Abraham Lincoln kept a copy of Euclid in his saddlebag, 
and studied it late at night by lamplight; he related that he said to himself, "You never can make a lawyer 
if you do not understand what demonstrate means; and I left my situation in Springfield, went home to 
my father's house, and stayed there till I could give any proposition in the six books of Euclid at 
sight". Edna St. Vincent Millay wrote in her sonnet "Euclid alone has looked on Beauty bare", "O 
blinding hour, O holy, terrible day, When first the shaft into his vision shone Of light anatomized!". 


Albert Einstein recalled a copy of the Elements and a magnetic 
compass as two gifts that had a great influence on him as a boy, 
referring to the Euclid as the "holy little geometry book". 22/431 


The success of the Elements is due primarily to its logical 
presentation of most of the mathematical knowledge available to 
Euclid. Much of the material is not original to him, although many 
of the proofs are his. However, Euclid's systematic development of 
his subject, from a small set of axioms to deep results, and the 
consistency of his approach throughout the Elements, encouraged 
its use as a textbook for about 2,000 years. The Elements still 
influences modern geometry books. Furthermore its logical, 
axiomatic approach and rigorous proofs remain the cornerstone of 
mathematics. 


In modern mathematics 





A page with marginalia from the first 
printed edition of Elements, printed 
by Erhard Ratdolt in 1482 





One of the most notable influences of Euclid on modern mathematics is the discussion of the parallel 
postulate. In Book I, Euclid lists five postulates, the fifth of which stipulates 


If a line segment intersects two straight lines forming two interior angles on the same side 
that sum to less than two right angles, then the two lines, if extended indefinitely, meet on 


that side on which the angles sum to less than two right angles. 


This postulate plagued mathematicians for centuries due to its 
apparent complexity compared to the other four postulates. 
Many attempts were made to prove the fifth postulate based 
on the other four, but they never succeeded. Eventually in 
1829, mathematician Nikolai Lobachevsky published a 


Hyperbolic Euclidean Elliptic 
The different versions of the parallel 


— B — 


description of acute geometry (or hyperbolic geometry), a postulate result in different geometries. 


geometry which assumed a different form of the parallel 
postulate. It is in fact possible to create a valid geometry 


without the fifth postulate entirely, or with different versions of the fifth postulate (elliptic geometry). If 
one takes the fifth postulate as a given, the result is Euclidean geometry. 


Contents 


=» Book 1 contains 5 postulates (including the famous parallel postulate) and 5 common notions, and 
covers important topics of plane geometry such as the Pythagorean theorem, equality of angles and 
areas, parallelism, the sum of the angles in a triangle, and the construction of various geometric 


figures. 


=» Book 2 contains a number of lemmas concerning the equality of rectangles and squares, sometimes 
referred to as "geometric algebra", and concludes with a construction of the golden ratio and a way 
of constructing a square equal in area to any rectilineal plane figure. 


= Book 3 deals with circles and their properties: finding the center, inscribed angles, tangents, the 


power of a point, Thales' theorem. 


= Book 4 constructs the incircle and circumcircle of a triangle, as well as regular polygons with 4, 5, 6, 


and 15 sides. 


=» Book 5, on proportions of magnitudes, gives the highly sophisticated theory of proportion probably 
developed by Eudoxus, and proves properties such as "alternation" (if a : b :: c : d, then a : c :: b : d). 

= Book 6 applies proportions to plane geometry, especially the construction and recognition of similar 
figures. 

= Book 7 deals with elementary number theory: divisibility, prime numbers and their relation to 
composite numbers, Euclid's algorithm for finding the greatest common divisor, finding the least 
common multiple. 

=» Book 8 deals with the construction and existence of geometric sequences of integers. 

=» Book 9 applies the results of the preceding two books and gives the infinitude of prime numbers and 
the construction of all even perfect numbers. 


= Book 10 proves the irrationality of the square roots of non-square integers (e.g. 4/2) and classifies 
the square roots of incommensurable lines into thirteen disjoint categories. Euclid here introduces 
the term "irrational", which has a different meaning than the modern concept of irrational numbers. 
He also gives a formula to produce Pythagorean triples."“! 

=» Book 11 generalizes the results of book 6 to solid figures: perpendicularity, parallelism, volumes and 
similarity of parallelepipeds. 

=» Book 12 studies the volumes of cones, pyramids, and cylinders in detail by using the method of 
exhaustion, a precursor to integration, and shows, for example, that the volume of a cone is a third 
of the volume of the corresponding cylinder. It concludes by showing that the volume of a sphere is 
proportional to the cube of its radius (in modern language) by approximating its volume by a union of 
many pyramids. 

= Book 13 constructs the five regular Platonic solids inscribed in a sphere and compares the ratios of 
their edges to the radius of the sphere. 


Summary Contents of Euclid's Elements 


Book | Hm IiV V VI VH VII IX X XI XI XII | Totals 
Definitions 23.| 2 11.7 18 4 | 22 | - - 16 | 28. - - 131 
Postulates 5 - - - - - - - - - - - - 5 

Common Notions 5 |- - - - - - - - - - - - 5 


Propositions 48 | 14 | 37 | 16 | 25 | 33 | 39 27 | 36 | 115 | 39 | 18 | 18 | 465 


Euclid's method and style of presentation 


Euclid's axiomatic approach and constructive " . — 
hod deliv infi » e "To draw a straight line from any point to any point. 
methods were widely intluential. e "To describe a circle with any center and distance." 


Many of Euclid's propositions were 
constructive, demonstrating the existence of 
some figure by detailing the steps he used to 
construct the object using a compass and 
straightedge. His constructive approach appears even in his geometry's postulates, as the first and third 
postulates stating the existence of a line and circle are constructive. Instead of stating that lines and 
circles exist per his prior definitions, he states that it is possible to 'construct' a line and circle. It also 
appears that, for him to use a figure in one of his proofs, he needs to construct it in an earlier 
proposition. For example, he proves the Pythagorean theorem by first inscribing a square on the sides of 
a right triangle, but only after constructing a square on a given line one proposition earlier. l6- 


Euclid, Elements, Book I, Postulates 1 & 3.115] 


As was common in ancient mathematical texts, when a proposition 
needed proof in several different cases, Euclid often proved only one 
of them (often the most difficult), leaving the others to the reader. 
Later editors such as Theon often interpolated their own proofs of 
these cases. 


Euclid's presentation was limited by the mathematical ideas and 
notations in common currency in his era, and this causes the 
treatment to seem awkward to the modern reader in some places. 
For example, there was no notion of an angle greater than two right 
angles,!7! the number 1 was sometimes treated separately from 
other positive integers, and as multiplication was treated 
geometrically he did not use the product of more than 3 different 
numbers. The geometrical treatment of number theory may have Propdsition dew Evenniwe- 
been because the alternative would have been the extremely 


9 dimensional figure in the Elements 


An animation showing how Euclid 
constructed a hexagon (Book IV, 


compass and straightedge.l"9! 


The presentation of each result is given in a stylized form, which, 
although not invented by Euclid, is recognized as typically classical. 
It has six different parts: First is the ‘enunciation’, which states the 
result in general terms (i.e., the statement of the proposition). Then 
comes the 'setting-out', which gives the figure and denotes particular 
geometrical objects by letters. Next comes the 'definition' or 
‘specification’, which restates the enunciation in terms of the 
particular figure. Then the ‘construction’ or 'machinery' follows. 
Here, the original figure is extended to forward the proof. Then, the 
proof itself follows. Finally, the 'conclusion' connects the proof to 
the enunciation by stating the specific conclusions drawn in the Codex Vaticanus 190 
proof, in the general terms of the enunciation.9! 





No indication is given of the method of reasoning that led to the result, although the Data does provide 
instruction about how to approach the types of problems encountered in the first four books of the 
Elements.!5! Some scholars have tried to find fault in Euclid's use of figures in his proofs, accusing him of 
writing proofs that depended on the specific figures drawn rather than the general underlying logic, 
especially concerning Proposition II of Book I. However, Euclid's original proof of this proposition, is 
general, valid, and does not depend on the figure used as an example to illustrate one given 
configuration. |2°! 


Criticism 


Euclid's list of axioms in the Elements was not exhaustive, but represented the principles that were the 

most important. His proofs often invoke axiomatic notions which were not originally presented in his list 

of axioms. Later editors have interpolated Euclid's implicit axiomatic assumptions in the list of formal 
i [21] 

axioms. 


For example, in the first construction of Book 1, Euclid used a premise that was neither postulated nor 
proved: that two circles with centers at the distance of their radius will intersect in two points.!22! Later, 
in the fourth construction, he used superposition (moving the triangles on top of each other) to prove 
that if two sides and their angles are equal, then they are congruent; during these considerations he uses 


some properties of superposition, but these properties are not described explicitly in the treatise. If 
superposition is to be considered a valid method of geometric proof, all of geometry would be full of such 
proofs. For example, propositions I.1 — I.3 can be proved trivially by using superposition. |23! 


Mathematician and historian W. W. Rouse Ball put the criticisms in perspective, remarking that "the fact 
that for two thousand years [the Elements] was the usual text-book on the subject raises a strong 
presumption that it is not unsuitable for that purpose."L71 


Apocrypha 


It was not uncommon in ancient time to attribute to celebrated authors works that were not written by 
them. It is by these means that the apocryphal books XIV and XV of the Elements were sometimes 
included in the collection.!24! The spurious Book XIV was probably written by Hypsicles on the basis of a 
treatise by Apollonius. The book continues Euclid's comparison of regular solids inscribed in spheres, 
with the chief result being that the ratio of the surfaces of the dodecahedron and icosahedron inscribed 
in the same sphere is the same as the ratio of their volumes, the ratio being 


10 [5-4V5 
3(5-v5) 6 ` 


The spurious Book XV was probably written, at least in part, by Isidore of Miletus. This book covers 
topics such as counting the number of edges and solid angles in the regular solids, and finding the 
measure of dihedral angles of faces that meet at an edge. 





Editions 


= 1460s, Regiomontanus (incomplete) 
= 1482, Erhard Ratdolt (Venice), first printed edition!2°! 
= 1533, editio princeps by Simon Grynaus 


= 1557, by Jean Magnien and Pierre de Montdoré, reviewed by Stephanus Gracilis (only propositions, 
no full proofs, includes original Greek and the Latin translation) 


= 1572, Commandinus Latin edition 
= 1574, Christoph Clavius 


Translations 


= 1505, Bartolomeo Zamberti (Latin) 

= 1543, Niccolò Tartaglia (Italian) 

= 1557, Jean Magnien and Pierre de Montdoré, reviewed by Stephanus Gracilis (Greek to Latin) 
= 1558, Johann Scheubel (German) 

= 1562, Jacob Kündig (German) 

= 1562, Wilhelm Holtzmann (German) 

= 1564—1566, Pierre Forcadel de Béziers (French) 

= 1570, Henry Billingsley (English) 

= 1572, Commandinus (Latin) 

» 15/75, Commandinus (Italian) 


1576, Rodrigo de Zamorano (Spanish) 
1594, Typographia Medicea (edition of the Arabic translation of 
The Recension of Euclid's "Elements"2°! 
1604, Jean Errard de Bar-le-Duc (French) 
1606, Jan Pieterszoon Dou (Dutch) 

1607, Matteo Ricci, Xu Guangqi (Chinese) 
1613, Pietro Cataldi (Italian) 

1615, Denis Henrion (French) 

1617, Frans van Schooten (Dutch) 

1637, L. Carduchi (Spanish) 

1639, Pierre Hérigone (French) 

1651, Heinrich Hoffmann (German) 

1651, Thomas Rudd (English) 

1660, Isaac Barrow (English) 

1661, John Leeke and Geo. Serle (English) 





| = 1 Inr, — ay — — nen — 
— in hcl | pe fe — 


1663, Domenico Magni (Italian from Latin) A Co rad 

1672, Claude Francois Milliet Dechales (French) The Italian Jesuit Matteo Ricci 3 (let) 
l . and the Chinese mathematician Xu 

1680, Vitale Giordano (Italian) Evensdr (right publishédihe 

1685, William Halifax (English) Chinese edition of Euclid's Elements 

1689, Jacob Knesa (Spanish) (HEFT ELAS) in 1607. 


1690, Vincenzo Viviani (Italian) 

1694, Ant. Ernst Burkh v. Pirckenstein (German) 
1695, C. J. Vooght (Dutch) 

1697, Samuel Reyher (German) 

1702, Hendrik Coets (Dutch) 

1705, Charles Scarborough (English) 

1708, John Keill (English) 

1714, Chr. Schessler (German) 

1714, W. Whiston (English) 

1720s, Jagannatha Samrat (Sanskrit, based on the Arabic translation of Nasir al-Din al-Tusi) 
1731, Guido Grandi (abbreviation to Italian) 
1738, lvan Satarov (Russian from French) 
1744, Marten Stromer (Swedish) 

1749, Dechales (Italian) 

1745, Ernest Gottlieb Ziegenbalg (Danish) 
1752, Leonardo Ximenes (Italian) 

1756, Robert Simson (English) 

1763, Pubo Steenstra (Dutch) 

1768, Angelo Brunelli (Portuguese) 

1773, 1781, J. F. Lorenz (German) 

1780, Baruch Schick of Shklov (Hebrew) 22! 
1781, 1788 James Williamson (English) 

1781, William Austin (English) 

1789, Pr. Suvoroff nad Yos. Nikitin (Russian from Greek) 


[27] 


» 1/795, John Playfair (English) 
» 1803, H.C. Linderup (Danish) 


=» 1804, Francois Peyrard (French). Peyrard discovered in 1808 
the Vaticanus Graecus 190, which enables him to provide a first 
definitive version in 1814—1818 


= 1807, Jozef Czech (Polish based on Greek, Latin and English 
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editions) | 
= 1807, J. K. F. Hauff (German) p a 
= 1818, Vincenzo Flauti (Italian) T-g, 
= 1820, Benjamin of Lesbos (Modern Greek) — =. T 
= 1826, George Phillips (English) a in 
= 1828, Joh. Josh and Ign. Hoffmann (German) y . 
=» 1828, Dionysius Lardner (English) —— 
1" 1833, E. S. Unger (German) p 
= 1833, Thomas Perronet Thompson (English) iuit 
=» 1836, H. Falk (Swedish) i - NS 
1" 1844, 1845, 1859, P. R. Brákenhjelm (Swedish) Q- s 
= 1850, F. A. A. Lundgren (Swedish) 
= 1850, H. A. Witt and M. E. Areskong (Swedish) * 
=» 1862, Isaac Todhunter (English) i a- |: 
=» 1865, Samuel Brassai (Hungarian) ^ ly - I| 
= 18/3, Masakuni Yamada (Japanese) Q.E.D. 
» 1880, Vachtchenko-Zakhartchenko (Russian) Proof of the Pythagorean theorem in 
» 1897, Thyra Eibe (Danish) Byrne's The Elements of Euclid and 
= 1901, Max Simon (German) published in colored version in 


1847. 
» 1907, FrantiSek Servít (Czech)'2?! 


» 1908, Thomas Little Heath (English) 

= 1939, R. Catesby Taliaferro (English) 

= 1999, Maja Hudoletnjak Grgić (Book l-VI) (Croatian )!S$®] 
= 2009, Irineu Bicudo (Brazilian Portuguese) 

= 2019, Ali Sinan Sertöz (Turkish)!S1] 


Currently in print 


= Euclid's Elements — All thirteen books complete in one volume, Based on Heath's translation, Green 
Lion Press ISBN 1-888009-18-7. 

= [he Elements: Books I-XIII — Complete and Unabridged, (2006) Translated by Sir Thomas Heath, 
Barnes & Noble ISBN 0-7607-6312-7. 

= The Ihirteen Books of Euclid's Elements, translation and commentaries by Heath, Thomas L. (1956) 
in three volumes. Dover Publications. ISBN 0-486-60088-2 (vol. 1), ISBN 0-486-60089-0 (vol. 2), 
ISBN 0-486-60090-4 (vol. 3) 


Free versions 


» Euclid's Elements Redux, Volume 1, contains books I-Ill, based on John Casey's translation 94! 


= Euclid's Elements Redux, Volume 2, contains books IV-VIII, based on John Casey's translation. 82! 


References 


Notes 


a. Wilson 2006, p. 278 states, "Euclid's Elements subsequently became the basis of all mathematical 
education, not only in the Roman and Byzantine periods, but right down to the mid-20th century, and 
it could be argued that it is the most successful textbook ever written." 


b. Boyer 1991, p. 100 notes, "As teachers at the school he called a band of leading scholars, among 
whom was the author of the most fabulously successful mathematics textbook ever written — the 
Elements (Stoichia) of Euclid". 


c. Boyer 1991, p. 119 notes, "The Elements of Euclid not only was the earliest major Greek 
mathematical work to come down to us, but also the most influential textbook of all times. [...]The 
first printed versions of the Elements appeared at Venice in 1482, one of the very earliest of 
mathematical books to be set in type; it has been estimated that since then at least a thousand 
editions have been published. Perhaps no book other than the Bible can boast so many editions, 
and certainly no mathematical work has had an influence comparable with that of Euclid's 
Elements". 


d. Bunt, Jones & Bedient 1988, p. 142 state, "the Elements became known to Western Europe via the 
Arabs and the Moors. There, the Elements became the foundation of mathematical education. More 
than 1000 editions of the Elements are known. In all probability, it is, next to the Bible, the most 
widely spread book in the civilization of the Western world." 

e. One older work claims Adelard disguised himself as a Muslim student to obtain a copy in Muslim 
Córdoba.I9! However, more recent biographical work has turned up no clear documentation that 
Adelard ever went to Muslim-ruled Spain, although he spent time in Norman-ruled Sicily and 
Crusader-ruled Antioch, both of which had Arabic-speaking populations. Charles Burnett, Ade/ard of 
Bath: Conversations with his Nephew (Cambridge, 1999); Charles Burnett, Adelard of Bath 
(University of London, 1987). 


f. Boyer 1991, pp. 118—119 writes, "In ancient times it was not uncommon to attribute to a celebrated 
author works that were not by him; thus, some versions of Euclid's Elements include a fourteenth 
and even a fifteenth book, both shown by later scholars to be apocryphal. The so-called Book XIV 
continues Euclid's comparison of the regular solids inscribed in a sphere, the chief results being that 
the ratio of the surfaces of the dodecahedron and icosahedron inscribed in the same sphere is the 
same as the ratio of their volumes, the ratio being that of the edge of the cube to the edge of the 


icosahedron, that is, 4/ 10/[3(5 — 4/5)]. It is thought that this book may have been composed by 


Hypsicles on the basis of a treatise (now lost) by Apollonius comparing the dodecahedron and 
icosahedron. [...] The spurious Book XV, which is inferior, is thought to have been (at least in part) 
the work of Isidore of Miletus (fl. ca. A.D. 532), architect of the cathedral of Holy Wisdom (Hagia 
oophia) at Constantinople. This book also deals with the regular solids, counting the number of 
edges and solid angles in the solids, and finding the measures of the dihedral angles of faces 
meeting at an edge. 
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GREEK 


Script: Greek, monotoniko and polytoniko 


ISO 843 
1997 TL CO 

A a a 
QL al 
Qu ái 
at ai 
QU ay 

B ß V 

P Y 8 
YY 88E 
YK gk 
YS gx 
YX gch 

A Ó d 

E € e 
£L ei 
ÉL éi 
£t er 
EV ey 

Z G Z 

H N 1 (1.1) 
"v 1y 

© 0 th 

I l i 

K K k 

A À l 

M " m 
UJ mp 

N V n 
VT nt 

= S 

O O O 
OL Oi 
ÓL Oi 
Ot Oi 
OU oy 

II 7t p 

P o r 

2 0,56 A S 

T T t 

Y v y 
UL yl 

o p f 

X X ch 

V ip ps 

Q () O (1.2) 


Archaic characters 


F F W 
j j 
C C S 


ISO 843 
1997 TR) 


al 
al 
al 
av, af, ay?) 


ng 
gk 


nch 


ei 
el 
el 

ev, ef, ey?) 


iv, if, iy?) 


UN (ELOT 743) 
198769 


a 
ai 
ái 
al 
av, af 6-062 


V 


ng?) 
gk 

nixed 
üha 

d 

e 

ei 

éi 

el 

ev, ef 6-062 


Z 

j? 9 
iv, if CDG-2) 
th 


ALA-LC 
199740 


p 43 


y,u^^ 


BGN/PCGN 
196260 


g, y6) 
ng 

g62, ngG3 
nx 

nkh 

dh, 6-4) 

e 

i 

í 

el 

ev 


b 62. mb69 
n 
d62, nd69, ntG5» 
X 
O 
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ISO 843 ISO 843 UN (ELOT 743) ALA-LC BGN/PCGN 
1997 TL 0-9 1997 TRC® 198760 199749) 196269) 


Diacritical marks 


tonos ó á á (4.5) A 
oxeia ó ó — (4.5) — 
vareia Ò à — (4.5) — 
perispomeni a A — (4.5) E 
dialytika 6 e 6 (4.5) 
koronis i i — (4.5) E 
psili i ° — =- — 
daseia h h — h — 
(4.5) — 


ypogegrammeni — 7 OG — 


prosgegrammeni O — (4.5) 


Punctuation marks 


erotimatiko ? 2? 
teleia 
ano teleia : ; 


ano-kato teleia 
komma à : 
apostrofos 


enotikon - - 


Notes 


A 


1.0 


1.1 
1:2 


2.0 


2.4 


22 


The character o is used at the beginning or in the middle of a word, while c is used at the end of a 
word. 


ISO 843:1997 Type 1, transliteration of Greek characters into Latin characters. International Stand- 
ards Organisation. (http://www.iso.ch). 


General notes: 


The forms in italics (in this case actually slanted) are not present in the Type 1 standard but appears 
in the Type 2 standard but have been added for reference. 


In the conversion of the combinations av, £v, nv, when they have an accent, the accent is transferred 
to the vowel. 


Alternative representation: i`. 


Alternative representation: o. 


ISO 843:1997 Type 2, transcription of Greek characters into Latin characters. International Standards 
Organisation. (http://www.iso.ch). Annex B of the standard gives an example of a reversible transcrip- 
tion system which is equal to UN (ELOT 743) 1987 using the conversion option given in note 3.1. 


General note: 


In the conversion of the combinations av, £v, nv, when they have an accent, the accent is transferred 
to the vowel. 


v is converted as v before D, y, ô, C, ^, u, v, p and all vowels. 
v is converted as f before 0, k, E, A, o, T, Q, X, Y and at the end of a word. 
v Is converted as y when the vowel before v has an accent or v has dialytika (1). 


ux is converted as bat the beginning or end of a word. 
ux is converted as mp in the middle of a word. 
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2.3 ovis converted as oy when the vowel before v has an accent or v has dialytika (1). 

3.0 United Nations Group of Experts on Geographical Names (UNGEGN). (http://www.eki.ee/wgrs). 
The United Nations recommended system is based on ELOT 743 of the Greek Standardization Or- 
ganization. 

General note: 
When the character combinations av, ev, nv are marked with an accent, the accent is transferred to 
the vowel. 

3.1 To insure reversibility, a macron can be added below the following character combinations: 

Qv av, af 
YY ng 

y& nx 

yx nch 
ev ev, ef 
n i 

nv  iv,if 
w O 

3.2 vis converted as v before D, y, ô, C, A, u, v, p and all vowels. 

v is converted as f before 0, k, E, A, o, T, Q, X, Y and at the end of a word. 
v Is converted as y when the vowel before v has an accent or v has a diaeresis sign (Ù). 

3.3 ur is converted as b at the beginning or end of a word. 
ux is converted as mp in the middle of a word. 

4.0 American Library Association/Library of Congress. 

4.1 Romanized as vin Modern Greek which is defined as the period after 1453. 

4.2 Only in initial position. 

4.3 òis romanized rh. 

4.4 Romanized as u in diphthongs. 

4.5 Diacritical marks are omitted in romanization. 

5.0 United States Board on Geographic Names and the Permanent Committee on Geographical Names 
for British Official Use. 

5.1 ybefore at, €, €t, n, L, OL, v and vw. 

5.2 In initial position. 

5.3 In medial position. 

5.4 Between v and p. 

5.5 In the combination vtt. 

Sources 


ALA-LC Romanization Tables: Transliteration Schemes for Non-Roman Scripts. Randal K. Barry (ed.). Library 
of Congress, 1997 (http://Icweb.loc.gov/catdir/cpso/roman.html). 


ISO 843:1997 Information and documentation — Conversion of Greek characters into Latin characters. Interna- 
tional Organization for Standardization, 1997 


United Nations Romanization Systems for Geographical Names. Report on Their Current Status. Compiled by the 
UNGEGN Working Group on Romanization Systems. Version 2.2. January 2003. (http://www.eki.ee/wgrs). 
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The transliteration of Greek into English is sometimes confusing, because it is variable. For most letters 

the equivalence is easy: 

alpha (a) =a 

beta (06) = b 

gamma (y) - g 

theta (0) = th 

phi ($) = ph 

psi (Y) = ps, and so forth. 
But because Greek words have come into English by direct coinage (scientific terms) and also by historical 
inheritance, from Latin via French and/or English, there are areas where alternatives exist. 


Diphthong ai (a1) in modern derivatives is usually ae (via Latin) or e (via late Latin) (archaeology, 
archeology), but ai appears in some direct transliterations (aition, Phaiakia). 

Double gamma (yy) is usually transliterated as ng (via Latin), because this is closer to the pronunciation 
(angel). 

Epsilon-iota (ci) often becomes i (via Latin), but also may appear in a more direct transcription as ei 
(note pirate and empirical in English, both from stem mtetp-; Peisistratos, Peisistratus, Pisistratus). 

Eta (7) is sometimes shown as e (same as epsilon (€)), but for precision it may also be rendered as é or e 
(eta is a long vowel, epsilon a short one) (psyche, psyché, psyche). 

Kappa (x) is sometimes k (Sophokles, Phaiakia), but very often c (via Latin, where c originally had only a 
hard pronunciation; but in English the c will often be pronounced soft) (Sophocles, Phaeacia [with soft 
c]). 

Xi (£) is usually x (axiom), but sometimes rendered as ks. 

Diphthong oi (01) is sometimes oi (Koine), more commonly oe (via Latin) or e (via late Latin) 
(oenology/enology, oestrus/estrus). 

Rho (p) is usually just r (arthritis), but when it begins a word is it rendered rh (rhythm) and when doubled 
it is rrh (pyrrhic victory, diarrhea), since initial rho and the second in a pair of rhos were aspirated in 
ancient Greek. 

Upsilon (v) by itself is usually y (via Latin and French) (psyche, sympathetic, Dionysos), but sometimes u 
(Dionusos). 

Diphthongs au (av) and eu (ev) are rendered with both letters (nautical, euphemism), but diphthong ou 
(ov) is commonly rendered with u alone (if y is being used for upsilon), via Latin (Epicurus, 
Thucydides); but sometimes in more direct transcription by ou (kouros) 

Chi (y) is most often transliterated as ch (psychology), but occasionally as kh (Akhilleus). 

Omega (w) is sometimes shown as o (same as omicron (o)), but for precision it may also be rendered as ó 
or 0 (omega is a long vowel, omicron is a short one) (sophrosyne, sóphrosyné, sophrosyne). 


DEALING WITH PROPER NAMES 


Greek-to-English dictionaries are usually very sparing in the inclusion of proper names and proper 
adjectives, so students need to become familiar with how to transliterate them into English. 

Many proper names have been Latinized before conversion into English, and therefore the ending of 
names is often adjusted to a Latin scheme. Greek nouns ending in -os usually become Latin nouns in -us; 
Greek nouns in -ov become Latin -um; Greek nouns in -n often become nouns in -a. Hence, you will see 
variations like the following: 


Dionysos, Dionusos, Dionysus 
Héra, Héré 


Ancient Greek Tutorials (atticgreek.org) created by Donald Mastronarde as complementary content for use 
with Introduction to Attic Greek, Second Edition (University of California Press 2013) 
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Athéna, Athéné 
Cyprus, Cypros, Kypros, Kupros 
(also with a common noun: symposium, symposion) 


Note also that the purist transliteration of the famous philosopher’s name would be Platon (Platon), 
but the Latinate version adopted by English is so familiar that one almost always sees Plato. Similarly, 
Thucydides is so well established in English that most people find it very offputting to see a more 
genuinely Greek version like Thoukudides or Thoukydides. Consistency is simply not possible. For 
instance, when speaking of the fourth-century BCE Syracusan Aiwv, it is common to use the form Dion, 
but the Greek historian of the Roman empire is usually referred to by the Latinized name Dio Cassius or 
Cassius Dio. 

The key skill the student must acquire is recognizing what the nominative of a proper name is when 
presented with an oblique case, because it is the nominative that needs to be transliterated. Masculine 
names commonly end in -os, -as, -ns (either first declension with gen. -ov, or third declension with gen. 
-ovs), -evs, -wv (gen. in -wvos or -ovTos or with contraction -@vTos). Feminine names usually end in -a, 
-n, -lS, -w. Here are some examples of proper names, mainly from the readings in Introduction to Attic 
Greek. 


"Adpac tos Adrastos, Adrastus 
Aapvimmos Damnippos, Damnippus 
Aé£urmos Dexippos, Dexippus 
EudtAntos Euphiletus, Euphiletos 
"Epaouvlons Erasinides 
"Epatoodevns Eratosthenes 
"Emundevs Epimetheus 
Ekatwvvuos Hekatonymos, Hecatonymus 
Evpvadevs Eurystheus 
HpakAfjs Herakles, Heracles 
Lpufs Hermes 
"Hoauio ros Hephaistos, Hephaestus 
Oéoyvis Theognis 
©pacvados Thrasyllos, Thrasyllus 
Zevodav Xenophon 
IIoAvretkns Polyneices, Polynices, Polyneikes 
Tipokpéwv Timokreon, Timocreon 
Acacia Aspasia 
ZavOimmm Xanthippe 
Oats Thais 
ZaToo Sappho 

Ethnic and topographic proper adjectives are usually turned into English with the suffix -ian/-an. 
A0nvatos Athenian 
KopivOLos Corinthian 
IIeAozrovv19otot Peloponnesians 
'Póótos Rhodian 
KorvoptraL Cotyoritans (or Cotyorites?) 
DLVWTTELS Sinopeans 


(sing. Suvw7revs) 


Ancient Greek Tutorials (atticgreek.org) created by Donald Mastronarde as complementary content for use 
with Introduction to Attic Greek, Second Edition (University of California Press 2013) 


WIKIPEDIA 
Romanization of Greek 


Romanization of Greek is the transliteration (letter-mapping) or transcription (sound-mapping) of 
text from the Greek alphabet into the Latin alphabet. The conventions for writing and romanizing 
Ancient Greek and Modern Greek differ markedly, which can create confusion. The sound of the English 
letter B (/b/) was written as f in ancient Greek but is now written as the digraph un, while the modern p 
sounds like the English letter V (/v/) instead. The Greek name Iwavvnc became Johannes in Latin and 
then John in English, but in modern Greek has become I'iàvvnc; this might be written as Yannis, Jani, 
Ioannis, Yiannis, or Giannis, but not Giannes or Giannes as it would be for ancient Greek. The word 
Ayıoc might variously appear as Hagios, Agios, Aghios, or Ayios, or simply be translated as "Holy" or 
"Saint" in English forms of Greek placenames.!H 


Traditional English renderings of Greek names originated from Roman systems established in antiquity. 
The Roman alphabet itself was a form of the Cumaean alphabet derived from the Euboean script that 
valued X as /ks/ and H as /h/ and used variant forms of A and X that became L and S.!2! When this 
script was used to write the classical Greek alphabet, (x) was replaced with (c), (a1) and (o1) became (ae) 
and (oe), and (£0) and (ov) were simplified to (1) (more rarely—corresponding to an earlier pronunciation 
—(e)) and (u). Aspirated consonants like (0), (x), initial-(p), and (y) simply wrote out the sound: (th), 
(ph), (rh), and (ch). Because English orthography has changed so much from the original Greek, modern 
scholarly transliteration now usually renders (x) as (k) and the diphthongs (a1, ou ey ov) as (ai, oi, ei, 
ou).13! Modern scholars also increasingly render (y) as (kh). 


The sounds of Modern Greek have diverged from both those of Ancient Greek and their descendant 
letters in English and other languages. This led to a variety of romanizations for names and placenames 
in the 19th and 2oth century. The Hellenic Organization for Standardization (ELOT) issued its system in 
cooperation with the International Organization for Standardization (ISO) in 1983. This system was 
adopted (with minor modifications) by the United Nations' Fifth Conference on the Standardization of 
Geographical Names at Montreal in 1987,/4/l5! by the United Kingdom's Permanent Committee on 
Geographical Names for British Official Use (PCGN) and by the United States’ Board on Geographic 
Names (BGN) in 1996,!©! and by the ISO itself in 1997.5/.7] Romanization of names for official purposes 
(as with passports and identity cards) were required to use the ELOT system within Greece until 2011, 
when a legal decision permitted Greeks to use irregular forms!®! (such as "Demetrios" for Anutytptoc) 
provided that official identification and documents also list the standard forms (as, for example, 
"Demetrios OR Dimitrios").!9! Other romanization systems still encountered are the BGN/PCGN's 
earlier 1962 system!5!4°] and the system employed by the American Library Association and the United 
States’ Library of Congress.!3! 


"Greeklish" has also spread within Greece itself, owing to the rapid spread of digital telephony from 
cultures using the Latin alphabet. Since Greek typefaces and fonts are not always supported or robust, 
Greek email and chatting has adopted a variety of formats for rendering Greek and Greek shorthand 
using Latin letters. Examples include "8elo" and "thelw" for 02Ao, "3ava" for &avà, and "yuxi" for wvyn. 
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Tables 


The following tables list several romanization schemes from the Greek alphabet to modern English. For 
the romanization of Greek into other languages, see the corresponding articles in our sister wikis, such 
as "Romanisation du grec" on the French Wikipedia. Note, however, that the ELOT, UN, and ISO 
formats for Modern Greek intend themselves as translingual and may be applied in any language using 
the Latin alphabet. 


Ancient Greek 


The American Library Association and Library of Congress romanization scheme employs its "Ancient or 
Medieval Greek" system for all works and authors up to the Fall of Constantinople in 1453,!3! although 
Byzantine Greek was pronounced distinctly and some have considered "Modern" Greek to have begun as 
early as the 12th century.44 


For treatment of polytonic Greek letters—for example, ®—see also the section on romanizing Greek 
diacritical marks below. 


Beta Codel'?l 


n [n- 1] 


3 
Classical ALA-LCPI 
(2010) 


EI 


eori 


D 
N I x% J Zio O 


"m eee a 


5/821 J 


th 
rh [n. 2] 


Pe Ce ee 


ps 


ps 


W O O W 


1. Before another velar stop, i.e. in the combinations yy, YK, v6, yx 

2. In ancient Greek, word-initial rho—a rho at the beginning of a word or name—and the second in a 
pair of medial rhos were always considered to involve rough breathing whether marked or not. 

3. In the diphthongs qau, £u, nu, OU, UI, WU. 


Modern Greek 


The ISO, UN, and Greek, British, and American governments have all approved an essentially equivalent 
standard for transcription of Modern Greek into Latin letters; there remain minor differences in how 
they approach reversible transliteration. The American Library Association and Library of Congress 
romanization scheme employs its "Modern Greek" system for all works and authors following the Fall of 
Constantinople in 1453.L3- 


In the table below, the special rules for vowel combinations (a1, av, £1, €v, qv, ou ov, ov) only apply when 
these letters function as digraphs. There are also words where the same letters stand side by side 
incidentally but represent separate vowels. In these cases each of the two letters is transcribed separately 
according to the normal rules for single letters. Such cases are marked in Greek orthography by either 
having an accent on the first rather than the second vowel letter, or by having a diaeresis (  ) over the 


second letter. For treatment of accents and diaereses—for example, i—also see the section on romanizing 
Greek diacritical marks below. 


Transcription 
Greek 


ELOT/UN/IIso | BGNIPCGNI?I 
(1962) 
a a 4 
al ai e 
av 
QU 2 
af 
p V v 
g 
Y g 
y 
YY ng ng 
g 
YK gk 
nk 
YS nx x 
YX nch nkh 
dh 
Ò d 
d 
€ e é 
El ei i 
ev 
EU "T 
ef 
C Z 3 
n | i 
IV 
nu IV 
if 
Å n th 
| i 
K k k 
À | | 
H m fi 
UTT 
mp mp 


ELOT!'!3! 
(2001) 


ai 


au 


gg 


gk 


gx 
gch 


ei 


eu 


dee 


mp 


Transliteration 


UNÉII5] | isol5ILto] 
(1987) (1997) 

a a 
al al 
av 

au 
af 
V V 
g g 
ng gg 
gk gk 
nx gx 
nch gch 
d d 
e e 
ei el 
ev 

eu 
ef 
Z Z 
i 1 
iv 

Ty 
if 
th th 
| i 
k k 
| | 
m m 

mp 
mp 


ALA-LCI3I Notes 
(2010) 

a 

ai 
before vowels or voiced 
consonants 

au 
before voiceless consonants 
and word-finally 

V 

g 
before front vowels 

ng 

gk word-initially 

ng word-medially 

nx 

nch 

d 
in the combination vdp 

e 

ei 
before vowels or voiced 
consonants 

eu 
before voiceless consonants 
and word-finally 

Z 

e 
before vowels or voiced 
consonants 

eu 
before voiceless consonants 
and word-finally 

th 

i 

k 

| 

m 


word-initially 


mp word-medially 


d : word-initially 
VT nt Ad nt nt nt word-medially and word- 
nt finally 
nt in the combination vTC 
C X X X X X X 
O O O O O O O 
Ol Ol Ol Ol Ol Ol 
OU Ou OU OU OU OU ou 
TT p p p p p p 
p r r r r r r 
G (oiya TEÀIKÓ - final sigma) 
o/c S S S S S S is used as the final letter in a 
word. 
T t t t t t t 
U y l y y y y 
UI yi | yi yi yi ui 
(p f f f f ph f 
X ch kh ch ch ch ch 
W ps ps ps ps ps ps 
w o o * o ō 6 
WU oy Ou oy Oy Oy OU 


Diacritical marks 


The traditional polytonic orthography of Greek uses several distinct diacritical marks to render what was 
originally the pitch accent of Ancient Greek and the presence or absence of word-initial /h/. In 1982, 
monotonic orthography was officially introduced for modern Greek. The only diacritics that remain are 
the acute accent (indicating stress) and the diaeresis (indicating that two consecutive vowels should not 
be combined). 


When a Greek diphthong is accented, the accent mark is placed over the second letter of the pair. This 
means that an accent over the first letter of the pair indicates vowels which should be taken (and 
romanized) separately. Although the second vowel is not marked with a superfluous diaeresis in Greek, 
the first-edition ELOT 743 and the UN systems place a diaeresis on the Latin vowel for the sake of 
clarity.Lt4ll4l 


Diacritical marks 
Greek Ancient Modern Name 


Classical | ALA-LCI2! | Beta Codel!2! | ELoTI'S! | UNI! BGN/ ISO9] | ALA-LCISI 


(2010) [n. 1] (2001) | (1987) | PCGN € | (1997) (2010) 
(1996) 
' J ” in. 2] accent 
acute accent 
` \ ` N/A É ` grave accent 
. [n. 3] [n. 3] [n. 3] [n. 3] rough 
h ( h N/A h h breathing 
, , , coronis 
) N/A smooth 
breathing 
: - i N/A : v circumflex 
[n. 4] + - [n. 4] [n. 4] diaeresis 
| í N/A . iota subscript 


1. These marks are placed after the letter so that, e.g., Ev is written E)N and Tw is written TW-|. 

2. In systems where the u in au, £u, and nu is romanized as a consonant v or f, the stressed 
diphthongs au, €U, and nu are romanized with the accent mark over the initial vowel. This should be 
distinguished from Greek áu, éu, and nu, which would be romanized as separate letters and not as 
diphthongs: ay, ey, and ly or Ty or ly. 

3. In the ALA-LC system, the h is supplied even where the rough breathing is not marked in ancient 
and medieval Greek (for example, initial p was always considered to possess rough breathing) but 
not in Greek after 1453. 


= On a vowel: h before the vowel. 
= On a diphthong: h before the first vowel. 
= On Q: h after the r. 


4. The diaeresis mark indicates that adjacent vowels should be taken separately and not as a single 
diphthong. 


Apart from the diacritical marks native to Greek itself or used to romanize its characters, linguists also 
regularly mark vowel length with macrons ( ) marking long vowels and rounded breves ( “ ) marking 
short vowels. Where these are romanized, it is common to mark the long vowels with macrons over the 
Latin letters and to leave the short vowels unmarked; such macrons should not be confused or conflated 
with those used by some systems to mark eta and omega as distinct from epsilon, iota, and omicron. 


Numerals 


Greece's early Attic numerals were based on a small sample of letters (including heta) arranged in 
multiples of 5 and 10, likely forming the inspiration for the later Etruscan and Roman numerals. 


This early system was replaced by Greek numerals which employed the entire alphabet, including the 
nonstandard letters digamma, stigma, or sigma-tau (placed between epsilon and zeta), koppa (placed 
between pi and rho), and sampi (placed after omega). As revised in 2001, ELOT 743 provides for the 


uncommon characters to be given (in Greek) as $ for stigma, + for koppa, and / for sampi. These 
symbols are not given lower-case equivalents.!43! When used as numbers, the letters are used in 
combination with the upper keraia numeral sign (') to denote numbers from 1 to 900 and in 
combination with the lower keraia (_) to denote multiples of 1000. (For a full table of the signs and their 
values, see Greek numerals.) 


These values are traditionally romanized as Roman numerals, so that AAe&avópoc I" o Makeóov would 
be translated as Alexander III of Macedon and transliterated as Aléxandros III o Makedo n rather than 
Aléxandros G' or Aléxandros 3. Greek laws and other official documents of Greece which employ these 
numerals, however, are to be formally romanized using "decimal" Arabic numerals.3! 


Punctuation marks 


Ancient Greek text did not mark word division with spaces or interpuncts, instead running the words 
together (scripta continua). In the Hellenistic period, a variety of symbols arose for punctuation or 
editorial marking; such punctuation (or the lack thereof) are variously romanized, inserted, or ignored in 
different modern editions. 


Modern Greek punctuation generally follows French with the notable exception of Greek's use of a 
separate question mark, the erotimatiko, which is shaped like the Latinate semicolon. Greek punctuation 
which has been given formal romanizations include: 


Punctuation marks 


ELOT/S) | ıso] 
(2001) (1997) 


Greek question mark 
(erotimatiko) 


full stop 
(teleia) 


Greek semicolon 
(ano teleia) 


colon 


(ano-kato teleia) 


comma 
(komma) 


exclamation point 
(thavmastiko) 


apostrophe 
(apostrofos) 


papyrological hyphen 
(enotikon) 





Uncommon letters 


There are many archaic forms and local variants of the Greek alphabet. Beta, for example, might appear 
as round B or pointed & throughout Greece but is also found in the forms f (at Gortyn), K and 6 
(Thera), t (Argos), « (Melos), ,r (Corinth), Y (Megara and Byzantium), and even C (Cyclades)./26! Well 
into the modern period, classical and medieval Greek was also set using a wide array of ligatures, 
symbols combining or abbreviating various sets of letters, such as those included in Claude Garamond's 
16th-century grecs du roi. For the most part, such variants—as c and [" for 7t, c for ot, and » for kav—are 
just silently emended to their standard forms and transliterated accordingly. Letters with no equivalent 
in the classical Greek alphabet such as heta (!| & |j), meanwhile, usually take their nearest English 
equivalent (in this case, h) but are too uncommon to be listed in formal transliteration schemes. 


























Uncommon Greek letters which have been given formal romanizations include: 


Uncommon letters 


digamma 




















koppa 


sampi 




















san 


lunate sigma 











yot 








See also 


= Classical compound 

" Cyrillization of Greek 

= List of Latin and Greek words commonly used in systematic names 
= English words of Greek origin 


=» Wiktionary's articles on Ancient Greek romanization and pronunciation, numerals, punctuation and 
Modern Greek transliteration. 
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€5olebam antea fereniflíme pzinccpe mecum ípfe cogitans admírari 
quid caufe eflet p in bac tua pzepotenti « faufta orbc cum varia an/ 
ctozum vcterum nmouoaumqs volumina quottidie inpzimcrent. Sin 
bac matbematica facultatevcl reliquarum oitciplinarum nobiliflima 
aut nibil aut parua quedam ctfriuola in tanta imp2etlo2ü copia qut 
in ma vrbe agunt: viderentur imp2ella.loec cum mecum fepius otfcu 
terem inuenicbam id otfliculeate operis accidifle. Won cnim adbuc 
quo pacto fcbeimata gcomcetrica:quibue matbematica volumina {ca 
tent:acfine quibue mbil i bís oitciplinie fere intelligi optime potett 
cxcogitaucramnt. Sjtaqs cum boc iplum tantümodo comuni ommum 
uliaci que cx bie percipitur.obftaret mea induftría no fine maximo 
laboze effeci.ot qua: facilitate litterarum elementa impꝛimuntur.ea 
ctiam geometrice figure conficerentur. Luamobrem ve {pero boc 
noftro invento be ouicipline quas matbemara greci appellant yolu/ 
minum copia ficuti relique fcientie bzeuíi illuftrabuutur. Zoe quarum 
laudibus s vtilitate pofieim inulta im pzclene adducere ab illutiribus 
collecta auctozibue:nifi ftudiofis ram omnibus bec noto elTet. Sjllud 
etiam plane cognitum eft ceteras fcíentiae fine matbematibue umipcr 
fe tas ac velutt mancas e¢. Megs boc profecro negabuntaDualecticé 
ueqs 1»bilolopbi abnuent:in qaox lib2ie multa reperiuntur: que ft 
nc iatbematica ratione mímmtce intelligi poflunt. 22uam divin’ ille 
lato meze veritatis arcant .vt adipticerctur cyrenasad.Zbeo/ 
dozum fummum eo tempoze mathematicus sad egiptios facerdotes 
cnanigauit.£2uid g tine bac ona facultate viuendi ratio nò perfecte 
conftat. Hiam vt oe mulice taceam:que nobis muneri ab ipia natura 
ad perferendos facilius labozes concefla viderur:vt aftrologid pez 
tercam qua crculti celum iplum ve.utt icalis macbintig3 quibuidam 
conicendentee verum ípfius nature argumentum cognofcamus: fine 
arithmetica 7 geometrig:quarum altera numeros altcra mélurae oo 
cet ciniliter: comodeg; viuere q potium’: Sed quid egoibis mo/ 
ro2 que iam ommibus vt oíiri:notto2a lunt qʒ vt a me dicantur.Eu / 
clides igitur megarenſis ſereniſſime pꝛinceps qui.xy. libꝛris omnem 
geometrie rationem conſummatiſſime complexus eſt:quem ego ſum 
ma s cura 7 otlígentia nullo pꝛetermiſlo ſchemate impꝛimenqum cu/ 
rani:fnb tmo numine tutus felixq5 pzodeat. 
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| pit q € De principijs ple notia:c pmo oe oiffin ill 
Anctus eft cuius ps no eft. Linea eft tionibus carandem. | 
lógitudo fine latitudine cni? quídt ex; 
tremítates ft ouo pücta. GÉ'inca recta Linea 
€ ab vrio pücto ad alíà bzcuillima exté/ 
fiot extremítatee fias vtrüq5 coz reci 
piene.Gesupficice € d logitudine « Latí 
| | udine tim bs:cui?termt quide füclínce. 
| | (Lnpficice plana € ab vna línea ada/ 
lid extétio t extvemitatee fuas recipiẽs 
GAngulus planus ¢ ouart lincara al 
terne otactue:quaz expállo € tup füp/ 
fici¢ applicatiogs no oírect. €Liu3do aut angulum otinét oue 
lee recte rectiline? angulus notat. @ £2n recta linea füp recta 
ftcterítouoqs anguli etrobiqs fuerit eqles:eoꝝ vterqʒ rectꝰcrit 
G7 ineaqslinee fupftás ei cuvfupftar ppendicularis vocat. Hn 
ulus 9o quí recto maío € obtufüs o1cit. CAngul’yo minoz re 
cto acüt?appellat.G 2L ermín?e qo vníutcuiutqs nie €. G€ Sigura 
eqtmíno yi termis ↄtinet. ¶ Circulꝰẽ figura plana vna qdem li 
nca otéte: d circüferentía nolatzia cur^medio püct?€ : a quo'ote 
línce recte ad circüferétíà exeütes fibiiuices tut equales. Et bic 
quidé püct?cetrü círeulí 03. Diameter circuli € linea recta que 
"A fupci?^centz tráfiene extremitatelqs fuae circüferérie applicans 
4% carculý i ono media dividit- CSemicirculus ¢ figura plana oia; 
metro circuli s medietate circu ferenne otenta.G 7f 5o2tio circu/ 
lí č figura plana recta linea < parte circũ ferẽtie ↄteta: ſemicircu/ 
lo quidé aut maio2 aut mino2z. CiRectiince figure fut q recne li — 
neis cotinent quart queda trilatere q tribꝰrectis lineis: quedã £F * es 
quadrilatere d qmozrectís lineis. dda mltilatere que pluribus © / Vey, — 
Q3quamo? rectíe lineis continent: Sigurarũ trilaterarũ:alia / ES 
cít trangulus bns tría latera equalia.7Alia triangulus ouo bris \ e 2 
edlía latera. Alia triangulus triu inequalium laterü. Haꝝ iterũ 5 D | —J— 
alia eſt orthogoniũ:vnũ.ſ.rectum angulum habens. Alia ẽ am/ ——— vagum 
bligomum aliquem obtuſum angulum babens. Alia eft origoní i 
um:in qua tree anguli tunt acuti. Yigurarů auté quadrilateraz | Letrags? tg” | ddrams | — / beimnat 
Alia eſt qdratum quod eft equilatcry atg3 rectanguli. Alia ett 
tctragon*long?:q eft figura rectangula : ted equilatera non cft. 
Alia eft belmuaym: que eit cquilatera : ted rectangula non eft. 
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C Alia eft fimilis belmuaym que oppofita latera babet equalia atq5 
oppofitos angulos equales: idé tamen nec rectis lis nec equis 
lateríbus cótinct: ](52eter bae aut o£s quadrilatere figure belimua/ 
rípbenomínantur. G/E quídiftantes linee funt que wn eadem füperfi 
ciecollocate atqs ín alterutram partem ptracte non conueniunt etig 
fi in infinimm pzotrabantur. 
Sea] Ltitiones fine quings:€H quolibet pücto ín quemlibet 
VI punctum rectá líneá oucere atqs líne3 ocfinítà in corínut 
rectüq5 quátülíbet pzotrabere.G &uper centrü quodlí/ 
bet quátumlibet occupando fpacium círculus defignare. 
| ¶ Omnes rectos angulos ſibiinuicem eſſe equales: ¶ Si 
linea recta ſuꝑ duas lineas rectas ceciderit duoqʒ anguli ex vna par/ 
te duobꝰrectis angulis minoꝛes fuerint iftas ouas lineas in eáde pté 
ame pculdubio sitictim ire. Czuaslineas rectas fupficie nul 
am concludere. 
=<) Ommunes animi oceptiones fünt bee? Cue yni 2 cide 
oH funt equalia ¢ fibiinice funt equalia?@ Et fi equalib%equa . 
xg lia addant tota qiioqs fíét equalía.G/Et fi ab equalib? eq 






ES bue equalia oemas d relínquüt erüt ineqlía. (Et fi íneq/ 
libus equalía addas ipfa quoqs fiét ínequalía. €I €t fnerint oue rea 
vní equalee ipfe fibiinicem erüt equalee. G 5i fuerint oueres quay 
vtraqʒ vniꝰeiuldeʒ fuerit dimidiũ vtraqʒ erit equalis alteri. Si ali/ 
qua res alicui ſuperponat applicetqʒ ei nec excedat altera alterã:ille 
fibiinuicé eruut eqles.d Oimne totum ¢ mains fuga pte. 


E) Linda eft ait p preter bas ainmi cóceptióce: fine coes fcias mul/ 
—8 tas alias que numero ſunt incõpꝛehenſibiles pꝛetermiſit Euclides: 
ZN Jl quarü bec eft vna. ¶ Si ouc quantitates equales ad qualibet tertia 
<a) Jad) ciufdem generis cóparentur fimul erunt ambe illa tertia aut eque 

i EP 13| maioxe: aut eque minosce:aut fimul equales. Itẽ alia Quanta 
eft aliqua qnantítas ad quálíbct aliam einfde generis tanta effe qualibet tertia ad 
aliquam quarta ciufdan generis in quantitatib? continuis: boc yniverfaliter ve/ 
rum eft fiue antecedentes maiozes fucrint confequentibus fine minoxs.magnity 
do enim oecrefcit in infiniti. in numeris aŭt non fic:fed fi fuerit primus fubmul/ 
tipley fecundi:erit quilibet tertius egue fubmultipley alicui? quarti: quonia nume 
rus crefcit in infinitü:ficut magnítudo ín infinitum minuitur. 






Pꝛopoſitio pꝛima. 
ſniangulnm equilaterum ſupꝛa datam lineam rectam col 






¶ Eſto data linea recta.a.b.volo ſuper ipſam triangulũ equilaterũ 
AA} cOftituere ſuper alterã eius extremitatẽ.ſ.in puncto a. ponam pedẽ 
circini immobilcm:⁊ alterũ pedem mobilem extendam vſqʒ ad.b.⁊ 
deſcribã hit quantitatan ipfius lince date per ſecũdam petitionẽ circulũ.c.b.d.f. 





rurfus alters cius extremitatem.f.purctü b.faciam centri: « per candcm pctitío 
nem 4 bm eiufdem quantitatem lincabo circulum c.a.d.b.quí circuli ínterfecabüt 
fc in ouobus punctía;que fint.c.d.z alteram ouarü fcccionum: fiat fectionem.d. 
conrinuabo cum ambabus extremitatibus oatelinee protractis lincis.d.a.d.b. 
per pung petitionem : quia ergo a puncto 3.99 cft centrum circuli.c.b.d. ꝓtra/ 
ce funt línce a.d. a.b. víq5 ad cius circiferentiam ipfe crunt cquales per oiffini 
tionem circuli. Similiter quoq;: quia a puncto b.quod eſt centrum circuli.c.a.d. 
pꝛotracte ſunt lince b.a.⁊.d.d.vſqʒ ad eius circũſerentiã ipſe erunt ct equales: qa 
ergo vtraqʒ duarũ lincarũ.a.d.b.d.equalis ẽ linec a.b.vt pꝛobatum eſt:ipſe crũt 
equalcs inter ſe per pꝛimã cõceptionẽ:ergo ſuper vatam lincam collocauimus tri 
angulum cquilaterũ:quod eſt ꝓpoſitum.TSi autẽ ſuper candẽ lincaʒ libeat col/ 
locare reliquas duas trianguloꝝ ſpẽs.ſcʒ.triangulũ duũ eq̃liũ laterũ ⁊ triangulũ 
triũ incequaliũ laterũ.ꝓtrahat᷑ linea.a.b.i vtrãqʒ ꝑtem vſqʒ quo occurret circũſe/ 
rentie amboꝝ circuloꝝſuꝑ duo pũcta.f.⁊.h.⁊ poſito cẽtro ĩ pũcto.a.lincet᷑ circu 
lus.e.h.g.ſᷣm quãtitatẽ lince.a.h.Itẽqʒ poſito centro in pũcto.b.linect᷑ circulꝰ.e. 
f.g.ſᷣm quantitatẽ lince.b.f.hi aũt circuli interſccabũt ſe ĩ duobꝰ pũctis q̃ ſũt e.g. 
Loniungant igit extremitates date linec cũ altera dictarũ ſectionũ ꝑ duas lincas 
rectas q funt.a.g. b.g.« quía be línec a.b.c.a.f.cycunt 2 centro circult.c.d.f.ad 
ciue circüferentià ipfe crüt equales. ifr quoq5.3.b. c. b.b.quía cxelit a centro cir 
culi.c.a.d.b.vías ad ipfius cirdiferctría ipfe cert equales: Quia crgo etraas oua 
rit Lincay.a.f.z.b.b.cqualis eft lince.a, b ipfe erunt inter fe equales.ergopofito 
q.b.cOi crit.b.f. cqualis.a.b.f5.b.f.cit cqualis.b.g.quia abo exent a centro circu / 
li.e.f.g.ad cius circiferentiam.Similit quog3.a.b.eft cqualis.a.g.2 virag3 cara 
cit maioz.a.b.co ꝙ vtraq; ouart linearum.b.f.z.a.b.maioz cft.a.b. quare fup 
datam lmeã collocauimus triangulũ ouo equaliü latcrü: CZ Triangulũ cti triü 
incqualin laters fup cande {inca collocabim?: fi aliqd pücti exiis in circüferentia 
elterutriue ouoy maior circuloz qo nó fit in altera ouarii fectionü: c cuí no ob / 
uict f.b.ci in rraliber ptam prracta fucrit in cotínui « oirectü: otunxerimus p 
duaelincas rectas cũ ambabꝰ extremitatibꝰ date lince.Sit.n.pictus.k.fignat? i 
circũferentia circuli.c.f.g.⁊ nõ ſit ĩ altera ſectionũ nec occurrat ci.f.h.cũ ꝓtrahe 
rct in ↄtinuũ:⁊ directũ vſqʒ ad eius circũferentiã.ꝓtraham crgo lincas.a.k.z.b. 
k.⁊ ſecabit linca.a.k.circũferentiã circuli.e.h.g.ſecct ergo in pũcto.l.eritqʒ.b.k. 
cqualis.a.l.quia.b.k.ceſt equalis.b.g.⁊.a.l.cqualis.a.g.quare.a.k.cſt maioꝛ.b. 
k. ſed ⁊. b. k. eſt maioꝛ.a.b.triangulꝰergo.a.b.k.eſt triũ incqualiũ latcrũ: Sic igi 
tur ſuꝑ datam lineam omnes trianguloꝝ ſpecics collocauimus. 
Paꝛopoſitio. 2 | 

vr ato puncto cuilibet linee recte ppofite equan rectam 
we] lincam oucere. | 

Ww GOit.a.punctus oatue c.b.c.línca oata voloa puncto.a.oucerc li 
ncà vnà equalem lince.b.c.in quacügs ptam contingat : coungam 
| crgo puncti.a.cum altera extremitate lince.b.c.cum qua «olucro. 
coniũga ipſũ.a.cũ extremitate.c.per línea.a.c.fuper qua conftitua trianguli cala. 
tcr Pm ooctrína pccdentis qui fit.a. c.d.zin illa extremitate linee oare cum qua 
coniunxi punctü oatü.f.ín extremitate.c.pona pede circim imobile z ocfcrib3 fu 
per ipfum circuli Pm quantitate ipfius oate lince q fit circu. e. b. latus triaguli 
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cquilateri qd opponif pücto oato.f.latus.d.c. ptrabam p cefitris circuli ocícripri 
vígs ad ei? circüferétia: « fit tota linca fic ptracta.d.c.c.Pm cui? quàtitate linca / 
bo círculii pofito centro in.d.qui fit circulug.c.f.c poftca prraba latus.d.a. víqs 
ad circüfcrentià b?eltimí circuli e occurrat circüfcretic ipfius in pücto.f.oico igit 
oy.a.f.cit equalis.b.c.nam.b.c.z.c.c.funt equales:quia cxeiit a centro circuli.c.b 
ad cius ciratferentia.Gilr quog3.d.f. <.d.c.funt cquales q? exeat a centro. circuli 
c.f.ad circüferentia.fcd.d.a.c.d.c.(unt equales q: funt latera trianguli cquilateri 
crgo fi.d.a.c.d.c.oemant.d.c.«.d.f.quc funt cqualcs: critt refidua que fut.a.f.z 
c.c.equalia q2 d €traq; ouarti linca.a.f.«.c.b.e cqualís.c.c.ipfe füt equales int 
(c:quarca püicto.a. prraximus líncam.a.f.equalcm.b.c.quod c ppofitum. 
a4nopofitio .3. 
znmRopolitíe ouabus líneis inequalibue oelongiozi earum 
Ó Vi b2euio2i equalem abfcindere. 
aC Sint oue lince.a.b.7.¢.d.2 fit.a.b.minoz volo ex.c.d.abfcindere 
SE! ond que fit cqlis.a.b.ouco pmo a piicto.c.«mà linca equalc.a-b. 65 
Pes} Qd Docuit pccdens:quce fit.c.c.pofito ergo centro in piicto.c.oefcri/ 
bam circuli &m quantitate.c.c.q fecabit lincd.c.d.Sit ergo et fecet ca i pücto.f. 
critq; linca.c.f.cqualis lince.c.e.quia ambo exent g centro ciufdem circuli ad cir / 
cumferctia:« q? vtraq5 ouarü lumcarü a.b. c.f.c.c(t cqualis.c.c.ipfe far int fe equa 
fes:quod eft ppofitum. Wropofitio 4. 
MD niũ duoꝝ triangulox quoꝝ duo latera vnius duobus 
"SS JA lateríbus alteríue equalia fucrint:ouoqs anguli eoz illis 
59/3 l'equilateríbus contenti equalce fuetínt alter alterí:larera 
WAlquoq; illox reliqna fele refpicientia equalia:reliqui vero 
àj anguli yni? reliqs angulis alterius equales erüt:ac totus 
triangul? troti triangulo equalis. 
¶ Sint duo trianguli.a.b.c.d.e.f.ſitqʒ latus.a.b.equale lateri.d.c.⁊ latꝰ.a.c.eq̃ 
le lateri.d.f.⁊ angulꝰ.a.cqualis angulo.d.iũc dico ꝙ baſis.b.c.ẽ equalis baſi.c.f 
⁊ angulus.b.cquał᷑ angulo.c. Itẽ angulꝰ.c.cqualis angulo.f.qð ꝓbat: ſupꝑonaʒ 
triangulũ.a.b.c.triangulo.d.e.f.ita ꝙ angulus.a.cadat ſuꝑ angulũ d.⁊ latꝰa.b. 
ſup latus.d.e.⁊ latus.a.c.ſuꝑ latus.d.f.⁊ pʒ per penultimã ↄceptionẽ ꝙ nec an 
guli nec latera ſeſe excedent eo ꝙ angulus.a.eſt equalis angulo.d.⁊ latera ſuꝑpo 
ſita his quibus ſupponunt᷑ ꝑ ypotheſym.puncta ergo.b.c.cadent ſuꝑ pūcta.c.f. 
fi ergolinca.b.c.cadit fup line3.e.f.p3  ppofitum:quia cum linca.b.c.(uperpofi / 
ta lincc.c.£. non excedat cà nec excedat ab ca € cí equalis p oucr(ione penultimc 
conceptidis:cadem rone erit angul?.b.cqualis angulo.c:z angulus.c.cdlis angu 
lo.f.fi autem línea.b.c.non cadit fupcr lincam.c.f.fed cadit inter triangulum {i 
cut línca.c.g.f.aut extra ficut línea. e.b.£.tunc oue líncc recte condudüt (upficie 
quod cft contra vlrimá petitione,  f520pofitío — .5. 
Ores triangali duuʒ eqliũ laterü angulos quí füpza ba 
f fim funt equales efle neceffe eftzg fi eius duo cquala la 
tera directe ptrabant fient quoq5 füb bafi ouo angulí 
4| inuicem equales. 
25 (oit triangulus.a.b.c.cius latus.a.b.fit cqualc lateri a.c.oico qp 
angulus.a.b.c.¢ eqnalis angulo.g.c.b.qp fi ptrabant.a.b.z.9.¢. 993 ad.d.z.c. 
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fict anzulus.d.b.c.cqualis angulo.e.c.b.quod fic poatur:protractis.a.b.2.4.¢. 
AS ponam pcr tertiam liueam.a.d.equalem lince.a.c.z protrabam lincas.e.b. d.c. 
⁊ intclligam ouos triangulos.a.b.c.7z.4.¢.d.quos p2obabo effe cquales z cquila 
tcros 4 cqangulos. Sunt.n.ouolatera.a.b.z.9.¢.trianguli.a.b.e.cqualia ouob? 
latcribug.a.c.c.a.d.tríanguli.a.c.d. « angulus.a.e cóie virigs ergo p pᷣmiſſã ba/ 
(i3.b.c.cft cqualis bafí.c.d.« angulus.c.cft equalis angulo.d. « angulus.a.b.c. 
cqualis angulo.3.c.d. 3tau intelligo ouos tríangulos.d.b.c..c.c.b.quos funi 
tcr p:obabo clTe equilateros z cquiangulos.n3im ouo fatcra.d.b.«.d.c. tríanauli 
b.d.c.funt cqualia ouobus latcrious.c.c. .c.b.tríanguli.c.b.c. « angulus.d.cit 
cqualis angulo.c.crgo per peamiflam:bafis baft: z reliqui anguli reliquis angulis 
crgo angulus.d.b.c.cft cqualís angulo.e.c.b.« boc c(t fcóm ,ppofitü.f.g» anguli 
fub bafi cqualcs funt:c angulus.b.c.d.cft equalis angulo.c.b.c.fed totus.a.b.c. 
cft cqualis.3.c.d.vt probatum fpit fupzsa «crgo angulus.a.b.c.rcfiduus cft equa / 
lis angulo.a.c.b.rcftduo quoz vteras eft fupcr bafim:quod pmi ppofitum 
Wzopofitio c. 
zm 5f ouo anguli dietis trianguli equales fuerint duog5la 
A rera angulos illos rcfpicientia equalia erunt. 
VAI |G occ c conuerfa pᷣmiſſe quantum ad pia cíus ptem.Oit cnim tri 
2a angulus.a.b.c.cuius ouo anguli.b.c.c.funt equales oico qp lar?.a, 
R-]b.cit equalis lateri.a.c. Oi cni non funt equales erit alterü alfo ma/ 
ius.fita}.a.b.maius quod refecetur ad equalitatcm.a.c.per tertiam ppof itioncʒ 
«t ſuperfiuum fit a parte.a.⁊ reſecctur in puncto.d.ſitqʒ.b.d.equalis.a.c.⁊ ducat 
linea.d.c. Intelligo ergo duos triangulos.a.b.c.⁊.d.b.c.quos ꝓbabo eſſe equila 
teros c cquiangulos.funt cním ouo latera.d.b.4.b.c.trianguli.d.b.c.calia ouo/ 
Lu » buslateribus.3.c.4. b.c.trianguli.a.b.c.« angulus.b.cqualis angulo.c. terali p 
b -c.» ypotbefim crgo bafis.d.c.cft equalis bafí.b.a.c angulus.d.c.b.cqualis angulo.a 
[. ' f. €b.pare vs toti quod cft impolfibile. Aw 
E 7f :opofitio .7. 
EL Saobas punctis aliquam lines terminantibus ouelt/ 
‘tice ad puncty ynum concurrentcs exierint ab etfde pun 
ces alias lineas fingulas fuis conterminalibus equales 
qad alin scurrat in eandé ptem ouci cft (mpollibile. 
(Sit linea a.b.a cuius extremitanibus prrabant one lince in par/ 
tcm enam que concurrant in codem puncto vr fint.a.c.«.b.c.quc concirrant in 
puncto.c.oíco g in candcm partem non pzotrabentur alic ouc ab cifdem extre/ 
rüitatibus quc concurrant ad altud punctum.ita o illa que egredietur a pücto.a. 
fit equalis linec.a c.c que egredictur a pucto.b.fit cqual lince.b.c. Quod fi fuc/ 
rit poflibile protrabantur alie oue lince in candem partem quc concurrant. in på 
| Cro.d.2 fit linca.a.d.cqualis lince.a.c.zlinca.b.d.cqualis.b.c.aut crgo punctus 
| d.cadct intra triangulum aut extra:nam in altero larerum ..c.2.b.c. non cadet 
quia tunc pare effet equalis fuo toti.Si autem cadat extra aut altera lincarum.a. 
d.z.b.d.fecabit altcram liucarum.a.c.z.b.c.aut neutra ncutram: ¢fecct primo 
| altera alteram « paotrabatur linca.c.d.quia crgo trianguli.3,c.d. ouo larera.a.c. 
' 7.2.d.funt cqualia crit angulus.a.c.d.cqualis angulo.a.d.c.per.s. oimiliter qa 
wu tríangulo.b.c.d.ouo latera.b.c.c.b.d.(unt equalía erunt aguli.b.c.d.z.b.d.¢ 
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Similiter cquales per candem: quia angulus.b.d.c. eft maioz angulo.a.d.c.fc/ 
quitur angulum.b.c.d.cffc maiozm anguio.a.c.d.partan.f.toto quod cit ipof/ 
fibile: Si autem.d.cadit extra triangulum.a.b.c.ita q linec non fe fecent ptraba 
lincam.d.c.« p:odixam.b.d.«.b.d.«.b.c.(ub bafí €(q5 ad.f. ad.c. z quia lince 
a.d.«.a.c.funt caualce:crüt anguli.a.c.d.«.a.d.c.equales p. 5 .Oimilit quía.b.c 
z.b.d.funt equales erunt anguli fub bafi qui fünt.c.d.f.4.d.c.c.cqualce p fcoas 
partem ciufdem:quia ergo angulus.e.c.d.mino? eft angulo.a.c.d. fequitur angu 
lum.f.d.c.effe minozem angulo.a.d.c.quod eft impoflibie: 7 codein modo dedu 
cctur aduerfarius ad inconuenicns: fi.d.puctus cadat intra trianguli.a.b.c. «c. 


Maoopoſitio s. 
OMhnium dnox triangulox quoꝛum duo latera vniꝰduo/ 
ASA Y bus lateribus alterius fuerint equalia:balifas eniue aft 
eMe || alterius equalis: onos angulos eqms lateribus conten, , 
Cow A tos:equales eflenccetle eft. 
C Sint vuo triaguli.a.b.c. d.c.f.fitas.a.c.cqualis.d.f.z.b.c.cqlis 
c.f.z.a.b.cqualis.d.c.vico ep angulus.c.eft cqualis angulo.f.z angulus.a.angu 
(o.d.zangulus.b.angulo.c.fuperpond bafím.a.b.bafi.d.c.quc cum fint equales 
neutra cxcedet altera per penultima conceptionem: aut crgo punctus.c.cadcet fu / 
per puncti.f.ant tion.Oi fic: tunc quía augulus.c.fuperpofit"erit angulo.f.« ncu 
ter coz excedit altcrum: ipfi funt equales per conucrfionem conceptionis pdictc: 
Similiter argue reliquos angulos cfle equales: €i autam punctus.c. non cadit 
fuper.f.fed fuper quemlibet alium qui fir punct?.g.quia.e.g. eft cqualis.b.c. imo 
cadamn:itemse;.d.g.cqualis.a.c.erit.c.g.equalis.e.f.z.d.g. equalis.d.f.quod cft 
impoffibile per precedentan. 
Pꝛopoſitio .9. 
7 2{tuin angulum per equalia fecare. 
C Sit vatus angulus quem oportet oividerecanguluf.a.b.c.lincas 
ipfum continentes que fynt.a.b.¢.b.c.ponam cquales per tertias 
zo À «pioducam lincam.a.c.fupcr quas conftituam triangulum cquila 
ai A) tcrum.a.d.c.« piotrabam linca.b.d.oico qp ipfa oíuidit oatü an / 
gulii per cqualia: 3ntclliso ouos triangulos.à.b.d.c.c.b.d.« qnía ouo latera a. 
b.c.b.d.tríanguli.a.b.d.funt cqualía ouobus latcribus.c.b.«.b.d.tríanguli.c.b 
d.zbafis.a.d.bafi.c.d.ergo per precedentem angulue.3.b.d.cft equalis angulo 
C.b.d.quod cft ppofitum facerc. 

















Pꝛopoſitio .io. 
Ropoſita recta linea eam per equalia diuidere. 

IG ott p:opofita linca qua opoꝛtet diuidere ꝑ equalia.linea a.b.ſup 
ni| ip oftítua tríagulii eq̃laterũ.a.b.c.⁊ angulũ.c.diuido ꝑ calia fm 
doctrinas pcedentis per líncam.c.d.oico gp» linca.c.d.oinidit vata 
AS linca.a.b.p calia: 3nteligo.n.ouos triagulos.a.c.d.«.b.c.d.« at/ 
guo fic:ouo lafa.a.c.2.c.d.tríanguli.a .c.d.ff calía ouob^latcrib^b.c.z.c.d.tría/ 
guli.b.c.d.e angulus.c.eníus angulo.c.altcrius ergo per quartari bafís.a.d.ba 
fi.d.b.quod eft ppofitum. 






mB 2ita linea recta a pitcto in ea fignato ppédicularé ertrabe 
ÀN trc ouob?qdem angul ealib?ac rectíe vtrínqs fübniyam. 
(ASit cara linca.a.b.in q fit oatus püctus.c.a quo 05 ppédicularcs 
extrabere:facia gp tertia lined.b.c.eqle lince.a.c.z fup rotà.3.b.có 
a ftituo trianguli eqlatcrit.a.b.d.z ptrabo.lined.c.d.o q vico y ipa 
€ ppedicularís fup líncà.a.b. intelligo ouos triangulos.a.c.d. «.b.c.d. « q: ouo 
latcra.a.c.z.c.d.tríanguli a.c.d.füt eqlia ouob?laterib?.c.b.c.c.d.trianguli.c.b. 
d.zbafis.a.d.bafi.b.d.erit p.s.angul?.a.c.d.cqlis angulo.b.c.d. qre víqs co: 
crit rect?p oiffinitócm angulí rectí:« linca.c.b.ppedicularis fup lincà.a.b. p oíffí 
nitóem linec ppedicularis:qd € ppofità. — 1 »20politío i2. | 
‘[Pounicto extra tignato ad data lines indefinite quantita, 
tis perpendicularem oeducere. 
4 \CSit.a.punctus fignat extra lined.b.c.a quo ad ip{a 03 ocduce p/ 
LW| pediculare: prraba ergo lincd.b.c.i vtraqs pte qr libucrit z fuper 
id Valent! Pfictit.2. defcriba circulis .b.c.fic ot {ecet lined oata in pictis.b.c.et 
Ptraba lincas.a.b.z.a.¢.¢ oiuida angulii.b.a.c.p calia p luica.a.d.p.o.oico g 
q.d.¢ ppédicularis fup línca.b.c. Intelligo ouos triagulos.a.b.d.z.a.¢.d. zquia 
duo latera.a.b.⁊.a.d.triãguli.a.b.d.ſũt eq̃lia duobus lateribꝰ.a.c.⁊.a.d.trian / 
guli.g.c.d.z angul’.a. oni’cqlis angulo.a.alteri’erit p.4.balis.b.d.eqlis bafi.d. 
¢.Z angulus.a.d.b.eqlis angulo.a.d.c:qre vtq5 cox rect" linea.a.d. ppédicula/ 
ríe fup lined.b.c.p oiffinitócim angulí recti e linee ppediculariszqo € ppofiti. 
Paꝛopoſitio .iʒ. 
Mnis recte linee ſuꝑrectã lineã ſtantis duo vtrobiqʒ an 
guli aut ſunt recti aut duobus rectis cquales. 
IG oir vt línca.a.b.fupftet línec.c.d.q fi fucrit íüp ca ppcdicularis fa 
h, i 4 ciet ouos angulos rectos p ouctfione oiffiritóis.Oi àt nó fuerit fup 
"Em 3$61|c3 ppedicularie a pücto.b.oucat.b.c.ppedicularis fap.c.d.p endcci 
ima:erütas ouo anauli c.b.c.2.c.b.d.recti p oucríione oiffinitois?q: crgo ouo gn 
guli.d.b.3.2.3.b.c.adcquant angulo.d.b.c.ipfc i agulo.c.b.c.crüt calce ouob? 
rcctíez qre trcs dguli q füt.d.b.a. a.b.c.«.c.b.c.füt cQlcs ouob"rectíe?fs ãgulꝰc.b 
a.C calis ouob"angul.c.b.c. c.c. b.a. d otio aguli.c.b.a.«.3.5.d.ft cales ouob?re 
ctío:q9 € ppofitüz £x quo ps g totũ ſpaciũ qd i qlib; fupficie plana püctii qolibs 
circũſtat qtuoꝛ rectis agulis eẽ ẽle. Pꝛopo “ig. 

I duelinee a pũcto vni linee ĩ diuerlas ꝑtes exierint du 
oſqʒ circa ſe angulos rectos aut duobꝰrectis equales fe, 
cerint:ille due linee ſibi directe coniũcte ſũt linea na. 
dI Cit vt a picto.b.lince.a.b.exeat ouclinee in oppofitas ptes que 

di S371 (int.b.¢.z.b.d. facilit ouos agulos q {f.c.b.a.7.d.b.a.cqles ouo 
bus rcctie:tüc oico cp ouc limec.c.b.c.d.b.ft fibiiuice oírecte diticte e linca va: 
bec é qfi ouería poris:q find fuerit linea ena tic ptrabat .c.b.in Stinut ¢ dire, 
cti qq» nó élínca ena ci.d.b.trafibít (up cà vt.b.c.aut ifra ca vt.b.f.q2 g fup li/ 
nea recta q é.c.b.c.cadit linea.a.b.erũt anguli.c.b.a.⁊ e.b.a: eqles duobꝰ rectis 
ꝑ pᷣcedẽtẽ:⁊ qꝛ oẽs recti ſt ad ĩuicẽ eq̃les ꝑ.ʒ.petitõcm anguli quoqʒ c.b.a.⁊ d.b.a 
ſt cq̃les duobꝰanguł rectis ꝑypotheſym erũt duo ãguli.c.b.a.⁊.e.b.a.eq̃les duo/ 
bus anguł.c.b.a.⁊.d.b.a.g̊ dẽpto cõi angulo.c.b.a.crit ãgulꝰe.b.a.cq̃lis angulo 


a3 $ 






— 




















teal 


— par g 
—- o "e oU et m LE —— 


PEE 


| 
| 
| 
I 
| 
( 
| 
: 





m 


d.b.2.ps toti:quod € ipoffíbilc:fitr linca. c.b. ptractá pbabie angulit d.b.a,efle 
cálem angulo.f.b.a.ft foxte oícerct adnerfari?tinca.c.b. ptractà cadere ifra.b.d. 
j(»:opofitio iş. ] 3 
vi nium ouarti linearum fe inníce fecáríti: ote anguli có 
tra fe pofiti füt e lee: ende manifeftü eft q cü ouelinee 
recteie iuicé fecát atuo? q fit águlof qtuo? rectíf ee egles 
! (Sint ouc lince.a.b.z.c.d.fc iuicé fccates i pücto.c.oico ꝙ angul? 
STA d.c.b.cit cális angulo.a.c.c.z angulus.b.c.c.e eqlis angulo.a.c.d. 
Erũt.n.ꝑ.iʒ.duo anguli.a.e.c.⁊.c.e.b.eq̃les duobꝰrectis:itẽqʒ duo anguli.c.e.b. 
⁊.d.e.b.eq̃les duobus rectis ꝑ eande:q̃re duo pᷣmi ſt eq̃les duobꝰpoſtremis eo ꝙ 
oés recti fat ad innicé equates p 24. petitionc: ocmpto crgo cdi angulo q € c.c.b. 
crit angulus.3.c.c.eqlis angulo.d.c.b. Lode md poabif anguluʒ.c.e.b.eẽ eq̃leʒ 
angulo.a.c.d.q9 € ;ppofitü. ‘WPropolitio ic / 
quodlíbet laterü trianguli directe ptrabat faciet angu 
um extrínlecum troqs angulo tríanguli fibí íntvínfecue 
~ "P | oppofito maiozem. 
'EW | oit vt tríanguli.a.b.c.latus.a.b.;ptrabat €fa5 ad.d.oico qp angu 
: lus.d.b.c.maío:é vtroq; ouoz anguloz itrinfccoz fibi oppofito/ 
rū q̃ ſũt.b.a.c.⁊.b.c.a.diuidã.n.ꝑ.io.lineã.c.b.ꝑ eq̃lia in pũcto.e.⁊ ꝓtrahã.a.e. 
vſqʒ ad.f.ita vt.c.f.fiat eq̃lis.a.c.⁊ ꝓtrahã linea.f.b.intclligo duos triangulos 
c.e.a.⁊.b.c.f.⁊ qꝛ duo latera.a.c.⁊.e.c.trianguli.a.e.c.ſũt cqlia duobus lateribꝰ 
f.c.«.c.b.tríangulf.f.e.b.4 angulus.c.vnius ¢ cq̃lis angulo.c.altcriꝰꝑ pᷣmiſſa qa 
(ut anguli ↄpoſiti: erit ꝑ.a.angulꝰ.c.c.a.cq̃lis angulo.e.b.f.⁊ id angulus.c.b.d. 
maio: crit angulo.b.c.a.Silr quoqʒ ꝓbabitur ꝙ eſt maioꝛ angulo.c.a.b.naʒ diui 
dam.a.b.ꝑ eqlia in pũcto.g.ꝑ.io.⁊ ꝓtrahaʒ lincã.g.h.cqualẽ lince.c.g.ꝑ.ʒ.po / 
ſtea ꝓtraha.h.b.k.crũtq; duoꝝ triãguloꝝ qᷣ ſũt.a.g.c.⁊.b.g.h.duo latera.a.g.⁊ 
g.c.pᷣmi cqlia duobꝰlateribꝰ.b.g.⁊b.h.ſcði:⁊ angulus.g.vniꝰangulo.g. alteriꝰ ꝑ 
is. ergo ꝑ.q.angulus.g.c.a.eſt cq̃lis angulo.g.b.h.q̃re ꝑ.i5.⁊ angulo.k.b.d ⁊ qꝛ 
angulus.c.b.d.ẽẽ maioꝛ angulo.k.b.d.erit etia maioꝛ agulo.b.a.c.qð ẽ ꝓpofitũ. 
P>20politio .17. 
Afnistriaguli duo liber aguli ouob’rectis {ut miozes. 
CSit triangulus.a.b.c. dico q ouo ğlibet e anguli ouob’rectis ſũt 
minoxce: prtrabar.n.enü latus eiue vr.b.c.víqs ad.d.crítas p pcc/ 
Ww > denté angulus.c.extrinfecus maio2.3.2 maio2.b.f5.c,extrinfec’cum 
2223: |c.intrinfeco € cqlis ouobus rectis p.iz3.g anguli.b.z.c. intrinfeci fine 
anguli.a.z.c.intrinfeci {Ge minozs ouobus rectis:filt fi prrabat latus.b.g. pba 
bit ~ ono anguli.a.z.b.funt minores ouobus rcctíe:quod e ppofitü. 
P20pofitio .is. | 
Mnis trianguli lógius lat?maíoxi angulo oppofitüi eft. 
CSit vei fangulo.a.b.c.agul’.a fit maioz agulo.c.oico q lat? c.b. 
{maior crit larere.a.b.Si.t. fit cle crit p.5.agul’a.cql angulo.c.qd 
€5 yporbefyin:fi aiit.a.b.fit mai?" refecet ad calitate.c.b.p.5.fitq;.d 
b.eqle.c.b.crit & p. 5.aguÜd.c.b.cqE auglo.b.d.c.f3.b.d.c.e maío: 
agulo.b.3.¢.p.i6.g .b.c.d.¢ maio2.b.a.c.qre mlto foit" maioz.a.c.b.ps toto:qd 
€ ipoffibilc. J»:opofitio ig: 
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Anis trianguli matozfangulo longins lati$ oppofitü € 
SS. A oit *t in triangulo.a.b.c.latus. b c.fit mai"latere.a.b. olco gp an 
toa) | guÜ'a.crit maio? angulo.c.« € oucrfa pcedétis:fi.n.fir calis tüc p.c. 
latus.a.b.€ cale latcri.b.c. qo cito ypotbefym: Si at.c.fit maior tic 
p peedene latus.a.b.€ mai" latcrc.b.c.aà € 2 ypotbefym re aftruit 

s P20politio 20. 

gu bnis tríanguli ouo quelibet latera fimul iuncta reliquo 
ſunt longioꝛa. 

Goit triagul”.a. b.c.oíco qp ouo latcra.a.b.c.a.c.füt ló5ío:a latere 
J| b.c.;ptrabat linca.b.a.fqs ad.d.ita vt a.d.fit edlis.a.c.c c ptrabat 
2| c.d.p. 5.crít angulus.a.c.d.calis angulo.d.qre angul’. b.c.d.éma 
io: angulo.d.ergo p.18. latus.b.d.cft mai? laterc.b.c.fs.b.d.é cdlc.a.b.c a.c. dre 
b.3.:.3.C.fil tiicta ft mato. b.c. 











= (»opofitio .2i. 
Ag 3 oe ouobus punctis terminalibus ynius lateris triaguli 
Adue linee exeuntes intra triangulum ipſum ad punctũ vnũ 
id oueníant eedé ouabus quide reliquistrianguli lincisb2e 
Zl uío2ee erunt? maíoae angulum contínebunt. 
CSi vt in triangulo. a.b.c.ab extremitatibus lateris.b.c.concurrant ouc linec.b 
d.«.c.d.ad punctü.d.intra triangulum.a.b.c.oíco q ipfc fimul iunctc füt b:cuio 
rce ouabus líncie.a.^..a.c.fit iunctis « ꝙ angulus.d.c ingio2 angulo.a. ptraba 
cni.b.d.¢fa3 quo fecct latus.a.c.in puncto.c.cruntqs per.20.b.3.4.8.c.fumul i / 
cte maioꝛes.b.c.ergo.b.a.⁊.a.c.ſunt maioꝛes.b.c.⁊.c.c. At vero.d.c.⁊.c.c.ſimł 
iuncte ꝑ eandẽ ſũt maioꝛes.d.c.q̃re.b.c.⁊ e.c.ſunt maioꝛes.b.d.⁊.d.c.⁊ qꝛ.b.a.⁊ 
a.c.ſunt maioꝛes.b.e.⁊.e.c.vt ꝓbaiũ ẽ pꝛius erũt multo foꝛtius maioꝛes.b.d.ct 
d.c.qð ẽ pmũ ꝓpoſitum:At qm̃ angulus.b.d.c.eſt maioꝛ angulo.d.e.c.ꝑ.io.et 
angulus.d.c.c.é maío: angulo.c.a.b.p cande:crít angnlus.b.d.c.multo foꝛtiꝰma 
io:angulo.b.a.c.a9 € fcós ;ppofitii. Pꝛopoſitio 22. 
Ropoſitis tribus linde rectíó quarü oue quelíbet fimul 
| eA C luncterelique fiit longioes oe tribus alijs lincis libí e/ 
3 5 A qualibus triangulum conftituere. 
¢ qe A Sint tres lince recte ;ppofitc.a.b.c.« fint quelibet onc fit iücte lon 
desi giors relig.ahié.n.cxillis trbus cqlibus triangul? non poflet con 
(tiui p.20. cdi gex illis tribus pdictis volo oftitucre trianguli:famo tinca rectam 
quc fit.d.c.cui nd pono a ptc.c.determiatt finé:d q fimo p.5.d.f.cquale.a.c.f.g 
equate.b.7.g.b.eqlem. c.fcoq5 puncto.f.ccattro ocfcribo Pm quantitate lince.f.d. 
circulit .d.k.iteg5 facto.g.ccntro oeferibo him qpritare lince.g.b,K.b. q circuli itcr/ 
fccabunt fc in ouobus punctis quo &ü fit. k.alioquin fend vnã dictaꝝ linea 
rũ eſſe cqualẽ alijs duabꝰ iunctis aut maioꝛcʒ cis:quod cſt ↄꝛum poni:duco crgo 
lincã.k.f.⁊.k.g.eritqʒ triangulus.k.f.g. conſtitutus cx tribus lineis cq̃libꝰ lineis 
a.b.c.datis:ſũt enim.f.d.⁊.f.k.equales qm̃ ſunt a centro ad circũferentiã quare 
f.k.ẽ equalis.a.Similitq;.g.h.⁊.g.k.ſunt equales:quia cxcunt a centro ad circũ/ 
ferentiam:quare.g.k.eſt equalis c.⁊ quia.g.f.ſũpta fuit cqualis.b.patct pꝛopoſi/ 
tum manifefte. 








WR2opolitio. .25. 
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— Ata recta línea fup terminü eing cuilibet angulo ppofito 
b, Wequum angulum oefignare. 
' Sit cata línca.f.c.quc ¢ in fupcríosi figura: « ſint lince.b.a.ↄtinen 
y 4i tcs aguli oatii cut fabtenda bafim.c.fup picti. f.lince.c.f. iubere fa 
ccrre cqlẽ angulũ angulo oato ad linea.c.f.adiiigo.f.d.cqlem linee.a 
« cx f.e.fümo.f.g.cale.b.« ex.g.c.fümo.g.b.cale.c.c fup puncta.f. c.g. ocícribo 
ouos circulos.d.k.e.k.b.Pm quantitate ouari liveart.f.d.¢.g.b.2 inffecates fe 
in pücto.k.ficut oocuit pcedce:ouctifqg lincis.k.f. c. k.g.crüt eglta ouo latcra.k. 
f.«.f.g.trianguli.k.f.g.ouobus laterib?.a.c.b.tríanguli.a.b.c.c bafís.g.k calis 
bafi.c.ergo p. 8.angul k.f.g.cat crít angulo otéto.ab.a.c a.b.q9 € ,ppofitum. 
jf»:opofitio — 24. 
M niũ dnoꝝ trianguloꝝ quox duo latera vniꝰduobꝰ la/ 
terib? alceri? fuertnt edlia: fi fuerit angulox tub illis eds 
latcríb?otétoz alter altero maío2 bafis quoq eiuldẽ baſi 
alterius maio? erit. 
Sint ovo triaguli.a.b.c.z.d.c.f. fintgs ouo latcra.a.b.«.a.c. cq/ 
lia ouob laterib’.d.c.2.d.f.2 ontiquodg; fuo cozrelatio dextr.f.dextro: finiftrü 
@3 finiftro:fitg3; angulus.a.maío: angulo d.oato:oíico cp bafis.b.c.maío: crit ba 
fi.c.f.facia.n.iuxta ooctrina pcedentis.c.d.g.cale angulo.a.critq; agulue.c.d.f. 
ps ci?c poná.d.g.cqlé.a.c.« prraba.c..q aut tráfibit fup.e.f.vt (ecet limca.d.f. 
gut fup.c.f.vt fit fec linca vna:aut infra. Zranfeat ergo pmo fup: q2.3.b.2.3.c 
latcra triaguli.a.b.c.{¢ cqlia.e.d.z.d.g.latcrib’trianguli.c.d.g.z.angul’.a.angu 
lo.d.totali:crit p.8.bafis.b.c.eglis bafi.e.g.Bt €o qz. d.g.«.d.f.füt calce: nam 
«traqs ẽ edlís.a.c.erit p. 5.angul?.d.f.g.calie angulo.d.g.f.qrc d.f.g.maío: erit 
f.g.c.g.c.f.g.mlto fozti maío2 € code.f.g.e.8 p.is.lat?.c.g.maí?c larcrc.c.f.qre 
«.b.c.maío: e.c.f. qo € ,ppofitüi.Gi vo.c.g.trafcat fup.c.f.« fit (eca línea €na tüc 
c.f.ctit ps.c.g.p vltima g occptocm p5 ppofitt.Si vo.c.g.trafcat ifra.c.f. ptra 
bant ouc linec.d.f.2.d.g.q {it eles vt pbati ¢ viq3 ad.k.z ad.b. fictas p coa; 
pté.qnite fub bafi.f.g.anguli.k.f.g.z.f.g.b.cqles: gre angul’.c.f.g.maioz erit an 
gulo.f.g.c. ergo p.18.lat’.c.g.mai”’ ¢ latere.c.f.qre.b.c.maic2€.c.f.qde ppofi/ 
ti. 3(tud vltimiü méb:i poils ét pbari p. 2i.p.ip(a.n.erunt i oífpofitóc (tía ouc 
lince.d.g.z.¢.g.maiores ovabus lincis.d.f.z.f.c.z qz.d.g. €calis .d.f. ppt boc 
ꝙ ambe ſũt eqles.a.c.erit.g.e.maioꝛ.e.f.q̃re ⁊.b.c.maioꝛ:qð e ꝓpoſitũ: meliꝰt 
eſt demonſtrare pꝛioꝛi mõ vt in omni diſpoſitõe arguat per quintam. 
Pꝛopoſitio 25. 
niũ duoꝝ trianguloy quox dno latera ni?ouob'late 
rib?alteri^fuerínt calía:bafis vo vni?bali alteri?fucrit ma 
ioz:erit quoq; angul?tríanauli maíozíe illis eds lateríb? 
| contentus angulo alterius fe refpiciente maioz- 
| Goiunt ouo tri3guli.a.b.c. d.c.f.fitttq; ouo lata.a.b.7.3.c.pmí eq 
lta ouob"laterib?.d.c.e.d.f.fcoi enüquodqs fuo cozclatio: fit; bafis.b.c. maior 
bafi.c.f.oico qp agua. maio: crit anglo.d.bec € oucría peedctis:£qlis qdé non 
crit:fic.n.effet p.4.bafis.b.c.colis bafí.e.f.q0 € 0 ypotbefpm:fcd ncc mino: quia 
fic cflct. d.maioa:4 íta p pccdéte bafis.c.f.crit maio: bafí.b.c.q9 € orti ppofitiói 
qrc maior erit ficq3 ppofita aftruif. Pꝛopõ ꝛ6. 








Jf Sníum ouox trianguloy quoy ouo angult entue ouo/ 
{| bus angulis alterius 4 yterqs fe refpicienti egles fuerint 
latus quoq5 yni? lateri alterius equale: fueritas latus il / 
| lud inter ouos angulos eqleeaut ení coz oppofiti: erüt 
| quoqs5 ouo vni retlig latera onob?relids alter? trianguli 
latcrib? entiquodqs fe reipicienti equalia: angulutqs reliquus ym, 
ıs angulo reliquo alterius equalis. 
G Sint ouo trianguli.a.b.c. d.c.f.fitqy angulus.b.calis angulo.c.z.angulus.c. 
cqualis agulo.f. fitg5 latus.b.c.cqlc fateri.c.f. aut altcr ouo lateríi.a.b.«.a.c. 
cqualc alterí ouo lateri. d.c..d.f.ita gp.a.b.fit calc d.c.aut.a.c.d.f.oíco q re/ 
li3ug ouo latera vii?crüt cqlia rdiqs ouob^latcríb"alteri?« reliqu? angul rdiquo 
angulo eqlis:agul’v5.9.agulo.d.pona ergo pmo «t lat?.b.c.fnp qð iacent anguli 
b.c.fit cale lateri.c.f.fup q9 iacent anguli.c.f.qui pofiti (üt eqles angulis.b.c.tüc 
oíco c» latug.a.b.cft calc lateri.d.c.« latue.a.c.lateri.d.f.« angulus.a.angulo.d 
Si.n.latus.a.b.non fic equate lateri.d.c.altert crit maius: fit ergo mat’.d.e. qd 
reſccabo ad equalitatẽ.a.b.ſitqʒ.g.e.equale.a.b.⁊ ꝓducã lincã.g.f.critq; per.4. 
angutus.g.f.c.calie angulo.a.c.b.qre « angulo.d.(.e.pe tori quod € ipolTibile: 
crit ergo .d.c.calc.a.b.erao p. 4.d.f.edlc.a.c.« angulua.d.calie angulo.a.q9 cft 
puri; méb:ü oiuifióís ppofitc: Sint rurfus vt pzi? ouo anguli.b..c.calce ouo/ 
bus angulis.c.c.f.fitq; latus.a.b.quod opporit angulo.c.calc lateri.d.c.q9 op 
ponit angulo.f.cuí pofitus € cque angulug.c.oico qp latus.b.c.crit edle latcni.c.f 
4 latug.9.c.latcrí.o.f.c anaulus.a.angulo.d. oi. n.latus.c.f.nó fucrit equale la / 










tcri.b.c.crít alterü maius:fit ergo.c.f.maius:ponst ítag.e.g.calc.b.c. « pduca 
linc3.d.g.crítq3 p. 4.angulus.d.g.c.eqnalie angulo.s.c.b.qrc? angulc.d.f.e. 
cxtrinfcc s idcls itrinfeco qo € ipollibilezp.ió.crit crgo.c.f.ealc.b.c.crgo p.4-.la/ 
tua.d.f.cquale laterí.a.c.c angulug.d.totatis anaulo.a.qo € fcóm mcbz oiuifio/ 
nis ppofite:dre tori manifelte ps. 2f »20politio .27. 
(ym 3 recta linea fop ouas lineas rectas ceciderit ouofqs am 
| A3 culos coalternos fibínict equales fecerit 1Me oue lince 
rati crüt cquídiftantes. 

PON $ Bal Cl Sit ve linca.a.b.cadat fuper ouas lincas.c.d.c.c.f.« (cct linca 
X "n c.d.ín puncto.g.« lincam.c.f.in puncto.b.fitqs engulus.d.g.b. eq 
lis angulo.c.b.g.oico op línce.c.d.«.c.f.füt eqdiſtates.Si.n.nõ ↄcurrant aut ad 
pté.c.c.fup picti. k.aut a pte.d.f. fup pücti.l.« Qtittiqs fuerit accidet ipolTibilc 
p.ió. vides anguli: cxtrinfecii cé edle itrinfcco:nà en^ oictoz anguloz coalinoti 
q pofiti f£ cqlce crit extrinfcc reique íntrinfcc^:q: igit ipolfibile c cas ocurre 

i alterutrà ptc ,ptracas ipfe p oiffinítoem crüt cqdiftateszquod cft ;ppofitum. 

£»opolitio | 2$. 
3f línea recta ouabus lincís rectío füpuenerit fucritqs 
angulus eius itvínfecue angulo extrinfeco fibi oppolito 
equalis aut ouo angulí itrinfeci ex vna parte ouob? an/ 
KA| gulis rectis egles ille oue linee equídiftantee crunt. 

G Sit vtlinca.a.b.fecct ouas lincas.c.d.«.c.f.i pücto g.«.b.fitqs 
angulus.g.cxtrinfecus equalis angulo.b.intrinfeco ex cadem partc fumpto :aut 
eto anguli.g.«.b.intrinfcci cx cades parte fumpti (int equales ouobus angulis 
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rectis:dico ap ovelince.c.d.7.c.f.funt equidiftantes.Sit ergo pno angul?.d.g.a 
equalis angulo. f.b.s.critq5 per.is.amgultus.c.g.b.equalís cidcm atigulo.f.b.g. 
Gre p pinifiam. d.z.c.f.funt cquidiftantes. Sint rurfus ouo anguli.d.g.b.<.f.b 
g.equalcs ouobus rectis:2 q2 p.i;.ou0 anguli.d.g.b..c.g.b.füt fir cqles duo / 
bus rectis erit angulus.c.g.b.cqlis angulo. f: b.g.ére p pmifla.c.d.¢.c.f.crit cq 
diftantes:quod cft ppofii. — Pꝛopo fitio 29. 
Fax F ouabuslineis equidiftannb? linea fupuencrit ouo an/ 
Ami auli coalterni equales ertt-anguluigs extrilecus angulo 
Sai intrinieco libi oppofito eq̃lis. Itẽqʒ duo anguli intrinſe 
2) iic cr alterutra pte confti tuti ouob? rectis angul'equalee. 
R ESA G Oínt ouclincc.a.b.c.c.d.cquidi(tantee (uper quas cadat linca.e 
f.fccans cas in punctía.g.c.b.oico cp anguli.g.c.b.coaltemi ft cgles:c y angu 
lus.g.cxtrinfccus eft equalis angulo.b.intrinfeco fibá oppofito ex cadcm ptc fü / 
pto: q anguli. 6.«.b.intrinfcci cx cadem ptc füpti funt egles ouob"rcctis: « bee 
cft oucrfa ouarü pᷣcedentũ. Mimi fic p3:Si.cni agul?.b.g.b.nd écalisangulo. 
c.b.g.alter cox crit meior.fit $ maio: aguP.c.b.g.« q: ouo aguli.c.b.g.«.g.b.d 
unt cquales ouobus rectis ergo p.t3.crunt ovo anguli.b.g.b.¢.d.b.g.minozs 
ouobus rectis ergo pcr quarta pctitioncm duclince.g.b.<.¢.d. fi protrabanr 
Scurret in pte.b.<.d.ad punctum alique vt ad.k.non ergo fir cqdiftantes p oitti 
nitionem qd ¢4 ypotbefim:2 qꝛ hoc eſt impoſſibilc.crũt igit᷑ duo anguli coalterni 
b.g.b.z.c.b.g.calce quod cft pmü ;ppofitü. £x bocps fecidi:c.n.p.i5.angulus 
b.g.b.cqualis angulo.a.g.c.crgo angulus.a.g.c.crit cqlis angulo. c.b.g.extrin/ 
fccus v3 intrinfeco: quod € fco5 ppofitü. £ x boc rurſus pʒ tertiũ:Sũt.n.ꝑ.iʒ.duo 
anguli.a.g.¢.z.a.g.b.cqles ouobus rectis.crgo ouo anguli 9.9.b.7.¢.b.g crue 
ctíá calce ouobus rectis q (unt ouo intrinfcci cx cadem pte füpnzqo € tertiü ppo 
fitum. 1Eopofitio — . 3o. 
"3 fucrint ouelince vni equidiftantea cedem fibiinnicé c/ 
«i| quídiftantee crunt. 
Sint ouclince.a. b.c c.d.quarü «traqs cddiftct lince.c f.oíco iL/ 
: las ouas vídcl5.a.b.z.c.d.cfle cquidiftantcs.boc ait cit eniucrfali 
bt Pd er cz fiuc ouc lincc.a.b.«.c.d.fint in vua fupficic cà lunea.c.f. (uc 
non:bic tr non intelligit nifi 6m q oce fuut wn fuperficic vna:fcóm.n. qv füt in oi 
uerſis fi upcrficieb? poat i i nona.libꝛi.ii.q funt cquidiftatcs.Gint crgo ocs i (up/ 
ficic vna: prraba aüt linca.g.b.fecatem lincas a.b.2:¢.d.in punctis. k.Lm. 4 qa 
a.b.cquidiftat.c.f.crit angulus.b.k.lL. equalis angulo.c.l.k.pcr pma ptan peede 
tis cum illi fint coaltcrmí:atq5.c.d.equidiftat.e.f.crít angulus.k.tic.extrinfec’eg / 
lia angulo.Lrn.c.intrínfcco p fcoam ptem pᷣccdentis ergo angulus.b.k.l.eſt cqua 
lis angulo.c.m.l.qui cũ ſint coalterni erũt ꝑ.27.lince.a.b.⁊.c.d.equidiſt ates: qð 
eſt ꝓpoſitum. Paeopoſitio .ʒi. 
Puncto extra lincam dato linee pꝛopoſite equidiſtantẽ 
oucere: 
C Punctus extra líncam oatus intelligitur cum linca ¢trisig3 p20 / 
trabatur per ipfu no tranfit. Sit crgo punctus.a.oatus cxtra linea 
b.c.a quo opo:tct potrabcere lincam. cquioiftantem.b.c.pzotra / 
bo lincan.a.d.qualitercung; contingat et fuper punctum .a. qui cft cxtremiras 












Luicc.3.d.conttítuo anguli .e.a.d.p ooctrina.25 .equaleim angulo.b.d.a.fibi coal 
tcrno:critq3.a.c.cquidi(tas.b.¢.p.27.quod eit ppofitum. 
Pꝛopoſitio .32. t 

— Monis miangult angulus extrunfecus ouobus intrinfecie 

y fibi oppolitis eft equalis: Onines auté tres angulos cus 
| ouobus rectis angulis equos elie necefle eft. 
ZAC Sit triangulus a.b.c.cuiua lat?b.c. ptrabat vfq5 ad.d.oico g au 
IE 4.3] culuv.c.cxtrinfccue € eqlis onob? angulis.a.c.b.intrinfecie fibi op 
politis fil ilictio:c qp trcs anguli tríanauli.a.b.c.fit iuncti füt cglee ouob" rectis. 
A puncto.c. ptrabam.c.f.cqdiftante.a.b.fm ooctrina pecderis: critay angulꝰ.ſ. 
c.a.cqlis angulo.g.q? fut coaltcrni p pma ptc.29.< angulus.f.c.d.cxtrinfec’cglis 
angulo.b.intrinfcco p fcoam prem ciufdc:qre tot?.3.c.d.cxtrinfec € equal ouob? 
augulis.2..b.intrinfccie fibt oppofitis:qo € pmü .zq ouo anguli.a.c.b.c.a.c. 
d.für cales ouob rectis p.i3.crüt tres anguli.a.b.<.c.intrifec eqles ouob’rectis: 
qd e ſcom ppofitü.€ £x bacaüt ps g» ois figurc poligonie oes anguli fit (umpti 
tor rectis angulis füt calce quot"€ nücr? quo a pma ocfticrít ouplicat?:bi gia 
Poligoniarh figurard C triangula pma:q fi cf'5 ou22 linca: cü figura fit claufio 
lincarü:tunc ouc linec rectc incduderent fupficic qo c ipotlibile p eltima petitione 
Quadrilatcra fcca:pentbagona 3°.filr aüt glibct tota erit i ordie quotus crit nu 
mer? latcrü aut anguloz ci^indc ocmpto binario.2Dico § g triãgule q ¢ pma o¢s 
anguli fürt egles ouob’rectis. Quadnilaterc q € fog crüt calis qtuoa rectis z pen / 
tbagornc q € Eta crüt edlcs fey rectís. Doc aüt inde mamfcitü € qf di glibct talis 
figura (tt t tot trtangulos rcfolubilis quota ip(a fuerit a pꝛima ductis rectilincis 
à quouis anguloz cius ad oce angulos oppofitos:fintq; oce auguli ois trianguli 
ouobus rectis cqles crüt oce laterate figure o€s aguli bis fot rectis cquales quota 
ipfa fucrit a pma:quod € ppofitt.Sit.n.cxépli gra: Penthagon?.a.b.c.d.c.a cu 
ins gngulo.a.ouc lincas ad angulos.c.d.fibi oppofitos:critg3 tor” pantbagon” 
rcfolutus in trigugulos.a.b.c.a.c.d.z.a.d,e.quox ci cutufliber fine anguli cqles 
ouobrectis crüt pentbagoni anguli calce fcx rcctie:qo € ouplb ei’nieri quo a p/ 
i3 oiftat fiuc ouplum nunteri angulowm gut latcrum ci? indc ocmpto bínarío. 
G |»offum? quog; « fic idc pponc oiceutce q»ois figure poligonic oce anguli pa 
riter accepti (üt tot rcctie angulis cales tus cft uumer?quc ei?anguli ouplicant 
inde o¢pris qruo2.piicto.n.quolibet wera figura fignato « ab co ad fingulos àgu 
los lincie ptractis erit ipfa figura in tor angulos refoluta quati fucrit ci? anguli: 
16 q5 oce anguli oium ilo triangulo pitcr accepti tot rectis angulie crüt cq̃les 
quatus € ramcr^quc ouplicat anguli ppofite figurc:cü itaq; fint oce anguli triau 
Gulo in quos ipfa rcfoluta € pictus medii circüftàtcs qtuo: rectis cqualcs ꝑ.iʒ. 
nanifcítü conttar ;ppotiti GL Oinailit quogs p5 qp ois figure poligonie anguli ocs 
cxtrinfcci tuo? rectis angulis füt cq̃les:ſũt cni itrinfec « extrifeci c bis tot rectis 
cles quot bücrint augulos pcr.is. Jutrinfeci at (it bis tot rectis cales quot büc/ 
rit aglos demptis inde qtuox:& extrinfccí funt qtuo: rectíe equalce:q9 € ppofitü. 
Lxempli gratia: pr ofits pentbagonilarcra prrabancur vt fiant anguli cxtrinfcci 
3.b.quide jptrabat víq5 ad.f. b.c. vfq; ad.g.c.d.vfqs ad.b. d.e. vfq5 ad.k.c.a. 
víqs ad.L.crüntq5 per.t5. ouo anguli.a. intrinfccue c.a. extrínfccus equales oto 
bus 1ectía:cadcm autcm rationc ouo auguli.b.witrinfecue. c. b.cxtrinfecusfic cr 








n 














ceteri Qrc.a.b.c.d.c.anguli intrínfcci c extrinfecí occe rectio.ocmptis igit intrinfc 
cis q (üt calce fex rectis crüt extrifeci. vids. b.a.l.c.b.f.d.c.g.c.d.b.s.a. c. K.cdleo 
G tuo: rectis. Z patet et cp oi3 pentagont cui’yntiquodg; lat?ouo fecat cx religs 
b3.5.angulos ouob’rectis eqles.fit glis pponit pentagon”.a.b.c.d.¢.¢ fecet la 
tus.a.c.latus.b.c.i piicto.g.2 lar?.a.d.ideé latus.b.c.i piicto.f.critgs angul?.a.f 
G.calíe ouob^angut.b.z.d.cum fit extrinfecus ad ipfos in triangulo.f.d.b. Itẽqʒ 
angul?.f.g.a.crit cqualie onob? angul.c.«.c.di fit cxtrinfec? ad ipfos in tríagulo 
g.C.€.fcd ouo angulí.a.f.g.c.f.5.a.ci angulo a funt cquales duobꝰrectis ergo q̃/ 
t102 anguli.b.d..c.c.(ür cii angulo.a.cdlce ouob" rcctis:q9 € ppofitü. 
Pꝛopoſitio .33. 
"ui 5j in fümitatib?^onarü linearü eqdiftátiü « eq̃lis q̃ntitatis 
alicouelíince oiü gant ipfe quoq; eglee « eqdíftates crüt. 





Au. WA sint oue lii1cc.a.b.4.c.d.calce « cadiftatce qrü extremitates có 
ma) hay! ug p lincas.a.c.¢.b.d.quas oico elle eqles « cadiftantes. ptra/ 
2» bam.n.lincs.a.d.zqzlince.a.b.z.c.d.funt cquiditates erit angul” 
b.a.d.calie angulo.a.d.c.p pim pté.29.crgo crüt ouo latera.a.b.c.a.d.triangu 


li.a.b.d.ealia ouob"laterib?d.c.«.d.a.trianguli.d.c.a.« angulus a. pmi calis an 

gulo.d.fecüdi.crgo p .4.bafis.b.d.pmi é equalis bafi a.c.{caidi.z angul’.a.d.b. 

piimt cqualís angulo. d.a.c.fccüdi. it quia ipfi funt coalterni crunt liicc.b.d. c 

a.c.cquidiftantes p.27.< quia pu’ pbaru eft ipae cffc calce: p5 ;ppofitii etríígs. 

d Maeopoſitio 

Pnis ſuhſ cies equidiſtantibus ↄtenta lateribꝰ lineas 
CA Y arq angulos ex aduerfo collucatos habet cqles diame/ 

ere) |i tro 7 Dintdente cam p medium: 






2.b.d.cile cquales.Silr < dico anguli.a.effe cqlem angulo.d.< angula.b. anglo 
c.prorrabam diametri.a.d.que etia oiuidct fupficiem illa pmediũ.cũ.a.b.⁊.c. 
d.fint cquidiftantes:erat anguli.b.a.d.z.¢c.d.a.qui funt coaltni cqles per.29.Ht 
quía ctí3.a.c.c.d.b.füt equidiftantcs:crat anguli.c.a.d.«.b.d.a.qm (unt coaltni 
cqualce p candé. Sutelligo.n.ouos triangulos.a.d.b.«.d.a.c. « quia ouo anguli 
8.4.d.trianguli.a.d.b.funt equales ouobus angulis.d.4.a.tríanguli.d.a.c. «la 
tus.a.d.fup quod iacct illi anguli i vtrog3 triagulo c cóc: erit p.26.lat?.3.b.calc 
latcri.c.d.zlatus.a.c.latcri.b.d.z.angulus.b.angulo.c.< quia anguli.a. totale 
p5 cffc equalc angulo. d.totalí p fecüdà cóccptócs toti ppofiti ci cowela® licuct. 
Pꝛopoſitio .35. 

Ipnes ſuꝑficies cquidiſtantiũ laterũ ſuꝑ vnã baſun atqʒ ĩ 
eiſdem alternis lineis conſtitute equales eſſe ꝓbantur. 

|} A Sint cuc lincc.a.b.2.c.d.equidiftantce inter quas fiat.a.c.f.e.ſu 
perficies cqdiftàtii latera fup bafim.c.c.« fup candé bafim. « intcr 
cafde lincas fiat alia fupficics.g.c.b.c.fimilit eqdiftantin latex oxo 
duas pᷣdcãs ſuꝑficies ce eqles quod fic pboat.aut.n.linca.c.g.fecabit lincam.a.' 
in aliquo puncto líncc.a.f.aut in puncto.f.aut i alíquo puncto linec.b.f.fecet er / 
go pmo ín aliquo picto lincc.a.f.vt ín pria fíguratióc apparct.z q: vtraqs oua 
linearit.a.f.z.g.b.eft equalis line .c.e. per pecdente wna cari crit cqualis alreri 







ocmpta crgo linca. f.g.cómuni remanebít.a.g.equalie.f.b.q: p pccdenté iterii € 
a.c.cqualis.f.c.z angulus.b.f.c.angulo.g.a.c.per fcóam pte.2 9. videlicet extrin 
fccue intrinfeco erit p.4..triangulus.a.c.g.cqualis triangulo.f.c.b. ergo irregula 
ri figura quadrilatera que eft.g.c.f.c.addita trig erit fupficies.a.c.f.e.equat fu 
pcrficici.g.c.b.c.quod eft ppofitum.Secet ergo m6 linea.c.g.lined.a.b.in pun / 
cto.f.vt in fccüda figuratione epparct.erütas fiti argumentatione priozi ouo tri 
anguli.a.c.f.4.f.c.b.cqualce quare vrrobías addito tríangulo.f.c.c. patct ;ppofí 
tum. Secet tertio mo linca.c.g. lincam.a.b.inter ouo punctg.f.b.vt in tertia fi/ 
gurationc apparct:fecabítqs lincam.f.c.fic «t in puncto.k. quia fimili argumé 
tatione pzioni línea. a. f. c cqualie lince.g.b.facta cómuni linca. g.f.erit a.g. equat 
f.b.ctríangulus.a.g.c.cqualis triangulo. .f.c.b.addíto crgo vtriqs triangulo.c. 


k.c.c octracto ab vtroqs tríangulo.f. K.g.crít (uperficice.a .c. £.c.cquat (uperficici 
g.c.b.e.quod eft ppofitum. 4popofitío .36 







* AIMnia ꝑalellograma in baſibus equalibus atq; in eiſdeʒ 
lineis conſtituta equalia eſſe neceſſe eft. 
¶ Paralellogramũ dicit ſuꝑficies eqdiſtantiũ laterũ.Sint due ſuꝑ/ 


ſunt.c.d.⁊.g.h.dico eas eẽ equales.nam pꝛotrahã duas lineas.c.e.⁊.d.ſ.eritqʒ 
pcr.55.f upcrficics.c.d.c.f.equidíftantium laterum ppter boc g-e. f.eft cqualis c 
cquidi(tans. c.d.nam vtraq; earũ eftequalis.g.b.quía crgo per pmííTa5 vtraqs 
ouariü fuperficicrü .a.b.c.d.«.c.f.g.b.eft equalis fuperficici.c.d.c.f.ipfe crüt fibi 
inuicem cquales:quod cft pofitum, — 4£»20pofitío — .57. 

mm) r£ualce füntfibi camcn trianguli qui fup eádé bafim atq 

EEA inter ouas lineas equidiftantee funt conftítuti. 
1 zz O Sint ouo trianguli.a.b.c.z.d.b.c.oftituti fuper bafim.b.c.ititer 
ASINI ouas lincae.a.c.c.b.f.quc fint equidiftátce:oico eas effc equales. 
A4] ptrabam cni.c.g.cquidiftante.a.b.c.c.b.cquidiftanté.d.b.per.sí. 
eritq; ouc fupcrficics.a.b.c.g.c.d.b.c.b.equales per. 35. 4 quia oicti trianguli 
funt cari oimidía p cowdariB. 34- ipfc erüt egles per cócs fáam quecft quoz tota 
ſũt eqlia ⁊ dimidia:ſicqʒ pʒ ꝓpoſitũ. P:opoſitio .ʒs. 
pU 3f ouo tríanguli fuper bafes equales atq5 inter ouas líne 
M Ghi as cquídiftantee cecíderínt equales eos effe necefle eft. 
De VC Sint ouo triàsuli.a.b.c.c.d.c.f.oftituti fup bafel.b.c.z.c.f.eqlef 
PENA Mi c int lincas.a.g.2.b.b.eqdiftatcs: nico cos effe eqles. prraba cni. 
id, SZ ¢.k.cqdiftanté.a.b.7.f.1. eqdiftanté.c.d. erütqs ouc fupficics.a.b. 
c.k.z.d.¢.f.Lcgles p.36.2 q2 dict triagnli (at cay oimidia p coꝛelariũ.34. ipᷣi crũt 
eqics p antedicta cOmunefcientiam. — ]520pofitio — .35. 
xxxn) Linee ouo tríágulí ealee ín eande bafim 7 ex eadé pte 
i 4] cecidcrint:inter onas lineas equidiftantes erunt: 
(Sint ovo fanguli.a.b.c.z.d.b.c.oftituti fup bafi.b.c.cx wna ca/ 
Ai demas pte:fintas equalcs:dico caf ce inf lineas cquidiftantee: bec 
EN cít conuerfa.37.a puncto.a. ptrabam linean cquidiftantes linee.b 
C.que fi pertranfierit per punctu3.d.liquet propofitum.Si autem pertranficrit fo 














p:a aut infra: tranfeat primo fupra < fit .a.c. producama; .b.d.v(quequo fecet © 
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linea .2.¢.in pücto .&. c ptrabam líncas.e.c.« quía tríangulus c.b.c.eft equalis 
triangulo a.b.¢.p.37.2 triangulus.d.b.c. pofitus € equalis triangulo a.b.c.crit 
triangulus.d.b.c.equalís triangulo c.b.c.pare totí quod cft impotlibile. 116 igit 
pertranfibit linca que a puticto a oucitur eque oíftanter.b.c.fupza.d.tranfeat.er 
go infra. fit.a.f. fecans lincam d.b.in puncto.f.pzotrabam ergo lineam.f.c. z 
quia per. 37. triangulus.f.b.c. eft equalis triangulo.a.b.c. ipfe etiam erit equa 
lie triangulo.d.b.c.pars toti quod eft impofflibile. Quig ergo linca a puncto a. 
equidiftanter .b.c. non tranfit nifi per punctum .d. patet pxopofitum. C £x 
bac autcm 4 pamífla nota q fi aliqua linea recta ouo alicuius trianguli latera p 
equa fecet Ë fecerit ipfa erit trio equidiftans quod fic probatur. Sit triangulus 
9.b.c.cuius ouo latera que fimt a.b.7.b.c.fecet lineam.d.e.per cqualia.a.b.q0 i 
puncto.d. ⁊.b.c.in puncto.e.dico ~ linea.d.c.cit equidiftans .a.c. protrabam 
eni ín quadrilatcro..c.c.d.oíametroe.a.c.2.d.c.crítas per.38.tríagulue.a.c.d. 
equalis triangulo.d.c.b.propter id qlinca.a.d.pofíta cft equalis linec.d.b. Jte 
qper candem tríangulus.c.c.d. erítequalíe cidem trigngulo.d.c.b.p:optcr id 
línea .c.c.pofita cft equalis línce.c.b.quia tríangulus.a.c.d.cft equalis trian/ 
gulo. c.c.d.quía ergo ipfi funt oftituti fup caide bafim videlicct linea.e.d. z eg 
eadem parte ipfi erunt per banc.39.inter lineas cque oiftantes ergo línca.d.c.cft 
equidiftans linec.a.c.quod quidan propofirum ad quintam quarti tibi valebit. 
Ib og Y ono trianguli equales nper equales bates vnins eiuf; 
ihi demaslinee ey eades parte merint conftitun eos inter on 
(ai aslíneas eque oiftantee neceffe € contineri. 

SA Hi C Sint ouo tríanguli.a.b:c. d.c.f equales conftituti fuper onas 
LSW 244) bales que funt.b.c.z.c.f.cexeadamn parte oico cos efle inter ouas 
lineas cquidiftantes. z bec cit conuerfa. 38. z probatur per ipfam ficut preccdée 
per.37.2 puncto.2.oucatut lines equidiftans linee.b.f.que fi tranfierit per pun / 
ctom.d.patet propofitum.fin autem pertranficrit fup2a ¢t.a.¢. z producatur.c. 
d.vſqʒ ad ipfum que fit .c.g.« oucatur línea.g.f.eritqs pcr.39.tríangulus.a.b.c. 
cqualís tríangulo.g.e.f. quare « triangul?.d.c.f. erit cqualis tríangulo.g.c.f.pe 
tori quod eft impoffibile: Non ergo tranfibit íup»a:tranfcat ergo infra. fecet li/ 
neam .d.c.in puncto.b.« oucatur linca.f.b.critas per .38.triangulue.b.c.f. cq / 
lig tríángnlo.2.b. c.quare z triangulo.d.c.f: pare totí qnod cft impoffibile. quia 
ergo non tranfibit nifi per punctum.d.patet ppofitum. 

Sean) 2 palcllogramt triangulaiqs in eadem bafi atgst cifden 
PN — alternis lineis fnerint ↄſtituta palellogramũ triãgulo dn 

IA NIL] plum effe oucníet. 

P9 4 A Sit palellogrami.a.b. c.d.¢ triagul”.¢.b.d.fup bafim b.d.<.iné 
hi PLC II lincas a.c. 7.b.d.q fint eque díftantes:oíco palellogranii ouplis cffc 
tríangulo ptraba íft palellograno oíametrum.a.d.crítqs triangulus.a.b.d.oimi 
dí palcllogrami p conc. 34. quía triangulus c.b.d.eft calis triangulo .a.b.d. 
p.37.p5 tríanguli.c.b.d.ce oimidii palellogramí.a.b.c.d.q? € ppofitii.Similit 
quoqʒ pot bari qfi palelogramiü tríangulufas in equalib? ba(ib? atas inter li / 
ncas cq diftates fuerit oftítuta palelloorami oupli3 crít tríagulo: q9 i6 no pofuit 
euclides: qꝛ leuit ps ex bac pcedete condaríu. .38.oiuifo palellooramo p oíame 
trü in ouos tríangulos. vd fup bafim palellogrami inf cafde lincas cq diftantcs 
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triangulo cOftituto ad que ouplti eric paralcl'ogrami per bane precedente z ipfe 
con lis alteri triangulo pcrzs. Pꝛopoſitio .42. 

| al /uidittantium laterum füperficie oefignare cuíus angu / 

t4 lue fit aaulo affignato equalis.ipfa vero fuperfiace trí 

—Nki angulo aflignato equalís. 

CSit allignarus angulus.a.< affignatue triangul^.b.c.d. volo oc/ 

' fcribere fupficie equidiftantium laterü equalan triangulo .b.c.d.cu 
ius vterqʒ duoꝝ anguloꝛnm contra (c pofitoz fit equalis.a.oiuido bafim.c.d.pcr 
cimiditi (f? puncto.c.« pzotrabo linea.b.c.4 a puncto.b.ouco.b.f. cquidiftantem 

c.d.erítqs per-58.tríangu'ua.b.c.d.cqua'ie triangulo.b.c.c.quare tríangulus.b.e 
d.cft oimidiü toralis trianguli.b.c.d.igit fuper punctit.c.limce.d.c.conftituo an / 

gulum.d.c.g.cqualem angulo.a.z perficio paral:llogramii.g. e.d.f. quod ctíà q» 
per precedanté ¢ ouplii ad trianguli.b.c.d.crit ctia cquale triangulo.b.c. d.p bac 
cócm fcienciam:quoz oímídia funt cqualia ipfa quoa funt cqualía . cft eni trian 
gulus.b.e.d.«tríuíqs oimidiü quarc ocfaripfimus palclogramü. g.e .d.f. cquale 
tríangulo.b.c.d.cuíus vterq ouoz anguloz.o.c.d.«.d.f.g.cotrafc pofitoxum cft 
eqlis angulo.a.quod fuit pzopofituin. 

Propofitio .43. 
at Anis paralcllogramt {pacij eo2um que circa diametr 
m». NI funt palellogramoz fupplementa equa fibi inuicé effe ne 
celie eft. 

AWA Sit paralcllogramũ.a.b.c.d.in quo pꝛotraham diametrum.b.c. 
Ss « protrabam.c.f.cquidiftanté «teras ou07 lateꝝ.a.b.⁊.c.d.que ſe/ 
cct otamcetrum ín puncto. k.a quo ouca.k.g.cquidiftanreft erríqs ouo latcrü.a. 

C.«.b.d.« p:oducá cam quoulg; fecct vtrüq; lat?.a.b «.c.d.fitqs tota.g.k.b .crit 

q;totum palcllogramii.3.b.c.d.oiuifum in quatuo? palcllograma quoz ouo fcs.e 

C.k.b.2.5 .k.b.f. oicunt confiftere circa .c.b.q» oíametrum tranfit per mcdium 











eorum ct ideo funtcirca oiametrum :rcliqua ouo fciiicet .a.c.g. k. c. K.b.f.d.oí/. 


cit fuppleméta bec duo fupplementa oicunt cé equalia.funt eni ouo trianguli.a. 
b.¢.z.c.d.b.cquales p cozet. 34.filr quoa5 ouo tríanguli.g.k.b.c.f. k.b.füt equa/ 
lee per ide conc. 34.21t ouo trianguli.c.c. Rz. K.b.c.fifr cqualee p íde condarius 
demptis igitur duobus triangulis.b.g.k. c. R.c.c.oc totali tríagulo.a.b.c.ac otio/ 
bus triangulis rcliquis.b.f.K.z.k.c.b.o¢ totali rriangulo reliquo.c.d.b. crunt per 
«oem fciam reftdua:que funt ouo oicra fuppleméta equalia:quod ef propofitum. 
[5xopofino — 44. 
wor YAopofita linca recta fup eam füpficít equídiftantiti late; 
| f, rum cuius angulus fit angulo afligtiato cqualio ípfa vero 
üperficíes triangulo affignato equalís oefignare. 

8 C DHelignare fuperficie equidiftantiü latcz fuper linca aliqua ¢ linea 
Cc ipla facere latus vn ipft? fupficidi .Oit ergo oata línca.a.b.c oat? 
angulue.c.« catus triangulus.d.c.f.fuper linca.a.b.volo oefignare fupficié wna 
equidi(tantiii latcz ita q linea.a.b.fit oni ex lateribus cius cuius teras ouoxim 
angulowm contra fe poſitoꝛum (ít equalis angulo.c.« ipfa totalis fupficice fit cq 
lie triangulo .d.e.f.oiffert autem beca. 4z.q? bic oat latus vnius fupficici oefcri/ 
bande fc linca. a.b. íbi antem nullpm.cü ergo volucro faccrc adiungo lincam.a.g 
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lince .a.b.6m reécticudinent:qua pono cqualem lince.c.f. ba(t trianguli oari fupcr 
quà Sttituo triangultt end ei cqle z cquilaterit.qd boc modo fatto. Lonftiruoagu 
uim.a.g.k.cquatcm angulo.e.c nguluin.g.a.K.cqualem angulo.f.per.23.¢ quia 
g.2.pofita fucrat cqualis.e.f.crit pet.26.triangulus.g.a .K. equalis z equilaterus 
triangulo.c.f.d.oiuid3 crao.g.a.per equalía in puncto.b.¢ ptrab3.k.b. ¢ produ 
cam a puncto.k.lincà amn.k.n. cquidiftante lince.g.b.crítqs per. 59.triangul^. a.b 
k.cqualía triangulo.g.b.R.tunc (uper punctü.a.linec.g.a.facià angulum.g.a.l.p 
23. cqualem angulo.c.oato:« conplcbo fup bafím.a.b.4 inter lineas.g.b.7.a1.n. 
cquidiftantes fupcrfiaem cquidiftantius laccrum.m.Lb.a.quc p.41. oupla. crit ad 
tríangulü.k.b.a quare cqualts totali triangulo. k.g.8.quarc « rriangulo.d.c.f. ;p/ 
pofito: piotrabam crgc.b. n.equidiftante.a.l.z produca oigmeirum. n.a.qua py ° 
trabà quoufas cócurrat cà .m.b.in puncto.o.2 cóplebo füpcrficiem equiditàtium 
laterum .m.o.n.q.« p:orrabam.L.a.9(95 ad. p.critq5 per precedente fupplcinentü 


a.b.p.q. equale füpplenieuro.m.l.b.a.quarc 2 tríangulo.d.c.f.z q: per. 15.3 ngu/ 
lae .l.a.b.€ equalis angulo.b.a.p.z idco angulus. b.a.p.cít cquati » angulo.c. ps 
fuper oatam línea .a.b.ocfcriptà effe fuperfiaem equidift nni latcrum.a.b.p.q. 
equatem oato tríangulo.d.e.f.cuitis vtcrq3 ouoxm anguloxnm contra fe pofito/ 
C 





rum qui funt.a.c.q.€ equalis oato angulo.c.quod fuit propofitum. 


Wropolitio .4;. 
m E X vata línea quadratum ocfcríbere. 







— z.b. linec .9.b. cduco p. vi.lincag.a.c.z.b.d. — A ad li/ 
m SN ncam.a.b.que crūt cquidiftantes per slrima ptem.25s. z pono vtra 
: 2! q5 car cidem.a.b.per (coam cqualen ⁊ pꝛotraho lincam.c.d.eritqʒ 
ipſa cqualis et cquidiſtans lincc.a.b.per.33.⁊ quia vterq; duoꝛum anguloꝝ.a.⁊ 
b. eſt rectus.erit vterqʒ duoꝝ.c.⁊.d.rectus per vltima ptem.ꝛq.ergo per diffiniti/ 
onem.a.b.c.d.ẽẽ quadratum quod eſt pꝛopoſitũ. Idem aliter ſit.a.c. perpendicu/ 
laris ſuper lincam.ab.per.ii.⁊ ſit ei equalis vt pꝛius ⁊ a puncto.c.per.ʒi.ducatur 
c.d.equidiſtans.a.b.⁊ ponatur equalis ci ⁊ ducatur linca.d.b.que per.ʒ 3. erit eq̃ / 
lis 7 cquidiftans .a.c.4 omnes anguli recti per vltuna ptem-29.3uarc pcr otffiniti 
onem babemus pzopofitum. 


Pꝛopoſitio .4e. 
j PA omni triangulo rectangulo quadratum qò a latere re 
ctoangulo oppolito ín femetipfo oucto oetcribit equü € 
duobus quadratis que ex otrob? reliquie lateribus con; 
5 (críbuntur. 

' Goittríangulue.a.b.c.cuins angulns.a.fit rectus vico gp quadra; 
tfi lateris .b.c. cquii € quadrato.a.b.e quadrato.a.c.fil fumptis. Quadrabo g bec 
tria latera ſᷣm doctrinã pᷣceden is:ſitqʒ qdratü.b.c.(upficies.b.c.d.c.« qdraiü.b. 
a.ſupficies.b.f.g.a.⁊ q̃dratũ.a.c.ſuꝑficics.a.c.h.k.ab agulo.a.recto ducã ad baſ 
iʒ. d.e. baſiʒ maximi q̃drati tres lincas.ſ.a.l eqdiſtãte vtriqʒ latcri.b.d.<.c.c.q fe 
(ct. b.ci pücto.m.« ypotbemifas.a.d.2.a.e.itéq5 a euob" reiqe agis triaali q fü 
b.z.c.ouca ad onos anglos vuoy qdratoz mio ouas licae fe inffecatesi itra ipfi 
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triangulũ que ſunt.b.k.⁊.c.ſ.⁊ qꝛ vterq; duoꝝ anguloꝛum.b.a.c.⁊.b.a.g.eſt rectꝰ 
per.ia.erit.g.c.linea vna: cadẽ rõne crit.b.h.linca vna.qꝛ vterqʒ duoꝝ auguloꝛuʒ 
c.a.b.⁊.c.a.h.eſt rectus:quia ergo ſuꝑ baſim.b.f.⁊ ĩnter duas lincas cquidiſtan / 
tes q ſunt.c.g.c.b.f.coſtituta ſũt ꝑaldlogramũ.b.ſ.g.a.⁊ iriãgulꝰ.b.f.c.erit ꝑ.ai: 
palcllogrami.b.f.g.2.oupli triagulo.b.f.c. 6 triagul’.b.fi.c. ceglis triagulo.b.a 
d.p.4.quia .f.b.2.b.c.latera patint (unt cqualia.a.b.<.b.d.latcribus poftremi .ct 
angulus.b.pzimi ¢ cqualis agulo.b.poftremi.co q vterg3 coftat ex angulo recto z 
angulo.a.b.c.comuni.ergo palcllogrami.b.f.g.a.cit ouptum ad triagulu; .a.b.d 
(cd palicllogramu.b.d.1.m_cft ouplit ad eunde trianguli. p.41.q2 coftituti fat fup 
caudam bafím fc. b.d .« intcr líncas cquidiftantce que funt. b.d.«.2.l. crgo per 
comun fciam quadratü .a.b.f.g.« palcllogramü.b.d.l.m.funt equalia. q? cosum 
oimidia vidclicct p:cdícti tríanguli funt cqualia £ode mó « per eafde ppofitises 
mcdiantib? triangulis.k.b.c.¢.a.¢.c. pbabim” qdratit.a.c.b.k.ce cquale palello 
gramo.c.e.Lm.drcp5 ppofíti. — Pꝛopoſitio 4. 
T 3qoabvwnotríanguli latere in fcipfi oucto pducit:equü 
i Yess fucrit ouobus quadratis da ouobus reliquie laterib^oe 
b. Ww fcribuntur.rectue eft angulus cuí latue illud opponitur. 
SAR) 16} inc in fc ipfam oucere eft cius quadratis ocfcríbcre.G oit trían 
S408) culus.a.b.c.fitq3 quadratum latcris.a.c.cquale quadratis ouo2um 
latcrũ.a.b.⁊.b.c.ſimul iunctis.dico angulũ.b.cui latus.a.c.opponit᷑ eſſe rectũ:⁊ 
bec eſt cõucrſa pꝛioꝛis. ¶ A puncto.b.cextraho lineã.b.d.ꝑ.i.ꝑpendicularẽ ſuper 
lincam.b.c.quã pono equalem.a.b.⁊ pꝛoduco lincam.d.c.eritqʒ per pꝛecedentẽ 
quadratum.d.c.equale duobus quadratis duarum linearum.d.b.⁊.b.c.⁊ qꝛ.b.d 
pofita eſt cqualis.b.a.crunt per cõmunẽ ſcientiã que eſt lincarũ equaliũ cqualía ef 
ſe quadrata:quadrata duarũ lineaꝝ.a.b.⁊.b.d.cqualia:quapꝛopter crit quadra/ 
tum.d.c.cqualc quadrato.a.c.crgo per aliam comunem (dam quc € conucrfa pii 
oris (6 lincas quay quadrata funt cqualia effc equales:crít.d.c.equalis.a .c.qua / 
rc p.9.angulus.b.tríaguli.a.b.c.€ rectus qo c;p»ofitü. 
| Pꝛopoſitio as. 
RKopoſitis quibuſcunqʒ quadratis alteri illoꝝ gnomonẽ 
reliquo equalem deſcriberc. 
iG |»:oponant crgo ouo quadrata ſcʒ.a.b.⁊.c.d.⁊ ſit pꝛopoſitũ pꝛo / 
ducere snomone circa.a.b.cqualem.c.d.quadrato:prorrabat itags 
ux e" gri latus qnadrati.a.b.ad cqualitateim vni’ lateris quadrati. c.d. 
in continuum ⁊ directum ⁊ ſit.f.e.ita ꝙ.f.e.ſit equalc vni laterũ quadrati.c.d.⁊ 
ex.c.ducã lineam rectã ad.a.ſit ergo triangulꝰ oꝛhogoniꝰ quia.f.ẽ angulꝰ rectus 
arguat᷑ ergo ſᷣm pennltimã pꝛimi ſic:q̃dratũ.c.a.ẽ t̃ quãtũ q̃dratũ.c.f.⁊ q̃dratũ 
f.a.fed qdratü.c.f.€ calc gdrato.c.d.« quadratü.f.a.cft equalc quadrato.a.b.cr 
go quadratit.a.c.cit cquale quadratis.a.b..c.d. 3teim.c.f.a.cft triangulus ergo 
c.f.«.f.a.larcra iunt longío:a.a.c.tatere.fccüdu.20.poimi.fed.f.a.cft caualc:a.b. 
rónc quadraturc:ergo.c.f. c.f. b. funt lorgtoz3.a.c.crao illa totalis linca fes e.b. 
cft maío:.3.c.rc(ccct ergo .b.c.ad cqualuate.a.c.ad puictü .c.íta q».b.c.fit equa 
lc.3.c.crao quadratum. b.c.cft equale.quadrato.a.c. fed quadratü.a.c. €i pius 
pbatü fuit € cqualc quadratis. a.b.«.c.d.ergo quadratü.b.c.c equalc cifídem fed 
quadratum.b.c.addit fuper quadratuim.a.b.snomone illi que vidcs.ergo gto 
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mo ille 2ft quadrato.c.d.equalis.quod crat probandam. Lxplicit liber primus 
3ncipit liber fcamdus. : A 
ADneparalellogramű rectăgulü fub oua; 
bꝰ lineis ãgulũ rectũ ãbiẽtibꝰdicit᷑ ↄtineri. 
C¶ Paralellogramũ eſt ſuꝑficies cquidiſtãtiũ latex 
¶ Paralcllogramũ rectangulũ eſt habens omnes 
angulos rectos.⁊ ꝓducit ex vno duoꝛũ lateꝝ cius 
ambicntiũ vnũ cx ſuis angulis in reliquũ. ⁊ ideo 
fub illis dicitur cõtincri. MT 
4 () ris paralcllosramí fpacij ea qd€ q 

diamerer fecat pmediv palellograma 
circa eandé oíametz cófiftere oícunt.£oz 

| vero paralellogramoy que circa candé ou 
metró confiftüt quodlibet enü cü füpplementís ouob? gnomo noiat. 
(.Quc paralcilograma oicunt có(iftere circa oiametz.4 que fut fupplemeta: expo 
(itii c(t fup:a ín oeinonftrationc.45.p:iimi, (oit enim paralellogramũ.a.b.c.d. 
cuius oiametcr.a.d.oinidant ouclíncc.c.f.g.b.oucte eauidiftantcr: laterib?oppo 
(itís oicti parallcllogramí.fccatce fc (up oiamctz.a.d.in puncto K. crítas ipfum 
paralcilogramii oinifü ít .4. parallcllograma « enüquodqs ouoz paralcilogra / 
Imo quc funt.a.g.c.k.c.k.f. b.d.quc oiamcetcr fecat p medium oicitur confiftere 
circa oíamct. Kcliqua ouo que oiamcter nó fecat oicunt fupplanetra d ouo fup/ 
plementa ci troas oíctoz paralcllogramoz cofiftentíi circa oiametz coponüt fi 
gura quada q gnomo appdlat cui occft ad cóplemétii paleillogrami palellogramü 
vnũ rcliquũ circa otametz cõſiſtẽs:qð ſi addat ſupꝛa diametꝝ totalis cõpoſiti coſi 
ftct.critas fünile totali. 23ndc palcllogramiü addito gnomone quauis crefcat mí/ 
nime tf altcrat .queadmoduin oixlt Ariftoteles in predicamentis. 
:opofitío .j. e 

Y fuerint oue linee quarű vna ín quodlibet partes dint, 
datur.illud o» ex ouctu alteríus tn alteram fict.eqnum erít 
a ibis que ex duct linecindiuite in 9nàquáqs partem lince 
A particulatim oiuífe rectangula pzoducentur. 
t inca in aliam linca ouccrc € fupza terminos vnius ca; ouas líte 
38 o:tbogonaliter alij calce crigere.« fupficie cquídiftatii latcz; rectagula coplere 
G {ub illis ovab? lincis per oiffinitioncm vicitur contineri, Sunt ouclince.a.b. 
4.C. quà. vna (c;.a.b.in quodlibet ptee oiuídat que fint.a.d.<.d.e z.¢c.b.dico o» 
illud quod fit cx euctu.c.in totü.a.b. cquü cft illis paralcllosramie rcctangulis fi 
mul iunctís quc fiit. ex.c.1.a.d.ci.d.e.c in.c.b. GL Oup pücta.a.b cría lincas.a 
f.4.b.c.perpedicularce fup lined.a.b.qnax vtrags fit cqlislince.c. « complebo re 
ctangula {upfici¢.a.f.b.g.oucta linca.f.g.que per diffinitione producit ex.c. in.a 
b.⁊ {ub illis oicit contineri.p:otrabam quog a punctíe.d.«.c.lincas.d.b.z .e.k. 
equidiftantcs lateribus .a.f.z.b.g.critg3 vtrag5 cari cqlis.¢.p.34.primi vtraqs 
C37 cft cqlie .a.f.p oiffínitione igit rectangulü .a.d.f.b. pducit cx.c.i.a.d.« fub 
illis oicitur cótíncri « rcctangulü .d.b. e.c. k.ex.c.in.d.c.« rectangulü.c.K.b.g.ex 
C.in.c.b.c qi bec rectangula fumul iuncta funt cqualia totali rcctangulo.a .f.b.g. 
patet vc ec ppofítum. 
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Pꝛopolitio . 

Y fuerit linea ĩ ꝑtes diuiſa.illud qð ex ductu ton? lineein 
ſeipſa fit: equũ erit his q̃ ex ductu eiuſdẽ ĩ oẽs ſuas ꝑtes. 
Eit linca.a.b.diuiſa in.a.c.⁊.c.d.⁊.d.b.dico ꝙ illud qð fit ex du 
ctu totius.a.b.in ſc qð ſit.a.c.b.ſ.equũ eſt his que fiunt cx ipfa to/ 
ta in vnamquãqʒ dictarum partium qð palam patebit.ductis.c.g.⁊.d.h.cequidi / 
ſtanter.a.e.⁊.b.f.CAliter ſumatur.k.eq̃lis.a.b.eritqʒ ꝑ pꝛemiſſam qð fit ex on/ 
ctu.k.in totam.a.b.cquũ ci qð fit ex ductu.k.in omnes ꝑtes.a.b.⁊ qꝛ ex.k.ĩ.a.b. 
tantũ fit quantũ ex.a.b.in ſe⁊ ex.k.in omnes ꝑtes.a.b.quãtũ ex.a.b. in omnes 
ꝑtes eiuſdẽ.ꝓpter id qꝛ.k.⁊.a.b.ſũt equales patet vexꝝ elTe propofitum. 
DM Pꝛopoſitio .3. 

JA SIS fucrit linea in Onas pres oiuria illud qo fiet ex doucu to 

CA VAI tins in alterntra parte equa erit bis q ex Ouctu einfde par 

x6) /M| tío in feipfam z alterius in alteram. 
= IC Sit linea.a.b.diutla in.a.c.z.b.c.dico cp illud quod fit ex tota.a. 
b.in cius partem.a.c.cqua eft quadrato cinfdem.a.c.partis.z ci quod fit ex cade 
partc.a.c.in.b.c.fiat quadratum línec.a.c.qp Gt.a.c.d.f.2 pficíatur fuperficies.a 
, b.d.e.patebitq; pꝛopoſitũ. Aliter fumat .5.calis.a. c.c q:.b.a.in.a.c. rantürcft 
quanti.g. c.in.a.b.ccoucrío,c.3.c.in.a.b.« in.c.b. z in (cipfas quarü.g. i cafde. 
At.g.in tora.2.b.quaris ín.a.c. in.c.b.p primam buíus patet ,ppofitii fcs ꝙ tm 
erit. a.c.ĩ.a.b.quãtũ in ſe ⁊ in.c.b.q̃re ecõouerſo.a.b.ĩ.a.c.quãtũ.a.c.in ſe.⁊ in.c 
b.qð volumꝰ demoöſtrare. Pꝛopoſitio .4. 

fuerit linea in onas ptes diuiſa illud qð ex ductu totiꝰ ĩ 
Q af leipfa fit:equu ẽ his q̃ ex ductuvtriuſqʒ ꝑtis ĩ ſeipſa ⁊ alte 

riꝰ ĩ alterã bis.Ex hoc maniſeſtũ ẽ ꝙ ĩ oĩ qͥdrato due ſuꝑ 

ſficies quas diameter ſecat ꝑmediũ funt ambe quadrate. 
N| C Sit linea.a .b. vinifa in. a .c.z. b .c. dico ꝙ quadratum totius 
g.b. equum cft ouvbus quadꝛatis duarum lincarum.a.c.⁊.b.c. duplo eius që 
fit ex ouctu eníus caz in altcram:ocícribam quadratum alteriue partíalinm fítag 
¢.d.b.c.quadrati lince.c.b.cui adiungam gnomoneé ſecũdũ duciũ directiuũ linee 
alterins (c.a.c. q9 faciam boc mó.in quadrato ocfcripro p:orrabam oíiamtctrü 
b.d.za puncto.a.cducam perpendicularem fup lincam.a.b .que fit.a.k.qua.a.k 
« oíamctrü.b.d. pducam víqs quo cócirrát wi puncto.f.« a puncto.f. producam 
f-b.canidi(tanté lince .a.b.qua.f.b..b.e.p:oducam vfq quo concurrãt ĩ pũcto 
g.⁊ producã.c.d.vſqʒ ad.h.⁊.e.d.vſqʒ ad.k.Et quía ouo latera .d.c..c. b.rrían 
guli.d.c.b.funt cqualia:crüt per. 5. paimí ouo anguli.e.d.b..e.b.d.cqualce: q? 
angulus.c.cit rectus crit p.32.primi vterqs coy mcdictas recti, £ade rónc vter/ 
q5 ouo: angulo: .c.d.b.2.c.b.d.crit medictas recti. quare p fedidà ptem.29.p 
mi erit enufquifqs quatuo anguloz quí funt.b.f.d.«.b.d.f. c.k.f.d.c.k.d.f. me 
dictas recti crgo p .6. prtmi.f.g.7.9.b.funt equales. fimiliter quoq; .f.a.c.a.b. 
pari róc.f.b.c.b.d.ítéqs.f. k. c. k.d. quarc etraa; ouarti fupficierü .a.b.g.f.«.k. 
d.b.f.eft quadrata « q? totalc quadratum.a.b.f.g.qp eft quadram lince.a.b.con_ 
ftat ex ouobus quadratis que cofiftant circa oiamety que funt quadrata onarum 
lincarum.3.c.4.c.b.c ex ouobus fupplementie quoz vnüqoqs pducit ex .a. c.n 
b.c.patet pꝛopoſitum noſtrũ. ¶ Aliter ſit linea.a.b.vt pꝛius diuiſa in.a.c.⁊.c.b. 
b 2 
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( crita; p.2.buins qnod fit ex tota.a.b. in fe:cquit clad fit ex ipſa in.a.c.⁊.c.b. 
| (cd cy ipfa in.a.c.trm fit quárü cx.a.c.in fc.« ex.a.c.in.b.c.p.s.bui?. 3téqs cx ipfa 
8 .b.tota in.b.c.trm fit quátum ex.c.b.in fe. ex.c.b.in.a.c. per candem. ergo qo 
fit cx tota.a.b.iu fe cquii € cí qo fit cy.a.c.in fe c ín.c. b. ex. c.b.in (c.c in. a.c. aó 
eft popolitum. Sed bac vía non patct conclaríü. ficut via pxeccdentí patet. «n/ 
i de prima eft auctori magie confona. 
| (^10opofitio .5. i 

agp Y línea recta per ono equalia dnogsiequalia fecetur.qd 
2 tub ínequalibus totíus tecttoníe rectangulü continet cü 
Yi €o quadrato qo ab ea que ínter vtvafq € fectíones oefcrí 
39/3) A| bitur equum cft ci quadrato qd a dimidto toriuslinee t fe 
hi 7I oucto oefcribitur. 
G Sit linca.a.b.oiuifa p cqualía in pücto.c.« p incqualia in puncto.d. cico qua/ 
dratu5.c.b.eíTc cqualc ci qo fit ex.a.d.in.d.b.c qdrato.c.d.G Z»cfcríba quadra / 
tum.¢.b.q fit.c.b.f .c.in quo ptrabam oiamcetrü. e.b. z ouca.d.g. equidiftante 
b.f.à fecct viamety.c.b.i pucto.b.< a pacto.b.cduca cqdiftareé linee.a.b.9 fit.b. 
k.ſccãs lineã.b.ſ.in puncto.m.⁊ lineã.c.e.in puncto.l.⁊ ꝓtrabã.a.k.cquidiſtan 
tẽ.e.c.eritqʒ pcoꝝelariũ pᷣmiſſe vtraqʒ duaꝝ ſuꝑficieꝝ.l.g.⁊.d.m.quadrata.⁊ per 





erit palcllogrami.e.m.cquale palcllogramo.d.f.4 q:.a.L.eft cquatc.c.m- p.36.p:í 
mí:crit.a.b.equale gnomoní qui'circixítat quadrato .1.g. crgo addito vtríqy qua 
drato.l.g.crit.a.b.c3 quadrato.l.s.cquale quadrato.c.f.aó cft propofitum, 
^£opolitío — .s. 
: d rectalíneg in ouo equalía oínídaf.alía vero ei línea in 
ong addat.qo ex ouctu toti^iá cópolítei cà q iå adiecta 
(y. wh CcU coqo exonctu oimidíieín feiplá:equü € cí qdrato qo 
EN ab ca d cóftat ex adiecta « oímídía i (cíptà oncta oefcríbi£ 
AL (oit linca.a.b.otuifa p equalis in puncto.c.cíqs addat linca.b.d. 
dico cp quadratit.c.d.qé fit.c.d.c.f.cquale ¢ ci qd fit cxtota.a.d.i.b.d.¢ quadra 
to.c.b. Pꝛoducã ĩ quadrato pꝛedicto diametrũ.d.e.⁊ ducã lineã.b.g.equidiſtãtẽ 
d.f.q̃ ſecet diametrũ.d.c.in pũcto.h.a quo.h.ꝓducã equidiſtãtẽ linee.a.b.que ſit 
b.k.fccans.d.f. ín pücro.m.«.c.c.in pücto.l.c p:odica.a.k. cquidiftantan .c.1. 
critg3 pcr: 36.primí.a.l.cqualc.c.b. zit. c.b.crit equalc.b.f.per.43.p:ími.quare.a 
l.e equale.b.f.ergo addito.c.m.vtrobiq; ent.a:m. cqualis tori gnomoni circifta 
ti.l.g.quare.l.g.addito vtrobiq; crít.a.m.ci.1.g.cqualc toti quadrato.c.f.« quía 
vtraqʒ duaxꝝ fuperfícicz.l.g. c.b.m.e quadrata: p condarit .4-bui? ps propofitü. 





Pꝛopoſitio  .7. 
|3 línea in ouas partes oínídaf.qo fit cx ouctu totius ife 
OWA ipfam cum eo qô eft ey ductu alterins partis i feípfam. c/ 
i. WEIquum eft qeís ex ouctu totíus linee i eandem partem bis 
id cr ouctualteríus partis in feipfam. 
l st IG oit línca.a.b.oiuifa ín ouas partes in puncto.c. dico cp quadra/ 
tum totius.a.b.ci quadrato.b.c.cquii eft ci qo fit ex.a.b.in.b.c.bís aim quadra 
k to.a.c. ocfcribatur quadratu; totius q9 fit.a.b. d.e.c oucatur oiamcrmam .b.d.« 








43 -primiouo fupplemeta.c.b.«.b.f.cqualia.ergo addito quadrato .d.m, vtria; ^ 











II 
e.f.cquídiftaue.b.c.fccans oiametrum ín puftcto.g.c oucatur.k.g.b. cquidiftas 


a.b.z quia quadratuin.a.e.cum quadrato.c.b.tin fut quatum quadratum .k.f. 
cum ougbus fuperficicbus.a.b.et.g.c.patct propofitum 


Pꝛopoſitio .s. 





A53 línca ín ouas partee oíuídatur :eíqs inlongum equa 
2A lis vni otuidentium adiingaturzqó ex ouctu tote íam có 
i. WA polite infeipfas fiet. equum erit bía que ex ouctu p2ío2ie 
(G3) "i3 linee in eam adiectam quater. 7 eí Q6 ex óuctu alterius oí 
LEE] nidentie ín feipiam. 
CSit.2.b.oivifa in puncto.c.qualíterdiqs contingat:cui addatur.b.d. cqualis.c 
b.oico quadratum totius.a.d.a9 fit. a.d.c.f.cít cquale ei qo fit ex.a.b.'z.b.d, 
quater cti quadrato.a.c.boc ait patebit oucta oiamctro.d.c.4 lincis. c.g. 7.b.b 
cquidiftantibus linee.d.f.2 fecantibus oiametrum in puncto.k.l. per que puncta 
oucantur.p.q.k.r.e.in.n.1.o.cquidiítantes.a.d.erit enim per condaríti.g buius 
«naquegj fuperficierum .r.g.0.q.«.b.m.quadrata:4 quia.c.b.pofita eft equalis 
b.d.crít vtraqs fuperficierum.c.L..1.p.quadrata. £rütq3.4.quadrata oiuidentía 
quadrati .c.p.equalia z quia torus snomo circüftae qdrato .r.g.cft qdruplus ci 
qd cx.9.b.in.b.d.q: quadruplus ad fupficic.a.l. patet propofitum. 


^E»opofitio .9. 






I linea ĩ duo equalia duoq; inequalia diniditur:q̃ fiũt ex 
4 9$ ouctuticquali fectíonü ín feiptam pariter accepta? ou/ 
oh. NI pli füt etritfqs pariter acceptis.q qdé ex dimidia.caq3 q 
EQ M viria; fectioni interiacet quadratíe oefcribuntur. 

—— ¶ Sit linca.a.b.diuiſa per cqualia.m.c.⁊ per incqualia.in.d.Dico 
ꝙ quadratum.a.d.⁊ quadratũ.d.b.ſimul iuncta: dupla ſunt quadrato.a.c. ⁊ qua 
drato.c.d.ſimul iunctis. ¶ Super lineã:a.b.erigo lineã.c e.perpendicularc « eq/ 
lem vtriq;ʒ caꝝ lincaꝝ.a.c.⁊.c.b.⁊ pꝛoduco.e.a.⁊.c.b.eritqʒ ꝑ.ʒ32.pꝛuni vterqʒ an 
guloꝛum.a.⁊.b.⁊ vterqʒ anguloꝝ partialium qui funt ad.c.medictas recti.totꝰqʒ 
e.rectus.⁊ pꝛoduco.d.f.equidiſtantẽ.c.e.⁊ perpendicularem ſuper lineaʒ.a.b.eru 
q5 *tcrqs angulo:um.d.rectus:« angulue.d.f.b.medictas rectí per. 32-piimi:fi/ 
uc per fccüda parte.29.pzimi:quarc per.c.pauní.d.f.c.d.b.fünt equalia.a puncto 
f.onco.f.g.cquidiftanté.a.b.critgs pcr fecüda pre.29.primi:eterqg angulozum.g 
rectus.z angulus.c.f.g.micdietas recti quare p fexta ciufde latera.c.g. 2..f. funt 
cqualía?4 quía per penult.ciufdcm quadratum:c.f.cft cquale quadrato.c.g.« q/ 
drato.g.f.ipfum crit ouplum ad quadratum.g.f.quare ad quadratũ.c.d. Itẽqʒ 
per candem quadratum.e.a.cit cquale quadrato.a.c.« quadrato .c.c. ipfum crit 
ouplum ad quadratum.a.c.z quia quadratuin.a.f.cft equalc quadrato.c. f.«.3.€ 
per candem ipfum crit ouplum ad quadratum.a.c.« ad quadratum.c.d.fed qua/ 
dratum.a.f.cft itcrum equalc per candcm quadrato.a.d.« quadrato.d.f.ergo q/ 
dratam.a.d.« quadratum .d.f. oupla funt ad quadratum.a.c.z ad quadratum 
C.d.« quia quadratum.d.f.cft equale quadrato.d.b.crüt quadrata ouaz lineari, 
b 3 
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3.d.«.d.b.cupla quadratis ouarum líncarum quc funt.8.c.7.c.d.q9 € ppofítum 
Pꝛopoſitio .o. 
i Y linea in duo equalia diuidatur eiq; ĩ longum alia adda 
tur:quadratum qð deſcribitur a tota cum addita ⁊ quadra 


tum qð ab ea que addita eſt.vtraqʒ quadrata pariter acce 
pta.ei quadrato qð a dimidia.eiqʒ qð ab ea pꝛoducitur q 






NE cr otmidia adíectaqs confiftit etrílqs quadratis pariter 
acceptís oupla effe neceffe eft. 
G oit linca.a.b.oiuifa pcr cqualia ít3.c. addita fibi linca. b.d.bico qp ouo qua/ 
drata ouarum lincarum.a.d.c.b.d.paríter accepta oupla funt ouob" quadratis 
ouarum lincarum.3.c.2.c.d.pariter acceptíe. (L£rigo.c.c. perpendicularem fup 
líncam.a.b.c equale etríqs lincarum.a.c.c.c.b.« perficío triangulit.a.c.b.ouctif 
líncis.a.c.c.c.b eritq; ut in pmifTa etcrqs angulo: .a.c.b.« «terq5 coxum q funt 
ad.c.medictas recti p.32.primi:tora{q3.c.¢ rectus a puncto.c.produco.e.f.cqua 
lcm « equidiftantem.c.d.« pxoduco.f.d.«.c.b.quou(q5 cocurrüt iu puncto.g.« ;p 
duco líncam.a.g.crítqs per virimam partem-29.p:imí:angulus.c.c.f. rectus fed 
angulus.c.c.b. cft medietas recti. ergo angulus .b.c.f. eft fimiliter medietas re/ 
cti: quía pcr-5 3.cínfde.f.d.cft cquidí(tans.c.c.crít per.5 4.ciufdam angulus .f. 
rectus.etgo per.32.ciufdem.crit angulus.c.g.f.medictas recti. 3temaqs per cande 
angulue.d.b..fimiliter mcdictae rectizp:opter id quod angulue.b.d.g. eft rect? 
ergo per.c.ciufdem ouo latera.c.f.c.f.g. (unt equalia. 3t&g5 ouo latera. d.b.c.d. 
g.(unt cqualia:crgo pcr penultimam ciufdem quadratum.c.g.ouplum eft ad qua 
dratum.c.f.quarc ad quadratum.c.d.G temas per candem quadratum.a.c.ou 
plum cit ad quedratum.a.c.z quia quadratum.a.g.eft per candem equate qua/ 
drato.a.¢.z ¢.g.fimiliter quog3 z quadrato. 9.d.¢.d.g. At qz quadrati.d.g.ctt 
equale quadrato.b.d.erit ovo quadrata ovarum lincarum.a.d.z.b.d.pariter ac 
cepca dupla ouobus quadratis ouarum lincarum.a.c. z.¢.d. pariter acceptis qd 
eft p:opófitum: bec autem c omuce pzcmiffc veritatem babent in numeris ficut 
in lineis. 
Pꝛopoſitio n 
xc ar] 2Atam líneam fic fecarc.vt q9 ftib tota 7 yna poztione re 

ESTA Nictangulum continetur:equam fit eí qo fit c rclíqua fecrío 
d MESA | nequadratü. 
y A Gsoit linca cata.a.b. 5 volumus fic oinuidere: vt gò cx tota « cius 
exui minore producitur equum fit quadrato maioziff1zcfcribo quadra 
tum ipfius qo fit.a.b.c.d.4 latus. b.d.oiuido per cqualia ín.c.z produco.a. c.ct 
c.b.p:oduco víqs ad.f.ita quod .c.f.fít cqualis.a.e.z ex.b.f. portione extrinfe / 
ca:defcribo quadratum quod ex latere.a.b.refecat 'po:tionem. equalcm.b.f. que 
fit . b.b .c quadratum oefcriprum fit. b.f.b.g. Dico q ;a.b. ficctt oiuifa in 
puncto.b.qo illud qo fit ex tora.a.b.in cíus poxioncm.b.a.cít eguale quadrato 
b.b.;pduco.g.b.víq; ad.k.quc erít equidiftane.a.c.q: crgo linca .d.b. oíuifa cft 
pcr cqualia ín.c.« cft fibi addita linca.b.f.crit per.e.buius qo fit cx.d.f.in.b.f.cü 
quadrato.c.b.cquale quadrato.c.f. quare  quadrato.c.a. Quare p penultimam 

















II 


primí:quadratís oua lincarum.c.b.2.b.3.crgo ocmpto ab vtrifas quadrato li/ 
ncc.e.b.crit qo fit ex. d.f.in.b.f.4 ipfü eft fuperficice.d.g .cquale quadrato lincc 
a.b.crgo ccipto ab etrifqs paralelogramo.b.d.crit quadratü.b.f.equatc palello 
graumo.h.c.« quia quadratum.b.f.cft quadratum lincc.b.b.« palellogramü.b.t. 
p:oducitur cx.c.a.quc eft cqualis.a.b.in.a.b.pater factum efTc propofitü. €Lzid 
boc auté faciendum in numcris non labozce:quia unpoffibilc eft numerum fic oi / 
pidi:€t bic eudeciina proponit ficut {cies (exti-2o.tc oocente, 16° 9! 
Pꝛopoſitio . ꝛ. 
e N his triangulis qui obtuftim babent angulum: tanto ea 
o exl qucobtufum fübtenditangulum:ambobus reliquie laterí 
YÅ bus que obtufum contient angulum amplius poteft.quá 
ti eft qo cótínet bis füb «no cox:atqs ea que íibí oirccte 
| íüctaad obtufüm anguli a ppédiculari extra oepbendit. 
C1 Sit triangulus.a.b.c.babens angulum.a.Obrufum.a puncto.c.oucat linca p/ 
pendicularie ad lincd.b.a.que neccflario cadet extra triangult.a.b.¢. alioqn an/ 
gulus obtufus cict rectus aut minoz recto p.16-primi:fit ergo.c.d. perp -ndicula 
ris fupcr lincain.a.b. p:oductam vfq3 ad.d. Dico q quadratum latcris.b.c.qd 
fubtenditur angulo obtufo tanto maius eft onabus quadratis ouarum linearum 
q.b.¢.2.c.ambicntibus ipfum angulum obtufum.quantum eft illud qo fit ex.b. 
a.in.a.d.bis: potentia eni lincc refpectu Qdrati fui cft.ynde tm vicit polie linca 
quelibet quantit in fc oucta producit.£nt cni p.4.bui? qdrati.b.d.cquale ouo/ 
bus quadratis ouarum lincarum.b.3.4.3.d.« ouplo cius qo fit cx.b.a.in.a. d.ct 
quía quadratum.b.c.per penulrünam pzimí cft cquale quadrato.b.d.« quadrato 
d.c.ipfum erit cqualc quadratís trium lincarum.b.a.9.d. 7.d.c. « ouplo cius qo 
fit cy.b.a.i.a.d.fcd p cande quadratü.a.c.€ cquale quadratie.a.d. z.d.c.crgo q/ 
dratum.b.c.cft cqualc quadratis ouarum lincarum.b.a.«.c. 3.2 ouplo cius qo fit 
Cx.b.a.in.a.d.quarc.b.c.tanro amplius potcft ouabus lincie.b.a.3.c. quantum 
cft oupli cius.go fit cx.b.a.in.a.d. Jam cnim oiximus qp rantü oicitur pollc li/ 
nca quelibet quantum in fe oucta produrit quod cht propofitum. 
Izopofitio .ı3. i 
aaa nis oxigonij tanto ea que acumm relpicit angulu am 
V bobus latcríbus angulum acutum continentibus minus 
potcít:quátum eft qo bis continetur füb vno eo2um cui p 
A A pendicularís intra füperftat:eaqs fui parte:que perpendi 
a culari anguloqs acuto ínteríacet. 
G. uod bic proponitur oc latere (übtcufo alicui angulo acuto in triangulo oxi/ 
gonto *critatem babct oelatere fübtenfo cuilibet angulo acuto in omní triangu/ 
lo fine fiat oxtbogonius fine ambligoni’ fine oxigonius. Sit ergo in triangulo 
a.b.c.quicũqʒ tríangulue fucrit.angulus.c.acutue qui fi tucrit oxigonius oucatur 
ppendicularis ab €troq5 anguloz.a.vcl.b.ad «trà; bafim.b.c.vcl.a.c.quia cuim 
fic fuerit fempcr cadct perpendicularis intra trianguimn. Oi autem fit ambligo/ 
Ius aut oxbogonius ab angulo obtufo vcl recto oucatur perpendicularis ad la 
tus oppolitü quà inanifeftü cft cadere intra trianguli: ut (umpliciter oicam cum 
m omni tnangulo funt ouo acuti angoli nccellario crit alter reliquoz angulo. 
qui funt g. c. b.acutus.zoucam igitur perpendiculare ad líncam illam quc ouobus 
b4 
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acutis interiacer.Sit ergo vt trianguli.a.b.c.angulus.b.ctia fit acutus ouca sergo 
ad b.c.ppédicularé q fit.a.d.que vt dictũ eſt cadet intra triangulũ.dico itaqʒ ꝙ q/ 
dratum.a.b.qð ſubtendit angulo acuto.c.tanto minus eſt duobus quadratis du/ 
arum lincarũ.a.c.⁊.c.b.quãtũ duplũ cius qð fit ex.b.c.in.d.c. ¶ Vel dico ꝙ qua / 
dratum.a.c.qð etiam ſubienditur angulo.b.quẽ poſuimus acutum quicquid fuc/ 
rit de angulo.a.tanto minus eſt duobus quadratis duarum linearum.a.b.⁊.b.c. 
quátii eft ouplum cíus qo fir cx.c.b.in.b.d.£rit enim pcr. buius quadrati .b.c 
cum quadraro.d.c.cquale ci quod fit cx.b.c.in.d.c.bis « quadrato alterius ptis 
(G.b.d.quarc addito erríq; quadrato.a.d.crit quadratü.b.c.ci quadratis oua» 
líncarum.a.d.c.d.c.equalc quadratis ouarum lincarum.a.d.2.d.b.z ouplo eius 
qued fit ex.c.b.in.c.d. "t quia per penultimam prümí quadratum.a .c.eft equalc 
quadratis ouarum linca:5.3.d.4.d.c.erít quadratum .b.c.cum quadrato .a.c.e/ 
quale quadratis ouarum lincarum.a.d.«.b.d.« ouplo cíus quod fit ex.b.c.i.c.d. 
(ed per candan penultiniam primi quadratü.a.b.cquü eít quadratie ouarum li/ 
nearum.a.d.c.b.d.crgo quadratum.b.c.cum quadrato.a.c.equum cft quadrato 
g.b.< ouplo cius qd fit cx.b.c.i.c.d.quare tanto min" pote(t.a.b.ouobus latcrib? 
b.c.4.3.c.quantü cft duplum ciue quod fit ex.b.c.in.c.d.quod eft pzopofitn. Si/ 
mili modo pzobabis latus.g.c.qò fubtenditur angulo.b.acuto polie tanto min? 
ouobrus latrcribus.a.5,c.b.c.quantum cft ouplum cius :quod fit ex.c. b.in. b.d. 
& ilotadi aiit per banc z precedente z penultimam primi: gp cognitis lateribus 
omnis trianguli cognofar arca ipfius c auyiliantibus tabulis oe coda 7 arcu co/ 
gnofctur omnis cius angulus. ! 
Pꝛopoſitio .. 

Ato trigono equum quadratum deſcribere. 
ù ViC Sit oatus trigonus.a cui nos volumus equum quadrată ocferibe 
re.Defignabo fuperficić equidiftantium laterum z rectozum angulo 
PUN Jl rum cqualem trígono oato Pm quod oocct.42.primi:fitg; fuperfici / 
es illa.b.c.d.e.cuius fi latera fucrint cqualig babemus q9 qucrim?. 
ipta cm erit Qdrata.p olthnitione Si att latera fint incalia tüc adiaga mmn? ipfo 
rum laterü maíozi Pin rectitudine fit lincaze.f.equalíe mino:i ouoz laterü qo € 
c.c.adiuncta maior quod eft.b.c.6m rectitudine. Totam.b.f.oiuidam per equa/ 
lia in pücto.g. facto.g.cctro fup linca.b.f.Pm quatitate líncc.g.b. ocfcríbam fe/ 
micircoli .b.b.f.« latus.c.c. pducá efquequo fecct circüferentía ín puncto.b.oíco 
q quadrati línec.c.b.eft cquale trigono oato. [»:oduca línca.g.b.« q: tinea .b.f. 
vinila € p cqualia ín.g. c p urcqualia i. c.crit p.s.bui? q9 fít ex ouctu.b.c.i.c.f.cü 
qdrato.c. g.cqualc qdrato .g.f-quarc c quadrato.g.b.quarc per penultima pii/ 
mi « ouobus quadratis oua» linca.g.c.«.c.b.crgo oempto vtrígs quadrato.c.g 
crit qo fit ex.b.c.in.c.f.gd eft cquale (uperficici.b.¢.co p.ef.¢ cqualc.c.e. equale 
quadrato lince.c.b.quare quadrati lince.c.b.¢ equalc trigonio.a.qó € pxopofitü: 
CE£t nota ꝙ ꝑhoc inucnit᷑ latꝰtetragonicũ cuiuſſibʒ altera ꝑte lõgioꝛis ⁊ ſimplici/ 
ter omnis figure rectis lincis cõtente quecũqʒ fucrit.qm̃ omnẽ figurã tale in trian 
gulos reſoluemꝰ ⁊ cuiuſtibʒ illoꝝ trianguloꝛum inueniemꝰtetragonicũ latus ſm do 
ctrinam iſtius.⁊ inucniemus per penultimam pꝛimi.lineam vnam quc poffit in 
omnia latera tetragonica inuenta.verbi gratia volo nunc inuenire latus tetrago/ 
nicũ rectilince figure irregulatis .a.b.c.d.c.f.refoluo eam.in.ʒ.triangulos qui ſũt 








II 


a.b.f.c.d.c.z.c.f.c. 3uucnio quoqs hm ooctrinam iftius tría latera tctragotiíca - ' Pee 
itoy trimn tríangulorum.qui funt.g.b.b.K..R.I: crigo.b.R.perpendiculariter ! g 
fuper.g.b.t produco.g.k.eritq3 per penultima quadratum pzimi.g.k.eguale qua k b 
dratis ouarum lincaruin.g.b.<.b.K.2 tertium latus.k.Lerigo perpendiculariter 


^r 


fupcr líincam.g.k.« p:oduco lincam.g.L.critqs per penultimaim paimi.g.l.latue tc 
tragonícurm totius figure recrilincc pzopofite. — £xplicit liber fecundus. 3ncipit 
libcr tertius. h 






3l &ox oíametrí funt eqles.ipfos círculos eq.» 

I! Lee eflc. D aio2es aüt quox maioꝛes « mi/ 3 
|n ozes quoy minoes. jc irculü linea otín-- 

illaerc oicitur:que cü circulü rangat in vtráq 


.- 


parté eiccta.circulü non fecat.CsLrrculitete -;; 


contingere oicunt qui tangentes feinuicem 

non fecant.C'Recte linee im circulo equali zg- 

ter diſtare dicũt — acentro adip/ 

fas oucte perpendiculares fuerint equalcs. iuum 
Clus vero diftare a centro dicit.n qua 4: 

=) ppendicularis longioz cadit. C Recta linea c- 


po2tiong circuli corinés cozda notat. (.3f502tío vero circüferentie 7. 
arc’ nicupat. dAngulus abit poznonis dieit å a cozda 4 arcu contis ? 
net.d Sup2a arcv angulus confiftere oicit.qui a quolibet pücto ar/ y- 
cue ad cozde terminos ouabus rectis líneie exeuntib? counet. 05e 2 E 


cto2 circuli eft figura d (ub ouab? a cétro ductis lineis z fub arcu qui 
ab cíe copzebendit connct. G1 ngulue aüt qui ab eíelineie ambitur.-« 


funpza centri cófiftere oicit.G eilce círculox poatióee oícit i quib? ^ s3 
qui fupz2a arcum confiftunt anguli fibi inuíce füt eq̃les. CArcꝰquoqʒ 
fimiles funt qui equos angulos pzedícto modo lutcipínut. JN JN 
i 5 
b 


[»:opolitío — .i. B 

yv S(rculí ppotiti cétrü inuenire. vn manífeftü € o» ouab? re 
A22 wictie líneie in eodé círculo apud círcüferétiá termĩatis neu 

2xX9i tra illa alter3 per cália o2tbogonalr fecat níti ipfa fuper 

centrum tranfierit. 
z A oit circulus p:opofítus.a.b.c.cníue eolumus centrü inuenire. ou 
co in ipfo circulo linca.a.c.qualitcraiq contingat qua oiuido per cqualía 1 pücto 
d.a quo ouco perpendicularem ad linc3.a.c.quà applico círcüferentie ex vtraqs p 
t€.(i:35.c.d.b.quà rurfus oiudo p cqlía in pucto.f.que oico cfTc centrü círculi.6i 
cni nó é:crit aüralíbi aut ilinca.c.b.aut cxtra. 3n linca.c.b.nó: (i cni fuent i ca 
vr i puncto.g.crit linca.c.f.maio:linca.c.g.pe vidc toto qo cft ipofTibile, Qo 
fi fucrit cxtra linca.c.b.ut in pücto.b.oucant línce.b.a.b.d.b.c. q2latera.b.d.4 
d.a.trianguli.b.d.a.füt cália laterib?.b.d.c.d.c.trianguli.b.d.c.« bafis.b.a. ba 
fi.b.c.crit p-8-primi angul?.a.d.b.eqlis angulo.c.d.b.qre «teras rect? « a: angu 
tus.a.d.b. full ctid rect? crit.a.d.b.cqlis.a.d.b.p-3-petitione pmi ps videlicet to 
ti a9 € ipolTibile.no € ergo cctrü oatí arculi alicubi quà i pücto.f.qo € p:opofítü. 
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Pꝛopoſitio .2. 

Aper circuli circhterentiam ouobus punctis fignatis.li/ 
"cam rectam ouctam ab altero ad alterum.círculum feca 
I renecetle eft. 
jÀ) FA) C Su vr in crrcüferentia cárcli.a.b.cuinis centrus fit.c.fignata fint 

ddauo puncta quc ſunt.a.⁊.b.dico ꝙ linea recta coniũgens vnũ cum 
cum altcro fecabit circulum. Alioquin cadet extra ciranluin:fitg3.a.c-b.linea recta 
fi pofíibile cft:producà lincas.c.a.4.c.b.crütqs per.5.primi:angulus.c. a.b.7.¢. 
b.g.cquales:prorrabam íte línca.c.c.quc fcect circaferentiam in puncto.d. erítqs 
pcr. i. pimí:anaulug.a.c.c.maio? angulo.c.b.c.quarc maio? angulo.c.a.c. qua 
rc pcr. 18.cíu(dan latue.a.c.maius larcre.c.e.2 quia.c.d.cft equalis.c.a.erit.c.d 
maio:.c.c.pare toto quod cft unpoflibilc:quia crgo linca coniungene ouo pücta 
a.b.non tranfibit cxtra circulum (ccabit ipfum quod cít propofitum. 

AP20politio .3. 
¥ lineam intra circulum pzeter centrum collocatam. alia 
‘acentro veniens per equa fecet.oztbogonaliter fup eam 
SY infiflere. fiin eam oztbogonaliter fteterít. eam p equa/ 
VD & ilia oinidere necelle cit. 
I CG Sit vt lincam.a.b.collocats intra circolum.a.b.cuius centrum fit 
c.linca.c d.venies a cctro oundat p cqlia: oico qp oíuidít cam oxtbogonaliter. ze 
Conucrío videlicct f( oiuídi cam oxtbogonaliter oiuidit cam per cquatia:produca 
lincag.c.a.c.c.b.c poná primo qp» diuidat cà per cqlia: crüt crgo ouo latera.c.d. 
«.d.a.trianguli.c.d.a.cqualia ouoous latcribus.c.d. c.d.b.rrianguli.c.d. b. ba/ 
fís.c.a.bafi.c.b.crgo per.8.piimiangulus.d. vnius cft cqualis angulo.d.alterius 
quarc vtcra rectus:quare.c.d.clt perpendicularis füper.a.b.qo cft propofitum. 
C Honam itcrum q.c.d.fit perpendicularie fupcr.a.b.c oftendam q» ipía otuí/ 
dit.a.b.per cqualia crit cnim ;ppter banc pofitione vtera; anguloz qui funt ad.d 
rectus quare nus cqualis altcri. At q. p-5.p2imi angulus.c.a.d.cft cqualis ait / 
gulo.c.b.d.<latus.c.a.cqle larcri.c.b.per.26.primi:ciufdem crit linca.a.d.cqua / 
lis lnce.d.b.quod cit propofitum. 
WPropolitio  .4. 

i Y intra circulum one linee fe inmcem fecent. 4 fuper cen/ 
«eu crÜ non tranfeant.nó per equalia cas fecari necette ett. 


4 
LES 


$24 Go vt in circulo.a.b.c.d.cuP? centrü fit.c.ouc lincc.a.c.«.b. d.fc 
xA IMiccut fc ín pücro.f.c vrraq; caz vel altcra non tráfcat per centz.otco 
di XX 71 q ipfcnó oiuidunt (cfc p cqualía:ita qp vrraqs p cqualía oiutdat ab 
altcra. 6129 fi fucrit boc potlibile: ponat « fit pauio «t ncutra trafcat p centrum 
2 Ccntro.c.pzoduca lincà.c.f.crítqs p p:ima picmille «nufquifqs.4. angulo: qui 
funt.a.f.cde.f.cib.f.ciz.c.f.d.rect” qd ¢ unpollibile:fic cnt rectꝰeſſct minoꝛ recto. 
(oit igit €t altcra coz trafcat p centy z altcra no:fitq3.b.d.traficns per centrum 
adbuc oíco g nó oíuidunt fcfc per equalia:qo fi fic.tunc p prima pré pꝛemiſſe:cũ 
b.d-oucta a centro dividat.a.c.per cqualia oíuídat cà oxbogonaluer. quare ctia 
a.c.diuidet.b.d.oꝛthogonaliter:⁊ qꝛ diuidit.a.c.ipſa.b.d.ꝑ eq̃lia «t ponit aducr 
(arius:ipfa tranfibit per centrum ¢ er conclanium pine buius:quare ambe tran/ 
(cunt per centrum quod cft contra ypotbefim. 


























ITI 
Pꝛopoſitio . 


Ircnloꝛum ſe inuicem ſecantium centra diuerſa eſſe. 
Y ÁS/2231I (LOint ouo arailí.a.c.b.a.d.b.fccanteg fe fuper ouo puncta.a.2.b 

NM | oe 
EENG) Dico qp» comm funt oiucrfa centra. (16i enim baberér idem cérrum 
\ EAH ipfi crit per'oiffinitione tu poztione vtríqs circulo cómuni:fitqs iliud 
Pasar 1| e.c oucantur línce.c.a..«.c.f.c.eruntas p oiffinitioné ouc lincc.c.a.2 
c.f.equalce. c 3temag per oiffinitionem ouc lincc.c.a.z.¢ .c.equales:quare c.f. 
eft cqualís.c.c.cum vtraqs earum fir cqualis.c.a.pars delicet totí q9 cft impof/ 


fibile. 
Paꝛopoſitio .«. 


=a) Jrcolozum fe fecontingennum nd idem centrum effe ne; 
«1 ccfle eft. 

CSint ouo círculi.a.b.z.a.c.contíngentes fc in puncto.a. 2Dico 
coum funt oiucría centra. Si cnim babucrint ideam centrum crit p 
oiffinitionem ínter minoxem coz cum mino: pofitus fuerit itra ma 
fo:cm:fitqs ipfurm.d.« oucantur linec.d.a.¢.d.b.c.critgs per diffinionem vtraqʒ 
ousrum lincarum.d.b.¢.d.c.cqualis.a.d.qd cit impoffibile. De circulis autem 
fc contingentibus extra quozum fc; vnus eft extra alterü:mgnifcítum eft per oiffí 
nitionem centri qd ipfi non babent idem centrum. 











WP2opofitio  .7. 


ji 3 ín diametro circul punctus preter centrum figuetur:4 
229 ab coad círcüferentiam línce pturíme oucátur.que fuper 
wilcentrum tranfiertt omníum ertt longíffima.que vero o ya 
ma) A&i metrum perficíct omnium erít b2euiffima.que autem cen 
La as) tro proxime ceterislongio2zes. C Quanto vero a centro 
rcmotiozes tanto bzentozes eſſe conneniet. ¶ Duas quoq; equidiſtã 
tes lince bzcuifime collaterales equales effe necefle eft. 
(Sit €t in oíamctro.a.f.dirculi.a.b.c.cuiue centrum fit.b.fit fígnatus punctus 
K.pzetcr centrum 3 quo oucantur plurime linee que funt. K.3. Rb. k.c. R.d.k.c.k. 
f.K.g.ad circumfcrentiam: tranfeat.a.k.per centrum.b.c.k.f.fit complemérum 
oyamctri:fitq; vt. K.e. c. R.g.cquidiftent a.k.f.boc ct oiccre vt angulus.c.k.f.fit 
cqualie angulo.f.k.g.oíco q.k.a.cft omnium lougiffina.z.k.f.omnium bzcuif/ 
(ima:alic vero tanto logioxes quato cétro ppinquiorcs:vt.k.b.cft longior. k.c.z 
K.c.cft longior. k.d.7.k.dlongioz. R.c.⁊. K. ¢.2.k.g. funt equales: quia enim in 
triangulo.b.k.b.ouo latera.b.b.¢.b.K.per.20-p2imi:funt maioza laterc.b. K .et 
ipfa funt equalía lince.a.K.erit.a. R.maio b. R.« cadem ratione maíos omnibus 
alijs z boc cft primum. C $tang3 quia ín tríangulo.c.b.K.ouo latera .b.k.ct. k. 
c.pcr candem funt maior latcre.b.e. quod cit cquale lince .b.f. ipfa erüt ma 
1024 linea.b.f. ergo ecnpra communi lines que cit.b.k. remanebit .k.c.maio? 
k.f.cadam ratione quelibet aliarum erit maio? ipfa z boc eft fecundum. ¶ Itẽq;ʒ 
qꝛ duo latera.b.h.⁊.h.k.trianguli.h.h.k.ſunt equalia duobꝰ lateribꝰ.c.b.⁊.h.k 
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trienguli.c.b.k.z angulus.b.b.k.c maio2 angulo.c.b.k, erit p.24.primi bafis .b. 
k.maio2bafi.k.c.cadé ronc.K.c.maioz crit.k.d.z.k.d.maioz.k.c. z boc ê tertium 
¶ Qð ſi duc linec.k.g.⁊.k.e.nõ ſunt cquales erit altera maioꝛ:ſitq;.k.g. de q̃ ſu/ 
mam.k.l.equalem.k.e.⁊ pꝛoduca.b.l.quouſq; ſccct circũfcrentiam m puncto.m. 
⁊ qꝛ per ypotheſim angnlus.g.k.f.c cqualis angulo.f.k.c.erit per.izʒ.pꝛimi:angu 
lus.l.k.h.equalis angulo.c.k.h.⁊ duo latera.l.k.⁊.k.h.trianguli.l.k.h. ſũt equa 
lia duobus lateribꝰ.c.k.⁊.k.h.trianguli.e.k.h.cergo ꝑaa pꝛimi baſis.h.l.eſt cqua 
lis baſi.h.e.⁊ qꝛ.h.m.eſt cqualis.h.e.erit.h.m.equalis.h.l.qð ẽ impoſſibile.ſunt 
crgo due lince.k.g.⁊.k.e.cquales qð eſt noſtrũ pꝛopoſi:um.quartum 


Pꝛopoſitio .s. 


4j extra circulum puncto fignato ab eo ad círcumferenti/ 
am linice plurime oucantur círculum fecando.que füper 
dI centrum trantierít omníum erít longifltma. G/£ entro au 
tem pzopinquiozes ceteris remotiozibus lógiozes. G Zi 
4| nec vero partíales ad círcüfcrentias extríníecue applica 
te:ea quidem que oiametro in otrectum adiacet omníum eft minima. 
cigs p2opinquiozes remottozibus breniozes.d ue vero que linee 
bzcuiflime vertigs eque p2opingnat equales funt. 
CSit vt in puncto.a.aflignato extra circulũ.b.c.d.cuius centrum ſit.n. ducãtur 
plurime linee ad circũferentiam ſecando circulum que ſint. a. k.n.b. a.h.c.a.g.d. 
⁊.a.f. e. Dico ꝙ.a.b.tranſiens per centrum omniũ erit longiſſima.⁊ ꝙ.a.c.ẽ ma/ 
ioꝛ.a.d.⁊.a.d.maioꝛ.a.e.⁊ ꝙ.a.k.c omniũ bꝛeuiſſima extrinſecaꝝ: ⁊ ꝙ.a.h. cſt 
minoꝛ.a.g.⁊.a.g.minoꝛ.a.f.⁊ dico ꝙ ſi ducatur.a.l.ita ꝙ ipſa ⁊.a.h.equalit di / 
ſtent ab. a. k. hoc eſt ꝙ angulus.k.a.h.ſit equalis angulo.l.a.k.ipſe erũt equales 
¶ Pꝛoducã aii a cctro.n.lincas.n.c.n.d.n.c.n.f.n.g.« n.b.crütqs per.ꝛo.pꝛimi 
ono latcra.3.n.c.n.c.trianguli.a.n.c.maíon3.3.C. 2 q? ipfa funt equalis lince.a.b 
crit.a.b.maioz.a.c.eadc3 ratione crit maio2 omnibus ali}s qo eft p:imnm.« quía 
duo latcra.a.n.⁊.n.c.trianguli.a.n.c.ſunt equalia duobus lateribus.a.n.⁊.n.d. 
trianguli.a.n.d.⁊ angulus.a.n.c.eſt maioꝛ angulo.a.n.d. erit per.24.p2imizba/ 
ſis.a.c.maioꝛ baſi.a.d.⁊ eadẽ rone erit.a.d.maioꝛ.a.e.qð eſt ſcõm. ¶ Itẽqʒ quia 
in triãgulo.a.n.h.duo latera.a.h.⁊.n.h.ſunt maioꝛa.a.n.per.ꝛo.pꝛimi.⁊.h.n.ẽ 
equalis.n.k.erit per comunẽ ſciam.a.h.maioꝛ.a.k.cadem rõone quclibet extrinſe/ 
cus applicataꝝ maioꝛ erit.a.k.qð eſt tertiuʒ. ¶ Item quía per.21.prmi:oue lince 
a.h.⁊.h.n.ſunt minoꝛes duabus lineis.a.g.⁊.g.n.⁊.h.n.eſt cqualis.g.n.erit per 
communem ſcientiam.a.g.maioꝛ.a.h.eadem rone erit.a.f.maioꝛ.a.g.qð ẽ quar / 
tum. QOð ſi.a.l.non ſit equalis.a.h.cum ipſe ſint equaliter diſtãtes ab.a.k.crit 
altcra maío::fítq3.a.l. ponam crgo..m.equalem.a.b.« p:odncam.n.o.m. quia 
ergo ouo latera.m.9.«.a.n.tríanguli.m.a.n.funt cqualia ouobus laterib?. b.a.z 
q.n.trianguli.b.a.n.¢ angulus.m.a.n.cit equalis angulo.b.a. n.erit per.g.p2i/ 
mi:bafis.m.n.cqualis bafi.n.b.z quia.m.o.eft cqualis.n.b.erit.n.o.cqualis .n, 
m. pars videlicet toti qö eft impoffibile z boc ct quinti 


Pꝛopoſitio $^ 
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IY intra circulă puncto fignato.ab eo plures d5 one linee 
oucte ad circüferennam fuerínt equales.puncti illud cen 
A| trum circuli efle neceffe eft. 

XO A ( oit «ta puncto.a.fignarointra círculü.b.c.d.oucte fint.3.linec.a 

Lom E5| b.3.c.a.d.ad circiferentià quas pono éc equales vico punctum.a. 
eſſc centrũ circuli. Pꝛoducã enim duas lincas.c.b.⁊.d.c.⁊ diuidã etràqs caz p eq 
lia.c.b.quidem in puncto.c.¢.d.c.in puncto.f.z producaim.c.a.¢.f.a. quas ap/ 
plico ciraiferentic ex vtraq parte.critqs per.s.primi vterg3 angulozii qui funt.ad 
d.c.cQtalteri.igit p.15 .vterqs erit rect?.Oilr quoqs p cade erergs anguloy à füt.2) 
d. f.rectue:crgo per coxclaríti primc buiua.quia.a .c.oiuidit.c.b.per equalia  o2/ 
thogonsliter ipfa rranfit per centrü.fümwiter quoqs.a.f.tranfit pcr centrum. qua 
ciuidit .d.c .per cqualig « o:tbogonaliter.quarc.a.€ centri qo cft propofitum 
VW2opolitio  .1o. 

¥ circuluscirculum fecet.in onobue tantum locis fecare 
necelle eft. 

Sint (i poífibile cft ouo circuli fccantee fe in pluribus q5 in ouo 
"^ bue locis fupcr .5.puncta.a.b.c.p:oducam líncas.a.b..3.c. quas 
: | oividam per cqualia in punctis.d.z.¢.z producami a puncto.c.line 
am.c.f.pcr pendicularem fupcr lincam.a.c. a puncto.d.lincam.d. f. ppendicu/ 
larem fupcr líneam.a.b. 4 fecent fe ouc lincc.e.f.et.d.f.i puncto. f. eritq5 per co 
xelarinm prune buius punctus.f.centrum circuli etriuíqs qo e(t impolfibile. per 
s.buius. ^»opolitio .. 


EIS circulus circulum contíngat.lineaqs per centra coum , ; , " 
hw tranfcat.ad punctum contactue car applícari necefle eft. " 
A. 
cj» 










Salk CL Si enim linca cranfiens per centra ovowm circulo:um.c.c.cr.d.c 
M3) I| (cfecontingentium íntra eL extra. nó vaditadlocum contactus fc/ > 

d 4l] cet circüferentíam etriufas:fitas.a.centrum circulí.c.d.ct.b. centrü 

circuli.e.c.ct oucatar linea recta.a.b.c.d.fecans arciferenriam €triufas: ct oucan Ja. 

tur lince a puncto.c.quí fit loms contactus ad centra que (int. e.a.c.b. eruntqs 

in cOtactu intcrioz.p.20.pmi oue linec.c. b. z.b.a.longioxcs. c.a .qre longioxce.a 

d.cft cním.a.ceutri circuli.c.d.zqin.b.c.cit cqualis.c.b.qitt .b, eft centrum circu 

li.e.c.crit.c.a.longios.a.d.qo cft impoflibile. {n córactu vero exterior ert oue 

lince. a.e. ⁊.c.b.longioꝛes.a.b.quare.a.d.e.c.b.maius erũt qp tora.g.b.qo cít igl 

(»:opofitio .ı2. 

" 3j circulus círculum contingat tine intrinfecus fine crtrin 

ti. lecue.in vno cantum loco contíngere necefle cft. 





—* CSi emi fucrit poſſibile.vt circulus circulũ cõtingat in duobꝰ locis 





NA d intra vt cxtra cótingat círculii.a.b.c:d.circulus.a.b.c.ürteri? i otio/ 
"AR. s bus plictis.a.b. vd exteri? ciraulus.c.d. f.i euob?püctis.c.d. £ü cr/ 
60 ouccmue línea rectà ab.a .ad.b.fi ipía cadat extra circuli .a.b.c. intcrioxe ac/ 
cidet otrariüi fccüde bui?.129 fi ipfa cadat intra ipfü:ci diuiſerimus ipſaã p equa / 
lia c eduxcrim? a pücto oionís ppendícularc ad ipfa.fucritqs applicata circumfc/ 
rentie ey vtraqs pte ipfa trafibit p centrü ambo circuloz.quare accidet cótrarium 
piemiffe.G 3n circulo vero cótíngente exteri in püctis.c.d.fi oucam? linc3 recta 
a puncto.c.ad punctũ.d.neceſſe eſt accidcre ↄirariũ ſ b?.quarc vtrũqʒ ĩpoſſibile 
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= f: xopolitio .ı3. i 
Peay cte línee in circulo fi fnerint equales eaga cemro eqní 
2 LJ P oiftare .4fia centro equídiftíterint equales efle necelle 







di fint equales.dico qp ipfe cquidiftant a centro z econuerfo . oduc 
tur cnim a centro.c.linec.c.f.«.c.g.perpendicularce ad.a. d.z.b. ¢. eritg3 per.2. 
partan tertic bui" .a.d.oiutfa per cqualia.in.f.z.b.c.in.g.q2 crgo ouo latera.e.d 
€.d.a.trianguli.c.d.a.funt cqualía ouobus lareribus.c.c. «.c.b.trianguli.e .c.b. 
4 bafis.c.a.bafi.c.b.crit pcr. 8. p:imi angulus.d.equalis angulo.c.« q? ouo fate/ 
r3.c.d.«.d.f.triangulí .e.d. f.fümt equalia otiobus lateríbus.c.c. c.c. g.triangulí 
c.c.g. Tlam.d.f.cft cqualia.c.g.co qp tota.a.d.pofita cft cqualis, b.c.7 angulus 
d.cít equalis angulo.c.crit pcr.4- pzimi bafis.c.f.cqualis bafí.c.g. c quia ifte füt 
ppédiculares veniétes ad cas a ctro patct p diffinitionc:fiue.4.bui’ipfas edliter 
oiftarc a cemtro.GLZiliter ideam. Quadratü cenim.e.d.pcr penultimam pomi valet 
quadrata ouarum lincarum.c.f.c.f.d.« quadratum.e.c.quadrara ouari lincariü 
que funt.e.8.2.c.8.« quia quadratum.d.e.cít cquale quadrato.c.c. quadratum 
d.f.quadrato.g.c.crit quadratü.c.f.cquale quadrato.c.g.quarc.c.f.cft caualc.e. 
g.ficgs patct (dem.Oit ergo.c.f.caualis.c.g.q9 c(t cas equaliter oiftare a centro. 
dico tunc g .a.d.cít cqualis.b.c.d.c.quadratis eni ovarum lincarum.c.d.z.c.c. 
cqualibus oemptie quadratis ouarum lincarnm. c.f. .¢.g. equalibus remanct 
pcr pennltimam piii quadrata ouarus linearum. f.d.7.g. c. per comune fcien 
tiam ncccíTe cft fle cqualiazquarc.f.d.eft equalts.g.c.crgo ouplum.f.d.qà eft.g. 
d.cít equale ouplo.g.c.quod cft.b.c.z bec eft (coa pare propofití. 
P20pofino .14. 

—— Y intra circulum plurime recte linee ceciderint diametrũ 
Iceins omnmium longiſſimam.eiqʒ pꝛopinquioꝛes remoti/ 
QN. doribus longiores eſſe neceſſe eſt. 

—Sit vt in circulo.a.b.c.cuius centrum.e.cadant plurime linee que 

i es ſint.a.b. a.c.a.d.f.g.h.k.ſitq;.a.c.d.diamcter.dico ipſam eſſe lon 

giſſimam ⁊ alias tanto maioꝛes quanto ſunt ipſi pꝛopinquioꝛes. ducantur enim 
a centro.e. lince ad extremitates omnium que fínt.c.b.c.c.c.f.c.b. c. e. K.eruntqs 
par.20.prími ouo latera.c.f.4.c.g.tríanguli.c. f.g.longioza.f.g.c quia ipfa (unt 
equalia.a .d.erit.a.d.maíos.f.g.cadem ratione ma:o: crít (p.a.c.quía.a.c.3.€.c. 
funt maioz.a.c.z cquelia.a.d.crgo.a.d.maio? eft.a.c.fic quoos eft maiox.b.k. 
x maío: ctià qp.a.b. Qoautem.f.g. fit maío:.b.k. c.3.c.3.b.patet.quia par.24.. 
primi cum ouo latera. f. c. 4. c.g.trianguli.f.c.g.fint equalía ouobus laterib?.b.e, 
t.C.k.tríanguli.b.e.k.« angulns.f.c.g. maio: angulo.b.c.k.crit bafis.f.g.maio; 
baſi.h.k.Similiter quoqʒ quia.a.e.⁊.e.c.ſunt cqualia.a.e.⁊.e.b.⁊ angulus.a.e.c 
maioꝛ angulo.a.e.b.crit baſis.a.c.maioꝛ baſi.a.b.⁊ ſic eſt pꝛopoſitum. 


ee 








— 







Pꝛopoſitio i$. 
3j ab altero terminoti oiametrí cuínflibetcirculí ostbo 
çi gonaliter linea recta oncatur:ertra circulum eam cadere 
necefle et.C Atg; inter illam ⁊ circulũ aliã lineã rectõ ca 


-" L S : 
D LN KGLoit vt in circulo.a.b.c.d.cuius centrum fit.e.ouclínec.a.B^«.c. d 


IHI 


pi impoflibile eftt Z(naulum autem ab ílla « círcferentía contenti. 
omnium acutoznm angulo2um elTe anguftifTimum. CAngulum vero 
intrinfecum a oiametro 4 circumferentia contentum omnium angulo 
rum acuto2um efle ampliffimnm necefle cft CAnde etíam manifeftü 
cftomnen lineam rectam a termio oiametrí cuinflibct circuli o2ztbo 
gonaliter ouctam círculum ipfum contíngere. 

¶ Sit vt a termio a diametri.a.c.circuli.a.b.c.cuiꝰcctꝝ.d.ducat linca oꝛthogona 
liter:dico q ipfa cadit extra circulum.⁊ ꝙ inter lincam illam 4 circiferentià nulla 
alia recta linca ĩtercipit᷑:⁊ ꝙ angulus quẽ ipſa ⁊ circũferẽtia cõtinet ẽ minoꝛ omni 
angnlo rectilinco qui vidclicet a duabus rectis lincis continetur. ⁊ ꝙ angulus cõ 
tentus a diametro ⁊ circumferentia eſt maioꝛ omni angulo rectilinco acuto. oí 
enim linca ducta.ab.a oꝛthogonaliter ſuper.a.c.lincam:potcſt cadere infra cir/ 
culũ.ſit illa linca.a.b.⁊ ducatur lin ca.d.b.critqʒ per.5.pumi angulꝰ.d.a.b.equa 
lis angulo.d.b.a.⁊ quia angulus.d.b.a.eſt rectus per ppotheſum.habebit trian / 
gulus.a.b.d.duos angulos rectos quod eſt impoſſibile.ꝑ.ʒꝛ.pꝛimi: ¶ Cadet er/ 
go extra ſitqʒ.a.e.ꝙ ſi inter ipſam ⁊ circũferentiã pot linca recta intercipi ſit illa 
a.f.ad quã ducat perpendicularis.d.g.⁊ quia angulus.d.g.a.eſt rectus.crit ꝑ.is. 
pꝛimi linea.a.d.longioꝛ linea.d.g.quod eſt impoſſibilc.quare inter ipſam e arca 
ferentiã nulla linca recta intercipict. ¶ Pꝛopter quod patet ꝙ angulꝰcõtentus.ab 
c.a.⁊ circũfcrentia qui dicitur angulus contingentie ẽ minoꝛ omni angulo a oua / 
bus rectis lincis contento.Si enim aliquis rectilincus angulus cſſct angulo cotin 
gentie equalis.aut eo minoꝛ cum omnis talis poſſit per equalia diuidi ſecũdũ do 
ctrinaʒ.q9.pꝛimi inter lincã.a.c.⁊ circũferentiam poſſet linea recta itercipi bp mon 
ſtrauimus eſſe nõ poſſe.per quod patet angulum contentum a diametro ⁊ circũ / 
ferentia omnium acutoꝛum rectilineoum eſſe maioꝛem.quia non differt a recto 
niſi in angulo contingentie quem monſtrauimus eſſe minoꝛem omni rectili/ 
nco.G £oxclarili patct per pzimam partem. £um enim liuea.a.e.in vtrãqʒ par/ 
tem erecta non fecet circulum z tangat ipfum in puncto.g.ipfa cft contingens p 
diffinitionem. Q £y boc notandum qp nó valet ifta argumentatio. boc tranfit a 
minoꝛi ad maius.⁊ per omnia media.ergo per equale.nec ifta contingit reperire 
mains boc z minus codem ergo cõtingit reperire cqualc.boc autem fic pater. Sit 
circulus.a.b. fuper centrum.c.cuius viamceter .a.c.b. c oucatur ab cius termino 
a.linca.a.d.oxbogonaliter:eritg5 contingens circulum per conclarium buius. 
Deſcribat᷑ iterũ ſuꝑ pũctũ.a.ſᷣm quãtitatẽ diametri.a.b.circulꝰ.b.e.d.⁊ imaginet᷑ 
linca.a.b.moneri ſuper punctum.a.per circumferentiam arcus.b.e.d.ita qp pun/ 
ctum.b.numeret omnia puncta arcus.b.e.d.quouſqʒ perueniat ad lineam.a.d. 
⁊ cooperiat ipſam.⁊ quia angulus.b.a.d.eſt rectus: erit vt nõ ſit ſumere aliquem 
angulum acutum cui cqualé non fecerit linca.a.b.cum diametro.a.c.b.minoꝛis 
circuli.quia tranfivit ad angulum rectum oinumcrans fitum omnium angulowm 
acatowin quowm manifeltum eft quofdam cffc minozes angulo femicirculi con 
tento g femicitcumferentia . a.b. 4 olamctro.a .c.b. c angulum rectum mant/ 
fetum eft cffe maiozem codem. Dico g nullus in tranfics ab acutis minozibus 
ad rectQniaiore intemncdius fuit ei cqualis. Si cni fuerit aliquis:fit vt illts feccrit 
linica .g. b. cum punctus. b.fuit in puncto .c. arcs .b. ¢. d. quia ergo angulus 
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c.3.b.cft equalis angulo femicirculi prcdicto:angulus ait femicircnli ¢ ampliffim’? 
omnia acutoz p «lima parre buiue:crit angulus.c.a.b.ampli(fim" omniü acuto 
rũ:diuidat crgo angulus.c.a.d. ficut propofuit.o.pzími p cqualia oucta linca.a.f. 
critqs p coccptioné angulus.f.a.b.aplioz angulo.c.a.b.quare crit aliqd apli’am/ 
pliifimo quod e ipollibile.€L 23cl (ic c angulus c.a.b.fit equalis angulo femiarcs 
li ficut ponit . zit angulus femicirculi cá angulo cótíngctic € equalis vni recto. St/ 
militer quoqs angulus.c.a.b.ci angulo.c.3.d.€ cqualis vni recto:crít angu?.c.a 
d.cqualis angulo cotíngentic:z q? angulus cotingcntie canguftiltimus omnium 
acuto pcr.5.ptem buius:cerit fimiliter angulus.c.a.d.fibi equalis anguftiflimus 
omuíü acuto. fcd angul?, c.a.f.€ co anguftio p cóccptione:crit crgo aliquid an/ 
guſtius anguſtiſſimo quod ẽ impoſſibile: ¶ Non ergo crít angulus rectilinc? equa 
lis angulo ſemicirculi ⁊ qꝛ trãſitur a minoꝛi ad maius ⁊ non ꝑ cquale. Itẽ qꝛ cſt re 
perire minoꝛẽ co ⁊ maioꝛẽ:patet inſtantia cõtra vtraqʒ argumẽtatione pꝛedictam 
Vnde per interemptionem ad illud cft rcfpondendum. 
ffet probari quod angulus contuigcntic cft oiuifibilis fcom linca recta vt 
— (óftat pcr figuratione bic a laterc pofitam. £crtum e a» angulus qui caufat ex 
Córactu ouoz circulo vel (paz € angulus contingentie z talis oiuidat per líncà.c. 
8: qi bic babet triangulus. b.g.k.cuius bafis.b.k.oinidatur pcr cqualia 1 pun / 
(to.€. « piotrabat veríus.g-contactum « arguitur pcr.4.pzimi. ocindc p.26. bu/ 


(us 4 patct ,ppofitum. 
oon se cc 
ato puncto adoatuin circula linea cotingente oucere. 
| G oit circulus oatus.a.b.cui centz.c.puuctuíq; oatur.d.volo ergo 
a puricto.d.ouccre linca otingente circuli.a.b. pduco linca.d.c.fc/ 





g.p:oduco licam. a.c. ppendicularcs ad linea.d.c.que fecct ciraaferentia circuli.d 
c.in puncto.c. « pduco line3.c.c.fecante circüfereria circuli.a.b.in puncto.b. o€/ 
inde produco luica.d.b.que crit coríngens circulum. a.b.q? eni ouo latera.3.c. ct 
C.c.tríanguli.a.c.c.funt equalia ouobus latcrib".b.c.c.c.d.trianguli.b.c.d.z an/ 
gulus.c.e cois Virig3 crit p.4.p:imi angulus.c.a.c.cqualie angulo .d.b.c. angu/ 
lus autan.c.3.c.cit rectus quare angulus.d.b.c.cít rectus: p conxdarium ergo prc 
cedentis crit linca.d.b.contingens circulum.a.b .quod cft propofitum. 
Pꝛopoſitio .i⸗. 
> ¥ circulom linea recta contingat a contactu vero ad cen; 
| trum linea recta oucatur.necefTe eft eam fuper lineg con 
: ingentem efle perpendicularem. 
CSitlinca.a.b.contingens circulum.c.e.cuins centri fit.d.in pun 
£45! cto.c.quí iungatur cit centro per lineam.c.d. dico banc effe perpan/ 
oicularem fupcr lincam contingentem. Si enim non eft perpendicularis ad ipfå. 
fit ergo.d.f.perpendicularis ad candem que fecet circhferentiam circuli i puncto 
c.critgs vrcrq5 angulo:um qui funt.ad.f.rectus igitur per... peimi linca. c.d.cit 
maio? línca.d.f.quod eft impotfibilc: £onftat ítaq5.d.c.dle perpendicularam fu 
pcr.a.b.quod cít paopofítum. 








III 


Pꝛopoſitio 19. 

i círculü línea recta cótingat:s a cótactu ín circulus linea 
| quedá o:tboganaliter oucat.i eade cétz cé necefle €. 

D 1 Sit vt prius linea.a.b.contingens circulum.c.c.in puncto.c. c.a 
P eal contactu oucat intra circulü .c.c.linca perpendicularis ad lincam.a. 
i b.oico g» centrum circul: cft in linca.c.c. c(t cóucría priozis. Si eni 
non fucrit centré in linca .c.c.fit alibi vbicungs cotíngat.fítqs.d.« ;pducat linca.d 
C.critq5.d .c.per p:ermiffam perpendicularis ad lineã.a.b.qð cſt impoſſibile cũ.e. 






A) 
— 


c.pofita fit perpendicularíe ad ipfam:quarc patct piopofitum. 


[5:opolitío. 19. 
758 3 intra círcnlum angulus fupra centro confiftat: alius ve 
"Aroangulue füpza círcüferctià coliftes cade balim babeat 
inferio2 {uperiori ouplus eric. 
CSit «t in circulo.a.b.c. cuius centri.d .fiat angulus. a.d.c.füper 
— centrũ ⁊ angulus.a.b.c.ſuꝑ circũferentia.ſitqʒ vtriuſqʒ anguli cadẽ 
baſis q̃ ſit arcus.a.c.dico angulũ.a.d.c.duplñ eſſe ad angulũ.a.b.c. ¶ Oð ſic ꝓ/ 
batur.Aut enĩ due linee.a.b.⁊.b.c.ĩcludũt duas lincas.a.d.⁊.d.c.aut altera caz 
fit linea «na cii altera rcliquaz.aut etiã altera pꝛimarum ſecat alterã poſtremarũ 
¶ Sit ergo pꝛimo vt includant cos vt in pꝛima figuratione apparet.⁊ pꝛoducatur 
linea.b.d.c.critg3 per.32.pumi:angulus.a.d.c.extrinfecus equalis onob’ intrin / 
(ccía qui funt.b.a.d.z.a.b.d.anguli z quia ipfi funt equales per.5.ciuſdẽ crit an/ 
gulne.a.d.c.ouplus ad anguli.a.b.d.fimiliter quoq; crit augulua.c.d.c. ouplus 
ad angulü.d.b.c.quare totus angu'us.a.d.c.ouplue € ad totü anguli. a.b.c.qo 
ch propofitum. Që fi altcra ouaz lincarum.a.b.«.b.c.fiat linca €na. cà alicra 
oua7 lincaz q funt.a.d.c.d.c.vt ín fecnda figuratione apparet.per cafde p quas 
pꝛius:⁊ fimili mo liquet ;ppofitum 120 fi altera ouarum piimaz fecet alteram 
ouaruim poftremarum. et ín. 3.figurationc apparct.«bi linca. a.b.fecat linca. d.c. 
pioducatur linca.b.d.e.critas per cafde5 quas prius allumpfimus c fimili modo 
angulus.c.d.a.ouplus ad anguli. d.b.a.« totue anaulus.c.d.c.ouplus ad totü 
anguli.d.b.c.quarc angulus. d.b.c.oupl? c ad anguli .a.b.c. 9d eft propoftrum. 
Pꝛopoſitio — .2o 

-x0 3f ín vna circulí poztíone angulí faper arcum confiftant 
$| angulos quolibet cfle equales necefle cft. 
We Sit vt in po:tíonc.a.d.b.circuli.a.d.b.cuine centrum.f.cófiftant 


E A: | Gi quoflibct anguli fuper arcum.a.d.b.qni (t.c. d.c.oíco coe cé equa/ 


n 


-— 


HSA Ice. protrabatur eni co:da.a.b.c ab cíue extremitatibus :oucantur 

üt centrum lincc.a.f.c.b.f.crítas per piamiffam angulus.f. coufiftens fuper cen 

trü ad «nüquéa5 cowm.ouplus:quare ipfi funt cqualcs:q6 eft propofitum. 

Pꝛopoſitio ꝛi. 

Jintra circulum quadrilaterũ deſcribat᷑. quoſlibet eius 
duos angulos ex aduerſo collocatos duobus rectis angu 

Alis equos eſſe neceſſe eſt. 

¶ Sit quadrilaterũ.a.b.c.d.inſcriptũ circulo.a.b.c.d. dico quoſq; 

= ouos ci?angulos cx aducrío collocatos cé ealce ouob" rectis. prra/ 

bani eni in qdrilatcro oiamertri.a.c.b.d.eritas p pxemiffà angulus. c.b.d. calis 

c 





æ AÀ 
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£ 
angulo.c.a.d.« angulus.a.b.d.angulo.a.c.d.quare totas.a.b.d.crít calis ouo 
bus angulis qui funt.a.c.d.c.c.a.d.« quia ipfi cum angulo.a.d.c. funt ecles ouo 
bus rectis.pcr.32.p2imi: crunt ouo anguli.b.totalís.z.d.totalis equalce ouob" 
rectis quod ch propofitum. Similiter quog3 pzobabitur angulos. a.T.c. totales 
che cquales ouobus rectis. 
4£:opofitio .22 

— 4.45 circuls fimiles poztioncsinequales.fuper ynam re/ 

ctam lineam aſſignatã.ex eadẽ parte cadere impoflibile € 
"ye Goitlinca rccta affignara.a.b.fup quà fiat portio circuli.a.c.b.di / 
Quy A cq fup candem linea cx parte cadem non fict alia po:tio que fit {i 
mattina milis Duic.z ca maio aut mino: €L O9 (i fnerit boc potTibile fíat cr 
go pe:tio.a.d.b.maío: ca quc tamen fit fimilis ei.fiat crgo angulus.a.c. b.1 por 
tíonc mino. 7 angulus.a.d.b.in maío:i.erit ergo vt líncc.a.d.« .d.b. indudant 
lincas.a.c. c.c.b. €t p5 i fiauratióe pzimg. lut «t altcra primarum fiat cadcm cum 
altcra poftremaz.vt in fcog.aut vt altcra fecet alteram vt in tertia. (L9 fi fucrit 
primo m6 crit per.21. pumi: agulus.c.maio: angulo.d.t10 crgo fiir po:tíones fi/ 
miles per diffinitione. 0d fi {do modo crit ad buc angulus.c.maioz angulo.d. 
pcr. 16.ciufdem.mnec (ic igit crüt poxtionce fümiles.Ot aüt tertio modo fit ut linca 
a.d.fccect lincam, .c.b.« fecet circüfcrentíiam potionis minozie ín puncto.c. z ou/ 
cat linca.e.b.crítas p càdc. i6. primí:angulus.a.c.b.ofi(tef i poxtíóc.a.c.b.maio? 
ãgulo.d.ſʒ.e.ẽᷣ cqlie.c.p.2o.b? qrc.c.é maíoz.d.qre nullo mó files. ¶ Sili quoqʒ 
mõ ꝓbabis ꝙ fup linca, a.b.rió fict poitio fite poxtioni.a.c.b.mio:.eza.pofito.c 
in loco.d.z.d.inloco. ¢.in fígurationibne pxcdicis.crít cni per p:eni(Tas (cs per 
21.2.15. p1imí:c pzcmífTo modo angnlus.d.omniu figurationn maioz angulo.c. 
quarc po:tíonce nó crüt fimilee.€L £t nota qp licet poporiatur fupcr Lincani vn35 
nó poffc fíeri portionce fünilce incqualee cx cadem partc.«erum eit tame q nec 
Cx oitrcríis që licet probare minori que cht cx €na parte fuppofita maio: quce ex 
alia neceffe cni.crit pcr cómunam fciam ipfam a mato:í cxcedi. non ergo furit fi/ 
miles per banc.22. 








Pꝛopoſitio ꝛ3. 


I circuloꝛum fimiles poꝛtiones ſuper lineas cquas fue/ 
rint.ipfas poztiones equales elle necefle eft. 

CG Sint ouc lincc.a.b.c.c.d.cquales fuper quas fint ouc poxtiones 
EY) /i3 | circalo:xum.a.c.b.c.f.d.quc fuut fínriles.oico cp ipfe funt cquales. 





: fL cním non funt cqualce altcra carum fuppofita alterí exccdct ma/ 
io: minoxen. fcd linea .a.b.non cxcedct lincam.c.d. ncc cxcedetur ab ca: eum (int 
cqualce.qugrc accidit contrarius pmifíc qo € impoflibilc.crüt cni.a.b.c.c.d.linca 
«na. 


^ »:opofitio .24. 





lif 


cx quo olo perficere circulum prorrabam in co ouaslineas qualitercung; corn 
gat que fint.a.¢c.z.b.d.quas owidam per cqualia.a.c.quidg@i puncto.¢.z.b.d.in 
puncto.f.z protrabaitt.c.g.perpendicnlarcin ad.a.c .<.f.b .perpendiailarcm ad 
b.d.que fccent (c ín puncto. K.critqs per cozxct .pzime buine ccntrü circuli vtra/ 
q5 lincaruim.c.g. z.f.b.quarc centrum eft puncü.k. oi autem.c.g.non fecet. f.b. 
fcd fint luca ea. qucadmodiü crit (i oue linec.a.c. c. b.d.fint eguidiftanres tunc 
ipfa applicabit circiferetic oatí arc^.cx vtrag; ptc ip(a igit oinifa p medi i pücto 
k.crit ibi centri circuli per idem conet. £quidittantes autem non crüt.c.g. c.f.b. 
quía cum in etraqs fit centrum circuli per dictum cozct.cilent cufdem circuli ouo 
centra. Sic poteft oc omni arcu fiuc ec omni poxttone cómunircr ocmóftrari qua 
liter inde circulus perficiatur.GL Quia tamen ducto: vidct banc códuftone varia / 
rcn oiucrías fpccice arcu omniü. poxionü enumcerado fpecies: oemoftrabun? 
ouifim per fpccics qualiter ex. omni poirione oata circulus perficiatur. Sit crgo 
pꝛimũ.a.b.poꝛtio data ſemicuculus.eritqʒ per diffinitionc ſemicirculi.iinca.a.b. 
oíamctr:.ca igitur oiuifa pcr medium in puncto.c.enr.c.centrü ciraili Lic rur 
fus po?tto.a.c.b.femicirculo mato cuius co:xda ſit.a.b.quã oiuido per caualia ui 
puncto.d.a quo ouco.d.c.perpendicularem ad ipfa: quc tranfibít per ccncrum 
pcr coaxct.paime buítis; 2 piotrabo lincam.a.c.« quia lineg.a.b.eft niino oiame 
tro cum fir.a.c.b.poxtío maio: famcrculo:crit.3.d. minos (aimidiamctro.fcd.d.c 
c(t maioz fanidiamctre. crgo.d.c.cit mato: q5.8.d.ergo pcr.i9.piimi: angulus 
¢.a.d.cit inaio: angulo.a.c.d. fiat itaq5 per.25.p:imi:angulus.c.a.c equalis an/ 
gulo.g.c.d.pzoducta linca.3.e.que fecct lincain.c.d.in puncto.c.critas p iextå pzi 
ni.linca.a.¢c.cqualis linee.c.¢.psoducat igitur linea.c.b .critg; per.4.pumit linea 
c.b.cqnalis lince.a.c.quare tree linec.c.3. c.b.c.c.(ünt equales ergo per.9.buius 
c.cft centrum circuli GL oit itecum.a.c.b.postío mimo» femicirculo. caius coxda fit 
3.b.qua oiuido per cqualia in puncto.d.a quo p:oduco líncam.c.d.e.perpendicu 
larcin ad linea.a.b.que (ecet arciterentiam in puncto.c. bac manifelta eft rranft 
re per centrum per coꝛꝛelarium pꝛimc huius.pꝛoduco itcrũ lineam.a.c:eritq; an/ 
gulus.a.c.d.maioꝛ angulo.c.a.d.ſi cſt equalis erit poꝛio.a.c.b. ſemicirculus.⁊ ſi 
minoꝛ erit maioꝛ ſemieirculo:poſitũ eft autẽ ꝙ fit minoꝛ.pꝛoduco igitur linca .a. 
€.quc cum linca.a.c.faciat angulii equalcm angulo.c.« fecet lincam.c.f.ín puncto 
c.c manifcítü e gp punctum. c.cadat cxtra oatain poirione. 7 produco lincam.c.b 
4 quía angulug.a. totalis cft equalis angulo.c .erít pcr.e.pauni linca. c.a .cqualto 
lince.e.c.« quia per quarta primilinca .c.b.cít equalis lnce. c.a. erít per.g. bu/ 
ius puncti. c.centrum circuli quarc patet popofitum Pm omncs fpecica poatio/ 
, hum circuli, 

^f»opofitto 25. b 
3 ín equíe circulis fen fuper centra.feu {up circuferetias 
equalee anguli contiftant.(nper equos arcus eos cadere 
neceſſe eſt. 
AISint ovo circuli equales.a b.c.cuius centrũ.d.⁊.c.f.g.cuius cen 
trũ.h.⁊ fiãt ſupꝛa cctra coꝝ duo anguli.a.d.c.⁊.c.h.g. qui ponant 
equales.dico duas arcus.a.b.c.⁊.c.f.g.eſſe equales.pꝛotrahantur duc lince.a.c. 
Z.¢.g.7 fiant ouo anguli in circũferentiis ipſoꝛuʒ conſiſtentes ſupꝛa ꝑꝛedictos ar 


cus qui ſint angulus.a b.c.⁊ angulus.c.f.g.quia ergo circuli ſunt cquales.erunt 
c2 
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per diffinitiones equaliums circulomm femidiametri equalce:c quía ouo auguti.d 
«.b.funt equales crit pcr.4.peimi:linca .3.c.equalís linec.c.g.« pcr.19.bniue crit 
anguius.b.cqualis angulo.f.cum.d.angulus fit equalis angulo.b.ergo per onfti 7 
nitionem fimilium poxtionum ouc portiones.a.b.¢.z.c.f.g.funt fimiles: q2 ipfc 
funt {up lincas.a.c.z.c.g.cquales ipfe crunt cquales per.23. buius: quare arc?".a 
b.c.z.¢.f.g.funt equeles.Q0 fi anguli.b.c.f.qut funt in circferentia ponantur 
cqualce erunt per oiffinitione portioncs fimiles 4 anguli.d.z.b .cquales p.19.bu 
ius ¿z quia circuli funt equales per pofitioncm erunt pcr .4. pairmí: ouc lince.a.c. 
2.c.g.cqualcs quare ut psius poztioncs cquales per.23 .buius cum fint fimiles z 
(upct cqualce lincas.igitur z arcus equales :quod eft pzopofitnim. 


Pꝛopoſino .ꝛs. 

— Jin equis circulis equi ſumãtur arcus.infra illos foꝛma/ 
tos angulos. qui ſupꝛa centra eox ſeu ſupꝛa circumfere/ 
Atias coſtituãtur equos effe necefle eft. 

M Sint vt pꝛius duo circuli.a.b.c.cuius centrũ.d.⁊.e.ſ.g.cuiꝰcentrũ 

e ll b.(intqs duo arcus.a.b.c.e.e.f.g.cquales ſiantqʒ ſuper ipſos arcus 
ouo anguli in centro qui fint .d.«. b.ouctis.a.d.c.d.e.b.g .b. 3temqs fuper cof 
dem arcus fiant buo alii anguli in circumferentia qui fint.b.¢.f. ouctis lincis.a.b 
¢.b.c.f.2.g.f.dico duos angulos d.z.b.adinuice cc cqles 3téq3 ou0s.b.7.f.adin 
vicem cic cquales ¢ eft bec conuerfa priors. fi enim non funt.d.z. b.anguti ad in 
uicem cquales:fit ergo.b.maioz 3 quo abfcindatur angulus.k.b.¢.qui fit cqualis 
angulo.d.critas per p:emiffam arcus.k.c.f.g.cqualis arcui.a.b.c. fed ouo arcus 
a. b.c.«.c.f.g.pofíti funt equales:accidct ergo parte cfTc cqualem toti: quod ¢ im/ 
poflibile:quare anguli.d.¢.b.roralcs funt cquales. A Simili quoq; modo proba 
bis angulos.b.z.f.efle cquafce. Gel fi maius probato q anguli.d.z.b.fint cqua/ 
les.fequitur.b.z.f.cfle cquales per. 19.buius z cconuerto. 





Yoropofitio .2». 

¥ in circults equalibus eque linee arcus refecent. arcus 
4} quoqs equos efle.fi aute linee tequalee füerínt arc? quo 

qʒ inequales.⁊ a maioꝛe linea maioꝛem arcum:a minoꝛe 
jj| vero mino2zem abfcíndi neceflartü eft. 

8} (Sint ovo circuli cquales.a.b.c.cuius ccnty.d.z.c.f.g.cui’ cerry; 
h.fitqʒ coꝛda.a.c.cq̃lis coꝛde.e.g.dico duos arcus.a.b.c.⁊.e.ſ.g.quos pᷣdictc coꝛ 
de ex pꝛedictis circulis reſccant eſſe equales.Qð ſi coꝛda.e.g.ponat maioꝛ coꝛda 
a.c.dico arcũ.e.f.g.eſſe maioꝛe arcu.a.b.c. Pꝛimũ quidem ſic pꝛobat ducantur a 
centris linec ad extremitates coꝛdaꝝ que fint.d.a.d.c.b.c.b.g.z quia circuli pofi 
ti funt fore cqles.crit bee femidiamerri cquales.z qzlinca. a.c. pofita eſt equalis 
lincc.e..erit per.s.primi:angulus.d.equalis angulo.b.totali:quare per.25.bui? 
erit arcus. a.b.c.cqualis aran.c.f.g.ficq5 patct primum. fcom fic. fit.e.g. maior 
8.C.Crítq5 pcr.25.pzimi angulus.b.maío: angulo.d.fíat crgo angulus.f.b.s.cq/ 
lis angule.d.critgs per.25-buius arcus.f.g.cqualis arcui.a.b.c.quarc arcus. c.f. 
g.cft maiozarcy.a.b.c.quod elt (com. ppofiti. 





III 
Pꝛopoſitio ꝛs. 


IIrcnloꝛum equalíum equos arcug.equas cosdae babe/ 
“Alay re necele eft. 

s ARA ( int ouo circuli equalce.a.b.c.cníus centrum.d.2.c.f.s ai? cen 

| RIAM Itrum.b.fitas arcus.a.b.c.cqualis arcuí. c.f-5. oíco q» co:da.a. c.eft 

SSA cqualis corde.c.g.< eft bec conuerla prime partis premific. Loud 









líncc.d.a.d.c.b.c.b.g.crunta per.26.buius anguli.d.z.b.cquales:quare p quar/ 
tam primi:crit.a.c.cqualis.c.g.quod eft propolituin. Quecings autan probate 
funt pafliones oc oiuerfis circulis cqualibue intcilige multo foxtíns verae efíc oc 
codcm. 


TPropofitio | .25. 
zæ Atum arcum per equalia dinidere . 
ZA MIGOit catus arcus.a.b.c.cui fübtendatur corda.a.c.que diuidat᷑ per 


i 
4 T 
cqualia'n puncto.d.a quo oucatur perpendicularis ad ipfas quc fit IN 







9 Ald.b.fccans circüfcrentiam oatí araus in puncto.b.qué oico diuidere 
22:13) oatum arcum per cqualia.ducantnr enim linec.b.a.b.c.quc crüt cq 
Ice pcr-4.. pzimi quare p pzirmá partam.27.bui" arcus. a.b.erit equali arcui.b.c. 
quod cft p:opofitum. ^ 


Pꝛopoſitio 3o. 


25i rectilineus angulue ín femícirenlo füpza arcum confi; p^. * D c 
ſtat.rectus eſt. Si vero in poꝛtione ſemicirculo minoꝛe 


e 
4 recto maío2 . €i autem ín poatíone femicirculo maiore y b 
recto mino, G3/temqs omis poztionís angulus femt/ 4" | 
- lcirculo maítozíe recto maío2. minozie vero recto mino: ‘e N 
oc necellttate crít. 
Sit vt in cirevlo.a.b.c.cuius centrum.d.¢ oiameter.a.d.c.femiciraulus. a.b.¢. à 
in cuiue femíicirculi circumferentia fiat angulus.a.b.c.ouctis lincíe.g. b.c. b.c.oí / P 
b 


co illum angulum elfe rectum.pzotrabatur ab ipfo angulo in centrum linca .b.d. 
critq3 per quinta primi: angulus.a.b.d.equalis angulo.a.<¢ angulus.d.b.c. equa 
lis angulo.c.c quia àgulus.c.d.b.€ cqualis ouobus augulis.d.b.a. ¢.a.per.32.p 
imi:tpfc crít ouplus ad angulum.d.b.a.cadem ratione augulus.a.d.b.oupl" crít 
ad angulum.d.b.c.crgo ouo anguli.c.d.b.c.a.d.b.ouplíi funt «d totalem angu/ 
lum.a.b.c.fcd ipfi funt equales ouobus rectis. per. 15.paümí: erit igitur angulus 
q.b.c.totalis mcdictas ouowm rectowm:quare rectus quod cft primum p:opo/ 
fimm.G Xdé alitcr protrabatur.b.c. vfq5 ad.c.crítqs per.32.prmisangulus .a.b. 
econalis duobus angulis.a.¢.c.z quia angulus.a .cft cqualis angulo .a.b. d.et 
angulus.c.angulo.c.b.d.crit angulus.a.b.c.cqualis roralt agulo.a.b.c.ergo vtcr 
q5 €o:um eft rectus pcr ditfinitionem. Go fic patcr:fit in circulo. a.b.c. cuius 3: 
centront.d.po:tio.a.b.c.cuius corda.a.c.maio2 femicirculo:2 fiat fuper cius cir 
fercntiam angulus.a.b.c. ouctis lincis.b.2.2.b.c.oico illum angulum effe minos 
rein recto.oucantur cnim oiamctr.a .d.c.« línca.c.b.crítqs pcr primam partem 
buiug.b.totalis rcctus.quarc angulus.a.b.c.crit mino? recto per comunem ſcien 
tiam cum fit pars cins:ficgs patct (com. A Tertium fic, St rurfus in circulo. a.b. XT 


c3 
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c.cuiue cntrum.d.poxío.a.b.c.cuius coxda.a.c.que fit femicireplo mino: 4 fiat 
fupcr ciue circumferentiam angulus.a.b.c.ouctís lincie.b.a..b.c.oico bunc an / 
e gulum eſſe maioꝛem rccto.producantur cním: oiamctri a.d. c .« limea.b.c. crítay 


D 
pcr primam partem buius angulus.a.b.e.rectue.quare angulue. a.b.c. crit ma/ 
e ior recto quod cft tcftium pzopofitum. € Ouartum z quintum fic. Sint in circulo 
8.b.c.d.cuiue centrum.c.poaxtio.a .b.c.cuius cozda.3.c. maio? femicirculo z po?/ 


tio.a.d.c.cuíue cade coxda.a.c.míno: femicirculo oico anguli contentum ab arcu 
b.3.« co:da.a.c.ciTe maiozcm recto « angulum contentum ab arcu .d.a. « co:da 
a.c.eſſe minoꝛem recto.pꝛoducantur diametti .c.c.b.⁊ linca.b.a.vſqʒ ad.f.exitqʒ 
per pꝛimam partem huius angulus.b.a.c.rectue.quare per. i15.pzümá angulus.t. 
a.c.eſt ſimiliter rectus. Quia igitur angulus rectus eſt pꝛimi ⁊ ſccũdus pars recti 
cuidenter patet vtrũqʒ.quare tota liquet hec pethamembris concluſio. ¶ Ex iſtis 
autcm duobus vltimis partibus nora etiã inſtantiam contra illas duas argumẽ / 
tationes ad quas tulimus inftantiam.in.15.buius.tranfitur enim ab angulo po? 





| — | 
a 
e tionis femicirculo míno:zie quí cft mino: recto per eltímam partem buius ad an/ 
í gulum potionis femicirculo maiozis qui cft maío? recto per penultimam partem 
buius.non tamen pcr equalc. £um cim omnis poxtio circuli fit femicirculus aut 
maio: femicirculo.aut minor: fit aurem tam angulus femicirculi per pzinam par/ 
tem. ı5.qu3 angulus potionis minozis per vltima partc buiua mimo? recto. po/ 
tionis vero maions fit maio: recto.z th nõ erit alicui potionis àgul?.nec fimplr 
aliquis contentus a circumferentia.z linca recta nee rect°nec cĝlis recto. 429 ut da 
rius pateat fit i circulo.a.b.c.cuiue centrum.d.linca.a.b.cui non fit octerminatue 
finis cx parrc.b.fecans ex ipfo po:rionc fcmicirculo minoxc.crítqs per sinim par 
e tem buius míno? rccto.buius circuli ftt oíamcter.a.d.c.« unaginetur luca. a.b. 
moucrí ad partem.c.fuper puncti.a.quc quadiu fucrit atra.c. ecl in ipfo.6.coopi 
z ces oiamctrum.a.d.c.facict cum arcu angulum minozcm recto. $n onmi autem 
a * - Ll: D 
picto €ltra.c. velut in.c.facict p penult pcm b? anguli maíoxe recto.tràfit crgo a 
mino: ad maius non per cquale.« ficut in rectilincis angulia cft reperire mato:cs 
b angulo femicirculi z mínoxein. non tame equalcm ut moftrath € .i. 15 .butus:fic in 
angulis portionis eft reperire mgiorcm recto « mínoaem non tamen equalciu :c 
patet ex ifta oemonftrartone. 


A opofitío .31. 


m Y circulutn linea recta contingat < 3 contactu in circulum 
a] Quedam circulum fecans recta linea pzeter centrum dn / 
eX catur quofcurqs5 duos angulos cuin contingete facit.ouo 
. d id bus angulis qui i altcrnatis circult fuper arcus confi 
ftunt poztíoríbne:equales funt. 
¶ Sit recta linca.a.b.contingens circulum.c.d.e.f.cuius centrũ.g.in puncto.d. 
a quo.d. oncatur in circulum pꝛcter centrum linca.d.f.ſecans pſum.f lantqjangu 
f — lus.d.e.f.confiftens fupcr arcum portionis.d.c.f.ouctis lncis.ed.z.e.f. cangu 
lug.d.c.t.confiftenie fuper arcum postionis.d.c.f.ouctis lincia.c.d.«.c.f.o1co an 
guluin.c.cfle cqualem angulo.b.d.f.« angulum.c. angulo. a.d.f. eucaatur cnim 
otamcetrí.d.g.b.« linca. f.b.eritqs per. 17.buiug.d.b.perpendicularís fuper. a.b. 
« pcr pzimaim partem pzennfle angulus.d.f.b.rectus.quare ovo anguli.a. d.b.4 





III 


d.f.b.funt cquales.pofito crgo cómuní angulo.b.d.f:erít anigulue.a.d.f.equalis 
ouobus angulie qui fünt.d.f.b. z.b.d.f.fed bi ouo aum angulo.b. funt equales 
Quobus rectis pcr. 32.pzimí:crgo angulus a.d.f.cum angulo.b. equales ouobus 
rectío.fcd angulus.a.d.f.cum angulo.b.d.f.cquiualct ouobus rectis per. 3.p3i / 
mi:ergo angulue.b.d.f.cít cqualis angulo.b.ergo 4 angulo. c.per.2o.bui? c boc 
c(t p:imum.« quía ouo anguli.c.z.e.funt cquales ouobus rectie per.21. bui? crit 
angulus.c.equalis angulo.a.d.f.quod eft fcóm. Z3d iftud (com fit angulus. a.d.f 
cum angulo.h.equiualet ouobus rectíe.vt pemonftratuim eft.fed angulue.c.cum 
angulo.b.ecquivalct ovobus rectis per.21.buius.ergo angulus.c.cit equalis angu 
lo.a.d.f.quod eft propofitum. 


Paeopoſitio .32. 


iAper data liueam.circuli poztioné defcribere capien/ 


e — tem angulum.oato angulem equalem.feu rectum. feu ma 


! A 


Ai tozein feu mthozem recto. 

CSit.a.b.linea oata z.c.oatus angulus fuper lincam a.b.volo oc 
(cribere yuà circuli poxtione recipicté í ciraiferetia rectilines augult 
cqualen angulo.c.Si igitur fucrit angulus.c.rectus oiufa.a.b.p medium ocícri/ 
bam fupcr cam femicirculum.factumqs erit popofitum.per p:ximam partcm. 3o. 
buins. Si aute fit obtufus ouctà lincam.d.a.cum línca.b.a. continente equale 
angulum angulo.c. a puncto.3.oucam lincam.a.c.perpendicularem fup lineam 
3.d.« fupcr punctü.b.facià anguli p.23.pmi cqualc angulo.c.a.b.i quo obtufus 
cxcedet rectum .oucta línea.b.f. vfq; ad perpendicularem.a.c.cruntgs per.o.pmí: 
linec.f.a.2 f.b.equales: facto itaq; pücto.f.centro circuli ocfcribam Pm quantita / 
tem linee. f.ascirculum.a.b.b.critq5 per conct. i5.buius linca.a.d.contingens cit 
culum.quare per paemifl am angulus qui fit in po:xtionc.a.b.b.cít equalis angu 
lo.d.a.b.quarc « angulo.c.quod eft propofitum. (Loi autem angulus.c. fit acu/ 
tua.p:oducam lincam.a.g:continentem cum linca.a.b.angulunt equalem angu 
lo.c.ca puncto.a.oucam.a.c.perpendicularem ad lincam.a.g.« (oper punctum 
b.faciam angulum equalei angulo.e.a.b.in quo rectus excedit acuti.oucta linea 
b.f. vfa3 ad perpandicularcs.a.¢.cruntg3 per.c.primi lince.f.a.z.f.b.cquales: fa/ 
cto itaq3 puncto.f centro circuli.oefceibam 6m quantitatem lince.f.a.circulum.a, 
k.b.eritgs per conelaniuim.15.buiuslinea.a.g.contingens circuly .quare per pre/ 
miam angulus qui fit in portionc.a.k.b.cit equalis angulo.g.a. b. quare 7 an/ 
gulo.c.quod cft propofitum. 


W20polino — .33. 


ayes) aro circulo :dato angulo. equum angulam capientem 

e poztíonem abícindere. 

VA C1 Sit.a.b. oatus circulus.ct.c.oatus angulus. tolo crgo a circulo.a 
"Wl b.ab(cindere po:tionem vnam captentem equales angulum angu/ 
»3. lo.c.p:oduxco lineam.d.a.c.conningentem oatum circulum in pun/ 
(to.3.3 quo oucto in circulum lincam.a.b.contínentem cum linca .a.c. angolum 
cqualem angulo.c.críta5 per. 31.buius portio.a.b.cxiftens a parte lince.a.d.reci/ 
pícne angulum equalem angulo.c.quod cft propofitum. 
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LIBER 
4£&opofítto .34. 


=) ¥ intra circulu; ouc rectelinee fefe inuicem fecent. q fub 
ilouabue partibus ynius earn; pcedit.equu eft et rectagu 
Ilo qo füb ouabus altevíue línce ptíbus cótinetur. 
M Sint oucfínce.a.c.« b.d.fecantee fe ín círculo a.b.c.d.fuper pi/ 
niic e.ofco qp tllud rectangulum qo fit ex. a.c.i c.c.equum cft ct ao fit 
cx b.c.in e.d.aut enim ambe linee 3.c. 7. b.d.tranfibüt p centrum circuli aut altera 
t aut neutra. fi ambe tranfcant per centrü.crít.c.centrum circuli. omucfqs-4- 
linec equates: quarc liquet ppofitum. Që fi altera eari tantum tranfit per cen 
trü fit ílla.b.d.centrumqs circuli fit.f.aut ergo.b.d.fecabit a.c.per equalia aut per 
inequalia.fecet ergo primo per cqualia:critgs per prina partcs.3.buius fecans ca 
oxbogarnalitcr.oucatur íteqs linca.f.c.eritas per. 5.fecandi qo fit cx .b.c.in.e:d:di 
quadrato.c.f.cquale quadrato lincef.d.quare z quadrato lince.f.c.crgo per pc/ 
nultimam piri quadratis ouaz lincarum. f.c. «.c. C. oampto crgo vtriq; qua/ 
drato.c.f.crit quod fit ex.b.c.in.c.d.cqualc quedrato línec.c.c.« quia.c.c. € cqua 
lic.2.c.patct propofitum.€T (9 fí.b.d.tranficns pex centrum fccat.a.c.per íncq 
qualia a centro.f.oucatur.f.g. perpendicularis ad.a.c.crítas per fecundam par/ 
fan tertii buius.a.g. equalis .g.c. « oucatur linca.f.c. eritqs per.s.fecundi quod 
fit cx.b.c.in.c.d.ci quadrato.e.f;c. c ideo per penultima pim cii quadratis oua. ` 
rum lincarum.f.5.«.8.c.p:optcr id qo angulue.f.g.c.€ rectg € € equalis quadrato 
lincc.d.f.« idco línec.f.c.pxopter quod per pannltimá p:imi « quadratie ouarum 
lincarum.f.g..6. C. oampto crgo €tríqs quadrato lince.f.g.crít quod fit cx .b.¢.i 
c.d.cum quadrato linec.g.c.equalc quadrato lígec.g.c.fed pcr. 5.fecundt quod fit 
€x.9.c.in.c.c.aum quadrato línce .g.c.eft equi ct quod fit ex:a.c.ín.c.c.cuii qtia 
drato ciufdem.g.c.oempto igitur triq3 quadrato lince.g.c:erit quod fit cx .b.c. 
in.e.d.equale ci quod fit cy.a.c.in.c.c.quod eft propofitum. Qö fi neutra caw 
tranfit per centrum fine aktera oiuidat alteras per equalia fine per inequalia. p20/ 
ducam lincam.g.f.c.b.oiametrum circuli tranfeuntem pcr panctum fectionis ca 
rum. £t fi altera oiuidat altcram per equalig.ut.b.d.a.c.tüc.g.b.oínidit ctia.a.c. 
pcr equalia.crgo oibogonaliter per tertíam buius.crgo pcr fccundum modü bu 
íus condufionts quod fit ex.g.c.in.c.b.cquum eft ci quód fit ey. a.c.in .e.c. 4 pcr 
tcrtium modum buius quod fit cx.a.c.ín.c.b.equum eft ci quod fit cx:b.c.in.e.d - 
ergo quod fit ex.a.c.in.e.c.cquum eft ci quod fit cx.b.c.in.c.d.quod ch pzopofi/ 
tum. Ar fi ncutra oividit altera per equalis erit per tertia modi bi? codufidis 
qo fit ex.g.¢.in.c.b.eqle vtriqs comm que fiunt cy.a.c.in.e,c. z.b.c.in.c.d. quarc 
vnum coum crít equal altcri:quod eft propofitum. 








Pꝛopoſitio 35. 


Jextra circulum punctus ſignetur.ab eo antem ad circu/ 
lus alia linea ſecãs. alia contigens due recte linee ducant 
qd ſub tota ſecante atqʒ parte ſui extrinſeca continetequũ 
Aleit ei quadrato q9 cx contingente linca ocfcríbítur. 

Au} Sit.2 .punctus fignatus cxtra circulum.b.c.d.cuius centrü. c.a quo 








ITI 


oncantur ad circulum due linec.a.b.contingens.⁊.a.c.d.ſecãs.dico g illud quod 
fit cy.a.c.in.d.a.cquum eft quadrato linec.a.b.aut enim.a.d.c. tranfit per cen/ 
trum aut nontranfcat:crgo pair per centem quod eſt.e.⁊ oncatur linea. e.b. 
que per.17.buius perpendiaularis crit fuper líucam.a.b.4 quía linca. d.c. divifa 
eft per equalia in puncto.c.« eft ei addita títica.d.a.crít per {extam fecundi quod 
fit cx.c.3.2.a.d.cum quadrato lincc.c.d.c ideo cum quadrate fince. ¢.b. equate 
quadrato linee.e.a.z ideo per penultimam primi equale quadratis ouarum linca 
rum:c.b.2.b.a.p:opter id quod angulug.b.eft rectus.oempto ergo vtríq3 qua/ 
drato.e.b. crit quod fit ex.c.a.in.a.d.cquale quadrate lince.a.b.quod cit propo 
ſitũ. ¶ Qð ſi linea.a.d.c.non tranfit per centrum {umatur.a.f.c.g.tranfiens per 
centr « oucát hinec.c.d.z.c.b.2 fit.e.b.ppendicnlaris ad.a.d.c.eritas p.3.buius 
d.b.cqualis.b.c.qgia crgo linca.d.c.ointfa cit per cqualia in puncto.b. zaddita 
fibi linca.a.d.crit per.6.fecundi qued fit cx.c.a.in.a.d.cam quadrato.d.b. equa 
lc quadrato lince.a.b.crgo addito vtríqs quadrato.b.c.crit quod fit ex.c.9.in .a. 
d.cum quadratis ouarum lincarum.d.b.«.b.c.c idco per penultimam psimi cü 
quadrato.d.e.pzopter id quod angulus.b.eft reus .« idco cum quadrato.c.f. 
p:opter id quod.c.d.7.c.f.funt cqualce.cqualc quadratis ouarum lincarum.a.b 
4.b.c.c idco per pounltémam  poimí quadrato línce .a.c.fcd quía per fextam fe/ 
cundi quod fit ex.g.9.in.a.f.cum quadrato.f.c.cquale cft quadrato lincc.a.e. q1 
crgo vtriq5 coxim que fint ex.c.a.in.a.d.⁊ ex.g.a.in.a.ſ.cum quadrato lince.ſ. 
c.cft equalc quadrato lincc.a.c.ipfa crunt intcr fc cqualia. Z»empto ergo vtríngs 
quadrato líree.c.f.erít quod fit cx.c.a.in.a.d.cquale ci quod fit cx.g.9.in.asf.fed 
id.quod fit ex.g.a.in.a.f.cft cauale quadrato línce. a.b .per pamiffum modum 
buius:crgo quod fit ex.c.a.in.a.d.cft equale quadrato Kinee.g.b.quod eft propo 
fitum.G £t ex bac nota qp puncto extra circulum fignato fí ab ipfo ad círalum 
quolibct fecantes lince oucantur rectangula que contincntur fub totis. z carum 
portienibus extrinfecis adinuiccin funt cqualig.quoniam omnia funt equalía qua 
drato Knee contingentis.C Nota etiam æ fi a quolibet puncto extra circulum fi/ 
gnato ouc lince contingentes ad circulum ipfam cucantur.ipfe crunt edinuican 
cqualcs.crit enim quadratum vtriuſqʒ camm cqualc ci quod fit cx línea fecante ab 
ipío puncto oucta im circmlum.in partem cius extrinfccam .[»oc antan. cuidenti/ 
us patct per penultimam psimí.CLOit.a.puncrus fignatus cxtra círgilum.b.c.d. ° 
cuiue centrum.c.« ab ipfo oucantur oucliuce.a.b..3.d. contíngentee circulum |. «7 
ín punctis .b.d.oico ipfas cflc cquales. producam enim lincas. c.a. c.b.4 ed. y pre a 
crítqs pcr.17.bniue vtcrqs angulo:um.b.z.d.rectus. quarc per penultimam pzi^ j 77 
mí quadratum.a.e.crít cqualc ouobus quadratis ouarum linearum .3.b.4 b.e. 
Similiter quoq3 7 ouobus:ouarum.a.d.c.d.e.quare quadrata ouarum linearuz 

3. b.2.b.c.funt equalia quadratis ouarum.a.d.«.d.c .z quía quadrata ouarum 

quc funt.b.c.c.c.d.funt equalia:erunt quadrata ouarum que funt. a.b.«. 9.d.¢/ 
qualia:crgo.a.b.eft equalis.a.d.quod eft propofitum.@ Hliter ctia oucatar linca 

b.d. erita3 per quintam primi angnulus .¢.b.d.cqualis angulo.e.d.b. propter id 

quod linea;c.b.cft equalis lince.c.d.4 quía vtera ouoxim anguloxim.b.«.d. eft 
rectus.erit per comunem fcietíam angulus.a.b.d.rcfiduue equalis angulo.g.d.b 
tcfiduo.pcr fextam ergo piimi cft linea. .b.cqualis línce.3.d. 








LIBER 


W2opolitio .56. 

3j fuerit punctus extra circulü fignatus aquo oue línec ad 
Ai circtifer end oucant .altera fecans.altcra circumferentie 
c 8, applícata fueritqs qo ex ouctu totíus fecantie ín parte fuí 
EP 4| cxtrínfecam equum ei quod ey ductu applicate in feipfam 

LAS fit:erít línea applícata ex neceflitate circuli contingens. 
C Sit a punctus fignatus extra circulum.b.c.d.cuiue ceitrum.e. a quo eucantur 
ad círculum linca.a.b.d. fecane ipfum « línca.a.c.applicata circumferentic.z efto 
vt qd fit ex.d.a.in.a.b.fit cqualc quadrato.a.c.oíco líncam.a, c.clTe contingente 
2 cit bec conuerfa priors. Si cnim non eft contingens. fit ergo contingens lineg 
g.f: eritas per premiffam quod fit ex.d.a.in.a.b.equale quadratolincc.a.f.quare 
quadratum linec.a.f.eft equale quadrato línce.3.c.ergo.a.c.clt cqualis.a.f.quod 
eft impoffibile. per.8.buius.crit ergo.a.c.contingens quod eft propofitu;. €I Xde 
oftefine pbabif mancat prio? difpofirio z ypotbefis.« fi linea.a.b.d.trafit p cetz 
oucatur línca.c.c.q5 erit per.<.fecundi go fit ex.d.a.in.a.b.cum quadrat o.c.b .ct 
idco aum quadrato.e.c.equalc quadrato.a .c.fed q6 fit cx.d.a.in.a.b.pofitum eft 
equale quadrato.a.c.ergo quadratum.a.c.ci quadrato .c.c.€ equale quadrato.a 
c. crgo pcr vltüna piimí angulus .c.eft rectue.crgo per cox i5.buius linca. a.c. 
eft contingens circulum quod eft pzopofitum. Si autem.a.b.d.non tranfit per 
centrum oucatur 3 puntro.d.tinea tranfiens per centrum. quia gd fit cx bacto/ 
ta in cius partem extrínfecam eft cquale cí quod fit cx.d.a.in.a.b.per p:cmiffam 


ipfum erít cquale quadrato lince.a.c.quarc vt piíus.a.c.crit contingens arculü. 
Explicit liber tertius. Ancipit liber quartus. 





Ygura intra figuram dicitur tícribí quando 
ea que infcribitur efus in qua infcribitur.la 
tera Yno quogs fuozum angulozum ab inte 
rioze parte contingit. G/£ircumfcribí vero 
figura figure perbibetur quotiés ea quidé 
figura eiue cui círcüfcribitur fuís lateribus 
omnibus omnes angulos contingit. 





Izopolitio. .ı. 






2$ £I — datum circulum date linee recte que diametro mí, 
72. R^ nimc maío? eríftat equam rectam lineam coaprare. 

zi ne | Sit linca oata.a.b.circulufqs oatus.c.d. ¢.cui? oiameter.c.d.qua 
D F No ẽ maioꝛlinea.a.b.volo ĩtra datũ circulũ coaptare lincã eq̃lẽ.a.b 
cdcduhue ſi fuerit equalis diametro cõſtat ꝓpofitũ.ſi aũt minoꝛ ex diame 
tro fumat.d.f.fibi eqlis 2 fup puncril.d.fm quatitare lince.d.f. vefcribat circultis 
f.c.g.fecans oatum circolum in punctis.g.z.c.ad altcrum quozum oucatur linca 
a puncto.d.vt.d.e.vel.d.g.eritqʒ vtralibet earum cqualis lince.a.b.co gp «trag; 
cari eft equalis lince.d.f.per oiffinitionem círailí:quare babemus piopofitü. 





IIII 
Pꝛopoſitio 2: 


x1! PAtra aflignată circulum triangulum triangulo afligna/ 
to equiangulum collocare. 

| (Sit allignatus tridgulus.a.b. c.aflignatufas circulus.d.c.f. volo 

(a intra bunc circulum collocarc €nü triangulum cquiangulum trian / 

| a: 5ui0.9.b.c. equilaterus enim non é neccffariüce fcd é poffibilc.p:0 
duco. g.d.h. contingentem circulum in puncto.d.ſuper quẽ ſacio angulum.h.d.f. 
ducta linea.d.f.equalẽ angulo.c.⁊ angulum g.d.e.ducta linca.d.c.cqualem augu 
lo.b.« protrabo lincam.c.f.crítq5 per. 5 r.tertii angul?. c.cqualis angulo.c.q vter 
05 cít equalis agulo.b.d.f.c.quíde per pofiríone .c .ecro per. 31.textíi cadc róne 


crit angulus.f.cqualis angulo.b.quarc per. 32.p»imí.d.tertiue crit cqualis.a,ter/ 
tio.quare babemus propofitum. 





Pꝛopoſitio . 


JIrca aſſignatum circulum aſſignato triangulo triangulũ 
Asem cquianguium oelcribere. 
PACA C Sint ve prius aflignatus triangulus.a.b.c. affignatulg; circulas 
GE ba id.c.f.cuius centrum.g.circa bunc circulum volo ocfcriberc vnũ iri / 
— ss angulum cquiangulum triangulo.a.b.c.cquilaterum enim nó € ne/ 
ccilarium fed € - poflibilc.pxoducam bafim.b.c.i vtrágs partem.vt fiant ouo angu 
licxtrinfeci.c a ccntro.g.producam lincam.g.d.ad arciferentiam.< conftitua an 
gulum.d.g.c.oucta lineg.g.c.cqualem anguto.b.cxtrinfcco. ¢.d. g.f. ducta lineg 
8-f.equaleim.c.extrinfeco.7 a punctis.d.c.f.p:oducam in etranqs partem lincas 
oibogonalitcr que per conct.15.tertii erunt contingentes circnlü qe córingentce 
traba quoufas concurrant in punctie.b.K.l. necefle eft enim ipfas concurrere. 
cum enim vetera; angulo:um qui funt ad.d.« vterg3 corm qui funt ad.c. fir rect? 
fi intclligatur pzotrabi línca.d.c.crunt ouo angult qui funt ad partes.b. minoxea 
ouobus rectis.quare p pen ultima pctitionc i ptem illam ptracte concurrent lince 
l.d.b.k.c.b.cadem rónc concurrent ouc lince.b.d.L.k.f.lcum vterqʒ anguloꝛum 
qui funt. ad.f.fit etiam rectus. Quia ergo in quadrilatero .b.d.c.g. ouo angu / 
t.d.z.c.funt recti.crunt ouo anguli.g.z.b.eqnales ouobus rectis. cuinfiibct enim 
quadnlaterí quatuo? augulí nnt equales quatuo: rcctis.vt móftratü ¢ fupra.32 
p:üni:« quia ouo anguli.b.intrinfccus « extrínfecus funt fimiliter equales ouop? 
rectis.p.13.pinisat vcro.b.extrinfec? pofit? € equalie.d. g.c.crit intrínfc?.b.cqua 
lia.b. fimili quoq; rone crít.c.intrifecue equalis.l.c quía ouo anguli.b..c. intrin 
fca funt máno:es ouobus rectie.per .32.psimt:erunt fimiliter ouo anguli b.et. 
minoꝛes duobus rectis.quare per penultimaʒ petitionem due linee.h.e.⁊.l.f. ꝓ/ 
tracte concurrent in puncto.k.fietqʒ triangulus.h.k.l.⁊ quia angulus.h.ẽ equa / 
lis angulo.b.intrinfcco.2 angulus.l.angulo.c.intrinfeco.crit pcr.32.paumí: angu 
lua.K.cqualía angulo.a.quare babemus propofitum. 







Paꝛopoſitio — .4. 
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LIBER 
S PEA Mtra datum triangulum circuluʒ deſcribere. 


SC Sit allignarcridguius.a.b.c. volo intra ipfu; circulums ocfcribere 
] | bec € qfi couerfa fcóe .oinido cni ouos ci'angulos.a.7.b .p cálía.a 
D K da oucta linca.a.d.b.vero .oucta linca.b.d.q oat i pancto.d. 
Ze eta] 1 quo onci ppédicularcs ad tría latera ipfi?.d.c. qdc:ad.a.b.d.f.ad 
i -b.¢.2.d.g.ad.9.¢.2 quia ouoy trianguloy.c.a.d.z.g.a.d. angulus.a. ni? € ed/ 

, lis angulo.a.alterius.⁊ vterqʒ anguloꝛũ.e.⁊.g rectus ⁊ latus.a.d.comunc. crit ꝑ 
20.pꝛimi:linca.d.e.equalis lince.d.g.eadem rone cum duoꝛum trianguloꝛum.e.b 
d.⁊.f.b.d.angulus.b.vnius ſit equalis angulo.b.alterius ⁊ vterq; auguloꝝ.e.et 
f.rectus:latus quoqʒ.d.b.commune:erit per eandem.linea.c.d.cqualis linee.d.ſ. 
quare tres linee.d.c.d.f.d.g.ſuut cquales.poſito ergo centro in.d.⁊ deſcripto cir 
culo ſccundũ quantitatẽ vnius carum tranſibit per.q.tertii per reliquarum duarũ 
extremitatce: quia per conct. is .tertií emaquceqs lincarum.a.b.b.c.c.c.a. ent có 
tingens circulum patct perfectum cfle propofitum. 






Pꝛopoſitio .. 






- — 


Irca trigonum aſſignatum fiue illud fit oꝛthogoniũ ſiue 


£7) ambligoninm fine oxigonium circulum deſcribere. 
PAC ONG) Cl Sit trigonus affignatus.a.b.c. volo circa ipfum ocfcribere círculü 


| — hbec eſt quaſi conuerſa tertie.diuido duo eius latera.a.b.ct.a.c.per 
aqualia.a.b.quidẽ in puncto.d.⁊.a.e.in puncto.e.a quibus punctis 
pꝛoduco perpendiculares ad lincas.a.b.⁊.a.c.quas pꝛotraho quouſqʒ cocurrant 
in puncto.ſ.ſintqʒ.d.f.⁊.e.ſf.concurrent enĩ qm̃ ù vterq; anguloꝝ.d.⁊.c.ſit rectꝰ 
fi intelligatur ꝓtrahi linca.d.e.ſient duo anguli ad partẽ in quã pꝛotrahunt mino 
res duobus rectis:quare cõcurrent per penultimã petitionẽ igitur a puucto.f.qui 
eſt punctus cõcurſus quẽ dico efie centrum circuli quefiti.pzotrabó lincas ad fin/ 
gulas angulos quc fünt.f.a.f.b.f.c.c quia in triangulo.a.d.f.ouo latera.a.d.z.d 
f.funt equalia ouobus lateribus.b.d.<.d.f.trianguli.b.d.f.z angulus.d. «ni^ an 
gulo.d.altcrius:quia Vterq3 rectus:crit per quarta p:imi.f.a.cqualis. f.b.cade rg 
tione crít.f.a.cqualis.f.c.copatie lateribus c angulis ouoxum trianguloxum.9.c. 
f. z.c.c.f.crgo per.9-tertii punctum. f.crít centrum circuli quefiti.bec cit eninerfa/ 
á lis ocmonftratio ad omnes fpes trigoni. Ouia tame aucto: vidct geile medius 

variare oifiungendo intcr ostbogonium ambligoníum «c oxigonium. oc quotibct 

co:xum figillatím cft ocmóftrandii .19:t crgo trigonus popofttus oxtbogonius 

fitg3 angulus.a.rcctus:latus.b.c.refpiciens bunc angulé rect oivido per cquatia 

in.f.a quo pnncto qué oíco efTe centrü circuli ad medium puncrum viriufas oUO2 

b c  tdiquozlatcz qui fit.d.ouco lincam.f.d.4 quía linca. f.d.oiuidtt ono larcra.a.b 
«.b.c.triangulí.a.b.c.per equalia:ipfa crít cquidiftans tertio .vidclicct lince. a.c. 
Doc ent ocmoftrata eft fupra.39.primi:et quia angulus.a.pofitus cit rectus erit 
per fecunda partem z per tertiam. 2 9.pzimí: vterg; anguloxum qui funt ad .d.rc/ 
ctue:oucatur igit línca.f.a. critqs per quarta paimi:linca.a.f.cqualis lincc.b.f.có 
paratis adinuícc latcrib?  angulie tríáguloz.a.d.f.b.d.f.«q línca.b.f. é calis 
linec.c.f.erür.5.lince.b.f.a.f.c.f.adinuice eqles.quare p.9.tertii crit. f. centrum 
circuli quefiti. Z Sit rarfus trigonus. a. b. c. ambligoniue .fitqy auzulus .a . 
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obtuſus latus.b.c.reſpiciens huuc angulum obtuſum. diuido per equalia in pun 
cto. b.a quo ad media puncta duoꝛum rcliquoꝛum laterum quc (unt .d. « .c. 
ouco lincas.b.d.z.b.c.critqs.d.b.cquidiftans.a.c.z.c.b.cquidiftans.a.b. p20/ 
pter id quod ocmonftratum cit fup2a.39. prim: videlicet gp linca fccans ouo late/ 
r3 alicuins trianguti per equatia.tertio cit cquidiftans:quare per fecundant par/ 
tc.29.püní crit vtcrq5 ouo anguloz.b.d.b.c.c.c.b.cdlis águlo.a.« ideo €terq 
obtuſus.ductis igitur perpendicilaribus.d.f.ad lincam.a.b.ct.c.f.ad líncam.a. 
c.quoufq; concurrant (t pancto.f.que oico ciTc centrum circuli. 2I $anífeftü € cni 
cas concurrere propter caufà pus oíctà.fccabít €traas carum lineam. b.c .quc rc/ 
fpicit ootufum e concurrent cxtra triangulum.a.b.c.igttur a puncto.f.qui € pun / 
ctus concurfus carum :p2oduco lincas.f.a.f.b.f.c.que per quartain p2mi bis af/ 
ſumptam erunt equales cóparatís primo lateribus ct angulis ouozum tríaugu/ 
loꝛum.a.d.f.b.d.f.deinde alioꝛum duoꝛum.a.e.f.c.e.f.quarc per.q.tertii.ſ.ẽ cen / 
trum circuli quefiti. CEfto iterum €t trigonus.a.b.c.fit oxigonius diuiſis omni / 
bus cius latcribus per cqualia: videlicet latus.a.b.in puncto.d.« latus.a.c.i pum 
cto. c.c.b.c.ín puncto.b.p:otrabo líneas.d.c.d.b.«.e.b.critas .d.b. equidiftans 
9.¢.2.¢.b.a.b.p20pter id quod ocmonftratum cft (uper. 3 9.paimí:quarc per fccun 
dam partem. 39.p:imi:eterq5 angulo:um.b.d.b.c.c.b.crit equalis angulo.a.« ió 
acutus:ouctís igitur perpendiculanbus.d.f.ad lincam.a.b.4.c.f.ad lincam .a.c. 
mauifc(tum eft cas concurrere intra triangulum.a.b .c.fitq} punctus concurfus 
f.quem vico efe centrum circulizproduco cnim lincas.f.a.f. b.f.c. que per qrram 
p:ini:bis affumptam vr prius crunt equalcs:quare per.9.tertii crit.f.contrum cir 
coli quefiti- fer predicta pater fi triangulus fucrit oxtbogonius centrum cit/ 
culi arcü(cribendi cadet in medio lateris quod opponitur angulo recto. Oi fucrit 
anibligonius centrum cadet extra triangulum.Si autem fucrit oxigonins cadet t/ 
tra triangulum. 


Pꝛopoſitio .«. 


Rey) (Sit atus cirailus.a.b.c.d.cuius centrus.c.volo intra ipfus oe/ 
— ſcribere quadratuʒ.pꝛotraho in ipſo duas diametros.a.c.⁊.b.d.ſe 
cantes ſe oꝛthogonaliter ſupꝛa ccntruʒ.e.quaruʒ cxtremitates con 
tiungo pꝛotractis lincis.a.b.b.c.c.d.⁊.d.a.quas dico cõtinere qua 
dratum queſitum:ipſe enim crunt equales adinuicem. per quariam pzimi ter af/ 
fumptam propter id qð quatuoꝛ linec.e.a.e.b.c.c.⁊.c.d.ſunt equales.et quatuoꝛ 
anguli qui funt.a.d.e.recti.fi ynufquifa3.quatuo: angulowm.a.b.c.¢. d.cit rect? 
per primam partem .3o.tcrtii:p:opter id quod quilibet co:um c ín femicitculo crit 
igitur.a.b.c.d.quadratum per diffinitionem quod eft p:opofitum. 
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E TA tra oatum círculum quadrati ocfcribere. 
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^(-nopofitío .7. 


Na frca propofitum circulum quadratum delcribere. 
AS (Ot ;ppofit? circuD.a.b.c.d.cui?centz.c.volo circa ipm ocfcibere 
zii adratii: ptraboi ipfo ouas diamctros.a.c.ct.b.d.fecates fc o2tho/ 
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gonaliter fup cétrü.c.a qz extremitatibus onco í €tráqs pte lineas ostbogonaliter 
quoufq; dlibet ca currat cii onab* latcralib?fintas pücta curfus caz.f.g.b.k. 
Critq5 p Conct.i5.tertij eterq; anguloz quí füt ad euüqneq quatuo: püctoz.a.b. 
c.d.rectus:quia ergo in quadrilatcro.a.f.b.c.tree anguli.a. b.4.c. funt recti: erit 
quartus angulns qui eft.f.rectus:babet enim quodlibet quadrilaterum quatuo:. 
angulos cquales qruo: rectis: vt ocmonftratum eft (upraz32.p:imi :cadcim. rone 
quilibet angulo:um.g.b.c.k.crit rectus:ergo per fccüdam partem.28.pimi. ouc 
lince.f.g.¢.K.b. Jrema3 ouc.f.k.z.g.b.funt equidiftantes.ergo per.34.primi.f.k 
eft cqualis.g.b.z.f.g.k.b.z quia p cande.f-K.eft cqualis.b.d.¢@. f.g.a.c. At vero 
b.d.eft cqualía.a.c.crür quatuo: líncc.f. R.g.b.f.g. c. R.b. equales: (ed « quatuo: 
anguli.f.g.k..b. funt recti :€t probatum cít pzius. ergo.f.s. R.b. cft quadratuin 
pcr oiffinitionée quod cft propofitum. 
Pꝛopoſitio .s. 
i AEn era quadratum aflignamm circulum oefcribere. 
PC Sit quadratum allignatum. a.b.c.d.volo intra ipfum delcribere 
| circuluʒ hec eſt quaſi conuerſa.o.diuido vnũqðqʒ latus eius ꝑ equa 
lia.a.d.quide in puncto.f.b.a.in puncto.g.c.b.in puncto.b.⁊.d.c. 
—imnpuncto.e.⁊ produco lincas.e.g.⁊.f.h.ſecantes ſe in pũcto.k.quẽ 
dico eſſe centrum circuli.erit eniʒ.f.h.cquidiſtans ⁊ equalis.a.b.per.ʒ 3.pꝛimi:ꝓ/ 
pter id quod.a.f.⁊.d.h.ſunt cquales ⁊ equidiſtantes.Similiter per candem ⁊.d.c 
a.b.⁊ quia omnes medietates quatuoꝛ laterũ ipſius quadrati ſunt adinuice equa 
les erunt per. 34.p2imi:quatuorlinec.K.c.K.f.K.g.2-K.b.cquales.crgo per.g.tcr/ 
tij. R.eft centrum circuli qucíiti. 
4p»opolitio .. 
cT rca aflignatum quadratum circulum delcribere. 
—— ¶ Sit quadratum.a.b.c.d.volo circa ipſum circuluʒ deſcribere.hec 

| cft quaft conuciía.7. [»:otrabo ini ipfo ouas oiamctros.g.c.c.b.d. 
ANM fccantea (c in puncto.c.que oíco cflc centrum circuli. £um eni tince 
Pius 173| a. d. «.a.b.fint cqualea erüt pcr. s. pzum?z anguli.a.d.b.c.a.b.d.c/ 
qnales.z quia angulus.a fotalis cit rectus.crit per.32.primi:vterg3 coum medi 
ctae recti. CLoimili quoq3 modo pbabitur quelibct partialia angulowm a pre 
victis oiamctris z latcrib? quadrati pio. ofitt contentozum effc medietatem recti 
quia igitur angulus.c.a.d.cft equali angulo. c.d.a.crit per.o.piimi:linca.c.a. 
equalis line -.e.d.cadcm rone crit.c.a.cqualis.c.b.z.c.c.equalis.c.d.quare quía 
quatuoo» lince.c.a.c.b.c.c.c.d.funt equales.crit per.g. tertit c.centrus circuli que/ 
fiti.quod eft propofisum. 










Pꝛopoſitio .ıo. 


"cram Cum equalíus laterum triangulum oefignarc. cuíus vter 
b, N q5ouo:um angulozum quos bafis opnnet. reliquo ou/ 

9 [plus criftat. 

4 Jitenito € ocfcribere enü trianguli oná calit latcr c tertii inedlis 

! Ail cui" vterq5 anguloz d fup lat?qo € rcli qe i cale exiftüt ad terti on/ 

plus cxiftar. zid bocaüt faciédii fumar. linea qliber q fit .2.b.que owidat fm g 

oocet. íi. fco in puncto.c.ita cp illó quod fít ex.a.b.t.b.c.fit equale quadrato. a.c 
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factod; puncto.a.cetro 6m ipfius quantitatem ocfcribatur circulus.b.d.e.intra 
qué per piman buiu s coapterur linca.b.d.cqualis lince.a.c.ct producantur oue 
lincc.d.a.d.c.oíco triaguli.a.b.d.e¢ glis pponif: circhferibat circul? q fit d.c.a. 
per.5-buius triangulo.d.c.a.quia ergo linca.d.b.cít equalis .linca.a.c.crit quod 
fit cx.a .b. in.b.c.cquale quadrato lince. b.d. quarc per vitimam tertii. b.d. 
linca cft contingens circulum.d.c.a.< per.31.ciufdan angulue.c. d.b. cft equalis 
angulo.c.a.d.pofito ergo comuni angulo.c.d..erit torus angulus.b.d.a. cqua/ 
lis ouobus angulis.c.a.d.c.d.a.fed per.32.p2imi angulus.b.c.d.cit eqlis cifde 
quía extríufccus ad ipfos.ergo angulus.b.d.a.cít cqualis angulo.b.c.d.« q: an/ 
gulua.a.d.b.eft equalis angulo.a.b.d.per.s.pzimi:co gp latcra.a.d.«.a.b.tüt c/ 
qualia.crit angulus.b.c.d. eqlis angulo.c.b.d.crgo per.6.primi: linca.c.d.eft ¢ / 
qualis lince.b.d.quare 2 lince.c.a.ergo per_s5.primi:angulus.c.a.d.cit equalis an 
gulo.c.d.a.quia ergo vterqs angulo c.d.b.«.c.d.a.é calis águlo.c.a.d. erit tot? 
angul".b.d.a.oupl" ad águlii.d.a.b.« ió angul?.a.b.d.(ibi calis. oupl?cft etià ad 
angulũ.b.a.d.qð eſt pꝛopoſitũ. Foꝛſan dicet aduerſarius circulũ.d.c.a.circũſcri 
ptum trigono partiali ſecare circulum.b.d.e in aliquo puncto arcus.b.d.ita ꝙ ſi/ 
mul iccabit lincam.b.d.vnde ipfa non erit circolo applicata.ficut in oemonitra/ 
tionc fupponitur. fcd ipfum fecans. Sit ergo fi poffibile cft vt ponit aducrfanus 
«3 puncto.b.oucatur ad ipfum circulum minoram contingens.b.f.2 oucantur lV 
ncc.f.a.f.d.crítq5 pcr penultima terti q9 fit ex.a.b.in.b.c.cquale quadrato .b.f. 
crgo.b.f.cft equalíe.b.d.quare pcr. s.p:imí angulug.b.f.d.cft cqualis angulo .b. 
d.f.« quía pct. 31.tertíí angulug.b.f.a.eft cqualis angulo.a.d.f.crit angulus .b.d 
f.ia10: angulo.a.d.f.quod cít impotlibilc.cum ipfc (it pars cius. €Lzlliter poffu/ 
mus iftud refcilcre « oftendcre gp ille mino: círculus nullo modo fecabit linea. b.d 
foxfan cnim oiccrct gv fecarct cam non fecando arcum.d.b.imaioris circuli. Si ent 
porlibilc cft qp fecct cam.fít bec inn pancto.b.crítqs q9 fit ex.a.b.in. b.c. equalc ci 
quod fit cx.d.b.m.b.b. Di Yonftratum cft enim fupra penulrüna tertii g» fi ab ali/ 
quo puncto extra circnlum fignato quotlibet lince fecantes ad circalum oucantur 
quc fub totía « carum poationibus extrinfccie contincnrur.cqualía funt adinaíce: 
« quia quod fit cx. a.b.in.b.c.cft equale quadrato.b.d.crit qo fit ex. d.b, in.b.b. 
equa!e quadrato.d.b.quod cft impoltlibile per fcóam (coí:quarc coftat ppofirum 
€.£t nota qp mino: circulus necellarío fccabit maioae c abfcindct ab co arci vni 
cualcm arcui.b.d.e maio: abfcindet fimiliter ab codem vuum arcum cquale ar/ 
cut.d.c. Quod fic probat. fi enim mino2 non fecat maiozem.contingit ergo ipfum 
ín puncto.d. quía per. u.tertii círculozum fc contingentinm centra.z punct? con 
tactus funt in linca vnia.crit ccntrü mino:is circuli in línca.a.d. propter boc gp in 
ca cít ccntrum maíoxís z punctus contactus.crgo per. 17.tcrtíí angulus. a. d.b.cft 
rcctus quare fimiliter z angulus.a.b.d.fibi edlie é rcctus gd ¢ impofiibilc.per. 32. 
pumi: Secct ergo ípfus in punctia.c.d.oico arcum.c.d.maiois effe equale arcuí. 
d.b.z arcum.c.d.mino:ie clle cqualem arcui.d.c.pioduco liucas. d.c.c.c.7. e.a. 
critqs pcr.26.tcrtii vnufquifqs quatuo? angulo:um qui funt.d.c.c.c.c.a.d.a. c.et 
8.d.c.equalie alii propter id p ouo arc. d.c. .c.a. (üt calce. p.27. ciufdé qre to 
talis angulꝰ.a.e.d.duplꝰ ẽ ad angulũ.b.a.d.⁊ iõ eq̃lis vtriqʒ anguloꝛum .a.b.d. 
⁊.a. d. b. qꝛ angulꝰ.a.e.d.ẽ eq̃lis angulo.a.d.c.ꝑ.5.pꝛimi: ꝓpter id qð.a.e.⁊.a 
d.ſunt equales a cẽtro ad circũferentiam.erũt duo anguli.e.⁊.d.trianguli. a.e.d. 
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equales onobus afigulis.d.«.b.trianguli.a.d.b.crgo pcr.5 z-piimí: rdiquue an/ 
gulus.a.vnius eft cqualis rcliquo angulo.a.altcrius:ergo per.25.tertii arcus .¢.d 
Maiozis cft equalis arcui.d.b.z per candc arcus.c.d.minozis eft cqualis arcui.d. 
c. T boc cft quod propofuimus. 

Wopofitio .n. s $ 
ves Pitra catum círculus equilaterum.atqs equíangulü peu 
wx]. rbagonum oefcribere. 

IO»4 | G Sit catus circulus.a.b.c. volo intra ipfum deſcribere penthago/ 
DAI) EG num vnd cquilarey atq; equiangulit .ocfigno mangula vnũ quale; 

Ju eS pꝛemiſſa pꝛoponit.qui ſit.2.cui aliuʒ equiangulum ntra vatt arcu 
lum deſcribo.ſicut docet ſecũda huius:qui ſit.a.b.c.ſitqʒ vterqʒ anguloꝛum.a.b.c 
⁊.a.c.b.duplus ad angulum.c.a.b.vtrũqʒ eoꝛum diuido per equalia ductis lineis 
b. e.⁊.c.d.eruntqʒ per.ꝛ5.tertii.5. arcus in quos.5.puncta.a.d.b.c.c. diuidũt cir 
culum adinuicẽ equales.pꝛopter id qð quinqʒ anguli qui in dictos arcus cadunt 
funie adinuicem cales.continuatis igitur illis quing3 pictis per lincas rectas que 
funt.a.d.d.b.b.c.c.c.z.c.a.crit pentbagonus.a.d .b.c.e. infcriptus oato arculo 
qualis proponitur:cít erm equilaterue per-28.tcrtii c.$.arc^:quoz cius quinq; 
tatera (unt coxdc:fint ad inuicem equales: críam equiangulus pcr.26.ciufdcm co 
q quinq; arais.d..c.a.c.c.c.c.b.c.b.d.«.b.d.a.ín quos angull ipfius pentba/ 
goni cadunt funt adinuiccm equalce:(ícqs conítat pzopofitum. 

Pꝛopoſitio 12. Lupe 
zz 3rca pzopofitum circulum pétbagongm equilaterü atq5 
mU equiangulum oelignare. 

"Nana (oit pzopofitns círculus.a.b.c.cuiue ccntrü.f. volo circa ipfus oe/ 

Y Aſignare penthagonũ equilateꝝ atqʒ equiangulum.ſupꝛa circumferen 
tiam ipſius circuli quali ᷣm doctrinam pꝛemiſſe ſibi inſcipſiſſem pẽ 
thagonum quinqʒ puncta angularia notabo.que ſunt.a.d.b.c.e.ad que cétra ou 
cam lineas.f.a.f.d.f.b.fſ.c.f.c.⁊ ab ciſdſem punctis educam perpendiculares ad 
iſtas lincas in vtranqʒ partem quouſqʒ concurrant in punctis.g.h.k.l.m.eruntq; 
bec lince contingentes circulum per concaríum.i5.tertií:z ad ifta pücta concur/ 
fus oucam a centrolineas.f.g.f.b.6.K.f.1.f.m. £t quia monftratum cft fupcr pe/ 
nulrimá tertii cp ftab aliquo puncto cxtra circulus fígnato ouc linee contingentes 
ad ipfü circulum oucant q» ipfc crunt cqualce. erit línca.g. a.cqualie líncc.g.d.c 
b.d.b.b.« fíc oc ceteris. t qii quínqs araie i quos quinigs puncta.a.d.b.c.c.oi/ 
uídunt arculum.funt adinuicem cquales.crunt per.26.tertíí quing3 anguli.a.f.d 
d.f.b.b.f.c.c.f.c.c.f.a.confiftentce fuper bos arcus in centro.f.fibi inuicem cqua 
les. Sunt autem ouo latcra.a.g.2.f.a.trianguli.f.g.a. cqualia ovobus latcribus 
d.g.z.f.d.trianguli.f.g.d.zlatus g.f.cómunc.crgo p.8.p:imi?ouo anguli co: q 
funt.a.d.f. 3tcqs ono anguli qui funt.a.d.g.funt adinuicem cuales. cade rónc 
duo anguli qui funt.a.d.f.in triangulis.d.f.b.2.b.f.b. 3temas ouo qui funt .3.d 
b.funt adinuicem equales. Similiter quog3 finguli trium reltquoz anguloxi cui 
ſunt.b.f.c.c.f.e.e.f. a.⁊ ſinguli rid qui (unt.k.l.m.oinidant p equalia.pzimi qui 
dan per lincam.f.k.{ecundi per linea.f.L.tertii vero per lined.f.m. z quia bii tres 





ar 







anguli qui funt.b.f.c.c.f.e.c.f.a.funt fibi inuiccm equalce 4 aliis onob? q fit.a.f 


d.z.d.f.b.cqualce erunt cozum vimidia quc funt occc anguli facti in centro.f.ad/ 
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inuíccg equales. uia igitur ouo auguli.a.«.f.trianguli.g.a.f. (unt canales opo/ 
bue angulis.a.«.f.tnanguli.m.a.f.c latue.a.f. cómunc crít per.26.primi angul? 
g. vnius equalis angulo.m.alterius « latus.g.a.cquale latcri.a.m.eadem ratióc 
crit angulus.g.m triangulo.g.f.d.equalis angulo.b.in triangulo.d.f.b.« latus.g 
d.equalc laterí.d.b.quare quia. g.a.cft dimidiũ.g.m.⁊.g. d. dimidiũ. g.h. ⁊. g. a.⁊ 
g.d.ſunt equalia:erunt per cõcm ſcientiã.g.m.⁊.g.h.coꝛũ dupla cqualia.Simili/ 
ter quoqʒ ꝓbabimꝰ.g.m.cſſe eqnale.m.l ⁊.m.l.l.k.⁊.l.k.k.h.quare pẽtbagonꝰ.g 
b.k.Lm.eft equilaterus. fed c cquíangulue: cu cni ouo anguli qui ſunt ad.g.ſunt 
adinuicem cqua es.⁊ duo qui ſunt ad.m.ſiliter adinuicem cquales.⁊.g. partia/ 
lis.ſit equalis.m.ꝑtiali.vtrũqʒ enĩ pꝛobatũ eſt pꝛius.erit per eandẽ cõem ſcientiã 
g.totalis equalis.m.totali.⁊ eadem rõne ꝓbabis equalitatem in ceteris angulis: 
quare eſt equiangulus.ſicqʒ conſtat pꝛopoſitum. | 
MPaꝛopoſitio .3. 
ken Witra equilaterus atq5 equiangulum pentbagonum affi 
DAA Kex]! anatum.circulus ocícribere. 
| S Goít affí ighatus pentbagonus cquilaterue atas equíangulus:quía 
p» KC K il ocalíis nó eft neceffari boc efle poflibile.a.b.c.d.volo fibi ifcribe 
creccirculũ.bec cſt quaſi cõuerſa.ii.duos eius ꝓpiquos angulos qui 
a.⁊.e.diuido per cqualia ductis lineis.a.f.⁊.e.f.donec cõcurrãt in pũcto.f.ĩ 
tra ipfum pentbagonum que oíco eſſe centrum circuli: cõcurrent enim pꝛopter id 
quod dimidiũ totalis anguli.a.⁊ ſimiliter totalis anguli.c.minus ẽ angulo recto. 
CSi enim intra pentbagonum non cOcurret.aut extra ipfum peutbagonum aut 
in latere petbagoni. gut in cius angulo:qui vtrig5 anguloww oiucrfoz opponitur. 
Loncurrat § primo extra in pocto.f.z oucatur linca.b.f.z quia ovo latera. ¢.9.ct 
a.f.trianguli.e.a.f.füt equalia onobus latcribus.b.3.c.a.f.tríanguli .b.a.f.« an 
gulus.a.«níus angulo.a.altcrius erít pet.4- prirmi bafig.c.f.cqualie bafi. f.b. 4 b 
angulus.a partialis c equalis angulo.c.partíali.p:opter id qð.a.totalis.e. totali 
crit per.6.pzimi.f.a.cqualis.f.c.quare.f.a. eft equalía.f.b. ergo per. s. primi ouo 
angulí.b.totalie.c.a.ptialíe funt elcs.quarc.a .ptialis e calis e maoa. totali 
qd cit impoffibile. Loncurrat ergo in pücto.f.füper latue.b.c .crítq arguendo p 
p:ainitlas z pxmiffo modo angulus. .ptialís equalis angulo .a.totalí quod eft 
impoffibile. Quod fi forlan concurrant in angulo.c.crit per cafdes z code modo 
C.b.cqualis.c.a.« idco ad buc ut prius angulus.a.partialie cqualíe angulo .a.to 
tali.(QO q1bocée nó potcft fit ergo punctus cencurfus quí c.f.ínfra pentbagonü 
à quo oUCO, s. perpendiculares ad cius. .latcra .quc fitit. f.g.f.b.f. R.f.L. f.m .cad 
ouos cius angulos ppinquos altrinfecus angulis per cqualis oiuifis qui funt .b. 
z.d,ouco lincas.f.b.f.d.z quia ovo anguli.a.z.m. trianguli. 3.f. m. funt equales 
duobus angulis.a.¢.g.trianguli.a.f.g.zlatus.a.f. comune erit per.ac.primi.f. 
m.cqualie.f.g.pcr candem quoq; piobabíe.f.L.cqualem.f.m.famptis ouob? tri / 
angulis.7.f.m.c.e.f.l.quía itcrum ouo latera.a.f.c.a.b.trianguli.a.f. b.(at equa 
lia ouobus latcribus.a.f.z.a.e.trianguli.a.f.¢c.7 angulus.a.¢nius.angulo.a:al/ 
terius crit per.4.prmi angulus.b.partialis equalis angulo.c. partiali. z quia.b. 
totalis equali eft.e.totali:c.c.rotalís oiuifus cit per equalia crit ctiam.b.totalis 
divifus per cqualia. GI £odem modo p:obabis.d.totoale oiuifum per calia ;ppter 
cqualitatem.d.partialis c.a.partialie fumptie tríangulis.e.a.f.c. ¢.d.f. q2 crgo 
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ouo angoli.g.z.b.trianguli.g.f.b.funt equales ovobus angnlis.h.z.b. trianguli 
b.f.b.<latus.f.b.cde crit per.26.primi.f.b.cqualis.f.g.C.£odem modo pbabis 
f. k.cqualcm.f.l.fumptis triangulis.Lf.d.k.f.d.qi igitur .5.linee.f.g. f. b. f K.f.L. 
⁊.f.m.ſunt cquaics.erit.f.centry5 circuli.per .9.tertij .que oefcribanus bm quatita 
tem vnius carum.« tanget omnía latera pentbagoni.,ppter equalitatem lineari. 
z nullum cozum fecabit per pzimoam pter. 15 .tertij i095 cóftat :ppofitum. 


Pꝛopoſitio .a. 


— Irca datum penthagonum qð ſit equilaterum.atqʒ equi 
T AN 





|| C Sit «t prius oatus penthagonus equilaterus atqʒ equiangulus. 
NA quia dc alijs non cit neceflarié boc effe poffibile.a.b.c.d.c. volo cit 
meal] ca iplum oefcribere circulus.bec ct quafi converfa.12.Du0s cius p 
pinquos angulos qui funt.g.z.e.diuido p equalia ouctis lincis.a.f.¢.f.e. quouf/ 
q5 concurrant intra ipfum pentbagonü ín puncto.f.cocurrent cni z intra petba/ 
gonum vt pbatum elt in premifla.z a puncto cõcurſus duco ad reliquos angulos 
lineas que ſint.f.b.f.c.f.d.⁊ qꝛ duo latera.a.f.⁊.a.b.trianguli.a.f.b.ſunt equalia 
duobus lateribus.a.f.⁊.a.e.trianguli.a.f.e.⁊ angulus.a.vnius angulo. a. alteriꝰ 
erit ꝑ.a.pꝛimi.f. a.equalis.f.e.⁊ angulus.b.ꝑtialis angulo.e.ꝑtiali.⁊ quia.b.tota 
lis eſt equalis.a.totali.⁊.e.totalis diuiſus eſt ꝑ equalia.crit ſimiliter.b.totalis di / 
vifus p equalia.boc quog; modo pbabis vtrũqʒ anguloꝝ.c.⁊.d.diuiſum eſſe per 
equalia.z.5.lineas.f.a.f.b.f.c.f.d.f.c.elle cquales.quare p.9.tertij.f.erit centrus 
circuli.ficas patet ppofitunt, 


mue angulum circulum oefcribere. 
| Bomb) 4 
CAV, 


Pꝛopoſitio .5. 

| Aera propofitum circulum.exagonum equilaterum atqʒ 
N equiangulum velcribere.C Æx boc itaq; manifeftum 

| @ latus eyagoni equúü eft oimidio Diametri circuli cui in/ 
ſcribitur. 
—Sit ꝓpoſitus circulus.a.b.c.d.cuius centrum.e. volo ſibi inſcri/ 
berc cxagonum equilateꝝ atq; equiangulũ.ꝓduco diametrum.a.e.c.⁊ ſᷣm quanti 
tarem fanidiamctri.c.c.facto centro puncto.c.ocícríbo circulum.c.b.d. fccantem 
pio: in ouobus punctía.b.d.a quibus ,pduco ouas oíamctroe in circulo pomo 
quc fint.b.c.g.d.c.f.trium crgo oiamctroz extremitates coníungo.c.lincas que 
funt.a.f.f.b.b.c.¢.d.d.g.¢.g.a.quas dico continere cragonum quefitum erit eni 
vt ocmonftrat pzima pzimi €terq trianguloz.b.e.c.c.c.d. equilaterus. quare et 
cquiangnlus p.5.ciufde crgo p.32. p:imí ouo anguli.b.c.c..c.c.d.ci vio cqualí 
«vni coxum funt equales ouobus rcctíe ppter id qo quiífqs «oz € tertía ouoxum rc 
ctowim. fed ipfi p.15.ciufde ai angulo.d.c.g.fant equales ouobus rectis.crgo an/ 
gulue.d.c.g.e cqualís vtríqs coz.quare p. i5.ciufde. s.anguli.qui funt ad.c.funt 
adinuice cquales.crgo p-25.tertij arcus in quos cadüt funt equales.quare « co: 
corde p.28.cinfde qui fut latera ipfi? exagoni.£quilster? igitur ¢ fed z cquiangul? 
p.26.tertíj ppter id qo fex arcus in quos angolaria puncta cxagoni oiwidat circu 
lũ biui ⁊ bini fũpti ſũt adinuicẽ equales.vt arc’.a.f.b.arcui.f.b.c.zid angulus.£ 
qui cõſiſtit in pmo ẽ eq̃lis angulo.b.qui cöſiſtit i fcoo. ide ín ccterís .quarc cóftat 
ꝓpoſitum. ¶ Coꝛꝛelarium ex hoc patet ꝙ dimidiũ diametri ⁊ latus exagoni funt 
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latera cinfdem trianguli canilateri, vt.c.c..c.b.c.c.d.GE £t nota q tion propos 
nitur circa propofitum circulum cxagonum cquilaterum atq5 equiangulum defi/ 
gnare. Nec intra talem exagorium aut circa talem circulum ocfcrbere .queadmo/ 
dum fecit oc triangulo quadrato « pentbagoro. non q: non fit ncceffarii boc cé 
potlibilc.fcd quia bec tria per cadem paccepta fíunt in pentbagono equilatero ct 
cquiangulo.« i omni figura cquilatcra.atq5 equiangula quecunqs fucrit. 23ndc 
quamciüg; figura equilatera  equíangulà fcimue circulo infcribere :candc circulo 
cxtra.« Circuli fibi intra « extra:bifdem medije per que bec in pentbagono fecim? 
ocfcribenus.G Tlora etiam qv omnís figura equilatcra circulo infcrípta.aut cir/ 
ciifcripta eft ctia necelfario cquiangula.oe,infcripra patet per-27.2.26.tcrtij (um 
ptis arcubus circuli. quibus latera infcriptc figure corde füt binis zbinis. In bos 
cni arcus ipfius figure anguli cadunt. De circufcripta autc ductis a circuli centro 
lineis ad omnes cius angulos.z ad loca cotactus facile probabis.fi pilene intdic/ 
ctc ocmonítrationi. i5.buius oiligce intellectus acceflcrit .erit eni vt omnes iph? 
figurc angulos linec a centro venientes p equalia dividat.fumptis itag5 quibufli 
bet ouobus cius primis lateribus cù linea ad anguli ab cís contentum .« ai ouo 
bus ad coz extremitates a centro venientibus duos triangulos ab cis cotentos 
equiangulos adinuicé.p.4.primi cile pbabis. Sicq3 faciendo oc omnibus patebit 
cos effe equiangulos p banc comune fciam quox oimidia (ut cqualia. tota quoa; 
che qualia. 


4f»:opohitío. ve. 


"atra 6atuscírculum.quindecagonum equílaterum atq 
cquíanguli ocfignare.Gaocínde circa quelibet círeulu 

| 294 aflignatus quiidccagonum equilatcrum atq5 equíangu 
(C. lum atg3 intra datum quindecagonu; circulu oelcribere 
Ssit dalus circulus.a.b.c.volo ſibi inſcribere quindecagonũ equi 
laterum ⁊ equiangulum. denide ctiam circũſcribere atqʒ intra talem quindecago / 
num ꝓpoſitum circulum deſcibere. Non ꝓponit autem circa talem quindecago / 
num circulũ deſcribere.quia hoc ſatis dat intelligcre ꝑ alia que ꝓponit. In dato 
arculo iuxta ooctrinà fecunde buius. ptrabo latus trianguli equilateri.ꝙ ſit.a.c 
⁊ iuxta ooctrína (coi latus pentbagont cquilateri atqy cquianguli qo fit.a.b. £t 
quia grcus.a.c.eft totius circiferentic tertía: cuius arcus. a.b. c(t quinta.erit fup/ 
fluum inter cos qd cit arcus.b.c.ouc tertic:arcus.a.b. vd ouc quinte arae. a.c. fí 
uc ouc quintcdecimc totius circüferctie Tlam in omni toto excedit terria quinta. 
in ouabus terrije ipfius quinte. ed in ouabus quintis ip fius tertie. fiue in ouab? 
quintis occimis rorius.boc cni patet in quinta z tertia pmi numeri babctis quin 
tam « tertíam qui clt. 15.cíus cnim tertia quc cft.s.cxcedit cius quintam quce tríg 
ín ouabus vuítaribus que fant ouc tcrtic ipfiue tcrnarij qui € quinta. vt oue quia 
tc ipfius quinaríj qui cít tertia fiuc ouc quintedecíme ipftua. 15.quí cft totu. oini/ 
fo igitur arcu.b.c.per equalia.in.d. patet etrumqs onoxum arcuum .c.d.«. d.b. 
cflc tertiam arcus.a.b.vi quintam arcus.a.c.fic quintadecima totíus círeamfe/ 
rcntie.fubtenfis igitur cis co:dis.c.d.z.d.b.coaptatifgs continue intra datum cir 
culum fibi canalibus pcr paümam buius complebitur figura propofita. Letera 


vero ouo que proponit cù tertio ꝙ oar intelligere vidclicet quindccagoniü circnlo 
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ciramfcribere ac cirenlumt quíndecagono inferibere ac etiam circrimferibere cx. 12. 
13.5. 14.bnius plenc intclicctie facilc perficies. «L Et vota. qp quamcungs figuram 
equilatcram círculo fcímus infcribere ouplo plurium laterum circulo fcimus ifcri 
bere « ardifcriberc.« ipfi circulum oinifis cni arcubus quibus latera cius q fatur 
infcridi fubtenditur.per cquatia a punctis medi]s ad extremitates lateri ipfius 
figure ouctis lincts fict intra circulum figura ouplo plurium laterum que crit equi 
latera per.28.tertij.ergo « equiangula.boc enim oemonftratü cft fup:a. i5.buius 
q emníe figura cquilatera circulo infcripta eft criam equiangula..£t quia bàc cir / 
culo (cimus infcribere fciemus cctera tría per. 12.13.2. 14. buius. €LOuia igitur fd 
mos infcribcre triangulum cquilaterum: fciemus per boc « exagonum « per exa / 
gonũ ouodccagoni ac pcr onodecagonus figuram. 24.laterum. « fic in infinitum 
ouplando. £t licct per tríangulum poflit «t oiximmns infcribs cxagonus.pofuit ta/ 
men buius p:opzia oemonftratione cy qua fequitur potilTima pervtile. £t (imili/ 
ter quia fcimus « ínfcribere quadratum fciemus per boc infcriberc omncm figura 
quiue laterum oumcrus eft paríter par.pcr peitbagonum quoq fcícmus occago 
num. figur3.20.laterum.ficgs continue ouplando.idem quoa; intellige oc quin / 
decagono.per ipfum ením (cientur figure. 30.«.50.2 omnium continue ouplatoz 
laterum. Q £ ctcrarum autan figurarum oc quibus iffa non vocet. «cl quc p bas 
110 babené oifficilis eft (cientia.« parü vilis. vt funt cptagona nonagena vndcca / 
aona. (fi farem? tríangulis out equali lateri ocfignare.cuius vterqs angulo 
rum ad bafim triplue cífct ad rctíquü (círemus cptagonü vt fup:a pentbagonum 
circulo infcriberc.g fi etcra3 quadruplue cefet ad reliquis fcíremus nonasonü.ct 
fi quintuplus.«ndecagonü. Ideniq; in ceteris figuris imparium lateruin.pofito 
vtroqs anguloz ad bafim multiplici ad reliqui .per cum numcrum qui cít medic/ 
tae. mayimíi paris fub impari numero laterum ipfius figure contenti. 
O Ztü angulii in tría equa oiuiderc. Git angulus oat?.c. volo ipfi diuidere in 
trea cales angulos a9 fic facio.pono fro.c.centrii circuli oefcribendo circu 
lá qlitcrcüqs cotingat. z prrabo latera cótinaitía cath anguli v(q; quo fecct cir/ 
cüferenttà in punctís.a,c.b.tunca puncto.c.qà cft centrü circuli ouco linca. c.d. 
perpendicularít ad linca.c.b.c ín línca.c.d.affigno punctü.e.a quo oucolíncam 
ad equalitate.c.b.vfqs quo fccet circüferentià círculi in puncto.f. c ;pduco .c. vfqs 
8.ocuidc piotrabo línea.g.b.cquidiftante.f.a.que íc.g.b.tranfcat per centri. 
duco lineam.f.g .equidiftante lince c.c. piotrabo lincam.c.b.incontinnü 4 oíre/ 
ctum vfqs ad.l.que fecat linca. f... o:tbogonaliter in puncto.0.4 per equalia. oíco 
crgo cp arcus.l.g.cft equalis arcui.b.b.pzopter boc. g angulus.t.g. c. eft cqualis 
angulo.b.c.b.cü fint contra fc pofiti. £um igitur arcus.f.g.fit cuplue arcui.L.g. 
erit ctíà ouplue arcuí.b.b.fcd arcue.f.g.eft equalis arcuí.a. b.cü fint inter ouas 
lincas equidiftantes que funt.f.a.2.¢.b.ergo arcus.b.a.et ouplus araii.b.b.cr/ 
go « angulus.a.c.b.cft ouplus angnlo.b.c.b.oiutdam ergo angulum.a. c.b. per 
cqualia per lincam.c.m.4 patct propofitum. 
5 datũ circulũ nonãgulũ equilatey atqs cqagulii oefígnare.qó fic fieri po, ` 
B. teft iuxta ooctritià fcoc bui? infcribà circulo aflignato trianguli eclatez atq; 
cqangulii q fit a.b.c.z «nüqueqs angulo ci?oiuidà p tria calia z pxotrabá lincas 
oiuidétce angulos víqs ad circiferentíà z tu nc qi noue anguli locati ín círculo (üt 
equales ve neccflitate arcus fuppofiti ipfis angulis {unt cqualcs. protraba cnim 
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co:das fubtractas fingulis arcubus c babcbo íntetum. —— £xplicit liber quartus 
incipit liber quintus. 


giffinitio ... 
Zire eft quantitas quantitatís mino: maío/ 
ris. cum minoz maiozem numeret. 
C pars quadog; fumitur proprie: bec eft § aliquo 
tiens fumpta fuum totum precife conftituit:fine oi/ 
minutionc vcl augmento:« oiritur fuum totum nu, 
merare per illum numcrum £m que fumitur ad ipfi? 
| | totius conftítutionc:talam autem partem qua multi 
plicatiua oicimus bic oiffinit. Quadog; fumitur 
cOmuniter z bec eft qu«libet quantitas mino: € quo 
ticnfcüqs füpta fuo toto min? aut maius conftituit. 
— quã aggregatiuã dicimus:eo ꝙ cum alia quantitate 
diuerſa totum ſuũ cõſtituat:ꝑ ſe aũt quotienſcũqʒ ſumpta fuerit non pꝛoducat. 
LI u Diffinitio 2. 
Aliiplex eſt maioꝛ minoꝛis quando eas minoꝛ metitur. 
15/4 BI C pare rdatiuc vicitur ad totus:« ín iftis ouobus extremis conti 

PA) BI (tit coms adinuicé rclatío: e idco oiffinito mínoxi extremo oitfinit 
Y em Lard) V bic maius:vocat autcs ipfum multiplex popter boc q mínus ipfa 
— | aliquotiens fumptus conftituat:crunt igitur rclariue oicta adinui / 
cé:pars 4 multiplex. T1à omnis pare fubmultipley :vt patet per ciue oiffinitione, 












&»fünitto .3. 

da fRopoatío eft ouarum quantecungs fint eiufdem generis 
à MI quantitarum certa alteriue ad alteram babítudo. 
m| (0 [»:opo:tío cít babitudo ouarum rerum cíufdem generis adinuí/ 
SUA cem in co qv carus altera maio: aut minox:cft reliqua. €el fibi cqua/ 
xz €» lis, Tlon cnim folu; in quantítatibus reperitur pꝛopoꝛtio.ſed ĩ põ / 
dcribus:porentíjs ct fonís. 31 ponderibus quide z potétijs vulr plato i tbimeo 
effc proportion: vbi clanento2um numeri oftendit:in fonis autem cile propo2/ 
tionem liquet cx mufica. Nam «t ult 25occiue in quarto fi quilibet neruus ín ou 
ae incqualce partes oiuídatur .crít ipfarus partiii fuo:xumqs fono:cadem cóuec 
fo nodo p:oportío. O5 ín quibufcunqs piopoatío rcpcritur:ca participant natu/ 
tà pp'ictateg5 quatitatie:no enim reperitur in aliquibus rebus duabus nifi in co 
g earum wma ch reliqua maio? aut mino?. aut fibi cqualis. Quantitatis gutem 
pprium cit Pm ipfam cquale vel inequalc oici.et vult Zlrifto.itt psedicametis. vn / 
deliquet pportione pumoin quantitate reperíri.z pcr ipfam in omnibns alijs 
Tlec cifcin aliquib? rebus p:opoatíoné cui firmilie nó fit in aliquibus quantitati" 
pprer qo benc oíxit eucides pportione fimpliciter effelin quantitate «um cå oiffi 
muit per babitudinem ouariü quantitati ciufdem gencris adinuicam: Lui’ oif 
finitionis intellectus e:q» p:opo:tio € babítudo ouarum quantitatum adinnicem 
quc attcndítur in co q» ena carum eft maio? ant mino? alia ve fi»f equalis :p qo 
patet q oportet cas effe ciuídem generis: vt oos numcroe:aut ouas lincas:aut 
ouas fupcrficice:gut ouo copa:aut ouo loca:aut ouo tempo?a. 11orn enís poteft 
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vici linea maio: aut mino? fuperficie.aut compe nec tempus loco.fed linea lines c 
fuperficies (nperficic.Oola enim eninoca compabilia funt. COS autem vicit cer 
ta babítudo non fic intelligas quafi nora vel {ara.fed quafi oeterminata:ut fit fen 
fus. [»:xopo:tío cft octerminata babitado ouarus quantítatum:íta inqua octermi 
nata qp bec « non alía.Tlon enim cit heceflarium vt omnis babitudo ovary quan 
titatum fít fata 3 nobis? necetiã a natura. C Tlam pꝛopoꝛtio quedam eft oífcre/ 
tox vt numcroz.qucda aiit continuoz. 3n numcrie auté míno: € pare aut par/ 
tes maiors vt oemon(tracur in feptimo:quare « ín cíe omnibus cft babitndo cer 
ta z nota. C At veron continuis eft popo:tio magís larga:cft enim i cis vbi mi/ 
no: quantitas cít pars:aut ptes matozis:z talium omnium mediantibus tume/ 
tis € proporrío nota:que z rationalis vicit. Diamtur qs omnes tales quantitates 
cómunicantes:quía eas ona z cade neceflario metitur.wnde 4 omnes numeri für 
cõmunicantes.omnes eni ipfos metitur vnitas. £ft etiam ybi mino: non € pare. 
gut partes maioꝛis 2 in talibus no cit nota p:oportio.ncc nobis nec nature. Dict 
turg; bec pzopoztio irronalis: z bee quatitates incOmunicantes: onde fit: nt que/ 
cunas p:opontio reperitur'in numeris reperiat in omni genere continuomm: €t in 
lineis {uperficiebus comoribus z temporb7/nd autem cconuerfo:infintite eni funt 
proportiones in continuis reperte:quas numecrowm natura no fuftinet.S3 que/ 
cung proportio reperitur in wno gencre continuox eadem reperitur i oibus alijs. 
Nam qualitercunq; fe babet alíqua linca ad qualibet alíam:fic fc babet quelibet fu 
perficice ad aliqua alia, ⁊ quodlibet corpus ad aligd alind: fimiliter c tempus.fcd 
non fi qulibet numerus ad alíque aliti: vnde niagis € larga ,ppoitio ín continuis. 
Q5 in oífcrctíe £ xquo manifeftum eft proporioné gcometricam efle maiozis ab/ 
ſtractionis:qʒ pꝛopoꝛtionem ariſmeticam:omnis enĩ pꝛopoꝛtio círca quà arifmeri 

ca verſatur ronalis eſt:geometria vero ronales ⁊ irrõnales eq̃liter conſiderat. 

ENS Ziffinitio 
à V Ropoztionalitas eft fimilitudo pzopoztionum. 

| Cl Zit fi vicamus cp que eft proportio.a.ad.b.ca eft etiam.c. ad.d. 
RG propoxio que eft inter.a.z.b.fimilis cft illi que eft intcr. c. z.d. bec 
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aniem ſilitudo que ex iſtis ꝓpoꝛtionibus rcſultat dicit᷑ ꝓpoꝛioalitas 
Diſſinitio . 


Aantitates que dicuntur continuam habere pꝛopoꝛtio/ 
nalitatem:ſunt quarum eque multiplicia:aut equa ſũt: aut 
eque fibi ſine interruptiõe addunt aut minuunt. 

di ouppofita oiuifíone pxopoxtionalítatís ꝑ cotinuã ⁊ diſcõtinuam 
vdiffinit mebꝛa diuidentia.⁊ pꝛimo cõtinuã imo $t verius dicã:ſup/ 
pofita diuiſione pꝛopoꝛtionalium ꝑ continue ꝓpoꝛtionalia ⁊ incotinue:diffinit nõ 
cõtinuã ꝓpoꝛtionalitate:nec incõtinuam:ſed cõtinue ꝓpoꝛtionalia ⁊ incontinue. 
diffinitio autem continue ꝓpoꝛtionalitatis ⁊ incõtinue ſatis patet per diffinitio/ 
ne cõtinue ꝓpoꝛtionalium ⁊ incontinue. ¶ Cõtinua aũt ꝓpoꝛtionalitas ẽ cũ quor 
libet quãtitatũ eiuſdẽ generis in qua ꝓpoꝛtiõe pꝛima antecedit ſcðam in cadẽ que/ 
libet aliaꝝ antecedit ꝓximo cõſequentẽ.vt cũ dicimus ficut fe babet.a.ad.b. ita.b 
ad.c.⁊.c. ad. d. eritq; quclibet earum antecedens ⁊ couſequens:cxcepta pꝛima quc 
eft fol antecedens:¢ vitima que eft tin cOfequens. £t in bac p2o0portionalitate 
neceffe eft omnes quantitates effe ciufdem generis propter cStinuationé pzepor/ 


V 


tionũ co cp nO fit ;pportio inter quantitates generum oíucrfoy: bec erit ad min? 
in tribus tenninis conftituta.C $ncorinua autem cft ci quatuo: quantítatü fiue 
omnes fucrint ciufde generis fiuc ouc pime eníus e oue poftrantc alteríue:i qua 
proportione prima anteccdit fcoam in cade tertia antecedit quarta: €t di oicimus 
(icut fc babct.a.ad.b.íta.c.ad.d.crítqs carum qudibct:aut tfi antecedée aut tim 
confequens:nec elt neceffe vt fint omnce quatuo: ciufdé generis ficut crat in p:0/ 
po:tionalítate cotínua:co q» cofequce prime p:oportionía nó córinuaf antecedcn 
ti (coczfed poflibile cft «t (int ciu(de generis: poffibile eft vr fint oiucrfoz. ciat 
eni contingit línca repiri ouplam ad lincam aut tríplam:íta fupcrficiem ad fuper/ 
ficic:« cozpus ad co:pus:c tépus ad tempus:e numcrus ad numcy.G Bifo quid 
fit continua ppo:tíonalitas .e quid íncótinng explancimus oiffinitione continue 
pportionalii premillam. Quantitates inquit proportionales cotinuc funt quay 
cq multiplicia aut fibi funt edliazaut eq fibi finc iterruptione addüt: aut minuüt 
«cibi gratia. Sint tree quátitatce cíufdc gcncris.a.b.c.ad quas fumant.d.e.f.cq 
mulciplicíazet ficut.d.eft multiplex ad.a.ita.e.fit multiplex ad.b «.f.ad.c.crütag 
omnes in code gencre. D[Sultíplicia eni 4 fubmultiplicia in codc funt genere:fitas 
«t.d.c.f.aut fint cqualia adinuíice: aut filr fe babeant in addendo aut minuendo 
ita ꝙ ſicut.d.addit (upcr.c.aut mnuit ab ipfo:íta.c. addat fup.f. aut minuat ab 
ipfo.£ü bec inqua multiplicia fic (c babucrint crüt tres quatítates.a.b.c.córinne 
ppo:tiona'ce. 2 3ultiplicia aute nó iutcligas filr fic fc babere in addedo aut mi/ 
nucndo quanti ad quantitate cxccfTus:fcd quantü ad p:opotionc:aliter eni oíf/ 
finitio cilct falfa. Tlam quarülibet quantitati ciufde gencris cquis fe oiffcrentijs 
cxccdentium eque multipliaa accepta cquie ctíà oiffcrentije fe cxccdüt: ende fitr fe 
babenr ii addendo z minucido quantü ad quàátitatem exccíTus. Tlec tamc pzio/ 
tca qnatitatce für corínuc pxopoationalcs:imo minoz cft femp maios pzopostio, 
boc auté idco eucnít qiti caz mulciplicia nó fitr (c excedunt quát ad proportios 
ne. (cd fold quanta ad quantitate exccflus:eft eni « ibi in mino:ibus multiplicib? 
maio2 p:oportio. verbi gratia: {umant tres numeri cquis ditfcrentijs fe exceden / 
tes:immediate vidclicet ari{nictice: vt.2.3.4.bo25 trium omnes eque multiplices 
equaliter fc excedunt.oupli quide binario tripli temario.z (tc oc ceteris: nő tamm 
funt.2.3.4.cotinue proportionalia:imo minoy cft maio? p:opo:tío: eft eni ipfooi 
potio (cfquilatcra:« maíoz fcfquítertía :q2 ergo inter cos nõ eft fimilitudo p20 
po:tionü.11o crit inter cos pportionalitas:< to ncq5 continua neg3 incontínua. 
patct crgo fimilitudiné illam additionis aut oiminutionis no intclligi quanta ad 
quantitatem cxcefTus:fed quantum ad p:opo:tioncm:crit itaq; fenfus oitfinitio/ 
nis pxamiflc. Z ontinna piopoitíonalia funt quarü omnía mulaplicía equalia. ftt 
continue pzopoztionalia: fed neluit ipfam oiffinitiones proponere fub bac foma 
quia tunc oiffiniret idem p idem:apcrtc rame ra eft iftud cum ſua diff.nitione có 
ucriibile. Ires autem quantitates.g.b.c.opotct cffe ciufde generíe ad boc ut ea/ 
rom multiplicia fibi inuicem equalia fint:aut fimiliter fc babeant in addendo aut 
minuendo.Si enim.a.⁊.b.eſſent diuerſoꝛum generum.eſſent etiã.d.⁊.c. ipſarum 
a.⁊.b.multiplicia coꝛũdẽ diucrſoꝛum gencrum:pꝛopter hoc ꝙ multiplicia ¢ fnb/ 
multiplicia eiuſdẽ ſũt gencris:quarc.d.nõ eſſet equalis.e.nec ea maioꝛ: aut mĩoꝛ. 
Nam qnantitates diuerſoꝛum generum non ſunt adinuicem comparabiles. 
Diffinitio .. 
da 
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=] Aantirates que oicunt e¢ Fin ppo2rtioné ynd prima ad fe, 
cüdå « tertía ad quartà lunt quaz paime « tertie multípli/ 
l'cca equalee multiplicibus fectide z quarte cqualibus fue, 
"erint fimiles vel additione vel diminutione vel equalitate 
Aicedem o2dine {umpte. 
€ [»ofita fupert’ oiffinitione quatitata continue pportionalia bic ponit oiffini/ 
tionc incdtinuc ppoztionaliti:< ¢ q quarulibet_4.quantitati quay pame < tertie 
cque multiplicia (Gpta fucrint:iteqs fcoe « quarte eque multiplicia: fuerítq; multi/ 
plex prime fic (c babens ad multiplex fede quanti ad additione aut oiminutioncs 
gut cqualitaté:ficut multipley tertic ad multiplex Grte: erit ppozio Pme carnz ad 
fcóam:ficut £crtíe ad qrtà.ecrbi gra. Sint qtuo: quátitates.a.b.c.d. fumantqs ad 
pmà « ad tertí3 que funt.a.2.c.cq multiplicia vtpote oupla:que fínt.c.c.f. Féa 
ad fcóam « quart quc funt.b.c.d.fumat alia eq multiplicia: vtpote trípla. à fint 
6. .b.fitq; vt bcc .4.multiplicia fic füpta copara adinuiccm bm ordine primamm 
quatuozquantitatuin:ita vidclicet gp.c. coperur ad.g..f.ad. b. mon aute. c.ad.f. 
aut.g.ad.b.fínt fünilía in additione oiminutione z cqualitate: videlicet ap fi.c.ad 
dit (up:a.5.« filr.f.addat fupza.b.aut fi .c.minuít.a.g. c.f. fimiliter minuat.ab.b 
ant fi.c. eft cqualis.s. « fimi'itcr.£. fit equale.b.tunc proportio.g.ad.b. eft ficut.c 
ad.d.fimilitudo autem in addendo aut diminuendo intelligatur bic ficut in oiffi/ 
nitione corinne pportionalid:vidclicct nd quanta ad quantitare cxccflus. fed qu 
tum ad propotiont.C QS añt vicit codé ordine fumpte intelligatur ficut expoſi / 
tum cft: vidclicet et multiplicia non referant adinnicem Pm ordiné earum quanti/ 
tarumzquibus cque multiplicia aNumunt. yt multiplex pime non referat ad mul / 
tipler tertic:aut multiplex fede ad multipicy quarte. fed referatur fm pimi ozdiné 
ipía.4.quantitatum: vidclicet maltiplex pzime ad multiplex fcóc .« multiplex ter 
tic ad multiplcx quarte. £rit itaa5 fcnfus iftius oiffinitionis. Incotinue ppor/ 
tionalce (unt quatuo? quátítates « pportio prime ad (cam ¢ ficut tertíc ad quar/ 
tan cii íumptis equc multiplicibus ad paim3 « terriam. 3téqs eque multiplicibus 
ad fcóam « quartà crít ppo:tio multiplicis prime ad multiplex (cóc: ficut multipli 
cis tcrtic ad multiplex quarte:fed nó ciffiniuit fub bac foxna.p:optcer cám pꝛedi / 
ct3.licet a ptc rcide fit. T1o c aute ncccflaríti ut quatuo? quantitatea.9.b.e.d. fínt 
ciufdam gcnería:co g».b.n6 continuat in pxopoatione:scum.c. fcd poffunt cc ouc 
pꝛime vnius generis:⁊ duc ſcquentes alterius.ꝑ qð patct ꝙ neceſſe eft referri mul 
tiplex pꝛime ad multiplcx ſecunde:⁊ multiples tertic ad multiplex quarte. nó autc 
multiplex prime ad multiplex tertic:aut multiples fede ad multiplex quarte q2 non 
femp funt eiufdé generis.multipley pie ¢ rertiemec multiplex (de « qrte:fuit aute 
neceffe fumere cq multiplices ad pma « tertía : itéqs eque multiplices ad fcóam e 
Qqrtam:« nó cquc multiplicce ad pzirmá « fcóam:« ite non cqucad tertíà 7 qpattà 
q1uifi p mltiplicii füptionc cdtinuat terminipme pportidis cũ terminis fede.nd 
erit p quid fit ppowio.a.ad.b.ficut.c.ad.d. 
: Diflinitio .7. 
Aantitates quar ,ppoatio € 91a ,ppoztíoales notantur. 
C Poftqua oiftiniuit quantitates continue propo:tionales 4 incon/ 
tinuc oiffininit quantitates pportionales fimptr: et p3 diffinitio. 
ADIiffinitio .s. 
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$9! fecunde 2 quarte eque multiplicce.addecqs multiplex pzí 
j mefüper multiplicem fecande. 120 addet autes multiplex 
cere tuper mulriplice quarte. oicctur p2iria mato2ie p20 
i poztíonte ad ſcðam q5 tertia ad quartam. 
¶ Diffinilis quãtitatibus pꝛopoꝛtionalibus diffinit quantitates im ꝓpoꝛtiõales 
Sũt aũt im ꝓpoꝛtionales inter quas ẽ ſilitudo pꝛopoꝛtionũ qð cõiũgit dupliciter 
aut quia maior cſt ꝓportio pᷣme ad ſecundã q̃ʒ tertic ad quartã: aut quia minoꝛ 
z idco cius fimt ouc fpccies. Prima quando maio eft pportio primi ad fcóm 45 
rerti) ad quartuni:? oiatur boc maioz impoportionalitas. 1 Sectida vcro afi mí 
noꝛ eſt pꝛopoꝛtio pꝛimi ad (com qs tertij ad quiartü:« oiat mino: improport:ona 
lita3.ciffinit crgo cas intcr quas cft maio: proportio primi ad fcóam à5 tertíc ad 
quartà quc cft maior improportionalitas :oiffinitione autc carum intcr quas eft 
minor proportio prímcad fcoam d; tertíc ad quartà non ponit quia ipfa patct cx 
alia. (L£ d igit fucrint.4.quantítatee ad quarum pmam ¢ tertia fumpta fint eque 
multiplicia.z ad (cogni « quarta cquc multiplicía « multiplicia pmc « fcócreata 
adinuiccs non fe babebunt fimiliter multiplicibus teritie « quarte relatis adinui/ 
cem in additione oiminutione ¢ eqlitate:tlc.4.quantitates crunt improportiona 
(cs. COO fi ita fuerit gp multiplex prime ftt equale mnltiplici (coe. multiplex vcro 
tertíc firt minus multiplici quarte. Aut @ multiplcx pm fit maus mul íplid fcéc. 
multiplex añt rertíc fit equale.gut mune multiplici quarte. ut qp muttiplck pme 
fit maius muttiplici fecüdcz« (umltter multiplex tertie multiplici quarte: «crüta/ 
mcn plus excedit quatum ad proportioncm non quantum ad quàtitatc cxcdTus, 
multiple prime multi lex (ede G5 Maltipley tertic multiplex Grte.Aut q multiples 
prime fit min? mulriplia fcoc.« fir multipley tertíc multiplici quarte. vcrütít mi 
nus minuit quàtà ad proportione non quati ad quáitirate excclTus:multiplcx prí 
me miltíplia fecüde:q5 mulipley tertie a multiplici quarte:crít quolibet itor q. 
inodo maior proportio prunc ad fecida q; tertie ad quartà. Quatuor autc mo/ 
di iftis oppofitis ent minor pportio pic ad fccüdà q5 terric ad qvr3. £xempla 
aŭt ifto oinm cuidenter finnct cx numeris.Additio gilla multiplicis pme fuper 
multiplex (cctide. Non atic multiplicis tertic fup multiplex quartc:d¢ qua loquitnr 
auctor in eiffunttonc:latítudine babct ad. iftos.4.modos p:cdictos « ipfos com 
prebcdit.«fi fcnfus ifti? ciffinitionia € qi füptie fit multiplicib? «t proponit fuc/ 
rít maior proportio mulrplicia prc ad multiplex fccide q5 multiplicis tertie ad 
imltiplex qrte:crit maior pportto pine ad bam 45 tertie ad qrtà:no oiffiniuit auté 
fub bac forma ppter cécs cám pus oictà. 23d poffum"oiccre q addáio mltiplicis 
prc fup multiplcy fecidez« nómultiplicis tertic fop mltiplex qrte : ce q loqui£ in 
pmitfà oiftinirionc matoris i pportionalitatis ;ppric accipit prout verba oiffini/ 
tionis fonát: «nó fc cxtédít nifi ad fcóm qtuor predictoz modoz: l5 rcuera quo/ 
liber illoz qtuor modoz fit maior ;pportio prime ad fecadà qs terric ad quartam 
yh fenfus illus oiffinitionis c «i füptie fit multiplici? yt pponit fi multiplici prí 
me cxtite maiori multiplici fecade:non fit necciTanu qp multiplex tertie fit maius 
multiplici quarteztüc crit maior pporrio prime ad fecidà qs tertie ad quartam. 
proptcr boc autem non pofuit reliquos tres additionis modos in p2cdicta oiffi/ 
hitione:q? iftc eft ilis ommb’magis plan’s2 ad dicta oiffinitione ſufficiẽs. Nuſqʒ 
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tni eft maio2 proportio prime.4.quantitati ad (cOam q5 tertíc ad quartam? quin 
contingat aliqua eque multiplicia ad pzim3 ¢ tertia repiri. Que cum rclata fucrint 
ad aliqua eque multiplicia {ede < quarte:inuenictur multiplex prime addcre {oper 
multiplex fcóc:nó aüt multiplex tertíc (uper multíplcx quarte. Tlcc vfq5 contingit 
boc reperire quin fit maio2 p:opoxtio prime ad {coam q5 tertíc ad quartam vt oe/ 
monftrabimus ínfra fup:a occimam buius. G [»oflunt autem cffc bcc quãtitates 
impzopo:tionales oíucrfoz generum ficut z quatitates incOtinue proportionales 
fi inter cas fnerit incotínua imp:opoationalitas: vt fí oícatur maio: cft p»opostio 
9.3d.b.35.c.ad.d. Oi autem fuertt continua imp2opoxtionalitas crit o¢s ciufde 
generis neceflario fiast {unt in continua proportionalitate. vt fi oicatur maio? eft 
proportio.a.ad.b.93.b.ad.c. $32íffiuitio .o. 
St autem proportionalitas ad minus inter tres termios 
1| conftítuta. 
«1G [»oftqs aucto: oiffiniuit ppoxione ppostionalitate c qntitatce,p 
N | portionales ⁊ ĩ ꝓpoꝛtionales.oſtẽdit gs fit minim? numer’termino 
2| rii intet quos popostionalitae poteft cófiftere maximi aute nó po 
nit:quia illnm nó cotíngit fumerezpoteft cnim piopostío quelibet continuari i tcr 
minis infinitis:fiuc fucrit rónalie proposto fiue irronalis. XL zid pꝛopoꝛtionali / 
tatc ait cxígunt ad minus ouc propostióce fifes:co gp proportidalitas fir fimiti / 
tudo p:opoxtiona. Quclibct atit propo:tio babet antecedens « con'cquée:ergo q 
libet p:opoitionalitas babct ad minus ouo antccedétia « ouo confcquctía: boc € 
impoffibile fieri in paucioxibus q5 tribus termínie:ifi quibus medius coz fict an 
tcccdee « ofequée:« ió pxopostióalitae crit otiuua:quare in tb? rerminis ad mi 
nus crit cotinua p2oportionalitas coftimnta. Incdtinua abt non criti pauciozib? 
Q5 in.4.co g in ipfa quilibet termin? é tfi antecedée:aut tit ofis: idem intellige 
oc mino numero temiinor imp:opoationalitatis.Oi cnim fucrit otinua:crit ad 
minus inter tres terminos. Si incõtinua ad minus inter quatuo:. 
-i goiffinitio 10. 

SEI Sf fuerit tvee qntitatee otínne ꝓpoꝛtiõales dicet ꝓpoꝛtio 
Syl p:tme adtertiá.,ppo1tio pzime ad (cóam ouplicata. 
We CL Diffinit proportion q é iter extranos terimios continuc propo2/ 
ra) Agi tionalitatis in trib’termis cóftitutc.« oicit q fi fucrit proportio pri 

ESE ZOE! mi ad (com ficur {cdi ad tertiũ:erit pꝛopoꝛtio pᷣmi ad tertiũ ſicut pꝛi 
mi ad {com duplicata:hoc ẽ cx duabus talib cõpoſita.ſiue qð ide c:crit pꝛopoꝛtio 
pꝛimi ad tertüi.ficut pmí ad fcóm onplícata:boc cft in fc multiplicata. verbi ara. 
i numeris Gínt.3.numcri cotínuc piopoxtionalce:fintq; continue oupli:€t.2.4.8 
proportio primi ad tertii crit ficut propoatio pmi ad fcom ín fc multipticata:pzo/ 
poio ait pmi ad fcóm € oupla:oupla vero in fc multiplicata: producat. quadra/ 
pl: ende proposto cxtremoz € quadruplaz videlicct ouplü oupli: vel fcm puo: 
expoſitionem pꝛopoꝛtio extremoꝛum eſt ſicut pꝛopoꝛtio pꝛimi ad ſccundũ dupli / 
cata:quia quadrupla conſtat ex duabus duplis. 


VAM ,.,  Piffintio u. 
An fuerit q̃moꝛ q̃ntitates ↄtinne ꝓpoꝛtionales.ꝓpoꝛtio 
| prime ad quart$ oícef ppoztio pamead icda5 criplicara 
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¶ Diffinit ꝓpoꝛtionẽ q̃ ẽ ĩter extremos termĩos ↄtinne ꝓpoꝛtioalitatis ĩ.a.termi 
nia oftitutc:« oicit ꝙ ſi fuerĩt.aq̃̊ntitates ↄtinue ꝓpoꝛtionales erit ꝓpoꝛtio pᷣme 
ad qrta ficut ppoxio Pme ad (cOam triplicata boc é ex tribus talibꝰ cõpoſita. qm̃ 
talce inneniütur in ca:fiuc qo idem eft: crit p2oportio prime ad quartam ficut pri 
me ad fecundam triplicata.boc cft ín fe.poftea its productum multiplicata. Terbi 
gratia:in numetis. Sunt quatuo2 numeri continue proportionales:fintg3 cotinue 
triplict. vt fint.1.3.9.27.p2opoztio primi ad quartum efit ficut pportio primi ad 
fecundi in fc poftea producti multiplicata:propoxtio autem primi ad fecidum 
ct tripla:tripla vcro in fe multiplicata pducit nocuplà « tripla in. nocuplam p20/ 
ducit vigíncuplam feptuplam.crit itagg proportio extreanowm viginaipla feptu/ 
pla. qdcit triplum tripli.23el hm priorem expofitionem proportio extranowm 
é ficut proportio pzimi ad (com triplicata: quía vigincupla fcptupla conftat cx trí 
bus triplis. Tlon oiftinit autem proportionam extremooxm continue propoitío / 
nalitatie ioter plures d5 quatuo terminos coftitute:propter id qp oímenfionce in 
rebus naturalibus reperte non cxcedunt termariü .(L25enominatio autem ppor/ 
tionis ouarum quantitatum quibus nullum interponitur medium babct natura 
línce. £aru vcro quibus interponitur €nü mediG in cotinua ppostionalitatc ba 
bet natura {uperficici co qo fit cx multiplicatione oenomiationis ouarü primarii 
in (c. Omne autem qo cx multiplicatione lince:in lincam pducitur:natura baber 
(uperficici:fi in fc quide quadrati:fi vero in altcra parte altera longiozis. Oed p/ 
poitíonis carum quantítatus ocenominatio quibus in cótinua ,ppoxtione ouo mc 
dia interponuntur naturam babct folidi:quia pxoucnít ex multiplicatione oco/ 
minationie ouarum primarum paimo in (c.cx qua multiplicatione producitur fu 
períicicaz ocinde in pooductum cy qua niultiplicationc poucnit folidum ftue coꝛ/ 
pus :ommne « cnim qò ex multiplicatione linee in füperficiem producitur crcfat ifo 
lidum.€L £ft crgo ac fi oicerct propoitio ouarum quantitatum eft fimplex inter/ 
uatlum 2« babens naturam fünplicie oimenfionis ut lince:popostíonalitae au/ 
tan trinm cft ouplex interuallum:c babene naturam ouplícía oimenftonis vt fn/ 
perficiei :proporrionalitas ait quatuo eft triplex intcruallum:¢ babens natura 
trinc oimenfionis ut folidi. £t quia oimenfionea vlterius non proccdunt.idco nó 
oiffiniuit poopo:xtioncim contentam inter extremos piopoxdionalitatis ín quinq 
terminis:aut pluribus conftitute: vel ton oiffiniuit propostionem in bis quia es 
rum pportio babcrur cx predictis oiffinitioníbus. Oi cnim ín tribus terminis p/ 
poꝛtio extremoꝛum cõſtat cx pꝛopoꝛtione pꝛimoꝛum duplicata:⁊ in q̃tuoꝛ termi / 
nis cõſtat ex cadem triplicata:ĩ.5.terminis conſtat ex eadem quadruplicata:⁊ in 
ſex ex cadẽ quicuplicata:vñ quẽadmodũ ĩ trib? termis ↄtinue ꝓpoꝛtiõalibꝰ ꝓpoꝛ 
tio extremoy otinet pportioné pmox bis.zi.4.termis ter.fici.s.termis otinebit 
quater. in fcx quinquies. c ita deinceps.ut femp pportio extremoyi termis cO/ 
tinuc pportionalibus toties cotincat ppoxtione pmowm quot {unt omnes ter/ 
mini min? yo. Sititer quog; fi pportio cxtremoy cOtinue proportioalitatis i tri 
bus termis oftiture éea q producit eg proportõe pmoy in fe femel multiplicata: z 
in.4.in fe bis multiplicata: in quing; terminis ca que producitur ex proportione 
puioxim in fe ter multiplicata. « i.6.terimis quater: « fic femput termini fuerint 
ouobus plures impltiplicationibue?fiuc vt multiplicatíonee fint equales medijs 
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extranis interpofitis.£t nota q ctiam in proportionalitate continua extratio/ 
rum pꝛopoꝛtio pꝛoducitur ex omnibus pꝛopoꝛtionibꝰ intermedijs. ¶ Ex predictis 
apparet ꝙ pꝛopoꝛtio extremoꝝ continue pꝛopoꝛtionalitatis in tribus termis con 
ſtitute denominatur a quadrato:in quatuoꝛ vero terminis conſtitute denomina / 
tur a cubo:quoꝛum quidẽ quadrati ⁊ cubi latus ceſt denominatio pꝛopoꝛtiodis pꝛi / 
mi ad ſecundũ:verbi gratia:ĩ numeris Sint quatuoꝛ numeri continue pꝛopoꝛtiõa 
les qui ſint continue tripli.3.9.27.81. pꝛopoꝛtio pꝛimi ad ſecũdũ denominatur a 
ternario.eſt enĩ tripla:pꝛimi vero ad tertium a nonario qui eſt quadratus terna / 
rij. nam ipſa eſt nocupla. At vero pꝛopoꝛtio pᷣmi ad quartũ denominat᷑.a.ꝛ⸗.qui 
eſt cubus denominationis pꝛopoꝛtionis pꝛimi ad ſecundã videlicet ternarij .ipfa 
enim eft vigincupla ſeptupla.¶ Et pꝛopoꝛtio extremoꝝ im pportionalitatis conti 
nuc in tribus terminis conſtitute denominatur a ſuperficiali non quadrato:cuins 
latera ſunt denominationes ipſarum pꝛopoꝛtionũ.in quatnoꝛ vero terminis cõ / 
ſtitute denominatur a ſolido nõ cubo.cuius tria latera ſunt denominationcs triũ 
pꝛopoꝛtionũ:qð etiã patet in numeris.Sint quatuoꝛ numeri ↄtinue impꝛopoꝛtio 
nales:qui ſunt.2.4.12.48. in quibus pꝛopoꝛtio pꝛimi ad ſecũdũ eſt dupla: ſecundi 
ad tertiũ tripla:⁊ ideo pꝛimi ad tertiũ ſexcupla:tertij vero ad q̃rtuʒ qdrupla:⁊ iõ 
pᷣmi ad q̃rtũ vigincuplũ q̃drupla.Senari ergo qui ẽ denomiatio pꝛopoꝛtiõis p2i/ 
mí ad tcrtium eft fuperficialis:cuius latera funt ouo ⁊ tria.qui ſunt denominatio 
nes ouarum prmarum proportions 24,¢cro qui eft denominatio p2oportionis 
primi ad quartom eft folidus cuius latus funt.2.3.2.4.qui funt denominationes 
trium pzopoztiosum inter illos quatuo: terminos entium. 


Dilfinitio .12. 


| Aantitates que fant in p2opo2tione yna. antecedensad 

confequentes 4 antecedens ad confequenté. oicetur econ 
trario ficut confequens ad antecedentem.fic confequens 
fi ad antecedenté. G 3ítemqs permutatím ficut antecedens 
a) ad antecedentem fic etiam cofequens ad confequentem. 
CDiffinit fpes proportionalitatis que funt.6. €idelicet cóuerfa .permutata. oif/ 
iuncta:conínnca:cucría z equa. G ount ante bee fpecies quafi quida modi argu / 
endi:oíffinit ergo pzimo conuerfam p:opo:tionalitatem 7 permutatain: ín quib? 
manent aficedentia z confequetia cade fm (ub{taittia:qd nó € i oifinicta:oiticta 
sut eucría:c in quibue nibil extra fumitur $t in equa: vocat autem antecedens px 
mum extremi pzopoztionis:confequens vero vocat fecundum. A lult itag per 
banc oiffinitionem q fi fuerit propoxio.a.ad.b.ficut.c.ad.d. z ex boc ego codu/ 
dam:ergo.b.ad.a.ficut.d.ad.c. videlicet et faciam ve antecedentibus cofcquétia 
a oc confequentibus antecedentia: qò ifte modus arguendi vocetur proportiona 
litas econtrario fine conuerfa.Si autem fic arguam.a.ad.b.ficut.c.ad.d. ergo.a. 
ad.c.ficut.b.ad.d.videlicet vt ambo extrana prime ppontionis:fiant anteceden/ 
tia: ambo extrema fecunde cofequentia. vult cp ifte mod" arguendi vocetur p20/ 
poxtionalitas permutata:z in ifto modo arguendi fit antecedens (cade p:0/ 
portionis fequens: z cOfequens prime anteccdens. 
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za niuncta Yero propo2tionaltas dicitur quotiens ficut 
S antecedens cum coniequente ad colequens. fic etiam ante 
d cedens cum contcquente ad contequens. 
X MAS ¶ Diffinit conunctam oifiunctam ¢ cverfam in quibus etiam nibil 
2] cxtra fumitur fed termini non manent in ipfis.idem fm fubftantia 
4 vult qp fi ita fucrit.vt fit.a.ad.b.ficut.c.ad.d.4 cgo ex boccondudam. ergo to7 
tius.2.b.ad.b.ficut torius.c.d.ad.d.q ifte modus arguendi oicatur proportiona 
litas coniuncta. 


T 


Pꝛopoſitio.i. 
— Iſuncta vero pꝛopoꝛtionalitas dicitur augmẽtoꝛum an 
| IRSA NI tecedentium fup2a confequentia equa comparatio. 
e Jj (2ulc qp fi fucrit popo:tio totius.a.b.ad.b.ficut totius.c.d.ad. 
A! d.c ex boc cgo concdudam.crgo.a.ad.b.ficut.c.ad.d.q ifte modus 
ese A, srgucndi vocetur oíftuncta piopo:tionalitag. 


Pꝛopoſitio AS. 2 
a] Acria propoztionalitas dicimr quoriliber antecedenti 
j| ad augmenta ſui ſupꝛa cõſequentia ſua ſimilitudo pꝛopoꝛ 
tionum. 
¶ Vult ꝙ ſi fuerit.a.b.ad.b.ſicut.c.d.ad.d. ⁊ ex hoc ego concludã 


ergo.a.b.ad.a.ſicut.c.d.ad.c.ꝙ iſte modus arguendi dicatur euer 
ſa pꝛopoꝛtionalitas. 





Pꝛopotio.ic. 

Exp fua propoztionalias otcítur quátítatibus plurímis p20 
4 politisaliiqfcom eundem imer ín 9na pzopoztione 
: 7! applicatie medio:um equali numero remoto vtroꝛumqʒ 
«id fummo:um fimilimdo p2opozttonum. 

EL Qiii cquam piopo:tionalitatem cuc ad probandum poopofi 
tum ad extra fumit.« vult o fi fumant quolibet quanrítates. €r.2.b.c. items to 
tidem alic fuc finr eiuídem genes cum peünis.fiuc altcrius. €t .d.c .f. fuerintos 
fccunde in p:opo:tíóc pzíma fiue code oxdinc.«t fi oicatur.a.ad.b.ficur.d. ad.c 
«.b.ad.c.ficut.c.ad.f.fiuc osdine cóucrfo vt fi oicat.a.ad.b.ficut.c.ad.f. 2.6 .ad 
C ficut.d.ad.e.« cx boc concudatur.crao.a. ad.c. ficut.d. ad.f. q ifte modug ar 
guendi vocctur cqua poportionalitas. bowm aute 6.modowm arguendi qui 
dicutur fpecies pportionalitaris quatuoz pbat aucto: in Ira infra. ifi ifto 5. tcr 
mutatam quide pxopo:tionalitatem paobat in.i6.buiue. oifiunctà vero in.17.con 
iunctam in-13.cquam vcro propoxtionalitatc oemonftrat.ín.22.2 2 5.€xd in.22. 
(à quantitates ouo: ordinit codé ordinc funt proportionales. in.23.cã vero (üt 
pportionales ordine conucrfo. Loucrfam vero ppoztionalitatc: aut cucrfa non 
ocmóftràt co qp conuerfa p3 cx offinitiGe quaritard icórinuc ,ppo:rionaliü. £ucr 
(a aüt p5 cx prutata admuicé.19.9t fup e3oc.19.fum^ oícturi.qualr aute oncrfa 
pportdalitas cx oionc quãtitatũ ĩcõtinue ꝓpoꝛtiõaliũ mãifſeſta ſit demoͤſtremꝰ 
nũc. ¶ Sit ergo ꝓpoꝛtio.a.ad.b.ſicut.c.ad.d.volo o demõſtrare qð crit b.ad.a. 
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ficut.d.ad.c.fumatur.c.ad.a.<.f.ad.¢.cque mutriplicia.fimiliter quog3.g. ad.b. 
¢.b.ad.d.cque multiplicia.critas per conuerfioncm oiffinitionis quàritatuin in / 
continue p:opoationalium. «t, c. z.g. itamas.f. 7. b. fimiliter febabcant in additi 
one vüminntionc 2 equalitatc.inteligo tunc.b.primum.a fecundum. d.tertium.c 
qrtü.füptag; füt ad primi c terri .g.7:b.cque multiplitia. 3téq ad fccid e qr/ 
tum.¢.z.f.cque multiplicia z quia multiplicia pzimi 2 fecundi que funt.g.7.c.fimi 
liter fc babent multiplicibus tertij « quartí que funt.b.z.f.adinuicem oiminutioe 
⁊ equalitate.erit ꝑ dictã diffinitioncm pꝛopoꝛtio.b.pꝛimi.ad.a.ſecundum.ſicut.c 
tertij ad.d.quartum quod eſt pꝛopoſitum.Conſtat itaqʒ modus arguendi qui di 
citur conucrſa pꝛopoꝛtionalitas. ¶ Huius aute quinti libri pꝛincipia plurimis dit/ 
ficilima eſſe videntur.⁊ quibuſdam concluſionibus quas ex tpfis ocmon(trat. ma 
gis ab intellcctu diſtantia. Nihil enim videtur intellectui ĩmediacuus adhcrere. 
q́;ʒ ꝙ duarum quarũlibet quantitatũ cqualium ſit ad tertium quãlibet vna pꝛopoꝛ 
tio:qð tamen huius quinti ſeptima demonſtrat ex diffinitione incontinue pꝛopoꝛ 
tionalitatis que ab intellectu pꝛimo vidctur qʒ plurimum eſſe remota.quis enim 
non ſacilius duarum quantitatum equalium ad aliquẽ tertiam eandem eſſe pꝛo / 
poxtioncm conccdat.q5.4.quantitatum fi multiplicia prime z terrie equaliter fum 
pra mpltiplícibus fccundc.z quarte equaliter fumprtis fimiliter fe babucrint i ad/ 
ditione oíminutionc c cqualitate cffc propostionem paime ad fccundarm. ficut tcr 
tic ad quartam. Z3crum fi fubtiliter intuemur liquido conftabit nő polle sii in 
tellectui ț proportio duarum quantitatum cqualium ad tertiam fit vna. nifi per 
guid eft eile proportionem ynam. Si enim quis iguozcr quid eft cffc p:opo:tiorie 
vnam candem p:opo:tioncm alteri .quomodo cognofcet ouarum quantitatum 
equalinm effc candem p2opoxtioncm ad tertiam. Indiget igitur p:oculdubio in/ 
tellectus antcg3 illams que videbatur concceptibilis pxopofitio app:ebendat buius 
rei quc pcr ípfius oíffinitione babcbitur cognitione.poftmodgm vtrum ca oiffi/ 
nitio ouabus quantitatibus cqualibus ad tertiam comparatis cOucntat pertracta 
tionc.qo fi diffinitio inuenta fuerit Ulis quatitasibus conuenire condudctur p20/ 
pofitum. Sin autem oppofitum. Non eft igirur immediata p:opofitio qs fuper 
fictalis appzebenfio immediara iudicauit. A Similiter quog3 imediacius indicat 
prima appbenfio adberere intellectui gp ouarum quantitatum inequalium maioꝛ 
eft proportio maiozig earam ad aliam d5 minozis ad candem quå oemonftrat.g. 
buius. 93 qd.4.quatitatum fit maio: proportio pzimead fecundam 3 tertie ad 
quattam.cum multiplicibus ad primam z tertiam equaliter fumptis . Jtema5 
alijs ad fecundă « quartam « equaliter multipley pzime addit fuper multipley fe7 
amde. z multiplex tertie non addit fuper multiplex quarte.cx quo que predicta cit 
propofitio oemonftratur:(cd funiliter nec ipfa poteft intdligi nifi per quid cft cffe 
popoitíoné maío:cmG . jsitur opoꝝuit euclidem que quantitatcs dicuntur po 
portionales.z que inpzoportionales diffinire. P20portionales autem funt qua/ 
rum proportio wna cft.z 3mpropostionalce quati p:opo:tionce oíucrfc. 3taqs 
oiffininit quantitates quarum p:opo:tio vna . c cae in quibus connectuntur 
cxtramna nó oíffocíatis medijs quae vocauít continuc propoztionalce.et vixit båc 
ꝓpoꝛtionalitatẽ ĩ tribꝰtermis ad minꝰexiſtere.ꝓpter hoc ꝙ vnũ ſaltẽ bis ſumẽdũ 
e mediũ.et eas ĩ quibꝰ accidit interruptio medioꝝ:⁊ hec ſũt ĩcõtinue ꝓpoꝛtiõales 
€ bec ꝓpoꝛtiõalitas ad minus exigit q̃ᷣtuoꝛ termĩos ꝓpter alteriꝰ medij ſũptionẽ 
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« ciffiniuit ctiam quantitates que funt ínp:opostionales.quarum eft maior ona 
proportid qua fit alia. £t fi effet omnis proportio (cita fiuc rationalis.tunc facile 
cífet intellectui cognofcere que proportiones eflent vna z que oiuerfe. @ Que eni 
baberent vnam ocnominationcmicfTent vna.que autem viucrfas oiverfe. bec au/ 
tem faalitas manitcíta eft ex arifmetica.quoniam omnium numcromm p2opor/ 
tio fata z rationalis ct. Z3nde Jordanus in {cdo arifmetice {ue diffiniés que pr0/ 
potiones funt cedem z que diuerfe.vicit cafdem effe que candé oenominationem 
recipiunt. Vr aionen vero que maíoxam e mimoxem que miuoxem. Ocd ifiitc (üt 
p:opo:tiorice irrattonales.quarum ocnominatio fcibilis non cft.quarc cum cucli 
des cofideret 11 boc libzo fuo propoxtionalia comuniter nó contrabédo ad r6na/ 
Ice €t irronalce quoniam cófidcrat propoxtíorrem repertam in continuis que com 
munís cít ad iftas. Non potuit oiftinire idemptitatem p2oportionn per idéprita 
tcm ocnominationü.ficut ari(metícus: co g» mnltarus pyopoxtionum ¢t victum é 
fuit ocnominarionce fimpliciter ignotc.oiffinitione autem opontet ficri ex notie 
«nde malicia pportionum irronalium coegit cuclidem tales oiffinitiones ponere. 
Quia ergo tion potuit vt patet ex premillis o1ffinire proportionalitatem five 
idemptitatem p2opoxtionum.per idempritatem babitudinum.fiue oenomínatio 
num ipfoxim terminowm p2opter irrarionalitatem babitudinü c in coucníentias 
terminoum coactus cít refugere ad terminoz multiplicia. vt cx illosum babttudi/ 
nibus quantum ad cxcellum 4 equalitatem confideratie equis numerofitatibus 
ſumptoꝝ per gd ad naturam írrationalitatis reducuntur popofitam diffinitio/ 
ne Senctur. nibil cnim in quoamgs inequalitatis gencre terminis magie idé 93 
coum multiplicia. nec termino:um babitudinibus. q3 multíplium babitudo. 
CEt quia proportio eft ouarum quátitatü ciufdem gencris certa babitudo.confi/ 
dcrata in co q funt equales aut q altera maioz.ideo idcmptitas proportionum 
entium inter paumam.4.quantitatum ad fecundam « tertíam ad quartam cft fimi 
lis cqualitas prime ad {ecundam. tertic ad quartam .aut fimilis maiozitas. aut fi 
milís mino?itas.bcc autem fimilis cqualitas.aut fimilis maiozitae.aut filis mino 
ritas.tunc cft nter quatuo» .quaflibct quantitates cum cft inter omnes cay cqua 
liter multiplices. Qò ergo vicit in quinta viffinitõe. quantitates que dicunt cő/ 
tinugin p20portionalitarcm babere .« cetera ac fi oíceret .omnea illas quantita/ 
tes voco continue proportionales qd cit eae fimiliter cfTe equales contínne « fimé 
hter continue effe maios. z fimiliter continuc elfe minos quarum omnes 
cque multiplices . aut fibiinuicem funt . fimiliter continuc equales . vel fimiliter 
continue maio:ce. eel fimiliter continue mínoxce quod cft ctiam ípfas multipli / 
ces efle cótinuc ,ppo:tíoales q9 fi boc alicubi i mltiplicib^oifTonat cas oíco nó ce 
cotinuc ppotionalce. (I Qò auté icit in fexta oiffinitionc. Quatitatce que oicüt 
cc Pim ꝓpoꝛtionẽ vnam prima ad fam 4 tertía ad quartam. z cetera ac fi diceret 
0Ce.4.quatitates voco icotinue p:opoxtionales.« (e babere piirmam ad fecundam 
ficut tertia fc babet ad quarta:qd ¢ prima ad fcoam. tcrtiam ad quartà fümilit fc 
baberc in cquando gut addedo aut minvendo.quarum omnes cquc multiplices 
paime « tertie ad oce eque multiplicce fecüdc z rte. fimuliter fe baber aut i cquado 
aut addedo aut minucdo quod eft etiam multiplices prime in cadem p2roportione 
fe babere ad multiplices feconde.in qua multiplices tertie febabét ad multiplices 
quarte.quod fi boc alicubi oiffonat in multipticibus .oico non efle proportionem 
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prime ad (ectida fiant tertic ad quarta.qd aute oícit in.s.biffinitionc c ac fi oiccret 
maio2 propowionan voco.4.quatitarh prime ad feamda qua tertic ad quartam 
quod cit prima magis excederc feciida qua tcrtia excedat quarta. quay aliqua cx 
multiplicibus p2ime addit fuper aliquam ex multiplicibus fecunde:aliqua ex mul/ 
tiplidbus tertic fumpra fecundum numerationé multiplicis prime non addeutc 
fup aliqué cx multipliabus quarte:fumpta 6m numeratione multiplicis fcdc. qo € 
effe maior  p:opo:tionc multiplicis pzime ad multiplice (Se. 93 multiplicis ter 
tic ad moltiplice quarte. C@Diffinitioncs aute iftas nifi fant aliqui oemonftrare . 
quor ametus filius 3ofepb tentauit cas ocmóftrarc in cpiftola fua quà. oc ;ppo: 
tione 2 p:opoitíóalitate cópofuit.c accepit tria per modü pofitióis tanq pꝛinci/ 
pia que dicit ele per fe nota 7 phatione non indigerc. C Quox primi eft quod fi 
fucrint.4.quatitates.quax fit proportio prime ad fcoam ficut tertíc ad quartam. 
erit ecouerfo pportio fede ad prima ficut quarte ad tertiam.< bic eft modus argu 
endi que vocauit fuperius euclides conuerf{am propo:tionaliraté.< crrauit qiit oí 
yit ppofitionem effe per fe nota. cuius antecedens « cófequce funt ignota. Igno 
tum é enim quid fit ciTe propoxrtionem prime quantitatis ad fecida ficut tertic ad 
quartam.quare boc ignoto pofito impoffibile eft intelligere quid cx ipfo fcquatur 
fimiliter quog3 q2 cfeques eft ignotum.impoffibile eft intelligere quid ad ipfam 
antecedar.. Scom principii ciue fuit:g fi fuerint.4.quatitates quaz fit propo? 
tio prime ad (cam ficut tertic ad quarta.fi prima fit maio fcóa:crit tcrtia maio: 
quarta.« fi mino2 mino2. ft equalis equalis.C Tern fuit q fi fucrint.4.quarita 
tes quarum fit propoxtio prime ad fccüda ficut tertic ad quarta:erit primo ad qd/ 
libet multiplex fecundc:ficut tertic ad eque multiplex ex multiplicibus quarte:< ac 
cidit fibi in iftis ouobus principijs idem peccatum gd accidebat in primo. Accepit 
enim i oibus ignota fimitttag3 nota.quare non oemonftrauit.peccauit etia in {c/ 
cunda oanoftrationc « in tertia z in quinta.i quart qualibet-arguit cx.s.¢f ex to. 
buius que p:obantur ex oiffinitionc in continue pportionalitatis : Arguit cni fic 
(i p:opo:río a*.b.ad.c.eft maio: qp .g.ad.d.fít crgo .€.b.ptis.a.b.ad.e.ficut .g. 
sd.d.per qo apparct ipfum fupponere g» ouaz quátitatü.a.b.«.u. b.in cqualius 
rdatarmm ad.c.maio: maiozam ⁊ minoꝛ minoꝛem ad ipſa optinet proportionem 
vd cp quátitae ad.c. babcbít minorem pror o:tioné q5 babeat. a.b.crít mino:.a 
b.quouim primum ocmon(trat.s.buius.c (com.io 11a ci vultis fumcre quátitate 
quc fe babeat ad.c.ín pzopoixtione.g.ad.d.oabo tibi natoxam aut mínoxm aut 
cqualan.a.b.indifferenter ficut volucro.quare auté non ocmonftrar aut accidit (i 
bi ciraslus ⁊ pꝛincipia cflc ignotio:a condufionibue.Oupponeda funt igit ci ai; 
dide principia tanqs nota. noii ipfa cx condufionibus.fed conclufioncs cx ipfis 
demonſtrande ſunt. 
Pꝛopoſitio .. 

Jſuerint quolibei quantitates aliaꝝ totidem eque multi/ 
plices. aut ſingule ſingulis equales neceſſe ẽ quemadmo 
dum Yna illarum ad fut cOparem.totum quoqs ex bie ag/ 
gregamm ad omnes iflas pariter acceptas fimiliter fe ba 
. Abere. 

¶ Sit quotlibet quatitates.que fint.a. b.c. aliarum totidem que fint.d.c.f. eque 
multiplices €naqucqs ad fui cóparé.aut fingule fint fingulis cquales.ita vídclicet 


V 


ꝙ ſicut.a.ẽ mltiplex.d.ita.b.ẽ multiplex.e.⁊.c.mltiplex.f.vł ſi.a.ẽ eq̃lis.d.qꝙ ſilit 
b. ſit eq̃le.e.⁊.c.eq̃lis.f. dico gp ſicut ſe hab.ʒa.ad.d.ita ſe habet aggregatũ ex om 
nibus que ſunt.a.b.c.ad aggregatum ex omnibus que ſunt d.e.f. C Qð ſi fingule 
ſingulis ſint equales patet pꝛopoſitũ per hanc cõmunẽ ſcĩam: ſi cqualib? cqualia 
addant᷑ tota quoq; erunt equalia.Si aute fint omnes fuis cOparibus eque multt 
plices viuifis cis bm quantitate (uaz fubmultiplicinzerit aggregata ex prima pre. 
a.2.prima.b.7 prima.c.cquale aggregato ex.d.¢.f.p predicta comunes (ciam ad/ 
(uuante bac:quc eidem (unt equalia inter fe funt equalia . LOimiliter quoq; ag/ 
gregatü cy fcciüdie pribus quantitatum. g.b.c.erit cquale aggregato cx.d.e.f.ficq; 
oc cctcrís: € q1 boc poterit totiens fieri quotiens. d.contínct in.a. crit vt edle ag / 
gregatü cx. d.c.f.totiée otincat i aggregato cy.a.b.c.quotiés.d.contíncfi.a.q1 8 
quotice.d.numcrat.a.totíce aggregati ex.d.c.f.numcrattaggregatü ey.a.b.c.pa 
tct qp ficut.a.cft multiplex ad.d. íta aggregati cx.a.b.c.aggregati ex.d.e.f. quod 
épiopofitum. —— 5. W2opolitio .2. 
fuerínt fex quantitatce.quax pzima ad fcóam atq; ter/ 
4| tta ad quartà eque multiplices.quinta vero ad fecundam 
atq5 fexta ad quartá eque multiplicce:totum pzíme « quin 
tc adícoam.totumq; tertie 5 fexte ad quartam eque multi 
L| plicia effc conneníiet. 
(Sint fex quantitatce.a .príma.b.fecunda.c.tertía .d.quarta.c. quínta.f. fexta. 
Gita; .a.z.c.cque multiplices ad.b.2.d.iteq3.c.7.f. fint eque mltiplices ad cafde 
dico ꝙ ſicut totũ aggregatũ ex.a.⁊.e.ẽ multiplex ad quatitaté. b. íta toti aggre/ 
gat cx.c.⁊.f.eſt multiplex ad quantitatẽ.d.Nam qꝛ numerus Pm quẽ.b.continet᷑ 
in.a.cſt equalis numero.ſᷣm quẽ.d.continetur in.c.Similiter quoq; numcrus hm 
quẽ.b.continet in.e.eſt equalis numero ſᷣm quẽ.d.continei in.ſ.erit per cõmuneʒ 
ſciaʒ que eſt: ſi equalibus equalia addant ⁊ cctera.numerus ſᷣm quẽ.b.continetur 
in aggregato ex.a.⁊.e.equalis numero ſᷣm quẽ.d.continet᷑ in aggregato cx.c. c.f. 
quare ſicut aggregatũ ex.a.e.e.eſt multiplex ad.b.ita aggregatũ ex.c.⁊.f.ẽ multi/ 
plerad.d.quodeft pzopofitnm. Pꝛopoſitio .3. 

agam Y merint primum fecundi 4 tertius quarti eque multipli, 

cia:ad pzimum vero 7 tertium multiplices fumanmr equa 
Yi les crunt:multipley primi ad fecudu atq; multipler tertij 
SWA) Va| ad quartum eque multiplicia. 

ENG Sit (ex Gntitates.a.p2ima.b.fecida.c.tertia.d. quarta.c.quita. 
f.fexta. Sitq3.a.ad.b.z.c.ad.d. itéq3.c.ad.a.2.f.ad.c.cq mltiplices.oico q ficut 
c.cit multiplex ad.b.ita.f.ad.d.oiuidat enim.c.6m quantitaté.a.fui multiptics. 
z.f.6m quantitaté.c.eritqs ppter equalitate partii.c.ad.a.zpartin.fiad.c. vt gli 
bct prid.c.fit iia multiplex ad.b.ficut quelibet pri. f.ad.d. uia ergo ficut prima 
pe.c.émultiplcx ad.b.ita pzimia pe .f.e multiplex ad.d. 3teqs ficut (cóa pare.e.c 
mitiplcx ad.b.ita fccida.f.ad.d.ergo erít per premifla aggregat ex ouabus pri 
imis ptibus.c.ita multiplex ad.b.ficut aggregati cx ouab? pmie ptíb^.f.ad.d « q 
ruríue tcrtía ps.c.fi fit aliq tertia ps ¢ ita mttiplex.ad.b.ficut tertia. f.ad.d.crit p 
cade ut tori aggregat ex tribus primis partibus.c. fit ita multiplex ad.b.ficut to 
tum aggregatum ey tribus primis partibus.f.ad.d. Sitas fi plures fucrint par 
tes.e.⁊.f.componendo femper fequentem cum aggregato ex pziozibus concludés 
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ꝙ ficut.e.cft multipley ad.b.ita.f.ad.d.per premiffam totiens fumpta: quot fue 
tint partes in.c.aut in.f.minus vna:ficqs patet propofitum. 


^fy»opofitío .4. 


3f fucrit poopoatío pzimí ad fecundum ficut tertíí adquar 
tum: ad pzímum autcset tertium eque multíplícia affigné 









k 48 1 64 | Y tur. — fccundum et quartum multiplices equa/ 
c 34 ; 3: lI $e39 [Aes ennt aflignate multiplices eodem o:dine pzopoztio/ 
———— à — ç —nales. 

a L 2 6 (Git p:opottio.a. primi ad.b.fectidü.ficut.c.tertij ad.d.quartum. Sumantqs.e 
b 3 d 4 ad.a.z.f.ad.c.cque multiplicia. 3t£a5.g.ad.b.z.b.ad.d.cquc multiplica 20íco q» 
ACC Nd b T D ppo'tío.e.ad.g.cít ficut.f.ad.b.eumam.k.ad.e.«.l.ad.f.cque multiplicía.itéqs 
p — — m.ad.g.?.n.ad.b.eque multiplicia:z quia.e.z.f.funt eque multiplicia ad.a. z.c. 
wo — 7  iteng.k.c.l.eque multiplicia ad .c..f .crunt per pemifam.k.z. leque multi 


plicia ad.a.7.c.per eandem quogs erunt.m.z.n.eque multiplicia ad.b.z.d. qua/ 
reper conucrfionc diffinitionis incontinue p2oportionalitatis.k2ad.m.7.1. ad.n. 
fimiliter fe babcbunt ín addendo oimínnendo c equando:q crgo.k. c.l. fit eque 
multiplicia ad.c.c.f.ítemqs.m.c.n.eque multiplicia ad.g c. b.erit per oiffinitios 
né incontinuc ,ppoztionalitatis ppo:tio.e.ad.g .ficut.f.ad.b.q9 eft propofitum: 


AP20pofitio «5. 


i 3 fuerint one quantitates quarum vna fit pars alterins 

GW | minudturq5ab vtraq; iplarum ípla pars erit relíquum re 
VAI líquo atq5 totum tott eque multipler. 
i C Xd fic fi aliquota erit rcliquü reliqui tota ps quota totii toti?. it 
"-i qntitas.a.b.tota ps quantítatie.c.d. quota.c.b.ipfius.a.b.mínua/ 
turq5.a.b. ex quantitate .c.d.« fit retiduum.f.c .erítas. f.d.cqualis.a.b .Oimili/ 
tcr quog5 minuatur.c.b.ex quautitatc.a.b.firas refiduum c.a.oico œ quota pars 
eft quantitas.a.b.quantitatíe.c.d.rota eft quantitas.a.c.quantitatis.c.f. ci eri 
f.d.fit cqualia.a.b.crit.f.d.ita mnltiplex.c.b.ficnt.c.d.cft multiplex .a.b. ponam 
ita95.d.g.tta multiplicem.a.e.ficut .f.d. eft multipley.e.b. crítas cx prima buius 
quantítas.f. g.ita multiplex. a.b.ficut.f.d .eft multiplex. e.b. « quia fic fuít. c.d. 
multiplex.a.b.ficut.f.d.fuit multiplex.c.b erit vtraq3 ouarum quantitatit.c. d.f. 
g.cquec multiplex quantitatís.a.b.quarc per comunem faentíam.c .d.4 .f.s. funt 
equales adinuicem:oempta igitur ab erraqs carum quantitate.f.d.crit.c.f. cqua/ 
lis.d.g.z quia.d.g.fuit ita multipley.a.¢.fiast.f.d.c.b.z ideo fícut.a.b.c.b.quarc 
4 ficut.c.d.a.b.crit.c.f.ita multiplex.a.c.ficut tota.c.d.totíus.a.b. q cft propo 
fitum. 






^£»opofitío .s. 

Ki J fuerint dne quantitates ad alias onas eque multipli; 
ces.dueqʒ minoꝛes duabus maioꝛibus vtraqs a fua mul 

24 iui tiplicefübtrabantur.erunt ouo relíqua earundé partium 

7722*| eque multíplicia.aut eíe equalía. 
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([oint quantitateo.a.b .ad.c.«.d.e.ad.f.eque multiplices :fubtrabanturas.c.cx 
a.b. ⁊.f. ex.d. e. ⁊ ſint reſidua:ex a.b.quidẽ.a.g.ex.d.e.d.h.eritqʒ.g.b.equalis.c. 
⁊.h.e.equalis.f.dico ꝙ duo reſidua.a.g.⁊.d.h. erunt equalia duabus quantitati 
bus.c.⁊.f. aut eis eque multiplicia.Sit ergo pꝛimo.a.g.equalis.c.dico ꝙ.d.h.eſt 
equalis.f.Sumam enim quantitatem.e.k.equalem.f.eritq; per pꝛemiſſas pothe 
fes vt tociens.f.fit in.b.K.quoticns.c.in.a.b. quare ſicut.a.b.cſt multiplex.c.ita 
b.k.cft multiplex.f.fcd fic erat etiam.d.c.crat multiplcy ciufdem.f.ctit igitur per 
cóem (cientíam.b.K.equalis .d.c. oempta igitur cOmuni carum quantitate.b.c. 
erit.d.b.equalis.e.k.quare cquelis.f.quod eft propofirt. 1 Si autem.a.g. fit mul 
tiplex.c.ponam vt.e.K.fit cque multiplcy.f.critgs vt prius vt tocicns.f. fit in.b.K 
quotiens.c.in.a.b.Sed tociens crat ctiam in.o.e.erit igitur vt prius.d.c.equalis 
b.k.2.d.b.¢.K.quare ficut.a.g.cft multipley.c.ita.o.b.eft multiple. f.gp eft p20/ 
poʻitnm. Aliter idem cum Pm cundem numerum contíncat quautitas.a.b.quantí 
tatem.c.ſᷣm qp quantítas.d.c.quantitate.f.oamptaqs ab co vnítate remancat vni 
tae c numcrus fecundum qp.a.g.contínct.c.« Pm dp.d.b.continet.f. patet quan 
titates.9.¢.2.d.b.efle equales aut eque multiplices quantítatibus.c. c.f. 


Pꝛopoſitio . 


Li 


Em 3f óue quantítateó equales ad quamlibet cóparentur cay 
"^ adillam erít 913 p2opoatío .ítemqsad illae ppoatio illi? 
B 






y 
| ARA ) ZA U Sint ouc quantitatcs.a.b.cquales.que comparentur ad quamli/ 
Ace tertiaʒ vt ad.c.dico ꝙ eadem eſt pꝛopoꝛtio.a.ad.c.⁊.b.ad.c.itẽ 
q; eadem.c.ad.a.⁊.c.ad.b.Pꝛimum ſic pꝛobatur:cum enim.c.ſit cõſequens ad.a 
pꝛimam ⁊ ad.b.tertiam ipſa erit in ratione fecunde ⁊ quarte.Sumã igitur.d.ad.a 
pꝛimam:⁊.e.ad.b.tertiam eque multiplices: ⁊ ſumam.f.quamlibet ex multiplici / 
bus.c.que cſt ſecunda ⁊ quarta:⁊ quia.a.⁊.b.quarũ ſunt eque multipliccs.d.⁊.e. 
poſite ſunt equales crit:vt ſi.d. diuidatur ſᷣm quantitatem.a.⁊.e.ſecundũ quanti / 
tarem.b.q partcs vtrobiqs fint numcro « qnritate cqualce: numcro quidam per 
ypotbefim ppter cqualitatem multiplícatíonis etrobiqs :quantítatc aute per bàc 
cóan (cicntiam quotiens opoxtucrít repetiram: que cidem (üt equalía fibiinuicemn 
funt equalia:quia igitur prima cx partibus.d.cft equali prime ex partibns.c. « fc 
cunda :fecunde:¢ cetere ceteris. Suntg; tot partes in.d.quot funt in.c.erit per pzi 
mam buíus.d.cqualis.c.quare pcr cóan fcientiam: fí ouc quatitates equales có / 
parentur ad aliam tertíam:aut ambe quantitatce.d.4.c: funt fimiliter maíoxs.f. 
aut fimiliter mino:ce:«ut fibi equalessigitur ex oiffinitione incontinue proportio 
nalitatis:que cit proportio.a. prime ad.c.{ccundam:cadeé cft.b.tertie ad.c.quarta 
gd eft propofirum .Secundum code niodo probabis ordine cOucrfo:¥t.c.pona 
tur prima @ tertia.a.vero fecunda .b.quarta .Lum vero quantitas.f.que eft eque 
inttipley prime z tertie fit aut fimiliter maio: quåtitatibus .d.z.e.que fit eque mt 
tiplices fecunde z quarte:ant fimiliter mino? aut eis equalis:erit per candan oifft 
nifionem proportio.c. prime ad.a.fecunda :ficut.c.tertic ad.b. quartam quod cft 
P:opofituin fecundum. 
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Pꝛopoſitio s. 





iF one quantitates incquales ad vn quantitatem p2opoz 
by, Clonentur.mato2z quidem magiozem. mino2 vero minozem 
b. Riy optinebit pzopoztioncs. illius vero adillas.ad minozem 
RANA Ril vero propono maio? ad maiorem vero mino? erit. 

¶ Sint due quantitates incquales.a.⁊.b.c.ſitqʒ maioꝛ.b.c. ⁊ pꝛo / 
poꝛtionentur ad eandem quantitatem que ſit.d.dico ꝙ maioꝛ eſt propoꝛtio.b.c. 
ad.d.qᷓʒ.a.ad.d.⁊ ꝙ econtrario maioꝛ eſt.d.ad.a.qᷓʒ.d.ad.b.c. Pꝛimũ fic p20/ 
batur:ponam.c.b.cqualcm.a.« multíplicabo toticns.c.c.q proucniat quantitas 
maioꝛ.d.ſitqʒ.f.g.⁊ ſumam.k.f.ita multiplicem.b.e.⁊ ſimiliter.h.ita multiplicẽ. 
a.ſicut.f.g.eſt multiplex.e.c.eritqʒ per pꝛimam huius.h.ita multiplex.a.ſicut.k. 
g.eſt multiplex.b.c.erit etiam.h.equalis.k.f.pꝛopter hoc ꝙ earum ſubmultiplices 
que ſunt.a.⁊.b.e.poſite ſunt cquales:ponam quoqʒ ꝙ.h.nõ ſit minoꝛ.d.ſed equa 
lis:aut maioꝛ:totiens cnim multĩplicabo vnãquẽqʒ trium quantitatum.c.c.b.e.⁊ 
a. equaliter:ꝙ.f.g.multiplex.e.c.pꝛoueniat maioꝛ.d.⁊ ꝙ.h.multiplex.a.nõ pꝛoue 
niat minoꝛ eadem:deinde totiens multiplicabo.d.quod pzoucniat quantitas ma 
io2.b.fitas.m. prima quatitas multiplicia.d.q fit maior.b. Sub qua fuma maxi/ 
mam multiplicem.d.aut fibi cqualem :fi. m.cft prima in oxdine multiplicium .d. 
quc fít.[.críta ut.l.non fit maio.b.z conftabít.m.ex.d.14.1. proptcr íd qo omne 
multiplex conftat ex proximo p:ecedenti multiplici z fímplo:vt triplum ex duplo: 
4 fimplo.cxcepto pzimo multiplici quod conftat ex bis fimplo.d. Quia crgo.b.¢ 
equalis.k.ſ.non crit.k.f.minoꝛ.l.itaqʒ.k.f.⁊.d.nõ dfficient minus q5.1. e.d. qua 
rc ron efficicnt minus q5.m.« quía.f..cft maioz.d.crit.k.g.maio: q53.m. ( 3n/ 
telligo igitur quantítatem.b.c.primam.d.fecundam.a. tertíam.d. quartam: zq? 
ad primam z tertiam fumpta funt eque multiplicia videlicet. kg. 4.b. Similiter 
quoq; ad fecundam z quartam cque multiplicia:immo idem in ratione ovo: qd 
eft.m.zaddit.k.g.multiplex prime fuper.m.multiplex fecunde: non addit autem 
b.multíplex tertie füper.m.multiplex quarte:erit per oiffinitioncin maioxis imp/ 
portionalitatis maioz proportio.b.c.pzime ad.d.(ccunda q3.a.tcrtic ad.d. quar/ 
tam q9 eft primum. GL Ocaindü p:iobabis pcr candcm oiffinitionam conuerſo oꝛ 
dine: vt.d.fít prima 2 tertia.a.fecunda.b.c.quarta:addit enim .m.multiplex pai/ 
m fuper.b.multiplicem fcamdc.Tlon addit autem.m.mnltipley tertie fupcr.k.g. 
multiplicem quarte:quare maío: eft propo:tío.d.ad.a.q5.d.ad.b .c. quod eft (c/ 
candum. £ x buíus autem pemonftrationis modo patct fufficicntia oiffinitio/ 
nis maiozis impopoxtionalitatis: q3 pofuit auctoz in principio buius quinti. 
Nufqua cenim eft maio: pzoportio prime quatuoz quantitatum ad fecadam q5 ter 
tie ad quartam.qnin contingat aliqua egue multiplicia ad pímam z tertiam re/ 
periri:que cum relata fuerint ad aliqua eque multiplicia fecunde z quarte: ittuenie 
tur multiplex pzime addere fuper multiplex fccunde. Non autem multiplex tertie 
(uper multiplexy quarte:bec autem multiplicia fic repcricmus :fieut ocmonftrabi/ 
mue infra fppog.i2.buius. 


Pꝛopoſitio . 
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ni Y fuerit — quantitatum ad vnam quantitatem p20 

j poztio : vna iplas efle edles. Si vero vnius ad eas p20/ 
W pozno vna plas equales effe necefle eft. 

M i (oit ouarum quantitatum.a.4.b.p:opo:tio vna ad.c.oíco cae cé 
141] cquales.« fi ccóuerfo fucrit eadem pꝛopoꝛtio.c.ad vtrãqʒ earũ:ad / 
buc vico eas effe equales .bec eft conuerfa .7. (rimurn fic patet.fi enim non (unt 
equalee:fed altera carum maio: €tpote.a.crít per primam parte.premiffe maio? 
proportio.3.ad.c.q3.b.ad.c.quod eft contra ypothe. Seaindum quoqs patet: q1 
fi.a.cft maío1.b.erit per fecundam partem paemiffe maio proportio.c.ad.b. a3 
ad.a.quod cft ctíam contra ypotbefim. 


Pꝛopoſitio .io. 


IIJ fſfuerit vniꝰad quãtitatẽ vnã aliquã ꝓpoꝛtio maioꝛ quã 
titatem maioꝛem eſſe. Si vero vnius ad eandeʒ pꝛopoꝛ/ 
Atio maioꝛ minoꝛem eſſe neceſſe eft. 
mA) IGAS fi fucrit maior proportio.a.ad.c.q5.b.ad.c.dico.a.effe maio 
2 4l] vem.b.1 fi fucrit maío:.c.ad.b.d5.c.ad.a.adbuc dico.a.efle maior 
b.bec cft conuería. 8. [simum patet per primam partem.2.c per pimam.9.nam 
per primam partam feptime:non erít.a.equalís.b.nec etíam míno2 per poimam 
octaue.Secundum vcro pa:ct ex feaundis partíbue carandam. 
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Pꝛopoſitio u: 
NJ fuerint quantitatum pꝛopoꝛtiones alicui vni equales 
ipſas quoqʒ ꝓpoꝛtiones ſibi inuicẽ equales eẽ neceſſe ẽ. 
8G P20poztionem bac qua eudides in principio primi annumerauit 
4| intcr cómunce animt conceptionce:quc cídé funt cqualía fibi quo / 
3| qs funt equalía : ppt cc quantitatibus intelligitur bic oemonftrat 
prour proportionibus accomodatur.Sit ergo vtraqʒ duarum pꝛopoꝛtionnm que 
funt.g.ad.b.«.c.ad.d.cqualie propostioni que eft.c.ad.f.oico proportiones que 
funt.a.ad.b.«.c.ad.d.fibí inuicem effe equales. Cumam cnim.g.ad.a.c.b.ad.c. 
z.k.ad.e.cque multiplices. Jtemg3.l .ad.b .«.m. ad.d.«.n.ad.f. eque multipli/ 
cce: quia pet ypotbefim pxopostío.c.ad. f.cft ficut.a.ad.b.cfimiliter ficut.c. ad 
d.crit per. conuerfionem diffinitionis incontinue proportionalitatis bis fumpra 
fi.k.addit fupcr.n.g.g.addit fuper.l..b.füper.m.« fi.k.minuit ab.n.q.g.mi/ 
nuat ab.|.z.b.ab.m. fi.K.cft equalis.it.qd.g. fit equalis.[.7.b. eqnalis, m. quia 
igitur.g.ad.t.z.b.ad.m.fimilitcr fc babent in addendo oiminuendo z cquando. 
mediantibus.k.¢.n.crit per oiffinitionem incontinue p2opoztionalitaris.a .ad.b 
ficut.c.ad.d.quod eft propofitum. 
Pꝛopoſitio .ı2. 





iF facrit pzopo2tio primi ad fecundum ficut tertij ad quar 

tum. tertij vero ad quartum maio2 q3 quíntí ad fextü erit 

Wii propo2tio primi ad fecandam maioz q5 quínti ad lextum. 

ISicut in pꝛeccdẽti q~ bie demonftrat in propoxrtionalibus conce/ 

ptibile eft in Gntitatibus: vides q fi oue qntitates fuerit fibi inuicë 
e3 
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cles quacuuqs fucrit vna cay imaío: eadé maío: crit z rdiqua. A Yn propozioni 
bue tamen boc ocmonftratur:st (i fit ppoxtío.a.ad.b.ficut.c.ad.d.c. vcro ad.d. 
fit maío? q5.c .ad.f.erit quoq».a.ad.b.maiío: d5.c.ad.f. eum3 enim.g.ad.a.«.b. 
ad.c.«.k.ad.c.equc multiplices. Stemqs.L.ad.b.c.m.ad.d.c.n.ad. f.eque multi/ 
plices?z quía pcr ypotbcfim pzopostio.c.ad.d.cft ficut.a.ad.b.« maio? q5.c.ad.f 
crit pcr conuer(ionem oiffínitionis incontinuc p:opostionalitatis fí .b. addit fup 
i.4 .g.addat (uper .l.« per conucríionem diftinitionis maiouis imp2opoztiona/ 
litatís cp non fit nccfTe. K.addere fupcr.n.quia igitur mcdiantibus.b.c. m.fi.g. 
addit fupcr.L.nó cft neceiic.k.addere fuper.n.erit per oiffinitioncm maiozis im/ 
p:opoxtíonalitatis mato: p:oportio.a.ad.b.93.c.ad.f.quod cit propofith . Si 
imilí quoqs modo ,pbabís — fi fit.a.ad.b.ficut.c.ad.d.z.c.ad.d.minoz q3.c.ad., 
erit. a. ad.b.minoꝛ q̊ʒ.e.ad.ſ.cum enim fit.c.ad.d, minoz Q5 .c.ad. f.erit.c. ad.f. 
maio: d5.c ad.d.per conucrfionem igitur difſinitionis maioꝛis impꝛopoꝛtionali 
tatis.ſi.k.addit ſuper.n.non eſt neceſſe ꝙ.h.addat fupcr. m. fcd fi.b. non addit 
fupcr.im.g.non addit fuper.l.crgo fi. k.addit füper.n.non eft nece vt.g .addat 
ſuper.n.per diffinitionẽ igitur maioꝛis impꝛopoꝛtionalitatis maioꝛ erit popostio 
c.ad.f.d5.a.ad.b.crgo cconuerío:míno: erít.a.ad.b.q5.c.ad.f.quod € ,ppofitum 
G £x modo auta oané(traríóis octauc bui? 4 bac:fict manífc(tü c fi fuerit pzi./ 
me quaro: quantitatum ad fccunda maio: proportio 93 tertic ad quartam cótíit/ 
get repcrire gliqua eque multiplicia prime ¢ tertic.que ci cóparabuntur ad alíq ca 
multiplicia (ecüdc 4 quarte inuenictur multiplex pzime addere {up multiplex (cde. 
non autem multiplex terríe (aper multiplex quarte:a9 fic patet?Sit eniz maio2 p20 
po:ío.2.b.ad.c.q5.d.ad.c.ponam crgo t fit pxopostio.a.f. ad.c. ficut.d. ad.c. 
€titqs per banc-12.4 pcr 4o.3.f.míno.a.b. fír mino: (n quantítatc.f.b. qua mul 
tiplicabo totiens cp proncuíat quaritas maío2.c.quc fit.g.b.bac conditione. vt.d 
totiens multiplicata pxoducat quantitate non mínozem.c .que fit.k .tunc ponam 
vt. Lg. fit ita mulziplex.a.f.ficut.g.b.cft multiplcx.f.b.aut.k.d.critas per primam 
buius.l.b.ita multiplex.a.b.ficut.k.d.ZDcindc ponam ꝙ.m ſit píma quantitas 
smultiplex.c.que fit maios. R. c ponam.n.ita mnliriplicem.c.fícut. m. cft multiplex 
c.critqs per pxemiíTas ypotbefes c conucrfionem diffinitionis incontinue propor 
tionalitatis quantitas.n .p:ima multiplicium.c .que erit maio .L.g. nec crit .l.. 
míno:.c. Cuimam ergo fub.n.maxima multíplicii.c.aut fibí cqualem fi foxfan.n. 
fit p:ima multipliaum cius que fít.o.conftabitqs.n.ex.0.7.c. quía crgo. Lg. non 
eſt minoꝛ.o.⁊.g.h.eſt maioꝛ.c.ctit.l.h.maioꝛ.n.quare cum.k.ſit minoꝛ.m. patct 
pꝛopoſitum. ¶ Conuerſam quoq; huius demonſtrare poſſumus. vidclicet gp fi có 
tingit reperire aliqua eque multiplicia pꝛime ⁊ tertie:quaꝛum multiplex pꝛime ad / 
dat ſuper aliquod multiplex ſecũde:⁊ multiplex tertie non addat ſuper multiplex 
quarte:maioꝛ crit pꝛopoꝛtio pꝛime ad ſecundam q; tertie ad quartam: qð ſic pꝛo/ 
batur.Sint quatuoꝛ quãtitates.a.pꝛima.b.ſecunda.c.d.tertia.e.quarta.ſintq;.f. 
ad.a.⁊.g.ad.c.d.eque multiplicia.Similiter.b.ad.b.⁊.k.ad. e.eque multiplicia. 
⁊ addat.f.ſuper.h.non addat autem.g.ſuper.k.dico ꝙ maioꝛ eſt pꝛopoꝛtio.a.ad 
b.q3.¢.d.ad.¢.Si eniʒ equalis per conuerſionem diffinitionis incontinue pꝛopoꝛ 
tionalitatis addet.g.ſuper.k.qð eſt contra ꝓpothe.Si autẽ minoꝛ ſit.c.l.ad.c. 
ſicut.a.ad.b.eritqʒ per huius.io.c.l.minoꝛ.c.d.⁊ ſit minoꝛ ĩ quãtitate.l.d. Ponã 
igitur vt.m.n.ſit ita multiplex.c.l.⁊.n.p.multiplex.l.d.ſicut f.eſt multipiex.a. 
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critg3 per printd buíus.m.p.ita multiplcy.c.d.ficut.f.eft multiplex.a.vtraq; igit 
oUa7 quantitatum .tm.p.«.g.eít eque multiplex quantítatis.c.d.crgo ipfe füt cq/ 
ies. Narn bec illatio oemoftrata eft in.7.buius zz quia.g.non cit maio2r.k.nd crit 
ni.p.riaio: cadem.fed per conucrfioné oiffinitionis incótinuc ppoxtíoualitatis 
m.n.cít maio. k.co qp.f. cft matoz.b.crgo.m.n. eft maioz.m.p.që eft impolfibile 
quare relinquitur propofitum. 
Pꝛopoſitio .. 
JIJ fnerint quotlibet quantitatũ ad totidem alias pꝛopoꝛ/ 
Etiovna erit quoq; que pꝛopoꝛtio vmus ad ynam. eadem 
pPꝛopoꝛtio harum omniuzʒ pariter acceptarum ad omnes 
jl illas pariter acceptas. 
[O9 primo pzopofuit oc multíplicib?:bic pxoponit oc omnib?pz0/ 
poꝛtionibus:vñ bcc eft comunio2 illa:eo cp omnís multiplicitas eft pxopoxtio:nó 
aute; cconucrlo.Sit igitur.a.ad.b.z.c.ad.d.z.c.ad.f. una proportio :oico g» que 
cft proportio.a.ad.b.cadem eft copofiti c.a.c.c.ad cópofitü cx.b.d.f. Guma.g 
ad. a. ⁊. h. ad. c. ⁊. k. ad. c. cque multiplicia. Itemq;.l.ad.b.⁊.m.ad.d.⁊.n.ad.ſ.eqͥ 
multiplicia:eritqʒ per pꝛimã huius copoſitum ex.g.h.k. ita multiplex cõpoſiti ex 
a.c.e.ſicut.g.eſt multiplex.a.Similiter per candẽ copoſitum ex.l.m.n.erit ita mul 
tiplex cõpoſiti ex.b.d.f.ſicut.l.e mltiplex.b.⁊ ꝑ cõuerſionẽ diffinitionis incõtinue 
ꝓpoꝛtionalitatis.bis ſũptã ſi.g.addit ſuꝑ.l.h.addit ſuꝑ.m.⁊.k.ſuper.n.⁊ ſi mi/ 
nuit minuit: ⁊ ſi equat equat:ergo per cõmuncʒ ſcientiam ſi.g.addit fup.t. com 
poſitũ ex.g.b. k.addir fuper compofitum cx.L.m.n.« fi minuit minuit :« fi cquat 
cquat:crgo per oiffinitioncm incontinue proportionalitatis p20portio.a .ad.b.¢ 
ficut cOpofiti cx.a.c.c.ad compofiri cx.b.d.f.quod eſt pꝛopoſitũ. 
[»:opolitto .ı4- 
3j fuerint quatuo2 quantitates pzopoztionalce .fueritq; 
4| maío2 pzima tertía.neccfte eft fecundá.quarta efle maío/ 
| Ml rem. £20 li mino2 4 mitoze. Si vero equalis 7 equale ce. 
RNA (oit pxopoxtio.a .ad.b.ficut.c.ad.d.oico gp fi.a.cft maiox.c.b.crit 
J.— 4L! maio:.d.« fi mino mino. fi equalis equalis. Oi cnim. a.fit maio? 
C.erit per paíma parté.9, buius maio: popostio.a.ad.d.q5.c .ad.d. quare maio: 
crit.a.ad.d.q3 ad.b.ergo pcr feciida partc. io puius.b.crit maio. d. qo € pxopo/ 
(itum..Q9 fi.a.fit minoz.c.crít per pzima pté.9.míno propo:tío.a.ad.d.q5.c.ad 
d.quare maío: crít.a.ad.b.q5 ad.d. per. feciidà ergo ptem.10.b.erit minoz.d. Si 
autem.g.fit cqualis.c.crit per pzinià partam.7.3.ad.d.ficut.c.ad.d.quarc.a.ad.d 
ficut ad.b.ttaa pcr fecidà ptc:o.b.crít cqualie.d.ficas patct propofitum. 
(5:opofitío .15. 
aos 3 fuerinraliqutbue quantiratibus eque multiplices affi, 
1 Sex gnate.ericiplarom multiplicið atq5 lub multiplicium vna 
a DI pzopoztio. 
AWA Aid Sint.c.ad.a.z.d.ad.b.eque multiplices. dico y que € proportio 
ii X 2A a.ad.b.cade eft.c.ad.d.oiuidar .c.Pm quátitate.a.c.d.Pm quátitate 
b.c.ffitqs tot partes.c.quot.d.c quía quelibet pars.c.ad qslibct partem.d.fc ba/ 
bct ficut.a.ad.b.crít per.i3.bnius.c.ad.d.ficur.a.ad.b.a9 eft propofitum. 
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Pꝛopoſitio 16. 

1f fuerit quatuo2 quantitateo p2opoatíoriales. pmutatim 
il quoq5 pzopoztíonales erunt. 

B (Loit p:opo:tio.a.ad.b.ficut.c.ad.d.oíco qp erit.a.ad.c.fient.b.ad 
Hd d.ciftecít modus arguédi qui oícit ;jppo:tionaliras permutata. cu/ 
L FË; ius oemonftratio fic pats. Guma.c.ad.a.c.f.ad.b.equc multiplices 
ítcmqs.g.ad.c.«.b.ad.d.cque multiplicee:erítas per pxernitlam.c.ad. f. ficut.g.ad 
h. quarc p.i4.ſi.e.addit ſupꝛa.g.⁊.f.addit fuper .b. « (i minuit minuit: z fi cquat 
equat:per diffinitione igitur incontinue propoztionalitatis erit.a.ad.c.ficut.b.ad 
d.quod cit propofitit. Necefle cit aut vt in pmutata proportionalttate fint omnes 
quatuo: quantitates ciufdem generis. 







120p ofisho 17. 

i ¥ fuerint quantitates coniunctim pzoportionales: eafdé 
JA oifiunctím quoq; pzopoztionales efle. 

: I 1G Denonftrato modo arguendi qui dicitur proportionalitas ꝑmu / 
ç tata :ocronítrat illit qui oicif proportionalitas oifiuncta. Git ítaqs 
IM ppo:tio .2.b.ad.b.c.ficur.d.c.ad.c.f. oico qp crít.a.c.ad.c.b.ficur 
d.f.ad.f.e. Suma enim.g.b.ad.a.c.«. b. k.ad.c.b.itemqgs.Lm.ad.d.f.4.m.n.ad 
f.c.cque multiplíces:eritqs per pzimam buius.g.k.íta multiplex.a.b.fícut.g.b.eft 
moltiplex.a.c.«.l.n.ita multiplex.d.c.ficut.Lm.cft multiplex .d.f. « idco per pic / 
mi(Tas ypotbeíca.g.k.exta mltiplex.a.b.ficut eft.I.n.d.c.pona uerü.k.p.ad.c.b. 
z.i1.q.ad.f.c.eque multiplices: cruntas per fecunda.b.p.ad.¢.b.z.m.q.ad.f.c.eq 
multiplices per conucrfione ígitur oítfinitionis incontínuc pxopoationalitatis. fi 
g.k.addit (upcr.b .p.I.n.addít fup.m.q.« fí minuit minuit: (í cquat equat. oem 
ptis iraq5 cómunibus.b.k.«.m.n.crít per comunem (fcientiam: vt fi.g.b addit fu 
pcr. k.p.qv.L.m.addit (uper.n.q.« fi minuit minuit:« fi equat lequat. crgo p oiffi 
nitionem incontinuc proportionalitatis propoztio.a.c.ad.c.b.eft ficut. d.f. ad.f. 
e.quod eft propofitum; 


eT 






^£opofitto .:5. 

205.71 3 fuerint quanntates otfinnctim propoatíoriales.coniun 
aA ctim quogs pzopozrtionales crunt. 

Nit G icmonttrat modi argueidi qui vicit propoxtionalitas conium/ 
cta z eft modus conuerfus priors. Ad caius ocmonftrarionam rcfu 
LM matur oifpofítio pxxmiflc.c mancat omnes cius ypotbefee:cyccpto 
q pónatur cffe p:opontio.a.c.ad.c.b.ficut.d.f.ad.f.c.oico qv crit pxopontio.a.b. 

ad.b.c.ficut.d.c.ad.f.c.fcquit eni ex bac ypotbefi « alijs ypotbefibus prcmilfe ve 
multiplicib” cqualiter ffiptis pcr cóucrfione oiffinitdis incdtinue pportidalitatis 
(i.g.b.addit (uper.k.p.qv.L.m.addat fup.n.q.« (i minuit mínnat:« fi cquat equat 
ergo pofitis cómunibus.b.k.c.m.n.fequit per cócm fciam fi.g. k.addít fup .b.p. 
qp.l.n.addat (up.m.q.4 fi minuit minuat:c fi equat equat':quarc pcr oiffinitione 
incOtinue p2opo:ztionalitatis crit ppo:tio.a.b.ad.b.c.ficut.d.c.ad.c.f. qo€ ppo 
fiti. Aliteride indirecte fic. £ü fit ;ppostío.a.c.ad.c.b.ficit.d.f.ad.f.c.n6 €. a.b. 

ad.b.c.ficut.d.c.ad.c.f.fit ergo ;ppo:tio.d.c.ad aliqua alia quantitate ficut. a.b. 

ad.b.c.que ant erit maioꝛ.e.ſ.aut minoꝛ.ſi enĩ eſſet ei cqnalis cõſtaret pꝛopoſitũ. 
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Sit itaqs primto maior 2 fit.c.a. critqs p pramifTami.a.c.ad .c.b. ficut.d.g .ad.g. - 
quare.d.g.ad.g.¢.ficut.d.f.ad.f.c.Sequif igif p.14:q cii. d.g. pzima fit mioz.d.F. 
rertig crit.g.¢.fcoa minoz.c.f.quarta:fed erat pofita q elfet maior. Sit ergo p20/ 
portio.d.c.ad minoze.c.f.que fit.c.b.ficut.a.b.ad.b.c.critgs p pmifla. a.c.ad.c. 
b.fieut.d.b.ad.b.e.qrep.11 .d.b.ad .b.e.ficut.d.f.ad.f.c.zq2.d.b.pme é maio2 
d.f.tcrtia crit p.14.¢.b.fca maior.c.f. tertia:qp quia eft ipoffibile.fequit ppofitit. 


Pꝛopoſitio .ı9. 

Y a duobus totis oue poztiones abfcindantur. fueritas to 

tum ad cord quantum abfcifum ad abfcifum:erit reliquum 

ad reliquum quantum totum ad totum. 

C Qò qunta pponit oc multiplicibus. bec pponit vniucrfaliter oe 
: omnibus p:opo:rionibus. vnde cft illa tanto cómunio: quáto multi 

plícitate ppo:xtio.Oint (gitur ouc quatitatce.a.b.«.c.d.a quíbus abfcindant ouc 

quc fint.b.c.c.d.f.fitq ppostío totius.a.b.ad tota.c.d.ficut.b.c.abfcife ad.d.f. 
abfcifam.oico q» cadem crít.a.c.refidui ad.c.f.refiduam quc cft toti?.a.b.ad to/ 
tam.c.d.cü eni fit.a.b.ad.c.d.ficut.b.c.ad.d.f.crit permutati.a. b.ad. b.e. ficat 
c.d.ad.d.f.z oifiunctim.a.c.ad.¢.b.ficut.c.f.ad.f.d.¢ itera pcrmutatim.a.c. ad 

C. f.ficut.c.b.ad.f.d.« quía fic crat.a.b.ad.c.d.patet propofith. (L £x bac aüt-19. 

zpermutata pportionalitate cemonftrarur modus arguendi qui vicit proportio 

nalitas everfa.vt fi fit.a.b.ad.b.¢.ficut.c.d.ad.d.f.oico q crit.b.a .ad.a.c. ficut 

C.d.ad.c.f.quía cá fit.a.b.ad.b.c.fícut.c.d.ad.d.f.erit permutatim.a.b. ad.c.d. 

fícut.b.c.ad.d.f.quarc per banc. i9.b.a.ad.d.c.ficut.a.c.ad.c.f. ígitur pmutarini 

b.a.ad.a.c.ficut.c.d.ad.c.f.qo cft propofitum. €L£ onucrfa quog; ppoxtionali / 
tas Q5 ex oiffinitionc incotinuc ;ppostionalitatís ocmonftrauimus ír cxpotiendo 
principia buius quinti.pót bíc quoa ocmóftrarí indírecte ex pmutata ꝓpoꝛtio / 

nalitate  .9. buius vt (i (it poopoxtio.a.ad.b.ficut.c.ad.d.oico g erít.b.ad. a.(i/ 

cot.d.ad.c.fin aute fit.d.ad.c. ficut.b.ad.a.c q:.3.ad.b.€ ficut.c.ad.d.crit pu 

tatim.2.ad.c.(icut.b.ad.d.« quia iterum.b.ad.a.ficut.d.ad.c.crít quogs pmnta 
tím.b.ad.d.ficut.a.ad.c.quarc erít.a.ad.c.ficut.d.ad.c.fi igitur.e.mon fit cquale 
c.accidet impoffibile z contrarius (ccunde partis.o. (i autam cqualis crit.b. ad.a. 
ficut.d.ad.c.quod cft propofitum. 

^g»opofitio .2o. 

FP] Y fucrint quotlibet quantitates aliegs fecundt earum na 
—8 merum quarum queas oue pzío2um fecundi. pzopoatio/ 
Ve nem ouarum poftremarum necefle eft impzopoztionalt, 
) Wal tate quida equalitatis vt fi fuerit pzima pzioxy vltima ma 

102. 4 pofterio:um pzímá vltíma effe maiozes. £2 fi mí/ 

no? 4 mnozem. Si yero equalis < equalem. 

C Demőftraturus cuclides modi arguendi qui dicit eq̃ ꝓpoꝛtionalitas ſiue qnti 

tates ouo o:dini virecte fiuc pucrfim pportioner:pmitrit ovo aticedétia ad dc / 

mõſtrãdũ ꝓpoſitũ neceſſaria:ꝑ quoꝝ pᷣmũ demõſtrat᷑ eq̃ ꝓpoꝛtoalitas cũ q̃ntita/ 
tes duoꝝ oꝛdinũ directe ꝓpoꝛtionat᷑:ꝑſᷣm aũt cũ ꝓpoꝛtionãt ꝑuerſim ꝓponit aũt 
hec duo añcedetia de q̃ntitatibꝰ duoꝝ oꝛdinũ numero eq̃libꝰ quecũqʒ fucrit. 23lr 

eni fumptis etrobigq; quatitatib? fcóm quecung; numecrum veritatem babet. nó e 
















— — — — —À— — 


ef MM. 
e 4 ^ 3 
— 4 — 


LIBER 


auté neceffe ut oamóftrrein? ca nifi folii i trib? boc eni oio fufticics Cad ppo f1/ 
tű.oc plľibus aŭt qdbufa; patebit p equå pportidalitate ch ipfa ocmõftrata fucrit 
¶ Sint igit trcs quátitatce.a.b.c.fumantqg tree alic q fint.c.d.f.4 fit ppoatio.a. 
ad.b.ficur.c.ad.d.«.b.ad.c.fícut.d.ad.f.oico qp fí.a.cít maio:.c. c. crit maio:.f. 
« fi mino: mino»: fi cqualis cqualíe.6i cni cft maio erít per prima pre.S.mato? 
p:opoitio.2.ad.b.q5.c.ad.b.quare per.12.maío: erit.c.ad.d.q5.c.ad.b. ⁊ qꝛ per 
cõuerſam ꝓpoꝛtionalitatẽ.e.ad.b.ẽ ſicut.f.ad.d.erit.c.ad.d.maioꝛ qᷓʒ.f.ad.d. 
itaq5 per prima pteé.ro. c.eft maior.f.qd eft propofitum. £29 fí.a.fit minoze.p eaf 
dem z code modo jpbabit .c.efTe minos. f.crit eni mino propo:tío.a.ad.b.q5.e. 
ad.b. p prima ptc.9.« idco per.12,« p coucrfam ppoztionalitate mino? erit.c. ad 
d.à5.f.ad.d.« idco p p:imá ptem. io.crit.c.mino:.f.q9 eft poopofitum.oi autcm 
a.fit cqle.e.crit p prima pte.7. pportio.a.ad.b .ficut.c.ad.b. « ideo p ficam.. z 
cOuerfam pportionalitate crit.c.ad.d.fiait.f.ad.d.quarc per prima pte.9.c.¢ ¢q / 
lis.f.quod cit propofitum.@ Ouida aut banc codufione oemonftraucrit cå per 
pportionalitatcm permutatim boc modo. ppc2tio.a.ad.b.eft ficut.c. ad.d. ergo 
pmuratin.a.ad.c.ficut.b.ad.d.zqz rurfus.b.ad.c.ficut.d.ad.f.crit permutatim 
b.ad.d.ficut.c.ad.f.fed erat.b.ad.d.ficut.a.ad.c.ergo per. it.crit.a.ad.c. ficut.e 
ad.f.itags per.14.fi.a.p2ima eſt maioꝛ.e.tertia.crit.c.ſecũda.maioꝛ.f.quarta:⁊ ſi 
minoꝛ minoꝛ:⁊ ſi cqualis equalis:quod ẽ ꝓpoſitum: ¶ Iſti autẽ crrauerunt ĩ ſua 
demonſtratione:qꝛ ſi eſſet intentio cuclidis ſic demonſtrare no opoꝛieret ipſũ pꝛe 
mittere hanc concluſionẽ ꝓ antecedẽte ad equã ꝓpoꝛtionalitatem: ſi enim rurſus 
fiat vna permutatio ꝓpoꝛtionalitatis ad quã dcuentũ eſt que eſt eſſe.a.ad.c.ſi / 
cut.€.ad.f.fequitur ꝙ ſit.a.ad.c.ſicut.c.ad.ſ.⁊ hoc eſt equa ꝓpoꝛtionalitas. Pꝛe 
terca eoꝛum concluſio non ſequitur:niſi omnes quantitates amboꝝ oꝛdinũ fuerit 
gencris vnius.Si cnim.a.b.e.ſint linee.⁊.c.d.f.ſupcrficies:aut coꝛpoꝛa:aut tem/ 
poꝛa:non erit tunc permutare p:opoꝛtiones:peccant igitur vniuerſaliter dictũ ꝑ/ 
ticulariter demonſtrantes. 


Pꝛopoſitio. 2i. 


Bj 3 fuerint quothbet quantitates alicq3 fecandum earum 
es numerum quarum queqs one ex pziozibus quibulqs oua 
n bue cx pofteríozíbus perucrlim comparate ſecũdũ pꝛo/ 
j! po:tionem earum fuerint.neceſſe quoqs € etfi fuerínt im 
proportionalitare equalitatís p2ío2um paura vltima ma 
102.7 pofterio:um paima vltima efle maío:em.fi autem míno2 5 mino 
rem.€5í vero equalie 4 equalem. 
( occndi antecedcis fint tree quátitates.a.b.c.fumanfas alie tres que funt.f. 
C.d.« fit pyopo:tío.a.ad.b.ficut.c ad.d.«.b.ad.c.fiait.f.ad.c.oico q fi.a.€. ma 
io1.c.f.erit maioz.d.« fi mino: míino::c fi cqualis.cqualie: bícauté probatur per 
eafde z code modo quo precedens:fi eni.a.fit maioz.e.crit maior pꝛopoꝛtio.a.ad 
b. qᷓʒ.e.ad.b.quare maioꝛ.c.ad.d.qᷓʒ.e.ad.h.⁊ idco maioꝛ qᷓʒ.c.ad.f. maioꝛ igit 
f.93.d.per fecunda partcm. io. quod eſt pꝛopoſitum.qð ſi.a.ſit minoꝛ.e.erit tan/ 


dem mino:.c.ad.d.q5 ad.f.quare per candem partem ewfde.f. crít mino:.d. oi 
autem.a.fit cqualis.e .fequitur ut fit proportio.c.ad.d.ficut.c.ad.f.igitur per fe/ 





condam partem.9.crit.f.equalis.d.quod eft propofitum. 


Vv 


S20pofitio. .22. 
Y faerínt quodlibet quantítatee alícas fecundum earum 
numerum quarum queqs oue fecundum pzopoznonem 
duarum cx primis in equa pzopo2tionalitate pzoportios 


"Lime 


MF 
i 
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¶ Demonftratis antecedentibus ad equá propotionalitaté.bic oc/ 
monitrat cam:z primo am quantitates ouorum o:dinü funt oirecte propoatío/ 
nales. Nó elt aŭt necele vt ocmottrarct nifi cii in vtroq5 ouo oxdinü funt tant 
tres quantitates. {Scr boc eni cuidenter fcquitur cum in vtroqs ordine fuerint qua 
tuo? quantitates « ocinccpez« ideo ctia nó opo:tuit eius afis cemóflrari nifi fol 
di ín etroq5 o:xdinc funt eria tres quantitates. Sint igitnr tres quantitatea.a .b 
c.ſumant᷑q; tres atte que funt.c.d.f. {tt proportio.a.ad.b.ficat.c.ad.d.7z.b. ad. 
¢.ficut.d.ad.f.oico q erit.a-ad.c.ficut.c.ad.f.fums eni.g.ad.a.z.b.ad.c. cq mul 
tiplicia. 3temas.k.ad.b.«.l.ad.d.cquc 2 rurfus.m.ad.e,¢.n.ad.f.eque. crit; p 
4.g. ad. k. ſicut. h. ad. l. ⁊. k. ad. m.ſicut.l.ad.n.quare per.20.ſi.g.eſt maioꝛ.m. erit 
b.maioꝛ.n.⁊ ſi minoꝛ minoꝛ:⁊ ſi equalis equalis.igitur per diffinitionẽ incotinue 
ꝓpoꝛtionalitatis ꝓpoꝛtio.a.ad.e.e ſicut.c.ad.f.qð ẽ pꝛepoſitũ. ¶ Pot quoqʒ hoc 
demonſtrari per.i5.huius ſumptis.g.k.m.ad.a.b.e.⁊.b.l.n.ad.c.d.ſ. eque mul / 
tiplicibus:erit enim per.i5.g.ad.K.ficut.b.ad..2.K.ad.m.ficut.Lad.n. cetera p/ 
tracta vt ping. Qò fi fuerint quantitates plures tribue in etroqs oxdinc:vtpo/ 
te quatuoꝛ additis.p.⁊.q.ita ꝙ ſit.e.ad.p.ſicut.f.ad.q.erit iterum.a.ad.p. ſicut 
c.ad.q.erit enim.a.ad.e.ſicut.c.ad.ſ.hoc cnim demonſtratum eſt. ſublatis igitur 
b. ⁊.d. erunt tres quantuates.a.e.p.⁊ alie tres.c.ſ.q.vt pꝛoponitur:quarc.a.ad.p 
ficur.c.ad.q.ficq3 oemaftratur oc4. pcr tres fublato vno medio. £ode modo oc/ 
monftrabis €. 5.pet-4.{ublatis ouobus medijs:¢ oc.s.pcr.5.fublatíe tribue: fic 
de ceteris. ^£opofitío .25. 
x2 5f futt quotlibet quautitatee alieqs fecundum! earum 
i| numerum quarum queq5 oue fecandn; propoztioné ou/ 
"WA arum ex pto2íbue indirecte pzopo?tíéoriate ut equa p20/ 
NED) MI po:tíonalítate pzopoztríones erunt. 
dt. (LDoanonftrat equam ;ppo:tionalitatem in quantítatibus oom 
o:dinii indirecte fíue. pucrfim pportionatis .Nec é necefle p ocmonftre nifi com 
ín €ttoq3 ouoz odinü funt tanth tres quantitates:p boc cni enideter fequit que/ 
(195 ponant i vtroq95 o:dinc ficut í premifla oc directe ppoxtionatis oemoftrath 
é.Sint (gif. 3.qntitates.a.b.c.fumátqg alie.3.q fint.f.c.d.« (it ppostio.a.ad.b.fí 
cut.c.ad.d.«.b.ad.c.ficut.f.ad.c.oico gp» cnit.a.ad.c. ficut (ad. d.fuma eni.g.ad 
a. ⁊. h. ad. c. ⁊. k. ad. f. eque muliiplicia. Itẽqʒ.l.ad.b.⁊.m. ad.e.⁊.n.ad.d.eque: 
critqʒ per quartã.g.ad.l.ſicut.h.ad.n.⁊ per i5.l.ad.m. ſicut.k.ad.h.quare per 
21.fi.g.addit (upcr.m c. k. addit ſnꝑ.n.⁊ ſi minuit minuit: ⁊ ſi equat equat:er / 
Go per diffinitionem incdtinue pportionaliatis ꝓpoꝛtio.a.ad.e.e ficut.f. ad.d. 
qo € pzopofitü. €1 [Soteft quoqs z boc oemóftrari p.15.bui füptie.g.l.m.ad.a.b 
.£.k. b.m. ad.f.c. d. eque multiplicibus :erit enim per. 15.g.ad.l. ficut.b.ad.n. 
« A.ad.m. ficut.k.ad.b. cctera pertracta vt prius. Conuenicntius tamcn oemon 
(trantur bec 4 premiila fecundm primum modum. €LQ9 (i plures tribus fucrint 
quantitates in vtrogs oxdine; erpore qtuo: additis.p. «.q. ita qp fít.a. ad.b.ficut 
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d.ad.q.¢.b.ad.c.ficut.c.ad .d.z.c.ad.p.ficut.f.ad.c.erit itcrum.a.ad.p. ficut.f 
ad.q.crít enim per predamonftrata.a.ad.c.fiaut.c.ad.q. Sublatis igitur. b.c.d. 
crunt trés quatitates.a.c.p.¢ alice tres.f.c.q.vt proponitur:quarc.a.ad.p.ficut.f. 
ad.q.Sicigitur oamonftratur de.4.per tres fublato vno medio. £ode modo oc/ 
monftrabis 0¢.5.per quatuor {ublatis oucbus medijs.z o¢-6.per.5.fublatis tri/ 


bus: fic in ceteris. 
WDropolitio -24. 
3 fuerit pzopoatío pzímí ad fecundus tangs tertit ad quar 
4| rum.pz0poatío vero quíntí ad fecundus. tangsferti ad qr 
ew | cum:crít pzopoztío pzimí 7 quinti pariter accepto2um ad 
fecundum tauqs feti 4 tertíí paríter accepto2um ad quat; 
tum. 
(19 (cóa pxopofuit oc multiplicibus bec proponit Vniuerfaliter oc omnib? p:0/ 
potionibus. vnde cf illa tanto cOmunioz quato multiplicitate proportio c fe ba/ 
bct ad illamzquemadmodum. ı3.3d pimam. Sit igitur prop ostío.a.b.ad.c. ficut 
d.c.ad.f.« ít&.b.g.ad.c.ficut.c.b.ad.f.oico q» pxopontío.a.g.ad.c. cft ficut.d.b. 
ad.f.crit enim per conueríam piopostionalitatem.c.ad.b.g.ficut.f.ad .e.b.quare 
per.22.crit in cqua popoationalitate.a.b.ad.b.g.ficut.c.d.ad.c.b.crgo coniun, 
ctím per. 19.8.5. 8d.g.b.ficut.d.b.ad.b.c.itaq per.22.crít in cqua propo:tíonali 
tate..3.ad.c.ficut.d.b-ad.f.quod cft psopofitum. 
(5:opofitio | .25. 
«3j fuerínt qnanntates pzopoztionales:fueritgs prima ea; 
N CƏM rum maxima. vltíua minima. pzimam « vltimas pariter 
9 ! > acceptas ceteris ouabus mains efle neceflario copzoba/ 
M (f. F | P tur. 
Ra 2L ( 0 bíc proponitur nó babet locum nifi cum omnee quatuo: quà 
titates fint ciufdem generis. Sint igitur quatuo2 quantitatus ciufde generis p20/ 
po1tío.a.b.ad.c.d.ficut.c.ad.f.fitqs.a.b.maxíma:neqs opoict ponere g.f.fit mi 
níma:quia ipfum ex boc fcquítur cp.a.b.poftta eft maxima.lende non pofuit boc 
aucto» in condufione tanq pofitionem:fed potius tang; prccedentis pofítíóis có 
dufionan.oico ꝙ cum íta fuerit maius crit aggregatum ex.9.b.4.f.d5 ex. c.d.«.e 
£um ením.a.b.fit maío:.e.abfcindam ex.b.a.g.b.equalem.c. @Similiter quogs 
quis.c.d.eft maioz.f.abfandam ex.c.d.b.d.equalem.f.critgs propter ypotbefim 
a.b.ad.c.d.ficut.¢.b.ad.b.d.quare per. 19.2.8. refiduum ad. c.b. rcfiduum ficut 
tota.a.b.ad totu;.c.d.f.a.b.ad.c.d .£0 ergo.a.g.fe babet ad.c.b.ficut.a.b.ad.c 
d. fed.a.b.e maio2.c:.d.quarc.a.g.maío: cft.c.b.additis igitur vtríqs ouab?quan 
titatibus.g.b.z.b.d.erít per comunan (cicntíam aggregatum ex.a.b.⁊.h.d. ma / 
ius aggregato cx.c.d.¢.g.b.2 quia.d.b. pofita cft equalis. f.z.g. b.e. maius erit 
aggregatum ey:3.b. t. f.quà aggregatum ex.c.d.«.c.quod eft propofitum. 
1f:opofitío .25. 
rae 3 fuerit quao? quantítatum p:opoatío pzíme ad fecun 
| GM dam maio: quam tertíe ad quartam. erit conucrfis econ/ 
Vali trario ppoztio fede ad p2imd mino2 G3 quarte ad ternam 
fg | Sit pportio.a.ad.b. maior q3.c.ad.d. ico op erit ccduerfo md Srio 
t: mioppoxtío.b.ad.g.q5.d.ad.c.fi ei c cadé.b.ad.a.q e.d.ad.c.crit 













v 


ccóueifo.a.ad.b.vt.c.ad.d.f5 nő čimo maior At vcro fi e.b.ad.a maio: q5 d.ad 
c.fít.c.ad,a.vt.d.ad.c.erítas cx. 12.c.ad.a.mio1 q3.b.ad.a .qrc cx pma paric.io.c 
émio:.b. 3dcogs cx fcóa parte.8.maiorerit pportio.a.ad.c.q3.c.ad.b.z.q2p con 
ucrfam proportionalitatan.a.ad.c.ficut.c.ad.d.crit cx.12.pzoportio.c.ad.d.ma 
(02 q5.a.ad.b.fcd erít minor: rdinquitur crgo propofit 1 [»otflumus quogs fiti 
bct aftrucre pzopofitum often(ine:manifeftum enim eft cx prima parte.io.qy ílla 
quantitas cuius ad.b.eft.cadcm propositio que eft.c.ad.d.cft mino2.a.co @ po/ 
nitur maio: propo:ío.a .ad.b.q5.c.ad.d .illa crgo quantitas fít.e. cum fit igitur 
p:opoxtio.c. ad.b.vt.c .ad.d.crit cconucrfo .b .ad.e.vt.d.ad .c. £onftat autem 
cx fccunda parte.3.op p:opotio.b.ad.a.míro: eft q5 p:opotío.b.ad.c.itaas per 
12.p20portio.b.ad.a.cft míno: q5. d. ad.c.q9 voluimus. 


Pꝛopoſitio 2⸗. 






| n Y faerit quatuo2 quantítatum maío2 paopoatío pzíme ad 

$359 lecundam.q5 tertie ad quartam. erít permutatím maío2 
pꝛopoꝛtio pꝛime adtertiam. quam fecunde ad quartam. 
t IG oit bic quoqsp:opo:tío.a.ad.b.maio: q5.c.ad.d.oico q crit per 


7 EN 


LX 4xl| mutatim maioz proportio.a.ad.c.q3.b.ad.d.cadens enim non erit 
quía tunc quog; effet permutatim.a.ad.b. ficut.c. ad.d. neq; minoz. am fi boc 
ponatur:ſit itaq; .e.ad.c.vt.b.ad.d.eritqʒ ex.iꝛꝝmaioꝛ ꝓpoꝛtio.e.ad.c.qʒ.a.ad 
c.quare ex pꝛima parte.io.e.cſt maioꝛ.a.Itaq;ʒ per pꝛimam partem.s.pꝛopoꝛtio 
e.ad.b.cſt maioꝛ qʒ.a.ad.b.⁊ quia pofitum eft vr fit.e.ad.c.ficut.b.ad.d. crit p/ 
mutatim.c.ad.b.ficur.c.ad.d.ex.i12.iguur maio: crit p:oportio.c.ad.d.q3.a. ad 
b.fcd pofitum erat oppofítum:verum eft ergo p:opofitü: LO ftéfiuc quoa; idem 
qucadmodum in picmi(fa: fumpta enim cft.c.ad.b.«t.c.ad.d.crít cx prima parte 
10.€.mí02.3.quarc cx pring parte. $.maio2 erit.a.ad.c.q3.¢.ad.c .fed cx perinu 
tata proportionalitare eft.c.ad.c. vt. b.ad. Id. igitur cy-12.8.ad.c.cft maio: q5.b. 
ad.d.quod cft p:opofítuim. ; 
Pꝛopoſitio .28. 


| 3 fuerínt quatuo2 quantítates quarum pzime ad fecunda 
it maío2 pzopoatío q5tertie ad quartam.erit quoq5 con 
| ioncaim maío2 propoatío pzíme ⁊ ſecunde ad fecudam q5 
4| tertíe s quartead quartam. 
*3|G oit maio: piopoiío.a.ad.b.q5.c.ad.d.oíco p maior erit totius 
3.b.ad.b.q; totíus.c.d.ad.d.quia ipfa neas crit equalis ncq; mino1.Oí cni equa 
lie: tunc erít oifíunctim.a.ad.b.vt.c.ad.d. oí autem eft mino:x:fit.e.b.ad.b. vt.c 
d.ad.e.crítas cx.12 0aí0? popoatio.c.b.ad.b.q5.a.b. ad.b. itaq ex prima par/ 
t€. to.€.b.eft maío1 Q5.a.b.« pcr cóceptionam.c.maio? d5.3. quarc cx pima par 
tc. S. maío: eft p:opoatío . c. ad.b. q5.a.ad. b.( ed.c.ad.b. eft ot .c. ad .d. per 
difiunctam proportionalitatem:co qp erat.e.b.ad.b.vt.c.d. ad.d. ergo per.i2.c. 
ad.d.eft maío: q5.a.ad.b. boc autem eft contra ypotbc.G. 3dem etiam oftenfi/ 
uc: cum enim propofitum fit q maior fit proportio .a.ad.b. 95. c. ad. d; 
fit proportio .c. ad.b. ve. c. ad.d, eritqg ex piirma parte occimc. e, mino: . a. 
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3dcoas cx cómmni fcientig.c.b.crit míno:.Q5.9.b. quare ex pima parte -s. maio 
crit p20po2tio.a.b.ad.b.q3.¢.b.a4.b. At vero proportio.e.b.ad.b.eft per coniun 
ctam preportionalitatem ficut.c.d.ad.d.pofitum enim cft vt fit. e.ad. b.tanqua 
c.ad.d.igitur cy. 12.maío: eft.a.b.ad.b.q3.¢.d.ad.d.quod cft propofitum. 


^f»opolitío .29. 


Y fucrit quatuo2 quantitates quarum pzíme 4 fecunde ad 
fecundam fit maío2 p2opoatío q5tertíc 4 quarte ad quar; 
tam . erít quoq oífinnctís propoarío paíme ad fecundam 
maio q5 tertíe ad quartam. 
jC Sit proportio.a.b.ad.b.maio2 q3.c. d.ad. d.vico q erit diſiun / 
ctim p2oportio.a.ad.b.maio2 q5.c.ad.d.alioquín erit equalis vel mio2.qd fi equa 
tis crít per coniunctam piopoationalítatem.a.b.ad.b.ut.c.d. ad.d. fí autem mí/ 
no: crit maior.c.ad.d.q3.4.ad.b.crgo per premiffam maioz crit.c. d.ad-d.q3.a. 
b.ad.b.quod elt inconuenicus:quia pofitum cft q minor. verum eft ergo qö vici 
tur.Qd ctiam oftenfiue aftrucmus boc modo poncmus enim nt proportio.e .b. 
ad.b.fit rand; piopoitío.c.d.ad.d.crítq; ex prima parte.io.c.b.mino1 G3. a.b. 
quarc cx communi fcientia. c.cft mino: q5.2. miro? igitur eft cx prima parte .8. p 
portio.e.ad.b.q3 fit.a.ad.b.fed p2oportio.c.ad. b.cft ficit.c .ad.d. ex oifinncra 

:0po:tíonalitatetita35 cx. 12. p:opoatío.a.ad.b.cft maio: Q5 fit.c.ad.d. quod eft 
p:opofitum. 

Pꝛopoſitio .0. 

iY fuerint quatuoz quantitates quarum pzíme < fecunde 
ad fecundå fit maio? pzopoztio ĝ3 tertie 4 quartead quar 
tam: erit euerim mino? pope pzíme 4 lecüdead pzí 
mam qstertie 7 quarte ad tertíam. 
us | Sit maio: proportio.a.b.ad.b.q3.¢.d.ad.d. oíco » eucrfim mi/ 
no: crit poopoitío.a.b.ad.2.q5.c.d.ad.d.crít enim oifinnctim ex pxemiffa maio 
pr0portio.a.ad.b.q3.c.ad.d . 3ta5 per.26-erít econucrío míno:. b.ad.a. q5.d. 
ad.c.quare per ante pxerníffam coniunctüm mínoo erít.b.9.ad.a.45.c.d. ad.c. qd 
ct propofitum. 





Wropolitio .31. 


iY fuerint tres quantitates in yno ovdine. itemastresin 
alío fuerítqs aime pzíozum ad fecundam maíoz p:opo: 

tio quam p2ime pofteríozum ad fecundam .ítemqs fecun; 

id| de pziozum ad terttam maío2 quam fecunde pofteríozum 

Gt; ad tertiam.erit quoq5 pzíme p2ío2u5 adtertiá maío2 p20 

po2tto q3 pzime pofteriorum ad tertiam. 

Goin: trce quátitates.a.b.c.tteq5 alic tres.d.c.f.fitas maio: ppontio.a.ad.b.d; 





 Q.ad.c.itéq; maío:.b.ad.c.q5.c.ad.f.oíco q» maio: crit pportio.a.ad.c.q3.d.ad 


f-fit cmi.g.ad.c ut.c.ad.f.critq5 cx pma pte.1o..g.mio:.b.Qre ex (coa pte.8.p10/ 
portio.a.ad.g.¢ maioz q3.a.ad.b.mlto maioz ergo € pportio.a.ad.g.q3.d. ad.c 
fit itaqʒ.h.ad.g.vt.d.ad.e.eritqʒ ex pᷣma ꝑte.io.a.maioꝛ.h.q̃re ex pᷣma ꝑte.s.ꝓ/ 


VO 


portio.a.ad.c.maioz cit Q5 proportio.b-ad.c. At vero propostio.b.ad.c. cft pet 
equam proportionalitatem:ficut.d.ad.f.cit cnim.b.ad.g.vt.d.ad.c.¢.g.ad.c.ve 
c.ad.figitur cx. 12.proportio.a.ad.c.cit maior q5.d.ad.f. quarc conftat propoft 
tum j 

Wzopofitio .32. e 






T Y fuerint tres quantitates in oro ozdine. ítemqs treeín 
; alio füeritq5 pzopoatío fecunde priozum adternam ma/ 
"dio quam pzime pofterto:um ad fecundam 3ftemqs piime 
Pw Mip:ioum ad fecundam maio: quam fecunde pofterio2zum 
OQ Ziad tertiam.erit maioz p2opo2tio pzime pziozm ad tertia 
quam pme pofterio2um ad tertiam. 
C Sint enim tres quantitates in vno oxdínc.a.b.c. Ftengs tres inalio.d.c.f.que 
admodum in premiflasfitq; maioz proportio.b.ad.c.q3.d.ad.c.z maio2.g.ad.b. 
q3.¢.ad.f.oico cp maior crit.a.ad.¢.q5.d.ad.f.fit enim.g.ad.c.vt.d.ad.c. eritg5 
g.minoꝛ.b.per pꝛimam partem · o.quare maiozerit proportio.a. ad.g. G3 ad.b. 
per fecundam partem.s.igitur multo maío: cft.a.ad.s.q5.c.ad.f.fít itaq;. b. ad 
g.vt.c.ad.f.críta5.a maio. b.c prima parte. io.quare piopo:tío.a. ad.c. mato? 
eít Q5.b.ad.c.ex prima partc.8.8t ecro.cx.25 .p:opoitío.b.ad.c.cft tanquá.d.ad 
f. eo qð eſt.g. ad.c.vt.d.ad.e.⁊.h.ad.g.vt.e.ad.f.igitur ex.iꝝ.maioꝛ eſt pꝛopoꝛ/ 
tio.a.ad.c.qʒ.d.ad.f.quod eſt pꝛopoſitum. 


Pꝛopoſitio .33. 


NI fuerit pꝛopoꝛtio totius ad totũ maioꝛ: q̃; abſciſi ad ab/ 
ſciſum erit reſidui ad reſiduum maioꝛ pꝛopoꝛtio G5 toti/ 
f, usad totum. 
1| oínt onc quantítatee.a.7.b.a quibus abfcíndantur.c.2.d.« refi / 
*ES| dug. (üt.c.«.f.fitqs maio: propoitio.a.ad.b.q5.c.ad.d.oico g» ma 
io2 crit proportio.c.ad.f.q3.a.ad.b.crit enim cx.27. permutati maio: piopoitío 
2.ad.c.q5.b.ad.d.quarc cy-3o.crít cuerfim mino: popottio. a. ad.c.d5. b.ad.f. 
igitur rurfus cx-27.pcnmutatum mino? crít,a.gd.b.q5.c .ad.f. quod cft pꝛopoſi/ 
tuin. 






Paꝛopoſitio .34 


y quotlibet quantitates ad totidem alias comparentur. 
fueritqʒ cuiuſſibet pꝛecedentis ad ſuam relatiuam maioꝛ 
pꝛopoꝛtio q̊ʒ alicuius ſubſequentis ad ſuaʒ.erit omnium 
harum pariter acceptarum ad omnes illas pariter acce/ 
] ptae maío2 pzopoatío qxalícuiue fübfequentius ad füam 
comparem aut etiam ġ3 omnium pariter acceptarum ad omnes part, 
ter acceptas:minoz autem q5 pzíme ad primam 
Sit.3.qntitates.q.b.c.rdate ad roride alias q fit.d.c.f.fitqs maiosppostío.a.ad 
d.q5.b.ad.c.«.b.ad.c.fit maío: q5.c.ad. f.oico qp;ppoitio.a.b.c.píter accepta. 
ad.d.c.f.píter acceptas. € maio q5.b.ad.c.vE mato: dp.c. ad.f.« eriá maio. q5.b 
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c.c.pariter accepta ad.c.c.f.parítcr acceptae:c qp ipfa eft mino: 5.2 .ad. d.ci 
fit cni.a.ad.d.ma:o2d5.b.ad.c.crít permutatim.a.ad.b.maío: q5.d.ad.c.7 con 
iunctim.a.b.ad.b.maio: q5.d.c.ad.e.« iterum pennutatim. a.b.ad. d.e.maío 
q5.b.ad.e.quarc per pxcmi(Tam.a.ad.d.cít maío: q5.a.b.ad .d.c. codeqs modo 

* phat maiozx ẽc.b.ad.e.qᷓʒ.b.c.ad.e.ſ.itaq; maioꝛ ꝓpoꝛtio ẽ.a.ad.d.q;ʒ.b.c.ad.e 
f.qrc permutatím maio: cft. a.ad.b.c.q5.d.ad.c.f.« coninncrim maio:.a.b.c.ad 
b.c.q5.d.c.f.ad.c.f. itcrum permutatím maioz.a.b.c.ad.d.c .f.q3.¢.b .ad.c.f. 
quarc per pxetrtí(Tam maio: cft.a.ad.d.35.a.b.c.ad.d.c.f. quod cít ;ppofttum. 
£yplicit liber quintus 3ncipit liber Ocyxtus. 


Aperficies ſimiles dicũt q̃rũ anguli vnius 
p om altcrius equales.lateraq3 equos an 
aulos continentia p20poatioralia. 
(.23t fi trigonus.a.b.c.fucrít equtangulus trigoro 
d.«.f.fucritas angulus.a.equalis angulo.d.< angu / 
lus.b.cqualis angulo.e.z pportio.a.b.ad.d.c.ficut 
a.c.ad.d.f.z.b.c.ad.c.f.ipficrunt fimiles. 
Fan Aperficies mutuox laterum (üt 
hp inter quarum latera wicontintia 
pꝛopoꝛtionalitas retraſlitine pa/ 
betur. 


= Pe K 
Qr 
c.f. popoitío .a.b.lateris primi.ad. d.c.latus fecundi fucrit (icut popo:tio. c-f. 


Git (í 0002 quadrilatcrum.a.b.c.d. 
c lateris fecundi.,ad.b.c.latus p2imisilla ouo quadrilatera dicuntur mutuownt la / 
terum fige mutckcfig.G 7 inca oicitur dividi fecandd p2opoxtione babente media 
t ouo cxtrcma quando cadem cft proportio totius ad maiozem fui feccioné que € 
maiozis ad minozen. 
















YPropofitio 1. — . 
7 Sogan rectlincarum fuperficierum equidiftantium 
1| laterum fine triangulosum füevítaltítudo vna:tanta erit 





f 
alterutra earum adalteram.quanta fua bafieao bafim al 
hk t a D n 1| criug. 

DE — — a oint ouo paralcllograma.a.b.c.d.c.f.cqualis altítudinis.oíco cc 
ppotioné coni:ficut.b.c.ad.e.f.ponam illa'ouo paralcllograma fup linc vnam 
que fít.g.m.crütqs propter boc g» funt cqualie altitudinis inter lincas equidiftan 
tce quarü fit altera .k.n.ocinde cx línca.g.m.fuma.g .c.multiplice fm quécumas 

"LUE : i numeri €olucro.a.d.b.c.c oínidà eà ín ptes equales.b.c.in punctis.b.z. b.a qui 


bus c purito.g. ouca equidiftantes linee.a.b.que füt.g.k.c.b.1.« coplebo fupfici 
ce cquidiftantii latcrü.K.b.«.L.b.erítqs enaqqs cari p. 36.piimi equalíe.a.c. qrc 
ficut linea.g.c.€ multiplex lince.b.c.ita fupficies.c.k.fuperficiet.a.c.Siliter quoq; 
ad linca.c.f.(umá cx línca.g.m. linca. f.m.moltiplice fm queciig3 numeri volucro 
c.f.« cóplcbo fuperficie cquidiftarium laterum oucta linca.m.n.cquidiftáter lincc 
d.e.eritq; (nperfícice .n.f. ita multiplex (nperficici .d.f.ficut línea .m.f. liuce.c. 
f.«quía pcr. 36- primi fi linea.g.c.eft maio: línea. f. m.fuperficice.k.c.cft maio fu 
perficic.n.f.ct fi mino: míno: .et (i equalis caualis crit per oiffinitioncs icótinuc 


Vi 


poportionalitatis eadem ppoxrtto bafís.b.c.ad bafim.c.f.que cft fuperftcici.a.c. 
ad fupcrficie.d.f.quod eft propofitum. C2 triangulis equalis a'títudinis idein 
pꝛobabis:⁊ codem modo per.38.primi ouctis liners a9 extremitatibus e3% quas 
ad bafes fumes multiplices ad vertices triangulon; 


(^:opofitío —.2. 

zm 3 linca vecta ouo trianguli latera fecans reliquo fuerit 

equidiftanezeam ouo illa latera popoztiorialiter fecare. 
WA | Dt vero, ppo2tionaliter fecet eà reliquo latere cquidifta 

a Idi re necefle eft. 

"EU (LOit rriangulus.a.b.c.cuíus ouo laterg.a.b.4.a.c.fecet línea. d.c. 
equidiftanter tertio faterí.qo cft.b.c. oico q» crit ;ppotío .a.d.ad.d.b.fict .a.c. 
ad.c.c.« ecóucrfo fi fucrit ;ppoztío.a.d.ad.d.b.ficut.a.c.ad.e.c.linca.d.e.crit eq 
diftans lince.b.c.pzotrabam cni ouae lincas.e.b.c.d.c.eritas pcr.37.p:imi trian 
guius.¢.d.b.equalis triangulo.d.e.c.p:optcr id qò ipfi funt ambo fup lineã. d.e. 
inter lineas equidiſtantes.itaq; per ſcõam partẽ.⸗.quinti:ꝓpdꝛtio trianguli.a.d. 
c.ad vtrũqʒ iloꝛum erit vna:ſed ꝓpoꝛtio ciꝰꝑpꝛemiſſã ad triangulũ.e.d.b.ẽ ſicut 
lince.a.d.ad hineã.d.b.⁊ ad triangulũ.d.e.c.ſicut lince.a.e.ad lineã.e.c. Nam ípe 
cain vitog5 tloz eft equatis altitudinis:quare ertt pportio.a.d.ad.d.b.ficut. a.¢ 
ad.c.c.qo cit primum. £t fi boc fucrit exit per pꝛcmiſſam ipſius.a.d.e.vtrũqʒ; 
illoy proportio tnazquare per fecundam partem. o.quinri ipfi funt adínuicé cqua 
lea:7 quia ipfi funt fuper candc bafum. vidclicet lincam.d.c.c ex eadem. pte crit p 
3o.piimi:linca.d.e.cauidiftans línce.b.c.q9 eft fccundum. 





Y er 


pa 4. 

Pec R3 ab aliquo angulozum trianguli línea recta ad bafim o 
( (€i cta angulum illum per equalía fecet: dnas partes iph? b<: 
wA fisreliquis eidem trianguli lateríbus p2opoatioriales 
RESA II cfle. €^1 vero oue partee balie quae línea ab angulo du 
pe 4 cta otfiinguit reliquíe cran guli lateribus ,ppoztionalee 
laerint lineam íllam angulü p equalía owidere neceffario copzobat. 
(oit trígonus.a.b.c.cuiue angutum.a.oiutdat línea. a.d.p equalia :owo qp p10 
po:ío.b.d.ad.d.c.eft ficut.b.a.ad.a.c. e ccóucrfo: protrabam ením.b.c. equidi/ 
ſtantem.a.d.⁊ pꝛoducã.c.a.quouſq; concurrat cũ.b.e.in puncto.e.eritq; per pꝛi/ 
mam partẽ.20pꝛimi angulus.e.b.a.equalis anguld.b.a.d. ⁊ per ſcõam partem 
ciuſdem angulus.c.angulo.d.a.c.quare angulus.e.cſt equalis angulo.e.b.a.ergo 
per.o.pꝛimi.c. a.eſt equalis.a.b.⁊ idco ꝑ pꝛimã partem.ꝰ.quinti pꝛopoꝛtio.c.a. 
ad.a.c.ẽ ſicut.b.a.ad.a.c.ſed per pꝛemiſſam.e.a.ad.a.c.ẽ ſicut.b.d.ad.d.c.ergo 
b.a.ad.a.c.ficot.b.d.ad.d.c.quod eft primum. Secunda pars que eft conuerfa 
prime ptis probabitur conuerfo modo. Ditanente enim eadem oifpofitione fi fue 
tít pyopoatio.b.a.ad.a.c.ficut.b.d.ad.d.c.quarc per pemiffa.c.a .ad.a.c.€ (icut 
b.d.ad.d.c.crit cadem piopoitio.c.a.ad.a.c.que cít.b.a.ad.a.c. ergo per prima 
partem.9.quiltti.c.a.¢.a.b.funt equales. quare per.5 .piirii ouo angulí.c..c.b.a 
funt cqualce.igitur pcr píma c fecunda partam.29.pzimí angulue.b.a.d.c equa/ 
lis angufo.d.a.c.quod eft fecundum. 







f 
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Pꝛopoſitio . 


MDnium duorum trianguloꝛum quoꝝ anguli vnius an/ 
Ge «| gulis alterius funtequalee:latera equos angulos reipici 





|| entia türnit poopoanonalia. 
(AiG Sunt ovo trianguli.a.b.c.d.e.f.equianguli.fitqs anguius.a. eq / 
erases} lis angulo.d.c angulus.b.angulo .c.« angulue.c. angulo.f.vico œ 
Pportio.d.c.ad.a.b.¢.d.f.ad.a.c.eft fiait.c.f.ad.b.c.pona enim ambos trian/ 
gulos fup lincà vnã que fit.e.c.ita qp ouo angoli «nius qui crunt fup banc lincam 
fint canales ouobus altcrine qui crunt fuper candc.non quidc medtue mcdio auc 
extremus cxtremo.fed medius vnius cxtremo alterius. poná ouos co: medios 
angulos in codé pücto coirc.fitqs.a. f.c.ipfe ide triangul? q erat.a.b.c. «q? angu/ 
Ing.a.f.c.c egli angulo.c.5 angulus. d.f.c.agulo.c.p ypotbefi5: crit p p:umà par 
tcm.29.pzimi Linca.a.f.cqpidiftans.d.c.c.d.f.cquidiltans.a.c.cóplkcoo igitur fu/ 
perficicm equidi(tantium laterum que fit.g.f.eritqs per.34.pumi.g.a. equa'is.d. 
f.z.g.d.cqualis.a.f.quia. ergo per feadum buius.g.a.ad.a.c.fiait.e.f.ad.f.c.ct 
per candem.e.f.ad.f.c.ficut.c.d.ad.d.g.erut per.7.quinti .d.f.ad.a.c. zper can’ 
dem.c.d.ad.f.s.ficut.c.f.ad.f.c.quod cft propofitum. 


^f»:opofitío +s. 

fS nium ouo2um triangulo20 quo cunctoü laterü fe 
fe refpicíentii € poopo2no vria anguli lateribus ,ppo2tio 
nalibus contentt cqut fibt inuices elle pzobantur. 

Chcc cit conuerfa priors nec fect ex ca z prcmifla yna cOdufionein 
| ficut fccit in fecunda 4 tcrtia buiue?q? nec cade figurationc ncc ciíde 
medijs ocmonftratur quibus peedens. Sint itaq3 ovo rríanguli.2.b.c.d.e.f.fitq; 
p2oportio.a.b.ad.d.c.z.a.c.ad.d.f.ficut.b.c.ad.c.f.oico q angulus.a, € cqualis 
angulo.d.« angulus.b.angulo.c.« angulus. c.angulo.f.conititua fuper tincam.c. 
f.in oppofita ptc tríanguli.d.c.f.angulà .f.c.g.equalem angulo.b.« angulit. c.f.g 
cqualem angulo.c.eritq5 per.32.pzimizangulue.g.cqualis angulo. a. ergo per prc 
mtflam p:opo:tío.a.b.ad.c.g.2.3.c.ad.f.g.(icnr.b.c.ad.c.f.quare.a.b. ad. d.c: 
ficut ad.c.5.«.2.c.ad.d.f.ficut ad.f.g. igitur per fccundam partcm none quinti 
d.c.cft equalis.c.g.<¢ per candem.d.f.cqualis.f.g.quare per.$.p2imi: ovo trian /| 
guli.d.c.f.c.g.e.f.funt cquianguli:quare crgo triangulus.g.e.f.cit etiam equian 
gulus triangulo.g.b.c.conftat propofitum. : 





Ag :opofitío .6. 


Eom £3 nes ouo trianguli quozum vnus angnlus vni? yni an 
lS. W guloalreríus edlis. lateraqs illos duos equos angulos 
ERAS) —535 pꝛopoꝛtionalia ſunt inter ie inuicem equian / 
SDA) gulí. 

¶Vaneat pꝛioꝛ diſpoſitio.⁊ ſit ſolũ angulus.b.equalis angulo.d. 
c.f.⁊ pꝛroportio. a. b. ad. d. e. ſicut. b.c.ad.e.f.dico adhnc duos triãgulos.a.b.c.d 
¢.f.efle equiangulos: cam enim ſit per.a.huius pꝛopicr poiheſes pᷣmiſſc concln/ 







VI 


(ionis.a.b.ad.c.g.flaut.b.c.ad.e.f.erir.a.b.ad.d.e.fíat.a.b.ad.e.a. quare per fe 
amdam partem nonc quíntí.d.c.eft equalis.e.g.quia crgo ouo latcra.d.c.«.c.f. 
trigoni.d.c.f.funt equalia ouobus latcríbus.e.g.c.c.f.trigoni.g.c.f.« anaulus.e. 
«nius angulo.c.alrcriuszquía €teras eft equalíe angulo.b.ipfi crunt per quartam 
pini equianguli z quia. c.g.f.cft etiam equiangulus.a.b.c.patet propofitum. 


Pꝛopoſitio .. 






J fnerint dno trianguli quoꝛum vnus angulus vnius vni 
angulo alterius Soe fnozum reliquozum angu 
Oy “ex lo2um lateribus p2opoztionalibus contenti:ono2um ve/ 
xp Feito Semum reliquos eterqs aut neuter recto angulo mi 
SL no» neceffe eft illos onos triangulos omnibus fnis angu 
lis inter fe innicem equiangulos effe. 
Sint ono trianguli.a.b.¢.d.c.f.fitg3 angulus.a.equalis angulo.d.z propontio 
9.c.ad.d.f.ficur.c.b.ad.f.c.« vterqs ouoz angulozum.b.4.c.aut nenter fit mino? 
rccto:oico coe efTe equiangulos. Oi cri angulue.c.«mífus cft equalis angulo.f. al/ 
terius:patet propofítü per pxamiffam.Gín autcm fit.c.maío: fíatqs angulus. a.c 
g.cqualíe cídam:crítqs per.5 2.pzimí tríangulus.a.g.c.equíangulue triangulo.d. 
c.f. quarc pcr quartam buius praportio.a.c.ad.d.f.f icut.g.c.ad.c.f.f5 fic fuit.b.c 
ad.c.f.ergo per.9.quínti.g.c.c.b.c.fübtiequales .ergo per quintà primi angulus 
b.ef equalis angulo.b.g.c.fi ergo neuter ovo anguloy.b .2.c. fuerit mino2 re/ 
cto:accidet ouos angulos vnius trianguli nõ efle minozes ouobus rectis: qò che 
tion poteft per. 32.primi Od fi €terqs fucrit mino? recto:erít agulus.a.g.c.maior 
recto per.13.primi:quare « angulue.c.fibi cqualíe eft etiam recto maior qd € con 
tra ypotbe.quare ocftructo oppofito remanct p:opofítii: opoatct aũt vtrũq; an/ 
&uloxim reliquo aut ncutrü cfTe minoxm recto.poffibile eim eft in codem tri/ 
angulo vt ín triágulo.a.b.c.[:ncam.g.c.cé cqualé.b.c .« iõ erit.a.c.ad vtraqʒ cag 
va proportio per-7.quinti. Nec tame erunt triangulí.a.g.c. 2.8. b.c. equianguli 
quãuis *nus angulus €nius fít equalis vni angulo alterius immo idem €t angu/ 
lug.a.« p:opostio línec.a .c. put eit latus magni ad.a.c.p:out cft latus pui ficut 
b.c.latus magní. ad.g.c. latus parui . etraqs ením equalis : z boc eft ppter boc 
q angulue.g.mínozie cft maio: reato:c angnlus.b. maioris minoz. Nam in omni 
triangulo ouum equalium latcrum vterqs anguloxum quí funt sd balim ch mino? 
recto. 


^(»:opofitío .s. 






EQ 

a £255 bafim perpendicularis oucatur. erít ipfa perpendícula/ 
ris inter ouas fectiones ipfius bafis pzopoztionalis. Fremg5 vtrig5 
latue ínter totam bafim atq; fibí conteriminale bafis poztionem. 


E Sit trigonus.g.b.c.o:xbogonius eiuſqʒ angulus.a.rectus a quo — d. 
2 





¥ ab o2thogonij angulo recto ad bafim linea perpendi 









lo « fibi ímícem fimiles. Ande etiam mamfeftum eft quia 
in omni triangulo rectangulo fi ab eius angulorecto ad 





cularis oucatur. fier ovo trianguli partiales toti triangu 
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pérpendicularis ad bafím.6íco ꝙ vterqʒ duoꝛum trianguloꝛum partialium qui ſũ 
a.b.d.a.d.c.ſimilis eſt totali triangulo.a.b.c.⁊ «nus co:im alteri. c cnm vicrqs 
ipfoxin cquíangulus totali pcr.32.p:ünt.co q vterq5 cft o:tbogonius « in eno 
angulo cómunicat cum totali:quare « fibi inuicem funt equíanguli. ta qp angulus 
b.cít cqualis angulo.d.a.c. 4 angulus.b.a.d.angulo.c. z ovo angult qui iunt.ad 
d.ſibi inuicem ⁊ angulo.a.totali equales:quare per.a.huius latcra equos coꝛum 
angulos reſpicientia.ſunt pꝛopoꝛtionalia:ergo per diffinitionem ſunt ſimiles:qð 
eſt pꝛopoſitum:vtrũqʒ coꝛꝛeł.ex bis euidenter apparet. 


Prꝛopoſitio .9. 
Aabus lineis pꝛopoſitis tertiam inter eas ſub pꝛopoꝛtio 
N nalitate contínua — 







SSi ri fitqs tota ex cis compofita.a.d.ita g. b.d.fit cqualc.c.« fupcr to/ 
tamocfabo femícirculum.g.c.d.c p:oduco .c.b. vig ad circunifercntigin per/ 
paidicularem ad líncam.a.d.oico lincam.b.c.c(Te qué querinius :pzoduco enim 
lincas.c.a.z.c.d. eritq; per.30.tcrtij angulus.c.totalis rectus square per pimam 
parté conc. premille ppoxtio.a.b.ad.b.c.ficut.b.c.ad.b. d. qdcit propofitum. 


| : Pꝛopoſitio o. i 






=z abus lineis datis tertiam eisin continna propoztiona 
EA v litate fübíunigere., 
¶ Sint due lince pꝛopoſite.a.b.⁊.e.quibus volo tertiam ín cótinua 
AMpꝛopoꝛtionalitate ſubiungere: coniũgo lineam.c. angulariter vt cõ / 
zs eu cingit cus linca.a.b.fitq;.a.d.fibi equalis. ⁊ pꝛoduco lineã.a.b.vſqʒ 
ad: c.oonec fiat.b.c.cqualis.a.d.¢ pzotracta linca.b.d.a puncto.e.onco lines fi7 
bi cquidiftantcm3 2 lincam.a.d.pzoduco quoufgs concurrantin puncto. f.oico 
igitur lincam.d.f.c(Tc qué qucrimus.cft cnim per fecandà buins p:0pox:to.a.b. 
ad.b.c.fícut.a.d.ad.d.f.fcd.a.b.ad.b.c:cft ficut.a.b.ad.a.d. pcr.2.pté.7.quin/ 
ti:quarc.a.b.ad.a.d.ficut.a.d.ad.d.f.qo cít propofitum. 429 fi propofítis tribus 
lineis velimus inuenire quartam .ad quam fit proportio terticficut prime ad fect 
da3:ex prima 7 fecitda fiat linea «na « tori cópofite terría:angulariter adinngat c 
a cómnni termio prime  (ccunde: oucatut linca ad cxtremitaté tertíc:« ab altero 
termino fecide oucaf buic nec equidiftans:quoufas concurrat cum tertía in có/ 
tinus rectumas p:otracta:critqs pcr fecundam buius línea q5 bcc equidiftas ab / 
(cindet que queritur:quéeadmodum fi in bac figura iverit prima.a.b.fccunda.b.e. 
tcrtia.a.d.crit quarta.d.f. 
Pꝛopoſitio i. 

3 025 affignata linea dena partem abſcin / 
eic. 
S. Goit.a.b.linca affignata sb ca volo aliquotam partem vtpote ter/ 

'tiam abfcindcre:coniungo ci angularitcr vt contingit lincam; indc/ 
finite quantitatis que fit .3.c.a qua refeco tres equas poztioncs. 











Vi 


quc fínt a.d.d.c.«.c.c.« produco líneas .c.b.c.d.f.fibi equidiftatce.oico.a.f.effc 
tcrtíam.a.b.cft enim per fecundam buius p2oportio.c.d.ad.d.a.ficut.b.f.ad.f.a 
quare coniunctim.c.a.ad.d.a.ficut.b.a.ad.f.a.cum igitur.c.a.fit tripla.ad. d.a. 
patet.a.f.efíc tertíaim.a.b.quod cft propofitum. 
Pꝛopoſitio ·iꝛ. 
JAabus lineis pꝛopoſitis altera indiuiſa altera per partes 
diniſa: indiniſam quidem ad modum oínífe oiuidere. 
¶ Sint duo linee quas angulariter vt continget coniungam.a.b.⁊.a 
c.ſitqʒ.a.b.diuiſa in tres vel qualeſcũqʒ poꝛtiones ſignatis ĩ ea pun 
Acdiis.d.⁊.e.volo ſecundũ eaſdem poꝛtiones diuidere lincam.a.c.cum 
igitur ipſas angulariter cõiũxcro.pꝛotrahã lincã.b.c.⁊ equidiſtantes.ei.d.ſ.⁊.e.g 
vico iſtas equidiſtantes diuidere lineam.a.c.in partes pꝛopoꝛtionales partibꝰ.a. 
b.p:otrabam ením.f.b.equidiftantes,.a.b.quc fecct.c.g.in puncto.R.erítqs pcr fe 
cunda buins proportio.g.f.ad.f.a.fiat.c.d.ad.d.a.z.c.g.ad.g.f.ficut.b.K.ad.k 
f-auare « fícut.b.c.ad.e.d. per. 34.pztmí.« (coam partem..quinti qo eft ppofitü 
Dpottet autem fecüdam buius toticns repetere quot erunt partes lince.g.b. mi/ 
nus vna. lt vcro.54.piimi.« feptimi quinti minus ouabus. 
Wropolitio — .15; 
7 1f ouefüperficiee equidíftantíum laterum quarum onus 
WwAstangulus vnius 9ní angulo alteríus equalis equales fue/ 
"Lurint latera ouos equos angulos contínentía mutekelia e 
FA) MI Ci verolatera ouos equoe angulos cotínetía mutekefta 
ui «X715 fuerint ouae faperficíes equales efTe necefle eft. 
¶ oint ouc füperfícice.g.b.c.d.c.c.e.f.g.equidi(tantuim laterum « equales. fitas 
angulus.c.eniue equalís angulo.c.alterius.oico ppoatíone.b.c.ad.c.g. efTe ficut 
c.C.ad.c.d.« fi ppoitío.b.c.ad.c.g. fucrit ficut.e.c.ad .c.d. « pxedicti anguli fuc/ 
rint adbuc equalce:oíco illas ouas fuperficice equidiftantiit laterüi efle equales. 
coniungam cnim cas angularitcr videlicet angulum .c. vnius cam angulo.c.alteri? 
ita qp ouo latera carum que funt.b.c.z.c.g.fiant linca vna :eruntas fimiliter ouo 
reliqua latera.d.c.«.c.e.línea ena.alioquín fequeret per prefentcm ypotbe.que eft 
angulum.c.eníus:effe equalem angulo.c.alterius.e per.15.paimi:partem cé equa 
lem toti.cóplebo itags fnpfícíem cquidiftantium laterum productis líncís.a.d.«.f 
g.quonfa; concurrant in.b.eritqs per pzimam partem.? .quinti €tríufas fuperfi/ 
Cici.a.c.c.c.f.ad fuperficiem.c.b.pzoposxtio vna: quia per pairmam buius ppo? 
tio fuperficiei.a.c.ad fupficie.c.b.ficut lince.b.c.ad líncam.c. g. e fuperficici. c.f. 
ad candem fuparfician.c.b.ficut-e.c.ad.c.d.manifefta e psima pars propofite co 
dnfionis. Scda pe fic p;.p prima eni buius ¢ p:oportio.b.c.ad. c.g. ficut.a. c.ad 
C.b.2.c.c.ad.c.d.ficut.c.f.ad candé.c.b.« q? pofitü € ꝙ pꝛopoꝛtio.b.c.ẽ ad.c.g.fi 
cut.c.c.ad.c.d.erit €trínfqs oua fupficíerü.a.c. c. c.g.ad (upfiae .c.b. vna p10/ 
poxío.crgo pcr pímá partem.9.quíntí.a.c.eft equalis.c.f.ficq5 patet fcoa pare. 
—— El Pꝛopoſitio .14. 
X 1| 3f ouo tríangulí quo2um vnus angulus vnius oni angulo 
NIB: alteri? equalis cales fuerint:latera onos angulos equos 
3) JA! contínentía erunt mutekefia. 5i vero latera onos equos 
i| angulos cõtinentia fuerint mutekefig ouo trianguli quies 
j 



















a n h 
b c 5 
e f 





— — — — —— — 





LIBER 


cfTe comp*obantur. 

G oint ouo ranguli.a.b.c.c.d.e.cqualca:fitqs angulue.c. «tius cqualís anulo 
c.altcrius:dico proportionem.a.c.ad.c.c.eile ficut.d.c.ad.c.b.2 fi fucrit ppozto 
2.C.ad.c.c.ficur.d.c.ad.c.b.« p:edicti anguli fucrint adouc equatce?2oíco illos on/ 
o3 tríaugulos cffc cqualce:coniungaw crim cos angulariter ita q latera.a.c.⁊.c. 
c fiant linca vna.cruntqag fimititer.b.c. c.c. d. línea vna. aliter fequerctur partam 
clc equalem toti.per«5.pzimi:e piotrabam lincam.b.c.crítqs per primam ptem 
7 quinti €triufq3 oíctoz tríangulorv ad tríangulum.c.b.c.piopo:tío vn3z  q2 pcr 
primam brius pzimi comm ad ipfum eft ficut. a.c.ad.c.c.« ſccundi eoꝛum ad eũ 
den ficut.d.c.ad.c.b.manifcíta cft prima pare ;ppofite cotidufionis (E eccainda 
pare ecóucrfo p:obatur.q:.3.c.ad.c.c.eft ficut primi trianguli ad tríanguli.b.c.e 
«.d.c.ad.c.b.ficut (ccundi ad cundem per psimam buius:« quía pofitum cft vt fit 
a.c.ad.c.c.ficnt.d.c.ad.c.b.crit vtriifqs oictoxm triangulowm ad triangulũ.b. 
C.c.*n3 piopoatio:quare pcr primam pram.9 quinti ipfi funt equales. ficq5 patet 
fccunda pars. 


^4f»:opofitío — 15. 


ri Y fuerint quatno2linee proportionales quod {ub prima 
41, 7 Vitima rectangulum continetur:equil crit ct qd tub dng 
S W bus reliquis. Si vero qd tub prima ¢ vltima continctur 
>) [A| equus fuerit ei qd fub ouabus reliquis continetur recta, 
==] Gulym:quatuo2 lincas pzopo2tionales ele conuenit. 

¶ Sint quatuoꝛ lince.a.b.c.d.pꝛopoꝛtionales:Sitqʒ pꝛopoꝛtio.a.ad.b.ſicut.c. 
ad.d.oico o» fuperficice contenta fub.a.c.d.cqualis eft fupcrficici contente füb.b 
«.C.« ft (üpcrfícice contenta fub.a.«.d.clt equalis fupficici contente füb.b. c.c.oí 
Co qp p:oportio.a.ad.b.cft fícut.c.ad.d. Síant cni fuperficics contenta fub.a.z.d 
« fupcrficice cOtenta {ub.b.z.c.Si ergo cit pportio.a.ad.b.ficut.c.ad.d. latera it 
larum fuperficicrü erunt mutckefia.fed < anguli ab cis contenti cquales:q: vtraqʒ 
eft rectoy anguloxi: quarc per ícóa5 partc. i5 buius ipfi funt cquales quod eft pi 
mum. ocom patct pcr prumam partem ciufde.fi enim ipfe funt cqualcs. q2 oce 
anguli carum funt recti : latera carum crunt mutckcfia:quare piopoitío.a.ad.b. 
ficut.c.ad.d.quod cft fccundum. 






We20politio .16. 


H) Y fuerint treslinee pzopoznonales qd {ub prima 4 ter, 
AI tía rectangulus continetur: equü crít ei qo a fecunda qua 
"Bl drato oefcríbitur. €^i vero qo füb pzima 4 tertía contine 
Ia) Mey tur equum eft cí quadrato qoa fecunda poducitur: ipfe 
2^ 4D9 treolinec propoanornales crunt. 

€ Sit p:oportio lince.a.ad lincam.b.ficut lincc.b.ad líncam.c.oico qp fuperficics 
contenta fub.a.z.c.cqualis cit quadrato.b.¢ fi fuperficics contenta fub.a.z.c. cit 
cqualis quadrato.b.oico qp proportio.a.ad.b. cft ficut.b.ad.c.boc autcm cft cui/ 


dens per p:ccedentem pofita alia linea que fit qualis. b.ita q».b.fit in ratione fc/ 
cunde z tertie. 





Vi 


. Wo2o0pofitio .:7. 

Y fuerint ouo triáguli fimiles popoatío alteríue adalte 
| rü eft tana5 ,ppoztto cuínflíbet fui lateris ad fni relatinũ 
lat? alteri? ouplicata. Df Samfeftü etiá cx boc q? omníum 
trí líneax cotínue ppoxtionalii] qnáta € pzíma ad tertíà 

M P di canta crittupficies coftitta fup pztmá ad füpficié cóftitu/ 
tá fup fcóam.cü fuent ei fimilis ín líneatione 4 creatione. 
¶ Sint duo trianguli.a.b.c.⁊.d.e.f.ſimiles erũtqʒ ꝑ diffinitionẽ cquianguli z late 
rum pportionalium. Sit ergo angulus.a.equalis angulo.d.⁊ angulus.b. angulo 
e.⁊ angulus.c.angulo.f.eritq; pꝛopoꝛtio.a.b.ad.d.e.⁊.a.c.ad.d.f.ſicut.b.c.ad.e 
f. dico ꝙ pꝛopoꝛtio trianguli.a.h.c.ad triangulum.d.e.ſ.ẽ ſicut ꝓpoꝛtio.b.c.ad.e 
f. duplicata.Subiũgat᷑ enim ſᷣm docirinã · i o.huius duabns lineis.b.c.⁊.e.f.tertia 
in continua pꝛopoꝛtionalitate que ſit.c.g.ꝓtracta aut rcſecata.c.b.ſi.c.g.ſucrit ea 
maioꝛ aut minoꝛ ⁊ pꝛoducatur linea.g.a.eritqʒ per ſcõam partem.ia huius trian 
gulus.a.g.c.equalis triangulo.d.e.f.pꝛopter id qð ꝓpoꝛtio.a.c.ad.d.f.eſt ſicut.e 
f.ad.c.g.z angulus.c.cqualis angulo.f.quare per {coam partcn.7.quinti trien/ 
guli.a.b.c.ad etrüqs illoxum crít €ria pportio:fed per prima buius pportio trian 
guli.a.b.c.ad triangulum.a.g.c.eft ficut b.c.ad.g.c. At vero pportio.b.c.ad.c.g 
ficut.b.c.ad.c.f.ouplicata per.10.ocfcriptionem quinti:S ppo:tio tríanguli. a.b. 
c.ad triangulum.d.e.f.é ficut proportio.b.c.ad.d.f.cuplicata qd eft ppofitam. 
Si aute.c.g.fit equalis.b.c.crit per fcoam ptem.14.buius tríangulus.a.b.c.cqua 
lis triangulo.d.c.f.equalis auté pportio cóponitur cx cquali ouplicata vcl tripli/ 
cata vcl quoticnícias fumpta. 3itam candé paffioné poflemus codé modo 4 per 
cadem media oemonftrare oc fuperficicous equidiftantium later fimilibus (um 
pta (olii.15.pacfentis loco. 14. T1on oemonítrat aute eam.q: per fequentem ocmoó 
ftratur eniucrfaliter oc omnibus fupficicbns fumilib". Quare p cozxt. o vníucría 
liter pponitur oe omnibus fupfícicbus fimilibus nodi patct nifi oc triangulis.fg 
oemonfítrata fcquentc patens crít oc omnibus. T»ofuít autem ipfum bic c non in 
fequente quia cit cornet .buius.non aptem fequentis:ex modo enim ocmonttratio 
nis buius fua veritas manifeftara cft.non cx modo illius. 

Pꝛopoſitio .s. | 
EE fines oue füperficiee fumles multiangule funt oíuífibí 
FA Niles in triangulos fimiles atq numero equales. £ftq5 p7 
Yes | poatío alterius carum ad alteram ficut cuíuflibet fai late/ 
ris ad fuum relatiuum latusalterins pzopoztio duplicata 
Sint gratia cxcmpli ouo pentbagonií. a.c. d.f.b.k. filca. ico qp 
ipfi (unt oíuifibilce ín triangulos files numcro eqles.c ~ pportio alicrius comm 
ad altcz € ficut .a.b.ad.f.g. ;ppo:ó ouplicata. oucát ci línce ouc..c..a.d.ítéag 
f.b.c. f. k.eritq5 p pzefcnte ypotbe: « p.c.buius triangulus.a.b.c. cquiangulus trí 
angulo.f.g.b.« tríangulus..c.d.triangulo.f. lk. Similiter. quoq perbàc coem 
fciam. Si ab cqualibus equatia cemas que re.equa funt:crit triangul?.a.c.d.cqui 
- angulus triangulo.f.b.k.Tlam ipfi pentbagoni pofíti funt equianguli, « latcz ꝓ/ 
po:ionaliü:c q» tríanguli in quos owidunt (pnt adinuicc cquianguli:€t pbatum 
cft.crunt ctià « fice p. 4.buius c oiffinitionc (imilui fupficicz:quare cum ipfi fint 
numero cquales pater prin. ¶ Scom fic. prabant.b.d.que {ccet.g.c.i puncto 
f 4 
















LIDER 


m.t.g.k.qne fecet.f.b.in puncto.n.eritqs triangulno.b.c.d.cquíangulus triangu 
lo.g.b.k.per.c.buius c picfente ypotb.quare z triangulns.a.b.m.tnangulo .f.g. 
n.2.3.m.d.f.n.k.crgo p.4.buíus piopoxtio.b.m.ad.g.n.cít ficut.a.m.ad. f.m. 
a.m.ad.f.n.fícut.m.d.ad.n.R.quarc per. ni.quinti.b.m.ad.g.n.(icut.m.d.ad.n, 
k.crgo pinuratim.b.m.ad.m.d.ficut.g.n.ad.mn.k.fed per psinià buius.a.b.m.ad 
——— pcr candé.f.g.n.ad.f.n.k.c.g.n 

b.ad.b.n.k.ficur.g.n.ad.n.k.ergo p.15.quinti. a.b.c.ad.a.c.d.ficur.f.g.b. ad.f. 
b.k.quarec perimutatím.a.b.c.ad. f.g. b.ficut.a.c.d.ad.f.b. k.cade rone pbabig 
q « ficut.a.c.d.ad.f.Lk.crgo p.i5.pmi quiti tori? pétbagoni ad tor pétbagonii 
ficut..b.c.ad.f.g.b.per pmi(am igitur cft piopo:xtio pentbasoni.a.c.d.ad pen; 
cbagonii.f.b.k.ficut pportio.s.b.ad.f.g.ouplicata qò eft ppolitü:ex quo rurfus 
patet coneł.pꝛecedentis. ¶ Aliter poõt demoſtrari {com. ci cni tnanguti i quos pe 
thagoni dividunt fint adinuiccin funiles: crit per p:ecedércm p:oportio.a.b.c.ad 
f.g.b.ficat.b.¢.ad.g.b.ouplicata.7.a.c.d.ad.f.b.k.ficut.c.d.ad.b. k.ouplicata. 
4.9.c.d.ad.f.1.K.fiast.d.c.ad.k.Louplicata.q: igitur omnes bee ppo:tidcs on / 
plicate funt equalce pzopter boc qà pofttü cft fimplas cffe cquales:crit p.13.quin/ 
tí totíus peutbagoni ad torum pentbagonum (icut lateri vnius ad (uum relati/ 
unm.latus alterius proportio ouplicara. 


(»xopofiítio — 19. 
Y Upꝛa datam líncam oatc lüperficie fimilem füperficíem 


j| Csit data linca.a.b.fup:a qua volo conftitucre fuperficicin fimile 
3l cate fupfícici que fíc pentbagona:« fit.c.d.c.f.g. oiuido bunc petba 
£ i$ coni in triangulos ductis lueis.d.ſ.⁊.d.g.⁊ ſuꝑ punciũ.a.coſtuuo 
angulum equalẽ angulo.c.ducta linca.a.h.⁊ ſuper punctũ.b.conſtituo alium an/ 
gulum:qui ſit.a.b.h.equalẽ angulo.c.d.g. ꝓtracta linca.b.h.quouſq; cõcurrat cũ 
a.h.in pũcto.h.critq; per.ʒ2.pꝛimi angulus.a.h.b.equalis angulo .c.g.d. ⁊ idco 
per.4. huius latera duoꝝ trianguloꝝ.g.c.d.⁊.h.a.b.ꝓpoꝛtionalia:facio quoq; an 
gulum.h.b.k.ducta linca.b.k.equalcẽ angulo.g.d.f.⁊ angulum.k.b.l. ducta linea 
b.c.cqualé angulo.f.c.d.z angulum.b.b.k.oucta linca.b.k.cquale angulo.d.g.f. 
z angulum.b.k.l.oucta linea.K.l. equate angulo.d.f.c.critqs perfectus pentbago/ 
nus qui cóftitucnd? erat fupline3.a.b. eft eni equiangulus oato pentbagono p/ 
prer cqualirare anguloy tnanguloy in quos cit —X divifus fed ⁊ laterũ ꝓpoꝛ/ 
tionaliũ pꝛopter ꝓpoꝛtionalitatẽ laterum ipſoꝛũ trianguloꝝ que ex.a.huius cui / 
denter apparet:quate per diffinitionem ſimilium fi uperficierũ penthagonus con / 
ſtitutus ſuper lineam.a.b.eſt ſimilis penthagono dato qð eſt pꝛopoſitum. 
Pꝛopoſitio .ꝛo. 





Y fnerint vni fuperficiei fimiles quaflibet fuperficics hbi 
A innicem fimiles effe necelTe eft. 

NS War C Sit vteras pentbagononrm.9..b.c.d.c.f.fimilis penthagono.g.b 
ReaD faa) K.cico cos elle fimiles fibi invicem. £ft cnim vrerg3 comm equian/ 
are gulus perbagono .g.b.k.per coacrftone oiffinitóia fili ſuperficiex: 
quarc (unt cquianguli adinuvice.Similiter quoq; p cóucrfionc einfde oiffinitionis 







VI 


propoꝛio.a.b.ad.g.b.ſicut.a.c.ad.g.k.⁊.g.h.ad.d.e.ſicut.g.k.ad.d.fſ. ergo per 
cquam pꝛopoꝛtionalitatem.a.b.ad.d.e.ſicut.a.c.ad.d.f. eodem modo pꝛobabis 
rdiqua latera penthagonoꝛum.a.b.c.⁊.d.e.ſ.continentia equos angulos cſſc pꝛo 
poꝛtionalia.per diffinitionem itaqʒ ſimiium ſuperficicrum ipſi funt fimiles adus 
pican.quod cft pꝛopoſitum. 

Pꝛopoſitio .2ı- if wa d 


ET 9 fucrint quotlibetlinee pzopoztionales 9tq; fup binas 
. 4 binas fimilce tuperficies oefignentur:ipfe quoqs fuper 
VI ficice erunt popoationalee.&5i vero fuper binae zbínag 
1! fimiles fuperficies conflitute fuerint ppoztiongles:ipias 
3] quoq lineae p2opoatitorialee efle necele eft. 

Sint quatuoꝛ linee pꝛopoꝛtionales.a.b.c.d.ſitq; proportio.a.ad.b. ficut.c. ad 
d.dico ꝙ ſi ſuperficies ſimiles conſtituantur ſuper.a.⁊.b.vtpote duo penthago / 
ni fimiles ⁊ alie ſimiles conſtituantur ſuper.c.⁊.d. vtpote duo trianguli ſimiles: 
crit pꝛopoꝛtio penthagonoꝛum ſicut triangulorum.Qð ſi fuerint penthagoni ſimi 
les ⁊ ſimiliter ctiã trianguli ſimiles:fſueritqʒ pꝛopoꝛiio penthagoni ad penthago / 
num:ſicut trianguli ad triangulũ:dico ꝙ erit ꝓpoꝛiio.a.ad.b.ſicut.c.ad.d.Sub / 
iungat᷑ enim lincis.a.4.b.c.c lincis.c. «.d.f .in continua ppo:tíonalitate:ficut oo 
«t.i0.btiins.erítqs per.22-quinti « per equa pportionalirate.@.ad.c.ficut.c.ad.f. 
quis ergo per conet’. 17.buius proportio pentbagonoum: e ficut.a.ad.c.2 trian/ 
guloꝛum ſicut.c.ad.f.erit pꝛopoꝛtio penthagonoꝛum ſicut trianguloꝛum:⁊ boc eft 
pꝛimũ.¶ Scðm ſic patet.Sint duo penthagoni ſim les ⁊ duo trianguli ſiles. ſitqʒ 
pꝛopoꝛtio pentbagonoꝛum ſicut triangnloꝛum.dico ꝙ pꝛopoꝛtio.a.ad.b.ẽ ſicut 
c.ad.d.Sit enim.c.ad.g.ſicut.a.ad.b.hoc enim qualiter fiat.dictum eſt ſupꝛa.io 
buius .z fuper.g.fiat ficut oocet.19-buius.fuperficies fimilis illi que eſt conſtuuta 
ſuper lineam.c.eritqʒ per pꝛemiſſam ſimilis ei que conſtituta eſt ſuper lineam.d. 
eritqʒ etiam per pꝛimam partem huius.ꝛi.que pꝛopoꝛtio penthagoui.a.ad pen / 
thagonum.b.eadem trianguli.c.ad triangulum.g.ſed cadem erat etiam triangu / 
li.c.ad tríangulum.d.ergo per fecundam partem. 9.quinti triangulus. d.cft equa 
lie tríangulo.g..£t quia funt fimilce:ent linca .g.cqualis lincc.d.pcr paimam par^ 
tcm..buius cum fuper lincas.c.d.z .g.fint trianguli:€d per fccundam partem 
i$.cum fuerint qudibct alic figure multiangule:cqualitas cni nó ,pducit cx aliqua 
piopo:xione ouplicata ecl triplicata vel auoticnflibct (urpta nifi ex egli.crít itaqg 
C.ad.d.ficut.a.ad.b.quod cft propofitum. 

Pꝛopoſitio .22. , 
5] Ancte fuperfictes equidiftantium laterum que circa dia/ 
JM metrum contiftunt cott paralellogramo atq5 fibi inuicem 
KS innt fimiles. 

: Sit ve in paralellogramo.b.d.ciius otamecter.a.c. confiftant fup 
pee £4} ficies.¢.b.2.f.k.cquidiftaria latert.circa oíamctrü.oíco cae ec fies 
toti palcilogramo « fibi iuice.€ eni p {a3 b? .b.g.ad.g.¢.z.d.b.ad.b.c.ficut.a.c 
ad..e.c.ergo coniuncti;.b.¢.ad.c.g.2.d.c.ad.c.b.ficut.a.c.ad.c.c. dre p-1.bui? 
b.c.ad.c.g.ficut.d.c.ad.c.b.fed ctiam ficut.a.b.ad.¢.g.ci.a.b.fit eqlis.d.c.z.e. 
g.b.c.codé modo crit .a.d.ad.c.b.ficut.2.6.ad.c.g.¢.d.¢.ad.b.¢c.quia ergo ifta 
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paraldlograma fant equiangula conftat per oiffinitione fimilium fuperficiez.g.b, 
efic fite.b.d. Silt quogs modo pbat f. k.cé file eide. ppt boc g.b.a.ad.a.k.«.d.a 
ad.a.f.€ fiait.c.3.ad.3.€.p fcóa5 bui? « cóitictà pponionalitaté:qre p.20.bui?. f. k 
ẽ ctiã ſile.g. h. ſicq; pʒ totũ. Pꝛopoſitio .ꝛʒ. 
In ſno ſpacio ꝑalellogramũ partiale diſtinctum toti pa 
e E ra.ellogramo fimile.atqs fcom fuü illius eſſe fuerit:circa 









T QUA 
b D eiufdem oíametrum contiftit. 

Fes A) KAC Sit ut in paralcllogramo.b.d. fic oiftinctum paralellogramis. f.g. 
| O25 qd fit fibi fimilc.z foom fui cé.i.participans @ co in angulo.c. dico 
q paralcilogramü.f. g.confiftit circa oíametri paralellogrami .b.d.z. eft bec con 
uerſa pꝛecedentis.pꝛoducã enĩ.a.e.c.que fi fuerit oiameter paralellogrami.b.d.cd 
ftat propofitum.Sin autem (it.a.b.c.oiamerter cius.z oucat.b.k. equidiftans.f. 
C.erítqs per premiffam paralellogrami.f.k. fimile palellogramo.b.d.ergo per con 
uerfione oiffinitionis fimilinm füperficiez ppostio.b.c.ad.k.c.e ficut.d.c.ad.f.c. 
fed pcr candé céucrfioné oicte diffinitionis pportio.b.c.ad. g.c.e ficur.d.c.ad.f.c 
popter id od palellogramum.f.g.pofitum eft fimite paralcllogramo.b.d.ergo per 
i1.quinti propontto.b.c.ad.g.c.eft fiet.b.c.ad.Kk.c. erraqs eni cít ficut.d.c.ad.f.c 
quare p fccüdà pté norf quinti.g.c.eft equalis.k.c.pare vidclicet toti quod € im/ 
poffibilc, £rit igítnr.a.c.c.oiameter palellogramt.b.d.quod eft propofitum. 

Pꝛopoſitio 4. 

OMDnium duarum ſuperficierum equídiftantíum laterum 

/ NI quarum vynus angulus ynius yni angulo alterins equalis 
Ppportioalterius ad alteram ¢ que pducitur ex ouab? po 
Apoꝛtionibus ſuox lateꝝ duos equos angulos ↄtinentium 
Sint due ſuꝑſicies equidiſtantiũ laterũ.a.c.⁊.e.d.ſitqʒ; angulꝰ.b. 
vnius equalis angulo.b.alterius. dico ꝙ ꝓpoꝛtio vnius ad alterã ꝓducta eſt ex 
pꝛopoꝛtione.a.b.ad.b.d.⁊.c.b.ad.b.e.diſponã enim bas duas ſuꝑficies penitus 
ficut oiípofni cas in..13.buiue.adiuncto ad vtraqs palcllogramo.c.d.« ponam ut 
pportio linee.f.ad lined.g.fit ficit.a.b.ad.b.d.z.g.ad.b.ficnt.c.b.ad.b.e.quali/ 
tet eni boc fiat.oíctum cft fup:a.io.buius:critqs per p2ima buins.z.i1.quinti.a.c. 
ad.c.d.ficut.f.ad.g.«.c.d.ad.d.c.ficut.g.ad.b.quare p.23.quínti erit in cqua ꝓ / 
poitionalirate.a.c.ad.d.c.ficut.f.ad.b.z quia.f.ad.b.p:oducitur ex.f.ad.g. ¢.g. 
ad.b.*t oíctü € in fine cypofitionis. vi-oíffinitóis qntt.crit ut.a.c.ad.d.e. pducat 
ex eiſdẽ:q̃re cõſtat ꝓpoſitũ. Pꝛopoſitio 25. 

— Ate ſuꝑficiei ſimilem alijq; ppofite equalem ocfignare. 
¶ Sint ꝓpoſite due ſuꝑficies rectilinec. A.penthagona.B.exagona. 
volo faccre vnã ſuꝑficiem ſilem.a.⁊ equalẽe.b.vtrãqʒ ꝓpoſitaxꝝ ſuper 
ficieꝝ reſoluo in triangulos. A quideʒ ĩ triangulos. c.a.d.B.vero ĩ 

TT be) triangnlos.c.b.f.g.2 {up bafim fuperficici.a.que fit.b.k.coftituo fe 
cüdü coctrina.44.p:ími fuperficie equidiftantium laterum rectangulam equalem 
c.que ſit.h.l.⁊.l.m.equalem.a.⁊.m.n.equalem.d.ut fit tota füperficice equidi(ta 
tium laternm.b.n.conftituta (uper bafüm .b. k. equalis pentbagono a. £oderm 
modo fuper lincam.k.n.quc eft &m latus buius (uperficici conftítuo- alia (uperfi/ 
cicm recrangula ealem exagono:b.q facio. R.0.cqualcm.e.2.0.p .equale.b.2.p.q 
equale.f.z.q.r.cquatem.g. vt fit tota rectangula füperficiee.n .r.equalis cragono. 
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b.z pono per.9.buius linzam.f.t.p:opoztionale inter lincam.b. k.¢ lined.k.r. c 
fupcr eam (cóm ooarínam.1o.buius conftítuo faperficiem.v. fimtem ſuperſicici 
g.oico ipfa cflc quà querimus 4 equal fuperficici.b.cnm enís tree Linec.b.R. f. t; 
«. K.r.fint continue propostionales.z faper prima 4 fecüda fint conftitute fuper / 
ficics fimiles videlicet.a.z. v.crít per coxcbi7.buíus.a.ad.v.ficut. b.k. ad.k.r. 
quate per pzimam buius ficut.b.n.ad.n.r.« ideo per primam partem feptimc on 
tí fícut.a.ad.n.r.z propter boc per fccondam partem eiufdem ficut.a. ad.b. itagz 
pcr (Cam. parte. o.quinti.€.e(t egiralis.b.q9 cft prepofítum.G 6 ctía potum? 
a pmutata pportionalitate facile pbare.quia cum fit. a.ad.v.ficut.b.n.ed.n.r. 
crit permustatim.a.ad.b.n.ficut.v.ad.n.r.2 quia.a.cit equalis.b.n.crit. ¢.cqua/ 
lis n.r.quare. .eft etíà equalis.b.per banc comune fcientiam:quecung3 «ui € cí/ 
dem funt cqualía inter (e funt equali. 116 cft aute ncceflarii vt fuperficies.b. Lt. 
m.c.m.n.cquidiftantium laterum cquales triangulis.c.a.d.aut {upficies.k. 0.0. 
p.p.q.z.q.r.cquales triangulis.c.b.f.g.fint rectangule. fed nt angulus cxtrinfec? 
füperficici.lL.m.fit equalis angulo intrinfeco fnperficía.l.b.« extrínfecue.m.n.in/ 
trinfeco.m.L. Similiter qnoqs ut cxtrínfecne fuperficici.k.o.fit equali intrinfeco 
foperficici.b.1.2 extríBfcaus. o. p.istrinfeco.k.0.ficqs oc ceteris. £ um énis ficfuc 
rit erit &naquaqs lincarum.k.n.5 fibi oppofita.b m.itamqs.b.r.« fibi oppofíta.n 
g.linea €na per €ltimarm partcm-.29.przimí:c per: 14.cinfdem: quoticns opo:tuc/ 
rit cqualiter repetitas:pꝛopter id qð omnes ſuperficies.h.l.l.m.⁊.m.n. Itemq;.k 
o.o.p.p.q.⁊.q.r.ſunt cquidiſtantium laterum ⁊ angulus extrinſecꝰ cuiuſq; ſequẽ / 
tis eſt equalis intrinſeco eã pᷣcedentis:quare due ſuꝑſicies.h.n.⁊.n.r.erunt cquí/ 
diſtantium latcrũ ⁊ inter lineas equidiſtantes.⁊ equalis altitudinis. Cetera ergo 
argue vt pꝛius: Prꝛopoſitio .26.- 
9 Cper oímidii oate linee palellogramüi ocfignatum ma; 
| CH ius č co palellogramo cui date lince applicato oceft ad 
A Waa! copletioné linee file ziup oiamerrus confiftens fuper ot 
2 d midium collocati. 
a oit cata linea.a. b.fup cuius oimidi.c.b.cóftítuat paldlogramü 
C.d.cuius oiamcter.b.e.« ad lincá.a.b.applicct palcllogrami.a.f.cniue vnü lar? 
fccct.€.c.in pancto.g.íta cp ad cóplementi totíue lince.a.b. oefit {upficies. f.b.q 
fit fimilisfupficici.c.d.« confiftée círca oiametrü ciue:oico tunc g palcl'ogramü 
c.d.cft mai? palcilogramo.a.f. £ft eni p pria bnius.a.g.cquale.g. b.4 p.4 3.p:i 
mi.c.f.equalc.f.d.ergo per bac comune fcientiam:fi cqualibus cqualía addas.4c. 
crit gnomo cOftans ex tribus palcllogramis q funt.c.f.f.b.z.f.d.eqlis palclogra 
mo.a.f.quare palcllograma.c.d.¢ maius palellogramo. a. f.i palellogramo.c.f. 
qð ẽ piopofetü. dde ctià ect (i fupficiee.a.f.ficret altío? (upficic.c.d. vt videre po/ 
tes in fccunda figura i qua ctíà per prima buius.3.g.€ cqnale.g.b. ocmptis itaqs 
vtriqʒ duobus ſupplemẽtis fupcrficici.f.b.cxcedet palellogramit.c.d. palcllogra / 
mum.a.f.in palellogramo.f.e. — ^ffoopofitío — 27. 
puvzasaman) f^ ilatera füperficíe ppofita equ cí np quélibet afligna, 
il tá líneá palellogramü oefignare cuí oefit ad coplédà line 
y2^ am alij (üpficici,ppofite fiTe palellogramü qo fcóm einfde 
fium effe paralellogramo fuper oimidium oatelince col 
| locato minime maius exiftat. 
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¶ Sit aſſignata linca.a.b.z propofitus triangulus.c.propofitiig; palellogramumn 
d.*olo fupcr lincam.a.b.ocfignare palellosramü equale triangulo.c. ita qp vefi 
ad cóplendam lincam.a.b.paralelogrami fimile.d.4 fit ita conditionatü. qp tri/ 
angulus.c.mon fit maio: palellosramo fimili.d.collocato fup oimidii lince.a.b. 
alioquin ad impolfibile labozarct per pierniffam. zDiuido igitur lincá.a.b.per c/ 
qualía ín puncto.c.2 fecundum ooctrinam.19.buius.fuper cíus medietatem .c.b 
conftituo paralcllogramus.c.f.fümile.d.  complcbo fuper totam lincam.a.b.pa 
ralellogrami.b.g.quia igitur.c.non eft maio: paralellogramo. e.f. fed equalis ei 
aut mino: ficut pofită cit. Si fucrít ci ealis.erit palellogrami.e.g-quale intendit 
p.36.pmi coadinuate pina pte.9.2 p oiffinitione fiti (npficicrü «.20.bui?. Oi aüt 
mio: fit mio» in fuperficie aliq cui eqlie c fifis.d.fíat 6m ooctma.25.buiue quc fit 
b.crítq;.b.fimilis.e. f. per.2o.buius.quare per conuerfionem oiffinitionis equian 
gula fibi z proportionalium latcrum:p2otrabam igitur in paldlogramo.c. f.oia/ 
metrum.b.k. refecabo latera. k. f. c.c. k.fuperficici.c.£.ad menfura laterum fup/ 
ſiciei.h.pꝛotractis lineis.l.m.⁊.n.o.equidiſtantibus latenibue faperficici.c. f.fe/ 
cantib? fe in pücto.p.«t füpficies.k.p.fit equalis z fimilis fupficici.b.eritqs p.25. 
buíus punctü.p.in oíametro.k.b.pzotracta it395.0.n. víqs ad.a.g.oico paralcllo 
gramũ.a.p.eſſe gle ;pponit. iDceft eni fibi ad copleméti linec.a.b.pallcllogrami 
p.b.qó pcr.22..20.buius eft fimule palcllogramo.d. Sed ipin ctia palellograma 
g.p.cft cquale triangulo.c. £ft enim per p2ima buius.a.n.cquale.n.b. ergo p.45: 
piimi: z banc cómunan fcientia; :fi cqualibus equalia'addas.zc.paralcllogramis 
a.p.cft cqualegnomoní.n.b.l.7 quía iftc gnomo cft equalis tríangulo. c. piopter 
id qo paralcllogramü.c.f.pofítum fuit cíle maius triangulo.c.ir paralcllogrario 
b.qd eft equale paralellogramo.k.p.paterpropofitum. 


A2opofitio .2s. 
A3 Aper datam lineam oste fuperficieí trilatere equum pa, 
| — ralellogramum conſtituere gö addat füper copletionem 
Bj Oate linee fuperficiem equidiitanrinm lateri date luper/ 
a) AI ficici eqnídiftantium laterum fimilem. 
| i3 oit vt pius cata linca.a.b. oatue tríangulus.c.oatumqgs para/ 
lcllogramum.d.volo tuper lincam.a.b.conftituere palclograma equale tríangu/ 
lo.c.q5 addat fuper totam linea. a.b.palcllogrami fimile.d.oinido lincam. a.b.p 
cqualía in putcto.c. fupcr eius medictatem.c.b.facio.c.f.fimilem.d. fim q9 00/ 
Cct.19.buius. «fm ooctrinam -25.buiga.facio.k.l.cui? oíamcetrü.g.b. fimilan.d 
4 cqualan ovuabus fuperficiebus.c.f.z.c.eritas per-20.buins.k.{.fimilis.c.f. fup/ 
pofita igitur fuperficic. k.L.(apficici.c.f.ita q@ abe comunicct in angulo.g.crit pet 
23.buíns (uperficics.c.f.confiftens circa diametrum fuperficiei. k.1. osarc püctü 
b.eft ín oíametro.g.b.coplcbo igitur palellogrami.a.b.qd oico effe quale ppo/ 
nitur.qo cóffat ,ptraciis línca.f.b. ef(qs ad.m.« línea.e.b. víqs ad.n. £ft cnim pa 
primam partem buíus.a.k.equale.k.b.« idco per-43.p:imi e etía cole.n.f. addi/ 
to ergo vtríqs.c.b.erit p cóc; (ciam.a.b.cquale gnomoni. c.b.f. fcd ifte gnomo € 
cqualíe triangulo.c.quía paralellogramü.k.l.pofitum fuít equalc ouab? ſuperfici 
cbus.c.t.c.f.crgo palellosramü.a.b.e eale.c.z addit ad cóplemaü lince.a.b.pa 
idlogrami .m.n.q p.22.2.20.b’ e file palellogramo.d. gre oftat pfectü cífe quod 
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volumus. [offinmus aft ad linc’d data adiungere paldlogramii cqualc nó foli trí 
atlerc fuperficici pofite.fed « cuilibet rcctilinee figure piopofite quecungg ipfa fuc 
rit cui oefit ad coplenda lincam vatam fuperficies fimilis fuperficici equidiftanti 
um laterum propofite:ficut oocs prcmiifla obferuata conditione cius nc laboxetur 
ad impoflibile per ante premiffam. vel q addat ad coplendam lincam fuperficié 
equidiftantium latcrom fimilan fuperficici propofite:ficut p:oponit ciclufio p2c/ 
fens .p2opofitam enim (nperficiem cui equale paralellogramũ debet ad lineã da / 
tam adiungi.qð addat aut diminuat ad completionem linee paralellogramũ ſimi 
le paralellogramo dato:reſoluemus in triangulos.⁊ ipſis mediantibus deſcribe / 
mus ſuperficiem equidiſtantium laterum totali ſuperſiciei pꝛopoſite equalem.hoc 
autem qualiter fiat:⁊ ſi ſcire volueris.requirc.ꝛ5.huius.dehinc fuper duplum ba / 
ſis cius equalis altitudinis tꝛiangulum coſtituemus quẽ ſi.aa.pꝛimi diligenter in 
ſpexeris paralellogramo pꝛius deſignato inuenies effe equalem :quare « fupcrfi/ 
ciei pꝛopoſite:huic ergo triangulo ſi equale paralcllogramũ ad lincam datam ad / 
iunxeris qð addat ad complementum linee aut minuat paralellogramũ ſimile pa/ 
ralellogramo dato ſecundum ꝙ docet hic et pꝛeiniſſa:quod pꝛopoſitum erat te p/ 
ſcciſſc non dubites. Pꝛopoſitio .29. 
7] Aamlibetlineam p2opolitam ſecundũ pꝛopoꝛtionem ha 
bentem medium. duoqʒ extrema ſecare. 
¶ Sit pꝛopoſita linea.a.h.qʒ volo diuidere ſeundũ pꝛopoꝛtionem 
£1| babcitemimediun 2 ouo extrema ex ípía ocfcribo quadratum .b.c. 
> « ad cíue latue.a.c.adíungo Pr qo oocct pxcmiffa paralcllogramü 
C.d.cquale quadrato.b.c.tp addat ad cóplementü líncc.a.c.paralcdlogramü.a. d. 
g fit finmle.b.c.fitq; latus palcllogramí.c.d.q9 equidiBat..c.d.e. « fccet lincam 
g.b.íti puncto.f.oíco línc3.a.b.cfle otuifam in puncto.f.ficut proponitur: cft cni 
8.d.quadratam pꝛopter id qð cft fimile.b.c.quare.a.f.cltlequale.f.d.fed c.f.c.cft 
cqualis.a. b. propter id qd eft equalis .a.c. per. 54-pairmi:c quia.c.d.cqualc.b.c, 
oanpto vtriiqs.c.f.crit.a.d.cqualc.c.b.z angulus.f.eníus angulo.f.altcrius.er/ 
go pcr.i3.buine latera funt mutckefta:ergo.c.f.ad.f.d.ficut.a.f.ad.f.b. « q:.c.f. 
cit cqualis.a.b.7.f.d.a.f.erit.a.b.ad.a.f.ficut.a.f.ad.f.b.ergo per diftinitionem 
eft oiuifa ut proponitur. Idem etiam poteft oamonftrari ex.ri.fecundi zoinidatur 
cnim.@.b.in puncto.f.f qó oocs.ri.fecundizfitqs .c.b.q9 continetur fub tota.a. 
b. « eiue parte .f.b. ita qp .f.c.fit cqualis.a.b.4.a.d.fit quadratnm. a.f. cft itaq 
per pꝛedictam.ii.ſecundi.e.b.equale.a.d.qð reſtat arguere ut pꝛiꝰ: per.iʒ.huius. 
vel ſic cum.a.b.ſit diuiſa in puncto.f.ſecundum qd oocet.11 fecundi.gd fit ex.a.b. 
pꝛima in.f.b.tertiam eſt equale quadrato.a.f.ſecunde. ergo per ſccundam parte 
16. huius pꝛopoꝛtio.a.b.pꝛime ad.a.f.ſecunda eſt ſicut.a.f.ſecundã ad.ſ.b. tertiã 
per diffinitionem itaq; diuiſa eſt.a.b.vt pꝛoponitur. 
Pꝛopoſitio .30. a 

aem)! 3f füevíntono trianguli fuper eni angulü oftitutí quo2ü 
HA ono latera anguli illus continentia ouobus alijs cozum 
i VA latcríbue equidiftét.faeríntqs illa qo? latera fcóm equi 

MI diftantíam reláta pzopostionalia.ilos ouos tríangulos 
| S55 fuper ond lineam rectam cóftítutos effe necefle eft. 
Goínt ouo trianguli.a.b.c.d.c.c.oftituti fup angulit.a.c.d.fita3.a.c. equidiftas 
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d.e.7.d.c.2.b..2 fit propontio.a.c.ad.d.e.ficut.a.b.ad.d.c.oico a oue bales co 
rom.b.¢.z.¢.¢.funt lines ona. £ft enim angulus.a.cqualis angnlo.d .quia vieras 
coꝛum eſt equalis angulo.a.c.d.per primam pattan-29.pumicigitur per prefente 
ypothe.z.6.buins ipfi trianguli funt cqnianguli. e angulus. b. e(t equalis angulo 
d.c.c. c angulue.a.c.b.angulo .c.quare per .32.p1imi:tree anguli qui funt. ad.c. 
funt equalee onobue rectie:ipfi eni equant tribue angulis vtríuflibct onoxum tri/ 
angulowmnt:ergo p.14.p2imi.b.¢. ft linea ona:quod cft propofitum. 
Pꝛopoſitio zı. 

mA omni triangulo rectangnlo faperficies latcris q ub, 
TA tenditur angulo recto equalis cft fnperficiebus onozŭ la 
l paz terum angulum rectum continentium pariter acceptis.cù 
| REA fucrint fimiles cí in lineatione 4 creanone: 

BA S COS proponit penultia pimi ve fuperficieb? quadratis proponit 
bic penultima fexti o¢ omnibus fuperficiebus fimilibus .ynde bec eft ula tåto vni 
verfalioz quato fuperficies larcrata Qdrato. Sit itaq; triangulus rectangulus.a 
b.c.cuius angulus.@.fit rectus.oico qp fnperficies conftituta fupcr latus.b.c .eft 
cqualis ouabus fuperficicous conftitutie fuper.a.b.7.3.c. x5 omnea tres. (uper/ 
fícice fucrint fimiles in figura « fítu:oucam perpendicularem.a.d.ad lincam.b.c, 
erítgs per fcaunda partem coxxt.8.buius p:opostio .b.c.ad.c.a.ficut.c.a.ad.d.c. 
z.C.b.ad.b.a.ficut.b.a.ad.d.b.Oi ítaqs (uper quàlibet trii lincarum.b.c.c.3.7.a 
b.fiat fupficice fimilis alijs in figura z fitu.erit per conct.17.buius pportio fup/ 
ficici cóftitutc (üp.b.c pma.ad cóftítuta (up.c.a .fcóas fient.b.c.pmc ad.d.c.íría z 
ité cinfdé fupficiei cóftitute füp b.c. pra ad cóftitutà fup a.b.fcoas ficut.b.c. pre 
ad.d.b.ttià p íde conel’.qre p cóucrfa ppostíonalitaté fupficici.a.c.ad fupficie.c.b 
ficut.c.d.ad.c.b.« fifr (upficiei.a.b.ad frficie.b.c.ficut .b.d.ad (fficie.b.c.z ponar 
a.c pᷣma⁊.c.b.ſcða e qrta z.c.d.fupficies Etía. c. a.b. fupficies quita. z.b.d. fupfi 
cics fexta.< arguat p .24.quiti qd proportio fuperficici conftirute fuper.b.c. ad. 
dues fupficies conftitutas fuper.c.a.z.a.b.fanal.¢ ficut.b.c.ad.c.d.¢ .d.b.fimul 
quia igitur .b.c.eft equalis ouabus lincie.c.d.c.d.b.timul fumptis .erít fupcrfi/ 
cies couftituta fupcr.b.c.cqualis onabus fuperfiacbus conttitutis fupcr.c.a.«.a. 
b.fimul füptis:qo cft ppofitt.CLouerfam queg3 biius poffumns facie canon, 
ftrarc per moda oemofirationis vitime primi. fit eni triangul?.a.b.c. fita; fuper/ 
ficies conftitnta fnp.b.c.cqualis ouabus fuperficicbue conftitutis fuper ouas linc 





 89.9.b.2.a.c.fibi (imilibus.oico ~ angulus.g.cit rectus:pona enim anguli.c.a. 


d.rectii.4 linea.s.d.cqle.a.o?2 daudo (Fficie oncta linca.d.c.eritq3 p bac. 31 {upfi 
cies cóftítnta (up .c.d.calis ouab? cóftitut] (f ouas licas.c.3.2.3.d.fibi fitib”.qre 
ctia cOftitute fup.b.¢.fibi filt.bec cni pofita € eclis ouabus cóftitutis fup.a.b.7.a 
C. (ibi filibus:crit ergo linca.b.c.equalís.c.d qnare p.8.pzími angulus. a. € rectus 
qo cft propofirum. | ^£»opofitio .52. 
Sem pl 9 incircolis equalibus inpza centri finc fupza círcüfere 
I CSA tiam anguli confiftant .erit angulozam pzopoztio tang; 
YA WAI proportio arcut dlos angulos fnfapientiunm. 
0) ¶ Sint circuli.a.b.c.cuius centrũ.d.⁊.e.f.g.cuius centrũ.h. eq̃les 
— 4/188] fup quo centra fiant duo anguli.b.d.e.⁊.f.h.g.⁊ ſuꝑ eoꝝ circũſerẽ 
tias ali] ono quí (int.b.a.c.c.f.c.g.oico cp,pportio anguloy ta cox q fut up cetre 
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Q5 comm qui fuper círcüferentíae:cít ficut arcus.b.c.ad arcum.f.g.cótímabo ent 
illis ouobus arcubus alios arcus cqualce.fuie com cunde numerum: fuc fecundü 
diucrſos:ſitqʒ arcus.k.b.equalis.b.c.⁊ vterq; duoꝛum arcuum.l.m.⁊.f.l.equalis 
f. g.⁊ pꝛoducam lineas.k.d.k.a.m.h.l.h.m.e.⁊.l.e.eruntq; pex.ꝛo.tertij anguli 
qui ſunt ad.d.adinuicem equales.Similiter quoq; ⁊ qui ſunt ad.h.adinuicẽ equa 
les. Jdem etiam ve bis qui fit ad.a.z de bis qui fat ad.c. ficut igif arcus.k.c. eft 
mnltiplcx arcus.b.c:1ta angulus. R.d.c.anguli.b.d.c.« angulus.k.a.c.anguli.b.a. 
¢. fimiliter ficut arcus.m.g.eft multiplex arcus.f.g.ita angulus.m.b.g.anguli.f.b. 
g.z angulus.m.e.g.anguli.f.c.g.fed fiarcus.k.c.cft cqualis arcui. m.g. angulus 
k.d.c.eft equalis angulo.m.b.g.4 augulue. k.a.c.angulo.m.e.g. « fi maio: maio 
Ic8.« fi mino» mínoxee pcr.26.tertij. per oifiipttionen itaq; írmcontinue p10po»/ 
ríonalitatia proportio arcus.b.c.ad arcum.f.g.cít ficut anguli.b.d.c. ad angulus 
f.b.g.« ficut anguli,b.a.c.ad angulum. f.c.8.auod cít propofitum. 3dem intclit/ 
gein codem cirmlo. — £xplicít liber fextus. 3ncipit liber feptumus. 


'fAwas eft qua vna queas res yna dicitur, 
¶ Numcrus eſt multitudo ex vnitatibus cõ 
X ¶ Naturalis ſeries numeroꝛum dici 
ltur i qua fecundu vnitatis additionem fit 
ipſoꝛum computatio. ¶ Differentia nume/ 
roꝛum appellatur numerus quo maioꝛ ha/ 
bũdat a minoꝛe. ¶ Numerus pꝛimus dicit 
qui lola vnitate metitur.O¶ Nnmerus com/ 
pofitus dicitur quẽ alius numerus metitur. 
Io Numeri contra ſe pꝛimi dicunt.qui nullo 
j| numero excepta fola vnitate numerantur. 
¶ Numeri adinuicem compoſiti fiuc comuncantes oicuntur .quoe 
alius numerus d5 emtae metitur.nulluíqs eozum eft ad ali paimus. 
C Humerus per alium multiplícart oatur.qui totiens fibt coacer/ 
natur. quotiens in multiplicaute cft enwae. €. 1f 520ductus vero ot 
citur qui ex eozum multiplicatione crelcit. C1 umeris alium nume 
rare oicítur quí fecundü aliqué multiplicatue illà ;pducw. € fare € 
Humerus numeri minoz malo2zis cum minoz malozem numerat. Le 
qui numeratur numerantie mnliplex appellatur. G22enomin3s eit 
humerus fectdd qué pars fut in {uo toto.d Suniles dicuntur par 
t8 que ab eodem uumero oenominantur. G 1f52ima.ftmpla uumerí 
pars eft ynitas.€ Quando ouo numeri partem babuerint comunem 
fot partes maiozis dicetur elle minoz.quotiens eadem pars fuert in 
minoze.tote yero quonens ipfa fueritin maioze O WRumceri ad nu/ 
merum dicitur pzopoztio mnozis quidem ad maiozem in eo quod ẽ 
maiozis pars vel partes. Mf>atozis vero ad minozem fecundu qp eu 
continet 4 eins partem vel partes. C/Cum fucrint quotlibet numert 
cotime ,ppoationales oicet ,ppoztio paumt adtertiu licut pꝛimi Icom 
duplicata ad qrtü vero tríplicata.€L/. ü córimnuate füerit ecd ecl ot 
uerle,pportiones dicet ppoztio paimi ad vitimy ex ommb?copolita. 
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THMenominario dicitur pzoportionis minors quidé numeri ad ma, 
ioꝛem pars.vel partes ipſius minoꝛis.que in maioꝛe ſunt.Moaioꝛis 
autem ad minoꝛem totum.vel totum ⁊ pars vel partes: pzont maior 
ſuperfluit. ¶ Similes ſine vna alij eadem dicũtur pꝛopoꝛtiones que 
candem ocnominationem recipiunt. Aaioz vero que maioꝛe.Mi/ 
nozautem que minozem.d Wumeri vero quox ppo2tto vna: ppo? 
tionalcs appcllancur.d Zermini line radices dicunt quibus in eadé 
ꝓpoꝛtione minoꝛes ſumi ĩpoſſibile eſt. ¶ Petitiones ſunt quatu 
moꝛ. ¶ Cuilibet numero quotlibet a fami equales pzout liber. yl 
multiplices. ¶ Muolibet numero aliqué quátülibet fumere poflc ma 
iorem.C Serie numerozum ín infinitum polle procedere. ¶ Nul/ 
lus numez ín ípfinitü pofle oíminui. — € /Cómunce animi cóceptio 
nes {unt dec. q Omnis pars mino? eft fno toto. uicunqs ewltdé 
fine equalium füerínt eque multiplicee:ipti quoqs erüt edlee.G fuí 
bue idé numerus cque multiplex fuerit.fure quo2u5 eque multiplices 
faerint equales: ipti ctiam erunt equales. € fmnie numeri pare 
wnitas ab ipfo ocnomínata.G JO mníe pare eft mío: que matoxc ba 
bct ocniominationé:maío2 vero que mimoem. G Quilibet numerue 
toms eft ab vnitate.quota pars iplins é ynitas. C Quicungs numer? 
in ymtatem oucitur.feipiam producit.Anitas quog; in quécüqs on 
cta pzoducit enndem. € Emicunq; numerus numerat Ouos:numerat 
quoqʒ cõpoſitum ex illis. Luicunqs numerus numerar alique:nu/ 
merat omnem numeratum ab illo. Quicungs numerus numerat to 
tum 4 dòctractum:numerar refiduum. 
: Pꝛopoſitio . 

FJ amaioze duowm numerox minoz oetrabatur. oonec 
minus eo fuperfit. HAc veinde ve minoe ipfum reliquum 
donec minus co relinquamr: Jteqsa reliquo primo relt 
quii fecundü quoufqs minus co ſuperſit:atqʒ in huiuſce/ 
modi continua oetractione nullus fuerit reliquue:quí an 
tem relictam numeret vfq5 ad vitatem:eos onos numeros conma le 
p:ímos effe necefle eft. 

C Sint ovo numeri.a.b.z.c.d.c.d.minoz octrabaturas.c.d.cr.a.b quotiens po 
teft: fit rcfiduum.c.b.qui erit minor.c.d.alioguin poflet ex ipfo adbuc octrabí.c 
d.octrabatur c ipfe.c.b.cx.c.d.quotiens poteft.fitas rcfiduü.f.d.(cd c.f.d.octra 
batur ex.c.b .quotiens potcft: « fi refiduum.g. b.g fit enítas. oíco tune onos nu 
meros.2.b.¢.c.d.eflc contra fe primos. Si enim fant cpofiti numerabit cos có/ 
munitcr per diffinitione aliquis numer’ preter enitatem qui fit.b.¢ quia.b.nuime 
rat.c.d.numerabit.a.¢c.per penultid cSceptioné:2 quia idem numerat. a.b. nu/ 
merabit etiam.c.b.pet etima coceptioné.ergo ¢.c.f.per penult. quare « f.d. per 
vitima .crgo z.g.¢.per penulf.ergo 2.¢.b.p vit.4 quia.g.b. eft enitas. fequit no/ 
merum cfle parte ynitatis vel fibi cqualem:quod eft impoffibile: erunt igitur.a.b 
z.¢.d.contra (e primi quod eft propofitum. @Q8 fi ovo numeri .a.b .2.¢.d. (int 





. Contro fe poini.ron crit in bac mutua vetractione fetus antegs ad vnitatam p/ 


ucutatur. £t eft iftud comerfum cius q auctor proponit. Oí auté in bac mutua 
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octractione fucrit ftatus anteg3 perneniatur ad vᷣnitatem:ſit vt.g.b.ſit numerus 
quc octrabdtur ab.f.d.« niil ſit reſiduũ.igitur.g.b.numcrat.f.d.ergo p penut. 

conccpt.rumcrat c.c..47 quia etiam numerat fe ipfü numerabit p antcpenut.có 
ccpt.totum.e.b.crgo per penut numerat.c.f.fed oftenfum cft prius p numcrat.f 
d.ctgo per antepenul.numecrat torum.c. d.quarc p peuut.numcerat.a.c.2 q: oftc/ 
fum cht puus op etia numerat.c.b.fequitur per antepenul.vt etiam numerct. a.b. 

quia igitur numcrus.g.b.numerat vtrũq; duoꝝ numcrox.a.b.⁊.c.d.numeri.a.b 
4.c.d.funt cópofiti:nó igitur contra fe primi qd cit contra pothe. ¶ Per hanc cr 
go viam pꝛopoſitis quibuſqʒ duobus numeris inucftigamus vtrii ipfi fint contra 
(eprimi.fi enim tali facta murua octractionc perucntat t ad vnítatcm.ipfi funt con 
tra fe pimi. Si autem fit ftatus anteq3 perucmar ad €nitaté ipfi funt compofiti. 

Pꝛopoſitio 2 
Ropoſitis duobus numeris adinnicem enit maxi 





4 IERNC3I meramne numerat numex maximum ambos numerantcm. 

d eee oint ouo numeri cópofiti.a.b.. c.d.miox.c.d. q: d numerat cos 

cómuniter a'íquis numerus p oiffinitione, volo inuenirc mayimü numeri cos có 

muniter numcràáte. 6m modi « fumilitudinc pstosteziminmo miosé oc maio:i quo/ 
ad poffum. vidclicct.c.d.oc.a .b.« (it rcfiduii.c.b. itemqs.c.b.oc.c.d.quoad pof/ 
fum.« fit refiduü.f.d.« quia buius oiminutio nó pót (icri ifinitice per eltuna pc/ 
titionem:ncc pót cri3 ad vnitaté perucuirc in piopofito per. p:ccedentc.quía runc 
c(fcnt numeri ppofiti cotra fe piri. qo eft contra ypotb .fit ut cà octraxcro.f.d. 
cx.c.b.quoad potero ꝙ nibil ſit reſiduũ.dico tunc.f.d.eſſe maxinũ numerum mu 
merantẽ.a.b.⁊.c.d.Qð eni numeret cos patct per penuł᷑.⁊ anꝛepenul. cõcep. al/ 
ternatim quotiens opoꝛtuerit repetitas ſicut in demonſtratione conucrſe pꝛeccdẽ 
tis. Numerat eni.f.d.e.b.qꝛ cum ab ipſo detrahitur quoad poteſt nihil fit reſiduũ 
ergo ⁊.c.f. per penul.cõcep.ergo ⁊.c.d.ꝑ antepcnuł.quare ⁊.a.e.per penuł.igitur 
⁊.a.b.per antepenult.Qð aũt nullus naioꝛ.f.d.numcret.a.b.⁊.c.d.ſic patet. Si 
enim fieri poteſt:ſit numerus.g.maioꝛ.ſ.d.numerãs vtrũqʒ duoꝝ numeroꝝꝓ.a.b. 
⁊.c.d.quia igitur.g.numerat.c.d.numerabit per penulł.concep.a.e.⁊ qꝛ nume/ 
rat.a.b.numcrabit per vltimã.e.b.ergo per penul.numerat.c.f.⁊ quia et am nu/ 
merat.c.d.numerabit per vlt.f.d.maioꝛ vidclicʒ minoꝛẽ:quod eſt impoſſibile. Ex 
boc fcóo peeíftu liquet conct. Pꝛopolitio 

Ropoſis tribus numeris adinuicem cõpoſitis maximũ 
numeroy cos coiter numcrantium inuenire. 

G fiiu(q5 banctertia códufione oanóftranus: oanó(trandü arbí/ 
tramur ipfi?afie:tidclicet ppofitis tribus numeris qualiter poteri / 
mus certificare an ipfi (int adinuicc compofiti.G Gint itaq; tres nu 
incrí.a.b.c.oe quibus volo vidcic vtrü ipfi fint adinuice copoliti. per pꝛimã igitur 
inquiro an duo pꝛimi qui ſunt.a.⁊.b. fint adinuicé pmí:qo fí fic nó crüt.a.b.c.ad 
inuice cópofiti.p oiffinitioné. Si aiit.a.¢.b.fit adinuice cOpofiti: fit per preceden 
tem.d.mayim?numerue cos numcrae:qui ft numcrat.c.crüt per oitfínitionc.a.b 
C. adinuices compofiti.Si auténd numerat ipſũ.ſʒ ipſi.c.⁊.d.quidẽ ſunt contra fe 
primi.nd crunt.a.b.c.adinuican cOpofiti. 11a quiciig; numecrarct cos:numecrarct 


$ 
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etiam.d.p conet.precedentis. ficgs cflent.d.z.c.copofiti qd cit contra ypothe . Si 
auté.c..d.(unt cópofiti erunt ctig.a.b.c.admuice cópofití. Sit eni pcr perma 
c.mayimus numcrans.c.c.d.quí ctià p penult.cócep.numerabit.a.«.b.quarc per 
viffinitioné.a.b.c.funt adinuice cOpoliti.A Siti quogs m6 fcietur ;ppofirie quotli 
bct pluribus 93 tribus an omnes fint ad inuicem cópofiti. [»opofitis itaqs trib? 
qui (unt adinuicem compofíti.qui etiam fint.a.b.c.volo inuenire maximü nome/ 
rum numerante omnes.Samo bn ooctrin3 pxamiffe.d.maximü numcrante. a.z 
b.qui fi numcrat.c.ipfe cft que querimus.alioquit per conel.precedentis fcquere/ 
tur maiozem numcrare minowm.Si autem non numerat.c.crit tame.c. z.d.ad/ 
inuicem cópofiti pcr'ypotbe.« concł.pꝛecedentis e oiffinitione. fit igitur mayim? 
coe numerans.c.oico.e.efTe maximum numerante.a.b.c. Q6 enim eos numeret 
patct per banc vIE, ypotbe.que cft ipfum effc maxim numcranté.c..d.« per pe/ 
nulé.concep. £t q nullus eo maio: numeret cos fic patet.fít enim fi poteft fieri. f. 
maio2.c.qui numerct.a.b.c.qui cũ numerct.a.⁊.b.numerabit ꝑ coꝛꝛet.pꝛcemiſſe.d 
⁊ quia ctiã numerat.c.numerabit ꝑ idẽ coꝝeł.e.maioꝛ vidclicet minoꝛem quod eft 
impoſſibile. Non erit igitur numerus aliquis maioꝛ.e.numerans.a.b.c.qð ẽ pꝛo / 
poſitum. ¶ Simili quoqʒ modo inucnictur maximus numerus numcraus quotti 
bet plures tribus adinuicem compoſitos:vnde nõ opoꝛtuit euclidem de pluribus 
tribus hoc docerc:quia idem eſt modus « are in tribus ⁊ pluribus. Ex vltimo aũt 
huius demonſtrationis pꝛoccſſu:poſſumus etiam iſtud coꝛeł.huic tetric conclu / 
fioni adijcerc. ZInde manifeftum cit ~ omnis nomerus nomerans quotlibct ad/ 
innicem compofitos:numerat maximum numerantem cos onmes.z etiani mayi / 
mos numcrantce binos « binos coꝛnm. 
MPꝛopoſitio a. 
Exe KI nium ouoxum nimero26 inequalíam míno maíozis 
PASS Vant pars eft:aut partes. 
HEH | CSint ouo numcri.a.z.b.b, minor, dico q-b. eft pare vel ptes.a. 
Ss 97 4 Blut eni.b.numcrar.a.aut nó.fi numcrat pare eius € p oiffinitione 
BEGA Si nó numerat ipfum.aut ergo funt adinuicem primi aut nd:fi von 
funt cum p2imi:babebunt per oiffinitioncm partem cómunes: que quotics 
fucrit in.b.tot partce.a.oicctur etlc.b.per oiffinitionem.fi autem fint adinuicem 
p'imi:quia tamcn omnis numeri pare cft €nítas ab ipfo oenominata.patct ides 
per vnitates. Pꝛopoſitio 5. 
F i Y fuerit quano? uumeri quozum pzimus tota pars fecun 
di quota tertius quarti:erunt pꝛimus ⁊ tertíue pariter ac/ 
caepii tota pars ſecundi ⁊ quarti pariter acceptozum quo/ 
NU ? qi. a pꝛimus ſecundi. 
¶ Nolens cuclides hos libꝛos de numeris aliquo pꝛecedentium non 
indigere fcd pcr fc ipfos ftarc: partes cius qo p:opofuit pcr piitria quintí oc quà/ 
fitatibus in gencre:p2oponit per banc quinta buius feptimi de numeris. Sint igi 
tor.4.numcri.a.b.¢.d.fitas .b.tofa pars.a.quota.d.c.oico q.b.2.d.paniter ac/ 
cepti füt tota pare.a.4.c.paritcr accepto: quota.b.cit.a.owifis eni.a.z.c.fcom 
quatitete.b.z.d.argumetare ficut in prima quinti.erit cni ut totidefunt ptes.a. 
quot.c.pcr pofitione:c ut aggregatü ey pra ptc.3.« pma.c.fit cquale agaregato 
cx.b.«;d.fimiliter quoqs 2 aggregati cx fcóa ptc. a.« fcoa.c. 2 q2 bec aggregatio 
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totiens poteft ficri quotiens contínetur.b.in.a. fequitur vt numerus equalis ag. 
gregato ex.b.z.d.toriens cõtineat in aggregato ex.a.⁊.c.quotiens.b.continetur 
m.q,quarcconftatpiopofitü. —— Piꝛopoſitio s 
— 3j fuerint quatuo2 numeri quo2um pzímns tote pres {cdi 

( (3 quote tertius quarti:erunt pzimus s tertine pariter acce, 
d NE pti tote partee fecundi 2 quarti paríter acceptozum. quo 

$9133 F4 tc pztmue fecundi. . 

eet 4 C25 ppofuit premitia oc parte: pponit ífta oc partíb?. Sint itags 
«t pztus quatuo numcrí.a.b.c.d.fitqs ut.b.fit tot z tote ptes.a.quot «quote .d. 
ẽ.c. dico ꝙ.b.⁊.d.pariter accepti erunt tot « tote ptcs.a.z.c.pariter acccptozum: 
quot « quotc.b.cít.a.oíco ait tot z torae:q priü'pluraliras ouobus numcris oif 
finiturzquoz altcr numcrato? oicit alter ocnominatox:ut cii oícim"tres quinte:ter 
narius numcrat:quinarius ocnominat.Quia igit.b.cit ptes.a. fit vt fint pres a? 
numerate ab.b.z denominate 9.K.critg3 fimiliter p pofitioné.d.partes.c.nume/ 
rate ab.b.z ocnoiate 3.k.23na itag; ptus.b.fit.c.z ona ptium.d. fit.f. critas per 
ypotbe.c.pare.b .ocnomirnata ab.b.c pare.a.ocnominatg a. k. Similiter quogs 
«.f.crít pare.d.fcóm.b.4 pe.c.fcom.k. £ ópofitus igitur cx.c.e.f. fit.g. eritqs per 
premiflam.g.ps.b.<.d .pariter acceptor fcóm.b. iteq5 per candé crit pars. 2.2.¢ 
pariter accepto fcóm.h.quare per.ic.oiffinitione crunt.b. z.d. paritcr accepti p/ 
1c3.8.7.¢ pariter accepto numcrate ab.b.« ocnoiate a. K.eo q» eozum cómunis 
pare cít.g.mínosis Prm.b.c maioris Pm. h.c quía fic erat.b.a.conftat ppofitum. 
¶ Potes autẽ ⁊ per banc z pacmnifla gd pponit o¢ quatuornumeris ad quotlibct 
numeros ampliare: fi quotlibet numeri minoes ad totidem maioce cóparant 
fucrita; fingule finguloy tora pars aut partes:quota vel quote primus fcoi:erunt 
quoq3 omnes pariter accepti tota pars aut ptes omnium pariter acceptog quota 
vcl quote primus (cdi.qd facile probatur p banc z pzemilfam: quotiens oportue/ 
rit repctitas. £t fi crederemus efle intentione euclidis allumere cx prius vemon/ 
ftratis aliqua ad oemonftrationé eog:que bic proponit ex.13.quinti:facile ocmõ 
Rraffem’ banc fextam Nunc autem q? videf oppofitë aliter eni fuperuacuc pio 
poſuiſſet multa de numeris que vemonftrata funt in quinto ve quantitatibus in 
generce. Neceſſe habuimus pꝛopꝛijs vti demonſtrationibus tanquã ex pꝛioꝛibus 
nihil ſumentes:ſolis huius ſeptimi contenti pꝛincipijs:pꝛopter qð c petítionce z 
cões animi cõceptiones ꝓpoſiti pꝛopꝛias nõ incouenienter huius ſeptimi pꝛinci / 
pio appoſuimus. 





Pꝛopoſitio . 

J fuerint duo uumeri quoꝛum vnus alterius pars detra, 
d| batarqsab ambob? ipfa pe: erit relíquus tora ps relíqui 

quota totus toring. 
(109 pioponit bic cudidea oc numeris propofuit fuperius in quin 
| ta quintí.oc quantitatibus in genere. Sit itag3 ut quota pare cft to 
tus.a.totius.b.tor’? fit.c.octractus ab.a.d.oetracti .a.b. oíco qp tota crít.c.refi/ 
duus.a.f.refidui.b.quota cit totus.a.totius.b.« bec eft quafi coucrfa quinte. oít 
enim p pctitioné .c.tota pe .g.quotg.c.cít.d.erítqs p.5.tota ps.a.copofiti cx .. 
c.d.quota cít.c.d.quarc quota €.3.b.igit per fcóam Coceptione cópofitus. cx.g 
4.d.eft cqualis.b.oempto itaq3 ab vtroq5 numcro.d. erít.g. cqualis.f. quare crit 
g 2 
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.£ota para.f.quotg cít.a.b.tota enim crat.c.g.quod eft propofitum. - 
4f»:opofino s 
| Fa Ouobus numeris quozum alter alterius partes p20/ 
pofitis partes ille fabtrabatur:erit relíquue reliqui ecdc 
Q partes qui eft totus totins. 
HANA PAC Dec cht quafi coucria fcxte:vt fi fit quot « quote ptee cft totus. a. 
Li «Ne Zi totins.b.tot  totc.c.oetractus ab.a.d.octracti.a .b.erir.c.refidu?.g 
tot 4 totc ptee.f.rcfidui.b.quot « quote €.a.b.Oit cii .g.vna ptii.a.«.b.«na par 
tium .c.crítg5 ppter ypotb.g.tota pe.a.quota.b.c.« tora.b.quota. b.d.ocrrabat 
igitur.b.oc.g. remancar. k.erítqs k.p pmiffà tota pare.c.quota.g. a.« tota.f.p 
candé quota.g.b.quia igitur.e .z.f.babent patte comune que ¢.k.erit pcr.io · dit/ 
finitionc.c.ptce.f.tot quide quota pare cft.K.€.« tote quota cit.K.f. z quia tot ct 
rote crat.a.b.patet propofitum. 
Pꝛopoſitio⸗ 

SP ZEE 3 fucrint quatuo2 numeri quox paím? fcoí tota pe quota 

me NE tertius quarti:crit pmutatim tota peaut ptce pzimue tct/ 
| tij quota pars ant partes fecundus quarti. 
q'C Sit.a.pumus tora pare.b.fcoi quota.c.tertius.d.quarti.fintq; g 
3| z.6.minorcs.¢.2.d.aliter eni cflct ecónuerfo ci qò proponit. orco q 
quota pars vel pres cit.a.c.tota vel rote eft.b.d. oiuidant eni.b. quidé ſᷣm quãti / 
tatc.a.d.vcro Pm.c.crumntas pcr pzcfentem ypotb.tot partee.b.quot.d. 4 qꝛ vna/ 
queg; ptium.b.cit equalis.a.c vnaqqs.d.c.cft aute.a.c.pe aut ptes per p:efente 
ypotb.« pcr quatuo: erít «13495 partium.b.fuc cóparie cx partibus.d.ut prime 
pꝛime ſcða fcoe:fica5 oc ceteris tota pe aut ptce quo:a vel quote cft.a.c.per. s .igi 
tur vd.e.fub oifiunctiouc quoticne opotucrít repetitag: erit tota pars aut pres 
b.d.qnota vd quote cít.a.c.quod cft propofitum. 

Propolitio 10 
=) ¥ fuerint quatuo2 numeri quoy primus tote pres fecüde 
an à quote tertins quarti:crit pmutanim primus tota pars aut 
WA) partes tcerrij quota vel quote fecundus quarti. 

iui Sint quatuo: numeri ut prius quoy fimiliter minos fint. a.et 
ad] .b.fitg3.a.tote ptes .b. quote.c. cit.d. dico gq quota pars aut pres 
cſt. a.c.tota vel tote cit.b.d-oiutdantur enim minoxes int partes illas qui funt.a. 
4.C.cruutg3 per p2cfente ypotb.tot partes.a .quor.c.z quis 9naga3 ex partibus. 
eft tota pars.b.quota quclibct cx ptibus.c.cft.d.boc eui babemus cx nfa ypotbe. 
crit permutatim per premiffant:ut quota pars aut ptes ¢.b.d.rora vel tote fit vna 
993 ex partibus.a.fue cOparis cx partibns.c.p quinta igitur vel.c. fub oífinnctióc 
quotiens opoatucrit repcritas:crít rota pars aut ptes.b.d.quota vel quote €.3.c. 
quod cft propofitum. Pꝛopoſitio i. 
Jfuerint quatuoꝛ numeri ꝓpoꝛtionales quoꝝ pꝛimꝰ ſe/ 
MS cüdo « terti? qrto fit mato:erit fcós tota pars.aut partes 
AN y.) |P2uni quota vel quote quart?tertij. £20 ft fcos fuerit tota 
Weng Hips aut partes primi quota yl quote quarts tertij quatt 
= 02 numeros pzopoztionales cfle conueníct. 
¶ Sit pꝛopoꝛtio.a.ad.b.ſicut.c.ad.d.ſintqʒ.a.⁊.c.maioꝛes:dico ꝙ quota ꝑs aut 
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partea cft.b.a.tota vel tote cft.d.c.z ecSuerfo:erit eni p conuerfionc oiffinitiote 
(imiliti ppoxtionü €t quotiens.b.in.g .totiens fit.d. in.c. fi qua pe aut ptce.b. 
(yperfluunt in.a. tots pare aut ptce.d. fupfluant ín.c.fi ítags contincat . b.iu.a. 
(inc (upfluitate ptís:q: totiens fine fuptlutate continet. d.in.c.erit pcr oiffinitio/ 
ncfilinm ptinm:quota pe.b.a.tota.d.c.o fi quotienflibet continet .b.in .3.cus fu 
perfiuitate partis:q2 totiens continet .d.in.c.cii fupfluitate filia pris diftincto .@. 
fm.b.ut fupcrfluat.e.ata5.c.6m.d.ut fuperflnat.f.erit tota ps.c.b.quota.f.d. At 
q totiens continet.b.in ofa.a.ad.e.quoticns.d.in ofa.c.ad.f, eritp cOem (diam 
totiens.c.in.a.quoticns.f.in.c.ci igit.a.z.6.babcar.c.ptem cémunem:fifiter.c.2 
d.f.fic itaq3.c.in.b.quoticns.f.in.d.itemg3.¢.in.a.quoticns.f.i.c.crit per.16.dif/ 
finitioné.b.tot « tote ptes.a.quot 7 quote.d.c.Oí aüt.b.quotienflibet contíncf in 
a.cũ ſuꝑfluitate quotlibet ꝑtium:qꝛ totiens continct.d.in.c.cü fupfluitate totidem 
⁊ ſimiliũ ꝑtium:diſtincto.a.ſᷣm.b.vt ſuꝑfluat.c.ſiliter.c.ſᷣm.d.ut ſuperfluat.f.erit 
e.iot ⁊ tote ꝑtes.b.quot ⁊ quote.f.d.ſumpta itaqʒ vna ex ipſis argumentandum 
ut pꝛius:ſicqʒ patʒ pꝛimũ. Scom ſic.ſit.b.a.tota ꝑs aut ꝑtes quota vel quote.d 
c.dico q erit pportio.a.ad.b.ficut.c.ad.d.fi eni eft tota ps conftat propofitum. 
Gi autem tote ptes oiuifis cis hm partes illas patcbit totiens eife.b.in.a. quoti/ 
ena.d.in.c.« totà parte aut ptes.b.fuperfluerc ín.a.quotà aut quotc.d.fupfluant 
in.c.p oiffinitione itaq; cft pppoatío.a.ad.b.ficnt.c.ad.d.ficas liquet totum. 


| Pꝛopoſitio .2. 







wW ¥ a ouobus numeris Pm fuas propoztíones ouo nume 
DDA ri dctrabantur:erít pzopoztio reliqui ad reliquum tangs 
1 p2opoatio totíus ad totum. 

) [41.00 p:opofuit eudides in.19.quinti. oe quatitatib?in genere:p20/ 
pont bic oe numeris.¢t fi fit popostto totius.a .ad rotum.b.ficut 
C.oetracti.go.a.ad.d.octractum.a.b.erít.e.refidui. a.ad.f.refiduü.b. fícut.a. ad 
b.Si enim.g.fit mino2.b.erit p pefente ypotb. e per couerfione oiffinitióis.c.to 
ta pare aur ptee.d.quota cl quote cít.a.b. pcr.2.igitur €d.s.crít. e. tota ps aut 
partce.f.quota vel quote €.3.b.per oiffinítione igitur erit ppoxío «na: qo € p:0/ 
pofíti. £9 fi.a.fit maío:.b.crít per prima ptem pmifle quota pars aut ptes.b.a. 
tota vel tote.d.c.quarc p.7.vd.8.tota d tote crit.f.c.ítag; per fcóaim parte pze/ 
imifíc.c.ad.f.fícut.a.ad.b.quare conftat propofitum. £ edunt aüt buíc.7.2.8. bec 
cnim fola o» ambe ille contínet.23olunt aüt quida fcoam parte bníus probare pcr 
19.quíntí:fed fi boc intenderet euclideezcum ifta ;pponar particulariter q9 illa «ni 
ucrialiter vane illa ocmonftrata in quinto ppofuillct banc bic in feptimo : « quía 
iterum non demonſtrãt eam fimptr p.19.quinti.At vero nec modu. ocmontftratto 
nis illius poflunt affirmare ad ocmonftratione buius cum illa ocmontftret i quan 
titatibue in gencre.p pportionatitate,pmutata que infra oamonftratur in nume/ 
ris. £yxiftimo autem z rationabiliter conuinci vidctur cuclidem que vult ocmon/ 
ſtratoꝛis ariſmetici:gratia decimi in quo ſine numcroꝛũ aliqua p:ecognítione trà / 
ſire non potcrat conſtat aſſumere: idcirco plurima eoꝛum que in quinto de quanti 
tatibus ín genere ocmonftrauit. bic repetere ocmonftrada oc numeris: quoniam 
per alia principia propria vidclicet numerozum que magis nota funt intellectui 95 
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€a per que peeflit in quinto ipfa demonttrare intendit:prindpia enim quinti p20 
ptcr malicíam quatítatam incoicantium oiffialig fant :principia vero numero» 
magis vltro fc intellectui applicat:faciliufas qs illa. £gent cni illa intellectu magie 
W2opolttio .ı3- 
m 3i fuerínt qnotlibet numeri ppoztionales quantus erit 
41 Vnus ans ad {ue ofequere:tann eriit o¢s antecedétes pa / 
riter accepti ad oce cófequétee pariter acceptos. - 
1 (LO6 pponit eudidce p. 13.quínti oe quantitatib? i genere pponit 
PA] n banc oe numeris: vt fi fint.a:b. z.c.d.z.¢.f. ppostionales oíco ꝙ 
Q €ppoitio.a.ad.b.ca eft §.a.c.c.pariter acceptoy ad.b. d.f.pariter acceptos.Si 
ením.a.c.c.fínt mínoxes.b.d.f.erít per conerfione o1ffinitionis quota ps aut par 
tce.a.b.tota vel tote.c.d.c.c.f. per.g.crgo ve per .e.quotíene opo:tuerít rcpcti/ 
tas:erit quota pars vcl partco.a.b.tóta el totc.a.c.c. pariter accepti. b.d.f. pa/ 
riter acccptoz:quare per diffinitione pportio ¢na.Si aurem.a.c.e.ſimt maioꝛes 
b.d.f.crit pcr primam partem.11.quota pars vel partes.b.a.tota vel tote. d.c.z.f 
€.pcr.5.crgo vel.6.quoticis opo:tuerít repctítag:erít quota pare vcl partes.b.a. 
tota vel tote.b.d.f.pariter accepti.a.c.e.paríter accepto:um.ítaqs per fcóam par 
tci. 1. piopoxtío.a.ad.b.ficur.a.c.c. pariter acceptooum ad.b .d.f. pariter acce/ 
ptos:quod eft propofitum. 
Pꝛopoſitio .a. 
— ¥ fuerint quatuoz numeri propoztionales:permutatim 
i (9g quoqs pzopoztionales crunt. 
—VC Modũ arguedi qui dicitur pꝛopoꝛtionalitas permutata quã de / 
monftrauit eucidcs pcr.16.quintí ín quatitatibus in gencre: pponit 
Lo bic ocmonftrands i numeriss vt Si fit pportio.a.ad.b.ficut.c.ad.d 

crit permutatum.g.ad.c.ficur.b.ad.d.crit eni.a.maio:.b.aut mino: fitr quos c 
13í02.c.aut mino2.Sit itag prirmo mimo: €troqs:erit ergo p p:efentem ypotbe.et 
conuerfionan oítfinitionis.a.tota pars aut partes.b.quota vel quotc.c.d.pcr.9. 
ítaqs vcl.10.crít pmutatimm.a.tota pare aut ptee.c.quota ed quotc.b.d.quare pe 
otffinitioné p:opoztio wna. Sit igtiur.a.maio2 virogs :critq5 pcr pzumam partcm 
i. vt quota pare aut partes cít.b.a.tora ecl tote fit.d.c. quare per.9. vcl. i0.tota 
pars aut pies erit.b.d.quota vel quotc.c.a.igitur per (aim parte .ii.crít.a.ad.c. 
ficut.b.ad.d.Sit tertio.a. maioz.b.z mino2.c.eritq; p prima pté.11.tora pars aut 
pies.b.a.quota Vel quote.d.c.quare per.9.vcl .10.quota vel quote cít.3.c. tota «d 
tote erit.b.d. per oiffinitione itag3 pporio na: Zino quogs fit.a.mior.b. ma 
í0293.c.critq3 Yt tota pars aut partes fit.c.d.quota vel quote eft.a.b. per.o. itagy 
vel. 10.crit tota vel tote.d.b.quota vel quote.c.a. quare per fecundă partem. i.b 
ad.d.ficut.a.ad.c.fíicqs conftat propofitum:buíc aute ccdüt.9.€d.io . q1 ec fola 
qö ambe ılle proponit. Pꝛopoſitio .ış. 

3 fuerint quotlíbet numen alijq; fcóm eozum numerum 
omuefqs ouo er pzíozibue fcóm pzopostíonem omnium 
ouoꝛuʒ ex pofteriozibusiin pzopoztione equalitatis p20 
poationalee erunt. 

«.515odü arguendi quí oícit cqua;ppo:xtionalitae qu3 oemorfirauit 
eadidcs p.22.quinti oc quatitatib? tn gencre pponit pic ocmóftradü in numceríe 
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pirecte pportidalitatis:equa atic pportidalitatc qua oemdftranit per.23.quinti:ce 
quátitatibus indirecte pportionalitatis non pponit ocmdftrada i mumeris:(ed ca 
demoöſtrabimꝰ iufra (ap. r9.buius. Ticc cft neccfari ut pdemóftremus i numeris 
q? ocióftratü € p.ri. quinti oe quátitatib? i gencre videl (íi quotlibs ppoxrióce i 
numcriafucrint «ni eqles vcl eede ipfas cc fibi coles vcl caíde .boccni: manifcftüi é 
pcr oiffinírionc ut (i.a .ad.c.c.c.ad.f.fit (icut.b.ad.d.crit tam.a.c.q5.c.f.tota pe 
qut partes.quota vcl quotc.b.d.aut toticne contincbit.a.c.«.c.f.quoticna.b.d. 
tota pars gut partes fupcrfluent.c.in.a.c.f.in.c.quota vd quote. d.in.b. qa ergo 
quota pars aut ptes €.a.c.tota vel tote cit .c.f.aut quotiens.a.continct. c.cotiens 
c.f. z quota pare aut partee.c.fuperfluunt.in.a.tota vel tote.f.in.e.crit pcr oífft/ 
nitioné.3.ad.c.(icut.c.ad.f. Sint igitur ut pponitur numerí.a.b.c. « ali) totidem 
(.d.f.fitu5.a.ad.b.ficut.c.ad.d.4.b.ad.c.fteut.d.ad.f.oico q crit in equa ppor/ 
tionalitatc.a.ad.c.ficut.c.ad.f.crit eni per p:emiffam.a.ad.c.ficut.b.ad.d. fed « 
b.ad.d.ficut.c.ad.f.quare.a.ad.c.ficut.e.ad.f.igif per candé.a.ad.e.ficut.c.ad.f 
(dé crit fumptis plurib?:ficqs cóftat ;ppofitü I0 f ait cudidcs ceterae quatuo: 
(pcciea ;ppoxtióalitatie que (unt conucría:coniücra:oifiuncta:cucrfa :non pporit 
oemonftrandas ii numcríe:cóuenice arbitramur cas quas aucto: tanq; facie oc 
monftrabiles ptermífit ocmonftrare: [»simü itaq ocmonftrabimus conucría:vt 
(i (it.a.ad.b.ficut.c.ad.d.oico qp crit ecouerfo.b.ad.a.ficut.d.ad.c.(i eni fucrit.a 
mino b.tunc quoqs crit.c.mínos.d.« tota pars aut partes. a.b .quora vel quote 
c.d.quarc pcr fcóam ptem. u.erit.b.ad.a.(icut.d.ad.c.fi autem fuerit.a.maior.b. 
crit q1095 «.C.i13í02.d.« pcr primam partem. vi.b.tota pare aut parrce.a.quota 
vc quotc.d.c.per oiffinitionem igitur.b.ad.a.ficur.d.ad.c. 

¶ Diſiunctam pꝛopoꝛtionalitatem oſtendere. CVt fiſit.a.b.ad.b.ſi 
cut.c.d.ad.d.erit.a.ad.b.ſicut.c.ad.d.crit cnim permutatim.a.b.ad.c.d. ſicut.b. 
ad. d. ⁊ ꝑ.i12. ſicut. a. ad. c. qꝛ ergo.a.ad.c.ſicut.b.ad.d.crit ꝑmutati.a.ad.b.ſicut 
cad.d. — GiConiuncte pzopoatiorialítatí oemonftratíonem afterre 
C Zt fi (it.a.ad.b.ficut.c.ad.d.crir.a.b.ad.b.ficur.c.d.ad.d. erít eni pmutatim 
2.2d.c.ficut.b.ad.d.quare p.15..a.b.ad.c.d.ficut.b.ad.d.pmutatim ígitur crit.a 
b.ad.b.ficut.c.d.ad.d. GEucríam pzopoationalítatem reftat ín nume 
rieftabilire. LZ fifit.a.b.ad.b.ficut.c.d.ad.d.crit.a.b.ad.a.ficur.c.d.ad 
c.crit eni pmutatim.a.b.ad.c.d.ficut.b.ad.d.qre p.12.ficut.a.ad.c, permutatum 
igitur crit.a.b.ad.a.ficut.c.d.ad.c.patet itaq; rotum. £x bíe quoq; leue € ocmon 
ſtrare ĩ numeris ꝙ cucides ꝓponit ꝑ pcnu t.quiti oc quátítatib? i genere videl3 qp 
CSi proportio pzími ad fcom fuerit ficut tcrtij ad qrtü quinti quoq 
ad fecundum ficut fertí ad quartum:crit pzopo2tio pzími 4 quínti pa/ 
riter accepto:um ad fecundum ficut tertij « fextí ad quartum. 

(3t (i fit.a.ad.b.ficut.c.ad.d.itanas.e, ad.b.fiur.f.ad.d.crunt.a.2.c. pariter 
accepti ad.b.fient.c.ad.f. paritcr accepti ad.d.crit ením per conueríam piopoitio 
nalitatan.b.ad.c.ficut.d.ad.f.quare per equam psopoitionalitatem.a .ad.c.(icut 
c.ad.f.crgo coníunctim.a..c.ad.c.fiemt.c. c. f.ad.f itàq5 per equa. p:opotiona/ 
litatem.a.7.c.ad.b.ficut.c.c.f.ad.d.quod cft propofitum. £odema; modo p:0/ 
babis ecduerfo .fi fit.b.ad.a-ficut.d.ad.c.iteq3.b.ad.¢.ficut.d.ad.f.crit.b..ad.a. 
z.c.ficut.d.ad.c.¢.f.crit enim per conuerfam p2oportionalitate. a.ad.b. fiai.c. 
ad.d.quarc per cquam.a.ad.c.ſicut.c.ad.ſ.⁊ coniunctim.a.⁊.e ad.e.ſicut.c.⁊.f. 
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ad.f.igitur ecõuerſo.e.ad.a.⁊.e.ſicut.ſ.ad.c.⁊.ſ.per equã itaqʒ pꝛopoꝛtionalita / 
tem crit.b.ad.a.⁊.e.ſicut.d.ad.c.⁊.f.qð crat ꝓpoſitũ. Ex hoc quoqʒ manifcſtũ ẽ 
ꝙ ſi fuerit ꝓpoꝛtio quotlibet numeroꝝ ad pꝛimũ ſicut totidem alioꝝ ad ſcðm.erit 
aggregati ex omnibus antecedentibus ad pᷣmũ: ad pmá ficut aggregati ex oibus 
antibꝰad ſcðm:ad ſcðm.itẽqʒ ecõuerſo ſi ſuerit ꝓpoꝛtio pᷣni ad quotlibet numeros 
ficut ſcði ad totidẽ alios:crit pꝛimi ad aggregatũ ex oĩbꝰ ↄñtibꝰ ad ipſũ:ſicut ſcði 
ad aggregatũ cx oĩbꝰ ↄñtibꝰ ad ipſn. Pꝛopoſitio .ic. 
I nunmeret vnitas alique numeꝝ quotiẽs quilibet tertius 
Pica alique quarti-ertt quogs pmutati ut quotiẽs vnitas nume 
WA VAI rat tertium totiens iecüdus numeret quartum. 
AC Vt ſi ſit vnitas ad.a.ſicut.b.ad.c.erit ꝑmuiatim vnitas ad.b.ſi/ 
| E ACIEM cut.a.ad.c.Tlon (apfluit aüt bec ocmonftrara pmutata ;ppoztionic: 
non cii ex illa pot cõcludi qð hic pꝛoponitur. Nã illa demonſtrata eſt de.a.nume 
ris ꝓpoꝛtionalibus:vnitas vero nõ eſt numerus ꝑ diffinitionẽ:hoc ergo mõ pate 
at pꝛopoſitum.diuidat᷑.a.ꝑ vnitates ⁊.c.ſᷣm quãtitatem.b.eruntq; per pꝛeſcntem 
ypotbe.tot ꝑtes.a.quot.c.⁊ quia vnaqqʒ partiũ.a.eſt vnitas ⁊ vnaq̃qʒ ꝑtium.c. 
eſt equalis.b.erit ut quotiens vnitas in.b.totiens vnaqqq; ꝑtiũ.a.in ſua copari cx 
ꝑtibꝰ.c.ꝑ modũ itaq; demoſtratiõis.5. ſcquct᷑ totiens eſſe.a.in.c.quotiens vnitas 
in.b.qö eft propofitum. Pꝛopoſitio .ı7. 
a 3f ououm numerous vterqz ducatur in alterum : qui in / 
SAs de pzoducentur erunt equales. 
"Bi Goicut (1 ey.a.in.b. puemiar.c.2 cx.b.ü.s. pueníat.d.crunt.c.c.d 
3 1| cqualce:ci cni.b.multiplicatue p.a. pducat.c.erit p coucrftonc oítfí 
al! uitionis.b.in.c.quoticne enítas w.9.crgo p pzermiTam crít.a .ín.c. 
quotiens vnitae in.b.c q» totieie cít.a.cria in.d.q1 cx.b.in.a.fit. d. fcquitur ut to 
tice fit.a.i.c.quoriés in.d.p concept. igitur.c. c.d.funt (imiles. (»offumus quoq; 
banc condufioncm alio modo jpponcre:fi ouo numcroz eterqs oucar in alteri 
idé numcrus vtrobiq5 ppacnict:vr fi cx.a.im.b. pucniat.c.ide ctíà ex.b.in.a. p10/ 
ucnictzq eni ex.3.in.b.fit.c.erit ut pzius p cóucrfione ditfinitionis.b.in.c.qulotí/ 
ene «itas in.a.£t permutatim p p:emi(Tam.a.in.c. quoricna «nitas in. b. quig 
igit .a.totiems fibi coaceruat ín.c.quoticna in.b.eſt vmtas:ſcquit ꝑ diffinitionem 
q cx.b.in.a.fit.c. ^f»1opofitio — .:5. 
ZEN S vuue numerue in ouos oucatur:tantue erít ogox inde 
poducto2um alter ad alrerum:quantus ouo2um mnltiptí 
er icatozum alter ad alterum. 
WB P«IG Dr3ultiplicet.a.etrüqs ouoz nücroy.b.et.c. c pueniát.d.«.c.oico 
M] qp crit ;ppoztio.d.ad.c.ficut.b.ad.c.(cquit cni p cóucrfionc oitfini/ 
tionis cius qo eft multiplicari ut.b.in.d.c.c.tn.c.ftt quotiens vnitas in.a. quare 
p oiffinitione ;ppoxtio.d.ad.b.€ ficut.c.ad.c.cqualiter cni cos continent. q? quo/ 
tieng.a.vnitatc:ergo permutatím.d.ad.c.ficut.b.ad.c.quod eft propofitum. 
g i . ^Waopofitio «19... (Mes. 
PX C». ‘Y ouo numeri vnnm multiplicent :erit pzopoztío ouo2ü 
p. N21 utde ;pductox tans ouozum multiplicantum. 
| ) ZAC £x conucrfionc antecedentis premite concluditur bec cadê paio 
que in pꝛemiſſa:vt ſi vtcrqʒ duoꝝ numeroꝝ.b. ⁊.c.multiplicct.a.et 
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pueuiaut.d.«.c.erit.d.ad.c.ficut.b.ad.c.erit eni p ante pmiff ut cx.a.in .b.5.c: 
figt.d.z.e:qre p premilla.d.ad.c.ficut.b.ad.c.qdé ppofitii: ¶ Potes aũt qð pꝛo 
ponit ꝑ hanc ⁊ pᷣmiſſã de duobus numeris ad quotlibet numeros ampliare:ꝙ fi 
vnus multiplicet quoilibet erit ꝓductoꝝ ⁊ multiplicatoꝝ vna ꝓpoꝛtio.Silr quoqʒ 
fi quotlibet multiplicẽt vnũ crit ꝓductoꝝ ⁊ multiplicantium vna ꝓpoꝛtio qð ꝑ hãc 
⁊ pꝛemiſſa quotiens opoꝛtuerit repetitas facile ꝓbabis. hic aũt ut ſupꝛa pollitici 
ſumus demoſtrare volumus equã ꝓpoꝛtionalitatẽ in quotlibet numcris duoꝝ oꝛ/ 
dinũ indirecte ꝓpoꝛtionalitatis quã demoſtrat euclides ꝑ.ꝛʒ.quinti ĩ quantitati / 
bus in genere:dicimꝰ igitur quoniã. 

¶ Si quotlibet numeri totidẽ alijs fuerint indirecte pꝛopoꝛtionales 
extremi quoq; in eadem ꝓpoꝛtione pꝛopoꝛtionales erunt. 

(3t (i (it.a.ad.b.ficut.d.ad.f.c.b.ad.e.ficut.c.ad.d.crit.a. ad.ce. ficut.c. ad.f. 
ducatur enĩ.c.in.d.⁊.ſ.⁊ pꝛoueniant.g.⁊.h.eritq; per pꝛemiſſam.g.ad.h. ſicut.d 
ad.f.quare z ſicut.a.ad.b.ducat᷑.itẽ.ſ.in.d.⁊ ꝓueniat.k.eritqʒ per banc. 19.g.ad 
k. ſicut.c. ad. f. ⁊ qꝛ ex.f.in.d.fit.k. fiet idem ecõuerſo ꝑ.io.ex.d. in.f. quia igit ex 
c.⁊.d.in.f.fiunt.h.⁊.k.erit ꝑhanc.iq.h.ad.k.ſicut.c.ad.d.quare ſicut.b.ad.e.et 
qꝛ iam oſtenſum eſt ꝙ ẽ.g.ad.h.ſicut.a.ad.b.erit ꝑ.i5.a.ad.e.ficut.g.ad.k.ſcd fie 
crat etiam.c.ad.f.eſt igitur.a.ad.e.ſicut.c.ad.f.quod eſt pꝛopoſitum. Idem pꝛo / 
babis ſi fuerint in vtroqʒ oꝛdine numeri plures tribus quẽadmodum pꝛobatur in 
23. quinti de quantitatibꝰ pluribꝰ tribꝰ. 


Ap20polirio .26; — 5 


J fuerint quatuoꝛ numeri pꝛopoꝛtiõales qð ex ductu pꝛi 
$ míímn vitímü jpducetur equi erit ei qd ex ductu fecundi in 
Ian. Nd rertíü 5t vero qo ex pzímo i ltímü pducet equü € eí qo 
PEN » Ner fecundo ín tertiü:illí quatuo2 numeri füt ;ppoztíóales. 
4 P i Ouod propofuit eucides per. i5.fexti oc quatuo?lineis ꝓpoꝛtio / 
talibus: pponit bic oc quatuo: numerís pportionalibus.verbi gratia. Sit ppor 
tio.g.ad.b.ficut.c.ad.d.fiatqs cx.a.in.d.e.4 ex.b.in.c.f.oíco q.e. c.f. funt equa; 
les econuerſo:ducatur enim.a.in.b.⁊ fiat.g.eritqʒ per.is.g.ad.e.ſicut.b.ad.d. et 
qꝛ per.i⸗.ex.b.in.a.fit.g.⁊ ex eodẽ.b.ĩ.c.f.erit ꝑ.is.g.ad.f.ſicut.a.ad.c.ſed ꝑ.ia. 
cſt.a.ad.c.ſicut.b.ad.d.ergo erit.g.ad.f.ſicut.g.ad.e.eq̃les igit ſũt.f.⁊.e. qð eſt 
pᷣmũ.Nec opoꝛtet pᷣdemoſtrare ſi vniꝰ numeri ad duos ſit vna ꝓpoꝛtio ꝙ ipſi ſũt 
eqles:aut ſi ipſi ſũt eq̃les ꝙ vni? ad ipfos fit vna ppoxio. Si enim cft vna p20/ 
portio.g.ad.c.z ad.f.aut ipfcerit tota pars vel partes.c. quota vel quote idem 
cft.f.« tunc per conceptioncm patet.c.z.f.efle cqles:aut totiens.g. contincbit.c. 
quotiens.f.¢ fuperfluent in co tota pars vel partes.c. quota vel quote in codem 
fuperflucnt .f.« tüc ctíam per conceptione patct cos elle equales. Qo fi. ipfi fne/ 
rint equales patet per conceptione q» aut.g.erít tota pare vc partce.c.quota vel 
quote.f.« tunc per oiffinitionem crít ipfius.g.ad vtrumq; cowm popo:tio eria. 
aut equaliter continebit vtrunqg eum fuperfluitate (imilium « tot numcro par/ 
tium:¢ tunc etiam per oiffinitionan erit cius ad ¥trung3 proportio «na. ¶ Se/ 
cundg fic patet:fit.e. productus ex.a.in.d.cqualis.f. pducto ex.b.in.c.dico ꝙ ꝓ/ 
portio.a.ad.b.cft ficut.c.ad.d.z eft bec conuería prime partis. Sit enim vt prina 





— — . | 


b a 
-— pa — 
€ 
Ld m 
e f 
— — M ee 
c 
~ "8 r——— 
8 - 
r— E—— — — — 
a b 


LIBER 


g.qui fit ex.a.in.b.2 quia.e.z.f.fant eqles.crit.g.ad vtritgs comm p20portio tne 
z quia vt prius per.s$.g.ad.f.ficut.a.ad.c.cad.c.ficut.b.ad.c.crit.a.ad.c.ficut.o 
ad.d.quare permuracim.a.ad.b.ficut .c.ad.d. Non pzoponit autcm cu lides oe 
tribus numeris continuc propoztionalibus œ ille qui ex ouctu paimi in tertinm p/ 
ducitur fit equalis quadrato medij. £t fi ille qui ex pxmo in tertinm p:oducit fue/ 
rit equalis quadrato medij: q illi tres numeri tint continue proportionales ficut 
proponit in.16.fexti ve tribus lineis .boc eni facile oemonftratur per banc.20-me 
dio ílloxum trium numcroxum equali a(fumpto:queadmodum in fexto oc tribus 
lineis probatur per quatuor alfumpta quatuo? cquali medic. 


Pꝛopoſitio 2. 
NAmeri ſecunduʒ qulibet pꝛopoꝛtionem minimi: nume, 
E Yi rant quoflibet ın cadcm pzopozrione mino: minozem et 
IRANS lij maio? maiozem equaliter. 
RAAN fiC Sint. a.z. b. minimi numcri in {ua proportionc.fitgs. c.’ad .d. 
tj ficut .a. ad. b.dico qp .a: numcrat.c.«.b.d. equaliter. Lum fit enim 
a.ad.b.ficut.c.ad. d. erit permutarim. a.ad.c. ficut, b .ad.d. crit igitur .a.c.to/ 
ta pare ed partes quota vel quote .b .d. fi itaq3 fuerit pars conftat propofitum: 
At fi partce (it .c.«na partium.a.7.f.vria partíum.b. quía tota pare eft.c.c.per 
ypotbe.quota.f.d.erit per oíffinitionem piopostío.c.ad.c.ficut. f.ad.d. quarc p/ 
mutatímn.c.ad.f.ficut.c.ad.d.quarc ctiam ſicut.a.ad.b.non ſunt itaqʒ.a.⁊.b.mi / 
nimi ſue pꝛopoꝛtionis:quod eſt contrarium poſitis. Similiter quoqʒ. 
C Lnotlibet numeri fine in eadem pzopoztione fiue in diuerſis mini 
mí numerant omnes ín eadem pzopoatione quifqs fuum coꝛꝛelatinũ 
equaliter. | 
C Lt fi fint.a.b.c.minimi in eadem proportione vel in dinerſis: ſintqʒ in eadem 
ed cifdem.d.c.f.ita gp fit.d.ad.e.vt.a.ad.b.«.c.ad.f.vt.b.ad.c.oico g.a. numc 
rat.d..b.c.«.c.f.equalitar:quía enim eft.a.ad.b.vt.d.ad.c.crít permutati.a.ad 
d.vt.b.ad.c. et quía.b.ad.c.ut.c.ad.f.crit eriam pemmutatim.b.ad. e.ut.c. ad.f. 
quarc.b.ad.c.«.c.ad.f.fícut.a.ad.d.« quia.a.b.c.funt minoxes.d.c. f.crit. b.c. c 
c.f.tota pars aut partce.quota cít.a.d.oí itaqs pars conftat pzopofitü . zit fi par 
tts fit.g.vna partium.a.2.b.vng partium .b.e.k .€3.c.erítas per pacfenté ypo/ 
tbe.tota pars.b.c.z.k.f.quota.g.d.quare per oiffinitioné.b.ad.¢.7.k.ad. f.ficut 
g.ad.d.permutatim igitur erit.g.ad.b.¢1.d.ad.¢.z.b.ad.k.vt.c. ad. f.quarc.g. 
ad.b.ut.a.ad.b.¢.b.ad.k.vt.b.ad.c.quia ergo.g.b.k.fune minozes.a.b.¢.zi ca 
dem pzopoztione fequitur contrarium pofiti. 







MAzopofitio .22 

wAY fuerint ono numeri fcm fuam pzopoztionem minimi: 
JD ph erunt adinuicem pzimí. 
an Woy} Sint ovo numeri.a.z.b.{com fuas proportionem minimi. eico q» 
Al ipfi funt contra ſe pꝛimi. Si cnim nõ numeret eos.c.ſᷣm.d.⁊.e.erit 

| | qs per.18. d.ad.c.ficut.a.ad.b.2 quia.d. c.c. (üt mínozes .a c. b.fc/ 
quitur.9.7.b.non cffc (ue pzopo:tionis minímos:qo € orili pofitioni. Oifr quoq; 
¶ Si fuerint quotlibet numeri in continuatione ſuarum ꝓpoꝛtionuni 
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(me eàdé fiue otuerfe fuerine mimi.nullus numerns numerabitoms. 
G 3t (i fint.a.b.c.minimi in otinuatione faa propostionü:zoíco qv nullus nume 
rabit omnes. Sin autem numceret eos.d.a.quidé.Pm. e.b . vero Pm. f.«.c. &m.g. 
ritas p.18..c.ad.f.ficut.a.ad.b.c.f.ad.g.ficut.b.ad.c.q: ergo.c.f.g.füt minoxs 
a.b.c.c Pm ,ppoitione coxum nó erunt. a.b.c.qualee pofiti funt: quod € inconue/ 
nieng.G Quaqg5 aute nullus numeret.a.b.c.(i fucrint minimi:poteft tame effe ut 
quofliber ouos cx cía numcret vnus :ouctoletenim quolibet numero in alique; ad 
fe prin ac vtro; co» ín alique tertii ad vtrunqʒ pꝛimũ:pꝛouenient tres numeri 
quor quiqs ouo erunt cópofití. Tlul? tamé numerabit om̃s.Sint enĩ.a.b.c.tres 
numeri quox quifgs fit primus ad alios:oucatq3.a.in.b. ¢.c.¢ proueniat. d.zc. 
itemgq;.b.in.c.c pucriiat.f.oico quofqs ouos cy.d.c.f.c(Te adinuicem compofitos 
tame nullus numcrabit omnee ouos quoíqs p5 eiTe cópofitos.a.cním numerat.d 
⁊.c.b.vero.d.⁊.ſ.⁊.c.e.⁊.f.QMð autẽ nullus nuincret oce:patebit pius ocmó(tra 
to q.a.eft maximus numcrans.d.«.e.b.quoq maxim" gymeráe.d.«.f.c.c.ma / 
yunus nuimerás.c.c.f.boc ait fic cóftat:fi erii .a.nó € maim? numerás.d.«.c .fit 
(1335.9. numcretas.d.Pm.b..c.6m.R.eritas p fcoam pté.20.a.ad.g.ficut.b.ad.b 
itemas p cadé.a.ad.g. ficut.K.ad.c.qz ergo.a.cit minoz.g.crit.b.mino2.b.7.k.mi 
Ho1.C. cq b.ad.k.ficut.b.ad.c.vtraqs eni € ficut. d.ad.c.p .18.bís affumpta.funt 
gute:b.¢.K.minorcs.b.z.c.crit p imediate fequete z per bac ypotb. gp. b.z.c.fint 
Stra fe primi reperire minimis minozs:qò q? ¢ impollibilc: crit.a.mayim? nume 
rãs.d.⁊.e.Eodẽqʒ mõ ꝓbabit ꝙ.b.ſit maximus numerãs.d.⁊.ſ.⁊.c.maximꝰ nu / 
merãs.e.⁊.f.ſiquis ergo numerat.d.e.fſ.ꝑ coꝛꝛcł.ſcðe ter aſſũptũ ipſe numerabit 
a.b.c.ſed quiſqʒ eoꝛũ pꝛimus crat ad reliquos- Accidit igit ipoflibile, Sitr quogs 
C Quotlibet numeri quos ynus no numerat fcomcottunatione lugay 
Pportiony funeminimi. Ce fifint.a.b.c.quiliber numeri quos o¢s nul 
lus numcrat.oíco qp ipfi (unt iti continuatíone (uay ppo:tioni minimi. zlioquin 
(int minimí.d.c:f.qui p-2:.numcrabunt.a.b.c.quifqs fuü rclatiuum equaliter .fit 
ergo «t (com.g.crítq pcr.17.vt viceuería.g.numcret.a.b.c.fcom.d.e.f. quare ac/ 
tidit 2ríum pofitioni. ?AE»opofitio .23. 
AAilibet numeri ↄtra ſe pꝛimi ſũt ſm ſuã ꝓpoꝛtõem mimi. 
C bce é cóucrfa pmiffe vt fi ouo numcrífint.a..b.otra fc pmi sipfi 
crüt &m {03 pportione minimi:fin ait fint minimii cade pportide 
$A (t potfibile é.c.2.d.coftat itag3 p.21.cp.c .numerat.a.¢.d.b. eqliter 
! | fit igitur €t (com.e.crit per. iz. t viccuerfa.c.numerat.a. 2.0.8. quí 
dem fecddi.c.4.b.(com.d.non funt igit.a.c.b.9 fc pmí q5 € 2 ypotb. 
— Maopoſitio .24. 
Peg) ¥ fuerint ovo numeri cotra fe primi. quis ynd eo nm 
x «III meretad alter c¢ primus neceflario compzobamr. 
) Wal LSit.a.2.b.5 fe pmi.c. vero numerct.a.oico ꝙ.c.pᷣmꝰẽ ad.b.alio / 
eS} qui nijeret eos.d.q p penut.acept .aücrabit ctià.. nó ftt 6.3.7.b. 
Xin 5 fcpmi.d.einumceratabos. "fb:opofitío -2;. 
Kah Y fuerint Ouo numeri adalíü quelibet pzímí quí ex ouctu 
Tu vnius in alteri pducetur.ad eundem erít pzimus. 
A RAG Sir vtcrq; ouo numteroz.a.c.b.p:imus ad.c.« ex.a.in. b. fit.d 
| oico g.d.cft primus ad.c.aliter cni numerarct eos.c. d.qdà m.f, 
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crítqs p (cóam pté.20.a.ad.c.ficut.f.ad.b.4 qx: a.c.c.füt pmí« .e.numctat.c.ipfe 
crit p-24.primus ad.a.qre p-23.2.2.¢.funt (com (ua pportioné minimi:fequit ergo 
21.Ut.c.numcret.b.c qa pofítü € q ipfe numerct.e.nó erunt.b.«.c. 2 fe pmi: qo 
cft contra ypotbc. | 
([5:opofitío 26: 
Y fuerint Oto numeri contrafep2imi qui ex Yno eozŭ in 
fe ipfum pzoducitur ad reliquum eft pumus. 
gC Sint cotra fe primi .a.z.b.2 ex.a.in (¢ fiat.c. oico q.c. primus ct 
à MI ad.b.(it criim.d.equalis.a.crítqg.d.p:imue ad.b.« cx.a.im.d:ficr.c 
per pxemillam igitur patet.c.pzimi e(Te ad.b.qo piopofuimus. 







fD20pofitio .27. _ ur 
ZEN 3f ouobus numeris adalíos ouos cópatie vterqs ad vtri. 
i4 05 fuerit pzimus quí er ouobus pzíozibus ad eum quí ep 
Ri ou obuspofteriozibus poducetur erit pimus. i 
d oint.a.c.b.poxce.c.c.d. pofteríoxce:fítqs vteraz ouoz.a.c.b.p1 
33] mus ad etrüq5 ou07.c.2.d.« cx.a.in.b.fit.c.« cx.c.in.d.f.oico gi 
€ poiius e(t ad.f.bocaüt.25.tcr aflumpra euidenter condudit:cü eni fiat.c.ex.a. 
i-b.quozum vterg3 primus eft ad.c.z ad.d.crit pcr ipfam.c.primus ad-c.« item p 
{pfam primus ad.d.quia item. f.fit.cx.c.in.d.quoz vterqs prim? eft ad.d.crit rur 
(us per ipfam.f.p:ümus ad.c.q9 € ppofitü. 
Pꝛopoſitio ꝛs. 
— Jfuerint duo numeri contra ſe pꝛimi ducaturqʒ eoꝛum 

A CSAR] vrerq5i feiplum: erunt inde producti cótra fe pzimi. Ytë 

Po Wh) 93 fin veriigs pzoductoy fium ducatur pzincipiuz: erüt 
B fea) ley quoq5 pzoduct contra fe pzimi. 

p wo 4l (| oint.a.c.b.cótra fe piimi:oucatasetergs ín fc:2 proueniant ex.a 
quidem.c.cx.b.vero.d.itéq; oucat.a.tn.c.« pxoucniat.e.e.b.in.d.« proucniar.f. 
oíco.c.c.d.effc contra fc poimos:itemos.c.c. f. contra fe paimos:eft enim per.26. 
c. pimus ad.b.per cand igitur crit.d.piimus ad.a.« ad.c.ficq; conftat primont 
qo €.c.«.d.clTe contra fe primos. GO Keliqnum fic:cft cni vterqy ouoz numcroxim 
a.⁊.c.pꝛimus ad vtrũqʒ duoꝝ.b.⁊.d.itaqʒ per.ꝛ⸗.crit.e.pꝛimus ad.ſ.qð eſt reli / 
quum. Non ſolum autem erit.e.pꝛimus ad.f.ſed etiã per.ꝛ5.ad.b.⁊ ad.d. itemqʒ 
per eandẽ.f.ad.a.⁊.c.ſicqʒ ſi infinities duceret vtrũqʒ pꝛoductoꝝ in ſuum pꝛinci 
pium eſſent omnes pꝛoducti contra ſe pꝛimi:⁊ non ſolum ſed quilibet eductus ab 
a.ad quemlibet eductum.a.b. 

Paꝛopoſitio .29.- 
J fuerint duo numeri contra ſe pꝛimi:qui ex ambobus co 
aceruatur ad vtrũqʒ eoꝛuʒ erit pꝛimus.Si vero ex ambo 
bus coaceruatus ad vtrũqʒ eoꝛũ fuerit pꝛunꝰ duo quoqʒ 
numeri adinuicem erunt pꝛimi. 

= CSint .a.z.b.cotra fe primi: oico ꝙ cx cis cOpofitus.a.b.ad vtrũ / 
q3 €o1i erit prim? « ccóucrfo.nà fi.d.numcerat totü .a.b.« altcy coy nimcrabit p 
cõcʒ ícia5 « reliquid .qre nó erüt 2 fc pmií:f5 boc pofítü fuerat:ps crgo pmt. Sm 
fic:fít.a.b .pzini? ad vtriiqs (u07 componentium qui fant. a. c.b. oíco qr..7.b. 









VH 


(unt tra fc peimi:pofito eni y.d.numeret €trüiqy ououan numerog.3. z. bfe, 
quitur per cõem fciam gp ctíà numerct.a.b.cy cís cópofitum :quarc ad neutrum 
duoꝝ numeroꝝ.a.⁊.b.erit.a.b.pꝛimus:ſed pofitum crat qp eflet ad vtríiqs. ici, 
dit igitur impofftbilc. £odé quoq; mó fi coaccruatus cx ouobus p:imus fucrit ad 
alterum: pzirmus quoqg erit ad reliqui. í(deog; « coaccruati inter ſe:ſit enĩ copoſi / 
tus ex.a.⁊.b.pꝛimus ad.a.oico gp crít etíà pause ad.b.alioquin numcrct cos.d 
qui pcr cóccptione numcerabit 2.2.cum numcret totum « octractum: boc aute in/ 
conucniene crar enim compofitus cx.3.c.b. primus ad.a. 
MPꝛopoſitio «30. 
EEMonie numerus copofitusab aliquo pztmo numeratur. 
VC YV TSit.a.quilibet numerus cõpolitus:oico q aliquis ptim? numerat 
Jipf:q: cni eft cOpofitus numcrabit ab aliquo humcro qui fit.b. qui 
Vali fucrit primus vcrüi crit qo oícit .fí ait copofitue fít.c.qui numcrat 
ee 9 cum-?quí ctíà per cóem (ciam numcrabit.a.fi ergo vel ipfe fuerit pii/ 
mus conftat a9 oícit. zit fi copofitus ncceflario numcrabit cü.alius qui fit. d. quí 
ctia per ccm fciam numicrabit.a.d¢ quo rócinare vt pꝛius:qꝛ ergo quotiens oc/ 
currit cópofitus necefle cft minozcim aflumcre qui cópofitum occurrente numcret 
(cquitur ut tandé ocucniatur ad alique prima :alioquin accidet impollibile < con / 
tratium petitioni numerum in infinitum oecrefecre. i 
Izopolitio .31. 

Sem) Onis numerus aut @pzimusauta primo numeratur. 

7 « Goit.a.quiliber numcerus:oico ipfum effe primi vel numerari a pri 

mo.quia fi non eft primus crít copofitue:quilibct aute talis ab ali / 
À DYA| quo pzimo numeratur per pꝛemiſſam.a.igitur vel pꝛimus eſt vel a 
Eure piimo numcratur:quod proponitur. 

— Wropolitio s- | 

AEN AL nis numer? primus ad omné qué nd numerat ẽ pꝛimꝰ 
CSit .a.numerus pꝛimus non numerãs.b.dico ꝙ.a.⁊.b. ſũt cõtra 
fc pꝛimi.ſi eni.c.numerat eos nõ eſt verũ ꝙ.a.ſit pꝛimus. 

Pꝛopoſitio .33. 

xaxa 5f numer? cy ouob? ꝓductꝰ ab aliquo pꝛimo numeretur 
rs BT necelie eft cundem pzímü altez ilox ouoy numerare. 

A. NL I(Loit.c.p:oductue cx.a.in.b.« fit.d.numcrue primus qui ponatur 
CAN AI] numerarc.c.oico ꝙ. d.numerat.a.vel.b.numeret enĩ.c.ſᷣm.e.ſi er / 
ZA go nó numcrar.a.crit primus ad ipfii p pꝛcmiſſam:⁊ iõ erũt fin ſuã 
potione mimi p.23-7 q:..ad.d.ficut.e.ad.b.p fcoam prc.2o.fequit nt.d. nu/ 
meret.b.p-21.qdett propofits. An manifetty é q fi aliquis numerus nu, 
merat,pductü ex ouobus vel fi cidé fucrit coméfürabílis cõméfurabi 
lisquogseritalterieox. ^f»:opofitío .34. piyan 

cle Amers fin ppoztione nveroyx aflignatox minimosins 

: uecnire. ¶( inde manífeftü € maximi numex duos coiter 
x| H| numeranté fm minimos illius ppoznonis eos numerare 
(HiG Sint.3.z.b.numeri pzopofiti &m quo:um propo:tione volumus 
8| innucnire mimos.fí 8 fucrit 2 fc pri fat qlce ingrim’p-23.fi ait cO/ 
pofiti fumaf: €t oocet (coa mayim" cos coitcr numeras q fit C.üüimererqs cos Pri 
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d.z.¢.criitg3 in cadé ppontione p .18.quos dico ée qlce Grin” «Sint auré fint.f.¢ 
g- p.2i.numerabüt. a. .b.cqliter:fit igif ut 6m.b.critqs p fcóam pte.20.c.ad. b 
ficut. f.ad.d.*el (iaut.g.ad.c.quarc.c.e mínos.b.ítaqs a.b.numcerct.a. c.b. non 
fuit.c.maxim? cos numeras fcd erat pofitü qv fic.ergo «c.oiliter quoqs pollum?, 
¶ Mumeros fm continnitatem propoztionum numerox allignatox 
mínimos repíre. Zinde ctià manifeftü € mayimü namex quotliberco 
muníter numeráte Pin. mínimos pzopoatíon eo2um eoe numerare. 
(73: (i (int.a.b.c.Pm quoz piopo:tionce volumus minimos inuenire fiwe fuerit 
ín cadem pportione fiuc in oiucrfis: fiuc nullus numerus numerat cos oms: ipfi 
{unt quos querimus pcr.2 3.boc cnim ibi ocmonftratü cft. í autem vnus nume 
rat omse:fumat ut vocet tcrtia:mayimus cos cóiter numcrans qui (it. d.numcret 
q5 coe Pm.c.f.g.qui crunt in cade ;ppoxtione pcr-19.oíco coe efle quos querimus 
alioquin fint.b. k.l.qui per.21. numcrabunt.a.b.c.equaliter:fit ut Pm.m.critqs p 
(cóam ptem-2o.d.ad.m.ut.b.ad.e. vc. k.ad.f.vd.l.ad.g. D[3inoa cft igitur. d. 9; 
m.quare ciü.m.npmeret.a.b.c.nó fait.d. maximus coe numcrans:zquare fequitur 
impollibilc: fuit eni. d.maximus numcerarne.a.b.c. 
Pꝛopoſitio .35. 
Ailibet duo numeri minimos numeros ſue ꝓpoꝛtionis 
maioꝛ minoꝛẽ ⁊ minoꝛ maioꝛẽ multiplicantes minimum 
ab ipfis numeratum pzoductt. Ande manifeftum € mini 
fii mü qué ouo numeràt quélíbsab eis nnmeratü numerare 
LAS. | Goint ouo numcrí.a..b.minimiqs in coz ppo:rióc. c.«.d. erítqg 
pcr pzima pté. 20.t cx.a.in.d.«.b.in.c.fiat idcm numcrue.qui fit.e.qué oico cile 
minimi numcratü ab.g. c.b.alitcr eni fit.f.que nimmeret.a.c.b.Pm.g.t.b.crítas p 
(coam partc.:o.b.ad.g.fieut.a.ad.b.« ficut.c.ad.d.« per.18.crit.c.ad.b. ficut. c. 
ad.f.cii itaqs p.21.c.nüerct.b.e. nücrabit.f.maio: mino1e:q: crgo boce ipoffibilc 
COftat €cz cé qð dicit. 7Popolito .55. — — 
EH fopofitis quotlibet numeris minimũ ab eis numeratũ 
ND repire. ODanifetty etia cx boc € minimum numex quem 
€ r 
| Kal 











quotlibet numerat queélibet ab cig numeratt numerare. 
IN 7f U Sint ppofiti numeri.a.b.c.d.volo inuenire mim numcz numcra 
IASS tii ab cis. 3nucnío itaq pzimo minimå numerat ab.a.⁊.b.ꝙ ſi.a 
numerat.b.nó crit ali? Q5.b.fi auté nó numerat eñ nec ccõuerfo:fi ipfi funt stra fe 
pmí qui cx «no in alterü puenit crit minimus per-23.z pmilam. Qö fi funt cói/ 
cantcs:fumant minimi in coz jppoxtionc: vt o0cct.34:7 maio: ín minoze eoum 
niultiplicato pueniat.e.qui erit minimus numcratus ab cis per pmiffam.eimili 
quog; modo inucniet minimus numerat? ab.¢.z.c.qui fit.f.critq3.f.minimus nu 
icratus ab.a.b.c.fcd « minimus que numerant.f.« .d. fit.g. eritqs.g. minimus 
que numerant numeri ppofiti:gd eni omncs ipfi numerent:patet per cõceprioné 
fed fi nd e minimus ponat ergo.b. qué q? numcerat.a.2 .b.numcrabit ctíà ipfü p 
conct.prmifTc.c.p ide quoqs conct.numerabit ipfü.f. fed ⁊.g.maioꝛ itaqʒ nũcrat 
mino q9 cft impoffibilc.Dec « pmiffa pponunt i alio loco fub trib? condufióib? 
quay prima cquivalet pmifle:fecda componit ex conclarije ambobus :tertia p/ 
ponit oc tribus qo bcc oc quotlibet numeris. £ft itaq; pira. 

¶ Datis Ouobus numeris minimum ab eis numerawm innenire. 


VII 


( Dati numeri finta. c. b.quod míno (i numcrat maíoxcm cít maio? que querí/ 
mus. alioquin maio coz numceraret minoxem fe.Oí aute neuter neutris numeret 
(i ipfi (ut conrra fe primi.crit qui ex.2.in.b. pucnit qui fit.c. minimus omnium 
qué numerat..c.b.Tlam fi minoxerm co numeraucrint cíto.d. qué numcrent 6m 
¢.z.f.critqs per fcóam partem.2o.3.ad.b.ficut.f.ad.e.« quía.a.«.b. funt fuc p:0/ 
po:íonis mínüni per.23.numerabit.a.f.per.21.2 quia per.18.cft.c.ad.d. ficut.a. 
ad.f.Tlam ex.b.itt.a.z.f.fiunt.c.z.d.fequitur.c.numerare.d.{cd crat.d. mino2.¢ 
quare impoflibile. Si autem.a.z.b.fint coiantes: negociarc propofitus ur ín. 5 s» 
fecanda trium concufionum crambobus conct.citconfecta. 
CSi plures numeri numerum ynum numerent:necefle cit 9c mini 
mus qué numerant eundé numerum numeret. 
C 13t fi fit quilibet numerus que numerat.a.z.b.d.minimulg; ab cifdem nume/ 
ratue.c.erit ut.c.numerct.d.ci eni fit .d. maíoa.c. fi.c.nó numcerat ipfü. numcra 
bit tame aliquid cius: fitqs plurímiü qÓ numcrar.c.« refiduü fit.f. eritqs.f.minug 
c.quia igitur.a.«.b.numcrant.c.numerabunt per cóem fcientias z.e. fed numera 
bunt.d.itaqs per alíà cómunem fciam numerabunt.f. íncóucniens crgo fcquit. op 
c.nó fuit minimus qué numerant.a.z.b. Idem couinces 7 codé md de quolibet 
numerato a quotlibet pluribus.f. «p minim? ab illis quotlibet pluribus numcra/ 
tus cundem numcrct: vltima triii códtufíonü €. rum inuenire: 
¶ Pꝛopoſitis tribus numeris:minimũ numerox ab cis numerato/ 
¶ Tres numeri ꝓpoſiti ſint.a.b.c.minimuſq; quẽ numcrant.a.⁊.b.ſit.d. qui ſu/ 
metur ut pꝛima trium concluſionũ vocet. Si igitur.c.numerat.d.fcito .d. effe qué 
querim?. Si eni.a b.c.minoxem co numerant:fit eni.e.que per pmiflam condufio 
né numcrabit.d.qo cft impoflibile.Si auten.d.non numerat.c.fumatur.c.nini/ 
mus numeratus ab cis.qp autcm.e.numierct ab.a.b.c.patet q.c. numcrat ipfum 
«.d.fimiliter:ergo ¢.2.b.qui numerant.d.quare.c.numerabitur 4b.a.b.c.critq5.¢ 
minimus que numcrat.a.b.c.Sin autem fit.f.que per premiflam condufione nu/ 
merabit.d.fed.c.numicrat.f. quia. a.b.c. numecrant cum:quare. c.d. numerabut 
cumzquare per premiflam.e.numerabit eum z cht maio? co fed z.¢.maioz minor 
gö nő effc poteft. Jdem inuenies z code modo quotlibet propofitis. 
APropolitio .37. 
=F numerus aliquis aliv numerum numeret:eritin nume/ 
See Tato pars a numerante denominata. 
"IGI uius fenfus eft y ois numer" numcrat? a teruaríó babct tertia; 
) IG] «numcerat? a quinario bs quinta. ficqs cc ccteris:vt fi.b.numerct.a. 
! Tl crit in.3.pe ocnomirata a.b.numcerct enis ipft quotiens vnitas in 
C.eritqs per. i6. vt. C. quoqs totiens numcrct.a.quotiens enitas i.b.quare tota ps 
eít.c.a.quotta vnítas.b.t q? enitas eft pars omnis numeri ab ipfo ocnominata 
per cõmunem (cam:crit.c.pars.a.ocnominata 3.b.quod cft propofitum. 
Pꝛopoſitio 38. 
aE y humerus aliquis parte quotacung3 babeat numerabit 
| 3 CY. ipfum numerus adíllam partem oíctus. 
em eft cOuerfa p2emifie cuius eft intentio:e ois nicrus bits ter 
fa | (13 numerat a ternario:z bits quits a qnario:ficas de ceteris vt fi.b 
Ait ps.a. ocHoigta’a.c.(eqt UL.¢.nUcr3.2.q2 ci.b.€ Ps.a,0en0iata a.c 
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fcd « «nitas eft pars.c. ocnominata ab ipfo p cõcep.fequitur urt quotiens vnitas 
nunerat.c.toticns.b.numcrat.a.itaqʒ per.io.quotiens vnitas.b .toticens.c.nu / 
merat.a.q̃re coſtat ꝓpoſitũ. ¶ Aliter ide: cũ ſit.b.pars.a.ſi tota vnitas.c.eruq; 
per hanc cõnunem ſciam niratein eſſe partem omnis numcri ab ipſo dcnonu / 
natam.c.denoĩans.b.in.a.⁊ quia eſt.h.in.a.quotiens vni:as in.c.cuideter ſcqui 
tur pꝛopoſitum ꝑ.io. 

Pꝛopoſitio 39. 
z3 Amerum minimum popolitarsm ocnomímnationum bg; 
beutem partes inuenire J£ quo manileſtum ẽ ꝙ minimꝰ 
|| numerue numeratue a quotlibet € minimus babens par, 
tes Ocnominatas ab tpiis. 
CSint.a.b.c.d.ocnominantcs partes ppofitas.z.c. minimus nu/ 
meratus ab cia füptü &m.36.:ipfü.c.oíco eé quë querinus. Snt cnĩ ſᷣnquos nu 
mcrant ipfu:n.f.g.b.R.crítqs pcr. e.c banc comunem fccentiam:snítga cft para 
omníe nuimcri ab ipfo oícta: vr viceucría.f.g.b.k.nuimcrent.c.Pim.a.b.c.d.quare 
funt partes cius ab iltis oicte.cit igutur.c.babens partes propofitaruin ocnomi/ 
nationũ. Minimus ctiã qm̃ ſi alcer fuerit vt.l.ſint ꝑtes.l.dicte ab cis.m.n.p.q. 
eruntqʒ per.io.⁊ pꝛedictam cõem ſcicntiam.a b.c.d.viceuerſa ꝑtes.l.dicte ab.m. 
n.p.q.quarc nó crar.c.minim?que numeràt.a.b.c.d.qo cft incouce 3. Gbabito 
minimo:ſi cura cít babere fcom .aur quotiicügs libetz(t fcom qo füme ouplii mini/ 
mi:fi terum tiplum:e ad bunc modi in alijs. £um enim omnis mulciplex e.nn 
meretur ab.a.b.c.d.per banc cóc fcientiam: Omnis nunicrue numcrans alium 
numcrat omnem numcrarü ab iio necefle eft per. 37 .9t omnis multiplex.c.babc/ 
at partce ecnominiatae ab.a.b.c.d.fi iraqs ouplus.c .nõ fucrit (cos babene ptes 
ppofirarü. ocnoiationü: crit ali? que (icut (cquif cê maioré.c.fic feqiut éc muiosc 
ouplo:« qium numcrant.a.b.c.d.per. 39-fcquitur per cozcl-36.q.c. numeret 
cundé o9 eft impoffibilc.cum enün numeret fenumerarct p banc cómunem (da; 
omnia numcrus nurnicrae totü « oerractum:numcerar refiduü :oifferentia;n illins 
ad fc.que cum fit mino» fc:maio? numerus numcrarct muo:zan qo cfTc non potcft 
fcquítur ita35 ouplum.c.efTe Pim numcerü babenré popofitarum. ocnominationi 
partcs. Similit quoq; arguce triplü.e.clTc tertii pxobato cuplo eíle fcóm.alio/ 
quin quia ciTet tríplo mino. ouplo maíoz.fequercrur. c. numcerare aliq iter ipfi 
ue ouplum c trípimm.qo ur pzius pats cilc umpollibile:p2obaro ait trip lo elle ter 
tium ad buius fimilitudinem p:obabis quadruplum cffc quartum: fic in ceteris. 
C AD inimv nomerum babentem partes p2opofitarum ocnomínatio 
num iumptarum continue reperire. 
Gt minimum nomex babence tertis que tertia babeat quartam:que ctiã quar/ 
ta babcat quinta:aut feprima:aut qualitcraig3 contingat cas ab cifdem vel over 
fis ocnominari.D{3ultiplicari opozter Ocnominato:¢ prune partis in ocnomina/ 
fore (dc: ex cis pductum m cenomiínatox terae: pductum quoq; ĩ denomina / 
toꝛẽ quarte.ſicq; dc ceteris vſqʒ ad vltimam. a pꝛima vcl vſqʒ ad pꝛimã ab vltima 
« quí pisencrit erit qui inquirit «t in ;ppoftto.6o.«cl.64- GDocautcita cflc oc/ 
monftraríuc fic babeto. Cit numcri ptce ppofitas ocnoiantes.a.b.c.d. volum? 
tngenirc minimü numcrum qui babcat partem ocnominatam ab.a. íta gilla pa 
babcat partc ocnominara a.b.« illa alia ocnominata a.c. fed « becaalià oictà a.d 
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ducatur itaq;.d.in.c.⁊ pꝛoueniat.c.⁊.e.in.b.⁊ pꝛouemat.f.f.quoqʒ ducatur in.a 
⁊ pꝛoueniat.g.quẽ dico eſſe quẽ inquirimus.cum enĩ ipſe.g.ꝓueniat ctiam ex.a.i 
f.ꝑ.r7.erit.f. pars.g.dicta ab.a.At qꝛ.f. ꝓucnit ꝑ cãdẽ ex.b.ĩ.c.erit.e.pars.fſ.dcã 
a.b.ſed ⁊ pꝛopter hoc erit.d.pars c.dicta a.c.⁊ quia vnitas eft ps.d.oicta ab ipo 
d.pʒ.g.habere ꝑtes ut ꝓponit᷑. Si ergo nõ fuerit nnnimus ſit.h.ſitqʒ.k.ꝑs eiꝰ di / 
cta ab.a.⁊.l.ꝑs.k. dicta a.b.⁊.in ꝑs.l.dicta a.c.n.quoqʒ pars.m.dicta a.d.erit 
q; pcr.i8.g. ad.f.vt.h.ad.k.⁊.f.ad.e.vt.Kk.ad.l.⁊.c.ad.d.ut.l.ad:m. ſed ⁊.d. ad 
vnitatem vt.m.ad.n.ergo pcr.i5.crit ín piopo:tionc cqualitatía.g. ad vnítate vt 
b.ad.n.crgo pmutatim ent.g.ad.b.vt €nitas ad.u.quare cum.b.fít mínos.g.crít 
n. iníno: vnitatc.f(cquitur igitur impoffibile parte numeri mínoxe cffe enitatc.erit 
itaq;.g. minimus habens ꝑtes €t pponit Quo ínucto fi cura fuerit babere fcóm 
aut quotüquclibct p minimit mulriplices ut prius dictum eft (umendi erunt: boc 
autcin.5 9. pioponítur in alio fm bonc modum. 

( Y»:opofitis partíbus quotifcü dlibct:mínimü nnmerum cas con; 
tinentium inuenire. 

¶ Vt ſi ꝑtes pꝛopoſite ſint.a.b.c.ſintqʒ eas denominãtes.d.e.f. ⁊ ſumat᷑ minimꝰ 
qué numerant.d.e.ſ.qui ſit.g.hunc dico eſſe quẽ querimus:crunt enĩ in co pꝛopo 
fite partes per. 37.quí fi nó fucrit minimus cae conrinene:fit ergo.b.qué numera 
bunt.d.c.f.per.3$.igitur 10 crit .¢.minimus numeratus ab cis qo cft incõueniés 
qr erat. Iniclligo vcro ptes.a.b.c.indeterminate poni zd fub quatitate certa:ali 
tct eni nó ellct ncceflarium ¢¢ minimus numerus qué numcerant.d.c.f. effet mini 
mus continens partes ,ppofitas:plurimas eni contingit partes reperire ds nume 
rus Numeratus ab cox ociotatorbus non continet:verbi gfa. Tres numeri q fat 
120.90.7.72.funt ciufdem numeri ptcs. primus quidé tertia.fecd” vero quarta.2 
tcrtius quinta.nec tame minimus que numerat ocnoiators cox qui cft.so. ptes 
itas continet. 3nftandii igitur cft fí prca fub ccrta quantítate ponant prime con/ 
fcquentic buíus ocmóftraríóis:nó enim fequit ut arguit p.37 fi ternari? bunc nu/ 
imcrat ergo bic numerus pofitus cft cius tertia:(3 ergo babet terti: qua ppter ide 
eft quod pponit 6m etras modi: fed fcom primus conuenientius videt qo inte/ 
dit pzoponi. Atrédere aŭt opo:tet qp di oie pe babeat quàtítate i co otingit pone 
tc quotlibct z quaflibet ptes fcóm quaátitatc:« inquírcre quís minimus cas cótinet 
4 fub quibus oemominationibus.D[3inimi at cas cotinante coftat e(Te minima 
numerati ab cie.bm quos vero numerat funt qui illae im illo ocnoiant .£ ontingit 
iter poncre quotlibet z quaflibet oenominatióes: z inquirere in quo minimo bee 
denominationes repcriunt ⁊ ᷣm quas quãtitates. inimũ quoqʒ coſtat eſſe mi/ 
nimũ numcratũ ab illis:ſᷣm quos vero numerant ſunt qui quãtitates determinãt: 
vtrobiqʒ autẽ idcirco inquirit minimꝰ:qꝛ infiniti ſunt hine quidẽ qui has ꝑtes con 
tinent. Inde vero in quibus bee denoĩationes reperiunt᷑.Contingit rurſus ponere 
quoilibet partes ⁊ totidẽ denoĩationes vel quotlibet dcnoĩatiões ⁊ totidẽ partes. 
uó atit qua(libct ci quibuflib3:fed certas ci certis. Si cnĩ ponã ptes tres quatuoꝛ 
quinq; « octioiationes carü.c.7.9.« inquírà quie numcrus conrínet bas ptes fub 
((tia oenoiationibus.fitis cro inquifitori *ano querenti impoffibilc. £ ertae igitur 
conuenit ponere ptes qi oenoiationibus certis e nó ut contingit z inquirere quis 
numerus pofitas partes fub pofitis ocnoiatiomb’? cótínctznó atit quos minimus 
vnicus eni eft:nå fine ppofita fuerit vna pe « ria ocnotatío fiue plures z plures: 
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non erit ſumere plures numeros qð ꝓpoſitũ erit cõtinentes.Solus eni ẽ cuiꝰ ter/ 
narius ẽ quinta:n plures.Solus quoq; cuius ternarius octaua:⁊ ſenarius quar/ 
ta:nõ plures.ideoqʒ ꝓponentem ꝑtes ⁊ denoĩationes ipſaꝝ in toto nõ eft quere/ 
requis minimns cõtinet bas ptes fub iftis ocnoiationibus: fed quis vnus conti/ 
Netz proponenté ait partes tant . Lontingit quercre quie mínincaa continet za 
quibus in co ocnominant: folas quog3 pponente ocnolationcs conucnit querere 
que partes ab illíe cíctc c in quo minimo reperiunt, £oucnicntius aute vidct pat 
tes p ocnomingtioncs inquirerc:q5 ocnominatíonce p ptee: oiucrfitate quídam 
ociominationü non parti comitar ppo:tionü oiuerfitas. — Explicit liber fepti/ 
musg incipit liber Octauus. 


Atera numerox oicunt quoz multiplícatóe 
numeri ,pducunt.G eupficice appellat nu: 
mer? qui ex ouob? laterib? cotinet. G€50/ 
lídue vero qui füb tribus ex quoz cotínua 
multiplicatione bs paocrearí.G Quadratus 
e numerus fupficialie equalib? lateribus có 
fiftée. «LC ubus eft folídue equalib?cófiftce 
lateribus.G Similes dicuntur numeri fupfi 
cialee fiuc folidí quoz latera füt pzopoatio/ 
nalia. 
Pꝛopoſitio .. 
— Inumeroꝝ quotlibet cotinue ꝓpoꝛtionalitatis duo ex/ 
X (3 tremi fuerint contra fe pzmi:eos omnes fecundum fuam 
| 2^ C popoztionem mínimos effe necefle eft. 
led) (1 int cótinuc;ppoxtionales.a.b.c.ou095 extremi qui funt.a.c.fint 
—— 5 (c pꝛimi.dico ꝙ in eadẽ ꝓpoꝛtione nõ rcꝑient᷑ totidẽ minoꝛes.Si 
düt contingit (int.d.c.f.critas p.15.feprimi.a.ad.c.ficut.d.ad.f. 7q2. a.2.c. funt 
mmi ifua pportione p.23.clufde fequif p.21.ut.a.numeret.d.z.c.f.miores feili 
imaioxes qo cfle non potes. J£ opofitío .2. 
| Ameros quotlibet cótínue ;ppoarióalitatis fm ,ppoztio 
jj nc oatá mimos inuenire. vri manifeftum erít: op ft rerit 
trce numerí cótinue ppoztionalitatis Fm eã mimi duo eg 
tremi eröt quadrati. ſi fuerint q̊tuoꝛ erũt extremi cubi: 
CSint date ꝓpoꝛtiomis minini.a.⁊.b.ducat᷑q; a.in ſe ⁊ fiat.c.⁊ in 
b.⁊ fiat.d.b.quoq; in ſe.⁊ ꝓueniat .c.cruntq;.c.d.e.cõtinue ꝓpoꝛtionales ĩ pꝛo / 
poꝛtione.a:ad.b.ꝑ.is.⁊.io.ſeptimi:⁊ qꝛ.c.⁊.e.ſũt ↄtra fe pimi p.23. eiufdé crunt 
C.d.c.Pm vatà ;ppoxione minimi p pmiflamzoucat iterii.a.i oce ios, « pucntát 
f.g.b.2.b.i.c.¢ pucniat.K.< crit ctia.f.g.b.K.cotinuc pportionatesi ppostionc 
2.ad.b.p.18.«. i9. fcptími:mimi quoq; ꝑ.ꝛs eiuſdẽ ¢ pmillg bac via c rone iuní 
— | jE»opofitio .3.  anf.s.vel.6.vel quotliber. 
| 3 numeri quotlibet continue propoztionales fecundum 
NP tuam pzopoationem fuerint mimit:ouos coaum extremos 
dicontra te pzimos elle necellario compzobatur. 
¶ Hec tertia ¢ coverfa pume. Sint eni.a.b.c.d.cotinue pportiéalce 
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«fin ſuã ꝓpoꝛtionẽ minimi.btco qr.3.2.d.extremi erüt adinuice primi: mini ent 
in pportionc.a.ad.b.fint.c.z.f. eruntq3 p.22-feprimi contra fe primi.p bos ergo 
vuos fm odoctrina pmille inueniant totide cótinuc pportionales ⁊ mimi quot lũt 
numeri ꝓpoſiti: pꝛimo quide tres qui funt.g.h.k.deinde q̃tuoꝛ qui ſunt.l.m.n.p. 
⁊ ad hunc modũ cõtinue ꝑ additionẽ vnius quouſq; fiãt tot quot ſunt numeri ꝓ/ 
poſiti vt ſunt hic.l.m.n.p.ſequit ergo.l.m.n.p. equales eſſe.a.b.c.d.eo ꝙ in ea/ 
dem pꝛopoꝛtione ſunt vtriqz Minimi z q2 l. z.p.funt cõtra fe pzimi p-28.feptimi: 
enmt quog3.3.7.d.iliis cquales contra fe m quod eft p:opofitum. 
Fork pofitio .4. 
|3fmilítudiné aflignatax ,ppoztionü imimis numeris fm 
ipfas ppoztiõðes cotinuatim proportionalibus inuenire. 
(Lzi(fignate ppo:tionce i mimis temmie inucniant ut vocet. 34.fepti 
mí Ointqs pzima inter.a. c. b.fcóa inter.c.c.d.tertía inter .c.c.f. fit 
quoqs oe pluribus fi fucrínt plurce.volo bas ;ppontióce in quatuo? 
mnimie i rümerie cótinuare. umo ergo.g minimi que numcrat. b.2.c.« quoti/ 
ens.b.numerat ipfi.g.toties.a.numerat.b .d.quog3 totiés numerct.k.quotics.c 
g.itaqʒ ſi.e.numerat.k.ſit vt.f.totiẽs numerct.l.erũtqʒ.h.g.k.l.quos querimꝰ:cõ 
ftat eni p.18.feptimi ꝙ fit.b.ad.g.ficut.a.ad.b.«.g.ad.k.ficut.c.ad.d.at.k.ad.l. 
(icut.c.ad.f. Dr 3nimi quoqs.nà fi ali] (int mínimr €t. Im.n.p.q. opontebit p.21.fe/ 
primi bis aff umptá ut vierq5 ouo. b. c.c.numerct. p. Qrc c.g. nücrabit ende. «p 
Conc. 3 $.fep.qà € incóucniés. Ount igit.b.g.k.Lminimá.at vero fí.e.non nume/ 
rat.k.fit.m.minimue numcrat?ab cie fc... k.qué.m.quotiés nüat.K. toriés.b 
numeret.n.⁊.g. totiẽs.p.erũtqʒ ꝑ.is.ſeptimi.n.p.m.in ꝓpoꝛtione.h.g.k.q̃re.n. 
ad.p.vt.a.ad.b.⁊.p.ad.m.vt.c.ad.d.ſcd quoticns .e.numcerat.m.totiens.f.nu/ 
imeret.q.« crit p candé.m.ad.q.ficut.e.ad.f.D[3anifeftü € igif ꝙ aſſignate ꝓpoꝛ 
tionea corinuatc (Gt in quatuo: numcríe quí funt. .p.m.q. Out fi nó fucrint míní 
mi.fint fi poffibile eft alij qui fint.r.f.t.x.q2 itaq5 ꝑ.ꝛi.ſeptimi bis aſſumpta vter/ 
qj ouo numcroz.b.«.c.numcerat.f.(cquíf per conc. 3 s. fcp.et.g.mumercti eundé 
quare etia. k.numerabit.t.at q2 p.zifeptimi.c.numerat eunde.t.nó erit. m.mini / 
mus que numerat.k.z.e.bac rone quarta illis z quotlibet alias fine omni offendi/ 
culo cótíntiare poteris. ^f»:opofitio .;. 
s db nium duoꝛũ numero28 cópolito2d ppoztio ynius ad 
alterum eft ex laterü fo28 p2oducta pzopoztíonibue. 
M) IG O9 p:eponit.24-fcxtí oc füperficicbue equidiftantiü laterü : ppo 
GO, 4| rnit bic oe numeris cóopofitis. Sit ouo numcri cópofiri.a.b.latera.a 
ET AI] (int.c.c .d.latcra.b. fint.c.c.f.oico itaq qp ;ppo:tío. a.ad. b. con/ 
ftat cx ca que dt. C.ad.c.« ea que cft.d.ad.f.(it eni ut ex.d.i.e.fiat.g.q: ergo ex.d 
i.c. fit.g.4 cy.f.in.c.fit.b.p cóncr(ione oiffinítioie latcz crit p.is.fcptimi. a.ad 
$.ficut.c.ad.e.« p.i9.ciufde.g.ad.b.ficut.d.ad.f. quarc per oiffinitione ppo:xio 
$.ad.b.cópofita € cx ea que €.c.ad.c.« ea que eft.d.ad.f.q9 eft ppofitum. Nec eft 
neceffari vt cótinuamus pportioncs latex vidclicct ca que c.c.'ad.e. « eà que cft 
d.ad.f.in minimis numeris reptie Pm ooctrína pcedentis €t bocent quidam :boc 
cnim cft propofito ptcr neccífarium.Zirguü. eni pofito qp illi mimm fint. b.k.t. 
ita qp fit.b:ad.k.ficut.c.ad.c.c.K.ad.lL.ficut.d.ad.f. ppoxtione.b.ad.l.effe cópo/ 
fita ex ppofitox latex pportionibus. fursptog3.g. fieri ex.d.in.¢.arguitt.a.ad.g. 
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vt.h.ad.k.qꝛ ut.c.ad.c.⁊.g.ad.b.vt.k.ad.l.qꝛ vt.d.ad.f. ideoqʒ ñm equã ꝓpoꝛ: 
«.8.ad.b.vt.b.ad.l.codudunt igitur.a.ad.b.cóponi ex quibus.b.«.l.ecrü quide 
(cd non neceffario allumpto. Pꝛopoſitio «. 


Pp fo. 


Tà Y numeroum quotlíbet continue pzopoatíonalium pai; 
A eS mue {com non numeret-nullus eox numerabit vlamume 
Eh. eee Sint.a.b.c.d.c.continue pportionales.dico ꝙ fi.a. nó numer. 
£x MI b.nullus coz numcrabit.e.DIyanifcítü aüt eft ~ fi ipfum numerct 
ii «Xr Z1 omncs numcrabunt.c.« f impliciter quilibet pccdene quelibet fequc 
tam.oi aute non numerat ipfum patct g».d.nó numerabit.c. nec fimplt aliqs co 
rum primo fequente:q? funt pofiti continue pportionales:fed q nullus ali? utc: 
numerct ipfum fic conftat:fumant fm ooctrina fede buius totide minimi cótinue 
p2oportionales in pportionc cade quot fut ipfe.c.z o¢s fequétes qui funt .f.g.bs 
cruntqs p.3.bui? 4.f.z.b.9 fe primi: qz p equa pportione.c.ad.c.vt. f.ad. bat 
f.non numeret.b.ncc.c.nuincrabit.c.codem modo nec aliquis alioz: quare liquet 
quod pzopofitum cht. Prꝛopoſitio . 
Innmerox coõtinue pꝛopoꝛtionalium pꝛimus vltimũ nn 
i mercet: idem ipie 4 fecundum numerabít. 
¶ Sint qui pꝛiꝰ continue ꝓpoꝛtionales.dico ſi.a.numerat.e.ipſe nu 
Amenbit.b.alioquin ex pꝛemiſſa non numerarcet.e.qð c contrariũ et 
Ampoſſibile. Nõ folum autẽ numerabit.b. ſed ⁊ oes ⁊ quiſqʒ coꝛum 
quclibcr ipfuim ſequentem. W2opolitio  .s. A 
EZ E] 3 inter onoe numeros numeri qnotlibet in cótínua pz07 
Se poztionalitate ceciderint: totidem inter omnes dnos in 
7». Sehicadem pzopoztione relatos cadcre necefle eft. 
ke) £ [( oint.a.2.b.inter quos cadunr.c.c.d.in cótinua pportionc babe / 
BL AD ce fc in piopo:xionc.c.ad.f.oico g totide cadunt inter.e. c.f. ci ca/ 
dan p:opoatione quot intcr.a.c.b.Oint cni.g.b.R.ltoride minimi quot funt.a. 
2.b.qui inter cos cadunt fumprt.queadmoda oocct feciida buius cotinue ppor,’ 
tíonalce ín cade ,ppo:tionc:eruntas p. 3.8. «.l.cótra fc primi: ¢ per equa ppor. 
crít.g.ad.l.fit.a.ad.b.idcoos « ficut.e.ad.f. eq: ipft funt in {ua pportione mi/ 
nimi p.25.fcptimi.fequit per.21.ciufdc ut.g.numcerct.c.c.L f. equalucr:totieng igi 
tur numerct.b .m..k.n.pofitifas.m.c.n.inter .e.«.f. conftat p. is.fcptimi. em. 
n.f.effc córinuc pportionales:queadmodit funt.g.b.k.1.c idco qucadmodü.a.c. 
d.b.quarc patct quod oct €. £x bac conftat nullà fupticulare poflc per eclia oiui 
di:(i eni boc cet oporteret inter ouos numcroe fola enitate oiftantce numerum 
cadere medium quod effe no por: ideog; tonus in mufica que fexquiocta continer 
pportio: in ouo vcra fanitonig owidi non potc(t:fed necelario oiuidif in minus 
famitonium et maius. Pꝛopoſitio 9. 
IZ ER inter ouos numerose otra fe pzímos numerí quotlibet 
cotínna ,ppoationalítate ceciderínt: inter etrüqs eo2um z 
enítaté totidem cótinua ,ppostionalitate cadere neceffe é. 
([(Loint.a.ct.b.orra fe pꝛimi.inter quos cadat incótinua piopo:.c.2 
dl | 1.oico qv totíde erunt continue ppoztionales inter. a. eniraté:ité/ 
gj tonden inter.b.c enítarc. oint eni in ila popo:ttone mínimti.c. 7: f. fumpti ut 
oocct. 34. fcptimi:cx quibue fumant trcs coriuuc propo:tíonales et minimi i cou 


















v III 


proportione put docct fda buius qui (ürt.g.b.k.ocinde qtuo: qui fínt.Lm.n.p.« 
boc totiens fiat vfquequo fic furpti fiat toride quot unt numeri ppofiti svt funt 
bic.l.m.n.p.Cõſtat itag5 cit fint.a.c.d.b.in fua ppoxtione mimi p prima buius. 
(inta5.l.m.n.p.toríde z mimi in cade. 116 fit aüt pollibile cé aliquid minus min / 
mo q numcri.Lm.rn.p.cqualee erũt nũeris.a.c.d.b.qui vfq; fuo rclatiuo € ígi£:t. 
cqualie.a.2.p.b.DI3anifcftü aüt ex fcóa butue gp ex.f.in fe fit. Kk. ex codé.m. k.p 
p oiffinitione igit cius qo € mltiplicari:erit.f.1n.k.K quoq; ín. p.quotiés vnitas € 
in.f. itaq; vnitas.f.k.p.ſunt cõtinue ꝓpoꝛtionales.Silr aũt ⁊ vnitas.e.g.l.ſũptis 
ergo.a.⁊.b.loco.l.⁊.p.ſibi equaliũ erunt inter.a.⁊ vnitatẽ.g.⁊.e.⁊ inter.b. ⁊ vni / 
tatem.k.⁊.ſ.cõtinue pꝛopoꝛtionales:totidem quot ſunt inter.a.⁊.b.quod eſt pꝛo 
poſitum. ` Paꝛopoſitio to. 
— J inter vtrũqʒ eoꝝ ⁊ vnitatem quotlibet numeri cõtinna 

xopoꝛtionalitate ceciderint ambobus numeris totidem 
coniinua pꝛopoꝛtionalitate inter efle necefle eft. 
7 (Sint ouo nunicri.a.v.b.finta;.c.c.d.inter.a. vnitate.c.quoq; z 
ALQ f.inter.b.z vnitare continue proportionalcs.oico totide efle inter.a 
z.b.ctinue proportidales:bec ¢ couerfa puorts excepto qp ad. fübiectum pmiffe 
appofitii crat.a.z.b.cile contra fe primos qd nó apponit bic ad paffione: quap/ 
pter €lío2 cft paffio buius fubiccto illius. Quia igit quotiens vnitas in.d.toti¢s € 
d.ín.c.« totice.c.in.a.coftat qo cx.d.in fe fit.c.« ex code.d.i.c.a. Slt quoq; cy.f. 
in fe  n.c.ficnt.e. c. b. oucat iraqs.d.in.f. pductue fit.g.itéqs ide.d.oucat.i.g. 
4.c. (int pxoducti.b.c.k. £ onítat igitur ex. 19.(cptimi g.c.ad.g .*t. d.ad. f.« cx 
19.¢p.g.ad.c.vt.d.ad.f.quarc.c.g.c.funt continuc proportionales i proportione 
d.ad. f.ité p.18.itey funt.a.ad.b.ficut.c.ad.g.z.b.ad.k.fiaut.g.ad.c.z p.19.k.ad 
b.ficnt.d.ad.f. igitur funt.a.b.k.b.continue p2oportionales:quare cOftat propo 
fitum. Y2opolitio r. 
T Y fuerint ambo quadrati erít pportio 9níus ad alteri tå 
104 fut lateris ad latustllins pzopozno ouplicata. Si ve 
diro ambo fuerint cubt:erit pzopo2tio alrerius ad alterum 
tãquõ ſui lateris ad [atue alteris p2opoatto triplícata. 
= ( oint ouo quadrati.a.2.b.« ouo cibi.c.7.d. latera tà quadratozü 
dz mbor (int.c.quide.a. 4. c.f. vcro b.e. d.oico g» pxopo:tio.a.od.b.crit ficut.e. 
ad.f.ouplicata.c.vcro ad.d.ficut cade triplicata. Di tanifelta eni cit qp ex.c. in fc 
fit.a.« cx ipfo.c.i.a.c.fic quoq; cx.f.in fc fit.b.« cx ipo in.b.d.oucat igft.c.in.f.c 
ꝓuenit.g.⁊ in.g.⁊.b.⁊ pꝛoueniant.h.⁊.k.critqʒ ꝑ.is.ſeptimi.a.ad.g.ſicut.e.ad.f 
⁊ per.io.g.ad.b.ſicut.c.ad.f.igitur ex diffinitionc.a.ad.b.ſicut.e.ad.f. duplicata 
qð eſt pꝛimũ. Scðm codes modo cóftat.funt eui p.13.ítc7.c.ad.b.ficut.a.ad.g. z 
b.ad.k.ficut.s.ad.b.« per. ro. R.ad.d.ficur.c.ad.f.quare.c.b.k.d. funt ctià con/ 
tine psopoxtionalce in pportione.c.ad.f.p oiffinitione igitur crít.c. ad.d. ficut 
¢.ad.f.rripticata:quod eft feida. Pꝛopolitio 12 

NE numeroz cótinue ppoationalitatíe quííqs ín feípfü ou 

SJ WsAglcatur:qui inde pducent tüb cotinua jppotionalítate efle. 
WAAS fi ité in iplos pductos pzicipia ina ducant: inde quo 
R leila pductos connmue pportionalicatis e necefle eft. ideas 

ZAN ommbus boc modo productis extremitatibus. 
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CSint.a.b.c. otinue proportionates quox quifg; in fe oucatur 2 prouentat e.a; 
quidẽ.d.ex.b.vero.e.⁊ ex.c.f. dico ꝙ.d.e.ſ.ſũt ↄtinuc ꝓpoꝛtionales:ꝙ ſi item.a 
dncat᷑ in.d.⁊ ꝓueniat.g.b.quoq; in.e.⁊ pꝛoueniat.h.⁊.c.in.f.⁊ ꝓueniat.k. dico 
etiã ꝙ.g.h.k. erunt cõtinue ꝓportionales. ſit enĩ ex.a.in.b.l.⁊ ex.c.ĩ cundem.m. 
eruntqʒ ꝑ.is.⁊.iq.ſeptimi.d.l.e.m.f.ↄtinue ꝓpoꝛtionales ĩ pꝛopoꝛtione.a.b.c: 
itaqʒ per equã pꝛopoꝛtionalitatem arguc.d.ad.e.ſicut.e.ad.f.qð eſt pꝛimũ. Reli / 
qui ſic.ducat᷑.a.in.l.⁊.e.⁊ pꝛoueniãt.n.⁊.p.c.quoqʒ; ducat in.e.⁊.m.⁊ pꝛoueniãt 
q.⁊.r.cruntqʒ per eaſdem.g.n.p.h.q.r.k.continue quoqʒ pꝛopoꝛtionalcs in pꝛo / 
poꝛtione pꝛimoꝝ:pꝑ cquã igit ꝓpoꝛiidnalitatẽ coclude.g.ad.h.ſicut.h.ad.kR.qð eſt 
reliquum.Eadem erit rõ quotienſcunqʒ pꝛimi in pꝛoductos ducantur. 
Pꝛopoſitio .ʒ. 
Jquis quadratus numerus alium quadratum numeret la 
AN tus quoq5 uù latus illi? numerare pbatur. si yero latus 
iuum lams illias numeret quadrams numerat quadratus 
¶ Sint duo numeri.a.⁊.b.quadrati:lateraq; eoꝝ.c.⁊.d.dico ꝙ ſi.a 
nunecrat.b.cquoqʒ numerabit.d.⁊ ecõuerſo:coſtat cnĩ ꝙ ex.c.in fe 
fit. a.ex.d.quoq; in ſe.b.fiat igttur.e.cx.c.in.d.crumtas per. 19. 19.fcptimi. a.c.b 
otinue proportionales in ppo:tionc.c.ad.d.fi igit .a.mumetat.b.idem ipfc per.7 
buius numcrabit.c.quarc z.c.d.qo cft pximü. £ onuería fic patet.íi.c.numcerat.d. 
2. numcrabit.c.,pptcr id qo ,ppo:tio.a.ad.c.ficut.c.ad.d.« (t numcrat.c.ipfe nu/ 
merabit.b.pzopter boc cp {unt continue p:oportionalcs. 
Pꝛopoſitio .4. 
ri 9 cubus alium cubum numeret:latus quoqʒ ſuũ latus al/ 
terius numerabit.Si vero latus ſuum latus alterius mu 
“Sey meret:cubum numerabitcubum. 
K AIC Sit uo numeri.a.z.b.cubi laterag3 cox.c.z.d.dico ꝙ ſi.a.nume 
ziii rat.D.C.quoqs numerabit.d.7 ecóucrfo:oucaturcni .c.íin fc. fíat.c. 
d.quog; in (e.c fiat.f.oftat igit qp cx.c.in.c.fit.a.« cx. d.ín.f.b.fiat itag5.g.cx.c. 
in.d.cruntqs per. 12.7.19.feptinii.c.g.f.otinue proportionalcs in proportionc.e¢ 
ad.d.fed «.b.e.k.pioucniant cx.c.in.g. c.f.per cafdem igitur crunt.a .b.k.b. có 
tinue quog3 pzoporionales in cadem proportione. itag; fí.a.mumcerat.b. idem p 
7 .buius numerabit.b.quarce 2.c.d.eft enim.c.ad.d.ficut.a.ad.b.conftat igit pii 
ma pars.Conuerſa patet:ſicut conuerſa pꝛioꝛis. Nam fi.c. numcrat. d.a. quoq; 
numcrabit.b.que fí numerar neccilc eft vt numerct.b. 
Pꝛopoſitio «15. 
Z5 71 3f numerue quadratus quendà alíum quadratü no nume 
WAN ret:nec latas fuum latus illins numerabit. Si verolatus 
hy Yy fuum latus illins non numeret: quadratus is quadratum 
ex il illum non numerare ex necefitate conuincitur. 
A £45) Cec. 15.proponit negationcs cducrti:que affirmationib? quas.13. 
buius conucrti propofuit opponuntur: ¢t fi fint ovo numeri quadrati.a.z. b.quo 
rum latcra.c.z.d.fi.a.non numerat.b.c.quogs non numerabic. d. cconuerfo etiã 
fi.c.non numerat.d.nec.a.b.fit cnim primo vt. a. non numeret.b. fi itaq3.c. nu / 
mcrat.d.per fecunda partem.13.buius ⁊.a.numerabit.b. qð e cotrariũ poſitioni 
ficq3 patet primum. fecidi’ quoq; ſic:ſit ut.c.nõ numeret.d.itaqʒ ſi.a.numeret.b 
















VIII 


per pꝛimã ꝑtem.iʒ. neceſſe eſt vt.c. numerct. d. neceſſe eſt igitur vtnumeret ipſum 
cũ non numcrat ipſũ:qð eſt impoſſibile.Qucadmodũ autẽ neceſſe eſt cõuerti ne/ 
gationcs oppoſitas affirmatiõibus quas.iʒ.demoſtrauit ↄuerti:ſic quoq; neceſſe 
é cae ncgatióce quc opponüt illis affírmatioriibus quas pmiffa cóuertí ocmóf ra 
uit cóucrtant.vndc fi abus nó numcrat cubü ncc latas ciue numerabiwt latas illi? 
ccóucrfo quoq; fi latus vnius no numcrat latue altcriueznec ipfe cubue numera/ 
bit altcri cubi .ocmóftrat aüt boc p pmillam a ocftructione ofcquétie:ficut qo.p/ 
pofitum eft pcr.15.ídcoq5 boc aucto? nó propofuit:fed per td qo paopofítü € ipfü 
ocdít intelligi. 4gopofitío 6. | 
Fx 3 ouonumeri fuphicialee fuerint files necelle € tertíü nu/ 

Aen erü Pm ppoztionalitaté cótinná eis ĩtereſſe:eritqʒ pꝛo/ 
iipoztio vmus numeri adaltez fibi fimile velut vniꝰiateris 
MI fuí ad latus alterius fe veípiciens pzopost10 ouplícata. 
{Sint ovo numeri.a.¢.b.fuperficiales z fimiles:oico qp inter ipfos 
cadct vnus numerus in córinug ꝓpoꝛtione:latera cni.a.fint.c.z.d.b. vero latera 
fint.€.c.f.crunta5 cx cóucrfione oiffmitione numcro fimili. c.ad.c.ficut.d. ad 
f.conftat ait qp cx.c.in.d.fiat.a. ex.c.in.f.b.fiat itaqs.g.cx. ¢.in. d.critgs p. 19. 
feptimi.a.d.g.ficur.c.ad.c.4 pcr. i8.cíufde.g.ad.b.ficur.d.ad.f. quarc.a. ad.g. 
(icut.g.ad.b.cft itaq5.5.cótinua ,ppotonalicate medius inter.a.⁊.b.qð eſt pꝛo/ 
pofitum. £ o1ct.atit patet.cü fit.a.ad.b.per oiftinitione ficut.a.ad.s. ouplicata. 
quc cadem cft illi quc cft.c.ad.e. 







2 5. ropofitio iv. 

BS feüdicotinam ppostonalitaté tertí? numer? onob? 
numeris interſit:illi duo numeri ſuꝑficiales ſunt z fimiles. 
"Ms. WRIG b«c cft couerfa pᷣmiſſe:ut fi intcr. a..b.fit.c.fnb cótinua ppoxio 
m) dl ríonalitate cóftitutus.a.c.b.crumt fupiiciales 2 funilce.fint eni. d.c 

JL Af c. minimi in propoxtíone qua continuantur.a.b. c.qui per.21.fcpti/ 
ini numcrabunt.a. 7.c.eualiterzfitqs et 6m. f.« per candam.c. 2. b.equalíter :2 fit 
vt &m.g.crunt igitur per oiffinitioncm.a.z.b.fuperfiaales:c erunt etíam per oif/ 
finítionem.d.c.f.latera numceri.a.c.quoq5 7.9. latera numceri.b. 9 autc pfi fttit 
fimiles fic babeto:cum enim ex.d.in.g.fit.c.< cx.e. in. f. fit ide.c.crit p fcóam par/ 
tcim.20.feptimi.d.ad.c.ficut.f.ad.g.per oiffinitionc igitur.a.z.b.funt fimiles qð 
dft p:opofitum:boc autem vltimum qo eft.a 4.b.che fimiles poteft etiam baberi 
pet.19.2.19.feptimi « pcr bas ypotb.g..a.c.b. funt otinuc ppoxtionales in ppor 

tíonc.d.ad.c.mínimor tiumcrantír.a.c.c.Pm f. c.c. 7.b.fcem.g. 
Pꝛopoſitio is. 
! 5f fuerint ouo numeri folidí files:necefle eft eis duos nu, 
meros hin continuam p2opo2rionalitatem interefle.erit 
qʒ pꝛopoꝛtio vnus ſolidi ad alterum fibt fimilem.velut 
Milcuiuflibet fai lateríe ad latue alteríus refpiciens fe ppoz/ 
2L 13 ttonaliter popoatio triplicata. 

Q cnt ouo numcrí.a.«.b.folidi fimiles: oico q inter ipfos cadent ouo numeri in 
COtinua pportione.Sunt eni latera numcrí.a.c.d.e.laterg vcro.b.fint.f.g.b.crüt 
q5 excóuctfionc oiffinitionis numcro fimiliii.c.ad.f.c.d.ad.g.ficut. c.ad.b.oic 
igitur ex.c.in.d.k.« cx.f.in.g.l.eruntqs ex oiffinitione.R. c.l. fupficiales z fimiles, 
b 4 
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quare per.16.buius vnus numerus cadet inter cos medius fm ppoxtione.c.ad.f. 
qui ſit.m.Manifeſtũ aũt ẽ ꝙ cx.e.in.k.fit.a.⁊ ex.h.in.l.b.ſi igit ex.e.in.m: ⁊.l. 
fiant.n.⁊.p.erũt ꝑ.is.ſcptinn.a.ad.n.ſicut.k.ad.m.⁊.n.ad.p.ſicut.m. ad.l.q̃re 
a.n.p.ſunt ↄtinue ꝓpoꝛtionales in ꝓpoꝛtionc. c.ad.ſ.⁊ qꝛ per.io.eiuſdẽ.p.ad.b. 
ſicut.e.ad.h.⁊ ideo ſicut.c.ad.f.ſequit ut quatuoꝛ numcri.a.n.p.b. ſint continue 
ꝓpoꝛtionales ſm ꝓpoꝛtionẽ.c.ad.f.ſunt itaqʒ inter.a.⁊.b.duo numeri.n.⁊.p.me 
dij incõtinu. ꝓpoꝛtionalitate ſuoꝝ laterum interpoſiti:qð ẽ ꝓpoſitũ. Coꝛꝛeł.autẽ 
pʒ cũ ꝓportio.a.ad.b.ſit ꝑ diffinitionẽ ſicut.a.ad.n.triplicata que eſt eadem illi. 
que eſt.c.ad.l. Pꝛopoſitio 15 
Y cíe fcóm cótinuá ,ppoxtionalitaté duo numeri interia/ 
cent quílibet ouo numeri folídi fant atqs fimiles. 

IG becef ouerfa pmille vt fi inter.a.c.b.fínt ouo numeri.c. z.d me 
NUT inxótinua ppo:tionc:erüt.a.c. b.folidi « fimiles: Gumant enim 
tres mínimi in cadc p:opo:xtione otinuc ;ppostionales qui funt. c.f. 
g. crũtq; resin in cae « finiles.fint ergo.b.c.R.latera.c.at.l.e.m.la 
tera.g.critq3 per conel’.-16.buius.e.ad.f.ficut.b.ad.Lautficut.k. ad.m. manife/ 
(tü aute eft cx tertia gp.c.«. g.funt otra fc p:imi: ideog3 per.23.feptimiin fua p/ 
potione minimí.c qt p equa pportionalitate funt.a.ad.d.«.c.ad.b.ficut.c.ad.g 
fequit pcr.z1. ſeptimi:ut ipfi numierent.a.c.d. equaliter qo fít Pm.n.« (tem.c ..b. 
eq̃lit qð ſit ñᷣm.p.Quia igit ex.h.in.k.fit.e.⁊ ex.e.in.n.fit.a.ſequit᷑ ꝑ diffinitionẽ 
vt.a.ſit ſolidus eiuſqʒ latera.h.k.n.ſilr qꝛ ex.l.in.m.fit.g.⁊ ex.g.in.p.b. ſequitur 
ctiam ut.b.ſit ſolidus ⁊ cius latera.l.m.p.ipſos aũt eſſe ſiles ſic conſtabit cũ ex.g. 
in.n.fiat.d.⁊ ex eodẽ in.p.b.erit ꝑ.is.ſeptimi.n.ad.p.ſicut.d.ad.b.⁊ qꝛ ſic erant 
h.ad.l.⁊.k.ad.m.ꝑ diffinĩtionẽ manifeſtũ eſt.a.⁊.b.eſſe ſumiles:qð eſt pꝛopoſitũ. 
r- Pꝛopoſitio — 2o. 

CA Y trinm numero2ü continue ꝓpoꝛtionaliũ pꝛimus fuerit 
y: [quadratus tertium quoq; quadratum efle. 
SiC Sint tres numcri continue Pportionales. a.b.c.fitq3.a.quadrat? 
oico q».c. eft etia quadratus funt cui P 17 3.2.C. (upficiales 7 fimiles 













T£xopolitio — 2: 
x quatuo2 numerozum continue popoztionalium. pat/ 
mus fnit cubus: quartum cubum efle necefle eft. 


5 yss dico ꝙ.d.eſt etiam cubus:coſtat enim per. * a. 4. z.d. (int fo 
Aidi ſimiles:⁊ qꝛ.a.eſt cubus per pꝓpothe.crit etijam.d.cubus. 
Pꝛopoſitio 22. 

| 3j ouo numeroz quoz pꝛopoꝛtio ſicut quadrati ad qua 
dratũ fuerit vnꝰ quadratꝰ:alterũ quoqʒ quadratum eſſe. 
ouo numeri.a.⁊.h.in pꝛopoꝛtione duoꝝ quadratoꝝ qui ſũt 
dic. c.d.fitqs.a.vd .b.quadratus:oíco reliqui cffe quadrarü: cà enim 
C. e» d.fint quadrati:fequitur eos efle fuperficialcs fimiles.ideogs per 
16. * vnus medius inter eos in continua pꝛopoꝛtionc:quare per.s.⁊ inter.a.⁊ 
b.pet-2o. igitur cõftat propofitum. 


Wropofitio 23. 
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4j ono numerox quox pzopoatío adalterum fit ficut cu 





















A : 8 a c 
biad cubum alteruter fuerit cubus adaltey cubicum ele. ~ 1m 
AESint duo numeri.a.⁊.b.in ꝓpoꝛtione duoꝝ cuboꝝ qui ſunt.c.ꝛ.hd — | 
Ilſitqʒ.a.vel.b.cubus:dico rcliquũ eſſe cubum. neceſſe eſt enim ꝙ.c.⁊ 

Ad . {int folidi fimiles:quippe omnes cubi funt fimiles 2 folidisitagyp =“ 5°" s —— 
18.inter ipfos cadent ouo medij in continua proportione totidem igitur per.$.c3 =———— m 
dent inter.a.7.b.itags per.21. manifeftum eft quod oiatur. 

4f»:opofitio .24 
x meroaum füperficialium fimilium eft proportio vnius 
j| adalterum ficut pzopoztio quadrati ad quadratum. A a et 
NC Sint.a.z.b.fuperficiales fimiles.oico qp vnus ad altcrit eft ppo? c e 
litio ficut quadratí ad quadratü:erit eni per-ic.inter cos «nus nume b — — 
rus medius in continua pꝛopoꝛtione qui ſit.c.ſumptis itaq; tribus — — 
minimis in ꝓpoꝛtione eoꝛũ:qui ſunt.d.e.f.erunt per coꝝeł.ꝛ.d.ad.f.quadrati: et 
qꝛ ꝑcquã pꝛopoꝛtionalitatẽ cít.a.ad.b.fimt.d.ad.f.coftat veꝝ eſſe qð ꝓponitur. 
Pꝛopoſitio 25 
REST duo2um folidozum fimilium eft proportio €ní/ — —————À — — 
v | us ad alterum ficut alicuius cubi ad aliquem cubum. c TEN. 
NC oint.a.c.b.folidi fimíles:oico gp ;ppoitío vnius coz ad alterum b 6 
| Aich ficut alicuius cubi ad aliqué alium cibum. üt quidem p.is.ínter ^ — . E LT. À 
— cos ouo numcri medij Pm contínud'piopoitione qui fit.c.z.d.icoz ——— DEUM 


proportione fint mínimi:quatuoa.c.f.g.b.quoz.c.z.b.crunt cubi per conelarium 
fcóc.q igitur per equa proportionalitatem cit.a.ad.b.ficur.c.ad.b.liquet propo / 
fitum. — £xplicitliber Octauus incipit liber Tlonus. 
— — Ar numerus eſt qui poteſt in dno equalia 
dinidi.d Jmpar numerus € qui i uo equa 
lia diuidi nõ pot:additqʒ ſupꝛa parẽ vnitatẽ 
Pariter par ẽ quẽ cũcti pares eũ numeran 
es paribus vicibus numerant:G foaríter i 
par eft qué cunctí parce eü numerátesipa; '; 
rib? vícib? numerat. Pariter par ⁊ ĩpari 
ter ẽ quẽ pares eũ nnmerãtes quidã paribꝰ 
quidãa im paribꝰvicibꝰnumerat ¶ Impari/ 
ter ipar qué cücti ipares eŭ numerantesim ` 
> paribus vicibus numerat.c IPerfectus nu 
merus appellat qui oibus ptib? fnis quib? numerat é equalis. CDa 
bundans dicitur qui oibus tuis pnbus minoz eft. @iminutus vcro 
quí maío2. 4f»:opolttio.  .:. 
ee Y fuerint ono numeri fupficiales files quét ex ouct alteri 
usin alterum producetur numerd quadrath eg necefle €. : : 
: CSint.a.z.b.fuperficiales fimiles ex quoz multiplicatione prouc/ P—i 9 —— — 
) ^5 niat.c.oíco.c.cfíc quadrati. ftat eni.d.cx.a.ín fe.eritqs per. 16.fepti 
237 ^| mí.d.ad.c.fícut.a.tad.b. c q2ínter.3.7. b.cadit enus medius fcóm 
cOtinua pportionalitaté p.17-octaui.fequit p.8.ciufde vt en? quog3cadat inter.d 
⁊.c.itaq; cũ.d.ſit quadratus erit per.ꝛo.eiuſdẽ.c.quoqʒ quadratus qð ẽ ꝓpoſitũ. 
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J Pꝛopolſitio 2 
¥ ex Oucty alterins in alterum tetragonus pducatur.duo 
quilibet numeri {unr fuperficiales funiles. sy bis ita; pa 
tene eít:quía ft tetragonue ín tetragonum oucatur qui cx 
eis producetur tetragonum efle. St vero ex ouctu tetra, 
2] «oni in numer alíqué cetragonus pzoducatur illi nume 
rum alíqué efle tetragonü. Sjt€qs fi ex ouctu tetragoni ín numez ali, 
qué non tetragonus pzoducatur et numerum alique non tetragonij 
effe. Di vero tetragonus in numey aliqué non tetragonum oucatur: 
quí inde pzoducetur non tetragonum efie necefle eh. 
C bec ct ouerfa pois vr fi ex.a.in.b.fiat.c.fueritqs.c.quadratuszcrunt.a. z.b. 
fupficiales fimiles. fit eni.d.ex.a.in (e.eritqs per.i9.feptími.d.ad.c. ficut.a. ad.b. 
per-i6.aut .8.cum.d.«.c.fint fupficialee fimiles:co q fat ambo quadrati.erit in / 
ter eos «nus numerus medi? Pm cotínua p1opo1.p. 9.itaqs cinfde crit etiam vnus 
inter.2.2.b.igitur p.17.ciufde.a.¢.b.funt fuperficiales fites quod eft propofitum 
Pꝛinia ps conel.paret p pramiffam:funt eni omnes tetragoni fupficiales fimilcs 
(coa patct ex bac cü fit folus tctragonus filis tctragono. Lertia ps patet cx prima 
ipfius conci. pte a oeftructione ofequétis.quarta vcro p3 ex ctulde ptc fcóa a oc/ 
ftructione etiã ↄſequẽtis. Pꝛopoſitio .3. 
oN) 3j numerus cubue ín feipfum ducatur qut inde pzoducc/ 
nm INE ; 
d N tur erit cubus. 





dl 







G Oít.a.cubus ex quo in fe oucto fiat.b.oíco. b.cffe cubü .fit cni .c. 
d latus cubicii.a.cy.c. cro in fc fiat.d. patet itaq op cx. c.in. d.fir.a. 
aee unt igitur €nitas.c.d.a.atínuc ;ppoxtionales:q9 ey. (9.fcptimí ⁊ p/ 
(entibus ypotbefibus manifeftü eſt:⁊ quia eft.a.ad.b.ficut vnitas ad.a.co y quo 
tiens vnitas ẽ ĩ.a.totiẽs.a.in.b.erũt itcr.a. c.b. ono numeri medi 6m ppoztiona 
litaté otinua per.8.octauí:cum igit ex ypotbefi fit.a. cubus crit per.zi.ciufdem.b. 
quoqʒ cubus:qð opoꝛtebat demoͤſtrare. | 
‘ 4f»»opofitío  .4. 

Ez n3 ubusialium cubum oucatur. qui inde pzoducetur erit 
PA (4 cibus. 

A vM oín.a.c.b.cibí:fíata;. c.ex.a.in.b.oico.c. effe cubum. fiat cnim 
(4 d.cy.a.in fc.critgs pcr paeriffa.d.cubus z q: per. i9. (cptimí ẽ.a.ad 
b.ficut.d.ad.c.con(tat ex-25.octaui.c.cc cubum?q9 eft popofttum: 

| [;:opofitío — .5. 

1 3j numerus cubus in nume alíum oucatur:fucrítqs p20/ 
M] ductuó cibus ín qué óuctus € nnmerum cnbum cflenecel 
fe cft. ondes manifeftü efft:quía ex ouctu cubi ín nó cubü 
» PRip2oducítur non cnbus.A2uctoqs cubo ín numez aliquem 
LU (ücrit qui índe producitur non cubus ín qué il le ouctus 
fuerit necetTe eft efle non cubum. 
Goit eni ex.a.cubo in.b.numeg pduct?.c.cub’ oico.b.cé cubü:fiat eni.d. cx.a.í 
fc qui p antepᷣmiſſã erit cubꝰ:qꝛ igit € p.19.fep.a.ad.b.ficut.d.ad.c.cítqs.a.cubus 
(5 ¢.d.2.c.cubi crit p.23.octaui.b.cub’ qd € ;ppofitü: pma ps cozxct .patet cx bac 
quinta a ocftrucrionc ontíe.fcóa per pmiffam flr a deftructionc cOf{cquentis. 











IX 


20pofitio — .6. 
Y ez ductu cuíufdá numeri ín feipfum cnbus producat ef 
Ht cfle cubusneceflario comp2obatur. 
CSit vt cx.a.in fc ſiat.b.ſitqʒ.b.cubus: dico ergo.a. eſſe cubũ:fiat 
5 | cni.c.ex.a. in. b.erítas cx oiffinitionc.c.cubus. et qiti conftat cx.is. 
aN feptimi qp fít.a.ad.b.ficut.b.ad.c. ci fint.b. et.c.cubí: fequít cx. 25 
otauí.a.effecubü:qóe ppofirü. "f530pofitio  .7. 
xx 3i numeras copefitus in numerum quelibet oucatur quí 
Ashe inde pzoducerur crit folidus. 
Da WA GLoir.a.numerus copofitue:qui oucatur it.b.ct pueniat.c.dico.c 
223 Lgi eNe numerü folidiizci eni.a.fit cópofitus numeratur ab aliquo nu/ 
æ] nero qui fit.d.nuinerctqs com ſcom.e.quia igitur ex.e.in.d.fit.a.⁊ 
ex.a.in.b.c.cxit cx difſinitiõe ſolidoꝝ.c.ſolidus eiuſqʒ latera.e.d.b.qð ẽ ꝓpoſitũ. 
* Pꝛopoſitio .s. 
m» 3ífuenntnumeriab vnitate cõtinue pꝛopoꝛtionales:ter 
| uus ab vnirate erit quadratus: ac deinceps vno femper 
intermiſſo.Quartus vero ab nitate cubus: ac deinceps 
À) AI ouobus femper intermiílis. Sjt€q5 feptimus ab ynitate č 
Sj quadratus cubicus.ac oeinceps:quingz lemper intermif 
ls quadratus cubicus continuo fequitur. 
¶ Sint cõtinue pꝛopoꝛtionales vnitas.a.b.c.d.c.f.g.h.k.l.m.n.dico.b.eſſe qua 
dratũ ⁊.d.obmiſſo.c.⁊ ſic alios vno ſemꝑ obmiſſo.vnde ſimplr om̃s exiſtẽtes in 
in locis ĩparibus ſunt quadrati:vt ſunt tertius quintus et ſeptimus: dico item.c. 
eſſe cubũ ⁊.f. duobus obmiſſis:et ſic in ceteris.Omniſqʒ ſimpłr eſt cubus cuiꝰ ab 
vnitate locus addit ſuꝑ ternariũ:vel quelibet multiplicẽ ipſius ternarij vnitatẽ:vt 
ſũt quartus ſcptimus decimꝰtertiuſdecimus ⁊ ſextuſdecimus. in bs enĩ ↄueniunt 
omnes qui duos tranſmittunt.Itẽq; dico.f.ab vnitate ſeptimũ eſſe quadratũ cu/ 
bicũ:⁊ ſitr.n.quinqʒ numeris intermiſſis: idẽqʒ in ceteris. Simplr autẽ dico cuiꝰ 
locus ab vnitate addui ſuper ſcnariũ vcl quclibet multiplicẽ ipſius vnitatẽ: vt ſunt 
ſeptimus tertiuſdecimus decimuſnonus ⁊ viceſimuſquintus:illũ cẽ quadratũ cu / 
bicum: quadratũ quidẽ qm̃ eius locus impar: cubũ aũt qm̃ ſuꝑ multiplicem ter / 
narij addit vnitatem quippe ſenarij multiplices cũctos ternarij neceſſe cſt ecẽ mul/ 
tiplices. Que aũt ꝓpoſita ſunt ſic conſtãt.Eſt enĩ ex ypotheſi.a.in.b.quotiẽs vni 
tas in.a.itaqʒ.b.ex diffinitione quadratus:qꝛ igit᷑.b.c.d.ſũt cõtinue pꝛopoꝛtiona 
les cũ.b.ſit quadratus pʒ ex.iꝰ.vcl.ꝛ0.octaui.d.eſſe quadratum. Eadem rõne et 
f.qz.d.c.f.fumt otinuc pportionales:ct.d.eft quadratus:idam in ceteris vno iter/ 
miflo:oftat itag; prima. Scdm fic cB fit.b.in.c. quoti¢s.a.in.b.ex ypothe.fequit 
3 diffinitionc vt cx.2.in.b.fui quadratum fiat.c.igit cx otffinitidc cubi .c.cft cub? 
At q:.c.d.c.f.(üt otinne ;ppoxtionalce fcd z.f.g.b.k.eft aut.c. cubus : neceffe cft 
per. 19.8.21 .octauí vt.f. quoq; fit cübus.idcoqs z.k.idemq; i ceteris ouob?traf 
miffie:qre líquet (cóm. IO m aür.m.f.feptimo « in.mn.tertiodecimo:ccterí(qs quim 
q5 medios obmíttétib?.fimplr vero z in oibus quoz loc? femp quclibet multiplice 
fenari) addit vnitatcs:termmant quadratoy « cubox coputatiocs:in bis quidem 
vniꝰ:in illis aũt duoꝝ obmiſſione fequif ipfos efe qdratos: ex buius prime pte 
1 Gibicoa ex fcoa:quare quadrati cubici:conftat ergo totum quod dicitur 
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ꝛopoſitio. 
EY 3nmcerísqnotlibet ab enítatecótinua,ppoatíonalítate 
«T loifpofirie vnitaté fequée quadrat? fucrit:ceterí quoqs oce 
ierunt quadrati. 5i vero qui ynitate fequitur fucrit cubus 
Ailceterí quoq5 omnes erunt cubi. 
Sint qui pꝛius continue pꝛopoꝛtionales ab vnitate.ſitqʒ.a.qua / 
dratus:dico omnes eſſe quadratos.aut ſit idem cubus:tunc quoq; dico omnes cẽ 
cubos.b.cnĩ conſtat eſſe quadratũ ꝑ pꝛemiſſaʒ:qꝛ ergo.a.ad.b.ſicut.b.ad.c.exꝛ⁊. 
octaui fcquit.c.cffe quadrati de quoq; cx ciufde. 17. €d.20.potee arguere: oc fe/ 
quentibus auté idé codeq; modo pbabis:quare patct prima. Scdm aute fic.cü.b 
fiat ex.a.in fe fi fucrit.a.cubns crit per.3.ipfe quog; caubus.c. vero conftat effc cu 
bum per premifiam.itag3 per-23.0ctaut.d.omnictg3 fequentes cubicos effe proba 
bis:cit eni.g.ad.b.fiarr.c.ad.d. Idem quog3 arguere pote ey.19.vd.21.cíufdem 
funt cni.a.b.c.d.fed et.b.c.d.¢. finguligs quatuo2 continue fumpti continuc p:0/ 
portionales. Pꝛopoſitio 10. 
FAZAT J numeris quotlibetab ynitate continua ꝓpoꝛtionalita 
WiAlcc difpolitis vnitate feques non quadratus fucrit.non erit 
aliox quiſq;ʒ quadratus exceptis ab ynitate: tertio ex bis 
>) FAlqni deiceps yno fempitermiflo reperiunt.tetragont. Si 
bvvecro ſecũdus ab vnitate nõ fuerit cubus:nullus ceteroꝛũ 
erit cubus exceptis ab vnitate quarto:⁊ deinceps bis qui duox ſemꝑ 
itermiſſione foꝛmantur cubicis. 
¶ Hec ex oppoſito ſubiecti pꝛemiſſe infert ꝑtem oppoſiti paſſionis. dico aũt partẽ 
qñ ex.s. oltar oñs impares eſſe quadratos.omneſq; quoꝝ locus ſuꝑ ternarium 
vel quelibet ipſius multiplicẽ addit vnitatẽ eſſe cubos.ſint itaqʒ qui pꝛus ab vni/ 
tatc ↄtinue pꝛopoꝛtionales no fit aute.a.quadratus fed nec cubus.o1co nullum ex 
oibus effc quadratuim:aur cabíci nifi quos octaua proporit.fi eni quie alius po/ 
nator quadratus {equit p.22.0ctaui.a.efic quadratü. 429 fi cubus fequi per.23. 
ciufdem.a.cfíc cubum quoz vtri; contrarium cft ypotbe.£ on(tat ergo ,ppofitü: 
Pꝛopoſitio .i. 
3 numeris quotlibet ab vnitate cõtinua ꝓpoꝛtionalitate 
difpofitis aliquis numer? pzimus yltimum numeret:eum 
V4] Quog3 qui vntaté fequitur numerare necefle ef. 
2) faa | C Sint vigq5 ad.d-otinue proportionaics ab ynitate:f itq;. c: numerꝰ 
bpꝛmus dc quo ponat᷑ ipſũ numcrare.d.dico ꝙ idem numcrabit.a. 
Na find crit ad ipᷣm pꝛimꝰ ꝑ.32. ſcp.⁊ qꝛ cx.a.ĩ ſe fit.b.ſcquit ex.26. eiuſde ut ipe 
quoqʒ ſit pꝛimꝰ ad.b.ſed ⁊ ad.c.⁊ ad.d.ſequit ipᷣm cẽ pᷣmũ.ꝑ.ꝛ5.eiuſdẽ:co ꝙ .a 
ĩ.b.fit.c.⁊ ex codẽ in.c.d.nõ ergo numerat.d.cũ ſit pꝛimus ad ipm:qre accidit 2/ 
riũ ypoth. Ideẽ aliter cũ ſit.e.pꝛimꝰ ſi nõ numerat.a.pᷣmus crit ad ipm p.32.fep. 
itaq; ꝑ.ʒ2.ciuſdẽ erũt minimi ĩ ſua ꝓpoꝛtione:qꝛ aũt.c.cx ypoth.numcrat .d.ſit 
vt bm.f.ↄſtat vcro ꝙ cx.a.in.c.fiat.d.ergo ꝑ ſecũdã ꝑte.20.ſep.erit.a.ad.e. ſicut 
f. ad.c.q̃re ꝑ.ꝛi.ciuſdẽ.e.numcrahit.c.⁊ ſit ut ñᷣm.g.⁊ qꝛ ex.a.ĩ.b.ſit.c. ſcquit quo 
q; per caſdem ⁊ eodẽ mõ ut.c.numeret.b.eſto ergo ꝙ ſᷣm.h.⁊ qm̃ rurſus cx.a.in 
ſe fit.b. neceſſe eſt iterũ per eaſde ut.e.numeret.a.ſed poſitũ erat non numerare ꝰ 
accidit impoſſibile. WPropolitio «2. 














IX 


meu A numeris.ab onítate »tinne Pportidalib? minoz maior 
x3 few] ré numerat fm aliquet illa ppoztionalitate oifpofiram. 
| F4 C Sin ab onitate vig3 ad.f.cotinuc pportionales.vico nullii ipſoꝝ 
YAR Ka numcrarc.f.nifi bm aique altoz:cóftat cni c.e.numerat ipft.f.6m 
2-3 3.cítcrii.c.ad.f.*t enitae ad.a.fed z.d.numerat cide.f.Pm.b.e nà 






q3 pequa pporionalitate.d.ad.f.vt nitas ad.b. j»e.c.quoqs patet eodé mó gp 
(ccüdá (c ipfa numerct cum. £conucrfo quoq5.a.numerat ei Pm.e. eo qp ficut vni 
tae ad.e.ita.a.ad.f.b.vero Pm.d.eft eni vt €nitas ad.d.ita.b.ad.f. vcy igíf cft qp 
pponitur. Quippe quotus quias qui p:opormit eltimü numerare fnerit (ub viti 
to fm totum fupza vniratem:numcerare ipfum conuincit p equa propoxtionalita/ 
tcm « oitfinitionem. Pꝛopoſitio 43 


— 


\Aotlibernumeris ab vnitate corinuc pportionalibus fi 
| quí enítatem fequitur fucrit numerus pimus marimum 
coum nut de numerisin illa peopoztionalitate oilpolitis 
Anullus numerabit. 

4J C Sint vt pzius viaz ad .d.continue proporiõales ab vnitate.ſitqʒ 
g.numcer? paun?:oico g» nullus numerabit «rimi nec (umplt alique eoꝝ niſi aliqs 
coz qui antecedit elrima vcl cii qui ponit numerari.Sit eni fi pollibile e.c. oíuer/ 
fus ab cis qui numcret.d.qui fi fuerit pimus p.11.numerabit.a.non igit €.a.pm? 
quod ¢5 ypoth.Si atit ipfe fuerit copofttue neceffe € pcr. 5o.fcpiimi:t aliqe pii/ 
mus nűeret eñ qui nó erit nifi.g. 1a ft c alius ab.a. vr.f. ca necclTc fit ipfii nüerare 
d.arguet᷑ etiã cũdẽ numerarc.a.ꝑ.ii.ſic quoqʒ.a.nõ erit pᷣmus.Eſt igit᷑.a.pꝛimus 
numcrãs.e.qm̃ aũt.c.nũerat.d.ſit vt ſᷣm.g.eritqʒ ꝑ ſcðaʒ ꝑtẽ.ꝛo.ſep.a.ad.e.ſicut 
g.ad.c.ſit eni.d.ex.a.ĩ.c.q̃re cũ.a.numcret.e.⁊.g.numerabit.c.ſitqʒ ut ſᷣm.h.ſe/ 
quitq ut.a.numcrer.g. ficut fcqbat vt numcrarct.c.alioquín fí.g. quide € pm? ci 
numeret.c.fequit p. n.ipfü namcráre.a. Oi aüt copofitus p eadem ſequit numerũ 
primi numerante.g.numeratc.a.quod € incouenice.itaqs.a. numerat ci. fequi 
crgo p fecunda pté.2o.fcptimi «t.b.nameret quoqs.b.co g tà ex.a.ín.b.q5 ex. g. 
in.b.oftat pdud.c.numerct.b.itaq; ipm Pm.k.£onftat act «t pai? oc.g. ga. ng 
merct.b.113 fi nó no crít.a.paim? ítaqs p fecüdà pte.2o.fep.fcQt ut.K.ümmeret.a 
fit cni tå ex.a in fe G3 ex.b.i.k.b.DGanifelté € auté. R.nó ettc.a .nuliue eni nume 
roy.g.b.k.é aliquis ex.a.b.¢c.d.fi cni.g.cflet aliquis ex cis cu ipe numerct. d.fc/ 
cundü.c.cét p pmilTa.c.quog; aliquis ex 13.13 nd erat: nec igif.g-filr ct.b.nome 
ret.c.ſᷣm.g.nõ erit.b.aliquis ex.a.b.¢. Nam elfet.p pmifTa z.g.oftefum € autes q» 
non :necíigit.b.eade róne nec.K.c eni ipfe numeret.b fecundi .b.fi ipfe eet.a.có 
vinceret p pmilfà.b.quogs ec.a.21t nó crat:ncc igit .k.erít.a.numerat auté ipfum 
Nõẽ itaqʒ.a.pꝛimꝰqð ẽ ipoffibile.Q Zlliter íde fi.c.oinerfus ab.a.b.c.d.numcerat 
d.fit €t fecundi. f.« q2.3 numerus primus numcrat.d. pductii ey.c.in.f.fequit ey 
33 fep.op ipfe numerct.e. vel. f.numeret.ergo.e.qo igit tà ex.a.i.c.5 cx.e. in.f.fit 
d.crít pcr fecundá parte.2o-feptimi.a.ad.c.ficut.f.ad.c. numerat itags.f.c. fit et 
íccundi.g.critq5 per-5  feptümi ut.a.quogs nmmeret. f.ed. g.fitas ut. f.fequifqs 
per fecundam partem.2o.ciufdem vt .g.numerct .b.fítqs ut fccundum.b.ut pii / 
ue ígitur.a.gumerabit.g.vel.b.e fit €t nmmerct.g.b. crgo pet. íccundam pté-2o. 
nuimcrabit.a.(i itaqs.b.mon € cqualíe.a. non crit.a.pzimus :quod € otra ypotb. 
Si auté equalis crit vnufquifgs numcero:i.g.f.e.alíquie cx.a.b.c.d.p pmilTà quo 
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tiens opoꝛtet aſſumptam. Non eſt igif.c.oiuerfus ab cis:q6 eft eff3 cOtra ypotbe, 
itag3 conftat vex cfleqd proponit. ‘Yfzopolitio ‘4. X 
EB E Y ppolitus fuerit numer? mimus qué numerát pzímí afli 






| gnatind numerabit ev aliquis numerus p2imus preter il 
| loe affígnatos: 
BG oit.a. minimus numcrus numcrat? a numcris primís qui füt.b. 
LN /Dill c.d.oíco q alius primus pter cos nó numcrabit.a. Cin autcm fit.e 

pimus numerás cii Pm. f.q» ergo quilibet numcroz.b.c.d.numcrat .a.,pductü cx 
c.in.f.€ aute quilibet co:um paimus fequitur cx. 55 .(eptimizvt quilibet coz numce/ 
ret.c.vel.f.fed.e.nullus numerat a fit priinus:quilibet ergo coz numerat.f..cam 
itaq fit.f.mino2.a.¢tpote qui numerat ci bm. ¢.n6 crit.a. minimus numcratus 
ab'illis qd eft inconueniens. W2opolitio 15. 

rZ ZEN Squotlibet numeri continue p2opoatíonalee Pm füá p20 
Ml poztíoné fuerint mínimí: quicüqs alíqué illo2t numerat 
alterí cermíno2ü illius ppoztionis erit comenfurabilis 
( oint.a.b.c.d.c. cotinuc ppoitíonales z minimi fm ppoxioncs 

LA "L| f.ad.g.qui fint in funa ppozxione minimi:z ponatur.b.numerare.c. 
oico g.b.cít comenfurabilie.f. vel .g.fumant eni in cadé ;ppo:ione quatuor mí/ 
nimi qui funt.k.l.m.n.coftat ait ex {coa octaui op ex.f.in.m.fit.c.alioquin cOtin/ 
geret chie minus minimo q9 cfle nó potcít.ítaqs per cozel.33.feptimi erit. b.co/ 
menſurabilis.f.vel.m.ꝙ ft.f.cóftat ppofitum:fi aüt.m.fumant in cade ,ppoixio 
ne tres minimi qui (int.p .q.r.eritqs ex fcóa octauí vc. m.fiat ex.f.in.r. ne minus 
mimo aligd cc cogamur cocedcre :qre per pxedictü coaxct .b.€ comenfurabilis.f.et 
t.fcd nó erat.f. fic eni conftabat propofitü :cómenfurabilie igitur €. r. qui cum ex 
fcaida octauí fiat cx.g.in fe fequitur ex dicto conxct.ut.b.fit comenfurabilis.g. qo 
cft popoftum. Voropolitio ıs. 

PEE fucrint numer quotlibetcótinue proportionales i fua 
VAY eeu] p2opoztione minimí quilibet eo205ad compolirum e; re 
b he |liquie pzímís efle neceflarío compzobatur. 

WÀ) IG Oint.a.b.c.d, cótinuc ppoxtionales z mínimí.oico Copofitii cx.a 
| e b.c.pꝛimũ eſſe ad.d.Si enĩ nó numcrabít aliquis numerus qui fit.¢ 
COpofité cr.a.b.c.z.d.p pmifla igif crit.c.cdicans alteri terminoy illius pportio 
nis qui funt.f.z.g. crit itag3 numer? aliqs numerae.c.« alterum ouowrn.f.g. qui 
(it.b.quia ergo.b.numcrat.c.numcrabit.d.4 copofitum cx.8. b.c. « quia numce/ 
rat.f.vcl.g.quoxi vtcrq5 numerat etrügs medion « fimpliciter oce fí ples ouo/ 
bue fint:cy fectida octaui fequit ut ipfe numctet.b.z.c.crgo .3.q: numerat totuim 
3.b.c.nó funt igi .a.c.d.2 fe pmi qà € incóueniiée p. 5 .octaui:filr quoq; conftabit 
Appofitü ex.a.b.d.pmi e£ ad.c.fi eni vt prius.c.numerat abos fequit p pmiffam 
ur aliquis numcrus quí ctia fit.b.numerct.e.c alterü ouo. f.g.itags.b.numcrat 
€.4 totü.a.b.d.fed 2.b.cii vtraas radici numerct omncs medios :igit z cópofitü 
ex.a.⁊.d.⁊ qꝛ ncceſſario numerat alterũ dudꝛũ.a.d.cũ numeret alterũ duoꝛũ.ſ.g. 
numerabit ⁊ reliquũ.Nõ ſũt igitur.a.⁊.d.cõtra fe pꝛimi:⁊ ita idẽ ut pꝛiꝰ. ¶ Demõ 
ſtrãt aũt ide aliter de tribꝰ cõtinue ꝓpoꝛtiõalibꝰ⁊ mĩmis ſine aminiculo pᷣmiſſeꝓ/ 
bãt cnĩ ex quibuſqʒ duobꝰ cõpoſitũ pᷣmũ eẽ ad reliquũ.ſint itaqʒ.ʒ.cõtinue ꝓpoꝛ/ 
tionales ⁊ mimi.a.b.c.qnoꝝ termini.d.⁊.e.dico tũc compoſitum ex.a.⁊.b.pꝛimũ 







IX 


dfc ad.c.« cópofítii cx.6.c.c.ad.a.itéas ex.a . c.c. ad.b. manifeftü enim eft cx fc; 
cunda octaui q9 cx.d.ín fe fit.a.« in.e.fit.b. « ex.c. in fc. C.« ex. 22. feptíml.qo.d. 
«.€.füt cotra fc primí-itaqs ex pma pte.29.eiufdc crít tot?.d.c.pim? ad vtrüqs coz 
q: igit vterqs ouox numcroz.d.«.d.c.pium? e ad.e.crit p.25 ciuídé qui cx.d.ín.d 
e. pducitur « ipfc e cópofitus ex.a.2.b.pmus ad.c.fcquit ergo p.26.ciufdc.ut ctia 
cópofitus cy. a..b.fit pm^ad.c.fit eni.c.ex.c.i (c(Loünili quogs ocmóftratóe p/ 
babis cõpoſitũ cx.b.c.c.prnii cffe ad .3. 3t vero copofitü cx.a.«.c.pmü c(fead.b: 
fic babetozci fit eni €tcrqs ouoz.d.c.c.pmus ad totuin.d.c.crít p.25. fcptimi quí 
cx. d.itt.c. ;pducit:« ipfc eft.b.prmus ad.d.c.itaqs p.26.ciu(dc qui cx. d. e.ín fc p/ 
nenitz« ipfc cft qui coponit ex.a.«.c.« ouplo.b.p:imus crít ad.b.(cquit ergo com 
pofitü cx..«.c.pmi elTe ad.b.necefle eni ¿ut cx ouobus cOpofitus ci primus fue 
rit ad enti coz ex quib" componit :fit primus ad rcliquüzocmonftratum aŭt é boc 
fup:a.29.feptmi. Oportet aŭt (tabilirc ad robur iftius oamonftratioie compofitü 
ty.3.2.b. pduci ex.d.in copofítü ex.d.4.c.(uppofito qp cx.d.in fe fit.a. « ex codes 
in. c.b.itéq5 qp cx.d.c.i fe pducaf cOpofiti ex.a. c.c. 2 ouplo.b.fuppofito co quod 
pius 2 qp ex.c.in fc fít.c.buius itaqs gfa ;pponimn? bec oemonftrada. 

¶ M fitex ductu vniꝰnumeri ĩ quotlibet tantũ ẽ:quantũ qð ex ductu 
eiuſdẽ ĩ copoſitũ ex illis. ¶ Ide ꝓpomt pina {cdi oc lincis. Sit eni ut ex.a.i.b 
⁊ in.c.⁊ in.d.ꝓueniant.e.⁊.f.⁊.g.dico ꝙ ex.a.in cõpoſitũ ex.b.⁊.c.⁊.d.ꝓuenit 
cõpoſitũ ex.e.⁊.ſ.⁊.g.ſequit᷑ enĩ cx cõuerſione diffinitionis eius qð multiplicat᷑ ut 
tota pare fit.b.c.c tota.c.f.fed «.d.tota.g.quota c vnitas.a. pcr quintà ttaqs fc/ 
ptimi?tota quoqs ps ent copofítus ex.b.«.c. c. d.compofiti cx.e..(. c.g. quota cft 
vnitas.a. ergo per diffinitioné cx.a.in copofitü ex.b.«.c.4.d.fit copofitus cx.c.z 
f.«.5.95 eft p:opofitii.€L 120 fit ex ouctu quotlibet numerozum in venum 
cqui € ei q9 fit ex cópoliro eo28 ín eunde. G bocé cóucríü cius qd modo 
demonſtratũ c:«t fi ey.b. 7. c.c. d. ín.a.fíant.c.4. f. 2.3. fiet quoa cOpofitus cx có 
pofito i cundé:q6 cx. i7.feptimi « pdemonftrato facile códudit .L1£20 fit ex ou 
ctu quotlíbet numero in quotlíbet alíos:equii eft eí q9 fit ex copoft 
to bozum ín compofitu íllox:23t (i.a.b.c.multiplicét.d.c.f. quilibet qué/ 
libetziungantqs pducta.oico aggregatü ex productis effc equalc ;pducto cx cópo/ 
fito cx.g.2.b.«.c.in copofitü ex.d.«.c.«.f. cft eni p pxermiítlam qo fit cx. cópofito 
ex.a.b.c.in.d.quãtũ qð ex ſingulis in illũ.d.ſic ⁊ in.c.⁊ in.f.ex cópofito aüt bo: 
a.b.c.in quẽlibet illov.d.e.f.p ante pᷣmiſſã fit quãtũ cx cõpoſito in cõpoſitũ.itaq; 
conſtat ꝓpoſitũ. ¶ Numero in quotlibet ꝑtes diniſo:tantũ eſt qd fit ex 
toto eo in ſe:quantũ qð ex eo in omnes ſuas ꝑtes.¶ Ide ꝓponit ſcða ſe/ 
cundi de lincis.vt ſi.a.diuidat᷑ in.b.⁊.c.⁊.d.dico qð tantum fit ex.a.in ſe quantũ 
in oẽs illos.b.c.d.poſito enĩ.e.equali.a.conſtat ex pꝛima haꝝ incidentiũ tm̃ fieri 
ex.e.in.a.quãtũ in oẽs ꝑtes.a.ſed ꝑ cocept.ex.e.in.a.ſfit quãtum cx.a.in ſe.⁊ ex.e 
in ꝑtes.a.quãtũ ex.a.in eaſdẽ. Manifeſtũ ergo ẽ veꝝ eſſe qð dicit. IAumero 
in duo diuiſo qð fit ex toto in alterum dinidennum:tm̃ eſt quantũ qd 
ex eodem in ſe ⁊ in alterum. ¶ Idem pꝛoponit tertia ſcði de lincis. Sit enĩ.a 
diniſus in.b.⁊.c.dico tm̃ fieri ex.a.in.c.quãtũ ex.c.in ſe.⁊ in.h. Nam qð ex.a.ĩ.c. 
ẽ quãtũ qð ex.c.in.a.ꝑ.iꝰ.ſeptimi.ſumpto itaq;ʒ.d.equali.c.erit.a.in.c.quantum 
d.in.a.At per pꝛimã harũ.d.in.a.ẽ quantũ in.b.⁊.c.qꝛ ergo.d.in.a.⁊ ĩ.b.⁊.ĩ.c.ẽ 
quantum.c.in.a.⁊ in.b.⁊ in ſe pꝛopter equalitatem.c.⁊.d.conſtat pꝛopoſitum. 
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C Humero in duo divifo 6 ex ductu totius in fe:eft quantum go ex 
ductu vtriuſqʒ diuidentium ın fe z alterins eoꝛum bis in alterum. 

¶ Idem ꝓponit quarta ſcði oc lincis vt ſi a.diuidatur in.b.⁊.c.dico tm̃ fieri ex.a 
i f{c.quati cx.b.in fe.z.c.i fe zex.b.bis in.c.eft eni per quartam barum ex. a. 
in fe qnantü qo ex co in.b. «ín.c.cx co auté in.b. per pzemilTa eft quantü cx.b.in 
fc.« in.c.at ex.a.in.c.per eandem eft quantum ex.c.ín (c.c in.b.e q ex.c.ín .b.tg 
tum eft quantum cx.b.in.c.per.i2.feprimi.liquet €erum cfTe quod proponitur. 
@ Wumero per duo equalia ouogs inequalia owifo quod fit ex ma/ 
iozt incqualium in minozem cum quadrato intermedi} equum € qua 
drato medietatis totius. 

C 4dein proponit oc lineis quinta fecundi:vt fí.a.b.oiuidatur iri ouos numeros 
equales qui fint .3.€.4.c.b. itemq; in ouos incqualee quoz fit maíoz.3.d.« míno: 
d.b.oico q illud q9 fit ex toto.a.d.ín.d.b.ci quadrato.c.d.equalc eft qdrato.c.b 
per pzamiffam ením quadratü.c.b.cft cquale quadrato.c.d. « quadrato. d.b.* cí 
q9 fit cx.b.d.in.c.d.bis:fed ex.b.d.ilfe «i.c.d.tim fit quati i.c.b.p pma bax: ió 
quatü i.2.C.ítaqs ex.b.d.in fe z in.c.d.bis quatü ex ípfo.b.d.i.a.d. p eade igitut 
quadratu.c.b.fupat id qo fit ex.b.d.in.a.d.in qdrato.c.d.coftat ergo propotíüi. 
CCum fucrit numerus ín óuo edlía oíuilus cíqsalíus numerus adiu / 
ctus: qo fít ex ouctu totíus compofiti ir adiunctum cum quadrato me 
dietang equum eft quadrato compoliti ex ounídío s adiuncto. 

€ idcm p:oponit fexta fecundi oc lincis:Sit eni.a.b.oinifus in vuos equales nu 
meros qui fint.a.c.z.c.b.addatura; ci numerus .b.d.vico iliud qò fit ex toro.a.d 
in.d.b.c.cà quadrato.b.cíTe equale quadrato.c.d.cft eaim ex (exta bari quadra 
tü.c.d.equalc quadrato .d.b.« qdrato.b.c.« ci q9 fít ex.d.b.in.b.c.bie: fs per pz 
m3 bay cx.b.d.ín fe « ín.b.c.bis eft qntü cx:b.d.in.d.a. Oft eni.a.c.7.c.b. eQ/ 
les. itag; qdratü.c.d.fnpat id qo fit cx.b.d.in.d.a.in qdrato.c.b: qo € ;ppofitum 
QED nomerus in ouo oíuidit qo fitex toto ín fecü eo qó ex altero oí 
uidẽtiũ ín fe: € equa eí qo ex toto ír eundé bíe cà eo q9 ex alteroife. 
C idem proponit feptima fcói oc lineis. Git cni numerus.a.oiuifus in.b.c.d.oí 
co quadratii.a.cfi quadrato.d.trti cflc quatum qp fit cx.a.in d.bis aim quadrato 
b.conftat quíde cx fcxta baz q» quadratum.a.tautü € quantü quadratü.d. z qua 
dratum.b.« q9 fit ex.d.in.b.bis:itags quadrarum.a.cum quadrato.d.im̃ é quan 
tum qo ex.d.bis ín fe. bis in.b.cum quadrato.b.fed ex.d.bis ín fe z bis itt.b. fit 
quantum ex.d.bís in.a.pcr pi: am barumzergo quod fit ex.d.bis i.a.ch quadra 
to.b.cít quantum quadratum.a.cum quadrato.d. quare patet propofitum. 

¶ Cum fuerit numerus in duo diuiſus eiqʒ equalis vni diuidentium 
additus: quadratum totius compolitt equum eft quadruplo aus 98 
fit ex pzíozt ín additum cum quadrato alteríus. 

G 4dem proponit octaua fcói oc lineis. Cit numerus.8.b. oiuifue ín, a.c. c.c.b. 
cui addatur.b.d.quí ponatur equalíe.c.b.oico quadratum.a.d.tantum effe quà/ 
tum eft id quod fit cy.a.b.in.b.d.quatcr cum quadrato.a .c.cít nana; per fextam 
ba» quadramim.a.d.cquum quadrato.a.b.« quadrato.b. d.4 ci qd fít e.a. b.in 
b.d.bia:« quía quadratum.b.d.cft equale quadrato.c.b.crit quadrati .a.d.equa 
lc quadrato.a.b.« quadrato.c.b.« ci q9 fit ex.a.b.in.b.d.bís: pcr pmiffam aute 
eft quadratum.a.b.cum quadrato.c.b.quantum quadratum. a. c.cà eo quod fit 


IX 


cr. 3.b.in.b.c.bia:itaqs quadratum.a.d.tantü é quati q9 cy.a.b.in.b.d.bis « ex 
a.b. in. b.c.bis cũ quadrato.a.c.⁊ q: cx.a.b.in.b.c.tri fit quanti in. b.d. conftat 
«cv cé quod ppofitumeft. GL £ um fuerítnumerusín ono equali ouo; 
q5inequalia otuífus:quadrata ambon5 inequalium paríter accepta 
duplum funt quadrato medietatis z quadrato eius quo maío2 po:tío 
erccdit minozem pariter acceptis. C Jdem proponit nona fedi ve lineis 
oit cnim.a.b.otuifus p ouos equales qui fint.a.c.«.c.b.t p ouos ínequales qui 
(int.3.d.«.d.b.oico g» quadrata ouo numeroy.a.d.2.d.b.panter accepta funt 
ouplit ouobug quadratis ono» numeroy.a.c.c.c. d.pariter acceptis, £ft eni per 
fextam baz quadratum. a.d.quantü quadrat?.a.c. « quadratü.c.d.4 ouplü eius 
go fit cx.a.¢c.in.c.d.qz aur.a.c.é equalis.c.b. erit quadrat.a.d.quantü quadrat 
b.c.z quadrati.c.d. z oupli cius qo fit ex.b.c.in.c.d.itaqy quadratüi.g.d. ci qua 
drato.b.d.(unt quàtà quadratü.b.c.« quadratü .c.d.« ouplü ciue q9 fit ex.b.c.in 
c.d. « quadratü.b.d.ocuplü aüt eiue qo fit ex.b.c.in.c.d.ci quadrato.b.d. € equa 
le quadrato.b c.c quadrato.c.d.p.».baz ergo quadrata ouoy numcroy.a. d.ct 
d.b.funt quantü quadrata ouog numcroz.b.c.«.c.d.ouplicataz4 quía.b .*.4.c.a 
funt cqualee:ps ppofita. (C/C um fuerit numerus ínouo equa oiuifus 
gliufqs adinnctue: quadratum totiue cópofiti cam quadrato adiunctí 
ouplum funt ad quadratum medietatis iplius cum quadrato compo: 
firi ex medietate 7 adinncto. (L3dé p:oponit.io.fcói oclincis.O ít enis nu/ 
merus.a.b.diuiſus in onos cquales.a.c.«.C.b.fitq5 fibi adiunctus numerus.b.d. 
dico quadratii.a.d.a3 quadrato.b.d.ouplü c& ad quadrati. a.c.cii quadrato .c.d 
qi (it cni numerug.c.d.in ouo oiuifus fibigs (it.a.c.equalis eni oiuidenriü addit? 
crit per. 10.^a quadrati. a.d.quantü qo fit ey.c.d.in.c.a.qnater a3 quadrato.b. 
d.q: vcro.a.c.€ cqualis.c.b.crit quadrati .a.d.quaátü qo fit cx.d.c.i.c.b.qter di q 
drato.b.d.itaq; quadrari.a.d.ci quadrato.d.b.crit quanti a9 fit ex.d.c. in.c.b 
quater ci ouplo quadrati.b.d.boc aut p.19.baz ouplii € ad qdrarmi .c.d.ci &dra 
0.C.b .cii igit fit qdrati.c.b.equale quadrato.a. c.cóftat ppofitum. Wu 
merum aliquem ita oíuiderc ut qo cx toto « vna cíus postíone cótíne 
mr equum lit quadrato alterins eft impofibile. ¶ Qð.ii.ſecundi pꝛo/ 
ponit faciendum in liticis.ocmonftrat boc impoffibile ellc in numeris. Sit enim 
quilibct numerus.a.b.oico impoffibile effe ipfü fic oimdi ut pxoponitur:fic cni oi 
videret hm p:opoationé babentem medium « ouo extrema:ut patet ex oitfínitióe 
4.20. {eptimi.Si autem poteft oividatur in.c.fitq3.a.b.ad.b.c. ficut. b.c.ad .c.a. 
crit if¢q3.9.¢.minoz.c.b.o¢gtrabatur igitur ab co equalis fibi qui fir. c.d qꝛ igitur 
cit propoxtio rotius.a.b.ad torum.b.c.ficut.b.c octractiab.a.b. ad.c. d. oetra/ 
ctum ab.b.c.crit eadem .a.c .tcfidui.a.b.ad.b.d.refiduum.b.c.quare .b.c, ad.c. 
d.ficut.c.d.ad.d.b.crit igitur.c.d.maioz.d.b.octracto itaq3.d.e.oc.c.d.ut fit.d. 
e.cglis.d.b.crit etia pportio.b.c.ed.c.d.fic.c.d.ad.d.e. qre fic.d.b.refidui.c.b. 
3d.c.c.refiduü .c.d.pót igit.c.c.octrabi ab.e.d.nó erit itaq; finis ifti? oetracrióis 

za € ipoffibile.Tlüc ad ppofitti reucrtamur. Propofitio .ı7. 
AS 3j fuerint ouo numeri otra fe p2imi quatus é pimus eog 
v "wi ad fcóm:tantü effe ícóm ad tertíum quéq5 impoltlibile cft. 
NE 







LII Gint.3.7.b.contra fe pumi:otco impollibile eile alique cis in cou 
Atinua ꝓpoꝛtionalitate adiungi.Si eniʒ põt ſit.c.qꝛ igit᷑.a.ad.b.ſicut 
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b.ad.c.ſunt aũt.a.⁊.b.in ſua pꝛopoꝛtione minimi per.ꝛʒ.ſeptimi: ſequitur ꝑ.ꝛi. 
ciufdan ut.a.numerct.b.qui cum ctias numeret fe: non erunt.a.z.b.contra ic pri 
mi:quod cft contrarium poni. | 
4£&»opofitio .ı8. 
3Í quotlíbet numeroz connue pportionalium ouo extre 
4 Ja fuerínt cotra fe pzuní quant?cft pamus ad fcom tantü 
efle vltimum adaliquem alinm eft impoflibile. 
oD ¶ Sint.a.b.c.cõtinue pꝛopoꝛtionales.ſintqʒ.a.⁊.c.contra ſe pꝛimi 
dico ꝙ in eadẽ pꝛopoꝛtione non poteſt eis adiũgi alius. ſi enĩ poteſt 
ſit. d.quia igitur ẽ.a.ad.b.ſicut.c.ad.d.exit permutati.a.ad.c.ſicut.b.ad.d. ſunt 
autẽ.a.⁊.c.in ſua ꝓpoꝛtione minimi per.ꝛʒ.ſcptimi itaq; ꝑ.ꝛi.eiuſdem.a.nume/ 
rat.b.quare etiam numerat.c.numeroꝝ enim continue pꝛopoꝛtionalium:ſi pꝛimꝰ 
numerat ſcðm: ipſe numerat omnes ⁊ ſimpliciter quilibct pꝛecedẽs quẽlibet ſcquẽ 
tem.at qꝛ etiam numerat ſe:non erunt.a.⁊.c.cõtra ſe pꝛimi: qd eſt inconucniens. 
^4p»:opofitio — .19. 0 
I Ropoſitis dnobus numeris an fit eis tertins cotíaue p20 
P V Po2ztionalis perfcrutari. 
Y SiC Sint.a.z.b.ouo numert propofiti: volo inquirere an cis poffit tar 
EENCSII tius fnb continua proportionalitate adiügi. 3gitur fi ipfi (unt cótra 
ze wei (eprimi impolffibile cft pcr.i7.fí vero cõpofitı oucatur.b.i fe. pꝛo / 
ueniat.c.qué fi.a.numerat erit.fi vero nd numerat non crit. Numerct enim ct bm 
d.qní erit qué querimus per.2.partent.20.feptimi. fitergo ut no + numeret enm 
eft tamen ut.a.ad.b.ficutib.ad.d.ítaqs q2 ex.b.in fc fit.c.fequitur per p:ima par/ 
tem.2o.fcptími.ut cx.a.in.d.fít ide. igit .a.mumcerat.c.Pm.d. fed erat poffit qp nó 
quare fequit impoffibile. Wzopofitio -zo. 
Pn Atis tribus numeris cótinne pzopoztionalibus an fit ali 
A Wiquis quartus eis continue proportionalis inquirere. 
Eat BC Sint cOtinue proportidales.2.b.c. volo inquirere an alius cis fub 
aay Aa continua proportionalitatc poffit adiungi.igitur fi.a.c.c.funt otra 
Z2 99 (c pimi impoflibile cft per.18.fi ait copofitus.fít.d.qui pxoucnit cx 




















b.in.c.que fi numerat.a.crit.fi vero nó numcrat no crit.numcret enim. eum Pr.c 


qui crit qué querimus:pcr {cam parran.20.feptimt.fit ergo ut nó n merct cum. 
cft tamen ut.a.ad.b.fiat.c.ad.c.ítaqs q1 ex.b.in.c.fit.d.fequitur per prima prem 
20.fcptimi. vt ex.a. ín.c.fit idem.ergo.a.numerat.d.Pm.e.ted pofitü crat q non: 
{dé potes perferutari quotlibet cótínue pxopoxtionalibue p:opofitie.fí enim ouo 
extremi fint cótra fe psimi finam babet intentio per.i8.fi autem compofiti: oucto 
(co in eltimü ff pxoductum nameret primus:is fcóm que et numerat cft quc quc 
rimus per fcóam pté. 2o-fcp.fi at prim? ;pductii nó numerat null? erit: quotlibet 
cni pofito p piima pte ciuíde 6m ipfü pofitii.numerabit pim? ducts: qd poſitũ 
crat nó numerare. Pꝛopoſitio ꝛ. | 
TN Atis quotlibet numeris pzimus alique prim ab eisot/ 
uerfüm effe necefle cft. 
Cibi aliud intendit nifi gp numeri primi fint infiniti ocrmonftratc 
Sint eni.a.b.c.numeri prirni.oico effe alique pzirmü oiucríus ab cie 
se) (it quide.d.f.minimus que numerat cui addita €nítate fiat.d.g.qui 









IX 


dt primus aut compofitus .fi primus conftar ppofitum ficompofitus numerat 
cit aliquis primus qui (t.b.que non eft poffibile eflc alique cx primis ppofitis.fi 
ci effet aliquis coz cà quilibet ipfoz numeret.d.f.tpfe quoqs numcraret. cundc: 
at qꝛ numerat.d.g.opoꝛteret ipſuʒ numerare.f.g.qui eſt vnitas qð:eſt impoſſibile 
Ideẽ fequitur pofito.d.f.quolibct numero qué numcrant.a.b.c.dre oftat ppofitü 
J(»:opolitio — .22. 
3j ceaccruentur quotübet numeri paree:totus quoqs ab 
cie coaccruatue crit par. 
G oit quifq5 numcroz.a.b.c.par?oíco cx cis copofitüi et param. ba 
bct eni cx coucrfionc oitfinitionie quiíqs coz medictate.fint ergo co 
rum imedictatcf.d.c.f.q igitur fícut.a.ad.d.fic.b.ad.e..c.ad.f.crit 
cx.iʒ.ſcptimi ſicut.a.ad.d.itaqʒ rot?.a.b.c.ad totum.d.c.f.1taqs.d.e.f. cít medic 
tas.a.b.c.ergo per diffinitionem.a.b.c.eſt par:quod eſt pꝛopoſitum. 
Pꝛopoſitio .23. 










qʒ ex eis coaccruatus erit par. 
Goit quilibct numcroz.a.b.c.d.impar:oico ex eis compofitum effc 
dparcn:oanpia euim a quolibet «nirate cóftat refiduos cffc paree:c 
€53| 92 ille vnitates oampte cóponüt parc.cii (int numero parca:couftat 
propoticum per pꝛemiſſam. Pꝛopoſitio .ꝛ4. 
I 3j numeri imparee numero imparcecoaceraentur:totum 
quoqʒ ex eis coacernatum imparem clle. 
¶ Sit quilibet numerox.a.b.c.impar:dico totũ ex eis cõpoſitũ eſſe 
imparem. erit enĩ per pᷣmiſſam cõpoſitus ex.a.⁊.b.par:⁊ qꝛ.c.dem / 
| a|pta nitate cít par crit per ante pzamiífa totus.a.b.c.oxmpta vnita 
tc par:per oiftinitioncm it3q5 conftat totum efTc imparem, 
JRzopolino .25. | 
7 J anumero pari numerus par occrabatreliquus erit par 
Aol (( Git totus.a.par a quo octrabat.b.qui quoq; fit par :« refidu? (it 
"Mdorhc. oico.c.cffc parc.fit cni. d.medictas.a.c.quoq; fit medictas.b.oe/ 
Ml) ractog3.c. 0¢.d. fit rchiquus.f.crit p.13.feprimi.c.ad.f.ficut.a.ad.d. 
quare.f.e medietas.itaq3.c.cit parzqd eft pzopofitum. 
Pꝛopoſitio .ꝛ6. 
s7) 3j a numero impari octrabat impar reliquus erit par. 
u. a. b. numcerꝰimpar a quo octrabat .b.c.qui ctíà fit ünpar:oi/ 
$i co reliquum qui cft.a.c.cíTe parc:oerrabatur cri ab vtrog5 ouoxim 
Iümcror.a.b.c.b.c.viiitae q fit. b.d.crítq5 vterqs ouo refiduoz q 
(üt.2.d.«.d.c.par.p pmilfa itaq5 conftat.a.c.ce pare:qo € ,ppofitü. 
Pꝛopoſitio 27 
Ja numero impari numerũ parẽ ſubtrahas qui relinqui 
tur impar eſt. 
¶ Sit.a.b.impar:alquo ectrabatur.a.c qui fit parzoico.c.b.rcfiduü 








53 c. d.par cü itaq5 fit.d.5.vnítas crit.c.b. impar : qo eft propofitum. 


Paꝛopoſitio .28. 
{2 


| Ff numeri impares numero pares coaceruent:totus quo/ 


ad 
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¥ dsenumero pari imparc tollas quirelinquié impar eft. 
 Git.a.b.par a quo tollar..c.qui fit unpar:oíco.c.b.refiduus cífc 
ünparc:fubtrabatur cnim ab.a.c.€nitae que fit.c.d.critq3.a. d.par 
itaq; per.25-d.b.quog3 crit par.qi igit.d.e.cft vnitas ſequit᷑.c.b.eſſc 
A imparc:qð ẽꝓpoſitũ. Pꝛopoſitio .ꝛ9. 

31 3j numcrue impar ín numerü parem oucatur qui inde produ, 











d £x.25. manifeftum cft quod vicitur. ` 
| Pꝛopoſitio .0. 
ANN Y ín imparem ducatur impar qui producetur erit impar. 
ZANE bec quog; cx.24.nanifefta cht. 
Pꝛopoſitio .. 
3A! 3f numer? ímpar numerum parem numeret :numero pari 
XH eum numcrabit. 
À FAI GSi cni numero ipari ci numerarct ex iparii impare ficret par:qð 
Aẽ incoueniẽs ꝑ pᷣmiſſa. Pꝛopoſitio .32. 
n3 umpar imparc numerct impariter eum numerat. 
S4 (16i cii paritcr cü numcrarct ex numcro impari i numcz parc fíeret im 
Es Iparqocincóucnice p.29. JP2opolitio 33. 
gl 3j numerus impar numcrum parem metíatur eiufdé quo/ 
qsoimídium iptim mcnri nccelle eft. 
G oít.a.numcr? par cuius oumiditi.b.fitqs. c. numer impar qui nu/ 


A&i numerus par. £ fto igit cius oümidii.c.oucaturgs.c.in.c.c pucniat 

f.critqs p.i9.fep.a.ad.f.ficut.d.ad.c.« q: cris cft.a.ad.b.ficut.d.ad.c. {equit.b.< 

f.cffe cquales. ci itaqs.c.numerct.f.ide numerabit.b.quod cft propofitum. 
(»opoiitio .:4. 

3j numerus unpar ad aliqu fucrit primus:idem ad eiufde 

ouplum erit pꝛimus. 

( oit.a.numcrue impar primus ad.b.cuíus ouplü fit.c. dico ꝙ.a. 

é pritnus ad.c.fin autem numerct cos.d.aig3.s.fit impar fequit.d. 

3| effc imparc:quiciqs cui ipare numcrat impar cft p p:aniflam itag; 

d.numcrabit.b.non funt tgitur.a..b.contra fe piimí :qo cft contra yporbeft. 

WPoropolitio .35. 
=| Ameri 3 Ovuobus dupli funt pariter pares tantum: 
1 (Loint «nítas.a.b.c.d.corinuc ppo:tióales.fitq;.a.binaríue: oíco 











* lll nullü alii cc parit parc: oc bis quidc conttat p oiffintiouc cà p.12. 

Sill quiliber pecdcns numerct quélibet fequete p aiique cox.quos omnes 
opottct cffc parce: c nullus alius numeret alique cox per.13.co cp.a.qui € binari? 
vnitatẽ ſequẽs ẽ pꝛimꝰ.Qð aũt nullꝰ ah? ab his fir pariter par oftat:fic pofito cni 
aliquo diuidaf i ouas medictates ciufq5 medictas i ouas: 7 boc tories fiat quoufl 
q3 Numer” gut vnitas oinifíoné ipcdiat qd neccfle € cucnire p vltima pcritionc.fi 
vero numer? bàc ;pbibcat ipfe crit ipar q c numcrct piter parc pofira nd crat pit 
par q pofit? € pitar par.fiaüt €nítas nõ crit.i5. ali? a. cotinuc ouplís ab vnítatc. 


IX 


Pꝛopoſitio .36. 
= Amerus cuiusmedietas eſt impar eſt pariter impar. 
A) |ASit.a.numerus cuius medietas que ſit.b.ſit impar dico. a.eſſe 
Wil [l| pariter imparc.fit eni.c.binari?mamrfettü ítaqs qii cx.c.in.b.fit.a. 
fit abt.d.quilibet numcrus par numcráe.a. qui numerct eü fcóm.e 
^ eritqs p ícóam pté.2o.feptimí.c.ad.b .ficut.c.ad.d.igif.e .numcerat 
b.na q2.c.nunicrat.d. crit itaq5.c.numcrus impar.crat cHi 7.b.p odiffinitione igit 
acit pariter impar. Pꝛopoſitio ⸗ 
IM nis numerus a duobus nõ duplus cuius medietas eſt 
XApar eſt pariter par a impariter. 
IK Sit numerꝰ.a.nõ duplus a duobus cuius medietas que fit .b.po 
Anatur par.dico ipſũ eſſe pariter pare ⁊ ĩpariter.ſit cnĩ.c.binarius de 
duo manifeſtũ e ꝙ ipſe numerat.a.ſᷣm.b.qꝛ vero.a.nõ cſt duplus a 
duobus:neceſſe ẽ ſi eius medietas que c.b.in alias ouas medictates oiuidatzme/ 
dietatiſqʒ medietas in alias duas vt tandẽ occurrat numerus impediẽs diuiſionẽ 
qui ꝓpter hoc ꝙ diuiſionẽ nõ recipit erit impar.ſitqʒ is in quo ſiſtit diuiſio.d. in 
numero q̃ppe neceſſe ẽ ſtari qꝛ ſivſqʒ ad vnitatẽ ꝑucniret diuiſio eẽt.a de numeris 
duplis a binario oc quibus nó ẽ:de.d.vero manifeſtũ ẽ ꝙ ipſe numerat.a.ꝑ hanc 
cõem ſciam:oĩs numerus numerãs aliũ numerat omnẽ numeratũ ab illo.Nume / 
tct crgo ci ſᷣm.e.critq;.e.par.Alioquin.cũ.d.ſit maioꝛ impar ſcqueret᷑ ꝑ.ʒo.a.eẽ 
imparẽ:qꝛ igit.b.numerus par numerat.a.ſᷣm.c.qui quoqs € par eſt enĩ binarius 
At vero.e.numerꝰ par numerat eadẽ ſᷣm.d.q̃ ẽ impar.oſtat ex diffinitide numeꝝ 
a.cẽ piter parẽ ⁊ imꝑiter:qð ẽ ꝓpoſitũ. Pꝛopoſitio .ʒs. 
J de ſcðo atq; vltimo numerox cotinue ꝓpoꝛtionalium 
equale pꝛimi dematur quanti é reliquus icõi ad pzimum 
tin eé relíquü oltimt ad coaceruatum ex cüctis preceden 
A tibus necellarío comp2obatur. 
| CSint orinucppoxtiónalce.a.b.c.d.c.f.g.b.oemafas.oc.c.d.eq/ 
lis.a.b.qui ſit.c.k.⁊ de.g.h.qui ſit.g.l.dico tũc ꝙꝓpoꝛtio.k.d.ad.a.b.ẽ ſicut.l.h 
ad cõpoſitũ ex.e.f.c.d.⁊.a.b.ſumat᷑ ex.g.h.equalis.e.f.qui (it.g.m. 4 cdlis.c.d.q 
ſit. g. a.eritqʒ.l.n.eq̃lis.k.d.manifeſtũ aüt € ꝑ.iꝛ.ſep.ꝙ cũ ſit.g.h.ad.g.m. ſicut 
g.n.ad.g.n.erit.h.m. reſiduũ ad.m.n.reſiduũ ſint.g.h.ad.g.m.idceoqʒ; ſicut.e.f. 
ad.c.d.ſitĩ quoqʒ mõ erit.m.n.ad.l.n.ſicut.c.d.ad.a.b.ꝑmutatim igit erit.h.m. 
ad.c.f.c.m.u.ad.c.d.(icut.n.L.ad.a.b.itaqs cóimmcti p.13.fep.erit.Lb. cópofitus 
cx.b.m.m.n.c.L.n.ad cópofitü ex.c.f.c.d.«.a.b.ficur.L.n.ad.a.b. ideogs ficut.k. 
d.ad.a.b.a9 eft propofitum. g3opolttío — .39. 
pera cim coaptati fuerint numeri ab vnítate cótínue oupli qui 
M coiunctí facit numery pimut extremus eoꝝ in aggrega, 
tum ex eie ouctue p2oducit numerum perfectum. 
VN A (Loint ab enitate otinuc oupli.a.b.c.d.ex cie aüt 2 enitate coacer/ 
i 9 I| uatus fit.c.qui ponaf ec numer^pzim"in que.c.multiplicer.d.4 pꝛo / 
ucimat.f.g.oico.f.g.cé numcz pfectü. Sumát igit .b.k.Lorinne oupli ad.c.ut tot 
(int.c.b.Kk.l.quot fint corínuc oupli ad vnítate fumpti.critas p equa ppoxtionalí 
tatc.l.ad.c.ficnt.d.ad.a.quarc p prima pte-20.fep.cx.a. íin.L. pucnit.f.g. 113 ipfe 
f.. pucuit cx.d.in.c.e q:.a.ebinari? e.f.g.ouplue ad.l.funt igit. c.b.k. L«.f.g. 
i 3 
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Grínuc ppostíonales?ocmat (gif ex.b. equalíc.e.quí fit .m.b.c refidaus.b. n.q 
CTit ena eqlis.c.itéq3 cx.f.g.oemat cidé cqualis qui fir. f.m. crítqs p pmillam.n.g. 
Quátii aggregati cx.€. c. b. 4. k. c.l. fed c.f.n.ci fit cqualis.c.€ quatii aggregatum 
cx.a.⁊.b.⁊.c.t.d.⁊ vnitate.itẽqʒ totus.f.g.ẽ quantus aggregatꝰ ex oibus bis fc; 
a.b.c.d.⁊ vnitate ⁊ illis.e.h.k.l.de quibus oĩibus manifeſtũ ẽ ꝙ numerãat cũ (c.f. 
g.c.quidẽ ſᷣm.h.⁊.b.ſᷣm.k.qð ex pᷣma ꝑte.ꝛo.ſep.ouincit adiuuãte equa ꝓpoꝛtio / 
tionalitatc fícnbi opus fucrit. £(t enum ut.d.ad.c.fic.b.ad.c.« ut.d.ad.b.fic.k.ad 
.e.ꝑ equam ꝓpoꝛtionalitatẽ:quare ⁊ ex.c.m.h.⁊ ex.b.in.k.ncceſſe ẽ ꝓuenire.f.g. 
que dudũ ꝓduxerat.d.in.c.ſi igit᷑ nullus alius ab his numerat.f. g. i pſc erit p oif/ 
finitioneʒ numerus ꝑfectus. ¶ Quod autem nullus alius eum numerct ſic patet fi 
cni boc poſſibile ẽ ſit.p.qui numeret cũ ſᷣm.q.eritqʒ ꝑ.ʒ 3.ſep.vt.e.numerct alteꝝ 
coz ponatqs ~p numeret.p.⁊ qꝛ ꝑ ſcðam ꝑtẽ.2o.ſep.ẽ.q.ad.d.ſicut e.ad.p.ſcqnit 
ut.q.numcret.d.quare cũ.a.qui ſequit vnitate ſit pꝛimus ẽ eni binari? erít.q.p. 13 
buius aut.a.aut .b.aut-c.quicung3 aft boy fuerit erit.p.aut.l.aut.k.aut.h.ſi enĩ 
q.fuerit.a. conftat gp p.crit.l.q9 fit fücrit.b.p.erir.k.f aüt.c.p.quoq; crit.b.non 
€ igit. p.oiucrfue ab illie et fucrat pofítü:relinquitur erao qp.f..fit numerus per/ 
fectus quod erat oemonftrandum. — £xpliat liber Tlonus. Sucipit liber Zccimus 
"—w**»! cantítatce quib? fuerit 9na quantitas cóís 

2724 cae numeráe:oicét coicátce.quib? vero nõ 

|| fuerit vna cóie qntitae cae numeráe oícett/ 
[co méfurabilce.Z ineci potétía coícates oi/ 
cunt quax tupficice qdratae ria cóie fupfici 
ce nücrat.Z wee icomelfürabilee i potétiaoí 
cunt quay lupficies qdratas no numeraryna 
|| cóíe fupficiee:d cü íta fint manífeftü € q2 oi 
linee pofite multe alie fut incomelurabiles. 
ddá i longiudie ti .Qdà i logitudine « pote 
xi na. Dis aŭt linca ch qrocinamur pofita yo 
cet rónalis.Z inceqs ei cóicátee oicüt ronalce : /£ide aüt icoicátes oí 
cũt irrõnaleſ ſiue ſurde. is vero qdrata {upficiel de q p ypoteli roa 
namur dicit ronalis. Supficies vero ei cow sces o1cut ronales. Lide 
autem icommenturabiles fuperficies oicütur irrationales ftue fnrde 
Latera vero d ín illae qdratae pollüc oicüt ronalia.G /uálibs quà. 
titaté totíte polTe multiplicari 9t qualibet cíulde gencris quàntatem 

pofitam eycedat. ^E»opolitio — .1. 

ASYIeNI3 a ouabue quantatibus inequalibus ppolitis maius ot 

: midio a maio2t detrabat.itegs oe reliquo maius oimidio 
tæ $| oemat deinceps quog; code mo:necelle é vt tandé mino 

C TAVA repofitaz minozquántaerclinquat. ESint due quan/ 
titates inequalcs.a.⁊.b.c.b.c.maioꝛ.dico ꝙ totics pot maius dimi 

dio detrabi a.b.c.vel eius reſiduo ꝙ neceſſe cxit rclinqui quantitatẽ minoꝛem.a. 
multiplicct cni.a.quoties "xcedat.b.c.fitqs cius multiplex.d.c.f.maius.b.c.octra 
batur it295.3.b.c.maius oimidio c» fit.b.g.ítéqs ex reftduo qo cít.g. c.mai? oumi 
dio qo fit.g .b.bocquogs totiens ftat quoufa;.b.c.oiumfa fiunt in tot ptes anotice 
d otinct ín.d.c.f.oico tunt g vltimiü refiduü vt eft bic.b.c.cft min?.a. multipliccr 
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nariqs.b.c.quotiens ẽ multiplicata.a.ĩ.d.e.f.ſitqʒ cius multiplcx.k.l.m.qꝛ igitur 
vnaqueqʒ quãtitatũ.k.l.m.ẽ equalis.h.c.ſequit ut ⁊.k.ſit minoꝛ.b.g.ſed ⁊.l.inioꝛ 
g.h.at qꝛ.m.ẽ equalis.h.c.erit ꝑ cõceptionẽ.k.l.m.minoꝛ.b.c.quare minoꝛ.d.c.f 
cũ ſit ergo.d.e.ſ.ad.a.ſicut.k.l.m.ad.h.c.ſuqʒ.d.e.f.maioꝛ.k.l.m. ſequit᷑ ꝑ.i4 
quinti ꝙ.a.ſit maioꝛ.h.e.qð ẽ pꝛopoſitũ. Ideq; ſcquit ſi de.a.maioꝛi dimidiũ de 
mat᷑.itẽq; de rcliquo dimidiũ: ſitqʒ totiens quouſqʒ maioꝛ diuidat᷑ in tot partes 
quotiens cõtinet minoꝛ in quolibet ſuo multiplice:maioꝛẽ poſitaꝝ quãtũlibet exce 
dente. ¶ Attendere aũt opoꝛtet ꝙ huic vidct.ię.tertij ↄdicere ꝓponẽs angulũ con 
tingentie minoꝛẽ foꝛe quolibet angulo a duabus lineis rectis cotento: poſito eniʒ 
angulo quolibʒ rectilinco:ſi ab ipſo maius dimidio demat᷑.itẽq; de reſiduo maius 
dimidio: neceſſe videt hoc totiens poſſe fieri quouſq; angulus rectilincus minoꝛ 
augulo cótingentic rdinquat cuius oppofttü.t5.tertij fllogisat:fed bi nó füt vni/ 
uoce angulí:nó eni ciufde funt gencrie fimplr curui < rect. At vero nec angulum 
contingentic totins córíngit fumi ut qualecüqs rectilinci exccdatz qo neceflant é 
ut cx p:cbabita ocmoftratione p5:ad boc ut ofie cx anteccdenre fequat:planü 8 € 
ctid quelibet anguli rectib.ncü infinitis angulis contingetie efTe maioxem. 
Pꝛopoſitio .2. 

¥ fuerint oue quantitates incquales detrabat q3 maiozt 
equale míno:i donec minus eo fupfit: ac deinde nino 
iplins reliqui equale demat onec minus eo relinquatur 
oenuo quoqsreliquo p2umo eàlereliqui fcot ooncc mí/ 
iue eo fupfit auferat:⁊ in huiuſmodi cõtinua detractione 
nullũ reliquũ qð ante relictũ numeret:mueniat᷑:eas duas quatitates. 
incõm enſurabiles eſſe neceſſe eſt. ¶ Simiſehuic ꝓpoluit pꝛima ſeptimi ĩ 
numeris.Sint due quatitates incquales.a.z.b.maior.a.quibus fi flat recip20ca 
quoad pót octractío:nó occurrat ctíà ft mfinitice fiat aliq qntítas cetractióes ipe 
dice fiuc ante rclicea numeras dico cas incOmefurabiles eile. Sin aut fit cOis caz 
menſura.c.detrahat᷑ igit.b.ex a.quotiẽs põt.ſitqʒ reſiduũ d.qð reſiduũ detrahat 
ex.d.quotiens por ⁊ ſit reſiduũ.e.Fiatq; totiens iſta detractio quouſq; ex alteru/ 
tra duaꝝ quantitatũ.a.⁊.b.remaneat minus.c.hoc enĩ neceſſe eft elle poffivile p 
pᷣcedentẽ.Siqʒ hic.e.minus.c.cũ igit᷑.c.mẽſurct.b.dctractã ab.a.⁊ ctia.a.menſu / 
rabit per cõccptionẽ.d.reſiduũ.ideoqʒ cũ menſuret.d.deiractũ.a.b.⁊ ctiã ipſũ.b. 
menſurabit.e.icſiduũ.ſed crat.e.minus.c.maioꝛ:ergo quantitas menſurat mino / 
rem.qð eſt impoſſibile. Pꝛopolitio .3. E 

i fxopofitis ouabue quantitatibus ínequalib?coícantibus 
marina quantitate comer eas numerante inuenire. /£ x 
bocítaqs manifeftum cft que ouas metitur quantitates 
maxímarm quoq comuniter ambae metienrem metiri. 
"(buius oemonftrationan fi fcóam feptimi non ignoras nô potes 
ignorare: pecus eni virobiqs idem. 

W2opolitio .4. 
Ropohtis tribus quanntatibus communicannbus mari 
mam eae comuniter numerantem ínueníre. 
G bec ex tertía feptimi fic paret ficut premiffa ex fecunda (cptími. 
a£ opofitio — .5. 
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ane) Onin ouarum quantitatum cOmunicantium eft ppor/ 
PE N tio tangs numeri ad numerum. 
CG Sint ouc quatitates.a.z.b.comunicantes: ico gp carum ppoxio 
Ai cit ficut alicuius numeri ad aliti numez.fit enit .c.mayxima quantitas 
>= SS Omuniter menfurans.a.7.b.reperta ut oocer fcoa buius:quc mcn / 
furct.a.6m numcz.d.2.b.Pm numceri.c.crita5.3.ad.c.vt.d.ad ¢nitate:co q ficur 
a.eft multiptex.c.ita.d.é multiplex vnitatis.ac.c.ad.b.vt «mtas ad.c.qm ficut.c. 
€ (übmultiplcx.b.tta *nítas € fub multíplcx.c.igitur per equa ppornonalitatens. 
a.ad.b.ut.d.ad.c.quod cít propofitum. 
Pꝛopoſitio .e. 

1 3 fuerínt oue quantitates quaz fit pꝛopoꝛtio ynius ad al 

A terà tands numen ad numez:eae ouse cómumnicantee cíle 


Ela 
SN necefle eft. 
I4 Dec cft conuerfa proris ut fi fit.a.ad.b.ficut numerus.c.ad nume 


nde Arum.d.crunt ouc quantitatcs.a:z.b.omunicantcs. fit cni.c.toncis 
menfurans.b.quotics cft nitas in.d.z totiens menforans.f.quotiens vnitas in 
c. Cum ſit igitur.f.ad.e.ut.c.ad vnitatẽ.ac.e.ad.b.vt vnitas ad.d. erit p cquam 
pportionalitaté.f.ad.b.ut.c.ad.d.quare ctia ut.a.ad.b.igit per prima partem. o. 
quinti.f.cft cqualia.a.cii iraqs.c.menfurct.f.per conceptioné menfurabit.a.igitur 
8. c.b.coícantce:mefurabat eni 2.b.quod eft propofitum. 
Pꝛopoſitio .. 
Muium duarum ſuper ficierũ quadrataxꝝ quax latera in 
PASS» NI Longítadire cómumcant eff pzopoztio &níue ad alteram 
Ebo) | tanquá numeri quadrat ad numeri) quadratum .&5i vero 
VS A fuerit pxopo:tio Inpficier quadrate ad iuperficiea quadra 
Lopes diram:tanqua pzopoztio numeri quadrati ad numerü qua/ 
dratü: eruntlatera cart in longitudine commumicantía .J£20 fi fucrit 
Pportio füperficíci quadrate ad fnperficiem quadratà:non velut nu; 
meri quadrati ad numerum quadratum:latera earum erunt ín longitu 
dine incomenfurabilia. 
G Sint.a.«.b.ouclincc quadrate qua; quadrata (mt.c.«.d.oíco o» fí.a.c. b.com 
municant ín longitudine crit ppo:ío.c.ad.d.ficut numen quadratí ad numcrum 
quadrati « ecóucrío:ft aüt ;ppoixío.c.ad.d.no fit ficut numeri quadratiad nume 
ri quadrati .a.c.b.crüt incoincfurabiles in longitudine « ccóucrfo. J3crütii Rud 
argumctü quarti io pzoponit: [»simü ps fic.fí.a.4.b.cómunicant i longitudine 
ipfe per.5.erunt in pxopo:xionc ouo numcroz qui fint.c.c.f.quoz quadrati fint 
6. 7.b.q? crgo e.c.ad.d.fiícut.a.ad.b.ouplicata per.18.fextí :fequít ut fit etíam.c. 
9d.d.ficut.e.ad.f.ouplicata.fcd críà € per. 1 i.octaní.g.ad.b.ut.c.ad.f. ouplicata 
ergo.c.ad.d.ſicut.g.ad.h.qð € primü xóm fic:fit.c.ad.d.ficut.g.numcerus qua/ 
dratus ad.b.numey quadratízoico qp. a.c.b.crunt in longitudine cóicantes. £ü 
enim fit.c.ad.d.ut.a.ad.b.ouplicata p.19.fexti.c.g.ad.b.p. v. octaní ut.c. ad.f. 
ouplicatazquarc « fímpla.a.ad.b.fícut fimpla.e.ad.f.p.c.igitur funt .3.7.b.cóícà 
tes qð cft fcóm. Tertii vcro ps ex psimo a oeitructione cofequentis. Silt quartit 
patet ex (cdo a ocftructione ofttis. €L£ x rertía ptc bai?nota oíamctz éc incomcn/ 
furabile cofte.£ü eni fit qdratü oíamctz ouplii qdrato cofte:oupla vero pportio 
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16 fit ficut numcro Qdrato: fedt oíametz ec incómenfurabilé cofte i lőgitudinc 
Alioquin cà quaternariue ftt numerus quadratus cílent oce pariter parce qdratí 
« cttà alij infiniri qui nó funt quadrati . Z2ucit aüt zl». ad iftud incenucnicus fi 
diameter ponatur comenfurabilis colte y impar numerus erit cqualis pari:quod 
fic pater. Sit enim diamictcr.a.b.conimenfurabilis lateri.a.c. critgs per.5.a.b.ad 
q.¢.ficut aliquis numcrus ad aliu3. Sint ergo bi) numeri.c.z.f.qui fint mininiin 
(ua propoztione:eritas ob boc alter coy impar. Oi eni vterq5 par : nó ert mini / 
mi: quadrati quoq coz fint.g.«.b. fi crgo.e.€ ipar:erit quoq; cx.3o.noní.g.ipar 
(it itaq5.k.ouplus ad. b.crita3.k.cx oiffinitione par. q? igitur.a.b.ad.a.c.ur.c.ad 
f.crit per.s.feyti ¢.11.0ctaui quacrait.a.b.ad quadrati.a.c.ut.g.ad.b.c itaq3.g. 
ouplus ad.b.fic enim eft quadrath.a.b.ad quadraté.a.c.p penultima prini:z qe 
críam.k.eft ouplus ad.b. fcquitur per.9.quinti ut.g. numcrus impar fit eqlis. k. 
numero pari. Od fi.c-fit par «. f. impar:erit ꝓpoꝛtio.f.ad dimidiũ.e.qð ſit.l.ſi / 
cut.a.c.ad dimidiũ.a.b.qð ſit.a.d.⁊ ideo erit pꝛopoꝛtio quadrati.a.c. ad quadra 
tum.a.d.ficut proportio numteri.b.qui cit impar per-3o. noni ad quadratum 
numcri.l.qui fit. m.cui.k. ponatur ce ouplae:critas. k.per oiffinitionem par. Zt 
q quadrati. a.c.é ouplü ad quadratü.a.d.per penultima piri erit. D. oupl? ad 
in. cias. R.fit ctia euplus ad.m.crit per. 9. quinrí numcrus impar .b. equalis.k. 
flumicro pari qo € popol itü. Pꝛopoſitio .s. 
— Y fuerint Oue quantitates yni quantitatí cõicantes:ipſas 
“N| quoq; inuícem cómenturabilee efle necefle eft. 
«xai oit vtraq5 oua quantitati.a.c.b.coicans quantitati.c.oico.a.2 
M o. ciTc comenfurabilca:cft enim per. 5.a.ad.c. ficut numerus ad nu/ 
i neg: fimiliter quoq; per cande, c.ad.b.ficut numerus ad numerum 
Sit — numerue.d.ad numcrii.c.ficut.a.ad.c.numcerufas.f. ad numerum.g. i 
cut.c.ad.b. At p:opo:ríonce quc funt.d.ad.c.c.f.ad. g.contincntur ín tribus tcr/ 
minis qui funt-b.K.L.ut oocet.4.octaui:critg3 per equa proportionalitate. a.ad.b 
ficut.b.numerus ad.L.numez:per.c.igitur funt.a.z. b.cdicantes qd eft ppofiti. 
¶ Ex hac quoqʒ ſequiur ꝙ ſi fuerint due quãtitates ſibi inuicẽ cõicantes: cuicũq; 
vna carum conmunicat ⁊ reliqua:⁊ cuicunqʒ vna nõ cõmunicat nec reliqua. Sint 
enim oue quantitates.a.7.b.comunicantes: ponaturq; quelibet quantitas que ſit 
c.cum qua cõmunicet.a.dico ꝙ.b.cõn unicabit cum eadeʒ: qð ex hac octaua patet 
cum vtraqʒ earum cõmunicet cum.a.ex ypotheſi.Qð ſi itey.9.2.b.fint comunica / 
tcs nt prius:ponatur.c.quelibet quatitas cums qua non cOmunicct.a.oico q.b.nd 
communicabit cum cadcim.ft enim.c.comunicarct cum.b.cum. a.quog3 p ypotb. 
communicet cam codem.b. eflent per banc octauam. 9.7.c. communícantee. fcd 
pofitum crant g» non cflent:quare conítat quod otxirmus. 
Pꝛopoſitio :q. 
J fuerint due quañtitates coicantes: totum quoqʒ ex eis 
confectum vtriqʒ eaꝝ:erit cõmunicans.Si vero fuerit to 
ctum vtriqʒ cõmenſurabile erũt ambe cõnenſurabiles. 
y ^ ¶ Sint due quãtitates.a.⁊.b.cõmenſurabiles:dico totum ex eis cõ / 
poſuum quod ſu.c.vtriqʒ carum eſſe commenſurabile ⁊ econucrſo. 
Adbuc quoq; fi totum ex cís compofitum vní carum communicet.oico q com 
t'innicabit alreri: c ipíe funiliter intcr fc, Jdem quoq; in contrario .fi emm.g. z 
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b.fint incdicantes:dico q.c. *triqs carum crit incómunicane c ecouctfo :ac fí.c.at 
tcri carum fit incómunicane:crit qnog5 íncomunitcane « alterí:« ípíc eria inter fe. 
cnt ítaq5 piumum.g.c.b.cómu icantca:fitq; carum cómunie meufura.d.qui cà 
vtr4q; cay numceret per cocepríone fume antcepenalnime numerabit.t.c.quarc p 
citfinitionc.c.coicabít etríqs c3z.fG..«.b. £cóucrío quoq; fi.c.comunícet vtriqs 
carum.fit oim cóis menfura.d.cóftat itaq; per oiffinítionc.a.c.b. cómunicantes 
cífc fed cómunicet.c.cü altcra carum que fit.a.oíco qp cómunícabít cü.b.. .ctíà 
z.b.communicabunc adinuicem.fit cnim.d.communtter menfurans. ¢.z.a. quia 
igitur.d.menfurat totum « octractum per conceptionem ipfa menfurabit refidu/ 
um viddicct.b.per oiffinitionem ergo c .c. communicat cum. b.c.3.communicat 
quoq; cum.b. Oí auté a. ¢.b.fint incommuntcantes crit .c.incommunicans viri 
g3 carum:ft enim cum vtragos feu ctiam cum alrera carum communicaret 4 ipfc có 
municarét gdiuuicem: quod cft contra ypotbefi; Simiiccr quoqs cconucrfo ti. c. € 
incommunicans vtríq; caram fcu ctiam alteri carum:crit quoqs incommumcaus 
relique:z ipícinter fc:qo palam cft ex prcdemonftratis a ocitructdc confequeus. 


Pꝛopoſitio .io. 

Bg | OY nium quatoz quanntatum pzoportionalinm fi fuerít 

F pꝛima communicãas ſecunde:tertia quoq; erit communi / 
—cans quarte Si vero pꝛima incomenlurabilis fuerit ſecũ 

detertia quoq; incomenſurabilis erit quarte. 

dx (Sint quat.-or quantitates propoxtionales.a.b.c. d.oico ꝙ ſi.a.cõ 
municat cũ.b.c.quoqʒ cómimnicabit cü.d. gp fi.a.eft incómenfurabilis.b.c. quoqs 
erit incómenfurabilis.d.« fi.a.coicat c3.b.in potentia tr. c.quoas comunicabit 
cum.d.in potentia rantum.23erütame illud non ,pportt aucto: q facilc patet ex 
demonſtratione pꝛioꝛũ.Si crit .a .cóícat cü.b.ent per. «.a.ad.b.ficut numerus ad 
numcrum. fit crgo ficut.e.ad.f.at q2 cft per ypotbefim.a.ad.b.ficut.c.ad. d.erit.c 
ad.d.ficut numcrus.c.ad numez.f.pcr.o.ig £ cít.c.communícans ci.d.qo cit px 
mum. Cxóm patet ex primo a oeltructionc confequentis.fi enim.a. cit incomenfu 
rabilis.b.oporrer.c.efic incOmenturabile.d. nam fi cffet ci cómcfurabílis ci fit ut 
c.ad.d.fic.a.ad.b.per fpotbefun: clict per primain parte. a. cómunicane cum.b. 
(cd non crat: quarc conftat roti qd proponit auctor. à auté é adiunyim? vidcli/ 
Cet qp fi.a.cóicat cum.b.in potentia tfft. c. cónmunicar com.d.i potentía tiit. fic pa 
tet. £us enim.3.non comunicct ciü.b.in longitudine: nec.c.quogs ex parte fecüda 
buius cómunicabit cum.d.ín longitudine. it «cro cum quadratum.a.communi/ 
cct cur) quadrato.b.cy ypotbcefi erit per. e. quadratum lincc.a. ad quadratü lince 
b.ficut numcrus ad numcrum qui fint.€.4.f.2 quia quadratum.c. ad quadratum 
d.fiait quadratü.a .ad quadrati. b.crít ctíà quadratü.c.ad quadratü.d.ficut nu/ 
imerug.e.ad tiumcrü.f.per.ó. igitur.c.c.d.cóicant in porentia:z q2 non cómuni/ 
cit in longitudine:cõſtat ꝓpoſitũ. Pꝛopoſitio .11. 

ERN fopofita qualibet recta linea duas ei incomenſurabiles 
à Vlalteram in longitudine cantum alteram ín longitudine ct 
P J,\potentia rectas lineas inventre. 

3} C Sit linea.a. 3. ppofira: volo ouas lincaf repcríre qua vna cóicct ch 
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zew"a.i potétía tiizaítcra vcro fit icomefurabilie ci i logitudic ⁊ ĩ potẽtia 
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Sumo itags ouos numeros nequa; fe babentes in pportione aliqnoy numeroy 
quadratoz.fintas bij.b.z.c.quos facile eft famcre cà quilibet quadrat? numer? ad 
quclibet nó quadratü eà babcat ;ppostione quà nequaqs babent aliqui numeri q/ 
dratí cófrmáte bec. 22.0ctaui:ouob? ralib? numeris (üptis iuenio linc3.d.ad cui? 
ddratü fc babeat Qdratii liucc.a. ficut numerus.b.ad numez.c.banc aürlineá ita 
reperio oiuido linca.a.in tot prece equales quot funt enitatce in numero.b.qo fa / 
cile facio adiuuate. ui. cl. i2. (exti: ocbinc fup extremitate linec.a.erigo lincà. c.per 
pendicularíter ín qua toticns otíncatur ena ex pribus.a.quoticne vnitas cft in.c. 
Quia ígit cx pma fextí ppoxio quadrati línce.a.ad füperfiac que fit ex.a. i.e. cft 
(icit.a.ad.c.« io ficut numeri.b.ad numey.c.fi ponaf.d. in medio loco pportio/ 
nalis inter.a.z.c.fiast oocet.9.fexti qz tc per prima parte.16.ciufdé quadrarit.d. 
erit equate fuperficiet pducte cx.a.in.c.« erit ppoatio quadrati lincc.a.ad qdratrü 
lince.d.(icat numcri.b.ad numez.c.quarc.a.2.d.funt cómenfurabiles ín potctia 
ex ciffinitionc eper vltima pte-7.ipfe ft incóimenfurabilce in lógitudinc.repta eft 
itaq3.d.p2ima linea qua ppofitd erat inquirere. zilterà fic rep rio intcrpono ut 
oocct.9.fexti linea. f.medio loco ;ppoxtionale inter.a.«.d.critas per coꝛꝛeł.i⸗.ſexti 
quadratiá.a.ad quadrati .f.fiaic.a.ad.d.itaqs per (coam parte. 10.quadratuin.a. 
cft incómenfurabile quadrato. f. igit luca. f.€ incóinenfurabilis linec.a.i potentia 
quare « in longitudine.é itaqs.f. (coa linea quà ppofit'l erat reperirc.£t fic ps po 
pofitum. Pꝛopoſitio .i. 
A 
plius poſſit Ícóa quàtu € quadrati alicmus linee cõicõtis 
libi in Longitudine.neccfle tertíá quoqstanto amplus 
offequarra quátü eft quadratü alicuius linee coicantis 
LONE fib in longitudine: qp li füerít prima potentío2 fcóa qdra 
to alicuius lince incomenfurabilte fibi in longitudine.erit quoqs ter/ 
tía potentío2 qrta qdrato alicui? línec fibi icoméfurabilisi logitudine 
Goint qtuo:lince jppostióales.a .b.c.d.fitqs. a. maio: b. c.c. maio:.d fit quoag 
2. potétior.b.qdrato lince.c.z.c.potétior.d.qdrato lince.f.oico q fi.a.cdicet.e.in 
lgitudie.c’.quog; coicabit.f.i logitudie qp fí.a.nó cóicat.c.i logitudie ncc.c.cóica 
bit.f.ilógítudine. Q9 « fi.a .cóicat.e.i potétía tm.c.quoq; coicabit.f.i potétia trit. 
Wey tamen illud vltimü nó pponit aucto: q: facile patet cx pzioz ocmóftratione 
&i fit cni ppo:tio.&.ad.b.ficut.c. ad.d.erir quadrati .a.ad quadratü.b. ficut qua 
dratí.c.ad quadrati d.« q» quadratum.a.cít cquale quadratis oua7 líncaz. d.« 
f.b.«.c.(ifr quadrata. c.quadratis ouarum linca. d.«.f. erít ppo:tio quadratoz 
ouay lincay.b.z.c.ct quadrati.c.ficat qdratoy .d.4.f.¢.ad qdratü.f. ergo oífii 
tim crit quadratii.b.ad quadratü.c.ficut quadrata .d.adiquadratü. f.ergo. b.ad 
¢.ficut.d.ad.f.item per equam proporionalitatem crit.a.ad.e. ficut. c.ad. f.ergo 
per piimam partem oc ünc conftat prima pare buíus:z pcr fccundam (coa: pcr 
tertiam ibi adiunctamtertia: bic adiuncta, —— 
4£»opofitto .ı3. 
Y fuerint one linee inequales quoznm longío:em ín ouo 
9 communícantía owídat {uperfictes libt adiuncta equalis 
À a| quarte partí quadrati bzeuiozis linee cut adínncte tu 
5| perficiet oefitad complendam totam lincam fuperficice 
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quadrata necefle ¢ ipfa lined longio2r€ linea breniozi tato apli? pofle 
quati € üdratü alicui?lince cõicantis eidem longiozi in longitudine. 
i vero fuerit logioz porétior bzeviozi augmeto qdratilinee coican 
tis ſibi ĩ logitudine adiũgatq; cí fupficies ealíe quarte pti qdrati bac 
nioꝛis linee cui deſit q̃drata ſuꝑficies ſuꝑſiciẽ ſibi adiunctã eãdẽ lineã 
lõgioꝛẽ in duas poꝛtiones cõmẽſurabiles diuidere neceſſe eſt. 

¶ Sint due linee.a.b.⁊.c.maioꝛ.a.b.⁊ adiũgat᷑ ad lineã.a.b.q̃rta ꝑs q̃drati lince 
c.ita q dcſit ad oplendã lineã.a.b.ſuꝑficies qdrata.boc eni € poffibile p.27.fexti 
qð facile fiet hoc mõ.diuidat᷑.a.b.ĩ duas lineas.a.d.⁊.d.b.ita ꝙ inter cas cadat 
medietas lince.c.ↄtiuue ꝓpoꝛtionalis:hoc aũt qualiter fiat in fine demoſtratiõis 
bui? ooccbit:eritqs cx- 16.fexti fupficies.a.d.in.d.b.q fit.d.c.eqlis qdrato medic 
tatislinee.c. dre ex.4.fcdi crit cade fub quadrupta qdrati lince.c. declt quog; ad 
oplendá línea.a.b.fupficies qdrata:cü ⁊.a.d.ſit equalis.d.g.⁊.d.b.eq̃lis.g.e.di / 
co itaq; q fi fupficice.d.c.oiuidat Linca.a.b.in ouo coicatíg erit linca.a.b.pote/ 
tío: línea. c.in qdrato alicui’ tinec fec cOicantis in longitudine z econucrío. £um 
aŭt lit linea.a.b.maiozlinea.c.n6 erit.a.d.cqlis.d.b.fic eni cet fepficice.d.e.qua 
drata «q: ipfa ¢ eqlis qdrato medietatis lince.c.cffct.a.d.cqlismedictati. c.zto 
12.3.b.toti.c.qd¢5 ypoth.nd eft igit.a.d.equalis.d.b.itag; oe maiori eax que fit 
d.b.ab(cindar.d.f.cqualie.a.d.eritt p. 9.fcói qdratü totius.a.b.cale bis q (unt 
ex.d.b.in.d.a.qrer et qdrato.f.b.quare línca.a.b.erit potentiolínca.c .in qdra 
to lince.f.b.quà necefle e cótcari toti. a.b.fi tinea .a d. cft cóicae línce.d.b. fi enim 
boc fuerít erit.d.b.cóicans.d.f.fuc cali quare p.o.b.f.coicat ci. f.d. (6 toti. a.d. 
« ppt boc di tota.a.f.igif « cii tota.a.b.ficg ps pmi. GL £ óuerfü bui?(ic ps fit.a.b 
potétio:.c.in linea .f.b.q. cõicet fecum in longitudire.oíco tc qp quarta ps qua/ 
drati lince.c.addita ad lined.a.b.ita op ocfit fupficies qdrata oiuidct línca.a .b.i 
ouo cóicatia:oinidat cni5.f.a. p calia tri.d.« fiat fuzficice .d.c .cx.d.b. in.d.a.e 
decrit ad opléda linc3.a.b.fupficiee qdrata crítqs p.8.fcói:qdratü.a.b.cdle qdru 
plo fupficici.d.e.¢ equale Qdrato.f.b. igit qdruplü (upficiei.d.c. € egle qdrato.c. 
qre fupfícice.d.e.fit calis quarte prí qdrati.c.oíco igít qp.d.b.e coicas cü.a.d.ci 
fit.f.b.cdicans ct.a.b.fieni boc fuetit ut qp.a.d.fit cOicans c.9.b. crit ctíà comu 
nicas ci.2.f.p.9.quare 7 ci.a.d.6 ⁊ cũ.d.ſ.itaqʒ ⁊.d.b.ẽ cõicãs cũ.a.d.qð è fn 
¶ Nũc aũt moſtrãdũ cit qualr linca.a.b.cii ipa pofita fucrit maio: línca.c.poffit 
fic oiuidi ut inter ptee eius cadat medietas linee.c: Stinue pportionalis. C£um 
eni fic fuerit oíuifa: füperficíce q fiet ex «na in altera crit equalis qdrato medicta 
tíe lince.c.« ipfa crit fupficíes eqlis quarte pti qdrati lince.c.adiuncta ad linca.a 
b.íta cp ocfit fupcrfícice qdrata.boc eni fic fiet oivifa.a.b.p eqlia in.d. lineef (up 
¢4 fanicirculus.a.f.b.2 filr.b.c.ppendicularis ad.a.b.que ponat edlis medictati 
lince.c.z oucat.e.f.cquidiftans ad.a.b.¥fq5 quo fecet circhferentia ſemicirculi in 
puncto.f.neceTeeft eni vt fecet cà:cü linca.a.b.fit maio linca. c. 2 oucaf.f.g.per 
peudicularis ad.a.b.q cii p-34.pmi fit equalis línce.e.b.erit quoq; calie medic/ 
tatí línee.c.oucat ítaqs lincc.f.a. f b.eritq p pmà pté-5o.rcrtíj augulug.a.f.b.rc/ 
ctue;« ió per p:íma parte cont. 9.fextí erit Imea.f.g. medio loco ;ppoatióalis itcr 
8.9. 7.8.b.Qrc medictae linee.c.q € fibi equalíe crit ctià ppoxtidalis itcr cafde ap 
cft noftrum ppofitum: 


Pꝛopoſitio .14. 
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VS fuerint one línec ínequales quarum longiorem dinidar 
WAN n ouas partes incomenturabiles fupficies cqualíe quar : 
Aa V te parti quadrati bzeniozs libi adiuncta ita p defitad er? 
FO MI copletione:f(üperficice quadrata crit logioꝛ potẽtioꝛ bꝛe 
A ZA uior augmeco qdrati linee icomenfurabilis ipfi longioz t 
longitudine.S1 vero logio2 potétio: fucrit bzeniow quadrato linee 
incomenfurabilis fbi longiozi in longimdine adiungafas ci fupficief 
cqualíe pà quarte qdrati bzeuíozíe oefucrítqs longiozi tupficíce qua 
drata necefle eft ut ipfa füperficies fibi adumcta eandem longiorem li 
neam in Ouas po2tiones incomenturabiles o ínidat. 
(bcc i4.cx rio antis pmi(tc infert orid ↄñtis pᷣmiſſe ⁊ non differt cius diſpõ a 
diſpõne illius.ſed ⁊ modꝰ argumẽtandi vtrobiqʒ idẽ. Si cnĩ.a.d.nõ cõicct cũ.d.b 
nec.d.f.fibi adcqualis coicabit ch cade.d.b.itaq3 p.9.d.f.nd cOicabit cit .f.b. Gre 
neq3.2.f.funt eni.a.f.2.c.f.cOicantes tang3 numcrans 2 numerati .ió ncos. a.b. 
cótcabit ci lica. f. b. 29 fi boc fuerit videlicet fi a.b.nő cõicet cũ.f.b.nõ cõicabit 
cũ.a.ſ.q̃re neq; cũ.a.d.aut.d.ſ.neq; igit.a.b.cũ.d.a.Põt quoqʒ hec.i a.dcmõſtra 
ri ꝑpᷣmiſſã.pᷣma ꝑs huius ex ſcða illiꝰ⁊ ſcða ex pᷣma a deſtructiõe ↄñtis.ſi cnĩ.a.d 
4.d.b. nõ cõicent nec etiã.a.b.⁊.f.b.cõicabunt:nã ſi.a.b.⁊.b.f.coicarent opoꝛte/ 
ret ꝑ ſcðam ꝑtẽ pᷣmiſſe ut.a.d.cõicaret cũ.d.b.ſed poſitum ẽ ꝙ non. Eodẽ mõ de 
ſcða pte.ſi enĩ.h.a.⁊.b.fſ.nõ cõicant nec.a.d.⁊.d.b.cõmunicabunt. nã fi ſic ſcqui 
tur per prima ptc pmiffe ut. a .b.z.b.f.cdicet q nó cõicant:quare patet proponit. 
Pꝛopolſitio. ıs: 
Mfonisfuperficies rectagula qua continent ouclineeild 
Vi gitudine rationales ronalis elie pzobamr. 
Kogan C Sint ouc Imee .a.b.c.b.c.otinctee fupficié rectagula.a.c.rdnales 
bh ES iy M in longitudine: oíco fupficie.a.c.effe ronalczocfcripto eni quadrato 
PET cue vis cax.ut.c.d.lince.b.c.crit p prima ferti.c.d.ad.a.c.ficut.b 
d.ad.a.b.q2 igit.b.d.cdicat in longitudine ct.a.b.cx ypotbefi co cp.b.c.fua equa / 
lis erit p pzíma3 pté.10.c.d.cóicans.a.c.c fit itaqs.c.d.rónalis p oiffinitione crit 
⁊.a.c.rönalis qð eſt ꝓpoſiũ. Pꝛopoſitio .6. 
z5] Am adiuncta fnerit linee in longitudine vel cõicata rőna/ 
li tupficiee ronalíerectágula latus cíus fcóm erit inlongi 
Er tudine rónale lateríqs pzimo t longitudine coméfurabilc 
QA III C quafi oucría p:iozia ut fi (upficics.a.c.adiuncta ad linc3.a. 
ES 1| b. rónalé in longitudine fucrit rõnalis: dico q latus cius figs é.b 
c.crit ctia rónalc ín longitudine « coicans lateri primo. fit cni.a.d.quadratit .a.b. 
erita; rnale cy oiffinitione « ppter boc erit coicans ci (upfícic.a.c.rónali: qz icit 
ꝑ pꝛimã ſexti ficut.a.d.ad.a.c.ita e ería.d.b.ad.b.c.coicat aür.d.a .cim.a.c. crit 
p pmá pté. io.b.d.cóicás di.b.c.crgo cii.b.a. fua edi fcd.b. a. rónalis € dre p ciffi 
nitionc 4.b.c.oftat itaq; ppofiti. Pꝛopoſitio .i. 
p ) Aas lineas inuenire potentiatantum ronales comenfura 
RU biles quarum logioz plus pollitbzcnioz quadratotince 
fibi comenfurabilis in longitudine. 
| I tysopotir C iucníre ouae lincae rónalco potétía tii coicates qrü 
EN] longio? fit potẽtioꝛ bꝛeuioꝛi qdrato lincc fibi coicas in longitudine 
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Gamo itag3 aliqua lined ronate que fit. a. b.fup qua ocfcribo femicirculit.a. ¢.b.2 

fumpto aliquo numcro vt.d.e.divido ipfi in ouos numcros. d.f. «.f.c. íta cp fit 

ppontio.d.c.ad.d.f.ficut numeri qdratt ad numeri qdrati no fit aitt pportio.d 
c.ad.f.c.ut numeri Qdrati ad numcy qdrati:talis aft numer’ é quilib; qdrat? oi 

vifibilis in quadrath 4nd quadratis.ut.9.qui oiuiditur m.4-.«. 5. « oce boz eque 
multiplices: inuenio line ad etus qdratü fc babcat qdratü linec.a.b.ficut nu/ 
merta.d.c.ad numcz.d.f.qualiter aüt ipfa reperiat in ocmonftrarionc.5.oictus 
¢ : banc lined inventa que ncceflario € mino2.a.b.coapto p prim  quarti intra fe/ 
micírculum.9.c.b.fitq5.a.c.« fubtraba líncà.c.b.oico ouae Lincas.a.b.«.c. b.cllc 
quae qucrím?.crit igit p para pté.3o.tertíj angulus.c.rectue :4 16 p penultimam 
primi quadrati.a.b.cqualc eft qdratis ouay lincay.a.c.z.¢.b. « q1 ppoztio qua/ 
dratilince.a.b.ad quadrari lince.a.c.e ficur.d.e.ad.d.f.p pporbe.crit p cucríam 
pportionalitate pportio quadrati lince.a.b.ad quadratü lincc.c.b.ficut.d.c.ad.f 
c.crgo quadratü.c.b.cóicat cà quadrato.a .b.pcr.ó.bui? crít isif quadratum.c.b. 
ronale pcr oiffinitíoncm cii cóácet rónali fupficici:e q1.c.b.2.a.b.funt incómenfu 
rabiles p virima partem.7.conftat ouaa lincas.a.b.«.c.b eiſe ronales potẽtia tm̃ 
coicantee. Z1t q1línea.a.b.e potentioilinca.c.b.in quadrato líncc.a.c. quc ꝑ ſcðaʒ 
partam. .cóícat fcdi in longitudine coftat babítü cfTe ;ppofitb. GL oi autc; libcar 
plurcs ouab’ potentia tm ronales cOicantes quaxvna porcntioz longio: fit qua/ 
libet alia in quadrato alicuius linee fecti cOicantis in logitudince repire.fit ut pu? 
linca.a.b.ronalis in longitudine fuper qua oefcribatur femicirculus.a.c.b.fome / 
turq5 namcrus.d.quadratue quí (tt oiuifibilis in multos quadratos nó quadra 
tog quoz nó quadratoz mime fit pportio ficut aliquoy numceroz qdratoy:talce 
abt numeri vltro feofterüt €t.36.qui € oíuifibilia 1.25.7. 5 itegs 1.16.1. 20.rurfuf/ 
Q3 in: 9.7.27.a¢ ifex i. 4.7.32.1tox vero nO quadratoy qui funt. 11.20.27.32.ad 
innicé nd eft pposrtio ficut alicuins numeri drati ad aliñ. £fto igitur ut numerus 
d.quadratus oinidat in.c.qdraté .f.non quadratü: fitqs quadrati linee.a.b.ad 
qdratü linec .a.c.ficut numerue.d.ad numcz.c.« oucat linca.c.b. « oftat ;ppo/ 
fitum ut pzius oemonftratü c.a.b.4.b.c.eílc ouas tales lineas quas inquirunus. 

Oilr quoq; otuid3.d.i.g.qdrati ⁊.h.nõ q̃dratũ ſitqʒ qdratũ lince.a.b.ad q̃dra / 
tũ linee.a.R.ſicut.d.ad.g.⁊ ducat᷑ linca.k.b.eruntqʒ vt pꝛius due lincc.a.b.⁊.b.k 
quales inqnirimꝰ.Eodeẽ mõ ſi rurſus diuidat.d.m.l.q̃dratũ ⁊ in nõ q̃dratũ ⁊ po/ 
natur ꝓpoꝛtio q̃drati linee.a.b.ad quadratũ linec.a.n.ſicut.d.ad.l.⁊ ꝓducatur 
n.b.erunt due lince.a.b.⁊.b.n.quales inquirimꝰ. Qð ſi rurſus diuidat.d.in.p. 
quadratü « in.q.nó quadratü z fucrit pportio qdrati lince.a.b. ad quadrarum 
lince.a.r.ficut.d.ad.p. « p:otracta fucrit linca.r.b.crüt ctia oue lincc.a.b.z.b.r. 

qualce inquírimus. Cunt itaq; linec.a.b.b.c.b.k.b.n.b.r.poteantía titi rationa / 
les z in ea cõicãtes qri vua viddicct.a.b.€ potétio: qualibct aliaz i qdrato linee 
fec coicátis in logitudinc.fi ígif quatuo: lincazz.b.c.b.k. b.n .b.r. nulla cóicant 
al in longitudine dftat ppofitü. 3ftud aüit fic pbat p5 eni cx pmiffie qp quadra 
tum lificc.b.c. ad quadratum lincc.a. b.cft (icut numerus.f. ad numerum. d.ct 
quadratum lince .a.b. ad quadratum lincc.b. k.cft (icut numerus . d.ad nume/ 
rum.b. ergo pcr equam propoitionalitatem quadratum lince, b.c. ad quadra/ 

tum lince.b.k.cft ficut numcer?.f.ad numierü.b.(cd nnll? qtuo: numeroz. f.b.i.q 

fc babet cx ypotbefi ad aliti ficat numer^ qdratus ad numeg. qdratü .qre p.3.pré 


X 


7, ouc lince.b.¢.b.k.funt incomenfarabiles in longitudine. Eadem rõne quelibet 

oue cx illis quatuo? fint íncónienfurabiles i longitudine :líquer crgo qo volumus. 
Pꝛopolitio .s. 

Aas lineas in potentia tantum rõnales cõicantes quoꝛũ 

!longioꝛ plus poſſit breuioꝛiquantum eſt quadratũ linee 

ſibi incõomenſurabilis in longitudine inuenire. 

CIn bac quoqʒ remaneat eadẽ diſpoſitio cedéqs ypotbefes que in 
pucmiſſa hoc ſolũ mutato ꝙ ꝓpoꝛtio numeri.d.e.ad neutrũ duoꝛũ 
nnmcroꝝ.d.f.⁊.ſ.e.ſit ſicut numeri quadrati ad numerũ quadratũ:hoc aũt facile 
ſiet:poſito.d.e.quotlibet numero quadrato diuiſo in duos numeros nõ quadra / 
tos «t fi.d.c.fit.9.z.d.f.6.2.f.¢.3.argumentando ut prius boc ountaxat excepto 
q.3.b.7.a.c.fint incómenfurabilce in longitudine p vltima parte. 2 TL £t fciendü 
œ vue linee quales bec et pzemiffa oocent inuenire cóponunt binomium:« míno/ 
rí carum abfcifa oe maiori que rcliqua eft oicitur refiduum. Nota etiam ince tit 
potentia rónalcs cóícantee poffit efle va rónalis 4 alia irrónalíe ficut latera te/ 
tragoníca ouaz fupficiez quay «na fit.25.pedit c alía.24.funt rónalía potétía tfft 
cóícantia:larus eim pzime fuperficici cft. 5.latue vero fcóc nó numerat c poflüt 
effe ambe irrõnales ut latera tetragoníca oua fupficicz quarü vna fit.24. pedis c 
alía.23.nentrius cni numerat latue.funta; i longitudine incómenfurabilia ex €1/ 
tima pte feptime. (105 fi libeat ctíà inuenire plures lineas ouabus potentia tiñ 
ronales cOicantes quay «ma fit potentío qualibet alia» in quadrato linee fecum 
nó cóicantis in longitudine: fümat talis nnmer?qni poffit pluries fic oinidí qp ipf 
us ad nullá fua partíii nec alícui? ad aliqua aliay fit pportio ut numeri quadra / 
ti ad numcrü quadratü ut.25.pót dividi in.2.2-25.item in .§.7.20° « rurfus itt. 7. 
2.18.£t fic pecus idê â fuit in pmifa. Pꝛopoſitio .iq. 

IM nis ſuperſicies quå cotinét due líriee potétíalíter tárü 

CZ. N|ronalee coicantee € irronalíe oícítqfupficies medialíe 

RM I lcinfaslatue tetragonicum fc5 qo E eam poteft eft írrónale 
— diciturqʒ linea medialis. 

Exe [CI int ouc lince.a.b.b.c.otínétes füpficie.a.c. rónalce potetía tfft 
Cóicátce:q qualr reperíant cx pmifTa « atipmiffa.manlfeftum c:oíco fupficie. a.c: 
eſſe irrõnalem.Sit eri.c.d.quadratü.b.c.erítas rónale p ypotbefim co qp línea.b 
C.C rónalis i potétía:c q1 cx prima fextí.a.c.ad.c.d.ficut.a.b. ad.b.d.non cóicat 
aüt a.b.cü.b.d.q: ex yporbefi nó cóicat di fua equali q é.b.c- fcquít p (dam pre 
to.tt ctí3.3.c.nó cóicct cà.c.d.qre p oiffimitione fupficiee.a.c.e.irrónalis.ideoqs 
4 (ui latus tetragonídi ¢ctia irrdnale. oicit aut bec fupficies medialis qin ipfa ¢ 
medio loco pportidalis inter ouas fuperficies ronalcs videlicet inter qdrata ous 
rũ lin eaꝝ ipſã ↄtinẽtiũ z lined potés in ip{a dicit medialis qñ ipfa quog3 ¢ me/ 
dio loco pportidalis inter ouas lineas potetia tm ronales cóicantce « bec oue li/ 
nec funt latera oicte fapficiei.£t boc eft quod volumus. 

—— Pꝛopoſitio -2o. —— 
/ ARAM Cm adiuncta faerítlinee in lógitudine rónalí {nperficies 
yasmalcqualís quadrato línee medíalte lat?ciue fcóm potentíali: 
PASH ar eric ronale lateríqs paimo t lógítudine icómefurabile 
C hce eft quafi conuerfa pemifle. Sit .a. linea medialis. fita3 
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linca.b.c. rationalis ut longitudine cui adiungatur fupcrácice. b.d. cqualie qua/ 


drato lince.a.q bocinodo fict:fubiunsatur ouabus lincis. b.c. c.a. linca.c. d.1co 
tmua piopozuonalitatc:ut oocct.1o.fcxti:erítas fuperftace cx.b.c.in.c. d. equalie 
quadrato lince.a.per.16.cíufde:otco larus eiue hm quod cft.d.c.cf(fe rónale in po7 
tentía tif) z incómenfurabilc in longitudine lareri.b.c.£rítas ex pranitla p our 
nitioné linee medialis at linca. a. pollít in alique (üpcríicie contentam a ouabus 
línais potentia tm rónalibus comunicantibua auc fit fuperfiacs.c.g.cuiue latera 
e.f. ⁊.f. g. eruntq;ʒ due ſuperficies.b.d.⁊.e.g.pcr pꝛimam partem.i5.fexti:laterum 
mutuoꝛum pꝛopter hoc ꝙ ipfi ſunt equales ⁊ rectangnle: ꝓpoꝛtio crgo.b.c.ad.c. 
f. eſt ficut.f.g.ad.c.d.quare ꝑ.io.cũ.b.c.coicct ĩ potentia cũ.e.f.co ꝙ q̃drata vrri 
uſqʒ earuʒ ſunt rõonalia ex ꝓpotheſi.f.g.cõicabit in potcntia cum.c.d. cqũ igit qua/ 
dratum.f.g.ſit ronale per ypotbeſim:crit quoqʒ quadratũ.c.d.rõnale per diffini, 
tionem: at qꝛ ſuperficies.b.d.eſt irronalis ſicut ſua equalis.e.g. per pꝛemiſſã.ſe/ 
quitur vt quadratum lince.c.d.nõ cõicet cũ ſuperſicie.b.d.⁊ quia quadratũ linee 
C.d.ad (upcrfician.b.d.cft per primam (^xtí:ficut.c.d.ad. c.b. erit per fecundam 
partam. (o-ut.c.d.non comumicet am.b.c.quare cum.b.c. fit rónalíe in longitudi 
ne ex ypotbefi:erit.c.d.irronalis in longitudine z potentia tm rationalis:patet er 
go pzopofita condufio. Pꝛopoſitio ꝛi 
Mame] OD nislinea communicans mediali eft medialis. 
Wasi linca.a.medialis cul ponatur linca.b.efic cOmunicans fiuc in 
longimdine ſiue in potentia tm̃:dico ꝙ etiam linea.b.eſt medialis. 
—AASitcnim linca.c.d.rationalis ĩ longitudine cui adiungatur ſuperfici 
cs.c.f.equalis quadrato lince.a.⁊ item ſuperficics.c.g. cqualis qua/ 
drato linee.b.hoc autem qualucr.iat in pꝛemiſſe demonſtratione dictũ C. Eritq; 
pcr pxcmi(fam linca .d.f. rónalis in potentia trm « incómen(urabilie linec.c.d.ct 
quia pcr primam fexti.c.g.ad.c.f.ftcut.f.g.ad.d.f.cókar autem. c.g.am. c.f.co 
q» quadratum.b .communicat cum quadrato. a.pcr ypotbefim: quibus quadra / 
tis dicte fuperficies pofite funt cquales:fequitur per prima; partem. vo.ut finca. f. 
g.comunicer cum linea. d.f.quare.f.g.cft ronalts i porentia tm ficut cit.d.f.zin/ 
cOmenfurabilis in longitudine lince.c.f.ca linca.d.f. fbi comunicans fit íncómé/ 
furabilis cidan.c.f.co q fuc equali:boc enim probatum cht in.8.qo fi fucrint oue 
quantitates cõicantes cuicũq; vna earuʒ Hon cOicat nec reliqua: itags per.i9.erit 
(uperficies.c.g medialis 2 ctus latus tetragomicum quod cit.b. mediale quod eft 
pꝛopoſitũ. Silt quog; omnes fuperticics coicans {uperficici medialt medialis cc 
conuincitur. Sit ani fuperficics.a.medialis asi ponatur ſuperficics.b.eſſe coicans 
vico fuperficiem.b.efic medialan quod fic conftabit.fit linea.c.d.ronalis in longi 
tudine : adiungatura3 ci fuperficies.c.e.que fit cqualis fuperficici.a.qd boc mo/ 
do fiet. Jnueniatur linca.c.f.ad qua fic fe babeat vnum cx lateribus fuperficici.a. 
ficut linca.c.d.fe babet ad reliquum.bec autem linea qualiter reperiatur in. to.fc/ 
xtí oictum eft. £ritqs ex 15 .ciufdem fuperficies.d.f.cqualie.a.itéqs codem modo 
ad lincam.c. f.adiügatur (uperficicg. €.g.que fit equalia.b. crit itaq pcr.2o.líinca 
c.f. potentía tif rónalis:crit quogs fince.c.d.in longitudine incómcnfurabilis, £t 
qui2.2.7.b.crant cOicantes cx yporbefi:erunt qudg3.c.c.z.¢.¢,cis cquales coican 
1€3:1t295 pcr primam partem fexti 2 per paírmas partem, vo.buiue cerunt ouc linec 
C.f.«.f.g.coicautce in longitudinc.G £ft igitur linca.f..rónalís in potentia rm z 
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linee. e. f. incómenfurabilte in longitudine: quate pct.19.fuperficíes.c.g erit medi 
slis:cum linca.e.f.fit rónalío i longtrudine ficut. c.d.tíbi cqualía:cà ftt ergo.b.eq/ 
ig.c.g.crit quo95.b.medialis qo e propofttü.€L Et nora qp omnce fuperticies me 
diales cõicantes cõponunt (uperficiern mediale. Z3ndc tora .d.g.€ medialis:q: cü 
cuc líncc.c.f.c.f.g. fint rónalce in porctía tín « nó comunicantce in longitudine 
fequitur ut tota.c.g.fit rónalis ín potétia ti nó coícis.c.d,i longirudune.itag; 
p.19.d. g.emedialis Lodeg3 mo fi fint ples, 
?g»opolttio .22. 

VEXEESPI L5 uío oifferentia qua babundat medíale 6 mediali:irra 

94. wl nonalie efle probatur. 
| G oit vrraq5 oua fuperficíerü a.b. c.a. medialis Loco qp» ſuꝑficies 
Valo.que cit caz oifferentia € irrónalie.Oit cni lineg.c.d.rónalis i lon/ 
itudine cui adiungat ſuperficies.d.e.equalis ſuꝑficiei.a.⁊ füperfici/ 
es.d.f.equalis totali (uperficici.a.b. boc aüt qualiter fiat in pꝛemiſſa docuimꝰ:qꝛ 
crgo.d.f.eft cqualís.a.b.c.d.e.cqualis.a.crít p coceprionc.g.f.cqualis.b. Oí ita/ 
Q5 fupficice.b.uo cit irronalis (cd rónaliszent «.f.5.fua equalis rónalis. zit cum 
linca.e.g.fit ronalis in longitudine ficut (ua equalis.c.d.ent per.16.linca. e.f. ra/ 
tionalis in longitudine « cómunicas lince.c.. p.2o.aüt cft €traq5 oua lincarus 
C.€.4.c. f. potentialitcr tifi rónalie e lince.c.d.incómenfürabilis i longitudine: ita 
q5.c.f.línea eft incómenfürabilie linec.c.c.in longitudine. £t quia per piimà fextí 
cuadratum linec.c.f.ad (uperficiem que fit ex.c.f.in.c.e.¢ fient.c.f.ad. cc. fequit 
per cdam partem. 10.ut quadrati lince.c.f. fit incomenfurabile fupficici facte ex 
c.f.in.c.e. quarc c ipf quadratü crit incómenfürabilc ouplo fupficiet cx.c.f.i.c.c 
quadratü €cro.c.c.cum fit ronale cft coicans quadrato c.f.totum igitur cx ambo 
bus compofitü erít pcr.9. coicans quadrato c.f. idco incomenfurabile ouplo fü/ 
perficiei ex.e.f.in.c.c. £t q» per quarta (coi quadrata linee. c.f. e.cquale ouob? qua 
dratís ouay lineay.c.¢.4.¢.f.2 ouplo fnpficici ex.c.c.ín. e.f. ct oupli fuperficici 
C.c.i.e.f.é incómenfurabile aggregato cx ouob? quadratis oua linca. c.c. c.c. f. 
fcquitur per ea quc addita funt in.9.ut quadrati. c.f. fit incomenfurabile agatc/ 
gato cx onobus quadratis oua lincay.c.c.«.c.f.at cà aggregati ex bie quadra / 
tis fit ronale:(cquit quadrat linee. c.f.nó efte ronaie: « idco linca.c.f.nó € ratio/ 
nalis in potentta: 2 idcitco no erit fuperficies.d.f. medialis neg5.a.b.tibi equalis 
quod cft inconuenicns cum fit contrarium pofitis:rclinquitur igitur q fuperfictes 
b.cít irratíonalis:quod cft propofitum. 

Pꝛopoſitio 23. 
ema OD nis {uperficies qua corinte due linee mediales poten 

S V rialtter rantü coicantes:aue ronalis cit aut medialis. 
GSint ouelinee.a.b.z.b.c.medigles potentia im cOmunicates?di/ 
co ꝙ fuperfices.a.c.ab eis contenta gut elt ronalis aut medialis 











93 cx ypothefi bec ouo quadrata comimunicantia 4 crit per praimam fexti fuperfi/ 

cies.g.c. medialis medio loco pzopoxiionalis iter ipfas quadrata. Sumatur igitur 

linea.f.g. quc fit rationalis in longitudine:cui adumgatur fuperficcs. f.b. equa/ 

lie quadrato.a.c.c.b.k. equalis fupcrficici.g.c. c. R.1. equalis quadraro.d.c.crunt 

4 bee tres fnperfic.cs.f.b.b.K.2.K.1.continne proportionales ficut funt fue cales 
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q.¢.9.¢.¢.d.c.quare per prima fertt crunt etiam tres lince.g.b.b.m. 2.1.1.9 fune 
baſes carum continue pꝛopoꝛtionales: ⁊ cuʒ ſuperficies.f.h.⁊.k.l.ſint comunicã/ 
tes ſicut duo quadrata.a.e.⁊.c.d.eis equalia: ſcquitur per pꝛimã ſexti ⁊.io.huiꝰ vt 
linca.g.h.ſit comunicans cum.m.l.vtraqʒ autem earum eſt rõnalis jn potctia pcr 
2o.buius:igitur fupticice vnius ca» in alteram eft ronalis: omnís enís fuperficics 
quam continent oue lince rõnalcs in potentia : cõmuuicantes in longitudine ne/ 
cc(farío e(t rationalis ut patet ex prima fexti z prima pte. 10.buins < cx oiffinitioe 
(uperRcierum ronalium: 4 quia ey prima ptc.16.quadratum lince.b.m. eft equale 
fuperficici ex.g.b.in.m.L.erit quadrarus lincc.b.m.rónalc. Oí ergo línca.b.m.eft 
rationalis in longitudine fiue cõicans linec.k.m.que eft'equalis linee. f.g. crit per 
15. ſuperficies.h.k.rõnalis:ideoq; ⁊ ſua equalis.a.c.ſi autẽ linea.h.m. ſit irrona / 
lis in longitudine fiue incomenfurabilis linee.k.m.que € cqualis linee.f.g. cB ipfa 
fit rationalis faltem in potentía: eo qv futi quadratüà cft ronale:erít cx.19.füperfi/ 
cies.b.K.medialis:quare z fua equalis.a.c.conftat ergo propofits Et nota ꝙ fi 
ouc línec.a.b.c.b.c.e(Tent medialce in longitudine comunicantce: effet fupficice 
q.c.medialis tm:effet enim fuperficics.a.c. cómunicane vtríqs ouoz quadraro:ü 
3.€. t.C.d. per prima fexti 4 per prefente ypotbefim z per.10.buius: ideo ſuperfi / 
cics.b.k.fibi equalís.a.c.cílet comunicas vtriq; fuperficici.f.b. e. K.l.igit per pma 
fcxtí 7. 10.buiuslinea.b.m. effet comunicans etriq5 ouay lincaz. g.b.c .Lin.eqe 
bec ambe fint rónales in potentía tí:non cóicantee in longitudine lince.f.g. cet 
quoqs.b.rm.rónalis íi potétia tífi: nó cómunicantee ín longitudine linee. f.g .« io 
ncc comunicans linec.b.d.quare per- 19. erít (nperficics.b.k.medialíe tñ. z idco 
ctiam.9.c.fibi equalis: Oi aute due linec.a.b.⁊.b.c.cſſent mediales neq; in longi / 
tudine neq; in potentia cõicantes:ſuperficies.a.c.non effet rónalis ncqs mcedialie 
fi cnim ſic eſſet ſcʒ ꝙ due linee.a.b.⁊.b.c.eſſent mediales neq; in longitudine in 
potentia cõicãtes:ecnt duo quadrata.a.c.⁊.c.d.incõomunicantia.itaqʒ ⁊ due fuꝑ/ 
ficies.f.h.t.k.l.eis equales quoqʒ: eent incõicates:quare ⁊ due lince.g.h.⁊.m.l. 
eſſent incõmẽſurabiles per pꝛimã ſexti ⁊ per ſcðam ꝑtẽ.io.⁊ qꝛ vtraqʒ eaꝝ € róna/ 
lis tm̃ in potentia ꝑ.ꝛo.eſſet ſuꝑficies vnius eaꝝ ad alterã medialis per.iq.cũ er/ 
go quadratũ linee.h.m.ſit equale dicte ſuperficiei que fit ex.g.h.in.m.l.per pꝛimã 
partẽ.io.ſexti eẽt per.io.linea.h.m.linea medialis:per.is.ergo nõ eſſet ſuperficies 
b.k.rõnalis:nec etiã per.z0-medialis:quare nec {ua equalis.a.c. 


Pꝛopoſitio ꝛa.. 

AAas lineas mediales potentia tantum cõmunicantes {ups 
V ficiemq; ratíonalem contínentee quarum longioz fit poy 
tentío2 bzeuíoe:augmento quadrati línee comunícantis 
(i cidem longiosi in longitudine ínueníre. 

[etl C £un omncs onclince medíalcs potentia tanti cómunicantce có 
tincant fupcrficicm rónalem aut mediales ut ex premilla patct: oocet inuenire eas 
ouas que continent fuperficiem rónalem z eas quc medialem, Z3nde p:opofitum 
eft inuenire ouas líncas medialce potentía tantum communicantes? quarus Lon / 
gio1 poffit amplius bcuio:i in quadrato alicuius línce fibi comunicanris ín lon/ 
gitudine que contineant ſuperficiem rõonalem. ¶ Ad bec Pri ooctrinam.17.6umó 
ouas lincas.a.⁊.b.potentia tantũ rõonales communicantes quarum longioꝛ que 
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(it.a.poffít amplins bxeuiosi que fit.b.in quadrato alicuius lince fecum omuni/ 
cantis in longitudine:< ponam lincam.c.fcont ooctrina.9.fexti medio loco ppor/ 
tionalem inter.a.c.b. z ponam ut fit proportio.a.ad.b-ficur.c.ad.d.q qualiter 
fiat in.10.fexti dictum eft. Dico tunc ougs lincas.c.z.d.cfle quas querimus:patet 
cni ex.19. ꝙ fuperficies qua cotinent one lince.a.7.b.é nicdialis:2 q2 p prim pté 
16.fexti quadratu lince.c.cft oícte fuperficiet equale erit (gitur per.a9.linea. c medi 
glis. £0 aute fit.a.ad.b.ficut.c.ad.d.z.b.cOmunicat ci.a.in potentia tm cx ypo/ 
tbcfizq: tam.a.q5.b.rónalie cft in potentia fcquitur per.10.qp.c. quoq; cóicct cum 
d.in potentia tim .(taqs pcr.21.cu5.c.fit inea medialis: erit etiã.d.mcdialis : z per 
piuna pté.12.crít linca.c.potentio2 linca.d.in quadrato lincc fibi omunicatie in 
logitudine. Si crgo onc linec.c.z.d.contincant fuperficicm rationale ipfe fit qua 
lee inquirimps. £ as aüt cótincre füpficic rationale fic babeto:di fit.a. ad.b.fi nr 
c.ad.d.crit permutatim a.ad.c.ftcut.b.ad.d.fed crat.a.ad.c.ficut.c. ad.b. igitur 
cft.c.ad.b.ficut.b .ad.d .ítaqy pcr pima partè. 16.fexti fuperficice, quà continent 
cuc linec.c..d.cít equalis quadrato.b.cft aüt qnadratü.b.rationalc per ypotbe. 
cum ipfa fit rationalis in potcntia:fupcrficice crgo quam continent ouc lince.c.c 
d.cít rationalis:quarc conftat propofitum. 
Pꝛopoſitio .2;. 
mage (439 licae mediales potentía tantü comunícátes füper/ 

A Ni ficícmqs rónalem cotincrtee:quax longio? fit potentío2 
b:euto2i quadrato linee eidem longiozi ın longitudine in 
| comenfurabilis inne mre. 

Lo etl Cl {Sofitis ouabuslincis.a.z.b.rdnalibus potcria tm cóicant(bus 
quarum longio2 poflit amplíus b:euiozi quadrato linee fccum non cOmunicantis 
in longitudincz quc quíde reperiunt £m ooctrínà .18.cetcrifqs pofitionib® manen/ 
tibus ficut in pmilla argumetando modo cofimili:patebit onas lincas.c.c .d.effe 
quales querümus .£t nota g oue lince quas bec z premila oocent inucnire com 
ponunt bimediale prmia:zminou carom ab{afa o¢ maior que reliqua eft: dicitur 
refiduum mediale primum. 








Af:opofitio .35. —— — 

| Clas lincas mediales potentia tant comunicantes {uper 
ficiemaqs medialem continentcs quarum longio2 bzeutos 

ze tanto amplíus poffit quanti eft quadratum alicuius li/ 

| nee incomenturabilis ipft longio2 tlogitudine inuenire. 
mu C f ii oocucrít iucnire ouas lincaf mcoiales potentia atu cõicantes 
{uperficieas rationalé continentes:quax longio: plus polfit bxcuto:i in quadrato 
linec fccum cómunicantie in longítndinc « fecum incómcenfurabilis in longitudine 
Nunc oocet inuenire ovas lincas medialcs potentia tanta coicanrcs fuperficiem 
e medialan continentes quay longio: fit potentio bzeuíozi in drato lince nõ fe 
cum cdicantis in longitudine. fed folg fibi incõmenfurabilis in longitudine. Yilud 
cnim facile babetur ex ifto. Sint itag trcs linee fompte Pm q doctring.13.a.b.¢. 
potentia tm̃ rõnales ⁊ ĩ ea ſolũ cõicantes.ſitqʒ.a.potentioꝛ.b.⁊.c.quadrato linec 
fibi incómenfurabilis in longitudine:e ponatur.d.immcdio loco pportionalis inter 
3. c.b.ut oocct.o.fcxtí:« fit.d. c.c. ficnt.a.ad.c. oíco ouas lincas.d.«. c. efTc gles 
inquirimus.cum fit enim quadratit lince.d.cquale fuperficies que continctur fub.a 
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z.b.per prima parté.16.fexti. Sitgs fuperficies conteta fub.a.z.b. medialis: cr. 19. 
culn.@.7.b.fint potentia tin ronales conicantcs:erit cx cadem linca.d.mediali s. 
quia.a.ad.c.ficat.d.ad.c.comunicat aute.a.ci.c.in potentía tanti cx ypotbcíi fe 
quitur ex. io.ut.c.quoas conmnicct ci. d.in potería tim. 4rags per.21.crít.e. linca 
medialis.et etiã qꝛ.a.cſt poteutioꝛ.c.quadrato linee (ibi incómenfurabilis in lon/ 
gitudine erit quoqʒ ꝑ.i2.d.potẽtioꝛ.c.q̃drato linee ſi ibi icomefurabilis i lógitudic 
cji igitur ouc lince.d.z.c.contineant fupficie mediale conftat cas elle quales iqui 
rimus: £as aute continere fuperficiem mediale.fic babct :cum (it ex ypotbefi.a.ad 
c.ficut.d.ad.c.crít permutatim.a.ad.d.ficur.c.ad.c.fed.a.ad.d.cft ficut.d. ad.b. 
p ypotb cfinzítaqs.d.ad.b.ficur.c.ad.c.igitur per prima parte.15.fexti:fuperficics 
qua continct.d.«.c.cft equalis ei qua otinct.c. c.b.fcd.b.«.c. continent fuperficic 
imcdíalem per.19.cum ipfi (int rationales i potentia trm cóicantes cx vpotbcfi:ita/ 
q3.d.z.c.continent fuperficié mcdiale:q6 eft propofiti .ASi aurc cura cilet inuc/ 
nire ouae lincas medialcs potentia tm comunicantes fupficiégs medialem conti./ 
nentee:quay longio: effet potentioz brcuiozi quadrato lince fecum coicanti e i lon 
gitudine: Sumeranus tres lincas fm ooctrina. 17.8 D.C. potentia trm rationalesc 
in ca (olum cómunicantca:« ponerem" lincam.a.cie potentioxe linca.c.quadrato 
alicuius lincc fibí comunicantie in longitudinc:cetera vcro manerent ut paius zar 
gumentarione confímili conduderemus ouas lincas. d.c.c.cfíc qualce pxoponit 
inquirere. £t nota q ouc línce quas bíc.26.00cct iuenirezcoponüt bimcdialc (com 
⁊ minoꝛi carum abfcifa oc maiozi que reliqua cft oicitur refidnü mediale fecundis. 


* Pꝛopoſitio .ꝛ⸗. 2 
sN Aas lineas potentialiter incómenfürabilce fperficíéas 
ymedialem continentes quarus5 quadrata ambo pariter ac/ 
cepta fint ratíonale innentre: 
CPropofitum eft inucnire ovas lincas inc6menfurabiles tam i pos 
Urcntia Q3 inlongitudine que contincant fuperficicm medialem « qua 
drata ambarum pariter accepta faciant fuperficiam rationalemzad bec aute (umo 
Pet-18.0ugs lineas.a.b.z.c.d.porctia rantü rarionalce comunicatce quaz longi/ 
02 quc fit.a.b.ftt potentior.c.d.quadrato alicuius linee fect incOmenfurabilis in 
longitudine z fuper linc3.a.b.oefcribo feicirculum.a.c.b.  oinido lincam.c:d. 
per cqualia ad punctum.f.4 diuido lincant.a.b.ad punctum.g, itags linea..f.ca/ 
dat in medio loco proportionalis inter.a.g.2.¢.b. et qualiter boc fiat it.13.0icris 
eft: z pono ꝙ {uperficics.b.b. fiat ex.a.g.in.g.b.critg3 ex prima pte.i6.fexti qua 
dratum.c.f.equale fupcrficici.b.b.7 quía quadrati. c.f.eft quale quarte prí qua/ 
drati.c.d.cx quarta fcoi:« q: fupficici.b.b.occft ad coplendü lineam. a.b.fuperfi/ 
dece quadrata cu5.3.5.fit equalis. g.b.« quia linea. a.b.potentío cft línca.c. d.q7 
drato lince fibi incOmenfurabilis in longitudine-cy ypothcfizcrit cx fda parte: 14-i 
nea.2.g.incomenfurabilis lince.g.b.educo igitur a puncto.g.perpendicularem fy 
per lincam.a.b.vfg3 ad ciraiferentiam fernicirculi que fit.g.¢.z protrabo lincas.a 
€.2.¢.b.quas dico efie quales querimus.erit cnim.c.g.cqualis.c.f, co cp vtrag3 (a 
dit medio loco propoxtionalis intcr.a.g.z.g.b.pzima quidan per primam parté 
Co1:cl. S. fexti.fcoa vcro per ypotbefim: proptcr qó quadratum vtríufas carum pcr 
piumam partan-tó-fcxti eft equalc fuperficici.a.g,in.g.b.quce cft.b.b. ipfi igit für 
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equates. At quia per quarta fexti pportio.a.c.ad.c.b.¢ ficut.9.g.ad.g.c. funt ait 
a.g. ⁊. g. e. ⁊. g. b. Otinue ꝓpoꝛtionales crit.a.¢.ad.¢.b-ouplicata ficut.a .g. ad.g. 
b.quare ꝑ.is.ſexti exit quadratũ lince.a.e.ad quadratũ linec.e.b.ſicut.a.g.ad.g.b 
cum fit igitur.a.g. incoicans.g.b.crít per fcoam ptem.10.quadrati.a.c.incdicans 
quadrato.c.b.quare oue líncc.a.c.«. c.b.funt incomcíurabíles in potentia. £t q? 
ppenultim3 primi quadratii.a.b.¢ càle qdratie oua lincaz. a.c. 2.c.b. piter ac/ 
ccptie qdratü afít.a.b.c róale:ci.a.b.fit rónalis i potétía p ypotbe.erüt quoqs d/ 
drata oua lincaz.a.c.7.c.b.pitcr accepta ronale.Si vero bee ouc linec cótinent 
(upcrfician medialem babitü c ꝓpoſitũ.erat aũt.c.d.rõnalis in potẽtia z in ca tin 
cOicans linec.a.b.quare 4.c.f.5 ió ctí3.g.c.fibi equalis crit potentia rónalíg c timi 
in cadé cóicans ci .3.b.itaqs p.1o. fupficica.a .b.in.g.c.cft medialie23: igi. p quar 
tá fcxti c per prima ptc-15.ciufde fupficice.a .c. 2. c.b.€ fibi.f.fupficici.a.b. m.g.c. 
cqualis cóftat ouas lincas.a.€. 2. c.b.cfle quales volumus. £t nota q» ouc linee 
quas vocet hec.27.inucnire coponunt lines maior z mino: caz abícifa quc reli/ 
qua eft oicitur línca mínos. Pꝛopoſitio ꝛs. 
(Gas lineas potennaliter mcomenfurabiles fuperficiegs 
rationalem continentes quax ambo quadrata pariter ac/ 
cepta tint mediale inneníre. 
CSit bic proxfus cade oifpofitio que pzius ín pxcrmiffa. int autem 
| ouc lince.a.b.z.c.d.qualce ppomit-25.cruntqs fimili argumctatióc 
pꝛemiſſe due linee.a.e.⁊.e.b.quales bec.19.pzopomit. Zum (it eni. a.b. linca me/ 
dialis crit cius quadrat mediale per- 19.7 (o quadrata oua lincaz. a.c.«. c.b. 
funt mediale per penult .pziii: quía.a.b.i.c.d.otinct fupficie rónalem:fequitur 
ctiã ut.a.b.in.c.f.7 ideo in.g.e.fibi cqualc cormcat fuperficic rónalem:itags ⁊.a.e 
in.c.b.pats ergo. qd quent. 7 13nde ouc lince quas iocc.28.d0cet iuenire coponüt 
lined potenté in ronale « mediale « mínoa ca» abfafa oc maioꝛi que reliqua € oí/ 
citur linca quc iuncta cum rationale componit totum mediale. 
^fo2opolitío.29. 
F Uas lineas potentialiter incõmenſurabiles ſuperficiẽqʒ 
NI mediale continentes quax quadrata ambo pariter acce/ 
pta tint mediale ouplo inperficiei yniusin alecra income 
{urabile inuenire. 
C huius quog oifpofitioa ouax prcmillay difpofitione non fit in 
quoqud oiuerfa. Sint aüt lince ouc.a.b.4.c.d.qualee-26. pponít cruntqs priffa 
argumentatione oue lincc.a.c.2.c.b.quas inquirimus. Zu enim.a.b.fit linea. me 
dialia erunt quadrata oua líncay.a.c.c.c.b.paritcr accepta medialc.at cum.a.b 
4.C.d.contincat fuperficiem mediglc.fequit uta .b.in. c.f. « ideo in.c.g.fibi equa / 
lcm contineat quogs fupcrficie medialc?omnis eni fuperficies mediali cOmumicas 
inedialie cffe conuincit: quéadmodà ín.2:1-monftratü cft : fapficice igif.a.c.i.e.b 
medialis cft cü ipfa fit equalis fupficici .3.b.in.g.c. Quía cro linca.a.b. €incó/ 
menfurabilía lince.c.d.erit etía incomenfurabilíe línce.c.f.quarc c lincc.c.g.qua / 
re per prim fexti c fcoam ptc. vo.buiue sfuperficics.a.b.1n.c.g.que eft equalis fu 
perficici.a.c.in.c.b.erit incomenfurabilis quadrato lince.a .b .itaq} zquadratis 
Ouarun lincarum.g.e.z.c.b.pariter acceptis: qodcit ita fit (equitur quog3 vt du / 
plum fuperficici.a.c.in.c.b.fit incomenfurabilc quadratis predictis ouax lineari 
k 3 
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a.C. c.c. b.paríterecceptíe c boc crat móftrandü .A Duc linee quas bec.29.00cer 
inuen.re copontit lines potente in ouo mcdiíalia « mino:i cay abfafa oc matoa q 
reliqua ch visiur linca que iuncta cum medhali facit totum mediale. 
j ^f»:opolitio 30. 

‘3 onclince potentialiter cantu ronales comunicantes in 
longum oirectumqs coniungantur:tota linca ex bte com/ 
poſita erit irrationalis:diceturqʒ binomium. 
A ¶Sint duc lincc.a.b.⁊.b.c.in cõtinuũ dircctũq; cõiuncte rõnales in 
potentia tm̃ cocantes:quas ꝑ.i⸗.⁊.is.repceries: dico totã lineã.a.c 
cx cie copofità clTc irronalcm ⁊ ipſa vocatur binomiũ. Eſt eni pcr quartã ſecundi 
quadratũ.a.c.cquale quadratis duax lincaꝝ.a.b.⁊.b.c.⁊ duplo ſupficici vniꝰca / 
rum in altera:quadrata aũt ambaꝝ faciunt ſuꝑſiciẽ ronalem cx ypotheſi:duplũ ve 
ro ſuperficiei vnius caꝝ in alterã ſacit fupficie medialé cy-19.1taq3 quadrata ainba 
rū pariter acceptaꝝ faciunt ſuꝑficiẽ incõmenſurabilẽ duplo luꝑficici vnius carum 
in altera.erit igif cx.9.quadratü .a.c.incomen'urabile ouobus quadratis ouarum 
lincay.a.b.7.b.c.piter acceptis quarc irrónalc p oifhinitione cà ouo il'a quadrata 
faciat (upficit rónalem.idcogs (uum latus tctragonicii quod cft.a.c. irróouaie quo 
qs poiffinitionc:oftat ergo ppofirü. ‘PP20pofitio .3ı. 

: 3j ouclince mediales potentia tantü coicanteo faperfici 
emg; rationale continentes Oirecte coniungant:tora li, 
nea ex bis copolita erit irroalis otcetqs bumediale pm. 

p G oinr ouc lincc.a.b..b.c. i cót.nià cirectüqs oiuncte quales p20/ 
2| ponuntur quae p.24.«-25.repcrice:oíico totam lineg.a.c.cliewrong 
lcm « ipfa vocatur bimedigle puma. £it eni ouplü (rpticici.a.b. i.b.c. rónale per 
ypotbc.ouoqs quadrata cua linca.a.b.c.b.c.ptter accepta faciunt medialc.ar 
vtrüqs quadrat fit mediale per ypotbefim « vnti coz coicane alij: oupli igttur fu 
perficici ynius caz in altera cft incóxane onob? quadratie piter acceptis : torum 
€rgo aggrcgatü cx ouplo fupficici c onobue quadratis « ipfü € quadrata tott".a. 
c.pcr quartà (coi e incomenfurabile cuplo fupficici vnius caz in alterà p. o.buius 
ci itaq; ouplii fupficici fit róna!c crit quadratü.9.c. irronalc. idcoqs « linca .a.c. 
qó č ppofitü. € 3de alitcr:fit linca.d.c.rónalie in longitndinc cut adiungat᷑ ſuꝑ/ 
ficica.d.f.cqualis oobus qu: draris oua lincay.a. b. «.b.c. erita fupficies bec 
d.f.incdíalis cum vtrüa quadraiü fit mediale per ypoibc .« vnü coz cóicane alij 
quarc pcr.2o.línca.d.g.cft ronalie ii potentia tim:uon coícane m longitude li/ 
nec.d.c.rurfus ad linca.f.g.que cit cqualis.d.c.adiigat (apfiace.f.b.cqualts ou/ 
plo fuperficici. a.b.in.b .c.critq3.f.b.rénalis per ypotbefini:quare per.t6.linca.g 
b.crit ronalis ín longitudinc:cuc (taq; linec.d.g.«.g.b. funr potentialiter rona / 
lce 4 ín ca tfi coicanteezcrgo p. 3o.tota linca cx cis cOpofita que cft.d.b.eft bino/ 
mil « irrónaliezquare ꝑ.ic.a deſtructione ↄũtis ſuꝑficics.c.h.c irrõnalis. At quia 
ꝑ quartã ſcði latus eiꝰ tetragonicũ c linca.a.c.ipſa erit irronalis ꝑ diffinitione qð 
— Idcopoꝛiuit dewmoſtrari. Pꝛopoſitio .32. 
y (4295 ¥ onclinee mediales potentíaliter tantum cõmunicantes 
— ſuperficiemqʒ medialẽ continentes directe coniungantur 
CVE L]itota linea erit irronalis diceturas bimediale lecundnm. 
^4] G.oint ouclince.a.b.c.b.c.in cóunuü dircctumq; ↄiũcte ut ꝓponit 
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quas per.26.contingit repcrírí:oíco totà.a.c.ex eia copofità effe trrónalem z ipfa 
vocatur bimedialc fcóm. £(to enim lánca.d.c.rónalíe in longitudine cui adiuuaa 
tur fupficíee.d.f.cqualia ouobus quadratis ouaz línea».a.b.4.b.c.pitcr acceptis 
« quia cx ypotbcfi ouo illa quadrata futit cóícantia:c vrrüqs mediole:erít (uperfi/ 
cica.d.f.medíalis quare per.2o-linca.d.g.que cít cius latus (con cft rónalis i po/ 
tentía trm: e línce.d.c.incomenfurabilis wi longitudinc: Kurfus adiungat ad lined 
g.f.que cit equalis lince.d.c.fupficies.f.b.cqualis ouplo fupficici.a.b.in.b.c.crit 
a5 ctià fupfi íca.f.b.medíalis:crat cni per ypotbefim fupficies.a .b.i.b.c.mcdia/ 
lis.ergo ouplü cius cui cft cqualis.f.b.crit mediale per.2o.igitur eft línca.g. b.ra/ 
tionalis ir potentia tiri « incómenfurabilis ín longündinc linec.g.f.a: vcro. a.b. 
z.b.c.funt potentialiter tiri coicantce erit p pzima fexti « per fcóam ptem.io.buíus 
fupficies vnius in altera incomenfurabilis quadrato €tríufas. At qz quadrata eag 
cõicant per ypotbefim:erit oícta fupficies quare c oupli cius incdicans ovob’qua 
dratis cart pariter acceptis:oue crgo fupficies.d.f.2.f.b.funt incdicantes :p pri 
mam itag3 ferti « fcoam pic.io.buius erit linea.d.g incOmenfurabilis lince. g.b. 
que ci fint ronales in potetia:erit per.30.tota linea.d.b.binomium 2 irronalis:cr 
go per. i6. deltructione ontis ent füpficice.e.b.irrónalie.£t q2latue cius tetra/ 
gonicii pci quarta fcoi cft línca. a.c. fequitur per oiffinitioné qp lineg.a.c. fit írra/ 
tionalie:qo ppofítii crat oftendere. 


Pꝛopoſitio 55. 


zx cm contuncte fuerint oue línce potentíaliter íncomenfu/ 
DW. rabífce tupficiéqs medíalé continétes quax ambo drata 
-Ipiter acccpta füt ronale:tota linca erit irronalís otceturqs 
línea mato2. 

M cint ouclinec.a.b.c.b.c.fibi in continuum directumas coninncte 
ficut pponitur:quas cOringit cx-27.repíre:oico.a.c.cx cie copofità effe linea irrati 
onale ipfa vocat linca maío:. £ü eni ambo quadrata piter accepta fint rõnale fis 
perficies €cro alteri? in altera quare ct cíus ouplii medialis p ypotbefim:crít totü 
er ouobus quadratis piter acceptis incõicans duplo fupficiei vnius in aitera.itags 
totit aggregatit cx ouobus quadratís z ouplo fupficici c ipfü eft cqualc quadrato 
a. c.pcr quartà icoi:crít p. o.bui?incómcnfurabile ouobus quadratis.a.b.«.b.c.pi 
tcr acceptie:per oiffinitione ergo € quadrati lincc.a.c.irronale ⁊ linca.a.c.irrõna 
lis q9 € popofitü. €i $de alitcr ficut i pmiffís ad linca. d.c. que fit rónalis in longi 
tudine adiungaf fupficies.d.f.que fit equalis ouobus quadraris oua lincay.a.b 
z.b.c.pariter acceptis crit; ronalis per ypothcfim quare per.t6-latus cius fcom 
Q9 eft.d.g.crít ctía ronale in longitudinc z cõicans linec.d.e. Rurfus ad lincà.f.g. 
adiungatur fuperficies.f.b.cqualis ouplo fupficici.2.b.in.b.c.critg; medialis per 
ypotbefis:quare per.20.linea.g.b.que eft eius lat’ (com ¢ ronalis in potentia rath 
per · ʒo.igitur eſt mea.d.h.binomiũ ⁊ irrõnalis:ĩdeoqʒ per.io.a ocftructíonc con/ 
fequentis fuperficies.e.b.eft irrationalis quare latus eius tctragoñicum quod per 
quarta5 fccundi eft .a. c.c irratíonale per oiffinitionam?qo volumus oftenderc. 
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LAC Sint ut in pzcmitlis ouclinee.a.b.c.b.c.ín continui oirectuma; 
coniuncte qualce ;pponit:« ipfe funt cx.28.fumende:zoíco qp tora linea.a.c. excis 
cOpofita crit irronalis 2 illa vocatur linca poteet rónalc « medialc. £ à fit cui (up/ 
fícica.g.b.in.b.c.rationalis per ypotbcfint.ídcoqs « ouplü cius ac ambo quadra 
ta pancr accepta funt mcdíalezfcquitur per quarta fecüdi «.9.buiue qucadmodü 
in pxamí(fis qp quadrati rotitrs.a.c.fit íncóicane ouplo fupcrficici.a.b.in. b.c.p 
oiffinitioné igitur ipſũ eſt irrõnale ⁊ linea.a.c.irrationalis qð e pꝛopoſitũ. ¶ Ide 
aliter:ſit vt in pꝛemiſſis linca.d.c.rationalis in longitudine ſuperficicſqʒ.d.f. ſibi 
adiuncta equalis duobus quadratis pariter acceptis duaꝝ lineaꝝ.a.b.⁊.b.c.crit 
qʒ medialis per ypotheſim:ꝑ.ꝛo.igitur:erit linea.d.g.rõnalis in potentia tm̃ nõ 
cOmuvicans in longirudine lince.d.c. Sita; fuperficies.f.b.adiuncta ad line3.¢.f. 
equalis ouplo fuperficict.a.b.in.b.c.critq; rónalis per ypotbe.« ió p.16.latus ci? 
Pm quod €.s.b.rónale in longitudine quarc pcr. 3o.linca .d.b.c bínomiui: 4 irra/ 
tionalis:⁊ ſuperficics.c.h.per.ic.a deſtꝛuctione ↄñtis cft irronalis.£ um ítags lí/ 
nica.a.c.fit ciue larus tctragonici:per quartà fcói:fequit ut.a.c.ftt trrouatis p offi 
nitionean:oftat crgo piopofitii. 
^(:opofitio .55. 
pora aim coniuncte fucrint one lice potentíaliter íncómenfi/ 
uM RUN rabilce füperficiemqs mediale cotínentee quax quadrata 
| sisi lambo piter accepta fit mediale ouplo füpficiet vm? alte/ 
ERASMI vam incommenturabilem cota linea erit wronalis dicerur 
qʒ potens in duo medialia. 

¶ Sint quoq; duc linee hic.a.b.⁊.b.c.in cõtinuũ oirectqs coiuncte ut proponit 
que ex-29.fumende funt:dico q linca.a.c.cy cis cõpofita eft irrõnalis z ipfa dicit 
potens in ouo medialia.Adiungatur eni ad Imc3.d.e.que fit rõnalis in longitudi 
ne fuperficice.d.f.cqualis ouobus quadratís oua lincaz.a.b.c.b.c .paríter ac/ 
ceptis: critqs medíalis pcr ypotbefi3 quarc per.20.!inca.d.g.crit ronalisin potc/ 
tia tanti c incómenfurabilíe.d.c.linec ronali in longitudine. Kurius ad linca.g.f. 
que cft equalis.d.e.adiungatur fuperficies.f.b.que fit cqualis ouplo {upficici em? 
in alterg erit etia cx ypotbeli medialis quare per.20.linca.g.b.crit ronalis in pote 
tia titt.at q2 per ypotefim ambo quadrata pariter accepta {unt incommmenfurabile 
opplo fuperficici vnius in altera fequitur ut.d.f.fic incomenfurabilis.f.b.quarep 
pzimam fexti z fecundam parte.10.buius linca.d.g.cft incomenfurabilis.g.b.per 
30.igitur eft linca.d.b.binomii « irrónalis.itags fupficica. ¢.b. cit irrdnalis ci? 
latus tetragonicum qà e.a.c.ut in pzcmiffis:quarc conftat propofítü .Oi atit ou/ 
plum fuperficici.a.b.c.b.c.non effet íncomenfurabile ambobus quadratis pari/ 
tet acceptis effet ligca.a. c. medialis.effet eni.d.f.cóicans. f.b. idcoa5 linca.d.g. 
linec.g.b.tota igit d,b.cfict ronalis in potentia tm 2 incomenfurabilis in longitu 
dinc línce.d.c.per.19.igít efTet fupficíce.c.b.mcedtalis ciufa latus tetragonicum 
qd¢.a.c.linca medialis. 13¢ aiit facilio: fiat ooctrina fequétii pzemouftranda ar; 
bitramur hoc loco duo quoꝛum p2imum cit. 
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acalíqua línea peróno inequalia dividatar quadrata ambari te’ 
cttonum pariter accepta:tanto amplius funt ouplo fapficiet eni?carü 
in alteram quanti C quadratum eius línec qua maioz excedit minoz€. 
G Git cni linca. a.b. oiuí(3 per ouo incqualía in puncto.c.fitq3 maioꝛ poꝛtio.c.b. 


ocqua fumatur.c d.equalía.a.c.oíco cp quadrata oua líncarum .a.c.«.c.b. funt . 


amplius duplo fuperficici vnius i alteram in quadrato lince . d.b. nam quod fit 
cx 3.C.in.c.b.bís cum quadratis ouarum lincarü.3.c. c.c. b. eft cquale ci quod fit 
ex.9.¢.in.c.b.quater cum quadrato.d.b.co o» etra; bec equalia funt quadrato lí 
tice.a.b.primum quidem per quartam (fecundi. fcóm vero per.s.ciufdan. Dem/ 
ptis itaqʒ vtrũqʒ equalibus vidclicet co qo fit cx.a.c.ítt.c.b.bis erüt rcfidua q füt/ 
oc primo quide quadrara oua líncay.a.c.«.c.b.oc fccundo cro quod fir ex.a.c. 
(n.c.b.bís cum quadrato.d.b.equalia:quare conftat pxopofit. £x boc ergo maní 
felt eft cp fi aliquas linea per ouo inequalía oiuidatur quadrata ambarum partíü 
paritcr accepta plus funt ouplo fuperficici vnius earum ín alteram. £t boc € p207 
pter quod iftud premifimus. " 
CSialiqua linea per ouo inequalia.itemas alta ouo inequalia dint 
datur quadrata magíe ínequalium pariter accepta tanto funt amphi? 
vadratis minus inequalium paríter accepte quanti cft ouplü qua 


rati illius linee que ínter otrafqs €fecttones « quadruplum cius q6 


fit ex eadem linea in eam que eft inter punct ſectionis minus inequa 
lium 4 punctum quod dínidit totam lineam per equalia. 

C Sit linea.b.dinifa per ouo inegualia ín puncto.c.ítemqs per alia minus íncqua 
lia in puncto.d.rurfus per equalia i.e. oico cp quadrata ouaz partium magis in/ 
equalium que funt.a.c.«.c.b.tantum funt amplius ouobus quadratís ouarum li/ 
"carum minus íncqualium quc funt.a.d.c .d.b.quantum cft ouplum quadrati 
lince.c.d.« quadruplum eius quod fit ex.c.d.in.d.e.funt enim per.o. fecüdi qua/ 
drata ouarum líncarum.a.c.7.c.b.paríter accepta oupla quadratíe ouarum linca, 


tuüim.b.c.«.c.c.paríter acceptie.at per candem.o.fecundi quadrata ouaz lincgru: 


9.d.7,d.b.piter accepta oupla (üt quadratis ouarü líncarum.b.c.2.c.d.pitcr ac/ 
cptie:ítags quadrata ouarum fíncarum.2.c.7.c.b.paríter accepta cxccdüt qua/ 
drata ouarum lincarum.a.d.z.d.b.pariter accepta in co quo ouplit quadrati lí/ 
nee.c.c. excedit ouplum quadrati linec.d.e.boc aute per quartam fecundi eft ou/ 
plum quadratí línec.c.d.z quadruplum cíus quod fít cx.c.d.in.d.c.quarc cóftat 
propofitum. £x boc manifeftum eft quanto fücrínt fectiones alicuius lince ma 
gie incqualce tanto erunt cara quadrata parítcr accepta maio: :« boc eft ppter 
quod iftud premifimus. 


^f»opofitío —-36. 


EXT 1 alías óuas líneas füb earum termíno cy quibue coíun 
| *lctum z nominatum eft binomíum oiuidiimpolfibile cft. 

(Soit linca.a.b.binomíum crítqs cx. 3o.compofíta cx ouabus lurcís 
in potétia ttr ronalib? coicantib? q ſint.a.c.⁊.c.b.dico ꝙ ipoſſibile 
c eaã diuidi ĩ alias ouas lincas!fub bac oionc vidclicet p ipi fint porc 
tia tin roalce coicatce:fi cni pót diuidat i.a.d.z.d.b.9 fint potctía róalce rm còi 
cátce. £(to quoq; linca.c.f.rónalis in lógitudine asi adiungat {upficics .c.g. que 
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fit cqualis quedratis onay lineay.a.c.z.c.b. pariter acceptis « fupficice. f.b. que 
fit cqualis quadrato lince.a.b.eritq (uperficies.c.g.ronalis co ꝙ vtrũqʒ quadra 
to lincay.a.c.c.c.b.pariter acceptis cft ronale per yporbefim e fuperficice .g.b. 
medialis per.19.qnt ipfa cft equalis ouplo fuperficici.a.c. i.c.b.p quartà fcoi.Oit 
igit rurfus fupficics.f.K.cqlis quadratis ouaz lincay.a.d z.d.b.pariter acceptis 
que cù fint oinerfe a ouabus líncis.a.c..c.b.crit per fcóm pdemonftratoz ante/ 
cedentium ſuperficies.f.k.diuerſa @ {upficie.c.g.cax ergo oifferctia fit k.g. eris 
p arta (cor exceflus fupficici.f.b.fup.f. k.qui fit. K.L.ealis ouplo eqo fit ex.a.d.i.d 
b.z ppter boc erit ctig fupficies.f.k. roalis.c fupficies.k.l.mediat: itaq; fupficies 
k.g.cum ipfa fit oifferenría ouarü fuperficiex ronalium que funt.c.g;z.f.K.crit ra 
fionalis.Jlon eni oiffert rationale 3 ronali nif in ronali.z boc oico dittinitionc z 
9. buius boc ofirmantibus. £adé quog; cà ipfa fit oifferentia oua fuperficicrum 
mediglium que funt.g.b.2.K.Lerit irrationalis per.22-quod eft impofiibile. 
ewopolite .37. 
3fmedíalí petmo Pm terminü füum in ouae líneas media; 
les cinifo:fub earum termino in alías ouae líneas media; 
les idem oiuidi eftimpoflibile. 
poit quoas bíclinca.a.b.bimcdiale pzimü oíuifa i ouas líncas mc 
i| dialce potentia tantur cóicantce füperficiemqs rónalcm continen? 
tce:c quibue. 51.afferít cà coponi que fint. a.c.2.c.b.oíco o» impoflibile eft cam 
oiuidi in alias ouas lineas fub ca oiffinitionc.Z290 fi poffibile fucrit oiuidam cà 
ín puncto.d.affumptaas linca ronali.c.f.adiungatur ci.c.g.equalts ouobus qua/ 
dratís ouaz lincay.a.c.«.c .b.ct fuperficice.f.b.equalis quadrato.a.b.4 ſuperfi / 
Cice. f .K.equalis quadratis ouaz luicaz.a .d.c.d.b.critqs per quartà fceí.g.b.cq/ 
fis ouplo fuperficici.a.c.i.c.b.« per eande crit.k.l.equatis ouplo fupcrficici.a.d. 
in.d.b. p:opter ypotbefim quoa; crit etraq; ouaz fupcrficicz .c.g. c. k.f.mcdia/ 
lis z vtraq3 oua líncaz.g.b.c.k.lL.rónalis. bocaute impoffibile:cffct eni per pa 
mum fuperficies.K.g.irronalis cx.22.per fecundy aute cade effet ronalis ex oiffini 
tione c. 9.09 eft incoucnicns. 





d»opofitío .55; 


a) Ymediale fecüdü nifi in onas lineas tantum fub termino 
{uo oíuídi non poteft. 

AVC Sit vt prius linca.a.b.bimcediale fcóm vinila i ouac tíncas.a.c.ct 

| c.b.medialcs: potentia tantu; communicantes fupcrficicmas medi 
alem continentes:ex qnibus.ʒꝛ.pꝛoponit eam componi:dico ꝙ im/ 
poffibile eſt eam diuidi fub earum diffinitione ĩ alias duas:Sin autem diuidatur 
in.d.ſintqʒ vt pꝛius ſuperficies.e.g.f.h.⁊.f.k.adiuncte ad lincã rõnalem.c.f.crũt 
q; per pꝛeſentes ppotheſes vtreqʒ ſuꝑficies.c.g.⁊.g.h.mediales quare p.2o.vtra/ 
qʒ duaꝝ lineaꝝ.f.g.⁊.g.l.exit rationalis in potẽtia tantũ nõ cõicãs i longitudine 
linee.c.f. At qꝛ duc lince.a.c.⁊.c. .erũt incõmenſurabiles in longitudine:ſequitur 
per prima fexti z per (dam pte. 10.buius q viriig3 qdratoꝝ lincaꝝ.a.c.⁊.c.b.ſit 
incómenfurabilc fupficici eni" i altera:ctig3 dicta qdrara cótcent:cy ypotbefi fcquit 
vt ambo ddrata piter accepta fint incómefurabilc (uperficici vni? í altcrá. ideog3 
zei? ouplo:quarc (üpcrficice.c .g.incómcfurabil € ftlpficiei.g.b.« linca .g.f. lincc 
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g.l. per pꝛimã ſexti ⁊ ſcõam ptẽ.io.huius:itaqʒ per.ʒo.linea.ſ.l.ẽ binomium diui / 
ſa ſᷣm ſuũ terminũ i pũcto.g. ¶ Eodẽq; mõ ꝓbabit ipſa binomiũ ceſſe mediantibꝰ 
ſuꝑficiebns.e.m.⁊.m.h.diuiſam ſcom ſuũ terminũ in puncto.m.qð eſt impoſſibi 
le ꝑ.36. Nõ enĩ põt dici ꝙ linca.f.l.diuiſa ſit ad puncta.g.⁊.m. in partes conſiles 
ſic enĩ eſſct linea.f. m.equalis.g.l.ſcd ipſa ẽ maioꝛ linea.m.l.ut patet ex pᷣno pꝛe/ 
miſſoꝝ antecedentiũ hꝰ⁊ pᷣma ſexti cũ.e.m.ſupficies ſit maioꝛ.h.m.ſuperficie: hu 
ius aũt demoöſtrationis modus poteſt eſſe cõis.3⸗.cctcriſqʒ eam ſcquentibus. 
Pꝛopoſitio .39.- 

=| nea maio2znifiin duas lineas cantd ex quibꝰconſtat ſub 
S9 earum termíno oíuídi non poteft: 

1d (oit quoq; bec linca maío:.a.b .oíuifa ad punct.c.t ouas líncas 

INDSP. | potentialiter incómenfurabr'es fupficiégs mediale cotinentes quart 
= [ambo quadrata pariter accepta fint rónalc:ex talibue eni coponitut 
vt affirmat.35.0ico qp impoffibile e ad alii punctum in alias ouas lineas fub bac 
oiffinitione ipfà oiuidi qp fi pot.fit bic ad.d.maneant fub bis cade figura ccdamqg 
rpotbefes que prtus z argue queadmoda in-36.fupficié.g. K.cfle rationale c irra/ 
tionalem:qð eſt impoſſible. Pꝛopoſitio 4o. 
FLATS 3jnca potenein rónale « mediale mfi ín fuas onas lincas 
(eig y cantum füb termino fo non oíniditur. 
Wd EISE G Dcc quoq. 4o.nianentíbus pziozibue figura c pofitioníbue cxcc/ 
«J| 2t05 ipfa linca.a.b.oiuidatur in punctum.c.&in illas onas lineas ex 
p Blauibus. 3 4.oícit cà cÓponi p:obabit :quéadmodi:. 37. Oí aute alitcr 
fucrit Q3 p:oponat crit fupficice. k.g.rónalis « irrónalía:q9 e(Te non potcft. 
Pꝛopoſitio 44. 

YJnea poteneín ouo medialía nequít otuídi ír aliae ouas 
fub termino eaz ex quibus coniuncta cft:fed ín fuas tant 
ouae cx quibue componítur eft oíni(ibilie. 

ESI pcc eni. 41. 0iuifa linca.a.b.ad punctum.c.i cas cx quibus-35.af7 

AN {crit eam componi ccterifqs ut fupza tam figira q5 pofitionibus ma/ 
nétib? pbat ficut. 33.13 oato oppofito ,ppofiti.Seqt oppofiíti- 36.99 € ipoffibile 
¶ Si fuerítbínomij longío2 poztio bzeuiore porentioz augmeto q/ 
drati línee cóícanris eidem longtozi ín longitudine fnerítqs eades lov 
gio? linee pofite ronalí cóícang ipfis: vocabit binomiti patmü .&^í ve 
ro bzenío2 pofite rónalí cómunícct otcct binomit fcom. MQ fi neu/ 
trapoztiony ei? pofite ronali coicet anpa labit binomiũ tertiũ. Itẽ 
fi longioꝛ bꝛeuioꝛe tanto amplius poſſit quantũ eſt quadratũ alicu/ 
ius linee ipſi longioꝛꝝi ĩcomenſurabilis ĩ logitudie fueritqʒ lõogioꝛ poꝛ 
tionũ poſite linee rõnali cõicãs ĩ lõgitudie iplũ nũcupabit binomiũ 


binomiũ quartũ. Si vero bꝛeuioꝛ poſite rõnali cõicet ĩ longitudine 

quintũ noĩabit.Si aũt neutra poꝛtionũ ei?pofite ronalí cóícet logi 
E E udineeritbinomifextü. "fozopofitío .42. — 

"a oy Inomiũ pꝛimũ inuenire.¶ Sit.a.linca rõalis poſita:ſumãtq; 

$ ouo numcrí gdrati .b.«.c.307.c.fit viuifibil i qdratü qui fit.d.zi 

nő quadratum qui fit.c.ponatg; pportio quadratilince.a.ad qdra 


45\tum lince.f g. ficut namceri.b.ad numcz.c.crita cx fca ptc.7.linca 
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f.g.cómunfcane línce.a.rónali pofitc i longitudine:fuper eà igitur lincetur.f.g.b: 
fcmicirculue: fita ppo:io quadrati lincc.f.g.ad quadrati lincc.f.b.ficut.c.ad.d 
4 oucatur línea.g.b.oíico ergo ouas líncas.f.g. c.g. b.oírecte cótunctas cóponere 
binomium primum. £ft cním linca.f.g.que cft longio: potentio:.lín ca.g.b.quc 
eft bxcuío: in quadrato línce.f.b.pcr.3o.tertij « penultíma piimí:coicat autcm li/ 
nea.f.b.linee.f.g.in longitudine per fcoain ptem.7. cum proportio quadrato:um 
ipfaz.f.g.«.f.b.fit ficut numcroz quadrato qui (unt.c..d.linca €ero.g.b.con/ 
vincitur effe rónalís in potentia trm:non cóicans linee.f.g.in longitudinc. idcogg 
ncqs línce.a.rónalí pofite:cum fit enim quadratum linec.f.g.ad quadrati linec.f. 
b.ficut numerus.c.ad numcz.d.crit per eucrfam ,ppo:tíonalitate quadratum lí/ 
nce.f.g.ad quadratü linec.g.b.ficut numerus.c. ad numcrum.c. cum ítaq5.c. fit 
numcrus quadratus.e.cro nó adratue: feat per vIE.prem.7.ut linca.g.b.fit ín / 
comenfurabilis lince.f.g.in longitudine:rclinquit igitur ipfam.g.b.cile ronale in 
potentia tm ⁊ a dĩone lineas.f.g.⁊.g.h.oponere binomiũ pᷣmũ:qð erat ĩueniedũ. 
Inomium ſecundum reperire. Pꝛopoſitio 43. 
¶ Sit ut pꝛius.a.rationalis linea poſita.b.vero numerus quadratꝰ 
c.vero ſit numerus nõ quadratus diuiſibilis in.d.nõ quadratum et 
e.quadratũ.ita tñ ꝙ pꝛopoꝛtio totius.c.qui cſt nõ quadratus ad.d. 
Si qui eft ctià non quacratus (ít ficut numeroz quadratoz:talie autcm 
numcrus c(t. 12.2.43.01uífibilis cui cft.12.in.9.quadratü nunicg «3. non &dra/ 
tum:cftq3 pportio.12.ad.3 ficut. 16.3d.4.qu07 vtcra quadratus eode mó.45. 
oiui(ibilie cft ín.36.c.22.1alce aut numcros fic reperies. Oit.a. numerus quadra 
tus.b.quoq; fit nitate mino: zcuius quadrat fit.c. At vero.d, pucniat cx.b.in.s 
erítas cx prima incidentíum noni.b.difterctia.d.ad.c.oucatur idé.a.in.c.ct puc/ 
"L6. D A: c niat.c.critq3.c.quadratusex prina pte conct.{coi noni cog vtcrg; numcrowm 
| ; 9.c.C.cft quadratus per ypotbcefts: fíat rurfus. f.cx.a.in.d.crítas.f. quaft queri? 












2 A : 2o ‘ 

r eft enim ex sitima parte predicti conel. numerus.f.non quadrat?:co q.d.numict? 
fit nd qdrat?.Si cni.d.numer? effet q̃dratꝰ:eſſet quoqʒ.b.q̃dratꝰ ex.ꝛ.ꝑte eiuſdẽ 
conct .2.noni ¢ cx.22.0ctaui:¢ q2.a.¢ quadrat’ efict p. 16 .ciufdé:tertius continue 
ꝓpoꝛtionalis inter.a.⁊.b.qð e ipoffibile ch fit fola nitate oiftares:nd cſt igit.d 
quadratus quare nec.f.eft cnüm.f.equalis.d. c.c.qm cum.b.fít oifferentia.d.ad.c 
«t patct ex premiflis:crit per primant incidentium noni 6 fit ex.a.in.d.cquia bis 

A que fiunt ex.a.in.b.⁊ in.c.⁊ quia ex.a.in.b.ſit.d.⁊ in.c.ſit.c.ſequitur ut.d.ſit dit᷑/ 

poc: Z4 fcrentia.f.ad.c. quia per .19.fcptimi cft.f.ad.c.ficut.d.ad.c.crit permutatün f. 

b ; ad.d.ficut.e.ad.c. £895 vtcrag ouoz numcroxum.c.c.c.fít quadratus mamícítü 

i v i € numcy.f.ec quale volumus.ć eni non qdrat’ oivifibilisi.d.nd qdratà «.c.oua/ 

M —— ———A4  dratü:ai? ppottío ad.d.€ (icut qdrati ad qdrati videls.c.ad.c.ceterg oia fine vt 
i2 490 c 36 ce Den: Éa aaah te. E b 

- | à; pt :oico g lince.f.g.2.5.b.oponürbinomíü fcom.ci eni fit qdratü.a.ad Qdra/ 

4 9 $ tum. f.g.ficut.b.ad.c.rurfufqs quadratum.f.g.ad quadratum. g.b. ficut.c.ad.c. 


erit per equa proportionalitatcm quadratum.g. ad quadratil. g.b. ficut.b. ad.e. 
CH igif vtcrg3 Ono? NUMeroy.b.2.¢.fit Gdrat? crit p fcoam pre « linca.g.b.cómüi 
cag in longitudine linec.a.rationali pofite: ve linca vero.f.g.conftat q ipfa fit ra 
tíonalis in potetía titi nó cómunicans líncc.a.rónali pofite in longitudine p «lti/ 
imam partem. .que cum fit potentio?linca.g.b.in litica.f.b.pcr-3o.tertij c penul 
tima primi:comunicet aüt línca.f.b.lince.f.g.in longitudine p fccam ptc.z. coq 
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coz quadrata funt in ppoxtíone nnmeror.c.c.d.quoy eft propoitío ficut nume / 
ro quadrato per ypotbefim:conftat ppofiti .G zlliter quoq; idem eft linca .g.b 
communicans g rationali pofite ín longitudine qua facile cit snuenire fitq;. c.nu/ 
jnerue quadratus oiuifibilis in quadratü.d.« non quadratü.c.fítqs ppo:xio qna 
dratilínec.g.b.ad quadrati lince.f.g. ficut numcr?.c.ad numez.c. critq.f. g. in/ 
cõmenſurabilis lince.g.h.in longitudine per vltíma ptem.7.« potentío: ca i qua/ 
drato linee.f.b.cui coicat in longuudine:primo pa conucrfa ocinde per cucrfam 
p:opoiíonalitatemzz pcr fcoam pte.7.cx oiffinitionc igitur lince.f.g.z.g.b. cope 
mant binomíum fcóm. Wropolitio  .44. 
Sinomium tertium inueftigare. 

€L25inomi& quoq tertiü fic reperit:pofita ut pꝛiꝰ linea.a.rõnali ĩ lõ 
NI lsitudinc fit.b.numcrue piimus.c.€ero quadratus oiuifibilie in qua 
p| dratum.d.« non quadrati.c.cctera oia ftit vt paius:oico gp oucli/ 
2| nec.f. 5. 7.8. b.coponunt binomiíus tertía:ncutra eni cay eft incom/ 
menfurabifis in longitudine tince.a.ronali pofíte fcd vtraqs incomenfurabilis.f,g 
quide per ¢ ltima ptcin.7.b.g. vero per equa pportionalitatcm 4 vltima parte.7. 
£ft cni p equa ppostionalirate quadrato lince .a.ad qdrati lince.g.b .ficut nume 
rus.b.ad numey.c.mediantib? sinc quidé quadrato lince.f.g.inde vero numcro 
c.numeri autẽ.b.⁊.e.nõ ſunt in pꝛopoꝛtione aliquoꝝ quadratoꝝ:cũ.b.ſit nnmerꝰ 
pꝛimus.ſi enĩ eſſent in pꝛopoꝛtionc numeroꝝ quadratoꝝ:neceſſe eſſet ꝑ.io.octaui 
⁊ octauã eiuſdẽ:tertiũ eis in cõtinua pꝛopoꝛtionalitate intereſſe.eſſet igitur per.i⸗ 


ai 

















ciufde numerus.b.fupficialis qo € impoffibile cà fit pximus p yPotbe. incõmenſu / 
rabilis eſt itaq; linea g.h.linea.a.rõnali pofite cx vltima pte.7.q2 ergo linca .f.g. 
potcutio2é linca.g.b.in quadrato linee.f.b.cx-30.tertiy z penul. primi que coicat 

ciin longitudine cy fcoa pic. 7.cx oíffinitionc binomij tertij: ps uoftra intentio 
S e 3uomum quartum krntari.— Pꝛopoſitio a85. | 
| ke d ( 3n inncntionc binomij quarti code modo ꝓcedendũ € ficut in in; 
&. NI| uentionc primí.cxcepto qv qdratue numcrus.c.oiuidar in ouos nó 
| o Qdratos qui (unt.d.z.e.cetcra oia negocianda funt bic cx diffinitio? 

$$] ne binomi) quarti ficut ibi cx diffinitione binomij pzimi. 
AInomium quintum querere. Pꝛopoſitio as. 
7 G buius inucntio fic € ficut bínomij fcoi:excepto gq numer?.c.nd G/ 
"ll dratus oinidet in.d.nó quadratà z.c.quadrati.ita tame o ppo2/ 
Fal tio.c.ad.d.no fit ficut numicri qdrati ad numcz qdratü: £ cicra oia 
etait bic pquirenda ex diffinitione binomij quinti ficut ibi qucfita funt 
ex diffinitione binomij fcdi. vel pone q linca.g.b.fit coicas linec.a.ronali pofitet 
longitndinc:⁊ pone numeꝝ.c.quadratũ diuiſũ in duos nõ qdratos qui {ut.d.z.c. 
pone itaq;ʒ ꝓpoꝛtionẽ q̃drati linee.g.h.ad q̃dratũ.ſ.g.ſicut numeri.c.ad numeꝝ 
c.ocinde altrue ppofita cx vltima parte.7.< pnitb? ypotheclib?z conuerſa ⁊ euerſa 
Pportionibus « itcrü cx vltima partc. ex oiffinitionc binomíj quinti. 
FUP 







| z ^£»opofitto | .47- 

{1 binomio fexto demu opoatet initftere. CD5inomiü foxtü 
|; ficut tertii fcrutadü e e tfi erit bic nücr? qdrat?.c.oiuif^ i ouos no q 
idratof.d.z.c cetera ut ibi cerita; ex dione binomii.s.linca G5 oponut 
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f.5.«:g.b.fibi innicent oírecte cóiuncte bínomig fextü:qo € ppofitum inuenire. 
Pꝛopoſitio .4s. 

3j fuerít fuperficies bínomío pzímo líneaqs rationali con 
tenta: latus q9 fuper eam poteft bínomium ee necefle cft. 
WI Goit fuperficice.a.c. contenta linca rónali.a.b.« binomio pzimo g 

EY ply fit-b.c.oico q latus tetragonici fgperficici, a.c.e binomil :Sit cni 
B punctus.d.comunie termin? duaʒ poꝛtionũ binomij pꝛim i:b.c.cu 
ins maioz portio fit.b.d.critqs ronalis i longitudine ex oiffinitione:z comenfurg 
bilis lince.a.b.r6nali pofite . Ouidatur item mino2 portio que cít.d.c.pct equa/ 
lia ad punctii ¢.lincag3.d.b.oiuidaf fub ca conditione ad punctü.f. ao inter par/ 
tes cius que füt.b.f.z.f d.cadat oc medio loco piopostionalis: quod qualiter fiat 
in.13.dictum eft:oucantur ante lince.c.g.d.b.f.k. equidiftantes lince.a .b.z quia 
cx oitfinítionc binomij primi linca. d.b.cít potentíoslinea.d. cin quadrato lince 
(ibi cómunicantis in longitudine:fequitur cx fcóa partc. 15.cp ouc ltncc.b.f. c.f. d. 
fint coicantes: per.o-igitur eft vtraq5 cax cómunicane toti luicc.b.d.quare p oiffi 
nitioné ambc funt rónales in longitudine.ideoqs per.i5.vtraq; ouaz fuperficicz 
a.f.⁊.f.h.eſt rõnalis:deſcribatur itaqʒ quadratũ.l.m.muius latus.l.r.equale fup/ 
ficici. a.f.cui circũponatur gnomo pꝛotracta dyagonali.l.m.n.ad cam quantitates 
qð ipſius gnomonis quadratũ:qð fit.m. n.ftt equale fuperficici.f.b.ouogs ci? (up 
plementa fint.p.m.4.m.q.que necefle cft efTe cqualia ouabug fupficicbus. d.s.ct 
g.C.q9 fic collige:cii enim fit linca.d.c. medio loco ,ppo:tionalis intcr lincas.b.f.z 
f.d.crit fuperficice.d.g.cy prirma ferti medio loco ;ppoxtionalis inter fnperficics 
a. f.«.f.b. quare « inter quadrata. l.i. 2.m.n.« quía füpplementus p.m.cít criam 
medio loco po»po:tionale inter quadrata dicta cx prima fextisfequitur ut.p.m.fit 
cqualis.d.g.ideoqʒ.m.q.g.c.igitur linca.l.p.eſt latus tetragonicũ fuperfiaci.a.c. 
hanc lineã dico eſſe binomiũ: cũ ſint eni ambo quadrata.l.m. ⁊.m.n .rationalia 
erunt cx diffinitione duc linec.l.r.⁊.r.p.potentialiter rónales. £ft autem pcr pzi/ 
mar fextí.a.f.ad.d.g.ficut.b.f.ad.d.c.fed.b.f.eft incómenfurabilis.d.e.f.:.b.f 
eft .ationalis fümplicítcr €t pxobatum cft.o.c.vcro quía coicat in longitudinc.d.c 
ronale ifs potetia tantum eritqs ipfa rónalís in potentia tantü per«13.q0 cx pinif/ 
fis ypotbefibus manifeftü eft itaq; per fcoam pte.i1o.fupficies.a.f.eft incomenfu/ 
rabilis fuperficici.d.g. igitur c quadratum.L.rm.fupplemento.p.m.quate p p:im3 
fexti 2 fcoam pte. vo.linea.L.r.c incómcfurabilie liucc.r.p.ey. 5o.igtt oftat lirca.l.p 
efle binomi qo erat monftrandi. . 

Pꝛopoſitio 40. 


J fuerit ſuperficies linea rationali binomioqʒ ſecũdo cõ/ 
tenta:latus eius tetragonicum erit bimediale pꝛimum. 

¶ Sit eadem figura cedeinqʒ ppotheſcs q̃ in pꝛemiſſa: critqʒ; ex diſſi 
Anitione binomij ſccundi linea.d.c.rationalis in longitndinc:quare 
Apr. 15. etraq5 onarum fuperficíerum.d.g.«.5.c.ídcoqs ct ouo íup/ 
plementa.p.m.m.q.erít rationalie:linca ero.b.d.crir rationalís in potentia tan 
tum:ct oiuifa in duas lineas communicantes.f.d.ct. b.f.cx oiffinitionc b.nomi) 
fecundi z premiffis ypothefibus « fecunda parte.13.pcr-19.igitur crít vtt&q5 oua7 
fnperfícicz.a.f.c. f. b.idcoqs « vtrfqs quadratoz.Lm.c.m.n.mediglc:itags ambe 
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linee.Lr.z.r.p.funt medialesin potcntia quog5 cOmunicantes :n3 com linea.b.f. 
cOicet linee.f.d.fequitur ut.a.f.omunicet.f.b.quarc quadrati.t.m.quadrato .m. 
i1.idcogs « linea. Lr. línce.r.p.in potentíazin longitudine aute non cómunicat:qm 
«na carum ad altera cft ficut.l.m.ad.m.p.£um ígitur.L.m.nó omunicet.m.p.co 
cq altera medialie vidclicet. L.m.altera vero ronalis vidclicct.m.p.fequitur ut.Lr 
nó comunicet in longitudine.r.p. q» igitur ipfe continent fuperficicm rationalem 
que eft.m.p.oftat lineam.L p.ex. 31.buíus effc bimediale primum. 
v Pꝛopoſitio 50. 
3j bínomio tertio ac línea rationali fuperficíce coutínea/ 
| cur linea in eam potene erítbímedíale fecundum. 
G »ifpofitio z ypotbefes maneant vt fup:a. £ritqs cx bís ypotbefi/ 
bus 2 oiffititione binomij tertij «.19.9naqueq5 quatuo2 fupficierü 
: in quas oiuifa ¢ fupficies.a.c.medialis: quare etriiqs ouo quadra 
toꝝ.l.m.m.n.⁊ vtrũqʒ duoꝝ fupplemẽtoꝛũ.p.m.⁊.m.q.erit etiã mediale vtraqʒ 
igitur duaꝝ linearũ.l.r.⁊.x.p.crit medialis.⁊ cũ due ſuperficies.a.f.⁊.f. h.ſint cõ 
innnicantes co qp oue lincc.b.f.e:f.d. fínt cómunicantee per fecidà parté-i3.erüt 
oue lince.l.r.2.r.p.comunicantés ín potentia in longitudinc eero n6:q fupficies 
[.m.non edicat co fuperficie.m.p.¢o cp neq3.a.f.coicat cum.d.g. Nam linea.b.f. 
no cOmunicat cum.d.e. cum igif ipfi otincant fuperficiem medialem que eft.p.m 
cõſtat ex.ʒꝛ.lineã.l.p.eſſc mediale ſcõm:quod eft propofitum. 
ꝛopoſitio .5i. 

3j línea rationali bínomíoqs quarto fuperficíes cótinea 
tur:que ín eà füperficiem poteft eft línea maíoz. 
G £unctis ut in premiflis manctibus crit ex ypotb. « oiffinitionc bí 

o WI nomij quartí z.19.vtraq; ouaz fupficiez.d.g.«. s.c. quarc « vtraas 
SEA ou37.p.m.c.m.q.mcdialís ouo95 quadrata.l.m.c.m.n.pariter ac 
ccpta rónalc co qp fuperficiee.a.d.c rónalís per diffinitioné binomij quarti z- 15. 
£t quía.d.b.oinidit in puncto.f.in ouo incOicantia per fcóam parte. i4.crít fupcr 
ficice.a.f. íncomenfurabilis fuperficici.£.b. 3ocoqs « quadratum.I.m. quadrato 
m.n.one igitur línce.l. r.c. r.p.funt incomenfurabiles i potentia que cit contineat 
fuperficicm mediale.p.m.« earum quadrata ambo paritcr accepta funt rationale 
oftat per- 33.líne3.L. p.eflc lüseam maioxe quod erat monftradum. 

; 4£g»opofitío .ş2. 
T3 fucrit {upertictes linea rationali ats binomio quinto 

(í COD! contenta qnecungs ín eam linea poteft petens in ratío/ 

: nale s mediale efle ex neceffitate conníncitur. 
GTiccín bac quoa; € aliquid cxi psio:um oifpofitione « pofitíonib? 
mutandi:cís enís manctibus crít ex bis que pofita funt in oiffini/ 
tione binomij quiti ⁊.i5.vtraqʒ duaꝝ ſuꝑficieꝝ.d.g.⁊.g.e.quaꝝ vtraqʒ duaꝝ.p. 
m.⁊.m.q.rõnalis totaqʒ.a.d.quare ⁊ ouo q̃drata.l.m.⁊.m.n.pꝑiter accepta me/ 
dialis ex.i9.cũq; ex ſcða ꝑte.ia ſit linea.f.b.ĩcõmẽſurabilis linea.f.d.iõqʒ fupfici/ 
cs.a.f.(upticici.f.b.2 Qdrati.t.m.qdrato.m.u.erit linca.Lr.icomefurabil i poté/ 
tia linea.t.p.at gz ipe otiner fupficic ronale.p.m.z eax qdrata abo piter acccpta 
fant mediate condude ex.34-linca.L.p.cile potentem in rationale c medialc:quod 
peomiflum eft. 





















g 





LIBER 


Pnopoſitio 53. 

i3 binomio feyto lineaq3 rónalı fuperficies ‘contincatur 
|linca que incam potett: in ouo in medialia potens elie 
I; p:obatur. 
(Li»cc. 5 3.adbuc te fu(tinct ocíari a pingendo figuras : contenta cni 

zu d] c(t premillis oifpofitione < pofitionibus. Quib’ ftantibus necele è 
cx * poſitis ⁊ diſpoſitione.i.diffinitione binomij poſtremi ⁊.iↄ.quãlibet ex ſu / 
perficicbus.a.d.7.d.g.7.5.¢c.proprer quod ⁊ ambo quadrata.l.m.⁊.m.n.pariter 
accepta ⁊.p.m.⁊.m.q.eſſc medialcʒ. Cunqʒ.b.f.⁊.f.d.pꝛopter qð.a.ſ.⁊.f.h.ideo 
qʒ.l.m.⁊.m.n.ſint incõmenſurabiles erunt due lmee.b.c.⁊.r.p.incõmmenſurabi / 
les in potentia.at quia ipſe contincnt ſuperficiem medialem.p.m.earumq; ambo 
quadrata pariter accepta funt mediale q9 eft ouplo fuperficicí enius in altcra iu/ 
conmmenfarabile:qd ex co probatur q fuperficies.b.b. € incomenfurabilie (upcr/ 
ficici.b.c.propter boc — linea.d.b.cf incémenfurabilislinee.d.c. fequitur cx-3 5.li 
neain.|.p.efle que poteft ın ouo medialia. | 

Pꝛopoſitio .5 

1| 3 linee rationalt equum quadrato binomíj rectangulum 
adiungat : latus eiue fcóm bínomtü pzimü efTe couenict. 
G Dec (cy (cqgentes conuerfe funt fex piccedentium per ozdinc Dui" 
autcm eft bccintentio.Git linca.a.b.binomiü diuiſa ad punctü.c. 
in ougs lincas.a.c.c.c.b.bm foam oiffinitione aut termini ciufq3.a 
b.quadratum fit.5.d.fita5 linca.e. f. rónalis in longitudine cut adíungatur fupcrfi 
cíce.c.g.cqualis quadrato.b.d.oíco g latus fcóm:butue fuperficici quod € lica 
f.g.cit binomitt prima. Dividatur cni quadratü.b.d.in ouo quadrata.b.b.«.b. 
d.quc fint quadrata ouarum poxtionus binomij: « ín ouo fupplementa.a.b.«.b. 
k.quoum vtrüqs continctur fub ouabue potionibus binomij:critqs ex oitfinitio 
tic bínornij que babetur per-3o.vtrüq5 iítoz quadratoz rónalc.4 per.19.vtrunq; 
fupplementü mediale. £x fupcrficie igitur.e.g.abfcndatur fuperfiaes.e.l. equa / 
lis quadrato.d.b.c.lL.m.cqualie quadrato .b.b.c.in.p.equalis eni ouo2u5 fupple 
meutoxm .3.b.cl.b.k.eritqs.p.g.rc(idua equalis reliquo fupplemcuto : quare 
per pꝛimam ſexti linca.n.q.eſt equalis lince.q.g.cx pꝛemiſſis aũt maniſeſtũ eſt ꝙ 
vtraqʒ duaꝝ fuperficicrum.c.l.⁊.l.m.⁊ iõ tota ſuperſicies.e.n.eſt ronalis Et «tra 
q; duarum equalium.n.p.⁊.p.g.⁊ ideo tota.m.g.medialis:quare per.io.vtraq; 
duarum linearas.f.1.4.0.n.« tota linea.f.n.rónalie in longitudine: z lince.e.f.ra/ 
tionali pofíte comcnfurabilis:c per.20.vtraqs Ouarn;.n.q.2.9.8.4 tota.n.g.ra/ 
tionalie i potentia tantum incomenfurabílie lincc.m.n.4 ideo linec.c.f. fibi cali 
z per confequés 2 lince.f.n.in longitndine: Si igit linca.f.a. que cit maio: luca 
1.g. VE ex primo onoz antecedetiit.3 5.ocmonftrationi fubiunctow z prima erti 
apparct:fucrit potentío: linca.n.g.minosíi in quadrato ince fecum cOmunicantis 
in longitudine. tunc ex oiffinitione binomi primi manifeftum cft lincam.f. g.cé 
binomium p2imum.Doc autem íta effe fic babeto.£ um inter ouo quadrata. d.b 
€.b.b.fit per p:ima (cxti fuperfidies.a.b.medio loco pꝛopoꝛtionalis:conuincitur 
€x pziozibue ypotbcefibus fupcrficiem.m.q.ele inter íuperfidies.c. 1.7.0. m. iedio 
loco proportionalis: quare per pzima fcyti ltmeg.n.a.que cht medietas lince. n.g 
eft in mcdio loco p:opo:tionalis inter ouas lineas. f.1. 2.1.1.0 igitur fit cx .f. Liu 
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L.I.n cft quantü q9 ex.n.q.in (¢ per-16-fexti:ideogs per.4.fcoi quanti quarta ps 
quadratilinec.n.g. 31295 per primas pré.13. cum linca. f. n. oiuidatur a fupcrficic 
fibi adiuncta cquali quarte parti quadrati bzcuioais linec. n.g. ita gp ad cép!endaà 
totam lincam.f.n.ocfit fuperficiea quadrata un ouo cóicantía ad punctũ.l.crit.f.n 
potentío.n.g.in quadrato lince fibi cómunicantis; ir longitudinc:conitat crgo 
pꝛopoſitum. Pꝛopoſito «ss. 
Jlinee rationali equa ſuperficies quadrato bimedialis 
pꝛimi adiũgat᷑ latꝰ eiꝰ reliquũ biõmiũ Icom cé opoꝛtebit 
¶ Sit linea.a.b.bimediale pꝛimũ oimfa ad punctum.¢. (cent (uum 
terminũ.Cetera aũt ſint ut pꝛius:dico lineã.f.g.eſſe binomium ſcðm 
erit enĩ ſuperſicies.m.g.ronalis eo ꝙ ꝑtes bimediales pꝛimi conti / 
nent ſuperficiem rõnalem ⁊ ſuperficies tres.e.l.l.m.⁊ tota.ce.n.mediales cõicãtes 
co q portiones bimediales pzimi funt linee mediales potentia th cõicantes cx.31 
per. 16.igitur erit linca.n.g.ronalis in longitudine cómenfurabilis lince.c.f. róna 
li pofite.Z per.20.linca.f.n.rénalis in potentia tanta que cit fit maio; linca. 1.9. 
cx pio ouoz antecedenriti demonſtrationi.ʒ 5.adiunctoꝝ ⁊ pꝛima.o.ca que po 
tentioꝛ quadrato lince cõmunicantis ſecũ in longitudine ex pꝛima ꝑte.iʒ.erit a oif 
finitione linca.f.g.binomium {com quod eſt pꝛopoſitum. 
P ꝛopoſitio se 

IUm adiuncta fuerit linee in longitudine ronali ſuperfici/ 
Acies rectangula equalis quadrato bimedialis ſcði latꝰ eiꝰ 

Uſſecundum binomunm tertium elſſe neceſſe eſt: 
SAO: fucrit linca.a.b.bimcedia'c (cor oiuifa per terminum ſuum ad 
punctü.c.rdiqua vcro oia fucrint ut prius:crit línca.f.g .binomium 
tertium. £rit eni ex.32-c noftris pofítionibus vtraq5 fuperficicz.e.n.«.m.g. mc/ 
dialis:quarc per.2o.vtraq; oua» lincaz.f. m. c.n.g.erít ronalts in potentia tãtũ. 
at q2 bimcdialis fcoi partce funt coicantes ín potcria tm̃ erit ſuꝑficics.e.l.cõicans 
fupſicici.l.m.⁊ iõ linca.f.l.lince.l.n.potentioꝛ:ergo ẽ ꝑ pꝛima partẽ.iʒ.f.n. q̃; ſit 
n.g.in quadrato linee ſibi cõicantis in longuudine.Cũq; ſint ſuꝑficies.a.h. ⁊ qua 
dratũ.h.b.incõmenſurabilia eo ꝙ linec.a.c.⁊.c.b.incõmẽſurabiles: ideoqʒ ⁊ am / 
bo quadrata pariter accepta ambobus fupplementis piter acceptis: co o» quadra / 
ta fibi inuice coicant cx ypotbefi fuppleméta quoq; cü fibi inuice fint eq'ía:feqr vt 
fupficica.c.n.fit icómefurabilis fupficici.m.g.« io linca. f.n.Linec.n.g.p oiffmitio 
nẽ igit ẽ linea.f.g.binomiũ tertiũ qð c ꝓpoſuũ. Tf20politio $7 7 

— 3j línee ronali rectàgulüi equi adrato lince maioꝛis adiũ 
n RSS 

Ji 



















i gat altex fe cotinentium laterum erit binomíum quartum 
TI oí bcc quoq; fuerit linca.a.b.linea maioꝛ diuiſa ſcm terminũ ſu 

NA Lilum ad punctü.c. cunctaqs reliqua non fucrint aliter q3 prius:erit 4i/ 
` nea .f.g. bíinomíü quartü. £ü eni fint ambo quadrata poxtíonü lí/ 
nee maiozis piter accepta ronale crit fupficics.c.n.rOnalis :idcogs per. 16.linca.f. 
n.rónalig ín longitndine coicans linee.e.f.ronalt pofite:fuperficics vero.m.g.crit 
medialis ppter Wlud q po2rtiones lince matoris corinct fupficie mediale.itags per 
20.linca.ii.g.ẽ in potctia rõnalis tm̃:⁊ qꝛ etiã poꝛtiones prefate lince.a. b.fut po 
tentis iter incomenſurabiles ſuperficies.e.l.incõmeĩurabilis erit.l.m.ideoqʒ linea 
f.l.linee.l.n.igitur per pꝛimã partẽ.ialinea.f.n.eſt potentidꝛ inca.n.g.ĩ q̃drato 
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línce fibi incómenfurabilie:ex oiíffinitione igítur € línca.f.g .binominm quartmn: 
quod crat propofitum. Pꝛopoſitio 58. 

13) línce tónali quadrato linee porentis fup2a ronale erit 
medtale cqualis :partealtera longioz fozma adiungatur 
alterum latus eius binomium quintum efie necefle et. 

L]| G t»xopofita linca.a.b.ca que pot fupza mediale z ronale owifa 6m 
PASSAS] cius oiffinitioné ad puncta. c.nibil intet oc rcliquis.fequitqs linca 
ſ.g. eſſe binomium quintũ Lü enim ptes Pai" Imec.a.b.continear ronale füperficie 
neceffe eft t (uperficiea.g.m.idcoqs p.i6.linca.m.g. fit rationalie. £umq; ambo 
quadrata parríum bpíus linc piter accepta finr mediale erit fuperficice.c.n .mc/ 
dialis z per.20.linca.f.n.rõnalis in potentia tm.at q? portiones predicte lince (üt 
incdmen(urabics in potentia:crit füperficice.c.Lincomenfurabiis fuperficici.m. 
L.ideoqs «linca. f.L.lincc.L n. potentío: igit € per pzima pte. i4. linea. f.n.linca.n.g 
ín quadrato linee (ibi incomenfursbilis:per oiffinitione itaq3 bitiomij quintí con/ 
dude propofitum. ?4g»:opofitío — .59. 

zz doticne adiuncta fuerit linee ronalí fupficice rectangula 

>A Ilcqualis quadrato línec potentis tn ono medialía eifdem 

(nperficiei latus fcom binomiü fextum efle conuictt ur. 
fA) G 3n bac.59.fit linca.a.b.linca potens (upza ouo medialia:que att 
Fat) preter bec funt ficut Íup»a mancant 7 erit tonc linca. f.g. binoinium 
ſextũ qð ignoꝛare nõ poteris ſi pꝛemiſſoꝝ ciuſq; qð.ʒ5.ꝓponit ĩmemoꝛ nõ fücris: 
⁊ ſic pʒ in hac noſtra intentio. ꝛopoſitio .6o. 

oPnis linea cuiuſnbet binomioꝛum cõmunicans ſub ea/ 
F SS Vide {pecie binomium efle pꝛobatur. 

y 42) I (. oit linca.a. binomium cuws vis {peciei:fitgs linea.b.fibi coicana 
E Aui longitudinc:oico lmea.b.ec binomiii ciufde fpeciei cui?.a.fint cni 
EI^ uit) bínom ales poxionce.a.c.c.d.cruntqs ambe rónalce in potctia tit 
cóicantes pcr.3o.linea vcro.b.oíuidat per. 12.fextE 6m ppostione.c.ad.d. in.e.c 
f.crítqy per cowinctam « euerfam z permutatam pꝛopoꝛtionalitatem.c.ad.e.⁊.d. 
ad.f.(icut.a:ad.b.cum fint igitur.a .c.b.cóicàtce:erunt cría per poma partc. 10. 
C-5.€.itéqs.d. «.f.coicantce.fi igitur fuerit.c.rónalie in potentia trm crit z. e.fi au 
tan in longitudine «.c.£odéa5 modo (i.d.é rónalis ín potentia tf ed etia in lon 
gitudinc tff. crít quoq; 4. f.filr « cx. 12. fi potctio c.c. d. quadrato lince (ibi comme 
(urabilis in logitudinc €d (t (orte incóméfurabilie crit. «.e.potentioz.f.in quadra / 
to linee (ibi comenfurabilie ed ctia incommctifurabilie:nccceffc cft ex oiffinitioni / 
b? fex fpeciez binomiox vt eiuſdẽ (pecici binomi] (int. a.c.b. Oi autc linca.b.có/ 
muhlicet bíiomio.a.in potentia trm erít etia et fic linca.b. 25ínomium alt ciuíde 
(pccici non eft neceflaria imo impofhibilc eft vt ambe fimul cadant fub prima fpe/ 
cic binomiowm vel fub (coa quarta el quinta.(5 necc(Ic cft €t ambo cadant fub/ 
primis tribus aut ambo fub tribus poftremis:¢nii cni coz cilc in aliqua cx tribus 
piimís fpecicbus « aliud in aliqua ex tribus poftranis cit impotfibile.cunt enin.a 
cõicet cũ.b.in potentia tm̃.c.quoqʒ cũ.e.⁊.d.cũ.f.cõicabit t̃ in potentia ex.io. 
€i igitur alterutra ouarum lincarum.c.c.d.fuent ronalis in longitudine non crit 
fua copar ex lincíe.c.c. f. rationalis in longitudine. Non eft itag; pofibik ut .a.et 
b.cadant fimut {ub aliqua cy illis fpccicons binomiozum ín quibus altera ouarum 
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poitionü binoimij eft róualís'in tongitudinc.bec aüt (pecice füt: prima 2 fcóa quar 
(a « quinta. Zt vcro qꝛ per.12-0uc línce.c. c.c. fimul porentioxs funt ouabus li. 
neis.d.¢.f.in quadrats ouay lincaz (ibi ín longitudine cómunicantiti aut ucói/ 
cantium:necefie ch yt ambo bmomia.a. z.b. fimul cadant fub primis tribus fpe/ 
cicbus binomioy aut fimul fub tribus po(tremis ex oiffinitionc ipfarum f{peciex: 
Jincà aüt.b.quid oubítas cilc »inomii cà fint.cni c.⁊.e.cõicantes ĩ potentia tm̃ 
fitt quoqs.d.«.f.(int aat... d.ronalcs in potentía:cóuincitur.c.«.f.cfTc ronalca 
in potentia tñi:que q: nó cóicant in longitudine ficut nec eis ppo2tionales.¢.z.d. 
ipfc coponunt indubitanter binomiti per.3o.butue. 
Pꝛopoſitio oi. 

ga) OOnis linea alcerutri bunedialiv comeniurabilis:{ub ea/ 
D Wdem fpecie bimedialie efle cx neceffitate conuincitur. 
TE I J3crirate babct quod oic fiac in longitudine fiuc ciii in potentía 
Cane Al tii cõicer aliqua linea alterucn bimedialium. Sins cni oue linec có/ 
mMunicentcs.2.7.b.quouis ouoz modoz pxcdictoz.tita5.a.bimcdi/ 
ale pamm vel fcóimnzcíco gp ctià.b.cft bimcdíale primi vclicom put fuent.a. Diui 
fo cni.3.bimcediali in fuas bimedialee po:ionce ex quibus cóponitur pcr. 51.2.32 
q fint.c.c.d.b.quoq; otuifa i.c. c. f.i ppottonc.c.ad.d.vr oocct. i2.fexti pofita 
q3.9.fupficie conteta fub.c.c. d.c. K.(üb.c.«. f. £t pofíto.b.quadrato. d.«.L.f. cit 
pcr coiunctà « cucríam « permutata ppoitionalitatem qucadimodi in p:cmitTa. c 
ad.c.«.d.ad.f.(icut.a.ad.b.ficut igitar ex pofítionc.a.«.b.fut cóicantes finc boc 
fit in longitudine fíuc in potentia fic.c.«.c.ítemqs.d.«.f.fir erunt comunicantes 
At quia.c.z.d.funt mediales porentia tata coicantes:fequitur ex.21-ut.c.z.f. fine 
cti mediales < cx. 10.porentia tantü cóicantce cii ipfc pcr ypotb cíis {int pportto 
nales.c.⁊.d.cũq; ſit per pꝛimam ſexti.g.ad.h.ſicut.c.ad.d.⁊.k.ad.l.ſicut.e. ad.f. 
erit.g. ad.h.ſicut.k. ad.l.⁊ pcrmutatim.g.ad.k.ſicut.h.ad.l.quia igitur.h.ẽ com / 
municans.l.co ꝙ duo coꝝ latera que ſunt.d.⁊.f.cõicant in longitudine vet in po/ 
tentia ſᷣm qp.a.z.b.in alterutro coy cõmunicant.ſcquit ex.io.ut.g.⁊.k.quoq; ſibi 
inuicent cOrcent ¢: tt igitur.k.ronalis aut medialis pout fucrit.g.cy oiffinitionc fu 
perficíci rónalis aut .21, In boc eni tm oitfcrt bimediale prima a binediale fecun 
do ep pertioncs bimnedialis primi in quas fcóm fuü terminũ diuidit continét fup/ 
ficicrm rona'em:bimcedialis aute fccí mediale oi tgítur.a .fucri bimediale primus 
crít fupficica.g.rónalis quare 4. R.« ió.b.bunedialc primü p.31. 20 fi.a fucrit bí 
mediale fem crit (uperficics.g.medialis ob boc etí3.«. .b.itaqs p. 32.crit bimc/ 
diale fcóm Qrc cóftat ,ppofitü. 3de alitcr ad linca roualcs.c.d.potita.a.alterutro 
büncdialiá c.b.fibi in longitudine vcl potentia cótcante: adimgatur fupfiace.c.e 
equalis quadrato.a.«.f.g .cqualís quadrato.b.cruntqs fupfictes.c.c. c. f.5.cómu/ 
nicantce co qp quadrata cis equalía que für quadrata lincaz.a.«.b.(unt coicantia 
ex ypotbeli:ex prima igitur (exti z.10.but”:necelic cit ouas lincas.o. c.5.c.g.cile 
coicantce:« quia fi.a.fucrit bimediate puma linca.d-e.crit binomium (on p.5 5. 
idcog3.c.g.ctiam binomium fcom per pzanilTam quarc latus tctragonicü fuperti/ 
cici.f.g. ipfum eft b-bimediale prima pcr.49.at vero ſi.a.ſuerit bunediale ſccũdũ 
linca.d.e.crit binomium tertium per.56.ideo.e.g.c binomium tertium p prcmif/ 
(am quarc z lat? terragonicü fupficici.f.g. ipfi ¢.b.bimediale fom per.so0. Mani 
fcítài € igit vc: c€ q9 ;pponit. Pꝛopoſitio .oꝛ. 
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HDnislinca cdicans linee maiozi:eft linea maior. 
Aà W C Et bec quoq; veritatem babet.fi errolibet modo coicans fucrit ali 
qua linea lince maii. £fto cni.a-linca maio?.b. vero quouis fibi ő 
[A municans modo:crit.b.tínca maíox.2Diuifa nangs.a.i cas postióce 
sex quibue conftat per.35.quc funt.c.2.d.«.b. 6m carum pportione 
in.c.«.f.pofitogs q.g.fit (uperficies cotenta fub.c.z.d. c. k. fub.c.«. f. c. m.«. b. 
fint quadrata.c.⁊.d.at.n.⁊.l.e ⁊.f.erit.m.ad.h.ſicut.n.ad.l.per ſcðam ptẽ.is.ſe/ 
xti ⁊ coniunctim.m.⁊.h.ad.h..ſicut.n.ad.l.ad.l.⁊ permutatim.m.⁊.h.ad.n.⁊.l. 
ſicut.h.ad.l.qꝛ crgo.h.cõicat cũ.l.co ꝙ.d.cõicat cum.f.aut in longitudine aut im 
potentia ꝓut.a.cõicat cũ.b.ſequit ut ambo quadrata.m.⁊.h.pariter accepta com 
municent cũ ambobus quadratis.n.⁊.l.paꝛiter acccptis.cũ itauʒʒ duo pꝛima pari 
tcr accepta fint rationale per. 33.crunt quoq$ « ouo pottrema ronale p oiffinitio/ 
uem. zit quía fuperficicrn.k.necefTe eft e(Te mediale ficut.g. ex. 21.lincafas. c.c.f. 
efie incomenfurabilce in potentia ficut.c.z.d.ex. 10.concluditur p. 33.lincs. b.cfle 
lined-que dicitur maioz od eft propofita.C 4de alitcr. cum fit .a.linca maiozcui.b 
cóicat fiuc boc fuerit in longitudine fiuc ín potentíazfumpta linca ronali quc fit.c. 
d.adiungatur (upficice ei.c.c. equalis quadrato línce.a. oeíndc f.g. equalis q a7 
drato línce.b.di ígit qdrata duay limcazz.a .2.b.fitit coicaria ex ypotbcit:erit fupfi 
cies.c.c.cõicãs fuperficici.f.g.i095 p prima fexti c. 10.b? luca . d. c.lincc.c.g.i logi 
tudic.at q1 ex. 57.lírca.d.c.cbinomit qrtü crit quogs p.co.lica.c.g.binoimti qr/ 
tũ:igit ex.5 i.linea.b.potẽs ĩ ſuꝑficic.ſ g.c linea maioꝛ.. Pꝛopoſitio 63: 
Pi] Y qua linea linee potenti íin rationale 4 mediale ↄmunicet 
— ipla ín rationales mediale potens chle compzobatur. 
A Wi Cheri quog3 cft q qualiteraiq; linca aliqua fit coicaue potenti in 
kl rationale « mediale fiuc in longitudine fine in potentia tantum ipfa 
| etid ct potens in rõnale c mcdiale:qo ficut prius ouplici modo p10/ 
batur:neceſſc cft anté quant ad primü modi €t ficut onc lince.c.z.d. fint i po/ 
tentia incomefurabilcs.ita fint ctía.c.7.f.p. 1o. £t qucadmodii, g.cft fuperficice 
ronalis:na tale otinent portioneslince potentis in ronalc « mcdiale. ita tia per 
oi ffinitionc fit.k.ronalis z quéadmodi ovo quadrata.ni.z:b.pariter accepta {it 
mediale:ficut tig per. 21.0u0 quadrata.n.z.L.piter accepta erunt mediale :igit cx 
34-b.€ potée i ronale ⁊ mediale.quãtũ aũt ad ſcõm modii neccffc € cx. $8. ut linca 
d.c.fit binomíü quintü.ió. 5 « p.co-linca.c.g.C binomíü quintüz quarc p.52. lar? 
tctragoníci (upficici.f.g.q9 cft.b.crit línea potens in rónale « mcdialezquod c p/ 
pofitum. A Pꝛopoſitio .64. 
Sey) OD nis linea comunicans potenti i ono medialia:ipla quo 
. Wi Q3 potens eft in ono medialia. 
KL I»cc quog5 manentibus cifdem oifpofitione z pofitionibus co ou 
Yai plici modo quo pranifie : probabitur vera eile fine in longitudine 
mers fiuc in potentia comunicct linca.b.cü línca.a .potetiin ovo media / 
lia..Quantü eni ad pzimü argumetationie modii crit per.35.fuperficies.g.medi/ 
alis .idcoq5 c.K.per. 21.«m cóoicct cí:oo quoq; quadrata .m.7.b.pariter accepta 
etüt cx cade. 3 5. mcediale:ídeogs ouo.n.«.L pariter accepta p.21.at q? ono quadra 
ta .ri1.«.b.pariter accpta ex Ddicta.35.funt incomenfurabile cnplo fuperficici. g. 
€Qf p. 10.2 noftras pofitioes vt opo quoqs.1. 2. n.piter accepta fínt icómeíurabile 
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vuplo fupcrficici. k .cum-itaqs fint.e. c.f incomenfurabiles ít potentía quéadmoo 
C. c.d.crit cx. 55.linca.b.potene in ouo medíalia.quantü aüt ad fcom folite arau 
mentationis modi crít p.$9.d.c.binomtiti (cxt. idcoqs crí3 p.6o.linca .c. g. crit 
binomi fextum quarc per. 5 3-larus terragomci fupfiae.f.g.qo cit.b.crit porens 
i ouo medíalia quod cft propofità,.  JP2opolitio .6;5. 

ESSEN 3 ouclüperficies quay altera rónalie altera vero media 
lis coiungantur:linea poteas in totà tuperficiem inde có/ 
cll pofit3 aliqua erit quatao2 irrationaltum líneax videlicet 
aut binomium aut ounediale pzímum aut lirica maios aut 
potte in rationale 4 mediale: 

( 23i (i.a. fit rónalis fupficies c.b.mcdialis erit línea potens in tot3.a. b.sliqua 
memillaz quaruo:. Sit eni linca.c.d.rónalis cui adiungat. c.c. equalis .a.7.f.g. 
cqualis.b.eritqs cx. 6.linea. d. c.ronalie iu longitudine cõicans linee.c. d. rónalí 
pofite  cx.2o.linca.c.g.rónalis in porcntia tffi z ex. 30.4inea.d.g. binomiü. cuiuf 
cum altera binomialiŭ postionü que cft.d.c .fit ronalis in longitudine cóicans li / 
nec tónali pofítc quc eft.c.d.ipfü crit cx otffinitione fpecicz binomij aut bínomí 
um primi aut (com aut quarti aut quimtü:tercit aüt aut fextü nó crit ex oiffiniti 
onc.itaqs cx.43. 49-51. 7.52. linca porcine in tota.c.g .quc ¢ equalis ouabus fimul 
a. c.b.crit aut bíinomiti aut bümedialc pring :aut linca maio aut potene in róna/ 
le zmediale:gd eft pxopofitü:bumediale vero fecidü aut potens ín ouo mcdíalia 
non erit:qm̃ ſi eſſet bimediale ſecundum:eſſet ex.50.linca.d.g.binomiũ tertium 
gö fi effet potens in ouo medialia cllct cy. 59.linca.d.g.binomiü fextü. fed ncurz 
erat: ende patet no(tra intentio. 4p 2opolitio .oo. 

—— Am coniuncte fuerint due ſuperficies mediales incomen 

y» AA urabiles linea potens in cotam lupficié alterutra erít oua 
SARI rà irronalió linearum videlícet aut bunediale fecundum 
autpotens in ouo medíalía. 
ess Il (131r fi.a.c.b.fint ouc fupficics medialce incómenfurabilea.fí cnim 
cent cómenfurabiles clfct cópofita ex cis medíalie cx.9.«.21.quare z linea poteng 
in ca medialis ey. 19. dico q linca potens in copofita ex anibabus crit aut bimedi 
alc (cóm aut potensin ovo medialia. Sit quide linea.c.d. ronalis:fupficies vero 
fibi adiuncra.c.c.cqualis.a. c fupficies.f.g.equalis.b.critqs ex.2o-linca. d.e. fifr 
quoq; línca.c.g.rónalie in potentia tim:cüqs fupficiee. c.c. c. f.g. (int incómenfura 
biles ſicut.a.⁊.b.eis equales.idcoq; linec.d.e.⁊.e.g.ex pꝛima ſcxti ⁊.io.buius:erit 
ex. 30. linea. d.g.binomiũ cuius cũ vttaqʒ binomialiũ poꝛtionũ que ſunt.d.e.⁊.e. 
g.ſit incõmenſurabilis lince rõnali pofite que €.c.d.ipfü crit cx o.ffinitioncbino/ 
miũ tertiũ aut ſextũ:linea ergo potẽs ĩ tota.c.g.eq̃lem opoſite ex.a.⁊.b.erit ex.50 
2.53-ant bincdiale fecundum aut potens in ovo medialia :quod cit p:opofirum. 

P20politio .67. 

5) Am polita fuerit linea binomialis cetereqs irrationales 

45223! (equentee eam:non erit eax aliqua tub rermino alterius. 

| XC C Kult oy fi linca aliqua ut a. fuerit aliqua cx fex pbabiris lines ir/ 

\, eA | ationalibus que funt binomiu ¢ eius quings comites ipfa nou erit 
ESS | aliqua aliax. Si cnim quadrato cius equalis fupficice adiüigatur ad 
hneà rónalem.b.c.que fit.b.d. fiquidem. a. fucrit bínomm :erít cx. 54.linca.c.d. 
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binomili psinii:que fi fucrit bimedialc pzimü:erit.c.d.ex. $5.binomit fcóm:fi aüt 
bimediale (com:crit.c.d.ex. so-binomiü. tertíü. £t (i linea maior crit.c.d.ex. $7-bí 
nomiğ quartd.Ar fi potcus in ronale ⁊ mediale.aut fi potens in ouo mcdialia:crit 
cx. 58-c.d.binomiti quíntüzaut cx. 9. binomiti fexti:et q? impofTibile eft.c.d.cfTc 
fimul fnb oincrfis fpccicb? binomioz a oiffinitióc € ipoffibilc.a.cfTe fimul fub di 
uerfis fpeciebus fcx pbabitaz Hneay irracionali:zDc linca aut mediali coftat qp 
ipfa quoq5 nó fít aliqua fex fequenti vidclicet neq binomiii ncqy aliqua ex ipfius 
comitibus.ci eni fupficíce equalis quadrato linee medialis adiungitur ad líncam 
rationatczlatus ciue fcom eft rónale in potentia cx.2o-cum ait fuperficies equalis 
quadrato bingmif aut alicuius fua comitü:latus cius fcóm cft binomit aut pmü 
aut (com « fic o€ ccterie per. $4..«.5.cà fcqueicce quarc ipfü eft irrationale et in lon 
gitudine z ín potentia.pcr. 3o.-£um igitur fit impoffibile cande linea cile ronalem 
in potentia ¢ irrationalcry ta in longitudine 45 in porentia:nimins impolfibile lí / 
neam medialem efe bimedialcm aur aliqua ex quings fois comitibus. 

* Pꝛopoſitio .os. 
Y linea de linca abſcindatur fuerintqʒ ambe potẽtialiter 
tantũ rationales cõicantes:reliqua linca erit irrationalis 
wii oiceturqs refiduum. 
(oit linca.b.c.abfcifa cx.a.b.fíntas ambe rónalce tant. potentía 
dj coicantes quales oocuít inuenire. i7 .2.18.2 bec funt quc cóponunt 
binomiü.oico q».a.c.reliqua cft irronalis « ipfa vocatur refiduum.cóftat cnim ex 
7 .fcói qp quadrata oua linca. a.b. e. b.c.piter accepta que cóponunt fuperficiam 
rónalcm cx ypotbe(i e oiffinitionc rónalís (upficiel z.9.buius tm funt quanti ou/ 
plum fnper(icici.a.b..b.c.cü quadrato.a.c.ciqs cx. 19. fuperficics.a.b .i.b. c.fit 
medíelis.idcoqs z ouplum ci? mediale per.21.« 16. irrónale per 19.fcquít vt am/ 
bo quadrata oua lincay.a.b t. b.c. piter accepta fint incomcnfurabile ouplo fu/ 
perficei vnius cay in alterazquare per.9.« quadrato lince.a.c. cx oiffinitionc igit 
quadratü línec.a.c.c irrónalc di ipfi fit incomenfurabile rónali vidclicet ouobus 
qusdratie oua lincay.g.b.«.b.c.piter acceptiszitaqs ctía ex oiffinitionc linca.a. 
c.c imróonalie quod cft propotitü. £ xemplaríter in figura cto fupficics.c.g.cqualis 
ouobus quadratis ouay lincay.3.b.z.b.c.piter acceptis:critgs ronalis. itcmqs fit 
fupficies.d.f.cquatis ouplo fupficici vnius in altcra:crítqs cx. 19.mcdialie z erie cx 
7.{coi fupficies.f.g.cqualis qdrato lince.a.c.cũqʒ ſuꝑſicies.c.g.ſit incomenſurabi 
lis fupficici.d.f.cade erit ex.9.incOmenfurabilis.f.g.quare.f.g.irronalis z cius te 
tragoníci latus.a.c. Paꝛopoſitio .oo. 
1 ¥ fuerit lines oelinca abfcifa fueritqs ambe mediales po 

tentíaliter rantü coicantce füperficiemqs rónalé cónnetes 
relíq línea erit irronalis oicetas refidunm mediale pmü. 
| G Soit L'nea.b.c.abfciía cx linca.a.b. fíntqs ambe quales pponitur 

quae ey.24.4.25 .veperíce 7 bec funt que coiungit bimediale primi. 
Dico qp rdiqua línca.a.c.erít irrónalís « ipfa oicif rcfiduiüi mediale paimü: £rüt. cni 
ambo carum quadrata paritcr acccpta medialc:ouplü vcro fupficici nius in altc/ 
ram rónalc.ítaqs ambo quadrata piter accepta incómenfurabilc funt ouplo fuper 
ficiei viii” i altera q2 itaq; abo quadrata piter accepta copouunit cx ouplo fupficiei 
«ni? í altcra « qdrato lincc.a.c.fequíf p.9.ut qdratii linec.a .c. fit incómcfurabile 
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ouplo fupcrficici eni? ín alter3 quarc tam ipfii quadrati q5 latue ci?.3.c. € irróna 
Icp oiffinitione oftat crgo ppofitd 25 queadmoda i pmiffa ft libet potee occa; 
rare exéplariter i figura Q Aliter idé fic:fit linca.d.c.rõnalis i logitudinc:cui adiü 
gatur fupficice.d.f.equalis ouplo fupficici ening in altera « fupficice.g .e.cqualís 
ambobus quadratie paritcr acccptie.critqs p.7.fcoi fupficice.f.g.cqualis quadra 
to lince.a.c.cũ itaqʒ.ꝑ.ypotheſi fit fupficies.e.g.medialis crit p.20-linca.d.g.ra 
tionalis in potcntia tm. £6 ero fit fupficice. c.b.rónalis p ypotbefim crit cx.16. 
linca.d.b.ronalis in longitudine:itag; per.o8.linca.g.b.cft refidunt < irrationalis 
ídcoqs p.16.a ocftructionc oíitte fuperficics.f.g.cft irrónalíe 4 cius latus tctra/ 
gonicum quod cít.a.c.cft rationale. £t fic patet propofitum. 
| 4g»:opolttio — .7o. 
13 linea de linea fecerur fucrintqs ambemediales poten 
ttalírer tantü cómunícátee cótinentceqs medíale:reliqua 
pes crítírronalis oícctqs refiduü mediale fecundum. 
g1C Sit bic quog; linca.b.c.abfala cx limca.a.b.eterqs autc.a.b. z.b: 
. c.fint €t proponitur c ipfc p.26. reperiunt <funt que cOponunt bis 
medialc fcoin:oíco g linca reliqua quc cft.a.c.c irrõnalis ⁊ ipfa vici refidui me/ 
diale (com. unt cni ex ypotbefi 2.21.ambo quadrata ouaz lincaz.a.b.c.b.c.pa 
riter accepta mediale. filr quogs o pla fuperficiei ynius in altcra € medialc.£um 
íraqs cx.22.mcdialc nó oílTerat a mediali nifit irronal:crit quadrarum lince.a.c 
ín quo p.2.fcoi ouo quadrata.a b. «.b.c.paríter accepta excedunt ouplü: fupficici 
nius in alrcrá irrónale quarc 4 linca.a.c.irronalis. Sigurali quoq; exemplo pa/ 
tcficri pót iftud ut p?. 6i cni fit. c.g. calis ambob" quadratis.a.b.2.b.c.fit z.d.f 
ouplo fupficici vnius in alterà crir.f.g.p.7.(cói equalis quadrato. a.c. quc cum fit 
differentia fupficici vnius medialia.c.g.ad fupficic medialc.d.f.ipfa cft irrationa 
lis pcr.22-« ci? tetragoicii lat?.a.c.irrónale. €T. 3de aliter Git linca.d.e.róalis cui 
adiungat fupficica.d.f.cqualís ouplo fupficici vnius in altera c. c.g. equalie am / 
bobus quadratis piter acccptis.cntqs p.7.fcoi.f..cqual:s quadrato.a .c. q2 vero 
c.g.cft medialis crit ex.20.linea.d.g.in potentia tm ronatie. Oifr quoqs.ci.e.b. 
fit medialis crit cx cade linca.d.b.rónalis:fifr ín potentía im. £t qm. a.b;c.b. c. 
funt incómenfurabilcs in lougitudinc idcog3 quadrati etríu(qs caz (upficict «ni? 
ín altcrá: z proptcr bocambo quadtrara paritcr accepta cum ipfa cy ypotbefi coin 
municcnt.fiüit quoq incómceníurabilce ouplo fupftcici vnius in altera :fequit vt.e 
g.fit incomenfurabilis.b.¢.qua pptcr linea.d.g.lince.d.b.igif cx.68-linca.g.b.é 
reſiduũ ⁊ irrõnalis.ideoqʒ per.io.a deſtructione ↄñtis ſnꝑficies.f.g.irrationalis. 
⁊ eius latus tetragonicũ.a.c.irronale. Mꝛopoſitio i. | 
SS 3j línea oe linea octrabat füeritqs ambe potentíaliter ín 
—6 comenfurabiles cortnentelq3 mediale quadrataq3 earum 
PAte Wabo piter accepta ronale:reliqua linca erit irronalis voca 
FA biturg3 minoz.GSifinr.a.b.z.b.c. les ppomit que p.27.repi/ 
Juntur z sponte linca maior erit linca.a.c.irronalis 2 ipſa eſt q̊ di/ 
Git linea mu: a9 qui pmiffa firmiter tenuerit pofitionelas oligenter attenderit 
euplic modo «t antecedentes facile probabít. | 
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Feely Fines delinca deat fuerintgsambe porentialiter ico, 
2 menſurabiles ſuꝑficicmq; rõnalẽ cõtinentes quadrataq; 
X| earum ambo pariter accepta medigle:linea reliqua erit ir 
A P. »| ratíoalie oíceturqs iacta cU rónalí copones toti mediale 
DL ZAR IQ £r bocquoa; nefcirc nó pót qui priors noucrit nifi a memoria ex/ 
cidcriut: affi pofitis líncis.a.b. c.b.c.oc qualibet pponit que « p.28.reperiunt li/ 
incà potêté in rõnale 7 mediale coponuntzfit.a.c.relíqua irronalis ipfa dicitur que 
iuncta cii rónali coponit toti mcdiale. Pꝛopoſitio. 73. 
SERERE 3j línea a linea octrabat füerintq; ambe potentialíter in; 
VÀ comentürabiles fü pfici£q5 medíale continentee quadrata 
q5cax ambo piter accepta mediale ouplo {uperfictei alte 
2 riusin alteram tacomenfurabile : reliqua linea erit irra/ 
334] ríonalis oíceturq5 iuncta cà medial facice totü medíale: 
¶ Sint ctiã bic.a.b.z.b.c.quales pponitur que p.29.repiunt e ipfi funt quc coim 
ponunt linea potente in ouo medíatía crítq3.a.c.reliqua irronalis oícta quc inn 
cta cii mediali oponit toti mediale qd vt facile p xcmiíTa ouplici argumentationc 
concludas ꝓceſſũ./o.moneo diligenter attendas:ẽ aũt pꝛcmittẽdũ bic afis ncccf7 
ſarium ad demõſtrationes ſequẽtiũ qð ẽ ꝓpoſuũ. 
C Si fnerint quatuoꝛ quantitates — quax ad fcóam ftt 
ficut tertie ad quartam: erit permutatim differentia pane ad tertiam 
ficut fecunde.ad quartá c Xutelligendà eft bococ quantitatibus code modo 
rdatis «t a3 paria maio? fucrit fccunda fic quogs tertia maío: quarta ci «ero mí/ 
no: « mino. £ xcplí grá fít oria.a.ad.b.fícut.c.ad.d.oico gp crit.a .ad.c.fic.b. ad 
d.é eni pbàáccócm ai occptione oria cxtramnoz cópofiíta cx dilterentijs ipfox ad 
media ofía.a.ad.c.opofita € cx ea quc &.8.ad.b.« ca que cfít.b.ad.c. at ca quc cít 
b.ad.d.p candé occptione oponit cx ea que &.b.ad.c.« ea quc c.c.ad.d.« quía cx 
ypotbefi € oría.a .ad.b.ficut.c.ad.d.ca vero que dit.bzad.c.cft cóis fcquit g cocm 
(ciam vt ſit.a.ad.c.ſicut.b.ad.d.qð ẽ ꝓpoſitũ. Pꝛopoſitio .a. 
Alla linea niſi vna tantũ reſiduo coniungi poteſt vt fint 
ambe ſub termino earum que erunt ante ſeparationem 
M S !« Sit linea.a.c.refiduas quc fucrit relíqua abíci(g.b.c.cx.a.b.crunt 
| XN | q5.8.b..b.c.ronalce tm potentía coicantcee cx.68.oíco qp ipfa.a.c. 
2. 1] nulli alij linee q3.b.¢c.poterit oponi fub bac oiffinitione neq ingioz 
b.c.ncg3 minori.b.c. Si añt põt componat cu3.c.d. indiné maioz aut imino G5 
c.d.crunta3 ob boc ambec lince.a.d.z.d.c.ronalis in potentia tñ cóicates:q crgo 
cx.7.{@i Gdrata ambaylincay.a.b.2.b.c.piter accepta excediit ouplit fuperficici 
vni" cay i alterá i qdrato.a.c.fifr quoqs qdrata oua líncaz.a.d.«.d.c.piter acce 
pta excedit ouplii (upficici eni? Pazi alter i qdrato cíufde.a.c.fequit cx pmitfo 
átccedéte €t oría ouo qdratoz oua líncaz.a.b.c.b.c.píter acccpra ad ouo qua 
drata ouay linca» a.d.2.d.c.pitcr accepta fit fient oría onpli fuperfiícier.a. b.i.b. 
C. ad oupli fupficiei.s.d.in.d.c.cum aüt fint ouo quadrata viriufas fectionis pa/ 
riter accepta rónalc ex ypotbefi:ouplü vcro fupficici vnius in alterã poꝛtionũ vtri / 
ufq fectionís mediale pcr ypotbe.z.19.qit ena z cade oría ouay fupcrficicz rona 
liti 4 oua medialiñ :boc aŭt € impollibilc:roalce cni fuperficies nó oiffcrant nifi 
in ronali fuperficic: ¢t pz per oiffimitione rónalie fupcrfícieí z per.9 medíalíe aüt 
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1ó oíffert a mediali nifi i rónali fuperfidic per.22. Doc atit fit manifeſtius in figu/ 
1a fic. Sit cni fupficies.c.f.adiuncta ad linca.e.g.cquaiis ambob’quadratis onaz 
lincaz.a.b.2.b.c.paritcr acceptis. At.g.b.fit equalis ouplo fuperficiei ni? ín al/ 
cera critg;.f.b.cqualis quadrato lince.a.c. cx. 7. (coi: ilt quogs fit. K.Ladiuncta ad 
lineà K.m.cqualis ouobua quadratis oua lincaz.a.d.«.d.c. piter acceptis z.i. 
n.fit cqualis ouplo fu»ficici emius in altcra:crítqs ex. .icoi.n.L. equalis quadrato 
lince.3.c.idcoqs ctiam cqualig.b.f.cft 'ítags oifferentia.c.f.ad.g.b.ficut .K.Lad 
m.n.quare p ars piciní(Ta erit pmutatim oiffcrería. c.f. ad. k.[.c ipfa fit.p ficut.g 
b.ad.m.n.c a vtraq oua7 linca. c.f. c. k.L.eft ronalis etraq; vero ouax linca 
g.b.c.m.n.mcdialis:fequit impollibile videlicet fuperficieni p. eflc rationalem c 
irrationalem. 

TW 3 : 

HI SO ae etfintambo fub termino eax que ecátante feparationem 

| NN (occ quoq; ,pbabit fnili mo. Oint cni i vtraq fectionc ambo qua 

1 p N Hjdrata paritcr accepta mediale: oupla vero fupfiaei enius in alteraim 

E Ironale c q1 €t pius cade c oiffcrentía quadratoz vnius fcctionis ad 
quadrata alterius quc € ouplí fuperficici vnius ad ouplü fupficici alteríus crit vna 


z eadem fuperficics oiffcrcntía onarum imedialii « ouaruim rationalium quod cft 
impoſſibile. 


a DONA zs  — . v ; 
aj cla línea nifi ena tm reliduo mediali pzimo coiungi por 







| Pꝛopoſitio +76. 

mex dila linca refiduo mediali fechdo comugibilis cft ut fub 
A cermíno eaz fiant mfi cii que ab ea ante feparata erat. 
CESit eni.a.c.reſiduũ mediale ſcðm que fuit reſidua abſciſa.b.c.ex.a 
P. eruntq; ex.o. due linec. a. b. ⁊. b. c. mediales potentia tm̃ cõicãtes 
M ib*Swi|.ncdialc cótinentes dico qp» ipfa:a.c.nulli linec alij q5.c.b.fub bac oif 
finitionc coniungt pót. in autem coniungatur lince.c.d.fitgs linca.c.f. rationa / 
lis in longítadinc ad quà coiungatur (upficics.c.b.equalis quadratis oua línca / 
rum.3.b.c.b.c.paríter acceptis z.c.k.cqtis quadratis lincaz.a.d.c.d.c. paritcr 
accptís a qua abfcindatur.c.g.caualis quadrato línec,a.c.crítqs per. 7.fcói fuper 
ficies.[.b.cqualis ouplo fuperficici.a.b.i.b.c.¢.1.K.percande fit equalis ouplo fu 
perficici.a.d.in.d.c.q2 ergo quadrata ambaz partiü p:imc fectionis funt media 
tez onplum eti (uperficici mediale ncomenfurabile ouobus quadratis pítcr acce 
ptis: que nefcire diligens geometra nõ poterit qui pofitiones oiligenter ſeruauerit 
crit füpcrficice.c.b.medíalie cà ipía fit equalis ouobus quadratis pirer acceptis 7 
(apcrficíca.l.b.medialie ci ipfa fit equalis ouplo fupficici eius i altcra: per.20. 
igitur é etrag; oua linca. f.b.c.g.b.rónalíe in potentia trii. « q» vua eft íncom 
menfurabilis alij:co qp fupficics.c.b.cft incómenfurabilie fupficici.b.L. ficut ouo 
quadrata ouplo (uperficicizerit cx. 68.linca. f. .refidui: quarc liuca.f.g.quc cft re/ 
fiduum componitur línec.g.b.vt fint ambe fub termino carum que crant. ante (c/ 
parationem. Silt quog; probabis candan.f.g.cu3 linca.g.K.componi cadé con / 
ditione mediantibus fuperficicbus.¢.k.z.K.1.quarum pimea cit cqualis quadra/ 
tis onaruin lincarus.9.d.4.d.c.paritcr acccpríe: « fecunda ouplo (upcrticici oni / 
us in altcram:quod eft impoffibile per.74.2 bícimodus ocmonftrationis potcft 
effe communis.75.ccterifq; quatuo: fequentibus cam.! 
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Pꝛopoſitio .78. 
UAlla linea minoꝛi cõiungibilis eſt vt fnb termino fuo fide 
Sy [| rif tãtũ que ante fibi abtcifione contungebatur. 

NG. Jntcllige quid fit linea mino2:qd fi oblitus es cófule .21.7 fine ob/ 
j|tectionc odudce ppofiti. Si quiadmodd i.74.. pcefleris:potcniq; 
filibuctit quéadmodti.ze.pcederce. — Pꝛopoſitio .s. 
nea que coniuncta cum rationali tacit totum mediale 
nifi vni tantü componi nó potelt yr tub eag termino fiant, 
ee C Quid fit linea que proponitur ex.72.otdicífti.cum ergo oc ca €o/ 
ESSI lucris quod per banc.z$.oícirur ocmonftrarc a pediTu-z5.in quoq; 
2!nó ocuías.fcd ficut i.76-fi te odlecrauerit i geio duce potcris ꝓccdere 

Pꝛopolitio .79. 
are nce queíuncta cü mediali fac tomm medíale nfi ena 
kei Rigeeoailinca tantum iungi nequit vt fub earum termino fiant que 
1 [ES crantantefeparattonem. Gbuius ince que iuncta cus mediali 
cOponit toti) mcdíale mara €.73.0€ q q9 bcc.79.cnüciat fic oduderc 
[id e cogcrie ficut oe refiduo mediali (coo qo p.76.cnunciatü clt odufiti, 
G^pofitis ouabue líncíe altera rationali altera 9cro refiduo:adiecta 
q5ipfi refidno línea alíqua Pm cius cermínnm fi fuerit totam inde co; 
politum potentíue linca adiecta tn quadrato lince tpfi toti coícantie 
in lengítudine:fucritgs ide totü pofitc reiiali lice ín longitudine co; 
menfürabile q9 polit crat otcetur redduü p2unü.€51 ero linca ad/ 
íccta pofite rationali coicet in longitndine dicct reiidud icOm. Moti 
fucrit vtrag3 ronali pofircin longitudine incomenturabilis yocabit 
refiduti terti. &5í fuerit tota línea potero? adiecta augméto quadra 
tilince ipfi roti incomeninrabilis cadéqs tota polite ronali coicct ín 
longítudíne nuncupabitur refiduà quarti :&5i oero línea adíccta po/ 
fite ronalí coícet in longitudine vocabit refiduü quíntü. 120 fi fuerit 
vtràq5 pofite ronali t longitudine icomenfurabíilis appellabit retidu / 

um fertum. T£»opofitio — .8o. 

Wo tdu primi ínneftigare. €Lab inuentionc omnins fpccicrü 
rcfidui facile nos abfoluat inncnrio p o:dinc omniü fpecicz binomij 
Nam i qualibet fpccic biomioz (i mino? poztio a5fcindat oe miaio:i 
linca reliqua erit rcfiduü filie fpci «t p; cx oifiinitionib? ram binomi 
o: qs rcfiduoz: ppaijetn inucntionibus rcfiduoz ififtentce ſic in/ 
quiram? primi. ít linca.a.rónalis pofita cui comcfurabilie i logitudic. fumar .b., 
C.fitqs.c.numer? quadratus oiuifus in.f.non quadrarum.: in quadratum. .firas 
ppoxio q̃drati lince.b.c.ad q̃dratũ lince.c.d.ſicut.c.ad.ſ.critqʒ ꝑ vltimã partẽ. 
c.d.rõnalis ĩ potẽtia tm̃.cũ itaq; ſit.c.b.potẽtioꝛ.c.d.ĩ q̃drato lincc ſibi cõicãtis ĩ 
lõgitudine qð pʒ ſicut ĩ cxplanatiõe binomij pᷣmi oftat cx oiffitioc linca.b.d.cé rc 

ary] fidud primi. Wropolitio  .s:. 
Eſiduũ ſcðm patefacere.C Ad biidi refidut (cm fit.a liga rő 
nalis pofita:ciq3 cOicas in logitudic.c.d.z fit qdratu.c.d ad-qdratit 
b.c.ficut.f.ad.c.eritgs.b.d.refidun (com cx oione:fi oubitas aut po/ 
fitas nó fcruae ypotbefes aut binomij fectidi repetitione indigcs. ' 
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P20pofitio .s2. 

31/£ fiduum tertium perfcrutari. 

SIG Refiduum tertium fíc babctur:pofita vt pziuis.a.rónali numcroqs 
€.quadrato oítifo m. f.non quadratum. «.g.quadratum:affumpto: 
N q3.b. numero primo ac q :adratum linee.a.ad quadrarit linec.b.c.ff 
oS cut.b.3d.c.ftt quadrath tince.b.c.ad quadrata lince.c.d.ficut.c.ad 
f. eritq; ex diffinitione: de quo fi befitas coſulc binomiũ tertiũ: linca.d.b.reſiduũ 
tertium. Pꝛopoſitio .s3. 

Eſiduum quartum inuenire. 
¶ hic ſicut in inuentione rcſidui pꝛimi ſit linea.b.c.communicaus li 
Nec.@.rationali pofite:nunicrus autcm.c.quadratus ſit diuiſus ĩ.f. 
⁊.g.quoꝛum ſit vterq; non quadratus:ſitqʒ quadratum linec.b.c.ad 
quadratum linee.d.c.ſicut.e.ad.ſ.⁊ ſcics ex diffinitione lineam.d.b 
eſſe reſiduum quartum.ſi eoꝛum que in inucntione binomij quarti didiccras obli / 
tus non fucris. Pꝛopoſitio .sa. 
Eſiduum quintum demonſtrare. 
YÍ, C £um refiduum quintum inuenire libucrit erit linea .c.d. mmi? 
cans lince.a.rationali pofite in longitndine ficut crat in inquifitione 
ſecundi:⁊ erit quadratus numerus.e.diuiſus in.f.⁊.e.quoꝛuʒ neuter 
iA quadratus ficat (n p:emifTaz« crit quadratum lince.c.d.ad quadra / 
tum. eoe: quibue s oiffinitione códudctc licct:babita futFicienti nos 
tícía binomij quinti:lincam.d.b.cflc refiduum quintum. 

Pꝛopoſitio ss. 

genae fextum óemum pzefto fit reperire. 

: | à C cfiduum fextum fic repcritur.erit ut priuslincs.a.ronalis pofita 
eed) ¢.c.numer? quadrac” oivif7in.f.z.g.non quadratos ¢ erit.b.nume 
bali Tus primus z quadratum lince.a.ad quadratü lince.c.b.fíait.b.ad 
c.t €cro quadratü.b.c.ad quadratü.c.d.ut.c.ad.f.crítqs cy oiffí 
pitioae linca.d.b.rcfíiduum fextum.cuí fi nó planc animus tuus aflenferit exerce/ 
ri te conuenit in ingentione binomiíj feti. 

Pꝛopoſitio .s6. 

J fuerit ſuꝑficies linea — atqsrefiduo primo cotenta 
latus eiue tetragonícü necefle eft efle refiauum. 

«| Goit fupficies.a.c.coteta linea ronali.a.b.< refiduo pꝛimo .b. c. di 
co latus tetragonicũ ſupficici.a.c.eẽ reſiduũ: adiungat᷑ cnĩ ad lineã 
55] b.c.linca.c.d.fttas illa cuius octractione.b.c.fuit refidu primum, 
= cx oionc.b.d.rénalis ex longitudine z.c.d.in potcntia tin.b.d.quog; erit 
potétio:.d.c. i qdrato lince fec cdicantis i lgitudine. oiuidat igif.d.c.p eq̃lia ĩ.e 
Ztota.b.d.oividat ca oditione in.f.q inter.b.f.2.f.d fir. c.d.medio loco pporti 
Onalis:crita; ex {cda pte.13.b.f. cOicans in ldgitudine.f.d.p.9.igit vtraqʒ caꝝ cõi⸗ 
cat cũ tota linea.b.d.q̃re ꝑ diffinitionẽ ambe ſunt rõnales in longitudine: ducant᷑ 
itaq; lince.f.g.e.h.⁊.c.k.equidiſtantes.a.b.eritqʒ p.i5.vtraqʒ duaꝝ ſuꝑficieꝝ.a 
f. ⁊.g.d.rõnalis:ſit quadratũ ergo.l.m.eqle ſuꝑficici.a.f. exitqʒ rõnale ⁊ latꝰ cius 
rõnale ĩ potẽtia.intra illud qdratii prracta oíanogali linea.l.m. deſcribat᷑ q̃dra / 
tum.l.n.equale ſuperficiei.g.d.erĩtqʒ ipſum rõnale ⁊ eiꝰ latus ronale in potentia 
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protrabantur aũt due linee.m.p.q.n.vel equidiftater lateribus totalis quadrati. 
oíco ergo quadratum.p.r.efle equalc faperficicí.a.c.« cius latus quod é.n.p.¢ re/ 
fidud.Lum eni linea.d.e.fit cx ypotbeli medio loco pportionalis uster.b.f.7.f.d. 
erit ex prime fexti (uperficies.d:b.medio loco p2opo2tionalis inter ouas fupficies 
a.f.7.g.d.ideog3 z inter ouo quadrata.l.m.2.n.Lciigs cx prima fextt fit fupficies 
[.p.medio loco pportionalis inter cadem ouo quadrata crit. L.p. equalis. d.b.et 
ctid.b.c.« q* quadratü.L.n. eft equale.g .d.crit.t.r.equale.g.c. totus itaq3 gnomo 
circifcriptus quadrato.m.n.eft equalis.c.g.2 q2.L.m.crat equal. a.f. relinquitur 
m.n.equale.a.c.qp aüt.n.p.lat? quadrati.m.n.fit refiduü fic collige. £ft eni tra/ 
qʒ duaꝝ.p.t.⁊.t.n.rõnalis in potentia eo ꝙ vtrũqʒ quadratũ.l.m.⁊.n.l.ẽ rõnale 
vnaqʒ eaꝝ eſt incõmenſurabilis alij per pꝛimã ſexti ⁊. io.huius:eo ꝙ quadratum 
[.m.eft incómen(urabile.l.r.fuperficiei ficat füpficies.a.f.(upficici.b.d.oc quibus 
manifeftü cft cp ipfc (unt incomenfurabilee:cít eni per prima (exti vna cay ad al/ 
terà ficut linea.b.f.que € ronalis in longitudine ad linca.d.c.que e(t ronalis i po/ 
tentia tanti ex. c8.igit línca.p.n.quc pot in fupficicm.a.c.eft refiduum: « boc eft 
quod intendimus. 
^f»:opofitío .sz. 
aT 3 fuperficíee aliqua línea rationali refiduoqs fecundo có 
PENA tíneatur: línea ín eande potes erit relidui medíale pzimü 
Al C 3n bac quoq; argue ficut in pꝛemiſſa cx diffinitione refidui fecun 
di « fcóa ptc. 13. c nona 4 oecimanona 2.15.2.69. 
71» opofitio .ss. 

Y línea rónali reliduoqs tertío fuperficíes contineat erít 
| línca fup eam potens refidnum medíale fecundum. 

runs ocmonitrationi infifte z facile cõcludes propofitum cx oif 
finitione refídui tertíj « fccunda pte. 15.7.9.7. 19.2.70. 








| 1£opofitío .98. 
—— — fuerit ſuꝑficies linea rõnali reſiduoqʒ quarto contenta 
M a] lnea faper eam potenseríit linea mno?. 
1G 3n bacquoas nó aliter ;pecdas q5 piius. faale eni crít ibi ppofiti 
AA odudere.ſi pꝛemiſſam no oefpicis ex otonc refidui qrtí « (cóa pte. 14 
—— ⁊.9.7. 19. 7.15. 2.21. ⁊ ſic patebit ꝓpoſitum. 






Pꝛopoſitio .o. 
fuerit linea rõnali reſiduoqʒ quinto ſuꝑficies contenta 
atus eins tetragonicum erit cù rõnalı coponés mediale: 
¶ Nitere pꝛemiſſa argumentatione ex diffinitione reſidui quinii ⁊ ſe 
la| cunda parte. 14.7.9.7.19.%.15.%.72.quod p20pofitus eft couctudere. 
D f>20pofitio — 91. 
(ae 3f linea vónali refiduoq5 fexto füperficies contineatur [a/ 
M ej tus tetragonicum qo fuper eam poteft cum mediali conft 
i» D ituene totum mediale efle compaobatur. 


IG. Tlunc quoq; vltimo quod per banc oícitur pzemifío modo farage 
cocludere cx oiftinitione refidui fexti « fcóa parte. 14.4.9.c.19.«-73. 
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iń bis anteni oibus p2oceflum tuum nibil offendere potcrít fí peímá carum 4 pfc/ 
cte didiccris 2 memiouiter tenucris :z quid quog; fupponat folcrtcr attendcris. 
Qd fi forfan ve aliquo in quadrato.J.m.tc oubitare contigcrit ad funn equate in 
fuperficie.a.d. tibi recurrendum erit:ct patebunt tuo ingcnio. 

Wzopolitio — :92; 

1 3f ad líream rationalem füperficies equalis quadrato re/ 
fiduí applícc£:alterü lat? refiduü pzimiü. cfle necetle eft. 

: S ¶ Hec ſex ſequẽtes ſũt ↄuerſc ſex pᷣcedẽtiũ ꝑ oꝛdinc.huiꝰaũt pᷣme hec 
| T. (t y c(t intentio y fi fit (uoficice.a.c.adiuncta ad tíncá rónalé.a.b.cqua 
IS SERPZ/]tis quadrato rcfidui qo fit.d.c.crit cius latus com gd eft.b.c.necel/ 
farto refiduu prima. Adijciatur eni lince.d.c.que pzoponitur cffe. rcfiduü :linca p 
cuius abſciſionẽ ipfa fuerit refiduazfitas ei adumcta.c.f.critas cx.e3 .vtraqs duarũ 
linea. d.f.«-f.c. rónalis (v potentía « «na caz incómcnfurabilie alíj:ocícribatur 
ergo quadratü línce.f.c.q9 fit.c.8.« quadrati. d.c. quc pofita cft. effe refidua qð 
it.c.b.« adijaiant fupplementa.d.k.4.f.l.eritqs quadrati, g.b.tanqs quadrrum 
lince.d.f.« quadratü.c.b.crit ficut (uperficice.a.c.crit ctía vtrüqy quadrato.g. 
b.4.6.€.rónale.Oít igitur fupficies.a.m.adiuncta ad linca. a.b. equalis qdrato 
g.b:trítqs ob boc rónalís:quare per. i6.línca.m.t.cft ronalis in logitudine: fup/ 
ficies €*cro.p.n.fit equalis quadrato.c.g.quc etid ppter boc erit ronalis ⁊ ꝑ.io.li 
nca.m.n.rónalíe in longitudinc.itaqs tora linca.b.n.cft ronalie p.o.oiuidat aür 
c.n.per cqualia.m.q.« oucat.q.r.equidi(tans.a.b.crítas cx pzima fextí.c.r.cqua/ 
lio.r n.r Sarifeftü €cro € gp ci tota fupficies.a.n.fit cqualis ouobus quadratis 
G.b.«.c.c. paritcr acceptis que funt quadrata oua lincarum.d.f.«.f.c.« fupficice 
2.C.fit cqualis quadrato lincc.d.c.a9 cft .c.b.crit per.7. feoi fuperficics refidua ex 
a.n.que cit.c.f.equatis ouplo fuperficici ex.d.f.in.f.c.quare ⁊ hoꝛum dimidia que 
funt.r.n.¢.d.g.neccile cit efle cqualia.ciigs igitur cx prima fexti fit fupficice.d.g. 
mcdio loco pportionalis intcr ouo quadrata.g.b.2.g.c.critqs fuperficics.r.n.ine 
dio loco pportionalis inter ouas fuperficies.a. m.z.p.n. ideog3 per prima fexti 
erit ẽt linea.q.n.medio loco ꝓpoꝛtiõalis inter duas lineas.b.m.⁊.m.n.cumq; fit 
q.n.dimidiũ lince.n.c.⁊ linca.b.n.diuiſa ꝑpunctum.m.in duo cõicantia ĩter que 
cadit.q.n.medio loco ꝓpoꝛtionalis:ſequit ex pꝛima ꝑte.iz.ꝙ linca.b.n.ſit poten/ 
tioꝛ linca.n.c.in quadrato linec ſecũ coicantis iĩ longitudine:qꝛ ergo ſuꝑſicies.d.g 
eft medialis cx.19.cx yporbefi ait fupficics.c.r.fibi cqualis medialis ¢linca.c.q. 
ronglis in potéria tm per.20.ideog5 ctia cupli ei? qd € linca.n. c.c. ronalie tátü i 
Potcntia:q? ergo.b.n.é rónalie in longítudinc coicans Iincc.a.b. pofite ronali ct 
porctior.n.c.i quadrato linee (ibi cómunicatis i longitudine:f cquitur cx oiffinitio 

nc lneã.b.c.ec reſiduũ pꝛimũ:qð ẽ ꝓpoſitũ. 4g»:opolitio — .95. 
pow Chin adtancta fuerit fuperficíes equalis quadrato refidm 
ANAN, medialis pzimi ad lineam rationalem: alterum latus eius 

| BRERA! ert refiduum fecundum. 

LZ GDiccit linca.d.e.refidnum mediale pimums « linca. c.f. erítlinca 
9^ lll il'a per cuius abfcifionem.d.c.fuerat refiduum mediale paimum:oi/ 
CO g».b.c.crit rcíiduum fccundum quod neſcire non poteris ſi demonſtrationẽ pac 
miſſe quouſqʒ eam ſolido amplectaris habitu inſtiteꝛis ⁊ qualcs lincas opoꝛtcat 

efic.d.f.z.f.c.vigilanter attendcris:oe quo fi oubites.é9.rcquirenda erit. 
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P20politio -o4. 
¥ {uperficies equatis qdrato reitdut medialis {edi appli 
cata fuerit ad líneam rónalé: alterum latus eius relicuum 
ſtertinm eſſe conuenii˖te. 
á HP) Chic tia crit.d.e.refiduü medíale feóm « fcquctur ut fit.c.b. refídu 
ed um tcrtilizqo ut facilc odudaa prime oanoftrationi ififtas « ates li/ 
ncae oueniat cfle.d.f.c.f.c.ex.zo.collige. — JRropolitio | 5. 
— (Am adiuncta fuerit lince ronalifuperficies equalis qua/ 
Ui drato línee minozte latue eíus Icóm eru refiduu quartum: 
(oi fucrit.d.c.linca mino: atferit bec.95 . gp. b.c.crit rcfidui quar/ 
A Co Aa) ii:cft att fumendt ex.71.quales lincas elle neccile fit.d.f.<.f.c.cum 
Po SPS) dc. fucrit linea minoz:< cit aftrucndum ꝓpoſuũ ppmilo modo:cxce 
pio ꝙ in hac ⁊ duabus fequentibus neceſſc eft linca.b.n.diuidi ad punctũ.m.in 
duo incõmenſurabilia quc in tribus pꝛemiſſis diuidebat neccſſario ĩ duo cõmenſu 
rabilia:nantvin tribus pmiffis fucrant ouc lince.d.f.2.f.c.coicantes i porentia im 
z ideo carum quadrata coicantia:p2opter qd < fupficies.a2.tl.z.p.n. quadratis ca 
rum cquales cOicantes. Quap:zopter etia z ouc lnec.b.m.«.m.n.idcóg; fuit i tri 
bus pxmiffis linea .b.n.potentio?: linca.u.c.in quadrato lince (ccum conipnican / 
tis in longitudine ex pzimg pte. 15. 3n bacaaüt « ouabus fequctibus funt occ luce 
d f.4.f.c ncómeníurabiles in potcutia ut apparet cx.71.2.72.«.73.«14€0 cari 
quadrata ppter qd 4 fuperficics.a.m.<.p.n.incomenfurabiles ppier gd z duc li 
ncc.b.m. «.m.n.incómanfurabilca. ídcoq; per peuma pte. 14.taim in bac q5 in cua 
bus fequentibus neccfie cft linca. b.n.ciTe porentioze nca. n.c.u quadrato lin ce 
fibi icómeufurabilis i longitudine:cctcra perquire ut pius. ](520politíO — .96. 
à adlíncam rationalem quadrato linee cum ranonalt cos 
itucntie mediale equaletaperficice adíungatur:lat? eiue 
- fccundum erit retiduum quintum. 
A 2G [onc funiliter b1cüne3.d.c.cile là quc iuncta. cũ rónali oponat 


vt 


5| totu mediale z attende cx.72.qQuales lincas oporteat cile.d.f. z.f.c. 













« concdludcs finc otfendiculo ft pius babite ocinouttrationt opostunc inftiteris li 
ncam.b.c.cífc refidnum cuintü. 


| 
| 


| 7f»3opofitio .97. 
3j adlincà raonalé fuperficice equalis quadrato linee 
cum mediali componentis mediale adiungatur:latus cius 
alterum erit reſiduũ ſextum. 
Nunc vltimo conuenit licã.d.c.cſſc lam ouc itincta cum media; 
li cõponit totum mediale cui adiuncta linca.e.f.que videlicet ſit a 
per cuius abſciſionem linca.d.c.fucrat que pꝛoponitur ſi quales lincag.d.f.4.f.c. 
cfc opo:tcat cx.7 3. oidiccría pzioxc argumctationc firina mente tenueris ſine obi 
C quoq; linca .b.c.effe refiduü fextü codudcre poteríe.ft aüt fo:taffis in aliquo rc 
bcf.tarc otígcrit quicquid illud (perit oc quadrato.g.b.ad (iti cauale fupficic.a.n 
ge oferédum ent:2 fic parcbit ppofiia noftra. Y.opotino  .93 
| | ^ 1 : 
AD ms linca reiidno ome(urabitipía quoq5i termio «02 
dine Cidéreüduü 
2 UQ . o. z.quatuo:.c3 fequétee oc binomio cíuías comitib? dng; 
Ppolucrut bec .9$.z.quatuor.cams fequentes ve refiduo finfgs qnas 
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comittibus Ferum efTe proponuntZquibus qui vfqs ad folitum babitum inftiterit 
bas ignoxire non poterit. Ouicquid autem ín illis oc coicantía in longitudine et 
potentia tantum oíictum cft:in bía quoc; idem opoitct intelligi. nam omnís linca 
vc(iduo cómanicana in longitudine fiue in potentía trm ipfa ctí3 eft refiduum. fed 
fi communicat in longítudine: non folum cft ipfa rc(iduum.fcd ctíam eiuſdẽ ſpẽi 
refiduum. Herbi gratia;linea comunicans in longitudine refiduo primo eft refi/ 
dni pmi: z fecãdo cóicans cft fcóm.fic quoq ín cetería: 29 aüt línea communi/ 
cat rcfiduo ín potentia tantum:ipfam quoqgs necdic cft efTe rcfíduum fcd nó ciuf7 
dem fpecici:imo ipolTibile cft €t linca cómunicans in potentia tantü refiduo pzi/ 
mo aut fco aut tertio aut quarto aut quinto cadat fimul cum co fub eadem fpecie 
(cd necefic eft vt àbo cadat fimul fub trib? pzimis fpecicbus aut ãbo fimul fub triz 
bus poftreniis. Git itaq5 exempli gratia.a.refidud cui comunicct.b. in longitudt 
nc:oico gp.b.erít refiduü ciufde {pecici ci.a.Adiungatur enim lmca.c. ad fincas 
a.z cum illa fit per cus abfafioné.a.fuit refídud:« ad.b.adiügar alia que fit.d. 
ad qua fic fe babcar.b.ficut.a.ad.c.fitqs compofita cx.a.«.c.c. compofita vcro.cx 
b.«.d.fit.f.crítqs cx permutata ;ppo:tionalítatc.a.ad.b.ficur.c.ad.d.« p.15.quin 
ti crit.c.ad.f.ficur.a.ad.b.vet ficut.c.ad.d.cum ítag;.a .cómunicet cum.b.crit per 
to.C. Cómunicans cum.d.«.c.quoqs comunicans cum.f. z quia ctiam eft neceffa/ 
río cx pemiutata piopo:tíonalitate.c.ad.c.ficut.f ad.d. fequitur p. 12.t fi fucrit 
c.potentio2.c.in quadrato lince fibi coicantis in longitudine vel fi fozte incOmen/ 
forabilis:fit funliter.f.potentiond. at qm omnis lutea Comunicansin longitudi 
nc lincc rationali eft (imiliter illi rationaliez(tmilitet oíco quía ambe erunt rationa 
ics in longitudine vcl ambe ín potentia tantum:fequitur cx oiffinitionibus refidu 
oim €t.b.fit rcfiduum eiufdem (pecicí caum.a. i autc.b.comunicat ín potentia 
tanti cum.a.ipfa quoq crít rcfiduum non tamen ciu(dem fpecici necefTario.fed 
qucadmodi oictü cft:cuius ocmóftratio cx bís quc in.co.oc binomija oícta. funt 
p eft. W2ropolitio .99. 
mr] OSnislince verilibs reltduo mediali comuntcans:eft fub 
va wI ipfius termio 7 ozdine rcfiduümediale. «L73cz cft q5 ici 
fine cOtcct linca cum vtrolibct rcfiduo mediali ín longitudine! fiue in 
P potentia. Sit mim .a.vtrūlibet refiduñ mediale cui.b.cõicet in lőgi/ 
Paez | tudine of potetia.oico q.b.¢ ctia refidui mediale gle fucrit.a.aditt 
gar cni línea .c.ad linea. a.« fit.c . p c? abfcifioné.a.fuit rcfiduü mediolcz4 ad.b. 
adiigat alia q fit. d. fitq3.b. ad.d.ficut.a.ad.c.totaq3 opofita cx.a.z.c.fit.c.z ex. 
b.d.fit.f.oefenbàt igit qdrata.c.c.d.q (int.s.«.b.« fuzficies.c.i.c. fit. R. c. f.i d.c 
ſit.l. Et quẽ vt pꝛiꝰ.e.ad.f.⁊ c.ad.d.ſicut.a.ad.b.ſũt aũt.e.⁊.c.mediales potentia 
tm cOicates ex: 69.€ .70 .fcquit ex.2 i. vt. f. «.d.eis cóicatce. fint cti medialce po 
tctía tí cOicátca:oftat atit cx prima fexti qp fit. K.ad.g.ficut.c.ad.c.«.l.ad.b.ficot 
f.ad.d.cq:€.c.ad.c.ficut.f-ad.d.fequit ut fit.K.ad.g.fiar.Lad.b. £t pmutati.k. 
ad. l.ſicut.g. ad.h.cũ g.g.coicct cit.b.fequit vt. K.coicet.ci.l. Si igit. k. ẽ ronale qð 
ẽ in reſiduo mediali pꝛimo crit etiã ꝑ diffinitionẽ.l.ronalis qre ꝑ.oo.b.etiã ẽ reſi / 
duũ mediale pꝛimũ.ſi aũt.k.ſit mediał qð €i refiduo mediíali (coo: erit p.21.ctíà.l 
medialis: idcoqs.b-p.7o. reſiduũ mediale ſcðʒ are oftat;ppofiti. Jdẽ aliter Si lica 
b.cõicat cũ lica.a.q̃ ẽ vtrũlibet reſiduũ mediale i logitudict i potcria fir fupficies 
C.c.aditicta ad fincas rdalé.c.d.cqlis qdrato.a.z.f.g.cqlif qdrato.b.crütqs ob boc 
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¢.c.7.f.g.cdicantes qucadmoda < quadrata lincarum.g.z.b.cis cqualia.idcog p 
primam ſcxti 7. 10-buiug.d.c.2.¢.g.funt coicantes in longitudine: e quia fi. a.cit 
tc(íduum mediale painb:cft:lineg.d.e.cft rcfiduum fcóm per.q 3.⁊ ſi.a.eſt reſiduũ 
mediate (cOm:linca.d.c.cit refidut tertium per-94.8t axm.d.c. cft refiduam {com 
linca. e.g.eſt etiam reſiduũ ſcðm « cü illa € tertiumzfür ⁊ bic c(t rerti per-98.fequi 
tur itaq5 €-37.«-83. vt.b.(it refiduis mediale paimii aut (ecundü p:out fucrit. a.ct 
fic patct quod intendimus. 
—— 100. 
Seal 9 linea aliqua linea minoz comunicet.ip{a quog5 critli, 
ines minoz. 





ry cet linea aliqua cum linca minozi in —— ſiue int porentia boc 
1| aüt appofito quatü ad p:unü modü qp cum fit.f.ad.d. fícat.c.ad.c. 
trit cx (coa prc. 19.fcyti quadratü.f.ad quadratü.d.ficut quadrati. c. ad quadrat 
c.t coniunctim quadrata ouaz líncarum.f.c.d.ad quadratü .d.ficut quadrata ou 
grum líncarum.c.2.c.ad quadratum.c.c permutatim quadrata ouaz lincarum.f. 
£.d.ad quadrata oua lincarum.c.c.c.ficut quadratü.d.ad quadratum.c. cóicat 
auté quadrati.d.ad quadratü.c.crgo ouo quadrata oua líncaz.f.7.d. pariter ac 
cepta cóícant ci ouobus oua» linea.c.«. c.piter acceptis: quia ex-17.quadrata 
onarurm lincay.e.c.c.pariter accepta funt ronale: erit aut per oittinitione z ouo 
ouayx lincay.f.z.d.paniter accepta rationale. Liq; fit fuperticics.k. medialis crit 
etíà.L.(ibi communicans medialiazigitur cx.21 .b.cít linea mino. Quantü autan 
ad (cóm modi crit per.g5.lunca.d.c.refidua quartum:idcug3 per.99.« linca. c.g. 
ait ctiam rcfiduum quartum. ídcoas eria per.89.linca.b.eft luica mino:. 
"f»:opolitio — aor. 
zer; nie linca cómunicanelince cum rónalí componctí me 
A Ni diale cft cum rationali componens mediale: 
Chance quog; ouplici pzcdicto modo nd cit oifficile probare:fine oc 
communicantia in longitudine fiuc oc cóicantia in potentia tantum 
2524] iutelligatur:fcd quantum ad primum moda crunt ono quadrata ou 
arum lincarum.f.7.d.paríter accepta mediale per.21.00cadimodü funt ouo qua/ 
drata oua linca.c.c.c.piter accepta cx.7 2.quíous ipfa cómumceant c fuperfic/ 
co.l.crit rationalia:pcr oiffinirionan qucadmodü cít fupcríicice. k.ex.22.cuum ip(a 
cómunícatzigitur cx.7 2.b.cft cum rationali componcns medialc:quantü ad (con 
modi:crit.d.c.refiduum quintum cy.6o.idcogs z.c.g.cy.9S.quarc.b.eft ci rónali 
componens mediíale.per.o. — Pꝛopoſitio .ioꝛ. 
SEX snis linca comcinrabilislince cum medíali conftimen 
j| ti mediale eft cum mediali conftituens mediale. 
G bic quoa5 ponc linca aliquà coicare cum ca que cù mediali compo 
A) nit mediale indiftcrenter in longitudine vel potentia tiñ put volue/ 
ris:⁊ duplici modo pmiſſo finc difficultate ↄcludes eã quoq; cũ me/ 
diali oponere mcdialc.crít ctià quantü ad pzimü modi fupficice.Lmedialis quc/ 
admodii c.k.« ouo quoqs quadrata ouaz lincaz.f.c.d.pitcr. acccpta mediale fi/ 
cut 7 ouo quadrata duaz.c.«.c.« q1 ouo quoq; oua lincay.c.c.c.ad.k. ficut ouo 
on37.f.z.d.ad.l.ci ouo pzima non cómumcét ci ouplo.R.cx.7 3-1€93 duo ſccũda 
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cóicabunt ci ouplo .Lex. 10. ígitur €x.73.b .cft cü mediali cóponée mediale. quan 
tum aute ad (cou modii crit d.c.refiduü fexai cx.97. idco; c.€.5. cx. 93.quatc.b 
eft c media cõponens mediale ex.a.. Pꝛopoſitio .oʒ. 
Ide uꝑhcie ratonali ſuperficies medialis abſcindatur 
unea ĩ reliquã ſuperficiem potens erit alterutra duarum 
irrationalium aut reliduum aut linea minoꝛ. 
(Sit cni tora fuperficies conftans cx.a.2.b.ronalis aqua cetraba 
ur.b.que fit medialis:dico q luca potcns in.a.refidud aut é refidu 
um aut linca minoꝛ.Eſto nanq; linca.c.d.rationalis ſuperfi.iesqʒ.c.c. ſibi adiun 
aa (it taqʒ.a.⁊.f.g.taqʒ.b.⁊.tota.c.g.ſicut tota.a.b.eritqʒ.c.g.ronalis.idcoqʒ ꝑ 
io.linca.d.g.rõnalis in longitudine ⁊.f.g.erit medialis.idcoqʒ per.ꝛo.e.g. rona / 
lis in potentia tm̃:eſt igit᷑ ex diffinitiõc line a.d.e.reſiduũ pꝛimũ aut quartũ: ergo 
per.36.4.89.linca. porens ui fupticicm.c.c. « iõ in fupficic.a.fibi equalem eft. rcft/ 
duit ant linca mino:z39 € ppofitum. Pꝛopoſitio ioa. 
[S7 zz m) 3j oc lapcrücie medial ſuperficies rõnalis detrahatur li 
Ij aea in rehqad fuperticiem potens erit alterutra ouarum 
irrationalium lincarum aut retidaum mediale p 2u10 : aut 
:um rationali componens mcdíalc. 
iL bec quo. ticur peanila ,pbar. Ert cii tora.a. b.m cdíalis.b. aüt 
rónalio:« E: nc dico qo in.a.reliduum por: aut cft refidui mediale paimü aut. cuim 
rénali coponens mediale. £6 cni.c.g.cquatia fic.8.6.cnt pcr. 2o.linca.d.g.róna/ 
lis in potentta tin:« di fir fg. equalis. b. cri per. 16.luica.c.g. ronolig in longitu 
diicergoa oifrinitionc eri luica.d.e.refiduü ícóm aut quintü quatc pcr. 97.5.90. 
latus tetra gonicũ ſuperficici.c.e.⁊ ideo ſuperficici.a.cſt reſiduũ mediale pꝛimuin 
aut cuin rationali compoucis medialc:quod cft propofitum noftrum. 
= JR2opotitio .105. 
¥ fuperhcies medialis tuperticiet medial octrabatur fue 
rítq5 reuqua toti uxcomenfürabilis que in ipfam reliqué 
potcft: alterutra ecit ona; iwrónglius videlicet aut refidu 
um mediale Icom aut cum mediali componens mediale 
- (15i a duaꝝʒ pꝛemiſſaꝝ demoõſtratione non deuias condadce fine 
oifficuliate propofith. Sine eni tota.a.b.⁊.b.inediales ⁊ ſit.a.reliqua incõmenſu 
rabilis toti:aliter eni cſſet.a.medialis cx. 21.« ciue [at? tct;agonici mediale ex.19 
tuuc oíco qp linca potene in.a.cft refidua medialc fcóm aut cà mcdiali coponens 
imcdialc.nam cii fit.c.g.cqualis.à.b.crit p.20.lnca.d.g.rónalig in potentia. tàtü 
per candé quoq; cum fir.f.g.cqualie.b.crir cti3.c.g.róualis w potentia trf « cum 
fit.a.incOmen(urabilis tott.a.b.crit.f.g.incOincufurabilis.c .g. idcoqs per prima 
fcxtí z. 10.buíus crit cria. c.g. incomenfurabilis.d.g. igit a offinitionc linca .d.c. 
crit refiduü tera aut fextü:qre p. 88.2.9 latus retragonici ſupficiei.c.e.⁊ iõ ſu / 
vficici.a.€ rcfadua mediale (com aut cà imcdiali componés mediale. 
i Pꝛopoſitio «104. 
Ineaꝝ irrõnaliũ que func refauy < poft ipfam fubfecute 
vllam alij termino et ozdine fub efle impotlibile cft reli 
| ouo quoa binomij termini vcl ozdiné couenire non cft 
—— 4] pol'ibile.  23ult at p banc. 106. g rcfiduü « alic quina Imee 
m 
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irronales cam feguentes derunt fpecie « oitonc abinuic «nulla tinea vna poceft 
cê fub ouabus nca fub pluribus fpccico? bay fex luca wronalin quc fuut reidu 
um « cius quinq; coinitca:4 q» oce fpce refidut oiffcrunt ab oibus fpeciebus bimo 
mij ncc e polTibile linca vna funal cffc rc(duü « binomiü cuiufdiqs fpccici vcfiduí 
vel binomij: Pars puna fic oftar:qm fupficice cqualts quadrats refidui ⁊ ſuax 
quinq; comitü cà adiügant ad linca róale habet (coa lacera necdiTario ciucría ab / 
uicem €x.92.« quias cà fequentibus.funt aute fcoa latera. rc(iduü piunt c (c/ 
ciüdü « ocinccps v(qs ad fcxti. exea pe oftat boc modo:ft cade Línea pór cc (imul 
refidun ¢ binomiü .fit.a.cui? quadrato adiügat ad rónale lincà.b.c.fitqs.b.d.crit 
q5 cx. 54 linca c.d.binomii pzimü « cx.92.refiduü puni anauanti crgo bimemi 
um pꝛimũ diuidat᷑ in ſuas binomiales poꝛtiones ad punctũ.e.ſitqʒ maioꝛ poꝛiio 
c.€.q erat roalie i lósitudinc p oiffimitionez iquàtà aüt ẽ reſiduũ pᷣmũ adiũgat ci 
d.g.p C'ab(cifione fucrat rcfiduü pririüzeritqs ctia ex oionc.c.5.róalte i lógttudie 
£ü iraqs fit vtraq5 ouaz lica. c.g. c. c.c. ronalis i logitudic ent ct p.9.lica. c.g. 
ronat i lógítudic: at q:linca .d.e.e rónalis i potctía tim cà ipfa fit p yporbe.mio: 
po:tío binomíj pmi:crit per .68.línca.d.g.rcfiduü «q» ipfa crat róalis i potentia 
tm că per cius abfcifione cet linca.c.d.refiduü (equit impoffibile p.6s. ut da/ 
rius patcatselto fupficics.b.d.adiuncta ad lineà rationalc.b.c. cqualis Gdrato Li. 
ncc.d.g.có itaq linca. d.g.fit rationalis m potentia crit pcr. 16.limnca.c.d. róna/ 
lis in lougitudinc.at cà etiã linca.d.g.ſit reſiduũ erit cx.q2.linca.c.d.reſiduũ pᷣnũ 
quod cfe nó poteft cum linca que dicitur reſiduum fit irronalis per.os. 

| (»:opolitio — .107. 3 
5 "EB Sínea quc reliduu otci£ vllave irrarionalíti que poft cam 

ASEA tunt nequit cfle füb termino binomj aut iub termino go? 

seve dinc elis ceteray linca irrónia ium que binomiü fübic 

2:32. (| qubtur:cum at pollibile fit lincax wronaliv ferié in in? 
fiitum pꝛodauci non eſt pollibile vil carum cum ca que 
pzeccilerit in termino z odine conuenire. 
¶ Vult per hanc vltimã libri.io.ꝙ.iʒ.irronales linee de quibꝰ in hoc decimo de/ 
monſtratũ ẽ ⁊ ipſe ſunt linea medialis binomiũ ⁊ eiꝰquinq; comites reſiduuʒ « c? 
quinqʒ comites ſint abinuicẽ ſingule a ſingulis ſpecie differentes:⁊ ꝙ nuila linca 
via por e¢ fimul fub onab’ aut pluribus fpecicbus cax:< op {pcs linvay irrónalii 
pht i infinitü pdua qz nulla ci alia oucnit i oionc « o:duic. 29 atit bcc. 15.lincc 
videls medialis binomiii « c1?. 5. comitce refidüu « ci^. .comites fint irróatca oc/ 
imonftratü efTc fuperius memcnto:oc mediali quide cx.19. oc bitomio aüt « cus 
quiniq5 comitib" ex. 3o. quitiqs c3 (cquctibuezat vero oc refiduo fuifag quinqs co 
minbus ex.66.2 quing3 cà fcquetibus. Nulla ait baz. 13-lineay irronalium polic 
ouenirc in (pccic cü aliqua alia» linca fic celige. £ (to cni «t ad vnã eãdẽqʒ lineã 
ronale in longitudine adiungang fuperficics cquales quadratis predictaz.13. line 
ari wronalius fm cp oidinc fe inuice fcquunt:crítqs cx .20.fccüdü latus paimc ifta 
rum. i5.fuperficicrnm 7 quing3 ceam fequenti rationale wn potenti ffi. (cca abt 
latcra ícoc ifta. 15 .fupcrficiez « quinis cam fequenti erüt omnes fpce binonno 
r5 p oꝛdinẽ videlicet binomiũ pꝛimũ fcóm 4 ocinceps vfqs ad fcxtü ex .54.« quiis 
35 cà fcqueribus oamonftratü c(fe memineris. fcóa vcro latera octauc fupcrfiaei 2 
quinq; cà fcquctili funt fpes rcliduox in ordine videlicct rcfiduü prin ⁊ reſiduũ 
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ſccundũ ⁊ deinceps vſqʒ ad ſextũ qo Cx. 92.7 quina; c3 fequetibus oídicifti. £um 
igit ipa linca rónalie i potctía tífi nõ coucníat cii alid fpccic binomío aut ci alt/ 
qua rcfiduoy quoni3 omne binomi p.30.7 oê refiduü p.oS C linca wróaiis ⁊ ĩ lõ 
gitudine ci potenría. £t cü nulla. (pes rcfiduox cOueniat cii aliqua fpe binomíorü 
ex íccüda pte peiut.b^occimi:f equit ut oia fcoa latera baz.13.fupc rficiez fint ab/ 
inuicem diuerſa: idcoqʒ p prima (cxti c ipfc. 15. fuperficies funt oticríc cii caz om 
nium altitudo fit ena quare eria bec.13.linec irronales ppofite unt fingule a fin / 
gulis oiucrfe.G [oflunt aüt baz.13.lincaz irrónalíü (pccice in infiniti pduci.in 
finite cni (üt fpce linca medíalium infinite quog3 binomiox z fic oc fingulis Qo 
bocmodo oftat:efto lunca.a.medialie.fumatura; vnitas z quothbet numeri pint 
qt-5.5 €.7. c fint totidem lince.b.c.d.quot funt füpti numen piüni. fintg3 qdrata 
itag lineaz.b.c.d.ad quadrati. 3.ficut bi numeri primi ad enitate: cruntqs lince 
b.c.d.medíales ex.21.arfi ipfc cOicant in porétia ci linca.a. mediali. oce aute erüt 
oíucrfc in longitudinc ab.a.« a fainuice p eleimá pté..qm nullius iftoxm nume 
rozad «nitate necalicuius coz ad alte per. i5. «.8.« condariü ſcðe octaui ⁊ pꝛe 
fentis ypotbefis ¢ pportio ficut numcri quadrati ad nurmicrü quadratü:erit ergo 
a.z omnes fibi cõicantes in longitudine fub pma fpecic lincaz medialiü.b. vcro 4 
o€e fibi coicantce in longitudine fub fcoa.c.att z oĉs eidé cõicantes vel cõmenfu/ 
rabiles fub tertía.d quoq; « oce fibi cõicantes in longitudine fub quarta: a: nu/ 
meri primi font infiniti vt cx.21.noni oidicifti: necefle e (pee lincaz medialib ce irn 
finitas. Qð añt € otctü oc linea mediali itellige oe binomio fuilgs. 5.comitib’:< re 
fiduo fuifqs .5.comitib^: nå ficut ois linea cõicans mediali é medialis fiue coicct 
ci in longitudine fiuc in potcntia ut probati ch in.21.ita etiam omnis linca com/ 
municans binomio aut alicui fuay quings comit vel ctia refiduo aut alicui fua 
quinq; comită in longitudine vel in potentia clt fees (ub cade fpecie vt probatum 
eſt in.co.⁊ quatuoꝛ ceam fequentibus 7.93.7 quatuorcam fequentibus. Sunt igit 
fpccice ba.135.lincaz irrónaliü infinite quaz nulla coucnict ci pccdentiin ordi/ 
ne vd oionc.£onucnit quoa oric aliter fpecice lincarum irronalíü cfTc in(initas 
nam omnc latus tctragonicü fuperficia oícte a numero nó quadrato cft irrónale 
p vitima pte.7.4 p oiffinitionc.cum itaq; tales numeri fint infiniti:erunt ctià fpe/ 
Cíca ba» líncaz irronaliü infinite. Tertio modo contingit (coam ptem bníns vlti/ 
me conclofionis libri oecimi fic erponi:yt oicamus ab vnaquaq; linca rónalí i po 
tentia tant infinitas lineay irrõnaliğ fpés produci quay nulia cum aliqua carus 
que ipfa precefferint:poflibile cff in oiftinitione z o2rdinc conuciire. Werbi gratia 
Sumatur aliqua fupfícice rónalis oícta q numero no quadrato ut quiqs:crítqs la. 
tus cius tctragonicb irronale in longirudinc:qrm ipfü e incomenfurabile lateris te 
tragonico fupctficici iónalíe oícte a numcro quadrato cx vltima pte.7. oíco crgo 
q» bui" latcrie latus.itemqs (coi lateris latus « rurfus buius tertij lateris latus c 
fic in infíntü:fnnt lincc irratíonalce tam ín longitudine q5 in potentia:c ~ nulla 
caram conucrit oitfinitione vel (pecic cum aliqua que ca paecelTerit in oxdinc.eftqs 
latue tetragonicum pꝛemiſſe fuperfícici quecumiqs dicta fucrit a numero non qua/ 
drato carum omnium ficut radix e paincipium « quelibct ipíaz cft principii oim 
ipfam fcquentius:  quccunqs ab alíquo tetragonico latcre cuiuíqs talis fuperficici 
pioficifcuntur oiucrfe funt in longitudine « potentia ab omnibus que a quoquam 
alio tetragonico latere talis fuperficici generantur c boc oíco cum ip(a fupficicz 
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non fuerit pportio ficut unmeroy quadratoy.bec ait et polumus firma demon 
(tratione colligere antecedens ad ipfa p:einittere opoitct.fítgs iftud. 

C AQuibuilibet ouobus inuicem ouctis it quid licet pzoducatur quota 
latera tetragonica Ouozmn precedentinn inuicem onces totum tetra 
gonicum lauts iplins producn produces. 

C Werbi gratia fit vt cx.a.in.b.fit.K.ad.c.z.d.fint laterg tetragonica. a.c. b.fíat 
autẽ.e.ex.c.in.d.ſintqʒ itex.ſ.⁊.g.latera tetragonica.c.⁊.d.⁊ fiat.h.ex.ſ in.g.di 
co ꝙ.h.eſt latus tctragonicũ.e.⁊ ꝙ.e.rurſus eſt latus tetragonicũ.k.cum enĩ ex.f. 
in ſe ⁊ in.g.fiant.c.⁊.h.crit.c.ad.h.ſicut.f.ad.g.ſed « fit.b.ad.d. ficut-f. ad.g.co 
op ex.g.in.f.zin fc fiunt.b.z.d. fint igit.c.b.d.continuc ppoxionales itag ex.b. 
in fc quanti cx.c.üs.d.auarc.b.cft latus tetragonici.c. cadé quogs rónc ci cx.c. i 
(c (it.a in. d.fit.e.« ex.d.in fc fit.b.crunt críiam.a.c.b.cotinue pportionales i p/ 
poiíóc.c.ad.d.ci igit cx.a.in.b.fit.R.fequit etíà vt cx.c. i (c fit. k.qre.c.cít latus 
tetragonicũ.k.conſtat itaqʒ qð dicit.rcſtat itaqʒ demonſtrare qð pꝛopoſitum eſt. 


it igit fupficies.a.rónalis oicta a numero uó quadrato.ut.5.firq5 línca.a ct te/ 


tragonici latus « fumant quotlibs ince ronalesi logitudic q fint.b.c.d.c. Sint g5 
oictc a numerie quoz quifqs pxccedes fit tctragonici latus pzoxiitio fcquentis: vc 
fi.b.fit c.C.4.d. 16. €. vcr0.256.ad bas aüt lincas ronales in longitudine adiunge 
tur fupficice cqualis.a.cruntqs fcoa latera fingula ronalia in longitudine per.tc 


et (com latug.b.2.« oímidiü: fecunda. c. 9nus ⁊ quarta:ſecundũ ecro.d. ena quat 


ta 4 v3.16. at vcro fuperficici.c.(ccundü latus erít €13.64.2 «13.25 6.fit crgo.f. 
tctragonicü latus.b: g.«cto fit tetragonici latus (coi lateris fuperficici.b. critqs p 
pꝛemiſſam ans ut ex.f.in.g.fit.a.rurfue (it.b.tetragoniann latus fecundi lateris 
c.k.quods fit tetragonics latus.b.eritgs per predicti ans vt cx.b.in.b.fit.a.z ex.f 
in.k.fit tctragonici latue.a.qo fit.Lftt ttcz.m.tetragonici [atus fccadi lateris fü/ 
perficici.d.fed cü.n.fit tetragonici latus.m.«.p.tetragonicum.n.critq5 per p:cdi 
ath antecedens vt ex.c.in.m.fiat.a.2 ex.b.in.n.l.«.cx.f.in. p. tetragoutcus latus 
L.gd fit.q.Amplins ait fit.r.cetragonici latus latcris fecundi fuperficici.c. (it quo 
q5.f.tetragonici. r.c. f. «.t.f. fit et.u.tetragonicü.t.fcquit que pcr victi antecedés 
vt cx.d.in.r.fíat.a.« cx.c.in.f.L. e cx.b.in.t.(it.q.« ctiam cx.f.in.u. retragonicü 
latue.q.q9 fit.x. c fic in infiniti: oico crgo bas lineas.a.1.q.x.quaz.a.cit tanqua 
radicale principium e(Te irrationales.a.quidcm ín longuudinc tantum zcctere vc/ 
ro in longitudine zin potentia z dico q nulla carom conuenit cÑ alia ín oiffiniti/ 
one vel oꝛdine.Cuʒ enĩ ex.f.in.g.⁊.k.fiant.a.⁊.l.erit.a.ad.l.ſicut.g.ad.k.⁊ qꝛ vt 
pʒ ex dictis potheſibꝰ.g.⁊.k.ſũt incõmenſurabiles in longitudine z in potentia. 
ſequitur etiã vt.a.⁊.l.ſmt incõmenſurabiles in longitudine ⁊ in potẽtia:eadem ra 
tionc.a.⁊.q.cſt enim.a.ad.q.ſicut.g.ad.p.⁊ pꝛopter candẽ cauſam ctiã.a.⁊. x.cũ 
ſint ſicut.g.⁊.u.⁊ hac via quoq; neceſſe eſt vt.l.⁊.q.ſint ſimpliciter mcõomenſurabi 
les tã ĩ lõogitudine quã in potẽtia.cum enĩ ex.f.in.k.⁊.p.ſiant.l.⁊.q.erit.l.ad.q. 
vt.k.ad.p:at.k.ad.p.nec commenſurabilcs ſint in longitudine nec in potentia. 
Si enim ſint crunt.h.⁊.n.commenſurabiles.ſed non ſũt:at vero.l.⁊.x.opoꝛtet cẽ 
vtroq; modo incommenſurabiles:eſt enun.l.ad.x.ſicut.k.ad.u.co ꝙ cx.f.iu. k.⁊ 
u.fiunt.l.⁊. x.ſunt autem. k.⁊. u. vtroq; modo incommenſurabiles.Sinautẽ acci/ 
det.d.z.b.effe commenfurabiles quod cft inconucnicis: q.ero ⁊.x.ꝙ ſint quoqʒ 
incormmenturabiles potentia zlongitudine ex.co patct cp €.q.ad. x. ficat.p. ad.u. 
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conſtat autẽ ꝙ.p.⁊.u.ſunt incõmenſurabiles.nam ſi nõ eruni.n.⁊.c.cõmenſura 
biles.ideoqʒ.m.⁊.s.ſcd non ſunt. TVanifſcſtum eſt itaq; infinitas lincas irrati 
tionales in longitudine cin potentia incommenfurabiles z ideo oiffiniti2c ⁊ ſpe 
cic oifferétes produci cx linca.a.rénalt in porentia tantü. Keftat aüt nunccftendc 
req) quectigs itronales lince ab aliqua lica rónalí in potentía tautü bac vía gc/ 
ncrantur:oinerfc funt ab omnibus tam in longitudine q5 in potentia quea quali 
libet alig linca rónali in potentia tii quadratü cuíns ad quadratus pzious n0 fit 
ficut numeri quadrati ad numeri quadratum bac cadem via egrediunt:boc quo/ 
q5 fic conftat. Surt.a.z.b.rdnates in potentia tm fiue tetragonica [atcra ouarus 
(upcrficicrum otctarum a numcrís non quadratis.fitqs ut illi numcri no finti ;p/ 
poiíonc aliquozum numcrouim quadratoous: lince quoq que procedunt- bac via 
ab.a.ſint.c.d.e.⁊ a.b.pꝛocedant.f.g.h.dico ꝙ nulla ex lincis.c.d.e.commnnicat 
in longitudine vel potentia cum aliqua ex lineis.f.g.h.cum enim ſint.c.⁊.f.tetra 
gonica latera.a.⁊.b.at.d.⁊.g.tetragonica latera.c.⁊.f.⁊.e.⁊.h.tetragonica.d ⁊ 
g. nõ eſt poſſibile vt aliqua cx.c.d.c.cõicet cum ſua copari ex.f.g.h.vl longitudi / 
ne vcl potẽtia.Si cnim altcrutro modo cOmunicet.c.cum.b.fequitur ut.d.comu/ 
nicet cum.g. ⁊.c.cum.f.quare ⁊.a.cum.b.ctiam in longitudine quod c(t cotra ypo 
tbefün.Z3niucrfaliter autem crum clt dicere queliber bari cfTc errogs modo in/ 
ceiimenfurabilein. cuilibet iftarij. Dato nang; ~.d.comimunicet com. b. ctiam i 
porentia rantum.fcquitur ut.c.quoqs coicet cum.g.c.a.cuim.f.quod nó e poflibi/ 
le. Attendere autem opoꝛtet ꝙ cum dico latus lateris nibil aliud intelligo 95 latus 
lupcrficici oenominatc-a latere pziozi. ende rctragonicum latus líncc.a. voco lí/ 
iram ülam que poteft ii fugerficíam oictam a línca.a.talis auiem f{uperfices eft 
quà continet linca.a.«linca. rónalis in Jongitudinc oícta ab €no.Si crgo libet iuc 
inire tetragonicum fatus cuiufübet limcé.fit linca. a. cuius tctragonico latꝰ «olo in/ 
nenire.b. vero fit linca rõônalis in longitudine victa ab vnitate ipfa cft minima 
omnium linearum rónalium numcratarum ab intcgrie medio loco pzopo:ttona / 
lt» intcr cag.fit.c.cft igitar p.16. fcxti.c.retragonicum latus.a. idem cnim fit cy.a. 
ut. b.« cy.c.it fc. slt ecro cx.a.in.b.fit (upficics oícta ab.a.Ouicquíd enim a quo 
libet in vnum oucto produatur ab co qo vium multiplicat ociominatur . £t n7 
1a €p cuim. c.fucrit latus teteragonicum lincc.a.tidifferenter continait lincam.c. 
cfTc maioseatlurea. 3. z mínoxcm paout.b.ctiam fucrit maior gut minor. — £xplí/ 
cit hber Decimus:incipit liber Indecunus. 

ꝛpus eſt qð longitudinem < latitudinem < 
altitudine baber cui? termini {unt fupficies 
Dinca crecta tup2a {apficié € que cà fingulis 
fibi oterminalibuslincis in ea inpficie erpa 
fis angulos rectos facit.linea atit bec fupza 
cá füperficié perpendicularis cfle 4 ad eade 
oztbogonaliter uififtere dicitur. 
¶ Intelligat eni linca.a.b.ccurgere fup2a planit: ita 
ꝙ pũctus.a.imaginet᷑ i acre c.b.in plano ca picto 
b.oucant plurcs líucc in codem plano ut.b.c. b.d.« 
quotlibs alic.Gi igit ita fucrit qp linca .3.b.cü linca 
b.¢.¢ cB linca.b.d.< cå qualiber alia linca prracta a puncto.b.1 plavoillo enguli 
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rẽctũ cõtincat ipſa dicetur eſſe perpendicularis ad illã ſuperficiẽ in qua ꝓtracte ſũt 
bedinec vidclicct.b.c.c.b.d.« alic c quibue ipfa ponit᷑ contincre angulũ rectuʒ. 
C Superficies auté erecta fup fupficié eft quotíés puncto vno codem 
lince que eft comnníe termínue illaz füpficiez oue perpendiculares 
córermmales füpftant que recti cóninentee angulü. ut eifde fupficie: 
bue fite funt. 23erbi grà imagifiamar füpficié.a.b.c.d.cyurgcre fupficic vero. 
d.c.f . iacere: 2 intelligamus lineam .c. d.cffe communem terminum ambaruni 
ín ca itags fígnef puncius.g.3 quo ad linea.c.d .extrabant ouc lince perpendicu/ 
larce «n9 vids i fnperficic.c.d.c.f .que fit.g.k:« alia i fupiicie.a.b.c.d.que fit.g.b 
fi igitur angulus qué continent bec oue lince perpendiculares videlicct.g.b.«.6.k. 
erit rectus ſuꝑficies.a.b.c.d.dicilur oꝛbogonaliter erecta ſuper ſuꝑficic.c.d.c.f. 
¶ Superficies equidiſtãtes ſunt que in vtralibʒ partem pꝛotracte nó 
concurrent et ſi in infinitum pꝛoducantur. ¶ Intcllectum cſt quod dicit. 
€xiírc tame ocbee g omncs planc fupfidce aut funt cquidiftantes ab inuicem aut 
ín omne parte ,ptracte cocurrent alicubi fuper recta linca fc fecabunt lincas aute 
rectae nó € neceflariü vl ce equidiftantee vd in vtrag ptes piotractas concurrere 
Quippe que in cade fupficie nod funt nec equidiftant ab inuice nec th quantülibct 
piorractccócurrent, — G f£quaco:poa fünt atq; fimilia quoz termina 
Ice füperficies numero ac quantitate equales etus creationis lint at 
93 fimiles fimilia cozpo2a lunt que fimilibus fuperficicbus numcro 
equalibns continentur. ESi has duas diffinitiones dc coꝛpoꝛibus cqua / 
libus 2 fimilib? nd intdligis ad oiffinitione fimiliuin fuperficicy polita in princ/ 
pio ferti recurre. CC o2pus feratile oicitur qd quigs tuperficiebus qua, 
rum tres parglellograme lunt due vero triangule continentur. 

G Domni quatuo: parietcs cquidiftantcee babenti tecui «nico fattigio fupiemis 
onarum parictumlareribus cquali z equidiftanti fuppofitum feratlis corporis 
expꝛeſſam firnilisudinem gerit. CSpera eft rranfitus arcus circhferenti¢e 
dimidij circuli quotiens fumpto vel fuppzcmo femicirculo lineag; oi 
ametri fixa'oonec ad locum inum redeat arcus iple circumdncitur . 
Super qualibcr linca feinicirculo oefcripro fi linca illa fixa fanicizculus rota rc 
uolutionc círcüducatur co»pus quod ocfcribitur (pcra nominat cuius ceutrü con/ 
ftat cffc centrum femicirculi cigcüducri. € 7fbiramie laterata eft figura co2/ 
poca quá cótínent füperficíes ab vua quay relique funt ad eno op/ 
pofitum puncti furfum erecte. G 3n omni laterata piramide concre (upfici / 
ce ipfam ambicntce ab ipfius bafi ad enum punctü fublcuatur qui coíius pirami/ 
dis oicitur furita3 omncs bee lateraica fupficica triangule:bafis vcro frequeicr ro 
eft triangula. CIDiramis rotunda ch figura folida:cftas trantitus trt 
angulí rectanguli alterutro fno2um laterum rectum angulum contine 
tíum fíyo c oonec vfqs ad locum ynde moueri cepit redeat triangulo 
ipfo circuducto.Si autem latus firum lateri circuducto fuerít equale 
crit figura rectangula. Si vero longins acutiangula.S1 vero bran? 
obmtiangula erit. ZÀxie aüt ipfi? figure ẽ latus fixũ. Gaſiſq; ina car’ 
culus Dicitur autem figura bec piramís columne rorunde. 

U Sit trigonus.a.b.c.rcctü angulii babena qui fit.b.figaturg; altcz: ouoy Later 
ambictits recti angulü.b.fitqs latue : o figit.9.b.quo fixo circaducat tvigon?quo/ 
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ufq ad loci Sudemoueri cepit redcat:cozporea ergo figura que buius trigoni mo 
tu ocfcribirur rotunda piramis appcllat:cut” tres fit ofc. Alia cni elt rectangula 
alia acutiangula Zertia obtuftangula £t prima quidc e qfi latus.a.b.latcri.b.c.fu 
crit equale. £fto eni ut linca.b.c.ci rotatu trigoni puenerit ad fiti lince.b.d.ita ꝙ 
puncc?.c.cadat fup pücrü.d.fiatqs linca erna.boc € vt ipfa tunc 2iungat fini a quo 
moucri cepit com rectíruduie:critq linea bic qfi.b.c.d.« q? ex. 32.pmi «. 5. cíntde 
aigulus .c.3.b.€ medietas recti erit angulus. c.a.d.rectus.idcogs piramís bec oi/ 
citur rcctangula. Oi aute latus.a.b.fit longius laterc.b.c.crit acuttanguli:crit enti 
tunc cx. 32.piimi c. 19.ciufde angulus.c.a.b.mino: medictate recti. ideogs totus 
angulus.c.a.d.e mio? recto « acatue?quarc piramia acutiangula. 20 fi latus.a.b 
fuerit brevius laterc.b.c.erít angulus.c.a.d.maio2 mizdicrari recti ex. 32. pun ct 
19.ctufdé « totus.c.a.d.qui € ouplus ad ipfü.c.a.b. maio recto ⁊ obtufus. igitur 
« piramis cóucnienter tüc oicit obtufiangula. axis autc butus piramidis dicit li/ 
nca.a.b. bafía vcro cius circulus quc ocferibit linca. c.b.fuper ccntz.b.otat quo/ 
q5 bec piramis columne rotunde illi? videlicct quà motu fuo ocfaberct palcdogra/ 
mum ꝓueniens ex.a.b.⁊.b.c.latere.a.b.mancente fixo. 

¶ Figura coꝛpoꝛea rotunda cuius baſes ſunt circuli duo plani extre/ 
mitatibus ⁊ craſſitudine ideſt altitudine equales eſt tranſitus paralel / 
logrami rectanguli latere rectũ anguſum continente fixo ipiaqʒ luꝑ/ 
ficics donec ad locũ luũ redeat circunducta diciturq; hec tigura co/ 
lumna rotũda.Columne itaqʒ rotunde atq; ſpere circuliqʒ vnũ atqʒ 
idẽ eſt centrũ. ESu ꝑalcllogramũ rectanguiũ.a.b.c.d.figurat᷑q; latus.a.b.⁊ 
co ſixo totũ ꝑalellogramũ quouſq; ad locũ ſuũ cada: vel redeat circũducat: coꝛpo / 
rea ergo figura huius palcilogrami motu deſcripta rotunda columna nominatur 
cuius baſes ſunt duo circuli ccntrum eſt punctus.b.alier vero cſt quem motu ſuo 
deſignat linca.d.a.⁊ cius centrum eſt punctus.a. Axis autem.buius columne 
dicuur linceã.a.b.que manet fixa in motu ꝑalellogrami.Qð ſi unaginati iuerimus 
paralellogram m.a.b .c.d.cum perucnerit rotatu ſuo ad ſilum.a.b.e.f.coniun / 
gi fuui a quo moucrí cepit fecundum contínuitatam (uperfiici plane: t faltcct 
totü (it vni catcllogrami.d.c.c.f.« protraximus ín co otamctra. d.c. crit quogs 
oiamcter .d. e.diamicter colune. 29 aute oiat column « fpcre « arculi idem cíic 
centreü:intelliai o5 cii boz vna € cadéq; oiamctcr. Z3crbí 673 oixmus cni g. d.c.c 
oiamctcr iftius colünc Opera igit ata; circulii quo otaincter eft linca. d.e, neccl/ 
fe eft ide centz babere ca centro ppolite colune.Sit cni st linca. d.c.fecet lincaui 
a.b.in puncto.g.critqs .9.ccntz columne zoiuidít cni axcin colünc p equalía z oa 
merg colne p cqualta qo p5 p.25.pauut nam angul: qui funt.a.d.g. funt equales 
€x. 15.piimi « anguli qui fuit ad. a. c. b. rectí cx yporbeft:línca quogs.a.d.c equa / 
lie lincc.b.c.itaqs.d.g.cít cqualis.c.6.«.3.9.caualis.g.b.cungs anguli.c.z. f.fint 
recti ſi ſuper punctũ.g.ſcðm ſpaciũ.d.g.ac ſuper linea.d.e.circulus deſcribat trà/ 
ſibit cx cõucrſa pꝛime ptis.zo.tertij per puncta.c.⁊.f.itaqʒ punctum.g. eſt centrũ 
circuli cuius diameter cſt diameter columne.idcoq; < fpcre:quare manifeſtum cſt 
omni paralcllogramo rectangulo circulum omniq; columne rotundc ſperam cllc 
circüfcriptibiles.Oicqs patet q voluit iſtud theoꝛcuma. 

¶ Angulus coꝛpoꝛeus ſiue lolidus eſt quem continent anguli plani 
plures qᷓʒ duo qui in vna ſuperficie ſiti ad vuum punctum angularem 
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conueniunt. GC Dno anguli plani angulum folidum perficere nequennt fient nec 
onc recte lince nequeunt fnperficicem daudere.zingulos quoq; planos folidi an/ 
gulum continentes in eade fuperficic no conuemt clTe fitos fed in oiucrfis quéad/ 
modi ouas rectas lincae planü perficientee angulum non conuenit ftbi inuicem 
(ecadit fits rectitudinis applican. Similes tune figure cozpozee rotide 
fuic ficcoltine five cart piramides quax ares diametris fuarú balin 
(unt pꝛopoꝛtionales. j»:opofitis enim ouabus piramidibus rotundis aut 
ouabus columita rotundis ft fucrit propo:tio axis vimus ca» ad oiamctrum fue 
b bafis ficut axis alterius ad oiamctrum fuc bafis ille oue columne gut piramidcs 
fimiles adinuicem eile oicuntnr. Pꝛopoſitio .ı. 
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3ínce recte partem efTeín plano 4 partem wi fublini € im 
poflibilc. 
G oit [uica.a.b..recta.oíco gp non cft poffibileut pare cius (it ín 
plano « pare furfum clcuata.fi cni cft poffibile fit pars ci^que cft.a 
4l c.f ita.in plano pars cius quc e.c.b. in fublüni pofita « pzotrabat 
directe.a.c.in plano in quo ipfa fita cft «fq5 ad.d.critas «t ent cidemqs lincc que 
eft linca.a.c.ouclince penit? ciucríe quc für luec.c.b.4.c.d.cx cade partc oirecte 
adijciant q9 cft ipollibilczcy. 15. paimi. Pꝛopoſitio .2. 
[ij Suce linec onc quarum altera alteram tecat in yna fup 
aa fite tünt omnelqs triangulus in vna fupticie totus con 
ut. 
e Loin ouc línce recte.a.b. e.c. d. (c inuicem fecantee in puncto.c.oí 
«$| co cas cfc in iuperficic «na z omne trianguli vico cllc in fuperficic 
ria totü.fignetur eni punctus.f.in linca.c.d.z ponctü.g.in línca.a.b.z cucat lí/ 
nea. f.g. Quia igitur impolTibile cft ptcs trianguli.c.f.g.cllc in plano « prem i fub 
limi quin ctiam fuarum terminaliv lineaz vnius aut plurium pars fimnliter fit ín 
§ f plano.« pare fíinditer in fubl:mi cum oe lincis boc fit impoflibile pct pzcmiflain 
erit quoq; impoffibilc oc triangulo.itag; totus triangulug.c.f.g. cft in (uperficic 
vna. £x bac ígitur {ccd parte z pzemilla coftat prima ps buius fccunde propo/ 
»  fitioris. Poꝛopoſitio .35. 
ff nium onarum faperficíez feínmcefecanti) comunis 
|| fectio cft línea recta. 
4 | Adc planis füperficicbus intellige c €crmm crit qd dicitur. Sint ita 
NOU A qioucfupcrficice planc.a.b.c.c.d.fc inniceim fecantes dico qp carus 
LA aA communis fcctio crít linca recta. £fto cni ouo pücra.c. 7. f. termini có/ 
munis fcctionis ca quc cotítiuent per lirica recta quc fit.e.f.fi igitur linea. e. f. cft 
ín vtraqʒ duaꝝ ſuꝑficicꝑ.a.b.⁊.c.d.ↄſtat ꝓpoſitũ:at ecro fi ia neutra aut fi nó íi 
altera'cà ambo puucta.c.c. f. fint n vtraqs fupficiez.a.b.c.c.d .in ca fupcrficic in 
qua ipfa nó fnerit p:otrabat lica recta quc fit.c.b.f. erit igif ouc recte lince.cf.<. 
c.b.f.bfites ouos terminos cões qo e ipoflibile.fic eni ouc recre lince includeret fu 
RI pficié qo € 2 petitione vltima pᷣmi lbꝛi. Pꝛopoſitio .4. 
3j fücrítlinea o:tbogonalíter ab inicifione ouarum linea 
IR rum erecta interfecantíum fe: ipla ad earundem fuperficié 
3 perpendicularis erit. 
a oit linca.a.b. o:bogonaliter erecta fupcr infciftoné oua lincarü 
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€.d.«.c.f.fecátiü fc iv pmmcto.b.ec quibus oftat p antepremiffă o ipfe font fite in 
ena fuperiicic oico g linca.a.b.ppendicularis cad ipfax (upficie. Sint cni.c.b .z 
b.d.cqua!cs at vcro.f.b.z.b.c.equales  ,ptrabant lince.e.d. v.c. f.que erät equa 
lca per.4.primt z ccnidiftantes p.27.ciufde. Signato itaq3 puncto aliquo il.nca 
c.d.quí fit.g.oucat linca.g.b.b.crita3 cx. 26.priimi .¢.g. cqualte.f.b. igit a puncto 
a.c quouis puncto lincc.3.b.ocmittant yporbemifalirer lilice.a.c.ad.a €.a.f.a. 
6.8.b.crita €x. 4.piimí.a. c.equalis.a.d  z.a.c.edlís.a. f. 3t€ p..clufdc calis crit 
agulus.a.c.d.cqlis agulo.a.f.c.ergo pcr. 4. ipfi? enit.a.9.cális.a.b. c idcogs p.3. 
ciufdem crit angulus.a.b.g.cqualis angulo.a.b.b .quarc ex viftinitionc vicrq3 é 
rectus 4 linca.a.b.ppendicularis ad lincd.g.b.Similt quog; m6 pbabis cade eile 
ppendiculare ad oes lincas ptractas a puncto.b.in fupficic duax lincaꝝ.c.d.⁊.e. 
f.igif ex dione conftat lines.a.b.cc ppendiculare ad fupticic i qua frt (üt oue lice 
c.d.z.c.f.fcinuicefecdtes qde ppofd. — Pꝛopoſitio .. 
Seren! 3) fuper tres lineas cotcrminales coi eax termino erecta 
linea queda oztbogonaliter infiftat cede tres lince i wna 
(] (uperficie tite erunt. Sitlinca.a.b orthogonaliter crecta fuper 
MI cóem termini trí lincay.b.¢c.b.d.b.e.angulariter fe cõtingentiũ in 
puncto.b.quay nulla ait) oirecte applicctur qd idem ẽ ac ſeinuicem 
fccenc in puncto.b. protracte cni fc fecabunt oíco q tres lince.b.c.b.d.b.¢.funt it 
«n3 fupcrficic fitc. £ onftat aute oc quibufqs caz ouab? g» ipfc funt in vna fuper/ 
ficic fitc pcr fcóam bui" cl p prima pte. 2. bur? fi igit linca. b.d.nó fuerit in fup/ 
ficic oua x linca. b.c.« b.c.fed ille ouoi planozboc auté in fublimi:crit «t bec fu 
ocr ficics in qua fite funt ouc lince.a.b.z.b.d.fi protrabatur zp illud qd noru eft 
fup quarta fecer ills in qua fite funt.b.c.<.b.c.critas per .3.buius cois cay fectio 
linea recta z ipfa fit.b.f.q? igttur ex pzcmilia linca.a.b.€ ppendicularis ad (uperfi 
ci¢ ouay lincay.b.c.z.b.c.fequit ex oiffinitione vt ipfa fir perpédicular.s ad lineã 
b.f.quare augulus.a.b.f.cft rectus cunas ctía angulus...d.fit rectus cx ypotbc 
ſi.ſequitur ipolTibile videlicct pre fuo toti cc cquale. 
WP20politio .6. 
nul 5f fnerint duc linee mper ynd fupficié ppendiculares cas 
— eqdiftates cé necelle eft. ¶ Sint duc lince.a.b.⁊.c.d.ꝑpendicu 
Lx? Sui |larcs ad ond fupcrficic dico cas cfle cquidiftantes:p:otrabat mim li 
RE dMiea.b.d.cruntqs cx dione ouo anguli.a.b.d.z.c.d.b.recti.fiigit ouc 


Ait] Lince.a.b. z.c.d.fint ín fuperficie «na ipfc (unt cquidiftantes p fcca; 
parté.28.prini:ipfas antcm cfe in fuperficie ona fic collige:a puncto.b. fupcr li 
neam.b.d.in plano cui perpendiculariter infiftunt.a.b.¢.c.d. ptrabe otbogona 
liter lincam.b.f.« ex linca.c.d.fumce.d.c.cqualenm.b.f.« p:otrabe lincas.c.b.z.c. 
f.crunt ígit ouo latera.c.d.«.d.b.tríanguli.c.d.b.equalia ouob? lateribus. f.b.« 
d.b.tríanguli.f.d.b.« angulus.e.d.b.equalis angulo.f.d.b.cii €terqs fit rect?. ita 
Q5 per quarta p»umí linca. b.c.e equalía lince.d.f.itegs «i ouo latcra.c.b.«.b. f.trí 
anguli.c.b.f.ftmt cqualia ouobus latcribus.f.d.4.d.c.trianguli.f.d.c.4 bafis.c.f. 
(6is crit p.6.primi angulus.c.b.f.equalis angulo.f.d.e. ci vteras fi rect? :q igit 
angul?.f.d.c.é rect? a dione erit etia angul^.e. b. f.rect?:iraqs linea. f.b. ppedicula 
riter € erecta fup cóem termini trii líncaz.b.a.b.d.b.c.fe otingetii angulariter i 
puncto.b.gre p pmiffa ipfe (at i fupficie €na:ci igit ex pma parre b^fcoe linca. c.d 











n 








—————— c——Ao — oa ⏑⏑— 


-- 


— 
m 


a —— 


c 


LIBER 


fit in caden fuperficie. cum vtraqʒ lincarum.e.b.⁊.b.d.ſequitur.a.b.⁊.c.d.eſſe ĩ 
fupcerficic vna: £onftat ergo propofirur. 
Pꝛopoſitio .. 
in duabus lincis cequidiſtantibus duobꝰpunctis ſigna/ 
Zo tis ab altero ad alteri recta linca oncaf:in qua fuperticie 
cA iile duce linee fite tnnt eam quoqs ín candem fitam e€ ne/ 
ceſſario compꝛobatur. 
( ont oue lincc. a.b .«. c.d. cquidiftantes oe quibus conftat 
per diffinitionem qp ipfe (unt ín fuperficic $na:tn cie anrem fignentur ouo puncta 
€. 2. É.« pioducatur [inca recta.c. f.oico itags lincam.c .f.ellefiram in ſuperſicie li 
ncarum.3.b.«.c.d. oin autem fit.c.f.w alia fuperticic ve in tublimi ocpendens q 
fuperficies fi protrabatur fecabit necciiano fuperficic in qua fite funt ouc lunce.a. 
b.c.c.d.critqs per.3.buius comunis fcctio caram linea recea cifdem punctis tcr/ 
minata quod cft impoffibilc.fic erii oue recte lince coduderent füperficieim. 
Paꝛopoſitio -s. 
Y ín idem plani oue rectelinee equidiftanter erigantay 
altera vero earum oztbogonaliter fiftat reliquani quoq; 
adidem planum perpendicilarem efle conuenict. 
G bec c(t quafi conucrfa fexre. int enim oue linec,a.b.c.c.d.caui/ 
3| diftantce ct fit carum altera vt.c.d. erecta perpendiculanter fupcr 
fuperficié quálibct:oico rcliqua carum quce eit.a.b.elle perpendicularem ad cande 
fuperficiem. Siat enim p:o:fus cadem oifpofuio quc ui fcxtazerítas nt ibi vtcrag 
onoz anguloz.f.d.b.«. f.b.c.rectus: p2imus quidem per politioncin.fecidus au 
té per .S.primi:quarc p.4.bui linea.f.b.¢ ppendiculariter erecta fuper fupficicni i 
qua funt due lince.b.d.⁊.b.c.cũq; per pꝛemiſſa duc ince.a.b.⁊.c.d.ſint in eadem 
ſuperficie cum duabus lineis.b.d.⁊.b.e.ſcquitur linea.ſ.b.cſſe ppedicu arier cre 
ctã ſupra ſuperſiciẽ in qua eſt linca.b.a.a diffinitione igitur crit angulus.f.b.a. rc 
ctus ⁊ qꝛ ctiam angulus.d.b.a.eſt rectus per vltima partẽ.ꝛ9 pꝛuni:ſcquitur per 
quartam huius lincam.a.b.eſſe perpendicularem ad ſuperficiem in qua ſitc ſunt 
duc lince.b.d.⁊.b.f.quarc conſtat pꝛopoſitum. 









i Pꝛopoſitio o. 

zn 3 ouclínce yni nonin vna tüperficíe cqnídiftát cas quo/ 
(9 g5 fibi innicem equidiftare necelfle cit. 
> — ¶ Sit vtraqʒ duarum lincarum.a.b.⁊.c.d.cquidiſtãs linec.e.f.nec 

M ſint omnes in ſuperſicie vna:dico ꝙ cedem quoq; ſibi inuicem ſunt 
cquidiſtantes:dc bis quide que ſunt omnes in ſuꝑſicie vna pꝛobatũ 
cſt per. 30. pꝛimi:at vero dc bis que in vna ſuꝑficie non ſunt vt ctt bic.c.f. que in/ 
telligatur furfő crecta i fublimi. reftat boc loco proband .fignctur itaq; ín ca pii 
ctus.g.8 quo educantur ouc perpedicularee ad ouas lincas .a.b.«.c.d.que fínt.g 
b... K.eritq5 per.4.buige linca.c.f. perpendicularis ad foperiiae «idclicet illam 
in qua funt fite ouc línce.g. b. c.g. k. ita95 per premifia bis aflumptà vtraq; ilaz 
oua linca».a.b.«.c.d. ppendicularís c ad cande fupficie videlicet ad iil3 in cua 
fite funt dicte ouc lincc.g. b.c.g.R.p (cxtà bm? igitur ipfc funt (ibi inuice cquidi / 
ftantes qd eft propofitn. 
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| Pꝛopoſitio o. 
z) Y one línee fe angulariter contingentes ouabusalíjs fe 
1| córingentibus eíe oppotitie equidiffantes fucrint :nó aüt 
Alin ſuperſicie yna qut aw eis fiunt ouo anguli eque fbi inni 
klicem eile compzobantur. 

SAMC Sint ouc linec.a:b.2..¢.(e angulariter contingentcs in puncto.a 
cquidiftantes alijs ouabue que funt.d.c.2.d.f.fe quoqs angulariter contíngenti/ 
bus in puncto.d.nec fint cum eis ĩ ſuperficie vna:dico angulũ.a.eſſe equalẽ angu / 
lo.d.Eſto enĩ linca.d.e.equalis linee.a.b.cui ipſa poſita eſt eſſe cquidiftans. z.d. 
f.cqualis.a.c.cui etiã ipſa equidiſtare ponit᷑ ⁊ ducant᷑ linec.d.a.⁊.e.b.e.f.c.eritqʒ 
cx.ʒ ʒ.pꝛimi dis aſſumpta vtraq; duaꝝ lincaꝝ.b.e.⁊.e.ſ.cqualis ⁊ equidiſtans li / 
nee.a.d.per conceptionẽ igitur ⁊ pꝛemiſſam eedẽ ſunt cquales 4 cauidiftantes fi/ 
bi inuicem.⁊ itaq; per.ʒ 3.pꝛimi denuo repetita due lince.b.c.⁊.e.f.ſunt eiiã equa 
ks ⁊ equidiſtãtes:igit per.s.pꝛimi cõſtat ꝓpoſitãêẽ. Pꝛopolitio .i. 

Ancco in aere aſſignato ab eo ad datam luperficiem per / 
pendicularem ducere 
AC Sit punctus.a furum in gere a quo volumus ad fuperficié fubi3/ 
centem perpeidicularem oucere:oucat igitur in plano ilo:linea.b.c 
: vtaiqs cotigerit ad quà ab ipfo puncto.a.oucat perpéádicularie.a.d 
(com ooctrina. 12. pzümí ruriufqs a puucto.d.ín plano illo ad gö ouccnda eft per/ 
pendicularís a puncto.a.cxrrabar linea.d.c.quc fit perpendicularis ad líncá .b.c 
«t oocet. 1i. primi. zld banc quoq; linea. d.c.oucat alia linca. perpedicularia a pun 
«0.83.quc fit.a.f.banc oico elTc cà quà intédim?. Git cni linca. f..cquidiftis linee 
b.c. qi vterq; ouoz angulo.b.d.a.«.b.d.f.cft rectus: erit cx quarta bur? lica 
b.d.perpendicularis ad fupfiae in qua eft rriangulns.a.d.f.idcogj ctià p.9. bui? 
crit linca.g.f.ppendicularis ad cande fuperticie :igit a oíffinitionc crit angulus.g 
f.a.rcctue:cüqs críd angulus.d.f.a.fit rectus:fequit ex quar.a buius liuca.a.f.elle 
ppendicularé ad füperficiem in qua funt oue lince.d.f.2.f.g.qd eft propolitum 
T Tf»:opofitio .:2. — 
1] Aperiicte ppofita puncrog; in ea allignato ab eo puucto 
Aaddatam ſuꝑſiciẽ linea oꝛthogonaliter erigere. ¶ Cũ a pun 
cto quolibet in ſuperficie ꝓpoſita aſſignato ꝑpendicularem educere 
dilibucrit s quolibet puncto furfum in acre ad libitum pofito ad cande 
2| (upficic ppédictare qucadimoo pmiffa ocarit oemitrere que tí i atfi/ 
gnati puncti ceciderit ipfa é quå queris -Sin añt ab ipfa affignato pücto ad oc / 
iniifà perpendicalare equidiftantan oucito:¢3 q3 per.s.buius probabis ce quam 
eT QuTIS. Pꝛopoſitio .13. 
Aas lincas ſuper pũctũ vnũ ad ſuꝑficiẽ vnã oꝛthogonali 
ter ilterc c ipoflibilee.Goi eni poliibile € vt oue lince vni eide 
qs fupficiei fup puncti eni ppendicularitcr infiftát fupficice i q ipte 
x23 5! ppeidiculares fite füt itclligat pduci quoutqs fecet fuzficie cui dicte 
linee ppendiculariter ififtüt crítqs pcr. 5 bui" comunis cay fccrío linca recta: qz 

















gulum rectü fequitur ut angulus rect? fit ps anguli recti qo cft impollibile. Qucad 
modi aütoemnonftratü eít impoffibile cllc ab pno codem puncto extra fupficicin 
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duas lineas fuper punctum num ad candem fupcrficicm effe perpendiculares 
ita criam ocmonftrabiinus impollibilc cile ouas lincas ab eno codema; pun: 
cto extra fuperficicin fignato ad candeé fuperficiem protractas ad ipfs elle perpen 
diculares. St enim boc fucrit ipfe erunt equidiftantes cx.6.buius gd eft impollibi 
le ex oiffinitionc lincay cquiditantium. £onftat igitur cx bac gy fi aliqua fupcrfi/ 
cica plana ali3 plana fupcrfíciem oxtoogornaliter fccet e ab aliquo puncto fccantis 
f.ipcrfidiei ad (upcríicicm fcctam perpendicularis oucaturzin comuni ca fcctione 
eam cadere ncecile eft. zllioquin ab codem puncto fecantis fuperficict ad comune 
carum fectioncm perpendicularis p:otrabatur ut oocet. 12. p2imi 4 a puncto i quo 
iicidit cü comuni (cctione alia perpendicularis ad cande comuné (cctione in fupcr 
ficic íccta educatur ut oocct. ir. pzimi:critqs cx diffinitionc ſuperf.cici ſuper aliam 
(upcrficiem o:tbosonalucr crece angulus que cótínent bec duce liuce perpendicu/ 
lares rectus:quare per quarts butus pama ba» ouarumperpendicularium cttarm 
cft perpendicularis cria ad fuperfice fect3.cergo ab eno puncto protracte tune ove 
linec perpendicularce ad candc (upcriicicm quod cit iinpollibilesrelinquitur iraq; 
propofitum noftrum. TP2opolttio .14. 

Y linca vna füper ouas tüperficiee aflignatas o2tbogo; 
naliter infiftatzilie oue fuperficies ft ena in infiniti i cu, 
, cünqs partem p:otrabantur nanqua.concurret. 

G [oia cni linea. vua cuabus (upcrcicb? oxtbozonalter intiftcic 
(i poffibilec fuptiaes las cOcurrere in cazz cor fectionc que per.3.ba 
ius crit liurea recta: punctulgs quocung; mode fignet a quo duc lince untilis Ona, 
bus fupficied’ ad lines ila que tpfis ppendiculartter fupftanptrabai: eritg3 con 
ftitutus triangulus cy bis ouab’ lincis z perpédiculari but? i395 trianguli vrcrqs 
ouo1i angulo: qui fuperpendiculare cofiftüt c reci? €t ps cx oione lüice fupza fup 
ficie ppendiculariter ftantis boc aŭt € ipollibile per. 32.psuni. | 
G/£conuerfo quoqs videlicet fi tuper ouae tuperficies equídiftatce 
linea recta ceciderit que adalteram earum perpendicularis iit ipta 
quoqs perpendicularis erít adreliquum. —  pofitis cnim ouabu: fuper 
ficicbus cquidiftannbus intelligatur luica recta ambas penctrane que alteri cară 
ppendicularitcr fuperftat:oico q cadem linca relique füperfiaci ppendicelaruer 
fuperftat. Sit enim fuperficics ona fecans pofitas fuperficies equidiftantcs fuper 
lincam cas penetrate critg3 cois ſcctio huius ſupſicici ſccalis ⁊ alteriꝰ ſcctarũ vide 
licet illiꝰ cui lnca penctrãs ponit ꝑpendiculariter inſiſtere cotines angulũ rectum 
cũ ipſa linca penctrãte ex dione linec ꝑpediciaris ad ſupficic:ſi igit alia cõis ſcciio 
ipſiꝰ ſuꝑſicici ſccãtis ⁊ rcliqq duarũ ſcctarũ cũ eadc linca penctrate nõ ↄtincat an/ 
gulũ rectũ crit cx vltima petirionc pini €t ille due cõcs ſccuoes ĩ alierutrã pic p10/ 
tracte necellario ocurrat quate < fupficies que pofite {it cquidiftantes necetlanio 
ↄcurrct.⁊ qꝛ hoc ẽ ĩpoſſibiſe erit lle angul rect codégs modo crit oc qualibs alia fu 
pficic egide fupficies eqdiftates fecate iup canác tíinca: tgic cx árta b? « cx ifta. t4. 
SRI conitat verü. cc qo oixim?. — 45 20polttio — ış 

saad Y fucrint oucluice fc continentes angolariter equidiftan 
: tes alijs Ouabus ie contingentibus uon autem in fuperfi- 
&l|cie via ab eifdem lineis contente cue fuperficies in nulla 
32i] parte quantücungs p2oducantur poflunt concurrerc. 
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CSint ouclinec.g.b.¢.a.¢.fe angularitcr contingentes in puncto.a. cquidiftan 
tco ouabus lincís.d.c c.d.f.fc angulariter contingentibus in puncto.d. « nó fint 
in ſuperficie vna:dico caꝝ (uperficice i quácügs prc 4 quátíicüqs porrabant nun 
q5 concurrere: protrabatur « cni a puncto.d.,put oocct.s.buius perpendicularis 
ad fuperficie ouay lineaz.a.b.c.a.c.(itq5.d.g.c a puncto.g.oucatur.g.b.cquidi / 
ſtãs.a.b.⁊.g.k.cquidiſtans.a.c.eritqʒ; ex diffinitionc vterq; duoꝝ anguloꝛum.d. 
g.b.d.g.K.rectus z per.9.crit linca.d.f.equidiftans lince.g.k.< lince.d.c.cquidi/ 
ftans lince.g.b.quare p vlttina ptem.29.p2imi €terq5 ouo anguloouim.c .d.g.f. 
d.g.crit rectus:ideog3 per quarta buius linca.d.g.crit ppendicularis ad fupficiem 
ouaylincay.d.c.z.d.f.cunig; ipfa eadein fir ctiacy ypotbefi perpendicularis ad 
ſuperficiẽ duarum lincarum.a.b.⁊.a.c.igitur ex pꝛemiſſa liquet quod ẽ ꝓpoſitum 
Pꝛopoſitio .io. 
J ouas fuperficies Pom vna fuperficíce fccet có 
munes caz fectiones equídutantes erunt. 
C £ onttat equidem cx tertia g» «na fuperficie quafciqs ouas fupcr/ 
ficies equidiftantes (ccante comunes carum fectioncs crunt oue li/ 
nec recte:que. cu fint ambc fite in fuperficic fecante. fi ipfe nó fuerit 
——— ponantur ad quotlibet vnum punctium concurrere:erit itaqʒ vt vnꝰ 
atqʒ idẽ punctus ſit in vtraqʒ; illaꝝ duaꝝ ſectionũ cõmunium cunq; vna illaꝝ com 
muniũ ſectionũ ſit in vna duaꝝ ſupficieꝝ ſectaꝝ ⁊ reliqua in altera fequit fupticies 
illas quc pofitc funt cfe equidiítantee concurrerc:boc autem ímpoflibilc eft. £ rüt 
igitur coca carum fcctioucs cquidiftantes quod cft propofitü.€L E x bac « pꝛcmiſ 
{2 potes cliccre conclufione ona fimilemt.30.primi vidclicet iftam. 9i fucrint ouc 
(uperficice *ní cquidiftantes ipfe quoq; erunt adinuicc equidiftantee. (»ofitis cni 
tribus fupcrficicbue quarum vtraqs ouaz cxtremari equidiltet medic cíco cp nc/ 
cefic eft ipfas extremas cquidiftarc adinuicem.fecentur omnes ill tres fuperfici/ 
Cice ouabus fuperficicbus fe qnoqs inuicem fecantibus:eriita; ex bac.16.comunes 
{cctiones ouaz extreimax {uperticiex equidiftantcs fectionibus medic:quare ex. 5 o 
piimi ipfi ctia fectiorice oua» extrema fupcrficicz erant equidiftantce adinníce. 
£t quía ipfc contingunt fc in comuni fcctione oua fuperficicz tres pofitas (uper 
ficies fecantium ex prcmifla cutdentcr conftat quod oiximus. 
W2opolitio .17. 

*R3 fuperficies tres vel he res cquidiftantes onas rectas 
lineas feinuicem contingentes vel equidiftantes fecét illa 
ruin linearum poztiones pzopoztionales elle pzobantnr. 
> G jutelligant eni oue recte lincc penctrantes qualitercügs cótigcrit 
3|-res fuperficice equidi(tantes aut etia plures tribus. vico :taq5 ouas 
po:tonce Wax lincarum inter quafliber ouaslincas fuperiicies interceptasp20/ 
po:xíonalcs cfle quibufque ouabus inter alias onas cx illis equidiftantibus fup/ 
ficicbus intercepris. Loniungant cnim ove extremítatce illaz ouay lincaz oneta 
inter cas linca vna oísgonalit:critqs boc oiagonalis cå virag illari oua lincaz 
penctratiü fupficice ppofitas in fupficic «na ilas cquídiftantce fupficice pofitas 
fccate.fí ergo baz fupficiez coce fecriócs q p premifis erut cquidiftates cogitatóc 
Protraxcris ex prima parte fecunde fexti conftabit propofitunt. 


Pꝛopoſitio ıs. 
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¥% in fuperficie aflignata ozthbogonaliter feterit : linea 
ois fuperficies a linea illa quozfum libet oucta ad eandem 








w iN 
~ Sw atlignatam fuperficiem erit oztbogonaliter erecta. 
AA ANG Sit eni linca.a.b.erecta perpendiculariter fup allignata fuperficie 
a linea.a.b.ꝓducat᷑ ſuperficies quoꝛſũ libuerit:quã dico ſup pꝛo / 
poſitam fuperficiem eſſe perpendiculariter crectam.cum enim ipſa ſecet (uperfici 
em aſſignatam: erit earum cõmunis ſeciio linca recta ex.3.huius.ſitqʒ.b.d.in hac 
ergo cõmuni ſectione ſignato puncto quolibet qui ſit.d.extrahatur ab eo In ſuper 
ficie que pꝛoducta eſt a linea.a.b.linea queda ꝑpendicularis ad lincà .b.d. quc fit 
d.c.eritq;ʒ ex ſccunda ꝑte.28.pꝛimi linea.c.d. equidiſtans:lince.a.b.ideoq; ex.s. 
buíus línca.c.d.cft ctia perpendicularis ad fuperficié pꝛopolitã:quia ergo hoc mo 
do quelibct linea protracta oxtbogonalitcr a quolibet puncto luice .b. d.ad ipfam 
lincam.b.d.in ipfa fuperficie que producta cit a linea.a.b.cft perpendicularis ad 
piopofita fuperficiem ex oiffinitionc fuperficiei fup2a fuperfiaie ostbogonaliter ere 
ctexcOftat vex elle qd propolui eft. W2opolitio 19. 
EZ 9 oue fuperficies feinnice fecantes fupza vnam fiperfi/ 
à cien crecte fuerint oztbogonaliter comunis earum fectio 






5 wriiad eandem füperficícm perpendícularie erit. 


| ARE) ) FAI Sint oue fuperficics.a.b.z.c.d.fcinuicem fecantes erecte otbogo 
Analiter ſuper aſſignatã fuperficies:fitqs comunis ca» fectio linca re/ 
cta.c.f.banc vico efie perpendicularé ad affignara (uperfician.alioquin a puncto 
f.qui eft cOis termin? fectionü ouaz fuperficicz fecantià:« tertie fupficici-fccte ;p/ 
ducat «na linea recta quc fit.f.g.in fuperficic.a.b.perpedicularis ad (upficie afíu 
guatà.iteqyab codé pücto oucat alia perpeudicularie ad candé (upfiae que fita 
fit in fuperficie.c.d.« ipfa ſit.f.h.eruntqʒ due linec.f.g.⁊.ſ.h.oꝛthogonaliter inſi / 
ſtentes ſuper punctũ vnũ ad ſuꝑficiẽ aſſignatã:hoc aũt impoſſibile per.iʒ.huius 
Tales aũt lineas poſſe ꝓtrahi a puncto.f.in vtraqʒ duaꝝ ſuperficicꝝ.a.b.⁊.c.d. 
cũ.c.f.nõ fucrir perpedicularis ad affiguatà fuperficie oubitarc nó cóucmt. 3ntcl 
ligat quide línca.f.b.cóis fcctio fuperfiaet.a b. fapficici affignate « linea. f.d.fu 
perficici.c.d.2 fupficici aflignate. Si igit linea.c.f.fucrit ppendicularis ad vtrang; 
oua líncaz.f.b..f.d.ipfa ctíà erít perpendicularis ad fupficie allignata ex qria 
buins.fi aüt ad neutra fit.f.g.ppendicularis ad.f.b.z.f.b.perpendicularis ad.f.d 
ocinde a puncto.f. ptrabe in fuperficie a(fignata «và linca ppeudiculare ad linca 
f.b.q cx oionc fupficiei fup alia fnpficie o:tbogonaliter crecte ca luca. f.g. 2tincbit 
angulü rectü:p quarta igít bui^crit linca.f.g.ppendicularis ad fupcrficic atfigiatà 
Lode quog3 mo ptracta alia linea a puncto.f.i fupficie aflignata à fit perpendi/ 
cularis ad lined.f.d.fequef cx dione prcdicta z ex quarta but’ linea.f.b.ce ppedi/ 
culare ad. fupficic affignata ao e impollibile p. i3.buíius. £20 fi ofitcare linea.c.f. 
cflc ppendiculare ad linea.f.b.fcd nó ad linca.f.d.fequct modo confümili ouas li/ 
ncae.c.f.«.f.b.c(Te perpendicularce ad fuperficiem atlignatam :q6 mbil minus € 
SXNlinpoffibic. Wropolitio — .20. 

¥ tres anguli fupficiales folidi angulü otineàt illox triũ 
angulo2um quíqs ouo píter accepti relíquo füt maioes. 
C Sint tres linee. a.b.a.c.a.d.piramidaliter crecte fup2a fuperfici/ 
em.b .c .d. continentes tree fuperficíales angulos ex quib? folidus 


f 


us 





XI 


petficitur angulus in poncto.a. dico quoflibct ovos cy ipfis fuperticiglib? angu; 
lis folidum angulum in puncto.a.conftitucntibus paritcr acceptos tertio eê maio 
ce. Si eni bi tres anguli fuperficialcs fucrint fibi inuicem eqies:aut fi ouo tantus 
equales tertio exũte minox vtrolibet ouoz cqualiu;:oftat p coem fcicnniá «crum 
die qo oicitur, 29 fí coz vnus vrrolibct ouo reliquo maio: fucrit fíue illi ono 

ponant cquales ftuc non equalce:adbuc conftat illum maiozem cum vtrolibet ovo 
rũ reliquox pariter acccptoz tcrtío effe maio:c. xcd « illos oos minoxcs panier 
acceptos boc terrlo qui maio? vtrolibet ponitur efle matores: fic collige. cfto cuim 
trium p:opofíto:um angulozum fuperficialium angulig.c.a.d. maio: vtrolibet rc/ 
liquo:um ouo. £x iplo ergo abfcindam angulum.c.a.d.caualcim angulo. b.a.d. 
ptracta línca.a.c.« fuma cx bac linea.a.c.linca.a.g.2 cx linca.g b. fuca.a.f.quaf 
ponam efle equales « p:otrabam lineam a puncto.g.qualitercüqs contingat in (u 
pcríicie oa lincarus.3.c.«.a.d.quoufq; fecct.a.c.in purcto.b.2.a.d. in puncro 
K.« ipía fit.b.g.R.« p:oducà lincas.f.b.c.f.k.cum fit igitur.a.f.equalis .a.8. pofi 
ta.g. k.cómuni erít per quartas pairmí. f. K.equolia.k.g.« q? cx. 20.pzümc ouc lince 
b.f.«.f.k.funt maío:cs línea. b.Kk.erit per coceptionc.b.f.maioz, b.g. ideog3 per 
25.prmi co fit linca.a.f.cqualis ince.a.g.crit angulus.f.a.!>.maioz arigulo.b.a. 
g.per cOceprione igitur coftat ouos angulos.b.a.f.f.a.k.pariter acceptos céma/ 
ioꝛes angulo.h.a.k.qð exat demonſtrandũ. 


:opofitío — .21. 

S3 b nisaugulus 5— quatuoꝛ rectis ãgulis minoꝛ eſſe 
ZY) p2obsatur. 
| CAnguli folidi quantitzs cy anguloy fuperiiciatin ipfu fotidi con 

SC A tincnrium quantitate octcrminatur:bac crg0.2 s.p2oportloa! iter,p / 
2954 4| ponif quoq; quoflibct fupticales angulos folidü. quélibet cotinctes 
parttcr acceptos quatuorrectis anguiis cife minozes .Sit cimi triangula piramis 
a.b.c.d.cuiꝰ ſupremus angulus di potfit cffc quilibet (uoz anguloz bic tfi fit.a. oc 
Quo oíco Q tres fupficiales angoli ipfū.a. .punentce fint minozes quatuo: rectis. 
Lonftat eni cx. 32.pziini. 9 .angulos tra tanguloy banc piramide circhftantium 
z ipfi funt.a.b.c.a.c.d.a.d.b ciTc cqualce fex angulis rccrío:ec rib? aüt angulis 
bafis ei? que € triagulus.b.c.d .coftat quog; p cande ‘gp ipfi fant cqualcs ouobus 
rectis.com igitor (cx anguli trium trianguloz p:edíctoz banc noftram piramide 
oc cuius füpxemo angulo oifpuramus circüdantinzqui inqs fcx anguli cum tribus 
angulis bafis reliquos trcs angulos folidos piramidie contincnt:(int ex pꝛemiſſa 
tcr aflumpta maiozcs tribi:s angulis bafis:fcquit iplos fex angulos cfe maiors 
duobus rectis: cx.nouc-ígit angulis trium trianguloz piramide circidantiü his 
fcx angulis ocinptíis crunt cx comuni {cia reliqui tree « ipft funt qui conftituüt fo/ 
lidũ angulũ.a. miores.4-tectis. Si aũt angulꝰ.a.ſupimus i aſſũpta piramide plu/ 
nb? angulís f ugficialib^quà trib^oiincat qo crit Pm multitudine anatoz fue bafis: 
di igit oce afiguli oim trianguloy ip(a piraimidc circüdatus piter accepti {int cx.32 
pini tot rectis angulis cales quat?c numer^angloz fuc bafis onplicat?:co q» tot nc 
ceffe č ĉe triangulos piramide ciraidates quot facrit anguli fuc bafie. £35 omuce 
anguli fuc bafis fint tot rectis angulis eqles quant’ numcr^anguloz (noz curli/ 
catua? ocmptie inde.4.ut in. 32.pimi ocimon(tratum cft. £unqs gitur oimnce an/ 
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culi tríanguloz píramíáé circidátia qui fup latera bafis ipfi? píramidíe cófiftunt 
parircr accepti fint maioes onmibus angulis bafis piter acceptis Vt cuidẽter con; 
ftat cx premilTa tories quot angulos balis babucrit repctita.adbuc neccilario fe/ 
quitur cx cói fcia fupficiales angulos folidé angulit.a. continentes piter acceptos 
ciicmínoxse quatuo? rectis :co inquà minox:e quo oce anguli trigorioz pirami/ 
dem circhdantium qui fup tatcra balis ftatute pirainidig coniiftant excedunt o¢s 
angulosbafis pariter acccptos. — "f220polttlo .22. 
3j tres anguli füperficiales quox quinqs ouo paríter ac; 
ANA ccpti certo fint maíoce cunctie fibi inmcem equíie lincís 
contineantur oe tribue bafibue angulos illos ab ipfaz li 

Ajueax equalium termine iübtendeubue triangulum tubflí 
aL AS |o vel conttüni poflibile eft: 
¶ Omt tres ſuꝑficiales anguli.b.a.c.c.d.f.h.g.k.vt ꝓponit᷑:tales videlicet ut oui 
qʒ duo coꝛuʒ tertio ſint maioꝛes.ſintq; ſex lalera cos continentia equalia quc fint 
a.b.a.c.d.c.d.f.g.h.g.k.⁊ ſubtẽdant cis tres baſes que ſint.b.c.e.f.h.k. Ex bis 
ergo tribus baſibus triangulũ aio conſtitui poſſe.Eſto eni angulus.b.a.l.equa / 
lis angulo.d.⁊ linea.a.l.liince.d.e.⁊ pꝛotrabantur.l.b.l.c.erxitqʒ; ex.a.pꝛimi hnea 
l.b.cqualie lince.c.f.cx ypoibcfi vcro oftat totalem angula.3.clic matoxcim angu 
lo.g.crant cni quíq5 ouo cx tríbus angulis. b.a.c.d.7.8.tertío maioxes lait cy. 24 
pzimi linca. l.c linca. D. R.e maio1.cungg fuit ex. 2o-piunit cuc tirice.l. b. e. b. cima 
res linea.l.c.ſequitur duas lincas.l.b.⁊.b.c.elle multo foꝛtius maioꝛes linca.h.k. 
quia igitur.l.b.eſt cqualis.c.f.crunt due lince.b.c.⁊.c.f.ina:oꝛes lince.h.k. Con / 
ſtat itaq; hoc modo quaſqʒ duas lincas cx trious lincis.b.c.e.f.h.k. eſic longi / 
oꝛes tertia:igit ex.ꝛ2.pꝛimi conſtat verum eſſc qð dicitur:boc dũtaxat addito ꝙ fi 
duo anguli.b.a.c.⁊.d.pariter accepti ſint equales duobus rectis etunt duc lince 
l.3.5.8.C. €x. i4. paimi linca $nazque cum fit equalie cx yporz ei ouabus líncis.g 
b. c.g. k.quc cx. 20.piimi longiozcs funt linea.b.k.cunas cx cade lince ouc.L.b.z.b 
c.fint longioxce linea. Lc. fequitur vt patus. b.c. e.c. f. piter acccpras cc fongiexs 
b.k.2lt vcro fí ouo pxcdicti anguli funt maioxes ouobue rcctis:crunt ex. 21. pziui 
due linee. a.l.⁊. a.c.ideoq; ⁊ duc.g.h.⁊.g.k.bꝛeuioꝛes duabꝰ q̃ ſũt.l.b.⁊.b.c.qua 
re vt pꝛus.b.c.⁊.e.f.pariter accepte ſunt longio:es linca.h.k. 

ip 20politio .23. 
= iRibus angulis fupficialibus pzopoittis quox qniq3 duo 
E yd piter accepa tertío funt maiozes omnes gue treflimul qua 
Ney] | tuoz rectis angulis minoce:cy tribueillis equalib? qua 

n lefcunqs fint fo.ídum angulum conttitucrc. 
1224 N] Sin Ppoliti tres anguli fupficiales qui funt.a.b.c oe tribus illis 
cqualibus volumus vnũ ſolidũ angulũ conttitucre opo?tct: igit ex.21.b? vt quigs 
ouo coz pariter accepti tertio fint maiors « cx.21.butte vt omnes píter accpii 
quaruo? rectíe angulis fint minoes cy ip(ie itaq; fint bec pofua:latcra ecro cos 
continetia cuncta adinuicem fint qualia cieqs (ubtendantur tres bafes z ipie ûnt 
d.c.e.f.c.f.d.critqs cx pxciniíffa potfibile oc tríbus lincís bis bafibus equalib? rr 
agulum conftitui. Gir igit cx cie coftitut" Pm ooctrína.22.pzimi triangu'ue.d.c.f. 
conftitntue: cut (ficut oocuit quinta quarti circüfcribat circulzs. d.c. f.fupra cen/ 
trim.g.« ptrabar:g.d.g.c.g.f.que di fint adiuice calce cx oionc circuli lateraq; 
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"co ppofitos angulos aimbicntia cqualia ex ypotbefi neccífc eft €t eax quclibet 
quolibet ílloxum lateri fit mino cquale aüt aut maioxc ellc eft impoffibile Si cni 
linca exiens a ceutro.g.ad circüferetiam circu!i.d.c.f.cilet cqualis alicui latez.a.d 
a.c.b.c.b.f.c.f.c.d.fequererar proptcrea que pofita füt onmuentc.9.pzimi tres an 
gulos.a.b.¢. ppofitas clic cquales tribus angulis.d.g.c.c.g.f.f.g.d. cias bi trce 
fint equales quatuo: rectis angulis vt facile p5 ex.15.pzüntzpzotracta paulifp €na 
lincaz exentiii a ccatro ad circafcrentiam in continuum « otrectü:cilent ctià tres 
anguli.a.b.c.cqualce ctí3 quatuo? rectis qo cft cotra pofita. 429 fi cflct maio: fu/ 
pcrpofitis tribus tríangulis quozum funt anguli.a.b.c.trib? triagulis oiuidcnti/ 
bus triangulum.d.e.f. *noquog; illi cii quo coicat in bafi itagp bafca fupponant 
bafibus cqualcs vidclicet cqualibus e anguli.a.b.c.cadant ad ptem puni. g. fc/ 
querer cx.21.pmi tree agulos.a.b.c.eífc maioce trib? qui füt.d.g.c. c.f.g.f. g.d. 
cent itaq maío:cs qtuo rectis qo € ampli? otraríü pofitis Kclinquit iraq enü/ 
quod; ex fex latcribus tree :ppotitos angulos àbicntibus maius cilc linca egredi 
entca centro.g.ad arcufercntia.d.c.f.ideogs ctia potentius. Sit ígitur potentius 
ilinca.g. b.quc fit fcóm. 2.b? o:tbogonaliter erecta fup fupficic anguli vcl circulí 
d.c.f.ocmittaturgs tres ypotbemife.b.d.b.c.b.f.quas vico cotincrc angulos trcs 
fupcrficíalea equales tribus p:opofitie conftitucntes angulü folidum in puncto.b 
c eni quadrati linee.a.d.fit cquale ouob" quadratie ouaz líncaz.d.g.4. g.b.cx 
ypotbcfi At quadratü linee .d.b.fit equalc ede ex penultima pzimi necelic cit lis 
neà.a.d.cífc equalem lince.d.b eodeqs modo «lincá.a.c.Lncc.c.b.igit cx. 8. pmi 
(8i bafes ctia fint cquales crit angulus.a.cqualie angulo.d.b.e .filr quogs nó crit 
angulus.b.cqualis angulo.c.b.f.« angulus. c.cqualis angulo.f.b.d. quare cóftat 

factü cé quod faccre o:fpofuimus. Pꝛopoſitio .ꝛa. 
zz 3j fuperficiebus equidiftantibue folidum cótíncatur eiue 
oppofite füpficies fibi inatcé equales funt equidiftantiü 
laterum. Ouicquid oíicant alij fotidü cquidutantibus füpcrficic/ 
»us contentum (upcerficicbue paribus necclte cft cotincri que ficut cé 
| nó poflunt paucío:ea fc ita pollunt ciTc in omni numcro pari fe/ 
narium cxcedentc. £ onftat cni columna cxagons polic, s.fuperficicbus que bince 
biric oppofitc fibi inuicem cquidittant contincri:(ic quoq; ocrogona.io.z occago / 
nam. 12.2 ad i(taz fimlitodine in infinitü.f5 box ommü fotidoz cquidiftantibus 
fupcrficicbus contentoz que infinita cffc pxonuncio folü illud oici£. paralcllogra / 
imtü cuius omnes fupcerficies ipfü ambientce palellogramc funt 4 iftud fex fuperfi 
cicbus ountaxat neceilc eft ambirizoe tali itags qo fcx ti fupficicbus ambit oico 
dcberc iteiligi gp bec.24.,pporitzfic igit talc folidum coipua.a.b.cuitie omnino 
fupcrficice fac er folido babitu mente cópzcbeudas:patcbítas tibi vnaquags carü 
quatuo? cx reliquis fccarc cuius quatuo: latcra cum fint comuncs fecrionce ipfius 
fccantía « quatuo: fcctaz. eint autc ille quatuoa fecte binc zbine Pim g adiauican 
opponunt cquidiftantee cx ypotbcfi:fequit ex. 16.big affumpta ut quatuo: latcra 
bui" fupfícia fecantis z quatuo: fccraz fint adinnícc bina « bina cquidiftatia. £6 
ftat itaq5 (com. Zlt cro ex. 34.pzirni mauifcítü c oia latcra oppofita i(taz fex fup 
ficiczz c£ cqualia:erüt igit bína latera anguli plană cõrinċria cuiufqz cag qualia 
binis lateribus angul plană in fupficic fibi oppofita otinaitíb?. anguli quoq; ab 
illia binis « binís latcribus otentí cquatce p.10.b*: igit cx oucr.a penulrümc cois 
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(cie in primo lib1o pofite neceffe tft quafq; ouas fuperticies in folido.g.b.oppo/ 

fitas eſſe ſibi inuicẽ equales qð eſt pꝛopoſitũ. Pꝛopoſitio 25. | 
FrN fuperficies queda fecet folidu parglellogrami eqdifta, 
EA 





ter Ouabus iptius folidi iuphcicbus oppolitis ouo partig 
"*wl| lía co2poza que ad illam fecantem fuperficit velut ad co, 
AA Aiimung terminy copulant fuis balibus iunt propoznionalig 
S ABl Sit co»pus.a.b.folidi palcllogramiü z fecet iplum fupfiace.c.d. 
cquidiftanter ouabus cius oppofitis fupficicbus que funt.a.c.c.f.b.« tit fupficicf 
g.b.bafis ipfius folidi.a.b.oc qua conftat per premifla qp ipfa fit equidiftantium 
latcz « fit cóis fectio ouay fupficicy.c.d. e.g. b.linca.b.d.oc qua conftat p.3.bu/ 
ins cp ipía fit linca recta  p.ic.buius gp ipfa fit equidiftans.g.c. ideog3 funt ove 
fuperficice.g. d. «.b.b.cquidiftantiii latez « ipfc funt baícs ouo ptialiii co:poz 
in que fupficice.c.d.oiuidit folidum. .b. oico itaqs ꝙ ꝓpoꝛtio ſolidi.a:d.ad ſoi 
di.b.c.c ficut bafis. g.d.ad bafim.b.b.paorrabant cni vtrinqs quãtũ libuerít.qua 
tuozlince penctrantes fupficie.c.d. fup cius angulos 4 ipfe funt.a.f.c.e.b.cü oua 
bus rcliquis fibi cquidiftantibus. Cuimantqs ex cie omnib? po:xtíonce cx pte pun 
cti.b.quot libucrit que ponant fingule cqles luicc.b.d. « cx parte puncti.c.alic fil 
quot libuerit quc ponant equalce lince.c.d.fup quas trinqs oftituàt folida palcl 
lograma (com fua longitudine exigentiti.Ointqs cx p tc puncti.b.folida f. K.c.1. 
m.4 cx ptc puncti. c.folida. a.n.7.Q. a.crítq5 cx oioneconoz equali. atq; funi/ 
liũ vnũqðq; ſolidoꝝ.f.k.⁊.l.m.cquale ſolido.c.b.⁊ vnũqðqʒ.a.n.⁊.p.q.ẽ cquale 
a.d.fiat igit argumẽtũ ucadmodũ iĩ pꝛima ſexti c enĩ ſolidũ.c.m.ita multiplex fo 
lidi.b.c.ſic baſis.h.m.baſis.h.b.⁊ ſolidũ.q.c.ita mltiplex ſolidi.a.d.ſic baſis.q.h 
baſis.g.d.⁊ ſi baſis.h.m.ẽ eq̃lis baſi.q.h.ſolidũ.c.m.eſt eq̃le ſolido.q.c.ex dione 
coꝛpoꝝ cqualiũ atq; ſimiliũ ⁊ ſi baſis č mino: bafi z folidü ẽ minꝰ ſolido ⁊ ſi maioꝛ 
maiꝰ qð pʒ ex dione cadẽ reſecata maioꝛi baſi ad cq̃litatẽ minoꝛis z ocfcripto fup 
cam ſolido ꝑalellogramo.itaqʒ ex dione icõtinue ꝓpoꝛtionalitatis ꝓpoꝛtio ſolidi 
a.d.ad ſolidũ.c.b.ſicut baſis.g.d.ad baſim.h.b.qð eſt ꝓpoſitũ. Qð ſi ſuperſicies 
aliqua ſecet coꝛpus ſcratile equidiſtanter duabus cius triangularibus fupficiebus 
oppoſitis ouo partialia coꝛpoꝛa que ad ilã ſccante ſuperficie velut ad cõem termi 
num copulant ſuis baſibꝰ crũt pꝛopoꝛiionalia.¶ Sit enĩ.a.f.coꝛpus ſcratile cuius 
ſint due trigone ſupficics.a.b.c.d.e.ſ.Coſtat igit᷑ ex dĩone ſecratilis vnãquãqʒ tri 
um ſuꝑficicꝝ que ſunt.a.b.d.e.b.c.e.ſ.a.c.d.f.ce paralcllogramũ:ſccet igit ſuꝑſi/ 
cies.g.h. k. iſtud ſcratile equidiſtanter duabus eius oppoſitis ſuꝑficiebus q {unt 
g.b.c.d.c.f.oico y pportio fcrarilis.a.k.ad ferstilc.g.f.c ficut bafis.g. k.ad ba / 
fim.g.f.q9 ficut oc folidis palcllogramis pbar priactis cni in vtr3gs ptc lincie.a 
d.b.c.c.f.factifqs intcr cas cx pte puncti.e.feratilibus cqualibus feratili. g.f. ¢ cx 
pte puncti.b.alijs equalibus feratile.a.k.¢tring3; quouis numero ex dione incon 
tinue ppontio nalitatís.fi cuncta vigili mente pluítres nó crit tibi difficile cõclude / 
j| requod oiginus. Pꝛopoſitio ꝛo0. 
Aper damm punctü date linee angulo folido pzopofito 
equalé angulu folidü conftítuere. G Solidus angulus 
pꝛopoſitus fit.a.qui cotincat tribus lincis.a.b.a.c.a.d.tres fuper ’ 
P fícalce angulos ipfii folidi pficientes córínentib? cui ſuꝑ punciũ.e. 
lince.e.f. ppofite que ad hibits ꝓponentis iaceat:anut in ſublimi cõſurgat iubemur 
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equalé angulums folidé cOftitucre qualifaigs (it fitus l'nec.c.f.a puncto.g.vbiciq; 
«olucrie fignato:pduato líncà.g.c.cruntqs cx (coa b?ouc línce.c.f. c.g. c.i (upft / 
cic vna.in bac ítags fuperficic fuper punctü.c.oatü ín aflignata linca fce:n filius 
23-primi conftitue angela cquale angulo.b.a.c.« ipfe fit.f.c.g. ocbic ex lunca.a. 
d.abfcinde lincanr.a.b.ficut volucris z a puncto.b. p:oduato perpendicularem 
b.k.ad fuperficie in qua funt ouc linec.a.b.c.a.c.a9 qualiter faciendum (fít.i1.bu 
iue oocuit:nec fit igitur tibí cura oe puncto .R. Tlibil eni refert €t2 ppendicularis 
b.k.occurrat fupficici in qua funt ouc lince.a .b.«.a.c. intcr ipfas lincas aut extra 
aut it) c7 altera oucito tri lincà.a.R.pofitoqs puncto.L.in linca.a.b. vbicig3 volu 
ais ptrabe lineas.k.1.2.L.b.¢ pone angula.f.c.m.in fupficie lineay.c. f.z.¢.g. 
equale angulo.b.a.k.« líncà.e.m.equalé linec.a. K.« cx linca.c.f. fume lined .c.p. 
cqualé lince.a.l.z a puncto. m.educ linea. m.n.ppendiculare ad fuperficic in qua 
(unt ouc lince.c.f. c. c.g. potic cà equalc.b.K.« p:otrabe lincas.c.n.n.p.c. p.m. 
ico igit tree líncas.c.f.c.g.c.n.cotucre angulü folidü in puncto.e.cqualc augu/ 
lo.3.p1opofito: cü fut cni ex ypotbefi ouo latera.a.K.z.R.b.triaguli.a. k.b.cqua 
lia ogobus tateribus.c.m.c.m.n.tríanguli.e.in.n.c anguli qui funt ad. k.« adm 
recti ex diffinitione lince perpendiculariter crecie fnpaa fupficie erunt cx quarta p/ 
mí oue lince.a.b.7.c.n.equalce:per candé quot erunt ou lince.k.l. c.m. p.cqua 
les.idcoqʒ etiã ꝑeandẽ.h.l.⁊.n.p.equales:cum ſint.h.k.⁊.k.l.equãles.m.n.⁊.m 
p.⁊ anguli.h.k..⁊.m.n.p.recti ꝑ.s.igit pꝛimi erit angnlus.n.c.p.cqualis angu/ 
lo.h.a.l.Simili quoq; modo ꝓbabis angulũ.g.e.n.eſſe equalẽ angulo.c.a.d.con 
ſtat itaq; nos effeciſſe qð volumus:huic ſi ſtudioſus inſtiteris quotcũqʒ lateribus 
a.ſolidus angulus ꝓpoſitus cõtincat᷑ qð a te pctit ſine offediculo perficere poteris 
Pꝛopoſitio 27. 
— Aper aflignata lineam dato ſolido equidiſtantium ſupfici 
erum ſimile folidum conſtituere. ¶ Sit aſſignata linca.a b.de 
cuius ſitu vtrũ in plano iaccat vel ſurſum cxurgat nibil carct:fitgs af 
LII ftgnatü ꝑalellogramũ ſolidũ coꝛpus.c.d.cui ſuꝑ lincã.a.b.iubemur 
Aſumile ſolidũ fabꝛicare.Sint igit tres lince ↄtinentes ſuperficialcs an 
gulos ex quibus porit folidus angulus.c.infcripte litterís.c.e.c.f.c.g. At fcóm p/ 
ccpta pꝛemiſſe ſuper punctũ.a.lince.a.b.cõſtituat angulus ſolidus equalis. c.qué 
cõtineãt tres linec.a.b.a.h.a.k.⁊ auxilio. io.ſexti ſit ꝓpoꝛtio.c.e.ad.a.b.⁊.e.f.ad 
a.h.⁊.g.c. ad.a.k.ꝓpoꝛtio vna: dchinc a trib’ punctis.b.b.k. ptrabant fexlinec 
b.L cquidiftans lincc.a.b.z.b.mt.cquidiftans lincc.a.k.itcz.b.l.equidiftas linee 
a.h.⁊.b.n.equidiſtans lincc.a. R. rurfus quoa5.K.n.cquidittans.a b.e. k.m. cqui 
diftans.g.b.amplins ait ptrabant.m.p.cquidiftans.b.l.2.p.Lequidiftans.b.m 
ꝓtrahai quoqʒ ⁊ linea.p.n.eritqʒ copletũ ſ olidũ palellogramũ.a.p.quod dico ec 
ſimile ſolido.c.d.hoc aũt ex dione ſilium ſuꝑficieꝝ ⁊ dione (ilium copoz fi carum 
memineris facile cõcludes. Pꝛopoſitio .2s. 

* 3 füpficice alíqua tolidu palellogramü fup ouas quaflibs 

1| oppofitas füpficíce cius terminales 4 füp cax ouasoia 
metros fecet eádé fupficie coz p^illud pequalia fecare ne: 
cefe eft. CSit comus.a.b.folídii palcilogramü oc quo fit pofitum 
gp fupficies.a.b.c.d.tecet ipft fup oiamctros oua fupcrficicrü op / 
pofita ipfü folidi teriuinatià q fint .a. d. c.c.6 .oico d» ipfa owndit iftud folidus 
n 2 
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ppofitii per cqualía.cóítat cni qp ipa oiuidit illud folidii ít ouo fcratilia quoz fap 
ficies quadrilatcras bras « binae ad inuice rdatas (cm gp ipfc (ant oppofita la; 
tera ſolidi ꝓpoſiti manifeſtũ ẽ ex.24.bu? cc equales ci folidum oc quo loquimur 
poſnũ ſit ciſe palellogramũ:ex cadẽ quoqʒ ⁊.ai.pꝛimi cõſtat trilateras ſuꝑſicies di 
croꝝ ĩcratiliũ cſſe cquales:igit a dĩone ſolidoꝝ equaliũ liquet quod pꝛopoſitum cft 
Pꝛopoſitio .29- 
Ancta ſolida equidiſtantium ſuperſiciex eque alta atqʒ i 
RUM cade bafi tup vi3 lines conftítuta probantur etle equalia. 
Ls AM C 2Zicy € qp folida equidiſtantiũ lateꝝ eque alta fiuc iter fupficies eq 
1615431 diftantce fuper «n3 4 cade bali cóttitura fuit adimuice cqua'ia fi/ 
Low e» l| cut oc fupcrticicoue equidiftantia latez (uper vn3 bafim  wter luc 
ae cquidiftantes oftituris ut i1. 5 5. primi ocrnonttratü eft.fed talium folidoz quc 
dà oicunt conftitui fuper linca «m3 « funt illa quo fupp:amaz fupficiez ouo op/ 
pofits latera funt Pm rectitudine ptracta linca via? oe talibus bcc. 29.p:oponit 
ocionftrandü ip(a oia cíle cqualia adinuicem.(unt aüt cox alia que no oicuntut 
coftituta fuper linea «n3 z funt illa quoy fuppicmaz (upcrficícz ouo latera oppo 
fita qucciia fumant bm rectitudine ptracta nő funt linca ma z oe talib? fequens 
ocmontrandů pponcr ipfa quoq; oia cc adinuice cqualia. mt itaq; ouo folida 
palcllosrama eque alta fiue inter fupficics cquidiftaures.a.b.z.a.c.cõftituta (up 
vnà baſim que ſit.a.d.quoꝝ ſuppꝛeme ſuꝑficies ſint.c.b.⁊.ſ.c.Sintqʒ haxꝝ fupp/ 
ina ſupficiex duo latera oppoſita cũ ſcðm rectitudine ꝓtrahant᷑ linca vna ⁊ ipſa 
ſunt.c.f. 7. b.c. dico itaq; ꝙ ſolida.a.b.⁊.a.c.ſunt equalia:hoc aũt ſi ſigurã ci? fn 
ꝙ opoꝛtet actu vel cogitatione fabꝛicaucris ⁊ qucadmodũ in.ʒ5.pꝛimi pꝛoceſſcris 
idem faciens hic de ſcratilibus qð ibi de triangulis facile cõocludere poteris occur/ 
runtq; tibi hic eedem diuerſitates in folidis que tbi in fupficicb? occurriffe nou:fti 
[»:opolitío  .3o. 

cincta folida equidiftanaü fupficíey eque afta que i eade 
ee bafi nó aŭt inp linea vrà fuerint oftituta ,pbant efle egla. 









eque alta fine intcr fuptiacs equidiftatca oftitura fup vna baſim que fit.a.d.f5 nó 
fuper «nà linca:fintq3 coy fuppxeme fupticics.c.b.z.f.c.quaz oppofita latera fm 
rectitudinẽ ꝓtracta nõ erũt mca vna.cãq ipfa cx ypotbeft fint i ena füpcrfiac co 
q» folida propolita funt inter (uperficice cquidiftirarce: necefle € €t ouo latera sni 
uscarum ptracta fcàm rectitudine fccet ouo alterius cag ;ptracta fcom rectitudi/ 
né:pzotrabàát ítaq5 ouo oppofita latera fuperficici.e.b.que fimt.e.g..b. b.c ouo 
oppofita fuperficici.f.c.que fint. k.f.2.c.L.« fccent fc fup quatuos pücta-m.n.p.q 
crttq; fupcrficice.m.n.p.q.cquidiftanria latcz equalis vnicuias trii fupcrficierü. 
quay wna ébafis ppofins folidis dis « ipfa c.a.d.« oue relique (üt fuppzcimc fu/ 
perficies eounde folidoz 4 ipfc funt.c.b.5.c.£.oucrie itaqs líncía a quatuoa pun/ 
ctía.im.n.p.q.ad quatuo: angulof bafís.a.d.fibi {coin directa babitudine relatos/ 
q fir.n.a.nir.p.f.q.d.perfecra crit folidii paralellogramü.a.q.i cade bafi cii etro 
qʒ duoꝝ pꝛioꝝ ⁊ eque altũ ⁊ ſuꝑ lincã vnã ci vtrogs ipfo: per praniíTas igit vtrü/ 
libʒ duox ſolidoꝝ ꝓpoſitoꝝ que ſũt.a.b.⁊.a.c.c equale ſolido.a.q.ꝑ ↄceptionem 
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ergo cft folidii.a.b.ealc folido.a.c.qre conftat ppofitd. CtSotes quogs onerfas 
buius z premiffe pbarc fi libet ouccnido ad imporTibile:ponce eni quclibei ouo fo 
lida polzilograms cc calía « oftitura fupcr eandé bafün cquid ſtãtia ⁊ deinõſtra/ 
bie ca cc eque alta. £rürqs bec z pemitla tuc ocmóftrationis mediũ:impoſſibile 
aiit ad quod oucce crit:parte {uo totí effc equa!é: 99 cuidenter patebit fi vc illo foli 
do që altins cé mentir aducrfariue cii tfi ambo pofita finr cqualia z {up candéba 
fim coftítuta vnà folidii paraicllogramü ceque alt ocimilfio: abfciderie : boc autc 
abícifum cquale cfle ocmiflío:i couinces cx bac z premilla.ideog3, 4 totí illia quo 
ipfum abfcidcris ex cói fcia. Pꝛopoſitio .31 
Pliaa equidifanny tupficiez in bafibus equis cóftíta 
fi fuerint eque alta linceq3 eng angulares fup2a bales o2 
thogonalizer fleterint ernnt danalia. 
7i* NI £t bocquog; vcz € q oia folida paralcllograma in equis bafib? 
PA atg inter fuperficies cquidiftantes fine eque alta conftituta funt ad 
inuice cqualia ficut oc fuperficicb? cquidiftantiü laterü fuper cquales bafes zin/ 
terlincas equidiftatcs conftitutis in.36.primi probatü €. ar tali? fotidoz alia fit 
quor angulareslince fupcr fuas bafes oubogonaliter crigunt oc quib” bec.31.p/ 
ponit oemoftranda cilc ca eë cqualia. Alia vero funt quoy angulares lince fuper 
ſuas baſes nõ ſunt oꝛthogonaliter erecte:de quibus ſcquẽs demoöſtrãdũ pꝛoponit 
ea cẽ equalia:intclligant᷑ itaq; ſuper duas baſes.a.b.⁊.c.d.que ſint equales ⁊ cqui 
diſtantiũ lateꝝ nõ tũ vnins creationis.ſed (it.a.b.tetragonus longue.«.c.d. fimi 
le helmuaym duo ſolida cquidiſtantiũ laterũ cóftituta eque alta fintqs lince erecte 
fupcr anguloa ꝓpoſitaꝝ baſiũ ꝑpendiculares ad ipſas.dico hec duo ſolida ad ín/ 
nicẽ eſſe cqualia pꝛotrabant᷑ itaq; duo latera bafis.a.b.« (int ílla que córinct an/ 
gulum.b.vfqs ad.f.«.c.« fiat angulus.f.b.g.cqualis angulo.c.bafía.c.d. « fumat 
ouc lince.b.f.«.b.g.equales ouobus lateribus bafís.c.d.quc cótínent anguli .c.4 
perficiat fuperficies equidiftantium latcrum.b.b .que crit equalis z filis bafi. c.d. 
debinc ꝓtrahat᷑.h.e.equidiſtans.b.f.⁊.f.k.equidiſtans.b.e. eritqʒ quadrilatera 
ſuperſicies.b.k.cquidiſtantiũ laterũ equalis.b.h.cx.35.pꝛimi:cũqʒ.b.h.ſit equa / 
lis.c.d.erit per cõceptionẽ.b.k.equalis.a.b.Cõpleat᷑ itaq; ſuperſicies cquidiſtan / 
tium laterum.b.lL. pzotracta lineg.k.f.quou(qs có:urrat ci vino ex latcribus conti/ 
nentibus angultt.a.in princto.L.age crgo fuper tres{uperficies cquidiftantia lates 
rum que funt.b.b.b.K.b.L.coftituarur eque alta folida folido coftituto fuper bafim 
9.b.fintag; lince omnit folidoz iftowm erecte fuper bafes perpendiculares ad ip/ 
fas 7 appcilentur bafcse « folida fuper cas coftituta cifde nominibus manifeftum 
c(t ergo cx diftimtionc folidoz cqualium atq fimilium q» ouo folida.b.b .z.¢.d. 
cqualia atq5 fimilía (unt:oc folidis aüt.b.b.c.b.k.conftat ex.29.g ipfa fit cqua 
liazfunt cni eque alta « cóftituta (uper «n3 « eandebafin « ipfa € fuperficico crc/ 
cia fupcr linca.b.f.c faper línea vna:c aüt p.25.pzopotio folidi.a.b.ad folidum 
b.L.ficut balis.3.b.ab bafim.b.l. c per eandem folidi.b.k.ad folidum.b.L.fícut ba 
ſis.b.k.ad baſim.b.l.cunq; ſit vtriuſqʒ duarum baſium.a b.4.b.K.ad bafim.b.f. 
11a proportic:cx prima parte.7. quinti erit vtriuſqʒ duoꝝ ſolidoꝛum.a.b.⁊.b.k. 
sd folidum .b.L.p20poztio wna igitur ex prima parte noni quinti crunt ouo [oli / 
da.a.b.¢.b.K.equalia: at quia folida.b.k.eft cquale folído.b.b.folidias.b.b.fo/ 
lido.c.d.fequit cx cói (cia folídum.a.b.eé cale folido.c.d.quod eft propofitum. 
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Pꝛopoſitio .32. 

D d folída equídiftantiü fuperficiez t1 equis batibus con; 
1 ftituta eque alta fuerint linee aute angulares iup2a bales 
orthogonaliter nõ ſteterint:ipſa e€ equalia neceffe cit. 
¶ Fabꝛicatis duobꝰ coꝛpoꝛibus vt proporiitur vidclicet q fint cqui 
diftantiii terminoz z eque alta g fup bafes cquas perpendicalariter 
nő aŭt fuper bafes fuas erccta fed ambo fuper eas inclinata. Si autem a quatuo? 
angulis fuppzemaz fuperficicz ipfoz ad bafee fuas perpediculares oncantur q ex 
6.ctüt fingularce cquidiftantee « etia ex ypotbefi fíngule fingulíe equalce ipfe cut 
folidox ppofitoy altitudiné oiffiniunt:< fi inter eas folida cquidiftanti laterum 
ꝑficiant᷑ conſtabit cx pꝛemiſſa bec ouo folida vltimo conftitura clTc adinuice equa 
lia £unq; ouoz p1ioz « ouoz poftcrioz fint cedem bafes vidclicet coz fuperficief 
fupp*emc: conftat ex.29.€d. 3o.et bac comuni (cíetía:queciqs equalibue füt egua 
lia {ibi inuice funt equaliavey efle qd ;ppofitü eft. £x bis potes cóucrfas buius c 
pꝛemiſſe ci(de mediantib? indirecte oemóftrare fi libet code mó z ad ide icóuenice 
(icut in cóneríis ouaz íftas anteccdentià oeducédo:pones eni ouo folida parald/ 
lograma ee equalia z {up cquales bafes c cónincce ca cflc eque alta vel pones ca 
cé cque alta c cália z cuinces ca cé (up bales eqics. — ^(520pofitío — .55. 

DOD nia folida equidiftant fnperficiex eque alta füisba/ 
GA fibus font pzopoztionalia.G Sint ouo folida equidiftárii (up 








|| ficícz eque alta coftituta fupcr ouas bafce.a.b..c.d.oíco y ppor 
A} tio illox ouox folidorum vnins ad alterum cft ficut pportio fuari 
eS bafium que fit.a.b.2.c.d.en’ ad altcra. Loftat quide ex.24.¢irags 
baz onarü bafii effc cquidiftanttü laterü:ouo igitur latera oppofíta z equíiaift/ 
tia in fuperficie.a.b. ptrabant e inter ca fíat fnperficies cquidiftantiü larcrus que 
fit.f.c.cqualis.c.d .debine fupza fupficiem.f.e.copleatur fotíidum palcllogramuim 
eque altũ ei q6 cóftítuti cft fup bafim.a.b.fitas ambor cois terminus ila {upfici/ 
ce que exurgit fup línea.b.f.bec atit folida z fue bafce ci(dem numcipent nomíni/ 
bus.q igit bafis.f.c.c cqualíe bafi.c.d.crit ex.31.vel.32.folidi.f.c.cquale fofido.c 
d.At q2 totalc folidit.a.c.fecat (uperficice exurgene fuper linea. b.f. equidiftanter 
ouobus lateribus oppofitie:crít ex.a5. pportio folidi.f.c.ad folidii.a.b. ficut ba/ 
fis.f.c.ad bafim.a.5.amos fínt.c.d.c.f.c.tam bafes d5 folida cqualia:bafes qui/ 
de ex yporbefizfolida ante ex.31.vel.32. Sequitur ex.7.quinti bis aflumpra fan 
p bafibus z femel p folidis q folidoy .a.b.<.¢.d.bafiuing3.a.b.7.¢. d.fit ppo2/ 
tio vna qð demõſtrare volumus: huius quoq; ↄucrſam cadẽ ipſa mediate demõ 
ſtrare quẽadmodũ ↄuerſas pꝛecedentiũ nõ ¢ oifficile.poncs eni ove fclica para/ 
Icllograma cé fuis bafibus ppotionalía c ouíncce ca cc eque alta abfcifog; a5 co 
Q9 alti? mctict aduerfari? «no folido palcllogramo eque alto ocmií(Tiozi erũt abſci / 
ſũ ⁊ demiſſiꝰ ſuis baſibꝰ ꝓpoꝛtionalia ex ypotbefi z cx bac. 33.c095 etiã cênt tora 
Ic alti? a quo ptiale ab(cídi(tí ⁊ ipſũ demiſſiꝰ eiſdẽ baſibꝰ ꝓpoꝛtionalis ex ypotheſi 
ſequit ex pma pte.o.quínti totale qo aducríori? oicit alti? z ptiate ad 

ab eo abſcidiſtieſſe equalia: ^4f»:opohtio .;4. 
¥% ono folida equdiftantitt fuperficiex lineis altitudinum 
à | fuper bafes ozrbogonaliter erectis fucrint equalia co2n5 
=e) bafes cozidé alticudinibus mutuaselle. Si vero ficrint 





b 
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cucbafce fnís altitudinib mutue ípfa folída fibi ínuícé equalía effe nc 
ccile eft.«LOuo:umnq; fint ouo folida caudiftanmiü fupcrficiez cqualta cozba/* 
fes ¢ alritudines necelte eft cffc mutclscfias « econucrfo queadmodii gc fuperficic / 
bus cquidiftantitt later cquiangulis.13.fextt ppofuir.Arrame bac. 34. ittud cemd 
ftranda p2opomitur oc illis folidis nalclogramis in quibus lincc altitudinum fuis 
baſibꝰ palellogramis oꝛthogonaliter infittit .ea vero que fequit pponit ide ve ce/ 
tcris. Sint ergo nic ouo folida palcllosrama.a.b.«. c.d. equalía quoz bafca fint 
a.€.2.C.f.linceqs altitudini ipfox fint (uper bas bafce o:tbogonaliter crectc « fit 
altírudo folídi.a.b.linca.c.b.4 folidi .c.d luca. f. d. fi igitur fucrint ouc lince. ¢.b. 
<.f.d.oeterminantcs ipfox folidoz alnitudines cqua!ce adinuice :cum ipfa quogg 
folida (int cx ypotbcefi caualia.erunt cx cOucria. 31.bafes cox quc funt.a.e.«.c.f.cq 
Ica.idcoqs bafce ¢ altitudines crunt murue:ficg3 cOftabit ppofiti prima ps.< ccd / 
verlo coftabit fcóa ve fi altitudincs < bares fint mutuc:ponant altitudines cqua/ 
les ertit quog; bales equales.idcogs p. s 1.« folida equatia fic coftat fecundg ps. 
At vero fi lince.e.b.2.f.d.no fuctint cquaics fit. f.d.maioz z cx ea refecet.f.g. ad 
cqualitate.c.b.tribufq; ccreris lincis que fant altitudims folidi.c.d.ad cade men/ 
{urd in punctis.b.k.Lrefecatis periiciat folida palcllogramit.c.g.cque alti folido. 
a.b.critq; ex pꝛcmiſſa.a.b.ad.c.g.ſicut.a.c.ad.c.f.cũ itaq;.c.d.ſit cquale.a.b crit 
cx pꝛima ꝑte.ꝛ. quinti.c.d.ad.c.g.ſicut.a.c.ad.c.f.ꝑ pꝛcmiſſã aũt ẽ ꝓpoꝛtio.c.d. 
ad.c.g.ſicut.m.f.ad.f.l.qð pʒ ft ena cclateralib? fupfiaco? folidi.c.d.« ipfa fit.f. 
m.intc[igat bafis ipfi". at pcr prima fexti.f.m.ad.f.L.ficut.d.f.ad. f.s. ídcoas per 
7. quiuti.ficut.d.f.ad.b.c. igit.a.c.ad.c.f.ficut.d.f.ad.b.c.cóftat itaq» prima pe. 
Scðam pre ai fit coucrfa pame coucrfo mo ;pbabis:fit cmi cade oifpofitionc ma / 
Bcnte ppoito.g.c.ad.c.f.ficut.d.f.ad.c.b.oico tunc folida.a.b.z.c.d.cé cqualia: 
crit cni cy.7.quintt.d.f.ad.f.g.ficut.a.c.ad.c.f.fcd ex pria c.a.b.ad. c.g.ficut 
a.c.ad.c.f.igit ca.b.ad.c.g.ficut.d.f.ad.f.g.ex prima aür fexti é.d.f.ad.f.g.ficut 
m.f.ad.f.1. « cx pmiia .c.d.ad.c.s.ficut.m.f.ad.f.l. iraqs.c.d.ad.c.g.ficutza.b. 
ad.c.g.igif cx.9.5.3.b.5.c.d. (üt cqtta:qo € propofirn. 
(»:opofitio .55. 

/Sf ouo folída equídiftantit termino Merine equalia cox 
baſes eoꝛũdẽ altimdinibus crut mutue Si vero bales fie 


| altitudinibus mis mutue fnerint quelibet ono copa equi, 
| WS) | diftantium füperficicrum pzobátur cfle equalía. 

GO p:cni(fa ppofuir oc (olidis palcllogramie quoz línec altitu/ 
dini fuper baíce fuas o:tbogonalírer exurgant.bec. 5 g.,pponit indiftincte oe om 
nibus:ocinoftrarc at cóucnit bac ex pxemilla qucadimodi ocmon(trauim?. 32.2 
33. Sabricatis eni ouobus folidis equidiftantiii lateri quibufciiqs fi lince altítuz 
dit {nis bafibus oxtbogonaliter infiftunt:coftat vex efle q9 oícit ex pmitTa ein 
auté a quatuoz angularib’ ponctis fuppzcmaz lupficicz in etroqs folido quaterne 
lincc ceimittant pcrpendiculariter adbafce ecl a punctis angularibus iufimarum 
fupficiez quatrere crigant:iter quae ouo folida palellograma pficiant equc alta fo 
háts psiosibus.cruntqs cx. 29.2.3o.bcc ouo folida ouobus piioibus folidis equa 

ha.cum igitur hoꝛum ⁊ eoꝛũ fint eedc bafca 4 cede altitudines: fit att ex premilla 
t« poftcrioxbuso vcrum eft quod bec. 5 5 .pioponít vcrum erit idé etia de priotibus 
^£»:opofitío .,6. 
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Bea! F ono folide equidiftantium fuperficierum fuerit fimilia 
i pꝛopoꝛtio erit vtriulqʒ ad alterũ tanq̃ʒ cuiuſſibet ſui late 





ris ad ſuum relatiuum latus alterius ꝓpoꝛtio triplicata. 
&Loint cni ouo folida .a.b.c.c.d.pa'cllograma « fifia:oicó p ppo? 


"- 
^ 





52/1 to emus coz adaltey é ficut vnius lateris cius ad vni latus alteri? 

q9 fibi rcfert ;ppoxtio triplicata:quéadmodiü oua fupficiez filium ppoztio eft fí 
cut fuo» relatíuoz latcy ppo:to ouplicatg ut in. 19.fcxti oemonftrarüe. n3 fi foli 
da.a.b.2.c.d.fucrint equalia ci ipfa ponat (ilia crunt cx oiffinitionb"filiu co:/ 
po1i c fimili fupficiez cuncta latera vnius cqualia fuis relariuis lateribus alrcri? 
idcoqs ci oua quantitatum cqualiii ppo:tio triplicata aut quotcufliber fumpta 
nő efficiat nifi equalitatis ;ppo:ionc:conftat in boc cafu vex cc qo proponit. Si 
qute incqualiazfit .a.b.maius cuius longitudo fit.b'.c.latitudo. c.f.alritudo. f.a. 
baíís.c.r.z (üpp:ama fuperficies.a.n.oolidi vero.c.d.fit longitudo.d.g. latirudo 
g.b.altitudo.b.c.coftat itaq; cx oione fimilin co:poz cx oiffinitionc fumi fup 
ficierü « pfenti ypotbefi g ppoitio.a.f.ad.c.b.«.f.c.ad.b.g.«.c.b.ad.g.d.fit ;p/ 
po:tío vna.fumat igit cx linca.a.f.quà manfcftü c Cc maioz¢.c.b.linca. f. k.equa 
lís.b.c.cctereqs tres octeriminantce altitudincin folidi.a.b.rcfccentur ad cqualita 
tem eiue c intcr cas coplcatur felidi palcllogramü. k.b.eque aliü felido.c.d.4 ;p/ 
traban? oue lince bafis.c.b. ¥{q3 ad.t.z.r.b. vfq3 ad.m.fitg3.b.L-cqualis.g -d.z.b 
m.equalie.b.g.« perficiat fupficies equidiftantiii lateri .m.L.que erit equalis ⁊ ſi/ 
milís.b.d.fup cà igif crigat folidi palcllogramü .p.q.Pm altitudine p:cícifam ex 
altitudine folidi.g.b.crita;. p.q.cquale « file tolido.c.d.rur(ufqs intcr lincae.t .b. 
€.b.l.pficíat fupcrficice cquídiftantium laterum.b.t.fup qua quog5 erigatur foli/ 
di paralclogramü.x.l.equc altü vtríq3 ouo folidoz.k.b.«.p.q.replendo alteru 
trum ouoz angulo byannum intcr ca:cii aüt ouo felida.a.b.p.q.finr filia co qp 
abo pofita fint filia folido.c. d.co:pa vcro vui « eidc coxpori fitia itcr fc tunt filia 

vt p5 cx otonc filium co:poz 4.20.fexti manifcftum € ex. 25.ter affumpta qp intcr 
ouo (olida.g.b.z.p.q.Pm continua ;ppo:ionalitate cadunt ouo fotida. R.b.4.x.I. 

oppo:tunc crgo coftituta vcl conftrucra figura:ypotefibufg; memozic firme con / 

mendatis ex prima fcxti fale odudce pzopofít^. £xcute to:poxc z oiligenter atte 

de fdieíqs cx. 25.buius ;ppoxtíone folidi.a.b.ad folidü .R.b.ce ficut fupficici .a.r. 
ad fuperficie. k.r.íóqy ex prima fexti ficut lince.a.f.ad linca. k.£.« pportionc foli / 

di.R.b.ad folidii. x.1.ficut (upficici.k.r.ad fupficié. x.t.(695 ficut lince.f.r. ad linc 

am.r.t.z ppoirioné folidi.x.I.ad folidü .p.q.ficut fuperficici.r.L.ad fupfiae. Lm. 

idcoq; ficut línec.r.b.ad linca.b.m. £x ypotbefi vero liquet q pportio linec.f.r. 

ad linca.r.t.« lítrec.r.b.ad línca.b.m.e ficat lincc.a.f.ad linca, k.f.itags cx dione 

ppoxionie triplicate pofita in pbemíio quintizcoftat q» ppo:tio folidi.a.b.ad fo 

[dum.p.q.idcogs ctía ad folidii.c.d.e ficut linec.a. f.ad lincam.K.f.triplicata vq: 

linca. k.f.pofita eft cquaiíe lincc.c.b.ps vcz effe quod oíat (Loc re aüt oportet y 
quícquid p banc. 36. c p.7.cà cótinuc precedentes oamonftratü € oc folidie palcilo 

gramis.idé quoq vez € oc (cratilibus quo bafes cóutcr funt trígone aut comuni 

fer tctragonc.boc atit cy.28.4 bac.36. 4.7. cà cotiruc precedentibus cóftabit igc/ 

niofo infpector.Si cni fuerint feratilia quelibet cque alta fup candé bafim vel fup 

bales equales coiter tht trigonas aut cOiter tetragonas cum ipfa fint oimidia foli- 

dog paraldilogramoim fuaxum altitudinis cy.28.ipfa crüt equa!ía cx.29. trib" 
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€ (cquétibus:ex bie cni conftat folida paralcllograma ipfis feratilibus oupla ce 
equalia. Silt qnog; fi fuctint ouo feratilia fup bales cóiter £gonas aut cóitcr tctra 
gonas eque alta ipfa cerunt fuis bafibus pportionalia queadmodi oc folidis pa / 
ralcilogramis ex. 33.babct ipfa cni funt cx.23.oímidia folidoz: palcllogramoon: 
fue altisudinis:(olidox aut palcllogramoz fue altitudiuis coq; baftis e vna p10/ 
portio ex. 33.cum itag; fit folidoy paralellogramoy pportio ficut feratilii q» ficut 
(implü ad fimpli fíc oupli ad ouplü ex. 15.quíinti atq; bafi folidoz paralcllogra 
moz € piopontio ficut bafíü ſeratiliũ:aut eni cede erüt bafce ſeratiliũ ⁊ ſolidoꝛum 
paralellogramoy:z boc quide erit ci bafes feratilii fucrit tetragone tunc enim cx 
fcratilibus fuper cafdc bafce crüt folida palcllosrama cóplenda:aut bafce feratili 
um erat fubduple ad bafcs folidoz palelosramo:« boc quide erit cii bafce feratt 
lium fucrint comuniter trígonc:tunc cni crunt ex feratilibus folida. palellograma 
cOplenda adiunctis ad bafes feratiha fuperficicbus trigonis vt fiant bafce ferati / 
lii ci Egonis aditictis fupficieb’:{upficies eqdiftatia laterü .fcqE ut fit pporrio fe, 
ratili ficat fua; bafi. £odéqs mo fi feratilía fucrint ealía fucritqg cómuniter fu 
pcr bafes trigonas vel cOitcr fuper bales tctragonae:bafce coz altitudinibus ipfo 
rum mutue erunt..Qo fi bafes cox fuis altitudinibus fucrint mutue ipfa feratilia 
erunt equalia qucadimodi oc folidis palcllogramis. 54.4. 35. ;pponunt?boc autem 
facilc p5 ex bis quc dicta {unt in.35.fi vero feratilia fucrit adinuice filia zerit p207 
portio vnius ad alterů ficut ppo:tio lateris eni? ad funm reliquum latus alterius 
pportio triplicata:queadmodit o¢ folidis palcllogramie . 5c. ;pponit q9 cx cadem 
36.facile tibi patcbit.ft ex illis feratilibus filibus folidis palctlogramis completis. 
folida ipfa probaucris elle firmliazqo ex diſfinitionc ſimiliũ coꝛpoꝝ ⁊ ſilium ſuper 
ficicrum « ex boc g» ícratilia ponunt adinuícc filia cx. 34.paim leuc € ncgociari. 
Wropolitio 37. 
3j fucríntouo anguli plani equales fnper quos oue ypo/ 
tbemile ín gere ftatuant cum lateríbus angulo fübiacen 
tium fingulos fingulis equos angulos continentee atq5i 
2| illíe yporbemifie ouo puncta ftgnentur a quib? punctis 
23774] One ppendiculares ad iuperfhcies angulorv propolito 

ocmirtant a punctis aütlüper que ppendicularee cecíderit ad eofde 
ouos angulos planos oue recte línee oucant ouo angulí qui ab íllis 
ouabus lineis atq5 ouabus yporbemifis corinent equi fibi inuice efle 
pbantur. Sint ovo anguli plani.a.z.d.equates contenn lincis.9.b.7.a.¢.z.d 
€.7:d.f.« (uper cos crigantur oue linec ypotbemifaliter.2.g.2.d.b.fitg; angulus 
g.a.c.cqualie angulo.b.d.f.« angulus.g.a.b.cqualie anaolo.b.d.c.atqs in oua/ 
bue ypotbemifis .9.5.7.d.b.fígnent qftioilibet ouo puncta. k.e.L.a quib? Pri pic 
ccpta. ii bufus ocmittantur ad fuperficies anguloum.a.«.d. oue perpendicula/ 
res que fint.k.m.c.Ln.« porrabantur ouc líncc.a.m.c.d.n.oíico ígitur angulum 
6.9.1.cflc equalem angulo.b.d.n.fí linea.a. R.eft cqualia.d.Ll.benc quidem. ein 
autcm cy línea. a.g.(umatur.a.p.cqualis.d.l.at a puncto.p. ocmittatur perpen/ 
diculanis ad fuperficicm anguli.a.lines que fit.p.q.mamifc(tum cit igitur p pun 
ctum.q.eſt in linea.a.m.quod ex.e.buíus 4 oíffinitionc linearum cquidiftantium 
qe ucceffe € ce in fupficie €na facilc oftat (tudiofcintuenti ocbic:a pücto.q. oncat 
ppceridicularce euc «na ad linca.a.b.que fir.q.r.« alía ad linc3.a. c. fit. a. f. itr 
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qno35 a puncto. n. oucant ouc alie perpendícularce vg ad líncà d.c. q fit.u. t.c 
alia ad Linc3.d.f.que fit.n.x.« ptrabaut .r.f. c.t. x.iterü gs a punctis.p t.l. ocmit 
tant᷑ ppothemiſc.p.q.p.r .p.s.⁊.l.n.l.t.l.x.his itaqʒ poſuis figuraqʒ pꝛudet di / 
fpoft:a demonſtrationẽ ꝓpoſiti ſic colige:coſtat ex pcnultia pꝛimi y quadratum 
lince. a.p.ẽ cqualc quadratis duaxꝝ lincaꝝ.a.q.⁊.p.q.ac ex cadẽ ꝙ quadratũ .a.q 
ẽ equale quadratis duaꝝ lincarũ.a.ſ.⁊.ſ.q.itaqʒ quadratũ.a.p.ẽ cquale quadra / 
tis triũ lnearũ.a.ſ.ſ.q.⁊.q.p.Sed ex cadẽ quadraiũ.ſ.p.c cquale quadratis dua 
rũ lincarũ.ſ.q.⁊.p.q.crgo quadratũ.a.p.ẽ equale quadratis duaxꝝ lincaꝝ.a.ſ.⁊.ſ 
p.ideoq; ex vltima pꝛimi angulus.a.ſ.p.ẽ.rectus:ſiliqʒ mo ꝓbabis vnũquẽqʒ triũ 
anguloꝝ.d.x.l.a.x.p.d.t.l.c reciũ.cũ igitur ex ppotheſi ſit angulꝰ.ſ.p.a.cqual an / 
gulo.x.d.l.« linca.a.p.lincc.d.l.erit ex.26.pzimi linea.d.x.equalta.a.(.«.x.L. cq/ 
lis. f. p.codc quoq; mo cà cx yporbeft ftt ansulue.r.a.p.cqualie anaulo.c.d.l. cnt 
cx cade linca.a.r.cqualia.d.t.2.r.p.equalif.t.l.auare p quart3 pum luica.r.f.erit 
«q alis línec.t. x. « angulus. a.r.f.cqua'ie angulo.d.t.x.« augulus. a.(.r. anguio 
cft enim cx ypotbefi angulus.a.cqualis angulo.d.a cóccptionc igitur crit angulas 
f.r.9.cqualis angulo.x.t.n. e angulug.r.f.q.angulo.t.x.n.funt emi rc(idui ouo: 
recto: ocmptis equalibus neceffe e itaqʒ cx. 26.p2imi vt linca. v.a. fic equali, C. 
4.q.f.equalío.n.x. £8q5 ex penultima primi quadrata lincc.r.p.fit equatc qdra ! 
tia ouaruim lincarum.r.q.2. q.p.e quadratum licct. l.equale quadratis ouarus 
lincarum .t.n.⁊ .l.n.ſint autem duce linec.r.p.⁊.t..cquales: duo quoqʒ que ſunt 
r.q.⁊.t.n.equalcs:ſcquitur ex commnni ſcia duas que ſunt.p:q.⁊.l.n.ec cquales 
£odé mó cũ quadratũ lincc.a.p.ſit equalc quadratis duaꝝ linearũ que ſũt.a.q.⁊ 
q.p.ſilr quadratũ lincc.d.l.quadratis duarũ lneaꝝ que ſũt.d.n.⁊.n.l.ſi aũt.a.p. 
equalis.d.l.⁊.p.q.cqualis.l.u.ſcquit᷑ ex cõi ſcia.a.q ec cqua ẽ.d n.ex.s.igit pꝛini 
cõcludo ꝓpoſitũ videlicet angulũ.p.a.m.ce equalein angulo.l.n.d. 
Pꝛopoſitio -38. 

MOlidũ tribus lineis ꝓpoꝛtionalibus cõtentum equũ erit 
ſolido qð a medie linee equis lateribus coutinet᷑.ſi anguli 
ſui amboꝛum ſibi inuicem equales fuerint. 

¶ De ſohdis palcllogramis intelligat᷑: de his cnĩ qualiacũqʒ ſint dũ 
tamẽ cquiangula verũ ẽ ꝙ cõteniũ a tribus lincis ꝓpoꝛt:onalibus 
Cqualc e et qà a media caríi cócinet qucadmodii oc fupficiebus rcctangu'is p2oba/ 
tum cft in. io.fextí 4 ce non rccrangulte elicitur euidenter ex fecunda pte.i3.c0íd€ 
Oint igif trce lincc.a.b.b c.«.c.d.centinuc pportionales ftatq cx cis vius angu 
lue folidus ad libitü « pficiat folidii cuidiftantiü laterm cut? lica. a.b. fi losuu/ 
do. b.c. vcro altitudo.fcd.c.d.latitudo « ipfum foltdum oicatur. a.d. (apta quo 
Q5 alia linea qualibet equali.b.c.que críà vocctur.b.c.fup ipius extremitate q €.b. 
oftituat angulus folidus equalis angulo foltdo. a. Pitt qo oocct.26.lucco ccterc 
folidő angulü.b.cótinctce rcfccent ad cqualitate lincc.b.c.« pficiat folidi equidi 
ftantii (uperficicrü cuius longitudo latitudo « alntudo fit línca.b.c .« ipfum ap/ 
pclict.b.c.oico itaq5 ouo folida.a.d.c.b.c.cé equalia. mamfeftum € cui cp. mte 
fupfitice «niue (unt cqutangulc (uie relatiuis fupcrficicb? alteri? qd cx. 3.4.pini pa 
tere pot.na ci folid? angul”.b.ponat cclis folido angulo.a.necefle € vt en?angls 
vniuſcuiuſq; ſuꝑſiciei ſolidi.a.d.ſit eq̃lis vni ãgulo ſue relatiue ſuꝑficici in ſolido 
b.c.itaq; pcr. 34.p:íimi coz oppoiíti crunt cqualce zit qꝛ vniuſcuiuſq; ſuperficiei 
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auadrilatere oce anguli (nnt equales quatuo? rectis cx. 52.primí:meceffe c ouos re 
liquoa vnius elTe equales ouobus reliquis fuc relatiuc. cuma; ipfi duo reliqui in 
qualibet fint eríà adinuicé equales cOuincitur neceflario €t enaqqs ex fupficicous 
folidí.a.d.fit equiangula fue relatiuei folido.b.c.quare ex {eda pte.13.fexti bafes 
duoꝝ ſolidoꝝ ꝓpoſitoꝝ crunt eqles.ſũt enĩ equiangule 2 later mutuoz. e itaqʒ 
lince altitudinũ ſuper baſes ipſoꝝ oꝛthogonaliter infiftunt conftat ex. 31.ipfa cffc 
equalia.cũ enĩ hec linec ſint equales ⁊ ipſe determinent altitudinẽ ſolidoꝛũ exunt 
folida cquc alta. zit fi lince altitudinũ ipſoꝛũ nõ inſiſtunt ſuis baſibus oꝛthogona 
liter ab ipſaꝝ ſũmitatibus ad baſes perpendicularibus demiſſis erunt ex pᷣmiſſa 
bee ꝑpendiculares adinuicẽ equales ipfe enĩ erũt ſicut erant ⁊ in pꝛemiſſe demon / 
ſtrationis figura due lince.p.q.⁊.l.n.quas demoſtrauimus opoꝛtere cẽ cquales. 
Quia igit omniũ ſolidoꝝ altitudo ex ꝑpendicularibus a ſũmitatibꝰ ipſoꝝ ad ſuas 
baſes deſcẽdẽtibꝰ diffinit᷑ erũt ex.32.duo ſolida.a.d.⁊.c.b.equalia. Cõuerſa quo / 
c5 buius poſſumus ſi delectat cõuerſo mõ ꝓbare vt ſi ꝑalcllogramũ coꝛpus.a.d. 
ſit equale ⁊ equiangulũ coꝛpoꝛi ꝑalellogramo.b.c.⁊ coꝛpus.b.c.cõtincat a media 
triũ lincarũ cõtinentiũ coꝛpus.a.d.erunt tres linee cõt inẽtes coꝛpus.a.b. cotinue 
ꝓpoꝛtionales.cũ enĩ duo ſolida ꝑalellograma.a.d.⁊.c.b.ſint equalia ⁊ eque alta 
ex ypotbefi ipfa erüt fuper bafes equales p cõuerfas.3:.T.32.7 q? ipfe bales eoz 
funt equiangule fequit cx pzima pte.i3.fexti qp ipfe (unt mutuo lalerũ itaqʒ pꝛo 
poxtio.a.b.ad.b.c.ficur.b.c.ad.c.d.quarc coftat propofituin. 
| (opofitio — .59. 
=g] Y fuerint quotlibet linee ppoztionales folida quoq; fua. 
d 2e equidiftannum atq; fimiltam vniuſcuinſq; creacions fu, 
— | perficiez erüt ppoztionalia.fi vero folida equidiftantiü 

*) Lll atq; filium vn icniuigs creanois tupficiex fuerint ppoz 

#4] nonalia linee quoq5a quibus ipfa folida continent erunt 
ppozadonales. Sile pponit vigeitma prima leyti ve tuperfciebus. 
¶ Sint cnĩ. lince.a.b. ⁊.c.d.ꝓpoꝛtioales z fup bas fabzicent quatuo? folida pa 
lellograma eiſdẽ noibus oícta q fint expíTe (ilia .ouobas cni ad libit fabzicatis fu 
pcr ouas líncas.a.c.c.cetera bim pcepta. 27 .cóftituenda crüt.oico bcc. 4. folida ee 
pportionalia z ecoucrfo.fubiungant eni ouabus lincis.a.z.b.1n continua ppor/ 
tionc oue:q funt.e.z.f.queadmoda oocet.10.fexti cx ouabua lincia.c. c. d. alie ouc 
que fint.g.2. b.con(lat igit cx. 3o. ct cx oiffinitione ppoitonis triplicare quc po / 
fita ĉin principio quinti « cx bac ypotbcfi qp» folida.a.«.b.(ibt inuicem « folida.c. 
£.d.fibi adiuíce (unt expzeffe filia y ppozio folidi.a.ad folda.b.e ficut ;ppoitio 
lince,a.ad linca.f.folidi quog3.c.ad folidi.d.ticut linee. c. ad nca. b.e quta p.22. 
quínii pzopo:tío líncc.a.ad linca.f.cft ficut linee. c.ad linca .b.crit cx. 11.quinti foií 
dà.2:ad folida. b.ficut folidii;c.ad folída .d.oftat igitur pruna pars. Secunda fic 
(int ono folida.a.¢.b.fibi adinuice ouoq; que fint.c..d.fibi adinuice cxpacíte fi/ 
milia. Sinta; ancta palellograma « ponát ꝓpoꝛtionalia.dico ꝙ linec.a.b..c.d. 
fup às (üt oftituta (üt ppostióales .fit eni cx.10 ferti ficut linca.a.ad linca.b.ita 
linca.c.ad línea. k.« fiat Pm .22.b? (up lea. K.folidi eypffe file folido.d. gd etia; 
dicat᷑.k.eritq; ex diffinitionibꝰ ſilinʒ coꝛpoꝛũ « fitius fupficiez 2.20. (exti co:p?.k. 
cxpllc file cospt.c.i095 p prima pte buins.39.i3 pbata3 crit pportio folidi.a. ad 
(oliduin.b.ficut fotidi.c.ad (otidum.K. ¢ quig cadem crat folidi. ¢.ad folidum .d. 
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crit cx feeunda parte noni quinti folidum. K.equale fotido. d.cunq; effet (ibi ex; 
prefe fimi le fequitur licam. k. effe equalem linee .d. £qualitas enim non p:0/ 
ducitur cx aliqua p:opoxtionc triplicata €cl quotienflibct (umpta nifi ex equali: 
igit ex (cóa pte.7.quinti conftat ctia b°mdi ps {cda.vecipis aŭt fi arbitraris opo? 
tere &niqoa5 quatuo fotidoz.a.b.c.d.cé file cuilibet alio:ncccllc € eni ouo fo, 
lida.a.c.b.(ibi adinmicem.itcas ouo.c.z.d.fibt adinuice ce fimilia: folida aür.c.e 
d.folidig.g.2.b.cfle fimilia contíngene cft:ncecffari aute nó. dc cx bac. 3 9.oc 
feratilib? facile poteris concludere. 
Pꝛopoſitio ao. 

‘FZ infcifa fuerint latera onax oppofitay fnpficierum cubi 
'enüquodq; ín ono media:epierintqs a punctis lectionum 
oue füpficiee fe eicíflim fecantee 4 cubum cóem ea» fectio 
"MInc oiamcetrum cubi per equalía fecare 2 ab ipfa oiameiro 
i. yerfanice per equalia fecare necefle eft. 

G Statue cubii qui fit.a.b.oc quo conftar pcr dioncm q oumes linee ipfa conri/ 
nentes fint equales 7 ci? fuperftcíes rectangule:tale eni:co2pus cubs dicimꝰ:huiꝰ 
igit bafis (ít füpcrficics.a.c.d.c.fupficice vcro eius füppzema.b.f.g.b .ocxira ve 
ro cius fuperficíce fit.a. c.g.b.finiftra aŭt (uperficice fit.b.f.c.d.citerio: quoa; fit 
d.c.b.b.fed «lterío.a.c.g.f.cíufag oiamcter fít.a.b.oiuidant itaqs oia larcra oua 
rũ quarülibet fupficicz oppofita ci? pcr cqualiazz fint nac fupfiace quaz larcra 
diuidãt᷑ dextra atqʒ ſmiſtra: diuidant᷑ inquã quatuoꝛ latera:dextre quidẽ ſuꝑ qua/ 
tuo: puncta que ſunt.o.p.q.r.ſiniſtre vero ſuper quatuoꝛ que ſint.k.l.m.n.⁊ ↄiũ 
gant puncta in his ſuperficichus oppoſita ductis lincis.o.p.z. q.r. que fecent tci 
puncto.t.itemqʒ.k.l.⁊.m.n.que ſecent ſe in puncto.ſ.⁊ perficiantur due (nperii/ 
cies ſecãtes ſe inuicẽ ⁊ cubũ: ꝓtractis ite lineis.o.k.⁊.p.l.q.m.⁊.rx.n.ſitqʒ hax du 
arii fupcrficicz cois fcctio linca.f.t.oíco igit gp línca.f.t. otuidit oíamctz.a. b.cr 
oiuidit ab cade otamctro p cqlia:qd p3 vtraqʒ eni eax tranfit p cent aibi. €Lair 
*cro oucnit q9 ,ppofitti € ocmoftrare ;pducant cni ouc líncc.t.a. c. t.b.« ttem ouc 
f.c.f.b.critqs cx-4-pmi.a.t.cqualis.t.b.c.f.c. equalis.f.b.cóftat aüt cx pzuna ptc 
29.piimi:go angulus. p.t.q.c cqualíe angulo.a.q.t.« ex. 4. pain angulus.b. r.p. 
€ cqualis angulo.t.a.q.ítaqs cx. 5 2.pzumt totus angulus. b.t.q. cü angulo. q.t.a. 
valct ouos rectos quare cx. 14.paumi línca.a.b.crit linca €na:filr quogs linca 3.5. 
erit linca «na Zt q1 cx. 9b" linea.a.c.c cquidiftane linee. b.b.erraqs cni. ẽ cquidi 
{t3s lince.d.e.ciiq3 ipfe fint equalce q1latera cubí:fequit cx. 33. pini ouas bincas 
a.b. «.c.b.eífc equales « cquidiftátes.idcogs p coceptionc caz mcedictatca quc tit 
g.t.«.b.f.crunt equalce:cx. 7.aüt buius manifcftü € gp linea. f c.c i fupertiae oua 
rũ lineay.a.b.2.b.c.z ex cade linca.a.b.quc cft oíamcter cubi. eri diameter fup 
ficici paralcllograme.a.c.b.b.itaqs linca .(. t. fecat oíamctrü.a.b.fecer ergo ipfait 
i pücto. u.oico crgo linca.f.u.cfTe quale lucc. u.c. linea ctia.a.u.linec.u.b.intel 
ligantur ouo trianguli.g.t.n.b.f.u.quo anguli quí funt ad.t. c.f. funt cqualcs 
adinucan:fimilitcr anguli cozidem qui (at ad.a.«.b.cqualce adinuicem cy pma 
partc.29.primi: ppter id gp línca.g.t.cquidíftat lincc.f.b.« qnía ctíà ipfc (at adi/ 
uicé eqnalce: fequit ex.a6.p:imi gp -:ppofitü c. €. 3dé quoa; codc mo códudat « fi 
folidnm.a.b.no fít cibus fed folidii co:pus palellogramá (iuc equalibus liners ft/ 
ue nó equalib? cotentü fnerit (iuc quoa fup bafim oxbogonaliter erectũ ſiuc ctiã 
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c fuper ipf indinati.23ide ampliat in bac. 4o.figuratio cudi ad o€s figuras pa/ 
ralcllogramas folidas. Pꝛopoſitio .4ı. 

cvi 3 Ouo cozwora feratilia quox altex ba‘im crianguld alte 

“iru vcro baitm babeat cquídiftannuü latcrü ipti bat triam 

lgule duplã eque alta fucrint illa ouo co2po2a neccfic c cé 
BM equalia.C Sit tuperficics.a.b.c.d.cquiditanis larerd oupla tria/ 
HE} cere fuperficci.e.f.g.2 fuper bas ouas fuperficics fiàt ouo copora 
(eratilia cque alta:fitq5 fcratite qo cft fupza ba(im qdrangul3.a.b.b.d.¢.k.an? ba/ 
fis cft (uperficies cquidiftantia later ppotira.a.b.c.d.alia ciue fuperficies equidi 
ftanti [atez €.a.b.d k.tertía €ero €.b.b.c.k.oue att a? triagulares fupiicies fae 
altera quidem trianguluc.a.b.b.reliqua vcro triangulas.d.c.k. fcratile aüt qo ctt 
ſuper baſim triangula.e.f.g.ſit.c.f.g.l.m.n.cuiꝰaltera duaꝝ trilateraꝝ ſuperſicicꝝ 
ẽ baſis pꝛcdicta:reliqua vero triangulus.l.m.n.triũ aũt ſuꝑſicieꝝ eiꝰ cquidiſtãtiuʒ 
latez:pzinia quidẽ ẽ.e.f.l.m.ſcða vcro.c.g.l.n.iertia vero.ſ.g.m.n.dico itaq; hec 
duo ſeratilia ꝓpoſita eſſe adinuicẽ equalia:perficiant enĩ duo ſolida ꝑalellograma 
adiungendo vtriq; duoꝝ pꝛopoſitoꝝ ſeraii iũ aliud ſeratile ſibi equale: pꝛino qui 
dẽ ſeratili ſupcr candẽ baſim ſitqʒ adiunciũ ſeratile.a.p.h.d.q.k.cuius duc trila/ 
terc ſuperficies ſunt.a.p.h.d.q.k.tres aũt quadrilatere:pꝛima quidc.a.h.d.k.qui 
ẽ terminus cõis ſibi ⁊ ei cui adiungit: ſcða vero.a.d.p.q.tcia quoqʒ.p.q.h.k.ſcðo 
aũt ſcratili adiungat᷑ alind ſeratile ſibi cquale hoc modo:adiungat᷑ pꝛimo triangu 
lo.c.f.g.alius triangulus cqualis qui ſit.c.g.r.ita ꝙ tota ſuꝑſicies.e.f.g.x. ſit cqui 
diſtãtiũ laterũ ⁊ ſuper hunc trianguluʒ fiat ſeratile.e.g.l.r.l.n.ſ.qð cũ ilo cui ad / 
iungit᷑ perficiat coꝛpus palcllogramũ huius ſeratilis adiuncti:due trilatere fuper/ 
ficics ſunt.e.g.r.l.n.ſ.tres aũt ꝑpalellograme ſunt:pꝛima quidẽ.e.l.rx.ſ.ſcda.e.l.g. 
n.⁊ ipſa ẽ comunis terminus ſibi ⁊ ei cui adiũgit:tertia vcro.g.r.n.ſ.maniſeſtum 
igitur ex diffinititione ſolidoꝝ equaliũ atqʒ ſumiliũ ꝙ duo ſeratilia paralcllogamũ 
cõponcentia ſolidũ.a.k.ſibi inuiccm.itẽeq; duo cõponentia ſolidum paralcllogra / 
mum.c.n.ſibi ad inuicẽ ſũt eq̃lia. At vero ex.ʒi.vel ex. 32.hꝰ duo ſolida.a.k.⁊.e. 
n.ſunt ſibi inuicẽ equalia:qꝛ crgo hoꝝ ſolidoꝝ medietates funt feratilia ppofita 
per cõem ſcĩam ↄſtat ca eſſe cqualia:quecunq; enĩ fucrint equalia coꝝ medietates 
neceſſe ẽ eſſc equalcs:liquet itaqʒ qð ꝓpoſitũ c. Explicit liber Indecimꝰ Incipit 
liber Duodecimus. Pꝛopolitio .. 
Ln ouaz tupficicz fiu mpltiangula 
itcr ouos circulos ocfcriptaz € ,ppoatio al 
terius ad alterà tàq5 ppoznio qdratox à ex 
diamerris circuloy cas circifcribent pues 
niunt.Goiínt ouo circili.a.b.c.d.c.f quib infcrib3 
tnr ouc quelibct figure poltzonic q pouant adiuicé 
filca:fintas nüc pentbagonc iufcripte €t oocct. vi. Qr 
ti « ipfc fint.a.b.g.b.k.aliud pentbagonü.d. c.m 
n.oiamctri quogs circuloz fint.a.c.e.d.f.oico itaq; 
q» proportio pentbagoni.a.b.g.b.k.ad petbagonü 
d.c.l.m.ni.é.ficut Gdratü oiamctri.a.c.ad quadrati oiamctri.d.f. p:otrabanrur 
cnim in €troqs circulo ouc lince ab extremitate oigmerri ad extremitatem vnius 
lateris pentbagoni viametro nõ conterminalis fe inyicé cancellantes infra ipfum 
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pẽthagonũ ĩ hoc quidẽ.a.g.⁊.c.b.ĩ illo ãt.d.l.⁊.f.e.eritq; ex.6.ſexti triangulꝰ.a.b 
g.equiangulus triangulo.d.e.l.nã cũ pẽthagoni ponant᷑ adinnice ſiles erũt cx dif 
finitione ſilium ſupficicꝝ angulus.b.cqualis:angulo.e.⁊ latera ipſos contmentia 
ꝓpoꝛtionalia videlicct ꝓpoꝛtio.a.b.ad.d.e.ſicut.b.g.ad.c.l.cũ ſint autem ex.ꝛo. 
tertij duo anguli.f.⁊.l.ſibi inuice cquales. Itcq; duo alij.c.⁊.g. fibi inuicẽ equales 
erunt duo qui ſunt.c.⁊.f.adinuicẽ equales ex hac cõi ſcia:que equalibus ſunt equa 
lia ſibi quoqʒ equa eſſe neceſſe eſt.Et qꝛ ex pꝛima ꝑte.zo.tertij vterq; duoꝝ angu/ 
loꝝ.a.b.c.d.e.f.cſt rectus ſcquitur ex.32.pꝛimi duos triangulos.a.b.c.d.e.f.eſſe 
equiangulos quare per quartã ſcxti ꝓpoꝛtio diametri.a.c.ad diametꝝ.d.f.ẽ ſicut 
lateris.a.b.ad latus.d.e.ꝓpoꝛtio duplicata ⁊ per cande.cũ itaqʒ ex ſcða ꝑte.is.ſe 
xti ꝓpoꝛtio duoꝝ penthagonoꝝ ẽ ſicut ꝓpoꝛtio lateris.a.b.ad latus.d.e.ꝓpoꝛtõ 
duplicata ⁊ ꝑ eandẽ ꝓpoꝛtio quadrati diametri.a.c.ad quadratũ diametri.d.ſ.ſit 
ſicut diametri.a.c.ad diametꝝ.d.ſ.duplicata per hanc cõem ſciam:quoꝝ dimidia 
ſunt equalia ipſa quoqʒ adinuicẽ eſſe equalia. manifeſtum eſt qð pꝛopolitum eſt. 
E Pꝛopoſitio .ꝛ. 
I M niũ dnoꝝ circuloꝝ ẽ pꝛopoꝛtio alterius ad alteꝝ tan; 
ea) G5 Ppo2tio quadrati Ilue diametri ad quadrat oiamerrí 





alterius.G9oit ouo circuli.a.b.c.c.d.quoz oiamcetri quogs oicàt.a 
j/A|b.«.C.d.oíco itaq qp;ppoxtó;círculi.a.b.ad circulii.c.d.€ ficut ddrati 

mr oiamctri.a.b.ad quadrati oíamctri.c.d.manifeftü eni € ex bac co/ 
muni fcientia quanta cft quelibet magnítudo ad alíqua fecunda tantam necetic cft 
efie quamlibet tertiam ad aliquam quartam qp piopo:tto quadratí oiamctri.a.b. 
ad quadratum oíametrí.c.d.cft ftcut circuli.a .b.ad fuperficiem aliqua que fit.c. 
cuiufciiqs figure aut foxme ponat:bancautem impotlibile ẽ maioꝛẽ eſſe a t mino / 
rem círculo.c.d.6i eni eft poflibile ipfa ce mínose circulo.c.d.fit itaq; mino i (u/ 
perficie.f. itaq circulus.c.d.fit equalis ouabus fuperficicbus.c. 7. f. piter acceptis 
conftat igit ex prima. 10.q totiens poflit ex circulo. c.d. fuifqs rcfiduis tubrrabi 
maíus oimídio quouías rclinquat quantitas aliqua minos.f. wfcribatur crgo fibi 
vt oocct.o.quarti quadrati .c.d.g.d.dc quo conftat q ipfum fit maius medicta/ 
te circuli:quadratit eni quod cit ouplum ad ipfum é arculum circüfcribeus «t pats 
ex penultima pzimi .7.quarti. Si igitur portiones circuli cxyttentes (uper latera 
qu adrati piter accepte fucrint minus fuperfice. f.futticit. Sin att quatuo2 arcus 
ex ftentes fuper dicta latera per cqualia oinidantur z puncta ipfosarcus owi/ 
dentia cum cytremitatibus latex cotinent per líncas rectas. vcrbi gratia. arcus.c. 
¢.diuidat per equalia in puncto.k.¢ prrabant linee. k.c.k.g. ficq3 de ceteris. Erit 
q3 quilibs trianguloz ocfcríptoz fup latera qdrati maio: mcdictate poxtionisiq 
exiftit co q ois triangul’ yfocheles ¢ medictas galcllogram (ne bafis per.41.p2i/ 
mí. int ít395 po:tionce cxtftentes fuper latera octogori] infcriprí piter accepte 
minus fuperficie.f.fi cni nondü boc cflerznó ccflare oiuiderc arcus quox latera vl 
time defcripte figure funt corde per cqualia:z ifcríberc figuram cauilateraim ouplo 
pluriom laters prime femper fubtrabendo ab ipfis cirali po:ttonibus mains di/ 
midio quoufg p pma. vo.portiócs fuper latera alicui? talts figure circto iferipte ex 
iftctce pif accepteerür mín? fpperficie.f.(int 6 nüc q oícte (Gt:crítas cx oceptióc oc 
togonü.c.d.maiue fuperficie.c.ín circulo ígit.a.b.cadcs via infcribat file octogo/ 
num? quod dicatur.a.b. fitg3 ex prcmilla proportio ectogont.a.b.ad octogonum 
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c.d.ficut quadratí otamctrí.a .b.ad quadrati oíamctrí.c.d.i635 p. r1« quinti (icut 
pportio circuli.a.b.ad fupficie.c.itaqs pmutatím poligonij .a.b.ad círculii.a.b.fi 
cur poligouij.c.d.ad fupficic.e.ctigs fit poligoniii.c.d.maius fupficic.c. erit poli 
goníü.a.b.maius circulo.a.b.boc aüt ipotlibile nó c:crgo fupficics.c.mínoa cir/ 
culo.c.d.Ged nec maior. £fto eni (í poffibile fit:cü igit fit pportio Gdrati oíamc/ 
trí.2.b.ad quadrati oíametri.c.d.ficut círculi.a.b.ad fupficié.c.erit ecóucrfo qua 
dratí oíamctri.c.d.ad quadratü oiamctri.a.b.fícut fupcrficici.c.ad círculii.3.b.e 
oftat ex coi {cia in principio buius cemonftrationis pofita q» cade c airculí. c,d. 
ad aliqua fupficie que fit.f.critg3 ex.14.quinti fupficics.f.mino2 circulo. a.b.itaqs 
pportio quadrati ciametri.c.d.ad quadrati diametri.a.b cit ficut circuli.c.d.ad 
fupficié.f.minoze circulo.a.b.fed ex boc ocmoftrauimus paulo ante {equi impof 
fibile videlicet poligoniti infcriptii circulo maius eile circulo:ficut ergo fuperficies 
c.1ó pot cile mito: circulo.c.d.ita ncc maiox:crit: ergo neccffario cqualie quare p 
(cóam parte. Z.quinti liquet a9 ;ppofitii e, WP2opofitio z | 
wees Lfdnis piramis cuius bafis triangula tcindi porin duas 
y. WI equae prramídes fibi inaícem totíqs páramídi li es vnaqʒ 
lin ouo feratília d ambo piter accepta oimidio totins pira 
midis necefle eft efle mato23.G et piramis.a.b.c.d.fup bafís 
: riangulũ.b.c.d.eiuſqʒ vertex ſolidus angulus.a.a quo demittãt᷑ tres 
ppotheniſe.a.b.a.c.a.d.ad tres angulos baſis:⁊ diuidant᷑ oĩa latcra baſis ꝑ equa 
lia in tribus punctis.e.ſ.g.tres quoqʒ ypothemiſe per eq̃lia in tribus punctis.h.k 
l.⁊ pꝛotrahant᷑ in baſi due lincc.e.f.⁊.e.g.eritqʒ baſis eius diuiſa in tres ſuperfici 
es quaꝝ due ſunt duo triar guli.b.e.f.e.g.d.quos ex ſcða parte ſcðe ſexti ⁊ dione 
ſilium ſuperſicieꝝ ↄſtat cẽ ſiles ſibi ĩuicẽ ⁊ toti baſi ⁊ equales ad inuicem ex.s.pᷣmi 
tᷣcia ẽ tctragona:pꝑalellograma ⁊ ipa C.c.f.g.c.quà oftat c£ ouplà ad tàgnlii.c.g.d 
ex. 40.7.44.pmizoemittant crgo rurfus a pücto.b.ouc ypotbemife.b.c.f.b.« a pii 
cto.k.ypotbemifa. K.g.« ;ptrabant lince.b.k.k.L.c.L.b.oiuifa é itaq tota piramif 
3.b.c.d.ín ouas piramídce que fint.b.b.e.f.c.a.b.k.L. ouo fcratilia quoz enü 
C.c.b.f.g.k.c.« € fuper bafim quadrangulà.c.f.o.c.« aliud €.c.g.d.b .k.l. « eft fu 
per bafim tríangula.e g.d.oc ouabus aür prramidib?.b.b.e.f.a.b. K.L. cq ípc (üt 
&Qlce adinuíce fíbias 2 toti piramidi.a.b.c.d.filcs:oftat cx oionc co:poz equali 
4 filium « cx. 10. 11 líbri € ex (coa parte.2.fexti: oc ouob? aüt fcranlib? ꝙ ipfa fint 
cqlia.ↄſtat ex vltiã.iiibꝛi.Oð vero ambo ferarilia piter accepta (int mai? medi/ 
etate roti? piramidis:cx boc manifefiü e gp trügs io oiuifibile c i ouae piramí 
dcs qua altera triagula eqlis vni ouay ín quas z feratilia rotalis piramis diuidi 
tur.altcra «cro quadramngula q oupla c ad rdiquà quarc ps ambo fcratilia pariter 
accepta tres quartas cé totalis piramidis oiuife:bac pportionc fi {cire defidcras. 
fextã buius. 12.lib:i ofulc.fed (utficit tibi fcire quantü ad ꝓpoſitũ illa duo ſcrati/ 
lia paríter accepta ouas partialce piramides in quae «f cratilia totalis diuiditur 
pariter acceptas quataliber quatitate excedere. — Mꝛopoſitio .a. 
¥ one piramides eque alte quay bales triagule tingule 
11 binas piramides eqles libt iuice ac toti fimiles binag3 
feratilia ealía oiuidant erit ppoxtio bafie oni? ad bafim 
alteri? táq5,ppotío ouoz feratilià fox ad ouo feratilia 
alterí?.critqs palá oia feratilía q fuerit in vtralíbs illa» 
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pírauiídü piter accepta ad cüicta feratilía d altera piramide fuerit in 
cidé bre ppozttone G5 bals et” piramidis ad ball aicert” piraimdis. 
Sint ouc piramides quay bales triangule eque alte hec quide.a.b.c.d.cuius co 
nus pnuctua.a.bafts rríaugulus.b.c.d.;potbemifc.a .b.a.c.a..d.illa ecro.c.£.5.b 
cuí13 conus punctug.c.bafis rriangulua.f.g.b.ypotbemiíc.e.f.e.g.c. b. becauté 
ouc píramidea oiuidant ficut in p:cmilla.Gintqs bafcs ca oiuifc bcc quide p:0/ 
tractis lineis latera bafís ipfius pcr cquaiía oinidentibus quc fuit. l.l. e. Ram. ilta 
vero protractis lincis que fint. n.p .mn.q.oico crgo qp ;ppoatio bat 3.b.c.d.ad bali; 
f.g.b.cít (icit onoz ferariliii piramidis.a.partrcr acccptoz ad ouo fcrarília pira / 
midis.c.parítcer accepta. D(3amfeftü cft aüt cx.1S.fcxti pte fcoa q» ;ppo:uo trian/ 
auli.b.c.d.a4 triangulü .K.m.d.c ficut lincc. b.d.ad liuc. k. d.ouplicata p candé 
quoq; € ,ppoitio trianguli-f.g.b.ad triangulũ.n.q.h.ſicut lincc.f.h.ad lincã.n.h 
duplicata.Cũq; ſit linca.b.d.ad lincã.k.d.ſicut linca.f.h.ad linea.n.h vtrobiq; 
cni ẽ dupla ꝓpoꝛtio crit triangulus.b.c.d.ad triangulũ.k.m.d.ſicut triangulus.f 
g.h.ad trianguũ.n.q.h.⁊ ꝑmutatim triangulus.b.c.d.ad triangulũ.f.g.h. ſicut 
triangulus.k.m.d.ad trianguiũ.n.q.h.triangulus aũt.k.m.d.ad triangulũ.n.q. 
b.e ficut ſeratile cxiſtens ſuper ipſũ ad ſeratile cxũs ſuꝑ illũ ꝑ.33.vVndecumi buius 
quoq; feratilis ad illud ẽ ſicut amboꝝ ſcratiliũ piramidis.a.piter acccptoꝝ ad am 
bo (cratilia piramidis.c.pariter ac.epta cx.15.quinti:neccle é cni ve fit oupli ad 
duplum quẽadmodũ ſimplũ ad ſimplũ.itaq; cõclude cx.ii.quinti qð ꝓpoſitũ eſt. 
Doꝛmitas aũt ſi dubitas ſeratilia vnius haꝝ piramidũ eque alta eſſc ſcratilioꝰ pi 
ramidis alterius.cũ cnĩ ſint piramides eque alic:ſit quoq; vtraqʒ caꝝ diuiſa ĩ du / 
as piramides equales ſibi totiq; ſimiles ⁊ in duo ſeratilia cqualia ⁊ fint cuc ptia/ 
les piramides eque alte eo ꝙ ſuniles ⁊ cquales qð ſacilc patebit demiſſis a vertici 
bus ꝑtialium piramidũ ꝑpendicu aribus ad bafes ipfay:oc quibus perpcnvicula/ 
ribus cx. 57. vudccimi conttat effc cqualcs. £193 altitudines bax partialis pirami 
dum pariter accepte cOponunt altitudine toralis piramidi3s diuiſe. Sintqʒ ambo 
feratilia eque alra eni partiali piramidü. ci vidcitecr que fup pria'cin triangulum 
bafis totalis p:ramidis cOponit non cit pbas ambiscre feranlia «uius ca pira/ 
midũ ciTe eque alta feratilibua alterius caz. Zonclariü vero cx co inancitü € o 
fimiliter bafes partial piramidü fic fc babcanr ad inuice ficut bina (craclia eim? 
ad bina (cratilia altcrius.¢ q2 bafes partialiuim ficfe babent ad inuicé ficut bafce 
totalium ex (COa ptc. 18.fexti « permutata ;ppo:ionc conftat cx. 13. quinti erù ce 
quod coxelarium proponit. Pꝛopoſitio .ş. 

£I nee ouc piramidce eque alte quarum bafce triangule 
e wIfuie bafibus fint popozuonalea. 

(120.55. vndccami ,ppotuit oc folidis palcllogramis « i finc. 36.vn/ 
Vaidecimi vex eſſe demonſtrauimus:de ſcratilibus.hec quinta.iꝛ.ꝓpo / 
nit de piramidibus triangulis. Intelligatur enĩ due piramides eque 
alte quaꝝ bales ſunt duo trigoni.a.⁊.b.dico ꝙ ꝓpoꝛtio piramidis.a.ad pirami/ 
dem.b.eſt ſicut baſis.a.ad baſim.b.qð ecdem demoſtrationis vcl argumctanõis 
gcnere oemóftrandü ẽ quo ſcõam huiꝰ demoſtraumus. ſit enĩ ut baſis.a.ad ba / 
ſim.b.ita piramis.a.ad coꝛpus.c.de quo dico ꝙ ipſũ nõ cerit minus nca; maius 
piramide.b.nã ſi poſſibile ẽ vt ſit minꝰ ceſto min ĩ ſolido.d.vt piramis.b.ſit cq̃lis 
duobus coꝛpoꝛibus.c.⁊.d.pariter acceptis diuiſa itaqʒ piramide.b.vt ꝓponii · ʒ. 
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petrabantur ab co ovo fcratilia que ex prema funt maius medietate piramidis 
ipſius: itemq; ex vtraq;ʒ duarum partialium refiduarum piramidum ouo carum 
poedicro modo oiuiGram feratilia oemantur z fiat boc totiens quoulqs cx pira / 
midc.b.cozstur aducrfarius pcr primam. ro.confiteri retingui minus folído.d. 
cruntqs ex communi fcienti altaris octracra maius.c.fiat igitur a piramide.a. 
fimilis fcratilium octractio.z intcl'igamus tot feratilia oetracta eile ex piramide. 
g.quot octraximus ex piraintde.b. critqs ex conclario premiffc ficut bafis.a. ad 
bafim.b.ita feratilia oetracta a piramidc.a.ad feratilia octracta a piramide.b.fic 
(cd erat ptramis.a.ad corp” .c.itaq3 fcratila piramidis.a.ad fcratilia piramidie 
b.ficut piramis.a.ad co:pus.c. ¢ pmutatimn feratilia piramidis.a.ad piramide.a 
ficut fcratilta ptramidis.b.ad cozpus.c. £uig (int fcratilia piramidis. b.maius 
Co:pox.c.crunt feratilia piramidis.a.maius piramide.a.£t quia boc é impoffibi 
bile nó erit co»pus.c.minus piramídc.b.fcd nec maius.boc eni pofito cum fit p7 
po:tío bafía.a.ad bafím.b.ficut piramidis.a.ad co:pus.c.enit ccóucrfo bafis.b. 
ad bafim.a.fiast comoris.c.ad piramide.a. £ritq cade cx cómuni {cia piramidis 
b.ad aligd corpus gd fit.d.{equetas ex. 14.quinti gp corpus.d.fit minus piramide 
a. eo q⸗ piramis.b.ponit minoꝛ coꝛꝑe.c.Erit igit᷑ baſis.b.ad baſiʒ.a.ſicut piramis 
b.ad co:»pus minus píramidc.a. £x bocaüt oemonftratü € fcqui impolfibile vide 
licct feratília octracta ab aliqua piramide maius eê ca piramidea qua octrabunt 
ideoqs relinquit cospus.c.cfTc cquale piramidi.b.cum nec minus ca poffit cc nec 
maius z ;pportioné píramidis.a.ad piramidam.b.cflc ficut bafís.a.ad bafim.b. 
boc aüt cxat demonſtrandũ. 
4p»opofitío | .c. 
zx one co2pus feraríle m tres píiramides equales bafefas 
Witríangulae babentes eft oíutfibile. 
G oít fcratilc.a.b.c.d.c.f.ipfü oico effc oinifibile ín tres piramtdca 
TAWA triangulas cqualee ptrabaf eni in enaquaqs fua» tríus fuperficicrü 
tm xta i| oalelosrama linca oiagonalis íta qp vna cay oiagonalí fit coter/ 
minalis reliqnis ouabus ut fi ptrabaslincas.b.d.b.f.2.f.a.quas ppter cofufio/ 
nẽ pꝛotrahere cõtempſi:eritqʒ totum feratile in tres triangulas piramides oiuifit 
quae cx premiffa bis affumpra facile cOftat cé equales. m aüt eudides nibil oc/ 
monftrandum proponit oc piramidibus lateratis exceptis folidis bis quax funt 
bafestriangule et omnii cognitione ex elamctie q ponit:fufficienter elicere poft 
mus:qucdà arbitramur nó inutile oemóftrationibus bfc pofitis adiungere :folis 
eni clemctís contentus cudidce multa ptermiífít que quauis ex cie confequant non 
tamen fine oifficultate patent (tudentibus:boz primum eft bec. 
G ei ono folida quo2us alterum feratile alterum vero ptramis cuius 
batis triangula fuper eandem bafim aut füper equales trígonae aut 
ferarile fuper quadrangul3:piramis vero fuper trigona que quadran 
gule bafis ferarilis fir ormidius conftituta frerint eque alta feratile pi 
ramudi triplum efle conueniet | 
G oi feratile ;ppofítü fucrít fuper bafim trigonam tunc ex piramide ppofita fup 
p:opilam bafim perficiatur fcratile picamidi ppofite eque altum. Si vero feratile 
fucrit fuper bafim quadrangulam tunc bafiipiramidis adijciarur triagulus ex quo 
2 bafi piramidis perficiatur fuperficice equidi(tanrinm taterum fuper quà. cx ipfa 
0 
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Piramide compleatur feratile piramidi c. uc altum: igit iftud fcratile feratili psi 
ozi cht cquc altum « vtrozi5 bafce funt equalce cx vpotbcefi.fequitui ipfa ce cqua 
L.a.boc cui ecmonitratü cft in. 36. endecimí.at qfi ex.e.Dui-12. 1b: (eratile fcóm 
triplum cft ad piramide ,ppofíta.nam ipfa cft vna cy tribus piramidibus in quas 
ipfum fcratilc oiuidí£. £rir quoqs per cómuncim fcientíam p:opotitam fcraüle tri/ 
plum ad propofiram piramidan. 

Sr quorcliber piramides quarum bafestriangule faper wna eande 
q; balim line inper equales conftitute fucerint:eque alte eas efle adin, 
nicé mequales necefle eft. ¶ Fabricato cnĩ vno feratili equc alto piramidib? 
piopofiris fup bafim triangula cquale bafib? psopofitaz piramidü aut fu? ba(un 
quadrangulà ouplà bafibus carüdc:cnt ipfa fcranle tripl ad piramidces fingtas. 
boc cni conitat cx pzcmi(Ta addita fiuc intcrpofita:igit cx cótfcia cüctc propofite 
piramides funt vt diximus adinuice cquaics. 

G Omnes piramides quarum baies riangule eque alte fuis bafibus 
{unt p2opo2tionsles.d Siant fupcr baíce popotitarum prramiduim aut (up 
alias trigornias cqualce aut (uper palcllogramas ouplao fcratilia ipfíe piramidi/ 
bus cquc alta cruntqs ob boc fcrantia (ibi adinuice ceque alta « q» fcratilia fuis ba/ 
fibus fust ppoiionalia ut probatum c m. 3e. endccimi. 5 3. ipfis medianic. £ü/ 
@ ex prima barum addirarum manifeltum fit bec feratilia tripla cle ad p:opofi, 
tas piramides enüqóqs videlicct ad ſuã relatiuam:baſcſqʒ ipſoꝛnʒ cquales aut du 
plas eſſe baſibus ipſarum fic autem ex .15.quinti ve tripluin ad triplum ia fun / 
plum ad ſimplum erunt quoqʒ pꝛopoſite piramides ſuis baſibus pꝛopoꝛtionales. 
¶ Si fuer int due quelibet piramides eque alte fueritqʒ alterius ba 
fis trigona:relique antem tetragona aut plurilatera:piramides ipias 
{uis bafibus pzopoztionales elie conuemiet. 

G £xcinplí gratia. Jnrellizantur one piramides cane al:c fuper oua8 bafcs.a.7.b. 
fitq; ba(is.a.triangula.D.vero pentbagona. £t oicantur bcc piramidce .a.c.b. 
itaqʒ dico pꝛropoꝛtionem piramidum.a.⁊ b.eſſe ſicut baſium.a.⁊.b. diſtinguatur 
quidcm pentbagonus. b.i tres triangulos.c.d.c.critqʒ tota piramis.b.diſtincta 
in tres piramides cque altas quarum baſes ſunt trianguli.c.d.e. que etiã dicãtur 
nominibus fuarum bafunn.quia igitur cx premila inicrpofita proportio pirami 
dis.c.ad piramidem.a eſt ſicut trigoni.c.ad trigonum.a.⁊ piramidis.d.ad pira / 
midem.a.ſicut trigoni.d.ad trigonum.a.itemq; piranus.c.ad pirainidem.a.ſi / 
cut trigoni.e.ad trigonum.a.cx.24.quinti bis aſſumpta ſcquitur ꝙ ſit pꝛopoꝛ/ 
tio aggregati cx omnibus piramidibus.c.d.c. ⁊ ipſum eſt piramis.b.ad pirami/ 
dcin.a.ficut aggregati cx omnibus trigonis.c.d.c.⁊ ipſum cſt penthagonus.b. 
ad trigonum.a.conſtat igitur ouod volumus. 

¶ Omnes laterate piramides eque alte ſuis baſibus pꝛopoꝛtiona/ 
les elle pzobantur. 

C Si altcra carum fucrit fuper bafim trigonam cy p:emifla interpofira conftat 
quod oícitur.Oí autem bafis etriuíqs fucrit poligonia vrraliber ipfarun bafinm 
rcfolnta in triangulos z ipfa piramide i piramides trianguigsserit ex pania in 
terpoſita pꝛopoꝛtio vniuſcuiuſqʒ harum triangularium piramidum irer quas alte 
£3 propofitaram diuiditur ad reliquà ficut fuc befte ad bafi altcrius. itaqs per 
24.quinti quoticne opo:tct afluimptam:conítat vcrum cíle quod oiyimus. 
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daue piramides triangularum baſium fnerint equales 
Erum baſes earundem altitudinibus mutue erant. Si ye 
Xi N jro bales z altitudines fuerit mutue eafdem piramides fibi 
ADA inuicem cffe equales necetle eft. 

027491 Od trigelima quarta z trigefima quinta endecint p:opofaerunt 
de folidis paralellogramís:« nos in. 36.ciu(dem ocmonftrauimus oc feratilibus: 
bec fcptíitia. 12-p:oponit oc piramidibus babenribus bafce tríangulas. 3ntcllíaa 
tur cni ouo piramides equales (aper ouos trigonos vcl tríangulos.a.c.b. quc oi 
cantur.a. z.b.oico ít395 q» ꝓpoꝛtio baſis.a.ad baſim.b.eſt ſicut pꝛopoꝛtio altitu 
dinis piramidis.b.ad altitudinem piramidis.a.⁊ ſi hoc fuerit dico piramides.a. 
⁊.b. cſſc equales. Adhbibeantur quidem duobus trigonis.a.⁊.b.duo alij qui ſint.c. 
z.d.vt fiant ambe fuperficics.a.c.z.b.d. cquidiftantium larerum ct ex ipſis pira/ 
midibus fupcer bales .a.c.z.b.d.copleantur folida paralclograma piramidibus 
propotitis cquc alta que fimiliter oicanttr.a.c.c.b.d.mamfcftü iaitur eft ex (exta 
buius. 12.q piramis.a.c fexta pats folidi.a.c.z prramis.b.fexta folidi.b.d.itag3 

ex.ʒ5 vndcecimi arguc p2opofitum:p2ims quidem partem ex prima:fccundam au 
tem cy fccunda. 

625 ti one quelibet piramides laterate fuerint equales earum ba, 

fes earundem altitudinibus mutue erunt. Di vero baies earum altitu 

dinibusiplarum mutue fucrint eafdem piramides equales effe opo27 
tet. t 

C Si bales vtraritg; fucrint triangule ocmonftratum cht verum effe ad otximus. 

Sj altcra trit:fit igitur.a.bafifqs altcrius piraiidis fit.b.c fümarur trigonus.c.cq 
lis poltgonio.b.fiatg; fuper.c.piramtis cque alta piramidi que cft {uper.b.z fint.a 
b.c.cquiuoca nomina piramidum c bafium. uia igitur ex ypotbefi ouo pirami / 
des.a.⁊.b.ſũt equales ⁊ ex vltima interpoſitaꝝ ad ſextam huius dueq; piramides 
b.: .c.funt cqualca:« erüt cx cominuni (cicntia ouc pirainidca.g.c.c.equalce:igit 
bafes carum funt mutuc ad altitudines carum cy pruna partc.. buius. £ uiiqs ba 
fc3.b.«.c.fint cqualce:altitudinee quoq5 piramidii.b.c.c.equales crunt cx prima 

ptc « fccunda.7.quinti bafes.a.¢.b.mutuc altitudinib’ piramidum.a.z.b.Scda 

pars coucrío modo piobatur.narm fi fucrit bafís.g.ad bafim.b.vt altitudo pira/ 

midis.b.ad alritudinem pizamidis.a.crit cx .2. parte z prima .7. quinti bafis.a: 

ad bafim.c.ficut alntudo piransidis.b.ad altttudine piramidis.a.itag3 ex fedida 

ptc but” -7.ono piramides.a.z.c.funt eqles quare p cOmune fcientiam onc quog; 

piramides .a. « .b .funt eqnalce.Oi vcro neutra propofira:3 piramidum fucrit 

trigona fcd erraq; poligonia.ZYerbi gratia altera pentagona altcra exagona que 

adbuc oicantur.a. c.b.fumatur fimihter tríangulus.c.cqualís exagono. b.fuper 

quem fiat piramis eque alta piramidi.b. cruntg3 ove piramides. b.z.c. eqnales. 

idcoqs ouc que {unt.a.z.c.ctiam per coceptioncm equalce quare bafis.a. ad ba/ 

fim .c.ficut altitudo piramidis .c. ad altitudinem piramidie.a.boc enim nuper 

ocmonftratum eft. £ft ergo cx feptíma quinti bafís.a. ad bafim.b. ficut altitudo 

pira midis.b.ad altitudine piramidía.a. £ onucría conucrfo modo patct.fi enim 
bafís.a.ad bafüm.b.fuerit vt altitudo piramidig.b.ad altitmdincm piramidis.a. 
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crit quogs ex feptina quinti bafis.a.ad bagm.c.vt aleitudo piramidis.c. ad alti 
tudiné piramidis.a.ideog3 ut patet ex pꝛioꝛibus erunt duc piramides.a.⁊.c.eq̃ / 
[es quare ctiã ex cõmuni ſcientia ⁊ due que ſunt.a.⁊.b.erũt etiã cquales.Et hoc ẽ 
pꝛopoſitum. 

Pꝛopoſitio .s. 
A M nium duarum piramidum ſimilium quarum baſes tri 


angule ẽ pꝛopoꝛtio alterius ad alteram tanqʒ lateris ad 


SO La 
"^ 


latus cius relatíumm p2opoatio tríplicata. 
//A| G [»:opofitts ouabus piramidibus bafes triangulas babentibus fi 
2225 milibus cy ipfis perfice ouo folida paralcllograma quenadmodi 
oictum cft in ocmonftrationc pxanifTc:cruntqy bec ouo folida paralcilograma fi./ 
milia co g piramidcs ponuntur fumlce ad inuicem.n3 ouo folidi anguli qui fuut 
cómunice píramidibus « folidis paralcllosramie fupcerficialibus angulis numero 
« quaritítate cqualib? continentur: « latera quoq; illos angulos fuperficialce con 
tinentia (unt proportionalia quare cx. 5 4.pztm: tree fuperficics felidoxum para/ 
[dlogramowm comuncs angulos folidos conftitnentce funt cquiangulc « latcrũ 
p:opoiionalium.idcoqs fimiles cx oithinitiouc (irmlium fuperficicruim: quarc. cx 
24-Z.13.quinti cuncte {cx fupficies box ouo-um foiidox paralcllogramoy funt fi/ 
milcs adinuicc:igitur a oiftusitionc cozpozunt fimilinm crunt ipfa folida funilia: 
quate cum pꝛopoꝛtio folido:um « piramidü fit na cx.à 5 .quinti.nam folida funt 
fexaipla piramidibus cy fcxta buine.cuuqs fit propoatío felidoz «na ſicut ſuoꝛum 
rdatiuoz laterum triplicata cx. 56-vudccimt libztz funt aüt latera. (olido:um eade; 
quoq; latcra piramidü. crit quoq; €x. u.quínti propo:xtio propofitay piramiduih 
(icut (107 relatiuo larerum p10postio triplicata:quod eft p:opofitum. 
& £l fuerint oue quelibet piramides laterate fimiles erit ppoatio 
alterius adalteram ficut Mmi lateris ad fibt relatiuum latus alteritis 
p2opoatío tríplicata. 
CSint ove latcrate piramides quay coni.a.z.b.fimiles fintgz fuper bafes pen/ 
tbagonas que ſunt.c.d.e f.g.h.k.l.m.n.dico ꝙ ꝓpoꝛtio cay eft ficut fuoz rclati 
uoꝛum laterum triplicata.Conſtat enim ex dininitionc ſimiliũ fnperficicz c co1/ 
poꝛum ꝙ penthagoni qui ſunt baſes pꝛopoſitarum piramidũ ſibi ad inuicẽ cun/ 
ctiqʒ relatiui alreliqui triãguli ipſas ãbicntes ſibi inuice ſũt ſimilcs.diuidant itaq; 
baſes ambaꝝ in triangulos ſiles ⁊ numero equales ꝓut.is.ſexti ꝓponit efle pof/ 
ſibile:pꝛotractis in hac quide lincis.c.e.⁊.c.f.i illa vero.h.l.⁊.h.m.dico igit iſtas 
piramides cſſe diuiſas in piramides triangulas ſiles ⁊ numero equales.Conferai 
cnim adiuuiccm due piramides.a.c.d.e.b.h.k.l.quaꝝ coni ſunt.a.⁊.b.cöſtat au 
tem ex ypotheſi triangulũ.c.a.d.eſſe ſimile triangulo.b.h.k.⁊ triangulũ.d.a.e. 
triangulo. k.b. l. ⁊ qꝛ ctiã ex ppotheſi angulꝰ.d.c cqualis angulo.k.⁊ latera .c.d.⁊ 
d.e.cõtinẽtia angulũ.d.ſunt ꝓpoꝛtionalia lateribus.h.k.⁊.k.l.cõtinctibus angu 
lũ.xR.erunt ex.o.ſexti duo trianguli.c.d.e.⁊.h.k .l.cquianguli.idcoqʒ per.q.ſexti 
erit ꝓportio. c. d. ad. h. R. ſicut. c. e. ad.h.l.cũqʒ ex ppothcſi ſit ꝓpoꝛtio.c.a.ad.h. 
b. ⁊ ctiã. a.e.ad.b.l.ſicut.c.d.ad.h.k.cerit cx.ii.quinti.c.a.ad.h.b.⁊.a.e.ad.b.l. 
ſicut.c.e.ad.b.l.igit ex.5.ſexti ⁊ diffinitione ſimiliũ ſuperficicꝝ triangulus.c.a.c. 
crít file triangulo.b.b.L manifeftum cft ttaq5 cx diffinitione ſilium coꝛpoꝛum ꝙ 
piramis.a.c.d.c.¢ fimilis piramidi.b.b.K.1.filr quog3 coftat piramide.a.c.e. f.ce 





- XII 


filcin piramídi .b.b.L.m.c piramide.a.c.f.g.pitamidi.b.bam.mn.a crgo ex bac. s 
pportio piraimídis.a.c.d.c.ad piramde.b.b.k.L.€ ficat lateris.c.d.ad latue.b.k. 
triplicata « ctià píramidis.a.c.e.f.ad piramide.b.b.L m.ficut.c.f.ad.I.m .trípli/ 
cata.ac etia piramidis.a.c.f.g.ad piramidc.b.b.m.n.ficut.c.g.ad.b.n.tríplicata 
Cà fit cx ypotbcfi :ppoatío.e.f.ad.t.m.«.c.g.ad.b.n.ficut.c.d.ad.b.k. fequitur cx 
13-quinti 9t ;ppontio totaliü piramídi.a.c. b.fit fícut ¢nius bax ptialium ad alià 
«n3.íigit cx bac. s. ondecima quinti conftat vcrü cé quod oiximus. 
G Omnes coltine laterate eque alte {uis bafibus fit ppo2tionales. 
Verdi € qo oícitur fup qualefcias bafes poligonias fint.colünc. Colinas aute 
latcratas vocamus folida cozpo:a laterata quo» bafes 4 fuvficics fuppseme funt 
files z equales.cuncte vero relique (upcerficice ipfa folida circüftantce:funt cquídí 
ftantíii laterum Talium aute folido piíma fpée e fcratile ci fuper «nà fua trila 
terarü fupficícz intelligit cé ftatutü €coa vero fpée € colüna cui” bafis fit Gdrilate 
ra quà cx ouobus fcratilibus neceffe e cfTe cópofità:z tertía € cutus bafte € penta/ 
gona 7z ipfa ex tribus feratilib? pficit .Gimpliciter at oíco qp ois laterata colüna 
in tot corpora feratilia por oiftingui in quot triagulos fua bafis 3ntclligant itaqs 
due coliine laterate.a.z.b.oftitute fup ouas bafes.a.z.b.eque alte. dico gy ppor/ 
tio coliinay.a.z.b.¢ ficut bafif.a.z.b.oiftinguat naqs bec bales i triagulos z bee 
column ín fcratilíazba(ie quide.a .quc ponatur effe quadrangula in ouoe trigo/ 
nog.f.c.«.d.« colüna.a.in ouo feratilia.c.c.d. bafis €ero.b.quc fít pentagona oí 
ftinguat in tres trigonos.c.f.g.¢coliina.b.in rria (cratilia que fitr vocent᷑.c.f.g. 
Didanifetta cigif ex bis que in.36.endecini oícta funt qp ;ppoatio feratilis .c.ad 
feratile.c.cít ficut bafíe.c.ad bafim. c.« íterü (cratilis.d.ad feratile.c. fiat bafis 
d.adbafim. c. quarc pcr.24.quínti crít columnc .a.ad feratile.c.ficat bafis.a.ad 
bafím. c.cadem rationc erít columna.a.ad ferarile.f.ficut bafis.¢ .ad bafim.f.at 
rurfus colummnc.a.ad (eratile.g.ficut bafis.a.ad bafim.¢ .igif cv.24.quinti quo / 
tiens neceffe fuerit aumpta facile cocludes propofiti .con{tat itaqs ex boc q> 
G /Omneecolüne laterate tuper candé bafim vel fuper equales con 
ftitute fi fuerint eque alte erunt equales. 
C Lum ceni vt proximo probatum cht eque alte colũne latcrate ſint ſuis baſibꝰ ꝓ/ 
portionales. ponantur att bafes clie aut eafdë aut equales necefic ¢ cx.24.quinti 
vt ctiam colüne fint equales.conítat quoa; qp. 
Gc fuerínr quelibet folída paralellograma feratilía 4 laterate coli / 
ne eque alta ipfa quoq5 fuis bafibus pzopoxtioralia cé neceffarío có 
p2obantur. 
C Omnia cnim bee fpecies funt faterataz columnarum oc quibus paulo ante €ní 
ucrfaliter pobatum cft verum cfle quod oicitur. 
G Omnis laterata columnea tripla eft ad fuam piramidem. 
C Diftingustur bafis columne in triangulos z Pm numerum tranguloxim illo/ 
rum oiftinguatur coluinna in feratilia z piramis columne in piramides habentes 
balestriangulas que videlicet fontbafes feratilium. conftat íta35 €numauodgs 
fcratile ad ca piramidem que fuper candem bafim crm ipfo feratilt confiftic tri/ 
plum cíTc.boc cnim ocimon(tratum cít ín fexta buius ouodccimi libz:igitur ex. 13 
quinti omnia feratilia pariter accepta ad ommes piramides pariter acceptas ne? 
cete cft clletriplum cumas ex onmibus feratitbus paritcr acceptis columna et 
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et ey omnibus piramidibus pariter acceptis piramis colunmme perficiantur con / 
ftat veram che banc noftram p:opofitionem. 

Si fuerint one quelibet columne laterate equales: earum bafes ea 
rundem alticudinibus mutue erüt.&5í vero bales earum 7 altitudines 
mutue fucrint:eafdem columnas equales eile necetlc eft. 

CSi cenim columne fint equales earum piramides crunt equales co q omnis (a/ 
terata colina ĉ tripla ad fu3 piramide. fi autem piramides fucrint equales fuc ba 
fes fuis a'titudinibus mutue crunt qucadmodü oemonftratum cft in feptima bu/ 
ius:quia igitur columnarum fuarumg; piramida ecdem funt bales z altitudines 
font ccden.conftat prima pars ppofiti.Sint igitur bafes z altitudines ppofita/ 
rum coluninarum flatcratarum mutue:dico q columne crunt equales. cunt eni ce/ 
dcm fiut bafce ccdemag altitudines colinay (uaxq3 piramidum:crunt bafes z al/ 
titudines piramida ꝓpoſitaꝝ colũnarum mutue.fi boc et pofith cit vez fuerit ve 
columnis.crunt itaq3 piramides cqualcs ꝓut in feptimo buius ocmonttrarum é 
igitur z columne cquales cum ipfe triple fint ad fuas piramides:quare patet fedi 
da pars cius quod pzopofitum eft. 

¶ Omnium duarum columnarum loteratarom fimilium eft propor, 
no alrerins ad alteram tang; lateris ad iuam relatinum latus p20po2/ 
tio triplicata. 

CSi columne fucrint fimiles crunt cx oiffinitione fimilit coxpomm bales carum 
cctereg3 fuperficies cas ambicntcs fifes Dividant itaq3 bafce carum in tmangtos 
fimiles z numero equales quemadinodum .18.fexti proponit clic poflibule:< ipíc 
columne oividant in (cratilia fuper bos mangulos exiftentia.ftude igitur proba / 
re ſeratilia vnius ſuis relatiuis ſcratilibus alterius cẽ ſimilia:qð facile pꝛobabis ex 
ypotbc(i z fexta z quarta ⁊ quinta ſexti:et diffinitione ſimilium ſuperficicꝝ ⁊ diffi / 
nitionc ſimilium coꝛpoꝛum hoc autẽ pꝛobato crit exy.36.vndecimi proportio vniuſ 
cuiuſq; ſeratilis vnius ad ſuum rclatiuum ſcratile altcrius ſicut ſui latcris ad latus 
illius ꝓpoꝛtio triplicata:Et quia omnium laterum eſt pꝛopoꝛtio vna cum cuncta 
ſcratuia vnius ſint ſimilia (uis rclatiuis ſcratilibus alterius. ſequitur ex vndecima 
quinti vt cunctoꝛum ſcratilirm vnius ad ſua rela:iua ſeratilia alterius ſit pꝛopoꝛ/ 
tio vna:quarc per.iʒ.quinti que ceſt pꝛopoꝛtio vnius ſcratilis ad ſuum ſcratile rela 
tiuum alterius cadem eſt omnium pariter acccptoꝛum ad omnia pariter accepta 
t quía vtrobiq} omnia (cratilia pariter accepta componunt columnas « rdatíua 
latera feratilium funt relatiua latera columnarum?iccefTe eft ex mdecima quinti 
vt popoio columnarum fit ficut fuorum rclatinozum laterum pzopoztio triplica 
¢2 quod ct propofitum. 

^f»:opofitío —.5. 

{E> via columna rotunda píramídí fne tríptcy effe cópzo/ 
wi batur. 
CSup:a circulum .a. intelligantur «na columna « €na piramis feci 
dum candc (uà altitudíne erectezoicanturqs equiuocc ipfa piramíis ct 
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—— columna ⁊ circulus nomine vno ſcʒ.a.dico itaqʒ q colũna.a.eſt tri / 
pla ad piramidẽ.a.cuius Pbatio ẽ quia neqʒ maioꝛ ncg3 minor pot cile ds tripla 
Sit eni prime fi poflibile cit maioz quam tripla quantitate cozporis.b. ita g fib. 
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coꝛpꝰ dematur de colũna.a.erit reſid & ci? rripli ad piramide .a. Infcribat ergo 
quadratus circulo.a.fup qo erigantur ouo fcratilia eque alta colüne.a. oc quibus 
ouobus fcratilibus píter acceptis cóftat qp ipía füt plus medicrate colünc.a .qué / 
adinodii ipfum quadratü conftat cffe plus medictatc circuli.a. Oi cni cx tpfis fera 
tilibue perficiantur folida palcllogrania quox ipfa funt medictatcezcrit ipfa colt / 
na pe ipfoz ouo folidoy piter acccptoz:ocinde (uper latera quadrati fcripti p 
fícía quatuo? tríaigulos ouum equali latcz in postionibus circuli quazz poztioni 
nus latera quadrati funt cbo:de oivifís arcubus ilia po:tioni p cqualta z fint illi 
trianguli.c.d.c.f .(uper quoe etía crige (cranlia ad altitudine colünc.a.2 manife/ 
(tü eft qp bec fcrarilía (unt maíus medietate po:tionü colamne füper po:tióce cír/ 
culi confiftentíà qucadmodü « ipfi trianguli funt matus medictate poztonü circu 
lí. Çiat añt boc totiens quouíqs p p...ità . 10.cogat aducrfariue cofiten poztioncs 
coliine piter acceptas cHe minas co:pox.b.£rit igif columna latcrata octogona 
quà cóponunt omnía leratilia pariter accepta quay bafes (unt trianguli owidcu/ 
tce poligonii infcipti circulo .a.mai? triplo piramidis rotüde.a. « q1 ipfa latera 
ta colina € tripla ad (ua piramide ficut ocmonftratü e in cis que premiita funt. fc 
quitur cx fcóa ptc. 10.quintí libꝛi vt rotunda piramis.a.ſit minoꝛ laterata pirami 
de laterate columne cuius baſis e inicriptũ poligoniũ baſi rotunde piramidis.a. 
q9 eft impolfibilc. £ft cni piramis latcrata pe ipfius piram:dis rotundc :nó e igit 
piramís.a min? tcrtia prc fuc columnc.fed ncc plus tertia. Si eni poffibile c:fit pi 
ramis.a.plus tertia pte columne.a.quatitate coxporis.b.ita gy octracto cozporc.b 
oc piramidc.a.fit reíiduü ipfius piramidis tertia pars colünc.a.igit qucadiodü 
pri ex piramidc.a. intelligat octrabi piramie laterata fibi eque alta cuius bafis 
fir quadrati círculo.a.infcriprü quà latcratam piramidem conftat eile plus oimi/ 
dio piramidís rotundc. 3tem oc refiduo piramidis.a.'rurius intel'igant octrabi 
piramides cque alte ftatute fuper triangulos.c.d.c.f.qui (unt tn poxtionibus ba / 
fis z boc totiés fiat vt ex prima occimi rclinquar ex piramidc.a.minus corpore.b 
crit itaq3 piramis latcrata in(cripto poligonio füpftans quà cóponunt latcrate pi 
ramidcs cx rotunda piramíde octracte maius tertia pte rotunde colüne.a. c quia 
ut p:obatü € in pccdentibus bcc piramía latcrara e tertia pe fuc co!umne latcrate 
a.fcquit ocnuo ex fcóg pre. 1o.quinti libs columna rorunda.a.cile minoré colina 
latcrata ciufde altitudinis cuius bafis c polizonfü bafí rotundc piramidis infcri/ 
otii:boc alc impoflibile: na bcc colina rotunda laterata ps € colünc rotüdc. £um 
igitur columna rotunda nó poffit cc minus triplo fuc piramidts neq; maiuezcrit 
ncceífaria tripla ad cam quod ocmonftrare volumus. 


Pꝛopoſitio to. 


NOninm ouarum rotunday piramidum fimiliti columna 

rumve rotundarum fimilium ¢ pzoportio alterius ad al 

teram tangs diametri lue bafisad oiametrrü balis alteri? 

{ p2oportio triplicata. 

Lee AS) C1 Sint tuo circuli.a.c.b.fuper anos conftituantur ouc rotüdc pira 

mides fimles duca; columne rotunde fimiles z oicantur circuli z piramides z co/ 
| o 4 
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lumne e oíamctri circuloꝛum his nominibus.a.⁊.b.equiuoce:dico itaq; ꝙ ꝓpoꝛ / 
tio duarum piramidum.a.⁊.b.duarũqʒ columnaꝝ.a.⁊.b.ẽ ſicut duaꝝ diametroꝝ 
a.⁊.b.pꝛopoꝛtio triplicata:hoc autem fi oe piramidibus conftiterit zoc colunmis 
autem conftabit cx.r5.quínti.cum omnis columna rotunda fit cx premilta tripta 
ad (uam piramide:oe píramidibus autem conftabít boc ocmonftratione oucentc 
ad ímpoltibilc. £(t cni per comune (dam pofità in principio (cóc ocmóftrationis 
buius. 12.libri : que propostio oiamctrí.a .ad oíamctrü.b.triplicata: cadem pira/ 
midis.a.ad aliqd co:pue:iflud igi corpus fit.c.o¢ quo dico q» ipfum non pot cffc 
minus ncq3 mains piramide.b.Sit primo minus fi fuerit pollibile quantitate coz 
poꝛis.d.ita ꝙ oto co:po:g.c.«.d.piter accepta fint quatum piramis. b.itaqs que 
admodü in fcoa ptc pzamiffe cx piramidc.b .octrabat laterata piramis fibi eque 
alta cuius bafis fit quadratum ínfcriptü círculo.b. ex refíduo cius oetrabant pí/ 
ramides cíufde altitudinis confi(tentes fuper trígonos poxtiontü circuli.b. fiat ita 
q3 boc totiens quoufqs cogente prima. io.fit refiduti píramidis.b. minus co:poxc 
d.eríta3 ex cói (cta laterdta piramis octracta quà cóponunt partíales píramidcs 
octracte maius co:poxc.c. Infcribat iraq; circulo.a.poligonié fimile illi quod cft 
bafis lateratc piramídis oetractc a piramidc.b.2 ad angulos buius polígonij in^ 
fcripti círenlo .a.ocmitte líneas a cono píramidis.a.perficicns fuper illud poligo 
nium latcrata píiramídé eque altá rotundc píramidi.a.banc igit (tudcas oemon/ 
ftrare effe filem laterate piramidi octracte a rotunda piramide.b.qd boc mid fa/ 
cice:ín €t:395 piramide eriges axem ipfius que erit cx oiffintone lines cOtinuans 
vertice piramidis ca cetro bafis c erit perpendicularis ad bafim:ocbínc a centris 
baſium p:otrabas in vtroqs circulo femidíamctros ad omncs angulos vtríu(ías 
polígonij infcripti.cunqs ex oiffinitionc fünilium piramidum rotundarum fit p/ 
po:xío axis vnius ad axem alterius (icut oíamctri bafía vnius ad oíametrum ba 
(is alteri?.ideoqs etía cx. 1 .quinti z equa pportidalitare ficut femidiametri ad fe 
midiamctrũ.ſint aũt *trobiqs omncs auguli quos axee cum (emidiainctris conti 
nent recti. necefle e ex fexta ppofitione fexti libzi « quarta. ciufde « oiffinitioc fimi 
lium fuperficiey 7 (tmilii co»poz oiffinitione vt laterata piramis.a.fit fimilis latc 
rate piramidi.b.quare p addita ad.8.buius pportio laterare piramidis.a.ad la/ 
tcratam.b.e ficut latcríe «nius ad futi rclatiuü latue alterius pportio triplicata. 
ídcoqs « (icut oíamcetri.a.ad oíamctrü.b.triplicara.igít quoq ficut rotundc pira / 
mídís.a.ad co:pus.c.cx.i1.quintí quarc permutatim p:opo:tío laterate píramí/ 
dis.a.ad rotunda piramíde.a.ficut latcrate piramidíe.b.ad co:pus.c.« q: latcra 
ta píramís.b.rmiaio? e co»poxe.c.erít laterate piramís.a.maío: rotunda piramide 
3.99 € impoflibilc cü fít pe cíue:nó cft ergo co:pus.c.mítiue rotunda piramidc.b 
Keftat itag pbandü g nec maiue.fí eni aduerfarius cícat ipfü cé mai tunc argu 
atur ex cóucría proportionalitate ppoztioné oiametri.b.ad oiametrum.sa.tripli/ 
catà effe (icut corpis.c.ad rotunda piramide.a.fed ex cSceptionc cadé eft rotunde 
piramidis.b.ad alíqó co:pus alitid q9 fit.d.« q: cx ypotbefi co:pue.c. maius € ro 
tunda piramide.b.fcquít ex. 14.quíntí g» rotunda piramís.a.fít maio: coxpoxc.d. 
itaqʒ p:opoatio rotunde píramidís.b.ad co:pus q9 € mínue rotunda piramidc.a 
vidclicet ad.d.cft ficut (ue oíamctri.b.ad oiamctz altcríue ;ppostío triplícata.boc 
aüt cft impoffibilc .nà cx boc oamó(trauím? fequi qp pe fit maio fuo toto.ci crgo 
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Co1pus.c.nó poffit min? cc neqs mai? rotunda píramide.b.erit ncccffatio fibi cd/ 
le.idcoqs ex (coa ptc.7.quinti conftat ppofitü, T1o lateat autem nos buius eemon 
ftrationis procefium ad cas oütayat colinas « piramides rotundas coartari qua 
rum axes fuis bafibus pcrpeudiculariter infiftunt:talee eni ottinite fucrüt i pain. 
cipio €ndecimi:cum tame paffio bic ocmon(trata comuniter conucníat omnibus 
columnis rotundis fimilibus piramidibufqs rorundis fimilibus fiuc eax ayes fu/ 
pcr baíce fuas fucrint o:ztbogonaliter erecte fiuc (uper eas fucrint iuclinate: « ap/ 
pellené oifferentíc cà bec rotunde colüne c pirammidee qrum bafib? axce oxbo/ 
gonaliter fupcrítant erectc:relíque vcro oicant. incnate :« q2 in principio. ni. mon 
funt oiffinite colünc aut piramides rormnde rift ille tf quas erectas vocam?:bee 
quide pcr motü palellogrami rectanguli.dli vcro per moth trigoni rectaguli. idco 
conucniens arbitramur oiffinire columnas rotundas 43 piramides oiffinitionib? 
cOmuniter z vníuocc conuenientibus crectis e incinarie columms 2 piramidibus 
rotundis. £ um igit cxtra fuperficiem alicuius circuli ocícripté fignatur punct? qui 
ci ciraifcrentia ipfius circuli per lincam rectam continuator fi linca ipfa fignato 
puncto manente fixo ocícripto citculo quoufas ad locum vndc mouen ínceperit. 
circüducatzco:pus qó a curua fupficic quà motu fuo ocfcribit bec linca z ab ipfo 
circulo cui circaducit cótinct «oco piramide rotunda.ct circulü cui tinea bec circi 
ducitur voco bafim ipfius piramidis.fiyum aüt punctü extra circuli fupficiem fi/ 
gnatū voco cont piramidis:lincamag3 recta cOtinuante centrü bafte cü cono píra 
midis appcllo axem fen fagitta piramidis. Lung; bec fagitta fucrit perpendicula / 
ris ad bafim oico piramide effe erecram.ci vero inclinata oico etíà piramide inci 
natam.cum aüt fucrint ouo circuli equales ocfcripti in füperficicbus equidiftanri 
bue quos €na plana (upficies p coz centra tranfiens fecucrit fucrintas contínug 
tc per linca recta ouc relatiuc fectioncs ouarum circüferentiarum ipfo circulooi, 
Gi linea bec in circaferentijs ipfoz circuloz cquidiftanter fiui a quo moueri incc/ 
perit quouíqs ad loci (mu redcat circüducat: copus qo a cura fupficic qu3 mo/ 
tu fuo ocfcribit beclinea « a opobus ,ppofitis circulis continet:voco columns to/ 
tundam.cuius axis fiuc fagitra e linca recta centra ouo circuloz cotinuans. £t 
cum bec fagitta fuerit perpendicularis ad fuperficicm vtrin(qg ouo:um circulo/ 
rum:oico columnam efle erectam. £um «ero fucrit fupcr balim inclinata vico co 
lumuam cffc indita. £ unas fuerint oue rotunde piramídes aut columne a qua 
rum axibus egrediantur oue fuperficics fuper bafes carum oxtbogonaliter erecte 
fucrintq anguli quos axes z communes fectioncs barum fuperficicrum ⁊ baſiuʒ 
continent ad innicem equales: ¢ fuerit propo2tio axis vnius ad axem alterius fi 
cut femidiametri bafis vnius ad emidiametrum bafis alteri?:tunc illae ouas pí 
ramídca adinniccm aut illas ouas columnas ad inuicem oico fimiles effe. bis vif 
finítionibus pofitis ocmon(trandi cft pp omnium ouanni rotundarum pirami/ 
dum fünilium columnarüve rotusdarum fimilium ftue crecte fiuc inclinate fuc/ 
rint cít pzopoxtio vnius ad alteram ficut oíamctrí bafis €nius ad oiamctrum ba 
fis altcrius p:opo:tio triplicata quod oc folie erectis ocmonftratum eft ad boc 
autcm pꝛemittimus antecedens neceſſarium. 


Si fuerint due rotunde piramides ad inuicem ſimiles vtranq; quax 
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due plane fuperficies fuper avem fecent fueritgs bax ouax fupficicx 
altera in vtraqs piramide fuper balim eins o2thogonaliter erecta at 
arcus bafium inter illas onas fnperficies contenti fimiles:ersnt angu 
li quos ayes z oue communes lectiones bafium < carum ſuperficiex 
que ſuꝑ baſes nõ ponũt oꝛthogonaliter erecte cõtinẽt adinuicẽ eq̃les 
¶ Sint due rotunde piramides.a.b.⁊.c.d.quaꝝ baſcs ſũt circuli.c.f.g.⁊.h.k.l.et 
axes due linec.a.b.⁊.c.d.⁊ diametri baſiũ.e.g.⁊.h.l.centra baſiũ ſunt duo pũcta 
b. . d.coni piramidũ.a.⁊.c.ſimiles ad inuicẽ:⁊ ab earum conis ad ſuperfidẽ ba / 
ſiñ pꝛotrahant᷑ vt docet.ii.vndcecimi libꝛi duc ppcndiculares que ſunt.a m.⁊.c.n. 
⁊ continuentur puncta .m.⁊.n.cũ centris baſiũ ꝓtractis lineis.b.m.⁊.d.n.critqʒ 
ex.is.vndecimi ſuꝑficies.a.b.m.que egredit᷑ ab axc.a.b.erccta ſuꝑ baſim pirami / 
dis.a.b.o:tbogonalitcr. £odc modo fupficice.c.d.mn.que egredi a. b.axc.c.d.crit 
erecta fuper bafim píramidis .c.d.o:bogonaliter.fint (taqs ouo arcus. f.i. 4. h.l. 
fimilce:« intelligant ouc fupcrficice.a.b.f.c.d.k.egredi ab axibus « fccarc píraimm 
dcs .a.b.«.c.d. filca:oíco igitur ouos angulos.a.b. f.c.d.k.ef(c adinucem equa / 
lce.p:otrabant cni-oue líncc.f m. e. k.n.q? igit ouc piramides.3.b.2.c.d.tunt fi/ 
miles z ouc fupficics.a.b.m.c.d.n.(tantes osbogonaliter fuper bafca caredwnt 
ab earum axibus:erit ex oiffinitione fünilia piramidü angulus.a.b.im.cqualis an 
gulo.c.d.n-e q? cx oiffinitionc lincc fupra fupficiem ppendicularitcr crecte vterqʒ 
ou07 àguloz .3.m.b.c.n.d. é rectus crunt ex. 32.piirim c .4. fexti ovo primi trian 
guli .2.b.m.«.c.d.n.laterü ppoxrionalii et ppoatio lincc.a.b.ad linca. c.d.ficat 
b.in.ad.d.n. «ficut.a.m.ad.c.n.z q ex oiffinitionc fili piramidü ꝓpoꝛtio axis 
g.b.ad axem.c.d.c ficut feimidiametri.b.f.ad (amidiametz.d.k .crit ex. vi-quinci, 
p:opoitio .b.f.ad.d.k.ficut.b.m.ad:d.n. £ unas fint ouo anguli. b.m. k.d.m. 
equales co qp otio arcue .f.g. c. R.l. fimt fimties ex ppotbefizcrit ex fexta z quarta 
fexti proportío .f.m.ad.k.m. ficut.b.m.ad.d.n:idcoas ficut .a.m.ad.c.n. < cuia 
itey ex diffinitione linec fuper fuperfície perpeudtaitariter erccte vteras ouo: an 
guloz.a.m.f.c.n.k.c rectus:crit ex fexta « quarta fexti ppo:tío.a.f. ad .c.k. ficut 
q.m.ad.c.n.ídcogs per. n.quinti ficut.a.b.ad.c.d.« ficut.b.f.ad.d.k.iaif cx quin 
ta (cxtí ouo anguli.a.b.f. c.c. d. k.func adiunicem equales quod eft propofitum. 
¶ Idem pbabis Lcuíter oc rotüdis columnis fmilibus:boc itaqs ocmonftrato oí 
co cp omníum ouarum rotur darum piramidum fimilium quccungs fuerint fiue 
ercecte fiuc inclinate é p:oportio vnius carum ad alteram ficut ciamctri fuc bafis 
ad oíamctrum altcrius bafís pxopoatio triplicata. int enüm Yr prius ouc rotun 
de piramidcs.a.z.b.qua2um bafce funt círculi.a.2.b.« boum crcalosim diame 
trí fint etiati.a. c. b.fitas propoxtio piramidis.a. ad co:pus.c. ficnt cíamctrí.a. 
ad oiametrum.b.p:oponrtio triplicata.non crít (gitur co»pus.c.minue nca; mai/ 
us rotunda piramide. b.Sit enim pimo fi poflibile cft minus quantitate coz/ 
poris.d.ita q ouo co2po2a.c.z.d. pariter accepta fint quantum rotunda piramis 
b. ab axe igitur piramidis .b. prodeat fuperficice quc fit oxtbosonaliter erecta 
fupcr circulum .b. Sitas communis fectio buius fnperficici et círculi. b. linca 
c.f. tranfiens per centrum .b. que erit diameter circuli .b. ¢ protrabatur in/ 
ter circulum .b.alia oíamcter fecans banc oxbogonaliter que fit. g.b.Sieq5 in/ 
(cribatur circulo.b .quadratum. c.g. f.b .« a rotunda piramide .b. intelligatur 
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oetrabllaterata pirainis cuius bafis eft quadratum círculo. b. infcríptumzque vt 
piobatum é (upia maíus crít oímidio rotundc piramidis. £t ex rcíiduo cius oc/ 
trabantur piramides ciufde alticudinis confiftentes fuper trigonos poxtiond cits 
culi.b. fiatg3 boc toticns quoufg; refiduum fit rotunde pirainidis. b.minus co?/ 
poxe.d.ex prima occimí. £rítas ex conceptíonclaterata piramía oetracta quam 
componuht latcrate partíales píramidee octracte maius co:pox.c.tunc ergo p20 
deat ex axe piramidis.a.fuperficics alia que fit ostbogonaliter erecta fuper círcu/ 
culum.a.« fít comunis fccto buius fuperficici « circuli.a.l:nea.k.l.que ob hoc erit 
oiameter circuli.a.paotrabatur aüt ín círculo.a.alia oíamcter fccans banc ostbo/ 
gonalitcr quc fit .m.mn.ficqs infcribatur ín círeulo.a.quadratü .R.m.L n. oiniden / 
do arcus po:xioni circuli.a.per equalia pficiatur ii circulo.a .poligoniti fimile ilfi 
quod eft infcriptum circulo.b.z ad fingulos angulos buius poligoni} oemittc line 
as rectas a cono piramidis.a.pficiens fuper illud poligonium lateratam pirami? 
dem eque altà piramidi.a.banc aüt latcratà píramidc ;pbabis cffe fimile faterate 
piramidi octracre a rotunda píramidc.b .quod boc modo facice pduces axes co / 
gitatione vel actu triuíq; in vtrifqs piramidib? .a.c.b.« a centris bafium ptra/ 
bas líncas rectas ad omnee angulos infcriproz poligonioz. £runtqs cx pꝛemiſſo 
antecedente omnes anguli quos cótínct axis piramidis.a.cum fingulis lincis ou 
ctis a centro circuli.a.ad angulos poligonij fibi infcripti cquales fuis rclatíuis am 
gulis quos continct axis pitamidis.b.ci fingulis lincis ouctis a centro circuli.b. 
ad águlos poligonij fibi in(cripti. £t q2 cx oiffinitione ro:undaz piramidü fimiliü 
proportio axis piraniidis.a.¢d axcm piramidis.b.cft ficut femidiamctri circu/ 
lí.a.ad femidiamctrü circuli.b.fcquítur cx fexta « quarta fcxti « oiffinitionib? fimi 
lium ſuperficicrũ ⁊ ſimiliũ coꝛpoꝛum qp ouc laterate piramides.a. z.b. fint fites. 
Letera argue ficut p:iue in occiimo.con(tat ír335 oc omnibus rotundis piramidi/ 
bus fimilibus gp propoatio caz fit ficut oiamerrez fuaz bafium triplicata.z quíg 
omnis columna rotunda c tripla ad {ua piramide.boc eni fufficicter € ocmóftratiü 
fiue coline « fnc piramidcs fucrint crecte fiuc inclinate: fequit cx.15.quíntí vt crí3 
quarumlibct columnaz rotunda» (ilium fit popostío ficut fna» otamctro:i trí/ 
plicata. 

RETE, Pꝛopoſitio oll. 

Fem Wi ODtcs ouas romndas piramidestiue columnas eque 
(en altas fuis bafibue pzopoationales efTe necefle eft. 

i| (L upra ouos cirailos.a.«.b.ftatuantur ut prus oue rotunde pi? 

Leu ramidce cque altc que oicaut filiter.a.2.b. ouc rotunde columne 
eque alte cifde litterie afleripte .a..b.oico ítaqs cp ;ppo:io oua» píramidà .a.« 

.b.ouarüqs colünaz. 3.«.b.€ ficut ouo circulow.a.z.b.quod de columnis mani 
(cftum crit {i boc prius oc piramidibus oemõftrabiť omnis eni rotunda columna 
tripla € ad fuam piramidcm:oc piramidibus autcm coftabit indirecta oemóftra/ 
tionc boc modo. £ft eni cx coi fia ;ppoxtio rotunde piramidis.a. ad aliq copus 
ficut círculi.a.ad círculü.b.illud corp” | fit. c.dico itags gp corp” .¢.nd por cê maius 
icos min? rotüda piramide.b.fit cni pmo min” qntitate coxpis.d.igif circfo. b.in 
(cribat Gdrati ¢ octrabaf a rotunda piramide.b.piramis latcrata cuius fit bafis 
quadraté crculo.b.infcripta zex portionibus piramidib’ octrabant piramides 
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fuper trigonos poxtionum circuli confiftentee fiatg3 boc totiens quoufa; fit ex pi 
ramide.b.rcfiduum minus co2porc.d.critqs laterata piramis octracta qua com/ 
ponunt partíalee piramídce octracte maío2 coxpore.c.infcribatur crgo circulo.a. 
poligonium fimile illi poligonio quod c(t baíis laterate piramídis. b. c perficiat 
fuper ipfum piramis laterata ouctís lineis a vertice piramidis laterate.a .ad an/ 
gulos poligonij infcripti. £runtq; ouc laterate piramides.a.z.b.cque alte.boc ent 
eft propofitum 0: rotundis :quare p2opontio laterate piramidis.a.ad lateratà pí 
ramidem.b.cft ficut bafis cius ad bafim illius videlicet ficut poligonij.a.ad poli 
gonium .b .bocenim ocmonftratum cft in fexta buius .at vcro poligonij. a. ad 
polígoniii .b.€ ficut circulí.a.ad circulum .b.quod manifeftum € cx piitna 2 fecun 
da buins:itag; latcrate piramidis.g.ad laterata piramidem.b.ficut rotunde pira 
midis.a.ad coxp’.c.qre permutatim latcrate piramidis.a.ad rotundam pirami/ 
dem.a.ficut latcrate piramidis.b.ad conpus.c.cumg; fit latcrata piramis.b.ma / 
{02 coxporc.c.fcquitur larcratam piramidem.a.effe maiozm rotunda piramide 
a.boc autcm impoflibile:cft enim pars eius:non crit ergo coxpus,¢c.mitlus rotun 
da piramide.b.Si vcro ponat aduerfarius q fit mains demoſtrabimus. rurſum 
idem impoflibile confcqui:crit cnim per conucrfam prioportionalicatcm ppoztio 
coxporis.c.ad rorundain piramide.a.ficut circuli,.b.ad circulum.a.fit quoq; cade 
rotunde piramidis.b.ad aliquod corpus gd fit.d.ctlm igif compus.c.fic maius ro 
tuttda piramide.b.per ypotbclimscrit cx.1 4.quinti rotunda piramis.a.maioz cor 
pox.d.itaqs propostio circuli.b.ad circulum.a.crit ficut rotande piramidjs.b.ad 
quodda co»pus minus rotunda pirainide .a.(cd boc ocmóftratü ¢ prius effe im/ 
pollibile .fic enim fequit qp pars fit maio: fuo toto.non cít igit coxpa.c. ncqs min? 
ncas maius rotunda piramide.b.fed ttf cquate.itags ex fcoa parte feptime quinti 
conclude pꝛopoſitum. Vt aũt facilius incõcuſſiuſqʒ demonſtrarcĩ qð ſcquitut:ad 
ipfam eſt antecedens vtile pꝛemittendum quod eſt. 

¶ Si ſuperſicies quedam rotundam columnam equidiſtanter baſi eiꝰ 
ſecuerit:erunt duo partialia coꝛpoꝛa que ad illam ſecantem ſuꝑficiem 
terminantur poꝛtionibus axis columne pꝛopoꝛtionalia. 

¶ Simile c hoc ci quod ꝓpoſuit.25.vndccimi libꝛi dc ſolidis paralcllogramis nee 
folum verum cft boc oe columnis rotundis imo fimpliciter oc omnibus columnis 
fiuc laterate fuerint fiuc rotunde. Qd qui argumentationcm prime fexti vel.25.vn 
decimi firmiter tenucrit facile oemonftrarc poterit:bic cni nó alitcr q5 ibi cx oíifri/ 
nitionc incontinuc proportionaiitatis que pofita € in paobamio quinti libai argu/ 
endum cft propofitum.Attcndere ant oposter q quecunas fuperficies fecat coli / 
nam cquidi(tanter bafi ipfius fecat ctiam cam cquidiftanrer (uperficici bafis cius 
oppofite.nam quecunqʒ ſuperficies vni fuperficici fnnt cquidiftantes ipíe quoa; 
(unt cquidiftantce adinuicem ut cx bis que dicta funtex occimafexta endcci/ 
mi libzi oidicifti :quare manifettum cft q omnes rotunde columue quarum funt 
bafes eqles altitudinib? {uis funt propoztionales: Idem quogs oc lateratis.idem 
quog; oc piramidibus rotundis-z ctiam oe latcratis quod oc piramidibus cófta/ 
bit fi prius oc columnis probetur-£ft enim omnis columna triplex ad fuam pi^ 


ramidcm rotunda quidem ex ong buiue:laterata vero cy bis que fupre ín ocra/ 
ua ocmnoftrata font 
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VW20pofitio _.12. 

Y dne piramides rotunde fine columne fuerint eqles fue 
bafes < altitudines erút mutue. Si vcro fue bales < altitu 

«| dínea mutue facrint ipfas piramides liuc colinas eq̃les 
9 eẽ ueceſſe ẽ.C Altitudinẽ piramidũ determinant lincc a conis ad 
Abaſes ꝑpendiculariter dcſcedentes:colũnaꝝ autem a ſuppꝛemis ea / 
rũ ſuꝑficiebꝰ ad baſes.Sint itaq; due rotũde piramides.a.b.⁊.c.d.eq̃les:dueqʒ 
rotũde colũne.a.b.⁊.c.d.eqles:ſintqʒ cõcs baſes tam piramidũ qʒ colũnaxꝝ ouo 
cirevli.a.z.c.cdes quog3 altitudines tam piramidé 95 colinay octerminate pli/ 
ncas .2.b.7.¢.d.dico q pportio arculi .c.ad circulum .a.¢ ficut altitudinis. a.b. 
ad altitudiné .c.d.<¢ ccOxerfo.boc afit fi oc colünis ,pbatü fucrit oe píramidibus 
Ccrtil erit:qin oie colina rotüda tripla € ad fuà piramidé .(1itaq5 ouc altitudines 
3.b.«.c.d.fuerint eles ex pmifla coftat ppofitü. oi aüt incalce fit.a.b.maío: fü 
matura; .a.¢.cqlis.c.d.¢ fecct colina.a.b .a fupficic.e.cquidiftater bafi ei. a. crit 
05 cx pmifTo antecedente coluna.a.b.ad colina.a.c.ficut altitudo.a.b.ad altitu/ 
díné.a.c.ióqs cx prima ptc.7.quinti coliing.¢c.d.ad coliina.a.c.ficut altitudo.a.b. 
ad altitndine .a.e.quare p fcoam pte. 7.quínti ficut altitudo.a.b.ad altítudinc.c. 
d.ex pꝛemiſſa aũt ẽ colũna.c.d.ad colũnã.a.c.ſicut circulus.c.ad circulũ.a.itaqʒ; 
p.1 quinti altítudo.a.b.ad altítudine.c.d.ficut bafís.c.ad bafim.a.conftat igi 
tur prima ps.Scda cucrfo mo cóftabit cade oifpofitionc mauctc.fit cni vt bafis 
c.ad bafim.a.fic altitado.a.b.ad altitudinc.c.d.oico g» oue coliinc.a. b.c. c.d. für 
cQlca. crit cni cx fcoa pte.7.quínti altitudo.a.b.ad altitudine.a.c .ficut bafis.c.ad 
bafí;.a.c q1 ex pmiffa colüna.c.d ad coliiná.a.c.€.ficut bafis, c.ad bafis.a.« cx p 
mi(fa antecedente coliina.a.b.ad colüna.a.c.ficut altitudo.a.b.ad altitudinc.a.e 
fcquit ey. .quinti vt coltina.c.d.ad cokina.a.c. fit ficut colummna.a.b.ad candem 
a.C. ígitur ex prima pte .9.quinti ouc colunc.a.b.z.¢.d.funt equalce 2quare cóftat 
etia fecanda pars. "f»opofiio .15. à 

a] Am ppoliti fnerit ouo circuii ab vno cétro circüducti fia 
Y fovians, perficie mulnangula cqualin latex circull minozé mini, 
| eomeaval inc tangcnti intratcirculum matozem oeícríbere. 

| eA G oint ouo arculi.a.b.c.d..c.f.ab vno cói cẽtro qð ſit.g.circũdu / 

x | ctí.oico g intra maioxam quí fit. a.b.c.d.pollibilc c «nü poligonius 
qd fit equilatex oefcribi minoxe dirculà quí c.c.f. nullo fuoz latez tangens. Que/ 
dreni ani bi ouo circuli ouabus oiametris fup centz ipfox ozthogonaliter (cinui/ 
cé {ecantibus que fint.a.c.¢.b.d.fita5.c.f.oiameter minous ps diamctri .2.¢.q € 
diametri maioꝛts.ſicqʒ igit a puncto.e.ducat᷑ vtrinqʒ efqs ad circuferentia maio / 
ris linec oꝛthogonaliter ſuper diamctꝝꝑ.e.f.quc occurrat circumferentie maioꝛis 
hinc quidẽ ĩ puncto.b.inde vero in puncto.k.critqʒ ex conelario.i5.tertiſ linea.h 
c. k. contin gens circulum minorẽ: poſtea vero quadrantẽ.a.b.maioꝛis circuli oiui 
de per equalia in puncto.l.ſeũdũ doctrinam.ꝛ9.tertij: dehincrurſus arcum.a.l.ꝑ 
equalia ad punctum.m.cunq; hoc pluries feceris necdlario tandcm ocucnice ad 
arcũ qui minoꝛ crit arcu.a.h.ſitqʒ hic.a.m.hoc autẽ idcirco neceſſarium eſt qꝛ cuʒ 
fucrint due quãtitates ĩeqles ſi a maioꝛi eaꝝ demat᷑ ciꝰ dim diũ.itcq; a reſiduo di 
midiũ poſſibile ẽ hoc totics ficri quouſq; tadẽ mĩoꝛ mĩoꝛe caꝝ relinqt queadmoð ĩ 
pᷣma.io.demõſtratũ ẽ.cũ ígit fic oiuidédo ad arcũ q̃ntulumcũqʒ mĩoꝛẽ.a.h.fuerit 
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ocuentii aiufmodí cf arcus bic.a.m.fumatur arais.3.n.eqnalis arcui .3.m.ou/ 
canturqs ouc linec.a.m.c.t1.m.quía igitur arcus.a.k.cit cqualis arcu. a.b.quod 
ex fecunda parte tertíe tertij z quarta primi 7.26. tcrtij manifeftum c quía arcus 
a.n.eft cqualís arcuí.a.m.crít ex comuni fcicntia arais.n.k.cqualis arcui.tn .b. 
crgo ouc linec.m.n.e.k.b.(unt equidiftantes ergo línea. m.n.non poterit tangc/ 
tc circntü.e. f are multo foztius neas linca.a.m.poteft ipfum tangere: C Quoniaʒ 
igitur conftat círculum.a.b.c.d.oiuifibilem cffc per arcus equales arcui.a.m.iógs 
par.25.tertíj fil coftat itra ipfü circuli poffe cboidulas calce d»o:dolc.a.m.conit 
nuc coaptari circulum ipfum peligonie cboxdantee manifeftü cft itra circuli ma/ 
ior poffe vni poligonía equilatcri cuius vni latue e línca .a.m. infcribi c quia 
linca.a.m.nó contíngit circulum mínox ps ex paima ptc.13. tertíj ct oiffinitione 
lincarum a centro circuli equaliter cqdiftantium qp infcriptii poligonit nallo fatc/ 
rü fuo» tangit circuli minoxe qo cft propofit. (Lat quid oubítas ouas lincas.m 
n.« k.b.ce cüdiftantes cB fitit ouo arcus.n.K.2.m.b.equalcs:boc aüt incócufías 
veritate foxtítum cft qp oue lince circulii eni nó aüt fe inuice fccantca: fi ex circum 
ferentia equales arcus bincinde lineis iphis inter fint erunt equidiítantes:ouc qui 
dem a centro.g.linea.g.p.ppendiculare ad lincã.m.n.que fecet linea.b .K.i pun/ 
(t0.9.2 piotrabe lincas.g.m.g.n.g. k.g.b.« ouobus arcübus:n.k. z.m.b.fübten 
de ouas cbotdas quc ctíà oicanr. n. R. c. m.b.eriütqs ex.28.tertij bec cboxdc ecles 
n.k.2.m.b.co qp arae equales « per fecüd3 pté tertie eiufdé tertíj erit linca. n.p. 
equalis lince.m.p.cum igitur vterq; duoꝝ anguloꝛum qui funt .a. d.p. fit rect? ex 
oiffinitionc perpendicularis crit ex quarta p:imi angulus.n.p.g. equalis angulo 
p.3.m.Zlt vcro pcr.8.pzimíi angulus. k.g.n.e€ cqualis angulo.b. s.m. (tags p Co/ 
munean fcientía que ¢ fi cqualibus cqualia addas rota crunt cqualia.crit angulus 
k.g.q.cqualis angulo.q.g.b.idcog3 per quarta p2iim linea.k.q erit equalis lince 
q.b.quare p prima parte tertíc terti linca. g.q.crit perpendicularis ad linea. k.b. 
igitur cx prima ptc.23.p2imi ouc linec.n.m.z.k.b.funt cquidiftantes z boc eft qo 
Dubitare conqueftus cs. doc eni idens aliter oemdftrare cft pofTibile oucat crit 
linca.n.b.erítqs ex vltima feti angulus.b.m.n.cqualis angulo.n. b.k. co qp ar/ 
cus.b.m.eft equalis arcoi.n.K.ideo ex.27-primitiuea.m.n.crit cquidiftans lince 
b.k.£onucr(íam quog; filibucrit conucrfo modo probabis. fi enim.linea.m.n.cf 
equidiftans linee.b.K.crit arcus.n.K.cqualis arcui .m.b.crunt eni ex priina par, 


te.29.p2imi ouo anguli.b.m.n.z.1.b.R.equalcs.ideogs ex eltima fexti ouo arcus 
p. R.2.m.b.erunt ctíam equales. 


Pꝛopoſitio .ı4. 
Gabus (pcris enum centrum babentibus p2opolitis in, 
itra maíozem carum folídum multarum baftum füperfici/ 
em minozisipezeminime cangentià fiquraliter coftituere 
£uo conftítuto ft in mínozi fpera fiue in qualibet alía fpe 
ra ſimile coꝛpus intelligibiliter conſtituaiur erit pꝛopoꝛ/ 
tio coꝛpoꝛis multarum bafium íntra matoe fperam conftitun ad co? 
pus multarum bafium intra minorem fperam vel aliam conftimtam 


licut ótametrí matozís fpere ad diametruin muozis vel altering {pere 
p2opoztio triplicata. 






es 
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Sint propofite ouc fpere.a.b.c.d.c.e. fenum atas idcm centrum quod fit.s. ` 
babentes « fit maio: earum fpera.a.b.c.d.tinoz €ero fpera.c.f. volumus autcm 
intra maiozem earum vium cospue multarum bafium conítitucre 2 oc quib" non 
intendimus q» ipfc bafes fint cqualce aut fimiles fed gv nulla earum tangar fuper 
ficiem minoꝛis (perc. £um igitur boc voluerimus facere fecabimus fimul vtranqs 
popofítarum fpcrarum 3 plana fupcrficic per cómunc centrum carum traufc/ 
uutc:eruntqs ex oiffinitionc fpere « diifinitionc circuli cómunes fccriones buius 
fecantis fupcrficici c (upcrficicrum fperarum p:opofita» lince continentes circu/ 
los.fint itaqs ouo circuli.a.b.c.d. c.c. f.quo:um centrum eft ceitrum fpcrc oc quo 
piopofitum eft q ipfum fit.g-Quadrabinus igit bo3 ouos circulos ouabus oía 
metris fc fup»a cóc centrü cori oꝛthogonaliter ſecantibus quc ſint.a.c.⁊.d.b.po / 
ftca maiozi circulo fm pzecepra premiffe unfcribemus enum poligonium cqnilatc/ 
rum nullo fuoxum laterum taugene minosxem circulum . £t fuiticiat cpanpli caula 
infcripfiffe ouodccagonum cquilatcrum íta c» in quadrante ipfius maio:ie circu/ 
li qui cft .c.d .fint tria latera buíus ouodecagoni quc fint cbosdc.d.b.b.Rk. «.k.c. 
que cum fint equales crunt quogs ex patima ptc.27.terrij arcus earum cquales:de / 
binc a ouobus punctis. b.c. K. que {unt extremitates micdie chozdc producenius 
ouas diametros quc funt.b.m.«. k.l.« fuper centrum.g .crisemus lincam.g.n. 
perpendicularan ad fuperficiem circuli.a.b.c.d.quà producamus quoufas obuict 
(upcrficici fpcrc maíozis fupcr punctum.n.ocinde intelligam quatuoz fuperficies 
(ccantes (pcras propofitaszquarum vnaquoq; (ccet cas fuper lincam.g.n.fed pii/ 
ma carum ſupra lꝛncam.g.n.⁊ diametrum.d.b.ſecũda ſupcr lineam.g.n.⁊ diame 
trum.h.m.tertia vero ſuper lineam.g.n.⁊ diametrum.k.l.quarta autem ſuper li / 
ncam.g.n.⁊ diametrum.c.a.eruntq; ex diffinitionibus ſpere z circuli cõmuncs fc 
ctiones barum ſuperficicrum ⁊ ſuperſiciei ſpere maioꝛis lince continentes circu / 
los ⁊ erũt poꝛtiones inſcripte vt inter punctũ.n.⁊ quatuoꝛ puncta que ſũt.d.h.k. 
c.quadrantes hoꝛum circuloꝛum qui quadrantes ſunt.d.n.h.n.⁊.k.n.⁊.c.n.hoc 
autem idco'cucnit cp omnes anguli quos continet linca .¢.n.cum vnaquaq; dia/ 
metrowin protractarum in fuperficie circuli.a.b.c.d.funt recti cx oiffinitione li/ 
nec pcrpendicularis ad fuperficiem:recti vero anguli in centro quarte circumfcren 
tic faotendantur.quod cx vitima ferti cuidenter apparet. £x diffinitione auté cir 
culoꝛum cqualium manifeftum eft qp vnuſquiſqʒ hoꝝ qtuoꝛ cir culoꝝ ẽ equalis ar 
culo.a.b.c.d. Nam diamcter omnium ipſoꝝẽ diamcter ſpere maioꝛis.igit.ꝑ.is. 
quinti qdrantes coꝛũ ſunt equalcs:quare quinqʒ arcꝰ qui ſunt.d.n.h.n.k.n.c.n.⁊ 
d.c.ſunt equalcs:i vnoquoqʒ crgo qtuo? q̃drantiũ circuloꝝ crectoꝝ coaptent᷑ ppo/ 
themiſales choꝛde quaꝝ q̃libʒ ſit eq̃lis choꝛde circuli ꝓſtrati q̃ ſũt latera poligonij 
ſibi inſcripti « € vna eaꝝ choꝛda.d.h.ſintqʒ ĩ pᷣmo quidẽ.d.q.q.r.⁊.r.n.in ſccũdo 
vero.h.ſ.ſ.t.⁊.t.n.in tertio autẽ.k.u.u.x.⁊.x.n.⁊ in qnarto ſint.c.o.o.p.⁊ .p.n. 
⁊ pꝛotrahant᷑ coꝛauſta cõiũgctes capita ypothemiſaliũ choꝛdaꝝ q ſint.q.ſ.ſ.u.u.o 
Z.¥.0.t.x.x.p. vides igitur quarte parti fupiozis bemifperi) maiozis fperc quc qui/ 
dem quarta pars éd .n.c.ifcriptum éc corpus. 9.bafium quart tres que cocunt in 
puncto.n.funt triangule:cctere gute funt quadrangulc.funtg; barum quadrangu 
larum füperfícierum ypotbemifalia latera equalia. (ed non equidiftantia : £X o:aufti 
ante intcr quoíqs ouos círculoa intcrcepti (pnt cquidi(tautea adinuice « c»o:dc ar 
culi p1oftrati (cd non (unt adinuicem cquales. boc atit {cies fi perpcndiculares a 
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coꝛauſtoꝝ extremitatib’ ad {uperficie circuli iacetis demiferis.oe quibus oftat o» 
ipfe cadent (uper oíamctros circuloz quos cozaufti otinuat qo cx ocmóftratis in 
13.11. facile ocpiebendce. Z3erbí gratia. int a ouobus terminis cozxauftt. q. f.oc/ 
mille ouc perpendiculatce.q.y.2.f.5.cadentes in oiíametris.d.b.z.b.i.c ptrabà 
tut lince.q.g €. y.5.eruntqs ex quarta fexti ovo triangeli.q.y.d.z.f.5.b.files qua/ 
rc popoixtio ouarum perpendicularium.q.y.2.f.5.crit ficut ouay co1daz. q.d.«.f 
b.cungs fint corde equales crunt ctíà ¢ ppendiculares cquales . t ipfc funt equidi 
(tantes ey fexta. ii.ergo cy. 5 3.pzimi coxauft?.o. f. ft equalis z cquidiftane lince.y 

5.4 quia ey fcoa pte fcoc fexti línea. y.5.e cquidiftans code. d.b.« íó mínox.c.a. fe 
quitur cx. o. vndccimi ut coxauftus.q.f.fit ctià equidiftae coxde .d.D.« mio: ca ex 
couccprionc. £um ítaqs coxde que funt latera polígonij infcripti i círenlo tacenti 
c ipíc funt oca equales codc.d.b.nó tangat {pera minozesnecelle elt ut nulius la / 
tue barum bafium co:poris inícripti fiuc quadrangule fint fiue trigone tágat can 
dem mino:cm fpera cà oia bec latera (int ipfis cordis cqualia aut minor. Sim/ 
pliciter aute oico qp nulla etia bar bafi oc quibus omnibus manifeftum cft cy fe 
cunda ptc fcoe. i.q» ipfc (unt totc ín fuperficic Yna poteft aliquo fuí puncto con/ 
tingere minam fpcram co o omnís linca recta. oucta fuper quelibet punctam 
Ccuiufqs carum cquidiftanter coxauíto mino? eft neceflario coxda. poftrati círcili. 
Oi igitur conncyitatcs aliarum quartaru3 maions (perc tant fupcriozis bemifpe/ 
rij 95 infcríozis ad cius (umditudinem quadrilatcris trilatcrifg; fuperficicbus fub/ 
tcxanttr: eritqs mato {perce conpus.72.bafium ſuperficiem minoꝛis ſpere mini/ 
me tangentium quemadmodũ ꝓpoſitũ fuent infcriptü Dico ifup g fi in alia qua 
libet (pera fimile corpus ftatuat erít ppoxtio €nius ad altcz ficut oiamctri vnius 
fpcrc ad oiamcetrü altcrius triplicata erunt enim ex.72.bafis erriufqs coxpio bafce 
totidem latcratay piramidy quay omnium vertices crunt i centris ipfaz fperaz 
bas auté piramides perficics.fi a fingulis angulis infcriproy copog que Üt cy/ 
tremitates coꝛdaruʒ ⁊ coꝛauſtoꝝ lineas ad centra ſperax pꝛoduxeris .ſtudc itaqʒ; 
ex diffinitione ſilium coꝛrpoꝝ ꝓbarc cũctas pitamides vniꝰ eẽ ſiles ſuis relatinis 
piramidibus altcrius. Quo ꝓbato erit cx.s.huius ꝓpoꝛtio vniuſcuiuſqʒ carum 
vii? ad fus relatiuà alterius ficut ppo:tio fcmidiametroz fpcraz ipfamm tripli/ 
cata.funt cni femidiamctri fperaz latera cunctaz piramidum. At q2 ícmidiamc/ 
troꝛum ⁊ oiamctrozum cft cx.15.quíuti «99 ;ppoatio cx. 13.e ufdem faale condo / 
des propofitum. 

Pꝛopoſitio .. 
AMnium duarum ſperarum eſt pꝛoportio alterius adal/ 


eS v teram tauqua fuc oiametri ad oiamctz alterius p20po2/ 
5 ^ 







} tio triplicata. 
AG Sint cuc (pcrc.a.b..c.d.quarum oiamctri fínt.a. b. c.c.d .oico 
2539] q piopoxtio carum cft ficut füuarom oiamctro5 ppoatio tríplicara 
£uius ocmonftratio cít qim nca ad miose fpcrà q5 fit ipera.c.d.ncas ad maio:é 
eſt pꝛopoꝛtio ſpere.a.b.ſicut diametri.a.b.ad diametʒ.c.d.triplicata.Eſto quide 
ꝓpoꝛtio ſpere.a.b.ad ſperam.e.f.ſicut diametri.a.b.ſperc.a.b.ad diametrũ.c.d. 
triplicata: demonſtrabo itaqʒ ꝙ ſpera.c.f.non poteſt eſſe minoꝛ neq; maioꝛ qm 
ſpera.c.d.ſi enim affirinct aduerſarius eam eſſe mino:em imaginaboꝛcam incu/ 
di a ſpera.c.d.⁊ circũduci ab eodem centro ⁊ inſcribam ſperc.a.b. qð ctiã nominc 
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(uc fpcre oícat.a.b.oftat ítaqs cx fcóa pte pmi(fe c. n.qniti q pportio fpere.a.b. 
ad (pera .c.f.c ficut conpis inltaz bafia qi é.a.b.ad cop? multa; bafifiz49 €. c.d. 
«traqs eni € ficut diameter. a.b.ad dianctrit.c.d.triplicatasbec atit cx yporbe.illa 
vcio cx fcóa pte pmifTe:quare prutatint pportio fperc .a.b.ad co:pus multarum 
bafitim.a.b. ficut fpcra.c.f£ ad cospua multa bafium.c.d. ci igif fpera.a. b.ftt 
mato? copo multa» bafi .a.b.crit ctia (pera.c.f.maío compoxe multaz bafíut 
c.d.bocaüt cht unpotlibile.n3 ipfa cft pare ci^:nó € crgo fpcra.c.f.cít mino: fpc/ 
ra.c.d.Si aitr oicar aducríariue c3 cffc maios cófütabimus ipfü boc modo: crit 
cui per coucita pzopoxttonz litate (pera. c.f. ad fperà.a.b. ficut oiamctir.c.d.ad 
oiarctrum .a.b.triplicata.fit itaq; cadem fperc.c.d.ad fperam.g.b.critqs cx. 14: 
quinti ipcra.g.b.mino: fpera.a.b.co qp fpera.c.d.pofita cft mino: fpera .e.f.qre 
ꝓpoꝛtio fpere.c.d.ad aliqua fpcrà minox fpera.a.b.c(t (icut oíamctri .c, d.ad oí 
antictrum .3.b.triplicata .zlt boc eft impollbile:inam ex boc fequit q» pe fit maio: 
fuo toto ut ocmonftratü cft psius.itaqs fpcra.c.f.nó cft maio: ncqs míno: q5 fpe 
ra.c.d.igitur ex.7 .quinti conclude propofira concdufione que imponit finem libꝛo 
onodcmo, —£xplicit liber Duodccimus 3n cipit liber Lerciufdectmus. 
W20polttio s. 

~ Gtm oiutía fueritlinea {com propoztioncm 
babentem medi duoqʒ extrema:ſi maioꝛi 
poꝛtioni linea in longum addatur equalis 
dimidio ipſius linee propoꝛtionaliter diui 
ſe:quadratũ lince cx eis duabus compolite 
quadrati medictatis eiuidẽ lince diuiſe quin 
tuplum eſſe necelle eſt. 

Sit linca.a.b.diuiſa ĩ puncto.c.ꝓut docct.29.ſex 
ti.⁊ ſit maioꝛ poꝛtio cius linca .b. c.cui.b.c.directe 
adiungaf linca .b.d. que ſit cqualis medictati cori? 
3.b.0ico qp quadratü linec.c.d. crit quintuplum ad 
quadrati lurce.b.d. Quadrabo cni linc3.b.d.« (it cius quadratü.d.e.« circũponã 
buic quadrato gnomone fcóni quantitate lince.b.c. ptracta otamctro.f.b.g. firgg 
circhpofitus snomo.c.a.d.critas cx. 22.fexti fuperficieo iade copofita que fit.b.k 
tanqʒ quadratũ lince.c.d.dico igitur quadratũ.h.k.quintuplũ eſſe ad qdratü.d.e 
ſit igit. c.l.quadratũ circũpoſiti gnomonis ſibi que circũponatur alius gnomo ad 
quãtitatẽ lince.a.c.ꝓtracta diametro.f.b.vſqʒ ad.m.ſitqʒ hic gnomo.c.m.l.⁊ pꝛo 
trabani lince.c.n.z.p.l.cquidiftanter laicribus oppofitis fecantes fc fuper oiamic 
trü f.m. w pancto.g. 2 [3auifcftüi cft aüt ex. 22.fcyti op compofitü cx boc fecundo 
auomore « quadraro.c.l.« ipfü quadratü fit.3.9.cft quadratü línec.a.b. quod cx 
quarta fceumdi neceffe cft cffe quadruplü ad quadrupti.d c.co q» linca. b. d.c imc 
dictas lince.3.b.cias fit cx pma parte. io. fexti fubficice.a.n.ideco35 p.43. pmi (up 
ficies.m.l.cqualis q̃drato.c.l.ꝓuenit cni.a.n.idcoqʒ ⁊.in.l.ex.b.a.in.a.c.⁊.c.l. 
ꝓuenit ex.c.b.in ſc ⁊ cum ex pꝛima ſexti ſit.a.l.dupla ad.l.d.idcoqʒ cqualis.l.d. 
4.C.C. paritcr accptis cx.43. primi crit ex bac commi fcientia:fi equalib? cqualía 
addas tota ficit equaliazquadratum .a.q. cqlegnomoni .c..d.btc ergo gnomo 
cuadruplue cít ad quadratum.d.c. qucadmodü erat quadratti.a.q. itaas totum 
quadratum. b.Kk.cum ipfum conftet cx fünplo « quadtupio crit cx comuni fcicnrig 
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quintupla ad idé qd ¢ propofiti. 3de aliter cx quarta fcoi cóftat qp quadrati linec 
Q.b.é quadruplis ad quadrat linec.b.d.zlt per (cóam ciufde qo fit ex.a.b.in.b.c. 
z in.a.c.écqualc quadrato .a.b.q9 aüt cx.a.b.it.b.c.equü € ei q9 cx.b.d.bis i.b. 
c.Q9 cx prima fcoi manifcítü cít.cü.a.b.fit oupla ad.b.d. zit vero qo ex.a.b.ir.a. 
c.€ cx prima pte. i6. fcxti cquale quadrato.b.c.itaqs p coem fciam që fit ex.b.d.bif 
in.b.c.⁊ qð ex.b.c.in fc € equalc quadrato.a.b.« idco c quadrupliü ad quadratum 
b.d.quarc füpaddito quadrato.b.d.crit roti aggregati quintuplü. vidclicet illud 
Q9 fit ex.b.d.bie in .b.c.cum Qdrato .b.c. « qdrato.b.d. atquia cx quarta fecun/ 
di boc tort eft cquale quadrato.c.d.conftar veruin eile quod oiximus. 
Propoſitio .2. 
Y cuilibet linee bipartite cuins quadratum quadrati al/ 
| tcrutrius fua potioni fit quintupli in Longu fibí linca 
addatur donec eidé poztiom reliq poztio cù addita linea 
(3 fiat oupley:eadé oupley linea fcón ;ppo:t:oné babenie 
Jl medíum ouoqs extrema. oiuífa erit matozq5 postio eius 
erit linea medía.Gec € couerfa pxcmi(Tc ouplici quoqs modo (icat ilia ocino/ 
ftrabitur via retrograda cadc p2oxus mauente oifpone. verbi gra. fit quadratiz 
b.k.quintuplit ad quadratũ.d.e.⁊ linca.a.b.dupla ad linea.b.d.dico ꝙ linca.a. 
b.oiuifa ẽ in puncto.c.ſᷣm ꝓpoꝛtionẽ habentẽ mediũ ⁊ duo cxtrema ⁊ maioꝛ poꝛ/ 
tio cius ẽ linea media vt c.c.b.cõſtat aũt ex.q.ſcoi ꝙ quadtatũ.a.q. quadruplum 
ẽ ad quadratũ.d.e.itaqʒ gnomo.g.d.c.equalis ẽ quadrato.a.q.quocirca duo fup 
plementa.l.d..c.c.piter accepta funt quanti anomo.c.m.L.atgs cade fupp'ciic/ 
ta pariter accepta funt cx prima {exti quantéá.a.l.ideog5 ananti.c.q.(cquit ꝙ.c.q 
fit cqualis gnomoni .c.m.Locmpra igit ab €troqs fupfiae.Lu.cric quadratum.c.l 
cquale fuperficici.a .n.cum igit ftat íupficica.a .n.ex.a.b.in.a.c. fit aucem quadra 
tuim.c.l quadrati linec.c.b.crit ex coa pte. ie. (exti poopostio.a.b.ad.b.c.tiuut.b 
c.ad.c.a.cx oiffinitione crgo lince 6m p:opostionée babente mediü « ouo cxircina 
diuiſe pofita in principio fexti libri cdude ppofits. Ste aliter cum quadrat .c.d 
fit ex ypotbcfi quintaplii ad quadratü.b.d.quadratü vcro.a .b.fit ex quarta. {cot 
quadruplü ad idein.at quadratü .c.d.(it cx cadem equalc quadrato .c.b. z quadra 
to .b.d.« ci q9 fit ex.b.d. bis in.c.b.fequitur ut ud q9 fit cx.b.d.bíe in.c.b. cum 
quadrato.c.b.fit cquale quadrato.a.b.fed ex.b.d.bis in.c.b.tm € quantü qe e.a 
b.in.b.c.co g.a.b.oupla eft ad.b.d.crgo quod fit ex.a.b.in.b.c.ar5 auadraro.b 
c.cft equale quadrato.a.b.z qz cx (a fcoí qo fit ex. a.b. in.b.c.« in.a.d.eft cqualc 
quadrato.a.b.f equitur cy cómuni (cicntia ut quadratum lincc.b.c.ſit equale ci qð 
fit cx.a.b.in.a.c.igitur cx fcamda parte.16.fexti z oiffinitione conftat ppofitunt. 
l Paꝛopoſitio .3. 
Am diuiſa fuerint linca ſcom ꝓpoꝛtionẽ habentẽ mediũ 
duo extrema ſi minori portioni tanq̊ʒ dimidium maio / 
j río directe iungatur:erit vt quadratum lince inde compo 
ſite quintuplum ſit quadrati qo ex ipſa maioꝛis medietate 
poꝛtionis deſcribit O Sx linea.a.b.diuiſa in puncto.c.ſecun / 
dum pꝛopoꝛtionẽ habentẽ medium ⁊ duo extrema.ſitq; cius maioꝛ poꝛtio linca.c 
b.que dividatur per cqualia in.d-oico cp quadraimmlince .a.d.cit quintuplum ad 
quadratü linec.c.d.ocfcribatur enim quadratü.a.b.quod fit .9.¢. it quo ptrabar 
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diametri.b.f.⁊ linec.g.c.⁊.p.h.itemqʒ.k.l.⁊.m.n.equidiſtanter lateribus oppo / 
ſitis ſecantes ſe inuicẽ ſuꝑ diametꝝ in duobus punctis.p.⁊.q.⁊ extra diametrũ in 
duobꝰ alijslocis .r.z.fmanifcti igif ¢ ex.22. ferti vel ex conclario quarte ſcði:ꝙ 
omnes ſuperficies exiſtentes in quadrato.a.e.quas diameter diuidit per medium 
funt quadrate:quatuoꝛ antem fuperficies que funt.a.r.m.p.p.b.7.f.e.conftat cx 
43-Drimi 2 prima ferti cife adinuice cquates.na ouc poltreme.p.b.¢. f.c.funt ad/ 
inuicẽ cquales ex pꝛima ſexti qm̃ iʒit cx pũti yppothcſi ⁊ diffinitiõe lince ſᷣm ꝙ ꝓ/ 
ponit᷑ diuiſe ⁊ pꝛima ꝑte.io.ſcxti quadratũ.c.l.c equale ſuꝑticici.a.g.ideoqʒ ⁊ guo 
moni.r.f.f. pprter id qd fupficies.2.1.€ cqualis fuperficici.p.b.« qrf cx quarta fc/ 
cundi quadratü.c.L.cít quadruplii ad quadratii.r.f.q9 € tanq quadrati lince.c.d 
fcquirur cx comuni fcientia q~ quadratü im .b.fit quiituplü quadrati .r.f. conftat 
cni ex gnomone quadruplo z .r.f.(timnplo.bo: aüt e(t propofitü. {des aliter cù fit 
linca. b.c. oiuifa per cqualia iir puucto.d.« addita eſt ci linca.a.c.erit cx.o.ſccũdi 
quod fit cx .a.b.ín.a.c. cum quadrato.c.d.interíacentís cquale qdrato.a.d.at q: 
quod fit cx.a.b.in.a.c.cquale c quadrato.c.b.cx piíria ptc. ro. fcxticboc autem cft 
quadruplum ad quadratum .c.d.maniſcſte pʒ veritas cius qð dicit. Potes quoqʒ 
fi libct ctiam duplici modo ex cõſcquẽte huius ſuũ anteccdens cõcludere pꝛoccſſu 
retroʒradu.ſit enĩ eadẽ diſpoſitione manente quadraiũ.in.h.quintuplũ ad qua / 
dratũ.r.ſ.critqʒ gnomo.r.f.ſ.cquale quadrato.c.l. Itrũqʒ eni cſt quadruplũ ad 
quadratũ.r.ſ.at qꝛ ſuꝑficies.a.g.c cqualis gnomoni pꝛedicto necelic c vt fupficies 
cade fit cqualis quadrato pꝛedicto:quarc ex ſcõa ꝑte.ic.ſexti. ⁊ diffinitione linea 
a.b.ẽ diuiſa in puncto.c.ſᷣi ꝓpoꝛtionẽ habentẽ medimn ⁊ duo extrema:⁊ maioꝛ 
poꝛtio cius c linca.c.d.Idẽ aliter cũ ſi cx ypotheſi quadratũ lince.a.d.quintuplũ 
ad quadratü lincc.c.d.« cx .6.(cói idc ipfü quadratum (it cqualc cí quod fit cx.a.b 
ut.3.c.cum quadrato.c.d.fcquit vt id a9 fit cx.a.b.i.a.c. ci quadrato.c.d.fit quí 
tupluin ad idc quadratii.c.d.idcogs co ocmpto ctit reiduü vidclicet qà fit cx. a.b 
ín.3.c.quadrupli ad ipfum « q? ctí3 cx quarta fcói quadratum lince.c.b.c quadru 
plam ad ide necefle € er ao fit ex. a b.in.a.c.fit cquale quadrato.c.b.quarc iterum 
ex feconda pte. 16.fexti ¢ onffwitionc linca.a.b.¢ oivifa bin proportione babercis 
medi m c ouo cxtrema in puncto.c.z maio? eius potio eit linca.c.b. 
^p»opofitio .4. | 
RW 3l fcóm pzeposrioné babenté medii « duo extrema ques 
am». i libetlinea fuerit oiuifa eiqstlongg oirccte tanqs maio? 
ſectio adijciat:erit rota lined inde cópotità fm pportios 
V || nem babcnté medii « ouo extrema dinila; elle serit eing 
221! mgioz poatio linca pzuma. 
CSit lines.a.b.oiuila qua fupponit pportione in puncto.c.< fit cius maio: po? 
tio.c.b.totiqʒ.a.b.adijciat directe linca.b.d.que ſit cqualis.c.b.dico ꝙ tota.a.d. 
cadem pꝛopoꝛtione diuiſa eſt in puncto.b.⁊ maioꝛ cius poꝛtio ẽ linea.a.b.que ẽ 
linca prune. £ft eni cx diſfinitionc.a.b.ad.b.c.ſicut.b.c.ad.c.a.at q⁊ ex ſeptima 
quinti .a.b.ad.b.d.ſicut ad.b.c.igitur ex vndecima ciuſdẽ.a.b.ad.b.d.ſicut.b.c. 
aũd.c.a.quarc per coucrſam pꝛopoꝛtionalitatem.b.d.ad.b.a. ſicut.a.c.ad.c.b.ct 
coniunctun.d.a.ad.a.b.ſicut.a.b.ad.b.c.Cunqʒ ſit cx ſeptima quinti.a.b.ad b.c 
ficat ad.b.d.critex vudccima eiu(dc.d.a.ad.a.b.ficut.a.b.ad.b.d.itaas cy diffini 
tionc linca .a.d.oiuifa cít in puncto .b.fccundis poopoztiencia babente mcdium 
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2 0o cxtrema « maio: potio cius cít linca.a.b.quod eft propofitum. £odé quo/ 
q3 modo fi cx mato:i poztíonc cuiufliber imee fecundi predict3 ;ppo:tione oiuifc 
tanq; mino: po:xtío octrabatur:erit tpfa mato? po:tio fco: cande propoztioncm 
oiuifa.crita; maio? po1iío cius linca octracta. vcroi graria.Oit linca.a.b.ficut p/ 
ponitur in puncto.c.oíuiía fitqs maio: porío.a.c.a qua octrabat. c.d .cqualis.c. 
b.dico ꝙ.a.c.ẽ diuiſa:ſᷣm pꝛopoꝛtionẽ eꝛndem ĩ puncto.d.⁊ ꝙ maioꝛ poꝛtio eiꝰẽ 
linea.d.c.cum cni ſit cx diffinitione.b.a.ad.a.c.ſicut.a.c.ad.c.b.At ex ſepiima 
quinti.a.c.ad.c.b.ſicut ad.c.d.crit ex vndecima ciuſdẽ.b.a.ad.a.c.ſicut.a.c.ad c 
d.idcog3 per.19.quinti:ficut .¢.b.refiduti ad.d.a.refiduit.fed ex feptima ciufdem 
C.b.ad.d.a.ficut.c.d.ad.d.a.itaqs.a.c.ad.c.d (icnt.c.d.ad.d.a. ex oiffinitióc cr/ 
6o cóftat q9 oixim?: ncc igit ca qua auctor ,pponit additio ncc ca quà ex oppofito 
proponimus octractio quatücungs virralibe: in pzolixum tcridat a pzop:icrate oí/ 
uiſionis linee pꝛimitiuc diſcoꝛdat. 

Paeꝛopoſitio .şç. 
3j fccüdü pzopoztioné babente medium z duo extrema 
quelibct línea tuerit oiuifa qó ex tota línea quoda; ex m 
no2i poztíonc p:oduaf ambo ğdrata piter accepta tri 
plá (unt eíus qo ex maío2e poztíone quadrat oetcribit. 
(oit linca.a.b.oiuifa pcr fcpe oict3 potione ín puncto.c.fitos ma 
(0? po:tío cius lineg.c.b.oico » quadrata ouarum liicarum.a.b.4.c.a paritcr ac 
ccpta triplum funt ad quadratum linee .c.b.bcc enim ouo quadrata pariter acce/ 
pta funt cx feptima fecundi quantum quadratui.c.b.c ouplum cius quod fit cx 
g.b.in.a.c.itemas quia quod fit ex.a.b.in.a.c.eft equale quadrato.c.b. cx oíffim/ 
tíonc « piitna partc. i6.fcxti:manifcftum eft propofitum. 

(»:opofitio .s. 

M nis rationalis lince ſecundũ pꝛopoꝛtionem habentẽ 
Yi edt ⁊ duo extrema diuiſe vtranq; portionem reſiduu 
"efle necele eft. 
G Sit linea .a.b.fin foluta proportionem oivifain iit puncto .c.r3/ 
22x25 9| tionalis.oico q» vtraq; po:tio cius rcfiduü. ct eni niaio: ci? por 
tio.a.c.cui oircctc adíjciatur.a.d.cequalis oimidio totíus.a.b.critas ctia .d.a .ra/ 
tionalie cx.e. occimi libzi c ciffinitionc.conftat aute ex piima buie q» quadratus 
lince.d.c.quintuplü c ad quadratà linee. d.a. igit linca.d.c.cít cóicans linec. d.a. 
(n potentia cx oitfiuitionc.fcd non in longitudine cx vltüna ptc.7.occmi quarc p 
68.o0ccimi linca .3.c.eft refiduum cum ouc lince.c.d.z.d.a.fint ambe ronales po/ 
tcntialiter tm cOicantes.< quia iterum fi ad lincam rationalem. a.b .adiungatur 
fuperficics cqualis quadrato lince.a.c.que cft refiduum crit latus cius fecundum 
linea.c.b.cx prima pte. io.fexti necellc cft cx.92.occimi vt linca.c.b.(t refidpü p: 
murm:quarc conftat propofitum. zimplius aute fi lincc fic oiuifc vt proponit ma / 
ío? portio fucrit róralis:crit mino refiduum:vcrbi gra.fit vt paius.a.b.oiuifa t.c 
bmi oíctam propoxionem z maio: portio eius que cit.a.c.firronalis que oiuida: 
per equalia in.d.critqs cx tertia buius quadrati.d.b.quintupliun ad quadratum 
d.c.at q:.d.c.e rónalis cus ipfa fir oimidift.a-c.fequit vt ouc lince.d.b.<.d.c .fini 
ronalcs potentialitcr tit cOicantes quare ut piius linca .c.b.cít rcfiduumi.at vcro 
fi lineg rõnalis ín potentia tin 6m p2oportioncm babcntem mcdiü « ouo extrema 
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oíuidat adbuc necefle cft 6t vtraqs portio cius fit refiduit.fit eni.a.b.rdnalisi po 
tentia tñ diuifa ficut pponitur in puncto.c.c fumat aliqua rónalis ín longitudie 
que fit .d.c.d ctià oiuidat in.f.Pm pdíctà propostionc. manifeftü cft igit cx ſccũda 
t4 libzi que fine adminiculo alicuius co» que fequitur inconcuffa ocaioftratione 
robo2ar ~ pportio.a.b.ad.d.c.cit ficut.a.c.ad.d.f.z ficut.c.b.ad. f.c.£um ergo 
a.b.cdicct cum.d.c.in potentia fcquit cx prima pte. ro.occimi Qq'.2.C.communicct 
Ci. d.f.2.c.b c. f.c.in potentia. £t q? €traqs poatio linec.d.c.¢ reliduum ut pater 
«x p:edictís fequit ex. 98.occimi vt vtraqs poario línce.a.b. fit etià refiduü fcd non 
ciufdem fpecici €t ibide ocmonftrata eft. Quare coftat qp oce lincc rónalís ín lon 
gitudine vel in potentia tit (com pportioné babente medi’ z ovo extrema oiutfe 
vtraqs poitío € refiduü. £t nota q» piíma pe phitís ocmonftrationis qua ocmon/ 
ftrat q maio: poxo lince divife bm pportione babente medit z ouo extrema fit 
«cfiduii fí tota línea fit rónalie :pcedit ex fufficicntb" fiue tota linca ponat róna/ 
lis in longitudine fiuc (n potentia trf .Gcóa vero ps qua ocmonftrat boc ocmino 
ri poxtione q ipfa quoa; fit refiduü (i tota c ronalis nó pedit cy (ufficientib? ni; 
fi tota fit ronalis in longitudine. Tertia aut pare qua ;pbatur cp mino: poxtío € re 
fiduum fufficicnter procedit fiuc maio? po:xtio fit rationalis intongitudine (tc tm 
potentia tantum. Ad concludendum igitur oc mato» poxtonc luice piedicto mo / 
do oitiife q» ipfa fit rcfiduii fufficit poncrc totani lincam oiifain cflc rarionatam 
in potentia tii. fed ad codudendü quoq; boc oc mino: pozione mediante mato 
1€ fufficit ponere poztione maio:c. filr rónalc in potcutia tim. fcd ad cõdludenduʒ 
boc de minow portionc mediante necelle eft poncre tors luica eſſe ronalem i lon/ 
gitudine aut vtedi € fcoa.14.libzi queadmoda dicrum cht. 
l Pꝛopoſitio .7. 

— quis pentagonus tres equos augulos habens fuerit 

Eequiaterus equiangulus quoq; idẽ pentagonꝰeẽ ꝓbat. 
AESit pentagonus.a.b.c.d.e.equilaterꝰ.ſintq; quilbet tres eiꝰ an/ 

ie 9$ P4 auli fiuc córinue fiic incótinuczfumant adinuice equalcse « fint pai? 
— incontinue ſumpti.ſintqʒ anguli.a.c.d.illi tres qui ponunt adinuicẽ 
cquales dico totũ pentagonũ cẽ equiangulũ.is angulis fubtendant cbordc .b.e. 
b.d.z.c.¢.z totus pentagonus diuidat in trigoni c quadrilatcz cuius ouc oíago 
rales fint chorde ouox proximoy equalitt anguloy fecantes fc intra quadrilarcris 
ipfii in puncto.f.eritq5 p quarta primi bafis.b.c.cqualis bafi.b.d.< angulus.a.e. 
b.cqualis angulo.c.d.b. £ung3 p quints primi angulus.b.c. d.fit equalis angulo 
b.d.c.co q ovo latera.b.¢.z.b.d. fint equalia. crit ex coi fcia. totalis angulus.e, 
cqualis rotali angulo.d.fimiliter probabis rorale angulum. b. effe equalc angulo 
totali.c.cft cai per quarta primi bafis.b.e.cqualis bafi.c.c.z angulus.a.b.c.eque 
lis angulo.d.c.c.per quinta ait ciufde (¢ primi cit angulus.c.b.c. equalis angus 
lo.c.c.b. igif ex cOi {cia toralis angul?.b.c equalis totali angulo.c. Sint itags tres 
ananli.b, c.d.corinue füpti cquales c ftc quoq; crit pentagonus equianguluszerit 
cnim €x. 4. pmi bafia.b.d.cqualis bafí.c.c.« angulus.c.d.b.angulo.d.c.c.z any 
sulus.b.d.c.angulo.c.c.d.quare p fextà primi ouc línec.c.f. c.f. d.erüt equales cñ 
ouo agulí trianguli.f.c.d.qui funt ad bafun.c.d.funt equalce:igit ex bac cói fcia 
crit linca.f.b.cqualis littce.f.c.erat cni tota.b.d.cqualis toti.c.c.idcog3 per quin/ 
tã pumicrit angulus.f.b.c.equatis angulo. f.e.b. p cande gute Cc angulus.a.b.¢. 
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equalis angulo. q.c.b.itaqs per coem fciam angulus.b. totalis eft -equalis angulo 
e.total tres eni partialea anguli cóponcntee en funt cqualce tribus ptialio" có/ 
ponentibus atium enufquifqs fuo relatwo. DI Sanifeftü é igitur g ires onguli.c.b 
c.nó cótínuc f umpti in propofito pentagoro funt equalce.cii aiit fic oemóftratu; 
eft totum pentagon che equiangulum vtrolibct ergo modo conftat propofitum. 
Pꝛopoſitio .s. 
ERN av] Anis — cquilatert qoa latere fuo quadrati oe/ 
A 1 (críbitur trip quadrato dimidij diametri circulia 
— * ipfe circüfcribitur «15i tríangulua .a.b.c. 
! cquilaterus cui circüfcribatur.circnlus .a.b.c.fup:a centri .d.qucad 
! modum pocet quinta quarti libzi z pzotrabař in co oiamcter.a.d. c 
tíco crgo q» quadrati lince.a.b.triplà eft ad quadra à femidiamcetri.a.d. oucant 
eni ouc lince.b.d.c.d.c.« arcuí.b.c.fübtendat cboxda.b.c.crítqs cx octaua primi 
angulus.b.a.d.cqualis angolo.c.a.d.quare per vitima fexti arcus.b.c.cft equalis 
arcui.c.c.£0q2 ¢x.27.tertij tres arcus.2.b.b.c.z.c.a.funt adinuice cquales co g 
cor chorde que funt latera trigoni fit equales cx ypotbefi :crit arcus.b.c.feyta oe 
circüfcrentie.idcoqs cooxda.b.c.erit latus exagoní equilateri ipfi circulo infcripti, 
quare per conct. «5. Qrti linca.b.c.€ eglíe famidíametro.a.d. 2| 3anifcftü € C auté cx 
prim parte. 3o.tertíj q» angelus. a.b.e.cít rectus. ídeoa5 quadratum Ainec. 3 .c.€ 
caual- quadratis duaꝝ lincax.a.b.⁊.b.e.ꝑiter acceptis ex penultima pmi. At vc/ 
ro quadratit.a.c. quadrupli ad quadratum.b.c.cx quarta. (cóí cum linca.a. c.fit 
cupla.b.c.rclinquitur ergo quadratü.a.b. triplũ eſſead quadratum.b.e.⁊ ideo ad 
quadratum.a.d.qð eſt pꝛopoſitum.Nõ lateat aüt nos o línca.b.c.quc € latue trí 
goni diuidat ſemidiametꝝ.d.e.per equalia.Eſto quidẽ punctus diuiſionis.f.con / 
ftat igif cx quarta primi q .b.f. eft cqualis f.c.ideog3 per primam partem tertie 
fertij omnes anguli qui funt ad.f. fant recti. quare cx penultima primi quadrara 
.b.d.é cquale quadratís ouarum liucarum.d.f.4.f.b.quadratum vcro.b.e.equale 
quadratis ouarum lincarum que (unt .b.f.2. fe. £t q2-b.d.cft cqualis.b.c.erunt 
cx comuni fciencia ouo quadrata ouarum lincarum.b.f.2.f.d.piter accepta equa 
fia ouobus quadratis ouay linca. b.f. c.f. e. pariter acceptis: ocmpto igit utrinq; 
quadrato .b.f.crít ex cói fcia quadratum .f.d. rc(tduum equale quadraro.f.e.re/ 
fiduo quare « linca. f. d.liree f.e.ex bac cói fcientia quaz quadrata füt c3palia cas 
lincae cc cqualce. £x boc itaq marifefítü € gp perpendicularis oucta a centro circs 
li ad latus trigoni equilateri fibi infcripti cqualis € oirmidio lince ouctc a cetro ciuſ 
dé circuli ad niu circifcrentiam. Tf o20pofitío — .9. 
B 3j latus exagoni equilateri latuíq5 oecagoní equilateri 
| quos ambos vnus idéq5 circulus circüfcribit fibi inuiceʒ 
1. ‘in lõgũ directũqʒ; cõiũgant᷑ tota linea ex eis cõpoſita fm 
M AE) i| ppoatíoné babetré medi < duo extrema oinifa erít ma/ 
i| to295cíus poatíolatus exagoni.Goit circulus .a.b.c.cuíüe 
centrum .d.« oiametcr .a.d.c. fitqs arcus .c.b.quiinta pe arcus femicirculi.a.b.c. 
cui fubtendat cboxda.c.b.quà oftat cliclatus decagoni equilateri ꝓpoſito circulo 
infcripti adinngata; lince .c.b.incdtinud ⁊ directũ linea.b.e.que ponatur cé cĝ/ 
lis lateri cragoni equilateri pdíao circulo infcripti oico tota linca.c. c.oiuifam ce 
in puucto.b.Pm ppostionc babenté mcdia z ouo extrema z maio: ci? portione 
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oico cflc linca. b.c.que eft Latus cxagoni:oucant enti in centy onc lince c. d.c.b.d. 
crítqs anaulu :.c.e alie auto b.d.c.cy.g.paimi pprer boc qp línca.c.b.€ calis 
lince.o.d.cx cozzctas. quarti anselas quoqs.d.b.c.cft equalis aiigulo.c.cx. 5. psi 
Dizqu3:€ cr: 52. primi anu". a. d.b.crit ouplus ad augulü.d.b.c.« q* p cide an / 
gulus.d.b.c.€ oupius ad angulà .e.fcquit «t angulus.a.d.b.fit quadript? a3 au7 
guli.c. £ft cmi cx cói fdia qdruplit quicquid fuerit ouplü oup. cias fit ct idé ani 
lus.2.d.b.qua druplus ad anguii.b.d.c.ex eltuna fexti co q arcus.3.b. € quadri 
plus ad arci.b.c.neceíTe € cx cói fcia ut angulue.c.fir equalis anquto.b.d.c.ti tait 
intelligant ouo trianguli.d.c.c.totalis.4.b.d.c.ptialis c angulus.c.totalis fit cq 
lis angulo.b.d.c.partialis « angulua. c.fit cóis vtriufqs neceffe € cx. 52. psimi:vt 
ipft fint cquiangulizquare pcr quartà fexri ,ppoxtio on07 latez.c.c.2.c.d.cótinci 
tis anguli .c.i torali tridgulo € ficut ouo latez. d.c.« .c.b.otineríi eüde anqulü 
i ptiali triangulo quia 6 ppo:tio.c.c.ad.c.d.c ficut ad. c.b.cx (coa ptc.7.cninti.c 
d.c.ad. c.b.€ ficut. c.b .ad càdé cx pma prc cinídan.fcquit ex. ni-quínti ut. fit 10 
poꝛtio.c.e.ad.e.b.ſicut.e.b.ad.b.c.igitur a dione cõclude ꝓpoſitũ lincã.e.c.eſſe 
diuiſã ſᷣm pꝛopoꝛtionẽ habẽtẽ mediũ ⁊ duo extrema ⁊ maioꝛẽ po tionẽ cius ec la / 
tus cxagoni ꝙ opoꝛtuit nos demonſtrare.Cõnerſam quoq; demonſtrare ↄucnit 
qð facile fiet via retrograda:eã cni aſſumit Ptolcicus capitulo.qꝙ.pꝛime dictiois 
almageſti ad demonſtrandũ quantitatẽ choꝛdax arcuũ circuli. Dico itaq; ꝙ file 
nea que ibet ſᷣm pꝛopoꝛtionẽ habentẽ mediũ ⁊ duo extrema diuidat᷑ cuius caren 
maioꝛ poꝛtio fucrit latus cxagoni:ciuſdẽ minoꝛ erit latus decagoni.At vcro cuius 
minoꝛ erit latꝰ dccagoni ciuſde maioꝛ erit latus cxagoni.Sit enĩ pꝛioꝛi diſpoſitioe 
manentce linea.c.c.diuiſa in puncto.b.ſᷣm pꝛedictã pꝛopoꝛtionẽ ⁊ maioꝛ eiꝰ poꝛtio 
ſit. e.b.dico ꝙ cuiuſcũq; circuli linca.c.b.cſt latꝰ exagoni ciuſdẽ ẽ linca.b.c.latus 
decagoni:⁊ cuinſcunq; circui linca.b.c.eſt latus decagoni ciuſdẽ eſt linca.e.b.latꝰ 
exagoni. Inielligo aũt hoc de cxagonis ⁊ decagonis equilatcris.fi cni fit.c. b.la/ 
tus cxagoni circulo.a.b.c.inſcripti:crĩt ꝑ coꝛꝛeł.i5. quarti.e.b.cqualis.d.c.⁊ quia 
ꝓpoꝛtio.c.c ad.c.b.eſt ſicut.e.b.ad.b.c.ex ppotheſi crit ex;7. quinti. c.c. ad.d.c. 
ficut.d.c.ad.c.b.iait ex.s.fexti ouo trtanguli.e.d.c.c.d.c.b.fant cquíanguli:anau 
lus ergo.c.cft coualis angulo.b.d.c.ipfos eni latcra ;ppostionalia refpiciunt.cüqs 
fit angul?.a.d.b.qdruplus ad águlii.c.cx. 32. pmi big affüpta.« quita ciuſdẽ bis: 
fcquit vr ctia ide angulus.a.d.b.fit quadrupins ad angulit.b. d.c. ideo; cx vitia 
fextt arcus.a.b.quadruplus elt ad arci.b.c.linca igif.b.c.¢ latus occagoní.a.b.c. 
inferipti. Od fi linca.b.c. inerit latus occagonic rcult.a.b.c.crit.c.b. latus cxago/ 
ni ciufdé.fic cui.c.b.latus exagoni circuli.f.crita; ex prcdictis.b.c.latus occagoni 
ciufdé. intchigant igitur inicriptt e¢ occagoni cquilatcri ouobus circulis.a.b.c.⁊.f 
quor omnia latera critt equatta lince .b. c. quia oie figura cquilatera circulo in/ 
fcripta € cquiaagula ot probati eft ini. 15.quarti libzi fcauir errofqs occagonos effe 
cquiangulos. £unqs omnee anguli eni? piter accepti fint equales onmibus angu 
[: alrerias pariter acccptis ficut cuidenter apparct ex ocinonftratis in. 32. piii: 
nceeífe € cx bac cói fdia quoxülibet cqlliit occimas aut quotaflibet ptes cinfde ocne 
tationis cé equales ut vue boy eccagonoriü fit equiangulus alij. idcog filie cx 
oionc filium fupficicz:c q» fi ouc figure files onobus ewculis mfenbautzcrit ppo? 
tio ouoz rclatíno latc illaz figuraz fíC t oua oiametroz illorus circulozum €t 
apparct ex conel.is.ſexti libꝛi ⁊ pꝛma.iꝛ.cũ latera decagonoꝝ fiium inícriptozü 
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ouobue círailis .a.b.c. c.f. fint equalía fequitur ut oíamctri co:xum fínt caualce. 
idcoqs ct femidíamctri ctiam equalee.funt autcs femidiamctri « latus cyagont c/ 
qualia cx corclario. ceca z quitita fexti.crit ergo líinca.c.b.latus cyagoni circu/ 
fi.a.b.c.infcripti ficut ipfa cit latus cxagoni circuli.f .fibi cqualis:boc autem ẽ qð 
ocmonftrare voluimus. £x bacaüt nona bui?.15.líbzi noucris cxozta cé occimain 
quarti lib:i quc oui. cqualià latcz? ;pponit trigonii ocfcribendi cuius vterq; duo / 
ra anguloy quos bafis obiinct zd territi ouplus exiftat:talie cui € eter; triangu 
loz.c.d.c.«.d.c.b.4 fimpliciter ois cuius ouo latera {unt cqualia maior po:tioni 
alicuius linec oiuife bm p:opo:t:onc baoente medii ou035 cxtreme 2 reri quod 
eft bafis cft cqualc minos poxtioni lincc ciufde ecl cuius ouo latera (tt equalia la 
tcrí cxagoni cquilatcri alicni circulo infcripti:balis vcro € equalis lateri occagoni 
cquilateri cide circulo infcripri qo € ;ppofitii ^f»opolitio . Io. 
(dnc latus pentagoni cquilarerí tanto porentíue clate/ 
re cxagont equilaterí quant poteft latus occagornt equi 
lateri fi fint in eodé circulo ambo íinfcripti. 
¶ Sit circulus.a.b.c.cuius centꝝ.d.⁊ diameter.a.d.c.inſcribaturq; 
ei pentagonus cquilatcrus qui ſit.a.b.c.ſ.g.⁊ a ccntro.d.ꝓtrahatur 
perpédicalaris ad latus.a.b.quc producatur «(33 quo obuict circiiferentic in pun 
Cto.b.fitqs.d.b.« piotrabant ouc cboide.a.b.«.b.b.quce crunt equales adínuiccg 
ey (coa ptc. 3.tcrtij ? quarta primi.idcoqs ctia ouo arcus.a.b. 2. b.b. eglce adinui 
Cel Cx. 27.terti]. £ft igitur €trag3 003; cboxdaz.a.b.c.b.b.latus occagoníi cqui / 
latcri ppofito circulo ifcripti.oico itàg5 g» quadrati linec.a.b.quc eft latus pen 
tasoni c cqnalc ouobus quadratíe oua lincaz.b.d.«.a.b.piter acceptis quarum 
prima cit calie lateri cxagoni cx cozxcL.15. quartí:« fccunda clatue eccagoni p/ 
trabator cnia centro.d. ppendicularis ad linca.a.b que cft latus octagont que 
yducat vías ad circüferetia:fiqs.d.k:q fecct líuca.a. b.q c latus pétagont i pi cto 
1.4 ꝓtrabat linea.h.l.ↄſtat att cx fcóa ptc rertíc terti] .4. pim «27 .tertij p iuca 
d.k.q̃ cſt ꝑpendicularis ad choꝛdã.a.h.ſunul diuidit ꝑ cqualia choꝛda ⁊ arcũ iõq; 
arcus.a.k.eſt cqualis arcui.k.h.quare ex vltima ſcxti angulus.a.d.l.ẽẽ cqualis an 
gulo.l.d.b. idcogs cx quarta primi bafis.a.L.bafi.L.b. igif ex quinta pzini angul? 
l.a.b.cqualis cit angulo.l.b.a.cigs cria fit cy cade anaulus.b.a.b. cqualis angu/ 
lo.b.b.a.(cquítur €t angulus.1.b.a.fit equalis angulo. .b.b.a. CFgo cy. 32. pimi cuo 
trianguli.b.a.b..a.b.L funt cquianguli.cft eni angulus.b.maio:te cquolía augu 
lo.b. minos z 3gulus.a.omunis cft vtriq;: itaq; p quarta fexti pportio.b.a.ad 
8.b.e ficut .a.b.ad.la.quarc ex pꝛima pte.ic.ſcxti qð pꝛoucnit ex.b.a.in.a.l.eſt 
equale quadrato lincc.a.h.que ẽ latus decagoni.cũ ſit autẽ ſcmicirculus.a.c.c.eq 
lis ſcemicirculo.a.f.c.⁊ arcus.a.e.arcui.a.fſ.crit arcus.c.c.reſiduus cqualis arcui.f 
c.reſiduo:quarc arcus.c.c.eſt medietas arcus.c.f.ideoqʒ cqualis arcui.a.h.⁊ du 
plus ad arcũ.h.k.⁊ qꝛ arcus.e.b.cẽ duplus ad arcum .b.h.crit cx.i 3.quinti roris 
arcus.c.c.b.duplus ad totũ arcũ.b.h.k.idcoqʒ cx vltima ſcxti angulus.c.d.b.cſt 
duplus ad angulũ.b.d.l.cunqʒ etia angulus.c.d.b.duplus ſit ad angt lũ. b.a.d. 
X.32.7 Quinta pꝛimi.ſunt eni duo latera.d.a.⁊.d.b.cqualia crit angulus.b.d.l. 
cqualis angulo.b.a.d.itaqʒ per.ʒꝛ.pꝛimi erit triangulus.b.d.l.cquiangulus tri / 
angulo.b.a.d.Eſt enim angulus.d.minoꝛis cqualis ãgulo.a.maioꝛis.⁊ angnlꝰ.b 
ẽ cois vtriq;:ergo per quartã ſexti ꝓpoꝛtio.a.b.ad.b.d.ẽᷣ ſicut.b.d.ad.l.b.quare 
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per pꝛimam parten. 16.(cxtí quod proucnít cy. a.b.ín.b.L.e(t equale quadrato.d. 
b.at gero probatum ch prius qp iliud qo pioucuit cx.a.b.in.1.3.€ equalc quadra / 
to.a.b.itaqs quod prouenit cx. a.b. n.a. l.z in.l.b.cit equale ouobus quadratis 
ouay lincaruit.a.b.2.b.d.< quia ex feoa fecundi qd prouenit cy.a.b.in.La.cint 
b.cít cquale quadrato luicc.a.b.c(t autem linca.a.b.lac” pentagoni equilateri p/ 
pofito circulo infcrípti:linca vcro.a.b.c latus occagoni equilareri. luica.b. d.cft 
ex coneiario.15.quarti equalis lateris exagoni equilatcri ;ppof)to arculo infaripto 
tum inconculla ocaionttrationc aftraitur boc quod dicitur. 
Pꝛopoſitio .i. 
Y ouob? ppiquis agulis pẽtagoni equilateri ĩtra circulũ 
deſcripti a terminis iuox latexꝝ due recte linee ſubtendan 
wl ltur vtraqs alteram fcóm p2opoztioné babenté mcdia ono 
q; extrema fecabit maío295 plins poztio lateri ipiius pé, 
SSA) tragom cqualis crit. 
CSit penragonus cquilatcrus.a.b.c.d.c.infcriptus circu'o ci‘dan litteris fignas 
to z onobus cins ppuiquis angulis qui funt.a.z.b.fuvotendant ouc rectclinec.a 
c.⁊.b.e. ſecantes ſe muicẽ in puncto.f.dico itaq; vtranq; haꝝ eſſe diuiſã ĩ puncto 
f. 61 ppo:xioné babenté mcdifi ou035 cxircima:< g maio? pozio vtriuſq; e cqua 
lis lateri pentagoni.D(3amfcftü. eft enm ex. 27.terti) cp quinqg arcus circuli penta / 
goi p:opofirü círcüfcribentie quoz latera tpluis penraaoni tunt cbo:dc:funt ad 
inuicem cquales.idcoq; cx vltima ſcxti quatuoꝛ anguli.a.c.b.a.b.c.b.a.c.⁊.b.c.a 
ſunt adinuicẽ equales. Nam arcus.a.b.a.e.⁊.b.c.ſunt adinuicem cquales.cunq;ʒ 
ſit arcus .c.d.c.duplus ad arcũ.b.c.erit quoq; ex vltima ſexii angulus.c.a.e.du/ 
plus ad angulũ.c.a.b.at vero cx.32.prinu angulus a.f. c. duplus e ad angulũ.ſ. a 
b.igitur angulus. a.f.c.ẽ cqualis angulo.f.a.e.quare per ſextam pꝛini linca.a.c.e 
equalis linec.f.c.funt ait ono inanguli.a.b.c.<.a. £.b. equianguli per ca q dicta 
(unt c p. 32. piüni:eft cni angulus.c.maious cqualis angnlo.a.mirous ¢ ange / 
lus .b.cdis viriq3:igif p quarta fcxtt ppostto .c.b.ad.b.a.ficut.b.a.ad.f.b.cüqs 
fit.c.f.cqualis.a.b.co qp ipfa ur prooatuim ctt equaüe. a.c. fequitur ex.7. quinti: 
vt (it pioportío.b.c.ad.c.£.ficut.c.t.ad. fb. quarc pcr oitfinitione linca.c.b.€ oí/ 
nifa fin ppo»xtione babenté medii ou035 extrema « cius mato? potio cft equalis 
latcri ipfius peutagoni.ft añe boc é vc oc linea.c.b.crit quogs cx.7. quinti € qui 
ca ciufde ¢ oiffuritionc ide vcz oclinca.a.c.nami to:a.b.c.cft equalis toti.a.c.cx 
guarra pimi z postiócs poztionib" ex fe.ta pani « cói fciazpoxtiócs cui .a.f.2.b. 
f.ſunt cquales ex ſexta pꝛimi.ideoqʒ.ſ.e.⁊.f.c.reſiduc erunt adinuicẽ cquales ex cõ 
ceptione vel potes fi libet ⁊ facilius de lmea.a.c.demonſtrare pꝛopoſuum nego / 
tiando circa ipſum vt pꝛius circa lincam.c.b. 
Pꝛopoſitio 12. 

¥ circuli pentagonu equilaterum circũſ.ribentis diame 
tros fnerit rationalis eius latus pentagoni erit linea irra / 
tionalis ea ſcilicet que dicitur minoꝛ. ¶ Sit pentagonꝰ cqui / 
laterꝰ.a.b.c.d.e.ĩſcriptꝰ cuculo ciſde littcris aſcripto cꝰcctꝑ.f.⁊ due 

==} Olamctri.b.g.¢.a.b.fitqs virag3 baz diamciroy linea ronal iongi 
tudie: oíco tunc cp lat" pétagon infcripti erit linca iwrónalis ilia videls q otaif mi 
noꝛ:ꝓtrahat᷑ cnĩ linea.a.c.q̃ ſecet diamctꝝ.b.g.in puncto.k critqʒ cx vliuma ſexti 













«mo o —-—  -—— 0m = 





LIBER 


z quarta pᷣmi linea.a.c.diuiſa a diametro.h.g. ortbogonatr ⁊ peqlia ĩ pũcto.k.qꝛ 
cũ ſe nicirculus.b.a.g.ſit eq̃lis ſemicirculo.h.e.g.⁊ arcꝰ.b.c.arcui.b.c.ſicut ↄſtat 
ex.27.tertij crit arcus.a.g. reſiduꝰ equalis arcui.c.g.reſiduo:iõqʒ ex vltima ſexti 
angulus.a.b.g.eq̃lis etiã angulo.c.b.g.cũ itaqʒ duo latera.a.b.⁊.b.k.trianguli.a 
b.k.fint edlia ouobus laterib?. Cb. c.b.k.tríanguli.c.b.k.c angulus.b .vninis an/ 
gulo.b.altcrius:erít ex quarta pmi bafía.a.k. calis bafi. k.c. 4 oce anguli qui funt 
ad.k.funt recti cy prima pte tertie tertijoiamcter ait.a.b.fecet latus peragoni.c. 
d.in puncto.I. £ritas fititer línea.c.d. oiuifa a oiamctro.a .b. o:bogonalt- per 
cqualia in puncto.l.cũ enĩ ſint duo arcus.a.d.h.⁊.a.c.h.eq̃les ⁊ arcus.a.c.ſit eq̃/ 
lis arcui.a.d.erunt duo reſidui ſemicirculoꝝ qui ſũt.c.h.⁊.d.h. eq̃les quibꝰ ſi ſub/ 
tendant᷑ due choꝛde que ſunt.c.h.⁊.d.h.ipſe quoq; ex.ꝛs.tertij crunt equalcs ⁊ qꝛ 
arcue'.a.c.e equalis arcui.a.d.crít ex vltima ferti angulus.c.b.Leglis angulo.d.b 
l.ídcoqs per quartà piri bafis .c.L.eft equalis bafi.d.I .« omnee anguli qui funt 
ad.l.recti ex prima pte tertie tertij.ítaqs ouo triauguli .a.c.1.«.8.f. k.füt eqangu/ 
li ex. 52. pmi. £ft eni aitgulus .L.maioris calis angulo.k. mínoxis co qp €terqs cit 
recug « angulus .a. ẽ cdis vtriqʒ :quare ex quarta ſexti ꝓpoꝛtio.l.c.ad.c.a.ẽ ſicut 
k.f. ad.ſ.a. Sumat igit cx diametro.b.g.linea.f.m.equalis quarte parti {cmidia/ 
miceri critas per equam p:opottionalítate piopoatio.c.I.ad quarta parte litce. 9.¢ 
qe fit.c.q.ficut.k. f.ad quartam parte linec.f.a.que eft.f.m. e q2 2. 15.quíititi p/ 
po:tío.c. dad. c. k.eft ficut.c.L.ad.c.a. fic eni cft ouplum ad ouplum ficut fimplus 
ad fimplum:cerit p. u.quíntí.d.c.ad.c.R.ficut.k.f.ad.f.m.« coiuncti linee cóftan/ 
tis cy.d.c.«. c. k.ad.c.k.ficut. k.m.ad.m.f.« ió per piimam partam. z v.fexti p:0/ 
potio quadrati linee cõpofite ex.d.c.c.c.k.ad quadrati line, c.k. ficut quadrati 
línce.k.m.ad quadrati lince.m.f.cóftat aute ex pmiffa q fi linca. a. c. oiuidatur 
6m piopostiotit babenté medium ouoa5 extrema maioꝛ poꝛtio ci? cerit eclis lince 
d.c.igit linca conftatis cx.d.c.«.c.. cóponit cx maio: potione viuife Fm p20/ 
poxiíoré babente medii ouoqg; extrema. « cx medietate toti línec fic oiuife:é cni 
c. k.medictas.a.c.ítaqs p paima iftíne, 13.lib:f quadratitlince compofite ex. d.c. 
€.C. k.quintuplum quoq; € ad quadratü lincc.c.K.idcoq3 quadratum linc, k. ui. 
quintupli quoq5 c ad quadratü lincc.m.f.cum fit boz quadratoz « illoxm «ua 
ppottío & aüt línca.b.m.quinrupla ad linca.m.f.erat esi. m.f quarta pa fernidia 
metri p2opofíti circuli:crgo quadrat línce.R.m.ad quadratü linec.m.f.cſt ſicut li 
nce.b.m.ad lincam.m.f.et quía ex fecunda. pte. i8.fexti quadratü linee. k.rm.ad 
quadratum líncc.m.f.cft (icut lince.k.m.ad tincam.m.f.ouplicatazcrit ex vndeci 
ma quinti linea.b.m.ad Líncam.m.f.ficut linea k.m.ad lincaim. m.f. ouplicata: 
igitur linca. k.m.cft medioloco proposxtionalis inter duas lineas.b.m.⁊.m.ſ.qð 
fic conftat.Sit enim linca.n.p.medio loco ppoxtionslis inter cas fipia Fit 00/ 
ctrína none fcxti erita; cx diffinitione pportionis ouplicatc que polita c t pncípio 
quinti ꝓpoꝛtio.b.m.ad.m.f.ſicut.b.m.ad.n.p.duplicata:⁊ qꝛ.b.m.ad.n.p.ſicut 
n.p.ad.m.f.erit etiã ex.ii.quinti ꝓpoꝛtio.b.m.ad.m.f.ſicut n. p. ad.m.f. oupli/ 
cata igif ex prima pte. 9.quinti ouc lincezR.m.c.n.p.funt eólcs:i695 cx prime pre 
7-quintí 4 ex fcöa pte eiufdé linca.k.m. é media loco ppoztionalis inter. b.m.ct 
m .f.quare ex coxret.is.ferti propoztio quadrati linee .b .m.ad quadratum lince 
m. k.€ ficut € linec.b.m.ad lincam.m.f.z quia linea.b.m.e quinrupla ad lincam 
m.f.erít quadratum linee.b.m.quintupli ad quadrata lince.m.k.linca aiit.b.m. 
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eít rónalis inlongitudine:crgo pet. €ltímá pté.7.bccimi linea .m.k. eft rõnatis it 
potentia trt « q? linca. b.m.e porentiozlinca.m.k.in quadrato linee fibi incémen 
(urabilis in longitudine vc in cótínno pbabit crítlinca.b.k.refiduü quartis ex otf 
finitione refidu: quarti.Qd abt proband’ allumpfimnus fic patet.fit numcrus.r. 
quintuplus ad numcz.f.fintas.t.«. f. quanti.r.ac ficflct.r.quinas. (vni .t.quatu 
01:« fit linea .b.m.potenrto2 linca.m.k.iu quadraro linec.x.cü íaif fit quadratum 
lince.b.m.ad quadratü linee. m.k.ficut numcer?.r.ad numez.f.crit p eucrfa ppo? 
tionalitatẽ quadratũ lince.b.m.ad quadratũ linec.x.ſicut numer?.r.ad numey.t. 
quarc pcr vltimã ꝑtẽ.7.decum linea. x.€ incómcnfurabilís liec b.m. im longítudi 
tc. cft ergo oubiü quín.b.k.fit rcfiduü quartü D 3auifeftü vero € cy. 34.tertíjz 
q illud q9 fit cx. b. k.in.R.g.€ equalc ci qd fit.a K.in.K.c.1deog3 ett3 ipfit idem eft 
equale quadrato.K.c.co g.a. k.€ equalia.k.c. ergo quadrato. b.k. addito vtriqs 
erit ex penultima piii qo fit cx.b.k in fe z in.k.g.cquale quadrato b.c. et qi ex 
prima fecundi quod fir cx .b.K.1n fe ci.k.g.cft equale ei 90 fit ex.b.K.in..g.b. crit 
linca .b.c.larus tetragomci fupficici contenti a ouabus líneis.g.b.c.k.b .« quia ti 
11¢2.g.b.c ronalis:lines vero.b.k.¢ refidut quarti.z qr linea potens in fuperficie 
linca ronali refiduog3 quarto corenta cft linca minoz vt conftat ex.9.occimi libzí 
necefic cft linca.b.c.que cit latus pentagoni equilatert ppofito circulo inferipti e€ 
linc minozem gd crat cx principio vemonftrandã. Doc crgo mõ fequit q lat?pen 
ragom cquilateri circulo infcripti hit linea mino?.fi oiamcter circuli en infcribatsr 
fuerit rõnalis in longitudine. Ze vero fi oiamcter circuli fucrit rónalie in potentia 
tin.adbuc necefic cit er Litus penragoni cquilatcri (ibi infcripti fit linea mio». efto 
cni linca.a .rónalis in potentia tim fup:a quà ocfcribatur circulus cías ocfcripto i/ 
fcribat penragonuS equilatcrus cuius vnå latus fit. b.c. oicantqy pentagonus et 
circulua3.a.oíco Q Iinca.b.c é linca minor. Sumatur eni aliqua línea. rónalie i ton 
gitudinc que fit.d.« (uper cà lincetur circulus cui infcribar pentagonus cquilater? 
« (ít vnà latus ipfius luca.c.f oicantqs pentagonus 4 circu. d.conftat ígitur ex 
bac.12.qp.c.f.€ linea imino: ci oiamcter.d.fit rónatis in lonzitudinc. 2f vero p/ 
portio pentagoni.a.ad pentagonit.d.¢ ficur quadrati linec.b.c.ad quadratum li 
nec.c.f. etraqs ciii € ex ícóa pte.i8.fexti:ficut línce.b.c.ad línca. c.f. ouplicata pen 
tagoui aüt.a.ad pentagonti .d.c ficut Cdrati.b.c.ad quadrato lincc.e.forametri 
g.ad quadratü ouamctri.d.cx pzima. 12.crit ex. ii. quinti quadratum línec.c.b.ad 
quadrata linec.c.f.ficut quadrati oía:metrí.a.ad quadrati oiamcetrí.d. cq qua 
dtata ou37 oíamctro».a.c.d.fint coícantíazq ambo (üt ronalia cx ypotbefi crit 
quoqʒ ex pꝛima ꝑte.io.decimi quadrata duaꝝ lincaz.b.c.* ⁊.c.f. cõĩcantia:ergo li / 
nea.b.c.cõicat ĩ potẽtia cũ linca.e. fe? linea.c.f. ¢ minor: fequif ex. 100.0¢cimis 
ꝙ ctiã.b.c ſit inea minoꝛ qð ẽ ꝓpoſi itũ. ftuc ergo diameter alicuius circuli fít ra/ 
tionalis i in in longitudine (iuci potétia tim neceffe e t latus pentagoni cquilatcri (i/ 
: S bi infcripti fit linca mínoz, Pꝛopoſitio .ı3. 
| Sramide q̃tuoꝛ baſiũ triágulariü 4 eqlatcray ab afligna 
ta fpera circtitcriptibilé fabzicareb? ergo ipere diame/ 
tros adlat? ipfi? piramídis fexqalterà ;ppoztíoné poten 
tialiter babere ,pbat.Goit linca.a.b.oiamctcr alfignate fpere 
que iuidatur in purncto.c.ita q».a.c.fit oupla ad.b.c.4 lincct (uper eam femicírz 
culue.a.d.b.c producatur línca.c.d.o:tbogonaliter (ap lincà.a.b.« pducat línca 
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b.d.4.d.a.poftca fiat circulus.f.g.b.fuper centrü.c.cuítie fanidíanictcr fit caa / 
lis linee;c.d.cui ex (coa. quarti lib:i infcribat triangulus cquilatcrus oui fit. f.s.b. 
ad cui? angulos ptrabant a centro línce.c.f.c.g.c.b.ocinde fup centz.c.crigatur 
fm q ootcet. 12.0ccini vcl eudecimi linca.c. k.à ponat equalis.a.c.ppendicularis 
ad fupctficié circuli.f.g.b.2 ocmittant a puncto.k.ypotbenife.k.f.K.g-K.b.critgs 
coplets piramis quatuo2 bafit tríangulariii « cquilateraz quà3 oico efic ab affigng 
ta (pcra cirdifcríptibiles z oico quadratum oiamctri ppofite fpere fexquialtcz cfle 
ad quadratum lateris fabsicate piramidis .cftat eni ex prima pte cooxclaríj .3.(c/ 
xti qp linca.c.d.e medio loco ;ppoatéonalis inter.a.c. 7. c.b.quare cx cozet. i7.ci^/ 
dem quadratum línce.a.c.ad quadrati lince.c.d.e ficut. a.c.ad.c.b.ergo coiuncti 
quadratü.a.c.z quadrarii .c.d.ad qdratü.c.d.ficut.a.b.ad.b.c.ídcoq5 ex penult. 
p:imi quadrati .a.d.ad quadratii.d.c.fícut.a.b.ad.b.c.cii ergo lmca.a. b. fit tri/ 
pla ad.b.c.erat eni.a.c.oupla ad cà crít quoa quadratü.a .d.tripli ad quadratis 
d.c.é auté cx .3. buiue quadrati .f.g.tríplii ad quadratü. c.f. quare ci ex ypotbefi 
d.c.(ít equalis .e.f.crit ex cói fcia.a.d.cqualis.f.g.« q1 cx ottlinitione lince perpe 
dicularis ad fuperficic linca.¢.k.contineét co fingulis lincis.c. f.¢.g.¢.b. angutos 
rectos quay quclibct € equalis línce .c.d. q: ipfa eadé € equalis lincc.a.c .« angu 
lus.c. € rectue :erit per quarta primi €naqucq; tria linca. K.f. k.g.k.b.cqualis li / 
nec .2.d.Disanifeltum cit igit fabzicatam piramidé effc quatuo: bafiit triangula / 
ríii calatcraz. 3píà aüt ce circüfcriptibile ab affignata fpera fic babctozlince.c.k, 
intelligatur adijci&m rectitudine línea c.l. equalis líncc.c.b.vt tota. k.l.fit equalis 
9. b.que e oiameter affignate fpere:banc aute linca 1mqu3.c.l.imagincríe eflc (ub 
circulo.f.g.b.perpendicularcm quogs ad. ipfins fupficiem cx pte inferior ficut eft 
c.k.ex parte ſuꝑioꝛi critqʒ vᷣnaqueq; triũ lincaꝝ.e.f.e.g.c.h.⁊ ſimplr q̃libet ſemidi 
ametri circuli.f.g.h.medio loco ꝓpo:tionalis inter.k.c.⁊.c.l.qucadmodũ c. d.c. 
inter.a.c.⁊.c.b. nam hee ſũt equalcs illis ṽnaquaq; ſuc rclatiuc.Si igit ſuꝑ lineaʒ 
l.k. deſcribat᷑ ſemicirculꝰ circũducaturq; quouſqʒ ad locũ vndc moueri ceperat rc/ 
deat erit cx diffinitione ſperaꝝ equaliũ ſpcra deſcripta motu huins ſcmicirculi cq̃ 
lis ſpere aſſignate.ſunt eni ſperc cquales quaxꝝ ſunt equales diametri quẽadmo/ 
dum de circulis in pꝛincipio tertij dictũ e:ſemicirculũ hunc vcro neceſſe cſt tranſi / 
re per tria poncta.f.g.b.quc funt angulifolide piramidis fabdzicaic. fily aute dico 
gp femicirculus bic qui ſuꝑ lincã.k.l.fucrit deſciptꝰ ſi irc ducat quoufas ad locu; 
redcat vnde moucri ccpat contíngct circult.f.g.b.fuper omnia puncta circũferen 
tic ipfius. Q9 cx bac «crufta veritate probatur:fi linca recta fupcr lineas rectå per 
pendiculariter fteterit que inter partes cius cui fnperftat nel circumftat medio lo/ 
Co pzopoixtíonalis ponatur.fucritas fupcr cum lineam aui perpendicularis fupttat 
(emicirculue ocfcript? circüfcreutia ipfis p cxtramttatem liec medio loco ;ppoz/ 
tionalis pofitc ppendiculariter necellario tratibit.cum izitar cuncte fenidiametri 
circuli.f.g.b.fint ppédictarce ad finca. k.1.« mcdio loco pporida'es iter ptes ipi? 
que ſnnt.k.c.⁊.e.l.ſequit ut ſemicirculus deſcriptꝰ ſup.k.l.ſi circũducat᷑ tranſcat ꝑ 
omnia puncta circũferentie.ſ.g.h.⁊ per omnes ſolidos angulos piramidis fabꝛi/ 
cate.itaqʒ a diffinitione eius quod eſt figuram inſcribi figure piramis fabꝛicaia 
eft inſcriptibilis illi ſpere quã ſemicirculus ſuper lincam.k.l.lincatꝰ mutuo ſuo de/ 
cribit:⁊ quia hec fpera ocfcripta eft atlianiate fpcre equolis p oitfinitione cquaud 
(pcraz fequit cx coi fcicntia *t bec piramis fabsicars fit ab affiguata fpera cirdi/ 
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criptibilis q9 cft ppofitii. £ óncaríti aiit ps fic. £um ents.a.b-fit tripla ad.b. c.p 
cucrfamt propo:tionalitate crit.a.b.fexquialtcra ad.a .c.idcogs ex {eda pte concla 
rij. s. ſexti « conclario.i7.ciufdé quadrati lincc.a.b.crit ctià fcxquial:cz ad qua 
dratü lincc.a.d.« q: linca.a.d.& equalis lateri fabticate piramídis.at vcro.a.b.cft 
olaiticter fpcre:conftat vex c£ qo per concartü oicit Wc aitt quéq5 oc €ctufta vc/ 
. Fitate propofita bcfitare córíngat cà volum? bocimó oemdftrationc firmare.Sit 
iit fup Enea .a.b.linca.c.d. ppendiculatis q ponat medio loco ꝓpoꝛtionalis in / 
fer ptes lince.a.b.que fint.a.c.z.¢.b.ita g p:oporrio.a.c.ad.c.d.fiait c. d.ad.c.b 
£t fupcr línc3.a.b.ocfcribat femicirculus.a.c.b.oico qp buius femícírculi citcüfc/ 
rentia Craniibic per punctit.d.qut ¢ extremitas ppendicularia.Sinaute aut (ccabít 
lineã.c.d.aut ſuꝑtranſibit eã tora ipfa trafiens 4 indudens z nor contingens. fe/ 
Cct crgo primo cà in puncto.c.c oucant lincc. c. b. z.c.a:critqs cx prima ptc. 3o.ter 
tij totalis angulus.a.c.b.rectus.itaqʒ ex pꝛima ꝑte coꝛꝛeł.s.ſexti ꝓpoꝛtio eft.a.c. 
ad.c.c.ficut.c.c.ad.c.b.at «ero cx fecunda ptc.s.quinti pportio.a.c.ad.c.c.'é ma 
ioꝛ qᷓ;.a.c.ad.c.d.co ꝙ.c.e.ẽ minoꝛ.q̊ʒ.c.d.cũ igit ſit.c.c. ad.c.b.ſicut.a.c.ad.c.e 
⁊.c.d.ad.c.b.ſicut.a.c.ad.c.d.exit per.iꝛ.quinti.c.c.ad.c.b.maioꝛ q̊ʒ.c.d.ad.c. 
b.idcogs per pritna pte.1 o.quinti.c.c.¢ maioz g3.d.c.ps vidclicet 93 ſuũ totuʒ qð 
eft inpoffibilc.11ó crao fecabít carci ferentia fcmicircnti linc3.c.d. G Oup tranfeat 
igit « pducar.c.d.vfa5 ad circüferenntázfitos rota.c.¢.z protrabant lince.c.b.z.¢ 
9.fequctqs ut pai? lime3. c. d. cfTe matoxé $5 fit linea. c.c. q cft crià impotfibile:con, 
ftat ergo pporitü.Oilr aüt oicimus g» fi fucrit aliquis angul? rectus cui bafis fub 
tcidat fü» quà fermicirculus línectz ipfius circüfcrentià p angulà rcerü tranfirc ne/ 
ciTe c. conucr(3 vcro buius ;pponit.pzima ps. 3o.tcrtíj.a9 aüt dicimus fic conftat 
Goit cni angul?.a.b.c .rccrus cui fübtendat bafíe.a.c.4 fup cà lincct femicircu? 
dico q iofius circüferentia tranfíbit p puncti.b.in quo cocunt lince continentcs 
engi recti cuius ocmonftratio é q neq tranfibit fupza neq infra.fin autc trà/ 
(cat:p.no ira fitqs.a.c.c.« ab angulo.b.producaf litca.b.d. perpédicularis ad ba 
ſim.a.c.que ſccet circũferentia ſemicirculi in puncto.e.⁊ pꝛotrahant᷑ lince.c.a.⁊.e 
c.critqʒ angulus.a.e.c.rectus cx pꝛima pꝑte.ʒo.tertij.at ipſe ẽ maioꝛ angulo. a.b.c 
per.2ꝛi.pꝛimi hoc autẽ ẽ impoſſibile ex tertia petitione că vterq; ſit rectus.hic qui 
de ex ypotbecfiille vero cx prima parte. 30.fertij.16 .ergo trafibie circtiferenria fc 
micirculi infra angulũ.b.tranſcat itaq; ſupꝛa ¢ fit.a.f. c. pducacur aute ppendias 
laris .d.b .quoufa3 obuict cirdiferentic femicirculi.a.f.c.i puucto.f. z producant 
lince.f.a.f.c.critas cx prima parte. 3o.rerris angilus.a.f.c, rectus. cigs etid ect cx 
ypotheli angulus.a.b.c.rectus fequif impotlibile per.21.primt ficut in principio. 
rclinguit ergo qd diximus.boc aiit neceiTané eft ad cognitionc cox que fequatur. 
| Pꝛopoſuio .14. 
2/365 affianata fpera circüfcriptibilen cubum conftítuere 
wey eifdem aurem fpere diametrum latert tph? cubi poten, 
— | tialiter mıplicem cffe manifeftum erit. 
NPA) CAfignarc fpere oiametrum fit.a.b.fuper qua lincetur femicirey/ 
T2215 lus.a.d.b.oiuidaturas oiamctcr i puncto.c.pzoxfus fccundum con 
ditionem piemitTc videlicet ut linca.a.c.ftt oupla ad lincam .c. b. ¢ producatur 
c.d.perpendicularis ad.a.b.« protrabantur.d.b.«.d.a.poftca fiat vnü qdratum 
cnius oia latera fint cqualia lincc.b.d.fítgs.e f.g.b.fup cat? Gruoranglos crigant 











LIBER 


et docct.i2. endecimi'quatuo: fincc ppédiailares ad furficic ipfi? qdrati à dlibs 
ponatur criã equalis lincc.b.d.fintas.c.k. fil gm. b.m. cruntqs bec quatuo: ppas 
diculares fingule fingulis equidiftantes cx fexta endeciimí:e anguli quos cótiucnt 
ci lateribus quadrati recti ex oiffinitionc linee ppedicularis ad fupficicsocinde cd 
iungant᷑ cxtremuates iſtaꝝ ꝑpendiculariũ ꝓtractis lineis.k.l.l.in.m.n.n.k.eritqʒ 
cõpletꝰ cubꝰ ſex ſnꝑficichꝰ q̃dratis cõtentus.coſtat cnĩ cx.34.pᷣmi ꝙ qluoꝛ ſuper/ 
ficies ipſum ambientes ⁊ ipſe ſunt quaꝝ oppoſita latcra ſunt quatuoꝛ perpendi / 
culares ſint omnes quadrate:dc baſi autẽ hoc poſuũ eſt.at vcro dc ſuppꝛema eiꝰ 
ſupficie que ẽ.k.l.m.n.ꝙ ipſa quoq; ſit quadrata. coſtat cx.34.pꝛimi ⁊.io.vndeci 
mi.idcoqʒ ex quarta vndecimi maniicſtũ e ſingula latera ciuide cubi duabꝰ ipſius 
oppoſitis ſuperficiebus oꝛthogonaliter inſiſtere.VIt autẽ cubũ hunc ab aſſignata 
ſpera circũſcriptihilem eẽ demonſtremus:in vna fuax fubfíacz ptrabat oiagong 
líg.vcrbi gratia in baſi cius ſitq;.c.g.⁊.a.b.huius diagonalis alicra extremuate 
ꝓtrahatur diamcter cubi.c.m.critqʒ ex pcnultima pꝛimi quadratũ.c.g. duplũ ad 
quadratũ..f.g.ideoqʒ ⁊ ad quadratũ.g.m.co ꝙ.g.m.ẽ cqualis.f.g. ſũt enĩ omnia 
latera cubi adiruicẽ cqualia.⁊ qꝛ rurſus cx penultuna pꝛimi quadratũ.e.imn.c cqua 
lc quadratis duaꝝ lineaꝝ.e.g.⁊.g.m.ꝓpter hoc ꝙ angulus.c.g.m.ẽ recius cx diſ 
finitione lince perpendicularis ad ſuperficiẽ:crit quadratũ.e.in.triplum ad qua/ 
dratũ.m.g. conſtat cnĩ cx duplo ⁊ ſimplo.cunq; cx ſccũda ꝑte coꝛꝛcł.s.ſexti ⁊ ex 
conel.i⸗.eiuſdẽ q̃dratũ quoqʒ.a.b.ſit triplũ ad quadratũ.h.d.co ꝙ linca.a.b.tri 
pla ẽ ad lineã.b.c.ſit autẽ.b.d.cqualis.g.ſcquitur cx cõi ſcia ut.c.m.q̃ c diameier 
cubi ſu equalis.a.b.que ẽ diamcter ſperc.itaq; ſi ſup.c.m.linect ſemicirc ulus cir ⸗ 
cumducat᷑q; quouſq; ad locũ vnde fuit initiũ motus redeat ſpera dcſcripta zerit cx 
diffinitione ſpcraꝝ cqualiũ cqualis ſpere aſſignate.at vero qꝛ hic ſcmicirculus trà 
ſitũ ſaciet ꝑ punctũ.g.co ꝙ angulus.e.g.m.c᷑ rectꝰ cadẽq; rõnc ꝑ ccteros ſinglos 
rectos angulos cubi a9 cx aurcccdente ante bàc.14. uncdiate priillo manitcftü e 
conftat cóftitutü cuba ab aílignata fpcra co q a fua eguali circüfcriptibile effe qo 
ocmonftrarc opozicoat.conxcarij vcro ocmóitratio in ifti" ocaióftratióis peciu 
2E prcpatuit. Pꝛopoluio ats. 
Oꝛpus octo baſiũ triãgulariũ ⁊ equilaterarũ a ſpera ꝓ/ 
t2 pofita circũſcriptibile cõponere:critq; palà cínfdes fpere 
3l oiamctz lateri ipiiue co2pís osplicem cile potentiaticr. 
A (L»iamctcr fpere ppofite fít.a.b.oue otuidat p e3usl:a i puncto.c. 
q {up cd lincef fcinicircuius.a.d.b.2 pducat.c.d.pocudicuiaris.ad.a.b.< iungat 
punct?.d.cíi.g.« cü.b.ocicribaras €nü quadrati conus fingula latera ſint cqualia 
linice.b.d.fitg3 quadrati.boc.¢c.£.¢.b.in quo ptraisant diainctri one. ¢.g.2. fit. 
(ccantes fe invicé in puncto.k.oftat igtt ex .4.priini c» vtraq; iſtaꝝ diainctroꝝ ſit 
equalistince.a.b .que é oiamcter fpere cii angulus .d.fit rectus ey pina ptc.3o.ter 
tij 2 finguli quoq; anguli.c.f.g.b.recti cx eionc ddrati:oftat rurfus gy cedem one 
diametri.c.g.⁊.f.h.diuidũt ſe inuicẽ ꝑ cqualia in puncto k.hoc autẽ ex.z5.pꝛimi ⁊ 
32.2 {exta ciufde facile € cliccrc.crigat itaqʒ ſuꝑ punctũ.k.linca.k.l.ppendicularis 
ad ſupficiẽ qͥdrati q̃ ponat᷑ cq̃lis medictate diamctri.e.g.l.f.h.⁊ dcmittõt ppothe 
miſe L.e.L f.L.g. Lb. aütqs cx bís Q pofita funt « pennt pai quorics opostucrit re/ 
pctita fíngulc ba» ypotbemifaz calce fibi inuice ct cqualce fatcrib? qdrati. Pabes 
crgo píramíde quatuo? cquilatcraz tríangulariumos bafis (up quadratis oftuta. 
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binc itaq; fub ipfo quadrato fimilé piramidé boc mó appone tínea.l. k.producas 
pforando quadratum eíqs ad.m.ita gy. k.im.cxiis fub quadrato fit cqualis..t.k. 
cyiftenri fupa3:c iunge punctá m.ai fingulis angalis qdrati pducendo.4 .alias 
ypotbemifas que funt.im.c.m.f.m .g.m.b.oe quibus quo3; manifcftü € ex penut. 
pimi:qucadmodi oc alijs que funt in ſuꝑioꝛi ꝑte qp ipfc (int equales ad inuíce ct 
latcribus quadrati. £ óplcuim? igttur coxpus.4.bafuf triangularii ⁊ equilatcrarũ 
Hoc aũt ab aſſignata fpcra circüfcriptile e fic babcto. cóftat eni oy linca. t. qm. cit 
equalis otametro aflignate fpere:nà virag3 cay ¢ cqualis viametro quadrati. igit 
fi fup.l.m.linect femicircul? qui cirdiuoluat quoufqs ad loci fuii rcdeat:fpera quá 
motu fuo ocícribct erít equalis atfianatc (pere vt cx oiffinitione fpcraz cqualíium 
colligif.bic vero femícirculus rraufibit p quatuo: anaulos quadrati z funptt p oia 
puncta círcüfcrentie circuli circüfcribentis quadrattüzco gp fenndiameter quadrati 
«t linea.f.k.⁊ poꝛtiones lince.l.m.que ſunt.l.k.⁊.k.m.ſunt adinuicẽ equales. q̃re 
cx diffinitione cius qð ẽ ſigurã vnã alij figure inſcribi fabricatũ coꝛpus inſcriptibi 
le ẽ ſpere motu huius ſemicirculi dcſcripte.ita aʒ « (pere atfignate cx cocept.ci ipfc 
ſint adinuicẽ cquales ex diffinitionc.Coꝛꝛel.vcro manifeſte coſtat:ſunt enĩ due li / 
nec d.b.⁊.d.a.equales ex. ꝓpꝛimi:ideoq; quadratum. a.b.duplũ eſt ad quadra / 
tum.b.d.cx pennł.pꝛimi:latus aũt fabꝛicati coꝛpoꝛis ẽ equale linec.b.d. veruʒ eſt 
ergo condarium. Pꝛopoſitio .is. 
— Oꝛpus viginti baſiũ triangulariũ atqʒ equilateraꝝ a da/ 
m Jj tà fpera otametrü rónalé babete circulcriptibile fabzica/ 
X TRA) re.eritas palå lat? einfdé cozpozis cé lined irrationalem 
ta cam fc que dicitur minoꝛ.¶ Sit bic quoqʒ diamcter aſſignate 
ſperc.a.b.q̃ ponat᷑ cẽ rõnalis ſiue in longitudine ſiue im potentia t 
z oittidat in puncto.c.ita q».a.c.fit quadrupla ad.c.b. « lincct fuper eã ſcmicircu/ 
lus.a.d.b.¢ pducat.c.d.ppendicularis ad.a. b.z pirabaf linca.d-b. ocindc hm 
quantitate incon inact circulus.c.f.g.b.K.fupza centrü 1. cuí inſcribat᷑ penta / 
gous equilatcrus eifde litteris anmotatus:ad cuius angulos a cétro .f. oucané lis 
nce.l.e.l.f.l.g.l.h.l.k. rurſus in codem circulo inſcribat᷑ decagonꝰ equilaterꝰ:diui / 
dant᷑ enĩ cuncti arcns quoꝝ choꝛde ſunt latera pẽẽtagoni ꝑ cqualia ⁊ a punctis me/ 
dijs ad extremitates cuncrox latex infcripti pentasoni lince rectc oírigant. itéqs 
fuper fingulos angulos pentagoni crigatur catbec” Pm «p ooct.12.9ndccimí quo 
rum quilibet fit crid equalis lincc.b.d.« cótinucut extremitates boz quinos cathe 
C07 quinq; co:xauftís.erütqs cx.e. videcini quinq catbcci erccti adinuicé cquidi/ 
ſtantes:cũq; ipſi ſint eq̃les erũt quoqʒ ex.ʒ 3.pꝛimi quinqʒ coꝛauſti eoꝝ extremito 
tes iũgentes cq̃les lateribꝰ pentagoni.demitie igitur a ſummitatibus fingulis fin / 
guloꝝ cathecoꝝ binas ⁊ binas ypothemiſas ad duos circũſtantes angulos iſcripti 
dccagoni ⁊ haꝝ decẽ ypothemiſaꝝ a quinq; cxtremitatibus cathecoꝝ ad.5. pũcta 
quc lunt ſinguli anguli medij inſcripti decagoni deſcenden iũ cxtremitates ↄtinua 
aliũ pentagonum rurſus ipſi circulo inſcribendo qui quoq; erit equilaterus ex.ꝛ3. 
icrtij:cũ hoc itaqʒ feceris Videbjste pfecitle vece triaugulos quoz latera funt occe 
ypotbanife ¢ quing; corautti ¢.5.latcrab {cdi pentagoni infcripti.bos ergo occé 
triangulos calateros ec fic collige.ca cni t9 femidiamercr deferipti circuli q5 Ghoce 
crectoꝛum cathecoꝛum ſit cquats linec.b.d.cx yporbefiscrit cx conclariv.15.quarti 
quilibcr cathecoꝛum cqualis lateri cxagoni cquilateri circulo cuits femidiamercr: 
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eſt equalis linec.b.d.inſcripti.quia vero ex penul.pꝛimi vnaqqʒ.io.pothemiſaꝝ 
tanto eſt potentioꝛ catheco quãtũ põt latus decagoni.at vero ex.io.huius latus 
quoqʒ penthagoni ẽ tanto potentius codẽ quãtũ põt idẽ latus decagoni.cxit ex cõ 
muni ſcientia vnaqqʒ haꝝ ypothemiſaꝝ equalis lateri pentagoni. Dc coꝛauſtis 
aũt iam patuit ꝙ ipſi ſint equales lateribus pentagoni.itaqʒ cuncta latera hoꝛum 
decẽ trianguloꝝ aut ſunt latera pentagoni equilateri ſcða vice circulo inſcripti aut 
illis cqualia ſunt igit equilateri trianguli.Ampliꝰ añt fup centꝝ circuli qð ẽ punctũ 
lerige aliũ cathecũ cqnalẽ pꝛioꝛibꝰ qui ſit.l.m.eiuſqʒ ſuꝑioꝛẽ extremitatẽ que ĉ pů 
ctus.m.iũge cũ ſingulis extremitatibꝰ pꝛioꝝ ꝑ quinq; coꝛauſtos critqʒ ex ſcxta vn 
decimi hic centralis cathecus ſingulis cathecoꝝ angulariũ cquidiſtans:iõqʒ cx. 33 
pꝛimi hi quinq; coꝛauſti erunt ſemidiametro circuli equales ⁊ ex coꝛcl. i5.quarti 
quilibet coz tãquã latus exagoni.centrali ergo catheco ex vtraqʒ pte adijciatur li/ 
nca ena equalis lateri dccagoni:ſupꝛa quidẽ adijciat᷑ ci.m.n.deoꝛſum aũt fub cit/ 
culo adijciat᷑ ſibi a centro circuli.l.p.poſtea demittant a puncto.n.5. ypothemiſe 
ad.5. ſupcrioꝛcs angulos decẽ triauguloꝝ qui ſunt in circuitu.⁊ a puncto.p.alie 
ad alios quinqʒ inferioꝛes eruntq; hee decẽ ypotbemiſc equales adinnicẽ laterib 

inſcripti pentagoni ex pcnuł.pꝛimi ⁊.io.hnius queadmodũ de alijs decẽ pꝛiꝰ de 
monſtratũ eſt.haabes ergo coꝛpus.2o.baſium triangularium atqʒ equilateraxꝝ cuiꝰ 
cuncta latera ſunt equalia lateribus pentagoni.eins vero diamcter eft tuica. n.p. 
hoꝝ aũt.2o.trianguloꝝ decẽ coſiſtunt in circuitu ſupꝛa circulũ.quinqʒ aũt cofur/ 
gunt ſurſum ad punctum.n.cõcurrentes.at quinq; rcliqui dcoꝛſum emergunt ſuꝑ 
punctũ .p.cocuntes.hoc autẽ ycocedrũ coꝛpus a data ſpera circũſcriptibile cẽ ftc 
crit manifeſtum:cũ linca.l.m.ſit equalis lateri cxagoni ⁊.m.n.latcri decagoni cqui 
latcro» quos circulag.c.f.g.circü(cribit tota l.n.erit ex nona pꝛeſentis libꝛi diuiſa 
ſᷣm ꝓpoꝛtionem .h.m.⁊.d.extra in puncto.m.⁊ maioꝛ poꝛiio eius erit linca.l.m. 
Diuidatur itaqʒ .l.m.per eq̃lia in.q.eritqʒ cx cõmuni ſcĩa.p.q.cqlis.q.n.nã.p.l. 
poſita ẽ equalis latcri dccagoni qucadmodũ.m.n.quarc.q.n.e medietas.u.p.quẽ 
admodi ¢.q.m.medictas.m.L.ci ergo quadratit.nn.q.fit ex.3 bri? quintuplus ad 
quadratuim.q.m.crít quogs cx.15.quintt quadrati.p.n.quintur li ad quadratum 
l.m.cft eni ex quarta fcoi anadratum .p.m.quadrupliü ad quadratü.q.n.quadra/ 
t quogs.l.imm.q:adrupli ad quadrati. q.m.cx cadé:quadruplü autc ad quadra 
pli c vc funplum ad fimplà tefte. 15.quinti.at vcro quadrara.a.b .cuintuptum cit 
ad q̃dratũ.b.d.ex {eda pte cond .$. fextt:c ex cozsel iz. ciufdeze cti3.3.0.quicu / 
pla ad.b.c.co q».a .c.futt ad candé quadruplta:qi crgo .L. m.€ cx yporbefi canalis 
b.d.crít cx coi fcía.a .b.cqualig.n.p.itaqs fi fup lineam. n.p.famiciraius cefaiba 
tur qui tandiu o loci primum reperat arciucluat {pera ipii’ motu ocleripra erit 
a oiffinitionc fpcrarum cqualii cqualis {pcre ppofitc.z qm linca.L.m.€ medio to 
co ꝓpoꝛtionalis inter.l.n.⁊.n.m.ideoqʒ inter.l.n.⁊.p.l.crit quoq; quelibet ſemi / 
diameter circuli medio loco ꝓpoꝛtionalis inter.l.n.⁊.l.p.t cũ.l.m. ſit equalis ſe/ 
midiametro circuli.itaqʒ ſemicirculus ſuꝑ.p.n.deſcriptus tranſibit ꝑ oĩa pũcta cir 
cũferentie circuli.c.f.g.idcoqʒ c per ſingulos angulos ſolidi fabꝛicati in illa circũ / 
ferentig, cõſiſtentes:⁊ qꝛ cade rõne ſinguli coꝛauſti cõtinuantes extremitates an / 
gularium cathecoꝝ:cũ cxtremitate centralis ſunt medio loco ꝓpoꝛionales inter 
p.m.⁊.m.n.eo ꝙ quilibet coꝝ ẽ cqualis.l.m.ſequ ut idẽ ſcmicirculus trãſeat etiã 
per reliquos ansulos figure ycocedre ftatutc .e igitur co»pue boc ifcriptibile (perc 
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cuius oíamctcr.p.n.idcogs « (pcrecaius oiamcter.a.b.Jatus abt buíus folide fí/ 
gure vico cfTc linca minoxc.cóftat cni g» linca. b.d .c rónalie in potentia cii ciug 
quadratü fít fubquincuplü ad quadratü lince.a.b.que pofita € ronalía fiuc in lon 
gitudine fine in porentia trit:itag3 femidiamercr atas (cmidiamctri circuti.e. f.g.é 
£ti3 rónalís in porcntia.nam clus femidiamercr € equalie.b.d. igit cx.12.bui "lat? 
peragoni cqinlateri buic circulo. ifcripti e linca míto.at vcro ficut i buius ocmon 
ftrationís p:occilu patuit latus buius fíaure cft quantü lacus pentagoni:ergo la/ 
tus buius figurc.2o.alcbaidaz clínca mino: quéadmodum pioponitur. 
Pꝛopoſitio .1. 
a fpue onodecim balium pentagonox equílaterax atqs 
Y EAN cquiágularíü ab aflignara fpera circütcripribile cottitue 
pean! re.eritqs palá lat? eiufde cozpozie rationale cfle.id qo 
h SAI reiduü oicif.« Siat cubus fm g docet.ia.huius circũſcriptibilc 
LEES] ab atfignata fpcra:fitas buius cubi ouc fuperftcíce.a.b..3.c. ita / 
ginemur ait nunc q.a.b.fic fupzema fuperficics cubi «.a.c. ftt vna cx laterib?.fit 
@ linca.a.d.cOmunis iftis ovadus fuperfiacbus. otuidant itaq3 wm (upcrficic.a.b 
ouo oppofita latcra p equalia eidclicct.d.b.« latus ci oppofitüzc puncta oii ifio/ 
nie cotinuent p lincà.c.f.latus quoq;.a.d.« illud qo (ibi opponit ur fupficic.a.c. 
oiuidant per cqualia z puncta oiuifionis otinent linca recta cuiuis medicrae fit 
g.b.fitq5 purictus.b medius punct? lincc.a.d. fimiliter luca. c.f. oiuidat p caua 7 
lia in .R.« potrabar.b.k.quálibct igi£ triũ lineaꝝ.c.k.k.f.⁊.g.h.diuide bin pꝛo / 
poꝛtionẽ.ha.me.⁊.du.ext.in tribꝰ pũctis.l.m.q.ſintqʒ maioꝛes poꝛtiones caz.t. 
k.k.m.-2.g.q.quas manifelta € ce cales cà tore linee owifc fint equales vidcls que 
libet cay medictati lateris cubi ocinde 3 ouobus punctis.l.⁊.m.crige perpendicu 
larce vt oocct.12. vnidccimi ad fupficic.a.b.quaz vtrãq3 ponas eguale lince kl. 
(intqs.l.n.c.m.p.fünilíter a puncto.q.crígc perpendiculariter.q.r.ad fuperficieg 
2.C. quà poriae €dlé.g.q. ,ptrabc itaqʒ lincas.a.l.a.n.a.m.a.p.d.m.d.p.d.l.d.n 
8.r.3.q.d.r.d.q.2[Janitcitg eft igitur cx quinta buius qp oue lice. k.c. c.c. Lpo/ 
tentialiter ſunt triplũ ad lineã.k.l.ideoq; etia ad linca.l.n.cũ.k.l.⁊.l.n.ſint cqles 
At vcro.k.c.¢ cqualis.c.g.igif duc lince.a.c.⁊.e.l.ſunt potentia triplũ ad linca.l. 
n.quare ex pcnul.pꝛimi.a.l.e potentia tripla ad..n.ideoqʒ pet eande.a.n.c po/ 
tentia quadrupla ad.l.n.Cũq; oĩs linea ſit potentia quadrupla ad medictate fui 
ſcquit ex cõi ſcia ꝙ.a.n.ſit dupla in longitudine ad.l.n.⁊ qꝛ.l.m.dupla eſt ad.l.k 
At.k.l.⁊.l.n.ſunt equales:erit.a.n.equalis.l.m.ſunt cniĩ caꝝ dimidia equalia.Et 
qꝛ ex.33 ꝓrimi. l.m. ẽ equalis.n.p.erit.a.n.cqualis.n.p.code modo ꝓbabis tres 
lincas.p.d.d.r.⁊.r.a.eſle cquales ſibi inuice ⁊ duabus pꝛedictis.habemꝰ itaqʒ cx 
bis quinq; lincis pentagonũ equilateꝝ qui c.a.n.p.d.x.ſed foꝛtaſſe dices ipſũ nõ 
eſſe pentagonũ qꝛ nõ nec foꝛſan e totus in ſuꝑficie vna.qð cſſet ncceſſariũ ad hoc 
yi cſſet pentagonus. Qð ergo ſit totꝰ in ſuꝑſicie vna ſic habeto:pꝛodeat equidcʒ a 
puncto.k.linca.k.ſ.perpendicularis ad ſuꝑficic.a.b.que ſit cqualis.l.k. eritq; ob 
hoc cqualis vtriqʒ duaꝝ.l.n.⁊.m.p.cũq; ĩpſa ſit cquidiſtas viriq; caꝝ cx ſcxta vn 
dccimi:idcoas cà ambab? in eadẽ ſuꝑficie cx dione lineaꝝ cquidiſtantiũ neccſſc e 
vt punctꝰ.ſ.ſit in linca.n.p.⁊ ꝙ diuidat eã ꝑ equalia:ꝓtrahant᷑ igit due lince.r.h. 
⁊.h.f.ſunt itaqʒ duo trianguli.k.ſ.h.⁊.q.r.h.ſuꝑ vnũu angulũ videlicct.k.h.q.cõ / 
ſtituti ⁊ ẽ pꝛoportio. k. h. ad. q.r. ſicut. k.ſ. ad. q.h. nã vt.g.h. ad.q.r.ſic.k.h.ad.q 
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r.cx.7.quinti?s tt ..9.ad.q-b.fic.k.f.ad.q.b.ex cade.{ed.g.b.ad.q.r. ¢7.q.r.ad 
q.b.co q».q.r.cft cqualte. o. q.cr50 p. 3o.fextí linca.r.b.f.e linca vna. D uarc ex fe 
cüda «ndecíni tot? pentagenus oc quo difputam” ¢ in fupficic ona. Jol quogs 
oico cflc equíangulü .cü cni. e. R. fit oiuifa Pm ppoxioné babenté medi ouoqs cx 
trema c. km. (it equalis maio:i poitioni ciug:crit quoq; cx. 4.pritis tota.c.m., oi 
uia 6m ppoxioné babenté mcd ouoqs extrema:imaío? quogs potio cíus linea 
c. K.ió35 pcr. 5. oue líncc.e.m..m.k.íoqs ouc.c.m. c.m. p.n3.m.p.é equalis, m, 


k.füt potctía triplii ad líncà.e.R.ióq e ad linea.a.c.nà.a.c.€ cális.c. k.itaqs tres . 


lírcc..c. c.m. 2. m.p.funt potentia quadrupli ad lincà.a. e. Zonftat auté pcr pe 
nultimã pꝛimi bis aſſumptã ꝙ linca.a. p.e potentia equalis tribus lineis.a.e.⁊.e. 
m.4.m.p.ita35.a. p. é potentia quadrupla ad Linc3.a.c.latus vcro cubi cũ ſit ou/ 


plii ad líne3.a.c.cít potentia quoa; quadruplü ad ipía ex .4.fcoí:igit cx coi fcien/ | 


tia.a.p.cit lateri cubi equalis. £ dq5.a .d. fit &nü cx lateribus cubi crít. a.p. equa / 
lis.2.d.idcoqs cx.5. piimi angvlus.a.r.d.c equalis augulo.a.u.p.£0cé niodo p/ 
babis anguli. d.n.p.effe cqualé angulo.d.r.a.q2 pbabis line3.d.n.«fiz potentía 
líter quadrupit ad medietate lateris cubi.cü igit cx bís pentagonus fit c ntater? 
z babeat tres angulos cqualcs ipfe crit equíangulus cx fepruua pntís libsi. Gi ita 
q5 bac vía róneay cófili c fup eniqoqs reliquoꝝ lateꝝ cubi pentagonũ equilateruʒ 
« cquianqulü fabzicemus pficicr folidi . 12.lupficicbus pentagonís cquilatcris et 
cquiangulie contentü .cnb? cni babct. i2. latera. Keliquü aüt € camonftrare fotidü 
boc effc a vata fpcra circüfcriptibilc: ptrabant igit a linca. (- Kk. ouc fapficice (ccan 
tce cub qua vuo fecct ipfü fuper lineà.b.k.« alía fup linca.c.f.critas ex.ao.vn / 
decimi vt cõis ſcctio haꝝ duaꝝ ſuꝑficieꝝ ſecet diametꝝ cubi ⁊ ſecctur vicencría ao 
ipſa diametro per equalia.ſit crgo cõis ſectio eaꝝ vſqʒ ad diametrũ cubi linea.k.o 
ita ꝙ.o.ſit centrũ cubi ⁊ ducant᷑ lince.o.a.o.n.o.p.o.d.o.x.conſtat aũt ꝙ vtraqʒ 
over lineay.o.a.z.0.d.eft feinidiamerer cubi.idcog3 cquales.d.c.litca.auté.o.k 
cOftat cx. 40. edccimi q ipfa ¢cqualis.e.k. videlicct medictatilateris cubi. £t q? 
k.f.eft cqualia.k.m.crit.o.f.oiui(a in puncto.k.frn piopostione babeznte medii 
OU0q5 cxtrema « inaío: potio cerit linca. o. k.q € calif.c.k.itaqs p. s.b^erüt oue 
lince.o.f.«.f.R.ióqs.o.f.«.f.p.co qp .f.p. ad quos bcc ocmiatio fi extẽdit.ẽ eqlis 
k.f.triplü i potéria ad linca. o.k c 16 ad medietate lateríe cebi qre p penuf- pmi. 
linca .o.p.e potetía tripla ad medictatc lateris cubi. £ y concl ar. 14.5? cóftat cj 
fcmidiamcter fpere trípla cft in potentía ad medietate lateris cubi quem circüfcri 
bit cadan (pera.itag3.o.p.cit quanta femidiameter fpere circumferibentis cubus 
propofitum. £adem ratione mucte lince oucte a puncto.o. ad angulos fingulos 
pentagonorum omnium fnperatera. cubi ocfcriptomm ad fingulos angulos 
ind qui pzopzij funt pentagonis nõ aŭt cões cis z fupficicbus cubi fo propzij q/ 
les funt in pentagono ftatuto tres anguli.n-p.r.oe illis ait lineis que veninure 
puncto.o.ad angulos fingulos pentagonoy qui funt céce peitagonie c fupficic/ 
bus cubi qua!ce funt ín pentagono pütí ouo anguli.a.«.d.cóftat cp ipfe füt cqua/ 
kes femidiametro fperc cirdiicriberitie cubüzipfc eni furit cíainctri cubi ey 452. «n/ 
decimi.at vcro femidiamceter cubi é tang; femidiameter (pccc xpíü circifaibentia 
quẽadmodũ ex tõcinatione.ia apparet igit᷑ oẽs linee ducte a puucto.o.ad ſingu/ 
los angulos duodccedri ſunt equales adinuicẽ ⁊ ſermidiametro ſpere ſcmicurculus 
itaqʒ ſuper totã diametrũ fpere vel cubi lincatus.ſi circũducat traſibit per omnes 
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agulos ci? quare p oiffinitionc ipfü eft ab affignata {pera circüfcriptibile.oico itey 
q latus buius figure ê lines irrõnalis ifta vidclicet que refiduñ dicitur ſi diamcter 
(perc ipſũ circüfcribentis fucrit rõnalis in longitudine vel in porentia. cÑ cni vig/ 
meter fpere fit ex.ı 4.buius tripla in potentia ad latus cubi crit latus cubi rationg 
te in potentia fi oiameter fpere fuerit ronalis in longitndine vcl in porentia. £on 
ftat autem ex.11.¢ linea. .p.oividit lineam.a .d.que eft latus cubi Pm p:0po2/ 
tioné babcute mediii ouoqs extrema z q potio ci? maio: cqualis e(t lateri penta/ 
goni « q? maio? potio ci? € refiduü cx fcxta buius manifcítü cft latus figure oua 
cedron cífe rcfidaü qo oemóftrare voluimus. Sab:icata füt igitur p.15.2 quatuo: 
cam fequentes quing; corpora equilatera ata; equiangula quoz vniqoqs € círdi/ 
(criptibile ab aflignata fpcra.Gunt aüt bec folida :pzimü quidé qtio bafi trià/ 
gularium:« dicitur tetracedron.Secida eft fcx bafta quadrataz « oícitur cubus fí 
ue cxacedron Tertii octo bafiü tríangulari:4 oicit octocedron.Quartü autem é 
folidii ycocedton « cft viginti bafinm triangularié. Quinta vero cx.12.bafib? pen 
tagonis cófiftit:oíciturqy ouodccedron.bec auté quina; folida reaularia oicuntue 
qin ipfa eqagula füt atq; eqlatcra « a fpcra atas ab inuicé circifcriptibilia.plura 
vero bis quig; calatera å fint « eqagula efe € impoffibile. zd coftitutione cutufli 
bct anguli folidi neceffe eft ad minus tres fupficiales angulos cOcurrere. Ex ou0/ 
bus eni folis fuperficialibus nequit folidus angulus coplerí:q? crgo trce anguli ca 
infltbet cxagorii equilateri z equianguli funt equales tuo: angulis rectis. At vero 
eptagoni 7 cuiuflibet plurii latex figure equilatere atqʒ equiangule tres anguli für 
maío:ce quatuo? angulis rectis quéadmods ex.32.primi cuidenter elicit: omuis 
auté angulus folidus quatuo: rectis angulis mino: é teſte.ꝛi.vndecimi impoſſibi 
lceft tres angulos exagoni 3fq3 cptazoni:2 fimplictier omnis plurilaterc figure 
equilatcre tame atq equiangulc (olidà angulum conftituerc.ió nulla folida figura 
equilatera atq5 equiangula pot cx fupficiebus exagonalibus aut pluríü latex con/ 
ftitui.Oi eni tres anguli cxagoni cauilateri atq; cquiauguli quemqs folid: angu/ 
lum exccdüt quatuo? z plures multo foxtius cundé cycedür:tree aüt angulos pen 
tagoni equilateri ata5 cquíanguli minoace eflc quatuo? rectis. angulis.manifc(tü 
€ 7 quatuo: ce maioxcs:quare ex tribus angulis pentagoní cquilateri at95 equian 
guli polfibile c(t folidii anguli? conftitui.cx quatuo: aute aut ex pluribus impoltt 
bile.idcoqs vni ountayat folidum cx pentagonis equilateris ata5 equiangulis c5 
ftitntü cít Wud vidclicet q9 onodcccdron oícit in quo anguli pentagono rerni et 
terni folidos angulos pficiunt. adem quog; eft rd in quadrilateris figuris equi/ 
lateris z cquiangulis que in pentagonis:ois cnim quadrilatera figura fi equilarc/ 
ra cquiangulaqs fuerit ipfa erit qdrata a diffinitione. Nã omnes eiꝰ anguli crunt 
tecti per. 32.pzimi. £x tribua igit angulis talis fupcrficialis figure polTibile cft foli 
dum angulum cóftitui:ex quatuo: aüt aut cx plurib? impollibile cft: ppter gd ex 
talib? figuris fupcrficialib?que cii drilatcre ipfe füt eglatere atqy cquiangule onic 
folidi qó cubi oicimus:fab:icatü e trianguloz aüt equilatcro fcx anguli für eq/ 
les quatuo: rectis cx. 32. pimi:pauciozes ergo minors 2 plures maioce:igit ex 
fex angulis tali trigonoz aut ex pluribus impoflibile c angulum folidum ‘fierizex 
quíiqs ct ex quatuo? 4 ex tribus pofTibile,.£ um ítaqs tres auguli trigoni equilatc/ 
ri cfficinnt angulum folidus:perficitur cx tríangulie ealaterie co»pus quatuo: ba/ 
fium tríàp sularium atq; equilatcrum. £ um vero quatuo? confergunt co:pus octo 
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baſium quod octocedron diximus. Kt vero fi quinq; triangulorum cquilatcro:um 
anguli (otidum angulum cotincant fict co:pus ycocedron viginti bafí i triangu/ 
lari c cquilatcraz. Quarc crgo tot 4 talia funt folida regularía z quare plura bis 
non fint nictum cit. Pꝛopoſitio 18. 

Atera quinqʒ coꝛpoꝛum pꝛemiſſoꝛum ab eadeʒ ſpera cir 
cumícríptibiiium cuius fpere fola oíametros nobis ppo 
ACs fita fucrit per plam pzopofitam diametrum inuenire. 

SW Toit.a.b.oigmetcr alicuius fperc nobia propotita.cy qua iubemar 
l|tarera quinis pzemiffoz co:poz clicerc.2Diuidam? ígit banc o.ame; 
trum inj. c.íta q».a.c.fit oupla ad.c.b. per cqualia in.d.« linmcemus fup cam femí 
cireulam.a.f.b.ad eius circüferen:i3 protrabant ouc linee perpendicularcse ad li 
neã.a.b.quc ſint.c.e.⁊.d.f.⁊ iungamꝰ.e.cũ.a.⁊ cũ.b.⁊.ſ.cũ.b. Vaniſcſtũ ergo e 
cx demonſtratione.iʒ.ꝙ.a.e:ẽ latus figute quatuoꝛ baſium triangulariũ ⁊ cquila 
teray z ex ocmõftratione. 14. ꝙ.e.b.ẽ latꝰ cubi:⁊ ex demõſtrationc.v5.ꝙ.f.b.eſt 
latus figure octo baſium triangulariũ ⁊ equilateraꝝ:prodeat itaqʒ a puncto.a.li / 
nea.a.g.pcrpendicularis ad.a.b.⁊ equalis eide.a.b.⁊ iungat.g.cum. d.fitg3 .b. 
punctus in quo.g.d.ſecat circũfcrentia ſemicirculi « oucat. b.k. perpendicularia 
ad.a.6.cquía.g.a.cít oupla ad.a.d.crit cx quarta fexti.b.k.oupla ad.k.d. Sunt 
chim ouo triaguli.g.a.d.¢.b.k.d.cqasiguli ex. 32.priint co ep angui’.a.imaions é 
equalis angulo.k.minoꝛis:nãqʒ vterq; rectus ⁊ angulus.d.e cõis vtriqʒ:igilur ex 
quarta ſcði.h.k.eſt potentia quadrupla ad.k.d.ergo ex penuł.pꝛimi.h.d. eſt po/ 
tentia quincupla ad.k.d.cũqʒ.d.b.ſit cqualis.h.d.eſt eni.d.centrũ fenicirculi crit 
quoq;.d.b.potentia quincupla ad.k.d.At vero cũ tota.a.b.ſit vupla ad tota.b.d 
qucadmodũ.a.c.detracta ex pꝛima.a.b.ẽ dupla ad.c.b.detractã ex ſecunda.b.d. 
eritgs cx. 19. quinti.b.c. reftdua pume:oupls ad.c.d.refidua fecunde:idcog; tora 
b.d.cít tripla ad.d.c.igitur qdratü.b.d.cft nonccupli ad quadratii.d.c.4 q: ipfa 
etat quincuplü tim ad quadratum.k.d.crit ex fcóa pte occime quinti. quadratüi.d. 
c.minus q̃drato.k.d.ideoqʒ.d.c.minoꝛ.k.d.ſit g d.m.cequalis.k.d.⁊ ;pdcat.m.u 
vſqʒ ad circũferentiã que ſit perpendicularis ad.a.b. ⁊ iungat.n.cũ.b.Cũ igit.d.k 
⁊ d.m. ſũt eq̃les crũt cx diffinitione eiꝰ qð c aliqᷓs lineas a centro eqdiſtare due lin 
ec. h. k. ⁊2. m. n. cq̃liter diſtantes a centro.idcoqʒ cqles adinuicẽ ex eda parte.13. 
tertij ⁊ ex (coa pte tertie eiuſdem.itaq;.m.n.ẽ equalis.m.k.nam.h.k.erat egualis 
ci. At qꝛ.a.b.dupla eſt ad.b.d.⁊.k.in.dupla eſt ad.d.k.⁊ quadratum.b.d. quin / 
cuplũ ad quadratũ .d.k.erit ex.is.quinti quadratũ.a.b.ſilr quincuplũ ad q̃dratũ 
k.m.ẽ cnĩ quadratũ dupli ad quadratũ dupli ſicut quadraiũ ſimpli ad qdratum 
ſimpli.Ex demoöſtratione enĩ.is.manifeſtũ ẽ ꝙ diameter ſpere ẽ potétíaluer quicu 
pla tã ad latꝰ exagoni circuli figure.20.baſiũ g.k.m.ẽ cq̃lis lateri exagoni circuli fi 
gurc. 20. baſiũ nã diameter (perc q €.a.b.c potctialitcr quicupla tà ad lat? exagoni 
circuli illi? figure q3.ad.k.m.Kurf" q5 ex canóftrationc ciutde mauifcítü € qp oía 
t'icter fperc coftat ex latere cxagoní 2 ouplia lateri occagoni circuli figure. 20. ba 
(iü cii ergo. .m.fit rangs fat? cxagoni.at vcro.a.R.fit cólis.m.b.mà ipfa füt refi/ 
dua cqhü ocptis eclib? crit.m.b.taq5 lat? occagonizqa íat£ m.n.€ tàqs lat? exago 
ni. na ipfa cft cqualis.k.nt.erit cx penuf. poirm c. 10. bui?.0.b.tanQ; lat? pétago 
ni figure circuli.2o.bafiü c q: cx ocmóftrationc. c.apparct q lat? pentagoní circu 
li figure 20.bafii c lar? ciufde figure. 20.bafiü conftat linca. n.b.ce lar? (0? fisurc 
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Diuidat itaqʒ.e.b.que ẽ latꝰ cubi ab aſſignata ſpera circũſcriptibilis ſᷣn ꝓpoꝛtio 
nẽᷣ habentẽ mediũ duoq; extrema ĩ puncto.p.ſitqʒ maioꝛ poꝛtio eius.p.b.conſtat 
igit ex demõſtratione pᷣmiſſc ꝙ.p.b.ẽ latꝰ figure.iꝛꝝbaſium.Inuenta ergo ſũt la 
tera.5. prciniffoy coxpox cx oiamctro fperc nobis ppofita.c cni latus. a.c .ptra/ 
midis.4. bafín.c.b.larus cubi.f.b.latue octocedri. at vero. n.b. latus ycoccdri:li/ 
nca aüt.p.b.latus onodecedri. Que aute bo latez fint maio: alijs fic baoctur. 
conftat cni qp.a.c.¢ maio2.f.b 13 arcus.a.c.cít maio arcu. f.b.itéqs. f.b.€ maio1 
c.b. ⁊.c. b. maioꝛ qᷓʒ.n.b.at vero.n.b.dico etiã eſſe maioꝛẽ qʒ.p.b.cuin eni ſit.a.c. 
dupla ad.c.b.erit ex quarta ſcõi quadratũ.a.c.quadruplũ ad quadratũ.c.b.oſtat 
gute ex ſcða ꝑte coꝝclarij.s.ſexti « ex cozxclario. i7.ciuídé g quadratü.a.b.triplus 
€ ad quadratum.b.c.(cd p.21.fcxti quadrati .a.b.ad quadratü.b.e.c ficut quadra 
tum.b.c.ad quadrati.c.b.ex co qp ppotio.a.b.ad.b.c.é ficut.b.e.ad. b.c. ex fe/ 
cunda pte conclarij.9.fcxti.itags p. ri. quinti quadratü.b.e.triplii cft ad quadra/ 
tuim.c.b.z q? quadrar.a. c.quadruplü eft ad ide quadratü «t oftenfum c: crit cx 
p2ima pic.10.quinti quadratum.a.c.minus quadrato.b.c.idcog3 linca.a.c.maioz 
€linca.b.e.io05.9.m.multo maio2.b.c.manifeftü «ero ex.9.huius ꝙ ſi linea.a.m 
diuiſa fucrit ſm ꝓpoꝛtionẽ habentẽ mediũ dnoqʒ extrema erit maio: poio cius 
linca.k.m.que ẽ cqualis.m.n.At vero cũ.b.e.diuidit ſᷣm eande pꝛopoꝛtionem vi 
delicet babente medium ouoq; extrema maio ctus po:tto € linca. p.b. cum itaqs 
tota.a.im.lit maioꝛ tota.b.e.erit.m.n.que eſt cqualiſ maioꝛi poꝛtioni.a.m.niaioꝛ 
Q5.p.b.q cft maioꝛ poꝛtio b.e.hoc aute manifeſtũ cſt cx ſcõa.ia.libꝛi que fine auxi 
tio alianus cay q fequitur firma ocmdftratione folidaé :ergo p .1 9-pmi a forttori 
n.b.iai02 ¢ g5.0.b. Quarc p5 latcra box .5.coxpox pmillo fere co ordine quo 
corpora (cinuice fcquunt fc inuicé excedere.in cubo eni outaxat z octoccdro baber 
bic inftantias.na lat.s octocedri excedit lacus cubi q3uis cubus antecedat. ocroce 
drũ.Cubũ aũt pꝛemittunt idcrco ocrocedro :quia cade oiuiftonc oíametri atfig / 
nate fpcrc latus piramidis .4. baíca triangulas babentis « [atus cubi inucait.cft 
igit .3.c.latue pira:vidis maia larerious «ctcroz co»poz: poft tpfü aüt c.f.b .lat? 
ottocedri maius fcquentiti coꝛpoꝝ lateribus Tertio oꝛdme ſequit᷑ ĩ magnitudie.e. 
b.latus cubi. Quarto vcro loco cit.n.b.latus ycocedron. Yi Jiu autem eft om 
niumt.p.b.tatus ouodeccdron vel ouodecedni. = Explicit liber Lerciufdecinus 
Incipit liber Decimuſquaus. Pꝛopoſitio .i. 

— — OADnis perpendicularis a centro circuli du 
cta ad latus pentagoni intra circulũ ipſũ de 
ſcripti dimidio lateris decagoni atq5 oimi/ 
dio lateris exagoni intra circulũ eundẽ de 
ſcriptoꝝ ambobus dimidijs in longũ dire / 
ctũq; coiunctis equalis eẽ pbat. patet igi£ 
|| œ ppendicularis oucta a cérro circuli adta? 
2 | | tus pentagoni € equalie ppédiculari oncte 

jig centro adlams triangu!t oimidiogs lates 

I risoecagoni intra eüdccirculü oelenpn ct 

: | | recie cotunctis. ( oit linca.a.b.latus pentagci i 

equilate;i infcrpti circulo coi? ccntz..c.« oucat a ceitro.c.ppendicularis ad linca; 

8.0. qc€ » fcóam ptan tertie tertij diuidei ipſã ꝑ cqualia « arci cue ctid p eguala 
q 3 
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ex quarta primi ¢.22.tertij fitqs bcc ppendicu'arie lincg.c.d.fccane.g.b. ín picto 
c. arci ei? in pancto.d.cft igit vt oixim? linca.a.c .càlíe lincc.c.b.c arc.a.d.ar 
cui.d.b. prrabaíqs línca.d.b.oc qua cóftat ꝙ ipfa eft lat occagoni cquilateri p/ 
pofito círculo ínfcripti ct ipfa fubredat medictati quinti totíus circ fcrentie: dico 
itaq3 q linea.c.c.c cqualía medietat linec.c.d.2 medictatilinee. d.b. in longum 
oírcctumqs cóíunctia £oplcatur quidem otamceter.d.c.(itq.d.c.g.« fit.c.f.equa / 
líc.c.d.« ptrabar.b.f. ctitq cx. 4. paimí.b- f.eglis.b .d.16q5 per. 5. piimi angu? 
b.d.f.crit cqualíe angulo.b.f.d.coftat aüt cx vltima fextí qp angulus.g.c.b. qua / 
druplus é ad angulü.b.c.d.co qp arais.g.b.quadrupt? € ad arcü.b.d.at vcro ai / 
gulus.g.c.b.p.32.pzími oupl? € ad angulü .b.d.c.nà ipfe c exirinfecue ouob? qui 
funt.b.d.c.«.d.b.c.at ipfi (unt calce cx.5. pymi:igitur angulus.b.d.c.ouplus cft 
ad àgulii .b.c.d:qre águlus quogs.b.f.d.ouplus c ad agulü .b.c f.fed angul?.b.f 
d.c equalis ouob? intrinſecis q funt.b.c.f. c. c.b. f.p. 32.pmí.ítags ouo aguli.b.c.f 
2.¢.0.F. fit cqles:i6q3 p .6.pzmi .¢ f.¢ eqlis.b.f. 10q3 eria.c.f.c eqlis.b.d.na.b.d 
zb.f. {it cqles adinnicczqre oimidia.c.d.cà oimidio.b.d.cft quantü oimidiit.cd 
CK oimidio.c.f.at «cro oimidit.c.d.cü oimidio.c.f.e quatum oimiídiü.c. f.bis ca 
oimidio.f.d.oimidi alt. .c.f.bis € quatum.c.f.« ounidius.f.d.c quta. c.f.itaqs.c 
c.cſt quantũ dimidiũ .c.d.cũ dimidio.c.b.⁊.d.b.qð e ꝓpoſiũ.Coꝛꝛcł.aũt ſic con 
ſtat maniſeſtũ ẽ enĩ ex.s.tredecimi libꝛi ꝙ ppedicularis oucta a cctro circuli ad la/ 
tus trianguli ſibi inſcripti ẽ equalis dimidio lince ducte a centro ad citcũfercntiam 
hoc quide ibi demõſtratum ¢ ⁊ quaſi coꝛeł.cõcluſũ.cum igit cx hac pꝛima iſtiꝰ.ia 
libzí pareat œ ppendkularis ducta a centro circuli ad latus pentagoni ſit equalis 
dimidio linee ducte a centro ad circũferentiã ⁊ dimidio lateris decagoni: fequitur 
ep perpendicularis oucta g centro circuli ad latus pentagoni fit equalis ppendicu 
lari ducte a centro ad latus trianguli:dimidioq; lateris decagoni intra eunde cit/ 
culum deſcripti:⁊ hoc eſt qð ex coneł.ꝓponit. Nunc ergo explicandũ eſt quod air. 
Ariſteꝰ. in libro ĩtitulato Expoſito ſcic.5.coꝛpoxꝝ nec nõ ⁊ Appoloniꝰ in dono ſecũ 
do:in ꝓpoꝛtionalitate figure.iꝛ.baſiũ ad ſigurã.ꝛ2o.baſiũ diccs:ꝙ ꝓpoꝛtio ſuꝑfi 
cieꝝ figure habentis.iꝛ.haſes ad ſuperficics figure habentis.ꝛo0.baſes.e iaqʒ ꝓ/ 
poꝛtio coꝛpoꝛis.iꝛ.balium ad coꝛpus.ꝛo.baſiũ:linca ⁊ cni ducta a centro crculi 
pentagoni figure.iꝛ.baſium duodecedri ad circũfercntia cius e quafi linca ꝓdics 
a centro circuli trianguli figure.ꝛ0.baſium ycoccdri ad circũferentiã eius.hec ſunt 
ipſiꝰmagni appollonij verba Intelligẽda aũt ſũt de figura.iꝛ.⁊ ſigura.ꝛo.baſiuʒ 
ab vna cadẽqʒ ſpera circũſctiptibilium.Eſt enĩ ꝓpoꝛtio coꝛꝑis duodcecedri ad coꝛ 
pus yceccdron cum ambo tra cadéq; fi pera circüfcribit ficut ppoztio omnium fts 
pficiez onodecedri piter acccptaz ad oce f upficies ycoccdri pariter acccptas que/ 
admodũ Appolloniꝰ pᷣmiſſoꝝ verboꝝ pma ptc COmemorat:qo z occima huius.14 
libꝛi folida demoſtrationc ſtabilitur.⁊ e circulus circũſcribens pentagonũ duodcce 
dri cqualie circulo circumfcribenti tnigonum ycocedrí cunt ouedecedron 7 ycoce/ 
dron cadem (pera circuniferibít qucadmodum ipfe appolloniue fecunda pte pc/ 
miflorum verborum comemo:at:quod ctiam ín quinta buius libi ocmorftratio 
nc firmatur:pxemittenda funr igitur antecedentia ad tantorum virorum cloquis 
ínconcufía €crítate coxrobozanda. 


Pꝛopoſitio ꝛ. 
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Cfícquid accídít ynilinee dinifetecidd pportioné babe 
| tem medium « ouo extrema omni linee filiter oiuife p20/ 
Å J| batur accidcre «c. 

Wt unt (oit vrraq; ouaz linca.a.b.c.d.c.oiuifa 6m pportioné babenté 
LED mediñ ouog exrtrema.bec quidem i.c.illa vero in.f.fintqs maiors 
poxioncs:buius quidc.a.c.illi? aüt.d.f.oico itaq; qp ambaz ad fui maiozcs por/ 
tiones cht via pportio.itciigs ambay ad {ul minozes portiones eit pportio wna 
ad quoq; maíoz poorionü ad míno:xce vna. econtrario z permutatim z cóiuncti 
4 oiftunctim 4 euerfin. Tlibil ení aliad eft quicquid vni eag accidit. idc quoq; alij 
acciderc.coftat eni cx oiffinitionc tincc Pm ;ppoirioné babenté medii ouo35 cxtre 
ma divife c ex prima pte. ic.fexti:go illud quod fit ex.a. bi. b.c. eft equale qua / 
drato.a.c.codegs modo quod fit cx.d.c.in.c.f.cft cqualc quadrato.d.f.ideog3 p^ 
portio eius go fit cx.a.b.in.b.c.ad quadrari.a.c.é ficur cs gd fir ex.d.c. in.c.f, 
ad quadrati.d.f.vtraq; eni € pportio equalitatis:igit quadrupli ci? gd fit cx.a. 
b.in.b.c.ad quadratü.a.c.ficut quadrupli cíus quod fit cx.d.c.in.c.f.ad quadra 
tum.d.f.q9 ex. i15.quintizc pcrmotara e equa pportionalitate manife(tü cft quare 
coniunctim quadrupli cius quod fit ex.a.b.in.b.c.cum quadrato.a.c.ad quadra 
tum. a.c. ficut quadruplü cíus q9 fit cx. d.c.in.c.f. c quadraro.d.f.ad quadrati. 
d.f.zidiuugat autem Pm rectitudine ad lincã.a.b. vna linea que fit equalis. b.c.q 
oicatur.b.8.2 ad.d.c.adiungatur equalis.c.f.quc oicat.c.b. 2 3anifeftü cft igitur 
cy octaua fccundi libri gp quadruplum cius quod fit ex.a.b.in.b.g.cum quadrato 
3.c.eft equalc quadrato linec.a.g.at vero fimiliter quadruplum cius quod fit cx.d 
c.in.e.b. cuim quadrato.d.f.cit cquale quadrato.d.b.dt vero cx comuni fcientia 
quadrupta cius quod fit ex.9.b.in.b.c.cquuin cit quadruplo cius quod fit.cy.a.b 
in.b.g.co ꝙ.b.c.⁊.b.g.ſunt equales.ſumiliter quoq; quadruplũ cius quod fit ex.d 
c.in.c.f.equum eſt quadruplo eius qð fit cx.d e.i.e.h.co ꝙ.e.f.⁊.e.h.ſũt etiã cq̃/ 
les:igitur ex pꝛima parte ſeptime quinti ⁊ ex vndecima quinti eiuſde quadratum 
a.g.ad quadratum.a.c.ſicut quadratum.d.h.ad quadratum .d.f.Quare cx ſcða 
ptc.21fextt proportio lince .a.g.ad lines.a.c.¢ ficut lince.d. bad linca.d.f.c con 
iunctim.a.g. z.a.c.ad.a.c.ficut.d.b.¢.d.fad.d.f.at «cro.a.g.cum.a.c.(unt tan/ 
Q5 ouplum .a.b.<.d.b.cum.d.f.canquam oupluim.d.c.quarc oupla.a.b. ad.a.c. 
ficut ouplum.d.c.ad.d.f.< permutarim ouplum.a.b.ad ouplus.d.c.ficut. a.c.ad 
d.f.fed ouplum .a.b.ad oupluin .d.c.ficut.a.b.ad .d.c .ex.15. quinti: igitur.a.b. 
ad.d.e.ficut.a.c.ad.d.f.ítag permutatün « cucrfum « conucrlim « otfiuncrum cr 
coniunctim:qo opo:tebat oftendere. 

Pꝛopoſitio . 

Juiſo latere exagoni ſᷣm pꝛopoꝛtionẽ habentẽ medium 
dnoq3 ertrema maio? cius poztio erit latus oecagoni cir 
cumfcripti a circulo iplum eragonum circumfcribente. 
A G oit linca .a.b.latus exagoni alicui? circuli z oimta fecūdü ppori 
mcs orci babcuten media ouoqs extrema i purcto.c.(itq3 mato: po:/ 
tio citio.b.c. Dico q cuiufcungs circli.a.b.cft latus cxagoni ciufdem.b.c. erit a7 
tus vecagoni. Adiungatur enim ad liicam .a.b.linca.b.d. que fit latus occagoni 
illius circuli cnius .a.b.cft latns cxagoni:crítas cx nona. 15.lca.a.d .oiuiía fccum 
duin piopoxtionem babentein. medium ouoqs cxtrcima « aio? poztio ctus erit 
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linea.a.b.cum igitur vtraqʒ duarum lincaruʒ.a.b.⁊.a.d.ſit diuiſa ᷣm ꝓpoꝛtionẽ 


c a  babentem medium ouogs extrema:igit crit per premilla ambax ipfax ad fui ma/ 
— — ——— ioæs portiones vna ꝓpoꝛtio.itaq;.d.a.ad.a.b.que cſt cius maioꝛ poꝛtio ſicut.a. 
f g e b.ad.b.c. quc cít ctia cius maio po:tío fcd.d.a.ad.a.b.ficut.a.b.ad.b.d.cx oif i 
[rr ninonc lincc oinifc Pin propoztionem babentem medium ouog} extrema z maio? 


ponio aus :igitur cx yndecima quintt.a .b.ad.b.d. ficut.a .b.ad. b.c .quarc per 
(ecund’ ptem.9.quinti.b.d.z.b.c.funt equales.cum ergo.b.d. firlatus oecagoni 
erit quod; cx cdi {cia.p.c.latus decagoni.15cl aliter ad linc3.a .b. adiungat.b.d. 
cqualie.b.c.critqs ex.4.tredccimi tota.a.d. o1uifa bm ppoxtionc babente medius 
duoq; extrenia e maioꝛ poꝛtio ci’ linca.a.b.itag3 per cOucrfa.9.tredecimi qua c6/ 
tinc poft ipfa ocmóftrauimus cuivs circult linca.a.b.ch latus exagoni ciufdes li 
nea.b.d.ideog; linea.b.c.fibi cqualis ¢latus oecagoni. Poflumus itcx ide; alia 
via fi lioet ocmouftrare. Sit eni.c.f.cqualis.a.b.que ctid oinidat i.g.6m pportio 
né babz t£ medii ouoq; extrema z fit maioz potio ci? linca.f.g.oftat igit cx pmif 
fa qr quéadinod.a.b.¢ cqlis.c.f.fic.a.c.€ cqlis.c. g.2.¢.b.cqlis.g. f.ciigs fucrit.p 
d.sditicta ad.a.b.lac’ occagoni iliꝰ circuli cuiꝰ.a.b.ẽᷣ latꝰ exagoni crit ficut prius 
diciũ € cx. 9.tredccimi tota.a.d.ounía Pm ppoxtionc babente medii ouoqs cxtrc 
ma « maio a? po:tio crit linea.a.b.itaqʒ ꝑpᷣmiſſa.a:b ad.b.d.ſicut.f.g.ad s.c. 
Gre p pma parté.15.fexti go fit cx.a.b.in.g.c.equi cft eí quod fit cx.b.d.in.f.g.cü 
qs.a.b.fit cqualis.c.f.« crit q fi ex. e.f.in.g. c. cqui € ci qo ftt ex. b.d.in.f.g .xd 
quod fit cx.c.f.in.g.c.cqui c(t quadraro.f.g.cx oiftinitionc lince oiuife 6m ppors 
tione babentein medium ouogs extrema c cx prima ptc. io.fextí:igít qo fit cx.b.d. 
in.f.g.eft cqualc quadrato. f. .idcoqs cx pzima fexn linca.b. d.e cqualis.f.g.¢q2 
f. g. ẽ cqualis.c.b.erit quoqʒ.c.b.equalis.b.d.⁊ latus decagoni qð opoꝛtebat oſtẽ 
dere. 
Pꝛopoſitio .4. 


Aadratũ lateris pentagoni intra circulum ðeſcripti qua 
dratum que lince que illius pentagoni angulo ſubtendit 
ambo hec quadrata pariter accepta quadrati medietatis 
diametri eiuſdem circuli quincuplum eſſe pꝛonuncio. 

¶ Sit in circulo.a.b.c.cuius centrũ.d.inſcriptus ᷣnus pentagonus 
ecuilaterus cuius vnũ latus ſit.a.b.⁊ pꝛotrahat᷑ diamcter.c.d.c. diuidens lineam 


~ > 
8.b.« cíu$ arci per equalia. £ft igitar arcus.a.e.medictas quinte pris circifercn 
tic illius circuli quarc arcus.a.c.€ ouc quíntc tortus círcüferentic: protrabant ita/ 
\ 
\ 
yo j 






— — 


quu 


| 
q ouc linc. a.c. .a.c. enit. a.c.latus occasoní equilateri co g cíus arcus cft 
medietas quinte ptis circumferentic.linca vero.a.c.crit que fubtendit vni ex an? 
gulis pentagoni pzcdicti:co qp arcus.g.c.cft ouc quinte partis ciraamferentie cír/ 
| culi:dico itaq qp quadrata ouarum lincarum.a.b.c.2.c.pariter accepta quincu/ 
plum funt ad quadratum lincc.d.c.cft ením ex quarta fccundi quadratum lince.c. 
| | c.quadruplum ad quadrarum lincc.d.e. £um autem angulus. c.a.c. fit rectus cx 
TA pime parte.30.tertij.eruntg3 cy penultima primi quadrata ouar lurcarum.c.a. 
3.c.quadruplum sd quadrarum.d.c.igitur quadrata trium lincarum.c.a.¢.9.¢.2 
d.c.quinauplum funt ad quadratum lincc.d.c.« quia cx occima tredcciniilibzi à / 
dratum.a.b.cſt equale quadratis duarum tincarmm.a .c.«. d.e. fequitur vt qua 
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drata ouarumfiicarum.a.b.7.c.a.fint quit cuplum ad- quadratum.d.c. quod cft 
pꝛopoſitum. | 
¶ Manifeſtum eſt ergo o quadratum lateris cnbí atqs quadratum 
lateris figure ouodecím balium cum cabum 5 figará ouodecím baáü 
cadem ipera círcüfcribít ambo quadrata paríter accepta quincuplum 
fant quadrati medíetatís otametrí círculí quí círcumfcribit pentago 
num eiufdem figure ouodccím bafium. 

G tud conclariü vcre manifcftum eft:conftat enim ex demonttrationc.17.trede 
cimi lib:i p latus cubi fübtenditur angulo pentagoni ouodccedri cum cubü « o. o 
dccedron «na cadema; fpcra circifcribit:itags p banc quartam fine obice conftat 
concdarium.«c. 


oe 


‘ V 


Pꝛopoſitio . Š 


Entagonus figure duodecim bafinm triangulus q3 figu, 
l| re viginti bafium quos eadé fpera círeamfcribít ono eo7 
demas circulo círcamfcríbuntur. 

G Git (pcra cune oiameter.a.b.circüfcribens euae folidos figuras 

: vidclicet ouodecedron cuíus €nus ex ouodcdim pentagonis fit. c.er 
ycocedron cuius Vnus cx. 2o.tríangulie fít.d.pentagono aür.c.« trígono.d.fuper 
ouo centra.d.«.c.circumferibant ouo circuli buic adé .f.c.ex.: 4: Qrti illi vcro. f.d. 
€x -5- ciufdczoico itaqs «p bi ouo circuli fperaz ;ppofítaz quorum altcr ciraifcri/ 
bit pentagorü.c.alter «cro trigonum.d.funt equales. Oignentur enim ouo fatera 
peutaaoni.c.eufi cx (uíe angulis cótinentia litteris. c. f.<.f.¢.2 protrabant lines 
€.8.que fubrendat anqulum.f.4 femidiamceter circuli que fit.¢.f. entiqdas cx later 
bus trigoni.d.fignci litteris. R.b.« protrabatur femidiamcerer füi circuli quc fit.d. 
k. dehinc ſumat᷑ linca.l.in.ad quã ſit linea.a.b.que ẽ diameter ſpere aſſignate quĩ 
cupla ĩ poteutia:q̃ quidẽ.l.m.diuidat ĩ.n.ſᷣm pꝛopoꝛtionẽ habentem medm̃ duo / 
Q5 extrema ſitqʒ maioꝛ poꝛtio eius linca.l.n.⁊ (coin quatiraré totius.t.m. lincerur 
circu'us.p.q.itaq; ſemidiamcter circuli.p.q.ſit cqualis lince.l.m.eritqʒ ex coꝛꝝela 
río.15.quarti linca.l.m.tanqʒ latus exagoni cquilateri circulo.p.q. inſcripri.iõqʒ 
per tertiam huius linca.l.n.crit tang5 latus occagoni cquila:cri cidẽ circulo inferi 
ptiigitur cx viquarti mícribat pentagonus cquilaterus circulo.p.q. cuius vnum 
latus fit.p.q.critas cx. vo.tredecimi libsi quadrata .p.3.cquale quadratis ouarum 
lucarum.l.m.⁊.l.n.pariter acceptia.con(tat autem ex oemonftratione.i6.trede/ 
ciini qb. R.cft equalis.p.q.ergo quadratum.b. K.eft equalc quadratis ouarum 
lincaꝝ.l.m.⁊.l.n.piter acceptis. At vero ex demoſtratiõe.i⸗.ttedecimi.manifeſtũ 
ẽ ꝙ.c.g.ẽ latus cubi ab cadẽ ſpera circũſcriptibilis:q̃re ꝑ coꝛeł.ia.tredecimi.a.b. 
G ¢ diameter {pere potentialiter ẽ tripla ad.c.g.q̃ ẽ latus cubi.ſi aũt.e.g.diuidatur 
fm ppoxioné biren mediñ ouoq; extrema ps ex demonſtratioe.i⸗.tredecimi ꝙ 
c.f.étangs maío: poꝛtio eius:igitur ex ſccunda huiꝰ.e.g.ad.l.m.ſicut.e.f.ad.l.n. 
nam vt tota ad totam ſic maioꝛ poꝛtio ad maioꝛem.itaqʒ per.2i.ſexti quadratum 
€.g.ad quadratum.l.m.ficut quadratum.c.f.ad quadrat l.i. qre p.15.quinti q/ 
drata ougrom lürcarum.c.q..c.f. pariter accepta ad quadrata ouarum lincarum 
[.i1. 2.1 n. piter accepta (ícut quadratü .e.g.ad quadrata .l. m. crgo p.i5.quíntí:ct 
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Dmutata ppostionalitatcs 2 cquá triplum ouomm quadratowm ovarum lificar 
€.8.1 .c.f. piter acccproz ad qdrata ouarum linearum. .m.« .L. n. paríter accepta 
ficut tríplà quadrati. €.g.ad quadratü.L.m.triplü aüt. e.g.quadtrati cít tà35 qua, 
dratü.a.5.cy conel. à 4.tredecimi:at quadratü.a.b.€ pct ypotbefim quíncuplü ad 
quadratü.l.m.crgo triplüi quadrati.e.g.quíncuplum quoq; € quadrati.l.m quare 
etia triplum quadratoz oua lincay.e.g.. c.f. pitcr acccptoz € quincuplüi ad qua 
drata oua lincay.Lm.7.L.n.piter accepta: q? ;pbatü € b quadratü.b. k.€ equa 
le quadratis oua líncaz.l.m.c.L.n.piter acceptis. fequit cxcói (cia vt tripl qua 
dratoz.e.g.c.c.f.fit quincuplü ad quadratü.b.k.cóftat aüt cx. 9.trcdecimi q qui 
cuplum quadrati. b.R.eft quindecuplum ad quadratü.d. k.nam funplum cit tri; 
plum.£t ex quarta bui? cóftat q triplii quadratoz.c.g.«.c. f.cft quincuplü qua/ 
dratí.c.f. nam fimplü cft quincupld .itag3 quindecupl!i quadrati.c.f.€ cale quinde 
cupio quadrati.d.k.idcoqs per. 15.quínti quadratü.c.f.cft eguale quadrato. d.k. 
quare cttà linca.c.f.¢ equalis lince.d.k.crgo cx oiffinitione circuloz cqualí circu / 
lus cíircüfcribene pentagonum.c.€ equalia círculo circumfcribentt trigonü .d.quod 
crat ex principio ocmonftradum.nam femidiametri hoꝛum circulo:um fuit cqua 
Ice videlicet.c.f.z.d.k. Pꝛopoſitio «. 

—Nnacdratũ quoqʒ qð eſt triangulũ al trigincuplũ tetrago/ 
ni qui ſub perpendiculari ducta a centro circuli circũſcri 
bentis pentagonũ figure óuodecim bafum ad latus pen/ 
js «24 taconi atq: fnb latere ipfi? pentagoní cotinetur omnib? 
Ese d füpcrficicb? cozpozie duodecim balius pariter acceptis 
cfTe equale cx neceffitate conuincitur. 

( oit pentagonus.a. via ex. 12.bafibus figure onodecedzi z vn ex cius laterib? 
ſit.b.c.ſibiq; ex.1a quarti circũſcribat᷑ circulus ſupꝛa centꝝ.a.⁊ ꝓtrahant᷑ linee.a. 
b. ⁊. a c. ⁊. a.d. ppendicularis ad.h.c.dico ergo ꝙ trigincuplũ cius qð fit cx a.d.in 
b.c.cít equale ommibus ſuꝑſicichus duodecedri ꝑiter acccptis.conſtat enĩ penia / 
gonü.a.cc oiuifib:le in auina; triangulos cquales triangulo.a.b.c.cx .9. pmi.ita/ 
q3 omnca.12.pemtagoni ouodecedri cum oes fit equales « files pentagono. a.oí 
uifibiles funt in.co.triangulos quoz quifqs p .S.pzími c cqualis triangnlo.a.b.c. 
Qð aute fit cx.a.d.in.b.c.eft ouplum p 4i.pᷣmi:ad triangulũ.a.b.c.ergo trigincu 
plum cius qo fit cx.a.d.in.b.c.e (cxagincuplum ad rriangulü.a.b.c.nà er fimplür 
ad fimplum ficonplum ad ouplinn. Zum itaq; omnee duodccedri ſuperficies pa / 
riter accepte fint ctia fexaginas; li ad triangult.a.b.c.fequit et triguicupli ci? qd 
fit ex.a.d.in.b.c.fit equale ompibus fiuperficicbus ouodecedrt piter accepris:q € 
p2opofitum. 74 :opolitio  .7. 

| 3| CLadratii quoq; qo eft riangulü al emgincuplum tetra? 
» 1 &oní quí fub ppendiculari oucta a centro círcult ad Lat? fi 
biinicripti rranguli figure viginti bait atqs füb ipfo la/ 
tere tríanguli continetur equale cft ommbus füperficie: 
bus figure viginti baftü piter acceptis. £(to cni bic trigo/ 
nus.c. v3 cx. 2o.bafibus figure ycoccdri « €nü cx eís latenib? fit .f.g. fibigs cx. s. 
quarti circumfcribar circulus fuper centy.e.« ;ptrabant lincc.c.f.e.g.z.e. b.ppen 
dicularis ad.f.g. oíco igit qp trigicupli ci? qó fit cx.c.b.i.f.g.€ cale oib^f upficicb? 
ycoccdri piter acceptis.oftat cni trigonit.c.e¢ oiuifibile i tres trigonos quox quils 
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per octaua piri € equalis trigono.c.f.g itaqs 0€3.20.trigoni ycocedri piter accepti 
cunt cuncti fint cquaics fimiles trigono.c.fit tamnqs fexasuxcuplum trigoni.c.f.g. 
Zquper. 14.pmi qà fit cx.e.b.in. f.g.cft duplũ trigoni.c.f.g.1095 trigincupia bui? 
eft cqualc fcxa ziucuplo illi?:fequi£ ut triguicuplis.c.b.in.c.f.fit cqualc oibus f»/ 
ficieous ycoccdri piter acceptis q9 erat oemórtradi. OD anifetty igitur é qr 
po2po2tio fuperficiert tigure ouodecim baliü in aliqua fpeca stente 
ad fupficics figure vigintt baitum in cade ipera coclule:€ tangs p02 
tío tetragoni contenti fub latere pentagom íptfius figure ouodeci ba/ 
fiü 4 fub perpendiculari ducta a centro iui circuli ad ipt latus penta 
goni:ad tetragonv contentu fab latere manguli ipiius figure vigine 
bafiu « perpendiculart ducta a centro fui circuli ad ipfü latue triangu 
li coꝛpoꝛis viginti alcbaidax 109 per illud coxxet. odudit vez elfe fue fi^ 
gura.iꝛ.baſiũ 7 figura. 20.bafíii (int ab cade fpera cirdifcriptibiles vt;pponit:fiue 
ctia fuerint círcü:críptibiles a otucrfts fpcris: pponi£ aute put bce figure fint ars 
cüfcriptibiles ab cade [pcra qin boc modo valet z fufficit ad ppolitü. £i? ergo có 
munis veritas fic p3.coftat eni ex.6.bui? q trigincuplit.g.d.in.b.c.equit € oibus 
fuperficiebus ouodecedri piter acceptis cutus penragonue.a.cft €1a. cx. 12. (uffici 
ebus « ex bac .7. oftat fitr qp trigincuplü.c.b.in.f.g.equü € oibus fupticicb? ycoce 
dri piter acccptie cuius trigonus.c.cft vna ex.2o.bafibus (iuc illud ouodcccdron 
t iftnd ycocedron eade ſpera circũſcribat ſiue diuerſe.itaq; ꝓpoꝛtio trigicupli. a.d 
in.b.c.ad omnes fupficies illius ouodccedrí piter acceptas € ficut trigittcupli.c.b. 
in.f.g.ad omes fupficica ycocedrí piter acceptas: etrobiqg eni cít ;ppo:tto cquali 
tatis:quare peninutarin trigincuplü.a.d.in.b.c.ad trigincuplà:c. b.in .f.g. ficut 
omnes fuperficies illi? ouodecedri ad ones füperficics buius ycoccdri 2 per.15- 
quinti tngincupli ad trigíucuplà e ficut funpli ad ſimplũ. Conſtat igit ꝑ.i.quinti 
ꝙ ꝓpoꝛtio omniũ ſuꝑſicieꝝ dius ouodecedri ad oes fupfiace buius ycoccdn € ei? 
quod fit cx.a.d.in.b.c.ad id qo fit cx.c.b.in.f. s.c boc c yo cx conclano pponit. 
}f>20polino .s. 
WRopo2tio cunctarü füperficícz cospozíe ouodecím ba/ 
tinin piter accepta ad cüctas tüpficice cozpie viginti ba 
(ium piter acceptas que ab na tpera abo circuſcribunt 
" eft tangs ppoztio lateris cubi qué circiicrtbit eadé ſpe/ 
L^ Ow ra ad latus triangali ipfius co2pozis viquiti b3fium. 
G 13t ab buius.8. oemóftrarióis ibat 14. pceflu ambiguitas ois abfcedatziftud 
p:efcire oposter. à fi aliq linca Pm ppo:tioné babente medii ouoqs extrema fu/ 
crit oiuifa c cx medictate cius ràn35 ounidià (uc maiozis poꝛtionis octrabat:ipfa 
quoq medicras f: ppoiionc babenté mediis ouogs extrema oinifa crit « ei? ina 
ioꝛ poꝛtio ẽ tanqᷓʒ dimidiũ maioꝛis (ue ouplc. verbi grà lit.a.b.oiuifa fm pportia 
ne babcutc mediü ouoqs extrema in.c. 7 maio: cius potío ſit.a.c.⁊ ſit.d.e.tanqʒ 
dimidiũ.a.b.⁊.d.f.tãqᷓ; dimidiũ.a.c.dico ergo ꝙ.d.e.diniſa ẽ ĩ.f.im ꝓpoꝛtiõoem 
hñtem mediuʒ duoqʒ extrema ⁊ maioꝛ poꝛtio ci’ ĉ.d.f.oftat eni cx. 15.qnti gp ps 
poꝛtio.a.b.ad.a.c.ẽ ſicut.d.e.ad.d.f.vʒ dupluʒ ad dupluʒ tãqʒ ſinplũ ad ſimplũ 
qre pmutati .3.b.ad.d.c.ficit.a.c.ad.d.f.igit p.19.qntí.c.b.ad.f.c. ficut.a.b. ad 
d.c.€ ítaqs.c.b.oupla ad.f.c.fic eni c.a. b.ad.d.c.ci igit tora.c.b.fit oupla ad to/ 
ta.d.c.z figte ptes.a.b.ad figlas pres.d.c.qre ex.15.qnti g.n.e de e oionc líincc 
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dinife hin pportidem biitem meditt ouog3 extrema erit linea.d.c. dinifa i.f.quéad 
modü ppouit.1lüc igit ocimóftrationi eq ,ppofiua e ififtam?.zld ci? cxeplü tit 
a.b.c.circulꝰcuiꝰ centꝝ.d.circũſcribẽs pentagonũ duodeccdri « trigonü. ycocedri q 
ambo piter cade fpcra ciraifcribit « odudit.nà ex. s.bui?manifeftü € g ide circulꝰ 
biius pentagons « illi? trígoni arcüfcribit.fit at linca. a.b.latus peiitagori 5 li 
nca.a.c.trígoni.fitas línca.b.tanqs latus cubi ab cade {pera circüfcripti: oico ita / 
Q5 Q ,ppoxtio omnifi fupficiez ouodccedti piter accepta ad ocs (upficics ycoccdri 
piter acccptas € ficut linca.b.ad linca.a.c. pducat quide a centro.d.ppendidarie 
ad.a.b.que tranfcat vfq ad ciratferentta fccang.a.b.in puucto.c.« arci ci? i pun 
cto.f.banc autt ppendiculare oftat oíuidere p equalía tà línca.a.b. a3 cius arcum 
cbe:dà quidé.a.b.p fcóam pte tertie tertij:arcü vcro ci? p quartà pmi 2.27.tcrtíj.€ 
igit arcus.f.a oecíma pe círcifcrentic.fübrendat ítaqs fibi coozda.a.f.d crit latis 
occagon equilaterí eiufde círculi.crít igit ex -9.tredccumi linca conftans cx.d.f.f.a 
oiui(a fm ppoxtioné babente medii ouog; extrema. maio: potio cius eric linca 
d.f. At vero cx prima buius.d.e.e equalis oumídio.d.f.oimidiogs.f.a.i longi oi/ 
rectüqs coiunctis. Git igit. d.g.ppendtcularie ad.a.c.erítqs ex coxclario.8. rredc/ 
cimi:g.d.tanqʒ dimidiñ.d.ſ.itaqʒ ſi a linea.d.e.q̃ eſt tanqʒ dimidiũ.d.f.a.cũ.d.f 
2.f. a. ſit inea vna:detrabatqʒ eq̃lis.d.g.q̃ ẽ tanqqʒ dimidiũ.d.f.crit ꝑ illud qð an 
te hoc ꝓbatũ ẽ linca.d.e.diuiſa ſm ꝓpoꝛionẽ habentẽ mediũ duoq; extrema et 
maioꝛ poꝛtio erít tanqs.g:d.cx eemóftrationc aüt. i7.tredecimi ftat o fi linea 
b.g clams cubi oiuidatqs 6m pportionc babeté medi ouog3 extrema maior por 
tio ciue crit tanQ3.a.b.q clatus pentagoni figurc.12.bafit. itag3 per foam bui? 
ypoxio.b.ad.a.b.cft ficut.d.c.ad.g.d.quare p paima pré.i5.fextiz qo pucnit ex 
b.ín.g.d.cquii € cí qo fit cx.a.b.in.d.c. £x conclario ant pzcmific mantteftum cft 
q ppo:tío omnit fupficicz ouodccedri cuius latis.a.b.piter acccptaz ad oce fu 
perficies ycoccdri cuius latus.a .c. pariter acceptas c ficut eius qo ftt cx. a.b. in.d.c 
ad illud qö fit cx.a.c.in.g.d.igit cx pzuna prc. quinti c.11.ciuídé ꝓpoꝛtio ciꝰ qð 
puenít cx.b.in.g.d.ad illud qo pci cx.a.c.in.g.d.ẽ ſicut omnũ fupcrficieris 
illi? ouodccedri ad o¢s buiys ycocedri. At cro cius qd ꝓuenit ex.b.in.g.d.ad illo 
qd pucnit ex.a.c.in.g.d.c per primam fexti ficut.b.ad.9.c.itag3 p.11.quinti p20/ 
pe:ío omni fupficicz illius ouodcccdri ad oce buius ycocedri € ficut ..ad.a.c. 
quod ¢ ppofité.boc ipfi aliter poobare potcrim?.ft ad ipfü buius antecedens nc 
ccifarium pmiferim? quod cft.G St circulo cuilibet pentagonus cquilate 
rue infcribatur rectangulü q fub dodraite digmerriipiins circuli et 
fab dextante iplins linee angulu iplius pentagon fubrendentis con 
tinetur cid pentagono equu e ex necellitate opoztet.G »/53io:s no! 
ſtri vnũqðq; integꝝ in.iꝛ.ꝑtes eqlee intellectu « rónc oiuiferüt ocíqs cas fil.;oc € 
(pm toti aflem:vocaucruut endecám vero eax oixerüt ocunc.oc:é ait ocxtantes. 
nove vodranté.octo vcro bífTe.at fcptüce fcprate vd quicüce.fex alt. (cmis:quigg 
quiquíncé.qtue» trienté.tres at qdrate.ouas vcro fcxtate.enà aüt appellaucrüt 
nes caíq5 p yon talib? MS nr figuris q (cpiffime iucníbt i antíqs libzis 
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¶ Unciã quoq; qua onodecim’ pté affíe foxc oixim’ i alias rurf?.12.fractióes. $5 
alia via diuiſerũt.nã medietatẽ vncie dixerũt ſeinivnciã.tertiã vero duellã.quartã 
ſicilicũ. ſcxtã ſcxculã.octauã dragmã.duodecimã femilTi.[am.occimaáoctaua tremif 
fcn. vigctim3 quartà fcrupulü .quadragcium3 octaua obuli. fcptuageíim3 fccáda 
büliliqua .nonagefim3 fextà ccrace. 23ltima vcro q € centefima quadragcfima qr 
ta pe ipius vicie filiqua nominaucriic. dis abt.12.fractionibus vucie poltcrio:cs 
adiunycre calci. £ft aũt calcus centeſima nonageſima ſcða ꝑs vncic:cui additio / 
nis cã fuit vt vſqʒ ad minimũ extremũ diateſſeron ⁊ diapentc ſimphoniaꝝ tonoꝝx 
ſemitonoꝛũq; intcruallis diſtinctaꝝ haꝝ fractionũ denoĩatio coſcẽderet vl cotende 
tct 7 ipfas omnee Pm o:dine talibus annotaucre figurís. 
; x0 3 9a (Qs 2C s Sp 5 Hs 
Scemiũcia Duella Sicilicꝰ Scxcula Dragma Lmiffeda Tremis 
m4 == p n Z 96 bb iy DW 3 
Srupulus Obnlus Bifliiqua Lerates Siliqua Lalus 
G £ius crao qo oicit:ten(" €:gp fiin aliquo arculo pentagon’ calateris infcribat 
illud qà fit cx trib? qrtis ojamctri circuli i quinq; fextas lincc fübtedétis wna ex an 
gulis infcripti pentagoni eqle € pentagono. verbi grã.Sit cird'e.a.b.c. fup ccty.d 
eiq5 cx. t-qrtí infcribat peuragon? equilatcr? cui? ouo latera vnå ex fuis angulis 
onnétia fint.g.b.c.b.c.«c anglo.b.fubtendat linca.a.c.z ptrabat oianictcr.b.d.e 
fec3s lined.a.¢c.p eclia in puncto.g. fitqs.d.f.medictas.d.c .z.g. b.oupla ad_b.c. 
critqs.b.f.oodras oiametri:é cni tres q̃rte ipſiꝰ ⁊.a.h.erit dextãs vel (extas.a.c.€ 
eni.s.fcxte eiua: ptrabat aürlinea.a.d:oico g illud qd puenit cr.b.f.in.a.b.€ e/ 
Qlc pétagotuo infcrípto circulo.cü cni..g. fit ppendicularis ad.b.d.critcx. 4i. pmí 
« iliud q5,pucnit cx.b.d.in.a.g.ouplü € ad tríangulü.a.b.d.ióqs qo ;pucnit cx.b. 
f.in.s.g.triplũ erit ad eundeʒ triangulũ ⁊ qð ꝓuenit ex.b.f.in.h.g.duplũ ⁊ ex.b. 
f.in totã.a.h.quincuplũ.cũ itaqʒ totus pentogonꝰ quintuplꝰ ſit ad cũde triangim 
coſtat qp iftud qo fit ex.b.f.in.a.h.ẽ cõle pcntagono ⁊ illud erat demoſtradũ. Qð 
igit ex pᷣcipio ꝓpoſitũ ẽ nunc alia via ſicut ꝓmiſimꝰ demoſtremꝰ. ſint itaq; circu 
(o cuiꝰ ccutꝝ.h.inſcripti pentagonꝰ figurc.iꝛ.baſiũ ⁊ trigonꝰ figure.ꝛo.haſiuʒ qs 
eadein ſpera circũſcribit.Conſtat cnĩ ex.5.huiꝰꝙ but? ouodecedri pentagon? gil 
liue ycocedri trigon? ab code arcuto circiducent.fity; pentagon”.a.b.c.d.e. « tri 
gonua.a.f.g.« angu'o.a.pentagom fubtendar linca.b.e.q cx oemóftrationc.17. 
trcdecimi erit lat? cubi qué cadé (pera códudi:: ptrabat itaq; oiamctcr.a.b .K.fe/ 
cans oꝛthogonaliter ⁊ ꝑ equalia vtràq5 oua lincaz.b.c.«.f.g.b3c qdé i pancto.t 
ill3 vcro in piicto.in.oico g qp ;pportto oing fupficiez ouodccedri ad oés ycocedrí 
quoz pentagon" « trígonus ,ppofito circulo fint infcripti é ficut lince.b. c.que eft 
latus cubi ab cade fpcra conclufi ad limcain.f. o. que cft latus trigoni ycocedri. con 
ftat cnim ey conxclarío ocrauc tredeami qp línca.b.m.e exmiditi tíincc.a.b. 1693.8. 
ni.crit oodrans o1anictri.a.K.¢ cni eius trce quarte. fit er3o. Lu. oupla ad. n.e, 
critq; .b.n.dextans.b.c.eſt enĩ quita ciꝰ ſexte.itaqʒ per pᷣmiiſũ añs qð pꝛouenit 
ex.a.m.in.b.n.erit cquale pentagono.a.b.c.d.c.qð autẽ ꝓuenit ex.a m.in.m.f.ẽ 
cquale triangulo.a.f.g. igit ex pꝛma ſexti ꝓpoꝛtio pentagoni ad trigonũ eſt ſicut 
b.n.ad.m.f. quare duo decupli illius pentagoni ad vigincupli iva trigoni fint 
duod cupli lincc.b.n.ad vigincuplum lince.m.f.qð ex.is.quinti ⁊ equa pꝛopoꝛ / 
tionalitate manifcſtum eſt duodecuplum autẽ.b.n.ẽ tanq̃;ʒ decuplum. b.c.na.iꝛ. 
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dextãtes coequãt.x.aſſes hoc eſt.x.tota:vigincuplũ vero.m.f.ẽ tanqᷓʒ dccuplũ.ſ.g 
nam.f.g. cht oupla ad.m.f.igif ouo occupli iftius pentagoni ad vigincupl iftius 
trigoni eſt ſicut decupli.b.e.ad decuplũ.f.g.⁊ qꝛ duodecuplũ illiꝰ pentagoni ẽ ocs 
ſuperficies duodecedri: vigincut lã autẽ huius trigoni cſt omnes ſuꝑſicies yrocedri 
⁊ quia per.iz.quinti decupli.b.e.ad decuplũ.f.g.ſicut.b.e.ſimple ad.f.g.ſimplam 
erit per.ii.quinti ꝓpoꝛtio omniũ ſuperficieꝝ duodecedri pariter acccptaꝝ ad oes 
fupcrficice ycocedrí pariter acceptas ficut.b.e.ad.f.g. £t boc € quod opo:ruit nog 
Paꝛopoſitio .. 

Juiſa q̃libet linea ſcoim ꝓpoꝛtionẽ habẽtẽ mediũ dnoqʒ 
extrema crit ꝓpoꝛtio linee potẽtis ſupꝛa totã lineã eiꝰqʒ 
maioꝛẽ poꝛtionẽ ad lineã potẽtẽ ſupꝛa totã eiuldẽqʒ ni/ 
HY Al Nore portione £493 ppor2tio lareris cubi ad lat? triaguli 
irs copie Viginti bafi) vna cti cubo ipfot eadeé {pera steutt. 
(oit linca.g.b.oiifa (cóm p:opo:tionc babente medi ov0g3 extrema z maio? 
portio eins fít linea.a.c.c fuper centz.a.fim quantitate lincc.a.b. ocícribat círcul? 
d.b.c.cía5 infcribat cx. ii.quartí penragonue cquilatcrus cuius vnà latus fit. d.c. 
t €x fecunda ciufdem triangulus equilaterus cuius vnumatue fit. d.f.« vni cx 
angulis pentagoní qui fít.d.(ubrendatur linca c.g. £onftat igif cx. 5. bui? g fpe/ 
ra circũſcribens duodecedron cuius pentagoni latus cft.d.c .circüfcribit fit ycocc/ 
dron cius trianguli larus €.d.f.z cx ocmóftrationc. 17.1rcdecimi manifeftum € 
q cadem fpera círcumícribit cibum cuiue latus cít.c.g.fumar ergo limca.b.potca 
fupcr totam.a.b.« cíus maio: postionam .a.c.« fumar. k.potens fuper totam 
8.b.c mínosxe ciue po:ioncm .b.c.oíco itaq q» ;ppo:tio:e.g.ad.d.f. boc c lateris 
cubi ad latus trianguli ycocedri vna cà ipfo cubo ab ipfa fpcra contenti:e ficut.b. 
ad.k.cOftar qdé qd cx conclario. 15 .Grti gr.a.b.c tanq lat? cyagoni canilarcri cir 
allo.b.d.c.inícripti:igit ex tertía buius.a.c.cft 1493 latus occagoni ciufde circuli 
ifaq3 per. 10.13.d.c.potens é fupcr toti.a.b.2 cíus maio:c poxtíonc.a.c.quarc.d. 
c.eft cqualis.b.na quadratum vtriuſqʒ earum tanta cit quanti quadiata oua li 
neay.g.b.7.9.¢.piter accepta: ps auic cx octaua.13.qp. d. f. eft tripla potentíaliter 
ad.a.b.At vcro ex. 5. ciufde patct gp. K.quoq; tripla cít potcnaliter ad.a.c. ergo 
cx fccunda partc.21. fexti ppo:xio.d.f.ad.a.b.e ficut. k.ad.a.c.quare pmutati.d. 
f.ad.k.ficnt.a.b.ad.a.c.« quia cx oemonftrationc.i2.trcdecimi mamfc(tü € gp fi 
¢.g.dividat fm ppoxione babcte mediü ouoq5 cxtrema maio poatío cius crit tà 
Q5 .d.c.crit p {coam buins pportio .c.g.ad.d.c.ficut.a.b.ad.a.c. Gre p. ni. quínti 
erit quoqʒ .e.g.ad.d.e.ſicut.d.f.ad.xk.⁊ ꝑmutatim.c.g.ad.d.ſ.ſicut.d.c.ad.k. Et 
q per pia pte.7. quintí.d.c.ad.R.fient.b.ad.k.co q».d.c.«.b.funt cqualce crit 
pcr. 1i quinti.c.g.ad.d.f.(icuc.b.ad. K.qo cft propofítü, NS foli at cit pportio 
€..latcrie cubi ad.d.f.latus trianguli vcocedrí ficuc b.ad.k. imo füunpliciicr ficut 
quarumlibet ouarum lincarmm enius ad altcra:quaruin altcra porcft fup tora qua 
libet lincam oiuifam Pm propoztionem babentan mcdium ouoqs eytrama c fup 
eius maioꝛem powionc:gltcra vero fupcr totam « cius iminoxam poxtionc.nà fui/ 
gula lincarum tali) € poopostio vra:verbi gratia. mancat pzíoxce ypotbefce cir/ 
ca licas.a.b.b.c.k. 7 fnmatur quoq; quclibct alia linca q fit. m. otuifa Pm p1o/ 
poxtíonc babctam: medinm ouoqs extreamg in.n.c poxío maío: fit.L.n.fitqs linca. 
P. potero fuper totgin.l.m. c cius maíoxem poatíonemi.l.n. 4 línea.q.fit pores 
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ſuper totam.l.m.⁊ eius minoꝛẽ᷑ poꝛtionẽ.m.n.dico ergo qp pportio.p.ad.q.ctt fi 
cut.b.ad.k.cóftat eni cx fcóa bui? q».b a.ad.a.c.€ ficut.Lm.ad.Ln.ergo p Bmam 
pté.21 fexti quadrati.b.a.ad quadratũ.a.c.ẽ ſicut q̃drati.m.l.ad quadratũ.n.l. 
quate coniunctim quadrati.h.ad quadratũ.a.c.ſicut quadrati.p.ad quadratũ.l.n 
7 pcrinatatim quadrati.h.ad quadratũ.p.ſicut quadrati.a.c.ad quadratum.l.n. 
Eodẽ argumẽtationis genere ſequit᷑ ꝙ ꝓpoꝛtio quadrati.k.ad quadratũ.q .eſt ſi 
cut qnadrati c.b.ad quadratũ.n m.⁊ qꝛ ex ſcða huius ex pꝛima pte.2i.ſexti qua/ 
dratũ.a.c.ad quadratũ.l.n.ſicut quadratũ.c.b.ad quadratũ.m.n.crit ex.i.quĩti 
quadratũ.h.ad quadratũ.p.ſicut quadratũ.k.ad quadratũ.q.quare ꝑ ſcðam pté 
21-fexti.b.ad.p.ficut.k.ad.q. £t pmutatiin.b ad. k.ficut.p.ad.q.q9 erat oanon 
ftrandii.« nc quifqs oubitationis locus ea quc ocmóftráda rcftant obfufcet :pic/ 
mittemda adbucarbitramur qucdå quibus fequétía finno ocind{tratidis robo: 
incóatfa perinancant. 

Ga cialiqua plana faperfictes fperam qualibet fecet cois differentia 
plane fiperficies fecantis 2 curae füperficici (pere erit círcumferentía 
continens circulum. 

C Sit igi aliqua plane fupficies fecans fpcram 4 fir linca.a.b.cdis fectio fupfitied 
{ccantis z fupficaei (pere.oico q linca.a.b.clt araiferentia circuli.aut eni centrum 
fperc eft in plana fupficic (ecante.aut extra. 9 fi fucrit ín ca ponat vbicungs dti 
acrit « fit.c. uia ergo tota linca.a.b.c in füpficie (pere « q: omncs linee ouctc a 
ccntro fpere ad ipfius circüferentía funt equales qucadmodaà conftat cx. oíffinitio 
nc fparc.fequitur vt omncs lince oucte a puncto.c.ad (mc3.a.b.fint equales.€ isit 
cx oiffinitionc circuli fnperficice quà continet linca.a.b.circulus ⁊ cius centꝝ ẽ.c. 
vidclicet (dé p cct (perc.(i aüt centrü fpcre fucrit extra fuperficic fecante: pong 
tur ciao vbilibet qà fir.d.a quo Pr ooctmina.. ni. vndccimi oucat linca. d.c.perpen/ 
dícularis ad fupficic fecante ¢ ptrabaut ab code centro.d.ouc lince recte qhtoctias 
contingat ad lneã.a b.que ſint.d.a.⁊.d.b.⁊ iungat᷑.c.cũ.a.⁊ cũ.b.eruntq; due li 
nce.d.a.⁊.d.b equales eo ꝙ ipſe ſunt a centro ſpere ad ſuperficiem cius:ex diffi / 
nitione autẽ liuce perpendicularis ad ſuperficiẽ manifeſtũ cſt ꝙ anguli.d.c.a.⁊.d 
c.b.ſũt recti:idcoqʒ cx penuł.pꝛimi ⁊ iſta cõi ſcĩa:que equalibus ſũt cqualia iter fe 
funt cqualia:crunt quadrata duaꝝ lincaxꝝ.c.d.⁊.c.a.pariter acccepta cqualia qua / 
dratis duaꝝ lincaꝝ.d.c.⁊.c.b.pariter acccptis:dempto itaqʒ vtrinqʒ quadrato.d 
c.erit quadratũ.c.a.equale qͥdrato.c b.quare ⁊ linea .c.a.lince.c.b. Fodẽ argumẽ 
tationis gencre neceſſe eſt omnes lincas ductas a puucto.c.ad l:neã.a.b.eẽ eq̃les 
crao cx oifrinitione circuli fupficics qua continet linea.a.b.eſt circulꝰ ⁊ eiꝰ centruʒ 
cit.c.quod eſt pꝛopoſitum. 

¶ Ex hoc itaqʒ manifeſtum eſt ꝙ cnm ſuperficies ſccat ſperam ſuper 
centrum eius ſectoꝛ ꝓueniens in ſuperficie ſpere eſt linea continens 
circnlum cuius centrum eft centrum Ipere.Cum autem fuperficics fe 
cat fperam non fuper centrum ews fecto2 quogs pzouentensi fuper 
ficte locre cft linea contines circnlu cuins centx é puncms ille in quo 
incidit ppendicularis oucta a centro fpere ad fuperficiens fecantem. 
C Amplius autan vico g 

CSi in fpera aliqua fuerint circuli equales ppendículares oucte a cé 
tro fpere ad fupficics illozum circulo2um erunt adínmcem equales. 
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C Sint i (pera cuius centy .a.fignati ovo circuli-b.z.c.cquales ad quoy ſuꝑficies 
ptrabant a centro fpcre vidclicet a puncto.a.perpendiculares hm gp cocer. i.e 
decimi:ad bunc quide.a.b.ad ila aute.a.c.dico q oue lince .a.b..3.c.(ut equa / 
lee: prrabant eni a punctíg.b. c.c fingulc línec rectc ad circüferentias illoz circu / 
loz put libucritzin boc quidem.b.d.in illo aüt.c.e. 2 iungat .a.ci.d.« cum.c. erit 
q5 cx diffinitione lince fupza (upcrficie ppendíicularitcr ftantis vtriqs ouoz angu 
loꝝ.a.b.d.a.c.e.rectus. At vero cx (a pte pmiffi conclarij. DI Sanifcítü ¢ q ovo 
puncta.b.«.c.fuat centra circuloz.b.c.idcoas oue línce.b.d. z.c.c. funt femidia/ 
mctrí coz:qui circuli c ponant cqualcs fequit ex oiffinitione cqualíi circuloz bas 
fanidiametros cfic cqualcs: quia ouc lince.a.d.z.a.¢.funt cquales q2 funt oucte 
a centro fpcre ad cius fupficiezcrunt ex penul .paiimí ouc ppendicularce.a.b.2.3.c 
cqualce qà opoiebat ocmonftrarc. Tlunc igitur ad propofitum redeamus. 
Pꝛopoſitio .o. 
J| Ropoztio cozpozis duodecedri ad coꝛpꝰ vcocedri q̃ am 
bo vna eadẽqʒ ſpera ĩcludit:eſt ſicut omuiũ ſuperficierũ 
eing piter acceptax ad oẽs ſuꝑficies illius ꝑiter acceptas 
Choc eſt qð ſuperius poſt demonſtratione pꝛime huius auctoꝛita 
te Ariſtei ⁊ apollonij comemoꝛauimus cuiꝰ demonſtratio ex his q̃ / 
pꝛemiſſa ſunt euidenter elicit᷑. Ex quinta quidẽ huius manifeſtũ ẽ ꝙ circuli quoꝛuʒ 
alter circũſcribit pentagonũ duodecedri:reliquꝰ vero trigonũ ycocedri que ambo 
coꝛpoꝛa ſpera ena cohercet ſunt adinuicem equales:itaqʒ erunt perpendiculares 
a centro ſpere ad ſuperficies omnium circuloꝝ circũſcribentium pentagonos hu/ 
ius duodecedꝛi ⁊ trigonos illiꝰ ycocedri ĩ eoꝝ centra cadentes adinuicem equales 
ficut ex pꝛemiſſis maniſeſtũ ẽ nam omnes hi circuli teſte.5.huius ſicut dictũ c cq / 
les {unt fibi adinuicc piramides:igitur quay funt bafes pentagoni ouodccedri co 
ni auté eax funt centy pere atq; piramides quay bales föt trigoni ycocedri? z co 
ni cay fimilitcr centrü fperc (unt eque alte cunctaz quide piramida altitudine me 
furant vel octerminant a conis ad bafes ppendiculares cadentcs:piramides gute 
eque altas fuis bafíibus ,ppo:tionalcs effe opo:tct quceadimodum in.6. ouodccimi 
probati cft:itaqs propoitio piramídis cuius bafis pentagonue ouodccedri ad pt 
ramide cuius bafis trigoni ycocedri € ficut iftius pentagoni ad bunc trigoni .íoq5 
per.24.quinti pportio ovodccupli illius piramidis cuius bafis pentagonus ono 
decedri ad piramidė cuius bafis trigonus ycocedri ficut ouodecupli iliius pentago 
ni ad bunc trigontt.bec ait. 12.piramides quay funt bafes.12.pentagoni cuodc / 
cedri funt tang3 tori co:pus ipfius ouodeccdri.At.12.pentagoni tang; o€s fuper 
ficies cius?itaqs pportio corporis ouodecedri ad piraimidé cuins bafis cit tiigo/ 
nus ycocedn c ficut ;pppo:tio omnit fupficiep. ouodcccdri ad trígonü ycoccdri.qua 
re rurfus cy.24.quinti pportio coxpous ouodccedri ad vigincupii lius. pirani/ 
dis cuius bahs eſt trigonus ycocedri ẽ ſicut omniũ ſuꝑficicꝝ ouodecedri ad vigin 
cuplũ trigoni ycocedri.cũ igit vigincuplũ huius piramidis ſit tanqʒ totũ coꝛpꝰ yco 
cedri ad vigincuplũ iſtius trigoni tanqʒ omnes ſuperſicies ipſiꝰ xcocedri crit ꝓ/ 
poꝛtio coꝛpoꝛis duodecedri ad coꝛpus ycocedri que ambo vna cadẽq; ſpera con / 
cludit ſicut ꝓpoꝛtio omniũ fupficicz copie ouodcccdri piter accepta ad omuce 
füperfitice compozis ycocedri piter acceptae. Doc aüt eft pꝛedictoꝝ philoſophoꝛun 
oc piopo:tionc boz opor co1poz fenteitia fixa folídaqs ocmoftrarioc robozata. 
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cui quoq; adijciendũ eſt hoc.nam cum ꝓpoꝛtio lateris cubi ad latus trianguli coꝛ 
pois ycoccdri na cii ipfo cubo ab cade ſpera cõcluſi ſit ſicut ꝓpoꝛtio omniũ ſuꝑ/ 
ficieꝝ coꝛpoꝛis duodeccdri ꝑiter acceptaꝝ ad omnes ſuperficies ipſius ycocedri in 
eadem ſpera cõcluſi ſicut ex.s.huius demonſtratũ eſt:erit cx.i.quinti pꝛopoꝛtio 
corporis ouodecedri ad coꝛpus ycocedri que ambo ſpera vna circũuoluit tàà5 p/ 
poꝛtio latcris cubi cidẽqʒ ſpere infcriptibilis ad latus ipfius trigoni ycocedri. Am 
plius aũt qꝛ diuiſa qualibct linea hm proportioné babenté medi ouogs extrema 
eft proportio lince potentis fuper totà z cius maiozc poxtioné ad linea portente fs 
pct totà 4 cius minoxc poxtione ficut laterís cubi alicuijíperc infcripti ad latus trí7 
goni corporis ycocedri ab cade fpcra circaüducti (icut cx.9. buius ocmonftratum € 
erit ctià cx- u.quinti vt otuifa qualibct linca Pm ;ppoxtione babente medíüi ouoqs 
extrema fit pportio lince potentis fuper totà z cius maior porrioné ad linca po/ 
tenté fuper tota « cius mítoxe poxtione vcluti ppoxtío copos Ouodecedri ad coz 
pus ycocedrí que ambo vria atqs cade fpera circüfcribit. £x oictís igit manifeftum 
ct q» pportio latcris cubí alicui fpere infcripti ad latus trígoni ycoccdrí ab cada 
fpcra circiferipti .itemqs pportio cunctay fuperficicy ouodeccdriad cunctas (up 
ficies ycocedri que ambo fup eadé {pera circufcribit.£c rurfus ppoxtio lince poten 
fis fuper quálibet linc3 vivili Pimipsopostíonc babenté medii ouogs extrema ct 
fupcr cius maio: portione ad linca potente fuper cande « fupcr ctus minor por/ 
tionẽ atqʒ itex ꝓpoꝛtio cozporis onodecedri ad copus ycoccári quc ambo vg ca 
demas (pera coberect eft pzopoitio €na. D[3irabilis itaq c(t potentia lince fm ps 
poꝛtionẽ habentẽ mediũ duoq; cxtrema diuiſe:cui cũ plurima pholoſophatiũ ad / 
miratione digna cõueniãt hoc pᷣncipiũ cl pciputi cx fuperior pꝛicipioꝝ inuaria/ 
bili ꝓcedit natura vt tã diuerſa ſolida tũ magnitudine tum baſiũ numero iũ etiaʒ 
figura irronali quadam fimpbonia rónabilitcr concilict. uippc ocimon(tratum 
cft cp proportio ovodecedri co2poris ad ycocedron corpus q ainbo {pera na co/ 
ambit eft quali ;ppo:tio línce potentis fup qualibet linca 6m. pxcfatà propostione 
oiuif3 z fupcr cius maiosc partci ad quàalioct líne3 potete (aper candcm « eius 
mino» ptem.quoni3 €cro oc tribus ceteris co»pozib? regularibus nó babe? ali 
quid dictũ ſtudcamꝰ oc ipfis aliquid oiccre. = YP20pofitio «11. 

a aral A omm triangulo equilatero fi ab «1o angulo2um eiue 
N! perpendicularis ad bafim oucatur latus eiuldem triangu 
HA lí ad ipfà ppédiculare porentialr fexquitertíü e& oueniet. 

(qc)! (oit cni triangulus cquilarerus.a.b.c.oucatq5 ab angulo.a. linca 
DM Was a.d. ppendicularie ad bafimzcico qv. a.b. € potentialt fexquitertiü 
ad.a.d.funt quidé cx. s. pmi ouo angulí.b.c.c.edles 4 quia anguli ad.d. fort rccri 
crit p.26.pmi linea.b.c.diuiſa ꝑ cqualia in pũcto.d.itaqʒ ex quarta ſcdi quadratũ 
b.c.adruplit ad Gdratii.b.d.idq3 cti3 qdratü.a.b.ddrupli c ad qdrati. b.d. £ft 
eni triangul? cquilater” gre p penult. puni qdrata oua lincay.a.d.c.b.d.pariter 
accepta quadrupla (it ad qdrati.b.d.itaq3 qdratüà.a. d. tripli c ad qdratü. b.d. 

essen coftar ergo ;ppofitii. MPꝛopoſitio 12. 

2» wl A Snistrigonus equilaterue cuíue € [atus rónale fupfici / 
Hes medialis ee pbat. Sit vt prius triangulus.a. b.c.cqnilarc/ 
uis « fit latus civs .a.b.rdnale fine i longitudine fiue i porentia nn 
] oíco it235 cp ipfetriagulus ¢ {upficies medialis: oucat cnt ppcdicu/ 

r 
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laris.a.d.ab angulo.a.ad bafim:critg; ex premifla et ex.6.occimi z dione fuper/ 
ficici rónalis quadratü lincc.a. d. rónalc « linca.a.d.rónalie in potentia:ipfa autc 
cx vltima parte. . occimi mediante picmiíTa erit incómenturabilis lincc.a.b.idco/ 
q5 « linca .b.d.quc cft tanq; cius oimidiü. funt itaq3 ouc lince.a.d.z.b.d.ronales 
potentialiter canta cOicantes. igit ex.19.decimi fupficics vius cay i alteram cft 
medialis.cunqʒ ſuperficies vnius carum in altera fit cqualis trigono.a.b.c. oftat 
¢erii cile quod otximus. Pꝛopoſitio «13. 4 
| 3 CIncte fupficies vtriuflíibet dnox ſolidoꝝ quoꝛuʒ alterũ 
PS eft pira mte quatuo2 batum triangularium c equilaterax 
EOS reliquum vero eft cozpus octo balium triaugularium et 
A QUI cquilateraz paríter accepte:ft oíameter fperc ea circum 
EE (cribentisronalie fuerít componüt fuperficie medialem. 
Ciam fi oíametct fpere altez ouoz p:opofitoz co»pooum circüfcribentie fucrit 
ronalis fiue ín longitudine (iuc in potentia trf :erit cx conelarío.i3.tredecími liboi 
latus piramidis róralc in potentia z ex coxelario.i 5.ciufdem latus quoq; coꝛpo / 
ris octo bafium rónale in potentía.quarc per pzeimílTam triauguli qui funt baícs 
etripflibs cozis erät fupfícice mediale. q: trianguli vtriuílibs coz fibi adinuice 
funt cqualce: crunt cx.21.0ccimí omms fupficies etriuflibs coz paritcr accepte co/ 
ponentes {uperficie medialem qucadmodi jpponitur.«c. 
Pꝛopoſitio .ı4. 
an] ¥ cetracedron 7 octocedron vna cademg} ſpera circum/ 
| icribar erit ena exbafibus tetracedri lexquitertía ad 9nà 
cy bafibus octocedrí:ote aút bales octocedrí piter acce; 
pras ad omés bales tetraccdri pariter acceptas ſexquial/ 
tera ppo2tione babere necefie eft. 
C Sit aliqua fpera cuius oiamcter.a.craifcribens piramidem cui’ lat”.b.< octo/ 
cedron cuius latus .c. dico itaq5 cp triangulus equilarct® cuiug latus.b. fcxquiter/ 
tius ¢ad triangulé cquilatex cuius latus.c.« q» fupficice quà oponüt octo trían/ 
guli equilateri cuiuſqʒ quoz € latus.c.fcxquialtera c ad fupfic cm quà componunt 
quatuoꝛ trianguli cquüaterí cuiufqs quoz cit latue.b.cóftat cni cx cozcL15.trede/ 
cimí q» quadratü.a.ad quadratü.b.ficut.c.ad.4.igit cconcrfo quadratü.b.ad q/ 
dratü.a.ficat.4. ad.c.£x conclario vcro.i5.cintde manifcflü cft p quadratum.a. 
gd quadrati .c.ficut.e.ad.5 itaq; per cquà ,ppo:xionalitate anadratü .b. ad qua 
drati.c.ficut.4. ad.3.quadratn aut.b.ad quadratit.c.c ficut trigonus equilatcrus 
cuius latus.b.ad trigont cquilatera cuius latus.c.23trobig3 eni cit ficut.b .ad.c. 
portio ouplicata ey fecunda pte. i9.fcxtí:igitur trigonus equilaterue cuius latus 
b.adtrigonü cquilatez cui? lat?.c.ficut.4.ad. 3.quarc cóftat prima ps ppofiti. Ex 
quo euidenter clicit fcoazerít ení p oucrfà ppoxionalitate trigon’cquilatcrus cui? 
latus . c.ad trigonü cquilatcy cuius latus.b.ficut tría ad quatuo:. (695 octuplum 
trigoni calatcri cui? lat?.c.ad qdruplü trígoni cglateri cui" lat?.b.cft.fiat octnplis 
ternarij ad qdruplii qtcmarij. boc aft ficut.24.ad.16.< q2 octuplumtrigoni cola / 
teri cui’ lat? .c.€ omes bafes octocedrí cui? lat?.c. « qdruplü trigoni calatcri cui? 
tat” .b.¢ o€s bafes piramidis cui? lat?.b.« qa ppostio.24. ad. i6. fcxqgaliera fcq 
tur vt fupficics qua coponunt oce bafce octocedri cui? lat?.c.ad fupficié quà cópo 
nat o¢s baíce píramidcs cui? lat?.b.fexqaltcra ficut oixüm? i ppoxtione refpiciat. 
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Paeopoſitio ış. 

Jramide quatuoz balium trianaulariü atqs edlatcrarü 
intra iperá quálibet collocata tt a quolibet angulo: eíus 
per centrum ipere recta linca ad balim ducatur in centů 
circult bain circuicribentis cam cadere atq5 cídem batí 
perpendiculariter inſiſtere neceſſario compꝛobatur. 

¶ Sit piramis.a.b.c.d.a.baſium triangulariũ atqʒ eqlateraꝝ untra ſperã aliquã 
cuius centrũ ſit f.collocata ⁊ cũ quilibet quatuoꝛ anguloꝝ iſtius piramidis polſit 
eſſe conus cius at qͥlibʒ q̃tuoꝛ trianguloꝝ balis Imaginemur nũc eius ſolidũ ágn 
lum.a.eſſe conũ ⁊ triangulũ.b.c.d.imaginemur eſſe baſim atq; huic baſi intelliga 
mus circũſcriptũ eſſc circulũ.b.c.d.debinc a puncto.a.quẽ imaginati ſumus co / 
num piramidis ducamus ad baſim.b.c.d.linea rectã tranſeunte per punciũ.f.qui 
eſt centrũ ſpere circũſcribentis piramide dc qua diſputamus ⁊ occurrat bec linca 
ſuperficici.b.c.d.quã imoginati ſumus baſe piramidis ſuꝑ punctũ.e. dico igit op 
punctũ. e.ẽ cẽtrũ circuli. b.c·d. ⁊ ꝙ linea.a.f.e.c perpendicularis ad fupficic.b.c.d 
p:oducam enim lincas.f.b.f.c.f.d.⁊ qꝛ quatuoꝛ puncta.a.b.c.d.ſunt in ſuperficie 
ſperc cuius centꝑ.f.ꝓpter hoc ꝙ illa ſpcram politũ cſt circumſcribcre hanc pirami 
dem erunt omnes quatuoꝛ lince.f.a.f.b.f.c.f.d.adinuicem equales ſunt cenim onc 
te a ccutro ſpcre ad cius ſuperficiem:crgo qꝛ duo latcra.a.f.⁊.f.b.trianguli. a.f.b 
ſunt equalia duobus lateribus.a.f.⁊.f.c.trianguli.a.f.c.⁊ balis.a.b.baſi.a.e.nã 
piramis pofita cht cquilatcrazcrit cx octaua prumt angulus.a. f.b. cquahs angulo 
a.f.c.idcog3 p.13. pami agul” quog3.b.f.c.crut eqlis agulo.c.fie. Lode inodo pba 
bis anguld .d.fi.c.cite cquale angulo.c.f.c.nccelte cit cni ex octaua prmiut ange 
lu3.2.f.c.fit equalis gngulo.a.f.d.quare p.13.p2umi angulus quog).c.f.c.erit eq7 
lis angulo .d.t.c.{unt igitur tres anguli.b.f.c.c.f.c.d.f.c.adinuice cquales.protra 
tis igit lineis.c.b.c.c.4.c.d.fequif cx quarta primi bis allumpta cas cile adinaiz 
ccm cquales.idcoq per.9. terti puuctus. e.c centri circult.b.c.d. z q2 perpendice 
laris oucta 2 centro fpere ad fuperficié cautlibet circuii cam fecantis cadit fup cen 
tri ciufde circuli ficut cx bis quc pᷣmiſſa iüt vidclics cx bis q vecim3 but’ immedi 
ate pecdunt oidicifti cóuinat linc3.a.f.c. ce ppédiculare ad fupficiem circuli. a.b.e, 
quẽadmodũ ꝓponit.Sin aũt erũt eiufde circuli ono cétra qà natura tanq; ipoffí 
bilc exboꝛꝛuit. Pꝛopoſitio as. 

AOlidum octo baſiũ triangulariu atqʒ equilaterax qð ab 
AMaliqua ſpera circũſcribitur diuniſibile eſt in duas pirami 
des eque altas quax altitudo equalis ẽ ſemidiametro ſpe 
re:baſis autẽ vtriulqʒ quadratũ qð eſt ſub duplũ quadra/ 
A | to oíamctri fpere.G £(to corpus octo bafili tríangularium atq; 
«quilatcraz cuius fcx anguli fint.a.b.c.d.c.f.arcüfcripta a {pera cuius centrum.g 
conftat itaq; qp fcx puncta .a.b.c.d.c.f. funt in fupcrficie fpere cius centrum.g. 
fi igit ccntrü .g. iungatur cà quolibet boz fex punctoz erüt ouc linee iüigentes ipfü 
cis adinuice cquales cñ ipfe fint a «miro fpere ad fuperficic:ci aut ex cozxcl.15.trc 
decimi fit oiamcter fpere potentialitcr oupla ad lat" bui? coxpie crit cx quarta. fcóí 
latus huius coꝛpoꝛis potentialiter duplũ ad ſemidiametꝝ ſpere.quadratũ ergo.c. 
f. oupi ẽ ad quadratũ.c.g.iõq; eq̃le duobus quadratis duaꝝ lineaꝝ.c.g.⁊.g.f. 
itaqʒ ꝑ penuł.pꝛimi angulus .c.g.ſ.e recius.eadem rõne quiſqʒ trianguloxꝝ.ſ.g.d. 
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d.g.¢.2.¢.g.c.cft rect? quare p .14. pm ⁊.c.g.d.⁊.ſ.g.c.ẽ lmea vna:igũ ex ſcða.ii 
quings poucta.c.f.d.c.g.fune in fupfice wna. Disanifelti ¢ ant ex quinta p2iini:< 
32. ciuſdẽ ꝙ quilibet quatnoz anguloy.c.c.d.f.€ rectus:igif cx oiffimtione quadra 
ti fupficies.c.c.d.f.¢ quadrata.< qzlatus cius ¢latus ppofiti coꝛpoꝛis.conſtat ex 
conciario .15. tredecimi iftud quadrara c(le (übduplü Qdrato oiamctri fpere. co/ 
ſili quoq; rõcinatiõne ↄſtat vtrãqʒ duaꝝ lincax.a.g.⁊.g.b.cũ glibct qruozlincaxz 
c.g.f.g.d.g.e.g. contincre angulũ rectũ:iõqʒ ex.a.vndcecimi vtrãqʒ eaꝝ ĉe perpen 
dicularẽ ad ſupcrficiẽ.c.c.d.f.⁊ ambas ſcʒ.a.g.⁊ · g.b.ꝑ.ia.pᷣmi componere lineaʒ 
vnã:diuiſum ẽ igit ꝓpoſitũ coꝛpus in piramidẽ.a.c.f.d.c.cuius baſis quadratũ.c 
c.d.ſ.quod eſt ſubduplũ quadrato diametri ſperc ⁊ etiã altitudo lince.a.g.que cít 
ſcemidiameter ſpere ⁊ in piramide.b.c.f.d.e.cuius baſis eſt pꝛedictũ quadratum ⁊ 
eius altitudo linca.g.b.quod eſt ſemidiameter ſperc:⁊ hoc ẽ qð opoꝛtebat oñdere 


Pꝛopoſitio .ı7. 


Iramidẽ quatuoꝛ baſium triangulariũ atqʒ equilateraꝝ 
ſpera aliqua circũſcribente erit pꝛopoꝛtio tetragoni qui 
A ſub linca potentialiter ſub ſexquitertia ad dodrantẽ late/ 

g ENEA ris ipfius piramidis ⁊ ſub linea ſuper quinq;ꝑtiente vice 

iimasſeptimas einſdẽ dodrantis cõtinetur ad quadratum 
diametri ſpere ſicnt coꝛpoꝛis ipſius piramidis ad coꝛpus octo baſũ 
triangulariũ atqʒ equilaterax que ainbo eadem ſpera circũducantur 
CSit (pera cuius diameter.a.b.⁊ centrũ.h.circũſcr.bens piramidem quatuoꝛ ba/ 
ſium triangulariũ atq; cquilateraꝝ.a.c.d.⁊ coꝛpus octo baſiũ triangularium atq; 
cquilateray qð ſit.e.ſitqʒ linea.l.m.potẽtialiter ſub ſexquitertia ad dodrantem li/ 
nce.a.c.que ẽ latus piramidis ⁊ linea.n.m.cotineat dodrantẽ pꝛedictũ ⁊ ciꝰ quin 
qʒ vicefimaſſeptimas ſitqʒ.p.quadratũ diametri.a.b.dico itaqʒ ꝙ ꝓpoꝛiio pira/ 
midis.a.c.d.ad octocedron.c.éficut fupficici.|.m.in.m.n.ad quadrati.p. imagi 
nemur eni ſolidũ angulũ.a.cſſe conũ piramidis « bafis piramidis cuius. vnii tat? 
eft.d.c.(ecare oiamctrii fpcrc in puucto.f.crítas qucadmodü cx rócinatióe. 15.tre 
dccimi manifcftü c.9.f.oupla ad.f.b.cuias ctià.a.b.fít oupla ad. b.b. crít cx.19. 
quintí.b.f.oupla ad.b.f-í695.a.f.quadrupla ad.f.b.imagincmur igit (uperficiem 
fccantem piramidc.a.c.d.fuper centrü fperc equidiftanter bafí ipfius. fitgs lines 
g.K.cOis fectio buius fupficici « trtàgnli.a.c.d.critqs ex. i2. endecimí pportio.c.a 
ad.9.g.liaut.f:¢.ad.a.b.igit.c.a.ad.a.g.ficut.4.ad. 3.fic cni eft ex cucría pxopoz/ 
tionalitate.f.a.ad.a.b.coníftat cria ex fcoa pte-29.primi ⁊.ic.vndecimi «-10.cíuf/ 
dem ¢ prima pte fede ſcxti ⁊ diffinitione ſimiliũ ſuꝑſicieꝝ ⁊ ſimiliũ coꝛpoꝝ ꝙ pi / 
ramis.a.g.k.¢ filis piramidt.a.c.d.ideog3 ex.3.ouodeciini ꝓpoꝛtio piramidis.a 
c.d.ad piramide.a.g.k.cft ficut.c.a.ad.a.g.triplicata quare ficur.4.ad.3.triplica 
t2.conftat autem ex fecunda octani qy pportio quaruo2 ad tres triplicara cht ficut 
64.9d.27.itaq3 proportio piramidis.a.c.d.ad piramidé.a.g.k. cft ficut.o4.ad.27 
fiat ergo triangulus equilaterus.q.r.f.ex linca equali.a.g.qua coftat ee dodrante 
lince.@.c.z producatur linca.q.t.perpendicularis ad. r.f. critg3 cx. ri. buius linca 
q.t.potcntialiter fub ferquitertia ad lincam.q.r.ideoqs cqualis.L.m.adijcíat quo/ 
95 lnec.r.f linca. f.x.ita qp propostio.r.x. ad.r.e. fit ficut.o4.ad-27.0widaturg; 
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i. x.per equalia in. €. vt fit.r.9.352.0c partibus illis oe quibas. r.f Ct. 27.aut. r.x. 

64-crítq5.r.u.cqualie.m.mn. £t oucantur lince.q.u.⁊.q.x.exitqʒ ex prima fexti p20/ 
poxtio triangult.q.r.x.ad triangulumt.q.r.f.ficut.64.ad -27.Cunigs per candé trian 
gulns.q.r.x.fit ouplus ad trianguli.q.r.u.at cx.4a.primi qð fit ex.q.t.in.r.u.du / 
plum quoq; ſit ad triangulũ.q.x.u.crit qð fit ex.q.t.in.r.u.⁊ ipſũ ẽ cquale ſuperſi 
cici.l.n.eq̃le triangulo.q.r.x.qͥre ꝓpoꝛtio ſuꝑficici.l.n.ad trianaulü .q.r.f.€ ficut 
64.3d.27.1095 ficut pirauidis.a.c.d.adpirmiade a.a. k.manifeftà € aŭt cy. ic.b? 
qp línca.a.f.e ppédicularts ad bafi piramidis.a.c.d.idcoqs p.19 .endccimiílinca 
a.b cít ctia perpendicularis ad bafim piramidis. a.g.b. igit altitudo. a.a. k.pí/ 
ramidís cft femidiamcter fperc.owidar ítaqs octoccdron. c. queadmodit pponit 
pꝛemiſſa:erit itaqʒ vtraqʒ duaꝝ piramidũ in quas ipfü.c.oiuidit eq alta piramidi 
a.g.k.nam ſingulaꝝ altitudo eſt ſemidiameter ſpere.qꝛ igitur oẽs lateraic pirami 
des eque alte fuis bafibus funt pportionalcs vt in .6-ouodccimi oemoftratum cft 
crit proportio piramidis.a.g.k.ad virag3 cay in quas oíuidit octocedron.e. f icut 
bafis citis ad baíce caꝝ:q̃re per.ꝛa.quinti ꝓpoꝛtio Piramídis.a.c.k.ad totü octo 
ccdron.c.elt (icut fue batis qua coftat efTe cqualem triangulo.q.r.f.ad bafce am / 
barum píramidü iu quas oiuidit.c.pariter acceptas quas conftat cffc eqles qua/ 
drato o1ametri fpere per p:emiffam videlicet.p.qin crgo Pportio piramidis.a.c. 
d.ad piramidem.a.g.k.elt ficut trigoni vel cetragoni.l.n.ad trigonu.q.r.f. videli 
(cf.64.20.27.2 piramidis.a.¢.k.ad octocedron:e.ficut trigoni.q.r.f.ad quadra/ 
tum. p.crit per equa pzopoationalitatéppo:tio piramidis.a.c.d.ad octoccdron.e 
ficut tetragoní.L.n.ad quadratum.p.« boc erat ocmonftrandum. 

¶ Æx pꝛemiſſis igitur manifeftum et o» perpendicularíe ventena g 

centro ſpere piramidẽ quatuoꝛ baſiuʒ triangulariũ atq; equilaterax 
circumſcribentis ad quãlibet baſim iptius piramidis equalis eft ſexte 
parti diametri ſpere. 

¶ Cum cnim cuncti trianguli piramidem ambientes ſint ſiles ⁊ equales crit quo 
95 circuli ipfos circufcribentes equalce.ideoq; ependiculares a centro fpcrc ad cof 
dem circulos in coz cctra. erüt ctià cglcszppendiculares auté cadentes ad circlos 
funt ppendiculares ad bafes piramidis itag5 perpendiculares ad bates (unt ad/ 
inuice cquates.linca aut.b.f.ci ppedicularis ad bafim pirainidis.a.c.d.qua.b.f 
qr conttat cy predictis clfe fexta parté o1amctri.a.b.relinquitur ergo cfic veruz qö 
per conel.concuditur. 4de5 aliter ocmonftrare contingit fi priusboc antecedens 
fucrit ftabili ratione firmatum. 

d Jnomni triangulo equilatero linea velcendens ab vno angulorů 
eins ozthogonaliter fupzabatim tripla eftad perpendicular quea 
centro circuli trigonum iptij círcüfcribentíe ad quodlibet latus eina 
potrabitur. 

G oit enim triangulus.a.b.c.cquilaterus fítas.d.centrum cirai ipfum circumſcri 
bentis a quo oucanturlinee ad fingulos angulos quas manifeftum eft. effe equa / 
lce cum (ínt a centro circuli ad circumferentiam.oint ením tria puncta. a.b.c. in 
circumferentig circuli ipfum trigonum circumfcribentie.p:orrabatur autem. a.d. 
in continuum « otrectum quoufas obüíct Igteri.b.c.faper punctum.c. conftat igi / 
tur ex octaua pimi qp angulus.a.d.b.cít equalie angulo.g.d.c.ídeoa; cx-15-pmi 
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angulus.b.d.e.cequalis angulo.c.d.¢c.quare per quarta primi.b.¢.é cqualis.c.c. 
z anguli qui funt ad.c.recti:itaq3.d.c.perpendicularis ¢ ad.b.c.venicns a centro 
circuli dreifaribentis trigonum .3.b.c.7.8.€. perpendicularis cht ctia ad.b.c.veni 
ens ab ino anguloy predicti trigoni:oico ergo g.a.c.trípla cft ad.c.d.coftat ent 
q tctragonus qui fit ex.d.c.in.c.b.equalis eft trigono.b.d.c.retragon? quogs qui 
fit ex.9.¢.in.e.b.cqualis ¢ trigono.a.b.c.at quia trigonus.a.b.c.triplus € ad tri/ 
gonü.d.b.c.crítas tetragonus qui fit cx.a.c.in.c.b.tríplue ad eum qui fit cx.d.e: 
in.c.b.cum igit cx prima fexti fit ppostio tctragoni.a.c.in.e.b.ad tctragonü.d.c 
in.c.b.ficut.3.c.ad.c.d.crit.a.e.tripla ad.c.d.quéadmodü proponitur. 
d Pecefie eft ergo yt perpendicularis cadens ab aliquo angulo ali, 
cuing trigom cquilateri fuper lams oppofitum tranleat per centrum 
cirnli trigonum ipfum circumfcribentis. 
C Nunc itag q promifimus abfoluamus ad boc aŭt imagi nemur piramidë qua 
tuoꝛ baſium triangulariũ atq; equilateraꝝ cuius vna ex quatuo: bafibus cius fit 
trigonus.a.b.c.circumſcriptã effe a fpera cuius centrum .d.z pzotrabatur linca.d 
¢.ppendiclaris ad fuperfcie trianguli.a.b.c.qua conftat cadere in centri circuli 
dicts trigonii circ fcribentis. dico igitur linea.d.c.elfe fexta pte oíametri fperc p/ 
pofita piramidé circif{cribentis:p2oduca eni linea.d.c.4 lincam.c.f.perpendicula 
rem ad lined .a.b.qua.c.f. cx proximo coꝝnelario cóftat tranfire per punctü.e.2 cx 
pꝛemiſſo antecedente tríplà cfTe ad.c.f. £onftat autem cx quarta fccundi qp (cóm 
g quadrats orametri fpere cuius centrü.d.cít.56.€ quadratii femidiarmctri .d.c. 
9.€x conct.aüit .15-tredecimi cft quadratum. b.c. 24.«p. i.buins quadratü.c.f.i $. 
« per pzani(fum antecedens quadratum .c.e.8.q: igitur ex penul. primi quadratiz 
d.c.é cqualc quadratís oua linca. d.e.c.c.c.c at quadrati .d.c.o. « quadratus 
C.¢ .S. put quadrata oíametri fpcre eft. 56.rdínquitur quadratü.d.c. €num p:out 
quadratii oíamctri fpcre €. 36. itaq; línea.c.d.cft wnü put oíámcter {pcre cit.c.qd 
opo:tebat piobarc. £odan ocmonítrationis genere ocmonftrabít nobis q» fcin£ 
diameter fpere circumferibentie co»p" .9.bafium tríangulariüi atq cquilaterarun 
tripla ĉin potentis ad perpeudicularc a centro fpere circifcribentie ipfü ad quati 
bet fnarum bafinm ocfcendenté:cóftat quide qucadmodü oictum € pii? gp c oca 
bafes buius corporis fint equales 2 filcs erunt circuli ipfas circafcibentee equales 
ideog3 perpendiclares a centro {pere i ipfoz dirculoz centra cadentes crunt ad/ 
inuicé equales.cung perpendiculares ad circulos balium fint quog3 perpendicu/ 
lares ad bafes fequitur vt perpendiculares a centro fpere ad fingulas bafce adin/ 
uice funt cqualce.Oi ergo q9 oicimus oc perpendiculari ad vnà fra bafi probe 
bctur:rdinquetur vcrü cé q9 proponit. Git itags ut prius triangulus.a.b.c.«na ex 
bafibus octoxcdri circüfcripti a fpera cuius centra. d.« cctera quoq; fiant vt pzius 
as igiturex conel.i5.tredecimí oiamceter fpere fit potentialiter oupla ad lat? octo/ 
cedri.fequitur vt latus octocedri fit potentialiter oupti ad femidiamety fpcrc.ió/ 
qp cum quadratü lincc.b.c.eft . (2.crit quadratü línec.d.c.que e femidiamceter (pe 
fC.6.Cy.1.auté buius cum quadratit.b.¢.¢ 12.quadrati.c.f.¢.9.£t ex pzemillo ais 
tecedentc quadratum.c.c.eft.4.itag3 cb qdratii.d.c.que eft femidiamiter fpere eft 
.6.quadratum .c.e.cít .4. z quia ex penultima primi quadratum.d..c.cít cquale 
quadratis ouaz líncarü .c.c.2.c.d. fequitur af quadrati.c.d.fit ono put quadra 
tum.d.c.eft .e. conítat crgo gò ofrimue. 

^MW»xopofitío .is. 


XV 


C plum quadratí quod ex oíametro foere cübum círcü/ 
Icribentís oefcribínr equi € omnib? fuperficicbus ípfi 
ue cibi pariter acceptis:perpendicnlaris quoque quea 
J| centro fpere ad quálibet ex faperficieb? cabí ,pdacit me 
-xaS5il dictati laterío cubí cíufdé eqlie cé ex neccflitate cóuincit 
G. Di Sauifcit € cni cx conclarío.i4.tredecimi g» oramcter fperc cubum índudens 
tripla cít in potentia ad latus cubi.cum igitur quadratum diametri ſpere triplũ 
fit ad quadratum latcrís cubi « íta triplum:ouplü quadrati oiamctri fpere equum 
fit fexcuplo quadrato lateris cubi. Sunt auté oĉs fupcrficice cubi fex quadrata quc 
cy latere cubi in fc producuntur.itaqs ouplum quadrati oviametri fpere egvum eft 
omnibus fuperficiebus cubi. Lonftat igitur pꝛima ꝑs:ſcðam autem partem ex.is. 
⁊. 19.⁊ · ao. vndecimi libꝛi facile pꝛobabis. 

G/Ex bie ergo caenire necelTe eſt vt ex medietate lateris cubi ĩ biſſe 
quadrati pꝛoducti ex diametro ſpere ipſũ cubũ õbientis cubi ſolidi / 
tag ꝓducatur.C Explicit liber decimuſquartus Incipit liber Decimuſquintus. 





WP2opofitio «1. 

== Matra propofirum cubumco2zpus babens 
ArT E228) quatio2 bafestriangulas equalinm laterus 
£| | ocfignarc.Goit cubus cuius bafis cft quadratus 

294 | a. b.c.d.fuprema vero cius fupbficice quadrati .c.f. 
g.b. Jpfum aiit bac artc fabzicarc conucnict qdra / 
to bafis 6m quàlibs linca cx. 45.pzimt ocfcripro fup 
fingulos angulos cius cx. i2.€ndccimi catbecus Pm 
menfura latcríe ipfius qnadrati crigatur quos cx.e. 
£| wndccimi conftat elTc cquidiftantes. uiqs ergo co 
|| rum bini c bini coxaufto cís impofito cauidiftantcer 
— lateri quadrati contínucnt. £ onfiat igitur cile copo 

fitum cubü:nà quatuo: ci" laterales fupficice (ont quadrate cy. 5 3. piri « cy. 34. 
ciufdem « oitfinítione quadratizoc fupiema aute ſuperficic.manifeſtum eſt quoqʒ 
qp ipfa € quadrata cx. io.imo .24.€ndecimi « bac coi fría que equalib? funt cqua/ 
lia (ibi quoq; füt eualía:« ex cítrinitionc quadrati. Oi itaqs buic cubo libeat co?/ 
pue quatuoz bafíum tríangulari c equilatcraz infcriberc:ín bafi « in ci? fnpficic 
(up?cma piotrabantur ouc oíamctri quaz yna cOtinuct ouas extremitatcs infi/ 
mas duoꝝ catbecoz « alia corinuct fupxeimas alio; ouoz quae aio intelliges effe 
9.C.c.b.f.ocbínc a ouobus punctis.b.. f. tcrminantibus oíamctrum fupficici (p/ 
inc ocmittc ypotbemifaliter binas «bínas oíametros q quoalaterales füpcr/ 
ficice oiuidant quas imaginaberís cflc ab.b.quidem .a.b.4.b.c.at vcro.ab.f.f.a 
4.f.c. bas at oíamctros in bac plana figura ptrabere cótampfi nc multitudo li/ 
neax cOfunderct intcllectit.fi igif figura bac ut opozter actn vcl aio cópleucríe vi/ 
dcb's cx fcx oíagonalibus lincis fex fuperficies ipfius cubi oiuidentibus pizami/ 
dein quarno2 bafium triangularium effe perfectam a5 cubo p:opofito cx oxffimitio 
ne conttat clTc infcríptam:bnius autem píramidis bafcs cquilatcras ete conftat 
€o cp cx quarta pzimi omncs ifte (cr diagonales funt adinuicem equales. 


Wzopolitio .2. 











LIBER 


| Wtra datum co2zpus babens quatuo2 bafes triangulas 
y'atqs equilateras cozpus octo bafium tríangularium equa 
Iun laterum oiftinguere. 
IKIoilra piramidé quatuo? bafiü triangularíi « equilatcra octocc 
dron libeat infcribere pius cóuenit piramide ipfas fab»icare q róne 
ccrta boc modo cõponitur. Statua (cóm cuiuflibet lince quatítate trígonue equí/ 
laterue qui fita .b.c.cui circüfcribag circulus fup:a centz.d.« cxcat.d.c. ppendicu 
laris ad fupficiem ipfius trígoní cx. 12-vndccimt:que ponat oupla cffe ii potencia 
ad femídiametz circuli circüfcribentis trigonü.a.b.c.« s puncro.c.cadat tree ypo 
tbemiíe füper tría puncta.a.b.c. £ft ítag5 cópleta piramis quatuo2 bafiü trilate/ 
ra7 2 cquilateraz prrabant eni.d.a.d.b.d.c.ci igit anguli quos cótinet linca.c.d 
cum fingolis lincis.d.a.d.b.d.c.fint recti ex oiffinitione perpendicularis ad fup / 
ficié.cumqs quadrat linec.e.d.fit cx ypotbefi ouplü ad quadratum femidiansetri 
Circuli ..b.c.erit ex pcuultima p:imi quadrati vniuſcuiuſqʒ triũ ppothemiſarium 
[incaz.e.a.c.b.c.c.criplum ad quadratü femidiamcetri arculi.a.b.c. fed cx octaua 
trcdccimi quadratum quoq; cuíuíqs triü late tríanguli.a.b.c.tríplum ead qua/ 
dratü femidiamctti cinfde circuli:igit oia latera (tatutc piramídie funt adinuicem 
cqualía quare ipfa eft equilatcraz bafiii .£om itaq; fibi octocedton in. ludere €o7 
lucrím? oiuidcmus enüqóq; fcx latez cius in ouo mcdia cqualia ⁊ cõtinuabimus 
medi punciũ cuiuſq; latcrie cà medijs punctís canctoy reliquoz latez c quibus 
ipfi continet 7 angulu (uperficiale. verbi gratia oivida latera.balts ín punctis.t.g 
b.2 ypotbemifas cadentes ab.c.i pictis. k.l.m.2 orinuabo püctb.f.cii pücto.g.z 
cũ.h.⁊ cũ. K.⁊ cũ.l.pũctũq;.m.cũ ciſdẽ.g.h.k.l.⁊.g.cũ.h.⁊ cũ.l.⁊.k.cũ eiſdch.⁊.l 
Ecce itaqʒ perfectũ eſt coꝛpus octo baſiũ triangulariũ his duodccim lineis media 
puncta laterum fabꝛicate piramidis iungentibus cõtentum:has aũt octo baſcs ex 
quarta pꝛimi quotiens opoꝛtet repetita cquilatera eſſe manifeſtũ cſt:ipſum quoqʒ 
coꝛpus ſtatute piramidi ex diffinitione inſcriptum quemadmodum iuſſi exramus 
cfftcere. 






ꝛopoſitio .. 
Ndtra cubum aſſignatum figuram octo baſium triangula 
22 Kk» rium equalíum laterum conttituere cubo intendimnein/ 
"ug MJ fibereoctocedron. — 
Va qe ( C Qualiter aüt cubi coponcre opo:teat i prima bni? (pfficientcer ci 
Mas ctü cft.igitur fabricato cubo piramis quatuo2bafii triengularium 
4 cqualium latex in co ex prima buius defignct.ac intra ipfam piramidem expre/ 
mifia octocedron oiftignatur.quo facto fimul etià facti erit quod voluimus. Lon 
Qat cnim ex ratiocinatione primc latera cuncta ipfius infcripte piramidis efle oig 
gonos bafinm cubi « ex rocinatione pzemifle liquet cunctos angulos octocedri in 
bac piramíde oiftincti cffe ín lateribus ipfi? piramidis:quare manifefti: € omnia 
angplaria puncta bui? octocedri e(Ce i bafib? a(fignati cubi.igit cx oionc babem? 
ppofitum. Aliter idem centris conctary; bafid cubi quceadmodü i nona cuarti fit 
reptis a cctro fup:eme fupficici ci? ad cetra quatuo? latcraliü fuperficiez quatuo: 
ypotbemifas oemítte c a cetro infime z ad carüdcm latcraliũ ſuperſicierum cẽtra 
quatuo? aliae ypotbemi(as eleug centra quoq quatuo: lacraliti quatuo rectis 
lineis cotintia ita videlicet ap centra carum tanti quc fcinuicem fecant continuos 


is —— 





be 


— 
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Verdi gia.iungas centy anterioy cit centro ocxtre ccii cétro finiftre:centy quo / 
qs vltimc iunges ci cifde.boc eni ch centro dextre z cH centro finiftre. babes itaqs 
copus octo bafiŭ triangulari bís.12.líneis que centra fupficiex cubi coplcxü con 
tinvant.Siigitur bas bafes equilatcras cffc ;poarc voluerie:a cetris baftum cubi 
ad cuncta ip(iue latera ppendicularee ptrabe quas necceífariü € oia latera ipfius 
cubi p cqualia oíuidere cx (cóa pte tertie tertij:quod planü e ſi vnicuiqʒ baſiũ cu/ 
bi circuli circüfcripferis atq; 16 binas z binas fuper idem punctü in lateribus ba/ 
fi cubi coftat cócurrcre caíqs ex fcóa ptc. 15.tertij patet adínuice e equales « equí 
diftantcs lateribus cubi ex tòa pte. 28.p:imí.ióqs etía fingulas cfTe cquales oimi/ 
dio lateris cubi.igit cx. vo. endccimi manifeltü eft binas z binas eax fup idé latus 
cubi in medio cins puncto cócurrentee rect anguli contimerezeo y ommes fuper 
ficies cubi funt quadrate. Quare igitur ille.12.linec centra (upficicy cubi cotinuan / 
tes z anguli quos bee linec fuper media puncta lateri cubi cocurrentee binc « bine 
cótínent fubtendütur ip(c erunt ex quarta primi of ctia fi maius ex penulcima pri 
mi adinuice cqualcs: ergo cft in ppofito cubo ocfigaatii co:pue octo bafi tria / 
gulariü c equilateraꝝ.qð opoꝛtebat facere.«c . 
4f»:opofitio .4. 
apa Witra datum cozpus octo bafium triangularid atq5 equi 
fx] lacerarum cubum figurare. 
* D4) CTon oubires quin corp? octo bafiñ triãgulariñ atas equilateraz 
IC certo doginate fabzicabis boc modo qualibet recta linea (uper aliq 
g | planü furfit oxtbogonaliter erecta «à p equalia oiuidc c a puncto c? 
riiedio ouas lineas bincinde ppendiculares extrabe que cõponant lincã «n3 crunt 
@ bee ouclinec feinuice fecantes vidclicet prima que fuper pofítü plani ¢ obo 
gonalitcr erecta c alia que ipfa fup cius mediü puncti o:tbogonaliter (ccat i cadé 
fupficic fite funt p paura pre (coc endecüni.zld fuperficiem igitur in qua ipfe fite 
funt fupcr cocm punctü fcctionie earum qucadmodB. i2 .oocct vndcecimi perpen/ 
dícularcin erigere qua facias cand fupficie ín etràq5 ptem penctrarci« ponc cun 
«ta.(cx poxioncsbaz trium lincarum a puncto in quo feinuice fecant equales. 
ficeni quelibet quálibct p eqlia ⁊ o:tbogonaliter oiuidct.íta cp cum fint tres qqs 
oue ca falutiferc crucis venerandü fignü ad angulos rectos cotincbüt a fupzcmo 
igitur crecte linee (up pofitix planü puncto quatuo: ypotbemiíae ad extremitates 
0U27 linca ipfa fccatium ocmitte:ocinde ab infimo eiuíde erccte pücto:qtuo ali 
as ypotbemifas ad eafde oua fecantiü linca extremitates eleua poftremo quo/ 
q»barü ypotbemifaz extremitatce quatuo: rectíe lineis quadratum cormentibus 
cótinua. £rüt enim bcc ouodecim linee videlicet qtuo? ypotbemifc a fupmo pun/ 
cto ercctc ppendicularis ocfcedetee:quatuo que poftreme ab cíus infumo puncto 
ſurſũ eleuate ⁊ dique quatuo lince bay ypotbemifaz extremitatee continuantes 
ex penult. primi finc unctionis puncto pluries repetita adinuicem egles :qre con/ 
ftat co:pue ab cifde terminatü octo bafibue triangularib? equilateriſqʒ contineri 
Si ígitur buic co»poi cubum infcribere oclectat centra octo- triangnlo:um ipfum 
ambientíum inuenire cx quinta quarti labo:3. caq5 reperta. 12.lincía recris bac Ic/ 
gc cótinua vt ccntz cuiufqs bo trianguloz ci cetro cuiufas trii ad ipfi? latera ter 
mirnato p recta linca copnict no € atit b? rai idonee figuram i plano ocpingere. 
ídcoqs reítat et quod oícitur mente cOcipias ipftia; (i placet actu « ope conpleas 
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vidcbis cnĩ.iꝛ.lincis hoꝝ trianguloꝝ centra poſita lege cõtinuantes cubũ conti / 
ncre qué reftat €t equilaterís rectangulifq5 (uperficiebus ocmonftrcs ciic couda 
fum.nó eni crit cubus nifí omucs cius fupficice fint quadratc.oucíto crzo a quo/ 
liber angulo trigonox fuperficicx octocedrí perpendicularem ad latus i li angulo 
oppofitü.bas auré ppédicularea cx.1 i. qrtedecime cóftat ce adinurcé cgics ⁊ diui 
dere latera quibus ppendicolariter infiftunt per equalia.idcogs bínas « binas fup 
idan punctü lateris cuí fuperítant conucnírc:cafdégs coftat ex bis quci .17.quar 
tidecimi ocmon(trata funt tranfirc per centra triangulo .idcoq5 p cxtremítatca. 
laterũ inclufi corporis tranfire ac cay portioncs que intra centra irigonoy <late/ 
ra ipfoy intcrdpiunt ex bis etia in cade ocmonftrata funr conftar elfe equales an 
gulos quog; ab bis ppédicularib’ binis 4 binis cocütib?cótétos ex.s.pꝛimi patet 
cffe cqualce. £t quía bcc perpendiculares fuca; poxtionce inter centra c latera in 
tctccpte cofdem angulos ambíunt:crunt quoqs anguli quos linee a centris trigo / 
noꝝ ad latera perpendiculariter cadentes bine ⁊ binc cotinct adinuice equalce.ci / 
qʒ latera illius coꝛpoꝛis de quo diſputamus hos angulds ſubtendunt. ſequitur cx 
quarta pꝛimi frequenter ſumpta coꝛpus incluſũ cſſe equilateꝝ at quoqʒ rectangulũ 
protrabant eni o1agoni in ſingulis ſuperficichꝰ hos diagonos ex quarta pᷣmi oẽs 
adiuuicem equales cẽ conuinces mediantibus angulis a duabus perpendiculari / 
bus per ipſaꝝ diagonoꝝ cxtremitates tranſeuntibus contentis ſi pꝛius hos angu 
løs ex.s.pꝛimi equales ſibi inuicẽ eſſe pꝛobaueris.cũ igitur diameter tetragonarũ 
baſium coꝛpoꝛis huius ſint adinuicem equales:latera quoq; cearundẽ baſiũ cqua 
lia eſſe neceſſe eſt ex.s. pꝛimi multotiens repctita ipſas tetragonas baſes cẽ cqui / 
angulas.atq; ex.ʒ2.pꝛimi oẽs anguli cuiuſqʒ eaxꝝ ſunt equales quatuoꝛ rectis. ſe/ 
quitur cas cffc rcctangulas:itags cx oiffinitionc quadrati ipſc ſunt quadrate:igit 
inſcriptum coꝛpus manifeſtum eſt eſſe cubum ficut intendimus. 
Pꝛopoſitio .ş. 

Jramidem quatuoz balium triangularinm arq3 equilate 
rarum aflignato cozpo2t octo bali triangularium quo/ 
| A981 93 atq5 equilaterarum infcribere. 
c ENS ¶ Aſſignato coꝛpoꝛi octo bafii infcribe &m precepta premifle cubi 

- Cubog; infcripto infcribe. vt oocet prima paramide but"glis pponit 
cuim igitur butus piramidis anguli (int etia anguli cobi qucadmodü cx ocmóftra / 
tionc pzire manifcftum e.cuncti autein anguli cubi funt cy paemítfc in fupficico? 
aflignati octocedri:crunt quog3 cuncti anguli piramidis buius ín fuperficicb? co1/ 
po:ie octo bafium ca cam iubemur infcribere:cuarc cx oiffinitionc mamfcftum € 
nos fcáffe quod queritur. Vf>20pofitio .s. 
Ea ex lFitra oatü co»pus viginttbafiü 4 equali latex cozpus 
Pe 95 ouodccim bati pétagonaliói cáliü latex atqs cqnalium 

anguloꝝ figuralr cõponere.¶ Coꝛpꝰ.ꝛo.baſiũ nõ docemꝰ hic 












DS cp | fab:xicarc quonía cx. i6.tredecimi qua cóucnit artc boc ficri fatis cuí 
P asl dene cft co igitur ut ibi ooccf cópofito.fi (ibi co:p^. 12.bafiü pctago 

nay atq; cquilateray includerc oclectat bac via procedendum ¢.Di tonifettum cni 
cít.20.tríangulos.co. fupcrficialee angulos bíc.« q1 ad. oftitutione vniufcuiufqs 
folidi aguli co:pís ycocedrí quias fupficialce conueniüt ficut cx oemrationc. te. ty 
dccimi colligitur.conftat illud co:p? ouodca folidis angulis coplcri.iucntis igit ut 
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in ante prémifTa centris conctorü triangulorũ totũ ycocedron terminantiũ ¢a.30. 
rectis lincis cotínug ita q» cuíufqs ccntz centrís omnii circüigacentit c. quibus có 
municat in lasere per rectae lincae iungas.cit ergo boc feccrís videbis cy illis. 3o. 
lincis ouodecim pentagonis conftitui.(2.angulis folidis vati ycoccdrizoppofitos 
bos itaq5 pentagonos quéeadmodit in antepreiniffa fecifti oc bafibus cubi cquila 
teros eſſe pꝛobabis. Ncceſſe eſt enĩ vt cuoꝛũlibet trianguloꝝ duoꝝ idem latus ba 
bentium centra codem ſpatio diſtant.reſtat ergo vt eos etia cquiangulos eſſe ſilo 
giſes. Manifeſtũ cit aute ex rõcinatione.io.tredccimi datum coꝛpus viginti ba/ 
fium ab cade fpcra cuius diameter eft tanq; oiamcter but? co:pts videlicet lineas 
que duos cius angulos oppofitos corinuat effe circafcriptibile .Si igit bec diame 
ter per mediü fecct punctus fectionis erit centri {pere ipfum circüfcribentis ab co. 
itaq; ad (uperficice cuncto pentagonoz perpendiculares cx. ii. endecimi oucto 
« a puncto ín quo fingulis pentagonis obuiaucrint ad fingulos coz angulos rc/ 
ctas lineas oirigito.ocindc centrü (perc cum fingulis angulis ipfoz pentagonoz 
continuato:agc crgo cog ,pba ce equi angulos boc modo. Lum eni omnes circuli 
crcum({cribentes trígonos ycoccdri funt equales erunt omnes perpendiculares a 
centro fpere ad ipfos venientes z in eoz cctra cadentes cquales:ommnes crgo lincc 
a centro {pere ad angulos cuíu(libct pentagoníi ecnícntce funt cqualcs. nam a7 
gulí pentagono funt cetra circalowim trigonos ipfos ycocedri circumfcribentius 
cx ypotbefi igitur ex penultima psimi codem argumentationis genere quo fuptus 
in.14.filogifauimus fectore proueniente in fuperficie fpcre cum aliqua plana fuper 
ficice (pcrà fecat nó fuper centrü eíue effe circifcrentia cotinente circulü neceffe ë 
quing} lincas venientes a concurfu perpendicularitcr oucte a centro fpere ad fup 
ficies omnium pentagonoz ad quinq; angulos cuiufas pentagoni effc adinuicem 
cqualce.ítaqs omnib? bis ouodecini pétagonis € circulus circifcriptibilis.cü igit 
ipfi fine eqlatcri cOuindt cos effe ctia cquiangulos qo opoztcbar offendere. 
H2opofitio .v. 

Taq) Mera dati cozpus ouodecim bafium pentagonax equi, 
laterarum atq; equiangularũ coꝛpus viginti balium tri / 
angularium atq5 equilaterarum fabzícare. 

p» (^ C Qualiter copus ouodecim bafium petagonoz cquilatcera atqs 
— cquiangelay cóponcre opoxteat cx. i7.tredcciiní require. Sed quali/ 
ter corpus viginti bafium triangularium ¢ equilaterarum fibi conucniat infcribi 
bic addifce fuonum paitagonoy centris €t tn. -quarti fit repertis ca adinuicem 
30.lincis hac lege continua vt vuiuſcuiuſqʒ pentagoni centrum centro cuiufqs pe/ 
tagoni fccum ín latere cókantie iungatur ita vidclicet qp vniuſcuiuſqʒ pentagoni 
centrum centre quinq pentagono:um terminanti vel circhiacchttum continet, 
cum igitur boc feceris obuient tibi viginti trianguli ab bis. zo.lineis centra pen/ 
tagonoꝛum continuantibus contenti.eruntq; hi viginti trianguli viginti ſolidis 
gulangulis ipſius duodecedri oppoſiti amplectentes coꝛpus viginti baſium trian 
arium quas cquilateras ecẽ demonſtrabimus ⁊ crüt.i2.folidi anguli buius cospis 
20. baſiũ in cétris.12.pentagonowm corpus dati ouodecedri tcrminantium:bos 
itaq3.20.triangulos equilateros ce fic proba..a cetris penta jonox oucito ppedicu 
farce ad latcra crütas oce ppédicularce equales binas crgo 7 binae |pxobabie cx 
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octaua puni equos angulos continerc’z quia linegcontinuantes centra pentago 
noꝛum bis angulis a binis < binis perpendicularibus contentis fubtcndunt:cum 
omncs perpendicularce fint equalce:crunt ex quarta pzimi omneelince continu? 
antes centra pentagonowm cqualcs: quod cft pyopofitüi: (»crpendicularce auté 
binas z binas equales angulos continere « omnes cas adinuicem efTc equales fic 
collige. £x quinta primi z.26.ciufdem conftar fingulas carunvoiuidere latera pé; 
tagonowm fupcr que cadunt per cqualia:caías effc adinuice equales ouctis lineis 
a centrie pentagono:um ad fingulos angulos corum:quare bíne z bine fuper ides 
latus cadcutce in codem ípfins lateris puncto coibunt co ꝙ vtraqʒ diuidit illud 
latus ouobue pentagonie a quo:um centris €emiunt comune p equalía :bas igitur 
ppendicularce binas c binas víqsad angulos quibue comune latus in quo coeunt 
oppofitum per centra pentbagonox producito z cifdem agulis ouaa líneas fub / 
tendíto quae cx ocmonftrationc. r7.tredecimi manifeftum cft elle tangs fatus cu/ 
bi ab cadem fpcra cum p:opofíto ouodecedro 'circumfcriptibili. idcoqs patet eas 
effe cqualce co q omnia latera cubi fint cqualía.cafdea liquct ex nona €ndecimí 
effe cquidiftantes ppter boc cp ambe cquidiftant comuni latere in quo bine z bi? 
ne perpendiculares cõueniunt. At vero ipías eafde conftat ex bis perpendicaulariz 
bus pcr cqualía oinidi.itaqs per. 3 3.p»imi cuncte linec continuantee puncta i qùi 
bus bite 7 bine perpendiculares fuper bas lineas quas tanq cubi latera for viri 
mus cõcurrunt funt adinvicë equales. Nam ommes funt tangs latus cubi. igit ex 
octaua primi anguli contenti a binis 7 binis perpendicularibus int equales:qua 
re per quartam eiufdem linee quoq3 continuantes centra pentagonowm funt fibi 
inuicem cquales:inſcriptum ergo ẽ pꝛopoſito ouodecedro co:pus viginti bafium 
tríangularium « equalium laterum ficut íuffi eramus 
^ '* WP opofitio .s. 
pm t£lidoouodecim bafinm pentagonarum atq5 cquilatera 
EX QU rü propofito intra ipfü cubum oiftíngnerc. 
2x. X. Gum ouodeccdrón fuper cibifatera fabzicct ut conftat cx. i7-tre/ 
) F4 decimi ininimum co fabzicato (ibi conuenit cub infcribi.nam cum 
"LÀ! ouodecim funt pentagoni fi vni cuiufqs coz vni angulo put cubi fi 
guram videbis crigere chordam enam fubtendcris ex cis ouodecim cbo:die fcx 
equliateras rectangulafq3 fuperficies cubi z coxpus amplectentes perficies Equi / 
latcras quidem eas cileconftat ex quarts primi:rectangulas autem codem ar / 
qv mentationis genere quo id fexta buius bafce ouodecedri dato ycocedro ins 
fcriptí oemon(trauimus eflc equiangulas: conftat quidem ex occimafeptima trc/ 
decimi propofitum ouodccedron fpcre cffc infcriptibilez8 a centro:illiue fpere ad 
omncs bas quadrilatcras fuperficice perpendiculares :ut oocct endecima «nde/ 
cimí p:otrabc e a puncto concurfus ad fing. los angulos illarum quadrilaterarü 
(uperficíe rectas lincas oirigc.zlc cofdem angulos quadrilateraz fuperficicrum 
cum centro (pcre iunge:eruntg; bee linee centz fperc cti angulis quadrilaterarum 
fuperficicrum contínuantee femidiametri fpere oc quaz quadratis quia ocmpto 
quadraro perpendicularis remanet cx penultima primi quadrata lineax continu / 
antíii panctum cócurfue perpendiculari eim angulis quadrilateraz fupficicrom 
necefle eft omnibus bis quadrilateris fupficicbnf circulos cffe circumfcriptibiles 
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iöq; neceſſe ẽ cas eſſe equiangulas cum fist equilaterc.£t qꝛ ex.ʒꝛ:pꝛimi anguli cu 
iuſqʒ caꝝ pariter accepti ſunt equales quatuoꝛ rectis angulis.ſequitur cas cé recta 
gulas nihil ergo dceſt inſcripto coꝛpoꝛi de ratione cubi. 


Pꝛopoſitio 9. 

T Ato ouodecedro fibi demum octocedron inclndere. 

A Wi CLompofitro ouodecedro ut in. 17- 2 £cij occimifex larera füarum 
! fupficicrü ca videlicet que cathecos fup fex lincas oppofira latera fu 
» A perficierum cubi pcr cqualia fecantce erectis tani comm cowini 
iungunt per cqualia diuide:caq; bina ⁊ bina adinnicẽ compoſita cõ 
tinua per tres lineas qui feinuicem fuper medium punctum oiamctri cubi ex.4s- 
vndccimí pcr cqualia (ccabunt:cruntqs €t quog5 puc ea» tríum feimicem quoqʒ 
ad angulos rectos diuidant.Si igitur harum trium lincarum extremitates per.i⸗ 
lincae rectas contümaucris pcrucniet tibi copus octo baſiuʒ triangulariũ ⁊ cqui 
latcrarum «quarta pmi ecl (i mai? cx penultima pzimi :qo opoztebat oftendcrc. 







| | Pꝛopoſitio .ıo. 


E Ntra aſſignatum duodecedron piramidem quatuoꝛ baſi 
N um triangularium atq5 equilaterarum adbuc reftat oiftin 
tsali guere. 

t. | CAflignato ouodecedro infcribe cubutn ex octaua buius abo; pi 
ramident cx prima.cum igitur anguli piramidis fint 1 angulis cubi 






€t patet cx rocinatione prime z anguli cubi in angulis ouodecedri cx rdcinatione 
ocraua:erunt quoq; anguli piramidie in angulis ouodcccdri itaq; coftat quod vo 
lumus. | 


4f:opofitio | .. 
Y&opofí'o vcocedroin eo cubum figurare. 
ll ('Ycoccdro in(cribi ouodcccdron cx fexta ac onodeccdro cubum cx 
octaua?conttat aute cx ocmonftrationc fexte q ones anguli ou0/ 
decedri cadunt fuper centrum bafium ycocedri z anguli cubi funt ín 
EAA angulis ouodcccdri:itag; angul: cubí funti centría bafium ycoccdri 
babenius crgo p:opofitum. 





Pꝛopoſitio .iꝛ. 
| Mey Coccdron datum piramidem quatuoꝛ baſium tríangula/ 
| Pom eX rinm atq; equilaterax fibí poftulatinfcribí 
E | D» -C Si in dato ycocedro cx premitla cubum inſcripſeris cuboqʒ ex pᷣ / 
ee i=} ma piramidem incluferis quin poftnlationi ycocedri (atiffeccris 

tae * befitandum non crit. Scire autem opo:tct quoo cum fint quinque 
tcgularia Co:pora oc quorum mutua abinuiccm infcriptóe in boc.15.l1b:0 octer/ 
Miner (i enüqoqs coz quilibs cetroz cét infcriptibile20.coside infcríptóce acci/ 
dcrct Quippe quil coz quíngs cent cetera qtuo: infcriptibilia (695 qrer quigs in/ 
fcriptóes qo €, 2o.neccíTario ;pucnirét.at vcro piramidi fo'ü octocedron. oucnice 
eft infcribi. Tlon ciim (üt in piramide bafce aut anguli aut latera in quib" angu/ 
lí cubi aut ycocedri aut etiam ouodccedri poffint cxtrema ipfi piramidie otiugcre 
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Lubum quod; foli” piramidis  octoccdri vt octocedron folius piramidis et cubi 
receptioni funt apta qualiter eni in cozum altcrutro.1z.angulos ycocedri.Aut.20. 
angulos ouodecedri.ita vt finguli it coz fingulis cadant collocabis:ycoceáron au 
té cii cctcra cóucnicnti ambitione polTit cóplecti foli? vcocedri nequit cffc recepta / 
culum.nam octoccdri fex anguli (crmidiametrali fcinuice bini « bini oppofitione 
refpiciunt linceg3 cos continuantes fefe per equalia o:tbogonalirer oiuidunt.itags 
illud glofü fignü ad cuius intuitü cOftcrnant ocmoncs fub rectis àgulis triplicatü 
reddant.bos ítaq5 tríangulos nc35 bafcs ncqs anguli neqs latera ycoccdri poffunt 
fub fuo fitu recipere neq eni in co repcrice fex bafes aut fcx angnlos aut fcx late/ 
ra bac oiamctrali ostbogonalías opponce fc cotinentes:ouodccedron aute nutli ce 
teroz (uc ambitionis ocnegauit bofpiciii imo cunctoz receptatoa cxiftit ende nó 
incducnientcr ovodecedri figura antiqui platonis oifcipuli afcribere vcl afcripfere 
&do qucadmodii piramidie founá igni eo q furfum fub piramidali figura cuoler. 
ac octoccdri acri. Quippe ficut aer igucm motus puitate fequitur fic octocedri for 
ma piramidis.foxna ad moti babilitatc comittat .JYiginti vero bafium fianram 
atas oictauerent.n3 cum ipfa bafium pluralitate plus ceteris circulet in (pera flu / 
cntíe rci motui magis 93 fcandentis conucnire vila eft. Lubon Fere figurå quidaz 
ocdere tcrre.quid eni in figuris maiozi ad mori violentia indigct quain theffera. 
Ac ín dementia quid fixiue conftantiufas vcpcrit terra.fí igitur cx.20.infcriptioni 
bus.3.quas piramis no fubltinct binalgs a quibus natura cubi c octocedri alic/ 
ng cft. Kurfufa3 vnà mi (repugnat ycoccdri figura reicceris erüt relique tim. i2.in/ 
(criptioncs piramidiís quidem fcla cubi €cro octoccdrique bíne: ycoccdri autcm 
treo onodcccdri autem quatuo: oc quibus omnibus vt arbitro: fufficienter alias 
difputatum eft. Pꝛopoſitio .. 
Abricato quonis quinq; regulariuʒ coꝛpoxꝝ ſibi ſperam 
(m infcribere. 
¶ Ex tertiodecimo libꝛo itaqʒ manifeſtũ eſt vnũqðqʒ q̃nqʒ hoꝛũ coꝛ 
—porum eſſe ſpere inſcriptibile.nũc itaqʒ cõſtabit viceuctſa (pera vni 
auaʒ ipſoꝝ eſſc inſcriptibilẽ.a circũſcribentis enĩ ſpere centro ad ba 
ſes vniuerſas cuiuſſibct eoꝛum perpendiculares exeant quae intra centra circuloꝝ 
baſes ipſas citcnmſcribentium cadere neceſſe cſt.cumqʒ omnes circuli cas circum 
fcribentes ſint equales eruntq; hec perpendiculares cqualce.itaqs fi fim quantita/ 
tcm vnius carum circulum ſuper centrum circumſcribentis ſpere deſcripſeris ciuſ/ 
qʒ ſemicirculum quouſqʒ ad locum vnde moucri ceperit redeat circũduxcris quia 
ipfum per extremitates cunctaꝝ perpendicularium neceſſc eſt tranſire conuinces 
ex conclario.15.certij (peram iftius famiarculi motu ocfcriptam eniucrfas baſes 
alfignati co:po:ís i» concur(ibus perpendicolarium contingere. Non cnim plus 
poteft fpera oc bafíbus co:po:is cotingcre quà circüductus femicirculus o0 mo/ 
uebatur contingit:qnare allginato coxpo:i conftat nos fpcram quamadmodü p/ 
pofitum erat infcripfille. 






G Opus cemento: cucidis megarenfis in gcomctríà arté 3n id quoas £ampa/ 
ní pípicaciffimi £ómcutationee finit. £rbardus ratdolt ziusuftcnfis impacfto: 
folertiffimus. vcnetijs impaeffit. Anno ſalutis.VJ.cccc.lxxxij. Ociauis. Calcũ. 
Juñ. Zeto. Kale. 
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Sy The Tranflator to the —E 


6r quA A Herei is cane Reader’) ae 
6 dete BS fel Ci the word of | God. onely, Jetapart) 
= fl which fo much. beautifieth and-a- 
í x | e | dorneth the foules and minde- of 
| E s fs) dma, as doth the know ledve. of: vood 
CR) he ee "| artes and l[ciencés : as the know- 
Cd bue tec A edge of naturall aud moral Phi- 
pelea EE A lofophie. Theonefesterh before 
OAS ee OUT CICS, the creatures of God; 
both in 1 the heauens aboue, andi inthe earth beneath : in which as 
in A glafte, we beholde the. exceding maioſtie and. W ifedome of 
God, in adorning. and beausifyin g tbem as we fee: in geuing vn- 
to them 1 fuch wond erfull and mantfolde proprieties, and natuvall 
workinges, and that [odiuerfly and in fuchvarietie ; : farther i in 
maintaining and con[eruing them continuallywhereb 2y [o praife . a 
and adore hım as by S Panle Weare taught The othertea- 
| cheth ys rules ‘and preceptes, of vertue, how,in common li ife. dur 
mongeft men», Wwe ought to walke »prighil D. hat. duettes peres 
. taine toour felues, what pertaine to the: government or good Ore 
der both of. an boufbolde, and allo ofa citie or common wealth. 
The ^ reading likewife of. biflories, conducetb not a tle, to the ad- 
orning of the foule ¢> minde of man , a ifludie of all men comenz 
ded: by it are feene and knowmen the artes and doinges of infinite 
wife i men gone before vs. In hiflories are contained infinite ex- 
amples of heroicall vertues to be of vs Jollowed,and horrible ex- 
amples of vices to be of vs efchewed . eMany other artes alfo 
there are which beauti ifie the minde of man: but of all other none 
domore garnifbe (x beautifie it, then thofe artes which arecal. 
led M. athematicall . Unito.the knowledge of which nemancau 
attaine, without the perfette knowledge-and inftruction of the 
princip les grounaes,and Elemente: of Geometrie - Dut per- 
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fetly to be inftrutted in them, requireth diligent ftudie and rea 
ding of olde auncient authors . eAmonge which,none for a bea 
ginner is to bepreferred before the moft auncient Philofopher 
Euclide of Megara. For ofall others he hath ina trues me~. 
thode atid wifte order, gathered tovetber wbatfoeuer any before 
him bad of thefe Elementes written: inuenting alfo and adding 
many thinges of bis owne  wherby be hath in due forme accom- 
plifbed the arte:firft geuing definitions, principles c groundes, 
wherof be deduceth bis Propoftions or conclufions,in fuch won- 
derfull wife, that that which voeth before , is of necefsitie requi- 
red-to the pronjes of that which followeth’. Sothat without the 
diligent [ludie of Exclides Elementesyit is impoftible toattaine 
unto thé perfette knowledge of Geometrie, and confequently of 
any of the other Mathematical feiences . Wherefore confide- 
ring the want ¢& lacke of Juch good authors hitherto in our Eng- 
lifhe tounge, lamenting alfo the negligence; and lacke of xeale 
to their countrey in thofe of our nation, to whom God hath genen 
both knowledge, és alfo abilitie to tranflate into our tounge and 
to publifbe abroad-fuch good authors and bookes ( the chiefe in- 
| firumentes of all learninges ) : jeing moreouer that many good 
wittes botbof gentlemen and of others ofall degrees, much de- 
frrous and fiuaious of thefe artes, and feeking for them as much 
as they can, jparing no paies, and yet fruffrate of their intent, 
bynomeanes attaining to that which they feekes: Ihaue— for 
their fakes, with fome charge (> great tranaile, faithfully tran- 
flated into our vulgare touge,¢> fet abroad in Print , this booke 
of Huchide .. Whereunto L bane added eafte and plaine decla- 
vations and examples by figures, of the definitions . In which 
booke alfoye fhallin due place finde manifolde additions, Scho- 
lies, Annotations and Inuentions: which Ibaue gathered out of 
many of the moft famous (> chiefe Mathematictes , both of old 
time and in our age: as by diligent reading itin courfe, ye ball 
well 
DR 


£a» 1 he Tranflater to the Reader, 
well perceaue. The fruite and gaine which I require for thefé 
my paines and trauaile,fhall be nothing els, but onely that tbou 
gentle reader , will gratefully accept the Jame tand that thor 
mayeft thereby receaue fome profite:and moreouer to excite and 
irre up others learned, todo the like, (x to take paines in that 
behalf. By meanes wherof,our Englifbe tounge fhall noleffe be. : 
enriched with good Authors , thenare other ftraunge tounges: — 
as the Dutch, French, Ftalian , and Spanifhe : in which 
are red all good authors in a maner, found amongeft the Grekes 
or Latines. Which 1s the chiefeft caufe, that amongeft the do flo~ 
rifhe fomany cunning and fkilfull men, in the inuentions of 
firaunge and wonderfull thinges, as in thefe our dates 
we fee there do . Which fruite and gaine if Iattaine 
vato, it {hall encourage me hereafter, in fuch like 
Jort to tranflate , and fet abroad Jome other 
good authors, both pertaining to religion 
( as partly I haue already done) and 
alfo pertaining to the Mathea 
matical Artes. T bus gentle 
reader farewell, 


(43) ad. 
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isTO THE VNFAINED LOVERS 
of truthe , and conftant Studentes of Noble 
Sciences, LOHN DEE of London hartily 
.. wifheth grace from heauen, and moft profpe- 


vous fucceffein all their honeft attemptes and 
exercifes. 


— ft Iuine Plato, the great Matter 
«3:4 || of many worthy Philofophers, 
(n [fand the conftant auoucher , and 
| ig pithy perfwader of Frum > Bo- 
| zum and Ens :in his Scholeand 
| Academie, fundry times (befides 
this ordinary Scholers) was vifited 
|| ofa certaine kinde of men, allured 
| by the noble fame of Plato, and 
| the great commendation of hys 
: "P and profitable doctrine. 
| But when fuch Hearers,after long 
j || harkening to him, perceaued, that 
[the drift of his difcourfes iffued 
/4' || out to conclude, this Zu; , Boa 
| | num,and Ens, to be Spirituall Infi- 
— — E = nite, Æternall , Omnipotent , &c. 
Nothyng beyngalledged or expreffed, How, worldly goods: how, worldly digni- 
tie:how,health,Strégth or luftines of body:nor yet the meanes,how a merueilous 
fenfible and bodyly blyffe and felicitie hereafter,might be atteyned: Straightway, 
the fantafies of thoft hearers, were dampt: their opinion of P/ato,was clene chaun- 
ged:yea his doctrine was by them defpifed:and his {chole, no more of them vifi- 
ted. Which thing, his Scholer, Arifotle,narrowly cofidering,founde the caufether= _ 
of,to be, For that they had no forwarnyng and information,in generall , whereto + 
his doétrine tended.For,fo,might they haue had occafion,either to haue forborne 
his fchole hauntyng : (ifthey,then,had mifliked his Scope and purpofe ) or con-. 
ftantly to haue continued therin:to their full fatiffaction : iffuch his finall fcope & 
intent, had ben to their defire . Wherfore, Ariflotle euer after that vfed in briefto 
forewarne his owne Scholers and hearers , both of what matter ; and alfo to what »* 
ende,he tooke in hand to fpeake, or teach . While I confider the diuerfe trades of > 
thefe two excellent Philofophers (and am moft fure,both, that P/ato right well, o- 
therwife could teach : and that 4riffotle mought boldely , with his hearers , haue 
dealtin like forte as P/ato did)I am in nolittle pang of perplexitie : Bycaufe , that, 
which I miflike,is moft eafy forme to performe (and to haue P/ato for my exáple.) 
And that,which I know to be moftcommendable: and (in this firft bringyng,into 
common handling,the Cartes Uathematicall)to be moft neceffary: is full of great 
difhcultie and fundry daungers. Yet,neither do I think it mete, for fo ftraunge mat- 
ter(as now is ment to be publifhed)and to fo ftraunge an audience, to be bluntly, 
at firft;putforth,withouta peculiar Preface : Nor (Imitatyng Ariffotle) well can I 
hope , that accordyng to the amplenes and dignitie of the State CMatberaticall , 1 
am able, either playnly to prefcribe the materiall boundes : or precifely to exprefle. - 
the chief purpofes , and moft wonderfull applications therof. And though Iam 
fure that {uch as did fhrinke from P/ato his Íchole , after they had percciued his e 
v nail 
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hall conclufion, would in thefe thinges haue ben his moft diligent hearers ) fo infi- 
nitely mought their defires,in fine and atlength , by our Artes Mathematicall be fa- 
. tifhed)yet)by this my Preface & forewarnyng , Afwell all fuchstnay (to their great 
behofe)the foner, hither be allured:as alfo the Pythagoricall, and Platonicall perfect 
{choler,and the conftant profound Philofopher, with more eafe and {pede , may 
(like the Bee,) gather,hereby,both wax and hony. 
Wherfore,feyng I finde great occafion(for the caufés alleged and farder, in re- 
» {pect of my Art Mathematike general ) to vfe a certaine forewarnyng and Preface, 
»» Whofe content fhalbe,that mighty,moft plefaunt,and frutefull Mathematical Tree, 
The intent of With his chief armes. and fecond(grifted) braiinches: Both, what euery ote is , and, 
shes Preface. alfo, what commodity,in generall,is to be looked for,afwell of griffas ftocke*And 
>> forafmuch as this enterprife is fo great, that,to this our tyme, it neuer wastto my 
» knowledge) by any achiéued: And alfo itis moft hard , in thefe our drery dayes, 
»» tofuch rare and ftraunge Artes,to wyn due and common credit : Neuertheles , if, 
for my fincere endevour to fatifie your honeft expectation , you will but lend me 
your thakefull mynde a while:and,to fuch matter as,for this time,my penne (with 
{pede)is hable to deliuer, apply youreye or eare attentifely : perchaunce , at once, 
and for the firft faluryng,this Preface you will finde a leffon long enough, And ci- 
ther you will for a fecond ( by this } be made much the apter: or fhortly become, 
well hable yout felues, ofthe lyons claw ,to coniectüre his. royall fymmetrie , and 
farder propertie .. Now then,gentlemy frendes, and coufitrey men, Turne your 
eyes,and bend your myndes to that doctrine , which for our prefent purpofe, my 
fimpletalentis hable to veld you. m 
li thinges which are,& haue beyng, are found vnder a triple diuerfitie genetall. 
For,eithet,they are demed Supernaturall, Naturall,or,of a third being. Thinges 
Supernatural, are immateriall, fimple, indiuifible,incorruptible, & vnchangeable. 
Things Naturall, are materiall,compounded,diuifible,corruptible, and chaungea- 
ble. Thinges Supernaturall,ate,of the minde onely,comprehended: Things Natu- 
rall,of the fenfe exterior,ar hable to be perceiued.In thinges Naturall,probabilitie 
and conjecture hath place: But in things Supernaturall chief demOftration,& moft- 
- {ure Science is to be had. By which properties & comparafons of thefe two, more 
eafily may be defcribed,the ftate,condition, nature and propetty of thofe thinges, 
which,we before termed ofa third being: which,by a peculier name alfo,are called 
T hynges «Mathematicall. For,thefc,beyng (in a maner)middle, betwene thinges fu- 
pernaturall and naturall:are not fo abfolute and excellent,as thinges fupernatural: 
Noryet {6 bafe and grofle,as things naturall:But are thinges immateriall : arid ne- 
uertheleffe)by materiall things hable fomewhat to be fignified . And though their 
particular Images , by Art,are aggregable and diuilible : yet the generall Formes, 
notwithftandyng,are conftant,vnchaungeable,vntrafformable,and incorruptible. 
Neither of the fenfe,can they,at any tyme,be perceiued or iudged,Nor yet,forall 
that,in the royall mynde of man, firft conceiued.But,furmountyng the imperfectio 
of coniecture,weenyngand opinion:and commyng flort ofhigh intellectuall có- 
ceptió,are the Mercurial fruite of Dianeticall difcourfe,in perfect imagination fub- 
fiftyng. A meruaylous newtralitie haue thefe thinges CA atbematicall : and alfo a 
ftraunge participatið betwene thinges fupernaturall,immortall, intellectual, fimple 
and indiuifible:and thynges naturall, mortall,fenfible,compounded and diuifible. 
Probabifitieand fenfible profe, may wellferue in thinges naturall:and is commen- 
dable:In Mathematicall reafoninges,a probable Argument, is nothyng regarded: 
» noryetthe teftimony offenfejany whit credited : But onely a perfect demonftra- 
tion, of truthés certaine,necéflary,and inuincible:vaiuerfally and neceflaryly con- 
| cluded: 
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cluded:is allowed as fufficient for an Arguníéritexactly and purely Mathematical. 
Of Matbeiaticallthinges;are two ptincipallkindesrnamely, SN wmbcer and Mag- 


nitude, Number,we detine;to be,a certayne Mathematicall Samejof pits; Andjan. wore cbe word, 
Fait, is that thing Mathematical, Indiuifibley by: participation of forme likenesof “1.00 exprefse 
pus e E ee A the Greke Moz 
748,€9 sot V nim 
ties as we bane 
all, commonly, 

Till nét ,Cfed. 


whofe property anything, which isin deedejoris counted Onejmay.refonably.be 
called Oné « Weaccount an Yet, athing. Muthematicall; though itbe no Number; 
and alſo indiuifible:becaufe,ofitsmateriallyj; Number doth confit: which’, princi¢ 
pally, isa thing Mathematicall. Magnitudeis.a thing Mathematical; by-participatton 


of dome likenes of wliofe natiire ; any.thing is iuidged long ybroadeyor thicke'sA 


thicke Magnitude-we call a Solide, or a Body.v What Magnitude fo euer,i§ Solide-ot. 


Thicke, is alfo broade,& long: A:-breade magnitude, we calla Saperficies ora Plaine: 
Euery playnie thagnicude,hathialfodength. Along magnitude, wetemme a Linea 
Line ts neither thicke nor broade, but onely long; Euery certayne Eine, hath two 
endes: The endes of aline,are Postes calledwA Point;is a thing Mathewaricall:, indis 
uifible, which may havea certayrie determined fituation . Ifa Poynt nove froma 
determined. fituation ; the ‘way:wherein itimouedyis alfo'a Live: mathematically 
produced. whereupon, of theauncient Mathematiciens,a Line is called:the race;or 
courfe of a Pointa! A Poyntiwe'detine , by:thename ofa thing: Mathematicall: 
though itbe no Magnitude, and indiuifible:: becaufe itis the propre endejand 
bound ofa:Live: which isa true Magnitude. And Magnitudewe may define to be 
thatthing Mathematicall,which is diuifible for eucr;in partes divifible,long,broade 

_ orthicke. Therefore though 4 Poyntbe no wAtaguitude, yer Tierminatinely we tec: 
ken ita thing Mathematicall(as fayd)by reafon itis properly’ the énd yand beund 
ofalline. (slucdiue al! of Wenn ARM! bi ee Tee CO D dea ns 
- \ Neither Nvanber;nor 
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CMagnitnde haueany Materialitie. Firlt;we will confider 
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Number. 


Magnitude. 
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A Line. 


Magnitude. 


of Number and of. the Sciehce Mathematical! to itappropriatejcalled. Arithmetikes | 


andafterward of Magnitude and Tus'Science j called: Geowetrie; But'that name con: 
tenteth menots whereofa word-ot ewo hereafter fhall be fayd How Immaterial 
and free froin allmatter ; Mamber'isywho dotlrnot perceaue? yea, who dothnot 


word — at it?Eor neither pure Element) nor Ariffoteles; Quinta Effentia; 
ishable.to feruéfor Numbé?,as his propre mattér Nor yetcthe puritieanid fimple: © 
nésof Subffance/Spirituall or &ngclicall,will-be fourid'propre enough thereto: 


Aud thereforethe great & godly Philof opher!Awitives Boetins;fayd:Omnia quechng, 
aprimaua rerum taturd canfirutinfunt, N umerorumviden tar vation formata. Hoc tn im 
fuit principale in aniinto Conditori Exemplar Charis ®> MIL -tbinges (which from 
the ery, AE original Being’ of binges" Bate bene framed and mide’ 
d) appraresto, be. Formed by the reafan of, Naxmbers ahot 


— example or pattern 


NE 


2 j 


ae. , 2 
S Stayin dl H E 
JUHDCYS . L 
í VE PERI T FETE i 


— 





Foy this was the. 
-r "€ PM Al eg PEE RG Aa lg" 
ent he m id 607) the Creator ........O ;comfor- 


tableallütemenr, O rauifhing perfwafion; to deale with a Science, whoſe Subiect, 
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is o. Auncient,fo purejfo excellent;fo furmountingall creatures,fo vfed:of the:Al- 


mighty and incomprehenfiblewildome ofthe Creator, in thedifting creation.of 


- mats 


all creatures:in all them diftinétpartes, properties, natures , andivertues, by order; 


and moftabfolurenumber,brought;from Nathing,to the Formalitie of their being - 


and {tate. By Numbers propertie therefore,ofws,by all pofible meanes,(to the per- 
fection of the Science ) learned, we may; both winde.and draw our felues into the 
inward and deepefearch and vew;of all creatures. diftin& vertues natures, proper: 


ties,and-Formes: And alfo.tarder,arife,clime,afcend,and.mount vp (with Specala; 


Exemplar Number ofall. thinges Nymerable:both vilible and inuifible ; mortall and 
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lohn. Dée his Mathemiaticall Preface. 
- immortall,Corporall and Spirituall,Part of this profound and dinine Science,had 
A Joachim the Prophefier.atteyned'vnto:by Numbers Formall,Naturall,and Rationall, 
= - sv. forfeyng,concludyng,and forfhewyhg great particular euents:, long before their 
IE comming.His bookes yet remainyhg,hereef,are good profe: And the noble Earlé 
cect ash an, OF Mirandula, (befides that,)a fuficientwitmefle:that Loachim in his prophefies, proce: 
Aso, 1488... ded by n6 other. way, them by Numbers ¥ ormall.And this Earle hyin felte,in Rome, *fet 
ods vpgo0o.Condufions,in all kindeofSciences;openly to.be difputed of:and among 
the reft, in his.C onelufions: Mathematical, Gn thé eleuenth Coriclufion ) hath in 
Latin;this Englifh féntence. By Warmbers,a way is had.,to the fearthyng out,aud under- 
 flandyag of euery thyng, hable to.be knbiven:. For the verifying of which Conclufion , Ipro- 
mifetoannfiereto the 74: Queftionsvnder writtenjby theway of Numbers. Which Es. 
clufions,! omit here:to rehearfe:aftell auoidyrig:füperfluous prolixitie:as , “by: 
cauſe Ioannes Picus, worhes, are commonty had< But,in any.cafe,I would with that 
AS tiofe Conclufions were red.diligently!;* and perceiued of fuch,as are earneft Ob: 
fcruers and Confiderers of theconftant law of nübers:which is planted in thyngs 
Naturall.and-Supernaturall:andits: preferibed> tovall-Creaturesyinuiolably to. be 
kept.For.fo, belides many other:thinges.', inthofesConclufions: tobe matked it 
would apeare;how fincerely,& within my boundes;Idifcloféthe wonderfull my- 


fteries,by numbers,to beatteynedivnto. jini bos .eburioraM on ol. cue 
$ x ^ - t E Y uw » x x EZ A : A - E: i ; > 
pha .c Of my former wordes,eafy.itis:to be. gathered that Number hath a treble fate: 


Onejin the Creator:an otherin.euery Creàturé(in refpectofhis complete conftiz 
tution: )aud.the third;in SpiritnallandcAngelicallMyndes;and in the Soule of má. 
In thefirft arid third tate; Nyker sis termed Number. Numbryngs-But in all Crea+ 
tures, otherwife, Number,is termed Naber Numbred. And in our Soule,N überibea: 
reth fuch'a fwayejaid hath fuch atvaffünitie thersvith3 that foméoftlieold Péilfz- 
phers taught, Mans Soule;tobeaNuabesmonynertfelfo-Andin dede,in vs; thougiit 
heayery Accident: yetfuch abAccidentitis:that befoteall Greatutes:it had. pers 
feétbeyng;in thejCteator;Sémpiternaly: Ngmber Numbryng therfore;is the difcres 
tionc difcerning;and:diftincting ofitlünpes: ;Butiin Godthe'Creatór ;:This difcre: 
tionsimthebeginnynésproduced:orderly anddiftin&tly:all dhingés For his Nus: 
bryng, then, was his Greatyng of alhthinges. And his Gontinuall Mambryng, of all 
thinges;is the Gonferuation:of thei in being; And;whereand when he will lacke 
an uit: thereand thenythat particular thyng fhalbeDicreated Herel ftay.But out 
Seucrallyng,diftinciyng and: Nwabryng;createth ndothyng: butef Multitude.con- 
fidetedsmaketh-certaine and diftingt determination ,.. Andalbeitshefe thynges be. 
waighty and umpli&sofgrear importance, yer(, by the infinite goodnes of she Al 
mighty 7 erzarze, AArtiiciall Methods and eafy wáyes are made , by which the ze- 
iis PhilofSp ef inay wyn here this'Riterth 7 ža this M ountayneé oFC ontempla- 
ton:and morethé& Zóntemplatión Andalfoxhoügh Nu»iber; bei thyng fo Tina 
inateriall,{o divine and xterhalb yet by désrees by lideánd lile, ftrerchyng fore} 
and applyinig'fomeé likenes ofits ick, to thinges Spitithall:and then, bryngyng it 
lower to thynges fenfibly j erceluedeás ofa mióniehtanye found eitefated:thento 
dieleaft chyrges thitimay befeeü;iümerables Atid at length} Gnoft groffely,) to 2 
fiultitudé of any corporal thynyes feen Jor feltiand ſo of cheſe grofle'aüd fenfible 
thyhees weave trayned to leathed eertaine Image ot'likenes of nümbers rand to 
HE Arte in them to out pleafiire aiid pfoffit;So groffeis our cóntierfation, and dull 
i5 oürápptelienfion While mortal Sétife, in vs; rületh thé common welt of our 
lide world:.Hereby we fay; Three Lyons;are threetora Ternarie. "Thtee Eglésjare 
(3' three;ora Tergarie. NV hich* T nantes jare eche the Vnion, hnot, and Vniformitie, of 
three difcrece and diftin® Vwits. That is, we may in éche Ternarie; thrife , feuerally 
pointe,and fhew a part,Oe,0ne,and One. Where, in Numbryng,wefay One,two, 
Three, 
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Three . But how farre,thefe vifible Ones , do differre from our Indiuifible Vinits 
(in pure Arithmetike,principally confidered)no man is ignorant. . Yetfrom thefe 

roffe and materiall thyngesymay we be led vpward,by degrees,fo,informyn @ Our 
rude Imagination,toward the cOceiuyng of Numéers,abfolutely(: Not fuppofing,. 
nor admixtyng any thyng created,Corporall or Spintuall,to fupport,conteyne,or 
rcprefent thole Numbers imagincd:) thatat length, we may be hable, to finde the 
number ofourownc name , glorioufly exemplified and regiftred in the booke of 
the Trinitie moft bleffed and xternall. | j | 

But farder vnderftand,that vulgar Practifers,haue Numbers , otherwife, in fun- 

dry Confiderations:and extend their.name farder,then to Numbers , whofe leaft 
partisan Pzit.For the comm on Logift,R eckenmatter, or Arithmeticien; in hys v- 
fing of N umbers:ofan Vnit,imagineth lefle partes:and-calleth them Fraétions. As 
ofan nit , he makethan halfe,and thus noteth it, and fo of other, (infinitely di- 
uerfe) partes ofan wit. Yeaand farder,hath, Fractions of Fractions. ee. And,foral- 
muchas, Addition , Subftraction , Multiplication, Diusfion and Extraction of Rotes,are 
the chief,and fufficient partes of Arithmetike : whichis, the Science that demonfira- Arithmetikes 
teth the properties,of Numbers,and all operatios , in numbers to be performed:Hcw otten, 
therfore,thefe fiue fundry fortes of Operations, do, forthe moft part,oftheirexc- », Note. 
ctition,diffcrre from the fiue operations of like generall property and naine.in our > 
Whole numbers praailable,So often , (for amore diftin@ dodtrine ) we,vulgarly 5, 
accountand name it,an other kynde ot Arithmetike. And by this reafon:the Con- + 
fideration,dogtrine,and working,in whole numbers onely: where, ofan /z:t,is no 
leffe part to be allowed:is named(as it were)an Arithmetike by itfelfe. ‘And fo of 
the Arithmetike of Fractions.In lyke forte,the neceflary,wonderfulland Secretdoc- 
trine of Proportion, and proportionalytie hath purchafed vnto it felfea peculier 2, 
maner of handlyng andworkyng:and fo may feme an other forme of Arit/osetzte. 
Moreouer,the 45tronomers,for {pede and more commodious calculationshave de- 21 
uifeda peculier maner of orderyng ntibers,about theyr circular motions, by Sexa- 
senes,and Sexagefmes.By Signes, Degrees and Min utes &c . which commonly is 
called the Arithmetike of Astronomical or Phificall Fractions. That, haue I briefly no- 
 ted,by the name of Avithmetske Circular. Bycaufe itis alfo vfed in circles,nct Affro- 
nomicall.¢rc.Practife hath led Numbers farder , and hath framed them,to take vpon 4. 
them ,the fhew of Magnitudes pro pertie: Which is Incommen[urabilitie and Irratio- | 
nulitie. (Forin pure Aritbmetike,an Fnitjis the common Meafure ofall Numbers.) 
And,here,N fibers are become,as Lynes,Playnes and Solides: fome tymes Ratio- 
zallfometyines Irrationall: And haue propre and peculier charaéters,(as VV. 
and fo ofother. Whichis to fignifie Rate Square , Rote Cubik:and fo forth: )& propre 
arid peculierfafhions in the five principall partes: Wherfore the practifer,eftemeth 
this;a diuerfe Arithmetike from the other. Pradife bryngeth injyhere,diuerfe com- 
poundyng of Numbers: as {fome tyme,two,three,foure(or more) Radical! nb ers, 
diuerfly knit by fignes, of More & Lefletas thus /$ 12 -- V/c€ 15.0 r thus / $$ 19 
-Vc€ 1224/82. &c.Andfometyme'with whole numbets, orfra&ions of whole 
Number amõg them:as ao v 824. C16 133—/8 10, V" 447-12. cg. 
And fo, infinitely , may hap the varietié. After this: Both theone and the other 
hath fractions incidentiand{o is this. Arithmetike greately enlarged: by diuerfe ex- 
hibityngand vfe of Conipofitions and.mixtynges. Confider how, I(beyng defi- 
Tous to.deliuer the ftudentfrom error and Cauillation)do giue to this Praétife,the 
name'ofthe Arithmetike of Radicall numbers: Not,of Irrationall or Surd Numbers: 
which other while, are Rational! : though they haue the Signe of a Rote before 
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` them, which, Arithmetike of whole Numbers moft vfuall , would fay they had no 


fuch Roote:and fo account them Sard Numbers:which, generally {poké, is vntrue: 


as Euclides tenth booke may teach you. Therfore to call them, generally , Radicall 
Numbers, (by reafon ofthe figne V/.prefized;)is a fure way:anda fufficient generall 
diftinciion from aii other ordryng and vfing of Numbers: |. And yet ( befide all 
this) Confider : the infinite defire ofknowledge , and incredible power ofmans 
Search and Capacitye:how,they, ioyntly haue waded farder ( by mixtyng ofpe- 
culation and practife)and haue found out, and atteyned tothe very chief perfec- 
tion(almoft) of Numbers Practicall vie. Which thing,is well to be perceiued in that 
great Arithmeticall Arte of Aquation : commonly called the Rule of Cof. or Alee- 
bra. The Latines termed it, Regular Rei cp Cenfus , that is , the Rule of | the th yng 
and bis palue, With an apt name : comprehendyng the firftand laft pointes of the 
worke . And the vulgar names , both in ‘Tralian , Frenche and Spanifh,depend(in 
namyng it,)vpon the fignification of the Latin word, Res: 4d tbine:vnleaft they vfe 
the name cf _4/gebra.And therin(commonly)is a dubble error. The one,of them, 
which thinke it to be of Geber his inuentyng : the other of füchas call it Algebra. 


. Forffirfthough Ge£er for his great {killin Numbers,Geometry,Aftronomy ,and_ 


other maruailous Artes, mought hanefemed hable to hauc firft deuifed the fayd 
Rule:and alfo the name carryeth with it a very nere likenes of Geber his name : yet 


- trueitisythata Greke Philofopherand Mathematicienynamed. Diophantus , before 
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Geber his tyme,wrote 13.bookes therof ( of which, fix are yet extant: and Ihad 
them to * vfe,of the famous Mathematicien,and my great frende, Petras Montan- 
rens:) And fecondly,the very name,is A/giebar,and not Aleebra:as by the Arabien 
Auicen,may be proued: who hath thefe precife wordes in Latine,by Andreas Alpa- 


— gus(mott perfect in the Arabiktung ) {0 tranſſated. Scientia factendi _Aleiebar & 


= 


Almachabel. iv Scientia inueniendi numerum ignotum,per additionem Numeri, c diuifio- 
nem e equationens. Which is to fay: The Science of vorkyng Algiebar and Ale 
machabel,thatis,the Science of findyng an vnknowen number , by Addyng of a 
Number, «7: Dinifion ex equation.Here haue you the name : and alfo the prin- 
cipall partes of the Rule,touched.To name.it,The rule,or Art of Hquation,doth fig- 


nifie the middle part and the State of the Rule. This Rule, hath his peculier Cha- 


. racters:and the principal partes of Arithmetike,to it appertayning,do differre from 


the other Arithmeticall operations. This Arithmetike, hath Nubers Simple,C6 pound, 
Mixt:and Fractions, accordingly. This Rule, and Arithmetike of Algiebar,is fo pro- 
found, fo general! and fo(in maner ) conteyneth the whole power of Numbers 
Application pra&ticall:that mans witt,can deale with nothyng,more proffitable a- 
boutnumbers : nor match , witha thyng., more mete for the diuine force of the 
Soule,(in humane Studies, affaires,or exercifes)to betryedin. Perchaunceyou 
looked for, (long ere now,) to haue had {ome particular profe, or euident teftimo- 
ny of the vfe,profiit and Commodity of Árithmetike vulgar, in the Common lyfe 
and trade of men. Therto,then,! will now frame my felfe: But herein great care I 
haue, leaftlength offundry profes , might make you deme, that eitherI did mif- 
doute your zelous mynde to vertues {chole : or els miftruftyour hable witts , by 
fome,to geffe much more. — A profe then.foure,fiue,or fix, füch , will Ibryng as 


any reafonable man,therwith may be perfuaded,to loue & honor, yea learne and 


A 


exercife the excellent Science of Arithmetike, 

' Andfirft:who,nerer at hand, can bea better witneffe ofthe frute receiued by 
Arithimetike,then all kynde of Marchants? Though notall,alike, either nede it,or 
vfe it. How could they forbeare the vie and helpe of the Rule, called the- s 

| ule? 
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Rule:Simple and Compounde:both forward and backward? How might they 
miffe Arithmeticallhelpe inthe Rules of Felowfhyp: either without tyme, or with 
tyme?and betwene the Marchant & his Factor? The Rules of Bartering in wares 
onely:or part in wares, and partin money, would they gladly want è? Our Mar- 
chantventurers , and Trauaylers ouerSea , how could they order their doynges 
inftly and without loffe , vnleaft certaine and generall Rules for Exchaüge of mo 
ney,and R echaunge,were,for their vie,denifed 7 The Rule of Alligation,in how 
- fündry cafes,doth it conclude for them,fuch precife verities,as neither by naturall 
witt, nor other experience,they,were hable, els,toknow ¢ And(with the Mar- | 
chant then to make an end ) how ample & wonderfullis the Rule of Falfe pofiti- 
ons ¢ efpecially as it is now, by two excellent Mathematiciens ( of my familier ac- 
quayntance in their life time enlarged ¢ ‘I meane Gemma Frifius,and Simon Iacob. 
Who can either in brief conclude , the generall and Capitall Rules? or who can I- 
magine the Myriades of fundry Cafes,and particular examples,in Act and earneft, 
continually wrought,tried and concluded by the forenamed Rules,onely? How 
fundry other Arithmeticall practifes ,are commonly in Marchantes handes,and 
knowledge: They them felues,can;atlarge,teftifie. 

_: The Mintmafter,and Goldf{mith,in their Mixture of Metals , either of diuerfe 
kindes,or diuerfe values:how are they,or may they,exactly be directed , and mer: 

uailoufly pleafured if Arithmetike be their guide? And the honorable Phificias, 

will gladiy confefle them felues , much beholding to the Science of Arithmetike, 

and that fundry wayes : But chiefly in their Art of Graduation , and compounde 
Medicines. And though Galenus, Auerrois, Arnoldus , Lullus ,and other haue pu- 

blifhed their pofitions „afwellin the quantities of the Degrecs aboue Tempera | 

ment, asin the Rules, concluding the new Forme refultirig : veta more precife, 
commodious,and eafly -Aethed,is extant:by a Countreyman of ours(aboue 200, R. B. 
yeares ago)inuented. And forafinuch as 1am vncettaine, who hath the fame: 

or when that litle Latin treatife, (as the Author writ it, ) fhall come to be Printed: 

(Both to declare the defire I haue to pleafuremy Countrey,wherin I may : andal- 

fo for very good profe of Numbers vfe,in this moft fubtile and frutefull , Philofo- 

phicall Conclution, ) Lentend in the meane while , moft briefly,and with my far- 

der helpe,to communicate the pith therofvnto you. | 

- Firft defcribea circle : whofe diameter let be an inch. Diuide the Circumfe- 
rence into foure equall partes. Fró the Center, by thofe 4.fections,extend 4.right 
lines : eche of 4.inches anda halfe long : ot ofas many.as you lifte,aboue 4.with- 
outthe circumference ofthe circle: So that they fhallbe of4.incheslong (atthe 
leaft) without the Circle .Make good euident markes,at euery inches erid. Ifyou 
lift, you may fubdiuide the inches againeinto ro. or 12. fmaller partes;equall. At 
thé éndes of thelinés, write the names ofthe 4. principall elementall Qualities. 
Hoteand Colde , one againftthe other. And likewife (40)&* and Dry, one againft 
tlic other. And in the Circle write Temperate. Which T emperature hath a good La- 
titude : 4s appeareth by the Complexion ofman . And therefore we haue allow- 
ed vntoit, the torefayd Circle : and nota point Mathemiaticall or Phyficall. | 

Now, when you hane two thinges Mifcible , whofe degrees are * truely X Take fame 
knowen : Ofneceffitie, either they are of one Quantitie and waight, or of diuerfe. part of Lullus 
If they be of one Quantitie and waight: whether their formes,be C ontrary Qua- counfaylein 
lities, or of one kinde (but of diuerfe intentions and degrees)or a Temperate, anda his booke de 
Contrary , The forme re{ulting of their Mixture,is in the Middle betwene the degrees of Q-Effentia. 
— Sinah P t sm the 
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the formes mixt . As forexample,let 4,be Moiff in the firft degree sand B, Dry 
in thethird degree. Adde r.and 3. that maketh 4 : the halfe or middle of 4.is 2. 
This 2.15 the middle, equally diftant from 4 and B (for the* Temperament is coun- 
tedaone .‘And for it, you mutt put a Ciphre, if at any time, it bein mixture), 
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Counting then from B, 2.degrees toward o£: you findeit to be Dry inthe firt 
degree :So1s the Forme refulting of the Mixture of 4,and B, in our example. I will 
geue youan other example. ‘Suppofe, you hane two thinges,as C,and D.: and of 
C, the Heateto be in the 4.degree : and of. D, the Colde, to be remiffe,euen vnto. 
che Temperament. Now,for C,you take.4: and for D,you takea Ciphrei: which, 
added vnto 4, yeldeth onely4. The middle,or halfe, whereof, is2. Wherefore the 
Forme refalting o£C , and D, is Hotein thefecond degree: for, 2. degrees,accoun- 
ted from C, toward D , ende iufte in the 2. degree of heate . Of thethird ma- 
nezI will geue alfo an example:which let be this : Ihaue a liquid Medicine whofe 
Qualitie of heate is in the 4.degree exalted :'as was C, in the example foregoing: 


e « e . 6 - « > * = * 
"and an other liquid Medicine I haue : whiofe:Q ualitie, is heate, in the firft degree. 
Of cche of thefe, I mixta like quantitie - Subtract here,the leffe fró the more : and 


the refidue diuide into two equall partes :. whereof, the one part, either added to 
the leffe,orfubtracted from the higher degree, doth produce the degree of the 
Forme 
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Forme réfulting,by this mixture of C,and é. As,iffiom 4. yé abate 1 theré refteth : 
3.the halfe of 3.is 1 -.Addeto r.thistz- - youhaue 2+ .' Orfubtractfrom:4, | 
this 1+- : you haue likewife2+_ remayning. Which declareth ; the Fórmëreful-: 


2 , s * uw . ib... 1 i i t 
ting, to be Heate, in the middle ofthe third degree. " 


oo. Putifthe Quantities oftwo thinges Commixt, be diuerfe, and. the Intenft- |, he Se. 
ons ( of their Formes Mifcible ) bein diuerfe degrees , arid. heigthes: ( Whether’ > cond 
thofe Formes be ofone kinde, or of Contrary kindes , o£ of a Temperáté'anda' , pyle, 
Contrary , What proportion is of the leffe quantitieto the greater; the fame fhall be of the’ , 
difference,wbich is betwene the degree of the Forme vefulting, and the degree of the greate , 
guantitie of the thing mifcible, to the difference; which is betwene the fame degree of thé 
Forme refilting,and the degree of the lee quantitie. Astor exam ple.’ Lettwo pound 
of Liquor be geuen, hote in the 4.degrée:& one pound of Liquor be géiéri, hote’ 

in the third degree . I would gladly know the Forme refulting,in the Mixture ‘of — 

‘thefe two Liquors. Set downie your niibers i order; thus. "08 — 77 7757 
Now by the rüleof Algiebar, haue I deuifed'avery eafie;| E..2. — | Hotes gi” 
briefe; and generall manér of working in this cafe .-Letvs| °° MAN | 
firft; füppote that Middle Forme re[ulting ;to be1ze::asthat| | Opes nu | 
Ruleteacheth. And becaufe tby our Rule, here geuen) as | E 7. | Hote. 3. 
the waight of1.is to 2: So isthedifferencebetwene4.(the^ ^^^ — ^^ ^76 
degree of the greater qiiantitie ) and 176 : to the difference betwene 12 arid 3: 
(the degree of the thing, in lefle quatitie. And witlrall, 12¢, being alwayesin‘a cer- 
taine middell betwene thé two heigthés or dégrees) . For the firft difference; Ifet 


m 


^ 


* a 


4-—1z¢: and for the fecond; T fet re —3°; And: now againe; Tay, as Lis to 2.018 

4—1%e to1ze—3. Wherforc, of thefe foure proportionall ntimbers, the firftand 
the'fourth Multiplied, one bythe other,do inake as ‘much, asthe fecond ‘and the 
third Multipliedithe oneby the other. Letthefe Multiplicationsbe made accor f 
dingly. - And ofthefirftand'the fourth, we haue 172 —34.and ofthe fecond.&the ,— «599 
third;8—zze./Whétfore; out Equation is betwene 12e —$:ánd 8—2ze: Which -- 
may be reduced;àccórding to ‘the Arte of Algiebat:as,here,adding 3.to eche part; 
geueth.the ZEquation,tlius;rzé —r112-4ze . And yet againé;contradting, or R edu- 

'eingit : Addeto échepart/2ze / Then haue you'3%e squall to ‘tr: thus reprefen- 

ted 37e 11; Wherefore; diniding 11.by 3: the Quotientis 3— : the Valew of out 

He Co orT hing, firttfappofed, And thatis the heigth, or Intention of the Forme 
refulting : which is, Heate, in two thirdes of the fourth degree : And here 1 fet the 

few of the workein conclufion, thus. The proufe hereofis effe-by fubtrading 
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33 2T. is double to 1. t. So fhould it be : bythe rule here geuen - Note. As youad- 
ded to eche part ofthe Zquationi, 3 : fo if ye fiiftadded to echeyait ize, itwould 
fand, 5x6 —3—8. And now adding to eche'patt3 : yowhaue(as afore)32e —11: 


~*-And though’, here, fpeake onely, of two thyngs Mifcible: and moft common- 


f^ 
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tymo then th rec,foure,tiue or fix,(&c. )are to be Mixed: (and inone C ompournd 
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to be reduced:& the Forme refultyng of the fame, to ferue the turne)yet thefe Kit: 


Nose, les are fuflicient:duely repeated and iterated.In procedyng firft, with any tworand 


Tax! iX} 


then, with the Forme Refulting,and an other:& fo forth: For, the laft worke, con= 
cludeth the Forme refultyng of them all:I nede nothing to fpeake, of the Mixture, 
(here fuppofed) what itis. Common Philofophie hath defined it, faying, wixtio 


"efl mifcibilzum, alteratorum , per minima coniunctórum,V nio. Euery word in the de. 


 finition;isofgreatimportance. Inedenotalíofpend any time,to fhew,how,the 


other manner of diftributing of degrees,doth agree to thefe Rules, Neither nede I 


` ofthe farder vfe Belonging to the. Croffe of Graduation (before defcribed)in this, 


35 
29 


place declare,ynto fuch as are capable of that,which I haue all ready fayd. Neither 
yet with-examples .{pecifie the Manifold varieties, by the forefayd two gene- 
sall Rules,to be ordered. The witty and Studious,here,haue fufficient: And th ey 


"Which are not hable to atteinc to this, without liuely teaching ,and more in parti-’ 


cular: would haue larger difcourfing,then is mete in this place to be dealt withall: 
And other(perchaunce) with a proude f{nuffe will difdaine this litle:and would be 
vnthankefull for much more.. I,therfore conclude : and with fuch as: haue modeft 
and earneft Philofophicall mindes,to laude God highly for this:and to Meruayle; 
that the profoundeft and fubtileft point, concerning Mixture of Formes dnd 9 nali- 
ties Naturall,is {o Matcht and maryed with the moft {imple,eafie,and fhort way of 
thenoble Rule of A/giebar. Who.can remaine therfore vnperfuaded,to louc,a- 
low;and honor the excellent Science of Avithmetike? For,here,you may perceiue 
that the litle finger of Arithmetikesis of more might and contriuing;then a hun: - 
derd thoufand mens wittes,of the middle forte , are hable to:perfourme, or truely 


[ 


to conclude, with.out helpe thereof. .... ; 


-.’, Now will we farder, by the wife and valiant Capitaine, be certified, what helpe 
he hath,by the Rules of Arithmetike-in one of the Artes.to him appertaining: And 
ofthe Grekes nained Tali. Thatis, the Skillof Ordring Souldiers in Battell ray 
after the beft maner to all purpofes. This Artf{o much dependeth vppon Numbers 
viesand the Mathematicals, that /E£azus ( the beft writer therof, ).in his worke,to 
the Eimperour Hadrianus , by his.perfection, in the Mathematicals,(beyng greater, 


then- other. before bim had,) thinketh. his booke to paffe all other-the’excellent 


workes, written of that Art,vnto his dayes.For,ofit, had.written Axess - Cyneas of 
Theffaly: Pyrrhus ferns cand Alexander his {onne:Clearchus: Paufanias.: Euangelus: 


Polybius,familier frende to Scipio : Eupolemus: Iphicrates , Poffidonius:and very many 
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other, worthy Gapitaines , Philofophers and Princes of Immortall fameand me- 
UD SY XTÍ e LIAOT AA io t. 0 TOF tet iie — 4T AL ER A Nu c4 79 NOE "45. 
mory: Whofe fayreft floure of their garland (in this feat’) was 4rithmetike : anda 


litle perceiuerance,in Gevzsetricall Figures .. But in many other cafes doth C4vith- 
metike {tand the Capitaine in great ftede. As in proportionyng ofvittayles’, for 
the Army,cither remaining ata ftay : orfuddenly to be encreafed witha certaine 
number of Souldiers:and for a certain tyme.Or by good Artto diminifh his com- 
pany,to make the viduals,longer to ferue thé remanent, & for a certaine determi- 
ned tyme: ifnede fo.require. ‘And ‘fo in fundry’ his other accountes ,Recké- 
ninges,Meafurynges,and proportionynges;the wifejexpert,and Circumfpect Cá- 
pitaine will affirme the Science of Arithmetike, to be one of his chief Counfaylors, 


directersand aiders,... Which thing(by good mcanes)was euidentto the Noble, 
€ 


_nes,forcezand Skil in Chiualrous feates and exercifes:his humblenes,and frende- 
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the Couragious , theloyall ,and Curteous Zohn, late Earle of Warwicke. Who 


wera z grs 


was a yong Gentleman, throughly knowne to very few. Albeit his lufty valiant- 


lynes to all men, were thinges, openly, of the world perceiued. But what rotes 
(otherwife,)vertue had faftened in his breft, what Rules of godly and honorable 
- » . ife 


ej 
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life hé had framed to him felfe: what vices; (in fome then lining) notable, he tooke 
great care to efchew:what manly vertues jin other.noblemen , ( florifhing before 
his eves,)he Sythingly afpired after : what proweffeshe purpofed and. ment to a- 
chieue : with what feats and Artes,he began to.furnifhand fraught him felfe , for 
the better feruice of his Kyng and:‘Countrey,both.in peace & warte. Thefe(I fay) 
his Heroicall Meditations ; forecaftinges and determinations, no twayne , (I 
thinke)befide my felfe,can fo perfe&tly;and truely report. And therfore,in Con- 
{cience,! countit my part,for the honor,preferment, & procuring of vertue (thus) 


b 


briefly)to haue put his Name., in the Regifter of Fare Immortal. 


r 
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. Toourpurpofe. This ZoZz,by one of his áctes(befides many other:both in En- 
gland and Fraunce,by me,in him noted. ) did difclofe his harty loue to vertuous 
Sciences:and his nobleintent,to excell in Martiall proweffe: When he,with hum- 
ble requeft;and inftant Solliciting:got the beft Rules(eitherin time paft by Greke 
or Romaine,or in our time víed:and new Stràtagemes therin deuifed) for ordring 
ofall Companies,fummes and Numbers of m&;(Many;or fev? with one kinde of 
weapon,or mo, appointed: with Artillery,or without:on horfebacke, or on fote: 
to giue, or take onfet : to feem many, being few : tofeem few, beingmany. To 
marche in battaile or lornay: with many {uch feates,to Foughten field,Skarmouth; 
or Ambufhe appartaining: And of all thefe,liuely defignementes (moft.curioufly) 
to be in velame parchement defcribed: with Notes & peculier markes,as the Arte 
requireth:and all thefe Rules,and defcriptions Arithmeticall, inclofed in a riche 
Cafe of Gold, hevfed to weare about his necke : as his Iuel! moft precious „and 


This noble 
Earle, dyed 
Anno. 15 § 4. 


Counfaylour moft trufty . ‘Thus, 4rithmetikesofhim,was fhrynedingold: Of fkarfe of 24. 


t 


Numbersfrute, he had good hope. Now , Numbers therfore innumerable, in 
Dumbers prayle,his fhryne fhall finde. T o s 

_ What nede I, (for farder. profe. to you) ofthe Scholemafters of Iuftice , to 
require teftimony :how nedefull, how frutefull , how fkillfull a thing _4rithmetike 
1s? I meane the Lawyers ofall fortes. Vndoubtedly,the Ciuilians,can meruaylouf- 
ly declare:how,neither the Auncient Romaine lawes , without good knowledge 
of Numbers art,can be perceiued : INor (Iufticein infinite Cafes) without due pro- 
“portion, (narrowly confidered;)is hable to be executed. How Iuftly, & with great 


yeares of agez 
having no if- 


7 füe Fe his 


wife: Daugh- 

ter to the 

Duke of So- 
merket. 


knowledge of Arte,did Papinianus inftitute a law of partition , and allowance, be- . 


twene man aüd wife after a diuórcez But how 4 ccur[ms, Baldus, Bartolus,I afon, Alex- 
ander,and finally. Alciatus, (being otherwife,notably well learned)do iumble,geffe, 
and erre,from the equity;art and Intent of the lawmaker : Avithmetike can detect, 
and conuince: and clerely, make the truth to fhine. Good Bartolis , tyred in the 
examining & proportioning of the matter:and with Accurfius Gloffe, much cum- 
bred:burft outand fayd: Nulla eft in toto libro , bac aloffa difficilior : Cuius computatio- 
nem nec Scholaffici nec Doctores intelligunt. e7c: Thatis: In the-whole bo oke., there 
4$ no Gloffe harder then this : Whofe accoumpt ór-feckenyng , neither the Scho- 
lers nor the Doéfours ‘vnderftand.¢ec. What can they fay of Iulianus law „Si 
ata Scriptum.erc.Of the Teftatorss will inftly performing, betwene the wife , Sonne 
and daughter’ ¢ ‘How can they perceiue the #quiti¢ of Aphricanus., Arithmeticall 


^ 


Reckening,wherehe treateth of Lex Falcidtae How can they deliuer him,from his 
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Reprouers : and their maintainers :.as Joannes E Accur[is. Hypolitus and «Alciatus? 


How futtly and artificially, was Africanus reckening madezPro portionating to the - 


Sommes bequeathed,the Contributions ofeche part ^ Nam cely forthe hundred 
prefently receiued,17 —. ` And forthe hundred, receiued after ten monethes ae 


— 
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— Which make the 3o:which were to be cótributed by the legataries to the heires, 
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For,what propottion,100 hath to 75:the fame hath 17 = to r2 = : Which is Sef- 
quitertia:thatis,as 4;to 3.which make'7; Wo nderfull many places, in the Ciuile 
law require an expert Arithmeticien,to vnderftand the deepe Iudgemét,& Iuftde- 
terminatié of the Auncient Romaine Lawmakers. But much more expert ought 
heto be, who fhould be hable’,°to decide with equitie,the infinite varictie of 
Cafes,which do,or may happen ,-vnder evry one of thofe lawes and ordinances 
Ciuile. Hereby,eafely,ye may now coniecture: thatin the Canon law: andin the 
lawes of the Realme (which with vs ; beare the chief Authoritie ) , Inftice ‘and e- 
quity mightbe greately preferred,andfkilfully executed, through’due fkill of A- 
rithmetike,and proportions appertainyng.. The worthy Philofophets , and pru- 

1 dent lawmakers(who haue written many bookes De Republica: How the beft ftate 
of Common wealthes might be procured and mainteined, ) haue very well deter- 
mined of Inftice: (which, notonely , isthe Bafe. and foundation of Common 
weales:but alfo the totall perfection ofall our workes, words, and thoughtes:)de- - 
Iuſtice. „ fining it to be that vertue,by which,to euery one,is rendred; that to ‘him appertai- 
» neth.' God challengeth thisatour handes,to be honored as God: to beloued, as 
a farther : to be feared as a Lord & mafter.. Our neighbours proportió;isálfo pref- 
cribed of the Almighty lawmaker:whichis , to do to other , euen as we would be 

-dosevnto. Thefe proportions, are in Iuftice neceffary:in duety comméndable: 
and of Common wealthes, the life,ftrength, flay and florifhing. .. Cariftofle iii his 
-a Ethikes (to fatch the fede of Iuftice,and tight of direction, to vie and execute the. 
fame)wasfayne to fly to the perfection and power of Numbers : for proportions 
Arithmeticalland Geometricall. P/sroin his booke called Epzzomis ( which boke, 

is the Threafury ofall his dó&trine)where;his purpofe is;to feke a Science; which; 
when a man had it;perfe&ly:he might femeatd fo bejin dedeyife . He,briefty,of 
other Sciences difcourfing, findeth them, nothable to bring it to paffe: But ofthe 
Science of Numbers,hefayth. a gue numerum mortalium generi dedit id profecto ef- 
ficies . Denia antem aliquem, magis quam fortunam, ad falutem nostram, hoc munus nobis 
arbitror contuliffe &c. Nam ipſum bonorum omnium Authorem, cur non maximi boni, 
rudentie dico, caufam arbitramur? That Science ,verely , which hat ht aug ht mans 

kynde namber, fhall be able to bryng it to paffe.. ' 


| iffe... And. I thinke,a certaine God, 
rather then fortune,to haue ginen vs this gift, for our bliffe. For, vhy ſpould 
we not Ludge him,who is the Author of all-good things ,to be alfo the caufe of the 
greateft. good thyng namely Wifedome?. "There;at length;he proueth Wifedome 
to be atteyned ; by good Skill of Numbers; With which great Téftimoriy, and the 
manifold profes , and reafons , before expreffed , you may be fufficiently and fully 
perfuaded zofthe perfect Science of Aritbzsetike,to make this áccounte: That of 
all Scicnces,next to T heologie,itis:moft diuinénoft pure,moft ample and generall, 
moit profounde, moft íubtile „moft commodious and moft neceflary = Mhoſe 
next Sifter, is the Abfolute Science of Magnitudes:of which (by the Direction and 
aide of him,whofe «Alagzitude is Infinite,and of vs Incomprehenfible ) I now en- 
tend, foto write , that both with the cAtwltitude,and alfo with the Magnitude of 
Meruaylous and frutefull verities , you ( my frendes and Countreymen ) may be 
ftird vp, and awaked, to behold what certaine Artes and Sciences, (to our vn- 
fpcakable behofe) our heaucnly father, hath for vs prepared, and reuealed,by fune . 
dry Philofophers and ~Mathematiciens. » vv — 
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Oth, Number and Magnitude , hauea certaine Originall fede, (as it were ) ofan 

incredible property : and of man; neuer hable, Fully to bedeclared .. Of 

Number , an Vnitand of CMagnitude,a Poyntejdoo fcemé to be much like Origi- - 
E = hs : nall 
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nallcaufes: Butthe diuerfitie neuertheleffejis great We defined an zit , to: 
bea thing Mathematicall Indiuifible : A Point, likewife ; "we fayd to be a Ma- 
thematicall thing Indiuifible . And farder , thata Point may haue a certaine de- 
termined Situation: that is, that we may afligne,and prefcribe a Point,to be here, 
there , yonder. &c. Herein, (behold) our Vnit-is free, and can abyde no bon- 
dage,or to be tyed to any place, or feat:diuifible or indiuifible. Agaynë;, by rea- 
Íon;a Point may haue a Situation limited to him: a certaine motion,therfore (to a 
| place;and from a place) is to a Point incidentand appertainyng. But an Vnit, can 
notbeimaginedto haueany motion,  APoint;by his motion, produceth:; Ma-. 
thematically,aline: (as we fayd before)which is the firft kinde of Magnitudes,and 
moft fimple: Án Pzit,can not produce any number. : A Line, though itbe produ- 
ced ofa Point moued,yet;it doth notconfift of pointes.: . Number; thoughitbe 
not produced ofan 7zit , yet doth it Confift of vnits ,as.a materiallcaufey But = 
formally, Number,ts the Vnion, and Vnitie of Vnits. ..... Which vnytingand knit? Nymbers 
ting,is the workemanfhip of our minde:which,of diftinétand difcrete Vnits ,.ma- 
keth a Number: by vniformitie, refulting ofa certaine multitude of Vnits:And fo, 
euery number,may haue his leaft part,giuen:namely,an Vnit: But not ofa Magni- 
tude, (no,not ofa Lyne,)the leaft part can be giué:bycaufe,infinitly, diuifion ther 
. ofymay be conceiued. All Magnitude,is either a Linea Plaine, ora Solid. Which 
Line,Plainejor Solid, of no Senfe,can be perceiued, nor exactly.by had. (anyway) .--— 
reprefented:nor of Nature produced: But, as ( bydegrees ) Number did cometo 
our perceiuerance: So,by vifible formés,we are holpen‘to imagine, what our. Line 
Mathematicall, is. What our Poit,is.So precifej;are our Magnitudes, that one 
Line is no broader then an other:for they haueno bredth: Nor our Plaines haue 
any thicknes:Nor yet our Bodiesjany weight-be they neuer fo large of dimenfio. 
Our Bodyes,, we can haue Smaller, then either Arte.or Nature can produce a- 
ny : and Greater alfo , then: all the woild.can comprehend. ~Our leaft Mag- 
nitudes, canibe. diuided into fo many partes; as the greateft... As,a Line ofan 
inch long, ( with vs) may.be diuided into, as many partes, asmay the diame-- 
ter, of the whole world , from Eaftto Weft :orany way, extended: What priui- - 
ledges, abouc all manual Arte,and Natures might,haué our two Sciences Ma- 
thematicall?to exhibite,and to deale with thinges offuch power, liberty, fimplici- 
ty,puritie,and perfection? And in them, fo certainly,fo orderly,fo precifely.to pro- 
‘cedé:asjexcellent is that workeina Mechanical] Iudged , who nereft can approche 
to the reprefenting of workes, Mathematically detnoriftrated ¢ And our two Sci- 
ences, temidining pure,and abfolute,in their proper termes,andin theirowne Mat- — £j 
ter:to haue;and allowe;onely füch Demonftrations , asare plaine" certaine , vni- 
‘werlall; and of an eternal veritye? This Science of Magnitude, his properties,con- 
‘ditions;and appertenances : ;commonly,nowis,and from the beginnyng, hath of 
‘all Philofophers,, ben called Geometyie « But,veryly,with a name to bafe and fcant, 
for a Sctence.of {uch dignitieandamplenes. And,perchaunce,that name,by có- 
mon and fecret confentofall wifemen , hitherto hath ben fuffred to temayne:that 
it might carry with ita perpetuall memorye, of the firftand notableft benefite, by 
that Science, to common pédple fhéwed : Which was ; when Boundés and meres 
of land and ground were loft; ‘and confounded fas :in Eeypt,yearely; with the ouer- 
flowyng of Nélus,the greateft and longeft riuer in the world ) or , that ground be- 
queathed;were to beaffigned:or, ground fold, were to be.layd out : o1-( when dif- 
order preuailed) that Comms were diftributed into feucralties.For, where; vpon 
thefe &furch like occafids,Some by ignorace, fome by negligéce, Some by fraude, 
and {ome by violence, did wrongfully limiteymeafure; éncroach,or challenge ( by 
P a.ij. pretence 
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pretence of iuft content, and meafure) thofe Iandes and groundes : great loffe,dif: 
quictnes,murder,and warre did (full oft)enfue: Tili,by Gods mercy, and mans Ìn- 
duftrie; The perfc&t Science of Lines,Plaines, and Solides (like a diuine lufticier,) 
à gaue vnto euery man, his owne, The people then,by this art pleafured,and great- 
j ly relieued,in their landes iuft meafuring:& other Philofophers, writing Rules for 
land meafuring-betwene them both,thus,confirmed the name of Geometria,thatis, 
(according to the very etimologie of the word)Land meafiring.Wherin,the peo- 
pic knew no farder, of Magnitudes vie,but in Plaines:and the Philofophers,of thé, 
had no feet hearers, or Scholers-farder to difclofe vnto,, then of flat, plaine Geome- 
trie. And though,thefe Philofophers, knew of farder vfe,and beftvnderftode the 
etymologye of the worde;yet this name Geometria,was of them applyed generally 
to all fortes of Magnitudes : vnleaft, otherwhile, of Plato, and Pythagoras : When 
&'Plate. 7. de they would precifely declare their owne do@trine, Then,was* Geometria, with 
AP them,Studiumquod circa planum ver[atur. But, well you may perceiue by Euclides 
Elementes , that more ample is our Science , then to meafüre Plaines:and nothyng 
leffe therin is tought(of purpofe)then how to meafure Land.An other name,ther- 
fore,muft nedes be had, for our Mathematicall Science of Magnitudes : which re- 
gardeth neither clod,nor turff: neither hill,nor dale:neither earth nor heauen: but 
is abfolute ALegethologia:not creping on ground , and daffeling the eye, with pole 
» perche,rod or lyne:butliftyng the hart aboue the heauens, by inuifible lines , and 
WP » immortall beares meteth with the reflexions,of the light incomprehenfible: and 
» fo procureth Ioye,and perfection vnfpeakable. Of which true vfe'of our Atece- 
thica,cr Megethologia, Diuine Plato fecmed to haue good tafte,and itidgement:and 
(by the name of Geometrie ) fo noted it:and warned his Scholers therof: as,in hys 
feuenth Dialog, of the Common wealth,may euidently befene. Where (in La- 
tin)this itis:right well tranflated: Profecto,nobis hoc non necabunt, QD uicund, vel pau-. 
dulum quid Geometrie euflarunt, quin bec Scientia , contra, omnino fe babeat. eum de ea 
loquantur , quiin ipfa ver[antur .In Englifh,thus. Verely( fayth Plato’ )whofoener 
- bane but euen very litle )ta$ted of Geometrie will not denye pnto vs ; this : but 
that this Science, is of an other condicion quite contrary to that which they that 
are exercifed in it , do fbeake of it. And there it followeth, of our: Geometrie, 
Quid quaritur cognofcendiillius eratia,quod femper est mom cy eius quod oritur quando, 
cr interit.Geometria,eius quod est femper, Cognitio eft. Attollet igitur(o Generofe vir) ad 
V eritatersaninesi-atg,ita,ad Philofophandum preparabit cogitationem,ut ad [upera con- 
nertamus:qua nanc contra quam decet ad inferiora dèjcimus ere . Quammaximè igitur 
pracipiendum eft,vt qui praclari{siman hance habitat Civitatem,nullo modo,Geometriam 
fieraant. Nam o que prater ipfe propofitum quodam modo e[Jecvidentur haud exigua 
funt. cre Ar inuft nedes be confefled (faith Plato) T hat ( Geomerrie} is. learned y for 
- £be knowyne of that , which is ener:and not of that, which,in tyme both is bred 
and ts brought to an ende.¢x-c.Geometrie is the knowledge of that which is euer» 
laftyng.It will lift vp tberfore(O Gentle Syr ) our mynde to tbe Veritie ; and by 
that meanes st will prepare tbe T bougbt ,to tbe P bilofophicall loue of wifdome: 
that we may turne or conuert toward beauenly thinges(borh mynde and thought) which 
now ,otherwife then becommeth ds ,we caSt down on bafe or inferior tbings.esc. 
Chiefly, therfore, Commaundement mu/ft be ginen ,that fuch as do inhabit this 
- moft bonorable (stie by no meanes, de$pife Geometrie. — For euen tbofe tbinges 
[done ky ir which in manner, feame to be , befide the purpofe of Geometrie : are of 
i s no 
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no {mail importance. czc. And befides the manifold vfes of Geometrie, in matters 
appertainyng to warrejhe addeth more;offecorid vnpurpofed frute, and commo: 
ditye,arriling by Geometrie:faying:Scimus quin etiam,ad Difciplinas omnes facilius per 
diſcendas, intereſſe omnino, attigerit ne CGeometriam aliquis, an non. &c. Hanc ergo Do- 
ctrinam, fecundo loco diftendam Iunenibus flatuamsus.That is. But yd Ufo ive know, 
that for the more ea[y learnyng of all Artes , it importeth much , whether one 


haue any knowledge in Geometrie or no. «7c. .— Let'ys therfore make an ordis . 


nance or decree , that this Science , of young men fhall be learned in the fecond 
lace, This was Dis#ine Platohis Iudgement,both ofthe purpofed , chief, and 
erfect vie of Geometrie: and of his fecond,dependyng , deriuatiue commodities, 
And for vs,Chriften men,a thoufand thoufand mo occaftons are, to haue nede of 
the helpe of * cegetboloeicall Contemplations : wherby,to trayne our Imagina- 
tions and Myndes, by litle and litle,to forfake and abandon, the grofleand corrup- 
tible ObieGes, of our vtward fenfes:andtoapprehend , by {ure doctrine demon- 
ftratiue, Things Mathematicall. And by them, readily to be holpen and con- 
duced to conceiue , difcourfe , and conclude ofthings Intellectual, Spirituall, 
xternall,and fuch as concerne our Bliffe euerlafting : which, otherwife ( without 
Speciall priuiledge of Illumination, or Reuelation fró heauen ) No mortall mans 
wyt(naturally)is hable to reach vnto,or to Compaffe, And,veryly, by my fmall 
. 'Talent(from aboue)I am hable to proue and teftifie;that the litterall Text,and or- 
der of our diuine Law,Oracles,and Myfteries,require more fkill in Numbers,and 
Magnitudes - then(commonly) the expofitors haue vttered - but rather onely (at 
the moft)fo warned : & {hewed their own wanttherin.(To name any, is nedeles: 
_ and to note the places,is,here,no place: ButifI be duely afked,my anfwere is rea- 
dy.) And without the litterall, Grammaticall,Mathematicall or Naturall verities of 
fuch places ; by goodand certaine Arte,perceiued,no Spiritual fenfe ( propre to 


thofe places,by Abfolute Theologie)will thereon depend. No man,therfore, can 7 


doute , but toward the atteyning ofknowledge incomparable , and Heauenly 
Wifedome: Mathematicall Speculations,both of Numbers and Magnitudes: are 
imeanes, aydes, and guides:ready, certaine ,and neceffary. From henceforth,in 
this my. Preface,will I frame my talke,to P/ato his fugitine Scholers: or, rather , ‘to 
fuch; who well can,(and alfo wil, )vfe their vtward fenfes,to the glory of God,the 
benefite of their Countrey,and their owne fecret contentation , or honeft prefer- 
ment, on this earthly Scaffold. To them,I will orderly recite, defcribe & declare 
 agreat Numberof Artes, fromourtwo Mathematical fountaines , deriued into 
the fieldes of Nature. Wherby , fuch Sedes , and Rotes , aslye depe hyd inthe 
groüd of Nature,are refrefhed,quickened,and prouoked to grow, {hote vp, floure, 
and giue frute,infinite,and incredible. And thefe Artes, fhalbe fuch , as vpon Mag- 
ritudes properties do depende,more,then vpon Number. And by good reafon 
weimay call them Artes,and Ártes Mathematical Deriuatiue : for (atthis tyme)! 


é 


Define An Arte,to be a Methodicall cóplete Do&trine,hauing abun- 
dancy of fufficient,and peculier matter to deale with „by the allow- 
ance of the Metaphificall Philofopher : the knowledge whereof,to 
humaine flate is neceffarye.And that Iaccount, An Art Mathemati- 
call deriuatiue , which by Mathematicall demonftratiue Method ; 
in Nübers ; or Magnitudes,ordi.ch and confirmeth his doctrine, as 


much & as perfe&ly , as the matter fubiect will admit. And forthar,.. 
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A iechani- Tentend to vfe the nameand propertie of a: Mechanicien, otherwife,then (hitherto) 
tien. it hath ben vied, thinke it good, (for diftin@ion fake) to giue you alfo a brief def- 
cription, what I meane therby. -A Mechanicien,or a Mechanicall work- 
man is he , whofe f kill is , without knowledge of Mathematical 
demonftration , perfectly tó worke and finifhe any fenfible worke, 
by the Mathematicien principall or deriuatiue, demonftrated or de- 


monftrable. Full well [ know,that he which inuenteth, or maketh thefe de- 
monftrations,is generally called 4 /peculatine Mechanicien : which differreth no- 
thyng from a Mechanicall Mathematicien. 'So,inrefpedt of dinerfe actions,one 
man may haue the name of fundry artes:as,fome tyme, ofa Logicien , fome tymes 
(in the fame matter otherwife handled)ofaRethoricien. Ofthefe trifles,I make, 
(asnow;in refpect of my Preface; {mall account: to fyle thé for the fine handlyng 
offübtile curious difputers .In other places , they may commaunde me,to giue 
good reafon:and yetjhere,I will not be vnreafonable. | | 
Firftthen,from the puriticabfolutenes,and Immaáterialitieof Principall Geo- 
i, metric, isthat kinde of Geometrie deviued , which vilgarly is counted ‘Geometrie : 
andis the Arte of Meafuring fenfible magnitudes, their iuft quatities 
Geometrie  andcontentes. This, teacheth to meafure, either at hand: and the practifer, to 
vulgar. be by the thing Meafured : and fo ,by due applying of Cumpafe, Rule, Squire, 
Yarde,Ell,Perch,Pole,Line,Gaging rod,(or füch like inftrument)to the Length, 
1. Plaine, or Solide meatured, “to be certified; either of the length, perimetry, or di- 
;. ftancelineall: and this ts called, “ecometrie.. Or*to be certified ofthe content of 
any plaine Superficies : whether itbe in ground Surueyed, Borde, or Glaffe mea- 
. fured;or fuch like thing : which meafuringys named Embadometrie.*Or els to vn- 
derftand the Soliditie,and content of any bodily thing : as of Tymber and Stone, 
or the content of Pits,Pondes, Wells, V effels {mall & sreat,ofall fafhions. Where, 
' of Wine, Oyle,Beere,or Ale veflells,&c,the Meafuring,commonly, hath a pecu- 
.' lier name-and is called Gaging . And the generall name of thefe Solide meafires, 
2. is Stereometrie. Or els,this valear Geometrie, hath confideration to teach the prac 
:. tifer, how to meafure things,with good diftance betwene him and the thing mea- 
,, fured : and to vnderftand theteby,cither *how Farre,a thing feené(on land or wa- 
,. ter)is from the meafuret: and this may be called Aponsecometrie: Or,how High or 
depe,aboue or vider theleuel of the meafurers ftading.any thing is,which is fene 
3- on land or water, called Hyp/ometrie,*Or, itinformeth the meafurer, how Broad ` 
any thing is,which is in the meafurers vew:{o itbe on Land or Water,fituated:and 
Note may be called Platometrie - Though I vie here to. condition, the thing meafured, to 
be on Land, or Water Situated: yet, know for certaine; that the fundry heigthe of 
Cloudes, blafing Starrés, and of the Mone., may(by: thefemeanes)haue their di- 
frances from the earth : and, of the blafing Starres.and Mone,the Soliditie (afwell 
as diftancés)to be meafured;But becaufe,neither thefe things are vulgarly taught: 
norofa commion pradtifet {6 ready to be exécitted : L,rather,let fuch meafures be - 
reckened incident to fome of our other Artés, dealing with thinges on high,more 
purpofely; then this vulgar Land meafüring Geometrie doth : as in Pef(pective and 
COM o eof siragomies e. o t ! xu Lak. t a ae ah s tl 
mos GF thefe feates ( Farther applied ) is Sprong the feate of Geodefie , or Land 
Meafuring: more cunningly to meafure& Suruey Land, Woods, and, Waters, 
afarré of, More cunniigly,I fay /But God knoweth (hitherto) in theft Realmes 
ofEnglandand Ireland ( whetherthrough ignorance or fraude’, T cai nor tell: in 
Note. euery particular ) how great wrong and iniurie hath (in my time)bene committed 
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by vntrue meafüring and furueying of Land or Woods,any way . And, this] ami 
fijre: that the Value of the difference, betwene the truth and fuch Surueyes,would 
haue bene hable to haue foüd (foreuer) in eche of our two Vhiuerfities, ah excel+ 
Jent Mathematicall R eader:to eche,allowing(yearly)a hundred -Markes oflawfull 
money of this realme: which, in dede,would feme requifit;here,to be had (though 
by other wayes prouided for) as well,as,the famous Vniuerfitie of Paris; Bath two . 
Mathematicall Readers : and.eche,two hurdreth French. Crownes yearly, of the 
French Kinges magnificentliberalitie onely:i N ow,againe, to our purpofe retur- 
ning : Moreouer, of the former knowledge Geometricall,are growen the Skills of 
Geographie , Cborographie , Hydrographie , and Stratarithmetrie 

Ge ographie teacheth wayes,by which, in füdry formes, (as Spharike, Plaine j 
or othet),the Situation of Cities, Townes, Villages, Fortes,Caftells,Mountaines, , 
Woods,Hauens,Riuers, Crekes,& fuch other things,vpó the outface ofthe earth- , 
ly Globe (either in the whole, or in fome principall mé erand portion therofcé6- ,, 
tayned )may-be defcribed arid defigned, in comenfurations Analogicall to Nature ; 
and veritie:and moft aptly to our vew,may be reprefented.Of this Arte how great 5, 
pleafure,and how manifolde commodities do come vnto vs,daily and hourely: of 
moft men, is perceaued . While,fome, to beautitie their Halls,Parlers, Chambers, 
Galeries,Studies,or Libraneés with: other fome,for.thinges paft, as battels fought, 
carthquakes,heauenly fyringes,& fuch occurentes,in hiftories mentioned: therby 
liuely,as it were,to vewe the place, the region adioyning,the diftance from vs: and 
fuch other circumftances. Some other,prefently to vewe the large dominion of 
the.Turke : the wide Empire ofthe Mofchouite: and thelitle morfell of ground, 
where Chriftendome(by profeffion)is certainly knowen. Lite, fay;in refpe&te of 
the reft, &c.  Some;eitherfor their owne iorneyes directing into farre landes: 
orto vnderítand ofother mens trauailes. To conclude, fome, for one purpofe : 
and fome;foran other, liketh loneth,getteth,and vfeth, Mappes, Chartes,& Geo» 
graphicall Globes. Ofwhofe vie, to {peake fufficiently, would require abooke 


peculier ey 
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i Chor oer aphie feemeth to be an. vnderling,and a twig, of Geographie: 
and yet neuertheleffe, is in practife manifolde, and in vfe very ample. This tea- 
cheth Analogically to defcribe a finall portion or circuite of ground, with the con- 
tentes: not regarding what commenfuration it hath to the whole, or any parcell; 
withoutit, contained . Butin theterritory or parcell of ground which it taketh in 
‘hand to make defcription of, it leaueth out (or vndefcribed) no notable, or odde 
thing, aboue the ground vifible. . Yeaand fometimes , of thinges vnder ground, 
geueth fome peculier marke : or warning : as of Mettall mines, Cole pittes, Stone 
quarries. &c. Thus,a Dukedome;aShiereja Lordfhip, orleffe, may be defcribed 
diftihdily . .But marueilous pleafant, and profitable itis, in the exhibiting to our 
eyeand cominenfuration, the plat of a Citie, Towne, Forte, or Pallace, intrue - 
Symmetry : notapproching to any of them : and out of Gunne fhot.&c. Hereby, | 
the C4rchitect may furnifhe him felfe,with ftore of what patterns he liketh : to his ^ 
greatinftrucion: euer in thofe thinges which outwardly are proportioned:either 
fimply in them felues : or ref pectiuely,to Hilles, Riuers, Hauens, and Woods ad: 
loyning. Somealfo, terme this particular defcription of places , Topographie, 
, Hy drographie,deliuereth to our knowledge, on Globe or in Plaine, 
the perfect Analogicall defcription ofthe Ocean ‘Sea coattes , through the whole 
world : orin the chiefe and principal pattes thereof : with theTles and chiefe 
a.iiij. paticular 
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particular places of daungets, conteyned within the boundes,and Seacoaftes de- - 


decribed : as, of Quickfandes, Bankes, Pittes,R ockes,Races,Countertides;Whorle- 
.pooles.&c. — This, dealeth with the Element ofthe water chiefly : as Geographie 
did principally,take the Element of the Earthes defcription ( with his apperte- 


nances ) to taske . “And befides thys , Hydrographie , requireth a particular 
Kegufter of certaine Landmarkes (where markes may be had) from the fea,well ha- 


ble to befkried, in. what point ofthe Seacumpafe rey apptare,and what apparent 


forme,Situation,and bignes they haue, in refpe&e ofany daungerous place in the 
fea,or nere vnto it, affigned: And in all Coaftes, what Mone,maketh full Sea:and 
what way, the Tides and Ebbes,come and go,the Aydrographer oughtto recorde. 
The Soundinges likewife : and the Chanels wayes: their number;and depthes or- 
dinarily, at ebbe and flud, ought the Hydrographer , by obferuation and diligence 
of Meafuring, to haue certainly knowen. And many other pointes, are belonging 
to pertecte Hydrographie, and for to makea Rutter, by sof which,I nede not here 
{peake : as of the defcribing, in any place, vpon Globe or Plaine, the 32.pointes of 


_ the Compafe,truely : (wherof, fcarfly foure,in England , haueright knowledge: 


bycaufe, the lines therof, are no ftraight lines, nor Circles.) Of making due pro- 
iection ofa Sphere in plaine.Ofthe Variacion ofthe Compas , from true Northe: 
And fuch like matters (of great importance, all ) I leaue to fpeaké o£in this place: 


bycaufe,I may feame(al ready to haue enlarged the boundes,and duety ofan Hy- 


dographer, much more,then any man (to this day hath noted;or-prefcribed , Yet 
am I well hable to proue,all thefe thinges , to appertaine , and alfo to be proper to 
the Hydrographer. "The chiefvfe and ende of this Art, is the Art of Nàuigation: 


.butit hath other diuerfe vfes : euen by them to be enioyed , that neuer lacke fight 


of land oy *-* m iat all Mid 
"Y Stratarithmetrie, is the Skill, (appertainyng to the warre; ) by whicha 


man canetin figure;analogicall to any Geowetricall figure appointed; any certaine 


number or furame of men:offuch a figure capable: (by reafon ofthe 'vfuall {paces 
betwene Souldiers allowed : and for that , of men,can be made no Fractions. Yet, - 
neuertheles,he can order the giuen fumme of men. , for the greateftfuch figure, 
that of them, cá be ordred)and certifié, ofthe ouerplus: (if any be)and ofthe next 


: certainefummeywhich,with the ouerplus,will admita figure exactly proportionall 
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to thefigureaffigned. By which Skill,alfo,ofany army or company ofmen.: (the 
figure & fides of whofe orderly ftanding,or array,is knowen)he is able to expreffe 
the iuftnumber of men, within that figure conteined:or(orderly ) able to be.con- 
teined. * And this figure,and fides therof, he is hable to know : either beyng by, 
and athand:ora farreof. Thus farre,ftretcheth'the defcription and property of 
Stratarishmetrie : {ufficient for this tyme and place. — It differreth from the Feate 
T achicall,De actebus inftruendis. bycaufe , there, is neceffary the wifedome and fore- 
fight,to what purpofe he fo ordreth the men : arid Skillfull hability , alfo , for any 
occafion;ór purpofe , to deuifeand vfe the apteft and moft neceffary order’, array 
and figure of his Company and Summe of men . By figure;I meane: as;either ofa 
Perfect Square; Triangle , Circle, Ouale , long [quare , (of the Grekes it is called Etero- 
mekes ) Rhombe, Rhomboid, Lunular, Ryng, Serpentine, and {uch othet Geometrical 
figures: Which,in warres,haue ben , and are to be vied : for commodioufnes , ne-' 
ceffityand auauntage &c. And no finall fkill ought he to haue, that fhould make 
rue report,or nere the truth, of the numbers and Summes,offootemen orhorfe- 
men,intheEnemyesordring. | A farre of, to make aneftimate, betwene:nere 
termes of More and Leffe,is nota thyng very rife , among thofe thatgladly TM 
| | — do 
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do it. `- Gredt pollicy may be vfed'of the Capitaines;(artymesfetesand.in’ places 
conuenient)asto víe Figures , which make greateft fhew ; of fo many:as he hath: 
and viing the aduauntage of the three kindés of viuiall {paces: ( betwenefootemen 
or horfemen)to take the largeft:or when he would feme to haue few; (beyng ma- 
ny-)contrarywile,in Figure,and {pace. The Herald,Purfevant, Sergeant Royall, 
Capitaine; or who foeueris carefull to come nerethe truth herein’: > befides the 
Iudgément of his expert cye;his f kill of Ordering 7 acZcal/ , the helpe of his Geo- 
metricallinftrument:Ring, or Staffe Aftronomicall: ( commodioutly:framed for 
cariage and vfe) He may, wonderfully helpe him felfe, by perfpectiue Glaffes.In 
which, (Itruft ) our pofterity will proue more f{killfull and expert’, and to greater 
purpofes , thenin theíe dayes; can(almoft)be credited to be poffible.. * 519% 
-. Thus haue I lightly.paffed oner the Artificiall Feates,chiefy dependyng vpon 
vulgar Geometrie : & commonly,and generally reckened vnder the name of Geome- 
trie. ..Butthere are other(very many) ethodicall Artes ; which, declyning from 
the purity-, fam plicitie,and Immateriality,of ourPrincipall Science of Magnitudles: 
do yet neuertheles vfe the great ayde , direction , and Method of the fayd 
principall Science, and haue proprenames , and diftinct: both from the Science 
of Georetrie., ( from which they are deriued and onefrom the other. . ‘As. Per- 
fpectiaé;Aftronomie , Mufike, Cofmographie, Aftrologie,Statike, 
Anthropographie, Trochilike, Helicofophie, Pneumatithmie, Me- 
nadrie, Hypogeiodie, Hydragogie, Horometrie, Zographie, Archi- 
te&ure; Nauigation , I haumaturgikeand Archemaftrie. . I thinke it 
neceffary , orderly, of thefe to.giue fome peculier defcriptions : and withall, to 
touch fome.oftheir commodious vfes ; and fo to make this Preface, to be a little 
fweté,pleafant Nofegaye for you:to.comfort your Spirites , beyng almoftout of 
courage, and in defpayre; (through.brutifh brute ) Weenyng that Geometrie had 
but ferued for biiildyng ofan houfe;ora curious bridge,or the roufe of Weftmin- 
fter hall ; or fome witty pretty deuife, or engyn , appropriate toa Carpenter,ora 
Toyner &c,Thatthe thing is farre otherwife , then the world , (commonly)to this 
day, hath demed,by worde and iworke ; good profe wilbemade. ~ 

- wh mong thefe Artes, by good reafon,P er Ípectiue oughtto be had , ere 
of Afronomicall Apparences , perfeét knowledge can be atteyned. . And bycaufe 
ofthe prerogatiue of Light , beyng the firftof Gods Creatures: and the eye, the light 
of our body, arid his Senfe moftmighty,and his organ moft Artificiall and Geome- 


dd 


sricall: At Perfpectiue,we will begyn therfore. “Perfpectine,is an Art Mathe- 


maticall which demonftrateth the maner,and properties,of all Ra- 


EA 

Frende, 
you will finde 
tt hard,to perforné 
my defeription of 
this Feate But bý 
Chorographie.yen 
may itp ye j (elfe 
fome what:where tht 
Figures krowne (5 
Sides and Angles} 
are net Regular: 
And where, Refolu» 
tion tnt Triangles 
can ſtrue. &c. And 
yet you will finde it 
Strange to deale thus 


E generally with A- 


ritbineticall figures? 
and, that for Bat- 
tayle ray. Their cone 
tentes differ fo much 
from like Geometris 
call Figures. 


diations Direct;Broken,and Reflected. This Defcription, or Notation , is ` 


brief: but it reacheth fo farre,as thé world is wyde. . Itconcerneth all Creatures, 
all Actions ; and paffions, by Emanation ofbeames perfourmed . Beames,or nà- 
turalllines , (here) Imeane , not oflight onely, ot of colour (though they,to eye, 
giue fhew,witnes,and profe , wheiby to ground the Arte vpon )but alfo of other 
 Formes,boshs ubflautiall, aid Accidentall ,the certaine and determined actiue Ra- 
diall emanations. By'this Art(oiiiitting to fpeake ofthe higheft pointes) we may 
vie our cyes,and the light,with greater pleafüre:and perfecter Iudgement:both.of 
thingsin lightfeen;& of other: which by like order of. Lightes Radiations, worke 
and produce their effectes. We may be afhamed to beignorant of the caufe,why 
fo fundry wayes our eye is deceiued,and abufed:as, while the eye weeneth a rotid 
Globe or Sphere(beyng farre of to bea flat and plaine Citcle,and fo likewife iud. 
X b.j. geth 


d marueilous 


Glafíe. 
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- ) t 
geth a plaine Square, to be fotid:fiippofeth walles parallels;to approche,a farte of: 
rofe ånd floure parallels,the one to bend downward , thé other to rife vpward, at a 


` little diftancefrom you... Againe , of thinges being in like fwiftnes of mouing:, to 


thinkethe nererjto moue fafter:and the farder, much flower.Nay, of two thinges, 
wherof the.one(incomparably)doth moue fwifter then the other, to demethe 
flowettomouc very fwift;& the other to ftand: whatan error is this,ofour eye# OF 


" theRaynbow, both of his. Colours;ofthe order ofthe colours;óftlie bignes of it, 


the placeand heith of it, (&c)to know the caufes deinonftratiue;is it not pleafnt, 
is it notneceffary?of two or three Sonnes appearing: of Blafing Sterres : and füch 
like thinges : by naturall caufes , brought to paffe , (and yet ricuertheles , offarder 


matter, Significatiue ) isit not commodious forman toknow the very true caufe, 


& oceafion Naturall 7 Yea,rather,is it not,greatly, againft the Souerainty of Mans 
nature, to befo ouerfhot and abufed., with thinges (at hand ) before his-eyes ¢ 
as with a Pecockes tayle ,and a Doues necke : or à. whole ore, in water, hol- 
den,to feme broken .'. Thynges, farre of, to feeme nere: and nere, to feme - 
farre of» -Small thinges , to feme great : and great; to feme fall me one 
man, to feme an Ármy:. Or a man to becurfily affrayed of his owne fhad- 
dow .. .-Yea,fo much,to feare,that,ifyou,being(alone)nere a certainé glafle ; and 
proffer,with dagger or fword,to foyne at the glaffe, you fhall fi uddenly be nfoued 
to gine backe(in maner) by reafon ofan Image. appearing in the ayre, betwene 
you & the elaffe, with like hand, fword or dagger,& with like quicknes , foyning at 
your very eyejlikewife as you doatthe Glaffe.. Straunge,thisis,toheare of: but 
more meruailous to behold, then thefe my wordes can fignifie; | And. neuerthe- 
leffcby demonftration Opticall, the order and'caufe therof, is certified: euen fo,as 
tlieéffectis confequent. Yeaythusmuch more,darel take vpon me;toward the fa- 
tiffying of the noble courrage, that longeth ardently forthe wifedome.of Caufes 
Naturall:as to let him vnderftand, that,in London:: he may with his owne eyes, 
haue.profe of that,which I haue fayd herein: A:Gentleman,(which;forhis good . 
feruice ; done to his Countrey, is famous and honorable : and for f kill in the. Ma- 


4 "ur" 
ma 4 4 " 


thematicall Sciences, and Languages, is the Od man of this land. &c. ) euen heis 
hable:and(I am fure)will, very willingly, letthe Glaffe; and profe be fene:and fo I 
(here) requeft him : for the encreafe of wifedome , in the honorable.: and for the 
ftopping ofthe mouthes malicious :and repreffing the arrogancy of the ignorant. 
Ye may eafily gefle , what I meane.. This Art of Perfpecfiue,1s of that excellency, 
and may be led,to the certifying;and executing offuch thinges ,as no man would 
eifily beleucrwithout AGuall profe perceiued. ' I fpeake nothing of Naturall Phi- 
lofapbie,which, without Per/pective, can not be fully vnderftanded , nor perfectly at- 
teined vato. Nor, of d/ffronomie:which, without Per/pecfine,can not well be groun- 
ded: Nor “4frelogie, naturally Verified, and auouched. That part hereof,which 
dealeth with Glaffes(which name,Glafle;is a generall name, in this Arte, for any 
thing, from which,a Beame reboundeth) is called Catoptrike * and hath fo many v- 
fes,both merueilots,and proffitable: that,both,it would hold me to long, to note 
therin the principall conclufions,all ready knowne:, And alfo(perchaunce) fome 
thinges,might lacke due credite with you : Andl, therby, to lecfe my labor:and 
you,to flip into lightIudgement", Before you haue learned fufficiently the powre 
of Nature and Arte. ^ — j OEG AR f aa ay 
Now, to procede: Aftronomie,is an Arte: Mathematicall which 
demonflrateth the diftance , magnitudes , and all naturall motions, 
apparences,and pafsions propre to the Planets and fixed Sterres : for 
| LA | any 
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any time paft,prefent and to come:in ref} pect.of a certaine Horizon j 
or without refpe&t of any Horizon.By this Arte we are certified ofthe di- 
ftance of the Starry Skye,and of eche Planete ftom the Centre ofthe Earth: and of 
the greatnes ofany Fixed ftarre fene, or Planete,in refpect ofthe Earthes greatnes. 
As , weare fure ( by this Arte) that the Solidity , Maffines and Body ofthe Sonze, 
conteineth:the quantitie ofthe whole Earth and Sea,a hundred thre fcore and 
two times , leffeby + oneeight parte of the earth: Butthe Body of the whole 
earthly globe and Sea,is bigger thén the body of th eMone 1 three and forty times 
lefieby ofthe Mone. . Wherfore the Sonne is bigger then the Mone 5 7000 
times, leile, by 59 22-thatis , precilely 6940 =: bigger then the Mone. ` And yet 
the vnfkillfull mian,would iuidge them alike bigge. Wherfore,of Necefsity,the 
on¢is much farder from vs,then the other. The. Sonne , when he is fardeft from 
the earth(which,now,in ourage,is,when he is in the:'8 egree,of Cancer)is , 1179 
Semidiameters of the Earth,diftante. And the «one when fhe is fardeft from the 
earth,is 68 Semidiameters- ofthe earthand + Thenereft, that the Atone com- 
meth to the earth, is Semidiameters 53 +- _ The diftance of the Starry Skyeis , fr6 
vs, in Semidiarüeters ofthe earth 20081 — "Twenty thoufand fourefcore , one, 
andalmofta halfe. Subtra& from this,the cazones netett diftance, from the Earth: 
and therofremaineth Semidiameters of the earth:20029 + Twenty thoufand 
nineand twenty and a quarter. — So thickeis the heauenly Palàce , that the P/a- 
netes haue all their exercife in,and moft meruailoufly perfourme the Commatide- 
mentand Charge to them giuen by the omnipotent Maieftic ofthe king of kings. 
This isthat, which in Genefis is called Ha Rakia: Confideritwell. The Semidia- 
meter of the earth, cóteineth of our common miles 3436+. three thoufand,foure 
hundred thirty fix and foure eleuenth partes of one myle:Such as the whole earth 
and Sea, round about, is 21600. One and twenty thoufand fix’ hundred of our 
myles.Allowyng for euery degree ofthe greateft'circlé;thre fcore myles. : Now if 
you way well with yourfelfe but this lide parcell of frute. C4fronomicall , as con- 


cerning the bignefie, Diftances of Sonme,M one, Sterry Sky,and the huge maffines of 


Ha Rakia, will younot finde your Coníciencesmoued;, with the kingly Prophet; 

| À ] 1 , * EO E — i 
tofingthe confeflion of Gods Glory,and fay, . The-Fdeanens declare the Ko 
ry of God and tbe Firmament te« nein] fheweth fortb^tbe workes of bis bandes. 


And fo forth, for thofe fiue firft ſtau es,of that-kingly Pfalme: Well,wellItis time - 


for fome to lay hold on wifedome,and to fudge truly of thinges: and notfo to ex- 
pound the Holy word,all by Allegories : as to Negleét the wifedome, powre and 
‘Goodnes of Godsin, and by his Creatures , and Creation to be feen and learned. 
By parables.and Analogies of' whofe natures and properties, the courfe ofthe Ho. 
ly Scripture,alfojdeclareth to vs very many Myfteties. The whole Frame of Gods 
‘Creatures, (which is the whole world,)is to vs,a btightglaffe: from which, by re- 
flexion,reboundeth to our knowledge and petcciuerance, Beames , and. Radiati- 
‘ons-reprefenting. the Image of his Infinite goodnes,Omnip otécy,and wifedome. 
And we therby jare taüghtand perfüaded to Glorifie our.Creator,as God:and be 
thankefull therfore . Could the Heatheniftes finde thefe vies,of thefe moft pure, 
beawtifull,and Mighty Corporal! Creatures: and fhall we, after that thetrue Sonne 
ofrightwifeneffe is rifen-aboue the Horizon,of our temporall Zezifpherie,and hath 
fọ abundantly ftreamed into óur hartes;the dire& beames of his goodnes , mercy, 
and grace: Whofe heat All Creatures feele : Spitituall arid Corporall: Vifible and 
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e D > ; . ) 1 b odiis - Deke ricas res 
Inuitible-S hall we(I fay)looke vpon the Heuezj$terres,and Planets,as. an Oxé and 
an Affe doth: no furder carefull or inquifitiue,what they are: why were they Cre- 
ated, How do they execute that they. were Created foreSeing,All Creatures,were 
for our dake created :_ and both we,and they,Created, chiefly to glorifie the Ab - 
mighty Creator: and that, by all meanes,to vs poffible.: Noliteignorare({aith Plato 
én Epinomis) Afironomiam, Sapientißimũ quiddam effe. Be ye not ignoran t, Aftroe 
nomie to be a thyng of excellent -wifedome, ~Aftronomie,was to vs,trom the be- 


ginning commended,and in maner commaunded by God him felfe.Inafinuchas ` 


he madc.the Sozne, Mone,and Sterres,to be to vs,for Signes,and knowledge of Sea- 
fons,and for Diftin@tions of Dayes,and yeares, - Many wordes nede not.- But! 
with,euery man fhould way this word,Sigwes.. And befides that, conferre italfo 
with the tenth Chapter of Hzeremie. And though Some thinke, that there,they 
haue fond arod: Yet Modeft Reafon, will be indifferent Iudge, who ought to be 
beaten therwith,in refpeét of our purpofe. Leauing that: I pray you vnderftand 
this:that without great diligence of Obferuation , examination and C alculation, 
their periods and courfes(wherby Diffinétion of Seafons,yeares,and New Mones 
might precifely be knowne)could not exactely be certified . Which thing to per- 
forme,is that Art, which we here haue Defined to be 4ffronomie. Wherby , we 
may haue the diftinét Courfe of Times,dayes,ycares,and Ages: afwell for Confi- 
derauó of Sacred Prophefies,accomplifhed in duétime,foretold : as for hi gh My- 
fticall Solemnities holding: And for all other hiimaine affaires, Conditions „and 
coucnantes ; vpon certaine time , betwene man and man : with many other great 
vies: Wherin ; (verely) ,would be great incertainty, Confufion,vntruth, and bru-- 
tifh Barbaroufnes: without the wonderfull diligence and (kill of this Arte : conti- 
Nem: e us. T . : : 
nually learning,and determining ‘Times,and periodes ‘of Time j by the Record of 
the heauenly.booke, wherin all times are written - and to be read with an Aſtrono- 
sical afem — LTD E 
un Muhke,of Motion, hath his Original! caufe - Therfore , afterthe mótions 
moft fwift;and moft Slow,which are in the Firmamient, of Nature pérformed:and 
vnderthe 4itronomers Confideration:now I will Speake ofan otherkinde of Motion, 
producing found,audible,and of Man numerable, -Mufikel call here that Science, 
Which of the Grekes is called: Harmonice. Not medlin g with the Controuerfie be- 
twene the auncient Harinoniftes,and Canonistes. Murlike is a Mathematicall 
Scienicé which teacheth, by fenfe and reafon, perfectly to indge,and 
orderthe diuerfities of foundes hyeand low.  4HWromomieand cMwfike 
aré Sifters faith Plato. ' Asfor Affropomie, the eyes:So, for Harmoziens Motion;thie 
cares were made. But as 4stromomie hath a more diuine Contemplation , and có- 
thodity, then mortall eye can perceiue. :' So,is catufike to be confidered;that the 
* Minde may be preferred, before the eare. . And from audible found , we ought 
to altende ; ‘to the examination : which numbers are Harmonious,and which not. 
And why,cither, the one are: or the other are not. I could at large, in.the heauenly 
* motions and diftances , defcribea meruailous Harmonie ,. of Pythagoras Harpe 
with eight ftringes. — Alfo,fomwhat might be fayd of Mercurizs* two.Harpes, 
eche.offoure Stringes Elementall.. And very ftraunge matter,might be alledged 
Of the Harmonie,to our * Spirituall partappropriate. As in-Ptolomeus third-boke, in 
the fourth andfixth C hapters may-appeare ..*,And what is the caufe ofthe apt 
bonde,and frendly felowfhip, of the IntelleGuall and Mentall part of vs with our 
grofie& corruptible body:but a certaine Meane, and Harmonious n p" 
"VU iia — 07 
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both participatyng,c of both (in a maner)refultyng: Inthe* ane of Mans voyéejand alfo ». 
* she found of Infirument,whatmight be fayd, of Harmonie:: No-common Muficien. — g, 
would lightly beleue.Butofthe fundry Mixture(asT may terme it)andconcurfe, ZD, 
diuerfe collation,and Application of thele Harmonies: as of thre foure,fiue,ormo: Read in As 
Maruailous haue the efte&es ben: and yet may béfounde;and produced the like: riftotle bis 
with fome proportionall coníidcration for ourtime;and being : inrefpect ofthe » f e oe 
State, of the thinges then : in which , and by which ,the:wondrous effectes were | — 
wrought. Democritus and Theophrastus affirmed, that, by Muſike, griefes and di- at roe 
feafes of the Minde,and bedy.might be cured,or-inferred. Andwe findeittRe- where yor 
corde,that 7 erpander, Arion,l{menias, Orpheus Amphion, Dauid, Pythagoras, Enspedo-. fball hane 
cles, Afclepiades and Timotheus, by Harmonicall Confonacyjhaue doneyand brought /ome occafion 
to pas.thinges,more then ineruailous, to hereof... Ofthem then, making no far- fi E "d 
der difcourte;in this place : Sure] am, that Common Mike, commonly vfed,is " » Pe — 
found to the Muſiciens and Hearers, to be ſo Commodious and pleaſant, That if lena only is 
I would fay and difpute,but thus much: Thatit were to be otherwife vfed ; then it. spoughe: 
isl fhculd finde more repreeuers, then I could finde priuy;or f kilfull ófmy mea- - 
ning.. In thinges therfore euident,and better knowen,then I can expreffe:andfo 
allowed and liked of, (as I would with,fome other thinges,had the like hap) I will 
{pare to enlarge my lines any farder,but confequently follow my purpofe.. 

OFC ofi mographie;t appointed briefly in this place, to geue youfome 
intelligence. Cofmographie;is the whole and perfe& defcription of 
the heauenly,and alfo elémentall parte ofthe world , and their ho- 
mologall application ; and" mutuall collation neceffarie. .". This Art, 
requireth Astronomie , Geographie , H 'yarographie and. M ufike. .Therfore jit isno 
fall Aite,norfo fimple, as in common practife , itis({lightly)confidered. - This | 
matcheth Heauen, and the Earth,in on¢ frame,and aptly applieth parts Cortefp6- 
dent:So ; as, the Heanenly Globe; inay (in pra&tife).be duely defi 'ed vpon the 
Geographical , and Hydrogtaphicall Globe: © And there; forvsto confideran | 
Aiguinottiall. Circle , an Ecliptike line., Colures, Poles, Sterres tn thei rtrue Longitudes, 
Latitudes,Declinations,and Verticalitie-alfo Climes;and-Parallels:and by an žo- 
7izonannexed,and revolution of the‘earthly. Globe(as the Heauen;is, bythe Pri- 
monant,catied about in 24-aquall Houres) to learne the Rifinges and Settirges of 


S terres (of Virgillin his Georvikes: of H cfiod: of. Hippocrates in his M edicinall Sphere, to 
Perdicca King ofthe Macedonians: Of Diocles,to King Antigonus , and of other fa- 
mous Philofophers prefcribed Ja thing neceflary, for due manuting of the earth, for 
Nauigation,for the'Altcration ofmaris body:being,whole,Sicke,wounded,or bru- 
fed. By the Reuolution alfo ; ór mouing ofthe Globe. Cofmographicall:, the 
Rifing and Setting of the Sonne: the Lengthes,ofdayes and nightes : the Houres 
_and times (both night and day are knowne' : with very many other pleafant and 
neceffaryvíes > Wherof; fome are knownc: but better remaine, for ( ch to know 
and vfe:who ofa fparke of true fire;can make 4 wonderfull bonfire, by applying of 
due matter,duely. 6 AS o AY. a" ET e £l B rui ues ) Gone €^ duy s 
Y OF Aftrologie 3 hereImakean Arte, feuerall from  4ironomie : not 
by new deuife, but by good reafon and authoritie : for, Aftrologie;is an Arte 
ui a^ bes F h T3 TW Me? "EAE A "rae," rr he i á 18S tas a m 
Mathematicall , which reafonably demonftrateth the. operations 
and effectes, of the naturall beames, of light, and fecrete influence: 
of the Sterres and Planets: -in.euery-element!and elementall ‘body: 
. | | b.iii. at 
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atall ames ,in any Horizonaíhigned. . This Arteisfurnifhed with ma- 
ny othergreat'Artes and experiences : Ás with perfe&e Perffetfiue, « I[AHronamie, 
Cofmographie, Naturall Philofophie of the 4.Elementes,the Arte of Grad uation,and 
[ome good vnderftáding in «Mufike : and yet moreouer, with an other great Arte, 
hereafter following, though I, here, fet this-before, for fome confiderations me 
mouing . Sufficient (you fee ) is the ftuffe, to make this rare and fecrete Arte,of: 
and hard enough to frame to the Conclufion Syllogifticall . Yet both the mani- 
folde and continuall trauailes ofthe moft auncient and wife Philofophers;for the 
atteyning of this Arte : and by examples of effectes,, to confirme the fame : hath 
left vnto vs fufficient proufe and witneffe : and we;alfo, daily may perceane, That 
mans body, and all other Elementall bodies, are altered, difpofed, ordred, pleafa- 
red, and difpleafured, by the Influentiall working of the Sunne, Moneand the other 
Starres and Planets . And therfore,fayth.477#otle, in the firt of his Meteorologicall 
bookes, inthefecond Chapters Ef? antes neceffario Mundus iste, fupernis lationibus 
ferè continuus : Vt, inde, vis eins vninerfa regatur. Ea fiquidem Caufa prima putanda 
oribus eft; unde motus  pritcipinm existit . 'Thatis : T bis [& lementall) World is o 
nece/Sitie; almoft, next adioynin gto the heanenly motions: T hat from thence, 
all bis yertue or force may be gouerned. For,that is to be thought the firft Caufe 
ynto all’: from which, the beginning. of motion,is. And againe,in the tenth 
Chapter. "Oportet iegitur c borum principia fumanus , c catifas omnium fimiliter. 
Principium gitur vt Ur e omuium primum > Circalus “alle eff ip quo’ 
manifelte Solis latio, Ge. And fo forth. His Meteorological bookes, atefüll'o£ argu- 
mentes,and effectuall demontftrations,ofthe vertue, operation, and power-of the - 
heauenly bodics, in and vpon.the fower Elementes, and other bodies;of them 
(either perfectly, or vnpertectly ) compofed. And in his fecond booke, De Genera- 
Hone C Corruptione ,in the tenth Chapter. . Quocirca c prima latia, Ortus c Interi- 
tus caufanon eft: Sed obliqui Circuli latio : ea namá, C? contimua efle duobus motibus fit: 
In Englifhe, thus. -Wherefore the vppermost motion, is not the. caufe of. Genes 
ration. and Corruption, but the motion of the Z odtake: for, that} both, is-cone 
tnuall andis canfed of two mouinges ...Andiin his fecond booke,and fecond 
Chapter of hys PA/yfikes. Homo namá, generat hominem, atg, Sol. Foy Man( fayth he) 
‘and the SonneSare caufe of mans generation... Authorities may be brought, 
Very many 1 both of 1000.2000.yea and 3000. yeares Antiquitie : of great Philo- 
fophers, Expert, Wife, and godly men,forthat Conclufion: which,daily and houre- 
ly,wemen,may difcerne and perceaue by fenfeand reafon : All beaftes do feele, 
and {imply fhew, by their actions and paffions, outward and inward; All Plants, 
Herbes, Trees, Flowers, and Fruites . And finally, the Elementes,and all thinges 
‘ofthe Elementes compofed, do geue Teftimonie (as Arifforle fayd:) that theyr 
! ven ba Falp yi Lite, NOTAS a A ene na. ' cr 
Whole Di/pofitions, Yertues, and naturall motions; depend of the Actiuitie of 
_ the heaienly motions and Influences . Whereby, befidethe fpecificall order and 
> forme due to cnery fede: and befide the Nature, propre to the I ndinidiall Ma- 
trix, of the thing produced : What fhall bethe heauénly ImpreSion:, the perfec 
and circumfpecte Astrologien hath to Conclude. Not onely (by Apotelefines) ra és, 
batby Naturall’and Mathematicall demonftration 8 dir. Whereunto ; what 
Scieneesare requifite ( without exception ) I pattly haue here warned: Ánd in m 
Propadeumes (belides othermatter there difclofed ) I haue Mathematically furni- 
fhed yp the whole Method :,To this our age,not fo carefully handled by any, that 
ug E «d a Cuer 
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cuerIfaw;or heard of. * I was, (fot *21.yearesago) by certaine earneft difputati- *4yn0.19.49 
ons,of the Learned. Gerurdus Mercator and Antonius Gogdia, (and other,) thertofo asd 1549. 
prouoked:and(by my conftant and inuincible zeale to the veritie)in obferuátións Less. 
ofHeauenly Infiiencies(tó the Minute of time;)than,fo diligent: And-chiefly by 
the Supernatirall infuence,from the Starre of lacob,{0 directed: That any Modelt 
and Sober Student, carefully and diligently feking for the Truth, will-both finde 
& cófeffe, thetin;to be the Veritiejofthefe my wordes:And alfo become a'eafo- 
nable Reformer, of threeSoites ofpeople i about thefe Influentiáll Operations, 
greatly crring from thetruth. " Whierof, theone,is Light Beleuers,cheother, Nore 
Light Deípifers,andthethird Light Practifers. ^ The firft, &moftcómon | 
Sort, thinke the Heauen and Sterres,to beanfwerableto any their doutes orde-., E. 
fires: which is not fo-and,in dede,they,to much,ouerreache. "The Secondforte 
thinke no Influentiall vertue ( fró the heauenly bodies.) to beareany Sway in Ge- 2. 
neration and Corruption,in this Elementall world. And to the $uzze , Mone and | 
Sterres(being fo many,;fo pure,fo bright , fo wonderfull bigge , fo farrc in diftance, 
fo manifold in their motions , fo conftant in their periodes . &c . ) they affignea _. 
fleightfimple office or two,andfo allow vnto thé(accordíng to their capacities)as .. 
much vertue,and power Influentiall,as to the Signe ofthe Sanze, Mone, and {euen 
Sterrcs, hanged vp(for Signes)in London,for diftinction of houfes , & fuch grofle 
helpes.in our wordly affaires: And they vnderftand not(or will not vnderftand)of 
the other workinges,and vertues of the Heauenly Sanne, Mone, and Sterres : notío 
much,as the Mariner,or Huf band man : no, not fo much,as the E/phant doth, as 
the Cynocephalus , as.the Porpentine doth : nor will allow thefe perfect , and incor 
ruptible mighty bodies, fo much vertuall Radiation, & Force ,as they {ee ina litle 
peece of a Magnes Stone: which, at great diftance,fheweth his operation. And per- 
chaunce they thinke,the Sea & Riuers ( as the Thames ) to be fome quicke thing, 
-andifoto ebbe,and flow, run in and out, of them feluesjat their owne-fantafies. 

God helpe,God helpe. . . Surely,thefe men,come to fhort.: and either are to dull; 
or willfully blind:or,perhaps,to malicious . °° The third man, is the common and 
vulgare _4ffrologien,or Practifer: who, being not duely,artificiallyjand'perfe@ly 5. 
furnifhed:yet either for vaine glory,or gayne :or like a fimple dolt, & blinde Bay- 
ard; both-in matter and maner,erreth:to. the difcreditof the Wary, and modeft 4- 


frolagi¢n:and to the robbing of thofe moft noble corporall Creatures,of their Na- 
turall Vertue:being moft mighty : moft beneficial to all elementall Generation, 
Corfaption'and:the appartenanices - and moft Harmonious in their Monarchie: 
For which thinges;being knowen,and modeftly vied: we might highly,and conti- 
nually glorifie God,with the princely Prophet, faying.” J he Heauens declare 
the Glorie of God: who made the Heaués in his -wifedome: who made the Sonne, 
for to bane dominion of the day: the Mone and Sterres to haue dominion ofthe 
nyght: whereby, Day to day vttereth talke: and night,to night declareth knows 
ledge:Prayfehim,allye Sterres,and Light. Amen. wm? 

[N order, now foloweth j of Statike fomewhat to fay, what we meane by 
i that hame:and whatcommiodity,doth,on fuch Art,depend. Statike is an 
Arte Mathematical which démonftrateth che caufes of heauynes, 
and lightnes of all thynges : and of motions and properties , to hea- 
uynes and lightnes,belongi ng. Andforafmuchas, by the Bilanx, or Ba- 
lance(as the chicffenfible Inftrument, ) E thefe demonftrations may 
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be had:wecall this Art, Statike:thatis,the Experimentes of the Balance. Oh, that men 
wift,,what profhit, (all maner of wayes)by this Arte might grow, to the hable exa- 
miner,and diligent practifer, Thou onely,knoweftall thinges precifely (O God) 
‘who haft made weight and Balance,thy Iudgement: who haft created’ all thinges 
un Number, Waight, and Meafure:and haft wayed the mountaines and hils.ina Ba- 
lance: who haft peyfedinthy hand , both Heauenandearth. We-therfore war- 
ned by the Sacred word,to, Confider thy Creatures:and by that confideration, to 
wynnea glyms (as it were; ) orfhaddow of perceiuerance.,. that.thy wifedome, 
might, and goodnes is infinite,and yn{peakable,in thy Creatures declared : And 
being farder aduertifed ;by thy mercifull goodnes , that three principall wayes, 
were;ofthe,vfed in Creation ofall thy Creatutes , namely , Nisfen, Waigbtand 
Aleaſure, And foras muchas,of Number and Meafure,thétwo Artés(aiincient, fa- 
mous,and to humaine vfes moft neceflary, ) are,all ready, fufficiently knoweén‘and 
extant; "Thisthird key , we befeche thee (through thy accuftomed goodnés,) 
thatit may come to thenedefull and füfficientknówledge;offuch thy Séruauntes, 
as in thy workemanfhip , would gladly finde;thy trae occafions (purpofely ofthe 
víed ) whereby we fhould elorifie thy name,and fhew forth (to the ‘Wweaklinges in 
faith) thy wondrous wifedome and Goodnes. “Amen.” ——" 
Meruaile nothing at this pang(godly frend,you Gende and zelous Student.) 
An ottier day;perchaunce;you will percciue , whatoccafion moucd me. Here, as 
now,l ill gue you fome ground, and withall fome fhew , of certaine ‘tommodi- 
‘ties, by this Arte arifing. And bycaufethis Arte is rare , my wordes and practifes 
might be to darke : vnleaft you had fome light,holden before the matter:and that, 
beft will be,in giuing you,out of Archimedes demonftrations,a few principal Con- 
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` The Superficies of euery Liquor , by it felfe confiftyng:and in 
quyet, is Sphzricall : the centre whereof, is the fame ; which is the 
centre of the Earth. x Xen iecit i 
- YfSolide Magnitudes,being ofthe fame bignes, or quátitie, that 
any Liquoris,and hauyng alío thefame Waight : belet. downein- 
to the E Liquor,they will fettle downeward,fo,that no parte of 
them, fhall be aboue the Superficies of the Liquor : and yet neuer- 
theles they willnotfinke vtterlydowne,ordrowne, = © 5 
. Ifany:Solide Magnitude beyng’ Lighter then a Liquor , be let 
downe into the fame Liquor, it will fettledowne, fo farreinto the 
fame Liquor, that fo great a quantitie of that Liquor, as is the parte 
of the Solid Magnitude, fettled downe into the ame Liquor : is in 

Waight,equall,to the waight of the wholeSolid Magnitude. 

Any Solide Magnitude , Lighter then a Liquor , forced downe 
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into the fame Liquor , will moue vpward , with fo great a power, 
by how much, the Liquor hauyng-equall quantitie.to the whole 
Magnitude,is heauyer then the fame Magnitude. 


Ñ. ' t 2 * y / d 
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Any Solid Magnitude,heauyer then a Liquor,beynglet downe — . 
into the fame Liquor,will finke downe vtterly : And wilbein that 
Liquor , Lighter by fo much , asis the waight or heauynes of the | 
Liquor,hauing bygnes or quantitie,zquall to the Solid Magnitude. 


| ' 6. Us | LN qu DM 
Ifany Solide Magnitude , Lighter then a Liquor, belet downe —— 
into the ſame Liquor, the waight of the ſame Magnitude, will be, forea maD hi 
to the Waight of the Liquor. ( Which is xquall in quantitie to the Meena | 
whole Magnitude,)in that proportion , that the parte , of the Mag- ?777 7m 
nitude fertled downe,is to the whole Magnitude. ipsum 
| | 521» 


BY thefe verities , great Errors may be rcformed,in Opinion ofthe Naturall 

Motion of thinges,Light and Heauy. Which errors, are in Naturall Philofophie 
(almoft ) ofall mé allowed:to much trufting to Authority:and falfe Suppofitions. 
As,Ofany two bodyes,the heauyer, to moue downward fafter chen: 
the li gh ter, Thiserror,is not firtby me, Noted: but by one lohn Baptist de Be- 
nedictis. Thechief of his propofitions,is thi s:which feemeth a Paradox. 

I! there be two bodyes of one forme; and of one kynde, zquall in E 
quantitie or vnzquall , they will moue by zquall f; pace, in aquall 4d paradoxe 
tyme;So that both theyr mouynges be in ayre , or both in water : or 
in any one Middle. 


, 
- 


A common 
error noted. 
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- Hereupon, in the feate of Gunnyng,certai-e good difcourfes (otherwile), y, r, 
may receiue greatamendement,ind furderance. Inthe entended purpofe , alfo, +). yond 
allowing fom what to the imperfection of Nature : noraunfwerable tothe preci- fy I| fe of K 
fenes of demonftration. Moreouer,by the forefaid propofttions ( wifely vied.) ‘rhefe Propofi- 
The Ayre,the water,the Earth, the Fire, may be nerely,knowen,bow light or hea- tions. 
uy they are (Naturally ) in their affigned partes: orinthewhole. And then,to 
thinges Blementall, turning your prattife: you may deale for the proportion ofthe 
Elementes ,in the thinges Compounded. Then, to the proportions of the Hu- 
mours in Man: their waightes: and the walght of his bories,and flefh. &c. Than, 
by waight;to haue confideration of the Force of man,any maner of wav: in whole 
or in part. Then,may you, of Ships water drawing , diterfly,in the Sea and in freth 
water,haue pleafant confideration : and of waying vp of any thing , fonkenin Sea 
orinfrefh water &c. And (to liftvp your head a loft: ) by waight you may,as 
precifely,as by any inftrument els,meafure the Diameters of Sonne and Mone. eec, 
Frende, I pray you , way thefe thinges,with the iuft Balance ofReafon. And you 
will finde Meruailes vpon Meruailes: And efteme one Drop of Truth ( yea in 
Aes E x prem i LED whole Libraries of Opinions, vndemon- 

| g to Natures Law,and yourexperience, Leaning thefe 
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thinges,thus:] will giue you two or three, light practifes, to great purpofe : and fo 
{inifh my Annotation Staticall. In.Mathematicall matters , by the Mechaniciens 
ayde , we will behold, here, the Commodity of waight. Make a Cube,of any 


5 P , ue one Vniforme: and through like heauy ftuffe: ofthe fame Stuffe make a Sphere 
Tn E * or Globe,precifely,ofa Diameter zequall to the Radicall fide ofthe Cube. Your 
portion, ay ftuffe,may bexvood, Copper, Tinne, Lead,Siluer.&c. (being,as I fayd,oflike na- 


twenethe ‘ture , condition,and like waight throughout. )- And youmay,by Say Balance, 

Cube, andthe haue prepared a great number ofthe fmalleft waightes : which, by thofe Balance 

Sphare can be difcerned or tryed:and fo,haue proceded to make you a perfect Pyle, com- 

pany & Number of waightes: to the waight offix,eight,or twelue pound waight: 

mott diligently tryed,all-And of every one , the Contentknowen, in your leaft 

_ waight,thatis wayable. They that can not haue thefe waightes of precifenes: 

may, by Sand, Vniforme,and well dufted,make thern a number of waightes,fome- 

what nere precifenes : by halfing euer the Sand : they fhall , at length , come toa 

leaft common waight.Therein,l leaue the farder matter,to their difcretionwhom 

nedethall pinche., The Venetians conftderation of waight , may feme precife 

J.D, enough: by eight defcentes progrefsionall,* halfing , from a grayne. Your Cube, 

“For, fo, haue Sphære apt Balance, and conuentent waightes, being ready: fal! to worke.x.. Firit, 

J94.256. — way your Cube. Note the Number of the waighit. Way, after that; your Sphere. 

p ^5 6/4: - Notelikewifethe Nüberofthe waight.If you now find the waight of your Cube, 

WC to be to the waight of the Sphære,as 21 . is to 1; Then you fee, how the Mechani- 

cien and Experimenter , without Geometrie and Demonftration, are ( as nerely in 

effect)toughtthe proportion ofthe Cube to theSphere : as Ihaue demonftrated 

. itjin the end of the ewelfth boke of Euclide. Often, try with the fame Cube and 

__ Sphere. Then,chaunge,your Sphere and Cube,to an other matter: or to an other 

bienes : till you haye made a perfect vniuerfall Experience ofit. Pofsible itis, 
that you {hall wynne to nerer termes,in the proportion. 

When you haue found this one certaine Drop of Naturall veritie,procede on, 
to Inferre,and duely to make affay,of matter depending. As, bycaule itis weil de- 
monftrated , that'a Cylinder , whofe heith , and Diameterof his bafe,is equall to 
the Diameter of the Sphere , is Sefquialter to the {ame Sphxre (that is,as 3. to 2) 
To the number of the waight ofthe Sphere,adde halfe fo much,as it is : and{fo 
haue you the number ofthe waight ofthat Cylinder. Which isalfo Compre- 

.. hended ofour former Cube:So,that the bafe of that Cylinder, isa Circle. defcri- 
bed in the Square , which is the bafe ofour Cube. Butthe Cube and the Cy- 
linder,being both of one heith , haue their Bafesin the fame proportion , in the 
which,they are, one to an other, in their Mafsines or Soliditie - But,before,we 
haue two numbers, exprefsing their Mafsines , Solidities , and Quantities , by 

“The proportion of aight: wherfore,we haue * the proportion of the Square, to the Circle, infcribed 

Cireldintrited, in thefame Square. And fo are we fallen into the knowledge fenfible, and Expe- 

rimentall of Archimedes great Secret: ofhim, by great trauaile of minde , fought 
“Tbe Squarngof andfound. Wherfore,to any Circle giuen, you can giue aSquare equall: ^as 
map te, T haue taught,in my Annotation,vpon the firft propofition of the twelfth boke, 

“To any Sqrare And likewife,to any Square giuen,you may giue a Circle 5 am *Ifyou defcribe 

ese" a Circle,which thall be in that proportion, to your Circle infcribed, as the Square 
is to the fame Circle: This, you may do,by my Annotations,vpon the {fecond pro- 
pofition ofthe twelfth boke of Euclide , in my third Probleme there. Your dili- 
gence may come to a proportion,ofthe Square to the Circle infcribed , nerer the 
truth,then is the proportion of14.to11. Andconfider, thatyou may begyn at 


the Circle and Square, and fo come to conclude of the Sphere,& the wees) a 
i i . tneir 
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their proportion is:as now,.yowcame fromthe Sphere to the Circle. Forjof Sile 

uer,or Gold,or Latton: Lamynsor plates(thorough oneholedrawé,as the maner: 

is)if you make a Square figure:& way it:and then,defcribing:theron, the Circle in. 

{cribed: & cut of, & file away,precifely (to the Circle) the ouerplus of the Square: . 

you fhall then,waying your Circle, fee, whether the waight of thé Square ;;be to : 

your Circle, as 14. to'11. AsI haueNoted ; irithe beginning of Euchiaes twelfth 
boke.&c.after this refort to my laft propofition;vpon the laft of the twelfth «And. | 
there,helpe your felfe,to the end.. And, here;.Note this, by the: way. That we 4 Note 
may Square the Circle , without hauing knowledge of the proportion,of the Cir- , f E. ing of 
cumference to the Diameter: as you haue here perceiued. And otherwayes ca ug Wm 
alfo, I can demontftrate it.So that,many.haue cumberd: them felues füperfiuouily; — 
by trauailing in that point firſt, which was not of neceſsitie, ſirſt: and alfo NECID proportion ben 
tricate.. And eafily,you may, (and that diverfly):come to the knowledge of the: were Cir- 
Circumference:the Circles Quantitie,, being firft knowen. Which thing;IHeaue cumference 
to your confideration:making haft to defpatch an other Magiftrall Probleme: and \#vd — 
to bring it,nerer to yourknowledge,and readier dealing with,then thé world(be- «37 


t y 


forethis day,)had it for you;that i can tell of.And thatis, 4 Mechanical Dubblyjag ` © ` 6 
ofthe Cubererc. Which may, thus;be done: Makeof Copper plates,or T yn. ——“ 4. 
plates a fourfquare vpright Pyramis,or a Cone: ’ perfectly fafhioned y ‘by Ant 
in theholow;within . Wherin, letgreat diligence bevfed , to'ap- azechanicall: 


È, 


proche (as nere as may be )to.the Mathematicall perfection ectliole oe vps 
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: | as , on Demana“ 
fioures ... -Attheir bafes,let them be all open:euery where, els, moft. ‘vation Mae 
clofe,and tuft to. From the vertex, to'the Circumference of the bale thematicall. 
of the Cone! & to the fides of the bafe of thé Pyramis: Let 4.ftraight 
eagle fom — TTC TA Oe Y TSE O S d L AF | ow I. D. 
lines be drawen,in the infide of the Cone and Pyramis :makyng,at rie ju fiti 


à 22d "ETT. sd í e. , — ` Pyramis muft be ge 
their fall, on the perimeters of the baſes, equall angles on both ſides 


mb Me iui 13. acd" eae Wes E pe VO dpaidegtbi e 
them ſelues, With the fayd-petimeters ?Thefe4.lines (inthePyra- 9... 


mis:andas many in the Cone)diuide:onejin i2. xquall partes : and i 
anotherin 24.anotherin6o,andanorherinioo.(reckenyngyp — :.. 
from tlievertex.). Or vfeother numbers of diuifion , as experience 
{hall teach-you:-. Then,* fet your Cone or Pyramis, with the vertex *1atvetinge 

de La a a a ee d i : , 2 ` 7 with this Pyramis 
downwatd , perpendicularly’, in refpe&t ofthe Bafe. (Though it be ar Cone, Lit hein 
otherwayes,ithindreth nothyng.) So ler thé mot ftedily be flayed. 7» 1 
Nowijifthere bea Cube,which youwold haue Dubbled.Make youa prety Cube onesie yo ae 
of Copper, Siluer, Lead, Tynne, Wood; Stone, or Bone. Or els make a hollow gawker © 
Cube,or Cubik coTen, of.Copper,Siluer, Fynne or Wood &c. Thefe,you may 
fo proportid in refpeét ofyour Pyramis or Cone; that the Pyramis or Cone, will + 
be hableto conteinethe waight of them, in water; 3. or 4. times:at the leaft: what 
ftuftig euer they be made of, Letnotyour Solid angle. at the vertex,be to fharpe: 
but thatthe water may come with eafe,to the very vertex,of your hollow Cone or 
Pyramis.Put one of your Solid Cubes.in a Balance apt:take the waight therof ex- 
aćily in water, Powre that water, (without loffe) ` into the hollow Pyramis or ple ks 
Cone,quietly:, :- Marke in your lines, what numbers the water Cutteth: Take the ‘«tertagyrher: and 
-_waight of the fame Cube againe ; in the fame kinde of water , which you had be- Nd RE 


I. D. n 
¥ Confider well whan 


ty your first water, 


fore: put that*alfo, into.the Pyramis or Cone,where you did put the firft, Marke ” ca 
now againe, 1n what nuriber.or placeof the lines, the water Cutteth them. Two »?« 


; — C lj e Wayes 


- 


* Viruutns. 
Lib.9.Cap.3, 


LE 
Godbe than- 
ked for this 
Inuention,c* 
the fruite cn- 

Jung. 
-*'Note. | 


^» 7 fixth of Euclide. 


Mote, as con- 
cerning the 
Spharicall 
Superficies of 
the Water. 


EF» 
24 
2) 
2 
22 
2 


22 
* Note, 


Notethis A- 


— af preparing of your Fundamentall Cubes : you may (alike) worke this Conclufion. 
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wayes you may conclude your pürpofe : it is to wete , either by numbers or lines. 
By numbers : as,if you-diuide the fide of your.Fundamentall Cube into fo 
many equal partes, as it is capable of, conuenieiitly, with your eafe, and.pre- 
cifenes of-thediuifion , For,asthe number ofyour firftand leffe line ( in your: 
hollow Pyramis or Cone,) is to.the fecond or greater ( both being. counted 
from the vertex) fo fhall the number. of the fide of your Fundamentall Cube, 
be to the nüber belonging to the Radicallfide,of the Cube,dubble to your Fun- 
damentall Cube: Which being multiplied Cubik wife will fone thew it felfe, whe- 
ther it be dubble or no, to the Cubiknumber of your Fundamentall Cube. By 
lines,thus:As your lefleand firft line,(in your hollow Pyramis or Cone, is to the. 
fecond or greater,fo let the Radical fide of your Fundamétall Cube,be to a fourth 
proportionall line’, by the 12. propofition,ofthe fixth boke of Enelide . Which 
fourth line, fhall be the Rote Cubik,or Radicall fide of the Cube , dubble to your: 
Fundamentall Cube : which is the thing wedefired. For this,may I ( withioy): 
fay,EvPHKA, EYPHKA, EYPHKA: thanking the holy and glorious Trinity: having: 
greater caufetherto , then*  4rchimedes had (for finding the fraude vfed inthe 
Kinges Crowne, of Gold):as all men may eafilyIudge : by the diuerfitie ofthe 
frute following of the one,and the other. Where I {fpake betore, of a-hollow Cu- 
bik Coffen-the like vfe,is ofit:and without waight. Thus. Fill it with water, preci- 
fely full and poure that water into your Pyramis or Cone. And here note the lines 
cutting in your Pyramis or Cone. Againe,fill your coffen,like as you did before. 
Put that Water, alfo,to the firft.- Marke the fecond.cutting ofyourlines. Now, 
as you proceded before, fo muft you here procede..* And ifthe Cube,which you 
fhould Double, be neuerío great : you haue; thus, the proportion (in {mall ) be- 
twene your two litle Cubes: And then, the fide,of that great Cube(to be doubled) 
being the third , will haue the fourth, found, to it proportionall : by the 12.ofthe 


- 


Note,that all this while,I forgetnot my firft Propofition Staticall;here rehear- 
fed:that, the Superficies of the water,is Sphericall. .Wherein,v{e-your difcretion: 
to the firft line,adding a {mall heare breadth,more:and to the fecond, halfe a heare. 
breadth more,to his length. For,you will eafily perceaue, that the difference can 
benogreater, inany Pyramis or'Cone , of youtobe handled. Which you fhall 
thus trye. For finding the [welling of tbewatez üboue leuell ; Squaréitlie Semidiame- | 
ter, from the Centre ofthe earth,to your firít. Waters Superficies «Square then, 
halfe the Subtendent ofthat watry Superficies ( which Subtendentinuft haue the 
equall partes of his meafure, all one, with thofe-of the Semidiameter of the earth 
to your watry Superficies ) : Subtracte this fquare,from the firlt : Of the refidue, 
take the Rote Square. That Rote,Subtracte from your firft Semidiameter ofthe 
earth to your watry Superficies : that, which remaineth,is the heith of the water, 
in the middle, aboue theleuell. Which,you willfinde, to be athing infenfible. 
And though it were greatly fenfible,* yet, by helpe ofmy fixt Theoreme vpon the 
laft Propofition of Euclides twelfth booke; noted : you may reduce all,to atrue 
Leuell . But, farther diligence,ofyouis to be vied againftaccidentall caufes of the 
waters fwelling:as by hauing (fomwhat)with'a moyft Sponge, before,made moyft 
your hollow — or Cone, will preuent an accidentall cauſe of Swelling, &c. 
‘Experience will teach you abundantly : with great eafe, pleaſure, and cómoditie. 
Thus,may you Double the Cube Mechanically, Treble it, and fo forth, in any 
proportion. Now willI Abridge your paine, coft,and-Care herein. Without all 


For,that,was rather a kinde of Experimentall demóftration,then the fhorteft way: 
j and 
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and all, vpon one Mathematicalli Demonftration;deperiding « Take water (a8 » 

much as conueniently will ferue: your turne : as. | ~warned before of your Funda- »9 
mentall Cubes bignes ) Way it.precifely . Put-that water,into your Pyramisor » .. 
Cone. Ofthe fame kinde of waterjthen take againe, the fame waight you had » ^^. 
before : put that likewife into the Pyramis or Cone. For, in eche time, your mar- 3 

king of the lines, how the Water doth cut them, fball geue you the proportion be- » 

twen the Radicall fides,ofany two Cubes,wherof the oneis Doubleto the other: > 
working as before I haue taught you:"fauing that for you Fundamentall Cubehis Note.* £) 


Radicall fide: here,you may take a right line, at pleafure. satis | 
Yet farther proceding with ourdroppe of Naturalltruth: you may (now) Togine Cubes 

geue Cubes,one to the other, in any proportio geué: Ratiónall orIr- 77777755 
rationall : onthis maner.Makea hollow Parallelipipedon of Copperor Tinne: ,,,4,5, 
with one Bafe wating, or open:as in our Cubike Coffen. Fró the bottome of thàt Aatienall or 
Parallelipipedon,raife vp,many perpendiculars,in euery of his fower fides. Now if /rratzonall. 
any proportion be afligned you, in right lines: Cut one of your perpendicuiars(or 
a line equall to it, or leffe then it ) likewife: by the 10.of the fixthofEuclide-And ,,,.— 
thofe two partes , fetin two fundry lines of thofe perpendiculars (or youmayfet ,, 2. 
them both;in one line ) making their beginninges,to be, atthe bafe: and fo.their ,,, . 
lengthes to extend vpward . “Now,fet your hollow Parallelipipedon, vpright, 

erpendicularly,{fteadie. Poure in water, handfomly, to theheith of your fhorter 
linc . Poure that water, into the hollow Pyramis or Cone. . Marke the place of ,, 
therifing. Settleyour hollow Parallelipipedon againe . Poure water into it: 
vnto the heith of thefecondline:, exactly . Poure that water* duely into the ,, * Empty. 
. hollow Pyramis or Cone: Marke now againe, where the water cutteth thefame_,, ing the 
line which you marked before . For, there, as the firft marked line, is to thefe- ,, firft. 
cond : So fhall the two. Radicall:fides be, one to the other, ofany two Cubes: 
which, in their Soliditie, fhall haue the fame proportion; which, was atthe firftaf- 
figned : were it Rationall or Irrational. ^ ' 

Thus;in fundry waies you may furnifhe your felfe with fuch ftraungeand pro- - 

fitable matter: which,long hath bene wifhed for. Ánd though it be Naturallydone 
and Mechanically : yet hath ita’'good Demonftration Mathematicall . Which is — 
this : Alwaies you haue two Like Pyramids: or two Like Cones,in the proporti- rhe Cubesand of the 
ons affigned : and like Pyramids or Cones, are in proportion,one to the other, in ™* 
the proportion of their Homologall fides (orlines) tripled. Wherefore; ifto the 
firft, and fecond lines,found in your hollow Pyramis or Cone, you ioyne a third 
and a fourth, in continuall propórtion : that fourth line, fhall be to the firft, as the 
greater Pyramis or Cone, is to the leffe : by the 33.0ftheeleuenth ofEuclide.. If 
Pyramis to Pyramis, or Cone to Cone, be double, then fhall* Line to Line,be ,,, Dy’ 
alfo double, &c. But,as our firft line, is to the fecond,fo is the Radicall fide ofour FER, 
Fundamentall Cube,to the Radicall fide ofthe Cube to be made, or to be dou- girerler Ani 


0 confider.bow,rne- 
bled : and therefore,to thofe twaine alfo, a third and a fourth line „in continuall —— 
proportion, toyned : will geue the fourth line in that proportion to the firft,as our * —— 

fourth Pyramidall, or Conike line, was to his firft: butthatwas double,ortre- ^ 
ble,&c.as the Pyramids or Cones were,one to an other(as we haue proued) ther- 

fore,this fourth, fhalbe alfo double or treble to the firft,as the Pyramids or Cones 

were one to an other: But our made Cube,is defcribed of the — in proporti- | 
on,of the fower proportionall lines: therfore * as the fourth line,is to the firft, {0 "By she s2.0fthe ee 
is that Cube, to the firft Cube : and we haue proued the fourth line, tobe tothe mana €f 
firft, as the Pyramis or Cone, is to the Pyramis or Cone : Wherefore the Cube is 


. cdij. to the 


lohn Dee his Mathematicall Preface. 


— a to the Cube,as Pyramis is to Pyramis,or Cone 1s to:'Cone’ But we* Suppofe Py- 
inprethjecanfo Yams to Pyramis,or Cone to Cone, to be double or treble.&c. Therfore Cube,is 
ie 5: to Cube,double,or treble,&c. Which was to:bedemonftrated.And of the Paralle- 
ae fren’  lipipeds,it is euidét , that the water Solide Parallelipipedons;are one to the other; 
— fyose wie Al theiz heithes are feing they haue one bafe . Wherfore the Pyramids or Cones; 
3 made of thofe water Parallelipipedons,are one to the other,as the lines are(one to 
the other)betwene which, our proportion wasafligned’. But the Cubes made of 

lines,after the proporti6 of the Pyramidal or Conik homologall lines, are.one to the 

other,as the Pyramides or Cones are, one tothe other (as we before did proue). 

— therfore,the Cubes made, fhalbe oneto the others the lines affigned;are one to 
"Netetbis — the other:zWhich wasto be demonftrated. Note. *Thisymy Demonftratióis more 
Corollarye — oenerallthen onely in Square Pyramis or Coné: Confider well. , "Thus , haue I; 
both Mathematically and Mechanicaliy,ben very long in wordes:yet (I truft)no- 

thing tedious to them,who, to thefe thinges ; are well affe&ed. ^ "And verily I am. 

forced (auoiding prolixitie)to omitfundry fuch things;eafie to be practifed: which 

to the Mathematicien, would bea great Threafure : arid to the Mechaticien,n o 


"The great final gaine.*Now may you, Betwene two lines giuen;finde two. middle 
Creede’ proportionals,in Continuall proportion ; by the hollow, Paralleli-. 
Tee id pipedon, and the hollow Pyramis, or Cone, Now,any Parallelipipedon 
uentions. .. rectangle being giuen:thre rightlines may be foiind,proportionall in any'propor: 
tion affigned,of which,fhal be produced a Parállelipipedon; equall:to the Paralle- 

lipipedon giuen.Hereof,I noted fomwhat,vpon'the 36, propofitionjoftbe ri.boke 

ao”. of Buclide. Now,ll thofe thinges, which Vstruuins in: his Architecture;fpecificd 
26v.  hableto be done, by dubbling ofthe Cube: Or, by finding oftwomiddle propor: 
2 — tionalldines, betwene two lines giuen,may-eafely be performed; Now, tharPro- 
—.. bleme,which I noted vnto-you,in the end of my Addition, vpon'thei34:ofthe ar. 
boke.of Euchide, is proued pofsible.- Now, may -any'regular body, be'Litanftormed 
into an other,&c. Now, any regular body:any Sphere, yeaany Mixt:Salid : and 
(that more is)Irregular Solides; may be made(inany proportio afigned)like vnto 
the body, firftgiuen. Thus,ofa Manneken,(as the Dutch Painters terme it)in the 
fame Syzemelrie , may a Giant bemade- and that,with any gefture,by the Manne- 
ken víed: and contrary wife. Now, may you , ofany Mould, or Modell ofa Ship; 
make one,of the fame Mould (in any affigned proportion) biggerorleffer. Now, 
may you,ofany*Gunne,or little peece of ordinafice,make an other, with the fame 
KpP* —Symmetrie (inall pointes) as great;andas little;as you will. Marke that:and thinke 
onit. Infinitely , may you apply this,íolong foughtfor,and now fo 

. . eafily concluded : and withall,fo willinely and frankly communi- 
Suchisthe ^ cated to fuch, as faithfully deale with vertuous ftudies. Thus,canthe 
"Érniteoftbe | Mathematicall minde,deale Speculatiuely in his own Arte: and by good meanes; 
Mathemati- Mount aboue the cloudesand fterres: And thirdly,he can, by order;Defcend,to 
ges e x frame Naturall thinges, to wonderfull vfes:and when he lift, retire homeinto his | 
na T^ — owne Centre : and theré;prepare more Meanes,to Afcend or Defcend by ; and, 


+ 


all,to the glory of God, and. our honeft delectation in earth. a. , 

Although, the Printer , hath looked for this Prxface,a day or.two , yet could I 

notbring my pen from the paper, before I had giuen you comfortable warning, 

and brief inftru€tions,offome of the Commodities, by Statikeshable to be reaped: 

_+  Inthereft,I will therfore,be as briefias itis pofsible-and with all,defcribing them, 

' ^ fomwhataccordingly. And that,you fhall perceiue,by this, which in order com- 
x \ meth 


— 
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methnext. For, wheras, it is ſo ample and wonderfull, that, an whole yeare long, 
one might finde fruitfull matter therin,to fpeake of:and alfo in practife,is a Threa-. 
fure endeles:yet will I glanfe ouer it; with wordes very few. | 

THis do! call An throp ographie. Whichisan Artreftored , and of 


my preferment to your Seruice. I pray you, thinke of it , as of one of the chief 
pointes ,of Humane knowledge. Although it be,but now, firft Céfirmed, with this 
new name : > the matter, hath from the beginning, ben in confideration of all 


perfect Philo | 
ber,Meafure, Waight , figure, Situation, and colour of euery diuerfe 
thing,conteyned in the perfect body of MAN : with certain know- 
ledge of the Symmetrie , figure , waight , Characterization, and due 


local] motion,of any parcell of the fayd body, afsigned: and of Ni- 


ophers. Anthropographie,is the defcription of the Num- 


bers,to thefayd parcell appertainyng. This,isthe one partofthe Defini- 


tion,mete for this place:Sufficient to notifie, the particularitie, and excellency of 
the Arte:and why itis, here, afcribed to the Mathematicals. Yfthe defcription 


of the heauenly part of the world,had a peculier Art,called Aſtronomie: Ikthe de- 


fcription of the earthly Globe, hath his peculier arte,called, Geographie. If the Mat- 
ching ofboth, hath his peculicr Arte,called Cofmzographie: Which is the Defcriptió 
of the whole,and vniuerfall frame of the world: Why fhould not the defcription 
. ofhim,who is the Lefle world: and,fré the beginning, called 12icrocofmus(thatis. 

The Lefse World. )And tor whofe fake, and feruice,all bodily creatures els, were 


created : Who,alfo,participateth with Spirites,and Angels:andis made to the I- 


MAN és 
the Leffe 
World. 


mage and fimilitude of GoZ:haue his peculier Artzand be called the «4rteof Artes; ’ 


rather, then, either to wanta name,or to haue to bafe and impropre a name? You 
muft of {undry profeflions,borow or challenge home, peculier partes hereof:and 
farder procede: as,God, Nature , Reafon and Experience fhall informe you. The 
Anatomitftes will reftore to you,fome part: The Phyfiognomiftes,fome: The Chy- 


romantiftes fome. The Metapofcopiftes,fome: The excellent, Albert Durer,a good 


part:the Arte of Perfpectiue, will fomwhat,for the Eye,helpe forward : Pythagoras, 
Hipocrates,Plato,Galenus,Meletius,& many other (in certaine thinges ) will be Con- 
tributaries. “And farder,the Heauen,the Earth,and all other Creatures, will eche 
fhew,and offertheir Harmonious feruice , to fill vp,that,which wanteth hereof: 
and with your own Experience, concluding : you may Methodically regifter the 
whole,for the pofteritie: Whereby, good profe will be had, of our Harmonious, 
and Microcofinicall conftitution. The outward Image,and vew hereof: to the Art 
of Zographie and Painting, to Sculpture ,and Archite@ure : (for C hurch,Houfe, 
Fort,or Ship) is moft neceffary and profitable : for that, itis the chiefe bafe and 
foundation ofthem . Lookein * Pztruuizs, whether I deale fincerely for your 
-behoufe, orno. Lookein Albertus Durer us, De Symmetria humani Corporis. Looke 
in the 27.and 28. Chapters, of the fecond booke, De occulta Philo 

der the Arke of Noe. And by that, wade farther. Remember the Delphicall Oracle 


WNOSCE TEIPSFM ( Knowe thy elfe ) {o long agoe pronounced:offo 
many a Philofopher repeated : and ofthe Wifes# attempted : And then, you will 


perceaue, how long agoe, you haue bene called to the Schole; where this Arte 
mightbelearned, Well. lam nothing affrayde,of the difdayne offome füch, as 
thinke Sciences and Artes, to bebutSeuen. Perhaps,thofe Such,may, with igno- 
rance, and fhame enough, come fhort of them Seuen alfo: and yet neuertheleffe 


c.iiij they 
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they can not prefcribe a certaine number of Artes:and in eche;certaine vnpaffable 
boundes,to God,Nature,and mans Induftrie. New Artes, dayly rife vp: and there 
was no fuch order taken, that, All Artes,fhould in one age,or in one land,or of one. 


_man,be made knowen tothe world. Letvs embrace the giftes of God , and wayes 


to wifedome , in this time of grace , from aboue , continually beftowed on them, 
who thankefully willreceiue them: Et Louis Omnia Cooperabuntur in bonum. 

1 rochilike, is chat Art Mathematical] which demonftrateth 
the properties of all Circular motions , Simple and Compounde. 
And bycaufe the frute hereof, vulgarly receiued,is in Wheles, it hath che name of 
Trochilike: a$a man would fay,W/ele Art.By this art,a Whele may be geuen which 
fhall moue ones about, in any tyme affigned . Two Wheles may be giuen, 
whofe turnynges about in oneand the fame tyme, ( or equall tymes) , fhall haue, 
one to the other, any proportionappointed. "By Wheles, may a ftraightline be 
defcribed: Likewife,a Spirall linein plaine,Cenicall Se@ion lines,and other Irre- 
gular lines, at pleafure, may be drawen. Thefe, and fuch like, are principal! Con- 
clufions ofthis Arte : and helpe forward many.pleafant and profitable Mechani- 


Saw Milles. callworkes: As Milles,to Saw greatand very long Deale bordes , no man being 


by. Such haueIfeenein Germany: andin the Citie of Prage : in the kingdome 
of Bohemia: Coyning Milles,Hand Milles for Corne grinding: Andallmaner of 
Milles,and Whele worke : By Winde, Smoke, Water, Waight, Spring, Man or 
Beaſt, moucd. Takein yourhand, 4e¢ricola bere. Metallica and then hall you 
(in all Mines) perccaue, how great nede is, of Whele worke.By Wheles,ftraunge 
workes and incredible,are done: as will,in other Artes hereaftet,appeare. A won- 
derfull example of farther poffibilitie, and prefent commoditie , was fene in my 
time, inacertaine Inftrument: which by the Inuenterand Artificer(before) was 
{olde forxx. Talentes of Golde:and then had (by miffortune)receaued fome iniu- 
rie and hurt : And one Zazellzs of Cremona did mend the fame, and prefented it vn- 
to the Emperour Charles the fifth. Hieronymus Cardanus, can be my witnefle, that 
therein, was one Whele, which moued, and that,in fuch rate,that,in 7oco.yeares 
onely, his owne periode fhould be finifhed, A thingalmoft incredible: Buthow 
farre,l keepe me within my boundes: very many men(yetaliue) can tell. 


Helicofophie, is nere Sifterto Trochilske : and is, An Arte Mathema- 

i 1 e e e 
ticall, which demonftrateth the defigning of all Spirall lines in 
Plaine , on Cylinder , Cone ; Sphere , Conoid , and Sphzroid, and 


their properties appertayning.. The vie hereof, in Carchitecture , and di- 


uerfe Inftrumentes and Engines, is moft neceflary. For,in many thinges, the Skrue 
worketh the feate, which, els,could not be performed . By helpe hereof, itis 


&Athenens * recorded, that,where all the power of the Citie of Syracufa;was not hableto 
Lib.5.cap,8. moueacertaine Ship(being on ground)mightie Archimedes fetting to , his Skruifh 


"Procl. 
Pag.18. 


Engine, caufed Hzerothe king, by him felf i at eafe,to remoue her, ashe would. 
Wherat,the King wondring : Azó rivrwg ri 3papuoyregi n ovrog, Apyipitód Acyorrimiseurioy, 


` From this day, forward (laid the King ) Credit ought to be ginen to Archimedes, what 


focuer he fayth. p 
Pneumatithmie demonftrateth by clofe hollow Geometri- 


call Figures, (regular and irregular ) the ftraunge properties(in mo- 


tion or ftay) of the Water,Ayre,Smoke , and Fire, in theyr aan 
an 


~ 
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. and as they areioyried to the Elementes nextthém. — This Arte ;tothe 


Naturall Philofopher,is very proffitàble: to prouc,that Vacuum , or Emptines isnot 


nary law,the Elementes wil! moue orftand.. As, Water to afcend:rather then be- 
twene him and Ayre,Space or place fhould be left,more then (naturally)that quá- 
titic of Ayre requireth,or can fill, Againe,Water to hang, and not defcend:rather 
then by defcending,to leaue Emiptines at his backe . The like;is of Fire and Ayre: 


inthe world. And that,all Nature; abhorreth it fo much:that, contrary to ordi- 


they will defcend-when, either, their Cétinuitie fhould be diffolued:or their next 


Element forced from them. - And as they willnotbe extended,to difcontinuitie: 
So, will they not,nor yet of mans force,can be preft or pent,in fpace , notfufücient 
and aunfwerable to their bodily fubftance.Great force and violence will they vfe, 
to enioy their naturallright and libertie. Hereupon, two or three men together, 
by keping Ayrevnder agreat Cauldron, and forcyng the fame downe, orderly, 
may without harme defcend to the Sea bottome : and continue there a tyme &c. 


Where,Note,how the thicker Element(as the Water) giueth place to the thynner 


(as,is the ayre: and receiueth violence of the thinner,in maner. &c.. Pumps and 
all maner of Bellowes, haue their ground of this Art: and many other ftraunge de- 


' uifes, As,Hydraulica, Organes goyng by water. &e. ‘Of this Feat, (called common- 


ly Puenmatica, ) goodly workes are extant, bothin Greke;and Latin. With old 
and learned Schole men, it is called Scéemtia de pleno c vacuo. 4 


Menadrie, is an Arte Mathematicall, which demonftratéth, 


may be multiplied : and fo, to direct,to lift, to pull to , and to.put or 
caft fro , any multiplied orfimple , determined: Vertue , Waight. or 
Force:naturally,not,fo , directible or moueable. Very much is this Art 
furdred by other Artes : as, in fome pointes, by Perfpecfiue: in fome, by Statike : in 
Íome;by Trochilikeiand in otherjby-Helicofopbie:and:Pgeumatitbmie. : By this Art, 
all Cranes, Gybbettes,& Ingines to lift vp.,: or to force any-thing, arly maner way, 


_ are ordred: and the certaine caufe of their force;is knowne.:; - As;theforce which 


one man hath with the Duchewaghen Racke:therwitb,to fet vpagayne,i mighty 
waphen aden,being oüerthrowne. The force of thé Croffebow Racke, is certain- 
ly,heréjdemonftrated. The reafon;why one má, doth with àleauer,lift that;which 
Sixe men, with their handes onely, could not, fo eafily do.’ By this Arte,in out 
common. ‘Cranes in London; where powre isto Cranévp, the waight Gf 2000. 
pound:by two Wheles more (by good order added ) Arte concludeth, that théré 
may be Craned " 200000.pound waight &c.So well knew Archimedes this Arte: 
that he alone, with his deuifes and engynes,(twife or thrife)fpoyled and difcomfi- 
ted the whole Army and Hofte of the Romaines, befieging Syracufa, Marcus Mar- 
cellus the Conful, being their Generall Capitaine. Such huge Stones, fomany,with 
fuch force , and fo farre, did he with-his engynes hayleamong thein, out ofthe 
Citie. And by Sea likewife : though their Ships might come to the walls of Syra- 
cufa , yet hee vtterly confounded the Romaine Nauye.». What with his mighty 
Stones hurlyng: what with Pikes of *.78 fote long,made like fhaftes: which hê for- 
ced almofta quarter ofa myle.What, with his catchyng hold of their S hyps , and 
hoyfing them vp abouethe water , and fuddenly letting them fall into the Sea a- 


gaine:what with his* Burning Glaffes sby which he fired;their other Shippes afar- 


of: what, with his other pollicies,deuifes, and engines; he fo manfully. acquit him 


felfe : that all the Force,courage,and ‘pollicie ofthe Romaines(for a great {eafon) 


d.j. could 


To goto the 
bottom of the 
Sea Without 
daunger. 


how, aboue Natures vertue and power fimple.: Vertue and. force 
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could nothing preuaile,forthe winning of Syracufa.. Wherupon, theRomanes 
named Archimedes, Briareus,and Centimanus. Zonaras maketh mention of one Pro- 
clus, who fo well had perceiued- Archimedes Arte of ~Menadrie, and had fo welline 
uented of his.owne , that with his Burning Glaffes; being placed vpon the walles 
of Byfance , he multiplied fo the heate of the Sunnejnd dire&ed:tlie beames. of 


.thefame againít his enemies Nauie with {uch force ; and fo fodeinly (like lighte- 


ning)that he burned and deftroyed bothmanand hip. And: Dion: {pecifieth.of 
Prifcus,a Geometricien in Byfance,who inuented.and víed fondry Engins, of Force 
multiplied : Which was caufe, that the Eszperour Seuerus pardoned him, his life;af- ` 
ter he had wonne Byfance: Bycaufe he honored the Arte ,wytt, and rare induftrie 
o£ Prifcus. But nothinginferior to theinuention ofthefe engines of Porce,was the 
inuention of Gunnes. Which, from an Englifli man,had the occafion and order 
of firft inuenting: though in an other land,and by other men, it was firft executed. 
And they that fhould fee the record, where the occafion and. order general, of 


>) Gunning, is firt difcourfed of;would thinke :that,{inall thinges,flighr,and cómon: 


comming to wife mens confideration,and induftrious mens handling, may grow 
to be of force incredible. — re | 

Hypogeto die, is án Arte Mathématicall, demonftratyng bow, - 
vnderthe Sphzricall Superficies of tliéearth, at any depth , to any 
PRAE line afsigned (whofe diftance from the perpendicular 


of the entrance: arid the Azimuth, likewife,in refpect of the faid en- 
trance, is knowen) céftaine way may be pra{cribed and gone; And 


‘how, any way aboué thé Sitperficies of the earth defigned , may vn- 


der earth, at any depth limited , be kep t : goyng alwayes , perpendi- 
cilaily vnder the way, on earth defigned : And, contrarywife,Any 
way, (ftraight or croked , )vnder the.earth, beyng giuen : vppon the 
veface, or Superficies of the earth ,to Lyne out the fame : So,as, from 
the Centteof the earth , perpendiculats drawen to Reet 
Süperficies of the earth ; fhall precifely fall in the Correfpondent. . 
pointes ofthofetwo wayes . This , with all other Cafes and cir- 
cumftances herein, and appertenances , this Arte demonftrateth . 
This Arte, is very ample,in varietie of Conclufions:. and very profitable fundry 
wayes to the Common Wealth .. The occafion of my Inuenting this Arte,was at 
the requeft-of two Gentlemen,who hada certaine worke(of gaine)vnder ground: 
and their groundes did ioyne.ouer the.worke : and by reafon of the crokednes, 
diuers depthes, and heithes ofthe way vnder ground, they were in doubt, and at 
controuerfie, vider whofe grourid as then, the worke was ;'The name onely (be- 
fore tliis ) was of me publithed, De Jtinere Subterraneo: . The reft,be at Gods will. 
For Pioners, Miners, Diggets for Mettalls; Stone, Cole, and for fecrete paffages 
vnder ground betwene place and place (asthis land hath diuerfe}) and for other 


purpofes;any man may eafily perceaue, both the great fruite of this Arte, and alfo 
in this Arte, the great aide of Geometrie.. | : 4 
Hydragogie, demonſtrateth the poſſible leading of Water, by 
Natures lawe , and by artificiall helpe , from any head. (being a 
Spring, ftanding, or running Water ) toany other place af! ees 
| | ong: 
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Long,hath this Ártebenein vfe : and much thereof written : and very marueilous 
wotkes therein,performed : asmay yet appeare,in Italy:by the Ruynes remaining 
‘ofthe Aqueduttes. In other places,of Kiuers leading through the Maine land, 
Nauigable many.a Mile. And in other places,of the marucilous forcinges of Wa- 
ter to Afcend . which all,declare the great fkill,to be required ofhim,who fhould 
in this Arte be perfecte, for all occafions of waters poffible leading. To fpeake 
of the allowance of the Fall, for euery hundied foote: or of the Ventills (ifthe wa- 
ters labour be farrejand great) I neede not ; Seing, at hand (about vs )many expert 
men can fufficiently teftific, in effe&c, the order : though tlie Demonftration of 
the Neceffitiethereof, they know not : Noryct, if they fhould be led,vp and 
downe, and about Mountaines, from the head of tlie Spring:and then,a place be- 
ing affigned : and ofthem, to be demaunded, how low orhigh, that laft place is, in 
refpecte ofthe head, from which (fo crokedly, and vp and downe ) they be come: 
Perhaps,they would not, or could not, very redily,or nerely afloyle that queftion. 
Geometrie therefore, is neceflary to Hydragogie. Ofthefundry wayes to force wa- 
terto afcend , eyther by Tympane, Kettell mills, Skrue, Ctefibike, or fuch like : in ¥7- 
truuius, Agricola, (and other,)fully,the maner may appeare . And {o,thereby,alfo 
be moft euident, how the Artes, of Preumatithmie,Helicofophie, Statike , Trochilike, 
and ~Menadrie, come to the furniture of this,in Speculation, and to the Commo- 
ditie of the Common Wealth, in practife. 


Horometrie, isan Arte Mathematicall, which demoftrateth, 
how, at all times — the preciſe vſuall denominatiõ of time, 
may be knowen,for any place afligned. — Thefe wordes,are finoth and 
plaine eafie Englifhe, but the reach of their meaning,is farther, then you woulde 
lightly imagine... Some partof this Arte, was called in olde time, Guomonice: and 
of late,Horologiographia : and in Englifhe,may be termed,Dialling . Auncientis 
the vfe, and more auncient,is the Invention .. The vfe,doth well appeare to haue 
bene (at the leaft) aboue two thoufand and three hundred yeare agoe - in * King 
tAchaz Diall, then,by the Sunne,fhewing the diftin&ion oftimc. By Sunne, 
Mone,and Sterres,this Dialling may be performed,and the precife Time of day or 
nightknowen. Butthe demonftratiue delineation of thefe Dialls;of all fortes, 
requiteth good fkill, both of Aitronomie,and Geometrie Elementall,S phzricall,Phz- 
nomenall,and Conikall. -Then,to vfethe groundes of the. Arte, for any regular 
Superficies, in any place offred : and ( in any poffible apt pofition therof ) theron, 
to defcribe ( all manet of wayes ) how. vfuall. lowers, may be ( by the Szzzes fha- 
dow.) truely determined : will be found no fleight Painters worke. So to Paint, 
. and prefcribe the Sunnes Motion,to the breadth ofa heare.. In this Feate(in my 


youth ) I Inuented a way,How in any Horizontall,Murall,or Æquino- 


étiall Diall;&c.-At all howers(theSunne fhining)theSigne and De: 
greealcendent, may be knowen . © ‘Which is a thing l 
the Rifingofthoie fixed Sterres : whofe Operation in the Ayre, isofgreat might; 
euideridly ; ‘I fpeake no further,of the vfehereof. But forafitiuch as,Mans affaires 
require knowledge of Times & Momentes, when neither Sunne,Mone,or Sterre, 
can be fene::Therefore, by Induftrie Mechanical, was inuented firt how by Wa- 
ter,running orderly,the Time and howers mightbe knowen: whereof, the famous 
Gtefibivs, was Inuentor : aman, of Vitrunins, to the Skie Ciuftly) extolled. Then, 
after that, by Sand running; were howers imeafüred : Then, by Trochilite with 
waight: Andioflate time, by Trozbilike with Spring : without waight; All hele. 


very neceffary for 


^ 
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by Sunneor Stetres direction ( in certaine time ) require ouerfight and reformati- 
on, according to the heauenly /Equinoctiall Motion : befides the inzqualitie of 
their owne Operation. There remayneth (without parabolicall meaning herein) 
among the Philofophers,a more excellent, more commodious,and more maruei- 
lous way, then all thefe : ofhauing the motion ofthe Primouant (or firft equino- 
Giall motion, by Nature and Arte, Imitated:which you fhall ( by furder fearch in 
waightier ftudyes ) hereafter,vnderftand more of. And fo,itistymeto finifh this 
Ánnotation,of Tymes diftin&ion,vfed in our common;and priuate affaires: "The 
commoditie wherof,no man would want,that can tell, how to beftow his tyme. ` 

Z ographie Pis ati Arte Mathematicall,which teacheth and de- 
monftrateth , how , the Interfection of all vifuall Pyramides , made 
by any playneafsigned, ( the Centre, diftance,and lightes beyng de- 
termined ) may be, by lynes,and due propre colours, reprefented: 
A notable Arte,is this:and would require a whole Volume,to declare the proper- 
ty thereof: andthe Commodities enfuyng. Great {kill of Geometrie, Arithme- 
tike,Per{pectine,and Anthropographie,with many other particular Artes,hath the Zo- 
grapher nede of, for his perfection.For, the moft excellent Painter,(who is but the 
propre Mechanicien,-& Imitator fenfible, of the Zographer) hath atteined to fuch 
perfection, that Senfe of Man and beaft,haue iudged thinges painted, to be things 
naturall,and not artificiall:aliue,and not dead. This.Mechanicall Zographer(com- 
monly called the Painter)is meruailous in his f kill:and feemeth to haue a certaine 
diuine power: As,of frendes abfent,to makea frendly , prefent comfort: yea, and 
of frendes dead,to giuea continuall, filent prefence : not onely with vs , but with 
our pofteritie,for many Ages. And fo procedyng, Confider, How , in Winter,he 
can thew you,théliuely vew of Sommers Loy,and riches:and in Sommer, exhibite 
the countenance of Winters dolefuil State,and nakednes. Cities, fownes, Fortes, 
Woodes,Armyes,yea whole Kingdomes (be they neuer fo farre; or greate ) can 
he, with eafe,bring-with him, home(to any mans Iudgement ) as Paternes liuely, 
ofthe thingesrehearfed. In one little houfe, can he,enclofe(with great pleafure 
of the beholders, the portrayture litiely,ofall vifible Creatures, cither on eatth,or 
in the carth, lining: or in the waters lying,Creping,flyding,or fwimming:or of any 
foule, or Ay,in the ayre flying. Nay,in refpect of the Starres,the Skie,the Cloudes: 
yea, in the fhew of the very light it felfe (that Dinine Creature ) can he match our 
eyes Iudgement,moftnerely, Whata thing is this?thinges not yet being,he can 
reprefent fo, as,at their being, the Picture fhall feame (in maner)to-haue Created 
them. Fo what Attificer,is not Pi@ure,a great pleafure and Commoditie Which 
ofthem all will refufe the DireGion and ayde of Picture" The Architect,the Gold- 
{mith,and the Arras Weauer:of Pi@ure,make great account. Ourliuely Herbals, 
our portraitures of birdes, beaftes,ancl fithes : andour curious.Anatomies,which 
way,are they moft perfectly made, or with moft pleafüre;ofvs beholden? Isit not 
by Pi&ure onely? And if Pi&ure ,by theInduftry ofthe Painter, be thus commo- 
dious and meruailous: what fhall be thought of Zagraphie,the Scholemafter of Pi; 
&ure,and chiefgouernor? Though I mencion not Scw/pture,in my Table of Artes 
Mathematical ; yetmay all men perceiue,How, that Picture and. Sculpture , are Si- 
{ters germaine:and both,right profitable, ina Commo wealth,and of Sculpture,al- 
wellas of Pi@ture,excellent Artificers haue written great bokes in commendation. 
Witneffe Itake,of Georgio Va[ari,Pittore Aretino: of Pomponius Gauricus: and other. 
To thefe two Artes, (with other, )isa certaine od Arte , called 4/tbalafat; much 
beholdyng: more, then the common Scalptor,Entayler,Keruer, Cutter ,Grauer, "2n 
` ar, 


der, or Paynter(erc)know their Arte,to be commodious. * | — 
Architecture to many may fi eme not worthy; ornotmete,to be reckned An obiettion, 
among the Artes’ Mathematical. To whom, | thinke good,to gine fome account of 

my fo doyng.Not worthy, (will they fay,)bycaufe itis but for building,ofahoufe, 

Pallace, Church;Forte,or fuch like, sroffe workes.And you,alfo, defined the Artes 
Mathenvaticall,to be fuch;as dealéd with no Materiall or corruptible thing:and al- 

fo did demonftratiuely procede in their faculty, by Number or Magnitude. Firft, _ 

-you fee,that I count,here, Architecture, among thofe artes Mathematicall, which The Anfwer, 
are Detiued from the Principals: and youknow., thatfüch;may deale with Nà- | 

turall thinges,and fenfible matter. Of which , fome draw. nerer;to tlie Simple and E 
abfolute Mathematicall Speculation,then other do. Andthough,the Architec E 
procureth; enformeth, & direéteth,the Mechanicien,to handworke, & the building '' 
actuall, of houfe, Caftelljor Pallace , and is chiefTudge of the fame : yet, with hith 
felfe(as chief Maffer and Archited?, ) remaineth the Demonftratiue reafon and | 
caufe, of the Mechaniciens worke: in Lyne;plaine, and Solid.: by Geometricall, A- A 
rithmeticall, Opticall, Muſicall, Actronomicall, Cſmographicall (& to be brief) by allthe x 
former Deriued Artes Mathematicall, and other Naturall Artes,hable to'be confir- 
med and ftablifhed.If this be fo: then, may you thinke, that Architetture, hath good 
and due allowance , in this honeft Company of Artes. Mathematical! Deriuatiue. 

I will;herein,craue ludgement of two moft perfect Architectes : the one being 77- 
truwivs, the Komaine : who did write ten bookes thereof,to the Emperour C4uga- 
stus (in whofe daies our Heauenly Archemafter, was borne ) : and the other, Leo 
Baptista Albertus, a Florentine : who alfo publifhed ten bookes therof .— Arechi- 
tectura (Layth Vitrunius) eit Scientia pluribus difciplinis cr varijs eruditionibus ornata: 
cuins Indico probantur omnia; que ab cateris Artificibus perficinntur opera . That is. 
Architecture, isa. Science garnifhed with many doctrines & diuerfe 
inftructions: by whofe Tudgement, all workes,by other workmen 

f nifhed ;are Tudged . Itfolloweth.Ea nafcitur ex F. abrica, e Ratiocinatione. &c. 
Ratiocinatio autem est, que,res fabricatas,Solertia ac ratione proportionis demonitrare aty, 
explicare potest ° Aychitetture groweth of Framing and Reafonin ig. «7c. Rea 
Joning yis that ywbicb of tbinges framed ywitb forecaft and proportion: can make 
demonstration, and manifeft declaration. ^" Againe .' Cnm, in omnibus enim re- 
Dus y tm maximo etiam in Architettura; bec auo inſunt quod fignificatur, & quod freni: 
ficat..-Significatur propofita ves, de qua dicitur < hanc antem Significat Demonftratio, rati- 
onibus doctrinarum explicata's «°Forafmuch as; in all thinges: therefore chiefly 


in Architedture, thefe two thinges are «the thin 2 (ignified : and that “which fig 


nifieth ...T he: thing ‘propounded , whereof wë Jpeake,is the thing S ignified. 
But Demonftration sexpreffed with the reajons of. diner fè do Erin es doth Jignis 
fi e the fame t hing le Afterthà tV liter atis fit : peritus Graphidos, eruditus CEER, 
co O ptices non ignarus : infiruétus Arithmetica:hiflorias complures nouerit , Philofophus 
dilgenter audierit: M uf cam ſciuerit: Medicine non fit ignarus; reſponſa Iuriſperitorũ 
merit: Affralogiam, Calid, rationis cognitas habeat An Architect ſayth he) ought 
to'ynder[tand Languages jto be.f kilfull of Painting’, -wellin iftru€ted in Geomes 
trie, not ignorant of Pevjpedtiue  furnifbed with Arithmetike shane knowledge 
of many. hrftories, andodiligently' haue-heard. Philofophers, bane [kill of Mus 
Jike, not ignorant of Phy/ike, know the aunfweres of Lawyers and haue A {ftroe 


d.i. _ nomie, 
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nomie, and the courfes Celestial , in. good knowledge: .. He geneth reafon , or- 
derly, wherefore all thefe Artes, Doctrines,and Inftructions, arerequifitein an cx- 
‘cellent Architect... And (for breuitie) omitting the Latin text, thus he hath. 
Secondly, itis bebofefull foran Architeét to hane the knowledce of Painting: 


. ` 
teg te - 


that be may the more eafilie fafhion out ,in patternes painted the forme-of what 


y 
* 


vorke he liketb. And Geometrie, geuethto Architecture many helpes vand first 
teacheth the Vſe oſthe Rule, and the CumpafSe: wher by (chiefly and eafilie ) the 
defcriptions of Buildinges , ave defpatchbed in Groundplats: and the direétions of 
Squires ,Leuells and Lines.: Täkeiwife b Perſpectiue „the Lightes of the heaz 
uen are Well ledini the: buildinges : from certaine quarters of the world. By 
Arithmetike tbe charges of Buildinges are fummed together : the meafures are 
exprefsed, and the hard questions. of Symmetries, are by Geometricall Meanes 
and Methods difcourfed on. exc. » Befides this of the Nature of thinges( which 
in Greke iscalled gucicroyia:) Philofophie doth make ‘declaration . Which, it is 
dec for an‘Architeét, with diligence to hane learned : becaue it hath mae 
ny and diners naturall queftions: as [pectally, in. Aqueduétes. For in their 
courfes, leadinges about, in the leuell ground, and in tbe mountinges , the natu- 
rall Spirites or breathes ave ingendred diners wayes : Ihe hindrances , which 
they caufe,noman can helpe, but he which out of Philofophie, hath learned the 
originall caufes of thinges.  Likewife,-whofoever fhallread Ctefibius or Are 
chimedes bookes (and of others who baue written fuch Rules )can not thinke,as 
they do: bnleffe he fhall hane veceaued of Philofophers , vaftruétions: in thefe 
‘thinges . And Mufike be muft nedes know : that. he may hane vnder standing, 
both of Reeular and Mathematicall Mujtke: that he. may temper well his- Baz 
lifles, Catapultes and Scorpions. exc. Moreouer the Brafen Keffeds which in 
Theatres are placed by Mathematicall order. im ambries ,ynder the Steppes: and 
the. diverfities of the foundes (which Grecians call axe ) are ordred according 
to Muficall Symphonies tx Flarmonies:being diftributed my Circuites, by Diz 
atéf[aron,Diapente, and Diapafon. Chat the conuentent voyce, of the. players 
found whe it came to thefe preparations made inorder , there being increafed: 
“with y increafing might.come morecleare ey pleafant toy eares of the lokers on. 
exc. And of Aftronomie,is know? >. Eaktswest,South,and North. T'he fafhion 
of the beauen , tbe Zquinox , the Solfticie, and:the.courfe of the fierres. Which 
thinges vnleaft one. know:be cannot perceiue any tbyng at all ,tbereafon of Ho: l 
rolo ies. Seyng therfore this ample Sciences garn ifbed ; beautified ‘and flored; 
with fo many and fundry f kils and knowledges:[:thinke, that none can iuftly ace. 
count them-felues Architeltes of the fuddeyne. ‘But they onely who from their 
childes yeares ,afcendyng by thefe degrees of knowledges, beyng foStered bp with 
the atteynyng of many Languages and Artes , banewonne to the high T aberz 
nacle of Archit£ure.dy c.n dto whom Naturéhath given fuch quicke C IT ume 
fpe&tion Jbarpnes of wiit, and Mémorieytbat tbey may be vevy abfolutely [kill 
fullin Geometrie’, Aftronomie , Mufike, and tbe reft of the Artes M iin 
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call:Sucb, furmount and paffe.tbe callyne and flate; of- Arcbitetfes: andare bes A Aathe- 
come.Matbematiciens:eg:c. nd tbey.ave found; feldome. As, in tymes.pa[b-, ias; enseien. 
Ariſtarchus Samius: Philblaus, and Archytas, Tarentynes: Apollonius Pergeus 
Eratoſthenes Cyreneus: Archimedes ,and Scopas ,Syracufians. Who alfo,left to. 
theyr pofteritie many Engines and Gnomonicall workes: by numbers and natus. 
rall meanes inuented and declared. arn Va eal: 

Thus much, and the fame wordes (in fenfe)in one onely: Chapter of this Incó-. 
parable Architect Vitruuius {hall you finde.And ifyou fhoald , but take-his bokein. 
your hand, and flightly.loke thorough it,you wouldfay ftraight way: This is Geo- Vitruuius. 
metrie, Arithmetike, Astronomie,Mufike , Anthropocraphie, Hydragogie, Horometrie. &c. 
and(to.cóclude)the Storehoufe ofall workmáfhip.. Now,letvs liftento our other. 
Indge;our Florentine, Leo-Baptifta;and narrowly confider, how he doth determine. 
of Architeclure. Sed anteq vltra progrediar. Ac. But. befo re I procede d ny further: 
(fayth he)f thinke,that Fought to expreffe , what man I-would haue to bee als, 
lowed an Archite. For L ill not bryng in place a Carpenter: as though you 
might Compare him to the Chief Maflers of other Artes. For the hand of the. 


: Carpenter ss the Architedtes Infirument. But I will appoint the Architeé£to be Vibe is an 


that man, who hath the Skill (by a certaine and .meruailous meanes and way, ): — 


both in minde and Imagination to determine: and'alfo in worke to fini{h : what ri 

‘workes fo ener by motion of waight and cuppling and framyng together of bos. ... 

dyes nay 1100 aptly be.¢ omumedious for the-worthie/t Vfes of Man. And that he 5, 

may-be able to.performe thefe thinges, he hath nede of atteynyng and knowledge 

of the beft and moft worthy thynges. crc. ‘I he whole Feate of Architecture in 

buildyng con/ssteth in Lineamentes and inFramyng. And the whole power 

and [kell of Lineamentes,tendeth to this: that the right and abfolute way may 

he had of Coaptyng and toyning Lines and angles:by which the face ofthe buile 

dyng or frame,may be comprehended and concluded. Anditis the property of 
Lineamentes,to prefcribe ynto buildynges and enery part of them an apt place; 

«7 certaine nuber : aworthy maner and a femely order : that, fo, 9 whole forme 

and figure of the buildyng may reft in the yery Lineamentes.crc. And “we may * The Inx- 
preferibe inmynde and. tmagination the ‘whole formes,* all materiall fluffe bes ™* $^ 
yng fecluded.Which point ve fhall atteyne by Notyng and forepointyng the ane —— 
gles and lines by a fure and certaine direétion and connexion. Seyng then,thefe 
thinges , are thus : Lineamente, fhalbe the certaine and constant orefcribyng, What, Linea 
conceined in mynde: made im lines and angles:and finifhed with a learned minde rtu. 
andwyt. We thanke you Mafter Baptist, that you hauefo, aptly brought your, ,, 

Arte, and phrafe therof , to haue fome Mathematicall perfection : by certaine or- 5, Note. 
der, nüber, forme, figure, and $ yesmetrie mentall: all naturall & fenfible ftuffefeta » 

part. Mow,thenjitis euident, (Gentle reader)how aptely and worthely , I haue 

preferred Architecture; tobe bred and foftered vp.in the Dominion ofthe percles 

Princeffe Mathematica : and to beanaturall Subie& ofhers. — And the name of 
Architecture, is of the principalitie,which this Science hath, aboue all other Artes. 

And Plato athrmeth , the Arcbiteé to be Mafler ouer all,that make any worke. 
Wherupon,he is neither Smith,nor Builder:nor,feparately, any Artificer: but the 
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remainyng, with all {pede pofsible. 
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Hed,thc Prouoft , the Dircéter,and Iudge ofall Artificiall workes:, and all. Artifi- 
cers.For,the true Archited?,is hable to teach, Demontftrate,diftribute,defcribe , and 
ludge all workes wrought. And he,onely,fearcheth out the caufes and reafons of 
all Artificiall thynges. Thus excellentis Architecture:though few (in our dayes)at- 
tcyne thereto : yet may notthe Arte, be otherwife thought on, then in very dede 
itis worthy. Nor we may not,ofauncient Artesmake new and imperfect Definiti- 
ons in our dayes:for fcarfitie of Artificers : No more,than we may pynche in;the 
Definitions of Wifedome,or Honeftie , or of Frendefbyp or of Inflice: Nomore will 
I confent,to Diminifh any whit,of the perfection and digniue ; (by iuft caufe ) al- 
lowed to abfolute Architecture. Wnder the Direction of this Arte, are thre prin- 
cipalljneceffary Mechanical! Artes . Namely , Howfing , Fortification ,and Naupegie. 
Howfing, I vnderftand,both for Diuine Seruice,and Mans. common viage: publike, 
and m f Fortification and Naupegie, ftraunge mattermightbe told you: But 
perchaunce,fome will be tyred,with this Bederoll, all ready rehearfed: and-other. 
fome, will nycely nip my groffe and homely difcourfing with you : made in poft 
haft : for feare you fhould wante this true and frendly warnyng, and taft giuyng, 
ofthe Power Mathematicall. Lyfeisthort, and vncertaine : Tymés are periloufe: 
&c. And {ftillthe Printer awayting, for my pen ftaying :’ All thefe thinges, with 
farder matter of Ingratefulnes, giue me occafton to paffe away , to the other Artes 


1 


THe Atte of Nauigation, demon ftrateth how, by the fhorteft. 


good way, by theapteft Directió;& in the fhorteft time, a fufficient: 


Ship,betwene any two places (in paffage Nauigable,) afsigned: may: 
be códucted:ànd in all ftermes;& naturall difturbances chau heyrig,’ 
how,to vfe the beft pofsible meanes , whereby to recouer the place 
firt alsign ed. Whatnede, the Maffer Pilote, hath ofother Artes , here before: 
recited;it is eafie to know:as, of Hydrographie; ASronomie Astrologie and Horome= 
trie. Prefappofing continually,the common Bafe,and foundacion ofall: namely. 
‘Arithmetikeand Geametrie. So that,he be hable to vnderftand,and Iudge his own 
neceflary Inftrumentes,and furniture Neceffary: Whether they be perfectly made 
or no:and alfo can, (ifnede be)make them, hym felfe. As Quadrantes, The Aftro- 


. nomers Ryng,The Aftronomers ftaffe, The Aftrolabe vniuerfall, An Hydrogra- 


+ 


phicall Globe.Charts Hydrographicall,true, (not with paralleli Meridians). The 
Common Sea Compas: The Compas of variacion: The Proportionall,and Para- 


Anne.t559, doxall Compafies(of me Inuented,for our two Mofcouy Matter Pilotes, at the re- 


\ 


t 


queft ofthe Company) Clockes with fpryng: houre,halfe houre,and three houre 

Sandelafies:& fundry other Inftrumétes: And alfo, be hable,on Globe, or Playne 

to defcribe the Paradoxall Compaffe : and ducly to vfe the fame,to all maner of 
purpofes, whereto itwas inuented. And alfo, be hable to Calculate the Planetes 

placesforalltymes. * 

* Morcouer, with Sonne Mone orSterre(or without)be hable to define the Lon- 

gitude & Latitude of the place,which heis in: So that,the Longitude & Latitude 

of the place.from which he fayled,be giuen: or by him,be knowne.whereto,apper- 

tayneth expert meanes,to be certified eucr,of the Ships way . &c. And by forele- 

ing the Rifing,Settyng , Noneftedyng , or Midnightyng of certaine tempeftuous 

fixed Sterres : or their Coniundtions ,and Anglynges with the Planetes , &c.he 

oughtto haue expert coniecture of Stormes, Tempeftes ;and Spoutes: and fuch 
lyke Meteorologicall effectes,daungerous on Sea, For(as Plato fayth,) "E | 


Iohn Dee his Mathematical Preface. 
opportunitate/4, temporum prefentire, non minusrei militari, quam Agricultura, Nauiga- 
tioniá, conuenit. Lo forefee the alterations and opportunities of | tymes is conues 
niéut , no leffe to tbe Art of Warre , then to uf bandry and Nauigation.And 
befides fuch.cunnyng meanes , more euident tokens in Sonne and Mone, ought 
of hym'to be knowen: fuch as(the Philofophicall Poéte)Vérgilius teacheth, in hys 
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Georgikes. Where he fayth, 3, ` 


2 Sel quad c exoriens e quum fe condet invndas, — 
© ` Signa davit Solem certifima figna fequuntur erc. 
"mu e Nam fepe videmus, 
(0. pfius tn soultu varios errare colores... 
|. Caruleus, pluutam deuunciat jgneus Euros. 
^. Sin macula incipient rutilo ipsmi[cerier igni, 
Òmnia tum pariter vento nimbify videbis 
Feruere: non illa quifquam me nočte per altum > 
Ire, ned, a terra moueat consellere funem, Ges | 
Sol tibt figna dabit Solem quis dicere falfum 
Audeat? ——__—— ¢'¢. 
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«And fo of Mone, Sterres, Water,Ayre, Fire, Wood,Stones, Birdes,and Beaftes, 


and of many thynges els,a certaine Sympathicall forewarnyng may be had: fome- 
tymes to great pleafure and profit, both on Sea and Land.. Sufhciently, for my 
prefent purpofe , it doth appeare, by the premifles., how Mathematicall, the Arte of 
Nauigation, is:and how it nedeth and alfo vfeth other Mathematicall Artes: And 
now, if I would’go aboutto {peake of the manifold Commodities, commyng to 
this Land, and.others, by Shypps and Nauieation , you might thinke , that I catch 
at occafiotis’, to vfé many wordes , where no nede is. : 
4,3, Yetjthis.onethyng may I,(iuftly)fay. In Nasigation,none ought to haue grea- 
ter care,to be fkillfull then. our Englifh Pylotes. And perchaunce,Some, would 
more attcmpt: And otherSome,more willingly would be aydyng, if they wiftcer- 
taincly, What Priuiledge,God had endued this Hand with,by reafon of Situation, 
moft commodious for Nasigation, to Places moft Famous & Riche. And though, 
(of* Late) ayoung Gentleman,a Courragióus Capitaine , was in a great ready- 
fies;with good hope, and great caufes of perfuafion,to haue ventured, for a Dif- 
couerye (either Wefferly, by Cape de Paramantia : or Efferly, aboue Nova Zemla, 
and the Cyremiffes)and was,at the very nere tyme of Attemptyng , called and em- 
ployed otherwife(both then,and fince,)in great good feruice to his C ountrey , as 
the Irifh Rebels haue " tafted: Yet fay, ( though the fame Gentleman , doo not 
-hereafter,deale therewith)Some one,or other,fhould liften to the Matter: and b 
gocd aduife,and difcrete Circumfpection , by little, and little, wynne to the fuf. 
cient knowledge of that [rade and Voyage: Which, now, I would be fory. 
-(through Carelefnefle, want of Skill,and Courrage, ) fhould remayne Vnknowne 
and vnheard of. Seyng, alfo,we are herein, halfe.Challenged, by the learned,by 
halfe requeft,publifhed. ‘Therofverely, might grow Commoditye, to this Land 
chiefly , and to the reft ofthe Chriften Common wealth, farre paffing all riches 
‘and worldly Threafure. ^ > 
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22 “Thaumatu rgike sis that Art Mathematicall, which giueth cer- | 


taine orderto makeftraunge workes , ofthe fenfeto be perceiued, 


and of men greatly to be wondred at. By fundry meanes, this Wonder- 
workeis'wrought. Some,by Pxeumatithmie . As the workes of Ctefibius and Hero, 
Aj Some 


: ‘ ress bua. FLEX. — 
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Someby waight.wherof Times fpcaketh.Some,by Stritiges ftraynied jor Springs 
therwith Imitating lively Motions.Some, by othermeanes,as the Imagesof Met: 
curie:and the brafen hed,made by Albertus Magnus;which dydfeme to{peake.Boes 
shies was excellent in thefe feates. ; Fowhom,Ca(Godorws writyng;fayth: our pure 
pofess to Know profound thynges:and to fhew meruayles.. . By the difpofition of 
jour Arte, Metals do low : Diomedes of brafse , doth blow aT ruimpet loudea 
A — a UA Me CINES TIS Tmysse i 
brafen Serpent biffetb:byrdes made [mg fwetely. S mall thyn iges Wwe rehearfe 


of you, who can Imitaté the beauen.ezc. Of the ftraunge Selfmouyng, which, at 


*Anno.ts551 Saint Denys , by Paris , I ſaw, ones or twiſe (Orontiu beyng then with me, in 


3 Company )it were to ftraunge to tell. Butfome haue written it Andyet, (I hope) 
itis there,ofother to be fene. Arid by Pérjpecfiue alfo flraunge thinges;are done. As 
partly (before)I gaue you to vaderftand in Perfpective. A's, to {ee in the Ayre, a loft, 
the lyuely Image of an other man , either walkyng tà and fro : or ftandyng ftill. 
Likewife, to come into an hoüfe , and there tofeetheliucly thew of Gold, Siluer 
or precious ftones:and commyng to take them in your hatid , to finde nought but 
Ayre.Hereby, haue fome men (in all other matters counted wife) fouly ouerfhot 


Dehisque thé felues:mifdeaming of the meanes. Therforefayd ClaudinsCalefiinis. Hodie mag- 
— doni- a literature viros & magnæ reputationis videmus , opéra quedam quafi iniranda , fn pra 
rabiliter enc- ae ; 


í Natura butáre: deauibusin Perlbetina dótifas taulsu facilite; LIYE tine te ADAG 
niunt. cap. 8. — D f dotfes tau] atn faciliter reddidiffer.Thatis. Noiv 


adayes we feefome men, yea of great learnyng and reputation ,to Iudge certain 
*ibórkes as rer uda tylous aboue the power of IN. AUI OF% hich wor keso ne that 


Were f Nillfull in "Perfbetfiue migbt cafely bane ginen the (aufe,,. Of Archimedes 


Ta 


Tuf. 1. — SpharéCicero witnefieth. Which 1s very ftraunge to thinke on. .« For when Archie 


` 


medes (fayth he) did faften in a Sphere tbe mouynges of the Sonne, Mone;and of 
the fine other Planets ,be did astbe God ywhicb(in T'imieus of Plato) did make 
bhesworld. T'bat,one turnyng , [bould vule motrons moje yn like in flownes; and 
fwifines. Buta greater caule ofmeruayling we haue by Claudianus report hereof. 
Who afarmeth this Archimedes worke,to haue ben of Glaffe: And difcourfeth ofát 


, hote at large: which I omit.. „The Doue of wood., which the. Mathematicien dr- 


$ . 


réporteth.Howzere oEF ulcans Sélfimouevs, (by fecrerwheles)leaueth in writyn z Ari- 
(fiotle;in hys Politikes,of both, ‘maketh mention. ~ ‘Méruaylous was the workeman- 

. faypsof late dayes,performed by good fkill of Trochiltke. Ge . For in Noremberge, 

.. A flyeoflernjbeyng letout ofthe Attificers hand, did (as it were) ty about by the 
geftes,at the tablejand atlength;as though it wére weary , retourne.to his matters 
hahdagayne. . Moreouer, an Artificial] Egle’, was ordred , to Ay out of the fame. 
Towne,a mighty way,and thata loftin the Ayre, toward the Emperotr comming 
thether:and followed hym,beyng'come to the gate of the towne:* Thus, you fee, 

cP * ~ what, Arte Mathematicall can performe,when Skill , will f Induftry, and Habili- 

ty, are ducly applyed to prqtoed aan eye, mar tie mA erasa i pas 

WDisrefiion AN¢d foi thefe, and fuch like marucilous Actes and Feates Natu rally, Mathe- 
Apologericall Matically,and Mechanically, wrought and contriued : oughtany honeft Student, 
i and Modeft Chriftian Philofopher,be counted,& calleda Coniurer ? Shall the 


‘chytas did maketo fiye is by c4gellins fpoken of Of Daedalus ftraunge Images, Plato 


* ae, | -— h E it seh? 2T. d 3g IL DM I l 
folly of Idiotes, and the Mallice of the Scornfull, fo much preuaile, that He, who 
feeketh no worldly gaine orglory attheirhardes : But onely;of God;the thresfor 
ofheaucnlv wifedomej& knowledge ofpure veritie:: Shallhe(Tfay)inthemeane 
Tx 4 e t — | 2x74 MM - > ie fpace; - 
xis wo En ^is s, (2 gi b T S a CE: ae tals A EN 6n SUA Nea 


EN 


ME 
* sA A 


: | 
Iohn Dee his Matliematicall Preface; 
[pace, be robbed and fpoiled ofhis honeft name and fame ? He thatfeketh ( by S, 
Paulesaduertifement ) in the Creatures Properties , and wonderfull vertues, to 
finde iufte caufe, to glorifie the Aiternall, and Almightie Creator by: Shall that 
man, be (in hugger mugger ) condemned, as a Companion of the Helhoundes;. 
anda Caller, and Coniurer of wicked and damned Spirites? He that bewaileth his 
great want oftime,fufficient (to his contentatior)for learning of Godly wifdome; 
and Godly Veritiesin : and onely therin fetteth al] his delight : Will that ma leefe 
and abufe his time;in dealing with the Chiefe enemie of Chrift our Redemer: the- 
deadly foe ofall mankinde : the fubtile and impudent peruerter of Godly Veritie: 
the Hypocriticall Crocodile: the Enuious Bafilifke, continually defirous, in the 
twinke of an eye, to deftroy all. Mankinde; both ii Body..atid Soule, eternally 2. 
Surely (for my part,fomewhat to fay herein) -haue not learned to make fo brutith; 
and fo wicked a Bargaine. Should I, formy xx.or xxv. yeares Studie : for two o£ 
three thoufand Markes {pending : feuen or eight thoufand Miles going and trauai- 
ling,onely for good learninges {ake : And that, in all maner of wethers : in all ma- 
ner of waies and paffages : both early and late : in daunger of violence by man:in . 
daunger ofdeftruaion by wilde beaftes : in hunger : in thirft : in perilous heates 
by day, with toyle on foote : in daungerous dampes of colde;by night, almoftbe« .. 
reuing life : (as God knoweth): with lodginges; oft times,to fimall eafe : and fom-. , 
 timetoleffefecuritie. And for much more (then all this) done & fuffred, for Lear- 
ning and attaining of Wifedome : Should I ( I pray you) forall this,no otherwife, 
nor more warily : or (by Gods mercifulnes) no‘more luckily, haue fifhed, with fo. 
large,and coftly,a Nette, fo long time in drawing (and-that with the helpeandad- ~ 
uife of Lady Philofophie,& Queene Theologic) : butatlength,to haue catched, 
and drawen vp,* a Frog ¢ Nay,a Deuill ¢-For,fo,doth the Common peuifh Pratler; * 4 pronerb, 
Imagine and Iangle: Andsfo,doth the Malicious fkorner,fecretly wifhe,& brauely Fayre fifht, 
and boldly-face down,behinde my backe .Ah,what a miferable thing,is this kinde aud caught a 
of Men How.great is the blindnes & boldnes,of the Multitude,in thinges aboué E 
their Capacitie ? What a Land : whata People : what Maners : what Times are, 
thefe Are they become Deuils,them felues: and,by falfe witneffe bearing againft 
their Neighbour, would they alfo, become Murderers ¢ Doth God,fo long geue 
them reſpite, to reclaime them ſelues in, from this horrible ſſaundering of the gilt- 
leſſe: contrary to their owne Conſciences: and yet will they not ceafe ¢ Doth the 
Innocent, forbeare the calling ofthem, Iuridically to-aunfwere him,according to 
the rigour of the Lawes : and will they defpife his Charitable pacience? -Asthey, : 
againft him, by name, do forge, fable,rage,and raife (laander, by Worde & Print: : 
Wilithey.prouoke him, by worde and Print, likewife,to Note their Names to the. 
World : with theirparticular deuifes,fables,beaftly Imaginations, and vnchriften-: 
like flaundérs Well: Well. O (you fuch ) my vnkinde Countrey men > O yn-. 
naturall Countreymen . -O vnthankfull Countrey men . ;O Brainficke, Rafhe, 
Spitefulland Difdainfull Countrey men .. Why oppreffe you nie, thus violently, 
with yourílaundering of me : Contrary to .Veritie : and contrary to your. owne “+. 
Coníciences ?. And Ito thishower, ncither by worde, deede, orthought,haue, | 
bene,any wav,hurtfull,damageable,or iniurious to you,or yours ? Haue Í fo long, 
{o dearly, fo farre,fo carefully,fo painfully,fo daungeroufly fought & trauailed for 
the learning of Wifedome,& atteyning of Vertue : And in the end(in youriudge- 
mét)am I become,worfe,then when I begar Worfe,thé a Mad man?A dangerous 
Member iri the Common Wealth: and no Member ofthe Church of Chrift? Call 
youthis,to be Learned ? Call you this,to bea Philofopher ? and alouer of Wife- ` 
dome? To forfake the ftraight heauenly way « iy wallow in the broad way of 
p | jj. dam- 
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damnation ? To forfake the light ofheauenly Wifedome: and to lurke in the dun- 
geon of the Prince of darkenefle ? To forfake the Veritie of God,& his Creatures: 
and to fawne vpon the Impudent, Craftie,O bftinate Lier, and continual diferacer 
of Gods Veritie, to the vttermoft of his power-?.To forfake the Life & Bliffe Æter- 
nall:.and to:cleaue vnto the Author of Death cuerlafting ? that Murderous Ty- 
rant, moft eredily awaiting the Pray of Mans Soule ? Well : Ithanke God and 
our LordeIefus Chrift, for the Comfort which I haue by the Examples of other 
men, before my time :. To whom,ncither in godlines of life, nor in petfection of 
learning, Iam worthy to be compared : and yet, they füftained the very like Iniu- 
ries „that I do : or rather, greater, Pacient Socrates, his Apologie will teftifie : Apu- 
leius his _ Apologies, will declare the Brutifhneffe ofthe Multitude .  Zoannes Picus, 
Earle of Mirandula, his Apologie will teach you, of the Raging flaunder ofthe Ma- 
liciousIgnorantagainfthim . — Jeagzes Trithemius, his Apologie will fpecifie, how 
- he had occafion to make publike Proteftation : as well by reafon 6fthe Rude Sim- 
ple: asalfo,in refpect of fuch,as were counted to be of the-wifeftfort of men. Ma- 
» ny could I recite : ButI deferre the precife and determined handling of this mat- 
ES" s ter: beingloth to detect the Folly & Mallice ofmy Natiue.Countrey men. * Who, 
» {0 hardly, can difgeft or like any extraordinary courfe of Philofophicall Studies: 
» not falling within the Cumpafie oftheir Capacitie : orwhere they'are not made 
9» priuic of the true and fecrete caufe, of fuch wonderfull Philofophicall Feates. 
Theie men, are of fower fortes, chiefly. The firft, Imay-name, Vaine pratling bu- 
fte bodies : Thefecond , Fond Frendes : The third, Imperfectly zelous: and the fourth, 
Malicious Ignorant . To cche of thefe (briefly,and in charitie ) I will fay a word 
1, ortwo,and{o returne to my Preface. Vaine pratling bufie bodies, vfe youridle 
aflemblies,and conferences, otherwife, then in talke of matter, either aboueyour 
Capacities, for hardneffe : or contrary to your Confciences, in Veritie-. Fonde 
2, Frendes,\caue of,{o to commend your vnacquainted frend,vpon blindeaffé&tion: 
'  As,becaufe he knoweth more,then the common Student: that, therfore, he muft 
needes be fkilfull, and a doer, in {fuch matterand maner, as you terme Coniuring. 
Weening,thereby, you aduaunce his fame: and that you make other men, great 
marueilers of your hap, to hauefucha learned frend . Ceafe to afcribe Impietie, 
_ where you pretend Amitie. For,if your tounges were true, then were thatyour 
frend, Yzirue, both to God,and his Soueraigne. Such Frendes and Fondlinges, I 
fhake of, and renounce you : Shake you of, your Folly. Imperfectly xelous,to you, 
‘3e do I fay: that (perhaps) well, do you Meane : But farre you miffe the Marke: Ifa 
Lambe you will kill, to feede the flocke with his bloud. Sheepe, with Lambes 
bloud, haue no naturallfuftenaunce : No more,is Chriftes flocke, with horrible 
flaunders , duely ædifed. Nor your faire pretenfe, by fuch. rafħe ragged Rheto- 
rike any whit well graced. But fuch,as {o vfe me,will finde a fowle Cracke in their 
Credite. Speake that you know : And know; as you ought : Know not,by Heare 
fay, when life lieth in daunger. Search to the quicke,& let Charitie be your guide. 
4- (Malicious Ignorant , what {hall lay to thee ? Prohibe linguam tuam a malo . «24 de- 
traftione parcite lingua . Canfe thy toung to refraine fro euill. Refraine your toung 
from flaunder . Though your tounges be fharpned, Serpent like, & Adders poy- 
Pf.t40. fonlyein your lippes : yet take heedé,and thinke,betimes, with your felfe, Fir lin- 
æuoſus non flabilietur interra. Virum violentum venabitur malum , donec pracipjtetur. 
For,fure Lam, Quia faciet Dominus Iudicium afflicti : & vindictam panperum. 
' Thus, I require you; my affured frendes; and Countrey men ( you Máthemati 
ciens, Mechaniciens,and Philofophers, Charitable and difcrete) to deale in my- 
r m r , behalfe, 
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behalf,with the light & vntrue tounged, my enuióus Aduerfaries,or Fond frends. 
And farther, I would withe, that at leyfor, you would confider,how Bafilius Mag- 
nus, Jayeth Mofesand Daniel, before the eyes of thofe, which count all fuch Stu- 
dies Philofophicall (as mine hath bene ) tobe vngodly ; or vnprofitable. Waye 
well S.Stephen his witnelle of Mofes . Eruditus est Mofes omni Sapientia /Egyptiorit: 
d erat potens in verbis ej operibus [uis . Mofes was inSirutted in all maner of wifes 
 domeof the Ze yptians : and be"was of power both in his "wordes, and “yorkes. 
You fee this Philofophicall Power & Wifedome,which «Mofes had,to be nothing 
mifliked ofthe Holy Ghoft. Yet P//ziu: hath recorded, Mofes to be a wicked Magt- 
cien . And that (offorce)muft be, eitherfor this Philofophicall wifedome,learned, 
before his calling to the leading ofthe Children of 7frael : orfor thofe his won- 
ders, wrought before King Parag, after he had the conducting ofthe 7fraelites. As 
concerning the firft,you perceaué, how 5.Szepbez, at his Martyrdome ( being full 
ofthe Holy Ghoft) in his Recapitulation of the olde Teftament, hath made men- 
tion of Mofes Philofophie : with good liking ofit: And Bafilius Magnus alfo, aucu- 
cheth it, to haue bene to Mofes profitable (and therefore, I fay, to the Church of 
God, neceffary). Butas cócerning Mofes wonders,done before King Pharao: God, 
him felfe, fayd : Vide vt omnia ostenta, que po[ui im manu tua , facias coram Pharaene. 
See that thon do all tbofe wonders before Pharao, which I hane put in thy hand. 
Thus, you euidently perceaue;how rafhly,PZziss hath flaundered Mofes, ofvayne Lib.30, 
fraudulent Afagike, laying : Est cy alia Magices Factio, a Mofe, lamne,¢> Iotape, Iu Capt, 
deis pendens : [ed multis millibus annorum poft Zoroastrem.cce. Let all fuch, there- 1, 
fore, who, in Iudgementand Skill of Philofophie, are farre Inferior to PZzie, take s 
good heede, leaft they ouerfhoote them feluesrafhly , in Iudging of Philofophers ,, £) 
Straunge Actes :and the Meanes,how they.aredone. But,muchmore,oughtthey 2. 
to beware of forging, deuifing, and imagining monftrous feates, and wonderfull 
workes, when and where, no fitch were done : no, not any fparke or likelihode,of 
fuch,as they,withoutall fhame,do report. And (to conclude) moft ofall lèt 3. 
them be afhamed of Man ;and afraide of the dreadfull and Iufte Iudge: both Fo- 
lifhly or Malicioufly to deuife : and then,deuilifhly to father their new fond.Mon- 
fters on me : Innocent, in hand and hart : for trefpacing either againft thelawe of 
God, or Man, inany my Studies or Exercifes, Philofophicall, or Mathematical: 
; Asin duetime, I hope, will be more manifeft, / 
m. IN.Ow end Lwith Archemattrie. ; Which name, is not fo new, as this 
Arte is rare.Foran other Arte,vnder this,a degree(for {kill and power) hath bene 
indued with thisEnglifh name before. And yet,this,may ferue for our purpofe, 
fufhicientlyjatthis prefent. . This Arte, teacketh to bryng to actuall ex- 
perience fenfible,all worthy conclufions by all the Artes Mathema- 
ticall purpofed; & by true Naturall Philof ophie concluded: & both 
addeth to them a farder fcope;in the termes of the fame Artes , & al- 
fo by.hys propre Method,and in pecilier termes, procedeth , with 
| helpe of theforef: ayd Artes. , to the performance of complet Expe- 
riéces, which of no particular Art, are hable(Forially)to be challen- 
ged. Af you remember,how we confidered CArchitecture, in refpect ofall com- 
moirhaudworkes : fome light may you haue,therby,to vnderftand the Souerain- 
ty and própertie ofthis Science.: Science Linay call it,rather, then an Arte:for the 
excellency and Mafterfhyp ithath-, ouérfomany , and fo mighty Artes and 
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Sciences. And bycaufe it procedeth by Experiences,and fearcheth forth the cauifeg 
of Conclufions,by Experiences: and.al{o putteth the Conclufions them felues, in 
Experiegceitis named of Lome, Scientia Experimental. “The Experunentall S Cis 
ence. Nicolaus Ci[anus termeth itfo,in hys Experzmentes Statikall, "Andan other 
Philofopher , of this land Natiue ( the floure of whofe worthy fame, can neuer dyé _ 
nor wither ) did write therof largely, atthe requeft of Clement the fixt: “The Atte 
carrieth with it, a wonderiull Credit: By reafon, itcertefieth , fenfibly;fully,and 
completely to the ytmoft power of Nature,and Arte. This Arte,certifieth by Ex- 
perience complete and abfolute : and other Artes,with their Argumentes,and De- 
monftrations , períuade:and in wordes,proue very well their Conclufions. *. But 
wordes,and Argumentes,are no fenfible certifying: nor. the full and finall frute of 
Sciences practifable. And though fome Artes,haue in them, Experzences,yet they 
arc not complete, and brought to the.vttermoft,they may be ftretched vnto,and 
applyed fenfibly. As for example:the Naturail Philofopher difputéth and maketh 
goodly thew ofreafon: Andthe Aftronomer,and the Opticall Mechanicien, put 
{ome thynges in Experience: but neither, all that they may:nor yet fufficiently, and 
to the vtmoft,thofe,which they do,. There,then,the Archemaffer fteppeth in,and 
leadeth forth on , the Experiences, by order of his doctrine Experimental , tothe 
chief and finall power of Naturall and Mathematicall Artes,Oftwo or three men, 
in whom,this Defcription of Archemastry was Experimentally verified, I haue read 
and hard:and good record,is of their füch perfection. So that,this Art, is no fan- 
tafticall Imagination: as fome Sophifter, might, Cum fuis Infolubilibus, make.a flo- 
vifh: and dafiell your Imagination:and dafh your honeft defire and Courage, from 


~ beleuing thefé thinges, fo vnheard of,fo meruaylous,& of {uch Importance. Well: 
~ as you will. haue forewarned you.I haue done the part ofa frende:I haue diíchar- 


ged my Duety toward God:for my finall Talent, at hys moft mercyfull handes re 
ceiuéd. To this Science,doth the Science Alnirangiat,great Seruice. Mufe nothyng 
ofthisname. Ichaunge notthe name, lo vfed;andin Print publifhed by other: 
beyng a name, propre to the Science.  Vnderthis, commeth «475 Sintrillia , by 
Artephius, briefly written. But the chief Science , of the Archemafter , (1n this 
world)as yetknowen , isan other (asit were) OPTICAL Science : wherof, 
the name fhall be told(God willyng)when I fhall haue fome, (nore iuft)occafion, 
therof, to Difcourfe. he ae pet T seni: ev al 

Here, I muft end, thus abruptly ( Gentle frende, and vnfayned louer of honeft 
and neceffary verities.) ^ For,they,who haue(for your fake, and vertues caufe)re- 
quefted me,(an old forworne Mathematicien) to take pen in hand’: (through the 
confidence they repofed in my long experience:and tryed fincerity) forthe decla- 
ryng and reportyng fomewhat, of the frute and commodity; by the Artes Ma- 
thematicall to be atteyned vntoveuen they; Sore agaynft their willes , are 
forced, for fundry-caufes, to fatife the workemansrequeft, in endyng forthwith: 
He, fo feareth this, fo new an attempt,& fo coftly: And in matter fo flenderly (he- 
therto)among the common Sorte of Studentes,confideredoreftemed,.. >, 

And where I was willed, fomewhat to alledge,why,in our vulgare Speche,this 
partofthe Principall Science. of Geometrie, called Euchdes Geometrical Elementes, 
is püblifhed,to. your handlyng : being vnlatined people, and riot Vniuerfitie 


M 


Scholers: Verily, Ithinkeitnedeleffe, —— e7 acl. ew 
'""For,the Honour,and Eftimation of the Vniuerfities, and Graduates, 

is, hereby, nothing diminifhed . Seing, from, and by their Nurfe;Children; you ` 

receaue all this Benefite: how greatfocueritbe,»  —. 7 vet sa 


J 
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* Neither are tlicir Studies, herebysany whit hindred. No more, then thedtalian 
V ninerfities,as Academia Bonouienfis, Fervarienfis, Florentina, Mediolanenfis, Patauina; 
Papienfis, Perufina, Pifana, Romana. Scnenfis, orany one of them; finde them{clues, 
any deale,diferaced, o: their Studies any thing-hindred , by Frater Lucas de Burgo; | 
orby. Ngcolais: T artalea; who in vulgarItalian language;haue publifhed, not ouely 

' Euclides Geometrie, but of Virebimédes lomewhat : and 1n Arithmetike and; Practical 
Geometrie, very large volumes, all in their vulgar {peche «. Norin Germany haue 
the famous Y xiverfittes, any thing bene difcontent with Albertas Durerus,his‘Geo: . 
metricall Inftitutions in.Dutch:.or with Gulielmus Xylander, his learned tranflation ... 
of the frit fixé bookes of Euclide, out ofthe Greke into the high Dutch .Nor with .. 23 
Gualterus H  Riffius, his Geometrical Volume : very diligently tranflated ‘into ate 
high Dutch tounge, aiid publithed .” Nor yet the Vi#iner/ities of Spaine; or Portu- ... 
gall; thinke their reputation to be decayed : or füppofe any their Studies to be hin- . 
dred by the Excellent P. Nonnius, his Mathematical workes,in vulgare {peche bý 
him putforth. Haue you not, likewife, in the French tounge, the whole, Mathe- 
maticall Quadriuie ? and yet neither Paris, Orleancejorany of the other Vniuer-- 
fities of Fraunce, at any time, with the Tranflaters,or Publifhers offended : or any 
mans Studie thereby hindred? 2b. ! "Ayo 


z 5 t 


E 
. 


And farely, the Commonand Vulgar Scholer (much more, the Gramarian) 
before his comming to the Vniverfitie, thall (or may)be , now(according to Plato 
his Counfell) fufiiciently inflructed in Avithmetzke and Geometrie,forthe better and 
eaficr learning of all maner of Philofophie, Academicall,or Peripateticall, And by that — 
meanes, goe more cherefully, more fkilfully,and {pedily forwarde, in his Studies; 

there to be learned. And,fo,in lefle time,profite more,then (otherwife) he fhould, 
or could do.” Hit | 1 EA Ca uc Fi Ye d e VET ur te E "na E | 

Alfo many good and pregnant Englithe wittes, of young Gentlemenjand of — 4 
other, who neuerintend to meddle with the'profound fearch and Studie of Philo- 
Íophie ( in the Yniuerfities tobe learned.) may neuertheleffe, now, with "more eafe 
and libertie; haue good occafion , vertuoutly, to occupie the fharpheffe of their 
wittes : where,els (percnance ) otherwife;they would in fond exercifes,fpend ( or 
ratherleefe) their time : neither feruing God : nor furdering the Weale,common 
OF priate. =) a sm M" — i — 

And great Comfort, with good hope, may the-Fziserfities haue, by reafon of 
this Exglifhe Geometrie,and Mathematicall Preface that they (hereafter) 
fhall be the more regarded , efteemed , and reforted vnto. For, when it fhall be 
knowen and reported, that ofthe Mathematicall Sciences onely,fuch great Commo- 
dities are enfuing (as T haue fpecified ) : and that in dede, fome of you vniatined 
Studentes, can be good witneffe;offuch rare fruite by you enioyed (thereby ) : as 
cither,before this, was not heard of: orels;notfo fully credited: Well may all men » 
coniecture, that farre greaterayde,and bettet furniture,to winne to the Perfection 5, -~ 
ofall Philofophie,may in the Vniuerfities be had:being the Storehoufes & Threa. Vainerfities. 
fory of all Sciences, and all Artes neceffary for the beft, and moft noble State of »» £9 
Common Wealthes. Lacs Sa eM v af 2 

Befides this, how many à ‘Common Attificer,is there, in thefe Realmes of 6. 
England and Ireland, that dealeth with Numbers,Rules& C umpaffe : Who,with 
theirowne Skilland experience, already had, will be hable ( by thefe eood helpes 
and informations) to finde out,and deuife,new workes,ftraunge Engines, and In- 
firumentes : for fundry purpofes in the Common- Wealth ? or for prinate plea- 
fure ? and for the better maintayning oftheir owne eftate ? I will not ( therefore) 


Atty. hglit 
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John Dee his Mathematicall Preface. 


..  fightagainftmyne owne fhadowe. For, no man (Iam fure) will open his mouth 
again{t this Enterprife. No ma (I fay).who either hath Charitie toward liis brother 
(and would be glad of his furtherance in vertuous knowledge) :-or that hath any 
care & zeale for the bettering of the COmon ftate of this KR ealme. Neither any,that 
make accompt, what the wiler {ort of men ( Sage and Stayed ) do thinke’of thei 
Tonone( therefore) will I makeany Apologie, for a vertuous acte doing and for * 
cómendingyorfetting forth;Profitable Artes to Englifh menjin tie Englifh toüng? 

» But,vnto God our Creator , letvs all be thankefuil : for that, As heò fhi Gobet 
» nes by his Powre , and in his wifedome; hath Created all thynges,in N umber, 


"py mu 


Go» Waigbt and Meafure: So, to vs, ofhys great Mercy, he.hath reuealed Meanes, | 
? wliereby , to atteyne the fufficient and neceffary knowledge ofthe forefayd hys — 
? three principallInftrumentes : Which Meanes , Ihaue abundantly proned vnto 


» you,to be the Scéences and Artës Mathematical. < i 


And though I haue ben pinched with ftraightnes of tyme:that,no way,I could 


A 


fo pen downe the matter(in my Mynde) asI detctmined-: hopyng of con uenient 
layfure . Yet,ifvertuous zealejand honeft Intent prouoke and bryng you to the 
readyng ànd examinyng of this Compeudious treatife,I do not doute jbut;as the 
veritie therof(accordyng to our purpofe ) will.be euident vnto you :, $0 the pith 
and force thero£; will perfuade you : and the wonderfull frute therofjhighly pica. 
füreyou. And that you may the cafier perceiue,and better remember, the prin.” 
The Ground cipall pointes, whereofmy. Preface: treateth , Lwillgiue.you the Groundplatt 
latt of this nd whole difcourfe;in a Table annexed:from the fick to the laft,fomewhat Me- 


t 


Preface ima thodically contriued. É Neun as nmi cM uns cy eh OF OMS 
Table, If Hatt, hath caufed my poore pen,any where, to ftumble : You will, (Lam .. 


-..» fure)in part of recompence, (for my carmeft and fincere good willto plea, 
_)... fare you), Confider the rockifh huge mountaines, and thé pemous sre Tey 
Yu ur Vllbeaten wayes,which ( both night and day , for the while.) it, \ -= 
< a -» hathtoyled and labored through,to bryng you this good... . 
—. . Newes,and Comfortable profe,of Vertues frute, . ...... | 
So.I Commit you vnto Gods Mercyfull dire&ion , for the reft : hartelyr. 
^ befechyng hym, to profper yourStudyes,and honeft Intentes: .; 


- . .  ,tohis Glory,&the Commodity of our Countrey. Amen. 
- 0700 Whitten at my poore Houfe 
| in 5 At Mortlake. » | 
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j "Principali, 
| | which are two, 
| onely,4 


Sciences, 
ànd Artes 
Mathe- 


maticall, 


are, either< 





Here haue you(according to ij 
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Hy promifle) the Groundp 
my MATHEMATICALL Preface: annexedto Euclide (now firft) 
| publifhed in our Englifh tounge. An. 1 57 O- Febr. 3 | : 
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In thinges Supernatu - i 


Sim p / C Which dealeth with N umbers onely : aad demonftrateth all their properties and apper- 








e i 
p: , : tenances : Where, an Vi nitis Indiuiſible. [ad ater P un £N 
Ari thme t ike — d ift ine n | a jes . d | 
i | | UNE. 
| 1 | and etpplie 
Mi x p 3 Which with aide of Geometric principal , demonstrateth [ome etrithmetical Con- Th ev fe i cat tons are, 
clufion, or Purpofe, | In thinges Mathema- | ( though ina 
| whereof, 1S < ticall: Without farther \ degree lower } 
| [5 lin Lp CWhich dealeth with Magnitudes, onely : and demonstrateth alltheir properties, paffi- | See mallee Mathema-. 4 





both Subftatiall, Ac- | uatine. 4 
cidentall, Viſible, e& In- | LPN 


= 
— 


uiſible. &c. By Applica⸗ 


Mixt — Which with aide of eArith „tion: Defcending. 


hnetihe principall demonftrateth fame G eometricall parpofe:as i | 
EVCLIDES ELEMENTES. | 


NU 
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Arithmetike ; [Arithmetike of moft víuall whole Numbers: And of Fractions to them appertaining. 
vulgar : which | Arithmetike of Proportions. E | 
confidereth< Arithmetike Circular. 


Arithmetike of Radicall Nübers:Simple,Compound, Mixt: And of their Fractions. | 7 
LArithmetike of Cosfike Nübers:with their Fractions: And the great Arte of Algiebar. j b 
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5 |. (All Lengthes.————-————— Mecometrie. nj 
| At band — All Plaines: As, Land, Borde, Glatfe, &c. Embadometrie. i À 
| | | All Solids: As, Timber, Stone, Veflels,&c. | Stereometrie, * 
Geometrie, | | : 
vulgar: which teas | , 
cheth Meaſuringæ How farre, from the Meafurer , any | Geodefie : more cunningly to 
i T | thing is: of him fene,on Land or Water called Meafnre and Suruey Landes, 
A | Woods Waters rc. e 
pomecometrie. | — i t i 
ZR | M 
EN Of which | Geographie. "e 
With asflace How high or deepe, from the lenelt | 9e growen 
from the thing of the (Meafurers Sanding , any thing is: the F enres 
Meafiredsass Seene of hyw, on Land or Water : called PO Artes of Chorographie. 
| Hypfometrie. 
a, Hydrographie, 
i : H ow br oad 54 thing is, which is in the / 
| Meafurers vew : foit be fituated on Land or 
1 . . ‘ 
Water : called Y latometrie. Stratarithmetrie. 
| Per fpectiue 3 Which demonftrateth themaners and properties of all Radiations: Dirette, Broken, and R gfletted. 


Aftronomie y—  «Which demon Strateth the Distances, Magnitudes,and all N aturall motions, Apparences,and Paffions , proper to the Planets and 
fixed Starres:for any time, paft, prefent, and to come : in refpette of a certaine Florizon.or Without refpecte of any Horizon, 
Mufike, 


Which demonftrateth by reafon and teaeheth by fenfe,perfettly to indge and order the dinerfitie of Soundes , bie or low. 





Colm ogr aphie 9 Which, wholy and perfettly maketh defeription of the Heauenly,and alfo Elementall part of the World : and of tbefe parzes,maketh 
homologall application, and mutuall collation neceftary. 
Aftrologie, 


Statike, 





Which reafonably demon[Irateth the operations E effectes of the naturall beames of light and fecrete Influence of the Planets,and 
fixed Starres , in enery Element and Elemental body : at all times, in any Florizon affigued. 


iie demonftrateth the caufes of heauines and lightnes of allthinges : and of the motions and properties to heauines and lightnes 
elonging. 


Anthrop O graph 1e. hich deftribetb tbe Nũber, AMeafure VV aig bt ,Figure,Situation,and colour of exery diners thing contained inthe perfette body of 
| D eM vd IN sand geuetb certaine knowledge of the Figure,Symmetrie,Watght,Charatterization,c due Locall motion of any percek 
ofthe fayd body affigned : and of numbers to the faid percell appertaining. 

Which demonjirateth the properties of all Circular motions: Simple and Compound. | 


Trochilike, — 





Which demonStrateth the defigning of all Spirall lines : in Plaine,on Cylinder.Cone, Spare, Conoid, «nd Spharoid : and their pre- 
perties. 


| Helicofophie, — 


as, 


| P neum atithmie, — Which densonftrateth by clofé hollow Geometrical! figures ( Regular and Irregular ) the firaunge properties ( in motion or Stay ) of 


the Water, Ayre, Smoke and Fire,in their Continuitie,and as they are toyned tothe Elementes next them. 


| Menadr 1C,————— Which demonflrateth,bow, aboue Natures Vertue, and power fimple : Vertue and force,may be multiplied: and fo to dirette, te 

| lift, to pd to, and to put or cast fro,any multiplied, or fimple determined Vertue, Waight, or Force: naturally, not, fo, atrettlible, or 
moueable. i 

— — Which demonflratetb bow vader the Spharicall Superficies of the Earth at any depth, to any perpendicular line affigned (whofe di- 
ftance from the perpendicular of the entrance: andthe Azumuth likewi(e, in re{pecte of the fayd entrance,is knowen ) certaine Way, 

may be prefcribed and GONE CHC. | 

Which demonftrateth the poffible leading of Water by Natures law,and by artificiall helpe, from any head( being Spring Standing or 

running Water ) to any other place affigned. 


| Hypogeiodie, 
| Hydragogie, —- 
H Or ometrie, ——-— Which demonftrateth how,at all times appointen thapresife,ufuak denomination oftime,may be knowen,for any place affigned, 

| Zographie, — Which demonftrateth andteacheth,how, the Inter[ettion of all vifuall Pyramids,made by i. plaine affigned( the Center diff auce, 


and lightes being determined ) may be,by lines,and proper colours reprefented. 


Archite CCULC,———_ Which is a Science garnifhed with many dottrines and diners Inftruttions : by whofe indgement,all workes by other workmen fini- 
fhed,are iudged. | 





Naui gatio Dn,—— — Which demonStrateth, how, by the Shorteft good way,by the apteft dire ftion and in the fhortest time:a fufficient Shippe, betwene a- 
| ny twoplaces (in paſſage nauigable) aßigned, may be condutled:and in all [Lormes and naturall disturbances chaunemg , bow to vfe 
the best poffible meanes to vecouer the place first affigned. 


| Thaumatur gike ;^ E hich geuetb certaine order to make ſtraunge workes,of thefenfeto be perceined:and of men greatly to be Wondred at. ~ 


| Archem aſtrie, ——= Which teacheth to bring to attuall experience fenfible,all wort hy conclufions by all the Artes Mathematicall purpofed : and by true 

mun: E Naturall philafopbie concluded: And both addeth tothema farder Scope , in the termes cf the fame Artes: end alfo , by his proper 
Method andin peculiar termes procedeth with helpe of the forfayd Artes,tothe performance of complete Experiences: which, of ne 

particilar Arteyare hable( Formally )to be challenged. i 
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a Ora = AN fimple, eafie, and firft matters and groundes of Geo- 
(o INI metry, as, namely, of Lynes, Angles, ‘Triangles, Pa- 










n WP definitions,{hewyng whatthey are. Afzer that it tea- 
kem Cheth how to draw Parallellynes, and how toforme 
ON diueríly figures ofthreefides,& foure fides,according: 
^ ZxmwNL to the varietie of their fides, and Angles : & cópareth' 
P499 them all with Triangles ,& alfo togetherthe one with 
VB) qthe other. In it alfo is taught how a figure of any 
iw CS J forme may be chaunged into a Figure of an other, 
NS VS T forme. And for thatit entreateth of thefe moft com- 
mon 2nd generali thynges, thys booke is more vniuerfall then is the feconde, 
third;or any other, and therefore inftly occupieth the firft place in order : as that 
without which, the other bookes of Esclide which follow , and alfo the workes 
ofothers which haue written in Geometry, cannot be perceaued. nor vnderftan- 
ded. Ard forafiuch as all the demonftrations and. proofes of all the propofiti- 
ons in this whole booke, depende of thefe groundes and principles following, 
which by reafon of their playnnes neede no greate declaration, yet to remoue all 
(be it neuer fo litle) obfcuritie, there are here fet certayne fhorte and manifefi 
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expofitions of them. "ec ihn at. | ES. 
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Doer olo. 8wDemtint. 2 
. 1. frene or point ts that ,which.hath no part. . 

The bettet. to vniderftand what maner of thing a figne or pointis,ye muft note that 
the nature and propertie of quantitie(wherof Geometry entreateth jisto be deuided, 
fo that whatfoeuer may be denided into fundry partessis calied quantitie.But a point, 
althoughit pettayne to quantitie, and hath his beyngin quantitie, yetisitno quanti- 
tic,for that it cannot be deuided. Becaufe(as the definition faith) it hath no partes in- 
to which it hhould be deaided.So that a pointe Is the leaft thing that by minde and vn- 
derftanding can beimagined and conceyued : then which,there can be nothing lele, 
25 the point 4 in the margent. 

Afigne or point is of Pithagoras Scholers after this manner defined: A poynt ss an 
unitte which bath pofition. Nibers are conceaned in mynde without any forme & figure,. 
and therfore without matter wheron to receaue figure, & confequently without place 
and pofition. Wherfore vnitie beyng a part of number,hath no pofition, or determi- 


nate place. Wherby it is manifeft,that number is more fimple and pure then is magni-- 


tude,and alfo immateriall: and fo vnity which 1s the beginning of number, isleffe ma-- 
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7 rallels, Squares, and Par allelogrammes. Firft of theyr 
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Boohe. 


Definstian of 
a poynt, 
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Deſinition c 


a poynt aftes 
Pithagoras, 
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teriall then a figne or poynt, whichisthebeginnyng of magnitude.Forapoyntistna-,  — 


teriall, and reqaireth pofition and place,and therby differeth from ynitie. 


eae os Sona. Aline islenoth without breadth. a 
£ 


There pertaine to quantitie three dimenfions, length,bredth,& thicknes,or depth: 
and by thefe thre are all quatities meafured & made known, There are alfo, according 
* <> oll 5 E B. à to 
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Definition of 
aright lie. 


Definition 6 f. A 
right live after 
Campanus. 
Definitio therof 


After Archi- 
mees. 


Definitio th erof 
aft 4 Plato » 
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An other defi- | 


æition. 
Sie other, 


. poyntessCas Campanus fpeaketh, or which haue the” - 


T he firt Booke ` | 


to thefe three dimenfions, three kyndes of continuall quantities : a lyne, à fuperficies, 
or plaine,and a body.The firft kynde,namely,a lineis here defined in thefe wordes, 
iyne ts length Without breadth. A point, for that itis no quantitie nor hath any partes into 
which it may be deuided,but remaineth indinifible,hath not,nor can haue any of thefe 
three dimenfions.dt neither hath length,breadth,northickenes.But to aline,which is 
the firft kynde of quantitie,is attributed the firft dimenfion, namely, lenpth , and onely 
that, for ithath neither breadth nor thicknes, but is conceaued to be drawne in length 
onely,and by it,it may be denided into partesas many asye lift,equall,or ynequall.But 
as touching breadth itremaineth indiuifible. AsthelyneAB, whichis onely drawen 
in length, may bedenided in the pointe C equally, or in the - 
point D vnequally,and fo into as many partes as ye lift, There | — 
are alfo of diuers other geuen other definitions of alyne:as A — °“CD B 
thefe which follow. 

ed lyneis the mouyng of a poynte,as the motion or draught ofa pinne or a penne to your 
fence maketh a lyne, T ^ | 

Agayne,ed lyne is a magnitude haning one onely [pace ot dimenfion, namely, length Wantyng 

breadth and thicknes. i 


- 


3. The endes or limites of a lyne,are pointes. 
r+ 

Fora line hath his beginning from a point,and likewife endeth in a point: fo that by 
this alfo it1s manifeft,that pointes, for their fimplicitieand lacke of compofition, are 
neither quantitie,nor partes of quantitie,but only thetermes and endes of quantitie, 
As the pointes ef, B, are onely the endes-of the line 4B, and no partes thereof , And 
herein differeth.a poynte in quantitie, from vnitiein number: *- ~~ -« 
forthatalthough vnitie bethebeginning of nombers, and no- , | 7. ! 
number(as apointis the beginning of quantitiejaand no quan- — B 
titieJyetis vnitiea partofnumber,For numberis nothyngels :- — 5 5 - 01 
but a collection of vnities and therfore may be deuided into them, as into his partes. 
Buta pointis no part of quantitie,or of alyne: neither is alyne compofed of pointes,as 
number is of vnities.For things indiuifible being nener fo many added together, can 
neuer make a thing diuifible,as an inftant in time,is neither tyme.nor part of tyme,but 
only the beginning ahd end oftime,and coupleth & ioyneth partes of tyme together. 


- +, 


4. right lyneis tbat which lieth equally betiwene his pointes. 


'. As the whole line e 5 lyeth ftraight and equally betwene the poyntes 24 B without 
any going vp orcomming downe oneytherfide. — prm | 
' Campanus and certain others,definca right linethus:; — 4 ; B 
| A right lene isthe fhorteSt extenfion or draught that 1s or may 
be from one poynt to an other. eA rchimedes detineth it thus. 


A right line is the fhortest of all lines, which bane one and the felf fame limites or eindes: which is 





in maneral one with the definitió of Campanus. As of all thefe lines 4BC,ADC,AEC, 


A F C,which are all drawen from the point 4, to the 
felf fame limites or endes,as Archimedes fpeaketh,the 
lyne ABC, beyng aright line,is the fhorteft. ^ *-3 
"*Plato defineth a rightlineafter this maner: Aright’ - 
line is that whofe middle part fhadoweth theextremes. Asif > ¥ | 
you put any thyng in the middie ofa rightlyne,you fhall not {ee from the oneende ta 
the other,which thyng happeneth not in a crooked lyne. The Ecclipfe of the Sunne(fay. 
Aftronomers ) then happeneth,when the Sunne,the Moone, & our eye arein one right 
line.For the Moone then being in the midft betwene vs and the Sunne, canfeth it to be. 
darkened. Diuers other define a right line diuerfly,as followeth, = 
ef right lyne is that which ftandeth firme betwene his extremes. — | 
Agayne, A rigot lia eis that Which With am ether line of lyke forme cannot make a fagure: 
s ; | gayne, 





as 


4 ¢@ > 





of Euclides Elementes . Fol.a. 


Agayne,sd right Iyne ts that which bath not one part in.a plaine uperficies, and an other eretted 
en hish, | e . 
Adeo right lynev that,all Webofé partes agree together With all his other partes, —- i 
Agayne, right lyne is that Yehofé extremes abiding cannot be altered... ti ; 
Enclide doth not here define a crooked lyne,for it neded not, It may eafely be vnder- 
ftand by the definition of aright lyne, for euery contrary is well manifefted & fet forth 
by hys contrary.One crooked lyne may be more crooked then an other,and from one 
poynt to an other may be drawen infinite crooked lynes: but one right lyne cannot be 
righter then an other, and therfore from one point to an other, there may be drawen 
but onerightlyne.As by the figure aboue fet;you may fee, 


5. Afuperficiests that, which hath onely length and breadth.” 


' A fuperficies is the fecond kinde of quantitie, and to it are attributed two di 
ons, namely length, and breadth. Asinthefuperficies e 7 CD, 
whofe lengthis taken by the lyne 48, or C D, aud breadth by the 
]yne 4 C. or 2 D: and by reafon ofthofe two dimenfions a fuper- 
ficies may be deuided two wayes, namely by hislength, and by hys 
breadth,but not by thicknefle,for it hath none.For,that is attribu- 
ted onely to a body,which is the third kynde of quantitie,and hath 
all threé dimenfions, length, breadth, and thicknes,and may be de- , 
vided according to any of them. 

. Others define a fuperficies thus: 
-ende and terme of a {uperiicies, 


enfi- 


^ 





A faperficies is the terme or ende of a body. As a line is the 


mt -9) 


=? 


ve. 6- Extremes of a fuperficies,are lynes, 


As theendes,limites,or borders of alyne,are pointes, inclofing the line:fo are lines 
the limites, borders,and endes inclofing a fuperficies. As in the figure aforefayde you 
maye fee'the fuperficies inclofed with fourelynes. The extremes or limites of a bodye, 

‘are fiiperficiefles,And therfore a {uperficies is of fome thus defined: A faperficies ts that, 
which endeth or inclofeth a body: as is to be {ene in the fides ofa die, or of any other body. 


7 A plaine fuperficies is that, which lieth equally betwene bis lines. 


Asthefuperficies 44 8 C D lyeth equally and fmoothe betwene 
thetwolines 448, and C D: or betwenethetwolines 4C, and 
BD: {fothat no parttherofeyther fwelleth vpward,or is depref- 
fed dowhward.And this definitió much agreeth with the defini- 
tion of aright line,A right line lieth equally betwene his points, 
anda plaine fuperficies lyeth equally betwene hislynes, Others define a plaine fuper- 
ficies after this maner: i | 

_. eA plaine fuperfictes is the fhortest extenfion or draught from one lyne to an other:like as aright 
lyneis the fhorteft extenfion or draught from one point to an other, 
Enclide alfo leaneth out here to fpeake ofa crooked and hollow fuperficies;becaufe it 
may eafely be vnderftand by the diffinition ofa plaine fuperficies, being hys contrary, 
And even as from one point to an other may be drawen infinite crooked lines, & but 
one tight line, which is the fhorteft: fo from one lyne to an other may be drawen infi- 
nite croked fuperficieffes,& but one plain fuperficies, which is the fhorteft, Here muft 
you confider when there is in Geometry mention made of pointes, lines,circles,trian- 
_gles,or of any other figures,ye may not conceyue of them as they bein matter, as in 
- woode, in mettall, in paper, orin any fuch lyke,for fois there nolyne,but hath fome 
J breadth,and may be denided:nor points, but that fhal haue fome partes, and may alfo 
_ be deuided,and {fo of others,But you muft conceiue them in mynde,plucking them by 
“imagination from all matter, fo fhall ye vnderftande them truely and perfe@ly,in their 

owne nature as they are defined, As a lvne to belong;and not broade:anda poynte to 
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be fo little thatit fhall haue no part at all, — p 
Others otherwyfe define a playne fuperficies:c/4 plaine fuperficies is that, Which is firmly 
fet betwene his extremes,as before was faydofarightlyne. - 
Agayne,eA plaine fuperficies is that,unto all whofe partes a vight line may Well be applied, 
Again, A plaine [uperficies ¿s that Which is the fhortest of al fuperficies, which hane one e the felf 
extremes: As a right line was the fhorteft line that can be drawen betwene two pointes, 
Againe, 4 playne fiperficies is that,Wwhofé middle darkeneth tbe extremes, as was alo fayd of 
aright lyne. 


8. A plaine angle is an inclination or bowing of two lines the one tothe otber 
and the one touching the other and not beyng directly ioyned together. 


s As the p. C 


two lines 
AB, & B 
C incline 


men A E PERANAN NE 


ther and E 

touch the $ 

one the other in the point Z, in which point by reafon of the inclination ofthe fayd 
lines,is made theangle 4 5 C.Butifthe two lines which touch the onethe other,be 
without all inclination of the one to the other,atid be drawne dire@ly the oneto the 
other,then make they not any angle atall,as the lines C.D, and D E,touch the one the 


other in the point D, and yet as ye fee they make no angle. 


Befinitien of « 
vedlslined an- 
ple. 


three kindes of 
GFOS, 
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9 And if the lines which containe the angle be right lynes,then is it calleda 
rightlyned angle. | — be 


As the angle 42 C,in the former figures, is a rightlined angle, becaufe itis contai- 
ned of right lines : where note,that an angles for the moft part defcribed by thre let- 
ters,of which the fecond or middle letter reprefenteth the very angle, and therforeis 
fer at the angle. a : | 

By the contrary,a crooked lyned angle,is that which is contained of crooked lines, 
which may be diuerfly figured, Alfo a mixt angle is that whichis caufed ofthem both, 
namely, ofaright line and a crooked, which may alfo be diuerfly figured, asin the fi- 
sures before fet yeemay fee. There are of angles thre kindes, a right angle,anacute an- 
gle,and an obtufe angle, the definitions of which now follow. 


10 VV ben aright line ftanding vpona right line maketh tbe angles on esther 
fide equall:then either of thofe angles ts aright angle. And the right iyne 
which ftandeth ereClea, is called a perpendiculer line to that vpon which 


it ff andetb. 


As vpon theright line C D, fuppofe there do ftand another line A. 
A B, in fuch fort;thatit maketh the angles on either fide therof e- > 
quall : namely,the angle 4B Conthe one fideequallto the angle 
4B DP onthe other fide: then is eche of the two angles 4B C,:and 
A BD a right angle,and the line 4 B which ftandeth ere&ed vpon 
the line C.D, withoutinclination to either part isa perpendicular 
line,commonly called among artificers à plumbelyne. C 5h j3 





u Anobtufe angle is that which is greater then aright angle. 
As 


A4 
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of Euclides Elementes. Fols. 


Astheangle C J E.inthe example is an obtufe angle, foritis = A p 
sreater then the angle 4 B C, whichis aright angle,becaufeit con 
tayneth it,and containeth moreouertheangle ABE. 


VV Lat ap acuta 
angle bs 





2 Anacuteangle is that, which ws lefse then a right angle. 


Astheangle E B D inthefigure before putisan acute angle,for -— * 
that itisleffe then the angle 44 B "D,whichis a right angle, fortheright angle contai- 
neth it,and moreouer the angle 4 B E. 


3 A limite or terme,ts the ende of euery thing. 200 The limite of 
any thing. 

For as much as ofthinges infinite (as Plate faith) there is no fcience, therefore muft 
magnitude or quantitie(wherof Geometry entreateth)be finite,and haue borders and 
limites to inclofe it, which are here defined to be theendes therof. Asa pointis the li- 
mite or terme ofaline,becaufe it is thend therof : A line likewife is thelimite & terme 
ofa Sprit Ae Iikewife a fuperficies is the limite and terme of a body,as is before 
declared, 


No ſcience of 
thinges infinite 


E » . j 1 D T 
14 Afigure is tbatybbicb is contayned vuder oue limite or terme,or many. éfenifiors of a 


foure. N 
As the figure 4 is contained vnder one limit, | 
which isthe round line, Alfo the figure B is con 
tayned vnder three right lines. And the figure C 
vnder foure and fo of others, which are their li- 
mites or termes. 


y Acircleisaplaine fi gure conteyned vnder one line, whichis called a cir» Vein fe 
moh farne? 7 y. Mas . 
cumferenceyvnto wbich alliés dran from one poynt within the figure 
and falling vpon the circumference therof are equall the one to the other. 





As the figure here fetis a plaine figure, thatis a figure without groffenes or thick- 
nes,and is alfo contayned vnder one line namely the crooked iyne B 
B C D,whichis the circumference therof, it hath moreouerin the 
middle therof apoint, namely, the point ef, from which, all the A 

2^; *4 lynes drawen to the fápérfietes are: equal: as the lines 24 B, 44 C, 4 

D, and other how many foeuer. 

Ofall figuresa circleis the moft perfe&, and therfore is it here A circle the 
firft defined, | P mof? perfect of 

all figures. 


16 And that point is called the centre of the circle, asis the point A, which is Terres 
Jetinthe middes of the former circle. 


© 


For the more eafy declaration,that all the lines drawen from the centre ofthe circle 
to the circumference,are equall,ye muft note,that although a line B 
be not made of pointes: yeta point,by his motion or draught,de- 
fcribethaline, Likewife a line drawen,or moued, defcribeth a fu- 
perficies: alfo à fuperficies being moued maketh a folide or bodie,, 
Now thé imagine the line_4 Z,(the point 4 being fixed)to be mos E | 
ued about ina plaine fuperficies,drawing the point B continually um 7 | 
about the point e^, till itreturne to the place where it began firft 
to meue: fo fhall the point B,by this motion, defcribe the circum- 
ference of the circle,and the point e 4 being fixed,is the centre of the circle, Which ir 

Bai. al 
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4, to the point Con the other fide of thecircumfereñce, & paffeth 


Spy T he first Booke 
all the time of the motion of the line, had like diftance: from the circumference,name- 


ly th elength of the line 44 B. And for that althe lines drawn from the centre to the cire 
cumierence are defcribed ofthat line,they are alfo equal ynto it, & betwene théfelues,, 


17 A diameter ofa circle,ts aright line, which drawenby tbe centre thereof, 
and ending at the circumference on either fide, denideth the circle into: 
tboequallpartes, — — — ame 


JJ t 


ks 


_ Astheline B 4 Cin this circle prefent is the diameter,becaufe 
it paffeth from the point B, of the one fide of the circumferéce, .-... 


alfo by the point e£ beingthe centre of the circle. And moreo- ° qe 
uerit —— the circleinto two equall partes? the one, name-· 

ly B D C,being on the one fide ofthe line, &theother namely, 

B E C on the other fide,which thing did Thales Miletins (which 
brought Geometry out of Egiptinto Grece) firit obferue and - " 
proue, For ifa line drawen by thecentre,do not deuidea circle into two equal partes; 
all the lines drawen from the centre to the circumférencefhould not beequall; ~” 





13 A femicircle,isa figure which is contayned vnder the diameter, and yne 
der that part of the circumference which is cut of by thediametre, 


Asin thecircle ABCD the figureB ACisa fémicircle,becaüfe ` AS 


it is contained of the right line B GC,whichisthediametre,and __ 
of the crooked line B AC, being that part of the circumference, 
whichis cut of by the diametreB GC. So likewife the other part B 
of the circle, namely BDC, is a ſemicircle as the other was. 





19 A feétion ov portion of a circle, is a figure whiche is contayned vnder a 
right lyne, anda parte of the circumference, greater or leffe then the 


semicircle. 


Asthe figuree 4 B C,in the exampie, is afeGionofacircle,&® p 
is greater then halfe a circle,and thefigure ADC,is alfoafecti- — 
on ofacircle,and is leffe then a femicircle.A {fection portion, or 
part ofa circleis all one, and fignificth fuch a part which is ei- 


m" 


ther more orleffe, then afemicircle: fo that a femicircleis not - — m 


here called a fe&ion or portion ofa circle, A right lyne drawen 

from one fide of the circumference ofa circle to theother, not a 

patfyng by the centre, deuideth the circle into two vnequall Rr m 
partes,which are two fections,of which that which contayneththe centre is called the 
creater feGion,and the other is called the leffe fe@ion. Asintheexample,the part of 
the circlee B C,which containeth init the centre E,is the greater fection, being grea 
ter then the halfe circle: the other part,namely &/7 D C, which hath not the centre its 
itis the lefle {eGion of the circle, being leffe thena femicircle. : : 


20 — fRigbtüned figures are [ucb which are contayned ynder right lynes, 


As are fuch as followeth,of which fomeare contayned ynder threerightlines, fome 
vnder foure,fome ynder fiue,and fome ynder mo, , 


21 Thre fided figures,or figures of thre/ydes,are fach which are contaye 
ned vader three right lines, " -——- 


of &uclides Elementes. Fol.a. 


* Asthefigure in the example 4 2 C,isa figure of three fides, 
becaufe itis cotained ynder thre right lines, namely, vnder the 
linse2,8C,Cef. » — " — J 

A figure of three fides, or atriangle, is the firft figurein 
order ofall right lined figures , and therfore of all others it is 
firft defined, For vnder leffe then three lines, can no figure be 
comprehended. 





! 8 SOC P 
22, Foure fided figures or figures of foure fides are fuch, which are contained Defwniricnsf 


ſoure ſided 
ynder foure right lines. —— 
, Asthefigurehere fetjisa figure of foure fides,for thatit is có- E 5 
prehended vnder foure right lines,namely,A B,BD,DC,CA. — — | 
Triangles,and foure fided figuresferue commonly to many v- | — 
fesin demonftrations of Geometry . Wherfore the nature and : | * 
properties of them are much to be obferued, the vie of other fi- | 
guresismore obfcure, > © + | - ' 
| ic Definitionef 
23. Many fided figures are fuch which. haue mo fides then foure. | 55 


Rightlined figures hauing mo fides then fower,by continual addingoffides may be. feres 





— 8 " 
— — J & s -P 


infinite, Wherfore to define theniall feuerally,aecording to the number of their fides, 
fiould be very tedious,or rather impoflible. Therfore hath Excl:de comprehended thé 
vnder one name,and vnder one diffinition : calling them many fided figures, as many 
as haue mo fides then foure : as ifthey haue flue fides;fixe, feuen, or mo, Here note ye, 
that every rightlined figure hath as niany angles,asit hath fides,& taketh his denomi- 
nation afwell of the number of his angles,as of the number of his fides. Asa figure coe 
tained vnder three right lines,of the number of his three fides, is called a thre fided fi- 
gare zeuenfoof the number of his three angles, it is called a triangle. Likewifea figure 

contained $nder foure right lines, by reafon of the numberof his fides, is called a foure 
fided figure : and by realon of the number of his angles, itis called a quadrangled fie 


Pd 


gure,and fo of others. 


24. Of three fided figures or triangles, an equilatre trian ole is that, which pdip ia of 
hath three equall fides. * g t) A 
Triangles haue their differences partly of their fides, and 
partly of theirangles. As touching the differences of their 
ides,there are three kindes. For either all thre fides of the tri- 
angle are equall,or two onely are equall, & the third vnequal: 
or eisafi tlireezre vréqualfthe oné to the other, The firft kind 
of triangles, namely,that which hath three equall fides,is moft 
fimple;and eafieft to be knowen:and is here firft defined , and 
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“is called an equilater triangle,as the triangle eZ in the example, all whofe fides areof 


onelength. '. 


25. lfofceles iis a triangle which batb onely t'wofides equal. - 


The fecond kinde of triangles 
hath two fides of onelength,but 
the third fide 1s either longer or 


the triangles here figured,B,C,D . 
In the triangle B,the two fides 
A Eand E F areequal the one to X f — 
the-other,and the fide A Fis 16- — ERN 
ger then any ofthem both:Likewife in the triangle Cthetwo fides C Hand H Xare e- 
quall,and the fide G K is greater. Alfo in the triangle D,tlie fides L A and M N, are 
quall,and the fide Z Nisdhorter, ~ | 









26.  Scalenumis a triangle whofe three fides are all ynequall, . 


Asarethetriangles E,F,inwhich thereisno . à 
one fide equallto any of theother,Forinthetri-..4 ` 
angle E,the fide 4 Cis greater then the fide BC, 
and.the fide B Cis greater thé the fide 4 B; Like- -- : 
wife in the triangle F,the fide D His greater thé 
the fide DP G,and the fide D G is greater then the 
fide G A. 


> 
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27. Againe of triangles an Ortbigonium or arigbtangled triangle, is atri». 
angle which hath aright angle. 


As there are three kindes of triangles, by reafon of the diuerfitie 
of the fides,fo are there alfo three kindes of triangles,by reafonof pg 
the yarietie of the angles. For euery triangleeithercontainethone . 
right angle, & two acute angles : or one obtufe angle;& two acute? 
orthree acute angles: foritisimpoflible that one triangle fhould 
containe two obtufe angles,or tworight angles, or one obtufe an. 
ele,and the other aright angle. All which kindesarehere defined. ¢ 9 
Firft a rightangled triangle whichehath initarightangle. As the i 
triangle B C D,of which the angle BC D,1s a right angle. 


_ 28. Anainbligonium or an obtufe angled triangle, is a triangle which bath 
ev». anobtufe angle. ie ot. © e | "aie | 


Asis the triangle Z, whofeangle 4C —— A 
Disan obtufe angle, abdis alfo a Scalen. + yt 5 
non,hauing his three fides vnequall : the 
triangle E, is likewife an Ambligonion, 
whofeangle FG A,is an obtufe angle, 
& is an Ifofceles, hauing two ofhis fides 
equall, namely F GandG H. 
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29. Anoxigonium or an acuteangled triangle, is a triangle Which bath all 
his three angles acute. i € 4.5 
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of Euclides Elementes. Fol. 


As the triangles 4,8,C,in the examplejal, —.- 
whofe angles are acute-of which 4 isan e- 
guilater triangle, B, an lfofecles, and Ca 
Scalenon.An cquilater triangle is moft fim 
ple, and hath one vniforme conftruction, 
and therfore all the angles ofit are equall,- 
and neuer hath init either a right angle,or. 
an obtufe: but theangies of an Ifofceles or a Scalenon , may di- 
ueríly vary.Itis alfo to be noted that in comparifon of any two A. 
fides ofa triangle, the thirdis called a bafe. As of the triangle 
AB Cin refpec of the two lines 4 Band 4C,the line B C,is the 
bafe: andin refpe@ of the two fides .4 Cand C B,theline 4 B,is 
the bafe, and likewyfein refpectof the two fides C B & B 4, the 
line 24 C,1s the bafe 
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20 Of foure Jyded figures, a quadrate or [qnare is tbat, wbo[e [ydesare e». 777. 
quall and his anglesrighbt, — | 


Astriangles haue their difference and varictie by reafon of their A 


fidesand angles: fo likewife do figures of foure fides,take their varie- 2 
tic and difference partly by. reafon of their fides, & partly by reafon 
of their angles,as appeareth by their definitions. The fout fided figure 
ABCD isafqnare ora quadrate, becanfeitis arightangled figure, 
al hys angles are rightangles,and alfo all his four fides are equall. js * 


* 3 i " è : : , i à M D J oC 
so3: A figure on the onc fydelonger or [quarelike, or as fome callit,a long | pus 
fquare,is that which bath right angles,but bath not equall fydes, | 


Thisfigure agreeth withafquare touchinghis angles, in — , 5 
that either of them hath right angles, and differeth from it 7 
onely by reafon of his fides,in that the fides therof be not e- 
quall,as are the fides of afquare. As inthe example,the an- 
gles ofthe figure ABCD, are right angles,but the two fides i 
thereof 4B ,and CD, arelonger then the other two fides i— — 
e1C,& BD. | 3 








— 
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ELI Rhombus( or a diainonde )is a figure bauing foure equall des, but it is — 
pu oi motrigbtangled...— | Disxiod pun 


This figure agreeth with a fquare, as touching the equallitie of * 
lines, but differeth from it in that it hath not right angles, as hath 
the ſquare. As of this figure, the foure lines AB, BC, CM, DA, be e- 
quall, but the angles therofare not right angles. Forthe two angles 
ABCand ADC, are obtuſe angles, greater then right angles, & the 
other two angles B AD and BCD, are two acute angles leſſe then BV 
two right angles.And thefe foure angles are yet equall to foure right 

» 
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angles: for,as much as the acute angle wanteth of a right angle, fo 
much the obtufe angle excedeth a right angle, 
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‘pofite and equall the one to the other. Likewyfe t 
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fite,and alfo equall the one to the other. LE LL 


_guay be a ereter norany fo litle, but that there may be alefíe. And 


T he first Booke 
33 Rhombaides(or a diamond like )is a figure, whofe oppofite fides are ee 


quall and whofe oppofite angles are alfo equal, but it bath neither es 
quall fides nor right angles. 


As in the figure 4 BCD,all the foure fides are not 
equall, but the two fides 4 B and C D, being oppofite — — 
the one to the other, alſo the other two ſides ACand * — 

B D,beingalfo oppofite, are equall the one to the o- / | 

ther.Likewife the angles are not right angles,but the 

angles C 42, and C D B,areobtufeangles;and E / 
e 


angles 4 B‘D,and AC D,are acute angles,and oppo- 





4 Allother figures of foure fides befides thefe,are called trapexia,or tables. 


Such are all figures,in which isobferued no equallitie of fides / 
nor angles: as the figures -4 and B,in the margét, which haue nei- PG 
ther equail fides nor equal angles, but are defcribed at all aduen- | A p 
ture without obferuation of order, and therefore they are called (M / 
irregular figures. — 


35 Parallel or-equidiftant right lines are fuch, which 
being in one and the felfe fame fuperficies, and pros 
duced infinitely on both fydes, do neuer in any part 

+ concurre. | ! 
As are thelines 44 Band C D in the example. - 








ta Peticions or requeftes. 


1 Fromany point to any point,to draw aright line. 


t . 


After the definitions, which are the firft kind of principles now follow petitions, 
which are the fecond kynd of principles: which are certain general fentences,fo plain, 
& fo perípicuous, thatthey are perceiued to be true as foone as they are vttered;& no 
man that hath butcommon fence,can,nor will deny them, Of which, the firftis that, 
which is here fet. As from the point -4,to the point B, who wil de- 
ny,but eafily graunt thata right line may be drawn?For two points cn 
howfocuer they be fet,are imagined to be in one and the felfe fame - A "Poe: 
plaine füperficies,wherfore from the one totheotherthereisfome — E 
fhorteft dranght,whiche is a right line.Likewife any two right lines howfoener they be 
fet, are imagined'to bein one fuperficies, and therefore trom any one line to any one 


« ‘ 


line,may be drawenafuperficies.. ^ 


^ 
2 Toproducearight line finite, ftraight forth continually, : 
Asto draw inlength continually the rightline 442, who will | 
pot graunt? For thereis no magnitudefo great, but that there. 4 — c 





a line 


of Euclides Elementes. Fol.6. 


a line is a draughtfrom one point toan other,therfore ftóm the point 2, whicli is tlic 
ende of the line e 7 B,may be drawn aline to-fome other pointjas to the point C, and 
fromthatto an other,andfoinfnitely, 90 0. iar a WES E 


2 V pon any centre and at any diftance,to defcribe a circle. 


A playne fuperficies may in compaffe be extended infi- 
nitely: as from any pointe to any pointe may be drawen a 
right line,by reafon wherof it commeth to paflethat a cit- 
cle may be defcribed vponany centre and at any {pace or 
diftance.As vpon thecentre -4,and vpon the fpace-4 2, ye . 
may defcribethe circle 8 C, & vpon thefamecentre,vpon .4 
the diftance 4 D,ye may defcribe the circle D E,or.-vppon. 
the fame centre -4,according tothe diftaunce 4 F, ye may 
en the circle F G, and {fo infinitelyextendyng your 
pace, 2 di last dis 





4 Allright angles areequall the one to the other. 


This peticion is moft plaine, and offreth itfelfeeuen tothe — 4 p 
fence. For as muchasa rightangleis caufed ofone rightlyne — | | 
falling perpendicularly vppon an other,and no oneline can fall | | 
more perpendicularly vpô a line then an other: therfore no one , E F 


right angle can begreater thé an other:neither do the length or $ E | 


fhortenes ofthe lines alter the greatnes of the angle,For in the 
example, the right angle 4 B C,though it be made of much lon- 
ger linesthen the right angle D E F whofe lines are much fhoiter, yetis that angle no 
greater then the other.For if ye fet the point £ iuft vpon the point B, then fhal the line 
E D,euenly and iuftly fall ypon the line 4 B,and theline E F,{hall alfo fall equally vpon 
the line 2 C,and fo fhal the angle D E F,be equall to the angle .4 2 C,for that thelines 
which caufethem are of like inclination, . . _ i y * 

It may euidently alfo be ſene at the centre ofa circle. For if 
ye draw in a circle two diameters, the one cutting the other in 
the centre by right angles, ye fhall deuide the circle into fowre 
equall on which eche contayneth one right angle, fo are 
all the foure right angles about the centreofthe circle equall. 





5 VV ben aright line falling vpon two right lines,doth make on one eo the 
Jelfe fame [yde, the two inwarde angles lefSe then two right angles, then 
hal thefetworight lines beyng produced.at length concurre on that part, 

in which are the two angles lefse then two right angles. 


As ifthe right line -4 B,fall ypon two right lines, 
namely,C DandE F,fo thatit make thetwo inward 
angles on the one fide,as the angles DHI& FIH, 
leffe then two right angles (asinthe example they 
do) thefaid two lines C D, and EF, being drawen 
forth inlégth on that part, wheron thetwo angles 
being leffe thé two right angles confift,thal-at léoth 
concurreand meete together: asinthe point D,as 
itis calie to fee, For the partes of the lines towardes D F,are more enclined the one to 

Cf. the 





The fir SE Booke C 
the other,then the partes of thelines towardes C E are; Wherfore the more thefe parts 
-are produced ,the more they fhall approch neare and neare;till at length they thal mete 
in one point. Contrariwife the fame lines drawn in légth.on the other fide, for that the 
angles on that fide, namely ,the angle C A B,and the angle E JA,are greater then two 
tight angles, {o much as the other two angles are leffe then two right angles, fhall ne- 


P mete,but the further they are drawen,the further they fhalbe diftant the one from 
Tne other. * (d € = n 


6 "That tworigbtlinesinclude uot a fuperficies,. 


Ifthelines 4 J and MC,beingrishtlines,fhould inclofe j 
a fuperficies,they mufte of neceflitie bee ioyned together at —-B 
both the endes,and the fuperficies mutt bebetwene thé.Ioyne A <- : 
them onthe one fide together in the pointeA, and imagine 
the point B to be drawen tothe point C; fo thall the line -4 B, 


fall on the line A C,and couerit,and fo be all one withit, and neuer inclofe a {pace or 
fuperficies, 


C 


1 y ` 


eae o5, Ala eee. | *— 
^. Sap Common fentences. 


© a Lhinges equallto one and the felfe fame thyng: are equall alfo the one 


».— tetbeother...,,. 


fna eas. oe 
Whatcommse 01 ‘Afterdefinitions and petitions, now aré fet common fentences, which are the third 
featencesare. amd laft kynd ofprinciples.Which are certaine general pro pofitios, commonly known 
ofaltmen,of themfelues moft manifeft & cleare,& therfore are called alfo dignities not 
Diferenco be- able to be denied ofany:Peticions alfo aré very manifeft,but notfo fully as are the có- 
twene peticions Inonfentences,and therfore are required or defired to be graunted. Peticions alfo are 
EF common fis- more peculiar to the arte whereof they ares às thofe before put are proper to Geome- 
sever, try: butcommon fentences are generall to all things wherunto they can be applied, 
Agayne, peticions confiftin actions or doing offomewhat moft eafy to be done: but 
common fentences confift in confideration of mynde, but yet of fuch thinges which * 
are molt eafy to be vnderftanded, asis that before fet. 


As if the line 4 be equallto theline B,Andif the lineC B 
be alfo equalito theline B, then of neceflitie the lines rc 
A and C,fhalbe equal the one to the other,So isitin all A C 


fuperficieffes,angles,& numbers, &inallotherthings — ^—————4 — —————— 
(of one kynde) that may be compared together. 


, 2 “And if ye adde equall thinges to equall thinges:the whole [halbe equall, 


Asiftheline .4 B be equal to the line C_D, é tothe p 
line 4 B,beadded the line 2 E,&totheline C 2,be 
added alfo an other line D F,beingequal to the line e D Pe 
BE fo that two eqnal Iines,namelyJ8 FANT LAF DE aan a a 
added to two cquall lynes c4 B,& C D:thenfhalthe —— ` i l 
whole lyne e£ E, beequall to the wholelyne C F,and fo ofall quantities generally. . 





. 
t 


3 Andif from equall thinges,ye take away equall thinges: the thinges res 
.. mayuing [ball be equal. ' A 


Ag 





of Euclides Elementes. Fol.7. 


Asiffrom thetwolines AB and C D, being - 





equal,ye take away two equalllinesmamely,EB A. — — — 
and FD, then maye you conclude by this com- - a Fu en 
mon fentence,thatthe partes remayning,name- iC — — 





ly,.4 E,andC F are equall the one tothe other: 
and fo of allother quantities, ~ 


4. Andif from vnequall thinges ye take away equall thinges: the thyn ges 
which remayne fhallbe ynequall, — nOn e ont 


As ifthe lines 4 B,and C D, be vnequalltheline e 2, beyng - 
longer then theline C D, & ifyetake fró them two equall lines, 
as E B,and F D:the pattes remayning,which are thelines eZ E 
and C F,fhall be ynequall the one to the other,namely, the lyne 


ef E,fhall be greater then the line C F,which‘is ener true in all quantities whatfoeuer, 








5  Andifto vnequall thinges ye addeequall thinges: the whole fhall be vn- 
equall, E 


Asif ye hauetwo vnequallines,namely, 4 Ethe greater,and , 
C Ftheleffe,& if ye adde vnto thé two equalllines, E B & FD, —— : 
then maye ye conclude that the wholelines compofed are vn- £——————— 
equall : namely, that the whole lyne e£ B, is greater then the 
whole line C D,and fo ofall other quantities. ` 


B 








6 Thinges which are double to one and the felfe fame thing: are equall the 


one to the other, | 
Asifthelineez B bedoubletotheline E F,andifalfothe — , 8 
line CD,be double to the fame line E F: the may you by this «<---> 
common fentence conclude,that the two linese 7 B,& CD, B — 





are equall the one to the other. And this is true in all quanti- 
ties,and that not only,when they are double, but alfo ifthey 
betriple or quadruple, or in what proportion foeuer it be of . What proporti« 
the greater inequallitie. Which is when the greater quantitie is compared to thelefle. 97 of the grea 


c E" D 








ter inequality as 
7 binges which are the balfe of one and the felfe fame thing:are equal the 
one to the other. 
Asifthe line 4 B,be the halfe of the line E F, and if the lyne » : 

C D; bethe halfe alfo of the (ameline EF: then mayyecon- | —————S 

clude by this common fentence,that the two lines e4 B and £ F 

CD, areequall the one to the other. Thisis alfo true in all * 

kyndes of quantitie,and that not onely when itis a halfe, but &————2 

alfo ifit be a third;a quarter, orin w hat proportion foener it | : 

be of the leffein equallitie. Which is when theletfe quantitie is cópared to the greater, phat proporti- 

— 7 _ 4 on of the leffe 

inequalitie is. 
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. "a 4 ^ ` js E ent 
8  Thinges whitiupree together: aye equall the one to the other, 
m MR a ' 
Such thinges are fayd toderee together, whiche when they are applied the oneto 
the other: or fetthe one vponthé&other,the one excedeth hotthe otherin any thyng. 
i Cun AS 


DE hat a Propo- 
[ition 77 


Pro pofte tons of 


Cia fortes, 


What a Pri- 
Elme e 


R hata Tiere- 
D i + 


_ Lhe first Booke 


Asifthe two triangles .4 BC, and DEF, were applied 


the one to the other,and the triangle A BC, were fet y-. A " 
pon the triangle D E F;if then the angle 24, do iuftly a- 
greewich the angle D;and the angle Z;with theangle E, 
and alfo the angle C, with the angle F: and moreouer i£ 
the line 4 B,do iuflly fall vpon theline  E,and theline — 
4 Cy pon the line D F, andalfo the line 2 C, vppon the | 
B Ce i F 


linc E E, fo that on euery part of-thefe two triangles, 
there is inftagreement, then may ye conclude that the 
two triangles are equall. | 


e 


9  Euery wholeis greater then bis part. 


As the whole is equal to all his partes taken together, fo is it grea- : 
terthen anyone parttherof.AsifthelineC B beapartoftheline.d..4 | — c B 
B,then by this commen fentence ye may conclude that the whole —— 77 
line 4 B, is greater then the part, namely,thé the lineC.B,And this ! 
is generall in al thinges. ! AMI: = | 


li 
i s 










; ‘Lee fru! wane i a 
vM He principles thus placed & ended;now follow the propofitions, which 
ie are fentences fetforth to be proned by reafoning and demonftrations, 
PE andthetfore they atc agayne repeated in theend of the demonftration, 
aK For * propoſition is euer the concluſion, and that which ought to be 
2 proued. : ; e 


v 


Propofitions are of two fortes, the oneis called a Probleme, the other a Theoreme. 


AProbleme,is a propofition which requireth fome ation, or doing: as the makyng 
of fome figure,or to deuide a figure or line,to apply figure to figure,to adde figures to- 


gether,or to fubtrah one from an other,to defcribe,to infcribe,to circum{cribe one fi- 


gure within or without another, andfuche like, As ofthe firft propofition of the firft 
booke is a probleme, which is thus: Upon aright line genen not being infinite,to deferibe ane- 
quilater triangle,or a triangle of three equali fides. Forinit, befides the demonftration and 
contemplation of the mynde,is required fomewhat tobe done: namely, tomakean 
equilater triangle vpon a line genen. And in the ende of euery probleme, after the de- 
monftration, is concluded after this manner, Which isthe thing, which was required to be 
danes = 


A Theoreme,is a prepofition, which requireth the fearching out and demonftration 
of fome propertic or paflion of fome figure: Wherin is onely fpeculation and contem- 
plation of minde,without doing ot working of any thing, As the fifth propofition of 
the firft booke,which is thus,e4a I/ofceles or triangle of two equal fides hatb his angles at the 

bafe,equall the one tothe other,erc. is a Theoreme.For in it is required only to be pro- 

' A gedand made plaine by reafon and demonftratió, that thefe rwo angles be 
equall,without further working or doing. And in the ende of euery 
Theoreme,after the demonítration is concluded after this ma- 
ner, Which thyng was required to be demonstrated or proned. 








of Euclides Elementes. Fol}. 
Sep The firft Probleme. Thefirfi Propofition. 


Upon a right line genen not beyng infinite, to defcribe an e- 
quilater triangle,or a triangle of three equall fides. 


SAS Uppofe that the right line geuen be AB. 


1 
X 
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i NE LANNY t is required ypon the line A B,to defcribe an es 
CRM QU CELA S guilater triangle namely,a triangle of three equall 
5 iu) fides.Now therfore making the centre the point A 
OVS (er PL the [pace A Bydefcribe( by the third peticion) 
Ae: Ze lie Q A iy a circle BC D: and agayne (by the Jame ) makyng 
xw" d NDS SEIS the centre the point B and the {pace B A defcribe 






SS 
imer Ge 9 another circle ACE. And(by the firft peticion.) 
, dE GRO SEAL from the point C,wherin the circles cut the one the 
otber dra one right line to the point A,and an 

other right line to the point B.And forafmuche 

as the point A isthe centre of thecircleC BD, 

therfore (by the is. definition the line AC ses 

quall to tbe line 4 B : Agayne forafmucb astbe |D A 
point B i5 tbe centre of tbecircle C AE, thers 

fore (by tbe fame definition) the line B C is ea 

quall to the line B A Andit is proued, that the 

line AC isequallto tbe line A B : wberfore eiz 

tber of tbefe lines C A and CB, is equallto tbe | 
line A Bz but thinges which are equall to one and the fame thing are al[o equall 
the one to the other( by the firft common fentence )wherfore the line C A, alfo 
is equali tothe line C B, V7 berfore thefe three right linesC A,A B, and BC 
are equal the one to the other.VV berfore the triagle A B Cus equilater VV bere 
fore vpponthe line AB, is defcribed an equilater triangle AB C. VY berfore 
vppon a line genen not being infinite, there ts defcribed an equilater triangle, 
VV hich is the thing, which was required to be done. 





A triangle or any other reilined figure is then (aid to be fet or defcribed 
vpon a line, whea the lineis one of the fides ofthe figure, 


This firft propofition is a Probleme,becaufe it requireth ace or doyng, namez 
ly todefcribeatriangle.And this is to be noted,thateuery Propofition, whether it 
bea Prebleme,or a T heoreme,commonly containeth in it 4thing genen anda thing regni- 
vedto be fearched ont: although it be not alwayes fo, And the thing genen,is eurer {et be- 
fore thetbing required. 1n (ome propofitions thereare more thangs geué then one, 
and mo thinges required then one,1n fome there is nothung geuen at all, 


Moreouer euery "Probleme eT heoreme, bey ng perfect and ab(olute, ought to 
hauc all theíe partes namely. Firft the Propofition,co be proued. Then the expofition 
Co which 


Confirsnélion. 


Demonstration 


Thing genen. 
Thing required 


Propofitien, 
Expofitin, 


Defermination. 


Venſtruction. 


Demezfiratios. 


E onclefier. 


( 


Cafè.. 


T'he thing geuen 
az this Pro- 
bleme. 

The thing 
required. 

T be propofittom. 
The expofit ion. 
The deterosi- | 
mation. 

The confiructsd 


The demonftras 


£0. 


The perticular 
concluſion. | 


The Grinerfali 


concls fon. 


The note wbere 
by it 18 knowne 
go be a Pro- 
bleme, 

No cafes in thys 


propefition. 


Hhree kendes of 


demonſtraation. 


The first Booke — 
which is che explication ofthe thing geuen. After thar followeth the wdeterminatid, 
which is the declaration ofthe thing required, Then is fet the construction of {uche 
things whichare neceflary ether forthe doing of the propofitid,or for thedemd 
itration, Afterward followeth the demonstration, which is the reafon and proofe of 
the propotition, And laft ofall is pucthe conclufion, which is inferred & proued by 
the demonflration,and is euer the propofition,Butall thofe partes ate not of ne- 
celiitie required in cuery Problems and T heoreme, But che Propofition, demonstra- 


‘10n,and conclufion,are neceflary partes ,& can neuer be abfent: the other partes may 
fometymes beaway, | b 


Further in diuers propofitions,there happen diuers cafes: whichare nothing 
eis,but varietieofdelincatiou and conftru&Giiori,or chaunge ofpofition, as when 
pointes lines fuperficieffes,or bodies are chaunged. V V hich thinges happen in 
diuers propofitiops. i Tw vd T" 


N Ow then inthis Probleme,the thing geuen,is the line eeu: the thing required,tobe 

ferched out is,how.vpo that line to defcribe an equilater triangle, The Pro- 
pofiton of this Problense is Upon a right line genen not beyng infinite,to defcribe an equilater tri- 
angle, | | | ’ 

The expofition js Suppofe that the right line geuen be AB, and this declareth onel 
the thing genen. The determination is Ít is reguired vponthe line cA B, to defcribe an equilater 
triangle: for theroy as you ſee, is decla red onely the thingrequired. The conſtruction be- 
ginneth at thefe words, N oW therfore making the cetrethe point A, tbe fpace A B, defcribe 
(by the third peticion Ja circle &c,and continueth yntil you cometo thefe wordes, dad 

Jorafmuch as the point A &c.Forthethertoare defcribed circles and lines, neceffarye 
both for the doyng ofthe propofition, andal(o for the demonftration therof, 
V Vhich demonftration beginneth atthefe wordes: eua forafzzuche as the point A ts the 
centre of the circle C B D cc: And ſo procedeth till you come to thefe wordes,/ber- 

fore upon the line A B 5s defcribed au equilater triangle .A B C. For vntill youcomethether 
is,by groundes before fetand conftructions had;proued;and made enident, he 
the triangle made, is equilarer.and theninthefe wordes,wherfore upon the line eA B, 
is deſcribed an equilater triangle BC, is put the firft conclufron For chere are common- 
ly in euery propofiuon two conclufions: the oneperticuler;the other vniuerfal: 
and irom the firtt you goto thelaft. and this is the firftand perticuler conclufi- 
on,for chat icconcludeth,that vponthelyae A B 1s defcribed an equilater trid- ` 
ele, which isaccording to the expofition,After it,followeth the latt and vniuerfal 
conclufion,Wwherfore upon aright line geuen not being infinite ts defcribed an equilater triangle. For 
whether the line geuen be greater or lefle then tliys lyne, the fame conftru@iés 
and demonftrations prouethefameconclufion. Laft ofall isadded this claufe, 
Which is thething which was required to be done: wherby as we haue before noted,is de- 
clared,that this propofirion is a Problemeand not a7 beereme. As for varietie of ca- 
fes in this propolition there is none,for chat tke line geuen,can haue no diuerfi- 
ticof pofition. —— 14 
As you hauc in this Probleme fene plainelyefetfoorthe tbetbing genen, and the 
thing required, moreouer the propofition expofition,determination,construétion, demonftration, 
ana conclufion( which aregenerallalfote many other both Problemes andT heoremes ) 
fo may you by the example therof diftin& them,and fearche them out'in other 
"robleues,and alfo T heoremes.. | | P-. 

5 ; 
 Thts alfo is tobe noted,that thereare three kyndes ofdemonftration, The 
one ls called Demonstratio a priort,or comapofition.. The arher is called Demoustratio 
— s poſteriori. 





of EuchdesElementes. . Fold. 
a pofleriori,or 


fibilitie. 


4 re e 


A demonſtrationæpriori, or compoſition is,when in reafoping, from the prin- 
ciplesand firft groundes,we pafle difcending continually ,till after many reafons 
made,we comeat the length to conclude that,which we firft chiefly entend. And 
this kinde ofde monftrationyfech Euclide in his bookes forthe moft part, 


A demonftration a posteriori or refolutionis,when contrariwife inreafoning, we 
paffe from the laft conclufion madeby the premiffes,and by thepremiftes of che 
premiffes,continually afcending;til we cometo the firft principles and grounds, 
which are indemonftrable,and tor theyr {implicity can {uffer no farther refolu- 
tion, T "d s —- s ys | 4 JET wi] 
A demonftration leadyng toan impoffibilitie is thatargument 
clufionis impoffible: that isjwhen itconcludeth direstly againftany principle, 
or againft any propofition before pro 
proued, | 
Premiffes in an argument,are 
by which the conclufion is proued, 


wr 


“tr 


"d -À 
Compofition paffeth from the caufe to the effet, or from thinges fimple to 

thinges more compounded. Refolution contrariwife patleth from thin 

pounded to thinges more fimple,or from the effed& to the caufe, 


Gompofitionor the firft kynde of demon(tration, which paffeth from the, 
principles,may eafely be fene in this firft propofition ofEuclide, Thedemon- 
' ftration wherofbeginneth thus, Andforafmuch, as.the point A. is the centre of. 
thecircle C B D, therfore theline-AC,is equal tothe line AB. This reaien(y.ou: 
fce)taketh hisbeginny ng ofa principle, namely ;ofthe definition ofa circldz4itid: 
this isthefirft reafon, Agaynefora(muchas B'isthecepntreofthe circle CA E; 
therfore theline B C is equall rothe lyne B-A: which 1s the fecond reafon. And’ 
it was before prouedthat thelyne A C is equall ta the line A B, wherforecither 
ofthefe lines CA & C B 1s equal tothelyne A B.andthisisthethird reafó, Buc. 


& 


isist 
things whichareequall to one & the felfefamethyng, arc alfo equall.tlieoae.to. 
the other. V Vberfore the line CA is equalito the line CB, andthis‘is the fourth 
argument. V V herfore thefe.chrée lines C:A;A B ;and B Care equall theone:ró: 
the other which'isthe conclufionjand thethíng tobe proued; ^.^ Led tat 


eet f b 


“You may’alfointhe fame firt Propofitid,eafely take an exaple of Refolucid? 
vfing a contrary order pafly ng backward fro the laft conclu fd of the former de- 
monf{tration, til you come to the firft principle or ground wheron it began, For 
rhelaft argument or reafon ig compofition,is the firft in Refolution; & the firk 
in.compofiti on,is the laft inrefoluci on. 1 hus therfore mutt yc procede, E heri 
angle A B.G.is.contained ofthreeequallrightlines,namely;A B,A C and EC, 
and thertore icis an equilater triangle by thedefinition of an equilater triangle: 
and this isthe-firltreafon, That the three lines beequall, isthus proued. The 
tines A Cand C Bare eqitall tothe line A Bwherfore they are eduall the ene to 
the other: andthisisthefecond reafon.T hart C 
thus proded: Tihelines ^ BAT, are drayen from thecentré ofcheciicle A 
a 
i 


8.7 ie it GOES, V. MN ti ; m bd eh bbe fl = m "ae. - = 2M 
C Ejto the cireumference ofthe fame: wherforethey ate equall by the defioitió 


ofacirclerandjchis is the chird ceafon, Likewife shar thelines‘A C and A Byare 
pe OS ST Sts EO 8S Ro AE as Losrcd).1) mun s ob / equall ; 


— x à 
3 7 : 
oily’ fg 
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J 
refolution. Andthe thirdisa demonftracion leady ng to animpoí-. 


. whofe c6-" 
ued by principles, orpropofitious before. 


propofitions.goyng before the conclufion’ 


ges os 


hélines A B and B ©,are equal 1s | 


Demonfrarsom 
a priort,or com^ 


po 21107 « 


¢ 


Demonfiratzn 
a poffertort óv 
refolutson. 


Demonſtratiop 
leadzn ig £0 em 


mepoffibitsty- A * 


Premiffes what 


| they Aves 


AR example of 
conxpoſition in 


the fir ft propofiA 


tion, 


Firft reafon, 


Second reaſon. 


Third reaſon- 


Fourth reafon. 


C oncluſion. 


Example of re- 
[olution iz the 


fer propofiion: 


Je trft reafe go 


Second reafoit, 
Third reaſen. 


Fourth reaſon 
whech ss the esa 
ofthe whole ras 
feles iom, 


- The firft Boke 


. equall, is proued by the fame reafon. For the lines A Cand A Biare drawn fróm 
theceutre ofchecircle B C D: wherfore they arcequallby the fame definition“ 
ofa circle: this 1s the fourth reafon or fillogifme, And thus is ended the whole 
retolutton: for chatyouare cometo a principle, which is indemóftrable, & can 
not berefolued, "Vd 


Ofa lemonftrationleadtng to ap impoffibilitiejorto anabfürditie, you may 
hauean example in the fourth propofition ofthis booke, 


e/fn addition of Campanus. 


Vtnoweif vponthe fame line geuen, namely, e£ 2, ye wil defcribe the other two 
“kinds of triangles, namely,an //o/celes or a tridgle of two equal fidés,&a Scalenon ,or 
— a trian gle of three vnequall fides.Firit for the defcribing of an J/ofceles triangle produce ’ 
ee the line 4 B on ether fide, vncill it concur with the circuniferences of both the circles , : 
Eon. _ inthe pointes D and F and making the centre the point A, deícribea circle HF g ac- 
_ cording to the quátityoof theline AF. | 
Likewite making the centre the poynte 
4,defcribe acircle 4D G,according to 
the quantitie oftheline 2 D , Now thé 
thefe circles hali curt the one the other 
inrwo poyntes , which let be ZZ,and G: 
Aud let the endes oftheline geuenbe:.. 
ioyned with one of the fayd fections by 
bam . Worighelines,whichlet bee Gg and B. 
Ee C. And forafmucheas thefe twolines ` 
AE and A Dare drawen fro the centré © 
- ofthe circle CD E vntothe circumfe-* | 
r&ce therof,therfore ar they equal; Like ;. - 
wifethe lines 8 Aand B E, for.that theyr: \ 
are drawen from thecentre of thecir-., 
cle Ec-4CF tothecircumferencether-< ~, 
of,are equal.And forafmuchasetherof | — 
thelinese%Dand B Fis equalltothe — 
dine 4 B,therfore they areequal theohe’ . | RM - 
» to'the other, Wheifore putting theline?4 B cómóto thé both, the whole line BD that- 
be equali tothe wholeline e4 F.Bat BD is equalto 8 G,for they aré both drawen ft6 
the-cétre of the circle¢Z.D G to the cireumferéce therof-And likewife-by the fame reas 
fon theline 4 Fisequal to theline ef G; Wherfore by the cómó fentéce the lines 24:6 
and PG a2reequal theone to theother,and either of them is greater then the line 42, 
for that either of the two lines B Dand Fis greater then the ling ABW herfore Ys 
P pon thé line geven is defc ribed an I/ofceles or triangle of two equail lide siii... i 
Hew todeferwbe |’ ` Ye may alfo defcribe vpon the felte fame line a Scalexon , or trianglé of three vne- 
«Satu. quail fides,ifby two right lines, ye ioyne both the endes of the line génen to fome ohg 
pointthatis in the circumference of oie of thetwo greáter Circles;fo th at that poynt 
be'not in cne of the two fections,and that theline DF do notconcurwith it, whenit 
is oneither fide produced continuallye and direGlyc,For let thepoynte K be takehin 
2v. ^ the circumference of the circle A D.G and letit not bein any.of the fections 5 néyther 
let theline D F concurwith it,whenitis produced continually and ‘dire@ly vnto,the 
circumference therof,And draw thelelines A Kand B Kand the line et K thal cut the 







^^. 


i * - “ . ' E ; t t re L^ user ERA E 3 j i. n . F0 2n dé u’ ay $ 2t TUN SRG AY qu id E Ahi 
circumference ofthe dirce H EC, Let itcut itin the, poynte L ; now then by the 
ha -, t * a. P. XI ee rS irat. " - A Va e $ JERIA hs T 137A 
common fentence theline 2 K fhalbe equal to theline 7 L for(by thedefinitión o£a 
«e circle)the line B Kis equall totheline B G;andfhe line 4 Lis equall to the line AG 


> which is equal to the line B G,Wherfore the line e-# Kisigreater then'theline BK aha 
by the fame reafon maye it be proned that the line B Kis greater then the line e4 B, 
: i Wherfore 





of Euclides Eloiientes, — . Fol.to. 


Wherfore thetriangle 44 B K confifteth of three yaequal fides. And. fo hane ye. orn the 
line geuen, defcribed all the kindes of CROC nd | MV 


* M hisisrobe noted, thar ifa rian will Pracchenteally ind te. 


t 





dely not regarding demonftration vpona fine geucn defcribe E 
atriangle ofthree equall fides, .he neederh got to'defcribe! Eneu angle redily E$ 
whole forefayd circle, butonely alittle part of eche: namely mechanicad· 

vherethey cut theonethe other,and fo £o the point of the: 
{e&ion to draw the linesto theendes of th cling. peuch, Asin 
this figure here pur, | 
And hikewife,ifv ponthe (aid liae he wil! detenibes trian, Se GL i, Hom fodefirile 
gle oftwo equall fydes, let him extende thiécotipale accorz: ^; ANY OOTI em Mafteles rri 


us aupleredily, 
ding tothequantitiethat he vill haue thei ydet to be, whether" — 


longer then the line geuen orfhorter: and (o dta onely a li- *... 
tle part ofechecircle,where they cutthe one. the other, sc fró 
the point ofthe fe&ion draw the linesto the ende-of the line / 
geucn. asinthe figureshereput, Notechat iathis thetwo A 
fy des muft be fuch,thatbey ngioyued together, they belon- i 
ger then the line geuen, t 

And fo alfo ifvpon thefaydright line he. will deféribé AMOR UG S AS. 
triangle ofthree vnequal fy des, let him extend the compatfe, 
Firft, according to the qua ntitie that he vill hauc onc ofthe 
vtiequall [y des to be, and fo draw alittle part ofthe circlej&c 
thenextend it according to the quaatitie! thi lie vil haue the. 
other vnequal fy de to be and déaw lik ewy fe little part ofthe — 
circle, and that done, from the point: ofthe fettion draw the- e A usa 
lines to the endes ofthe line geuen,as inthe figure here put, Note M in this the 
two fidés muftbe — the B — VOIE to their quidne may 
cur the one: ‘the im g á S be iz 
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E fecond Pill»: : s P —— Propo tion. ut DNE 


Fit 4 point gener gene, to draw å righi line equal toa rightline genen; Š 


Nae P S i" AN ppofe thatthe point. geuẽ d La X let the right line de 





How to defcribe 
a Scalenum tri- 


angle redily. 
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| d — thepoint die dA i ne Lx 
se) 2 Cl drdwe aviche — rais CI 


<) Lyne equall to 
— the line (IB 
Drar s b TI e firf petici Yf fromthe | 
paint A tothe poynte B arigh tline A 
B: and vpon the line AB defcy ibe(by - : P lizu.inc 
the fir/? propoft itid) an equilater tria SIDE bt ys 
anele, and lettbe fame be DA Band L 
extéd »by the fecond peticio, theright | eno ——MÀ or 


lines D 4 eo D 8 to tbe Py E. pono: — 
Di, inu a att BE Eev ~ 


«i 


^ 4À 


Confirnilion, - 





IDemenffr ation: 


definitio ) tbe line B Cis equal to tbe 


+ iseguall to theline D G:of which the 


T he first Booke 


and Fex( by the third peticio)making the centre Band thefpace BC defcribe a 


eircleCG ET: eg againe( by tbe [ame making the centre D and the fpace DG 
defcribe a circle G KL, 4nd forafs | | 
much asthe pointe Bis the centre of — — 


the circleC G H,therfore(by the 1s, 


HL 


line (B G:and forafmucb as tbe poynt 
Dis thecentre of tbe circleG K L: 
therefore( by the fame )the line OL 





line D Ais equall toa line D BCby 
tbe propofttio eoine before; wherfore EO 
tbe reftdue namely,tbe line A L is e« 

qual to tbe refiduenamely,totheline = 

BG (by the third common fentence) si di: 

And itis proued that the lme BCis ea- a hi | 

quall to the line B GVV berfore eytber of tbefe lines A L e BCis equal to the 


^ line BG.But things which are equall to one and the fame thing are alfo equall 


‘wo thinges ge- 

wen sn this pre- 
poſition. 
Fomer cafes tz 


ghis propofitson . 


T'he firt cafè. 


She fecond cafe? 


the third cafe. 


‘As for exdple,ifit were in the pointC, which |. 


the one to the other(by the firf? commo fentence. )VV berfore tbe liue AL is ea 
qual totbe line B C.V V berfore from tbe poynt gene namely A isdrawna right 
line AL equallto the right line geuen BC: which was required to be done.. 


~ ‘ 


.., Of Problemes and Theoremes,as we hane before noted, fome haue no cafes at alf? 


which are thofe which haue onely one pofition and conftruction:and other fome haue 


many and diuers cafes:which are {uch propofitions which haue diuers defcriptions & 
conítru&ions,and chaunge their pofitions. Of which forteis this fecond propofition, 
which is alfo a Probleme. This propofition hath two thinges geuen:Naimely;a pointe, 
and aline:thething required is,that from che pointe geuen wherefoeuerit be put, be 
drawen a ineequall tothe line geuen.Now this poynt geuen may haue diuers pofitiós 
For it may be placed eyther without the right linc geuen,or in fome point in it. Ifit be 
withoutit, either itis on the fide ofit,fo that the right line drawen from itto the ende 
of the right line geuen maketh an angle:or els it is put directly vnto it,fo that the right 
Jine geuen being produced shall fall vpon the point geuen which is without,Butif it be 
in the line geuen,then either it isin one of the endes or éxtreames thereof : or in fome 
place betwene the extremes.So are there foure diuers pofitions of the poyntin refpec 
of the line. Wherupon follow diuers delineations and conitruGions, and confequent:-, 
ly varietie of cafes. 1 í 


For the firft cafe the figure before put,ferueth, | 


To the fecond cafe the figure hereonthe | 
fide fet belongeth. Andas touching the or- 
der both of conítru&ion and of demonftra- « - 
tion itis all one with thefirft, . 


The third cafe is eafieft of all, namely, whe © 
the poynt genenisin one of the extreames. 





) 





. nesthereof,feemeth to beasit werea princi- - 


of Euclides Elementes. Foli. 


is one of thcextreames of theline £:C ; Then 

making thecentre the poynt C,and the {pace 

C B deícribeacircle 8 L G:and from the cen- 

tre C drawe a line vnto the circumference, 

whichlet the C L,which by the definition of. 
a circle, fhalbe equal to the line genen BC. 

" "fhefoürth cafe as touching conftru&ion 
herein differeth from the two firtte y for that 
whereas in thé you are willed to draw a right 
line from the poynt geuen,namely , 4,tothe - 
poynt B which is one of the endes of the line 
geu&here you fhal not nede to draw that line, 
for that it is already drawen,As touching the - 
reft,both in conftru@ion and demonitration 
you may proceede asin the two firite. As itis 
manifefte to fee in thys figure here on the fide 

ut. 

1 pus propofition for the playnes & eafi- 





ple,and may eafly mechanically be done. For 
opening the compaffe to the quantitye ofthe 
linegeuen , and fetting on foote of it fixed in 
the poynt geuenand marking with the other 
another poynt-wherfoeuerit fall, & fo by the 
firft peticion drawing arightline fré the one 
of thofe poyntes tothe other,the fayd righte 
line fhall beequall tothe rightline geuen: yet. 
in deedeisitno principle, forthatit may by ` 
demonftration be proued: but principles can 
not be proued,as we haue before declared. 


Sx» The 3, Probleme. The 3.Propofition. 
Two vnequal right lines being geuen,to cut of from the grea- 
ter aright lyne equali to the lefe. . 











SANZ —— I, poe that the two vnequal right lines genen be A Bey 
NG G of which let the lyne A B be the greater. It is requio 
| )- Weis red from theline AB being the greater to cut of aright 


\ line equal to the right line C, which is the le[se linedrawet 


AU» x es | 
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Vey en( D tbe — —— tion )fro the ny ZLarigbt line 
— — y equall to tbe line C and let the fame be A D:and making 


ESSE o TSEA GIF ) tbe ceütré A and the [pace A.D defcri 
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peticion) acircle DEF, And forafmuche as:the 
point Ais the centre of $ circle DEF, therfore A- 
E is equal to A D, but tbe line Cs equal to the line 
ADV berfore eitber of tbe[e.lines A4 E-and.C is 
equall to 4 D, wherfore tbe line A E is equall to | pm 
the line Cwherforetwo vneguall right lines beng | X na 
geuen,namely,A B and C,there is cut of from 4 B... 2 a ne 
being y greater, 4 right Ime A Eequail to theleffes/ —— ag | 

lyne, namely, tol: which wasrequired tobtdont,— ^ pj. This 
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be (by thethird | 


The fourth cafe, 


This propofitian 
though st be Gen 
ry eafie ta be 
done wmechani-a 
cally yet ss wo 
principle, 


Two hinges pe- 
| Rem in this pro- 
pafirion. 

Diners cafes in 
Jf. 


r 

$ 
A 
#7 


The frf cafe. 


The fecond cafe. 

mayn gts ig E 

- oh — fz 
EA . 

=- s a + 

x E v 

h^ y “4 t 
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Lhe third cafe, 


Tbe fourth cafe 


The fib cafe, 


The fixe cafe. 


theline A4 F,thacis;vnto the line € 4X, Aetas eh 
_— ad 8 as ty 





This propofition, whichis a Problemé,hathtwo thingesgeuen, namely,two. 
vuequali right lines: the thing required ts,fromthe gteater to'cut ofa line equal 
to theleíle, Ir hath alfo diuerscafes. Forthe lines geuen either arédiftiné ch’one 
irom the other:orare ioyned rogether at Gne of thcit endes: or they curthe one 


— de morta OR ull Casi Tre ets xd» 
tne other, orche onecutteth the orherin one ofthe extreatries, V.V hich may, be 


two wayes. Por ether the greater cutteth the leffe, orthe lef ethe greater, Lf they 
cut che one the other either ech cuttech th'other.into equall partes ; or into vne- 
qual] partes : orthe one into equal] partes ;and the other into vnequall partes. 
V Vhıch may happen in two forts, fortheg eater may be cutinto'equall partes; 


andtheleffeinto vnequill partes:or contrariwife, «-- c 


‘ (à 3 
ae * ud a s «4 — 1 EC A ^ Lr E e y o o ay 
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_ When the vnequall lines genen are diftin@ the onefrom the other , the figure be- 
fore put ferueth. j — E or.) Smee ak E 
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If they be ioyned together at one oftheir ^c , 
ends,itis eafic to do.For making the centré that ^ ^^^ ; 
end where they are 10yned together , &thefpace — 3 
the lefícline,defcribe a circle: whichefhállofnet  — ^ 
ccítitie(by the definition ofa circle ) cut of from’,” | a 
the greater line aline equall to the lefleline , asit im 
is pldyneto ſee in the ſigure here put. — do c = 

Butiftheonecnt the otherinoneoftheexa i- i 
tremes. As for exãple :Suppofethat thevnequall = i: * 
right mes geucn be 4 Band C Didgwhictict then, a J naa 
line C :D pe th£gréater$ And leftiteline.G Dutton sis - on he B 
the line 4 B in'bisextreáme C Then makiagthe:... .- e] 
centre dand thé {pace 4 B,defcribea circle BF... 2- eT apte, s 


And ypon the line 4C defcribe an equilatet tris... 
angle( by the firft )which letbe 4 E Ci & produce i.. 
thelines E 4 and E C, And againemakingthecé- ^ ^, 
tre E and thefpace E defcribea Citle G F.Likes: 
wife making the centre Candthe fpace € G,def-^' 
cibe a circle. D, Now.foralinuch, as thelineE F. 

iseqnall to the line’ £ € (For Eis the: centre) óf 
which the line E A is equall to the line EC s thers {fo 
fore the refidue Æ F is eguali to the refidueCG. \ 
Baethe lines £Fisequall tothe, line 42, ford ;, 
rs‘the centré,wherefote alfothelineCG isequall |\\ - 
totheline 4 B.But the line CG is. 4lfó eqnall EG ee 

theline C Lyforthe point Cis the.ceatre Wheres) ary 4 < 
fore the line .4 Bisequall totheline CL. Wheres: ] 
fore from theline C D iscütof«heliic CL which S. 
iseqitall foxlie linez4. B5 04 See Re A SS | 
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liti hus uU 89 30174 
E ( . = 
i. ,"Dutnawlet.C 7 be leffe then AB and iet itcut AB, AP 
byhis extreameC . Now then cytlierit cutteth itinthe +- He 
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a 


$5 
Yk 


o 
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middeft or not in the middeft.Firfbletit cutitiftthe mid: < +" & 

i » , «f 7. n C ë E 2 ^ s 
deit:then C Dis ether the halfe’of AB, & fo is. ACequaly, | a 
to CUP, kl 1 x ad M b- E ^ * E e e * i P i J Mitan E Ei 

e. e ^" s 3*5: j i se vi 44 v AM AM T á : A X 94795 123 ta EA 
| Oritisleffe then thehalfe; and then, making the , len B1, 
i = - X d th b-a give & r4 P V rs 1 = — £N t. a T 8 s. 1 i 
centre C & the fpace C D deícriBea/ciseleswhich fhalbeut/ v èr 


of from the linee 2 aline equalto:stbeline € D. siii sos IA 
Oritis greater then thehalf.And thé vnto tl epoint., / 
A putthe line A4 F equall to thedine C D, by thes econd, i. 
* x N qe Ņ™ - A — Vey Here nia t diea 
And making the centre 4 & thefpaces4 F.déferibéá cir X ^ 
cle, which fhall cutof from thedine.4.B aline-equalltogu.) Xo : 


+ X 
t P . < D 7 &? $ sa 6” 
euni 2 t Á m 49% u `‘ w t 2B a 





of Euclides Elemmentes. Fol... 


Butiftheline C D do not cnt the line AB in 
the midft: C D fal either be the halféof the Ire. 
A Bior greater then the balfe,orleffe .I£CDbe — 
the halfe of 4 2,or leffethen the half of 44:8 ,thé 
making the centre C,and the {pace C D defcribe 
a circle whiche fhall cut of ftom the line24 7 a 


line equal tothe line CD, 


| The fenenth EF 
eight cafes. 





But ifit be greater then the halfe,then againe. 
ynto the point ef putthe line 4 F equal totlie 
line C D(by the fecond propofitio; ) & making 
thecentre 4, and the {pace 4 F déferibe acircte 
which fhall cut of from the line 4 8 a line equall 
to the line e4 F,thatis,to the line C D. 


Tbe ninth cafe. 


a^? 


POLL 


Butifthey cut thé one the other as the lines C rig d 

D& AB do, Thé making the cétre B & the {pace — J "m 
B A defcribe acircle 4 F,& draw a line from the L €. A eo ^ | 

point J to the pointC,& produceitto thepoint , 
F-And forafmuch as the wo rightlines 8 Fand. : 
CD are vnequall,andthe line C.D cutteththe | 
line B F by oneof his extreames, therefore itis 4 f 
poffible to cutof fromC D aline-equall tothe ES diese Sry ype 
line B F.For how to doit we hane beforedecla- | _ 2 WS oo 
red,wherefore itis poffible from zhelineC Dto. . N'- ^s 








* . C3 

cut of aline equall totheline 4 Bior AB and ; 
B F are equall the one to the other, G. — 
as a Aq sagen [ls PS a pee cay 4d ERES LY: — - d 
| ASADI PLAU GO. ACT Shes et ls SU ae es a at td à 
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. "This isto beroted;that in all thefe cafes,a man may bothas touchyrng cons Zm«frhefeea- 

ftruction and demon(trationyprocede as ia thefirft cafe, l'or icis pof(iblein an p festhe confirae 
"a ee wae Sree Goa «FL ay 7 ae a e LISD. tae oi in any lion end demo.» 


pofition to put to the ende of the greater lynealine equall to theleffelytie; and. ration ofthe 
fo makyng the centre the fayd ende,and the {pace the leffe line,to deferibea cite f cafe wif 
cle, which fhall cut of fr the greater lyne a lyne equall to the lime-put , namely, ferus, 

to the leffe line geuen,as it 1s miahifelt to (ceinthe figures) partly here vnder fet, 

and partly i n the beginnin g ofthe other fide put, 
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TL4 Propofr- Ifa inan will me- 
gion, shonghe chanically and-redis. 
"eit $ ly do this propofitis 
. mol eafie te d al 
he dome me. Olly Mot regardyng 
chanically, demonftration, hee 
Jetésnopris may extende his cõ- 
E paffe accordyng to 
the quantitie of the \ 
leffellyne geuen, & ^ 
fo fer'onfoote ther. — | 
ofin ohe oftheends : — | — v 
of the greater iyne Td use ig Aken Bi sa c3 H 18 Thi kis 
geuen andwith the ~ 33030 262 02209 S4 epi x 
other foote marké a pointe in the faid greater Lineswhich (hall. cütteof fone the 
pits reater linea line eqitall to the leffe. The eafines of doing wherof may caufe this 
esse A ropoficion a alfo to fééme vnto fómnei tó bé rathera: ptidciplesthens propofition. 
d s that. we Aayebefore i in the former Aaa ak phan As 
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* be two triangles, P hich iwo fi des 22 one Be equal 
_ totwofides of the other, eche fide to bis corre/pondentfide,and 
/ haunga lfoon angle of the one equal to one arigle of the other, 
oie that angle which is contayned vader the equall right 
dines the bafe alfo of the one /hall be egual to the bafe of of the 
\ otber and the one triangle Shall be equal to the other triangles 


and the other an gles 7 remayning hal be equall to the other an- 
gles remayning,the one to the other, under which are ré fubten- 


ded equali fides. 


Quo d 


tw 
presi 


nai Suppofe 


of Euvlides Elementes. Fol.u. 

E 2e Vppofe that there be two triangles A BCer D EF,has 
JESI uing two fides of the one namely A Band AC, egual to 
AA ro [ides of tbe otber;namely,to ID E aud DF, tbe one to 
tbeotberstbat is, A B to D E,and AC to 'DF:bauyng ala 

A ifo tbe angle B A C,equallto tbe angle E DF. Then I fay 


7 | - 
ST SN) that the bafe alfo BC is equall to} bafe E F: ex y the tri« 
| 














Ss ~ ther angles remainyng are equallto tbe other angles rez 
mayning,the one to the other vader whichare fubtended equall fydes:that ts, 5 
the angle ABC is equallto the angle DEF, andy theangle AC Bis equal to 
to the angle D EE For the triangle ABC exe | 
a&tly agreyng witb tbe triangle D EF, and tbe 
point A being put Ypo tbe ponit Dee the right 
line AB vpon the right line D E, the pointe B 
alfo fhall exaétly agree with the pointe E: for 
that( by fuppofition )the line AB ts equal to the 
line D E. nd tbe line AB exattly agreeyng 
pith the line DE the right line alfo AC exatts 
lyagreeth with the right line D F, for that( by . 

fuppofition the angle B A Cis equallto tbe ans 

gle ED F And forafmuch as the right line AC ts alfo(by fuppof ition ) equall to 


A 





E d 


Ss Jp angle A B Cis equallto tbe triangle D E Fund y theo» - 


Demonstration 
leading taan ` 


abfurdsties 


thè right line DF, therfore the pointe Cexadlly agreetb with tbe pointe F. Ao 


gaine forafmuch as the pointe C exaétly agreeth with the poynte F, and the 
point 'B exactly agreeth with the point E: therefore the baje BC fhall exactly 
agree with the bafe E. F, For if tbe point Bdo exattly agree with tbe point. E, 


aud the point C with the point Pjand the bafe B C do uot exacily agre wytb tbe... 
bafe EF, then two right lines dotnclude a fuperficies: which (by the to.camon 


fentence jis impoffible VV berfore the bafe B Cexattly agreeth w the bafe E F, 
and therfore is equall vuto it. VV herfore the whole triangle ABC-exadlly az 
greeth with the whole triangle DE Fer therfore(by the 8, common fentence) 
1$ equall vnto it. And ( by the [ame ) tbe other angles remaynine exactly aeree 
with the other angles remayning and are equall tbe one to tbe otber: tbat is,the 


angle ABC to tbe angle DEF, and the anole AC B tothe angle DFE, If 


therfore there be two triangles,of which two fides of the one, be equall to two 

Jydes of the other eche to bis correfpondent fide,and haning alfo one angle of the 
one equall to one angle of the other, namely,that angle which is céntayned vnz 
der the equall right lines: the bafealfo of the one (ball be equall to tbe bafe ofthe 
other and the one triangle fhall be equal to the other triangle,and the otter an- 
gles remainyug [hall be equall tothe other angles remayning, the one to the o« 
ther, ynder which are fubtended equall fydes: Whiche thing was required.to be 
demonftrated. "e $Se3- 


_, This Propofition which isa Thcoreme,hath two things geuen: namely,the 
l OE. equality 


St 
3 


d'mo tbinprs ge^ 
uen m this broa 


 pofitian, 


Three thinges 
"Figurred $2 EE. 


Howe one fide is 
eguali to an o- 
ther, €5 fo gene 
rally how one 
right line ise- 
qall to ano- 
‘eher. 


How onereétliz 
sed angle sse- 
gual to an other 


Why this parti- 
sele ech to bss 
-eerre[ponden? 
Jideys got. 


Hom one tritt - 
‘gle is equal to 
van ather. | 

What the fielde 

Or aréa of a tri~ 

angle r5 and fo 

of any redislined 

/ gre. 

Ibat tbe cir- 

cxite or copaffe 

of « triangle ts, 
and fo alfo ofa- 

5 rediilined fi- 
gere. 


quall,it is 


V befirsiBooke . 


equality oftwo fides ofthe one triangle, to two fides ofthe other triangle; and 
the equalitie of two angles contayned vnder the equall fy des, In italfo are thre 
thinges required. The equality ofbafe to bafe: the equality of field co field: and 
the equality of the other angles of the one triangle to the other angles of theoz 
ther triangle, vndec which are fubtended equall fides, 


I 


One fide ofa play ne figure is equall to an other, and fo generally one right 


lyneis equallto another, whenthe one being applied tothe other, theyr ex- 
treames agree together. For otherwife every righte lineapplied to any right 


lyac,agveeth therwith:but equall right lines only, agree inthe extremes. 


One reftilined angle is equall co an other retilined angle, when one of the 
fides which comprehendeth the one angle,being fet vpon oneof the fides which 
comprehendeth the other angle,the other fide of rhe oneagreeth with the cther 
fydeofthe other, Andthat angle is the greater, whofe fyde falleth without: and 


tharthe lefle, whofe fydefallech within, 


V Vhere as in this propofition is put this particle echetohis correfpondent fide, (in 
ftede wherof often times afterward 1s vfed this phrafethe one to the other Jit is of nec. 
ceffity fo put. For othervifetwo fydes ofone triangle added together,may bee- 
quall to two fydes ofan other triangleadded together,’and the angles alfo con- 
tay ned vnder the equall fy des may be equall: and yer che rwo triangles may hot= 
withitanding be vnequall, V V herenote thata triangle is fayd tobe equall toaa 
other triangle,whenthe field or areaoftheoneis equall to the atea ofthe othér. 


And the areaof atríangle,is that {pace,which is contayned withia the fydes ofa 


triangle, And thecircuite orcompaffe ofatriangle is a linecompofed ofall the 
fides ofa triangle.and fo may you think ofall other reGilined figures, and iow ~ 
to proue that there may betwo triangles,two fydes ofone of which being added 
together,may be equall to two fydes ofthe othera .ded together,and the angies 
contayned vinder the equall fydes may be equall, and yet notwithftanding the 
two-triangles vnequall, Suppofe that cherebe two re&angle triangles: namely, 
A B C,and D E F;andlet their rightanglesbe B A C and E D F. And inthetri- © 
angle A BC Ict the fyde A B bez. andthe fyde A C 4, which both added toge- 
cher make 7. 7 m 7 
Andin che D 
triagle DE 
F, let the fide 
DEbe2.and - 
the fide D F 
bes ,whiche 
added toge - 
ther make al 
fo 7,&ío the B | ^". 
fy m of the one triangle added cogether,are equall to the fides ofthe other trids 
sleadded together. Y et are both che triangles vnequall;and alfo their bafes. Por 
the area ofthe triangle A-B C is 6.and his bafe is 5. and the area ofthe triangle 
DEF isand his bafe i% 29. So tharto haue the areas oftwo triangles to be c- 
requifite that all the fy des ofthe two triangles be equall, eche to hys 
cortefpondent fy de, It happencthalfo (omety mes in triangles, that the areas of 
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c 
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- ghem beyng equa!l,their fy desadded together fhall be vnequall, And contrari» 


wife 


of Euchides Elementes. (0 Fol. 


wife,their (ides beyng equall,theirareas be vnequall.4s in the(e figures here put 


itis plaine to fee, In the firft iz 
example the areas of the two 3 1,6 
triangles are equal,for they are T. 


eche 12,and the fides in ech ad- 
ded together are vnequall, for 
in the one triangle the fidesad- 
ded together make 18, and in 
the otherthey make 16. But in 
thefecondexápletheareasof ' 

thetwo triagles are vnequal, : 

for the oncis 12,and th’other ye 
is 15, But the fides added toz : 
gether ineche are equall, for 
inechethey maker... 






+ Thatangle is faid to fub- 


f B c PW iu i ` How an angle 
cendafide ofatridgle,which - 4. 4 3 3 isfand tofusstd 
is placed dire&ly oppofite, - a fiderand a fide 
Sc againft that fide, That fide | | an angle 


alfo is faydto fubtendan an- | | E 
gle,which is oppofitetothe angle.For euery angle ofa triangle is contayned of 
two [y des ofthe triangle,and is fubtended to the third fide, 4 7 F 


\ This Biche Rit sano fiuior in which is vfeda demonftration lea an [EN 
abfurditiejoran impoffibilitie, V V hich isa demonftration that roA TON prawe Dt do. 
rc&tly the thi ng entended, by principles, orby thinges before prouedby thefe. 777 ry evai/o 
principles:but proucth thecontrary therofto be impoffible, & {o doth indire@- ee far 
ly prouerlerhiusentgided, "n o ^ T 
(Cosa The2 Theoreme, ” Thes Propaftion. 
. ein lfofceles,or triangle oftwo.equal fides hath his angles at 
«the bafe equal the one to the other.eAnd thofe equal fides be 
es ing produced,the angles whichare ynder the bafe are a fo D 
^ "gnalltbeonetotbeüther. °° ER A N 
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VV ppofe tbát 4B'C beatriangle'oftyo ^ 00 007 
2L equal! [ydes called Lofceles , haning the 
S AM fyde ABequall to the fide, AC. And 

7 (by tbe fecond peticio) produce the lines 
ABS AC directly toy points Dex EThe Lfay, 
that } angle ABC is equal to the angle ACB:and 9 
J angle BD is equal toth’ancle BEET akein | 
the line BD a point at all aduentures, and let the 


—R F4. fame 






- $ 
——— 


Confradhen, 





Desssnfiration. 


The rit Booke 


_ fame be F,and(by the third propofition)from the greater line, namely, AE, 


cut ofa line equall to A F being tbe lefse line,and 

let the fame be AG: and draw a right line fro the A 
point F to the point C,and an other from the point 
C to tbe point B.Now then for as muche as AF is 
equallto AG,and A Bis equallto AC, therefore 
thefe two lines F Aand AC are equall to thefe two 
linesG Aand AB,the one tothe other, and they 
containe a common angle namely,that which is ca 
tained ynder FAG: wherfore (by the fourth pros 
pofitionjthe bafe F C is equal to the bafe G B: and è ` 

the triangle A F Cis equall to the triangle AG B and the other angles remate 
ning are equall to the other angles remaining the one to the other, vnder which 
are [ubtended equall fides: that is,the angle AC Fis equal tothe angle A BG, 
aud the angle AF Cis equalltotheangle AG B, And forafmuch as the whole 
dine AF’ ts equall tothe whole line AG, of which the line A Bis equal to$ lyne 
AC, therfore the refidue of the line A F namely tbe line BF js equal to tbe res 
fidue of the line A G,namely,to the lineC G (by the tbird common, [enteuce) 
And itis proued that C Fs equal to BG. Now therfore thefetwo BF ee FC 
are equall to thefetwoC G andG Bthe one to the other, and the angle BF Cis 





> equall tothe angleC G B,and they haue one bafe,namely;B C,common tothem 


both: wherfore (by the 4. propofition) the triangle BF Cis equalt to the-tris 


angleC GB, and the other angles remaynyng are equall to tbe other ane 
glesremaining eche to other, vuder which are fubtended equall fides VV here 
fore the angle F BCis equall to the angle GC B, andthe angle BC Fis equall 
to theangleC BG, Now forafmuch as the whole angle ABG is equall to the 
whole augle AC Fas it hath bene proued )of which tbe angle C'B G is equal to 
the angle BCF: therfore the angle remayning: namely,A B Cis equall tothe 
angle remaining namely,to AC B( by the therd common [entence) And they ar 
the angles at the bafe of the triangle ABC, ind sis proued thatthe angle F B 
Cis equall to the angle GCB and tbey are angles vnder tbe bafe. VF berforea 
triangle of two equall fides bath his angles at the pales qual the one toy other, 
And thofe equall fides being produced,the angles which are ynder the bafe are 
alfo equal the one to the other: which was required to be proued. 


For that 
thís prO A. 
pofitió 
is fome 





what B 

hard to. — 
erceue f, 
y rea- i D 

fon the 





of Euclides Elementet. |». Fols. 


fides of the triangles A F-C and A-G B & alfo thefydes ofthe triigles B FC & 
C GB run {o one vithinan other,therfore [ haue here patthé diftin&ly,namez 
ly ,the triangles F A C and B t C ononefy de of the figure of che propofitid 8 
the triangles AGB andC G B onthe other fyde:fo that you may with leffe la- 
bor fee the demonftration playnely. ) 


That tnan Ifofceles triangle,the two angles aboue the baíc are equall, may 
ótherwifc be demonftrated without drawing lines beneath the bafefomwhat alz 
tering theconftru@tion, Namely ,drawing the lines within the triangle , whiche 
before were without itafter this manner. 


Suppofe that.4 BCbe an Ifofceles triangle:and in the line 
A Btakea point at all aduentures,and iet the fame be D, And 
from the line 4C cut ofaline eqnall to the line 4D. Which 
Jet be.4 E, And drav thefe right lines 8 E,D C,and D E, Now 
forafmuch asin the triangles,.4 B E,and AC D, the fide 4 Bis 
equall to the fide 4 C,by fuppofition , and the fides 4 D and 
AE arealfo equall by conftruGion,and the angle at the poynt 
Aiscommontothem both: therfore.by the fourth propofiti- 
on,the bafe B Eis equall to the bafe D C. And,by the fame, the 
angles reniayning ofthe one triangle are equall to the angles 
remayning ofthe other triangle.Wherefore the angle 4 B E1s 
equal to the angle 4 CD.Againeforafmuch as inthetriangles m c 
B'D E,and C E Dthe fide D Z is equall to the Gde E C, and the 
fide B E to the fide D C,and the angle D B E is equal to the an- y 
gle EC D,and the bafe D E being common to both triangles is equall to it felfe:there- 
fore the angles remayning of the one triangle, areequall tothe angles remayning of 
the other triangle. Wherfore the angle E ‘D Bis equallto the angle DEC: & the angle 
DEB isequal to the angle E DC.And forafmuch as the angle E D B is equal to the an 
gle D E C, fré which are taken away equall angles DEB,& EDC, therfore by the cô- 
mon fentence the angles remayning,namely,B D C and C-E B are equall: Andasit was 
beforemanifett the fides B D and DC are equall to the fides C Eand E B the one to the 
other,thatis,ech to his correfpondent fide : and the bafe B Cis common to both the 
triangles:wherfore the angles remayning are equall to the angles remayning the one 
to the other,vnder which are fubtéded equall fides. Wherfore the angle D B Cis equall 
tothe angle £C B.For theline D C fubtendeth theangle D 5 C,and the line E B {ubté- 
deth the angle E C B:which two lines are as we haue before proued equall. Wherfore 
in an Ifofccles triangle,the angles at the bafe are equall , though the right lines be not 
produced, : bb. 


A 





— Toprouethis alfo,there is an other demonftration of Pappus much fhor. 
ter which needeth no kind ofaddition ofany thing at all:as followeth. 


Suppofe that 4 J C be an Ifofceles triangle ,& let the fide | 

44 B be equall to the fide 4 C,Now then vnderftand thisone A 
triangle to beas it were two triangles,And thusreafon- For- ^ 3 
afmuch as inthe two triangles 4B Cand ACB, Bis equal 
to AC& ACto A B,therfore two fides of the one are equall 
to two fides of the other, ech to his correfpondentfide, & the 
angle 8 44Cis equall to theangle C 4 B, foritis oneand the 
felte fame angle. Wherfore by the 4.propofition the bafe CZ 
isequall to the bafe B C , and the triangle &44 B C isequall to 
the trianele 4C B:and the angle 4 B Cis equall to the angle | 
AC B,andtheangle 4C B totheangle 4B C:forvnderthem "$7 ^ c 
are fubtended equall fides naniely,the lines 44 B & 44 C. Wher 

forein an Ifofceles triangle;the angels at the bafe are equal. 
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An other demé~ 
[fration inuene- 
ted by Proclus. 


An other dema- 
Fratton nuek- 


sed by Papput. 


Thales Mileſius 
‘the inxentor of 


hss prepofition. 


Demonitration the poynt D tothe 
deading toan 


geripoffotlit y, 


Lae chiefef and 
im of! proper bind 
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exi rucdtion. | 1 
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The old Philofopher Thales Milefius was the firft inuenter of this fifth prop ofiti- 
on,asalfo of many other. | E a. ™% 


SapThe third Theoreme. The fixt Propofition. 


Ifa triangle bane two angles equall the one tothe other: the 


fides alfoof the fame, which Jubtend the equall angles, fhalbe 


equal the onè to the other. 








GED 24 V ppofe that A BC be a triangle, bauing the angle ABC 
UO equall totheangle ACB, ThenI fay. that the fide AB 

Y isequall to the fide AC For if the fide AB be not.equal 
Lero thefide A Gthen one ofthem is greater Let AB be 


ST è Sigal i » i b. yi fot 5 ) 
SA p Ni Ihe greater And by the third propofiticn , from AB bee 






NSAN ino the greater cut of aline egual to the lefse line, which. 
slis AC And let the fa -An e from 
2965 4C dnd letthe fame be (DB , Anddrawe a line from 


f S 


poynt. C.N ow for afm uchbasthe: Ss. ne A 
fide D B is equallto thefyde AC,and thelme Bo 6%... 
Cis common to the both: therefore thefe two fydes 
-4) Band BC areequall to tbefe twofydes AC eo 
CB the onetothe other: And the angleDBC is 
by fuppofytion equall to theangle ACB. VV hers 
fore(by thea. propofy tion ) the bafe DCs equall 
‘to the bafe A Beo (by tbe fame )the triangle DB 7. asd oss 
Cis equall tothe triangle AC Binamely, thelefse Bo.  — € 
triangle vntothe greatertriagle,which isimpofi ys, lowing 
ble VV be fore the fydé A Bisnot vnequal to the fide AC. VV herfore itis es 
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qualfeheforeatriangl baie roe anglestualtbe one tg ve obe:tbe ie 
‘alfo of the faine, which fubtende the equallangles , (hall be equall.the one to the 
other: which was required to be demonfirated, (beset cig 
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—— In Geometric is oftentimes yfed conuerfion of propofitions,As this propos 
(ition is the conuerfe of the propofition next before, The chiefeft and moftpro- 
per kind ofconuerfion is,when that which yas thething fuppofed in the former 
propofition,is the conclufion ofthe conuerfe and{econd propofition : and cong 
trarywife that which was concluded inthe firft,is the ching tuppofed inthe fe. 
cond asin the fifth propofition it was fuppofed the two fides ofa triangle to be 
equal the thing concluded is,that the two angles at the bafe are equall & in this 
propofition which is the conuerfe therofis fuppofed that che angles at the baſe 
be equall, V V hich in the former propofition vas the conclufion, And the con: 
clufion is,thar the two fy.des fubtending the pwo angles are equall,wArch in the 
fornier propofition was thefuppofition, T his is the chieieft kind of conuertion 
vniforme and certayne. E ma 
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of Euclides Elementes. Fol.16. 


There is an other kind of eonuerfion, bat not fo full’ conuérfion nor fo per- 
fe& as the firftis, V V hich happeneth in compofed propofitious that is, in fuch; 
which haue mo fuppofitions then one,and paffe from thefe fuppofitions to one 
conclufion. In thecónuerfes offüch propofitiós,y ou pafle from the conclufion 
of the firft propofition, with one or mo of the fuppofitions of the fame: & con- 
clude fome other (uppofition of the felfe firft propofiiiaa : of this kinde there 


are many in Euclide, T herofyou may haucan example in the8.propofition be- - 


ing the conuerfe of the fourth. T htsconuerfion is not fovniformeas the other, 
but more diuers and v ncertaine according to themultitude of thethings gcuen; 
or fuppofitions inthe propofition. p m " 


But becaufe in the fifth propofition there ate two conclufions, the firft, chat 
the two angles atthe bafe be equall:the fecond,chat the angles vnder the bafe are 
equall: this is to benoted,thar this fixe propoficion ts the conuerfe of the lame 
fifth as touching the firft conclufion onely. Y ou may iniike maner make a con- 
uerfe ofthe fame propofition touching thefecond conclufionthero£, And that 


after this maner, | | 
He two fides of a triangle beyng produced if the angles vnder the bafe be equall,the faid triangle 


had be nn Ifofceles triangle. ]n which propofittó the fuppotition ts,thac the angles 


vinder the bafe are equall: which iathe fifth propofition was the conclufton: & 
the conclufion in this propofitton ts,thatthetwo fides ofthe triangle are equal, 
which inthe fift propofitión was the {uppofition. Buc now for proofeofthe faid 
propofition: | 
Suppofe that there bea triangle 4 2 C , & letthe 
fides "f Z,and e C be produced to the poyntes D 
andG ,andletthe angles vnder the bafe becquall, 
namely,the angles D B Cjand GC 2 . Then Líay that 
the triangle 448 Cis an Ifofrelestriangle. For takein 
the line 4 D a point which let be E,And ynto theline 
B E put the line C Fequall(by the 3.propofiti6 ).And 
draw thefe lines E C,B F,and E F. Now forafmuch as 
B EisequalltoC F,and BCis common to thé both, 
therfore thefe two lines B E & B C,are equall to thefe 
twolinesC FandC Bthe one tothe other, & the an- 
gle E B Cisequalltotheangle FC 2 by fuppofition. FE / 
Wherfore(by the 4,propofition ) the bafe of the one 
is equall to the bafe of theother,and the one triangle 
is equal to the other triangle , & the other angles re- 
mayning are equal vnto the other angles remayning, | | 
theoneto the other,vnder which are fubtended equall fides, Wherfore the bafe E Cis 
equall to the bafe F B,and the angle B ECtotheangle CFB , andthe angle CBF to 
the angle 7 C E,Butthe whole angle E B Cis equall to the whole angle F CB, of which 
theangle F B Cis equall to the angle ECB : wherefore the angle remayning EB Fis e- 
quall to the angle remayning F C E.But the line B Eis equall to the line C F,& theline 
B F tothe line C E,and they contayne equallangles:wherfore by the fame fourth pro- 
pofition the angle B E Fis equall to the angle C F E, Wherfore by this fixt propofition 
the fide ef Eis equallto the fide 4 F:of whiche B £ is equall to C F, by conftru@ion: 
wherfore(by the third common fentence)the refidue 4 B is.equall tothe refidue 4€ 
Wherfore the triangle .4 B Cis an Jfofceles triangle.If therfore the two fides of a trian- 
gle being produced,the angles vnder the bafe be equall,the fayd triangle fhall be an Z 
fofecles triangle: which was required to be proued. — m 


A. 





D 


This moreouer is to be noted,that in this propofition there may be another cafe: 


An other kind of 
conuerſion not fa 
perfect as the 


ff. 


T mo contlsfions 
NU the fifth pre 
pofition. ` 


The fixt propo- 
fison £3 the coja 
nerſe as tou- 
ching the frj 
tonclsfion cre ^y, 
The conuerfe as 
touching the ſe- 
cond conclfion 


C onſtruction. 


Demonlratiois 


Another cafe ie 


for in taking an equall line toed C froni.4 B,you may take it from the poyntec-f and this fixt propofe- 


fn, 


Demonstration 
leading to an 
æbſurditie. 


— 





| Lhefirft Booke 


not from the poynt B, And yet though this fuppofition . 
alfo be put the felfe fame abfurdity will follow. | * 


or ſuppoſe that AC be equall to A D: and produce 
thelineC e£ to the poynt E:and put the line 4 E equall 
to the line D B(by the third propofition )wherefore the 
whole line C E 1s equall to the whole line 4 B ( by the fe- 
cond common fentéce ) Draw a line from the poynt £ to 
the point J. And forafmuchas the line e4 B is equall to 
the line EC, andthe line Cis common to them both, 
and theangle e/7 C B is fuppofed to beequallto thean- 
gle.4 B C: Wherfore(by thefourth propofition ) thc tri- 
angle E 2 Cisequalltothe triangle.4 7 C, namelyesthe 
whole to the part: which is impoffible, 





im be A. Theoreme. The 7. Propofition. v 


Fffrom theendes of one line, be drawn two right [ynes to any 
pointe:there can not fro the felf ame endes onthe fame fide,be 
drawn two other lines equal to the two firft lines, the one to the 
other, nto any other point. vs 


» 


(ia SKS} Or if it be po/Sible: then from the endes of one ex the felf 

Aj] [ame vight line, namely, AB from tbe pointes( Ifay).4 
Ñ Fs and B let there be drawn tworight lines A C and C B to 
ZEN LU the point C; and from tbe fame endes of the line A B, let 
Ase there be drawen two other right right lines AD and D 
| UNO. | JAP equall to the lines ACandC B the one tothe other, 
gero. 2 Aes N Iseche to bis correfpondent line and on one and the fame 


Ld 


C - 
WA 
; ^ 


fide and toan other pointe, namely, toD: fothat 
let C A be equalltoD A beyng both drawen from 
one end,tbat is, 4:7 let C B be equall to D Bybee 
yay both alfo drawn from one ende,that is, B.And 
(by the fir fè peticion ) draw a right line from the 
point Cto the paint D.Now forafmuch as A Cis ez 
qual to A D;theangle A C Dalfo isf by thes,pros 
pofition Jequali to theangle ADC: wherfore the 
angle ACD is lefe thè the angle BDC, VV bers Á. 
foretheangle BC D is much lefethen the angle © © a 

BDC. Againe forafmuchas BC isequallto BD, and therfore alfa the angle 





t 


BC Dis equallto theangle BD C,And it is proued that it is much lefse then it: 
which is impofsible If therfore from the endes of one line, be drawen two: right 


lines to any potate: there cay not from the felfe fame endes onthe fame fide, be - 


drawen two other lines equall to the two fir ft lines, the ane to the athersvntoas 
nyotber pouit: VV bicb was required to be demonftrated, In 


of Euclides Elementes. SPORT, 


In this propofirion the conclufion is a negation, which very rarely happe- Negarine conch 
néth in‘the marhematicall artes) For they eter forthe moft part vic to conclude fions — 
affirmatiuely 8c not negatiuely. Fora propofitió vniuerfall affirmariue is moſt — 
agreable ro tciences,as faith Aristotle,and is ofit felfeftrong, and nedeth no nega- 
tive to his proofe, Buran yniuerfall propofition negatiue muft of neceffitie haue 
to his proofe an affirmatiue, For of onely negartue propofitions there canbeno 
demonftrations,And therfore f{ciences vfing demonftration, conclude affirma- 


tiuely aud very feldóme vfe negatiué concluftons. - | 
— Ste In other demonftration after Campanus. ss. 


Suppofe that there bealine 42, from whofeendsdandB; > C_D 
letthere be drawen twolines 4 Cand BC on one fide , which let Ny x 
concur in the poynt C, Then I fay that on the fame fide there can- 
not be drawen two other lines,from the endes of the line 42, 
which fhall concur at any other poynt,fo that that which is drawé 
from the point 4 fhall be equall to the line 4 C,and that whichis 
drawen from the point B fhalbe equall to the line B C, For ifit be — 
poffible,let there be drawn two other lines on the felfe fame fide, PET W^ PR 
which let concurre in the point D,and let the line 4 D beequalltotheline 4C, &the ,, ast 
line B D equall to the line B C.Wherfore the poynt D shall falleither within thetrian- 14;. demenftrae 
le A B C,or without,For it cannot fallin one of the fides,forthen a parte fhould be e- zion, I 
quall to his whole.Iftherfore it fall without: then eitherone ofthelines 4d Dand DB. 
fhall cut one of the lines 4 Cand C B,orels neitherfhall cut neyther , Firftelet one cut. £gc5fs. 
the other and draw a right line from € to.D. Now forafinuclias inthetriangle 4 CD, — 
the two fides 4 Cand 4 D are equall,therfore the angle eZ CD is equallto theangle 
A DC,by the fifth propofitié: likewife forafmuch as inthe triagle B C D,the two fides 
B Cand B D are equall,therfore by the fame,the angles BC D & BDC are alfo equall. 
Ad forafmuchas the angleB DCisgreterthétheangsledDC; F\:. .. 
it followeth that the angle BC D is greater then the angle 4 C D, 
namely;the part greater then the whole:which isimpoffible- ` ~> 
But ifthepoint D fal without the triangle 4BC,fothat the lines ‘ 
&ut.nottheone the other,draw alinefrom Z2 to C. And produce 
the lines.B D & BC beyond the bafe CD, vnto the points E & F. 
And forafmuch as thelinés 4 Cand _A Dare equall, the angles 24 
€ DandA DC fhall alfo'be equall, by the fifth propofition :like-: Le 
wife for afinuch as the lines 7 C and 2, D are equal, the angles yn-,, A a * 





Second cafe. 


der the bafe,namely,the angles FD Cand ECD are equall; by | 

the feconde part ofthe fame propofition ; And for as muchasthe angle E C Disleffe: 
then theangle 4 C D.::ftfolloweth that theangle F D Cisleffe théthe angle 4 D'C; 
which isimpoffible:for that the angle 4 D Cis a part of the angle F D C.And the fame. 
snconuenience will follow ifthe poynt D fall within the triangles BC, > Xa 


css aT De fft beoreme, ... The. Tyspofition, —— 7 
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mU V vm T ; E 

LC Mfüsotisigles aue rvo fidescfilone equalltotmo fides of 
i theother,echeto bis correfpondent fide; cg: baue alfo tbebae 7 
cf tlie one equall to the baje of the otber ` they fhal haie alfo i 
the angle contained under the equall right lines of the one,e- 

quall tà tbe angle contayned sunder the equallright hnes of 
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Demonf'ration 
Heading toan, 


enpefjibility, 


WA iina wea, ; ' -—- ^u ty . * : 

- . atcily agrée with thelines ED ED : Jp: 
"CE Barf the bafe BC dh exatth ae ff 
ee nngree withthe bale L-Fs but-the fides » If... 


à 


This propoſition 
gs the conuerfe 
of the fourth, 
but notthe ches 
fef kindof cona 


wer [ion 


a TRACNU RISE 


pomt E and the right line B Cpon : 


the lire B Cis equallto the dine EF)... > 42: 


‘ "- À | “Lhe fir Booke na 
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LNT ppoe that there be two triangles AB Cand DEF: 
2Afe&«" | et thefe two fidesof the one AB and-A Cbe equall:to 
Ey thefe two fides of thëotber D E;and D F ech to his cor« 

J ey Vay Point ide,that it, B to D E,and AC,toD P, e 
"desse ees et tbe Laje of thé one pamely,B C be equal to the bafe of. 
| ea 9 t be other namely to EF. Then Lfay,that the angle BA 
SSSI SEAC is equallto the angle EDE For the triangle ABC exe 
































onrem 





attly agreing With the triangle DE ~~ 
Fyand the point B being putypon the -... - AD 
o -G / ! 





» D 
ze ‘ . ( 
T 4 
] E 
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the right line BF: thè, point. C [hall 
exactly agree with the paint F (for... 


Aud BC éxaitly agreeing With EF ` 
the linesalfo.BA and AC fhall exe | 


BA AC doo notexally agree 


thes ED ex DP pacifier ask F 
Ge G F da tb from y endesof one. - 


Ca 





due fhalbe drawn two right'lines to a poynt,ex from the felf fame endes on the 
fame fide [halbe dratyn two other lines equal. to the two firft lines,y one tothe oa 
-tber aud Yuto an otber poynt;but tbat is impo[Sible;(by tbe feuentb propofito) 


f 


VV berfore the bafe'B Cexattly agreeing with the bafe EF, the fides alfo BA 


and AE do exattly agre with the fides EK Dand DEVVherfore alfo the angle 
B AC fhallexaGly agre w tbe angle ED P and therfore fhallalfo be equatto: 
it Ifthe: fore two triangles bane two fides of the one équallto two fides of thé 


tt 


+e 


a PU. PP CN M BTESC AN PI EVE "E m “bed geeks} i331 
otherjech.to his correfpondent fide and haue-alfo the bafe of J one egual tothe, 


5 


bafe'of the other:they fhalibaue alfotheangle contayned-vnder the equallright 
J Mhi MY de i i. A e ^ fis a ». Beas | 2S ct — wi da cg "c ^ nx p 7 i} p = rey a Las UU 
lines of the on e,equall-to the angle contayned yuder tbe eg ual viebt liüs ef the 
cU. qu M EL" (eae Í tes Jie E. ios T m 28.1 4012 Wu or iis ae Serie £9 3C58 


b d 


othertwhich bas required to be proued. 

This Theoreme is théeconuerfe of che fourth , but it isnot the chiefeft and 
principatl.kind of conuertion, Forit cugneth nor che whole fuppolition into the 
conclultosadd ché whüle conclufion ibto che fuppotitionsPor the fourth pros 
pofitid whol e conuetſeth Sis, is a cõp ound: theo reme; having twoth inbs geué 
o Cappofed,irhich arechefe;the one,thattvo fides of the onc triigle beequal to 
rwo fides ofthe other ariagle:ch'other,dhat the angle córamed otthe two fides of 
thioBEis equal roche anglecontained of thetyo fides of. th one:but het'araon- 
Belt ages oneching required, whiche is, that thebaleofthe oncsis equa’ to the 
bafe of the other, Now in this 8; propofitió;bcing the conserfecheroftliat che 
bafe'GÉthe one is equal to thebafe of th'other,is the fuppofition;orthe tliing gez - 
wé; which in the former propofitio was the conclufid. and this,that two fid - 


^ 





of Euclides Elementes Fol.18. 


tke one are equall to two fides of the other, isirthis propofition: alfo afups 
po£ition;l ike as ir was tn che lormerpro pofition;fo that 1 t is qihinggeuen in eis 
ther propofition, Theconclufion ofthis propofition 1s that the angle enclofed: 
ofthetwo equall (ides ofthe one triangle is.equall to the angle eaclofed of che 
two equall fides of the other triangle: which in the former propolition was one 
ofthe tings Souci — | 


— — ae TO 


Philo and his{cholas demonftrate this propofition without the helpe ofthe 
former propofition,in this maner, 


ab i andis B un Er E Le a ik. o °S SR oe Pee a ee he — s d nas 
ey, k | gw" 8 SO ae. | 2 x Hy x00 * 4 5 ! 303 e 
". Sappofe thattherebetwotriangles 4 2 Cand'D EF, hauing two fydes of the one. 


equállto two fydes of the other;namely,.4 Band AC equallto DE and D F , the ove 
to the other, & the bafe BC equalto the bafe EF. And for that the bafe'B Cis equall ; 
to the bafe E F,therfore the one being applied to the other they agree’, Place the two 
tridgles d BC&DEFinone & the felf fame plaine fuperficies,& apply the bale of the 
one to the bafe ofthe other:But yet fo that the triagle A B C be fet one the other fide of 
the right line E F,that the top of the one may be oppofite to thetop-of the other. And 
in tead ofthe triangle 4 BC put the: aa tv D 
triangle E FG asin the figure, And let 
DE be egaal toi c aad DE tana a ese 
Nowe then bythis meanes fhall hap- Bw) 
pendiuers cafes, Forthe line F G may 
fall dire@ly:vp6thelineD F,oritmay: ©... 7. 
fo fall that itmay make with theline "| _ 
I} F an angle within thefigure;or with: 
out, ee Wee * F Yar sae, B > 






f 1 


v 
t 
* 


* B rarer ith “ui ?w Eu. E 4G È 
Firftletit fall direglye. And fora- < o 


mucheasthelineD Eis equallto the "^ ^ i 
linéE Gand D EGj1sonerightelimez.— 50505 0200s 
therfore D E'GisanIfofceles triágles . ^. i uan a 
and{o,by the fifthpropofition,thean- / 
gleatthe point Disequaltotheangle’ . ^ 

at the poynt G:which was required to 

beproued, — . "T F 


Sy 


But if it fall not dire&ly , biít make with thelineD. 

Fan angle within the figure, drawe aline from Dto, G» 
Now forafmuch as.E D and E Gare equall,and the ine. 
D Gis the bafe-therfore by the fifth propofiti6, the an- 
gleE D Gisequalltothe angleEG.D-. Agaynefota(- ^: [5 
much as D Fis equallto F G,and:D.G 1s the bafe: ther-, [ — 
fore by the fame,the angle FD Gisequaltothe FGD: / _ 
and it was proued that the angle ED G isequall tothe: B 
angle E G D:wherfore the wholeangle ED F is equal to Migs te 4 
Vie wbeleangle B GE ?ywhichewasrequiredtobepros —.. es es 
nen | | A 5 : exami: 


-““Batiftheline FG make withthe line DFan-angle - 
‘without the figure:draw a right line without the figure. 
~ | EI from 





an other dermis ` 


- fraction suena 


ted by Philo. 


“After this dea 
rnoufiratio thre 
cafes in this pres 


The frf cafè: 


M 5 
QUA S mM 


The fecond cafes 


The third cafè, 


Conktruction. 


Demonitratson., 


4n 
4 


Thefirft Booke 


en ie to the poynt G. And forafmuch as DE and EG areequall andDG - 


is the bafe,therfore by the fifth propofition,the angles ED G and DG Eare equall.A- 





-— 41g 
gaine forafmuchas DF is equall to F G,and D G is the bafe, therfore,by the fame,the 


. ahgle F D Gisequallto théangle FG D ; Anditwas prouedthatthe whole aneles E 
3G & DG Eareequalltheonc to the other: wherfore the angles remayning ED F 
£G Fareequall the one to-the other,which was required to be proucd;: ‘, ° | 


Z 
7 
a ide 


ieee 
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BOr Inu i i^ hw: * —— ¢ 
— 4.Problene.  The9.Propofition. 
Tier. Wr rác od; Ir 
Todeuide a rettiline angle geuen,into two equall partess > 


"M 


Nr 







NCS — LE V ppofe tbat the rettiline angle oenen be B AC, It is rea. 


Ci ek quired to denide the angle B. AC into two equal partes, 
| AR In the line AB takea point at all aduentures, cz let tbe: 


VS ES € PE fame be D. /fnd( by the third propofition )from the lyne 


DEA AN LC catte of the line AE equallto AD, And (by the. 
LVZ WU ‘first peticion) draw aright line from the point O to tbe: 
— — £A point E. And(by the firſt propoſitiun )vpon the line OB 


ibe an equilater triangle and let the fame be DF E, and(by the first beti⸗ 





^ 





defcribe 4 
cion) drawe a right line from the poynte Ato | 2.56214: 
the point F. Then Lfay that the angle B A C is by 
5 line AF deuided into two equal partes.For fora 
afmuchas AD ts equall to AE, and A Fis.comon, : 





to them both:tberfore thefe tho D'A and AFiare .. a 
equall to thefe two E Aand A Fythe one to theo= 2 = 
ther.But( by tbe first propo[itiou) tbe bafe D Fis .. k 
equallto the bafe E F:wberfore( by the 8, propos ' r 


fition)tbeaugle D 4 Fis equalto the angle FAB. — P 
VV berfore tbe ve£liline angle geuen namely, B... so 
A Cis denided into two equalpártes.by tbe rigbt line AF-VV hich was requis 

, avit 
red to be done. 


$ & 
(uit 


Inthis propofition is not taught to denidea right lined angle into mo partes 


. thentwo: albeit to deuideanangle,foit bea right angle,iato three partes, it js 


not 





of Euclides Elementes. 


not hard, Aad itis taught of tell» in liis'firftboke ofPerípe&iue,the 28,Propo- 
fition,Por to deuidz an acuteangle into thtec equal partes ,is(as faith Preclus)1m- 
poffible:vnles it beby the helpe;ofotherliües which are ofa mixt nature, Which 
thing Zcemedes did by {uch lines which are called Concosdes linea,who firft ferched 
out the inuention,nature,& properties offuch lines, Andothers diditby other 
meances,as by the helpe of quadrant linesinuented by Zippias e Nicomedes Others 


by Helices or Spital lines intiented of Archimedes.But thefe are things ot much dif- 


ficulty and hárdnes;and nothere to beintreated of, ^ . 


ea. NM 3 S 
a à b ’ 


Here againft this propofition may ofthe aduerfary be broughtan Xinftance. 
Forhe may cauill that thehed ofthe equilater triangle fhall not fall betwene the 
tworght lines but in one ofthem,or withoutthembeth.As for example, 


Suppofe that the angle to be deuided into two ` 
equall partes-be BAC, andinthe line Bef take ~.. 
the.poynt Dand. vnto.the line DA put theline —_ 
A Eequal(by the third propofition. JAnd draw a 
line fro D to E,And vpon the line DE defcribe(by 
the firft) an equilater triangle which let be DFE, | 
Now then ifit be poffible that the point Fdonot 
fal betwene the lines 4B & 4 C,then it fhal fal e- 
ther in the line 4B or -AC, or withoutthem both... 
Suppofe thatthe point F be fall vpon line 42, fo... 
that let D EE be an equilater triangle. Wherfore : 
the line DF is equal to the line F E: & the angles; d | 
atthe baíe are equall, namely, theangles ED E, ~. Adm. ‘ 
and DEF. Wherefore the wholeangle DEGis - -. — — 


A 
/ 





t., 


greater then the angle E D F.." Againe forafinuch as e£ D is equallto 4 E, therefore 


AD E isan tfofceles triangle.” Wherefore (by the fifth propofition ) the angles.yn- 
der the bafe are equall,Wherfore the angle D E Cis equall tothe angle E D B. Butit 
was alfo greater; which is impoflible. Whertore the-top of the equilater triangle cánot 
bein the right line .4 B.And in like fort alfo may we prone that it cdnot be in the right 
line 4 C,Wherfore fuppofe that it be without them both,ific be poffible. And forat 
muchas D Fis equal to F E,the angles at the bafe are equal.namely ,the angles DEF & 
E D F.Wherfore the angle D EF is greater then theangle EDE.Wherforetheangle D 
ECis much greater then theangle E D F,Butit isalío equal vnto it.For they are angles 
vnder the bafe D E of the Ifofceles triangle 4.D E-Which is-impoffibie . Wherforethe 
poynt F fhall not fall without the two right lines on that fide “And in like forte may we 
proue thatit fhall not fall without them on the other fide . Wherfore it hall of neceffi- 
ty fall betwencthem:whichwasrequiredtobeproued, == 


There may alfo in this propofition bediuers. cafes, ifit (o happen thatthere 
be no {pace vader the bafe D-E to defcribe an equilater triangle,but that ofnecef. 
fitic, you muft defcribe it on the fame fidethat thelines AB‘and A C are. For 
then thefides ofthe equilater.triangle either'exa&ly agree with the lines AD 
and AE, ifthe faid lines AD-and'A E beequall-with the bafe D E, Or they fall 
without theny,1fthe lines A‘Diand AE beleffe then the bafe DE. Or they fall 
within them, ifthe faid lines be-greater thea thebafe DE,. . L 

c2 .kflrO! hath no ed VOU E 


4 A y- 


Firft let them exactly agree,And let D 4 E bean equilater triangle.Ànd in the fide 

A D take the poynt G,And from the fide 4 E cut of aline equal to the line 4 G( by the 

third propofition )which let be 4 A.And draw thefe right lines G E,H D and G Hand 

AF.Now forafmuch as 4D is equal to 4E,and.4 G vnto 4 H,therfore theft two lines 
| paced efe: 57:9 AN D Aand 


+ e 


Folio. 


Fo 1s rmpof- 
file fo deusde 
an acute re- 
Gsline angle s7- 
to three eguall 
partes withous 
the helpe of 
lines which are 
of a mist naa 
Iure. 


+ An instance 25 
an obsectioz or & 
doubt mberby 7 
letted or trou- 
bled the con- 
Afruction, or de- 
monstration, ES 
contay seth an 
Guruth, and an 
impoſſibilit y⸗ 
aud therfore tt 

muf of necefjity 
be anfwered Gr- 
toand the falfe- 
hode thereof 
made manifest. 


Diuersca sjes i" 
£615 propofifyon, 


T he fir cafe, 


he fecond cafe. 


Xhe third cafe. 


wy " E 
Ta deuide a 
reine angle 
sata two eg sal 
parts Mechant- 


wally * 


qualtothe bafe H F.And forafmuch as A His 


-done, 


‘chamcally orreádily, notregardy ng demons :-: fg ics 


LhefrtBooke `` 


D d and A H areequallto thefe two lines £ :4 : oem Ae 
and A G:and they contayne one and the felfe | VT 


fame angle, Wherfore by the fourth propofi- 
tion,the angle G D Hisequaltothe angle H E 
€. Andthe bafe‘D His equall tothe bafe EG. 
But the line D G isequal to the line E H: wher 
fore againe hy the fourth propofition ,thean- 
gle EGH is equalltotheangle DH'G, Wher. 
‘fore by the fixt propofition , the bafeG Fis e- 


'equall to A G,and AF is commonrto thé both, . 
andthe bafe G Fisequall tothe bafe H F, ther 
‘fore the angle G A F is equall tothe angle HA 
F,Whereforethe angleG A His denided into 
two equa partes: which was required to be | 
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Red as. : on ave 


Butifthe fides of the equilater triangle fall without the right lines B. 4& 4C,as do 


the lines D F &£ F,thé draw a line from F to,A & produce the line F A to the pointG. 


Now forafmuch asthe lines D F and FE are equal, | | 
& the line FAiscommon to them both, & the ba- ` ie TS E 
fes D AandA Eareequall: therfore(bytheeight) ^ ^^ — Finda pci? | 6! 
the angle D FAisequalto theangleEFA.Againe ^ — ^'^ — i mis 
forafmuchas D Fand PE xare equally and FG is “on =o 
common to them both, and they containe equali” ^ 
angles (asit hath bene proued ) theréfore (by the.*> * 
fourth)the bafe D Gis equallto the bafeGE. And: - 
forafmuch as A D is equallto A E,and'A Gis com= * 
mon to them both, Therfore(by the eight)thean- ` 
gle D AGiseguall to the angle'E A G wherefore 
theahgle D A Eis deuided into two equall partes: 9. 


















"Which wasrequiredto bedone. -- — — — | 
Butif the fides of theequilatertrianglefalwith-- 0° ^ ^ ^, iS Vac 


in the rightlines BA and A C, as dothelines DF ^. 
and PF E,then 22ainedraw alinefrom AtoF, And. — ` 
forafmuch as DA isequall to A Ejand A Pis com- | 
mon to them beth,and the bafe D Fis equaltothe | 
bzfe F E-therfore the angle D A Fis(by the eight) 
equall totheangle RAF, Wherefore the angle at” 
the point Ais denided into two equall partes,how’ — — 
focuer the equilater trianglebe placed: which'was § jf) 0. 
required to bedone. —— y — 
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~ «Fhis'isto be noted, that if aman‘will mez? d n 


(tration, deude the forefaid rectilineangle B. 2.60 : 
AG and (o any óther.re&ilineanglegeuen whatfoeuet, 
iato two equall partes;he fhall aeedeonely with one o⸗ 
pening ofthe compafle taken at alladueatures to.marke 
che two pointes D and E,which cut ofequal partes ofthe. : 
lines A Band A C,howfocuer they happen, and fo ma- 
king the centres the two points DandE, to defcribetwo - 
circles according'to the openyng ofthe compaffezand 
from rhe point A to their interfeQion, which let be the oo 
pomt F to draw arightline: which thall deuide the an- 7 
gleB A C into two équall partes, And here note, that 


you fall not nede to draw the circles all whole,but ones 


m n 





of Euclides Blementes. Fol.20. 


ly apottion vhetethey cut the one thé other! As mE iii jchérei intficend of 


z mpy N bor 


the other fide put. — — dyes — * 
Se Thes. Probleme. 4 “Thee íG.. rif tion... E 
[15 mmc Vote 5 i SS 


To denide a right line gene d being E inim no equ cam | 
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RAV ppofe that the right line genenbe: A B diis required to deuide the 
ASA 
ASK line A Bi into tivo equal par rtes.Defcribe( by the fir ft propofition i , Conpradtion: 
RI Klon the line AB an equilater triangle and let the feie be ABC sand 

(by the for nter propofi ition )deuide t the angle A CB Binto £o  équall 
partes by the right line CD. Then Lfay that the o DE — 
right line A B is denided into two equall partes in a 
the poynt D.For forafmuch as( by the: efirft propos: A / | Ee Bemonfration, 
[ition A Cis equalltoCBy,andCD.iscommonton ss. / | Vos | 
the both:therfore thefetwo lines ACG CD ate e <: 
qual torthéfe two lines BC«e- CD. one to yotber, t ii f. 
and the angle AC Dis ‘equal tothe angle ‘BCD. S 
Vi ‘berfore(by tbe d; própsfitiou ) tbe bafè ADEO H "ETAT. 
eqtigilts thé bafe BDV V bereforethe righre lines: an RISCTOp. esM 









* ws ^. e 
anne Suri. nh 


geuen A B,is denided into twoequall partes in in tbe oves zeli pete: i , 24 
poynt «Doybichb was required to be doneqs wron u stega sii aoi bun, Ei M 
dounant Von MEUS pda dd signs 
Apollonius teacheth to deuidea rightlinébeihig finits, ito two equali pates — 
t Pa T — 5 es ; Y i . * p er tay te 
after this manuer, — 4 Ses HO vga Padi ive died wads — 










4e si S Non V: Waid SEE 9 (eat line being finite 
Suppofe that the right line being Bul ^ ad Aaa "MO in * 
be 48:which it is required to denidé thts "à SA too Si. polonis, 
to two equal parts. now thé making theo Ln 13 
ceutre.the point 4 & the fj fi [pace i4 B dea 
fcribe a circle. Again making the « centre. a Nd 
the poynt 2 & the fpaceb A “defeti beati, Ranji voi 1 oe 
other circksiand from the «ion, festus sis 
ons dry the right line ED, which Jet? 


"X 


rods 


A 5l . 33 1: 
cutt the line A Bi in thé ego oyhtE.. "Ihe NDS ES R 
fapehacthe righttihe eA deh èt die INAS x 
lige AB, to twooegnallpartes inthe aad SES doi send 


pointE. Fan draw thefe ri hit inos, DA. 2. 2 — M 
poing Aada CB. Which fat bé equal S chida dci are mem 
the centres to the circumferences of equall circles.And fora(muchas thelines Gsf:&. 
A*D are equall to thelines € 8 and 8 D;and the line C Dis common to either of them: 
thetefore;by the cight,thtangle 4 C-Djg gaualltvo;tbe angl fs D: Againforafmuch 
asthe dine CUE is common Rosh lines Can C — alit the netotheos - 
Deren p thefe t sine Jines.« A AR Y quali to E E Aelia: $t e án ndC#ethe 
| onë to the othe ryan ‘the VC —— 8 48 it i bee prowedt Whetefore: 
by the 4-ptopofition tli py isegi APE EH seule B pinecone thee 2t Bis 
deuidedi into. tiro equall partes inthe poynt E:which was req uired to be done. 


F iii, By 
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-« ' By.this way ofdeuidingarighrline, into two - 
‘equall parts inuented by Apollonius, itis manifeft, ` 
that ifa man wil mechanically ,or redely not confi- 
dering the demonftratid deuide thefaid rightline, 
and fo any right line geuen-whatfoeuer,intotwo e- ,2_L- 
quall: partes he nede onely t2 marke the poyntsof | 
the interlé@ions ofthecircles, & to draw-adine fr. - 
the fayd interfe&ions,vhich fhall deuide the right. 
line geuen into two cquall partes + asin the figure : 
‘here put. i M E" dux a 

Sp Toe 6 Problemez T heti, Propòfition. 

! Lt Ts Sagra gv 4 XT yag E cce SNL 
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,Dponaright lae geuen, torayfevp from a poyntgeuen in tbe 
Jame lme a perpendicularlge. pot 


sakao memi | NS EIV ppofetbat the right line even be A 'B,e> let the point - 
SSE] KID ASR (1072 10 geuen be Ct is required frovi tbe poyute C torayfe 
W vp vate the right line B a: perpendicular line , Take- 


ptt 


Cyn tbe line JA C a'poynt átalladuentures, eo: let tbe fame. 











Cenffradiiem, 










D LENS x | be D,and(by.th €3 ipropofition ) putynto D C an equall. 
— — iline C E.And by the fir/t:propofition )ypon the line D E 
—— 






— —— 


FtoC, ThenL fay that vnto the right linégenen 
A B,and from the poynte in it geuen , namely.C is. 
rayled vp a perpendicular line FC. For forafmuch 
Demonfirasion. ds DC sequal to CE, co tbe lmé CF istomonto: s3 RN, po 
“naci them botbuberfore thefe too D Cand C Fyaret» 
ceu * qualto tbefe t»o EC e CF, the one to the other: . 
Coss and( by tbefirft propofition)tbe bafe D F isequal i.. | 
tothe bafe EF: wherefore (by theg propofition): = >, 
the angle DC Fis equallto the angle ECF: and A 
they be fide angles: But wh? a right line landing}. 


- 4 Ye « 


E d 


Jideferibe an equilater.triangle F1) E, «o draw a line frà 


pF 
a 


E. 
AMA 
à 





M od 


z” 


T5 A d t= Ye 5T 3 
vpona right line doth make the tivo fide angles equall the one tothe other,ether.. 
of tbofe equall angles is( by the,to,definition )a right angleseo thetine fianding 

bpon the right lineis called a perpédicular line VV, je angle DCE; 
thangle FC Eareright angles VV berforeynto the right line geue ABU fro 

—* pe ee hy as ~el TEL 
the poynt init Cyis cayfed vp.a perpendicular liae CF: which was required tà De 


ONES conil vuro danenlsio bed galasi Me Epe oniu GE WU orem mt 

d U a aiu ponora E i 
‘>on Tehough the po yiite geuen Woula be fee in one ofthe endes oftherighte: 
Lind Getienitis eaty f6 Uo teas ic wasBefore; For producing theline id length: 
Gom the poynt by the fecoud petition,y ourmay workeas you did before, But if 


s ' a rat E- g md konen da is b, >»: el i7E SL Tera T ed Qe 8 rv 
ane require fo erecta right line perpendicularly from the poy ritatthe end ofche. 


Ce ay - 2 ! ‘ : ears s.i astel E 1. —* Ac : «fe ‘ M - P T 
utb-u 2$ DO1Upst ex ast wii davod wl nl cori ingest, 017i See 
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of Enchides Elementes. Fola. 


lyne, without producing the rightlyne, thatalfo may wellbee done after thy s 
maner, | 2T. s TE ue taa 


Suppofe that the right line geuen be 4 B,&let : 


ELS. 2 An other cafe in 
the point in it geuen bein one of theendes therof, e. - this propofition, 
namely,in 4.And take inthe line 4 Ba point at all. — | | 
aduenturcs,and let the fame be C. And from the Construction, | 


faid point raifevp(by the forefaid propofition)vn- 
to 4 Ba perpendiculer line,which let beC E, And 
(by the 3 .propofition) from thelineC E cut of the 
line C D equall to the line C_4.And (by:the9.Pro- 
pofition )deuide the angie 4C Dinto two equall 
partes by the line C F, And from the point.D raife 
vp vnto the line C E a perpédiculerline,D F,which 
let concurre with the line C F in the point F, And 
drawe aright line from F to A, Then I fay that the 
angle atthe pointe is arightangle. For, foraf- OU | 

muchas.D Cisequallto Ce/7, and C Fiscommonto them both,and they containe e- 
quall angles(for the angle at the point Cis deuided into two equall partes) therefore 
(by thes, Propofition) theline D F is equall to theline F_A, and fo the angle atthe 








Demonftratisss, 


point Ais equalto theangle atthe point D, But theangleat the point D isa rightan- | 


gle. Wherfore alfo the angle at the pointe 7is a right angle, Wherefore from the point 
4 vnto theline 4Z,is raifed vp a perpendiculer line 4F,without producing the line .4 
B. Which was required to be done, È f 4 


ov 
- 


* 


Appolloniusteacheth to rayfe vp vnto aline geuen,from a point init geuen, 


a perpendiculer line,after this maner,, : > : 


Suppofe that the riche fie. x NW 
line geuen be 44 B. And VA | 
letthe point in itgeué;. - 
beC.Andin theline eZ 
C,take a point at all ad- 
uétures,& let the fame 
be D, And frothelyne 
C B,cutofaline equall,, f 
to theline C D, whiche , * 
letbeC E^and makyng ` 
the: centre D,and thé . 
{pace D E, defcribe a 
circle. Andagaine ma.) ^- 
king the centre C,& the... ` 
fpace E D defcribe an . n 


other circle, and letthe point oftheir interfe&ion be F,and draw a right line from F to 





C.Then I fay that the line F Cis creed perpendiculerly ynto the line 78. Fordrawe 
thefe‘lines FD and F E: which -fhal by the definition of a circle be either of them equal 
tó theline.-D-E; and therfore (by the firftcommon fentence) are equall the one to the 
other.Butthe lines D C and C E are by conftru&ion equalljand theline F Cis common 
tó them bóth. Wherfoté the angles alfo at thé point Care equal (by the 8.própofitió:) 
Wherfore they ate right angles: Wherfore ‘the line'C Fis ere@ed perpendiculerly-ynto 


theline.d B:from the point G: which wastequitedtabedone, |, 25,05 
^s . i 4 i 5 2 i i ~~ í eu : 


4 
E ^ 4 à 
(s Nek. 41 E 235 \ ýy | t 4 
à Q eyo dh buu " sé 2 


An be > t- 3 + \ 4 Cos n | 2 — * 2 - ‘ 
oBy:this way oferecting a perper ditulét line inuented, by, Appollonius, it is 
E 1 nr = tae, BS 


t 


E à oe Tih 
fq od nO ess.’ PRP NUT $3 D $. - +} s ig = 3 RX 2 
al(o manife ft that ifa man wilmechanically, with outdemonftration,erect vrito 
$^ 1452215 7 i b R i. Se Bt UA n a p 14 ~ à ata " er hee 
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peo other may 
to erect æ pera- 
dicular line 22 
wented hy dpa 
polonima, 0 
Conſtructicn, 


(UM Eget aS, 


Demon ratiem 


Form to ero a 
perpendicular 
itse merchanda 


caly 9 


Conſtræction. 
d oe‘ "s 


Demonſtration. 


okfth'endes I ſay, whhich haue not one point cõ⸗ 


Me fſiſt Boohe 


a line geuen froma point geué in ita perpendi- 
culerline: he needeonely on either fide ofthe 
pointe geuen,to cut of equall lines : andfo ma. 
king either ofthe endes ofthe faid lines (either 


mon tothemboth) the centres, and thefpace 
both the lynes added together, or wider then 
both,or at the left wider thé one ofthem,to dez 
{cribethofe portions ofthe circles where they 
cut the one the other,and from the pointofthe 
interíc&ion tothe point geuen,to drawalyne, . 
which {hall be perpendicular vnto the lyne ges 
ué; asin the figure here put it is manifeft to fee, 


Lhe 7.Probleme. Therr.Propofition. 


XO 


Vnto aright line geuen being infinite , and from a point peuen 
not being in the fame line,to draw a perpendicular line. 


Ft the right line geuen bes 
fining infinite be AB € let $ 
point geuen not being.in the 
faidline A B,be C, It isree 












D 


wee ew > 
2y quired from the point geuë, 
REZ WV namely C, todraw vnto the 
ee | right line geuen A B apers 
pendiculer line. Take on tbe . 
other [yde ofthe line AB (namely, on that [yde 
wherein is not the pointeC) a pointe at alladuens hut: 
tures and let tbe fame be D. fud makitig tbe centre C,and tbe fpace C D, dea 
fevibe( by the third peticion )a circle,and let the fame be E F G, which let cutte 
‘the line AB in the pointes E and G.And (by the x,propofition) deuide tbe Lyne 
EG into two equal partes in tbe point El. And( by tbe firft peticion draw thefe 
right lines,C G,C Fland C E-T ben Tfay that vnto tberigbt line genen A.B 
from tbe point genen not being in it namely,C, is drawen a perpendiculer lyne 
C H.For forafmuch as G Hiis equall to ELE, and H Cis common to them both: 
tberfove tbe[e two [des G. land H G,are equal] totbefe two [ydes E A&H 


x^ 










- €,tbeone to tbe otber: and (by tbe i definitio the bafeC G ts equal to the-bafe 


-der line C E: which was required to be done, This 


C E: wher fore( by the 8.propofition tbe angle CEL G is equall to the angle C 
H E; and they are fyde angles: but-when aright line ftanding vpon aright line 
maketh the two fyde angles equalltheoneto the other, either of thofe equall ane 
gles is( by the 10,definition) a right angle , and the line flanding vpon the Jayde 
right line is calleda per pendiculer line VV. berfore ynto the rightline gene AB, 
and from the point genen C, which isnot in the line A B,isdrawn a perpendicus 


— — — 


of Euchides Elementes. Fol.22. 


This Probleme did Ocnopides firft finde out,confidering the neceflary vfe therz 


m g . + 


ofto the ftudy ofAftronomy, ^"^ 
4 o 4 " * M 


piv: ©: 

wT here are two kindes ofperpendiculer lines: wherofonc isa plaine perpenz 
diculer.lyne,the othe: isa folide,A plaine perpendiculer line is,when the point 
from whence the perpendiculer line 1s drawen, 15 1n the fame plaine fuperficies 
with.che line wherunto it 1s a perpendicular. A folide perpendiculer line is, whé 
tho point from whence the perpendiculer is dravne,is on high,and without the 
plaine fuperficies,So thác a plaine perpendicüler line is drawento a right line: 8c 


Oencpides tha 
jirft inuenter of 
this probleme. 
Two kindes of 
perpendsculer 
lines namely yæ 
plaine perpendia 
culer l ine anda 


ſolide. a 


afolideperpendiculerline isdrawn to a faperficies; A plaine perpendiculer line. 
caufeth right angles with one onely line, namely, with that vpon whome it fal- 


leth. But a folide.perpendiculer line caufeth rightangles,not only with oneline, 
but wichas many lynes as may be drawn in that fuperficies,by the touch therof, 
This propofition teacheth to drawa plaine perpendiculer line, for itis drawn to 
one line, and {uppofed tobe in the felfefameplainefuperficies, 


F There may bein this propofition an 
other cafe,For if itbe fo, that on theo- 
ther fide ofthe line e4 B, there beno 
{pace to take a pointe in but onely on’ 
thatfide wherein isthe point C, Then : 
take fome certaine pointintheline ef _ 
B,whichlet beD,And makingthecen- ` 
trethe point C, and the fpace CD, de-. © 
Ícribe a part ofthecircumference ofa 
circle, which let beD EF:which let cut . ~ 
the line A Bin thetwo pointesD and ~~ 
F.And deuide the line DF into twoe- | 
quall partesin the poynt H. And draw 
thefelines C D; CHand CF, And for- 
afmuch as DH isequalto H F,and | 
CHiscommontothemboth, and .  .. 
CD'isequalltoCF(bythersde- ^ — 
finition: )therfore the anglesatthe | 
point Hareequalthe one to the o- 
ther(by the 8 ,propofition:) & they 
are fide angles, wherefore they are 
right angles, Wherfore the line C 
H isa perpendiculer to theline D 
F.Butifithappenfothatthecircle “A H 
whichis defcribed do not cutte the 

lyne; but touche it; then takyng a 

point without the point E, name- 

ly,the point G,and making the centre the poift C,and the {pace CG, defcribe a part of 
the circumference of a circle: which (hall of necefiitie cut the line AB: and fo may you 
proceede as you did before, As you fee in the fecond fi gure, » 


34» 7 be G.T beoreme. — Thes, Propoſition 





B 


This propefitson 
| teacheth to 
draw « playne 


_ perpendiculer 


hime. 
win other cafe P 


this propoſition. 


Confiruction, 


Demonfration, 


When aright line ftanding vpon aright line maketh any an- 


gles: thofe angles /hall be either two right angles,or equall to 
two right angles, | iM: 


- 88. Suppofe 


- : ^ we x 3 
x- MA Lhe first Booke ` 








— Vyppoſi that the right line Aß ſtanding vppon the right 
ep] NAR 7 | ine CD do make thefe angles C B Aand A BD. Then 


Demonfíratton 


EBD common tothem both: wherfo 









> [fay; that theanglesC BAand AB © areeyther two 
Xét riebt aneles,or els equall to tworight angles.If the angle: 
SRR PD 1% exit thelngle ABD: then, are tbe) to. 
dons right angles( by the tenth difinition.) Bat if not rai/e vp. 
oS cese) yi by the sx. propofition) vuto the right line CD,and from, 
the pointe. genen mit, namely; B,a perpendiculer line B E. VV. berfore( by tbe: 
x definition )tbe angle C BE and EB Dare richt angles: Now forafmucb as: 
the anglé CB Esis equall to tbefe-t'vo angles'C 'B Aand ABE, put the angle: - 
retheanglesC B E and ED D are equal- 










CEN we IIV 0 FX | 4$ dm T3 ieee Él DIL > a. 

«to tbefe three angles CB 4,4 B. Ejand E. /D, Agayne fora[much as the axele. 

71D B A is equall vnto tbefe two angles D B E aud EB A put tbe angle ABC 
salu: nap ws 3g 







c . common to them both: wherfore the angles DBA <> > LI No aset 
and AB Cre equal to'tbofetbree augles,.D'BE, 77 -i po b 4s ^v] 
EBA and ABC. Andit is proued that theeana. © su Å je s 
sar glesCB Band EB D are equal to the felfefame taps leet ee A int 
tbree angles: but tbinges equall toone ee tbe felf he fig 
fame thing,are alfo( by the first commo fentente)— =: 01: 
equall the oue to tbe otbe.V V berfore tbe angles C i 
B Eand EB Dare equall to the angles DBAS 7 7 02 ss 
AB C, But tbe angles CB Eand E'BD'aret»o 0 0 
right angles:wherfore alfotheangles DB Avand ^ 507 M aw, 
os ABC are equall to two right angles. VVberfore when aright line fianding va 
— pon aright line maketh any angles: thofe angles (halbe either two right angles, 
or equal to two right angles:which was required to be demonftrated. 
An orhet demonttration after Pelitarins. 
Suppofe that the right line Æ B do ftand vpon the right line CD. Then fay,that the 
Another de- — ewoansles dBCand 4 BD, are either tworight angles,or equal to two right angles, 
E For if 4B be perpédiculervnto CD: théisit manifeft,that they arerightangles(by the 


conuerfion of the definition )But ifit incline towardes the end C,then( by the 1 1,pro- 
pofition )from the point B ere& vnto theline C D aperpendiculer line 8 E,By whiche 
couftru&ion the propofitió is very manifeft,For forafmuch as theangle 44 8 D is grea- 
ter then the rishtangle.D B E by theangle 4-5 E, and dj a 

the other angle 4 BC is leffe,then the right'angle C. — E 

BE bythe felfe fame angle ABE: if fromthe greater ne 4 

bee taken away the exceſſe, and the ſame bee added to | 

the leffe;they hall be madetwo rightangles. Thatisjf 
from the obtüfeangle 4 B.D betakenaway the angle 
ef B E,there thal remayne the. rightangle DBE, And 
then if the (ame angle 442 E beadded to theacute an- 
gle C BeA, there (hall bee made theright angle: C 5 E. 
Whereforeit is manifeft,thatthe two angles, namely, 
the obtufeanglee 4B D,& the acute angle 45 Care 
equal to the tworightangles CB Zand DBE: which 
was required co be proued, | The 
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of Euchdes Elementes. Fol.23. 
Se The 7-Lheoreme. The i4.Propofition. 
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toa right lime, and to a point ín tbe [ame line,be drawn 
two right lines; not both on one and the fame fide,making the 
__ fide angles.equalltotworight angles : thofe two right hnes 


ball make directly one right line. 
— Nto theright line 4 B, 
[05 pointin it Dy let there 
QZ be drawn thorightlines B 
i= (34 C,and BD, vnto contrary 


| S 
$2.9 €wW CJ Y 









o... till. 
— — 
- — 
= SA — 
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s — x fides, making tbefyde au 
eed Wielesnamely, A B C ez 4B 
BRL D equall to two right ane 
Pow gles. Then Lfay,that y rigbt dE LS on 
lines B D and 8 Cmake both onevight line. For = ~ - | E rennen 
if C (B and B (D do nót make both one right line let > ind 
the right line BE be fo drawn to BC, that they both make one right line Now 
forafmuch asthe right line AB ftandeth vpon the right line C BB, therfore the 
angles AB Cand A BE are equall to tworight angles (by the 1 3.propofition ) 
But (by fuppofition) the angles A BC and ABD are equall totworight ana’ 
gles: wherfore the angles CB A,and A BE, are eq uallto the angles CB Aand 
AB D:takeaway the angle A B C which is common tothem bothVV berfore 
the‘angleremayning AB E,is equall to the angle remaining ABD, naincly, 
the lefse tothe greater; which ts impo [Sible VV berefore the line BE is not fo din 
reétly.drawen to BC, that they both.make one right line. In like forte may we 
prone,that no other line, befides B'D, can fo be drawne VV berfore the lines C 
B and B D make both one right line Iftherfore vuto a right line,ex toa point 
in the fame line,be drawn two right lines not both on one and the fame fide mas 
king the fide angles equall to two right angles: thofe two lines fhal make directe 
ly one right line: which was required to be proued. ` 
me -Aaother demonftration after Pelitartus. | 
' ,» Suppofe thatthere bea rightline.4 B, nto whofe pointe B,letthere be drawen 
two rightlines CB and BD,vnto contrary fides:and let the twoangles CB 4,and DB 
Abe either two right angles, or equall to two rightangles , Then L fay , that the two 
lines CB and BD, do make dire&ly, one right line, 
namely,C D. Forif they do not,thélet BEbefodrawn | 
vntoC B, that they both make dire@ly onerightline _ A 
CBE: which shall pafie either aboue the line 8 Dyor | 
vnder it . Firftlet it pafle aboueit.And foras much as 
the two angles CB 4 and AP E,are(by the former pro- 
poſition) equall to tworight angles, andare a part of 
the two angles, C3 44 and 4:3 D:but theangles CBA 
vo and B Dare by(fuppofition)equallalfo totwo right 
 anglestthezefore the parteis equall to the whole which | 
1s impoflible, And the like abfurditie willfollow i£ C 8 
G.iii. E 
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Demonitration. 


Thales Milefiut 
the firft sonen- 
ger of this pro- 
poſition. 

No conſtruction 
sathi propofi- 
yiomn, 

What bed ane 
gies tree | 


The conuerfe of 
277. propofitzo af 
ter Pelitariés. 


T hefirft Booke A 


E paffe vnder the line B D:namely,that the whole thalbe equall to the part:which is 
allo imipoflible. Wherefore CD is one right line: which was requited to be proued. 


The8.Theoreme. The 15. ropojitions 
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Fftwo right lines cut the one the other: the hed angles [bal be 
equal theonetotheother, > = = —— 
COGO V ppofe that thefe two right lines AB and CD, docat the one the os. 
| ICS ther in the point E, Then! fay, that the angle A E C, is equall to tbe 
<Q) angle D EB, For forafmuch asthe right line AE, ftandeth vpon tbe 
right line DC, making thefeangles CE A;and A ED: therefore( by 
the 12, propofitio)the angles CE A,and AE Dyare equall to two right angles. 
Agayne forafmuch asthe right line D E,ftandeth ` | 
vpon the riobt line AB, making thefe angles A IN ⸗ 
ED, and DE B:therfore( by the fame propofitie © N wm AZ S v 
on)the angles AED and DEB, are equall to 
two right angles. andit is proned, thatthe angles 
CEA,and A ED, are alfo equall to tworight ane 
gles. VV berfore tbe angles CEA,and AE Dare 
equall tothe angles AED,andDEBTakeae 7 | 
way the angle AED which is common to them — 7 s veta 
both. VV herefore the angle remayning CEA, is ae 
equall to tbe angle remayning D E B, And in like fort may it be proued , that 
theanglesC EB,and DE Aare equall the one to the other . If therefore two 
right lines cut the one the other, the hedangles (balbe equall the one to theo» 
ther: which was required to be demonstrated. 
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Thales Milefius the P hilofopher was the firft inuenter of this Propofition, as 
witnefeth Exdemins, but yetit was firft demonftratedby Euclide, And init there is 
no conftruction at all, For the expofition ofthe thing geué,is (ufficientinough 
for the demonttration, : - | 

Hed Angles,areappofite angles ,caufed ofthe interfe&ionfof two right lines: 
and arc fo called,becaufe the heddes of the two angles are ioyned together in 


one pointe, — 
The conuerſe of this propoſition after Pelitarius. 


Iffower righe lines being drawen from one point, do make fower angles, of which the tyo oppo⸗ 
fite angles are equali: the two oppofite lines [halbe draWwen dircttly and make one right lene. 


Suppofe that there be fower right lines AB, AC, A D, and AE, drawen from the 
poynt A,making fower anglesat the point A: of which let the angle B A C be equall to 
the angle D AE, andthe angle B A Dto the angle CA E. Then fay, thatBE and C D 
arc onely two right lines: thatis,the two rightlincs BA and AE are drawen eee 

^ an 


of Euclides Elementes. Fol.24. 


and deo make one right line, and likewife the two right 
lines C_4 and A Dare drawen directly ,and do make one 


VE 
right line. Forotherwiíeifitbepoflible, let E Fbeone 8 T 
right line, and likewifeletC G beonerightline.Andfor- — . 
af{much astheright hine E 74 ftandeth ypon the right line | 
C G, thereforethe two angles E 4C and E 4G, are( by 
V 
VA 


the 13 propofition ) equall to two right angles. And for- 
afmuchas the rightline G _4 ftandeth vpon the right line / | 
E F: therefore (by the felfe fame) the two angles E AG 


and F _AG,are alfo equall totwo right angles.Wherefore j^ 

taking away the angle E A G, which is common to them | 

both,the angie E 4C,{hall ( by the thirde common fen- | | 
e ? 


tence) be equall to the angle F 4G: buttheangle E.4C 
isfuppofed to be equallto theangle 8 4D . Wherefore 
the angle 2 24 Disequallto the angle F 4G, namely a 5 

partto the whole: which is 1mpoflible. And the felfe 

fa meabfurditie willfollow, on what fide foeuerthe lines be drawen. Wherefore 3 E is 
one line,and CD alfo is one line: which was required to be proued. 


The fame conuerfe after Proclus. 


Jf unto a vight line, andto a point thereof be drawen tWwe right lines, not on one and the fame fide, 
in fuch fört that they make the angles at the toppe equall: tbofe right lines [halbe dravpen diretHy one 
to the other, and{halmake one right line. 





__, Suppofe that there bea rightline A B,and takea pointinin C.And ynto the point 
initC, draw thefe two right linesC D and CE ynto contrary fides, making the angles 


at the hed equal; namely, the angles 4 CD and 3 C E, Then Y fay, that the lines (^D 


and C E are drawen dire@ly,and do make onerightline. For forafmuch as the right 


line C D ftanding vpótherightline 4 B,doth makethe angles 2 C 4and D C 2 equall 


to two right angles (by the 13 propofition: and the angle DC A 
is equall to the angle BC E:therefore the angles DC Band B CE 
are equal to two right angles. And forafmuch as vnto a certayne 
right line B C,and toa point thereof Care drawer two right lines 
not both onone and the fame fide, making the fide angles equall 
to two right angles, therefore (by the £4/prepofition ) the lines 
C Dand C Eare drawen direGily, & do make one rightline,which 
was required to be proued. 





The fame may alfo be demonftrated by an argument lea- 


ding to an abfurditie. For if C Ebenot drawen dire&ly to i , 
C D, ío that they both make onerightline, then (ifitbee N F 
poffible) let C.F beedrawne dire@ly vntoit. SothatletD ` y 
CF beone right line. And forafmuch as the tworight lines \ 

A Band D F do cutte the one the other, they make the hed pss 


angles equall (by the 15. propofition) Wherefore the an- 


gles AC Dand®B C Fareequall : but (by fuppofition) the: v 

angles .4C*D and B C € are alfo equall. Wherefore (by 

the'firft common fentence) the angle B € £ is equal] tothe | F 

angle BC F: namely,the greater to thelefle: which is im- | 7 \ 

poffible. Wherefore no other rightline befides CE is dra- | 

am UT a C al crore the lines,C Z'and C £ are N 
taven direcly,andmake onericht line:which was requi- 4 
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propuſetiom in- 
wented by Ps 
Sbagoras, 
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fwo third partes 
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Exery angle of 
a fixe angled f- 
guroe is equall to 
aright angle, 
and fo « third 
part of aright 
angle. 


ks T 

«RUE A tSt SA * 

* v, 

ur og “a Vil DY 


y 4 
"ts À garth, ot DAD |B’, 
e$. soli Nils 


«ont a point their angles touching the fame point. 


Of this fiuetenth Propofition followeth a Corrollary, i V Vhere note thar 3 
Corollary isa Propofition, whofe demonftration dependeth ofthe demonftration 
ofan other Propofition, and it appeareth fodenly, as it were by chance offering 
it {elfe vnto vs: and therefore is reckoned as lucre or gayne, The Corollary which 
followeth ofthis propofition, 1s thus, | - | ^ 


^ 


Jf foer viabt lines cut tbe oue tbe other: they make fower angles equall to foyer right angles, í 


This Corollary gauc great occafion to finde out that wonderful propofition in- 
uented of Pithagoras which is'thus, ý 


Only three kindes of figures of many angles, namely,an equilater triangle, aright angled figure 
of fower fides, anda figure of fixe fides, hauing equall fides and equal angles, can fill tbe oi se. 


- .- * wt 2 © 


Euery angle ofan egquilater triangle contay-. 
neth two third partes of arightangle: fixetymes | 
two thirdes ofa right angle make fower rtght anz 
gies. V Vbercfore fixe equilater triangles fill the 
whole {pace abouta point which is equal to fawer 













..» tightangles,as inthe 1.figure,alfo euery angle of = 8 focii" 
von v* areQangle quadrilater figuretsa right anglé:wher A 


fore fower ofthem fill the whole fpaceas inthe 2. 
figure, Euezy anglcotafixeangledfigure, isequal i © N 
to arightangle, and moreouer-toa third pare'ofa 
right angle. Buta rightangle,anda third partofa 
right angle,také thre tmes;make 4,right angles: 
wherefore three equilater fixeangled figures fill 
the whole {pace about a point: which Ífpace(by — 
this Corrollary ) is equallto. fower right-angles: as 
in the third figure, Any other figure of many fids, 
howfoeuer you ioynethé rogether actheangles, 
fhal either want of tower angles,orexceede them. 
By this Cerroliary alfo itis manifeftthat ^^ 706-7 
1$ me then two lines, that is, three, or 
fower, or how many foeuer do cutthe ___ 
one theother inone point; allthé ai- 57 — 
glesby them made atthe point ffialbe ^^^. ' 
equall tofowerright ang!és,Forthey o 
fill che placeoffowerrightangles,Aud. ; |. 

it is allo manyfeft, that the angles by isis 
thoferight lines made are double.in-z ^4. 
numberto the right lineswhich cuttei/ d 267 
theone.the other, So that iftherebe/^ ipui > 


twò Haoes which cutthe onethe other, ^. 
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théare rhere madefower angles equal] = er AM ae 
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EO fower rightangles; butifihre, then; SS got Bie eco? SS Ve hie. Se 
are. there made fixe angles ; iffower; eightangles,and fo infiaitly For cuenthe 


multitude,or number ofoftheangles is dubled to the multitade-of.che rsglhig 
lines whichcut the onethe other, And as the angles increafe in multitude, fo 


^ 


3 EO "^ diminfi 


+ 
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diminiffr théy i in magri de “For that-that-which i is tears is —— ésonean 3 
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| ly. B- Che produced ynto, the point N — 
Sa: Then I Jay that the out warde SS bac 







| 2 AC Diis Greater then aity one of) to 
inward and-oppofite angles that is,then the: 
angle CB Aor then theangle BA C. Deuide . 
tbe line AC( by tbe io propoſi ition) into two 
equall partes, in the point E. And drawa line 
from the point B tothe point E: And ( by. tbe - 
2. peticion ) extend BE tothe t point F, wae 
(by the 2, propofition ) vnto the line B E put 
an equall line E F, And( by the fof peticion). —* 
draw a line from F to C:and (by the 2.peticie D 
on) extendthe line AC to the pomt G.Now. forafmuch as the line AE is — 
to the line EC, and B E is equall to EE therfore thefe two fides A Eand EB, 
are equall to thefe two fides C E.and EF, the oue to the.other: and the augle Å 
E Byis (by the 15. propofition )-equall to theangle FEC, for they are hed ans 
gles: “wherefore (by the 4. propofi tion) the baje A Bis equall to the bafe FC: 





And the triangle AB Eis equall to the tr jangle FE Cand the other angles 721 


mayning are equall to the other angles remayning,the one tothe other ynder 
which are fubtended equall fides, VV berefore the angle B A Eis equall to the 
angle EC F, But the angle EC D is greater then tbe angle EC F,V V. berefore 
the angle AC D,is greater then the angle B A C, In like fort alfo y the line B 
C be denided into two equal partes nay. it be proued, that the angle BC G,that 
_ is; theangle ACD, is greater then the angle’ A BCVV henfoener ther forein 
any trian; ele, the line of one fideis drawen forth in length: the outward angle 
fhalbe greater then any one X the to inward and oppofiteangles: which Was 
—— to be demonstrated.” 
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thepoint-D. Then I:fay; that the angle D,B Cis greater then either of theangles.B AC 
and .4CB,For forafmuch asthe twolines.4C and BC doconcurre in the point C,and. 
vpon them falleth the line 4 B:therefore(by the conuérfe ofthe firft peticion) the two 
inward angles on.one and.the felfe.fame fide,are lefe. _. | | 
then two right angles, Whereforé the'ángles 4 B Cátd ^ .. 
C A B are lelle then two right angles:but the angles 4 
BCand DBC are (by the 43 propefition) equal to two 
right angles «Wherefore the two angles dB Cand DBs: 


~ 


Wherfore taking away the angle ef B C;whichiscom- - 
mon to them both, there fliall,be left the,angle DBC. .. 
greater then the angle $ A Gu And bythe fame reafon, ` 
forafmuch as the two lines B 4 and CAconcurreinthe | 
point Z,and vppon them falleth the right-line C Z,thé i T 
twoinward angles 4/8 Cand 4C 7 areleffe then two +..." 


rightangles.But theangles e B Cand D B Care equallto two rightangles.Wherfore - 


the two angles 4 BC and D BC,are greater thenthetwo angles 4 8 C & AC B. Wher- 
fore taking away the angle «4 B C,whichiscommon to them both, there fhalremaine 
the angle D BC greater then the angle 4C B: which was. required to be proued. . 


^ 





Here isto be noted,that when the fide ofa triangle is drawen forth, theangle 
ofthe triangle whichis nextthe outwatdangle, is called an angle inorder vato’ 
it: and the other two angles ofthe triangleare called oppofiteangles vato it, 


Of this Propofition followeth this Corrollary, that jr is not poffiblethat (m a one Be 
the felfe fame pointfhould be drawen to one and the felfe fame right line, three equall- 
rightlines, For fromone point, namely, 4, ifit be) ` — d. 
poífible,let there be drawen vntotherightline 82D, |... A 
theíe three equall rightlines e£ B4 C,& .4 D, And 
forafmuch as .4 Bis equall to 4 C,theangles at the 
bafe are( by the fifth propofition Jequall. Wherfore 
the angle 4 B Cis equal to the angle 4C B.Agayne 
forafmuch as .4 Bis equall to 4D,theangle 4 BD 
is (by the fame) equall tothe angle 4 DB: but the 
angle 4 2 C was equall to the angle 4C B . Where- 
fore thé angle 4C Bis equall to the angle ef DB: 
namely,the outward angle to the inwarde & oppo- 
fite ángle: which is impoffible. Wherfore from one 
and the felfe fame point,can not be drawn toone & 
the felfe fame right line three equall rightlynes: 
which was required to be proued. 





By this Propofitionalfo may this be demonftrated,that ifa right line falling 
vpon two right lines do make the outward angle equall to the inward and oppo- 
fite angle,thofe right lines fhall not make acriangle,neither fhal they concurre, 
For otherwife one & the felfefame angle fhould be both greater, and alfo equal: 
which ts impoffible,As for example. ci 


Suppofe that there be two tightlines 44 Band C D, and vpon them let the rightline, 
B E fall, making the angles 4 BD andC D E equail, Then I fay,that the right lines 42 
and C D fhalinot concurre.For if they concurre,the forefaide angles abidyng equall, 
namely,the angles CD E and 4B D : Then forafmuch as the angle C D E is the out- 
ward anele it is of neceffitie greater then the inward and oppofite angle, &it 1s alfo e- 
qual vnto it:which 1sim poffible. Wherfore if the faid lines cocurre,thé shal not thean- 


gies remayne equall,but the angle at the point D ihall be encreafed.For whether 4 B 


abiding 


of Exiclides Elementes. Fol.26. 


abiding fixed-yon{uppofe theime CD to be moued PLUIE 
ynto it,fo thatthey.concurre,thefpaceanddiftance |. -——— 
inthe angle willbe greater: for how much more C ` 
D approcheth toe% B,fo much farther of goethit . 
from D E.Or whether C D abiding fixed you ima- 

. gine the line +2 Bto'be moned vnto it, fo that they `~ 
concurre,the angle eZ B*D will beleffe, for there-- 

. with allicco:zametinnere vntothelines CD& BD, | 


Or whether youimagine either of thenrto be mo- — 
ted the oneto the other, you fhàll/finde that the A 


line:e^Z B'comming neere to C: 2D maketh the 
angles4 B. Eleffejand CD goingfarther from DE ^^ t- 
by reafon of his motion totheline8.D,makeththe ^ E» 

angle C D Etoitcreafe. Whereforeitfollowethof.^. 0 ics 0s 
neceffitie,thatifit bea trianglejand.that the right lines e£ B and C D doconcntre,the 
outward angle alfo (hall be greater then theinward and oppofite anglé. For either the 
inward and oppofite angle abiding fixed,the outward is increafed: or the outwarde a- 
biding fixed ,theinward and oppofiteis diminifhed: orelsboth ofthem being moued 
till chey concurre,the inwarde is diminifhed, and the outwarde is more increafed:And 
the caufe hereofis the motion of the right lines the one tending to that parte where it 
diminitheth theinwarde angle, the other tending to that part wheré.it: increafeth ‘the 
outward angle. Meares ay ee TA 
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Cn euery trianglejniyoangles, which two foeuer be taken, are 
leffe tben tworigbtangleg Ses s Ies, 
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—— j wots ER the line BC; to the point TI ee ES 

D, And forafmuch as ( by the propofition going "e —— 
before) the outward angle of the triangle A BC, namely , the anole ACD is 
greater then the inwardand appoji te angle AB e puttbe angie M € Be ommo, 
to them both; wherefore theaugles AC Dand: ACB are creater then the ana 
gles ABCand BCABut(by the 13 prop ofstion).the angles A CDand ACB 
are equall to two right angles, K V.herefore the, angles; A BC and BCA are 
lefe tben twotight angles. In like Jort alfo mayweprone, that the angles BA 
Cand ACB are lefse then two right anglès randalfothattheanglesC AByp = 8 
AB Care lefse then two right angles. VV. herefore ineuery triangle, to. ER nn 
gles, which two foeuer be taken, are leffe then (po rig bt angleszwbich bas rea 
quired tobe proued, ee Na... 7 ^" s 
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fx other demi 
fératton IBÓHEP- 
bed by Proclus. 


A Corrollary 
following this 
Propofitson, 


Conffruction. 


T be firft Booke 
This may alfo be demonftrated without thehelpe ofthe former propofition, 


by the conuerfe of the fifth petition, and by the 13. propofitionas you faw was 
done in the former after Pelitarius, 


It may alfo be demonftrated without producing any of the fides ofthe triz 


angle,after this maner. 


Suppofe that there a be triangle 4BC.And in the fide B C take a pointat all aduen- 
tures,and let the fame be D, and draw the line A D. And forafmuch asin the triangle 
4B D, the fide B D is produced, therefore ( by the former propofition ) the outward 
angle e£ D C,is greater then the inward and oppofiteanglé 4 2 D.Agayne forafmuch 
as in the triangle 4D C, the fyde CD is produced ,therefore(by the fame) the outward 
angle 4 D‘B,is greater thcn the inwarde and oppofite 
anglee 4c D: butthe angles at the point Dareequall A 
to two right angles( by the 13.propofition: )wherfore 
theangles 48 Cand 4C Bare leflethentwo right an- 
gles. And by the fame reafon may we proue that thean 
gles B A Cand BC A arelefle then two right angles, if 
we takea poynt in the linee- 4 C, and draw a right line 
from itto the point Z : and fo alfo may it be proued 
that the angles Ces B and e4 BC are leffe the two 
ryghtangles, if there be taken in the lyne 4 B a point, 
and from it be a line drawen to the pointC, 





By this propofition alfo may be proued this Corrollary ,that from oneand 
the felte fame point to one andthe felfe fame right line,can not be drawen two 
perpendicular lines, E ss 

For ifit be poflible, from the point 4,let there be drawen 


« 


vnto the right line B C,two perpendicular lines.4 2, and 4 C: A 
wherefore the angles 41 B Cand e/4 CB are right angles, But K 
forafmuchas A B Cisa triangle:therefore any two angles ther- 
ofare (by this propofition) leffethen two rightangles,Where- 
fore the angles’ 4B Cand AC Bareleffe then two right angeles: 


but they are alfo equallto two right angles,by reafon 4B and 
efC are perpendicular lines vpon BC: which is impoffible. 
Wherefore from oneand the felfe fame point cannot be drawé 
to one and the felfe fame line two perpendicular lines : which 


was required to be proued. B c 


The n. beoreme. | T be Y8.Propofition. | 
In euery triangle, totbe vreater fide is Jubtended the grea- 
ter angle. L 


AV ppofe that ABC be a 
3: S triangle, baning the fide A 
USAC greater then the fide A 

| WB. Then fay that the ane 

SS pe’ ole ABC ts greater then 
ED ithe angle B CA, For for- 

z E jafmuch as A( is greater B 

* * “the.A B,put( by the 3.proe 

pofition) vato A B au equall line AD. And (by 
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the fir ft peticion) draw a line from the point Bto the point D. And forafmnch Pemmfraten. 
asthe outward angle of the triangle DBC, namely, the angle 1 D B isgreas 

ter tben tbe imvard and oppofiteangle D C B. (by tbe 16. propofttion, )but ( by 

tbe y. propofition ) tbe angle 41D IB. is equall to tbe angle A B 1D for tbe [yde 

A Bs equall to the fyde ADs therefore the angle ABD is greater then the 

angle AC B.VVberefore the angle A'B Cis much greater then the angle AC 

B.VV berefore inenery triangle, to tbe greater [yde is fubtended the greater 

angle: which was required to be proued, 


You may alfo proue the angle at the point B greater then the angle at the point C — 
(the fide 4 C being greater then the fide 4 B Jif from the line 4C youcut of a linee- 5. PAo 
quall to the line e4 B,beginning at the point C,as beforeyou beganne åt the point 4: - 
and that after this manner, Let the line DC be equall to the line 
e/f B and draw theline B D: and produce «4 B to the point E: 
and putthe line B E equal to the line 44 D.Wherefore the whole 
line 4 E is equall to the whole line 4 C:draw aline from Eto C, 
And forafmuch as 4 E is equal to 44 C, therfore the angle 4 EC 
is alfo equall to the angle 4 (E ( by the 5. propofition:) but the 
angle 44 B Cis greater then theangle eA E C,Forone ofthe fides 
ofthe triangle C B E, namely, the fide B E is produced y; and fo 
the outward angle e^ B C is greater then theinward and oppo- 
fite 8 E C(bythe16 propofition:)wherefore the angle ^£ B C is | 
much greater then the angle 4 C B : which was required to be 
proued. 





f 


Notethat that which is here fpoken in this propofiti. i -e E 
Thie | —* eat which i1 
on,is to he vnderftanded in one and the felf fame triangle, For itispoffible EUUU artem ia riis 
one and the felfe fame angle may be fubtended ofa greaterline;and ofaleffeline: | Prapefitsen is ra 
and one and the felfe fame right line may fubtend a greater angle ,andaleffean- ^ — 
gle. As for example. l peta M 

Suppofe that there be an Ifofceles triangle 44 2 C, & enpes 07 
in the fide 4B take the point D atall aduentures: & fro A. 
the line 4 C cut of(by the 3,propofition) the lyne AE 
equall to the line 4 D.And draw a right line from D to 
E.Wherfore the right lines DE and BC do fubtend the 
angle at the point 4, & ofthemtheoneisgreater,and | * 
the other leſſe. And after the ſelfe ſame manner a man sr. NL 
may putinfinite right lines greater & leffe, fubtending 
the angle at the point 4, 

- Agayne fuppofe that 4 B C be an Ifofceles triangle. 
Andlet BC be lefie then either ofthe linesBAand AC, A 
And vpon J C deícribe (by thefirft)anequilatertrian- — 
gle BC D.And drawaline from Ato D,‘and produce it 
tothe point E. And forafmuch asin the triangle A B 
the outwardangle B D E,is greater rhen the inward 
& oppofite angle B_4D( by the 16,propofition )And by 
the fame in the tridgle 4CD,the outward angle CDE, is 
greater then the inward & oppofiteangle C4 D:ther- 
fore the whole angle 2 D Cis greater thé the whole an- 
gle B AC.And one and the felfe fame right line fubten- 
deth both thefe angles,namely,the greater angle & the 
Jefe, And itis allo proued,that greater right lines 
& lefle fubtende one and the felfe fameangle,Barin 
P i Bii "one . 
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* sh the felfe fame triangle one right line fubtendeth one angle,and the great 
- Büt'inceuer fubtendeth the great angle,and the leffe the leffejas it was proued 
4n the propofition, 4 so uh d ^ x 


Then. Theoreme.  The19.Propofition. | 
L jn euery triangle, under the greater angle is fubtended the 
greater fide. ` LA e EE 


+ 


tan 






— BC bea triangle, hauyng 
Lye te ang ef BC &reater tbentbe angle (B 
HTC AI DbenT fay tbattbe fide ACis greater 
tben y fide A B.For if not, tbe tbe fide A Cis ether 
equal to} fide AB. or els it isle fe cheit.The fide A 
C is not equal toy fide AB, for then( by they, pros 
poftsion )y angle A BC fhould beequall to the an^ 
gle ACB: but (by fuppofitie)itis nor, VV bere 
fore the fide AC is not equall to the fide AB: And 


B 


> 





` the fide AC can not be lefse then the fide A.B, for then the angle A.B C fhoulde 


Y zn weder 9 
Tha propofition 
ss the conuerfe 
the former. 


SAn Afumpt is 
a Propofition ta 
kei of neceffitse 
to the helpe of a 
demonſtrætion, 
She certainty 
whereof ss not 
fo plaine, and 
therfore sedeth 
st felfe firft to be 
Acmoufirated. 
JI aſſumpt put 
y Proclus for 
she demonftra~ 
gise of thes Pro- 
pofi ona 


be leffe then the angle ACB{ hy the propofition next. ‘oyng. before), But ( by 
Juppofitionitis not) VV berefore the fide AC is not [je tben tbe peri 
VV herefore the fide AC is greater then the fide A B.VV berefore in euery trie 


angle, ynder the gredter angle is fubtended the greater fide: which was requts 


red to be demon/trated. Ui i tiu adi aM at CHO 


T 
m p na r ~~ in P pm 4 +e $ Lem - - 
$ 


à. But fete : 


8i | x p* a ao} ey b acis 
T his propofition is the conuerfe of the propofition next going before. V V þer: 
fore as you fee,that which was the:conciufion in'the former, is im this the {uppo- 
ficion,or thing geuen:and that which was theré the thing geuen,is here the thing 
required or conclufion. And it1s proued by an argument leading toan impoffiz 


bilitie,as commonly allconuerfesare.- S, 


: Ss SL pr an zs — Oval: 
Tioclis demonftrateth this propofition afteran other way :: butfirft he putteth 
this X Affumpttollowing, sa. cames "ad aco MÀ m ind 


<= ‘ om. we 


i A GO AME ris yds 
If an angle of a triangle be denided intotwo equallpartes, and if the line which denideth it being 
drawen tothe bafe, do denide the farzeintot\o vaequall partes the fides whieh contayne that angie 
fhalbe unequal, and that fhalbe the greater fide, Whithfalléth on the grater fide of the bafe,and that 
the lefe which faleth on the lefe fide of the bafi nes Aoin 9 2 IAE werbla o aias 


* 

* * t = f « — 9 
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Suppole. 4 BC to be atriangle,and (by the 9. propofition)deuide the anglearthe 
point 4,into two equall partes; by-the rightline4 D. and let the line'i4 D'de uide:tlie 
bafe B C,into two.vnequall partes, and.fetthepart C D be greater. thën the parte B-D, 
Then I fay,thet the fide 4 Cis greater then théfide_4B. Producetheline 4 Dto the 
point Z,and (by the third )puttheline.D E équall to the line D4. And forafmuch as 
D Cis by fuppotition greater then D By put (by the 3.propofition )D:F equal ‘to B.D, 
and draw aline fré Eto F,and produceitto the point G, Now-forafinuch 4s-4 Dise- 
gualito E Dand DZisequall to D F, therforeinthe two triangles 4B D,and BPD, 
twofidés of the one are equallto two, fides-of the other, eche to-his‘correfpondenr 
fide; and (by the £5. propofition) they contayne equall angles, namely, the ‘i an⸗ 

| gles 
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pies : wherfore (by the fourth propofi- 


tion) the bafe 8 4 is equall tothe bafe A 
E F:and the angle D'E F is equall to the 
angle D 4 8, But theangle D 4G is.by 
conítru&ion equall to the fame angle.D E 
e4 B: wherefore (bythe firft common ` 
fentence ) the angles E AG and AEG 
are equall, Wherefore (by the 6. propo- g | d F 
c 


fion) the fide 4G 1s equall to the fide E 
G,Wherfore the fide -4 Cis greater then 
the fide E G. Wherefore it is much grea- 
ter then the fide E F-But the fide E Fis 
equall to the fide 4 Z, as it hath bene 
proued. Wherefore the fide 4 Cis grea- 
ter then the fide 4 2; which was requi- 
red to be proued. : 


⸗ 


ey This affum ptbeing put,this Propofition is of Proclus thus demonftrated. 


Suppofe 4B Cro bea triangle, hauing hisangle at the point B greater then the an. Ap other de- 
gle at the point C, Then I fay that the fide 4 C is greater then the fide 442. Deuidethe monfratios afa 
line BC into two equall partes in the point D,and draw a line from 4 to D. And pro- rerPrecw, ` 
duce the line 4 D to the point £: and put the line D € equall to the line .4 D,and draw | 
a line from B to E. Now foraímuchas B D isequall to D C, and -4 Dis equall to D E 
therefore in the two triangles 4 DC and B D E,two A 
fides ofthe one are equall to two fides oftheother, ech | 
to his correfpondent fide, and they containe equall an- 
gles (bythe.rs. propofition):wherefore (bythefourth 
propofition) the bafe BE is equall to the bafe AC, and 
the angle D B £is equal to the angle at the point (:De- 
uide alfo th’angle ABE into two equal parts by the line 
BF: wherforethe line EF is greater then the line F4. B 
And forafmiuch as in the triangle 4B E,the angleat the 
point Bis deuided into two equall partes by the right 
line B F, and the line E F is greater then theline AF: = 
therefore by the former Afumpt thefide BE is greater E 
then the fide B 4; but theline B Eisequall to the line 4C. Wherfore the fyde AC is 
greater then the fide /4 B: which was required to be proued., 


The i3.T heoreme. The 20. Propofition. 


In enery triangle two fides, which two fides foeuer be taken, 
are greater then the fide remayning. 
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ppofe that ABCbe a 






Sa =g \\triangle. Then Lfay that 
AA S I AV AR rwo fides of the triangle A 
| | 4 SRE ie n ang C e 


R| BC, which two fides foes 
einer be taken, are greater: 
Aiithen tbe (ide. remaynine 
dT.) that is, the fides BA and 
| AC are greater then the 
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firain with- 
ost producing 
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Jide BCandthe fides A Band BC then the fide AC: and the fides ACand BC 
then the fide BA Produce (by the z.peticion )the line B Ato the point D.And 
(45 tbe third propo[ition )vnto tbe line A C putan equall line A D: and drawe. 
a line from the point D tothe pointe C. And foraf- EA E 
mucb as tbe line D Ais equall to tbe line AC theres. 
jore(by the 5 propofition )tbe angle AD Cjis equall 
tothe angle AC P. But the angle BCD is greater 
then the angle ACD, therefore the angle BCD is- 
greater then the angle ADC. And forafmachas D 
C Bisa triangle, bauing the angle BCD greater 
then the angle AD C,but( by the iS propofitton)vna. 
der the greater angle is fubtended the creater fide: 
Y berfore ID (D is eveater then BC. But the line D 


^ 





Bis equallto the limes AB and AC( for the line A Dis equall to the line A C) 


berfore tbe frdes B 4 and A C, are greater tben tbe fide (BC. And in like forte 


. maye proue,tbat the fides A Band BC are greater then the fide A Cer that 


the fides B CandC Aare greater then the fide ABVV berforeineuery triana 
gle two fides which tio fides [oeuer be takenyare greater then the fide remay 4 
ning. which was required to be demonftrated, AR —— T. 


This Propofition may alfo be demonftrated without producing any of the 
fides, after this maner, ATP e 


« 
E 


Suppofe 4 B Cto be triangle, Then I fay, that thetwo fides 4B and A Care greaz 
ter then the fide BC: deuide the angle at the point 4 (bythe 9. propofition)into two 
equali partes by the right line -e# £. And forafmuch asin the triangle # B E,the ont« 


4A, 


ward angle 4 EC is greater then theanele 8 e E (by / 
the 16 propofition),and the angle B Z4 E is put to be 
equalltothe angle E 4 C,therefore the (ide 4 C 1s grea- 
terthen the fide E, And by the fame reafon the fide 
AB is greater thé the fide B E,Forin the triangle £ E C 
the outward angle 4 E B, is greater then the angle C4 
€,thatisthen theangle € 44 B, Whereforealfo the fide 
AB is greater then the fide BE. Wherfore the fides AB 
and 4 Care greater then the whole ftde 8 C. And after . | 
thefame maner may you proue' touching the other - / 
fides alfo, — —— 
pre E- € 


The fame may yetalfo be dem onftrated an other way. 





Suppofe 4B Cto bea triangle.. Now if 4 BC bean 

equilater triangle, then without doubt any two fides A 
thereof are greater then the third. For the three fides 
being equall any two fides of them are double to the 
third.But ifit be an Ifofceles triangle, eitherthe bafe is 
leffe then either of the equall fides or itis greater. Ifthe 
bafe beleffe, then againe two of. them arc greater then 
the thirde, but if the bafe be greater: let J Cbeing the 
bale of the Ifofceles triangle ABC be greater thé either 
ofthe fides 4B & 4C and from it cut of ( by tae 3.pro- 

p = ‘+ pofition 
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pofition ):à line'equall to any onde of thé other fides, whiche let bee BE, and.dtawe 
2line from.4 to E. And fora(imuch,as in the triangle 24 E ,theangle..4 E Cis an outs. 
ward angle: therefore it is greater then the angle 8 4 E (by the 16. propofition). And, 
by the faniereafon,the angle 4 # B is greater then the ahgle C4 E. Wherefore the an-) 
gles at the point E are greater then the whole angle at the pointe 4. But the angle BE 
Ais equaltotheangle B AE (bythe $; propofition) for eA K is put to be equall to B 
E, Wherefore the angle remayning 4E (is greater then the angle.C_AE, Wherefore? 
alfo the fide 4C is greater then the fide E ( But the fide 4 B is equall to the fide B E. 
Wherefore the fides 48 ande Care greaterthenthe fide 20,155: bec. 
- Butifthe triangle 442 CbeaScalenum,letthefide .. ^... 
AB be the greatelt, and let_4C be the meane, and BC 


^ o4 4 ^ 
io r HA 


the leatt, Wherefore the greateft fide being added tod- * 
ny one of the two fides muft nedesbe greater then. the - - 
third, For ofit felfe itis greater tħen any ofthem “But 19 
if.4 B being the greateft,you would proue thë fides 4C. - RI 
and CB to be greater then it, Then as you cidin the I- 323 


foceles triangle, cut of from thegreateft a line equall to 
one of them, and from the point C to the point ofthe 
interfecion drawa rightline,and reafón as you did be 
fore by the outward angles ofthe triangle and you ihal 
haue your putpofe. 7. al 
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This propoſition may yet moreouer be demonſtrated by an argument lea- 
ding to an abſurditie, and that after this manner. 


Suppofe 48 Ctobeatriangle. Then I fay that the y 
fides.4 B and 4C,aregreaterthenthefide BC. Forif ^ L2 °° 
they be not greater,they are either equallorleffe, Firft 
let them be equall,and from the line 7 C cut ofthe line 
B E equallto the line A4 B( by the 3,propofition) wher 
fore the refidue E Cis equall to 4 C.Now forafmuch as 
A B isequall to BE they fubtend equall angles. Like- 
wife forafmuch ase C is equall toC E they fubtend e- 
qual angles. Wherfore the angleswhich are at the point 
E are eqnallto the angles whiche are at the pointee 7, 
which 1s impoflible( by the 16.propofition J. 


But now let the fides 4 B and 4€ beleffethen the 
fide B C,and from theline B C cut of ( by the 3.propofi- 
tion)theline 7 Dequall to theline 4 2;and likewife fró 
the fame linc 2 C cut oftheline C E equall to the line 4 
C. And forafmuch as.4 B is equall to B D, the angle B 
D Aalfoisequall to the angle 2 4.D (by the fifth pro- 
pofition),Againeforafinuch as e£ C is equall to ^C £ 
therefore(by the fame) the. angle C E Ais equall to the 
angle E e/4 C. Wherefore thefe two angles 2. D 4and C 
é Aare eqnall to thefe two angles Bed Dand€efC, / 
Agayne forafmuch'as the angle B D 4 is the outward 
angle of the triangle A D C, therefore itis greater then® Do 
the angle E 4 C, For itis greaterthen the angle:D eA C( by the 16.p 
E ds f: uns NLIS D chas C E es is the the outward angle of 
~~» thererore it 1s greater then the angle B_A D (for itis sreater thentheancle ? 47) . 
W herfore theangles BD AandCE Aare bres then the two — py 1 É 4 
C. But they were alfo proued equal! vnto them : which is im poflible. Wherefore the 
fides 4 B and.4 Care neither equall to the fide 2 C, nor leffe then it, but greater, A d 
foalío may itbéprouedofthoreft; zo. soc Westen p'eateh, Ang 
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“7 Aman may alfo morebriefelyd emonftrate this propofition by Campanus: 
definition ofa right line, which as ‘we hauebefore declared is thus: right line is 
the Jhorreff extetfion or dravaght that 33 or may be from ont point to another. Wherfore any one. 
fide ofa triangle, for thatitisarightline drawen from fome one point to fome 
otherOne point,is ofneceffitie fhorter then the other two fides drawen from and 
tothelame pointes; cs n odio. a Indi T 


—R Boe ^- 
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Epicurus and fachias followed himrderided this propofitioni, not counting it 
worthy to beadded in the numbér ofptopofitions of Geometry forthe eafiaes 
thereof, forthat it is manifeft euen to the fenfe. But not all chitges manifelt to: 
fenfe, are ftraight wayes manifeft to reafon and vn dérftanding 7 It pertay neth to. 
one that is a tcachcr offciences ; by. profe aid demonftration to render a cer-, 
tayneand vndoubted reafon, why it{o appeareth to thefenfe: and.in, that onely; 


contifterh {cience. 1T .3 
F sgiala ani t Eaa RN i S j20i 
T] À PN. E eia. >. Ther ‘Py Fi i rini TLG —— -a 
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Gf from the endes of one of the fides of a triangle, be drawen 
1. to anypoint-within the' fayde triangle two right lines: thofe 
right lines fo drawen,[halbe leBe then the two other jides of 


the triangle, but fall containe the sreater angle." 


VL ppole that ABC bea: aasa o8 










* crriangle:and frõthe endes : 
D WASA of the fide'BCuamely fro 
Wires) \the pomtes:B ánd C, det 4 

Awttbere be draxen within $ l 

ARM triangletto viebt lines Be y 


No p (D and C (D to 5 point D. 
— — E T henL fay, that the lines — , roD 
BDandC Dare lefse then the ether fidesofthe @ c. 
triangle, namely, then the fides B.A.and A Cand that the angle which they 
contayne, namely, BDC ts greater then the angle BAC. Extend ( by thé 





Dentativation, fecond peticion) the line 81D ro tbe pone E, And ferafmuch as( by the 2.0.proe 


pofition) in euery triangle the twofides are greater then the fide remayning; 
therefore the two fides of the triangle AB E, namely, the fides A Band A E, 
are greater tben tbe fide E 'B. Put tbe line EC common to them both, VV heres 
fora tbe lines B 4 and Z C,are greater tbeutbe tines BE and EC Againe fors 


: afmuch as (bythe Jame )in the triangle C E D the two fides C E and É (D, are 


greater then y fide DC, put 5 line D.B commonto them both: wherfore 5 lines 

CE and E Pyare greater then thelinesC Daid DB: But it is prouéd that the 

lines B d and A Care greater then the linesB Eand ECVV herefore the lines 

® Aaud AC,are much greater then the lines B D aud D C, Agayne forafmuch 
: Et as 


but 


of Exiolides Elemohtes. Fol.30. 


as (by the 16, propofition ) in enery triangle the outward angleis greater then! 
the inwardand oppofite angle, therefore the otitmard angle of the triangle C. 
DE, namely, BD C,is greater then theangle CE D.VV herefarealfo (by the. 
fame) the outward angle ofthe triangle ABE, namely, the angle CE Bis. 
greater thenthe angle BAC, But it is proned,that the angle B D.Cis greater’ 

then the angle CE B.VV berfore the angle BD Cis mach.greater:then.the ana: 

| le BA CVV bereforc if from tbe endesof oe'of the frdesof'atriangle,be draw 
= Den to any point within the fayde triangle two right lines: thofe right lines fo 
drawn fhalbe lefse then the two other-fraesiof the triangle. but fhailcontayne - 

the greater angle: which was required to be demonstrated, wer. rrr hae. 
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In this propofitionis expreffed,thac the two right lines drawen within the 
triangle haue their beginning at the extremes of thëfide'ofthe triangle, För fró 
the one extreme of the fide of the triangle,and froth fome oie point ofthe fame 
fideymay be drawen two right lines within the tridtigle; which fliall'be longer thé 
the two outward lines: which 1s wonderfull and feetnech ftraunge, that two'righe 
lines drawen vpon a parte of a line,fhould be greatérrhen two right lines: drawen 
vpon the whole line,Aad agayne itis poffible trom the one extreme of the fide 
ofa triangle andftom fome one point ofthe famefide'to drawe two right lynes 
within the triangle which hall containéan angletefte then ‘the ang]e contay ned. 
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vnderthe two outward lines, — partion : 
m | 2i: uz; m CN Las 

L | E IS. nin 

'  Astouching the firft pare, PES d! nthe 

Suppofe 48 Ctobeare@siie} ssnow hosaues oge woe Ga) sions 
ele triangle,whofe rightanglelet «45-570. = sadi iniu nd; 
be at the point BYAtidin the fide, 5 12:5... tee He ge le i 
BC take a point at al dduentures * —— — — — 
vhich let be D: and draw a righht ee P m 
line fro Ato D Wherfore the line’: u TuS ). dei : M cedi 


-A Dis greater then the line AB- poui 
(by the r9.propofitió) From thei vah sari obh vinei ta Ap N: 
line -4 D cutof (by the thirde) aeu mns dec vL a Tn ge 
lineequallto the line 44 2 ,which.... "nim — Pa. n deret. mmt 
letbe DE.AnddeuidethelineE ~ ` 
into two equall partes in the 
point F(by the 10.propofition ) g D B5 
And draw alinefró Fto C. Now 


forafmuch as 4 F Cisatrianele,th i 
gle,therfore the lines 4 F and F Care creater thé thet: 
thé th 
41 C( by the former propofition ):but ef, fisequaltoFE therfore the rieht lj elite 
and F Care greater thén th ‘line A CAE «diee A tne right lines FE 
"x. £ “ater then cline 4 C’And the lineD Eis equallto theline.4 2. Wher. 
S theright nes F Cand F D are greater then the right lines e4 Band AC. andth 
AE io s within the triangle 44 2 C,the one fromone extreme óf the fidé BC ånd * 
other from a point in thefamé fide RC : whiche was required to be proucedi 


j * - i Nouv 
5o qm ^N a * f^ e} t fij mh 4 who 4 ** 
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*: “oe tne? | MNS 


At LJAN 3 NTS yee haem X4 ` 
epos 'Sujpof 24 B C to beean Ih 
a tpg Aes COUCH aM oie 21. 5 C'to beean Ifofce- 
Ics Dp TE letthe bafe thereof namelye, Z:C bee greater then either of T 
equa. | ydes * aN heii oc i C“outte of 2 ‘line equall to.the lyne 4 BY by the 
o ; inc i 
prop 5 Whicheletbee B.D: anddrawealine from oA toD: and inthe 


3 E. ij li ne 


oy tu tc As "edge the feconde, part 
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linev£ Dtakeapointataladuentureswhich-.. ..—— 7^ pw 
let be E, &drawalinefromCto E, Nowfor- . a & x 
afmüchasthelineeZ,isequaltothelyneB. 4 
D,therfore(by tbe fift propofition)the angle. s. -- - 
B AD isequall.to the angle BD 4: Andfore ..... . 
afmuchasinthe triangleE DCtheangleED- 
Bis an outwarde angle,therefore (by the 16, ° * 
propofition) itis greater thentheinwardand:. ‘: - 
oppofitéaugle D.E C, Wherefore theangle B... - 
A Dis greaterthen tlie angle DEC.Wherfore.— 

the angle BAC is much’ greatezthenthean-" ^ / 
gle.D EC: ándtheangle B.AGiseóntainedof£.. p. 
theoutward right lines.B 4and AC, andthe: .. . 
angle DE Cis contayned of the inward right “~*~ 
lines D E and E C: which was required to be proued. 
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oftriangles,which eontayneth;-. 5.55... , 
fourcfides, Asfor example.this. s... 2:4. 
figure A.B C.For it i.cótained, - 

otío wer fides, BAAC CESK. 

E B.Butit hath onely threcate,.. | 
gles,one at thepointB,another ; . 
ar thé point Aand the third at 
the point C, VVherefore this 
prefentfigure ABC is a qua- ——— ni 
drilatertriangle: which ofolde P pum oM S 
philofophers hath eucr bene counted wonderfull, ee 
And here is tc be noted, that there is difference be- © Ost Mee aig 
twege a threcfided figure, and athree angled [our i a, — 
For.not cuery figure hauíng three angles hath alfo 


oncly tlirec fides,as itis plaine to {ee in this figure, asi 
Li&cwife it1s$not all on,afigure to haue towerfides, - i 





andfower angles, For.afoure fided figure may hane 
oncly.threangles;as in theformer figure: andafoure — -> 
angled figure may haue fine fides yas in this figure folowing, 
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2i b Of thre right lines, which are equall to thre right lines gene; 

to make a triangle, But it beboueth two of thofe lines, which 

. two foener be taken;to be greater then the third. For that in 

<. "HET triangle two fides, which two fides foener be taken, are 
ub gere o Sud pe Rd) ee ERE m l 5 grea- 


of Euclides Elemétites. Fol. 


e. ay Cale * e 
; ry e 7 £ 
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reater then the fideremayningg 5-257 7 Save 
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å A " gis F- c E x a ep r, 
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S P ppofe tbat tbe three right ` su od 
lines gene be A,B,C:of which _- 2-2 

ler two. of them, which-two 
foener be taken, be greaterthen the 
third, that is , letthe lines A,B be u 
greater then tbe line C andthe lines f 22-3 
AC, then the line Band the linesB, [p 
C,thentheliné A. It is required of UMS, SN) 
three right lines equal to theright: \ - 
lines A,B,C camakea triangle,Fake M 
arigbt line bautng an appointed ende 
on the fide D, and being infiniteon. *—5— — 

S455 fF mi Aihe i pe DRAIST sc, ei 

the fide E, And(by the 3. propoftie, *— — - 
op.)put.vuto tbe line 4,an equallling. TTT. | 

@F and put-vynto:the line B,an equallline F G ;and vuto ) line C,an equall line 

GH. Andmaking-the centre F sand the [pace D' Fdefcribe (by the 3 .peticio) 

acircleD K_L. Agayne making the centre Gand the [pace GH, deferibe (by 

the fame )a circle FI K L:and let the point of the iter [ection of the fayd circles 

be K ,and(by the firft.-péticion’) draw aright line from the point K-to 5 point F, 

€» an otber from tbe point K to the point G, Then Lfay,that of thre-right lines 

equall to the lines A,B ,C,is made a trianole K FG, For forafmucb asthe point Demsnhtrasion 
F isthe centre of the circle RT. therefore ( by tbe ys, definition ) tbe line F 

D is equall tothe line F K, But the line Ais equall to the line FD VV berfore 

€ by théfir Jt- common fentence) the line F Kis equall tothe line A. Agayn e fote 

afmuch as the point G is the centre of the circle LK H stherefore( bythe fame 

definition ) the lineG K is equall to the line G H But the line C isequall tothe 

line G H: wherefore (by the first common fentence) the line K.Gis equallro 

the line C But the line FG is by Juppofition equalto the line B: wherefore thefe 

three right lines G PE Kand KG are equall to thefe three right lines D 

CVV berefore of three right lines, that is, K F,FG, aud G K. ,. which are 

equall tothe thre right lines genen that is to A, BCs made a triangle K FG: 

which was required tobe done. ~~ 8 ae en De m; | 
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An other conftru&ion,and demonftrationafter Fluffates, ^ 
.. Suppofe that the three right lines bee 4,B,C.And ynta fome one ofthem,namely, i= 5 
J POT ti a ee? Tu 

to C;putanequallline D E,and(by the fecond propofition)from the point E,draw the PER 
line E G,equall to the line B: and (bythe fame) vnto the point D put.the dine DH €- gfrer Fluſſates. 
qual to the line 4.And making the centre the point E, & the {pace E G,defcribe a cir- 

cle FG: likewife making the centre the point D, andthe {pace .D H , defcribe an o- 

ther circle H F:iwhich circleslet cutte the one the other in the point F. And draw 

P I.iij, | thefe 
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feflances in thss 
Probleme, 


Fired influnces 
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$ecand instance 


 forafmuch as'G is the centre o£" 


 Whereforetlie whole line £F Gis " des JU Oe 


— 
Be ti . eae Top + ae J 
BTE ti E 1*7. 4331 ^ RT i 

ru “LVS Boke. ` 


thefe lines D F and EF. Then I faye. icing eR Mey te 
that DF Eisa triangle defcribed of ^ " — ^ ^ 577 t 7*0 
3. right lines equali to the right lines 7 ^ r 
441,B,C.For foratmuch as theline 077 
is equall to the right line 4, the line 
D F, fhall alfo be equali to thc fame 
right line .4,(Forthat the lines DW 
and D Fare drawen fró the centre to 
the circumference ). Likewife foraf- 
much as EG isequallto E F( by the 
i 5, definition) and theright line B is 
equall to the fame rightline.E G:ther 
fore therightline EFisequalltothe | eM uo Let 
rightline 7 : but the rightline D E, E wieso Aaa à 
was put to beequall to the right line Áo AT I — Ü 
C. Wherfore of three right lines ED,D F,and FE which áre equal to three tight lines” 
geuen, ¢4,3,C, isdefcribed a triangle: which was.required to bé doüe;lecs ui 
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; M chis propoliti on F qiue Y paradueacure will cauill,that Te n MP 
ill not cut che one che other (whic v Entlidé putteth them to di do w^ 
ifthcy cuttenot the onethe och —— tow cheoutthe other oc cher 
ace diftaunte the-one: from the.cthet « Fiiftif it bepoffiblelecthemtoochetlie: 
one tae otheisas in che figure here put (che'conftruction yhereof.anfwereth to; 


7 ? — 







che cobftrucidn of-Esclide).: E ME. 

* 24. i .-- ow T ncs — lies $5 y vom PLU. a we te M AR 

And ferafmuchas Fisthecen. |" 

€ f. wi ES EAIN FRF Te Sak ie i aLe 

tre of the circle D'K,thetfore the 2: -c : 3 

line DFisequaltothe line FNs > A 

And forafmuch as the point G,is , ~ J 
V3 P. 


thecentte of the circle HL,ther-. - 
fore theline A G3 is equall to the ©: 
Tine G Af, Wherefore thefe two /.- ky A REO PEN 
lines D FyandG H, areequalltoj — 
one line, namely, to F G, But =. — — 
they wete puttobe greaterthen 725°. 200% RE 
it:forthelines DF,FG,and:G\ .,. 5, 
H, were put to be eqnall to the, \ A 
lines 44,B,C,euery two ofwhich ^ 
are fuppofed'to be greater thea i 
the thirde: wherefore they are... 
both greater; and. alfo equall,. .. 
which isimpoflrble, Agayneifit 
bepoóffible;let tlie circles bedi-. » 
ftant the one fromthe other, asù ` 
arcthecircles DKand Z L.And ` 
forafmuchas Fisthe centre of 
the circle D K, therfore the line 

D Fisequal to the line FN, änd 
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the circle L H,therefore the line 


, > a * F 
a . 4 P. SEL * 
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. ^ e pre $2 2t e SLE TAM is re ee . 
H Gis édiiall to the lineGe ates). 07 s 


greater then the two lines D'P, ^ X. watt D 
and G Z, (fortheline P G,exce-. ^ ee jp m 
deththelines DF,andGAyby’ NU 0 Fd à E 


theline AN Z4)butitwasfüppos ^^ - -> — fa Os Be P2 
ls, À Toe 


of Euclides Elementes. Fol.32. 
fed thatthelinés.D F arid H 6 are greater then:the line FG: as alíó; it was. füuppofed.- 
thatthelineszdand Cwere greater then the line.Z2(for the line.D: Fis put to be equall. 
tothélitc:d;andtheline FG totbe line 2, anditheline Z G ta the line C. ) Wherefore. 
they are both greater and alfo equall: which is impoffible. Wherefore the circles ney- 
ther tooch the one the other, nor are diftant the one from the other. Wherefore of ne- 
ceffitie they cut the one the other: which was.required to be proued. 


— Lhe 9.Probleme. The 23-Propofition. 


. ^ . ,r 4 
Upon a rigbt lime geuen,and to a point tn it geuen: tomake a 
rectiline angle equall to a rectiline angle geuen. | 





xa V ppofeytberigbtlinege- — a 
eese] ue be AB, eo letypointin — 0 esr 
Cuit.geuen be A. And let alfo 
—=' the reétiline angle gene be 
DC H.It is required vpon the right 
line genen A B and to the point mit 
cenen Ato take a rectilineangle e« 
quall to the re£iline angle genen 1D 
CH, Take in either of the lines CD 
and CHa point atalladuentures o 
- let tbe jame be Dand E. Anal by the 
first peticion) draw a right line fro 
D to E And of thre right lines, A F, 
FGandG Ajwhichlet beequallto ..— l — 
the three right lines geuen,that is,toC D,D E,and EC, make (by 9 propofition 
goyng before)a triangle and let the fame be AFG: fo that let the line CD be es 
quall to the line AF, and the line C E to the line A G,and morecuer the lyne D 
E to the line F G.And forafmuch äs thefe two lines D Cand CE are equall to. Demonpration: 
thefe two lines FA and AG,tbhe one to the otber and tbe bafe (D E. is equall to | 
the bafe F G:therfore (by tbe 8. propofition) tbe angle D C E is equall to the 
angle FAG VV herfore vpon the right line geuen A B,and to the point init ges 
uen namely A,is made arectiline angle F A Gyequal to the rectiline angle veuen 


Confſtruction- 
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D CH: which was required to be done. 


Anotherconftru&ionand demonftration after Proclus, 
/ Suppofe that the right line genen be 4 B:& let the point in it geuen be Zf;&let the be oe 
rectiline an gle genébeC D E,Itis required vp6 theright line gene 4 B,& to the point fruttion and de 
in it geue 4,to makea rectiline angle equal tothe reGiline angle gené CD E. Drawea ‘monfration afs 
line fró C to E. And produce theline 24 8 on either fideto the points Fand G. And vn-. zer Preclis. 
Liiii. t9 





Au sther Deo 


monfizeson af- 


ber Perris, 


: the reĉtiline angle geuen C D E: which was required to be done, 


ro the line CD,pnt the line FA equal,&vnto theline DE let thè line AZ be equal, & vn- 
totheline EC putthe line BG equal. And tisking the cétre the point 4;& the fpace AF; : 
deſcribe acitcle K F.Anid agayne making the centre the point J and the [pace 7 G. de» . 

Pp ond AD nA um ty eT ser] rli 
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fcribe an other circle G L: which fhal of neceffitie cut the one the other,as we haue be- 
fore proued.Let them cutthe one the other in the pointes M & N.And drawthef: right. 
lines AN,AM,BN,and BM. And forafmuchasFE Ais equallto A M:andalfoto AN - 
(by the definition ofa circle)but C D is equall to. F A,wherfore thelines AMand AN. 
areeche equall to the line D C. Agayne forafmuch as B G,is equallto B M;and to B N, 
and BG is equail to C E:therfore either ofthefelines B.M and B N isequall.to the line? 
C E. Bat theliae B A is equallto theline D E,Wherforethefe two lines B.A &.A M,are 
cquall to thefe two lines D Eand D C,the one to the other,and the bafeB M is equal to 
the bafe C E. Wherfore( by the 8.propofition)the angle M'A B.is equall to theangleat, 
the point D.And by the fame reafon the angle N'A Bus equall to the fame.angle at.the, 
point 0,Wherfore ypon theright line geuen 4 B,and to the point init geuen 4,is de-; 


— Éfcribed are&iline angle on either fide ofthe line 4 2: namely,on one fide the re&iline' 


angie N A B,and on the other fide the re&ilineangle M A B,either of which is equall to: 


3 


Áu other conítru&ionalfo,and demonftrationafterPelitarius. . = 


. Suppofe thar the right line geuen be 4 B: and let the point init geuen be C, and. 
let the rectiline angle geuen be DE F,Itis required vpontheline geuen 4B,and to the 
point init seuenC,to defcribe a reGiline angle equall to the reStiline angle geuen DE 
FProducetheliae F £ tothe point Gt and from the point E ere&(by the 11.propofi-: 
tion vato theline G F a perpendiculer line E H,whichifitexa&ly agree with the lyne: 
E‘D,then was the angle gené a right. : " | 
angle.Wherforeidffrom the pointe C .. 7 
youerece a perpendiculerline vnto, —.. | - P 
the line 4 B,that (hall be done which. ^^ Ae 
was required ta be done Butifitdo. : 
not,then from the point H, erect vn- 
to thé line AH £,a perpendiculer lyne 
HD , whiche being produced fhall 
(by the fifth peticion)concurre with 
theline E D being alfo produced:for 
the angle DE Hislefle then a right... 
anzie(whenasGEHisarightangle), — | 
Whereforeletthemconeurre in the:.. A. .: © B 
paint D,and fois made the triangle. | 


— 
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(D E H.Afterthe(ame maner fróthe ' yer 


. poistgenen C,eredl vnto theline 42 a perpendiculerline CX; which let be equall to 


nA dud VHC 


of Euclides Blementer. ———— Fols. 


- rhéperpetidichlarline EH(by the 3. propofition):and from thepoint Kere& vntothe: 
line K Ca perpendiculer litíe K Z;whiche let be equall to the perpendiculer lyne 47 De 
And draw 4 fine from C to L. Then Efay thattheangle L C B,1s equall to the angle ge. 
Wen: D-E'Fi¥orthetwotriangles HED and KC L,are (by the fourth propofition) ¢+ 
qual, and equilater the one to the other: and the two angles LCK and ‘DEH are eq uals: 
And the two angles\BCK and FEH are equal, for either of them is a right angle, Wher- 
fore ( by. tlie 3iconimon fentence the wholeargle.L C 2jis eqtiall to the whole angle D 
E F. Which wasrequired to be done. ^ QUA | 
Ánd iftheperpendiculer linechaunceto fall witboutthe angle geuen,namely if ee 
theangle geuen bean acuréangle, the felfefame manner of demon(tration vili 
ferne: bueontly:that in ftede of the fecond common fentence;-muft be vied the 


4 4 f ke 
Appollonius putteth another conftrudtion & demonftration of this propofitis: 


which (though the demonftration thereof depende of propofitions putin the 
thirdbooke; yet for thatthe conftru&ton is very good for‘him that wil rédely 
and mechanically, without déménftration, deferibe vpoda linc gcuen, and toa 
point init geuen, arettiline angle equall to a reiline angle geuen) Tthoughe 
not amife hereto placeit,Anditisthuse ; . - — 9 Loses 
à? ! Jg ROUNETEM Sis VM RR 
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` 


Suppofe thatthe reftiline angleg 
AB, andletthepointinits 5s, i 
geuen bee/Z. Take in the. -. .. 
line CD,a point atallad- ^ 2-7 
ventures, which let be Fei A 
And making. the cétre thess sn s 
point D, and the {pace D f>“ 
F, defcribéa circle F G,cut «| 
ting. the line D E; in the: 
pointG, and draw a ryght 
linefrom F to G, Likewife 
fromthe line 42, cut of 
alineequall to the lineD | .: fe 
F,which letbe AH. And © fey « 
making the cëtre thepoint .. .^ . - 
A, and the fpace AH de- > Epe: | M AUS, i 
fcribeacircle 77 K,and from thepoint ,fübtend vnto the cireumference ofthe circle 
arightlyne equall to therightline F.G , whicheletbee Z K : and drawea ri ght lyne 
from Ato K. Then I fay thatthé angle 7.4 K,is equall to the angle C D E. The proofé 
whereof I now omitte for thatit dependeth of the 2 8 and 27 propofitioris of the third 
booke, — — kh. vi ! auci M 


But now,as I fayd, by this you may vety redily, and mechanically, without demon 


L'] LA? e E "ue of 
4 dowsV» 
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firuciion £3 doa 


hs Eg ee 03 monfration af: 
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euen beC DE, andlet the right line geuen be “other con- 








stration, vpona line geuen, and to.a point init geuen defcribea reciling angle equall “oati X. i k 
to ąreĝiline angle geuen. For, , ` —B n A aY COR 
inthereGilineanglegeué, yoGa ^^" D .— "^ ^- ''- SE LD. i 
neede onely to marke the two. bv » \ 
pointes, where the circumfe- | m | . 
rence'of the circle cutteth the | PEE: b 
lines contayning the angle ge- "e 
uen: as the points F and G: and OH 
likewife to marke in theline ge. - [4 | E 





uen asin 442 tlie point ZZ, & fo ~A TNEKLM CHOR B “wY 
making the centre thé point 4;according to the fpace AH (which is pnt to be equal te 
F:D)deícribea peece of a circumfergnée on that fide that you wil haue the angle to he, 


asfor example the circumference H K,and opening your compafle to the wideth frors 
l | K, i. the 
E 


| Lhefirft Booke.. 

the point F, to the point G, fet one foote théreof fixed inthe point 74, aüd'marke the. 
point where the other foote cutteth the fayde circumference., which point let be K,: 
And from that point to the point e/f draw a right line:and fo fhall you haue deícribed. 
at the point 4,an angle equal to the angle at the point D.Asin the figures’ inthe: end. 
of the other fide put: et n Sree olay LER E multi cooor Posi s E 


Quspidetbe— — Oenopides was the fict inuenter of this propofitioni as witneffeth Eudemius, »: 
fir? snsenter of | A FRU E | ies 


Shis propofition, ee ee. EAT. ug (us 
My, lo ERO ur pi uA ste 2 . i mU, t — Mw e dong en 
Lhe15.Theoreme.. The24.Tropofition.. 


pr" " f 


” 


~ Fftwo triangles bane tWofides of tbe one equall to two fides of 
the other, ech to bis correfpondent fide,and if che angle cotai- 
. ned ondertbe equali fides ofthe dne; be'greater then the an’ 
—glecontayned under the equall ides of the other: the bafe alfa 
ofthe fame, foalbe greater then the bafe oftbeotber:’ ^ 7s 


4 ~ - — 


A a E TA bu A phi Adan | i gf 31 X * 
CMa CAV ppofe that there be two triangles AB C and D EF, 
| Nes IS; j|bauing tuo fides of tbe-ane  tbat is, 4/Byand..A C, ez 
=. | A N SRN | quall to two fides of tbe other, that is: to D'Eyand DE, 

oS BC BERN ech to his corre/poudent fide:that ts,the fide AB, to the 

(Un NN, PAE | = 1 Te re vu 

Ds oe Jide D E,and the fide AC to the fide DE x and fuppofe 
BEF ony that the angle BAC be greater then the ângle EDF. 


ETSL ||Then I faye that the bafe BC, is greater then the bafe 





— —— EF, For forafmuch as the angle BAC is greater then 
the angle ED F make (by the 23 .propofition vps b we bar tas 
on the right line DE, and to the point init gene D, 
anangleEDG equall to the angle geuen BAC. 

And to one of tbefe lines that is, either to A Cor D 

F put an equall line D G. And( by the firft peticia) 

draw aright line from thé point Gytò thè pont E; > 

Desanfration, and another from the point F, tothe point G. And’ 
forafmuch asthe line A B isequallto thelineD E, | 
and the line AC to the line DG,the oneto other, 
and tbe angle B A4 Cis (by conftruction) equallta © iosas Go 
the angle ED G; therefore (by the 4, propojition) the bafe BC, is. equall- to 
the bafe EG. Agayne for as much as the line DG is equall to the line D F ther 
(by the 5, propofition the angle DG F, isequall to the angle D FG VV heres 
fore theangle DF Gis greater then the angle EG FVVherefore the angle E 

F G is much greater then the angle EG F, And forem as EFG isa triana 

gle, hauing theangle E FG greater then the anglè E G F and (by the 18.pros 
pofition ) vader the greater an gle is fubtended the greater Jide tberefore the 

fide EG is greater tben tbe fide E E But the fide. E G is equallto tbe fide BC: 
wherefore the fide B Cis greater then the fide EF, If therefore two € igles 


"^ 


Centtrudtion. 
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of Euclides Elementes. 


Fol.34- 


baue two fides of the one equall to twofides of the other, echeto bis correfponz 
dent fide, and if the angle contäyned vnder the equall fides of the one be ereae 
ter then the angle contayned vnder theequall fides of the other : the bafe alfo of 
the fame [halbe greater then the Fafe ofthe other : which was required to be 


proued. , 


~ In this Theoreme maybe three cafes, For the angle € DG, being put equallto the 
angle B 4 C, and the line D G,being put equall to the line_4 C,and a line being drawen. 
from E to G, the line E G fhall either fall aboue the lirie G F, or yponit,or vnder it. &u- 

tides demonftration ferueth, when the line G E falleth aboue the line GF, as we haue’ 


before manifeftly feene. 
| e Putifitfall vponit;asint 
Then forafmuch asthe two lines 448 and Z4 C,are 


equal to the twolines D Eand D g,theoneto the. .. 
other, and they contáyne equall-angles by con- ^ - 


ftruction: therefore (by the 4. propofition) the 
bafe BC, is equall tothe bafe E G:.but the bale £ 
G,is greater then the bafe E F : wherfore alfo the 


«^t 


required to be proued, 


bafe B Cypis greater then the bafe E F 3. which was. 


. "E — P 4 i . B 
. But now let the line @G, fall vnder the'line € 


F,asinthe figure here put.And fora{much asthefe 


two lines AB, and .AC, are equall to thefetwo | 


lines D Eand DG, the one to the other, and they 
contayne equall angles, therefore-{ by the 4. pro- 


Saal bafe B Ggsequaltothebafe£ G.And ^ 
ora{much as within the triangle DEG, the two - 
linnes 2 F and FE,arefet vponthe fide D E:ther-. 


fore (by the 21.propofition)the lines D F and F & 


areleffethen the outward lines Gand G‘E: but 
the'lline D Gis equal tothelinéD:F.Wherforethe - 
line G E iş greater then the line £E, But GE ise- 
quall to BC. Wherefore the line B Cis greaterthé ` 


theline E F,Which was required to be proud; ` 
D G,whichareequal, vnto the points. 
. Kand H:and draw a line from F to G: 
wherefore (by the fecond part of the -..: 
fifth propofition)theangles.K F G and 
FGH, which are ynder the bale FG, 
areequall:therefore theangle EF Gis © 
grcater then the angle FG'€;Wherfore. 

(by the 18 propofition) the fideE Gis... 
greater thenthe fide E F: butthe bafe 

BC is equal vnto the bafe E G:Where- 
fore the bafe BC, .is greatersthen the _ 
baíe £ F : Which was required. to be. . 


_. This third cafe may alfo another way be demonflzated. Produce th 
A sg iu s'y 
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proued, : | 
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His figure here put. 
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Tree cafes io 
thes prepoſſtien. 


Tbe fr f ea fes a 


Second cafés - 


Third cafe. 
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elinesDFand 9.0, uma 
(ont o5 £notberdes 
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the third cafe.” 


» 


‘“ Itmay peradaenture feme; chat Euclide fhould here in this propofition haue 
proued,that not onely the bafes of the tridnglesarevnequall;butalfo that the ac 
rcas of Ehe fame are vnequall: for fo in the fourth propofition, after he had pro- 


K ul, 


ued 


The ff Booke 


Wry Feee ved the bafe to be equall, he prowed alfo the areas to-be equal), But hereto may 
kere pronéeh be antwéred, thacin equall angles and bafes;and vnequall angles and.bafes , the 
wot rhe areas of confideration is not like, For the angles and bafes being cquall, the trian; les al. 
24e rient. (5 (hall ofneceffitiebe equall, butthe ang! cing vne P ; 
de Snegaall O Hal! orneceilitie be equall, but the angles and bafes being ynequall, the areas 
shall not ofneceffitie be equall, For thétriangles may both be equall and vn&- 

quall : and that may be the greater, whiche hathe the greater angle,and the gréas - 

tec bafe, and it may alfo be the lefe. And for that caufe Euclide made no mencis ' 

- on of the comparifon of the triafiglés, V V hereof this alfo moughtbe acaife,for 

that to the demoaftration thereof are required cértayne Propofitions concer= 


Aferibezy, Ning parallel lines, which we are not as yetcomevnto, Howbeit after the 27. 


Prepefitien yom ptopofition of this booke you fhal find the comparifon of theareas of trianglesy 


—— A f which hauetheir fides equall, and their bafes and angles at the toppe vtequall, p 
‘Sriauptes, whofe i 2 i zn TL" 3 f z E * | ’ , A e 
— The 10. Theoreme. The25.Propofition, = 

Jes and angles f wil wa yy Liew sume EXIT ATTE aT; 
at the to a R auncilaeTc ae aw a s E 
T Iftwotriangles haue two fides of the onéequall tortea fides 


of the other, eche to bircorrefporident [yde, and if tbe bafe of 
the one be greater then the bafe ofthe other: the angle alfo of 
the fame cotayned under the equal right lines fall be grea 
ter thentheangle oftheothers i cpe as s 


a) 
( : 


"PE . 
* S K i fs . F $ E } 
"v eil af : : 443 


MGR ppofe that there be rwotriangls ABC, — 
Sey\oand DE F,haning two fides of th'onesthat. s ZR LLL. A 
VET, A Band ACequall tot yo fides of the o# a4 ^i affini 
tber that is toD E, and D F,ech to bis corre[pors | 

dent fide namely tbe fide A B totbe fide «D E,-and..- 

tbe fide AC to the fyde D F.- Bat let the bafeB C - 

be greater then the bafe EF, Tbe Lfay, that the ans: 

| gle BA C is greater then the ang le E D F For if E 

eda dE Abt, then is at eltbér ediall vato it; ov leffe tbenit; 


«uiu. ' Guttbeangle B 4 Cisuot equalltotbeangle. E D. _ , 










— Fiforif it were equall,tbe bafe alfo (B C fbould(by tbe 4:propofition) be equal 
tothe bafe E F;but by fuppofitionit is not. VV berfore the angle B AC ss notes 
gual to the angle ED F. Neither alfa is thé. angle BAC le/se then the angle B 
D F: for then fhould the bafe BC be lefse thë the bafe E ( by. the former prae 
pofition )But by fuppofition st ts not VV berfore y atisle B ACis notle/se they 
angle E (DF, And itis already proued,tbat it is not equall yato itwherforejan 
dle B ACis greater then the angle E DF, Ff therfore two triangles bane two 

fides of the one equall to two fides of the other,echetobis correſpondent [idees 

i if the bafe of the one be greater then the bafe of the other, the angle alfo òf thé 

Fate contayrted vuder y equal rigbt lies fhal be greater the the angle of the oe 


^ 
* 


Tope, i 


of Euclides Elementes. Fs. 
* AK eon'ver[es 


This propofition is plaine oppofitetó thé éight;& is the éSuerfe ofthe FOULE nre commonly 
and twenty:which went beforg,andıti s protied(as commonly all conuerfes ard) smdsrettly 4e- 


a 4E ; hi Es: Wat te ba all RA area oo Bee: cs sa monfirated. 
by areaion leading co an ablurditie, But rt may after Menelaus Alexand tinus be —— 


demonttrated dire&ly after this maner, - | . fration after 
i i i ^ Menelaus Alex 
andr mess, 


Suppofe that there be two triangles ejf 8 C & D 
E Fihaoingthe two fides 44 8 and £4 C equal to tlie |. 
two fides*D Eand*D F,the oneto the other:and let 
the bale BC be greater then the bafe E F,Then Iſay 
that the angle at the point_4;is greater thé the an- 
gle at the point D.For from the bale BC eut of (by 
the thirde ja lineeqnallto the bafe € F, and letthe - 
fame be B G,And vpon the line GB and tothe point 
B put( by the 23,propofition)an angle equal to the. 
angle D E F: which let be G B H: and let the line B - 
H be equall to the line D E.And drawe a lyne from 
#7 to G,and produce it beyond the point G: whiche 
being produced fhall fal either vpponthe angle 4, 


or vpon the line 4 B,or vpon theline AC, Firft‘ler l APET N 
it fall vpon theangle 4.And forafmuch asthefe two — 
lines BG and BHare equall to theſe two lines EF Fir iaai o 





and E D,the one to the other,and they contayńe è- "i. 
quallangles(byconíftru&ion)namely,theangles G'«.— . .— ^ — 
B Hand D E F: therfore( by the 4.propofition)the bafe G His équall to the D F; and 
the angle B H Gto the angle E D F.Agayne forafmüch as the line B His equall to the 
line 8 4(for the line 4 Bis fuppofed to'be equatto the Hine D E, vnto which liie the 
ine B 77 is.put equal ) therfore( by the 5 .propofition )the angle BH _Ais equall tothe 
angle BAH:wherfore alfo the angle E D F is equal tothe angle B 4 H.But the angle B 
Cis greater then the angle B_4H:wherfote alio theangle 7 44 € is greater then the 
angleEDF. -~ > aa Un tad ^ j i 
| X : | Sevend café, 
But now letit fall vpon the linece4# in the ` | 
point K, and drawe aline from A to Æ. And for- 
afmuchas thefe two lines 8 GandBHareequallto -. 
thefe twolines E Fand E D,the one to theother,& 
they containe equal angles(by conftru&ion)uname-- 
ly;the angles G B H and DE F: therfore (by. the -4s 
propofition)the baſe G H is equall to the bafe D i. 


* $9 
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and the angle B H Gto the angle EDF,Agayne for-_ 
afmuch asin the triangle B A H,the fide BA is equal. 
to the fide B H, therfore (by the 5. :propolition) the - 
angle B A Hisequal to theangieBH A.Butthean- | 
gle B H Ais greater then the angle BH G:wherfore | 
alfo the angle BAH is greater then the angle BHG.- 
Wherfore the angle B A Cis much greater then the _ 
angle B H G.Butitis proued that the angle BHG is - 
équallto the angle atthe poitit D.. .Wherefore the 
angle B A Cis greater then the angle at the pointe 
D: Which was required to be proued, md 





Lankaga a a Uu l 7 Third edfe. 
. Butnowfüppofethát theline H G beyng produced doo fall vppon thelinee// C, 
hamely,in the point K.Andagayne draw alfo a line fron 4 to H.And forafmuch as B 
Gisequallto E Fjand B H,to E D therefore thefe two lines B G and B Hare equall to 
thefe two lines E F and E D,the one to the other,and ( by conftrnétion )they contayne 
equal angles.namely,the angles GBH and FE D,Wherfore ( by the fourth propofitió ) 


K.1ii. the 
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. thebafeG His equal to thebafe D F:&th'an 


-quall to Z4 C: therforeG H alfo isequall to 4 
C. WherforeH K is greater then 4C, where- 
` fore H Kis much greater then A K.Wherfore 
 (bythe 18. propofition) theangle KAH is 
. greater then theangleK HA. Agayne foraf- 


gle BH Gis equallto th’angle E D F,And for- 
afmuch as G His equall to D F, and D F ise- 


muth as B-A is equalito 4 BY for B His pute- 
quall to D E,whichis by fuppofition equal ‘to 
"4 B) therfore(by the 5. propofition ) the an- 
gle B H Ais equali tothe angle B A H, Wher- 
fore the whole angle BHK is leffe-then the 
whole angle B AK, Butithath bene proued, 
that the angle B H Kids equaill to the angle at 
the point D,wherforetheangle 2 4Cisgrea- 7 
terthen the angle atthe point D, which was H. 
xequired to be proued, 5 





Hero Mechanicus alfo demonftrateth itanother way and that by à direct 


demonftration, 


dis ober dts 
anowfration af 
qer Hers Mes 
GRIIS 


-> ducethe line D E to thepoint Æ, and put the 


Suppofe that there be two'triangles ABC ., ^ 0. " | 
aud DEF, hauyngthetwofides?£/, and 4 ME. ee | E 
C,equalltothetwofidesDE,&DF,theone > o Ta | 
to the other, andletthe bafe BC,.be greater 
then the bafe EF. Then I fay,that the angle at 
the point.4,is greater then the angle atthe 
point D.For.forafmuch as BC, is greater thé 
E.F,produce E Fto the point G , and put the 


di - 


Tine £ G, equall to theline Z C. Likewife pro- 


line D H, equallto theline D F., Wherefore 
‘making the centre the point D,and the {pare 
D F,de(cribe a circle;and it fha!l pafe alfo by 
the»aint Z.Letthe famecircle be F K H.And. 
forafmuch as dCand ABaregreaterthéBC {| _ 
(by the 20.propofitid)& thelines AB& AC, | ° — 
ar equal te-the line €H,& the line BCisequal |^ 
to the line EG. Therefore theline E H1s grea 
ter then theline E G, Wherefore ni un the \ 
«entre thepoint 4 and thefpace EG defcribe - ^N - 
a circle,and it (half cue the line E H. Letthe, - 
fame circle be G K: and from thë common ` D | 
fe&Gió ofthecirdes,whichletbethe'point Kj = > — = 
draw thefe rightdines K Dand KE.And for- ==" ee 
afmuch asthe point Disthecentreofthecir- ~, T Me MM" 
cle 7 K F, therefore( by the 1 5. definition Jtheline D K,is equall to the line D EZ,that 
is vnto the line 4 C. Agayne forafmuch as Eis the centre of the circle GK, therefore 
the line E Kis equal to theline EG;that is,to the Ime 8 C. And forafmuch as thefe twa 
lines 4 B and A C,are equall to thefe two lines DE and D R,and the bafe BC isequat 





— — , rm ¢ vi 


: tothebafe E X(for E KX isequallto EG (by the 15,definition)& EGis put to be equal 


to BC),Wherefore( by the 4.propofition the angle B 4 Cis equal to the angl: ED K. 
But theangle E D Kis greater then the angle ED F :wherefore al(o the angle B AC,i¢ 
T JU A Yo we 


ercater then the angle ¢ D Fywhich wasrequited to be proued. 


> ^» . 
. * . 
, 
ie , P . : b 
s * 
as ste o 3, ẽ r-i. > » ^ 7 > ds o T} f 
— E | 


E 


of Euclides Elemenites. Fol.36. 
uL. 17. T beoreme. The 26 Propofi Hon. | | : 


Mp — * triangles bake two * of the one equall tatwoan- 


# oa SRE of tbe other ,ecb to bis correfpondent angle,and baue alfo 


one fide of the one equall to one fide of the other , either that. 
ed ide which lieth berwene the equal angles,.or that whichis: 
„Jibi ended ‘under one Of the equall angles: the other fides alfo 
aH one Malbe equal to the other fides ofthe other, eche to` 
Lis covrefpondentfide, and theother angle yt one: * | 
: È 2 quils to tbe otber angle of the other. 


EU V ppofe that there be tho: triaislerd B 
PSEC and DE F, hauing two angles of the 
RAKSA one, that is, the angles ABC and BCA; 

— equall to tbo an gles of the other, that is, 
to the angles DE Fand E F Dech to bit corre/pa 

dent angle thats, the angle ABC, to the angle D: 
E Fyand tbe angle ‘BCA to the angle EFD and one 
fide of the one equall to one fide of y other, firft that / E a - mm 

fide which lieth.betwene the equall angles , tbatis, Ho.E, cunES 

the fide BC;to the fide EE THEI fay that the other | Wb 

fides alfo of. the one fhalbe equall tothe other fides of the nor to bis corres. 
Spondent fide,that is,the fide AB, tothe fide D E,and the fide AC,to the fide 

DF and the other angle of the one, to the other. angle of the other, that i is, the 

angle BAC totheangle EOF, For if the fide A B be not equall to the fide D 

E,tbe one of themis greater, Let the fyde A B Be greater :and (by the 3.propo 

jition) vato tbe line D E, put an equall line GB; and draw a right line from the 

point G,tothe E C. Now forafmucb as tbe.line G B, is equall to tbe line D. Deeenftvatio: 
E atid the line B C to tbé line EF therefore thefe two lines G Band B C, are — 
— * to theſe two lines DEand EF.the one to the other, and the angle GBC 

is (by fuppofition) equall to the anoleD EFVVberefore (by the 4. ‘propofys 

tion) the bafe G Cis equall to the afe D F andthe triangle GCB is equall to 

the triangle D EF, and the angles remayning are equallt to the angles remays 

ning vader which are fubtended equall fydes V V berefore tbe angle GC Bis e« 

quall tothe angle DF E.But the angle DFE is fuppofed to be equall to tbe an 
gleBCAVV herefore( by the firftc common (etyce eb angle BC Gis equal 

to the angle BC A, the leſſe angle to the greater: whichis impofsible .VVhere- 

fore theline A Bis not vnequall to the line DEVV berefore st is equall And tbe 

the line BCis egual to the line E F:now therefore there are two fydes A Band 

Keije BC. 
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B Cequallto two fydes D E and E E,, tbe one tu tbeotber and tbe angle A8C, 


és equall to the angleD E F.VP berefore( by tbe a.propofition )tbe bafe A C is 
equallto the bafe D Fyand the angle remayning BAC is equall tothe angle re 
maynin Ly E D i A + cokes 1 l ^ 
_ Agayne juppofe that the [ydes fubtending the equall angles be equall. the 
one to the other let the fyde [fay A-Bbecquall to the fydeD Ex Then agayne 
fay, that the other [ydes of the one areequad tothe other [ydes ofthe other, ech 
to bis correfpondent [yde that is tbe fyde 4C ta tbe [yde D Fyand tbe fyde'B C 
to the fyde EF: and moreoner the angle remayning, namely, BAC, is equall 
to the angle remayning, thatis, tothe angleE DE: For ifthe fydeBC be not 
equall to the fyde E F the one of them:is greater: let the fyde BC, if it be pofSie 
ble , be greater. And (bythe. third propofytion.). vuto the'line EF, put an 
equallline B Fi,and drawe a right line from the point |A tothe point H, And 
forafmuch asthe line B Ed isequall to the line EE, and thetine~sA-B to the; 
line D E,therefore thefe tuofydes AB and B Hare equal to thefe two [ydes 


e $ 


(D Eand EF, tbe one to tbe otber;and tbey containe <- 
equallangles.V P berefore (Bysbea.propofition) tw. 
bafe A Flis equall to the bafe‘D E,and the triangle 
AB H,tsequall to the triangle DE Fyand the ana: ... 6 
gles remayning are equall totbe auples-vemayning, <> 
vader which ar [ubtéded equalfydes:VV berfore tbe . 
angle BEL Ais equallto the angle E FD. But the. 
angle EF Dis equall to the angle BC A, VV beres 
fore. theangle BF dis equal to theang BECAS. 
VV bereforetbe outward anle of 5 triangle 4 F1 C, -> 


+ 


namely the angle BH Ais equall tothe inward and oppofite angle namely to 


~ ~ 






-the angle HCA wbich( by the 6 propofition) isimpo[Sible.V V berfore thefyde 


EFisnot vnequall to the fide BC, wherefore it is equall, And the fyde A Bis 
equall to [yde D Ezwbereforetbefe two [jdes AB aud BC,are equall to tbefe 


." tmofydes D.E and E F,the one tothe other, and they contayne equall angles: 


—* VV berfore( by tbe 4.propofiteon,)the.bafe A Cis equall to the bafe D F:and the 


triangle AB C,is equall to the triangle D E Fand the angle remayning names 
ly,tbe angle (B A Cis equall to tbeangle remayning, that is,to.tbe angle E DF, 
Ef therefore two triangles haue two angles of the one equall to two angles of the 
other, ecb to bis corre[pondent augle aud haue alfo one fyde of the oue equall to 
pne fyde ofthe other etcher that fyde which lieth betwene the equall.angles, or 
that whichis fubtended ynder one of the equall-angles: tbe other. fydes alfoof 
the one fhalbe equall to the other fydes of the other, eche to his correfpondent 
Jide,and the other angle of the one (halbe equall tothe other angle of the other: 
Which was required tobeproud.. 0 00000 J 
"^. VVhereas inthis propofítion it is fayde, that triangles are eqiall, which 
bauing cwo angles of the onc equall to two angles ofthe other,the one to a Q~ 
ther, 


of Euclides Elementes. Fol.37. 


ther, haut alfo one fide ofthe one equal! to one fide of the other, either that fide 
which lieth betwens the equall angles, or that fide which fubrendeth one of the 
equallangles:this is tobe noted that without that caution touching the equall 
ide,the propofition fhall not alwayes be true. As for example. 


Suppofe that there be a rectangle triangle 4 B C,whofe right angle let beat the 
point B,& let the fide B Cbe greater thé the fide B -A:and produce the line 4 B,fro the 
point B to the point D.And vpo the right line 
BC &to the point in it C, make vnto the angle c 
B ACanequal angle(by the 23. propofition), 
which let be BC'D,& let the lines BD & CD,be 
ing produced cócurrein the point D.Now thé ~ 
there are two triangles .4 BC,and BCD,which 
haue two angles of the one equall to two an- 
gies of the other,the one to the other,namely, | à 
theanglee/25 Ctotheangle D 8C (forthey A B F — 
are both right angles), & the angle BAC, to 
the angle BC D(by conftruction Jand haue al- b 
fo one fide ofthe one equall to one fide ofthe other, namely,the fide B C, which is cô- 
mon to them both, And yet notwithítanding the triangles are not equall : for the tri- 
angle B D C,is greater then the triangle 4B C.Forypon theright line BC, and to the 
point in it C,defcribe an angle equall to the angle 4 C B:whichlet be FC B( by the 25. 
propofition ),And forafmuch as the fide B C was fuppofed to be greater then the fide, 
AB, therefore (by the 18,propofition) the angle B 4 Cis greater then the angle BC 
A, wherefore alfo the angle B C D is greater then the angle B CF. Wherefore the tri- 
angle B C Dis greater then the triangle B (-F. Agayne foraf{much as there are two tri- 
angles 42 (and BC F,hauing two angles of the one equal to two angles of the other, 
the one to the other,namely,theangle 48 C to the angle F B.C(for they are both right 
angles)andthe angle 4C 2 to the angle FCB(by conftru&ion),and one fide of the one 
is equall to one fide of the other, namely,that fide which lieth betwene the equall an- 
gles,thatis,the fide B Cwhich is common to both triangles. Wherefore ( by this pro- 
pofition)thetriangles 442 Cand F'Z Care equal.But the triangle D BC is greater thé 





thetriangle F BC; Wherefore alfo the triangle D B (‘is greater then the triangle AB ~ 


C. Whereforethe triangles 44 B C and D 8 C;are not equall:notwithftandin g they haue 


two angles of the one equall to two angles of the other,the one to the other, and one 
fide of the one equall to one fide of the other. 


The reafon wherofis, for that the equal fide in onc triangle, fubtédeth one of 
the equal] angles,and in the other lieth betwene the equal angles.So that you fce 
that it ıs ofneceffitie that the equall fide do in both triangles either fubtend one 
ofthe equall angles,or lie betwene the equall angles, 


Ofthis propofition was Thales Milefius the inuentor, as witnefleth Eude- 
mus in his booke of Geometrical! enarrations, 


T he18.T heoreme. Ther 7-Propofition. 


Ifa right line falling upon two right lines,do make the alter- 
nate angles equall the one to the otber : thofe two right lines 
are parallels the one to the other. | 


Lj. Suippofe 


Thales Milefius 
the susentcr of 


this propoſitiom. 


The first Booke 


ONY ppofe that the right line E Ffalling vppon thefe two right lines A B 
ix) sand C D,do make tbe alternate angles namely;tbe angles A E Fer E 
| F D equall the one to the other Then fay that A B isa parallel line to 
CD. For if not, then thefe lines produced [Pall 
mete together, either onthe fide of Band Dor on 
Dewsonfiration the fyde of At C.Let them be produced therfore, 
— and let them mete ifit be poſſible on the ſyde of B 
and Din the point G. VV berfore in the triangle 
G EF the outwardangle A E Fis equal to the in- 
ward and oppofite angle E FG, which (by tbe is. 
propofition)ssimpofsible,V V berfore the lines AB 
and C (D beyng produced on the fide offB and D, — ` * 
Mallnot meete. In like ſorte alſo may it be proned tbat tbey [ball not mete on the 
fode of AandC, But lines whiche being produced on uo [de meete together,are 
parrallell lines( bythe laft definition: )wberfare A B is a parrallel line to ( D.If 
therfore a right line falling vpon two right lines do make tbe alternate auvles 
equall the one to the other: thofe cworight limes are parrallels the one to the oe 
ther: which was required to be demonstrated. - 








Yiiswordeal- _ Tats worde alternates of Euclide in divers placesdiuerfly taken: fomtimes 
ceraate Geese Fora kind of fituation in place,and fomtime for an order in proportion, in which 
um fignification he vfeth itinthe v.bookejand in his bokes of numbers. And in the 

AM. firft fignification he vfeth it here inthis place, and generally inallhys other 
MB o bokes,hauing to do with lines & figures, Ánd thofe two angles hecalleth alter- 
Which angle — nate,which beyng both contayned withintwo parallel or equidiftant lynes are 
erecalledalter2 neitherangles inorder, nor are on theone and felfe fame fide, but are feperated 
~ | the one from the other by the line which falleth on the two lines: the one angle 

bey og aboue,and the other beneath, - | 


The i9. Theoreme. The ꝛ8. Propoſition. 


aright line falling vpon two right lines, mahe the outward 
e rui din sd and —— angle onone and the 
fame [yde,or the inwarde angles on one and the fame [yde, e- 
guall to two right angles:thofe tworight lines [bal be paral- 
lels the one tothe other. | 


zyswqP9ppofetbat the right line EF fallyng vppon thefe two right lines 

ON S AB 4 C (D, do make tbe outward an gle EGBequall to the inward 
Cand oppofite angle G FZ D,or do make the inward angles on » and 

tne 





of Euchides Elementes. Fo/.38. 
the famefide,that the angles BG HandGHD 3 07 05s 
equallto tipo rigbt angles T ben Tfaytbattbelmne A ^ 7777 g 
Bis a parallel line to the lyne C D. For forafmuch as | 
tbeasgle EG Bis(by fuppafition equall ta the ane A 
gle G EID aud tbeangle EG 'Bis(bytbeys.pros — 5 
polition)equalltotbe angle AGH: therfore the ane aede CE Sv 
gle AG. H isequall totbe angleG. F1 D : and they $... 3y 






Demonfiratiozs 


are aliernate angles VV berfare(by the 27 propofie o 
tion) AB is d parallellineto CD, 70 a UMEN, 
Agayne foraſmuch us tbean eles BG and G H are( by fuppofition Jes 
quall to.cwo right angles sex (by the y.propofttion )the angles A G Hand BG 
Fl are al[o équall to two right angles, wherefore the angles 4G H and'B G 
A, are eqnallto the angles BG Hand@ H:D:: takeaway the angle BG H ° 
whichis common to them both VV herfore.the angle remaiinyug namely, AGH 
is equall to the angle remayning,namely,toG Fl D,And tbey are alternate ane 
gles. VV berfore( by the former propofition). A Bisa parallell line to CD, If 
therfore aright line fallyng vpon tworight lines do make the out ward angle es 
quall to the inward and oppofite angle on one and the fame fide, or the inwarde 
angles on one and the fame {ide,equall to two right angles thofe two right lines 
hall be parallels the one to the otber:which was required to be proued, 


P*'".9» 


Ptolomeus demonftrateth the fecond part ofthis propofition, namely , that 
thetwo inward angles on one andthe fame fide being equall the right. lines'are LAE 
parell]s,terthismagüer,, 1 ^ 2 Ww wr- Fe tila Oe wo 8 oad ica 
ma Bau. 1 WALDEN WC MR C . fecond part of 

- :' Süppofethat there betworightlines.4 Band C D,andletacertaynetight line E *h#sprepefissen 
F G H cuttethem in füche forte, that |. i B oW ofrer Croata 
itmakethe angles BFGandFGDe- | | 
quall to two right angles- Then Ifay, 
that theferight linese4 Band CD are 
parallel lines,that is,they fhall not con- . 
curre, For if it be poffible,let che lines B 
F and G D being produced concurre in * “== 
the pointeK, Noweforafmucheas the. 
rightline E F itandeth vpponthe right  ; 
line 4 B therfore(by the 13.propofiti- ` 
onJitmakeththeangleseZFE,and B. . 1s | 
F E equall totwo right angles: likewife forafmuch as theline F G ftandeth vpó the line 

C D therfore( by thefame propofition Jit maketh the angles CG F and D GF equallto 
tworightangles.Wherforc tle foure angles B F E, e£ F E, CG F, and D 6 F are equal 

to foure right angles: of which the two angles B F Gand FG D are(by fuppofition) e- 

quall to two right angles,wherfore the angles remaining,namely, «4 F Gand CGF are 

alfo equall to two right angles. If therfore the right lines F B and G D being produced 

(theinward angles being equall to two right angles )do concuire, then fhall the lynes — 
F Aand G C being produced concurre. Forthe angles AF GandCG F areequall to 
‘two right dngles,For either the right lines.fhall concurre on either fide, or els on nei- 

ther fide. Por that on either fide the angles are equall to two right angles, Wherefore 

let thé right lines F_4and GC concurre in-the point L,Wherefore the two right lines ` 
LAFKandLCGK do comprehenda fpace, which (by the 6. peticion ) isimpofit. 


— 
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Lite ble, 
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Demouſtrat ion 
beadseg £6 38 
srspoffebslety. 
Eat? parks 


Second park. 


Third part. 


i V Tefſt ßole 


bie.Wherfore itis not poffible thattheinward angles being equal to two right angles, 
* righ t n fhould concurre, Wherefore they are parallels: which was required to 
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. eAright line line falling vppon two parallel rightlines : ma- 
— keth the alternate angles equal the one tothe other: and al- 
Jothe outwarde angte equal to the inwarde and oppojite ane. 
: gleon oneund tbe [ame fide: and moreouer tbe inwarde an- 
„gles onone'and the fame fideequalltn two'righi angles. 
Ges VS TE Niratsan a po opt os P 6r pee P s -4 


4 eU e 2 í ^ 
dm ai and a mcxl9L,. jo nibns. dc 

| DADS TE V ppofe that bpon thefè paralel lines A Bard C ff do fal 
RNA AOK i therightine RFy Then T:fay that the alternate ane 


gles which te maketh; namely., “the ‘angles AG Fi and 











* 


A i t | G. H D areequall the oén stota 
“ito the other:and y the Dips Nha: 
3 "ward angle-EG B is equa ene — 






eem A «ita the inwarde dnd oppos: 
oe UNUS? iteanele on tbefame fide, 7 
gamely to angle G FI D:and j tbe imvard an-, —_ 
gles onone and the felfe fame fide,thatis,the ane € 7, 
les BG HandGH D,areequall to two right Zuen o oso | 
angles.For if tbe angle AG H be notequaltothe F " | 
angle G H D,tbe onéof them ts greater Let tbeangle 4G FI be greater. And 
forafmuch as the angle AG His greater then theangleG HD, put the angle 
BG EH commo tot he both Yv berfore Y angles AG Hand BG H, are greater 
th25 angles BG Hee G HD... But by y 13. propofitio j angles AG Fd B 
G Hare equall to two right angles wherfore 5 angles BG & GHD areleffe 
thë two right angles But (by y $:petición ) if vpotwo rig bt lines do falla right. 
line, making) inward angles on one andy fame fide, lefse the two right angles, 
thofe vight lines being infinitly produced muft needes at length mecte.on the ] 
fide wherin are the angles leffe the two right angles. VV berfore tbe right lines 
A Band CD being infinitely produced willaty length meete, But they cannot 
meete becanfe they are parallels( by fuppofition )-wberfore tbe angle A GHis 
not vnequall to the angle GIAD:wherfore it ts T — 
And the angle A G His(by tbe 15, propofition )eq nall to the angle EGB 
VV berfore (by tbe firfd common fentence ) tbeangle E.G Bis equal to theans 
G HD. Lh. M | 2 Ó 3 i m A7] SN e : 
i Put the angle BG common to them botbwberfore tbe angles EGB 
and BG Hyare equall to.the angles BG, Hand G H D. But the angles EG B 











and: 


oe Mw 


/ 


of Euclides Elementos. Fol.39. 


and BG Hl are(by the 1;, propofition equal:to torizbtangles; VV herefore 
theangles BG EZ and G HID are alo equalsocn rit angle. Ifa Iye. 
therfore dofall vp two parallel right lines:it maketh thealternateangle s equal’ 

the one to the other:and alfo the outward angle equatlte.thé imard.and oppoz., 

fite angleon one and the fame fide: and monecuer.the inward angles on one and, . 


tbéfame fjde equallto.two right angles: whiche Was requited.tà be-demons. 
j trated, i * | f | -— A " M JAVA Y l s 3 A brs T i “a “Wee 
— — — — LES Pa 4upgtk MANI Y, 19 " Tie: fags 
T his propofition is the conuerfe ofthe tyo propofic jons next going before. This propofirien 
- . ^y 1 a £t. aV NR tsb Du ME K ue bho des 23 i A 
For,thar which in esther ofthem is the thing fought, or cOclufion,is inthis the * rhe conuerfe 
; ! ——— Mt 5 * WX ef ey Se te tee un i y of the two for- 


01 e r E- Al «db 2 P MAE SO x ls 
th18g geuen;or fuppofition And contrárivife tlie thinges which in them BN or e m 


- t x 2 2 ETES NAN . Tad ua Sas 
geuen orfuppofitions;are inthis proued,and are cóüclufions, 777757 
* T - a i ex È 3 3 4 M ^ aM "íi set EE i s - 
"Pelitarius after this propofition addeth this witty coricinfion,:2: 5 5 


* 
[mane T 


. ! LL; Verr. von ee a OE S. wA 7 

,., Tftmoright lines which cut.t%o paralle|lines,do betwene the Jayde parallel lines concurre in 4 Anaddicion of 
oint , andmakeine alternate angles equally or the outward angle eqnall to the inward “and oppofite Pelitarim. 

angle on the fame fide,cr finally the twe shward angles on one.and thefelfe fame fide. equailtotvvo right 

angles ithofe two rigot lines are arawen directly and make one right. tine ik dics TALL SG, 


~* Suppofe thatthere be two rigl tlines A Band £ which letcuttwo par allel lines | 
D.£ and F G: andlet. A Z.cutthe line DE in the póibt H: and let C B cut thie line RG in 
the point K:& let the lines 44 Z'& C B,coücurre betwene the two parallel lines D E & 
F Gin the point B:-andlet theangle DH Bbee- ° | . 
qualtotheangleBKG:orlettheangle dH Dbe... -4 > 
équallto theangle BK F; orfinally let‘ theanglés ^ ^ ^N. 
BHD and BK-F be equal to tworightangles,Thé D^ ^ — N 
I fay that thetwo lines -4B and B.C:aredrawendi | 
rectly;and do make onerightliné? Forifthey be |... © 
not.then produce 44 B vntil it cut .G iri thepoint 
L,and let AL be oneright line,andfo.fhal bemade | 1 (0 Demonffratis 
the triangle B 2 K, Now then (by the firft partof: F.o RN E g  Gadingtoam oi 
this.29.ptopofition)thé angle DA Bthalbeéqual:’ < a a GN an fardi pan 
tothe alternate angle GE Bibut(byfuppofition) ^ — "^. - i. —— — 
the angle D H B is equall to the angle D KG. Wherefore the angle B £G is equall to 
the angle B KL, namely, the outward angle to the inwarde and oppofite angle:which .. _ 
(by the 1 P propofidondis impoffible. es) ae ai 5 SEBNE 
Moreouer ( by the fecód part ofthis 29. propofitió Jthe angle AH D fhalbeequal .5 
to the angle B L K, namely, the outward — Ali inward and oppofite E on. — 
one and the ſame fide, But the fame angle AA Dis fu ppofedto beequall rathe angle . 
BK Fiwherefore the angle B K Fis equall to the angle B L-K;Which (by the felfe fame 
16. Prepofition) isimpoffible,  . CO uui iru eoe Loc Ot 
, Lattlyforaífmuchastheangles B H D and B KE are füppofedto be eauall to tw v 
right angles, & theangles B Z/ D & BL K atealfo'by: thé lat part of this : 9 prop ofiti- pe 
on equal to two right angles;therefore the angle B K F fhálbe equal to the angleB LK:,- 
which agayne by the felfe fame 16-propofitionis impotfible, ma pa eapi 


T be 21.7 beoreme The30.Propofition. = 
Right lines which are parallels to-one and the felfe fame 
right line:are allo parrallel lines the one totheother. — 
| Lin, |. Suppofe 


+ 
— 
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— Thefirft Booke " 
feieig V ppofethat theferightlines 0.0 > 
err Band CD,be parallel lines o =o 
E mmtbeviebt line EF. 'ÉbenT  - 
faystbat tbe inei Bis a parallel line 

Denanpration, 9 CD. Let there fallypon tbefe tbre - "y 
lines.a right lineG ELK, ‘Aid forafe -£ 

much as tbe right line GHK, falleth 

vppon thefe parallell right lines AB 

coe and E Fytberfore( by tbe propo) 


*s 
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us ac 


SY going bifore)ibe angle AG FX ites 
Sees Squall to the angle CAF. Agayne fore. 
afmuch as the right lineG K_falleth 
vppon thefe parallel rizht lines EF 
| and C D,therefore(bythefame)the =... = 02 0 
.. angle GHF is equallto the angleG K D.Now then it proned that the angle A. 
G Fiisequall toy angle G ELF, andy the angle G KD isequall to the angle. 
GF F, V berfore tbe augle 4G K is equall to the angle G'K D, And they 
arcalteraate angles:wherf{ore AB isa parallel line to CD Right lines therfore 
which are parallelsto one and the felfefame right line,are al/o parallel lines the 
ene to the other: which was required to beproucd. => : 





Euclide in the demoüftration ofthis propofition, fertéth the two parallel 
lines which are compared to one,n the excremes , and the parrallel to whome 
they are compared,he placeth in the middle; for the cafier demonftration . Ie 
may alfo be proued cuen by a principleonely, For if they fhouldeconcurre on 
any onefide,they fhould concurrealfo with the middleline;and fojfhould they. 

us sw not be parallels vato it, which yet they are {uppofedto be, ba 

Mee à But ifyou will altertheir pofition and placing andfetthat line co which yoü 

shi: Preileme,; Will coparethe other two lines aboue,or beneath: youmay yfe the fame demon 
| {tration which you had before, Ás for example, 


Suppofethat the lines 4 8 and C D be 
parallelsto the line € F: andlet:both the 


^ Jines.4d Baud C D, beabouc, and letthe A * om 

line EF be beneath,and aotinthe middeft.. § ———————— — — 
Vpon which det the right line GHK fate)... - f 

| er H D ^w 


And forafmuch as either of the angles KH c 

. Dand HG Bisequall tothe angle HKE, ~ 

(forthey ar alternate angles )therforethey . p JK 

are (by the firftcommon fentence Jequall - . 

the one to the other, Wherefore( by the 28. 
propofition the right lines 48 and &F, 
are parallels. sth. ii es 


— m 








— — 





\ 


Ascites, | Buthereifa man. will obi c& that the linesE K and K F, are parallels vnto 
Aaſer, the line C Dand therefore are parallels the one totheother, V Ve will aofwere 
that the lines E K and K-Fare partes of one parallel line,and are nottwo parallel 


£ 


dorm lines, 





of Euclides Elementes. Fol.4.o. 


Jiaes,For parallel linesar vnderftánded to be produced infinitly Buc'E K. being 
producedifallerh vpon K‘F,Wherefoge.it 1s one and the ‘felfe fame with it, and 
not an other, Wherefore all the partes ofa parrallel line âre parallels, both to the 
right line vnto which the whole parallel lincisa parallel;and alfo to al the parts 
of the fame right line, As the lineE'K 18a parallel vnto HD,and the line K Eto 
theline C H, Forifthey'beprodiicediafiaitly ;they will neuer concarre, 


Howbeit chere are {fome which like not, thattwo diftiact parellel'lines, 
fhould be taken and counted for one parallel line: for‘thatthe continual! quan- 
tity namely ,theline is cut afonder,andceffeth to be one, V Vhereforethey fay, 
that chere ought to be two diftin& parallel lines compared to one. Andtherfore 
they adde to thepropofition a corte&tion, in this-maber, 7 Wo lines being parallels to 
one line; are either parallels the one the other,or els the one is fet diretly againfte the other.fo that if 
they be produced they fhould make one right line..As for example, 


’ Suppofe thatthe lines C D and E F be parallels to one and the felfé fanie line.4 Z, 
and Jet them notbe parallels the one to theother. ThenI* 
fay,that the two lines CD & E F,are dire&ly fet the one to — 
the other. For foras muchas they are not parallel lines, <A H B 


let them concurrein the point G, And fromthe point G . NT 
draw a line cutting the line42 in the point ZZ.Now by the 
former propofition the angles AHG &HGC are equall 


totwo right angles, but by the fame propofitió, the angle 
AHG,is equallto thealternate angle HGF, Wherefore © 2 6 E TF 
the angles H G Cand HG F are equal to two right angles. | 
Wherefore (by the 14 propofition )thelines C G and FG 

are drawen directly and make one right line. Wherfore al- 

fo the lines C Dand E F are fet directly the one to the other: and being produced they 





will make one right line. | | 
= Sa be vo Probleme, The 31. Propoſition. 


_ "Byapointgeuen,to draw vnto a riebt line geuen, a parallel 
line. iire | 





— — 


zt Vppofe that the point geuen be | | 
| ee let the riobt bins bie I4 A F 
ene BC. It is required by the point. ~~ 7 
geuen,namely A,to draw vuto the right / | 
line B C,a parallel line. Take in the line 
BC apoine at alladuentures, and let the 
fame be D.and (by tbe firf? peticio draw 
aright line from the point A, tothe point 
D,And (by the 23 .propofition) von the 
right line geuen A Dand to the point in ——=— L- 
it genen A make anangle DAE, equallto P ? [^ 
the angle genen ADC, And (by ther, | V 
propofition )put vnto the line A E the line A Fdirettly, in fuch forte that they 
i both 








Lut. 


Parallellines 
are vᷣnderſtan- 
ded to be prodw- 
ced infinstely. 


Conrudipts, 


Conftrudion. 


Demonſeration. 


the propofition going before )rayfe vp fro - 


| Lhefirt Booke 


both make one right line. And forafmuch as the right line AD falling vpon the 
right lines BC and E F doth make the alternate angles,namely,EAD,and A 
DC equall 5 one tothe other,therfore(by the 27, propofition) E Fis a parallel 
line to B CVV berfore by the point genen,namely A,is drawn to the right line 


* 


genen BCa parallel line E AF: which was required to be done, 


This propofition is to be vnderftanded ofa point geuen without the line ge- 
uen,and in fuch forte alfo thatthe fame line geuen being produced,doo not fall 
vppon-the pointe geuen, — 


The22.T beoreme: » The32,Propofition. 


Ff one of the [ydes of any triangle be produced : the outwarde 
angle that it maketh,ts equal to the two inward and oppofite 
angles.cAnd the threeinwarde angles of a triangle are equall 
totworight angles. le ae 


AV ppofey ABCbe a triangle, | nit. 
| a € produce one of yfides there: =A IE 
N DE, l'of namely CB tothe pointe D. | 
— — T ben Ifay, tbat theoutwarde — 
angle AC D is equall to the two inwarde. 
and oppofiteangles C A Bey ABC:and y 
the three inwarde angles of the triangle, 
thatis,the angles ABC, BC AandC A 
B are equall to two right angles, For(by 





the point Ca parallel tothe right line A p C — D 
D aud let tbe fame be C E, Audforafmuch 
as A Bis a parallel to C E and vpon tbem falletb the right line AC: therefore 
the alternate angles 'B ACand AC Eare equall the one to the other, Agayne 
forafmuch as A Bisa parallel ynto C E,and vpon them falleth the right line B 
D therfore the outward angle EC Dis (by the 29. propofition) equall to the 
inward andoppofite angle A BC, Andit is proned that the angle AC Eis equal 
to the angle 'B AC: wherfore the whole outwarde. angle AC Dis equall to the 
evo inward and oppofite angles thatis,tothe angles B ACand A BC Put the 
angle AC B common to tbem botb,V V berfore the angles AC Dand AC B,are 
equall to thefe three angles ABC, BC A,andB AC. But the angles ACD em 
AC Bare equallto two right angles(by the i3. propo/ition): wherfore the angles 
AC B, CBA, and C A Bare equall to two right angles, If therfore one of the 
fides of any triangle be produced,the outward angle that it maketh, is equall to 
the t wo in ward and oppofite angles. And the three inward angles of a triangle 
a are 
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are equallto two right angles: which was required to be demonjftrated, 


Euclide demonftrateth either part ofthis compofed Theoreme, by drawyng fro 
oneangle ofthe trianglea parraliel line to one ofthe fides ofthe fame triangle, 
withoutthe triaagle, Either part therofmay alfo be proued without drawy ng of 
a parallel line withoutthe triangle, only chaunging the order of the thinges re- 
quired or conclufions. For Euclide firft proueth that the outwarde angle of atri. 
angle(one ofhis fides bey ng produced) is equall to che two inwardeand oppolite 
angles: and by that he proueth the fecond part: namely,that the 3.1nward angles 
ofatriangleare equall to two right angles,But here it is contrariwife. For firft is 
prouedthat the three inward angles ofa triangle are equall ro two right angles, 
and by that is proued che other part ofthe Theoreme, namely, that one fide ofa 
ttiigle beyng produced, theoutward angle is equal to the two inward and oppo- 
fiteanzles. And that after this manere 


Suppofe that there bea triangle 4BC.and produce the fide BC to the point Z.And take An other dé- 
in the line B C at ala point auentures which let be F: monstration, 
& drawa line from 4 to F.And bythe point F drawe 

vnto the line 4 B a parallelline (by the former pro- 
pofition)which let be F D, Now fora(muchas F D is 

a parallell vnto 4 B,and ypon them falleth the right 

line A F,and alfo the right line BC, therfore the alter- 

nate angles are equall,and alfo the outward angle is 

equall to the inward angle, Wherefore the whole an- / 
gle 4 F Cis equalito the angles F A Band ABF.And 

by the fame reafon(ifby the point Fwedrawaparal- 4 F C E 
lel line to the line .4C) may we proue thatthe angle 

AFB isequallto the angles F A C,and 4A C F.Wherfore the two angles AFB & AFC 
are equall to the three angles of the triangle 4B C.Butthetwoangles AFB& AFC 
are(by the 15.propofition)equallto two right angles, Wherfore alío the three angles 
of the triangle 4 8 Care equallto two right angles. 

But the angles 4C F and c4 C Earealfo (by the 13. propofition) equall to two 
right angles. Take away the angle _4C F whichis common, wherfore the angle remai- 
ning namely ,the outward angle 4C E is equall to the two angles remaining, namely, 
tothe aq inwarde and oppofiteangles24 S Cand C 42: which was required to be 
proucd, 





Eudemus affirmeth that the latter parrofthis Theoreme, The three angles ofa The latter part 


triangle are equalltotworight angles, was firft foundout by P: thagoras,whofe demon: ofthis Theas 


{tration thereofisthus, sas by ah 


| -- wi : TAS. 4 
. Suppofethattherebea triangle 4 B C:and by the point 4, draw (by the former The demonſira- 
propofition)vnto the line B C,a parallel line, which let be D E.And forafmuch asthe #0% thereof afe 
rightlines B'C and D E are parallels,and vpon them falleth - bU le 
the rightlines 4 8 and 4 C,therefore(by the 29. propofiti- D __- hodi ~ 
on) the alternate angles are equall,. Wherefore the angle D` 
AB is equalltothe angle 4 2 Cjand theangle E_ACtothe ` 
angle.4 C 5; Adde the angle B AC common.Whetefore the -~ 
angles D 48,B AC,C AE, thatis, the anglesD 4B andB B: 
AE, namely,two angles equal to two rightangles,are equal 
E to the thre angles of the trianglee-¢ BC, Wherfore the thre angles of a triangle are c- 
quail to two right angles;which was requiredtobe proucd. ~ 


. 
5 uA PS 





The conuerfe of this propofiticn is thus, 


M}. if 





The conuerfeof 


shu prop ofstson. 
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of the firft part 
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A Corrollary. 


Enery right li- 
wed figure isre- 
folued in tri- 
angles. 

A triangles 
the firft of all fr- 
geret. 

inte how many 
triangles A fi- 
gure may be re- 


ſolued. 
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Ifthe ontWard angle of a triangle be equal tothe to inward. angles oppofite againft itsoueof the 
fides of the triangle is produced,andthe line without the triangle, is drawen directly to the fide of the 
triangle,e maketh one right line with it. And ifthe thre inward angles of ^ retliline figure be equal 
totworight angles the fame rettiline figure is a triangle. , 


Suppofe that there be atriangle 4BC-and let the outward angle AC D be equal to 
the two inward & oppofite angles 4B Cand C_AB.Then 
I fay thatthe fide B Cis produced to the poynt D. And A 
that BC Dis one rightline,For forafmuch as the angle 
ACD is equal to the two inward & oppofite angles,adde 
the angle 4C B common, Wherefore the angles 4 C D 
and 4 C Bare equal to the three angles of the triangle 4 
6 C.But the three angles of the triangle 4 BC are equall 
to two right angles.Wherefore alfo the two angles ACD 
and 4C Bare — 5 — to two right angles. But if vnto a 
right line, and to a point in the ſame line be drawen two B c 219 
right lines,not both on one and the fame fide, making 
the fide angies equal to two rightangles:thofe two rightlines fhal be drawé dire&ly, 
and make one right line(by the 14.propofition. )Wherefore the right line BC is dra- 
wen — to the line C D, and fois 8 C D onerightline: which was required to be 

roued. 

d Agayne fuppofethatthere be a certayne reilinefigure 42. C,hauing onely three 
ang'es, namely, at the pointes 4,8,C: which angles let be equal to two right angles 
Then I fay that ef BC isa triangle.Firlt_4C is oitefight 
line. Fordraw theline 2 D. And forafmuch ásin either A 
ofthe triangles 4 B Dand D B C, the three angles are e- 
qual totwo rightangles,of which theangles at the points 
01,8 ,C,are equal to two right angles. Wherefore the ane 
gles remayning, namely, 4 DB and CDB are equall to 
two right angles. Wherefore( by the 1 4.propofition ) the 
line D Cisfet dire&ly to theline D A. Wherefore the fide 
A Cis oneright line,And in like fort may we proue that 
the fidec- 4 Bis one right line,and alfo that the fide BC is 
oneright line, Wherefore the figure e 4 B Cis a triangle; 
which was required to be proued, 








By the fecdd part of this 29,propofitio namely ,three angles of a triangle «re equal 
to tworight angles, may eafely be knowen, tohow many right angles, the angles 
within any figure hauing right lines and many anglesare cquall. Ásarc figures 
offower angles ,offiueangles,offixe angles;and fo confequently: and infinitly, 
And this is tobe noted ,that euery rightlined figure is 1efolued into triangle, 
For thata triangle is the firft ofall figures. Fortwo lines accomplifh no figures 
V Vherfore how many fides the figure hath, into fo many triangles may it be rc- 
folued,fauing two.As ifthe figure haue fower fides, iris refolued into two trian- 
cles, if it haucfiue fides, into 3,triangles:if6 fides into 4, triangles, and fo con- 
fequently and infinitly. And tt is proued that the three angles ofeuery triangle 
are equalltotwo right angles. V Vherefore ifyou multiply the number of the 
triangles,into which thefigure is refolued, by two, you fhall haue the num- 
ber oftightangles, to which theangles ofthefigureare equall, Sothe angles of 
euery qua lrangled figure ate equall to 4 right angles, For itis compofed oftwo 
triangles, And the angles ofa fiue augled figureare equal to 6.rightangles, for it 
is compofed of three triangles,and fo forth in like order. l 

The redieft and apteft manerto reduce any re&iline figure into api is 
! thus 
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thus,From any oncangle ofthe ligureto euery otherangle (ofthé fame) beyhg 


oppofice vnto it, drawea right line,fo fhall you haue all the triangles of that fi- 


gure defcribed, 
Ina quadragle, 
from one angle 
you can drawe 
but onelyne to 
the oppofite an 
gle,by which it 
is deuided into 
two triangles 
only, Ina pen- 
tagon figu re, 
from oneangle 
youmay draw 
lines totwo op 
pofite angles, 
and fo you fhal | / 
haue three triangles. Inan Hexagon,you may from one angle draw lines tothre 
oppofiteangles;and fo fhall you haue 4, triangles.In an hepragon,from one an- 
gle may be drawne lines to foure oppofite angles and fo fhal there be fiue trian- 
gle. And fo confequently ofthe reft, Ás y ou fec in the figures here fer, 





This thing may alfo be thus expreffed.In any figure of many fides,the num- 
ber ofthe angles of the figure doubled, is theniiber of the right angles to which 
the angles ofthe figure are equall,fauing foure,As for example, = 

Letthere be an hexagon figure A B C DEF, and withinitrakea pointatall 
auentures,namely ,G, And draw from the fame point | 
to every one ofthe anglesa right line,&& fo fhal there 
be comprehended inthe figureio many triangles, as 
there are angles inthe fame. V Vhereforeby this 32. 
propofitionall the angles of thefe triangles taken tos í 
gether,are equall to double fo many right angles, as 

‘there beanglesin the figure, V V.herefore fora{much 
as thereare fixe triangles, there are twelue right anz 
gies. Butall the angles arthe point G arc equall to 4, 
right angles by the 13,propofition, V Vherefore take 
away foure cut oftwelue,and there reft eight, V Vher | | 
fore thefixe angles in the Hexagonfigureare equali toci ghtright angles, 





By that which hath now bene declared,it foloweth thatall the angles ofany fi- 
gure hauing many fides,také together, are equal to twife fo many right angles, 
asthe figure is inthe reaw or order of figures,a triigle is the firft fizure in order, 
& his angles are equal to two right angles which are twife one, A quadrangle ts 


the {fecond figure in order, V V herfore his angles are equal to fovet rightangles, 


which are twife two, The order offigures is gathered of the fides. For tf youtake 

two fromthe number of the fides of a figure,the number of the fides remay ping, 

is thenumber of the order ofthe figure. As if you will know how many ia order 

is a figure of fixe fides: from fix (whichis the number of his fides take away two, 

and there will remaine foure. V Vherforea figure of fixe fidesis the fourth figure 
ni M.i ^ jn 


An other way 

to know the nit~ 
ber of right an* 
gies Suto which 
the angles of ae 
ny figure are e^ 


quat, 


et 


Another express 
fion of the fora 
mer Cor oar) 3 


A triangle thé 
jitf figure in 
order. 

A quadrangle 
the fecoxd, and 
fo confeguenrly, 
How the order 
of figures is gaa 
thered, 


inthe order of figures, Then double foure;fo (hall you haue cight, V Vherefore- 
the angles therof arc equall to eight rightangles,And fo ofall other figures, 

An other Core Hereby alfo itis manifeft,that the outwardangles of any figure of many fides 

— taken together, are equall to foure right angles. For the invarde angles together 
vith the outward angles, are equall to twiſe ſo many right angles, as there be an- 
gles in the figure(by the 13,propofition)But the inward angles are equalto twife 
fo many rightangles, asthere be angles in the figure, fauyng foure: asit was be« 
fore declared, V V herfore the outward angles are alway s equal to foure right ans 
gles, As for example, 

Suppoferhat there be a pentagon,ÁA B C D E, And produce the fiuc fides ther- 
ofto the points F,G,H,K,L.Now(by thez2, | ! 
propofitid)the rwo angles at the point A fhall a 

så 


be equal to two rightangles .and(by the fame) SS 






the two angles at the pointe B fhall be alfo s- 
quall to tvo rightangles, And fotaking euery 
two angles,they fhall be in all equall to tenne 
rightangles. V Vherfore rakyng away the in- 
ward angles, whiche(as hath before bene pro- 
ued) are equall to fixe righteangles, the out--_- 
wardangles fhall be equallto fower right ans 
gles, And fo ofall other figures, 


bro Itisalfo manifeft,that euery pentagó, which is fo defcribed that ech fidetherof. 
ni, ^ Qeuidethtwo ofthe ocherfides;hath his fiue angles equall to two right angles. 


For fuppofe that ABCDE: be fuch a pentagon asis there required fo that let the fide 
AC cut the fide B E in the point G:& let the fide AD cut | 
the fame fide B € in the point-F. Now thë by this propo- 
fition the angle A F G fhalbe equall tothe two angles at 
the point Band D:namely,the outward angle to the two 
inward and oppofite angles.And by the famereafon the 
angle F G Ais equal to the angles at the points C and E 
which are inthe triangle CE G.But the two angles AFG 
and F G .A,together with the angle at the point 4, aree- 
quall to two right angles( by thts propofition ). Where- 
forethe fower angles at the pointes, B,C, D,E, together 
with the angle at the point ,areequaltotworight an- € D 
gles:which was required to be proued, 





Aretha Cir- By this propofition alfo itis manifeft,that cuery angle ofan equilate trian- 
sley | — gleistwothirdpartes ofarightangle, Aud that in a triangle of two equall fides 
having aright angle at the toppe, either ofthe two angies at the bafe is the halfe 
ofaright angle. And ina triangle called Scalenum,fucha Scalenii(I fay) which 
is made by the drawght ofa perpendicular line from any one ot the angles of an 
equilater triagleto the oppofite fide therof,oneangle isa right angle,an other is” 
‘two third parts ofaright angle,namely that angle which wasalfoan angle of the 
equilater criangle,wherfore ofneceflity the angle remaining 1s one third part of 
a rightangle, For the three angles ofarriagle muft be equall to two rightangles, 
stn other Core Moreouet by this propofition it is manifeft chat ifthere be two triangles, 
velit and iftwo angles of the one be equal co two angles of the other:the angle remai- 
| à ning 
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ning (hallalfo be equallto.che angle remayntug. For forafmuch as three angies 
ofany triaugle are equal to three angles ofany other triangle (for thatin ech the 
three angles are equal to two right angles): Ifftom ech triangle be taken away 
the two equall angles,the angle remay ming fhall (by the 3, common fentence)be 
equallto the angle remayning. ] DECR d P. 


Andhere I thinke tt good to fhew how to deuide a right angle into three C^ 
quall partes,for that che demonftration thereof dependeth ofthis propofition, 


Suppofe thatthere be a right angle _4BC,contayned of the right lines 4B and BC, & 
in the line BC,takea pointatall aduentures,whichletbe : A : eM 

D.An: vpontheline 2D deícribe( bythefisft)an equila--. : 4. 
ter triangle BD E,And(by the 9.propofition)deuide the 
angele D & Eintotwo equall partes by the right line BF. 
Then / fay that the right angle 4 B Cis deuidedinto thre 
equal parts bythe right lines B E and B F.For forafnuch 
as E B Dis an equilater triangle,therfore as hath before 
bene declared, the angle E B Dis two thirde partes ofa 
right angle. Butthe whole angle 4B C, isa rightangle. 
Wherfote the angle remaining namely, ABE is one third 
part ofa right angle.Again forafmuch as the angle E2:D, | 
is two third partes of a right angle,andit is deuided into two equall parts by the right 
Ine B F,therefore either of thefe two angles E B F & F B Dis onethird part of a righe 
angle, Wherefore the three angles 48 £,£ B F and F B Dare equallthe onetothe o- 
ther. Wherefore the right angle 4 B Cis deuided into three equal! partes by the right 





y 


lines 2 E and B F :which was required to be done. 
The23.Theareme. ‘The 33.Propofitiane’ | 


Two right lines ioyning together on one and the fame fide, 
two equall parallel lines: ave alfotbem felues ezuall the one 
to the other and alfo parallels. E * 


* 







SV ppole tbat 4B and CD be 
ONS right lines equal, and parallels: i 
—* Mand let the "E righe lines A p 
7 Cand 8D ioyne thé togetber, 
tbe one ou tbe one [ide and the other on 
other fide.Then I fay that the lines AC’ 
er B D are both equall,e> alfo parallels, 
Dra (by the first peticion) a right line 
from tbe point B to tbepoint C, And fore- 
afmuchas A Bis a paralleltoC D, and 
vpo them falleth the right line BC there 7777777 
fore the alternate angles ABC ahd d ets ovens. 


Dare equall tbe one to tbeotber (by tbe 2.9. propofition). And forafmuch as 





the line ADBis equallto the line C D aud tbe line B € is common to them botb, 


5 Mii. theres f 


How ts denide 4 


> right angle inge 


three equall 


` partes, 


Demenffratfege 
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therefore thefe two lines A B and BC are equall to thefe two lines BCandC 
D,and the angle AB Cis equall to the angle BC DVV herfore (by the 4.pros 
propofitian the bafe B D is equall to the bafe A C,and the triangle AB C is e- 
quail to tbe triangle B C D and tbe angles remayning are equall to the anoles 
remayning the one to the other, ynder which are fubtended equall fides wheres 
fore theangle AC Bis eqtiall to tbe angle C'B D , and the angle 'B ACto tbe 
angle BDC And forafmuch as vpon thefé right lines AC and BD falleth the 
right line BC making the alternate angles,that is the angles ACB andC BD, 


- equali tbe one to tbeotber , therefore (by the 27.propofition) the line ACisa 


Deinenfration 


parallelto tbe line B 9). /nditis prouedtbat it is equall vntoit . VV berefore 


two rígbt lines ioyning together onone añd the fame fide two eguall lines which 


are parallels,are alfo tbemfelues.equall tbe one to tbe otber and alfo parallels: 
Y bicb wasrequired to be proued. | 


T be a4. beoreme.. T be34. Propofition. 
Fn parallelogrammes,the fides and angles which are oppofite 


the one vo the other, are equall the one to the other, and their 
- “diameter deuiderh them into two equall partes. twee 


Moe Vppofe tbat 4B CfD be a'parallelogramme aud let tbe diameter thera 
SNZ of be BCT hen fay that the oppo/ite fides and angles of the parallelos 
ime oramme ACDB are equal the one to the other and ý the diameter BC 
deuideth it into to equall partes, For-forafs 

muchas A Bis a parallel line yntoC D,and vs A i B 
pon them falleth a right line BC: therfore (by 

the 29.propofition )the alternate angles A'BC 

and BC D are equalltbe one to tbe other, As 
gayne forafinuch as ACisa parallelline to B 

/D and vppon them falleth the right lyne BC: 

therfore (by the fame) the alternate angles, 

that is,the angles AC BandC BD are equall 

the one tothe other. Now therfore there are | 
two triangles ABC and BCD bauingtwoane © © D 


+ 


gles of the one, namely, the angles A B.Cand AC B equall to twoangles of the 






wy à 4 


_ other that is,to the angles B C D and C B D, the one to the otber and one fide 


of tbe one equal to one [ide o tbe otber namely that fyde that lieth betwene the 
equall angles, which [yde is common to them botbnamely,tbe fide 'B C, V V ber» 
fore (by the 26. propofition) tbeotber fides remaining are equallto the other 
fides.xemaining the oueto the.other sand tbe angle remaining is equal to tbe ane 
gle remayning V V betfore tbe [ide 4 Bis equall to tbe fide CD,and tbe fide AC 

si^ UT / to 


^ 1 
2% 4, xb ) 


| 
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tothe fide BD, co the angle B.A Cis equal tothe angle BDC And forafmuch 
asthe angle AB Cis equal to the angle BC D,and the angle CB Dto'the ane 
gle AC B: therfore (by the fecond common fentence ) the whole angle A B D 
is equall tothe whole angle ACD, And itis proued that the angle BACis es 
quall to tbe angle CD BVV herfore in parallelogrammes, the fides and angles 
which are oppofite are equall the one tothe other, Ifay alfo that the diameter 
therof deuideth it into two equall partesFor fora{muchas A'Bis equalltoCD, 
and BCis common to them both therfore thefe two A Band BCare equall to 
tbefà tivo BC and CD and tbe angle A B Cis equal to the angle BCD VV her 
fore (by tbe 4.propofition) tbe bafe A Cis equal to the bafe BD and tbe tri? 
angle A B Cis equali to the triangle B C DVV berfore the diameter: B C dez 
nideth the parallelogramme A BC Dintotwo equall partes: which is all.that 
was required to be proued. | | ica 


Inthis T heoreme,are demonftrated three paffions or properties of paralles m 
logramaes. Namely thattheit oppofite fides are equall; thattheir oppofite ans. pseralloleerimes 
glesare equall:and that the diameter deuideth the parallelogramme into two e- demifrared in 
quall partes, V V hich 1s true inall kindes ofparallelogrammes. There are fower P — 
kindes of parallelogrammes,a fquare, a figure ofoncfide longerthenthe other, —— gra 
2 Rhombus,or diamond figure,and a Rhomboides or diamondlike figure. And grammes 
here is to be noted,: hatin thofe parallelogrammes, all whofe angles ar rightan- 
gles(as isafquare,anda figure on theone fide longer)the diameters do notonly 
deuidc the figute inco two equall partes;but alfo they are equal the onc to the o« 
ther, Ás for example. nadie meesut: merverntinih. Tq 

Suppofethat.42 CD beafquare, 4. :: B A vm 
orafigureontheonefidelonger,aand xc 
draw in it thefe diametres 44 D and B 
C. Andforaímuch as the line A B is e« 
qualltothelineC D (by the definitió 
ofa fquare,and ofa figureon the alfo 
one fide loger)& theline AC is com- 
mon to thé both : therfore two fides: 
ofthe triangle 4 B Care equal to two 
fides of the triangle 4C D the oneto 
the others arid the angles which they €: 5:7. 2 
contayne are equall, namely;thean- - >50 





views E: E rop 
gles.B 4C & AC D,for they arerisht angles. Wherefore the bafes namely, the diame- 
ters Á£ Dand ZCjate( bytheg:propofiion)équah - ^ "^ ^: ^* pde 
Butin thofe parallelogrames whofe angles are not rightangles,as isaRhom- 
bus,and a Rhomboides,the diameters béeuer vnequall. As for example, "`` 
Suppoíagiiat 47 C phe 7. MM Ea or. M ow. 
a Rhombus,ora Rhombaides | 
and drawe init thefe diame ` 
ters 4C and B‘D. And foraf 
muchas 4 Bisequallto CD, ” 
and B Cis common to them ` 
both, & the angle 44 B Cis not 
equallto theangle 8 C D ( by 
the definition of a Rhombus 
and alfo of à -«Rhombaides ) 





Mitts A: " there 


t 


J B,be deuided into two equall partes by the dia. 


The conuerſe of 
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therefore ( by the 24.propofition) the bafesalfo are vnequall, namely, the diameters 
ef Cand BD. 


Agay ne. In parallelogra mmes of equall fides as area fquare, anda Rhomz 


bus,the diameters do notonely deuide the figuresinto two equall partes, but 


alto they deuide theangles into two equall partes, 


For fuppofe thatthere be a fquare or Rhombus 4 B C D,and draw the diameter e£ 
D.And forafmuch as the fides 4 B and B D are e- 
quall to the fides 4 Cand C D(for the figuresare 4 B 
equilater) and the angles e4 B D and AC D are 
equall(for they are oppofite angles ) and the bafe 
A Discommon toboth triangles, Therefore (by 
the fourth propofition)the angles BAD & CAD 
are equall,and fo alfo arethe angles B D A and C c ap 
‘D Aequall. Wherfore theanglesB ACandCDB | 
are deuided into two equall partes, p 





But in parallogtammes whofe fides arenotequall,(uch as area figure on the 
one fide longer,and’a Rhombordes itis nor fo, ` 
For fuppofe.ABCDtobea figureonthe one 
fide longer or a Romboides, And draw the dia- 
meter e4 D,And now ifthe angles 8 A Cand CD 


meter 44 D,then forafinuchas the angle C 4D 
is (by the 29. propofition) equall to the angle 4. - 
D B,the angle alfo BA D thal be equal to the an-: 
gle 4 D B(by the firftcommon fentence), Wher- 
forealfo the fide 4 B is equall to the fide B D( by 
the 6.propofitid ). But the fayd fides are ynequals 
which is impoffible.Wherefore theangles BAC ° ` 
and C.D Barenot deuidedintotwoequall partes; , ' 





The conuerfe of the firft and fecond part ofthis propofition after Proclus. | 
Jf avetlilincfi cure Whatfoeuer haue his oppofite fides and angles equall : then is aparallelograme., 
p ' | LL a. | 


i 


For fuppote that.4 2 C D be fuchafigure,namely,which hath his oppofite fides 
and angles equall.And let the diameter thereof be 4 D. . i er s > 
Now forafmuchas, thefides .4 2 and BD are equall.to | 
to the fidesD Cande4C, and the angles whichthey co- ` A 
tayne are equail, and the bafe.4 D is common toech tri-, | 
angle,therefore( by the 4.propofition )theanglesremay- |. 
ning are equall to the angles remayning,vnder which are, | 
fübtended equal fides, Wherforethe angle BA Disequal , | : 
to the angle 4 DC,and theanglee¢# D B to the angle C4 
D Wherefore (by the 27. propofition ) the line 4Bisa |. . 
parallel to the line C'D,and the line 4C to the line BD, — 
Mherefore the ſigure ABCD is à parallogramme: which 
was required to be proued. EN Bas va Pa Morse Race 
3 A Corrollary takenout of Fluffates,;; «3.44 55 oun 
eA right line cutting aparallelogramme which Way foeuer into tWo equal! partes , [hall alfo de- 

nide the diameter thereof intotwo eguall partes, 







* 
eomsbernirve 


For 





of Euchides Elementes. Fol.45. 


For ifit be poffibleletthe right line G C denide the parallelograinme 4 £B D into 

two equal partes, but let it deuide the diameter D E into two vnequall partes in the 

oint /, And Ict the part / E be greater thenthe part / D,And ynto theline/D put the 
line O equall(bytha. propofiti6). Andbythe - S 24 | 
point O,draw vntothelines A Dand B € apa- E , . íi 9 
rallelline O F(by the 5 r.propofition,) Where- | 
forein the triangles F O Zand C D I, two angles: 
ofthe oneare equal to two angles of the other, * 
namely,the angles !O F and 7 D C ( by the 29. 
propofition),& the angles F / O & CI D(bythe 
1 5.propofitió),& the fide D isequalto the fide 
1 O. Wherefore (by the 26,propofition )the tri- 
angles are equall.Wherefore the whole triangle A 
£1G is greater then the triangle D 7 C.And forafmuch as the trapefium G B D Cis füp- 

ofed to be the halfe of the parrallelograme,and the halfe ofthe fame parallelograme 
is the triangle EB D (by this propofition),From thetrapefium G 2 D C'and the trian- 

le E 8 Dwhich are equall,take away the trapefium G B DJ whichis common to them 
Forfand the refidue namely, the triangle-D JC thalbe equall tothe refidue,namely, 
to the tridgle €/G:butit is alfo leffe(as hath before ben proued ):which 1s impoffible. 
Wherefore aright line deuiding a parallelogramme into two equall partes, fhall not 
deuide the diameter thereof vnequally. Wherefore it (hall deuide it equally which was 
required to be proued. 





. An addition of P elitarius, 

Betwene tivo right lines 5. infiniteand making an angle genen s teplace a lineequallto a 
line genen,in fach forte,that it fhall make With one of thofé lines an angle equall to an other angle ge 
sen, Nov it beboneth that the two angles genen be lefe then two right angles. 


Suppofe that there be two lines 4 P'and 4 C,making an angle geuen BA C:and lee 
them be infinite on that fide where they open one from the other, And let the line 
geuen be D, and let the other angle geuen be E. 
And letthe two angles 4 and E be leffe then 
two right angles ( otherwife there coulde 
not be madea triangle,as itis manifeft bythe 17 
propofition). Itis required betwene the lines 4 
Band AC to place a line equall to the line geuen 
D which with one of them as for exaple with the 
line 4 C,may make an angle equal to theangle ge 
uen E. Now then vpon the line &/7 C and to the 


pointinite4,make anangle.equall tothe angle E | 
geue E( by the 23.propofitionj, which let be CA 
F.And produce the line F Aon the otherfideof p a 


the point 4 to the point G:and let 4G be equall 

to the line geuen D (by the 3. propofition ). And 

by the point G,draw (by the 3 1.propofition) a parallel line to the line ef C, which let 
be G Hand produce it vntil it concurre with the line 44 B:which concurfelet be in the 
point H. And agayne by the point /7draw the line HX parallel ynto the line GF-which 
Jet cut thelinee 4 C in the point K,Then I fay that the line A X is placed betwene the 
lines AB & AC & 1s equall to the line D,And that the angle at the point X is equall to 
the angle geuen E, For fora(inuch as(by conftru&ion).4 G H K isa parallelogramme 
theline K H is equallto theline 4 G(by this propofition ), Wherefore alfo it is equall 
totheline D, And forafmuch as the line 44 Kfalleth vppon the two parallel lines, F G 
and K H,therfore the angle 4 K H is equal to the angle F A K(by the 2 9.propofitió ) 
for that they are alternate angles. Wherfore alfo the {ame angle at the point Kis equal 
to the angle geuen &. Wherefore the line HK being placed betwene the two lines 4B 
and e C,and being equall to the line D, maketh the angle at the point K equall to the 


+ 


angle genen E: which was required to be done. 
Though this addition of Pelitarius be not fo muche pertayning to the 
N.i, propos 





Demonfiration 
leading to an 


abf ordi je a 


An addition of 
Pelstarits, 


ConfruFiow, 


Demonfiration 


4 


Demenitration: 


Three cafes in 
thes propofitsor, 


The firft cafe. 


rm Y he fir/t Booke: m 


propofition:yetbecaufeitis witty and femerhfomewhar difficult, I thought it 


goodheretoanexe ir, = 0 £ 
_. Lhers.Theoreme.. The35.Propofition. 
Parallelogrammes confifting vppon one and tbe [ame bafè, 


andin the felfe Jame parallel lines, are equal the one to the 
other. Se e. mph. a 


» 
^ LL 


} 





S the fame bafe,that is, vppon-.- 
BC and in the felfe fame parallel lines; 
thatis AF,and BC.ThenLfay,that the ` 
parallelograme ABCD is equal tothe 
parallelograme EB C EFor forafmuch 
as A BCD isa parallelogramme, thers 
fore (by tbe 3 4.propofitiou) tbe hide A 
(D is equallto the fide B C, and by the 
fame reafonalfothe fide EF isequallta’ \/ | 
the [ide BCywberfore ADis equallto p iC — 
E Fand D Eis common to tbem botb. — I 
VV berfore tbe whole lne A Eis equall to the whole line D F And the fide A B 
is equall to 5 fide D Cwherfore thefe two Bd and ABare equall to thefe two 
ED and DC, the one to the other:and y angle FDC is equall to the angle EAB, 
namely the outward angle toy intbard angle( by y 29,propo/ttio):wherfore(by 9 
4. propofition the bafe E B is equallto the Cafe F C, aud tbe triangle EA Bis 
equall to the triangle FD C.Take away the triangle DG E, which is common 
to them botb,V V berefore the refidue,namely,the trapeftum A BG Dis equall 
to the refidne, that is,to the trapefium BG CF,Putthe triangle GBC commo 
to them both VV berefore the whole parallelogramme A BC Dis equall tothe 
whole parallelogramme EBC F.VV berefore parallelogrammes conifting vps 
on one and the fame bafe,and in the felfe fame parallel lines are equal tbe oue to 
the otber:which was required to be demonjftrated. ! > 





| Parallelogrammes are fayde to be inthe felfe fame parallel línes,when therr 
bafes, arid the oppofite fides vnto them, are oneand the felie fame lynes wyth 
the parallels, z | | =. 


In this propofition arethree cafes, ForthelineB E may cuttetheline AF, 
either beyond the point D,orin the point Djor on this fide the point D , When 
di. | | | it 


ES 


of Euclides Elementes. Fol. — 


itcutteth the line A F beyond the point Dthe demonſtration before put ſer- 
uerh, 4 ho Waspi Oreste nyi 
Butifthe line B E do cutte the line AFi ^ | ^ ^" | RM EREA Y Be frond enfas 
the point D,thenforafmuchas (bytheformet^ A — :' ^" — 
propofition)thetriangle 3B CD or BC Eisthe | 
halfe of either of thefe para'lelogrammes 4 BC. 
«Dand EB CF (for intheparallelogramme.4 = |. 
B C'D thediameter 8 D maketh the triangle B- 
D.Cthe halfe of the fame parallelogramme,and.,: | ,. 
in the parallelogramme EBCF the diameter | 
E Cor D C maketh the felfe fame triangle.B 2 - 
Cthe halfe ofthe parallelograme E B CF )thers. | 
fore(by the 7.common fentence)the parallelo- 
grammes 48 CDandEBCFareequall; ^ 4. 


— — — * = 


~ 


ya 


Butif theliue BE do cutte the lyne eZ E>. The third enfe, 


on tliis ide the point D; then forafmuchas eye . 
ther of the lines A D and E Fis.equall to the | 
line 2 C,therefore by the firftcommon fentence^ ^. - 
they are equall the one to the other. Wherefore 
takingaway ED, which is‘commonto both, ` 

the refidue e4 Efhalbeequallto the refidue:D: : 

F, Agayne forafmuch as(by the 3 4.propofitio) - 
theline e42 is equalltotheline CD, and (by, : 
the 27. propofition)the angle E 4 Bisequalto. 
the angle FDC: therfore. (by the 4. propofi- 
tion):the triangles EB“Aand FCD are equal, - TS 
Adde thetrapefium C D E B common totem ™ +i C} 5 | 
both tand {o (bythe fecondé common-fenz : | | 
tence Jthe two parallelograninese 78 CDand 
EBC Ethalbe, equall :.which-was: required to. - 
be proued. n ! ; 





wera Kah Cong. ees bs ys . 
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Se T be 2.6. T beoreme. The36.Propofition. 


P arallelogrammes conjifting upon equall bafes, and in the 
Jelfe fame parallel tines are equall the one to the other. 







'V ppofe that thefe parallelogrammes ABC Dand EFG Hi do confift 

| i vpon equall bafes that is,vypon BCand F G,andin the felfe fame parals 

lel lines that isd Hand BG, Then Ijfay that the parallelogramme A 

BCD is equall to the parallelogramme E FG H.Drawa right line from tpe. Cfr. 
point È to the point E andan other from the point C to the point H, And fore Demonftrasion 
afmuch as B Cis equallto FG but FG is equall to E F, therfore BC alfo is e= 

quallto E FH, and tbey are parallel lines , and the lines B E andC H ioyne 


them together: but twa right lynes ioyuyng together. two equall right 
EA lines 


Three cafes in 
tiais proposition, 


Lhe firf cafe. 
Exory café way 
bappen feuen 
diners payes, 


Ze 


3e 


CD is equal to the parallelogrameE B c 





^. È t ü * B — h * 3 
Pu f e, * a f è? — 7 3 — P , t 
A 2 ç +¢ ei 2 J e ; £n Y Ü 'e E 1 t 
4 * 


* 
= 


tin sbeing para llelé; aretbemfelues 5:0 2o i 
alfo (by tbe 33. propofition) equall A D 


tbe one tothe other, and parallels.. | 
Vi herforeEBCAH is a paralleloo 
gramme, andis equall to the paralles jed =|) N 
lograme ABCD: for.they haueboth Y LZ 
one andy fame bafethat 1s,BC.And. | . 
areiny felfe fame parallel lines,that 4 - 7 
is, BC ¢ EH,And by) fame reafon: |... 7 
alfo tbe parallelograme BFGH is e--. 
qual to the parallelograme E B CFI: 4-7 


VV before tbe parallelograme 4B... — ———— 





FG H.VV berfore parallelogrames. «55. ee 0 ont 

confifting vppon equall bafes and in tbe felfe fame parrallel lines, are equall the 
e * a 2) i MX GS UM: Wb WES! 

one tothe other: which was required.to beproued, — J 


In this propofictonalfo are threecafes;For theequall bafes may erther be vr- 
terly feperatedafonder: or they may:touchear oncóf:thccndes: orthey-may 
haue one part commoti to them botia one rrt, 

Euclides demonftration ferueth when the bafesbe vtterly feperated a fonder, 
V Vhich yet may happen feuen diuers way es,For thebafesbeing feperated afó- 
der,their oppofire fides alfo may be veterly {eperated'a fonder beyond rhe point 
Das the fides ADandEHinthefirfifigure . :, -7 MA aA 

Or they may touche together in oncofthe endes andthe whole fidemay be 
beyond the point D,as thefides A Diand E H doin the fecond figure, —— 

Or one part may be beyond the poiat D, andan other part commonto them 


A E DH 


of Enclides Elementes. Fol.4.7. 


both ,a sin thethird figure,thefides A D and E H hauethe part ED common to 
them both, x í —— y 

Or they may iuftly agree the one with cheother,tharis,the pointes A andD 4 
may fall vponche pointes Eand H: as in the fourth figure. D; 

Orthe fide A D being produced on this fidé the point A,part ofthe oppofite f 
fide vnto the bafe F G may be on this fidethe pointA,andanother patt may be 
commonwith the line A D,as inthefifth figure, - We Ae 

Or oncendeoithe fideE H may light-vpon-the pointe A, and the whole fide 6. 
onth:s fide ofit? As in thefixt figures s f 

Or the faid fide E H may vtterly be feperated a fonder onthis fide the pointe ^s 
A,as inthefeuenthfigure, — 


Rome me e. "y Hansen e 


t 
9 
sà 


EA f 


* 


The like Garse- 


RT. XU Wie AC . CLR Ser’ os — 
And the two other cafes alfo may inlike maner haue feuen variéties: as in ty én ech of the 
the figures here vnderneth andon the other fide of this leafefetit ismanifeft, "^^ enfe. 


Euclides con- 


m ‘ee ce ae TN Ti — acu Acus i 1 tee?) oe, ent o, ES 
Atid here is to be tioted;thac inthefethree cafes and in all their varieties ulfo,che — 


conftru& ion & demonf(tration put by Euclide(namely the drawingoflinesfrÓ demonfration 


the point B tothe point E g ftoti the pointe C to the point H;and fo próuing. /£veth in all 
point Btothe point E & fro p 1e point H,and fo p E dere cafes, and 
3 their Garities 


itby theformer prope fition) will ferue onely in the fourth varietie ofech cafe, 
therenedeth no farther conftruction: for that theconclufion f{traight way follos sj, 
wethby the fozmet propofitiony ^: °° > | | 


1 X P : 
A = t .** \ —- a 4 
Hi 2 H A DE H A& E. D H 
ar" bs T - - i g m" " á 

j = T = 4? Ec 4 3 Ao UR - nS : c mA Wc 

, m F P 2 : 1 —ñi 
e e 2 = t 

‘ 
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5897 be] 41 beoreme, The 37-Propofition. 


—9 Triangles confifting vpon one:and the felfe [ame bafe and in. 
vos — hefelfe fame paralles:are equall the one to theather, = 


4 F 
f, e^ 5. € «7j ee Vere 
ia ——— [3 

- ~% « 


* +. h, ] clt Y. "C19! E iui. ww m. Blea 34: Hh 
s AUS a t V ppofe that thefe triangles. A BC and DBC do con/ift. 
: Ao EE ed 





NEY KIS) RZ || Pou one and the fame hafe namely; B Candin the felfe 
| We SZ AR fame parallel lines that is, A D and BC. Then I fay, 





pay 


Conſtruction. 
f jm 


SN 
: | i bat tbe triangle A (B Cis equall to tbe triangle BDC, 
YP ¥ C Produce (by tbe z. peticion) the line A D on ech fide to 
[s S7 xm) the pointes E and F, And (by the 31, propofition) by tbe 
RES Ply | point B,draw vntothe lineCAa parallel line (B E and 
————————~ (by 9 fame) by the point C, draw vntotbe line B Da pas 
Demonfiration. altel line CF VV berefore EBC A. : 
aud D B( Fare parallelogrammes, 
And the parallelogramme EB(A, © A D ba 


ís (bytbe 35. propofition ) equall to M 





E 


the parallelogramme DBCF, For 
they confist vppon one aud. tbe [elfe 
ame bafe, namely, BC, and are in 
the felfe fame parallel lines, that is, 
(B (and E F, But the triangle A B C 
is ( b) tbe 3 4. propofito )the balfe of 
the parallelogramme E BCA, for 
the diameter AB denideth it into two | 
equall parts:cz (by the fame)the tri» B C 
angle DB Cis the halfe of tbe pae Ez 
rallelo gramme D BC F, for the diameter D ( deuideth it into two equall parts: 
but tbe balues of tbinzes equallare alfo equalltbe oneto the other ( by tbe 7, 
common fentence ),wberefore ebe triangle A BCis equall to the triangle DB 
(V V bevefore triangles confising vpon one and tbe [elfe fame bafe,and in the 
felfe [ame parallelszare equall the one to tbe otber : which was required to be 


demonstrated. 
Thofe 





of Euclides Elementes. Fol.48. 


Thofe triangles are faide to be contayned within the felíc (ams parallel lines, 


= 


which hauing theirbafes in one ofthe. parallel lines;hage theif toppes in the 
other, — "e ons (Cmm mns t | 


A 

440% i ^ + — * i 5 4 

i are WU > T L 
* 


-Hereas I promifed will I thew out of Ptoclis the coniparifon of two trian- 
gles,which hauing their fides equal} jhatte the bales add.aigtes atthe topps vues 


> 


112 E t1. J mes i cae. om . 4» 
:A if}, o ic. f : 
quall, Add firft- 1 fay thatthe vnequall anglesat the toppe being equall to N Tee 


right angles thetriangles fhalbe equall. Acs for.example, . > 
€ Suppofe that thefe two triangles £B:C and D E F hauetwofides of the one;name-+ 
ly, AB and 4 C,equall to two fides of the other, namely,to D Eand D)F, echeto his. 
correfpordent fide,thatis, 4 B to D Edid AC to D F,and let the bafe BCbe greater 
then the bafe EF: and let the angle atthe potite 7 be greater then the angle at the’ 
pointD.But let the fayde angles at thet pointes A and Dy -7 A miem 
be equall to two right angles. Then I fay that'the triangles 7 
ABCand D & Fate equall.For foralmuch asthe angle? - Y- I | 
A Cis greater then the angle Z D F,vpon the line E D;and et 
tothe point D defcribe (by the 23. propofizion) an angle 
equall to the angle B.A Cywhichletbé ED Grand putthe ~ 
lineD Gequalltotheline 4C: and drawalinefromEto = 
G,and an otterfrom FtoG;andproducethelinesED& g 
F D beyond the poynt D to the pointes # and K.Now for 
afmuch as the angle B 4 Cis equall to the angle ED G} 
and the angles £ 44 Cand E D Fareequall totwo tight ati- 
gles,thereforethe angles ED G and EDF ate equall to 
tworightangles.But theangles ED G arid K D G;arealfo-. © > 
equalto tworightangles:takeaway theangle FDG cóm- ^ 
mon to them both:whereforethe angle remayning EDF  - "4 
is equall to theangle temayning.G D K.But theangle E D' : ———- 
Fis equall to theangle HD K ( by the 15:própofition)for E 
they arehed angles. Wherefore theangle G D K ísequall : 
totheangle H D K.And forafmuch asinthe triangle G DÐ F the outward angle GDH 
is(by the 3 2.propofition )equal to the two inward and oppofite angles at the points G 
and F:which two angles alfo ate(by the §.propofition) equall the one tothé other: 
for the line D Gis by conftru&tion equall to the line &4 C, namely, to the line DF: 
Wherefore the angle G D H is.double both to the angle at the pointG,and to the an- 
gle at the point F.Butthe angle G D Hisalfo double to the angle G DK (for the anə 
gle G.D Kis proued to be equal to the angle K D H) whereforethe angle at DG F 
isequall to the angleG D K: and they ate alternate angles, Wherefore (by the 27; 
propofition) theline D Eis parallel to the line F G. Wherefore the triangles GDE 
and F D.E are vppon one and the felfe (aime bafe, namely, D E, and in the felfe (ame 
páraliellines D Eatnd G F, Wheretore by this propofitionthey are equall. But the tri 
angle G D E 1s by conftru&ion equail fo thé triangle 4B C. Wherefóre alfo this tri: 
angle D E Fis equall to the triangle e4 BC: which was required to be proued, 







But now let theangles B AC and ED F be greater then two rishtangles: & let 
the angle at the point 4 be greater then the angle at the point Das it was before. Thé 
Tfay thatthe triangle A BCis leifethen,thetrianele D E F, Let the fame conftruion 
belieréthat was in thé former. And forafmuch as the angles 8 4Cand € D F, that is 
theangles E D G and E Fare greater then -tworight angles; but the anelés E DG 
and G D Kare equallto two right angles: takeaway the angle FD G which E common 
to them both . Wherefore theangle remayning namely, EDF is greater thé um angle 
remayning,namely,then GDX: thatis,the angle KD A( which by the 15. pro pofition 
is equallto the angle E D F Jis greáter then the angle G D K, whereforethe angle G D 
H is morethen double tothe angle G.D.K: bntthe angle C D His double to thean- 

N.iiij. gle 


«EF 


How triangles 
are fayde to ke 


in the felfe fare 


parallel lines, 


Comparifon of 
two triangles 


whofe fides bea 


bafes and angles 


. atthetoppe are 


bvnequall. 


When tbe two 
angles at the 
fo pperare equall 


- fotwo right Alin 
E rect 


When they ars 
greater thé tye 
right angles. 


Wrhes they are 
lee then twa 
wight angles. 
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gle DG F, as was before proued, Wherefore the 
angle GDKisleffe thentheangle DGF, Vnto the 
angle G D K put(by the 23.propofition) the an- 
gle D G Lequall: and produce tbeline G L till it 
concurre with theline E Finthe pointe L. And 
draw aline from Dto L. Wherefore(by the 27, 
propofition)G L is a parallel line to D E,for that 
the alternate angles DG LandG D Kare equal. 
Wherfore the triangles G D E and L D Eare (by 
this propofition Jequal(for they confift vpon one 
and the {elf fame bafe namely, DE, andare in thè 
felfe fame parallel lines,namely,£ D and G L)But 
the triangle Z D E is leffethen the triangle FDE, 
Wherfore alío the triangle G.D E isleffe thenithe 
triangle F D E. Butthe triangle G2 Eiscequalto 
the triangle AB C. Wherfore the triangle 472 C 
is lefle then the triangle D E F; which was requi- 
red to be proued. | 


But now let the angles 8 4 Cand EDF beleffe 
then two right angles: and agayne let the angle 
at the pointe 4 be greater then the angle at the 
point D.Then / fay thatthe triagle 4 B C is grea- 
ter then the triangle D E F.Letthe fame conftru- 
cid be alfo here that was in the two former, And 
forafmuch as the angies B AC and E D F,thatis, 
the angics EDG & E D Fare leffe then two right 
angles,but the angles EDG and GD Kare equal 
totworight angles, take away the angle F DG 


which is common to them both, wherefore the . 


angle remayning namely, ED Fis lefle then the 
angle remayning,namely,then G D K:thatis,the 
angle ZZ D K( which by the 1s. propofition is e- 
quali to the angle E D F)isleffe then the angle G 








D K. Wherfore the whole angle G D H is leffe chen double to the angle G D K,But itis 
double to the angle D G F( as beforeit was proued ):wherfore the angle GD Kis grea- 
ter then the angle D G F; Puttheangle D G Lequall tothe angle G D K (by the 23. 
propofition jand produce the line G L tillit concurre with the line € F alfo produced, 
&let the concurfe bein the point L.And draw alinefrom D to L.And foras much as 
theangle DG Lis equallto the angle G D K, and they are alternate angles, therefore 
theline G Lisaparallelto D E(by the 27.propofition ). Wherefore(by this propofiti- 
on Jthe triangles G D Eand L D E areequal: butthe triangle L D Eis greater thenthe 
triangle FD E and the triangle G D E is equall to thetriangle 4 BC, Wherefore the 
triangle ef B Cis greater then the triangle D E F: which was required to be proued. 


The28.Theoreme. The 38. Propoſition. 


Triangles which conſſt vppon equall baſes, and in the felfe 


fame parallel lines are equall rhe one to the other. 


wa 







aS 


A 


V ppofe that thefe triangles A BCand D E F doconfist vponequal bas 
Jes that is,vpon B C and E F and inthe felfe Jame parallel lines that is 
BF and A D.T hen Lfay that the triangle A BC is equall to the trian’ 


gle 
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gle ABC is equall to the triangle D E F. Produce (by the fecond peticion) tbe. Crete. 
liné AD on eche fide to the pointes G and H, And (by the 3 1.propofition) by 

the point B drawe vnto C Aa paral» — —“ 

lellme BG,and( by the fame) by the ș A 
pointe F drawe vnto VE a parallel 
line F A. VV berforeG BC A and 
DEF Hare parallelogrammes.But 
the parallelograme GBCA is (by the 
3:6 propofition equal to the paralles 
lozranme D EF F for they confist 
vpon equall bafes that is, BCand E 
F, andarein the felfe fame parallel. 
lines thatis, BF andG H, But (by 
the 34,propofition) the triangle AB 
C is tbe balfe of tbe parallelogramme 
G BC A, for the diameter A B deui» 
deth itinto two equall partes:and the triangle D EF ts( by the fame )the halfe 

of the parallelogramme D EF Fl, for the diameter F D deuideth it into two es 

quall partes, But the halues of thinges equall are ( by the 7.common fentence )e» 

quall tbe oue to tbe other VV berfore the triangle A B Cis equall tothe triane 

gle D EF. VV berefore triangles which confist yppon equall bafes, and in the 

felfe fame parallel lines are equall the one to the other: which was required to 

be proued,.... PESE 7 : 

In this propoſition are three caſes. For the baſes ofthe triangles either haue yor e cafès in 
one part common to thiéemboth or the bafeofthe one toucheth the bale of the EKE prep ill 
other onely ina point: or theirbafes are vtterly feuereda funder , And ech of Ech of thef 
thefe cales may alfobe diuerfly as we before haue fenein parallelogrammes con fes alfo ad * 
fifting on equall bafes,and betng in the felfe fame parallellines,Sothathe which déwez/ly. 
diligently aoteth the'vartery that was there puttouching them, may alfo eafely 
frame thefame vatietieto ech cafe in this propofition, V V herefore I thinke it 
nedeles herero repeate the fame agayne: for howfoeuer thebafes be put, or the 
toppes,the manner of conftru ion and demonftration here put by Euclide will 
ferue:namely ,to draw parallel lines to the fides. "j 


D H 


Demonf¥ratios 





e à 
P4 ye 


d mm v + An addition of Pelitarius, 
T o deuide a triangle genen into to equall partes. 
wis addition of 
Suppofe that the trianglegeuen to be deuidedintotwo — 7 4 M coeno: 
equall partes be :4 B C.Deuide one ofthe fides therof, / N | e M Más, 
namely,4 C into two equall partes (by the.10. propo- y — partes, 
fition Jin the point D, And draw a line from the point D F 
to the point 4.Thé I {aythat the two triangles 4BD & Á J 
A CD,are equal,which is eafy to prone(by.the 38. pro- F / Es we ! 
pofition)afby the point 4 we drawevnto the line 8 Ca PES ae 


paralielline (by the 5 1.propofition Jwhich let by H K: 

for fo the triangles.4 2 D and ADC, confifting vppon ftp ! 

equal bafes BD & DC,und being in the felfe fame paral- ae Ss 

lellines Z7 X and B C are of neceffitie equall.The felfe B D C 
Q4. fame 





Wore, 


ut other addi- 
1192 of Pelita” 
eu]. 


Constradson. 


Demonftration 


T hefirft Booke 


fame thing alfo wilhappenif the fide B 4 be denided into two equall parts inthe point 


E,andío be drawen a right line from the point E,to the point C. Orif the fide AC be 


deuided into two equall partes in the point F,and fo be drawen aright line from the 
point F tothe point B:which is in like manner proued by drawing parallel lines by the 
pointes B,andC, to thelinesB_Aand AC, . 


2 ] A ; 
__ And fo by thisyou may deuideany triangle into fo many partesasare fig- 
nified by any number that is cuenly euenzas into14., 16.22.64, &c. 


Another addition of Pelitarius, 


From any point genen in one of the fides of a triangle,to dra a line Which fhal denide the trian- 
gie tito two equall partes. . 


Let the triangle geuen be B C D:and let the point geuen inthe fide BC be Z. Itis 
required from the point 4 to draw aline which fhal deuide the triangle B CD into two 
equall partes. Deuide the fide B Cinto two'equall partes in the point E. And drawea 
tight line from the point 4 to the point D,.And(by the | : 
31.propofition ) by the point £ draw vnto theline AD 
à parallelline E F : which letcutte the fide D Cinthe — '- 


point F,And draw alinefrom the point Ato the point /, [| 
he B = | 
A 





F, Then I fay that the line e4 F deunideth the triangle B ME 
C D intotwoequallpartes: namely, the trapefium 44 B | x 
D Fisequalltothe triangle AC F.For draw aline from | 

Eto D,cuttingtheline ZFinthepointG. Nowthenit ^. | 

is manifcft ( by the 38.propofition) that thetwo trian- | T 
gles B ED and CE Dare equall(ifwevnderftand aline > | C 
to be drawen by the point D parallel to theline B C,for a | ni cw 
the bafes B Eand E Careequal) .The two triangles alfo D EF and AE Fare (by the 
37.propofition) equall:forthey confiltvp3n one and the felfé fame bafe E F, and are 
in the felfe fame parallel lines 4 D and E F. Wherefore taking away the triangle EF G 
which is com6 to thé both,thetriangle 4 E G thalbe equall to the rriangle DFG .wher 
fore vito either of thé adde the trapefili C F G E,and the triangle 4CF íhalbe equal to. 
the triangle DEC. But the triangle D E Cis the halfe partof the whole triangle BCD 
wherefore the triangle.4 C Fis the halfe part ofthe fame triangle B. (D, Wherfore the 
refidue,namely,the trapefium .4 B F D'isthe other halfe ofthe fame triangle. Where- 
fore theline 4 F deuideththe wholetriangle 7 C D into two equall partes:which was 
required to be done. | | 


1397 be29. 7 beoreme. The 39.Propofition. | 
Equall triangles confifting ypon one and the Jame bafe, and 
on one and the fame fide: are alfo inthe felfe fame parallel 


lines. | 










Le ya 


MENG V pnofe that thefetwo equall triangles 4 B C. and D B Cdo confift vpe 
BOR Mages | a i 
ASSI" pon oncand the fame bafe namely, B Cand on one and the Jame fide, 


MOA ThT fay that they are in the felfe fame parallel lines, Drawe a right. 
line from the point A to the point D:Now Lfay that A Disa parallel line to. 
B C. Forifnot , then (by the 31. propofition) by the point A drawe vato the 
right line BCa parallel line A E,and draw aright line from the point E tothe 

| | Wc point > 
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point C, VV berfore5 triangle EBCis ^ | 
(by) y, propofitio)equal to tbe triangle ` ` | EL 
ABC, for they confifl vpon one and tbe. | — D 
felfe fame bafe namely BC and arein: > | ga 
felfe fame parallels, thatis, AE andB ~: ANS 
.. C, But tbe triangle 4) B Css (by fuppos ^ I 

fition ) equall to the triangle A BC, 
VV berfore the triangle DB Cis equal 
to the triangle EBC, the greater vnto 
the lefse: which is impofsible. VV heres 
forethe line AE, 1s not aparallelto . - de 
tbe line B C,4nd in like forte may itbe `` NP: . 
proned that no other line befides AD is — 
a parallel linie to BC wherefore ADis B 
a parallel line to B C.V Y berfore equall 
triangles confifting vpon one and the fame bafe, and on one and the fame fide, 
are aljo inthe felfe fame parallel lines: which was required to be proued, 


This propofition is the conuerfe of the 37 ,propofition.And here istobenored This Theorems 
thatifby the point A,you draw vnto the line BC a parallel line,the fame fhal of — 
neceffitie either light vpó the point D;or vnder it,orabouc it. Ititlightvpó it, 57372724 
thenrs that manifeft which is required:butifitlight vnder itthenfoloweth that — ^ 
abfurditie which Euclide putteth;namely, that the greater triangle is equall to 
the lefe: which felfe fame abfurditiealfo will follow;ifitfall abouethepoint D. 

As for example, 


Suppofe that thefe equall triangles 4B Cand D 5 C do confiít vpponone and the 
felfe {ame bafe B C,and on one and the fame fide. Then Z 
fay,that they arein the felfe fame parallel lines,and that 
a right line ioyning together their toppesis a parallel to 
the bafe B C.Draw a right line frd 4 to D.Now ifthis be 
nota parallel tothe bafe B C,let_4dé be a parallel vnto it, 
and let 4 € fall without theline_4D, And produce the 
line B D till it concurre with the line 4 Ein the pointe E 
and draw aline from E to C.Wherfore the triangle e4 B 
Cisequalto thetriangle E B C:but the triangle 4 B Cis 
equall to the triangle D B C:Wherfore the triangle £ B C 
is equall to the triangle D 2 C, Namely,the whole to the 
part:which is impoffible.Wherfore the parallel line fal- 
leth not without the line 4D; And Euclidehath proued 
that it falleth not within. Wherfore theline.4.D isa pa- 
rallel vnto theline'7 C. Wherfore equall triangles which c 
are ot the felfefame fide, and onone and thefelfe fame PË » 
bafe,are alfo in the felfe fame parallel lines: which was required to be proued. 





i . Anaddition of Fluffates, 
The felfe fame alfo followeth in parallelogrames.For if vponthebafe ABbe 4, addition of 
fet on one & the fame fide thefe equal parallelogrames ABCD & ABG E,they fares. 
fhallof neceffitiebe in the (elfe fame parallel lines,For ifnot,but one of them is 


O.ii. ſet 


An addition of 


Campanus, 


Thefirft Booke — 


feteyther within or without, let the parallelo- = < 

grame B F being equalltotheparallelograme A ©. 
BCD be fet within the fame parallel lines: D E V M 
wherefore the fame parallelograme BF beyng e- 9° T . | 
quall to theparallelograme A B C D (by the 25, —. | 
propofition) fhall allo be equall to theother pa- 
rallelograme À B G E.(by thefirítcommonfen- | |}, 
tence) Forthe parallelograme ABGEisby {ups . 
pofition equall to the parallelopramme ABCD: . 
whetfore the parallelograme B F being equall to 
the parallelograme AB GE, the parte fhall bee e- 
qualto the whole,whichis abfurde.The fame in. 9 -{/&———— ©: h 
conuenience alfo will followe, ifit fall without, B te Ant ly: 
V V herefore itcan neither fall within net witha s> AG y. KM ' 
out, V V herfore equall parallelogrames beyng vpon one and the fclfe.fame bafe 
and on oncand the fame fide,are alfo in the felfe (ame parallel lines. . ** 





— AnadditionofCampanus. d 
. Jf avigbt line deuide'tWo fides of a triangle into tWo equall partes: \it {hall be equidiftant unto 
the third fide. 1 4 5 1 d n a ( ha -n i * 


"Wal. 


Suppofe that chere be a triangle ÁÀ B C: andlettherebee a right lyne DE, 


... whichlet deuide the twofides ABand BC intotwo equall partes in che pointes 


| DandE Then I fay,thatthelineDEisaparalleltorhelineA . 


. triangle D A E(fortheir two bafes AD and D B are putto be 


— 


i 


C. Drawe thefetwo lines AEandDC,Nowthenimagining 
a line to be drawne by the point E parallel to theline A B, the 
triangle B D E fhal! (by the 38,propofttion) bee equall tothe 


equall) And by the fame reafon the triangle B D E is equall to 
the triangle CED. V V herfore(by the firft commonfentécc) 
the triangles EA D and E C Dare equall;and they are ere&ed 
on one and the felfefame bafe,namely ,DE,and on oneand the 
{fame fide. V Vherefore(by the 39,propofition) they arein the 
felfe fame parallel lines, and the line which ioyneth together 
their toppes is a parallel ro their bafe. V Vherfore the lynes DEand A C are pa- 
rallels : vhich;was required to be proued, N 





- 3497 De20. Theoreme. The 4.0.Propofition. 
Equall triangles confifting uponequall bafes, and in one and 
the Jame fide: are alfo in the felfe Jame parallel lines: 
IV ppofe that thefe equall triangles ABC and CD E do confift vppon ts 


EN auall bafes, that is, vppon B Cand CB, and on one and the fame fyde, 
===! namely on the fide of A. Then 1 fay that they are im the felfe fame parals 
e / | timus n 






a nir 


- 
— 
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dell lines, Drawe by the firſt peticiniaa. 
right line from the point A to the pointe 4. 
D Now I fay that AD is a parallel line | ag £ 
to B E,For if nottben (by theswpropos «i5, 
_fition)by the point A4 dra vnto tbe line , 
(B Eaparallelline AF, And drawe a... 
right line from the point F to the pointe $ 
E,YV berfore( by the 38, propofitia )the ., 
triangle B ACis equall to the triangle .. 
CF Efor they conf: f vpon equal bafes, . 
thatis BCand CE,and are in the felfe 
Jame parallel linesynamely,B Eand A — 
F Buty fuppofition the triangle AB È 
C is equaltotbetriangle CDE.VVbera — ^ T 
fore the triangle D'C Eis equallto the triangle FCE,namely, the greater vanto 
theleffe;wbich isimpoffible-VV berfore A F is not a paraliel line to B E, And. 
in like forte may We proue that no other line befides A D is a parallell line to B 
EVVherfore AD is a parallellyneto BE. Equall triangles ther fare confifting 
vppon equall ba[es and in one and the fame fide:aré alfo'in the felfe fame paz 
yallel lines: Which was required tobe proued, °° 0— 
This propofition is the conuerfe of the 38, propofition, And inthisas in the , 
former propofition, ifthe parallel line drawen m 
by thepoincD; it muft paffe eyther beneath itjorabone ic, Euctidefetteth forth: 
onely the abluraity which fhould follow t£it pafe beaeachit: bur the felfe (ame: 
abfurditie alío wd follow ifit fhould paífeaboue it: as it1s not hardto fee by che 
gathering thereof inthe former propofition, And therefore here I omitte it, 





Lhe31.T beoreme. The 4.1,Propofition. — 

If a paralelograme €> a triangle hane one <o the felfe fame 

-< s'bafe, andbein the felfe fame parallel lines : the parallelo- 
grame fhalbe double to the triangle. "mW 


VERI ppofe tbat tbe: parallelo 4 
AZ erame ABC Dand the trie 
| angle EB C haue oneto the 
MM fame bafe,namely, BC, and 
let the be in the felfe fame parallel lines, 
na mely „B C Cox A EThel fay,t hat the 
parallelograme ABCDis double to the 
triangle BEC Draw(by the firft petias 
cion) aryght line from the pointe Ato 
y pointe CVV berfore (by tbe yz. propos 
» Ou, ition 






a 


‘Conftruion, 


Demonftration 


beading fo an 


abfurditie, 


This propofition 
ss the connerfa 
of the 38. pres 


e point À, (hould not palfe , 2" 


Demon#raticsm 


Lhe firt Booke 


.. fttion) the triangle ABC is equall to’ EF D A 

- tbetriangle E. B C, for they are vppon | b 
one and tbe elfe fame bafe BC, andin 
tbe felfe Jame parallell lines B Cand E 
A: but theparallelograme ABCD is ` 
donble to tbe triangle ABC( by tbe 24. ` 
propofition )for tbe diameter thereof A 
C deuidetb it into two equal parts:wher 
fore the parrallelogramme ABCD is — 
double to tbe triangle EB CIftberfore ^— ^ — 
a parallelogramme and a triangle haue mx E HOD 


r 


one and tbe felfe fame bafe, and Bein the felfe fame parallels , tbe parallelo. 





a 


grame {hall be double to the trian ole; which was required to be proued. 


e Bo. This propofition hath tvo cafes, For thebafebeyng one,the triangle may - 
haue his toppe withoutthe parallelograme, or within, Ihe firftcafe is demone: 
{trated of the author, The fecond cafe is thus, 


* . 
` * x 
i w. 3 a 


Suppofe that there bea parallelograme ABC D,andlet ^ A^ ^. E 8 i 
the triangle be EC D,either of which lechaue oneandthe -. { | 
` felfe fame bafe, namely, C D, andlet them be in the felfe 
_. , fame parallel lines C D and 4, and let the toppe ofthe 
 — triangle £ C'D,namely,the point Ejbe within the paralle- 
lograme 4 B C D, Then 7 faythat theparalielograme 4 2 
CD is double to the triangle EC D. Draw a tight line fró - 
the point 4 to the point D.Now forafmuchas the paral- 
lelograme 4 BC Dis doubleto the triangle AC D (by the 
34-propofition) : and the triangle e£ D C is equall to the 
triangle € D C( by the 57.propofition ). Therfore the pa- 
rallelogramme 4 BC Dis double to the triangle £C D: C 
which was required to be proued.: ' 





e 


A corollary. By this propofition it is manifett that if the bafe be doubled, the triangle e- 


rected vppon it fhalbe equall co the parallelogramme. 


The felfe fame And if the bafes of tie triangle and of the parallelogramme be equall , che 
demonftrarion {el fe {ame demonftration will ferue if you drawe the diameter of the parallelo- 
Rr E A A e grame, For the triangles being equal, the parallelogrammewhich is double to 
uria the one, fhal alfo bedouble to the other, And thetriangles muft nedes be equali 
beGponequath (by the 38.propofition)for that their bafes are equal,and for that they are in the 
bæſes. {elfe fame parallel lines, a 


The conuerfeofthts propofitionis thus, 
_ df aparallelogramme anda triangle haue one and the felfe fame bafe,or equall bafes tbe one to 
the ot ber and be defcribedon one and the fame fide of the bafe : if the parallelogramme be double to 
the triangle they fhalbe in the felfe fame parallel lines. 


Theconuerfeof For ifthey be not;the whole fhalbe equallto his parte, For then the roppe 
thispropoftion. of the triangle muft nedes fall either withinthe parallel lines or without, And 


whether 
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whether ofboth foeuer ir do, one and the felfefamie impoffibilitie will follow, 
ifby theroppe of the triangle be drawen vato the bafe a parallel line. 


s 


" An othérconuerfe ofthe fame propofition, ^en der. 

Ifa parallelogrammie be t he double of a triangle, being both Witbin the felfe [ame parallel lines’ dn other come 
then are they upon one and the felfe [ame bafé,or upon equallbafes.For 1f1n chat cafetheirbas ~<7/ ae — , 
fes íhould be vnequal, chen might ftraight way be proued, chat thewholë ise- Se prpofiii. 
quali to his part: which is impoffible, | 

. Atrapefium hautng two fides onely, parallel lines,is cyther more then dou- comparifenof a 
ble, or lefle then double to a triangle contayned within the {elfe fame parallel — ——— a 
lines and hauing one and the {elfe fame bale with the ttapefium,or table, tuft the $ A ———— 
dowble it cannot'be,forthen it fhould bea parallelogramme. A trapefium has pie fame bape, 
uing two fides parallels hath ofneceffitie the one ofthem longer thenthe other: «xd ix s. 
for if they were equail then fhould the other two fides enclofitag them be alfo e- Fes Gare 
quali (by the 33,propofition,) Ifthe greater fide of the trapefium be thebafeot ' 
the triangle,then fhal the trapefium be leffe then the double ofthe triangle And 
if the leflefide of thetrapefium be the bafe ofthe triangle then fhall thetrapefi- 
um be greater then thetriangle. 7 


Forfuppofe that .4 B C D bea trapefium,and let. When the grea- 
two fides thereof, namely, AB and CD. be parallel i rer fide of the 
lines,and let the fide 42 beleflethenthefideCD,& 4 he — frapeftum is ehe 
produce the fide 4B infinitlye on the fide Bto the f | bafe of she tria 
point F,Andlet the triangle EC D haucone and the , angles 
felfe fame bafe with the trapefium, namely,theline f` 
CD, Then I fay that the trapefium 4 BC D is leffethé. ^ 
the double ofthe triangle EC D.For puttheline 4F- | 
equall to the line C'D ( by the 3 .propofitié)and draw | > 
alinc from D to F. Wherefore ACD F isa parallelo- > 
gramme ( by the 33. propofition). Wherefore (by ` 
the 34 propofition)it is donble to the triangle ECD. 
But the trapefium 4 BCDisa part of the parallelo- 
gramme 4C D F.Wherefore the trapefium ABCD.. veo y 
islefle then the double of the triangle ECD:which Gc. - D 
was required to be prourä. E I8. PAs 


r hah f EET 


E pt 





.. Agaynelet the.triangle haue to liis bafe thefide . 4 RS P Í When the leffe 

A B.Then I fay that the trapefium_4 BCD is ordaca ole ae ee WRT 

ter then the double ofthe triangle eZ E 2.For from: NI RA 

the fide@-D.cut of theline C Fequallto theline 4B} \ LR O, 

(by the 3. propofition).Anddrawa line from Bto | \ — |i - ^ 

F, Wherfare (by the 33.propofition)eZ &.C Fisa VON | 

parallelosràmme: and therefore is (by the’34 ed: zl 25 * 

pofition ) double to:the: triangle e EB. Where- «45 SN sel d 

forethetrapefium e£ 8 C Dis more then thedou. | 

ble ofthe triangle e/£ E B :-which was required to 

ye proned, — TF | 
—* 
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T he first Booke 
T be ui. "Probleme. The 42.propofition. 


Vito a triangle geuen,to make a parallelograme equal, whofe 
angle [hall be equallto a retliline anglegeuen. | 


VW ppofe tbat tbe triangle genen be A B C, and let the 
BET angle geuen be D, It 1s required that vnto the 
VA triangle A B Cthere be made a parallelograme equal, 
Ze\ whofe angle fhal be equal to the reGtiline angle genen, 
Seay imamelysto tbe angle D.Denide( by the 1o,propofitio )tbe. 
SL xxm) line BC into two equall partes in the pointe E. And( by 













— | 


Sa), | the first peticion) draw a right line from the point A to 
| the point E. And( by the 23. propofition)) vpon the right 
line geuen.EC,andtothe pointinit `. | Y, wm 
geuen E,make tbe angle C E F'equal | 
to tbe angle D, /fnd( by tbe 31. pro» H 
eV pofition) by tbe point 4 dra Ynto- «s 
pM the line EC a parallel line Az and) ~~ 
SO vale detthe line EFcut theline AH in 
> <> the point F.and(by the fame )by the svs s. 
point C, draweyntothe ime EFa 77 
parallel line CG.VV berfore FECG: 5, o 
_. asaparallelograme, And forafmuche °° 8 
Demonfiration b E 4 
as B Eisequall to E C therfore (by | \ 
the 28.propofition) thetriangle A. \P 
B Eis equall tothe triangle AEC) | 
for tbey confist vpa equall bafes that... > od m 
is B E aud EC, andare in tbe felfe fame parallel lines,namely, BCand A H. 
oo Fberfore tbetriangle ABCis double to the triangle A EC, And the parallee 
soto, logrameC EF G is alfodoubleto thetriangle A EC; for they haue onego the 
` Jeife fame bafe namely,E C: and are in the felfe fame parallel lines,that.1s,E.C 
and A H, VV her fore the parallelograme F-E C G is equallto the triangle A8 
Cand batb tbe angle C E. Fequall to tbe angle eeuen D, VV berefore vuto the 
triangle genen A B Cis made an equail parallelograme,namely ECG, whofe 
angle C E Fis equall to the angle genen.D: which was required to be done; 1%: 
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A - The conuerfe ofthis propófition after Pelitarius. a 4 
I^ 4 - "Unto a parallelagramme geuen, to make a triangle equall, hauyug an angle equall to a vetlilins 
poſttion. anglegeuen. 

Suppofe that the parallelograme genen be 4 BCD, and let the angle geuen be E. 
Itis required ynto theparallelograme 247 C D to make a triangle equall hauyng an 
angle 
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theline C,D and to-the pointe in... ..- 
it C, deícribe (bytlie23. propo- , : 
pofition) anangle equallto the ^; 
aigle E; whichletbe DC F:aud | «. 
"AD cp Ten e o ot X xS rn or i f 
let the line CF cut the line -4B 
being produced, in the point F: 
and produce the line C D(which 





isparalielto thelinez4 F)tothe . . (4 [49 | - 
point.G.And puttheline DGe- V danti! 
qualltothelineC Dand drawa — Ev 

line from F to G, Then /fay that baiat Ll 


the triangle C F Gisequalto the | 
parallelograme 48CD.Forfor- ^" ^ it / | 

afmuch as(bythe 58. propofition ) the whole triangle C F Gis donble to the triangle 
C D'F. Aud( by the 41.propofition)the parallelograme 4 B C D is double to the fame 
triaügleC D F: therfore the parallelograme 4 B CD and thetriangle C F Gare equall 
the one to the other: which was required to be dones >= = €e "qv f 
: L o3 viele. ben Te 
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The32.T heoreme. The 43.Propofition. 
<: Fnenery paralelograme the fupplementes ofthofè parallelo- 


grammes which are about the diameter are equall the one to 
the other. 2237 (wd <p 18 C122 52d ' b, 


g 





lof be A C arid about the diameter A Clet thefeparalelogrames EH 
‘and G Econ/ist: and let the [upplementes be./B Kand KD, Then I 


XE poe tha ABC D bes paralelograme and let the diameter thera 
SEX 





= 


| fay that the fupplement B. K 1s equall to tbe fupplement KD. For 
fora/muchas ABCD isa parallelograme 
and tbe diameter tberof is AC, thberforg ^ 4 

(by tbe 3 4. propofition) tbe triangle L| tee 
(B C isequall to thbetriangle4 DC, 4»: L: 

gayne forafmucb as 4 EK A isa paa Be | 
rallelograme,and the diameter therofis |... 5. (^ 
AK, therfore (by tbefame) thbetriana |. | 2 [Dy 

gle 4 E K is equallto the triangle AH A / ^ | | 
K. dnd by tbe [ame reafon alfo tbe tri- |. | c 
angle KFC is equalltothe triangle Kis | ^ 7. | 
G C.Aadforafmucbastbe triangle AE. — |: ff > | 
Kis equall totbe triancle A4 F1 K „and. 
the triangle KEC to the triangle NG & G B 
C, therfore the triangles AEK and K, | 
G Care eqnall to the triangles 4A LK 0. 
and K F C: and tbe wbole triangle A B Cis equall tothe whole triangle AD 

| (Pa. C. 








How paralleto- 
gr 473172205 (re 


f(x yde to confifte 
abont a dia- 
meres. 


Supplement: C5 
Complementes, 


Three cafes in 
this Theoreme. 


T he firft cafe. 


The fecond cafe. 


The tbard cafe. 
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C: wherfore the refidue namely,the fupplement B Kis (by the 3. common fens 
tence) equall to the refidne namely to the fupplement K T». VV bevefore in e- 
aery parallelogramme, the fupplementes of tbofe parallelogrammes wbicheare 
about tbe diameter, are'equalltbe one to tbe otber : wbicbe was required to.be 
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Thofe parallelogrames are fayde to confift abouta diameter which haue to 
their diameters partof the diameter ofthe/'wholeand great parallelograme, as; 
in the example of Euclide, And fuch parallelo- meid aisi Ge BB Gi Ti, 
grames which have notto.their diameters part — —H "mM 5" | 
ofthe diameter ofthe greater parallelograme, | ^. 
are fayde nottoconfiftabourthediameter, E or. |... 






thé the diaméter ofrhegreater parallelograme .; 
cutteth the fide of the lefle cótayned wyshin it. . 
As in the parallelogramme 4 S,the diameter CD. - 
cutteth the fide E Hof the parallelogramme C E. 


Wherefore the parallelogramme C£1s not about D B 
one and the felfe fame diameter with the parallelo- 

ramnmeC D. ho. 7 4 + 4% CT? e í J Aa (A "A "y J. BE n 1 A 
5 z r 4 J "A U. ? WE >, 7 25A vk P. K V es! * Sw 


Supplementes or Complementes are thofe figures which withthe two pa- 
tallelogranimes accompli th rhe whole patallelogramme: Although Pelirarius 
for diftinttion fake putteth a difference betwene Supplemenres and. Corple- 
mentes Tihe parallelogrammesabout the diameter he calleth Complementes, 
the other two figures he calleth Supplementes, > ^ LAE 


1 
& a m+ to wl = 


Au his rheoreme. hath three. cafes onely, For the parallelogrammes which 
confit about the diameter, cy ther touch clie one the other ina point: or by a cct 
1ayne patte.of the diameterate feuered the one from the other: or els they cutte 
the one the arher: For thefirft cafeis thé example of Euclide before fet, The fe- 
cond cafets thus: sy a Vr AS Ys oe 
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Suppofe that .4B be a parallelogram Asa i, uos oue 
whofe diameter let be C D rand aboute eren aar al Lawnitih Ze 
fame diameter letthefeparallelogrammesC "A^ ^ — g^ qv. -« 


Kand D L confift:and betwene the letthere. , 
be acertayne part ofthe diameter, namely,, .— 
L K.ThenIfay that thetwofupplementes d * — 
GLKE&BEKL Hare equall. Forwemay | 
as before(by the 34.propofition )proue that . . 
the triangle 44 C D, 1s equall tothe triangle 
BC D,andthetriangle E C Ktothe triangle © 
KC F, andalfothetriangle D G Ltothe tris °¢ 
angle D H L, Wherforetherefidue,namgly, ` 
the fiue fided figure AGL KE is equall to . . 
the refidue,namely,to the fiue fided figure £ — — 
F KLH; thatis,the one fupplement tothe D aw = Sg 
other:which was required to be proned, | i c" Lual 





- 7^ 


But now fuppofe eA B to bea parallelogramme,and let the diameter thereof be 
C D:and let the one of the parallelogrammes aboutit be E CF L, and let the other be 
© thee ee ae n DGKZ; 


\ 1 


t 
a? 





of Euclides Elementes. Fol.54.. 


4D G K H,of which lettheone.cut.theother: ^. ea i> "e commo pa 
Then I fay thatthe fupplementes £G;ánd E££--: 4 E a und tog 
are equall.For forafmuchas the whóle trian- — [77 croatia | 
gle ‘DGK is equal to the whole triangle DHK> . 
(by.the 34. propofition ),and part alfo of the 
one namely, the triangle K Li 47is equal to .¢ t 
art of the other,namely,to the triangle: K L . 
N(by the fame), for LK is a parallelograme $ 
_ therefore the refidue,namely;the Trapefium _ 
DLN Hisequallto the refidnes namely, to 
the trapefiii D L M G: but the triangle 4DC 
is equal tothe triangle B C D, and in tlie pa-.... 
rallelograme E F, the triangle F C L'isequall 
tothe triangle EC L,and the trapefium,D G > . 
MELbis(asithathbene proued) equallto the: :. ^ re. ge 
trapefium DH NL. Wherefore the refidue, mey r edit t R^ 15 va 
namely, the quadrilater figure G F is equallto the refidue,namely, to the quadrilater 
figure E H,that is,the one fupplement to the other:which was required to be proued. 





"This is tobenoted:that in ech ofthofe three cafes it may fo happen,that the 
parallelogrammes aboute the diameter fhall not haue one angle common wyth 
the whole parallelogramme,as they hauein the former figures, But_yet though 
they haue not,the felfe fame demonftration wil ferue, as iris playne to fee inthe 
figures here vnderneath put;Foralwayes, iffrom thinges equall be taken away 
thinges equall,the refidue fhalbe equall. 





- This propofition P elitarius callech Gnomicall, and mifticall,for that ofit a | 
(fayth he) fpring infinite demonftrationsánd vfes ingeometry. And heputteth 774 opofition 


s i called Gremical 
the conueríe thereof after this manner, e. and miftical. 


5a ca P um 


Ifa parallelogramme be deuided into tWo equall fapplem entes and into two complements what- The congerfa of 


focner: the diameter of the two complementes fhal be fer directly, andmake one diameter ofthe this prepofiticn. 
whole parallelogramme. ss i T 


3 


` $ 


Here isto benotedas I before sdn- aed that Pelitarius for diftin&ion 
fake putierh a-diflerence betwene {upplementes and complementes which diffe- 
rence, for that I haue before declared, I fhall not neede hereto repete agayne, 
ni ' — "ay was Ut PN 


|" Suppofe thatthere bea parallelocramme A BC D, whofe two equall fupplements 

det bed EX Gand! A DXK,and letthe two:complementes thereof be GE-C K and EB 

F H-whole diameters let beC F and F‘B. Then Hay that C F Bis oneright line, and is 

the diameter of the whole parallelogramme 4 BCD; forifitbenot, thenistherean 
Pj, other 


Cenffruction. 


T hefirft Booke: 


other diameter of the whole parrallelogramme,which let 
be CLB being drawen vnder thediametersC Fand FB, 
and cutting the line Gin the in the pointL,And(by the 
31 .propofition ) by the point L,drawvntothelineeZ#C . 
a parallel line MLN.And fo aretherein the whole paral- - 
lelogranime 442 C D twofupplements AMGLandLH 
N D,which by this propofition fhalbe equall the one to 
the other. For that they are about the diameter CL B. 
But the fupplemente/4 E F Gis ( byfuppofition) equall | 
to the {upplement F H D K:and forafmuchas FH D Kis 
greater then LH DN,A EF G alfo fhalbe greaterthen A 
M G L,namely,the part greater then the-whole:which is 
inpoffible. And by the fame reafó may it be proued,that 
thediameter cannot be drawen aboue the diameters CF — 540 
and FB.Wherefore CF Bis one diameter ofthe whole parallelogramme ef BCD: 
which was required to be proued. Gy. en 





S9 T be vs. Probleme. The 4.4.Propofition. N! 
‘Uppon aright line geuen,to applye a parallelograme. equal 


toa triangle geuen, and contayning an angle equall to arece 
tiline angle geuen, Dow 


ENA V ppofe that the right line genen be A B and let the triangle geuen 
3 dbe C and let the rectiline angle genen be D.Itis required vpon tbe 
right line geuen AB, to applye a parallelogramme equal to tbe triana. 








1 
* 


— —— — — RP 


gle geuen(, gud contayning an angle equall to tbe rectiline angle ge» 
ue D. Defcribe( by tbe 4.4.propo[rtion ) 5 
paralleloerame 'BG EF equallto the tris 
augle C, and bauing tbe angle BG Fee 
quall to tbeangle (D. And vnto tbe line E 
Bioyne the line AB in fuch fort that they 
make both one right line. And extend the 
line FG beyond the point G to the poynte 
HL And( by tbe s, propofition)by tbe point 
A drawe to eitber of thefe lines BG and 





_ EFa parallelline AHL. And (by the firft , — ` 


peticion draw aright line from the point 

Fito tbe point B.And forafmuch as vpon TE 

the parallel lines A H and E F falleth a certayne right line FIF, therefore(by 

the 29. propofition )the angles A H Fand HFE are equall to two rigbtangles: 

Wwhereforetheangles B FH Gand G FE are leffe then two right angles :-but if 

vpon two right lines fall a right line making the inwardangles on one and the 
| Jame -. 


| of Euclides Elementes. . Fol.s5. 
fame fide leffe tben t'ivo right angles thofèright lines being infinitly produced 


fall at tbe length mete on tbat fide in which are the angles leffe then tworight 
angles( by tbe 5, peticion). VV berfore the lines H Band FE bting infinitly 


roduced will at the length mete,Let them be produced,¢o let them mete inthe 
point K.And (bythe 31 propofition ) by the point K draw to either of thefe lines. 
E A and F H a parallel line K Lnd (by tbe 2 .peticion ) extend the lines H 
A and GB till they cocurre with the line K Lin tbe pointes L'and M.VV beres 
fore HULK Fis a parallelogramme,and the diameter thereof is H Kyand a- 
bout the diameter H K are the parallelogrammes AG and ME, and the [ups 
plementesare LB and BF ywherefore (by the 43. propofition )the fupplement 
L Bis equaltto the fupplement BF:but by conftruction the parallelograme BF 
is equall to the triangle C:wherefore alfo the parallelogramme L Bis equail to 
the triangle C,And forafimuch as the line F Fis a parallel to the line KL, and 
vpon them lighteth the line G M, therefore (by the 2'7, propofition) the angle 
FG Bis equallto tbe angle B ML But the angle FG Bis equallto the angle 
Dy therfore the angle BML ts equal totheangle D.VV berfore vpo the right 
line geuen A Bis applied the parrallelograme L B,equal to the triangle genen 
C,and contayning the angle B ML equal to the rectiline angle geuen D: which 
Was required to be done. »y i | 


‘Applications of {paces or figures to lines with exceffesor wantes is (fayth 
Eudemus) an auncient inuention of Pithagoras. 
-3 V Vhenthefpace ot figure is ioyned to the whole lirie,ché is the figure fayd 
to beappliedro theline. But ifthe lengthofthe {pace be longer then the line,thé 
it us fay de to exceede: and ifthe length of the figure be fhorrer then the line, fo 
that part of the line remayneth without the figure deferibed, then is it fayde 
to want. | | ` m"— y 


» ^ 
. 
Qr x Y 
at c» * » 


Tn this probleme are three thinges geuen,A right line to which the applica- 
tion is made, which here muft be the one fide ofthe parallelogrammeapplied.A 
triangle whereunto the parallelogramme applied muft beeequall : and an angle 
wherunto the angle of the parallelograme applied muft be equall, And ifthe an- 
gic geucn bea rightangle,thé fhal the parallelograme applied be either a fquare, 
or a figure on the one fide longer, But ifthearigle geuenbeanobtufe or an 
acute angle,then fhall the parallelograme appliedbe a Rhombus or diamond fi- 
gure,or els a Rhomboides or diamondlike figure, 


The conuerfe of this propofition after Pelitarius, 
"Upon a right line genen,to applie unto a parallelograme geuen an equall triangle hauyng an an- 
gleequall toan angle genen. ' 


Suppofe thatthe right line genen bee4 B,and let the parallelograme getieh be C 
D & F,and let the angle geuen be G. It is required vpon the line 4 B to defctibe a, triá- 
gleequallto the parallelograme C D E F,hauing an angle equall to the angle G. Drawe 
the diameter C F & produce C D beyond the point D to the point H. And put the line 


P.iij, DH 


Demonftration 


Applications of 
[paces with exe 
ceffcs or wants 
aAn auncient in- 
uention of Pi- 
fhagoras 

How a figure 1 
Jayde to be ap- 
päedto sline, | 


Three thinges 


genen sn this 


propoſition. 


The conuerfe of 
thas propofition, 


Conſtruction. 


Demonffræation 


| line G Ha apply the parallelogramme 


Me Tiefrit — 


D H'equall to the lineC.D. And 
draw aline from F to Æ. Now thë 
(by the 41. .propofition) the triá- 
gle CH Fisequalltothe paralle- 
lograme CD‘EF., .And(by this 
propofition)vppon the linee 7B 
defcribea parallelograme. ABKL 
eqnall to the triangleC A F;ha- 
uing the angle 4B L equaltothe 
anglegeuen G; and produce.the |^... 1 o ame A ioi 
line B L beyonde the pointe Lto ' f 

the point M. And put the line È M equall to theline B L,and draw a line from Ato M: 
Then I faythat vpon the line.4.2 is defcribed the triangle A B Mwhich is {uch a trian- 
gle as is required. For(by the 41-propofi tion)tlie triangle 44 B. Mis equalto the paral= 
lelogramme 4 B K L(for that they are betwene two parallel lines B Mand 4 K, & thie 
bafe of the triangle is double to the bafe of the’ parallelogramme) :but 4B K Lis by 
conftru&ion equall tó the triangle C Z F:and the triangle G:F is. equall\to :the pa^ 
rallelograme CD E F.Wherfore (by the firft common fentence) the triangle 44 B M. is 
equallt tothe parallelograme geuen C D E F „andhath his SR. 4 B M bebe to ‘the a 
gle geuen G: which was M to be done. ~ eee ate 


d bens. Probleme. | 4 as 45 Prop ition. : — 





To deferibe a para Volgr ii bial toany vetliline fiie, ge- 
+, wen,and contayning an angke agna to a retliline angie gene. 


ob 
id V ppofe hat the reétiline fiit genen. be A 8 C D and let the reétiline 

ESS" angle ceut be E,Itisrequired to defcribe a parallelograme equall to the 
[ES volle figure geuen ABCD and contayning an angle equal to the ree 
Giline angle geuen E.Draw( by the frp peticion)a right line fro the point Dto 
the point B. And (by the 42.propofition)yntothe triangle AB D defcribe. anes 
quall parallelograme F Fi,bauing bis angle F KH pus to tbe angid E, And 


(bythe 44 of tbefirft) vpo the right hen E -— 











G M equal to the triangle D'BC,bas | 
uing his HM G FM equallto the i 
angle E. And forafmuch as eyther of ds 
thofe angles: K Fand GHM is =| ` 
equall to tbe angle E; therefore the : 
angle F1 K Fis equallto tbe angle 
G FH M: put tbe angle. KH G coma. 
mon to them both, wherfore the ane 
eles FK Hand KH G are equall 
to the anglsK HG andGHM. = DN a 
but the angles K H and KHG: | : K me: 
are (by the 29,propofition) equall to 7 
to right angles VV berfore the angles KH G m G H M. are equall s tivo 
right 


of Euclides Elementes. Fol.56. 


_ right angles.Now then Vütoa right line G Hand toa point in the fame Hare 


drawen two right lines K Hand FZ M not both on one and the fame fide, mae 
king the fide anglés.equailto two right angles UV herfore(by the 14,propofitis, 


on)tbe lines K, FI and FM máke direfilyone right lineAnd forajmuch asy+ 
pon the parale lines K Mand F G falle the right line HG, therefore te 
alternate aagles M H.G.aud H GF are (by. the-29. propofition )equalltbe one 
tothe other: put the angle AGL common tothem both, VV herfore'the angles 
MHG and EIG Lare équalltothe angles HG F aiid HIG L Bit the angles 
MHG er HG L are equallto two right angles( by 3.2 9. propofition) V ber-. 
foreal/othe angles LG Fand AG L are equall to two right angles.VV bers 
fore (by the 14.propofition) the lines FG and G L make direélly one right line. 
And forafmuchas the line K Fis (by the 24.propofition) equal tothe lyne HG, 
and t is alfo parallel vnto it: and theline £4 Gis( by the fame) equall to the line 
M Ltherfore (by tbe first common fentence) tbe line F K is equall to the lyne 
ML and alfoa parallel'vnto it (by tbe 3 o.propofttion), But tbe rigbt lynes K, 
M'and F L ioyne tbem together VV herfore (by the. 3 3 propofition) the lines K 
 Mand E Laré equall theon to the other and parallel lines. VV herfore KFLM 
is a parallelograme.And fora/much as the triangle A B Dis equal to the parals 
lelograme F Fl,and the triangle D B C to the parallelogrammeG M: therfore 
the whole rettiline figure A BC Dis equall to the whole parallelograme KEL, 
MVV herfore tothe rectiline figure geuen ABC Dis made an equall parallee 
grame K FLM, whofe angle F K Mis equal to the angle genen,namely,to E; 
which was required to be done. - vt ame enn 


_The reciline figure geu£ is inthe example of Euclide 1s a parallelograme,But 
ifthe rectiline figure be of many fides,as of 5.6.or mo,thé muft you refolue tle 
figure into his triangles,as hath bene before taught in the 22, propofition. And 
thé.apply aparallelograme equal to encry triangle vpon a lineg eué,as before in 
the example oftheauthor. And the fame.kind of réafoning vil ferue that was be 
foie;only by reafó ofthe multitude oftriaügles,you fhall haue neede of oftener 
repeticio ofthe 29,and 14 ,propofitids-to proue that the bafes ofal the parallelo- 
grames made equall to all the triangles make one right line, and 16 alfo of the 
toppes of the faid parallelogrames,P elitarius addeth vnto this propofition this 
Problemefollowing, ... . Bd. * —- | 
T wo vnequall vettiline fuperficieces beyng genen,to find out the exceffe of tbe greater-abone the leffe. 
Suppofe that 
therebetwovne- ^ - ': ASH A 
quallre&ilinefu- - 
perficieces 4 & B 
of which let 44 be 
thegreater, Jt is 
requiredto finde 
out the excefle of 
the fuperficies 4 
, abouethe fuper- 
ficieces B. De- 
Ícribe(by the 44. 





P.iiij. pro- 


wn addition of | 
Pelttarise, 


E | The fir tBooke E 


9 
propofition)the parallelograme C.D E F equall to the re&iline figure A,contayning a: 
right angle.And produce the line C D beyond the point D to the pointG,: & put.the 
line D'g equall to the line C D. Andagaine (by the 44. propofition ) vpon theline DG’ 
defcribe the parallelograme D G H Keqiiall to the re@iline figure B, and hauyng the: 
angle D G Karight angle. And produce théliné K H beyond the point H,vntill it cutte 
the. line C E in the point L,Then 1 fay that HLEF, is the exceffe of the. re&iline figure 
ef aboue the reãtiline figuré B.For firit that CGK L is a parallelogramme it' is mani- - 
feft neither tiedeth it to be demonttrated ;And forafmucli asthe lines CO and D G are: 
by fuppofitionequaland either ofthem isaparallel to K Ltherfore(by the 36,propo- 
fition Jthetwo parallelogrames C ZZand D K areequall.And forafímuchas D K is fnp- 
pofed to be equall to the retiline figure B,€ A alfo thall be equall to the fame re&iline 
figure B.Wherfore forafinuch'as the whole-parallelograme C.F is equall tothe reGiline. 
figure ¢4,andL F is the exceffe of C F aboue D Lor DK, it followeth that L Fis the ex- 
celle of there&iline figure e/f aboue the rectiline figure B : whiche was reqnired to be 
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| J : i , i i S393 qe vat (eau: 3% C x^ i K. Yd 
Letthe parallelograme C D E F remayne equall to.there@iline figure 44, & produce 
thelineC D beyond the point D tothe'pointeG., And vpontlieline D G deícribethe 
parallelograme D G H K equall'to there@tiline figure B. And produce the lines EC & 
H K beyond the points Cand K till they coticurre in the poiut L, And by the pointe D. 
draw thediame- .. j^ "dd e 9 du APTE m 
terLDM, which dub D amas OP. o bd NLIS 
letcuttéthelinde rp 1 9€ qti or s D Sr Oat ete ts ns, 
HG beyngpro- | —- 
duced, CER e 
the pointe G in yH —“ — —— 
ihe orc Mya M Da Eu gp lear POM 
by the pointe M | , SM 5A saeua eue Exi 
drawe vnto the E F i 
lel M N cuttyng theline EL in the pointe N: and by that meanesis HL M N a paralle- 
logràme.Then 7 (ay that N Fistheevceffeof the re&iline figure ef abouethe re&iline 
figure B.For forafmuch as the parallelograme H D is equall to the reCtiline figure B, 8 
the {upplementes H Dand D Nar (by the 43.propofition ) ‘equall : therfore D Nalfo 
is equall to the redtiline figure B,which rectiline figure D N being taken away fro the 
parallelograme C F (whichis.fuppofed tobe equall to the retiline figure 4 )the refi- 
due N F fhall be the ezcefle of the rectiline figure 24 abouc the re&iline figure Z:which 





was required to bedone, 


2o The 14. Probleme: I be 46. Propofition. 
- "Uppon arigbt line geuen to defcribea quare. — 










Lore gl V bpofe that tbe vigbt line geuen be A B,It is required vpo the right 
SE y A B,to defcribe a fquareV pon the right line AB, and from a 
| LE. pointin it geuen namely, A,rayfe vp (by tbew.propofition) a pers 
c pen diculer line AC. And (by the 3 propo/ition) vnto AB put.an e» 
quall lme AD. And (by the3:.propofittan) by the point D drave vnto A Ba 
parallel line D E, And (by the fame) by the point B drame vuto 4 D a parallel 


line 
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of Euclides Elementes. Fol.57. 
line B B; VVberefore ADD E Bs ápás* go comec eene 


rallesrammeVV erfrttbe lt AB s es SSS 
is equal io the line DE, and the line J 
D totheline BE: but the line ABis es 
quall to the line 4 D'ybefefore tbefe fos 
wer lines B 4,4 DD E;E "B, areequall 
theone tothe other: VVherefore the pas: 
vallelopramme ADE Beonfifteth vof e» 
quall fides , I fay alfo that it is re€tanglé, | 
For fora{much as vpon the parallel lines.4: 4 
Band DE falleth aright line AD:tberes: 70000000077 oes 
fore(by the.29.propofttion) theangle: B.S a 
ADand A D Eare equal to two right angles: but tbe angle BANDisa right 
angleVVbherfore the angle A D Eaſſo is right angle. But in parallelogrames 
the fides and angles which are oppofite are equall the one tothe other(by the 34 
prop ofition). VV berefore tbe tooppofite angles AB Eand BED are ech of 
thema right angle.VV berefore the parallelograme ABE Dis re€tangle:em it 
is alfo proned that it és equilater, VV-herfore it 1s afquare¢7 it is defcribed vpa 
ontheright line genen AB: which wasrequired tobedone, 9° 


$ 4 * et 
m bins dhe} i. 
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Lo Aefcribe a 
ſquare mechas . 


uically, 


_/ “This is to be noted that ifyou will mechanically and redily, act regarding dem6- 
ftration defcribe a fqnare vpon aline geuen,as vpon the line wA Z,aiter that you haue 
eréBedtheperpendietlerliüe C vpontheline 4Z,nd 36 ^ 0 aA 
put thé line 4 E equalltotheline 4 2 : tlién open your" | 
ompafleto the wydth ofthe line 4B or AE, & fetone ^ 4 
foote thereofin the point E,and defcribe'a peece ofthe’ |: | 
circumference ofa circle:and againe makethe centre the’ p >~ 
point B,and defcribe alfo a piece of the circumference of |: 
a circle,namely,in {uch fort that the peece of the circum- 
feréce of the one may cut the peece of the circumference 
of the other,as in the point D: and from the pointof the - 
interfection,draw yntothe pointsE & Brightlines: &ío — | | | 
fhalbedéfcribeda fquare;As inthis figure here put;wher-::.4 7. 77$ 
in Z haue not drawenthe lines E Dand D B,thatthe pees >. 

ces-of the circumferencecutting the one the'other might the plainlier be fene, - 


+o *® t 
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— AnadditionofProcluss >> Lu 

If the lines upon Vehich tbe fquares be deferibed be equall,the fauares alfe are equal, 
. Suppofethatthefe right lines AE E —* ne | 
ABandCD beequall, &vpon . G+. c^ . 7 oH "43r 

the line 4B defcribe a fquare 4 | T | 

B E G:andvpon theline CD de- 
fcribe afquareC D H F. Then 7 
fay thatthe two fquares ABE 
G.& CDHF are equal, For draw 
thefe rightlines GBand AD. 
And forasmuch as_the right 
linés_4 Band C Dare equall;& : 
thelinese/Z Gand ZC are alfo ` 
equall,and they contayne eqaul 
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,ungles,namely,right aneles (by the defi nition of a fqtiaré)therefore( by the 4, gt 


^ p 


fition )the bafe B G is equall to the bafe H D.And the triangle 448. G isequall tothe 
triangle C D H.Wherefore the doubles ofthe faide triangles are eq uall; Whezefore 
theíquare.4 Eiscqualltothe fquáre C Fivliich wasrequited to be proued? 55255 0 


s — 

T IIT ex X QrS T 21" 
* tA y 3 z = > $ a 

114 ~~ 4? 4 “és te > Ay 


OW Theconuerfetbereofisthuse s e 
The co*euerfe - Jfthe fauaves be equall: the lines alfo uppon Which they ar defecibed are equal. - J1— 
sens. . Baupaba EN) BB: 


P ; 4,3 a4 c3 


^:x.- P 
^ i-e L 
4 2 wb TS NT ** a 


Suppofe thatthere be two equali fquates 4 F and CG deléribed ponthe mes 
B& BThẽ Iſay, that the lines A B and BCare equali. Put the line Ahn dire@ly\td the 


line BC,that they both make on rightline,And , - ncn d UA Wa 
: Acc fa es SUO VIL S iy) but 
forafmuch as the angles are right angles,ther- cce S CUM RUE 


forealfo(by the r4.propofition)therightline'! i950 Run) Sees "92 
FB is fet dire&ly to the right line B G. Drames {ia andado ; is 
thefe right lines FC, AG,AF,andCGNow for a.y 


qu comen E WE JUI Ee) RG "t E n 
afmuch as thefqüare ZFisequaltothefquare.- ^^ ^.^ A RET 
CG,thetriangle alfo 44 F B (hàlbeequallto the oiei yns yati t NB ETT 


, triangle.C B G:put the triangle 5C F. comonta, 2) 5 ienesis hota Daian 

^ ^"them both. Wherforethe whole triangle AG G D, Y Ng 
4 ) ewe Fe SUM AEN e pu re Vie ATE 2E , En. c 

.Fisequall to the wholetriangle C'EIGIWOGere Pe es BI al eae 





fore the line 4 Gis a’parallel vntothe lineGFiss<|) Xorayses | - tt oen 
- (by the33.propofitió):forthe triangles confift .,. br NEN, bant: 


vpon one and the felfe fame bafe,namely C E... |. vC a -—n 
ET et —— Bp eye aps ANS Tiu uasa 
Againe forafinuch as éither ofthefeangles MF! o POS N m. 
G & CBG isthe halfeofarisht angle, therfor& à. tli Nee ont wo 

E AM-.... —— e^ 

l ( by the 17.propofition )the line AF is a paral- G n 
SS 0.7. Jel tothelmeC G.Wherfore.the rightline-4F isequal tothe rightline C G(for the op- 
Ta ^. pofite fides ofa parallelograme are equall ). And forafmuch as there are two triangles 
c= AB Fand B CG,whofe alternate anglesareequalljnamely;the angle 44F to thean- 
gle BGC, andtheangle B 4 F to theangle 8 C.Gyand onefide of rhe one is equall to 
one fide of the other,namely,the fide which licth betwene the equal angles,that is,the 
fide A Fto the fide C G, therefore (by the 26. propofition) the fide 4 B is equal to the 
fide B C and the fide B F to the fide B G. Wherefore.itis proued that the fquares.of the 

lines-4 F andC G being equall, their fides alfo thalbe equall: which was required to,be 
proued. | 3 d Ng rah cg 
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tas T he 33. Theareme. The 4.7. Propofition. >> 
ln rectangle triangles, the Jquare whichets made of the fide 
that fubtendeth the right angle,is equal tothe fquares which 
are made of the fides contayning the right angle. 





\V ppofe that A BC be a re&langle triangle, bauyng tbe 

angle BAC aright angle, Thé I fay y the Jquare which 
aNA\iis made of the line BC isequall to the {quares Which are 
Cie | made of -lines AB and AC. Defcribe( by y 46.propofta 
» VNC cion) vpon 5 line BCa [quare BDCE and (by j.fame) 
£ ` 'ypon the lines B Aand A C deferibe'the fqnares ABFG 
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Conſtruction. 
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— Gay) and ACK H, And by the point A draw (by the y, pro» 


‘pofition) to either of thefe lynes B D and C E a parallel 


% ^ it 
ling 
b.94 » . ; i ^ — — 9 (41 
` ue ""- a i t & 
f. y 
. oe 


^e . 


of Euclides Elementes. Fol.s8. 


line AL,And (by the first peticion) drama rigbt ljne from tbe point A to tbe 
point D) and an other from tbe point Cto tbe point. E. And fora [mucb as tbe ane — Dersmitratigm 
gles B ACand BAG are right angles,therfore vntoa right line B A4, and toa 

point init geuen A, aredrawen two | — | 
right lines A Cand AG, not both on 
oneand the fame fide, makyng the 
two fide angles.equall to two right 
angles. wherfore(by the 14. propofte 
tion)the lines AC and A G make dis 
reébly one right line.And by the fame 
reafon tbe lines (B A and A make 
alfo direéily one right line, And fore 
afmucb as tbe augle 1) B Cis. equall 
to theangle F B A (for eitber of tbe 
isa right angle )put the angle A BC 
common to them both: wherfore. the 
whole angle D BA is equall tothe a | | 

Yobole angle F BCAnd forafmuch as thefe two lines A Band B D are equal to 

thefe two lines B F and B C,tbe oneto tbeotber aud tbe angle D B Ais equal 

to tbeangle FB C: tberfore( by tbe 4. propofition )the bafe 41D is equallto tbe 

bafe FC andthe triangle A B Dis equall tothe triangle F BC, But(by the 31. 

Spy Oe parallelograimme B Lis double to'the triangle ABD, for they 

haue both one aud tbe fame bafe, namely, B (D. and arein the felfe fame parals 

lel iynes, that is, BD and AL ańd (by the fame ) the fquare GB is-double to 

the triangle FBC, for they bane both one and the felfe fame bafe, thatis, B 

F, and are in the felfe fame parallel lynes, tbat is, F'Band GC, But tbe don 

bles of thinges equall, are’ (by thefixte common fentence) equall the one to 

the other. VV berfore tbe parallelograme B L is equall to tbe fquare G (B, 4nd 

in like forteif (by the firft peticion) there be drawen aright line from the point 

A to the point E,andan other from tbe point B to tbe point K, we may prone y 

the parallelogrameC L is equal to the fquare FACWV/V herfore the whole fquare 

BD E Cis equall tothe two fquaresG B and HC.Put the [quare BDE Cis 

defcribed vpon tbe line B C, aud tbe [quares G Band HC are defcribed vppon 

tbe lines B Ate AC; wherfore the {quare of the [ide BC jis equal to tbe fquares 

of tbe fides B.4 and AC,VV berefore in re&langle trian les, tbe [quare wbicbe 

is made of the fide that fubtendeth the rightangle,is equal to the {quares which 

are made of the fides contayning the rightangle: which was required to be des 

monftrated. s NE | mi men 

This moft excellent and notable Theoreme was ‘firft inuented of the create y ones tf 

philofoph er Pithagoras who forthe exceeding toy concerned of the inu m uon frf — f 
therof,offered in facrificean Oxe;as recorde Hierone, Proclus, L y cius, & Vi. Pi propofition, 
truutus,And it hath benecommbly. called ofbarbarous writers ofthe latcer time 


_— Dul€atoony™” *™ 
, i An 





An addition of 
i? elita Tins ® 


win other aditia ‘ 


of Pelstarins. 


Another addite , 


0n of Pelitarius. 
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Ahn addition of P clitarius, 
To reducecwo vnequall fquares to two equall fquares, 


Suppofe that the fquares of the lines eA£ Z arid 4C be vnequall.Itis required to re- 
duce them to two equallf{quares.Joyne the two linese 4 Bande Cat theirendes in’ 
fuch fort that they makea rightangle B 4 C. 4nd draw aline from B to C. Then vppon 
the two endes B and C make two angles eche of which may be equal to halfe aright an- 
gle (This is done by erecting vpon theline B C perpé- 
diculer lines,from the pointes Band C: and fo (by the D 
9. propofition ) deuiding eche ofthe rightanglesinta. , 
two equall partes): and let the angles BC DandCBD ` 
be either of thé halfe ofa right angle, And let the lines 
8 DandCD concurre in the point D. Then /fay that 
the two fquares of the fides B DandC D,are equallto~ / 
the two fquares ofthe fides 4B and 4AC.For(by theo c 
propofition)the two fides D 8 and D Careequall,and B 
theangleat the pointe D is (bythe 32, propofition) a 
right angle. Wherefore the {quare of the fide BC ig e- rar’. 
qual to the {quares of the two fides D Band D@ (by the 47-propofition):butitis alfo 
equall to the fquares ofthe two fides 44 B and 4 C(by the felf fame propofition) wher- 
fore( by the common fentence )the {quares of the two fides B D and DC are equall to 
the fquares of the two fides 4 B and 4C; whichiwas requiredto be done.. ^ 


A 






An otheradditionof Pelitarius, 


- If tyro right angled triangles haue equall bafes.tbe [c naves of tbe tYo fides of tbe * are equal 
tothe fgquares of the tyo fides of the other: | A Ns f fi of the o te 


4 his is manifeft by theformer conftru&ion and demonftration, 
1 x i -s * * J òa ‘ ' i 1 
An other addition of Pelitarius, 


Two uneguall lines being geuen, to kzoWw how much thefqnare of the one is greater then the 
Square of the other, ' | | : 


Suppofe that there be two vnequal lines 4 Band B C:ofwhich let AB bethe grea- 
ter.Itis required to fearch out how much the {quare of AB excedeth the {quare of B 
C-Thatis Zwil finde outthe fquare, which with the {quare of the line BC thalbe equal 
to the {quare of theline_4 A. Put the lines 44 pe cow 
Band BC dirc&ly,that they make both one. 
rightline:and making thecentre the point 8, ` 
and the {pace B.A defcribeacircle ADE,And ` 
produce the line eC to the circumference, 
and let itconcurre with it in the point £,And 
vpon the lyne 4 E and fró the point C ere& 
(by the 1 r.propofition) a perpendiculerline . 
C D which produce tillit concurre with the 
circumference in the point D: & draw aline 
from Z to D.Then / fay,that the {quare of the 
line CD, is the exceffe of the fquare of theline. . 
4B aboue the fquare of the line B C. For for- 
afmuch asin the triangle BC D,theangle at — 
the point Cisarightangle, the fquare ofthe - 
bafe B D is.equall to the {quares of the two 





- fides B C and C D(by this 47 .propofition), Wherefore alfo the (quare ofthe line AB 


is equall to the felfe fame {quares of the lines BC and CD. Wherefore the {quare of 
the line BC is fo much leffe then the fquare of the line 4 B,as is the {quare of theline 
C Diwhich was required to fearch out, . 


of Euclides Elementes. Fol.59. 


| .. An otheradditionofDPelitarius. | | | 
— The diameter of a [quare being genentogene the square thereof. | Another aditià 
m | ` of Pelstarins, 
» This is eafie to be done, For ifvpon the two endes ofthe line be drawen two 
halfe right angles,and (0 be made perfe& the triangle then fhalbe defcribed half. 
of the {quaresthe other halfe whereotalfo 1s after the fame manner cafie to be dez 
feribed,: , | 


Hereby it is manifef that the fquare of the diameter is denble to that fqnare whofe diameter it . 4 Corrollery. 


The 34. Theoreme. The 48. Propofition. 


Af the fquare which is made of one of the fides ofa triangle; 
be equall to the {quares which are made of the two other fides 
of tbe [ame triangle : tbe angle comprehended under thofe 
tivo other fides is a right angle. | 






x AV ppofe that ABC be a triangle,and let the [quare whichis made of one 
Gs of the fides there namely of tbe fide BC, be equall to the fquares which 
[35:1 are made of the fides BA and AC.Then L fay that theangle B AC isa 
right angle, Rayfe vp( by the r1.propo/atio )from the point A ynto the right line 
A Ca perpendicular line A D, And (by tbe tbirde propofition) vnto the line A 
(B put au equall line A D, And by-the first peticion draw @ right line fromthe 
point D to tbe point C. And forafinuch as ~E ait — 
the line D Ais equall to the line AB, the 
Jquare which is made of the line D A ises 
quallto the [quare wbiche is made of the 
line AB Put thefquare of tbe line AC, 
common to them both. VVherefore the 
Squares of the lines D A and AC are equal ©. 
to tbe [quares of tbe lines B.A and ACT, — 
But (by the propofition going before) the 
Jquare of tbe line DC is equal to5 [quares. 
of tbe lines..4 D and AC, (For tbe angle B 
DACisarightanole) andthe fquare of 
BC is (by ſuppoſ tion) equall tothe fquares of A Band AC, VV herefore the 
Jquare of D Cis equall to the fquare of ‘BC: wherefore the fide D Cis equall to 
the fide BC, And forafmuch as A Bis equall to AD and AC is common to them 
both, therefore thefe two fides D Aand AC are equall to thefe two fides BA 
and AC, the one tothe other, and the bafe DC isequall to the bafe B C-whers 
fore (dy the 8, propofition the angle D ACis equall to the angle BAC. Bat the 
angle D AC isaright angle wherefore alfothe angle BACisa right angle. If 
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per atte 


This propofitior 
gs the conuerfe 


of the former. 


An other De- 
monfiration af- 


ter Pelitarius. 
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therefore the [quare which is made of one of the fides of a triangle, be equall to 


' the [quares wbicb are made of the two other fides of the Jame triangle, the’ ans 


e 


ele comprehended vuder thafe two other fidesis a right angle: which was rea 
quired to be proued. | — 


t 


This propofition is the conuerleofthe formera d is ofPelitarius demon- 
ftrated by an argument leading to an impoffibilitie after this maner, 


 Suppofe that ABC bea triangle:&let the fquare of the fide A4C,be equal to the fquares 


of the two fides 44 B and B C. Then4 fay that the angle at the point Z,whichis oppofite 
to the fide 4C,1s a right angle.For ifthe angele at the point NT 
B benotarighrangle,then fhalit be eyther greateror leffe 

thé a rightangle. Firft let it beisgreater, And let che angle "IY t fl 
D B Cbe a right angle, by ere&ing from the point Za per- D 
pendicular line vnto theline Z C ( by, the 11; propofition) AR 
which let be B‘D: and put theline B D equall to the iyne 

4 B (by thethirde propofition ); And drawe.aline from (^ . | 
to D, Now (by the former propofition) the {quare of the — 
fide C D fhalbeequall to the {quares of the two fides B D 
and BC: wherefore alfo to the {quares of the two fides B 
A and BC. Wherefore the bafe CD fhalbe equall to the 
bafe C Zl, when astheirfquares are equall : which is con- 
trary to the 24.propofition.Forforafmuch asthe angled A ` = B 
B Cis greater then the angle D B C, and the two fides AB | A 

and BC areequa!lto the two fides D Band BC, theonetothe other, the bafe C A hall 
be greater then the bafe C D, Itis alfo contrary to the 7. propofition, for from the two 
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* * 


- "endesofone & the fame line, namely, fró the points 2 & Cíhould be drawnon- 
one ánd the fame fide two lines 8 D and D Cendingat the pointe D, e- 
* quall to two other lines B.4 and 4 Cdrawen from the fameendes ` 
and ending at an other point, namely,at 4,which isimpof 
fible.By the fame reafon alfo may we proue thatthe 
whole angle at the pointe B is not leffe then a - 
right angle. Wherforeitisa right angle: - 
which was required to be proued. 


| C) à 
The ende of thefirft booke of Euclides Elementes, 
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LAT Y 2i.,1 53357513 A HEN fortia ait MUI, PX AZ. 
[S WS, Gnomó,anda right angled parallelogradime, Alfo ofthefecond 
Ge ^t in thisbooke are {ec forth the powers of lines; déui- booke, 


ST ^a IE | i ri4WIG 31:19:59 !5 oil PES TcHnPel1) -3rodiw UO 
e AEN ded euenfy.and vneuenly ; aud otliües added one to 


" 1^- rM Y T T. i z | r * m E. * Re: - -— - —— rye! 
* me wieeigers. , N this fecorid Sooke Etélide ‘fhewech what is a The argument 
E - 7E SN 3 oe ^ — s ’ a4 4 
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2 another. Thepower ofáline ; is the (quáre of the bat is che 
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A fameline:tHatis, afquare, euety fidé of which ise. Poveref« 
wwe. quall to thé line, So that herc atefet fortli the quali- ^"^ 


QV tes sod proptieties ofthe uaes and right lined 
> AA gures, which are made of lines & oftheir parts. The Many compte ° 
Ne, 44) Arithmeticianalfo out of this booke gathereth maz dious rules of 
ERA MEL. / ny compendious rules ofreckoning,and many rules reckoning ga- 
irf. alfo of Algebrá,with cheequatiós cheretir vfed, The *bered one of 
oferules are forthemoftpart by this fecond booke'demon. chts booke,and | 


— Ue ow oc à ⸗ qt au RS LS EE CS "MT m ^ a Sy * 198 3.2 te (3 ded wwe 8 | Pind died + aljo many 
.. ftrated; Thís booke morcoüer cóptayneth two wonderfull propofitions, one of paes of Algen 


an obtufeangledtriaiglé and thèe'other*ofan acute:which with thé aydeof the bra, 
47.propofition ofthe firft booke ofEuclide, which is ofa reftangle trianglesot Two wonder. 
how great force and profite they arein matters ofaftronomy,they knowe which fud propofiti- 
haue trauáy led inthat. arte, V V.hetefore i£ this booke had none other profite be. 29129 this 
fide; oriely forthefe2; propofitions fake it were diligently to be embraced and books, 
ftudiedulss: - 0-40 oee DENTA nores. T. i anion 
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1. Cuery rettangled parallelogramme, ts fayde to be contayned sor. 
under two right lines comprehending aright angle. 


groundes alfo of th 


"n 


5 $532 ^. 
x ĦA +s 2 "d 
; vive 


~e 


~~ 


A parallelogramme is a figure offower fides, whole two oppofite orcontras What apas 
ry fides are equall the onetathe other. There are of parallelogrammes fower "4“elogramme 
kyndes, a {quare, a figure of one fide longer,a Rombus or diamond, anda Rom- 7; ud 
boides or diamondlike figure,as before was fayde in the33.definitron of thefirht VALER - 
booke. Ofthefe fower fortes, the (quare and thefizure of onc fide longer are —— 
onely right angled Parallelogrammes: for that all their angles are right angles. 

And either ofthem is contayned (according to this definition) vnder two right 

lyues vhich concurretogether and cauſe the right angle, and containe the ſame. 

.- Of which two lines the one is the length of the figure, & the otherthe breadth. 

‘The parallelogramme ts imaginedto bé made by the draught or motion ofone 

ofthe liacs into the lerigth ofthe other,As iftwo numbers fhoulde be multipli. 

ed the one into the other, Asthe figure ABCD isa parallelograme, and 15 

fayde to be contayned vnderthetwo right lines A B and A C,which contayne 
therightangle BA C,or vader therwotightlinesACand 4 - $ 

CD, for they likewifecontayne the right angle A C D: of — 
which 2,1tnes che óne,namely JA B is the length, and theo. : 
ther,nàmely ,A C is thebreadth, And if we imaginetheling C ^ .—. 7$ 
AC tobe drawen or moucddire@ly according tothe légth 
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of the line A B,or contrary wife the line A B to be moued dire@ly according to 


the length of the line A C, you fhalt produce the whole rectangle parallelo- 
gramme AB GD which is fayde to be contayned of them: euen as one number 
multiplied by an other, producetha plaine and righte angled (uperficiall num. 


ber,as ye {ee in the figure here fet, where the number offixe ~ go = Sma 


or fixevnities, 1s multiplied. by, the number of fué orby-. « «v 

fiuc vüities: of which multiplicationare produced3o,which, . . — 
r (e m e j CU Ok eee reg” v « 41° o Xe ak ia E 8 

number being fetdowneanddefcribed by-his vnities repre. , 257777 
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fenteth a play neandari ght angled nümber,. V Vherefore €- 
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aucabers equall the one to the ther: ſo xẽctanglẽ patallelbo- =. io 
gtames which are comprehended vndereguallinesaréedual^—. 50-50 D 
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2. ` In euery parallelogramme y'one.of tbofe parallelogrammes, 
which oeuer itle, which are about the digimeter , vigetbor. 
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Thofe perticuler parallelogrames‘are‘fay detobeabout tHe- diameter ofthe 
arallelograme, which haue tliefame diameter which the- whole: parallelograme 
hath, And-fapplementesare {uch, which are without the diameter-ofthe! whole 
ee 4s ofthe parallelograme ABCD the partial or perticuletparal - 
elogrames G K C FandEB K Hare parallelogrames about the diameter, for 
that ech of chem hath for his diameter a part ofthe diameter ofthe whole paral. 
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lelogramme. As C K and K B theperticuler diameters; are partes of the-line 
C B,which isthediameter ofthe whole parallelogramme, And the two paralle- 
logrammes AEG K and K HF D,are {upplementes,becaufe they are wythout 
the diameter ofthe whole parallelogramme,namely ,C B,Now any one ofthofe 
partiall parallelogrammes about the diameter together with che two fupple- 
mentes make a gnomon, As the parallelograme EB KH, with thetwo fupple- 
mentes AEG K and K HF Dmake the gnomon F GEH. Likewife the paral 
lelogramme G K CF with the fame two fupplementes make the gnomon E H 
& G,And this diffinition ofa gnomon extendeth it felfe, and is generall, to-all 
kyndes of patallelogrammes,whether they be {quares or figures ofonefidelon- 
ger or Rhombus or Romboides, To be fhorte,if you take away trom the whole 
parallelogramme one ofthe partiall parallelogrammes which are about the di. 
ameter 
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ameter whether ye will the reft ofthe figure isa gnomon, | 


Campa e atterthelaft propofition of the firftbooke addeth this pro hbro. 
T wo /quares being genen,to adioyne to one of them a Gnomon equall to the other {quare:w hich, for 
that as then it was not taught what a Gnomon 15] there omitted, thinking that 
it might more aptly be placedhere,The doingand demonftration whereof, 1s 
thus. "Tw 


Suppofe that there be two fquares 4 Band C D: yntooneof which, namely anto 
44 B itis required to addea Gnomonequali tothe other fquare, namely, to C D, Pro- 
duce the fide B F of the {quare 4B di- 
rectly to the point E.and put theline F p 
Eequallto the fide of the fquare C D. 
And draw aline from E to .4.Now then 
forafmuchas E F _disareGangle trian- 
gle,therefore(by the 47. of the firft)the 
{quare of the line E4 is equall to the 
{quares ofthe lines E F & F_A. Butthe 
{quare of the line E F is equall to the 
{quare CD,& the fquareofthefideFA B PC. E 
Is the fquare 44 B. Wherefore the fquare 
ofthe line 4 E is equal! to the two fquares CD and 4 B.But the fides E F and F A are 
(by the 2 1.ofthe firft) longer then the fidee 4 E,and the fide F A is equallto the fide 
F B. Wherforethe fides E F and F B are longer thé the fide .4 E, Wherefore the whole 
line BE is longer then theline 4 £,From the line B E curofaline equall to the line 4 
E,which let be B C,And (by the 46.propofition ) vpon theline 2 C defcribea {quare, 
which let be BCGH:which thalbe equal to the {quare of the line 4 E,butthe {quare of 
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the line A Eis equal to the two fquares 4 B and D C, Wherefore the {quare 8 CG H is: 


equal to the fame fquares. Wherfore fora(much as the fquare 8 CG His compofed of 
the Íquare e J and ofthe gnomon F G A H, the fayde gnomon fhalbe equall vnto 
the (quare CD:which was requiredto be done. | 


Another more redy way after Pelitarius, 


Suppofe that there betwo fquares,whofe fides let be 42 
and B C, It isrequired vnto the fquare ofthe line e4 Z,toadde . 
a gnomon equall to the fquare of the line 2 CSetthelines e - 
B and B Cin füch fort that they makea right angle ABC, And 
draw a line fró 4 to C.And vpótheline 4 2 deízribe a {quare 
which let be 4 BD E,And produce the line B A to the point 
F, and puttheline B F equallto theline 4C, And vpon the 
line B F defcribea {quare which let beB FGH: which’ fhalbe 
equal to the {quare of the line 4 C,whé asthe lines BF and A 5 CDH 
Care equal:and therefore it is equal to the (quares of the two | 

lines 4 Band 2 C, Now fotafinuch as the Íquare B F G His madecomplete b 
the fquare 4 BD E and by the gnomon Fé G D,the gnomon F EGD (halbe 
equal to the {quare of theline B C:which was required to be done. 
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A propofition 
added by Cams 
pane after the 
laji propofiti- 
on of the first 
booke $ 


Conſtruction. 


Demouftratio 


grame B H is equallto tbefe parallelogrammes B 


7 be fecond Booke 
$a T bei. T beoreme.— I bev-Propofition. 


Jf tbere betwo rigbt lines, andiftbeone of them be deuided 
into partes bowe many foeuer : the rettangle figure compre- 
bended under the two right lines is equall tothe rettangle fi- 
gures whiche are comprehended under the line undeuided,. 
and under euery one of the partes of the ather line. 







— Uppofe that there be two right lynes eA 

ESNI Ve and B C aud let one of them, namely, BC be dents 

ME GN SC ded at alladuentures in the pointes ID and E,T ben 

Up ype) Tfay that the rectangle figure comprebended va- 

am, SEES X) der tbe lines 4 and B Ciis equall vnto the retan- 

(RS exei gle figure comprehended vnder the lines A and B 
S A QUIN NID ILS Dic ynto the reban gle figure which is coprebene 
S e Um meo ru EN ded vuder tbe lines Aand D E, aud alfo vnto the 
peo eio dessine, rectangle fieure Y bicb is comprebended vuder the 
lines 4 and E C, For from tbe pointe Brayfe vp (by tbe vof tbe firſt) vnto tbe 
right line B Ca perpendiculer line B Fe yutotbe — 4 
line A (by the third of the firSt) put the line BG ee 
quall, and by the point G (by thez 1, of the fir/) 
dra a parallel line vntotheright line BCand let 
the fame be G M,and(by the felfe fame )by points 
D,E,andC, draw vnto the line BG thefe parallel 
lines D K, EL and C H. Now then the parallelo- 
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K,D Land E H.But- the paralleloorame B His 4 

equall ynto that which is contayned vnder the lines A and BC, (For it iscome 
prebëded vnder the lines GB & BC and tbe line G (B is equall vato tbe line A) 
And the parallelograme 'B K isequall to that which is contayned vnder tbe lines 
Aand B D: (for it is comprehended vnder the line GB and BD and BG ise 
quall vnto A) And —— — D L is equall to tbat which is contayned 
vader the lines Aand D E(for the line D K,, that is,B Gis equal ynto A) And 
moreouer like wife the parallelograme E His equall to that whichis contained 
vader the lines Ac EC, VV berfore that which is comprebeded vnder $ lines A 
ex BC is equadl to that whichis comprehended vnder the lines A tx BD, ex Yna 
to y whichis comprebeded vnder the lines A and D E, and moreouer vnto tbat 
whichis comprehended vuder tbe lines Aand ECIf therfore there be two right 
lines and if the one of them be deuided into partes bow many foener the reétan- 


_ gle 
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gle figure comprebended Vnder the two'vight lines,is equal to the rectangle fie 
ures which are comprebended ynder theline vudeutded and vuder euery one 
of the partes of the other line: which wasrequired tobe demonstrated. 


— 


-Becaufe that all the Propofitions of this fecond booke forthe moft partare 
true borhin lines and in‘sumbers, and may be declared by both: therefore haue . 
J haue added to every Propofition conuenient numbers for the manifeftation of 
the fame. Andto the ead the ftudiousand diligent reader may. the more fully 
perceaue and vnderftand the agrement of chis art of Geometry wich the fcience 
of Arichmetique,andhow nere & deate fi(ters they are together,fo that che one 
cannot vithout greatblemifh be without the other, 1 haue here alfo ioyned a 
little booke of Arithmetique written by one Barlaam, aGreeke authour aman 
of greate knowledge, In whiche booke are by the authour demoaftrated 
maüy of the felfe fame proprieties and paffions in number , which Evxclide in 
this his fecondboke hath demontftraced in magaitude,namely the fick ten pro- 
pofitions as they follow in order. V Vhich is vadoubtedly great pleafure to có- 
fider,alfo great increa(e & furniture ofknowledge. V Vhofe P ropofitids are fer 
orderly after the propofitids of Exclidt, euery one of Barlaam correfpddent to the 
fame of Exclide.And doubtles itis wonderful to fee howthefe two cotrary kynds 
of quantity ,quantity difcrete or number,and quantity continual or magnitude 
(which are the fubiectes or matters of Aciclimicique and Geometry ) fhoulde 
haue in them oncand the fame proprieties commonto them both 1n very ma- 
ny points,and affe&íions;although not in all.Fora ltne may 1n fuch fort be de. 
uided, that what proportion the wliole hathto tlie greater parte the fame fhall 
thegreatet part haue toche Ie(fe; Bütthat can not bein number. For a number 
cannot fo bedeuided,thatthe whole numberto the greater part thercof, fhall 
haue that proportion which the greater part hath to the leffe , as Iordané very 
playnely, proueth:.in, his: booke of Aritchmetike, which thynge Campane 
alfo (as we fhall atterwardinthe 9, bookeafter the 15, propofition fee) proueth, 
Andas touching thefe tenne firfte propofitions of the feconde booke of Eu- 
clide,demonftrated by Barlaam in nu:nbers;they are alfo demóftrated of Cam- 
pane after the i5, propofition oftheg. booke, who(e demonftrations I mynde 
by Gods helpe to fetforth when I fhal cometo the place. They are alfo demó- 
ftrated of Iordane that excellétlearned authour in the firftbooke of his Arith- 
metike.Inthe meane ty me I thoughtit not amiffe hereto (et forth che demon- 
ftrations of Barlaam, for that they geue great light to the feconde booke ofEu- 
clide,befides the ineftimable pleature;which they bringto the tudious confide- 
rer,Andnowto declare the firft Propofition by numbers. F'haue put this exam- 
ple following. rro e | i 


a 
Wi 


Take two numbers the onevndeuidedas 74,the other deuided into what partes 
and how many you lift,as 37. denided into. 20. 10.5. and 2:which altogether make 
the whole 37. Thenifyou multiply the number vndeuided, namely, 74, into all the. 
partes of the number denided asinto 20.10. 5.and 2. you fhall produce 1480, 740, 
370 .148.which added together make 2738:which felf numberis alfo produced if you 
multiplye the two numbers firft geuen the one into the other. As you fee in theexam- 
ple on the other fide fet. snow ed We 
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Barlaam. 


Barlaam 


T he fecond Booke 








- | 74 f 37 - 
| Multiplicationofthewhole | 1 1480 20 
nüber vndeuided into the | 740 Io 
partes of the whole num- 370 5 
ber deuided. | 148 2 | 
2738 the number produced of the one~ 
whole number into the partes of | 
the other whole number 
Multiplication of the one 7 4 t 
whole number into the o- 37 equall to: 
| ther. z^ a8 
one 22 22 
— e 273 de^ the number produced of the 


: r —— . famewholeinto the other whole 
So by the aide ofthis Propofition is gotten a compendious way of multiplication by 
breaking ofone of the numbers into his partes: which oftentimes ferneth to great vfe 
in working, chiefly in the rule of proportions. The demonftration of which propofition 
followeth in Barlaam. But firft are put of the author thefe principles following, 

q Principles. m 
1. eLnumber is faydto multiply an other number: when the number multiplied ss fo oftentymes 
added to it felfe,as there be vmities im the number Which multiplietb: wherby is produced a certaine 
number wbich the number multiplied meafureth by tbe vuities obich are in thenumber which mil- 
tiplietb. 3p: id 
a Andthe number produced of that a multiplication ss called a plaine or fuperficiall number. 
3. eA fquare number is that Which is produced of the multiplicatian ofany number into it felfe. 
q. Enery lefe iumber compared to a greater is fayd to be a part of the greater whether the lefe meas 


fare the greater,or meafure tt not. 


5. Numbers, whome one andthe felfe fame number meafireth equally, that is, by ont and the fife 
fame number are equall the oneto the other, — : 
6. Numbers that are equeraultiplices to one and the felfe famenumber,that is Which contayne one 
and the fame number equally and alike ave equall the one to tbe other. 
The first Propofition, 
Ta numbers beyng geuen,if the one of them be deuided into 
any nurabers how many foeuer: the playne or fuperficiallnumber 
Which is produced of the multiplication of the two numbers firft 
genen the one into the other {hall be equall to the fuperficiall nu- 
bers Which are produced of the multiplication of the number not 
deuided into enery part of the number deuided. 
Suppofe that there be two numbers 4 Band C. And B 
deuide the number 4 B into certayne other numbers 
how many foeuer,asinto 4 D,D E,and E B, Then Ifay 
that the fuperficiall number which is produced of the 
multiplication of the number C into the number eB 
is equall to the füperficiall numbers which are produ- 
ced ofthe multiplication ofthe number Cinto the nü- 
ber _4D,and of Cinto D E,and of Cinto E B. For let F 
bethe fuperficiall number produced of themultiplica- | ' - 
tion of uk number C into the number 4 B and let GH | © 
be the fuperficiall number produced of the multipli- |4- 
cation of C into .4*D : Andlet Z I be produced of the 
multiplication of C into D E: aud finally of the multi- 
plication of Cinto F Z let there be produced the E C 
E er 
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ber / K.Now forafmuch as.4 B multiplying the number C produced the number F: 
therefore the number C meafureth the number £ by the vnities which arein the nnm- 
ber.4 B. And by the fame reafon may be proued that the number C doth alfo meafure 
the number G ZZ,bythe vnities which are in the number ^£ D, and thatiit doth mea- 
fure the number ÆT by the vnities whichare in the nüber D F and finally thar it mea- 
fureth the number / K by thevnities which are in the number E P, Wherefore the nü- 
ber C meafureth the whole number G K by the vnities which are in the number, 48, 
But it before meafured the number F by the ynities which are in the number 48,wher 
fore either of thefe numbers F and GX is equemultiplex to the number C. But num- 
bers which are equemultiplices to one & the felfe fame numbers areequall the one to 
the other (by the 6.definition ). Wherfore the number Fis eyua'l to the. number G K. 
But the number Fis the fuperfciall number produced of the multiplication of the nit- 
ber Cinto the number 44 B: and the number G Kis compofed of the fuperficiall num- 
bers produced ofthe multiplication of thenüber Cnot deuided into euery one ofthe 
ndis 44 D,D E,and E B.If therefore there be two numbers geuen and the one of 
them bedeuided &c. Which was required to be proued. 


T bea. beoreme. | I bez. Propoſition 


Ifa right line be deuided by chaunce, the reflangles figures 
which are comprebended under the whole and euery one of 
the partes, areequa to the [quare whiche is made of the 
whole. | | 





iV ppofethat the right line AB be by chaunfe de. 


IQS) nided in the:point C. Then I fay that the rectans 
NR vain | : 

<I ole figure comprehended ynder ABand BC toz 
== gether with the reClangle comprehended vnder 
A B-and AC tsequall ynto the fquare made of A B, Dez 
Scribe (by the 46,of the first) vpon A Ba fquare AD EB; 
and (by the 31 of the fir/t) by the point Cdraw a line parals | 
lel vrito either, of thefe lines A Daud B E,and let the fame be CF. Now is tbe. Demouftratió 
parallelogramme A E.equail to the parallelogrammes AF and C E, by the firSt 
of this booke. But AE is the jquare made of AB. And AF is tbe re£langle 
parallelogramme comprebended vuder-the lmes B A and AC: for it.is compres 
bended vnder the lines D Aand AC: but the line AD is equall vntothe line A 
B, And like wife the parrallelogramme CE is equall to that which iscontayned 
vader the lynes ABand B (: for the line «BE isequal yuto tbe line AB.VV ber- 
forethat. which is contayned vnder B Aand ACtogether. with that which is. 
contayned vuder the lines A B and BC, is equall to the fquare made of the line 
A BAf therefore aright line be deuided by chaunce, the rectagle figures which 
arecomprebended ynder,the whole, and euery one of the partes are equall to 
thefquare which is made of the whole: which twas required to be demonstrated. 
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Conſtruction. 


An other demonſtration of Campane. 
| Rit, "o $up- 


Ba rlaan. 


T he'fecond Booke 
Suppofe that the line 4 B be denided into 
the lines 4C,C D,and DB,Then I fay that the 
{quare of the wholeline 4 B,which let be 4E 
B F,is equalto the re&angle figures which are 
contayned vnder the whole and euery one of 
the partes : fortake the line K,which let be e- 
qual to the line AB,Now then by the firft pro- 
pofition the rectangle figure contained vnder 
the lines 4 Band K,is equallto the re@angle 
figures contayned ynder the line K and althe , 
yp iaa E A B. Butthat whichiscon--^ ' | | | 
taynedvnder the lines Kand 4B isequallto | — MM 
the (quare of theline 4 B, and the reGangle o : |] ond "uS 
figures contay ned yndertheline K andalthe ` Po SP YD eA ean 
partes of Æ B are equall to the re&anple fi- -^ "o 
gures contayned vnder theline 4-3 and all the partes of the line 4B: for the lines 4 
8 and Kare equall: wherefore thatis manifeft whichwas required to be proued. 
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Anexample ofthis Propofitionin numbers. 


Takea number,as t 1.and deuideitinto two partes,namely, 7.and 4: and multiply 
r1,nto 7,aadtheninto 4,and there (halbe produced 77.and 44:both which numbers 
added together make 121, whichis equall to the {quare number produced of the mul- 
tiplication of the number 1 1.into himfelfe,as you fee in the example, LR 


em 













c Multiplication of the whole} ` p II II . 
| into his partes. | ] — 
Z 
s Massa: o d ; 
, cthe number produced ofthez <- 
5 vhole into his partes. 
Multiplication ofthewhole | equal to 


into himfelfe, —3 





I21 the number produced of the 
~*~ “whole into himfelfe, 


e * 


.'Ehedemonftration whereoffolloweth in Barlaam, |... 
csv os s vTbefecond Propofition, 


Ifanumber geuen be denided into two other numbers: the fuperficiall numbers, which arepres 
duced of the multiplication of the whole into either part,added together ,are equall to. the [quare mum 
ber of the whole number genen. + o. MC i Che o ben 
^" Suppofe that the number getien be 4 Biand letit be déuided into two other num= 
bers 4G andC B, Then I fay thatthetwofuperficiall numbers; which are produced 
ofthe multiplication of 4 Binto 4Cjand of AB into BC, thofe two ſuperficiall num- 
bers (I fay) beyng added together, fhalbe equall to the fquare number produced of 
the multiplicatió of the number 4B into it felfe.For let the number eB multiplying 
it {elfe produce the number D, Let thenumber 4C alfo multiplying the number " B 

-— i di produce 


/ 
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produce the number E F:agayneletthe number CZ multipli- 

ing the felfe fame number 24 B produce the number FG. Now G 
forafmuch as the numbere4 C multiplying the number e4 B D 
produced the numberE F: therefore the number e4 B meafu- 5 
reth the number E F by the vnities which are in 4 C.Againe for- | 
afmuch as the number C Z multiplied the number 4 B,and pro |1 
duced the number F G: therfore the number 4 B meafureth the- 
number FG by thevnities which are in the number C B.Butthe | 
fame number 247 before meafured the number ÉE by thevni- — P s 
ties which arein the number 4C. Wherefore the number 4 B 
meafureth the whole number £ G by the vnities whcih are in -4 
B,Farther forafmuch asthe number 4 B multiplying it felfe pro 
duced the number D: therefore the number 4 B meafureth the C 13 6 
number D by the vnities which arein himfelfe.Wherfore it mea 

fureth either of thefe numbers,namely,the number D,and the 

number E G,by the vnities which are in himfelfe. Wherfore how 

multiplex the number Distothe number 4B, fo multiplex is 4 

the number E G to the fame number 42. But numbers which 

are equemultiplices to one and the felfe fame number,are equal 

the one to the other, Wherefore the number D is equall to the 

number EG.Andthe number Dis the fquare number made of — 4 
thenumber_4B,andthe numberEGiscompofedofthetwofu- `` 
perficiall numbers produced of 4 Z into 8 C, and of B Z4 into A 

C. Wherefore the fquare number produced ofthe number Z4 B 

is equall tothe fuperficial numbers,produced of the number AB into the number BC, 
and of ABinto AC, added together.If therefore a number be deuided into two other 
numbers &c, which was required to be proued. d 


5&9 7 Le. 1 beoreme. T he3. Propofition. 


gh 
w 


Ffaright line be deuided by chaunce:the rectangle figure co- 
rebended under the whole and one of the partes,is equall to 
the rectangle figure comprehended under the partes,¢o vnto 
the {quare which is made of the fore/aid part. 


V ppofe that the right line geuen 4 B be deuided by chaunce in the 
ix 2 point C.T hen 1 fay that the rectangle figure compreheded vnder the 
WN 









— 


lines A'B and B C is equall ynto the reétangle figure comprebended 
oo yuder the lines AC andC Band alfo vnto the {quare which is made 


of the line BC. Defcribe( by the 46 of the first )vpon tbeline 'BCa [quare CD. Conftruttion, 


EB: and (by the fecond peticion )extend E (D vnto F. And by the point Adrawy 
(by tbe 3 vof tbe fir/t )a line parallel vnto either of thefe lines C D and BE and 
letthe fame be AF.Now the paralleloe 3. . € 
grame A Eis equall vnto tbe paralleloz 
grammes A (D and C E,And 4 E is the 
reclangle figure comprebended vnder 
tbe lines A B aud (B C,Foritis compre» E D FC 
bended vnder tbe lines A Band B E, à | 
Rity. but ` 


Demonfiratic - 
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which line BE is equall vnto the line BC, And the parallelograme ADis es 
quall to that which is contayned vader the lines AC andC B: for the line D Cis 
equall vuto tbe lme C B. And D Bis the fquare which is made of the lyneC ©. 

VV herfore the rectangle figure comprehended vnder the lynes AB and BC is 

equall to the rectangle figure comprebended vuder the lines AC andC Be als 
Jo vuto tbe [quare wbich is made of the line BC, If therfore a right linc be dee 

nided by chaunce,the reckangle figure comprehended vader the whole and one. 
of the partes,is equall to tbe rectangle figure comprebended vuder the partes, 
aud yuto tbe /quare which is made of the forefayd part: which was required ta 
be proued, | 


Anexample ofthis Propofition in numbers, | 

Suppofe a number,namely,14.to be deuided into two partes 8.and 6. The whole 

number 1 4.multiplied into 8.one¢ of his partes,produceth 112: the partes 8, & 6.mul-. 

tiplied the one into the other produce 48,which added to 64( which is the (quare of 8. 

the former part ofthe number )Jamounteth alfo to 1 12: whiche is equall to the former 
fumme.As you fee in the example. v 







Multiplication of the whole I4 g | u^ 
into one of his partes, 8 1 6 the partes. 








II2 ‘the number produced of the 
whole into one of hispartes. 
Multiplication of theone 8 
part into the other. E | equal to 
? 48 48 
64 
Makiplaionofdete. [| 8 "9 ‘ehenumbercompridai 
er c en : ofthe former partinto him- 
64. | felfe, 


The demonftration hereof followeth in Barlaam, 


The third propofition. 


Balague °° Sf anumber genen be denided into two numbers: the fuperficiall number which ts produced of 
the multiplication of the whole into one of thepartes,is equall to the faperficiallnumber which is pro- 
duced of the partes the one into the other,and tothe fquare number produced of the forefayd part. 

Suppofe thatthe number geuen be 4 B,which let be deuidedinto two numbers 4 
ave » Cand C B,Then /fay that the fuper ficiall number whicheis produced of the multipli- 


cation ofthe number e4 B into the number C, is equallto the fuperficiall number: 

which is produced of the multiplication of the number 4 Cinto the number C B,and. 

to the {quare number produced of the number C @.For let the number e4 8 multipli- 

eng the number C B produce the number D.And let the number 4C multiplieng the 

number CB produce the number £ Frand finally let the number C 8 multiplieng him- 

felfe produce the number F G. Now forafmuch as the number 4 8B maA the 
E TET number 


of Euclides Elementes: Fol. 65. 


number C B produced the humbet D.TherforethenumberG =- ^ , 7 x 
B meafureth the number D by the ynities whiche are in the. | 
numbet 44 B.Agayheforafmuch as the number 4 C multipli- ~ 
ed the number C Z,and produced the number E F; therefore 
the number G & meafureth the nüber.EF by the vnities whicli 
are 1n Z4 C. ÀAgayne forafmuch as the number C 2 multiplied it , 
felfe and produced the number FG: therfore thenumberCB _ 
meafureth the number F G'by the vnities which are in it fclfe,. b 
But as we haue before proued the felfe fame nüber € 8 mea- , | 
füreth alfo the number E F by the vnities whichateinthenü-. 4 | 
ber 4 C,wherfore the number CB meafureth the whole num- * 

ber EG by the vnities which arein the number 4B, And it al- 1 


i» v 
a " 


* 
e 


t 


fo meafureth the number D bythe vnitieswhiche are in the. — 
number_4 B, Wherfore the number C B equally meafürcth ei- 
thernufnbet,namely,the number D;and thenumber EG.But — , 
thofe numbers whome oneand the felte fame number meafu- T 
reth equally, are equall the onetothe other, Wherfore the 
number D is equall to thenumber E G.But the number D isa 
fuperficiall number produced of the multiplication cf the 
number 4 B into the number B C,and thenumber E Gis the 
fuperficial number produced ofthe multiplication ofthe nù- A: 
ber 4C into the number CB,and ofthe fquare ofthe number 

C B, Wherfore the fuperficial number produced of the multi- i 
plication of the number.4 B into the number C 2 is equal to the füperficiall number 
produced ofthe number A C into the number C Z, and to the fquare ofthe number C 
B. Iftherfore a number be deuided into two numbers,the fuperficiall nüber &c:which 
was required to be proued, — "^an ‘} 
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-© - B be 4. T beoreme. | E be 4. Propoſitiion. 


- [faright line bedeuided by chaunce, tbe [quare whiche is 

made of tbe wbole lineis egqnalto tbe [quares wbicb ave made 
< of tbepartes, C7 vnto that retlangle figure wbicb is compre" 
bended vader the partes wife. os | 1 


> 
A 
a 






Eh V ppofe that the rightlyne AB be by cbaunce: deuided in tbe pointe C. 
Py Lben Lfay that.the fquaremade of the line A B is equall vnto »fquares 
cesse which are.inade of tbe liés A Cand C B, and vnto the reflangle figure 

contained. vnder tbe lines.A C and C B: twife-Defcribe 7 vay ay 
(5y y aee] tbe first) vpon tbe line AB aJquare ADDE . — nt 

— Brand drawa line from B to D and( by tbe 2 ofthe ul et 
firft)by the point C draw a line parallel vnto eitber of 
thefe lines A Dand B Eeutting tbediameter B Din: | 

the point Gand let the fame beC F, And(by the point 

G (by the felfe fame) drawy.a line parallel-ynto eyther <. 1 
of thefe lines AB and. D.E, and let tbe-fame be FE. P>.. Su 
Ko And for afmu chas th eline Chiis.acparalle nto D Demouſtratis 
Asie) $. i. tbe 


Conſtruction. 
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theline A D,and vpon them falleth a right line BD: therfore(by the 29.of the 
firft)the outward angle CG B is equallvnto the inward and oppofiteangle A 
D B,But the angle A D.Bis-(by the 5; of the firft) equall.ynto theangle AB. 
D: for the fide B A is equall ynto the fide AD (by the definition ofa /quare). 
VV herfore the angle CG Bis equal ynto the angleG BC: wherfore( by the 6, 
of the firft the fide BC is equall ynto the fide CG. But CBis equall'ynto G'K;, 
and C Gris equall vynto KB: pberfore G K i$ equallvnto K,B.V/ herfore the 
figure CG KPB confiftech of foure equall fides.t fay alfo that it isareétangle fis 
gure.For forafmuch as CGisa parallelynto BK ex vpon the falleth a right line 
CB, therfore( by) 9,of the r, the angles KB CandG CB are equal vnto tivo 
right angles But the angle KBC is a N aN IBGG salfo 
aright angle VV berfore( by the 3 4,0f the first the angles oppafite vnto them 
namely,C GK, andG K Bare right angles, VV berforeC GK Bisa vetlans 
gle figure. And it was before proued that the fides are equall.V V. berfore it isd 
fquare and it is defcribed vpòn the line BG And by the Jame reafon alfo H Fis 
afquare,andis defcribed vpon the line H Githatis ve. ye Ss aia} 
pon theline ACVVherfore the /quares HF and CK Sa — 3 
are made of the lines AC and C 'B. 4nd forafmuch as 1; ' * 
the parallelograme AC is (by the 4.2, of thé firft) es 
quall ynto tbe parallelogramme G E And 4G is that 
which is contayned vnder AC and CB, for CGis equal 
vatoC By wherforeG Eis equalltothat whichis cone = 
tained vnder AC and GB, VV herefore AGaudGE Pi: © F E 
are equal ynto that which ts comprehended ynder A D. mh. 
Cand CB twife. Andthe fquares H Fand CK are made of the lines.A Cand C 
B.V V berfore tbefe foure.re£tanglefigures F1 FJCK , 4G, and G E are equall 
vnto the [quares btcbe aré iade of tbe lines A C and C B,and to the reftangle 
figure which is comprebended vüdertbe lines AC and C B twife.But tbe rect 
angle figures TN KR, 4 Gand G. Bare the wholeretangle figure AD EB 
which ts the (quare made of the line A BVVherfore the [quare which ismade 
of tbe tine AB is equal tothe (quares which.are made of the lines A Cand C B, 
andvnto the rectangle figure. which is comprehended vnder the lines A Cand 
C B twife;If therfore aright line be deuided by chaunce, tbe [quarespbicbe is 
made of the whole line,is equall to the fqdares which aremade of the partes:es 
vato the rectangle figure which is comprebended vuder thé partés twifezwbicb 
Was required to be pronedss\),.3 (448 Ya Dur ew sp s —* 
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T fay tbat tbe qnare of tbe line 24 Biregnall vito tbefauares pBiche ar 
made of tbe lines AC and CB, ex vntothe rectangle firure wbieb iscómprébés 
ded vnder the lines ACandGB twife.For.the felfe fame'difcription abiding, fore 


afmuch 
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afmncb as tbe line AB is equallvnto y lme AD, yangle ABT) is( by tbe ¢. of the 
first) equall vnto the angle AD B And forafmuch as the three angles of enery 
triangle are equalto two right angles (by the 2:2. of the first) therefore } three 
angles of the triangle A BD, namely,the angles AD B,D B A,and BA Dyare 
equall to two right angles.But the angle B AD isa right angle,wherefore the 
angles remayning ABD and Á aD. are equall pnto one right angle:and they 
are equally one to the other, wherfore either of thefe A CT 
angles AB D er A D 'B,is tbe balfeofarigbt angle, ^ f — — 
And the angle BCG is aright angle, for itisequall ,; | 
ynto tbe oppofite angle at tbe point A (by the 29, 0f 
tbe first ).VV berefore tbe angle remayning CG Bis 
the balfeofa right angle. VV berefore the angle CGB 
is equal nto theangle CBG: wherefore alfo the fide 
B Cis equall vuto the fide C G.But BCis equall vnto 
G K , and C C isequal'ynto B K,VV berefore tbe fiz A b 
gureC K conftsteth of equall fides:and init isa right angle CBR VV heres 
Jore C Kisa fquare,and is made of the line BC. And by the fame reafon HF 
is afquare,and ts equall ynto that /quare whichis made of the line A (.VV bere: 
fore C Kand H Fare [quares,and areequall to thofe {quares which are made 
of tbe lines ACand C B. 4nd forafmucb as AG is equall ynto EG:and AG is 
that hich ts contayned vnder A CandC B for G C is equal vnto C 'Brwberes 
fore EG alfo is equallto tbat wbich is cóprebended vnder A Cand CB: wberee 
fore AGand EG are equall vato tbat re£langle figure whichis comprehended 
vader AC, and CB twife.AndCK ,and Fd F are equal ynto the fquares which 
are made of A(, and('B: wherefore CK, HF,AG, and GE are equal vn- 
to thofe {quares which are made of A Cand C Band ynto that rectanole figure 
which is comprehended vnder A Cand C Bewife. Bat CK, AF,AG, andG E 
are the whole (quare A E which is made of A B,VV berefore the fquare which 
is made of A Dyis equall to tbe {quares which are made of A C andC B, and vne 
tothe rectangle figure whichis comprehended vnder ACandC B twife: which 
was required to be demonstrated, . pes rina 





a « * 


-Hereby it is manifeſt that the parallelogrames Which confift about the diameter of a quare muft 
needes be fquares. . 


_ This propofition is of infinite yfe chiefely in furde numbers,By helpe ofit is 
made in thé additió & fubftraGion,alfo multiplicatió in Binomials & refidu- 
als, And by helpe hereofalfo is demonftrated that kinde ofequation, which is 
when therearethree denominations in naturall order , or equally diftant, and 
two ofthe greater denominations are equall to the thirde being leffe On this 


propofition is grounded the extra&ion offquare roots, Ánd many other things 
arcalíoby it demonfítrated, | | 


9.5, An 


or 


AA Corollary. 


Barlaam, 


TAY "TIT e fecond Booke. 
An example of this (Propofition in numbers, 


Suppofe a number namely,17.to be deuided into two partes 9. and 8, The whole 
number 17.multiplied into himfelfe;,produceth 289. Thé Íquare numbers of 9, and 8, 
are G1. and 64: the numbers produced of the multiplication of the partes the one in- 
to the other twife are 72, and 72 : which two numbers added to the {quare numbers 
of 9,and 8,namely,to 81.and 64. make alfo 28 9.which is equall to the íquare number. 


of the whole number 17. As you feein the example. 


The multiplication of the, 
wholeintohimfelfe. = [ 








>. 1 2 P the partes of uie whole 


289. Tite piena produced ofthe ©. 

whole into himfelfe. / 
The multiplication of eche 
part into himfelfe, 


equall to 


the number compofed of eche 
partinto himfelfe,and ofthe one 
into the othertwife, ZU 





The multiplication ofthe 
one partinto the other 
twife. : 


_ The demonftration wherof followeth in Barlaam, 


The fourth Propofttion, | 

If a number genen be denided into two numbers: the fquare number of the vebole,is equal to the 

fquare numbers of the partes, and to the fuperficiall number Which is produced of the multiplication 
of the partes the one into tbe other tWife. 


Suppofe that the number geuen be 4 2: which let be deuided into tvo numbers 
A C and C B. Then Híay that the fquare number ofthe whole number -42,is equall 
to thefquares of the partes,thatis,to the fquares of the numbers e£ C and C Band to 
thefüperficiall number produced of the multiplication of the numbers 4C and C2 the 
oncinto the other twife. Letthe fquare number produced of the multiplication of 
the whole number 42 into himfelfe be D. And let C_4 multiplied into himfelfe 
produce the number EF: And ( B multiplyed into it felfe let it produce G H: and fi- 
nallyofthe multiplicatio ofthe numbers 44 Cand CJ the one into the other cwife let 
there be produced either ofthefe fuperficiall numbers F G and £7 K. Now forafmuche 
asthe number e4 C multiplyingit {elf produced the number E F: therefore the num- 
ber 4C meafureth the number EF by the vnities which are in it {elfe. And forafmuch 
asthenumber CB multiplyed the number C A and produced the number F G: there- 

— ee fore 
/ 
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fore the number -4C meafureth the nitber'F G by the vnities © ~~ +. 





whiche are inthe number CB. Butitbeforealfomeafured . , | K 8 

the number £ F by the vnities which arein it fclfe. Where- E oem, 

fore the number 48 multiplying the number 4 C produ- © <` he ^4 
ceth the number E G. And theretore.the number EG isthe .\ ; - oun & , 
fuperficiall number produced of the multipfication of the . quee 


number 7 4 intothe number e C, And by the fame rea-__ £ 
` {on may we proue thar thé'ñumber G K is the fuperficiall ` 
number produced of the multiplication ofthe number AB 
into the number BC.Farther the number Dis the fquare of 
the number 4 B.Butifa number be deuided into two num- — 4. 
bers, the {quare of the whole number`is equalt to thetwo ©; 
fuperficiall numbers which are produced óf the multipli- 4 J 
cation of the whole into either the partes (by the 2. Theo- 1% 
reme.) Wherefore the fquare number Dis equallto thefu- *: > 34r 
perficiall number E K. Butthe number EK iscompofed of — ,. 
the fquares ofthe numbers.4C andCB,and of thefuperfi- ` 
cial number whichis produced of the multiplication ofthe 
niiber_4Cand CB the one into the other twife:& thenum- ` 
ber Dis the {quare of the whole number 4B. Wherforethe ` 
fquare number produced ofthe multiplication ofthe num- 4 p 
ber 4 Binto himfelfe, isequall to the fyuare numbers of 
the partes, that is,to the fquare numbers of the nūbers 4 C 
and C B,and to the fuperficiall number produced of the multiplication of the num- 
bers 4 Cand CB, the one into the other twife, Iftherefore a number geuen be deui. 
ded into two numbers &c.Which was required to be proned. à 


..— Lhes.Theoreme. The 5.Propofition, | 
. aright line be deuided into two equall partes, ¢ into two. 
ynequall partes: the reflangle figures comprehended vnder 
tbe vnequall partes of the whole,together with the fquare of 
that which is berwene the fettios,is equal to the quare which 
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4s made of the balfe.. T 


$14 Vppofe that tbe rigbt line £B be denided into two equall partes in tbe 
FN point C dnd into two vnequall partesin the point D.T hen I fay that the 
LE=!rellangle figure comprebended vnder AD and D B. together with the 
fquare which is made of C D, i5 equall to the [quare Which is made o f e (B, (Dea Confirutfion, 
fcribe (by tbe 46. of tbefirt) = © = — 

vpponC B afquare, and letthe ` A 
fame be CE FB. And(hy the : 
firft peticion )dravea linefrom | 
Eto BAnd by y point Ddrawe . | 
(by tbe 2 of 1be firft) a line pas 
rallelvntoecbof tbefe lines CE ^: 
and BE cutting the'diameter B 

E in tbe point Fl, and let fame. 
be DG. Andagayne(by the felfe 
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fame) by the point Fdrawealine parallel ynto eche of the/e lines A B and 
E Fand let the fame be KO: andlet KO be equall vnto AB, And againe 
(by the felfe fame )by the point A draw a le parallel vuto either of thefe lines 
CL and B O, and let the fame be A K. And forafmuch as (by tbe 43.of the 
firft )tbe fupplement CH ss equall to the fupplemét FF put the figure DO coe 
mon vuto them both, VV berefore the whole figureC O is equall to the whole fiz 
gure DF, But the figure CO is equallvuto the figure AL, for § line AC is equall 
vato the line CB. VV herefore the figure AL alfa is equal nto the figure D E. 
Put the figure C Ff common vnto them bothVV herfore the whole figure AH 
#s equall vnto the figures DL and D F.But-A His equall to that which is cds 
tayned vader the lines AD and D B,for D His equall vato D B.And the fi- 
guresF DOL aretheGno- ^... : ; Tl 
mou MN XJ béerfore 9 Guo A al m S B 

mon MN X ts equall'to that: | > | a 

whichis contayned vnder AD ` 
and D B Pat the figure LG cõ- 
mon vnto them both, which ts es 
gual to the {quare which is made” 
of CD, VV herefore the Gnoma 
MN Xand the figure LGare 
equall tothe rectangle figurecoe | 





r> 


prebended vader A Dand D B and ynto 


= 


ed ynde and T the fquare whichis made of CD, But 
the Guomon MN X, and the figure LG are the whole [quare C E FB which 
is made of BC, VV berefore the rectangle figure comprebended vnder A Dand 
D B, together with the fquare which is made of C D is equal to the fquare 
which is made ofC B, If therefore a right line be denided into two equall parts, 
and into two vuequall partes the rectangle figure comprehended vnder the yne 
equall partes of the whole together with the (quare of that which is bet ene 
the feétions, is equall to the [quare which is made of the balfe: which was requia 
redto be proned, | De w 


$ * 
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This Propofition alfo is ofgreate vfe in Algebra . By it is demonftratėd 
that equation wherein the grcateít and léalt kare&tes or numbers are equall t5: 
thé middle, § PEE I 


An example of this propofition in numbers, 


Take any number as 20: and deuide it into two equall partes 10.and 10. and then 
into two vnequall partes as 15. and 7. And take the differéce of the halfe to one of the 
vnequall partes whichis 3. And multiply the vnequall partes,that 1s,13 and 7.the onc. 
into the other,which make 9 1.take alfo the fquare of 3 which is 9. and adde itto thé 
forefayde number 91:and fo (hall there be made 100. Then multiply the halfe of the 
whole number into himfelf, that 1s, takethe fquare of 10. which is 100. which isequál >- 
to the number before produced of the multiplication ofthe vnequal parts the one in- 
to the other, & of the difference into it felfe which is alfo 100.As you fein the uw 

; « ie c 
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The whole euen number. =~ Ere x65 aod OAM R39 e sor sun 
I dads > UE s f * J the equall partes — 
d ra. = * he vnequallpattes | 
4j The difference of one of 
: | |. thé vnequal paites to the 


halfe, 


‘Multiplication of the vn- 
equall partes the oneinto »- 












the other. nr 9t 
L s ore à — 
Peed we Na A the hüber cotipofed ofthe mul- 
Multiplication ofthe dif- tiplication ofthe vnequalpartes 
4 ferenceintoitfelfe. ^ ^ + the one into the othery & of the 
Hc e T . | differenceintoitíelfe. — | 
| ⸗ — kequallto 
| Multiplication of the half is 
into it felfe. iD a » 


IG | " | 
i l < "Yee [tlienumber producedofthé.. — 
Ach WU Us LS halfe into itfelfe. FLU 
Tlie demonftration wheroffolloweth 1n Barlaam, 
seu CI Thefftb propofition. | 
Ifan enen number be deuided into two equall partes and agasne alfo into tWo unequal partes: 
the fiiperficiall number which is produced of the multiplication of the unequall partes the one into 
the other together with thefquare of the number fet betwene the parts, is equalte the ſquart of halfe 
thehumber, rs (03 348 8f | FAC 
> Suppofe that 44 B':beaneuet number : whichlet be 
deitided ito two equall numbers 4 Cand CB;and into ! 
two.vnequall numbers 44.D'and D B. Then Zfay,thatthe —. ... 
Íquare number whichisproducédofthe midlüplicàtion ^" 
of the halfé number C3 into it felfe,is.equall-to the fu->-.. 
perficiall number produced of the multiplication oftlie. > 
vnequall numbers 44.Dàád- D B the. ón& intóthe other, 
and to the fquare number produced ofthe number C D 
which is fet betwene the fayde vnequall partes. Letthe 
{quare number produced of the multiplication ofthe | | 
halfe umber C 3 into it felfe be E. And let the fuperf= ^ 
ciall number produced ofthe multiplication of the vne- + 
qual nübers 44 D and D B the one irito the other,be the - 2, 
number FG:and let the fquare ofthe number DC which ^| ^^ | 
is fet betwene the partes be G H, Now fotafmuch asthe s HiG 
number 2 Cis deuided into the numbers B.D and. D.C, 
therforethe fquare of the nuriber 7 C;thatis, the num- .- | 
ber E,isequallto thefquares ofthe numbers B D and D- 4d E 
C,and tothe fuperficialtnumber whichis compoftd of. |< 
the multiplication of the numbers B Dand DC theone ... |... 
into theother twife,( by. the 4.propofition of this boke) - ——— 
Let the fquare ofthe number Z D be the number K L:& ~~ Aan’ 
let N X be the fquare ofthe number D C: and finally of: 
S iii. the 
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che multiplication ofthe numbers BD and D C theone into.theother.twife,letbepro 
duced either 6fthefe numbers L A¢.and M N «Wherefore the whole number KX is 
equall to the number £.And forafmuch as the number BD multipliyng it felfe produ- 
ced the number K L, therefor it meafureth it by the vnities which are init felfe, More 
ouer forafmuch as thenumberC D multiplying the number 2D produced the num- 
ber L 74, therefore al(o'D B meaturetli L M by the vnitieswhich arein the number C 
D: butit before meafured the number K L by the vnities which are init felfe, Where- 
fore the number D 2 meafureth the whole number K Afby the ynities which are inC 
B. But the number C B i5 equall to the number C 4. Wherefore the number DB mea- 
fureth the number K 74 by the vnities which are in C A. Agayne forafmuch as the nü- 
ber C'D multiphivng the number D B produced the number M N:therefore the num- 
ber D B meafnreth the number 4 N by the vnities which arein the number C D:but 
it before meafured the number KJM by the vnities which arein thenuniberz4C.Wher 
fore thenumber 2 D meafíureth the whole number-K N by the vnitieswhich are in the 
number e4 D. Wherefore the number F G is equall to the number K N.For aumbers 
which are equemultiplices to one and the felfe fame number,are equall the one to the 
other.Bnutthe number G.ZZis equall to thenumber N X: forcither of them is fuppo- 
fed to be.the fquare.of the number C D."Wherefore the whole number K X isequall.to 
thé whole,number F.4, But the number K X is equall to the number E.Wherefore alfo 
the number F His equall to the number Z.And the number F His the fuperficial num- 
ber produced ofthe multiplication ofthe numbers 4.D 8nd DB the one into the o- 
ther together with the fq uarée ofthe number DC. And thenumber E isthe {quare ofthe 
nufnber C B. Wherfore the fuperficiall number produced of the multiplication of the 
vnéqual partes 44D and 23 theone into thé other,together with the (quare of thenü- 
ber D C whichis fet betwene thofe vnequaill! partes,is equall to the fquaré ofthe num- 
bet C B,which is the halfe,ofthe whole number 4 B.Ifthérfore an euen number be des ` 
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uided into two equall partes,&c, which was required to be proued. r 
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Af aright line be deuided into two equal partes and ifomtoit 
be added an other right lin e directly, the rectangle figurecon- 

- tayned under the whole line with that which is added,¢o the 
line which is addedtogether with the [quare which is made 
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of tbe balfe, is equall to thefquare whichis made of tbe balfe 
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line AB be denidedine =: Ai ba; 
200133! 1O QO1ISO ; 

k KY i rep equall wt m d3d.s ripas i 
MM) point C : ee let there s ius. 
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added ynto it An otber rigbt line emnisset 9 
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7B direélly that is to fay, which tz LS ardor 
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being ioyned vnto A Buiakeboth \ Ki. F 


one right line AD. Then fayy orc vii A 
that the rectangle figure compre’ ^ 97575 $ 
headed ynder A Dand DB,tos |... 

gether ets SC fi 
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of Euclides Elementes. Fol. 69. 
gether with tbe [quare whiche is made of BC is equal to the [quare whiche'is 
made of D C.Defcribe( by thé 4.6.of the 1.) vponC D a fquare CEF Dand (by 
tbe fiv[E peticion )dra a line from 4D to E:and (by-the s1,0f the first) by » point 
(B draw a line parallel uto eitber of thefe lines EC DE, cutting the diamen 
ter D Ein tbe point Land let the fame be BG, cx( by the felf fame )by.) point 
FA draw to either of thefe lines A D and E Fa parallel line K, M: and moreouer 
by the pointe A drawealine paa — 
rallel to either of thefe lines CL ... Ty 
and D M: aud let the fame be A A B| c pi 
K. And forafmuch as AC is equall FE 
vato CB, therfore (by the 3 6, of 
the firft)the figure A Lis equal 
ynto bri: FA. Bat( by tbe 
4.3.0f the firft )C His equal vn⸗ 
the figure H F, wherfore A Lis 
equall vuto F1 F, Put tbefieure — - 
C M common.to them both wher 
fore the whole line A Mis equal 
Ynto the gnomon N X 0, But A "il | 
M is that whichis contayned vnder A D and D B: for D M is equalvnto 08: 
wherfore the gnomon N X 0, is equall vato the reCtangle fi 'eure contained yne 
der AD and D B,Put the figure LG common to them both, which -is equal to 
tbe [quare which is made of CB, VV berefore the rectangle figure which is cone 
tayned ynder. ADand D B together with the [quare wbich is made of C Bis ea 
quall tothe gnomon NX O,and vato LG, ‘But the gnomon N XO and LG 
are the whole [quare CE FD which is made of CD, VV berfore the rectangle 
figure contayned yuder AD and DB together with tbe [quare which is made 
o( CB is equall to tbe [qnare wbicbis made of C D.Iftberforea tigbt line be de» 
uided into tio equall partes, and nto it be added.an other right line direély: 
the rectangle figure contayned yuder the whole line with that which is added, 
and the line which is added, together with the [quare wbicb is made of the balfe, 
is equall to the [quare which is made of tbe balfe line and of that whichis added 
as of one line: which was required to be demonstrated. 





By this Propofition(befides many other vfes) isin Algebra demonftrated 
that equation wherin the two lefle numbers be equall to the number of the greas 
teft denomination, 


An example of this propofition in numbers, 


Take any euen number as 18.and adde vnto itany other riumber as 3 which make 

in all 2 r,And multiply z 1. into the number added, namely, into 3, which maketh 63. 

"Take alfo the halfe of thewholeeuen number,thatis;of 13.whichis o,And multiply 9. 

into it {elf which maketh 81.which adde vnto 65.( the number produced of the whole 

cuen number,and the number added into the number added)and you fhal make 144. 
— Lake Then 


T be fecond Booke- 


Then adde o.thehalfe ofthe wholeeuen number vnto 3.the ntimber added which ma. 
keth 12,And multiply 12.into it felfe,that is,take the {quare of 12,which is 144.which 
is equall to the number compofed of the multiplication of the whole number and the. 
number added into the number added, and of the {quare ofthe number added, which 


is alfo 144.As you feein the example. 


The whole even number, 18 
The number added, * 
21 the number compoſed of the whole number, 
the number added. OU 0o nt 
The halfe ofthe whole. 9 
The number added. 3 by 
12 thenumbercompofed of the halfe andof the 
| number added, ~ n 
Multiplication ofthe 2I 
whole &the number ad- 3 
dedinto the number ad- ie ^ 
ded, - 63 63 


~ 


Sr 





Multiplicatió of thehalfe o 144  rthenübercompofed ofthe whole 








into it felfe. 9 and the number added into the 
, —— number added and of the {quare 
| SI ofthe halfe E 
Multiplicatió of the halfe 12 equall to 
and thetumber added in 2 | 
toitíelfe, -~ ^ NES | 

| | E | 

12 | 
| 144. the fquare number made of the: 


number compofed ofthe halfe and 
the number added, ET 


- 


The demonftration wheroffolloweth in Barlaam; 
"The fixt Propofition. 


Jf an euen nunsber be denided into two equall numbers and utto it be added fome other namber? 
she fuperficial number Which is made of the muttip lication of the number compofed of the whole ni- 
ber and tbe number added, into the number added, together with the fquare of the balfe number, ii 
equallto the fquare of the number compofed of the balfe and the number added. : 


Suppofe that_4 B bean even number,and let it be deuidedinto two equall num- 
bers .4Cand CB: and yntoitlet there be added an othernumber B D. Then J fay that 
the fuperficiall number produced ofthe multiplication of the number 4D into the 
number D Z is equallto the fquare ofthe number C D, Forletthe fquare number of 
the number C D be thenumber E£,and let the fuperficial number produced of the mul. 
tiplication ofthe number 4 D into the number D B be the number F G:and finally let 
the fguare number of C B be the number G AH. And forafmuch as the fquare of the nú- 
ber CD is(by the 4.propofition Jequall to the fquares of the numbers D B and BC toa 
gether with the fuperficiall number which is produced of the multiplication of the 
numbers D Band B Cthe one into the othertwife, Let the fquare of the number BD 
be the number K L: and let the fuperficiall numbers produced of the multiplication 
ofthe numbers D B and BC the one into the other twife be either of thefe penne 
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LM and M N; and finally let the fquare ofthe number B C be the number N X. Wher- 

fore the whole number KX fhall beequall to the fquare ofthe number C D. But the 

Íquare ofthe number C Dis the number E.Wherforethe number K X is equall to the 
number E. And forafiuchas the number 2 D multiplieng it felfe produced the num- 
ber KL: therfore theniumber B D meafureth the num- 

ber KL, by the vnities which are in it felfe, but it alfo 





meafureth thenumber L M by the vnities which arein Fi A 
the number C B.Wherfore the number D B meafureth 

the whole number K M by the vnities whichare in the | 3 3 
number C D. The nüber D B alfo meafureth the num- cl ior 


ber'M N by the vnities which arein thenumber C B: & p 

the number C Z is equall to thé number C 4 by fuppo- | 
fition. Wherfore the number D 7 meafureth the whole | 
number K N by the vnities which are in the number 4 J— d d 
D.Butthe number ® 2 doth alfo meafure the number : | 
F G by the vnitieswhichareinthe number 244D:for g | 


2 

ole AA 

by fuppofition the number F G is the fuperficiall num- [ TN Áo 12, 
F 


ber produced of the multiplication ofthe numbers 4 
JD and D B the one into the other, Wherfore the num- 3 "UP 
ber F Gis equall to the number K N. Butthe number cu 
HGisequalltothe number N X : for either ofthem is "i 
the {quare number ofthe numberCB, Wherefore the 
whole number F His equall to the number KX: and 
the number K X is proued to be equall to the number 
E,Wherfore the number F H hall alío be equal! to the 
number E, And the number F Z is thefüperficiallnum 
ber produced of the multiplicationofthe numbers 4 ` 
Dand-DBtheone into the other,together wyth the ! 
Íquare ofthe number C 2: and the number.E is thefquare ofthe number CD , Wher- 
fore the füperficiall number produced ofthe multiplication of the numbers e4 D and 
- D Btheoneinto theother,together with the (quare ofthe number C B,1s equall tothe 
{guare of the number C D./ftherfore an enen number &c, ! 


(6 


OMA 


petu 


K 


coo We 7. beoreme. 9 be 7 Propofition, 


| Jf a right lyne be denided by chaunce, tbe [quare whiche is 
-, inade of the whole together with the fquare whichis made of 
one nftbe partes is equall to the rectangle figure which is co- 
’  tayned under the whole and the faid parte twifes and to the 
Square which is made of the other part. | 


|V ppofe tbat tbe vigbt line A B be deuided by chauncein the point C, 
QI Eben I fay tbat tbe [quare wbicb is made of A.B, together with the 
15 yo [quare which ts made of B C,is equal vuto the reCfanyle'figure which 
T is contayned ynder the lines A Band BC twife and vnto tbe fquare 
which ts made of A C.Deferibe( by the 46 of the firft) vppon 4 B a [quare A 
DE Band make complete the figure,And forafmuch as (by the 43,0f the fir/t) 
the figure A Gis equall vnto the figure G E Put the figure C F commonto thé 
"—ISNE b&b 
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both: wherfore the whole figure AFis equall to the whole figure C E; VV hers: 
fore the figures AF andC E are double tothe figure AF.But the figures AF 
and C E are the gnomon K L Myand the fquare CF: wherfore the gnomon: K: 
L M,and the fquareC F is double to the figure | 
A F. But the double to A4 Fisthbat phicbiscone — 5 
tayned vnder A Band BC twife, for BFises |. 
quallvnto BCVV herfore the gnomon K L M 
and the fquare C F is equall ynto the rectangle 
figure contayned vnder A Band B C twife.Put 
the figure D G common yntothem both, which 
as the {quare made of AC, VV herfore the gnos 
mon KL Mand the fquaresBG andGD are 
equal nto thereélangle figure whichis coutais p B 
ned ynder AB «9 BC twife ez vutotbe [quare — u 

which is made of AC,But the gnomon KLM, ex the fquares BG ,e7 (DG are 5 
whole (quare BAD E,eo 9 part or fquare C F,which fquares are made of the 
lines AB ex of BC, therfore y [quares which are made of AB ex BC are equal 
vato the rectangle figure which is contayned ynder AB and B Ctwife and alfa 
vate the fyaare of AC If therfore a right line be deuided by chaunce:the Square 
whichis made of the whole together with the fquare which is made of one of tbe: 
partes,tsequallto the rectangle figure whichis contayned ynder the whole and. 
the fayd part t'iife and to tbe [quare wbicb is made of the otber parte : whiche 
was required to be demonstrated. 


i 
; 
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Fluffates addeth vnto this Propofition this Corollary, 


T he fquares of t¥wo unequall lines do exceede the rettangle figures contayned under the {aid lines 
by the fquare of the exceffe wherby the greater lyne excedeth the lefe. 


Forif the linec 4 B be the greater,and theline BC the leffe,it is manifeft that the 
{quares of 4 Band BC are equall to the reGangle figure contayned vnder the lynes 4 
B and 7 Ctwife, and moreouer to the fquare of the line 44 C,wherby the line 41 B exce-. 
derh the line BC, = 


By this propofition moft wonderfully was found out the extraction of roore 
{quares in irrational! numbers,befide many other ftraungethinges. . 


An example of this propéfition in numbers. 


Take any numberas 1 3.and deuideit into two partes as into 4,& 9. Take.the fquate;, 
o£ 13. whichis 169, takealfo the quare of 4. which is 16.and adde thefe two fquares. 
together which make 1 8 5,Then multiply the whole number 13.into 4. theforefayde 
parttwife,and you fhall produce 5 2.and 5 2: takealío the {quare of the other part,that 
is,o£ 9. which is 81, And adde itto the produ&tes of 1 5.into 4.twife;thatis,vnto 5 2.and: 
52, and thofe three numbers added together fhall make 185. whicheis equall tothe 
number compofed of the fquares ofthe whole and of one ofthe partes, which is alíg 
185.As you fec in the example, TM x 
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- Multiplication öf the 


Ps {4 | pane of the whole, 
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whole into it felfe, 










Multiplication of one o£ | | racer Mie 
pcan Ve The number cotnpofed of 
the partes intoit {elfe. the {quares of the whole, 


and of one of the partes 


c 


~ eguall te 
Multiplicationof the 1 


whole into the foreſayde 
part twiſe. 





théntimber compofed of 
the whole into the fore- 
faid part twife,dnd ofthe 
[quare ofthe other part, 


. Multiplication of the o- 
ther part into it felfe. 





| 
| 
L 
The demonftration wheroffolloweth in Barlaani, 


The Jeuenth propofition. 


` $ Tf 4 number be denidedinto two numbers: the fguare of the whole humber together With rhe 
Square of one of the partes, is equallto the fuperficiall number produced of the multiplication of the 
whole nunsber into the fore[aid part tWife together with thé {quare of the other parti - 


Suppofe that the numbere 4B be denided into the numbers e Z C and C B, Then / 
fay that the fquare numbers of the numbers B 4 and 4 C are equall tó the fuperficiall 
number produced of the multiplicatié ofthe number B 4 into the number JAC twife, 
together with the {quare of the number B C.For forafmuch as(by the 4.of this booke) 
the (quare ofthe number 4 P is equall tothe fquaresof thenümbers 7 Cand C 4,and 
to the füperficiall number produced of the multiplication ofthe numbers B C and C 


A the one into theothertwife: adde the fquare of the number &Jf C common to them . 


both. Wherfore the fquare ofthe number e/£ B together with the quare of the num- 
ber 4 Cisequallto two fquares of the number 4 C ánd to one fquare ofthe number C 


B,andalfo to the fuperfici4ll number prodüced óf the multiplication of the numbers: 
BCand C A the one inte the other twife. And forafniuch as the fuperficial number pro’ 


duced of the multiplication ofthe numbers 2 4 and C 4 thé one into the other once, 
is equall to thefuperficiall naber produced of the multiplication of B C into C 4 once, 
_ and to the fquare of the number C_A(by the third of this booke ):therfore the number 


Produced ofthe multiplication of 7 4 into e4 C twifeis equallto the number produ- 


ced ofthe multiplication of 8 Cinto C 4 twife,and alfo to two fquares of the number C 

4. Addethe fquare number of £C common to them both. Wherfore two fquates of the 

pnmber ezf Cand one fquare ofthe number CZ together with the fuperficiall number 
NH itr. |» pro- 
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duced of the multiplication of B Cinto C_A twife are equall to the fu perficiall number 
produced ofthe multiplication. ofthe numbér 2^4 into the number 4C twife toge- 
ther with the {quare of the number CB.Wherfore the {qQuare.of the number 4 B toge- 
ther with the fquare of the nitber A C is equal to the fu perficial nüber produced of the 
multiplication ofthe number B 4 into the number 4 C twife,together with the fquare 
ofthe number C B. Iftherfore a number be deuided into two numbers &c. which was 
required to be demonftrated. | fT 
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1 8 64 thefquareofthewhole AB _. 
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Piece Whole into the part twife 3 
Ee | x | 
9 ethe {quare-of the other part. 


> 
‘ 
‘ 
1 
‘ 
, 
^ 


“et 


The8.Theoreme. The8.Propofition. 


Tfaright line be denided by chatice,the rettangle figure com- 
prehended vnderthe whole and one of the partes foure times, 
together with the fquare whichis made of the other parte, is 
.. equall tothe {quare which is made of the whole and the fore- 


t > 
4 a E r 


faid part as of one line. 


Ss USE | V ppofe that there be a certayne right line 4 B, and let 
0 





WO) KEY | it be denided by chaunce in the point C. Then 1 fay that. 
SAU the retlangle fiore comprebended ynder A'B and BC- 









d Gens NE BY foure tymes together with the [quare whichis made of 
> aa PLIA Cis equallto the fquare made of A B and (BC as of one. 
| f S\\' line.Extend the line AB (by the fecond peticion). And 
Spree ly’ (by the third of the firft) vnto CB put anequall lyneB 
— D, And (by the 46,0f the firft) defcribe vppon AD a 
[quare AEF /D, dnd defcribe a double figure. 4nd fora[muc as C B is equall 
vito BD bat C B is equallvntoG K (by the 34,of the firft ) and likewiſe BD 
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isequallynto KN, wherefore G K alfoisequallvnto KN: and by the fame 
reafonalfoP R , is equall ynto R O.And forafmuch as BC is equall vnto B D, 
aid G K vnto KN, therfore (by the 3°6.of the first) the figure CK is equall 
ynto the figure K D;and the n. p | Lowe 
figureG Risequallynto the A- ‘ih Sl BA om: 
figure UN. (But (by aof) ` — is | Y 
1 )tbe figure C Kis equall vn 
tothe figure RN: for they — 
are the fapplementes of the 
parallelograme CO. VV hers 
forethe figure KD. alfo is e2 
quall vnto the figure NR: 
VV berefore tbe[e figures D- 
K;CK,6 QR Nareequall. — 
the one to theothber VV beres ` 
fore thofe foure are 'quadrus 
pleto the figure CK, 4gayne 
JorafmuchasCBisequal yns y 
to BD but BD is egualvna 
to BK, that is, yntoC G.And ^" 3 e 9 | 
C B is equallvuto G K that is ynto G P: therforeC Gis equall yntoG P, And 
forafmuch as CG is equallynto G P and P Ris equall vnto RO, therefore the 
figure AG is equallvnto tbe figure M'P and tbe figure P L is equall. vnto tbe 
figure R F.But the figure MP is( by the 43, of the first) equall vato the figure 
PL, for they are the (upplementes of tbe parallelogramnie M L: wherfore the 
figure alfo AG is equall ynto the figure RE, VV berfore thefe foure figures A 
G,M P,P L,and R Fare equall tbe one to tbe other: wherfore thofe foure are 
quadruple to the figure A G.And it is proned,that thefe foure figures CK, KD 
GR,R N,are quadruple to the figure CK.VV herfore the eight figures which 
contayne tbe gnomon S T V are quadruple to the figure AK. And fora/much 
as the figure AK ,isthat which is contayned vnder the lines A Band BD, for 
the line B Kas equall ynto the line BD: therfore that whiche is contayned yna 
der tbe lines A4 B and (B D foure tymes is quadruple ynto the figure A K. And 
it is proued that the gnomon S TYV is quadruple to AK VV her fore that which 
is contayned vuder the lines A B and BOD foure tymes is equall vnto the gnomo 
STV Put the figure 2€ FIyobich is equall to tbe [quare made of 4 C common 
vnto tbem botb.VV before tbe re&anolé figure comprebended vnder the lines 
ARB and BD fouretymes together with the fyuave which is made of the line A 
Cis equallto the gnomon ST Vand vnto the figure X H, But the gnomon S 
T V:and the figure X Hare the whole fquare A E F D, which is made of A 
D : wherfore that which is contayned vnder the lines A Band B D foure times 
together with the /quare which is made of AC, isequall to the {quare which is 
| | | dii, made 
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made of A D.But B Dis equall yntoB CVV berfore thereEtangle figure cons 
tayned foure tymes vader AB and BC together with the fquare which is made: 
of A Cis equall vnto tbe quare which is made of A D,that is ynto that whiche. 
is made of A B and B Casof one line, If therefore a right lyne:be denided by 
chaunce, the rectangle. figure comprehended vnder the whole and one of tbe. 
partes foure tymes together with the [quare which ismadeon the other part,is- 
equal to the [quare which is made of the whole and theforefaid part; as of oue, 
line which was requiréd to be demonstrated © ur s iue 

is aol BAY Cou ys apple o£ this Propofition in. numbers. GT "d: a aiu us 
.. Takeany number as 17.and deuide it into two partes;as into 6.and 11. And multi- 
ply 17-1nto 6.namely one ofthe partes foure tymes, and you fhall produce 102. 102. 
102.and ro2,Takealfo the fquare of 11.the other part,whichis 121: and adde it ynto. 
the foure numbers produced of the whole.17.into the part 6.fouretymes,& you-íhall 
make 529.Then adde the whole number 17.to the forefaid part 6. which make 23: & 
take the {quare of 23, which is 529. which is equall to the number compofed of the 
whole into the fayd part foure tymes, aud of the {quaré of the other part, which nume 
ber compofed is alfo 529.As you fee inthe example. A e "S 
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‘The demonftration wheroffollowethin Barizam, 
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"The eight.propo[ition. 
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fa number be deuided into tWo numbers the [aperficiall number prodnced of the multiplication 
of the whole into one of the partes foure tymes together Yeith tbe [quare ofthe ot Ber parte is equall to 


tbe quare of tbe uumber compoféd of the whole number and he forefayd part: 0o 


Suppofe that the number 4.7 be deuided into two numbers 4C and C 2: "Then 
fay that the fuperficiall number produced ofthe multiplication of the number 4 Bin 
to the number C B fouretymes together with the fquare of the number 4 Cis equall 
to the {quare of the number compofed of the numbers 4 8 & C B. Forvnto the num- 
ber B Clet thenumber B D béequall. Now fora(muchasthefquareofthe ~. 
number 4 Dis equal to the fquares ofthe numbers 442 and 5. D,&tothe | 
fuperficiall number produced of the multiplication of the numbers 4 B & 
B D the oneinto the other twife( by the 4.of this booke): And the numb et 
B Dis equall to the number,4.C: therefore the {quare of the number 24 D. 
is equall to the fquares ofthe numbers 4 B and BC, andto the fuperficiall | - 
number produced of the multiplication of the numberse 4B and BCthe ` 
one into the other twife,But the {quares of the numbers -4 Band B Care e- 
quall vnto the fuperficiall number produced of the multiplicátion:of the | . 
numbers 4 B and B C theoneinto the other twife, and to the fquare of A 
C(by the former propofition) Wherfore the fquare ofthe nümber 4Dis |. 
equallto the fuperficial number produced ofthe multiplication ofthe nü- 
bers 48 and BC theone into the other foure tymes,and to.the (qnare of , |. 
the number e4 C,But the fquare ofthe number e4 D is the fquare ofthe 4 ` 
number compofed of the numbers 4 Band B C: for the number B Dis e- Syn 
qual to thenumber B C.Wherfore the {quare of the number compofed of the numbers 
AB and B Cis equall to the {uperficiall number produced of the multiplication of the 
numbers 4 Band B Cthe one into the other foure tymes, & to the {quare of the num- 
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ber .4 C,/f therfore a number be deuided into two numbers, &c- ` 
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100 thefquare ofthenumber 
compofed of 4 Band BC, 
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64 thefuperficial nüber produced ofthe multiplicatió made 4.times 
36. thefquare numberof ACi D >o o 
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Mw lfarightline be deuided into iwoeguall partes, and into 


. © Proynequalipartes, the fquares which are made of the tine 


Confirntlion. | 


Foz p V ppofe that acertayne right line A B-be deuided into two equal 
/ 5 >. " d : ^, à; 


JD. For(bytbevieaf tbe 


firftpeticio) drat lines ^ 
from 4 to' E, and from... 
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quall partes of the whole,are doubleto the [quares,which are. 


made ofthe balfe lyne,and of thatlyne which is betwene the 
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aj partesin tbe pointe C, ana into two vneqnall partes inthe pointe D. 
Dhen Lfay that. the {quares which are made of the lines A D and D 
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ou s. Dyatt doubletotbe fquares wbicbe ave iade of tbe lynes 4 C and € 
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firft ereét from) Point sc: wicca ae «cite ate — 
C to tbe rigbt-lineMIBa «1o sdrto boss og eB Poe 
perpendiculer line CE, a Ane e odi ET 
Andlet C E(by tbe 3.of - 

the first) be put equal ` 

pnto either of thefe lings 
AC er CB: and(bythe 





E toB And (by the 2128.23 — , E — D J 
of the first) Ly the point ý — a Ë i 3 
D draw vntò the line EC a paralel lyne and let the fame be DF: and (by the 


felfe fame) by the point E draw vuto A Baline parallel and let the fame be FG, 


Demonitre- 
10i. 


, And (by thefirst peticion )draw aline from Ato-F, And forafmucb as ACis e 


s r 


quall puto C E. tberfo re ( by the &.of the fi rst) thé angle EAC is equal vnto the 


angle CE A And fovafmucb as tbe angle at tbe.point Cis a right angle: therfore 


the angles remayning EA Cand AE-C,are equall ynto one right angle, wheres 
fore eche of thefe anglesE AC and AEC is thehbalfe ofaright angle, And by 


tbe fame reafon alfo eche of thefe angles EB Cand C E Bis tbe balfe ofa right 


EUN 


` angle VV herfore the whole angle A E Bis aright angle,And forafmuch as the 


- angle G E F is tbe balfe of a rigbt angle,but EG Fisa right angle. For(by the 
_29.0f the firft jit is equall ynto the intyard and oppofite angle gtbatisyvynto EC 
. B: wherfore the angle remayning E F Gis the balfe ofa right angle , VV heres 


fóre( by tbe 6 common fentence )tbe angleG EF ts equad ynto the angle EFG. 


VV berfore alfo (hy the 6:of the fir t)the fide E-G is equallvnto the fide F GAs 
gaine foralmuch as the angle at the point ‘Bus the halfe of a right angle, but the 


angle F DBis.a right angle,for it alfo( by tbe :9.of tbe fif? ) ts equall vnto the 


inward... 
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of Euclides Elementes. Fol.74. 


inwarde and oppofite anglk ECB. V. V berefore tbe angle. remayning RFD is 
the halfe ofa right angle. VV herfore the angle at the point B is equall pnto the 
angle D FB. V berfore (Dy the 6. of the furit ) the Jide D E is egual Yuto, the 
fide DB. And forafmuch as AC is equall mntoC E, therfore the fquare which 
is made of AC is equall ynto the fquare which is made of CE. VVherefore the | 
{quares which are made of C A and C E are double to the [quare whichis‘ made 
of AC. But (by the 47- of the first) the {quare which is made of E A is equall'to 
the {quares which are made of AC and C E (For the angle AC Eis aright ane 
gle) wherefore the [quare of AE is double to the fquare of AC. Agayne foraj- 
much as E-G.,is equall ynto GF, the [quare therfore which is made of E G isee 
qual to tbe [quare which is made of G F. VV herfore the fquares which are made 
of G EandG F are double to the fquare which is made of G.F. But (bythe 47- 
0f the first) ibe [quare which is made of E F is equall to the fquares which are 
made of E Gand G F. VV herfore the [quare which is made of E F is double to 
the [quare which is made of GF. But G F isequall vnto C'D. VV berefore the 
[quare "which is made of |o E ; 
EF is double to the IE | 
fquare which is made of). > -< ifr 8 
CD. And the fquare 6S ae es 
whiche is made of AE j | “a one 
is double to the ſquare 
WwhichissyigdaGr AC. E A y] | 
VV berefore the fquares. I= | / 





which ave made of A E | i | 

and EF are double to y | 

fquares which are made 4 3 Wm c T B 
of ACand CD.'But( by ( 


the 47+ of the first the [quare which is made of AF is equal to the {quares which 
are made of A E. and E.P (For y angle A E Fis aright angle)... VV herfore the 
{quare which is made of AF is double to the {quares which are made of AC oC 
D.But (by the 47. of the firft )y [quares which are made of AD and D F aree- 
quall to y {quare which is made of A F.For y angle ot 9 point Dis a right angle. 
VV herfore the fquares which are made of AD and D F are double.to y [quares 
which are made of AC and C D. But D F is equall'vnto 1D B. VY berfore the 
Jquares which are made of AD and DB, are double to the {quares which are 
made of AC andC D. If therfore a right line be dentded into two equall partes 
aud into tipo ynequall partes tbe [quares ‘which are made of the ynequall partes 
of the whole are double to tbe [quares which are made of the halfe hme, and of 
that lyne ~which is betwene the fettions: which was required to be proued. 


¢ An example of this propofition in numbers. LA 
Take any even number as 12.Atid denide it firft equally as into 6.and 6, & then vn- 
,, equally as into 8,& 4.And take the difference of the halfe to one of the ynequal partes 
E Vije which 


ns T befecond Booke: Y 


whichis 2.And také thé fquare numbers ofthe vnequall partes 8,and 4,which are 643 
and 16: and adde them together,which make 80, Then take the {quares of the halfe 6, 
and of the differéce 2: which are.36,and 4:which added toget ber make 40.Vnto which 
number,the number compofed of the {quares of thé vuequall partcs,whiche is 80,:i8 
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4 - {quares ofthe halfe,and of the 
Mifferantose 2 LT 
⸗ The demonftration wheroffolloweth in Barlaam, 
€ Theninth Propofit ion. 


' JMfa number be deuided into tVoo equall numbers,and againe be denided into two inequall partes: ibo 
Jquare numbers of the unequall numbers are donble to tbe fquare which is made of the multiplcacs~ 
ön ofthe halfe number into it felfe, together with the fquare Wbiche it made of the number fet. &c- 
. ft:enethem. 2 i | | 
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For let the number ¢e4 B being an cuen number be deuided intotwo equall numbers 
AC & C B; & intozwo vnequall nübers 4 D and D B,Then Z fay that the {quare num- 
bersof 4 D and D B;aré doubletothe fquares which are made of the multiplication 
ofthe numbers 4C and C D into themfelues. Forfora(much asthe number 4 Bisan 
euen number,and is deuided alfo into two equal numbers 4 C and C Z,and afterward 
'intotwo vnequal nübers 44 D and D Z therefore thefuperficial nüber produced ofthe 
multiplicatié of the nibers AD & DB,th one intothe other, together with the {quare 
of the number D C,is equalto the {quare of the number 4 Cy by the fift propofition ) 
Wherfore the fuperficiall number produced ofthe multiplication of the numbers 4D 
and DB the one into the other rwife, together with two iquares of thenumber CD, is 
double tothe {quare of the numbere/C, Forafmuch as alfo the number 4 P is deui- 
ded intotwo equal numbers e4 Cand C B therfore the fquare number of 4 Bis qua- 
druple to the ſquare num ber produced of the multiplication of the number ef Cinto 
it felfe(by the 4.propofition).Moréouerforafmuch-as the fuperficiall numiberprodu- 
‘ced of the maltiplication ofthenumbers 4 D&D 3 the oncinto the other twile to- 


gether, with two {quares of the nutiber D C,is double to the (quare — of di & 
— s orafmuch 





of Enclides Elementes. Fol.75. 


forafmuch as thereare two numbers, of.whiche theoneisquadrupleto » 
one and the fclfe fame number,and theotherisdoubletothefamenum | 4g 
ber: therefore that number whiche is quadruple thal! bedouble to that 
number whicheis double. Wherefore.thefquareofthe number 24 Z is 
double to thenumber produced ofthe multiplicatio ofthe numbers e£ 
D and D B the oneintothe other twife together with the two fquares of 
the number D C, Wherfore the number which is produeed of the mul- | 
tiplication ofthe numbers 4 D and D Btheoneinto the other twife, is ` 
lefe thë halfe of the (quare ofthe number 4 B by the two {quares of the 
numbers D C. And forafmuch as the nüber produced of the multiplica- 
uon ofthenübcrs.4 D & D B theoneintothe other twife,together with 
the nüber cOpofed of the {quares of the numbers A D ånd D B is(by the 
4. propofition)equall to the fquare of the number 4 B ; therfore the ni- ` 
ber compofed of the fquares of thenumbers 4 D&D Bis greater then 
thehalfeof thefquare nüber of Z4 B, by the two fquares of the number L 
DC. And the ſquare ofthe number A B is quadrupleſto the ſquareof | 
the number 24 C. Wherfore the number compofed ofthefquaresofthe. — .| -: 
numbers 4 D and D J is greater then the double of the fquare of the | ' 
number 4 Cby two {quares of the number D C.Wherfore the faid num- 2 
beris double to the fquares ofthe numbers 4Cand CD, Jfthercfore a 
number be denided &c,which was required to be demonftrated, 
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L4 the (quare ofthe vnequall part A D 4 the {quare of the ynequall part 5 P 
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9 thefquare of CD,namely,of the number fet betwene. 
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| 34 the {quares of the halfe,and of the number fet betwene. 
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L 68 theíquaresofthe vnequall partes. 


Theto.T heoreme. The to. Propofition. 


Io Jfa right line be denided into two equal partes,¢x unto it be 
added an other right line diretlly:the [quare which is made of 
the whole ¢> that which is added as ofone line, togerber with 

I V.iij. ELC 
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Lhe fecond Booke 


the [quare whiche 1s made of the lynewhicheis added, thefe 
two fquares(L fay Jare double to thefe fquares namely to the 
quare wbicb 1s made of the balfe line cg to tbe [quare which 
is made of the other balfe lyne and that whiche is added , as 
of one lyne. ppm m Mna tes q 
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xad V ppofe that a certayne right line A (B be deuided into two equall partes 
less in the point C And vnto st let there be added another right line direfe 
ly namely, BD, The I fay that the fquares which are made ofthe lines. 
~ ADand DPB are double to the [quares which are made-of the lines A Cand C 
Conitraction. BD, Rayfevp.( by the it, of the first) from the point Cynto the right line ACD 
_ 4 perpendicaler lyne,and let the fame be CE, And let CE (by the 3,0f the firft) 
be made equal ynto either of thefelines A Cand CB: And (by the firft petitis 
on) draw right lines from E to Aand from E to B. And( by tbe 3, of tbe firſt) 
by the point E draw a line parallel vnto C Dand let the fame be E F. And( by » 
Self fame )by the point D drawa line parallel vnto C E and let the fame be DF. 
And forafmuch as vponthefe parallel lines CE ¢ DF lighteth a certain right 
line EF therfore( by the 29,0f the fir/t the angles CE Fand EFD are equal 
vnto two right angles VV herfore the angles FE Band EF D are lefe then 
tworight angles,But lines produced from angles leffe then two right angles( by 
the fifth peticion Jat the length meete together VV berfore the lines EB and F 
D beyng produced on that fide that tbe line (B Dis, will at the length meete tox 
Lether Produce them and let them meete together in the point G, And (by the 
Demenfla. fifi peticion draw aline from Ato G, And forafmuch as the line AC is equall 
tion. vato the line CE, the angle m m 
alfo AE Cis (by tbe s. of tbe | E TANE UPS 
firft equall vnto the angle E | 
AC, And tbeangle at point 
Cis arigbtangle.VV berfore | | Ny 
eche of thefeangles E A Cer 
and AEC is tbe. balfe of a 
right angle. And by the fame 
reafoneche of thefe angles C ‘oe: 
EB, and EBCts the halfe | | € 
ofa rigbt angle.VV berefore — 7 — j | [e 
theangle AK B is a rigbt angle. 4nd forafmucb as tbe angle E (B Cis the halfe 
of a right angle,therfore( by the 15. of the first)the angle D BG isthe half ofa 
right angle.Buty angle B D Gis.aright angle(for it is equal vnto the angle D 
CE, for they are alternate angles VV berfore the angle remaining D G B is tbe 
halfe of a right angle.VV berfore (by the 6 common fentence of the firft)the ane 
gle DG Bis equall tothe angle D B G,VV berfore (by the 6 .of thefirft) the 
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“BD is equall vnto the fide G D? Agayne forafm'uch as the angle EG Fis the 

halfe of aright angle: and the angle at the pointe F is aright angle: for (By the 

34-0f the first) it 1s equall nto the oppofite angle EC D. VV herefore thë angle 

remayning FE Gis the halfe of a right angle: VV hérfore the angle EG Fis e- 

guall to the angle FE G.VV herfore ( by the 6..of the first the fide sF E i equal, 

ynto the fide F G. And forafmuch as EC is equallynto C A;-thefquare.alfo 

swhich is made of E C is equall to the [quare which is made of CA. VV hereforé 

the {quares which ave made.of C Eand C A ‘are double tothe [quare which is: 

made of AC. But tbe [quare which is made of EA is( by the 47: of the first Jes ` 

quall'ynto.tbe [quares which dre made of E Cand CA. VV herefore the fquaré 

whichis made of E A 1s double to the [quare-wlich ts made of AC: Aguinie fore 

afmuch as G F ts equall ynto E F the [quare alfo-which is made of G Fis équall » . . 

to the [quare which i$ madeof F E. V herfore tbe fquares swhich aré made of G 

F and E. F are double to the [quare which is imadeof E F. But (by the 47: of the. 

first) the fquare whichis madeof EG is equalltothe {quares which are-madé 

of GFandE F.VVherefore 2 7l Reed d« * 

the [quare which is made of — A 
EGis double to the fquare 
‘phich is made of E F.But E - 

Fis equallynto CD, ~wher# | 
fore? quare. which is made ` " 2" De. 
of E G 1s double tothe fquare. Ar 
Which ismadeof CD- And > 

this proued the fquare hich A" 3 

ismadeof EA ts double to o nigor 


the fquare which is made of “7 





AC: VV herfore the fquares which are made ofA Eand EG are double to the. 
Jquares which are made of AC and C D. But( by the 47- of ths first) the fqudré 
which is made of AG is equall to tbe guar which are madeof AE and EG.. 
KV berefore the fquare which is made of AG is double tothe [quares which are. 
made of A C and C D. But vnto the fquare-whicke-is made of AG are equall 
the fquares which ave made of A D and «D G.VVherfore the [quares which are. 
made of A D and D G are double tothe {quayes which are made of AC and D 
C. But DG is equal pnto D BVV herfore the fquares which are made of AD: 
and (D B are double to the {quares which are made of AC and DC. 1 f therfore. 
aright line be denided into two equall partes, and‘ontoit be added an other lyre. 
directly ‘the [quare which is made of the whole and that which is added ; as of 
one line together with the [quare which is made of the line-which is added ,thefe 
tipo [quares (E fay)) are double totbefe fauaves , namely, to the [quare "which is. 
made of tbe balfe lyne, and to tbe quare which ismade of the other halfe lyng: 
and that which is added as of one lyne: wbich was required to be proued. 
g An other demonstration after Pelitarins. 
V .1iti. Suppofe 


7 be fecond Booke 


Suppofe that the lyne AB be deuided into two equall pattes ii the poynteC. 
And vnto it let there be added an other right lyne dire@ly, namely, B D.. Then I fay. 
—* * T of AD together with the f q uare of B Dis double to the fquares of A 

Vpon the wholeline A D defcribe afquare A D ET. And vpon the halfelyne A C de-. 
fcribe the (quare A C GH.And produce the fides GH and CH till they cut the fides E 
F & D F,wherby fhalbe defcribed the figure H LK F,which fhalbethe {quare of the line 
C D :as (by the Corollary of the 4, of this boke,& by the 34. Propofition ofthe 1.)itis 
manifeftif we draw the diameter C D, For the lyne K Fis equallto theline C D. And. 
making alfo the lines H M and H N equail to either of thefe lynesA Cand C B, drawe 
thelynes M O and N P cutting the one the other right angled wife in the point Q, Ei- 
ther of whichlyneslet cutthe fides of the{quareA.D: ©. « 4. l i; 
EFin the pointes O and P.Now itnedeth not to proue - * Í 
that the figure H Qis the fquare ofthelyne A C feyng B__ K o en: 
that itisthe fquare oftheline C B v'as the figure Q Fis / 
thefquare ofthe linc B D : neither alfo needethit to. 
‘proue that the parallelograme H P is equall to either of 
the fupplementes EH and H D : nor that the fupple- 
mentes N O.and Q Lare equall, For all thisis manifeft 
euéby the forme ofthefigure,for thatalltheanglesa- c 
bout the diameter are half right angles, & the fides are 
cquall. Wherfore if we diligently marke of whatpartes : 
the fquare HF which is the fquare of C D, is compo- 
fed,we may thus rea{ő. Forafmuch asthe wltole fguare 4 c ^ $ ^ 7 
E Dis compofed ofthe two fquares A H and H F and of | | 
the two fupplementes EH andH D,we muft proue that s 
thefe fupplementes with the quare Q E(which is the fquare of the line B D} are equal} 
to thetwo fquares AH and H F, For then fhall we proue that thefe two fquares AH & 
H F taken twife are equall to the whole fquaré DE together with the fquare of QE, 
which thing we tooke firftin hand to proue.And thus do I proueit. : 

The Supplement EH is equall to the parallelograme HP. And the [quare A H to-. 
gether with the lefferfupplemét, N O,is equall to the other fupplemét H D,(by the firft 
common fentence fo oftentymes repeted as is neede) wherfore the two fupplementes 
E HandH Dare equall to the fquare AH and to the Gnomon KHLP QO. If therfore 
ynto either of them be added the fquare QF : the two fupplementes E H and H D to- 
gether with the {quare of Q F fhal be equal to the {quare A H, & tothe Gnomon KHL 
P Q O and to the fquare Q F.But thefe three figures do make the two fquares A Hand. 
H F.Wherfore the two fupplementes E H and H D together with the fquare Q F are e- 
quall to the two fquares AH and H F,which was the fecond thing to be proued. Wher- 
fore the two fquares A H and H F beyng taken twife are equall to the whole {quare D 
E together with the {quare of Q F. Wherfore the fquare D E together with the fquare 
QF is double to the {quares A H and H F: which was required to be proued, 





q An example of this Propofition in numbers. 


Take any euen number as 18: and take the halfeofit whichis 9.and ynto 18. the 
whole,adde any other number as 3.which maketh 21. Take the {quare number of 31. 
(the whole number and the number added) which maketh 441. Take alfo the fquare 
of 3 (the number added) which is o. which two fquares added together make 450. 
Then adde the halfe number 9, to the number added 3, which maketh 12. And take 
the fquare of g.the halfe number and of 1 2, the halfe number and the number added 
- which fquaresare 81, and 144, and which two fquares alfo added together make 235: 
«nto which fumme the forefayd numbet 450, is double. As you fec in the example. 
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Multiplication ofthe number 3 2 
added.into himfelfe. d ET The number compofed of 
| OE Ssst S lan W'S.g thefquare ofthe whole & 
| ." 4 * : f thenumber added and of. 
Multiplication ofthe halfe in- 9 Wu d of the number 
tohimfelfe. . ^... 2 9 i — a 
P 81 — | & double to: i 
Multiplication of the halfe, & ` 12 . . 8i 
the number added into it felfe, © Teu 
T Ne - E "825 the number compofed of 
o A A VT T the {quare ofthe halfe and 
| u i 144 of the fquare of the halfe 
Ted ME ITS eq and the number added. 
vi. |... The demonftration wheroffolloweth in Barlaam, . 
ge sese ty, Lhe tenth Propofition, 


“If aw enerrnomber be deuided into two equall nombers ; and unto it be added any other nomber: the 
` Januare nomber of tbe Whole nomber compofed of the nober and of that whichis added , and the 
~ [quare nomber of thenober added:thefe two fquarensbers( I fay added together , are double to 
thefe{quare nombers namely,to the fquare of the halfenomber, and to the {quare of the nomber 
compofed of the halfe nomber and of the nousber added, i - 


Suppofe that the nomber- B being an cuen nomber be deuided into two equali 
nombers 4C and CB: and vntoit let be added an other nomber BD . Then I fay, that 
the{quare nombers of the nombers 4D and-DB are double to the {quare nombers of 
e^ £C and CD. For forafmuch as the nomber AD is deuided into the nombers -4B and 
BD: therefore the {quare nombers of the nombers 4D and DB are equall to thefu- 
perficiall nomber produced of the multiplication of the nombers 4D and DB the on 
into the other twife,together with the {quare ofthe nomber 4B( by the 7 propofitid) 
But the {quare of the nomber_4B is equal to fower {quares of either ofthe nombers 
ACorCB (for ACisequall to the nomber CB): wherfore alfo the fquares ofthe nom- 
bers 4D and DB are equall to the fuperficiall nomber produced of the multiplication 
‘of thenombers 4D and DB the one into the other twife, and to fower fquares of the 
nomber BC or CA, And forafmuch as the fu perficiall nomber produced of the multi- 
plication ofthe nombers 4D and DB the one into the other together with the {quare 
of the nomber CB, is equal to fquareof the nomberCD(by the 6 propofitio): therfore 
the nomber produced ofthe multiplication ofthe nombers 4D and DB the one into 
the other twife together with two {quares ofthe nomber C2,is equall to two fquares 
ofthe nomberCD. Wherefore the {quares of the nombers-4D and DB are equall to 

OW Bd, two 


1 2 Pe fecond Booke.... 


two fquares ofthe nomber C D ,andto:two fquares of the nomber AC .- Where- 
fore they are double to the fquares of the numbers 4C and CD. And the {quare 
of the nomber «4 D is the fquare of the whole and of the nomber added ; And 











D the {quare of DB is the {quare of thenombe r added: the {quare alfo of the nomber CD 
T Isthe fquare ofthe nomber.compofed of the halfe and ofthe nomber added : If there- 
| fore an euen nomberbedeuided.&c, Which wás requiredto be proued. $ 
| (c 8 s D 
| 5 | 8 "or ^ 
"yi — EI M 
64 thef{quare of 4D | 4 the fquare of.D B 
; | 
5 y 
c 25 the fquare of C D,namely,of the number compofed of the halfe and ; 
i . .. ofthenumber added, i ; 
5 j 3 toe - t 9 [ 4 &8 f k | 
| 9 theíquareofthe halfe AC, 34 | 68 | mmi" ie : 
V | "m à sc. i 
A $897 bet, "Probleme, — Thes1.Propofition.. 


T o deuide a right line genen in fuch Jort, that the reffangle 
figure comprebended ynder tbe whole,and one of the partes, 
~ fhall be cquall vnto the fquare made of the other part. | 


SX ie ppofe that the right line genen be AB. Now itis required to denide 
D —88 | the line AB in fuch fort, that the reflangle figure contayned vnder 
ERO the whole and one of the partes, [hall be equall'pnto the [quare which 
“1s made of the other part.Defcribe (by the 46. of the ifl) vpon AB 
CoL Haud a [quare ABCD. And ( by the 10. of the : ka - 
_ firft ) denide the line AC into two equall E 
partes in the point E,and drawalinefrom | 

B to E. And (by the fecond petition extend 

C A Ynto the point F. And (bythe 3. of the 

fft put the line E F equall ynto> line BE, 

And (by the 46.of the first) ypon the line A 

F dejcribe a [quare FG 4 F1. And (by tbe 

2. petition )extend G FI vnto the point K. 

Then I fay that the line AB is deuided in 

the point Hin Juch fort, that the reCtangle 

figure which is comprehéded bnder AB and 
(B F1 is equall to tbe [quare which is made of 

Demonfiratto 4 FI. For forafmuch as tbevigbt line. AC 
i5 deutded into two equall partes in the poynt : | 
. E,and Ynto it is added an other right line . 3 











of Euclides Elementes. Fol. 78. 
AF. Therefore (by the'6.of the fecond ) the rectangle figure contayned ‘ynder 
CF and F A together with the [quare which is made of A Eis equall toy fquare 
whichis made of EF. But E Fis equall pntoE'B . VVherefore the rectangle 
Figure contayned'ynder CF and F A together with the [quare which is made of 
E. A is equall to the [quare which is made of EB. But ( by 47. of the firft ) 
ynto the [quare which is made of E Bare equall the {quares which are made of 
B Aand A E. For the angle atthe poynt Ais aright angle. VVherefore that 
‘which ts contayned vwnder CFand F A, together with the fquare which is made 
of AE, is equall to tbe [quares which are madeof BA and AE. Takeaway ` 
the Jquare whichis made of AE which is common , to them both:V. V herfore 
the rectangle figure remayning contayned ‘bnder CF and FA is equall "pnto 
the {quare whichis made of A'B. And that which ts contained nder the lines 
CFandF A isthe figure F K_. For the line F A is equall vnto the line FG. 
Ind the [quare which is made of AB is the figure AD. VVherefore the fic 
gure FK is equallynto the figure AD . Take away the figure AK which 
ts common , to them both. VVherefore the refidue,namely,the figure F H is 
equall ynto the refidue namely,vnto the figure HD . But the figure H Dis ` 
that which is contayned vnder the lines AB and BH, for AB is equali bne 
to BD . And the figure F His the fquare which is madeof AH.VV, berfore 
the rettangle figure comprehended onder the lines AB and BH is equall to 
the [quare which is made of the line H A.VV herefore the right line geuen AB 
is deuided in the point FH in fuch fort that the re&angle figure contayned vnder 
AB and B His equall to the [quare which is made of AH: which was required 

Met à 


t 


tò bë done.. `` 


‘= > Thys propofition hath many fingular vfes . Vpon it dependeth the demonftration Many and 
of that worthy Probleme the 10.Propofition of the 4.booke : which teacheth to de- finguler fes 
{cribean Hofceles triangle,in which eyther of the angles at the bafe thallbedoubleto ofthis propo- 
the angle at the toppe . Many and diuers vfes ofa line fo deuided {hall you findeinthe Aton. 
13.booke of Exchde. T | 


Thys is to be noted that thys Propofition can not as the former Propofitions The 
of thys fecond booke be reduced vnto numbers . For the line EB hath vnto the Eai propa Š 
line AE no proportion that can be named, and therefore it can not be expreficd ze Merci E 
by numbers. For forafmuch as the fquare of E B is equall to the two {quares of sonumbers. 
AB and AE (bythe 47.0f the firft) and AE is the halfe of A B, therefore the 
line BE isirrationall. Foreuen as two equall fquare numbers ioyned together 
can not make a fquare number : fo alfo two fquare numbers, of which theoneis 
the fquare ofthe halfe roote ofthe other, can not makea {quare number. As by 
an example . Take the fquare of 8. which is 64. which doubled, that is, 128. ma: 

- keth nota fquare number. So take the halfe of 8. which is 4. And the fquares of. 
8.and 4. which are 64. and. 16. added together likewyfe make nota Íquare num- 
ber . For they make 80. who hath no rootefquare . Which thyng muft ofneceifi- 
tie be ifthys Probleme fhould haue place in numbers. 

Putin Irrationall numbers itis truejand may by thys example be declared. 


X.ii. Let 


Y 





Demonstra- 
tion. 


which are made of CD and D B are equall 
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Let 8,be fo deuided, that that which is produced of the whole into one of his partes. 
(hall be equall to the fquare number produced of the other part. Multiply 8.into him 
felfe and there fhall be produced 64. thatis,thefquare -4 BCD. Deuide 8. into two 
equall partes,thatis,into 4, and 4.asthelinee# £ or EC. And multiply 4.into hym 
felfe,and there is produced 16, which adde vnto 64, and there fhall be produced 80: 
whofe rooteis /%> 80: whichis theline E Bor the line E F by the 47, of the firft, And 
forafmuch as the line E Fis / 3 80, &the lyne E Ais 4. therforethe lyne e 4 F is V3 
$o—4.And fo much fhall the line A H be. And the line B H fhall be 8—/ 37 80-4, that 
15,12—$ 80. Now thé 12 —/5^ 8o multiplied into 8 fhal be as much asy 3 8 O-—2. 
muültiplied into itfelfe.For ofeither ofthemisproduced g6—4/5120. — — 


Sap T beu. beoreme. — 1 Leva Propofition. 


In obtufeangle triangles, the [quare which is made of the fide 

Subtending the obtufe angle,ts greater then the fquares which 

are made of the fides which comprehend the obtu/e angle, by 

> therettangle figure, whichis comprehended twife under one 

of thofe fides which are about the obtufe. angle , ypon which 

being produced falleth a perpendicular line , and that which 

is outwardly taken betwene the perpendicular line and tbe 
obtufe angle. " 


E - d 


INSCR A a Vppofe that ABC be an obtufeangle triangle haning 
GI AR2E 7 | the angle (B AC obtufe and from the point (B ( by tbe 12. 


3 — | of the firft )draw a perpendicular line vnto CA produced 









Mit em... $4 ie and let the fame be BD. hen Lfay that the Jquare 
> X r1 AX 


Z, | which is made of the fide BC, is greater then tbe [quares 
| —— — which are made of the fides B sind AC by Rae 
| CEE SIS LHF gle figure comprehended vnder the lines CA and AD 
twife. For forafmuch as the right line CD is 
by chaunce deuided in the poynt A, therefore 
(by the 4. of the fecond ) the [quare "which is 
made of C Dis equall to the {quares which are 
made of CA and AD, and Ynto the rectangle 
figure contayned ‘ynder CA and AD twie. 
Put the {quare which is made of DB come 


mon ynto them both. VV. herefore the fquaves 











to the fquares which are made of the lines C A, 
AD, and D Band vnto the rectangle figure 


a 
» 


contayned 'ynder the lines CA and AD twife . But (by the 47.0f the firft )the 
fauarezbich is made of. C B is equall to tbe [quares which are made of the lines 
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C.(D;and D B. For the angle at tbe-fotit (D. is à Yigbt angle. And vnto the 
Jquares which are madeof 4D. and. £D B (by tbe [elfe [ame ) is :equall tbe. 
Jquaveawhich is made of. 4 B . V V berfore tbe [quare 3pbich is made of CB se 
quallto the {quares which.are made of CA and AB and Ynto the rettangle fie 
gure contayned pnder the lines C Aand AD twife. VV herfore $ [quare which 
is made of CB, is greater then the fquares-which aremade of CA and AB by 
the rectangle figure contayned vnder the lines CA and AD twife. Inobtufe- 
angle triangles therefore the fquare which 1s made of the fide fubtending the ob= 
tufe angle is greater then the {quareswhich are made of the fides vvhich com- 
prebend the obtufe angle ,by the rectangle figure vyhich is comprehended twife 
Yynder one of thofe fides which are about the obtufe angle, »pon which being pros 
duced falleth a perpendiculer lme,and that which is outwardly taken betwene 
the perpendiculer lyne and tbe obtufe angle: which was: required to be demone 
trated. ' P . A win | 


Of what force thys Propofition, and the Propofition following, touching the 
meafuring of the obtufeangle triangle and the acuteangle triangle, with the ayde 
of the 47.Propofition of the firft booke touching the rightangle triangle, he fhall 
well perceaue,which fhall at any timeneede the arte of triangles in which by thre 
thinges knowen is euer:fearched out three other thinges vnknowen,by helpe of 
the table ofarkes and cordes. | > OD ilies DUE iw 


" ma . - 


* 
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ou o Then Theoreme. T bei Propofitions 


Sa» /n acuteangle triangles,the fquare which is made of the 
Jide tbat Jubtendech the acute angle,is leffe then the fquares 

which are made of the fides which comprehend the acute an- 
gle;by the rectangle eure which is coprebended twife under 
“one of thofe fides which are about the acuteangle, upo which 
falleth a perpendiculer Lyne, and that whichis inwardly ta- 
Aen betwene the perpendiculer lyne and the acute an ole, 


eee | y bpoje that ABC be an acuteangle triangle has 
| Spine the angle aty point B acute gof by the 12.0 
— the rft from the dum A draw E the lyne K 
C a perpendiculer lyne AD. Then I fay that the  fquare 
which is made of the lyne AC is lefse.then the fquares 
‘which are made of the Iyne CB and B. A, by the votlan ig le 
figure conteyned vnder tbe lines CB and 8 D twifo, Fay 
forafmuch as the vigbt lyne B C. is by chaunce deuided in. 
the point D therfore ( 4y the 7. of the fecond )the {quares 






Denonfiratio 


` made of the lines B D and D A is equal) [quare which is 


A Corollary. 


This Propof- 
gion truein all 


Kindes of 


eriangles. 
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which ave made of tbe lines CfB and B 1D ave equall to tbe veflangle fioure cone 
taimed "nder tbe lines C Band D (B tie and'ynto the [quare whiche ixmade 
of line CD . Put the {quare which is made of the line D 4 common *vnto them 
both. VVherfore the {quares whichare made of the lines CB , BD;and®D 
Aare equall'ynto therettangle figure contayned ynder c M 
the lines C Band BD twife, and ynto the fquares which 
are made of A D and (D C.'But to tbe [quares whiche are 


made of tbe line 4B : for t'angle at ) poit 1D is aright 
angle. And"ynto tbe [quares whiche are made of the lines - 
A DandD Cis equall the {quare whiche is made of the 
ime A C( by the 4-.0f» firft ):- wherfore the fquares which 
are made of tbe lines C Band B A are equal to the fquare 
which is made of the line A C and to that which is contate 
ned'ynder the linesC Band BD twife. VVherforethe 3 "p = 
{quare-which is made of tbe line AC beyue taken alone Jis leffe then the  Jquares . 
‘which are made of the lines C Band B A by the rectangle figure , which ts cone 
tained dnder the lines C Band BD twife. Inrectan ele triangles therfore the 
fquare which ts made of the fide that fubtendeth the acute an ole ts leffe then the 
{quares which are made of the fides which comprehend the acute an ile , by the 
rectangle figure which is comprehended twifebnder one of thofe fides which are 
about the acute angle; pon which falleth a perpendicular line and that which 
is inwardly taken betwene the perpendicular line and the acute angle:which was 
required to be proued. | 1 





q AC orollary added by Orontius. 


Hereby is eafily gathered that füch a perpendicular line in re¢tanglé triangles 
falleth of neceffitie vpon the fide of the triangle, that is, neyther within the trian- 
gle;nor without. Butin obtufeangle triangles it falleth without;and in acuteangle 
triangles within . For the perpendicular line in obtufeangle triangles, and acute- 
angle triangles can not exactly agree with the fide of the triangle : for then an ob- 
nde & an acuteangle fhould be equal to a rightangle,contrary to the eleuenth and 
twelfth definitions of the firft booke . Likewife in obtufeangle triangles it can not 
fall within,nor in acuteangle triangles without: for then the outward angle ofa 
triangle fhould be leffe then the inward and oppofite angle,which is contrary to 
the 16.of the firft. ER nn. 

And this is to be noted,that although properly an acuteangle triangle, by the 
definition therofgeué in the firft booke,be that triangle,whofe angles be all acute: 
yet forafmuch as there is no triangle,but that it hath an acute angle,this propofiti- 
on is to be vnderftanded,& is true generally in all kindes of triangles whatfoeuer, 
and may be declared by them,as you may eafily proue. Ti 


a 


| of Euclides Elementes. . Foi.8o. 
-= -3 Thez Probleme. The 14. Propofition. 
Vnto a reĉliline figure genen, to make a Jquare egual, 
V ppofe that the rectiline figure genen le A .Itis required to make a 


| 'vnto the rectiline figure A an equall rectangle parallelogramme ‘BC 
== D E, Now if} line B E be equall vnto tbe line E D ,then is y thyng 
done ~whiche was required: for bnto the ... _- 1 
rectiline figure A is made an equal quare os E 
B D.'But if not,one of thefe lines'B E ez - 
is E D the gréater. Let B E be the greae 
ter,and let it be produced yntoy point F. © 
And( by the 3.of the firft) put nto ED : 
an equallline EF. And( by theo. of the 
firft ) deuide tbe line BF into two equall | 
partes in the point G. And making the - 
centre thepomt G and the Sþace GB or 
GF defcribe a femicircleB AF. And’.  - / 
(by ther. peticion extend the line DE J; 
"nto  potnt F1. And( by the 1. peticion/ 
draw a line from G to H. And foraſmuch⸗ 
as the right line FB i$ deuided'into tino 5 7— — | 
equall partes in tbe point G jand into two 'ynequal partes in tbe point E therfore 
(by the 5. of the fecond )the rectangle figure comprehended pnder the lines B È 
and E F together with the Jquare which is made ofthe line EG is equallto the 
[quare which is made of the line G F. But the line G Fis equall vnto the line G 
H. VF herfore the rectangle figure comprehended ‘bnder the lines B E and EF 
together with the fquare which ts made of tbe line G E is equall to [quare which 
is made of the line G EL. But pnto tbe [quare which is made of the line G Hare 
equall the [quares whiche are made of the lines FLE and G E ( by the 47- of the 
frst. WV herfore y which is contained ynder$ lines BE and E F together with 
X [quare Which is made of G E is equall to 9 [quares which are made of F1 E and 
G E. D'ake away tbe [quare of the line EG common to them both . VV, herfore 
the rectangle figure contained bnder the lines BE & E Fis equall to the fauare 
which is made of the line E H. But that ~whiche ts contained vnder tbe lines B 
E and E Fis the parallelogramme B D ,for the line EF is equall vnto the line. 
EOVV herfore the parallelogramme BD is equal to.5 [quare ~whiche is made 
of the line FLE . But the parallelograme B D is equall vnto the rectiline f igure 
A.V Vherfore j rectiliné figure A is equall to the quare which. is made of y line 
FLE VV herfore vnto the rectiline figure geuen A , is made an equall [quare 
defcribed of the line E Hi: which was required to be done. | 


q The ende ofthe fecond Booke 


of Euclides Elementes. 








i fquare equallynto the rectiline figure A: Ma ke(by the 45- of > firft) Confiruttion. 
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The argument € — > His third boots of Euclide &itreatéth 


The firft defi- 


nition. 


Why circlet 
take their 
equality of 
their diame- 
vers or femi- 
diameters. 


1 
3 1 
f * 
& ls 


JN of the moft perfect figure, which is .a circle. Where- 









FAs) fore it is much more to be eftemed then the two 
TA 4 bookes goyng before ,in which he did fet forth the 


Fike i moft fimple proprieties of rightlined figures . For: 


€w fciences take their dignities of the worthynes of the’ 
=x matter thatthey entreat of.But ofal figures the circle, 
\ is of moft abfolute perfection, whofe p proprieties and 
D pafsions are here fetforth;and moft certainely demó- 
e ftrated . Here alfo is entreated ofright lines fübten- 

| " dedto arkes in circles : alfo ofangles fet both atthe: 
circumference and at the centre ofa cit cle, and:of the varietie and differences of 
them: Wherfore the readyng of this booke , isvery profitable to the attayning to 


the knowledge of chordes and arkes.It teacheth moreouer which are circles con- 


tingét,and which are cutting the one the other: and alfo that the angle of contin- 


gence is the leaft ofall acute right tlined angles:and that the diameter ina circle is 


the longeft line that can be drawen ina circle. Farther in it may we learne how, 
three pointes beyng geuen how foeuer({o-that they benorfetina right line),may. 
? be drawen a circle pafling by them all three, Agayne,how in a folide body, as ina 
Sphere,Cube,or {uch lyke,may be found thetwo oppofite pointes . Whiche isa 
thyng very neceflary < and commodious : chiefly for thofe that fhall make inftru- 
mentes feruyng to Poona other artes. 


` Definitions, 
Egal anus are fuch whofe diameters are equal, or whofe 


E drawen from the centres are equal. 


~The AY ac A A B are equal, if shee diameters,namely,E FandC D beequall:or if 
their femidiameters , whiche are lynes drawen from the center to the circumference; 
8 A F arid B D be equall. 


.: The reafon. PEE circles 
dk theyr equalitie , of the e- 
qualitie of their diameters of. 
femidiametets is , for that a 
circle is defcribed by onere- 
uolution or turnyng about of 
the femidiameter, hauing one 
ofhisendes fixed. Asif you | 
imagine thelyne A E to haue. 





his one point namely A faftened,and the other end namely Eto mone round till 


; it 


j 
i 


of Euclides Elementes. Foli. 


— itcomêto the placewhere itbegā to mouė,"it fhal fülly deferibé thé whole circle; 
Wherefore ifthe femidiameters bee x e the circles of n mult t be 


equall: and alfo the diameters, «iiw 6: Y^ | i 
By thys alfo i is knowen the definition of vnequall circles, —— Definition of 
©: Üriegialieie 


Circles whofe diameters or f dila are vnejnial, are alf 9 end that cirtle te 
which hath the greater diameter or Jémidiameter, i is the greater circle s : and that circle which barh 
the leffe diameter or — ie 4 tke efi circles — 


# L] " * 
_ el, LAM » f a i 4 + b 4 
^. 2 Cet tic ae J Bebe i 2.82 S ~ a E f 
: 4 E 
1 ` 


As the circle LM is greater 
then the circle IK, for thatthe 
diameter L Mis greater then the 
diameter I K:or for thatthe femi- 
diameterG Lis greater then the 
femidiameter H I, 





«ys 


Py | m y 1s Si di to toucb a circle hid touching the dire s Sunt 
cle and being produced cutteth it not. 


Asthe right lyncEF drawen from the point E p and pafiyng by apoint of the inc 
namely by the point G to the point F on- 
ly toucheth the circle G H,and cutteth ie 
not,nor entreth within it. Fora rightline 
entryng within a circle,cutteth and deui- 
deth the circle, As the right lyne K L de- 
uideth and cutteth the circle K LM , and 
entreth within it: and therfore toucheth 
itin two places , But a right lyne tou- 
chynga circle,which is commonly called | j | "i 
a cotingent lyne,toucheth the circle Once FR A - id contient 
lyinone point. kine- 


E c í 











. Greles are fayd to touch —— the other, which Powcbing Mes cia ha 
one the otber cut not the one the other. 


As the two circles AB and BC touch the 
one'the other . For theyr circumferences.. 
touch together in the poyntB, Butneither of |... 
them cutteth or deuideth, the other. Neither 
doth any part of the one enter within the os 





ther.And fuchatouch of circles is euer in one Me soneh of 
poynt onely : which poynt onely i is common Circles is euep 
to them both ,As the poynt B isin the confee $2 one poing 
ence ofthecircle'A B,andalfoisin à the citcũu. —R 


ference of the circle BC, 


/ | | | Aa. Gir cles 


Circles may 
gouch toge- 
&ber two ma- 
wer of Wayese 


Fourth defi- 
tuicion. 


| the poynt D-and that onely poyntis common to them both: 


v 


^ A Bhath greater diftance fromthe centre G then hath the 


. and haue alfo a fuperficies common to them both. As the cir- 


a. 


5 iynesO G and G P perpendicularly drawen from thecentre G 


Fifedefinis — 


i ` — 


éneenterinto anypartoftheother,then théonccuttethand “ 


Jarly from the centre E vpon the lyne C D areequall theoneto - B 


ám ld A J "uw 1 2 


, Circlessmay touch together two. maner of wayes, either outwardly the one. 
wholy without the other : or els the one being contayned within the other. = 


| As the circles DE and DF: of whichtheone DE contay= 
neth the other, namely D F: and touch theone the other in 


neither doth the one enter into the other . Ifany part of the 


dguideth the other , and toucheth the one the other notin. 
one poynt onely as in the other before, but in two.pointes, `. 





cles G H Kand E LK cutthe onethe other intwo poyntes 
H and K:and the one entreth into the other : Al- 
fo the fuperficies HK is commonto them both: __ 
For itis a partof the circle G F K, andalfo it isa ~} 
part of the circle Z L K. | p 1E 
eL 


Right lines inacircle are fayd to. 
be equally distant from the cen- 
tre, when perpendicular lines drawen from tbe centre ynto 
thofe lines are equall . eAnd that line is fayd to be more di- 


Shant,ypon whom falleth the greater perpendicular line. 
"n | : Se i 7 » i ‘ a * 4 an , ` C 





_Asinthe circle ef BC D whofe centre is E,thetwo lynes fp 
44 E and C Dhaue equall diftance ftom thecentre E ; bycqufe X | 
thatthelyne EF drawen from the centre E perpendicularly 
vponthelyne 4 B,and the lyne E G drawen likewife perpendi- 





theother . Butin the circle H KLM whofe centreis N the 
lyne 77 K hath greater diítance from the centre AN. then hath. 
thelyne L M : for that the lyne O N drawen from the centre — 
N perpendicularly vppon the lyne Æ Kis greater then thelyne 
N_P whichis drawen frő the centre N, perpendicularly vpon 
the lyne L e, | 





. Solikewife inthe other figure thelynes 43 and D Cin the 
eitclee 7 BC Dare equidiftant fromthe centre G,bycaufe the 


vpponthe fayd lynes 4 8 and D Care equall . And thelyne. 


thelyne EF , bycaufethelyne O G perpendicularly drawen 
from the centre G to the lyne e4 B is greater then the lyne Æ 
G whiche is perpendicularly drawen from the centre G to the 
lyne EF, i 





B C 


— A fettion or fegment ofa circle, is a figure coprebended ynder 


» — arigbtlneand aportion of the circumference ofacircle: ` 


Asthe 


US 


J^. 
v 
= 





ota, 


dap of Cuclides Elemente, —...— Folga, - 
-Asthe figure. 4B Cis afeion of a-circle op eg Fee ee 
bycaule itis comprehended vnder the right —— — 
lyne AC ånd the circumference ofa circle A 
B.C. Likewife the figure D E.Fis a fetion of | 
2circle ,.forthatitis comprehended ynder: {> ; 
the righitlyne D PF , and thecircüference DE |, A. - 
F. And the figure 4 BC for thatit cotaineth + ` 
withinitthe centre ofthecirdle iscalledthe | ^. ^^ 7. 7 00, Ankh 
greater fection ofacircle: and the figure. D E F isthe lefe fection ofa circle, bycaufe 
ub VD Without the centre of the circle asit was noted in the r6, Definition ofthe. 
rit book. vt” - MUR ree fee) ee, eS 





_ 


^ 


- en angle of a fethion or ‘fegment, 1s that angle which is con +: Sixt defni- 
T * we a a ed ~. - Š ~ i RP w -As a 9 ^ PEL Í "- z P tion. 
Aayned yuder a rigbt line and tbe circuference of tbe circle, -- 
C < As thean gle A B Cin the fe&ion AB Cis an angle of afec- i. 
tion, bycaufe itis contained ofthe circumference BA C and 
therightlyneBC . Likewife the angle CB D isan angle ofthe - 
{ection B.D C bycaüfe itis contayned vnder the circumference 
B D C,andtherightlyne B C. And thefe angles are commonly 


A 





called mixte angles; bycaufethey‘are contayned vnder aright | Mixt angles. 
lyne anda crooked , And thefe portions of circumferenccs are , 
commonly called arkes,and therightlynes are called. chordes, |... Arkes. 


of right lynes {ubtended. And the greater feGion hatheuerthe .;- °° Dp. .-.. . Chordes, 
greater angle,and theleffe fe&ion the leffe angle, i rw E. 


taken any poyat,and from that pont are drawen right lin n no 
totbe endes of theright line Which is tbe bafe of the [eoment, " 

the angle whichis contayned under the right lines drawen 

From the poy at, 15 C [fay a yd to be ananglein a Jetlion. 


. Astheangle AB Cisananglein thefe&ion AB C,Bycaufe ^^ ^ 
fromthe poynt B-beynga poyntin the circumference A Dae ` 
drawen two rightlynes B Cand B A to the endes of the: lyne AC ,- 
which ts the bafe of the feQion'AB C's Likewifé the angle ADC ^j 
1s ati angle in the fection’ A.D C,bycaufe from the poyrit D beyng “| | 
jn the circüference A D, Care drawentwo nght-lynes,namelv;D 
C & D A totheendes ofthe rightline A C whichis alfothe bafe ‘ 






to the fayd fe&ion A D C;So you feejitis notallonetofay,ánans ^^ ie | p; N f 
elc ofafecion,and an anglein a fe&ion.An angle ófafettioncó- 5^ 7c i 3 m ce 
fiiteth of the touch ofaright lyne anda crooked, Andan angle ^^ — - 3 anangle ofa 


ina fecionis placed on the circumference , andis contayned of two tight lynes. A!fo — 
the greater ſection hath init the leffe anglé, and the leffe fe&ion hath init thegreater of an angle 
angle. 3 | f | Y ; 3 "a nv Num 3 iun 32 4 6 ef jOa 
But when the right lines which comprehend the angle do re- Eight defe 
ceaue any circumference ofa circle,tben that a ngle isfayd to "i 
be correfpondentyand to pertaine to that circumference. ” E 


— — e= 


OC -Aaij Asthe 
Pow 


Ninth defi- 


æition. 


» lynes A Band A C ( whiche contayne that angle and the circumfe. V 
` gence receaued by them, ! 


. S : e E 
Like fegmentes or fetlions of circle are thofe, which 


tion. 
Two defini- 


tions. 


Fit. 


Seconda ` 


Tenth definie 


‘acircle: The one pertaineth to the angles whiche 


-angle ED F beyngan angle inthefe- ' 
*&ion EF.D placedin the circumfe- " 
: rence, there are the two fections B C 
-A yand E F D'lyke the one to the o- © 
ther , Likewife alfoif the angle BG C 

“ beyng in the fection BCG be equall 
~ to the angle EH F beyng in the ſectiõ i — 

-EHFthetwofedionsBCG andEF — > H =s 
, Harelyke. And ois it ofangles beyng equall in any.poynt of the circumference. .. 
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. AstherightlynesB A and B C which containe theangleA B... // - 
C;and receaue the circumference A D Ctherforethe angleAB ^ | 
C is fayd to fubtend and to pettaine to the circüference A D C, - 
And ifthe right.lynes-whiche. caufe the angle, concurre in the 
centre of acircle : then theangle is faydto bein the centre ofa 
circle , As the angle E F D is fayd to bein the centre ofa circle, _ 
for that it is comprehended of two-right-lynes FE and FD: / 
whiche concurre and touch in the centre F. And this angle likewife 
fubtendeth tlie circumference E G D : whiche circumference alfo, | 









is the meafure of the greatnes of the angle EF D, 


* 


© centre ofa circle) a figure contayned ynder the right lines 
which make that angle,and the part of the circumference re» 


ceaued of them. 


+ 
* 
, 


E 


% 
à 







Asthe figure AB Cisa fe&or ofa circle, forthatit hath an angle / 
atthe centre,namely the angle B A C,& is cotained ofthe two right 


eh aue 
equall angles, or in whom are equallangles. 
Here are ſet two deſinitions of like ſections of - 


are fet in the centre ofthe circle and receaue the 
circumferéce of the fayd fe&ions:the otherper- . 
taineth to the angle in the fe&ion, whiche as be- 
fore was fayd is ever in the circumference - As if Jj 
theangle BAC, beyngin the centre A and re- . Co. b 
ceaued'of the circumference BL C be equall to Jedes G. 
theangle F EG beyng alíointhe centre E and —JF | | 
receaued ofthe circumference F K G , thenare thetwo fe&ionsB C Land F GK lyke 
by the firft definition. By the fame definition alfo are the other two fe&tions like,namee 
ly BC D,and FG H,forthattheangle B A Cisequalltotheangle F EG, | 





Alfo by the fecond definition if B 
A.C beyng an angle placed in the cir- 
cumference of the fe&ion B C A be e+ 





ad 
^ 


r : ‘ 


Euclide 


ofEuchdesElementes. XFugz. 


- Euclide defineth notequall Sedions:for they may infinite wayes be defcribed. 
For theréimay vppon vnequall rightlynes be fer equall Sections (butyetin vne- 
quall circles) For from any circle beyng the greater,may be‘cut of a portion equall 
to a portion ofan other circle beyng the leffe. But when the Sections ‘are equall, 
anid are fet vpon equall right lynes , theyr circumferences alfo {halbe equall. And 
‘tightlynes beyng deuided into two equall partes, perpendicular lynes drawen 
from the poyntes ofthe diuifion tó the cire. > v Foto Cp 
cumferéces fhalbe equall.. Asifthe two fe@i- Ce oe 
ons 4BCand D E F, beyneg fet vppon equall PED OO Diar. 
ryghtlynes 4C & D F, beequall : thep'if echof sot J 
the twolynes 4 C & DF be deuided into two e- 
uall partes in the poyntes Gand 4;.& from the. 
fayd poyntes be drawento the circumferences 
two perpendicular lynes: B.Gand £7, the fayd, 


J 4 





perpendicular lynes fhalbe eqnall, °°. Me Regie poem TE 
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YT be Probleme. © Thet Propofition = 


To finde out the centre ofa circle genen. FiA 
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SR VAS (i V ppofe that there bea cele 
i472 | Ci ex | red to finde out the centre of th 
SOV WZ SAN aright line at all aduentures,and let the fame be AB. 


ix 


p e 
ln g NA u. 
e SA 1 » ZA 
P M > 
ee e É 


Ca 





W! equall partes in the poynt D: Ande by the 1 1,0f the fame ) 
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[i erp Tq wate 

; And (by the 10. of the firft) denide 
the line CE into two equall partes in. . 
the poynt E. T hen L fay that the pomt 
F is thécentreof thecircele ABC: For: 
if it be not let fome other point namely. 
G he the centre. And (by the firft petis - 
tion )draw thefe right lines G A46 4D," 
and GB. And for afmuch as AD 1s 
equall ynto D B, and «D C. is common... 
banto thë both, therefore thefe two lines | 
AD and DG are equall to thefetwo.. m0 0o 
lines GD and DB, the one to the other and ( by the 15. definition of the fir) 
the bafeG A is equall to the bafe GB. For they are both drawen from the cen- 
tre G to the circumference : therefore (-by the 8. of the firft) the angle ADG 
45 equall to the angle BDG. But when aright line ftanding. vpona right line 


AID C (by the fecond petition extend D C'ynto ) point 


i 





_ maketh the angles on eche fide equall the one to the other ; eyther of thofe angles 


alice 


ho RTO A E aianei: PYNE ore teang BNG 


Jai ^ da 


BA And (by the 10. of the firft ) denide the line A Binto two ` 


Why Buelite 
deftneth not 
equall Secti- 
OSs 


eien ABC. Ít is requis 
e circle AB C. Draw imit 


Confirutiicn, 


: j| fro the poynt D yaife Yp bnti ABa perpendicular line- 


Demouftra- 


tion leading 


‘to aninpof~ 
Acilitie. 


Correlary. 


Demonjira- ` 


zio leading to 


an impoſſibi- 
— 


| the firft) vnto the greater angle is fubtended | * y 
- thegreater fide. Wherefore: thefide DBis ~ 


‘The third! Booke” Vs 


isa aright angle : buty angle F D B is alfo a right angle by contruction. Vi Ki bers 

fore(by the 4.. petition )the angle F D Bis equall to. the angle'B ID G, the greaz 
ter to the leffe , which ts impofsible. VV herefore the poynt G is not the centre of 
the circle A BC. In like wife may e proue that no other poynt befides F is the 
centre of the circle ABC.. Vi — the poynt F ss the centre of t the cir cle i 
ABC: which Was required. to be done. | 


Er | — 


Herebyi itis man ifeththat ifin. acirclea righe line do deuide 

aright line into two equal partes and make right angles on eche 

fi d «dp thatright line which denideth the other line into moe⸗ 
quall partesis tbe centreof tbecircle, | 9. 3. 


ta T Je I, TELA Y is The 2 Propo ition. YT 


- Jf in tbe circiferenceof a circle be take two poyntes at. al ad- 


_úentures : aright line drawen from the one PORE. to the abet 
M fall within the circle. yf a 4 —— 


Kppofe that there be a erde 4 B C. Indi in the — thers 
d, let there be také at all aduentures the[e two poyntes A «y B. T hen 
i Jay that aright line drawen from AtoB fhall fall-within the circle 
VS 4 (B C.For if it do not, let it fall without the circle as the line AEB 
"m which if it be po/sible imagine to be a right line. And by the Propofition 
going before )take the centre of the circle;and let the fame be D. And by the firſt 
petition )draw lines from 'D to A,and From D toB. Andextend D F to E. And 





for afr nuch as ( by the 15. definition of fuft) 


D Ais equall vnto DB. Therefore theans 
gle D A Eis equall to the angle DBE. And 
for afmucb as one of tbe fides of t the triangle 
DAE namely the fide . AEB is produced, | 
therefore ( by the 16. of the firft ) tbe angle: 

D EB,is greater then thé an ngleD AE But | 
‘the aniele D AE is equall ynto the angle T 
DBE.VVherfore the angle D E Bis grede 
-¢er then theangle D BE. But (by t. the 38 ae 





| sr eater. then the f de f) E. But by the I den definition " the fife! * D Bi js 
= "S equall 


of Euclides Elementes. Fol. 84.. 


equall ynto the line'D FE. VV herfore the line D F is greater then the line D E; 
namely, the leffe greater then the greater<-which is umpofsible.VV herforea right 
line drawen from Ato B falleth not without the circle. In'like Jort alfosnay ie. 
proue that it falleth not in the circumference: VV herefore it falleth “within the , 
circle. If therefore in the circumference of a circle be taken two poyntes át all ade 
uentures: aright line drawen from the one poynt to the other [hall fall within the 
circle: which was required to be proved, * E "A 


«0 Sa hes borne. Thes-fropofüion.— 


Afina circle aright line pafiing by thecentve do deuide an o- 
ther right linenot pafting by the cetreinto two equall partes: 
it hall deuide st by right angles . Andifit deuide the line by 
. riebt angles,it fhall alfo deude the fame line into tio equall 


al V ppofe that there be a circle ABC, and let there be init drawen The ff par 
4.4 right line pafsing by thecentre, and let the fame be CD, .deuiding of this Propos 
M | another right line AB not pafsing hyy.centre into two equall partes /tion. 

$07 in the poynt F. Then I fay that the angles at the poynt of the denifion 
are right angles. I ake ( by firft of the third). ely ky, Canflentfion. 
the centre of the circle ABC, andlet the fame `. ~~ s Í 

be E. And( by the firft petition ) drawe dnes 
from E to A «7 from Eto B. And for afmuch 
-asthe line A Fis equallynto the line FB and. 
the line F E. is common to them both, therfore. \ 
thefe two lines EF and FA are equallynto . \_ 
thee two lines E Fez FB. And tbebafe EA. 
15 equall'ynto tbe bafe E B( by the 15. definie | 
tion of the-firft).V V herefore( by the 8. of the. 
firft) the angle AF E is equall to the angle =. m — 
BF E. But when a right ine Standing bpon a right line doth make the angles 
on eche fide equall the one to the other eyther of thofe angles is (by the 6.definse 
ition of the firft ja right angle. VV herfore either of thefe-angles AF Eto B F E 
ts aright angle VV heréfore the line CD pafsin 1g by the centre, and desudin Ly the 
line A.B not pafSing by the centre into two equall partes maketh at the point of 
the deuifion right angles... i | 4 | A 


^ " 








M n Dinion tja 
tioy, 0Y 


e 


: Bat now fuppofethat th 


. J 


e line CD do denide the line AB in fuch fort that it The fecond 
maketh right angles. Uhen [fay that it deuideth it into two equall partes, that Veri 
15 the line AF isequall'pnto the line F B. For tbe fame. order of conflruction Dem 
“nemayning for almuch as the line E Ais equall yato the line E B( by the 15. dee tien vi 
—- CEN E | Aa.tiy. finition 


-Demonra- 
tion leading 
£0 4n vapof- 


Abilitie. 


equall vnto EC,œon (B E^pnto E 1D. And take 


finition of the firft,). Therefore the angle E.A F is equallonto tbe angle E B E. 
(by the 5 «of the firft). And the right angle AFE is ( by the 4. . petition ) equal -. 
to the right angle BE E. VV herefore there are two triangles E AF, <7 E BF 


» 


bauing two angles equall to.tswo angles c7 one fide equall fo orit fide, namely tbe 


B a K : ‘ s, 46707 1 Wa e RAUM vuSERI Ug Lr 9 
Jide: E F which is common tothem both and [ubtendeth one of the equall angles 


wherefore (by the 26. of tbe irt) the fides remayning of the one,are cquall’yne- 


to the fides remayning of the other .VV herefore the line A F is equall ynto the 


` SeT he3: Theoreme. °° LhegiPropofition. 


-Ifin a circle tworight lines not pafiing by thecentre, deuide 
the one the other : they fhallnot deuide ecbe one tbe other 


__ into two equall partes. 


<i V ppofe that there be a circle ABCD, and let there be in itdrawen twe 

Etwy right lmes not pafsrag by tbe centre and deniding'the one the other, and 

= let the famebe AC and BD, which let denide the one the other in the 
poynt E. Then Lfay that they denide not eche 77 000 omn 

the one the other into two equall partes. Forif ^-^ ^77 " 

it be pofsible let them devide eche theonethe ` 

other into two equall partes, fo that let AE be 









the centre of the circle ABCD , which let. 
beF. And( bythe firft petition ) draw a line | 
from F to E. Now for afmuch as a certaine 
right line FE pafsing by the centre denideth 
an other line A Cnot pafsing by the centre into 
two equall partes it maketh where the deuifr- 


, 


on is right angles ( by the 3. of tbe third ): VY berfore the an gi FE Aisa right 


angle, Againe for afmuch as.the right line FE, pafsing byt | 1 
the right line BD not pafsing by the centre into two equall partes ,therefore( by 
the fame it maketh where y deuifion is right angles.V F berfove tbe angle FEB 
is aright angle. And it 1s proned that the angle-F E A ts aright angle. VV her= 
fore( by the 4. petition ) theangle FEA i$ equall puto the angle F E Bnamely 
the lef[e angle ynto tbe greater : which isimpofsible. VV herefore the right lines 
ACandB D deuide not eche one the other into two equall partes. If therfore in 
a circle two right lines not pafsing by the centre’, denide the one the other. , they 
* 5] nL. 3 44-—. MAN C UMS r4 NS uL bi eis VT w€ $ 


at 


be centre’; deuideth 


_ dine FB. If therefore in a circle avight line pafsin ig by thecentre do deuidean. 
- ether right linenot pafsing by tbe centre into two equallpartes , it [ball deuide it^ 
» by right angles. And ifit denide the line byrigbt angles it [ball alfo deuide tbe. 

fame line into two equall partes : which "was required to be demon[trated. . 3 
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* 9 WAS & a. JD 
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of Euchdes Elementes. Fol.85. 
fhall not deuide eche one the other into two equall partes; Which was required ta 
be demon[trated, — Sine ao, ee ee eee 


às 
£. 
ir cT 





‘ In this Propofition are.two cafes.For the lines cutting the one the other,do.ey- Typo cafés i 
ther,neyther of them paffe by the centre,or the one of them doth pafie by the cen- — z5is Propo- 
tre,& the other not. The firlt is declared by the author. The fecond is thus proued, ° tion. 


= Suppofethatinthecirclee#BCDtheline. . > . : — 
BED palling by the centre doe cut the line ef — D eo EL 
not paffing by thecentre. ThenIfaythatthelines — | re » Confirutiion 
efC and 8 D donot deuide the one the otherin> ... T ae for the fecond 
to two equall partes , For by the former Propofi-. DAD OT cafes 
tion the line J D paffing by the centre and deui- ° "a Us wl —— 
ding the line eZ C into two equall partes, it fhall | yo Benonihees 
alfo deuide it perpendicularly. And for afmuch asss pous "nn. 
the line 44 C deuideth the line B D into two equall 
partes & rightangled wife:therfore bythe Correls . 
lary of the firftofthys booke,the line ef C paffeth | A. 
bythe centreof the circle : whichis cOtrary to the | 
fuppofition. Wherforethelines e/ f Cand B D do . e 
not deuide the one the other into two equall _ SONE 
partes : which was required to be proued, ates s 


Y 





cse T be 4. T heoreme: — "T bes. ropofition. 


Pel. 


~ 
è 
* 

` 


Iftwo circles cut the one the other, they hane not one and the 
famecentre. — TOP des, E i 


QW ppofe that thefe two circles- 
W8ABC, and CBG do cat the: ~s 
ANZ? one the other in the poyntes C 

and B. Then I fay that they bane not 

one c7 tbe fame centre.For if it be pofSi« 





Conſtruction. 


Demonſira- 


ble ler E be centre to them both. And( by -| 2 P to 
the fivt petition ) draw a line from Eto oe kiir 
C. And draw an other right lne EFG \ 





at alliduentures.And for afmuch as the 
poynt Eis the centre of the circle ABC, 
therefore ( by tbe 15. definition of tbe. 
first the line E Cis @quall nto the line 


m í 


EF. Agayne for afmuch as the paynt Eis the centre of the circle C BG theres 

fore( by the fame definition )the line EC 1s equall nto the line EG. And itis 

proued that the-line EC is-equall nto the line E F: wherefore the line E F alfo 
is equall ynto the line E G namely the lef[e pnto tbe greater : which is cere i⸗ 

ble. VV heifore the poynt Eis nòt the centreof both the circles ABC er CBG. 

In like fort alfo may Wwe prone that no other poynt is the centre of both the fayd 

| circles, 


+, 
od 
. 
ae i P? » 
- ‘ 


Nj Y 


Demonftra- 
tion leading 
£o «n —— 
fi biiitiex * 


Two cafet : 
sn thys Pro- 
| pofiteon. 


fame centre : which was required to be proued. J m 


P 3 - d y PERT that tiefe i m cir - A T C KU C D E di ‘ied ten one ihe other 


| ffi petition draw a line from FtoCsand. nte, 


“Ine FB: wherefore the line F P alfo is ee 


dE the one the other,may touch eyther within or 


AES The third B Boke: p 3 E LL 
circles. ip —* tuo tircles cut the one the other, is is not one and. tle 
— MN p 7 


n Sa hes. T Beoremt, v bé 6. Propofion tion, 


fms öteles touch theo one the ther they bane n not one sand 
E, JS, Spe | 
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Y jin the poynt C. Then I faz that they baue not one and the fame centre, 
Far if it be pf ible let the:point F * centre ento al both. dnd d a the 


rawe the line FERB at all 'adúentures. 8 
Amnd for aſmuch as the pont Pis the cens 
tre of the cirċle AB C,therfore( by the r5: ~ 
definition of the fir St)the line FCisequall : 
ynto tbe line FB. Agayne forafmuch 4g [b 
the paynt F is the centre fj J dircleC D E, 
therefore (bythe Jame definition’) the line : . 
FC isequall nto theline FE, Anditis 
proued,that the line F C is equall ‘ynto the. 





quall ynto the line FB, namely the leffe 


“panto y greater: which is impofs ible VV here- 


fore the poynt F isnot the centre of both the circles. A BC = CDE. In like | 
fort alo may ‘we prone that no other poynt 1s tbe centre of both the fayd circles. . 
If therefore two circles touch the one the other : ve hane not one epui the fame | 
centre: which y was D to be re | —* 


yY ` sy re, 4, 
or 1 NL a = ne: " - 4 og 
3 s | 


“Ta thys m are two E a for the circles 


without. If they touch the one the other within, then is it 
by the former demonftrátion manifeft, that they haue not 
both one and the felfe fame centre. It i is alfo manifeft if A 
they touch the one the other without: for Lacus cen- ie yf 
treis in the E of a circle, Wil caked og aN o 





s f ea iT “4 
— 2. ^4 n. i M 


| Tied. deren, | Toes Js Prophio tion. 


fn the diameter of circle, be etaken any pont, »hichi 1s Por 
the 
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-` thecentre ofthe circle, andfromthat. poynt be drawen vnto. 


^^ &becireumference certaine right lines s the greatest of thofe 


B 


P. fhall be therefidue of the fame line.And of Al] the other lines, 


` that which ws nigher to the line which paffeth ly the centre it 


lines fDall be that line wherein is tbe centre, , and tbe leſt 


greater tben that whichismoré diStant. And from that point 
can fall within the circle on.ech fide.of the lealt lineanely 40. 


: equall right lines. " 










WKN M NS * 
£ x let the fame be F. And let thecentre of the cercle, by the, 1. of 9 third) 


K ppofe.that there be acircle ABCD: and lepthe.diameter thereof 
We AD . And take in it anypoynt be/ides, the centre, of the circle,and — 


Conſtruction. 


be the poynt E. And from the poynt: E let, there, be drawen nto the 


om ` 
or 
` 


circumference ABCD thefe right lines FD, ,E Cand EG. Z henk faythat 


the line F Ais the greatėft : and the line = 
FD is the left . Andof the other lines; ` 
the line FB is greater then the line FC, |... 
and the line FC is greater thentbeline f 
EG. Drawe (by the firft petition )thefe 
right lines BE,CE, andG E. And for 
afmuch as( by the 20. of the firft Jin enee; 
ry triangle two fides are greater then — 
the third,thereforey lines E Band EF 
aye greater then the'refidue , namely ~ 
then tbe line FB. But the line AE is ee 
quall ynto the line BE (by the 15 defis 


* n 
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. i "2m i i 
i 
* > + 
* 


nition of the firft). VV herefore the lines BE and EF are. equall ‘onto the line 
AF .VVherefore the line AF. ts greater then then the line BF. Agayne for 
a[much as tbe line BE is equall pato C E (by the 15. definition of the firft and 
the line EE is common bnto them both, therefore thefe two lines BE and EF 


The frf pérs 


F- © ofthis Propos 
: » frtion. 


^ Demonfire- 
. Hem. 


are equall'ynto tbefe two C E and E F . But the anyle BE F is greater then tbe. 
angle C E E.VV herefore (by the 24.0f the firft) the bafe BF is greater then — 


the bafe CF :,and by the fame reafon the line C Fis greater then the line FG. 
Agayne for a[mucb as tbe lines. G Fand.F E. are greater then the line EG ( by 
the 20.0f the firft). But (by the 15.definition of the firft )the line E G is equall 
"nto the line ED: VV herefore the lines GF and F Eare greater then the line 
ED, take away EF which is comon to thé both; wherfore y vefidue G F is grea- 
ter then the refidue F' D: VV herefore theline F A is the greatest and the line 
FD is the left and the line FB is greater then the line FC,and the line F C 


22 | | greater 


Second part. 


Third part. 


This demon 
firated by an 
argument led- 
ding to an im- 
pofsibilie. 


T * ‘g 
\ 


dew  Shbetbird'Boofe 


is greater then the line F Gi Now alfa fay that from the pyynt.F- there can be 
drawen onely two equall right lines into the circle ABCD oneche fide of the 


leaf line namely FD. For (by the 23. of the firft) vpon the right line.genen 


EF and to the poynt in it namelj E, make Ynto the angle G E F an equall ane 
gle F E FA: and(by the firft petition )draw a line from F to H. Now for afmuch 
As (by tbe Vs definition of the firft) the lime E G is equall'ynto tbe line E HH, 
and tbe lime, E. F' 1s common 'ynto them both, therefore thefe two lines GE and 
E F are equall vnto thefe two lines HE and E F,and (by conftruttion ) the 


angle GE F-is\ equall ynto the angle H EF VV herefore(by the 4-of y frfl) 


the bafe FG is equal ynto the bafe F 1. I fay moreoner. that from the poynt 
F can be drawen into the circle no other right line equall pnto the line FG . For 
if it pofSible let the line E K be equall nto the line F G. And for afmuch as F K 
is equall bnto FG. But the line F F1 is equall'ynto tbe line FG, therefore the 


, Ime FK isequall'ynto tbe line F H. WV herfore the line which is nigher to the 


Ln other dea 
monſtration 
oftielatter — 
partofthe ` 
Propofition 
beading alfo 
po an impofsie 
bilitie. 


ofthefirſt) the angle G E Fis equall to 


Uine vhich paſſeth hi the centre is equall to that which is farther of , which we 


hane before proued to be imposible. 
"Or els it may thus be demonftrated. 
Draw (by the firft petition) a line from 
E to K : and for afmuch as (by y x5. dee 
finitioof y hvft ) ne GE is equall ynto 
J line E K , and tbe line F Eis common 
to them both and the bafe GF is egual 
vynto the bafe F K , therefore (by tbe 8. 





, theangle K EF.But the angleG EF j —* H 
s 4s equall to the angle FE F. VY bere» C 
fore (by the firft common fentence ) the 


right tines : which was required to be proued. 


4 Corokarye | 


angle HEF is equall to the angle K EF the leffe nto the greater : ~which is 
impofsible. VV herefore from the poynt F there can be drawen into the circle no 
other right line equall ynto the lineG F. V; EUNT but one onely . Uf therefore 
in the diameter of a circle be taken any poynt "which is mot tbe centre of the cire 
cle and from that poynt be drawen vnto the circumference certaine right lines: 
the greate/t of thofe right lines fhall be that wherein is the centre: and the leaf? 
fhall be the refedue.. And of all the other lines that whichis nigher to the line 
‘which paffeth by the centre is. greater then that which is more diflant. 4nd from 


that poynt can fall within the circle on ech fide of the leaf line onely two equall 


g A Corollary, 
the diameter,the one of one fide,and the other of the other fide,if with the diame- 
ter they make equall angles,the fayd two right lines are equall. As in thys place 
arethe twolines-FG and FH. ^ ^ J nt -a 
Mu x q Ibe 


Hereby itis manifeft, that ewo right lines being drawen frdany one poyntof | 
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, if pitbonta decl be taken: Any boyat, and — th at tant ‘be 
— dawen into the. circle onto tbe circumference certayne. right 
lines of which letone be drawen by the centre and let there 
be drawen at all aduentures : the greate/? of thofe lines which 
fall in tbe concauitie or hollownes of the circumference. of the 

circle,is that which paffeth by the centre’: and of all the otber 
lines that line which ts nigher t9 the line which paffeth by the 
centre is greater then that which ts more di Liftant But of thofe 
right | lines which end in the conuexe part.of the circumfe- 
rence,that is the ^^ which is drawen from the poynt to the 
ae: rll ofthe other lines that which is nigher to the 
| leaftis abyaies leffe then that which is more diftant. And from 
that poynt can be drawen-unto the circumference on cch D de 
of the leaft onely two equali right lines. 
xd 'ppofe y the circle genen be AB a Joc: ep 


iV er ovitbout y circle ABC, take the IS Tig of 
—— WA sand fro y ý fame point drai». oU A f 1 | 





a 
— 


certain right lines into y circle 'yntothbecire =~ 

cumference,«z let thë be D 4, D E,D F, gj 3 ne 

ec (D Cx er let line D A paffe — — —XRX 

Then Iſay, o Y right imes which falli in: the. "vo: 
concanitie of 9 cir cumference. AE Po ex. E oe e ons 
withiny circle, y greateft is y which paffeth X | | 
by y centre, that, D A. And of thofelmes H 
which fall pon y conuex part of 9 circumfes 

rence y y left i is » which is drawen fro 9 point 4 1. 

4 pato y end. of y. diameter. ALLG. dnd ofthe - oe PNY: 
right lines falling: Win the: circumferêce, the. A i c 
line D Ets greater then $line D Fy > the >" 

dine DF is greater then§ Ly line DC. And art “EN, 

the right lines: which, end in y contiex part ofo 
the circuniference J » is, Without j-circle,that 7. V 

which isnigher pnto D Gy r} left is E yes. fe hen T, t bich is is more d jf, ra 

I the linéD Kis leffethen theline DL. andi the line DLis te e then tbe line 

D EL: Take (by the firft of the third )the centre of the circle ABC, and let the ConftrsSien. 


Boy, faras 





T be fird pert 
ofthis Propo- 
fittonte 


awit 


A hetbird B Oker Xo 


fame le M: and (by the frf petition) drawe thefe m imes MEM E,M C; 


MH,ML,and MK. And for afmuch as (by the 15. : definition ‘of the 5t 
the ine p M is equal ynto the line EM, put the line MD common to then 
both: VV, herefore the line AD 1s equall vito'the lies E M and MD. But 
the lines. EM aid MD are ( by tbe o. of. the feft) greater then the ine ED: 
y Vherefore the line AD alfois greater then.thelineE D . Agayne for afmucb 
as ( by the 15. definition of the fefe) the. line M Eis s egual pato.the lne MF; 


: putt ‘the line MD common to them both: FF, herefore e the lines EM and M DÒ 


Second part 


Third part. 


are equall to the lines FM and MD, ‘aid the angle] EM Dis greater i then the 
angle FMD.: VVI berefore (by tbe £9. of the firft) the bafe E Dis greater then 
the báfe FD . In like fort alfo-may ^ie proue-that the line FØD is greater then 
the line C ID . V, Vherefore the lineD A is the greateft, and tbe line D E is s grea: 
ter then the line D F; and the line DF i is greater then the as DC. | 
nd for: afmnih as (by the 206 of the aN a 
fi [Eytbelines M.K and K D are orete N a a i 
then the line MD. But (by the 15. deis — 0 i — 
tion.of the firft) the line MG is egual bns |. | 
tothelme MK. VV berefore the vefidue ^ o - ff] 
KDi is greater then:y refidueG DVVhere 3 9 
fore the lineG Dis r4 then the ine K D. ir fed ob A 
And for afmuch as from the endes of oneof ` | Wer 


I € 


the fides of the triangle MLD namely, = °° fp dele YE 


ALD are drawen two right lines M Kand 
KD meeting within the triangle therfore ` 
(by the 21. of tbe firft ) the lines M-K; and 
K Dare leſſe then the lines M Leg D, 
of which; the line MK_ is equall nto. the 
line ML . VVherefore the refidue DK 
is leffe then the refidue DL . In like: fort © 
alfo may We proue that the line D Eis effe Wo Y 
theit; the line D FI. VF berefore tbe line 
D, Gis the Left, and the line D K is tfe then the ine D i, end the Vine D L 
is ‘leffe then the line D H. SRA A T 
| Now alfo. I fay that from the poyht Dc can p "n vnto circimfereiis 
ón eche fide of DG the least onely two.equall right | lines. Vpon the right-line 
M. (D, and'ynto the poynt in it M-make( bytbe:23: : of the fivft ) pnto the ane 
ele KM (D anequall angle (D MB. Mnd( by the foft petition) drawe.a line 
Fs om D toB. And for afmuch as: ( by the Lycdlefmition of: the first ) thé line 
M (B. is equalUynto tbe line -M K put theline: MI Di (IP tómimon to thé both, where 
ove thee tivo lines MK and M Dare equallt to'thefe two lines(B. M: and M. D 





the one-to the othér, aud the ang de: KM Dis (-by the 23. of the firft) equall to 


nd Pee 


theangle B M 2 * kero ee we + ofi the e first di the Pale. D. Kis equall 


SN fo the 
une 
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.tothebafe «DB. ^ 0 0- NV 
Now Ifay that from the pynt D on _ 
that fide thatthe lne DB is,can notbe. 
drawen vnto the circumference any other 
line befides DB equall vnto theright line 
DK .For if it be pofsible let there be drawen 
an other line befides D Band let the fame... 
be DN. And for afmuch asthe line D K 
is equall ynto tbe lime D IN. But ‘nto the 
line D K is equall the line (D B: T berfove ^. 
(by the firft common fentence )thelineDB | 
isequall “ynto the line DN . VVherefore”. ° 
that whichis nigher bnto DG the least is ` ` 
equal toy whichis more diftant: VV hich’ 
we baue before proued to beumpofSible. 777 
Or it may thus be demonstrated. Draw... > M | 
(by the firft petition ) a line from M to N: © 71> F b Pa ome 
And for afinuch as ( by thevs.defmitionof ^ M i 
the firft) the line K M is equall 'ynto the 0555 ovs = = | ! 
line MN. and the line MD is common to's hem both. And the bafe KD is co 
quall to the bafe D.N (by fuppofttion ) therefore( by the8. of the firft.) the ane 
gle KMD is equall to the angle D MN But the angle KMD is equall to 
the angle BM D. Wherfore the angle BM Dis equa Ito'the angle N MD, 
the leffe bnto the greater: which is impofsible. Wherefore from the poynt D car 
not be dramen puto the circumference ABC on eche fide of DG the left; more 
then two equallright lines. If. therefore without a circle be taken any poynt’and 
rom that poynt be drawen into the circle bnto the circumference certainer ight 
lines of which let'one be drawen by the centye,and let the rest be drawen at all 
adsientires > the greate/t of thofe'right lines bic fall in y concauitie or bolloim- 
nes ofthe ercumfevence of the ctréleis tha Ly hich’pafseth bythe tle. And of 
aill the other-lines that line whichis nigher to théline which pafseth by the cen- 
tye ssioreater thén that whith is'more distant: But of thofe right lines which end 
3n the coniuexe part of the “circumference that neis the lest %bich is dvawen 
from the poynt tòthédimetient Sünd of the other lines that which is nidher to 
the leaft is dlivayes loffe then that Ssbich i more diftant And from that poynt 
can be dráwen nto the circumference on ech fide of the left onlytwo equall right 
lines : which>was required to béproued. — OES SE VO RY 
for Oey ae: ECCO "Sr AO GS EAE TCalÉ t. Sub, AD wi T d calo 
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2; GEhys Eropofition is called.comimonly in. old bookes amongeft the barbarous, 
Sage L'axtnirs that isthe Peacockes taile,, SURE «des ovde press 
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wy Hereby itis manifeit,that the right lines,which being drawen from the poynt 
Bb.y. genen 


ret OR ae 


Thisis demas 
firated by an 

argument fea- 
ding to an gb- 


» furdity. 


An other de~ 
mon tratto 
of the latter 
part,leadino 
alfo toan im- 


pofsibilitya 


This Propof= 
onis commioly 
caked Canda 
Paxouis. 


sh Careifarg, 
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geuen withoutthe circle, and fall within-the circle, are equally diftant from the 
leaít,or from the greateft (which is drawen.by the cehtre) are equall the one to 
the other : buccontrarywyfe ifthey-be vnequally diftant whether they lightvpon 
the concauc or conuexe circumference ofthecirdethey arevnequalh "^ — ^ 4 


v 


Sa Tibe 8.T booreme. / The 9. Propoftion. ` ` * 
If within acircle be taken a poynt ,and from that pont le 
drawen *ynto tbe circumference-moe tben too equall right 


lines,the poynt taken is the centre of the circles =~ 


A — —— 
c rre er 1 


Jl ppofe tbat the circle be-A BC, and within it let there be taken the 
| poynt D. And from D let there.be draswen *ynto tbe circumference 
JABC moe then two equallright lines, that is, D4, DB and DG, 
~ Then I fay that the poynt D is thecentre of the circle ABC. Draw 
Demonfrez (by the firft petition ) thefe right lines © =: >; Sí re T 






Conſtruction. 


Ge: » AB and BC: and ( by the 10. of the * 
firft ) deuide tbé-into two equall partes i, 


d — in tbe poyntes E. and F: namely, the 
line AB in. the pont E;andtheline fA? 
BC. uthe poynt, * dnd draw y lines n / dioc. a 


R- «* M 








JD. and EAD, and(by tbe fecond pes. V. - i: 
tion Jextend the lines ED andED -Auw SM 
pu eche [ide tothepoyntes K Gand - Ni E 
HL And for afinuch as thelne AE ©. Xo hed 
es.cquall pnto the Ime EB and thelme. , QM ETE z Kai 


ED Js:common. to:them both, theres... vamal naia i ua i 
fore toe two fides A E and E Dare eguall ento thefe two fides BE ; anid 
44D : and ( by [uppofrtton ) tbe bafe, D A iseguall tothe baft D B.. Wherfore 
(bythe 8. of thefirft) the angle AED is equall to the angle BED. Wherfore 
esther of thefe angles AED and B.E D. isa xight angle. Wherefore the line 
GK deuideth5 ine, AB into. two equal paxtesand maketh right angles. dud 
for. afmuch as, ifin a circle aright line desde an other vight line into: two equall 
partes va [uch fort that it. maketbalforiebt anglessim line that. dewideth is the 


ai 


centre of the circle by the Correllary of the feft of the third) TE -herfore (by the 


Lane Correllary in the line GK. ts the centrasopthacivcle A BE «And (bythe 

Jaime reafon nay we proue that in_y line Fd fuss. thecentre of thecircle A BG, 
-~ and tke right ines GK and H Ls hane noother poynt common. to them both 
i 4 we ~y — 7 "^ ! 7c ws. Am Sh fi ot etr. Eg E nM — ra ze ww, I 
2s, Afides the püyRt-fD- TI bereforezibe poynt iigthe-eentre of tbearcle-A41B C. 
> i T Sen : e PU xe digo rn Cr Roo CIS US Nebo 
cvs Tf therefore within a circle be taken a poynt arid from that point be draien puto 
th e circumference more then two equall right hnes, the poynt taken is the. centre 
of the circle: which was required.to.be proued. CLIPS 
duin ties uen NI coil eevee ND E A S aia, EE L e TE An 
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Ét gita ÓW mI GT SES s other demonstrations 7 M Hj b 7 sát Kt 
sÁtdisbiusbh MELÁ sel adi a nAn L VE ant iior eia JEE R aran sti sn 
Wehthoye ho takenswithin the circle ABCthe, poynt Dand fom rhe pont: An oser de- 
fD'let-there bEdramen ontuthe creumfperenceinore then two: équall right lines,» monftrasion 
namely, DA, DB, and DC. Thenl fa fay thatthe pont: 4D is the centre * the ^ aig a 
circle. For if. not, then if it be pofsible Du ere adt sieht ia — 
let the point E be the centre and draw Boe o niian iy 4 13 Pose | 
a line from (Dto E andextend ID E to 

the poyntes Pon Gi Wherefore the, 
line, F G i$ tbe diameter of the circle x 
ABCAndfora much, astt FG the 
diameter: of the circle ABC i is taken ^ 
a poynt, namely D which is not. the ! SA gyott 
centre of that circle., “th erefore (by the gli aco acy culos NE OECD oes 
7 «of tbe third) the line DG is) greds oan be 
teft, and the line DC is ar eater then iP : HT er 
fhe ime D Prand: ——— —8X M vv Viros un at 
ted then the lineD A A. But the lines D CD B, D. E dre alf * *— 
tion): - sphich is impofsible . Wherefore i the ;£ pont Ei is not the centre of the circle 
ABC: And in like fort iniay*ve prone that noother poynt befides D. Wherefore 


the Ae n. D is the cen treo of t the circle A B C: which Was regs ied to be iM 


+ 
1 ron eh ny E ^ 
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AA QS US 








— Un Ps ei ‘ AS AV wd E E A 1M M AM eMC 4 I s 
€, ' "ad à 
* AA 1*5 ^A T Aq esi UY T 7 — r 
BA ERY heo heoreme,° rhe 10,7 "apifitin. on i T e Sic à 
i rset 1% $42 A j| AS 9. didt 5 SAVES — ALA ^: WS A A M À AW 3 E * - i: 


— 


9 
ens 
~ + 


Aire le cutteth not 4 circles in moe pointes 0 ‘rhe two. P iu a 


— — 


245a Qy E it Le po ible lei the circle d B Ct cuit the ur D E Fi in mo ointes 

a Se nd then two m isin B; op Her 7 E, And drape Jines SHIR. to G, me 1 from e — 
t B to F. And( bj J 16. of the fifi) denie either of the lines B BG, € B H E^ E oj- 
into two equall partes tn Ly pointes > ———— 
K and L. And ( by the 11. ofthe ` 
E) fron the poynt K_raife vp 
pnto $ line B H a perpendicular 
line KC, and likewife from the 
pont L ratfe vp 'ynto y E A 
a perb pendicnar. Ime. Le My an v did OO. 
extend the line K to the poynt 
A, and LNM to the — — 
X aid E, ect fer afne 24S: 
the circle’ 7B BC, the right line 

J C deuidetht m ight | dine BH 


Prhka 


PIDO ‘artes Shake gh angles, uw by A b of » third) 


e n | iif. in the 
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einan yo w^ "e 5 ui^ c wr a 
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An other dew 
monſtration 
ofthe fame 
teading alfo 


£0 4n i 
p; 


mpoſſi- 


(AME and K P: therefore (By the 9.of / T * wr. : * S | 


n proued. that it 15:alfo in tbe. line. i. 
AC. And thefe two right lines ` i 
AC and N X.meete together i m 


"i a nb "€ 
BAA The third’ Boke: HAD 


in ki line AC isthe centre of the circle ABC « Agayne, - afmuchasin the 
jelfe ‘fame circle A BC the right line N X, that i iS, F line ME denidet the 


(o rightne (BG iniotizo equall partes and maketh —— angles therefore( bythe 





third of the third )i in the lme IN Mas "E centre ‘of the = 4 B - —— it 8 


no other poynt befides O. Wheree 
fore the,poynt O is the centre ay 
the circle ABC..Andin like fore As 
may Wwe prone that the poynt O is ; 
the centre of the circle DEFE. 
Wher efore the two circles ABC ` 
and DEF deuiding t the one the 
other hane ü one and the fame cene 
tre: -which( by the 5 «of the third) abe sone T! agii apis, ! 

1s impofsible. A circle ther «i e cutteth not a adreei in moe. ve poynte e tenen 


was required to: — | CE. De ssi SR LD Ee 8 bas pkg | 
35/0 t^ AR a ! A SES. "S pu ui a ^ y dea mi 
Aiai "ae es An other demonfiation: to 'proue! the. ne. à be, 


'$ nppofe $2 the me A B C do cut 17 a D G Fin in mo — ite hoo; 
that i5 m BG ,F and. Hl. And (by the fir[t of the third) take the centre of the - 
circle A BC and let the fame be the pont K- And draw hic right! lines BA 
KG, and KF. Now ' for afmuch. d$ 
within the circle DEF is taken atere 
taine poynt K and from that poyntare 
driiwen Dnto the Pen moethen ` Z 
two eguall right; lines , namel, K B; -€ AC 





. the third) Kis the centre of. the circle Eu Ve RT Mi 


“DEF: And the —— K isthe centre. 


—* "E 


ofthe cièle ABC. Wherefore twocire END E 
cles cutting the | one the. other haue o a y 3 | 
and the [ame centre : which( by the es vof. iA mil di Si "rq daro 


the thir 4)is impofsible. JLarcletbesfore s gh oe T ra 
cutteth not a circle in moe pointes: p tivo: me cb bat ee to be denis 





t= P 
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le. 10. Therme, | The I Propo ition. 


Mb ewo circles ouch the one, the other. inwardly; r — centres. 
` being 
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v^ being geten za right: dine toyning together theire centres and 
ee pil fall pen the touche ofthe circles, —— 


UA. pe etr oT 
f S f "X web U . € 
ON n" P Y —* Vl y 3 & w ay 


W 
S8 
wid 
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Qi. y ppofe * mae di A B C, id BL DE n bé de the o: opu 

ww other tn the pont A. And (by the fif ofthe third) take the centre of. of ite 

| Wü LS ctbeemnclel B C amddetthe [amiebe F; aud likeivife y. cente of tbe.circle . 

; 4 DE and let the ‘fame be Gi Then Tfay that aright. line drawen: from EtG: Denali 
and. | being produced. vd fall "nont. thepoynt v) Forif not; thenif it be pofsible « tion leading 
letit fallas the line EG DF doth. And im * — * lines M E: gud & Ge y^ — 
Now. » fora [machs as. the dines, Al G aid Ls il sce scar" 

G BE are ( bythe xo. of. thefirst )grea: 3 — 

ter then the line F A, that is,thenthe ` 
line F H take away the line. GF which 
is common to them both. W. ‘herefore the 
refidue AG is greater then the refidue 
GH Bat the'lineD Gis equall-ynto 
the line GA( Ly tbe 15. definition of, | 
the fir). Wherefore tbe le G D 1s^ 
greater then y line GF : the leffe then 
the greater: “which 1s impofsible. Wher- | e x. 
forea right h line drawen from the poynt . 3 adr SAL SO. 
F to the. pont G and produced, falleth nöt hi des she res A NUT isf Tun E 
of the touch: W. herefore it falleth vpon thetouch . I Uf ther ofore two: circlestouch . 
the one zp j other inwardl ther centres bein g genene aright line soynin we together "a 
their centres: and. produced d, will fall — the touch 0 fe ciels; which bas sree, 
qure to be salience deen: 








| m LN AN EE 4 a 4 ^ "m » ! E ' napa ` 
Usa. other desonfadon to proue che fame. 


x 2n . S. E 4 


But now let it falla as G FC falleth s; Sten y line G F C to the e poynt H: An other dec 


aied drape theferieht lines AC and A F And for afmucha as the lines AG and. —— 
GF are( byt he 20; of the fuft)g greater t ‘then the lne_AF. But the line AF is. alea 


equall ntothelme:-CF,, that is ,'vnto the line F H. Take: away thë line FG. toan mpofi- 
common to them both .W. herfore the refidue A Gis “greater then y refidue G. H; Lo F 


that is the-line GD is ri then the line G H the edeffe guter then) 37 Hgrese 
ter : hich i T, impojsible. — — 


Which thing g may alfo be proued: ZL. * Propofitic tion trot this Boke: For for — i 
di | 
astheline HC is the diameter of thecircle AB C,&initistaken a poynt which isnot. The fame a: 
the centre namely ,the, poyntG, therefore the line GA is greater them theline GH. by Vo inp * 
thefayd 7.Propofition. But the line G Dis equall to the line GA (by the definition of Be kena 


2 circle). .Whereforethe line G'D is cater PEU ps line G H; n jel l 
thën iv wholes — is hisimpotibies Noe ete Dan t gt eater pee dha 


ft "a 


gripe — ee Meds Las. Bhi iiij. a ES 
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Denonfirac.. 
7i leading 70. 
an impoffi bi. 


dite. 
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aet Lhe third Bookes> 
c da The: u. "Theoremez: tx T besi 2, x Propofician. pues 


te SU yn e —— su dy M WX WS yy d 
fn a D ile one the other outward! Dy a right line 


> draven.by theixcentres fall pale bythe tO S cient 


^ yo 
- — e ——— E ety A 
woo s Ma ada Ch ye Ay ior St cy yt . ito gs vt x3 »7 SiG 
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End V ppofe inhalt twodirclés d 8 C and f: D Edo torch the ine the 0 Qe 
RSM ther ontivarall bin the poynt Mr vnd € by the third of. the third) take the 
— Sl con ty È of the ariel ABC sanid let phe: ame. bet the pont F and: ERewife 

the ceritre of thetircle ADE, and lot the. fame be the poynt Ga Then T fa ‘fay yt rhat 
a right line drawen from the poynt F to thë poynt- Gfhall paffe by the poynt of 
the touch namely by tbe poynt A . For e not. then ifit it Be ¢ pope, let it paffeas 
the right line EC D G doth. And *. Aneel aac Ge Ws sd o WW 
draw thefe right lines AFez AG. A J A Qr tps ins 2 
And for afinsich as the p poynt is / oS P ded Jar ws Na 








the centre of § circle ABC thers ye 

fore the line FA is, equali ynto J 
the line FC. Againe for afmuch SEN) Sa AE 
as the | poynt G i is the centre of th — à gers ROA 
circle A D Es there ore the lije — gis: * m CRY iN ay 


G A is equal rthelbmGO. 4d — 7 e V ssec t oer nie st 
_ And it ts proued t that the line F Aise qualli to the ling F C. Wherefore the — * 1 
FMund A G üreeqiiall ynto the Wiis FCandG 1D: JY bere] ore the ‘whole line’ 
EGásereater then the line E Aand AG But itis alfo! leffe(. byt the 20. of the’ 
firſt) Jesbichi isimpofsible. Wherfore'a right. line iamen from thej poynt Ftothe. 
poynt G yball'aaffé. by thepoynt ofthe touch namel by the poynt A. If theres 


m two circles touch the one the other outwardly, aright line drawen by their. 


centres [hall paffe byt the touch : which was} equired | ta be demonftrated. 


efre — ris -25&)! ur ^9 OI nw, mS 


& we bh wav 


7 7, other demonftration aft "ter Pelitarius, | 


r EU CPC a 
AM ean in^ à å 


rA 3 ns P nm t n 
AU h Hea WM X JA 


An laaa Suppofe that the two arcing A B c and DE JE do bx id one. p tlie Mer ount- 


tebra 


monſiration wardly i in the poynt. e4: And let G be the centre of. the circle eA BG: From which 


after: Pelita- 


P leadin go 


aijo to anaba. (às.the aduerfary ; affirmeth ) draw, y 


fara tie. 


2a inthe poynt P, & the: circüfererice 


, K. And for afmucliasfró the: poynt -: 


. poynt produce bythe touch'oFilié éitcles theline.G A to the póyrit : F of the circum 
- ference D EF . Whichtor NEW not, pan the centre of thë circle DE RB 
re or x be AT Wa E iM 

from the fame centré G^àn other ; P EAE RA GUY S Es diues d 
right line. GK (which; ifi ais bep ofii - JE MAS AS Ne qr CU , — tu 
bie ler paffe by hé centre of a cir- a y D A2 os ae 
cle DEF ,namely,bythepoynt: _ i | Jj 

; cutting: the: circuinfetence’ AB daok tia 


' DEF in the pognt D ;&lettheóp- 
hi ite poynt therof bein the poit i: 





G taken without the circle D E F ts A —— 
draw en the line GK palling by the centre H,and fró ur fame Poynt is, o alfo an 
other 


! 


of Euclides Elementes. Fol.91, 


other line not paffing by the centre;namely,theline GF Thereſore (by the S. of thys: 
booke) the outward. part G D ofthe line GK thall be leffe then the outward part G 4 
oftheline GE. Buttheline G Ais equall to the line GB. Wherfore the line G D islefle 
een the ling: G Benamely,the whole] leffe Hed the part: * 'hichisabfurde. ; 


E 12 2.Theoreme. Ther 3. Tr fes ition. 


E 


o4 crap can not — an pile in moe e gne den 
one; whether they touch within or without. Lo Mass 


: Or if it be popsible, let the did 4 B CD touch $ circle EB 8 F D 6 » os 
r/t inwardly i in moe poyntes then c one thatis,in D and B. Take. which conch 
pe { by the firft oft the third \the centre of the circle ABCD,and let: theonetle ` 

BN other inirará- 
satin, the fame bey point G:and likewife5 ey centre of the circle EB Fp; fv. 

= and let the fame be y poynt FI.Wberefore( by the 11. of. the ame): | 


n -— 2 Em. 


ay E. line drawen from the poynt G-to the pozi Hand produced, will fall vp- 





à 


on the poyntes (B; and. D -letat fo fallas tbe Je BG HD doth:And for afinuch 
as the poynt Gis the centre of the circle AB 15 D, — te by the 15. — | 
on of thefirft ) the line- BG. is equall t fo. k ER. TIR T", T 
the line DG AV berfore the line BGais e. UI CE (Mer 
greater then then the line H D; where = “es j 
fore the line B HA is much greater — 7 
théline Hf 9). Ag igayne for af muchas 
the poynt 3H is: the centre of the cigcle^ °°" at Penis ah 
EBED thèrefore( by thè ‘fame — * RM eon i sj 
tion’) the line "B.E is egtiallto tbedingsio i ein 
FLD: and it ts ‘proned that itis much 
eater then it ; which i T s impofsible. A pî 
circle thesi aif not "touch relin MORS QE 
verd) Dun 2 moe, poyntes t then o one. 
Now Tjay t hat neither punpa dh 


d Z nm 
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Of circles 
alfo: a VeirGlo. toucbetb:a virefe WERE Which touch 
tontes then-one.For ifs it be pofsible,let ^ * ak ig Ea 

6 - 
the circle A C "K-tonth y y circle AB C D. A —— 






1 4 r - 1 x of s 
Q- Wns e» s 3i ahve «x i 25 1d — —2 
N e : t oF 


outwardly in moe poyntes 5 the one, thapan 2 See fay SHG rE 
isin Aand G: And (by the frji petition a dab Fe neho ‘the poynt Lt e TAM 
ponti C: Noi lp for. afin nuchi as m y y cireniifevenée of either of rhe circles AB BC D, , p 
and 4 C K, ‘are taken two poyntes, at all adiientuves ameh Aa qna C “the ve) "fore 

(by the feoo dof thethird) aright, Vi me ioyning. h tovether thoje" Joyites fall, (1: T 
vithin both the circles. Buti it falleth vitbinthe: circle AB C D; er Without the 

circle A CR: whichis s abfurde Ay berefore a aircle f all i not one a circle. Onto 

wardly i in moe pointes then onë, and it i$ spröd y neither alfo: inpar dly. W. Peres 

fore a ciele’ Got. touchan other circlen) mioe poynte. es then one, whether they 


L3 erat | 
SWRA | touch 
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eis other dem 
Monffration 
after Pelita- 
riss & Fluſ- 
fates,of circies 
which tooch 
the one the 
other oute 
‘Waralys 


touc Within or Without : which was required tobe demonjftrated. * 
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gmk Lhe rhird Booke 


~ af 


n rig 


o5 g Another demonstration after. Pelitariusand Fluffates. \ iaio 

Suppofe that there be two circles AB G‘and AD G,which ifit be poffible,let touch 
the one the other outwardly in moe poyntes then one, namely, in A and G.Letthe 
centre of the circle ABG be the poynt I, and let the centre of the circle A DG be the 
poynt K, And draw aright line from the poynt I to the poynt K, which (by the 12. 
of thys booke ) fhall;paffe both by the. E . 7 
poynt: A and by thepoynt G: whichis: ,- 
not poffible : for then two right lines |. / 
fhould include a fuperficies contrary tos} | 
thelaft common fentence. It may alío be 


w 1 € 








P 


,... tusdemonftrated.Draw alinefromithe, - 10. ", 
2 7... * centre. Tto the centre K,which fhallpatfe, — V T 
UU 7 byeneofthe touches, 2sforexampleby ^ N^ TE 
, 7 7:5 thépoynt A. And draw:theferigbtlines ^ Ni | de 
(087 0577? Gd and GT, and fonfíhall be madea.tri- 5... ANa Y 


Of circles 
hich toocb 
tbe one tbe 
other ina 

- xs? dl e 


ty NL ANG 
yout Ger un 
adn nasty 
a hae ahs 
Sé NR 
The firSé pare 
ofthis Theo- 


reme. 


Confiruttion. 


angle, whofe two fides'G K and*G-1 fhall not 

cohtrary'to the/2 07 6£thefirf; ^^ c 25 | à 
Er 4 xe t Y 1 EY ue an : 1 3 T 

act o Vie TUN Mt A 35 Wee, €«- . Sarin of ^ 4 3^ EC 7” ‘ 4 "VN E x 3^ i8 E uw vr J 

Butnowifit bepofiible,let the forefayd circle AD G touch the circle A B Cinward- 

y in"moe poyntesthen'one,namelv;inthe pointes À ànd.G.: and let thé centre of thé 


' 
r 


as Dal . WM 


MOS oA n a co^ P HI 
be greater thenthe fide IK :-whichis 


circle A B C be the poynt I, as.béfore : andlet 445-4 a ulis c Vos 
thecentreofthecirleA DG bethepoyntK,as —— ^ 7 . 4 : 
alfo before. And extend aline from the poynt D} 
to the poynt K’, which fhall fall vpon the touch È s4 Knin. 
(bythe 11.0fthys booke). Draw alfo thefelines »« .(/] 

KG,andIG.Andforafmnchaàtheline KGis — [|]. 
equail to the line K A(by the 15 definition ‘ofthe’ [| 
firft) adde the line KI common to them both 74. 










Wherefore the wholeline AI isequalltothetwo,.7\\. i 4 

lines KGand KI: butyntotheline Alisequall, \\ 27 F 
the line IG (bythe definition ofa circle), Wher >" exe f" 
forein thetriangle IKG the fide IG is notlefesdi 5^ 8 i- 


then the two fides IK and KG: whichis Oe Vl p STA usse OS 
x SMUUS 7378 38075 T OMM DT S 

trary to the atis ofthe frh. $ ha Y t aot ue E : * A E E * * 
Y c — SEU dri Sume dem oL orte ES Er 

g J Mas Vas s. oth & KT (UN s 6.4 e. ay e 4 44 V 4 4 46; + 

4 T p "T à. 4 @ A t QM 
Í ftf» be- D. d beor CHIC. m be. 14. Propoſition. AMY Baye 
É -— Y D — s — ^ v ; 


à i ? 14 
t" p Og Te / si ei JU $ *- is Wei uc QS X» C. A 
` dn a circle, egual right lines are egüally.diflant fr m the cè- 
, 7 ems : M una iau PN gui OH p y Ma eue sp 
tre. 4nd lines equally distant. from tbecentre, are. equall tbe 
onetotheother. = > AANA AEA ARAY nO 
a d s Colo ww add RES Ww. c sce 
J —— A 2 VY J CUS See COS YQS Sm 
y : Vppojè ~that there be a circles A e AN * tron sory N ` FE eMe 
VoL DC IDs aud let. these loinit., 


— 
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F mo. ~~ ‘ . E 

| P * ^ dytwen.-thele-eatiall. vight, lines....... è w 4 NAY! ASLO ys: Cog, 
ABand CD, Then Tay that they.are Asesor o NS aJ. 73 2 M nios 
equally diftant from the centre, ake(.by, s ad SA Ie Ji sfera 
the.firft of. the.th ird Y bece ntre ofthediras MN Ese eras add s Ae 
cle d BC D Andlet the fame bey LOBE ANA, Sand aee PAL Sed 
E, dnd (bythe eof. the first fromthe, x RS CONO i vM RS xu Qn 


M4 
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f d J [iz AD C. Er. " : N DAE ^ J. =. e * nie * qe N 
poni E:dram-vuto FACH USD que "ph vox - et Dx ee > wi 
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—R | £erp endicular 
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of Euchdes Elemeiites. Fol.9:. 


perpendicular lines EF and EG, And (by the firfi.petition ) draw thefe right. 

lines A E and CE . Now for afinuch asa certainé right line EF drawen by the. Perontire- 
ceutre cuttecba-certaine other right line AB: not-drawen by the centre ; in fuch 

fort that it maketh right angles therefore( by the third of the third ) it deadeth 
at into two equall partes. Wherefore the line A Fis equall to the line FBWhere 
fore the line:AB.1s doubleto the line AF: and by the famereafon.alfo the line 
CD is double to the line CG. But the line AB is egual to the line CD. where 
farë the line AF iš alfo equal to the line CG . Aid for afinuch as (by the 15 .dez 
finition of the firft ) the line AE is equall tothe line E. C, therefore: tbe [quare 

of the line E: C is equallto tbe [quare of the line A E. But vnto'the [quare of tbe 


t F " 


line AE, are equall( bythe 47. of the fir[t be [quares of tbe lines A E ex F E: 
for the angle at the poynt F is aright angle. And (by 9 felfe fame )to:the fquare 
of the line EC aree wall the [auares of tbe lines B G and'G C: for the angle at 
the poynt Gis wright angle. Wherefore the fquares of the lines AF and FE 
are equall to the fquares of the lines CG and GE: of which the fquare of the 
line AF 1s equall to the {quare of the lime E 
CGfor tbe line A Fisequalltotbelne ||... 7 
CG . Wberefore ( by tbe tbird common. *—— 

fentence ) the [quare remayning namely; f= 


the fauare of the line F E, isequalltothe. ` |-> 
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* > += 
* 7 





fquare remayning , namely; tuthefquare = \ — ——— 
ofthe ling ÉG: WhereforetbelneE F — N^ c b 
is equall ta the-line, EG, B gt y igh 4 lines a A se JAELJI ES . Demonttra- 


£108. 


are fayd fo be equally ‘diftant from cene 
tre, when perpendicular lines drawen fro.» , x 


^ 


d).W, herfore 


© å — t + 


the centre to thofe lines, are equall (by the 4.. definition of the thir 
the lineS AB and C Dare equally diftant froin the centres... 23, 

But now fuppofe that the right tines-AB:and C'D:beequally diftant from rye cond 
the centré that 1s let the perpendicular line E F be equall to the perpendicular part which is 
line E.G. Chen Lfay that the line AB.is equalb ta theline CD. For.the fame *”° P a * 
order of conftrii&lion remajning we mayin like fort prone, that the line AB is” °°" 
double to the line A Fand that the line COD. is double to the line CG, And for 

afmuch as the line AE is equall to the line. CE ,for they are drawen from 3 cen- 

tre to the circumference, therfore the {quare.of the ling AE is-equall to y fquare 

of the line CE. But (by the 4:7. of thefirst.) to the fquare ofthe line. E. are — 

equall the {quares of the lines-E.F. and Y. 2 -And (by the felfe fame) to 5fquare 

of the line CE are equall the [quares of the lines:E G.and GC .Wherforethe ~ 


a? s 
ej 
i 1 


- 
3 
-— 4 


fquares of the lines EF and F Avare equall tothe fyuares of. the lines EG and 

GC, Of which the fquare of tbe line EG. isequallto tbe fquareoftbeling EE, 7. 
for the line EF is equallto the line EG. Wherefore (by thethiydcommon foie 
tence the [quare remaynin ic namely the [quake of the lin * a E, is equal ‘tothe 
[quare of the line CG . Wherefore the line A is eg uall Dn to.the line C G: Bu t 
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An other de- 
tnonſtration 
of the first 
pert afier 
Campane. 


y, 


Conſtruclion. 


T Lore su 


eee thereof e the line AD. ‘and lee 


The third Booke ry 


the line AB: is double to tbe line A F, andthe line C Dis double to the line 


CG . Wherefore the line A Bis equal to the line C D . Wherefore in a circle 


equallright lines are equally diftant from the centre. And linesrequally di iftant 
fet rom the centre are E" the one toy other-: which ^as ipte to be pen 


^ 1 m E E. 


ee M d An other demonStration for the fj part after — LU 
' Suppofe that — beacircle of BDC „whofe centre let be the mo" And draw 

init two equaillines 24 B and C D. Then I fay that PE arc AT diltang from the 
centre, Draw from the centre vnto thelines 442 .. ~- ^ WIN atte 
and.C D, thefe perpendicular lines E Fand EG, i 
And(by the 2. part of the 5. of this bookeJthe 
line 4 2 hall be equally deuided in the poynt F, 
andthe line CD (hall beequally.denided in the 
poynt G. And draw thefe rightlines E A4,E Z, 
E C, and ED. Andfor afiuch as inthe triangle 
ef EB thetwo fides ef B and AE are equall 
to the two fides.CD and CE of the triangle 
CED, &thebafe E B isequallto the bafe E D, 
therefore (by the 8. of the firft) the angle at the 
point 4 (hall be equall to the angle at the point 
C . Andforafmuch as in the triangle AEF the 
two fides AE and AF are equall to the two 
fides CE and CG ofthe triangle CE G,and the | 
angle'E A F is®eqnall to thean gleC EG, tlierefore(by the 4. of the icem bafe EFis 
equal to the bafe EG : which for afmuch as they are perpendicularlines, therefore the 





! lines ABE C D are equally diítant fro the centre aby the 4. definition of this bookes E 


^ Sap T He 14. T'beoreme." 2 The Is. Tropofit ition. 


< w 4 à 


. Iu acircle,the greateft lineis the diameter, aud of all otber 
~ lines that 2 which is nig. her tothe centreis -alinayes grepier 
k ` then that hne vbichi is more di ftant: = eh coy 






p 3, "of P ‘there be a. — 
A 


syd BCD, and let the diambter 





the céntie thereof be the port. EA y 
‘Mito the diameter A D let the Ipie'B 6 € 
‘be nigher then the line EG. Then: Ij 
that the line AD is the gredtt]t; qud 
‘the line B C is greater then y line, FG? 
Draw (by the 12. of the first) from the 
centre E to the lines BC and EG} por. - 
pendicular lines E Hand ERK. Anë ` m 
for afmuch as tbe line C is nigber: bis — ui 
to the centre ther theline FG,therfore > 77 


à 
we & 








of Euclides Elementés. Fol.g3. 


(by tbe 4.. definition of tbe third ) tbe line E: K is greater then the line E F. 
And (by the third of the firft) put vnto the line- E F an equallline EL. And 
(Ly the 311. of the firft) from the pot L raife vp vnto.theline E Ka perpene 
dicular line EM : and extend the line. LM to the paynt N . And( by the first. 
petition ) draw thefe right lines, EM, EN, EF, and EG. And for afmuch as: 
the line EFL is equall to the line EL , therefore (Ly the 14.0f the third,and: Demonftras 
by tbe 4. definition of the fame) tbe line BCis equall to thedme MN. Againe, **™ 

or afnuch as the line AE is equall t9: +7808 2° eti cá pe S Mosq ein 
the ine EM, and the line ED tothe 77770 0 AUC DL 
line EN; therefore tbe line 4D is e» UT 
quall to tbe lines M E and EN... ut 
the lines M Exand E N.are( by tbe26. 
of the first) greater then the line MN. 
Wherefore the line JA Dis greater then |. 
the line MN. And for afmuch as thefe 
two lines M E and EIN. are equallto. ^ V 5 
thefe two lines, F E and EG ( by tbe. N «E 
15. definition of tbe fivft )for.tbey are. 
drawen from the centre to the circumfes 
rence,and theangle ME N is greater 
" tben tbe anole F EG , therefore bythe > o n Di. 
24. of the firft)thebafe MN is greater then the bafe FG. But it is proued 
that the line MN ‘1s equall to the line BC: Wherefore the line B Calfo is greas 
ter thenthe'line FG . Wherefore the diameter AD is the greateft and the line 
1B C is greater then the line EG’. Wherefore ina circle,the greatest line is the 
diameter and of all the other lines that line-whichis nigher toy centre is alwaies 
` greater then that line which i5 more diflant: which Was required to be proned. < 


« 9? 





xd 


q An otier demonftration after Campane. 


In the circle ef BC D,whofe centre let be the poynt E, draw thefe lines, 4 B, A C, S 
eA D,F Gand HK, ofwhich let the line e£ D be thé diameter of thecircle, Then Ifay <4% other dea. 


thatthe line 4D isthe greateftofallthe lines.” monfiration 


Andthe other lines eche ofthe oneisfomuch __ din... ... efter Cam- 
greater then ech ofthe other,how muchnigher . «77. (s pane. 
itisvntothe centre. Ioynetogethertheendes. 0 i oo . 


of all thefe lines with the centre, by drawing E 
theférightlines EB,EC,EG,E K,E H,and EF. « Fis 
And ( by the 20. of the firit ) the two fides E F r 
and EG ofthe triangle E F G, fhall be greater: ,; xe 
thenthethirdfide FG . Andforafmuch as tlie. 5 
faydfides E F & EG aréequalltotheline 4D. ..- 

(by the definitionofacircle) therefore theline ^ — ' 
e/1 D isgrcater thentheline FG, And by the ^ - 
fame reafon itis greater then euery one ofthe 
reftof the lines ,ifthey be put to-bebafesioftri- > ~ 
angles: forthat euery two fidesdrawen frothe- 
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'^ centre are equali to the line ef D. Whichis 


The ferff part EUN : H 
ofthis Theo- yithin the tircle:as:the line AC doth, 


YOeme. 


D enonfira- 
tion leading 


angle EF G,are equall. to the two fides EH 
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the. firtt part of the Propofition. Agayne,for af 
much às the' tivo fides EF and EG ofthe tri-: 






and E-K:ofthe triangle E E K, and the angle 
EF EG isgreater thenthe angle Æ E K,therfore 
(by tlie 24.ofthe firft ) thebafe FG is greater Á 
thën the bafe.77 K.And by-the fame reafon may 
it be proued, thatthe line AC is greater then 
theline 42. Andfoismanifeft thewhole Proe 
potion: commo uo q 
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ST he 15. Theoreme. ` The 16. Prop inking A 


` Af from the end of the diameter of a circle be drawenia right. 
line making right angles : it fhall fal without the circle: aid 
\betwene that right line and the circumference can not be 
 drawen an other right line: and che angle of the femiaicle is. 
greater then-any acute angle made of right lines butthe o= 
ther angle ts leffe then any acute angle made of right lines. ` 


esp ppofe that there be acircle ABC: whofe centre let be the point D, 
KX d PP . 1 € s v.g : M " = a 
Mand let the diameter therof be AB. Then I fay y aright lnedrawen 

249 from tbe poynt A, making with the diameter A B right angles [ball 


oq! 


E fall without the circle. For if it do not;tben tf it be pofSible , let it fall 
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and draw a line from the point D tothe "ma Im POTE 
point C. And for afmuch as (by the 15. 11 NDS j| E 
definition of the firft) the line D Ais 4 LL 3 X E 


voanabfurdi- equal to the line DC , for they are 


He. 


€ 


drawen fromthe centre to-the circume / 


anemia Dire bee NG 
l equall to the angle A CD. Butthe ans B Eam re AC 


gle D ACis( by Juppofition )a right ec 
angle: W berfore alfothe angle ACD | | 

isa right angle . Wherefore the anglis © N 

(D. AC and ACD are equall.to two. N >.. 
right angles: which (by the 17.0f the = | 
firfP) is impofsible . Whereforeavight ^... 7700000000000 0 0 
line dáwen from. tbe poynt. 4, making *witb tbe diameter A B. right angles; 
fhall not fall -withiny circle. In like fort alfo may we prone that it faleth not id 
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the circumference. Wherefore it falletb without as tbe line 4 E dotb. — -  Seegua pars, 


I fay alfo,that betwene the rightline AE, and the circumference ACB, 

can not be drawen another right line For if it be pofSible,let the line AF fo be. 
drawen. And (by.the 12. of the fir[t) from the poynt D draw dnto the line FA 
a perpendicular line DG. And for.afmuch as AG Dts a4 right angle , but: 
DAG is leffe then aright aigle, therefore (by the 19.0f the firft )the fide AD. 
is greater then the fide DG. But tbe lime D A 1s equall to the line D FL, for: 
they are drawen From the centre to the circumference .. Wherefore the line D FH; 
is greater- then the line D G: namely the leffe greater then the greater : which; 
is impofsible Wherefore betwene the right. ine AE and the circumference 
ACB, can not be drawen an other right line. r^ | 

IT fay moreouer;that-theangleof 0572.00 2100: E Third parts 
the femicircle contayned ynder J right 3 
line A B and tbe circiiference C.H AM, cav 
is greater then any acute angle made of 
right lines And the angleremayning ` 
cotayned ‘bnder y circumference CFA A 
and the right line AE, jis leffethen any fir. 
acute angle made of right lines . For if 3 -— 
there ke any angle made of right lines y 

reater then that angle whichis cons 

tayned: ynder the-right line BA and N | | i 
the circumference C ELA, or leffethen w N ^ | 
that which is contayned vnder the cir — | 
cumference C F1. and the right line — , ; La | "F 
LE tben bet'wene tbe civcumference C F Aand theright line A E,there fhal 
falla right line , which maketh the angle contayned vnder the right lines, greaz 
ter then that angle ~which is. contayned vnder the right line BA andthe cire 
cumference C FL A, and leffe then the angle “which is contayned ynder the cirs 
cumperence:CILA and thevightline AE. But there can fallno fuch line; as 
it hath before hene proued.Wherfore no acute angle contained vnder right lines; 
is. greater then the angle contayned vnder the right line BA and the circumfes 
vence:C HA, nor-alfo leffe‘then. the angle contayned vnder the circumference 
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( e | drawen fro the 
end of tbe diameter of circle toucheth the circle:and that aright 
line toucheth acircleinone poynt onely. For it was proued( by the 

2.0f the tbid )tbatavisbrline drawen fromtwopointes taken in. 

Gij ihe 
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Hereby-it 1s manifeft that a perpendicular line 





Conſtractiou. 


151 


Demonſtra- 
xion. 


An addition 
of Pelitarins. 


fay, that from the point A is drawen 


as equall to the line EF, and the line 
ED toy line EB, for they are drawen 
from the centre to the circumference. 


a touch the circle. * y A. * sar 3 


0 Thetbird Boke 00 
the circumference of acircle, (hall fall within the circle. Which 


was required to be demonftrated, 


SaThe 2. Probleme. The 17. Propofition, 
\ Froma pont geuen to drawaright line which fhal touch d 
circle geuen, | SEM EX 





I 'V ppofe that the poynt zenen be A,and let the circle genen be BC D ; 
Jt is required from the paynt A to draw aright line which fhall touch 
* | a * $ nf D = l E ^A 
iz, oe circle 'B C ID D ake (by tbe firft of tbe third) tbe centre.of the 


2o Utt didleyand let tbe fame be E. And( by tbe firft petition draw the right 
, dne 41D E. dnd making tbe centre E, and the Space AE, defcribe (by 5 third 


petition )a circle AFG.. And from the poynt D maife vp( by the 11 -of the firft) 
bnto the line E A a perpendicular line D F. And (by the firft petition ) drawe 
thefelines EBF and AB. ThenI | | 


tothe crce BCD atouch line AB. 
For for afmucb as tbe point E is the. — 
centre of the.circle BCD ,andalfoof 
the circle A F G therfore the line EA 





Wherefore to thefè two lines AE and ` k 
EB; are equall thefëtwo-lines E Fer 3 


E Dand the angle at the poynt E is. | 
common to them both :Wherefore( by * cin VU huma 

the.» of the firft) the bafe D-Fis equall to the bafe 4'B,and 5 triangle D EF 
is equall to the triangle EBA, and the reff of the angles remayning to the reft 
of the angles reniayning.. IV herefore the angle ED Fis equall toy angle EB A. 
But the angle BDF ts aright angle: Wherfore alfo the angle EBA is aright 
angle, and the line E'B is drawen from the centre. But a-perpendicular line 
drawen from the end of the diameter of a circle ,toucheth the circle (by 5 Corellae 
zy of the 16. of the third ). Wherefore the line AB toucheth the circle BCD. 
VEberfore from tbe point geuen namely, A ,is dramen'ynto y circle gene BCD, 


atouch line. AB: which was required tobedone, — PN ^ 


zw f 9. “y 4 p^] } NN me s t DS t r ) ‘ ^ 
ff An addition of' Pelitarius, | 
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55:5 Vntoarighrlyne which cutteth a circle, to drawe a parallel line which thal 


Suppofe 





of Euclides Elementes. Fol.95. 


—XF Süppofe tharthe right iyBe, A B docut the circlé AB Ci in thg pòyåtes AEE B; E is 

Feqiited t todraweyntotheline A Ba paralleldyne ,.. Ane 
which fhall touche thecircle. Lecthe centre of the. — —— 
circie be the point D.And denide the lyne A Binto é 
two equall partes in the point, And by the point 
E and by the centreD. draw thediameter C DET, «^. 
And fromthe point F (which i is ché ende ofthe did- -` 
— rayfe vp( by tlie 11.0fthe firft) vnto the dia- 
neter C Fa perpendicular] ine GF H, Then T fay 

Sthatthelync G E H (whicliby the correllary ofche : V 
16,0f this booke toucheth the circle) isa parallel 
vnto the line A B.For forafmuch as theright line C 
F fail lyng vpon either of thefe lines AB & GH ma- 
eth alltht angies atthe point E rigit!angles (by ~- +. 
the. 3.0f this bokeJand the two angles atthe point 
‘Pare (uppofed to be right angles: thetfore( bythe ' 
‘2.9,0f the firt) the lines A B andG Hare parallels: 0m Was — to be done.And 
this Probleme is very — toe the — or circumſeribing of figures i in 
or about circles. 


TIME be 6. T Feorenod The i8 “Propofiti tion. 


fs right. lyne touc 4 circle. and from tbe centre to the Linch 
be drawen aright line,that right line fo drawen Peli a bere 
| pend icu lar iyne tothe touche Ine, 
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E 







— P pofi that the right line.D E d touch the circle AB C inthe point 
| ic Hd C. And takethe centre of the circle ABC, and let the fame be F. And 
XD yd (by the firft petition, from the poynt F tothe poynt C drawe aright 





not „drawl bythe 12. of the firft) from the 
poynt F to theline D Ea perpendicular. ETTA | 
line FG. And for afmucb as-tbe angle 
FGC is aright angle, therefore the angle | 
.GCF is an acute angle: WV herefore.t the 
angle FG Cis greater — y angle FC G, I | 
but nto the greater angle 1s ‘Jubtended bw E 
the greater fide( by the 19. ofthe firft), \ ' 

Whe refore the line FCis greater then Time ONU LU 
tine FG. But the line FC is equall to the . Sse ia, 
line FB, for they are drawen from the. No- | 
centre to Hear cumference: TP benfore the MM a n ee 
dme FB alfo is greater then thelineFG; po... © Gy 7 EB 
namely. ‘the leffe then the greater: whichis impofs ible. Wherefore the line FG is 
not a perpendicular line "ynto the line D E, And in like fort may we prone that 
no other line is a per pendicular line Ynto 05 line D E befides the line F C: Where 





line FC. Phen Lfay that C Fis a a perpendicular line to DE. Ferif 
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Demonflrae 
tion leadiug 
t) 4t — — 
bilitie. 


Ld the line Er Cas a 1 perpendicular line to DE. If therefore a right line touch «. 
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An other dew 
monſtration 
after Oren- 
Fiut 


Demnonftra- 
sion leading 
to an impof- 
ſcbilitie. 


aed 
‘from the centre:to tbe touch is duwena- - 


—— 


Pawi Lhe third Booke . ` 


a rele y from y centreto y touch be drawen a vigbt line jj right line fo drawen 
[ball be a penpendicalar line toy touch line : which ‘was required: tobe iah > 


V q An other demonstration after Oronftus... °° "cum 
s Suppo that the circle geuen be AB C, which let the right Ine D i tou on in dà 

point C, And let;the centre of the circle be the "DATE 
point F.And draw aright line from F to C/Then 
I fay thatthe line F Cis perpendicular ynto the 
line DE. For ifthe line F C be nota perpédiculer 
vnto the line D E; then, by the conuerfe of the x. 
defi nition ofthe firk boke, the angles D CF & F 
C E (bal be vnequall: & therfore the one is grea- 
ter then aright angle,and the other is leffe then 
arightangle. (Forthe angles DC FandFCE 
are by the 13.0f the firft equal to two right an- 
gles) Let the angle FCE, if it be poffible,be grea- 
ter then aright angle, that i 15, letit bean obtufe 
angle. Wherfore the angle DC F thal be an acute 
angle, And foraf{much as by fuppofitié the right. 
line D Etoucheth the circle ABC, therefore it . 
cutteth not the circle, Wherefore t circumfe. ! 
rence BC falleth betwenethe rightlinesD C & CF: &therfore the acuteand re@iline 

angle DC F fhall be greater then the angle of the femicircle B CF which is contayned 
dst the circumferéce B C & therightline C F,And fo fhall there be geué a re&iline & 
acute angleg greater then the angle ofa femicircle: whichis contrary to the 16, propo- 
fition of this booke.Wherfore the angle D C Fisnot leffethen aright angle, In like fort 
alfo may we proue that it is not greater then a right angle, Wherfore itis a right angle, 
and therfore alfo the angle F C Bisa right angle, Wherefore the right line F Cis a per- 
péndicular vnto the tight line D E by the 10. definition of the firft: which was nc Quire 
to be proued, PF T, 


4a» T be 17. Fooie Theiꝙ. Propoft ition. — : 
Efa right lyne doo touche acircle, and from the point of the 


\ vouch be rayfed vp unto thetouch Lyne a perpendicular hyne, 
in shat lyne fo rayfed vp is tbe centre of the circle. ~ 
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EA Pa MaE thatthe right line D E 2 Y, n EE 
qu touch the circle A B Cin the point | | 
zc. And from C raife vp( by 1.0f 
the firft Yonto the line D Ea MM 
lar line C A. Then I fay,that in the line g 
C A is the centre of the circle. For if not, 
then if it be pofsible, let 5 centre be wit» 
out tbe lime C A as in y poynt F. 4nd (by 
the firft petition) draw aright line from C 
to EF. Andfor a[mucb as acertame right di 
‘line D E toucheth the circle ABC and — XI 
T "i CF, ne (by. the 18+ of the third ) F Ci is a perpendicular E » 


of Euclides Elementes. Fol.96. 
@ E. Wherefore the angle FC Eis aright angle. But the angle ACE isalfe 


aright angle: Wherefore the angle FC E is equall to the angle AC E,namely, 


the leffe pnto tbe greater + hich is im pof$ ible. Wherefore tbe poynt E is not the 
centre of thecircle ABC. Andi like fort may Wwe proue , y tt 15 n other where 
but inthe line AC. If therefore aright line do touch a circle and from the'point 
of the touch be raifed bp "nto the touch line a perpendicular line , in that line fo 


raifed vp is the centre of the circle :which was required to be proued,  ° Cd 
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sT he 18. T heoremes The 2 o.Propofition: de 


In a circle an angle [etat the centresis double to an angle fet 
at the circumference , fo that both the angles haue to their 


‘ "S 


ba[e one and tbe fame circumference, S 


zw Fppofe tbat there bea circle AB C, and at the centre thereof namely, 
OX the poyut E. let » angle B E.C be fete at the circumference let there 
yy be fet tbe angle BAC; and let them both haue one and the fame bafe, 
namely the circumference BC. Then I fay, that the angle BEC is 
double to the angleB AC. Draw y yb. Qe A 1 2 
Vine A E and (by the fecond petition ex^. = 
tend it tothe poynt F. Now for a/much 
as the line AE is equall to the line EB, 
for'they are drawen from the centre ynto.. 
the circumference, theangle EAB isea. à 
quall to the angle EB A by the 5 «of the 
firft ). Wherefore the angles E A Band 
EBA are double to the angle EAB, 
But ( by the 32. of the fame.) the angle 
BEF is equall to the angles E AB and 
EBA: Wherefore the angle «BEF is- ^. ^B —u- 
double to the angle E AB. And by the 
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Two cafes 

in thys Proa 
pofition the . 
one when the 
angle fet at 
tbe circumfe- 
renceinclu- — 
deth the cene 
ter. 


Demonfira- 
tione 


fame reafon theangle F EC is double to the angle E AC. Wherefore the si 


angle BEC is double to the wholeangle BAC. 


T 


_ Againe fuppofe that there be fet an other angle at the circumference , and let 
the fame be'BD C. And( by the firft petition )dvaw a line from D to E. And ( by 
the fecond petition Jextend the line D'E 'ynto tbe poynt G . And in like fort may 
we proue,tbat tbe augle G EC 1$ double to tbeangle E D C. Of which the ans 

gle GEB is double to tbe angle ED B. Wherfore the angle remayning BEC 
is double to the angle remaynutg BD C. Wherfore in a circle an angle fet at the 
centre is double to an anglé fet at the circumference.fo that both the angles haue 
k L2 bafe one and the fame circumference : which was required to be demon 

rated. T T E. * 3 j 
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The other 
whe the fame 
angle fet at 
the circumfe- 
renccincla- 
deth not the 
center, 


Conſtruction- 


De monſtra- 
Sion. 


Three cafes in 
this Propefi- 
$1018, 

The first cafe. 
“The fecond 
cafe, 


| ‘outwarde angle BG'D, and by the fame reafon 


bi oR" * Lhe thir d Books»: Wa 
EU I b. Theme, — Mee: 21.: Propofiti Hotte M 


v 


e 


Lett T1 


ed, ácir cle the angles which — d i in one and the Je fef ame 
| lon or fe JE grient are equali the one to the other. s 


I inda n | 

: eV ppolés y. there bea ‘ce AB C Die T in def usta ther of B A E D, 
2 let there E ift thefe angles BAD and BE q Then I fay, that the 
* angles BAD -andyB E Dare equallthe oneto the NEN bythe 
firftofthe.third ) the centre of the circle 
ABCD and let the- e fime be the point Fo 
A dná( by the firft petition draw thefe lines. 
BF and FD. Now for afmucb as the Vid 
angle BED: is fet atthe centre, andthe f 
angle: BAD at the circumference , and 
they bane both one-and$ y fame bafe name= 
Dy, the circaniference B BCD ,thereforetbe \ 
ane BED is (by the Propofition going. - 
before) double to theangle BAD: and | 
by the fame veafon the angle BFD isal ` 
fo double t tothe angle B ED. Wherefore | 
C bythe 7. common —— )the angle — k. —“ 

BAD is equall to the angle BED § ‘Wherefore à ina "tice d — ai id 
confifte in one and the Jelfe fame fe qnem; are equall the one to the other * which 
"was required to be P —4 
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Tn ‘this Poe ition are ethree cafes,For the angles confifting in one and es efelf tinte 
feguienz,ti :e (éeemcnt may either be greater thé a. femicircle, or leffe then a femicircles 
orelsinita a fornicis rcle,For the fir cafe the demonftration before put ferueth. 


‘But now ^ fuppofe that, e angles Bes D 
and B E D do confik in the {eQid BAD, which 
let be leſſe then a ſemicircle. Euen in this caſe al- 
dol fay-that the angles:B_4 D and BE Dare ex^ 
quall.For draw a right line from 4 to E. And let: 
thelines 4 D and B E cutte the one the other in 
the'poynt G, wherefore thé fegment «4 C Eis 
‘greater then afemicircle, And “therfore by.the 
firit part of this propofition the angles whiche 
arein it, namely, theangles e£ 7 Eand E D.4 - 
are equall théone to the other. And forafmuch 
asin the triangle e4 B G the invard and oppo- 
fiteangles ABG and G AB are equall to the 





the two angles E D Gand G E D of the triangle 
3D; EG ate equall to the felfefame outward angle 
B G D. Wherfore the two angles 448 G and G 24 
B are egal to Tm angles ED GandG ED ' RN em, 

4 ges se | : by the 








of Euclides Elementes. Fol.97. 


by the firft commó fentence.From which if there 
be taken equallangles, namely, 45 G, and E:D 
G, the angleremainyng Z 44 G. (hall be equall to 
theangleremayning D E G,that is,theangle B 4 
D to the angle DE B( by the third common fen- 
tence) which was required to be proued, 


The felfe fame conftru&ion and demonftrati-- 
on willalfo ferne,if the angles werefetina femi- | 
circle'as itis playne to fee,inthe figure here ſet. 
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SepThe 20.Theoreme. The 22.Propofition. | 
If within a circle be defcribed a figure of fower fides, the an- 
gles therof which are oppojite the one to the other, are equall 
to two right angles. i | | 
SER V ppofe that there be a circle ABCO ,and let there be deferibed in it 


K j 
Os? a figure of fower fides namely, ABCD. Then Lfay,that the angles 
956 thereof which are oppofite the one to the other are equall to two right 






NI 
; — angles. Draw (bythe first petition )thefe right lines AC and BD. 
Now for afmuch as (by the 32. of the first) the three angles of enery triangle are 
equall to two right angles: therfore three angles of the triangle A BC, namely, 
CABLABC, and BC Avareeguall to © `- : (om 
tworight angles . But ( by the 21. of the 
third ) theangle C A b is equall to the 
angle (BD C for they confift in one and 
the [elf [ame [egmtt, namely, BA DC. 
And (by tbe fame Propofition) tbean- | 
le AC Bisequallto tbe angle AD B, — 
for they confiftin one and the Jame fega A: 
ment ADCR . Wherefore the whole |... 
angle AD Cis equalltoy angles BAC. \ 
and, ACB: put the angle ABC coms” ~ 
monto them both. Wherefore the anglesi: an 
ABC,BAC, and AC B,are equall te ' 
the angles.AB C and £D C. 'Butthbe — — 
angles ABC, BAC, and ACB, are equall fo two right angles. W. herefore 
the angles ABC and ADC are equall to two right angles. And in like fore 
alfo dot we prone that the angles BA 7) and DE Bare equall to tivo right 


angles. 


D 










Conſtruction, 


Demonſtra- 
NOWy. -— 





TWAPBA V — 
angles. If therefore Within a circle be defcribed a figure of, fower fides; the ans: 
gles thereof which are oppofite the one.toy other, are equall to two right angles: 
which was required to be proted. n * | a *X 
5a» be 21. Theoreme. The 23.Propofition. 
‘Upon one and the felfe fame right line cannot be defcribed: 


two like and unequall fegmentes of circles falling both on one 


and the felfe fame fide of the line. 







Demonfira- d: ye ifit:be pofsible,let. there be defcribed vpon the right line AB 
— ird bee $ two like ex ynequall fections of circles namely, ACBex ADB, 
‘in T aaa falling both on one and the felfe fame fide of the ine AB. And 


SALES | t we R 
a ( by the furft petition ) drawe the right line ACD, and( by the 
Sea ee’ third petition ) drawe right lines from C to B, and from D to B. 
And for afmucb as tbe fegment ACB. Vn 
i5 like to tbe fezment ADB: and like. yos D. 
feginttes of circles are they which hane —— 
equall angles ( by the 10. definition of - E 
the third). Wherefore the angle ACB, 
is equallto the angle AWB, namely, ... 
the ontward angle of 7 triange DB} | 
* to the invward angle: vhich( hy the 16. ii: eee 
D ofthe fieft) is impoffibleJ berfore vpe- - an: 







"e. 


oil one and thee ‘fame right line.can not be defcribed two like tx ‘vnequall fege 
e 


mentes of circles falling botb on one e the felfe fame fide of the line: which was, 
“required to be demonftrated. | 3 eT dan P 
pus Here Campane addeth that.vpon oneand the felfe fame right lyne. cannot be: 
of Campane déféribed two like and vnequall fe&ions neither on oneand the felfefame fide of 


demonfirated the lyne,nor on the oppofite fide. That they can not be defcribed on one and the 
by Pelitarins. {elfe fame fide,hath bene before demonftrated,and that neither alfo on the oppo- 
fite fide,Pelitarius thus demonitrateth. — — 


Let tle ſection ABCbe ſet vppon the lyne A C, and vpon the other ſide let be ſet 
thefe&ion AD Cvppon thefelfefamelyneAC, 75 70S 
and et the fec&ion A D C belyke vnto the fecti- - 
on .Á B C. ThenI fay that the fe&ions A B C'and A 
D C being thus fetare not vnequal,For ifit be pof- 





fible let the fection AD C be the greater, And de- Br. 

uide theline A C into two equal partesin thepoint 4*5 (5 = 

E.And draw the right lyne B E D deuiding the lyne 

_ , ACrightangled wife,And draw theferightlynes A 4 : 

Demonfira — 8, CB,A D and C D, Andforafmuchasthefecion — E M ae ae 
tion leading ^A D Cis greater then thefe&ion A B C; the perpen | I | Io ae 
to.an impojti- dicular lynealfo E D fhall be greater then the per- | Jue ai. 4 
balitie. pendicularlyne EB: as 1s before declared in the — P 


ende of the definitions of this third booke, Wher- o 


of Euclides Elementes: Fol.98. 

fore from thelyne E Deut of adyneequaltto thelyne E B: which let be E F. And draw. 
thefe right lynes AF and C F.Now tlien(by.the 4.ofthe firft)the triangle A E B (hall be > 
equall to the triangle A E‘F and the angle E.B A fhall be equall tothe angle EF.A. And -. 
by the fame.reafon the angle B B C thall be equall to the angle ERC. Wherefore-the: 
whole angle & B Cisequall to the whole angle A F C,But bythe 21. of the firft,the an- 
gle & F Cisgreatet thentheangle A D.C.Wherfore alfo the angle A B C is greater then. 
the angle A,D C. Wherefore by the definition: the feGions AB Cand'A D Care not 
iyke,which is contrary to the fuppofition, Wherefore they are not lyke and vnequall; 


-> ^ 


whichwas requiredto be prouedi |. 5^ 


p . = ae v 2. : y (0 PIS T 1 of & VS € i, " ^ * A " * me s ? : i p 
Ü — * AM P F^ "P ' — T ‘ ff. * | 
Sap T be 22.4 beorme, .: V bea Dropofition, . 


y ereequalitheoneto tbe other. 


5 Lifefegmentesofciriles defcriled-oppon equall right lines, 
IWR ppofe that bpon thefe equall right lines AB and CD be: defcribed 
gave yathefe like fegmentes of circles, namely, AEB and CFD. Then! ‘fay, 
AS YT that thefegment. A EB 1s equall to the fegment CF © . For putting - 
the fegment A E B bpon the fegment C FÐ and the poynt Avpon $ poynt C, 
and the right lme AB pon the right line C D , the poynt B alfo [hall fall vpon 
the poynt D, for y line A Bis equall to the line C D. And the right line AB exs 
atily agremg with —— | | 
the right line CD j 
fegment alfo AEB 
fhall exactly agree 








withthe fegment. [ . _ C Demonffva- 
C E D . For if the I e tion leading 
en, Tae Re Se: - to au tmpo[- 
right line AB do em fibilitie. 
exactly agree with 


— 


thor orbc 9D Ma Foo) OE Bem ad aa | 

and the fegment AEB do not exaétly agree with the feoment CF D, but dif 
fereth as the fegment CG D doth: Now( by the 13. of the third) a circle cutteth 
not a circle in more pointes then two but the circle CG D cutteth5 circleC FD 
in more pointes thé two that is in the points C,G,and D:-which is( by the fame) 
ampofsible. Wherefore the right line AB exattly agreing with the right line. 
CD, the fegment AEB fhall not but exa&tly agree with the fegment CF D: 
Wherefore it exaflly agreetb with it, and is equall pnto it . Wherefore like fega 
mentes of circles defcribed ypon equall right lines are equall the one to the other: 
which was required to be proued. - 


.. ThisPropofition may alfo be demonftrated by the former propofition. For ifthe fe- 


&ions A E Band CF D beinglikeand fet vpon equall right linese- 4 B and CD, thould An other dew 


monfiration.' 
' 


be vnequall,then the onebeyng put vpon the other,the great: r (hall exceede the leffe: 
but the line 4 2 is one line with the line C 22: Ío that therby fhal follow the contrary of 


theformerPropofition, . * — ^^ ! 
$13 ES c ML, T RR earns 


An other de- 
monſtratiõ af- 
cer Pelitarius. 


Conſiruction. 


Three caſes in 


this Propoſi- 
tion. 


The first cafes 


mw. 


Demonffra- 


irae 


sion e 


an the poynt D . And (by tbe vx. of the 


3398.  Thetbird Booke 


- "Pelitarius demonstratetb tbis Propofition anotber way.) `x 


* 


Suppofe that there be two rishtlines e£ B & C D which let be equal: and vpon thé 
fet there be fet thefe like fe&ions 4 5 K,and C D E. Then I fay that the faid fe&ions are 
equall,Forifnot,then let C ED be the greater feGion. And deuide the two lines e£ B 


and C D into two equall partes,theline 4 

B in the pointe F, and the line CD iñ the K 
pointG.And ere& two perpendicular lines 4 
F Kand G E, And draw thefe right lines 44 
K&KB: EC,ED, And forafmuchasthe 
{e&ion C E Dis the greater, therefore the 
perpendicular line G Eis greater then the 
perpendicular F K: From the lyneG E cut 
ofa lineequall to the line FK,which let be 
G H:and draw thefe right lines C Hand H 
"D, And forafmuch asin thetriangle eA K " X 4 

F the two ſides AF and FKare equall to the two ſides CG & G H ofthe triangle CH- 
G, and the angles at the pointes Fand G are equal (for that they are right angles) ther- 
fore( by the 4.of the firft)the bafe.4 X iscquali to the bale C ZZ,and theangle ÆA KF to 
theapgle C H G,And by the fame reafon the angle B K Fis equallto the angle DAG. 
Wherfore the whole angle 4 KB isequall tothe wholeangleC 7 D.But the angle C EZ 
Dis greater then the angle C E D by the 2 1:of the firft,Wherfore alfo the angle 4 KD 
is greater then theangle C E D. Wherforethe fecionsare notlyke, which is contrary 
to the fuppofition. - | 


J be. Probleme. T be 23. Propofition. 
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¢ 


eA Jegiment of a circle beyng genen to defcribe the whole cir- 
cle of the fame fegment. - E 


* ppofe that y Jegment genen be 3 bes 
aZ 44 DB C.It is required to defcribe — d | 


2^ the hole circle of tbe fame fege 
ment ABC. Deuide (by the 10. of the 
firft the line AC into two.equall partes . 





1 


fame) from the poynt D raife Yp vnto 4 
theline AC a perpendicular lneBD. 
‘And (by the first petition )draw a right uy 
line from A to B.Now then the angle A B (I) being compared toy angleB AD, 
is either greater then it or equall bntoit,orleffethenit. ! 
"First let it be greater. And (by the 23 «of tbe fame )ypon the right line BA, 
and'ynto tbe poynt in it A, make Ynto the angle ABD an equall angleB AE. 
And( by tbe [econd petition extend tbe lineB D Ynto the poynt E. And( by the 
firft petition ) draw a line from Eto C. Now for afmuch as the angle A BEis e⸗ 
quall tothe angle B AE, therefore (by the 6 « of the firft )the right line E Bis 
equall to the right line AE. And for afmuch as the line AD is equall toy line 
® C,and the line D E is common to them both : therefore thefe tivo lines * 
Y an 


E 


of Euclides Elementes. Fol.g9. 


and D E, are ge to thefetwolines CD and D:E the one tothe other. And 

the an jole A LAUD Eas ( by tbe 4.- petition ) equallt to the angle DE, foreither'of o0 
them is isd right « angle. Wherefore (by-the 4.. of the frji ) the bafe AE is-equall T 
to the bafe CE. But it is proned, that the linë AE is equall toy line BEI - 

fore the line BE alfois equall to the line CE. Wherefore thefe three lines AE, 

E Band EC are equall thed oneto thé other: W. berefore making tbe. centre. E; 

and the Space either AE E, or EB; or EC, defcribe (by the third petition). a cire 

cle andit fhall paffe by the poyntes._A, B,C -Wherefore there-is.defcribed the 

whole circle of the fegment. genen.s And itis manifest, thatthe Segment A ae C 


"AC 5 


j5 leffe then a i femicircle, for the. centre E fala, mes | it. adie | "i, 

wah Pe like. demonffration a alfa" Pit dil eae Oe AOE ior — 5s Thefetotid 
lerne, ifthe angle A BD be £quall to-- euge AWD To baw bce (Cafe 

the angle BA (Dy “For the line’ A oo 
being equal i to. either of thefe 4 lines, 
BD, and DL, there. are three: lines, 
D A, D B: and y C ;equall- the one to 
the ther: $i Ü that, the point f 2 [Pall be: "d 
the centre of the circle’ being complete, — — 
and A B C-[Ball bea: femicirdle. TV" A Ls TENE n 

Butif the, angle ABD be lere vm. ui xdi. » — — 

BA D; then 6 by the 23. of the fft) bpon the o righe ` AND n cafe c 
line’ BY, and nite the point in it A, make nto the’ E 
angle A: D an equallanele within: Ly fe egment A BC. 
And'fo the centre of the circle fhallfall iny line DRB; > 
and.i it f fhal: bethe pont E: dnd’the segment A. pE? : 
hail. be. greater then; a semicircle. Wherefore d  feement. — in 2. ; 
being genen there is deftr ibed the Doge circle 2 the ine fg — which "vas 
? equin ed tobe done 
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"There is alfogmother generall-way' to findé put the > s ET ac Ya » 
forefaid céntre, which will ferue indifferently’. forany: = m i a. ~ _» Another 
fe&ion' whatfoeuer: And thati is tus; JÉFakeinthecir-: :- ub 3 , more ready 
cumférence geuén or fe&ion 4 B D'shree pointes acall: niti ts tee ft ; ey. 
auertures which|let be-4,2,C, Amd dvaw.thefe lines e: [50u pi à 


Bànd-8 €( by the firft peticion) And(by the-1ovof the: fi «0. 

firft) denide into two equall parteséither.of the fayde uz 

lines;the line e£ Binthe point 2; &théline2 Cin — — — TIE Nt bas ar aos 

point Æ. And (by the 11. ofthe ficfifrotrthepoinitésiMdnii 2d: icio Wuoninfo oo: 
d.] Jes / D and 


Demonfira- 
tioa. 


a » + 
i £o S SÉ. « 
- i 4 2! 09.5 of 


An addition. 


An osher con- 
fiructionand 
demonſtration 
ofthis Propo- 
fion after, 


Campane 


na es qu. 
i 
Cows 3*0 


Lee N^ 
45 or 
ua 


* fhalbe in therigbtline E F. Wherfore the centre of the 
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* * 
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Dand-E tayfe vpvntothelines 4 B.and.B C perpendicular lynes D F:and EF. Now 
forafmuch as either of thefe angles 8 D Fjand B EFisa right angle,a rightline produ- 
ced froníthe poirit D'to the point E, fhall deuide either of the {aid — i andforaf- 
miich.asicfalleth vyppon the right linésD F and € Fjit fhallmakethe invárd angles on 


oneand the felfe fame fide, namely, the angles DEF  . un ums 
and.E D Fle(ie then two rightangles. Wherefore (by le. 


the fift'peticion }thelines D FandEFbeingproduced ~~. $ EN 05. 
fialkconearre) bet them concurreinthepointF..And 7 | . AF ee 






forafouch asa certaine right line D F denideth. a cer- AM eT Vd 
taine rightlynee/7 2 into two equall partes and per- | E ‘thet la \ 
AN i die Js i e. * f * w 3 the VA H: f 4 i [Y £ f } CF , NV ba — b. : 3 
pendicularly, therfore (by the corollary ofthe firſt of Ede P NOLO 


this boóke)inthedine D Fisthe centre ofthe circle, & b RR M i9 DD ade 
by the fame reafon the centre of. the felfe fame. circle A. meo cm ; 
circle wherof 4 BC is a fe&ion,is in the point F,whichis commó to either of thelines 
7D F and-É F.Whérfore a fe&ion of a circle being. geu&, namely,the fe&ion 247 C,tliere 
is defcribed thecircle of the famefe&tion: which was required to bedonez:.. A 
And bv this laft generall way if there.be geucn three pointes, fet howfoeuer; fo that. 
they be not all three in one right line,a man may defcribe ácircle which fhallpaffe; by 
allthe faid three pointes. Forasin the exam ple before put, if you fuppofe onely the 3. 
ointes 4,B,C,to be geuen and notthe circumference 4 B.C ro be drawen,yet follow= 
ing the felfe fame order you did before, thatis, draw aright line frome to Band an 
other from B to C and deuide the faid right lities into two equall parts;in the points D 
and E,and cre& the perpendicular lines DF and E E cutting the one the other. im the 
point F,and draw aright line from F to B:and making the centre the point F, and:the 
{pace FB defcribe a circle,and it fhall pafie.by the. pointes 4 & C: which may be pro- 
ned by drawing right lines foin to F,and from F toC, For forafmuch as the two. 


| fides AD and DF of the triangle 4D Fareequallto the two'fides BD and D F.of the: 


a 


triangle DDR for by fuppofition the line e4 Diseqpallto theline DZ, and the lyne 
DF is common to them both) and the angle 44*D F isequall to theangle EDF (for 
they arg both right angles )therfore(by the 4.6f the firft )the bale’ AF 'ts eqnall to: the: 
bale B’F.And by the fame reafontthe line FC isequallto the line FB. Wherefore thefe. 
threé lines F 4,F 8 and F C are equal! the one tothe other. Wherefore makyng:the 
centre the point F and the fpaceF 2,it fhall alfo paffe by the pointes 24and C , Which 
was reanited to be doné. This'piopofition is very neceflary for niany things as you fhal_ 
ageing e wes oen ova sesesdt i io deer eget mend 
Campane putteth an other way, howtodefcribethe —.— - ——Bo ri 
whole circle of a fe&ió geuen. Suppofe thatthe feGion — 
be 4B Itisrequired to defcribe the whole circle of the 
fame feétion, Draw in the fection twolines avail aduene 
tures AC and B D:which denide into two equall parts 
AC in the point E,and BD inthe pointe F.Then from _ 
the tivo pointes of thedeuifions.draw within, the fedi~ 5 Vus: 
on two perpendicular lines EG and EH which let cutte 4 bad, 
slié óné ché oslierintheporibK, Andthecentreofthe — LN Vee 
circle fhall be in either of the faid perpendicularlines 5 5, 00, ud, 
by rhe'coreflary of the firt'oF this booke: Wherfore the point Kis the centre of the eit 
cle: which wasrequiredtobedone.. >- Pi- — 5." RM 
Butifthelines EG & F H donotcuttheonetheo-/ «02 mmm p 
ther, but make one right line as dothG Hin thefecOd >o o e feo NN 
figure: which happeneth when the two lines: ando. Q/s iusque 
B D areequidiftant. Then the line'G E';beingapplyed « [| 093933 rà fratri 
For thelines E Gand F H cannotbeequidiftant;;For^ f -neo [7^ 
then one and the felffame circumference fhould.haüe 


to cither part of the circumference geuen;-flall;paffe |. 

by the centre of the circle by the felfe fame Corollary: 

two centres,Wherfore thelineAG:beingdenidedins. A. .::. 5:7, ^ B5 
a e w F EE 0i ON a 

` D CAM MA tot. biu 
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of Euchides Elementes. — Fol.tee., 


‘ta two quali partes in the point K;tlie faid point K& fhall betlie centre of tlie fe&ion. ^: 


 Pelitarius here addeth a bricfe way how to finde out the centre ofa circlewhich caes 
is commonly vfed of Artficers, |... 155 o^ “y Yi - 


^, 
- V 
~ 


Suppofe that the circumference be AB CD, whofe centre itis required to finde OUt, Aprea dy way 
Take a point in the circumference geuen whichlet beA, vppon which defcribea circle sa rude one 
with what openyng ofthe compátle you willwhichletbe E FG. Then take an other" ,5,,,,,,, of 4 
pointin the circumference geuen which letbe B, vpon which defcribe an other circle: 1s... DE 


. with the fame opening of thc cempaffethatrhecir- 5... 7 Ern ^c dy fed a- 
cle EPG was cefcribed, andletthefamebeEHG,. 717 piene fi apti 
which icecat the circle E F Ginthe two pointes E 4 yv sr ev È fects. 





and G.(Ihauenothciarz drawenthe whole circles," - 
"buüronelythofe partes of them which; cuttheone.— ~ 
the other for Zuoyding of confufion) And-drawe ~~ 
“trom thofe centres thefe right lines AE; BE, AG, ` 
"and B G,which foure lines fhall be équall, by reafon - 
they are femidiameters of equall circles, And draw > | 
"arightlinefrom A to B; and fofhall therebe made | |^ 
"two Iofceles triangles AE B,and'A G B vnto whom 
the line A Bisa common bafe.Now then deuide the ~- 
line AB into two equal partes in the point K which 
muft nedes fall betwene the two circumference E F 
G'and EHG, otherwife the part fhould be greater. 
then his whole, Drawe aline from Eto K andpros ` -~ 
duce itto the pointG. Now you fee thatthere are : LN >b 
two Hofceles triangles deuided into foure egual | "LS 
triangles BAK, EBK;GAKandGBK.Forthe ~~ ^ le ades o 
twofides A Eand A K of the triangle AE K are equallto thbetwo fides BE and B X of 
thetriangle B E K,and'the-bafe E Kis common to them both, Wherefore the two an« 
gles-at the point K ofthe two triangles A 5 Kand B EK ate by the 8,of the firftequall: 
and therfore aré right angles.And by the fame reafon the other angles atthe poynte K 
-are right angles; Whcerfóre E Gis oneright lyüe by.the 14..0f the firft. - Which foraf- 
“much asit devideth thé litte A: B-pérpendicularly, therefore it paffeth by the center by 
-by the corollary of the firft of this booke.' And fo if you take two other poyntes,namee 
Cand D inthe circumference gevien;and vpon thé. 35 3 0s p) 4 is, 
‘ defcribé two circles cuteyng the one the ;otlier in. ^, Ez 
"the pointes Land M,and by thefaid poyntés pro- - 77N 
“duce aright line, it fhall cutte thelyne E.G beyng «6 ~ 
produced inthe pointé N, whiéh.fhall-bethe cen- : 
tre of the circle by the fame Corollary ofthe firft . 
of this booke,if you iniagine the right line C D to 
be drawen and to be‘deuided perpendicularly by 
.thelyne LM, whichit muft ncedeSbeas we haue 
before proned. And here note that to do this me- 
chanically not regardyng demonftration , you 
neede onely to marke the poyntes where the cir- 
cles cut the one the other,namely; the poyntes E, 
G,and L,M, and by thefepoyntes to “produce the ~ 
lines E G and L M till they cut the one the other, 
_and where they.cut.the onethe other, thereis the. _ 
‘cenitte of the circle,as you fee herein the feconde ~~ 
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: 985 


A^ Re des third Boke. | 
ES 25. Theorem, | Lhe 26. Prapofi tion. pP 


UE wall angles i in equal he J— ji in egual ——— 
e tbe angles pe drawen rei the centres, or yr fron rn tbe 
circumferences. et » 545 ac 


1 — — uur 
B- ' 
i : 


q ARN ppof that thefe circles A B € F D E F, be M" And sha tl 
centres namely,the pointes Gand. H, let there. be. drawen tbefe equail 


€ d S EN 
ANS rl BG Cand E H F: and. likewife from their — theſe 
equallangles BAC and EDF, Then Lfay, that the circumference BK C 
is equall t to the circumference ELF . Draw (by the fir/t petition.) right lines 
from B to C, and from E to F. And for afmuch as the circles ABC and DE F 
are equall, the right lines alfo drawen front their centres to their circumfer ences, 
are (by the firft “definition of the third ) equal the one to the ss Wherefore 





thefe two lines BG and 
G C,are equall.to thefe.two 
12 E H and H F: And 
the angle at the poynt G is 
equall to the angle at the 
point FAs} Vherfore (bythe | = 
yof the fir fith bafe BEN 
ds egual to} baje EF. And © As 
sforafmuch as: the angle at 55i 
“thepoynt 4 is equall tó'the angleat ick point D; Ne the f UE BA c 





ds like to. the feg ment E D F. Aad they are deferibed vpon equall right lines BC 
cand EF. Bit like Jegmentes of circles defcribed vpon equall right lines; are ( by 
othe 24.0 of the third )equall the one to the other. Wherefare the Jegment. i A C 
* 8$ equall to the fe feement EDF. And the Shole cycle ABC is equal toy: whole 
circle DEF. Wherefore (by the third:common i fentence ) the circumference res 


mayning B K Cis equall to the circumference; remayning EL F . Wherefore 
equall angles in equall circles confift in equallcireumferences; whether tbe angles 
be drawen from tbe centres or ror from — which was required to: be 
dem onilra ted, 
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date 24. Theorem. 4 The. 27. Pripoion. 


ji equallci circles the angles " confi Pi in egtiall Gt. 
- rences are equal the one to the other , whether the anglesbe 
depen from tbe centres,or from the ¢ ċircumfe erences, = 
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sof EuchdesElementes. == Foluton. 
SEAT V pole} thefe circles ABC,and D E F, be equal. And vpon thefe 
A e | equall circumferences of the fame circles namely, pon BC and EF, 
CS) C let there confit tbéfe angles -:B.G Cand EFA F drawen from te cen» 
== tres and alfo: thefe angles BAC and EDF drawen from the cire 










ms 





cumferences » LhenL fay, that the angle BG € is equall to the angle EHF, 
and the angle B AC to the angle ED F, If the angle B G C be equall to tbe an- 
gle EH F,then itis manifest that the ange B AC isequallto » angle ED F 
(bythe 20. of the thd). But if the angle «BG C benot equall to 9 angle EHE; py fa. 
then is.tbe one of tbem.greater then the other. Det tbe angle BGC be greater tión leading 
‘And (by the nU - M ae d Maa. UD 
23.0f the firft) ~," A. : à "c EM f itte, 
"pon the right an 
— "mne BG, and J 
«pnto the point 
geuen init G1. Vi 
make vnto the: N 
angle E H FA p 
l ans No 
an equal ans N- 
gle BGK Ba NY NX 
(by the 26% of B+ j 
S tbirt)eguall 6 i 
angles in equall circles confift vp0 equall circumferences whether they be drawer 
fromthe centres or from the circumferences. Wherefore the circumference BK 
-as equall to the circumference EF. But the circumference EF is equall to the 
circumference BC: Wherefore the circumference BK alfoisequall to the cire 
-cumference BC , the leffe to the greater : whichis impofsible.Wherfore the ane 
gle BGC is not ynequall to theangle E FLF : Wherefore it is equall. And( by 
the 20. of the third )the angle at the point A is the halfe ofthe an gle BG C:and 
(£y the fame) the angle at the point D is the halfe of the angle E FHF. Wheres 
fore the angle at the point A is equall to the angle at the point D, Wherefore in 
equall circles the angles which confeft in equall circumferences are equall the one 
+ to the other whether the angles be drawen from the centres or from the circumfee 
“ vences : which was required to be proued. 5 | 
5891 be 25.Theoreme. _.. Tbe 28. Propofition. 
In equall circles, equall right lines do cut away equall cir. 
cumferencessthe greater equall to the greater and tbe lefte e- 


quallto the leſe. 
vs /)o o» Odi. Suppofe 












—* Shee cireumperenives é AC and DEF being thes "greater , d alfo thefe 
tircumtferences BGC and: EHF being the leffe . Then 1 fay ;that the greater 


circumference BAC iiti gall tb the be greater circumference EDF: and the lefe 


AI aveionferenee BO C is I" to the leffe circumference BAL FE: Take( by the 
fif oj the.third) the centres of the ciycles yard let the fame be the pointes, K and 
poesi (OP circles are equali, ——— by T j pes y the = * ui rines ie 
le. do "Wrawen r9 the cens | ee 
tres are equally wheres M" l ae — 
fore thefe two lines B a 
aud KC, are /equall to*- 
thefe.tivo lines: EL and 
LF. And (by fuppofitis | 
on )the bafe BC is equall 

to the bafe E: F: N 
ford by the 8 «of y feft). 

be angle BCG equal tothe kno ELF. But ( by the 26 of the third) 

à u aneles dratben frm the centhes ,conftft bpon equall circumferences.W hers 
fore the CY ircimfer ente RG Cis equall tothe — erence E. FF; and Ly whole 
tiele; ABC is equall to the-whole circle DEE Wherefore the cikcumference 
LEMANS. BA € , is-by the third common fentence} equall te tbe circumference 
remayning. ED E: Wherefore i in circles. equali right lings do cut. away equall 
“circumferences, “the c greater ——— to the qm sand i the defe inis to telefe 
y ich was required to be ae Pa "- 
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‘ Tis 26, S hti Me 29. Tro. E 


E^ gia DS UN der eu circum Vespa ate fibiended 


equaling right lines. — pao re on 

= m pp that " a A Be C * D E È p eal. yy in TM 

Theconnerfe | AS A betaken ‘thefe eghall circumferences’, BGC and E Fi E: 
DE “laid drawe thee right lines B C and EF: ‘Then Tay, A that the right 
SES ne B. Cis equal to the right line E F. “Take (by the firft of third) 





Conftru ction . the dent éj. of the cir cles-s and let. them be the pointes Ka and, L., and draw thefe - 


p 1 ‘lines K1 B KC, L ELE. And for a[ mich as 17 éircuhference BGC 


S Dhi shavthefe " 2 PC, HID BE be vginall Andia Hinr ki 
9A E there be diawen thefe squall rie bi lines BC and EF, whichfet tut. away’ 


> da. And dini theje right lines; KB, KG. IE, and LF. And for aſmuchas 


— i 


Demonstra- “75 3277 fo the tir reuniference EHF thè angle BKC i eguallio o$ angle E LAE. | 
* (by the 27. of the third). And for afimuch a as the circles P BCandiD EFare - 


— PA one to the other stherefore (by the firft definition ofthe third ithe lines 
a to ye E hich 


ma v 3 


— — | E. (02. 


2 2h — Mi: 
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vaphiche save” 
“drawe me JO 
the centres: 8 3 | 
AY "equal: V SP 
wherefore: es — ‘ENV | 
3bbefe j.ilines- 0 op 
IB and? AIS eG 
| SOUS are gei hou iym 

' d: * g z LA. MP e E A ¥ af rie! E 
the]e y, ines eR DC 

LE and” — PB 
LE they 
comprehend " * W "— ( B. ài $. if the n rhe m BC: dB 
quallto the bafe EF . Wherefore tñ equal c circles pridér equall GE e PRI, 
are fi ibienided equall right lines : : which was Fegiüiréd | to be M ec 


sap The 4. Probloiie; | que: 30. Propopt ition, 
hy a o deuide a circum iforeriveg getien into two eqnall partes. | 


— 


— Pipofe that the circumfere ence geuen be AD B. I tis r ae to dez 
— ide the circumference. AD B into tivo eq jall partes. Drawar debe. Conſtruction- 
NOMIC le froni AtB: And (by the 10. of the prs) denide theliné AB 
into tivo equilll partes in tbe ponit. C And (by the tt: of the first from 
epe C rayfe Vp Vito AB a perpendicular linéC D. And draw. thefe right o M 
lines A D and DB: And forafmuch as thé line AC 1 is ee to the HS C B ur Demonfira- 
the lineC Dis common to them both;theree °°. 3 LU 7 Bue nen 
fore tbefe two lines AC andCD are ? equall LZ aii m Ne j 
to thefe twe lungs B.C aud C. D.Ande by the. 
4.peticion ) the angle, AED is equall totbe ^ Y- 
sangle C D, for either of them isa right | Z 
rig tangle. rH "Perf fore È ( by tbe 4. of. the first) - 
th bale A D is eauall to the bafe DB. But 
equal H righ ot lines 2. cut away equali e eipeume 
jj érciices the greater equc all to the greater as | 
E eR e p to tbe iz Efe ( by the 28. of t tle dial). Aud either of hefi Circum 
Jerences 41D an d D Bis 170 thena 1 fëmicirele.] Wher fore the circumference A 
Dis equal to "He circum fert ence D B. TY berfore tbe circumference — 15 deni 
epi into twoi equal! partes) Jp ‘buch Was i — to be done. ! 


E 2T. T heoreme. 7 Fhe x, Prodfí Hon. 


E na circla au j angle madei in i the sfemisirele ¢ is a right angle: 
d iiij. but 
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but an angle made in tbe fegment greater tben tbe femmtcircle 
`- atleffetbenarigbt angle,and an angle made in tbe fegment 
effe then the femicircle, is greater then aright angle. And 

-. moreouer the angle of the greater fegment 1s greater then a - 


- rigbtangle: and tbe angle of tbe leffe fegmentis lefe then à 
TER) ee hae thecicle be AB C Dandie imet fiic i 
IS S ithe right line BC, and the cetre therof the point E. And take in the fet 





i micirde a point at all auentures and let tbe fame be D. And draw thefe 
Theft pane TPtlines BAAC AD andDCE bent me ae 
ofthis Thea~ faythatthe angle in the Jemirircle BAC; < uea aA 7 s 
sene. namely, theangle BAC ts aright angle 5, 74 00 Von 
And the angle AB C-which is in the fegment 
AB Cheing greater then the femicircle, ts 
lefse then aright angle. And the angle A D 
C whiċhis in the fegement A D C beine lefse 
then the femicircle is greater thea right ane 
gle. Draw a line from the point A to the point d Alte mum — ° 
E end exteid te le B A mtotle pun E. — 7 ke 
And forafmuch as the line BE is equall to ` 2 cu 
the line EA, ( for they are drawen fom the 
‘centre to the circumference) therforetheane N 7s Of 
‘ole EAB is equalltothe angle EBA (by ^ C£ 027705 
the 5.of tbe first). Againe forafmuch as the : Pate 
line 4 E is equall to tbe line EC, the angle | 


Da 





AC E is (by tbe fame equall to the angleC A E.wherfore the whole angleB A 
Cis equall to thefe two angles ABC and AC B. But the angle F MC which is 
an outward angle of the triangle ABC is (by the 32. of the firft) equall to the 
. twoangles AD Cep JC BJ berfore tbe angle B.A Cis equall to the angle Fe 
“ACW herfore either of them ts aright angle. Wherfore the angle B A C-which 
ts in tbe femicircleB ACw arightangle, si seu wl “a eal 
ayan, c And forafmuch as (by the 17- of the first) the two angles of tbe triangle A 
pret a [B Criamely,A B C and B A C are lefse tben tworight angles, and the angle B 
-A Cis aright angle. T berfore tbe angle 4B Cis lefsc then a right angle andit 
is in the fegment A BC which is greater then the femicircle. | 
ahida, © UA forafmuch as in the circle there is a figure of foure fides namely, AB 
bird part. ats AU 
Ce © CD. But if within a circle be defcribed a figure of foure fides, the angles therof 
| hich are oppofite the one to the other are equall to tworight angles (by the 22 
ef thetbird ) V berfare (by tbe [ame ) tbe angles 4B C. and a (D C are equali 
"d c | VP to 


^" 





of Euclides Elementes. Fol.102. 


to two right angles But the angle A (8 Cis lefse tben aright angle.Wherfere the 


an sole remiayning AD Cis greater then.a right an igle , 4nd tt 15. 1n à segment 
which is lefse then the femicircle, a we 2 | 

` Now alfo I fay that the angle of the greater fegment, namely; the angle The fourth 
‘which is comprehended vader the circumference ABC and the right line AC pert. 

is greater then aright angle and the angle of the lefse fegment comprebended 

wider the circumference ADC, and the — i 


right line 4 Cis lese the avigbt angleytbich ^... iin i 
may thus be proued. Forafmucb as the angle wd Ov ? 
comprehended vnder the rightlines Band ©. of » 

A Cis avigbt angle, tberfore tbe angle come ^ aloa. y 
prebended "ynder the circumference ABC ANI NW 

and the right line A C 1s gredter then a right eo » we 


angle: for the whole is euer greater then bis 
part (by the 9. common fentence. ‘— 
Againe forafmuch as the angle compre» 
hended vnder the right lmes AC and AF 
is a right angle , therfore the angle coms 
prebended nder the right ine CA and the 
circumference ADC 4s lefse then a right ane 
gleW herfore in a circle an angle made in the - 
femicircleisavight angle,butananglemade ON, . 
in the fegment greater then the fenucircle is lefSe then aright angle and an arie 
gle made in the fegment lefse then the femicircle, is greater then a right angle. 
‘And moreouer the angle of the greater ‘fegment 1s greater then a right angle: ex 
the angle of the lefSe fegment is lefSethen a right an gle : which was required to 
be demonstrated Tie mv uc n b: 


- 


7 Theffiaud 
las part. 





2 Ai n other demonstration to proue that the angle BA Cisa right angle.Fore Another Dec. 
afmuch as the angle AE Cis double to the angle'B A E (by the 32. of the firft}) monstration 
for it is equal to the two inward angles which are oppofite. But the inwarde ans AA Ad i 
“gles are (by the 5. of the first) equall the one to the other and the angle AE Bis femicircleis a 
double to. the angle EAC. Wherfere the angles AE Band A ECare double to "8% angie. 


4 


‘the angle BAC. But the angles AEB and LEC are equall to two right an- 
| gles: Wherfore the angle BA Cis aright angle. Which was required to be dee 
onſtrated. | "A Or EGENT. o 
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v. MP tts manifofl that ifin atriangle one angle be equall A Corollary. 
`- pothe otber aigles remaning the Jamie angle it a right 


i angle: O4 
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‘An addition 
of E elitar iH b 


Demonstra" 
tionlea din 2 
30 «n abſurdi- 
iM. 


sAn addition 
of Cambane, 


na equali tbeone to the otber bey are alfo right m les — 


ow 000 Feld Bode 90 

` mgle:for that tbe fide angle to tbatone angle (namely, tbe 
angle whichis made of tbe fide produced without the trian- 
gle) 15 equall to the fame angles but when the fide angles are 


: 7 An addition of Pelitarins. | d *.- * HO 
Win acircle be infcribed a re&angle triangle , thefide oppofite ynto, the right 
angle fhall be the diameter of tlie circle. ^ | ^ti à y Rant eO Plin 
Suppofe that in the circle ABC be infcribed g^ V «D 70 à a AtA aiie ta 


— 


m 


redangle triangle A B C; whofe angleat the point i055 553 3 2 
B letbea right aagle.ThenIfay,thatthefideA C, | | «., 
isthe diameter of the circle . Forif nor, then hall ` ` 
the centre be without the line A C,as in the point. - 
E. And draw aline from the poynt A to the point. 
E,& produceit to the circumference to the point 
D: and let A E D be the diameter: and draw aline 
from the point B to the point D. Now(by.this'3 r, + 
Propofitió) the angle A B D fhall be à right angle, 
and therefore fhall-be equall to the right angle 
ABC,namely, the part to the whole : which isab- 
furde. Euen fo may we proue, thatthecentreisin . 
no other where butin the lize A C. Wherfore A C 

is the diamerer ofthe circle : which was required 

to be proued. r 





q An addition of Campane. ` 


`. By thys 31. Propofition,and by the. 16. Propofition of thys booke, itis mani- 
feft,that although in mixt angles,which are contayned vnder a right line and thé 


oe C 
‘ 
4 


.cifcumiference ofa circle,there may be geuen an angle leffe & greater then a. right 


angle;yetcati there neuerbegeué an angle equall to a right angle.For euery fecti- 
on ofa circle is eythera femicircle, or greater then a femicircle,or leffe;but thean- 
‘gle ofa femicircle is by the 16.0f thys booke, lefle then a right angle, and fo alfo is 
zhearigle ofaleffe fecion by thys 31.Propofition: Likewife theangle ofa greater 


. fecion, is greater thena right angle, as it hathrin thys Propofition bene proued.. 


0507 $üp T De 28. d beoreme. The 32.Propofition. 


— Ifaright line toucha circle,and from thetouch be drawena 
..  vightline cutting the circle: the angles which that line and 


* 


tbe touch line make,are equall to the angles which conſiſt in 
the alternate fegmentes of the circle. cae 


ES V ppofe that the right line EF do touch the circle ABCD inthe 
8 point B: and fromthe point B let there be drawen into the circle 
ABCD a right line, cutting the circle , and let the fame be BD. 
ST hen I Jay, that the angles which the line BD together with "A 
tonc 






^ Ps 


of Euclides Elementes. Fol.104. 


touch line EF do make, aveequallto the angles whith arein the alternate fee» 
mentes of the circle,that ts, the angle FB D is equall to the angle which, confi 
fiechin thefegment.B AD, and theangle E B Dis equall to the angle which 


confiSteth inthefegment BC D.. Raifevp (by the 11. of the firft fromy point Conſuullion. 


(B vnto the right line EF a perpendicular line BA . And in the circumference 
BD takea point at all aduentures, and let the fanie.bé C. And draw thefe right 


lines AD;D C,and CB. And for afmuchasa certaine right line E F toi 
cheth the circle, ADC inthe point B; and from the point B obere be touth is; 


- ‘ 
ha: 


is razjed Yj ‘wato.the touch Ihe d, ELDER. sm eV 
dicular BLA. T herfore( by the 19. of the _ eo 
third) in the line B A is the centre of the T Sp a 
circle ABC D.wherforey angle A DB 
being in thefemicircle, is( by the 31. of the |. 
third aright angle . Whereforethe ane» p,n i 
glesvemayning BAD and ABD,are «if. 
equall to one right angle. But the angle ^. 
ABF isa right angle W herefore theans èA 
ole AB F ts equall to the angles BAD :- 
and A D). D'akeaway 9 angle ABD 13 N 
Which iscommon to them both Wherefore © > 
the angle remayning. D BF,is equallto .. 
the angle remayning BAD, which isin iaaii 
the-alternate fegment of the circle. And for afmuch as in the circlé is 
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fower fides namely, AB CD, therfore( by the 22.0f the third the angles which 

aye oppofite the.one to the other ; are equiall to tmo right angles. WF herforé tbe aii 
gles BAD.and BCD, ave-equall to tworight angles . But the angles D BE 
and D BE, are alfoequall totwovright angles. Wherefore thé angles DBE 
aud DBE, are equall to the.angles.B AD and BCO, Of which we haue 
proved that theangle B.A ®D is equall to the angle D.BF. wherefore the an: 
glevemayning '‘D'B EB, is equal to the angle remayning D CB, which is in the 
alternate fegment. of the circle namely in the fegmien E. C 'B.Iftherforea right 
ime touch a circle anid from tbetoutb be dramen a right. line- cuttin g the circle: 
the anglescbicbtbat line and tbe tósich line make; are equall to-y angles which 
confit ing alternate fegmentes of the circle : which “was required to be proued. 
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fition may be two cafes . Forthe line drawen from the touch and Two cafes is 


cutting the circle, may eythen paffe by the centre or not. Ifit paffe by thecentre, this Propsfi= 


E 


then is it mañifett (by the 18. of thys booke) th 

the touch linejand deuideth thé circle into two équall partes, fo that all thé an oles 

irréche fertticirele jare by thé former Propofition right angles, and therfóre equal 

to the alterhate angles made by the fayd perpendiculaf line and the touchiline: [fie 

paile not: by. tlie centre, then.follówe the conftru&tion and deraon&ration be- 
bre ba ge E^ ad F — 


tas 7 be 


at itfalleth perpendiculari vpon ft. 


Three cafes in 
this Propofi- 
tion. 


The fir cafe. 
Conſtruction. 


Demonfira- 
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Thefecond 
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K vole AE B-2wbichi is in the alternate ejegment of the circle. But the an ngle! DAB 


— Dhe third BPooſhe 
Mte The 5. Probleme. The 33 Propoſtion. bim: 


— 4 right bne genen to defèribe a fe egment of a circle, 
ay" fhal contayne an angle equallt toa rethilirie Lu e gene. 


iV ppofe that the EN lbie genen be A Band let the rettiline angle’ gee 
7 Jum beC. It 1s required: Spon the right s. gene A 2 A Bto defè Cribe a y fegh 
liant of a circle-which hall contayne an angle equall to thè angle C 
‘Now the angle C is — an n acute an nile, ora did mS or an; ob: 
tufe angle. | Ly Nw 5i iE, "da UM Yu 
Firft, let it be an acute angle as © HS twee v R: 

in the fir ft- defcription. And( bythe 23 ' Us m as oe ote I : e qe howto 
of the fir/t ) vpon the right line A B ' EB YGD PNG Ps 
and tothe point in it Adefcribe an * —_ 
angle eqnal to the angle C,and let the? ~~ °° 
fame be DA B. Ui herfare theanvle - [75^ 
(D AB is an acute angle. From tbe ` 
point A raife bp( by the 11. of 9 fu ft) 
puto the line AD a perpentdiculer `- 
line AE. Žad by these. of tbefirf Ie ! 
deuide the line 4B into two equall © " — — S * -— SU 

artes tn the point Pe And (by tbe xi, sos SAID SRI eigo ores 
of tbe fame?) fr aia the pont F raſe vyp vnto the line AB i \ porperidicailar be 
EG and dina me from: G to B. Aid fora fmiich a as the line AF is equallio the. 
liie F B tbe line FG is common'to them both; “therforé thefe'i two lines AF 
and E Gre geyuall to thefe two lines F BandF G: and.the angle AFG is (by. 
the. 4. penn, Yequull to the angleG FB. Wherfore( by the. 4. vf the fame) the 
hafe AG s inegitall fo the bale GB. VF herforé making the centreG and tbe f pace 
GA de efirtbe ( by the 2 petition’) a circle and it Shall paffe by the pomeB: des. 
jfavibe fach actrcle ez lettbe fame be ABE And diaw'a line from E to B.N ow. 
fora ifinacb ies from tbe ende of the Wiameter 24 namely, from the point A is 
dramen avightline (D. makin SLOG ethér 27777 the: right line AE aright ane 
eke ther foret bythe cory vllaryof: she 16. of the third.) the line A D toucheth the 
p f E uud forafpiuch ayacertaine vight line AD. toucheth the circle 
ABE Ss fr on the point A ‘where the touch is is drawen into y circle a certaine 
risht lie A Beh er for e by the 32. of the third) the angle! DABIS ‘equal t to the 
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is egua T to-the dugle C wherforet the, an ele | C equall to the. an ngle 4 AEBW here, 
fore ypon the right.line genen-A 'Bis.de[eribed 4 Jegment ofa circle which cone 
* the angle AEB hichi is:equall to tbe angle geuen; namely to Ceri 

4 df Butnow Jppofe that the anole Che aright angle. Itis againe réquived tpe: 
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of Euclides Elementes. Fol. 105. 
pon the right line A (B to defcribea fa: 


_ ment of a circle, which [ball contayne an | i. 
angle Y» to the 5 C.Defcribe E | Confirution. 
againe ppon the right line A Band to the | 
point in it A an angle B A D equal to tbe 
re£liline angle geuen C (by tbe 23. of the 

first) as it is fet forth in tbe fecond des 

fcription. And ( by the 10.0f the first) des 
uide the line AB into two equall partes 
in the point F. And making ats centre the 
point F and the (pace F Aor FB defcribe |- 
(by the 3 „peticion Y circle AEB. Where P — fira- 

fore theright line AD toncheth the cire | i 
cle AEB :for that the angle BAD is a right angle. W berfore y angle B A 1D 
is egnall to the angle which is in the fegment AE ®, for the an gle whith is in à 
femicircle i5 aright angle( by the 31. of the third) But the angle B A D is equal 
to the angle C. Wherfore there is againe defcribed ppon the line AB a fegment 
of a circle namely ,A E B,wwhich containeth an angle equall to the angle geuen 
namely to C. "ty. | mss | 

But now [uppo[e that the angle C bean obtufe anole. V pon the right line | 

.. and to the nk A deferibe ( by the 23. of heart) 2 Bo D equall a bird 

to the angle C: as it 1s in the third defcription. And from the point Arayfe vp — l 
pnto the line AD a perpendiculer line AE Couſtruction. 
(by the 11. of the firft) And agayne by the | 
10, of the first ) deuide the line AB into two 
equall partes in the point F. And from the 

point F rayfe vp vuto the.line A.B a perpes 
dicular line F.G (by the 11. of the Jame) gr 
drawe a line fromG to B. And now. fora 
much as the line A Fis-equal to the line FB, - 
and the line FG is common to them both, 
therfore thefe two lines A Pand FG are ez - 
quall to tbefe two lines BF andFG:.and | | 
the angle AF Gis (by the 4 peticion) equall to the angle BFG: wherfore ( by 
the 4. of the fame ) the bafe-AG 1s equall to the bafeG B.Wherfore making the 
centre G ,and the fpace G A defcribe( by the 3. peticion Ja circle and it fhall pafe 
by the point D: let it be defcribed as the circle AE Bis. And forafmuch as from 
the ende of the diameter A Eis drawen a perpendicaler line AD,therefore (by 
the correllary of the 16. of the third ) the line AD toucheth the circle AE Ber 

from the point of the touche namely, A is extended the line ABW herfore (by 

the 32. of the third ) the angle B A © is equall to the angle A HB which is in 

the alternatefegment of the circle But the angle BA D is equall to tbe angle C. 
$a Fe. j. IW bere 





: Demenfita- 
' " 860fte 





: s 
M i * d T. b T 
"TM LETS CE — ‘my at OY 
SS. P ^ NOI 


. ^ — Wherefore tbe angle which is in the fe coment. AH Bi 4$ — to de: dielbC C 
. W berfore vpon the right line geuen AB,is defcribed afegment of à circle A H 

vost Bwhich contayneth an angle a to the gt genen 5 mint); ü i ‘which pas 
rere to be done. ee m ri "ut 2 


- 


fap T e 6. Probleme. | The A -Propfíio tion. 


> » 
- ~e Y 


RA a circle geuen fo cut aay 4 Jeftin which Jhal; containe | 
an «m anele equal to a rectiline angle genen. L 


^ 
Do 





| | VEI ef that the circle genen be ACandlet the hi a" genen 
s N ibe D. Itis required frö the circle A BCitocut away. af ement which 
la * ſhall contayne an angle equall to the angle D. Draw( bythe 17-0f the 
"UBL PPE d)a line touching the circle, and let the ame ab E E; and let it 

Pojithe i in the point B. And (by the 23. of | | 

the frt) pon theright line EF and to 
Demonflra- the point init B` "defcribe the an gle FBC 


Conſtruction. 


^ 





ES equal tothe angle D. Now forafmuch as 
a. certayne right line BE toucheth the cire ~ of No 
si ay Ge ABC inthe pomt®: and frora J pont [^ X. 
3 oft the touche. namely, B. is drawn into thé ^ 
EUN. lea cirtaine) ‘ght lite DUM therefore ` 


‘(by the 32. of the third the ang le FB. ise 
equallto tbe angleB AC which isin the 

alternate fegment. But the an aele FDO 7 x 

equall to the angle D. W berfore the angle i 

BAC which con fi iftethi in the: fegment BACIS. won. to. de hgk! D. Where 

fore from the circle geen A, BC is cut awaya Jéement B AC, which containeth 

an A dg: nee to the rectiline s angle; genen: which: Was require to be done. Ti 


K The 29. T heoremes The 35-Propoft Hio. 


AGES in vane tivo right. ms. do cut ‘the c one the other the recta | 
angle paralleloorame compre ebended onder the fe egmentes or 

S parts, of the one line is equal to the retlangle parallelograme 
TE 1 


v tonprebended: ünder the Se egment or partes ofthe, other line.. 
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(7. WANT a 


> — d Bt the iplo le 4 B C D, 2 in it det thee. E right red A C and. 

AES. BD cut the one the other, in the point E.T hen Lfay that the rectangle | 

—— arallelogramme contayned vader the ‘partes A E and E C is equall to. 
m | the 
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of Euclides Elementes. Fol.106. 


the rettangle parallelogramme contained ynder the 
partes D E and EB.For if the line AC and BD 
be drawen by thé centre,then is it manifeft that for 
as much as thelines A E and E C are equall to the 
lines D E and E B by the definition of. a circle, the. 
re&angle parallelograme alfo contayned vnder the 
lines AE and E Cis equalltoy rectangle paralles 
lovrame contained vnder the lines DE and EB. 
But now fuppofe that the lines AC and D B be | | 

not extended by tbe centre and take by the 1.0f the third) the centre of the cir 
cle ABCD, and let the fame be the point F, and from the point Fdraw to the 
right lines AC and DB perpendicular linés FG and F H (by the zz, of the 
first) and draw thefe right lines F B,F C and FE. j 
And forafmuch as acertaine right line F G drawen 
' by the centre cuttetb a certaine right line AC not 
drawen by the centre in fuch forte that it maketh 
right angles, it therfore deuideth the line AC into 
two equall partes (by the 3. of the third). Wherfore 
the line AG is equall to the line GC. And forafz 
much as the right line AC is deuided into two es 
quall partes in tbe point G, and into two "'ynequall 
partes in the point E: therfore ( by the 5. of the fecond ) the rectangle parallelos 
gramme contained ynder the lines AE and EC together with the fquare of the 
dine E: Gis equall to. the [quare of the line G C. Put tbe [quare of the line GF 
cominonto them both wherfore that which is contained vnder the lines A E c7 
EC together with the {quares of the lines EG andG F is equall to the fquares of 
tbe lines G Fey. C C. But 'ynto y [quares of 5 lines EG ex GF is equal fquare 
of} lme E E (by the 4.7.0f the first ):and to the [quares of tbe lines GC andG F 
is equall tbe [quare of tbe line E C ( by tbe fame ) W berfore that ‘which is contaia 
ned vader the imes A E and EC together with the (quare of tbe line F E is e« 
quall to the [quarc of tbe line FC. But tbe lime F Cis equall to the line FB. For 
they are drawen from the centre to the circumference. Wherfore that which is 
contained ynder the lines A E and EC together with the fquare of the lyne FE 
is equal to the [quare of the line F B. And by the fame demonstration that which 
is contained vnder the lines D E and EB together with the fquare of the line F 
Bris equailto the fquare of the line F B.Wherfore that which is contained Yn- 
der the lines A Eand E C together with the [quare ofthe line EF is equall to 
that which 1s contayned vnder tbe lines 1) E and E B together with the [quare 
of the line E F. Take away the fanare of the line FE whichis common to them 
both. Wheérfore the reCiangle parallelogramme remajnin ig which is contayned 
“vader. the lines A E.and-E.C is equall to the reétangle parallelogramme remays 
wang, winch is contayned ynder the lines D E and EB. I f therefore in a circle 
tworight lines do cut the one the other: the reftangle parallelogramme compres 
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"was required to be demonstrated. 


iheiqüsreofthcline 2 PF, are equall the fquares. 
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bended bnder the fegmentes-or parts of the one line is equall to tbe YeElasle pae 
rallelogrante comprehended vnder the fegmentes or parts of the other line- which 
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In thys Propofition are three cafes:For eyther both the lines paffe by the cen 
tre, or neyther of ehem paffeth by the centre : or the one paffeth by the centre and 
the other not. The two firftcafes are beforedemonftated. «5. 3.77 


But now let one of the lines onely, namely, theline e/C paffe by the centre, which 
let bethe poynt F, and let itcut the other line, namely, BD, inthe poynt E. Now 
thentheline 4C deuideth theline BD eytherintotwo equall partes,orinto two yn- 
cquall partes . Fyritlet it deuide it into two equall partes: Whereforelalfo it deuideth it 
rightangled wyfe bythe 3. ofthys booke. Drawe aright line from B to F..Where- 
fore B E P isatight angled trianple. And forafmuch asthe right line 4C is denided 
jnto two eq uall partes inthe poyne F,& into two ynequall partesiin the poynt E.. Ther- 
fore the rectangle figure contayned vnder the - ~ ET rN 
lines «27 E and EC together with the (quare a£. 
the line € F,iscqualltothe fquareoftheline FC — 
fbythe 5. of the fecond). But vnto the {quare of 
tne line £ C 1s equall the (quare of the line. F . 
(for that thelines £ 7 and F Carecquall). Ther- 
fore thatwhichis cétayned vnderthelines JE | 
and È C together with the {quare of the line E F, 
isegualito the fquare oftheline BF, Butvynto - 


oftheiinces J E and E F (by the 47. ofthe firft). 
Wherefore that which is contayned vnder the ^ 
ines. eE and EC together with the fquareof ° 
rheline.E E, iseaquall to the fqnares of the lines 
#Eand EF. Takeaway the {quare.of the line bera mex. 
EF which is conimon to themcboth : Wherefore that which remayneth, namely; that 
which is contayned. vnder the lines eA E and EC, isequallto the.tefidue; namely; to 
the fquareefthe line BE. Butthe{quare ofthe line 2 E is that which is contained yn- 


+ 





e 


der the lines BE and E D : for (by fuppofition) theline J E isequall totheline E D. 


Wherefore that which is contayned vnder the lines AE & E Cis equall to that which 
is contayned vnderthelines 8 E and. E D: which was required to be proued.. «i true 
But nawlet the tine 2-4 C paffing by the centres, (3. is Y : . 


shef, ' 3 € (No 0 osi 
g E M E NM. th PA E 
t + Ze ^ 1 =. v *. 





denide. thé line BD not paffing by the centre,vn- - E 
equally in the poynt E. AndfróthepoyntEraife -— XA ADR 
vp vnto the line e fC a perpendicularline BA, En 
which produce cn the other fide.to the. poynt.G. Mi iiie T 


Wherefore (by thé 3. ofthisbooke) thelineEH / ^ 
isequall to theline EG. Wherforeas we haue be~- I 






fore proued , that which is contayned vnder the Bk als 
Jines 4 E and EC,is equall tothat whichis con-.,, . Mal 
tayned vnderthelines GE & E H: butthat which | - E a 
is.contayned vnder the lines BE and ED,isalfo G ž. 
equall to that which is contayned-vnder the lines s- RA. 
G Eand E H, by the fecond cafe of thys Propofitie, | IN. esca 
on : Wherforethat whichis contayned vnderthe ^ ^^ ^ 700—775 70V 
lines eA E and EC,isequalltothatwhichiscont- — ^ ' 55755 0 i ia BATAR 


tayned vnder the lines B E and E D : which was agaynerequired to be proued.. $i: 
Amongeftall the Propofitions in this third booke,doubtles thys is one ofthe 
chiefet, For ic ferteth forth vnto vs the wonderfull nature ofa circle «So that by 
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of Euclides Elementes. Fol.ioJ. 
it may be doné many goodly cónclufions in Géometty , 4$ fhallafterward.be de- 
dlared:when occafiori fhallieiue 5st a cuo oe 


2 fap be 30. beoreme. Lhe 36.Propofition. = 
a= JP without a circle be taken 4 certaine point, and from that 
point be drawen tothe circletivo right lines, Jo that the one of 
them do cut tbe circle, and theother do touch the circle: the 
rectangle parallelogramme whichis comprehended vnder the 
whole right line which cutteth, the circle, aud that portionof — 
the fame line that lieth betwene the point and the vtter cir- 
- cióferente of the circle, ij equall to tbe [quare made of the line 
that toucheth the circle. ~ > «m 


ees ppofe that tbe circle be ABC: and without the fame circle take as 


A ny point at all aduentures and let the [ame be D. And from the point Con fyuttign. 
(D let there be dramen to the: circle.two right lines DC A and OB, 










CECI and let the right lne DEA cut the circle AC Bin the potat C and 
let the right line BD touch the fame. hen I jay, that the reftancle parallelos 
gramme contayned pnder the lines 4D and D C, is equall to the [qnare of tbe 1a * H 
line BD Now the line DC A is either drawen by the centre pornot, 5 10 IP at 
unt. EarSt let it be drawen:by the centre. And (by | “The frff cafe. 
the frft ofthe third )let.the poynt F be.y centre of "D 
‘thecircle BC, and drawe aline from F to Be y 
Wherefore the angle F BD is aright angle.And 
‘forafmuchas 9 right line AC. is deuided into two 
:eqitall partes: m tbe poynt Fand'ynto it t$ added 
uliretily aright me C D therfore( by tbe 6 ofthe 
yecond) that which is contayned der the lines 
whD. and: D Ctogether with the [quare of 5 line 
LF, ts cquallto the fquare of the line FD. But 
«tbe lie F.Cis equall to the line FB, for they. are 
drawen from tbe.centre to circumference: W bere 
yore that *obicb is contayned vnder the lines AD 
and D C together with the fquare of the ine FB, 
is equall to the fquare of thelineF D.But 5 [quare. 
of the line FD, is (by the 4.7.0f.the firft) equall 
to tbe fquares of the lines FB and BD (for the | s go 
angle FB D isavigbtangle.). T7 berefove that "which is contayned ‘onder the 
dines Dand DC together withthe Jquare of tbe line F B, is eguali tothe 


Cun Ee.iy. Jqsares 


SS 7 


Demon Fras 
(285, . 





J be fecoud 
e efe, 


ConfIructiot 


Demonitras 
60H, 


ELE T hethird Booke ^. 
A OL A Betbira Booke ^» 


finares of the linesF B and. B D "Take away the (quare of tbe line FB-ybich 
s common to them both . Wherefore that which remayneth, namely, that-whith 
is contayned ynder the.lines AD-and D C, is equall to the faquare made of tbe 
line Ophichtoucheth the ciraa. I a 
But now fuppofe that the right line DC Abe. | p 
not drawen by tbe centre of tbe circle ABC. And... 
(by the first of the third) let tbe point E be 9 cene. - 
tre.of the circle ABC. And from} poynt E draw 
(by the 12. 0f the firft) ynto the line AC apere — 
pendicular line EF’, and draw thefe right lines ` 
EDB,E Cand. ED + Now the angle EF Disa 
right angle . 4nd for a[much as a certaine rights ` 
line EF drawen by the centre,cutteth acertayne ® 
other right line A Cnot drawen by the centre, in 
fuch fort that it maketh right angles , it deuideth 
it (by y third of the third ) into two equall partes. 
Wherefore the line AF is equall to the line FC. 
And for afimuch as the right line. AC is deuided 
into two equall partes in the poynt Ft 'vnto it is 
added dire&tly an other right line making both 
ene right line , therefore (by the Gs of the fecond) LE om nus s Bh 
that swhich is contayned 'ynder tbe lines D Jf and (D C together with the fquare 
of the line FC, is equall to the [quare of the line. F D : put tbe [quare of the liae 
F E common to them both. Wherefore that which ts contayned ‘bnder. the-lines 
D Aand D C together with the fquares of the lines CF andF E, is equallto 
tbe [quares of tbe lines F Dand EE. But to the [quares of the lines F D and 
FE, is equall the fquare of the line D E( by the 47.0fthe firft ) for the angle 
EF Dis arightangle. And tothe {quares of the lines CE and FE, is equall 
tbe [quare of the line C E (by the fame ). Wherfore that which is contayned pute 
der the lines A Dand D C together with the fquare of the line EC, ts equall to 
tbe [quare of the ine ED . But the lie EC is equall to the line E B: for they 
are drawen frontthe centre to the circumference. Wherefore that ‘which is cone 
tayned ynder the lines A D and DC together with the fquare of the line EB, 


OE 





» ag equall to the {quare of the line. ED . But to the [quare of tbe line. E Dare te 
-quall the {quares of the lines EB and BD (by the 4-7. of the first) for the ane 


gle EBD isa right angle: Wherefore that-whichis contayned bnder the lines . 


-ADand OC together with the fquare of the line EB, is equall to the fquares 


of the lines EBand BD. T ake.away the [quare of the-line EB swhichis come 
mon to them both: Wherefore the refidue, namely, that which is contayned yn» 
der the lines. A Dand DC; is equall to the fquare of the ine DB. If therfore 
without a'circle be taken a certaine point, and from that poynt.be.drawen to the 
sircle two right lines, fo that the one of them do cut the circle, and the: other ^ 
~ n EPIS Vies egeo de Pris 


aM 


of Enelidés Elemente Fol.to$, 


tonch ther irte: "Me rectangle: » páralleloprainrié which is comprehended: vnder 


the whole right line which cutteth the circle and that portion of the fame, line 


shatlieth betwene the poyn tand thé vtter.circumference of the circle,ts equall to 
the [quare made af the line that toucheth the epo? which was required to be 


demonfirated. . AN. eit. Tig “ayant ! wi 


ee: a PE mem > hwy : $C 43 sp ; : 

y Tvs Corollaries out of Campane. | 
If from vir and the fel e fame goynt. ne without a circle be drawen into the circle lines how 

many foener : the retkangle pranie ae Qn vnder euery one of tbeng and bys outward 

peo: are aru the ont ta she other. . l 


KK 


; And thysi is ‘hereby manifelt for the at euery one of thofe rectangle Parallelo- 
grammes are equall to the fqusre ofthe line which is drawen from that poyntand 
‘toucheth the circle by thys 36. Propofition . Hereunto he addeth. | 


I tiyo lines: drame frmo on and the fof fene point do touch 4 circ le, they are equal f one to 
the other. L. E 


F 


-Which krni it LE no demonfttation, for that the {quare of eyther of 
themis equallto that which is contayned vider the line drawen fom the fame 
poynt and hys outward part : yec he thus proueth it. 


4.. Suppofethat there be a circle B CD; whofe 
centre let be E, and without it take the point A. 
And from the poynt-4 drawe two lines AB and 
A D,which let touch the circle in the poyntes 
Band D. ThenI fay,that they are equall. Draw 
‘thefe right lines EB, £.D,and AE’. And by thè 
‘18,.0f thys booke, eyther of the angles at the - 
-poyntes Band Disa right angle. Wherefore(by . 
¿the 47. of thefirit) the (quarc of the line e£ E, 
“is equall to the two fquares of thelines 4 B and 
© EB: and by the fame reafon,to the two {quares. 

v ofthelines AD and ED. Wherefore the two 
' {quares of thelines 4B and EB, are equall to 
“the two {quares of the lines e D and E D.And 
cforafmuch as the fquares of the lines EB and 
E D are. eqüall, therefore the two other fquares 

‘ofthe lines 4B and AD are alfo equall.Wher- 

“fore the tine 4 B is equall to the Hine A D:which 

was required to be prosed. | iiis, AAT 





~ 


The fame may be proued an other way: -Drawaline from Bt toD. And d(by the òf 
“the firt) the angle E BD isequall to the angle:E DB « And forafmuchas the two an- 
„gles AB E and ef DE areequall,namely,for that they are rightangles : if: you take 

from them the equall angles EB D & E DB, the two otherangles remayning, namely, 
“the angles 4 BDand ADB Pues Er a TOW bythe 6.o0f the d the E 
> AB is equal to the line 4 D. 


v. 


a 
* 
a E 


— g Hart: al 0 y Politarius addeth this C orollary.. 


At 
Uu xt 
A 
M 


"Fun 4 poer ques withoir: á cirele.cun be drawer unto æ eil rely. two ‘touch lines. 

Be: CES IR ; II Jü 

* The former deleri ption remayning,I fay that from the; soyne ‘A canbe mon vnto 
P Pe. the 


Fir Corella- 
Pye 


Second Coe 
t ollary. 


Third Coro} 


lary. 


This propof- 
tion 33 the co« 
nerfe of tbe 
ferner. 


Conſtruction. 


Demonſtra- 
tion. 


D arigbt line touching the circle ABC, and 
let the fame be DE. And ( by the fof of the 
fame) let tbe point. F'be tbe centre ofthe circle 


det! X beabird Boe: ^ - 
thecircle B C:D.no more touch lines,butthe two lines 442 and 44 D. .Forifitbepof- 
fible, let_4 F. alfo bein the former figure a touch line,touching the circlein the poyat 
F;And p rawe a line from Eto F,And the angle at'the point F fhall be aright angle, -by 
the 18.0f this booke: Wherefore it isequall ro the anglé E B A; which iscontrary.to 
the 20.ofthe firít, . _ : iA Hope dp a NO, cm EEN 

This may alfo be thus prouéd . Forafmüch asall thelines drawen from ohe andthe 
felfe fame poynt & touching a circle are equall,as we haue before proued but thelines 
ef Band AF cannot be equall, by the 8. Propofition of this booke; therefore the line 
24 F can not touch thecircle BGD. sium dz 


4 
D - 


Av me- 


S07 $a be ya. beorene. — d be 37. Propofition.- 
.,.. Ifnitbout a circle be taken 4 certaine point ,andfrom that 
bp point be aravwen to the circle two right lines,of which,the one 
doth cut the circle and the other falleth upon the circle, and 
“ abat in fuch fort,that the retangle parallelogramme which is 
|. €Otayned ynder the whole right line which cutteth thecircle, 
and that portion of the fame line that heth betwene the point 
and the vtter civcumferece of the circle,is equall tothe [quare 
nade of the line that falleth ypon the circle then that line 
ihat fo faleth ub 7 | P 
that fo faleth upon the circle Joalt touch the circle. 3 
Fone Et the circle be A BC: and withe 
ee eout the fame circle take a point, and 
wy Valet the [ame be (D 7 from tbe point 
AD let there be drawen to the circle 
ABC two right lines DCA and DB: and 
let DC A cut tbe circle, and 'D Bfall vpon the 
circle. And that in fuch fort, that that which 
is contayned 'ynder tbe lines AD and DC, 
be equall to the fquare of the line DB. Then 
I fay,thatp line D Btoucheth the-circle A BC. 
Drawe (by the.7- of the third) from the poynt 






ABC: and draw thefe right lines FE, FB, 
and EFD .Wherfore the angle FE D is aright 
angle. And for afmuch as the right ine DE = 
toucheth the circle ABC , and theright line DCA cutteth the fame, therfore 
(by the Propofition going before ) that swhich is contayned vnder the lines-AD 


pv 
+ 





and DC, is equall to tbe [quare of the line D E . But that which is contayned 


"pn der 
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vader the lines AD nt DE, is [uppoled to be eguallto tbe" J[auaresof tbe line 
DB. ir herefore the facie of ile DE iseguall tothe fquare ofthe bie 
DD, Whereforealfa the line D Ess equall to the line DB. Andthedine FE 
és equal to the kine FB for they are draw en from the centre toy circumference. 
Nou tefie fett lots, DE d E F ark équlliotlof two lines DB 
and ‘BF, and. FD 1s acommonbafetothem both. wherefore (by the 8. of the 
first) the angle D EF is equall to theangl DBF. But the angle D EFisa 
right angle Wherefore alfo the angle DBF is a right angle. And) line F B 
being produced, [hall be the diameigrofthe cwrcle. Butt{ from the end of the die 
ameter of a circle bé drdiven aright line making right angles , the right line fo 
drawen toucheth the circle (by the Correllary of the 16«of tbe third ) . Lerfore 
the rightline D B.toucheth the circle ABC . And the like demonStration will 
ferue if the centre bein the line AC. [f therefore without a circle be taken a cere 
taine point and from that poynt be drawen to the circle two right lines , of which 
the one doth cut the circle and the other falleth ypon the circle and that in fuch 
fort, that the rettangle parallelogramine which is contayned ‘onder the whole 
right line which cutteth the circle and that portion of the fame line that lieth be- 
tiwene the poynt and the vtter circumference of the circle is equall to the fquare 
made of the line that falleth vpon the circle:then the line that fo falleth vpon the 
circle [ball touch tbe ciréle : which was required to be proved, 


~ 


a HR «4 
we , * = , 
ae E. 


_.g An other demonftration after "Pelitarius, 


Suppofe that there bea circle 2 C D, whofe 
centre let be E:and takea point without it,name- 
ly,4: And fré the poynt_4 drawe two right lines 
AB D,and AC: of which let 4B D cut the circle 
in the poynt B,& let the other fall vponit.And let 
that which iscontained vnder thedfines eA D and 
Zl B,beequaltothe fquare ofthe line _4C. Then I 
fay, thatthe line 244 C toucheth the circle . For 
firft iftheline 48 D do paffe by rhe centre, draw 
therightline CE. And (bytheó6:ofthe fecond) 
that which is contayned vnder the lines Æ D and 
£A B together with the fquare of tħe line E Z,that - 
js, with the fquareofthe line EC( for the lines 
& Band EC are equall) is equall ro the fquare of 
_ the linee4E .Butthat whichis contained vnder 
thelines e4Dand 4B,is fuppofed to be equall 
to the {quare of the line e4 C: Wherefore the 
fquare ofthe line «4 C together with the fquare 
ofthe line C E, is equall to the fquare of the line 
4A E. Wherefore(by thelaft ofthefirft) the angle 
"at the point Cis arightangle.Wherfore (by the 
18. of this boke/the line AC toucheth the circle. 
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on other dee 
wonftration 
after telita- 
py, 


T he third Boke 


Butiftheline 4B D doo not paffe by the centre, drawefromthe point e/f the line 
AD, in which let be the centre E, And forafmuch as thatwhich is contained vnder this 
vholelineand his outward part, is equall to that which is contained vnderthe 
lines e/£ D and c4 B bythefirlt Corollary before put, therefore the fame 
is equallto the fquarc of theline ef C, wherefore theangle EC A isa 

. Fight angle as hath before bene proued inthe firft part of this 
Propofition,And therfore the line 4 C toucheth the circle: 
Which was required to be proued, 
| G5) ree 


i 


fa Lheendeofthethirdbooke — ^. 
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HISFOYBRTEXOORBE intreateth of the inſcrip- 






VER. ? HI5rovnarH spook a intrea | Tbe arcumens 
2 2 tion Secircumfeription of rectiline figures: how one ofthis booke. 
Puy right lined figure may be infcribed within an other 






Ly | right lined figure,and how aright lined figure. may 
ssn, be circum{cribed about an other fight lined figure, in 
Asse» luchas may be infcribed and circumfctibed within 
EAS LY or about the other.For all right lined figures cannot 
e fo be infcribed or circumfcribed within orabout the 
d OQ \\oth er. Alfo it teacheth how a triangle, a fquare, and 






a Zu E. me. ais yy certayne other redtiline figures being regular may be 
—— ‘Se e 5s infcribed. within a circle. Alfo how they may be cir- 
| j cumferibed about a circle.Likewife how a circle may 
be infcribed within them. And how it may Bë circumfcribed about them. And be- 
caue the maner of éntreatie in this booke is diuers from the entreaty of the for- 
mer bookes,he vfeth in this other wordes and termes then hevfedinthem. The 
definitions of which in order here after follow. | 


- 58» Definitionr. 


A | 1 wu tx * im 3 e wt: ` : | H, | 
Arcctiline ſigure is Jayd to be inferibed ina retliline figure, Forf defini 
- when euer one of the angles «f the infcribed figure toucheth sion 


22. euery one of the fides of the figure wherin it is inſcribed. 


As the triangle £ B Cis inſcribed in the triangle D EF, becaufe that-euery angle of 
the triangle inicribed »namely,the trianglee- 7 B C toucheth cuery fide of the triangle 
within which it is defcribed,namely,of the triangle DEF, As the angle C_AB toucheth 
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the fide E D -‘theangle 4B Croncheth the fide D and the angie 4C B taucheth the 





F, 

fide E F.So likewife the {quare ABCD is faid to be infcribed within the f quate E FG 

Fry for every atigle-of it toucheth fomie one fide of the other. So alfo the Pentagon or 

fiüe angled figure 4B CD E isinféribed within the Pentagon or — figute 

EG HIK, Asyowfeéitthefigurèg on -0 SAn i2. MES MEM, M vs 
* Likewife 


$eesnd de- 
fin sb 20N o 


7 be ivfcripti- 
tior and ir- 
cumicriptiun 
ofveciiline 
figures pertat- 
resh only to 
vezular fie 

€ 47S 


The third de- 
finitions 


T he fourth Booke 


Likewife a rettiline figure is Jaid to be circumfcribed about a 
retliline figure, when enery one of the fides of the figure cir- 
cumfcribed, toucheth enery one of the angles of the figure a- 
bout which itis circumfcribed. 


As in the former defcriptions the triangle D E Fis faid to be circum{cribed about 
the triangle 4 B C,for that euery fide of the figure circumfcribed,namely,of the trian- 
ple D E F toucheth every angle of the figure wherabout it is circumfcribed.As the fide 
DF of the triangle D E F circumfcribed,toucherh the angle 4B C of the triangle ABC 
about which itis circum {cribed:and the fide E F toucheth the angle B C-4,and the fide 
C Dtoucheth the angle C 4 2 .Likewife vaderftand you ofthe {quare EF GA which is 
circumícribed about the {quare 4 3 C D: foreuery fide of the one toucheth fome one 
fide of the other. Eué fo by the fame reafon the Pentagon F GA J Kis circumícribed a- 
bout the Pentagon 4 BCD E, as you feein the figure on the other fide. And thus may 
you of other redtiline figures confider. | | 


By thefe two definitions it is manifeft,that the infcription and circumfcription 
of rectiline figures here fpoken of, pertayne to fuch rectiline figures onely, which 
haue equall fides and equall angles,which are commonly called regular. Itis alfo 
to be noted that re&iline figures only ofone kinde or forme can beinfcribed or 
circumfcribed the one within or about the other. As a triangle within or about a 
triangle: À fquare within or aboutafquare: and foa Pentagon within or about a 
Pentagó, & likewife of others of one forme.Buta triangle can not be infcribed or 
circumfcribed within or aboute a fquare : nor a (quare within or about a Penza- 
gon.Andfo ofothers of diuers kyndes. For euery playne rectiline figure hath fo 
many angles as it hath fides. Wherfore the figure infcrided muft haue fo many an- 
gles as the figure in which itis infcribed hath fides : and the angles ofthe one (as 
is fayd) muft touche thefides ofthé other. And contrariwife in circumfcription of 
fioures,the fides ofthe figure circumfcribed muft touch the angles of the figure a- 


o v e » . » 
bout which it is circumfcribed. 


Arettiline figure is fayd to be infcribed in a circle when eue- 
ry one of tbe angles of the inferibed figure toucheth the cir- 
cumference of the circle. | 


A circle by reafon of his vniforme and regular diftance which it hath from the 
centre to the circumference may eafily touche all the angles of any regular recti- 
line figure within it: and alfo all thefides ofany figure without it. And therfore a- 
ny regular re&iline figure may be infcribed within it,and alfo be circumfcribed a- 
bout it. And agaynea circle may be both infcribed within any regular rectiline fr» 


^ Zh t * 4 


eure,and alfo be circumfcribed aboutit, . WA 


sthe triangle 4 2 Cis infcribed in thecircle.4 B C : for that euery angle toncheth 


fome one pointe of the.circumference ofthe circle. Asthe angle C4 B of the triangle 
,A B C toucheth the point &/£ of che circumference of the circle. And the angle ef A G 
| o 


t 
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of thetriangle toucheth the pointe B ofthe circumfe- 
rence of the circle. And alfo the angle 4CB of the tri- 
'angletoucheth the pointe C of the circumference of 
the circle, In like manner the fquare 4 D E F is infcri- 
bed in the fame circle 4 B C : for that cuery angle of 
the (quare infcribed,toucheth fome one poynte of the 
circle in whichitisinícribed. And fo 1magine you of 
re&ilined figures. = te 


eA circle is fayd to be circumfcribed 
about arettiline figure, whéethecir- => | 
cumference of the circle toucheth euery one of the angles of 
the figure about which it 1s circumfcribed. Pa 


The fours 


definition. 





Asin the former example of the third definition. The circle 4 D EF is circumfcri- 
bed about the triangle 4 B C,becauferhe circumference of the circle which is circum- 
{cribed toucheth euery ‘angle of the triangle about which iris circum{cribed : namely, 
the angles C 4 B,24 B C,and BC A. Likewile the fame circle. 4 DEF is circumfcribed 
about the fquare 4 DE F by the fame definition,as you may fee, 


+. Meircleis fayd to be infcribed ina rettiline figure, when the the pa. 
circumference of the circle toucheth euery one of the fides of Ant 
the figure within which itis infcrited, V 
» ‘As the circle 24 BCDisi nfcribed within the triangle Yi 
E E G, becaufe the circumference ofthe circle toucheth ` 
cuçry fideof the triangléin which itis infcribed: namely 
the fide E F in the point $, and thefide G F in the pointe 
C,andthe fide G Ein the point D. Likewife by the fame 


reafon the fame circleis infcribed within the fquare H F 
K L. And fo may you indge of other reGtiline figures. 


A rettilined figure is faid to becircum-,. © = € FF a" Us 

" ° i e XE ae 
Jeribed about a circle, when euery one-of the fides of the fi- nitima 
gure circumfcribed toucheth the circumference of the circle, 





As in the former figure of the fift definition,the triangle E FG is circumfcribed a- 
bout the circle 4 BC D,for that euery fide of the fame triangle beyng circumfcribed 
toucheth the circumference of the circle;jabout which itis circumícribed, As the fide 
E G of the triangle E F G toucheth the circumference of the circle in the point'D; and 
the fide E F toucheth itin the point Z : and the fide G Fin the point C.Likewifealfo the 
fquare HI K Lis circum{cribed about the circle 4B C D5 for. euery one-of his fides, 
toucheth the circumference of the circle, namely, in the pointes. 4,2,C,D.-And thus . 
confider of all other regular right lined figures (for of them onely are vnderftanded ` 
theíe definitions) to be circumfcribed abouta circle, or to beinfcribed within à cir- ! 
clé: or of a circle to be circumfcribed-orin{cribed about or within any ofthem. 
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E be fourtb Booke - 
E A right lyne ts fayd to be coapted or applied in a circle; when 


Anition. the extremes or endes therof fall uppon the circumfere nce of 
"rbe circle. e n S 


"T 








As theline B Cis fayd to be cóapted orto beappli- 
cd tothecircle 4 B C for that both his extremes fall 
vpon the circumference ofthe circle in the pointes 8 
and C, Likewifetheline‘D E, Thisdefinitionis very D$ 
neceflary,and is properlytobe taken of any_lyne ge- 
uen to be coapted and applied into a circle, fothatit 

exceede not the diameterofthe circlegeuen, _ 
i à TNI 2? NI. Be 


va 
t 


Ce y "^ o 
>» 


T'he 1. Probleme, -The t.Propofition, > 5 


inacircle genen,to apply aright line equall ynto aright line 
geuen, which excedeth not the diameter ofacircle. -= 
(lé-\\ Vppofe that the circle genenibe A'BC, and let the-right 
eZ || unegeuen, exceding not the diameter of the fame circle, 
zw, £e DIN om itis required in tbe circle genen A B Cto aps: 
| Ew ply arigbt lme-equall'ynto tbe vigbt line D. Draw the 
VERE VN! diameter of the circle ABC, and.let the [ame be BC. 
V Bi — TET. "v AS E —— - RT 
E NZ Now ifthe ine. BC be equall 'ynto tbe line D. then is 
0 ESESESZLo eS )| that done wbich-was required . For in the circle géuen 
Tivo cafes 20 RC; heh aariobt ine ges: m Dig MENT. 
hi AB Cis applied aright tne _ | b. 
this Propof- I: aii Edom " 
zon. BC equall yntoyvigbtlines, o demo id E LL ef as 
Firfeafee D. But if not, then is the N33 v oxi 
Second cafe line BC-oreater then y line 
mL uL, And by the'third of the 
m MESA x.t L "tl iS E E. A . 
first put mito the line Dan. 
equall.line CE And makin Lg 
the centre C,and tbe Space — V. 
CE, defiribe ( bythe third... Ns 
petition )a.circle EG Fyeuts; 6 N s 
ting the circle’ ABC in the 0 T 
point E g drawa line from: o a 
9 Cto F: >And ‘for afmucb as. 
Demonſtra- Mw i rus oie. an DB n E Tub S13 


cele E GE, tberóforeG by. a ni aiaa e t e ils 
the 13..definition of the firft:) the line-C F-ixequall'ynto tbe line C E. . But the 
jine CE i equall'vnto the line D. W herefore( by the firftconmon fentence) g 
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line CFE alfo is equall'bnto the line D. Vherefore in the circle geuen ABC, is 
applyed aright line CA equall pnto the right line genen D : ~yhich was requte 
red to be done. UN - | | 


Sep The 2. Probleme. Lhe 2: Propofition, 


_ Ina circle genenstodefcribe a triangle equiangle onto a tri- 


angle geuen, 


t 










E TS, V ppofe that the circle genen be ABC: and let the triangle geuen be 
KSA A 2,D E F. Now it is required in the circle genen ABC to defcribe a tric 
SR Kj angle equiangle vnto the triangle genen DEF. Draw ( by the 17: 
CU of the third) a right line touching the circle A BC,and let the fame be 
C A FI and let it touch in the point A. And (by the 23- of the firft ) vnto right 
tine A EL,and ynto the point init A, defcribe an angle FL AC equall vnto the 
angle DEF. And (by the felfe fame) 'vnto the right line AG, and vnto the 
point in it A makean an=- T 
gleG AB equall vnto the 
angle DFE. And draw 
aright line from B to C. 
And for afmucb as a cere 
taine right lme G A H 
toucheth y circle ABC, p 
and from the point where 
at toucheth, namely,A, is — 
drawen into the circlea — d 
right line AC, therefore . 6 A Doc mm. 
( by the 21. of the third) ; P W - ; p^ 
the angle £1 AC is equall'ynto tbe angle ABC which isin the alternate Jege 
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ment of the circle. But the angle H AC is equall to. the angle D-E F. Wherfore 


Couftruction. 


Demonſtra- 
Hon, 


theangle ABC 1s equall tothe angle «D E F | And by the Jame rea[on, the ane — 


gle AC Bis equall to the angle DFE. wherefore the an ole remayning ,B AC, 

is equall ynto the angle remayning,E D F. Wherefore the trian gle ABC is es 
quiangle ynto the triangle D E F. And itis defcribed in the circle geuen A BC. 
Wherefore in a circle geuen, is defcribed a triangle equiangle pnto a triangle Lee 
nen : Which “was required to be done. "Ne F 


1 58T he3, Probleme. The 3. Propofition. 


fau acircle geuen,to defcribe atriangle equiangle vntoa 
`- triangle geuen ts —— * 


å 


Eaj. Suppofe 


Confivutiion, 


Demonstra- 
£29 


An other way 
after Pelita- 
rut. 


Conſtruction. 





The fourth Booke 
ing ie V ppofe J the circle geuen be ABC and let the triangle genen be D E F. 
iR Lt es required about tbe circle ABC to defcribe a triangle equian ole Pre 
=> to the triangle D EF. Extend the line E Fon ech jide tothe poyntes 
G and FI. And (by the firft of the third ) take the centre ofthe circle ABC and 
let the fame be the point K. And then drawa right line K B. And(by the 23. 
of the firft) vnto the right line K B,and ynto the point init K_, make an angle 
B K 4 equall'ynto tbe angle D E Gand likewife make the angle B K C equall 
vnto the angle D F F1. And (by the 17. of the third draw right lines touching 
the circle A, B, C, in the pointes A,B,C. And let$ famebe LAM,MBN, 
and NCL. And for afmuch as the right lines LM, MN, eo N L, do touch 
the circle ABC inthe pointes A,B,C, and from the centre K ‘nto the pointes 
A,B,C, are drawen right lines K A, K B, and K C,tberefore the angles which 


are at the pointes A,B,C 








> j; e On N H 
are right angles ( yy 18. / 
of the third ). And for afe - / \ 
nich as the fower angles i X. 
of the fower fided figure oo 
A MD K areequall nto BL Pu td ND 
power right angles : whofe Á DUE i. ad | 
angles KAM, i KBM, i \ | p= d | 
are tworight angles: there S N. | Dm 
ſore the angles remayning — Bex cl es 
AR Band 4M B are ** e E 


equall to two right angles. TE- 

And the angles DEG ez D E F; are( by the 13. of the firft Jequall to two right 
angles Wherefore the angles AKB, and AM B,are equall ynto the angles 
DEG, and DEF: of which two angles the angle A K Bis equall vnto the 
angle DEG : Wherefore the angle remayning, A M B, is equall 'vynto tbe an» 
gle remayning, DE F. In like fort may it be proued, that the angle L N M,is 
equall to the angle D FE.Wherfore the angle remayning M L Nts equall yne 
to the angle remayning EDF. Wherefore the triangle LL. MIN. is equiangle 
"ento the triangle DEF: andit is defcribed about the circle ABC . Wherefore | 
‘about acircle genen is defcribed.a. triangle equian cle bnto 4 triangle geuen: 
which was required to be done "X. | 


q An other way after Politartus. 


In thecircle AB C infcribeatriangle GH K cquiangle to thetriangle E DF (by 
the former Própofition) : fo tlatlet the angle at the poynt G be equall to the angle D, 
and let the angle at the point H beequall totheangle E: andlet alfo the angle atthe 
poynt K beequill to the angle F:, Then drawetheline LM parallel to the line G H, 
which let touch the circle inthe poynt A ( which may be done by the Propofition ad- 
ded of the fayd Pelitarius after the 17. Propofition) . Draw likewyfe theline MN pa- 
rallel ynto the line HK and touching the circle ia the poynt B: Andalio draw SN 


/ 
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LN parallel vnto theline | 
G K and touching the cir- 
cle inthe poynt C. And 
thefe three lines fhall vn- 
doubtedly concurre,as in 
the poyntes L, M, and N, 
which may eafily be pro- 
ued,if you produce on ei- 
ther fide the lines GH, 
GK, and HK, vntill they 
cut the lines L M,LN,and 
M N,in the poyntes O,P, 
Q.R,S,T. Now I fay, that 
the triangle LMN circi- 
fctibed about the circle 
ABC, is equiangle to the 
triangle DEF . For it is 
manifeft,that itis equian- | 
gle vnto the triãgle GHK, -7 

by tbe proprietie of parallel lines . For the angle MT Q is equal! to the angle at the 
poynt G ofthetriangle GH K (by the 29. of the firit) and therefore alfo the angle at 
the poynt L, is equall to the felfe fame angle at the poynt G (for the angle at the point 
L,is bythe fame 29.Propofition, equall totheangle MT Q_). And by the fame rea- 
fon theangle atthe poynt M,is equall to the angle at the poynt H ofthe felfe fame tri- 
angle : and the angle at the poynt N, to the angle at the poynt K. Wherfore the whole 
triangle L M N,is equiangle to the whole triangle G H K: Wherfore alfoit isequiangle 
tothe triangle DEF : which was required to be done, 


Demon ira 
tion. 





ST he 4. Probleme. The 4. Propofition. 
Ina triangle geuensto deferibe a circle. 


Ge’ ppofe that the triangle genen be ABC.It is required to defcribe a cire | 

KES cle in the triangle ABC. Deuide( by the 9. of the first the angles AB Confiructions 

bles C and. AC Binto two equall partes by two right lines BD and COD. 

And let thefe right lines meete to gether in the point D. And (by the 12. of the 

first) from the point D draw ynto the right lines AB, BC and CA perpendis _ 

cular lines namely, D E,D F and DG. And forafmuch as the angle ABD is " emon[ira- 

equallto tho angle CBD, and the right angle | m 

5 ED is equall'ynto tbe right angle BF iD. A 

Now then there are two triangles EBD and 

FBD hauin ig tivo angles equall to two angles, 

and one fide equall to one fide, namely, BD 

which is common to them both, and [ubtendeth 

one of the equall angles.Wherfore( by the 26.0 f 

tbe first) tbe vest of the fides are equall vto 

the vest of the fides. Wherfore the line D E is 

equall puto the lineD F : and by the fame reae 

fou aljo tbe line OGis equallyntog line DF, 2 P c 
Ff. iy. Where 








pointes E,F,G,are right angles . For ify circle 


Demonjira- 
i2on leading 
£o an impef- 
foiiitie. 


Three cafes in: 


this Propo/i- 
12. 


The fir cafes 


i peticion) draive right lines from F to B 


j | The fourth Booke. 


Wherfore thefe three right lines D E, D Fes 
DG,are equall the one to the other( by the first 
common fentence ). Wherefore making the cene 
tre the point (D and tbe [pace (D E, or D For 
D G defcribe a circle and it will pafse through 
the pointes E,F,G, and will touchy right lines 
AB,BC,andC A. For the angles made at the 


cut thofe right lines then fro the end of the diz 
ameter of the.circle [hall be drawen a right line 
making two right angles s falling within the | 
circle : which 1s mpofsible, as it was manifest (by the 16. of the third). Wheree 
fore the circle defcribed,D bemg the centre therof,and the [pace therof being ei- 
ther D Eor D F or DG cutteth not thefe right lines AB BCe C A. thera 
fore (by the Corollary of the fame ) it toucheth them and the circle is defcribed int 
the triangle ABC. wWherfore in the triangle geuen. ABC, is defcribed a circle 
EPG: wheth was required to be done. | Af 





53e 7 be s. Probleme. — The 3. Propofition. 
el out a triangle veuensto defcribe a circle, — 


(SESA V ppofe that the triangle genen be ABC. Tt is required about the trian- 
j aS lele A BC to defcribé a circle. Denide ( bythe: t0. of the first) the right 
CS nes AB and A Cinto two equall partes in the pointes D» and E. And 
from the pointes D and E (by the 11. of the firft rayfe vp vnto tbe lines A Bez 
A C two perpendicular lines D P and E, FIN ow thefe perpendicular lines meete 
together either within the triangle A BC or in the right line B Cor els without 
the right Ime BC. | EL. 4 

_ First let them meete together within | | : 

the triangle in tbe point P. And (by y fivft è i 4 
from Fto C,and from F to A. And foraj- 
much as the yne AD is equall bnto the 
line D Band the line D Fis common Yna 
to them both and maketh the angles oñ ech 
fide of bim right angles ,therfore( by the 4. 
of the firft the bafe A Fis equall ynto the 
bafe FB. In like forte may we proue that 
the lme C Fis equall vnto the lne AF. | T 
Wherfore the line F B is equall 'ynto the . ds 
line C F.Wherfore thefe three right lines F A4,F Byand FC areequall the oue to: 





— — — 


che 
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the other Wherfore making-the centre the point Fjand thefþace F A;or FB,or 
F C defiribe a circle and it [ball pafse by the poyntes 4B C. And fo there is a cire 
cle defcribed about the trian gle A BC,as ye fee in the firft-defcription, v 

(But now füppofetbattbeyicbtlmeg °> . 77 0 070707 
D Fand EF do meete together ?ppothe >n i A Y arent ate fecond 
right line BC in the point Fas it is in the ` $ 
fecond defcription and draw a right lyne i 
fr om 4 to F ; did in like ‘forte-may de -e | 





prone that the poynte F is the centre of 
the circle defcribed aboute the triangle .® 
ABC ASe 

>. But nowfuppofe that the right lines 

4D F and EF do meete togetber without 
the triangle AG C in thepoynt.F. Aeame 

as it is in the third defcription draw right n o a 
lines from F to A,from F to 'B,and from F to et 
C.And forafmuch as the line AD is equall "c Pra j SN f 
Ynto the line DB, and the line D Fis com- PU N y | Xe 
mon ynto them both andmaketha rightan- s — — 
gle on eche fide of him, wherfore( by the 4.» of — 

the first the bafe A Fis equall vnto the bafe 
B F. And in like fort may We proue that the 
line C F is equal vnto the line AF Wherfore -` 
agayne making F the centre, and the [pace F 
A,or FB, or FC, defcribe a circle and it [bal ` | 
‘pafse by the pointes A,B,C; and fois there a circle defcribed about the trian ole 
ABC, as ye fee it is in the third defcription.Wherfore about a triangle geuen 4$ 
decribed a circle :“ybich as-required to be done. == | 


The third 4 
tafe. 
¥ e ee 







F 


a See Correlary. 
Hereby itis manifefl that when the centre of the circle fal- 
leth within the triangle, the angle B AC being in a greater 

fegment of a circle is lefe the a right angle. But when it fal- 
leth ypon theright line B Cthèangle B.AC being ina femi- 

circleisaright angle. But when the centre falleth without 
theright line B C,the angle B AC being in a lefe Segment of 
acircle,ss greater then aright angle. W hei fore alfo when the 
angle geuen is.lefferben aright angle,.the-right lines DE 
a Ff. and 


in^ 
'ai * 
, Kal. 


ME 


Con/trnttion. 


Demon trae 
$5671 


€oufirutiiot, — INS 


^ Tbe fourtbDooke 
and E Fyillmeete togetber within the fayd triangle. Bue 
-when itis a right angle they will meere together vpon tbe line 
B C.But whe itis greater then a right anglesthey will meete 
_ together without the right line BC. P 


: 549 be 6. Probleme. — d be 6. Propofitiom, 


| Fnacircle geuen,to defcribe afquare. 






eV ppofe that the circle geuen be ABCD. Itis required in the circle A 
S (B C 'D to defcribe a quare. Draw in the circle ABC D two diameters 


“making right angles and let the fame be ACandB D, and drawe right 
lines from Ato B. from B to C frem C to D, A ; 


and from D to A. And forafmucb as tbe line 
(B E t5 equall'ynto tbe line E D (by tbe 15. 
definition of the firft) for the point E is the 
centre. And the line E Ais common to them 
both making on eche fide a right angle: thers É 
fore ( by the 4-of the frf) the bafe A Bise- 
quall'ynto tbe baje AD. And by the fame 
reafon alfo either of thefe lines B.C and CD 
is equall to etther of tlefe lines A Band AD): 
wherefore ABC Dis a figure of foure equal z 
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fides L fay alfo tbat it is areGlangle figure. For forafmuch as the right line B D 
_ásthe diameter of the circle A B CD tberfore the angle B A 'D beyng ín tbe fee 


micircle isa right angle (by the 31- of the third) And by the fame reafon enerp 
one of thee angles ABC,BCD andC D Ais a right angle.Wherfore the foure 
fided figure A BC Dis areEtangle figure,and it 1s proned that it confifteth of 
equall fides. Wherfore (by the 30. definition of the firft) it is a quare, and it is 
defcribed in the circle. A BC D: which was required to be done. l 


The 7 Probleme. T he 7.Propofition. 


About a circle genen,to defcribe a fquare. 






AY ppofe that the circle genen be ABC D.Itis required about tbe cire 
/ " ABCD to defcribe a fquare. Draw inthe circle ABCD two 


diameters making right angles where they cut the one the other, and 


y 





E 
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(bythe 37. of thethird ) right lines touching « . 
the circle ABCD and let the famebeF'G, © € e nn 

GIH K and K FL. Now forafmuch as. | —— ame) gh ms. 
(be riecht line FG toucheth tbe circle ABCD. | ET. nU 
in the point a , 4 from the centre E. to tbe 
point phere the touch ti is drawen aright 
tine EA therfore( by the 18 .of che third )the ® | 


Fol. 


^ 


A» 





v", 


DET e 
eon 





i 

ö— M eM 
| 
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angies at the point A are right angles and by / 
the Jame reajon the angles which are at tbe Jf | 
postes B.C D, are allorigbt angles. And | ^ =A 

uL — ——— | "e | 
forafmucb as tbe angle A EB isa rigbtans Lon — — 
electo tbe angle E BG isalfoa riebtanole, — P Em 
D rre g S. C5. 


therfore( by the 28-of the frst Jthe line GH are 
is a paraliel bute the line AC: and by the fame reafon the lyne AC is a parallel 
vuto the bne PK. In like forte alfo may we proue that either of thefe lines G F 
and tf K 18 a parallel ynto the hneB E D. Wherfore thefe figures GK, GC, 
AK FB, and BK are parallelogrames. Wherfore (by the 34. of the firft )the 
line GF is equall onto the line FA K „and the line G His equall pnto ghe line F 
K, Aud forafinuch as the line AC ts equall nto the lyne BD but the line AC 
is equali bnto either of thefe lines G Hand FK : and the line B Dis equall to 
either of thefe lines G Fand A K. Wherforeeither ofthefè lines G H and FK 
is equail tocither of thefe lines G Fand HK. Wherfore thefi igure FG ALK 
conpisteth of foure equall fides. I fay alfo that it is a rectangle figure. For forafe 
much asG BE Ais a parallelogramme, and the angle AEB is a right angle : 
therfore ( by the 34. of the first) the angle AG Bisa right angle. In like forte 
may Wwe proue that the angles at the poyntes H, K , and F are right angles. 
Wherfore FGH Kisa rectangle foure fided figure and it is proued that it cona 
Seiteth of equal fides: wherfore it ts a [quare and it is defcribed about the circle : 
ABC * W'berfore about a circle genen is deferibed a fquare : which was requis 
red to be done. 


$91 be S. Probleme. — "The 8. Propofition. 
$n a [quare geuen,to defcribe a circle. 


TA , go P aT . i n i i " e v * 
YOR Mppefe that the fauare genenbe ABCD. Itis required in the fquare 


8 We ABCD to dej cribe a circle. Deuide (by tbe 10. of the firft) either of Conftrnction, 
wre’ thefe lines AB and AD into two equall partes in tbe pointes E and È. 
And by the pont E (by the 31. of the first) draw a line E H parallel ynto either 
of thefe lines AB and DC: and (Ly the fame ) by the point F draw a line F K 
paraiel yuto either of thefe lines AD and BC. w berfore euery one of thefe fiz Démonkra- 


Eri. 
Zur es 


Cs Ji firn io jo 


Demoufira- 
tion. 


e y 


A E, and tbe halfe of the line AB, is the line 


ques AK ,KB,AH, HD, AG,GC, BG, andG D is a paralllogranie; 


and the fides which are oppoftte the one to the other, are( by the 34- of the first) 
equall tbe one to the other. And forafmuch as the line A Dis equall pnto tbe line 
AB and the halfe ofthe line ADs the line 


AF, therefore the line A Eis equall ynto the f = 4 
line AF‘: wherefore (by the fame) the fides 





"uu Jm 
which ave oppofite are equall. Wherefore the | 
line F Gis equal ynto the line E G.In like fort 
may Wwe prone that either of thefe lines GH, s|— 
and G K is equall to either of thefe lines FG | 
and G E. Wherfore ( by the first common fens 
tence ) thefe foure lines G E,GF, GH, and 
G K are equall the one to the other. Wherfore | 
making the centre C and tbe [bace eitber GE, 8 | a € 
orG F,G Flor G K , defcribe a circle and it 
Will pafse by tbe pointes E, F, H, K and will touche the right lines AB, BC, 
C (D and ID A.For the angles at tbe pointes E,F,EL,K , are right angles.For if 
the circle do cut the right lines AB, BC,C D,and D A, then the line which is 
drawen by the ende of tbe diameter of the circle making right angles fhould fall 
within the circle, which is impofsible (by the 16. of the third }Wherfore the cen 
tre being tbe poyut G and tbe [pace beyng G Eor G For G H, or G K ifa cire 
cle be defcribed it {hall not cut the right lines AB, BC,C D,and D A. Wheres 
fore it hall touch them. And it is defcribed in the [quare ABC D: wherefore in. 


afquaregeuen is defcribed a circle: which was required to be done. 
2. $e T beg. Probleme. — I be 9. Propofition. 
_ Aboutafquare geuen,to defcribe.a circle. 


ei V ppofe that the [quare eeuen be AB 
RCD. [tis required about the quare 
CEE ABC Dtodefcribe a circle. Drawe 
right lines from A toC,and from «D to Bez 
let them cut the one the other in the poyntE: | 
And forafinuch as the lyne D A is equal yz” 
to the lyne AB, and the line A Cis.common 
nto them both therfore thefe two lines D A 
and AC are equall ynto thefe two lynes BA 
and AC,-the one to the other. And the bafe 
D Cis equall ynto the bafe BC. Wherefore 








(by the 8. of the firft) the angle D AC is equall vnto the angle B.A C. Wheres 
fore the angle D AB is deuided into two equall partes by the line 4 C. And in 


like 
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The fort'inay^we proue that euery one of thefe angles ABC,BCD, andCDA. 
is deusded into twoéguall partes bythe right lines AC and DB. And n 
muchas the angle DA Bas éqnall vnto the an ole ABC, and of tbe angle D A 
Btheangle B A Bis the halfe and of the angle ABC the angle EB Ais the 
halfe: Eherfore the angle E A Bis equall vuto the angle EBA > wherfore (by 
the 6. of the firft) the fide E. is equall'pnto tbe (idé E B.In like forte may we: 
prone that either of thefe right lines E. and EB is equall'yntoeitber of thefe. 
lines EC and B D.Wherfore thefe foure lines E A,E B,EC,and ED are ex 
quall tbe one to the other. herfore making the centre E; and the [pace any: of 
thefelinesE A, EB, EC, or ED. Defcribe a circle-andit wili pafe by the 
pointes A,B,C ,D, and fhall be defcribed about the fquare ABCD, as itis 
exidentin the figure A B C ID. V berfore about a [quare gent is defribed a cire 


cle: which was required to be done. D 
q A Propofition added by Pelitarius. ^w 
e/1 fauare circumf[éribed about a circle, is double to the Jauare sa[eribed im tbe fame Ec | 
— A Proportion 
Suppofe that the fquare e 7 C D becir- | | : sdded by Pe- 


cumfcribed about the ‘circle E FGA, whofe . bbarins. 


centrelet be X. And let the poyntes of the 
touches be £,F,G,H. And dtawingthefetwo — 
diameters E G,and F HI, and theferight lines? 
EF,FG,GH,and H B,tliere fhall be infcri- 
bedinthecircle a fquare-E'F G E (by the fixe - 
ofthis:booke ) . Then I fay, that the fquare 
e/1 AC D,is double to the fquare EFGH, F 
For forafmuch as thefide eB ofthe greater > 
fquare,is(by- the 3 4.0F the firft)equall to FH 
which isthe diameter ofthe effe fquare :- but 

the fquare of .F H is double to the fquare | 
whofe diameter it is, namely, to the fquare ` 
EFGH (bythe 47:0f the firit). Wherefore 
alfo the {quare ofe- 4B whichise4BCD,is . © 
doubleto the fquare BF GH: which was re- . 





quredtobeproued.  : 
hw. Cv. ey 


» Phys may alfo he demonftrated by the-equalite of the triangles and iquares 
 Contaynedinthe grearfquares. .. | 
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coc ose be to, Problene,. - T be 10. Propofition. : 
= "Te - , 4 e i^. =” | % ‘ ta Leo 2 om 


» Lamake a triangle oftwo equall fides called Jfofceles which 
hall baue eyther of the angles at the bafe. double to the o~ 
` therangle = e MAL ea = 


wd : : P > 
& qt ; P € i ‘ e 4 
y e 9 Ay - » : 4 ⸗ 


Take 





Lhe fourth Booke Y | | 


ron peony Ke aripbt line at all aduentures which let be 4 Beo (by v1. of 
S ESSEN tbe fecond ) let it be fo deuided in pointe C, y the rectangle figure 
Na fast, comprehended vnder the lines AB and BC be equall'ynto y [quare 
aI Sk which is made of the line AC, And making the centre the point A, 
€ the {pace AB, defcribe 
(by the 2. peticion ) a circle i are, 
BDE, and (bythe 1. of 
the fourth jinto the circle B 
DE apply a right line BD / 
- eqnall to the right lyne- AC | 
| 
| 














Conf ruon 9 





which-is not greater then 
the diameter of tbe circle B | 
D E. And draw lines from” | 
Ato D andfromD to C. 
And( by the 5. 0f5 fourth): 
about the triangle AC D 
.  .  deföibe acirele AC DEF 
Demonfiraa ` And forafmuch as the rect 
amt an ole fi gure contained ‘ne : 
der the lines AB and BC ` | | È »"» 
is equall to. the [quare which is made of the line A C:( For that is by fuppofition ) 
But the line A Cis equall pnto the line 'B'D, Wherfore that which is contayned 
^ pnder the lines A Band BC is equall to the [quare whichis made of the line B 
(D. And forafimuch as without the cide ACD Fis taken a poynt B, and from 
B bnto the circle 4 C D F are drawen two right lines BC A,and BD, in fuch 
fort that the one of them cutteth the circle and the other endeth at the circumfee: 
rence and that whith is contained ‘ynder the lines ABand BC is equalltó the 
fquare which is made of the line B D therfore (by the 17. of the third) theline — 
BD toucheth the circle AC D F. And forafmuch as theline BD toucheth in `.. 
the point D and from D where tbe touche is 1s drawen aright lme D.C, theres’. 
fore (by the 32. of the fame) the angle BD C. is equall^ynto the angle DAC, 
which is inj alternate fegment of y circle. And forafmuch as y angle'BDCista ` 
gual ‘Suto angle Gy AC put the angle CD A čommon vnto thẽ both. Vhorfore 
J whole angle BD A is equal to tbefe two angles C DA ez DAC But wntoy ` 
angles C D Aser (D A C is equall the outward angle BC D(by the 32.0f ther-) 
Wherforey.angle BDA ts equalontoy angle BC D.Buty angle BD Ais(by 
5 5 .of thefirft) equall ynto the angle CBD for (by the 15. definition of > firft) ` 
the fide A D is equall'nto tbe fide A B: wberfore (by tbe 1. common [zntence) 
the angle D D A is eqnall ynta the angle BC D. Wherefore thefe three angles 
BOA, DB A,and BED areequallthe one to the other.And forafmuch as 
the angle D B Cis equall'ynto tbe angle BCD, the fide therfore BD is equall 
nto the fide D C. But tbe line B (D ts by [uppofttion equall'ynto tbe bne CA. 
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Wher fore the line. A C alfo is equall ynto the bneC D. Wherfore alfo (by the 8. 
of the first) the angle CD Ais equall vuto tbe angle D A CWherfore the ane 
gles CD Aand D A C are double to the angle C AD. But the angle BCO is 
equall ynto the angles 'D Aand D AC. Wherfore the an gle BCD is double 
to the angie C A D.But the angle BC D is equall to either of thefe angles BD 
Aw DB AWherfore either of thee angles BD A ez DB Ais double to the 
angle D AB.Wherfore there is madea triangle of two equall fids ABD hauing 
either of y angles at the bale D.B double to the angle remayning: which Aas ve- 
quire d Fo b € done * Er. dA * 2 Sane S. * = 3 | 9 Certaine ads 
^ medullis i E Toe DN di a Ir | | ann: ations of 
Here Campane addeth,that the two circles ACD and BDE, docuttheonetheo- Campane 
ther : and that'thecircle ef € D'cutteth offrom thecircle B D E an'arkeequall to the pani 
arke BD, and'thatthe circle B D E cutteth offrom the circle VLCD ‘an arke equall 
tothearke*D C. ^" Co c9» Taci, 05$: ome 


- e 


a 


7 e The first part 
The firft part is manifeft . For ifthe leffe do not cut the greater but touch itasin demonitrateds 
the poynt D. Then (by the rr-ofthe third) the centre of either of them fhall be in'one 
line,namely, in the line 4D: forthatin itis the centre of the greater circle,and in the 

felfe fame is the poynt.ofthe touch. Wherefore. (bythe 31. of thethird) theangle _ 
e4CD isaright angle. And therfore(by the 13.0f the firft)theangle DCB isaright — | 
angle : and fo {hall the angle 4B D be a right angle(for itis equall to the angle DCB, «do di 
asithath bene proued ) which (by the 32. ofthe firít) isimpofüible , Wherefore they — 
fhall cutthe one the other asin . . . T ^ ime ! 

the poyntes D & E. Now Ifay, a 
thatthe arke ED ofthe greater ,,.— 
circleiscqualltothearke DB: — 
and that the,arke ED ofthe... 
leffe circle, is equall to the arke. e 
Draw thęſe right lines EA. 
EC,8 F D.Now thé(by the 27. 
ofthe third) the foure angles f 
ECE AO NCEA DG. [a 
are equall : for that the arkes. | 
Ce and CD are equall (by. V. 
the 28.0f the fame). Wherfore. . V. 


xd — 


the vhole angle AED is do- 


⸗ . * i 










2 The fetond 
à part demon- 
Se fltated 


ene 


'ble tothe angle B A D,& ther- 
fore is equall to either of the, .’. 
ańgles d BD and/.J4 DB. And |... 
forafmuch as theangle AED -` 
is equall to thëangle eA DE. 
(by the 5. ofthefirft ) forthat 7 
thelines e£ D/and e£E ai& |... s. ye! v — 

the twoanglesatthe pointes E and. .D of thetrian- 


drawen from the centre, therefore 

gle ^4 E D, fhall be equall to the two angles at.the poyntes D and B of the triangle 

4 D B : and therefore the angleremayning of the one at the poynt 24, fhall be equall 

to the angle remayning of the other at the fame point 4 (bythe 3 2.ofthe firft).Wher- 

ore (by the 2.6-of the third) the arke E D of the greater circle, 1s equal to the arke D B: 

And by the famethearke ED oftheleffe circle, is equal to the arke D'C : which was 
ILS Lana Pei Hiit es i3 PONSTEL SSG) 9 Md e 


© let! we Sek Wiel T 5 £901 a. E rr 
tequifedtobepronued. . ^ ^ ide 


,.; Heté Peiiogiss noterh, thatin euery fuch Ifofceles triangle ‘as in thys place is 

the triangle A B D (namely;eyther of whofe angle at the bafejis double to the an- 

gleat thetoppe) theangleatthe toppe, as in thys-example;the angle at the.poynt 

Aits one third parvofaright angles and moreouerone fift partofathird ofa right 

angle : thatis, two fift partes of one rightangle : and to be briefe, one fift part of 
"— Gg J ; two 
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A Propofition 


added by Pe- 
éarilins, 
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two right angles.And either ofthe angles at the bafe,is two fift partes of two right 
angles, orfoure fift partes of one rightangle. Which fhall manifeflly appeare; i£ 
we deuide two rightangles into fiue partes . Fòr then in thys kinde of triangle,the 
angle at the toppe fhall be one fift part, and eyther ofthe two angles at the bafe 


fhall be two fift partes. 


Thysalfo is to be noted, that theline ef C is the fide ofan equilater Pentagon to 
be infcribed*in the'circle ACD . For by the latter conftru@ion itis manifeft,that the 
three arkes 44 C,C D,and D E, ofthe lefle circle,are equall . And forafmuch as by the 
fame it is manifeft that the two lines e4 D and 4 E are equall,thearke alfo 24 E fhalt 
be equall to the arke -4 D (by the 20,0fthe third) . Wherefore their halfes alfo.are e- 
quall . Iftherefore thearke AE be (by the 30, of the third) deuided into two equal 
partes, the whole circüference 4C DE A hall be deuided into fine equall.arkes. And 
forafmuch as the lines fubtending the fayd equallarkes are. (by.the 29.0f the fame) e<: 
quall,therefore euery one of the fayd fides fhall be the fide of an equilater. Pentagon ¢ 
which was required to be proved. And the fameline 4C fhall bethe fideofan-equila- 
ter ten angled figure tobe infcribed inthe circle B DE: the demonftzation v herof, 


p D» o ia 4 , e x: s * : 
I omitte, for that it is demonftrated by Propofitions following. SEO ii 


q APropofition added by Pelitarius.— 5 tos 


1 > j ) y doe E. | * | | k " "S AMA 
s Upor aright line Ag. being finite , E — — an equilater and qx M EL mM : 


Suppofe that the right line geuen be -4 B, vpon which it is required to defcribe an 
equilater and equiangle Pentagon . Vpon theline 47 defcribe( bythe 23.ànd 32; 
ofthe firft) an Ifofcelestriangle 44 B.C equiangle to the Ifofceles triangle deícribed by 
the former Propofition:; namely, let the angles C 42 and C B4, atthe bafe 24 B, bé 
equall to the two angles 4 B Dand ADB inthe formerconftruGion : fo,that eyther 
of them (hall be two fift partes of two right angles,and theangle atthe toppe, namely, 
the angle C, fhall.be one fift part . Then denide the angle C into two equall.partes by 


+ drawing the rightline CD. And vpon the line .4C, and'ynto the poynt:4, defcribe the 
~ angle C4 D equall to the angle e4 CD, by drawing theline -4 D, which line 4D let 
 goncurre with theline C.D, inthe poynt D: and that within the triangle e4 BC, for 
we See in eee 


the line C D being produced, fhall fall vpon the bafe..4 B, Te LL". ME 
andthe line 4D vpon the fide `Z C . And draw a line from —— an 
thepoynt D to tlie poynt J , And for aſmuch as in the vo Rs 
triangle e/7 C D thetwoangles .4 and C areequalbtlier- — 
fore (by the 6. ofthefirft) thetwofidese£:DandC Dare , 
equall. Againeforafmuch as the two fides CZ and CD: 
ofthetriangle CB D, are equall to the two fides C Aand, / 
CD ofthe triangle e4 C D,and the angle C of theon&, | / 7 7 
is equall to the angle C of the other (by.conftru&iony. |/ ^^ 1 —9 
therefore (by the 4. ofthe firft) the baífe D B isequallto 4L— A 
the bafe D 4, and foisequall to theline D C. Wherefote; ^ V 


m \~ 





^r mes L] ' a i i "m * LX 
(bythe 9. of thethird) the poynt D fhail bese cont n A 
the citcle defcribed àbout the triangle ef 8C. Defcribe ^ ). NS x» 


thé fayd circle andlétitbe 44 B EC FP. Now thenthean-" — ^, 7 SIE e Miei 
i TL. E 22 deg vy geet -h le ACD b hé mE of Ww $ M ES NUM Ei. rs 
Ie 4D B.isdoublé to the angle ACD (bythe 20.0f . 


- F 


tc third). Whefefore the angle 4D B maketh two fift partes of two right angles,that 
is, one fift part of foure right angles . And for afmuch as the {pace about the centre D: 
is equall to foure right angles,then ifthe fayd {pace bedeuided into fiue angles equal 
to theangle 4D B, namely;into fiue fift partes,by drawing the right lines D E &. D F, 
which with the lines’ D4,D B, and DC, will canfe the fayd fpace to be.deuided into. 
fitie equall partes/and ifalfo there be drawen theferightlines 4 F,F C,C E,and E Bẹ 
there thall be deferibed’ a re@iliie Pentagon figure «4B EC F,which thall be equila=, 
ter; by therule ofa circle and of a circumference;and helpe ofthe 4-Propofition ofthe 
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firt :.and.fhall alfo be equiangle (by the, 4. and 5. ofthe fame) .. For the fiuc angles 
cT ;B,E,C,F, are deuided.ech into ten equall partes:which was required to be done. 
MIAL rar E x — ii 4 Sewer cota. "o 5e (sy 2.4047 Nee was 3 E 


Go as WT, my S A wf w.- Seti iJ ie Pee o Vek. Oe mM e Za. 9 o; qs 1c. 29945 0 ^3. i 
.. I£we-confider well thiys demonftiation of Pelitarius.ic will not be hard for vs, 


vpon atightline geuen to defcribe the'reft of the figures whofe infcriptions here- Note. 
after followe. . UE. have 


sT he ii. Probleme. Ther. Prepoftion. 
In a circle geuen to s'efcribe a pentagon foure edüilater and 
equiangle, / P — cm UE 
era V bpofe that tbe circle genen be ABC DE, Ieis required: in the circle one 
SABC D Bito infcribe a figure of fine angles of equall fides asd of e» ^em 





— | quall angles. ake (by the propofition going before ) an Lfofceles trians 
i)’ see SY otf OE 


gle EG Hla 
uing eyther of 
 théangles at y 
bafe GH doua - 
~ ble to the other 
angle, namely, 
ato tbe anole g AZ 
F. And( bythe 
— 
in the circle A sÀn S 
B C D E in s 
fcribe a triane °° 
/ Ti ale el ss s irn ca aT Ao 
the triangle F | TOES, 
G H. So that let the angle C AD be equall to the angle Feo the angle AC D 
buto the angle G and likewife tbe angle C D A to tbe angle H. Wherefore eye 
ther of thefe angles ACD, andCD Ais double to the an gle CAD. Denide 
(by the 9. of the first) either of thefe angles A CD,andC DA into two equal 
partes by the right lines C Eand DB: and draw right lines from A to B, from 
BtoC from CtoD, from D to E,and from Eto A. And forafinuch as either Demonftre- 
| efthefe angles AC (D yand C D Ais double to tbe angle C 4 (D: aud they are. 
deuided into tio equall partes by tbe rigbt lines C Eand D B, therfore the fine 
anglesD AC,ACE,ECD,CDB,andBO A are equall theone to the vz 
ther. But equall angles ( by the 26. of the third) fübtend equall Mere 
W berfore tbe fiue circumferences AB,BC,C D, DE, and EA are equall the 
one to y other. 4nd (by $ 29. 0f 5 [ame )'vnto equall Gircumferences aye [ubtéded 
equal rigbt limeszwberfore y fiue right lines A 1 »BC,CD ,DE,G EA are équal 
Jy one to the otber.W berfore y figure ABCD Ehaung fiue angles T equilater. 
Now alfo Lfay that it is equiangle.For forafmucb as the*circumference AB 












wt ‘The fourth Biok | 


di equal: to the circum nferenie t “DE, ; put the civexmferenté d BCD common Dine 
-žo them. both. herfore the whole circumference ABCD is eqnall to the- “phole 
‘circumference E >t, B: and | Ypon the. circumference ABCD eni Seth the 
angle AED, 
and yppon the 


£ irc 771] CF. ence 7 


EDCB, cons 
fifteth the ane- ` 
sle BAE. -~ 
W herefore thes |; 
angle BA E is, K 
equall tog ane 
gle AED ( by 

the 27. of the ` 
third) and by 

the fame reas 

fon euery one. 

of. Shoe angles 
AB Cyan B C (D " C D Fise equal to euery one of ij bei 8 AE and 
AED Ww her fore the fiue angled gure ABCD E 1s equian ele, andi it i$ pro» 
aed that is alfo equilater. Wherfore m a circle genen is defcribed a fh gure ffe 
| an gles e and equiangle:-which was required to be done. - 1 
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y An other “way to do the fame after Pelitarins. 


BES a eee M: 


PT ‘Su p TC that the Hofceles tingle defcribed by she der Propofi um d. DE E F, 
"0:20 174) (o thatleteytheroftheangles E and F bedoubleto the angle D: : And let the circle ge 
to dotbe [4€ — ven be 4B C: thecé- 
Sait | tre wherof let. be K. ~: M : é pes -AUXL ^2 ug E E ry 
ae And vpon ‘the centrée Ja — AC p 2 
K defcribe:the angle pe 
BXCequalltoone of 
,the angles E or F of 
the triangle “DEF. 
_And draw a right line 
from B to C. Then I 
fay, that the line BC 
is the fide ‘of the Pen- 
tagon figure to bein- -~ 
fcribed.i in dee 
‘ABC. Deuide the an- 
le B KC into two e- 
quall partes by draw- `:i 
ing the diameter eA = 
KL.And draw thefe, 
tight lines B.d & AC.’ 
Now thé itis manifeft - 
(by the.20.. of the. 
A that the angle ` 
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BX Cis double tothe whole dn gle Bef C.Wherefore the whole angle BA Cis equali 
to the angle. 2D, vnto which angle, the angle 8 K C àlío is double . And forafmuch 


'asintlietriangle 4B Kthetwoangles Aand B are (bythe 5: of the firft) equall (for 


thelihes K.A and@k B atedrawen froru the centre) therefore (by the 32. of the fame} 
the outward angleB KLisdow ble to evtherofthe inward angles K 4.5 and KB A; 
And by the fame. reafon,the angle C K L is double to cyther ot the angles X 4C and 
KC A.Wherfore forafmuch asthe two angles arthe poynt Kare equall, the two an- 
gles 4 and B of tlie? triangle A BX; are equalltothetwo angles 44 aud C of the trian- 
gle 4C K,theone to the other : and therefore (by the 26. ofthe firft) thetwo bafes 
e/4 B and AC are equall. Wherefore 4BC isan Mofceles triangle , And foratiuch 
asthe whole angle 24 Cis equall totheangle D, the two angles remayning e 5C 
and 4C B, thail (by thé 32.0f the firft) be equall to the two angles remayning E & F. 
Wherefore.the triangle 4 2C isequiangle to thetriangle DEF. Andnow you may 
procedein the demonftratiow as you did in the former, imagining firft the lines BG 
and CA tobedrawen. — — 
Here it is a pleaſant thing to beholde the varietie oftriangles: fot in the ttian- 
le ABC either of the angles at the point A is one fift part ofa right angle. Wher- 

bi is produced the fide ofa ten angled figure to be infcribed in the felf fame circle: 

Which is manifeft ifwe imagine the lines BL and L C-to be drawen. Fort the 
arke B C is deuided into two equall partes in the poynt L (by the 26.0f the third). 
So then by the infcription ofan equilater triangle, is knowen how to. infcribe an 

Hexagon figure, namely, by deuiding ech of the arkes fubtended vnder the fides 
ofthe triangle into two equall partes . And fo alwayes by the fimple number of 
the fidejis knowen the double thereof : as by afquare is knowen an eightangled 
figure : and by an eight angled figure a fixtene angled figure. And fo continually 
in the reft. — : 


Pelitarins teacheth yet an other way how to infcribe a Pentagon. Take the fame cira 
cle that was before namely, ef BC, and the fametrianglealfo D EF. And (by the 17. 
ofthe third ) draw the line eed touching the circle inthe poynt 4. And vpon 
thelitie ef Af atid tothe poynt 4, defcribe ( by thé:23./ofthe firft ) the angle-M AB 
equall tooneofthefetwo angles Eor'F (eytherof which, as itis manifeft,isleffe then 
a right anele) by drawing theright line eA B : whicli let cut the'circumference inthe 
poynt 'B. Agayne > vpon the Hue AQ. and tothe poynt in it 4, defcribe the angle 
NA E equalltotheangle AZ _A8, by. drawing. the right line 4C: which let cut the 
“circu mfererice inthe poynt C, And draw aright line from BtoC. ThenTfay, that BC 
isthe fide of a Pentagon figure to be infcribedin the circle ABC, Which is manifeft, 
if wc deuidethearke 4 B into twoequall partes m the poynt H, and draw thiefe right 
lines! d E and-2 7; and if alfo we deuide the arke AC into two equall partes in the 
poynt G, and draw thefe rightlines 4G and CG. For taking the quadrangle figure 
ABCG, itis manifelt(by the 32. of the third) thatthe angle 48 C is equallto the ale 
ternate angle NV 4 Cyand therfore is equall to the angle E.Likewife taking the quadran« 
glefigure:-4C BH, the angle 4C 2 fball be equallto thealternate angle 24 4B, and 
thercforcisequállto theangle F. Wherefore(by the.32. ofthe firff)as before, the tri- 


w. } RAILA FT. 94 5 sx Jd . X a. c f) . a / WM. Mais NG 4 > TE ; er mM 1 
angle ABC is equiangle to the triangle DEF : And now may you procede in the de- 
monftration as you did in the forivierss eure = 
IV E ael ac wu. 3X cs -— se 
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An other CZ 
alfo after 
Pelttattitfe 


Confiructions 


Demon fire- 
tio 


from F toL, and from 


| SA TO EE I Fe 
3 A Me miii ate oe pms act all nS i dD ie’ cal 
_ right line F.( therefore (by the 18 . of the third )F Cis a perpendicular line pni 


The fourth Booke > 
eu ppofe that the circle geuen be ABC DE. Itis required about the cire 
Bo cle dB CDE to defcribe a figure of fine angles confifting of equal fides 
ad "and of equall angles . "I'ake tbe pointes of the angles of a fiue angled 





figure SEM y the 11. of the fourth) fo that by the propofttion goyng bea 


fore, let y circumfertces A'B,BC,CD,D E, and EA be equall the one to the o# 
ther. And by the pointes A,B,(,D,E, draw( by the v7. of the third )right lines. 
touching the circle, and < nieg 99i, ‘a 
letthefamebeGH,H, | mr A 
K,KL,LM,andM:.: | — haa 
G. And(bythev of the ^ — * Mm E paige 
third )take the centre of CL vex e Nut ae 
the circle ex let the fame ,.— 77 
be F. And drawe right ^ M: | | 
lines from Fto B, from ` \ FK 2 
F to K, from F to (5 M x 
AS 
A 






F'toD. And forafinuch ` z} 
as the right bne KL, 
toucheth the circle AB ` | 
CD Eintbe porte (, ^ 7 
ånd from the centre F 7 
vnto the point C where K c D 
the touche is is dramen ginn ino c 


T3 


- 


to.K L.Wherfore either of the angles which are at tbe point (71s aright an ole, 
and by the fame reafon the angles which are at the pointes D and B are right 
angles, And fora/much.as the angle F C Kas á right angle, therfore the. [quare 
whichis made of F K is (bythe 47. of thefirst )equall to tbe fquares which are 
made of F (and (K. And by the fame reafon alſo the ſquare vhich is made of 
PK is equall to the [quares which are made of.F B and /B K.. Wherefore the 


fquares ebicbare made of F (Cand- (C K, are equall to the-[quares. which aré 


made of EB and B K 5 of which the /quare whichis madeafF (ts equall to the 
Jquare which is made of FB. Wher fore the [quare which is:made of ( K_4s es 
quallto the fuare whichis made of B K .Wberfore tbe lime BK is equallbnta 
the line CK: And forafmuch as FB is equall ynte F Cand F Kis. common: ta 
them both therfore thefe two 'B Fand F K are equall to thefe two F i7 Es 
And the bafeB K_ is equall ynto the bafe C K. Wherfore( by the 8.of the first) 
the angle BFK is.equall mtothe angle K FC : and the angle BK F tothe 
angle F KC. Wherefore the angle B F C ts double to tbe angle KFC. And the 
angleB K Cis double.to the angle F K €. And by the fame reafon, the. angle C 
F'D 1s double to the angleC F Land the aigl D L Cis double to the angle F 
L (C 4nd forafmuch as tbe circumference B (C is equall'ynto the circumference 
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(CD, therfore (by the 27. of the third) the angle B F ( is equall to the angle C 
ED. And the dngle-B FC is double to the angle K F Cand the angle DEC is 
double tothe angle FC, y berfóre the angle eK E Cis equall vnto the angle o. 
EC, Now then there are two triangles F Kt, and F LC ,bauine two angles ee 
guall to two angles and one fide.equall to one fide „namely F (a “wh ich is common 
t6 them both. Vherfore(hy the 26.6f i the third,the other de dedna Lyning are er 
quali pnto the fides remayning and the angle remayning puto the an rele. remays 
ning. JE berfore theright line K Cis eguall to the right line CL, and. the angle 
EKC tothe angle ELC. Andforafmuch as K C is equall to CL: therefore 
KLi double to KC and by the Janie reajon alfo may it be proned that HK 
is double to (B X And for afinach as it is proued that /B Kis equall'nto. K C, 
and K L is doubleto &C,and FK double to BK, there HK is equal 
bnto K L. In like fort may "we proze ) euery one of. thefe lines HG,G Meg M 
Lis equall vnto either of thefe lines.F K and K L. yy herefor e the fine angled 
figure GAR LM is of equall fs ides. I fay alfo that it is of equall angles, For 
forafmutb a tbe angle F KC is equall'vnto the angle. PLC, andi E is proued 
that the angle H KL i is double: to the angle F KC, and the angle KL M is 
double to tle angle F LC, ther efore the angle HK Bis equall to the angle K 
LM. Inlike fert may it be p proued that enery one of thefe angles KHG, HG 
M and G M Lj is equall to either of thefe angles AKL, and KLM. Wheres 
fore the fiuc angles GHKJHKLKLM;jLMTGG, and M GH ave equall 
the one to the other W herfore the fue angled fi gure G HKLMi is equian ele , 
and it i$ alfo proued that it is equilater and it is pe about the circle Vi - 
C 1D E: TO was — to be done. | 
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hn 


suppofeth that the E Das dio, MEN NN -— 92 ages. uve 
Tinbc ABO whüfeckéler s 7 7 5042 te v An aber vay 
bethe poynt FPandin it (by ree | — todo tbe fame 
ihé fener’ Propofi tión) i I after Pelita- 
fcribe an equilater’ andequi- tius. 
angle Pentagon ABCDE: /— E 5 
by whofe fiüc. angles. drawe | OP 
from the centre beyond the 
circüference; fiue dynes, EG, 
FH FK, FE dnd EM. Andit ! 
is manifeft; that t the fiure i an- 
gies at the cétre E; areeqüall,! a 
whet às the fiue fides of arn P AE 
triangles within are eqüall;" ^ 
and alfo their bafes. Itis ma- 
nifeft alfo, that-the fiuean- — «s: 
gles of the’ "Pentugon which; ^^ ^ 
are at the circumference, are 
deuided into ten équall. E e 
gles by thea. o£ thefirb)s ^. 
Now then betwene the two 
lines FG and FH, draw the 


at m 14 
eS 
3 





Denon Sra- 


LECH. 


by the equalitie ofthe halfes :which wasrequiredtobedone, 


The fairid Booke » 


line G H parallel to the fide A Band touching the circle A B C (whicliis done by a Pro- 


pofition added by Pelitarius after the 17.0fthethird). And fo likewyfe draw thefe lines 


K;KL,and L M, parallel to ech ofthefe fides B C, CD, and DE, and touching the 
circle , And for aímuch as thelines F Gand F H fallvponthe two parallellines A Band. 
G H,the two angles F GH,& FH G, are equall tothe twoangles FAB and FBA, the 
one to the other (by the 29. of the firt), Wherefore ( by the fixt of the fame) the two 
lines F Gand FH are equall . And by the fame reafon, the two angles FH K & F K H,’ 
are equall to the twoangles FGH and FHG the one to the other: and theline FK 
1s equall to the line FH, and therefore is equal] to theline FG. And forafmuch asthe 


angles at the poynt F are equall, therefore(by the 4.of the firft)the bafe H Kis equall 


to thebafe GH. Inlike fortmay we proue, that the three lines FK, FL, and F M, are 
equall to the two lines FG and FH. Andalfothatthe two bafes KL and L M, are e- 


quall to the two bafes G H and HK: and that the angles which they. make with the 


lines FK,FL,and F M, areequall the oneto the other . Now then draw the fft line 
MG: which fhallbeequallto . . ^ —— d A a hos 
the foure former lines (by | E^ 
the 4. of the firft) for thatas. 
we haue proued ,the two : 
lines FG & FM,ateequall, 
é& the angle GF M is equall: 
to euery one of the angles at 
the poyntF, Thys line alfo 
MG toucheth the circle, For H 
vnto the pointwheretheline = 
L M.toucheth thecircle whi- 1 
theletbe N,drawe thelyne ` 
FN.Auditis manifeft(by the. : . 
iS,ofthe third) that either. — 
of the angles at the poyntN, ` 
isa right angle . Wherefore ^ 
for a{much-asthe angle L of \\~ 
the triangle FLN, 1s equall 
tothe angle M of the trian- 
gle FMN, &theangle N of . 
the one,is equall tothe angle ° . 

N of the other: and the lyne K ee 
EN is cémon to thé both, theline NL fhall (by the 26.o0f the firft) be equall to the line 
NM.And foisthe line ML deuided equally inthe poynt N. And forafmuch asthe 
three fides of the triangle F G P are equall to the three fides ofthe triangle F MP,the 
angle P of the one fhal be equallto the angle P of the other(by the 8.of the firft),Wher- 
fore either of thé is a right angle( by the 1 3.of the fame).And forafmuchasthetwo an- 
gles F M Pand FP M of the triangle F M P,are equall to thetwo angles FMN & FNM 
ofthe triangle F MN, and the fide F Mis common to them both, therefore the line FP 
isequall to the line FN. Buttheline F N is drawen from the centre,to the circumfe- 
rence. Wherefore alfo the line F Pis drawen from the centre tothe cireumference. And 
foraímuch as the line M G is perpendicular to the line FP, therefore (by the Corolla- 
ry ofthe 16. ofthe third) it tóucheth the circle. Wherfore the Pentagon GHKLM 
circumfcribed about the circle isequilater : itisalfo equiang]e, asitiseafie to proue 
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An equilater and equiangle pentagon figure beyne genen, tò 
delcribe inita circles f+ es a tall ee 
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'Vppofey Fequilater-er equiangle Pitas floure veut be ABC DE Te 
SOS us requiredan the faid finé anvled figure A BCD Ero defcribe acircle, 

ESSE Deude( by the the 9.0f thesirst either of thefe anvles B CD,and CD | 
Ehito tivo equall partés;by thefeviobt lines CF and FD and from the point’ Deval. 
‘wheretheyeright lines C Fand DF meete Draw theferight lines EF BF ASS an 
T-E. ind forafmuckas BC isequalontoC®O and CF istommon to them both. — =e. 
Wherefore thefe DU m A a oe riego a ae * 


lines BC and CF are y> o. ise A Ue at tt 
me to thefe two limes — sey, pa eh vio 










1 


1D C and C F: aid tbe 

angle BCFisequallto . 
theangle DC F.Wher g 
fore (bythe 4. of the. \ 
firit the bafjeBE ises 
qualltothe bafe DF, 
and the triangle BEF 

is equallto the triangle; 5 
DCF, and the an: 

gles remayningiare ee ^ 
quall vnto the angles 
remaynyng the one 
to the other} Ynder 
which are fubtended ez 


4 é 
Beer y 


guall fides . Wherefore the angle CBF is eguall to the angle CDE. And 
forafmuch. as. the angle CD Eis double to the angle CD F.. But the angle € 
DE is equall to the.angle AB C,and the angle CD F is equall-to the an lec . 
BE. Wherefore the angle C (B Ais double tothe angle CBF. Wherefore the — 
angle AB Fis egaal to the angle FBC. Wherefore the angle. A BC is denie 
ded ‘into two equall partes by the right line BE: In lyke forté alfo may it be 
pioued,that either of thefe angles'B AE, and AE D are deuided into two e« 
quall partes by either of thefe limes F Aand EF.’ Drawe (by the 12. of the 
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firft) from the pointe E to the right lines AB, BC, CD, and EA perpendi- 
tular limes FGF FLE K;E Land FM. And forafmuch as the angle HCF 
isegnallto theangh KC Fy and the right angle ALC is equáll.to tbe right 
angle FK C: now then there are twd triangles F HC, and F K C hanyng 
two angles eguali to two angles the one to the other , and one fide equall to one 
fide: or ECis commenynto them both and is fubtended pnder one of the equal 
angles. Wherfore( by the 26. of the first) the fides remayning ave eqnall ynto the 
fidesrenayning Wher fore.the perpéndiculer E Fis equall nto the perpendicue 
ler F K* And m like frt alfo may it be prouéd that euery one of. thefe lines FL, 
FM and FG is eguali to'enerj oè of Hefe lines Hand EK. y before tbefe 
fie richt Imes FG, FH, FK, FL, ad FM are equall the one to the other, 
LC | -— © Wher- 


p 
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Demonfira- 
tion leading 
to an abfure 
dit ie. 


v4 C erollary. 


Mab 3 * Lhe fourth Booke n 
Wherfore making the centre F and the {pace-F Gor, FE Hor FK ,or FL; or F 
M. Defcribe a circle and it will pafSe by the, poyntesG,H,K ,L,M.And fhall 
touche the right lines.A B,BC,C D,DE, and E A (by the correllary of the 16. 


of the third ) for the angles which are.at. the-pointes GyF1,K ,L,M, areright 


angles. For if it do not touche them but cutjthen from the ende of tbe dtameter.of 
the circle: hall be drawen'a right line makingtio right angles and falling with 
inthe circle: whicheis 3. i ay ene 
(by the 16.of y third) ^ | e. ^u. 1532... 
proued to be impo[Sible. .— —- ` ~ — a ffs: 
Wherefore makyng F à 
the centre, and y [pace 
one of thefelynes, kG, 
FH, K,FL,FM, T "b.e. ^ died 
deferibe a circleand it . À, —- Mg Hi Are. 
all not cut the right -` \Ẹ A a BWA 
lines AB BC CD D= No — S s 
E and E AW herefore /.— H) 
(by thecovollary of the. 
16. of the third )it hall 
touche themas it ismas af | 
nifeft in the circle GH — 
RLM. Vhereſorein €. 


the equilater and equis 
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angle pentagon figure geuen js defcribed acirclezibich was required to be done. 


j MUTA Lok y > at | ad dida ok ú pe 63 4. oat Ad id 
~ By this propofition and the former, itis manifeft that perpendicular lines drawn 


from the middle poyntes of the fides ofan‘equilater and equiangle Pentagon fi- 


‘ gure,and produced, fhall-paffe by the centre ofthe circle, in which the fayd Penta- 
-gon figure is infcribed, and thallalfo deuidethe oppofite angles equally, as here, 
. Á K is one right line, and deuideth the fide C. D and the angie A equally. And fo 
_of the reft which is thus proued. The {pace about the centre F is equall to foure 
tight angles, which are deuided into ten. equall angles by ten right lines metyng 


together in the point F.Wherfore the fiue angles AF M, MFE,EF L,L F D,and 


"D F K are equall to nwo right angles, Wherfore (by the 14.0f the firft) thelynes A 


Fand F K make one right lyne. ‘The lyke proofe alfo will ferue touching the reft 


‘of the lynes,'And this is alwayes true in all equilater figures which confift of vnc- 
uen fides, fi > i N à t "n — i T j i 


AT be 14. Probleme. The 14.Propofition. .. 
e About a pentagon or figure of fiue angles geuen beyng equi- 
later and equiangle,to deferibe asircle. di 


r 
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ol Endlides Elemenies; ——— Folumz. 


FUA pfe na Partei o figure of fiu angles genen being of egual. 
NSZ fides and of equall angles be ABCD E.It is required about the fayd 






Pentagon ABCOUE, to defcribe a circle. Deuide( by the 9 .of the. 

m first) eyther of thefeangles BCD, <x CD E into two equall partes. Conftriittion. ° 
by eather of thefe right lnes CF and DF. And from the poynt F where thofe | 
right lines meetedraw'ynto tbe pointes B,A,E, theferight lmes FB, FAFE: Demonfiraa 
And in like fort ( by the "Pros Ea a Ae 

pofition gomg before )mayit ~~ 
be proued., that euery one of. ` 
thefe angles CBA, BAE, 
and AED is deuided into 
two equall, partes , by thefe 
rightines FB,FA, um FE 
And for afmucb as- the angle 
BC Dis 'equall to the angle 
CD E, ey the halfe of the an- 

gle BC Dis the angle FC D, 
and likewife the halfe.of-thé-. 
angle CD E isy angle CDF. 
Wherfore the angle FC D is 
equall,to potan? E EDC. mr e E 

Whereforey fide FC is egual ^ 
Rome i ic. adl 

fomay it be proued,that enery one of thefe lines FB,F f and FE is equall to e⸗ 
nery one of thefe lines FC and F D .Wherefore thefe fine right lines F A EB; 
ECE DO ands FE are equall the one.to the other. Wherefore making the centre 
Eand the frace FA jor EBsor EC or F Dor F E. Deferibea circle andit will. 
paffe bythe pointes 4 /B.C 2), E; and [all be defcribed about the fine angled 
| figure. ABEDE which ts. equiangle and equilater . Let this-circle be defcrie | 
bed. and lettbe fame be ABCDE. wW herefore about tbe Pentagon genen bes. 
wig both equiangleand equilater M defcribed a circle: which was required to be: 
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fran k^ XS ers a M 3 ^ a n M * ⸗ b 
ANG Fppofe that thé circle senen be ABCDEF. It is required in the cire 
J C | : ] 


AS r £m 7 VANE pg og “ge if Weehy Sam Lact. 17 a ee 
we cle genen.A BC-D:E-to defcribe afeure of fixe an gles of equall fides 


sire’ aiid ofequall angles*Dyaw the diameter of the cirele ABC D E-F and 
XR | let 







Cenſtruction. 


Demonſtra- 
ton? 


Sire L he fourth Booke i 3 
let the fame be AD. And ( bythe firkt of the third take the centre of the circle 


and let the fame be G. And making the centre D; and the fpace DG, defcribe 
(by the third petition ) acircle CG-E. H: and drawing right linesfrom E toG, 
and fróm G to C extènd them to the pointes Band F of the circuinference of the 
circle geuen. And draw thefe " M "ds IDE q 
right lines AB, BCCO, 
(D E,E F,and FA. T ben 

I fay, that ABCDEF is 
an Hexagon figure of es 
quall fides and óf equall an= 
gles. For forafmuch as the 
point G is the centre of the 
circle ABCD EF, theres 
fore (by the 15. definition of 
the first) the line G Eis e» 
quall ynto the line GD. A- 
gaine forafinuch as the point 
D ts the centre of the circle 
CGE FX (ther fore( by the L^. Tae Te 
Jelfe fame thelinéDEises -Å ^ ones AR ^ 
quall pnto the line DG. dnd" — Qe Mitesh dis 

tt is proued tbat tbe line GE g U funi T cun 

is equall pnto the lyne G= ML cus Apu. C i gv vies 
D.Wherfore the line Gk is 7 cS cm BET ee ano s HÀ ers 
edtall pito the lie E (by i Noo is Us is Ye 


ual 
J 





m 
e. + j A 
- m 2y Pi ah? P 


the firSticommon-fentence ) wherforethe triangle EGD is.equilater., and bis 
three dngles, namely, EG D, CDE, DEG, aré equall the one to the other: 
And foralmuch as ( by the 5. of the first) in triangles of two equal fidescommona 
Ly called L/ofceles the angles at. the bafeare equall theone tothe’ other; and the. 
three angles of-a triangle are ( by.the 32- of the first) equall ynto two-right ans 
glesstbevfore tbe angle. E C (D'as the bird part of timovigbt angles. And in lyke 
forte may it be proued,that the angle D GC is the third parte of two right ana 
les. And forafmucb as the right line CG flanding vpon the right line E B doth 
( by the 13. of the first: make the two fide angles E.G:G;and C G.B eguall to two 
right angles therfore the angle remayning CG Bis the third part of two right 
angles. Wherforetheangles EG.D,D.G C,and.€ G Bare equall the.one to the 
other Wherfore their hed angles bat is/B C 4,4 GF and FG. Eare (by tbe 
15. of the first Jequall to thefe angles EG'D,DG C,and C GB. Wherfare thefé 
fixe angles EG D,DGC,CGB,BG A,AGF,and FG E are equall the one 
tothe other, But equillangles confitt ypon equall circimferences (hy the a26. 
the third. T herfore thefejixe circumferences ABS BCC D, OE, EF, and 
F A are equall the one-to the other. But vider eqiiall.cireumferences ave fubtene 
y — " l dd 


of Eutlidés Elementet, — Polus 


ded epiallrigst ines (bythe 20 ofthe ame.) Wherefore vhefefixe right ines: 
AB BCED D EE Fand F A are equall the one t6 the other.wherfore the? 
Hexacon ABCD EF is equilater. I fay alfo that itis equiangle. For foraf>, 
much as the circumference AF is equall bnto the circumference ED adde:the. 
circumference B C 1D common to'them both. Wherefore the ‘whole circumfen. 
rence ABC Dis equall tothe whole circumference E DCB A. And bppon: 
the circumference? ABC Deon/fisteth the angle hE Ds-and vpponthecire: 
cumferenve E. D UB A con/ifteth the angle AF EB. wherefore the angle AFE: 
as equailto the angle D E F..In like fort alfomay.it be proned. that: the reft of 
the angles of the Hexagon ABCD E F., thatis enery one'of thefe angles FA: 


BABC,BCD,andC D Eis equal to enery one of thefe angles AFE; did 
FE D.Wherfore the Hexagon figure A BCD E Fis equiangle, and (Lis proe 
yed that it is alfo equilater and tt15 defcribed-in tbe circled BOD EF. where: 


fore inthe circle gexen ABCD E Fis deferibed a figure office angles of equal 





ê 4 * 


fides and of equall angles: Which-was required tobe done: 
flier Viel mdse u NE ea N woo adido of lee i5: 
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Suppofe that the circle genen be 4B C DE-F inwhich firft letthere be defcribed te do ihe fant 
an equilater and equiangle triangle ACE (by thefecond of thys booke) . Wherefore after Orétinse 
thearkes 4.2C,CD E;E F Aare (by the 28.0f thethird)equallthe one to the other; | 

Deuide euery.one of thofe three atkes into two cquall partes( by the.30,0f the {ame)ia 


the pointes.Z, D,& F, And draw theferight 7.5.0. i : 
lines 24 8,8 COD DEE Fand FA Nowi hns Oiar em. Atl aan a 
£hen. by the;5 .definition ofthis bookethere 3, sis ozor: — 

fhall be défcribed in tlie circle gené an Hexz. , 7.2 

agon figure 4 BCD E F, which mutt nedés 
De equilater: forthateuery oneofthearkes -B LL 
which fübtend the fides thereof areequall ^ AN“ 
the one to theother. Ifay alfo that itise- 
quiangle , For cucry angle of the Hexagon 
figure is fet vpon equall arkes,namely,vpon 
foure fuch partes of thecircüference ivher- 
ofthe wholecircümference cótaynethfixe. \ 
Wherfore the angles of the Hexagon figure | 
are equail the one to the other (by the 27... © 
of the third). Wherefore in the circle geuen ^ 
ef BCDE F is-infcribed an equilaterand | . 
equiangle Hexagon figure : which wasre- 
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quired to be done, - P 
+ i — | Lm * 
X —. | Sea : "ap `, ; gyi Va TaT 
si g An other way todo the fame after Pelitarins. ee 
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Suppofe that the circle in which is to be infcribedand'equilater &equiangléHexa- Ay other 
gon figure be 24 B C.D E,whofe centre let be F. And from the centre draw the femidia- Wey after 
meter F 4. And from the poynt Aapply (by the firft ofthys baoke)theline aBiequall Pefiserins, 
to the femidiameter: Which I fay is the fide ofan equilater and e wangle Hexagon fi- 
gure to be infcribedin the circle e4 B C D E. Draw aright ne kon FtoB..And for 
- almuch as theline .4 B is equall to theline FA, & itis alfo equall to the line F B, ther- 


Hh.j. fore 


b e A 1 —Y f -y y - ST m * a à MA 
| "- See a ; eee wre 
fore thetriargte’ fF Bisequilatér{ andby the svof the:firft equiangle. Now then yp>, 
onithe.centre F defcribé the angle 4 F.C equall tothe angle ef FX, orto the angle 


we et “Way L2 4* aum ww v S uv ^ ^ eet, d. d uhnàs uus eO uu E s 4 "x. 4 So xi. ZI E $ F "n 
_ £B A(which isallone) by drawing the rightline £ C, And draw a line from 8 to C, And 
ve. "a c 2 uw WWE S 1 ^ C. 82 - 2 cv - 


 theline £2. Aud drawa line from Cto'D) Nowthen. - 
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Y * 
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mee) - 1 Dot CM LE ei te 4 | 3*Y.1 € «Mya ELE 4525 ien “holt 
equilater and equiahgle ; Laftly make tlieangle CFD' _ 


forafmuch as theangle ef F B isthetliird'párt ofówo ^ ` , 
right angles bythes:and 32; ofthefirt;theangleEF €. 5. oos so oos 


alfo fhallbethethird part. of.tworight angles. Where- |... >» 


à e. > A ~ De A, 







fore either of the two.angles reniaining F#Cand FCB,’ | Be he 
forafmuch as they are‘equall’ by thé s;ofthe firft,fhall. so) DBAS — — 
betwo third. pártes:of two riglitangles(by the 32.0£ | i — 


the fame), Or.(bythe 4.of the firſt) foraſmuch as the an- 
gle BF Cisequall tothe angle F Z ef, ándthe two fides. , 
FB and £C areequalltothetwo fidés24 3 and 2 F,the- . 

bafe BE thal be-equath tothe: bale £ , ánd' therefore. -. 
is equalk to the line F.C, Wherefore thetriangle FB Cis a. 


equal] toeytlier of thé ánglesat thé poynt F;by.drawing. ^: ^ 


+ 


a * 
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-by the former reafon the triangle, E C D {hall be equilater and equiangle. And for af 
much asthe three angles at the point F 


t F are equall to two right angles ( for ech'of them. 
isthe third part of tworight-angles) therefore (by the'r4/of the firft) efD is one right 
line : and for that caufeis the diameter.of the circle . Wherefore if the other femicircle 
e-f F Dbe denided into fo many equall partes as the femicirclee 4B C Dis deuided 
into, it hall comprehénd fo many-equall lines fubrended vritoit . Wherefore the line 
AB isthe fide ofan equilater Hexagon fig ire to be infcribediin the circle : which Hex- 
agon figure alfo ihall be equiangle : For the halfe of the whole angle B is equall to the 
halfe’‘of the wholeatigle: C : which'was-réquired to bedone; irni oisin uz 
Now then if we draw from thecentre F a perpendicilar line. vnto A D; which let 
be FÈ, did draw alfo thefé right lines! 2E and C E : therefhall be defcribed 4 triangle 
BEC whofe angle E: which isatthetoppe thall’be the’ 6. part of two right angles by 
the 20.0fthe third , Forthe angleB F Cis double vntoit: And either ofthe two angles 
at the bafe,namely,the angles EB C, and EC Bis dupla fefquialter to the angle E:that 
is,cyther of theni contayneth theangle £ twife arid halfetheangle E «And by this rea- 
fon was found oytthe fide ofan Hexagon figure; ~ 5:11 games. us SEE 
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© draen right lines touching the circle, then Jhal there be 

` defcribed about thecirclean Hexagon figure equilater and 
equiangle , which may be demonftrated by that which bath 
bene fpoken of the defcribing-ofa Pentagon about a circle. 
And moreoner by thofe thinges which haue ben [poke of Pen- 
tagons we may ina Hexagon geuen either de[cribe or circum- 
Jeribe a circle : which was required to be done. bed 

Sæ The 16. Probleme. The 6. Propofition, 

Inacircle geuen to defcribe a quindecagon or figure of fiftene 


angles equilater and equiangle. 







ox ppofe that the circle genen be ABC D.It is required in the circle A 
IBC D to defcribe a figure of fiftene angles con/isting of equall fides 
| and of equal angles.Deferibe in the circle ABCD the fides of an e« 
— iquilater triangle,and let the fame be AC,and inj arke AC deftribe 
the fide of an equilater pentagon and let the fame be AB. Now then of fuch ee adr 
quall partes wherof the whole circle ABC D containeth fiftene, of fuch partes 
4 fay,the circumference A BC being the third parte of the circle hall contayne 
fme. nde cc. c ACE T1 hoe C o 
circumferenee : | 
4 (D being tbe 
fft part of a . 
circle fhall 
contain thre, 
whereforethe _ 
refidue BC — "| 
fhall containe 
two. (Deuide 
(by the 30. of ? 
the first) the 
arke BC into 
two equall 
partes inthe 
pont Ey ber 
fore either of Demontire- 


thefe circum⸗ b. " -—— 23 IM | | 69th. 
feencsBE,. . Su. | 


G.E Cis tbe fifiene part of. the circle AB CD.If therfore there be drawn right 
uc E um Fib.j lines. 








T be fourth Booke 


lines from B to E and from E to C,and then beginning at the point'B or at the 
point C there be applied into the circle ABCD right lines equall "puto EB or 
E Cand fo continuing till yecome tothe point C if you began at B, or fo y point 
| Bif you began at C,and there fhall bedefcribed in the circle ABCD a figure of 
fiftene angles equilater and equiangle : which was required to be done. And in 
“ike fort-as in a pentagon, if by the pointes where the circle is denided be drawen 
right lines touching the circle in the faid pointes there [all be defcribed about j 
circle.a figure of fiftene angles equilater ¢x equiangle. 4nd in like fort by $ felfe 
fame obferuations that were n Pentagons ye may in afi gure of fiftene an gles 
genen being equilater and eguiangle èrther infcribe or circumftribe a circle, 


An addition ~ g 4n addition of Fluffates to finde out infinite figures of 
of FinfSatese mew many angles. J bye. 


t 
Vivi ey a 


* A Poligonan If into a circle from one poynt be Applyed the fides of two * Poligonon figures : the ex. 
figure tsa fi- efe of the greater arke aboue the leffe, fhall comprehend an arke contayning fe many 
grec onfift ; "B fides of the Poligonon figure to be infcribed by how many Unities the denomination of 
of Many foes. the Foli¢onon feure of the leffe fide excedeth the denomination of the Poligonon figure 
af the greater fide : andthe number of the fides of the Paligonon figure to be infcribed 

is produced of the mtltiblization of tbe denominations of the forefayd Poligonon ficures 

the one sato theotber." ~ wv! E ! 


(0008 ** 


~ 8 7 
2 J -* 


' Asfotexample. Suppofethat into the circle 4B E be applyed the fide ofan equi- 
latet-atvd equiangle Hexagon figure (by the'r 5.of thys booke) which let be e£ 2: and 
likewife the fide of a Pentagon (by the 11.0f this booke)which let be 4C:and thefide 
of a {quare (by the 6.of thys booke) which let be .4‘D : and the fide of an equilater tri- 
angle (bythe 2.ofthis booke) which let be e 4 E, Then I fay,that the exceffe of the arke 
e4 D aboue the arke 4 2B, which excefle is the arke B D, contayneth fo many fides of 
the Poligonon figure to be infcribed,of how many vnities the denominator of the Hex- 
agon 4 ‘8, which is fixe,excedeth the denominator of the fquare .4 D, which is foure. 
And forafmuch as that exceffe is two vni- — | 
ties,therforein BD there fhall betwo fides, | M A (mv um 
And thedenominatorof'the Polisonon fi- 7 ds s Ge 
gure which is to be infcribed fhall be pro- 
duced ofthe multiplication of the deno- 
minators of the forefayd Poligonon fi- 
gures,nainely, of the multiplication of 6. 
into 4. Which maketh 24. which number 
is the denominator of the Poligonon fi- 
gure,whofe two fides fhall fubtend the arke 
BD. Foroffuch equall partes wherofthe 
whole circumference cotayneth 24,0f fuch 
partes I fay, the circumference 4B con- 
tayneth 4, and thé circumference e4 D 
contayneth 6. Wherefore if from e4 D 
which fubtendeth 6. partes be taken away 
4. which &4 8 fubtendeth, there fhall re- 
mayne vnto @@D two of {uch partes of 
which the whole contayneth 24. Wherfore . *: YE utes 
ofau Hexagon.and afquare is madea Poligonon figure of 24. fides. Likewyfe of the 
Hexaeon eA B and of thé Pentagon et G fhall.be made a Poligonon figure * OL 

— odd ides, 





4 
— $ 
f.i 
4 
Aw 
^ 
* 


* a 





of € Euclides Eleinentes. a ffs. 


fides, one of #hdfe fides hall bena the: "m B Cj fForie denominaron of AB 


whichis 6. excedeth the denomination ofie-fC whichis 5. onely by ynitie. So 
' alfo forafmuch as the denomination-of ef B which is 6.excedeth the de- 
nomination of AE which is 3.by 3. therefore the arke BE hall ` 
ante —— 3 ſides ofa Poligonon figureof.18.fides.And .. -.. + 
[po^ Obferuing thys felfe fame methode and order, aman « ol 
—— may; findë out ‘infinite fides. of a Poligonon 


dd Pone ^ EE i 
; | de Th: end of he fourth booke | 


si»: “of Euclides Elementes. 
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A ee Se, gen ce ought to be beftowed therin.It ought of all o- 
24 ke. K $75. A ther to bethroughly and moft perfe&ly and readily: 
| SE knowne.For nothyng in the bookes followyng can, 


^) » He m be vnderftand without it : the knowledge of them 
Xe cx. all dependé of it. And not onely they and other wri- 
Vike aZ A tinges of Geometry, butall other Sciences alfo and 
bU — "ar ae Tie ee tf} : . ET UM 
( 5x ogg \ lattes :as Mufke, Astronomy ,Per|pectine, Arithmetique, 
2 Say n thearte ofaccomptes and reckoning,with other fuch 
See like. This booke therefore is as it werea chiefe trea- 
| fure,and a peculiar iuell much to be accompted of. 
It entreateth of proportion and Ánalogie, or proportionalitie, which pettayneth 
not onely vnto lines, figures, and. bodiesin Geometry : but alfo vnto foundes & 

voyces, of which Mufike entreateth, as witneffeth Boetivs and others which write 

of Mufike. Alfo the wholearte of Aftronomy teacheth to meafure proportions 

of tymes and mouinges. wdrchimides and Iordan with other;writing of waightes, 

affirme, that thereis proportion betwene waightand wdight, and alfo betwene 

place & place. Ye fee therefore how large is the vfe of this fft booke. Wherfore 

the definitions alfo thereofare common,although hereof Exchide they be accom- 

The frf an- modate and applied onely to Geometry. The firft author of this booke was as it 
thor of this ^ ds affirmed of many,one Eudoxus who was Plates {choler,but it was afterward fra- 
bookeEw- MEd and putin order by Euclide. , m 
doxiis. | l 


$ 


. Mp Definitions. 


, i : i ; l | ) | ti ; j 
i mata parte is alefe magnitude in re[petl of a greater magni- 
tude,when the leffe meafureth the greater. ee 


As in the other bookes before, foin this, the author firftfetteth orderly the 
definitions and declarations offuch termes and wordes which are neceffarily re- 
quired to the entreatie ofthe fübiect and matter therof, which is proportion and 
comparifon of proportions or proportionalitie. And firft he fheweth what a parte 
is. Here is to be confidered that all the-definitions of this fifth booke be general to 

Geometry and Arithmetique,andare true in both artes, euen as proportion ‘and 
proportionalitie are common to them both, andchiefly appertayne to number, 
neither can they.aptly be applied to matter of Geometry, but in refpect ofnumber 
and by number.Yet in this booke,and in thefe definitions herefet, Ewclidefemeth 
to {peake of them onely Geometrically, as they are applied to quantitie continu- 
allas to lines, fuperficicces,and bodies: for that he yet continueth in Geometry. 

— — Iwilnotwithftandine for facilitie and farther helpe ofthe reader,declare thé both 
A paritaken by examplein number,and alfo in lynes. s A AN FAY 
zwo manerof ` For the clearer vnderftandyng of a parte,it is to be noted ,thata partis taken in 
7125 way, the Mathematicall Sciences two maner of wayes . One way a partis a lefle quan- 
e fryt oy >a * titie 
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ticein refped ofa prever; whether it meafürethe greater or n0. The fecond way; 
a part is onely that leffe quantitie in re{pect of the gteater, whith. meaſureth the 
greater. À leffe quantitic 1s fayd to meafüre or number a greater quantitie , when 
it,beyng Oftentymies taken; maketh precifely, the greater quantitie without more 
or leffejor beyng as oftentymes taken from the greater as it may,there remayneth 
nothyng. As fuppofe the line AB to contayne3: and thelyne C. D to contayne 
g.thédoththelineABmeafure theline = Sed ] Lu ! 
C D'for thatific be take certayne. times;c zi ccs aco RRS, 
namely, 3..tymessit maketh precifely:thessig, os p00 0 081 o0 uites Gomes 
— £L 2dv1 203 02 kay 
leffe. Agayne if the fayd leffe lyne A B be taken from the grearet C D, as ofteri'as 
it may be,namely,3. tymes,there fhall remayne nothing ofthegreater. Sothe nii- 
ber 3. is fayde to meafure 12. for that beyng taken certayhe tyines, namely, ‘foufe 
tymes,it maketh iuft 12.the greater quantitie: and alfo beyng taken from 13248 OF 
ten as it may,namely,4- tymes,there fhall remayneé nothyng.And in thismeaning 
and fignification doth Exclide vndoubtedly here in this define a part i faying, that 
itis aleffe magnitude in comparifon of a greater, when’ the leffe meafüreth the 
greater,As the lyne AB before fet, contayning 3. is alefie quantitie in compa- 
rifon ofthe lyne C D which containeth o. and alfo meafürethat.Forit beyng cerz 
tayrie tymes taken,namely,3. tymes,precifely maketh it, or taken from it as often 
as it may,there.remayneth nothyng. Whertore by this definition the lyne A Bisa 
part of the lyne C’D. Likewife in numbers, the numbers. is a part of the number 


` 


15. for itisaleffe number or quantitie compared to the greater, and alfo it meafu- 
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reth the greater : for beyng taken certayne tymesjnamely, 3. tymes, 1t makéth 15. 
And this kynde of part is called commonly pars metiens or menfurans,that is,amea 
furyrig part : forme call it pars multiplicatiua: and of the barbarous itis cálléd pars 
aliquota,thatis an aliquote part,And this kynde of patte is commonly vied in A- 
Niedadeyt e TW A - ! — 


The other kinde ofa part,is any leffe quantitic in comparifon ofa greater, whe- 
ther it be in number or magnitude,and whether it meafüre or no. As fuppofe the 
line AB to be 17,and lerit be deuided into two partes in the poynt GC, namely;in- 
totheline AC, &the "Y fias B bau: | - 
line CB, andlettheA, |, |, — nep $ don bau 
lyne AC the greater —““ e tots "LI 
part containe 12.and let the line BC theleffe part contayné 5. Now eyther of 
thefe lines by this definition is a part of the whole lyne A B.For-eyther of them is 
aleffe magnitude or quátity in cóparifó of the whole lyneA B: but neither of thé 
meafureth the whole line A B:for the lefle lyne C B contayning 5. taken as ofté as 
-ye liftwill neuer make precifely.A B which contayneth 17. Ifye take it 3, tymes it 
anaketh only 15.f0 lacketh it 2.0f17.which is to litle. Ifye take it 4.times,fo maketh 
it 20.thé are there thre to much,fo it neuer maketh precifely 17.but either to much 
orto litle. Likewife the other parr AC meafureth not the whole lyne AB: for také 
‘once, it maketh but 12.which is leffe then 17. and taken twife, it maketh 22. which 
are more then 17. by 5. So it neuer precifely maketh by takyng therof the whole 
A B,buteither more or, leffe. And this kynde of part they commonly call pars 
constituens,or componens: Becaufe that it with fome other part or partes,maketh the 
whole.As thelyne C B together with the line A C maketh the -wholelyne AB: 
“Of thé barbarous itis called pars aliquanta.In this fignification itis taken in Bar/a- 
«nt in the beginnyng of his bookejin the definition ofa part,when he faith: Ewery 
ne : l Hh. iiij. lefe 
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The other 
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lefe number compared toa greater is faydto-be a part of the, creater,whether the leRe meas. 


fure the greater or anea[ure at Dot. io dedi n spunto uin viene sees 
mam eid pasa rdi 2 nllcsrer tot virer Nal A 594 
—— Multiplexisa greater mágnitudein reffetl ofibe lfe bon 
"Multiplex ua greater magnitudetn re[bect of tbe leße, when 
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- Astheline C D beforefet in the firftexample, i$ multiplex to the lyne A B.For 
that C D alynecontayning 9.is the greater magnitude, and is compared to the 
lefle,namely,to the lyne AB contayning 3: and alfo the leffe lyrie A B meafuretli 
the greater line C D, :for taken 3. tymes,» * Kort Pei co, Lol 


it maketh it,-as was aboue faydets Son Ge lorie Fo Ea p ut 
in numbers 12. is multiplex to3:for1zis | -d E b a xt a Mee 
the greater number; and is compared. to: ae uot tere eyt 





theleffejnamely,to 3-which3.alío meafü-- .- ^. ee | est dom na 
reth it: for 2 taken 4 tymes maketh 127 By this worde multiplex which is a terme 
proper to Anthmetike and nimber,it is eafy to confider that there can be no ex- 
actknowledge of proportion and proportionalitic,and fo ofthis fifth booke wyth 
all the other bookes followyng, without the aydeand-knowledge of numbers. ... 
d i * 4 > AA alin 1 4 


_ Proportion is a certaine refpette. of two magnitudes of one 
^ : inde, according to quantitie. — 7 0 A od 
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Euclide as in the firk definition, fo inthis & the other following,and likewife in 


- all his Propofitions of this booke, mentioneth onely magnitudes, and.geueth his 


what propor- 
£108 Hi. 


Thinges com- 
pare together 
this wayes. o 


Exampleof | 


this definition 
sn magni- 


dades, X 
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- órleffenes, or — — in this-example, let 
- AB ’begreater then C D, & containe it twife.Now - - 


. and generally ofany one quantitie to any other;is called proportion . Likewifeis 


. examples and demonftrations oflines : for that hetherto in the 4. bookes before 


he hath entreated of lines & figures, and fo cótinucth in his fixth booke following 
after this,comparing figure to figure; and fides of figures to fides of figures, with- 
out mention ofnumber at all . Notwithftanding as itis fayd they are generall 
to all kinde of quantitie, both, difcrete and continuall, namely ; number and 
magnitude: and neede for the young reader and ftudientin thefe artes to be de- 
clared in. both. For, the opening ofthem in numbers(in which they are firft and 
naturally founde) geueth a great and marueilous light totheir declaration in 
magnitudes. Proportion (fayth he) żs a certaine bebatiour thatis, a certaine reſpect 
or “comparifon of two quantities of one kinde : as of one line to an other, and 
one figure generally to an other, andone number to an other, as touching quantitie, 
thatis to fay, thatthe quantitie compared, isto that wherunto itis compared, 
eyther equall’, or greater, or leffe then it. For after thefe three maners may - 
thinges be compared the one to the other. But quantities of diuers kindes can not 
be compared together. A fuperficies can not be compared to a line : nor numbet 
tó a body : nora body toa line or number: for that they are not of one kinde. For 





example of this definition,take two quantities, namely, two lines AB and CD, 
and compare the one to the other, namely, A Bto- ! : 
C'D according to fome certaine refpe&t of greatnes, 4 B: 


$ 


thys comparifonyrelàtionjor refpeétof ABto CD,  - 


itof 


eo ` » 
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it, if A Bbe equall to C D;as in the fecond example : orif'A B be lefe then CD, 
as in the third example.The like is it alfo in numbers ! 

comparing §.to 5.cquall to equall,or 6.to 3. the grea- 
‘ter to the leffe, or 4. to 8 ‘the leffe to the greater. So 
to the accomplifhing of any Proportion there are re- 
quired two quantities,and alfo a comparing or refpe& 
ofthe one to the other. The quantities compared to- 
gether are commonly called the Termes ofthe Pro- 
portión. And in this booke of Exclide and alfo in o- 
ther wtitets of Geometrie the firt Terme, namèly that `> 
which is compared is called the antecedent, whether itbe equall, greater, or leffe 
then the other "And thefecond Terme, namely,that wherunto the comparifon is 
made, is called the confequent. Asin the former example, the line A B compa- 
red to theline © D-is antceedent : and theline C Dis confequent: And contra- 
riwife ifthe line C D becompared to the line AB, then isthe line CD antece- 
dent, and the line AB confequent . Albeit in Arithmeticke Boetins and others 
call the terme compared Dx, and the terme to whom the cóparifon is made they 
call Comes. This booke hath bene accompted of allmen one of the hardeftand 
moftintricate ofall Euclides bookes. And proportion isa general] knowledge to 
all learninges,chiefly to the Mathematicalis . Wherefore it fhall be very neceflary 
fome litle briefe inftruCtion and induction to be here added in the beginning here- 
of: ofthe knowledge and nature of proportions and what they are,and ofhow 
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many kindes : which thinges are here o? Ezclidefuppofed to be before knowen, 


and therefore maketh no mention fo diftinctly ofthem. | 
Ye muftvnderftand that there are of proportions two generall kindes , the one 
is called rationall, certaine, and knowen, and the otherirrationall, vncertaineand 
vnknowen . Such magnitudes or quantities, which may be exprefled by numbre, 
are called rational magnitudes or quantities . As fuppofe a line, namely, the line 
AB tocontaine 5.inches, & compare it to the line C D, 5 F 
contayning-3.inches + thefe quantities yefee may be ex- —— 
prefied by-numbers, namely, by thefe numbers 5. and 3:. ^c pm m wig 
and therefore are rationall, and haue the fame pfoporti- — l 
on, that number hath to number,namely, that thenumber's. hath to the number 
3 : and thereforethe proportion ofthe one to the other,is a rationall,certaine,and 
knowen proporion. And generally: when foeucr one number is compared to 
an other,or two lines or other magnitudes,borh which may be expreffed by num- 
ber,the proportion betwene themis euer ratiónall , and onely the proportion of 
füch quantities is rationall So that in Arethmeticke all proportions are rationall, 
forthattherein euer one number is compared to an other. > | 
Thereare certaine lines magnitudes or quantities which cánotbe namedand 
exprefied by number, and therefore commonly are called Surd lines or magni- 
tudes «As {uppofe the fquare A BC D to containe 16;then the fide or roote ther- 
ofjnamely,the line A B cóntaineth 4;and the diameter ofthe | , 
fame fquarenamely,théline B C fhall-be 4% 32, which isa 
furd niimber, andicati hot be. exprefled: by any determinate 
and certaine number,butófely by thi$ manet of circumlocu- 
tion Roote fquare of 327 Now if ye cónipare theline A B to 
theline B C, or contrariwife the line B C t6 the line AB, for 
that one of them isa fiirdé qiiantitie,neither can’ ech of them 
be :expreffed by number Cand therefore can not hauethat 
; proportion 
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The fifth Booke / L 


proportion that number hath to number) the proportion betwene them is itratio-- 
nall,confufed ,vnknowen,vncertaine, and furd . And this kinde of proportion is 
found onely in magnitudes,as in lines and figures(and not in numbers) of which 
he of purpofe entreateth in his tenth booke.Wherfore I wil here omitto fpeake of 
itandremititto his due place. Andfomewhat will I now fay for the elucidation 
ofthe firt kinde. * — 

.. Proportion rationall is deuided into two kindes,into proportion of equalitie, 
and into proportion of inequalitie. Proportion of equalitie is, when one quanti- 
tie is referred to an other equall vnto it felfe : as if ye compare 5 to 5, or7to 7, & . 
fo ofother. And this proportion hath great vfe in the rule of Coffe. For in it all the. 
rules ofequations tende to none other ende butto finde outand bringforth a nü- 
ber equall to the numberfuppofed,which is to put the proportion of equalitie. 

_ Proportion-of inequalitie is, when one vnequall quantity is compared to an o- 
ther,as the greater to the leffejas 8. to 4: or 9.to 3: or the leffeto the greateras 4. 
to 8:06 3. to 9. | uL l| » 

~ Proportion of the greater to the leff¢ hath fiue kindes,namely, Multiplex Super 
particular ,Superpartiens, Multiplex {uperperticular,and Multiplex fuperpartiens. > 
-Multiplex,is when the antecedent containeth in it felfethe confequent cer- 
tayne times without more orleffe : as twice, thrice, foure tymes, and fo farther. . 
And this proportion hath vnder it infinite kindes.For if theantecedent contayne | 
the confequentiuflly twife,itis called dupla proportion,as 4 to 2. If thrice tripla, 
as 9.to 3. 1£4. tymes quadrupla as 12, to 3. I£ 5.tymes quintupla as 15. to 3. Ánd fo. , 
infinitely after the fame maner. ato "Z4. 

Superperticular is,whé the antecedét containeth the confequent only oncé,& 
moreouer fome one part therofas an halfe,a third,orfourth,&c. This kinde alfo 
hath vnderit infinite kindes.For ifthe antecedent containe the confequent once. 
and an halfe,therofitis called Sequialtera,as 6. to 4:ifonce anda third part Sefqui- 
tertia,as 4,to 3:if once and afourth part Se(quiquarta, as 5. to 4.And fo in like ma- ` 
ner infinitely. | ! Are e X^ 

. Superpartiens is,;whé the antecedent cotaineth the confequent onely once, & 
moreouer more partes then one ofthe fameyas two thirdes, three fourthes, foure. 
fifthes and fo forth. This alfo hath infinite kindes vnderit. Foriftheantecedent 
containe aboue the confequent two partes,it is called Superbipartiens, as 7. to 5. If: 
3. partes Supertripartiens as 7.to 4. If 4. partes Superquadripartiens, as 9. to 5. If 5. 
partes Superquintipartiens as 11.to 6. And fo forth infinitely. , ^ I 

. Müttiplex Superperticular is when the antecedent containeth the confequent * 
more then once, and moreouer onely one parte ofthefame. This kinde likewife 
hath infinite kindes vnder it.For ifthe antecedent containe the confequent twife' 
and halfe therofjitis called dupla Sefauialtera;as 5, to 2.If twife and a third. Dap/a: 
Sefquitertia as 7.to 3.I£thrice and an halfe Tripla fefquialteraas 7. to 2. If foure times 
and an halfe Ouadrupla Se{quialtera, as 9.to 2. And {fo goyng on infinitely. 

‘Multiplex Superpartient,is when the antecedent contayneth the confequent. 
more then once,andalfo more partes then one ofthe confequent. And thiskinde 
alfo hath infinite kindes vnder it. For if the antecedent containe the confequent 
twife,and two partes oucr,itis called dupla Superbipartiens as 8. to 3.[f twice and. 
three partes, dupla Supertripartiens as x1.to 4. Ifthriceand two partcs, itis nam ed : 
Tripla Superbipartiens as 11. to 3. If three tymes and foure partes; Treble Super- 


* 
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quadripartiens as 31. to 9. And ſo forth infinitel. 
Here is to be noted chatthe denomination of the proportion betwene any 
two numbers, is had by.deuiding of the greater by the effe, For the gugpent Or 
——] | = number 


ze e | 
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number produced ofthat dinifertis euer the:denominatidn of the:proportion. How to kno. 
Whichin the firft kinde of proportion,namely,multiplex,is euera whole number, ebhe denomi- 
andinallotherkindes ofproportionitisabrokennumber, | ., — ,, „ Paton ofany 
:. Asifye.will know the denofnination of the proportion betwene'g and. 3. De-, 27%" 


uide 9.by.3. fo hall ye hane in the quotient 3.which is a wholenumber, andis the. 
denomination. of the proportion : and fheweth that che proportion betwene 9.38 
3-is Tripla. So the proportion betwene 12.and3,is quadrupla, for that 12. beyng. 
 deuided by 3. the quotientis 4. and fo of others in the kinde of multiplex, Andal- 

though in this Linde the quotient be euer a whole number, yet properly itis refer- i erua 


ys 


red to vnitie,and fo is reprefented in maner ofa broken numberas.Zand.*forv- e ouas 
“ — 41. , — A ed. -— gy i r "e$ . 
nitieistliedénoiminaton to dwholenüumber,-- E des. -$ 


Likewife the denomination ofthe proportion betwene 4 and 3 isa... forthat QU 
— gi scq v. a E. * ~ * , xe g — 
4. deuided-by 3. hath in the quotient 1 _ one atid a third part,of which third part, 
- 3 3 aA Tp tr 
itis called fe/quitercia: fo the proportion betwene 7 and 6.is 1 —- onearid a fixt, of 
which fist past itis called e/quifexta, and (0 of other ofthat kinide, Alfo betwene 
zand.5 the denomination of the proportion is: Lone and two fifthes,which dc- 
frominatión cóftftéth of two: parts,namely;ofthe muneratorand denominator of 
_ the quotient ofz.and 5:of which two fifthes itis called fuperbipartiens quintas:for % 
the numerator fheweth the denomination of the number of the partes,and. 5. the 
denominator,fheweth the denominatio, what parts they are,& {fo of others. Alfo 
the denomination betwene 5 and 2, is 2 ~twoanda halfe,. which confifteth of a 
‘whole number and abroken, of2.the whole numberitis duplajand ofthe halfe, it 
is called fe/quialtera,{o ts the proportion: dupla fefquialtera 2 i os 
Agayne the denomination of the proportion betwene 11. and 3. is3 *. three 


hoo 


" 


and two thirdes,confifting alfo-of a-whole number anda broken; of 3. the whole 
 numbreitis called tripla,and of — the broken number, itis called. Superbipartiens 
+ - bertias fo the proportion is tripla fuberbipartiens tertias. Thus much hethérto tou- 

ching proportion ofthe greater quantitietotheleffe. 99° =. © ^ ^ 

Proportion of the leffe quantitie to thé greater hath as many kindes, as thatof 
the greater to the lefle, which kindes are in thefame órder : and hauéalfothefelfe 4. -. 
fame names,but that to the names afore put ye muftadde here this word. fub. As - — 7 — A 
comparing the greater to the leffe, it was called multiplex, fuperparticular, feperpar- — T 
tient, multiplex [uperparticular, and multiplex fuperpartient, now com paring the lefe E 
: -quantitie to the greater, itis called. /ubrsultiplex, [ubfaperparticular, fubfuperparticnt, Submoli 
Boe {uperparticular, and [ubmultiplex [uperpartient. And{o in like maner to sien P 

- all the inferior kindes.ofall fortes of proportion yeshall adde that worde fab. The Subfuperpar- 
examples of the former ferue alfo here, onely tranfpofing the térmes of the pro- ticular. 
portion making the antecedent confequent, and the confequent theantecedent. 5"4/uperper- 
As 4.to.2.1s dupla proportion : fo 2.to 4. is fubdupla. As 9.to 3.is tripla: fois 3.to "hoe 
g-fubtripla. And as 9.to 6. is fe{quialtera, fo 6. to 9. is fubfefquialtera, As-7.tos. 9 
is [uperbipartiens quintas,fo is 5.to 7.fubfir perbipartiens quintas.Ás 5.to 2.is dupla 
felquialtera, fo is 2.to 5. fübdupla fefquialtera. And alfo as 8.0 3.is dupla fuperbi- 
pattiens tertias, fo is 3.to 8. fubdupla fuperbipartiens tertias . And fo may ye pro- 
cede infinitely in all others. Thus much th ught Igood in this place for the eale of 


the beginner to be added touching proportion. | | 
IA e tp et e^ s z ‘ce . "m ¢ Mp 0 07 Y Pros 


, * 
sè : " d 
oo. 


e | 


The fourth — 


deſinition. 


Example of 
this definition 
èn magni- 
CHAS. 


Example 
shereofin 
numbers, 


Note. 
The fifth defi- 


BSL ORe 


An example 

ofthis acfini- 
gion in mag- 

uit udes 5 


rs 


Why Euclide 


in defining of 
Proportion — 
yfed muii- 
plication o 


' ófany other part, or partes, may excede : — 
- and become greater then theline B :.or M 


est, Lhe fifth Booke 
ERN 0 V Ébefifib Booke.—.- 


<< Proportionalitie,isia fimilitude ofproportions, 155 v 
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Asin proportion ate compared together two quantities and proportion is no 


thing els but therefpectand comparifon of the one to the other, and thefe quanti- 
ties are the termes of the proportion : fo ini proportionallitie are compared togé- 
ther two proportions. And proportionallitie is nothing els but thé refpeet & com- 
patifon of the one of them to the other. And thefé two proportions are the termes 
of this proportionallitie. He calleth it the fimilitude,that is the likenes or idempti- 
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line B contayning 1,to the proportion of the line C contayning 6. to'the line D 
contayning 3 either proportionis düpla. This likenes, idemptitie,or equallitie of 
proportion is called proportionallitie. So in number 9:to 3.and 21.to 7. either pro~ 
portion is tripla . Where note that proportions compared together, are fayd to be. 
like the one to the other: burmagnitudes compared together, are faid to be equall 
theonetotheothern +.) iota © xod wil, Pii urea aa Sy 
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ayd to bane proportion the one tothe 
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other which being multiplied may exceede the one the other.” 
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- | Before he fhewed.and defined, what proportion was,now by this definition he 
declareth betwene what magnitudes proportion falleth,faying: That th ofe quanti- 
ties are faid to haue proportion the one to the other,which being multiply ed,may 
excedethéonetheóther.Asforthatthe 5 7 7 7 Pq Se CRT 
line A being multiplied by whatfoeuer ` 
multiplication ornüber,astaken twife, | |... a aoia. 
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contrariwife,then thefe two lines ate faid to haue proportion thé one to the other. 
And fo yé may fee that betivene any two quátities of one kinde, there is a propot- 
tion.. For the one remayning vnmultiplied,& the other being certaine times tul- 
tiplied {hall be greater then it. As 3.to 24.hath a proportion, for a E 
tiplied,and multiplying 3.by 9, yefhall produce 27 : which is greater then 24,and 
excedeth ir. Here is to be noted, that Euclidein defining what quantities haue pro- 
portion, was-compelled to vfe multiplication, or els. fhould not his definition be 
general! to either kinde of proportion : namely,to rationall and irrational: to fuch 
propottion I fay. which'may be expreffed by number;and to fuch as cannot be ex- 
preffed by any determinate number;but remaineth furd and innominable . In rati* 
onall quantities which hane one common meafüre,the exceffe of the one aboue 
the other is knowen;and by itis knowen the proportion, which may be expreffed 


‘by fome determinate number. Burin irrationall quantities which haue no cómor 


meafure,itisnotfo. For in them the excefle of the oneto the other is euer vn- 
knowen, 
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knowen,& therefore is furd,andinnominable, Asberwene the fide ofa{quareand 


wh m e 


the diametertherofthere 1$ vndoubtedly a proportion , for;thas the fide certaine 
times mulüplied may.excede the diameter ,! Likewife betwene-the-diameter ofía 
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circle and the circumference therof there is certainlie,by this definition, a propor- 
ton,for that the diameter certaine times multiplied may excede the circumference 


fthe circle : although neither of thefe proportions can be named Scexpreffed by 


numiber . For this caufe therefore vfed Ewcide this. manetof defining by multipli- 
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In the definition laft going before, he fhewed what magnitudes haue propor- 
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tion the one tothe orher,:& now this diffinition fheweth what magnitudes are in 


one and the felfe fame proportion,and how to know whether they bein one and An example 
the felf fame proportion,cr not.It is plaine tliat euery proportió hath tivo termc$, ofthis defini- 
fo that when ye compare proportion to proportion, ye muft ofneceffitie haue, 4, ^iouin magie 
termes,that isan antecedent and a confe uént,to cither ofthe proportios.As fup- tudes. 
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D thefoürth :now if ye take the equimultiplices of A and C the firft & the third, 
that isiif ye multiply Aand Cby oneand the felfe fame number, as let the multi- 
plex of À be Eandlet the equimultiplex of C be F. Likewifealfo if ye take the 
equimultiplices of B and D, the fecond and the fourth, that is if ye multiply them. 
by any one number,whether itbe by.that nuinber wherby ye multiplied A&C, 
or by any other number greater orleffe;as let the’ multiplex of B be G, and the e- 
quimultiplex of D be H: now itthe ‘equimultiplices of A and.C be both greatet 
hen the eqnimultiplices of B and D, that is'if thé multiplex of A be greater then 
the multiplex of B, and the multiplex of C be greater then the. niultiplex of D, or 
if they be both lefle then they : or both equall to ther, then arethe magnitudes 4a sxample 
A,Band,Divoneand:helelfefimeproporion. "0 | Pb, 
= Likew ife in tiüinbers 8-to 6. hath a proportion;alfo 4. to3. hath a proportion: 
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ye did, the triple of 6 is 18. and, the tiple i 
Miso, Now yefeethatt the triple ‘of 8 the firfthamely,>4. ide the S Uible of 
Úr xthefecond;nai inely,18 : dikewife thé,triple of4¢the-third-number,- namely, 2. 
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excedeth the triple of 34 the fourth, namely,9. Wherefore by the: firft part of this 
defiaition;che iurbers 8 tó 6 And vol 3: are in oneand the felfe famé'ptoportió, 
bécaule thatthe equimultiplices of 8.and.4. the -firkt & the third: sdaberk ;exceede 
ihe e e juimultiplices of éand 3..the fecond and the fourth. 

"9 CAgaine take the fine nambers and t try ‘the faine afterthis maner: Take the 
equim ultiplices of 8. and 4. the firft and the ‘third,multiplieng ¢ eche by: «as before 
ye did, fo fhall ye haue 24 for the tri- 
ple of 8 $ and 12 for the triple of 4.as ye 
hid’ before; Then ‘take the equimulti- 
p Xicés of sand —* the fecond and. the. AR 
—— ng them by fome: one, le: 
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number, but not by 3 ds ‘before’ ve. did: ` E: — A 
but by. 4. {6 for the Guadrupleof 6 the Ade sa Sbai? — — * 

recond ‘number, ball ye hauc24. sand. | paa b e A 

forthe quadrüple of 3 the fourth IIR: (ball haue 12. —T— now frye E that 
the equimultiplices of 8 and 4.the firft and the third,namely, 24. and 12. are both 





. equall to the multiplices of 6 and-3-thefecond'and the fourth, riaiely, to 24 arid 
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12. Wherfore the numbers geuen,are by the fecond part of this definition in one 
and the felfe fame proportion; becaufethe é€quimultiplices of 8 and 4 the firftand 
the third,are both equall to the gopi of6 and 3 the feconde and the 
‘fourth, oe e 
Agayne to thew the fame,and for the fulnes of the diffinition, take the fame 
numbers 8,6,4,3. and take the equimultiplices of 8 and 4. the firft and the thirde, 
multiplieng eche by 2. fo haue ye 16 for the duple of 8, the firft number,and 8 for 
the dui ole of 4.the third number ; then take alfo.the equimultiplices of 6 ‘and 33the 
(cond and the fourth;multipliyne e cche. " 3.fo, haue sad 18 for the ple. of. 6.the 
fecond, arid e for che triple oF 3. “the. a | 
fourth. ‘auiibers Andnow ye fee, That. [: 


irs 


thé ;équimultiplices, of 8 and 4 «the. y LE 


ee et % 


fiitand the third, namely, 16.and 3 
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are both: leſſe ‘then. the equimultipli- 4 T r yr à * 
ES OPE imu e meant naki Apae ainsa Eni uc 
namely. 18 and. 9. For16 are leffe chen: Restat * s EE gx : * 


rd 


3s and. 8 are Jelle e then. 9. “Wherefore 

By the third p part ofthis diffinition the numbers Deena da are in.one: re the felfe 

fame proportion, for that the cquimultiplices of 8 * and.4the firftand.the third ‘are 

both leffe then, the equimultiplices of g.and 3 the fecond and the fourth. i 
Further 


of Euclides Elementes. Fol. 30. 
Earther in this diſſinition, this particle (according to any multiplication) is 
moft diligently tobe confidered, which fignifieth. by any multiplication indife- 
rently whatfoeuer. For whenfocuer the quantities be in 'óne and the felte fame 


proportion,then by any multiplication whatfoeuer,the equimultiplices of the firft 


and the third,fhall exceede the equimultiplices ofthe fecond and the fourth, or 
fhallbe equall vnto thein, orleffe then them. Yet it may fo happen by fome one 
multiplication,that the equimultiplices of the firftand the third,do exceede the e- 
quimultiplices of the fecond and the fourth,and yet the quantities geuen fhal not 
bein one and the felfe fame proportion. Asin this example here fet, where the e- 
- quitnültiplices of ó and 5, che fir& and. dhiethitdé, nàámely;' 18. and 15. doo both 


xceede the equimultiplices of 4 and «u$ -^ Ij ] 
3. the fecond and the fourth, namely, Kirin rao AD — —— 
8 and’6-yetare not the numbers ge ` eli ( 
ueninoneandthefelfefame propor- | Second - 4- | Fourth 3 
tion. For6 hath not that proportion | A - 


to 4. which s. hath to 3. In this exam- i 


ple 6and 5 the firftand the third were multiplied by 3: which made their equimut- 
tiplices 18 and 15. which exceede the equimultiplices of 4 and 3, the fecond and 
the fourth beyng multiplied by 2. namely,8 and 6: butifye fhall multiply 6 and 5 
thefirftand the thirde by 2. ye fhall produce 12 and xo for their equimultipli- 





ces ; and then if ye multiply 4 and { 4 "e Io } 
3. thefecondand the fourth by3. fo --| png € | Third ` ^ad 
 fhallye produce for their equimulti- — 4— 
'plices 12and 9. Now ye fee that by | Second 4 Fourth 3 
this multiplication the equimultipli-- i wy ET | | 


ces.of the firftand the thirde doo not 
both exceede the equimultiplices of the feeond and fourth : for 12 the multiplex 
of 6 doth not exceede 12 the multiplex of 4. and therfore the numbers or quanti- 
ties'are notin one and the felfe fame proportion,for that it holdeth notin all mul- 
tiplications whatfocuer. : : | 
. Andbecaufe this diffinition requireth all marier of multiplicatiós to bring forth 
the exceffes,equalitiesjand wantes of the antecedents aboue,to,or vnder the con- 
fequents,to auoide the tedioufnes and infinitelabour therof;I haue fet forth a rule 
much to be made ofand eftem ye may in any rationall proportion pro- 
xuce équimultipliccs ofthe firft and the third equall to the equimultiplices ofthe 
e rule is this, take two numbers whatfoeuer in that pro 
portion irt which your quantities are,& by the number which is antecedent mul- 
tiply the confequents of your proportions,namely,the fecond and the fourth:and 
by thé number which is the confequent multiply the antecedentes of your pro- 
portions,namely,the firft and the third:then neceffarily fhalbe produced the equi- 
multiplices.of the firft and the third equall to the equimultiplices of the fecond & 
the fourth.As by example, take 6 to 2/and 3 to 1.which are in one & the felfe fame 
roportid, & taking thefe two nübers.9 & 3.which are in thefàme proportió, now 
y 9 the antecedent multiply the confequéts 2 & 1. and fo fhal ye haue 18 & 9 for 
the equimultiplices ofthe fecond & the fourth,then by 3 the confequent multiply 
the antedéts 6 & 3,fo thal ye haue 18 & 9 for the equimultiplices of the firft & the 
third,which are equal to'the former equimultiplices of the fecéd & fourth. Wher- 
of it foloweth that ifye multiply 18 & o the equimultiplices of the firft and the 
third by any niiber greater thé 3.wherby they were now multiplied, they fhal both 
euer.exceede the equimultiplices of the fecond & the fourth: & ifye multiply thé 
we I yj. by 
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by any number leffc then 3. they fhall euer both want of them. So. that whatfoe- 
| n it be, they fhall euer both exceede,be equal,or want aboue, to, 
or from 18.and 9. the equimultiplices of the fecond and fourth. . 


; 
s AE 
r 
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>- Magnitudes which are in one and the felfe fame proportion, 


are called Proportional. 


As if the lyne A,haue the fame proportion to the line B, that the lyne C hath 
-to the lyne D, then are the f | B d 


faid foure -magnitudes A;B; - 








C. D, called proportionall. 4 TG 
Alo in numbers for that g: p o o = s 
to3.baththatfameproporió ^'^ 7.5 — 


that 12 hath to 4: therefore 
thefe foure nübers 9.3.12.4. : 


arc faid to be proportionall. Here is to be noted that this likenes oridemptitie of 


proportió which is called,as before was {aid proportionalitie,is of two fortes: the 


oneis continuall,the other is difcontinuall. Continuall proportionalitie is, when 
the magnitudes fer in lyke proportion, are fo ioyned together, that the fecond 
which is confequent to the firftjis antecedentto the third,and the fourth which is 
confequentto the third,is antecedent to the fift,and fo continually forth. So eue- 


| ry quantitie or terme in this proportionalitie,is both antecedent and confequent 


(confequentin refpe& ofthat which wentbefore, & antecedent in refpect.of that 
which followeth)exceptthe firft;which is onely antecedentto that which follow- 
eth,and the laft which is onely confequent to that which went before. Take an ex- 
ample in thefe numbers,16.8.4,2.1. In what proportion 16. is to 8, in the fame is 
8.to 4, in the fame alfo is 4. to 2, and likewife 2. to 1. For they all are in duple pro- 
portion:16. the firft is antecedent to 8,and 8. is confequent vnto it : and the felfe 
fame 8.1s antecedent to 4 : which 4 beyng confequent to 8. is antecedent to 2; 
which 2 likewife is confequentto 4. and antecedent to 1: which becaufe heis the 
laft,is onely confequent,and antecedent tó nonejas 16. becaufe it was the firft;was 
antecedent onely,and confequentto none, Alfo in this proportionalitie all the 
magnitudes muft of neceffitie be ofonekynde, by reafon ofthe continuation of 
the proportions in this proportionalitie, becaufe there is no proportion betwene 


~ 


‘ quantities of diners kyndes. Difcontinuall proportionalitie is, when the magni- 
tudes which are fetin lyke proportion, are not continually fet,as before they were, 


hauyng one terme referred’both to that which went before,and to that which fo- 


_loweth,but haue their termes diftin@ and feuered afonder : as the firft is artece- 
-dentto the fecondjfo is the third antecedentto the fourth, Exaniplein numbers, 


as 8 isto 4. fois 6.to 5, for either proportion is duple. Where ye fee,how ech pro- 
portion hath hys owne antecedentand confequent diftin& from the antecedent 
and confequent of the other,and no one number is antecedentand confequentin 
diuers refpectes.And by reafon of the difcontinuaunce of the proportions. in this 
proportionalitie,the quantities compared,may be ofdiuers kyndes ,' becaufe the 
confequentin the firft proportion is notthe antecedent in the fecond proportion. 
So that ye may compare füperficies to fuperficies,or body to body in the felfe fame 
proportion that ye do lynẽ to Ine. "ow EU 


d D. 
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When 


of Euclides Elementes. Fol.131. 


© When the equemaliplices being taken, the multiplex ofthe Tron 
© faft excedeth the multiplex ofthe fecond, € the multiplex of "P^. 


the third,excedeth not the multiplex of the fourth : then bath 
the firft to the fecond a greater proportion,then hath the third 
tothe fourth, —. | 


In the fixt definition was declared what magnitudes are faid to be in one and 
the fame proportion : now he fheweth in this definition what magnitudes are faid 
to beinagreater proportion . And hereis fuppofed the fame order of muültiplicati- 
on,that there in that definition was vfed : namely, thatthe firft and the third be e- 
qually multiplied,that is,by one & the felfe fame nüber : and alfo that the fecond 
and the fourth be equally multiplied by a ose nd 
the fame or fome other number : and. | 
then ifthe multiplex ofthe firft, excede 
the multiplex of the fecond:& the mul-. : 
tiplex of the third ; excede notthe mul- 
tiplex of the fourth,the firft hatha grea- 
ter proportion to the fecond, then hath . 
the third to the fourth. As fuppofe that. 
there be foure quantities,A,B,C;D: of : | 
which let A be the firf B the fecond, C /8 
the third,& D the fourth. AndletA the |° |. ^ | 
firítcótaineó.andlet B thefecondcon 4 ` 
tainé 2.& C thethird 4. & D the fourth. |, nt T | 
3: Now.takethe equimultiplices of A. |. f- 8t fo 
and C,the firlt& the.third,which let be | hm | + 
EandF,fothathow multiplex E isto | | 2] pl PE 
A fp multiplex ler F be to C:name- = e. do co tüd 





6 
y.for example fake let either of them E 4 
be triple fo haue you 18. for the = e 
multiplex of A, and 12.for the mul-, °- 7° 0. 3, —— B 
tiplex of C. Likewife take the equimultiplices of B & D,the fecond & the fourth, 
multiplying them alfo by one and the felffame number,as by 4 : fo haueye for the 
multiplex of B the fecond .8, namely,the linéG, and for the multiplex of D the 
fourth 12,namely,theline H . Now becaufe tlie line E multiplex to the firft, name- 
ly,185excedeth the line G multiplex to.the fecond,natnely,8 : And theline F mul- 
tiplex to the third,namely,12, excedeth not the line H multiplex to the ‘fourth, 
namely,12 (for that they are equall)the proporti6.of A to B the firft to the fecond, 


is greater then the proportion of C toD the third to the fourth:So likewife in nii: 
bois; ede ILiO2 V IO aan mi a EMT Ns OR hae | 


"Ww JS X. Ng: Wem ri. p Ia 5 "Pp MU = 
tiply 11.87. ( the firft, and the third) NL 2 
by2,fofhallyehaueaz.forthemult- / | pg. Gy | rhird 7 
vex ofthi fi ft: x id J in for i vw... : irst 4I 1 L 7 
CX Orthe finit and I4. Tor the multi- eC ! | 
plex ofthe third-and mültiply zand - | Second 2 | Fourth 3 
3thedecondand the fourth by 6: fo 7. pem 
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fhallthe multiplex of the fecond be 12. .— 
and the mula plex of the fourth be 18: . 

dimi. ^ um i " It. Now 
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_ Now yefee22: the multiplex ofthe firft,excedeth 12,the multiplex of the fecond. 


But ra.themultiplex ofthe third, excedeth not 18. the multiplex of the fourth: 
Wherefore the proportion of t1.to 2.the firftto the fecond,is greater then the pro- 
Pee of 7.to 3,the third to the fourth . And fo of all other. quantities and num- 

ers,which are notin one and the felfe fame proportion, ye may know when the 
firft to thefecond hath a greater proportion then the third to the fourth. 






q An other example. 
This example haue I fetto declare ` AA 
that although the proportion of the : reg gms 
firftto the fecond be greater then the v7 pape be Pere 
propottion ofthe third tothe fourth, 2° — LD Ur ag LE 
yet the multiplex ofthe firt excedeth | Second - 4 | Fourth gt 





notthe multiplex of the fecod. Wher- 
fore itis diligently to be noted, that it 
is füfficientto fhew that the proporti- ` 


Hs 20 | — — 


e 


on ofthe firft to the fecond is greater thé the proportion of the third to the fourth, 

` ifthe want or lacke of the multiplex of the firft from the multiplex of the fecond, 
« be leffe then the want or lacke of the. multiplex’ of the third to the multiplex of 
_» the fourth. Asin this example 16. the multiplex of 8. thefirft, wanteth of20.the 
multiplex of 4.the fecond,foure: wheras 18.the multiplex of-9,the third, wateth of 

| 45,the multiplex of 9 the fourth,27. Andfo ofall others wheras(the ptopórtiotis 
being diucrs) the equimultiplices ofthe firftand the third are bothleffe , then tlie 


E E R AN 4 F We Le "teu J 1 P, DA 
equimultiplices of the fecond and the fourth. Likewife if the equimultiplicés of 


the firft and the third do both excedethe equithultiplices of the fecond & the firft, 
thé fhall the exceffe of the multiplex of the firft aboue the multiplex ofthe fecond; 
-be greater thé the exceffe of the multiplex of rire third,aboue the multiplex of the 


> zak bang. vitis mr Nd A AIME 
fourth . Asin thefe numbers here fet,the equimultiplices of 6.and 4. the firtt and 
the thirdjnamely,r2.and 8.do both excedethe equimultiplices of 2. arid. 3. chefe- 
cond and the fourth ,namely,4.and 6. But 12.thé multiplex ofthe firft excedeth 4, 


the multiplex of the fécond by 4,and $ the multiplex ofthe thytd‘excedeth éthe 
. meltiplex ofthe fourth by 2. but 8.1s "m L aay SY 0i o: ZENIPOG 


T 
Loe 


? rit 2.3 | Third 


éd 

terthen the proportion of the third to pee tre Fourth E 
multiplicationythat whC theequimul- ^ 7. 0007 n 
tiplices of the firft and.the third fhall. as nae Le S 
be compared to the equimultiplices of the fecond and the fourth, the multiplex o£ 
the firftthall excede the multiplex of the fecond,& the multiplex of the third ſhall 
not excede the multiplex of the fourth,according to the plaine wordes of the de- 
Inlike maner when you haue taken the equimultiplices ofthe firft & the third, 
and alfo the equimultiplices ofthe fecond and the fourth, if the multiplex, ofthe 
firft excede not the multiplex of the fecond,and the multiplex of the third excede 
the multiplex of the fourth : then hath the firft to the fecond a leffe proportion, 
then hath the third to the fourth. As in thé eyample before, if ye chaunge the 
rermes,and make C the firft; D the fecond, A the third;and B the fourth:then hall 
—— , F,namely, 


more then 2. Howbeitthisis.general-_.. 
ly certaine. that. when foeuer the pro- 








portion ofthe ficttto the fecodis grea- . j 
the fourth, there may be found fome.. . pen 


sak om >a 
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of Enchdes Elémentes. Fol.132. 


EF, namely; 12.the multiplex ofthe fitft notexcede H, namely; rz.themultiplex of 

the fecond: but E,namely,18.the multiplex of the third excedeth G,namely,8 the 

multiplex of the fourth . Whercfore the proportion of € to D, the firft to the fe- 

condis leffe then the proportion of A to B,the third to the fourth. | 
- ^ Enen foin numbers. Ásin this ex-. .. | 





ample, 5.to 4.and 7.to.3.[fye multiply f sale n 3 
y.and 7.the firftand the third echeby . | Birt fog A Third. 7 
3; ye fhall for tie multiplex of 5.the 2° 2 77 
firft liaue 15. and for the multiplexof “Second £ | Fourth 3 
7.the third fhall yehaue 21: againeif ^ | — f — 
ye multiply 4-and'3. thefecond &the: — | , 
fourth by 6,for the multivlex of aoe ea er | — " 
fecond ye fhall haue za;and for the multiplex of 3.the fourth , ye fhall haue 18 . So 
ye {ee that 15.the multiplex of the firft,is lefle then 24,the multiplex of the fecond: 
and 21.the multiplex of the third is greater then 18.the multiplex of the fourth. 
. Whereforethe proportion c£ 5.to 4.the firft to.the fecond is leffe then the propor- 
tion of7.to 3.thethirdtothefourth. — ^ - f a E 
. Proportionallitie confifleth at the leftin three termes. The minh den 


_ Before it was fayd,that proportionalitie is a likenefie or an idemptitie of pro- 

| portions ,Wherfore of neceffitie In.proportionalitie, there muft be two. proporti- 
ons, and euery proportion hath two termes, namely, his antecedent, and confe- 

quent. Therfore in euery proportionalitie there are foure termes.But for that fom- 

tyme;one terme fupplietli by divers relations,the roume of two, for in refpe& to 

the firftitis confequent,and in refpectto that which followeth, itis antecedent: 
therfore three termes at leaft and. riot vider may fuflice in are rtionalitie, which 

fa 


three are in power. fouré and occupy the rorne of foure,as is yd.Asfupp ofe that An example 
Á hath to:B that proportion, that B ;..5 Mbuuu ww a E 1 of this kefini- 
hathtoGs thenare thefe threquam-'=T T ean c utu a Eon jr "age 
tities A, B; C;fetintheleft number... . p — —— nitudes. 


of proportionality.Likewife in nums. 4- 
bers,as 8.4.2.and 9:6. 4.- | 


Ca 
4 > 


t a 


be ynto the third in double proportion that it is to the fecond. 
But when there are foure magnitudes in proportion the first 
[ball bevnto the fourth in treble proportion that it is to the fe- 
60nd. And foalwaies in order one more,as the proportion fhall 
. beextended ee 2 T-- | 


~'"Fhis definition is alfo vnderftand in continuall proportionalitie. As if the thre 
magnitudes A, B, C; bee-proportionall :-then fhall the proportion of A the 


iiij. fir 


When there are three magnitudes in proportion the firft fhall 


Example in 
numbers, | 


The tenth 
definitioite 


Example of 
this definition 
in magni- 
tnd Cie 


A ruleto 
adde port $0 


Ons to propor- 


PIONS: 


Example 
there of. 


firftxo  'the.thirdes bee 1s aude tme 
doubleto the proportion A — —— yr 
Whichis betwene A&B _- | i 
ne —— the feconde, $ — | | pa — 
thatistheproportió of À ¢ : 

to D taken twile, oradded. | | 

toitfelf (which isallone) - | - | | 
thall make the proportié of A to C.For the eafier vnderftadyng of this & the pra 
ctife therof,it {hall be much neceffary fomwhat to inftru& the rude beginner how 
proportions may be added one to an other. Which is done bythisrule, .. 


m * 
. * 
ye 
` ` 
. > 
* - * 
^ 





M the antecedent of the one proportion by the antecedét ofthe athe 

' R - á e usd y 2 
and th ap D oduced {hall be Jean -Gentortpe n onortion. which cons 
tay ne NENEID DG tkewvíe-mu ipl ne coniequent o he one_proport iby 











or iced {hall be confequent of the 
ac dt 


c example. If ye willadde the preportion which is betwene 4 and 2. (which - 
is dupla) tothe proportion which is betwene 9 and 3. (which is tripla) multiply 
9. theantecedent of the firft proportion by 4. the antecedent of the Fw 
fecond proportion,and ye fhall produce 36. which referue andkepe — 36 





_ for the antecedent of the proportion, which yefeeke for. Likewife 9 .— 4 
iz 


multiply 3 the confequent of the firft :proportion,by z the confe-^ 3 


" quent of the fecond,fo fhall ye haue6.which 6.{hallbeconfequent ^ 6 


tone former antecedét, namely, to-36: fofhal the proportió which : 7-7 
is betwene36 and 6.namely,fextupla,contayne init the two proportions geuen, 
namely,tripla,and dupla.And by this meanes are they added together,&- brought 


into onc, And by this may yeadde all other kyndes of proportions whatfoeuer. 


8.4.2: I. 
2 2 2 
ij I I 


they be. Now forthat the diffinition fayth, that if there be three quantities in pro- 


porti6,that is, what proportié the firft hath to the fecód,the fame hath the fecond 
to the third,which for example let be triple,as in thefe nübers,27. 9. 3: adde triple 
to triple by the ruleabouefaid. And forafinuch as it is eafier to worke in finall “ni 
bers then in great,reduce thefe proportids to theyr leaft denomination:So:27, to 
g reduced to the left termes in that proportion,is as much as 3. to 1. Likewife 9:to 
3 reduced to theyr left termes are alfo as muchas 3-to 1.-now adde together thefe 
twotriple proportions thus reduced, multipliyng: 3by3.' the oñe antecedent. by. 
the other,fo thall ye produce g for a new antecedent, then multiply 1 by-1,the one 
confequent by the other, fo fhall you prodiice 1. which let be confequentto 9. 
your antecedent,{o the proportion betwene 9 and1. which is noncuple contay- 
neth both the two triple proportions. And becaufe they were equal the one.to the. 
other,itis.duple to eche of therit. Ye fee alfo that the proportion of 27 to 3.the firlt 
to the third;is alfo noncuple.Wherfore according to the definition, the -proporti- 
on of the firft to the third,is double to the proportion of the firft to the fecond, as 
9to.1. beyng noncuple, is double 3 to1. whichis triple, becaufe it contayneth it 
_ So ifthere be 4. quantities in continuall proportion,the proportion of the firft 
to the fourth, fhall be triple to the proportion’ which is betwene the firft.ánd the 
fecond,thatis,it fhall contayne it three rymes.As for example, Take 4.numbers in 
continual proportion 8.4. 2.1. Ye fee that the proportió of 8 to 1. the firft to the 
fourth,is octupla : the proportion of 8 to 4. the firftto the fecond is dupla, now: 
treble dupla proportion,thatis, adde 3. dupla. proportioris together, by the rule 


before geuen,as yefee in the example, Multiply all the antecedentes together 2; 


she 


of Euclides Elementes. Fol.133. 


the antecedent of the firft proportion, by:2. the antecedent of the fecond,fo haue : 


ye 4: which 4.multiply by 2 theantecedent ofthethird proportio; fo fhal yehaue: 


8 for anew antecedent. Inlyke maner multiply all the confequentes together, 1;-. 
the confequent ofthe firft proportion by 1. the confequent oftheíecond propor⸗ 
tiõ, ſo ſnalye haue 1,which 1.multiply agayne by 1. the cóféquent of the third pro- ` 
portion.fo fhall ye haue agayne 1: which 1. let be confequentto your formerante- ‘ 
cedent 8: fo haue yc 8 to r.which is octupla, which was alfo the proportion of the . 
firít to-thefourth which:octupla is alfo brought fourth ofthe addition. of thre du- : 

a'pfoportions together, and contayneth it three tymes,wh erefore octupla is tri- `> 
pla to dupla,and therfore as the diffinition-fayth: the proportion ofthe firft to the ; 


fourth is triplato the proportion ofthefirft to the fecond. And fo confequently 


forth as long as the proportionalitie continueth accordyng to the fentence ofthe - 


diffinition, the termes of the proportions exceding the number of proportions. by 


one.As ifye haues. termes in proportion,the proportid of the firft to the fifth fhal 
be quadrupla to the proportion of the firft to the fecond,and if there be 6.termes, . 


it {hall be quintupla and fo in order. 


ir eMagnitudes of like proportion, are fayd to be antecedents T 
! —— | E — 


to antecedentes, and conſequentes to conſequentes. 


For that before it was ſayd, that proportion was a relation or a reſpect of one 
quantitie to an other,now fheweth he what magnitudes are fayd tobe of like pro- 


portion,namely,thefe whofe antecedents hau like refpect to their confequentes, 


and whofe confequents receyue 
like refpectes of their antecedéts. 4 
As putting 4.magnitudes A,B,C > 

D. If A antecedent to B, be dou- 8 —____, DL ——— 
ble to Bjand C antecedenttoD; 
be double alſo to D, thẽ haue the ihe | 
two antecedentes like refpectes to their confequents.Likewife if B the confequent 
be halfe of A and alfo D the confequent be halfe of C,then the two confequentes 
B and D receiue of theirantecedentes like refpectes and relations.And by this dif- 
finition,are thefe magnitudes A,B,C,D, of like proportion. 

Alfo in numbers, 9. 3. 6.2:becaufé 9 the antecedent is triple to 3. his confe- 
quent,and the antecedent 6.is alfo triple to 2 his confequent : the | 
two antecedéts 9 and 6 haue like refpectes to their confequentes, | 9... 6. 
and becaufe that 5 the confequentis thefübtripleorthird partof 3. 2. 

9. his antecedentand likewife 2 the confequent is thefübtriple or 
third part of 6. his antecedent,the two confequentes 3 and 2.recciue alfo [yke re- 
{pectes of their antecedentes, and therfore are numbers of like proportion. 





Proportion alternate, or proportion by permutation is, when 
_ the antecedent is compared to the antecedent, and the confe- 
quent tothe confequent. mw 


- "Thevnderftan ding ofthis definition & ofall the definitions following, depen- 


deth of the definition going before,and vie it fora gerierall fisppofition,namely, to 
FP prig 2 - à | haue 


Example of 


this definition 


in magnituds. 


E xample in 
numbers. 


Thetweifth 
definition. X 


Example of 
this definition 
su inagnituds. 


Exa mple in 
numbers. 


Therbirtenth 
definition. 


E xam ple of 
tiis definition 
£7 nragatthds. 


Example in 
numbers, 


T he fourtenth 
definition, 


Example of 
t bis definition 
in magnitudi. 


1 The fifth Booke | 


haue foure quantities in proportion.Suppofe foüre magnitudes A,B,C,D,tobe in 
proportion,namely,as A is to.B, fo let C beto D. Now if ye compare A_theante- 
cedent ofthe firft proportion.to C the antecedent of the fecond as to his confe- 
quent, &likewifeifyecompare . 4 Wa. 

B the cofequent of the firftpro- A ——————+___—» 6 
portion asan antecedent toD Ẹ& 
the confequent of the fecondas t0 — "we 

to his confequent : then fhall ye baue the magnitudesin this fort : as A to C,ante- 
cedent to antecedent,fo B to D,confequent to confequent,& this is called permu- 
tate proportion or alternate. In numbersas 12. to 6,f0. — — — 
8. to 4. either is dupla. Wherefore by permutation of Duple Duple 
proportion, as 12. to 8. antecedent to antecedent, ſo is 6. op, ee Rien 
to 4.confequentto confequentforeitherisfefquialtera.. 17: ^. 7 $ 4 





Do owe——— c 





— — 
Seſquialter. 


Conuerfe proportion, or proportion by conuerfion isswhen the 
confequent ts taken as the antecedent , and fo 1s compared to 
the antecedent as to the confequent. -— 


. suppofeas before foure magnitudesin proportion, A;B,C,D,as A to B'/fo C 
to D : ifyereferre B the confequent of the firft proportion,as antecedent,to A the 


e 


antecedent of the firft,as to his confequent : and likewife if ye referre D the confe- 
quét of the fecond proportion as an-A ¢ 
tecedétto C the antecedét of the fe- 

cond proportió, as to his cófequent: P ! 
thé thall ye haue the magnitudes in thys order.As B to A cófequent to antecedét: 
fo D to C confequent to antecedét.And thys is called cóuerfe proportion.So alfo 





_in numbers, 9.to 3, as 6.to 2, eyther istriplawher- — ^, ——— 


fore comparing 3.to 9,the confequent ofthe firtto Triple Triple 
hys antecedent g,and alfo 2.the confequent of the m~~ E 
{fecond to hys antecedent 6, by conuerfe proporti- 9-3 : 6.2 
on itcommethto paffe as3.to 9,fo2.t06: Forei- — 7v. Ge p- 
ther is fubtripla. Submiple.  Subtrip a 


‘Proportion compofed, or compofition of proportion is, when 
the antecedent and the confequent are both as one compared 
vato the confequent. _ 


Suppofe that in the former foure 








magnituds in proportió,A,B,C,D, ^ 7 A 
as AistoB,foisCtoD:ifyeadde® ————_—_ Ae 
À and B the antecedent and the confequent ` l 
of the firft proportion together,and compare . _A__B Ce 


them fo added as one antecedent to B the 
confequent of the firft proportion as, to hys 
confequent:and likewife if yeadde together. 








of. Enplides Bleotenies. Fol. 154.. 
s@ynd Dithr, aptcredesirahdther onfequ otiosi cotidBtopottló: it; and fo ad- 


ded,compare them as one mdi to D the confequent of th hefecond propor- 

tion,as to his confequent:theni fhall ye haue® hie Magni v ihithisorder. As A B 

to B, m C D to D, for either of them is tripla. And this is called compofed propor- 

ade or compofition of proportion . And fo alíoi in numbers. As 3. to ) 4 fo 6.to Example sy 
58 and iene aheécddent and Coifequenit’ SF He gripe nzn — vi 

‘portion added tosetlicrs ‘Hake 12: “hich? gag: aittecedent col! uot: s. 4: F —— 20008 

"pare to-4.te ofiléquencéfihe fifi proportion as: sto hist ‘cont (13% Ww. * i Pus 

fequent : fo adde together 6.and.3, the 'antecedéfitàand cori ^ nx 95d: 

M rest ofthe ie fecond pinot make g -which ‘93a SAI SEO dnt E 

antecedent co 7— to! t heconfequent ofthe fécónd proportion, 28 tO. ds Lón- 


À 


— | 


«eie 
equent ſo Ma (DX Rs ion oÉptopoitiótis wi Ho 9.to jon ; 
"therof thémisenpla, ° fn onsiscnslooethesdr d Arr sie: onfetods 
2 ds ;nb5g3lao2 8E c125 AR 369p as sri; audio pore: — al? A os3nob 





~ Propart tion detided, wr die 071 0) proportio s. is, when the ex The fiftene 


definition. 


— oe ae * 


bel! afer the antecedent excedeth the. confequent, iS COME 
0 STE a —06 ECULIL5O iC 
PT pared i to ‘the conſeguent. is og aq 1900989 .6 03.14 I , 5 $isx T» ; dibus t 

p ! Long WA WS 

"akys iid is stheconyesie of he leonition e goiagiest; —J in it was This isthe cd co. 

vied compofi tiof,and Lin zhysi is vfed diuifion,.:. As before fo now füppofe fónre Here ofthe | 

magnitudes in proportion, , A B:the fifi Bshe Second, CRahed third, and: D the E" defini- 
fourth: as A BtoB: Ío C:D«to Ds 5... xb an Xp Ti obaro t:e Don : 


7 


^ 


. A B,the atitecedent. of: the: fut. —— TES Toe GUS! «Example in 
iporuon« excedeth, B the .confequent. , pls “a. cw gh eBylrofie vce 2! onal magnitudes, — 
ofshefift proportion by themagui-, 
tude A, wherfore Ais the exceffe of the mno A B. aboue bs confequent] B: 
fo likewife C D the antecedent ofthe fecond proportion, excedetli D the confe- 
quent ofthe fame proportion, by the quantitie C , wherefore C is the exceffe of 
“the antecedent C D aboue the confequent D Now ifye compare A the excefle 
"of A B the fift antecedent; àbone the confequent. B,asantecedentto B thecon- . 
ofequent;as.te-his confequent : alfo ifyecompare-D the excefleofthefecondan- “°° + 
ee, D, aboue tlie confequent D, as antecedent to D the coniequent,as to — 
tis confequent? then [half your magnitudes Bein this ordtr-As At to "B, foi is C to 
s whichis called diuifión ofproportion Drpropoition « deuided.... «. ; Example in 
“And {gin numbers, as 9,to 6,{0 12.to 8,cither proportion, <a — 
“is fefquialtera ‘ithe excede: of o. the antécedétit of the fitit: 19.6: s. 8 
. proportion abouc 6.tlie cotiiequentof the famé s 5.: the gx- é swe. s 
S of 12.the antecedent of the fecond p pro ortion aboue 8; ai —A T 
e conféquent ofthe (mies 4: thenif ye cgüipare FREER TAA C 
cue of 9.the fir antecedent aboue the confequent, as antecedentto 6, the Est. 
quent,as to hys confequent:and alfo ifye compare .4 the exceffe of12:the fecond 
antecedent aboue the confequenit, as antecedent, to 8.the confequent,as to hys 
gniequent,ye {hall haue your numbers after this maner by RU of Bonet 


51713 


-Othas 3.0 6: fo 4. 4o 8: for either pi pro port tionis sfübdupla: | 
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->s ibecedentiscompared tothe exceffe,\ wherein the: antecedent 
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. P umn oto aL I. D QA TRDO LODE Ut | e TACM ouo. Jio 240201: 
An example Foure magnitudes. fuppofed as, before, A.B thefirft, B the.fecond, C D the 
M vis defini- third and D the fourth, As ABtaA,fo.C Dito.C:-A B the antecedent of the firkt 

10 1H d - C ea oN $ % of ef st & à ol m oar v ^ ap i. n» * B zs i — E riui NE ^ AN, VM 
nde, proportion excedeth.B the confequent of the fame by ithe magnitude À , where- 


d. 


nitudes. LANTOS BN 





fore’A is theexcefle o£ the antgce--se- s Assn i Bobbe dis suis} 





foalfothe magnitude, C is. the ex.);3. te ———— —— 08 
effe of C D the antecedent of the {econd proportion aboue D the confequent.of 
‘the fame: now if yereferre A B the antecedent of the firft proportion,as antece- 
dent,to A the exceffe therofaboue the confequent B, as to his confequent : ifye 
» comparealfo C D. the antecedent‘of the fecond proportion as. antecedent to C 


Y — i AA A | XA XY I» WS pete BS lean DS ted Vet tf 
» the exceffe therof aboue the confequent D 2 to'his confequent : then fhall your 


magnitudes come to thys order: As» B.to-A;j'fo:C D. to Cjandithys iscalled 

conueríion of proportion, and of fome everfion.of proportion. Likewylein num- 

Anexample  bets,as 9.to 6,Ío 12.to 8. eyther proportionis féíQüialtera: " "^ -i 

in numbers. the excefle of o.theantecedent of thefirt proportionaboue 9.6: 12.8 

"c" c 2 s6ysthecopnfequentóftliefameis 3: thé excelfe ofiz/theante- 0051067 

cedent of the fecosid proportion abótié 8:the confequent of ^77 9^ 

- othe fame,is.4: nowc6pare the antecedent of the firſt propor · Poen 
tion 9.as antecedét to 3. the exceffe therofaboue’6. the confequét, as to his con- 
fequent , likewife compare 12. the antecedent ofthe fecond proportion'as antece- 
dent to 4.the exceffe therofaboue 8.the confequenit;as to his confequent: fo fall 
your numbers be in thys order by conuerfion of proportion : as — 


i 3 È 
mx L9 4 4 e 
~- <a = Ey SA è 
w 


.: 


for-either proportions triple ^9 77725 "5 


a . $ r VM £7. 2. 5 V f 
* p.m si : — * "T r3 e; v YN . PELA s" z * ' 4 15.1 prer» ea A ry 
Pi id ee 2.15.) " AUS AA ru X ) GM ur im es + 
1 a — à dand — à " eu ^ " oca d i> m come M i , uR ^ Y 4 * es. 
AME ij -— i ET 4 pale m aS uo ue J . mst J (2j tcl ple ee i4 
^ ^ v - a wor - " ‘ J 
y= - 7 3 n w^ * z 
I "w a. ~ - 5 4 - 2 ' -$ 3 ^ E " * oN Ite X7 $ 
oie g m LONE aa P o KERRE 9. LAL . Mo sins ets I 
roportion of equalttte.t$ ben tDere are taKena ntimver o 
A . d um 2 t , 4 « " 
: M e. = aa a e = ai w A A quia a » -4 - 2 s &@- "s +> E. ^ 1j E ei 4 V Í 


mar magnitudes in one order,and alfo as many other magnitudes 
in an other order comparing two to two beyng in the Jame pro 
portion,it commeth to paffesthat as in the first order of mage 
nitudes the first is tothe laft Jo in the fecond order of magni- 
. tudes is the firft-to the laft . Or othemiſe it is acompari- 
` Jon of extremes together,the middle magnitudes being ta en 
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To the declaration of thys definition are required. two. orders of magnitudes 
4 p- €quall in number , and in lyke proportion : As ifthere be taken in fome deter- 
"this delit minate number certayne magnitudes, namely, foure, A, B,C,D.. And Y in 
sion in mage thé fame number be taken’ other quantities, aa E, M G; ur i a 
nitudes. ake ‘the equall proportions by two and two : as Ato B, O Eto 3 aS, Ed 


«4 UM 
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| of Euchides Elementes. Fola35. 
fo Fto G andas G-to D,foG.- i a 
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definition , if A: the firft. magnitude 
ofthe firft orderbe to D thelaftmag- 
nitude of the. fame order sas-E.the 
firt magnitude ofthe fecond orderis 
to H the laft magnitude the fame, 
thenitis called proportion. of equa- 
Hie, or equall’proportion’. > ` 
a. pBS o Chgtma*e on S NX eril 





„By the fecond definition which p 
is al one im fubftance with the firft, 
ye leaue the meane magnitudes:in m 
eyther order, namely, B, C, on the t 
one fide and F,G on the other fide, | 
andonely compare the extremes of ` "wr 
echfide together, which bythysdee A, B. c 
finition fhall be in lyke proportion,as A is to D, 
E to H. -— E | 





T iM el 


D 


QE 

fo is 

Euen fo in numbers, take for example thefe two orders, 
27.9. 12. 24« 15, and. 9. 3. 4. 8,5, there are.in eche-orderas 
ye fee, fine numbers, then fee thatall the proportions taken 
by two & two belike : bétwene -~ oe 
27.& 9, numbers of the firfkor- . 
der,and betwene 9.and3,num- _. 
bers of the fecond order, there... 
is oneandthefelf fame propor} 
tié,namely,tripla: alfo betwene ~ 
9. and: 12, numbers of the firt 7 7. 7 n] 
otderand 3: and 4, numbers of the fecond Order, islike pto- 1 
pertionynamely, fubfefquiter tja proportion tfo bétwene 1a: d. 
and 24, numbers ofthe firft order, and 4. and 8, numbers of... ..| 
Hie fecond order, isalfoIyke' proportion, naiely,fubdupla: © |> | 1>] 
Laft of all,betwene 24.and 15,numbers of the frh rowe, and OSs 


B 
betwene 8.and 5, numbers of the fecond rowe,the proportion is one, namely, fu- 
pertriparticns quintas : Wherefore by this‘defihitior ,leauing out all the mcane 
Quir tan sos EO md tod Aui coran qe ttesoOwrmigont162$s vitae: Figs 
numbers of échefideye máy Conipare together onely the extremes,and conclude 
that as 27.0f the firft row is to 15. the laft of the fame row, fo is 9. the firfk ofthe 
fecond rowe to 5,the laft ofthe fame rowe ;. forthe proportion of échis fuperqua- 


~ 
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dripartiens quintas . i ae os 

Here is to be corifidered;that it is not'óf tiecéffitie that all the proportions i 
eche rowe of numbers befetin like order, as in the one fo inthé other: but it fhall 
be fufficient that the proportions bethe fameand in equall number in eche rowe, 
Whether it bein thefelfe fame order, or in contrary, or inuerted order “it aes 
nommatter, Asithele numbers, 2376.2; in tHe firtrow,and 24.845 00 eS 
in thefecond . Ás12.is to ehe firftto-thefecond ó£ the firftrow, Ío 102 


4 * he Pa — mG sie n ^3 ^. V ors ^5. ees ot oe he a lepeG rst omy rn! p’ $ 24. Ep" 
is 8.£0 4. thie fecond tothédiiid ofthe fecónd row ? either is duple '" 6- * 
proportion. And as 6. to acthe ſecond tothe thitd in ‘the fit’ ^q Aa 
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order : fo is 24. to’8. the firlt to the fecond in the fécond. order: Where y: 
fce that the proportions are not placed in one and the félfe fame ordcrand cus 
and yetnotwithítanding ye may conclude by equalitie'ofproportion, - ^ ' | 
leaning the meanes 6.and 8: as 12, to 2-the firít co thelaftofthefirftor-. i12 24 i 
der, fo 24.to 4. the firftand laft of the fecond order. ‘And en of others * Lx 
whatfoeuerand how foeuer they! be placed 2 Ti 


The eight- e/fn ordinate propor tidnality i 15, — * as ;He witguhurii is to. 
— the confequent, fois the anbecedent to the confequent,. andas 


tie confequent ts to an otber fois the confequent to an other. 


Forthe declaration of this defiditios are alfo required two orders of magni- 
Anexample tudes. Suppofein the firtt order,that the antecedent A.to his confequent B,haue 
ofthis defini- the fame proportion that the antecedent D ath to his 'cófequent E in the fecond 








tonin maga Order: and make the confequent B | 

nitudes. e 
antecedét to fome other quantitie, A e D " 
asto C .Alfo make the confequent p L 





Hantecedétto ar other quatitie, as 
to F, fo thatthere be the fame pro- St S 
portion of B to C, which is of E to ~ ta 
tok. And thys difpofition of proportions is called Sahii proporti- » 
Example — onalitie . Likewife in numbers, 18.9.3. and 6.3.1. As18.to g.antece- 18 ek | 
numbers ^^ dentto confequent, fois 6. to 3. antecedent to confequent : eitheris - 9 3: £ 
dupla proportion : and as 9. the confequentis to an other, namely, (o LE YA 


t 


the number 3,fois theconfequeht3.tòan other, , namely., t to, .Vnity,. e 
And this ordinate proportionalitie may be extéded as farre as ye lift, as e Ys fee 
in the example of numbers i in the definition next before. et oa 
The nintenth eAn inodinate proportionality in Wen as the e a i 
ge tothe confequent, fossit the antecedent to the con ifequent : : and | 
as the confequent ts to.an , otber, Jos isan other. to the antea 
. cedent, ` DV 81094 Pad om "el nene — annii iU i - s 


"This definition alfo as Tu other: ibefore, requireth: two orders of ‘magnitudes, 
Sipo; in the firltorder thart the antecedét A be to the hesdlequte Baas the antece- 
Anexample det C; in ‘the fecond. * E inoue Nar nd Nil Qi ood 
of this defini- ordétis t tothe conte: — ur oaar 











E in magni- queũt D, &létBthe- SEAT 
Parte : confequét of the fit P + EAT e sini — 77 avi: 
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other, namely, to the. | — uoo 7 panes ulead 
| ‘na snitude sas { fome, " "Igni 0 sU 

Example in Other, namely, 1 the magnitude Éi js tothe n o i C of the * proportié: | 

numbers, this kinde of propottionalitie i is called inordinate or'perturbate; fate Ltd 
Take alfo an example in numbers,,as.9 to 6. the antecedentito..7 9 : 355 
“the confequent, {0153 to2 ‘the antecedent to.the confequent, e des Lic mom 
ther ;proportió is  fefquialters;and as 6 the confequent ofthe firt 3 6 


proportion, 


of Enchides Elementes. Fol.26. 


proportion,is to an other,namely;to.thenumber 3:fo 1$ another namely, the num-. 
ber 6. to 3. theantecédent ofthe fecond proportion, for eytheris. dupla propor- - 
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An extended proportionality 1s, when as the antecedent is, to 
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the confequen tfo istheanteceaent tothe confequen ty and as piis x 

P" confequentis to ankorber.fors the confequent to añ other: 
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, Lhefe two laft definitions here put by. Zamberte feemeall one withthe other rhet trola f 
two laft before fet. Wherfore it is not lyké that they were written and. fet here by defin — 
Euclide,for that they feeme not neceffary;butrather füperflüóus, neither are.they nt found in 
found in the Greeke examples commonly fetforthin print, normentioned.of a- the greeke ex« 
ny thathath written commentaries vpon:£ uclidé,olde or new : Not of Campane, amplert, 

s ceubelins,Pelitarius, Orontius, nor F/gffates :whetforeitisnotofneceffitie to adde 
vnto them any explariation or exampleeither in magnitudes orin nimbers, The 
examples of the two laft definitions fet before,may likewife ferue for them alfo. 
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xc Mf there bea number of magnitudes haw many foeuer eque. 
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c oamltiplices toa like number of magnitudes ech to ech: how 


Sw WI. 


7 multiplex on magnitude isto one ,fo multiplices are all the 
magnitudes dall apep o0 sso | 


‘\|V-ppofe that. there be a number of magnitudes namely, 
"| Band ID C equimultiplices. toa like number of mage 
: Des nitudes E and Eech to ech : Eken Lfay, that hoy multte 
é TEN] plex AB is to E, fo multiplices are A B and DE to E 

a k Xand F . For forafiinch as how multiplex AB is to E; fo 
— multiplexisD C to F therefore how many magnitudes 
= i there are in 41B equall'ynto E. fo many are there in DC 
p on | KK.g. equali 
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Cenjirsciion. 


Demenſtra- 
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equal Onto: Fs Denide:A B. anto-tber magnitudes: Ajo n8 02 3i t nonoss 
whith are equall WME hatis into AO GES Bas uscpocins on? 01 A ed 
and likewife D C into the magnitudes which are ez E 
quall'ynto E that is into D Hand FAC. Now then oh x... | a 
the multitude of thefe D He Fl Cis equall ii M hie a 





£299. * 
2157 fheomultitideoftbefo-A GRO Bm forafmucb ^ vedo 
(0 VH Gisequallonto Eyand D FI onto Estherfore ys: d 
AG and D H are equall'ynto E and F: and by the 
Sante reafon forafinuch as G Bis equall Ynto Band... ody As 
cave LC onto lL, GB alfo and FIC are equallyntoE: `B. E C F 
, id F: Wberéfore ‘bow matty ma enitudes there are °° S 
in ABequall ynto BE fo many arethere in’ AB and DC eqnall ynto Exe F: 
Wherefore how multiples A Bisto- Esyomaltiplicesare A Band D C tw'E and 
E. Iftherefore there be a number of magnitudes how many focuer.equemultiplie 
ces fo. a like number of magnitudes ech to ech how multiplex one ma ienitude is to 
one fo multiplices are all thema tenitudes tg all: which was required to be proued. 
SNe Vy, 85 
Sa The 2.Lheoreme. The 2. Propofition. 
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tion 





«Tf the firft be eqitemultiplex to the Jocond as tbe third is to the 

_ fourth,and if the fifth alfo be-equemultiplex to tbe fecond às 
“the fxt is to thé fourth:then [ball the fft and the fifth compo- 

- :ofed together be: equemultiplex:to the fecond;as the third and 
Fee fixt compofed together is to the fourth... os 


= tw -* 6 3b ete AS a' 


— — — 


ig Vp pofe that there be fixe quantities, of which let AB be the firSt,C the 
RS Jod D E the third E the fourth BG the fiber E H the fixtand 
Le uppofe that the firft, AB, be equemultipléx bnto the fecond,C, as the 
third,D E ys to the fourth,F: and let the fift, BG, be equemultiplex to the 
Jecond;C jas tbe [rct ,E FH.sis to the'fourth F. Then I fay, that the firSt and the 
fifth: compofed togetherwhich let be A G is equemultiplex vntothe fecond,C,as 
the third and fixt compofed together , which let be D H, is.to the fourth,F.For 
forafinuch as AB is equemultiplex toC,as DEis ~~ | i 
to F therefore how many magnitudes there arein ` | 
AB equall yntoC, fo many magnitudes are there in | 
O E equall mito F: and bythe famereafon how mae _ S D» nta — 
ny there aren BG equall:‘ynto C,fomany alfoare - < | ! deo "Wy 
| 






there in EH equall vnto F. Wherefore: how many . A y 


_ there arein the whole AG equall ynto Cfo many are 


therein the whole D H equall onto F. Wherefore > 4 
bow multiplex JA G-1s"ynto C, fo multiplex is D. ^^ |. 
ynto E... berefore the firſt and the. fifth comipofed: 2A RÀ 
— * together, 


— X 
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together, namely, AG is equemultiplex vnto the ſecond C, as the third and 
the fixte compofed together, namely, DH, is to the fourth F. If therfore 
the firft be equemultiplex to the fecond as the third is to the fourth , and if 
the fifibalfo Leequemultiplex to tbe fecond as the fixt is to the fourth : then 
fhall the firft ex the fifth copofed together be equemultiplex to the fecond, as the 
third and the fixt compofed together is ta the fourth : which was required to be 
proued. 


SapT he 3. Theoreme. The 3. Propofition. 


Ifthe firft be equemultiplex to the fecond,as the third is to the 

X fourtb,and if there be taken equemultiplices to the firft Co to 
the third: they fhall be equemuttiplices to them which were 
jirft taken, the one to the fecond, the other to the fourth. 






Yaa’ ppofe that there be foure magnitudes, of which let A be the first,B the 
Ser fecond,C the third,and D the fourth. And let the fir[t,A be equemultie 
ISON plex to the fecond,B,as 9 third,C, is to the fourth, D. And ynto A and 
C take equemultiplices, which let be E F and G FH , fo that bow multiplex E F 
isto A, fo multiplex let L1G betoC. T hen I fay that E F is equemultiplex pue 
to Bas G H is vnto D.For forafmuch as E F is equemultiplex vnto Aas G E 
is puto C, therefore how many magnitudes H 
there ave in EF equall bnto A, fo many 
magnitudes alfo are there in GH equall ` 
ynto C. Let E F be deuided mito the mage 
nitudes that are equall ynto A, that is, into 
EK and KF. And likewife G A. into 
the magnitudes equall ynto C, that is into 
GL and LH. Now then the multitude 
_ of thefe magnitudes E K and KF ts equall X 
pnto ý multitude of thefe magnitudes G L 
and L H.And forafmuchas A is equemul- 
tiplex to Bas C istofD : but E Kis equall 
wnto A,and GL vntoC, therefore E K is 
equemultiplex bntoB, as GL is nto D: "S 
And by the fame reafon KF is equemultia How | 
plex vnto B,as L H isto D. Now then. Y^ es 
there are fixe magnitudes whereof E K is the first: By fecond: G Lý third: D3 
fourth: KF the fifth: L H the fixt. And fora[fmucb as tbe firft E K is equemule 
tiplex to the fecond B, as the third G Lis to the fourth D : and the fift.K Fis 
equemultiplex to the fecond B,as the fixt LH is to the fourth D: therefore( by 
! TA ki. the 
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tion. 


Cenſtruction. 


Demondra- 
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| queniultiplices K © L, 
" therfore( by the 3. of the 


and likewifeofBer D> | 


Lhe fifth Booke > 


the fecond of the fift ) the firft ex the fift compofed together namely, E F is eques 
multiplex vnto the fecond B, as the third and the fixt compofed together namee 
Ly, G HL ts to the fourth (D . If therefore the fir/t be equemultiplex to the fecond, 
as thethird ts to the fourth , and if there be taken the equemultiplices to the firft 
and to the third,they fhall be equemultiplices to them which were firft taken, the 
one to the fecond,ther other to the fourth : which was required to be proued. 


The 4.. Fheoreme. The 4. Propofition, 


Ff the firft be vnto the fecond in the fame proportion that the 
thirdis to the fourth : then alfo the ene of the 
Jirft and of the third, unto the equemultiplices of the fecond 
and of the fourth,accordyng to any muluplication,fball haue 
tbe [ame proportion beyng compared together. 
RE d V ppofe that there be foure magnitudes, of which let A be the first, B 
| | Sy ithe fecond,C the third,and D the fourth. And let the fir[t A be vnto the 
82 /econd (B n the fame proportion that the third C is ynto the fourth D. 
And to A and C take equemultiplices E ,and F, and likewife toB and'D, any 
other equimultiplices G eg F1 A bé Lfay ) as E is to fois F to FLY nto Ez 
Ftakeequemultiplices K l 
c Lg vntoG and H | 









any other equemultiplia 
ces, thatis, Mand N. 
And forafmuch as E. i5 
equemultiplex ‘punto A 
as Fis pnto C ,and vnto 
E and F be taken the e: 


fifth) K is equemultis | 
plex to A, asListoC: | mi 
and by the fame reafon : | al | 
alfo M is equemultiplex eha J 
pnto B, as N is toD. ` — 
And feingthat as A is — | 
to B fois C to D,andof | | 
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A and C are taken eques bore | | 
multiplices K and. Ly cp E A B 
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are taken other equemultiplices namely ,M and N; therforeif K exceede M,L 
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alfo excedeth N sand if it be equall, it is equall, and if it be lefse it is leffe (b' 
the conuerfe of the 6. definition of the fifth ). And K_and L are equemultiplices” 


to Eand F:and M and N are other equemultiplices to G and H.W herefore as 


Eis toG,fo is Fto FZ by the faid fixt definition. If therfore the firft be vnto the: 


fecond in the fame proportion that the third ís to the fourth: then alfo the eques 


multiplices of tbe firft ana of the third, ynto the equemultiplices of the fecond er’ 


of the fourth according to any multiplication hall haue the fame proportion be« 
yng compared to gether: which was required to be proued.. | 


‘eAn Afumpt. Wherfore feing it hath bene proued that if K exceede M, L 
alfo excedeth IN. and if it be equallit is equall: and if it be lefse, it is lefse: it is 
manifeft that if M exceede K_,N alfoexcedeth L: and if it be equall itis e- 
quall : and if tt be lefse it is lefse: and by this reafon as G is to E, fois A to F. 

— ptt mu L^ - 4 Corollarg. . 
Hereby itis manifeft that if there be foure magnitudes proportional,they (hal 
alfo by conuerfion be proportionall : that is, ifthe firft be vnto the fecond, as the 


Aer n 


thide isto the fourth : then by conuerfion as the {feconde is to the firft,’ fo is the 
fourth to the third. | 


T hes. 1 beoreme. Thes. Propofition, 


Jf amaguitude be equemultiplex to a magnitude, as a parte 
taken away of the one,ts to a part taken away from the other: 
the refidue alfo of tbe one,to tbe refidue of tbe otber, [Dal be e- 
quemultiplex as thewboleis to the wholes = 


| Cb y 


AL 






V ppofe that the whole magnitude AB be nto the whole magnitude C 
D (D equemultiplex as the part taken away of the one, namely, AE, is to 
awe the part taken away of the other namely, C F. T ben I fay that the refi- 
due of the one namely, EB, is to the refidue of the other namely, D F equemul- 
tiplex as the whole AB is to the whole CD. Flow multiplex A Eis to CF; fo 
multiplex make E B to C G. And forafmuch as( by 5 first of the fifth )A Eis to 
CF equemultiplex,as A Bis toG F : but 4 E 1$ to C F equemulti- ^ 
plex, as. A BistoC D. Wherfore A Bis equemultiplexto either’ 4 
of thefe GF and D. Wherfore G F is equall pnto CD. Take az ` d 
way Ç Fwhich is common to them both. Wherfore thatwhich rez | | 









mayneth namely ,G Cis equall vnto that which remayneth names © 
ly,D F. And forafmuch as AE is to CF equemultiplex' as E Bis `| | 
to G C but G Cis equall'ynto (D E, therefore AE i5 to CF. eques 
multiplex as E Bis to F D.But A Eis put to be equemultiplex tg . 
CE, as A Bis toC D-wherfore E Bis toF D equemultiplex , as 
ABistoC D. Wher fore the refidue. EB is to the vefidue F D e« 
gquemultiplex,as the whole AB is to the-wholeC D. Iftherforea — 4 

a K kg. magnis 
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magnitude beequemultiplex to ama enitude,as a part taken away of the one is 
to a parte taken away of the other : the refidue of the one alfo to the refidue of 
the other fhalbeequemultiplex as the whole is to the whole: which was required 
to be proned. | 


387 be 6. T beoreme. — Lhe 6. Propofition. 


Jf two magnitudes Le æquemultiplices to two magnitudes, éz 
any partes taken away of them alfo,be æquemultiplices to tbe 
fame magnitudes:the refdues alfo of them hal vnto the fame 


magnitudes be either equallyor equemultiplices. 





GANA V ppofe that there be two magnitudes A Band CD equemultiplices 
© Z | to two magnitudes E and Fand let the partes také away of the ma ge. 
| lwo tudes A BandCD, namely, AG andC Hl be equemultiplices to 
ae cole à —* === the fame magnitudes E and F. Then I fay that the refidues G Band 
— FID, are vnto the felfe fame magnitudes E and F either equall, or els eques 
multiplices. al Y lt 
The firfte Suppofe firft that GB be equall vnto E. Then I fay that ` 
H Disequall vnto F.V nto F put an equall magnitude C K, aq K 
And forafmuch as AG is equemultiplex vnto E, as ( H is | ! 
(e wa 
ch. |* oun 
| n | 
DER 
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Confzrutiton. 
Demonstra- 


tioni, bato F: but G (B is equall'ynto E iz K Conto F:tberfore A 
B is equemultiplex to E as K Fl is to F.But 4D is put eque 
multiplex vnto E as C D is to F. Wherfore K Fits equimul 
tiplex pnto Fas C D is to F. And forafmuch as either of thefe 
K Hand D are equimultiplices vnto F therfore(by the.1 
common fentence )K FH is equall'pnto C (D. Take away C F1 
which is common to them both. Wherefore the refidue KC is 
equal ynto the refidue HD.But KC ts equal'ynto F where B 
5775 00 fore FT Dis equall vnto F.Wherfore if GB be equal'vntoE, 
D Falfo hall be equall ynto F. 4 E X 
_ Andin like fort may we prone, y if G B be multiplex to E,FÍ D alfo fhal be 
fü multiplex vnto F. If therfore there be tio magnitudes equemultiplices to to. 
Ahe fecond, : "e ] ' ] er 
magnitudes and any parts taken away of them be alfo equemuttipiices to y Jame 
magnitudes:the refidues alfo of them fhall ynto the fame magnitudes be either 
equall,or equemultiplices : which was required to be proued. oe 


Equall magnitudes haue toone cs the felfe fame magnitude, 
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— 1, ppofe that A and B be zA — vd tale; my: A i 
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OS C nitude, namely C . T ben Ifa ay that either of. 27 A and B bau az 






2! thefe 4 and (B o£ and tbe fame pyoportionz «os eis LAS or 
ZI ake th eequemultiplices of A and D and et-the fame, | nO eer 
be D and E : and likewife of C, take any other multiplex, Then tomy 
and let the fame be F. Now > forafi nuch as Di 4s Dato Ae: " i viden, 
quemultiplex as Eis toB, but Ais equall vnto B therfore — 
bythe frrft common Jentence ) Disequall nto B And- Farda 
of C there is taken any other multiplex F. Wherefore if ID Aaa 
excrede E, E allo excedetb F:and if it be equallit is equal, Ti 





andifit be leffe- it is lefe But Dand E are the equenmle | Ae 
tiplices of Aer B, and F is of C an other maltipex Where; 9. A 

* as Ais to€ fois Bot. © c ra PR 
> fay moreouer, that. C batb to either of. thefe. A bull 8 dias S 


oné and the o fame, pr portion. ‘For the fame 4 order ofc Cons v xps 
ſtructid remaining We may in like efort proue, y Dis equa 
vnto E,& there is taken an ‘other. multiplextoC name | Br 
b,F. Wherefore if F exceede D; it al[à excedeth E: and. ' 
b be equall it isequall : and Lift it be leffe itis s lefe.. But 

is multiplex. t0 € : and. Dc «E. afe other equemultipli E 
ces.to-A and B. Wherfore asC is to A ,fois CtoB hers |. E. 
fore equal magnitudes haue to one and the fame ? magnitude, one and the fame 
proportion: ‘and one and the fame magnitude l hath to equall magnitudes one and 


the jeje Jame proportion: which was required to be demonffrated. | 

j — The 8. Thioreme ‘The 8. Propofiti ition. 3 | 
E. magnitudes beyng taken, thes greater. hath to one 
. and the Jame magnitude a greater proportion then bath the 
fe effe: And that one and the fame magnitude bath to the l a a 
d end proportion then it bath to. the greater. | 


LEX Fhpofe. that AB ündC be ynequall magnitudes of which let AB be | 
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tbe oreater and C3 lefse. And let theré be an me magnitude phate 
foeuer, inel y, DT benT fay that AB'hath ynto D a greater pro» 
— tion then hath Cto ID: and alfo that D hath toCa greater propor- 


tion, 
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| KO ro C one and th e fame propi ortiont: and, that C. ayo hath. i either D 


* Meret oa 4 
. 


be first part 
; ‘this Propo- 


| fition demon« 


^ ] firated, 


The fecond 
part demon- 
ſtrated. 


à ud Phehhth Bople^ =: 

t "AL M SA FIP TIFT H i qd s US 

adi ‘Bate $3 ah AE E: ? 1500 e o A 
- EN 


tion,then it kath to: A B. For fordfenkch ag A Bis greater then Clet there be ta 
Aen a magnitude equallynto C namely, BE, SA 
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Now then the lefse of thefe two magnitudes AEand EB being multiplied 
The fir part . neat ad 
of this Propo» Villat the length be greater then D, | AUS 
fition demon- First et A E be lefse then EB: | p 
Sirated, ad 7 V h re t VAT 715 d — * SAY. Ses NV Ay z 4 — 
anil let 4 E bv [ooft multiplied pus = AM SY 
' H- EE. udbbh.A a eL. ux “ — 
tillthat vhich is produced bepreate Y <a oh 
The firft cafe Din. hse bee Tie. es eee "-— O^ X PVT 
ofthefame. then D3 dnd let that multiple:be F 0 709^ nd Per i 
G which is greater then DAnd how. 0 A f 
, = 7 f Ma p ids lod E ; j , 
€ multiplex FG is to AE; fo multiplex | 
— Is let G Fi beto EB es Keto Ce Then "a n 
yasa. double D,and let the famebeL, And 10 B quu 
aeaine treble it qz let the Jane be M: TRAD MC MEN TP E P 
e n forth encreafing by one till fich ERAT @ M | : MS 
tyme as the multiplex fF DJ táken^ | 7p |o -— 
be first greater then K.ythátis, that ^|: Tm 
ninktiplex which amongfal the vans | aped es fins 
tiplices of D dotb fiv] exceede ee + -" ? | Ca oda 
let the fame be IN ywbicb bere is qua- | To e DR ex Er eal, tbs 


The eons 
art of the 
— de- 


mon ſirated. 
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druple to D and the ff multiplex greater then K:N ow forafmuch as Kish 
V ferfl multiplex leffe tben INGtberfore K is not leffe then M-And for that F G i§ 


to A E equemultiplex asG His to-E B, therfore (by the first of the fifth) FZ. 
is to AB egnemultiplex d$ FG ist 4 E; büt F C is equémultiplex to 4 E ai Rc 
is to C. berfore F Hand ‘K are equemultiplices to. A Band C, Againe forafe 
much as G H is equemultiplex to E B as Kis to C; but E B $$ equall Ynto Cy 
therfore G His alfo equall’ynto'K. But K is not lefSe then M: ~wherfore neye 
ther alfo is G Hlefse then M. But F G is.greater then D.Wherefore the whole’ 
F Fis greater then both thefeD and M: Bit both thefe D and M are equal. 
pnto N for M és trepleto D and Mand D ‘together are quadruple to D, and. 
N alfo is quadrupleto D: wherefore both thefe M and (D are equall'nnto ING; 
but P FL is greater then M and D,wherfore F H excedeth N,( that ts, 9 mule 
tiplex of the firft namely of A B excedeth the multiplex of thefecond, namely, 
of D.) But K excedetb not IN (that is the multiplex of the third namely of C, 
»xcedet not the multiplex of the fourth namely ofthe fame D: Jand F Hang 
K are équemultiplices to AB; and C, and Nis acertayne other multiplex to 
D.Wherfore-( by the 8. definition) AB hath to Da greater proportion thew 





bath toD. * 2 B dn cul s am 
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N is greater then K ,and that it ts not greater then F H. And N ismultiplex 
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C. And bythe-former reafon- may We T 
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Bat G His greater then D: wherefore 
the whole: E H, excedeth D e M, that 
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oh of one, doth firit beginne to exceede GH) andlèrthe fame be No Which letbe qua- 
drupleto D. Now then the multiplex G ZZ is the next multiplexleffe thenN ; and ther- 
fore isnotleffe then 74; tliat is, iscither equall vnto itor greaterthen it . And fora: 
much asi F Gisequemuitiplex tod £,as\G #1 isto EB, therefore how multiplex F G 
is to A E, fo multiplexis FH to AB (by the firk of thefift) .. But how. multiplex FG 
isto A E, fo multiplex is K to C, therefore how multiplex F H. isto, AB, fo multiplex 
is K to C, Moreouerforafmuch as G Z and Kareequemultiplices vtto E and C: and. 
E Bis byconfirucion equall vnto C, therfere(by thecommon fentence)G H is equall 
vnto:K.But G H isnotleffe then 471, as hath before benefhewed,atnd F'G was putto 
be greater then.D . Wherefore the whole F H is greater then thefe two Dand 44. But 
D and M are equall vnto A. For Ais quadruple to D. And 42 being triple to D,doth 
together with D make quadruple vnto'D . ‘Wherefore F His greater then N. Farther, 
Kis proued to be equallto GH. Wherefore X isleffe then WV. But FH and Karee- 
quemultiplices vato 4B and C, vnto the firft magnitude, Tfay,and the thitd: and N 
is a certaine other multiplex vnato D,which reprefenteththé fecond & thé fourth mag- 
nitude. And the multiplex of the firft excedeth the multiplex ofthe fecond i but the 
multiplex of the third excedeth not the multiplex.of the fourth:. Wherefore:e 4 B the 
firft hath vnto D the fecond:a greater proportion, then hath C the third to D the 
fourth (by the 8.definition ofthysbookey.. t awia VA mare uesyxa LS S us 
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Wherefore the multiplexof the firlt excedeththe multiplex of the fecond: but the mul- 
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hath 2 thethird tor o4 B- the fourth; whichiwas required to be proved. ert 
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Syd to C one aud the Jame proportion. T ben 1 [ay tbat. Aises | 
wee’ quallmnto B. For if.it benót, tbenettber of thefe A andB |i., fiton demona 
fhould not baue $o.C one & the fame proportio (by the 8of3 fifth) | |z 1; Arad 
but by {uppofition they haue, wherefore Ais equall yntoB. ` | 
Againe, fuppofe that the magnitude C haue to either of thefe | 
magnitudes A-and Bone and the fame proportions Lhenl fay that. 
Ais equall nto B. For if it be not, C fhould not baue to either of 
thefe A and Bone and thefame proportion (bythe former propofte:. 
tion ):but by fuppofition it hath, wherfore Ais equall vnto BWher | 4 
| fore magnitudes which hane to one and‘ the fame magnitude one ~’ \ 
and the fame proportion, are equall the one to the other. And thofe 
magnitudes vnto whome one an d tle [ame magnitude hath one and 
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magnitudes compared to one and the ſame magnitude, 
that which bath the greater proportion, isthe greater » And 
that magnitude wherunto one and the fame magnitude bath 


*& M 


Lij ^ — Supfe 


The ſirſt part 
ef this propoh- 


tion Ll | 


34 


The fecond 
part demon- 
f rete d. 


^ and the fame: magnitude hath the et eater rne is i the E 


Coaífrgtiin. 


Demonſtra- 
tion 


2 


wD: i A 


bs d Xe fifth Boofe-. - 


: "f V ppoferhat A aue to Cù agréater proportion —* Bhath to C. Then I 
Jy that Ai — then B.For if it be not then either A is gi nall pnto 
= Bor. defsetheni it. But A.cannot be equal onto B, for then either of dee 
A and B fhould bae "pito Cone and tbe fame proportion (by the T 
of the Tift): but by fuppofition they bane not; wherfore Ais not ex, J "t 
quali puto B: Neither alfo is A lefe then B. , for the fhould A awe PR c. 
t0 Ca lejse proportion ;tben batb'B to C (by the 8:of the fth) but At 
by [uppofition it hath not.Wherfore A is not lefse then B. Andi itis 
alfo,proued that it isnot equal, wherfore A is greater then B. 
Agayne fuppofe tbat C baue to Ba, greater proportion tben c 
hath to A.T hen 1 fay that Bis leffe.then A. For if'it be not sthenis 
it either equall vito it or els ¢ greater , but B cannot be equall pnto 
A. for then fhould Chane to either of thefe A and B one and the . 
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Then I fay that A the first hath to B the feconda ereater proportion then bath 
E thefifheoF the fixe For forafnchas bath oD arate proportion then. coat 
hath E to F therfore there are certaine equemultiplices to Cand B, and likewife 
any other equemultiplices vhatſoeuer to D and F which being compared toges 
ther the multiplex to C [ball exceede the multiplex to D but the multiplex to E 
shall not exceede the multiplex to F (by the conuerfe of the eight definition of 
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this booke). Let tbofe multiplices be taken, and Sapoe that the' equemultiphe 
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tes io C and Ehe G and H : and likewife to D and F take any otbér equemulti» 
plices-whatfoener and let tbe [ame be: K.and L»fo tbat let G exceede'K but let 


not FI exceede L. And how multiplex G is to € a multiplex let M beito A. And 


how multipléx K is to D fo multiplex alfo let be to'B.: And becaufe that as _ 

Ais to B,fois Cto D: and to AandC are taken equemultiplices M andG. And Demonstre- 
likewifeto Band D are taken certayne other equeniultiplices N ex Kezifthere "^ 
fore M exceéde NG aif excedeth K and ft be equallis is equall,and fit e 
Aeffe its de ( by the conuerfion of the fixt definition of the fifth.) But by con- 

Jiruttión G excedetb K ywberfore M alfo excedeth IN but FH excedeth.not L, 

But M&s H are equemultiplices to 4 ez E:and N. «y. L, are certaine other e« 
quemultiplicis whatféeuer to Band F. Wherfore A batb'vnto B'a greater pro» 

portion then E bath to F( by the 8. definition. ) If therefore the first haue vnto 

thafecond thefelfe Jameproportion that the third hath to the fourth, and if the 

third hane bnto the fourth a greater proportion then the pafth hath to the fixth, 
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TW there be foure quantities, and ifthe first haue vito, á s ficoñd'i 4 greater proportion 
the hath-the third to the e fourth: then fhall there. be o fome equemultiplices of the firstand the 
third which beyne compared ti tö [ome equensultiplices. of the lecond and the fourth,the mnl- 
tiplex ofthe first [hall be creater then the multiplex of the AS bui the EST d the 
— not be greater then the DE E Edd E M ^ 


“Which Ls thus proved; Suppates that A B Hati ynto Ci a — proportion, thé hath 
D to E.Andlet A F be to Gas Dis to E.Now then by this propofition & the téth,A F is- 
leffe then AB, Let it be leffe then A B by the quantitie F B,And multiply F B vntil there 
be produced a quantitie Er then C, which let be GH; which alfo muft be füch a 
multiplex, as D be 
yng ſo oftentymes K 


multiplied , maye 
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whiche | multiplex | : 
let be K. And let L a3 ye a S P 
G be fo multiplex a E 

to AF,as G His to, : " 

FB,or Kito D,Now' | | 
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this booke LH is: | i 

equem ultiplex to: N E E a 
AbBasKisto D. : : ! | | 

AndletM be,to E él | | 5. 218 - AN A NC | 


the firft multiplex | 
greaterthen K : & | ! : 
let N be equemultiplex t to Cas MistoE. "a then Nis the firft inultiplex toC greater 
then LG : Fórforthatas Disto E,fois KFto C,and Kis equemultiplex to D asGL 
isto A F,alfo M is equemultiplexto E „as Nisto C: therfore (by the 4. ofthis booke} 
i Kis to-M,fo is GL to. NM: but Kis.to M.the firft multiplex leffethen M: wherfore.al- 
fo G Lis the firftm nultiplextedfet then Nand GL by fuppofition is notleffe thé - Wher 
For take the greateft multiplex of Cvnde? NT "eramultiplex equallto: N,if perádüen? 
ture N bethe firft ofthe mültiplices o£.Cywhich lebe O,Now then then'N fhall confift 
of Qo and C, Wherfore forafmuch as G.isinor.Jeffethen O,andG His. greater then C, 
therfore LH f thall be greater then.N And £ forafmuch a as Ki is. leffe a M, therfore. that 
which was Fequired' to betptoniedss t mahnifeft: ^ "S PE evt 
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4 Although this oni here putby. Gampane nedeth no damón (liio for 

that itis but the conuerfe of the. 8. definition « of this booke; yet thought Ti it.not 

Worthy t to be omitted for tharit teacheth the way to finde ou*fuch equemultipli* 
ces, tat die multiplex ofthe firft thall excede the: multiplex ofthe fecond, but the 


multiplex’ Ofthe third Tliall'nótexceede tlie: iultiplex ofthe fourth: * ee * 
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hetbird ba il nto. the fourth and ifthe ‘pif be greater then 
the third, the o Jecoùd. alfo is greater. then the fourth: nand ifi it 
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of Euclides Elementes. Fol.144.. 


m V ppofe that there be foure magnitudes, of which let: Abe the firft,B 
the.fécond,€ the third and D the ſourth and let Athe firft ,hane Vine 
sito B the fecond, the feli Jame proportion. that C the third bath ynto D 
= the e fourth. And let A be greater then C. Then I fa Tja Dy, M (B. alfo 0is 
* eater * en D. For forcfmuch — greater then 
C, and there isacertainé: other magnitude namely, - 
B , theres ore( by the 8. of the fift ) . A hath vn toBa.. 
greater proportion then Chàthto B. Andis isto 
B forl toD. Wher fore C alfo hath ynio (D aereas 
* i proportion thea Chath to B: Bur that ma onitnde sen 
Wwherunto one and the fame magnitude hath 5 J gredi 
ter proportion, ts the le J by the 10. of the fft). 
Whberlore*D is Teffe then Ber. therefore Direreas 
ter then me "ndi in like forti may we prone, that if nee 
be equal: nto CB B fhail. alfo be equall ynto D : and ^ 
if A be leffe then C,B fall alfo be lefe then D. I "ue 
tberefore the firft car bato the fecond the fel jaime B -© 
proportion tbat tbe third batb 'ynto the fourth: nd © ? 
if the firft be greater then the third tbe Second álfo is: ns 4 SB SAB 
greater then the fourth , and if it be equali itis equall, and Aa it be ME iti is le s 
“which ‘was required to be proued. | 
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ph the i må enitudes equal’ XutoE , thati is, into D Bra e So 
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ÖH aid FL Bis segnali toy $ Maltin. of thefe 
XL and £ E. -And forafiuch a as AG;G. of ah 
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The fifth Bowfe: d 
fo. L. EJ berefore( by tbe 12» of tbe fift )as one of y antecedentes is to one of tbe 
confequentes fo are allthe antecedentes to all the confequentes. Wherfore as AG 
stoD K, fois ABtoD E.But AG is equall ynto Cand likewife D K to F. 
Whereforeas C-isto F, fois ABto DE. Like partes therefore of multiplices 
and alfo their multiplices compared together bane one and the fame proportion. 
_ that their equemultiplices haue : which was required to be demonftrated. 


$a The 16.Theoreme. The 16. Propofition.. 


If foure magnitudes be proportionall: then alternately alfo. 
they are proportional. `. — m » 


E Vppofey there be foure magnitudes proportional, namely, A,B,C,D; 
Demitration is, i fo tbat as A is to B, fo let C be to D. T ben I fay, tbát alternately alfo 
vfalternate — 1527 p boy ball be in proportion that is,as 4 is to C fois BtoD. Lake eques 
PHP  snultiplices ynto A ex B,and let . (9-3 te. re, Fe 
Confiruttion: the fame be E ex F. And likewife | 
| to Cand D. take any other eques ; |. 
multiplices bat foeuer , and let. |— 

Demonftra- the fame be Gand F. And foraf | 
tson. mch as how multiplex Eisto A , 
fo multiplex is F to B, but like 
partes of multiplices «7 alfo their 
multiplices haue one and the felfe 
fame proportion tbe. one .to tbe (e mel cet 
ther( by the former Propofition).-| |^ —— >] 
Whereforeas AistoB,fois Eto | | | v 
F . Butas Ais to B. fois CtofD, - |. | ia «5 
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wherefore (by the 11. ofthefift) E A ~- : —— 
asCistoD,foisEtoF.Againe, hz 
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tiplices aud alfo their multiplices baue the ne to tbe otber one and the felfe fame 
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proportion( by the 15. of the fift). Wherefore as Cis to D, Jos G toH. But as C 
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is to D, Jois E to F Wherefore as E is to F, fois G to H (bythe ofthe fft) 

‘but if there be foure magnitudes in proportion, and if the first be greater then 

the third,the fecond alfo is greater then the fourth: and if it be equall it is equals 
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and ifit be lefe it is lee (ey the Ak PIR tere reseta Eat 

«ss alfo exceede H : and if it be equall,it is equall: and if tt be [efe itas leffe . But 
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E und E are equemultiplices to and B: and G and Hare certaine other eques 
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multiplices to C e D.W berfüre (By the 6 definition of the fift Jas is to C, fuis 

ben alternately 


Bto D | If therefore there be foure magnitudes proportionall, t 
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ghey all be proportional Biamih eya nyn i : 
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V'ppofé t that the magnitudes — being scent, he AB B * E, 
:C 00,0 Fife thatas ABis toB Ey fois C.D toD F: Then fay that 
—  deuided alfo they fhall be proportionall , as AE isto BE, foisCF to 
DF. Fake equemultiplices nto Ak; E B; CF, FD,andlety ý fame: bG H, 
H K ,bLM,and MN. And likewife to E B, 2d fa D, take any. other: eque 
multiplices what Joeuer, and let the fame be KO, and NP. And Fora]mucb as 
bowmultiplex G, Hiis to A4 E, f multiplex is KH to E P, therefore: how muls 
plex“ GHistod EJ 0 multiple exis K to.4 B(by the firft of the fifth). But 
how "multiplex t © Hi isto AE fo multiplex i SLMto(CF: Wherfore how mule 
fiplex G K is to AB, fo multiplex is L M to, CF (hy the 11.0f} Jame). Againe 
forafmuch as how multiplex LM is to CF fo. multiplex i is MN:to.D F therfore 
how multiplex. vm M diste C E, fo multiplex i is LN. toC D. ( by, the fri HH the 
Self fame). But how. multiplex 1 LMisteCF for la. AR ad 
tiplex is G K to. VN berfore E boin multiplex C G — * E » — | 
is to. B; fo multiplex is L N to n (D. Jy. berefore. ! | R 
G K and LN, are equemultiplic cesto ABCD. | 
Againe forafinnch ashow multiplex. HK the e fief is i1 
to EB the fecond; fo o multiplex i ig MN the: third to: t 
FD;the fourth. 4 ind how. multiplex KO the ffti ig 
to EB the second, Jo multiplex. i is NP. the fixt fo 
FO the fourth Wherfore (by. the fecond of tl the, ime) 
bon — 55 HO compofed oft the firft and] Aft i ís to: 
EB, fo multiplex is M P compoled of. the third and = 
fixtt to FÐ. And for that a as ABI is ta BE, fo; 15 Coo. 
to D-F sand to 4 B Da are: -takene equemu. 
G ‘Kandl L. N: and likewife t to E B, and. L Di VET. ohn hen FAT 
hen Kertame. other, ———— that i is ay , HO UR Eu. NO. M 
M: To If; therefore G K exceede H [O Q then — 
exceedetb M P : and if it be equally (£15 équall ad cr ee 
it be leffe, it is leffe ( by tbe conuerfron of the fixt ‘ol. TAA 
nition of tbe fift ). ise. Kextrede FLQ:. Wherefore K FZ common to "n" 
both being - takertaiay p erefi fidue G H , foal exceede the refidue Ko. But if 
GK exceede HO, then doth LN exceedeM P: W, "erefore. let LiNeexcede 
MP and M N which i is comonto the both being také away 5 » refi due LM fhalt 
extente te vefilue NP. . wheroforé if GHI extede KO; then [ball LM exe 
ceede IN... And in like fort may ewe prone; that if GH. be equallynto.K 0, 
then: IM Pall be equall'pnto IN. P : and if ít be leffe, it [ball be leffe : but G. Fd 
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and L M ave equemultiplices to /f E and CF: and likewife. KO. and N Pare 
certayne other equemultiplices to EB, and FD. Wherfore as A EistoEf, fo 
CF toF DE by:the fixtdefinition of. E the fift )Afcompofed magnitudes theres 
fore be proportional, then alfo denided they, fhal b be proportional: d was 
"(end to be demonftr s. 
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tion b com- -= "that coni bofed: Ji they fall be proportional, that is, as À Bi is to] AE À 


7 lop py CDD. For if AB be not nto B E, asC Dis toFD d =~ on n 
tion KE bacen then fall. PU B Tento. B E45, “CDi is either. "yit to'a magnitude — ws. A 


werfeofthe leffe i} then F D<or yntoa ma agnitude greater, Leti it t foft t beynto | 
formers a leffe namely, to D G. Aud forafmiich as. as A Bi sto B H o: ed 
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feadingtoun CD.ito DG: the compofed 1 magnitudes. therefore a aye proportios ^. 7 
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——*— nall , wherefore deuided alfa they y fall be proportiénall ( b $170. d [St ` v 
of the fir/t). Wherefore as AE is to EB, fois CC toG D . But ^ E * 





by fuppofition as A Eis to E B. Jo: T CEto FO. ‘Wherefore (b [os 
tbe 11. of the fift) as CG isto. CD. fois CF ro FD. Now then, E TAS 
there are foure magnitudes, C G, GDC E and FD: of which 
the firft CGis greater then t ike third C F Wherefore (by the s 
of tbe fift)tbe fecond G Dis eye ueri the} n tbe; fourth FD: “But jt i. de s 
is alfo put to be leſſe then it Hbi is impo] ible S W hey fore it can TE d 
rot be that as AB is toB E foi: CD to: a magn fude l effec D M $5 i^ 

F D; In like fort may We prote) that it can not be fot toa magni: - me -— 
tude greater then FD. For bythe e Jamei order UE demonstration, it ould follis 
that FD is greater thin the ejayds greater ma onitude: hichi Fimpoffible Tre 
foreit nift be to the felfe falfa fame Af slirefornoputudo denided be. ‘proportion 
nall, then alfo cóm pafed tbe) ‘hall be carne Mir Was s required tole 
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to. the:refidoe EP, as the whole A- Bista thewhilO D: For- 
for that as the whole A Bis to the -wholeC D, fois AE to. CF, a. 


therfore alternately alfo (by the 16. of the fift )as ABis to AE, 


fois CD. to. LE And far-that-when-magnitudes compefed are.-. 
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TEEPE trat asthe whole ABs tothe whol CD ford’ pon + 
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ehis proueth 


generally of all 
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proportionad be fame desided al[à are proportionall ( by the17s. 
vof» ift therefore as B.E tsto.E A, fois ID.E to E C. Wbenfore. 
alternately aljo( by the 16, 0f the frft.)as./B E isto D E, fo is E44 - 
to FC. But as AE isto CF, fo(by fuppofition )is the-whole - 
AB tothe whole CD. Wherefore therefidue EB fhall be dnto.. 
the refidue FD as the whole AB isto the whole CD. If there 
fore the whole be to the whole, as tke part taken away is tothe _ 
part taken ‘away, then fhall the refidue be vato the refidue as the ~ 
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8k ‘eater ‘proportion then Chath tè B: fBut as Aisto B; fois (D to E: andas Cis 


to:B, fois F. to E( byte: Corellary of the fourth af the fift ). Wherefore D hath 
Yuto E a greater proportion, then 1 Ehathto E. Ent of magnitudes. compared to 
one ‘and the fame ma vonitude that which hath the g e greater proportion: is the grea⸗ 
ter n 5 the 10. of the fift).W "erefore D is greater then F 

"Bat now if-A beequall'ynto C, D: alfo] JPall'be equall vnto R. For then A 
* C hane vato B one and tbe fame proportion ( by the firft part of the fenenth 
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If therefore there be tbre& magnitudes in ontorder ; ánd a£ many ótber siagui- 
tudes in an other order which being taken two and two in ech order, are in| one 
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Ditto Ba greater proportion, then hath A to Bx. by the 8.of the fift -Wherefore 
‘Ealfo hath ynto D a greater proportion then it hathto F.. Wherefore by-the 
fecond part of the 10.0f this booke Dis leffe then F : If therefore there be three 
‘nagnitudes in one order, ex as many other magnitudes in an other order , whith 
being taken tivo and two in ech order. are in one «s the fame proportion ex their 
proportion is perturbate, and if of equalitie in the firft order the firft: be greater 
then the third,then in the fecond order the firSt alfo fhall be greater then 9 thirds 
and if it be equall it fhall be equall: and if it be leffe it {hall be leffe.: which ‘was 
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If there be a number of magnitudes,baw many foeuer in one. 
order and as many other magnitudes in au other order which 
being taken two and two in ech order are in one and the fame 


proportion,they [ball alfo of equalitie bein one.and thefame . 
| V'ppofe that there be a certaine number of; magnitudes in one order. 
4| 4s for example : A,B,C, and let there be as many other magnitudes 
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they [hall be in tbe fame proportion that is, as Ais to C. fois D to-F. T'ake'ynto * ConfruBion, 
Aand D equemultiplices G ox FH, and likewife to Ber E take any other eques ! 
multiplices whatfoeuer , namely, K and Land moreouer ynto C and F take any E 
other equemultiplices alfo what foeuer namely, M and N. . 4nd forafmuch as, Denon liran 
as Ais to B, fois Dto E: and pnto Aand D áre taken equemultiplices Gand. tion. ` 
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tivo to two are in one and the fame proportion , therefore of equalitie( by the 20. 
of tbe Rift) if N exceede M,then fhall H exceede G: and if it be equall it [ball be 
equall : and if it be leffe it fhall be leffe. But G and FI are equemultiplices nto 
JL and ID, and M and N are certaine other equemultiplices nto C and F: there 
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11.0f thefift.) Agayne forasmuchas £71 and — equemultiplices vnto E aud F, 
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baue weproued is G to Z7, wherfote as G is to Afo is e} to N (by the rrof thefitt) 
Avid for that as Bisto'G; fo is D tose Cby fappofition A ndinto Band are taken e- 
quemultiplices 77 nd Kt and vnto Gand-E are táken certayne other equeniultiplices 
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“Con d the fa e Jame e proportion that the third and dà Xt. RP fo- 


` gether baue vnto the efourthe 





on 5 Vom that thee li fis ixe EE M 8, C, D E, E, B G, (7 E EH: 


7 S 2tofmbich let A B be the fir f, C the fecond, D E the third, E ‘5 fourth, 





ABG the: fift,;and E H the fixt. And 1 fuppofe that A. B the fish haue 


— Quite C the he fecond, the fame proportion that (D E the third. hathto F 
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the fecond pre 


the fourth, andlet BG the fifi haue panto Cthe -fecond the fame: ‘proportion | that 


pofitid of tbis. EE tbe faxtibath wito F the fourth: Then [f Mite the a oe and. un mj 


booke proned fed together namely, AG, pathy “buto C: the fécond. th ?€ t 


only touching 
A fame proportion that the ‘third tid [ixt compofed toges 


fs bere pee ¢ ‘ther, namely ji D H, hath vnto F the fourth . For, or 
Me. thatas BG isto T foi is 2 Hi to F:then‘alfo bj Conners 
tudes. fion ( by 5 C orollar yofi thea ‘Ai of the fifi) as Cisto BG, 

fo is Fto E HL. And for tbat as AB isto Cyfois D E 

Suas C^ but as Cis to G B, fots Fto EH: therefore of ee 5 

| = m 8 qualitie (by the 22. of the fift) as AB is to BG, fois 

` D Eto E H. And forafinuch as when ‘magnitudes dee 

uided are proportionall, they alfo compofed are propore 
tionall (by 9 18 .of the fift.): therfore as AG is toG B, 
fois D FLto FE: but as B G is to C , fo is. EHznE 

W bereforeagaine of equalitie (by the 22. of the jift) as 

AGistoC fois D H to F. If therefore the firft bane 

pnto the fecond the fame proportion that the third bath 
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' tothe fourth, and if the fift have ynto the fecond the fame. propartion dat ty ft fi xt 
hath to the fourth: then a Ifo the first and fift compofed together fhall haue'ynto 
the fecond the Jame proportion that the thirds and Ji xt compofed to gether haue 


»uto thé fourth: which was et to be. bepronea. ; 
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LN V ppofe that there be foure magnitudes proportional- A B CD, Eand 
PF So that as AB is to C £D fo let E be to Find let the greate[L.of. them 
—* be AB tbe left of tbem be F. Then Iſay, that thefe two magnitudes 
AB and F, are greater then the two magnitudes CD «7 E, Forafmuchas AB 
is fuppofed to be the greatest of all foure , thereforeitis greater then E. T heres 
fore from the greater A B cut of (by the 2.0f the firft) vnto E an equal mage 
nitude AG. and-likewife (by the fame) fror € *D Git of vnto F an eguall mag: 
nitude CEL. (Which may be done, for that the magnitude C D is greater then 
the magnitude E::for that as. A Bis:toC D, fois toF | therefore alternately 
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as ABistoE, foisCD to F (by the 1 6.of the fift). But s 
A ‘Bis greater then E:WherforealfoC D is greater then | 
EW hich thng may alfo be proued by j 14.0f the fame. ) | 1 
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Now for that as A Bis to CD, fois. Eto F: but Bis e« 
guall vnto. AG, and F is equall ynto CH: therefore as 
AB is toC D, fos AG: to CH: and forafmuch ,as 
the whole AB isto the whole CD; Jò is the part taken a- 
way AG, to the part taken away CH: therefore the 
refidue G B (.by. tbe 19. of tbe fift.). is "ynto tbe refidue 
H-D as thewhole: A Bis ta thewhole C D . But AB 
the first is greater then CD the third : WherforéG B the 
Jecond is greater tben F1 D tbe fourth ( by the 1420f the’ | 
fift ) . 4nd forofmuch av 4G isequall'yuto E,6& CH. | 
isequall'ynto E : therefore AG. and F are-equall ynto- ..; 
C Fland E . And fora[mucb as if pnto thinges ynequall === 
be added thinges equall, all fhall be vnequall( by the fourth common fentence): 

therefore feing that G Band D H are vnequall, and G Bis the greater,if ynto 

GB be added AG and F : and likewife if vto F1 (D be added C Hee E, there 

fhallbe produced AB and F greater then CD «v E. If therefore there be foure 
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magnitudes proportionall the greate/t and the leaSt of them, fhall be greater thé 
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the other remayning : which was required to be demonflrated. 
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«»-Here follow certayne propofitions added by Gamepane,which are not to be con- 
temmed,and are-cited euen of thebeft learned;namely;of Johannes Regio montanus, ' 
inthe Epitome which he writeth vpori Ptolome. > | * 


q Lhe fir Propoſition. 
Jf there be foure quantities and if the proportion of thefirst tothe fecond, be greater 
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top of tie fecona to the first, hal be lefe then the proportion of the fourth totbetbird. — > 
, Suppofe that the proportion of 4 to B be hen th i 
Desronfratin ree v E uoce mi D GRO OE nente pFOper tion of eto D, 
"j se 1 P Then May-Contratiwile by 'omerfton;the proportion of B to is, leffe-then the pro- 
imo)»; Porionot.DtoC.Foriftheproportion of 5 to «f be one and the fame with the pro 
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to C. And by the 13..0f this hooke,the proportion of Ero 4 fhall be leffe chen E Dee" 


portion oFZ to 44; Wherfore (by the firit part of the tenth of the fame ) E is leffe the Z, 
Andtherfore'by the fecód part oFthe 8:of th&fame,4 hath vito E a greater proporti 
th en ef hath tó.B, And forafmnchas by cónüerfe proportionaliticeA isvnto EasCis 
to ‘D, therfore by the 13 ofthe fame,Chath.to Da greater propottion then hath to. 
B which is contrary to the füppofition.For «A wasfüppofed to haue vnto È a greater 
proportion then hath C to: D; Wheréfore the próportion o£ B to is héither one and 
the fame with the propottion of C to:D ;nor greater then it. Wherfore it is leſſe quhich 
was required to be proued, . yz — — E a Ru oe uu 
An other de- It may alfo be demónftrated dire&ly. Forle£ Ebe vnto ZasCis to D. Thencó-- 
monflrationof uerfedlyZ isto Eas D isto'C^And foórafmuchas 4 is greater rhen* by the firft partof 
the fame the tenth ofthis booke, therfore by-the fecand-part of the: 8 of rhe fame B hath ynto . 
affirmatiazely. a \cfle proportion then hath Zito Ez Wherfore bythe 13. ofthefameZ hath vnto e: 
leffe proportion then hath Dto.C:whichwasrequirédto Deproued. ^ ^ ^. "^7 
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If there be fonre quantities and if the proportion of the hrst ro the fecond be greater then the pros 
portion of the thirdto the fourth,then alternately thé proportion of the firft tothe third, hall be greae 
ter then the proportion of the fecond tothe fourth.» uu at i Ves se i. 
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Let e/f haue vnto J agreaterprópottionthenhath C.to Di Then 1 (ay alternately 
4d hath to C greater proportion then hath J to D. For one and the fame proportion 
it can not haué : forthemalternately e£ fhoüld beto B àasCisto D, whichis contrary. 

6 "uA Tura cunei M , femi TY i - 
to the fu ppoitio, But ifithàuealéfleproportiójleUE be vnto CasPistó D, Nowthé 
by the 13. ofthis booKe.. .-. asa ee S RE ndi Wie, 
A hath vnto C a greater 4- uf ee (a 
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2. And forafimuch as by fuppofitié E is vnto C,as B is to D, therfore alternately £ isto 
“Bas Cis to D!Wherfore by the'r3) ofthe fame,;C hath to D a greater proportion then 
hath 4to 'B,which is contrary.to the fuppofitio. Wherfore the proportion of Ato Cis 
neither one and the fame € the proportion of 2 to.D, norleffe then it, whereforeic 
pe greater. Which was required to be prona b | w^ M A 
^is may alfo be demonftrated affirmatiuely, let £ be vnto B asCis to D.Now thé 
by the firft part ofthetenth ofthis booke,Eis leffe tlien_4: wherfore by the firft parte 
of the 8,of the fanie,ths proportion of 4 to Cis greater then the proportion of E toc. 
But alternately Eis to Cas Bis to. D, Wherfore(by the 13 of thefame) vf hath toCa 
- — KE | | greater 
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greater Eri t ei hath B to Di which w was required to be beprouedi 
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Suppofe thatthe] proportion of Ato B be greater then the proportion df. C: to D, 


Then I ay that the proportion-of thewhole eA 7 Bto Bi ig greater then the proportion 


ofthe whole C D to D. For the proportion ofe#B.to B cannot be one andthe fame 


with theproportion of C D to D : forthen by diuifion alfo 4 thould bf vnto J as c is^ 


D : whichis contrary i to rhs fup pofition, Neither AT 
“Ife can it be lefe. For ifi itbepoffibleleritbe:& ^ 
let E Bbevnto B as € DistoD Now thea(by Ke J 





15.0fthis boke EJ hath vnto Za greaterpropor- = DERE 
tionthen hath à/ BtoB. Wherefore by the firft ents OR SSS Fe 

as ^r 
partoft the 1d:of the fame EB is greaterthenthe © 7 *7 * m: — — 


whole AB, And.bvthe common fentence-E is 
greater then 4. Wherefore by the firſt part of the g. t this bdo Æ aiie to B a — 


ter propottió then hath 4 to B. But Eisto7asCisto Dby diuifió ef proportion: for - 
EBisto Bas CDis toD. Wherfore(by.the 12 .of thefame) C hath to D a greater pro- 


portió thé hath 4to B,whichis cõtrary to the füppofition. Wherfore the: proportion 


of AB to Bisnotone and the fame with the propor tiónofC D toD, neuer alfo is it 


leſſe theni it. W herforei itis greater : which was required to.be IET 

This may alfo be Jéncntiditd PAR PEHE HANA as the aan of ef. 
to Jis greater then the proportion of Cto 2 : let Ebe ynto BasCisto‘D. And fo by 
the frit part of the 10, ofthis booke, E íhall beleffe then 4. And therfore by the com- 
mon fentence.E B fhall-be lefle then v4 B. .Wherfore by the fitt part of the 8,of the fame 


-4 B hath vnto'2 a greater proportiotthen hath E Z to B. But by compofition E B is 
102,25 € 11sto D.For by fuppofition Eis vnto Z.asisto D. Wherfore (by the 12.0f° 


this booke) 4) B hárhi to Ba a Fave ralis then bath CD: to 
Ted £o be proved” ent ^ Vf cte Dos aeq aos Tusc 
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UNT EAE mrt a E g The fourth Propafition: E , 


5 s f there. be foure — and lift Y —— oft the frit to the fecond. be greater 
shen the p proportion of the third to the fourth : then by compofition alfa the proportio of the. 
ferit and fecond to the fee m — be green then. the ion j the — ann mae urth . 
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Lec re he foure qi juantities and. ft the; proportion of tbe fri and the Second to the fond | 


be ereaterthen the proportion of the third and fourth to the fourth : then by dinifion alfo 


the proportion of the first te the fecond, hall be ereater ther the proportion of the thirde fe 
the fourth. 
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Suppofe that dar PET on of ABtoB be eroater then the proportion of C D to 
D, Then (ay that by diuifton alfo the proportion of e4 tø B is greater. then thè pro- 
portion of C ‘to D. Foritcannot be the fame, For then by compofition 4, B EPIN be 
to PasC Disto D, Neither alfo canit "be leffe: | — | 
forifthe proportion of C to.D be greater then e "aw | 
theproportion ofeto Z,then by the former A — eA I: 
—— ,the proportion of C Dto D ſhould | 3 ee 

e‘gteater'then the proportion.of 4B to Bi ¢ 

whichis contrary alfoto thefüppofitio. Wher- 
fore the proportion. ofe4 to B i is neither one | - 


andthefame with the proportion e lofCto D MOF is leffe thent: Whereſore it is greater 


then it : : which wasrequired to be prouéd; . * hh 
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| firfi order fhalt be greater thenthe proportion of t 


The fame may alfo be-proued affirmatiuely.: Suppofe that EB be ynto B asC.D is 
to D, Now then ( by the firít part ofthe 10. of T "CENE 
the fifth) EZíhallbeleffethenez£ 2:and'tlhere2. ^ ^|. _ a 
fore by the common fentence, Eisleflethene 7, — — 
wherfore by the firft part ofthe 8. of this booke, : | -pi 
-the proportion of £ to Bis leie then the propor — € 7,7 »?^ 4 i 
tion of 4to B,but asZis to B;fois Cto D:wher- . F — bel dea 
fore the proportion of C to D,is leffe then the proportion of 4to B, Wherfore the. pro. 
portion of ^£ to B is greater then the proportion of C toD : which was required to- 
be proued. | d ) 
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q Ube fifth Propofition. . - vox Ps tert ads 
— Ifilere be foure quanti ties, and if the proportion of the firftand the fecond tothe fecond 


be greater ther the proportion of the third and the fourth tothe fourth : then by enerſion 
the proportion of tbe first and fecond to the first, [hall be lefe then the proportion of tbethird 
and fourth tothe third. oy Wine! Bitpedia 28, tell. - 


Suppofe that the proportion of 4 B toB be greater thenthe proportion of C D to 
D. Then I fay that by euerfion the proportion of 48 to .4 is leffe then the proporti- 
on of C DtoC .. Forby diuifion by the former .. . : : acl pe o 
propofition the proportion of zíto Bis greatet . 4 5: Be 
then the proportion of Cto D. Whereforebythe: — e——————39——————4À.. 
firft of thefe propofitions conuerfedly, B hath — — 
vnto Aalefle proportiéthéhath"DtoC.Wher- epee oou 
fore by the 5. ofthe fame by compofition, the - a qx Ji" 


proportion of e^f 8 to Ais leffe thé the propor- 
tion ofC D toC: which was required to be prouce. 


L4 $ y The ſixt Propoſition. 8 


_. Af there be taken three quantities in one order,and as many in an other order,and if the 
proportion of the fir ff to the fecond in the frf order, be greater then the proportion of the 
firft to the fecond in the latter order: then alfo the bf ig of sre ih to the third in the 

e firft to the third in the latter order. ` 


... Suppofethat there be three quátitiesin one order 4,8,C, & asmany other quatities 
in an other order D,E,F.And let the proportion of 4 to°B inthe firft order be ‘greater 
then the proportion of D to E iri the fecond ordèr, and leralfo the proportion of B to 

‘Cin the frftorder, be greater then the proportion of E to F in thefecond order. Then 
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inthefecond order. Forlet G be vnto € as Eis to F. Now then by the firft pat of the! o 
of this booke G hall be lefe then Z, And therefore by the fecond parteofthe 8.0f the 


of Euclides Elementes. Fol.152. 


C * “Aes v | : e * £s i c iu i x acier FA i 3 eR PES * arn 4 * 
fame,the proportion of 4 to Gis gtéatet then the proportion Of Ato B-Wherfore thé 


proportiónof:4tó Gs miche greater then the p ro portion of Dto E. Now theniee 
i Be vato Gas Dis to E.Wherforé bythe firkt part of the 1o-of the fame}e74 is greater 
thé H. Andtherfore by the firftpartofthe 8:of the fame, the proportion of ef to’ Cis 
greater then the proportion of 1 to C; But by- proportion ofequality ‘A is to Cas D ts 
to F (tor Histo Gas Disto E, and G isto C as Eisto F. Wherfore by the 12. of the 
fame a hath to Ca greater proportion then hath D, to E: which was required to be 
proued. t — | i 
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lf there be taken three quantities in.one order,and as many otherin.an other order, and 


otf the proportion of the fecond to the third in the firft order be greater-then the proportion.of 


the jirft to the feconzd in the latter order, if alfo the py opartion of theyir{? to the fecond in the 
fizft order be greater then the proportion of the fecond to the third in the latter. order .then 
fhall the proportion of the firfi to the third in the firj order be greater, then the proportion 
of the firfe tothe third inthe latter order, `. i J 
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2» Suppofethat there be three quátities ii one order 4,2,C, and as many Other in án 

otherorder-D, E,F. And letthe. proportion o£ J.to C in the firft order, be greater then 

the proportion o£:D to E inthe fecond order,and'let alfo the.ptoportion of 4to:B in 
the firft order, be greater then the proportion of E to Fin the fecond order. Then I fay 
that ZA hathto C ed 


a greater. propor. pe A : e E ni 
tionthen hath D. - | - | 

j B 
to Fhisp —— — 


tanecte --=--~ 


portion of equa- ca aues. 
litie.Forlet G be ^ 3 
yntoC,asDisto .53* "Wong mE cog vrerid 


firft part of the: "T: ut P oui — — 
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8.And therfore by the fecond part of the 8.ofthefame;the proportió of Ato G is grea- 
ter then the proportion of z4 to 2. Wherfore 4 hath vnto G.amuch greater proportió 
thenhath Eto F,Now thenlet Z.bé vnto G as E is to F,And by the firft partofthe: IO. 
vf rhe fame, 4 fhalbe greater then I. And by the firft part of the 8.of the fame the pro- 
portion of 4to Cis greater. then the‘proportion of Ato C, Bu tby the 23. of the fame 
the proportion of 7 to Cisas the proportion o£ D to.F (for Gisto Cas D isto.E, and 
listo Gas E isto F,) Wherfore(by-the 12.-ofthe fame) the proportion of Ato C is 


A 


‘greater then the proportion of D to F, which was trequired tobe proued, - 
co 5 e TheegbtPropofition. — 


Ifthe proportion ofthe wholeto the whole, begrenter then theproportion ofa part taken 
amay,toa part taken away -the fhallthe proportion of the vefidue unto the refidue be greater 
then the proportion of the whole to the whole. | " ^ 


Suppofe that there be two quantities £B & C: 
2D: from which let there becutte ofthefe magni- 4 r a B 
tudes 4 E and C F:andlet the refidue be E B and — —————— — 
F 'D.Andletthe proportió of 42 toC Dbegrea |— l 
ter then the proportion of 4 Eto CF. Then! fay c E 4 
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thé proportion of A B to C D:For(bythefecond o. 
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aay! l $, on ‘The fifi h Bivke> A 
afthefe propofitionsnow added) alternately the proportion of.4 2 to AE is greater 
hen the proportion of C D to C-F,And therfore by euerfion of ‘propertion (by the: 5, 
ofthe fame) the proportion of 43 to &.B 1s leffe then theproportion of.CD.to E D, 
,Wherfor c agayne alternately the proportion of A-B toG Dis lefe then the: pro portio 
Of EB to F Di whichwasrequiredtobeproued:. os 00 -- I 

lþ j Z. 


= 
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If quantities how many foener in one order be compared to as marty other iv asi other or. 
der ,and if there be a greater proportion of euery one that goeth before to that wherunto it is 
veferred,then of any that followeth to that wherunto it is referred : the proportion of them 
all taken together vato all the other taken together, hall be greater, then the proportion of 
any that followeth to that wherunto it is compared,and alfo then the pro ortion of al thers 
¥aken together to dllthe other taken together, but fhall be lefe then the proportion of the 


x 


first tothe fir. < 
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Suppofe that there be three quantities in one order, 4,7, C,& as many otherinano- 
ther order D,E,F.And let the proportió of 4 to 'D bé greater thé the propottid of Z to 
Ejctalfo.the proportió of 7 to E,be greaterthen the proportió of C to F,Th& I fay that 
thé proportió of 44 J C také al togethet;jto DEF takéáltógetherjis greater thé the pro- 
pórtionof 2.5... s t — ? d 
to E,and alfo | 
then the pro- — — — — — A. — — — 
portion of C e 





to F, & more — — — — “— E 
ouer thé thc — at 4 
proportion Ene tee F — 

of B&C take 4 


together,to E F také together, butis leifé then the proportid of 4 to D.For forafmuch 
as "f hath to Da greater proportid thé hath 2 to £, therforealternately 4 hathto B2 
greater proportion then hath D to E:wherfore by copofitione¥ B hath to Ba greater 
proportió thé hath ‘D Eto £.And againe alternately 42 hath to D E a greater propor- 
tion then hath 7 to E. Wherefore by the former propofition A hath to D a greater 
TO then. hathef B to DE .: And bythe fame reafon may itbe proued that 
-hathto E agreater proportion then hath BC to EF, Wherefore ef hath toDa 
.greater proportion then hath 7 Cto E F. Wherfore alternately Ahath to B Ca grea- 
-ter proportion then hath D to E F,wherfore by compofition e/£ 7 C hath to B Ca 
» greater proportion then hath ‘D E Fto EF, Wherfore agayne alternately e# 
| -AChathto D E F agreater proportion then hath B Cto E F, Wherefore 
.* o. .(bytheformer propofition) the.proportion of ef to.D isgreater 
.then the.proportion of 4 B C to *D E F: Which was requi- 


red to be proned. 
eae > ife; Iheendofthefithbooke . o 
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rU WES. SIXTH, Bioox 2, is-for vfe and practife,a The argumen’ 
= CDS moftfpeciallbooke. In it are taught the proportl- cfthisfixth 
cie onsotonefiguretoan other figure; & of theirfides boeke. 
Aa f the one tothe other; and ofthe.fides of oneto the 
sas, {ides ofan other , likewife ofthe angles of the one to 
Ame theangles ofthe other . Morcouer it teacheth, the 
(713.4. defcription offigures like to figures geuen, and mar- 
AW VES ucilous applications of figures to. lines ; euenly, or 
Ay V QNA d with decreafe or exceffe , with many other Theo- 
UG Ge ETT fy ae temées, notonely of the proportions of rightlined fi- 
2 ORA JE A—9 gres, but alfo of fectors of circles,with their angles. 
On the Theoremes and Problemcs of this Booke, depend. forthe moft part, the 
compofitions ofallinftrumentes of meafuring length, breadth; or deepenes;and 
alfo the reafon of the vfe ofthe fame inftrumentes, 2s of the. Geometricall-{quare, This booke 
the Scale of the Aftrolabe, the quadrant, the ftaffe; and fuch other... The vfeof mece/ary for 
which inftrnmentes, befides all other mechanicall. inftrumentes of rayfing vp.,of. "Pe weof im- 
mouing, and drawing huge thinges incredible to the ignorant; and infinite:other —— of 
ginnes ( which likewife haue their groundes out of this Booke) are of wonderfull conicit. 
and vüfpéákeable profite , befides the ineftimable pleafüre which is in them. ',. 
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1. Likerettiline figures arefuch, whofe angles are equall the zi, anaes 


one to the other and whofe fides about the-equall angles are ation; 
proportionall. 
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As if ye take any 
two rectiline figures. 
As for example, two - 
triangles ABC 5; and. ^ E wam 
DEF: iftheanglesof. |... fV 
theone triangle be e- 
quall to the angles of 
the other, namely fif ~ ~ 
the angle A be equall 
to tlieangleD;and the- 
angle B equall to the 
angle E, & alfo the an-. 
gle C equall to thean- f : 
gleF.Andmoreouer, B^ —. c ENE. c 
‘ifthe fides which con- "T BEI. — — ⸗ 
taine the equall angles be proportionall. As ifthe fide A B hauethat proportion to 
2 E Nn;j. the 





è i y J 


Tie fecond 
defin ition. 


- &hefide E Fjan'ántecedentofthefirftfigure ` 
. toa confequent of thefecond figure; haue ^ 
 smutüally the fame proportion, which the 


Reciprocall 
figures called 
Sie. tt 
gurituall fi- ` 
gress. 


Thethird de- 


fin 830% 


| figures are when the fides ofi either: be mutually 


mua O The fixth Booke , 


thefide B C , which the fide DE hath to the fide E F/and alfo ifthe fide BC be 
vnto thefide C A, as the fide EFis to the fide FD, and moreouer,if the fide C A 
beto the fide A B, as the fide F D is tothe fide D E, then are thefe two triangles 
fayd to be like : and fo iudge ye of any other kinde of figures . As ifin the paralle- 
logrammes AB G D and EF GH, the angle A be equall to the angle E, and the 
angle B equali to the angle F, and the angle C equall to theangle G , and the an- 
gle D equallto the angle H . And fartherimore, ifthe fide A C haue that propor- 
tion tothe fide GD which the itdeE G hath to the fide GH, and if alfo the fide 
CD betothefide DB asthefide GH is to the fide H F,and moreouer, if the 


fide DB beto thefide B A-as the fide H F is to the fide FE, and finally, if the fide 


B.A betothefide AC as the fide FEis to the fide E-G,thenare thefe parallelo- 

grammes like, © ` } | | " 

79. "Reaprocallfieures are tbofe, when tbe termes of proporti- 
on are both antecedentes and confequentes in either figure. 


aks 


— As if ye haue two parallelogrammes 
ABCD and EF GH. Ifthefide-A Bto 


" -+ 
he = 
h 





fide'E G hathto the fide A C àn antece- 
dent of the fecond figure to a confequent 
of the firftfigure:then are thefe two figures 
Reciprocall . They are called offome, fi- 
sures of mutuall fides and that vyndonbted- 
ly notamiffe nor vnaptly. And to make 
thys definition more plaine , Campane and 
Pellitarius,and others,thus put it: Reciprecall 
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proportionall, as inthe example and declaration ` 
before genen. Among the barbarous they | 
are called Muteheſia, reſeruing ſtill the Ara- 6 l ut 
bike worde, = | | 





3. Aright line is fayd to be deuided by an extreme and meaneé 
proportion, when the whole is to the greater part, as the grea- 
` ter partis to the lefe. s! ape. 


As ifthe line A B, befo deuided in the point | | 
C,that the whole line AB haue.the famepro- 4) c B 
portion, to the greater part thereof, namely;to \ i 
A C, which the fame greater part À C. hath to ] E 
theleffe part therofjnamely,to C Bjthen isthe line A B deuided by an extreme 
and meane proportion. Commonly itis called a line desided by proportion hauing 
ameane and two extremes. How to deuidé aline in fuch fort was taught in the 11. 
Propofition ofthe fecond Booke,but not vnder-this forme of proportions ^ —— 


' 4. The 
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of Euclides Elementes. Fol.154.. 
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i As the altitude or hight of: — A B e; ds: wd Sine A D being. —— 

perpendicularly from the poynt Å , beingthétoppe or higheft part-of tlie,triangle; 
tothe bafe therof B c. PSO likewite i in ‘other figur esas ye{ée in the examples hérc R 
fet. That: iO 103i HON $5 POs ths on 5 sri vd Ac "ple tote in ín iens D 
whicheds vd. oi foil sleet to o nasz: a a r ART 
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tion and certàine o thierfollowing; he táüght to becon tayiied withitidy two: ;equidi-: 
ftantlincs : foxthat fieuresto-haue'one altitude aiid to be’ contaytied Within two'e! 
quidiftant lines, is al otie/So.in all thet e éxáimples; if from the bipheft pointo of the 
figure ye draw an equidiftant liné to the pafe thérof, aiid then fr6 that: poynt ‘draw 
a perpe idicular'to the fame bafe; chát perpendicular i is E altitude of the figurer "n 
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Of addition of proportions, hath bene fomewhat faydii inthe. m ofthe 
10. o.definition of. the fift booke: which; d x fubítance i is all one. with, that- which is 
here taught by. Euclide. By: then name of ¢ quantities < of r ` proportions, he vnderft an- 
deth the denominations off proportions: “So that to adde two “proportions. togë 
ther,or more, and to make one of them alf isnothyng els, ‘but to multiply theit 
quantities t together, thatis to multiply: euer ‘the: denominator ‘of the ote by the ; 
denominator. EO the other. CThysi IS trüe in atl. kindés ófj Oporto, Wwhetheritbe By the neme 
of equilitigor of the greater inequalitié, whenthe seit f quantiue is referred to of quantities 


the leffe : or of theleffe inequalitiejwherr the effe: quite i$ referred to thé, prea: — 
tC y ded tbe desio- 
ter : or ofthem mixed together SHE thé] proj rtions bélike, tb adde two together 


| minatious o 
fro double the te, to adde3 ; fed isto triple’ tlieoine; dnd {oforti in Hike prop ‘ord ape 
tions! as Was füifficindy declared: in the declarátióh of the- 1o. and-rrdefiidohs 
ofthe fift Booke. Where it was fhewed, thatifthere be 3. quantities itf Tike (pro 
poni on: thie Proportion ofthe firftto beigi the propor ortion ofthe ſirſt ‘to the 
fecond doubled: Grid HF tHEFeB toute: quantities i like! proportion; the proportion Api 


w 
v th at 3 Ts 


4 ofthe fit tte faurch hall ‘bethe proportion o£ the firfb tothe-fecond tripled: SAY 
which thing Es xio/was therexaught»;; Hikeivyfe:i in, proportions: valike, the 
E tion ſche zit: extrome to the laf à dS miade'ofall die meane, pro politi ons fet 
ISG vi 
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(57, betwenethem i, Suppolé three quantities A,B,C, fo. thatlet A Haue fo B fefqui- 
altera proportion, namely, 6. to 4. Andlét B to C- hauefefquitertia proportion, 
Exampleof — poiely,4.to3. NowtheproporionofA to — 0506 SER 7 
tbi definitio, C,the firft to the thyrd,is made of the propor- 4, 
tiorof A to B;and ofthe proporion of Bjto B aiio oso 
tó C added together: Ifye willaddethemto«: o omes oni ae ^a efus iy oe 
gether, yeinuft by this definition multplythe — ..7^7 a deinde 
quantitie or denominator of the one,by the quautie or denominator ofthe other. : 
Ye muft firft therefore feeke the denominators of thefe proportions, by the:rule 
before geuenin the declaration ofthe definitions ofthe fift Booke. Asif yedeuide! 
A by B,namely, 6. by 4, fo fhall yc haue in thequotient 1+ forthe denomiriator: 
ofthe proportion of A to B : likewife ifye deuide B by C,namely, 4. by 3. ye fball- 
haue in the quotient 1 —forthe denominator ofthe proportion of Bto Cinow^ 
multiply thefe wo denominators 1! and 1 -+ the one’into the other, bythe 
rule before taught, namely, by multiplying the numerator of the one into the ñu- 
merator ofthe other, and alfo the denominator ofthe one into the denominator 
of the other : the numerator of 1 + or of 2 which is allone, is 3,the denomi- 
natords 2 :: the numerator of 1 which reduced are + is 4, — 
the dénominator is 3 : then muluply 3.by 4, numerator by nu- 12.3... 0 
merator, fo baué yeis.foranew numetator:likewifermiuliply ^3... :-4 e 
2-by.3. denominaterby.denominator, yefhallproduce 6.fora. 30. Ta 
new denominator : fo haue you produced 12.andó,betwene . .. d goo. 
whichthere is dupla proportion. Which proportionisalfobe- «5 yu. 
twene A and. C, namely, 6. to 5, the firft quantitie to the third. Wherfore the pro-- 
portion of Ato C isfayd to be made oftheproportion of A to B and ofthe pro- 
A455. v portion of BtoC, forthat itis produced ofthe multiplication ofthe. quantitie or 
Examplein. denominator of the oné, into the quantitie or denominator ofthe other. And fo 
numbers. | ofalkezhers be they neuer fo many +, As:in thefe examples. in-numbers here fet 
2.3. 15. 18. 3. 15.18. In this example the lefle numbers are compared to the greater,as in the 
| former thegreater were compared to the leffe : che denominator: of the proporti- 
on of 2.to 3. is -*- thatis,fubfefquialtera, the denomination betwene 3.and 15.is 
3- or -- Svhichis all one; that is, fubquin tupla, berwene 15.and 18. the denomi- 
pation ofthe proportion is ~- tharis,fubfefquiquinta, muluply all thefe denomi- 
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nations together; firft the numerators :.2. into 1. produce 2, then 2 into 5. produce 
10: which fhall bea new numerator, Then thede 5 5. 0.70 
nominators: 3. into 5. producers:.andrs.intog. 0, 0 to, l 
sus 05s produce.ge: which fhall beanew denominator... 200 2-5. [or 


v s » Bobaueyoubroughtforth 7 or whichis pro, 


a * portion {ubnoncupla: which is alfo.theproportion, * 
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Lo. s, 9fg.to18. Whereforetheproporüon of2.1018... ps ede a ys 
e rhatis, of the extremes, namely, fubnoncupla, is made ofthe proportions, of 2.to 


B of 3.00 15 : and o£15.to 18 : namely, of fubfefquialterajfi ubquintupla,and fubfef, 
quiquinta. _ : r de M Ra "T 
; 5 Ànoth 
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An, other example, where the greater inequalitie.and the. leffe inequalitie are 
Anoiher — Wüixed.together.6. 4. 2. 3. the denomination ofthe proportion of 6.to 45is 1.7, 
` example, of 4: to 251835 and of 2. tO. 3,51. i now ifye multiply as you oughtall theíe 
denominations together, ye fhall produce 12. to: 6, namely;dupla proportion. | .; 
?** Forafinuch as fo tiuch:hath hetherto bene fpoken of addition: of — 
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"of Englidet Blementées... Fol.i33 


itthall Not DOKL ineceflaryfomewhiatalfo to fay of. fubítistion. óftliémn; Where it 
is to be noted, that as addition of them , is made by multiplicatié of their denomi- 
nations the one into the other: {o-is m fubftraction of the one from the.other 


done by dition of the’ deaóniination o£ ihe dne by the denominatioũ of the o- 
ther. As ifye vill from fextupla proportion. fubtrahe dupla ptopor tion; take the 
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Im d 
denominations of them both. The denomination of f fextupla, proportion, 4S 6, 
the denomination of dupla proportion, is 2. Now deuide-6i the denomiifiation 


of the one by z.the denomination of the other : the quotient fhall be 3 :whichis . 
the denomination: ofa new proportion, na Qu nely tripla ſo that when ‘dupie ptos: 
portion is ; fubirahed from fexer a hee [ fnsyae ipit. Bibporuon "EPA 
thus — in alode nins N ine — cui pene 
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—* “AS Parallel —— en a. vile lue, ar ydi to — 
inſorme by. a parallelogramme like’ fot one geuen : whe thet pa⸗ 


Allehgrume applied wanterb tothe filling of the whole line, 
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exceede,when it exceedeth the line by a parallelogramme aka 
to that which was geuen. wf eae oes ipinita 


vat 


As let Ebe a Parallalográme. - AUT. bo VS 
geuen, and let. A B be a t right wien E 
line,to whom is applied the pad ^c 
rallelogramme ACDF. Now’. 
if it want of the filling‘of the 
line A B,by-the parallelográ ame 
DF GB being like to the pa- 

“yallelogtamime geuen E, thenis : 
the) parallclogramme fiyd toi s ns 
want in:forme by a parallelo- .. * 
gramme like vnto a parallelogramme e geuen. 

" Likewife if it exceede, asthe paralelograrime 4 A c N D D applyed to the lise 
AB, ifir exceede it by beo i N 
paralldogtamme PORD Soir ty: y 4 sno e es Nome owed Ls. 
being like to theparallelo- - p— FCI ae 
gramme "E'wbhich was ge- 
uen, then. i isthe. parallelo-; hp 
gramme ABGD, fayd to. 4 
exceede in AME byapa- | | 
rallelogrammelike toa pa- : A PRAU opes 
rallelogramme geuen. AAIE S 3 à J oy Mop Aaes8 D Bona ss 
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NOSTAA Y'opofe that there be two triangles ABC and ACD jc. 
] CV2ARZ 7 | fwo paralletogrammes E C and.C F. Which let be fet pne 
ON der one and the felfe fame altitude, or perpendicular line- 
d [Es draien from tbe toppe A to the bafe BD. Then I fay: 

22A VN hatas the bafeB Cis to the bafe CD fois the triangle 
oy es tothe triangle ACD: and the parallelogramme: 
EC tothe payallelogramme CF... For forafmuch as-the. 















parallelogrammes, B« t 
Cand CF are vnder LUPO iJ 
éneand the felfe ame. \s 

altitude, therforethe — 
lines EAand AF 

make both one right 
line and fo alfo dotbe: | 
dnesBCandCD: _ | 

and therefore the lyne ` * 
EFis áparallel nto, $ z 24 i3 — e] "T. — F 
the line B'D.Produce | | ae grees voor bee Ts 
theright line D Bon eche fide direEtly to the pointes F1,L (by the 2.peticion of 
the frf) And vnto the bale B C (by tbe 2. of the firft.) put as many equall lines 
as you will, as for example two namely B G and G H and *ynto tbe bafe C (D. 
on the.other fide. put-as-many equall as you did to the other bafe which let be D 
Kand K L.T hen draw thefe right lines AG, AH, AK and AL. , 

_ And forafmuch as the ines CB,BG,andG Hare equal the one to the os 
ther therfore the triangles alfo ALG, AG B and ABC, are ( by the 38. of 
the firft) equallthe one to the other.Wherfore how multiplex the bafe FIC is ty 
the bafe BC fo multiplex alfo is the triangle AF Cto the triangle A'B C. And 
by the fame reafon alfo,how multiplex the bafe L C isto the bafe D C; fo multis 
plex alfo is tbe triangle A Li C to tbe triangle 4 D CA berfore if tbe bafe F1 C 
be equall'ynto tbe bafeC L then ( by the 38. of the firft) the triangle A ACs 
equall ynto the triangle AC L. And ifthe bafe H Cexceede the bafe CL then 
aho thetriangle AH C excedeth the triangle ACL amdifthe bafe be fe th 
triagle alfo fhall be leffe. Now then there are foure magnitudes namely,the two 
bajes BC and C Dard the two triangles ABC and ACD andto the bafe B 
Cyand to tbe triangle A B C namely to the firft and the third, are — | 

- muls 


+ 
pire jaw “ 
AASI — * Xe 
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sültiplices namely the bafé EI C and tbe triangle A H C, and likewife to 5 bae 
CD and to the triangle. ADC namely ,to the [ecand and tbe fourth, are taken 
certaine other equemultiplices that is,the bafeC Land the triangle ALC. dnd 
it hath bene proued that if the multiplex of the firft magnitude, that is tbe bafe 
. H C o exceede tbe multiplex of the fecind that is ;the bafe CL; the multiplex 
dl[o.of the third that is, the triangle A Cexcedeth the multiplex of 9 fourth, 
that is the triangle AL C,and if the faid bafe FL Che equall:to the faid bafe C 
| Exthe.trianglealfo. A Ft Cisequallto the triangle A Lb Cyandifit beleffeitis > S55 
leffe W hex fore by the fix t-défuntion of y fr fth sasthe firft of the forefard ma gne P 
tudes isto the fecond,fo.is the third to the fourth:Wherfore as the ba fe Brite: 
the bafe C.D fo 15 the triangle AB C tothet riangle AG 4) [m ru due m E 
< And becanfe (by the 41. of the firft thé parallelogramme:E C-ts.donble to. Donon "d 
the triangle ABC, and by the fame) the parallelogramme FC is-doubleto the. sion of the 
triangle ACD therfore the parallelogrammes EC and FC are equemultiplia second parte 
ces bnto the triangles ABC and AC D. But the partes of equemultiphices(-by- = 
the 15. of the fifth haue one and the fame proportion with their equemultiplices.. 
Wherforeas the triangle AB Cis to the triangle. AC D, fois the parallelograme 
ECto the parallelogramme FC. And forafmuch as it hath bene demonjftratedy 
that as the bafe BC is to the bafe CD fois the trian gle ABC, tothe triangle. 
ACD, andas the triangle AB Cis tothetriangle. AC D fois the parallelos 
gramme EC to the parallelogramme F CxWherefore (by the-11- of the fifth ) as 
the bafe «BC is to tbe bafe C D fo is the parallelogramme E€ to the parallelos. 
gramme EC, Fhe parallelogvammes may alfo'be demonStrated a part by theme 
Selues.as the triangles are jif we defcribe vpon the bales BG,G Hand D KG 
_ KL parallelogrammes vnder the felf fame.altitude thatthe parallelogrammes 
‘geuen-are: Wherfore triangles and parallelogrammes which are 'ynder one and 
the felfe fame altitude are in proportion, asithe bafe of the one is toy bafe of the 
other : ‘which was required to be demonstrated, o X 


xs 0v s c Here Fluffates addetb tbis Corollary... 
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^. If two right liues being geuen, tbe one of them be denided bow fo euer: the rectang bf fe 
 gures cóntayned under tbe ibolé line vudeuided, and eche ofthe [eementes of the line deui- sg —2 
ded, are in proportion the one to the other,as the fegmentes are the oné to the other. Fori- Fly oid 
maginyng the figures B'Aand'A D in the former defeription,to béretangledthe "7 
_ rectangle figures contayned vinder the whole right lyne A C; and the fegnietits of 
_ theright line BD, which is cut in the poynt C,namely,the parallelogrammésB A 
and A Dar eim pr oportion the one to the other,as the fegmétes B Cand * D pe 
ie 


Sa The 2.Theoreme. The 2. Propꝙtim. 
—  Pftoany one of the fides of a triangle be drawen a parallel 
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nally cAndif the fides ofa iste 


J be frrf part 
of thts Theo- 
reme. 


Demonstra- 
tion of the 


fecond part, 


ot "inges equall (y tbe 7.0f the fifth) baue to 


4 - 
$ > 


a? 


Sel S| bbe fath Booker», 
\ ight line it fhallcurthe fides of the fame triangle proportion 
le Ve cut proportionally, a 


1, 


A N é > "*-»l 4. ^p C a i AN | H Ps K ati% 11 7! le 1^ M "uu CURD 4X 1S 5 ANE) 
right Lyne drawn from feflion to /etlion 15 a parallel to the o- 
SO peep Pip nsa Sea TS eu ier e IY am $2 
: i t P ENME =. E P l 7 "Yo CN | m à — - / T t 
3 qu8 I ppofetbat there be a triangle ABC ; ntoone ofthe fides hereof; 
amy Y namely ;"pito-B C; lettbere be drawen a parallel line 1-E cuttyig tbe 
teme fudes A C and.A/B mitbepointes E and D. T Den I Jay firft ibat as 8D. 
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istoD A foisC Eto E A. Draw á line from B o E s alfo from C to DF ber 
fore (by the 37- of the fir/t) the triangle B D-E ss equal ynto the triangle CD 
E: for they are fet ppon one andthe fame bafe'D E} and ave contained within’ 


~ the felfe fame parallels DE and BC:Confi dep soy E oye ec 


n acertaineotber triangle 4D E s Nop IND o cif 
one ‘felfe thing one. and the fame Proportion. : 
Wherfore as ytriangle BD Eis to triangle \. 





AD E fo isy triangle CD Eto the triangle u 

AD E.But asy triangle BD Eis:to$ triane.. - i 
el. ADE, fois y bafe D Dto j bafe4D A( by. & 
Ebe fir[t of this booKe:) For tbey are bnder one. - 3s, 
and tbe felfe fame toppe namely E and ther 3 


fore ave ynder oné axid the fame altitude, And >) 7 08 oo Boss 
bythe fame reafon asthe triangle ED Eis to the triangle ADE, fo is the lyne, 
CE to the hne-E A. Wherfore (by the 11. o if the fifth) asthe line BD isto. the. | 
ime. D 4 ;fo is the lineC Etotbe lineE Mi Co AZ 


ü > 


Je | Wes mns 4 - Q4 
Dut no [uppofe tbat in 5 triangle 41B.C tbe fides A Bez A C be cut propora, 
tibxally fà y as 1D isto D ALfo tet CE be to E Aem dva a line from D to E; 
T ben fecondly I fay y the line D Eis.a parallel to § lneB C.For the fame order 
of con/truétion being kept for ¥ as B (D is to DA, fois C Eto E A4, butas B D 
is to D A fois y triangle BDE tob triangle AD Elby the vof the fixt xo as 
C E isto E A Jo( byy Jame)is the triangle CD E toy triangle AD E:therfore 
(by the 11. of the fifth ) as the trian ole BD Eis to the triangle ADE „Jois the 
triingle CD E tothe triangle 4 DEW herfore either of thefe triangles BDE 
and CD E. baue to tbe triangle 41D E one and the fame proportion:W herefore 
(ay the 9. of the fifth) the triangle BD E is equall vnto'the triangle C D Ey 
and they are ypon one and the felfe bafe ,namely,D E.But triangles equall and 
fet vpon one bafe are alfo contained within the fame parallel lines ( by the g-of 
the first. ) Wherfore the line D E is puto the line B Ca parallel. If. therfore foa» 
ny one of the fides of a triangle be drawn a'parallel line; it cutteth the other fides 
of the fame triangle proportionally. And if the fides of a triangle be cut propore 
tionally, a right he draiven from fection to fection, is parallel to the ‘other fide 
of the triangle : which thing was required to be demonjftrated. 
E^ s Here 
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—— gH He ere alfa Fluffates addeth, a iC orally. eis odi 


Ifa a line pl to one of. the eff zi ok A frianele di cut sabe "triangle fala cut p fom she. 
hole triangle a.triangle like to the whole triangle: Foras it hath bene proued it deui- 
deth the fides proportionally, So that asE Cisto E Ajfois B D to D A, wherfore- 
by the 18.ofthe fifth;as A C'is to A E;fo is ABto A D. Wherfore alternately by 
the 16; of the fifth as: ACis to A B,fois AE to A D: wherefore in the two: ttian*: 


A Corollary 
added by 
Fluſſates. 


elesEA D and C.AB the fides about the common angle A.are proportional. The: 


ayd triangles alfo areequiangle. For forafinuch as the right lyhes AE C and A. 
D.B do fall vpon the parallellynes E D and.C B, therefore by, the.29. of tbe. firk 
they 1 make the angles AEDandADEinthe triangle ADE equall to the angles 
AC Band AB C in the triangle A CB. Wherefore by the fiit definition ofi this 
booke the * triangle AB e: is kev vnto ^y |ui cut 2 A D E. 


EST Theorie, ! CTh, Propo ition, . 


Jfan angle of a triangle be degen into two equall partes, and 
if the rig robe. line which denideth the angle deuide alſo the 


bafe: be" Segmentes of ti the bafe fhall bein the fame proportion 
the one tothe other , that the other fides of the triangle are, 


Ame m ^r 


And if the fe egmetes ‘ofthe bafe be in the fame proportion that 
o  theother fides of the fayd triangle are: a rightdrawen from. 
- the toppe ‘ofthe triangle unto the fettion, hall deuide * ane 
i so gk oft thet trid uglei into two oequall partes. C — 


EXCESS T, pofe that there sd a trian rle A B a aud by the 9. of the fir let 
SZ iu eh BAC be deuided ue to two equall db T A 
KID which let cut alfo: the bafeB.Cin the point D. T hen I fay that. as 
— the fegment BD ts to5 fegment D m m ice B Ato Forli d 
C. For by the point C( by the 31..0f the firft) draw. ^ 
quito the line D. Aa parallel lie C E.and extende. | 
the line B A till it concurre. with the line. s Ein the 
piy E and do make tbe. triangle | BEC. But. the 
hve BA fhallconcurre with the line C E(by the : * 
peticion) for that the angles E BC and BC Eare 
lefse then two right angles: For the angle EC Bis | 
equall to the outwarde and:oppofite angle ADB . 
“(hy.the.29-0f the firft. * And the.two angles AD... 
Band DB A of the trian ngle’ B AD are leffe then 
two right angles (by the 17: of the fir) ® ow fors UAE TEA C 
afm uch a5 ypon the PM Dand EC C faleth i erigi line A «C, therefore 


ap ay a " ' wis 
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` lels A Dand EC falleth therieht line B AE; theo 

the 28 -ofthe firj yis equall bntotkeinwardangle AE C.But before it was pros 
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Demonftre. Bút now [uppofe that as the-fegment B.D 1s to the E hedini ADe, 
Jegment D C, fois the fide B Ato the fide AC es * 


tion of tbe 
fecosid part, 
which ts the 
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conuerfeof Lle B AC is byy risht line AD deuided into two ~ 


the first. 


ta 
x 

WAVES 1 
- $ 


ragja 4 i 
quer Ais 
> ET i u$ 4" 
“> 
1 k 4 


w Ts Eb Du 
by the 29- of the firkt) the angle AC Eis equall pntothe angle C A4 D. But yn- 
F0 the angle C A D is the angle BAD fuppofed to be equall . Wherfore the ans 

Dis alfo equall'ynto the angle ACE Againe becaufe bpon' the parale 


4p LES iy CS ga ba UN. aJ S R S A N 
theright lineB AE, the outward angle B A D (by 


velltbat y angle: C Es equali ynto 5 an gle: BAD. yWherfore y angle ACE- is; 
epal puto y anglec4 EC A bevefore (by y'8:of 5 first) Y fide: E is equall ynto 


jo ur ap du ach ba OR gan ri dre J- eel, elc c NET tte nah gehen 
the fide AC. And becaufe to one'of 9 fides of 9 triangle BC Esnamely;to E Cis 


driweh a parallèl line AD therfore (by 5 7 of ¥ixt)as BD is to DC, os B 
RSE ys ae ME nk rage niet ok Mae ok BN ee — 
Ato dE. But AE.is equall ynto. AC, therfore 45'B Dis to.D C fois BA to AC. 
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draw a line from Ato Ds Thentfay that the ane \ 
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aquall partes.For the fame order af con/truction yee 
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ide? of the fret) far nto one, of the:fidés-aftbe | N 

triangle BC E namely vntothe fide ECis drawn |. |. NS 
aparallel ine AD. Wherefore alfoas BA isto # EARN S 
€ fois B Ato AE (by ther. of the fifth) Where 8. cere Gem 
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_ fore (bythe.g. ofthe fifth ).A Cis equall ynto AE. Wher foreialfo( by the 5. of 
AEC 


the firft) tbe angled EC is equall into the angle ACE, but the angle. d EC 


(by the 29-0f the first) is equall ynto the outward angle BAD: and the angle. 


AC Eis equall ynto the ungle C(AD which is alternate Yanto him wherefore 
the angle BA D is equall ynto the an gle C AD. Wherfore the angle BA Cis 
Y theright ling AD denided into tio equall paries; Wherefore if an angle of a 
tyi dngle be-denided into two equall partes , and if the right lin e which denideth 
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the'angle cut alfo the bafe; the fegmentes of the bafe [hall be in tbe fame profüre 
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..., Hon theone to the otber ibat the other fidesof tbe [aid triangleare; Mud ij the 


a5 ‘ . 3 | 4 . PROTA ( ip gaut VO UT nS a DatreuicnóeqpVu " 
Jügnentes of be bofe bein thi fame proportion that the otber fides of ihe Jaya 
triangle areya vigbt line damen from the toppe of tbe triangle vnto tbe fection. 
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of Euclides Elementes. Folas8. | 
FV ppofe that there be tavo equiangle triangles 4BCand DCE: and 


Uf, let the angle A BC of the one triangle, be equall bntoy angle DCE 
Vel Of the other triangle,and the.angle'B AC equall yntoy angle DE, 
Semmes and nioreouer, the angle A CB equall'ynto tbe angle (D E C. T ben 
T fay that tbofe fides of 5 triangles 4 BC, cz DC E, which include the equall 
angles are proportionall and the fides which are ſubtended vnder the equall an- 
gles are of like proportion.For let two fides of tbe fayd triangles , namely, tmoof Conſiruction. 
thofe fides-which are fubtended nder equal. angles :, as. for example the fides 
BC andC E, be fo fet that they both make one. right line. And becaufe the ane 
gles ABC AC Bare leffe then two right angles( by the 17+ of the first ): but 
the angle ACB is es | AS a | p39 
quall 'ynto tbe, angle 
D EC: therfore} ans 
gles ABC DEC 
‘are leffe the tworight 


angles. Whereforethe =- ~/ 
lnesB Ais ED bes “ai 
ing produced , will at | 


the length meete toge- A 
ther. Let themmeete 5 
and toyne together im — | | in hm | 
the poynt F, And becaufe by fuppofition tbe angle 1 C E is equall'ynto tbe ane Demonftra- 
gle ABC , therfore the line'B F is (by.the 28. of the first) a parallell puto tbe. 
line C D. And forafmuch as by fuppofition the angle ACB is equall ‘nto the 
angle DEC , therefore againe ( by the 28. of the firit )the line A Cis a parallell 
‘nto the line F E. Wherefore F AD Cis a parallelogramme . Wherfore the fide 

FA is equall ynto the fide DC: and the fide AC onto the fide E D ( by tbe 54. 

of the firft ). And becaufe ynto one of the fides of the triangle BF E, namely,to 

FE is drawen a parallell line AC , therefore asB A isto. AF, fois BC toCE 

(by the 2. of the fixt). But A Fis equall'pnto C 2D. W berfore ( by the 11. of the 
fift)as B Ais toC D, fois BCtoC E, which are fides [ubtended "ynder equall 
angles . Wherefore alternately (by the 16. of the fift) as A Bis to BC, fois DC 

to C E . Againe fora[mucb as C Dis a parallell vnto B F, therefore againe ( by 

the 2.0f thefixt)as BC isto CE, foi FD to DE. But FD is equall ynto 

A (. Wherefore as BY isto CE, fois AC to DE, which are alfo fides fubs 
tended ynder equall angles .Wherfore alternately ( by the 16. of the fift jas BC 

isto (A, fois Eto ED. Wherfore forafmuch as it hath bene demonStrated, 
thatas AB is ynto B C, fois (D (Cynto (CE: but as D (C is "pnto CA \ fo is 

CE vnto ED: it followeth of equalitie (by the 22. of the fift) that as BA is 
‘panto A (fois ( D dnto D E.Wherfore in equiangle triangles , 5 fides which 
include y equall angles are proportionall : aud y fides ‘which are fubtended vnder 

the equall angles are of like proportion: which was required to be demon$trated.. 
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are equiangle,and thoje angles inthe are equall,under which 


^ are Jubtended fides of hike proportion. 


feit ppofe tbat tbere.be two triangles ABCD E F haning their fides 
MT proportionallas A:Bis.to'BC fo let D Ebe to E F:e> as. BCis to AC, 
we folet EE betoD F: and moreoueras'B Ais to AC; folet ED be to 
DF. Then I fay,that the triangle A BC is equiangle vnto the triangle D E F: 
and thofe angles in them are equall yider which are fubtended fides of like pro- 
portion ,that ts, the angle ABC isequall ynto the angle D EF: andthe angle 
BC Avnto the angle E F D.'and moreoner tbe angleB AC topancle ED F, 
V pon the right line E F and nto the pointes init Ee Fdeferibe( by the 23:0f 
the first) angles equall vnto the angles ABC er ACB, which let be FEG and 
E FG namely, let the angle FEG be equall vnto the angle ABC, and let the 
angle E EG be equallto tbe angle 4 CB . And forafmuch as the angles ABC 
and AC Bare leffe then two right angles (by the 17.0f the firSt): therefore alfo 
theangles F EGand EFG are leffe then two right an gles . Wherefore ( by the 
s.petition of 9 firft )y right lines EG FG fhall at 5 length concurre. Let the 


|. Jfnvo triangles bane their fides proportionall, tbe triangles 


en 






^— oncurrein tbe poynt-G . Wherefore EFG isa triangle . Wherefore the angle 
 vemayning B:AC.is equall'ontotbe angle remaya Wa ie Rs 


ning EG (by the firft Corollary of the 32. of the 

firft.).Wherforethe triangle AB Cis equiangle vn⸗ | 
tothe triangle G E FW berefore in tbe triangles N 
441B Cand E G F tbe fides "which include tbe equall M 
angles:( by the 4. of the fixt ) are proportional and = ¢——-——_. 
the fides which are fubtended "pnder the equall an» | 
gles are of like proportion . Wherefore as AB ts to 
BC fois GE to EF. Butas AB isto BC, fò by 
Jappofition is DE to EF. Whereforeas D Eisto -. E 
JE Fyfois GE toEF( bytbe r1.of tbe fift ). Jw bere-. 

foreeither of thefe DE and EG hanetoE Fone — N L 

and the fame proportion. Wherefore( by the 9. of the 

Tft) ID E is equall'»nto E G.. And by the fame reas P 

fowaifo:D Fis equall ynto FG. Now forafmuch as i 
DE isegualltoE G and E Fis common'ynto them both , therefore thefe two 
fides DE er E F are equall vnto thefe two fides G Eand EF, and§ baleD F 
is.equall'ynto the bafe HG . Wherefore the angle D E F (by the 8. of thefirft) 
isequall ynto the angle GE F: and the triangle D EF ( by the 4.of the firSt) 


are 
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ave equal ynto the rest of the angles of the other-triangle the one toy other , vus. 
der-which ave fubtended equall fides..Wherefore the angle D FE is equall-yne 
tothe angle GFE: andthe angle.EDF "pnto tbe angle EG F . And becaufe 
theangle EE D'is.equall-vnto the angle GE F: but the angleG E F is equall 
yntothe angle (A BC: therefore the angle. ABC is alfoequall vito the angle 
RED «And by the fame reafon'the angle AC B is equail vntoy angle D FE: 
and moreouer the angle B AC nto the angle ED F. Wherefore the triangle 
ABC isequiangle vnto the triangle DEF . If two triangles therefore hane, 
their fides proportionall,the triangles [hall beequiangle, ex tbofe angles.tn them, 
fhall be equall, vnder which are fubtended fides of like proportion: which Was 
required to be demonjirated. 9^ st Vel st Od Seah 


SeThe 6.Theoreme. ~ The 6. Propofition. 5 


If there be two triangles wherof the one batb one angle equall 
to one angle of the.other,¢> the fides including the equall an= 
gles be proportional: the triangles hall be equiangle, and 
thofe angles in them [hall be equall, vnder which are fubten- 
ded fides of like proportion., = = < l pr^ 


wiceüd lbpofe that there be two triangles 4B C, and D E F, which let hang 
West the angle BAC of the one triangle equall ynto the angle ED F of the 
a" other triangle, andlet the fides including the equall angles be proportio- 
nall thats, as B Ais to AC, fo letE D be toD F. Then I fay,that5 triangle 
ABC is equiangle ‘ynto the triangle D E F: and the angle A BC is egual bna 
tothe angle D E F, and the angle A C B equall ynto.the angle DF E , which 
angles are fubteded to fides of like prow © Aae o> m^; 
portion . nto théviebt line ID Fyand. 
to the poynt init D ( by the 23. of the 
first) defcribe vnto either of 9 angles 
BAC and EDF, an equall angle 
FDG. And vnto the right lne DF, 
and puto the point in it P (by [ame ) 
defcribe vnto 5 angle ACB an equall 
angle DEG. And forafmuch as the - 
two angles BAC and ACB, are (by 
the 17. of the firft) leffe then two right | 
angles : therefore alfo the tivo an cles 
ED G and DFC, are: leffe phen e (Yee 18 emt 
two rigbt.angles.W berfore 9 lines D Ge: F G being produced [hall cocurre (by 
the s.petition ). Let'thé concurre in the point G. Wherefore D FG is a triangle. 
P o. W rds 
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Wherefore the angleremaining.AB Cis equall vnto the angle remaining DGE 
‘(dy the 32. of the firft). Wherefore the triangle A 'BCis equiangle vnto the tric. 
angle DG F . Wherefore as B Ais in proportion to AC, foisGD to DF <2 
the 4. of the fixt ). But it is fuppofed, that as B Ais to AC, fois ED to DF. 
Wherefore( by the 11, of the fift)as E Dis to DF, foisGD to D F. Wheree 
fore (by the 9.0f the fift) ED is equallynto DG. And D F is common vato 
them both. Now then there-are two ^ ^ A — 
fides ED and DF equal putotwo —— 
fides GD and DF: and the angle 
ED F (by fuppofition)is equallynto 
the angle G D F. Wherefore ( by the 

4. of the firft ) the bafe EF is equall : 
dato tbe bafe G F ,and tbe triangle 
DEF is ( by the fame ) equall vnto 
the triangle G D F, and the other ane 
gles remayning in them are equall the 
one to the other , vnder which are fube 
tended equall fides. Wherefore the ane 
gle DEG is equall vato the angle 
DFE: and the angle DG F vnto the angle DEF. But the angle D FG is 
(by confiruction ) equall yntoy angle ACB. And the angle D G Fis as it hath 
bene proued, equall toy angle AB C.W berfore alfo 9 angle AC Bis equallynto 
the angleD FE. Andy angle AB Cis equall to the angle DEF. But by fupe 
pofition the angle BA Cis equall vnto the angle EDF. Wherefore the trie 
angle ABC 1s equiangle pnto the triangle DEF. If therefore there be 
two triangles, ‘whereof the one hath one angle equall toone angle ‘of the other, 
and if alfo the fides including the equall angles be proportionall : — the 
triangles alſo be equiangle, and thoſe angles in them ſhalbe equall,ynder which 
are fubtended fides of like proportion: which was required to be proued. 





5&9 be 7.7 beoreme. — The 7. Propofttion. 


Gf there be two triagles,wherof the one hath one angle equal 

to one angle of the other,and the fides which include the other 
-angles,be proportionall, and ifeither of the other angles re- 
mayning be either lefve or not leffe then aright angle:thé (bal 

_ the triangles be equiangle, and thofe angles inthem {hall be 
_ equall,which are contayned vuder tbe fides proportionall. 
— R | yg 5 - — "-... 094 Suppofe 


* 


of Enchdes Elementes. Fol.160. 
Vppofetbat there be tio triangles AB Cand D EF, which let hade 


\ one‘arigle ofthe one equal to one arigle of the other namely ; the angle 
d BAC equall wnto theaiigl ED F. And let the fides swhich include 
mo = the other angles, namely, tbe angles 21 B C and «D'E F be proportio- 
nall; fo that'as AB1s to B.C; fo leeD.E beto EF. And let the other angles re» 
mayning, namely;-AC D.and DFE be firft either of them leffe then aright 


angle. I ben I fay that the triangle AB Cis eqianole'ynto tbe triangle 'D EF. 





And thatthe angle A BC is eguallntotbeanz ^ 007 ye | 
gle D EF namely the angles Spbicb arecontais S ^ o re T à 
ned prder tbe fides proportionally and that the |^. ` 6e oc VU. S propofitióne 
angle remayning pnámely,y angle Cis equall vn J 

tothe angle remayuing namely ,to angle P.For ..- |. 
first the angle 4B Cis either equall to theans >| ~ 
gle D EF or els ynequall. If the angle ABChe ^ |. 
equallto the angleD E F,then thé angle remai 

ning namely, ACB, fhall be equall to theangle k sry t Due s 5 
remayning DF E ( by the corollary of the 32. of °~ - e M i 4 


s 


the firft) And therfore the triangles ABC and DE F are equiangle. But if 
the angle ABC be ynequall ynto the angle D E F;then is the one of them grea 
ter.then the other. Let the angle A BC be the greater,and pnto tbe right line A 
Band vynto the point nit B( by the 23. of the firft.) deſcribe vnto the angle D 
E Fan equall angle ABG. And forafmuch as the angle Ais equall vnto the 
angle Dand the angle A BGis equal vntothe angle D E F, therfore the ans 
‘gle remayning AG Bis equall puto the angle remayning DF E (by the corole 
ary of the g2.of the firft.Wherfore the triangle ABG is equiangle'vnto the tris 
angle D EF. Wherfore (by the a. of the fixth) as the fide A Bis to tbe fide B 
: G fois the fide D E to the fide EF. But by fupppofition the fide D E is to tbe 
fide E Fas tbe fide A Bis to the fide BC. Wherfore (by. the 11. of. the fifth ) as 
the fide A Bis to the fide BC fois tbe [ame fide. A B to the fide BG: Where 
fore AB hath to either of thefe BCand BG one and the fame proportion’, and 
therfore (by the 9. of the fifth) BC is equall'yntofB G. Wbevefore (by the 5. of 
the firft )y angle B G Cis equall'vnto y angle «B C G : but by fuppofition § an ele 
BC Gis leffe then aright angle. wherfore the angle BG Cis alfo. léfse then a 
vight angle. Wherfore (by the 13. of the firft) the [nde angle vnto it , namely , 4 
GBusgreater thera right angle sand itis already proued that the fame angle is - 
equall'ynto tbe angle F. Wherfore the angle F i$ alfo greater then a right angle, 
But it is fuppofed to be leffe which is abfurde. Wherefore the angle A BC isnot. - 
dnequall ynto the angle D EF wherfore it is equall'ynto it. And the angle A - 
is equall pnto the angle D by fuppofition. Wherfore the angle remaynin e names -: 
yis equall-yn tothe angle rem ayning snamely;to F (by the corollary of the 32; > 
“of the firft )Wherfore the triangle AB Cis equianglevnto the triangle D EF. The fecond 
- But now fuppofe that either of the angles 4 CB and (D FE be not lefe then BET d 
E iB O. ij. aright — 
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aright angle. T batis let either of them be aright angle,or either of them grean 
ter then aright angle:T hen I fay againe that in that cafe alfo.the triangle AB 
Cis equiangle ynto the triangle D E F. For if either, of them be a right angle, 
forafmuch as allright angles are(by.the 4, peticion) equall the one to the-other, 
firaight way will follow tbe intent of the propofition. But. if either of them be 
greater then aright angle then the fame order of-conftru€tion that.-was before. 
being kept, “we may in like fort prone that the fide B.C is equall ynto the fide-B 
C. W berfore alfo the angle (B C G.is equall'ynto the angle BG C. But tbe angle 
- BCGis greater then aright anglewWherfore alfo the angle BG C is greater thé 
aright angle.Wherforetwo angles of the triangle BGC are greater then two 
right angles: which (by the 17. of the firft,) is impoffible Wherfore the angle AB 
Cis not pnequall ynto the angle D E F. And therfore isit eguali: but the angle 
A is equall'nto tbe angle D (by fuppofition Where 9 we s 
fore the angle remayning namely, isequal yato the 
angle remayning namely to F (by the corollary ofthe -~ 
32. of the first ). Wherfore the triangle A B Cis equie 7 Y 
angle ynto the triangle D EF If therefore there be | 
two triangles wherof the one hath one angle HP to Vae ` 
oue angle of tbe otber,and tbe fides which includethe® -` € 
other angle be proportionall,and if either of the other — eal ae 
angles remaining be either leffe or not leffe then aright angle,the triangle fhal, 
be equiangle and thofe angles in them fhall be.equall which are contained pader 
fides proportionall : ‘which was required to be proned. rt 


- $a» T De 8. beoreme. — The 8. Propofition. 
Jf in a retlan gle triangle be drawen from tbe rigbt angle vn⸗ 


tothe bafe a perpendicular line, the perpendicular line hall 
deuide the triangle into two triangles like vnto the whole ,and 


A 





+ 


alfo like the one tothe other. 





m em V ppofe that there be a reGangle triangle ABC, whofe right angle. 
S NS let be BAC: and (by the 12, of the firft) from the point A to the line 
Con/tratt ion. RRS BC ket there be drawen.a perpendicular line AD, which perpendie 
== ear line let denide the whole triangle A BC into.thefe two triane 

eles ABDand ADC. ( Note that this perpendicular, line AD, drawer 
» from the right angle to the bafe, must needes fall within the triangle AB C,e9 
» {0 denide the triangle into two triangles. For if it fhould fall-without ;then pros 
» ducing the fide BC puto the perpendicular line there fhould be made a triangle, 
» whofe outward angle being an acute angle, fhould be le/Se then the. inward and 
» oppofite angle which is aright angle: which ts cotrary to the 16.0f the firft. Neie 
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4 hiri tan it t fall mpon any?) "thé fides A Bor AC: for then f tibo dn roles of one and. 


"me 
— 


the felfe Jamie triangle Jhould not be leffe then tivo right aneles contrary: to. the 
felfe Jamern of thefirf : ‘Wher fore. it t faleth within the tr —* AP B Pon 
ANE ^ "V v3 ay k 


J'beniT: Jo, , that eitherof t thefe trian: n Meg — 
gles AB D and AD Care like ynt E = An 5 
the swhole tr idngle A: BC: and mores? Liaw. 


over that they are like the one to the ox 
ther. Firft that the triangle ABD We 
like vnto the vhole triangle ABCi dr. 
tas prouéd': Forafmuch ‘as (by the 4: ° 7e» RS NM 
petition )the angle B A Giz egüall pni BA D 7 
to the angle AD B, for either of them e 
is aright angle. And in the two triangl les A e C and A BD A angle B is 
common . Wherefore the angle remayning, namel ly, AC B is( by the Corollary 
_. of the. 32: of the frp equal: dntothe angle remayning namely ,toB A DW here 
fore the triangle ABC iseguiangle vuto the triangle ABD. Wherefore the 
fides which containe the equall an eles ,are( by the 4. of the fixt ) proportional 
Wih ver fore as the fi de (B which fi ibtesdeth 9 $ right angle of the triangle AB C, 
is *bnto the ft de BA which fubtendeth the right —* of the triangle ABD, 
fois the fame fide AB which Jubtendetlht the angle Cof the triangle ABC, ane 
to thefide B deB D which Jubtendeth Ly angle B.A D of Fhe trian cle. ABD, which 
as eqnall vnto the an angle C: and moreouer, the fide AC bato the fide A D which 
fiibténd theán öle D Btommon to both the trian? les. YF. herfore the triangle ABC 
is like bnto the triangle ABD (by the 1. definition of the fixt ). In like maner 
alo may Wwe proue, that the triangle ADC is like pnto the triangle ABC. 
For the right angle ADCis eqnall to the right angle D'AC tr the angle at the 
point C is common to either of thofe triangles .W. berdor the ; angle reimaynin ig 
namely ,D-A Cis equall to the angle remaining, namely, to A'BC( by y.Corollae 
ry of the 32. of the first) . Wherefore the triangles ABCer ADCare equiane 
gle. And therefore( by the 4.of the fixt ) the fides which are about the equall dne 
gles are proporti sonal. W herefore’ asin the triangle ABC the fide B Cis tothe 
fide C A, fo in tbe triangle AD Cis the fid ide A Cto the fide D.C: and againe, 
asin the triangle ABC the fi deC Ais to thè fide AB, foin the trian ole ADC 
is the fide CD to the fidéD A: And moreonersas in the triangle ABC the fide 
€ Bis to the fide BA ,fot in the triangle AD Cis the fide (A tó d pera AD. 
Whereforethe triangle AD (_ is like vnto the-whole triangle. ABE Wh erfore 
either of: tige triangles AB Der AD (-is tke bnto jJ Whole. triangle ABC: 

- I fay alfo, tbat tbe triangles. A BD und AD Care like tbe one to the other. 
Boa fo rafmuch as they right an ole B D Ais equall pntoy right ancle. ADC (by: 
the 4.petition and as it hath already bene proued, the angle‘ 840i equall vn⸗ 
tothe angle ( : therefore the angle vemayning, namely, Bis equall pinto the ane 

gle — namely toa DA (C Chy thel orollary of the 32.0f the fut). Wher 
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ore the triangle ABD is equiangle nito tbe triangle DC. Wherefore gs 
the Jide BID pbich in the triangle ABD fubtendeth the angle BAD is Yato 
the fide D A rehich avthe triangle ADC fubtendeth, the angle C hich. is é 
quall ynto the angle BAD, fois the fide.A Dwhiching triangle ABD fibe 
tendeth the angle B,'ynto the fide DC which in the triangle ADC ful tendetl) 
the angle D AC which is equall'ynto the angle (B: and moreouer, fois tbe fide 
B A vnto the fide AC which fubtende the right angles, Wherefore the trian ele 
4 B 0D is like vnto the triangle ASDC. If therefore in a reGlangle trian gle be 
draiven from the right angle ynto the bafe, a perpendicular line tbe perpendicue 
lar line fhall deuide the triangle into two triangles like vuto the-whole , and alfa 
dike the one to the-other : which vas required to ls dat Ki 


aN 4 
- ad ^ s * RA | 


nid Co6777, Wen A 
Hereby it is manifef that ifin 4 rettangle triangle be draw- 
en from theright angle ynto tbe bafe a perpendicular line,the 

- fame line drawen is ameane proportional] betwene the fetli- 
ons of the bafe : and moreouer,betwene the whole bafe and et 
ther of the fettions , the fide annext to the fay d fettion is the 
‘meane proportional ." Por is was proued , that as CDistoDA fe 
is D Ato DB: and moreoyer, asC Bis toB A, fois BA toBD: and 


- 


finally, asBCis tC A,foisC AtoCD. E 
$a» 7 be t. Probleme. The 9. Propofition, — 


eAright line being geuensto cut offro it any part appoint ed. 


P 


aalge ny Et the right line geuen be AB. Itis requie 
Aw i red that from tbe fame line AB be cut of . 






Ney part appoynted . Suppofe thatathyrd : 
aac put be appoynted to be cut of. From 4 point 
"o7 "drap arigbt line AC making with the 


line AB an angle: and in the lite AC take a poynt at- ` 
all aduentures, which let be D. And beginning at D put 
buto A D two equall lines D Eg E C (by the 2.of the. 
forkt), And drawa right line from BtoC: and by the 
point D ( by the 31.0f the firft) draw *ynto BC a pae 
rallell line D F. Now forafmuch as pnto one of 5 fides 


of the triangle A BC namely, vntoy fide BC is draw- 
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thata CD ism proportion yntoD A; fois B FtoF A. But (by conſtruction) 
€ Dis doublete DA. Wherefores 5 line BE is alfo double to tbe line F A. Where 
fore the line B Ais treble ynto the line AF. Wherfore from the right line genen 
AB iscutofa thir d part appoynted, namely, AF; which as — to be 


5 nt. : r 21 LE. su 


ET Thea 2. Probleme. i The to Prpfün. 


d deuide. 4 sight liie pul not or denided, * vnto d rig bel line 
genen beyng a deuided. a * 


ppoſe that the vn " geuen not Ma be A B, zi the m 7 
genen being denided,let be e. AC. It is required to QA $ line AB which | 
2 not denided like onto the line AC which is denided. S uppofe tbe lyne | Cenfirutiion. 
AC * denided in the pointes.D and E, es let lines ABr AC fo be put that 
they make an angle at all aduentures , and draw a line from B to C, and by the 
pointes D and E draw 'ynto tbe line 8C (by the 31. of the feft) two parallel 
lines D F and EG : and by tbe point D ynto 
the line 4 (B( by the fame ) draw a parallel line " 
DHK Wherfore either of tkefè figures FH 
and FA Bare parallelogrammes W berfore the 
dine D H is equall'ynto the liné FG and the ` 
line HK is equall ynto the lineG B. “And bee 
caufe to one of the (ides of the triangle DK 
C namely to the [ide. K. C. is drawn a parale.. 
lel line E, therefore the line CE (by the 
2. of the of xt) i i$ in pr oportion yntotbeline E... . 
Das the ne K H isto. tbe lime. FH D : but. 
tbe line K FH is eguali pnto the line B G, and... E 
the line AD is equal ynto tbe lineG F. wher A 
fore (by the 11. of the fift) as C Eis'yato ED fois B GtoG F. 4gayne becanf " 
to one of the fides of the triangle A G E namely, toG E is drawn a parallel lyne 
F D therfore the line ED ( ja the 2. of tbe fextb ) is in proportion 'ynto tbe lyne 
D A,as the line G F is tothe line FA. And it is already proued that as C E ts to 
ED fo is BG toG P. VP berforeas C Eis toE D spis BG toG. F andas E 
Disto D A fois GFto F A. VP berfore the Tight line geuen not denided jame 
ly, A Bis deuided like Pus theright line ie pd déuided , whichis AC: 
wich: ‘was ra toe be done. . 
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partion ofanyzight lynes geuen. Forlet thioferight lynes hanyng. proportion be 
ioyhed together directly;that they may.maké allone right lyne; and thén-ioyne 
them to thelyne geuen anglewile.. And fo proceedé.as'iin the propofition, where 
you fee that the right line'geuen A.B is deuided into the right lynes A F, F.G ånd 
G iia the felfe {ainé proportion that the right lines A D, D'E aid 
FEOnauc E z  —TOM" TaN 


.- 
ert 


EE , 


I. By thisand the former propofition alfo may aright line genen beeafily deui- 
D thtsend — ded into what partes fo euer you will name.As ifyou will deuide the line A B in- 

eformer cothree equali partes, lët the Tyne D E be made equallto thelyne AD, and the 
propshtion A'E meine Te ake eS AO Be? Yi 159420563 E DA 
mayarizhe — lyne E C madeequall to thefame by the third ofthe firit. And then vfing thc felfe 

a o : . n © , pola caf ig * at i uu v . 
lise bediui- {are maner of conftruction that was before: the lyne A B fhall be. deuided into 
dedintowhat three equall partes.And fo of any kynde of partes whatfoeuer.’ ie 
partes foener i ie a eo 


‘ . e * * * 

t t ED 4 +, : — ^ as NS ^ Iy 

wee Si ` i A ia h e i t euj sge a et jS ^. W tega E eit | MEME. C, v» INC TED : ww" Jaf J 
ou IP D | 39 l Wal Naver . 4 = ty a is TO * CI 2.3 j UES we J yy Sy i — — mh 
4 A ` ' > i n à . — P "WEN S T ^ t0 

- 3 $ "E ity : » . "M, " k — * r i i 3 t 
em . . Zi > D fue o v > : « a AX 6x 18 d ^ A * i * * wy 22 ʻ 3 — 
€. ] we 1 i E NE ww s JJ. v - tv E e s >g’ sat 3 se~ - 1 * M4 we 3 e " t T x 8 
⸗ * - "4" "r4 

» F 
=~ | rey 4 JC 2. L YOULCIIC, Cll, lYObOHIHOX. s E. 
* ^ t fa ^ "S & j . ^ i t . * - ge e z «tu D A ^ t % NI "Ut W qe 1 t+ ; EON E 5 * F S RUE, 
0! #8 3.. oe ae s a a. sc GER LS 4 S8 X E 5 $ 4t g k - af 0&8 Ye ye ANM je F a ' 
s ao : : 
æ e a . 5 > E : 


— aa WE b. 
if " i å ,. 


Unto two right lines genen, tofinde.a third 1 


2 2 
n 
F with them, x à p x + D $1 iv A | | = 


proportion 
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aid ppofe tbat there be tworigbt lines geuen B Aand AE zand let them be 

js Do prt that they comprehend an angle bowfoeuer it be: Tt i$ requived to 

amo, C inde nto B.A and'yntoA C a third [ine in proportion:Produte y lynes 

AB and AC vnto the pointes D.and E.And yntothe ` =. V it, 

aeos ine AC (bythez.oftbefirft) put anequallline«BID; 00s os 
"os and draw a lyne from B to C. And by the pointeD (by... \ Ls 

: the 31.0f the first) draw bito thedlyne BC a paralel a 





bne D E; which let concurre with the line AC inthe | : 

Demonfirs- . point E.Now fora[mucb as pnto one of tbe fidesof tbe — j 
PN triangle AD E, namely, to D Eis drawne a parailel ^ 
line BC: therforeas AB is in proportion mto BD; `B 
| fo (by the 2. of the fixt )is AC bntoC E. But the hne * d 

‘BD is equall vate tbe line A C. VV berfore astbe lyne > X. 


A Bis tathe line. AC fois-the line AC to the line CE. 
JF berfore'ynto the two right lines geuen 4B and AC. - Aq hens E 
as foudid a third line € Ein proportid with them: which © os o 


-— 2 & ^s er . ` n, 
vas requiredtobédone.: 5 58 NE: 
e «s. require to-Re aone.: . TM e i [3 TEE op 
i d ` Mr 3 - : 4 5 
x * * E * 1 
Pra ^ > e ne ° Nx. a - 
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_ Letthelines A Band B C be fet dire@ly in fuch fort that they both make oneright 
Another wiy Tine, Then fró the point A erect the lyne A D makyng with the iyne A B anangle at alf 
after Pelita adnentures, And put the lyne'A D equal! tothelyne B C. And drawa right line from: 
HM E Dto B which produce beyond the poynt B vntothe point E.:And by the point C draw. 

«i. wntothelyne D Aa parallellyne C E concurring with thelyneD E in the point E, Then 
~~ “Way tharthe line CE is the third line proportionall with the lines A PS 
i ide E O A afmuc 


Ar ww ad ~p 
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afiuch as by.the 1 5. ofthe firft, theangleB of thie ` 
triangle A B Dis equall tothe angle B of the tri- 
angle C B E;and by the 29, ofthe fame, the angle 
Aisequall to.the angle C, and the angle D to the 
angle E : therefore by the.4. of this booke A B is 
to D A,asB Cis to C E, Wherfore ( by the 11. of 
the fifth)ABisto BCasB Cisto CE: which was 
requited to be done. 





— 


Let the lines AB and BC befo ioyned. toge- 


ther,that they may make a rightangle, namely, A An other 
BC, And drawea line from Ato C, and. from the 2o t 
COATS s 


point C drawe vnto the line AC a perpendicular 
C D (by the 11. ofthe firft) And produce thelyne 
CD tillit concurre with the line A B produced vn- 
tothe pointe D. Then I fay that the line B Disa "Em Y À 
third lyne proportionall withthelines AB and B. ? — B A 
C : which thing is manifeft by the corollary of the 8,of this booke, 


Sa The 4.. Probleme. The 12, Propofition. 





© Onto three right lines geuen to finde a fourth in proportion 
with them. * 


zx ad P ppofe that the three right lines genen be A, B,C. It is required to 
Zs finde vnto A,B,C, a fourth line in proportio with them. Let there be 
ad t aken tivo right lines DEG DFE comprehending an angle as it [ball ConjirnBien, 
T happen namely E D F, And( by the 2.of the firft Yonto the line A put 
an equall line D G. 4nd'pn- | j J | 
tothe. line B( by thefame) p | | 
put an equall line G E. And IN ^ 
moreoner ,"vnto y line C put | ! A B 
an equallline DH. Then d 94 » Jun 
draw a linefroG to Fl.4nd | —- | 
by the poynt E ( by the 3 r.of , | | | 
the firft) draw "yntothbelie = | © \ 
GH a parallell line EF. F} 
Now forafmuch as bntoone | 
of the fides of the triangle — UR | oo 
D EF, namely, vnto 5 fide. E NEN | ph: 
E Fis drawen a parallell line aU 
G H : therefore (by tbe z.of | À 
the fixt )as the line DG is to tbe line G E, fois the line D H tothe line HF. 
M ^ | rz | Byt 















A,B,C, is found a fourth line H F in proportion with them : which Was requia 


An other 
Way after 
Campane, 


Conſtruction. 


Demouſira- 
tion. 


que Lhe fixth Booke = 
But the line DG is equall nto the'line A, andthe line G E is equiall'pnto tbe 
iine B, and the line D Honto tbe line C.W berfore as tbe line Ais "tà tbe line 
B; fo isthe line C ynto tbeline HF. Wberfore "pnto tbe three right lines eeuen 


ved to be.done. 


q An other way after Campane. e 


Suppofe that there be three right lines A B,B C,and B.D, It is required to adde vn- 
to them a fourth line in proportion with them. Ioyne A B the firt, with B D the third, 
in fuch fort that they both make onéright Jine,namely,A D.Andvpon the faid lyne A 


B erect from the point B the fecond Taille a 

line BC making an angleatalladuen- | 9 ELI TERED na iiy 
tures, And draw alinefrom Ato C., ` ON NEN 
Then by the point D draw thelyne D * JA. gh. st on oe 
E parallel to theline A C, which pro- 3 
duce vntill it concurrein the point E, E 
with the line CB being likewife pro- ~<: T 
duced to the point E, Then I fay that A ` P 


the line B Eisthe fourth line in pro- * 
portion with tbe lines AB, B C, and 
BD:fothatasABisto BC, fo is B 
Dto B E. For forafmuch as by thé 15 
and 29. of the firft the two triangles 





` 


A B'Cand D B-E are'equiangle,therfore (by the 4,0f, this booke) A BistoBC, asBD 


mo, . 


is to B E which was required to be done. 


CoU FT be s. Probleme. ^— T be vy. Propofition. 
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— Vaio tworight lines geuen,tofinde out a meane proportionall, 
F Bal pb ofc the two right lines.genen tobe ABandBC . It is required bee 


By yiciwene thefe two lines A Band BC to finde out a meane line proportios 


anall. Let the lines AB and BC be fo ioyned together that. they 
both make one right line, namely, A C. And Yp» E n A 
on the line A C defcribe a femicircle A ID C and ‘ 
from the poynt B raife vp ynto the line AC (by 
the 11.0f the firft )a perpendicular line BD cute 
ting the circumference in the point D : and draw 
a line from A to D,and an other from DtoC. — 
Now forafmuch as ( by the 31. of the third) WIDE OG 
angle in the femicircle ADC isa right angle, 


‘and for that in the reétangle triangle ADC is drawen from the right angle 












PT 








‘onto the bafe a perpendicular line D B: therefore (by the Corollary of the 8.of 
the fixt ) the line D Bisa meane proportionall betwene the fegmetes of the bafe 
A Ber BCWherefore betwene the two right lines genen,A D C -B C; is found 
arhéane proportional DB: which was required to bedone. >., x 
EAE MUN mmm pe" gA Pro 


e sA . 
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Mu 


of Euchdes Elementes. — — Folaó4.- 
eani JW "gt A Propofition added by Pelitarius. Ande fate 


A meane proportionall beyng geuen,to finde out in a line genen the two extremes.NOR A propofition 
it behoueth that the meane genen be not greater then the halfe of thelyne gener. __ -. added by Pe- 
og Cae ge UE. So Us | | litariut. 
“>” Suppofe that the meane geuen be-4 B,and let the right line geuen be ÊC. Itis re» 
quired in the line B C to finde out two extremes, betwene which 4 B fhal be the meane 
proportionall. So that yetthelyne A B be not greater then the halfe part ofthe line 2 
C. For fo couldit not be a meane.Ioynethe lines 4B and B Cdire@ly in fuch fort,thae 
they both make one right line, namie We Tuc ces — wm 
ly, 4C. Theti vppon the line BC de- 
{cribe the femicirele B E C.And from 
the point 4 ered vnto the lyne ACa 
perpendicular line .4 D: which lyne 
4D put equal vnto the line 42.And 
by the point D draw vnto the line A 
Ca parallelline 2 E, which yndeub- ». 4° 
tedly fliall either cut or touch the fe- us SPUMA 
micircle,as in the point E,forthat the line 4D is not greater then the femidiameter, 
Then from the point E draw vnto the line BC a perpendicularline EF (bythe 12, of 
the firft) Then I fay that the line B Cis fo deuided in the point F,that thelyne 47 is.a 
meane proportionall betwene the lines B F and FC,. Which thingis manifeit (by the 
31-ofthe third) & corollary of the 8.of this booke. For the line F E is equal to the line 
AD by the 34. of the firft, and fois equalltotheline 4 B: then ifwe draw the ryght 
lines Z E and C E there fhall be made are&angle triangle B E C.And fo by the fayd co- 
rollary,the line 5 Fíhall beto thelyne F E (and therfore to the line 24 B)as the line FE 
is to the lyne F C : which was required to be done, 





Fluffates putteth this Propofition added by Pelitarius as a corollary following 
‘of this.13.propofition. - i ur. v 


‘The 9.Theoreme.. Thet4..Propofition. 


Fn equall parallelogrammes which haue one angle of the one 
equal unto one angle of the other, the fides /ball be recipro- 
kall, namely, thofe fides which containe the equal angles. And 
if parallelogrammes which hauing one angle of the one equal 
unto one angle of the other, baue alfo their fides reciprokal, 
namely ,thofe which contayne the equall angles, they hall al- 
fobeequal,- X | 
| Vppo ¢ that there be two equall Parallelogrammes ABand BC bauing 
Sl. the angle Bof the one equall'ynto tbe angle Bofthe other . And let the Tf 
= limes D Band BE befet direétly in fuch fort that they both make one eee 


is 
t 


"i 
E n : 
— 


La 
"de 





r ight line namely D E. And then( by the 1 4.0f the firft) fhall the lines FB and (tion. 
BG be fo fet that they fhall make alfo one vight line, namely, G F'. T ben I fay, 
that the fides of tbe paralleloerammes AB and BC, which containe the equall 


angles, 


angles, are reciprocally proportionall:-that isjae BD istoB E fosGBt BF. 
Make complete the parallelogramme FE by producing the fides AF and CE, 
eos o lltbeyconcurre inthe poynt Fl. Now foráfiucb as the parallelogramme A B 
Demonfira- i5 (by fuppofition ) eqtiall vito tbe paralleloeramme B C. ; and there is a certaine 
senofthe —— other paralleloeramme.F E: therfore( by tbe.2.of tbe fift )as.tbe parallelograme 
ef the fame. AB-s to A rallel orani) FE Jari oaao B ae Seo cnt af ee 
A Bet. e parallelogramme-F E, fa. = : t£ | | 
és the paralleloeramme (BC to tbe pa- A ^77 ^ 
Vallelpzramne FE. 'But astbe parale | .. 
logramme 7A B is to. y parallelogramme | 50 50:0 
F E fo is the fide (DB totbefule «BE 1-4 ss h 
(by the first of this booke ). And (bythe P * il 
fame) as the parallelo gramme, BC is to birh Aal a 
the parallelogramme F E, fois the fide 24 A 
GB to the fide BF. Wherefore alfo( by 
the xt. of the fift) as the fide D'Bisto> | 
thefide BE, fois thefide GB tothe. — 


‘ 











fide BE Wherefore in the parallelogrammes AB and BC the fides which cone 
tane the equallangles, are reciprokally proportionall : which was Jirft required 
tobe proued. , | i+. v | 


1 


=, But now fuppofe that the fides about the equall angles be reciprokally propors 

p is tionall fo hee " fide D T the fide BE. fo let the Jide 6 B be mothe fede 

theconnerfeof BE. T hen Lfay, y the parallelogramme AB is equall vntos parallelogramme 

— IB C. For for that as tbe fide D Bis to the fide B E. fo is the fide G B to tbe fide 
B F: but as the fide DB is to the fide B E, fo( by the 1.0f the fixt is the paralles 
logramme AB to the parallelogramme F E:.and as the fide G®B is to the fide 
BF, fois the parallelogramme BC to the parallelogramme FE. Wherefore alfo 
(by the 11. of the fift) as the parallelogramme AB is to the parallelograme F E, 
fois the parallelogramme BC to the Jame parallelogramme FE . Wherefore the 
parallelogramme AB is equall vnto the parallelogramme BC (by the 9:0f the 
fift). Wherefore in equall and equiangle parallelogrammes the fides which cons 
tate tbe equal angles are reciprokall : and if in equiangle parallelogrammes the 
fides which containe the equall angles be reciprokall, tbe parallelogrammes alfo 
fhall be equall : which ~was required to be proued. m 


$497 be 10. beoreme. — The 15. Propofitión. 


c In equal triangles which haue one anole of the cine equall un- 
oone añgleof the other, thofe fides are reciprokal,which in- 
clude the eguallangles. And thofe triägles which bauyng one 
<o angle of the one equal ynto one angle of the other, hane an 
lay VM eo. CUR 8 O-—— their 


ome 


of Enclides Elementes. Fol.165e 
their fides which include the equallangles reciprokal, are al- 
Joequal,  — = 


em tn 


> 
>s 
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T ppofe tbat there be fwo equall triangles A (B C,and A (D E bauing one 
$ pa: - qu é ra 53.5 * 4 e t’ $4.65 * A a! gà xS i 
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SA angle of the one equall Ynto one angle of the other à namely 2 the angle B 
DAE AT ogu al "vito tbe angle D A E. Then] Jø that in thofe triangles A 
B.C and. A 1D Estbefidés phichincludeS- equal an Leles sare reciprokallie propor» 
tionall thatzs;as tbe fide C 4 isstothe fide AD s:Jo. ts the fide E: to the fide 
AB. For letý lines C A and AD be fo put.) they both make dire (Zly one right 


à 


line. And foalfo the lines EY aid- AB 
al both make one right line(by the14.of ~ ~ 


J i * 


she firft) And draw alinefromBtoD. ^ s 





Now forafimuch as (by fiippofition) the 
triangle AB Cis equall ‘vnto the triangle >` 
ADE. And there is a certaine other tiie ` 
angle B AD, vnto which the two equal’ 

triangles being compared it will follow by \ 
the 7. of the fifth, that as the triangle AB 
Cis vnto the triangle BAD, fois 9 trian: 


> a | 


gh EAD tothe fame triangle BAD. But as the triangle ABC is to the-trias 


f 


gleB AD, fo by the t. of the fixth, is the bafe C A tothe bafe AD : andasthe 
triangle E'A Dis to the triangle B [4 0D fo ( by tbe [ame ) is tbe bafe E Ato the 
bafe AB. Wherfore (by the 11. of the fifth ) as the fide C A is to the fide AD, 
fois the fide E A to the fide A B. Wherefore in the.triangles ABC and ADE 
the fides which include the equall angles are reciprokally proportional. 
But now fuppofe that in the triangles AB Cand A D E, the fides which ine 
clude the equall angles be reciprokally proportionall, fo that as the fide C A is to 
the fide AD folet the fide E A be to the fide AB. Then I fay that the triangle 
ABC is equall ynto the triangle A 8 E. For agayne draw a line from B to D. 
And for that as the lime C A is to tbe line AD fois the line E Ato the line AB, 
but as the lme C Ais to tbe line AD. fois the triangle ABC tothe triangle B 
AD and as tbe line E. A ts to tbe line A (B fo is tbe triangle EAD to the trie 
angle B A D Wherfore as the triangle ABC is tothe triangle BAD fois the 
triangle EAD toy fame triangle BAD. Wherfore either of thefe triangles AB 
Cand EAD haue yntoy triangle BAD one and} felfe fame proportion. Wher 
fore (by the 9. of the fifth ) the triangle ABC is equal nto the triangle EAD, 
If therfore there'be taken equall triangles hanyng one angle of the one equal pne 
to one angle of the other ,thofe fides in them hal be reciprokal, which include the 
equal angles:and thofe triangles ‘which haning one angle of the one equall ‘ynto 
one angle of the other bane alfo their fides which include the equall an oley recis 
prokal.fhal alfo be equall : which was required to be proned. 
CU ÁÉEPR. T be 
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The fecond 
part which 2 
the conuerfe 


of she fixft. 


*u Sa The 1T. T heor éme es — The 16. Propoftions::. 


If there be foure right lines in proportion,the reflangle figure 
"comprehended mader the xtremesssegaall tothe tetlangle 

o os. figure contayned vnder the meanes .. dnd if the retlangle fiz 
~~ +. gure which is contained sunder the\ extremes, be equall unto 
the rectangle figure which is contayned vnder the meanes: 
chen are thoſe foure linesin proportion, "7 00 


i 
4 Mtas s 







A ^ Na m ^a E. à ^ 9 ey A JS Y. - i 2 l l , 
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SEES V ppofe that there be foure right lines a | proportio namely A B,C (D , 

a S E and P : fo that as.the line A Bis tothe line C D, jolet the linèt E be 

| j NO S tothe line F. T hen L fay that the rectangle figure comprehended Yne 
ree - der tbe extremes A'Band F;is equall nto the rectangle figure cone 
tion of the - thetetnes CD Wid Baton the tone te at ee 
fof par. tayned ynder tbe meanes C D and E .. From tbe poynt. A ( by the 11.0f tbe frr] ) 


raife bp vnio the right line ZB a perpendicular line AG. And ( by tbe Janie) 
: "ri, K EN AAT a ee es ee at 
from the point C yuto the right line CD miſe p a perpendicular line C F1. 4nd 
: “4 " M es uiu x T C Fg UCET EN eu i 
(by tbe z.of tbe firi ) put the line AG equall vnto the ſine F, and put. alfo 5 line 
Oe! equall yntathe line E, and make complete the parallelocrammes G B and 
FAD. Now for that by fuppofition as the line AB 1s to the line C D fois the 
line E to the line F. But tke line Eis equall'ynto tbe line C FLytz- tbe line F puis 
to the line A G., therefore as the line AB isto the line. D fois the line CH 
tothe line AG. Wherefore in the $ Y PR hes 
parallelogrdmes BG and D EL the | dd t Pad m^ V he 
E bi i e gcn si W ou 2 BN ^l ae E M a4 su me, pet a 
fides which include y equall angles, ee a w A 
7 arerecibrokally proportionall. But | 7 T ILU 
equiangle parallelogrammes whofe: $ 7. H 








| | fides which include the equallans AB? | a 
— gles are reciprokall are alfo equall, — — a T NL bh, 
(bythe r4.0fthefixt)}.Wherefore | 0 lem | a 

the parallelogramme BG is equall | a | Eam | 

nto the pardlelogrimeD H. But | i v a b dudit 

the parallelogranime BG 1s that | * | J 

vhich is contayned Ynder the lines 1 $»"* 

A Band F, for the line AG is put -< T LA oh Ey BD, 

equall ynto the line F.And the parallelogramme D His that which is contained 

vnder tbe mes C ID and E. for the line C His put equall ynto the line E.Whers 

fore the rectangle figure contained ‘ynder the lines AB and F, is equall puto the 

Fle feia , vettangle figure contayned vnder the lines CD and Es. 0 s 
I oir "But now fäppofe that the rectangle figure comprehended ynder tbe lines AB 


of thefrit, and F, be equall ynto the reétangle figure coprebended vndery lines CD 


qr E. 


Ib enu 





of Euclides-Eslementes. Foliis, 


Then Tfa 2 that the foire Fighbunes: ABC DR and Bs ye: proportional, that 
F as the line Bas fo the lnet D; Ji "be dine Eto id liie P. T he fami à drs 
der ofi con/bratfion t thát^vas ‘before being kept sforafmuch as: that sphichiscone 
tained’ vuder thelines AB Band Fis eqmall'ynto that which Gs ‘contained nder 
the lines £D, itid B: shut that hichi vontayned ynder tbe lines AB and Ets. 
the parallelogrésiié BGsfor'the line AG is equal’ pate the line Fysdnd that 


alfo which is Tied the lines CD ès E is the parallelogramm: WOM, eed TE 


for the line CHis equall'ynto tbe line E . y herefore'the à erpairallelogramme BC G ) 


is equall puto the parallelogramme D AL, es they arealfoequrangle: Butt inpas 2? aud 


rallelogrammes equall er equiangle the fi des which indladevheeguall anclesar€ 
reciprokall ( by the 14. of the fixt).Wherfore as thé line A Bis tothelnel D, 
fois thelineC Htothe line AG, but the lineC Alig equali ynito the line E; ind 
the line AG is equall yntoj — W herefore as the line A B'i; tothe lne C D, 
foi is the line Eto the line Ff therefore there be fourevisht lines in proportion , 
the reétangle figure comprehended yn der tbe extremes js Segnall to the rectangle 
figure conta tayned yuder-tbe meanes . And if the rete anglé figure whichis contatz 
ned ynder tbe extremes ,be equall vntotherectangle figure *which'is contained. 


vynder tbe wieanes , po re rthofe. foure lines iñ Proportion: : m “was ay 
tó — * — asd gs R Fa seg a A "e 4 = as i 
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n there betbree right. linet in proportion, the rellangle fgure 
comprehend "ynder the extremes is equall onto tbe [quare 
sv thatismdde of then meane.eAnd. — * retta ngle figure which 
vs y madèoft therxtremes,be equal vnto the. Square ‘made ft the 
“meane, thena are thofe three right lines proportional... 


| T —* da therebe three linesin proportion AYB,C, ; fo that as xis is fo 

UB Jolet B be to C. T ben I fay that the veldangle fieure comprehended 

"onder ş lines Aand Ci is £quall Dito, J gnare: made of the line B. nto The frf 
the line B (by the z. of tbe 4 m H part of this. 
Ffi) putanequall line D. be sede 
Lnd beca. uje Dy. fuppofits ition). yr Ec ee Mee a * 

as Ais to Bois BtoC but” 7 Nam — 
Bis equally nto D, wheres 


fore (by the 7. - ofthe] * 











Ais toB, 015 D toC, bet. if. | s] 1" i a ides adl 
there be fore voebt lines A Yi "ul —— — atn Te — pic 
portionall, tbe. WSR BIR Py quio b. dw: A SR SSCN SAM e 
gure comprehended ‘onder © | A 

Me vise BDE 


p.i. the 


Tbeoreme,. | 
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the-extremes is equall ynto the reéfangle fi gure comprehended ynder the meanes 
(by the 16.of tbe fixt )JF. herfore that which is contained onder the lines Aand 
Cisequall nto that which is comprehended onder the lines B and (D. But that 
which is. contained vider the lines (B and D jis the [quare of tbe line B, for the 
line Bis équall puto the line fD. Wherfore the rectangle figure —* vn⸗ 
derthe lines A and Cis equall vnto tbe at Madi oft the — B. | 
The fecond But now fuppofe that that 
part whtchis which is comprehended vns | © i P 
sreconnerfeof der thelines Aeo.C beequal | -> 
e firkte | 
vynto the [quare made of the | | 
line B: Then alfol fay, that 
as thé lme Ais tothe lme By}. q 
fois theline Bto the lyne C. 
The fame order of conftrus 
ion that was befores beyn lg 
kept, fordfmuchasy-which | |. 
is contained yndér-the lynes A BD Go Annes 
and Cs equall'nto tbe [quare which is made of. the fis B. But d —7 
which is made of the line B is that which is contained vnder) lines B eg D for 
the line B is put equall'nto tbe lme (D. V berefore tbat wobicb is contayned vn- 
der the lines A and C:is.equall vnto that whichis. contayned "ynder.tbe lines B 
and (D. But if the rectangle figure comprehended ynder tbe extremes be equall 
bnto the rectangle figure comprehended vnder the meane lynes, the e foüre right 
lines hall be proportional (by tbe 16.of the Jfixtb Ww. berfore. as the line Ais to 
the line B B fois the line D to the line C/But tbe line B is equall nto the lyne D. 
Wherforeas the line Ais to the lme B fois B tothe line C. If therefore there be 
three right lynes in proportion the re&fangle figure comprebended*ynder thelex- 
tremes ts equall puto the [quare that is made of the meane. 4nd if tbe re&angle 
figure which i is contayned ‘onder the extremes be equall "vto tbe [quare made of. 


the meane; tben aye ny three righi lines proportional which was peered to 
be hedemofirated. | | ! 
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4 (v. Lay. “gC orollary ‘added by Flaffies 


Hereby we gather that euer) right lyne is a meane proportional i betwene ener two right 
lines which make a rectangle figure equall to the {quare v E * right lyne: 


sæ The 6. Probleme. The ig. Propfi fon, 
Upon a right line genen,to de efcribe a rettiliscf figure T 


@ ON. 


in like fort fi hate ynto a retliline figure geun. visit uy, 


I'a 
4 ep 


b, 
^ 


p SN SCR TUTUP SIBI 


of Euclides Elementes. Fol167. 
Ne eV ppofe that the right Ine veuen i be. AB; and let the reédiline fig pure gea 


NW um bt EG. Itis srequired vpon the right | line genen, AB to defcribe a 
mee reétiline figure like, and nike fort fituate nto the recziline figure ge- 
wen GE. Drawe aline from. H tor, and vnto the right le A D and toy pomt 
“in it A, make vnto the angle E an p angle | DAB (by the 23.0f the first) 
"and nto ther ight line AB and. yn to the point in it B 3( by the efame) make vnto 
‘the angle EF ET 'ahn equall angle 2 ABD. Wherefore ey angle remayning EHF 
dy equali Jut theangle remayning A. D BW. herefore t the: triangle, HE Fs 
*equian le yn ito the- ti REA 2 4 By 4 be bevefare d did 4. «ft Ee us idi as the Pef de 
"HP iin proportion ^ NOS Avra) Pane GOL i 
“ti the fide’ DBS fois ~ ina: P RC SLM ON us. 
“the fide H E tothe ~- T B. 
‘ft de D'A and $e E e oa 
EF to the fide AB. E 
Againe (bythe 23.0 of ff 
the first ) onto the A | 
right line B D and Sb ~ de s 
"nto y point init D, /A i =a} & € us 
make nto the angle’ / : MÀ n La dias EET a 3 EIS Lis 
FHG an equal, ans | Pls LEAL um 
ele 8D C jand(by the fasi pnto d ii ti) i» D and? vats * point in nit 
B, make pnto, the angle HEG: d 'eguallaugle D BC. Wherefore’ the angle 
vémaytine; namely, 6, is equall puto the angle remayning hamely to C. Where- 
fore. the priajigle H Ft Gis eqüiangle, "uto. the triangle DBC. Wherefore( by 
“the. of t the sxe Sas. the | Jide’ HE isin [proportion à to othe ofide de (D B B; fo is the eji de 
FIG to pe DC dtt 2 G F to the ofide de e 3. Andi it is already proned 
shee F TLE is WD PRE de D. A, and Ë Ft to ABW. herefore( by the 
T ofi Pii DUE PEL aD, f E Fa nd HG. toD C; and mores 
uer. DCR 3° And forafmuch : As the ang He E ELF ise equall “Dato the angle 
S DB ndr) — FH jo di gnall YN ti beang de BC; therefore the 
Pbole ple Ht Gis "équall'y ynto tbe “whole ang 25 4 P e and by the e fame f rede 
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angle E is egual? ro the anole and the anhe Cis s proued equall- vnto theane 


gle Ga Wherefore the figure Vor is cequiangle. Ynto the figure EG, and thofe 


‘i ides which i in it include the eqnall an eles aré proportional], as We - before 
proued . Wherefore the reéfili ng fi gure n — C is (4 by tbe, fef definition of the fixt ) 


m thé wecilbie figur re Bene PEG W Wherefore e ypon' the right line’ gene . 
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BG. Wherforethe fides of the triangles AB N 


<0» sake triangles areone'to the other in ‘double proportion that 
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tbe fidesof yke proportion are, => ! 
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V ppofe the triangles like tobe A BCand DEF, haning the angle 
B of the one triangle egual 'bnto the angle. E ofthe other triangle gs 
da 4i to BCJolecD E eto EF othatla BCerE F b eo 
of like proportion. I hen L fay that the proportion of the triangle AB 





‘EF.Vnto the two lines B Cand EF (by the 1o.of the fixth) make a third lyne 
in proportion BG fo that as BCis to E F fo let EF be to B Gand draw a. yne 
from AtoG.Now fora/much as A B isto BC,as D Eisto EF stherfore alters 
nately( by the 16. of the fifth) as ABistoD E.fois BCtok F. Dut as BCs 
toE F fois EF to BG, wherfore alfo(by the A dl dies i — 
nof — ABistoDE fois E Fto\\: 


Conto the triangle D E Fis double to the proportion of the fide BC tothe fide 
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reciprokally proportionall. But if in triangles | > EC d 
bauing one angle of tbe one'equall to one angle | lai * 
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prokal tbe triangles-alfo( By. 13. AA sa 
ao Der ah GET ERED olay AE ge Sani Na V Y RES SOUS, VECES Ve c. SE 
the fixth hal be équalliy berforetbetriancle P5056 00 t R 
ABG is tquill-vnt03 triangle D EF. And for J asy line B Cis toj line EF. 
nS ES. dp o * x5. d aT. i e 22 tye SP yf E ae t. $4 RI 3 r = (CN. A eue, ME n -— 3 
Tots the lire t Fto” line BG: but if there be three lines inproportión, the fick 


uty s bor il AS Xp. prisci bd GD Lass mS US 4 t dev ^ 3 
àll hane to thethird double proportion that it-hath to the fecond( ky the 10..des 
hys eme. c9 PT LASS gus el PM a heh th Sk neg Jal id AA ehh i seed APA 
finition of the fifth) therfore the ine B Chath nto the line,B Gdouble propore 
AUC MEVO D i the ij SEE By: ( BC ic. OBC BLUT qs E UA oS. 
tron that it bath to the line E E. Dut asB Cis to B G , fo (Ly tbe 1, of the fexch) 


3 tbetriangle 4B Ct the triangle AB GV berfore thettangle 4B C iv ynto 
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ie triangle ABC in double proportion that the fide B Cis tothe fide EF. Bu 
Hé rianzle 4B G i equalltothe triangle D E F.wherfore alfo the triangle 4 


B Cis uto the triangle D EF in double proportion that the fide BC-is to the 


PT pee ey Ce tet ty SN AAG Ga A A Sat ashen, 22 ge LE Ojo Ve a ONE 
Jide E F.wherfore lke triangles are one to.the other. in double proportion. that 
the fides of lik | FOE 
tA, CAT A 
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portion asthejiritis tothe tri fois tbe triangle deferibed 


that the fayd triangles be likeyand in bke fortdeferibed, for 


ex —F | 
-. Herebyit ts manife[t tbat if there be three right linesin prio. 
QA BK w* 5 vw — pn^ a 2t 
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it hath bene proued that as the lyne CB is to the line B G,fo 
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of &uclides Ehaibihe: Fol. 168. 
pp the: triangle A B Cto ‘the tria an nile D E F; "i wbich yas. re 
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AL dee The us Theorenie. Ther 16. Propofion ition, . 


* ^ Poligonon fares, are: déiidedt into Tike triangles an 
ee ‘equal in number, and lof like Proportion tothe whole. And 
the one Poligonon n figure is to the other: Poligonon fasrei in 


double proportion tbatone of the fia S THEE Tops is fo | 


“one ofthe fide ides rof like} proportions. ax AA — 


KR on AV ppofed the like Poligenon figures be ABC. D Br FG imt 
R fs haning t the; an ngle a at the point F equall to the an age: at the point A sand 

Nie: | the angle at the point G equal to the angle. at the point B and the: ane 
ee oleüt the point FLequall toy angle at the pont C: and fo of the refi. 
And moreoner, as the fide AB is tothe fide B C, folet the fide EG. be tothe 
fide GH, , and as the fide BC is to the fide. CD, , Jo let the fide GH be to the 
fia de Ft: Kom ef dw de let the T ides A Bg G EG be ce of ie peer. 





ben-L >` 


$ j E N 


HKL, 
are deute - 
ded: into C 
like ve 


‘gles and equall in — bu draw " ie EZ. AC, 4 Ð, F zm C F ie 





tad oral much as( by fuppofition that is by reafon the figure A BC D Eis ke i 


‘onto the figure FG H AL) the angle Bis equall'pnto tbe angle G and aś 
the fide AB is tothe fide BC, fois the fide FG tothe fideG PI it followeeh 


that i the two triangles AB Cand FG FL, baue one angle of the.one equall to one 


| anle ofthe: other and bane rafo the fi des 5 about the equall angles j proportionall: 
‘Wherefore (by beg ofi tbe fixe) the triang le AB Cis equiangle "nto tbe. DAP 


yi Ip G HT. And thofe: angles i in thé a are gilli» which are. > fubtende djides. 





9f. like p. proportion : “namely; the angle ' BAC As equall to ti he an le G. F H, 

thé an ne BC Ato the angle G HF. Wherefore (byi the 4 4. of 1 the fi xt) the fide des. 

— ane about the teenage are pr oporttonall: and the fides ich. are Jube 
= Pp. iij. tended 
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Ten ded ynder4 hee wall angles are of like proportion. Wherfore 454 i5 to B C, 
VERAM ue haftet» aS ag OR 
Jo FET ty GE. But by [uppofition as B Cisto CD, foi GH to HK. 
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Wherefore of equalitie ( by the 22. of tbe fifi) ag MC ip to C D, fois FH to 
F1 K . And forafmuch as by Juppofition the ~whole angle BCD is equall to the 
whole angle. G FAI and it is proued that theangle BCA is équall to the an- 
gle G H E: therefore the an ele remayning AC D is equall to the angle remay= 
viia E FCR (ly the 3 commton fentence ).. Wherefore the triangles ACD, 
ane F HK, haue a igaine one angle of the one equall to one angle of the other 
‘und thefides which are about the equallfides are propartionall Wherefore ( by 
thefanefixt of this boo ke the triangles AC Dice FHK äre equiancle. And 
(y tbe s-of this booKe the fides which are about tbe equall anglésare prop ortios 
nall. And by the fame reafon may *we. "roue thattbetrianele AD Eisequiane 
gle bnto the trian ole FK L.. And ibat the fides which are about the equa llane 
gles are proportianall. Wherefore the triangle ABC islike toj triangle FG:H,, 
* SS entm to the triangle E ILR „qnd alfo tke triangle AD E to 
metriqnciel KL (by the firft definition of this fixt booke) W herforethe Po 
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‘Pobeonon figures proportsoriall: that is as the triangle 4B Cis to the triangle 
» XA Wu. . AN i LE + Jw j j. - + a ek wy d 25 à 42% eer bee "A * i Rd. —- E y “4 
FG ‘fous thetriangle AC Dio the trian jole F B K , andy triangle A DE 


to the triangle F K L: andas the trian ole ABC is to.the triangle F GFL fois 
the Potigonon figure A B CD E to tbe Poligonon fi igure FG H KL F or fore 
afinuch as the triangle ABC is like to the triangle FG H, and AC and: EH 
are fides of like proportion , therfore the proportion of the triangle A BC tothe 
triangle / bj T A — 
FGHi ^ A|| \ "ry 

double to | 
the fro A 


portion ‘of a 
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And therefore alfo tbe proportion roth 
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65 doiible Yo the proportion that the fame fide AC hath tothe fide EL. Wheres 
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für (By the vof tbe fo) aste triangle ABC 15 t0 the. triangle FG H; fois 


AB DEL HUN PSD COTS (OL a Page Sa bee A Ss ae : - 
th dE ACD ta the triangle E FER & Agame, forafmuchas the triangle 


Ð is like tothà trianele F FYK „and the fides 41D ey. F.K areoflikepros - 
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Portion: therefore the proportion of the triangle ACD tothe triangle FAK 
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of Euclides Elementés. Fol.189. 


is: double to the proportion of the fide AD to the fide F K{ by the forefayd.19.0f 
the fixt ). And by the fame reafon tbe proportion of tbe triangle.A D'E toj trio 
angle.F K L 1s double to tbe proportion of the fame fide A'D.to the fide F K. 
W herfore( by the 11.0f the fift) as the triangle A€ D is to tbe triangte FH K , 
fois the triangle. ADE tothetriangle F KL... But asthe triangle AC D is 
to the triangle td K , fois it proued that the triangle AB Cis to the triangle 
FGH. Wherefore alfo (by the 1.0f the fift.) as the triangle ABC is to the tri- 
angle FG FA, fois the triangle ADE tothe triangle PR Le. Wherefore the 
forefayd triangles are proportionall : namely,as AB Cis to EG-F,fois-AC (D 
to FHK , and 41D E to FKL. Wherefore (by the 12.0f the fift Jas one of 
the antecedentes is to one of tbeconféquentes ,foare all the antecedentes to all the 
confequentes . Wherefore as the triangle A'BCis tothe triangle FG H, fois 
the Poligonon figure. ABCD E to the Poligonon figureF GH K L.Where 
fore the triangles are proportional both the one to the otherse> alfo to the-whole 
— Sad ge LUN NEA 
_, Laftly Jay that.tbePoligonon figure ABCO E hath tothe Poligonon fis The third 
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gure FGH K L a double proportion to that ‘which the fide AB hath tothe part 
fide FG: which are fides.of like proportion . For it is proued,that as the trian 
gle ABC 1s to the triangle FG H.,fois the Poligonon figure ABCD Etothe 
Poligonon figure FG FAK L. But the triangle ABC hath to the triangle 
FG H a double proportion to that which the fide A B hath to the fide FG (by 
the former 19. Propofition of this booke ): for it is proued that y triangle AB C- 
is like to the triangle FG H. Wherefore the proportion of the Poligonon figure 
ABCDE tothe Poligonon figure FGH KR L is double to the proportion of 
the fide A B to the fide FG :-which are fides of like proportion. Wherefore like 
PPoligonon figures are deuided. «yc. as before: ‘which was required to be proued. 


Sap The firft Corollary... J 


* Hereby itis manifefl that all like rectilin e figures what foe- qy fie Co- 
uer are the one to the other in double proportion that the fides "=u. 
of | like proportion are. For any like reétiline figures whatfoener are 
by this Propofition deutded into like triangles and equall in number. 


Hereby alfoitis manifelt, that af there be three right lines zy coy 
_ proportional, as the frft is to the chird,/ois the figure deferi-. Cito. 
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uppon the firft to the figure defcribed upon thefecond, 
Jo that the fayd figures be like and in like fort defcribed. 
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E it is proued, that the proportion of tbé(Polleonon figttré ABCDEto 
the Poligonoan figure FG HKL is double to's y proportion ofthe fide AB 

| * tothe: fid ide EG., And if (by. their. of thè fi xt)vntothelines Band: FG 
“Ave takeathird line in proportion namely MN tbe fivft line snamely AR 
al haue vnto the.third line namely, to M N. double proportion’ that it. 
«bath to the Second line; namely; ;to E.G: (by the ro, definition of the fift:): 

= Wt herforé: asy line A Bis tothe line MN; fòr isthe reCtiline figure A B € 
tothe reétiline M F G iis y k yt EE e figure fens lr * Ur in "e 
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7 1/7; — there pr tiwo JEn finis A. and B like Dito ie relfiline 
bs fs uré C. Then I fay thatthe figure Aisa ifo like? ‘bnto the | figure (B. 
For c fora[much. as the figure Ais like nto the figure C itis alfo equis 
= angle’ ‘ynto it (by the conuer ſion of. the un Mtn Ji the fi S 
ihe * 3 including t the equall angles . 
Pall. be propor. rtionall. Agayne for afe 
much as the figure Bis like vnto the - 





thon) equiangle pnto it, and thefides 
about the equall ailes are pr Ù portio I. 
nali; i ‘Wherfore both thefe figures A. 
and Bare equiangle ‘ynto the figure. 

C and the fides about the eguala ån ples are WobaPHonall W berfore( by thefivft 
common fentence ) the figure Ais equiangle ‘vnto,the figure Band tbe fides as 
bout the equall angles are proportional, wberfore the Jüure P: Bi [$^ X Yynto the 





"m — vhich was PNE to " ac 


^de 73 SE Heoreme.. AR be: 22. 2.Propofition tion: < ais d 


ffi be foure right lines proportionall,the rectiline figures 
alfo defcribed ypon them beyng lyke,and in like forte fitnate, 
foal be Proportional. And if the rettiline figures’ yppon bhem 
v M be proportional 3 thol right Dnes. 4 Yo joa be tpro- 


portionall vi T2 

we ^ 
9 e 

. ` n 1 ^ E x t AE 
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a T" Suppofe 


of Cnclides Elenientes. Fol.t7 6. 


EV ppofetbere be four right lines A BCD, Faunl 6H; anlas AB 

: mE is i CDifolet EF. — He Ant Wponi ‘the Vines AB: and CD (by. 
She T8 0f the fith Yle there be deferibed tivo veéfiline figur es K'AB; 
ipt LC Dike the ine to theothersand in like fore fi tuate. ‘And vpon — * 





EFandGH d by the fame’) let there-be deferibed al 0fwo vétsiline: f ores MP F / 


and N H like the one.to the other, audi in like forte juna inate: Thes P e. Zr s 
the: figure KAR Haye vi m. b, nM. mius — 
to the} cure LCD, 

2 is the figure MF S^ € 
J Me N H. 4 4 UN m 
V nto the lines AB — p - 
and CD (by the 11. 

of thé fixth) make a A 
third lynein propore — 
tion namely ,O >and 
ynto tbe lines E. * 
and G H in like fort m 
make athirdlnein ` 
a line propri 
ndmely (P. And for — — 
that as the ling AB E E. Nom À 
is to the line C D NUP — a * wi 

is the line E F to the i 

line G Fl but as the line C Dis to the line O fois the line G Ff to sthel lyne p 
W herfore of equality ( by the 22. of the fifth ) as the lyne A Bis ynto the line 0, 
fois the lyne E Fto the line P.But as the line A B is tothe line O fois the figure 
K ABto the figure LCD çi “by the ‘fecond corollary of the 20. of the fixth )And 
as the line E Fis to the lyne P fois the figure M F to the figure NE. Wheres 
Yore(by ‘the Prof the fifth Jas tbe figure KAB 5 to Rr figere ECD ois the fie 
Su MF to. tbe firm eN H; ^ 

Bat. nou  fuppofe that as the Figure KY 7 Bi is to ie fig eure L CD, fois ‘the 

5 eure MF to the > figure N H, then I fa fay that asthe line A Bis to the line CD, 
foi is the Line EF to ‘the line G Hi: As thé line AB is tothé lynéC D , fo (by. the 
12. of the fr. xth) let the lyne.E F be to the'lyne OR , and vpon the bne OR (by. 
the 18. ‘of the fix xsth)deferibëbnto either of thefe ft Lures M. Fand N. H a like fie 
great ih like Jort fituateS R: Now forafniuch as the brie AB is to the kine 
CD Joss the hne EF to the line Q- OR, and "port Ehe [nes 48 and C (D are dez 
feribed tiwe ae es lpkesandin like fort ſituate KAB and LC D ad? pou the 
Ines B Fand Q fh are def vibed. alo two ofa bres like, and inlike for +t fitnate Me 
Fand $4 RS ‘thexfor eas the fiour KA Bis to the froureL. CD fois the fie cure 
MF tothe fiore SA: before alfo (by. their: oft the fifth av the fis eue ME 
is to the f e Fon CSR; foisthe figure MF to the figure N H, wher fore the fe HKE 


AA d. 


e£ oN. 4 2^ a Pe 
a > 2 ES 
-> — we wh pit 
4 





ES ——— — — 
Aji 


The first 
peri cfibis 


propofittstts 


The rai 
part which ig 
the conuerſe 


ofthe firfte 


r Note that 
this 2s proued 
an the afsunpe 
following. © 


An aßumpt. 


Me ſixth Boohe 


MF hath to either of thefe figures N F and S:R one and the ſame proportion, 
wherfore by the 9.of the fifth,the figure N Fhis equal ynto the figure S R.And 
itis Yntoit like and im like fort fituate. * But in like and equall rectiline figures 
beyng in like fort fituate,the-fides of like proportion. on “which they are defcribed 
areequall. Wherfore 9 line G Fis equall bnto,theline O'R. And becaufe as the 
lyne A Bis to the line C D fò is the line E F to.thetine QR ,but the line O Ris 


 equall'vnto the lineG H ,therfore as the line AB is to the line CD fois the line 


E F tothe line G H. 
If therefore there y 
be foure right lines . 

proportionall , the. 
rectiline figures al 
fo defcribed vpon 
them beyng like and 
in lyke fort fituate 
Jhall be proportionall 
And if the reétiline 
figures vpon them 
 defcribed beyng like 
and in like fort fitu- 
ate'be proportionall, 
thofe right lines alfo 
[hall be proportional: 
which was required ul i 


*3t^»* 


se nd od 





— And now that in like and equallfigures bein ie in like fort fituate, the fides of 
like proportion are alfo equall (-which thing was before in this propofition taken 
ey the reifiline figures N Hand S R 
UP 


as eraunted ) may tbus be proued. Sup 
be equall and like and as FAG 1$ te G IN. fo let R Q: be to. Q.S and let G. Hand 


OR be fides of like proportion.T ben I fay that the fide R Q is egual puto the 


Jide G FI. For if they be vnequall,the one of them ts greater then the other, let 
the fideR Q be greater then the fide 1 G. And for that as the line R Q is to the 
line es fois the line FIG to tbe line GN ,and alternately alfo (by the 16.0f 
the fifth) as the line R_Q is to the line HG, fois the line 0 S,to thelyne GN, 

but ihe line R Q is greater then the line HG.Wherfore alfo the line Q Sis grea 
ter theny line G N.Wherefore alfaj figure RS is greater then the figure HN: 


|  But( by füppofition it is equall'ynto it which is impofSible.W berfore » line OR 


is not greater then} line GH. In like forte alfo may we prone that it is not lefse 
thenit , wherfore it is equall pnto it : which was required tobe proued.’ 


of Euchides Elementes. Polti 


Flsfates demonivaterh this fecond part more briefly by the firft corollary of the 20,of this boke, thus. An other demia 
Foraimuch as the rectiline figures are by fuppofition in ore and the fame proportion;and tliefame pro? ration of the 
portion is double to the próportion ofthe fides A B to C D;and E F to G H(by the forefaid corollary): fecond part af- 
tlie proportion alfó of the fidesfhallbe onc and the f:lfe fame (by the 7. common fentence) namely, zer Fleféates. 
theline A B fhall.be vnto thelidé C D as the line E F isto theline GH. er 


CO SET he r7: Theoreme. = The 23. Propoftion. 
Eguiangle Parallelogřammes baune the one to the other that 
SH prODOT EO whichis compoſed ofi the fides. | 
c" ppofe the equiangle Parallelogrammes to be 4C and C F, bauing tbe 
bangle BCD of tbe one equall to.the angle E C G of tbe otber . T ben 








= mS „thatthe parallelo gramme ACisbnto the parallelo gramme C F im, Y 
that proportion which is compofed of the proportion of their fides that is, of that ew 
which the fide BC hath to the fide C G and ofthat which the fide DC hath to 
the fide CE. Let the lines BC andC G be fo put that they both make one right 
line (by the 14.0f tbe fir[t ).W berefore ss D i s 
(by the fame) the lines 'D C and C E | — 

fhall make alfo one right line. Make 
complete the parallelogramme (D G by 
producing the fides AD and FG till 
they concurre in the point F1, and let 
there be put a certaine right line K, ` 
Aud.as the line BC is tothe line CG, | . 

fo (Ey the 12.0f the fixt.) put vnto tbe 

line K_aline'in'the fame proportion | | | 
which letbeL: andasDCistoCE, | | — 

fo.yato L: put a line in.thefamepro»  K/ Fia waai ii ut. 

portion namely MW beréfore the proportions of tbe lines K to Land L'to M; 
ure one and y fame With the proportions of the fides BC to C Gand D Cto € E: 
but the proportion of K to M,is compofed of the proportions of K toL, & L to Demonstra: 
M : Wherefore the proportion of K to M, is compofed of the proportions of the tion. 
fides BCtoC Gtr ECtoC D. And for that as the line B C is to the line CG, 
fois the parailelogranme A Cto the parallelograme C F (bythe 1. of the fixt). 

But as the line BC is to the line C G, fois the line K tothe line L. Wherefore 
Alfo( by tbe 1 1-0 tbe fift )as tbe line Kas tothe line L, fois the parallelogramme 
AC tothe parallelogramme C FI. Againe, for that as the line D Cis to.the line 
C E, fo is tbe paralleloeramme C F1 to tbe parallelogranime C F : but as the line 

LD Cis to the line C B ; fois the line L tothe lneM: Wherefore alfo(byy fame) . 
‘as the line Is is to the lite M's fois. the payallelogramme Cf to the parallels ...— , 
‘erarine CF: And forefimcbas it is proued thatas the me^ & 1s to thelneL, ^ ^ 
fois tbe paralleloeyamme A-C to the parallelogramme CET, and as tbe hne" Ens - 
tthe line ME; fois the pasalleloeramme CF totbe parallelogramme C.E «theres ' 
Yore of egitalitie (^y the 22.0f the fift.) as theline K 1s to the line M ;fo i$ tbe pa-. 
Fallelogramnte A Cto the payallelo gramme CE. But as it hath before hene pie 
xed the proportion of the line K to tbeline M, is compofed of the proportions of 


Q. q. ]- the 











The fixth Booke > . 


the fides BCtoC G,and DC toCE.W herefore alfo the proportion of the paz 
rallelogramme AC to the parallelogramme C F jis compofed of the proportions of 
the fides BCtoC G, and DCtoC E.. wherefore. equiangle parallelogrammes 
haue the one to the other that proportion which is compofed of the proportions 
of the fides : which was required to be proued. M2 


Flufates demonttrateth this Theoreme without taking of thefe three lines, 
K3L,M,atter this maner. a" y - 


+ % 


An other Fora(much as(fayth he) ithath bene declared vpon the 1o. definition of the fift 

demonftration booke, and fift definition ofthis booke,that the proportions ofthe extremes confift of 

after flufates, the proportions of the meanes,let vs fuppofe two equiangle parallelogrames Æ B G D, 
and.G E7 Z andlerthe anglesat the poynt G in eyther beequall. And let the lines 2 G 
and G I be fet dire&ly that they both make one * F 
right line, namely, BGI, Wherefore EG Dalfo 
fhall be one rightline bythe conuerfe of the 15. 
ofthe firlt. Make complete the parallelogramme 
GT. Then I fay,thatthe proportion ofthe paral- ` 
lelogranimes 4G & GZ 1s compofed of the pro- | 
portions of the fides BGtoGi,and DG toGE, 
For forafmuch as that there are three magni- 
tudes, dG,GT,andG7?,and GT isthe meane of 
thefayd magnitudes : and the proportion ofthe . 
extremes 4 Gto G4 confifteth ofthe meane prò- . : | | 
portions (by the 5.definition cf this booke) namely;of the proportion of AG toG T, 
and'ofthe proportion GT to G7: Butthe proportion of 4G to GT is one and the 
felfe (ame with the proportion of the fides B Gto GJ (bythe firft of this booke) , And 
the proportion alfo of GT to G& is one and the felfe fame with the proportion of the 
other fides,namely, D G to G E (by the fame Propofition) . Wherefore the proportion 
ofthe parallelogramnies 4G to G7. con(ifteth of the proportions ofthe fides BG to 
Gl,and DCtoGE, Wherefore equiangle parallelogrammes are the one to the other 
in P proportion which is compofed of theyr fides : which was required to be 
prouca, " 





— $a» T be 18. I beoreme. — d be 24. Propoſition. 


Jn euery parallelogramme, the parallelogrammes about the 
dimecient are lyke vato the whole,and adfolyke the one to the 
other. | 4 a I " 










Vppofey there bea parallélogramme ABC Dand let the dimecient 






| emonf ration | S 7 

sf rb propifoié : X X x therof be AC: and let the parallelogrammes about the dimecient A 
— ae SRX KAC be E-G and A K. Then I fay that either of thefe parallelogrames 
paralegramme CERS E G and H K is likevnto the whole parallelogramme ABCD and 


* . L v^ à = è ~ 
bole peeled al[o are lyke the one to the other.For forafmuch as to one of the fides of the trians 


grime ABCD. gle ABC ,namely,to B Cis drawena parallel lyne E F,, thevfore as 'B E is to.E 
AA, fo( by the 2. of the fixt is CF tok A. A lgayne forafmuch.as to one of ¥ fides 
| a © Vive. | of the 


of EuchidesElementes, = = Folr7z. 


of the triangle A D C,namely,toC Dis draweia parallel bine EGY therefore 
(bythe fame Jas C.F is to F A fois DG to G-A.But as C Fis to F A fois it pros 
ued that BE is toE A.Wherforeas DE isto BA, fo(by the 11. of the fifth) 
is D G to G A. Wherfore by compofition( by the r8. of the fifth jas B Ais t A 
E Jois D Ato AG. And alternately (by the i6.of the fifth Jas B A is to AD, 
ſo is EA to AG. V. herfore in the parallelogrammes ABCD andEG J fides > 
-which are about the common angle BAD are proportionall:And becaufey line- 
G Fis a parallel yato the yneD C, therfore the angle AGF (hy the 29. of the: 


firft)is egual vato j angle ADCF Inpo s ; 


angle G F A equall ynto$ angle «DC M50 n a A ee 


and the angleD ACis common to the 
two triangles ADC and A EG.Whers «oM 
fore the triangle D-AC is equiangle ~~ 
ito the triangle AG F. And by the G1— 
famereafon the triangle A BC is equi mE 
angle pnto the triangle AEF. Where ` 
fore the whole parallelogramme ABC 

D is equiangle pnto the parallelograme : | 
E G. Wberfore as A IDisin proportion: k £ 

toD C, fo( by the 4. of tbe fixtb)is AG. — | 

to'G F,andas «D. Cis toC AJo isG FtoF A, And as ACis to€ B, fois AF to 
F E. And moreouer as C B is tofB A fois FE to E A4. And forafmuch as it is 
puoned that as.D.CistoC A,foisG Fto F A: butas ACis toC B, fois AF to 
RE. Wherfore of equalitie (by.the 22.0f the fifth) as D Cis.to CB foisG F ta 
PE. whereforein the pavallelozramme ABC ID and EG, the fides hich 
inclide the equall angles are proportionall .. Wherefore: the. parallels gramme 


‘ABC Dis (by the first definition of the fixth’ like puto tbe parallelogramme 
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And by the fame reafon alfo the parallelogramme ABC Dis like to the pas 
vallelogramme K EA: wherefore either of thefe paralleloorammes E Gand K 
Fi is like ynto tbe parallelogramme A BC 2. But re&iline figures which are 


gy 008 : 
I ~t] * 
» "ud | E v € ` 
> 4 


V.S 


That the parate 


lelosrime K Hf 
ss leke to the 
whole parallelos 


like to one and tbe [ame veétiline figure are alfo (by the 21. of the fixtb) likethe £2 ^ *- 


one tothe other. Wherefore the parallelogramme E Gis tke to the parallelo» 
gramme Fi K.Wherfore in exery parallelogramme, the parallelogrammes a 
bout tbe dimecient are like ynto the-whole, rand alfo like the one to the othere.i: 
Which was Feguiredto bépyouódo 770 Sn ben rook comune 


e 3 cor 
e v béa 5 ow 


q Another more briefe demonftration after Flu(Sates. 

Suppofe that there bed paralleloztdme 4 BG D,wholedimetient let be AGiabout 
which let confift thefe parallelogrammes E KandT J, hauing the angles at the pointes 
Aand G cowimon with the whole patallelogrammed BG D-ThenI fay,that thofe pa- 
rallclogrammes E X and 1/7 arelike to the whole parallelogramme ‘D'B and alfo-ate 

| 2» ike ^ 


omi Qa. ij 


a cD. 


That the parale 
lelogrammes 

E Gani KH 
are like the ona 
te the ather, 


An other 
Demontfr4- 
tion after >, 


Fiuffetes,. Bt) 


4 * 4 «^ 2 E 3 
3 M * + as b e x » ys ‘ a 
4 M d sm e 4 b 
i » A s : X / es 
a om. OP BG fee. Wee am Sioa a, a 2* 
2 bei VT'befixtbBoofe "^ ` 
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like the one tothe other... For forafmuch as 8 D;E.K; - 
and.T J areparallelogrammes, therefore therightline + > 
ed ZG falling vpon thefe parallelllines efEB,K ZT, | 
and D I G,or vpon thefeparallelllinesz4 X D,E 7 Lànd ^- 
B1 G,makeththefe angles equall theone to theother;. 
namely,the angle E 4% to theangle KZ 4, & thean- 
gle EY A totheangle KAZ, and the angle T ZG to K — 
theangle 2G/, andthe angle 7’ G% tothéangle/Z<G, : . 
andthe angle Be4.Gto the angle.-4G'D: and finally, |. 
the angle B G e4 to theangle DAG, Wherefore (by _ 







the firit Corollary of the 3 2of the firft, and by the 34. $ 
of the firit) theangles remayning are equall theoneto .. | 

the other, namely,the angle B to theangle'D, andthe . E 
angle E totheangle K, and theangle T to the angle D e 





Wherefore thefe triangles are equiangle and theréfore D i 


like the one to the other,namely,the.triangle 4ABG to EE 
the triangle G D 4, and the triangle AE Z to the triangle Z K 4, &thetrianglez T. G. 
to thetriangle G7 Z . Wherefore asthe fide &/172 isto thefide B2 G, foisthefide 4E 
tothe fide E Z, andthe fide ZT to the fide T G. Wherefore the parallelogrammes 
contayned vnder thofe right lines namely the parallelogrammes.4BGD;EK,&.TL. 
arc like the one to the other (by the firft definition ofthis booke) . Whereforein every | 
parallelogramme the parallelogrammes. &c. as before:which was required to bede- 
monflrated. l N i 27 A wwe Oa Te Tur post 


y A Probleme added by Pelitarius. 9 


Pd 


p 


L2 wo equiangle, Paralielogrammes being geuen, [o tbat they be not like, to cut of, from 
„O of them a paralelogramme like unto the other. + ` — — 
LN , 3» WE. ; wm T. à oer 3 "i ' "7 


“> Suppofethatthe twoequiangle parallélogrammes be ABC DandCEF G, which 





Miss ! | 
editos = let not be like the one.to the other. It isrequired from the Parallelogramme ABCD, 
" tocur ofa parallelogramme like ynto the parallelogramme CEFG..Let the angle C of 
the one beequall to the angle C of the other . Andiet the two parallelogrammes be {6 
let;tharthelines-B C & CG may makeboth | ^— "c — 9 p 
; É h B Pase Hud’ H a D 
oncrightline,namely;2G. Wherefore alfo ————— dm — 
the right lines DCand CE hall both make 
one rightline,namely, DE . Anddrawea 
pos `>- Hine from the poynt-F tothe poyntC, and | ` af 
"e ^... producetheline £ C till itcócurre with the |. i iG 
, .... line 4 D inthepoynt Z.Anddraw theline B K aic — ch 
HK paralleltto theline CD (bythe 31-0f © "^ 5^ 0c a a ne 
. théfirit). Then I fay,that from the! paralles 755 77. | o SS 
4 . logramme 4Ciscutoftheparalldográme |... p. N sls 
| CDHK, \ike vnto the parallelograme EG, _ a’ th” Ky Ul Aer, E 
— Whtchrhingismahifelbythys24;Propó- " ^ . ^" ^ OU LZ SES 
y * fition:; For:that. both the fayd parallelo^ ^ ^ ^. iui Eic3:syee n7. AWWM | 


am 


* ais 


_ An ostherad« 


dition of Pe-. 


étertaso 


grammes are defcribed about one & the felfe fame dimetient . And to the endit might 
the more plainly be feene, Ihaue made complete the Parallelogramme ABGL. ` 


av gf An other.Probleme added by Pelitarius. 


44 


voci Betmene tmoreéfiline Superficieces, to finde out a meane fuperficies propartionall, ` 
| i ai wf ie " d Gros aq ata Tt) galery hype 


Lu % { 


"odd pm ra; ; E F} - Ll & on * f 7% | "-- : 
0 Suppofethat the two fuperficieces’be A and: B; betwene which it is required to 
place ameane{uperficies proportionall, Reduce the fayd two reGiline figures 44 dnd:8 

UNE ma « vnto 


of Euclides Elementes. Fol.173. 


TES y = e N : y qe 
rnto twolike párallelográmes (by.the.18.ofthis booke ) orifyouthinke pood teduce. 
eyther of them tea {quare,(by the daft of thefecond).. And letthẹ faid. two parallelo- 
grammes like the one to the other and equall to the fuperficieces Aand B, be CDE: 
and FG H Ko And let the angles: F in-either ofthent be equall which two angles let be 
placed in fch {ort that the.two parallelogrammes ED-and HG may be aboutoneand 
the felfe fame dimetient.C K (which is done by putting the right lines £ F and FG in 
füchfortthátthéyboth make'oneightlie,namely, ^ ^ ^. 7 20 IL 
®G). Andmake cOpicte the parallelograme CLiKAL, © 9 
Shen I faysthat cither of the fupplements F L &F Mis, | yn, 
a meane propcrtionall betwene the fupetficieces C F & A 
FK iatis, bétwene the fuperfitieces A and 8 : name- ^77 
lysas the fiiperficiés: £4 G. istothe fuperficiesF-L, fois: 

the fame fuperücies P.L co. che faperficies E ‘D..For, by 
this.24. Propofition the line A’Fis tothelineF Dias ^. low. 
the line GF isto tlie line &E But by the árftof this ^ 
beoke).asithe line 7 Fais to thedine F D, foris the:fus > «+ 
pericies J7 tothe (upetticicsF Paandasthe line QP. |; iy 
1$ tO the [in T Efoalío (by.the fame) is thefüperfides . 1. 
F.b tothe fuperficiés E:D:. Wherfore(by the r1.ofthe 
fif£) a$thefuperficies 2G istothefuperficieSFL,fois |. os. ave o 
the fame fupetficies F Lto the fuperficies E D : which sif, elf. i dl 
was required to be done. CONES C S 


$89 1 be 7. Probleme. — 9 be 25. Propofiion. | 


“< 





D- Unto aretliline figure genen to defèribe another figure lyke; 
which fhal alfo be equall onto an other rettiline figure genen: 
SN aah = Sint 


y" y te we 


— 2⸗ ”b 
territor — — * 


Vppofe y tbe retiline figure ecu£ "wberuntois required an other to be 
made like be A BC,and let the other reétiline figure ‘whereunto the 
Jame is required to bemade equal be D.Now it's required to defcribe 
== a vectiline figure likepnto the figure ABC, and equal Ynto the fiè 
gure D. Vpponthe lne BC © 77 a Ys ee 
defcribe (by the 44. of the | sut maie v. UU RT 
firjt)a parkllelogramme BE «o os c LAW EUN) 
equall nto the-triangle AB.” 
Cand by the fame vpon the: x 

line CE defcribe the parallea + \ 
logrammeC-M- equall mnto.'}.. | y 
the retfiline heure Dandin HBSS c oc e ee ES, 
the faid parallelogramme let . 
tbe angle. FC E, bé equal > ` Toy 
mto theangle CB LL, fud |... 
forafmucb as tbe angle FCE . + 
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gle BC E common to them botb-Wberefore th 


— 
* 











—— E ] ^ EN 
* a . . D " A 
X * 
> he 

e ! 

` 


eangles LBC and BC Eare e- 
Q. qi quall 


«P 


Conftrntiiote 


Denonfiras 
Gp. 


Demon ffrae- 
$5053. 


ore v3 ~ 
» MAE e à 3*3, x 
ent 


—2 
œ , 


SP 


-m i Th vb R po DR 
$n UB efixt ORED E 


guall into thé dnigles BC E aid E CF batthe: 5 BCand BCE are ss 
a PA b p 3 E * -i Seay 4 : $ npe ud > MEC "uo p Ve Pie Bs Qi itat. x ^. 7^ Y 
qualità tuo riebt ancles (by tbe 29. of the fifty pbir fore alfa the angles BCE 
gnd ECE areequall.to.tw aright angles. Wherforethedines BiCand:C Fi by the 
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"racof tbe fw[t make botbone rigbtline namely;B. Fajd vi like fort o tbe limes 


E Eont E Mniake both onevight line, namely, L7 M. T ben (Ly be 15. of the 
Jtxtb ) take tbe meane proportionall betwene the tines B.C and G F, which let be 
G FÉ. And (bythe 18. of the fixth) bpon the lite GH, ‘let there’ be'defcribed a 
reétiline figure K F1G like bnto the rettiline figure.A BC, andin like forte fin 
tuate. And for that as the line BC,is'to the line GH yfoisthe line GEHL top-line 
CF: but if there be thre right lines proportional, as the firft is tothe third fots 
Second, the faid figures being lke and in like fort fituate (by — —— 
ry of the 20. of the fixth) wherfore ds the line BC is to the line CE. ous the tri 
angle A BC to,the trian ele KG HL. But as.the line BC is. tothe dyne CF Jors 
the parallelogramme B E to thepárallelooramme E F (by thëizofthe ‘fixth’): 
W herfore 4$ the triangle — ee Loan IV aliia E | (SIDE GE. Tias ud 
(B C ts to tbe triangle KGH 
fois the parallelogramme B. .. 
E tothe parallelogřamme E —— 
F. Wherforesalternately alfo- & s = sL 
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the parallelograma B Eni snosio si EM d de fy 
TE si Aa EE CESE Oa CES 
s Ns tthe triang ft à B = d e- * KCN ES Y ) á ^ . J4 t à 2 


quakanto the parallelugrãme | S 

2B E jwberfore alo the trian- ; 4o 3o A MOON ur 
gle KG His equal ynto the | beh ye Sy) ad) et Qa 
parallelogramme EF: but tbe parallelogramme FE is equall ynto the rectiline 
figure D.wherfore alfo the reétiline figure K G Flis-equall vuto the vettilive 
fure D, and the redline figure KG Hlis by fippoition like'onto he rec 
line figure A BC. Wherefore there is defcribed a rethiline figure’ KG Hike 
duto the rectiline figure geuen A BC and equall vitothe other rectiline figure 
genen D : which Was required to be done. 4 si omo ou 
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Ff from aparallelogramme be taken Awa El parallelograme 
like ynto tbe Yobole and in like forte fet, bauing alfo.:an angle 


common with it,then is the arallelogramme-about one and 
«a vhefelfe Aute dimecient witbtbewbole; ^ ^ veo ot 
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of £uididis Elogio. Foli74. 


. | Lá ae ae ai 0 0 e ose Aud yag 2 
Q Vppofe that there bea paralleloosasimp 2B CQ and fromthe pa fal» 
Sig y /elogramme AB C (D take away aparallelogyamme Ak like vate. the 


parallelogramme A BCD ,and smlike [owt fituate shating-alfothecane 







gle D AB common with tT hen I fay ; that the barallilpevirimies 8 C05 


| ie i asic a Soniye} 
and A Fare both about one andthe felf faine “dimectent,AF G,that is that the 
dimecient APC of the whole parallelogrammexABCD paffetbby tbe angle'F 
of the parallelogramme AF, and is common to either of the: parallelogrammes. 


For if AC do not paffe by thé point F ,thensft he pofsiblelet at paffe by fame. 
ther point as A H C doth. Now then the aumetient:A Fi Cfhall cutveyther the 
Jide G Ear the fide E F of paralelograiiie AE. Lan teat §jileG Fal ih 
point Fl. And (by tbe 1. of the firft) by the point Hi let there be drawen:to, ei 
ther of thee lines AD and BC a parallebline FER + wherforeG-K is aparalle: 










Ms Lied T : 2 ibat eorr at) THIS SH aG 
dimetient With paralleloovamme 4B CD... 15 18. 
And forafmuch as y parallelogrammes A P Wu 
C Dand G K are about one and the felf fame g| —AS 
dimecient ,-therfore ( by the 24: of the fixth) ^ € ——— 
the parallelogramme ABCD is like pnto . ud. | 
d -— 34 ; 4 > oF vn f 3 cA xe fus >= i auh pk ka Tae aaan COP — ae 
the parallelogranime GK Wherfore asthe ey ON 
dne D. AListotbe line AB,foisthe line.GAv.. eS UO 
zo cae ang d Keba tbe ueri of the fih [co iss 
definition of tbe fixth) And for that the pas’ ^ B^ — S 
Eye ws Re — Y» A Cx E Jlj POM E gu Y . "is ilii r PE TRY i URI * "NUM Y “i 
vallelogrammes ABC D> and EG are (Ey = 28 Ares x 
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fuppofition ) like,therfore as the line D-distothe ne ABfoisthelineG Ato — 
tbe line 4 E. W berfore the line G A hath one and the felfe proportion to either 
of thefe-bues AK and: AB: W, herfore (bythe 9:0f the fifth:\the line AKige ` 


quall vntojtine A Eamel j leffe toy.greater; whichiximpoffible.T herp 
famesnconientence alfo-will follow ,if you put the dimetient:A C to cut thé fide 


FE Wherfore:A (thedimetient of the-who le‘parallelogramme ABCD paf- 


Jeth by theang and poynt F: And therfore th "paralleloeramme A E F G is a» 
bout one and the [elfe [ame dimetient ~with the whole parallelogramme ABCD. 






Wherfore if from a parallelogvamme betakén away à parallelósrame lyké wnto 


the whole and in lyke forte fituate aumeal, oun angle common'swith itsthen 4s 

that parallelogramme about one-and thefelfe fametdimetientt swith the wholes 

which was required to be proued. cht n yen sd QUOS coarradlalbars 
i i ; vum "t. E s 
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Fromtheparallelogramme B GD let thére be takén away the. parallclogramme 
A EZ Klike and in like forte fituate with the whéleparalleloeramme ABG D and ha 
ning alfo the angle A common with the whole, parallelograname.. Then I fay.that:both 
e Re eas AZ and Az G do make one and the felefame right ling, De- 
hide the ides A Band BG inteewo equall partes in the pomites Cand Fibysie io of 
Q q. iii. the. 
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like and in like fortf tnate.ynto. the. apaa: G l 


gramme AF wanting in figuréby the 


ES logramme (D B: : Then: I fay, thatthe “oer ha citt rete caps 
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‘Hight line AG (bythe Corollary’ —— 
Gampane afterthez9, ofthe firft): Where s, 
fore Me anglesBAG, and B, CFare egàall gå 
(b yth is 29, of the firft): ‘but theangle RAS. i Don 
Lisequalt vnto che angle BA G (by rédfo. . E d 
thé parallelo grammes 2 sft uppofeds tobe: JA 


like) wherefore the. fame angle EA Z iS, Cru: 


Sci. 
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quallto the angie B CF, namely, t the. Qut-. actum | E 
ward angle tó tlie inward and oppofi ite an⸗ $C PET "a RAN ^s — 
gle.Wherfore (Bythe a 8. of che dbi Ww heat ERA. Pe NRN at 
Hines AZ and C. Fare. arallel Iynes - Now. «solus a 2 PN, e an SEL 
thén thelines A Žan 'A'G being parallels" UPS — — D = xy 
tó óne'andthe ſelfe ſame lyne, nainély; tO AERA T Caw Moa, 
CFdocencurreinghépoint A.Wherefore ss cy h SAS seals 


they are fet directly thé one to’the other, fo, that they both. ced one —* lioet by that 
which was added in theende of the 36, ropofition of the firft) wherfore the parallelo- 
grammes ABG D,andAEZ K are about ¢ one andthe felfe fume dimeticnt' which Was 
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| poil ed 20. Theoréme. 


Ofall » clogrammes —* toia right line: wanting in JA 
| gure by parallelogramuies like and in like fo rt fituate ‘to that 
| < parallelograme which is deferibed ofi the halfe line: theg grea- 
test parallelogramme i 15 that mbicbs is, de eje ribed A oh the haji ? 
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ITN Et ‘there bea right line AB; ibd ( by the: 40. * she fuf) deuide it in 
V S ibo equall partes in the point C..And tntothe right line AB apply 
Ry [Np Nea. parallelogramme. AD. ranting in figure by the parallelogramme 
PAE D Be whicklet be likeandin'like fort defcribed ‘puto. the paralleloe 
cQ a eramme:defcribed. of halfet ue line B —— i5, B c Tien Ifa 9, 9» 
that af 9 the parallelogrammes cbich.: Jt. 

enay. bó applied yniotbe line A.Brand~ 
dbicbevát in fieure by parallelogřämes: B | 





rallelogramme DB the greatofl i is the 
parallelogramme A D. For uto y right 
line AB let there-be applied. a parallels: 


parallelogramme. F B, Which let be like 
and in like fort fit tuate onto ‘the. “pare alles. 
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as the paralleligranime D Bis like nto the parallelogrammeE B therfore (by 
the 26.of the fixt ) they are about one and the felfe fame dimetient. Let their diz 
mettent be 4B and makecompletethe figure: Now forafinuch as( by the 43. 
oL firft )the fapplement E Cis equall wnto the fupplement F E sadde the figure 
FB common to them both .wWhereforethe whole foure CR is equall’ynto the 
whole figure KE. But the figure CR is equall dato the Rouré CG ( by the 36. 
of the firft.) forthat the bafe:AC is equall vii to the bafe CB. W Lerefore ‘the fi- 
gure Caseqnall ynto.thefigure KE Adde the figure. CE common ynto.tbem 
both JP berfere the whole figure A F is equall ynto. the whole Gnomon LMN.: 
Bat thh olé parallelogramme D'B is greater then the Gn ömon LMN ( by 
the 3:common feñtence ) Wherefore alfo isgreater thën the' para llelogramme 
AF. But.theparallelogramme A D is egual. yuto the parallelogramme DB 
(bythe, 36.of the firft). Wherefore the parallelogramme AD is greater then 
the parallelogramme A F . Wherefore of all parallelogrammes applied to aright 
line wanting in figure by parallelogrammes like and in like fort fituate.to that 
paralielogramme which 1s defcribed of y balfe line, the greate/t parallelograme is 
that which is defcribed of the halfe of the line, being like pnto the ant: which 
"Was reghired to be proued, v 9v T COINS PE ir 1S 

. Vigüime let AB be denided into two equall partes in tbe point C , and let the 
parallelocramme applied. "ppon tbe balfe lime be. A L “wanting in figure by the 


parallelogramme LB, which let be like and in like fort fituate wnto the paralle- 
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Fagramme AT Agane Ynto the line AB let there be applied an other paralle 
lgraninie AB wanting in feme DIDE E e 
rallelogranie E B being like and in like fort " a | 
fituate vntothe parallelograme LBowbich A 0 1 NE Ye 
15 defcribed ppon balfe of tbe line AB, Tp — 
Iſathat the parallelgramme Lapp ©}: 
ed vata balla the lng is prear Pe SIPAS o enie faha: 
parallelogramme AE. For forafinuch as T xa * 

the parallelogramme EB is like nto fhe \~ | 
parallelogramme L.'B,, they are ( by the'26. =~ 
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complete the whole fiure , and for tha tte figure LE ise. wall ont o Dé ode 
LEE (Ly the 36.0f the firft) for the bafe FG is equall mito the bafe GFL, ther. 
fore the figure LF is greater then the figure KE. Bi 


nto the figure DL’ (by che 43. of the fof). Whevefor the fcurd DI I 











greater then the figure KE: put the figure KD common to them both IP hers 
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(o Upon aright linegeuen; toapply a paralleloeramme equali 
— «wA t -ye a y ENT UK ei € Ade regt n E. * rtl = yes ipri A Ae 
"cto Aretuline fioure genen, C wanting in figure by.a paralle- 
M oM) one Y A ^e BP Ly ae WS SNe, S ee aS MU, E 
_ togramme like vnto a paralelograme genen, Nowit beho- 
Dees: D EN — s Re » 1 | rhet "T E » : its LM aa ced 7 D. E g : »4 
- ttetb tbat tbe reHiline igure geuen, whereunto the parallelo- 
t 09 BU T^ — - " : TS i eec Mo. t ' rt j "à š ™ 
| grüme applied iauft be equall,be not greater the that paralle= 
(OW IC : $e ge 4 eu ds, yt 5 wm PC Y j M 
logramme, which [ois applied upon the halfe tyne, that the 
‘ ‘ defettes fhall be likesnamely, thedefedf of the parallelograme. 
--< applied wponthe halfe line, and the-defett of the parallelo- 
A "f Y Uwe Ts 3 3 SPADA 2 AA ofa. ) i | ar I 4 La e p» sf je Th ^ 
C gramme to be applied whofe defettis required to be like vü- 
| dashe parallelogramme gene a. cisco com nse 
J tofe the right line genen to be. A B, and let the reétiline figure gee 
uen wherunto 1s Yequared to apply bpon the right, line.AB an equall 
Sy re&aline fiaure be C, which figure C fet uot be greater then that pas 
QUU feet ralllogrdme Mbich is [o applied npon the halfe line, that the defeézes 
-— Jhallbe ike „namely, thé defeit of the parallelogramme applied upon the halfe 
— me td tbe defeéz of tbe parallelogramme to be applied (-whofe defe& is requie 
i-o red to be like pnto tbe parallelogramme geue ). And let the figure whereunto the 
— defeſtor want oſthe parallelagramm s, o E E na a RN 
svasc required to be like be D.Now it isveguis LP it » 
acude | n c a 3 ee pe Te P $ 
ad, red ypo y right line gene AB;to défcribe. ces Y I 
S i9 : oe a S pr -9 2 — 
‘3 nto the rettiline figure genen C, ances, za o si 
| E M EPEAT KEREN > ie X peser de opm, go za 
Spec qual parallelogramm wanting in figure ` — | 
ConiizsGion, by d parallélogramme like pnto ID. Le. | - 
wie e D. j" A) r Dig tA. L 
the Une DM by the 10. of the feft) be M | 
deutdéd into two equall partes tn y point, . | 
E. And (by tbe-18.-of tbe fixtb ) vppon. i 
3: - TN CN “7 « ti epus! ) 
the line EB defcribe aveétilinepgureE |x 
BEG like yntothe parallelogrammeD > A 
3 UN JW QUY o£ VA SB a i 1.424294 Uy 1 d^ — 321354 C 
andih like art fituate, “which fhallalfa. 
Mixer E UB our — E 
ea paralelograme dndgmake complete. ......| "S 
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then it By fuppofition. If the parallels, ye il 
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gramme AG be equal puto the retilinefigure C, then 1s that done which we 


The fef cafe. /ought fak or then vpo the right line 4 Dis de[cribed ‘pnto the reétiline figure 


genen 


of Euclides Elementes. Fol.176. 


geuen C an equal parallelogramme A G wanting in figure by the parallelograime 
G B, which 1s like pnto tbe parallelogramme D. But if A G be not equal vnto C 
then is AG greater then C ,but A Cis equall pnto GB ( by the firft of the fixt ). 


Wherfore alfoG Bis greater then C. Lake the exceffe of the reciiline figure B 


The fecond 


Caffe 


G aboue the rettiline figure C ( by that which Pelitarins addetb after tbe 45. of. 


— — — t 


the firft) And vnto that exceffe (by the 15.0f the fixt ) défcribe an equall re£fis 
line figure K L. MIN. like and im like fort frtuate'ynto tbe re&filine fieure p» 
But the reétiline figure Dis like vnto the rectilme G B,wherfore alfo the relia 
line figure KLM N is like vnto the rectiline fieure G B by the 25.0f the fixt) 
Now then let the fides K Land G E be fides of like proportion, let alfo_y fides 
LM and GF be fides of like proportion. And fora/much as the parallelogriime 
G Bis equal vnto the figures Cand K. M, therfore the parallelogramme G B. is 
greater then the parallelogramme K M. Wherefore alfo the fide G E is greater 
then the fide K L, and the fide G Fis greater then the fide LM, vnto the fide 
KL put an equali line G O ( by the z. of. the ftrft ) and likewife puto the ftde.L 
M put an equall ine GP. And make perfett the parallelogranume 0 GP X. 
Wherfore the parallelogramme G X is equal ex like pnto tbe parallelogramme 
KM. But the parallelogramme K Mis lyke vnto the parallelogramme GB. 
Wherfere alfo the parallelogramme G X is like ynto the parallelogramme G B. 
HV herfore the parallelogrammes G_X and G B are ( by the 26. of the fixt ) about 


one and the felf fame dimecient. Let their dimecient be G B and make complete 


the figure. Now forafmuch as the para lleloerarime B Gis equall ynto the ve£zi- 
line figure C and ‘pnto the parallelogramme K.M, and the parallelogramme G 
X whichis part of the parallelogramme G Bis equal bnto K MW herfore the 
Gnomon remayning Y QV is equall Unto the reétiline figure remayning , name: 
ly,to C. And forafmuch as the fupplement.P R is equall ynto the [upplement O 
S pnt tbe parallelogramme X B common, ynto them both. VW berfore tbe whole 
parallelogramme P Bis equal vnto the whole parallelograme O B.But the pae 
rallelogramme O Bis equal pnto the parallelogramme 1' E:by tbe 1.of the fixt, 
(for the fide A E is equal'ynto tbe fide E. B) W berfore tbe pavallelogramme '1' 
E is equal'ynto tbe paralleloeramme (P B. "Put tbe parallelogramme O S com- 
mon to them both.Wherfore the whole parallelogramme T Sis equall nto the 
-Whole gnomon Y Q Y. But itis proued that the gnomon Y Q V is equal vnto the 
rectiline figure C.Wherfore alfo the parallelogramme T S is equal vnto the rez 
ctiline figure C. Wherfore vpon the right line genen A Bis applied a parallelo 
gramme T S equal ynto the reétiline figure geuen C,and wanting in figure by a 
parallelogramme X Bwhich is like nto the parallelogramme geuen D for tbe 
parallelogramme X Bis like vnto the parallelogrammeG X: which -was res 
quired to be done. © ` | | 


A Corollary added Ly Fluffates. 


Hereby it is manifest that if upon a right line be applied a parallelogramme wantyng 


A Corollary ad- 
ded ay Fluffaz 
tes, and is put 
of Theon asas 
afumpt before 
the 17. propoft- 
tronef the téth 
booke: which 
for that £t follo- 
weth ofthis 
propofition t 
thought it not 
amife here to 


place. 


! 


Conſtruttion. 
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in figure by a fquare,the parallelogramme ap- "— — 
plied [hall be equall-to the rettangle figure Th. asina ui 
which is contayned under the fegments ofthe |.. * Ww ta 
line ceuen which are made by the application. 
For the reft of the line is equall to the o- 
ther fide of the parallelogramme applied. 
For-that they are fides of one & thefelfe A. 
fame fquare. asthe parallelogranme AG » 


) 


is contained vnder thelines A D 


* 
‘ 





^ Dand D B,or D.G which is equalltoD.B. «sv: 


+ . 


` fa The 9. Probleme.  The29. Propofitions. > 
Upon aright line geuen to apply a parallelogramme equall 
 ynto a rethiline fipure geuen, and exceeding infisure by a paz 
` "rallelogramme life vntoa parallelogramme genen.. È 


qua ppofe the right line genento be AB, and let the rectiline figure genen 
: T — tal : A —— Je $ ; m 4 iM eM a) 
| Whereunto 1s required bponthe line. B to apply. an eguall parallelo- 
SLE IT MATS NICK | " |! i uni) * ue cdm rr 
-eramme be C : let alfo tbe PT allelooramme *wberunto y exce[Te is requie 





red to be like, be D. Nom it is regnis 
red bpon the right line AB to apply 
a parallelogramme egnall Ynto the 
reétiline figure C and exceeding in fiz 
pure by a parallelogramme like nto 
the parallelogramme D . Let the line 
SAB be (by the ro: of the firft ) deui- 
ded into fwo eguall partes in thè point 
Es And'bpon the'line EB ( by the 
‘782 of the fixt )deferibé a. parallelo" 
gramme (B F like vito the figure D; 
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of Enchdes Elementes. Fola77. 
thefe figures.B Fi and C;defcribe an-equallreétiline figure: G. EI like *rito tbe 
figure- D and in, like fort fithate (by the 23.0f the fixt ). Wherefore the paralles 


lo gramme G. His (by tbe, 2 1.of the fixt..) like nto the-parallelogramme.B F. 


Let the fides KH andFL he fides of like proportion- ,and [o.alfo let tbe fides 
KG and F E be. And forafiucbas tbe parallelogramme G FE is( by conflyuéti- 
on ) ereater then tbe parallelo gramme FB- therefore, theline, K H is greater 
then the line. FL „and the line; K; Gis greater then thé iine F E . Extendthe 
lines F L and FE to the pointes M & N ,and-pnto the line KH put an equall 
line FL M, and likewife vntothe line. KG. put an equall line FEN: and 
make perfect the figure MN Wherefore the parallelogrammé MN is équall 
and like ynto the parallelogramme G H., But tbe parallelogramme G F1. is like 
*vnto the parallelogramme E L.. Wherefore alfo the parallelogramme, MN is 
like ynto the parallelogramme EL .W herefore the parallelogrammes. EL and 
MN are (by the 26. of the fixt) about.one,and the fame dimetient .Let.the 
fayd dimetient be FO „and make perfect the figure . Now forafmuch as the pas 
rallelogramme G FZ is equall ynto the figures E Land C.. But by conftruction 
the parallelogramme G H is equall vnto the parallelogramme MN . Wherfore 
the parallelogramme MN is equall vnto the figures E LandC. Take away 
the figure E L which ts common to them both, Wherefore the Gnomon remays 


^ 
y 


ning namely; VYX., is equall ynto the rectiline figure C... And forafmucb as 


the line AE ts equall vnto tbe line E B, therefore the parallelogramme: AN 
ts (by thè 36. of the first) equall nto the parallelo gramme. NE, that is; bnto 
the parallelogramme LP, which (by the 43.0f the firft)is equall vnto the pas 
rallelogramme NB. Adde the parallelogramme BO common to them both. 
Wherefore the whole parallelogramme AO is equall vnto the Gnomon V Y X. 
Dut the Gnomon VX X ts equall nto the rectiline figure C. Wherefore the paz 
rallelogramme A 0 is equall Dato the re Giline figure C? Wherefore vpon the 
right line genen A Bis applied the parallelogramme AO equall ynto the rectis 
dine figure genen C, and exceeding ni fictiré by the parallelogramme QP which 


is like nto the parallelogramme genen ‘D For the parallélagramme Dis like. 


nto the parallelogramme BF: and thé-parallelogramme BF is like vnto the 

eT Oy yy T, AM nu Ve Ser ris 9 Beye, ey 7 
parallelogramme P Q: Jortbey are about one and the felfe fame dimetient : 
which as required tobe done. ^ T. SANS p v diu ACT cons mns 
MK xo sonas weitu rs 
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Todeude aright liie genen by an extreme and meane pro- 
portion... 


b. a 2 AR F * o cR i Ee 
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Xs F'bpofe tbe vigbt line geuen to De AB... It i5 reqnired to denide the line 
EX 21 3 . y 5 i ^ t Y * * è 5 uh AA * AE 





(hy the 46: of the fft) a fquareB C And pon the line AC ( by the 
. Rr]. 29.0f 


Š 
Demonſtra- 
teon. 

2 d a l 
OAS 


— M AB by an extreme and meane proportion i V pon the line AB defcribe Conſtruclion. 


un 


Demeuitra- 


fien. 


An other 
Paye 


Junto, : ? 
Y Mad 1T ‘ 
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E them both. Wherefore the figure reniayning, Ree aise SES ue D 
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29. ofthe fixt )applie a Pparallelgramme C Degiall vito the [quare B. Gand 
exceding s in figure by the figure AD lke'pnto tbe: fig ure BC: Now-BC ish 


jqitare: Wherefore alfo AD isa Square. And fos as BCA See 
CDs take away the figure CE which i is. common 209 vs A à i 


wwe 
; 


name ee F, is equall tothe figure remáyning y —R . ^ ud Wro 
namely oA D; anid the angle E of the one is ee 9 vA 

quallynto the anole E of the-other. Wherefore pi 
(by the 2. definition ofthe fixt; ‘and by the 14. * 

the fi. xt) the fides‘ of the figures’ BF and A 
which containe the equall angles, are recipr okall: 3 
Wherefore as the fide FE is to the ide ED fois `` 
the fede’ AE to. the fide EB. But the fide FE um 
En HU ynto the lé AC, tbátis,'ynto the le^ 


AB; and the fi de- ED ‘is. -equall ynto the line ^ | 3s b | 
b 
C 


h 
: $3 $ 
ord bot SB 
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A E C by the 34.0f. the fiv[t.). Wherefore as the: c 
line B Ais to the line AE o thé line A Etos =w ve agen wi 
theline’ EB. But the line AB is gréaterthen ^ 500 IE pine t tA 
the line LE. Wher fore alfo the line'A Eis gre Uo A EA ok SN 
ter then the line E Bo wher efore the right line A B is denided by an extreme 
and meane proportion the point E: and ur greater c ment ool is ‘A E; 


— * ‘was d to * MUS M -TORS 
ni SE: Án olerway. LEE g D 


3 ‘uppofe the right line geuen to be AB. Itis gerd to denide the line A B 
by. an.extréme and meane proportion. Deuide.the line AB in the point C( by the 
1L of the fecond) )m Ma (C hjort that the retan cle fi gurc —— nder the 
lines A B and B C may bee uall’ ynto. the ejquare ders | sss yos en 
Jeribed of the line CA. An forafmuch: as that which. adios US a b * 
i$ comprehended nder, the lines ABG. B C4 vo -equall..... T VM "— 
pato the efquare made of the line A lal therefore. asthe . 9 secon 
line 'B A is to the line AC, fo ( by the 17.0f the ff. xt)i is ‘the a y Qi to y» lin 
C B. T berfore tbe line A B is denided by an extreme Gr meant epai in 
the point Ç. PIR was required t £0 be done, Neary ot a gt 
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See The, at. T heoremeen LT egi. Props Hon. 


"MX. SS M 








E S: bares 


" retlangle ti tangles t the fg ure made ofthef ng Jelteuding 
s b right ang vun is sequal unto 2 ile figures. made oft the. ides c0. cõ⸗ 


wit ending ihe right angle, Ja that the e fad tbrée fteures bé 
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of Euchdes Elementes. Fol.178. 
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YA A tight angle. T he 1 fay that the figure which is defcribed of the lyne B: 


WNA, C-is.equall yntothe two figures which are defcribed of the lines B A 
—L 9, 008 a i thre fteures being like the one tothe other andin likë: 
fort defcribed.From the point A( by the 12. of the firft let there be drawne vn⸗ 
tothe line BC a perpendiculer line AD. Now forafmuch ásin ý rectangle trian⸗ 
gle AB Cis drawen from the right angle A vnto the bafe BC a perpendicular. 


ry 


(C wail ppofethat there be atriancle ABC, whofe angle BAC let be a. 


Confirutions 


iine AD therfore the triangles A BD and A DC fet Ypon the perpendiculer’ Demonfira~ 
line are like vnto the whole triangle A B Cand alfò-like the one to the other by tions 


the 8.of the fixt ). And forafmuch as the triangle AB C is like vnto the triangle 
ABD, therfore as the line C Bis to the line BA, fois the lme'AB to the lyne. 
BD. Now for that there are three right lines proportional,therfore (by the 2- 
correllary of the 20. of the fixth ) as the firft is to the third, fois the figure made 
of the firft, tothe figure made a | "er IDE 
of the fecond, tbe [aid figures y | 
being like and in like forte dés |" 
feribed. Wherefore as the bine - 
BC isto the line BD, fois the - 
figure made of the line. BC to” 
the figure made of the line B 
As they beyng like and in lyke >- 
fort defcribed. And by 9 fame 
reafon as the line B C is to the 
lyne CD, fois the figure made ` 
of the lineBC, tothe figure 

made ofthe line C A, they bez.. 
ing like and in like fort defcriz 





z 


bed. W berfore as the line'B C isto tbe lines (B D and DC fo is the figure made 


of the line BC to the figures made of the linesB Aand AC, they being like and 
in like fort defcribed. But the line BC is equallynto the lines BD and DC, 
wherfore the figure made of the lye BC is equall nto the figures: made of the 
lines B A and AC,they being like and in like fort deſcribed. Vherfore in rectan⸗ 
gle triangles the fi gure made of the fide fubtending the right angle is equal! pnto 
the figures made of the fides comprehending the right angle fo that the faid thre 
figures be like and in like fort defcribed : wbich"was required to be proued, — 


| Swetnotherway. s 00s 
cr For afinuch as ( by the firft correllary of the 2o. of. the fixth Mike re&iline fiz 


Sures are in double proportion to that that the fides of like proportion are, thers 
| r. ij. fore 
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fove the reétiline figure made of the kine BC is pnto the reétiline figure made of 
the line'B A in double proportion to that that the lineC Bis to the line B A, and 
(hy the fame ) the fquare alfo made of the line B Cis puto the.fquare made of the 
LineB Ain double proporzion - SSA VAT amet NT E 
to that that tbe line CB is yu» ` — a2. | 
tothe tine B.A. Wherfore alfo 
as the rectiline figure made of 
` the line CB is tọ the rettiline » 
figure made of the line BA fo 4 
-~ asthe fquare made of the hne < 
_« CB to the fquare made of the B 
dine BA. And hy the fame rea 
fon alfo,as the rectiline figure: 
made of the line BCis to-the 
rectiline figure made of y line 
C A, fois the [quare made of | 
the line BC to tbe [quare made "wur Ci Wh. be 
of tbe Ine (/A.W berfore alfo as the reétiline figure made of the lme B C ts to the. 
reciiline figures made of the lines B A and AC, fois the fquare made of the line 
(B C to tbe [quares made of tbe lines B Aand AC. But the [quare made of $ line 
BC is equall ynto the fquares made of the lines B.A and AC (by the 47. of the 
firft) Wherefore alfo the rectiline figure made of the line BC ts equall ynto the. 
re&tiline figures made of the lines B.A and AC, the faid three figures beyng lyke 
and in like fort defcribed. . | y 





T he conuerfe of this Propofition after Campane. 


The connerfe Yf the figure deferibed of one of the fides of a triangle be equallto the figures which are 
of the for w defcribed of the two other fides the fayd figures being like and in like fort defcribed, the tri- 
prop oea angle foal be avettangle triangle. D 
'. Sunpofe rhat A B.C bea triangle,and let the fi- 

qur Aecribed gf the fide B C beequall;tothe C 
two figures defcribed of thefides AB and A C, "um 
the (aid figures being like,and in like fort defcri- 
bed. Then I fay that the angle A isa right angle. 

Ler the angle CA D bearight angle,and put the 
line A D equall to the line AB, and drawealyne 
frem D to C:Now then by this 3 1. propofition, »; 
the figure mad¢ of theline CD is equall to the — // 
_two figures made ofthelines AC and AD, the  - » 
{aid figures being like and in like fort defcribed. | ] 
Wherefore alfo it is equall vnto the figure D vei B 
made oftheline B C, which is by fuppofition e- — | 
.qual to the two figures made ofthelines A C and A D (for the line A Dis put equall to 
theline A B) wherfore theline D C is equall to the line B C. Wherfore (by the 8.of the 
firtt theangle B A Cisarightangle, which was required to be proued: " E 
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of Euclides Elementer, Fol.179, 
«Sap The 22, Theoreme. The 32. Propofition. 


dfiwotriangles be fet topetber at one angle, baning two fides. 

of the one proportional to two fides of the other, fo that their 

fides of like proportion be alfo parallels: then tbe:otber fides - 
_; remayning ofthofe triangles hak begn one right Une. Tass 
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).ieà ees hind WiO PR Faa : il JIE ANACI 3 7 in 
IRU bhie the tivo triangle tobe A B C sand DCE and let two of their 


VSD fides AC ex D C makean angle AC. D,and let the faid triangles hane 


Ewo fides. ofthe one namely, BA and: A C proportionall to two fides of l 
the other namely, to D Cand DE; oy as A Bis to AC, folet DC be to DE. — 
Znd let A B be a parallell'yito «D C and A C a parallell'pito D E. T benTfay, "^ 


that the lines BC and CE äre iñ one right ine. For fora[much as tbe line 4B 
| — p . TA; b. 


is.a parallell ynto the line D.C, and. 
pon the lighteth a right line AC: | 
therefore (by the 29. of the firft the - 
alternate angles B ACand ACD 
are equall the one tothe others dad - 
by the famereafon theangkC DE 
is equall yntoy fame angle ACD. - 
Wherefore the angle BAC isequall. 
yntothe angle CDE, Andforaf? Boss ios 
SOOO HEROS 109 ian aE Aa AVANA NOEs 
ABC and DCE; hauing the aigle A of theane equal to. the angle D of the 
other, and the fides about the equal angles are( by {uppofition proportional, 
that is as the line B Ais to the line AC, fois the line C D to the line D E,there 
fove the triangle, ABC 1s bythe’. of thè ſixt Requiangle vnto the triangle é 
DCE: Wherefore the angle. BC is equall tntotheangle DCE. And itis — 
proued, that the angle. 4 C(D-is equall vntotheangle BiAC, Wherefore the 
whole angle AC Eis equall ynio the two angles.A.B Cand BAC. Putthe ane 
gle ACB common to them both. Wherefore the:angles: A C E ánd A CB aye e- 
quallvuto the gles CAB, ACB, € BA: But theangles CAB,ACB, 
andl BA, are (by the: 32.0f the irl) equall (nto tivo right angles. Wi herefore 
alfo.the angles: ACE and AC Bare equall totmo right angles.: Nowthen Dn- 
točheright line A C, and vntothé point init Cyaredrawen two right lines: BE 
and CE, not omone and the fame Jide making the fide angles ACE ag A CB os 
eq uall to two right angles. Wherefore the lines BC.and CE( by the: 14. of the T 
faf) are [et dixetfly and do make one rightline. \Ifithereforestwa triangles be 
det together. at one angle haniny two fides afctbe one propwvtionalbio:tioó fides 
apy other, [o3 their fidesof like proportion beialfoparallelss-thenSifides Poni. vo 
Hing of thofetuarales [hall beinoneright Uinecwhich was required tole rowed. = 
A vi i | "m Rr. Although 
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NM 
Although Zuclide doth not difttiGly fet forth the maner ofproportion oflike 
rectiline figures, as he did oflines in the 10.Propofitió of this Booke; and in the 5, 
following it , yetas F/ujates noteth, is that not hard tobe done by the 22. of thys 
Booke . For two likerectiline figüres being geuen to, finde outa third proportio-. 
nall.: alfo betwene two rectiline fuperficieces géuen to finde out-a meane propor- 
tionall (which we before taught to do by Pelitarius after the 24. Propofition of 
this booke ) and mioreouer'three like rectiline figuités being geuen to finde outa 
fourth proportional like and in like fort defcribed,and {uch kinde of propertions, 
are eafie to be found-out by the proportions oflines. Asthus. Ifynto two fides 
of like proportion we fhould find outa third. proportionall by the 11. of this. boke; 
the-recüline figure'deferibed vpon that line fhalt be the third re&tiline f gure pro- 
portionall with therwo firft figures geuen, by the 22: of thys booke'; "And ifbe: 
twenie two fides of like proportion‘be. taken a‘meane proportional by. the 13, of 
thys Booke :-thercctiline figure defcribed vpon the fayd meane fhalllikewife-bea 
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4; meane proportionall betwene the two rectiline figures geué by thefaime 22..0fthe 


That the añ- 
gles at the ce- 
fer«retu pro^ 
portio tbe one 
$o the other as 
the circumfe- 
yences wheron 
ghey are. 


i 4 2 3 


fixt , “And foifviito thice fides geuén be found out the fourth fide proportional] 
(by tlié 2 ofthis bobke) the'rettiliine figure défcribed vpon the fayd fourth line 
fhall be the fourth rectiline figure proportional. For if the right linés be propotti- 
onall, the rectiline figures defcribed vpon them ‘hall alfe be proportionall fo that 
the faid rectiline figures be like & in like fort deferibed by the faid22.of thefixt, à 


t“, 


$ 14> 


SDT hezz. T beoreme. ‘The33. Propojition. T. 


Fn equal circles the angles baueone and tbe felfefame pro- 
portion that the circumfereces bane, wherin they cofft, whe- 
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27 the angles be fet at the centres or at the circumferences. 
And in like fort. are, the fettors which ave.defcribed vppon the 
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(qu ppefetbeequallorétestobe:A BCand D EF whofe centres let be G. 

Sp riled EL ant leetheanelesyet at their centres G and H jbeB G € and E 

BES TE: andlet the angles\fet at their circumferences be BAC and ED 
Ki, Chen Lfaysthatas the circumference BC isto the circumference EF fois 
theangk BGC to theangle EEF: and the angle BAC totheanglk ED F, 
and moreouer thesfeltor GBC. to the fetfor HEF. Vnto the circumference 
Be (by the 28. of the third) put asmany equall circuinferences in order as you 
pl piamelyj C Rand &Lzandputo tbe circumference EF put alfoas manye 
Yüall citcunferencesiwnumber as yon will namely EM and MN: And draive 
theferighthnesok,GL M;zand AN. -Now forafmuch as the-circumfe- 
ences B (CC K ind K Lave equal the one'to the other the angles alfo BG (C, 
wa CK sandRGL are (bythe 27: ofthethivd equal. the one tothe other. 
Iherforehoimmultiplex thecircumference ß Lis to the circumſerence ß fo 
muluplericpangle BG Lito theangle BG EC:And 5y fame reafon alfo, how 
Janulttplescthe circumference N Bis tothe ciresinference E F5Jo multiplex is the 
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of Euclides Elementes. Fol.80. 


angleN ELE to the angle E A F.wherfore if the circumference BL be equal 
pnto the circumference EN ,the angle BG L is equallvnto the angle EH N, 
and if the circumference B L be greater then the circumference EN, the angle 
BG Lis greater then the angle N HE, andif the circumference be leffe, the 
angle ts Jefe. Now then there are foure magnitudes, namely, the two circumfes 
rences B (Cand E Fand the two angles that is, BG (and E HF, and to the 
circumference B (and to the angle BG C,that isto the firft and third are také 
equemultiplices nainely the circumference.B L and the angle BG L, and like- 
wife to the circumference E F and to tbe angle E HI F that is to tbe fecond and 
fourth aretaken-certayne other equemultiplices namely tbe circumference E. IN. 
andthe angle EH N. Andit is proued , that if. tbe circumference B L/exceede 
the circumference E N thè angle alfo B G IL exceedeth' the angle E HN. And 
if the circumference be equall,the angle 1s equall and if the circumferece be leffe, 
the angle-alfois lefse. Wherfore ( by the 6:definition of the fifth Jas the circumfes 
rence BCis tothe circumference EF,fo is the angle BG ( to the angle EFF. 
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~ But asthe angle BG (is, tothe angle EHE; fo isthe angle B:A€ ‘tothe 
anole EDE; fortheangle BGC is double tothe angle BACzand the angle E 


i ^ 


Y 


FEF isalfo dónble'to the angle E D F( by the 20.0f thethird) Wherforeasthe 
circumference 5 C'is.to £he-civcumference,E F^; Joist hbe angle: B.G: Cto the angle 
E FL Eyandthe angle B AC.to the angle EOF Wherforeinequall circles the 
angles are mone and the-felfe, fame. proportion that therr circumferences: are, 
cwhetherthe angles befetat the centres or-at-the circumferences : which wastes 
gtüted todo Byoueda X «X sy aeos a e, T EX ose, lotes 
UN vn l ‘ — sêm A V qs y — "S * b. voy d 14, (1: 45 [nul A v n i (Uff MA, wh 
—— fay moreouer that as thécircumference BC is to the circumference- EF 0 
— fp * 2E ‘RB r4 “rtf Gi i wh - ra à n X ik T. p iyi eO ^ fu — * ri ba V9 V 
ts the fectorG BC. to the foizor HE P. Draw tbefe lines BC and CK. And 
«^ bo Palin, D tren eh oot atn nu wn 6 uiistvelo FOU yb Saas BO 
yn the circumferences P Cand G K take porntes at all aduentures namely JP and 
O And draw Inies frg BigP TTD neri C7 0:5 A ES Ano 
And draw lines from R and fron P, to C from C.to Ozand from to K. 
r9» d um I yr aO m HG Uie x AS VIE TIUIOCIEAM La TSOLUZZSS 
— (by the rs. definition of | the firft) the two lines BG and GE 
—— ee. Be Ue ARADO Bee MES TA 
areequan pnto the two limes CG andG K and they alfo comprehend equall ane 
p Rr. iii. gles 


That the añe 
gles at the cir- 
cumferences 


are fo alſo. 


That the fe¢- 


tors are fo 


alfo. 
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&des,therfore (bythe 4:of the firft) the bafe B Cis equal onto the bifel Ker 
tbe triangle GB C is equall'ynto.tbe tyiangle G.CK..dnd feing that-thecircuin 
ference B (Cis equalPpnto tbe circumference C K , therefore tbe circumference 
remayning of tbe bole circle 4B C namely tbe circumference BL A KOC! 
is equall nto the circumference remayning of, the felfe fame circle 4 B C name: 
ly,to the circumference CP BLA K. Wherfore the angle BP Cisequall nto 
the angleC O K (by the27.0f the third) therfore ( by the 10. definition of the 
third) the fegment BP C ts like vnto the fegment (OK ,and they ave fet bpon 
equall right tines BC and K (. But luke fegmentes of circles which confift-vpon 
equallright lines are alfo equall tbe one to-tbe other (by the 24.lof tbe third ). 
Wherfore the fegment BP Cis eqhall vnto the fegment CO K, And the trianz 





“gle GB (is equal vnto the triangle GC K.Wherfore the fe&for, G. B C is equall 
"pnto the Jeor GCK. And by the [ame rea[on alfo; the fector G K L. is e- 


quall ynto either of the feéforsG BC and GCK.. Wherfore 5 three feéfors G 
BCandG.CK ,andG K_L,are equally one toy other. And by the fame reafon 


T" « v 


wu ^ 5a rr. JITTERS MT. WNT x. eo Le eee aE T. 
wlhothe fectors FLEF and HF Maid FM N are equall the one to the other. 


Vherefore:how multiplex the circumference B'L%s'to the circumference BC fo 


| Y £; ie. . ^ 3.773 me oe Fw —— ——— 
multiplex is the ſector & I.B to the ſector G BCAnd hy the ſame veaſon bom 


Autiplex the cicumference NEFſcto the circumference E F, fo ‘multiplex is 9 
fetior ELE N to tbe fe&for FT B F.Yf therfore the circumference BL be equall 
antojcircimperene. EN, 9 [efor ulfo B G-L/ is equall vntoy feetor EH N: 
Andif the circumfertce BL excedey circumference EN; 9 fetter alfo'B GL 


^ excedetb tbe feitor E AN. And if the circumference be lefe, the fettor alfo is 
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à | | : 
leffe. Now thé there are foure magnitudes namely; the tio circumferences B C 
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anid EF and the-two feciors CB Cys Hd EF and to tbe circumference BC ez: 
U3. Zr Tw pe AY SR es RE a i a, 3 y AES PPh eee 
to thé feitor GB C namely to the fie and the third,axe taken equemultiplices, 
Gia ET t 39 "d s, 33588 i ATS y». QU a 7E y -- c Meu H pa vane ) XÀ b. $3 1X4 
that tthe circumference BL and the fector G BL ,and likewi/e to the circume 
PLS MS Ra o6] Yig iter A ae AS § tao Me m Aer Sh EAS x Ca VES de eR Y^ 
ference EF ; and to the Jeto H E F namelyzto the fecond. and fourth are ta- 
t4 XJ NS be m. na XE ( SA etra s m «| BM i ae. wt. i "uu & x 4RN veh ^ ees y T Qu S. M LLLA. 
Aen ertayne ather equimultiplices nmely,tbe circumfevence E iN and EU 
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of Cuclides Elementet. Fo]. 181. 
tor H EN. Audit is proued that 


| if the circumference BL excede the circumfer 
rence EN , the feéfor alfo BG L excedeth thefeétor E HN. And if the’ 
circumference be equall, the fegment alfois equall, and if the circumference bé 
lefse the fegment alfo 1s leffe, Wherfore (by the conuerfion of the fixt definition 
of the fifth ) as the circumference B C 1s to the circumference E F, fo is 9 fector 
GBC vato the fector AEF : which is all that was required to be proued. * 


| ‘Sp Corollary: ^ 
e/Ind bereby it 1s manifeft,that as the fettor is to tbe fector,. 
fois angleto angle by tbevt. ofi the fifth. 
Fluffates here addeth fiue Propofitions wherof one isa Probleme hauing three 


Corollaryes following of it, and the reftare Theoremes : which for that they are. 
both witty, & alfo ferue to great víc, as we fhall afterward fee, I thought not good: 


to omitte , buthaue here placed them : but onely thatI haue not putthem to fol- 


lowe in order with the Propofitions of Euclideas he hath done. - 
qT he first Propofition added by Fluffates. 


To defcribe two rettiline figures equalland like unto a rettiline figure genen andin 
like fort fituate, which [hall base al[o a proportion geuen. 


. Suppofethatthe reGiline figure geuen be 4 B H. And let the proportion geuen be 
the proportion of the lines G Cand C D. And(by the 10.0f this booke)deuide theline 
A B iikevnto theline GD in the poynt E ( fo that as the line GC is to the line CD, fo 
let the line 4 £ be totheline EB). And vponthe line 42 defcribea f{emicircle AFB, 
And fromthe poynt £ ere& (by the 11.0f the frft) vntothelineedB a perpendicular 
line E F cutting the circumference in the poynt F. And draw thefe lines A Fand FB: 
And vponeither of thefe lines defcribe re&iline, fignres like vnto the reGtiline figure 
<H B andin like fort fituate (by the 18.of the fixt) : which let be 4 KF,& F1B.Then 
Ifay,that the reCtiline figures 4K F,andFJB, | 
hauethe proportion geué(namely,the propor- | 
tion oftheline GCtotheline CD ) and aree- 
quall to the rectiline figure geuen..4 BA vnto 
which they are defcribed like and in like fort fi- 
tuate , For foraftnuch as 24 F E isa femicircle, 
thereforetheangle e&4 F B is arightangle (by 
the 3 1.ofthe third) and FE is a perpendicular 
"Hine. Wherefore. ( by the8.of this booke ) the 
triangles 4 F Eand F2E are like both tothe 
whole triangle'e4 F Band alfo.the oneto the 
other. Wherefore (bythe 4.of this booke) as 
theline 4 Fistothe line FB, foisthe line AE 
to the line E F,and the line E F tothe line E B,- 
which aretfides c6tayning equall angles. Wher- ` 
fore(by the 22.0f this booke)as the reGiline fi-. 
gure defcribed of the line 4 Fis to the reGtiline 
figure defcribed of the line F2, fo is the reQi- 





linefiguredefcribed oftheline 4 Etothere&i- . - — cm RC us 
line figure defcribed oftheline E F, the (ayd re@iline figures being like and in like fort 
| fituate. 


Construction 
of the Pro. 
blemes ` 


Demonſtra- 


— tion of tbe 
> fame, 


The firit Co- 
vollary, 


The fecond 
Corollary... 
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fituate . But as the re&iline figure defcribed ofthe. line E being the firft, is tothe 
rediline figuredefcribed ofthe line E F being the fecónd (o is the line &/£ E the firft,to 
theline EZ the third (by the 2.Corollary ofthe 20:0fthysbooke) .Wherforc the re&i- 
line figure defcribed of.theline 24 Fisto the re&iline figüre defcribed of theline F2, 
astheline e£ E 1stotheline E Z, But thelinee/ E. is Qe theline E 2 (by conftru&ion). 
asthelme G C istotheline CD . Wherefore(by the 11,0fthefift) astheline GCisto 
theline C 2, fo is there&iline figure defcribed ofthe line e 4 F to the rc&iline figure 
defcribed oftheli ne‘F B, the fayd rectiline figures being like andin like fort defcribed, 
But the recüiline figures defcribed of thelines 4 F and FB, are equall to the redtiline 
figure defcribed of the line 24 B , vnto which they are (by conftrn&ion) defcribed lyke 
and in like fort fituate , Wherefore there are defcribed two re&iline figures e£ K F and. 
F 1 B equall and like vnto the re&iline figure geuen ef B Hand in like fort fituate,and 
they haue alfo theoneto rhe other the proportion geuen, namely, the proportion of 
théline. G C totheline C D : which was required to be done, | US TO 


qT he frp C orollayy. À 


7 Torefoluea velliline figure gene into two likerettiline figures Which fhall baue alfya proportit ge- 
4£.Forif there beput three right linesit the proportió geué;and if the line AB becut- 
it the fame proportion thatthe firftline isto thethird , the rectiline figures defcribed 
ofthelines &A Fand £ B (which figures haue the fame proportion that the lines 4 E 
and E B haue) fhall bein double proportionto that which the lines A4 F and F B are(by; 
the firft Corollary ofthe 209,0f this booke) . Wherefore the right lines e4 F and F B 
are the one to the other in the fame proportion that the firftofthe three lines put isto 
the fecond. For the firft line to the third,namely,the line 4 Eto theline E Z 1s in don- 
ble proportion that it is to the fecond, by the 10,definition of the fift, < 


-af The fecond Corollary. => > 


-* 


” Hereby may We learne how from a recliline figure genen to take away a part appointed, leaning 
tbe veft of thereétiline figure like untothe whole. Foriffrotheright line 4% be cut ofa part 


: appoynted,namely,£-B (by the 9.of this booke) as the line 4 Eis to the line E 2, fois 


the re&iline figure defcribed of theline AF tothe rectiline figure defcribed of the line 
F B (the fayd figures being {uppofed to be like both the one to the other and‘alfo to the 
re&iline figure defcribed of the line A B, and being alfo in like fortfituate ), Wherfore 
taking away fromthe reGtiline figure defcribed of the line 42, the rectiline figure de- 


. fcribed oftheline F B,therefidue,namely, the re&iline figure defcribed ofthe line AF 


The third 
Corollary. we i 


e 
E 


(hall bebothlikevnto the whole re&iline figure geuen defcribed ofthe line &/2,and 
in like fort fituate. : 


q Ihe third Corollary. 


T a compofé two like reétiline figures into ne rectiline figure like and equall tothe fame figures. 
Let their fides of like proporti obe fet fo that they makea right angle,as the lines e4 F 
and FB are. And vpotheline fubtending the faid angle,namely,the line 4 B,defcribe- 


. are&iline figure like vnto the re&iline figures geuen and in like fort fituate (by the 18.. 


of this booke)and the fame hall be equall to the two re&tiline figures geuen(by the 5 1, 
ofthis booke) | LN pm d 


g T'he fecond Propofit ton * 


4 


If two right lines cut the one the other obtufeangled wife, and from the endes of the 
lines which cut the one the other be drawen perpendicular lines to either line:the lines 
which are betwene the endes and tbe perpendicular lines. are. eut reciprokally. 

1 mug rae (d miL »tit SL edes o ded Suppofe 


Ý.. 


of Exiclides Eleméiites. |  Foli82, 


Suppofe that there betwo right lines AB, y GD. cuttite the: sible other in the 
point E, and-tnaking an obtufe: anglein the {eGion £,. And: from .the-endes of theliries, 
namely; “A and G, letthere be drawen to either line perpendicular lines; namely; from 
the point.dtotheline G D,which let be ER Ds and fom the: point (Gto; the sight: line 








A B: which let be G 2, Then Hay,that the...) llailo 1gi2st 918 T E e: Ded ; 
right lines 4 BandG D do , betwetiethezl saison Quod T yi cr a ER: 
end A and the perpendicular 2; and the, NN n NERO A osk ui q 
end G and the perpendicular D, cutthe, 25 bPesst ad3 * Aa s smia CD 


ap eo C "P VLC x, 
x. 2 


one the other reciprokally in the point E:. 
fo that as the lirie 24 E. is to the line E rd 
fo is thelineG Eto theline E Z/Fotforaf- 
muchas the angles ADE and G B E, are 
right angles, therfore they are equall. But’ 
the angles AE D-and G E B arealfo e- er —* * 
quall (by the 15.of the firft) . Wherefore ." 7^ 8°" ! ^j 
£heanglesremayning;namely;E ADE " 2; are reist ( Byte — — 
of the ſirſt) Wherefore the triangles o£ E Dand GEB; areequiangle. Wheéffore the 
fides about the equall angles thall be proportionall(by the. — . Whetfore as 
theline AE istothe line ED, fois théline G.EtothelineE 4, If therefore two tight 
lines cutthe one the other sm wife;&c : which was required to be proued. 
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If tivo right lines make an ‘acute an rA and from their py be drawen to ‘eh line 


perpendicular lines cutting. them : the twò right l lines: geren feallt be recipe tally pros 
porani 45 the egeris which a are about the Hole: iod Ts ras 


jM ay  x* 
QD son why 1 n signas dee hids Veen 

TA that tle De twori&ht. lines * and GB, m araute 'e angle. ABG. iUo se ee 
And fromthepoyntes ef and G: det there be drawen vito the pan ad Band GB Seb. — wo eR 
pendicular lines AC and G-Eicütting tlie linescatl and GB iuithe poyntes E-andC, — 57 5 
Then I fay,that the lines,namely;: AB.t0.G Bsare reciprokally preporticall asthe feg- 
mentes , namely, C B to EB Which ate ábout-thelacute OVORA A fens 52 
angle B. For forafmuch as tbeti£htangle c£ € 8 and: - zLoiltonswioe on O DRS 
GEB ate equall, and theangle:48 G:is coniinai to the’ AA T0079 21er URS 
triangles: e4 B C, and GB E;ahetefore thednglesrre +) ö 
mayning BACand EGB are equall (by ſthe: Corolla⸗ 
ry ofche 32. oſthe ſirſt). Wherfore the triangles ABC.: 
and GB Eare equiangle Mherefore the ſides about 
the equali angles are propottionsll (by the 4.ofthefixt): 
fo that, as.thediné.s-f B-isto:thedine BG, fois the line - 
GB to the line 3 Es Whereforc-altermately as the Hines: 22S yu apt 
e^ 1 B istotheling Gd Íoistheliné C J-to baline B Ei me o] b 
If therefore two right) ines tinake: an acüteangleo 2257 -. Xog 
which wasrequiredto beproued, — 52258625 
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20$ y Theyfourth Propofition. : 5 


asgo a sbu o 
Ifin a circle be drawen two right | lines cutting the ome the ES fections of the one 
__ tothe * the other hall be.  reciprakgll. Ee E — 
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| Inthe circle A G B lec tlieletig. right lines. AB and D ‘ent the onetheotherin Demonfirats- 
T poynt E. Then fay; that reciprokaflyas-the litte 4 E istotheline E D,foisthe ofthis pre- 
line GE tothe line E B . For forafmuch as (by the 35. ofthethird ) the reGangle fi. pofittone 
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sgure contayned vnder ithe lines ef E and <>" 
.£B'is equallto the reGungle figurecontays |^ ^-^ 
sned’ vnderthe dines G-E-and E'D, butines-* «^7 74 7 
squall rectangle ‘parallelogrammiés the fides © eee 
about the equallangles are reciprokall (by ` 
the 14. of the fixt) . Thereforethe line 4 £ 
is to the line E D_reciprokally as the'line 
GE istothe line EB (by the fecond defi- 
nition of the fixt ) . If therefore ina circle 
be drawen two right lines..&c: which was 
ashes 7l — required to be proued, 7 . | 


| Y AMT he fifi Propofition. : 









If from a poynt geuen be drawen in aplaime o ossis ion 
se 9 faperficies troright linesto the concaue circumference of a circles they. fhall be rect. 
sio voprokally proportionall.withtheir partes take without the circle. And moreouer a right 
sy sc idin€ drawen from the fayd poynt ¢ touching the circle, hall be a rmeane proportional 
ico Cbetwene the wholetine and the Otter [emmept. 5205 OTT ATSI T E anea e 
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Suppofe that there be a. çircle e4 B D, and withoutit 
take a certayne poynt namely, G , And from the point G 
drawe vnto the concaue circumference two‘right lines 
GB and GD, cutting thecircle in the poyntes Cand E, 

AaGlet the line G4 touch the circlein the point 24, Th&. . 

Tfay,that thelines, naniely, GB toGD arereciprokally. 
‘as their parts taken without the circle namely , as GC to” 
GE , Fox forafmuch as (by the Corollary of the 36,ofthe™ 

Demonfirati- third) the rectangle figure contayned ynder the lines GB 

on oftbefif? and G Eis equall-to the tectaügle figtire contayned vnz 5. /« ^7/ 

part ofthis ` der the lines.G.D-and G C; therefore (' by the 14.0fthe. 
propofttson. Sixt) reciprokally, asthe line GB isto-theline GD; fois. |. 
-thé lite: G.C.to.the line GZ, for they-arefides contayning ° | 

ames 2 equall angles. I fay morcouer,that-betwene thelinesGB > \ 
AUAM e G'E,or betwene the lines;G Daüd:G.Cthe touchline: M... 

Deménfira-. GAis'a.meane proportionall;For forafmuch as there-2 pS. 

sion of the fee &angle figure comprehended vndet the lines GZ.and^ 5 «^ E 

cond part, G E 1s equallto the fquare made:o£theline e£ G/(by; ^-^ o Pe. 

the 36. of P it followeth that the touch line G 44 is a meane propor- ^ 
tionall betwerie theextremés G:3 and 'G E (bythefecondpartofthe17.of- ^: 

` the fixt ) for that by that Propofition the:lines:'GB, G-Ajand GE‘are ^^^ 
proportionall, And-by the famereafon may. it-be.proued thatthe ` =t 

line Ge isa meane:proportionall betwene the lines GD ~~ a 

and G C, and.fo*of:albothers..) IY£ therefore from 3 ^ 75 . o9 
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AEN Ex mro LNT H.B:s 1x8 bookes before hath 
IS — paffed through; and entreated ofthe Elementes of Geome- 
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A trie without the ayde and fuccor ofnomber.Burthe matters which 
^K A remayne to be:taughtand to be fpcken of in thefe his Geonietri- 

m call beokes wluch follow as in the tenth,eleuenth, and fo forth; he 
Oe could by no neanes fully and clearely make plaine 82 demonftzate; 
4g: without the helpe and ayd ofnombers . In the tenth is entreated of 

3: ines irrátionall and vncertaine,and that of mány & fondry kindes 
and ithe eleuenth & the other following ‘he teacheth the natures: 
















Mi 3 QW. 1 / ^À for themoft part are alfo irrationall. And as rational] quantites;and: 

AO REV UU Let: UA J A the comparifons and proportions ofthem, cannot be knowen, nor 
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DEN ES Mp — — ^7 'exacdy tried ; but by the meane of nomber , in which they are firft 

(Stee EE. Ne M? Íenc.and perceived ::euen fo'likewife cannot irrational! quantities 


be knowen and found out without nomber.As ftraightnes is the triall ofcrokednes, and inequalitie is 
tried by equalitie : fo are quantities irrationall perceiued and knowen by quantities ratienall : which 
are firft and chiefely found among nombers |; Wherefore in thefe three bookes following ; being as it 
were in the middeft of his Hlementes, he ts compelled of neceflitie to entreate of nombers , although 
. not fo fully, as the nature ofnombers requireth > yet fo much as fhall feme to be fit,and fufficiently to 
ferue for his pur ofe. W herby is fere the neceflitie,chat the one Arte,namely,Geometrie, hath of the 
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other,namely,of Arithmeticke.And alfo of what excellécy and worthines Arirhmeticke is aboue Geo- 


‘ 


metrie: inthat, Geometzie boroweth of it principles,ayd,and fuccor, and isas it were maymed with 


outic. Whereas Arithmeticke is ofitíelfe fufficieut and neadeth not at allanyayde of Geom etrie, but | 


is abfolute and perftin it felfe,and may.well be taught and attayned vnto without it.Agayne the mat- 
ter or fubieét where about Geomctrie is occupied, which are lines, figures,and bodyes , are fuch as of- 
fer.them felues to the fences,as triangles,{quares, circles, cubes,and other are fene & iudged to be fuch 
as.they are,by the fight: buenomber,which isthe fubiect and matter of Arithmeticke,falleth vnder no 
fence,nor is reprefented by any fhape.forme ; or fignre : and therefore cannot be iudged by any fence; 
butonly by confideration of the minde;and vnderftanding.Now thinges fenfible are farre vnder in de- 
‘gree then are thinges intellectual: andare of nature much more grofle then they. Wherefore nomber; 
as being only intellectuall, is more pure,more immateriall,and more fubtile; farre then is magnitude: 
and extédeth it felfe farther.For Arithmeticke,not onely aydeth Geometrie: but miniftreth principles; 
and groundes to many other,nay rather-to-all other fciences and artes.As to muficke, Aftronomy; na- 
tupail philofophy,perfpectiue,with others, What other thing is in muficke entreated-of ; then nomber 
contracted to found and voyce? In Aftronomie , who without the knowledge of nomber can doo an y 
thing , either in fearching out of the motions of the heauens, and their courfes, eitheriniudging and 
forefhewing the effectes of them? in natural philofophie, itis ofno {mall force. The wifeft and bet lear- 
ied philofophers that haue bene,as Pithagoras, Timeus, Plato,and their followers, found out & taught 
mott pithely and purely, the fecretand hidden knowledge of the nature and condicion. of all thinges, 
by nombers,and by the proprietiesand paflions ofthem. Of what force nomber is in perfpetiue , let 
him declare and iudge,who hathany thing traueled therein. Yea to be fhort,what can be worthely and 
with prayfe practifed in common life ofany man of any condition, without the knowledge ofnomber. 
Yea it hath bene táught ofthe chiefetl aiongft philofophers, that all natural] thinges are framed , and 
hauetheir conftitucion of nomber.3 cetius fayth Hoc fuit principale in animo conditoris exemplar: Nomber 
f fayth he _) was the principall. example and patron in the minde of the creator of the world. Doth not 
that great philopher 7smausin his booke,& alfo ¥/ato in his Tinco, following him ,fhew how the foule 
is compofed of harmonicall nombers ,and confonantes of muficke . Nomber compafeth all thinges, 
and is (after thefe men) the being and very. eflence of ail thinges , And miniftreth ayde and helpe,as to 
all other knowledges,fo alfo no fimallto Geometrie . Which thing caufeth Euclsde in the mideit of his 


f 


booke of Geometrie,to inferte and place thefe three bookes of Arithmeticke : as without the ayde of 
vhich. he could not well paſſe ary father.. — 

s45, this feuenth booke., he firit placeth the generall principles and firft groundes of Arithmeticke, 
and fetreth the difinitions of nomber or multitude and the kinds therof: as in the firft boke, he did of 


— 


qiaguitude and the Kindes and partes thereof .. After that he entreateth of nombers generally , and of 


theyr partes 3 and fearcheth aud demontftrateth. in generall the moft common paffions and proprietics 
ofthe fame, and chiefely of nombers prime or incommenfurable , and ofnombers.compofed or com- 
menfurable and oftheir propriees and partely alfo of the comparifon or proportion of one nomber 
to an other, a. $ — | 
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As a point inmagnitude,is the leaft thing in magnitude;and no magnitude at all, & yet the ground 
and beginning of all magnitudes :epen fo is vnitie in multitude'ór nomber, the leaft thing innomiber, 
and no nomber atall,and yet the ground and beginning ofall nombers.And therefore it is here in this 
place, of Ewcisde firft defined :as in the firit booke,for the like reafon and caufe was a point firit defined. 
Vririe fayth Enclide,ss that whereby euery thing £1 [ad tobeoneithacis,vnitieis that,whereby euery thing 
is deuided and feperated from an other,and remayneth on in it felfe pure and diftin& fró all others.O-- 
therwife, were not this vnitie, whereby all thingesare feioyned theon from the other,all things fhould 
futfer mixtion and be in confufion, And where confufión is;there is no order „nor any thing can be ex- 
actly knowen,either what it is,or whatis the nattirejand whatare the properties thereof. Vnitie there- 
foreis that which maketh euery thing to:be that which it is-.-Boetixs fayth very aptly + wwe quoda, ideo 
cftyquia Gani numere eff,thatis every thing therfore is(thatis,cherefore hath his being in nature and is 
that it is) for. thacitis on in nomber. According wheréeunto Jordave (in that moft excellentand abfo- 
Jute worke of Arithmeticke which he wrote)defineth ynitieafterthismaner. 5: «^ ^ 75 

', Vustas,ei res per fe asferetio: that is,ynitieis properly,and of it felfe the difference of any thing, That 
is, vnitie is that whereby cuery thing doth properly aad effenzially differ , and isan otherthing from 
all others.Certainely a very apt definition and it maketh playrie the definition here fet of Exchde. ; 


m 


^ 


+ alt 


3 * Here > 
"a5 4 E * 


2 Number is a multitude compofed of nities. 
L^ Ásthenumber ofthrec,is a multitude compofed and made of three vnities . Likewife tlie number 
offiueis nothing ell; ;but the compofition & putting together of fue ynities . Although as was before 
dayde , betwenea poyntin magnitude, and vnitie in multitude , there is greatagreementand many 
thinges are common to them both, ( forasa poynt is the beginning of magnitude ; fois vnitie the bez 
ginaing of nomber. And as a poynt in magnitüde is indiuifible ; fo 13 alfo vnitieid num ber indiuifible) 
yet iu this they difter.and difagree:There is no line or magnitude made of pointes,as of his partes. So 
that although a point be the beginning ofa lyne,yet is it no part therof.” But ynitie, as itisthe begin- 
ning ofnumber,fo is it alfo a part therof, which is fomewhat more manifefily fet of Boeriss in an other 
difanition of number which he geueth in his Arithmetike,which is thus. y -— 0: 
"^ Numerus eft quantitatis aceruus ex Gnitatibus profufus, -thatis, Numiber is a maffe or heape of quanti- 
ties produced of ynities: which diffinition in fubftance is all one with the firft,wherin is faid moft plain 
ly that. che heape or maffe,that is the whole fubfiance of the qüantitie of number is produced & made 
of ynities.So that ynitie is as it were the very matter of ssumber. As foure ynities added togetherare 
the matter wherof the number 4. is made,& eche of thefe ynities is a part of che number foure,name- 
ly,a fourth part,ora quarter.Vnto this diffinition agreeth alfo the definition genen of Jordene,whichis 
thus. Number sı a guantitie which gathereth together thinges feuered a fonder. ks fiue men beyngin them- 
felues fenered aud diftin&te,are by the number fiue brought together,as it Were into one mafle,and fo 
of others. And although ynitie be no number, yet it contayneth in it the vertwe and power ofall num- 


-bers,and is fetand takenforthem. . 2 


. In this place (for the farther elucidation of thinges,partly before fet,and chiefly hereafter to be fet, 
becaufe Ewchde here doth make mention of diners kyndes of numbers, and alfo defineth the fame) is 
to be noted;that number may be confidered three maner of wayes.' Firlt, number may be confidered 
abfolutely without comparyng it to any other number,or without applieng it to any otherthing,one- 
ly vewing and payfing what it is in itfelfe,and in his owne nature onely, and what partes it hath; and 
what proprieties and paffions.As this number fixe,may be confidered abfolutely in his owne nature, 
that it isan euen number,and that icisa perfect number,and hath many mo conditions and proprie- 
ties. And fo conceiue ye of all other numibers,whatfoeuer,of 9. 12, and fo forth. ein tmc at 


^. Another way,number may be cófidered by way of cóparifon,and in refpect offome other mimber 


either as equallto it felfe,or as greater thčit felfe,or ás leffe'thé irfelfe, As 12, may be cófidered,as có- 
pared to 12. which is equall ynto it,or as to 24. which is greater then it, for 12 is the halfe thereof, of 
as to 6, which is leffe then it,as beyng the double therof. And of this confideration of numbers arifeth 


and fpringeth all kyndes and varieties of proportió: as hath before bene declared in the explanation of 


the principles of the fift booke,fo that of that matter itis needeleffe any more to be fayd in this place, 
.. The third way may numbers be confidered as they areapplied to formes and figures of Geometry; 
And numbersfo confidered are not reprefented by figures or charactes ofnumber commonly vfed 1n 


- Arithmetique,butare fignified by certayne pointes or prickes, which reprefent the vnities which they 


contayne : which,accordyng to the diuerfitie of the difpofition and placing of them,may reprefent di- 
uers formes and figures of Geometry : andaccordyng ro tlie nature of the figure which it reprefen- 
teth it taketh his name,and is called a trianguler number, a {quare number, a cube — 
number er after any other figure, Asif the figure of 10. be fo defcribed by his vni- 55:008 
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ties that they be orderly fetin a ftraight courfe,fo that they reprefent the forme of aline, then is the 
number io called alineall number.And ifthe fame number 10 be fo defcribed by his vnities, ,.,. 
that it fhew forth the forme ofa criangle,thenitis called a triangulet nfiber: asyeherefee, p., 

aai fd eRe Io ke ribedb fi QV es th qa pares fe h h E f fet fe ee we eal od NT 
LikeWwile if te Bein fuctt fore deicribed by his yhities,chatit reprefeteth ehat forme of figüre s, 
which ih Geometry is Called a figure on the one fide longer: then fall the numbéri2 be | 
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called 2 number hauyng the one fide longer,and fo may you conceaue ofall others, ~< 0 
Thus much of this for the declaration ofthe thinges following. ee en 
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AAs the number 5 compared co the number rz isd part. For3 isa lefle number then is r2.and more- 
ouer it meafureth 12 the greater number, For 3 taken Coradded to it felfe) certayne times-(naiely, 4 
bynes) maketh 127 For y fóiire tymesié 12. Likewile iss a part of 8 ? 4 i8 lelfe then 8,and taken 4 tymes 
it maketh 8. For the better vnderitandyhg of this diffinition, and how this worde Parte, is dinerily ta- 
ken inArithmetiqué ánd in Geomety,read the declaratidn of the firft diffinition of the 5. booke. - uin ea 
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As the number 3. compared to. 5, is partes of s and nota párt. For thè number 3 is leffe then the nå eMe aet 
bers, and doth not meafure 5. Fortaken once it maketh but 3. once 3 153, Which is leffe then 5. and 3 i 
taken twife maketh 6, which is more,then y. Wherfore itis no part of 5 but partes,namely, three fifth 

paftes ‘of §. For in the number 3 there are 3 vnities,and euery vnitié is the fifth part of s. Wherfore 3 is 
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.:^Às9 compared to 5 is multplex;the number? is greaterthen the riumber 3. And mióreoder 3 the 
leffe number meafuretl-y the greaternum ber:For 3 taken certainé tymes,namely, 3 tymes maketh 9 
three tymes thitee is 9-Rorthe more ample and full knowledge of this definition; read wharis fayd fa 
the explanation ofthe fecond definition ofthe ; booke, where multiplex is fufficiently-entreated of | 
with all his kyndes. 
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As the number é may be deuidedinto 3 and 3 whichare his partes,and they are equall,the one not i 
exceding the otlier. This definition of Euclideis to be wnderttand of two fach equall partés which ioy- 
ned together, make the whole numbera‘as 3:and.3 (the equall partes 6f'6) ioyn ed together, make 6 boi 
otherwile many.nirmbers both:euen and odde may be deuided into many equall partes;as into à ; 6; 
or nio;and therfore into: As 9 may be deuidéd into 3 and 5 which are his partes, and are alfo equall, 
forthe one ofthém excedeth not the other: yetisnottherfore thisriimber 9 ar euen number ft s 
3nd s ('thefe:equallpártes of 9) added together mákenot 9 but Giely e. Likewife taking the RT RAN 
oi {6 generally euery number.whatfoeuer-fhould be an etien number::-forin that fort of vnderftading | 
there is no number,but thatit may be deuided into two equall partes : as this number 7: may be s 
dedinto 3/partésamely,3.:1. and 3:0F which two;namely,3.and:7 are équàlycti$notzaneuennum-  —^- 
btr.becaufe 5 and 3:added together,make not7 Boetius thetfore inthe.firft booke ofhis " &tithinetike; 
forthe more playnes;after.this maner defihethán euen number * Weis; pai noa; 
dugdinidi; Gro medio rion intercedente datis s.c: <7. Av us babbs (ossium | 
iri euen number is that which may be-deuided into two equall partes,withotte n vniti€ cómming An ether def. 
betwenethem. (As 8isdenided into zaüd 4two:equall partes without an vnitie commir tbe E o f- ; 
them which added together, make 8, fo that'the fenceofthisdefinition is,thitan eue muse ber p epus nan enë 
In V added tog ; » 10 that the fence of this definition is,that an euenfium ber is that b 
which is deuided into two fuch equall partés;which are his two halfe partes. SEM V Terre 
cioMére 1s alfo to be hotéd;thata partis takeniu this definitionjand in certaine definitions followin * 
notin that fignification as it was before definedjnamely,for fuch aipartas meafureth the Whiolénunr- atc, E RE 
ber,butfor any part; Which helpeth to thé making of the whole;and into which the whole niay be re-: — 
foluedfo are 3 4j Aprile 8inthis fence butnotinthe other fence. For neyther 3nory-meafureth — -. ^. 
fo hat byafter M us icholers gaue an other definition ofaneuennumber(which definition Reerigsal- . — . 
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Flafsates, ad upitibér euonly einemyis that mhicbonely euen numbers do mea[ure.As 1618 meafüred ofno ne bütofeuen. 
Ar other def numbers,and therfore is euenly-euen. There is alfo of Boersus geuen an othér-definition of more facilis 
"ton, tie,including initno doubtat all; hich is moſt commonly vſcd ofall writors and is thus. ot! jd qud 
Boctaus. Anumdter euenly euen isthæat which may be deuided ste Tw eaen partes and thât ꝛnt aguæyne into two eer. 
Az other defi- i partenaud fà continually densding 3gethout finy til yc cometa enitre;- As by'exa iple; 64 maybe'deuidéd 
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An enen number ss that which sx ose awd the fame dipiffons; deuided into the grestefland into the leaf iip 


to the greatef yas touching [pace and inta the leaf as touching guantitie As yo, is deujded into, & s-which 
ave‘his greateft partes (which gréatnes of partes hecalleth fpace) and in the (ame din iion thenum ber 
o is deuided but into two partes : but into leffe thétwo pattesnothing can be deuided, which thing 
he calleth quantite, To that o deuided into arid y: in that one deuifion,isdeuided into.the greate 

yikes namely, into twa partes,and no Mo, 2.264 sham 
„There is alfo another définition more auncien t Which is thus oon. J E * à ee — ~ 
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An euen number is that which may be destded into tivo equallpartes,and mto two Vnequall bartes,but yn ney- 


ther diusfion (to the conftstucton of the whole ) to the enen part isadded the odde neither to the odde is added the 
euen. Às 8 may bedeuided diuerfly,partly into éuen partes,as into.4.and 4! likewife-into.éaand 2¢ and © 

: y 3, alfo into 7 and r. In all which deuifions, ve fee no-odde parte - 
ioyned to an euen,noran euen part ioyned to an odde : buti£dié one be eüenjtheotieris een, and. 


Svs 


partly into odde partës,as into pani 


if the one be odde,the other is odde. In the two firft deuifions,both partes were euén,and in the two 


lait,both partes were odde.Itisto be confidered that the two partes, added. together, muft, makesthe 
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7 Anodde number is that which cannot be deuided int two equal partes: 
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‘Asthe numbers can be by no meanes denided into ewọ equal partes name, uch two whicha¢ 


ded cogéther;fhall make s. Orby the fecond definition,s an odde numbers di ereth from 6'an euen 
number aboue it,by 1, And the fame 5 differeth from 4 an euen number ynder it likewite by r.. 
 Boermsdefineth am odde number after this maners D S 
a ydy odot numbers that which unnot be dedsded into td equal partes, bit thatuan Vistie. Dal be betwene 
theirs. ÁS if ye dcuide $ into z and a? which are two equall partes,there remátoeth one oranynitie be- 
twene them to make the whole number 5, pon Mad "wr Lm 


Thereis yet an other definition ofan odde number. 42 odde number is that , which being deuided into 
tipo Gneguallpartes hem[ocuer tbe one. euer euem, and the other,odde.' As if 9 be-detiided intO-tWo. partes 
which added together,maketh the. whole;namely;into:4 and s, which are vnequall: yefee the onétis 


euen,namely,4.and the otheris odde,namely, 5. fo ifye.deuidey into6 andz,or into 8 and 1.the ore 
part 1S cucr euen andthe other,oddes seeder qleed eerste not. win baossledrio sonunsirgs sds 
E m Pebe hah ina dd moti m be dwn rom t " v : 
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g A number euenly enen, ( called in latine pariter s) is that number, 
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“ap bich ak enen number meafureth by anm euen number. 
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ber. This deünitión hath much. treubled:many;and feemeth nota true definition; forithat.cheré:are 


many.numbers. which euén nnmbers;do meafüre;and:that by'euen nunibers;which yet are not'eu&i' 
ly eué numbers, after moít mens-niinds:a$24. whicl 6a eàénumber dothmesafureby foure; which 
is alfo au euen number,and yetas.they thiükeis notzz42n enenly:eücn numbenforthat 8an'enetinüi 
ber doth meafurealfo 24 by. 3.a-oddenumber.Wherfore Campane to makethis{Gnrence plaine/ after 
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aub euenly.eu cn number 1s, when all the euen numbers which. meafure its. doo meaſure it by’ ene 
times,that is,by.cuen.numbers,;as 16; All che euen numbers whith meafure 16/à$ar&'8; 4; and, dd 
meafnreatby.eucn numbers.As 8.by 2;twife'8ishté: 4 by 45fouretimes 41916:and*i by:8,- S titiesziis 


16. Which particle (4# exen numbers) added by Campane maketh 24 to'beno euenly euen nuinber! For 


thatfome one euen number meafureth it by an oddenumber-as 8 by 3, Fla/faees al fois plainlyof this 
minde, that Awelsde gauenotthisdefinition in fuch maneradatus by Theon write stor the largenes Se. 
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generalitie.theref,for.that it extendeth it toiinfinite iumbers: which: 
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*Q aj cucnmumbers, except.to Tae nyt berz; which.eag | 


As $is.2 oumbereuenly euen.For 4 an/euen number meafüreéth 8. by 2 whichis alfo:an euen üumta- 
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are. not-enenlyenén as‘hé-thins | 


As 8 beingan euen number differeth — 
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of Euclides Elementes..: Fofi85, 


into 3nand 32. And either ofthefe partes may be denided into two ellen partes for 32. may.be deuided - 


into 16 and 16, Againe, 16 may be deuided into & and: 8 which are euen partes, and$into 42anda . A- 


gaine 4 into xand 2, and aft of all may 2 be deuided into one and one,) ^ Poise ene eM W. 
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"As the nimber é which zan euen number meafureth by ? an odde.number,thre times 2 is &. Like- . 
wife 1o. which z-ad euen fai bér meafüreth by y an odde number.In this difinition alfo is found by , 
all the expofitors of Ezc/ide;tlie fame wantthatavas found in che diffinition nextbefore. And for that 
it extendeth it felfe to large, for there arcinfinite numbers which enen numbers do mea(ure:by odde ; 
numbers, which yetaftet their mindesare not eücly odde nübers;asfor example 12. For 4 an eué nü- , 
ber,meafnureth 12 by.3 an ódde number'; three times 4is 12.yet isnotizas they thinke an etiealy , 
odde number. Whetfore Ca pazee améndeth it after his thinking,by adding o£ this worde «Jas he did . 
in the firand definstlitafterchismanet. «uve eben cnim 
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A number euenty odde s when all the eueu numberswhich meufure st ,de moafare st by Gnewen tymes, that ts, ' 
see? 1*7 ee ee wm La ito voe AA uer WU a BEAT raat a ^ e a > + 
by az odde number, ~~ ^, esi at 3 Es MAD tU 7 o amne “TNF "a im d 
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PA sto-isa number euenlv.odde, for no cue number, buc onely. 2. meafureth 1o. and tharis by gan ; 47 other defis 


odde number, Bur notall'the euen numbets Which meafure 12.do meafüre it by odde. numbers. For ; 7/27. 
éan eden number meagfireth 12; by 2 which is. alfo euen. W herfore 1215. notby chis definition.a num-? 
ber eticnly odde -Fleffzreralforoffénded with tlie ouer large generalitie of this definition to make; the, 
definition agree with the thifag defined puttethitafterthis maner.. seio Flußates, 
~A Harber cutnly dde, $3 that which an cdde number doth meafwre owely by an euen namberes4 7 2c a] : 
"“As 14.Wwhich 7.arrodde number doth meafure onely by s which. is an cuen number.Thereisalfo an. 4, opher 
ether dstinition of this ude of umber commonly geuen oftmore plaines,which isthis. rie 
“ Atiamiber enenty odd? is that whith may be deuided into two equall partes but. that part cannot agayne be de- ] 
uided Into two equal partes 35 6,may be deuided into two equal] partes into 3.and 5.butneither of chem 
càan'be deuided into two equall partes: for that3.1san odde number and fuffereth no fuch diuifton... 
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A 1 Ode e number medfureth y d.euen number. Fis oie. a j oe ior: definit toe y * 
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:: AS the. number. 12:for'3;ar odde number meafüreth 12; by 4 which is an euen nütnber ;tfiree times 
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This definitionis not founde in the greeke neither was it doubles euer in this maner written by ‘ 
Aeelides which thing the flendetnes and tbe imperfectiori tiereof and theablürdities féllówingilfoof |, 05 7 
thé fame declare moft manifeltly . The definition next before genen is ia fubftanceallone' with this, 7 his definition... 
For what number foener an enen:number doth meafure by an odde , the felféfame'numberdoth an 722/740 the 
odde number meafure by an enen,As2,an ené number meafureth 6 by 3.anodde number, Wherfore. 7*5 
3,an odde number doth alfo meafure the fame number 6.by.2.2neué nüber. Now ifthefe two definiti 
dns he definitions of ewe diftinét kindes of numbers,then-is this number'é,both enenly enen,andalfo: 
euenly odde'and {o 18 Contayned vnder two diiérs kindes of numbers . Which is dire&ly agaynft the? 
aurnoritie PER ts el Proneth bere after inthe s.bookes thateuery noinber whofe halfe 

e y.Fluffates hath 


here very well noted,that thefe two: vus vd T 
U noted, e two: —û— 
euenly odde, and oddely euen , were taken of Bucléde for'on andthe. felfefame kinde ofnomber: But 
the number which here ought to haue bene,placed is.called of the beft. interpreters of Eechide, mumeras no dane 


? riter par ES "apr, thatis a number enély éné, and euély odde,.. Yea and itis fo called of-zuclide him’ — - ) 
felfe in the 34. propofition of his 9, booke: which kinde of number Campanus and F/efztes in fteade of B 
the infufficient and vgapt definition before geyen, afigne this definitions 
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A nunster evenly eden and eaenly odde) itt bar whithan ewen ‘number doch  grealire [aivebinie Uyan euen Afine adan 
number and foinetime by an odde. 
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A h b | An of er defi * 
ate Sac meter dora n uen number meafireth s2-by é.aneuen number: two times Gis.x2, Al sien 
——— SUE the fame number 12.by 5.an odde number. And thereforeis 12.2 numa 
bereuenly eueh and enenly odde, and {oof fuch other: 


15 he B4. = I E NE ile sepus t T Un. : rS., ^ “4 we 7s oe hs traire Am 
Fhe canle why that Campanies and Fliffates were, 


cwotefiditions before maniely, ofa number eudly euen and ofa sumbers nelly dep LP by E Campane and 
ding this word aland the other by adding this word ome/y , was for that they were o AT the Flufateswith 
largenes.and gentralitie of them For thar by ther; on ‘arnidche flfe fame ‘Amber ni igh tbe tompre- orhersinapers 
hended vider either definition. ‘And fo sthe felfe number fhould be botheuenly euen.and.alfo : EX rom a 
odde: which they tooke for an abfurditre:For that they ate two diftin& and diners kindesof num e : 
but i — well and inftly conceived, it fhall not be hard nor amiffe to thinke , thar thefe definitiós 

were lec and writren hy £o//de in fuch formo and manet yas they dre deligered vnto-vs by T4235: and 
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„that they neede not tele corre&ions and amendementes by adding thefe Wordes a£ and evely for ad 
mut.that they be diftiné kinds of numbers may not contraries be attributed in diuerfe refpédtes toone 
_thing?May not one line be fayd to-be-great and little., compdred todiuers ? -Great in comparifon ofa 
leffe,and leffe in comparifon of 2 greater? Euen fo one number in diners refpects may be of diuers ad 
contrary kindes of numbers: What are more diuers them a fquare number ànd a cube number.An dyer 
is 64.in diners refpeRes a number both fquare and cube , In refpe& of8, to be his roote,itis a fquare 
number:fór$.ttmes 8.15 &4.and in refpeét of 4.to be his roote, itis a. cube numbet for.4.times 4: fower 


wers kindejof <” times is 64:0 in divers refpedtes it is both, without any abfurditie at all. Likewife this number 6. in dja 
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uers re{pectes, is a number on the on fide longer , andalfo a trianguler number : which yet are divers 
and diftin&t Kindes of numbers ; For &.defcribed by his vnities refembling 2 figure | y. | 


of lengthe and breadthe hauing two fides, namely» and 3 .is a plaine or fuperfici- * 
all number of one fide longer. And if the fame 6,be fo defcribed byhis vnities,that > ac. 

itreprefenteth the figure of a triangle, then is itand beareth it the name ofatrian=.. .- J 
gler figure :'as here ye may fee the forme of either. And ifye extende in defcription n T 


therofall his vnities in length onely,{o is 6 alfo a lineall number. So you {ee 6 in di- d 
uers refpectes 13 a lineal nimbDer,a number on the one fide longer, and alfo a trigo--.: - ! 
nall or trianguler number,and yet therby no inconuenience at all, And why may not 
likewife one and the felfe number in diuers réfpectes be accompted a numbet Eon erie: 
euenly euen,and euenly odde? Yea Esçlide him felfe doth moft manifeflly proue the fame , and in the 
fame wordes;if it be diligen tly Wayed,in his nin th booke, For he faych, that all num bers being double , 
in continuall courfe from the number 2.be euenly euen numbers only :and agayne all numbers whofe 
halues are odde’; are euenly odde numbers only :‘and tharnnmber which neither is duple from the- 
numbertwo: torhath to his halfe án òdde number isa number euenly euen anda number euenly , 
dde. What in this can be fpoké more playnely?So that by Exclide it is no inconuenience thaton num- 
ber,as 12,for example;in divers refpectes fhould be botha number evenly etien,and alfo a number e- 
uenly ódde Tii I that &-iri euénnümber meafüreth 12: by 2.20 euen number, 12 isa number euen-. 
ly euen:and id relpett that «2f euen Number meafuréth 12.by 3.an odde number, 12 .isa number e- 
uenly odde. And tlius iudge y& ofallotherslike, 57, ^. M LET en 
"rhereis alfo an odd 
whieh is thus, | Z 
A nunsber ententy esen,end euenly odde is that, which may be dexided into rwo egual partes ,andeche of them 
may dgayaebedenided tetotwe equallpartescand fo forth. But rhis dinificn is at lemsbrh fiayd , and cOntinuerh 
pet till it come te Gustie, As for example 48: which may be deuided into two equall partes, namely , into 
24.and 24. Agayne 24, which is on of the partés may be denided into two.equall paites 12. and iz. A- 
gayne 12.into ,and 6.And agayne 6 may be deuided into two equall partes,into 3.and 3: but 3,cannot 
be denided into two equall partes . Wherefore the deuifion there ftayeth: and; continueth not till.it 
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comé to vnitie as it did in thefe nümbers wliichareeuenly čuen only. — iod. ^ 
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» As2s,which 5,2n odde number,meafureth by an odde nümber,namely;by s; Fiue times fue is 25% 
Likewife,22.whom 7.an odde number doth meafure by 35 which is likewife an odde. number . Three 
times PS is t1 — i o> .  e P TON met 3 * * an PN * > a i — - 

Fluſſatus d this definition following of thiskinde ófnumber,which is all one in fubftance with. 
thefolmer definitions), ¢ t.0§ Sys. |. Ps emul — E d d E 
A number ely oddest that which onely an ddde number doth meafure. 


_.As. 15.for no number meafureth ry. but onely’s. 
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and: alfo 25: none meafüreth it but onely $ 
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which is anodde number, and fo of others. "Bm Er. d 
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12. Aprime(or firft) number is that which onely ynitie doth meafure. = 
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As 5.7.11: 1,.For no number meafureth s,but onely vnitie.For y.vnities make the number 5. So no 
number meafureth-7,but onely -vhitié.2taken 3.times maketh 6.whichisleffe then 7: and a, taken 4x 
times is 8, which is more then 7 . And fo of. 11.15. and füch others. So that all prime numbers, which 
alfo áre called firft iumbers,and numbers vncompófed;haue no part to meafure thé,büt onely ynitie.”. 
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- 13 Numbers prime.the.one to the other are they, which onely vnitie doth 
«oc omeafure being a common meaſure totben. ME 
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As 15. and 23. be numbers prime the orie to the other «1.of it elfe is no prime riumber,for not one- 
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of Euclides Elementes. Fola86. 


fy vnicie doth meafure it, but allo thenumbers y.and 3, for 3:times 7.18 tgs Likewife izis of it felfe no 
prime number : for itis meafured by 2.and 11,béfides ynitié. For 11.twife,or z.elenen times,make 22. 
So that although neither ofthefe twò numbèrs 13.ahd ti: bë apribie or ihċompofed nuimbër, but ey- 
ther haue partes of his owne,whereby it may be meafured befide vnitie : yet compared tógether, they 
are prime the one to the other : for no one number doch asa comnion mieafure, ieafuré both of them 
but onely vnitie, which is a common meafure to all numbers . The numbers 5.and 3. which meafure 
15. Will not meafure 22 : againé,the numbets 2 ànd 11 which meafure 22,do notmeafüreis. ' ^ 


png A number compofed is that wbich [ome one number meafureth 


A number compofed is noc meafüred onely by vnitie,as Was a prime number, but hath fome num- 
ber which meaftiieth it. As 15: the number 3.méafuréth 15 namely,taken s.times. Alfo the number 5, 
meafureth t5,namely,taken 3.times, s.timeés3,and 3 timés 5, is.15 . Likewife18.is a compofed num- 
ber, it is meafured by thefe numbers 6.3.9.2. and {6 of others. Thefe numbers are allo called common- 
ly fecond numbers, as contrary to priméor firfthumbers, © —— — — E 


~ 15 Numbers compofed the one to the other are they wich fome one number, 
—. being a common meafure to them both, doth meafures = ! 


As 32.and &.are two compofed numbers the one to the other. For the nümber 4, isa common mea- 
fure to them both : 4.taken three times maketh 12: and the fame 4.taken two tymes maketh 8. Soare 
9.and rs : 3.meafuüreth them both. Alfo 16.and 25 : for ¢.meafureth both of them :' and fo infinitely of 
others. In thys do numbers compofed the oneto the other or fecond numbers, differre from numbers 

rimé the one to the other : for that two numbers being compofed the one to the other, ech ofthem 
E UE is ofneceflitiea compofed number . As in the examples before 8.and 12. are compofed rium- 
bers : likewife 9.and rs : alfo 10.and 4s : but ifthey be two numbers prime the one to the other , itis 
not of neceffitie that ech of them feuerdlly be a primé niimber. As 9. and 22.are two numbers primé 
the one to theorher : no one number meafureth both of them:: and yer neither of them in it felfe and 
in his owne natureisa prime number, butech of them isa compofed number. For3 meaſureth ↄ, an 
t1,and a.méafure’ 27 ’ | ^ ' Sar a o er ^ 


16. number is ayd to multiply anumber when the number, multiplyed, is 
a fo oftentimes added to it felfe as there are in ihe number. multiplying bnie 
ties : and an other number is produced. >= 5 


In multiplication are euer required two numbers, the otte is whereby ye multply,comrhonly called 
the multiplier or multiplicant, the other is thar which ig riultiplied < The number by which an- other 


is multiplied ,namely,the multiplyer, is fayd-to multiply. As ifyé will multiply 4.by 3 then is three fayd, 


to muluply 4.:-therefore according to this definition becaufe it 3. theré are threé vnities ¢ adde 4,3: 
times co itfelfe, faying 3. times 4 : fo thall ye bring forth an othet‘number, namely, ia which is che 
fumme produced of that multiplication + and fo of all orhét multiplications. a a. 
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117 Wben two numbers multiplying them felues the one the other, produce an 
"v other. : the number producedis called a plaine or fuperficiall number.And 
i the numbers “which multiply them felues the one by the other are the fides 
oft a aie Lem 2 ac amis Basta Sub 
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i Asletthefe cwo numbers 3.and 6,multiply che one the dcher,faying, 3.times é,0r fixe tymeés 3,they 
fhall produce 18. Thys nnmber 18.thus produced, is called a plaine number, orà fuperficiall nüniber: 
And the two multiplying numbers which produced 12,namely,3.and 6, 
are the fides of the fame fuperficiall or plaine number,thatis,the length 
and breadth thereof. Likewife if 9 multiply 31 .0r cleuén nine,there fhal: 
bé produced 55. a plaine number, whole fides are thetwo numbers s. 
and: xt ias the length and breadth oFthefanie. They aré cálled plaine. — 
and fiperficiall numbers , becaufe being defcribed by their vnities ona 
plaine füperficies, they reprefent fome füperficiallforme orfigure.Geos^ 13-4 
mietticall;'hauinglength and bréadth. Asyefecof chisexample: and | DT 1 
fo. of others. And all. fich plaine or füperficiall numbers do cuertes. 
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rhe eightenre 018 When threenumbers multiplyed togetbes.) one into tbeotbér produce any 
wen — 0 number thë number produced is called afolide number: and tbe. numbers 
-multiplying them felues the oneintoy other, are the fides therof. = => 
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As taking thefe three năbers 3.4.5. multiply the one into-the others: - 
Firft 4.into s.faying,foure times 5.is 20: then multiply that number pro- ` 
duced ,namely,20.into 3: which is the third number,fo fhall ye produce 
+ a ane 60-Which is a folide number’: and the:three*numbers lich: produced^ : ^ 1e 
`n o the number,namely,3.4. ands.are the fides ofthe fame . And they are — 4, 
Why theyare ss i E — d 
7; - calledfolide numbers, becaufe being defcribed by. their.vnities,they.re-. . 
called folzd fpc agree prm. yup Tye TL Male S REA ub--. 
—— folide ‘and bodylicke ‘figures of Geometry,which haue length, 
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readth and thicknes.. As ye fee this number 4o. éxprefféd here by hys, ` 
vnities. Whole length is hys fide s his breadth is 3,and thicknes 4.And ” 
thus may ye do ofall other thre nitbers multiplying the one the other, _ 
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As multiply two e uall number s the one into the other..Asgo.by9.ye agen: iode droni 
ghally, equall,, becaufe it.is produced, of the multiplication oftwo equal.» | g | 
numbers the one inro the other. Which numbers are allo faydsin-the fe~, 4.7 


e. E *. p Fe EE ey ts. 
^^ 







— 

cond definition to.contayne afquarenumber’. As in the deßnitions ofthe < JEpIz] * 
feconid bookersa lies are fayd to containe alquare s : 4 121- d 

Whyitiscalled figure . Itis calleda fquare number, becaufe being defcribed by his ynities 12. b Jel: P 
afynare nwn- yt reprefenteth the figure ofa {quare in Geometry. As yeheré fee doth: the o oreet jy 
ber. number 81, whofe fides, that is to fay,whofe length and breadth, are 9. and, migi r- 


3,equall numbers : which alfo are fayd'to contayne the fquare number 81: rt 
and fo ofothers. 
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The wemeib, 720 ZLctbe number is that wbicbis equally éguallequally: or that which és cone 
definiti wu pta Ans S set nWroí5g ko.djoQ E A VERAM U.C 
— 7 taysed vnder three equall num BONS. — — 
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hu AS multiply three equall n umbers. the ODF into one, OWT HNN TL SNS STS TAR en a 
the other,as 9,9, and'9.: firit 9.by 9510 íhallyehaue |... Hanoy ae te 9. aas arena IO We ods 
FM 81: whichagayne multiply by 9,fofhallye produce |... ., —. — b err aite: 
cns Jis whichis. cabe mumber . And £ecldecalleth . 
msc gtanümberequallyéqualléqually,becaufeitspro- — 
ducéd of tlie tiulaplication of three equall num- -, . 
bers the oneinto the other? which ihréé nümbers ~~ 
are fayd in the fecond definition (wherein he fpea- 9 $ 
posusnsre kethmoreapplying to Geometry) to contayne the > § 
cy, CUBE number? Itis therefore calledacube number; ~ 4 
becaufe Being deferibed by hysvnities; itreprefen- ^ 1 
teth the forme ꝗf a cũbe in Geometry, vhoſe ſides, 
that isto lay, whole length, breadth , and thicknes; 
are the three equall numbers 9,9, and 9, of which 


rag pr ed : which three fides alfo are Md 1714 — 
He E P. geye s Y. LS ^ 5 sh 3 7 fayd m vlsisig d = * extet pA 
to containe'the cubeé:number 72»: 'beholde liére^ ?': (1709. | —— | ; 
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acube number. 
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1 Numbers proportionall are,, when the firf? is to the fecond eqniemultiplese, 
ræ umbers probortionall are vwhen the furſt is to the ſecond equemultip 
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cocus, _ Here he defineth which numbers are called proportionall, that is, what. numbers hane one and the 
- felfe fame proportion’, For exatple'6:to 3 :* and 4.to,2, are numbers proportional, and kaue oneand 
the felf &Ame proportion: for ¢.the firftis'to 3.the fecod equemultiplex.as 4.the third is to 2.the 5 
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«isdodble to j:and fo i&3:doublé to: Likewife thefe foutre tiümbersa:e in like proportion 4:5:4.12. 
for what part 31s of »sfuch pártisa:of 12 27. 0f» (134 third part; fo is alfo 4. of 12:a third pàrt ; So are 
tliefe-fouré numbersalfo ii proportionzij- t 4:6 : what partes Zire of 5, füch partes are 4.of 10 : à, of 
$ are two fift partes, likewife 4.of 1o.are two fift partes. Moreoner,thefe num bérs8.6: 12.9: bein pro- 
ipottióá;Forwliatand Row niany parts Siate oE6;füch & fo imany parts are 12.0f 7 : 8 of 6jis foure third 
> = e aeg oe be gd sete rgtpe cree ys ace hom gr Bow o6 Cr. tse chia Pto P aeo sn y ELA "erp e TE Z2 ri 
partes for one third: jar of ets 2, Which taken Foure times’ maketh '8 ;Ío 12.0f 9,15 alfo. foure thyrd 
partes.: for one‘third parrof 9.is 3, Which'taken foure times maket2? And {fo conceaué'ye of all other 
proportional! numbers, E. JA 
Inthe fixe definition, ofthe v.booke, Exclde ganea farre other definition of magnitudes. proportio- 
nall,and much valike.to.this which-he heregeueth of numbers proportionall:the reafon is as there al- 
To was partly noted, for that there he gauea definition common to all quantities difcrete. and’continu- 
all,rationall,and irrationall : and therefore was conftrayned to geue the definition by the éxcefie,équa- 
litie or want of their eqnemultiplices,and that generally onely : for that irrational quantities haue no 
certayne parton.com mon mea furetonbemea fired by or knoWen;neythet can they.‘be expileffed by any 
certayne numbers. But here in this place becaufein numbers there are no irrationall quantities, but all 
are certaynly knowen,fo that both they and the proportions betwenethén may be expréfled by num- 
bers certayne and knowen, by reafon of their partes certayne, and for that they haue fome common 
neafure to mealure.them (atthe left-vnitie which isa. common meafiire.to all numbers)he'geueth here 


this definition of proportional numbers ;by that the one is like equemultiplex to theother;or the fame 
fatter the amé partey : Which definition fe mneh cae: hen paa teeter. and enor late, a5 
the other ncitheréxtendech VES to all kinde'of quantities rational and irrationall,but con- 
taynepliit felfe Within the lintites and bondes ofrationall quantítiéand numbers. ^ 8? 
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22 Like plaine numbers and like folide numbers sore [uch which baue their 
Mag ISI Poo, he 


gil 
VN > 


a *.. ki r i wt’ a c Aux UE. t 6% t ‘ arg LITRA ` p nag 
SIRIS n: Do 92% dp 2.213294 4510947085 315 613 
& "7 fides proportional. e | " 
— gs. m ro «X540 7 4 e R ta c Y -*4 Ks t N x 4 m oN g x A? ^S 
à " ` & MA iM Ferd gy iA "rx VES Q e — 28W eV rst hh te ease gab Qa tid 
- x , * A 


« 3 
^a 


Before hefhewed thata plaine number hath two fides, anda folide number three fides, Now he 
fhewérh:by this:definitron which plaigenumbers;rand which folidenumbers are hike the aneto the 
others The likeney of avhich numberg dependerh: alrogether of thie proportions of the: fides of thefe 
numbers, So.thatiithe twofides of one plaiae number,haue theifame propertion-the ‘ene to-the 'o- 
therthat the two fides.of the other plaine-number haue the one to the other,then.are fuch twe plaine 
Aumbers like Foran example ¢ and 24 be two plaine numbets, the fides ofs be zand3, two. mes 3 
Make 6: the fidesofsa be 4 and c Poult HES Tüakes 24, Againe the fam € proportion thatis betwene 
3 and 2 the fides of 6, is alfo betwene 6 and 4 the fides of 24. Whétforé Z4 and 6 be {Wo like pidine and 

fuperficiall numbers. And fo of other plaine numbers. After the fame manner is it in folide num- 
bers oUt three fidesof the one hein liképropofxion togethexastue the three fides ofthe othersthen is 
the one folide number like to the other-As, 24 and 192 be folide numbers, the fides of 24.are2. 3.and 
qjtwotymésthtee taken ptimesaré ay ithe fidesf ijzaré4:6 dud 8t For foure tymes &/8 tite make 
192. Againe the proportion of 4 to 3 is fefquitercia,the proportion of 3 to 2 is fefquialtera, which are 
the proportions of théfides‘of the oné flide murkbet narmndly,oF 24 the proportion betwene and & 
is fefquetercia the proportión betwene:and wis fefquialtérá; Whiehare the propottions of the fides 
of she other foidenumiber namely jof 192} And ithey are oneantt the fame with the pra portions of thé 
hides of the otherjwberfore:thefe two folide numbers 34 and ache liké;and fo of otliér folide nübers; 
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23 A perfetinumber is that whichis equalltoall bis partes 2 mies. 
As the partes of 6 are 1.2.3. three is the halfe of 6, two the third part,and r,.the fixth part, and mo 
parteschath mot} whith:three partes wats added togetlierymáRe'éch éxebole number, whofe partes 
they are. W herfore é isa perfeét number. So likewife is 28 a perfs& num ber,..the. partes. whereof are 
thefe numbers 14:7. 2 and 1: 14 is the halfe therof,7 is the quarter,4 is the feuenth part, 2 is å four- 
tenth part,and 1 an 28 part,and thefeare all the partes of 28. all which, namely, 1,2, 4,7 and 14 added 
togttherjmakeiufly:withourmoreorlefie28: Wherforext isa penect ium ber, arid foCof others the 
like. £his kinde of numbergisvery rare-ahd-feldorme found. From-x to:to;there s butonéperfe num 
ber,namely;6.From.tp.to an aon there is Avorn one,that.is,28; Al(d from roc tó:1oco:tbercis but one 
Which is 496. Prom roco to 100oo likéwife but one. $ó that betwene euery flay in numbring whichis 
ener in the tenth place, there is found but one perfec number. And for their rarenes and great perfec- 
tion,they aré of maruelous vfe in magike,and in the fecret part of philofophy.. s | 
2 Phis kinde-ef number is galled perfedtsin refpect of oth ey fiuaibers which aré‘impetfect, For as the 
nature of a perfect umber ftandéth in this , that all his partesadded together are equall to thewhole: 
and make the whole: fo inan imperfe& nüber all the parts added together are tot equal to the whole, 
nor make the whole, but make either more or leffe . Wherefore of imperfeet numbers there are two 
bindesthe one is ealled abinidans or abutidiũg cheotherdiminitagor wanting, mnn o0 5 
. _Anumber abundingis chat whofeypartes ibeingall added together make. more. then :the whole 
number whofe partes they are,as 12 is an abundant number. Fér all the partes of 12. namely, 6.4.3.2, 
J and 


é 
— MP O&O aS IA te. 
er te * » dre Qo 


x * 1 
È 


^ | 
Ww hy the dejie 
nition of pro- ^ ' 
portional maga 
nitudes i$ 92- 
like to the defi» 
vitio of: propdts 
tisnallpim= 5s 
bers. P 


The tw ent y 
"no^ deferre, 


ap" 


^» 
ARON Y we isl 
EINGI AT 


TUBS 
© 


The twenty 
three deſcuitiõ, | 


gamma demos t 
QC 
Perfect num- 
bersrare €3 of 
great Gein 
magthe EF in 
ſecret philoſo- 
Py ° 
Te what refe 
A NAN EE SN 
perfect. 
Two kinds of 
imperfet 
numbers, 


Apumber vane - 


fing- 


i». 


Common fine 


g Encel, 


rff commen 
fentence. 4 tb 


at 29 ee 


Second comen 
fentence. 


Third commen 


— 2 


— 
t 


fentenee, — 


u E 


a. 
a SS 


fourth common 
fentenee, 


^y "y * hol SS a 
E 


T PE. e 
mus ovs 


^s m, ess vA 
3 e Stet ‘ 
TAX S Mew 

0S a essence 

SAX C "y VUA SAS 

A Aie ganna. 

=i) AGAS E % 


jd 


te 
HT 
at SS. 


PAD rimm 


^Y? 


entente, 


Te Hees Su x 


UER Ys 


E E 


e Qm a 


Cs 74 BRETT 3 PaT 
J —* GU The fenenth Boo 6; > 


and 1,added together make r6gwhich are more then 12.Likewife.18,is a numbet.abundin 
name] 7,9.6-3.2.and 1.added together make 20.which are more then 18:and-fo" of« uo — 3 = 
A number diminute,or wanting is that whofe} partes being all added. together, make leffe then the | 
whole, or number whofe partes they are. ECT ! 
As 9.is 2 diminute,or wanting number,for all his partes,namely,3 and r TAA partes he sell not) 
added together make onely 4: which are effe then 9,Alfo.26.is a diminute niiber,all his partes, name- 
ly 3. 2.1 «added | together make onely. 16: which isa number much leffe then. 26, Ang fo of fish like.:. -; 
à : | MITOCOL 
S dmpane and Flufiates here adde certayne common ERE — of which, 
77 for that they arein thefe three bookes following fomtimes: alledged, I thought 
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^as the ntimbers 6;and 8: are: either of ther’ a part of the num ber 2476,is afourth 
pm 4. times 6,is 24:and 8.isathird p part,3..t times 8:524. Now forafinuch as : 4 (which 


^e Let 


denominaceth what. part ¢ 6.18 OF 24) i is greater then : 3s - (which denominateth what part 
8.is of 24 .)thereforei. is 6.aleffe partc of 24,then is.8, and fois 8.3 gieaterpart of: 24thẽ 
6.1s, And iod in others, 
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Whatfocner ‘numbers are equemultiplices Éo orte (5 the e eifa ame enider, 
or —* li numbers are alfo equall tbe one to tbe o ther. ` 
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“AS ifvnto the number 3.betaken two numbers. containing the fame number fouré 
times, thatis. béing equemultiplicesto the fáme number three : tlie fayd two ‘numbers 
fhalbeequall; For4;times 3:will euer be 1 2:86 alfo will itbeifvütothetwoéqualnums . 
bers 3/&'3,be taken two nunibets,theone cOtaining the one number 3, foure times, 
the other containing the other mimber 3.a alfo foure times, that Eps being, equemultipli- 
es to the equal numbers .j.andj Ba Sto neon bash costed uirar afori edi e bon 
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"Vu ifthe numbet 18, be équemaltiplex t toanytwo numbers P that is, contayne any 
two numbers twife,thrife, fower times &c? Asfor.example 3.times: then are the fayd 
two numbers equall.For 18.deuided by 3.will euer bring forth. 6;So that that diuifio ion 
made twife will bting forth'6,and 6,two equall numbers: So alfo would-it follow ifthe 
two numbers had equall EC teal if 1 8 and 1 7 j. which are equal nume 


bers aie any two numbers 3,times, Am tet Se ies, cs | 
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m if from 24. be takena away9,there —— ud forasmuchas the number 
3 meafureththe whole number.2 4,& alfo the number také away, tiamely,9: it Mmall al⸗ 
ſo meaſure inereſidue.vhichi is 15. For re. 15 byt hue, fiue tin ies 341 is i s And 
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meafure bythe numbers.2,3,4,and-s And fords muchas thehumber'r3,doth meafure 
the numbers 24.36.48 .and.6o;And the nuber 6,doth meafure the number 12, (namely « 
by, 2 ) Ttfolloweth by this commo fentence thatthe number 6,meafureth eche of thefe: 
numbers 24.3 6.48,and 60,And fo ofdthers, .. 5 os nus 4 
ONES, PIT? EP COIR TEN NR TE SRE OR | SHON 
z o6 Ifunamberméafure Pio numbers jit [Pall alfo meafure number coms - 
od RAR: | A ee ey ere eS 


J A 4 
ach age ^ ^ - ae ee A ua Er. ^ 
qM. * e. re Yh ef à js. 
— PSI. k * RCE Ak 
- . 


4 
^ 


Y 
< * 
> 4 1 * 
$ uet $ 
asat AU 1 T 
y ‘ 


aaa ‘ ry m "Pu Me . s P P dn” . ae Spies 2n $1 a re AG — ey AM 3 "Xu Ww M ü E 
Asthe number 3meafareth thefe tivo numbers and 9:it meafureth 6,by 2.and 9, 
by 3, And therefore by this common fentence it meafureth the number 15 . which is 
compofed of the numbers 6,and g:namelyit meafarethitby j, , .— 
T "dd f: in. numbers there be: proportions bos manyfoeuer equall or the.felfe 
“fame to one proportion : they [hall alfo be equall or the felfe fame the one to 
the others * — * e "i Juan —* senape Rig ies UT I god 
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As yfthe proportion of the number 6, to the number 3, beas tlie proportion of 
the number 8, to the number 4; if alfo. the proportion of the number 10,to thenum- 
ber 5.beastheproportion of the number 8,to the number 4:then fhall the proportion 
ofthe number, 5; to the number 3.be as the- proportion of the, number. to, is-to the 
number.5:;namely;eche proportion is duple,And.fo of others’, Eaclide in his.5: booke 
the 11.propofition demonftrated this alfoin continuall quantitie : which although as 
touching that kinde of quantitie it might have bene put alfo asa principle (3sin num- 
bers he taketh it) yet for that in all magnitudes theyr.propertion'can not be exprefled, 
(as hath before bene noted & fhalbe afterward ‘in thé tenth booke more at large made 
manifeft: therefore he demonftrateth it.there in that place, and proueth that itis true 
as touching all proportions generally whither they be rational or irrational. = '' 
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qT heft Bropofition. The irft T beoreme. 


`x Ifthere be geuen two'pnequall numbers and if in taking the le/se continue 


T oe wha 


ally from the ‘greater, ‘the number remayning d 0 ‘not meafure the number 
. going before; yntill it [ball come to bnitie: then are thofe numbers “which 
c.c Were gt the beginning genen prime the onetotbeotber..- = 
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ZAV ppofe that there be two unequal numbers A B the greater, and 
C D thè leke, and from A B the greater, take away C D the 
lleas often as you can leaning F A; and from C D take away 
NE A soften as you can leaning the number G C. And from 







FA take awa G C 4s often as you a LÍ! 
‘can, and [o do continually tillthere.. E.. . m 
Sy remayne onely vuitie, which let be | D... G.. C 





Ji meafureth the numbers. A B and T 


4*1 * € ie 


CD: Foz ift bepofblelen fme nib n them and lei the fame be E. Now C D 
peafuring A Bleaneth alefve number then it [elfe mhich let be F A. And F A meafuring 
D.C leaueth allo a lof then if felfe,namely, G3 C. « And GC meafaring FA leanesh y- 
pite H A. And for a[muc P as the number E meafureth D C, and the number C D mea- 
furetb the number B F therfore the number E alfo meafurecth BE, and it meaſureth —7 
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The firft cafe 


The fecond cafe. 
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whole number BA; wherfore it alfo meafüreth tbat which remaynerhinamelyithe number 

EA (by the 4.comion fentencé ofthe fisenth ) But the'number AE mmeafureth Ho number. 

D'Gwherfore E. alfo mea[üreib D Gi tnd it meafurerb aljo the whol D C. wher forced 

alfo meafureth that which remayneth,nameély,the number GC (by thefanie common len- 

tence) :but G C meafureth the number F H vherfore alfo B meafureth FH, and it. mea- 
i > (5 


co firmbibewbilemible E A, wherfure (b) the former conioeon [ostente] V1 alfo mesfa-. 


reth that which remayneth H A,which is vnitie,it felfe being a number, whith ts impoffi- 
ble. Wherfore no number doth mea[ure the numbers Á B and C D, wherfore the numbers 


1 TES Mo a cee ee .» Dy n5 | rcerre "az (met Terr trug) e rg yrfa A 
A Bana C D are prime numbers tbe one to the other : whith was required to be proued. 
ONEDV. 11 VON ORSO Sm asodsth*tt hommes ad) vil Saoirse HAs, Fo! 


(P wi ESI JEVIoosu:o bas o essc min susto bstogu.o» 
The conuetfe of this propofition after Campane. : 

pi M DES. angi " TASSE ^ J "4 774 BSA 3 TA e pos ruri ors sai HNG i Eds A are r= ` : 

; And if thetwo numbers ; namely A B and C D be prime theone to the other:Then the leffe being 
continually caken trom the greater there fhalbenb.ftay. of thacfaftra&üon tilbthat you come:to vnitie. 


For ifin the continualt-{ubftraGtion there-be a flay-before you cometovnitie. ^ p €- 
Suppofe that H A bethe number whereat theftayismade, whichalfobeing — D. be; 
fubtrahed out of G C leaueth nothing. Wherfore H A meafureth G C wher- Be A. a IND e 
“fore aHo. it meafur eth F.H by the s,common fen tence ofthe feuenthjAnd for, 4,44 5:10 


as much as it alfo meafurech it felfe , therefore it alfo meafureth the whole AF by the fixth common 
fentence of thefeuenth ; Vherforé alfo'it meafureth D G by the s. common fentence . Büt itis before 
proued thatic meafureth GC; Wwhérfore it meafiireth the whole C D j' by the fixth corimon fentence 
‘ofthe feuenth : wherfore alfo it meafuréth BF by the s.common fenterice‘of the feuenth/Andit isalfo 
proued thatit meafureth F A;vrherfore alfo it' meafureth the:wholenumber A B by thefixth common 
fentence of the feuenth., iNow.foras much as the number. HA. meafüreth the numbers A:B and C D; 
therfore the numbers AB and CD are, numbers compofed; wherfore they are not prime the oncto.the 
other: which is contrary to the fuppofition. ;. .. 5... , ee ey ae 
(HORTUS T Oe, Bet T] Pian Beit) Fi li see Set SLUTS a SI Baer! 
5; And by this propofition if there be two numbers geuen.It is eafy to finde out, 
whether they be prime the one to the other or no..For.if by {uch continual fubftraGion 
of the leffe from the greater,you come at the length to ynitie, Then are thofenum bers 
genen prime the onetó theother But if there be aftay before you come to vnitie, then 
are the numbers geuen,numbers compofed the one to the other. 
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V ppofe the two numbers geuen not prime the oneto the other to be AB and C 
D. Its required to finde out the ereatefl common mea[ure of the faid numbers 
s |A Band CD. Now thenumber C D either zmeafureth - 7 


5 PB de A^. A 


fava ffe. Wherifae CDs a iomain meafureta epumbers CoD. 
C Dand AB. Andit is manifest alfo that itis the greateft common 5 S. |i 


meafure : for thereisno number greater then CD that will | 


aqea[ure C D d * 5 “4 S ťi £ à V. we, 5 OB r d 5- eo f 
Butif C D donot meafure A B,then if of the numbers AB 14.5 (Eee E 
ee T L os 5 za VUE Sd. Ao dil e a Cw MONT SUN ^ uüu x c ja 
andC D, the leffe be continually taken away from the greater, C.. F ....D | 


there will before you come to unitie,be left a number which will meafure the number going — 
before(by the 1.0f the fenenth ) . For if there [bould ot , then fhould the numbers A Band 
C.D be prime the one to the other which is contrary to the [uppofition.Let the fayd number 
left by the continuall [ubfiraction of the lefe number out of the greater beẸ C`. So that let 
the number CD meafuring AB, and [ubtrahed out of st as often as you can lene a lefe 
number then i felfe, namely AE. And let A Exmeafuring C D, and fubtrahed out of it 
Sw qu een —— Qe rune . —Á emn t 


L4 
es —— 
awh a g 


of Euclides Elementes.’ Fol.189. 


as ofica as you can leanta lefe then is felfe namely C E And fuppofethar © ¥ dofo mea 
fare AE that-there remajne nothing . Then 1 fay that CE isa common meafure. tothe 
numbers A Band CD.Bor forafmuch as CF meafureth AE, and AX meafureth DF;« Demon tratii 
berefore C F alfo meafareth DE (iy the fifth common Jentence of the ſeuenth Jand it eke fecond 

likewife meafureth it felfe,wherfore 1t alfo meafuretb tbe mhole OD (by the fixth common: ça fes 
fentenceof the fenenth ) bst GD meafi ureth B E „wherefore C F alfo meafureth BE: { by.: 

the fifte common fentence of the fenenth).. Andit meafureth alfo E A + wherefore it alfo.. That C Fis a 
meafureth the whole BA (by the fixth common fentence of the fewenth):and it alfo meafus common mea- 
reth C D as we hate before proned : wherefore the number CF meafureth the numbers Jureka m 2 
AB c C Dewherfore the number C F isa comm meafure to the numbers ABS CD. UY 


; : b and € D. 
I fay alfo that it is tbe greateff common mea[ure.-For if C. F be not the greatefl commu 


9 


meafureto A Band CD, let there be a number greater then O That Fi 
C E which meafureth A B and CD: which let be G. And A.. Eca B- thegreateft — 
fora{much as G meafureth C D ; and C D méafuretb BE, ‘G... COo Ao o. COMMON mea- 
therefore G alfo nea [ureth BYE: ( by the fifi common [entente | AF... Dison oss fareto AB 


— — and CD. 
fre alfo it meafureth, the refidue, namely, AE(by the 4. common ſentence the ſe- 
nenth) But AT meafureth D F wherefore G alfo meafureth D F ( by the forefayd $.com-. 
mon fentence of the fenenth)..And it meafureth the whole C D.. Wherefore it alfo meafu- 
reth the refidue E C:namely ,the.greater number the leffe:which is impofsible . No number . 
therefore greater. then C ¥ {hall meafure thofe numbers A Band C D : wherefore C F is- 
the greateft common meafureto AB and CD:which was required to be done. S 


of the fenenth). And: it meafureth the whole A Bywhere- 


~~. Corrolary. | 


Hereby it is manifeft , that if a number meafure two numbers it [hall alfo 
. , . meafure their greateft common meafure. For if it meafure the whole & the 
part taken away,it fhall alwayes meafüre the refidue alfo ; which refidue is at 
thelength,the greateft common meafure of the two numbers geuen, 
q T'he 2.Probleme. Th 3. Propofition. 
T bre numbers being geut not prime the one to the other:to finde out their 
& -~ greate/t common meafure. ! i 


y ` 


E 


m Vppo[e the: three numbers geuem not prime the one to the other A 
olro be A;B, C . Now it.is. required vinto the fayd numbers 
LAGJA, B,C to finde outthe greateft conmon meafure . Takethe . 
greateft common mea[ure of the two numbers A and B (by the 2 of the 
feuenth) which let beD : which number D either meafureth the num- 
ber C or not. eR) 28S iy iat ba ol Oe 
Firft let D meafureC . And it alfo meafureth the numbers A andB, wherfore D à 

meafureth thenumbers A,B, C. Wherefore és a common meafure unto the numbers oe cafes in 
A,B,C.Then J fay alfo,that it is the greatef? common meafure unto them. For if D be not A Propoft- 
the greateſt common meafure vito the numbers A, B, Clet [fome number greater then D The fief cafe. 
meafure the numbers A, B, C. And let the famenumber be E: Now foraſimmuch as E meafu- | 4 
rein the numbers A,B,C it meafureth alfo the numbers A,B Whereforeit meafureth alfe | 
a ARS. See Wu tm SV us VE Sue l 
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theegreatest. common’ meafure ofthe numbers AB (by theCo- > 
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vallary of the fecond of thefenenth) But tbe greatefl common /- B Lees 
~ -.. - wehfure of the numbers A,B; is. the number D (by com. Cisis.. > 
esos v firudtion). Wherefore the number E. meafureth thenumber’ D...... 
(07 2a Dysamely,the areater thé leffe : mbichissmpofüble. .-Vehere-...E .. 
fore no. number greater thé JD meafureth the nubers A;B;C. iF... 


soit Wherefore D is tbe greateft common meafure to\the nunsbers ~ 
ce e ASBUGI E ore DRE pretia em ate e ie. esi, 
The fecond “` shut now fuppofe that D donot smea[ure C. Firfl 1 faythat D e: C Art not prime pum. 
ede bers tbeügétóthe otber . For forafamcbas the numbers A, B, C, ave not prime the one tà 
theotber (by fuppofition) fone oie nwinber ivill meafure them:: but that number that mea- 
sc fureth tbe numbers A,B,C, [hall alfoveea[ure tbe numbers A ,B and hall likewife meaſure 
he greateſt comon meaſure o A B,namely,D (by tbe Corollary of the fecond of the feueth). 
ten And the fayd number meafureth alfo C. Wherfore fome one number meafureth the num- 
— bers D and €. WhereforeD and C are not prime.the one tothe other. ` — 
Now then let there be taken (by the 2.0f the feuenth) the createft common meafurevnto 
thenumbers D and C,which let be thenumber E.. And forafimuch as E. meafureth D, 
and Dygeafureib ihe numbers &;B , therefore E alfo Hite, the numbers A,B (by the 
fixt.common fentece)-and it meafureth allo C. Wherfore E meafureth the nibers A,B,C. 
Wherefore E is a common eafure unto the numbers A,B,C- fay alfo that itis the grea- 
tell i For if E, be not thé areateff common ut vnio the numbers &,B, C, let there be 
ome number greater then Eywhichmeafureth the nubers A,B,C. And let the [ame nam- 
ber be Y. And forafmuch as ¥ meafureth the numbers A,B,C : it meafureth alfo the num- 
bers A,B. Wherefore alfo it meafureth the greatest common meafure of the numbers A,B 
(hy the Corollary of the 2.of the fenenth). But the greatest common meafure of the numbers 
A B i D. Wherefore E meafureth D . And it meafureth allo the namber C. Wherefore 
Pheaſpreth the numbers D,C. Wherefore al{o ( by the fame Corollary ) it meafureth the 
greatest commen mcafure of the numbers’ D,C . But the gréatet common meafure of the 
annibers D;C, is E-Wherfore F meafureth E; namely;the greater number the lee: which 
is iimpoffiale.. Wherefore na.number greater.then E fhall meafure the nibers A,B;C Wher- 
fore Eis the greatest common meafure to the numbers A,B,C + which was required to be 
done. f j E ie A a E A^ * a T MY: L à é 
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Wherefore it is manifeft,that ifa number meafure three numbers, it fhall 
alfo meafure their greateft common meafure. And in like fort. more nume 
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bers being gene nat prime the one to the other may be found ont their grede 

~ teft common meafire and tbe Corollary will followe.: JE. riot 
ce * * ) 4 ae / ; - E " i = è : l TI NY 

M g T'he 2. T heoreme. The 4. Propoſitin. 
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ae ue eem Euery leffe nninber is of enery sreater number, either a part or partes; 

"* o ew nye ba mui aii SCD git | ea ane OG or HOUR. 17 Ree on 8. 
Jew PA 4 ppofe there be — Aand B E pei y the — 
thre Prehafi- Tea ne \fay,that B Cis either apart orpartes of A: For the numbers hand BS are eis 





sion. ed ther primethecne tothe other,ornot. Firfblet. A andB C be prime the one to the 


The firfl cafe. ethers Aad deuide the number BC into thofe vunities which are in st. Now enery one 7 
| í £6 
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of Eichiles Elementes. Foligo, 


sha ausities which arein BC 35 fore certaine part of A. Wherefore BC arepartes of A. vig 
oe But now fuppofethat the numbers: Avaud BC hewot prime the one tothe other . Then 
TB: Cueitber ente] uretb A or not meafirethit If BC meafure. 0 6 E T 
A, then is BC apart of A -Butif nity-take( by thé zhofte: © od amt 
fexenth) the greatelt common meafuréof and BG)andleds.) B22 Ape hos 
the fame be D. And let. B Cbedenidledinto as many partes © Bors 
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AD Wiss. g 
asit hath eguall sto D, thátis;into-B E;E Ej and Ej. s BasESLE..; 
And forafmuch as Dameafureth As therefore D tiapartof Di e 
A.. But D is equall unto entry, one:of thefe paries BEST; OU sesos R 
and Y C-Wherfore l[o euery óndof the[e partes B E E-E and F.C ; 25 a partof A .Wher- 
fore the number B Cas partes ofA Wherefore enery lefe mtmber s of euery ereater "ber, 
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Yf a number be a part of a number , and an other nüber tbe felfe [ame part 
of an other number, then both the numbers added together fhall be the 
Jfelfe fame'part of both the numbers added together which one number was 
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r m V ppofe the nuinber.A to be à part of the Zimber B c > and letan other number, 
j£ | namely, D be the felfe fame part of av other number namely of E FTH? I fay, 
| S that the numbers A and D added together, are tbe [elfe fame part of the nit- 
BaS Egbers B Cupd EF added togetherthat Ais of BC > For foralmuchas what 
x B a PE LE Laws vy t "A 
garithe nnrslen Av rof tbe munem BC, shelf fumepirt at 
isthenumberD ofthe number BF; ther fore how maby pums ALAS 8 
bers there arein BC equal Vito Ai ^. many numbers. are b e qe9 ILOY f a 
therein E Fequallunté D. Denide Isfay, BC.into tbe Bum ^ Breer eG. GG s 
bers that are equall upto A, that is, into. B.Gy and G-@yands De y oce 
 Bikewi[e déutde EF into the numbers that are equal. ante D MAY vues bei tS 
thatis, into and EE. Now then the multitude of thefe- E rontani F 
BGand GCyisequall dato the multitude of thefe LH and AT .'C 
BiGus equalunto-A, and EH nto D, therefore B Gand BH are equall vato Agr D. 
-wrdad by thefame reafon forafmuch a3:GC is equall-U»to Asand-H-F vifo D © therefore 
GC and Vl Fare alf equall-vato Aand D; Wherefóve- bon many numbers there ave in 
B:Gequall unto; fomany are therein B.C and BR equall unto A arid D . Whereforé 
bow multiplex BC sto A; fomultiples are. beth the nnmbers BC and EF. to both ihe 
“numbers Aand D:-Wherefore what part Ae is of BC the felfe par da lfoa » Ae D adc 
together, of B Cand E F added togethers: which was required tobepronéds 2 — 0.00 
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wá PC es.of ait other nunber.: béni both umber added:to gether hall: be of 
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both numbers added together the felfe Jaine partes; tbat:onenumber was 
of one number. | ' 


qnx. Ifa number be. portesof a number zand another number the felfe. fame 
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4 The fenenth Boke < 


Se V ppofethatthe number AB be partes.of the number C; and tet an orber number, 
ASOS gamely, D Ebe the felfe fame partes of another number namely of F. Thew't fay, 
SANE that tbe numbers A Band D Eadded togetbersare of the numbers Ciind added 
together the ſelfe ſame partes, chut A B isof C. For foraſmuchh.. 
as what pares ABs of C, rhe felfe farne partes 45D Eo: e L. AE Adis 
therefore how many partes of Cthere are in AB; fomany nid: inem ^. ^08 diim s 
partes of F are therein D E. Deuide À Bintothepartesof',^ 808 ST P sos s 
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that is, into A Gand G B, and likewife DE Tnto the partes © DINH oo 


Ms 


of F that is, into DH and HE. Now then themultitnde of Ye nyp s ovg. A 


thee AG and GB is equallto.the:multitude of thefeDH © OA ese 
and H E. And forafmuch as what part. AG isof'C; the fefe fame partis DH of F: 
therefore what part A Gis of C, the felfefame partis A:G and DH “added tocether of Ch 
and F added together .. And by the fame reafon alfo what part G Bis of C, the felfe fame 

artis GB and HE added together of C. and Y added together . Wherefore what partes 
A Bis of C, the felfe fame partes are A B and D Eadded together of C and F added toge- 
ther : which was required to be demonflrated. 
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Ifanumber betbe felfe fame part of a number that a part taken away is of 
a part taken away : then [hall the refidue be the felfe [ame part of tbe vefte 


due that the whole was of the wholes ss A% 


anf as 


TEF V ppofe that thenumber AB be of tbe number && D tbe felfe fame part, tbat the: 
le Nd part taken away AE ssofthe part taken away CF. Then 'Ifay,.that the refidue 

| 25,4 E B zs of therefidue F D the felf fame part:that the whole A Bs of thewhole CD. 
What part AE ws of CF, the felfefame part let EB s + + el 
be of GC. . And for that what part & E. of C Fythe G. Cece sicve Fo. Ds 
fame part is EB of CG, therefore what part AEM, out x: E.R T 
of CE, the fame part (by the 5. of the fenenth)is ABs« o 0 TMU ses 
of E G.. But wharpart AE is of C-F, the fame part. (by fuppofition} is A Bof C D Wher: 
forewhat part AB #s of F G,the fef [ame part i ABofC D Wherefore A.B is one G: the 
eife ame part of both thefe numbers G F-and C.D .WhereforeG F is equall vnto CD 
(by the fecond common fentence of the fenenth) .Take away. © F whichis common tothens 
bath . Wherefore the refidue G C ssequall unto the refidue F D. And foralmuch as what 
part A Es of C E, the [ame part is E. Bof'G.C : but G C. ss equallvnto E D : therefore 
what part A Eee of F C, the felfe fame part s EB of F D-. Bat what part AE ws of CF, . 
the {ame part is A Bof C D.. Whereforewhat part EBs of F D, the fame part is AB of 
C D . Wherefore the refidue EB. is of the refidue F D- the felfe fame part that the whole 
AB isofthewhole CD: which was required to be demonftrated . | 


q I he 6. I beoreme, : The 2: Propofition.- 






"mi D. a number be of a number tbe felfe fame partes, that a part taken away 
\-  isof'aparttaken away,the refidue alfo fhall be of the refidue the felfe fame 
> partes that the whole is of the “whale: ° Ps is n " d 

—* | Suppofe 


t. 


2* 
> & .* hs 


of Euclidés Elementer T Fol.tdie 


ET Vipofe.tkat ihe zumber £ Bbe of the mimber C D the Safe ferae partes thatthe, 
eae part taken away AE wof thepart taken CF. Then 1 fa y that therefiaue E, B ds of... 

joes the vefideie FD the febfe fare partes that the whole.\ Bis oftbewhole C D. Futo | 
KB put an equall uiler G HeWherefore what partes GH is of C D the felfe [ame partes Confturttions 
is A of CX. Deuide G.H. fitotbe partes of © D, thatis, GK sand KH, and. likewife. | 
AE into the partes of CF , thatis, into Al, aad L E . Now then themultitude of thefe 

GK und GH; isequall unto the multitude of thefe AL and LE . And forafmuch as Dezira ^ 
what part GK isof C D ytbefetfe [ame part is & Lf C V: but CD 15 greater then CF: . sions s 
Wherefore GK is greater then J, « Put unto A dIigtgedtaloos woop, i - 


number WAG. Wherefore what part G Kis f CDs tbe[ame . \4...0... Ei. B.-. 






- 


partis GMb of © B-. Wisevefove tiie refidue MEKir(5ythe. e. og p Jue 
7. of the fenenth.) of the refidue VID, the feifefame part. that mani ' len E 


the whole GX is of the whole CDa gaine forafmuch as. G. M.Kes NB. 
what part % His of CD, the felfe [ame partis E Lof C Y: e. "XS 
but C D is greater then C E. Wherefore AK is greater then EL „Pat vato E L ane 
gual number KN . Wherefore what part KH isof C D, the felfe fame partis KN of 
CE. Wherefore the refidue alfo NB és ( by the 7 .of the fenenth) of the refidue FE D, the 
felfe fare part that the whole IK His of the whole DC. Wherefore both thefe MK and 
NH added together are(by the s.of the fexenth) of D E the felf fame partes that the whole 
HG is of thewhole CD -But both thefe- M K-and N H added together, are equall unto 
EB. Aud H Gis equallunto BA . Wherefore the refidue EB is of the refidue FD the 
feife (ame partes that the whole AB is of the whoie C D : which was required to be proned. 
^ €rÁn other demonfiration after F/effates. v 
SN Suppofe thatthe number A B beofthe num berC D the felfe fame partes that the part taken away An other des 
A Bis of the part takenaway C F . Then I fay,thattherefidue EB is oftherefidue FD thefelfefame woy f! raton i: 
partes that the whole A B is ofthe whole C D.Let E B be of C 1 the felffame partes thatA B is of C D, Fi 
or.A E of C E. Now forafinuch as EB. isof C Y.the felfe fame partes that A-Eis of C F: therefore both after Finfia- 
thefe A Eand EB added together are ofboth thefe CC FandCladded =» | | bese 
together (that is, the whole A Bis ofthe whole FI) thefelfefame ^ ^ | DB..E......A'- 
partes that AE ts‘of C F (by the fixt of this booke). But what partes D`. ip | cr 


A Eis of C F, the felfe fame partesis thenumber A B ofthenumber ; 7. 4 : 

CD (by filppofitioh) Wherefore what partes the number A B is of the nftber F I, the felfe fame partes 

is thefame number AB ofthenumber CD. Wherefore the numbers F land C D are equall. Take a- 

‘way the nuitiber C Fwhich iscbmnion to them both «. Wherefore the numbers remayning C I and 

“FD are equall . Wherefore what partes the number EB is of thenumber CI, the felfe fame partes is 

«he fame number EB ofthe number E D . But what partes EB.is of CI, the felfe fame partes (by con- 
iirudtion) is AB of CD. Wherefore what partes the refidue EB is of therefidue'F D, the felfe fame 
“partes is the whole A B ofthe whole C D : which was required to be proued. - Ss ^ 


— — \ 


0 @ Phe 7: T heoreme. -> ~ = Fhe g: Propoſition. .*«*»-9 


_  Lfanuniber be a part of a number, and if an other number be the felf, Jame 
< part ofan other núber : then alternately what part or, partes the firft is of 


» 


“the third the felf, [ame part or partes [hall the fecond be of the fourth. 






V ppofe that the number A be of the number B Cihe- * -«\ Awe. 

i Ls fame part that an other number D 1s of an other = an o 

K RONG number EF : Andlet A be lefe then DT hen Ian 

“that alternately. what part or partes A is of. D, the WLM aie, welders. "ys 
part or partesis B Cof E F. For forafmuchaswhatpat AB’ og s H.E 
of AC; thefelfe ſame part is. D.of EF therefore how m sny et Bh vee 


UTOOCnifriülion, 
numbers 


- 


Demoufira- - 


£192. 


Conſtruction. 


the partes of C, that is, into A. G and G B. And likewife 


Demonfire- 
£t0H. 


This propoli- 
tion ia diferet 
quatitie anf- 
wereth to the 
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numi ers there arein BC equall unto CA, ſo many are theve in Als. 
E F equall vnto D. Deuide BC into the numbers equall vnto put 
. cA, that is, into BG e7 GC : and likewife E F into the num © "0" 


bers equall unto D,that ts,into E H and H F. Now then the D.....> 
multitude of thefe B G- and G C, is equallunto the multitude — r HOLE 
of tbefe EH e H F . And forafmuch as the numbers BEG and — ide ciel uid), 
GC areequall the one tothe other, the numbers alfo E H and H F areequall the oneto the 
‘other : and the multitude of thefeB G & GC is equall vnto the multitude of thefe E-H and 
H EF. Wherefore what part or partes B G is of E H,the {elf [ame part or partes.is GC of H F: 
Wherefore what part or partes BG is of E H, the felfe [ame part or partes (by the fift cp fixt 
of the [euentb) are B Gand G C added together, of E H and H-F added together. But B G is. 
egual unto A, and E Honto D. Wherefore what part or partes A is of D, the felfe fame 
part or partesis BC of E F : which was required to be demonftrated.. > ~> à | 


T > | : q The é. T heoreme. x The 10. Propofition. 3 


Tf'a number be partes of a number , and an otber nüber tbe felf fame partes 


of an other number, then alternately what partes or part the firftis of the 
third tbe [elfe [ame partes or part is the fecond of the fourth. 


TAV ppofe thatthenumber A B be of the number C the felfe fame partes, that an 

: y other number D E is of an other nüber F, and let A B be leke A DE. Then 
(S | {ay that alternately alfowhat part or partes AB is of DE, the felfe fame 
Sap partes or partis Cof F. Foraf nnch as what partes A Bis of C „the felfe Jame 

partesis D E of E : therefore how many partes of C there are : 

in A B, [o many partes of F alfo aretbere in D E Deuide A B C... 






- 


D E zgto the partesof F,tbatis, DH and H E . Nw then — | 
the multitude of thefe AG and GB, is equall untothemulti- F 
tude of thefe DH and HE . And foralmuch as what part D H E 

A. Gis of C, the felfe [ame part is D H of F, therefore alter- a cen 

nately alfo (by the former ) what part or partes A G is of D H, the felfe fame part or partes 
is C of F . And by the Jame reafon alfo what part or partes G B is of HE, the fame part or 
partesis C of F .Wherefore what part or partes AG is of DH, the felfe fame part or 
partesis AB of D E (by the 6.of the feuenth) . But what part or partes AG isof DH, 
the felfe [arze part or partes is it proued that C is of E .Wherefore what partes or part AB 

is of DE, the felfe fame partes or partis C of F : which was required to be proued. 


q 1 be 9. I beoreme. Ihe 11. Propofition. 


Jf tbe whole be to the whole, as a part taken away is to a part taken away: 
then [ball tbe refidue be vnto the refidue, as the whole is to the whole. 


face Y ppofe that the whole number AB bevntothe whole number C D, as the part 277 
S away A E;is to the part takë away C F.T he I fay that the vefidue E B,is tothe refi- 
yovsstee due F D5as the whole A B is to the whole C D.For fora{much as, A B is to C D, às 





$ 


ninth propofi- 4 Eisto C F: therfore what part or partes A Bis of C D the felfe | 
t:0 of tbe fifth fame part or partes is AE of CF. Wherfore ‘alfo the refidue EB C..0.F i... D> 


bokesn consi- 
ual quatitie, 


a of the refidue F D ( by the 8. uf the feuenth) the felfe fame parte A... Ev:. 
as s or partes 





of uclides, Elementes.: Fol.102. 


^ 


FD, fo is ABtoC D : which was required tobe proued. 


or partes that A Bis-of C D. Wherefore alfo (by the 21. definition of this. booke)as EB isto 


— 


E q T'be:1o. T beoreme. The 12.Propofition.. 


IFtbere be a multitude of numbers bow manyfoeuer proportionall : as one 


` 


of the antecedentes is to one of the confequentes, fo are all the antecedentes 
u "foalltbe confequentesersd a LC nme m che e t 


»-t 
P J 






Vppofe that there bea multitude of nũbers how many ſoeuer proportional, name- 
a ly, 4,B,C,D, fothat as A isto B folet C beto D. Then I fay that as one of the 
| 35 cS antecedentes namely, Ais to one of the cop[equentes mamely,to B,oras Cisto D, 
foa | 


Á 


CN 


e Alltbe antecedestes: namely, A and C to all tbe confequentes, 
pamely,ta B and-D.. For fora[much as(by [uppofrtion) as A15 t0 By. 4 . .- 


foisCto D, therfore what parte or partes Ais of B, the felfe famem BPE 
part or partesis C of D (by the 21. definition of this bocke) where-.. C ...... 
fore alternately what part or partes Ais of C thefelfefame parte or .D. . .. . ..... 


partes is B of D (by the ninth and tenth of the feuenth) wherefore » 3 | 
both thefe numbers added together, A and C,are of both thee numbers B and D added to- 
gether, the felfe fame part or partes that A is of B (by the 5 .and 6 .of the feuenth)- wherfore 
(by the 21. definition of the fexenth) as one of the antecedents ,namely,A,is to one of the con- 
fequentes,namely,to B,fo are allthe antecedentes A and C to all tbe confequentes B d D. 
Which was required to be proued. 


q I bé: 11. T beoreme. Lhe 13.Propofition. 


proportional. 


Me V ppofe that there be foure numbers proportional, A,B,C,D, fothat as Ais toB, 
À x 37 folet C beto D . Then I fay that alternately alfo they fhalbe proportional, that i5. 
YING as AistoC, fois BtoD . For forafmuch as (by fuppo[fitiom)as Aisto B, fois C 
D,therfore (by the 21. definition of this booke) what part or partes | 

"Ais of B the felfe fam e part or partes is Cof D. Therfore altermate- A... 

ly what part or partes Ais of C the felfe fame part or partesis BofD  B 

(by tbe paf the [euentb) ei alfo(by the ro. of the fame) wherforeas C... 

Ais to C, fo is B to D(by tbe2x. definition of this booke)zwbichwas | D... | 
required to be proued.. Ya "9n — E 





|.  Hereisto be noted,thatalthough in theforefayd example and demonftration the number A be 
fuppofed to be leffe then the number B, and fo the number C isleffe then the number D : yet will the 
fame ferne alfo though A be füppofed to be greater then B , wherby alfo C-fhallbe greater then D, as 
in this example here put . For for that (by fuppofition) as A is to B,fo is C to D;and A is fuppofed to 
be greater then: B; and C greater then D : therefore (by the 21. definition of this 
Booke) how multiplex A isto B, fo multiplexis C to D, and therefore what part. 
orpartesB isof A , the felfe fame part or partes is D of C.. Wherefore alternately 
what part or partes B is of D, the felfe fame part or partes is A of C, and therefore 
by the fame definition, Bisto D, as Aisto C. And fo muft you vnderttand ofthe 
former Propofition next going before, ! * 
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If there be foure numbers proportionall : then alternately alfo they fhallbe 


Demon fira- 
tion. 


This in diferet 
quatity an]- 


`> wereth to the: 


tweife propos 
ition of the 
Jifth in contie 
nual guatitye 
Demotira- 
tione | 


This in dif. 
crete quantity 
anfwereth to 
tbe fixtentb 
propofuion of 
the fifth booke 
tn continuall 
gHuantitite 


Notes 
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at 2 P The fenenthBooke = 
(Sg The re Theoreme, These Pref 00 


If there be a multitude of numbers how many foener, and alfo other nume 

bers equall ynto.them-in multitude , which béing compared two and two 

... .,]rein one and tbe [ame proportion : tbey [ball alfo of equalitie be in one and 
- roportion. et a i ate 171757 


~~ the fame p 
A. A € 


FS] V ppofe that there be a multitude of numbers how 


ü ls. ' — * 
“Pp yy « EL. 1 


many foeuer': namely, A:B,C, 






This in dif- - i 

epete quantity CO ana Let the other numbers equall unto them in multitude be D »E,F : whi ch be- 
; anfivereth to | ing compared two and two, let be in ovie and the fame propertion : thatis, as.A 
the twety one S|to B; folet D beto E: andas E is to C, fo let E be to E The fay that of equa- 


PG: / 
pronor — litie, as A is to C. ſo is D to F . Forfora[mgsuch as by ſuppoſiti. | 
sucoutinuall. 07 45-Aisto.B, (ois D to E -. therefore alternately alfo (bythe A rarsesuceree 
quantitie. 13 -0f the feuenth) as AistoD, fois BtoE. Againe,forthatas B.. | 
Demanfira-. Bis to C,fois E to F: therfore alternately alfo(by tbefelf' fame) | C... 
Bon, | s -as Bisto E, fo is.Cto F:. But as Bis to E, fois A toD. VV her- i 
“fore (by the fenenth common fentenceof the feuenth) as Aisto D 
(7*5 D foisC to F. Wherfore alternately: (by the 13.0f the fenenth) Ev... > 
à A istoG, fois D to F: which was reguiredto be demon- F | 


+ rated. : 


= $ 
*o7 epee Nee seme 


^A. After this Propofition, Campaze demonftrateth in numbers thefe foure kindes of 

Certainead- proportionalitie namely proportion con uerfe,co mpofed,deuided,and euerfe : which 

uuruofue. PE in continual quantitie,demonftrated in the 4.17.18 „and 19. propofitions of the 

Campane, _‘fift booke. And firft he demonftrateth conuerfe proportion in this maner, 
— He y Suppofe that the number A beto the number B, as the number C istothe — 

oO epee £% | ~ number D . Then I fay, that conuerfedly B isto A,as Dis toC.Forif Abelefle § Msessccoe 

gbis propofito» : chen B, Calfo fhall beleffe then D, and what part or-partes A iSof B,thefelfe — D......^ ^ 

abe fart cafe. fame paitor partésis C of D . WhereforeB is Me ue toA,as DistoC. C... 


Wherefore (by the 21.definition-of this booke) as BistoA,foisDtoC. ,  . «D... 
Y 18 € But if A be greater then B, C alfo is greater then D : and what partorpartes ` i 
be fecon B is of A, the felfe fame part or partesis D of C . Wherefore (by the fame definition) as B 1s to A, fo is 
; ede =D to G : which was required to be proued.™ — -> ww 


wt 


778 Proportionalitie deutded, is thus demouftrated. 


- .  Suppofe that thenumber A B beto the aumber B,as tbe number C D isto the number D . Then I 
Éroporiona- -. fay,that deuided alfo,as A is to B;fo is C to D . Forforthat as A B isto B, i 
diey deuided, fo is C D toD : therefore alternately (by the 14.of thisbooke) asABisto — À........ B. 
- CD,foisB to D. Wherefore (by the 11.0fthis booke) as AB isto CD, — C...... D... 
fo is A to C. Wherefore as B is to D, fo is A to C : and for that as A isto - | 
C, fo is B to D , therefore alternately as A isto B, foisC to D. | 


`. Proportionalitie campofed, 1s thus demonftrated. 


If A be vnto B,as Cis to D : thenfhall AB beto Bas CDistoD.Foral- 


ys mi KA | / "ec. cM Ii a G, 
I q,  ternately Ais to C,as B is to D . Wherefore (by the rjofthisbookejasAB, ^ A...... B... | 
"d do Cem namely,all the antecedentesare to C D,namely,to all the confequentes, fois — C ....D.. j 


B to D,namely,one of theantecedentes'to'one of the confequentes . Wher- ^ 
forealternately as.A B isto B, fois CD to D, i - 7 
^— . Ehtrfe proportionalitie, is thus proned. | | | 
Bxer{e pre a ius MM ~ LO | 
g reionaltye c. Suppofe that A B be to Bjas CD is to D ; thenfhal- A B beto &,as CD isto C NE ae 
BY s 1$ 


of &üclides Elemente. ~ > Foligz. 
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A Bisto C D,d&P isto. Wherefere(by thea Of this booke) AE BOED = CALAB a 


e ^ 

Aiste C fore alrermatclysA-B 4s t6. As 9$ C-D isto €. : whicwas «GG siD 

as Ais to Cs Wherciore aitemately-A B 4s to. A, 25 C215 to € 5 Whiclwas Qvo s 
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portion of thefift tothe second be as the proportion of the fixe tothe fourth: ‘then the proportion of 
the firft and the fifth taken together, fhall be to the fecond,as the proportion of the third and the fixct 
taken together to the fourth. : | 


Sn, Sipehie preportion of the RYSTE Fo the fecond be ai the proportion of the third Fo the fourth dnd sf the pro 


Iry’ 
^ -E 


noA aas ice i jupe Ci get wr d o» 

As if A be vnto B, as Ê is to D : and if alfo E be to B,as Fisto D. Then fhallA & E taken together, 
be ynto B,as C and F taken together, are ynto D . For by conuerfe proportionalitie, B is to E, as Dis to 
E.. Wherefore. by proportion of equalitiesas 505i 5,5310 sos VS vu Susi d 
Ais tó Efo isto F.. Wherefore (by com-  \ Arve sees Bese Gag enge Fee BedaeDoeo. 
pofiionjasA'andEarétoÉ,foáre'GàndE- " ^ "^ ^ —— —— 
to F. But (by fuppofition) as Eis to B,fo is F to D . Wherefore againe by proportion of equalitie, as A 
and E are to B, fo are € and F to D: which was required to be pronéd,. >.>  .t*t v. 


E s ^ 
MiG Dd ^ 


And after the fame manét tay you prove the conuerfe of this Propofition.If B be to A,as D is to C: 
and iFalfó B be vnto Eas D is to F : Then {hall B be to A E,as D isto C F. For by conuerfe proportio 
nalitie, A 1s to B; as C isto D ; Wherefore of equahtie;A i$ to E;as C i$ tó F. Wherefore by compofi- 
tion Aand E are to E, as C and F areto F. Whereforé conuerfedly, E is to A and E; asF isto C and F, 
But by flippofition, Bis to E, as Dis to F. Wherefore apayne by Proportion of equalitie, Bis to A and 


This propofs 
tion 22. diferet 
quantity an- 
Jiwereib to the 
34. propofitio 
ef tbe fifth 
bohe it conti- 
nualqnantity. 
The coꝝuerſe 
ef the fame... 
pripofition. 


E,asDisto Cand F : Which was required to be proiied: °° | — Demonſtra- 
S" M ACorollary. — es cUS | $40 


By this alfoit is manifeft that if the proportion of nunibers how many foeuer vito 
the firft,be as the ptoportion ofas many ather nuinbersvnto the fecond,then fhall the 
proportion of the numbers compofed ofall the numbers that were antecedentes to the 
firít,be to the firft,as the number coripofed of all the numbers that were antecedentes 
to the fécond is to the fecond. And alfo conuerfedly if the proportion ofthe firft tonü- 


Y 


bers how many foewét,bé as tle proportion of the fecond to as many. other-numbers: 


then fhalkthe proportion of the firft co thé number compofed of all the numbers that: 


were confequerites to it felfe, be as the proportion of the (eeond to the number Compo.. 
fed of all che numbers that were confequentés tó it fefe; — ^^. MA ver C 


q Tbe 13:Theoreme. . -The is: Propòfition. 
` JIPynitie meafüre any wimber, and an otber nuviber do fo máhy itiés mea 


fave an other number vynitie alfo [Ball dlternately fo many ties meafure 
the third number, as the fecond doth the fourth. Eav 






qar ppofe that vnitiè A do méafire ihe number BË : dnd let añ ither niiber D fo 
p | Many tinves meafure fone other niiber wariely,E F. Then I fay, that dltérnate- 
> hy unitie A fhall fo many times meafure the number D,as the number BC doth 
S meaſure the number E F . For foralmnch as vnitie A doth fo nidity times mea- 
[ure BC, as D doth E F : therefore how many vnities there arein BG, | 
fomany numbers aretbere in E F equall vate D. Dewide (I fay) BCin- A. 

to the unities which are in it,that is,intoBG,GH,énd HC.Anddenide B.G. H.C 
 likewife E F into the numbers equal onto D,that is, intoE K,K Land D.. ` 


— 


LF . Now then the multitude of thefe B G,G H, did HC, is equallunto E..R..L..E 
the multitudeof thefe EK,RL,L F . And forafmucb ás thefe vnities J 

B G; G H, and H C,are equall thé one to the ctber and thefe numbers E KR L, ly LF, avé 
alfo equall the one to the other and the multitude of thé wnities B G,G Hand H Care equal 
onté the multitude of the nambers E KK Le L F : therefore as unitie BG isto the num. 
ber EK, fois vnitie GH tothe nuniber K Land alloonitieH C tothe number £ BW. 


Ay fore 


A Corollary 
lowi: g 

jr propofi- 

tiont adaed by 

Campante 


Cofittrattions 


Demonfkra- 
tion, 


£9 Ap SX S- ThefenihB boke >c 


fore, ey. the 1 a.of the fenenth yas one "efi the antecedentes. dt to. Ht ofthe TAL 2 eroi A 


vw) 99 ^3 


confequintes, fo are al tbe ditecedentes to-all tbe confequenter whe fore = AT Mr 
as Unttie B G 3$ totbenumber E K „foi isthe number BC tothe number D... 
E F. But vunitie BG 1s equali vi vato, unite x1 And i the number. Sd K K 40 the E.K: E LF 
number D VV herefore( by she 7 common n fentenceya as Unite A ts to the " 
number D, fa isthenumber BC tothe number EEK. herefovewnitic A meafureth the nit- 


PAs 
Der D, fomany times, as B € —— E sehe: 21 defiantione n booke): which was 
required to beprotedes s. p 934 opt" 3X. v UI Wt oF Ms! iv aN AT nir yal ig Ver 
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— 8 Ib 14. - Theoreme, d The 16. Propo tion. 
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x M - c fire n multiplying oer Tes the onethto the: other produce any 
dome o wh, E oos ux the nnmbers produced foal be equal theo one, into the. other... > Sag 


Seles fc m T vd: C 3H 


ET d 


mo emo q vd ott [ns 7'l "sion 6. lode «ci? L J— 
Iy ope that there be pio numbers Aand B: C E: A — B —— 
m let B žaulivling A produce. 2 henl Jay ‘that the number Cis equalluns 
X) to the number D.T ake any wnitie namely, E; And. fora fmucb 45.4 "multiplying 
SiB produced C; therefore B weafuretb C by she vitities which are in 4, £ dos Uhi- 
He E piii. the nimiber A by thofe: vnities which are, 1n Abe number os ss P as 
AV herefore unitie E fo many times meafureth A, as B meafureth C. E 
 EFhereforealternately (by.the 15. of the ſeuenth) vnitie: E piedfureth Mag adi 
yota. shevumiber B.fo many times as.A meafureth C. Againe for that Bmul- Bice 

EL tiplying A producea: Dytherefore A meafureth D by the unities which - pa 
CVACAT o artn BEVAKA atie E meaſureth B by the vnities which p BI D. Moers 

— y Piereforeanitie. E for manyi times wid reth the number B, as 4 VAT eem; 
fureth D, But vnitie Eo many times meafureth the number. B, as A meafureth C. F. Where. 
fore A mas yreth either of thefe: numbers .C and. D alike.¥ ^V berefare (bythe: common: 
fentence of this booke) Cis equall unto D : which Was required tube demonſtrated. | 


| à Ei fT beoreiie. T he 17:Propofition. . 


Fone number multiply two numbers and produce other numbers tbe nume 
-. hers produced of t them fall lei in the Moi * rion that thé nume 


"hers multiplied Zr. Ne V le aT 
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La ppofetharthe number A — tmo "Tw B and C, do produce the 

Tit DazdE.T hen I [ay 1bat as B isto C Joi is D to E. Takt vnitie,name- 

X|, F. And foras much as A multiplieng B produced D; therfore B s meafureth D 
2X by i E vuities that arein A. And vnitie F meafureth A by tine nities 

Yemenfiráz Lich arein AW. yfore unitie F [omany times meaſureth the TA Wae Na 

eT number A,as B meafureth D: VWherfore as-unitie F is to the, Fs 

number A, fois the number B to the number D-(by tlea1. de-5.:4 Fo 

finition of this booke) And by the fame reafon, asvnitie F isto Besse. < 

the number A, fo isthe number C tothe number E : where ofore E A a 

alfa (by the 7.common fentence of this booke: as Bisto Dy fois D sessvesecens | 

0 a y Cto EVE herfore alternately (by the 15. of the feuentb) a5 Bis |. E... eese eie 

4 C fots D to Elf therfore one number multiply two numbers, / 

and produce other numbers the numbers produced of them ball be in the fif fame proper 


ient that Le numbers multi tiplied are which was required 1o be proued, Aes 
7 aai - Here 
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A Ape s SR Hei E Veffates addeth this — ^A 


E - -— — - 
e: * E J 2e en > 
% ‘Terme $ e- «4 ~X 


if f Wo — a one and the — — tion ty nio d numbers do multiply the. one 
she other alveraately, M produce so numbers the numbers produced of them fhail be equalli tbe one 
sotbeotbzr. TO. — din LM 


- Suppofe that there x two numbers A aad ER alfo tWo other numbers C and D m the pn. 
pr oportion that the numbers 4f and 5 haue : and let the numbers. A and Z multiply the numbers C& 
D alternately,that is, let 4 multiplieng* * ae" t 
D produce F, andlet 8 multplieng €. WW i.. Jaag : 
produce E. Then 1 fay that thenumbers' at M ME, oa een, 
produced namely,£ & Fare equall bet Ba. D sengo ni o Kis eere 
Aand B multiply the one the other p wc. Smp N Mi 
fuch fort,thatlet 4multiplieng — mas 
duce Gand let £ multiplieng A. produce . H. Now then the —— G -— Hare equal by the 16.0f this 
booke And forafmuchas 4 multiplieng the two numbers 4 and D, produced the numbers Gand F, 
therfore G isto F,às B isto D by this propofition.So likewife B  multiplieng: the two numbers Aand C 
produced the two numbers H and £. Wherfore by tlie fame E s to E as 41s to C. But alternately (by 
the 15. ofthis booke) 4 is to Cas 2 is to D,butas 4isto C fois to E, and as B is to D, fois Gto 7. 
Wherfore by the feuenth common fen tence,as Histo Z,fo is Gto F.Wherfore a’ ‘ternately( bythex3. 
of this booke )# is to Gas Eis to F. Butitis proued that G & Hare equall: wherfore E and F( which 
haue the fame proportion that 4 and Z haue Jare equall. If therefore there be two numbers; , &c. 
Ww hich was — to be proued. k sli 


T 


|g The 16. T beoreme. s Ue Propofition 


— Iftwo numbers multiply any number c7 produce other numbers: tbe num» 
Bers of them produced, [ball be in tbe fame proportion that the numbers 
multiplying are. 





ROS SER Yppofe thet two numbers 4 r^ B — the number C, doo produce the 
VAN S numbirs. D and E:T hen] fay that as disto B fo is D to E. For ſoraſmuch as 
AO A multiplieng C produced D, therfore C multipli- LAE. 
Sos eng ‘A f produceth alfo D (by tbe 16.of this booke.) A’ sees 1 

And T the the fire reafon C PULA B produceth E. Now Bois 

then one number ( C multipliengt Imo numbers Aand B, pro- C.e. JI 
duceth the numbers D and E. VY hei ‘fare by the: I7. oft theta 19. OFERA P Ve 
uenth as Aisto B fois D nE: -which was required to hide Le ee 
monsirated. F | 3.7 1) 2 M s | | 









Le 
oe, te x 


"This Prüpóitoi and the former touchingt two numbers, mav be extended to num- 
bers how many foever.So thavif one number multiply. numbers how.many foeuer,and 
produce anynumbers,the proportion ofthe numbers produced, and ofthe num bers 
multiplied, fhall be one and the felfe fame. Likewife if numbers how many foeuér mul- 
tiply ofie number,and produce any nu mbers; theptoportion ofthe numbers produ- 
ced,and ofthe numbers multiplieng hall be one and: the felfe fame: which thing by 
this and theformét ———— repeted as omens asis needefulb isnot hard to prow Ce: 
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"and fhe fourth , sequal ti to that number “which i is produced of the fecond 


_... andihethird. And if the nimber whith i is br óduced' of the-firft and the 
|o fourth. be equali to,thatwhich is produced 0 f the Second c T, the third: ‘ thofe 

si. foare numbers hall be in proportion, ~ 
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‘ppofe that there before numbers in proportion: A, B,C, D,as Ais to B.fo let 
C be to D, And let A — produce E : and let B multiplieng C pro- 
duce FT hen I fay thatthe number E is equall unto the number F. Let A mul. 















—— tiplieng C produce G. Now foraſmuch as A multiplieng C, produceth G, & mul- 
tiplieng D it produceth E : it followeth that the number A | Dx 


multiplieng two numbers C and D, produceth G and En A... 

VV herfore by ibe7 of the feuentb, as Cisto D, fo is Gto Bessa- 

E. But asCisto D, fois AtoB, wherforeas AistoB, fois’ C... 

GtoE, Agdine,forafmucn as A multiplieng C producedG;’ D.. a 

and B multiplieng C produced F : therfore two numbers A | 

and B,multiplieng one utber C,doproduce G (7 F.VVher-' E seveveevcoes 
fore by the 18. of the fenenth, as A isto BIS CWT. BME .. 40. ae 

as AistoB, foisGtoE : wherfore asGisto E, foisGto Fs G wcccecvcccccsccece 
VV herfore G hath-to either of thefe Eand F one cy the fame 

proportion (But ifone number haue to two numbers one and the fame proportion, the {aide 
two numbers fhall be equall). VV herfore E is equall unto F. m 

+ Butnowagaine,fuppofe that Ebeequall unto F.Then I fay that as Aisto B, fois Cto 
D. For the ance order of construction remayning ftill,fora{much as A multiplieng Cc D 
produced G and E,therfore by the 17 .of the fenenth, as C is to D fois G to E, but E is equall 
unto F (Butiftwonumbers be equall,one number fhallhane unto them one and the fame 
propertion) wherfore as G is to E,fois G to F But as Gis to E, foisC to D. Wherefore asC 
7s t0 D:fo is G to F;but as G 1s to F,fois A to B by the 18 .of the fenenth, wherforeas A isto 
B,foisCto D - which was required tobeproued, os o. 


"s 


A 


Here Campane addeth thatitis needeles to demonftrate,that if one number haue to 
two. numbersoneand the fame proportion, the faid two numbers fhall be equall: or 
‘thatif they be equal,one number hath to them one and the {ame proportion.For(faith 
he) ifG haue vnto E and F one and the fame proportion,th€ either,what part or partes 

G isofE,the fame part or parts is G alfo of F:or how multiplex Gis to E, fo multiplex 
is G to F (by the 21,definition)And therfore by the 2 and 3 cominon fentence,the faid 
numbers fhall beequall:And fo conuerfedly if the two numbers E and F be equal.then 
thall the numbers EandF be either the felfe fame parte or partes of the number G, or 
they fhall beequemultiplices vntoit, And therfore by the fame definition the number 
G fhall haue to the numbers E and F one árid thefame proportion. .': WA 


q 1 be :8. I beoreme. T be 2o. Propofition. 


` = Tf there be three numbers in proportion, the number produced of the exe 


` tremes is eguall to the [quare made. of the middle number. And if that nike 


s. ber whichis produced of the extremes ,be equall to the fquare made of the 


“middle number thofe three numbers fball bein proportion... 
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à Fppefe there be three numbers in proportiuny A;B;Cyas-A isto B folet B be 16 
C. T hep 1 fay that the number produced of .A and C is equali to the fquare nuns 

ber which ts madeé of B. Put unto B an eqnall number. D . ~- | 

| Wherfore as A is to B, [ois D toC.Wherfore that which is 4 LLL. sees. 
roduced of Aint b C; i? equal unto that which m produced of. B into Tra J 

‘But that which is produced of B into-D.is equal to that which is made © C oss. 

of B. (for B isequal-unto D) wherfore that which is produced of A into. . D... ... 
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Cit equal to that which is made of B, "E Ev. ——— — NE 
~~ But now fuppofe that that which is produced of AintoC, beequak ~ 
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of Euclides Elementes. Fol.195. 


to tat which is made of B. Then I fay that as A is to B,fois B to C. For (the fame order of The fecond 
construction remayning) forafmuch as that which is produced of A into C,is equal! to that partwhich is 
which is made of B, but that which is made of B, is equal to that which is produced of B in- the connerje of 
to D. (For B and D are by [uppofition equall): therfore that which 7s produced of A into C. E f —— 
is eqitallte that which 2s produced of Binto D : wherfore (by the fecond part of the former. no 
propofition) as.4.isto Bfo is D to C:but D is equal to B. Wherefore as 4 isto B, foi the. 


fame B to C < which mas required tobe proued 
— Ps z i . r É 
\ "- . ISAR y wr 
e The 19. Theoreme.. --. ‘Fhe 21. Proposition. 


“The leffnambersin any proportion méafure any other nubers hanin lg the 
fame proportion equally thé greater tbe greater 7 the leffe the leffe. 


AV ppofe that CD & E F bethe leaf numbers that hane one e> the fame propor- Pemonſtia- 
ition with the numbers Aand B.T hen I fay,that the number C D fo many times tion leading to 
S | meal ureth the number Ayas tbe number E F meafureth the unmber B. For for- an impofabi- 
E laſmuch as by ſuppoſition CD is to E F, as Ais to Band C D and EF are alſo litja 

{uppofed to be lefe then Aand B : therefore C D and E F are either part or partes of Aand 

B(by the 4.of this beoke, and by the 21 definition of the fame) . But they are not partes.F or 

if st be pofiLle, let C:D be partes of A VV herfore E F is the felfe fame partes of B,that C D 

ts of A. Wherefore how many partes of A there are in CD, fo many partes are there of B in 

E F . Deuide C D into the partès of A,that is,intoC Gand GD. And likewife demde E F 

into the partes of B that is, into E H and H F. Now then the multitude r 

eftbefe C G and G D is egual unto the multitude of thefe EH & HF. C..G..D 

And fora[much as € Gand GD'are nimbers eqitall tbe one to tbe other, E.. I. F 

and thefe numbers E H and H Fare alfoequall the one tothe other,and Asseeece. 

the multitude of thefeC G and GD; is equall-to theniultitude ofthefè Baers 

Egg and H F t therefore as CG iSto E-H »fozs.G Dto HF. Wherefore my. 

ds the i3wfibef: enenth ).as one of the antecedentes is to one of the confequentes, fo are all 

theantecedentes to all the comfequentes. Wherefore as C Gis to E H, fa is C D to E F.Wher- 
fore CG and BH grein the felfe fame proportion thai CD and EF are being alfo ee then 

€ Dad BF: whith is impöfible For C D and E F arë fuppofed to be the leat that hane 

wire dnd the fa ame'próporti on with this : Wherefore C D is not partes of A: wherefore it is 
apart Wherefore EF is oC eu. part, that C D is of A. Wherefore C D fo many 
Knis meafurah A As E F aoth B'Vwhich was required to be demonffrated. | 

miden ^ inches e qmm d d ER . 
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q I be 20. Theoreme. The 22. Propofition. 


If there.be three numbersyand other numbers equall nto thë in multitude, 
wbich being compared two and two are in the felfe fame proportion and if 

“= alfo the proportion of thèm be perturbateythen of equalitie tbey [ball be in 
one and tbe [ame proportion. | : p 





| — — Kppofe that there béthreé numbers A,B,andC+and A...... This propofi- 
ul edn s I V: 


let the other numbers equall unto them in multitude B.... : tzon 30 diferer 
ira be D, E,and E. Andlettwe-and twoc orp aredtoge- Gis. Sap 44 TES "t 
ther bein one and the fame proportion i and let they rüprtióm >> > PA. ! L. iiA vo Yi e 
of them be perturbate fo tbatas Adsté B, [olet Ebeto Fand | .D 1... eese t;6 ofthe fifth 
4$ B isto C, folet D beto E . Then Pay, that of equalitieas A. E^... ^e. . hokein conti- 
ss to C, ſo is Dto F. For, for that 4374 is to B,-fois- EOF P AY Ue . tal quatitic, 


. Fw. theref ore 


The feuenth Booke’ ` 


therefore that which is produced of At into F; is (bythesoof Meus 


the feueth equall to that which is produced of BintoE.Againe B . * 
for that as BistoC,fois D to E therefore that which is produ- C . | 
ced of D into C,is equall to that which is produced of B into E. 
And itis proned, that that which is produced of Ainto F,ise- D ........ =" 
qual to that whichis produced of BintoE.Wherforethatwhith E ........ 
E 35 produced of A into F is equal to tbat which is produced of D « F. ...... 


into C. Wherefore( by the [econd part of tbe x o. of tbe feuentb) 
as A is to C, fois D to F : which was required to be proned. 


` The fame may alfo be proued ifin either order be more then three numbers: asit 
was proucd in the 23.of the fift touching more magnitudes then three, 


-g The 21. Theoreme. Lhe 23. Propofition. . 


Numbers prime the one to the other: arey leaft of any numbers , that hane 
one and the fame proportion with them. 





The andthe Feet ppofe that A and B be numters prime the one to the other.T hen I fay that A and 
elenen propo- JENSS B are the leaft ofany numbers that haue one and — proportion with them. 
fitions follaw- Wests 7 if A and B be not the leaft of any numbers that haue one and the [ame pr opor- 
sng,dectare the tion with them, then are there fomenumberslefethen A and | 

paffions and B, being in the felfe fame proportion that A and Bare. Let the CK... 


— ſame he C aud D. Nom foraſmuch as the leaſt numbers in any Beta 
" proportion meafure any other numbers hauing the famepro- E... 

portion equally ,the greater the greater , and the leffetheleffe — C.... 

(by the 21. of the feuenth ) that is,the antecedent the antece- |. "— 


dent and the con[equent the confequent : therefore C fomany * 
times meafureth A,as D meafureth B . How many times C meafureth A,fo many vnities 
Demonſtra- let there bein E Wherefore D meaſureth Bhy thoſe vnities which are in E. And — 
tion leading ta as C meafureth A by thofe unities which are in E , therefore E alfo meafureth A by thofe 
animpo[abi- ayities which arein C . And by the fame reafon E meafureth B , by thofe unities which 
ur are in D Wherefore E meafureth A and B being prime numbers the one to.the other :wbich 
( by the 13. definition of the fenenth ) is impoffible . Wherefore there are no other numbers 
le(fe then A and B, which are in the felfe ame proportion that Aand Bare. Wherefore A 
and Bare the leaft numbers that haue one and the fame proportion with them ; which was 
required to be demonfirated. é f kw. 


S T bezz. "I beoreme. | The 24.Propofition. 


T be leaft numbers that haue one and the fame proportion with them:are 
prime the one to the other. - -—— ^ d | 


Vppofe that A'and B be tbe leaf numbers that haue ope and the fame proportion 


17:58 wih them. Then I fay that A and B be prime the one 
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sereofihe ^ litere ito the other. For if 4 ei B be not primetheonetothe A... Lese. 
former propo- — other then [ball ome one nüber mea[ure A cy B. Letthe[ame — B..... * 
Ation. Be C. And how oftentimes C meaſurethA, ſo many vnities let 


Gs 
there bein D:and how oftétimes C meafureth B,fomanyvni- DB... 
- ties let there bein E. And forafmuch asC meafureth Aby E.. 


of Euclides Elementes. | Fol.g6s 


&hofe unities that are in.D , therefore C multiplying D produceth A._And by the fame red- , 

f — — EL TDI OO TEILE Demonſtra⸗ 
fon C multiplying E produceth B.Wherefore tbe number C maultiplying tmo gumbers D and. ion jeadin 210 
E,produceth A dr B. Wherefore(by tbe v7-of tbe feuenth) as D isto E,fois Ato B.But the an abfurdiiie, 
numbers D and E are leffe then A and Band are alfo inthe felfe fame proportion with thè, 

which is impolfible Wherefore no number meafureth tbe[e numbers A aud B. Wberefore A 

and B are prime the on to tbe other:which was required to be demonftrated. 


q bez. FE beoreme. © Thes. Propofition. 


| If'teonumbers be prime tbe on to the other:any number meafuring one of 
` thèm [halbe prime to the other number. < Mna 
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3 Vppo[e that A and B be two prime numbers the on to the other. And let [ome num- 
[ess ber namely ,C,meafure AT ben I [ay that C and B are prime numbers the on to the 
B24 other For if C and B be not prime the one to the other, let {ome number meafure C 


and Band let the fame be D. And forafinuch as D meafureth | Demon raz 
C, and C meafureth A,therfore D alfo meafureth A(by the fift Uf... tion leading to 
common fentence) and D meafureth B. Wherefore D meafu- B...... : ant abfurdittes 


B 
reth Aand B being numbers prime the en to the other , which Cae 
is tmpolfible(by the 13.definition of the fenenth): wherefore no D 
number meafureth tbe[e numbers B and C . Wherefore B and 

C are numbers prime the on to the other Which was required to be proued. 


q Lhe 24. Iheoreme. The 26. Propofition. 


_ + Iftwonumbers be prime to any one number, the number alfo produced of 


them fhall be prime to the felfe fame. . 






s\V ppofe that the two numbers A and B be prime to any one number, namely, te 

x C and let A multiplieng B produce D. Then 1I fay that C and D are prime 
; D» oe numbers the one tothe other. For if C and D be not prime the one to the other 
Maree then fone number fhall meafure them. Let there be a number that meafureth 











shem,and let the fame beE. And forafmuch as A and C are prime Denona- 
numbers the oneto the other and thenumber E meafureth C.T herfore A.. B... tion leading te 
FE and A are (by the 25. of the feuenth) prime the one to the other. And’ c2 an abfurdities 
fora{much as ¥E imeafureth D. How many times Emeafureth D,fo ma- D...... 


ny vanities let there be in F. Wherfore F ale meafureth D by thofevni- E... 

Les which arein E.Wherfore E. multiplieng Y. producetb D.But Aalfo F.. 

multiplieng B produced D. Wherfore tbat which is produced of E into 

F is equall to that which is produced of A into B. But if that which is produced of the ex. 
tremes be equall to that which is produced of the meanes, then are thofe foure numbers in 
proportion (by the 19.0f the feuenth) wherefore as Eis to A, fois BtoF. But Aand Eare 
prime the one to the other. Yea they.are prime and the least in the fame proportion (by the 23 
of the feuenth.) Bat the least numbers in any proportion meafure any other numbers bauing 
the Jame proportion equally the greater the greater and the leffe the effe , that is, tbe antece- 
dent the antecedent and the confequent the confequent by the 21.of the fenenth: wherfore E. 
meafureth B, and it alfo meafureth C: wherfore E meafureth C and B, which are by fup- 
pofition numbers prime the one to the other which is inspoffible by the 13. definition of the 

J ! Vv. 4. fewenth, 
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fenenth. Wherfore no number meafureth thofe minsbers C and D: Wherfore C and D are 
prime the one to the other : which was required to be proned. " 


q Ube 25. Uheoreme. The 27. Propofition. 


If two nsinbers be prime the one to the other that which is produced of the 
one into him felfe isprime to the other. | | : 






— Vppofe that there be two gamers imete onetotheother,. A... Bisse 
oS >| A and B, and let A qeultiplieng bim[elfe produce C. ThepI C... euis. 
SCA fay that B and C are prime the one to the other. For put vn· D.. 
AN to A an equall number,namely,D. And fora[much as A cy | 


-+ 


YAS | 
B are prime the one to the other,and.A 1s equal onto. : therefore D And B 4lfo are prime 
the one to the other. Wherfore either of thefe numbers D and A is prime to B. Wherfore that 
which is produced of D into A is prime unto B by the former propofition. But that number 
which is produced of D into Ais the number C. Wherefore C and B are prime numbers the 
one to the other : which was required to be proued. i 


y The 26. T heoreme. The 28. Propofition. 


If two numbers be prime to two numbers ,eche to either of both:the numbers 
produced of them {hall be prime the one to the other. 


AV. ppofe that there be two numbers A and B prime totwo numbers C and D, either 
ex 35 of both,to either of both namely Jet either of tbe[é A arid B be prime ta C, and alfo 
esito D. And let A multiplieng B produce E, and let C = 
multiplieng D produceF. Then Lfay that E and F are prime 
numbers the one to the other For forafmuch as either of thefe A 
ey B are prime unto C, therfore that which is produced of A into 
Bis prime nto C by the 26. of the fenenth. But that which is 
produced of A into B is the number E; therefore E and C are 
prime the one to the other. And by the fame reafon alfo E and 
D are prime the one to the other. Wherfore either of thefe num- * 
bers C and D are prime unto E : wherefore that alfo which is | ’ 
produced of C into D is prime nto E by the fame. But that F. .... Les / 
which is produced of C into D is the number F Wherfore E and 
F ave numbers prime the one to the other : which was required te be demonftrated. 
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q The 27 T harem: ! The 29. Propoſition. 


If two numbers be prime the one to the other and ech multiplying bim felfe 

_ bring forth certaine numbers:the numbers of them produced fhall be prime 
__ .the one to the other. And if thofe numbers genen at the beginnin e. multie 
. plying the fayd numbers produced, produce any numbers : they alfo [hall be 
prime the one tothe other : and fo [hall it be continuing infinitely, == 


| Suppofe 


of Encliles Elementes. Foli97. 


Fppofe that there be two numbers Aand B prime the one totheother. And let 4 

multiplying him felfe produce C + and multiplying C let it produce E.. Likewife 

NON let B multiplying him felfe produce.D;and multiplying D letit produce FT hé 

SSSK Say that C and D-arenumbers prime theone tothe other , And likewifethat E 

and F are numbers prime the one tu.the other . For forafmuchas-A-dnd-B, are primethe Denon trac 

one to the other, and A multiplying him felfe produced C, therefore C and. B are prime the tion. 

one to the other (by the 27.0f the feuenth) . And by the fame reafon forafmuch as CandB `` 
HE.. ee... at. —û— Ait Ue 
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‘are prime the one to the other, and B multiplying him felfe produced D, therefore C aud D 
stre prime the one to the other. Againe forafmuch as A and B are prime the one to the other, 
and B multiplying hir felfe produced D . Therefore (by the 27.of the feuentb) A and D are 
prime the one tothe other . Now then foralmuch as two numbers A and C are prime totwo- 
numbers B and D ; either of both to either of both : therefore (by the 28 of the feuenth )that- 
which is produced of A into C is prime to that which is produced of B into D But that which 
4s produced of A into C is the number E,and that which is produced of B into D isthe num- 
ber F Wherefore E and F are numbers prime the one to the other. And [0 alwayesif A Cc: B 
multiplying the numbers E and F do produce any numbers, the numbers produced, may by 
the — Propofition, be proued to be prime the oue to the other. : which was required to be 
prouca . Se T HN 


kt J ce Tbe po? T" heoreme. oS The 30. Propofition. AT 
3v ‘twonumbers be prime tbe one to the other : then both of them added tos 
gether, fhall be prime to either of them. And if both of them added toges 
~~“ ther be prime to any one of them, then alfo thofe numbers genen at thebes 


A T E ANRA ES SL TE i ^ : 
QV ppofe that tbefe two numbers A B and B C being prime numbers be added to- 
SON gether : Then I ſay that both thefe added together namely, the number A B C, 
: is primé to either of thefe AB, and BC «For if C A and A B be not prime the i 
=X one to the other, fome number then fhall meafure them . Let Jome number mea. Demonfiras 
fure them, and let the Jamie be D . Now then forafjmuchas D 7 —- 00 7 ton ofthe 
meafureth the whole CA andthe part taken away AB,itmea- A.......B.....0..  Fpatkee- 
fureth alfotherefidue CB ( by the 4.common fentence). And D.... fi ‘ne 
it mea[ureth B A . Wherfore D meafureth thefenumbersA4B °C m ES 
and B C,being prime the ope to the other : whichis impoffible (by the 3 definition of the fe- 
uenth ).. Wherefore no number meafureth thefe num ersC Aand AB. Wherefore C A and 
AB are prime the one to the other . And by the fame reafon alfo may it be proued, that CA 
| and BC are prime the one to the other. Wherefore the number AC is to either of thefe nam- 
bers AB and B C, prime, — 7 s ] - 
f - But now Juppofe that the numbers C Aand AB be prime the one to the other . Then 
ci Jay that the numbers AB and BC are alfo prime the one to the other; For if AB BG 
be not prime the one to the other : Jome one number meafureth thefe numbers A B and B C: 
27. nv, J Fd. Les 
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` whichis produced of A into B.VV herfore ( by the 19.0f1 the fe- 


Lét fome one number meafure them, and let the famebe D: And forafmuch as D. mëafurëth 
either of thefe numbers A.B and B.C, it hall alfo meafure the whole CA (by the 6. common 
Jentence) . And it-alfo meafureth A B.Wherefore D meafureth thefenumbers C A and AB 
being prime the one tothe other : which is impofuible (by the 13. definition of the feuenth). 
Wherefore no number meafureth thee numbers AB and BC. Wherefore AB andB C are 
prime the one to the other , which was required to be proud. °° n ^Y 
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The 31. Propoſition. 
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q I be 29. T beoreme. 


Enery prime number is to euery number “which tt meafureth not, prime. 






\V ppofe that there be genen a primenumber namely, Ajand let B be am other nii- 
-ber, which it meafureth not.T hen I {ay,that the numbers B GA ave prime the 
(Xone tothe other ..Forif A and Bbenot prime the one tothe other, then [ome 
EASA Z8) number mealureth them. Let there be a number that meafureth them, and let 
the fame be C. Now-C 15.20 vnitie.. dnd forafmuch as C mea- Aamen i 
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forth B bút A meafureth not B,therefore G is not one andthe AceserecBoeeeisceve 


A et 
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fame agmnber with A. And forafmuch as Cmeafureth Ar B, Cesee — 


ti al{o ipeafureth.A beinga prime number, and being not one 


and the faime with it e whichis impofable (by the 13 definition of thefenenth) Wherfore no 
umber mesfureth tbefe numbers Aand B. And therefore A and B are prime the one to the 


gher : which was required to be proued. WoW c Ah a 
A. Sid F . Wee Da ase Linn an Aw. "a Ta ' 6 
gt T'he 30. Theoreme. The 32. Propoſition. 


If two numbers multiplying the one the other. produce any number, and if 


alfo fome prime number meafure that which is produced of them: then 
à | J. : - a i ` 4 2 3 n : - t * tow * 
eM ftat it alfo meaſure one of thofe numbers Which were pasartne beginning. 
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TAV poof: that two numbers Aand. B multiplying the one to the other do produce the 
Ai nuber Cand let [ome prime number namely, D meafure C.T hë I fay that D mea- 
S24 fureth one of thefe numbers either A or B.Suppofe that it meafuré not A:now D is 
a prime number. Wherefore A and D_are prime the onetothe.- 5 ss oeny 
otber(by the propofition next going before). And how often D E.ur. w ai % 
mieafureth C fo many unities let there bein E.And forafmuch’ D... 

as D meafureth Chy thofe vnities which are in E,therfore D. C. ce eere 


J 


E veuliislying E prodaceth C:but A alfo multiplying B producea OE ~ * p 


C wherfore that which ts produced af D into E isequaltothat A. vi 


fag o 
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4 


, uenth) as A isto D; fois Eto B:but D and A are prime numbers : and therefore the leaft 


ausibers inthat proportion:but the leaft in any proportion meafure the numbers hauing the 
felfe {ame proportion with them equally, the greater ,the greater,and the leſſeʒthe leffe, that is 
the antecedent,the antecedent, and the con[equent the con[equemt (by tbe 21.of the [eueth ). 


wherefore the confequent D meafureth the confequent B. In like fort may me prone that if 


D iieafure not Bit meafuréth AVV herfore D meafureth one of thefe nubers A or B which 
sas required to te be proved MN EE m ^ 
oi uem = b A Corollary. Áo. RE sc lo" 
2 * "Herebyit is manifeftthat if anumber meafure' a. number produced oftwo nübers 
multiplied the oné intothe other,or be commenfurable to the fame’, it ſhall alſo E 
*— meafure 


a 


v 


0e x ^ 
"s PUR ti 
' 


of Euclides Elementes. Fol.198. 


meafüre one of the tiro numbers multiplied; or be commenfurable with one of them. 
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- Euery compoféd number jis meafured by fome prime number. 
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SY ppofethat A hea cimpofed number „Then I fay that Ais meafured by fome 


+ 
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>| prune number. For foralmuch as Ais a compofed number, fome number mu 

SRN meedes maa [ure it(b) the 14... definition of the feuenth) .Let.there be anumber d 
LOSS that meafureth it, and letthe Jame be B: Nowif B bea prime number then i, = 55 
that mapifefl whbichave feeke far :butif it beacom- s, s sse exor Demonifas c 
pofed number [ome number seul peedés mea[urest Gu... es s Le ose — 
(y the ſelſe ſame deſinition) Let there be a number B........ ts dir impeffibi- 
that meaſureth it,and let tbe [ame be: x 4nd for- M siecle oai oM UIS a Aui ns . 


afmuch as Cmeafureth B,and.B meafureth Az... 


~ à 
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therfore C alfo mea[ureth A(by tbe s.common fentece) and if C be a prime number thenis — 
that manifeft whichme fought for. But if it be a.compofed number fome-number hall mea- 
fureit-and the like confideration being had there [hall at the length be. found [ome prime 
number which meafureth the number going before mhzch [hall alfo mea[ure-A. For if there 
be not found any fuch prime number then [hal infinite numbers decrefing meafure the fayd 
number A of which the one isleffe the the other which is impoffible in numbers -VY herforë 
{ome prime number fhall at the length be found which {hall mea[ure the number going before 
and which {ball alfo meafure the number A(by the 5.common fentence).Euery copofed num= 
ber therefore is.meafured by fome prime number:which was required.to beproued. J 
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ap AS ia U ater —4 An other 
>» Suppofe that A bea compofed number. Then 1 [ay that forme prime number meafureth «An other de- 
it. For forafinach ast Ais icompofed number fome number [ball meafure it (by the ta.de- monfiration. | 
finition of the {ewenth) Let the leat number that mea[uretbitbeB.. ^. 0 
T ben Lay that B i$ aprime number For if B be not a’ prime num- Pa t 
ber ſome number ſpal meaſure it. Let Cmeafureit: Whereforedis pO 0 
leffe then B.« And foralmuch as Cmeafureth B; and B meafuräh C.. 
a”. therfore Calfo meafurcth A being | ethen B, which by ſuppo- Pa 
fition is the leaft number that meafureth A,which is abfurd. Wherfo 
nüber but a prime number, which Mas required to be proued. — 
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 Enuery number is either a prime number or els fome prime number meaſu⸗ 
— 00 elie taps ete 
APP TS Aeon TOU ute eo SNO. tm cU Y e “Vere eee! j 
S, ppofe that there be a number A. T ben I fay that Ais either a prime number ,or 22 
Be, els [ome prime number meafureth it. For if A bea prime number Demonſtra- 
I vas Pez ixschat had vhichis Vequired. But if tbe a compofed ‘num A Bon. | 
ber, [ome prime number [ball meafure it ( by the 33 of the fenenth), Eury A a 
numoer therforeis eithera prime anmber, or els [ome prime pumbermess © 
Jerethit : which was required to be demonftrated. p 
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Lhe firft cafe. | 


vit. er Thess. Probleme, 


The 3s.Propofition. 


Flow many numbers foener being geuen,to find out the leaft numbers that 


haue one and tbe fame proportion with them. 
2 yn m. Em CEN EY ' ^A d api 






G 7 V ppofe that there be a multitude of numbers geuen, 


Seay namely, A,B, and C It is required to finde out the 
mv Leaſt numbers that haueè one and the fame proporti- 
BN d 7 Me pe ut y ; z* LUN 311 
cake ed op witp thefe numbers A;B€C: Thefe numbers A, 
B,C, are either prime the oné to the other, or not prime. If A,B, 
C, be prime the one to the other,then are they the leaft that haue 
one and the fame proportion with them (by the 23. of the fe- 
uenth). re —— 
But if they be not prime,take by the 2 of the feuenth;unto A, 


B,C, the greateft common meafure,which let be the number D. 


And howo ten-D meafureth enery one of thefe A,B,C,fo ma- 
ny unities let there be in entry one-of thefe numbers EEG. 
Wher fore thefe numbers E,F,G, do meafure thefe numbers A, 
35C, $y thofe-inities which areinD. -Wherfore thefe numbers 
ESE, G, meafure thefe numbers A,B,C, equally. Wherfore E, 
F,G,are by thex8. ofthe feuenth, inthefelfe fame proportion 
that K,B,C; are. Now then I fay that they alfo are the least.F or 
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if B;BE,G, be not-the least that baue one and the fame proportion, with A,B,C, there fhall 


the be forse numbers lellethen E,F,G, being in the felfe fame proportion that A,B,C, are. 
Suppofe that the fame nubers beH,K,L,which fhall meafure the numbers A,B,C,equally. 
How many times H meafureth A fo gany vnitieslet there be in M.Wherfore either of thefeé 
K and L meafureth either of thefe B and C by thofe vnities which are in M (by the 21. of 
the fexeuth) . And forafinuch asH meafureth A by thofe vnities whith are in M,therfore 


m Ne alfo meafureth A by thofe unities which arein H. And by the fame reafonM meafu- 


reth either of thefe Band G by thofe unities which arein either of thefe K and L. Wheres 
foreM meafureth thee numbers A,B,C. And forafmuch as meafureth A by thofe v= 
nities which arein M,therfore H multiplieng Maproducel A. And by the fame reafon E 
multiplieng D,produceth A. Wherfore that which is produced of Einto 4s equall to that 
which is produced of H into M: Wherfore(by the 19..0f the fenenth) as Bis toH fois M to 
D.But Eis greater thes H,wherfore M alfois greater then D and it meafureth thefe num 
bers A,B,C,which is impofsible.F or D is fuppofed to be the greatest common. meafure une 
to A,B,C. Wherfore there [hall be no other numbers lee then E.,F,G,and in the felfe fame 
proportion with A,B,C. Wherfore E,F,G, are the lest numbers whichhane one and the 


fame proportion with A,B,C - whith was required to be done. 
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Hereby itis manifeft that the greateft common meafure to numbers how many foes 
uer: meafureth the fayd numbers by the numbers in theleaft proportió that the nume 
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bers geuen are. 
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The 36.Propofition. ` 
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Two numbers- being genen to finde ont the lest nüber ‘which they meaſare. 
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of Euclides Elementes. Fol.199. 


—— ppofe that the twa puinbers qeuen be A And B. Itis required to finde out the 
NN eH number which they meafure «Now A and Bare esther prime the one to the 
| Nee" pofber,ar not . Suppofe first that A and B be prime the one to the other : and let 

gee A multiphing B produce C : wherefore Bynultiplying A produceth alfo C (by 

the 16.of the feventh) Wherefore A and B meafure C. Now alfol fay, that C is the lest nit. 
ber which tie} meafure. F or if tt be not, thofe numbers A and B meafure [ome number lefe 

then C : let thenemseafure [ore number leffe them C, and let the [ame be D : and how often A 

meafureih D, fo many vnities let there bein E :.and how often B vseafureth D, fo many v- 





-nities let there be in F Wherefore A multiplying E produceth Dand B multiplying F pro- 
"ducet alfo D . Wherefore tbat which is produced of. Ainto E, ` — 


zs equall to that whichis produced of B into F :wherefore(by da.. 

the 1.9.0f the feuenth) as AistoB,foisFtoE. But AandB B... 

are prime : yea they ave prime and alfo the left in that propor- | 

tion (by the 23. of the[euentb) : but the left numbers inany — € ...... m 
proportion meafure thofe numbers that bane one aud tbe fame —- D... eese 

roportion with them equally : the greater the greater: andthe E.. 

lefethe leffe (bythe 21.of the feuenth) .WherforeB meafurcth Fasas 

E, namely, the confequent the confequent. And forafmuch as- e 

A multitljing B and E produced Cand D : therefore (by the 17.0f the feuenth)as Bis to E, 
foisCtoD .ButB meafureth E Wherefore C alfo meafureth D, the greater,the life: which 

is innpofible . Wherefore if thofe numbers A and B be prime, they fhall meafure no number 

lefe then C .. Wherefore C is the left number which A and Bmeafure. 

- But now fuppofe that A and B be not prime the ene to the other,and take (by the 3 s.of the 
fenenth) the lest numbers that haue one and the [ame proportion with Aand B, and let the 
fame be F and E Wherefore that which is produced òf A into E, is eguall to that which is 
produced of B into F (by the 19.0f the feuenth) . Let A multiplying E produce C : wherfore 


Two tafes ia 
this prope/iii. 
The first cafe, 


Demonstra- 
tion leading to 
an abſurditie. 


The fecond 


cafe, 


B multiplying F produceth alfo C Wherefore A and B meafure C . Then 1 fay, that C is the 


left number that they meafure . F or if it be not, thofe numbers 

A and B fhallmeafurefome number leffethen C: let them mea~- Fo Aures, 
ferea number lefethen C, and let the fame be D. And howof- E.. Bua. 

Yen A meafureth D, fo many vanities let there bè in G.And how 

often B meafureth D, [fo many vnitieslet there bein B. Now  C secevevesace 

then A multiplying G produceth D.And B multiplying H pro» — Dasesreve 

duceth alfo D . Wherefore that which is produced of AintoG, G.. 

is equall to that whichis produced of BintoH .Wherefore(by H.. 

the 19 .of the feuenth) as Ais toB, foisHtoG. Butas Aisto 

B, fo is F to E . Wherefore as F isto E, fois to G: but the left numbers in Any proportion 
meafure the numbers that haue the [ame proportion with them equally, the greater the grea- 
terse the leffe the leffe(by tbe 21.0f the feneth). VV herfore E meafureth G.And forafmuch 
as A multiplying G and E produced C and D , therefore (by the 17.0f the fifi Jas E istoG, 
fois Cto D. But E meafureth G. VV herefore C alfo sea[ureth D tbe greater the lefe:wbich 
is impofsible . Wherefore thofe numbers A and B do not meafure any number leffe then C. 
Wherefore € is the left number that is meafured by A and B: whichwas required to be doge. 


— UD he 33. T beoreme. Ier. Propofition. 
I ftwonumbers meafure any number the leaft nuber alfo which they meae 
| fure ymeafureth thefelfe fame number. © | 
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Suppofe 


Deson Fras 
tion leading tà 
an abſurditie. 


Demontre- 
Sion leadinz to 
ait impoſſibi- 
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Divo cafes in 
this propofito. 
The first cafe, 


Demonſtra- 
tion leading to 
æan abſurditie. 


The fecond 


cafe. 


Demonſtræ- 
Bion leading to 
an abſurditie. 
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he Vppofe that there be two numbers genen A and Band let them meafure thè nuw- 
Se ber C D: and let the leaft number that they meafure be. The I fay that Ealfo 
WRONG meafureth the number CD . For if E. do not mea- 

foreC D, ket Emeafuring C D,thatis fubtrahed out of CD A.. 

as ofte as you canas for example,once,leaue aleve then it felfe, B... 

namely, C. FE And let the number fubtrahed which È meaft- E..... 
reth be? D , and forafmuch as A and B meafureE and E CG... F ........ D 


meaſureth D FE , therefore A and B alfo meafure DE . And " 





"they meafure the whole C D wherefore by the 4..common fentence of the fenenth they mea- 


Jure alfo that which remayneth C ¥ being leffe then B: which is impoffible. Wherefore E of 
nece/fitie meafureth C D,which was required to be prened. | 


q 1 be s. Probleme. The 38. Propofition. 
T bree numbers being geuen,to finde ont the leat number which they meafure. 


Zaha V ppofe that there be three numbers geuen A,B,C .Itis required to finde out the 
leaft number which they meafure.T ake(by the 36.of the [euentb )theleaft nnmber 
xu] wich A and B meafure,and let tbe fame be D. Now then C either meafureth D 
or els meafureth it not.Firft let it meafure it_And the numbers 

alfo cand B meafure D:wherefore A,B,C,meafureD. Now A... 

then I fay that D 15 the leaft number which they meafure. For Bases 

if 261 et the numbers A,B,C, meafure fome number leffethen | C. . .. .. 

D and let tbe (ame be E And fora[puch as A,B, C, meafure ID eee eene eo 

E therefore alfo A and B meafure E , wherefore ( by tbe37.of | E... ..-. 

the fenenth ) the leaft number which thofe numbers A andB 





_menfure hall alfo meafure E.But the leaft number which A and B meafureis D . Wherfore 


D meafureth E,the greater the leffe:which is impofible. Wherefore thefe numbers A,B,C, 
hall not meafure any number leffe then D. Wherefore D is the leaft number that A,B,C, 
doo meaſure. : 
ni^ ow [uppofe that C meafure not D.And take ( by the 36.0f the fenenth ) the leaf 
number which thofe two numbers C and D do meafure,and let the fame oe E And foraf- 
mach as A and B meafure D and D mea[ureth E, therefore & and B alfo mea[ure E. , and 
C alfo mea[uretb E., wherefore A, B, C, alfo meafure EI fay moreouner that Eis the leafE 
number which A,B,C meafure For if it be not let there be fome lefenumber then Ewhich .. 
they meafure , and let the fame be F . And foraf- | i 
much as A,B, C, meafure E Therefore Aand B A... 
alfo meafure F : wherefore the leaf number which B... 
thefe numbers Aand B do meafure doth alfo mea- C e.e. -— 


"fure Yi (Ly tbe 37-of tbe [euenth) But theleaft num .D secceceeeeee 


ber wLith A and B. doo mea[fure is D .Wherefore E sessa M nepe o ei a Ad 

D meafureth FeAnd C alfo meafurethF Wherfore F ocsescccsseccosorecces 

D and C meafure Y . Wherefore the leaf number | | 
which C and D doo meafure,fhall alfo (by the felfe fame) meafure But the least number 
which C & D meafure 1s E.Wherfore E. mea[ureth F, namely, the greater, the lefe, which 
is impoffible .Wherefore thefe numbers A ,B, C,do not meafure any number leffe then E. 
Wherefore E is the leaft number which A, B, C, doo meafure + which was required to be 
demonftrated. | 


In like maner alfo how many numbers focuer being geuen , may be found E 
e 
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jeaft number which they meafure. For if ynto the three numbets A,B,C, be addeda 
forth,then if the fayd forth number meafure the number E , then is E the leattnumber 
which the fówer numbers geuen meafure,But ifit doo not meafure E , thé by the 37. of 
this bookemuftyou finde outtheleaft number which E and the fortli number meafure. 
Which fhall be the number fought for, And fo likewife if there be fiue, fixe,or how ma- 


* 


nyſoeuer geuen. 
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. *« Herebyitis manifeft thatthe leaft commó meafüre to numbers howmanyfoeuer, «d Corollary, 
4 mceafureth euery number which the fayd numbers howmanyfíoeuer meafure. : 


| y be 34. I beoreme, «Tbe 39. Propofition. 


Ifa number meafure any number : the number meafured [ball baue a part... 
after the denomination of the number meafuring, =~ | 


va V ppefe that there be a number B,which let meafure the number A .Then I fay, 
that A hath apart taking bis denomination of the number B . For how ofien B- 

DiS" | meafureth A, fo many unities let there be in C. And let D be vnitie.And foraf~ 

Es] much as B meafureth A, by thofe nities which areinC, and vnitie D meafu- 

by thofe vnities which are in C, therefore vnitie D,fo | | 
many times mea[ureth the number C, as Bdoth medfureA.  Areesrevevses -` Devon frac 
Wherefore alternately ( by the 15. of thefeuenth) unitieD, fo B... bly - 
many times mealureth B,as C doth meafure A. Wherforewhat C... -> i 
part unitie D is of thenumber B, the fame partis C of AvBut D. 

. "unitie D jsa part of B bauing bis denomination of B VY her- 


- fere C alfois a part of. A bauim f his denomination of BVV berfore A bath C asa part taking | * 
is denomination B. mhich was required to be prouca. — L4 v^ B 
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- . The meaning of this Propofitionis,that if three meafure ae number,that number 
~ hatha third part, and iffourg meafure any number the fayd number hath a fourth 


i part . And {o forth, à qo i el : M 1 a 


~ a 


| a gg The. 35. E-heoreme. | F The 40: Propofition. , 


.  Jfanumber baue any par t: the number. wherof the part taketh his denos 
=», mination {hall meafure it... Yra — 







a ea S h c1 3 we E ia / 
* Vppofe that the number A hane apart, namely, B: and let the part B hane his 
xS ‘denomination of the number C.T hen 1 faysthat C mea[ureth A. Let D be vni- 
x SA tie- And forafmuch as B is a part of A haning his denomination of C: and D 
Q OSX being vuitie is alfo a part, of tbe number C,haning his denominatio of C: there. The connerfe 
fre mbat art viti D ie ofthe number Cphefamepartisafo of de ofthe forme 
- wherefore unitie D {0 many times meafureth the number C, as B meafu- 2d... es ur —— 
veth A. Wherefore.alternately (by the 15.0f the feuenth) vnitie D foma- BS ——— 


-B ; tion 
_ ny times meafureth the number Bas C meafureth A, Wherefore C mea- E... i 







fureth A: mbich was required to be prouead. d D, 


ThisPropofition is theconuerfe ofthe former : and the meaning therofis, thate- 
2 uery number hauing athird partis meafuredofthree, and hauing a fourth part is mea- 


fured of foure , And fo forth. JT. i 
| I Tbe 


E 
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P] 


Mic finde out the least number, that containeth the partes genen. 


& a 3 


EE c Yppofethat the partes geuen be A,B,C,namely,let A be an halfepart,B a third 
j uf part, C afourth part.Nom it isrequired to finde out the leaft nuber which cotai- 


iR 









ConstraGion. y — 
Ne neth the partes A,B,C.Let the faid partes A,B,C, haue their denominations of the 
pumbers D,E,E. And take(by the.38 . of the feuenth) the leaft number which the numbers 


"- Dee meafure, and let the ſame be G. And foraſmuch as che gay, eet 
numbers D ,E,F mea[ure the number G,therfore the number G 4 an ha ife 
hath partes denominated of the nibers-D E,F (by the:z.q.0fthe Eat h 4 d 
feuetb).But the parts A,B,C,haue their denominatio of the num C afourth 
| lensiD,EFWheifóreG bath tbofepartes M,BsC: Lfayalfothat Deco 
Demonfiratio. ;; js ihe leaft number which hath thefe partes.F or if G be not.the 2 s sls Msn 
de. ding 10 at leaft number which containeth thofe-partes A, B,C, then oe 
alfurditice shore be forme number lefe then G which containeth the faide C ts 
orte COLI C ood fuppafe re [mé sa e temer Hd Penne 
forafenucb as H hath the [aid partes A,B,C, therfore the numbers that the partes A,B,C, 
jake their denomination’ of foallveafare H (by the ad. afthe foveith) Dav the numbers 
whero the partes A,B,C, take their denominations of,are D,E,F.Wherfore the numbers 
D,E,F, meafure the uumber H which is lelfe then G,which is impofible. ForGis ſuppoſed 
SUD ol go be thé leaſt hunnber that the niidevs D.R, F, do meafure. Wherfere there is no number 
"OX Jefe then G which ċoútaineth thefe | 
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partes A,B,C: which was required to be done. 
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vA Corollary wu” ereby.it is manifeft that if there betaken theleaft number, thatnumbers how ma 
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added by ny {oeuer do méafiire the fayd number fhall be the leaft which hath the partes denomi- 
Campane, nated of the fayd numbers how many foeuer,” a eek zu 


— "arn > 4 à Birra - Treo Œ a a by am A. RN ro ° tats mei * E r. —— 4 i f. 
2° Gurspane after he hath taught to finde out the firftleaft number that contayneth the, 
Howtefinde Pattesgeuen,teacheth alfo to finde outthefecond leaft nuniber, that is; which except 
^  theleaitofall isleffethen all other,and alfo the thirdleaft, and the fourth'&c. The fe- 


— Ee cond is found out by doubling the number G,For the numbers which meature the nit- 
andthe third, bet @ ‘hall alfo.meatnre the double.therof (by the’scommon fentence'ofthe feuenth), 
and fo fe an , | Bat therecannot be geuen a number greater then the number G,& leffe then the dou- 
suftnitly. ble therof, whom the partes geuemhall meafure,For forafmuch asthe partes geuen do 


meafare the wholé,namely, whichisleffetlien thé double; and they alfo "meafure the 
part taken aay,namely,the number G,they fhould alfo meáfüre tlie refidue, namely;a 
number Jeffe then G,which is proued to be the left number that they do meafure,w hich 
ds\impoflible : wherefore the econd.number which thefaid partes. geuen do meafure, 
jnuft;exceeding G,needes reache tothedouble of G, and the third to the.treble, and 
th&fourth to the quadruple, and fo infinitely, for thofé partes can neuer meafure any 
numberleffe then the number G,; ~, s s ms 1 X 
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By this Propofitionalfoitis cafieto find out theleaft number containing the partes 
"e . geuen of partes, Asif we would finde ontthe leaftnumber which contaytieth one third. 
Homtofied’ yareofan halfe part,and-one fourth part of a third pårt reduce the faid diuers fra&iós: 
out tbe leaf » into fiample fraction (bythe common rule of reducitig of fractions) namely, ‘the third: 
number cot= ofan halfeintoa Gxt part of anwholejand the fourth of third into arwelfth part of an; 
taynengine  whole,Andthen by this Probleme fearch out theleaft humber which contayneth a fixe. 


s =, 
4 * + 
M08 > à + y 


fares of pares. partand a twelfth part and fo haue you done., | 
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gesta: Euclide hath in the feuenth booke entreated 
dau ofthe proprictiesof numbersin generall, and of, certayne 


Coo VRP kitdes thiereofaiore fpecially;and ofprime and compofed 

X JALAR Wnumbersarith others:now inthis:eight booke he profecu- 

Vek 71:47 tet farther; and findeth. outand demonftrateth the pro- 

| — f „porties and paffions'of certayne other kindes of numbers: 

FA as of the leat numbers in proportion „and how fuch may 

o 77 befound outinfinitely in whatfocuer proportion : which 

4 NOS f thide is both déle&able , and to great vfe . Alfohereisen- 

eA C awa treated of playhenumbers , and folidez and of theyr fides, 

y and proportion ofthem, Likewife ofthe paffions ofnum- 

/ 4. .bersfíquareand.cube,and of the náturésand conditions of 

id 7". eitheirfides j and oftlie meane proportionall numbers of 

playne;folide,fquare, and cube numbers, with many other thinges very requifite and 
neceffary to be knowne. 1 ooh raten 5 


— 
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| ghe fujft Lheoreme.” « Lhe firft Propofition. 


Uf there be numbers in continuall proportion howmanyfoeuer,and if their 
extremes be prime the one to the other:they are the leaft of all numbers 
that haue one and the fame proportion with them. 


Bs 






Ye ppofe that the numbers in continuall proportion be A, B;C,D. 

Bs «And let their extreames namely, AandD be prime the one to 
SQ | 126 other.T hen I fay that the numbers &, B, C, D , are tbe leaf 

hy \ Of all numbers that hane +++ ++ : 

7 uo ione and the fame pros A 

ONN portion with the. For if --B .:i.siiinuc 

IEAA NI SXIN ey be not let E, F; G, +C 

KRES, —— H being | leffe numbers D 
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the felfe fame proportion that ABCD are. And vw 
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Forafmuch as thè numbers A, B, C, D, are iñ the - ` 
felfe [ame proportion that the numbers E,F,G,H, "1 pinch tes 
“are, cy the multitude of thefe pumbersE, F,GH,. ntn 
tsequall to the multitude of thefe numbers A,B;C,D, therefore of equalitie ( by the 4. of 
the fenerth)as Aisto D, fois EtoH.But AvandD are prime the one to the other , yea they 
are prime and the leaft that bane the fame proportion with them.But the least numbers in 4- 
ny proportion meafure the numbers that bane the fame proportion with them equally the 
‘antecedent the antecedent and the confequét the confequent (by the 21.0f the fenenth wher 
fore A meafureth E,the greater the leffe:whichis inepolfible. Wherefore the numbers E, E, 
G,H, being leffe then A,B,C,D are net in the [ame proportion that A,B,C,D,are,wher- 
Sore A,B,C,D,arethe leaf? of all numbers which haue one and the fame proportion with 
; Xx 4. them 
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pi - Me | 
T'o finde out tbe leaft numbers in continsallproportion as many as [ballbe 
required in any proportion genen. 
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| Kppofe that the proportion geuen im tbe left numbers be Ato B: Tt is required 
to finde out the left numbersin continual proportion,as many as fhall’be requi- 
red;intbé ——— that Ads fo B... Let there be required foure. And let 
CYSSEACPR A gultiplyine bim [elfe produce C : and multiplying B let it produce D : and 
libewiſe lét B'weultiplyime bim felfe produce E . And moreóuer let A munt thofe num- 







bers C, D, E produce F,G,H z and let B'wnliiphjing E produce K. And forafmuch as A 
vianltiplying hin felfe produced C,and multiplying B produced D; now. then the number A 
multiplying two numbers and B produced.C ¢ D..Wherefore (by the 17.0f the feuenth) 
asd tisto By fois Cti De Againe, fora[much as A multiplying B produced D, and B multi: 
pling hite felfe produced E, therefore ech of thofe numbers A and B multiplying B, bring- 
eth forth thee numbers D and E . VV-herefore (by the 18 of the fenenth) as A isto B, fo D 
HUE ZBglas A isto B,fois Cto D .VPlerefortas C istó D, fois D to E. And forafmuch as 
A multiplying C and D produced F and G, therefore (by the 17.0f the fenenth) as Cis to D, 
fois F toG .Butas Cisto D, fais Ato B .Wherefore as Aisto B, fois F toG. Againe for- 
afmuch as A multiplyingD and E produced G and H, therefore ( by the 17 .0f the fexenth) 
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as Disto E, forc to H .Butas Dij to E,fois Ato B. Wherefore as Ais to Bb, fo is Gto H. 
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And foralmuch as thofe numbers A and B multiplying E produced H and K therefore (by 
she 18 of the [euentb) as.A isto B,fo is H to K . And itis. proued,that as A is tò B, fois F to 
G, and G to H : whereforeas F isto G, fois G to Hand H to K . Wherefore thefe numbers 
C,D,E,and F,G,H;K, are proportionall in the fame proportion, that AistoB . Now fay, 
that they ave alfothe left. For forafmuch as A and B are the left of all numbers that haue the 
fame proportion with them : but the left numbers that haue one & the fame proportion with 
them are prime theone to the other (by the 2g.of the fenenth) < therefore Aand B are prime 
the one to the other nand ech of thefe numbers A Cr B multiplying him felfe produced thefe 
numbers C and B, and likewife multiplying ech of thefe numbers C and E. they produced F 
and K.. Wherefore (by the 29 .0f the fenenth)C,E,and-F.,K, are prime the one tothe other. 
But if there be numbers iwcontinuall proportion how many foeuer, and if-their extremes be 
rime the one tothe other, they.are the left of all nubers.that haue the fame proportion with 


them (by the firft of the eight). Wherefore thefe numbers C,D,E,and F,G,H,K are the left 
aml i A = : " of alt 
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of all numbers that bane the fame proportion with:A.and B\. And forafmuch as (bj the zgi: 
of the fenenth) that alwaies happeneth touching the extremes namely; that Aand B multi, 
plying the numbers produced Fand K fhall-prodwce other prime, numbers, namely, the exa\ 
tremes of fiue numbers in continuall proportion,therefore ( by the first of this booke) all fine 
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ereby it 1s manifeft that if three numbers being in continual proportia 
on, be the left of allnumbers that hane the fame proportion with them, 
their extremes are {quares: and if there be foure their extremes are cubes, 
For the extremes of three are produced of the multiplying of the ntibers A 
and B into them felues.And the extremes of foure are produced of the inul- 
tiplying of the rootes A and B into the fquares C and E, whereby are made 
the cubes Fand K. — "a © 
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If there be numbers in.continuall proportion bow many foeuer and if they 
be tbe lest of allnumbers that bane one and the fame proportion with the: 


“their extremes [hall be prime the one to the other. 
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QA.) that haue the fame proportion with them be A,B,C,D. Then 1 fay thas their This propo 


extremes Aand D are prime the one to the other. Take(by the 2.0f the eight or tion t5 the toe 
b.c e. 1 * E c 4 ` k nerfe ofthe 


fofi. 
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«e iy the 35.of. tbe ferienth) the two leaf? numbers that are in the fame proportion 
,B,C,D,areyand let the fame be the numbers E,F And after shat take thre numbers 


T v ^ e v t e nA 


: PCS wie =. 
sii 94 ^. ens . — — hos 
e9$06060092029$ 465 49 09 4,0, » 06 9 429 0 Vi Ln 
t * * m 4 A M 3 
ta T 3 + = 


1 t 
at * 


B ELEEEEEEEEEEEEEEEL 


22* P5. = 3 * E . 
wrt: E o ee ee a a to eo ee ee * D - 
ef Gteatey, * © $ =l earm " M2 F* wre it Yie. p ae E M . ao & 
4 (^ E & Ya $ . Pia » 1 E 
Ped - 
^as 


rs * * ‘ 
D @ 9,06 €9 9.6.0 9$. 5 9.9.59 9.9 6 9 90.90 [LE e . 8 te eeevsesveaesvs,oever * 
~ ae p POLY a A8 ES m. VICA at +. . PC rat n 1222 Ft Use 2 Op 9.0 6 6:6 0's 
ews | ‘ > ee %, 8 ' (Sw e^ uw “es Ques Lue ec -3 a a Kad AG A 4 ee MEANA sho ^ 
> ^ LUN 2 i » 


‘ 
X E «4 Y : > ' 
b m : + $ 20. a p 4, ^a a -è RI 095 9 aen a ^m x b i e E a — — 
4 Ü J >e [s : ‘+ ge i é 9 o z 
o t 42 qa - e ⸗ awn - ^ iw I a cbf =: > ‘ v 4 T3 Tu Qe T à - "ee t ; 
* x 3 . t 23 
> - 4 $ i + Y 
E F #020 — ae ee i bi . d 
^ $ Mew i * “<a ° O w I à F f 
. 2 ' A ' 7 > t ‘ * i : 
s ` 


$ * — * 
k ^ 
* \ © . ^ UR . 
2 : - 
^e . age 4,4 


% M P = 6 wv . ê 
⸗ 7 4% Zu 
3 r 
à G 2e f Co 
: SAN Ts if 


a n 
dl ; d 4*4 —— 
liz. odkad A 
— SGeaeeseoevessv. 
CS GR U | A 

^ - . 3 à : 

MA + + i ' 
á PS F er Pe | s ect 
z it ~ as 4442 ke T : », 

e x e 
«t "A ^u Bs sga” sk 2 t (F 
guis f a L’ = 4! 4 2 "m za ` 4 
4 p = i. 1 i 
£ 2 ' 

—8 —J Cove aeeevrebteseeceseevevresee as 

k . * a 4 A . \ ad f 
q T TY į "t ^ S! 

f . M €06250609900900600009*70«-208«-00905089264602490 
' -- 1 « " 
« $, + S Voe s È: : j 3 ; { LN Mt, 3 
T — eeeoveaen SC eepeeeeeeeeeteeeeseteentistada 
t “2 í P. 4 : 
k "E - . $ Ve [Ee à « ~ = C A ‘ - " 
. P 

X va hw ⸗ — ⸗ — 5 @eoveteeseee COP CHOCO E ETH EHEC CHE HP EOE ETH HEHE HO HEHOHKEG 

JS * WAR 4 a - i 


SSH;K, and fo almayes forward on more (by the former propofition) untill the multitude 

taken bé equall to. the multitude of the: numbers geuen A,B,C,D. And let thofe numbers | 

be L,M,N,0: Wherfore(by the 29. the feuientb) their extremes L,O., are priszethe one. Demonfiraz 

80 the other. For fra [mich as E-and.F are primethe one tothe other,and eche of themanul. tiom ` 
uy Xx. i. Wblieng —— 
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| _ Lheeighthe Booke > > 
—— himfelfe produced G and K ,¢> likewif2 ech of shefeG & K multipliine binfalfjri-- 
iced L d» 0 therfore (by 3he 29 of the feuemb)G er K are prime tbe'onetothe other ey fo. 
likewife are L and O printe the one to the other.And forafmuch as A,B,C;D, are the leaft of 
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all numbers that hane the fame proportion with therz,and likewife L, M,N, O, are the lea 
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of all numbers that are in the fame proportion that A,B,C,D,are,and the multitude of thefe 

numbers A,B,C,D, is equal to the multitude of thee L,M,N,0O-therfore euery one of thefe 

So A,B,C,D, is eqaall unto enery one of thefe L,M,N,Q. Wherefore A is equall mto L, and 
Mesi : Disequall vitoo „And forafmuch as Land O are prime the onè tothe other, and Lise. 
— ox quallónto Amd Q is équall-vnta D + therfore Aand D are prime the one. 30, she other: 

NN which masrequiredta be promede so eo e suy 
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The 4. Propofttion. . .. .. 


Proportions in the leaft numbers how many foeuer beyng genen, to finde 
out the least nisnibers in continnall proportion in the faid proportions. gene. 


F ppofe that the proportions in the least numbers geuen,be AtoB, CtoD, and 

E to F. It is required to finde out the least numbers in continual proportion, im 

| the [ame proportion that A is to B,and that Cis to D and that Eisto F, Take 

Kane be leaff number whom B and C do meafure,and let the fame be Gi And how 

often B meafureth G fo many times let A meafure H. And how oftë C meafureth G fo many 

Twocafesin times let D meafure K. Now E either mea[ureth K or meafureth tt not.Firs let it meafure 

this propofitso. st, And how often E meafureth K,fo many times let F meafure L. And forafmuch as how 

The first cafe, often A meafureth H,fo many times doth B meafure G ` therfore by the v7. of. the feuenth, 

as AistoB.fois H to G.And by the fame rédfo'as Cis t6 D, fois G to K y and mreouer as E 

isto F fois K to L. Wherfore thefe numbers H,G,K,L, arein continuall proportion, and 

. in the [ame proportion that ‘A isto By and that Cis to D,and moreoutr that Eist0 F. i 

Demonfira- Sey fo that theyarethe leds in thofe proportions For if H; G; K, L, be not the leaft nunty 
sion leading to Desin contipsall roportion,and in the fame proportions that A isto Band C40 D, and : 

enabfürditie, Eto P,then are there fome numbers leffethen H,G,K ,L,-in the fame-proportions that A 

| _ ut Apte Band G t0 Dyand.E to Fy let thofe numbers be N,X,M,0.. And fora{much as ji iste 
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B, fo is Ni to Xs aril Avahd Bare the left but the Jeafeneafire. z sA 


thofe numbers that baue ome and the fame proportion with them  B ..., 


salin the or * Athe.. ee | 
quels tee greater tbe greater, aud ybelef[ó tbe lef that iet sos e 
antecedent the antecedent,cy thecbnfequent the con quent by B EC. eos be 


the 21.of the feuenth) therfore B meafureth X. And by the fame. ERST. 
Aeafoe c atfo meafereth Xy mherfüre B and C meafuze X-Wher-.— s oo, 


PADES mimt big p and C weafure pal alfo bythes? E. o os na 
L E A E AE O 
HRPE G WES Osea fivetb y He arzalév, ve ef, 000 o 
which is impofüble.Whesfore there feall not be any lefe numbers. He et ae 
then H,G,K,L, in continuall proportion, and in the fare ros t Gian. a. ss 
portions ibat Ad isto Band Ció Djand EB F. 007 * — K ereat ue EN E 
/" SUN, . LI. c. 0o. EE, uL s. vo. e uu MS — VUE 
Bus now ſuphâſe that E woéafuve gor K: And bj ibé 36.of. the. oo Hii. The fecond ~ 
jenenth, take the least number whome E and K meafure, ahd ey E cae. s 
tne fame de At. And how often K meafureth M, fo often let Oe X s 2 
either of thefe G and H meafure either of thefe Nand X. tale as odi 2I Demonffras ` 
Asd bow often E meafureth M fo often let F meafureO% And. M us 0.5 este, Im HO. c m 
forafmuch as how often G nseafureth N fo often doth H meafivé ^. O vercevertuce.. 
X therfore as It is to G,fois X to N, But as His to G fois Ato B E sd MES. 
Wherfore as Ats to B,fois X to N, And by the [ame reafon as Cis to D,fois NtoM. A- 
gaine fora[much as bow often E meafürëth M Jo often F meafureth O therfore as E isto F 
Joigcat 1 o herfore XN, M.O, arein continual proportion and in the fame proportiz 
net C 16 Dad Cte Dapd Eso F. Tayalfothaé:.— 7 000 0, 00 
thy ik anid ba piin FATEN IO, E A n = 
rib eign contowalpriprtion andi neis Bo 
portinsha4is Band Cu Dy asd Eno ryWenjal 005 010. 
The Ve fae numbers lefe then X,N,M,0; in continual. °C. : 
p'opsrglsand vo be une proportions tliat Aisto Byapd O DELS 70 s 
CIP Ahd ETOF. Letrhe fame be the numbers P, RS, OOT 00 
Ar ente t HE uo TE S E 
eOshe Pap Fue PAM Duden efie nh eun EU e A 
thet hare ine & the famepriportiowith then equallythe = °° 
greater the greater andthe lefe the lege that isthe antece- H.. 
dent the antecedent,and the confequent the confequent by G . 
the 21. of the fexenth,therforeB meafureth Radnd bythe, KB coerce 
fame reafonal[o C meafureth R. Wherefore Band C mea. °° 0 
Sue R. Wherfore the least number whom Band C meafure | -X aopn. ye 
Jüattalfoseeaure R(Lythe 37. ——— 
. number whom B and C meafure is G.wherfore G medfureth UMP... A vtr 


R, And-as Gis to R.fois K toS.Wherfore K meafareths. — OSa.. Sa 
And E slfoieaureth S. Wherefore Eiiid K meafnes. “0 
Wherforethe leaft number whom E and K meafure, hall Pa... 
(by tbe [elfe [ame) meafure S. But the least number whore. R Lue 
Eana K weafure is M Wherefore iM meeafortth S tha S assau. 
greater tbe lefe mich is impoffble.W berfarethere are no. Td, 
puebirs leffe then XN:M3O p continudll proportion, ge 70 
in the farze proportions that A iš to Band C to D 
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leaft aunshers 1 continual proportion,and inthe fame proportions that AistoB,andC te 
D and Eg F.: which WAS required to be-done. du nu a Nr. h 
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Ti propoft- ; SA y 
ssoninnun- (EN A be the numbers C and D, and let the fides of Bi, be the numbers E and 
haa BERSE. Then I fay that A isso B im shat proportion that is eompofed of the fides 
rab ths Take — 
touching parel ight) the leaft ñumbers In. io ese St te oes 
delogratumes, — Continuall proportion , and - Li . s... Lus. hurts ces s 
ous ta the fame proportionsthat «B. eee ease eee rater htt tS . 
Conflruftion Cis toBjand D toP. And. ee ees ee 
> des the fame be the numbers — 
Demonfitae G, FE K: fotbat as C isto | E + i À i. — ' 
tion ^ Eel G bèto Her as D, F 
^ ds toF,'fo lif H'be to K: e P 
Wherefore thofe numbers; | G .... Lu. 
G, H,K, aue tbe proporti--^ HL... 
ops of He Aes DRE TE bro UR... uses see 
portion of G to K is com po- | abd | 
fed of that which G hath to and of that which H hath to K : wherefore G is unto K in 
that proportion which is compofed of the fides. Now I fay that as Ais toB L 3s G to K.For | 
let D muitiplying E produce L. And foraf{much as D multiplying C produced A,and mul. 
tiplying E produced L :thérefore(by the 17.of tbe feuenth)as C is to E,fois AtoL. But as 
e isto E fois G to H,wherefore as G isto Hifo is À to L se Agayne forafmuch as E mula: 
tiplying D preduced Lc multiplying F produced B:therefore( by the.17.0f the feuenth)as 
Disto¥ fois L to B.But as Diss to F,foss H to K,wherefore as His to K,fors Lto B. And 
it isproued that as G is H,fo is Ato L.Wherefore of equalitie (by the 14.0f the fenenth) as: 
G isto K; fo is AtoB. But G isunto K in that proportion which is compofed of the fides, 
wherefore A ts unto B in that proportion which is comepofed of the fides: which was required 
10 be demonflrated. a , em n s oi * . BRL j E S es EC; 
An other demonftration of the fame after Cayzpane. 
Suppofe that A and B be plaine numbets:and let the fides ofA be the numbers C and D; and Jee 
the numbers E and F be the fides ofthenumber B. Andler D multiplying E produce the number G, 
sAn other de- Thér fay thatthe proportiðof t. Arm ©. | | | 
monfiratio af- A to B is cépofed of the propor A ee pe Re? Mu NN | C... 4 
ter Campan!» tiõs of CtoE& DtoFthatis, ‘G....... Lgs D, - i Ds. de 
of the fides of the fuperficial nü A: MEL uo Tuancitne VELLE ETT 
y | s E. 8 


g The 3.Theoremè. ` ` ~ be s. Propofition. 


~~ Playne or fuperficiall numbers are in that proportion the one to the other 


oo which is.compofed of the FEC saa my i re 
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ppofe that A and B be playne or fuperficiall numbers , and let the fides of 





ber A tothe fides of thẹ fuper- v — | 
ficiall number B.For forafmuch ! w^ i pom TS o^ 
as D multiplying E produced G,and multiplying C it produced A,rherefore by(the 17.0f the fenenth) 


’ Aisto GasCisto E: agayne fora{much as E multiplying D produced Gand multiplying F ic produ- 
ceth B,therefore by the fame G is to Bas D is to F. Wherefore the proportions of the fides namely , of. - 


C to Eand of D to F are one and the fame with the proportions of A to G and G to B.But(by the fifth 
definition ofthe fixth ) the proportion of the extremes.A to B iscompofed of the proportions of the: 
rheanes,namely,of A to G and G to B, which are proned to be one and the fame with the proportions: 
of the fides C to E,and D to F.Wherefore the proportion of the fuperficiall numbers A to B is cépofed 
ofthe proportions of the fides C to E,and D to F. Wherefore plane. &¢. which was required to be 


proued. 
r 71 be 


$ - ` 4 ” 
" m tg: 753 b 9 
" ; * , me an * 

NE Ex Uy s a. 


4 
yal) 
ry 


of Euclides Elementes. Fol.205. 
y T be 4. T beoreme. "T he 6; Propófition. 


| uiftbere be numbers in contintall propórtion- bow yiany foeuer yand if tbe 
fifi meafure not the fecond, neither fhall any one of the other reafire any 
ome of the other. C v^ pi " 4 E * JT 1 t ust pq o. | * ^R 


gU ppofe that there be numbers how many Joeuer in continual! proportion; name- 
XA ly five, A,B,C,D,E . And {uppofe that A meafure not B. Then I fay, that nti- 
KC ther fhall any other of the numbers, 4,BC, D,E, meafure any one of the other. 
EAST hat A,B,C; D,E, do not in continuall order meafure one the other, it is mani- 
fel: ‘for A meafureth not B.. Now I fay sthat neither fhallany other of them meafure any o 
ther of them. I fay that A fhal! not meafure C. For how many in multitude A,B,C, are, take 
fo many of the left numbers that haue one and the [ame proportion with A, B,C (by the 35. 
of the feuenth) and let the fame be F,G,H . And forafmuch as F,G,H are in thé felfe fame. 
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ie. | 
proportion that A,B,C,are: and the multitude of thefe numbers A,B,C Jis equallto the mul. 
titude of thefe numbers F,G,H, therefore of equalitie (by the 14. of the feuentb) d$. A is to 
C, fois F to H . And for that as AistoB,fois F toG, bat A mealureth not B, therefore nei- 
ther doth F meafure G . Wherefore F is not vnitie . For if F were unitie, it fhould urs fure 
any number But F and H are prime the one to the other (by tbe, 3 ofthe eight) Wherefore 
F meafureth not H:¢p as F isto H, fois Ato C, wherefore neither doth A meafure C.In like 
fort may we prone that neither [ball amy. other of the numbers A Ae 


B,C,D,E, meafure any 
* | ME à; 239 5S 5 4 4475 
other of the numbers A,B,C,D,E: which was required to be demonftrated, 


q The ;. T heoreme. ii nhe 7. Propofition. 
-| Mftbere benumbers in continuall proportion bom many foeuer , and if the 


>. first meafure the laft, it [ball alfo meafure tbe fecond. 





na ppofe that there be a multitude of numbers in continuall proportion namely, A,B, 
QE C,D . And let Athe frf meafure D the laf | me 
IZAT hen I fay, that A the firit meafureth Bthe À 
fecond . For if. A do not meafure Bneither fhallany o- B...... 
ther meafure any other (by the 7 .of theeight): which C`. 

(by fuppofitiom jis not true.F or Ais (uppofed to meafure D 
D.Now then A mea[uring D, ſpall alſo meaſure B: 
which was required to be proued, .. .. — 
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~ Uf betwenetwonumbers there fall numbers incontinuall proportion: how 
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vut ; nam numb rs fall b etwenethem, fomany.alfofhallfallin continual pros 


= -portion betwene other numbers Which bane the felfe fame proportion: 


v | 1 odes pio dde Ac cea EON 
— P ge a 8, do fallin continuall proporti. 
um the wioplers Cund D And is Ais tà B; fole E beta F . Then Hf), vu 
p oora ibers in eoptissall proportion do fall betwiene “A aid B, fo many 
USSSA ambo sf s cntineallprpartion foll here ful evene E d P. Hon 
many. A,B;C,D,arein multitude, take (by the 35. of the Jedcith) jo many of the le afin ame 
bers that hane one andthe famë proportion with A,B,C,D, and let the fame beC HKR L.. 
Wherefore their extremés Gand L. are prime the one to the other.(by the 3 of theeicht) And 
ford{nyibias Aand Cand D-and Bare in the/etfe fame proportion thatG & Hind and - 
L are, andthe multitude of thefe numbers A,C, D, B, isequallto the multitude of thefe 
numbers G, H, K, L- therefore of equalitie (bythe 14. of tbe fenenth) a$ Ais t0 b, fois . 
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ARN CE. eee ae taste iis taanese 3 
Gto Lc Butas Ais to B, fois EtoF : Wherefore as G is to L, fois F to F. But G and L are 
prime the one ta:the other: yea they are prime and the least . But the leaf? numbers meafure 
thofe numbers that haue the [ame proportion with them equally, the greater the greater, and 
the lefe the leke (by the 21.0f the feuenth) that is, the aptecedent;the antecedent ey the con- 
fequent, the confequent . Wherefore how many times G meafureth E, fo many times L mes- 
fureth En How often G meafureth E, (0 oftenlct.H meafure Mand K meafure No Where- 
fore thefe numbers G,H,K,L, equally mmeafure,thefe numbers E;M,N,F Wherefore (by 
the 18 of the feuéth)thefe nubersG,H,K,L,are inthe felfe fame proportion that E,M,N,F, 
are . But G,H,K,L, are in the [elfe [ame proportion that A, C,D, B, are : whereforeshofe 
numbers AS CSD ;B are in the félfe fame proportion that E,M,N,F,are. But A,C,D;B,are 
gn continuall — : wherefore alfo E M IN ,S[F are in continuall proportion Wherfore 
how many nunsbers in continuall proportion fall betwene A and B,fo many alfo in-continu 
all proportion fall there betwene E and F : which was required to be dermonftrated. | * 
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Betwene tivo numbers whofe proportion ts [uperparticular,or [uperbipartien?, there faheth mo meane properties 
vall. For the leaftnumbers of that proportion differ thc one from the other onely by vnitie or por 
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But if betwene the grcater numbers of that proportion: thére-fhould: fall meane firopórtionall; them: 
fhould there fall alfo a meane proportionall berwene the leaft numbers which haue the fame proporti- 
on by-this Propofition , Butbetwene numbers differing onely by vnitie or by two, there Bledi no 
meane proportiondll, ^7 5.2. .6l 38 x AU SC" B uU LIE 
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«c, Af tmo ummbers be prime the one to the other and if betwene them fhall fall 
numbers in continual proportion :. how many numbers in continual pros 
vir portion fall betwene theni. ;fomany-alfofhallfallin continual proportion: 
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F L ppofe that there be two numbers prime tbe one to tbe other Aand B: andlet 
therefall betwene them in continual proportion thefe numbers C and D : and e^ 
Jet E be unitie. Then fay, that how many numbers in continuall proportion 
eg fall betwene A and B,fo many Alfo [ball fall in continuall proportion betwene A 
and unitie E : and likewife betwene Band vnitie E.T ake (by the 35.0f the feuenth)the two 
leaf pumbers that are in the fame pro portion that A,C,D,B,are: and let the fame be F and 
G.and thes take three of the leaft nitbers that are in the fame proportion that A,C,D,B,are: 
and let the fame be H,K,L : and {0 alwaies in order one more, vntill the multitude of thers 
be equall to the multitude of tbefe numbers A,C,D,B : and thofe being [o taken let them be 
M,N,X,0 : Now itis manifest; that F multiplying him felfe produced Hand multiplying Demoenffra- 
H produced M . And G snultiplyine bim felfe produced L, and multiplying L produced.0- ty, ce: 
And forafmuch as MN,X,0 ,are(by {uppofition)theleaft of all numbers that hane the fame 
proportion with GF : and A,C,D,B, are (by the firft of the eight) the leaf? of all numbers 
that hane the [ame proportion with G,F : and the multitude of. thee numbers M,N,X,0, 
ix equal to the multitude of thefe numbers. A,C,D,B : therefore enery one of thefe numbers 
NMN,X,0, is equallto euery ome of tbefe numbers 4,C,D,B . Wherefore M. is tquallvntà 
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A; and 0 is equall unto B. And forafmuch as F multiplying him felfe produced H: therfore 
F meafureth H by thofe vnities which arein F : and vnitie E meafureth F by thofe unities 
which arein F : wherfore (by the 15.0f the feuenth) unitie E, fo many times mea ifureth the 
number Fas F meafareth H - wherefore as unitie E is to the number F fois F to H.Againe, 
fora{much as F multiplying H produced M, therfore H meafureth M by thofe unities which > 
arein F . And-unitie Emeafureth F by thofe unities which are in F : wherefore ( by the felf 
feme) vnitie E [o many times mea[uretb F as H meafureth M .Wherefore as vnitie E is to 
tbe nurber-F, 0 is H.to CM; But itis proued that as nitie E is to the number F, fois F to E 
H : wherefore as unitie E is to the number F, fois F toH, and H to M . But Mis equall 
_ unto A: wherefore as vunitie E isto. the number F, ſo is F to H, & H.to A. And by the fame 
reafon as unitie E is to the number G, fois G to Land LtoB. Wherefore how MANY BUM- 
bers fallin continuall proportion betwene A and B : [o many numbers al{oin.continuall pro- 
portion fall there betwene vaitie E and the number A, and likewife betwene unitie E 
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GV ppofe that betwene the two numbers A,B,and-unitie C, dofall thefe numbers in 
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q numbers alfo in. continuall proportion fhallthere fall letmene A and B i Le D multipl- 


ing E. produce H ,and let D multiplying VÀ produce K, and likewife let F. multiplying M, 
produce Lud for, that by {uppofition as unitie Cis to The number Y), fois D to E, — * 
fore hom many times vuitie C meafureth the number D fo many times doth D meaſure E. 
But vnitie C meaſuretli Dhy thoſe vnities which are in D- tel D meafureth E by: 
thofevnitieswhichare in D Wherefore D multiphing himfelfe produceth E. Againe for. 
that as vnitie Cis to the number D fois Eto A, therefore bow inany times unitie C mete 
fureth the number Dsfo many times Emeafureth A. But unitie C — D, by thofe 


| «uities which are in Dy, therefore E meafureth A by thofe vnities which arein D Where- 


fore D multilying E produced A . And by the fame reafon F multiphing himfelfe produced 
Gand multiplying G produced B . And foralmuch as D. multiplying bimfelfe produced 
E,and —— F produced H therefore by the 17.of the E, Jas D isto F,fo is E to 
H.And by tee fame reafon as D is fo V,foisH. to G. Whereforeas E istoH , fois H toG. 
Agayne forafmuch as D multiplying E produced A,and multiplying H produced K, there 
fore(hy the 17 .0f the feutth)as Eis to, fois AtoK . But as EistoH, fois D toF,there- 
foreas D isto F, fois AtoK .Againe forafmuchas D multiplying H produced K,and F 
multiplying H produced L, therefore (by the 17. of the feuenth ) as D is to E , fois K toT... 
But asDistoF fois AtoK ,wherfore as A isto K,fo is K toL. Againe fara[pptichas YE 
multiplying produced L. and multiplying G produced B, therefore (by 1be17.of tbe. 
fenenth)as H is to.G fois Lto B.But as H is to G fois DD to.F , wherefore as Disto F fois 
LtoB. Anditis proned thatas D isto F fois A toK,and K to L, and L to B.Wherfore 
‘the numbers A, K, LB.are continuall proportion . Wherefore how many numbers in contin. 
juall proportion fall betwene either of thefe numbers A,B, cy vnitie C,fomany alfoin cons 
tional proportion fall there betwene the numbers Aand B:which was required to be proueds, 
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~ Betwene two fjuare numbers thereis one meane proportional number. And 
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= V'ppoferbat there be two fauare numbers A and B, and let the fideof A beC, c 
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Wes Het tie fide of B be D.T hen't fay thar betwene thefe fquare numbers. and- B; 

| SS. \there is one meane proportionall number, and alfothat Ais unto B in double 
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sia: proportion of that which Cis to D.Let C.multiplieng D produce E. And foraf- TRI T 
px > e Ei F ." Ce 1 A pee 
much as Aisa f{auare niver,cy the fide, thereof is Cy... ES ie of this breve 


therfore C moultipliene bizn[elfe produced A. Aud.by . ... — — e fition demon- 
the fame réafog D. multiblieng pim[elfe produced By. we e. firatea. 


a2 4$ OA 


Wm fora[much as C multipleng C produced A, and 
muttiplieng D produced E,therfore (by the 17 .0f the d 
fuent) as C isto D.fo is Ato E. Againefora[much W eq 

as C multiplieng D produced E, and D multiplieng himfelfe produced B, therefore thefe 

two numbers Cand D multiplieng one number namely, D produce E and B.W herfore (by 

the 18. of tbe feuentb) as C 15 to D fozs E tà B. But as Cisto D, fot Atak. Wherefore as 

Ais to E fos E to B.Wberefore betwene thefe [quare numbers A aud B, there is one, meane 
proportional number,namely E. Now alfo I fay that Ais opto B im double proportion of The fesse 
that which Cisto D. For forafimuch as there are three numbers in continuall proportion, A, pari deman 
E. B therfore (by the 10. definition of the fift) A is vuto B in double proportio of that which firated. 

A isto E. But as Aisto E, (ois Cto D.Wherefore Ais unto Bin deuble proportion of that 


' 


which the fide Cis uito tbe fide D : which wasvequired to beproued. ^ 


. g Tbe 10. T beoreme. Thé 12. Propofrtion. vs 


s. , Betmene two cube numbers there are- two meane proportional numbers. 
<i- And the one cubeis to the other cube in treble proportion.of that which the 
> » fide of theone.is tothe fide ofthe other: ov o = 


V ppofe that there be two cube numbers A and B, and let the fide of AbeC, and let 

the fide of B be D.Then 1 fay that betwene thofe cube numbers A and B, there are 

__ twormeane proportional numbers,and that Ais unto B in treble proportion of that 
which C iste D.Let C multiplieng bim[elfeproduce E,and multiplieng D let it produce F, Conftrutlion. 
‘and let D multiplieng himfelfe produce G.-And let'€ multiplieng F prodice HH, and let D | 
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anultipiieng E produce K.And fora[much as A is a cube number and the fide therof is Cc af — 
multiplieng imjeife produceth E therfore C multiplieng Eproduceth A And bythefame fition demons 
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reafon for that D wultiplieng. himfelfesproduced G,therfore D multiplieng G prodiceth B. 
And forafmuch as C multipheng C and D producéd E and F : therfore by the 17:of the fft 
as Cisto D,fois Eto F. And by the fame reafon alfo,as C isto D.fois F to G. Againèforaf- 
muchas Cusultipliene E and-F produced :A and H,therfore as E isto F.fo is A toH.But-as 
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numbers C and D multiplieng F produced H and K, therfore (by the 18 of tbe fewenth ) 45 


^ Cirta D fois H to K .Againe forafmuch as- D multiplieng F and G produced K & B : ther- 


fore (by the 17 of the fenenth) as Fis to G fois K to B.Butas F isto G.foisC to D, where- 


fore as CistoD,fois K to B. And itis proued that as C is to D fois Ato H AB H to Kand 


K to B : wherfore betwene thefe cube numbers A and B, there are twomeane proportional 
numbers that is, H and K. — mon | 
_ Now alfo I fay,that A is vnto B in treble proportion of that which C is to D. For foraf- 
weuth as there ave foure numbers proportional A,H,K,B; therfore (by the to. definition of 
the ffl) Ais unto Bin-treble proportion of that which Ais unto H.But as Ais unto.H.fo is 


e = 


Cto D,wherfore Ais unto B in treble proportion of that which C isto D : which was re- 
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Tf there-be numbers in\continuall proportion bow many fo, ener and ech 
multiplying bimfelfe produce certayne numbers, the numbers of them pros 


duced [hall be pro portinall . And if thofe nuinibers genen at the beginning 
oduced produce other numbers they alfo fhalbe 


. proportianall:and fo fhallit.be continuing infinitely. 


ita V ppofe that there be a multitude of ninbers in cotinuall proportio, namely, A,B,C, 
aN as Ais to B,folet B beto C. And let A,B,C, multiplying ech himfelf bring forth 
b SL the nibers D,E,F, c& multiplying the nibers D,E,¥, let thë bring forth the ni- 
bers GH, K.T hë I fay that D,E, F are in cotinuall proportio, and allo that <S,H,K, are in 
cotinuall proportio.F or it is manifeft that the nubers D,E,F, are [quaremumbers, er that 
the nubers GH,K, are cube nibers. Let A multiplying B produce L.Andlet. A ey B maul- 
tiplying L produc J * N xs m let : IPEA 5 produce X: and cae anaG 
paltiplyine X produce 142. Now by the atfcourfe of the propofition cotne before we 
ps uic tach a Ct Hie in Mo a ue fn 
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the fame Aram that A isto B - an L3 
likewife that B,X,F,andalfoH,O,P,K, ` z 
are in continuall proportion. Ana in the 
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aane proportion tbat Bis to C, ButasA — > 35. 2 
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äs to B fois Bto C. Wherefore D, L, E, | 
arein one and the: fame proportion with G8 - J 
EX and moreouer GM N,H,are in ite A M 16 
one and the fame proportion withH,O, — . | 
a De ee I5 BÉ | | AN 32 
P,K,and thesmultitudeof'the[e numbers... | AI. | 
D,L,E,is equall to the multitude of thefe 4 Ae os 
numbers E,X, F, and likewife the multi. Pe 
pode of the[e numbers G, M, N, H, is e- ò 
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quall fo the multitude of thefe numbers K 51 


H,O,P,K wherefore of equality (by the 14..0f the fewenth Jas D isto E, fois E fo E duda: 
G is t0 H.fo is H to K which was required to be proued. | i 
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Ifa [quare number meafaure a [quare number, tbe fide alfo of tbe one fhal 
meafure the fide of the other . Andif the fide of the one meafure the fide of 
- theotber , tbe [quare number alfo [hall meafure tbe [quare number. 


Vppofe tbat there be two [quare numbers A and B, and let the ‘fides of them be 

Cand D + and let'A meafure B. Wherefore Cal{o fhall meafure D. Let € mal- The f£ 
(\tiplying D produce E .. Wherefore (by the 17.and 18 of the fenenth, and 13\0f of eir pat 
Q tbe eiabt) tbofe numbers 4, E, B, avem continual proportion, and arein the fision; 3 
fame proportion that.C is to D „And forafmuchas A,E,B,are in continuall proportion,and M^ 
A menſureth B, therefore (by tbe 7.of the eigbt).A mèafureih E. Butas A isto E, fois C to 
“Ds wherefore C meafureth D. < ` pre’ 3 a' n d A aa 
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“But now fuppofe that tbe Yide C do meafure tbe fide D T hem 1 fy that the [quare number 
A alfo meafureth the [quare number B. For:the fame order ‘of confiruction remayning,we 
pray in like fort proue, that the numbers A,E,B,ave in continuall proportion scr in the fame 
proportion, that C is to D . And for that as C is to D, fois A to E,but C meafureth D: ther- Prle 

fore A meafureth E : and A,E,B are in continuallproportion: wherefore A meafureth B. " 

If therefore a fqnare number voea[ttre a [quare number, tbe fide alfo o the one fhall meafure 

the fide of the other. And if the fide of the one meafure the fide of the other, the fasare nume- | 

Per alfo Jhalleszefue tbe [quare noter : which was required to be demonfirated. "3 —- * 
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vo i Mfaciibeutmber meafure a cube number; the fide alfoof the one ſhall mea- — 
Y 4 1»J. | fure E 


conuerfeofthe 


$51.53 Lheeighthe Booke 
fare the fide of the other And if the fide of the one meafure the fide of the 


other, the cube number alfo {hall meafure the cube number. 
V ppofe that the cube number A do meafure the cube number B, and let the fide 
of A beC, and the fide of B be D. Then I fay, that C meafureth D . Let C maul- 
\tiplying him felfe produce Ee multiplying D let it produce F.And let D mal- 
| JE tiplying him felfe produce G. And moreouer let Cand D multiplying F produce 
The firs pare H and K. Now itis manifest (by the 17.and 18. of the feuenth,and 12. of the eight) that 
th ue propo hole numbers E,F,G, aud alfo A,H,K,B,are in continual proportion; cin the fame pro- 
portion that Cisto D ._And fora{much as A,H;K,B, arein continuall proportion, and A 
meafureth B, therefore (by the 7.of the eight) A alfo meafureth H. Batas Ais to H, fois C 

to D Wherefore C alfomeafureth D. “re . > 
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The fecond ` But now fuppofethat the fide C do meafure the fide D. Then I fay, that the cube number 

partzsthe alfo mea[ureth the cübe number B . For the fame order of confiruction being kept, in like 

conuerfe ofthe fort may we proue, that A,H,K,B,aretn continual proportion, and inthe fame proportion 

ffi. that C ista D . And fora{much as Cmeafureth D, but as C.isto D,fois AtoH, therefore A 
meafureth H : wherefore Aalfo meafureth B. -If therefore a cube number meafure a cube 
number, the fide alfo of the one fhall ieafure the fide of the other . And if the fide of the one 
meafure the fide of the other, the cube number alfo fhall meafure the cube number : which 
vas required to be proued. - n 


q The 14. T beoreme. | The 16. Propofition. — 
Ifa fquare number meafure not a [quare number, neither [hall the fide of 
eos +s ots. the one meafure the fide ofthe other. And if the fide of the one meafure not 
yo «> asthe fide of theother, neither-hall the [quare number meafure tbe [quare 
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Wur aaber 






A uegatiue T $ d "pef: that A and B be two (quare numbers ,agdlet M eere 
proportion, N i ve fide of Abe C ; and let the fide of B be D . Andbe B. 2 
Tbefiribpart Ves it that A meafureth not B Then d fay, that neither Ped w i 


hi " x propor hall C meafure D.. For if C do meafure D; then (by the réf C i e 
i the eight) A alfo meafureth B.But A by [uppofition meafureth D.... 


s ^ 


Tl fecond not B : wherefore neither;doth G meafure D. ^M imb i 
partis the ce. _ BMt now againe — that the ſide C meaſure not the ſide D .Then I fay, that neither 


uerjecfthe  fhaltthe [quare mimber A meafure the [quare number. B « Forf-. A d meafure B, then fhal] 
first. 3^ E i. | - (by 





of Euclides Elementes. 


Seby thera ofthe eight meafure D . Bit (by: [uppofi tion) C EL em pot D'. E vs 


* v dub A Imeaſure B. which was — tobe — wi I 
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E 4 cube huie vif enot d zh vi: neither fhalt the f Ji of a 
E epica fure e the [ide ofthe other. And ifi the fide of the one mea/uxe nol the 


fide of the other neither hail the cube nuber meafure the cube number. 
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S "pfe that the eiube number A do not mea[ure tbe cube ntmber B : and let the fide 
Y ey of A beC: and the fide of Bbe D .T hen I fay, that C hall not meafure D . For if 
ONG Cido meafure D, then (by the 15. of the eight) A w fra —* B. But we by fup- 


poſition) A meaſureth not B cen fare 2 om 


Anegatiue 
propoſition⸗ 


The firft part 
of this propo- 


ther [hall G meafure D. zh. A Tm Ó fitton, 

But now » fiippofe ibat tbe fide e mieafure —— ag le ae nm — tt E. | 
the fide D . Then I fay, that neither fait the * The fecond 1 
sabe number A. meaſure the cube numbar Bo Os, —— 
For if IA do meaſure B, then alſo (bythetçs. D fifi 


of the eigit) fhall C meafure D. But (by fuppo- 


fition) Crieafureth not D .Whereforeneither er foal A mein eB: vic was required to be 


proued. 
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The " Propofi tion. 
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Ber vent two like plaine: or piraat — there 1s one meane propore 
tionall number. And tbe onelike plaine number is to the other like plaine 
number in double pr opor tion of that. We ca K V. de UA like popongi is to 


the fide of like pr Brun. 
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aN AV pole that there be two like ue e or foperficiall: —— AG B. And let the fi T 
8 of A Le the nübers C,D :and the fides of B bethenumbers E, F . Audforafmuch as 
‘Like plaine numbers are thofe which haze their fides proportional (by the 22.defini- Deminfie: 


tion Mit Fthe ſenenth) therefore as CistoD fois E ET [Aen I 45 that beenie AandB there 


is one meane pr oportionall numbep and that 
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A is unto Bin doxble proportia of that which 
Cis veto E , or of that which D is unto F, 

at is, oft thatyl ith fide of like proportion 
isto (ide of libe propor tión . Forfor that as C 
isto D fois EOE stherefore alternately {by 


the.13.0f the [enenth) as Cis 10.E.fo is:D fo 


B.And "n afontch as A is a. plaine or ſuperſi- 
siallanmber yand tbe fides thereof ave C aud |: 


Ds therefire D multiplying C produced ‘A. 
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And by the fame reafon alfoE multiplying F prods ced B. B. — D prins E alse G. 

dud forafiuch as D multiplying C produced. A, and multiplying E produced G , therefore 
( by the 17. of the fenenth as C isto E,fojs Ato G.Butas Cis to E foi 75 D to F, wherefore 45 
Disto F fois Ato Gy Againe forafmuchas E multiplying D produted G., and; multiplying 
* — B therefore (by the 17. ofi Vie feuenth ) as ID is to F , fois G to B. But itis proued 
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Yy.. that 
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tion of tbefirst 
_ part of thts 


!ogropofitien, 


Demon[lra- 
tion of the 
fecond parte 


Demonflra- 
tion of the first 
part of this 
proposition, 


(00 fore betwene thofe numbers K and L; there 


_tothat FG, are, cp of C e D is produced 


<The eighthe Boke". 


that as D is to F forts A to G: wherfore asd is to G,fois G to B Wherefore thefe numbers A,. 
G,B, are in continuall prorortion Wherefore betwene Aand B there is one. meane proportio- . 
aall number. ) 

_ Nam alfo 1 fay that Ais unto B in dooble proporti ofthat which fide of like proporti- 
on is to fide of like proportion , that is,of that which C is unto E „or of thatwhich Dis vnto 
F:For foralmuch as A,G,B,are in continuall proportion, therefore (by the 10. definition of 
the fift) A 1s unto B in double proportion of that which A is vnto G.'But as A isto G , fois C 
$0 E,and D to F :ivherefore A is unto B in double proportion of that which C is to E,or D to 


FE swhich was required to be demonftrated. 


^4 1beir.dbeoeme. — Ib 19. Propofition. 


- ' Betwene two lke folide numbers there are two meane proportionall nums 
_ bers. And the one like folide number, is to the other like folide number in 
treble proportion of that which fide of like proportion is to fide of lyke 
proportion. | | Ed T Joost 
PV Fppo[e that there be two like folide numbers «A and B. «4nd let tbe fides of the 
a number A, be the numbers C,D,E:\ And let the fides of the number B, be the 
bees! numbers F,G,H. And foralmuch as (by the 22. definition of the feuenth) lyke 


* 


folide numbers haue their fides proportio- 


nall,therfore as C isto Dfois Fto G, and: ILL... 

as DistoE,foisGto H. Then I fay that N.......5. j^ 

betwene A and B, thereare two meane pro- Xe eceeeeccceeee de” 
portional numbers. And that AisuntoB B vevecvcecccaceccrcees er 


in treble proportion of that which Cis to F, 
or of that which D isto G, or moreouer of 
that which E is unto H. ) 

' For let C multiplieng D produce K..And 
let F muttiplieng C,produce L. And for- 
afmuch as C,D,arein the felf ame propor- 


K and of F and G is produced L, therefore: 
K and Lare like plaine numbers. And ther- 


is one meane proportional number (by the 
18 .of the fewenth) Let the faine be M.Wher 
fore M is produced of D and F; asitisma- -- A T Ai- 
nifeft by the propofition goyng before Wherfore as K is to M, fois Mto L. And forafmuch 
as D multiplieng C produced K and multiplieng F produced M - tberfore (by thex7.of the 
feuentb) as C isto F fois K to M,but as K is toM,fois M to L.Wherfore thefe numbers K 
M,L,arein continual proportion and in the fame proportion that C isto D. And for that 
as C is to D,fois F to G,therfore alternately (by the 13.0f the feuenth) as Cis to F, fo is D 
to G.Againe,for that as D is to E,fo is G to H, therfore alternately alfo as D is to G, fois E 
to H Wherfore thefe numbers KM ,L are in contimallproportion,and in tbe fame propor- 
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tion that È isto F and that D is to G,and moreouer that E is to H.Now let E and H multi- 
‘plieng M produce Nand X «And foralmuch as Ais afolidenumber, and the fides thereof 
areC,D,E,therefore E multipliene that which is produced of C and D, p AMA A.-But 


that —— of C and D is K. Wherfore E multipliene K produceth A. And (by 


_ the fame reafon H multiplieng that which is produced of F and G that is multiplieng D pro 


ducet 


of Euclides Elementes. Fol.210. 


duceth B. And fora[much as E zoultiplieng K producedd and'enultiplieng M produced N., 
therfore (by the 17 .of the feutth), as K is to M,fo is Ato N.But as K is to M bis C to F,et 
Dto G andinoreoter Eto H therforeas G is to Fand D to Gand Eto H fois AON. A- 
sõne forafruch as E mulisplieng M produced Nand H multi iene M, produced X, ther- 
fore (by the 18 .of the fenenth) as Eisto H,fois NtoX But as E isto H.fois C to F, and D 
4o GW herforeas C isto Fand D to Gand Eto H fois Ato Nand NtoX. Againe-foraf- 

wich wibiplens 1 prodsced B,therefore (by the 17. 
(Prbe [uei Hb)as at ita D foi po Bik as M sé to P Bie C te Find D to Gand Eo H 
Weise Cirio Ed D Good EsoH [a a sotunh Y o3 a]D A to Nand i ro 
XW berfere hefe numbers AN X V are in continuall proportion, and that in the proporti- 


ins of the fides.T | / 
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A morcoiuer that Aisvunto Bin treble proportion of thatphich fide of like 
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€ uf like pr I, that which the number C hath to the num- 
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A MODUS DATE PCI APER $e CLEAM M lI DE 2 pelle COR. a dou Se, FT i» ui. 4 
ber For of that whith D hath to-G,or moreouer of that which E hath to H. For forefmuch 
TTIWCOAUMS MA SEULS EDAM A ea E Eno ss a 279 ciii pui 
as there are foure nuinvers in contisual proportion Latis, A N',X By berfore (by tbe 3o .de- 


finition of the fifi) A is unto Bin treble proportion of that which Ais vato N. But as A isto 
N fo isit proued that C is to Fand D to G andmorcoùir E to H: Wherėfore AisùntaB in 
treble proportion ofthat which fide of likè proportion is vinto fide of like proportion that isof 
that which the number C 3s to the number F and of that which D is toG, and moreouer of 
that which E isto Which wasvequired io beproueds oo on 5 


fJ be 12. Theoreme. - The 20.Propofition. 


If betwene two numbers there be one meane proportional number : thofe 
numbers are like plaine numbers. E i 


^ 


NN | 
AV ppofe that betwene tbe two numbers A and B there be one meane proportionall 
number, and let tbe [ame be C-T ben 1 fay, that thofe numbers A and B are like 
| plaine numbers . Take (by the 3 5.0f the fexenth) two of the lea numbers that 
LL hane one cy the fame proportion with A,C,B : and let the fame be the nuinbers 
D,E . Wherefore as D is to E, fois A to C, butas Ais toC, Jois C to B, wherefore as Dis to 
E, [o is C to B Wherefore how many times D meafureth A, fo many times doth E meaſure 
E- How manj tines Dmeafiiveth A, fo many wpitieslet there bein’ F Wherefore F milti- 
ping: D produceth d yand multiplying E its SR wa cedit decem, on s L p 
přoduceth € «wherefore A tha blade num pene AK PI EOR AT e A 
and the fidestherofare D and EGbydhà 17.de- €. SOURS SRD OP 
faition ofthe fenenth)s Againefordfmuch aso Beene a E 


Bund E arethe left numbers that haue. one trys vM Nol SR ore m ome su fies; S5 i 
the fame proportion.with C;B;therefore( by ego DAS sa Lir ida 2507 9 bí 
Xi-ofthe-feuentb) bóm many times-:D meafu- EONS OS à e 
rem Cyfa many times dith E meafure B Howse CAR Dionys, T ve piti ia P 
often E mea[ureth By fo mamy wistiesdet tberbc Fs d ode aes 
bein G : Whberefore E meafuretb:-B.*hythbofe-w- Goa iv OE oe 
nities whith are tit Ge wherefore: G: multiply os i.d Fy: RO a" M rs 
ing E produccin B's wherefore B isa plaine numbers(by the 17 definition. of the feuentby. 
Aud Abe fides thereofare Exand Gs Whereforethofermostimbers ‘A and B are-two plaine 
numbers Lay moreouer that they-are like «Fon fora{muth-as F. multiplyi ne E. produced Cs 
ahd GmsijltipbingE produced Bs therefore (by theo the feuenth)as Eisto G oir Clo 
Bybut as Cisto g N^ 15 Dto E 3 wherefore as Dis t0 E, fnis EF toG. Lerefore A and'B are 
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Bikeplaime numbers, for their ſides are propoxtionall.: inhich was required to be proued. 
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Df betwene tivo numbers there be two meane proportionall numbers, thofe 
<- numbers are like folide numbers, ma m PN. 
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MY ppofe that betwene two numbers A and B, there be two meane proportional 

numbers C,D.T hen I fay that A and B are like folide numbers.T ake(by the 35 
\of the feneath,or 2.0f the eight) three of the least numbers that haue one and 
x the [ame proportion with A,C,D,B,and let tbe [ame be E,F ,G. Wherefore (by 
the 3.of the eight) their extremes E,G are prime the oné to the other. And forafmuch as 
betwene the numbers E and G there is Sip ta fi number - therfore (by the 20 





of the eight) they are like plaine numbers. Suppofe that the fides of E,be Hand K. And let- 
the fides of G,be L and M. Now it is manifest that thee numbers EF ,G, are tu continual 
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proportion and in the fame proportion that H is ta Land that K is 10M And forafmuch ás 
E,F,G are the least numbers that haue one and the fame proportion with A,C,D , therefore, 
of equalitie(by the 14,.0f the feuenth)as E.is to G,fois Ato D. But E,G,are(by the 3. of the 
eight )prime numbers,yea they are prime and the leaft, but the least numbers: ( by the 21. of. 
the fenenth) meafure thofe numbers thathane one ex the fame proportion with them equals, 
ly the greater the greater,and the leffe the leffe,that is,the antecedent the antecedent, cy the 
confequent the confequent: therfore hontusamy tines E meafureth A,fo.many times G meas 
fureth D. How many times E meafureth:A,fomany vnities let there be in N Wherefore N. 
multiplieng E,produceth A.But E is produced of the numbers HK. Wherfore N multiplix 
eng that which is produced of H,K ,prodiceth A. Wherefore A is afolide number; and the. 
fides tberof are H,K,N. Agayne fora[much as E,F;G,are the least numbers that hane one 
and the fame proportion with C,D,B, therefore how: many times E-meafureth Cs fo "mam. 
thines G méa{ureth.BsHow oftetimes.G meafureth B,fo many vnities let there be in X.W her 


À foreG meafurcth B by thofe unities whith ave in X Wherfore X multiplieng G producethB. 


ButG.is produced of the numbers L3M, Wherefore X multiplieng that number which is pros 

dazed öf L and-M,produceth B.Wherfore B is.a folide number and the fides therof are L,M. 

XWherfore A,Bare folide numbers.E{ay moreouer that they are like folide numbers. Fór 

forafinuch as Nand X multiplieng E produced -A and G:-therfore by the 18 of the feucnih, 
—8p | - p - AS 


í ~ 
Sie x OR 
= 4 NE 
+ QA ^ 2 i Y 
b 


of Etuckiles. Elementes. Folan. 


* heit 


as INL is to X "Lr 15.10 Ctt iE 40 T. But as E; isto F, foi, is H to.L,aad-K.to M : therefore 
as H is to L fots K toM, and N to X. And H,K,N sare the fides of A, and likewife L, M,X, 
ape tle i igesof Bh: mperfore. ABaren like ini meplurs biel was required to be proved. 
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We nih that there le E merulersi in. ‘continual proportion. 4, B, C, * let she n ATA 


KA firft bea [quare namber. T henl fay ay that E Demona A 
WRONG the thirdis alfoa fquare number . For for- ne Ban : 
afmuch as betwene A and C there is one meane pro- s Ut wo Rmo 

portionall number namely B,therefore( by the 20.0) | mewn e aes B TL 


the eight) A and C are like playne numbers.But Ais afquare — Werder C alfo isa 
firi — which was icr to be priino 
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1 ‘foure numbers be in continuall proportion , and i the E bea cube) nite 
* the —— alfo fial be a cube —— woo E 3 
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wa Vypofe that there be foare — sr bem. op, on m eat ` , 
aS Y A continual proportion 4;B,C, D, —— Was). ley (wn BLE Demonſtræ- 
Sel let d be a cubé number: THEI fay that. "€ Be be ae Moe. 60 
D alfo is a cube number. For forafmuch a8 bee Deiivvccbivcieccia. SEN e 


twene A and D there are twò meane proportio- 
gall numbers B,C-T herforé A, D'ure like folidenumbers (by ihe 2 1 .of this booke) But Ais 
#cnbe — D affi ia cube ruber : ‘which s was d to be demon — An n 
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wJ Ifi 11063 "nbers bes inthe bone bropartid $ that a fanare: namie i is tod to a (are 
number and (fth pf te be 1 Jquare number, the cara: alj Q open be a [quare 
number. c 
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Therfore. G azd D are likeblaine |... D seges. aaa. —X I e ves. d 
numbers. Wherfore (by the 18. of ^ E FACT al ^ 


the eight )betwene C and D there is one mane proportionally hei As Cis fü D Dfii 25 A. 
to B.Wherfore betwene A and B thereis one eane proportionáll aumber (by she 8. of the: 
eight) But Ais afquare number Wherfore(by the 22,0f the eight) Bg alfo isa fquare number: 
which m maryequired to be proued. 
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oJ "two numbers be in tbe fame — * the one to the other, im a cube 
number is to a cube number and if tbe firj be a cube number „the fecond ala 
vé Ji bea cube — 


1 D» Sab two numbers A and. 3 des inthe pm groportid T ent to the other, 
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Rr the cube ig Cro He WS bazsber Dy dp let Y le qtole piber. 
AT hen I fay that B alfo isa cube niber.For ferafs much asC,D, are cube nibers, 
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Cand D there are two proportionall numbers. But 7* many numbers fall in continual pro- 
portion betwene C and D fo many (by the of the eight) fal there betwene the numbers that 
haue the [ame proportion with them. Wherefore betwene 4 and B there are two meane pro 
-Pet portsonall numbers which let be E and F. And foruſmuclras there are foure numbers in Con- 
S5. Einaall proportion namely AE, F, Band Ais a cabenumber, therefore( d the — the 
eicht)B alfoss 4 cuke number «which was required to. — — enon yt the Ch 
"nes ons il (i epe yates 
à vni clus: 8 Corollary added by — yee a ca x 


\Betwenea — number and a number thatis not afquare Rb, falleth n not ot the 
ff Corollary proportion of one (quare number to an other.For if the firft be a fquare number, the 
added by fecond alfo fhould be a fquare number which is contrary to the {uppofition. Likewife 
Plufiates, betwenea cubeiiümber,and a number that is no cübe nünibct falletl not the propor- 

tion ofone cube number to an other.For if thefirftbe a cube number, the fecond alfo 
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of £uchdes Elementes. Fol.212. 
D,E,F :wherefore ( by the corollary of the 2.0f the eight) their extremes, that is D, F, are 
{quare numbers. And for that as D isto F,fois Ato B,(by the 14.0f the feuéth):and D, F, 
are [quare numbers T herfore A is unto B in that proportion,that a fquare niber is Unto a_ 


{quare number:which was required t0 beproued. =. * 
E o5 a vÅ FA E” : i ? 


Like falide numbers are in the fame proportion the one tothe other, that a 
cube number is toa cube number. ` | 







FNC V ppofe that a A and B be like folide numbers . T hen 1 ay that A is unto B,inthe 
<a fame proportion, that a cube numbe is to to a cube number.F or fora{much as A,B, 
NG are like [olide numbers. Therefore(by the 19.0f the eight) betmene A and B there Conrucion. 


fall two meane proportional numbers. Let there fall two fuch numbers, and let the fame be 
Cand D . And take(by the 35.0f the [euenth)the least nambers that haue one and the (ame 
proportion with A,C,D,B, and equall alfo with thé in multitude, and let the [ame be E,F, Demonfira~ 


G, H.Wherfore(by the corollary of the 2.of the eight) their extreames, that is,EH, aresube "° 


numbers. But as E isto H fois Ato B.Wherefore Ais unto B in the fame proportion, that a 
cube number isto a cube number which was required to be demonstrated. 


«| A Corollary added by Flufato;. 


If two numbers be in the fame proportion the one to the other that a fquare number is to a fquare 
number : thofé two numbers (hall be like faperficialluumbers. And if they bein the fame propora AC orollary 
tion the one to the other that a cube number is to acube number, they {hall be like folide nitbers, added b 
| " ! Fiufíates, 
Firftlet the number A haue vnto the number B the fame proportion,thatthe fquare number C. hath 
to the fquare number D. Then Ifay,that A and B arelike fuperficiall nübers. For forafinuch as betwene 
the fquare numbers C and D there falleth a meane proportionall (by the 11.0f this booke) there fhall 


alfo etwenc A and P. (which haue one and the fame proportion with C and D) falla meane proportio- 
nall (by the 8.of this booke). Wherefore A and B are like fuperficiall nabers(by the 20.0f P. eyes : 

Butif A be vnto B,as the cube number C, isto the cube number D.Then are A & B like folide num- 
bers . For forafinuch as C and D are cube numbers;there falleth betwene them two meane proportio- 
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apum a (by the 12 of E book LA (by the 8.of the fame) betwene A and B (which 
are in tne lame proportion that C is to D) there falleth alfo two meane proportional! bers. Wher- 
fore (by the 21, of this booke) A and B are like folide numbers. D * Tu 
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jr The eighthe Pohe 
Another Corollary added alfo by Fluffates. | 


| Ifa number multiplying a [quare vwmber. produce vt a [quare number : the faydunmber multiplying fballbo 
Ede C. 7 fquare number . Forititfhould beafquare number, then fhould it and the number multiplied being 
VAFOPOET VÜ- — yike fiperficiall numbers (by reafon they are fquare numbers ) haue a meane proportionall ( by the 18, 
polary added of thys booke ) . And the number oro ofthe fayd meane fhould be equall to the number 
by Flufsstese contayned vnder the extremes, which: are {quare numbers (by the 20. of:the feuenth). 

Wherefore the number produced ofthe extremes being equall to the fquare num- 
ber produced of the meane, fhould be a fquare number. But the fayd number 
à by fuppofition ; is no-fquare number . Wherefore neither is’ the 
— ~ number multiplying the fquare number,af{quarenumber. ` 
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The firft part of the firft Corollary is the conuerfe ofthe 26 Propofition 
.+ +4 ofthis booke,and hath fome vfein the tenth booke . The fecond 
^ part of the fame alfo is the conuerfe of the 27. Propofi- 
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N THIS NINTH BOOK £ Euclidecontinueth his 
xx Ww purpofe touching numbers : partly profecuting thynges 
zee NG S el {quare and cubenumbers : and partly fetting out the na- 
— M 7» tures and proprieties of fuch kindes of number, as haue 
werd EL anis j notyet bene entreated of: which yet are moft neceflary 
— to be knowen. As are numbers euenyand odde : whofe 

B ZANA paffions and-conditions are in this booke largely taught, 
CN _ with their compofitions,and fubdu@ions of the onefrom 
fj E, ?/4 theother : withmany other generall and fpeciall thinges 

wA Mh tobe noted, worthy the knowledge.: 
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— € Tbe r. D'beoreme. 7. The 1. Propofition. 


Iftio like plaine nusibers multiplying the one the other produce any nume 

ber : the number of them produced fhall be a fquare number. 

Z | iY; ppofethat A and B betwolike plaine numbers . Aud let A 
«S y — | eaultiplyite B produce the number C . T hen 1 fay, that.Cis à 
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zA VYA [Gtiarenumber . For let 4 nultiphing bim [elfe produce D. 
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PAA, 2 O i Mberefore D is a [quare mumber . And fora[fmuch as «Asnalki- 

elc AGES Lot himfelfe produced D , and multiplying B produced C, 
In ! therefore (Ey tbe 17. of tbe feuenth) as A isto B, fo is D toc. 
€ —— JY) Hud forafmuih as A, Byarelike plaine-numbers, therefore ( by 
«e ER SSO P^ the 18. of theicight ) betwene A and B there falleth ameane 
eer cs preportionall amber: . Bit'if betwene. tmo numbers fall num- 
bers in continuall proportion, how ma- © = 5 Am n i 
ny numbers fall betwene then,fomany A .... ~ 


alfa (by thes, of the eight) fhallthere ... i eee i 
Ibamenetbt numbers ctha hgehe | 
fame proportion with them «Wherfore s 7 
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eneane proporitonall number - But Dis— SoS eee e T. | 
afquare number. Wherfore(by the 22. Co sscccccusecscvcceusecccuecs ry. 
of the eight) C alfo is a quare number: | di g 
which was required to be proued. "UT - 

q Ube 2. Theoreme. The 2.Propofition. —,. 


If two numbers multiplying the one the other produce a /quare number: 
thofe numbers are like plaine numbers, 
"ue iA 2 
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iore fully, which were before fomewhat {fpoken of, asof The Arcumes 


of the ninth.: 
booke, 


Demonſtra- 
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Vppofe that twonumbers A .\.. 





This propofi- Aand B multiplying the © 1.00. o / 
s KDI one tht other do produce B sapos 
former KISEL XJ C a [quare number. Them 

I fa that d and E are likeplainenum- D vsccccccvectacee ` 


bers . For let A saultiplying bim felfe asic es eee NO... . 
pidii here foras a falar TERU. 4.3.0 X 9. eL tA 
namber,. And foraſmuch as A multi- | | | 
Demonſtra- plying him felfe produced D, and multiplying B produced C, therefore (bythe 17. of the fe- 
tione: wenth) as A isto B, fois D toC. And fora{much as D is a [quare number and fo likewife is 
C, therefore D and C are like plaine numbers Wherefore betwene D and C there is (by the 
138. 0f the eight) one meane proportionall number . But as D isto C, fois A to B. Wherefore 
(by the 8.uf the eight) betwene A and B there is one meane proportionall number. But if be- 
twenetwo numbers there be one meane proportionall number, thofe numbers are (by the 20. 
ofthe eight) like plaine numbers Wherefore Aand B are like plaine numbers : which was 
required to be proued: - po vU CE 


*A Corollary added by Campane. i 


l Hereby it ismanifeſt, that two fouave. sumbers multiplyed tbe one iato tbe; otber do alwayes 
vZ Corollary — svoducea [quare number . For they are like {uperficiall numbers, and therefore the num- 


aided by . ^ ber produced of them;is (by the firít of this booke)afquare number. But a fauare num- 
Campane, Per multiplyed tito a gursber tot [quare, produceth a number uot fuare . For ifthey fhonld pro- 


‘duce afquare nanibet, they fhould be like fuperficiall numbers (by this Propofition) . 
But they are not . Wherefore they producea number not fquare. But if a /quare numa 
ber multiplyed into an other number produce a fquare number ,that other number {hall be a fquare 
number .. For by this Propofition that other number is like vnto the fquare number 
whichmultiplyeth it; and thereforeisafquare number. "atif a [quare number multiply 
- ed into an other number produce anumber not [quare, neither fhaBthat other number alfo be a fquare 
"UU t o w»umber; For ifit hhould be a fquare number, theri being multiplyed into the {quare 
fiumberit ihould producea {quare number,by the firft part of this Corollary. 
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e Fa eube nunber viüultiplying bimfelfe produce a number ,tbe number pros 
duced [hall be a cube number. er : " 
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=n y ppofe that A being a cubé member multiplieng bixnfelfe, do produce the num. 
CF ber B.Then 1 fay that Bis acube number. Take the fide of A,and let the fame be 
| “S| the number C,and let C multiplieng himfelfe produce the number D.Now it is 


khi] ‘el manifeft that Cmultiplieng D produceth A(by the 20.definition of the feutth) 
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And forajn chas C multiplieng himfelfe produced D stherfore C meaſureth D by shofe hy 
situ | — 


‘m= 64 


of Euclides Elementess — Fol.214.. 


nities which avein C:But vonitie alfo mea[uretb/ C by thofe vnities vbich are in C.Wherforé 


as vnitie is toCſo is.C to D.Againe fora[much as C multiplieng D produceth A: therefore 


D mea[ureth A by thofevnities which are inC. But unitie meafureth Chy thofe vnities ` 


which are in C: wherefore as unitieis to.C, [ois D to A. But as vnitiess to C,foisC to D, 
wherfore as-unitie is to C, fois C to D ey D to A.Wherefore betwene unitie cy A there are 
two meane proportionall numbers,namely,C,D. Againe foralmuch as A multiplieng him-~ 


felfe produced B, therefore A meafureth B by thofe vnities which arein A. But vaitie alfo. 


meafureth A by thofe unities which are in A.Wherfore as unitieis to.A,fo is A to B.But be- 
twene A and unitie,there are two meane proportionall numbers. Wherfore betwene A and 
B alfo there are two meane proportional numbers by the 8. of the eight. But if betwene two 


numbers ,there be two meane proportionall numbers, and if the firft beacube number, the’ 


fourth alfo fhall be a cube number by the 21.0f the eight. But Ais a cube number,wherefore ` 


B alfo is a cube number which was required to be proued.. 
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y T'he 4. T beoreme. Thea. Propofition. = 


Ifacube number multiplieng a cube number, produce any number , the 
number produced [ball be a cube number. 


AM ppofe that the cube number A multiplieng -the cube number B,do produce the ni- 
Kal ber C.T hen I fay that Cisa cube number, For let A multiplieng bimelfe produce 
Ies D . Wherefore D is a cube number (by tbe propofition going before) . And 
forafmuch as A multiplieng | 





himfelfe produted D, andmul- 4 ........ D 64 
tiplieng Bit produced Cs ther-, ~ — sasveoseveave 96 
fore (by the 17. of the fenenth) 470 mU. rgd 
as AistoB,foisDtoC. And B>...... Rae. PS co aN 


forafmuch as A aud B. are. cube | 

numbers, therfore A and B are like folide numbers. Wherfore betmene A and B(by the 19.0f 
the eight there are two meane proportional numbers.Wherefore alfo(by the 8 of the fame) 
betwene D and C there are two meane proportionall numbers.But D is a cube number. Wher 


fore C alfo is a cube number (by the 23.0f the eight) which was required to be demonftrated. 


^ Uo gw be s. T beoreme. Ihe s.Propofition. | 
^ - Jfacubenumber multiplying any number produce a cube nlber : tbe numo 
ber multiplyedis acubenumber, = * 








— Vppofe that the cube number A, multiplying the number B‘, do produce a cube 
p, OON A number namely,C. Then I [ay, that. B is a cube number . For let A multiplying 
o S him felfe produce D .Wherefore (by the 3.0f the ninth) D is a cube nuber. And 
LM fora[mueb as A miltiplying bim [elfe produced D and multiplying Bit proda- 


ced C : therefore (by thex7 :of the fenenth) as Ais to B; fois DtoC. And fora{much as D 
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and C are cube numbers, they are alfo like folide nübers. Wherefore (by tbe 19. of'the eight) 
beiwene D and C there are twomeane proportional numbers . But as D. isto C, [ois A to B. 
( vdd. Wher. 
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Wherefore (Ly the 8 of the eight ) betvene A and B there are two — nuis. 
bers , But A 1s acube number „Wherefore B alfo is a cube number (by thè 2zzofthe eight): 
which was required to be proued. | bus) P EM E 
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aa sul .. .«$ A Corollarty added by Campare. ^. 7 0 ha 
| Hereby it és manifest, that if a cube nnmber nsultiply a number not cube,it foall produce anumber 
ef Corokary notcube. For ifit fhould produce a cube number, then the number niultiplyed fhould 
added by alfo bea cube number(by this Propofition) which is contrary to thefüppofition . For. 
Campane. jt 1$ füppofed to beno cube number. | ezfndif a cubenumber multiplying a nuber producé 
anumber not cube, the number nsultiplyed fhallveno cabenumber. For if the number multia 


plied thould be a cube number,the number produced fhould alfo be acu benumber(by 


the.4.ofthis booke) : which is contrary to the fu ppofition » and impoffible, 3 abes: f 
Ry Y ‘ : - ° i i | ; ` - a) La $ à s E , As, P 
mar g The 6. T heoreme: ` ` The 6.Propofition, © ~ 2. 
Ifa number multiplieng himfelfe produce a cube number: then is that num⸗ 
ber aliai en AE at rmm 


S F ppofe thatthe number A multipli. LEAIMNIOR, B a PNG, 
Aci rene bim[elf do produce Ba cube nũ- B wet ok eld he 
Demonilra- | VUE ber.T ben 1 fay ibat A al[ois a cule — C 19683 i 
sian, _ usmber.For let A multiplieng B produce.C.. And forafmuch as .A multiplieng bimfélfe 
produced Bc multipliene Bit produced C: therforeC is acube number. And for that A 
pim | meultipleng himfeife produced Byand multiplieng Bit produced C,therfore(by tbe Y7.of. the 
» 1 fenenth) as Aisto B,fois BtoC. And for that B and C are cube numbers, they are alfa like 
folide auimbers Vi herfore( by the 19 of the eight )betwene Cand B there are twa meane pro 
portional numbers. But as B isto C,fois A taB : wherfore( by the 8.of the eight) betwene A 
and B there are two meane proportional nübers.But B is A cube number Wherefore A alfa is 
« cube number by tbe 23.0f the eight: which was required to be demonfirated. > 
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sees f Tbe zT heorene-. Tbe 1. Propofition. =. 
C -Ifa compofed mmber multiplieng any number produce a number:tbe nie 
s ber produced [ball be afolidenumber. — Deas o at 4 
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Vipofe that tbe compo[ed number A multiplieng tbe nüber B,do produce tbe num- 
pi RE Per C.T. hen I fay bat C isa [olide number.For.fora[much as Aisa compofed nũ- 
| H ber therfere {ome number meafureth it (by the 14.definition). Let D meafure it. 
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E. And boy often D ueafureth A,fo many unities let tbere be in E.Wherefore E multipliene 


D produceth A. And forafmuch as tivo numbers D and E ,wultiplieng thémfelues, produce 

E — multtbheng B produceth C : therfore C produced of three numbers mul- 

via tipliene tbe one tbe-otoor namely, D, E and-B 15 (b) Ub 18. definition of the feuenth)a fo- 

| v. ddensmber. dnd the fides ther of ay ethe nambersD, E;B. Jf. therefore a comp ife d number 
coc, which was required to be proued. UT UT 4 E E E 1 


s T be. T beoreme, ...... The 2..Propofition. . .. 


If from ‘pnitie there be numbers in continuall proportion how many foeners 

the third number from ‘pnitie is a fquare number, and fo are all forwarde 

_: , leaning one betwene. And the fourth number is a cube number, and foare 
“all forward leaning tiwo betwene. And the Jeuentb is both a cube PE 
— 6 


a 
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- of &uclides Elementess Fol.215 
and alfo a [quare number and fo are all forward leaning fine betivene. ns 


i — ` xdi » mins, - " 4 Y 
y ppoſe that from vnitie there be thefe numbers in coutinuall proportion A,B, , 

D. VCD E;F: Then I fay that the third number from vuitie,namely,B is a fguare” 
A number and fo are all forward leaning one betwene,namely,D and F.And that - N 
Mese tec c the fourth number is a cube number,and fo are allforwarde leanyng two be-, $ A iT 
twene.And that F the fewenth number is both a cube number and alfo a {quare number,and fp d p? M 
foare all forward leauing fine betwene.F or for that as unitie is to A.fois Ato B. Therefore a. 
how many times unitiemeafureth A,fo many times A meafureti B.But vintie meafureth A` 
by thofe vunities which are in A,wherefore A meafireth B by thofe vanities which are in A. - 
And fora{much as -A meafureth B by thofe unities which arein A.T herfore A multiplieng: 
himfelfe produceth B.Wherfore B is a{quare number. And forafmuch as thefe numbers B; 














C,D,are in continuall proportion,and B is 4 {quare nutaber therfore by the 22.0f the eight, 
D al[o is a (quare number. And by the [ame reafon alfo F is a [quare mumter. And in like 
fort may we proue that leaning alwayes one betwene all the ref forward are [quare nam- 
bers. ; 1220 ——— -—— — 
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Now allo Lfay that the fourth number from unitie,that is,C,is a cube number,and ſo 
are all forward leauing two betwene.F or for that as vnitie is to the number A, foisBto C, The fecond 
therefore how many timės Unitie meafureth the number A, [ó mañytimës Bmeafureth Ce part demono 
. But unitie meafureth A by thofe vnities which arein A, wherfore B meafureth C by thofe firated. 
‘winities which are in 4.Wherfore A multiplieng B produceth C.And forafmuch as A multi- 
plieng himfelfe produced Band miltiplieng Bit produced C, therefore C is a cube number. 
\ And fora{much as.C, D, E,F are ip contimuall proportion.But C is a-cube number therefore 
(by the 23. of the eight) F al[o-is'acube numaber. hh p ^ 
2.  Andit.isproued,that F being the feuenth number from vnitie is alfo a [quare number. Demontrasi 
Wherfore F is both a cube number and alfo a [quare number In like fort may we proue,that of the th * 
Yeaning almiuies fine betwene,all the reft forwarde, are numbers both cube and alfo (quare: part, 
which was required to be proued. Down our Vn e a t " | 


à 


ac cc be o. T beorene. > 0 "E be g.Propofition. — ~ ss: 


sie. If from-bnitie be.numbers in continuall proportion bow many [oeuer.: and 
^ Af tbat number which followeth next after ynitie be a [quare number ,then X 
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w e althe reft following alfo be [quare numbers . And if that number which | 


ass Jollometh next after vnitie be a. cube number ,then all the reft following ~ ud 
pall be cube numbers. » 2. j ELE EN 


|’ ppofe that from vnitie there be thefe numbers in continuall proportion A, B, 
C,D,E,F . Andlet Awhich followeth next unto vnitie be a [quare number. 
Then I fay, that all the reft following alfo are {quare numbers. That.the third Demonstra- 
SS number namely, B jis a (quare number, fo all forward leaning one betwene,it tion of the firft 
#3 plaine by the Propofition next going before.l {ay alfo that all the reff arefquare numbers. part ofthis 
F or foralmeuch as A,B,C,are in continuall proportion, and Aisa {quare number, therfore propofitien, 
(by the 22. of the eight) C alfois a {quare number. Againe forafmuch as B,C, Dare in con- 
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tintallproportion dnd Bisa [quare num-.. 57... uu 
ber, therfore D alfo(by the 22.0f theeight). - .. Squares. 
isa [quare number . In like fort maywe L 
proue, that all the refl are [quare numbers. | 
Bit now fuppofethat A-be a cube num- 
ber . Then I fs that all the reft following 
arecubenumbers.T bat tbe fourth from w- . | 
nitie, that is, Cis a cube number and fo all 
forward leaning two -betwene ;it is plaine 
(by the Propofition.going before) . Now I 
fay, that all the reft alfo are cube numbers. 
For, for that as unitieis to.A, fois Ato B: 
therefore how many times vnitie meafit- 
reth A, [o many times A meafureth B; But | 
vnitie meafureth Aby thofe vnitieswhich 
are in A.Wherefore A alfa meafureth B by 
thofe unities which arein.A,WhereforeA 2 os | 15-1 
multiplying him felfe produceth B. But Ais a cube number . But if a cube number multiply. 
ing him felfe produce any number, the number produced, is (by the 3. of the ninth) a cube 
number. Wherefore B isa cube number . And forafmuch as there are foure numbers in con- 
tinual proportion A,B, C, Dsand. A isa cube number , therefore D. alfo (by tbe 23. ofthe 
eight) 15 a cube number . And by the fame reafon E alfo is a cube number, and in like fort 
are all tbe vest following : which was required to be proued. | — 
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_ If from yuitie be numbers in continual proportion how many foeuer ,and 
ous 4f thatnumber which followeth next after ynitie be not a [quare nume 
ber, thents none of the reft following a fquare number excepting the third 
from bnitie, and fo all forward leaning one betwene. And if that number 
which followeth next after vnitie be not a cube number, neither is anyo 
the reft following acube number excepting the fourth from vnitie „and fo 
all forward leautng two betwene. — Mme v beo: imi 
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Si. V-ppofe that from unitie be thefe numbers.in continual proportion A,B,C,D,E,F. 

oy And let A which followeth next after unitie be no fquare number. T hen I fay that 
ING neither is o of theveft a [quare number excepting the third from vnitie d foak 
‘forward leaning one betmene,namely,B,D ,F which are fquare numbers ( by the 8. of this 
wbeoke) . For if it-be pofsible, let C be a [quare pumber. But B álfois a fauare number. Wher- 
Sore Bis unto Cin that proportion that a {quare number is 1o a [quare number . But as Bis 
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BOC, fois A t0 Bi Wherefore Adssvnto B. in thatprüportion that d quare number is toà 
Jauare utonber , But B i5'a [quare bumber.Wherefore A alfo isa Square wuiober (by the 24. 
of the eight): which is contrary to the {uppofition. Wherefore C is ota fquare number.And 
ky the fame reafon none of alitheotherss.a{quaceniumber excepting the third from vititity, 
atid fo All formárd leauing-ane betmene.« i7 CUT bes em m ea vx 
«. But nom fuppo[ethat. d bexnt;a:cube mumber. « d hen 1 fay, tbat none, of all the vest is a: 
cube summber excepting the fourth fronicumities cy foall forward leaning tma betmene sume-. 1 of she fos 
ly,C,and E, which. (by the: S.ofcthis buoke);aré ctibe bupnbers.e Foraf 1t bé pofGble, let Dbe. cond part leas. 
, Acube nimber But Calfoisacubewumber.(by the8.of the ninth) For itis the fourth from, ding elfeza 
viitie. But as C150 Ds {01s Bio C. Wherefore B is untoC, in that proportion that a cube, 4n sb/irditits 
ndmber istoa.cube dumber. ButG isa cube number. Wherefore B alfa is acube number (by. 

the 25.0f theeight)...And as unitieisto A, [ois Ato B.. But unitie meafureth A by thofe 

vnities which arein.d .Wherefore.A meafureth B by thofe-unities which arein AWherfore 

Amultiplying him felfe.produceth B. a cube number. But ifanumber multiphing him 
Jelfe produce'acubenumber, thendsthat number alfo.a cube number (by the 6 of the ninth). 

Wherefore A is a cubenumber : which is contrary to the [uppofition’. Wherefore D is not a 

cube number . In like fort may we proue, that neither is any of the réft a cube number;excep- 

ting the fourth from vnitie, and fo all forward leaning two betwene : which was required to 
vbeproued , aem. cime | _ 
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y T'he 11. Ubeoreme. Ihe 11. Propofition. 
If from ‘buitie be numbers in continuall proportion how many foeuer,, the 
lefse meafureth the greater by fome one of them “which are before in the 
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Pilg jj ofe that fr om unitie A be thefe- numbers in continuall proportion BSC, D,E. 

AS S "T en 1 fay that of thefenumbers B, CD EB: Biheing the lefse, meafureth E the grea: 3 
ioseng fer Dy one of thefe numbers Car. D. For for that as unitie Ais unto the number B;. 

| fats D toE, therfore how many, timesunitie A mei{ureth E qiue e A Deonna 

s the number B,fomany times D meafurethE : wherefore updigeae"a dt Ad wees c. Hon. i 
altermately (by'the5-of tbe [euwemtbyhov Pla") mes vals. Discuss. á 

tie d mea[ureth the number D , fo miany times B meae: N O vice yoo 

furtih E. But vnitie A meafureth D by thofe wnitiess =B se >. 

whith arein D..WhereforeB alfo.meafureth E bytho dos... 


| Uaities which ire in’ D. Wherefore B-the lef eau. 00 n 
teth: E the greater.by ome one of the. numbers which went before E, in the proportional 
- numbers And fo likewife may we prouethat B meafureth:-D by Jome one ofthe numbers By. 
| CyDynamely,by C And [o of therelt., If therfore from unitie dre. Which was required te 
" be proued..... WE TBEROE Gl dU sies 2. avr ru PLU SUE. Es [quas 
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Lf from vnitie béenumbersin continnall proportion how many foeuer, bovw 
co mang prane numbers meafure the least fà many alfo [Pal mea]ure tbe nume 


* 
C "te e D l^. l- tete e t z > à E ! à i : 
: $ i . DONT WU XR 
9» r* nm J — 4 é i j ` 
cam Aber Which ollo veth nextafter itte. s | 
= - U eats a 
p t j ; s mm 4 
— o + 4S re 48 — «Rue $4 me Cina eus "b i 2 * * . "Y E i 1 a F 
oN vum .U. [ 4 4€ Wao p ta,” EV "M G6)». 1 HT y "v CUT r B. g €.; : 
v -- ^ 11. 25 á : š rr M., pt e A - 
t beet 7 à $465 ww me aw «6 è + o4. =e M 


z f ' > à 
—— — š E zo nr% mw. T A : 
: Á a didi ed old LEE m UA f. { Zi we uw g $ S. j - z 3 
aoe * * us BUDD £ 
^ MEX S T - 
DPA 





" H 


—— — — — 
, 


AWI Theviehthe Booke: > 
Mane V ppoferhat fromunitiebe rbefe numbers incontinuall proportion A,B,C; The 
By J [ay that-how many primenubers meafure Dfomany alfadomeafure A.Suppofe. 
ea that fome prime number namely, E;do meafure D.Thé 1 [ay that E alfo pea d 
A, whith is next unto Unitie.F or if E do nor mea[ure Ajand E is à prime number ,but eue-: 
ry number is to entry number which it meafureth not a prime number (by tbe:31. ofthe fe» 
nenth ).Wherefore-Adnd E ave primenumbers tbe one tothezotber.: And fora[much. as. E. 
meafureth D,let it meaſure Dy the number F Wherefore E multiplieng F produceth D. 
Agairie fora[mucb as A smedfuveth Dbythofe vnities which are in C,therefore A multipli- 
| ene C produceth D.But E alfo muliplieng F produced D, wherfore that which is produced: 
- óf the numbers A,C Ws equallto'that which is produced of tbe numbers E;F.Wherfore às A 

is toE fois F to C;But A,E aye prime num bers, yea they are prime and the leaft. But the left. 

numbers mea[uré the numbers that have one-and the [ame proportion with them equally by: 

tbe 21.0f the feuentb namely the antecedent the antecedent, and the conifequent the confes 

yuent Wherfore.E-ménfureth C.Let it meafure it by G. Wherefore E vuultipliene G proda- 
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Pers A,B is equall to that which is produced of the numbers E,G-W berfore ast i$ to E,- 

ois G to B.But A,E are prime numbers,yea they are prime and the leaft. But the leaftnum- 

bers (by the 21.0f the feuenth) meaflurethe numbers that haue oneand the fame proportion 

with the equally;namely the anteceats the antecedét,cy the cofequet the con{eqet. Wherfore 
Emeafureth B.Letit meafure wt by H. Wherefore Emultiplieng H produceth B:But A alfa. 

-i = maultiplieng himfelfe produceth Bywherfore that which is produced of the numbers E,H, is. 
* equall to that whichis produced of thenumber A.Wherfore as Eisto A;fois Ato H.But A 

E are primenitbers,yea they are prime? thelea ft but the least numbers(by the 21 .0f the ſe⸗ 

uenth)mea fure the numbers that hàne ongand the fame proportion with the equally name- 

ly, the dran, the antecedent arid the cofequent the confequent Wherfore E meafureth A. 
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and it alfo doth not meafure it by fuppofitiom which isimpo[GbleWherfore A anid E are not 
prime the one to the other,wherfore they are compofed.But all compofed numbers are meafu- 
ked of fome prime number,wherfore A and-E are meafured by [ome prime number. And for’ 
 afemchas E is fuppifed tobe a primé number. Buta prime number is not(by the definition) ` 
Aicafared by any other number but of himfelfe. Wherfore E meafureth-A andE wherfore E- 
meafureth A,and it-alfo meafureth D.Wherfore E meafureth thefe numbers A and D. And « 
in hke fort may we proue that how many prime numbers met ure D; fomany alfo fhal mea- 
fure A: which wasreqnired to be prouéd. were Y uox : 
io. URS ^ sv Án other more briefe dernonflration after F/fates; 
ws — that&om vnitiebenübersiü Sakai proportion how many fo euer namely, A.B CIAR ` 
monſtratiõ aſ- And let ſome prime nüber,namely, E meafure the lait nüber whichis D "Thé lfay that thefame E mea 


ser Flufeates. fureth A which isthe next number vnto vritie, For if E doo not meafure A , then are they prime,the 
| one tothe other by the 31.0f the feueach . And forafmuch as A,0,C,D,are proportionall from vnitie; 
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of Euclides Elemente | Fol.r7. 


therefore A multiplying himifelfe prdducerh B.Wherfore Band Eare primes.“ Vanities.” = oz 
numbers ( by the 27.0f the feuenth,) . And forafmuch as A multiplying B.A a. | 
produceth C , ther efore C is.to Ealfo a prime number by tlie 26. of the — B 3 g ` 
tenth. Andtikew:fé infinitely A-multiplying C produceth D : wherefore DCs: 6g - * 
and Eareprinie numbers the one.te the other (by thefame. 26. of the fe-. D> as È 
venth ).. Wherefore Emeafureth, not D as it w4s fuppofed,whichisabfurd,, . E. a 


t 
Wheréfore the prime number E meafureth A, whicheis nexte vnto ynities. — 5 7 0. 
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Af from yuitie be itmbers in continiall yoportion bow many foeser , dnd 

if that which followeth next afier vnitie be a prime number: tben [hall no 
other number meafure the greate/t number, but tbofe onely which are bee 
fore in the fayd proportional numbers. dd 
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Vppofethat from unitie be thefe numbers in continuall proportion A,B,C,D, 

and let that which followeth next after vunitie, that is, A, bea prime number. 

X ‘Then fay, that no other number befides thefe numbers A,B,C, meafureth the Deminfires 
I) 7-30 greateft number of them which is D . For if it be pofable,let E meafureD.And sion leading to 
let E be none of thefe numbers .A,B,C,D,. Now it is manifeft that E is not a prime number. an ab[furditite 
For if E be a prime number,¢y do alfa meafure D , it [ball lkemife meafure A being a prime 

number and not being one and the [ame with A, by the former -Propofrtion : which 35 im- 

poftble -Wberefore E is not a prime number Wherefore tt is a compofed number. But every 

compofed number (by the 33.0f the fewenth) is meafured by Jeme primè number. 
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New T fay,that go other prime nüber.befides A [hall meafure E. For if any other prime 
nitber do meafure E, ey E meafureth D, therfore that number alfo fball malirip (bythe 
s.common fentence of the fenenth) .Wherfore it foal alfo meafure A ( by the propofition "ext 
going before) being a prime number and not being one and the fame with A: which is im- 
pofable. Wherefore onely the prime number U4 meafureth E which meafureth the greateft 


| number, D "m.s C A Cat aaf iU: —-——— ——— 4 j 
s And forafmuch as E meafureth D, let it meafureit Ùy F Now Ifay, that F isnoneof - 
thefe numbers A,B,C , For if F beope and the[amewith any of thee numbtrs A,B,C, and- 
it ritafuretb D by E, therefore one of thefe numbers A,B,C, meafureth D by E. But one of — 
ihefe numbers. A,B,C, erunt, D by Jome one of theft numbers A,B,C, therefore Eis one 
and tbe arte with one of thefenumbers A;B;C : which is contrary to the fuppofition. Wher. 
fore Fis not one and thé fame with * of tbefe numbers 4,B,G.^ 7 
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Indie fort may we préuts Vbat opéby the pritie number Ameafureth F, proving fe] thas 
— — Fu 
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Xii Lheninth Booke >. 
F is not a prime number’ F or if F bea prime numbersandit meafureth D; therefore it alfo 
medfureth A beinga prime number,and not being one and the [ume with A, by thé former 
Prepofition : whichis impofible .Wherefore F is not a prime number: wherefore it is a.com. 
pofed number; and therefore [ome prime number [hall meafureit . Now I fay, that no‘other 
prime number befides A hall meafiire it. For if am) other prime number do meafure F, and 
F meafureth D, therefore that number fhall meafure D (by the. s.common fentence of the fea 
tenth ) Wherefore it [hall alfo meafure A (by — Propofition ) being a prime num- 
ber and not being.ont.and the fame with A : which isimpofiele.. Wherefore onely the prime 
number A meafureth F . And fora{much as E meafureth D by F, therefore E multiplying 
E praducetb D «But. A alfo multiplying C produceth D therefore that which is produce 
N. , : à = j . 
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to-E, fois P toC È But A meafureth E -Wherefore F meafureth C. Let F meifure Chy G. 
Andin like fort may we proue, that G is not one and the fame with any of thefe numbers A, 
B,C, and that Gis a compofed number, and alfo that onely the prime number A meafureth 
it . And forafmuch as F meafureth C by G,therefore G multiplying F produced C. But A al- 
fo multiplying B produced C . Wherefore that which is produced of A into B, is equallto that 
, which 1s produced of F into G . Wherefore proportionally as: A isto F, fois G to B But A 
meafureth F . Wherefore G alfo mea[uretb B . Let G meafure B by H. Now in like fort as be-. 
fore may we proue, that H is not one and the famewith A,and that H is acompofed number, 
and meafured onely of the prime number A. And forafmuch as G meafureth B by-thofe vni- 
ties which are in H, therfore G multiplying H produced B’. But A multiplying bim felfe proa 
duced B. Wherfore that whichis produced of H into Gis equall to the fosa numberiwhich 
is produced of A.Wherefore as His to A, {ots A to G. But A meafureth G.WherforeH mea- 
.fureth A being a prime number and not being one and the fame with it : whichis abfurde. . 
Whenforeno other number: befidesthefe numbers A,B,C; meafureth the greate/iaumber: Ds 
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Another dew “co «a Suppale that E not being one and the fame with the numbers A, B, C, D doo meafure the numa 
vá ot er 4€-— berD.Andletit meafüreit by the number EF ? "'Andforaftuch as 24 being 2 prime number meafureth 
monfi ratio af- thenuiber D;whichisprodüced of E into E :-therefore by the 32. of che feucth,A meafüreth either B 
ber Campane, "or E.Lecitmeafute E. "Now-forafmuch as D is pxoduced of 4 into C,and.alfo of E into F therefore by, 
~ the fecond part of the 19.0f the feuenth,.4 isto E,as Fisto C.But.4 meafureth E: wherefore F meafu- 
réth'C-Léritmeafheeiie by G. Wherefore by the 32. ofthe feuenth -4 fhall meafure'either F or G - Let - 
amealire Fi Whierefore'as before by the fecond part-oftherg.of the fenenth G fhall meafureB, Let it 
meafure it by H. Now then as before it followeth by the 32..of the feuenth that’ fhall meafure either 
 Gorkiuppofe thatit meafure G. Wherefore by the fecónd partof the 2o.of thefeuenth H fhall mea" 
| Yar: 4 (foxof4 into himfelfcis productd B, and of H into G alfo i$ préduced B ) If therefore H bé not ; 
CT WANT deo TE CL. , a equal 
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equall ynto 44,4 fhall be no prime number. Which is contrary to the fuppofition:ButiFitbe équàll vie 
to 4,then euery one of thefe numbers G,F,E,fhall be (ome one of the numbers , 2, C, D, by the 12. : 
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PIE oftheninth repeted as often asneede requireth . Wherefore E is nota number diuerfe 
rom them,butis one and the fame with fome one of them: which is contrary to the {uppofition, wher 
fore that is manifeft which was required to be proued. s ! i 


3 cÁ 
3 


ott 1 


q I be 14. T beoreme. T he 14. Propofition. 


If there be geuen the leaft number whom certayne prime numbers genen, 
do meafure:no other prime number {hall meafure that nitber, befides thofe 
prime numbers genen. |n ' 


— * 


AAV ppofe that the leaf number whom thefe prime numbers B, C,D,do meafure, be A, | 
es ST en I fay that no other prime number befides B,C, D ,meafureth A.* For if it be 
kas pofiblelet E being a prime number meafure A,and let E be none of thefe numbers - 






B,C,D. cAnd forafpruch as E meafus | Demostfrg- 
veib Ajlerit meafure it by F. Wherfore °- Av cccuccccccccsecccccesetevsecs | tion leading tà 
E mültiplieng F produceth A. And m | an abfirdisies 
thefe prime numbers B,C, D, meafure TE | 4 

A. Eut if two numbers multiplieng the 
ene the other produce amy number And 
if [ome prime number meafure that 
which is produced, it fhallallo meafure 
one of thofe numbers which were put at a | 

the beginning (by the 3 2.0f the feuenth) Wherfore thofe numbers B,C,D, meafure one of 
thefe numbers E or F But they meafure not E,for E 1s a prime number, andisnot oneand - 
the fame with any one of thefe numbers B,C,D.Wherfore they mearfure F being lefe then” 
A which is impofible. For Ais fuppofed ta be the leafl whom B,C,D , meafure. Wherefore 
no prime number befides B,C,D ymea[nretb A » which was required to be demonftrated. 
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cem uu. »,, ' Apropofition added by Campane. 

? : : If there be Wm bers bow pm foeuer in contizuall proportion being the leaft in that proportion: 

a number meafuring one of them , [hall be a number not prime to one of the two leaf numbers in that 
a proportion S ui ! Fi ; — 


UU. | Suppofe that there be numbers.in continual proportion how many feoucrnamely t B,C,D,E A 7 

: that there be numbers nuall proj nely 4, B ropofitie 

which let bethe leaft that haue the fame proportion with them: and let the two leaft numbers in that ah P x 

proportion. be FandG . And let fome number,as H meafurefome one of the numbers.4, 8, C EIS. Ej Campane 

namely, C. Then I fay that H isa nümber not prime either to F or G. Take(by thea.of the eight ) the ante 
whe - three 
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three leaft nümbers in |^ 


theproportionof.4to0. 0 aan =. n. wu vA Sn aenean seul s. 
B : which let be P, Q, ; O -— A. K 3 

R.And afterward fower >- ^ Aun RT - ET. 

(by the fame) which let F.. L3 p» 
be K,L,M;N: &íotor- a H 5 ovn AO 15. a Oe. 
ward till you come to § jG... T Ma ~~ A 

the multitude of the - | R — T " one eh D % 
numbers geuen£,8,Cy it WE cm eoi P b qs emo E. d : N "E v S MES Hd 

Dj,E, Now 1t is manifeft it 0. ` E 8&1 


(by the demonftration 3 - 4 | 
ofthe fecond of the eight) that F multiplyed by P,Q ;and R produceth K;L, M: and that F multiplyed 
‘by K,L.M,N produceth 4,8,C,D.4nd forafmuch as H meaiureth C: therfore H iseitherto F or toM 
not prime(by the corollary of the.32.0f the feuenth added by Capane )Ifit be not prime ynto F: théis 
that manifeft which was requircd to be proued.8utif H be not prime vnto M.Thé thal irnotbeprime 
either to F or to R(by the fame corollary ). Ifagayne it be not prime ynto F, then is that proved which 
Was required; Butif it bemot prime vnto R;then(by'the fame corollary)fhallitbea number not prime 


 vnfo.G( Which pzoduceth 2 by the2z.ofthe eight) bur Gis one ofthe two leaftnumbers F or G which 


arein the proportion of the numbers geuen at the beginning 4;B;.C5 Dj E . If tlierefore there be num« 


bers how many foeuer. &c which was required to be proued. 


q 1 be 15d beweme. — -— The us. Propofition. 
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Uf three numbers in continuall proportion be ithe leaft of allnumbers that 
baue one and tbe fame proportion with them : euery two of them added toe 
gether [hall be prime to tbe third. 1 | 
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V ppofe that there be three numbers in continual proportion A,B,C, being the left 

ENSF of all numbers that baue one and the {ame proportion with them: Then 1 fay; that 

LOANS every two of thefe numbers A,B,C;added together, are prime to the third : name- 

ly, that A,B, is prime to C, and B,C, to A, and A, C, to B. Take (bythe 35. of the feuenthy 

two of the leaftmumbers that haue one and the fame proportion with A,B,C, c let the fame 

be the numbers D E,and E F. - o lass. di. 
Now it is meantfeft (by the fayd 3 $.Propofition that DE multiplying him felfe produced 

A, and multiplying E F produced B, and moreouer E F multiplying him felfe produced C. 
And forafmuch as D E and E F are theleaft in that proportion, they are alfo prinse the 

one to the other (by the 24.0f the feueuth).But | x TIT lle: 

if two numbers be prime the one tothe other, — A esee B leer 

then both of thé added together ,fhall be prime CF dL LEE. me 

to either of them (bythe 30. ofthefenenth). D... E.... F. 

Wherefore the whole number DF is prime to 


: S 


either of thefe nubers D E cy E F. But D E alfo is primeato E F WherforeD FCD E 
are prime vato E F MW herfore tbat which is produced of DF inta D Ej is(by tbe 26.ofthefe. 
ucth) prime vato EF But if two nibers be prime the oneto the other ,that which is produced 
of the one of the into himfelfe,is prime to the other (by the 27. of the fewéth). Wherfore that 

which is produced of D F into D E, 1s prime to that which is produced of E F into him{elfe. 

But that which is produced of F D into D E, is the{quarenuber whichis produced of D E. 
jato him{elfe together with that which ts produced of D-E into E F (by the 3.0f the fecond). 
Wherfore the [quare nuber which is produced of DE together with that which is produced of. 
DE into E F is prime to that which is produced of EF inte himfelf But that whichis prodw 
ced of D E into him felfe,is thenumber A,cy that which is produced of D'E into E F,is the 
number B: and that which is preduced of E F into himfelfe,is the number C.Wherefore the 
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inuinbers A,B added together are prime unto C. wr o miii Vm - 
Lb MA. p vc —- 00, 2Bpife — = 


— ?. 


— 


of Euchides Elementes. Fol2ig. | 


Bon mmi i . : Milf icm nt ° f à 
By the like demonftration Alfa may we B. esee Cete 


prone, that the numbers B,C,are primeunte > o Aureon 
BC i — E DAR. 
^ Now alfo 1f at tbe numbers A,C, are prime unto the number B. oe 


_ For forafimuch as D F is prime to eitherof. — | y 
thefe D Eand E E : therefore ibat which istaec. Biete eren 
roduced of D F into bim felfats primeto that. Raa ui Ee nr 
which is produced of DE inio_E E. Bat that Dis E IE. 
whichis produced of D-F into himfelfe,ise-"> 6 7 3 8 n on M 
guall toth e fanare numbers which are produced of DE andEF together with that number 


(by the 4.0f the fecond). Wherefore. the fquare tite 


tu J 


which is produced of D E iato E F,twife i 
bers which are produced of D E and E F together with that which is produced of D E isto 
E F twife are prime to that which is produced of D Einto E F. Aud by diuiffon al[o( by the 
30.0f the feucuii) the {quare numbers produced of DE and E F together with that which 
is produced of D E tnto E F once are prime to that whichis produced of D E into E F`. £- 
gaine (by the [ame 30.0f the fenenth) the (quare nubers produced of D E and E F are prime 
to that which 1s produced of D E into. E F. But that which is produced of D E isto him felfe 


is.A, and that which is produced of E F into him felfeisC, and that which is produced of 


D Eisto E Fis B. Wherefore the numbers A,C, added together are prime unto thè nun- 
ber B which was required to be demonftrated. | 


^ "Thislatterpart of the demonftration,which proueth thatthe numbers: A :& C are 
prime vito £j isfomewbat obícurely put of Theon. And therefore I will here make it 
playner. ^0 ^os i MS "Ne eem te 7 EE T 
* *. Forafmuch as either of the numbers D E,and EF is prime to the whole D E: (as hath before bene 
proued) therefore that which 1s produced of DE into EF( which is the number D.)is prime vnto D Fj 
y the z6.ofthe fenenth. W herefore by the 27.0f the fame thar which is produced of D F into hirfelfe 
{ whichis the number compofed of AandC and of the double of B by the4. of the fecond ) thall be 
prime vnto B, Wherefore it followeth that the number compofed of A and C is prime vnto B.Forx ifa 
number compofed of two numbers, be prime toone of the faid two'numbers,as here the number com 
poied of A and C taken as one number and of the double of B, is prime ynto the double of B: then the 
two numbers whereof the number is compofed, namely , the number compoféd of A and C , and the 
double of B fhall be prime the one to the other(by the 30 of the feuenth). And therefore the number 
coimpofed of A and C fhall be prime to B taken once.Eor ifany number fhould meafure the two num- 
bers,namely the number compofed of A and C,andthe number B; it fhould alfo meafure the number 
compefed of A and C,and'the double of B (by the 5. common fentence of the feuenth) : whichis not 
poiiible;for thar they are prouedto be.printe numbersy: taiteiden E 05 75 
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NU * 
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5». Here haue Fadded an other demonflration of the former. Propofition after Care 
pane, which praueth thatinnübers how mary focuer, which isthere proved onely tou- 
ching threenumbers: and thedemonttration (zemeth fomwhat more perfpicous then 
T heons demonttration.And thus he patteth the propofition," ^ ^". — MM 

I faumbers bow many foener being in continual proportion be the leaf that haxe one e the fame 
proportion With thein-enery ore of them fhalbe to the number compofed ofthe rest prime, =. 

Suppofe thatthere be numbers in continuall preportion how many foeuer ,-and the leaf in 
their proportion: namely, 4B ,C,D-Then I fay that euery one of them, as for exaniple firftD , is primé: 
to the number compofed of the reft,namely,of 4,8,C.For ific be not, let fome niin bersnamely E mea? 


fure D,and-the number compofed of 4,8; €. Take the two leaft numbers in the (ame proportion that: 

A,B,C, Dare ( by the35.afthe feuenth. ) which let ep ERT Reus A; 

be F,G..nd forafmuch as E meafureth one of thefe — e. 
number 4 B,C, D, the fame E fhalbe 3 number not ~ a ra UE 

prime eitherto F orto G(by theprapofitionbsfore,.-..5 o et, I F 2 


added by Campane after the r4, própófitión)wher- ^ 
fore fome number fhall meafure E and one of thefe 
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Muheafereth E,iethallalfo meafure D; which'nums:-5 s. itte 9 4 D a7 
ber D the number E alfo meafureth ( by thes. com- Ene ee SoS 38 

mon fentence of the feuenth), Morcoucr forafinuch a 

je Hx by füppofition) meafureth one of thefe num« H ABD 49 


bets. 
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bers F or G,the fame H fha!l meafure all the meanes betwene-A and D by the fame comon fentéce For 
either of thefe numbers For G produceth all the meanes by the next numbers in continual! proporti- 
on and in the fame proportion withthem (as by L,I,K) by the fecond of the eight . Agayne forafmuch., 


‘as H meafureth E,which(by fuppofition )meafureth the whole A, B, C: the fame H fhall alfo meafure 


the whole A,B, C (by theforefayd common fentence) and it meafureth the part taken away , namely, 
the meanes B;C(as it hath bene proued)wherefore it alfo meafureth the refidue A(by the 4.common 
fentence ofthe fenenth) wherefore H meafureth the extreames D and A , which are prime the one to 
the other(by the 3 .of the eight)which wereabfurd. Wherefore Disa number prime to the number 


‘compofed of the reft,namely,of A,B,C. 


Secondly I fay that this‘1s fo in euery one of them:namely that C is a prime number to the num- 
ber compofed of A,B,D.For if not,then as before let E meafure C,and the number compofed of A,B, 
D: which E fhalbe a number not prime either to For to G ( by the former propofition added by Cam- 
pane )whereforelet H meafurethem.And forafmuch as H meafureth.Z,it fhall alfo meafure the whole 
A,B,C, DwhomE meafureth . And forafmuch as H meafureth one of thefe numbers F or G, it fhall 
meafure one of the extreames.A er D: which are produced of F or G(by the fecond of the eight) ifthey 
be multipl ‘ed inro the meanes Ler K.And moreouer the fame H fhall meafure the meames, B C ( by 
the s.common fentence’of the feuenth, when as by fuppofition it meafureth either F or G.which mea- 
fure B,C(by the fecond of the eight). But the fame H meafureth the whole A,B,C, D as we haue pro- 
ued ,for that it meafurech E. Wherefore it fhall alfo meafure the refidue,namely the number compofed 
-of the extreames A and D (by the 4.common fentence of the feuenth ) . And it meafureth one of thefe 
AorD (for it meafureth one of thefe F orG which produce A and D ) wherefore the fame H fhall 
meafure one of thefe A or D and alffo the other of them(by the former common fentence )which num 
bers A. and D are by the 3.0f the eight prime the one to the other. Which were abfurd . This may alfa 


‘be proued in euery one of thefe numbers A,B,C,D . Wherefore nonumber fhall meafure one of rhefe 


numbers A,B,C, D andthe number compofed of the reft. Wherefore they are prime the one to the o- 
‘ther: If therefore numbers how many foeuer.&c: which was required to be proued. : 


Hereas Ipromifed, I haue added Campanes demonftrations of thofe Propofitions in 
numbers, which E«cüdein the fecond booke demonftrated in lines , And thatin thys 
place fo much the rather, for that 7 beos as we fee in the demonftration of the 15. Pro- 
pofition feémeth to alledge the 3.& 4.Propofition of the fecond boke: which although 
they concerne lines onely,yetas we there declared and proued, are they true alfo in 


- numbers, | | i 


The firſt Propofition added by Campane, 


That number which ss produced cf the msultiplication of one number into numbers how many foo 
exer: is equall to that number Which is produced of the multiplication of tbe fame number inte 


the number compofed of them. `: 


This proueth that in numbers which the firft of the fecond proued touching lines. Suppofe 
that the number A being multiplyed into the number B,and into the number C, and into the number 
D, deo produce the numbers E, F and G . Then I fay thatthe number produced of A multiplyed into 
the number compofed of B,Cjand Dis equall to the number compofed of E,F,and G. For by the con- 
nerfe of the definition ofa number multiplyed , what part vnitie isofA’, the felfe lame partis Bof B; 
and CofF,andalf6 DofG. Wherefore m 


by the 5.of the feuenth what part ynitie ` — tia | 
is of A , the felfefame partisthenum- "B... OM ee i", oe 
bercompofed of B,C,and D,ofthenum = — | | | 
ber compofed of E,F and G. Wherfore . = : =>. w € E 
by the — —— that which is produ=> s+ Le p EM E : 
ced of A into the numbercompofedof | E ...... DOReeee—— 8 8.0. 
B,C,D, is equall to the number compo-..., — 
fed of E, F, G . which was required to ocv o90ecqhaeteoeteetttoettcoenn9 x 
be proued. ; 

: | 3- The fecond Propofition. 


T bat umber Which is produced of the multiplication of numbers bow many foener into one ak- 
Ber! is equall to that number which is producedof the multiplication ofthe number compofed ef 
thems into the fame number. a " | po 
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This is the conuerfe ofthe former; Asif the numbers B árid G and D multiplyed into the number Ww *. 
A doo produce the numbers Eand Fand G. * ái This pro ofa | 
Then the number compofed of B,C,D, muls ,. B ... ^. C ....,, D... ··· tion #5 tbe coe 
tiplyed into’ the number /fhall produce the - — ^ 5 7A o0 — uerſe æthe 
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_ That number which is produced of the multiplication of numbers how waany foener into other - Say 
"numbers how many foever, és equallto that number which ts produced of the multiplication of > e iaia 
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~ i the Pieter compojed of thofè frf n numbers, into the number cos pofed of thefé latter numbers = 


me “ah iF 


e$ Lu 


..: 4 Asifthe numbers A,B,C doo multiply the numbers D,E,F,éch one, eche other ; and if che num- 
bers produced be added together. Then I fay that the) 0 — J 
number compofed ofthe nümbers producedisequallio ^ A'.. ^ B." "C. T 

the number produced of the number compofed ofthe, D.... E ..... F ........ Demonftre- 
numbers A, B, C into the numberiéótiipofed: ofthenumz. ...! ^ tion 7 
bers D,E,F. For by the former propofitié that which is produced of the number compofed of A,B,C ` 
jnto-Disequall to thatwhichis produced of euery.one of the fayd numbersinto D : and by the fame 

realon that which is produced of thenumber cohpofed óf A,B,C into E,is.equal to that whichis pro- 
duced ofeuery one ofthe fayd numbers into E:and fo likewife that which is produced ofthe number 
compofed of ‘A;B,C into F is equall to that which is produced of euery one of the fayd numbers into 

F. But by the firft of thefe propofitions that which is produced of the number compofed of thefe num 
bers'A;D,C into éuery one of thefe nümbers D, E,F 1s equall to that which is produced ofthé number 
-compofed into the number compofed: wherefore that is manifeft which was required to be proued. ~, 
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> dfanumber be denided into partes how many focuer: that nuber which is fais of the Whole 
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anto bim felfe, is:equallto tbatuumber wbich is produced of the fame number intoallhispartes. ^ syg y 
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55: i Thisproueth innumbers that which the fecond.of the fecond proued inlines. Asifthe number ,.. - ur 
-Kjbe deuided into;the numbers & and C, and D i. Then Iisi, Mirta i 1736 eu ela m Fi This anf we- 
fay that that which is produced of .4 into himfelfe ,4s6. 5.0 is Asl aae sions; Fttbtotbez. 
quall to that which is produced of 4 into allthefaydnum B.. Boc D . E of the feconde 
bers B, C, and D, For putting the number E equalltocthe .... [— 
e | : -ips Hn + SH of. s BB 
number A ,itis manifeft by the firt ôf thefe propofitions ** * 77 l 
that that whichis produced of E into A, is equall to that which is produced of E into all the partes of Demoniira- 
sA:But by.thecommon fentérice that which iis produced of Einto A is equal'to that which isproduced f$0f4 l 
9f A. into himfelfe: and that which is produced ofEinto thepartes ofAisequallto that whichis pro~ ~ 
duced of A into the felte fame partes. Wherefore thatis manifet which was required to béproued, ` 
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sis 2 fanumber.be deuidedsato two partesitbat which is produced of the Whole into one of the partes, 
oi gsegnall:t6 that whith-ts produced of the felfe fame part into him felfe,and into the other 
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s boca Dis proveth in numbers that which in the 5 ofthe fecond was proued in lines.For let the num- This anfive- 
aber A'be deuided into the numbers B and C . Then Lay that that whichis ^ ^ - oa : 5 
5rodi 4 d of A inte IS s 8 uall that hich ist di d oft ‘Ye g » jeri Lido. IM TI * reth to the2, 
T gre Q is gig. 31S equa itot Aat Wi 1C 1s pro uce 1 Oi C into him- ; i A *etítos e? "x F. 
elfeand'into B. For by the ré.of tliefenenth ; that which isproducedof A^ ^B 2.5 C... | of the thirdes 
into Cis equall to that which is produced of C into A. Now then put the Do wo 


number D equall to the number C . Wherefore that which is produced of | Demonstra- 
A into C is equall to that which is produced of D into:A-, Büt by the firitof thefe propofitionsthat |; — 
which is produced of D into A is equall to that which is produced of D into B and of D into C. Wher- Pie 

fore forafmuchas thatxXyhich'is produced of/D into A'and into-B and into C:isequall.to that which is 
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penne — 4,and.into B,and-into himfelfe ; by reafon of the, equalitie of C and D :thatis ma- 
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Jf a number be denided into two partes: that Which is produced of the multiplication of the Whole 
soto bint felfe,is equallto.that which is produced of the multiplication of either of the partes inte 
him felfe, and of the one into the other twife. a wt orti nd p du m 
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This proueth in numbers that which thefourth of the fecond proued touching lines. Asifthe 
number A be deuided into the numbers Band.C. Then! fay thae, - 
that which is produced of A into himfelfis equal to that which is- B t M" * 
produced of 8 into himfelfe,and of C into himfelfe , and ofBinto: - ^.^". dad es. 
C. twife,For by the4 of thefe propofitions,that which is.produced of A into himfelfe, is equall to that 
which is produced of A into B , and into C.But that which is produced of A into B , 1s equall to that 
which is produced of B into himfelfe and into C ( by the former propofition) "And by the fame thac 
which is produced of A into C is equall to that which is produced of C into himfelfe and into B . And 
forafmuch as ‘that which ‘is produced of C into B is equal] to that Which is produced of Bintd C by 
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the 16.of the fcuenth, it is manifeft that thatis true which was required to be proued, ` 
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5 ftii Ife number be denided into two equall partes, into two unequal partes : that Which is produ- 
éed of the greater of the unequal partesinto the leffe, together with the fquare nuber of the num- 


cs benfex betwene is equallto the (quare guber produced ef the balfe of thewhole. 77 
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sod. his proueth.in numbers that which thes. ofthe fecond proued in lines. As if. the number 
.A B be denuded into two equall numbers,which let be A Cand CB:and alfoin two vnequial numbers 
namely,A D and DB,of whichlet AD be the greater, and A C D EO 
D B theleffe. Then 1fay that that which is produced ofthe. — 7''*^* EN is E 
whole A D into D B together with the fquare number of CD jis €quall to the {quare number of C B; 
For by the former propofitié the {quare of C B is equall to the {quare of C Dand to the fquare of D B, 
and to that which is produced of B Dinto' C D'twife: But that which is produted of 2 D intd himfelfe 
-andinto CD isequallto tliat whichis produced of B D into C 5 by the firftofthefe — and 
therefore ynto that which is produced of B D into AC. Wherefore that which is produced of B D into 
hinifelfe and into C D. twifeis equallto that which is produced of BDinto & D. Wherefore by the 
fame the fquare of C 2 exceedeth that which is produced of BD intó A D by.the {quare of C Diwhet- 
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fore that is manifeft -whichwas required to beproued, i01 10 5 coord — 
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79:1 hich is produced of the multiplication of the Whole being compoféd into tbe umber added, to- 
*~ gether With the [quate of the halfe, isequallto the fquare of the:number compofed of the halfe 
aud the number added. d Na 
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This proueth in numbers that which the 6. of the fecond proued touching lines.For fuppofe thag 
thenümbent 8 be deuided into equallnumbers:, whieh tet be#C-and Cw >and ynto-it.adde the 
‘number 2D... Then fay ; chat that which is produced ofthe whole .D.into-D:& together with the 
{quare of 2 C,is equall to the fquare of C D.For by the 6.of thefe | E 

; * 2 2 ES V oss LIN. B... D 
-propofitids the fquare of C D isequaltothefquareof D B,& to — " 2^9 
the {quare of B Cand to that which is produced of D B.into.# € twile, But by the x.of thele propofiti- 
ons,that which is produced of 8 D into himfelfe and into 2 Ẹ twife is eqnallto that which is.produ- 
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zi io Manimberbedenidedintotwo partes: that Which is produced of: the Whole number into hime 
A fe together weth that which ts produced of one of the partes into him felf,ss egual tor bat Which ^ 
is praduced of tbe Whole soto the fayd part twifé together with that which is produced ofthe other 


part isto him Sefe y im This 


—n 
SA TQ 


^A 





of Euclides Elementes,~ Fol.21it. 


«- This proueth in numbers that which the7, ofthe fecend proued'in lines . Forlet the number.4 
be deuided into the numbers 4:and D. Then I fay.that the fquare of -4 together with the fquare of D 
is equall to that whichis produced of 4 into D twife together with the: ^ e 
fquare of 2 . For itis manifett by the 6. of thefe propofitions thatthe p Biot 
fquare of.4 is equall to the fquares of 5 and D together with that which. LBS PN 
is produced of B into D twife . Wherefore the fquare of 4 together with the {quare of D | is equall to 
two fquares of D, and to that which is produced of D into B twife together with the fquare of B. But 
by the firft of thefe: propofitions two,fquares of D „and that which is produced of D into B:twife is e- 
quall to that which is produced of D into -4 twife. Wherfore that which is produced of D into 4 twife 
together with the {quare of B,is equall to the {quare of .4 together with the {quare of D: wherfore that’ 
is manifeft which was required to be proued. ^ : , W ul 
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m . WW Theio.propofiion. —"- - 

if a number be deuided into two partes,and unto it be added anumber equallto one of the parts: 
the fquare of the whole number compofed,is equall tothe quadruple of that which is produced of 
the firft number into the number added together with the {quare of the other part. 


This proueth in numbers, that which the 8. of the ſecond proued in lines. Suppoſe that the num- 
ber .4 B be deuided into the numbers 4 C and € 2,vnto which s E 3 "D 
adde the number 8 D, which let be equali to the number C B. —— NX 
Then I fay that the fquare ofthe whole number compofed namely 4 D is equall to that which is pro- 
duced of 4B itito B D fower times together with the fquare of.4 C. Eor by the €.of thefe propofitions 
the fquare of 4 D,is equall to the fquate 44 B and to the fquare of B D together with that which is pro- 
duced of 4 B into. BD twife.And forafmuch as the fquare of 8 D is equal to the fquare C B: therfore the 
{quare of 4 D fhall be equall to the {quare of 4 B and to thefquare of C B together with that which is 
produced of .4 B into B D twife . But by the former propofition the fquare of 48 together with the 
fquare of C B,is equall to the fquare of 44 C together with that which is produced of.4 B into 8 C twife 
wherfore thefquare of.4 Dis equalto that which is produced of 44 B into B D twife,and tothat which 
is produced of 442 into. C twife together with the {quare of .4 C.And for that that which is produced 
of .4 B into B Cis equallto that which is produced of 4 B into & D, therefore is that manifeft which 
was required to be proued. 
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Uf anum er be deuided into two equall partes , and into two unequall partes: the fquares of the 
two unequal partes taken together are doubleto the (quare of the halfe , and tothe [auae of tbe 
exceffe of the greater part aboue the leffe,the fayd tVo [auares being added together. 


^ This proueth in 
number 4 B be deuided into two equall partes: which let be 4C and C 2,aud into two vnequall parts, 
which let be 4 D and D 5. Then fay.that the fquares of the two numbers 4D & D B, taken together, 
are double to the two {quares of the two numbers .4 Cand C D, taken together. For by the 6. of thefe 
propofitions tlie fquare of 44 D isequallto the fquares of A " —— 
AC and € D, andto that which 1s produced of.4 Cinto C D. = hale oer re. 
twife.And forafmuchas the fquare of 4 C is equal to the fquare ofC 2, the fquare of 4 D thal he equall 
to the fquare of B C & to the fquare of C D together with that which is produced of £ C into € D twife. 


Wherefore the {quare of 4 D together with the {quare of B D,is equall to the {quare of B C, and to the 


fquare of C D and to that which is produced of 7. C into C D twife together with the {quare of B D.Bur - 


that which is produced o£ 5 C into C D twife together with the {quare of B D, is equali to the{quare of 
B Cand tothe fquare of C D by the 9. of thefe propofitions. W herfore the {quares of the two numbers 
4 D-and D Bare equall to the fquares of the two numbers B Cand C D,taken twife. ‘And therefore the 
fquares of the twonumbers 4 Dand D Bare double to the fquares of the two numbers B Cand CD; 
that is 4 C and € D(for the numbers 4C and Z C are by fuppofition equall) wherfore'that is manifeft 
which was required to be proued. IT oll} Te. % 


e 3- The 12.propofition. 


If a number be denided iito veo equállpartes and unto it be added an other number : the fauare 
~ ef the whole number compofed together with the [quare of the xumber added,is double tothe 
-« - Jquare of the halfe’, together with the Jquare of tbe number compofed of the halfe and the num- 
ubt added. V I o NEM ^ 
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This proueth in numbersthat which the 10.0f the fecond proued in lines. Suppofe that the num. 
ber 4 8.:be deuided into two equall numbers 4€ and C B:and ynto it adde the number B D+ Then I: 
fay thatthe {quare of 4 D together with the {quare of B D,is Liv AX g NUUS 3 
double to the fquare of .4C together with the fquate of. .« ^^ ** TEX XX i 
CD. For forafmuch as the number C D is deuided into two partes, and ynto it is added the 
number .4.¢ which is equall.to one of the partes (namely , to CB) therefore by the 10:-0f thefe 
propofitions , the {quare of 4 Dis equall:to that whichis produced of C D into C.4 foure times tor 
gether with the fquare of B D. And forafmuchas .4Cis equalltoC B, therefore the {quare of 4D, 
is equall to that which is produced of D C into GB fowertimes together with the {yuare of 8. D.Wher- 
fore thefquare of 4-D together with the fquareof D B,is equall to chat which is produced of D C into 
C B fowet times together with two fquares of 8 D . Butby the 9. of thefe.propofitions,that which is 
produced of D C into C 8 fower times together with two fquares of 8 D is double to the fquare of C D 
together with the fquare of C B (for the [quare of C D together with the fquare ofC B is equal to that 


which is produced of D C into C 8: twife together with one fquare ofc 8) . Wherefore forafmuch as 
the fquare of € 8 isequallto the fquare of .4.C,thatis manifelt: which was required to be prouéd. -` 
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It is impoffible to deuide a number in fuch forte : that that which is contayned vader the whole 
` “andone ofthe partes fall be equallto the quare of the other part, — 
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-0 That which'the rr.ofthe fecond taught to bedoone in lines is here proued to be impoſſible to 
be doone in numbers.For fuppofe that there bea number wharfoeuer namely 4B. Theal fay, thatic 
isimpofhble to deuideitin fuch fortasis required in the propofition . Forfo fhould it be: deuided ac- 
cordingto 2 proporicn hauinga meane-andtwo ex- pot a $ — 
treames But ifit be.pofitble, letthe number AB be fo act pe "s ^al ONG MT 
deuided in C. And as A Bis to B C,foletD C beto C 4. Wherefore A Cfhall beleffe then C B . Now 
then take away om C B a number equall to A C which let be C D, And forafinuch as the proportion, 
of the whole A B zo the whole B. C,is as tlie proportion of the part taken away from A B, namely,B C 
to the patt takeiaway frem B C,nameély,C D : therefore the proportion of the refidue of A B, namely, 
AC,to the refidue of B.C namely,to B D,isas the proportion of the whole A B to the whole B C (by 


the 11.0f the feuenth ). Wherefore B Cisto C D,asC Dis to DB. Wherfore C Dis greater then DB, 


Wherefore fubtrahing D E outofC D,fo that let D E be equallto DB : the proportion of B C to C D 
is as the proportié of C D to DE. Wherfore the refidue of C B,namely,D B, thal be to the refidue of C 
D,namely,to CE,as the proportion of the whole 8 C to the whole C D.WherforeC E may be fubtra- 
hed out of ED: wherforethere thalbe no end of this fubtraction: which is impoflible. 
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If two numbers be prime the one to the other,the fecond [ball not be to any 
' ether uumber as the fir[l is to the fecond. m 


X Vppofe that tbe[e two numbers A and B be prime the oneto.the other. Then 1 

(ay that B is not to any other nitber as A is to B.F or if it be pofsible,as Ais to B, 
] fo let B Le to C.Now A and B are prime numbers yea they are prime and the left 
Cv by the 23 .0f the feuenth. But (by the r1.0f the fenenth) the leaft meafure the 





antecedent the antecedent,and the confequent the confequent. Where- A-.avee 
fore the antecedent A,meafureth the antecedent B, and-it meafureth. B. ssseeses 
alfo it felfe. Wherfore A meafureth thefe numbers A ce Bheing prime Co —— 
‘the one to the other which is imposible Wherfore as AA isto B, [ois mos 

BtoC : which was required to be proued. 
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v Ef there be numbers in continuall proportion how many foeuer and if tbeyr 
Me we c | — D extremes 
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c. extremés be primetbe'one to tbe. otber > ihe lefe fhallñot be to any other 
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Foie that there be thefe numbers in.continuall proportion.A,B,C,D,and let | 
their extremes A and D be prime thè orie to the other T hen 1 fay that Dis not, 
to any other number as Ais to B.For ifit be pofible as AistoB, fo let D be to 








E Wherfore alternately by the 13.0f the fenenth;as Ais toD,foisB toE. But 

A and D are prime, yea they are prime and 1 an Bevo o N 
the least But the least numbers(bythe 21-0f . A .... meas i AP tion leading to 
the ferienth meafnre the numbers tbat haue" BS. oc, T ant abjurdities 
one and the fame proportio with themequal- —- C ills s. 

ly the antecedent the antecedent andthecon D....... —€— 0 ae E S s 

fequent. Wherefore thé antecedent A mieafu- ^ E —— — 9 01 ve em 3 


: eth the untecedent Bzbut a$.4 isto B, fo is B 


to C.Wherfore Balfo meafureth CWherfore'A alfo smea[uretb C (by the s.commü fentemee 
of the fenenth)and forafmuch asB isto C,fois C to D, hut B meaſureth C Vherfore mea- 
fureth D.Bit- A meafureth CWherfore A alo meafureth D by the fame common fentence, 
and it al{o-meafureth it felfe: Wherefore'A.meafureth thefe numbers A and D. DE rima 
the one to the other which is impofible Wherfore D is not to any other number as A isto B” 
which wasrequired to be proued. ml E caso i M La ——— 


E C $n 
Te 3 
e S -» * a $ t, E 


—— T Le 13. Propofition. 
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q The 18. Cheoreme. 

= g e 2 ¢ a. è É : . bot P 

T'wonumbers veing geueit, to féarche out if it be pofible a third number, s 
in proportion With them. 3c eek oc ayy | 


s t r o> 1 mis “ht ln ub M í I ^ L $c F LAG 
Treo Up? ofethdt the two numbers ceuen be A and Bilt is required tofearche dit if it be 
eR VT ofizble at bir d number, proportionallwiththem.N. ow A,B are either prime thecne 
DEA ro the other or not prime 1f they be primeythen (by the.16.of the ninth) it is mani- 









| Three cafes 


nifeft thatit is impofj fible to finde out àthird number. proportional with them.But now fap- i 4 ss peony 
pofe that A B be not prime the one to tbe other. And let B multiplieng himfelfe produce C. The f ft cafe 
Now A either meaſuret AC Dr meal ureth it not: Firft,let it meafureit and that by D.Wher- 
fore A multiplieng D.producetth di i Arg te X = 


 €But.Balfomaltiplicag-bim[elf ee i p _ The fecone 
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produced C. 5. whith Beh bee DOCE Tote uud | * 
| bo that whichis produced of B.in-. 
to himfelfe. Wherefore(by thefe- 4 .... 
cond part of thet9. of the feutth),.. Busecwia oo tos 
as Ais to B fois B to DIWbefoc | D... a led. AA 7 $ 
unto thefe numbers A,B found... Cs... dna wes. oT. oben MB ie wren M 
out a third menter inpraportian, ...0m ss ! 
namely,D. wiwh ... Doce 2 
But now fuppofe that A do not ee a tI. Pedum i 
incafure Cr, T bep Efay that; iig << D selene 2 N > Theshird 





apepofableto finde out a third wa «QS ese use 
bern proportion with thefe numz, ai s edu se Sacs 
kers A,B: Eor if it be pofable, les there befaund.out [uch anumber, and let the fame be D. 
we ue BB iy. Wherefore 


cafe, - 


Me Sm, 3 i Y “ 9 x B ^ 53 (X Y 
SEES 7 be nmibBoohe: > 


Wherforethat whichis produced of. A into ID is equallto that which is produced of B into 
himfelfe,but that which as produced of B into eos lfeis C. Wherfore that which is produced 
of A into D is equall-unto C. Wherfore A multiplieng D produced C. Wherefore A meafu- 
reth C by D.But itis ſuppoſed alſo not to meaſure —— is impoßible. Wherefore it is not 
nn to finde outs third number in pri P A e — 4 — nar 

n was BEN to be eproned. A" — 


E The 19. Three T » 19. Propo tion. he T yi 
“a T hree numbers beyng genen, to ofeach out if it be rp ible the owt name, 
| ber proportional with them. d i — — 


— àù AAA l Ag — 








Diners cafes E Fgpife that the three m * 7 A, B, c. Itis EDAD LE to ais eut ft it 
dn thts propoft- ue, ihe polcole a fourth number proportionall aa them. Now A, B,C,are either i in 
"gn. lx Ya cntinuall proportion andi their extremes A,C-are prime. the one to the other: Or. 
—— | they arewet tn continuall | proportion,and their extremes arè yet prime the One, 
to the other: ar they arein continual proportion,and their extremes aye not pr ime the one to. 
the otber:er i they are: neither i in continuall prepasion , nor their extremes ave —* the one: 
tothe other. Wm : à 
The firficafe. X. IF A,B,C, bein ixninr jr opor Bie ied Meir e RES le prime th ‘the. one to the ether, 
| it is manifest (by tbe 1 7 Gj f the — shasi d is —— to dna out a — number us 
portional] pith thema Sg TT : - 
But nom febpoje phat A, B, C, A" 2 in Seine "^ S). "EM. Um 
The fecond propor tion, aud yet let: fheir, extremes be prime the one £0, . Š S iode. eia a minii e M 


X — 
ù t + DE ES. E 
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«de ——— — thediber. Then Tfj tat fo alfo itis impofvible tofinde C 9: e. TE ee x 
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77 out afourth number proportional with the. Ey iff be - ML PP "Le 


79 |: pofble let therebe found {uch a mumber , and let the 
ed be DSó that as M35 to B. fo let C beto Djandas Bis to C fokt D bebo E. p irl iba 
>- x as.disto B, fois C toD,and as B is C,fois Dto E,stherfore » — the 14:4f't the fe 
x T. I " atuthb)as-A is to C,fois Cto.E. But d and C are prime os s ae epo en 
T aor |” the onetothe mE they are primeand the leaflibut- ^A eee 0 aia 


* — 


proportion with them equslly the wntecedent; theante- °C sss i Vea M 
LEN (0202272 "the confequent the confequent (by the 21. j£ De — — — 
Cos Hefenenth).Wherfore A mea[urcth C,namely the an- E - - —— — — 
` tecedent the antecedent, andit alfo meafureth it felfe, oes E wa iS 
Wherfore A meafureth thefe numbers A andC-being prime hd: pné tà othe whichi is 

imapofsible Wherfore tt és not pot to finde outa — proportionala wish r3 


numbers A,B,C. —— P AM er 


— the leit meafure th € numbers ibat hane onè cr thefame B esee > > P cum bes 
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| Bat nom againc fuppofe that E B,C, TE in» * oo aL * (ex T i WD is, 
The third continual pr oportion,and | let Aand Canote: -Bausa ve ex ad 7:5 T Ses £ à Et 
cafe. prime the one to the other. X ben I fay. that it. C... PESE ae. Smee 1 m E 
as pofaole to finde out a fourth number pro- E opeva iE A EE e e e 3 
portionall with them.For let B multiplieng.G . .. D'216 y 24 0m t it 
/ pr odace D. Now A either meaſuretb D, o: © —— "ad 
" a " - E gptafureth it not.Fir/t let it meafure itsand-that by E. Whirfore. 4 — E “produced 


D. But B alfo multiplieng C produced D Wherfore that which is produced of. AE is equal $6: 
that which is produced of BC: wherfore i in what proportio Aisto Bin} [aineis Cto E. wher 


fu there is nk us duta poli Meque jE; proportionall: with ‘the fenitibers AB, G3 
‘Bat 
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ow But now fuppofe that Ado not mexfure DTbew Lfay that itis wot pofible to finde ont a 
fourth number nri with tbefe numbers A,B, G: For if it be pofGble, let there be 
found fuch a number,dnd let-the fame beE.Wherfore that which is produced of A into E 

is equal. to that mhichis produced of BintoC.-But that which is produced of B into C is. D. 

Vitherfore that which is produced of A into E is equall unto D.Wherefore ‘A multiplieng E\ 
produced D wherfore A mea[ureth D but it alfo meafureth it not,which is impofible Wher’ 
fore itis impofsible to finde out a fourth number proportional, with thefe numbers A,B,C, 
whenfocxer 4 mea[uretb not D... s — «v 

But now fuppofe 

that A,B sha DOs WA sues BAe prin. 
ag a — B e E o See 
proportio neither A Ce ae) mm 
So their extremes be... E. ——— 
primethe onetothe D1350 
other And let B mul | — — - | 

tiplieng C produce D And indike forte may we proue that if A do meaſure Ditis poffible te 
fide out a fourth number proportionall with them.But if st de not meafure D,theisit un~ 
poffible : which was required to be proned. — | 








q. 1 be 20. T heoreme. The zo. Propofition. 
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` Prime numbers beng genuen bow many foeuer, there may be genen more 
prime numbers. | gue i | x 


~ 





—— ppoſe that khe prime numbers geuen be «4, B, C .. Then I Saj, that theré àrà 
ANT a yet more prime numbers befides A,B,C. Take a the 3 8 .of the feuentb) tbe left 
fanes : $ 
tt 





NOVS zumbèr whom thefenumbers A,B,C domeafure, and let the fame be D E. 
«eel And uto. DE: adde vnitie D F..Nam E.F. isenber a prime number or not. 
Fir[E let jt. be a prime number jthen are.therefound > © "ds. 
thefe prime numbers A,B,C,and EF more inmulti- A., 
tude then the prime numbers fixfl geuen ABC. Bees >: 
` Bat nov fuf that EF be not prime.Wherefore -C ...... 
fore prime number meafureth it (by the 2. of the {e-. 
uenth)': Let a prime number meafure it; namely, G. 
T ben I fay,that G is none of thee numbers A,B,C.F or "Ow. 
if G be one and the fame with any, of thefe.A;B,CBut_A,B,C,meafure the niiber D E:wher: 
fore G alfo mea[uretb D E - and it alfo mea[ureth the whole E F Wherefore G —— the! 
ber hall meafure the refidue D_E being unitie : whichis impofable . Wherefore Gis not one 
and the fame with any of thefe prime numbers A,B,C : and it is alfo [uppofed ta bz a prime 
number. Wherefore there are found thefe prime numbers BLEG being more in multitude 
shen the prime numbers genen A,B,C: which was required so be demonffrated. 
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 BythysPropofition itismanifeft,that the multitude of prime numbers is infinite, 
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> 21. Propofition. - 
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|, Jfenen nibers bow madly focier be added together: the whole hall be ent. 
= F BB.iiij. Suppoſe 


m a + The fourth 
ees S’ ai 4 essem E Y > edfz 


Two cafes in 
this Propofia 


tion. 


Tbe firft cafes 


5 The fetond 


| &afe. 


Ha 


A\V ppofe thatthefe eutn nümbers A B, B. GCD: ini DE, be added together. 
T hen I fay that the whole number namely, A: E, isan euen EA For fora: 








Demonſira- much as every one of theſe numbers AB, BC, CD, and DE, is an euen num- 
Lion. GI ber therefore e) one of them hath an "as Wherefore the whole AE alfa 
bath an halfe «But ap eue. 
aumber ( by the definition ) — inom, E m t3 om J | CU es d opta - 
thatwhich may bedeuidedin- M as Bie Cue Dus E c 
to two equall partes , Where- "P Cle Mert mI ons 
irel Jore AE isan exen number: | | tem | 
co which was required to be proued. ee ` iv. aAA: 
"—  .("CTES S . sh V y e ost 8 wt 
$1. be.22. ots E x — æ2. Propoſition. Leti 
E f odde numbers bow man yy foeuer be added: UE: C i their valide 
be euen, th e whole alfo fhall bee enen. | a 
oS phe. A 
, 3 12777 D Am i sade here 4 B,B €, C Did. D E, being es cien in , multitudes, 
N be ded together.. Then I ‘fay, that the whole A E isan euen number 4 For - foraf- E 
PDA much as exery one of thefe numbers AB,BC,CD, pna DE, isan tire: number, 
jf ye take amay vnitie frome- «- "s y 
Demonftr 4- D ore of fe ERE as 3* ee Fae 4 1 
£203, remayneth of euery one of the 4 oou D. eq a Drm E 
anecenwumber Wherefore . (Se VE TE eye 
they all added together , are TVA. we 


(by the 21. 0f the ninth) an enen number vand the multitude of thes unities Ase away is 
r * eap Vibes -— the we 4E is inenen v REP im to be proued. 
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7 ^ exitos v ^n 1 pm * QUSE 
P un Ü i o a vef ‘The. 23. btn eme. os Khe 23. Propofiti tions? | 
imt - dH adde numbers how many soeker be added to gether, > and di the altitude r 
Pv Es of them be odde the whole 4 Ifo 0 fialll be odde.. eae rada p UN 
imc ET. die »pofe that thefe oulde numbers, A: p ,BC and C D being sates multitude be "m 
a RAM i6 y ded together T beh T fay, that the whole A Disan odde number. T ake away from C. 
BOW D,vnitie D È wh fe thas which remaipelh i e Ei is An enen number Bat A c. i 
alfo (oy the d : of the E. Set Es dh fe WLC — V e hi o sme -i aU | M T E 
Demouidra- vint): ÍS AN euen num- un t 2, M Y c — is 2 BB em 
Mei" ber. Wherfüre vbesibole | IVA a — a n a 
AE isdi eaen number. — ete ae - 
Sur DE PERPE is wnitie being added jj ibe en euen humbe. 4. Zi zi makah the — A, D 4p. 
olden namber : : whieh mas as required tó be REE x^ dis deat E i * — bam 
My hu: 24. T’heoreme. . Th às. ‘Propofiti tion, c 
If from an enen number be ee away an enen number, that-which remate 
AT aie be an enen number. 
at: Poieootal doi? OE 
a. p proof: shat A A B Bhea aneuen camila ™, rom —* 
Demonſira- it take mayan enen number CB. Then. days e aee... 
tion. S" shat that which remayneth, namely, AC isan 
4 thas eyen-number. For Serene as AB is an. Hot sel ces toe p 
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exen number,it bath an halfe,and by the fame reafon alfo BC hath an halfe: Wherfore the 
— refidue C A hath am halfeWherfore «zd C is un euem number « which was-required to be de- 
monftrated. Suo Bec ce aea eos eye yp h Ww » 


13 


semi ca The 2s. Theoreme, ~~ — The 2s:Propofition. . 


«Lf from an even number be taken away an odde number, that which remais 


f 


neth hall be an 6dde number: 


EN Vppofe that AB be an euen number , and 

AEG Y take awa from it BC an odde number. | 

WRONG Then I ay thatthe refidueC Ais an odde A.n... Cre a y Demonstrae 
number:T ake away from BC unitie C D.Wherfore tꝛon. 

D Bisaneuen number. «4nd AB alſo is an euen 

number wherefore therefidue A D is an enuen num- X = 

ber( by the former propofition) But C D which is vnitie,bcing taken away from the enen ni- 

ber AD makeththerefidue ACanoddenumber : which was required tobe proued. . 






g The 26.0 heoreme. = = Ibe 26.Propofition. 


. Ef from an odde number betaken away an odde number, that which ree 
— mayneth fhall be an enen number. - | — — 


— 
Neel refidue C A is an enen number. For fora[much as . "“Demonftrge 
AB 1s an odde number Lake amay from itnitie B DWherfore therefidue AD is entn.And P 
yy the fame reafon C D is an euen number : wherfore the refidue C Ais an euen number (by 


~ 


the 24.0f this booke) - which was required to be proued. 
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q The 27. T heoreme. The 27.Propofition. 


aid from an odde number be taken away an euen number the refidue fhall be 
an odde number. | 


AV ppofethat A B bean odde number, and from it 

Gi take aay an enen number BCThenLfay thatthe A.D a.C. B 
aise refidue C Ais an odde number. Take away fro AB i 

vnitie A DW herfore the refidue D B isan eui number, & | 

E Cis (by {uppofition) enen.Wherfore the refidue C D is am enen number. Wherefore D A 
which is unitie,beyng added unto C D whichis anenen number maketh the whole AC an 
sade number: which was required to be proued. | i 
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y T he 28. T beoreme. _ Whe 28. Propofition. 
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fan odde number multiplieng an enen number produce any number, the 


ts * : t F 
$ *? 4 We Wet s 971€ - ke » 
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Suppofe 


cp T heninth Booke ` 


| Vppofe that A being an odde: number maltiplieng Bo Cosor y 
being aneuen number,do produce theumber C-T hem |. B .... T 
J fay that Cis an euen number. For forafmuchast A A... 

multiplieng B produced C,therfore C is compofed of [0 . 

many numbers cqstall voto Bas there bein unities in A.But Bis an enen nitber: wherforeC 
és compofed of [0 many enen numbers ,as there are vnitiesin A.But ifene numbers how mas 
ny foener be added together ,the whole(by the 21.0f the ninth is an euen tiumber : wherfore 


Demonfirga 
$50, 
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Cis an enen number i which was required to be demonftrated. 
q Lhe 29. I beoreme. — d be 2p. Propofition. 


anoo s us Pf an odde number multiplying an odde number produce any number , the 
| ` number produced [halbe an odde number - te | 







Td Vppofe ibat A being an odde number multiplying B being alfo an odde namber, 
è doo producethenumber C.T hen 1 (ay that C is am odde number. For fora[much as 


LJ 


4— multiplying B produced C , therefore C is compofed of [o many numbers equali 
Demontira- Unto Bas there be vutties in A.But either of thefe num 


bion. bers Aand B is an odde number. Vherefore Cis com- C................ 
pofed of adde numbers , whofe multitude alfo is odde. B 55s 
Wherfore (by the 23.0f the ninth) C is anodde niiber: A. im 


‘which was required to be demon fira ted. 


; 3 A propofition added by. Campane. 


A propofition Tf an odde number meafure an enen number ,it fhall meafure it by an enen number. 
ae. * ." Rorifitfhould meaſure it by an odde number, then of an odde number multiplyed into 38 odde 
ite 


“number fhould bc produced an odde number, which by the former propofition is impoflible. 
V * Os P 


An other propofition added by him. 
If an odde number meafire an odde number, it {hall meafure ir by an odde number, 
An other ad- | 


ded by bim, 4,2 ; For ifitfhould meafure it by an euen nnmber , then ofan odde number multiplyed into aa euen 
‘number fhould be produced an odde number which by the 28.0f this booke is impoffible. 


J q Ihe 30. I heoreme. The 30. Propofttion. 


ay 


se Ifan odde number meafure an euen number it fhall alfo meafure the halfe 
. thereof. | : — 





NG Vppofe that. being an odde number doo meafure Bbeing anenen number.T hen 
3) Hy that it [hall mea[ure the halfe thereof . For ſoraſmuch as A meafureth B let it 
Demonstra- WA & meafure it by C.The I fay that Cis an enen number.For if not then, if it be poſſible 

m ‘let it be odde-And forafmuch as A meafureth B by C: ther... m 

an abfurdsste, fore A multiplying C produveth B.Wherfore Bis compofed A ... 
of odde numbers whofe multitude alfois odde.WherforeB C 
is an odde number ( by thezg ofthis booke) which is ab- 
furd,for it is fuppofed tobe enen : wherefore Cisanenen | 
umber Wherefore Ameafureth B by an euen number: and C meafureth B by A . But ps 
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of Euchdes Elementes, Fol.ꝛ25. 
ef thefe humbers C and Bhathan Balfe partewherforeas CistoB fois the halfe fo the hal e. 
But C meafureth B by A. Wherefore the halfe of C meafureth the halfe of B by A: wherfore 
A multiplying the halfe of C produceth the balfe of B.Wherfore A mivafureth the halfe of B: 


andit meafureth it by thehalfeofC .Wherefore Ameafureth the halfeof the number B: 


“which was required to be demonfirated. © 
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Tf an odde number be prime to any number jit fhatalfo be prime to the doxs 
ble thereof. — . a 
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Aa Vppofethat A being an odde number ke prime vntothe number B: and let the dou- 
EAEG F bleof B beC .Thentfaj;sthat Ais primi vnto C: Forif Aand C be not prime the 
DNE oze to the other, forme one miumber mitafureth then both Let there be fucha nini- 
ber which meafureth thene both,and let thefamebeD. s v" 

But Ais an odde number. Wherefore D alfo is an odde... if aa a 
number .( Forif D which meafureth Afhould-beas -B ws. 
exen number,then fhould A alfo be an euem number(by.... C eccenicsecsscceeas’ 
the 21. of this booke):which ts cotrary tothe fuppofiti= -D smmm - | 
on.For A is fuppofed to be an odde niber : ef» iere - 


D alfois an odde number ) And forafmuch as D. being an odde number meafureth C, but 
C isan eut naimbér ( for thatit bath an balfenamely,B) Mherfore(by the Propofition mext 
going before) D meafureth the halfe of C . But the halfe of Cis B. Wherefore D meafureth 
B : andit alfo meafureth A.Whereforé D meafureth A and B being prime the oneto the o- 
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ther : which is abfurde .Wherefore no number meafureth the numbers A GC. ¥V herfore 
A is a prime number unto C, KY herefore thefe numbers Aand C areprime tbe one to the 


other : which was required to be proued. 
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aaa ppofethat A be the number two: and from A vpward deuble numbers bow many 
SD forner;a5 B,C, D.. Theat {ay; that B3C3D3 are numbers enenly enenonely.T bat ¢- 
ae S weryoneof them — I5 mapifeft-: for exery. one of them i5 produced by 
the doubling of two . I fay alfo , tbat euery oneof'thenz Seven Pv ae 
exen onely «Take vaitie E. And forafmuch as:from vnitie argo’ D............3. 
certaine numbers in continuall proportion, G&A which follow 5C ve. cee * 
eth next aftex vnitie isa primenümber therefore (byshe 13:0f SB i vv.. = Ji 
the thirq) no number meaſureth Dheingthe greateſt numbir ak 
proportion’. But extery one. of thefe numbers. 4,856; TIRAS oleo s emo 
enen .Y V herefore D is euenly euen onely . In like fort may we prone, that emery one. of thefe 
numbers A,B,C, is euenly euen onely : which was required to be proued.. 
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Ena Pppofe that Abea number whofe, haife partis odde.. Then 1 fay that Ais euenly 
Be QI d onely. T bat itis enenly oddestis manifeft : forhis halfe being odde meafureth 





M iie vs li ede ire by aneu? number, namely, by 2. (by the defipi- <- T 
san abfurdities tipp) 1ay alfo that it is eiuenly oddevuely. For if A be cuen- dí Bes e o. à am 


Ly enen,his halfe alfo is euen.F or ( by the definition) anenen | qe. 
number oe him by an enen number . Wherefore that enen number which meafureth 
him by an ewennupaber fhall alfa meafure the halfe:thereof-being an odde number by the 4. 
common fentence of the fenenth which is abfurd.Wherfore is a number enenly odde onely: 
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An other demonftration to proue the fame., >` 


As : — s . T abi — we Poe a —_— Es and et. sai m^ vt 3 a P ty I” x 
7" ^"Suppofe tfiat the number A haue to his halfe an od nitber;namely, B.ThéI fay that A is euélyod: 
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onely. That itis eüenly.odde needeth no profe; .forafmuch as the number z. an euen number meafu- 


An other de- seth it by the halfe dhiereof which is an odde number,LetC bethe number. by which 2 meafureth A 
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(for that Aris fuppofed to be double vnto'&). And letan euen number,namely,D meafüure A ( which is 
eforthatÁ-isan euenaurbber by the definition)by F.And forafmuch as that which is produced 

of C into B is equall to that which is produced of D ibto F,therefore by the 15.0fthe feuenth;as.C.is to 
D;fois £to F-But C the number two meafureth D beingan euen number: wherfore F alfo meafureth 
which ts the halfe of A: Whetfore F is an odde number.For if F werean euen number then fhould it 
make B-whéme ic meafureth an odde number.alfo.by the 21. of this booke,which is contrary to the 
fuppofition And if like manermay we proue thatall the eu€ nabers which meafure the number A,do 
meafute it by odde numbers .: Wherefore A isa number evenly odde onely : which was required to 
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Ifa number be neither doubled from two,nor hath to bis half part an odde 
number jit ball bea. number both euenly.euen jand euenly odde. 


AY ppofe that thenuber A bea nuber. neither doubled fro the niiber two, neither 
Z halfo let it haue to his halfe part an odde nüber-T ben 1 [ay that A is a nuber both 
Demmmfrae S\N" |euenly then,and enenly odde.T hat. Ais eweinly. ence it is manifet, for the halfe 
gione - Galtherof is not oddes and ts viea[ued by the number 2.which is an enen nunber. 
eigen Wowalfaytharitas cyenly, odde allo, For if we denide A intotwo equal partes,and fo contic 
nuing firll,we fhall at the length light vpomacertaings sr oso i yeu vt 

adde number vilicb. [ball meafure Aly ameuen tium Bovis eere ekee seee nps 

ber.F or if we ſhould noblight-wpon {uch anedde pit ve ese mios S taies sheet 

ber,which meafureth A.by aneuemnuriber; we [hould at.the length comento the number, 

two,and [o [bould «4 be one of: thofesiumbers which are doubled from tivowpwar dwhich 1 

contrary to théfuppofition JVberfóresd is euenly oddé-And itis proued that tris. enenly ene: 

wherfüre Ais a number bothenenly cuenand euenly odde s mbiche was required. 10: be; de- 
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This propofition and the two former manifeftly declare that which we noted vp 

pon the tenth definition ofthe feuenth booke namely , that:Campaneand Flufatesand 

diuers other interpreters of Esclide( onely 1 heon extept)did not rightly vnderftand the 

8.and 9.definitions of the fame booke concerning a number euenly euen, and a num- 

ber cuenly odde. For inthe one definition they, adde vito Euclides worde sextant in 
4 i T i 8 ' the 


A. 
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of Euclidesdélementess Fol.226. 


the Grecke this.word onely(aswethere noted) andin the other thissvord al.Sothatats 
uw TA CT WU AU [ [ — = , i Ee : 

ter their definitions a.nuniber can, not beeuenly. euén vnleile itbe meafured onelyiby, 
cucn numbers;likewife a number can not be euenly odde vnleffe. ali the euen numbers, 
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which doo tréafure it} doo. meafure it by an odde namber . The contrary whereof in 


this propofitron we manifeftly fee For here Exclide proueth that one ntinber may, be 
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both éeuenIyeüin éndeü&nty odde. Andin the two former propofiticns he proved that 
{ome numbers are euenly cuen onely,and fome evenly odde dnely. which word onely- 
had benein vaine of him added,if no number evenly euen conid be meafured by an 
odde number,orifall the numbéfsthat meaforea. number evenly Gdde mult needes 

. SANA X. 35 Pos ap ee M Ghee S'S |. om = , M B. 
meafure it by an odde number. Although Campane and Flufares to auoyde this abfurdi- 
ty hane wreatled the 32. propofition of this booke fré the true fence. of the Greeke and 


= terte Be 


agitisinterprete@ofT heow'So'alfohath Flafates wreafted the: 39« propofition . For 


yh eras E ackde fayth Euery nüber produced by the donbling of twa upwardis eu£ly eut 'euby:vhey - 


fay, onei thè numbers produced by the doubling of two are euenly enen, Likewife whereas Eneide 
faith) Abumber whole hafle part is oddesis encnly odde onely sF luffates La ythyoncly a number whofe 
halfe part is od,Is exély od. Which their interpretatié is not true, heithercah be appiyed to 
the propefitions as they are extat inthe Greeke. In dede the fayd 3 2.and 33 .propofiti- 
Oi1s.as they put thé are true touching.thofe numbers which ate eierily euen onely; ^or 
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eucly ed ónely.Forno numbers euen! y cuen onely;but thofe ọħely which are doubled 
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frolrtwo vpward. Likewife’ ho hunibers are euenly odde onely, but thofe onely whofe 
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faite isan oddenumber.Butthislctteth not, but thata number may be euenly euen 


Hthough it'be not doubled'from two vpward & al that a number may be euély: odde 
although it baue nottohbis halfeanodde number. Asin this 3 4 proponide Evckdéhath 
plainly proued. Which thing could by no meanes be true,ifthe forefayd 3 2.& 33. pro- 
pofitons of this booke fhould haue that fence and meaning wherein they take its 


og Lhe 35. Theoreme. Ihe 35.Propofition. ~~ 
If there be numbers in continuall proportion bow many foeuer , and if from 
the fecond and laft be taken away numbers equall ynta the firft., as the exe 


ceffe of the fecond is to the firft, fois the exceffe of tbe laft to all tbe nubers 
going before the laft. a a 
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Ral V ppofethat thefe numbers A, BC,D,and E F, bein continuall proportion be- 

ASKI ginning at A the leaft. And from B C,which is the fecond, take amay C G. equall 
| AN vnto the firft,namely,to.A, and Likewife.from-E F the-laft-take. away F H e- 
WLC qual alfo unto the firft,namely, to A. Then I fay, thatas the excefe BG is to 
A thefirft, fois H B.the excefse,ta all thenumbers-D,-B C,and A, which go before the laft 
number, ninth), EE .ForafmuchasE- Fis the greater (for the fecond is ſuppoſed ereater 
, Hoye the firft) put the number-F Lr equallto the -namber D,and tikewife the number F K 

equalt to the number BC. And foralmuch as F K is equall unto C B, of which F H is equall 


- 


vate GC, therefore the refidue H K is cquall unto the refiaue GB. And for that as the 








wholek Byistathe whole F Lfeisthe part takeaway FL, to the part taken amas F K, 
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Fits a) EK zs tA RAMOS OS ore ON ovatatwa is i LY tex 
jhalibeta H«Kyastbe vb ole: F-3I 3:tà tbe w]. ole FI (by the [are P ropofition ). But as FE 
into PEs, Unidas EL is to FP K,and-F K tó FH, fófereF Eto D apd Dto BC;andE C 
HCA^ Wilexeféréas. D E isto K Ly andas K E isto HRS fos Dio SCTWhereforo alter: 
ioslefy (bydbe vas ofthe feaepelby sw LE i516 D fossscLio be BORA WF L1 BC 
fe Bt AW berefore alfo acóntof the antecedeitée if fa one of the canfequeuses; fo are 
—R ETT LU. all the 
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tion. 


This propoft- 
tion teacheth 
bom to finde 
out a perfect 


number, 


Conilrutiin. 
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all the antecedentes to all tbe con[equentes . Whereforeas'K H isto A, fo are HR, KL, 
4nd LE,to D, BC,and 4 (by thea.of tbe feuentb ) . But itis proued, that K H is e- 
quall unto BG . Wherefore as B Gywhich is tbe exce[fe of the[econd , isto .4, [o is EH the 
exceße of the last unto the numbers going before D, B C, and A. Wherefore as the excefe 
of the fecond is unto the first, fo is tbeexceffe of the lafl 10 all the numbers going before the 


laft -which was required to be proued. dom | | 
q The 36. Tbheoreme> -The 36.Propofition. `> 


If from nitie be taken numbers how-many foener in double. proportion. 
continually, vntill the whole added together bea prime number, and if the 
whole multiplying the laft produce any number, that which ig produced is 
aperfecte number. poet a i Bc cwn 

Vppofe that from unitiebe taken thefe numbers .A,B,C,D, in double proportion 
^ continually, fo that all thofe numbers A,B,C,D,¢y unitie. added together make 

a prime number : and let E bé the number compofed of all thofe numbers A,B, 

[ete “IC, D, cr vnitie added together : and let E poultiplying D which is the last num- 

ber produce the number E G Then I fay, that F G is a perfet number. 9 s. 
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How many in multitude A,B,C, Dare, fo many in continual double proportion take bes 
ginning at E , which let be the numbers E,H K, L, and M .VVherefore ‘of equatitie (by 
the 13. of the fenenth ) as Aisto D, fois Eto M VV berefore thatwhich is produced of E 
into D, 1s equall to that which is produced of A into M .But that which is produced of E ins 
to Dis the number F GVV herefore that which is produced of A into M isequall unto F G: 
VY berefore A multiplying M produceth F G. VV berefore M meafureth F G by thofevnities 
which arein A. But Ais thenumber two .VVherefore F G is double to M .: And the num. 
bers M,L, H K,and E,areal[o in continuall double proportion . VV berefore all thenums - 
bers E, H K,L,M,and F G, are continyally proportionall in double proportion. Take from 
the fecond number K H,.and from the laft F G a number equall unto the firft,namely,to Es 
and let thofe nunabers taken be HN, FX .VVherefore ( by the Propofition going before) 
asthe exceffe of the fecond number is to the firft oummber, fois the exceffe of tbe lajt-to all the, 
os” a - " | numbers. 
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numbers going before it VV herefore as NK is to B, ſois X Gto thefe numbers M,L,, 
K Hand E . But DK is equall unto E ( for it isthe halfe of HK, which is fuppofed 1o e 
doubletoE) .VV herefore X G is equall unto thefe numbers M,L,H K,and E.But X Fis. 
equall unto E, and E is equall unto thefe numbers \A,B,C,D, and unto vnitie.Wherfore. 
the whole number F G is equall unto the[e numbers E,H K,L,M,and alfo unto thefe num-. 


bers .A,B,C,D, and vntounitie. Moreouer I [ay,that unitie and allthe numbers A,B,C, tion leading to 


D,E,H K,L,and M, do meafure the number F G. That vuitie meafureth it,it needeth no 
proufe . And forafwsucb as F G is produced of D into E, therefore D and E domeafure it. 
And fora[much as tbe double from wnitiegamely,the nübers A, B, C, do meafure the num- 
ber D (by the 13.0f this booke) therefore they [ballalfo meafure the number E G (whom D 
mecafureth) by thes common fentence . By the {ame reafonforafmuch as the gubers E, HK, 
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L,and M,are unto F G, as unitie and the numbers A,B,C,are unto D (namely,in fubdu- 
ple proportion) and vnitie and the numbers A,B,C,do mesfure D, therefore alfa the num. 
bers E,H K,L,and M, fhall meafurethe number F G. Now] fay alfo, that no other nem- 
ber meafureth F G befides thefe numbers A,B,C,D,E,H K,L,M,and unitie. For tf it be 
pofaole, let O meafure F G. Andlet O not be any of thefe numbers A,B,C,D,E,H K,L,ana 
M . And how often O meafureth F G, fo many unities let there be in P . Wherefore O mala 
tiplying P prodiceth F G . But E alfo multiplying D produced F G . Wherefore (by the r9. 
of the fenenth) as Eis toO, fois P to D . Wherefore alternately (by the 9. of the feuenth) as 
EistoP,foiso0toD. And forafmuch as from vnitie are thee numbers in continuall pro- 
portion A,B,C,D and the nusber A which is next after vnitie is a prime number therfore 


(67 the 13. of the ninth) uo other namber meafureth D Lefides the numbers A,B,C . And it | 


is fuppofed that O is not one and the farze with any of thefe nitbers A,B,C.Wherefore O mta- 
ſureth got.D . But as O isto D, [ois Eto P . Wherefore neither doth E meafure P. . And E 
ss a prime number . But (by the 3 1 .of the [euentb) euer) prime number, isto euery number 
thatit meafureth not,a prime number .Wherefare E and P are prime the one to tbe other: 
yea they are prime and the least.But (by the 21.0f the fenenth) the leaft meafure the numbers 
saat bate one and the {ame proportion with them equally, the antecedent the antecedent and 
toe confequent the confeqnent . And as EistoP, fois OtoD. Wherefore how many times 


Demonstra- 


an ab[utditie, 


E meafureth 0, [o many times P meafureth D .Butno other number meafureth D befides ` 


the numbers A,B,C (by the 13. of this booke) Wherefore P is one and the fame with oneof 
thefe numbers A,B,C. Suppofe that P be one and the fame with B ey how many B,C, Dare 
i E s . CO. ap 
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in mulsitude, fo many tdke from E upward,namely,E,H K,and L. But E;H K, and L,are 
in the fame proportion that B,C,D,are. PV herefore of equalitie, as Bisto D, fois E toL. 
VV herefore that which ts. produced of B into L, és equall to that which is produced of D into 
E . But that whitlris produced of D into E , #8 equall to that which is produced of P intoo. 
| FF berefore that which is produced of P into O, is equallto that which is produced of B inte 
AE FF herefore as P isto B, [ois L 100 : and P. isone e the fame with B : wherefore. 
* 5s dL alfois one and the [amemith O < which is impofüble . For O. is fuppofed not ta > 
“abe one and the fame with any of the numbers geuen . VV herefore nonum- 
-= i a ber meafureih FG befides thefe numbers A,B,C,D,E;H K,L,M, —— i: 
LA and wnitic. And jt is proued,that F G is equall unto thefe num- 
_ 1» bers:-A,B,C,D,E, H K,L, M, and unitieywhith arethe 
partes therof(by the 3 9.0f the feuenth) But a perfect 
nitber (by the definition) is that which is equall 
vito all his partes. VVherfore FG isa 
perfect number * which was re- 


quired to be proued. 


tẹ Dheend ofthe ninth booke 
of Euclides Elementes. 
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zum. NormnisoriNTH rooxz doth Escldeentreat 
A" WW of lines and other magnitudes rationall & irrationall, 
ey but chieAy-of irrational ‘magnitudes , commenfura- 
WY bleaiid incommenfurable: of which hitherto, in alhis 
NJ former 9. bokeshe hath made no mentionat all. And 
eres herein differeth number from magnitide, or Arith- 
ese) metikefrom Geometry: forthat although in Anth- 
lye SSW metike;certayne numbers be called primenumbersin 
S WA confiderationofthemfelues, orin refpe&t ofan other, 
D and fo arecalled incommenfurable, for that no-one 
d. numbermeafureth them,but onely vnitie.Yetin dede 
" and to fpeake abfolutely and truely, thereareno two 
numbers incommenfurable,but haue one common meafure which meafureth thé 
both, ifnone other,yet haue they vnitie,whichis acommon part and meafire to 
all numbers, and all numbers are made of vnities,as of their partes.As hath before 
bene fhewed in the declaration ofthe definitiós ofthe fcueith booke.But in mag- 
nitude itis farre otherwife,for although many lines,plaine figures,and bodies,2re 
commenfurable,and may haue one meafure to meafure them, yet all haue not fo, 
nor can haue. For thata line isnot made of pointes, as number is made of vnities, 
and therfore cannot a point bea common part ofall lines,and meafure them,as-v- 
nitie is a common part of all numbers and meafureth them.Vnitie taken certayne 
tymés maketh any number. For there are notin any number infinite vnities : buta 
point taken certayne tymes,;yca as often as ye lift, neuer maketh any line, for thar 
iri éuery line there are infinite pointes. Wherfore lines, figurés,and bodies in Géo- 
metry;are oftentymes incommenfurable and irrationall. Now.which are rationall, 
and which irrationall;which commenfurablejand which incommentfurable, how 
many and how fundry fortes and kindes there are of them,whatare their natures, 
paflions,and properties doth Euclide moft manifeftly thew in this booke, and de: 
monſtrate them moftexadly;is c 1. sr susa rine ^ 
^72 This tenth booke hath euer hitherto ofall men, and is yet thought & acconip- 
ted,to be the hardeft booke to vnderftand of all the bookes of Euclide. Which ¢6- 
món receiued opinion,hach caufed many to fhrinkeand hath (as it werc)dcterred 
them from the handeling and treatic thereof. There haue bene in deede in times 
paft,and are prefently in thefe our dayes, many which haue: delc, and haue taken 
greatand good diligencein commenting, amending and reftoryng ofthe fixe firft 
bookes of Euclide;and there haue ftayed themfelues and gone no farther, beyn 
deterred and made afrayde (as it feemeth, by the opinion of the hardnes of this 
booke) to paffe forth to the bookes following. Truth itis thatthis booke hath in it 
fomewhat an other & ftraiiger maner of matter entreated of, thé the other bokes 
before had;and the demonftrations alfo thereof, & the order feeme likewife at the 
fiit fomewhat ftraunge and vnaccuftomed, which thinges may feeme alfo to caufe 
the obícuritie therofand tofeare away many from the readin gand diligent fud 
ofthe fame,fo much that many of the wellleamed haue much complayned ofthe 
darkenes and difficultic thereoffand haue thoughtita very hard thing, andin ma- 
uci | (919m ner 
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ES The tenth Booke 


ner impoffible. to attayne to tlie ri be and full ynderftanding ofthis booke, with- 
outtheaydeand helpeoffomie od rknowledgeahd leàrnyng; and chielly with- 
out the knowledge of that more fecret and fubtill part of Arithmetike,commonly 
called Algebra,which vndoubtedlyfirtt well hadand knowne, would geue great 
light therunto:yet certainly may this bookevery well be entred into,and fully vn- 
derftand without any ftraunge helpe orfuccour, onely by diligent obferuation of 


` 


the order,and courfe of Euclides writinges.So thathe which diligently hath peru- 


J i 


"fed and fully vnderfiandeth the 9.bookes goyngbefore, and maiketh alfo earneft- 


ly the principles and definitions of this tenth booke;he fhal well perceiue that Eii- 
clide is of himiclfe a fufficient reacher and inftructer,and needeth not the helpe of 
any.other,and {hall foone fee that this tenth booke isnot offuch hardnes and ob- 
{curitie,as it hath bene hetherto thought. Yea;I doubt not, but that by the trauell 
and induftry takerin-this,tranflation, and by-addicionsand emendations gotten 
of others, there fhall appeareinitno:hardnes atall,but fliall be as eafie.as the reft of 
his bookes are.) ‘ ic AT —— — Me a) om ud ' ` H j * | 
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‘which one and the felfe fame meae 
Math, CLONE Sch. 27 Sepa ANN: wal? 
" Mm ea Ast Pt ag. m d. V root o 2 cU LAUR cit n cs 
' .Firfthe fheweth what magnitudes are commenfurable one to an other.To the better 
and more cleare viderftanding of this definition, note that that meafüre whereby agy 
giagnithde ismeafured; is leffe then the masnitude which it meafüreth; orat. 
quali vnto it. For the greater can by no meanes meafüré theleffe, Farther it behoueth; 
thatthat meafure ifit be equall ro that whichis meafured, taken once-make the mags 
nitude which is-meafüred:if it beleffe,then oftentimes taken and repeted, it muft pres 
cifely render and makethe magnitude which it meafüreth, Which thing in numbers is 
eafely fene,for that (as wasbefore faid) all numbers are commenfurable one toan o: 
ther;And although Euclide in this definition comprehendeth purpofedly, onely mag- 
nitudes which are continuall quaptities.as are lines,fuperficieces,and bodies, yet’ v1i- 
doubtedly-the explication of this arid fuch like places,is aptly to befought of numbers 
as well rationall as irrationall, For thát allquantities commenfurable haue that pro- 
portion theonétó the other,which number hath to numbers, In numberstherfore; g 
and 12 arecommenfürable, becaufethereis one common meafare which meafureth 
them both,namely,the number 3. Firftit meafureth 12,for itis lefle then 12, and be- 
ing taken certaine times,namely,4 times, it maketh exactly !12: 3 times-41s 12, it alſo 
meafureth 9,forit is leffe then 9. atid alfo taken certaine times,namely, 3 times, it ma- 











' keth precifely 9:3 times 3 is 9,Likewife is icin magnitudes, ifone magnitude meafure 
- two other magnitudes thofe two magnitudes fo meafured are faid to be commentura- 


. €isleffethétheline A, andalfoleffethéthe —— | | E a 
. line B5alfo theline C taken or repeted certaine times,namely,3 times,maketh precifely 


ble.As forexample,ifthelineC beingdou- Dp et" 3 
bled,do make the line B, andthefamelyne | A e————————————————- 
C tripled,do make the line A, then are.the. » Dey ie -aP oti ai: 8 gel 
twolinesA and B,linesormagnitudescom | B epee se — 
menfarable.For that one meafure, namely, vom, dm ror vemm 
fheline C meafureth'thé both.Firft,thelne C m, ^. °° 0. 
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the line A,and the fame line C taken alfo certain times namely,two times maketh pre- 


. cifely the line B,So thatthe line Cis acommon meafure to them both, and doth meae 
fürethem both. And therfore are the twolines Aand B lines commenfurable, Arid fo i- 


magine ye of magnitudes of other kyndes,as of {uperficiall figures, and alfo.of bodies, 


Incom⸗ 


of Euclides Elementes. Fol.229. 


p saer Da aaa de e a R a a aa a ; 
oy “Tncommenfirable magnitudes are fuch’, which no one tommon meafure The feona 
* á doth meafure. " | Lo t Ec s "e * dae tut ll y” - ^ * + 1 J— defrüstsotis 
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_ this diffinition neadeth ho explanation at alijas — Contraryes 
it is eafely vnderftanded. by the diffinition goings v O gisis: 0. 05: 41:3 mademanfet 
before of lines commenfurable . For contains are hiya Mision hor ts at by the compa- 
made manhnifeft by comparing of the one to the Qeit iL. 2d1 Aut j Er i JE ds Ae. -4 ring of the 07e 
ther:asif thé line C, or ány other line oftentimes ß 5550 ioi ge theotbere 
iterated,doo notrender precifelythelineA,nórthe © |. Fit jun. id 
lineB, the are the lines A’and P'incommenfufablez- Eos LUE Ee mones 
Al(o if theline C , orany otherlinetertayne times 4L UN. 


repeted, doo exactly rendertlielineA,anddoonot/g 5 05s: eda ve 
meafure the line B: or if it ineafure the line Bj^7 coe edt o vietato 


and meafureth notalfo the line A, the lines*andi: G: mes ui. ip M EI 


B,areyetlitiesincomenfürable: &foofothermagz.. 52.0525 5 0 i oon. 
nitudes,as of fuperficieces,and bodyes. 2a f 
Fia a T a E a la e a LEE E ye a d 
ee ae Mm wax valilsdiushc RS l d — 

2553 Right lines commenfurablein power-are fuch , whofe /quares one and 
t "Be felfe famé f'uperficiés area,or plat doth — Cs ci 


To the declaration of this diffinition we muft firft call to mindewhat is ynder- 
ftanded & ment by'the powerofaliiie :whichas we haue beforeinthe former bookes 
noted is nothing ells but the fquare thereof, orany other plaine figure equall to the 
í(quar&theróf.And'fo great poser & habilitie is/a line faid co haue;as ís the quafititie of 
the fquaté;whichitisable to de(cribe,or à figure fuperficial equal to the fquarc therof, 
+... / This ts. alfo to. be notedthat-of lines ; fome are commenfürable in length, the one 
to the otlier;and fome ate commenturable the oneto the other.in. power. Of lines com 
nienfarablein length the one tothe other,was genen an examplein the declaration.of 
the firit diffiiiti6é namelysthe lines Aand B,which were commenfurable in length,one 
and thefelfeimeafure,naiely,theline C meafured the length'ofeither ofthem; Ofthe 
othet: kinde is geuen this-diffinition here fet:for the opening of which take this exam 


ple Letthere be acertaitieline,namely,the. 





line B G;-andJetthe íquareé of thàtline be ih ge talk pa B Ar OP 
the:{qnareB-CDE. Suppofe alfo.an other : |: : bus 


line; namely; the line E H,;&let'the fquare;- 
thereof bc the fquare FH IK , and leta 
certayne füperficies , namely , the füperfi- 
cies A,meafure thefquare B CDE , taken 
16.times: which 1s the number of the litle 
areas,{quares,plats,or fuperficieces cétai- | ° 
nedand defcribed withinthefaydíquares | 
ech of which is equall to the fuperficie: 
A. Agayne let the fame fuperficies A mea- | +i- la 
fure the fquare FHIK 9, times taken, ac- F © | py. £ Cc 
cordingtothenumberofthefieldesorfu- |  «. . 5.5... ! ui: 
perficieces contayned and defcribed in the fame. Ye fee thé that one and the felfe fame 
{uperficies namely,the fuperficies A , is a common meafure to both thefe fquares, and 
by certayne repeticions thereof , meafureth them both, Wherefore thetwo lines BC 
and F H,which are the fides or lines producing thefe {yuares., and whofe powers thefe 
{quares are,are by this diffinition lines commenfutable in power.. 


4 Lines incommenfurable are fuch , ‘whofe fquares no one plat or fuperfis 
cies doth meafure. i N "m * nior 
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« o Ahis diffinitienis caly to be vnderftanded by,that.whichsyas faydin the diffinie - 
tiorlaft fer before this, and neadeth no farther declafation , And thereof take this exe 
ample . Ifneither the fuperficies A, | — qae ^ 
nor atiy other fuperficies doo mea- 1 RES 

fure thetwo fquares BCDE , and ^ |; — txt 
FHIK .: or if it meafure the one, ^ 
namely B C D E, and nottheother:: : 
PHIK, or if it meafurc the fquare« i 
FHIX,andnBottheíquareB C D Eis. ih 


D T 





powerincominenfurable, and ther-.. ' £F 
fore alfo iucoimméfürable in length: 
For whatfoeuer |ines areincommé-^ | | 
furablein power , thefameare alfo =. - 
incommenſurable in lengthas ſſal F rtr radi kn Ls. 
afterward in the 9, propofition ofg o is TE T3 nr UOTA E 
this booke be proued, And therfore ag bod Cie Se a a E., T 
fuch lines are here defined to be abfolutely incommenfurable , Thefe thinges thus 
tanding it may eafely appeare, thatifaline be affigned and layd before vs, there may 
beinnumerable other lines commenturableyntoit, and otherincommenfurable vnto 
ittof commenfarable linés fome are commenfurable in length and power,and fomein 
See es oa —8 vo) Tue 








power oncly. 3 a c o s ae , E 
s And that right line fo fet forthiscalledarationall line. .. -  . * 
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»., Thefe principles ,diffinitions and groundes of this tenth booke onght well to be 
payfed, they are fornewhat morc {trange and more hard , then are the diffinitions and - 
principles of the other bookes of Enclide going before:, and therefore at the firft fight 
orreading arenotiftraight way conceiued,but ought often to be repeted, and by vie to 
‘berconfired. For the propofitions following, bring ynto them much light, and facili- 
tieof vnderitanding. Firft there isa line fuppofed,and layd before vs, which may be aa 
nvlite whatfoeuer, of what length,or fhortnes ye will : this line thus firft fuppofed is 
Amagiaed:to haue fuch diuifionsand fo many partes as yeliftto conceiue in minde, as 
3:4. 5.and fo forth which may be applied to any kinde of meafure, asit fhall happen,ag 
to inches;feete,paíes,and fuch other; Vnto this line faith Euclide may be cópared innus 
merablelines,of which fome fhalbe commenfurable,and other fomeéincommenfuras 
ble:of commenfurable lines , fome are commenf{urable both in length and in-powery 
other fome are cOmenfurable in pow LACEY X ow ; 
eronely:As ifany part of the line pro =). ae Ji. 
pòfed whichtet be the line A B, doo . 
mefure alfo the line EF and againe | 
ifany one füperficies do meafure the 
fouare of the line A B,which let be the 
fauare AB C D:and alfo doo meafure 
the fquare of theline EF,whichlet be 
thefquareEF GH: théisthelinc EE 
to the fuppofed line & firftfet, name 
lv,to theline À B,alinecommenfnra- 
ble.bothin lengthand power, as ye 
ma y feein the firftexample here fet, 
. Andifitfo be that one & the felfe 
fame füperficies do meafure both the 
fquares of thefe two lines A B and 
EF, namely the fquares A B C D and |. ot haw | i 
E FGH: and noone line do meafure | | 
the lines ABand EF: thenis the line 


we ; 
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of Euclides Elemente, °° 
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EF (compared tothe {uppofed and | * 
firitline'A B)commenfurablein pow- ^^: 
eronely: As in this example ye may 
eafely perceiue - For the triangle or 
füperficies A C D, twife taken, mea- 
fureth the {quare AB CD}; namely, 
the fquare of the line AB: and the 
felfe fame triangle A C D taken foure 
umes meafureth the other fquare, 
namely, the fquare of the line ET. ^ 
But no one meafüre orlinecan be af- 
figned tomeafure both the lines AB 
and EF, becaufe the fides ofa fquare 
and the diameter are incommenfura-’ 
bleinlength the onetothe other,as ^. .. 
afterward thalbe fhewed . Wherefore 


M 
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they are in length incommenfurable, & commenfurable in power onely,that is by rea- 


fon of their {quares,which are commenfurable the one to the other. 
. Agayne if itfo bethat noone line may " 
befound to bea cómon meafüre,to.meafure 
both the firftline,namely,AB , andalfo the 
line EF : noryet any one fuperficies to mea- - 
fure the fquare or powers ofthefe twolines, 
then is the line EF ,.to the firft line fet-and 
fuppofed , incommenfurable both in length 
aud In power. As is fuppofed to bein this 
example, MM 
. Thus mayye fee, howto the fuppofed 
line firft fet may be compared infinitelines, 4,7... 7, 
fome commenfurable both in length & pow- — 
et, and ſome conimenſurable in power onely, — 
and incommenturable in length, and fome ~ — 


- - 


in 
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incommienfurable both in power &inength , &üd this firftline fo fet,wherennto, and 
to wnofe {quares the other lines and their fquares are compared, is called a rationail 
Jine,commonly ofthe moft part of writers.But fome there are , which miflike that it 
should be called a rationallline,& that not without iuft caufe . In the Greeke copy itis 


called fyrh,rere,which fignifieth a thing that may be fpoké,& expreffed by word,a thing 
certayne,eratinted and appoynted . Wherefore Flufvates , a man which bettowed great 
trauell and diligence in reftoring of thefe elementes of Exclide,leauing this word ratio- 
nall,calleth this line fuppofed and firft fet,aline certaine,becaufe the partes thereof in. 
to which it is deuided are certaine,and known,and may be expreffed by voyce,and alfo 
be coumpted by number:other lines,being to this line incommenfurable,whofe parts 
are not diftin&ly known,butare vncertayne; nor can be expreffed by name nor aflignd 
by number, which are of other men called irrationall , he callech vnecrtaine and (urd 
lines. Petrus Afontaureus althou gh he doth not very wel like of the nam e;yethealtercth 
it notjbut vfeth itin al hisbooke,Likewife wil we doo here,for that the word hath bene 
andisíó vniuerfally recetued. And therefore will we vfe the fame name , and call ita ra- 
tionallline.Foritisnot fo grcat a matter what names we geue to thinges, fo that we 
fully vnderftind thethinges which the names fignifie, - — 
Thisrationallline thus here defined,is tbe ground and foundation ofall the propo- 
Gtions almoft of this whole tenth booke. And chiefly from the tenth propofition for- 


wardes.So that vnleff ye firft place this rationall line,and hauc a fpecialland continu- 


all regard vntorit before yebegin any demonfration, ye fhall noteafely vnderftand it, 
Foritis asit were thetouch and triall ofall other lines, by which it isknown whether 
any of them be rationall or not. And this may be called the firft rationall line, theline 
rationall of purpofe or arationall line fet in the firft place, and fo made diftin and fe- 
uered-frorn other rationall lines,of which thall be fi pokén afterwarde,And this mut ye 
Well commit to memory, — 
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gainé an otherlyne,namely,the line: 
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6 Lines which are commenfurable to this line whether in lengtb and power 
or in power onely are al/o called rationall. 


This definition needeth no declaration atall, but is eafily perceiued,if the firft de- 
finition beremembred;which theweth what magnitudes are commenfurable, and the 
third, which theweth what lines are commenfurable in power. Here note,how aptly & 
naturally,Euclide in this place vfeth thefe wordes commenfurableeither in length and 
power,orin power onely. Becaufethat all lines whichare commenfurable in length, 
are alfo commenfurable in power: when he {fpeaketh oflines commenfurable in légth, 
he ener addeth and in power,but when he {peaketh of lines commenfurable in power, 
headdech this worde Onely,and addeth not this worde in length, as he in the other 
added this worde in power. Fornot‘all lines which are commenfurable in power, are 
Ítraight way comnienfurable alfoin length, Ofthis definition, take this example, Let 


the fich line rationall of purpofe, 
5. 


whichis fuppofed and laide forth, A 
and may be expreffed, named, and 

nübred be AB, the quadrate wher- l 
ofletbe 472 C D: then fuppofe a- E 









whofe partes are certaine & known, 






EF, which let be commenfurable | [. 
bothrinlength and in power to the çg 


=y -—* 


firi rationall line,that is,( as before 





was taught)let one line meafure the CN | D 
length of eche line, and alfo let one `- i NUR R4 





fuperficies meafurethe twofquares E` FO UM 
of the faid two lines, asherein the = 
example is fuppofed and alfo ap- 
peareth to the eie,then is the line £ F alfo a rationall line, 
Moreouer if the lyne E F be commenfurable in power onely to the rationall line 44 5 
firft {et and fuppofed,fo that no one line do meafure the twolines 4B and EF: As in 
example ye fee to be (for that the line E F,is made equall to the line A Dy which is the 
diameter ofthe fquare A ECD of | | 
which fquare theline-42isafide, . A 3 
it iş certayne that the ide of a 
{quareisincomé{urable in légth to 
the diameter of the fame fquare: 
if there be yet founde any one fu- 
perficies which meafureth the two 
Iquares ef 8 C -D,and E F G H(as 
here doth the triangle 78 D, or 
the triangle e% CD noted in the 
fquare ABCD, or any of the foure ' | 
triangles noted in thefquare EF G Ha) 
G H, as appeareth fomwhat more 4 BoE ———— —.H 
manifeftly in the fecond example, . - A 
in the declaration of the laft definition going before) the line E P is alfo a rational line, 
Note that thefe lines which here are called rationall lines,are not rational lines of pur- 
pofe,or by fuppofition,as was the firlt rationail line,but are rationall onely by reafon of - 
relation and comparifon which they haue vnto it becaufe they are commenfurable vn- 
to it either in length and power,orin power onely, Farther here is to be noted, that 
thefe wordes length, and power,and power onely,are ioyned onely with thefe wordes 
commenfurable or incommenfarable,and are never ioyned with thefe woordés ratio- , 
nall er irrationall.So that no lines can be called rational in length, or in power,norlike. 
wife can they be calted irrationall in length,orin power, Wherin vndoubtedly Campa- 
nus was deceiued,who vfing thofe wordes & {peaches indifferently,canfed & brought 
in great ob{curitie to the propofitions and demonftrations of this boke,which ae hall- 
ie | ON eafily 
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of Cuclides Elementes. Fol.231. 


eafily fee which marketh with’c 


iligence the demion {trations of Campanus in this bóoke. 
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7 Lines which are incommenfurable to the rationall line , are called ire 


+. By lines'incommenfurable to the rationall line fuppofed in this place ; he ynder- 
ftandeth fuch as beincommenfurable vnto it both in length and in power; For there 
are no lines incommeufurable in power. onely: for it cannot be that any lines fhould fo 
be incommenlurable inpoweronely,thatthey be.not alfoincommenfurablein lehgth. 
What fo cuer lines be incommenfurable in powér; the fame be alfo incommenfurablé 
in length... Neither can Enclide hete-in this place. meane lines: incommenfürable in 
length oncly,forin the difünition before ;:hecalled them rationall lines, neither may 
they be placed amongtt irrationall lines. Wherfore it remayneth that in this diffintion 
he fpeaketh onely of thofe lines which are incommenfurable to the rationall line firft 
geuen and fuppofed,both in length, andin power.Which by all meanes.are incommen 
{urable to the rationall line,& therfore moftaptly are they called itrationall lines. This 
diffinitionis eafy to be vnderftanded by that which hath bene fayd before. Yet for the 
mote plainenes fee this example. Let the ftrft ratioriallline fuppofed ; be the line AB, 
whofe {quare or quadrate,let be ABCD. Ande") 5 Te — 

let there begeuen anotherlincE F whichlet. ^ 5 "d 

bero the rationall line incommenfurablein 4 eerie 

length and power, ſo that let no one line mae- — — 

fure the length ofthe two lines ;A Band EF3.) J" 
andletthe{quareoftheline EF beEFGH. 
Now ifalfo there be no onefuperficies which ^— |^ - 
meafureth the two {quaresA BCD; and EF: | 
G H,asisfuppofed to beinthisexample, th&-- f: 
is the line E F an irrationall line, which word Q B 
irrational ( As before did this word rational) © 3 ayp in 
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hüfliketh manylearnedinthisknowledge of 47^ . . ^ $8 a 
Geometry. Flufates,asheleftthewordratios : -` n a 
nall,and in fteace thereof vfed this wordcere E-—-—-4 F; ^c 199 arf 
taine,fo hereheleaueththewordirrationally ^77 > i 677 EJ pugn, 
and vfcth in place thereof this word vzcertaine and euer nameth thefe lines yncertaine 
lines, Petrus Montanreus alfo mifliking the word irrationall, would rather haue them fó 
be called furd lines , yet becaufe this word irrationall hath euer by cuftome and lóng 
vie;fo generally benereceined , he vfeth continually the fame. InGreeke fuch'lines aré 
called dAeyonalogoi which fignifieth nameles, vnfpeakeable,vncettayne;indeterminate, 
and with out proportion : not that thefe irrationalllines haue no proportion at all, ei- 
ther to the frit tationall line’, or betwene thei (elues: but are fo named , for'that theyr 
proportions to the rational line cannot be expreffed in number . Thatis yridoubtedly 
very vntrue,which many write, that their proportiotis ate vnknowne both to vs and:to 
natüre.Is it not thinke you a thing very abfurd to fay that there is any thing in nature, 
and produced by.nature;to:be hiddeffom nature and nottobeknowne of nature? it 
can not be fayd that their proportions are vtterly hidde and vnknowne to vs ( much 
leffe vnto nature ) although we cannot geue them their names ;arid diftin&ly expreffe 
them by numbers : otherwife thould Euclide haue taken all this trauell and wonderfull 
_ diligence beftowed in this booke,in vaine and-to-no vferin which hedoth nothing ells 
butteach the proprieties and paflions of thefe irrational! lines, and fheweth the pros: 
pottions which thcy hauetheonetotheothez; 7| .- c5 04 5. 5 1 i 
; Here is alfo to be noted , which thing al{o Tartalea hath before diligently noted, 
that Campanus and many.other writers of Geometry , ouer milch erred and were decei> 
med in taat they wrote and tauent, that all chefe lineswhofe Iquares were not fienified 
and-mought be expreffed by a (qnare number ( although they might by any other. 
numbcr: as by 11. 12, 14, and fuchothers notí(quate numbers ) are irrationall lines; 
Which is manifeftlyrepugnantto the groundes ano principles of Eachde who wil,that 
alllines which are commen(urable to the rational line, whether it be in length and 
— power 
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is alfo rational l.As fup 


TENA —  "Ohbetentb. Booke ES 


powerjor.in power-onely,fhould be rationall Vodou ibtedly. this hath. bene one ofthe 
chiefeft and greateft caufes of the wonderfull confufion and darkenes ofthis booke, 

which {o hath tofled,and tormoyled the wittes of all both writers-andreaders makters 
and feholers, aud fo Overwhelmed theny, sthat they cóuld not without infinite trauell 


and fweate,attayne to the truth and perfe& vnderftanding thereof, tW EA 
5:4, X be faneie Buch d is deſcribed of the rationall-right line f ippojed d 

315 5r vationall: J : ‘ ! ereidlsod 1101098. dairi Ao pl sate 

ei e con eec * ad 303€ 5517103 HO [Ue omni PORA "f 


"sp VBrill this — hath. Euclid fet forth the natnreand proprietie = the fit 
— ofmagnitude, amely, of lineshow théy.ate rationalkorirrationáll; now.he be- 
ginüéth to fhew bow the fecond kindeóf magnitudes natihely —— are one to the 


other rationall or itrationall.This’ diffinition is very playne.: | yea a Yel 
Suppofe the line AJ;tó-be the rationalblinéjhauing hisparts-. S TT" — B 


and-dinifions: certaynely: kuownes the. fqüiare of which: Jase: oA ` 
letbethe fquare:A B. G D; Now becaufe itis the fquareofthe 
rationaliline A B:;-i6is alfo.called rationall:-and as the finest {i 
AB isthe firfhrauonalliine, vnto.whichosher lines conipa* « « 
rédareicouimpted: Fationalk, orirrationall,foisthequadrat. ; 
or {quare thereof, the firkt rationall fuperficies »ynto which 
all other fquares or figures compared,are eoumpted and. na- iioi ba 32 
CE EM qoe nega ut na Ju * Ex n 
VIS en Eft a) 
ip $ D which a are commen, irae nto it; are rational. "i Is nhio ak 
2d WIep 
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in this diff inition, where itis (asd, fach, asare commen furallet to the Id of the 
ratiohalllinegare not vnderftand onely other Íquares: or -quadrates, but all, other kindes 
of rc&iline figures pl yne plats & fuperficieles.i What fo euerío thatifany fach figure 
be cómenfürable vécue o 1 7 
that We oe K = Aj T. 
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commenlurable yoro the fayd.i {quareas is fuppofedin thisexample,it isalfo a: rational 
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ràble,.itis generally toibe: taken: +: 
as was.this word. cómenfuràble in: 
the diffinitié before. For al fu per- 
ficiefes, whether. they bé {quares:* 
orfigures of the one fide her. 5 * 
óróthefwife: what maner of righe - 4: 
lined-figure {0 euer it be,if they: be. : 
ineomiitrenfurable vnto the ratio- :.: DT 
—— ſuppoſed, thẽ árethey |. RETE ry vas 
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of €uclides Elementes, 7 Fol.232s 


irrationall, As letthe fquare'& B.C D be the fquare ofthe fuppofed rationall line which 
{quare therefore is alforationall:{uppofe alfo al(6 an other fquare', namely the fquare 
E,fuppole,alfo any other figure, as for example fake a figure of one fide longer , which 
let be F-Now ifthe fquare Hand the figure F,be both incommentutable to the ratio- 
nall {quare AB C-D,then is ech of thefe figures E & F irrationall. And fo of other, 


11 And thefe lines whofe poweres they are, are irrationall. If they be 
fquares, then are their fides irrational. If they be not [quares , but ome The — 
other rectiline ſigures, then ſhall the lines, hoſe ſquares are equall to theſe 
vrectiline ſgures, be irrationall. P. uro: r J 
Suppofethat therationall Mu . Qc wis 
{quare be ABCD. Suppoſe | T 
alfo an other fquarc,name 
ly the fquare E , which let de 
beincóméfurableto the ra | 
tionall {quare, &thercfore 
is itirrationall: and let the 
fide or line which produ-. RQ 
ceth this fquare be theline 
F G:then hall the line F G 
by this diffinition be an ir- 
rationallline : becaufeitis | . 
the fide of an irrationallfquare . Let alfo the figure H being a figureon the one fide: 
longer ( which may be any other rectiline hgurerectangled or not rectangled, triangle, 
pentagone,trapezite,or whatío euerells) beincommenfuürable to the rationall (quare 
A B C D,then becaufe the figure H is not afquare,;it hath no fide orroote to produceit 
yetimay there bea fquare made equall vato it : for, that all fuch figures may be reduced 
into triangles,and fo into fquares,by the : 4, ofthe fzcond , Suppofe that the {quare Q_ 
be equall to the irrationall figure H, The fide of which figure Q_let be the line K L:then 
thali the line KL be alfo an irrational line, becaufe the power or {quare thersof,is equal 
to the irrationall figure H-and thus conceinecfother's thelike.. ~ - "lj. 

. Thefeizrationalllinesand figures are the chiefett matter and fübie&t , which isen- 
treated ofin all this tenth booke; the knowledge, of whichis deepe, and fecret, and 
pertaincth to the higheftand moft worthy part of Geometrie , wherein ftandeth the 
pith and mary of the hole {cience: the knowlede hereof bringeth light to all the bookes 
following,with out which they are hard and cannot beat all vnderftoode. And forthe 
more plainenes,ye fhall note,that of irrationall lines there be diuers fortes and kindes. 
But they, whofe names are fetin a table here fallowing , and are innumber 13. are the 








chiefe,and in this téth boke fufficiently for Euclides principall purpofe,difcourfed on. s 
"^ A mediall line, -m Lit J — =, Lim = 
- A binomiallline. — - À mdi. ' 3° 
v Afirítbimediallline . - b ahi — 4: 
*- A fecond bimediall line; : | Ao — um. Je 
- | Agreater line. i -— ma^ Vea 6. 
. Aline containing in power a rationall fuperficies and a mediall fuperficies. ^ ^^^ b 
, Alinecontaining in power two mediall füperficieces. T.D en ee F 
'"PArcnauall ine; | e ns 2 
“i A firft mediall re(iduallline, X p vndas 5 mea ou E God ao: 
Afecond mediallrefiduaflline. — — . — MÁY Ads 
A leffe line. | — "mid — 
A line making with a rationall ſuperficies the whole ſuperficies mediall. zr 


Aline making with a mediall fupérticies the whole fuperficies mediall. 
,; Of all which kindes the diffinitions together with there declarations fhalbe fet here 
_ after in their due places. VoU n iw a — AU à 
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4 Carollary. 


P The venthBooke 
ET T he 1 Theoreme: ° The. Propofition. ey bee d 


T'wo'ynequall magnitudes being genen, if from the greater be taken away 
more then the haife, and from the refidue be againe taken away more then 
=- the balfe, and fo be done ftill continually there (hall at length be left a cere 
__taine magnitude leffer then the leffe of the magnitudes firft geuen. 


"\Za\\ P ppofe that there be two uneguall magnitudes AB, and C, of 
sxe || which let AB be the greater . Then I fay, that if from AB, be 
= WIZE taken away more then the halfe, and from therefidue be taken a- 
faa “Sob fe || gaine more then the halfe, and fo ftill continually, there fhail at 
PON Kia] the length be left a certaine magnitude, leffer then the lefe mag- 
Loe Bi y| nitude geut namely then C., For forafmuch as C ts the lefve mag- 
z m J nitude,tberefore C may befo.multiplyed,that at tbe length it wil 
& Eom eres de! be greater then the magnitude AB (by the s.definition of the fift 





a 





==" booke) . Let it be fo multiplyed, and let the multiplex of C grea- 
ter then AB, be D E. And deuide D E into the partes equall Da 
vite C, witch let be DF,FC,andG E. And from the mag- j 
nituiles A B take awaj more then the halfe, which let be BH: A 
and againe from A H, take away more then the halfe,whith ` 
let be E-K And fo do continually untill the diuifions which are x 
inthe magnitude AB, be equallin multitude vato the diui- | 
fions which are in the magnitude D E. So that let the dinifions 
ARK;KH, and HB, be equallin multitade vato the dinifions H 
D F,FG,andG E. And forafmuch as the magnitude D E & 
"greater then tbe magnitude A B, and from D E ds taken away 
lejfe then tbe balfe, tbat is, E G (which detraction or taking a- 
way is underftand to be done by the former diuifion of the mag- 
nitude ‘D E into the partes equall unto C : for as a magnitude 
is by multiplication Aa , fo isit by diuifion diminifhed) | 
and from AB is taken away more then the halfe, that is, B H: 
therefore the refidueG D is greater then the refidne H A(which 
thing is most true and moft cafie to conceaue,ifweremeberthis — g GC E 
principle, that the refidue of a greater magni de, atter the ta- | 
Ling asay-of the Dale or lef[e then the halfe, is euer greater then the refidue of a leffe magnt- 





- tude, after the taking away of mor | fora{much as the magnitude G D 


is greater then the magnitude H A,and from G D is taken away the halfe, that ts, G F: 
and from AH is taken away more then the halfe, that is, H K : therefore the refidue D F 4s 


- greater then the refidue A K (by the forefayd principle) . But the magnitude DF is equalt 


nto the magnitude C-(by [uppufition) . Wherefore aifo tbe magnitude C is greater then the 
magnitude A K .Whberefore tbe magnitude A K is leffe then the magnitude C . Wherefore 
of the magnitude A B is left a magnitude À K lefe then the lefe magnitude genen, namely, 
then C which was required to be proned . In like fort alfo may it be proued if the halfes, be 
taken away. — | į 
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— OfthisPropofition it followeth,that any magnitude being geuen how litle foeuer it 
be, there may be geuen a magnitude leffe then it : fo that itis impoffible that any ag 
> k nitude 
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nitude fhould be geuenthth which.can.be genen no leffe. 
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— | I GC AETERNE s 
i" Suppofe that the two upequall magnitudes gener be AB andC. And let C bethe leffe. 
And forafmuch as Cisthe lefve,thereforeC may fo be multiplyed, that it fhall at the length 
begreater then AB. Levit bejfowssltitlyed, and letthe multiplex of C excediug AB be the 
magnitude F M | And deuide/F M, into bis partes eguallunto C, that is, into the magri- 
as: MH,HG,and GF And from. B take away more then the halfe, which let bg 
the magnitude BE : and likewife from EA take away againe more then the halfe, name: 
ly, ibe magnitude E D. And thus do continually untill the dinifions which are in thé 
magnitude FM , be equal in -multitude to the diuifions which are is: the magnitude A 
B: ‘and let, thoje diuifions bethe magnitudes BE,ED, and D A. And bow penitiplex 
the. magnitude FM is to the magnitude C, fo multiplex let the magnitude K X ‘be 
to the magnitude D A. Aid deyide the magnitade.K X into the magnitudes equall tå 


the magnitude D A which let be KL, LN, and NX. Now then the dinifions which 


arein the magnitude K X, are equall unto the dinifi- 
ons which arein the magnitude MF . And forafmauch 
‘as BE is greater then the halfeof A B; therefore BE : 
3s greater then therefidueE A Wherefore BE ismuch = ] 
Jore greater then D.A But D AisequalluntaXN. A | 
Wherefore BE is greater.thenX N.Againe forafinuch |— 
as D Eis greater taen the halfe of EA, therefore | : 
D Eis greater then therefidue D A:but D Ais equall 
unto LN : wherefore D Eis greater then LN Wher- 
fore the whole magnitude D Bis ereater the the whole E 
magnitude X L, But D A isequall vnto L K Where... 
fore the whole magnitude CAB is greater then the 
Whole magnitude KX. Andibemagnitude MF is. |». 
greater then the magnitude B A: wherefore MF is = | | 
much greater the-K X . And fora{much as thofe mag- . 
ziluaes X N,N Lc LK are equall theonetotheo. — 
ther, likemife tbefe imaanitudes M H,H Gand G P,— 
are equal tbe one to the other cc the multitude of thafe | | | 
magnitudes which arein M F, is equall tothe multi--. B Q [s 
tude of thofe magnitudes whith drein K X: therforeas | ET N^ 
K Listo F G, fois LIN to G H,and N X to H M Wherefore (by the 12.0f the fift) as one 
of the antecedentes namely ,K Lis to one ofthe confequentes, namely, to` F G, foare all the 
antecedentes namely the whole KX 10 all the con fequentes namely, tothe whole F M . But 
F Mis greater then KX. Wherefore F G is greater then L K. But F Gis equalluntoC: and 
K L unto D A (by {uppofition) . Wherefore the magnitude C is greater them tbe magnitude 
A D : which was required to be proued. | 


4 
e ¢ "P 
uM 


c 077. The 2-T beoreme, — T'be 2. Propofition. 


Two wgl magnitudes being geuen, ifthe lefse be continually taken 
from the Areater «7 that which remayneth meafureth at no time the mage 
so. Wtude going before j then are the ma enitudes genen imcommenfurable. 
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—— P ppofe tbat there be two vnequall smagnitudesA Bandi: i loo y gia 






X X C D ,and let A B be the leffe : and taking amay continn- 
NC! ally by a certaine altermate detraction the Veffe from the 


CELNA greater, let not the refidue meafure the magnitude going 
before JT hen I fa ; thatthofe two magnitudes A Band CD; are in- pn ri b. 
: | M 


commenfurable . For if they be commenfurable, then (by the fir Mes s AUS Mt 





T? eo n (1 T ; " : . yi 4 pow M E 4 * 
inition of the tenth) [cme one magnitude [hall meafure thera both: i 

Let there be fuch a magnitude, if it be pofible, awd let the fame be E | des 
vnd let A Bmea[sring D E,leaueu leffeshenit felfe,pasmely,C F^-| > pR 
E s P S E ^ MES 1 3 eeir t A^ 
(thatis,from the greater magnitude G D, takeaway d^certzyne partas DE, 7]. 577 s vM 
which let be equall to AB, or it it be nor equall vnto it, yetletitbe fuch,that, |o. — Ts 
chat lefle magnitude A B being more then once repeated may make the mag- J... © EL 
nitude D F : For this isthe meaning ofthis Je£ 2t Bmesferins D Y. Fdc^And ^ |^. A 
this detraGtion made, ofthe lefle I fay quc ofthe greaterjlerthere beleftofthe s Eoi ot 2 
greater a certaine portion C F, lefle then the magnitude A.B. And tiisisthe . | i, —8 
meaning of that which in the Theoreme was ſaid, And hat which remimcthu |. E 
fresh ut na time the magnitude going before’) Tikewile let CK jeg uring M r 
2 : + a s ^ Rs? MA XS ‘(= 2 Ah. $i M - Ac wer T 

FG leane a lefe then it felfe namel, A C> ana dothis continually as . | 
| E 
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is lefe then E : which nous? meedes at tbe length hatpén (bytbe Propo[rtien coina before). 
‘the 


often asneederequireth, untill there be fuand (web a pacnitudethat g $^ 


Lei there be found fuch a magnitude lefe then E, which let be-AG. And forafmuch a 


. ee 3 i SML Xv, LS Tar a TODO PE 
magnitude E meafureth tbosagnitude 4 B, but A Beneafureib D F i therefore E. vacafa- 


* 


reth the magnitude D F (by this common fentence , fa magnitude meafure an ot ber praet) nde tt 
foal alfo neefure euer) magnitude whom it merfureth TE tj e fir et pp Ifo th ^ 5 Bp le CD (for 
it is (reppofed to be a comnzen meafure'to the magnitudes AB and C D ) Wherefore alfoit 
meafureth the refidue C F (by this cómmon [entence, If à riaguitude meafurean whole and apart 
tuken away, tt foal alfo meafure the refidue ): And fo » fiut 9 furet P Cf, bui c p —* y 
fureth BG, therefore E alfo meafureth BG ( by the first fore(aid common [entence) : and re 
seeafureth the whole AB .W. Pereforeit fhail alfo meaſure the reſidue A G ( by the other fore. 

ayd conzmog [entence) mamely, the greater magnitude fa! nséafure the lefe 2 which is im- 
pofsible .Wherefere no magnitude meafureth thefe magnitudes LA Band CD. Wherefore 
the magnitudes AB andC D are incommeénfurable.. If therefore two vnequall ma gnitides 
being geuen,the leffe be continually taken from the ortatersandt D wtih amane Ai 
fureth at no time the magnitude going before, then are the magnitudes Geuen in commen fit 
rable ; which was required to be denzonfirated, = — ws — 


g` 
s Y M i¢ A t a i e E ^ } 


¢ A Corollary added by Montaureus, | oo. ias 


* — D... ^ "T" M en — 
n By this propofition itis manifeft,that if the two vnequall magnitudes geuen benot 
incommenfurable, but commenfurable,then the leffe being continually fubtrahed ont 


‘ofthe greater;the refidue fhall of néceffitie meafure thatwhich went before.” " 
= nn sg The 1.Probleme:--- Tbe s Propofition. 2757 00^ 


Two magnitudes commenfurable being geuen , to finde out their greatest 
common meafure. * 


f Vppofe that the two commen[urable magnitudes geuen be A B c C D, of which 
Z Vlet A B be the lefe Itis required to finde out tbe ereate[ff common si afure of the 
— | magnitudes A Band C D.Now AB either meaſureth CDornot. F it meaſure 


ella! it and ſeing it alſo meaſureth it ſelſe, wherfore A B is a common meaſure AF. 
l tne 
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the magnitudes AB and C D. Andit is manifest that it is the grea- m 
teff conaænon men lure to them. For no magnitude greater then AB | 
can meafure AB. But now fuppofe that AB donot meafure CD. 
Azdtaking continualiy the lege fron the greater that which rerai- | 
neth [ball at lengtb smeafure tbat which goeth before(by tbe. corella- 

ry bcfore added j,fer that AB aga C D are comen{urable.Now then 

let A B sea urina E D which isa part of the magnitude C D, leaue. +P 


A 
| E 
a magnitude lefe tben it felfe namely E C 2fud let E C mea[uring | 


the magnitude F B, whichis a part of the magnitude «4t B, leauea 


beffe thë it felfe gamely, F A,and let F A precifely meafure the mag- 
nitude CE (And this is the meaning of this, Thar which remayneth fhall at 
the length mesfure thas which goeth before, when there is nothing left after the 
meafuring made) Ayd forafmuch as A F meafureth the magnitude 
CE,but C E meafureth F B : wherfore AF alfo meafureth F Byer 

it meafureth it fel e : wherfore A F meafureth alfothe whole AB. 
But A B meafureth D Eyvherfore A F alfo meafureth D E.And A 

F alfomeafureth CE, wherfore it ncafureth the whole magnitude 
CD.Wherfore the magnitude A F meafureth both the magnitudes 

A Band  C D.Wherfore A F is a common meafurevnto A Bagd C. Y 
D.I fay alfo that it is the greateft comon meafure unto them.Forif B P 

not,then ts there forme magnitude greater the the magnitude A F which meafureth both the 
magnitudes A Bana C D.Let there be fuch a one if it be poffiéle,ard let the fame be the mag 
nitude G.And forafmuch as G meafureth A B,and AB meafureth ED : therefore G alfo 
meafureth E D, and by [uppofition,it meafureth the whole C D, wherfore G meafureth alfo 
the refidueC E. ButC E pmea[ureth F. Bywherfore G alfo meafureth F B.And by [uppofition 
it meafureth the whole A B.Wherfore it meafureth the refidue A F „namely the greater mag 
nitudethe lefe,vhich is impoffible. Wherefore no magnitude greater then A F, meafureth 
thefe magnitudes A Band C D. Wherefore A F isthe greatef? common meafure unto the 
magnitudes AB and C D.Wherfore unto twocommenfurable magnitudes geuen, namely, 
A B and C D is found out thetr greateft common meafure, namely, the magnitude A F : 
which was required to be done. 


— — — — 


q Corollary. 
_ _lereby it is manifeft that ifaa magnitude meaftre two magnitudes, it fhall 


alfo meafure their greate/t common meafure. For ifit meafure the wholes and the partes 


taken away,it fhal alfo meafure the refidues,of which one is the greateft common meafure,as we may 
fce by the latter ende of the former demonftration, | 


eJ Montaurens veduceth this Probleme into a Theoreme after this maner, 


Two Gnequell and commen[urable magnitudes betng eeuen, 1f tbe leffz da meafure the greater, them asit the 
greates! common meafure to them both. But sf zot,then the leffe being continually by a mutual detractson (as 
before hath bene taught) taken out of the greater ,whenfoener the reſidue precsfely meafuret h that which went 
before leaning nothing, the fard reftdue [bal be tbe ereateff common meafure to both the magnitudes geuen. 


— 


q Ihe 2. Probleme. Ihe 4. Propofition, 


Uhree magnitudes commenfurable beyng geuen,to finde out their greateft 
common meafure. | 


DD aye | Suppofe 


This propoli- 
ticn teacheth, 
that in conti~ 
nual quantia 
iy which the 
2.0f the fexith 
taticht in 

Nt: IDET Se 
The fecond 
cafe, 


Dewmonfire = 
tion leading to 
49 ab[ 8 ilie, 


vf Corollary. 


This Proe 
bleme reduced 
to a Theos 
reme, 


ay 5 PhetenthBooke — : 


This propot TE Qs ppofe that theshree commenfurable magnitudes genen be A,B,C. it is required 
um o | 4 m F of thefe three magnitudes to finde out the greatefi common meafure. Take (by the. 
shatinconti- Gea) former propofition ) the greate/t common meafure of the two magnitudes A,B and, 
muatguanci- et the fame be D.Now then this magnitude D either meafureth the third magnitude,which 
ty whichthe — 2s Cor not.Firft let it meafure C: And forafmuch as ` : 
3-eftbefécoud D vmeafuretb C, audit meafureth alfo the magni- 
— tudes A,B + therfore D meafureth the three magni- 
PEED EFS. er z 
tudes A,B,C W herfore D is a common meaftire vn- 
~. tothe magnitudes A,B,C. And it is manifelt,that it 
Confiratison, is the createft common meafure. For no magnitude 
| greater then D can meafure the magnitudes A,B,C. 
Two cafesi Foy if it be pofible let the magnitude E being grea- 
* Propose sey then the ma gnitude D, meaſure the magnitude 
The fief cafe. A,B,C Ana fovafmuch as E- meafureth the magni- 
tudes A,B,C, it meafureth the two firft magnitudes 
Demosta. 4B Wherfove it fhail alfo (by the c orollary of the» A 
rion leading to former prepofition )meza[ ure tbe greatefl comon smea- 
ancbfardicie. {ure ofthe magnitudes A,B whichis D, namely, the greater fhall meafure the leffe, whica 
is impofiole. | ' | ! | 
 Butnzowlet D not meaſure the magnitude C. Firft I fay that the magnitudesC,D, are commenfiem 
ea fe rable. Foy foyafmuch asthe magnitudes A,B,C are commenfurable, (ome magnitude [hall 
„, Beure then, wbich ball alfo meafure the magnitudes A B taken apart. Wherfore it [ball 
A Lemna alfo (by the corollary going before men (frere the greateft common meafure of A,B Mat i$, D: 
eecefary ade. ass (Ey fepsofitivn )it maf ureth the magnitude | ! 
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— —— — — | — — — i 2 
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4 
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prone bef ase CWherfore that {aid magnitude fhall meafure 

we fall ta ie the magnitudes Cand D.Wherfare the magni- 

HOMO NAL ECM, . s T a 

Confronto, Itn CoD are commmse{ arable T ake by the third 

| sof this tenth, their eveateft common meafure,cy 
let the fame be the magnitude E. And foraf- 
much as E meafureth D, but D meafureth the 1 | L 
magnitudes A,B. Wherfore E alfo meafureth . | , We 
the magnitudes A,B, and it alfo meafureth the | 
7 magnitude C.Wherfore E isa common meafure | | | 
Demssilra~ 39 the shrce maguitides A,B,C. [ay alfo that it y ge c E 


V — 


^ NA ts the ereatefl conus snea[ ure. For if it be poffz-. 

` ble, let there bea magnitude, namely, F, grea- 3» 
ter then the magnitude E. And let F meafure the three magnitudes A,B,C. Aud foralmuch . 
as Finesfureth the magnitudes A,B,C it alfo meafureth the two firft magnitudes A,B Wher 
fore (53 the covallary going before) it fall alfo meafure the greate/t common meafure of the 
sracuiiudes A,B But the create/? common meafure of the magnitudes A,B,is D. Wherfore 
F preafureth Dandit allo meafureth CWherfore F mea[ureth the magnitudes CD Wher- 
fore F feallai fo meafure the greateft common noeafure of the magnitudes C,D.But the grea- 
Feli corio meafure of the magnitudes C,D, is E. Wherfore F meafureth E, namely, thé 
wrester,the lelfe which is impo (ible Wherfore no magnitude greater then E meafureth the 
magnitudes A,B,C. Wherfore E is the greatest common mea[ure of the magnitudes ABC. 
If D do not meafurethe magnitude C.But if D do meafure C,then is D the greatef conmo 
aveafuve Wherfore three magnitudes commenfurabie being geuen,there is found their gres- 
ret common meafire: which mas required to be done. * 


On 


~ 


Corollary: 
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Ferxehbʒ it is manifeſt, that ifa magnitude meaſure three magnitudes jt hall Az care Harya 
~- alfo meafure their oreateft common meafure. In like fort alfo in magnitudes 
commëfurable ho% many foener being gene, may be found out their greate/t 


common meafure and the covollary will ever be true. ., ..\ -— 
. : This Probleme alfo Z4outaureus reduceth into a Theoreme after this maner: This Prot 
t a! 4 i j | ; i Dj Y 
Three magnitude! being commenfurable if the greatest common menfa T fo of them,do mealure the third blewze redut ed 


E / did 
st fhall be the greatell common meafure to althe three magnitudes genem. Bust if it do not meafure it ,the greateſt to a Theo 
common meaſure of the third and of the greatest commen meafure of the two firft, isthe greatel? common meas Thies 
fore of allthe three magnitudes, | Tw : 


ate 


t ‘ 


y I be 3. T beoreme. — The 5. Propofition. 
Magnitudes commenfurable haue [uch proportion the one to the other, as 
number bath to number. - i y 


NG Mud that A and B be magnitudes comenfurable. T hen I fay that A hath unto B — 
KASy jen proportion as nuber hath to number.F or fordfmauch as Aand B are comen|t- 
WONG rable, therfore fore magnitude meafureth them let there bea magnitude that mea 
fareth thers,and let the fame be C. And kow often C meafureth A, {0 many vnities let there 
be in the number D.And how ofien C weafurcth B,fo many unities let there bein the num- D 
ber E,and let F be unitie. And fora[sauch as tbe magnitude C-meafureth the magnitude quof 


Conflrutdzon. 


- | |J S'Y tron 
A by thofe vnities which are in the number Ds and >... s " 
vuitie F meafureth the number D by thofe vnities 4. 5 ss. ii eme 
which are inthe number D : therefore how many | o. oxi 


times unitie meafureth the number D fo many times «| 
doth the magnitude C meafure the magnitudë Az Ẹe 
wherfore as the magnitude Cis to the magnitude A, \- 
{ois unitie F tothe number D. Wherefore contrary \. 
wife (by the coroliary of the fourth propofition of the: |: 
jift boake)as the magnitude A isto the magnitude €; . 
foisthennmber D to vnitie Fi. Againe fora[puch. 
asthe magnitude C meafureth the magnitude Bby* 
thofe unities which arein the number. E, and 'vnitie -| 
F meafureththe number B by thofe vnities whith * cada dad +. 

are inthenumber E : therfore how many timesvnix A. Boo G. D E F 





tie E meafureth the number E; fo many: times doth | ar The iens, al 
tbe maentiude C meafure the magnitude B. Wherfore a3 the magnitude G is to the magni- 
tude BfoisunitieF to the number B, andiit is prouedthat as the macgnitude A is to the 
smaenittde C fois the number D to unitie FiWher fore of equalitie (by the 22. of the fifte) 
as the magnitude A is to the magnitude B fo is the number Do the number E. Wherefore 
the commen{urable magnitudes A and B bane that proportion the oneto the other that the 
number D hath tothe namber E. Magnitudes therfore commenfurable, hane fuch pro- 

portion the one to the other,as number bath to number: which was required to be proued. 


= 
t 


E 18 DD... Mag- 


How magni- 
eudes are fayd 
£o bein prom 
portion the 
on: totheo- 
éber as num- 
ber is to nint- 
ber, 


This propa, 
ron isthe 
conuerfe of 
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Conffruction. 


Demonſtra- 
f. 


. D MWiberefore besmagaitude C alfo meafu- . 


, Thetenth Booke. > 


Magnitudes are fayd to haue fuch proportion the one to the other, as nfiber hath 
to number, when as what foeuer proportion is betwene thofe magnitudes, the fameis 
found betwene fome certaine numbers : as if a magnitude be ynto a magnitude either 
equall, as the number 2. is to the number 2,or donble,as the number.4. to the number 
2,0r triple, as 6.to 2, orin any other multiplex proportion . And foalfo touching the 
other kindes of proportion,either fuperparticular,or {uperpartient. 

q The 4.£beoreme.. . The 6.Propofition. 
If tio magnitudes baue fucb proportion the one to the other, as number: 
bath to number : thofe magnitudes are commenfurable. / 


a ppofe that thefe two magnitudes A and B haue that proportion the one to the 
other, that the number D hath tothe number E . Then 1 fay, that the magni- 
tudes A,B, are commenfurable. How many vnitiesthere are in the sumber D, 
Bada into fo mary equal partes deuide the magnitude-A ( by the 9.0f the fixt) and 
let the magnitude C be equall to one of the partes therof . And how many vnuities there are 
inthe number E, of [o many magnitudesequall vato the magnitude C let the magnitude F 
be copofed. And let G bevuitie. IN ow fóra[much as how many unities there are in the niiber 
D, fo many magnitudes alfo are there in the HELL. 
e 


magnitude A equalivnte the magaitude Cs 
therfore what part uniti Gis of the nitber DD, - 
the fame part is tbe magnitude C of the mag- 
nitude A. Whereforeas the magnitude C isto 
the magnitide A, fois vnitie G tothenum- | 
ber D. Butvnitie G meafureth the number.. + 

| 

Bo 
iz the magnitude F equall unto the magni- a aia n là d 
tude C : therefore as the magnitude C isto themagnitude E foisvnitie G to the number E. 
And it is proued that as the magnitude. is to the magnitude C, fois the number D to vni- 
tie G . Wherefore of equalitie (by the 22. of the fift) as the magnitude A is to the magnitude 
F, fois thé number D tothe number EBut as thenumoer, D. isto the number Ey fois the 
macnitude to the magnitude B .Wherefore ( by the rr. of the fift ) as the magnitude A i 
to the magnitude B, fois the fame magnitude Ato the magnitude F: wherefore A hath vn- 
to either of the[e magnitudes Band F. one aud the fame proportion Wherefore (bythe 9.0f 
the fifi the magnitude Bisequall unto the magnitude F . But the magnitude C meafureth 
the macnitude F : whereforeit alfo mea[ureth the magnitude B * and it likémife mea ifitreth 
the magnitude A. Wherefore the magnitude C meafureth the magnitudes Aand B.Wher- 
fore the magnitudes A cy Bare commenfurable . If therefore tmo magnitudes haue [uch pro- 


portion the oneto the other, asnumber hathto number thofe magnitudes arè comenfurable: 
which was required to be proued. e 








reth the magnitude A. And for that ‘asthe 
magnitude C is tothe magnitude A,fo.isv- 
nitie G tothe number D : therefore contrary- = 
wife (by the Corollary of the fourth of thefift) == 

as the magnitude A is tothe magnitude. C, i 

fois the number D 10 vnitie G-Againefora[- |. 
much as how many vnities there are inthe. 4 
number E, fo many magnitudes alfo arethere 
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Lx, Hirdyit ismaanifelt, that if there be tre nübers.as.Dnd o oaa sone A wb Corollary, 
‘E, and aright line, as A: it3spofsible to gone an otber lit oss oou 

vaio which the line A fhall bane the [ame proportion, that the 
namber D hath tothe number E. For deuide the line A into, . 
[0 many equall partes.as ther eare unities in the number D (by 
the-9.of the fit). And take an other line, as’ F, which let be | | 

"ontod Of [0 wmany partes eyuall tothe partes of the line das o i o oa 

there be unities in the number E .Whereforethe line A fal - | " | E 

beto theline F, as the number D isto the number E. Andby: | 
“Dis reines yön may vato any line geu? gene an other Gie come © E 


menſurable in length . Lor if tivo lines be in proportion the one | 
tothe other,as number ts to number,they {hall alfo be commen- l. | 
\furable in length, by this 6. Theoreme. | — men nl o Ci 
i A qr An Affumpt. | ——— 
Set 


"T iwo numbers being genen, andalfo a right line: ag tbe one number is to 
the other fo to make the [quare of} line genen to be to tbe [quare of an otber line. 


Suppofe that the numbers geuen be D and E : and let the right line genen ber A. Itis 
required, as thé number D ts to the number E, foto make the fquare of the line A to be to 
the {quare of ax other line . As the number D is to the number E, folet the line A be tothe 

‘line F (by the former Corollary). And take’ `` — 
betwene thofe trio lines A-and F themeane ` 
proportionall ( by the 13. of the fixt ) which | 

‘let be the line BY. Now for that as the number * 

-D is tothe number-E, fo is the line Ato the 

vline Bs and as the.line A is to the line Fon 
As the fguare of the line A to thefqsiare poo vm qM om i s M 
live B ( by the fecond Corollary of the 20.0f \ — — * 
the fixt) . Wherefore asthe number D isto ^ ^ Disc RE.a 

the number Efo is the fauare of the lige 410 — 

he {quare of the line B : which was required to be doge. 
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«qr Án other demonftration of the 6. Propofition. 


. Suppofe that.thefe two magnitudes ceuen Aand É, 
haue that proportion the one to the other, that the num- 
: wad n . py — 
ber Chith ta the nibe D bz Í Jay, that thofè magni- 
- ides ave comme [urable. How may vnitiesthere are in. 


Coufiruction, 
the number C, into [¢ many equall partes let the magni- | 


dude A be denided, ey let the magnitude E be equall vn- 
“to one of thofe partes. Wherefore A5 vinitie isto the Pu 
ber G, [0 isthe magnitude E to the magnitude A. And 
45 the number C is to the ntimber D,fois the magnitude 
A to the magnitude B. Wherefore of equalitie( by the 22. 
Of the fift)as unitieis to the number D, fois the magni: 
tude E tothe magnitude B. But vnitje meafureth the 
> number 


~ + 


tion è , 


*»* 992-25» 9 
, 


Demonstra- 
j 


Fui. 


Demon trs- 
tron leading ta 
4n ab[urditic. 


— ai 
Yr * 


v» iU 
e 23 


Thisas the 
connerfeo*the 
ric rand 2$ 
proued by an 
sydarect de- 
monſtratiou. 


4. 


1 ie 7 P T — 
~~ La * Y . a ğa A Y. ^N . 
lo" ete poke wees 
t Ll a , & 3 P Ate w af * wel D - 


number D . Wherefore the magnitude E pheafureth tbe magnitude B. And it alſo meaſu- 
reth the magnituae A (for that vnitie meafureth the number C ). Wherefore thé magnitude 
E meafureth either of thefe synagnitudes A and B Wberefore tbe magnitudes .A and B are 
commenfurable, and ihe magnitude E is their common meaſure. e 
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Magnitudes incommenfurable, hane not that proportion the one to the oe 
ther that number hath to number is oe sa a ap a 


ext ae  ppofe that the magnitudes. A and B be incommenfurable.. Then fay, that A 
SING | bath not to B, that proportion that number hath to.nupsber. For if A hauevun- 
DVS” | : to B that proportion that number hath to number, then is A cémenfurable vn- 
sere, to B (by the 6.of this tenth) . But (by ſuppoſition) it is not. Wherefore A bath 
act unto B that proportion that number hath to * — i 
number .Magnitudesinconmnenfurable therfore ~~ 
haue not that proportion the one to the other that B — — 

hamber bath to nuber: which was vequiredto “| o, pig. vnd 
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WTS) arf, es i p yet ye ay a e. Any 
Lf two magnitudes bane not that proportion the one to the other tbat num» 
ber hath to number, thofe magnitudes are incommenfurable. 


‘ eo . i 

q — that theſe two magnitudes A and B, haue not that proportion the one to 

KSA the other that number hath to number T ben Lfay, that A and B are magni- 
CX PX tudes incommenfurable . For if A and B. be commen[urable, then fhail A hane 
KELSA vanto B, that proportion that number hath to number ( by tbé $ of this tent). 
But (by [uppofition Jit hath not that proportion that ir | 
number hath to number .Wherefere. A and B are A: 
incowmenfurable magnitudes.If therfore two mag~ g È 

pitudes baue uot that proportion the one-totheo-.. e a ym 
ther that number hath to niber, thofe magnitudes l 
are inconmen[urable :avbich was required to be proued. 











q The 7. DL heoreme. Ihe 9. Propofition.. 
Squares defcribed of right lines commenfurable in length, haue that pros 
portion the one to the other that a fquave number hath to a fquare number. 
And {quares which bane that proportion the one to the other that a [quare . 
number bath to a fquare nüber fhall alfo haue their fides cõmenfurable in 
length. But fquares defcribed of right lines incommenfurable in length, 
baue not that proportion the one to the other, that afquarenumber hathto . 
a fquare number. And {quares which haue not that proportion the éne to 
__ the other thata {quare nuber, hath toa [quare number hane not their fides. 
~~ commenfurable in length, ` CN | 
Eo. Suppofe 
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rene ¥ ppofe that A and B be lines: 
| Eu S copzen[urable in lengtb.T hen 
ERAS I fay that the [quare of the 

line A hath unto the {quare of the line 

B, that proportion thata [quare num- - 
ber hath to a{quare number For foraf 
mach as the lines A and B are commen 
furable in length : therefore the line A 
bath vnto the line B that proportion 
that number bath to number (by the 5. 
ofthis tenth) Let the line A hane unto 
the line B that proportion , that the 
number C bath to the number D, Now 
for that as the line A is to the line B, fo 
is tbe number C fo tbe number D : but 
the [quare of the line A is unto the 
quare of the line B in. double proportio 





of that which the line A is vato the line B ( for like rectiline fieu 
the 20. 0f the fixt.) are im double proportion of that which the fides of like proportion are) 
aud likewife the [quare number produced of C is tothe [quare number produced of D in 
double proportion of that which the number C is to the number D(for by the 11.0f the eight 
betwene tivo [quare numbers there is one meane proportionall number ey a [qaare number is 
to a [quare nember in double proportion of that which fide is unto fide) . Wherefore as the 
quare of the line A isto tbe [quare of the line B,fo is the 
number C,to the [quare number produced of tbe number D. 


LJ 
e 


e first corollary of 


quare number produced of the 


_ Anotherdemonftration to proue the fame. 


~ Forafmuch asthe lines Aand Bare commen[urable,therefore( by tbe 5 oftbis tenth) A 
hath unto B the fame proportion that. number hath to number.Let them. haue that proportio 
that the number C hath to the number D « And let the number C multiplying himfelfe pro- 
duce the number E,aud multiplying the number D,let it pro | 


a 


dace the number F: and let thè parte 


number D. musltiplyine himfelfe produce the number G .. Aud farafmuch as tbe number. C ~ 


multiplying himfelfe produced the number E, and multiplying the number D it produced 
the number F :therefore(by the 17 .of the feuenth Jast: 


is, the line A tothe 


je number C is to tbe number D , that 


line B fois the num- Dori i Af 
ber E tothe niuber F. ~ | | 


But as the line A is E 
tothe line B, fois the | Al 


{quare of the line A 
to the parallelograme 4 | E 
contained under the | 

lines Aand B (by the * — 
feft of the fixt Wher A 
fore 4$ the (quare of — 
the line A A5 fo that C essee 
which is contayned | 
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An other de- 
»soz[iratton 
vf the fame 
fil part after 


Mostauresys, 


Demonſtra- 
tion nf the fe- 
conde part 
which isthe 
couxerfe of 
tbe former, 


fquare uumber bath to a [quare number which was required to be demonfirated. — >` 


4 plying the nursber D produced the number F , c the number D — himſelfe pro- 


duced the number G: therefore ( by the 17 of the feuenth ) asthenumber C is to the num- 
ber D, that is, as the lise Aistothe lineB, fo isthe number E to the number G. But 
asthe line Ais tothe line B, fo is parallellograme contained under the lines A and B ta 
the [guare of theline B (by the first of the fixt). Wherefore as that which is contained vas 
der the lines A and B is to the [quare of the line B-, fois the number F to the namber. 
G. But as the {quare ofthe lige Ais taibatwhichis contayned vnder the lints Aand B; 
fos the number E to tbe iumbey F . Wherefore of equalitie(by the 22. of thefifte ) as the. 
{qsare of the line A is to the [quare of the line B , (0 isthe number E tothenunsber G . But. 
either of thefe numbers E and Gis a. fquare number.For E i5 produced of the number C, 
multiplyed into him felfe , and G is produced of the ninnber-D multiplied into him felfe. 
Wherefore the [quare of the line A hath unto the  fquare of the line B that proportion that a. 


An other demonftration of the fame fitit part after Moktáureus, } 


Suppofe that there be two lines commenfurable inlength A and B. . Then I fay that the fquares 
Geferibed of thofe lines thalbe in proportion the one to the other as a quare numberis to afquare nü- 
ber. Fer forafmuch-as'the lines A and Bare comméfurable in length, they fhalbe in proportion the one 
to. the other as number is to number(by the s.of this booke).Let A be to D in duple proportion,which 
isin fuch proportion as number is to number,namely,as 4,is to 2,.and 5.to 3,and {o ofmany other.And 
(bythe {econd of the eight )take the threc leaft numbersin continuall proportion,and in duple propor 
tion, &iet theíame be the numbers 4.2.1: wherfore by 
the corollary ofthe fecond ofthe ight , the numbers 
4 andar. faalbe fquare numbers. (^ For.as 4. isa Íquare 
number produced of 2.multiplied into him felfe,fo is x. 
alfo a fquare number;for itis produced. ofvaitie multi- 
plied into him felfe.) I fay moreouérthatthofe arethe 
{quare numbers , whofe proportion the fquares of the 
lines A and B haue the one to the other, Foras the number 4.is to the number z. fo is the line A to the 
line B. ( For either proportion is double bv fnppofition ) : butastheline A isto the line B, fois the 
{quare of the line Ato theparallelograme contained vnderthelines A and B ¢ by the firitof the fixt). 
WW hercforeas the number 4. isto thannmber : fo fhall the fquare of the line A beto the parallelo- 
eratic Contained vndér the lines A and B. Likewife asthe number z. is to the number 1. fo is the line 
Ato the line! ( For dither proportion is duple by fuppofition): butas theline A is to theline B , fo is 
the paraijclopraime contained. ynder the Jines A and B co‘the fquare of the line B ( by thefelfe fame firft 
of thedixt) .. Wherefore asthe number 2.is to:1.f01s the parallelograme contained ynder the lines A 
and B to the fquace ofthe line B.: wherefore of equailitie (by the22.of the fifth:) as the {quare of the 
dine A is to the {quate’of the line B,fo is thenumber 4.to z.which are proned to be fquare numbers. © 
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t now fuppofethat the fauareof 
the line A, be unto the [quare of the mE 
liue B, as tbe [quare nüber produced of. | 

the number C is tothe (quare number | 
produced of the number D. Then Ifay 
that the lines A cy B are comenfurable 
in length. For for thatas the {quare of 
the line Ais to the fquare of the line B, * 
fos tbe [quare number produced of the Jav 
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nuimber-G tothe [quare number pro- | MSN c 
duced of the number D:but the propor a »" SS d WX "E 
tion of tbe [quare of the line A, is unto E... d — —— qu c 
the {quare of the line B doubleto that ES n ry Meer" 
proportion which the line A hath unto — 4 uma "e p 
the line B( by the vorollary of thexo.df "ot Nro? 
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of Euchdes Elementes. - Fol.2:8. 


the fixt).. And the proportion of the {quare number whichis: produced ‘of the number C to 
the [quare number produced of the number D is (-by thexx.of theeight ).doubleta that pre 
portion which the number C hath vnto thé number D. Wherefore as the line A is to the line 
B fois the number G to the number D. Whereforetheline A hath vntethe line Bthe fame 
proportion that the number C hath to the number D. Wherefore (by the 6:0f this booke the 
lines A add B are commen[urablein length is whichwas requiredtobeproued,. w 
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fame proportion, that thefquare number Ehath to thefauarewumber G : Then l 
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the fauare number E 
be tbe nüber C, c let 

the fide of tbe [quare 

number G be the nũ- 

ber D: and let the . 
number C multiply. . 
ine tbe maler Doo 
produce tbe nüsmber. | 
F:. Wherefore.thefe 
numbers EsF yGs are - 
in coniznnall propor- 
tion aud inthe fame 
proportion that the 
number.C is tothe, E 
number D (by the 17.and 18 " 





t of the [euen f 7) “tad forafinuch as rhe meane proportional betwent the 
[quares of the lines A and B is that which is contained Onder the lines A and BV hich though it nieht 
briefely be proued:yet we take it us now) And likewi e the meaneproportionall betwene the 
numbers E and G 1s the number F( by the 20.0f the et ) therefore a5 tbe [quare ofthe 
line A ts fo that which is contaiped under the lines Aand B, fo is the number E to the gun- 
ber F and as thatwhith is containtd ander the lines:A and Bis to the [aware of tbe line B, 


Jois the number F tothe number G But as the fquare of the line Ais ta that which is ton: find 


tained under the'lines A and Efo 15 the line Ato the'line B (by the fivft of the fixt). Wheres 
fore the lines A and B are in the [ame proportion that the number Eis to the number Fs 
that is,that the number Cis tothënumber D . Wherefore the lines A and B are commenfi- 


rable in length (by the 6.0f this tenth)-which was required to be proued. M e 
But now fuppofe that the lines A and B be incom. - 


n~ 


menftrablein length. Then I {ay that the fanare of A MÀ 
the line A hath not unto the {quare of thé line B that: . Yy9 Users SO ava 
proportion that a fquare nunzber hath to a {quare nites Ts ^4 





ber. For if the fquare of the line“A hae nto thes o sev — 
fauare of the line B the fame proportion that a [quare number hath toa f: quare number the 
Joalithe lines and B be comenfarable in length(by the fecond part of this propofition ):But 
by fuppofitzon they are not W, herefore the fe quare-of the line A, hath not-vnto the fasare of 
_the lyne B that proportion that a {qiare number hathtoa (quare'nsmber which was reanie 
Yed to be proted: We ELS Esset pi suu —R Beene y Ty i a 
Againe [uppofe that the [quare of the line A hane not unto the Janare of the line B, tbe 
" EE. / fame 


‘fay that the lines A and Bare commenfarable in length. Fer fr uppofe that the fide.of 
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feme proportion that a [quare nuriber hath. to a [quàre s... o oa 
number.. ThenI Say that the lines £ and Bare incomes >- 
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menfurable im length. For if thelines 4 and B be com-.. Ar eH Ze: 
»nep[nrable inlengtb,then tbe[quare of the line A [hould. - Bo» 4 : 


»* 
~ 
P 





` 4 ex 


baue vnto the (quare of tbe-line B; tbe. fame-praportian... B. te i 

that a [quare number hath to a (quare number by the firfi part. of this propofitton, but by 

or f'bpofttion tt hath not, wherfore the lines A and B are not commenfurable in length. Wher- 
3 Ee, _ Jore they are nicomenfurablein length. Wherfore fquares made of right lines commen[ura- 
poa, ^ 7 length hawe that proportion the one tothe other thatafquare number hath to a {quare 
number And {quares which haue that proportion the one to the other,that a quare number 

fae) hath toa fquare number shall alfo hadetbe fides commen[urable 1n length. But fquares de- 
we feribed of right lines incommen|urabléintength ,haue Rot that-proportion. the one to the o- 
> ther that a {quare- number hath to afqnarenumber. And {quares which pane not that pro- 
portion the one tothe other, that a(quarenumber hath to a [quare number, haue nut alfa 

heir fides consmarnfurable ia length : which was all that was required tobe proueds is. a 
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Hereby it is manifeft that richt lines cimenfurable in length, are alfo euer 
commenfurable in power. But right lines commenfurable-in power, are not 


Corokai j --—— M IU uM. APR T TE E 
E a alwayes commenfurable in lengtb. And rigbt lines incómenfurable m legth 
are not alvayes incommenfurable in power. But right lines mcammenfurae 
ble in powerzare ener alfo incommenfurablein length, 7.77 77 007 

‘= 


d Vea 3 (Cx -—— — S. MM ee uua 
NLIS .. For forafinuch as [auares made of right lines commen{urable in length, haue that prs- 
Profesfihe > portion.the one to the other that a [quare number hath toa [quare number (by.the firft part 
fir part of of this propofition)-: but magnitudes which haue that pro ortion the oneto theother, that 
the Corollary. namber imply bath tomumber,are(by tbe fixt of the tent? )\commenfurable Wherfore right 
* lines commenſurable in length, are commen[urable not.onely in length, but alfo in power. 
Profe of the s Maine fora[mutb as tbere are certaine [quares which haue not that proportion the one 
fe nd paris’ "to the other that a [quare number hath toa (quare number, but yet haue that proportion the 
| - ene ta the other which number finsply batbto number : their fides im dede are in power comz 


«o 0 gien[urable, for tbattbey defcribe [quares which haue that proportion which number ſim- 
DU ply hath to number, which {quares are therforecommen[ura le (by the 6. of this booke) © 


- but the [aid fides are incommenfurable in length by the latter part of this pr opofi tion Wher 
Profe of the — i true that lines commenfurable in power, are not firaight way E i 
hiedhart, © SCIAS aijo. a - pos s made M. [I mU pi 
tbied par J we And by the felfe fame rea[on i$ proued alfo that third art of the corollary, that lines 
wed. > dgcommenfurable in length, are not alwayes incommen|urabie in power.F or they may be in 
swi ' " commenfirable in length,but yet commenfurable in power As in thofe [quares which are jt 
proportion the one to the other, as number isto numbers but not as a,{quare number i5 tog 
Iquare number o Yscosecdn wit p alte etes ear Po a! n road " 
Profeotthe © But vight lines incommenfurablein power,are alwajes alfo incommenfurable if igs : 
fousth part. For if they be commenfurablein length, they fhal alfo be commenfurablein power by the fof 
part of this Corollary But they are {uppofed to be incommen|urable in length, which ts ab: 


vw furdeWherforeright linesincommen sfurablein power are ener jncommen[urable in length. 
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For the better vnderftanding ofthis propofition and the other fqllowings Fhaue 
hereadded certayne annotacions taken ont of et onranrens. And firft-astouching-the 
fignification of wordés and termes herein vfed,which are fuch,thatvnlefie they be well 
marked and peyfed,the matter will be obfcure and hard,and ina manerinexplicable. - 

Firft,this ye muít note,that lines to becommenfurable in length; and lines to be in 


proportion the one to the other,2s number is tonumber is all one.So that whatloeuer’ 


lines are commenfurableiniength,are alfo in-proportion. the one té'the other,as num- 
ber is to number.And conuerfedly what fo ener lynes are in proportion the one to. the 
other,as number is to number, are alfo comméfurable in length,as itis manifell by the 
5 and 6 of this booke.Likewifelines tobe incommenfurable in length,and hot to bein 
proportion the one to the other,as number is to number is allone,asitis manifeft by 
the 7.and 8.of this booke. Wherfore that which is fayd in this Theorcine, oushtto bé 
vnderitand of lines commenfurableinlength,andincommenfurableinlength. | 

This moreouer is to benoted,thátitis not all osie;jnumbers tobe fquare numbers, 
andto bein proportió the oneto theother, asa quare nambet is to afquare number. 
Foralthough fquare numbers be in proportion the one to the other, as afquare num- 
beris toafquare number, yet are notall thofe numbers which arein proportion the 
one to the other,as a fquare number is to a fquare number; fquare numbers: For they 
may be like faperficiall numbers,and yet not {quare numbers, which yet arein prepor- 
tid the one to the other,as a fquare number is to afquare number.Although all fquare 
numbers are like fuperficiall numbers.For betwene two fquare numbers there falleth 
one meane proportionali number ( by the 11. of theeight). Büt if betwene. two num- 
bers,there fall one meane proportionall number,thofe two numbers are like fuperfici- 
all numbers(by the 20.0fthe eight). So alfo iftwo numbers be in proportion the oné 
to theother,asa fquare numberis to afquare number,they (hall be like fuperficiall nü- 
bers by the frh corollary added after the laft propofition of the eight booke. .. | 

Aud now to know whether two fuperficiall numbers geuen,be like fuperficiall num- 
bers or no,itis thus found out. Firft if betwene the two numbers geuen, there fall no 
meane proportionall,then are notthefe two numbers like fuperficiall numbers(by the 
18.0f the eight. But if there do fall betwene them a meane proportionall,then are they 
like fuperficiall numbers (by the 20.0f the eight) Moreouer two like fuperficiall num 
Bersmiultiplied the one tto the other, do prodüce a (quare number (by the firftof the 
ninth). Wherfore if they do notproduce a fquarenumber;then are they not like fuper- 
ficiallnambers. And if the onc being multiplied into the other, they produce a (quare 
number,then are they like faperficiall(by the 2.0f the ninth). Moreouer if the faid two 
fuperficialnumbers be in faperperticular,or fuperbipartientproportion,then are they 
‘thot like fuperfitiall numbers. Forif they fhould belike, then fhould there be a meane 


proport£ionall betwene then (by the 20.0fthie eight).Butthatis'contrary to the Co- 
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‘yollary ofthe 20.0ofthe eight. 
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i ., Suppofe that there be aline,namely,C, which imagine to be foure fotelong: and let there be an 
other line D, which let be three foote long. And ( by the, 13. of the fixt):take the meane propor- 
tionall bétweae thelines A, D, whigh let be theline; B; Wherefore the {quare of the line B ihal 
be. equall tọ., the, rećtangle parallelogramme contayned. ynder the line C and D (by the 17.0f the 
fixt) . Which fquare fhall contayne 12. foote, & fo much alfo fhall the: parallelogramme deferibed 


ofthe lines, C & D containe. Take alfo two otherlines E and F, of which jet E be 3.footelong,and let 


F bea footelong. And let the meane proportionall betwene the!ines E and E, be the line A. Now 
then the Íquare oftheline A fhall containe 3.foote, as alfo,doth the parallelograme defcribed. ofthe 
dines E,F. Thé I fay, that the fquare of the line B, which cétaineth 12,foote,is to the fquare of the line 


As which contayneth 3. footejin that proportion that a fquarenumber is to a {quare number. « For as 


- thenumber, 12..1§ to the number 3, fo 1s the fquare; of.the line B, which containeth 12. foote, to. . 
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Rules to know. 
whether two 
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like or 400 


the fquare of the line A, which con tayneth 3 foote,. But the numbers 12.and 3. are like fuperficiall | 


‘numbers for the fides of 12. which are 2. and 6, are proportionall with, the fides of 3. which are. 
‘z.and 3. Wherefore the {quare ofthe line. B, which contayneth i2.foote, íhall be-vnto the fquare ofthe: 
lime A,which contayneth 3. foote,in that propor tion that a like fuperficiall numberis to alike fuperfici-. 
gil number. Bug like {uperficiall numbers are in proportion the oue.to the other; asa {quare number is 


ee * EEJ. toà 


c 


| The tenth Booke 
vo a fquare nfiber, * | | 


which {quare num- | 4 z 


( by the ees | 
eight) . Wherefore Fir s | ES X. 
i: fquare of the B | A LETS. 
line B, which con- 7 r i 
tayneth 12.foote, is D — — — — 
to the ſquare of the 
line A, which cõtai- 
neth 3. foote, in that e 
roportion that a | — 
quare number is to 
4 fquare number, 
namely , that the 
number 4.isto the 
number 1: which 
roportion 1s qua- 
Geis . For AE 
greater fquare whi- 
che is 12, contay- 
neth theleffe fquare 
which is 3, jure 
times . Wherefore - 
the fide of the 
{quare 12, which is 
the line B,is double 
to the fide of the 
fquare 5, which is B 
the line A. Wher- ; 
fore the line B isto 
the line A ,inthat.— 
proportion that 
number is to num- BR 1 ° 
ber. Wherfore (by | 
the 5.ofthis booke) the lines B & & are commenfurable inlength . Which isa fuppofition neceffary 
to conclude the firft part ofthis Theoreme, namely, that the fquares offuch lines are in proportion 
ihe one to the other, thata fquare number is to a fquare number. -— 
So a'fo the nüber which denominateth the greater terme of the proportion ofthe line B to the line 
A,which ise, ifit be multiplyed into it felfe, it maketh a {quare number,namely, 4. Likewife the num- 
ber which denominateth thelefle terme,namely,t. 1f it be muitiplyed into it {elfe, it maketh no more 
but 1. Which vnitieis alfo in power a fquare nüber.Wherfore the fquare ofthe line B;is to the fquare 
of theline A, in that proportion thata fquare number is to a fquare number,namely, that 4.is to. z. By 
this you fee (which thing was before noted) that it isnot all one,numbers to be fquare numbers, and 
to be in proportion the one to the other, as a {quare number is to afquare number . For it is manifett, 
that the numbers rz.and 3.are notfquare numbers, when yet the {quares exprefled by thofe *num- 
bers are in that proportion. But the fide of the {quare 12.although it can not of it felfe be expreffed by 
number diflin&ily, to fay that the fide thereof is fo many foote long, which feete {quare taken, make 
the whole fquare ra : yet being referred or compared to an other thyng , namely, to the fide ofthe 
fquare 3, which fide alío of it felfe cau not be expreffed by number, it is vnto the fayde fide of 
the fquaré 5, in doüble proportion . For the one fquare being quadruple to the other fquare (as is: 
the fquare of theline B, which contayneth 1z.foote , to the fquare of the line A, which contay- 
neth 2. foote ) hath his fide double to the fide of the other fquare, by this'generall Corollary 
of the zo. ofthe fixt, [/ke rectilsne figures are i double proportion the one tothe other that their fides of like 
proportion are. Now if a'man will fay, that the fide of thefquare 12.'may be meafured;for that hys 
proportion which it hath to the fide of the fquare 51s meafured by 2 (forafmuch as it is dupla propor= 
tion: thisis to be confidered,that in fo faying, you fay not,that that magnitude can of itfelfe be meafu- 
red but the proportion thereof. For,that magnitude,namely,the fide of the {quare 12,fhould by irfelfe 
be meafured,when without any refpect of the proportion of it to an other thing, we may fay that the 
fide of the fquare, which contayneth 1z.foote,is'fo many foote long,the number of which foote multi- 
plyed into it felfe fhould make that number 12. Burt this is not poffible,for that rz :1s not a fquare num- 
Ber. Wherefore thus yòn may fay : In afmuch as that fquare t2z..1s confidered by it felf, without hauing 
any refpeGt of the proportion ef itto any other thing,but onely as it 1s 12.foote,it hach no fide which of 
it {elfe can be éxpreffed by number . But ifit be compared to any other thing, namely, to the fquare of 
3.foote,then may you fay that the fide of the fquare 1z.1s2, and the fide of the fquare 3.15 1, But-thys is 
the denomination ofthat proportion whichis called duple,which proportion caa not be or confidered 
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in fewer termes then two, whenasitisa relation ofone thing to an other thing : wherefore 2. is not 
the number of füch feete,of which there are 12;in the fquare . Agayne,if the number 2. fhoulde be the 
fideofthefquare 12, fo that that fidefhould be 2; then ofthe multiplication of into it. felfe, fhoulde 


not be made that fquare 12,but an other fquare which fhould be 4.foote.: as ofthe number 2.multiplys ^. 
ed into him felfe is produced the fquare number 4 . Neither alfo ifany other number, meafüre the fida | 
ofthe fquare 12,and the fayd numberbe multiplyedinto him felfe fhallit euer make the number 12. 


When yet all numbers denominating the fide of any fquarennmber, if they be multiplyed into them. 


felues,they make the number which denominateth-the fquare, whofe fides they denominate. As2. ^ 
multiplyed into him felfe maketh 4 : 3. maketh 9 : 4.maketh 16 : and fo likewife ofall others. Where- - 
fore it is notall one,magnitudes to bein proportion the one to the other,as number is to number, and 
euery one of them to be meafured b " him (elfe without any refpect had of the pegpeigion . Asherethe ' 

to any other maguüi-- 
tude,namely,to the fide ofthe fquare 3 ,the proportion thereofis expreffed by number. So alfo the ide 
of the fquare 3;and ofall other fquare figures, whofeareas yet can not be exprefled by fquare numbers." 
And that which we here fay, is manifeft even by the wordes of Excideinthe 5.6.7. and 8. Theoremes. 


fide of the {quare 12.can of it felfe by no meanes be meafured, but being compare 


: . > A 
of this booke. Where he fayth not, that magnitudes commenfurable and incommenfurable are of thé 


felues or of their owne nature expreffed by numbers, but that either they have or haue not that propor- 
tion which number hath to number . Which thing not being well confideréd it fhould feme hath cau-. 


fed many to erre.as hereafter fhall be made manifeft. And in deede they which haue demonftrated this 


Theoreme, may feme to fome rather to haue demóftrated it particularly & not vniuerfally.And doubt-: 
les Hiudge there are fome which vnderftand theirfayinges otherwife then they ment: when as they- 
chinke,that they fuppofe certayne lines not onely commenfurable in lengch,as they are fuppofed to be 


‘ Y 


in the Propofitió,but alfo fuch , that ech of 
them apart may be expreffed by fomé cer- 
tayne number. W herfore for want of right 
vnderftàding, this mought they fay of their 
demonftrations:that wheras they thought: _ 
that they had concluded that generally; 
which isin this theoreme of Exclide,Squares - 
eefcribod of lines cimenfarable im length,are in 
proportio the one to. the other that afquareun- | 
ber 13 to a [quare number:they conclude pars ^ 
ticularly, thys onely : Sgwares deferibed of = 
lines which may by them felues be exprefedby . ` 
fome certaine number, are in proportion. €8c, | B 

which yet is otherwife,and their deméttra- 


tions are right & agreable with the Theoreme. Onely the pi&ure of the figures which the Greeke boke 
hath, may feemeto bring fome doubt. For tlie fquares are fo, defcribed with’ certayn litle areas,that the 
num ber.of them may be denominated by a fquare number : whereby it mought feeme that thelines 





A & Bivhich defcribéthefquares;ought to^ ^ «— : 
befuch that they may.be exprefled by fome-,. PT 
Certaine nfiber.As the line Atobes.foote, ~ 
andthe lineB 3 foote.As the two former fi 7 ~ 
gures here fet declare. Which thyng yet Ex- 
chide fuppofeth not, but only requireth that 
they be commenfurablein length, asinthe... 
former exaniple -of the two fquares, the - 
whole-area of oneofwhichisr2,and.the. ~ 
whole area.of the otheris 3. For although... | - 
their fides canot by them{felues be expref- f 
fed’by fome'certayne number, yetarethey — 
commenfurableinlength . Moreouerthys «^ i 


defcribing of the fquares of thelines A and B,deuided by certaine litle arcas,may caufe this error, that 
aman fhonlg thinke ma: is all one two numbers to be fquare numbers , and to be in. proportion the 
-one to the other as a Íquare number i$ to a {quare number. For the'number of the areas.in the {quare of: 


m 





e 
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, 


theline A isa fquare number , namely? 2$. produced ofthe rootes, which is the length of theline Az 
Likewife the number of the areas of the fquare of thélineByis'afquare nüber, namely, 9, which is pro- 
duced of the roote 3, which is thelength of theline B . But,we hane before declared that it is not all 
.one,numbers to be called fquarenumbers,and to bein proportion theoneto the other,asa fquare nüi- 
beris to afquare number . Wherefore as touching thofe areas contayned in the greater fquare, which 
as of the line A, and which are in number as they do expreffe that fquare number 25 which is produced 
of the number s.multiplyed into him felfe , which number; is the greater extreme ofthe proportio 
betwene 5: and 3, which is the proportion ofthe lines A and B ; And this proportion,namely, of 5 .to- 
-3.canfeth that the lines A and Bare commenfurable in length (by the &.ofthis booke) . The fame may 
- be fayd alfo ofthe areas ofthe lefle fquare . Neither is it of neceflitie that you vnderttand rhofe areas to 
: befquares,as either feete {quare Qr pafes fquare which make the whole {quare, although in deede they 
= i — AN “BE. Lif. - - Hay 
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Note, 
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may be fuch,fo that the fides ofthofe fquares be fo many foote long, as ‘5. footeor 3.foote . Howbeie 
thys is of necetfitie that the numbers which expreffe the number ofthe feete fquare or pafes fquare,có- 
tayned in the {quares,be either both of thé | — 

fquare numbers, as in thefe {quare figures 
ofthelines A,B, or that both of them be 
like {uperficiall numbers, as in the former 
Íquares which were 1z.and 3:of which nü- 
bersitismanifeft by that which hath be- 
fore bene faid,that they are like fuperficiall 
numbers, and therefore haue that propor- 
tion the one to the other, thata fquare nú- 
ber hath toa fquare number. And therfore 
you may defcribe the fquares of the lines i 
A,B, without any diftinétion of fuch litle A 
areas;fo that the Íquares may be voydeand- | 
emptie;and contayned onely of foure right lines,as in the figure here put. 


2 me «T Án Affümpt. | r 
—. Fera[much as in the eight booke in the 26. propofition it was proued, that like plajne 
numbers haue that proportion the one to the other, thata [quare number hath toa [quare 
| number : and likewife im tbe 2.4.. of the fame booke it was proued, that iftwo numbers hane 
Yhsefumpt that proportion the one tothe other, thata [quare number hath toa [quare number, thofe 
Ee numbers are like plaine numbers.Hereby it is manifeft,that unlike plaine numbers, that is, 
she erg be. d whofe fides are not proportionall,baue not that proportion the opt to the other that 4 fquare 
* number hath toa fquarenumber. Fór if they hane, then Jhould they be like plaine numbers, 
| mhicb is contrary to tbe [uppofition-W berfore unlike plaine numbers baue not that propor- 
tion the one to the other that a [quare number bath to a [quare nuber. And therfore fauares 
which haue that proportion the one to tbe other that unlike plaine numbers haue, fhal! baue 
their fides incommen[urable in length (by tbe laf os of the former propofition) for that 
thofe {quares hane not that proportion the one to the other that afquare number hath to a 
[quare number. — — 


q T be. T beoreme. Ihe 10.Propofition, 

Uf foure magnitudes be proportional, and sf the firft be commenfurable 
yato the fecond,the third alfo fhal be commenfurable vnto the fourth. And 
if the fir/t be incommenfurable ynto the fecond, the third fball alfo be ine 
commenfurable pnto the fourth. i - | 


Vppo[e that tbefe foure magnitudes A,B,C,D be proportional. «fs Ais ta By. 

s T >! fo let C be to D ,and let A be commen[urable unto B. T ben I fay that Cis alfo 

Demonfiratic (7t commen[urable vnto D. For forafmuch as Ais commenfurable unto B, it 

of the firs 2d. hath (by the fift of the tenth that proportion that number hath to number Bat 

perte. 45 A is to B,fo 1s Cto D Wherfore C alfo hathunto D thatpro `., b 
portion that number bath to number. W herfore C is commen- ` 

furable unto D (by the 6.of the tenth). But now {uppofe that 

Demonfira- the magnitude A be incommen{urable unto the magnitude 

tion ofthe — B. Then I fay that the magnitude C alfo is incommenfurable 

fecondpart* — unto the magnitude D.For forafimuch as A is incommenfura- 

` ble vntoB, therfore (by the 7. of this booke) A hath not vate 

B fuch proportion.as number hath to number But as Ais to B, 

feisCto D. Wherefore C hath not unto D fuch proportion as 

number hath to number. Wherfore (by the 8 .of the tenth) C is 

incommenfurable-unto D. If therefore there be foure magni- 

tudes proportionall,and if the firft be commenfurable unto the 
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fecond, the third alfo hall be commenfurablevnto ihe fourth. And if the firft be incommen: 

furable unto the fecond, the third ]hall alfo be incommen[urable unto the fourth : which 

was required to be proged T TTT TTT C e D | vo 
GA Corollary added by Montaureus. 

Jf there be foure lines proportionall,and if the to furſt, or the two laf be commren[arable in power 

onely the other two alfo fhall be commenfurable tn power onely. This is proued by the 22. of the 


fixt,and by thistenth propofition.And this Corollary Euclide vfeth in the 27. and 28. 
propofitions of this booke,and in other propofitions alfo. ii x 


y Y be.s. Probleme. v us 4 P 11s Propoſition. 


Vato aright line firft fet and geuen (which is called a rationall line) to 
finde out two right lines incommenfurable ,the one in length onely, and the 
other in length and alfo in power. | 






ink > . e : E . e . 
4 Sef, | purpofe be A It is required vnto the [aid line A,to finde out tmo right lines in- 
Wa" | commen{urable,the one in length onely, the other both in length and in power. 
X a Take (by that which was added after the o propofition of this booke) two num- 


bers B And C,not bauing that proportion the one to the other that a [quare number hath to 


a [quare number that is, let them not be like plaine numbers (for like plaine numbers by the- 
26. of the eight hane that proportion the one to the other. that a [quare number bath-to a 
Square number). Andas the number B is to the number Cfo let the fquare of theline A be. 
unto the {quare of an other line,namely,of D (how to.do this was taught in the afvumpt put. 


before the 6. propofition of this booke.) Wherfore the {quare of the line.A,is unto the ! Jquare 
of the line D commenfurable (bythe fixt ofthe tenth y. ==.. 
And forafmuch as tbe number B bath pot ontathe num 
ber C, that proportion that a. (quare number bath to a 
[quare nuber, therfore the [quare of the line A hath not 
vnto the [quare of y lime D , that proportio tbat a'[quare, 
pumber bath ioa nüberWherfore by the 9.0f the tenth, 
the line Ais unto theline D incommenfurable in length 
oncly. And [ois found out the firft line,namely, Dintom- `` 
menfurablein length onely totheline geuen A. Agayne 
take (by.the 13.0f the fixt) the. meane nae ben 
tmene the lines. and D and letthe fame be E.Wherfore ^ 
asthe line Ais tothe line D,foisthe fquare of theline A — 
to the [quare of the line E (hy the Corollary of-the-20..of 
the fixt). But thé line Ais unto.the line D incommen- 
furable in length Wherfore alfo the fquare of the line A 
as unto the {quare of the line E incommenfurable by the 
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= — Fppofe that the right line firft fet and geuen,which és. called a rational line. of 


A Corollary. 


To finde ext 
the firil [me 
incommenſu- 
rable in length 
onely to the 
line geuen. 


To finde out 


= the fecond line : 
v sneommeníu- — 
 vable:othin ` 


length andin 
power to rhe 


_ bine genet 


Second part of the former propofition. Now forafmouchias the (quare of the line A is incim- 


furable to the {quare of the line E,it followeth (by the definition of incommenfurable lynes) 
— sincommen[urablein power tothe lie B Wherforecnto thoricht hs sa 
sen and Jfrjf fat, Aymbich is a rationall line,and which —— 

fo many partes asye lift to conceyue in minde,as in this example 11, whereunto, as was de- 
slared in the s definition of this lookeymay be compared infinite other lines, either commen- 
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| fifi)as A isto B.fois thepumber H tothe number L.Wherefore A hath vato B fuch propors 
 tionas number hath to number Wherefore (by the fixt of the tenth the magnitude A is come 
- menfurable vuto the magnitude B. Magnitudes therefore commenfurable to one andthe 
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furable or intommenfurnble,is found out the line D ipcommen[urable in length onely Wher 
fore the line D is vationall (by the fixt definitio of this booke) for that it is ipcommen[(ura- 
ble in length onely to the line A,which is the firft line fet,and is by {uppofitio rational.T here 
is alfo found out the line E,which is unto the fame line A eee Pehle not onely int 
length but alfo in power which line E compared to the rationali line A, is by the definition 
irrationall.For Exclide alwayes calleth thofe lines irrational, which are incommenfurable 


both in length and in power tothe line firft fet and by {uppofition rational. * 


— 


q Ube 9. Theoreme. - “`The 12. Propofition. 


Magnitiides comnienfiurable to one and the felfe fame magnitude : are a Ifo 
_, , commenfurable the one to.the other. | e 


S Pypofe tbat eitber f tlefe nzagnitudes A and B,be commenfurable vato the mag- 
y nitude C.T hen I fay that the magnitude A 1s commenfurable unto the magnitude 
DIONE B For forafmeuch as the magnitude A is commenfurable unto the magnitude C, 
therefore (by the 5 :of the tenth) A hath unto C fuch — iR c 
proportion as numberrhath to number. Let Ahane 

vnto C that proportion that the number D hathto . 












“the number Ex Acaine forafmuch as Bis commen 


_ firable vate C,therefore (by the felfe fame)C hath 


te 


unto B that proportion that number hath to num- ` 
ber. Let Chane unto B that proportion that the 
number F hath vntothenumber G.Now then take 
the leaft numbersin continuall proportion and in 
the[e proportions géuen , namely., that the number 
D hath tothe number E., and thatthe number F 
hath tothe number G(by the 4.0f the eight): which 
let be the numbers H, K, L. So that as the number 
D is to the number E,fo let the number H be to the.” 
number K and as the nuber F isto thenüber G; fo ^ 
let the nuber K be tothe niber L. Nowforthatas ^ 
Ais toC,fois D to E, but as D ista E fois Hto K, 
therfore as A is to C,fo is H to K, Againe for that 
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. asCistoB, fois F toG, butas FistoG fois KtoL: therefore as CistoB, foisKitoL,: 
_ But it is now proued that as A isto C,foisH to K . Wherefore of equalitie (by the 22.0f the: 
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felfe [ame magnitude,are alfo commenfurable the one to the other + which was required to 
be proued. .. 4 ty al AG — Mag 
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. © If therebe two magnitudes compared to one and the [elfe fame magnitude, 
s 7 "und iftbeoneof them be commen[urable'pnto it and the other incommene 
** "furable:tbofz magnitudes are incommen[urable tbe one to the other. 


e 
zu 


l - be t * ` i 
t ~ : r z 
raei. TR i m 3 à 
* pe V oco ue ON à Ñ i "A # Ü e - 
n T "E & 5 A ^ . . 
. e ' + 
: i E 





of Euclides Elementess - Fol.242. 


Ko V ppofe that there be two magnitudes,namely, A andB and let C bea certayne other, Demonfira- 
y niagnitude. And let A he commenfurable X» — tion leading to 
; "nte C «nd let B be commefurable unto the Ace anab[unditiee 
felfe [ame C. ..3 ben I. fay tbat tbe máenitude A is in- 
commenfurable unto B. For if A be commen[urable 
nto B, fora[yauch as A is alfo comsmte[urable unto C Be 
therefore( by the 12.0f the tenth )B is alfo commeéfura- ` 
ble unto C:which is contrary to the fuppofition. ` 
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q I'he 10.1 heoreme. The 13.Propofition. 
~- ftbere be two magnitudes commenfurable , and if the one of them be ine 


_. commenfurable to any other magnitude:the other alfo [hall be incommen- 
2o furable ynto the fame. | 





xe Vppofe that the[e two magzitudes A,B be commenfurable the one to the other, and 

NA let the one of thenz, namely A, be incommenfurable unto an other magnitude, Demons r4- 

Ple namely nto C. T ben 1 fay that tbe other magnitude al[onamely B, is incommeg- I!" a fo 
(rable unto C. For if B be commenfirable vntoC, au abſurdiie. 
then forafmuch as A is commen[urable vnto B, A 
therefore ( by the 12.0f the tenth ) the magnitude A 

alfo is commenfurable unto the magnitude C. But it c 
is {uppofed to be zncommen[urable vntoit.,mhichis ^ B. 
Jmpofable . Werefore the magnitudes B and. C ave 
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not commenfurable . Wherefore they are incommenfurable. If therefore there be two magni- 
tudes commenfurable, and ifthe one of them be incommen[urableto amy other magnitade, 
sheather alfo fhalbe incommen|urable unto the fame :sohich was required to be proued. 
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.. Magnitudes commenfüurableto magnitudesincomméfürable;are alfo incommenz 
furabletheonetotheother. ` ~ ELE - 


VA Corellary. 


ME 


. Suppofethatthe magnitudes A ànd B be incommen furable the one to theother,and let the mag- 
nitude C be cémenfurable to A, and let themagnitude Dbe cé-_ u 


menfurable vnto B. Then I fay that the magnitudes C and D are 
incommenfurable the one to the other.For A 2nd C are commen- <4 
furable , of which the magnitude A is incommenfurable vnto B, 
wherefore by this 13.propofition the magnitudes C and B are alfo —— 
incommenfurable: but the magnitudes B arid D are cómenfurable 

wherefore by the fame,or by the former affumpt , the magnitudes eg 
C and D are incommenfurable the one to the other. This corolla- D. 

ry, Thesen vÍcth often times asin thez2:z6:and 56 propofitions of — — — 
this booke, and in other propoſtions alſo. an 
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~ Lwo pnequall right lines being genen,to finde ont how much the greater is 
zn power more then the lefe. =x. a. | 
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<< Ssippofe that the twovnequall right lines geuen, be A Band C, of which les AB be the 
KR - | greater. 
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greater It is-reqtired to finde out how much more 5 the line AB is then-the line C. 


Defcribe upon the line A B a femicircle A.D B.Andvnto it from the point A apply (by the 
fife of the fourth) aright line A D, equall unto the line m — 
C,and draw avight linefrom D to B. Now it is mani- 
fest that the angle A D Bis aright angle (by tbe 3 1. of 
the third).: and that the line AB is in power more then 
the line A D,that is,then the line C, by the line D B, by 
the 47. of the firft. | | 9 
And like in forte, tmo sight lines being genen , by this 
meanes may be founde out a right lyne which contayneth them A - | 
both in power. Subpofe that the iwo-rieht lines genen —— — 
be A D and D B.Itis required tofinde out avight lne "x 
that contayneth then both in power Let thelines A Band D B be fo put, that they compre. | 
hend aright angle AD Band draw aright line from A to B.Now agayne it és manife/t(by | 
the 47. of the firft) that the line AB contayneth in power the lines A D aud D B. 


AS o q I he. 11. Theoreme. Lhe 14.Propofition. . 
Af there be forver right lines proportional, and 1f the fir{t be in power more 
_ then the fecond by the fquare of a right line commenfurable in length vnto 
the firft the third alfo fhalbe in power move then the fourth, by the fquare 
of aright line commenfurable pnto tbe third. Andif the-firft be in pos 
wer more then the: fecond by the fquare of a right line mcommenfuz 
rabie. in length nto the firft;the third alfo fhall be in power more then 
* ner. by the[quare of a right line incommenfurable in length ta 
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csaa V ppofe that thefe fore right lines A,B,C,D,be proportional. As Ais to B folet 


A 


(Con C beto D.« And let A be in power more then B,by the [quare of the line E. Aud 
i AR", likewife let C be in power more then D by the {quare of the line F. Then I fag 
NUM that if A be commenfurable in length unto the line E,C alfo foal be commen» 
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“furablein lengtirvntothe line F. And if A beincommen-"~ ls 


furablein length to the line E, C alfo fhall be incommen- 
fable in lengthtathe line For for that as.A isto B; fo: ; 
75 C 10 D, therefore as tbe {quare-ofthe line Ais to thè = 
fos ofthe line B, fois the {quare ofthe line C to the” 
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quare of the line D (by the 22.0f the fixt). But by fuppoz 
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fition vate thefquare of tbe linéM areequall the [quares- | " 
of the lines E and Band nto the fauare ofthe line Cave | — 2 
equali the favares of the of the lines D .andF : Where- ma i UT 
fore as thefanares of the lines E. and. B:(which are equall-\ +. - peno P aapi, 
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to the [quare of the line A) are to the [quare of the line Bz 
fo are the fquares of the lines D and F (which are equall to 
the [quare of tbe line C) to tbe [quare of tbe lige D(by tbe 
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feuenth ofthe fft). Wherfore (by the 17 ofthe fift)as the A TEN ape P 


Yunareof tbe line E 3510 tbe [quire of theline B, fo is the ee ie un. 
[quare of the line F to tbe (quare of tbe line D.Wberfore aljo.as tbe line E.isto tbe Tine 8. 
fois the line F to the line D (by the fecond parte of the 22. of the fixt) wherefore contrari- 
(hy the Gorollary of the fourth of thefift) as Bis to E fois D to-F:But (by [uppofition) 
— - 1 " B c uc 
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of Euclides Elementes.. < Fol.143. 


as. isto B fois C to D,Wherfore of equallitie (by the 22. of wae ft) as.A isto E, fois Cto 
F. If therfore A be commenfurable in length unto E,C alfo fhall be commenftirable in [eth 
unto F : and if it ba incommenfurable in length vnto E,C alfo fhalbe incommenfurablelin 
length unto F, by the ro. of this booke. If therfore there be foure right tlines proportionall, 
and if the fir ft bein power more then the fecondby the fauare of aright line commenfurable 
twlength unto the firft, the third alfo fhall be injpower wore then the feurth, by the ſquare 
of aright line comnzenfurablein length unto the third: and if the firft be in power more thé 
the fecond , by the fquare of aright line incomenfurable in length vuto the firk, the third, 
alfo: [hall be iz power more thé the fourth ,by tbe [quare of a right line incommen[urabie in. 
length to the third : which was required tobeproud. = 007. | Ber [4 

Note that the line À may be proued to be in proportion to the line E;as theline C is to theline F;by 
zn other way, namely;by conuetfioriof proportion (of forie.as w& haue before noted, called inuerfe 
proportion) by the 15.of the fift . For,forz(much as thefourelines A,B,C,D, are proportionall:ther- 
fore(by the 22.of the fixt) their fquares alfo are proportionall. Andforafmuch as the antecedent,name- 
Iythe fquare ofthe line À excedeth the confequent,namely, the fquare of the line B, by. the fquare of 
ibe line E : and. the other antecedeot, namely the {quare of the line C,excedeth the other confequent, 
namely;the fquare of the line D, by the {quare of the line F, therefore as the{quare of the line ‘A isto 
the.exceffz;namely,to the fquare of the line E;fo 1s the {quare ofthe line Cto the excefíe ,namely,to the 
iqhare of the line F. Wherefore (by the fecond part of the 22.of che fixt) as the line A isto the line E, 
fois the line C to the line F. j m — — — (OMM 
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“g The 12. Theoreme. | -The is. Propofition. 
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v Jftwomagnitudes commenfurable becompo[ed the whole magnitude coms 


«s pofed alfofDall be commenjurable to eitber of the two partes. And if the 


~  thofe two partes [ball alfo be commen[urable. ' 







one Et thee tmo commenfurable magnitudes A B and B C,be compofed or added toge- 

"e ber. Then Lfaysthat the whole magnitude A C is comenfurable to either of thefe 
DES partes, AB and BC . For forafmuch ds A Band BC are commenfurable,therfore 
cower (by the firft definition of the tenth) [ome one magnitude meafureth them both. 

Let there be a magnitude that meafureth them,and 700007 C 
bet the ſame be D ow forafmuch as D meafureth » l 7 | "E. WE 

A Band BC, it fhall alfo meafure thewhole magnis —9——— 3 —— 
tude compofed AC, by this commen fentence, what D .—— 

foeuer magnitude meafureth two other magnitudes, . 
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[hall alfo meafure the magnitude compofed of them. But the fame D meafureth AB and BC. 
(by fuppofition ).. Wherefore D mea ureth A B,B Cand AC. Wherefore AG is commen{u- 
rable to either of tbe[e magnitudes 4 B and BC... ~ | —R 
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.. But now fuppofe that the whale compofed magnitude AC be commenfurable to any one of - 


thefe two magnitudes A B or BC, let tt be commen{urable Lfay unto AB. Then I fay, that 
tne two magnitudes A B and B C are commen[urable .. For fora[much as AB and- A C are 
commenfurable, fome cne magnitude meafurcth them ( by the first definition of the tenth). 
Let forse magnitude meafuretiem,and let the fame be D . Now forafieuch as D meafureth 


+» whole magnitude compofed be commenfurable to any one of the two partes, . 


vi other way 
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ABand AC, it alfo mea[ureth the refidue B C, by this common fentence, what [vener mea: the first. 


fret tbe whole and the part taken asa), [ball alfo meafure the refiduc.But the [ame D Meas 
fureth the magnitude A B (by [uppofition ). Wherefore D meafureth either of thefe magni- 
tudes A B and B C Wherefore the magnitudes AB and BC are cominenfurable . If ther- 
fore two sagnitudes commenfurable be compofed, the whole magnitude. compofed alfo fhall 
be contmien{irable to either of the two partes. And if the whole magnitude compofed be coms 
— menfurable 


A Corollary, 
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Fort magnitudes fhall be imcammenfirable : which wasreguired to be prosed. > 
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menfurable to any one of the two partes,thofe two partes fhall alfo be commenfurable : which. 
was required to be demonstrated: -` í 


D, 


"Wm N 2 


voc 2. «rA Corollary added by «vontaurens. - 


se fan Whole ssagnitude becommenfurableto oue of the two magnitudes Which make the whole 
magnitude, it (hall alfo be commen[urable ta the ot ber ofthe two magnitudes . Forifthe whole mag- 
nitude A C be commenfürable vnto thc magnitude B C, then by the 2.part ofthys 15 Propofition: the 
rmagnitudesA'B and B C are commenfurable . Wherefore (by the firft part of the fame) ‘the magnitude 
AC fhall bé comimenturable to either of thefe magnitudes ABandBC: This Corollary Thes» Beh 
in the demonftration of the 17.Propofitionand alfo of other. Propofitions . Howbeit Exciédeleftit out, 


4 


for that it feemed eafie as in a maner do all other Corollaryes: 
qi | pases (43 v dr Rm 
y Abe. 15. 1 beoreme. - Lhe 16, Propofition.. 
«s If tro magnitudes incommenfurable be compofed „the whole magnitude n^ 
7 fo [hall be tncommen]urable bnto either of the two partes coponentes. And 
if the whole-be incommei{urable to one of the partes componentes ,thofe 
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firft magnitudes alfo [Pall be incommenfurable: adn en Eod ead 










— | J | 
et LU theferwo incommenfsrable magnitudes AB & B C, be campofed, or added 


A- todetber .'Y ben 1 Jay, tbat the whole "magnitude A C, 15 tntontenen[urable to 
| either of thefe magnitudes A Band BC. Forif AC and' AB be notincom- 
“| Pen mex [urable, then [ome one magnitude mea|ireth them ( by the firft definition 
BAIS of the tenth -)--Let there be {uch a magnitude, if 1t be pofüble, and let the fame 
be D . (Num forafmuch as D meafureth C AandABy v. s os 

it alfo meafureth the refidue BC, cy it likewife meafu- ae ty EI IS 
reth A B.Wherefore D meafurcth AB and BC.Wher-.D.. 
fore (by the firft definitio of the tenth) the magnitudes ` 


‘AB and BC are commen[urable. Bur itis fuppofed that they are'incommen|urable : which 


is imposible . Wherefore no magnitude doth meafure the magnitudes A B and AG. Where- 
fore the magnitudes C A and AB are incommenfurable. In like fort alfo may we prone,that 
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. £he magnitudes AC and C B are incommenfurable pow ^ 


But now fuppofe that tbe magnitude AC be incommen|urable to one of thefe magnitudes 
AB or BC, and firft let it be incommenfurable unto AB. Then Lfay, that the magnitudes 
AB and BC areincommenfurable . For if they be commenfurable fome one magnitude meas 

fureth them Let fome one magnitude meafure thems, ey let the famebe D . Now forafmuch 
25D meafureth A B aud B Cit alfa meafureth the whole magnitude AC. And it menfit= 
veth AB: Wherefore D meafureth thefe magnitudes C A and'A B .Wherefore CAG? AB 
are commenfirable.. And they ave {uppofed tobe incimenfurable : which is impoßible. Vher 
fore so magnitude meafareth A B and BC’. Wherefore the magnitudes A B and B C arein- 
commen{urable. Andin like [ort may they be proued to be tncimmenfurable, if the magni- 
tude AC.be [uppofed ta be intómmen[urable unto BC: If therefore there be two magnitudes 


sncommenfurable compofed,the whole alfo fhall be incommenfurable unto either of the two 
partes component, and if the whole be incommenfurableta one of the partes cons ponent thofe 
a epena — ` a 2% > 
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Whole magnitude A C be incómenfurable vnto the magriitude B C then.by the2.part ofthis 16. Theo-- 
 reme,the magnitdes À Band B € fhall:beincommenfurable.. W hereéfere by the firft part ofthe fame 
Q^ . ey es Ltt ee CIN b h^ b. O ut (SV ss bs Y" : . t É s y+ : A 
Theoreme, the magnitude A C fhall be incomnienfurable to either of thefe magnitudes A Band BO.: 
— «el ls s ' : J TIMES E — “g y a ‘ F -a i 
This Corollaty Tees vfeth in- the demonftration of the 73. Theoreme, & alfo of other Propofitiens. .... 
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If»vpon a right line be applied a parallelo gramme wanting in figure by a. 

Jquare: the parallelogramme fo applied, 1s equall to that parallelogramme 

‘which is contayned vader the fegmentes of the right line; which fegmentes 
.. are made.byreafon of that application. -` ee i 


so Suppofè that vponaright line AB be applied a parallelograme. A G,wanting in forme. 
by the (quareG B. Then I fay, that AG is equall viito that which is coutayned under AD 
and D B,which thing is of it felfmanifef. For. | | 
Sorafmach as G Bisa fquare,thereforethe line - .. EN 

DG is eguali vttatbe line D B: aud thepa- ` p 
rallelogramise AG is that which:1s contaynea 
wader the lines AD and D G,that is, va- 
der the lines AD and DB. Ifthereforevp-- | 
on aright line be applied a paralleloeramme. . 2—— 
wanting in fieure by a [quare < the parallelo- ^ 
grame applied is equallto the parallelograme ~ « 2o WM : 
which i5 contayned under the fegmentes of. theright line, which are made by reafon of that 
application ..which was required to bedemonftrated. _- "n i 
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+ This Aflumpt I before added as a Corollary out of Fleffates after the 28. Pro- 
weluonefuihefxfboeke. : 9. ai ae n a -— ae 
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Uf there be two right linesbnequall, and if vpon the greater be applied a 
-parallelogramme equall nto the fourth part of the {quare of the leffe line, 
and Wwanting.in figure by afquare, if alfo the parallelo gramme thus applis 

ed deitde the line where dpon itis applied into partes commenfurable in 

< length : then fhal the greater line bein power more then the lefe, by the 
Jquare of á lne commenfurable in length vnto the greater. And if the greae 

ter be in power more then the lefse by tbe [quare of a right line commenfue. 


rable in length nto the greater, and if alfo pon tbe greater be applied 
-— aparalleloerámeequall'ynto tbefourtb part of the quare ofthe lefse line, 
and Wanting in figure by a fquare: then fhallit deuide the greater line inz 
to partes commenfurable, — “Wh | 


* ex 


g\F poofe that thefe two right lines A and BC, be unequall: of which let 
BC be the greater. Aud upon the line BC let there be applied (by the 28. of 
S [the fixt ) a parallelogramme equall vnto the fourth part of tbe [quare ofthe 
Silane A being the lefse (that is, equall unto the [quare defcribed upon halfe of 
* - | ! TENTE the 
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de line a Sand wanting in fieure by afynare. Andle thé fame paralleligramime be that: 


which is contained vader the lines BD and DC’: And (by. [uppofition) ee the: lines BD: 
and DG: he commenfurablein-length iF hen. 1 [rays thatthe line C, is in purer ro —— 
the line A, by the [quare of aline commenfurable in - — 
length unto the fayd line. B C . Deuide;Cby tbe 10.0f. | 
the firft )thbe line B C into two equall partes in the point —— — —- | 
K, And (¢ by thethird of thefirft): vate thelineD E Miho: ypc — — 
am eguali line E E. Wherefore the refidue DC isegual toir MM 
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unto tbe refdue B F. And. forafmmuch as thevight lime, .... die ae ee V 
B Cis denided into two equall partes inthe point E,and intgtwo unequall partes th the point 
D, therefore (by the 5.of the fecond ) the rectangle franve comprehended vader the lies B D 
and DC together with the [quare of the line E D is equal to the {quare of the line E C.And 
th the fame proportion ure they eche being taken forer Pimes by the 15.0f the ffth': Wherfore 
that tobichis contained under thelinesB D and D € taken fiwer times together with thes 
fauare of theline E.D taken alfo fower times,is equalltothe fquare: of tbe liue E € takést: 


‘fower times.But unto that which is cotained under the lines BD dr DC foure times is equal’. 


the {quare of the line A by fuppofition: for the parallelogramze contained under the lines B'D- 
and D C once is J'ipflofed to be equallto tbe fourth part of the [quare of the line A . gd 
vito the [quare of the line D E taken fower times is equal the fquare of the lie D F , for 
the line D F is double to the line D E. And unto thefquare-of the line E C fower times ta> 
ken ts equall the [quare of the line BC, forthe line B Cis alfo double to the line CE. Where 
fore the fqnares of the lines Aand D F are eqdall unto the [quare of tbe liue B.C.Wherefoye 


thefauareof the line BC, is greater then the fe quare of the lineA , by the quare of the line. 


DF. Wherefore the treiter Ene — wer more then the lefe line A , bythe [quare of 
the line D F.Now refteth to proue that the line B Cis commen|urable in length vato the line 
D F.Fora(inach as by (upofition the line B D is commenfurable in length vato D C, there- 
fore (by the 15.of the tenth ) the whole line BC is commenfurable in length unto thé line D 


antt 


C:but theline D C equall to the line B F. Wherefore the whole line B Cistommen{urable ix. 
length vnto the lines B F & C D.Let the two lines BF and CD be imagined to be [o compo- 
fedthat they nak one line. Now fora{mnuch asthe whole line B C is coniinen{irable in length 
to the two lines B F and C D taken as one line: therefore the lines B F and C D taken as one 
Bnearë commenfirablein length ta the line F D( by the 2.part of the 15:0f- the tenth).Wher 
fore alſo thewholeline BC is commen{urable inlengthto the line £ D by the firft part of 
the fame : this may alfo be proued by the corollary put afier the x6. propofition of this booke. 
Wherefere the line BC issn power maretben the line Aly the quareof a line commisenfi- 

rablein length vntotheline B Ca ee E, Lui ri 

i But now fappofe that the line B C be in power more then the line A , by the [quare of a 
Line conimen{urable in length unto the line BC. And upon the line BC let there be applied 
arcctangle paralleler ame equall-ontà tbefourth part of tbe [quare of. theline A,and wan- 
ling. in fieure by afquare, and let the [ayd parallelagrame be that which is contained under 
the lines B D and D CA ben mufl weproue tat the line B D 1s unto the line-D C commen- 
firablein length, Thefaime conftructions and fuppofittons, that were.before,remayning, we 
may in Iéke [ort prone that the line BC is in power more then the line A y by the [quare of the 
line F D. But by fuppofitio the line B C 1s in power more the the line A by the fquare of a line 
comenfurable unto it in length. Wherfore the line BC 1s-vunto the line F D comenfurable in 
length Wherefore the line compofed of the tmo lines. B. F and D € is comen[urable-in length 
«ito the line F D (5 the fecond part of the 15. of the tenth ) . Wherefore (by the 12. of. the 
tenth or by the first part of the 15.0f the tenth)the line B. C is commen[urable in length tothe 
line compofed of B F and DC. But the whole line conpafed of B F and D Cis commenſura- 


line 
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line B Cis comitenfurable in length unto the line D.C(by the 12. ofthetenth) . Wherefore: 
alfo the live B D.is coxsimenfurable in length vnto the lime DC (oy the fec ond part of the T5. 
of the testh) If therfore there be two right lines vnequall,and if upon the greater be applied j 
a parallelograme eqialt unto the fourth part of the [quareof the leffe and wanting in figure 
by afquare , if alfo the parallelograme thus applied deuide the line whereupor it is applied f 
into partes commenfurable in length: then fhall the greater. line bein power more then the. 
effe by the fquare ofa line commenfirable in length vato the greater: And if the greater: be. 
in power more then the lefe by the [quare of a line commefurable inlength unio the greater; 
and if al{euponthe greater be applied a purallelograme equall umto the fourth part of the 
{quare made-of the lefeand wanting in figure by afquare : then {hall it dewide the greater. 
line into partes commenfurable is leneth which was.required to be proued. 1 


Campane after this propofition teacheth how we may redily apply vpon the line. 
B Caparalieclograme equall to the fourth part of the fquare of halfe of the line A and, 
wanting in figure by a {quare,after this maner. - | : 


I . : te ane -.t*. 
Denide the line B C into two lines in fuch fort that halfe ofthe line A fhalbe the meane propor- 
tionall betwene thofe two lines, which is poffible,when as theline B C is fuppofed to be greater then 
the line A,and may tlius be done.Deuide theline B C into two equal partes in the point Eand defcribe 
vpon the line B C afemicircle B H C.And vnto the line B C,and from the point C erecta perpédicular 
line C K and put the line C K equall to halfe oftheline A. .. 
And by the point X draw vntothelineE Ca parallel line ` | 
K H cutting the femicircle in the point H; (which it muft 
needes cut, forafmuch as the line BC is greater then the 
jine A).And fr6 the point H draw vnto the line B Ca per.° 
pendicolar line H D: which line H D, forafmuch as by the 
34.0f the Girftitis equall vnto theline K C,fhallalfobee-: ^ 
quail to haife of the line A :: draw thelinesB H and H C. ^ 
Now then by the gt.of the third the angle B H C is a righe 
, angle. Wherefore by the corollary of the eight of the fixt 
booke the line HD isthe meane proportionall betwene? 7 
thelines BDand D C , Wherefore thehalfeofthelineA `.. 
whichisequallvntotheline H Disthe meaneproportio-. .^. . |... | Tm 
nail betwene the lines B.D and D-C. Wherefore that which is contained vnder the lines BDandDC 
is equall to the fourth part of the {quare of theline A.And fo if vpon the lineB D be defcribed a re&- 
augle parallelograme hauing his other fide equall to the lineD C;there [halbe applied vpon the line B 
Ca rectangle parallelograme equall vnto the {quare of halfe of theline A sand wanting in figure bya 
quare : which was required to be done. ~.. ^ ! T. em oa 
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Dee he s T heorene. |. T'be 18. Propofition. 
cod fthere be twa right lines ynequall , and if opon the greater be applied a 
vsoparallelograme equallynto tbe fourtl part of tbe fauare of leffe , and wane 


2 


* ting in figure by d Jquare-, if. al g the par allelogrametthus. applied deuide 
“the Ime "hereupon it-i$ applied into partes incomnienfurable in length: 
“~ the greater line fhalbe in porver more then the leffe line by the [quare of 
ad line incommenfurable in length vuto the greater line. And if the réde. 
Ae ter line be in power more thenthe lefs eline by the quare of a line incommée, 


Jurable in length vnto the greater, and if alſo pon tbe greater be applied 


t 
m=4 > 
1 


Sa paraelhgrame equall ynto the fourth part of the quare of the deffe and 
“panting in figure by a {quares- then’ fhallit-denide the greater line into 


+ a . 
partes mcommenfurable in length. | 
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Str Thetenth Booke 
WESC, Vppofe that. thefe two right lines A and B C be nequall the one to the other of. 
M mhich let B C be the greater. And vpou the fame BC apply aparallelograme equall 
WOND ozto thefourth part of the [quare of the line A,and wanting in figure by a (auarez 
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which bow to dàosvas before taught. in the end of the 

former propofition «And let the fayd parallelograme BF E D oun wi 
be that which is contained vnder:the lines B D and - * — 
D C. And let BD be incommenfurable in length va — i nia 


to D C.T hen I fay that the line B.C isin power more ` ST EE et a etd 
then the line A,by the fquare of a right line incommsenfurable in leneth unto the line B C:, 
First let the fame order of conftruction,and demonflration be obferued in this which was its. 
the former propofition And we may in like fort proue that the line B Cis in power more thë, 
the line A by the {quare of the line D F.Now then muft we prone that the lines B Cand D F 
areincommen|urable inlength : Forafmuch as by fuppofttion the line BD is incommen{2- 
rablein leeth untotheline D C: therefore (by the 16.of the tenth)the line BC 1s incommen™. 
fuvablein length vatothe lineC D . But DC is commenfurable to thefetwo_lines BF and 
D C added together.F or B F is equallunto D C.Wherefore ( by the 13. of the tenth ) BC is 
incommen{urable vato thefe two lines BF and DC compofed. Wherefore by the fecoud part 
of the 16.0f the tenth the line compofed of the lines B F and D C taken as one lines incom- 


L menfurable in length unto the line F D Wherefore by the firft part of the [ame 16. propofiti- 


onthe line BC is incommenfurable in length onto the line F D . Wherefore the line BC is 


| in power more then the line A by the [quare of a line incommen[urable dn length unto the 


bine BL. J . , 
E urnon [uppofe that the hive B.C be in power more then the line A 2 the [quare of a lime 
intov:menfurable in length unto B C. And upon the line B C let there be applied a parallelo- 
gramme equall vnto the fourth part of the [quare of the line A, and wanting in figure by a 
{quare,and let the faid parallelogramme be that which is contained under the lines B D é 
‘D C.T henmujl we prone that the line B.D is vato the line D C incommenfurable in legth; ° 
The fame order of conftruction and demonftration being kept wé may in like fort proue that 
the line B.C isin power more then the line A by the {quare of the line F D-But now(by [up- 
fofition) tbeline B G is in power more then the line A y the [quare of a line inzommenfu- 
vablein lengtb unto B C. Whereforethe line B C is nto the line F D incommen[urable in 
length: Wherfore the line compofed of B F and D.C taken as one line, fhall be incommenfu- 
rable in length to the line F D (by the —5 — part of the'16.0f the tenth): wherefore alfo by 
the fir ft part of the fame,theline B C [ball be incommenfurable in length to the lint compo- 
fed of the lines BF and D C.But thé line compofed of the lines B F and D-C is commenfu- 
rable in length to the line D C (for.that B F (as before bath bene proued) is equallto D C). 
Wherfore the line B C is incomenfurable inlength tothe line D C (by the 13. of the tenth). 
Wherefore by the fecond part of the 16-of the tenth, the line B D is incommetfurable tn'légtl 
unta the line D.C.Iftherfore there be two right lines unequall,and if upon the greater be 


: applied'a parallelogramme equall unto the fourth part of the [quare of the le[Je line, cte man- 


ting in figure by a quare, if alfo tbe parallelegramme thus applied deuide the line wherupon 
itis applied inte partes incommenfurable in, length: the greater line [ball bein power more 
iken the laffe line by the [quare ofa. line incommenfirable in length unto the greater. 
é And if the greater lint be in power more then the lelfe,by the [quare ofa line incommen[i- 
veblein length onto the greater andif alfo upon the greater ve applied a parallelogramme 
equall vato the fourth part of thefgaare ofthe leffé line,and wanting in figure by a fauart, 
epi foallit-deuide the greater line into partes incommen|urable in length: which was re- 
quired to be demonfirated. a ^ uw ENS * 
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This Propofition may alfo be demonftrated by the former propofition namely, the firft part of * 
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of Euclides Elementes, ^. Fol.246. 


by the (écond'part of theformer;and the fecorid part of this by thé firfkpart ofthe formersbyan argua 
ment leading to an abfurditie, For as touching the firft part of this propofition, the line B C-contayning; An other de- 
in power more then-the line A by the fquare of he line FD, if the ine BC be notincomm enfurable vn monstration 
to theline F D;then is itcommenfurable vnto it. Wherforé (by the fecond part ofthe 17 propofition) by an argumet 
the lines B-D and DC alfo'are commenfurable, which is impoflible,for they are fuppofed to beincom-. leading to att 
menfurable. So likewife as touching tlie fecond parte ofthe fame, the line B C cootayning 1n. power. abfuvdities 
more then the line A by the fquare ofthe line F D, ifthe linie D B benotincommentiurable to the lyne 

D C,then is it commenfurable vnto it : wherfore(by the firftpart of the 17.propofition) the lines B.C. 

and F D are alfo commenfurable,which were abfurde.For the lines B C and E Dare fuppefed to be in- 
commenfurable : which wasrequired to be proued. É 
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- Ferafmuch as it bath Lene proued that limes comuetn[urable in. length, are alwayes aljo An Afiumpt 
cosesmen[urable im power ,but limes commen[urableim power are not alyyayes commen[urable — «c 
in length, but may be in length both commenurable and alfo incommenfurable:it is mapi- 
feft that if vinto e line propounded which is called rationall of purpofe, a certayne line be 
esos rable in length, it oucht.to be called rationall and comenfurable unto it, not only in 
length but alfo in power : for lines commenfurable in length are alfo alwayes commen Y. 


= 


ble in power But if visto the line propounded which is called rationall of purpofe, a certayne 
line be comrmenfarable in power then if it be alfo commenfurable vnto it in length, it is cal- 
led rationall and commenfurable unte it both in length andin power But againe if vato the 
faid line gezen which is called rationall,a certayne line be comimenfurable in power and in- 
commenſurable in length, that alſo is called ratiopall,commen[urable in power ozel. 
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He calleth thefe lines rationall which are unto the rationall line fir(t fet comenfurablein 


lengila & in power ,or in power only And there are alfo other right lines, which are unto the 


rational line firfl [et incommenurable in length, and are unto it commenfurable in power 

oily, aid therfore they are called ratiozall, & commefurable the one to the other: for which 
cafe they are. rational. But enen thefe lines may be commenfurable the one to the other, 
ther To lengthy aad therefore in power; or els in power onely . Novo if they be commen[n- 
rable in length,then are thofe lines called rationall,commenfurableinlength,but yet [o that 
ihey be underfland to be in power comnren{urable:butif they be commenfurable the one to. 
she other in power onely they alfo are called rational commenfurable in power onely. -> 
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And that two lines or more being rationalland commenfurable in length to the rational line firft E E 7 uy 
fet,are alfo commenfurable the one to the other in leagth hereby itis manifett: for forafmuch as they. ENA 

ace rationall and commentfurablein Jength to the rationall line firft fet, but thofe magnitudes whiche Montaureust 

are commenſuable to one and the ſelfe ſame magnitude, are alſo commenſurable the one to the other 
(by the 12 ofthe tenth) wherfore thie rationall lines,commenfurable in length to the rational lyne fir 
{et are alfo commenfurable in lepgth theonetothe,- | +. Jaian s d^ 
otkér.And.as teuching thofe whicharerationallcom,, —^ , r. mm — 
pieufurdblein powetnely to thefationall line firff , - *——t————————— 0... 
fetithiey.alfo multneedesbe actheleattcomimenfüra- ^'^ — = v ir 
ble in nec the one to the other. For forafnuch as .-B a- 
ther {quares are rationall they fhail bee commenfu- | 
rable to the fquare oftherationallline firft fet. Wher- 
fore by the 12. of this booke,they are alfocommenfiu- G ————_, 
table,the one to/theorher. W.herefore their linesare sen te o 
atthe leaft commenturable in powertheone tothe... - .. * CUM AERE A mm m * 
eiber-Anditis potlible alfo that they niay be comméfurable in légth the oneto the other. For fuppofe ils 
phat, A bea ratignall line frit fet,and le tthe line D be vato the fame rationall line A ON MANT pe qm 
power oncly,chat is, incommenfurable in lépgth vnto it; Letthere be alfo an otherline C commen-- 
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furable in length to the lyne B (which is poffible by the principles of this booke. Now by the 13. of 
the renth,itis manifelt thatche line C is incommenfurable inlength vnto the line A. But the {quare of 
the line A is cóméfurable to the fquare of the line B by fuppofition,and the {quare of the line C is alfo 
commenfurable to the fquare of the line B by furppofition. Wherefore by the 12. of this booke, the 
{quare of the line C is commenfurable to the fquare ofthe line A. Wherfere by the definition, the line 
C {hall be rationall commenfurable in power onely to the line A;as alfo is the line B. Wherefore there 
are geuen two rationalllines commeníurable in power onely to the rationall line firit fetjand commé- 
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furable in length the one tothe other. - 


4 "ml } 
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Here is to be noted,which thing alfo we before noted in the definitions, that Cam- 
pane and others which followed himjbroughtin thefe phrafes of {peaches, to call fome 
lynes rationallin power onely,and other fome rationall in length and in power, which 
we cannot finde that Euclide ever vfed.For thefe wordes in length and in power arene- 

uer referred to rationalitie or irrationalitie,but alwayes to the commenfurabilitie or 
incommenfurablitie of lines. Which peruerting of wordes(as was there declared)hath 
much increafed the difficulty and ob{curenes of this booke. And now I thinke it good 
agayneto put youin ntinde,that in thefe propofitions which follow,we muft euer haue. 
before our eyes therationall linefirft fet, vnto which other lines compared are either 
rationall or irrationall,according to their commenfürability or incommenfurabilitié: 


g The 16. Theovene. "Tbe 19. Propofitión. 


A rectangle figure comprehended ‘puder right lines commenfurable in 
_ lengthe, being rationall according to one of the forefaide ~wayes : is rae 
tional. Sd Jesi cages - 


— 





P Vppofe that this rectangle figure A C be comprehended under theferight lines A 
LASSER and BC being commenfurable in lengthand rationall according to one of the 
ES fore[aid wayes T hen I fay that tbe fuperficies A Cis rationall,de[cribe (by the 46. 
of the firft) pon theline A Ba (quare. AD. Ld : 
Wherfore that (quare A D is rationall by. the e Y > a 
definition. And forafmuch as the line AB is A 7 

commen[urable im length vnto the line BC, 
and the line A B is equall-vnto tbe lyne-B.D, | 
therefore the lyne B D is commenfurable in 
length vato the line B C. And as the line B D 

is tothe line BC, fois the [quare DA to — mS 0n page vet 
fuperficies AC (by the firft of the fext) but jt is proued that the line B D is commenfurable. 
vatothe line B C,wherfore (by the 10.0f the tenth) the {quare D Ais commenfurable unto 
the rectangle fuperficies A C.But the {quareD Aisrationall, wherfore the ‘rectangle fu. 
perficies A C alfo is rationall by.the definition. A rectangle figure UPTRCUP TRE 
under right lines commen[urable in length beyng rationall accordyng to one of the forefaya 
wayes is rationall.:-whichwas required to be proued.- N paio v * 
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^o Whereas inthe former demonftration the fquare was defcribed vpon the leffe line, we may alfo 
demontftrate the Propofiton,if we defcribe the fquare vpon the greater line;and thatafter thys marier; 
Suppofe thatthe rectangle fuperficies BC be contayned of thefe vnequalllines A Band AC, which 
let be rationall commenfurable the one tothe other in Jength.And]et the line/A C be the greater. And 
Cite t om COR ca sm" I A e ; S TENE LINEA m vpon 
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of Euclides Elementer. 


"wpon:heline A C defcribetheifquare DC Then. 7 50 0 s ns 
I fay, tbat the parallelogramme B C is rationall. D me | A 
For theline A Ciscommenfurableinlength vnto | ^^ ^-^ - = 
the line A B by fuppofition „and the line D A ise- 
quall to théline AC. Wherefore theline D A is... 
commenfurable in length to the line AB . But 
‘what proportion the line D-A- hath‘to the line ` 
“AB, the fame hath the {quare D C to the para'le- | 
logramme.C B (by the firit of the fixt). Wherefore. ` 
(by the ro.ofthts booke) the fquare DC is com- 
menfurable to the parallelogramme C B . Butitis ^ 
rnanifell, chatthe fquare D Cisrationall;for that ^ 
itis the quare of a rationall line, namely, A C. ~. CAES M 
Wherefore (by thedefinition) theparallelográme _ 3 ^at he oU Ph &. 
alfo C B isrationall. LAE — > 
. Moreouer;forafmuch as thofe two former demonftrations feeme to fpeake of that parallelográme 
which is made of two lines, of which any one may be the line firk fet, which is.called the firk rational] 
line, from which(we fayd)ought to be taken the meafures ofthe other lines compared vnto it, and the 
otheris comméfurable in length to the fame firſt rationallline, which is the firit kinde of rationàll lines 
cómenfurablein length : Ithinkeit good hereto fetan other cafe ofthie other kinde ofrationall lines; 
of lines I {ayrationall comenfurable in length compared to an other rationall line firlt fer,to declare the 
generall truth of this Theoreme,and that we might fee that this particle .sccording to any of the forefagd 
wayes Was not herein vaine put. Now then fuppofe firfta rationallline AB . Lert there be alfo a paral- 
lelográme C D contayned vnder the lines we TY ae p i 
C Eand E D, which'lines let be rationall, i | E F 
that is commenfurable in length to the 
firft rationall lme’propounded A B. How- 
-beit, letthofe two lines CE and ED be 
diuersand vnequali lincs vnto the firft ra- 
uonallline AB..Then I fay, thatthe pa- 
rallelogramme C D 1s rationall . Defcribe 
the fquare ofthe line DE, which let be 
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DF . Firt itis manifet ( by the r2.of this .. ma. nua. S D 
booke)that the lines C E & E D,are com- / 
menfurable inlégth the oneto the other. A B x 





For either of tlíemasfuppofed to b&eóma 5 ^ o9 V HUI 0! i muti ts T7 
menfurable in length vnto theline A B . Buttheline ED isequállto theline EE. Wherefore the line 
CE is commenfurable in length to the line EF. But as the line.C E isto the lincE F, fo is:the paralle- 
Jogramme € D to theíquare D F (by the firltof the fixt).. Wherefore (by the 10.0f this booke ) the pa» 
tallelográmme C D ffiall be commenfürable to the fquare D E . But che fquare D F is commenfurable 

to the {quare of the line A B which is the firft rationall line propounded . Wherfote (by the 12.0f this 
booke) the parallelogramme C D'is commenfurablé.to the {quare of the line AB. But the fquare of 
the line E'isrationall (by che definition). Wherfore.by theidefinition alfo of rationall figures,the pa- 


rallclogramme CD fhall berationalf. ^ 
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‘Now ‘reftgeth an other cafe of the'thirde Kinde.of rationalllines commenfurable in length the one 
to the other, which are to the rationallline AB firft fet commenfurable in power onely, and yetare 
therfore rationall lines. And letthe lines C Eand E D be cémenfurable in length the one to the other, 
Now then let the felfe fame conftruction remaine that was in the former,:, fo that let the lines CE and 
E D be rationall commenfurable in‘power onely vnto the line AB : Burlet them™be.commenturablein 
length the one to the other. Then I fay, that in this cafe alfo the parallelogramme C D is rationall.Firft 
it may be proued as before,that the parallelogramme C.D is commenturable to.the fquare D F. Wher- 


fore (by the'12-of this booke) the parallelogramme’ C’D flrall be COmmenfurable to the fquare of the 
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ine A B , But the fquare of cheline AB is rationall: Wberefare ( by thedefinition) the parallelográme 
CD fhall be alfo rationall * his cafe is well to benoted.-For it ferueth to the demonitration and yn- 
derftanding of the:25 .Propofition'of this booke ‘S20 22. eg 358 $6 Ml r9 
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M. E vpon ar at ronal line be applied a rational | rebean ple parallel )gramme: 
> < Uotber fide that niaketh the Breadth thereof [ball Do a rationall line and 
soc Commnen[ur able inlength ynto that line-wherupont 
* gramme is applied. s. VOS dare Xon se etse hs 
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| Pppofe that this rationall reéfangle parallelogramme LAC, be applied 2 
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oe, xd the line AB, which let be rationall accor rding toany one of the forefaid wayes : 
E ; Sr " P (X (n whether it be the firt rationall line fet, or any other line commenſi trableto . 
uérfé of the | the rational line firft fet,and that in length and in power, or in power onely: for’ 


former propo one 2 of a three wayes,as was declared in the Affuimpt put before the 1 p . Propofition of this 
Ftion. Loake, is a line called rationall) and making in breadth the line BC.Then 1 fay,that the line 
Constrafion. B Cis rationall and  commenfurable in length unto the Bine B A. Defcribe ( by 1 the = of the | 
fef ) vpon the line B Aa fqnare AD. Wher- p  ~ . 
fore ( by the o definitio ofthe tenth)thefquare p- 
A DI ritionall -But thè paralleloeramme 
A C alfo is rationall (by fuppofition) . Where- 
Zeman Mec fore (by the connerfion of the definition of ra- 
ll tionall figures, orby the r2. of this booke) the 
fauare DA is commenfurable. unto the pa- i — — 
vallelegramme -A.C-. Butas tbe fquare D. A is `a 
. tothe parallelogramme A C, fos tbe line D B to she line BC( by the firft of the fixt). Where 
— fore (by the 10. of the tenth ) the line D Bis comimen|urable unto the line BC. But the line 
D Bisequall untothelineB A. Wherefore theline A Bis comenfurable unto the line BC. 
But theline A Bisrationall. Wherefore the line BC alfotsvationall and commenfurable in 
length unto the line B A. if therefore vpon arationall line be applied arationall rectangle 
paralle elogranzme, the other fide that maketh the breadth therof all be arationall line con- 
menfurable in length vnto that line whereupon tite rationall ue ern is us 
which was required to be demonflrated. | 
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A line contayning in power an irrational faperficies i is irrational 
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A A Suuppofe that the line id B citaine in power: n irr ation riper ficies tati is; det the fii 


“ vpon  theline-AB, be equall: unto an irrationall 4p Rea | * an I fa fi 9, that the 
Vini A BTs Mationull For if the line A B be rationall, thé Shall HD ASu na M: 





the fquare oft the line AB bealfo rationales For fo was it put in A — B 4 

the definitions Bur (by [uppofition')it is wor Whereporéthe ~ MOM RA 

fine A Bis irra REAL T Alipe 8 ther ale, contayning in poner e an irrational fie fie is ir- 

i rational, acs ud ei: ol wenn» tak NLA OT — aai aaao T b | G3 
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wf {restait Peire compel send. vidé t tivo sabina dh Fei come 
. amen[arable in power oneljj1s tr rational. And: the: line which in power 
— “cinta that" ectangle figures is irrational, ez i 4s called a 4 imediall line. 


AY; spofetl that this rectanele figure A Chbe comprehended onder thefe honil 
ft right lines AB and BC commen|urable i in power onely. Then I ‘lay; thatthe fe- 
M perficies AC isirya fici - and the line which contayneth it in pomeris irratio- 
Conſtruction | faece zal, andi 1s: wa amediall Jine.  Deferibe ( by ‘the 46.0f the; feft ) pon; the line 
Demonitra- “A iB a[quare A D Where ofore the fauave A ADis rational . ‘And forafimuch as the line AB 
Vi isumto the line B Cincommen|urable in length, for they ate fuppofed 773 corsmenfurable 

in power onely, and the line AB is equall vsto the line BD, therefore alfo thé liiig B D is 
Shae 2, WAL DA, ynta 
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of Euclides Elementési Fol.24.8. 


vato the lige B C incommen[urable in-length . Andasthelige D B is v0 the line BC, fora: 
she [quare A D tothe parallelogramme AC (by the firft-of the fixt) . Wherefore (by the tx 
of the tenth) the {quare D Ais unto the paralleloeranme.A C incomimenlurable.. But the 
fqiare D:A isrationall. Whereforetbepas C. Senta Ua ES y o A v x 
rallelogramme AG isirrationall. Where. | 55 ~ Hr T 
fore alfo the line that contayneth the fuper- 
(ficies.A Cin power, that-is-whofefquaress 
equall vnto the parallelogramme AC; is 
(by the-Affumpt going before) irrationall. 
And itis called amediall line, for that the LÁ — 
{quare whichis made of it, is equall to that | A. ede 
which is contayned under the lines A Band B C,and therefore it is(by the fecond part of the 
17.0f the fixt) ameane proportional line betwene.the lines A Band BC «A rectangle fi- ° 
gure therefore comprehended under rationall right lines which are commen|urable in power 
onely, is irvationall, And thé line which in‘power. contayneth that rectangle figure istrra- 






tional y and is called a mediallling. ^ 
. AtthisPropofition doth Exclide firft entreate of the generation and produ&ion of 

irrationalllines. And hére hefearcheth out the firft kinde ofthem, which he calletha 

mediall live . And the definition théróf is fully gathered and taken out of this 2 1.Pro- ; 

pofition , which isthis ; -A:mediall lineis anirrationallline whofe fquare is equali toa Difüsiti 

re&angled figure contayned of two rationall lines commenfürable in power onely. It ''' 7 P» of 

iscalled a medial line; as T. been rightly fayth, for twocaufes, firft for thatthe poweror 9//€68P Amt 

{quare which it produceth is equall to a mediall fuperficies or parallelogramme.. For mg 

as thatline which produceth a rationall fquare, is called a rationall line, and that line 

which produceth anirrationall fquare;ora fquare equall to anirrationall figure gene- 

rally-iscalled'an izrationall line: fo isthatline which produceth a mediall {quare, ora 

fquare equall to a mediall fuperficies, called by fpeciall name a mediall line. Secondly. 

itis called a mediallline,becaufe itis a meane proportionall betwene the two lines có» 


menfurable in power onely-which-comprehend the mediallfuperficies.. 5; yy 
? i es p Lee: 2 f I-A. r= * i s b 
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- «T Á Corollary added by F/effates.— 

A reffengle parallelogramme conta yncd Gnder a rationall lite nnd ansrrationall line, ssirrationnll For if VA Cerollars. 
the line AB be rationall, andif the line C B be irrationall they fhall be incommenfurable. But as the regs 
line BD (which is equall tothe line BA) is to thé line B C, fo isthe {quare A D to the parallelograme 
AC. Wherefore the parallelogramme A C fhall be incommenfurable to the fquare A D which is ra- 
tidnall (for that thé line A Bavherupon itis defcribed is füppofed to be rationall) . Wherefore the paz 
rallelogramme.A C which is contayned ynder the rationall:line ABs and .the-irrationallline BC, is 
irrationall. Wt noy e "AU NM Ñ s 


— er i N E " a Y 


xx, Afthere be tworightlines jas the firft is to the fecond fois the [quare which 
- odis defexibed pon the firft to the parallelograme which is contained pnder 

2 US "thetwor ight lines. ds "y t n ar sak. Mila d ART mmm ee MN: | 

h~ hoe — te LIUM ua M ERA. REC EEMERE aa. This affumpe 
~ | Sappofe that there be tworieht lines A Band BCT hen-I fay that as the line ABisto s iy "n 


theliné B C ;fo is tbe fauare-ofthe line AB, tothat which is contained vniler the lines AB byt a pare oF 

“wad BGeDefctibe( by the 4.6: of the fer[lyopón tbe line A B M A D. And make perfect the first pro- 

+ the paralleloerame at C. Naw for that asthe line AB is to the line BC (for the line AB, is pofition. of tbe 

equallo che line D} foisthequare AD tothe parallelograme CA by the frft of e fixt booke, 
RN ai 


A - 1 a —w 
* p "i t “ " by 
— S. 2 X e e E 4%! qr + 
^ Xi - A Eo v4 — 
t 1 3 X E 
e Tea ^ 


dnd. AD ds tef quarewhicbás madeof'the: 1 Tomo l8 ess 
line AB,and AC isthat whichis contained 2). 0 oio uos 
ynder the lines B.D and BC,thatis, under .. € — "vg v uma 
thelines A B c B C:therfore as tbe line AB | 
is tothe lite BC, fo WM DC dderibed vp 
pok the the line AB ‘to the rectangle figure 
contained under the lines A B CB C. nd 
coguerfedly as tbe parallelograme which is 





contained under the lines A Band BCisto ` cet aed eg HOR Ail 
tbe [quare of tbe line A B,fois the line C Bia Beryl ot Dee a A 
the lne B A. ~ i hs il 1 ^ uso di À ^ " 


g The 19. Theoreme. Theżz. Propofition = = 55 
-` Yf vpon arationalltine be applied the fauare of amediall line : the other 
fide that maketh the breadth thereof, ‘fhalbe rationiall, and incommen{uras 
> „blein length to the line wherupon the parallelograme is applied. 
z bpofe that Abe a-mediall lne and let BC be a line vationall , 4nd upon the line 
Mey BC defcribe a rectangle parallelogrameequall vatothe [quare of the line A, and 
so o 7, MalSAAA Let the fame be BD making in breadth the line C D ; Then I fay that the line CD 
Demonſira- asrationall and incomenfurable in length uptothe line CB.For fürafmuch as A is a mediall 
kon, line,tt containeth in power (by the 21.0f the tenth ) a rectangle parallelograme comprehen-. 
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ded under vationall right. lines commenfurable in power onely... —* that it containe in 
pomer.the parallelograme GF : and by Juppofition it alfo :containeth in power the parallelo- 
&rame 5D. Wherefore the parallelo- "il "23:141 esee E oni: m 


grawe B.D is equalluntothe parallelo-. ~ T usu US 
grame G F:and sit is alfo équianole 2777 * | — — d 






toit for that they are ech rectagle. But 

in parallelogrames equall and. equiangle .... | 

“the fides which containe the equall an- 

euer s, Sette seoprocall ( by the xa. Of ess se 
UT l faxt)oVEberfore mbar proportio tbe lipet susien 


B Cath tothe line EG ; thbe[ame bath. ^. < fE 
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the line E F to the line C D.. Therefore: apu came dI cambi t3 
(Aytheaa. of tbe fixt:).asthefquare of «552i sg Ss LLLA 
the line BC is tothe [quare of the line -~ | | 
E G , fois the[quare of tbe line EF t9. mn n., 
tbe fauare of tbe line C D. But the [quare of thelime B C is commen[urable vnto tbe fquare 
of the line E G(by Le ). For either of them is rationall. Wherefore ¢ by the the 10. of 
the tenth ehe/quare of the line E F is commenfurable unto the [quare of the live OD . But 
We [quare of the line E Fis ¢ationall. Wherefore the {quare of the line C D is likewife ratio- 
nail Wherefore the line C D is rational. And forafmuch as the line E F is incammmenfurable 
~ ~ length unto the line EG (for they are fuppofed to be commenfurablein power onely).But 
(oc as the hne EF isto the line E-G,fo( by the'affumpt going before)is the faare of theline E F 
O. o tothe parallelagrame which is contained onder the lines E Fand EG © Wherefore (by the. 
kA 10.0f the tenth ) tbe [quare of the: line EE. i incommenfurable vntó tbe parallelograma. 
oos o whichis contained under -the lines F Exand E.G. Butsonto tbe: (quare; of the line EF. 
vs. the fquare of the, line CP 4s, conmmenfurable. 5 far iti proved. that. either of them is, 
he «a " — E arationalt 


eto 9 onim 















of Euclides Elementer: S x | Fol24.9. 


avationallline And thatmbith3s contained veden the lines D 6 indo Bus ‘commenfuvable f 
vato tha? mhich is contained onder theline X Bank BG? For they are bothequalliuthe 


[quare of the line A. Wherefore( by the 13 of tbe tenth ) tbe [quare of the line C D is incon- 


menſurable to that which ts contained wudérthel kines D C and C B. But as the [quare oft the 
line C D is to that which is contained onder the lines D C and C B fo ( by the affumpig Cong 


before yis t the line, DC. tothe line C JI. Whereforetoe line D C izincommenfurable in. length 


visto the line CR Wh DD othe if ine C Dis tation pall, and incontnen|urable ir in length uta 
the line C B. If therefore Upon a rational line be a plied the fi quare of à medial line: the b- 
ther fr ide that mareth the breadth thereof, Jhatzes 2 tonal; andi sinc ommuner nfurable i 77 lengt p. 
£o the line wherespon the parallelogramane: is s applied: “which was requir ed to be e proned, © 


ee Afa nare is fayd.to be appliéd vpon aline e,whendt,ora paralielograme equal M 
it,is applied: vponthe fayd line; I£vpon a rationall line gceuen we will apply arectangle: 
parallelograme equall to the [quare of a mediall lime ecuen,and foofanyline geuen,we: 
muft,by.the + 1.0f the fixt,finde out thethirdline proportional with the rational! line 
and the mediall line geuen : foyetthat the rationallline be the firlt,and the mediall line 
geuen,(which containeth in power the {quareto be applied ) .be the fecond. Fortheir 
the fuperficies contained ee mn the third , halbe. equal to Y fades ot of 
the AD. by the 1 7: of ithe fixe | 3 — 


E tun 
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A of Th: 20. ERE e E 23.  Propfion Y& iege at va > 
ome Yn p ie commen —— tod mediali "n is alfo.a m dem — "vn 
= T 3 E "bbufe that A be: “4 medial line. Ana wnte the line A let the lineB be tommen- 


xD 3 t furable,cither inlenethjc> in power orn power only -T Len 1 [ay that Balfossa. 
XS d edial line. Let there be put arationall line CD. Anda lupon the line C D, apply 







tional ang. incommenfurable. 18 length vnta thé line C D . And dgaine upon the line CD 
apply. arectangle iparallelograme CF equall-unto d J of the Ms B — the 
breadth the line DF : Afid, forafmush as 2° i 
the line Ais comen furable VIA] adr] M Sl iL 
B therefore the. ‘fare ofi the wt |S mie 
commenfirab ble tothe [as guare ofi theline ai i an a 
B. But the parallelograne. EGE equal: T 
ibe ſquare ofthe line Aand the purallelo. i. thoy: 
grame CF is equall to the [gee ofthe nnm 
ligë: B: wheréf oré the parallelegrame'E e^ 
25. c ii vnto the — a 
CF. Bii ai is the'parall lelogr are EC, 0. LR. i a 
the paralelograme CF, fois the line E Visa eh — 
tothe line-B-F (by. the firi of the fixt.).. Wherefore ( b the 16: ef the —7 ) the linc E Dé is 
commenfurable t in length unto theline D F But the line E D isrationall aud inconen[ura. 
ble in length vnto the line D C, wherefore the line D F is rational and incommenfurable 
in length unto tbe lige D. C ( dys the 13,0f the tenth ).. Wherfore the lines CD and D F are 
rationali commenfarablei in power onely . But ai rectangle figure comprehended Under ratio- 
nellright lines comsmenfurable i ir power onely ts ( byt the 21.of the tenth)irrationall and the 


wm e 


Lie that containeth jt in power. is s irrationall, and is called 1 mediall line. Wherefore the line 


awe 





om 
~ 
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shat containeth in power that which is comprehended s tinder thelines CD and D Fis a me- 


dal Gne. But the line Be ontaineth i in power the parallelograme which t i5 comprehended Vile 


ves der 


ASSOLE a rectangle parallelograme C Es eguali: wnto the {qu quare of the line A, and ia 
king —— the. iat E D Wherefore (by the prapyfi ition going before)the line i. D i5 T4- 


iP afaquare 
as i ayde to be 


applied vppor 


a line, 


ConsirvuGion, 


Demonſtra- 
201. 


der tbe lines C D and D F Whereforethe line Bis amediall ines.A right line therfore com= 


wacn[urable to amediall line,is alfo a mediall line: which was required to be proued. F 
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Co WHerebyitis manifef} that a fuperficies commenfurable "vynto a medial fu: 
perſicies is alſo a mediall ſuperficie. aa | E 


E 1 - F 


.. For the lines which containe in power thofe faperficieces are cobenfarable ig power., of which 
the one is a medial line( by the definirio of Amediall line im tbe a 1.0f this tenth): Wherefore the ot ber 
nifo is a mediall line by this 23 .propofitia. And as it was fayd of rational lines fo alfo is itto be fayd 
ef medial lines, namely , that aline commenfurableto a medial line,is alfo'a mediall line, ‘a line fay 
which ss commenfurable unte a medial line whether it be comumenfirable in lesigth , and. alfo in pas 
wer ,or ells in power onely. For uninerfally it is true,that lines commenfirable in length , are alfo conti 
esenfurablein power. INow tf unto amediall ine there be a line commenfurable in povcer, sf it be com- 
exenfurable in length the are thofe lines called mediall lines commenfitrable in length e in power. But 
if they be commenfurable in power onely they ave called medial lines commenfirable in power onely.> 
w+. There are alfo other right lines incommenfurable in length to the mediall — commenſura⸗ 
ble in power onely to the ſame: and theſe lines are alſo called mediall, for that they are commenſura- 
ble in power to the mediall line. And in as much as they are mediall lines , they are commenfurable ia 
power the one to the other. But being compared the one to the other, they may be commenſurable ei- 
ther in length,and therefore in power,ot ells in power onély And then if they be commenſurable in 
length,they are called alfo mediall lines commenf{urable in length,and fo confequently they are vnder- 
ftanded to be commenfurable in power . But if they be commenfürable in power oncly.; yet notwith- 


^ 


ftanding they alfo are called mediall linescommenfurable in power onely. 


Flufatesatcer this propofition teacheth how to come to the vnderitanding of mez 
diall {uperticieces and lines, by furd numbers,after this maner. Namely to expreffe the 
mediall {uperficieces by the rootes of numbers which are not {quare numbers : and the 
lines cOtaining in power fuch medial fuperficieces, by the rootes of rootes of numbers 
not fquarc. Mediall lines alfo commenfurable, are exprefled by the rootes of rootes of 
dike {uperficial numbers,but yet not {quare, but fuch as hane that proportion that the 
fquares. of {quare numbers haue. For the rootes of thofe numbers and the rootes of 
xootes.arein proportion as numbers are namely, ifthe {quares be proportionall the 
fides alfo fhalbe proportionall (by the 22.0fthefixt), But medialllines incommenfüu- 
rable in power,are the rootes ofrootes ofnumbers, which haue notthat proportion, 
that{quare numbers haue. For their rootes are the powers of medialllines , which are 
incommenfurable (by the 9.of the tenth) . But mediall lines commenfurablein power 
onely , arethe rootes of rootes of numbers, which haue that proportion that fimplé 
{quare numbers haue,and not which the fquares of {quares haue.For the rootes(which 
are the powers of the medialllines)are comméfurable,but the rootes of rootes (which 
expreffe the fayd mediall lines)areincommienfurable... = E 


Wherefore there may be found out infinite mediall lines incommenfurable in 
power , by comparing infinite vnlike playne numbers the one to the other, For vnlike 
playne numbers, which have not the proportion of fquare numbers , doo make the 
rootes which expreffe the fuperficieces of mediall lines incomenfurable(by the 9.of the 
tenth).And therefore the mediall lines containing in power thofe fuperficieces are inco 
'menfurable in length. For lines incommenfurable in power; arealwayes incommenfu- 
rable inlength(by the corrollary ofthe g.ofthe tenth). |. . — oy 
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The 24.'Propofition. ^ > 


à 


Sow The zt. Theoreme. - 


my re&fangle parallelogramme comprehended vnder mediall lines coment 
| Jivable in lengtbys a mediallreGfangle parallelogramme. 


i Suppofe 





of Euchdes Elemente: Folaso, 
2l r ppofe that the rectan ele para llelagramme C,be comprehended under theft 
- yanediall vigbt lines 4 B aud B C,mbich let be comenen[urable in length . Then | 
HE fay,that A Cis wediall velfancleparallelagramme . Defcribe (by tbe 46.0f : Conſtruction. 
JASSeOSES| their |) upon the line AB a [quare AD Wherefore the fquare AD is ame- n 
diall fiperficies - And forafmuch asthe line AB 1s com- ae monſira- 
278; sfurable te ‘length unto the line BC, and.theline T162 AL elie * 
AB isequall unto the line BD, therefore the line BD: i NUS 
4s commenfurable in length voto the line BC.Butas ` 162 Rage À Ji. 
ibeline D-Bistotbeline B € ſo is the fidare DA to ~i J. 
the parallelograimene A C (by the frf of the fixi jwi gos ii ex. d 
fore (by the to. the tenth the [quare D Ais commen.» D dev * 
Jurable vntothe parallelagramme AC But tbefquare^ | | — 
D'Ais mediall, for that it i$ deftribed Upon a mediall line .Wherefore AC alfois a medial 
parallelograme( by the former Corollary).A rectangle.cye: which was required to be proued. 





The 22. T beoreme. The 25. Propofition. 


Areccangle parallelogramme comprehended vnder mediall right lines 
commenſurable in power onely, is either rationall, or mediall. 





ECXGVASES | CMediall line being geuen, there may be found. an other line commen[nra- 
eS f) ble vito it, im power opely ( by tbe va of this booke ) aswas taught there tou- 
a SS chingvationall lines : Now then {uppofe that the rectangle parallelogramrme 
\ N A C be comprehended under the[e smediall right lines A B ci» B C. T ben 1 fay, 
‘aa that the parallelogramme A C is either vationall,or mediall . Defcribe (by tbe 
46.0f the firft) upon the lines AB and BC,their fquares A D and B E .Wherefore either of 
thefe fquares A Dand B E is medial (by the 21.0f the tenth). Let there be put arationall 
line F G “Ana vpow the line F G, let there be applied a rectangle parallelogramme G H e- 
 quall to tbe {quare A D, and making the breadth the line F H .( How to do this was taught 
inthe 22.0f this booke) . And upon the line H M, apply a rectangle parallelogrammeM K, 
equall to tbe parallelogramme A C, and making in breadth the line H K: (to do this ye muft 
take a fourth line proportional with the lines H M ,AB c BC ( by ther 2.0f the fixt which 
fourth line let be H K : wherefore (by the 26.of the fixt) that which is contayned vader the 
extremes H M and H K,1s equall to the parallelogramme contayned under the meanes AB 
and BC). And more- 
our vpontheline KN $ c 






Conſtruction. 


Demonſira- 
HO. 


apply arecfangle paral- | 
delogramnteN L'equall 
tothefquare BE, and | 7 
making in breadth the |. 
line K L. Wherfore the 
tines F H, K&K L, 
ave in one and tbe felfe . 
fame right line . (For ^ 7 
thofe parallelogrammes o un n 
fo appled «po tbe lines p S TX 
F G, H M,and K N, are vecfanole, andtbeangles FHM and KH M areequall to twa 
wight angles, for they are right angles : wherefore the lines F-H and H K are in one right 
dine, by the 14.0f the fieft . Soalfo may Le fayd of the angles HKN and LKN). And 
GG. i. ſoraſmuch 
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fora{much as either of thefe{quares AD andB Eis mediall, and thefquare AD isequall 
to the parallelogramme G H, and the {quare B Eto the parallelogramme N_L : wherefore 
either of thefe parallelogrammes GH and.N Lis mediall . And they are applyed upon ara- 
tionall line,namely,F G . Wherefore (by the 22.0f the tenth ) either of thee right lines F H 
and K Lis arationall line,and incomenfurable in length unto the line F G. And forafmuch 
as thefquare A D i$ commen[urable to the [quare B E ( for tbe lines A B aud B C are fuppo- 
fed to be commenfurable in power ) therefcre the parallelagramzme G H is commen[urable to 
the parallelogramme DLL ( for they are equall unto the fayd {quares ) . But as the paralle- 
logvamme G H is to the parallelogramme N L, fo (by the first of the fixt ) is the line FH to. 
the line K L..Wherefore (by the 10.0f the tenth) the line F H is commen[urable in length ta 
tbe line K L . Wherefore thefe right lines F H and K L, are rationall commenfurablein 
length the one to the other ( commenfuyable in length,I fay,the one to the other,for unto the 
line'F G, by reafon of which they are rationall,they are incomenfurable in length as it hath 
bene proued ) . Wherefore the parallelogramme contayned under the lines F H and K L,ts 
rationall ( by the 19 .0f the tenth ) . — i ». P 
And fora[much as tbe line D B is eguall to the line B A, and the lige X B to tbe line B C: 
therefore as the line D B is to the line B C, fo is the line A B to the line B X ` But as the line 
D Bis to the line BC, fo(by the firft of the fixt )is the {quare DA to the parallelograme AC. 
And asthe line AB is tothe line B X, fois the parallelogramme AC to the fqauare CX. 
Wherefore as the {quare D Ais to the parallelogramme A C, [ois the parallelogramme AC 
tothe fquare CX . But the {quare A D is equall to the parallelogramme G H, and to thepa- 
rallelogramme AC is the parallelogramme M K alfoequall, and to the parallelogrammme 
N L is equallthefquare BE: Wherefore as the parallelogranime' GH is to the parallelo- 
gramme M K, fois the parallelogramme M K to the parallelogramme NL. Wherefore ( by 
the firft of the fixt) as ve uw o8 23 TEC 
the.line F H is to the — 
line HK; fo is theline™ 
HK to the line KL. | 
Wherefore ( by the 17. 
ofthe fixt.) the paralle- 
lograme contayned vn- 
der the. lines F H and 
KL, is equall to the ~ 
[quare ofthe line HRK: ` 
But the parallelograme — 
contayned under the we y "a. 
lines F H and K L, is rationall, as hath before bene proved. Wherefore the {quare of the line 
HK is alforationall. Wherefore alfo the line H K is rational. t. 
And now if the line H K be commen{urable in length vnto the line H M,thatis, vnto the 
line F G, which is equall to the line H M, then (by the 19.0f the tenth) the parallelogramme 
DCH is rationall . But if it be incommen[urable in length unto the line F G, then the lines 
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HK andH M arerationall commen{urablein power onely . And fo fhall the parallelograme 


HN bemediall. Wherefore the parallelogramme H N is either rationall, or mediail. But 
the parallelogramme H N isequallto the parallelugramme AC . Wherefore the parallelo- 
gramme A Cis either rationall, or mediall . A rectangle parallelogramme therefore com- 
rebended under mediall right lines commenfurable in power onely, is either rational, or 
medtall : which was required to be demonftrated. Mg i IU 
How to finde rnediall lines commenfüráble in power onely contayning. a rationall 
parallelogramme;and alfo other mediall lines commenfurable in power "s ga 

ita Logd l media 
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niediall: parallelostamime; fhallafterward:be tanghtin-the 27.and 2.8) Propofitiohsof: 
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Flereby tt is manifest that a reflangleparallclogrammoe contayned vad 27] fight lines,is th é 

meane proportionall betwpene the fanares.of the fayd lines.’ As it was rüanifeft (by the fitft ofthefixt) " 

chat that which is contayned vnder the lines ‘A Band *B C;'is the meane* proportional! berwene the! 

quies A D aüd CX . This Corollary is putafter the $31Própofition of this booke:25an Affumpt;afid: 
t 


ere demonitrated, which there in his place yon fhall finde... But becaufe it followeth of this Propófi-. 


s , : LA Aigo tay oes Se GEE. BEEN, — S MA. t 
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4 wor if it be poftible,let A B being a mediall  [uperficies,exceede AC being alfoa 

hs medial [uper ficies, by D B being arationall [uperficies : And let there be put a 
YM rationall right line EF. And ‘upon the ‘Wine EF apply a rectangle parallelo- 
gramme F H,equallmto tbe mediall fuperficies AB, whofe other fide let be 

F; E Hand from the paraHelogramnme XH take away the parallelogramme F G, 
equall vnto the mediall fuperficies AC . Wherefore (b) thèthird common ſentence) the re- 
fidue B D is equall to tbe refidue K H . But (by fuppofition) the {uperficies D B is rationall. 
Wherfore the fuperficies KH is alforationall:--And forafmuch as either of thefe [uperficieces 
Band A Gis medial and sA B ig equall mto « «05s ta 
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d AG pte FG therefore either. of thee [uperficieces .-. ; WENN RUE 


V.H and F.Gisiutdiall :aud.they are applyed vponithe, 
vationall lixe E-F..Wherefore (by the-22. of the tenth): 
eitber of thefe lines H.E and E Gis rátionall er incomers d i — 
wenfurablein length nto tbe line E F.Andforafmuch As coms? >. 
as the Juperficies D Bis rationall, andthe: fuperficies S * | 
K H is equallvntoit : therefore KH, is alforationall: ;. 
and itisapplied vpo the rationall line EF (foritisap-. 
plied upon the line G K which is equallta the line BF). - 
Wherefore (by the 20.0f the tenth) the line G H 1s ratio= , 
valland commen{urable in length vnto-the line GK... 
But the line G K is equall tothe line EF .Wherfore the .... «etn oo a: 
line G H isrationall aud comsmen[urable iz length vato the line E F . But the line EG isra- 
tionall and incemmen{urable tn length.to the line EF. Wherefore (by the 13. of the tenth) 
the line E Gis incommen{urable in length untothe lineG H.. And astheline E G is tothe 
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line-G Hs fo isthe fquare of the lize E Gto theparallelogramme contayned under the lines 
EG and G H (by.the Affurmpt put before the 21 .of the tenth) « Wherefore (by.the 10. of the 
tenth) the {quare of the. line E Gs ipcommen[urable unto the parallelogramme contayned 
vader the lines E Gand G H.. But unto the {quare.of the line E G are.commenfurable the 
Squares of the lines. E Gand GH, for either of them is rationall,as hath before bene proued. 
W herefore the [auares of the lines ‘EG and GH are incommenfurable unto the parallelo- 
gramme contayaed under the lines E Gand GH . But ynto theparallelogramme contayned 
vader the lines E.G and G H, is commen{urable that.which is contayned under the lines 
E Gand GH twife (for they are in proportion.the one to the other as number is to number, 

mp ~ 0 GG 4f. nately ; 
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namely, asvunitie is to the number'25 or 25:2 3st0/ 4 s and therefore (by the, 6. of this booke). 
shey are commen{urable ) . Wherefore (by the 13. of the tenth) the {quares of the lines EG: 
and G H are incommenfurablevnto that which is contayned vader the lines EG and GH 

twife. (This is more briefly concluded bythe corollary 

ef tbe 13 of the tenth) . But the {quares of thelinesEG . 
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ss and GH together with that whieh js contaysedunder ^7 


han td 


the. dines EG and G H mife Are equall-to the [quare of * 5 5 
theline E H ( bythesg. of the fecond ) ; Whereforethe |. up 


fquüreof tbe lige; E.H is incomenfurable tothefquares A DEN ciet 
of the lines E G and G H (by tbe 16.0f the tenth). But. "IY a uc 
the fquares of the lines E G cy G H. are rationall.Wher- 

_forethe fquare of the lineE H isirrationall .Wherefore., | 
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she line alo E H is irrationall . But it hath before bene Bul Ro y 
prowed to berationall: which is impofible . Wherefore- na J a. \V Aon « 
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amediall fuperficies exceedeth not a medial fuperfictes — — 
by a rationall fuperficies : which was required to be . A 
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To finde out mediall lines commenfurable in poseer .onely, contayning á 
diris ud i S "TP Law, 





-ocwrationgll parallelogramme: 8 an ta Aone oem Nn 

We X » a wy y A FA S wave geo. Te pka ^ RV a " 
sudes ou DNUS T ede put two rationall lines commenfurable in pomer onely, namely, A and 
Conſtruction. B.And(by the 13.0f the fix) take the meane proportional betwene thelines A and 


9 Ss Baud let the fame line be C.cAnd as the line A: isto theline Byfo-(by the 12. of 

Demonſiræa- the fixt) let the line C be tò the line D. And forafmuth as A and Bare rationalt 

tieu. lines commen{urable in power onely therfore (by the 21.0f thé tenth) that whichis contay: 
ned under. the tines A and B,that isthe fquare of the line C. For the [quare of the line C is 
equall to the parallelogramme contayned Under the lines A anh B (by thé 17. of the fixth)is 
mediall,therfore C alfo is a mediall line. And for that™ Cia. Cy evan ess 
as the line Ais to the line B fo is thelineC tothe tine’ vy 10007 gy tg nee MÀ 
D, therfore as the fquare of the line Ais-t0 the fauare > —— — — ba 
of the lyne B, fois thée-[quare of the line C to the è >O pA ` d 
fquare of the line D (by the 22. of the fixth). But the" | 





((quares of the ltzes A and B are commen[uralle, for" "E Ro 

4 E Lem ' , n E ud — ÓÀ— — —— 
thelines A and B are  fuppofed to be rational comme- —— 
ſurable in power onel. Nherefore alſo the ſquarese 5 © troa ` 
. ; t . - PT, tu^ , M D FL rx = * — 
the lines C and. D are commen[urable (by:tbe 10. of cS. 


‘rable in power onely. And Cis a mediall line. Wherfore (by the 23. of the tenth) D alfoisi 
snediall line Wherfore C and D are medial lynes commenfurable in power onely. Now alfo 
‘LT fay that they contayne a rationall parallélogramme.For for that as the line A is to the line 
B, fois the line C to the line D : therfore alternately alfo (by the 16. of the fift) as the line A 
ås to the tine C fo is the lyne B tothe lyne D.But as the lyne A is to the lyneC, fo is the line C. 
to the lyne B : wherfore as the line C is to the line B fo ts the line B to the lyne.D. Wherfore 
the parallelograme cotaynea vnaer the lines Cand D is equal to the fquare of the line B.But 
the faxare of the lyne B is rationall: Wherfore. the parallelograme which is contayned under 
the lynes Cand D is alfovationall Wherfore there are found out mediall lines PE 


^ 


f 


the tenth) wher fore tive linesC and D are cómmen(u-. ` 
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~ 


ble in power onely ,contayning a rationall parallelogramme » which was required to be done. 
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the lines A ana Bey let the fame be D.And as the line B is to the lineC,fo(by 
the 12. of the fixt) let the line D beto the line E. And fora{much as the lines 


prac 


and B, that is tbe (quare of the line D, is medial. 4 | 275 
Vherfore D is a mediall line. And fora[much as the " 


lines B and C are commen[urable iu Ue onely,and D n Ri 128 x 


as the line B isto the line Cfo isthe line D tothe line 





E : wherfore the lines D and E are commenfurable p E 8 
in power onely (by the corollary of the tenth of this | 
booke) but D isa mediallline.WhereforeE alfo isa ¢ Ro 





mediallline( by the 23 .of this booke.) VWherfore D ¢ 
E are mediall lines commenfurable in power onely. 1 E RR 7 2 
fay alfo that they containe a medzal! paralleloeramez 77 i 

For for that as the line B is to the line C,fo is the line D to the line E - therfore alternately 
(by the 16 of the fift )as the line B is tothe line D,fo is the line C to y line E. But as the lyne 
Bis tothe line D, {ois the line D to the line A, by conuerfe proportion (which is proued by 
the corollary of the fourth of the fifth) Wherfore as the line D is to tbe line A, [ois the line 
C to the line E.Wherfore that whith is contained únder the lines A er Cis (by the 16 of the 
fixt) equalltothat which is contayned under the lines D c E. But that which is contained 
‘under the lines A and Cis medial( by the 21.0f the tenth. )Wherfore that which is cotained 





ender the lines D aud E is mediall.Wherfore there are found out mediall, lines commenfue 


rable in power onely containing a mediall fuperficies : which was required to be done... 
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hath bene taught after the 9. propofition of this booke) And let them both be either enen 
numbers or odde-And let the greater number be AB. And forafimuch asif from any enen 
number be taken away an even number,or fro > a — 
an odde number bé taken awayan odde name > Aie D osse Curone B 
ber,the refidue fhallbe euen(by thèzg and 20 > \ | E 
of the ninth). If therfore from A B being an enen number be taken away B C an enen num- 
ber,or from A B being an odde number be taken away'BC beine alfo odde : the refidie. AC 
fall be enen. Denide the number A-€ into two equall partes in D : wherefore the number 
which is produced of A B into BC tozether with the fquare number of C D, is (by the fixt of 
‘the fecond,as Barlade demonflrateth it in numbers) equalltothefquare number of B D. 
cmt i E . GG jj. But 


t mediall right lues commenfurable in power onely,contayning 


owe Et there be put three rationall right lines commenfurable in power only, name-_ nd 
ID dal A Band Cand( y the 13. ofthe fixt )takethe meane proportional betwene Conſtruction. 


To finde out to fquare numbers, ‘which added together make a fquare 


Let there be put two like fuperficiall numbers AB and BC (which how to finde ont, =.. 


fA A and B are vationall commenfurable in power onely,therefore (by the 21. of Demongras ~ 
the tenth) that which ts contained under the lines A Hot. an, 


AA Corollary, 
To finde oxt 


two fquare 
numbers ex» 
cceding the 
one the other 
by a fguare 
umber, 


In Afumpe 


att The tenth Boken e 


But that which is produced of A BintoB Cis a(quareniuber. For it wasproued(by the fir 
of the ninth) that if two like plaine numbers multiplieng the one the other, produce any nit- 
ber,the number produced foal bea {quare number. Wherfore there are found out two [quare 
numbers, the one being the [quare number which is produced of A B into BC, and the other 
the [quare number produced of CD, which added together make a [quare number, namely, 
the {quare number produced of B D multiplied into him(elfe, —— a5 they were demo- 
firated equall to it. | 


Do 8 AC orollary. 


And hereby it is manifest,that there are found out two [quare numbers namely, the OnE 
the [quare number of B D, andibe other tbe [quare number of C D, fo tbat that number 
wherin thone excedeth the other, the number (1 fay which is produced of A B.into B C, is 
alfoa [quare number : namely when A B er 9 
B C are like playne numbers. But’when they. A seua DPD esses C-sse wb 
are not like playne numbers, then are there w^ : E f 
found out two [quare numbers ihe [guare number of B Dand the [quare numbèr of D C, 
whofe excefve,that is,the number wherby the greater excedeth the leffenamely, that which i$ 
produced of A B into B Cis not a [quare number. | 


qr An Affumpt. 


To finde ont two {quare numbers which added together make not a fquare 
"sMenpaber. cs 7 : E: s s“ 


“Let AB and BC be like playne numbers,fo that (by the firft of the ninth) that which is 
produced of A B into B Cis a (quare imber and let A C be an euem number.And deuide C 
A into to eqnall partes in D. Now by that which hath before benefayd inthe former af- 
ſinmpt, it is manifeſt that the fquare number produced of AB into BC , together with the 
Jauare number of CD;is equall to the fauare number of B D. Take away from C D vnitie 
D EWherfore that which ts produced of A BintoB Ctogether with the {quare; of CE is 
leffe thenthe {quare number of ~ diis. 
BD. Now then I fay thatthe A..G..H.D.E.F C... B 
fauare number produced of A B ^p 
into B C added to tbe (quare number of C E make not a [quare number. For if'they do make 
afquare number, then tbat [quare number which they make,ss either greater the the {quare 


number of B-E,or equall unto it,or lefe then it. Firft, greater it cannot be, for itis already 


groued that tbe (quare number produced of A B into B C,together with the {quare number 
of C Bis lefee thin the {quare number of B.D: But betwene the [quare number of BD, and 
thefauaye number of B Ethereis zo meane quare number, For the number B D excedeth 
the number BE onely by unitie : which unitie can by no meanes be deuided into numbers. 
Or ifthe number produced of A B into B C together with the quare of the niber C E, [hould 
be créater then the [quare of tbe number B E, then fhould the felfe fame number produced — 
of A B into BC together with the [quare of the number CE,be equall to, the fquarc of the 
punsber BD ,thecontrary wherof is already proued. Wherfore if it be poffible,let that which 
is produced of A B into BC together with the (quare number of the number CE be equallte 
the fauare number. of B E « dnd let G A be double to unitie D E,that ts, let it bethe naum- 
Bes tmo. Now forafinuch as the whole number A Cis by {uppofition double to the whole 
önbe C D,of which the number A Gis double to vnitie D E, therfore ( by the zaf us fe- 
tau C Nd | | sent, 
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uentb) tbe velidue namely the number G C is dóubletoshe refidue, naenely,to tbe number E 
C.Wherfore the number G Cis deuided into two equall partes i E. Wherefore that which is 
produced of G B into BC together with the fanare number of C Eis equall to the [quare ni- 
ber of B E. But that which is produced of A Binto B G,together with the fquare number of 
€ Eyis fuppofed to be equal to tbe [quare number of B-E:wherfore that which is produced of 
G Binto b C together with the {quare number of C E is equaitto that which is produced of 
A B into BC, together with the [quare number of CE. Wherefore taking away the {quare 
number of C E,which is common to them both,the number AB hall beequall to tbe zum. 
ber G Bynamely,the greater to the leffe,which ts imboffible Wherfore that which is produced 
of A B into B C together with tbe [quare number of C Eis not eguali to the [guare number 
of B E. fay alfo that that which is produced of A Binto B C together with the fquare nuns 
ber of C E is not lefve tben the [quare number of BE.For if it be popiible,thé fhall it be equal 
ŝo fome [quare number leffe then the {quare number of BE. Wherfore let the number produ 
ced of A B into B Ctogether with the [quare of the number G E be egual to the [quare iu: 
ber of BF. And let the number H A be double to the number D F.T he alfo it folleweth that 
_ the number i Cis double to the number CF, fo that HC alfo is deuided into two equall 
partes in F and therfore alfo the number which is produced of H B into BC, together with 
Le (qnare number of F C,is equall to the {quare number of the number BF. But by ſuppoſi- 
tion, the number which is produced of A B into B G together With the[quare number of C E 
és equallto the [quare number of B F. Wherfore it followeth that tbe number produced of A 
B into B C together with tbe [quare number of C Eyis equall to tbatobichis produced of H 
B into BC together with the [quare number C F which is impoffible. For if it fhould be e- 
quall,then forafmuch as the [quare of C F is leffe then the (quare of C E the number prodti- 
ced of H B into B C fhould be greater then the number produced of ABintoBC. And feal- 
fo þhould thenumberH B be greater-then the number A Bywhen yet it is lefe then it. Wher: 
fore tbe number produced of AB into B.C together with the [quare number of CE, is. not 
leffe then the fquare nisber of B E.And it is alfo prozed that it cannot be equall to tbe [quare 
number of B E neither greater then it. Wherfore that which is produced of AB into BE 
added to tbe (quare number of C E,maketh not a [quare number. And although it be poffible 
to demonftrate this many other.wayes yet this femeth o vs Sufficient,leaft the matter beyng 
ener long; [hould (ceme to much tedious. 
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To finde out two fuch rationall right lynes commenfurable in power one 


v 


a 


© by,that tbe greater [Pall Be in power more then the lefe by the fquare of a ` 


* right line commenfurable in length vnto the greater. 


< Et there be put a rational line AB, andtake al. 
ER [o two fuch [quare numbers C D and D Eythat 
BY their exceffe CE benot a [quare number (by 
^ thecorolary of the fir ft afumpt of the 28 of the 
tenth) And upon the line AB defcrtbe a femicircle A F B. 
And by the corollary of the 6.of thetenth, as the number l 
D Cisto thenumber CE fo letthe [guare ofthe lyne B A * B 
be to the [quare of the line A F And draw a line from F to DNE 
B. Now for that as the [quare of the line BA isto the Cs... B....D 
quare of the line AF [ois themumber C D to tbe num- > | 
Ef ct — GG tj. ber 
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asthe Greeke 
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The tenth Boſe 


ber € E therfore the [quare of the line B-Ahathto the fquare of theline A F, that propor- 
tion that tbe nüber C D bath to tbe pumber.C E.Wherfore the quare of tbe line B A is ct- 
giefurable to tbe (quare of the line A F (by tbe 6.of tbe tétb).But tbe (quare of the line A B 
is rational Wherfore alfo the fquareof the line A F is.rational. Wherfore alfothe line AF is: 
rationall.And forafmuch as the number C D hath not vnto the number C E that proporti= 
on that a (quare number bath to a (quare number,therfore neither alfo hath the {quare of 
the line A B to the (quare of the line AE that proportion ` A | Jy * m. y 
that a [quare number bath to a [quare number. Wherfore 
(by the 9. of the teth the line A Bis unto the line A F in- 
commeenfurable in length. Wherfore the lines AF and A 
Bare rationall commenfurable in power onely. And for 
that asthe number DC is tothe number C E, fo is the 
{quare of the line A B to the (quare of the line A Fs ther- ` 
fore by connerfion or ener{e proportio which is demonftra- | 1 T 
ted (by the corollary of the 19. of the fifth) as the number. Cas. E.o D 
C Dis tothe number D E, fois thefquareof the line AB . > 
to the fquare of the line B F, whichis the exceffe of ithe fquare of the line AB aboue the 
[quare of the line AF (by theaffampt put before the 14. of this booke). But the namber C 
D hath to the number D E that proportion that a (quare number hath toa [quare numbers. 
wherfore the [quare of the line A B hath tothe [quare òf the line B F , that proportion that a. 
{quave number hath to af{quare number. Wherefore (by the 9. of the tenth) the line A B.is 
commen{urable in length vato the line B F. And (by the g7. of the firft) the [quare of the 
line A B is equallto the {quares of the lines A F and F B. Wherfore the line AB isin power 
more then the line.A F by the {quare of theline BF whichis commenfurable in length une 
tothe line A B. Wherefore there arè found out two fuch rationall lines commenfurable in 
power onely namely, AB and A F.fothat the greater line A Bis in power more then the leffe 
line AF by tbe [quare of the line F B,which is commenfurable in length vnta the line A 





B : which was required to be done. 
g The 7.Theoreme. -~ M be go. Propofition. D 


Lo finde out two fuch rationall lines commenfurable in power onely , that 
the greater fhalbe in power more then the le/se by the {quare of a right line 
 incommen[urable in length to the greater. | 


Eod 


A RECS Et there be put a rationall line AB , and take alfo (by the 2. affumpt of the.28. of 
ARCHER the tenth two fqauare numbers C EK and ED , which being added to ether make 
) 903527 not a [quare nunsber,and let the numbers C Eand ED added together make the 
number CD. And upon the line A Bdefcribe a fencircle AF Ba And ( by the 

corollary of the 6. of the tentis ) as the number D Cis tothe” p» 2d 
number C Efo let the [quare of the line A B be tothe [quare | 
of theline A F and draw a line from F to B. And we may in 
like fortes we did in the former propofition , prone that the 
lines B A and AF arerationall commenfurable in power one- 
ly. And for that as tbe number D C isto the number CE, 
fo is tbe (quare of tbe line & B to tbe [quare of the line AP: 4 
therefore by conuerfion(by tbe corollary of'tbe 1 p of thefifte) ` 








- astbenumber C D istotbe number D E, foss the [quareof C ..... S. EDD 


the line A B to the [quare to the line F B, But the number C — 
| a p ka D hath 
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D hath not to the number D E. that proportion that. 4 [quare nssber bath to fauare 
number . Wherefore neither alfo the [quare of the tine AB hath to the fauare of the 
line B F that proportion that a [quare number batb tg à [quare nüsnber . Whereforcthe lint 
A Bisby theo of the tenth) incommenfurable in leneth to she line BE « And the line AB” 
is in power more then thé line A E by, the {quare ofthe fight line BE which isincommen= 
furablein length unto the line AB. Wherfore the lines A B and AP ave rationall commens 
furable in pomer ontly. And the line A B is in power more then theline A F by the {quare of 
the line F B whichis commen[urable im length nto the line AB: which was required to 
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Tf there be two right lines hauing betwene them felues any proportion: as 
the one right lines to the other , [ois the parallelograme contained vnder 


both the right lines tothe fquare of the lefse of thofe two lines. 





. Suppofe that thefe two right A B and B C be E Pt ny + This ABuinpe 
èn [ome certaine proportion. Then I fay that asthe aii S . fetierh forth 
line A Bis tothe line B C,fots the parallelograme. nothing els 

Ww i Tn -— but ibat 
contained under B. B and B. C. to tbe fquare of B |... Pivhich ibe i 
C.Defcribe tbe [aware of tbe Line B. C and let the |. ofthe fixt jet- 


ÀD nom itis manifest that asthe lineA B istoc ME A therefore in 
the line B C. ; fossthe paralleloerame AD to tbe ERA qt | fee exam 
parallelograme or {qxare BE (by the firft of the fixt )'. But the parallelograme AD is. that: P p R £5 1708 
which is bontained under the lines AB and B C for the lineB C is equali to the lineBD * he 

and the parallelgeratne B E.s tbe [quare of the line BC . Wherefore asthe line ABis tothe 

line BC fois the parallelograme contained under the lines A.B and BC to the.fquare of. 

the line B C,which was required to be proued. E . 


fare beC Dand make perfec the paralelograme l Ns tet forth,and 


| q T'he 3. Probleme. - SED; 31. Propofition. 


Oy — 


Toſinde out t vo mediall lines commenſurable in poer onely, comprehen- 
ding a rationall ſuperſficies ſo that the greater ſhall be in power more then 
the lefse by the fquare of a line commenfurable in length vnto the greater. 





JE? there be taken (by the 29.0f the tenth) tmo rationall lines commen|urablein pow- 

— — ai J i i 

er onely A and B,fo that let the line A being the greater be in power more then the Constructions 
sr \lineB, being the leffe by tbe [auare of a line commenfurable in leneth unto the line 

A And let the (quare of the line C be equallto the parallelograme contained under the lines 

A and B whichis done by finding out the meane proportionall line , namely the line C be- 

twene the lines A and B(by the 13 .of the fixt).Now the parallelograme contained vader the 

lines Kand B is mediall( by the 21. ofthis booke ) .Wherefore (by the corollary of the 23. of i 

the tenth)the [quare alfo ofthe line C is mediall. Wherfore the line C alfois mediall:Vnto = 5 
the{quare of the line B let the parallelograme. contained under the lines C and D be equall 

(by finding out.athird line proportional.) namely the line D to the twolines C andB ( by 

(he 11 0f the fixt).Bsut the {quare of the line B isrationall Wherfere the parallelograme con-. DemonStrd- 

tained onder ike line G and Dis rational. «dud for that asthe line A ist0tbelige B," tion... 
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m. 
foéstbéparallelograme contained under the lines An. rsa BE hows n 


ing before).But unto tbe parallelograme. contained È 1— wD IAL HONS Ae illest 
vader thelines Aand B ds equall the {quare.of the © E1727 wi 
line Cand ynto thef{quare of the tine Bis equal the " — opem d. 9a M em 
parakelograme.contained under the lines ando y. sess et een 
$1 4 - : "-— RE/42 ead TG -— 
adt bath now bene pr oued-ther efor eas th e line Ais? A Sh PN USt Ut vastes sl 
tothe lineB, fois the {quare of the line C tothe pac, * SENE A vel a Pott 4 H i « 3 
rallelograme contained under the lines C,D.But as the {quare of the line C is to that which, 
is contayned under the lines C and D, fo is the line C to the line D.Wherefore as the line 
55 to tbe line B,fo is the line C to the line D . But( by fuppofition) the line A is commenfura- 
ble vnto the line Bin power onely . Wherefore (by the 11.0f the tenth the line C alfois unto 
the line D comsnen{urablein power onely... Butthe line C is mediall. Wherefore by the 23 of 
the tenth the line D alfogs mediall . And for that as the line A isto the line B , [ois the line 
C to the line D : bui tbe line A is in power more then the line B, by the [quare ofá lme com- 
menſurable in length unto the line A¢ by {uppofition'). Wherefore the line C- alfois in 
power more then the line D by the(quare of a line commen[nrablein length unto the line 
C.Whevefore there are found oxt two medialllines C and D commenfurable in-power one- 


—— 
nee , D f^ NX X. 
and Bio the{quare of the line B (by tbeaftimpt.go- «s s mee oss 


4. 


. Lycomprehending arationall {uperficies, and the line C is in power more then tbe line D by: 


the [quare of a lise commenfurable in length vito the linéC. And in like fort may be found 
out twe mediali lines conmenfarable in powèr onely: contayning a rationall [uperficies, 
fo that the greater [halbe io power more th£the lefe by the [quare of a line incomenfurable in? 
legth tothe greater namely mben the line Aisin power more the the line B by the [quare of a. 
line incérmen{uradlein length unto the line X,which to dois taught by the 30. of this booke. 
The felfe fame conitruction remaining,that part of this propofition fr6 thefe wordes..and for rhat - 
asthelnze ‘Asstothelimne B,to-thefe Word es. But( by fuppofitton ) the line Ass commenf(urable Gute the line By - 
may.more.eafely be démonftrated after this maner . The lines C, B, D, are in continual proportion by ` 
the fecond part of the 17.0f the fixt. But the lines A,C,D arealfo in continual] proportion by the fame. ' 
Wherefore by the 11.of the fifth,as the line Ais to the line C,, fo'is the line B to the line D. Wherfore: 
alternately. as theline Aisto the line B fo is theline C to theline D. &c. which was: required to be; 
doone. '' i AN epa 
w * 
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as Lf there be three right lines hauing betwene them felues any proportion: 

o. 4$ the firft is to the third,fo is the parallelograme contained ynder the firft 

and the fecond,to the parallelograme contained ‘ynder the fecond and the 
M | X $e MN Eun . E . - i-i. 4 


third. 
Suppofethat thele three lines AB,B. f | d i 
Quand C D bein fome certayne proporti- E | T ‘WH. X 





02 T bez I fay that as the line A B is tothe | 
dine Q D, fo is the parallelograme contay- 
ned under the lines AB and BC tò the ` 
parallelogvame contayned under the lines Ts 
B Cand CD. From the point Araifeup A | B uate 
untothe line ABa perpendicular line À E tan 
Esaad let AE be equall to the lige B.C: and by tbepoynt E. draw vntotbe line A D apa- 
rallel line E. K: and by euery one of te poyntes B,C and D draw onto the line A E parallel 
lines B £,C Hand D K. And for that as tbe line A B isto tbe line B C. fois tbe parallelo- 


gráme AF to tbe pavallelograme BH ( by the firft ofthe fixt) zand as the line BC isto the 


line 
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line © D,,fois the parallelograme BH to the parallelograme CK. Wherefore of equalitie as 
theline A Bisto the lineC D,foisthe parallelograme A-¥ to the parallelograme CK. But 
the parallelograme A. ¥ is that which is contayned under the lines AB and BC, for the line 
A Eis put equall to the line BC . Andthe parallelograme'C K 1s that which is contained 
under the lines B C and C D,for the line BC is equal to the line C H, for that the line C 
H is equall to the line A E( by the 3 4.0f the firft).tf therefore there be three right lines ha- 
uing betwene them felues any proportion : as the firft is to the third , fois the parallelograme 
contained vader the firftand the fecond,to the parallelogvamme cotained under the fecond 
and the third: which was required to be demonjfirated. «^ \ 8 = yar. 


— 0. Probleme. = The 32. Propofition: 


cet t 
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Lo finde out two medial lines commenfurable in power onely , comprebene 


ding a mediall fuperficies , fo that the greater [hall be in'power more then 
the leffe by the fquare of a line commenfurable in length "pnto the greater. 
2 | Et there be taken three rationall lines comen[urable in power onely, A,B,C, 

* | (v,that (by the 29.0f the tenth )let the line A be in.power more then the line 


—— 





i, et á 1 4 i 
| F (dg C. by the [quare of a line commen[urable in. length unto the line A. And 
PRAMS || unto the parallelugramme contayned under the lines A cy B,let the [quare 
ANAS of the line D be equall . But that which is contayned under the lines A and 





a LU te 


- JBismediall.Wberefore(by the Corollary of the 23.0f the tenth )the [quare 
of the line D Al[o is mediall . Wherefore the line D alfa is mediall » And unto that which is 
contayned under the lines B and C, let be equall that which is contayned vnder the lines D 
and E (which is done by finding out a fourth line proportionall vuto the lines D,B,C whith 
let be the line E) . And for that (bythe Af- | : bos: 

fumpt going before) as that which is centay- A eer 4 ee oe: ee Ee 
ned under the lines Aand Bistothatwhich p RR 072 | 
is contayned under the lines B and C, fois 
the line Ato the line C . But vato that which -B -———-42__ =" 
is contayned under the lines A cy Byisequall m..  RR2268.3 
the [quare of the line Dana vatothatwhich | i 
is contayned vnder the lines B&C, isequal CE mt 
that which is contayned vnder the lines D and E .Wherefore as the line Ais to the line C, fo 
is the fquare of the line D, to that which is contayned under the lines D and E. But asthe 

fe guare ofthe line D is to that which is contayned under the lines D and E, fo is tbe line D. 
tothe line E (by the Afsumpt put before the 22.0f the tenth ). Wherefore as the line Ais to 





Conjiructione 


P. Demonstra- 
C tion, 


the line C, fo is the line D to the line E . But theline A is vnto the line C commenſurable in 


power onely . Wherefore the line Dis unto the line E commenfurable in power onely . But D. 
is amediall line . Wherefore (by the 23 .of the tenth) E. alfois a mediallline. And for that 
as the line Ais to the lize C. fois the line D to the line E,and the line Aisin power more then 
the line C, by the fquare of a line commenfurablein length unto the line A. Wherefore ( by 
the 14.0f the tenth) D isin power more then E, by the {quare of a line commenfurable in 
length nto tbe line D.. 1 fay moreouer that that which is contayned under the lines D and 
E ismediall: For fora{much as that which is contayned under the lines B c» C, is equallto 
that which is contayned under the lines D and E : but that which is contayned under the 
lines B and Cis mediall . Wherefore that which is contayned under the lines D and E is al- 
fomediall. Wherefore there are found out two medtall lines D and E,comenfurable in power 
onely comprehending a mediall [uperficies, fo that the greater isin power more then the le(se, 
by tbe [quare of a line commen[urable in length tothe greater :-which was. "ina to be 
LORE 
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3 i LAE teg m STe ope nt i i o dew a ae te ok, - ~ 1 
none and .t bus 44 pt euidept j how in dike ferte may be founde enr imo medial lines cominenfurablein poter. 


wt, Coro dy. ne ly canta ning a medial fuperficies fo that the greater Iball be in power more then the leffe, by. the fquare ofa: 
hae sncommenfirable sx length onto the greater. When the line Ais in power, more then the line Cy. 
by the {quaré ofa ling incomenf{urablein length unto the line A:as the thirteth teacheth vs. 
2 tee hs Gal 9^ -— Là = 3i END YA è | i i | : | ey. 
Done On eoe Sos ose AnAffunpt. .. . m XE 
nies a ES on d Á E | Pr M. 
cx Suppofe that there bea rectan le triangle AB C,haning the angle B AC aright Angle. 
And (by the 12.0f the firft ) from the poynt A to tbe right line B C , a perpendicular line. 
being drawen AD: then I fay firft, that the parallelogramme contayned vnder the lines 
r. CB and BD, tsequall.to.the{quareofthe line BA. Secondly 1 fay, that the parallelo- 
2. ramme contayned vader the lines BC and CD, is equall to the [quare ofthe lineC A. 
Thirdly Lfay,that the parallelogramme contayned under the lines B D and DC, is equall to 
2. the quare of the line AD: And fourthly 1 fay,that the parallelogramme contayned under 
E thelines B C C A D isequallto tbeparálleloeramme cütayned vnder thelines B AQ» AC. 
As touching the firft,that the parallelogramme cuntayned under the lines CB and BD, ts 
equall to tbe (quare of tbe line A B, is thus proned. ^ 
2 Forforafzsuth as in the rettangle triangle BAC, 
fran: the right anglevnto the bafe is drawen a per 
pendicular line A D,therfore( by the 8 of the fixt) 
thetriangles ABD and AD C, are like tothe - 
whole trianele A B.C, and are alfo like the oneto 
the other. And for that the triangle ABC is like 
10. the triangle A D:B, therefore both the triangles 
areequiangle by the definitio of like figures Wher- 
en fore (by the qof the fixt) as the line C B is tothe 
'" — Lue B.A, fo is the line AB to the line BD. 
XA Corollary added by I.Dee. * Wherefore ( by the 





* Thereforeifyou deuide the fquare of the E Li d = 4 
fide A B by the fide B C : the quotient will be P4744e0g74m —— | 
B D. Which maketh D Calfo knowen : by ei- tained under the lines BC ¢ B D, is equall tothe, [quare of 
ther of which (by the 47. of the firft) the per- the ize AB. 


Posi S pradie i : —— mic — "touching the fecond; that the parellelogramme conte 
three fides ABS AC, and BC, arekdowen or tained under the lines BC andC D, is equallto the [quare 
geuen. zu amo | of the line A C. is by the felfe fame reafon proued . For the 
Ch wally) “triangle AB Cis like to the triangle AD C .Wherefore as the 
J. Dee XThe fecond Corollary, —* line BC is to the line AC, fe is the line, AC tothe line DC ; 
* Therefore eR E ENT D ne a. Wherefore the parallelogramme contained under thelines 
fide A C,by the fide B G,the portion D C, will BC and CD, zs equall to the [quare of theline AC. As tote 
be the product. &c. asin the former Corol- ching the third, that the parallelogramme contained under 
lary. mm | the lines B D and D C, is equall to the {quare of the line D A, 
~~ is thus proued. For, fora{much as if in a rectangle triangle be 
drawn fro the right angle to the bafe a perpendicular line, the perpendicular fo drawen is the 
geane proportional betwene the feemets of the bafe( by the corollary of the 8 .of the fixt):ther 
foreas the line BD istothe line D A, fo is tbe line A D to the line DC . Wherefore (by the 
17.0f the fixt) the parallelogramme contayned under the lines B D and DC, is equall to 
the {quiare oftheline DA. As tonching the fourth, that the parallelogramme contained 
vnder the ines BC and AD, is equall to the parallelogramme contained under the lines 
B Aand AC, isthus proned. For forafmuch as (as we haue already declared) the triangle 
AB Cis like; and therefore equiangle,to the triangle BD, therefore as the tine B p te 

$5 tbe 
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the line A C; fo is the line B.A to the line A D (by the sof pl Í. Dee Phe thirdeCorollary- 
she fixt) ä But if there befoure right lines proportional. — nae 
— TR. | — re if the parallelogramm 
that which is contained vader the firft and the lait, isequall ada Gre dexided b BC, the produét will 
to that which is contained under the two meanes ( by the 16. geuethe perpendicular DA. Thefe three Co- 
of. the fixt a Wherefore that which is contained under the vollaryesin practife Logifticalland Geometri- 
à — ; "c 7 call are profitable . | 
lines BC aud A D, isequall to that which is contaynea under . 
the lines B Aand AC. 4 | 
I fay woreoner, that if there be made a parallelogramme complete, contained under the Ax ether den 
lines BC and AD, which let be E C : and if likewife be made complete the parallelogramme monstration 
contained under tbe lines B Aand AC, which letbe AF , it may by an other way be proged of thes fe on 
that the parallelogramme E C is‘equail tothe parallelogramme AF . For, forafmuchras @- £87 of tne 
P | js : determinatio. 
ther of them is double to the triangle A C B (by the a1. of the firft ) + and thinges which are. 
double to one and the felfe famze thing, are equall the:one to the other . Wherefore that which 
is contained under the lines BC and AD, is equall to that which is contained under the 
lines B A and AC. | 


2. — (Án Áffumpt. 


Ifavigbt line be deuided into two 'ynequallpartes : as the greater partis 
to the lefse fo is the parallelogramme contayned pnder the whole line and 
the greater part, to the parallelogramme contayned ‘vnder the whole line 


and the lef e part. 


An Aſſumpt. 


~ 


Deuide theright line 4 B into two vntquallpartes in tbe point E : And let A E bethe 
greater part .Then I fay, that as the line AE is to the line E B, fois tbe parallelogramme 
contained under the lines B.A and AE to the parallelogramme contained under the lines 
BA cv BE. Défceribe the [quare of 1be line A B, and let the | / 
fame be ACD B. And from thé point E draw unto either 
of thefe lines AC and DB aparallillline EF . Nowitis 

uianifeft that ds thelineA Ets to the line E B, ſo is the pa- 
rallelogramme A F to the parallelogramme BF ( by the firft 
of the fixt) . But the parallelogramme A F is contayned vn- 
der the lines B A and A E (for the line AC is equall to the 
line AB) and the parallelogramme BF is contained vn- 
der the lines AB and B E( forthe lime DB is equall tothe 
line AB). Wherefore as theline A Eisto the ine EB, fo 
is tbe paralleloeramm contained under the lines B A and '- | * 
AE, tothe parallelogramme contained under the lines ABand BE: which was regni- 
redto be demonſtrated. | vm y * ^. 


— 
Je 
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v. This Affumptdiffereth litle from the firft Propofition ofthe fixt booke. 


J» di «An Affumpt. 


Tf tbere be two'ynequall rigbt lines and if the lefse be denided into two es 
- 7 quall partes: tbe paralleloeramme contained ynder the two ynequall lines ; 
`> 4s doubletothe parallelogramme contdined der the greater line ex halfe 


se 
- à. 


3 / " 1 . — — HH j. f Suppofe 


Coxifratiton. 


Demenſi rd- 
£208 e 


fore by compofition of proportion, as the whole line 


.eitber of the line B D or ofthe line D 
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^ Suppofe that there be two vnequall right lines A.B and BC, of which let AB be the 
greater,and deuide the line BC into two equall partes in the point D. Then I fay,that the pa- 
rallelygramme contained under the lines A B et» B C, is doubleto the parallelogramme con- 
tained under the lines ABandBD. From a B raife up upon the right line BC,a 
perpendicular line B E and let B E be equalltothe line B.A. And drawing from the point 
Cand D,thelines CG and D F parallels and equall | —— 
to BE: and then drawing therichtlineG FE,thg p p 
figure ts complete. Now for that asthe line D Bis 77 
to the line D C,fois the parallelogramme B F to the 
parallelogramome D.G ( by the 1. of the fixt) : ther- 


BC is tothe line DC fois the parallelogramme BG 
to the parallelogramme D G ( by tbe 18. of tbe fifi). - 
But theline B Cis double to the line DC. Where- \ 
fore the parallelogramme BG is double to the pa- 
riliclogramme DG. But the parallelogramme BG © 
as contained under the lines AB and.BC ) forthe 

bine-A Bis equal tothe line b E ( and the parallelo.. 

gramme DG iscontayned under the lines ABandBD ) for the line BD is equall tothe 
dine DC, and the line AB tothe line D F : which was required to be demon[lIrated.. 


q 4 be 1o. Probleme. lr n4 Propofition. 


| Lo finde out two right lines incommenfurable in power whofe [quares ad« 
ded together make a rational fuperficies and the parallelagramme contate 





c 


.  ned'yuder tbem make a mediall fuperficies. 


ex Ake by the 30. of the tenth,two vationallright lines commenfurable in power 
4 onely namely,_A Band BC, fo that let the line A B, being the greater, bein. 
Kok power more then thé line B C being the leffe,by thefquare of 4 line incommen- 
ONE furable in length unto the line AB. And by the 10. of the firft, deuide the 
=t.' line B C into two equall partes in the point D. And upon the line A B apply a 
paratlelogramme equail ta the {anare * | | E 





C, and wanting in figure by a [quare,- 
by the 28 .of the fixth, and let that pa- 
vallelogr amime be that which is con- 3 a 
tained under the lines AE and EB. 47.3 BOE 
And uponthe line AB defcribe-afem 9 (8 moon E x 
puicircle A FB. And by the 11. of the firft,from the point E,raife vp vuto the line AB; 2 
perpendiculer line E F cutting the circumference in the point F. And draw lines from Ato 
Fand from E to B. And fora{muth as there are tio vnequall right lines A Band BC, and 
the line A B isin power more then the line BC, by the {quare of a line incommen[urable in 
length unto A Band upon the line A Bis applied aparallelograme equall to the fourth part 
of the [quare o the line B C,that is,to the [quare of the halfe of the line BC, and wanting 
in figire by a [quare, and the faid parállelogratnme isthat which! is cóntaintd vider the 
lines A E and EB. wherfore by the 2. part of the 18. of the tenth, the line AE is incomme- 
furable in length unto the line EB. Butasthe line AL is tothe line EB, {ois the parallelo- 
gramme contained under the lines B A and A E,to the parallelogramme contayned, under 
the lings A B and B E by the fecond affumpt before put. And that which is contained wade 
nee. mee. S the 


- 
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thé line B Aund A E is equall to.the fquare of the line AF by the fecond part of the firft'af- 
fempt before put «And that whichis contained under the lines A. Band BE is by the pa 
part of the fatae af] uempt; equall zo tbe [quare of tbe line B F Wherforethe [qnare of the line 
A F is incoramenfurable to the fquare of the line B E-Wherfare the lines A F and BF ave. 
incommenfurable in power. And forafmuch as .A Bisa rationall line (by fuppofition )ther- 
fore (by the 7 definition of the tenth) the [quare of the line A Bis rationall. Wherefore alfo 
the {quares of the lines A F and F Badded together makea rational fuperficies. For (by the: 
47. of the firft they areegualto the [quare of tbe lized B.Again forafimich as( by.thetaird 


part of tbe first aftumpt going before that which is contained under the lines AE and.E BS. 


is equall to tbe [quare of the line E F. But by fuppofition that which is contained under ihe. 
lines A E and E B is equall to the {quare of the line BD. Wherfore thedine F E is equall 10. 


the line B D.Wherfore the livéB.G ds double io the line-F EW herfore( by the third afsuept, 


going before) that which is contained under the lines .A Band BC} is.doubleto that which 
ys contained under tbe lines «A Band E F But that whith is.contained under the lines A 


Band BC, is.by fuppofit jon mrediall Wherfare( by the corollary of the 23: of the tenth) that 


which ts contained under the lines-A Band E Fis. alfo. medial, but that whichets con: 
sayntd- under. the lines A Band EF, ås (bythe laft parte of the firft afumpt gong be: 
fore) equall 0 that whichis centained under, the lines AF and FB. Wherefore that 
which is.contained under the lines: F cy FB is aimediall fuperficies. And it is proued,that 
that whith is compofed of the fauares of the lines A F and F B added. together is rationall. 
Wherfore there are found out two right lines A Fand FB incommenfurable in power whofe 
fquares added together, make a rational (uperficies and the parallelogramme contained vn- 
der them, isa medial {uperficies’: which was required to be done..’s | 


y I be 11. Probleme. The 34. Propofition. 
T'o finde out tworight linesincommen[urable in power: whofe fquares ad- 
ded together make a mediall fuperficies , and the parallelogramme contay= 
< ~ ned binder them,makea rationall ſuperficie. 3 


. e 


= Lake (by the 3 rof the tenth) two medialllines AB and BC, commenfurable in 
“\\power onely comprehending a rationall {uperficies, fo that let the line AB be in 
ipower more then the line.B C by the [quare of a line inconimenfurable in length 
A S bunto the line A B. And defcribevponthéline A B a femicircle A D B.And by 
the 10. of the firft, denide the line BC | 
ipto two equall partes in tbe point E... es 


- 


eit teo 












And by the 28.of the fixt upon theline- =. eco 
A B apply aparalleloeramme equall to. va ae wee} 
the {quare of the line B E,.and wantyng : "os 
in figure by a fquare, and let that paral- D —— "n 
C ^ s E l B 4 E b J A 
lelogramme be that which is contayned | vin de | 


under the lines A F and F B.Wherfore "A | 

ihe line A F is incommenfurable in length unto the line F B (by the 2. part of the 18. of the 
tenth). And from the point F unto the right line A B,raife up (by the rr.0f the firj) a per- 
pendiculer line F D,and draw lines from Ato D,and from D to B. And firaſmuch as the 
line AF is incommenfurable unto the line F B : but (by the fecond aftumpt going before the 
33 :0fthetenth) asthe line AF is tothe line F Byfoisthe parallelogramme contayned under 
the lines B Aand AF ,tothe parallelogramme contained under thelines BA and BE wher: 
fore (by the tenth of the tenth) that which is contained under the lines B A and A F isin- 
sommen{srable to that which ts contayned under the lines A Band BF: bat that which is 
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{quare of the line A Bis mediall, there... ~ 
fore alfo the fuperficies made of tbe ^ - 


T be tenth Booke "i 


contained under thelines B A and A Fis equall tothe [quare of the line A D; and that 
which is contained vnder.the lines A Band BF is alfo equall to tbe ſquare of the line DB 
(by the fecond part of the firft afsumpt going before the 33. of the eth) wherfore thé (quare, 
of theline AD isincomen{urabletothe —- ‘ — 
ſquare oſthe line DB. Vherefore the ig 
[es A D and D Bare incommen[ura- . 


blein power. And foralmuch as the » >< 





rete asta ee — 
fquares of the lines A Dand DBad. reu LA A AE 
ded together is mediall.F or the {quares 


ofthe lines A D and D B are (by the 47.-of- the firft) equall-to the fauare of the line A 


mination con- B. And forafmuch as the line BC isdowble to thelineF D (as it was proued in the proz 
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pofition going before) therefore the parallelogramme contained under the lines AB and 
and BC is double to the parallelogramme contained under the lines AB and F D (by the 
third affumpt going before the 33. propofition) wherefore it is al[o commenfurable unto it 
(by the fixt of the sent) But that which is contained under the lines AB and BC is fuppo- 
fed tobe rationall. Wherfore that which is contained under the lines A B and F Dis We rą: 
tionall.But that wbich is contained under the lines A Band F Dis equall to thatwhich is 
contained under the lines A D and DB (by the laft part of the firft afsumpt-coing before the 
33 .0f the tenth) Whexfore that which is contayned under the lines A D and D B is alfo ra- 
tional. Wherefore there are found out two right lines A Dand DB incommenfurable in 
power whofe (quares added together;makeamediall fuperficies,and the parallelogramame c0- 
tayned vider then makea rational! [uperficies : mbicb was required to be done. r 


q T be 12. Probleme; ^^ "— The’ 33. Propofition: 


Lo finde out two right lines incommenfurable in power , whofe [quares ade 
ded together make a medtall fuperficies,and the parallelogramme contais 
‘ned dnder them,make alfo a.mediall fuperficies, which parallelogramme 
moreouer [hall be incommenfurable to the [uperficies made of the fqnares 
of thofe lines added together... 1e e. ^os | 


— Ake( by the 3 2.0f the tenth) two medial lines AB and BC commenfurable in power 
| d Donely comprehending a mediall Juperficies fo that let the line A B bein power more 
4 (Zabthen the line B C by the Di of a line incommen[urable in length vnto tbe line A 
B. And upon the line A B defcribe . i ' he e | 
a femicircle A D B, and let the reft --.- 
of the conftruction beas it was in 
thetwo former propofitions. And 
forafmuch as (bythe 2 part of the | - 
18ofthetenth) theline AFis ina - 
commenfurable in lengthvntothe E 
line F B, therforethe line AD is sae 7 m: ; 
incommen{urablein power vnto the line D B (by that which was demonflrated ix the pro- 
pofitio going before) And fora[much as-the (quare of tbe line A B is mediall, therefore that 
allo which 2s compofed of the {quares of the lines A-D and D B (which [quares are equall te 
the [quare of the line AB bythe a7. of the first jis mediall.And forafmuch as that which is 
| ; con- 
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contained under the lines AF and F B,ts equallto éther fi she Jfqiares ef the lines E-B and: 
E D, far. Dj fappofitz itzon the parail logritviome: contained under the: ties AF. and F B AS £505 
auallto tbe quare of tbe liue E Band i he fame par ‘allelogramme 1 IA equall t to the fquareof 
rhe lne D F (4 by the third part of the firfkafumpt going before: the. 33,0f the ith) Wher rfe. € 
tře line BÆ TS eqtrall té theline DEWherforethelineB Cis double to theline F D. Where. 
fore that whishss contained under, the lines AB andB Cts double to, ih ut which. s contate. 
ned under thi: lives AB and FD. wh erfare they are commen|urable by the fixt. of ibis bekez 
but that whichiscontained under the ints AB «nd B.C is medial by fuppofitien. We erfor ose 
alfo that mhich istonidined vaderthe linis -A Band ED is medially by the corellas 3 ef. the 
23 uf the tenth >but that whichis contained vader thelines A Band FRA is ( by the fi arth ` 
partof tne fir ft afumpt going. before. thé. 33,0f the.teith).equall-to: that which gs contained. 
vader the lines A D and D B : mwherfore that: »bichi 15 contained: wader. the lines A D an ud Thef — * 
D Bis alo sediall« dud ſoraſmuchas the line ABis inconornenfarable in leneth vita tbe ! PATE Coraes 
line B.C.But the line BC is conmenſurablei in length vhtoihbeüne BE — ther 2 
of. the tenth). the-line.A.B is incommenfurablein leneth untotheline-BE, Wher "fore Abe. 
quare a the line A B is incommen{urable to that whichis cent tained under the line: A, 1B ` 
and BE(éy the firft of the fixt'and-10.0ft this bookey But unto the. fgnare e of i ihe ling AB. 
are equallthe [quares of the lines A D and I».-B added together ( by. the 47 ofi the fi fe): and, 
vato that which is. contayned under tbe lines A B and E t is equall that which 15 contati- 
ned underithe lines A B and F D;thatis;whichts. contained onder. A Dand DB.Forsithe — || 
parallelogramme contained onder tbe lines AB and F. D is equall to the parallelogramane z aia | 
contained under the lines A D and D B (bj tbe lafi partof the firftafumpt goingbeforethe: n sa 
33 of ‘this tenth booke e) Jv, berfore t that which is compofed of the fquares of the lines A'D and ibe third = 
D Bis incommen{i nfurable to that. which i is contdined VIGET the lines AD and DB. Where Bg pert cicer 
fore there are found aut two right tlines AB and D. B incon vinenfurable. in power, ‘wh ofe 
ſquares — together make. A tamediall Juperficies and. the parailelogranmme contayned ` A 
der shins, sake difounsediall fuperficies, which parallelogramme.morenuer, is. inconnu]. 
ráble tothe fefee an f the [quarts à Wei oe added Tw AE uius IRAs. Fe 
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re porter onely be added together. (.theax. of the tenth. teacheth to fi inde out iwo 
| fuch lines). Theni faş that the wholeline A Cys irrationall «For forafaench a 45 
cid dene line A B is incornintafirablerm length vate the line B Ger (for they'are fip, Demon Sres, 

— be combvsenfurable i ig pepe? anely )Butas te. beta t deve nig PRA a : orm nd i 
[ine AB isto tbe line B C , fo ( by y tbe; aftu ot: ‘put bids: ^ | | m 
fore tbe 22.0f ibe tenth) is tbe parallelograme contats E bus LAm s Simons ius 
Hea under the lines A Band BS 19th quare. of thts Aceves OA y S * a FA. 
fineBC ewe efore( by the.rd.0f this booke) the arallelagrame conta; E vnder the Jine 4. 
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B and BC is incommenfurable tothe fauareof the 00000 o es 
line BC . But unto the parallelograme ‘contained A. massa ed a o ol 
| under ‘thé lines A B-and BC-is commenfurable the ~ y "ilm - 2 | 


^ 


parallelograme contained-under A Band B C twife. "e wt 
(by the 6.of the tenth:) : wherefore that which is contained under AB and B C twife is ins 
commenfurable tothe {quare of the line BC ( bythe 13 of the tenth) . But unto the fquare. 
of the line B C is commenfurable that which is compofed of tbe [quaes of tbe lines A Band: 
B C(by the 15.of the tenth),for by fuppofition the lines A B and B C. are commenfurablein 
power onely .Wherefore( by the 13.0f the tenth ) that which ts compofed of the pure dd the.. 
Hines A B and B C added together is incommenfurable to that which is. contained under.the.. 
i lines AB and BC iwife.. Wherefore ( by the 16.of the tenth ) that which is contained vn- 
der AB and BC twife together with the {quares of the lines A Band BC , which ( by the ge 
of the fecond )is equali tothe{quare of thewholeline AC,is ee yi to that which 
as compofed of tbe (quares of A B and B C added together. But-that which is compofed.of the 
{quares of A B and BC added together is rationall, for itis commenfurable to either. of the 
fquares of the lines AB and BG of which either of thems is rationall by {uppofition:wherfore 
the [quare of the lineA C is(by the ro definition of the tenth )irrationall. Wherefore the line 
AC alfoissrrationall,andis called « binomiallline. 


e x 


+ im 


Diffinition of This propofition fheweth the generation and produ&ton of the fecond kinde of ir 


cbmomia — ràtonállines whichiscalled a binotmium,or a binomialline.The definition whereof is. 


T.i fally gathered out of this propofition,and thatthus.. . . - 2d ui 
7 vs e binamium or a binomtall line,is an irrationall line compofed of two rationall lines commenfz- 
O9 s valle theoneto the otberin power onely . Andit is called a binomium , thatis , hauing two 


names, becaule itis made of two fuch lities as of his partes which are onely commenfu- 
: * ràble inpower and notinlength : and therefore ech part or line, or atthe leaft the one:> - 
, of them,as touching length}is vncertaine and vnknowne. Wherefore being ioynedto... 
gethertheir quarititie cannot be expreffed by any one numberor name , but ech part. 
remayneth tobedeuerally namedin fuch fort as it may. And of thefe binomiall lines. 
Sexe kindes of there are fixe feuerall kindes , the firft binomial] , the fecond, the third , the fourth, the 


binensiall fifth and the fixt, of what nature and condition ech of thefe is fhalbe knowne by their 
Anes. definitious which are afterward fet in their due place. | 
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cee the iria a fects Dae | oad 
q The 25.Theoreme. = > The 37. Propofition. 


If two mediall lines commenfurable in power onely containing arationall 
_fuperficies be added together:the whole line is trrationall:, and is called a 


an han (er ! Z 
7 * | uc Pireedial ne. qubd Wi —X we Wee, CF 
a o. Er thife two medial lines Aud B.C being tommenfirable in power.onely , and 
| — rationall  {uperficies( the 27. of the tenth teacheth to finde out two fuch 
9257 Hye )be copipo[ed oF hen I [ay that the whole line AG is irrational 3 For as it was- 
[ijdin te prapaiton next gning befareshar mbichis cpofed of she fuare of the lines 
AB and BC is incommefurable to that which is tomtaiz ^ oo esI C AL. s 
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the lines-A Band BC.together with that whichis con- > JE Tela Lael 
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tained under the lines AB and BC wyife;thatis the 5 5 uos — 


oe d 13 a p^, E 

fauare of tbe line A C is incommen[uvableto tbat which is comtaynéd under the lines AB 

and BC tivife.But that.which is.contayned onder the lines & B.and B C twife is commer- 

firabletothat which is contayned under the lines AB andB.C once (by the 6.0f: tee 
"3 J l wherfore 


of Euclides Elementes. Fof.259. 


vherefore tbe [quare of thewhole line Kis (by tbe. af the tenth) incommenſurable to 
that which is contained under the lines A:B and:B C. once. But by fuppofition tbe lines A B. 


and BC comprehend a rationall {uperficies. Wherefore the fquareof thewholeline AC is. 


m nm 


irrationall:whevefore alfo the line A C is irrational. And it is called a firſt bimediall line. 


The third irrational line whichis called a firft bredi aliie, is Ed by this pro- 


pofition,and the definition thereofis by it made manifeft,which is this. .4 firft bimedsall 
line, is an irrationall line Which is compofed of two mediall lines commenfurable in power onely cone 
tayning arationall paralelograme.It is called a firft bimediall line, bycaufe the two mediall 


| Diffinition of 
a firſt bimedi- 
all line, 


lines or partes whereof itis compofed contayne a rationall fuperficies,which is prefer- . 


red before an irrationall. : a 
qT he 26.Theoreme.  ° Ihe38.Propofition. 


If t'vomediall lines commen[urable in. power onely contayning a inediall; 


Juperficies,be added together: the whole line istrrationall, and is called a. 


J ſecond bimediall line. 
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ly,and contayning a medial {uperficies(the 28 of the tenth teacheth to finde 

\ out two fuch lines) be added together.T hen I fay that the whole line A C is. 
ape & |i irrationall. Take avationall line D EB. And(by the 4.0f the firft) pon the. 

MAIS Line D E apply the parallelograme D ¥Fequat to the fquare of the lineA C, 

whofe other fide let be the liae DG. And forafmuch as the [quare of the 

line A C is (by the 4.of the fecond) equall to that which D mn 

is compofed of | tbe [quares of the lines AB andBC, to- A B d 

gether with that which is contained under thelines AB Pu 

and BC twifebut the {quare of the line A C. is equall. 

tothe parallelograme DV Wherefore the parallelograme. . | 





DF is equall to that which is compofed of the [quares of 
the lines A.B and B C. together with that which is con. 
tayned vnder the lines A B and BC twife. Now then a- 
gayne(by the 24,0f the firft) upon the line D E apply the 
parallelograme’ EH equall to the fquares of the lines A. 
B.and BC . Wherefore the parallelograme remayning, ` uf 
namely , H Ts equallto that which ts contained under : "E Cx. TF 
thelines AB and BC twife. And forafmuch as either lectura eoi; 
of thefe lines A B and B C is mediall, therefore the {quares of the lines A B and B C. are at. 
fomediall.And that which is contained vnder the lines A Band BC twife is(by the coralla 
ry of the 24.0f the tenth mediall.For, by the 6 .of this booke it ts commefurable to that which 
és contained under. the lines 8B and BC once,which is by fuppofition medial. But unto the 
fauares of the lines A B and B Cis equall the parallelograme EH , and unto that whichis 
cantayned under the lines AB andBC ries equali the parallelograme HE : wherefore 
either of thefe parallelogrames H Erand A V i5 mediall:and they are applyed vpon the ratio. 
nall line ED Wherefore(by the 22.0f the tenth) either of thefe lines DH and HG is a ra- 
tiónall lineyand incommen[urable in length vntotheline D E. And foraf{much as(by fuppo- 
ition the Line A Bis inconmmenfurable in length vnto.the line BC. But asthe line A Bis 
to the line BC, fois the {quare of theline A B to theparallelograme which is contayned un- 
der the lines A B and BC (by the first of the fixt) . Weherefore(by the ro of this booke ) tbe 
Square of theline À B is incommen[urable to tbe parallelograme contayned under %6 d 
"i p HH iij. 
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A Band B C.Butto the [quare ofthe line A Bis tome. co ooo det 
woenfrable that which is compo[ed of tbe fquaresof the ^A B LESE 
[ines B. and. B C. ( by the xs.of thetemth ) - Forthe T Ew Lead me. 
{quares of the lines. A B.and.B. Cvare commenfurable . MN a e ar de za 
(when asthe lines AB and BC are put to be commen- | | 
furable in power onely) : 4nd to thbatwhbichis coptayned . 









whith is contained under the lines AB and BC. tmife |’ 
(Ey the 6 offthe tenth) wherefore that which is compafed,. Vj 3 
of the fynares of the lines A Band BC isincommenfu- 
rable to that which is contayned under the lines AB 
and B C twife . But tothe. Saeed: lines A Bana... Tt ete F 
BC és equall the parallelugrame EH. And to that’ ~~ URS | 
noch ic onia yned under the lines A B and b Ctwife, T equall the : parallelograme FH. 
Wher fore tbe pavatleloorame E Has incommen “ra ble to the parallelocrame A 1. Wher fore 
the line Ty H is incossmenfnrable du Voxgth to tbe Fe Y1 G ( by tbe rf the fixt and-10 of 
this booke). And itis proued that they are rationall lines . Wherefore the likes DH GHG 
are rationzall commenfurable in power onely Wherefore ( by the 36 . of the tenth)the whole 
live IDG isivrationll:And theligciY E is yationall. But a rectangle. fáperficies compre- 
bended under arationallline and ax irrationall line is(by the corollaryadded after the 21 of 


` thetenthyirvationall. Pr héerefore the fiperficies D Bus irrational. Avid the line alfo which 


containerh it in power.isarrationals But the line A C.containethin power the fuperficies D, 
EB Mtherefore the line A Cis srrationall. Anditiscalled afecond bimediallline. ` si 
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This Propofition íheweth the generation ofthe fourth irrationall liné;called à fecond; 
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~ bimediall line. The definition wherof is euident by.this Propofition, which is: thus, 
HOF o 4 fecond binediall live is an iřratiónal line, which is made of vo mediall: lines..commenferable iz 


power onely toyned together, which com prebend 4 mediall fuperfrcies - Andit is calleda fecond. Die: 
r. a 9 «3 5 ` ar a * om » N "i Abs " i Tu. aes wm 4 . e vos k 
mediall;becaufethe two mediall lines of which itis compofed,cdtaine a mediall fuper- 
ficies,and not arátionall, Now a mediallis by nature &in knowledgeafter arationall; 
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; If two vight lines incomenfurable in power be added together, bauing that- 


. . a . | v Ge hia a. |) 43 SS ats ape oe iss a . — 
| Which is cóvipofed of tbe [quares of tbem rationall,; and the parallelograme. 
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Tcontayned ynder them mediall; the whole right. line is wrationall, andis. 
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j Dhole line A Cisi¢rationall "Bor foras nich as (by fuppá[rtion) tbe parallelo-. 
PERESS or arimnt contained under We lines “AB and BC 1s medial, therefore the pa- 
rillelogramme contained twife under thelines AB and B Cis mediall (For \that which 
SY NS. ET eJ lc Mes pep i yg; rA VV EAS isi e Ce gms my Se cep erit ig Pose he ET Eg xi. 

contiined vader'A B aud B Ctwife, ts commenfurable to thatwhichis cotained under: AB 
ind BC orice (by the 8. of the tenth) Wherefore (Ly tbe Corollary of the'23- Of the sentb) 
that which is contained vider AB ey B C twife; is meddiall) Bur Dy (apbofitian that whic, 
as compofed of: the [quires of the lines AB and BG, js rational. Wherefore that which i 
contained under the lines’ Band BC twife is copier [irato to that which is * 
eo WYNOAOLIVAS o ARAM web OS atk EL A 
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of &uclides Elementes. Fol.260. 
af the [qnares ofthelines ABandBC. Where 7 I aS 
fore (by the 16.of the tenthythat which is com 44) fu ee 
poled of thefquares ofthe lines ABandBC to — 
gether with that whith is contayned under thé © n o - oda 
lines A B c B C iwi[e, which is (by tbe 4.of the fecond) eguallto the fquare of tbe line A C, 
is incommenfirable to that which is kun of the [quares of the lines AB and B C ud 
that whichis compofed of the [quares of tbe lines, A B. and B C, is vationall. Wherefore the: 
Square of the whole line AC, is irrational Wherefore the line A C alfa is irrationall . And 
is called a greater line . And itis called a greater line for that that whichis, compofed of tbe 
{quares of the lines AB e B C which are rationall,is greater then that which is contayned 
under the lines ABand BC twife,which are mediall . Now it is meete that the name fhould 
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ke genen according to tbe propertie of tbe rational. — ` 


— ery Affümpt. | 
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“Aud that the fuperficies compofed of the [quares of the lines AB and BC, is ereater then 
that which is contained under the lines A B and BC twife, may thus be prowed . Firfl it 
veAnifeft, that tbe limes A B and B C are vnequall : far sf they were equall , then the fauares 
of the lines AB and BC fhould be equall to that whichis contained under the lines AB and 
BC twife,fo that that which is cotained under 4 B = ma í 
and B C, [bould alfo be rationall: which iscontraryy 4 p ^ 3 c 


+a "e T.. op? 
r 


to the fuppofition . Wherefore tbe lines (£8 and. Tm 
B C are vnequall . Suppo[e tbentbattheliges AB |. e. L 

be the greater, ey let the line B D be equall to the line B C. Wherfore(by tbe 7.0f the fecond) 
the [quares ef the lines «4 B and B D, are equall to that which is contained under the lines 


AB and BG twife and to the fauare of the line A.D . But the line. D-Biis equal to the line | 
B C. Wherefore the [quaresof tbe lines A B and BC, are equall to that which is contained 
winder the lines.AB and B C twife and to the fquare of theline AD. Wherefore the [yuares ` 


An Afumpte 


ofthe lines A B and BC are greater then that which is contayned under the lines AB and ` 


B C twife, by the [quare of the lines D - which was required to be proved. 


This Propofition teacheth the produ@ion of the fiftirrationall line,which is called 
agreater line: whichis by the fenfe ofthis Propofitionthus defined. Yi 

CC eH greater lineis an irrationall line which is compoſed of two right. lines Which are incommenfi- 
Yablest power the [quares of which added together, muke a rationall fuperficses, and the parallela- 


Diffinition of 


gramme Which they containe; is medial. Ycis therefore calleda greater line, as T been faych,,, 457 4ter line. 


becaufe the fquares ofthetwo lines of which itis compofed,added together being ra- 
tionall;are greater then the mediall fuperficiescontained vnder them twife.. And it is 


conuenient that the denomination be taken of the proprietie of the rational! part, ra- 
ther then of the mediall part. a. i 


q Ube 29. I'heoreme. _ Lhe 40.Propofition. 


. Uftworight lines incomenfurable in poiver be added together, bauing tbat 
which is made ofthe [quares of tbem added together mediall , and the pac 

_» -rallelogramme contayned onder them rational : the whole right line is ire 
rational, andis called a line contayning in power a rationall and a mediall 


fuperficies. 


Let | 
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O RAZE Et thefe two right lines A B and BC being incummenſurable in power, & making 
ee that which 1s required in the Propofition be added together. (The 34.0f the tenth 
Ws? teacheth to finde out treo fuch lines ) .Then I fay, that the wholeline AC is irra: 

Demon ſira- tionall. For foraſmuch as that which is compoſed oſthe ſquares of the lines A B 

cioa and BC is mediall, but that which iszontained under the lines A B and B C. twifeisvatio- 

: gall; lereforethat which is compo[ed of the [quares ofthe lines A B and B C, is incommen- 

[urable to that which is contained Onder the lines AB and BC twife Wherefore ( by the 16. 

of the tenth) that which is compofed of. the [quares ofthe lines A Band BC together with 
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that which is tontayged onder the lines AB and B C... | . 
wife which (by tbe g.of thefecond ) isthefquareof. i 0.0 sos T 
the wholeline AC;i8 incommenfurableto that which OB | 
is contained under the lines AB azd BCiwife. Bub Do m. 2 RA 
that which is contained under the lines 4 BapdBC  - 79 o7 07s e 
twife,is rationall , for that which is contained under the lines A B and B C once is put to be 
rationall .Wherefore the [quare of the whole line’ AC is irrationall Wherefore the line AC 
alfa isirrationall. And itis therefore called a line containing in power a rationalland a me- 
ws hall fuperficies;becaufe the power thereof contayneth two {uperficieces, whereof the one is ra. 
rionall,namely,that which 13 contained under the two partes,and the other mediall, namely, 
that which is made of the [quares of the fans added together .. And by reafon that the ra- 
tional is in order of nature & of knowledge before the mediall, therfore the firff part of the 
denomination is taken of it , and the (econd part is taken of the mediall: which was required 
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_ InthisPropofition is taught the generation ofthe fixtirrationall line, which is cal- 
eda line whofe power is rationall and mediall. The definition of which is gathered of 
thysPropofitionaftetthismaner. ' ° es ! 
UM lure whbofé pawerks ationall aud vnedialljts an irrationall line Ybich is made of two right lines 

Diffinitiou of ^ incommen[arable in power added together; whofefquares added together maken mediallfuperficies, 
a line whofe but that fuperficies Wehich they containe ts rationall . The reafon of the names before fet forth 


poter is ratt- in the Propofition, -. 


crial and " 1; Vs . een V E f 
wcdial, qIbe 2p. beoreme. — ^ The 41. Propofition. ` ` 
i-us " ' m vit ri — i j re si à i m iudi x 
| If two right lines incommenfurable in power be. added together, bauyng 
seu c CU bat ebich is compofed of tbe fquares of them added together mediall, and 
asan ca o ebe parallelogrammecontayned-puder tbem mediall, andal[o incommens 


ary firable to that -which is compofed of the [quares of them added together: 
<< the wholevight lint is irrational and is called a line contayning in power 


-tpo medials. | ii m : 







| WEE tbe[e tworight lines A Band B C being incommen[urable im power and hauing 
NAKA that which ts compofed of the {quares of the lines A B and BC mediall,and the pa- 

2 E -- ivallelogramme which is contayned under the lines A B and BC mediall, and al 
\enconmen|urableto that which is compofed of the {quares of the lines A Band BC added 
Conſtruction. together,be added together (the 35.of the tenth teacheth to finde out two {uch lines) Then I 
fay that the whole line-A C is irrationall. Take arationall line D E; and (by -he ag. of the 

firft) pon the line D E apply the parallelogramme D F equall to the fquares of the lines A 

“Band BC-And upon the line G F whith is equall to the line D E, apply the parallelograme 
G H equall to that which is contained under the lines A B and BC twife. Wherefore dn 

. whole 
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whole parallelogrammme D-H is equallto the [auare of the line AC (by the g. of the fecond.) Demonſira- 
stad fora[nsucb as that which + compofed of the (quares of the lines A Band BG is mediali tion, ` 
and is eguali to the parrllelogramme D F : therfore D F al{o is mediall (by that whith was 


{aid in the 38.propofition of this booke). And it is 
applied upon the rational line D E. Wherefore the 
Gne D Gis rationall and incommen|urable in légth 
vinto y line D E(5y the 22.0f the teth). And by the 
famerea fon ibe line G K 13 Pational ¢ incomefira- 
ble in length vito tbe line G F that ts,unto the line 
D.E. And forafmuch as that which is compofed of y 
fquares of the lines A B er B C added together, is by 
fuppofition incomen{urable to that which is cotained 
wader the lines A B and B C twife, therfore alfo the 


garallelogramine D-F is incommenfurable unto the 


parallelogramme GH Wherfore alfo the line DG is. « 


ipcommen[urable vito the line G K (by the first of 
the fixt) and éy the tenth of thetenth. But it is now 
proued that they are rattonall. Wherfore the lines D 
Gand G K are rational commenfurable in power 
onely. Whkerfore (bythe 36. of thetenth) the wholè 
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line D K is vationall,and 13 called a binomiall line, but the line D E isirratiónall. Wherfore 
the parallelograintne D H is irrationall (by the corollary added after the 22 propel 0 of the 


tenth). Wherfore alfo the line which containeth it in power is irrationall : 


rut the line AG 


containeth is in power. Wherfore the line A C is ivrationall, and is called a line contayning 
in power two medials.tt is called a line containing in power two medials, for that it contay- 
neth in power tivo meaiall fuperficieces,one of which is compofed of the fequares of the lynes 
AB and BC added together,and the other is that which is contained under the lines AB ce 


BC twiſe : which Was. 


E = x 


In this propofition is taught the nature of the 7.kinde of itrationall lines which iz 
“called a line whofe power is two medials, The definition whereof is takén ofthis pro- 


x 


pofitionafterthismanet. " ^ ^. li. 


~~ d line Whofe power is. two medials,is an irvationall line which is compofed of two right lines in- 
commenſurable in power,the fquares of which added together, make amediall fuperficies, and that 
Which ts contained under them is alfo mediall, and moreouer it is incommenfir able to that Which is 
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Compofed of the two fquares added together. 


The reafon why this lineis called a line whofe power is two medials, was before in 


theende of the demonftration declared, | 


eqiired 0 be demonftrated. 
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And thatthe faid irrational lines are dewided one way ontly that is, in one point onely, 
into the right lines of which they are compofed, and which make enery one of thé kindes of 
thofe irrational liges,fhall flraight way be demonfirated : but firftwillwe demonfirate two 


affumptes here following. 
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` Take aright line and let the fame be A B, and denide it intoiwo inequall partes in the 
point C,and againe denide the fame line A B intotwo other unequal partes,in an other point 
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namely, in D, and let the line AC (by {uppofition) be greater then theline D B. Then Lfay 
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that the [quares of thelines A Cand BC added together,are greater then the auares of the 
lines A D and D B added together. Deuide the line AB (Ly the 10. of the firft) into two e- ` 
quall partes in tbe paint E And fora[much as the line AC 1s greater then the line D B, take 
away the line D C which is common to them both : wherfore the refidue A D is greater thew 
the refidue C B,but the line A Eis equall to the line E B. Wherfore the lige D E is lefse thers 
the line EC. Wherfore the pointes C and D are not | 
equally diftant from the point E,whichis the point. A a k 
of the fection into two equall partes. And foraf- ` * — — — 
much as (by the 5. of the fecond) that whith is con- * 
tayned under the lines AC and C B together with tbe [quare of 1be liue E C it equall to the 
[quare of tbe line E B. And by the fame reafon that which is coptayned under the lynes A D 
and D B together with the [quare of the line D Eis alfo equali to the [elf fame [quare ofthe 
line E B : wherfore that which is contained under tbe lines ACandCB together with the 
[quare of the line E C isequall to that which is contained under the lines A D and D B to- 
gether with the [quare of the line D E » of which the fquare of the line D E is leke then the 
Square of the line EC (forit was proued ihat thè line D E is lefe then tke line E C). Wher- 
fore the parallelograrmeremayning contayned under the lines AC and C Bis lefse thé the 
parallelogramuve vemayning contayned under the lines AD and D B. Wherfore alfo that 
which is coutayned under the lines AC and C B twifeislefe then that which is contayned 
under the lines A D and D B twife.But( by the fourth of the fecond the (quare of the whole 
line A Bisequalito that which ts compufed of the {quares of the lines A Cand CB toge- 
ther with that whith is contained under the lynes AC and CB twife, and by the 
fame reafon the {quare of the whole line AB is equall to that which is compofed of the 
{quares of tbe lins A D and D B together with that which is contayned under thelynes A 
D and D B twife : wherfore that which is compofed of the fquares of the lynes AC and CB 
together with that which is contayned under the lynes A C and C B twife, is equall to that 
which is compofed of the [quares of tbe lynes A D and D B,together with that which is con- 
tayned wnder the lynes A D and D B twife. But it is already proned that that which is con- 
tayned under the lines AC andC B twife, is lefe then that which is contayned under the 
lines:A D & D Btwife.Wherfore the refidue,namely that which is s of the fauares 
of the. linis AC and C Bis greater then the refidue namely, then that whichis compofed of 
the {quares of the lines A D and DB: which was required tobe demonflrated, 

| . "er AnAffumpt. — | 

rational füperficies exceedetb a rational [uperficies, by a rational] fte 
perficies. — —P o i o 


Let A D bearationall fuperficies, and let it exceede A F ! 
being alfa a.rationall 1 erfiziei E DA bti P — 
beizgg alfa aratiomall[nperficies by tbe [uperfizies E DT hen- 

AL faytbat tbe [uperficies E D is alfo rationall. For theparal- 
elogramme A D is commenfuxable.to the parallelogramme - 
A Ffor that either of then is rationall. Wherefore ( by the 

fecond pari of the x s.of the tenth) the parallelogramme A 
F ts commenfurable to the parallelogramm E Di But the 
the parallelogramme A F is rationall. Wherfore alfo the pa- 
ralicloeranumme E IésrationalIo dem e, ome 
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of Euclides Elementés. — Fol.262. 
yThe 30. Theoreme. The 4ꝛ. Propoſition. 


A binomiall line is in one point onely deuided into bis names. 












The fecond Se 
i | J nary by com- 
AV ppofe that AB bea binomiall line, and in the point C let it je denided iuro. 
| SL his names,that is,into the lines wher of the whole line A Bis compefed. Where. 
2 A füreihe[e lines A C and C B are vationallcommen[urable in power onely Now I 
SSS 7 that the line AB cannot in any other point befides C be denided inte two ra- 
tionall lines commen[urablein pomer opely.F or s o Demonfleati- 
if it be poffible,let it be deuided in the point D, eM s ME o4 — | 
fo that lei tbe lines A D. and D B be rationall | | : es P. 


commen[urable £a power onely.-Fir[l it is manifest that neither of thefe pointes C and D de- 
sideth the right line A B into two equall partes. Otherwife the lines. A C and C B [bould £e 
vationall comimenfurable in length,and fo likewife fhould the lines A D apnd D B ġe. For e- 
wery line meafureth it felfe, and any other linc equall to it felfe. Moreouer the line D B is 
either one and the fame with the live A C,that isis equallto the [ine A C, or els it is greater 
then the line A C,cither els it is lefe then df DB be equall to the line A C,then putting the 
line D B upon the lineAC eche endes of the one, {hall agree with eche endes of the other. 
Wherfore putting the point B upon the point A,the point D alfo hall fall upon the point C, 
and the line A D which is the reft of the line AC,fhall alfo be equall to the line C Bywhich is 
the reft of the line DB.Wherfore the line AB is denided into his names in the point C.And fo 
alfo [pal the line A B being deuided in the paint D be deuided in the felf [ame point that the 
felf [ame lime AB was before deuided in tbe poimt C which is cütrary to the fuppofitio.For by. 
fuppofitio it was deuiaed in fundry pointes,namely, in C G D Bat ifthe line D B be greater 
the the line AC,let the line A B be devided into two equal partes in the point E.Wherfore the 
points C c D fhal not equally be diftant fro the point E.Now(by the firft afsipt going before 
this. propofitio that which és copofed of the {quares of } lines AD & D B is greater thë that 
which 13 compofed of the {quares of the lines AC cy C B. But that which is compofed of the. 
Squares of the lines AD cy DB together with that which is cotained under the lines AD & 
D B twife,is equall to that which is compofed of the fquares of the lines A C c C B together 
with that which is contained under the lines A Cand CB twife for either of thems is equall 
to the {quare of the whole line A B (by the 4.0f the fecond) . wherefore how much that which 
is copofed of the {quares of the linés A D and DB added together is greater then that which 
is compofed of the {quares of the lines AC and C B added together, fo much is that which is 
contained vader the lines AC and C B twife greater then that which is contained under the 
lines A D and D Biwife. But that which is compofed of the {quares of the lines A D and D 
B excedeth that which is compofed of the {quares of the lines A C and C B bj a. vationall fu 
perficies (by the 2. afsmpt going before this propofition.) For that which is compo[ed of the. 
Squares of the lines A D and D Bis rationall, arid fo alfo is that which is compofed of the 
Squares of the lines A C and C B:for the lines A D and D B are put to be rationall commen- 
furable in power onely and fo likewife are the lines AC and C B. Wherfore alfo that whichis 
contained under the lines AC and C B twife, exceedeth that which is contained under the 
lines A D cy D B twife by a rational [uperficies;whe yet notwith{tading they are both medial 
Sfuperficieces (Ly the zr. of the tenth) swhich( by the 26 of the fame) is impofible. Andif the 
line D B belefJe then the line A C,we may by the like demon tration proue the felfe fame im- 
pofibilitie. Wherfore a binomiall line is în one point onely deuided into bis names : Which 

pas required to be demonfirated, ` | 


I Corrollary 


va Corollary. 


Demouflra- 
sion leading te 
an impoſſibi- 
ditze. 


Demonſtratio 
leading to an 
inpoſſibilitie. 


Corollaryadded by ſſue. 


Two rational lines commenfirable in power onely being added together cannot be eguall to two 
other rationall lines commenfirable in power onely added together . For either of them fhould 
make a binomiall line,and fo fhould a binomiall line be denided into his names in moe 
poyntes then one: which by this propofition is proued to be impoffible, The like fhall 
follow in the fiue;next irrationall lines as touching their two names. . 


q I be 31. Probleme. Ihe 43. Propofition. 
A firft bimediall line is in one poynt onely deutded into his names. 


FV ppofe that A Bid firft bimediall line, and let it be deuided into bis partes iz. 
the point C9 that let the lines AC and C B be mediall comenfuvable in power’ 
: onely and containing a rationall fuperficies.T hen I fay that the line AB can not 
LEK Ch be denided into his names in any other poynt then in C. For if it be poffible let it 
be deuided into his names in the poynt D , fo that let | | 
À D dr D B be mediall lines comsnen[urable in power 4 D^ ond E 
onely comprehending a rationall{uperficies. Now for- C? wu e 1) 7 M 
a[nsucb as bow much that which is contayned under ! 3 
she lines AD and D Btwifedifferreth from that which is contayned under the lines AC. 
and C B twife, [o much differreth that which is compofed of the fquares of the lines AD 
and DB from that whichis compofed of the {quares of the lines A C and CB: but that 
which is contayned vider the lines AD andD B twife differreth from that which is contay 
ned under the lines AC and CB twife,by arationall fuperficies ( by the fecond affumpt go- 
ing before the 41 .of the tenth).For either of thofe {uperficieces is rationall . Wherefore that 
which is compofed of the {quares of the lines A C and CB differeth from that which is com 
pofed of the fquares of the lines AD and DB by arationall fuperficies , when yet they are. 
both medial {uperficteces:which ts impoffible. Wherefore a firft bimediall line is in one poynt 
enely deuided into his names:which was required to be proned. 





g T'he 32. T heoreme. § Lhe 44.Propofition. 
` A fecond bimediall line is in one poynt onely deuided into his names. - 


| ppofe that the line AB beinga fecond bimediall line , be deuided into hys 
names in the poynt C + fo that let the lines AC and CB be mediall lines com- 
K menfurable in power onely,comprehending a mediall Juperficies , It is manifeft 
x. that the poynt C deuideth not the whole line A B into two equall partes. For 
the lines A C and C B are not commenfurable in length the one to the other. Now L fay that 
the line A B cannot be deuided into his names in any other poynt but onely in C ..For if it be 
poffible,let it be denided into his names in the poynt D fo that let not the iine AC khe one and 
the fame,that is,let it not be equall,with the line D B.But let it be greater then it. Now itis’ 
‘woanifelt (by the firft affumpt going before the 22. propofition of this booke ) that the {quares 
‘of the lines & C and C B are greater then tbe fquares of the lines AD and DB. Andalfo 
that the lines A D and D B aremediall lines commen[urablein power onely comprehending 
a mediall {uperficies.T ake a rationall line EF. And(by the o4.of the firft) upon the line EF. 
apply a rectangle parallelograme EK équallto the [quare ofthe line À B. From which pa- 
rallelograme take away the parallelograme E. G equall to tbe [quares of the lines &C and 
C B Wherefore the veftduemamely the parallelograme HK is equall to that which is contas- 
À | | ned 









of Euclides Eleimentes,” Fol.265. 


wed under the lines A C and C B tivife. Agayne from tbe tbe parallelograsse E. K take aivay 
the parallelograme E. I. equall to the fquares of the lines A.) and D B which are lefe then 
the [quares of the lines AC and C B. Wherefore there- | 

fidue, namely; the parallelograme M. K is equallto that A Dec 

which iscontaysed under the lines AD and DB wife. 
And forafinuch as the {quares of the lines A C and C B 
are mediali, therefore the parallelozrame E.G alfots me- 
diall. Azd it is applyed upon the rationall line E. P :where- 
fore the line HH is rationall and incommenfurable in 
length tothe line BE . And by tbe fame reafon , tbe 
paralielograme HX is mediall (for that whichis e- 
quall vnto it,namelj,that which iscontayned vader the 
lines A Cand CRB twife is medial! ) therefore the line | 
HUN di alfo rationall and incomimen[urablein length un- — p Dg E 
to the line EF. And forafmuch as the lines AC and CB. à 

are mediall lines commen[urable 1 power onely , therefore P, 
tbe lineA C is incommenfirable in length unto the line CB. But asthe line AC is tothe 
lizeC B,foisthefquare of the line AC to that which is contayzed under the lines AC 
and C B(by the r.of the fixt). Wherefore the{quare of the line A C is incommenfurable sa 
that which ts contayned under the lines A C and C B.But (by the 16 .uf the tenth unto the 
fquare of the line AC are commenfurablethe {quares of the lines AC and CB added ta- 
gether, for the lines A C and C B are. commenfurable in power enely.And unto that which 
1s contayned under the lines AC and CB ts commenfurable that which is contayned vn- 

er the lines A C and C Biwife. Wherefore that which is compofed of the {quares of the 

lines A CandC B, 1 incommenfurable to that which is contained under the lines AC 
and C B twife. But to the [quares of the lines AC and C Bis equall the parallelezrame. 
E Gand to that which is contained under the lines AC and CB twife is equallthe para- 
lelograme WK .Wherfore the parallelograme EG is incommenfurable to the parallelograme 
HK Wherefore alfo the line © H is tzcommenfurable in length totheline AN. And the 
lines E H and HN are rationall. Wherefore they ave rational comimen{urable in power one- 
by: but if tivo rationall lines commenfurable in power onely be added together,the whole line is 
srrationall,andis called a binozmiall line ( by the 36. of the tenth) .Whevefore the bizonsiall 
line E'N is in the poyntH denidedinto his names. And by the fame reafon allo way it be 
proued that the lines Mand MN are rationall lines commenfurable iz power onely. Wher 
fore EN being a binomiall line is denided into his names in fuxdry poyntes namely , in 
and M, neither isthe line WH one and the fame,that is,equal with MN .F or the [quares of 
the lines A C and C B are greater then the [quares of the lines B D and A D ( by the 1.af- 
fumpt pus after the.g1.of the tenth ) . But the {quares of the lines A D and D B are greater 


* 


then that which is contayned vader the lines A D and DB twife (by the affumpe put after 





the 3.9.0f the tenth). Wherefore the {quares of the lines A C and C B,that is,the parallelos 
game LG is much greater then that which is contained under thé lines AD and DB 
twifentha tis then the parallelo grame M K.Wherfore ( by ay f of the fixt ) the line EH ts 
SU then tbe lige M N .Wherefore E. H zs mot one and the fame with MN Wherefore a 


Linoriall lige ds 5a treo fumdry poystes desided into his names-W bich is impo[fible. T he felfe 
[ame abfurditie alforeill follow if the line AC be fuppofed to be leffe then tbe line D B . A 
[econd binomial line therefore is not denided into his names in fundry poyntes Wherefore it. 
55 denided in one onely:which was required to be demonffrated. 
D. g The 33. 1 beoreme. The 45. Propofition. 
A greater line is in one poynt onely deuided into his names. 
I.ij. Lot 


Demonſtræti- 
on leading to 
an impeſcibas 
litie. 


T he tenth Booke 


AXE AB being 4 greater line be deuided into his namesin the poynt C, fo that let the 
| lines A C and C B be vationall incommen[urablein power, bauing that which is 
‘I compofed of tbe fquares of the lines A C and C B rationall,and that which is con- 










Demonſtrati- tated und AC and C Bmediall. Then I ‘fay that the line AB can notin any o- 


on leading to 
an impaffibi- 


bie, 


ther poynt then in C be deuided into his names. For 
if it be poffible,let it be denided into his names in the Dee 


poynt D,fo that let AD and DB be lines incomme- * n 








_ farable tn power,hauing that which is compofed of 


Demonſtrati- 
on leading to 

«n impofsibi- 

fitte 


the [quares ofthe lines & D amd D B rationall, and tbat which is contayned vnder the lies 
A D and DB mediall.Now forafmuch as how much the [quares of the lines A C and C B 
differ from the fauares of the lines AD and D B,fo much differeth that which is contained 
vider the lines AD and DB twife from that which is contained under the lines A.C and 
CB twife,by thofe thinges which haue bene fayd in the demonstration of the 42. propofiti- 
on.But the (quares ofthe lines AC and CB exceede the [quares of the lines AD and 
D B by a vationall [uperfrcies( for they ave either of thern rationali) Wherfore that which is 
contained under the lines AD and D Btwife exceedeth that which is contained under the 
lines AC and C B twife by a rationall fuperficies:when as either of them is a mediall [uper - 
fictes. Which is impaffible ( by the 26 of the tenth ) . Wherefore a greater line is in onè poynt 
enely deuided into bis names which was required to be proued. 


q The 34. I heoreme. The 46. Propofition. 


ui 


A line contayning in power a rationall anda mediall, is in one point onee 
ly deuided into his names. ` 


Et AB being a line containing in power arationall and a mediall, be deui- 
ded into his names in the point C, fo that let the lines AC d» C B beincorn- 
mei{urablein power, hauing that which is compofed of the {quares of the 
QMS | Lines A Cand CB mediall, and that which is contained under the lines 
D| A C and C B rationall .Then i fay,that the line AB cannot in any other 
point be deuided into his names but onelyin the point C . For if it be pofi- 
ble, let it be deuided into his names in the point D, t 
fo that let the lines AD and D B be incommen[ura- » | E ie i 
ble.in power, haning that which is compofed of the + 
(quares of the lines A D end D B medtall,and that ! d 
which is contayned under the lines A D and D B rationali . Now forafmuch as how much 
that which is contained under the lines AD ey D B twife differeth from that whichis con- 
tained under the lines A C and C B twife, fo much differ the fquares of the lines AC & cB 
added together from the {quares of the lines AD and D B added together. But that which 
is contayned under. he lines 4 C and C B twife excedeth that which is contained under the 
lines A.D and D B twife by arationall fuperficies (for either of them is vationall ) Where 
fore alfa the [quares of the lines A C and C B added together, excetde tbe [quares of the lines 
A D and D B added together by a rationall fuperficies, when yet ech of them is amediall fu~ 
perficies : which is impofsible Wherefore a line containing 12 power a rational! and a mtdi-- 
all, is in one point onely deuided into his names : which was required to be demonstrated. 


gThe 











of Euclides Elementes. ace F 01.264. 
y Tbe 3s. I beoremé, - The 47. Propofition. 
Ph. line contayning in power two medials, is in one point onely denided inte 
his names. . ; 


— 


A 


1 


N V ppofe that A B being a line containing in power Imo niedialls, é deuided ipto ' 


j is names in t he ? oin ae. fo that let the lines A C and C 1 E — rabie | 
du power having that whith is compofed of the [quares of the lines AG e 
lots mediall, and that alfo whith ts contained under the lines AC and CB ieeciall, 
and moreouer tacommenurable.to that which is conspofed of the [quares of tie uses AC and 
CB . T hen I fay,that theline AB can in no other point a 
be denided into his names but onely in the point C. For if ~ " e c C RP E: 
ji be poffible, let it'be denided into his namesinthepoint | 
D; fe that let not the line AC be one and the fame; thatis,; - E 
equall with the line D B:but by fuppofition let the live AC 
be the greater. And take a ratienall line E F. And (by the 
43 of the firft) upon the line E F apply arectangle paralle- 
lograme E G équalliothat which is copofed of the [quares 
of thelines ACandG B : asd likewife upon the line B G, . 
which is equall to the line E F, apply the parallelogramme | 
HK equallto that which is contained vader the lines AC ` E L G K 
did CB twife. Wherefore the whole parallelogrammeEK 
is equallto the fqware of the line AB. Againevpon the fame line E F defcribe the paralle- 
logramme E L equalltu the {quares of the lines A D and D B Wherefore the reſidue, name- 
ly, that which is contayned under the lines. AD. and DB twife,is equall to theparallele.. 
gramme remainingnamely,to.M K . And fora{much as that which is copofed of the fquares, 
of the lines A Cand CB, is (by fuppofiticn medial, therefire the parallelocvame E GC which 
as equall unto it, is alo mediall : ard it is applied upon the raticnall line EF . Wherefore, 
(by the 22.0f the tenth) the line H E isrationall and incompzenfurable in length vato the- 
line EF. And by thefame reafon alfothe line HN is rationall and incommenfurable im: 
length to the famelineE F . And forafmuch as that whichis compofed of the fauares of the 
lines AC and CB is incommenjurable to that which E contained veder the lines AC and 
CBtivife ( for it is [nppofed to be tacommenfurable to that which is cotained under the lines 
MC and C B once ) Y therefore the pavalleloorarnme E-G.is incomzmenlurable to the paralle. 
loorammee HK... Wherefore the line ETH alſois incommenſurable in length to the line HN, 
and they are rationall lines : wherforethe lines EH and HN are ratienall commenfurable 
in power onely. Wherefore the whole line EN is a binomiall line, aud is deuided into bis 
nimes inthegoint A. And in like ſort may we proue that the [ame binomiall line E N is de- 
tided into his names in the point M,and that the line E-H is not one and the fame that is e. 
wall with the tine M N, as it was proved in the end of the demonstration of the 44. of this 
foe - Wherefore à bivoniiall lineis desided into his names ip two findry pointes: which i 
jmapo(Sible (by the 42.0f thee tenth) . Wherefore a line containing in power two medialis is not 
in fundry pointes denided into his names. Wherefore it ts deuided ix one point onely : which 
wacrequiredto be demonſivatae. X 
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HA Thetenth Boke 
qSécond Definitions 70000 n 







Kaja was fhewed before thatof binomiall lines there were fixe kindes, the 


Sexe Rewdes of "43/7 definitions ofall which are here now fet;and are called fecond definitiés. 
Sixomiall | xx? All binomiall lines, as all other kindes of irrationall lines are cOceatied, 


lines. | zy cofidered,and perfectly vnderftanded onely in refpecte ofa rationallline 
| \ fo 7 (whofe partesas before 1s taught, are certayne,and knowen, and may be 
diftin&ly expreffed by number) vnto which line they are compared. Thys 
rationall line muft ye ener haue before your-eyes,in all thefe definitions,fo fhall they all. 
wf binomial be eafieinough. — T 
bine conifech A binomiallline(ye know) ismade.oftwo partes or names,wherof the oneis greater 
oftwepartes, then the other. Wherfore the power or {quare alfo ofthe one isgreater then the power 
or fyuare ofthe other. The three firftkindes of binomiall lines namely, the firft, the fe- 
cond, & the third,are produced,when the fquare of the greater name or partofa bino-" 
miall excedeth the fquare of the leffe name or part, by the {quare ofa line whichis com-: 
menfurable in length to it,namely, to the greater. The three laft kindes, namely, the. 
foarth the fift,and the fixt,are produced,when the {quare of the greater nameor part. 
exccédcth the {quare of the leffe name or part, by thé {quare ofa line incommenfurable 
in length ynto it,thatis,to the greater part. | i . 


Fat agai. e firft binoniiall line is, whofe fquare of the greater part exceedeth the 
tione fquare of the lefse part by the fquare of a-line commenfurable in length to 


the greater part, and tbe greater part 1s alfo commenfurable in length to, 
the rational! line firft fet. | SW) 


As let the rationall line firft fet be A B : whofe partes are diftin&lly knowen : fuppofe alfo that the 
line C Ebea binomiall line, whofe names or parteslet be C Dand D E , Andlet the zie of the line 
C D the greater part excede the fquare ofthe line D E the leffe part by the fquare ofthe line E G: which: 
, line F G, let bee commen- — Loue od. 
furabie in length to the line B | 
CD, which is the greater 4 e————————3À 
part of the binomiall line. _. ` D 
And moreouer let theline © 
C D the greater part be com 
menſurble in length to the —— — 656 
rationalllinefiriíet,name- ` ` i 
ly, to A B.So by this defini- ! 
tion the binomiallline C Eis a firft binomiall line. 


- 


Āe, 





Sendapi-.  Afecond binomial lineis, when the [quare of the greater part exceedeth 
niio the [quare of the leffe part by tbe [quare of a line commenfurable in length 
"pnto it, and tbe leffe. part is commen[urable in lengtb to tbe rationall line 


fif fer hat. m : 


As (fuppofing ever the rationallline) let CE bea binomiall line denided. in the poynt D . The 
fauare of whofe greater part C D let exceede the {quare ofthe leffe part D E by the {quare. of the line 





EG, which 

line F G letbe | "T P» y D * T y E 
2 : Em t - Er — — 

cómenfurable | — rte ett Telit toes : 

intength vnto. = G | | * 

the ine CD : 


the. greater - - "FTTR 
part of che binomial line . And let alfo the line D Ethe leffe part ofthe binomiallline be commenfit« 
rable in length to the rationall line firft fet A B . So by this definition the binomiall line CE is afecond 


binomiall line. | | Í | 
Thrddfini.  Athird binomiall lineis, when the [quare of the greater part excedeth the 
— " — A — ge : [quare 





of Euchdes Elementes. Fol.265. 


fquare of the leffe part by the fquare of a linecomenfurable in length Ynte 
it. And neither part is commenfurable milength to the rationall line geue. - 
⸗ — : i ) ! dis e l mm i. meis 
As fuppofe thelineC Eto bea binomiall line: whofe partes are ioyned together in the poynt D 
and lec the {quare ofthe line C D the greater part exceede the {quare of the leffe pare D E by the fquare 
ofthe line FG, and , | 
let the line FG.be g TR ee. D alah > E 
commenfurable 1n mo r f 1 i 
length to the line | 
C D the greater part 
of the binomiall. didis | E 
"Moreouer, let neither the greater part C D, nor theleffe part D E, be commenfurable in length to the 
rationali line A B, then is the line C E by this definition a third binomial line. 





2 - 


A. fourth binomiall line is, when tbe [quare of tbe greater part exceedeth 
the fquare of the leffe by the [quare of a line incommenfurable in lengtb'yn- 
tothe greater part. And the greater is alfo commenfurable in‘ length to 
the rationall line. ! | "a 


. Aslettheline C E bea binomiall line, whofe partes letbe CD & DE, & let the {quare of the line C 
D the greater part aj lin T 7,501 


exceede the fquare 

ofthe lineDEthe A mietein D 

dleffe, by the fquare | — 9 Y p d 
of the line EG Set — — — — — E 
And let the line.F Ta 

Gbeincommenfü. E e G 


'rable in length to | 
-theline C D thegreater. Let alfo the line C D the greater part be commenfürable in length vnto 
-&he rationall line. À B.. Then by this definition the line € Eis a fourth binomiall line. Ee 


> 


_— Afift binomiall line is, when the fquare of tbe greater part exceedeth the 


Square of the lefSe part, by the fquare of a line incommenfurable nto it in 
length. And the leffe part alfo is commenfurable in length to the rationall 
line genen. 


As fuppofe that CE bea binomiall line, whofe greater part let be C D, and let the leffe part be D E, 
And let the fquare of the line C D excede the {quare of the line D E by the {quare of the line FG, which 
Jet beincómenfurable in length vn- i i 
tothe line CD the greater partof 

əthe binomiall line . And lettheline c 
DE the fecond part of the binomi- 
all line. be commenturablein length . F — — 8 
vnto the rationall line AB. So is the 

Jine. C E by this definition a fift bi-. 

nomiall line. 


D E 





-A fixt binomiall line is, when the [quare of tbe greater part exceedeth 
the quare of tbe lefse, by the [quare of a line incommenfurable in length 
ynto it . And neither part is commenfurable in length to the vationall 


- * 


- dine genen. 


_ _Asleethe line C Ebea binomial! line,deuided into his names in the point D. The fquare of whofe 
ree part C D let exceede thefquare ofthe leffe part D E by the (quare ofthe line F G, and letthe 


e EG be incommenturable in length to theline C D the greater partof the binomizll line.Let alfo 
M AX. ay, neither 


Fourth dift. 
HION 


Eifih difini- 


tion, 


Sixth difri- 
tion, 
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aeither.C D the greater pate, nor DE, ~ 
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the leffe part be commenfurable in ^" v^ ^ — I za | ————HÁ 
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length tothe rational] line AB, And (Fete — 

fo by this definition the line CEisa ` m E 

fixt binomuallline. So ye fee that by thefe definitions, & their examaples,and declarations, all the kindes 
of binomiall lines are made very payne. 77 M TE. | E 
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This is to be noted that here is nothing ſpoken ofthofelines,both whofe portions 
aré cominenfurable in length ynto the rationall line firft fet, for that {uch lines’ cannot 
be binomiall lines. For binomiall lines are compofed oftwo rational! lines commenfis 
rablein Power onely (by the 36. of this booke). But lines both whofe’ portions are 
commen{urable inlength to the rationallline firft fet are not binomial lines . Forthat 
the partes of fuch lines thouid by the 12.0f this booke be commenfurablein,length the 
one to the other.And fo fhould they not be fiich lines as are required to the compofiti- 
on of a binomuall line. Moreouer fuchJines fhould not be irrational but rationall , for 


T thatthey- are commenfurable to ech of the parts whereof they are cépofed (by the 15. 
of this booke).And therefore they thould be rationallfor that the lines which compofe 
them are rationall. 7 e Mus cca we s e m 
? n | | De ° » ` b 
q The 13. Probleme. Lhe 48.propofttion. 
Dua! dcos p avi Tas 3 od uo — cn! mus Me aod 39e s p, 
To finde out a firjt binomiall line. o ; 


" 
i 
P 


dh. Ake two numbers A C and C B e let them be fach, that the number which 


The third Se- PS . b 7 . 
sary by com WR isrende of them both added together , namely ; AB, haue unto one'of them, 
pofitisn, mia) namely, vato BC that proportion that a [quare number bath to a [quare 





E number But unto tbe otber,namely yonto CA let st not bauethat proportion 

Conſtruclion. — ge that afquare number hatli to a ſquare number( ſuch as is euery ſquare num- 

io ber which may be denided into a [quare number and int a number not: [auapé) iT akealfr'a 
certayne rationall line, and let the z | 








fame be D. And vito tbe line D bet —— us SAN 

the line EE be commenfurable in — 4 bI werk w ^n 
length. Wherefore the line EF isra > e——— * — | Pa Dm E 
tionall: Andas the number. A Biss. vg 905). Qm psi o twn 
to the nuber AC, fo let the [quare — AMNES 
ofthe line E F be to the [quare of an | 
other line namely of FG (by tbe coz. -- tT aging e i uio uke 
vollary of the fixt of y tétb)s Wher- > > "-—— c —_— P 
fore the [quare of the line E Y hath — — ni | 


to the {quare of the line ¥ G that proportion that number hath to number. Wherefore the 
dons Jquare of tbe line E. V is conmenfurable to the [quare of the line E G(by the 6.of this booke) 
— monii And the line EE is rationall Wherefore the line E G alfo is rationall. And foraf? much as the 
a number AB hath not to the number AC, that proportion.that a {quare number hath toa 
{quarve number neither fhal the fquare of the line EF haue to the [quare of the line F G that 
proportion that a [quare number hath toa [quare number. Wherefore the line E Bis INCOR- 
“‘jeen{urablein'léngth to the line ¥ G'( by the 9.0f this booke ) . Whereforethe lines E. Y and 
E.G are rational commenfurable in power onely Wherefore the whole line EG is a binomi- 
all lise (by the 36.0f the tenth) .1 fay alfothatit is a firft binomiallline . For fer. that as the 
mumcer BA is tothe number AC, (ois the (quare.of the line EF to thefquare of the line 
E G:bat the number B A is greater then the number & C: wherefore the [quare of the line 
E E de alfo greater then the [quare of the line Gs Vnto the fquare of the line EF let the 
{quares of the lines BG and T be equall(which how to finde out és taught in the Le put 
1L Ww P ? al yg ams aee Um UN Co ror. 75 afler 


$ 





of Euclides Elementes. Fol.266.. 


after thei3.of the tenth). And forthat as the numberB A istothe number AC, fois the 
fauare of the line È F to the [quare of the line F G = therefore ( by conuerfion or enerfion of 
proportion(by tbe corollary of tbe 1 p of the fiftjas the number À B is to the number B Cfo 
is the [guare of the line È F to the [quare of the ine H .But the number A B hath to the num 
ber B C that proportion that a [quare number hath to a [quare number . Whereforealfo the 
fquare of the line EF hath to the fquare of the line Uthat proportion that a [quare number 
hath to a [quare number . VV berefore the line EF is commenfurablein length tothe ine 
(by the 9.0f this booke . Wherefore theline EF isin power more then the line ¥ G' by the 
{quare of a line commenfurable mn length to the line EF . And the lines E. F and F G are ra- 
tionail conmenfurable in power onely . And theline EF is commenfurable in lengthtothe 
rationall line D Wherefore the line EG isa firft binomiall line : which was required to be 
doone. J P. 


T. 


T he 14.Probleme. The 49.Propofition. 
To finde out a fecond binomiall line. re 


Mis Ake two numbers AC and CR, andlet them be fuch that the number made of ; 
them both added together namely, AB haue unto BC that proportio that afquare Conſtruction. 
Ebnumber hath to a fauare number , and vato the number C A let it not haue that 

proportion that afquare number hath toafquare number , asit was declaredin the former 

propofition.T ake alfo arationall line,and let the fame be D , and unto the line D let the line 

F G be commenfurablein length. Wherefore F G is a rationall line. And as the number 

C A zs tothe number AB fo let the [quare of the line GE be to the [quare of the line F E 

(by the 6.of the tenth) ,Wherefore the fauare of the line G F is commen[urable to tbe [quare D 

of the line F E Wherfore alfo F E is a rationall line.And forafmuch asthe nüber C A hath |: X enfora 
not unto the number A B that proportio that a fquare number hath toa {quare nuber, ther- 1 
fore neither alfo tbe (quare of thelineGE | dH s. 

hath to the [quare ofthe ipe F Ethatpropor- — P 
tion that a [quare number batb to a (quare 
number . Wherefore theline GF is incom- E _ Bru we m5 e 
menfurable in length vuto the line FE( by . | 
the 9. of the tenth ): wherefore the lines G — B. ez 
and FE arerationall commenfurable in po- 

wer onely. Wherefore the whole line EG ts a 

binomiall line .I fay moreouer that theline d. T. oae CETT 
" EGizsafecond binomiall line . For for that | 

‘by contrary proportion as the number B A is 

to the number A C, fois the fquare of the line | ! 
EF tothe [quare of tbe line Y G . But tbe number B Ais greater then the number AC, 
wherefore alfo the {quare of the line E F és greater then the [quare ofthe line FG . Fnto tbe 
Square of the line E FE, let the [guares of the lines GE and H be equall. Nom by conuev[ion 
(by the corollary of the 1.9.0f of the fift)as the number AB istothenumberBC , fois the 
fquaréof the line EF to the fquare of the line. But the number AB hath tothe number 
B C that proportion that a [quare number bath to a (quare number : Wherefore the fquare 
of the line EF hath to the fquare of the line H, that proportion that a fquare num- 
ber Bath to a (quare number Wherefore(by tbe. o. of the Fir the line E T is commenfu- 
rable in length unto the line. Wherefore the line EF is in power more then ihe line 
BG by the {quare of a line commenfurable in length unto the line EF : and the lines 
EF 


















Conftruttion. Kk 


Demonfira- 
HOW. 


us du! ~ QVhetentb'Booke 
“EE gad E Gare rational commenfurablein power onely,and. F G being the lee name is 
“commenfurable in length unto the rationall line geuen, namely, to D Wherefore EG is a fe- 
csond binomiall line:which was required to be done. | | 


g The 1s. Probleme, ape" o: Propofition. "à 
Lo finde out a third binomiall line. 4 






S4 Ake two numbers AC and C B,and let them be fuch that the number made of them 
- both added together namely, AB, haue to the number BC that proportion that a 
us s(quare number hath to afquare number But to the number A C let tt not haue that 
proportion that a [quare number hath to [que number, as it was declared in the two for- 
guer « And take alfo [ome other number tbat is not a [quare number «nd let the fame be D, 
and let not the number D haue either to the number B A,or to the number AC that propor- 
tion that a [quare number hath toa [quare num- A 

ber And take a rational line and let the the fame be 

E.And as the number D.is to the number AB,folet » mn. 

the [quare of the line E beto the [quare ofthe line oo 

F G.Wherfore the. fquare of the line E is comenfu- p „W5. Glia 10 H 
rable to tbe [quare of the line F G, but the line Eis 

rational,wherfore the line F G alfo is rational.And g, BS 

for that the nitber D hath not to the nitber A B that 
proportion that a{quaré number hath to 4 {quare : 
number, neither alfo fhallthefquare of the line — Asevsecsesee Ouse B 

bane to the [qitare of the line F G that.proportion P Ax 1 

that.afquare number hath to a [quare nüber Wher Dosieres. 

fore the line Eis incommenfurable in length to the | | ape tom. 

line F G (by the 9.of the tenth.) Now againe as the nuber.A Bis to the nuber AC, fo let the 
[quare of the line F G be to the {quare of the line G H. Wherfore the fquare of the line F Gis 
coimmen{urable to the [quare ofthe line G H « And the line F Gis rationall. Wherfore alfo 
the line G H is rational. And for that tbe number B A hath not to the nitber AC, that pro- 
portion that a{quare number hath to a [quare number y therefore neither alfo. bath the 
[quare of the line F G to the [quare of the line.G H that proportion that a fquare number 
hath toa fguare number Wherfore the line F G is incomenfurable in legth to the line GH: 
Wherfore thedines:E G c7 G H are rational comenfurable in power only Wherfore the whole 
line F H is a binomial line.t fay moreouer that it is a third binomial line.F or for that as.the 
pitber D is to tbe nilber A B.[o is tbe [quare of tbe line E to the fquare of the line F G-but as 
the niber A B isto the number A C,fo is the fquare of the line F G to the fquare of the line G 
Hstberfüre of equalitie(by the 2 2.of thefift )as the number D is to.the number AC, fois the 
fyuare-of the line E to the [quare of che line. G H.But the nuber D hath not to the nuber A- 
C that proportio that afquare nuber hath toa fauare nuber. Wherfore neither alfo hath the. 
{quare of the line E. tothe {quare of the line GH that proportio that a (quare number hath to 
à [quare number Wherfore the line E is incommenfurablein légth to the line G H.And for 
that as the number A B isto the number. AC, fois the fquare of the line FG to the {quare 
of the line G.H, therfore the {quare of the line FG is greater then the [quare of the lineG H. 


Vato the {quare of the line FG, let the{quares of the lines G H and K be equal.Wherfore(by 
enerfe proportio oy the corollary of the 19. of the fift) as the niber A Bis tothe number BC, 


fa ss the [quare of ) lige F G to tbe [quare of the line K.But the nitber AB hath to the nuber 
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B.C that proportio that a [quare number hath to a fquare number. Wherfore alfo the [quare 

oftheline F G hath tothe [quare of the line K that proportion that a [quare number hath to- 
a [quare number Wherfore the line F G is commenfuratle in length to the line K.Wherfore 
the line F G is in power more then the line G H by the fynare of a line commenfurable in 
length unto it. And the lines F G and G H are rational comnienfwrable in power onely and 
neither of thens is commenfurable in length unto therationall line E: wherfore the lyne F- 

H is a third binomiallline : which was required to be done. | " 


g T'he 16.Probleme. The s1. Propofition. 
-To finde out a fourth binomiall line. 


ES Ake two numbers AC and CB, co let thé be [uch that the nuber meade of the 
BEN puer Loth added together namely, A B bate to neither of tbe nübers 4 C aud C B 








AN 
NOE ~ 


2) that proportio that afquare nmuber hath to afquare nuber (fuch as is enery 
ENG (auare nither botivo nipers not {qbare,which are lelfe she it cr makeshe [aid 
iS fquare piter to two nibers not quareywhich are effe thë it cr make the fai 

| [quare nuber).And take a rational line,and let the fame be D.Andvnto the 
line D let the line E Fbe comenfurablein length. | | 
Wherfore E F isavationallline, and as the num- s 
ber B Aistothenumber AC, [olet the [quare of — 
ihe linc E F be tothe [quareof ylineF G.Where- pie. 
fore the [quareof the line EF is commenfura- ‘ 
ble to the {quare of the line F G,andiveline EF qp. 
45 avationall line. Wherfore alfo the line F Gis a 
rationall line. And for that the number B A hath | 
not tothe number AC that proportion thata A.s... Caan.. B 
 fguarenumber hath to a [quare number, neither | 
alfo [ball the [quare of the line E F haue to the [quare ofthe line E G that pro portion that a 
fquare number hath toa {quare number Wherfore the line E F is incommenſurable in legth 
totheline F.GW. herfor ethe lines E F and F G are rationali c ommenfurable in power onely. 
Wherefore the whole line EG is a binomiall lipe .. 1fay moreouer that it is a fourth 
binomiall tyne. For for that as the number BA is to the number A C,fo is the [quare 
of the line EF to the [quare of the line FG. But the number BA is greater then the 
number AC. Wher efore a lfo the fq "are of thelipe EF is greater then the [quare 
of the line F G. ato the [quare of the line EF. let the [quares of the lines F Gand H 
be equall.Wherfore by conuerfion (by the corollary of the 19 .of the fift) asthe number AB 
is to the number B Cfo is the [quare of the line EF tothe fquare of the line H. But the num 
ber A B bath not to the number B C that proportion that a {quarenumber hath toa fauare 
number: therfore neither alfo hath the [quare ofthe line E F to the  fauare of. the line H that 
_proportio that a fquave nuber hath to.afquare niiber. Wherfore(by the 9.of the téth) the line 
E F isincomenfurable in length unto the line H Wherfore the line E F is in power more thé 
the line F G by the [quare of a line incommen|urable in length unto it..And the Daes E F 
and F Gare rationall commenfurable in power onely „and the line E F is comment —— 
length to the rationall line D.Wherfore the line EG is afourth binomial line: which was 
required to be found out. | — i ! 
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| q Ihe 17. Probleme. T he 52. Propofition. 
|, JTofmdeout afift binomiall lyne. — 
OT | | Take 


Coxfrattion, 


Demontfira- 
£61, 


Contraction. 


Deuon[ira- 
ktatt. 


Conſiruclion. 


T he tenth Booke 
coe Ake two mumsbers AC and C B, and let them be fuch, that the number AB 
JAG haue to neither of the numbers A C or C B that proportion that a [quare numi 
uw, Der bath to a {quare niimber,as in the former propofition. And take a ratio- 
$ nall line and let tbe [ame be D. And vato tbe line D let the line F G. be com- 
menſurable in length. Vherfore the line F G is rationall. And as the number 
CAis to ihe number A B, ſo let tbe (quare 
of the line G F be to the[quareof the line — 2. 1 
E F Wherefore the [quare of the line G F 
és commenfurable tothe [quare oftheline Z___ R2o Foo RIE a 
F E. Wherefore alfo the line F E is ratio- 
nall. And for that the namber C A hath Y B, 
zot to the number A B that proportio that 
a [quare number batb to à [quare name A... T - 
ber, therfore neither alfo hath the [quare 
of the line G F to tbe (quare of the line F E that proportion that a [quare number hath to a 
{quare number Wherfore(by the 9 .of the tenth )the line G F is incommenfurable in length 
to the line F E.Wherfore the ines E F and F G are rational commenf{urable in power only. 
Wherfore the whole line E Gis a binomialllinet fay moreouer that tt 1s a fift binomiall line. 
For for that as the number C A ts to the number A B,fo is the fquare of the line G F to the 
ſquare of the line F E,therfore contrariwife,as the number B A isto the number AC, fo is 
the [qua of the line E F tothe {quare of the line F G . but the number B Ais greater then 
the number AC. Wherfore alfo the{quare of the line E F is greater then the [quare of the 
line F G. Vato the [quare of the line E F; let the {quares of the lines F G and H be equall. 
VLerfàre by conuerfto (by the corollary of the 1 9 of the fift) as the nüber A B is to the num- 
ber BC fo is the [quare of the line E F tothe [quare of the line H.But the nüber AB hath not 
to the number B C that proportia that a [quare number hath toa [quare number Wherefore 
neither alfo hath the {quare of the line E F to the [quare of the line H that proportion that a 
{quare number hath to a{quare number Wherfore( by the 9.0f the tenth) the line E F is in- 
scominen{urable in length to the line H Wherforethe line E F is in power more then the line 
E G by the fauare of a line incommen[urable in length unto it. And the lines E Fand EG 
are rationall commen[urable in power onely.And the line F G being the lefe name, is coma 
menfuratlein length to the rationall line genen,namely to D. Wherfore the whole line EG 
és a fift binomiall line: which was required to be found out. 





y Tbe 18. Probleme. The 53. Propofition. 


4 
— 


iA. T'o finde out a fixt binomiall line. 


“| Ake.two numbers A C. ci» C B,and let thé be fuch that the number which ismade 
SUM SY lof them both added together, namely, B,haue to neither of thenumbers aC or 
Ni aD) CB that Peeper tion. that.a | : 
AN (quare nuberhathtoafquare e wo 
umber . Take alfo any other number — 
Which is not a [quare number , andlet. y —— oan »- 
the famebe D . And a — 
ber D haue to any one of thefe num - 
bers AB and AC that proportion that . 
afquare number hath to afquare mitber: A eee C B 
Let there be put moreoner arationallline, D ‘er 
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und let the [ame be E. And as tbe number D is to the number AB,folet the fquareof the lint 
E be to the fqusare of F G.Wherefore (by the 6.of the tenth) the line E js commen[urable in 
power to the line F G,cy the line Ets rationall Wherfore alfothe line.F Gis rationall , And 
forthat thenumber D hath notto the number A B that proportion that afquare nuber hath. 
3o a fquare number , therefüre neither al[o [hall the [quare of theline E. baneto the [quave of. 
the line F G that proportion that a [quare number hath to a {quare number. Wherefore ihe 
line FG is inconsmenf{urable in length to the line E . Againe,asthenunzter BA is tothe 
number A C, fo let the (quare of tbe line F G beto the [quare of the line G H Wherefore (by 
the 6.of the tenth) the {quare of the line F Gis conmenfurableto the [guare of thelineG H. 
And thefquare of the line F G is rationall. Wherefore the [quare of the line G H isalfora- 
tionall .Wherefore alfo the line G H is rationall. And for that the number AB hath not to 
the number AC, that proportion that a{quare number hath to afquare number : therefore 
neither alfo bath tbe [quare of the line F G to the [quare of the line G H ;that proportion that 
afquare number hath to a fquare number, Vherefore theline FG is incommenſurable in 
length te the line GH Wherefore the lines FG and GH are rationall commenfurablein 
power onely . Wherefore the whole line F H is abinomiall line .1fay xoreouer, that it is a 
fixt binomial line . For for that asthe number D is tothe number AB, fois the{quare of 
Ihe line E to tbe [quare of the line F G. And asthe number-B Ais tothe number AC, fous 
the {quare of the line F G tothe {quare of the line GH . Wherefore :of equalitie ( by the 22. 
ef the fifi) as tbe nümber D isto tbe number AC, fois the {quare of the [ine E to tbe (quare 
of the line G H . But the number D hath not to the nuber AC that proportion that a [quare 
number bath to a [quare number .Wherefore neither alfo bath the [quare of the line E to tbe 
[quare of the line G H that proportion that a [quare number hath to a {quare number Wher- 
fore the line Ets incommenfurable in length tothe lineG H . Aud it is already proued, that 
the line F G is alfo incommenfurable in length tothe line E .Wherefore either of thefe lines 
F G and G Bis incommenfurablein length tothe line E . And for that asthe number B A 
isto the number AC; fois the {quare of the line F G to the {quare of the lineG H : therforè 
the {quare of the line F G is greater then the {quare of the line G H . Vunto the [yuare of the 
line F G, let the {quares of the lines G H and K beequall. Wherefore by enerfion of propor- 
tion, asthe number A B is tote number BC, fo is the [quare of the line F G to the [quare of 
the line K . But the number AB hath not to the number BC that proportion that afquare 
number hath to a fquare number . Wherefore neither alfo hath the [quare ofthe line F Gto 
the {quare of theline K that proportion that a (quare number Path to a [quare number. 
Wherefore theline F G is incommenfurablein length unto the line K . Wherefore the line 
F G is în power more then the line G H , by thefquare of aline incommenfurable in length 
toit . And the lines F G and G H are rationall commen|urable in power onely . And neither 
ofthe lines F G e G H is commenfurable in length to the rationall line geuen,namely,to E. 
Wherefore the line F His a fixt binomsiall line : which was required to be found out. | 
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sai ; qA Gorollary added out of Flafates, 


i Bythe 6. former Propofitions it is manifest, how to denide any right line genen intothe names 
“of encry one of the fixe forefayd binomiall lines . Forifit be required to deuide aright line ge- 
ueninto afirítbinomiallline,then by the 48.0fthis booke finde out a firft binomiall 
linc. Andthis right line being fo found out deuidedinto his names,you may by the 1o. 
of the fixt,deuide the rightline geuen in likefort. And fo in the other fiue following. 


- "AlthoughIhere note vnto you this Corollary out of Fluffas, yet,in very confcience and of gratefull 
minde,I am enforced to certifie you,that,many yeares before the trauailes of F/sffas(vVpó Exclides Geo- 
metricall Elementes) were publifhed, the order how to deuide, not onely the 6.Binomiall linesinto 
their names;but alfo to adde to the e.Refiduals cheir due partes : and farthermore to deuide all the o- 
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beoe called 
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Mathemati- 
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The Aſſumpt 
l$ Was Gefore 
noted, foil diu 
-€29 goji brief- 
ly Without 
farther dzmon 
firatioz of 15e 
25. of i555 
booke, 
Demsonjtra- 
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ther irrational? lines (of this renth booke) into the partes diftin@; of which they ate.compofed : with 
many other ftraunge conclufions Mathematicall,to the better vnderitanding of this tenth booke and o- 
ther Mathematical bookes,moft neceflary, were by M.Zobw Dee iniented and demionttrated :-as in his 
booke, whofe title is -7'yrociminms Mathsmaricum (dedicated to Petrus’ Noxnins,An. 1559.) may at large 
appeare. Where alfo is one new arte, with fundry particular. pointes,whereby the Mathematicall Sci- 
ences, greatly may be enriched. Which his booke, I hope, God will one day allowe him opportunitie 
so publifhe : with diuers other his Mathematicall and Metaphyficall labours and inuentions. P 
. 249 s" ec. wal Cou NE ** i ba: — — à 
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eor ee EOM 5 ! _ y 
-«r An Affumpt. p 
If aright line be deuided. into two partes bow foeuer : tbe re&anglé paral- 
elogramnie contaynedynder botb tbe partes ,ts the. meane proportional 
betwene the fquares of the fame parts. And the rectangle parallelogramme 
contained vitder the obole Ime and one of tbe partes, is the. meane pro» 
 portionall betwene the [quare of the whole line and the [quare of the 


~ 


fad part. TY [^ | | | j 5 


n uppofe that there be two [quares AB and BC, and let the ines D Band BE fobe put 
that they both make one right line .Wherefore (by the 14.0f the firft) the lines F B and B.G 


make alfo both oneriehtline . dnd make perfect theparallelogramme AC. Then I Ja; that | 


the rectangle parallelogramme D Gis the meane proportional betwene the {quares AB and 
BC : aid moreoier, that the parallelogramme D C is the meane proportional betwene the 
{qwares AC and C B. First the parallelugramme A Cis afqnare. For forafmuch as the line 
D B is equall to the line B F and the line B E unto the line BG, therfore the whole line DE 


odi euall to tbe whole line F G.But the line D E is equall to either of ae[e lines A H C» K C, 


£e 


and the line F G is equallto either of thefe lines A K and HC (by the 34.0f the firft).Wher- 
fore the parallelograme AC isequilater,ttisalfovetian- a | o 

gle (by the 29.0f the firft). Wherefore (by the 46. of the 
firft) the parallelograme AC is afquare. Now for that . 
as the line F BistothelineBG,foistheline DBtothe . 
line BE .But as y line F B isto theline BG.fo(by ther. D 
of the fixt)is theparallélograme AB, which isthefquare ` 
of theline D B, to the parallelegramme DG, and asthe - 
line D B isto the line BE, fois the {ameparallelograme 

D G tothe parallelogramme BC, which isthe {quare of | 
the line B E .Wherefereasthe{quare AB isto thepa= |} 
rallelogramue D G,fois the fame parallelogrammeDG ‘ 4 E H 
to the [quare B C Wherefore the parallelogramme DG J— 
is che meane proportionall betwene the ſquares A BandBC. Iſay moreouer, that the paral- 
lelogramme D C is the meane proportionall berwent the fquares A C. and. C B. For for that 
asthe line AD istotheline D K, fois the line K G tothe line GC (for they are ech equali 
to eche) . Wherefore by compofition (by the 18.of the fift) as the line A Kis to the line K D, 
foisthe line XC to theline CG. But as the line A K is to the line K D, fois the {quare of 


G C 








. theline AK, which is the{quare AC, tothe parallelogramme cotayned under the lines 4 K 


and K D, which isthe parallelogramme C D : and asthe line K Cis to the line CG, foalfo 
is the parallelogramme D C to the [quare of tbe line G C, which is the [quare B C. Wherefore 
as tbe [quare AC is tothe parallelogramme D C, foisthe parallelograme DC tothefquare 
BC. Wherefore the parallelogramme D Cis the meane proportional betwene tbe [quarte 
ACandB C: which was required tobe demonfirated. ` p A E 
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Magnitudes tbat are meane proportionalls betwene tbe felfe fame or es 
guall magnitudes are alfo equall tbe one to tbe other. 


Suppofe that there be three magnitudes A,B,C. vn Affumpt, 
Cd as & isto B , fo let B beto C. And likewife as 4 
the [ame magnitude A is to D fo let D be tothe fame, .— 
magnitude © . Then 1 fay that B and D areequall P mmm 
the one the other . For theproportionof A vntoC Q m « 
is double to that proportion which A hathtoB (by — 
the 10 . definition of the fift ) and likewife the felfe 
fame proportion of A to C is(by the fame definition) 
double tothat proportion which A hathtoD . But D. ———— 
magnitudes whofe equemultiplices are either equall 
or the felfe fame,are alfo equall. Wherefore as Ais to 
B,fois A to D.Wherefore (by the 9 of the fift) Band 
D are equall the oneto the other . So fhall it alfo be if €. — — —————^ 
there be other magnitudes equalto A. and C,namely, ty 
E and FP betwene which let the magnitude D be the p. 
meane proportional. | 
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q The 36. T beoréme. The 14. Propofition. 


Ifa fuperficies be contained ynder a rational line ex a firft binomiall line: The fosrth Se 


- the line which containeth in power that fuperficies is anirrationallline eg: "yy cow- 
E a binomiall line. ; pofition. 














RS Zeke V ppofe that the [uperficies ABCD, be contained under the rational line AB, 
i NLS, and under a first binomial line A D Then I fay that the line which containeth — 
Ree ja) v power tbe (uperficies AC, is an irrational line,and a binomial line.For foral- CosftraBisas 
BESSA! uch as the line A Disa firft binomial line,it isin one only point deuided inte 
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his names (by the 42.0f this tenth) set it be denided into his names in the point E. And les 
AE be the greater name. Now it is manifelt that the lines AE andE D arerationall cem- 
TE KKR ¥. gen. 


(S "Fhetentb Booke iw 


. menfurable in power ah ee! that theline A Eisin power more then the line E D, by the 


{quare of a line commenfurable in length to the line A E,and moreouer that the line A Eis 
commenfirable in length tothe rationall line genen A B by the definition of a firs Binemi- 
all line fet before the 48 propofition of this tenth. Denide (by the r0.0f the firft)the tine E D 
into two equall partes in the point F._And forafmuch as the line AE is in power more then 
the line E D by the fauare of a line commenfurable in length unto the line A E, therefore i f 
upon the greater line, namely, upon the line AE be applied aparallelogramume equalt 
to the fourth part of the [quarc of the lefe line,hat is,to the (quare of the line E F, cr was- 
ting in forme by a fauare;it [hall denidethe greater line, namely, A E into two partes con- 
menfurable in length the one to the other (by thefecond part of the 17. of the tenth.) Apply 
therfore vpon the line A E aparallelogramme equallto the (quare of the line E F and wan.- 
ting in forme by a [quare by the 28 of the fixt, and let the [ame be that which is contained. 
vader the lines AG and GEWherfore the line AG is csammenfurahle in length ta tie ljas 
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GE. Dram hy the pointes C, E, and F. to either of thefe lines A Band D.C thefe parallel lines 


Demonſtra 
£160. 


GUE K,and FL ( by the 31. of thefirft) And (by the 14. of the fecond) unto the paralle- 
logramme A H defcribe an equall (quare S N. And unto the parallelogramimeG K defcribe 
(by the (arse) an equal [quare N P. And let thefe lines MN er NX be fo put,that they both 
meake one right line Wherfore (hy the 14. of the first )the lines RN and N O make alfa both ` 
one right line. Make perfect the parallelogramme § P.Wherfore the parallelogrammeSP 
is a [quare by thofe thinges which were demonftrated after the determination inthe frf af- 
fumpt coing before. And forafmuch as that which is contained under the lines AGandG 
E is equall to the fquare of the line E F (by conftruction) : therfore as the line AG is to the 
E Ffo isthe line E F tothe line E G (by the 14. or 17. of the fixt) Wherfore alfo (by ther. 
of the fixt) asthe parallelogramme AH is to the parallelogramme E L, fois the parallelo- 
gramme E L tothe parallelogramme G K.Woaerfore the parallelogramme E L is the meane 
proportionall betwene the parallelogrammes AH and G K. But the parallelogramme A H is 
equalto tbe (quare $ N and the paralleloerame G K isequalto the [quare N P by costrutti- 
on. Wherfore the parallelogramme EL is the meane praportionall betwene the [quares SN 
and N P (by the 7.0f the fifth) But (by the firfl affumpt going before) the parallelogramme 
“M R is the meane proportional betwene the {quares S Nand NP. Wherefore the parallelo- 
gramine M Risequallto tbe paralleloeramme E L(by the laft affumpt going before) But the 
parallelogramme M R is equal to the parallelogramme O X (by the a3 of the firft)and the pa- 
rallelogramme E L is equall to the parallelograme F C by construction, and by the firft of the 
fixt Wherfore the whole parallelogramme E C is equall'to the two parallelogrammes M;R e 
O X. dna the paralleloerammes. A. H and G-K are equall to the [quares SN and NP by 
conftruition.Wher fare the whole paralldogranmue A C.is equal tothe whale {quare§ B,that 
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08, to the {qudre of theline MX. Whereforethe line MX containeth in poser the parallelo. The ffl pari 
gramme-A C. I fay moreoner.that the line MX is.abinonsiall line. Eor forafmich as ( bythe. ofthis demon- 
17 of the tent) ibelinez A G isconmenfurablecin length to the line EGT lerefore (by: fératton cou- 
the 15..0f the tenth the whole line.A E is commen{urable in.length to either of thefelines, eluacde i 

A Gand G E. But by {uppofition he line A Eds commen[urable in length to:the line. SABs. 

Wherfore(by the 12.0f thetenth either of the lines: AG Or. GE are commen{urablein léeth : 

to the line. A B.But tbe line A. Bis vationall, Whevefore eitherof thee lines AG and G Eis 

vaiionall.Wherf ore (by thbe:z pof the tenth) either of tbe[e parallelogrammes AH and GK. 

és rationall.Wherfore(by the fir/t. of the fixt and xo.of the tenth) the parallelogram me AH 

3 commenfurableto the parallélogrammeG K.But the parallelogramme-A His equall to the. 
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guare s 3 band the parallelocramme G K is equal to the {quare NP Wherfore the Jquares 
S N and N P which are the [quares of the lines M N and N X arerationall and cominen{u- bed 
rable «tud fora[much as(by [uppofition) the line A Eis incommenſurable in length tothe 14 » —— 
line ED Rut the line A is commenfurablein length to the line AG. And the line DE is ‘cluded, * 
commen[urable in length to the line EF for itis double to it by consirutfion. Wherfore( by 
the 13.0f the tenth) the line A Gis incommenfurable in length to the line E F Wherfore the 
" parallelogramme A H isincommen[urable to tbe parallelogramme E L. But the parallelo- 

gramme A Hisequal to the [quare S Nand the parallelogramme E L is equal to the paral- 

lelogramme MR.Wherfore the {quare S N is incommenfarableto the parallelogrammeM. z= 
R.But asthe {quareS N isto the parallelogrammeMR,fo 1s the line O.N to the line NR by, 
the r of tbe fext Wherfore the line 0. Nis incommen[urable to the line N_R. But the line-O The t bird 
Wis equallto the line M Nand the line SN, Reto the line NX Wherfore the line M N js- jg, 095 eluded. 
tommen ſarable to the line NX. Andit is already prouedthat the ſquares the lines M N. 
"and IN. X are rationall and commenfurable. Wherefore the lines M N and N X are rationall 
commenfyrable in power onely. Wherforethe whole line M X is a binomiall line, and it‘com. The totall con 
tuineth in power the parallelogramme.A C : which was required to be proued. Sua Cen, 
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cle ppale that the Juperficies ABCD be contayned under arationall line AB, ~~ =>> 
4, hand under a fecond binomiallline A D.Then1 fay that theline that containecth = = = = ~~ 
S; Nin power the fuperficies AC is a firfi bimmediallline . For forafmuch as A Disa | 
KES fecomd binomtall line, it can im oneonely point be deuided into bis names, by the 
| | KK iij /— 44. of 
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wirt «e of this ten: thlet it. therefore by [uppofition be dewidéd inte bismames inthe poynt BY, (as 
1,» that ler AE be the greater name. Wherefore the lines A Band E D-arerationall commen ua: 
es v rableinpower onely,and thelipe A E isin power more thenthe line E D by. the [quareof a: 
> 5 line commenfurablein length to A E, and theleffe namé;vamely, B Dis Wer ipi in 
lengthtothe line:A B by.tbe definition of a ſecond binomiall line, fet before the 48 propofitio.. 
ofthis tenth:-Denidethe line E-D (by the tëth ofthe firft jentotweequall — * 

F: And (by the 28 of the fixt)upon theline A E apply a parallelogramme equal to the fquare 

ofthe line E F and waptina in figure by afquare. Aud let thes{ameparallelogramme be that 
which is contayned wnder the lines A Gand G'E. Wherefore (by the fecond parf of tbe 7. of. 

this tenth) theline Gis tommen|iwable'in lengthtothe lineGE :And(ay the ztcof the: 

ſiſt)by the poyntes G, E, F, dram unto the lines A B and C D thefe parallel ines, G H, E K, 

Q F L.Apd(by tbe 14.0f the fecond vato the parallelogrime AH defcribe an equall (quare | 

S NL And to tbe paralleleerdme-G-K-de[cribe an equall [quare N P , aud let the lines M N d 


N X be fà put that they both make oneright line:wherefore(by the rg.of the firft)the lines al- 


> RN.and NO make both one right line. Make perfect theparallelogramme SR. Now it is 
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indie manife. (by that’ which bath bene deoro strated in the propofitio next going before) that the. 
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e parallelograme MiR is the meane proportionalhbetwene the {qwares\s NandNP, and is e- 
quall to tbe parallelogramme EL, and that the line M'X contayne bin power the fuperficies 
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| MCN refletb fo proue that the line M X is a firft bimediall line . F orafmuch as the line 
Ly, on AE istacommenfurable in length tothe line ED , andthe line E D isconimenfurable in 


=. Jength to the line A Bstberefore(by the 3. 0f the tenth)the line A Eis incommenfurable in 
p" length tothe line AB «And forafinuch'as-the line AG is commen{urablein length to the 
line GE therefore the whole line A Bis ( bythe rs. of the tenth) comménfurable in length 
/ to either of tbefe lines A G and G Ex But the line AE is rational : wherefore either of 
am thefe lines AG and GE is rationall: And fora{much as the line A E is incommen{urablein 
: leneth to tbe line A B,but the line A Eis commenfurable in lenth to either of thefelines AG 

and G E: wherefore either of the lines A G and G E are incommenfurable in length to the 
line A B( by the 13:0f thé tenth). Wherefore the lines AB;'AG; and G E arerationall com- 
smenfiraple in pomer onely. Wherefare( by the 2x:of thetenth) either of thefe parallelogrames 
4 H and G Kis a mediall fuperficies : Wherefore al{o.cither of thefe (quares S Nand N P is 
amediall {uperficies by the corollary of the 23 .of y tenth.Wherfore the lines M N c» N X are 
medial lines by the 21.0f this teth. And forafmuch as the line A G is comenfurablein légth 
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NOME. the line G E therefore (by tbe x of the fixt amd 1 1.of the tentb)tbe parallelograme A His 


frreceon con COMEN ‘urable to the parallelogramme G K that is,the {quare S'N to tbe (quare N'P., that is, 
els ded. tbe [quare of the line M N to the [quare ofthe [ine N X .Whereforethe lines M N and N X. 
The — ave medialls commenfurable in power . And forafmuch as the line AEis incommen{urable 
part cuciuxeæ. wage m Pu e o POWER UTE EE 
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intength to the Une E Dy but tbe Kine XE is commenfinable in lenath to the ipe A C. and 


the line E D'iscorisenfurable ta-lenotb Yo tbe ine E Fs therefore (by the 33 .of the tenth)- 


E, 


the line A G is incommenfurable iw length tothe ine EF | ‘Wherefore (hy the x.of the fixt . 


and 11 of the tenth )the parallelograme A H ts incomenfurable to the parallelogramme E L, 
that is,tbe[quare S N to the parallelogramme M R,that is,tbeline O N is incommenfurable 
tothe line N R,that isthe line MN to the line NX.And it is proued that the lines MN and 
DX are mediall lines commen{urable in power Wherefore the nes M N and NX are medi- 
all lines commenftrable in power onely, Now I [ay maneouer that they comprehend a rational 
Juperfictes.F or forafncuch as by [uppofition the line DiE is compmefurable in length to either 
of thefe lines A Band E F therefore the line FE. E is commen{urable in length to the line E K 
which is equall to the line A B (by the 12.0f the tenth ) . And either of thefe lines E F and 
E K is a rationall line Wherefore theparallelograme E L,thatis the parallelograme M R, is 
arationall [uperfictes (by the 1.9.0f the tenth). But the parallelogramme M Ris that which is 
contayned under the lines M Nand NX. But if two medialllines commenfurable in power 
onely and comprehending a rationallfuperficies be added together the whale lime is irrational 
and is called a firfl bimediall(by the 37 .0f the tenth) . Wherefore the line M X isa firft bime- 
diali lige which was required to be demonflratede o e regem 
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line!: the line that contayneth in power that ſuperficies is irrationall, and 
ra ae aay 






4 B anda third binomiallline 4 D, and let the line A D be fuppofed to be de- 
\sided into his names inthe point E, of which let A E be tbe greater name. T hen 
Nast Cg 1 (ay; that the line that containeth in power the fuperfictes A € isirrationall,and 
is afecond bimediallline. Let thefame conflruction of the ficures be in this,that was in the 
smo Propofitions next.coing before’: And now forafmuch as the line AD is a third binomi- 
all line, sherefone thefelines AE and ED are rationall comuen{urablein power onely . And 
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the line A E is in power more the the line E D by the [quare of aine cümen[urable in length 

to the lint AE, and neither of the lines A E mor E D iscommen[urable in length +0 the line 

AB by thedefinition of a third binomial line fet before the 48. Propofition.. As in the for: 

mer Propofitions it was demonftrated, fo alfo may it in — es be proved, ME 
- Cii. 
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. concluded, 


The totall con 
ciufiot, 


Ifa fuperficies be contayned ynder a'rationall line anda third. binomiall 


AV ppole that the fuperficies ABCD bé comprehended under the rationall line 
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Jine MX containeth.in power the fuperficies A.C,and that the lines MN and. N X are medi. 
all lines commenfurable in power onely . Wherefore the line M X js d bimediall ling .Now ree 
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freth to prone thatit is a fecond bimediall line. F orafmuch asthe line D Eis (by {uppofition) 
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incommenfurable in length tothe line AB, that is,tothe line EK: But the line E Dis com: 
euen[urablein length to the line E F .Wherefore (by the 13 of the tenth) the line E £ isin- 
commenfurableinléngth to thelintE K. And the lines FEand E Karerationall. For by 
ſuppoſition the line E D isrationall , untowhich the line F Eis commen{urable. Wherefore 
thelines:F. E.and EK are rational lines commenfurablein power onely.. Wherefore (by the 
21.of tae tenth, tne payallelogramme EL.,that is, theparallelogramme, M R which is con- 
tayned under the lines M Nand N Xis a mediall {uperficies . Wherefore that. which is con- 
tayned vader tbe lines M N and N X is d mediall fuperficies - Whérefore the line MX isa 
ſecond bimediall line (by the 38. Propofition and definition ansexed thereto): which was re- 
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Ifa ſuperficies be contained vndera rationall line, and a fourth binomialli 
setae Slt dines the line which contayinethin power that ſuperfſicies is irrationall, and 

35 a greater line. | 

Woe” ppofe that the[uperficies AC be comprehended under arationallline AB anda 
M Cb fourth binomiallline A D, c let the inomiall line AD be [uppofed to be deuided 
aK Ne into his names in the point E, fo that let the line A E-be the greater name. Then 
1 fay, that the line which contayneth in power the fuperficies A Cis ¢rrationall,and is a grea- 
Coufiruction. ter line ; For fora[much as the line A D is a fourth binomiallline, therefore the ines AE 
and E D arerationallcommen[urable in powér onely. And the line AE is in power more 
then the line ED by the {quare of aline incommenfurable in length to AE. And the line 
A E is commenfirable in length to the line AB . Deuitle (by the 16.0f the firft) theline D E 










inte twoequall partes in the point F. And io the line A E apply a parallelogramime equal 
tothe {qiare of EF and wanting in figure by a fquare and let the fame parallelogramme 
be that which is contayned under the lines AG & G E ..Wherefore (by the fecond part of the. 
rSeafthe tenth ) the line’ Gis incommen|urable in length to the line EG. Draw vnto the 
idee by she pointes Gp 2, F parallellinesG BE Kand FL, and let shere ofthe cons 
Demsuftra= Struchion.ogds it was in the three former Prapofitions .” Now it is manifeft, that the link 
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irrational linesand a greater line. Fora{much as the line-AG isincommenfurable in length 


totheline EG, therefore (bythe 1. of the fixt, and 11.0f the tenth).the parallelogramme 
AH istiicommenfurable ta the parallelogramme G K , thatis, the{quare S N tothe [quare 
NP. Wherefore the lines MN and N X areincommenfurablein power. And forafmuch as 
she line AE 1s comimenfurable in lengih to the rationall line AB, therefore the parallelo-- 





S o 


gramme AKisrationall. And it isequall to the [quares of the lines M N and NX. WLer. | 


Bo 


fore that which is cons ofed of the  [quares of the lines M Nand NX added together is rati- | 


onall. And forafinuch as the line E D is incommenfurable in length to the line A B,thatis, 
totheline EK, butthe line E D is commenfurable in length to the line E F, therefore the 
line E-F isincommenfurable in length to the line E K .Wherefore the lines E K and E Fare 


rational commenfurablein power onely . Wherefore (by the 21.0f the tenth) the parallel 


gramme LE; that is, the parallelogramme M R is mediall And the 
1s that which is contayned vader the lines M Nand N X . Wherefore that which is contay- 
ned under the lines MN and NX is mediall. And that which is compofed of the {quares of 
the lines MN G RX is proued to be rationall,cy the line M N is demonftrated to be incoms- 
‘wen{urablein power to the line NX . But if two lines ase ar ah in power be added 


* 


_ together, haning that which is made of the [quares of them added together rationall,¢y that 
which is vader them mediall, the whole lint is irrationall, andis called a greater line ( by the 
3.9.0f the tenth) Wherefore theline M X is ifrationall, and is a greater line, and it contai- 
neth in power the fuperficies A C : which was required to be demonfirated. © 77 7707 


q The go. Theareme. T he 58. Propofition. 
— If afuperficies be con tained yuder a rationall line and a fifi binomiall line: 
© the line which contayneth in power that Juperficies 1s irrationall, and is a 


e _ line contayning in power a rationall and a medial fuperficies. 
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cb Ise and under a fft binomial line A D : and let the fame line AD be fu pofed to 
IS DO be denided into his nanzes in the poynt E, [o that let the line A E. be the greater 
B name . Then 1 fay, thatthe line which contayneth in power the fuperficies AC 
js irrational, and is a line contayning ia power 4 rationall and a mediall[uperficies . Let the 
Talfe [aene conftructi ons be inthis, that mere in the foure Propofition next goin g before, And 
His manife shai the line. MX coutayneth in power the fuperficies AC . Now reffeth to 
proue ihat the [ine M X is a line contayning in power a Yatjonall c» a veediall [uperficies. For- 
NL afmuch 
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4 ppofe that the fuperficies AC be contayned under the rationall line AB, 
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éfmuch astheline A Gis incommenfirablein length tothe line G E, therefore ( by the-1.0f 
the fixt, and 10.0f the tenth ) the parallelogramme AH is incommen{urable to the paralle... 
locramme H E,that is, the [quare of the. line M N to the [quareof tbe line N X . Wherefore 
the lines M N and N X areincommenfurable in power «And forafmuch as tbe line A D is 
afift binomial line and his effe name or part is the line E D , therefore the line E. D 1$ Com. 





B i Kk- @ +1 2 s p am 
mmenfuracle in length to the line AB. But the line A E ds incommen[uvable in length tothe 
line E D Wherefore (by the 13.0f the tenth) the line AB is incommenfurable in length 
to the line AE Wherefore the lines AB and A E are rationall commenfurable in power 
önely . Wherefore (by the 21,0f the tenth) the parallelogrammeAK is mediall,thatis,that 
whichis compofed of the [quares of tbe lines M N c N X added together ._ And forafmuch 
as the line D E is commen[urable im length to the line «A B that is, to the line E K, but the 
line D Eis commenfurable in length to the line E F , wherefore (by the 12.0f the tenth) the 
line E F is alfo commenfurablein length tothe line E K . And the line EK is rationalt, 
Wherefore (by the 19 .of the tenth) the parallelocramme E L, that is, the parallelogramme 
M R, which is contayned under the lines MN and N X is rationall. Wherefore the lines 
M Nand NX are incommenfurable in power, haning that which is compofed of he fauares 
of them added together, Mediall, and that which isicontayned under them, Rattonall. 
Wherefore (by the 40. of the tenth) the whole line MX is a line contayning in power a ra- 
tionall and a medial {uperficies , and it contayneth in power the fuperficies AC : which was 
required to beproucd. - = Nw 


q 1 be 41. I beoreme. J'be so. Propofition. — .. 


Ifa fuperficies be contayned ynder a rationall line, and a fixt binomiall 
line the lyne which contayneth in power that fuperficies is irrational tis 
called a line contayning in power twomedials. — | 


Ra A V ppofe that tbe fuperficies A B C D Le contained under the rationall line A B,anad 
FESS under a fixt binomiallline A D ,and let the line A D be fuppo[ed to be deuided in- 
We: to his names in the point E fo that let the line A E bethe greater name. Then I fay 
that the line that containeth in power the fuperficies A Cisirrationall, andis a line contay- 
ning 1% power two medials. Let the felfe fame conftructios be in this that were in the former 
propofttions. Now itis manifest shat the line M X containeth in power the [uperficies AC; 
and that the line M Nis incommenfurable in power tothe line N X. And fora[much as the 
Tine A E is ipconamen[urable in length to tbe line A B,therfore the lines A E and A ed 


e 





of EuclidesElementes. Fol.273. 


gationall commenfurablein-power only. Wherfore (by the 20.0f the tenth the paralleloerame 
AK thatis,that which is compofed of the fquares of the lines M Nand RX added together. 


ds mediall. Againe fora[much as tbe lime E D is incommen[urable indength to the line AB, 
therefore alfo the line E F is incomefurable in légth to the line BK: Wherfore the lines EF 
and K are rationall commenfurable in power onely.. Wherfore the páralleloeramme E Ly 
shat is,the parallelogramme M R which is contained under the lines MN and N_X-is me- 
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diall. And forafmuch as the line A E is incommen[urablein length to tbe line E F, therfore 
the parallelogramme A K is alfo incommenfurable to the paralleloeramme E L (by the firft 
of the fixt)and 10.of tbe tenth.) But tbe parallelogramme A K is equal to that which istom- 
pofed of | the (quares of the lines M1 N and N_X added together. And. the, parallelogramme 
E Lis equall to.that which is cotained under the lines M Nand NX Wherfore that which 
ss compofed of she [quares of tbe lines At N and NX added together, is incommenfurable 
to that which is contained vider the lines M N anad.N X: and either of them, namely, that 
whichis compofed of the [quarts of the lines M N and N X added together, and that which 
$s contained under the lines M N and N.X is proued mediall, ánd the lines M N and N X 
are proued incommen[urable in power Wherfore(by the 41 .of the tenth) the whole line M X 
3 a line contayning in power two medials, andit containetb im power 1he [uperficies AC : 
which was required to be demonfirated. CUT | 


Re 


Ifa right line be deuided into two onequall partes, the fquares which are 
made of the vnequall partes are greater then the reCfangle parallelogramme cds 
tayned bnder the ynequall partes ,twife. | y» 


Suppofethat A B be aright line, and letit be. denided into twovnequall partes in the 
point C. And let the line AC be the greater part Thend fay,that the [quares of the lines AG 


, and C B,are greater the that which is contained under the lines AC and C B,twife. Denide 


(by the 10.of the firft) the line ABintotwoe- si 

quallpartes,im tbe point D.Now forafmuchas 4 ive "Ly pcd on, 
Abe right line! 4 B is deuided into two equall REC Aree ot ei sete) * 
partesin the point D, andinto two vnequall © sve es 

partesin-the point C, therfore (by the s: of the iom. di. 4 
fecond that whichis contained vader the lines AC and C B together withthe [quare of the 
line CD, is equall to the {quart of the line AD . Wherefore that which is contaned under 
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Conſtruction. 


e The tenth Bohe 

the lines A C and € B,C omitting the (quare of tbe line CD ) is leffe them tbe fauave of the 
AD (by tbe p.common fentence,and tbe feuentb of tbe fifth. JW berefore tbat which is con- 
tained under the lines AC and C B,twife,is lefe tben tbe double of tbe (quare of the line'A 
D (thatis,the twifethe {quare of the line AD) TT 1 
byX alternate proportio;andthe rg ofthefift. | — * 
But the ſquares o the lines: AC and CB.are <A Le o 
double to tbe fquares of the lines 4 D and D C. 

(by the o .of the fecod).T herfore the {quares of | 

A C and C. B arë more then double to the [quare of A D alone, (leaning out the quare of. D 
C)by the 8.of the fift.But the parallelogramme contained under the lines.A Cand G B twife, 
és proued lefse thé the double of the {quare of the line AD.Therfore the fame parallelograme 
contained under the lines A C-and C B.twife,is much lefve then the [quares of tbe lines AC 
andC B.If aright line therfore be deuided into two vnequall partes, the {quares which are 
made of the unequall partes,are greater thé the rectangle parallelogramme contained under 
the vnequall partes,twife : which was required to be demonfirated. 








* In numbers I neede not to haue fo alleaged, for the 17.0f the feventh had confirmed the doubles 
to be one to the orher,as their fingles were, butin our magnitudes, itlikewife is true and euident by 
alternate proportion,thus.As the parallelogramme;of the lines 4 c and c » is tohis double, fo is the 
{quare of the line a n to his double (eche being halfe). Wherfore, alternately, as the parallelogramme 
is to the fquare, fo is the parallelograme his double to the double of the fquarc.But the parallelograme 
was proucdleffe then the {quare: wherfore his double is leffe then the fquare his.donble;by the 14. of 
thehfih, la an aha tlle - 
PPTs Alla mpt isin fome bookes not read, for that in maner it femeth tobe all one 
with that which was put after the 3¢.0fthis booke:but for the diuers maner of demon- 
{trating,it is neceflary.For the feate of inuentiGis therby furthered.And though Zam- 
bert did in the demonftration hereofjomitte that which P. Montaureus could not fup» - 
ply,but plainly doubted of the fufficiencie of this proofe , yet M.Dce,by onelyallega- - 
tion of thedue places ofcredite,whofe pithe & force, Theon his wordes.do containe, 
hath reftored to the demonftration fufficiently,both light and authoritie, as you may 
prrrenif and chiefly fuch may indge, who can compare this demonftration here (thus 


^ 


urnithed) with the Greeke of Theon,or latine tranflation of Zambert. ' 


q Ibe 42. T beoreme. The éo./Propofition. . ^" — ^. 
T be [quare of a binomiall line applyed "pnto arationall line, maketh the 
breadth or other fide a firft binomiall line. 
Ta” pole that the line A Bea... — | 
binomiall lige and let i$ be. —— 
uppo[ed to be deuided into his 
SEK CM names inthe poynt C, fothat | 
let A-C be the greater name. Andtakea — ^? | 
rational line DE. And ( by the ¢4.of the. ~° 
firſt) unto the line-D E -apply a retan: > 
gle parallelograme DEF G equalltothe ~ 
quare of the.line AB and making in ` 
breadth thé line D G. Then fay that the 
line D Gis afirft binomiall line.V nto the 
line D E apply the parallelograme D H e- 
gualltothe {quare of the ineAC, and 
unto the'line KH which is equall to the 
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line D E apply the parallelograme K L equall to the fquareof the line BC. Wherefore the 
refidue namely,that which 15 contayned under the lines A C cl C B twife is equall tot he re- 
fidue,namely3to'thé paralleloorame M ¥ by the 2:of the fecond:DenideChy the ro.of the firft) 
the line M G into tivo equail partes in the poynt \ . And ( by the 31.0f the firft ) draw the Demonstras 
line N X parallel to eather of theje lines M L and G P. Wherefore either af thefe parallela-. tion. 
grammes MX and NPs equatlto that which is contayned Onder the lines &C andC B 
once, by the 1s.0f the fifih. And forafmuch as the line A Bis a binonztallline, and ig desided 
inte bis names tbe poet Citbiréjore tbe us A Cind CB \are rational commen lira 
ble in power onely.Wherefere the [quares of shedines &€.and © B-arerationall,andthere- 
fore commenfurable the one to the other . Wherefore ( by the xs.of the tenth ) that which is 
eade of the {quares of thelines A Co amd Ci Yyadded together és comeenfirable to either of 
the {quares of thelinesA C or C Bawherefore that which is made of the guares of the lines 
AC aug CB added sogether is rattonall. ands 1 eqnall to the parallelogrameD L by cox- 
Sirattion Wherefore tieparallelogratce D Tis ratsouall. And it is apphyedvato the rational 
line D Bewberefere(l) the 2a.of tbe tenth) theline 1M is rationalland es 
length to the ine DB. Agayne fora fimuch as thelines AC. and CB are rationall commens. 
furable 1a power onely;, therefore that which is contayned under the lines A C.and. CBR _. ts 
fwi[e,that 1s,the pavallelograme M ¥ is medtall by theat.ofthetenth, anditisapphedunto = 
the rationall ine M L.Wkerefore the line M G is rattonall and incommen|itrable t lenath. 
so the line M (by the 22.0f this tenth )that is,to the line D E... Battle lige M D is proued | 
rationall and commenfurable in length to theline D E.Wherefore(by thet3.ofthetenth)the A 
line D M is ixcommenfurable in length to the line MG. Wherefore tbe ges D Md MG 
are rationali commen[urable in power onely.W herefore(by tbe 3 .of the tenth thewhole line — 
D Gis a bincmiall line. Nom reſteth to proue that it is a first binomial line . Forafwzuch as ; ^ D) = a 
(by the the affumpt going before the 54.0f the tenth) that which is contayned under the lines a binomial 
A Cana CB is the meane proportional betwene the fquares of thelinesA C.andCB, lines 
therefore the parallelograme MX is the meane proportionall betwene the parallelogrammes 
D H asd K L.Wherefore as tbe parallelogame D His to the parallelograme MX, fois the 
pavallelograme M X to the parallelograme K L , that is,as the line DK is to the line MN, 
fo ts the line MN tothe line MK . Wherefore that which is coutayned under the lives DK. 
and K Mis equall to the {quare of the line MN . And forafmuch as the guare of the line 
A. Cis commenfurable.to the [quare of the line C B,the parallelograme 1) His conmen| i. 
vablete the prarallelograme K L.Wherefore( by thet of the fixt and 10:0f the tenth) the line 
ID Kzvonefarable in lécth to theline K M. And fora{much as the fauaresofibelins A C. — = 7 
«d C. are greater then tbai which is tontay ed under the lines AC andC Btwile bi the 
afsuinpt going before this propofition, or by the afvumpt after this 39. of the tenth, therefore `` 
the parallelograme D) Lis greater then the parallelograme M B.Wherefore(by the first of the i 
fixt)ibe line D'M isgreater tben tbe Ene M G.Aand that wbichis coutayned under the lines ` i 
D Kand K Ms equallto thefquare of the line MN, thatis to the fourth part of the LIES 2 4 
of the line MG But (by the 17.of the tenth) 2 there be two unequall right lines,and if Up- 
pon the greater beapplyed a parallelograme. eqiall tathe fourth part of the {quare made of 
theleffe lene and wanting im. figure by a [sert , if alfo the parallelograme thus applyed de- 
nide the line whereupon it is applyed into parts commenfurable iz length, then fhallthe erea- 
ter line be in power more then the lefe by the [quare of a line commenfurable in length to the 
greater Wherefore the line D M zs in power noore then tbe line M G by tbe [quare-of a line 
consmenfurable in length unto the lineD M. And the lines D Mand M G are proued ra- s, 
tionall commenfurable in power onely. And the line DM is prowed the greater name and 
commenfurable in length to the rationall line genta DE. Wherefore by the definition of A 
ff binomiall line fer beforethe 48 propofition of this booke,the line D Gis a firft binersiall 
LL. fine 
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immelbiall lines ind let it le [uppo[ed to Le de- 

| wided into his partes in the'boint Cof Which let AC be the greater part: Take 
alfo arationall line D Ey and (D) the 44.ofthe firft) apply to the line D E the 

| syalléloerdme DE equall io theYquare of thé line A B, & making in breadth. 


Av ppolethat the line A be a fefe 
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Coufruction, theline DG. Then T fay that theline D G tsa fecond Linomiall line : Let the fame con- 
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firuttions bein this, that were 1 the Propofition going before And forafmuch as the line 
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27-of the tenth) the lines AC and C Bare 
el gag : Soe Ek Siti Be De Te Ce eed 
grediall commenfurable 28 power onely, 7. 
coprebendine arationall {uperticies. Wher. °° 
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CB avejmediall. Wherefore the parallelo- 


«s inme D Lis medial (bythe Corollary 
E7 ofthe 2 3.0f the tenth and itis applied Up- 
`~ pon the rationali line D E Wherefore (by 


tbe 22 0f thetentb) tbe lige M D israti- 


fe 
074 
the line DE. Avaine forafmuch as that 


which is cotayned onder the lines A Cand 


CB twife is rationali, therefore alfo the pa- 
rallelogramime MF is rationall, and itis 


ES DS 


applied Unto the rational line M L`. Wherefore the line 
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M G is rationall and commenfura- 


ble in length to theline AM L; thatis, to the line DE ( by the 20, of the tenth) . Wherefore 
the line D M 1s incommenfuratle in length to the line ALG, and they are both rationall, 
Wherefore the lines D M and M G are rationall commenfurable in power onely . Wherefore 
the whale line DG isa binomiall line.Now resteth to prone that it is a fecond binomiall line. 
Forafmuch as the {quares of the lines’ AC and C B are greater then that which is contayned 
vider thelines AC and C B twife ( by the. Affugapt before the 6o.of this booke) : therefore 


the pa 


allelogramme D L is greater then the parallelogrrmme M F . Wherefore.alfo (by the 


Jeff of the fixt) the line D Mis greater then the lineM-G. And forafinuch as the fquare of 
the line AC is commenſurable to the [quare of the line CB, ther efore the parallelogr amme 
DH is commenfurable tothe parallelogramme K L ‘Wherefore alfothe line D K is com- 
wienfurable in length to the line K.M And that which is contayned under the lines D Kand 
X M isequalltotbe[quare uf the line M N, thatis, to the fourth part of the [quare of the 
line MG . Wherefore (by the 17.0f the tenth ) the line D M isin power more then the line 
CM G, bythe quare of a line commenfurable in length vnto the line DM. : and the line 
CM G is commen [urableza length to the rationallline put, namely, to DE: Wherefore the 


line DG isa fecond binomial line : which was required to be proued. ` 
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T be fquare ofa fecond bimediall line applied bnto a rationall line: maketh 
the breadth or other fide therof,a third binomial hne. 
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— ppoſe that ABbea fecond bimediallline,and let A B be fuppofed to be deuided 
A Vinto his partes in the point C fo that let A C be the greater part. And take a ra- 
NS | tional line D E.And(by the 44.of the firft)unto the line D E apply the parale- 
SSE gramme D F equall fo the [quare of theline AB, and making in breadth the 


line D 








GT ben 1 [y that the line Do, G is a third bimomiall line. Let ibe [elfe [ame conftruc 
tions be in this that were in the propofttions next going before And forafmuch as the line A 
B is afecond bimediall line, and indegided 5 su, i | 
into his partesin the point C, therfore ( Bs ue | p 
she 38 ofthe tenth) thelines ACand C B vios oo m — 
are mechals commenſurable in power only, | * 
comprebéding a mediall fuperficies.Wher= DF > 

fore that which is made of the [quares of 
the lines ACGandC B added together) ts” 
mediall, and itis equallto tbe parallelo... 
gramme DL, by confiruction, Wherefore 
theparallelogramme D L is mediall, agd 
is applied vato, the rationall line DE, -ij 
wherfore( by the 22. of the tenth) theline P~- 

M D is rationall aud incommenfurablein A "uro Wer 
length tothe lite’ DE. And by the lyke m MEAT RS ES 
reafon alfo * the line M G is rationall and | — — — 
pacommenfurable in length tothe line M L, that is:to the line DE Wherfore either of thefe 
lines D M and M Gis rational, andincommenfurableineneth tothe line D'E.And foraf- 
much as the line AC is incommen|uratle in length to the line C B, but as the line A Cis to 
the line C Bs[0(by.thealfumpt going before the'22.0f the tenth) is the [quare of: the line AG 
tathat whichis contained under the lines A Cind CB Wherforethe ar are of the Ine AG 
isimcommien farableto shut wbichis tóntiyned vider the lines A C and C B. Wherfare that 


That bicis made of the fc g MAKES ofthe lines A Ca nd C Buddèd together, js inconimeya + 
fovrableto that whithis contained under thelines AC ind CB tmifey that is; the paralleloz 
gramme D Lto the parallelogramme ĊM F Wherfore(by the first of the) Xt and 10 of p Debes 
tenth)the line D M 1s incommenf{urable in length to the line MG.And they are pronéd boil 

rationall,wherfore the whole line D Gis a binomiall line by the definition-tn the 36. of the D G,conclin « 
tenth Now refteth.to proue that itis-athird binonsiallline. As in the former propoft tions, fo" ae binomis 
alfo inthis may we conclude that the line D M is greaterthen the line'M G ind that the line Y < 
D K is commenfurable in length to the line K M. And that that which is contained under’ 
the lines D K'and K M is equall to the fquare of the line N.Wherfore the line D M if in’ 
power more then the line MG by the [quare of a line cormmenfurableinlenoth unto the line’ 
D M,and neither of the lines D M nor M G is commenfurablein length to the rational line: 
D E.Wherfore(by the definition of a third binomial line) the line D Gis a third binorwiall 
line : which wasrequired to beproued-— 70 oss Su Com š 
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g ere follow certaine annotations by M.'Dee made vpon three places in the . 
demonftration, which were not very euident to yong beginners. | 7; 
ww a Ei mm 3 — F 
he fquares of the line sa cande pare medials (as istalight after.the 2.of this tenth) and cher- ` 
fore forafm uciras tiiey ate( by füppofition) comméfurable th'oie to the other: (by the 15. of the téth) 
pU La the 
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the compound of chem both is commenfurable to ech part.But tlie partesare radiale, pax the 
——— of thg; 33 „oF the tenth) the compounds [hall be meal, | 


% 
1 , 
; HO | ^ 4,43 


a For that x x is Pena (by coru E to that whichi is — vnder the lines ^ c and c s, 
which is proued mediall : therfore( by the corollary ofthe 23 .0f this tenth) m x is mediall, 2nd ther- 
fore (by the fame corollary) his double M F is mediall.And itis applied to a rationall line;« x. (beyng 
equallto p x) therfore by the 23.of the tenth * line m G is tationall ant incommenfurable in length 
to M L,thatis,to p E. me 


7 
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_. tt Becaufe the compound of the two: fquares ( of the m esac andc 5 Maps n ati one 
to the other,is alfo to eyther {quare(by the 15.) comm enfurable,therfore to the f {quare of ac: But the 
fquare of a c is proued incommenfurable-to that which is cohtained vnder A c & c 2 once. Wherfore 
(by the 13.0fthe tenth )the compound of the. two {quares (of the lines a c and. c » ) is incommenfu- 
rable,to that which is cótained vnder the ines € c.and c » once. Butt to that which is twife contained 
vnder the fame lines a c and c 2,the parallelogarme once contayned,is commenfurable(for itis as 1. 
isto2.) therforethat which is made of the fquares of theline&« c and c s is incommenfurable to = 
parallelogramme contained vnder a c and c s twife;by the pa 13.0f this tenth. d T 
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GA Corollary... 


e Bee 


MM Corollary Flereby it is enident, that the Jatares made Jd —* two partes oft a fecond 2 
adtedby am,  mediall line,compofed,is a compound? mediall and tbat the fame compound ts ina 
E A e to the paralleloer gramme 1 contayned ynder the tivo partes VN the 


econd bimediall tyne. 
The proofe |! her reo is in the firft and third annotations here béfüre annexed. 
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* eadth or other fidea fourth. binomiall line. ipui 
x T'gpofe that ^ line A B bea |i: * sod let it Me Suppofed M deuidedi naka 
AD Lis partes inthe point.G, fo. that let A C be the greater part. And take a rational 
JS ine D Ez And(by the quf the fir[t )unto the line DE, apply the parallelogramime 
S d E. -equall t the Jfauar of the linésd B, sand making in breadth the line DG oT hen T fas 
that thelineR Gisa fourth binomialtline «. Le the fife * Mea » in a this, de. 
Conſtruclion. wasin the e former Prřopofitions And for- N T p 
afmasch. as theline A B us a. ereater lined and KCN Vo ae 0 MCN 
Demosflra-  - 2s deuided iato.hus. artes in the point C. Dc 
[Lm "v therefore the lines ACand C B are incom- 
menqurabie in power, having that whichis: 
made, of the {quares uf them added: toges 
ther rationall; and-the parallelogramme.~ - 
michi 25 contayned under them, mediall..~ 
Now ‘forafmuch as that which is made of - 
the [quares of the lines. A Gand C B added. - 
together is rationall, therefore the paralle- 

logramme D L isvationall .Wherefore al- 
fo ‘the line M TD: isrdtiopalland commenp-- 0. L 
F. furablein feat to the line D E (by the-20. . « K J 
$ ofthis tenth) . Againe for ‘afmuch as that b | 

— is cötained. — the lines A C and CB twifei is mtdiall, p iss, she p 
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Alig Jquare eof a greater: ^8 applied : uto 4 rationall le, meth ihe 
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M F and itis applied unto the rationall line M L; therefore ( by the 42. of the tenth) the- 
line M G is rationall and incomimen{urableiza leneth to the line D E. Therefore (bythe 13. 
ofthe tenth):the line D M isincommenfurable in length tothe line UG . Wherefore the 
lines DM and MG are rationall commen{urable.in power onely . Wherfore the whole 
line DG is a‘binomiall line . Now refteth-to-prone, that. it. is allo.a- fourth binomiall 
line’. Euen as in the former. Propofitions, fo. alfo. im Wis may: we conclude, that the line ` 
D CM is greater then the line 1G. Andthat that which is contayned wnder the lines 
DK and KM is equall to the [quare of the dine MN ~- Now forafinuch as the. 
fquare of the line AC is incommenfurable to the [quare ofthe dine CB, therefore 
the parallelogramme D H:is incommenfurable. to the parallelogramme KL. Wherefcre 
(by the r.of the fixt, and r0.of the tenth) the line D.K is incommenfurablein length tothe. 
line K M . But if there be tmo vnequall right lines; ánd if pon the, greater be applied a paz 
vallelograsme equallto the fourth part ef tbe [quare made of 1he leffe,and wanting in figure. 
by a (quare, and if alfo the parallelogramme thus applied denide the line wherupon it is ap-. 
plied into partes incommenfurable in leneth, the greater line fhall be in power more then the, 
lefe,by the [quare of a line incomen[urable in length to tbe greater (Dy the..18. of the-tenth).. 
Wherefore the line D CM isin powek more then the line M G, by the [quare ofa line inca- 
senfurable in lengihto D M . And tbe lines D M and M G are proued to be rationall co- 

szen[urableig power onely - And tbe line D M is commenfurable in length to the rationali 
line geuen D E. Wherefore the line D G is a fourth binomiall lne : which was required to 
be proued. ss. 


eo" 


v3 
> 


à v T he 46.Uheoreme. "be 64. 8r opofition. 


i.) Lhe fquare ofaline contdyning in power arationall and a mediall fupere 
line, maketh the breadth or other fide a fift bie 


<0 » ficies applied to a xationall 


D 4 nomtall mne. — x — j A - 


r GAY ppofe that the line AB be a line contayning in power arationall and a mediall — 
D oY {uperficies, and let it be fuppofed to be dewidedinto his partes i int C, fo 
| UNG | fuperficies, an {uppofed to be denided into his partes in the point C, fo 
m x that let A C be the greater part, and take a vationall line D E . And (by the 44. 

pS of the firft) unto the line D E apply the parallelogramme D F equall to, the 
fquare of the line AB, and making in breadth * | 
the line DG „Then 1[ay, that tbe liue D G is 
A fifi binomiallline.Let t be felfe fame coftrutti- 
on bein this, that was in the former . And for.” 










&  Confirat ion; 
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afmuth as A B isa line contayning in powera | Demonstra- 
rationall anda mediall fuperficies; and -is deni- ECC deg, : 
ded into his partes in the poynt C, thereforethe | | | 

lines A Cer € B areincomen[urable impower, |. E 

bauing that which is made of tbe f[quaresoftbé. |. E 

added tügetber mediall, aud that whichis con- V We ias | 

tayned vader them rationall . Nomfora[much & > Lo 8 F. 

ds that which is.made of tbe [quares of the lines A pont SM DE 

AC and.C Badded together is smediallthere- =. ss à j A J 

fore alſo the paralleligramme DL is mediall. Wherefore (by the 22. of the tenth) the line 

DM isrationalland incommenfurable in length to theline DE . Againe forafmuch as £o 
that which iscoptayned under the lines AC and. CB twife, that is; the parallelogramme 
MF, es-rationall therefore by the 20. the line M G is rationall & comen[urablein length 2. 


os 
& 


LL. to the 


P 
e > 


E length tothe line MG : Wherefore the lines DM and MG are rationall commenfurable: 
§ in power ontly . Wherefore the whole line DG is abinomiall line . I fay moreouer, thatit:. 
` tsa fiftbinomiall . For;as in the former, fo al- s mi Th 
ſo in ibis may it be proned; that that. whichis — ae. we ss | 
cóptayued vnder tbe linés D K and K Mis é- Gi 
guall to the [guare of M N the halfe ofthe lefe: Ayia 
ahd that the line D R is incommenfurable in J 
length to the line K M. Wherefore (by the 18. 
of the tenth) the line D M is in power more thé 
the line MG by the {quare of a line incommen- 
fuvabie in length tothe line D M:And the lines. 
4 D M aud M & are rationall commenfurable in 
power onely, and the lee line, namely, MGis’ & 
conemenfurable in length to the rationallline A. uos B i 
geuen DE . Wherefore the line DG-is-a fift arua 
bizomiallline: which was required to be demonfirated. 
o Co. Tbe 43. T heoreme.» ` The 65. Propofition. 
T befauare of a line contayning in poser two medialls applyed ynto a rae 
tionail line snaketh the breadth or other fide a fixt binomiall line. 
: — that the line AB be a line contayning in power two medialls , and let it be 
Oe y [appafed to be deutded into his partes in the poyet C. And takea vationall ine D E. 
NON And (by the 44. of the firft ) unto the rational line D E apply the parallelograme 
D F equall to the [quare of the line A Band making in breadth the line] &x hen I fay 
Cenfiruction. that the line D G isa fixt binomiall line. p | | 
Tete [elfe fametontiruction beintbys "  - =~ 5 p; 
that was in the förmer. And forafmach as ` a zu Jj 
Denonilra- — thelint A D is a line contayning in power 9 p ———— 1G, 
biche two medialis and is deuided into his partes’: ^| 7 > b tuf) Lir, vio tt naa 
jn tbe poynt Cotherefore thelines Kk Cer |o mm dps vp ou peo 
— C Bare incommenfurable in power haw ye Ps 
ae sing thatwbich is made of tbe (quaresof  \ 00 0 Du seas p^: 
_ them added together mediall , and that. ~ | + poesi omnet 
uASUSUS which is contayned vnder them , mediall, pA op esce mo t pee 
^C and morcouey. incommen[urable to that em 
which is made of the fquares of themad: A. 8 o Wd bos s ss 
ded together ., Wherefore by thofe thinges 2 TUS repens Sen Dn a Ald 
which haue bene before prouedeither of 0 SESU A Sa sene t UR 
thefeparallelogrames D L and ME is mediall, and'either of them is applyed vpon the ratia: 
nall line D Et herefore(by the 22.0f the tenth) either of thefe lines D M and M G is ratios 
;.  walland incommenfurable in length to theline DE*. And forafmuch as that whichis made 
of the fquares of. the lines A Cand CB, added together is incommenfurable to that which 
4 Fs contayned under she lins A C'and C B mife yiberforetbe paralleloerame T) L, dsdns. 
 Cóminep o f'rabloto theparallelograme MẸ . Wherefore ( by the 1 of the fixtando.of-tPe 
. teuib)the line DM is incommenfurable in length to the line M.G- Wherefore the lines 
m». 


at The tenthBoske = 


sò thé hne D E . wherefore ( by the 23: of the tenth) theline D M is indommenfurablein. 




















D M asd M G are ratiomall commen furablein power onely, Wherefore the whole line DG 
J SN |, EA ER , d ise 
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isa biponiall line.I[ay alfothat isa fixet banonsiallline : For enew as inthe other propofitions. 
jt hath bene prouca fo alfo inthis may it be proued, that that whichis contayned under the 


Imes-D K and Mis equalltothe (quare of the line MN, and that the line D Kus income ^ 


menfurable tn length tothe line K M,and therfore (by. the 18. of the tenth) the lineD.Mis | 

in power more-then the line MG by the.fquare of aline incommenfurablein length tothe: 
line M. Aad neither of thefe lines D M nor M G is commenfurable in length to they xtiv- 
nall line gezen D E Wherefore the line DG isa fixt binomiall lineswhich was required to | 
be demonſtrated. | Pw. i "jJ" w * a at c 4 TR "itd E w T Ra » i D 


Ep 


mo: 
— 
= mad ` 


‘ 


q The 48. Uheoreme. ` The 66. Propofition. 


A line commenfirablein length to a binomiall line;is.alfo.a binomial line 


-of the felfe Jame order, "xr KA 


. TS BAR le Meow tek. te > 
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C D be commenfurablein length. Then I fay that the line C D isa binomiall nary 
line and of the felfe [ame order that the line A Bis Forforafmucb as-A-Bisa 





Y 


Eee 8| br aopaiall line letit be denided into his names in the poynt E,and let A E be tbe 
greater name Wherefore the lines A RandE Bare. > p d 
vationall commen{urable in power onely.Andasthe i 


line A B is to theline C D,(foby the 12.0f the fixt) A__._. M. 








let tbe line A i De to tbe line C P. Wherefore(by the... MM Med sum — Dononfiré- 


19. of the fft) the refidue, namely, Donna Daa ea T DEAE. tis 
the refidue,namely to the line ED, asthe line A Bis... 0. a meee 
tothe line CD. But (by-fuppofiteon ) the line AB is commenfurable in length to,the line 
C D.Wherefore(by the 10.0f the tenth the line AE as commen|urable in length tathe line 


* 4 > j 


C E,and the line E.B to tbeline Y D - And tbe lines AF. and E. B axe rationall.., Wherefore 


the lines C Band ¥ D are alfo rationall. And for that as the line AE is to the lige C E; fo 


isthe lige EB tothe line F D therefore alternately (by the 16.0f the ffl )as the line A Eis to 
the line EB, fais the line C Y tosle line ED). But she lines. A Band EB are commenfura- 
blein power onely wherefore the lines C F and FD, are alfo commen{urable in power onely, 
and they are rationall Wherefore the wholeline C Vis a binomiallline. I fay alfo that it is 


^ f ^. SN — EES FT tA Av». À X ' Ks NI dO tt e A A SANI JE s. et st n , | 
ef the [elfe [ame or der off binomial lines that the linge ABs, For the line AE isin power more 
«^». 43. Begs er te oe -R We y. 99 Non ASTON DUM I VS UVUT VS SUN 7 

then the leE B 24 h e by the {quar E of: 4 line. commenfurablein length to the line A Eyor 


1 * x4 S ANS AJ y. Te Y n aG tA A DOES LIT 3^5 9X8 he ws | a ne À e 
bythe {quare of a line incommenfurable in length to the line & E. V theline A E be in pomer 
snore then the line EB by the fquare of a line commenfurable in length to the line AE, the 
linealfoC ¥ ( by the 14.of the tenth ) fhalbein power more then the live E D by the fauare 


ofra line cominen{urabletn length to CE. Andaf the line A E be cormenfurablein length 
£0 arationall line gevten,the line C F alfo albe sornmenfurable ix length to the fame (b) 
the.12.0f the tenth) Aud fo either of thefe lines A Band C-D.is.afirft binomiallline,that 1. 
is they are both of one andthe felfe. fame order : But if. the line EB be. commen[urable in 
length fa ike rationall ine putytbe line D alfa alk commenfurahlein length ia thefame. 
"And ly that meanes gajne the lines A Band GD.areboth of oneand the elfelame order, 2. 
fer ciber of themis a fecond binonvtalt line But feiher of thelines: AE nor EB be com- 
aen|trable is length to the rationall line put , neither alfa of the[elines CE nor ED halbe 


Rove fro Length tot foe aoiiher f Helner A Bard CD tea third bi. 3 
-porsial line. But if the line A E be in power more then the line EB by. the {quare of aline 
incommen|iurable in length tu the line AE, tbe line alfo C. F fhalbe in power more.then the 

line F D by thefquare of a line incommenfurable inlength to the line CF, ( by the rg. of 

Z s m —— the 
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Vppo[? that tbe line & B be a binomiall line , amd vntotbe line A B let tbe line "The fext Sea 


| Conftruction. 
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ten" The tenth Booke 


the tenth). And thenif the line AE be commeénfurable in length to the rationall line put 
the line C F alfo fbalbe commen[urable in length to the fame, and [o either of tbe lines AB, 
4 — and C D fhalbe a fourth binomiall line. And if the line EB be commen[urable in lengtbto 
the rationall line genen,thé line F D.alfo fhalbe commen[urable in length to the fame. And 
$. — fo either of the lines A Band C D fhalbe.asfift binomial line. But if neither of the lines 
AE nor EB be commenfurable in length to the rationall line geuen,neither alfo of the lines 
| C E zor E D fDalbe commen[urable in length to the fame,and fo cither of the lines A Band 
6 CD fhalbe a fixt binomiallline. A line , therefore commenfirable in length toa binomial 
line,is al{o a binomiall line of the felfe fame order: which was required to be proved. 


g Ube-49. Theoreme..\ x.) Ibe.67.Propofition. 


Ai line commenfurable in length to a bimediall line, is alfo a bimediall lyne 
XM . sand of tbe felfe fameorder.. Pn p 


Saat Fppofe that the ne AB bea bimediall line, And vnto the line AB, let the lyne 
SOIC D be comivenfurable in length. Then 1 fay that the line CD is a bimedtall 
2 x5 XS une and ofthe felf order that the line A Bis. Denidethe line A B into his partes 
Comfbratlions KENS inthe pcint E. And forafmuch as the line A Bis a bimediall line,and is denided 
into his partes in the point E, therfore (by the 37.and 38. of the tenth the lines A E and E 
B are meazals commen[arable in power onely.And(by the 1 2 of tbe (xt) as the line A Biste 
thelineC Dfolet theline AE betothelineCF. .` .- ar 2 OD 





£ * 
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Dewars tra- Wherjore(5y tbe 1 9 .of thefift) the reſidue, name a ST, 

tion, ‘Ly, the line EB is tothe refidue,namely,tothe line VH Ne equ D 
EF Daas the line AB is tothe lineCD. But the c ENTIER UN 
* Brie A B is commen[nrable ip length te the bine . eee res — 
“C.D Wherfore the line A E is commenfurableitt — 727 2 a ea 


C tothe line F D. Nom the lines A Eand EB are me- 
diall,wherfore (by the 23 of the tenth) the lines C F and F Dare alfo mediall:And for that 
asthe line A E isto tbe line E B,fo is the line C F totheline F D. But the lines AE and E 
-B are commenfurable in power onely wherfore the lines C.F and F. D are alfo commenftra- 
“ble in power onely. And it ts proued that they are mediall Wherfore the lyueC D isa bimedi» 
yo all ine. I fay alfo that it is of the felfe fame order that the line AB-is.F or,for that as the line 
A Eis tothe line EB,fois the line C F to the line F D,butas the lineC F isto F D,fois the 
fquare of the lyne C F to the parallelogramme contained under the lynes CF and F D, by 
‘the firf? of the fixt.T herfore as theline AE isto the line E B,fo (by the 11.0f the fift) is the 
fquare of tbe line C F to the parallelogramme contained vader the lines CF and F D : but 
as AE is to E Bfo by the r.of the fixt,is the [quare of tbe line A E, to tbe parallelogramme 
contained under the lines AE and E B,therfore (by the r1.0f the fift) asthe {quare of the 
‘line A E is to that which is contatned under the lines A E and E B, fois the Mus of tbe 
line CF to that which is contained under the lines C F and FD. Wherfore alternately (by 
the 16.0f the fift)as the fquare of the line A E isto the [quare of tbe line C F,fois that which 
is contained under the lines A E and EB to that which is contained under the lines CF & 
F D Bug the [quare of the line A E is commenfurable to the {quare of the line CF ,becanfe A 
E and CF are commenfurable in leneth. Wherfore that which is contained under the lines 
A E and E Bis commenfurable to that whichis contained under the lines C.F and F D. If 
therfore that which is contained under the lines A E and E B be rationall,that is,if the line 


“= 


léngth to the line C F,and the line EB to 
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‘A Bobe a fir ft bimedzall line,that allo whichis contained under the lines C F and F D is ra- 
tonall Wherfore alfo the line CD is a firft bimediall line. But if that which is contained va- 
der thelines A Eand E B-be mediall,that is,if the line AB bea fecond bimediall line, that 


allo which iscontayned underthe lines C F and F D'is mediall:wherfore alfo the line CD. 


hi eC) VA P Poet i : a ta r A: * 
isa fecond biinediall line Wherfore the lines AB and C D are both of one and the felfe [ame 
order : which was required to be proued. > uu J 
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ar A Corollary added by F/ufates : but firit noted by 
» 4 P. Montaurens. i 
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4 line commenfurable in power onely to a bimediall lime , is alfo a bimedial 


I | line and ofthe felfe fame order. > — 


Suppoſe that A B be 2 bimediall line, either a firft or a fecond,wherunto let theline G D be cómen- 
furablein power onely. Take alfo a rationall line E. Z,vpon which (by thé 45. of the firft) apply a rectan- 
gle parallelogramme cquali te the fquare of the line AB, which let be EZ F C, and let the rectangle 
parallelogramme C F1IH be equall to the fquare ofthe line G D . Andforafiiuch as vpon the rationall 
line E Z1s applyed a reciangle-paraliclogramme EF «i — | 
equall to the Íquare ofa firft b3med13ll line, therefore ^ g , Ai dD 


the other fide therof,nzmely, E C, 1s a fecond bino--. 
miallline;by the &x.of this booke. And forafmuch 
as by fuppofition the fquares ofthe lines:A B & GD 
are commetnfurable,therefore the paralleloerammes ` 
EF andCI ( which are cquall, vnto them ) are alfo: H 
commeníurable . And therefore by the r.ofthefixt, 
thelines E C and C H are commenfurablein length. 
Butthe line E C isa fccond birtomiallline . -W here- 
fore theline CH isalfo afecond binomiall line, by 
the 66.of this booke. And foraftauch as the fuper-.. . | 
ficies CI is contayned vnder‘a'rationall line E Zor | 
C F, anda fecond binomiall line C H, therefore the 
line which.contayneth it in power, namely, the line;... ; 
G.D is a irf bimediall line, by the; S.ofthisbooke.., ^. . 


^ 
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And fo istheline’ GD inthe félfe fame order of bi: ` 


medialllinésthat the line A B is: JEhelike demoriftration alfo wi 
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à ; liferue ifthe line AB be fuppofed to 
bea fecond bimediall line’. For fo fhallir make the breadth EC a third binomiall line whereunto the 
line CH thall be commenfurable in length, and therefore C H alfo-fhall be a third binomiall line,by 
Lieanes whereof the line: which contayneth in power ‘the fiiperficies CI, namely, the line GD fhall 
ako beh fecond bimediall Jine.sWherefore a line comimenfurable either inlength, orin poweronely 
to a bimediall line, is alfo a bimediallline ofthefelfefame order.^ 57, ^ ^ c T 

But ſo ĩs it not ofneceffitie in binomiall lines, for if their powers onely be commen(üurable, it fol- 
loweth not of neceffige that they are binomialls ofoneand the felfe fame order, but they are eche bi- 
nofniallseytlier of the three firft kindes; or ofthe three lait . Asfor example. Suppofe that A B bea 
firit binomiall line;whofe greater name let be A G,and vnto A B let theline D Z be cóméfurable in po- 
wer onely. Then I fay,that the line D Z is not of the felfe i 
fame order that thé line AB is. For ifit be poffiblé,let D — — E 
the line D Z be of the felfe fame order that the line A Bis. * . n 
Wherefercthie line. D Z may inlikefort be deuidedasthe 4 | es B 
libe A Bis, by.thàt which hath bene demonftrated in the 
66. Propofitien of this booke : let it befo deuided in.the | 
Fes *) S3 . 44^ _ . »* wu * 
poynt E. Vherefore it can not be ſo deuided in any otlier 
poyit, by. the 42: of this booke.. And for that the lie A B ‘°° }.- 
15 to the line-D.Z , asthe line AG is td the line: DE; but +- 
the lines AG & D E,namely,the greaternames,are com-, 
menf{urable in length the one tothe other (by the to.of © 
this bóoKe ) for that they arecommenfurable inlengtlito ` 
ane and the felfe fame rationallline, by the firt definition | 
of binomial! lines. Wherefore thelines A Band D Z are. 
commenfurable in length, by the 13.'of this booke. But ^ F r + I 
by fuppofition they arc cominen(ürablein poweronely : which isimpofüble.  - 
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The felfe fame dem onftration alfo will ferue,if we fuppofé the line AB to be a‘fecond binomial 
line ; for the lefle names G B and E Z being commenfurable in length to. one and the felfé fame ratio- 
nall line, fhall alfo becommenfurable in length thé one to the other. And therefore thelines AB and 
DZ which are in the felfe fame proportion withthem, fhallalfo be commenfurable in length the one 
to the other: which is contrary to the {uppofition . Farther, if the {quares of the lines AB. and D Z be 
applyed vnto the rationall line C F,namely, the parallelogrammes C Tand HL, they fhall make the 
breadthes C Hand HX firft binomiall lines, of what order focuer the lines A B & D Z (whofe fquares 
were applyed vnto the rational line)are, (by the 60.of this «YS S — 
booke). Wherefore it is manifeft, that ynder a rationall 
line and a firft binomial! line, are confufedly contayned all 
the powers of binomiall lines (by the 54. of this booke). 
Wherfore the onely commenfuration ofthe powers doth ' 
not of neceffitie bryng forth one and the felfe fame order,” 
of binomiall lines . The felfe (ame thyng alfo may be pro- 
ued,if the lines AB and D Z be fuppofed to bea fourthor 
fth bínomiall line; whofe powers onely àrecomhenfi=  - 
rable,nameiy,that they fhall as the fiit bring forth binos 
miall lines of diuers orders. Now forafmuch as the pow-- 
ers ofthelines A Gand G B, andiD E and EZ are com- 
menfurable & proportional; ic is mianifett, tharifthe line > J: 
A G be in power mere then theline GB by the {quareof . 
aline commenturable inlength vnto AG, theline DE 
alfo fhall be in power more.then the line E Z:by the {quare psp j 
of 2 line commenfurable in length vnto the line DE( by the 16. of this -booke). And fo fhail the two 
lines A Band DZ be eche, of the three firft binomiall lines . Butiftheline AG bein power more then 
the line G B by the {quare ofa line incommenfurable in length vnto theline A G,the line D E fhallalfo 
be in power more then the linc EZ by the fquare ofa line incómenfarable in length vnto the line DE; 
by che felie fame Propofition. And fo fhalleche ofthe lines A B and DZ be of the three !aft binomiall 
lines . Bur why it is not fo in the third and fixt binomial! lines , the reafon is : For thatin them neither 
ofthe names 1s commenfurable in length to the rationall line put FC’. : 
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A line commenfurable to a greatèr line is alfo a greater line, 
' s [2 wm ile 
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So ppofethat the line AB bea greater line.And vito the line A B let the line C D 
ConStruttiot. | HATS 






becommenfurable.T ben I ay that the line C.D alfois a greater line. Denide the 
“| line A Bintohis partes in the point E. Wherfore (by the 3 9.0f thetenth) the 





EELA. lines A E and E B are incitirseén[urablein power, having that Which is made 

Ethel r ws 4,208 ‘ ah a . m — AE cal ted i 

of the [quaves of them added together rationall,and that which is contained ynder. thë mea 

dialla And let the rest of the construction be in-this,as tt wasin.the former.And for that as 

Demo ra- theline A B is to the line C D, fo. roan Sa de mL geom Y alic n d 
Gille NE ALOI e ME Ea ee | 

phe litie E'B tothe line F D, but «e — — 

the lié A.B is commenſurable to — — — d 3 

the lige C D by fuppofitio. Wher- € LLL — " ee mn P 


ore the line A E is commenfura- La edm DU ac od a 
ble to the line € F and tbe line E B to the line E D. «And for that as tbe line AE is to the 
line C F fo is the line E B to tbe line F D T herfüre alterndtely(by the 16.of the fift) as the 
lize A E is to the line E B fois the line C F to the line F D.Wherfore by compofition alfo(by 
the 18.of the fift)as the line A B is tothe line E B, fois the line C D to the line F D. Where- 

fore (by the 22.0f the fixt) as the [quare of the line A Bisto the {quare of the lint EB, fois 
the [quare of the line C D to the [quare of thé line F D And in like fort may we prone thag 

a5 tbe [quare of the line A B is to tbe [quare of tbe line A E. fo is tbe [quare of the line C D, 

to ihe [quare of the line C F. Wherfore (by the 11.of the fift) as the [quare of the lyne ARB 

is tothe [quaresof the lines A E and E B; fo isthe [quare of the line C D to the [quares of the 

lines CF and F D.Wherfore alternately (by. the 16.of the fift)-as thefquare of the line f B 
: ; 3 
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of £uclidessEleinentes, - Fol.279. 


beta ae ofthe Wi B; ERO PP AB o ER cua of 
thelines GF-and FD But thefquarcafthe lint Adds commenfurabte-tothe fgquare of the 
line C D (for the line A B is commen{urableto the ine CD by [iippofitio) Wherfore allo the 
fauares of tbe lines A E and E B are comenen[urable to the [quares of the lines CF and F 
D.But the [quares of-the lines A E and E B are incommep{urable,and being added together 
are rationallibVberfore the {qnares of the lines C Fund FD are incommuenfarvablese> being 
added together are al{o rational. And in like [ort may we proue that that which is contajned 
under the lines A E and E B twife,is commeenfurable ta that which is contained: under,.the, 


lines C F and F D twife. But that which ts contained under the lines ‘A E-and © B twife,ts: 
mediall,wherfore allo that which isvontained onder the lines CF and FD tiifé is medial! 


eI me a, ee SY gee oe a ros © 5 sd haere sae Pd 
Wherfore the lines C F and F D are ypcombien[urabletn power hanine that which is made, 
of the [quares of them added together rationall, .amd-that which is contained under thé me: 
i A-— he £ JJ olii umet e RO Len Pye " | 2 
diall.Wherfore( by the 3 9. of theienth) the wholeline € Dis trrationall,c> is called a evea- 


: i CHE CD bius! cnim ua oer Me Dae 
ter line.A line therfore commenfurable to a greater linguis al[o agreaier lines 


owe 


a ? 
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: rm 4-77 Ipee dT d Ab oae c 
sy An other demonftration of Peter Mostaurens to proue the fame. 
v 00 99 ocxou ere, GLE x Sg glos UF — 


ae p , Auo a A a a 1 —— 
.. Suppofe that the line A B bea greater line,and vnto it let the lineC D be conimenfurable any way, 
that is,either both in length and in power,or els in power onely.Then I fay that the line C D alfo is a 
greater line.Deuide the line A B into his partes in the point E.and let the reft ofthe conftruction be in 


this as it was in theformer.And for thatas theline A B isto the line C D, fo is the line A Eto the lyne 
C Fand the line EB to the line FD, 


therfore as the line A Eis to the lyne * A 2 
CEoisthelineEB tothelineED, 2 | ——— E 
but theline A Biscomimenfurableto' x -— 
theline C D. Wherforealfo the lyne — e = D 

° * 1 > » 21 
AE iscommënfurabie to the lyne, C; e 8 
Ejand likewifetheline E B to theline ` | 


F D.And for thatas the line A Eso the line C F,foís the line EB t the line EID 
as thelyne A E is totheline EB,fo istheline C F tothe lyne FD. Wherfore (by 
the fquare of the lyne A Eis to the fquare of the line E B,fo is the fquare of the lin 


stherfore alternately 
the 22.0f the fixt) as 
eCF to the fquare 


of the lige F D. Wherfore by compofition(by the 18.ofthe fift)as that which is made of the {quares of 
the | 


lyncs À-Eand E Badded. together is to the fquare ofthe lyné E B , fo is that which is made of the 
squares o£ thelynés C E and F D added togetherto thefquaie of thé ljne ED. Whercfore by contrary 
pro porion as the {quare of the lite.E Bis to,that which ismade of the {quares ofthe lines. A Eand. E 
B added together.fo'is thefquars ofthe lyhė F D to that which is made ofthe fquares ofthe lynes C E 
and FD added together. Wherfore alternately as the fquare ofthe line E B isto the fquare of thelyne 
T D,fo is that which is made ofthe Íquares ofthelynes AE and E B.added togetherto that whiche is 
made.of the fquares of the lynes C Fand E D added together.But the fquare ofthe lyne E B 1s. cómen-. 
furable to the Íquare of the lyne ED, for it hath already bene proued that the lines E Band E Dare có- 


7 


méfurabie.Wherfore that which is made of the {quatés ofthe lines A E & E B.added together is čom- 
méfurable to that which is made of the fquarés of G:F.& E D-added together. But that whichis made 
of the iquares of the lines A Eand EBadded together 1s rationall by fuppofitid. Wherfore that which 
is made of the {quares of the lynes C F and F D added together is alfo rational. Andasthe lyne A Eis 
to the lyne EB, fois the line C F to the lyne FD. Butas the lyne A Eis'to the lyne EB, fo is the fquare 
of the line. A Eto the parallélogramme contayned vnder thelynesA E and EB:therforeas the lyne C 
Fis to thelyne FD,fo.is the {quare of the lyne A E to.the parallelogramme cofitayned vndér the lines 
#E anid E B: & as the lyneC Fis to the lyne F D,fo is the fquare of the lyne C Eto the parallelograme 
contayned vinder the lynes C F & F D. Wherfore as tlie Íquare ofthe lyneA'E is to the parallelográme 
contained yrider 3he lines A E and E B,fo is the fquare of the lyne C F to the parallelogranime cótay- 
ned vnder the lynes C Fand F D. Wherfore alternately aś the Íquare of theliné A-E is to the fquare of. 
thelyne C fo is the parallelogramme contained vnder the lynes A Eand EB to the parallelogramme 
contayned vider tht linés c rand+'p. Bit the fquare of thelyne A E is comméenfurable to the ſquare 


of the lyne cæ, for it is already proued that thelynés.A E and C Fare comínéfurable. Wherefore the 
parallelogramme contayned vnder the lynes A Éand EB is commenfurable to the parallelogramme 
contayned vnder thelynes c r and f D. But the parallelegramme contayned vnder thelines A Eand E 
B is mediall by fappofition.Wherfore the parallelogramme contayned vnder the lynes c f and F p al- 


fo is mediall.And(as it hath already bene proued) as the line A E is to the lyne EB, fois the lyne c r 
to the lyne ED .But the lyne AE was by füppofition incommenfürable in power to the line EB. Wher- 
foretby &lf& T6. of the tenth) thelyne c r isincommenfurable in power to thelyne F D. Wherfore the 
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jynesC Fand FD are incommenfurable in power,hauing that which is made of the {quares of them 
added together rationall,and that which is contayned vader them mediall. Wherfore the whole lyne 
€ Dis (by.che.39.0f the tenth)a greater lyne. Wherfore alyne commenfurable to a greater lyne is alfo 
a greater]yne ; which was required-to bedemonttrated. > Jb o4 - XL S. 
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. . », An other more briefe demontftration of the fame after Campane... ya 
.. Suppofe that a bea greater line, vnto which let the line 3 be » uices t 
comméfurable, either inlength and power,or in power onely.And 2e A 
£n other de- ; : Du a "EL ees 
take a rational line c p. And vpon itapply the fuperficies c s equall 
waonitrationt ^— to the fquare ofthelinc'azand alfo vpó tlie line £ 2 (whichis equall 
after Cam= tothe rationallline c p ) apply the parallelegramme, r 6 equall to 
pene. theífquare ofthe line s . And ferafmuch as the fquares of thetwo ^ 
lines a and & are commenfurable by fuppofitionsthe fuperficies c x, 
fhalbe commenfurable vnto- thefuperficies s'c : and therefore by 
the firft of the fixcandsenth of this booke , the line n. is commen-. 
furable in length to the line c x ^ And forafmuchas (by the e3 . of. 
this booke)the line p z isafourth binomiallline , therefore by the 
66.0f this booke che line e-g-isalfo.a fourzh binomiallligé +, where- 
fore by the 57. of thisbooke theline s. which contayneth in power 
the fuperficies F c isa greater line. "1 
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v be s1.Theoreme. - -- The 69. Propofition > 


A line commenfurable toa tine contayning in power a rationall and a mee 
diall:is alfo a line contayning in power a rationall and a medial... 
, EE 
: | ppofe that AB bealinecontayning ia power a rationalland a mediall. And 
unto the line AB let the line C D be commenfurable,whether in length and 
power,or in power onely.T. pe I fay that the line e D 75 A line coLayning 45 power 
Conftrnction, SES a rationall & a medtall.Duide the line A.B into his parts in the poynt B.Wher 
fore ( by the 40. of the tenth ) the lines AEandEB - zh 
are incommen[urableim power, bauima that which is 4 Ye E B 
indde of the [quaresof them added together medi- iu | 
al, and that which iscontayned vnder thë rationale > > F p 
Letthe fame confiruction be inthis that was in the 
Demouſtra- former, And in like fort we may proue that the lines 
ie C F and FD are incommenturable in power, and that that which is made of the [quares of 
the lines AE and E Bis commenfurable to that which is made of the {quares of the lines 
CE and F Dyand that that alfo which is contayned under the lines AE and EB is comme» 
fuvableto that which is coutayned under the lines C Fand ED . Wherefore that which is 
made of the fauares of the lines C F and F Dis mediall,and that which is contayned under 
the lines C F anad F D is rationgll . Wi herefore the whole line C D is 2 line contayning in 
power a rationall and a mediall:which was required to be denonfirated. ” 





An other demonftration of the fame after Campane. 


Suppole t 





of Euchdes Elementes. Fol.2z80. 


Supofe that .4 B bealinecontayning in pow- 


erarationallanda mediall:whereuntoletthéline — 9 ^ — *— 774 

G D'be commenfurable eitkerinlength and pow- "i 3 E 
er,or in poweronely. ThenlíaythatthelineG D ———— i wall 

is aline contayning in powerarationall anda me- a 

diall. Take a rational line £ Z,vp6 which by the 4s. i 





of the firftapply a re&angle parallelográme EZ FC. - 
eguall to the fquare of the line 4 5: and vpon the 

line C F (which is equall to the line EZ) applye 

the parallelogramme FC H/ equallto the fquare 
oftheline GD: andlet the breadths of the fayd 
paralleiogrammes be the lines E Cand CH. And 
forafmuch as theline42 1s commenfurable to the 

line G D at the leaftin power onely, therefore the T" — — — 
parallelogrammes Z Fand FH {which areequall , l E á 
toitheir fquares ) thalbe commenfurable. Where- — 
fore by the r.of the fixt the rightlines E C and C Hare cómé(urableinlégth. And forafsiuch as the pa- 
rallelogranime EF ( whichis equallto the f{quare of the line .4 B which contayneth in power 4a ratio- 
nail and a mediall is applyed vpon the rationall Z Z making in breadth theline EC, therefore the line 
E Cisa fifth binomial line(by the 64.0f this booke )ynto which line EC the line C His céméfurable in 
length, wherefore by the 66.of this booke the line C His alfo a fifth binomiall line. And forafmuchas 
the fuperficies C Z1s contayned vnder the rationallline E Z ( chatisC F ) and a fifth binomallline C Zi, 
therefore the line which contayneth in power the füperficies C 7, which by fuppofition isthe bine G D 
is a line contayning in power a rationallanda mediall by thes8. ofthis booke . A line therefore com- 
menfurable to a line contayning in powera rationalland a mediall.&c. 





ql be yz. I beoreme. J be zo. Propofition. . 


A line commenfurable to a line contayning in power two medialls, is alfo a 
line contayning in power two medialls. | 


? 






| V ppofe that A B bea line contayning in power two medialls. And unto the line 
2 AB let the line C D be commen[urable,mbet ber in length c power or in power 
| onely . Then I fay, that the line C D ix a line contayning in power two medialls. 
S28) Foralmuch as the line AB is a line cContayning in power two medialls,let it be 
euided into bis partes in the point E . Wherefore ( by the ar.of the tenth ) the lines A E and 
E B are incommen{uradle in power haning that which 1s made of the [quares of them added 
together mediall, and that alfo which is contained under them mediall, and that which is 
made of the fanares of the lines AE | 








E B is incommen[urable to tbat which 47 —e o^ 
is contained under the lines AE and * a. = 
EB. Let the felfe fame conflruction FR S 

be inthisthat wasin the former, And ^5 70 


iz like [ort may we proue, that the lines C F @ F D areincommenfurable in power,and that 
that which is made ofthe [quares of tbe lines A E and E B added together is commenfurable 
to that which is made of the [quares of the lines C F and F D added together, and that that 
alfo which is contained under the lines A E and E B is commenfurable to that which is con- 
tained under the lines CF and F D Wherefore that which is made of the {quares of the 
lines C F and F D is msediall (by the Corollary of the 23. of the tenth): and that which és 
contayned under the lines CF and F D is mediall(by the fame Corollary ) + and moreouer, 
that which is made of the fanares of the lines G E & ED is incommenfurable to that which 
is contained Under thelines GF and F D Wherefore the line CD is a line containing in 
power tivo measails « sich wasrequired to be proned, | | 
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ar An Affumptadded by cMontaureus.. 


en Affumpt. — That that which is made of the (quares of the lines C F and F D added together, isin- 


commenfurable to that which is contained under the lines G F and F DD is thus proued.For, 
becaufe as that which is made of the {quares of the lines A E and E B added together is to the 
fquare of the line AE, fo is that which is made of the [quares of the lines C F and F D. ad. 


ded together, to the [quare of the line C F, as it was proued in the Propofitions going before: 


therefore alternately, as that which is made of the [quares of A E. and E B added together is 
to that which is made of the [quares of C F and F D added together , fois the [quare of the 
line A E to the [quare of the line C F . But before,namely, in the 68. Propofition,tt was pro- 
ued,that as tbe (quare of the line A E is tothe {quare of the line C F, fo is the parallelograme 
contained under the lines A Eand EB to the parallelogramme contained under the lines 
C E and F D . Wherefore as that which is made of the {quares of the lines AE and EB is 
to that which is made of the {quares of the lines C F and F D,fo is the parallelogramme con- 
tained under the lines AE and EB to the parallelogramme contained under the lines C F 


_ and F D’. Wherefore alternately,as that which is made of the (quares of the lines AE and 


E B isto the parallelogramme contained under the lines AE and EB, fo is that which 7 
made of the Vaart of the lines CF and F D tothe parallelogramme contained under the 
lines CF and F D . But by (uppofition that which is made of the [quares of the lines AE 
and E B,is incommenfurable to the parallelogramme contained under the lines A E EB. 
Wherefore that which is made of tbe [quares of tbe lines C F and F D added together is in- 
commenfurable tothe parallelogramme contained under the lines C F and F D : which was 
required to be proued. 


3 Án other demonftration after Campane. 


Suppofe that A B be a line contayning in power two medialls : wherunto let the line G D be com- 
menfurable either in length,and in power,orin power onely . Then I fay, that theline G Disa line c6- 
tayning in powertwo medialls. Let the fame conitruction be in this, that was in the former . And for= 
afmuch as the parallelogramme EF is equall to the D 
fquare of theline A B, and /is;applyed vpon aratio- 
nallline E Z, itmaketh the breadth E C a fixt bino- 
muallline, by the 6;.of this booke . And forafmuch 
asthe parallelogrammes E F & C I(which are equall 
vnto the fquares ofthelines AB and G D,which are 
fuppofed to be commenfurable)are commenfurable, 
therefore the lines EC and CH are commenfurable 
in length, by the firft of the fixt. But E C is a fixt bi- 
nomiall line : Wherefore C H alfo is a fixt binomiall 
line,by the 66. 0f this booke . And forafmuch as the 
fuperficies C Iis contayned vnder the rationall line 
C F and a fixt binomiallline C H, therefore the line 
which c6tayneth in power the fuperficies C I,name- 
ly, the line GD is a line contayning in power two 
medialls by the 59.0f this booke. Wherefore aline 
commenfurable to a line contayning in power two 
medialls.&c. 


E———— — LP a 





x An Annotation, 


Hetherto hath bene fpoken of fixe Senarys, of which the firft Senary contayneth the pro- 
duction of irrational lines by compofition : the fecond, the dinifion of them, namely, that 
thofe lines are in one point onely. deuided : the third,the finding out of binomial lines, of the 
first, I fay, the fecond, the third, the fourth, the fift, and the fixt + after that beginneth the 
fourth Senary, containing the difference of irrationall lines betwene them felues . For by the 

>. | E n nature 
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of Euchdes Elementes, T Fol.281. 


-pature of euepy one of the binomiall lines ave demonfirated the differences ofirrational lines. 
Ehe fineth entreateth fit the applications of the [quares of euers irrational lige namely shat 


‘érvationall lives ave the breadtbes of enery fuperficies fo applied.: Wethe fixt Senary isproued,’ 


-that any line commenfurable to anyirvationall line, is.alfoan trrationall lineof the fame na- 
‘gure: And nom fhall be fpotin of the fenerith Senary,wheréimagaine are es fet — the 
refa of the di ferences of the fasd lines betwene them felues.... 
“aM vod there is een in tof Trrationall fenes an-aritLoneticall: Sr opersionaivie And that 
ink which is the arithmeticall meaue. peopartiouali betwvene the. partes of any ivfationall line, 
“ts alfo an irrational lineof the e fele fame inde. VEirfost is cbrtaime:tbat vhere is-an.aritb- 
"aiéticall proportion betwene tbofe1 pa iin For fuppofethat the line:A B be any of: the forefaid 
-t?rationall lines, as for example, letit bea binomrall lne; let it.be denided intohis eames 
dn the point C..Andlet-AC be the oreater name, from whichsake e amay tbe line.A D exuall 
- $6 the lefe name nameljtoC B. Apd. denide the lines € D. into mo equal, — in the fart 
ESTIS manifeſt that ĩhe liie AEs vavaall to thé. 7 
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Aſfereth P from the line GB: for in echeds ibediffe- WIE I d 

rence of the line D E or E C, which is the propertie of: — proportionalitie. „Andis 

isimanifef, that the line F Gis commen unablesi 5 length. to.theline AB, for it i5. the halfe 
bareuf-. Wherefore (ly the 66. of the tenth) the line F Gi isa binomiall line. And affer the 

fe ? jm —— it. be prowed — the a * irrational] lines. — 


Nn 


| C e Tesi. Theoreme s (beri Propofitins t 3v 
| I f two o fuperficieces, namely a pail aida media I Juperficies E be "T 
| 


to gether ithe line which contayneth i in power, the whole o fuperfi ctes isone o 
7 - thefe foure irrational lines either a binomial line or a firft bimediall lyne, 
or a greater lyne or a t ne contayning in poer sasrationail anda medtall 
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— tf Suge 9g 
3l Re ae — ef iint be. Ine faperfeieces ABandCD, of which let the af 


| 4. Ji be zatonal ij, È. ‘they aperfietes C CD mudiall. 7i he I fa ay that tie ULA contay- 
MAA y>. riain power y whole e [uperficics-A Dis ei either a 1 binomial line or. a first bimedi- 
| Ma LA lHine.qr. ae eater dgesor: a fue cütayning in poer a a rational & a medial ft 
XE For the fu iperfiaies. A Bis, either, y greater ay lefet fi. the ef ver ficies CD (fe? they c tă by 
Ao mites £e, egttalb, bea, AS: “the. one is, ratio: zall, and the oiher medial 7. Ff Tet; it bee ere CATE, 
"and RA 4 rational linit EZ. And (By; ibe 2. — of the firs! ) vf the line E F — the te 
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Ielüdrars "me E. Gequalt tothe Superficies < A ido Ld mmm pen 
"o ; oreadth the lize EA, and to. the [ame l Gne — —E— — 
Fi / Dat isto the. line H G d apply ihe Parellaan a c E un 
uM equall to the Je ci s jicies. DC, and makyng (eel Gd 

de the line H K, And fora) — * 
cies A} B is rati onal, Midi £5 equall't to pepe - mls 

wc G, therfore) ine paralleli Veram E. Gis a 2 
T eot tational andi jt. is applied unto the. rational lin Lc i a 

E making i in — the bine E je Wher fore the. : eh * ital - M. oni 
ck H iszationall. 4nd c crm fupable. wm length nh 
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qual to theparallelograme H I,therfore the parallelugraime H 11s al{o mediall, and is appli- 
'edvariothe vationall line E F, that is,untothe lyne HG making in breadth the line HK. 
Wherfore the lyne HK is rationall and incommenfurable in length tothe line E F (by the 22 

of thetenth.) And fora{much asthe fuperficies CD is mediall,and the {uperficies A B is ra- 
tionall,therfore the {uperficies AB is incommenfurable to the fuperfictes C D.Wherfore alfo 

the parallelogramme E G is incommenfurable tothe parallelogramme HI. Bat as the paral- 

ses ‘Telogrmme G E isto the parallelogramme H 1,fo( by the 1:0f the fixt isthe line E H to the 
dyne H K Wherfore (by the 10: of the tenth) theline EH is incommenfurable in length to 

the line. H K and they are both rationall. Wherfore.the lines EH and LK are.rationall cone 
menfirable in power onely Wherfore the whole line E K i5 a Linomiall line, and is deuided 

into his namesin the poynt H: And forafmuch asthe fuperficies AB is greater then the fu- 

‘perficies CD; but the fuperficies.A Bis equallto the parallelogramme E Gand thefupexpcsts 

°C D.tothe parallelogramme H:l:Wherfore the parallelogramme E.G is greater then the pa- 
vallelogramme H 1.Wherfore the line E His greater then theline HK. Wherfore the line E 

H is in-power more then the line H K either bý the [quare of a line commen{urable in length 

Firft part of #0 the Lyne E Hor by tbe [quare of a byne ipcommen|urable in length tothe lyne E H.Firit 
the firs cafe. let it be in power more by the fquareof a lynecome(urable tn legth vito the line E H. Now 
the greater name,namely,E H is commenfurableralength to the rational ine genen EF, as 





it hath already bene proued.Wherfore the whole line ^^ Age uot poms 
Ris uſirt hinomiall lyne. And the line EÆeis ES i: 
“vationall lyre But if a ſuperſicies be contayned 57000 C—— 
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der arationallline, and a fir binounall lyne, the. 

byne that contayneth in power the fame [uperficies,is 

(by the 54.of ibe tenth )a binomiall line. Whereforés:.... 
the lyne containing in power the pavallelogrammeE « 
Lisa binomial lige .. Whereforeal{o the line contat-* wal 
ning in power the fuperficies A Dis a binomiall ` le. | 
Gu NE Us ^ te TTI, pii REPE RC ER YT G3 
‘Bie now Tet the lyneE H-bein power more then... AKO o5 
Secand part of the line HK by the {quare of a line incommenfurablein length to theline EH: now the 
the fusi cafes greater name that is, E H is commen[urable in length tothe rational ne genen E F. Wher. 
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ee. fore the line E Kts afourth binomial line And the line E Fis rational: But if 4 fuperf- 
cies be contained under a rationall line and afourth binomial line, the line that containeth 
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eros “ass ampomer the fame [uperficies 1s(by. the 57. of the tenth )irrational,andis a greater line Wher 
To y M) KM UV EEUU E Soa EOS BOON dU mem noe 

fore the line which, containethin power the paralleloeramme Etisa greater. line Wherefore 
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ov Ao the line containing in power the fuperfiges AD is a greater lype. 
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D which is mediall Wherfore alfo the parallelogranmme E Gis leffe 
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smuci ts TW herfore alfo the line E H 1s leffe then the line H KNow the line HK isin power-more 
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then the hyne E H either by the [quare ofa line comen{urable in length to tbe line HK; tr 
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by ihe [quare of 4 lyae incommen[urable i length vato the lyne HK. Firs letit be 
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in power more by the [quare of-a line commenfurable.in length. Unio HK- now the lefe 
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name, thatis E H is commenfurable in length to the rational line geuen EF, asit was 
before proued Wherfore the whole line E K 35a Jecond binomial line: And the line E F isa 
rational line But if a fuperficies be contained vider arationall ine anda fecond binomiall 
lyne,the lyne that contayneth ih power the faine [uperficies,is ( by the 53. of the tenth) a first 
bitnediall line Wherforethe line which contayneth in power the parallelograme E 1 ‘ia faf 
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bimediall line. Vherfore alfo the line that, 

; bimediall lyne. eas vi eee NDS 

the fecod cafes Gale ome ris power morethen the line E H,by thefquare of aline in- 
i i Commen 
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comen{urable in lengih tothe line H Know the leffe name, that is; E H is comenfurable in 
lengtiso the rationall.lynegeuen EF WherforethewholelineE Kis a ff binomiall tyne. ` 
And the hyjne E F is vationall.But if a f{uperfisies be contayned under a rationall ne; and a 


tenth )a linte containing in power avationall and a mediall. Wherefore the lyné that tontay- 

neth in power the paralleloerammeE 1 is.a line contayning tn power a rationalland amedi-- 
all Vherfore alfe tue lyne that containeth te power the fuperficies AD isa lyne contayning- 
3p power a rationall and a mediall.If therfore rationall and a medial (uperficies be added 


together,the lyne which comtayneth in power the whole (uperficies is one of thefe foureirraii | 


onall lines namely either a binomiallline,or a firft bimediall line,or a greater line,or a line: 
contayning in power a rationall and a medialt" 
—— A A es potee Ea 
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Tf two mediall fuper ficieces incommenfurable the one to the other be come 
pofed together : the line contayning in power the whole fuperficies is Sii 
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or à line contayning in power two medialls, 7.000 secs 
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| he timo irrationalllines Yemaynin ig namely, eitber a fecond bimediall line J 


3443 e d dk 


c t thefe fwo szediall [uperficieces A Band C D being incommenfurable the éne 
D dato the otber be added together . T ben I fay, that the line which contayneth in 
power tbe fuperfities A-D ts either a ſecond bimmediall line, or a line contayning 
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zat AUZ Ai power two medialls.For the fuperficies AB 15 either greater or lefe then the 
Ler SS fuperficies:C:D: ( for they caz by nomeanes be equall; when as they areincom- 
menſurable). Finftlet.thefuperficies A Bhegreater then > 9 ess Cs 
thefüperficies CD. nd Xakeagationall line .EF . And. isas 0 mo npo 
X by tbe squuof thofirfe) cuitatbe lime E F apply theparalle-. 5 yat kifana 


dognaynine E.G equall to thefuperficies A By and making As. E>: 
Vac breadth tbe line Hs: and-vato the [ame line-E F that | ^. | 






35,t0the line. H'Gj apply tbe parallelagramme, H1 equal. | 
£otbe fuperficies G Dye muking in breadth the line H K. 





"And fora[muihias eios. of chefe fiipirficieces 4 Be C DA [sspe cb odes] 
js-miediall; thereforeal Ü either of thefe. parallelogrammes << ye D ^ UR / 9€ STU a 
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EG and His medial. And they arè eche applied tothe Se o es 
ratiopall line E F making in breadththe lines EH. and- HK. Wherefore (by the 25.0f the 
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Ath eltber of The[e lines, E.H and H K d$ vationall and thcommenfurable in length to the 
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Ane EV ud forajimteb ns the [aperficies A Bis incommenfuableto the fupérfties C.D, 
He Digaperf cited Déseguel lto the pårallelogramme E.G ande fuperbicies G-D tothe 

parallelogramme HI + therefore the parallelogramme E G is incomspnen ivable-to. the pa 
raleloeramme H I1. But (by tbe x of the fixt) as the paralleloeramme E G is to tbe paralle- 
lagrannne HI, fois the lane, EH. to theline IK v Vherefare (by the 10. ofthe tenth) the 
line E H dsincommenlucdble m lencth totheline-H Kk. Wherefore the üne E Had HK 

areratiogall conemen[urable in power onely. Wherfore the whole Gne E K is a binomiall lise. 

And asin the former Propofition.(o.alfoin this may it be proved, thattheline E H is greater 

thenthe line HK .Wierefore the line E H isin power more then the line H K, either by the 

Square, ofa line cuntenfuracle in length to the line E H, or by thefquare of a Lineincom- 

furable in lengt htotheline EH. Firf let it be greater by the(quare of a line commen- 
BD by a Maa A SUJVIg DG toto 
furableinlenath onto the lige EE. DGS neithior of thefe lines E Hand HK is.commen|it-- 


rable jn length to ther ational line geuen EE . Wherefore the whole line EK is a third ki- 
s m MM mn. nomiall 


fift binomiall lyne,the line that contayneth in. power the fame fiperficies,ss (by the s3 of the’ 
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nomiad ne . And theline E F.is avationallline ...But if a fuperficies be eontayned vpder & 
rationalllize c a third binomiall line, the line that rua power the fame fu per ficies, | 
is (by the $6 of the tenth ) a fecond .bimediall-line. Wherefore the line that containeth in 
power tbe [uperficies E Ltbatis,the fuperfictes A D, 1s a fecond bimediallline. = >" 
- But pom [uppo[e tbat tbe line.E H. be in power more then the line E K by the fynare of 
4 line incommenfurable in length to the lineE H. And forafmuch as either of thefe-lines 
E H agd H K is incommenfurable in length tothe rationall line geuen E F, therfore the line 
EK isa fixt binomiall line . But if a Juperfic ies -be-contained under arvationall line anda 
fixt binomiall line, the line that containeth in'power the fame Juperficies; is (by the 59 .0f thé 
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tenth ) a line containing in power two medtalls Where- 
fore the linethat containeth in power the fuperficies: AD,» 6 25> 
isa line contayning in power two medialls . And after the 
felfe fame maner, if the fuperficies A B be leffe then the [u- = 
perficies CD, may we prone, that the line that contayneth 
in power the fuperficies A D, iseither a fecond.bimediall 
line, or aline containing in power two medialls . If there- 
fore two mediall fuperficteces incommenfurable the one to 
the other be added together, the line comtayning in power ! 
the whole {uperficies is one of the two irrationall lines reo 0 oos 4 
nayning ,nanielyj, either afecond bimediall line, or a line cotaiming in power two vaedialls 
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os Gdbinomiall line and the other irrationall lines following it, are neither medialllines, 
nor one and the fame betwene them ſelues. For the {quare of a mediall line applied to wrati- 
onall line, maketh the breadth rationall and incommenfurale tn length to the rationall line, 
wher unto it is applied ( by the 22.0f the tenth) . The {quare of a binomiall ine applyed toz 
rationallline,maketh the breadth a fir/t binomiall line (by the Go. of the tenth). T hefauare 
of a'firft bimediall line applied unto a rationall line, maketh the breadth a fecond binvmiall 
line (by the 61.0f the tenth) . The (quare of afecond bimediall line applied unto a rationall 
line, maketh the bréadth'a third binomiall line (by the 62. of thetenth ) » The [quare ofa 
greater line applied to arationall line,maketh the breadth a fourth binomial line( by the'63. 
of the tenth ) ..The [quare of a line containing in power a rationall e a medial fuperficies; 
maketh the breadth a fift binomiall line ( by the 64.0f the tenth )-. And the [quare of a ine 
containing in power two mediAlls, applied vntoarationall line, maketh the breadth a-fixt 
inomiall line (by the65.of thetenth) .Seing therefore that thefeforefaid breadthes difer 
bothfrom the firft breadth, for.that it is. rationall; and differ alfo-the-one from the other’ or 
that they are binomials of diners orders : it ismanifeft that thofewrationall lines differ alfo 
the che fromrsbootheroe sess $n oo git ce ge V S. veia 
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soo a g Thess. Fheoreme.. = < The'73:Propofition, 707 
If froma vationall line be taken a'way-a rationall line commenfurable in. 
. power onely to the whole line:the refidue is an irrationall line and is called 
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of Euclides Elenentes?™ ~ Fol.283. 


AV pole that-A B be arationall line,and from AB take away arationall line BC ! 
AUDI Wd vare B C: ic su: 


commen{urable in power onely to the whole line A.B.T hen I fay that the line re... Eu 
, mayning namely AC is irrationall and is called a refiduall ine, or forafmuch. frac 3 M 
ESSN ss the line A B is inconmenfurablein length vntothe line BC , and (by the af- 

fe opt gong b eforet h Cx 2: oft he benp, h )as the line.» Pe! conten. ee l Demouffras 
A Bis to.theline BC , fois the fquave of the lite sso sisi sioe coecs glo. | 
AB tothat whichis contayned under the lines | Ta. . Aur 
AB and B C2.whirefore (bythe xo. of therenth ) wis gah wie m dinat oo 0 PR t 
the [quare of. the line A Bis incomimén{urable tothatwhich is contayned:under the:lines: 
A Band BC.But unto the{quare of the line A B are commen{urable the {quares of the lines 
AB and BC(by thes.of thetenth ) Wherefore the fquares of the lines A B and B C are in- 
commenfurable tothat which is contayned under thelines A Band BC:But-unto that which 
is contayned under the lines A Band BC is commenfirable that which is contayned under 
the lines AB and BC twife. Wherefore the fquares of. the lines A Band. BCare income/ura- 
ble to,that- whichis. contayned vnder-the lines.A Band B.C twife. But the fquares.of the lines 
AB and B Gare equalltothatmhich is contayned under the lines A Band BC twife, and to 
the (quare ofthe line A C(by the 7 .of the fecond) Wherefore that which is contayned under 
the lines AB and BC twife together with the [quare ofthe line AC is inconmenfurable të 
that which is cotayned under the lines AB and BC twife.Wherefore( by the 2 part of the 16. 
of the teth) that which is cotayaed under the lines A B and B Ctwife, isincome[urable tothe 
fquare of the line A C. Wherefore (by the fir[t part of the [ame ) that whichis contayned vine’ 
der the lines A Band B C twife together with the fqnare of the line AC, that is; the [quares. 
of the lines AB and BC are incommen[urableto the [quare of the line AC. Butthe {quares- 
of the lines AB and BC are rationall,for the ines‘A Band B C are put tobe rationall: wher? 
fore the line AC isirrationall and is called arefidiall line:which was required to be prowed.* * 
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" Campane denionftzateth this Propofition byafiguremaré brieflyaftee — 4. - 
this maner » Lek the fuperficies'E G.be equali to the quaresofthelines ^; 
A Band B.C. added together : which fhall.be rationall. (fo r that the lines 
Å B and B.C are fuppofed to be rationall cómenfurable in power onely). 
Fx6 which {uperficies take away thé fuperficies D F equall'to.that which: 
is contayned:vnder thelines A B:Sc B.C: £wife, which fhall be mediall(by: ' 
tbe 21. ofthisbooke) . Now: by the.z..of the fecond, the faperhaies FG 
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‘ig equal to the {quare of the liné A'C,. And forafmuch 3$ the fuperficies HH 

EG'is incommenfürable to chefüperficies D R (forchattlieoncisrati- pon. 8.8. 
onalland theather mediall ) : therefore (-by.the 16. ofthisbooke the. - |. » | 
famefuperficies E G is incommenfurable'to thefuperficiesEG. Wher- f >. | 
ee ree therefore the line A C which | |: 
 contayneth itin power isirrationall : which was required tobe prouled. — f 
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a Def. bcs eee voa RE a DOES bm nu bea | 
. This Iheareme teacheth nothing els but that that portion ofthe greater name of a 
binomial] line which remaynéth after the taking way of the leffe name from the grea-- 
ter name isirrationall which is called a refiduall line; that is to fay, iffrom the greater: 
sname ofa bitiomiall line, which greater name is a rationall line comenfurable in power 
-onely tothe lefle name, be taken away the leffename,which felfe leffe nameis alfo com- 
menfurable in power onely to the greater name (which greater name this Theoreme 
_salleth the whole line)the ret ofthe line which remiaineth is irrational, which he calleth 
7 MM.iiii. are- 
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_. &refiduallline. Wherforeall the lines which are intreatedin this Theoremejand in the 
| fiue oth er which follow are the portions remayning of the greater partes of the whole. 
lines which wereintreated of in the 36.37.38.39.40.41. propofitiós, after the taking 
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In this propofition is fct forth the nature of the eight kinde of irrational lines’ 
. which is called a refiduall line the definition whereof by-thispropofitionisthus, . ~ 
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aet of A refiduall line is an irrational line which remayneth When from arationall lize genen,iseaken. 
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“0 TF from a-mediall line be taken away a-mediall line commemfurable in’ 
~~ power onely to the whole tine} and comprehending together with the whole 
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3. line a rationall fuperfictes:the vefidue ts anirrationall line , and is called a 
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totheswhaletine AB and comprehending t0ger cii N 


— i ara A D gaid an n 
thesswithstie dine, iA Ba rastonall fuperficies that is,let that which is comprehended under. 
the lines À B and B Cbe rational Then] {ay that the lineremayning,namely, A C ts irratio- ^ 
Demonftra- vallandis called a firft medial refiduall line. or foram ach as th elin es AB and BU 
tion. diall therefore alfo the [quares of the lines AB and BC are mediall.But that which is con- 
~ tayned vader the lines AB and BC twife is rationall. Wherefore that which is compofed 
vs diews of the fquares.of the lines AB and BC; thats, hat which is contayned vnder Ab and B 
"82-9 guile together with the {quare of the line'A C is incommenfurable tot hat whichis contained: 
"9 onder the lines 4B and B Ctwije Wherefore ( bythe fecond part the 16. of the tenth thas, 
> svhich és contayned under the lines: A-Band BC twife is smcommen[urable to the; [quare of - 
zbelinó A C. But that which 15 coptayued under the nes A Band Bc atmrfe T5 rational, : 
wherefore thefquare of the ine-A C és srrationall Wherefore alfo the line ACH irrational: ° 
and is called a firft mediall reſiduall line Tis ſix fi mediallrefidua JL lineis alfo, that par ; af 
the greater part of afirkt bimeidiall like yipbiehvemayntth after vbt takin, aney ofthe lfe 
part from the greater hherif'it hath alfo bis name, ands called a frp medtallrefidyalllines: 
which was required to be prouedaig sd os bmisnarie d 
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Outofthis propofition is taken the definition of the ninth kinde of irrationali 
lines, whichis called a firkrelid yallmediall. linethe difinition whereofis thus. 


, A fiefhvefideall weediall line isan inrationall line which remayneth » wher from ameatall ness 
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d^ Kec theline DE be rationall,vpón which apply the faperficies DE equall to that which is caora 
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of} Euclides Elementes.: Fol.284. 


ned ynder the lynes A Band B C-twife, andlet the fuperficies GEbee- , é . 
"qual to that wliich is compofed ofthe fquares ofthelynes A Band BC: — 4^ €. B  daobede- 


"Wherfore by the 7.of the fecond,the fuperfities FG is equal to the {quare monſtratiõ af~ 
tofthelyne A C.Andforafmuch às (by fuppofition) thefuperfiies E G 15 ter Campane, 


-mediall therfore(by the 22.of the tenth)thelyne D G is rationall comen- 
‘farable in power onely to the rational lyn¢ DE.And forafmuch as by fup- 
"pofition the fuperficies EHis rational, therfore by the 20.ofthe.tenth,the 
line D H is rational commenfurable in length vnto the rationall line DE. 
Wherfore thelynesD G and D H are rationall commenfarable in power . 
only (by theaflumpt put before the 13.0f this boke). Wherfore by the 73 
of this boke,the lyne G H isa refiduall lyne, and is therefore irrationall. 
Wherfore (by the corollary of the 21. of this boke) the fuperficies F G is 
irrational.,And therfore the line A C which cétayneth icin power 1s 1rra~ 
tionall,and is called a firft medial refiduall lyne. — * 


sos og Fhesr.Theoreme Tbe os. Propofition. +: 





wn Lf from.amediall ne be taken away.a-mediall lyne commen[urable in 
` power only to the whole lyne,and comprehending together with the whole 
lyne a mediall [uperficies,tbe vefidue 1s an irrattonall lyne , and is called a 
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SERA V ppofe that AB be a mediall line,and.fromA B take away a mediall line CB 
AD) commenfurable in power onely to the whole lined B,.and comprenending toge- > i. a. 
DOOR ther with the wholeline-A Ba mediall{uperficies namely, the parallelogramme Coy fruition: 





contained under thelines ABandBC:Then to - oeg E T 
fay that the refidue;namely,the line ACisirrationallandis. Ao Be "4 
called a fecond seediall vefiduall lime 1-ake a vationall lime: D Qe n 
Land (by the ga.of thefirft) wntothe line D T'applythe pa. P——— 87 
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rallelogramme D E equalltothe{quares of the lines ABO... Demonſira- 
B Cymd making in bredtb. the line D.G. And vato tbe[ame - .. tion, 





line D'I apply the parallelogramme:D‘H equallto that which pe Oe all ee 
is cotained under the lines A B eB Ctwife, and makyng in: — — 
breadth t he line D F. Nowthe parallelogramme DH 4s leffe T Hincrü mun — OE, 
then the parallelugramme D E,for that allo the quare of'the lines A B and B C are greater 
then that which is contained vader the lines AB and B C twife, PERRA 
C by the 7 of the fecond. Wher fore the parallel ogramme rema YHINE; namelj;F Eyisequal te 
the fquare.of the line-A.C: And forafinuch as the HT the lines A B And B.C ave medi. 
“ibtherforeSfotbaaralelegramme D Eis iedidlsands ippled f We rebel e D 
‘Tmaking in, breath the line D.G:Wherfare (by the 22.0f the tenth the line D.G is rational 
and incommen|trable in length to the line D 1.Againe fora{much as that which is contai- 
‘ned onder He lines 4B nd BC i medial before allo that which iscomtained under se 
lines AB and BC twife ismediall,but that which is contained under the lines. A B and BC s. 
stwife'is equalliotheparallelocrammeé DH Wher fore the parallelogramme DH i medial : b — I 
“and is applied to the rationail line D'T making in bréadth the line D F Wherfore the line D- 
F is rationall and incommen|wrable in length to the üne DI. And foralmuch asthe lines A 
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B and B C are comen[urable impomex üpely therforethe line AB is incomme/urablein legth 


to the line BC Wherfore (by the alfumpt going before the 22. of the tenth, and by the 10. of 
the tenth the fyuare of the line AB is incommen furable to that which is contained under 
he lines A Band B C.But uatothe fanare of the line 4B are commien{urable the (quares 
Of Band BC. (by thers of the-tepth)_ And unto shatwhichis contained under. the lines 


à AB 


Pa | T he tenth Booke — t 


oh 2. ABandBCis comms furable tothat whichis contained under the lines AB and B C ^tmife. 
oam o 0 Wherfore tbe [quares of tbelines A B and B C aresncommen[urable to that which is contat- 
co t ged under the lines AB and B C twife.But unto the fqnares of the lines A B and B C is equal 
the parallelograme D E,and to that whichis cotained under the lines A Band BC twife, is 
equall the parallelogramme D H. Wherefore the parallelograme D E ts inc omefurable to the 
garallelogramme D H.But as the parallelogramme DE 1s to the 2 parallelogramume DH ape 
the line G Dito the line D FWherfore the line GD is incom. ae anne 
menfurablein légth to the line D F. And either of th?.is rae wy: 

tonal, Wherfore the linesG D and-D-F are rationall com- 
menfurable in power onely. Wherforethe line F Gis a refidu- ... z 

all line (by the 73 propofition of the tenth) Andtheline D 

Eis avationalilive.But a fuperficies comprehended undir a 

rationallline,and an irrationall lineisirrationall (by the 21 

of the tenth and the Lnewhich containeth in power the fame | 

Juperficies-is in ationall (by the affumpt going before tbe — 
ji ime) We Ure tpe parallelogy aire FE isirratiovall: But the m A " — D—— in power 
2e parallelocra veilt FE. wher fore ihe line A Gisan irrational! line ànd is called a fecond 
wnedjall refiduall iige „And this fecond mediall refiduall lineis that part of the greater part of 
a bimediall line which ecu after the taking away of the loft € part yrom the greater: 

which was required to be proued. 












cD aie uaa Some "Am other demoniirtion mote briefe after. Campant SES Mdb 
<An ether dee EE E Ya * be a medial! line , E which take away. theme- ` J a > * | * J 
wrontraiios | «dall. line Gis SCOR: Ailénfurable:whto-the whole line 4 Bin power-onely' A Ec mee ao E 
ro and contayni inz with ita mediall faperficies, namely, thatwhichiscone |^. oc — 
after ent tayned vnder the lines 4B and BG.Then I fay thattherefidue 4 Gisan | $ P i 
pese: irrational lineaadis called’a {cond mediail refidnall line’, Takeafatio- ~ 1 We l E- 
pallline DC , vpou which apply a parallelogramme equali t tothat which ^| ^^^ atado By 
is compofed of | oft hë fquares of the lincs Band 8G,which by the 45. o£. AA ba Gy OF 
cea che firttlerbe DC Es. Agayne let the parallelogramme we FE tbe equally © | k pinoa es 
iia d ~ to that which is conrayned vader the lines AB and B.Gtwife. Wherfore , s fasc a 
S733 the fuperficies remaining D F is equakto'the fquare of the line 4G by the ' AA 


- 7 of thefecond . ( {For that whichis contayhed vnder theilines d band ` 
BG twiíe together" with the {quare oft theline 4G is equall to th. at which 
is compofed of the fquares ofthe lines A Band B G ) , Andforafmüch as y 
the fquares ofthe lines 4 5 and 7 G'are'mediall , for that theyre deferi- » }-- ~ >> 
bed of mediahlines:theparllelogrameD £, which is equal ynte thé, hall =~ 
alfo beniediall. And forafmuch as that which is cótained vnder.the lines .. 
4 Band BS is By füppofition mediall; therfore the fiiperficies ; aa iha E = e 
is doubiexnfo it isaltomediall:Bue. elie vwediall fuperficies.D Ë excedeth ` EROS MW QU Y o9 
^ notth& mediall'fuperficies Z E byarational füperficies(iby, the 26.0f this booke). Wherfare the exceffe, 
namely, the etu; erfici iges D F is irratiohall,vnto which the {quare of the lined Gis equall: wliereforé. the 
ſquare of theline AGIS irrational, dud therefore the line a G which contayneth i itin kaii is irratio- 
smal by, the sp Pt pur beforethes ii fd this VIC called a fecond mediall refi tual line, p 
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d dr fron. a right line be “taken away 4 — line: k in power 

tothe whole, and if: that which is madeof the {quares.of the whole line and 

y; n» the line taken awaj.added together be rationall, arid the parallelograime 
Ex colæ 





of Euchdes Elementes. Fol.285. 
contained bnder the fame lines mediall: the lineremayüing is iyrationall, 


aud is called a leffehne. 





— — 


j Vppofe that AB bea right line, and from the right line A B take away aright 

A, 2 line BC ipcommen[ura ble in power tothe whole line,namely,to A B,and let that 

‘= | which is compofed of the (quares of the lines AB and BC be rationall, and let 
uae the parallelogramme contayned under the fame lines ABand BC be mediall. 

Then I [ay that the line vemayning, namely, the 

line A C is irrationall , c is calledalefeline.For 
ora{much asthat which is copofed of tbe [quares KA c mdi Demonstra- 

ofthe lines AB and BC is rationall, andthat . . | tiou. 

which is contayned under the lines AB and BC twife is mediall, therefore that which is 

compofed of the {quares of the lines A Band BC is incommenfurable to that whichis con- 

tained under the lines AB and BC twife. Wherefore the [quares of the lines AB and BC, 

are incomen{urable to the {quare of A C,as it was faid in the 7 3.Propofition . But that which 

is made of the [quares of the lines A B and B Cis rationall .Wherefore the f auare of the line 

A C is irrationall-wherefüre al[o the ine A C is irrationall : and is called a leffe line. And is 

therefore fo called, for that it is that portio of the greater part of a greater line,which remai- 

neth after the taking away of the lefe part fro the greater : which was required to be proued. 













In thys Propofition is contayned the definition of the eleuenth kinde of irratio- 

nall lines, which is called a leffe line, whofe definition is thus. i 
eA lefe lineisan irrationali line Which remaynetb, Whe from a right line is taken away A right s — 
Iine incommenſurable in power to the whole, and the ſquare ofthe whole line, & the Square of the part Diffinetion of 


taken away added together, make avationall faperficies, and the parallelogramme cont ayned of them the eleneth its 
3s mediall sh rational lines 


/ 


This Propofition may after Campanes way be demonftrated, ifyou remember well the order & po- 
fitions which he in the three former Propofitions vfedi^ : «<>, | - 


q The s9.Theoreme. ` ` The 77. Propofition. 


If from aright line he taken away a right line. incommen{urable in power 
to the whole line ,and if that which 1s made of the_fquares of the hole 
line and of the line taken Away added to get her be mediall , and the paral- 

- lelogramme contained vnder the fame lines rationall : the line remainin 
_ tssrrationall, andis called a line making swith a rationall Juperficies the 
whole [uperficies medial. = UC E wed | 
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| ppofe that A B be aright line, aud from theright line AB take away a right 

^ line B C incommen[urable iu powerto the whole line AB, and let that which is 

made of the {quares of the lines A B, and B Cadded together,be mediall, and the 
SNE) parallelogramme contained under the fame lines rationall Then I ſay, that the 

line remayning, namely, tbe line A Cyzsirratio- ^ 0 03-07 

nall, and is called a line making with. a vationall - ^ +—-_— 

feperficies the whole fuperficies mediall . For for- ~ 

a[erucb, as, that which is made of the fguaresof 

the lines AB and BC added together 1s mediall,and that which is contained vader the lines 

4 >= ABand 
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The tenth Booked 


4B and B C twife is xationall, therefore thatwhich is gmade of tbe [quares ofthe lines AB 
and BC added together, is incommenfurable to that which is contained under the lines AB 
and BC twife . Wherefore (by the 16.0f the tenth) the refidue,namely, the [quare of the line 
AC is incammenfurable to that which is contained under the lines AB and BC twife.But 
that which is contained under the lines A B and B C twife ss vationall. Wherfore the quare 
of the line AC is ivrationall. Wherefore alfo the line A C is irrationall : amd is called a line 
making with a rationall fuperficies tbe whole fu- 
perficies mediall : andis therfore fo called for that + : 
that which is made of the fquares ofthe lines A B 

and B C added together ts medially is a certaine | 
mbole fuperfrcies, part vobereof ts that which is contained vnuder the lines A B c» B C which’ 
is a vationall {uperficies.. For tbe (quares of the lines AB and BC, ave equall to that which: 
is contained vader the lines AB and B Ctivile; and to the {quare of the line AC (by the 7.0f 
the fecoad ) . Orit is therefore fo called for that the [quare thereof. added to a rationallfu- 
perficies, maketh the whole fuperficiesmediall, as [hall be proued bythe 109. Propofition of’ 
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this booke : which was required to be proxed 3 
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In this Propofition isdeclared the nature of the twelueth kind ofirrationall lines, 
which iscalled a line making with a rationali fuperficies the whole fuperficies mediall, 
whofe definition is thus. à d | | 

Diffinition of ed line mang Win a ratiovall fuperficies the Whole fuperpicies meciall, is arn irrational line 

tbe tipe'ueio jp Wich rem sinetb, wb frà avight lusedetaken away avigbt line incomenfuravle in power to the Whole. 

raHühall liue, 70 74 tbe fquare of the Whole line có tbe [quare of tbe part taken a\vay added together make ames 
diall faperficres,and the parsilelogramme contained of thems rationall. | 


z 
we 


This Propofition alfo may after Campanes Way be demonftrated jobferuing the former caution. 
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q The 6o. I beoreme. The 78. Propofition. 
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If from a rigbt line be faken away a vigbt Ime imcommen[urable in power. 
to the whole line , and if that. which is made of tbe {quares of the whole 
line and of thevine taken away added together be medial and tbe parallelo 
cramme coutayned vuder,the fame lines be alfo medial , and incommene 

mE. A rore e ant teas Ce eee ae NE í 
` farableto that lich is made'of tbe [quares of. tbe fayd lines added togee 
- Crhertthe line remaynin is irdtiohall , andis'called a line making With a 
medialt fuperficies the whole fuperficiesmediall. " 
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af the lines AB and B.C added together be. wi 
mediall,aud let tbe parallelograme contayned 

vider the lines B B and B C be alfo medial, 
exd let that which is made of the (quares of 
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the lines ATs and BC added together bein- ; = OF. = 
 commenfurable to that which is contaynea 1 E EO, Pa - 
onder the lines ABandB C. The 1 fay that the line remayning, namely; theline A G is 
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of Euchaés Elemente. Fol.ago. 


iprationall and is tailed a line making with amediall fuperfictes the wisele f uperfities metial, 
Take a rationali tine D 1. And(by the.gg.af the first) unto the line D-1. applythe parallelos 
gramme DE equallto that which 1s made of the {quares of the lines A Band B Cadded te- 
gether and making in treadth the lineD G. And unto the fame line D Y apply the paralle- 
lagramme D Hi egual to that whichis contayned under the lines AB ava B C tmife and. 
making in breadth the line LD E Wherefore the parallelogramme remayning, namely the pax 
vallelperatome Y ©,2s equall tothefquare of the line AC. Wherefore the line AC contay- 
neth in power the parallelograme UE. And foralmuch as that which is made of the fanares 
of the lines À Bazd BC added together is mediall, and is equallto the paralicloeramme 
D E, therefore aljo the parallelogramme D Eis mediall. And the paralleloerannmoe D Bis 
applyed to the rational line | making in breadth the line D G.Wherfore(by the 22.0f the 
tenth )the line D Gis rationall and incommen{urable in length to the line D1. Aeayne 
forafmuch as that which is contayned under the lines AB andB C twife is mediall and is 
equall to ibeparallelogrameme D Vi therefore the parallelogramme D Bis mediall. And the 

arallelograme D Hees applyed unio therationall line D l making in breadsh the line D V, 
wherefore the line D F is rationall and incemmenfurablein length to the linc D 1. And for- 
afmouch as that which is made of the {quares of the lines A Band BC added tocetber ss in- 
commenfurableto that which contained under the lines AB & BC tnife,therefere the pas 
rallelogramme D Eis incommen|urable to the parallelogramme DH . But as the parallelo- 
gramme D Eis to the parallelogramme DH;fof by the firft of the fixt)is the line G to the 
line D Eewherfore the line D Gis inconimen{uraklein length to the line D F. And they are 
both rationall lines Wherefore the lines D G and DF are rationall commenfurable in pow- 
er onely wherefore the line F G is arefiduall line by the 73. of this booke.But the line F His 
rationali for that it is equall unto thelizeDI1. Buta rectangle parallelogramme con tayned 
under arationall line ana an irrationall line is irrationall, and the line alfo that contayneth 
in power the fame parallelogramme is irrationall( by the 21.of the tenth) . But the line CN 
contayneth in power the parallelogramme F E. Wherefore the line A C is irvationall and is 
called a line making with a mediall fuperficies the whole {uperficies mediall . Andis therfore 
fo called for that that which ismade of the fquares of the lines A B and B C added together 
ts mediall, Cr is a certayne whole fuperficies part whereof is that which is cotayned under the 
fines AB.and B.C whichis alfo mediall:: you fhallal{o by the 110. propofition of this booke 
vnderſtand 4a ether canfe wby itis fo called. «0 E 


te 
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s -This propofition may.thus more briefely be demonftrated: forafmuch as that which is com pofed. 
ofthe fquares ofthe lines A B ánd B C is mediall, and that alfo which iscontayned vnder them ís me- 
diall;thereforé the parallelogrammes D E and D H which are equall vnto them are mediall : buta me- 
diall hiperficies exceedeth not a'mediall fuperficies by a rationall fuperficies. W herefore the 
VF E which is the exceffe of the mediall faperficies D E- aboue the mediall fuperficies D His 
And therefore the line A C which contayneth it in power is irrational. Gec. | -J 


Íuperficies 
irrational. 


^ 


t . 
— oa »* 9 4 4 t Ad * 


^7'Inthis propofitionis fhewed tlie conditióand nature oftliethirtenth and laftkinde 
ofirrationalllines ; whicliiscalled a liné making with a mediall {uperficies the whole 
fuperficies mediall,whofe definitionis thus. -- |^... ^ oci i 
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qi A dine making with a medial [uperficies the whole fuperficies mediall is an irrationall line which 
vemayneth When from a right line is taken away aright line incommen[urable in power to the Whole 
Jine, and the fauares of the whole line and of the line taken away added together make mediall 
LAperficies aiid the parallelogramme contayned of the is alfo: i medial fn perſicies, morcouer the ſquares 
of them ave Income füvable to tbe parallelogramme tontayned of them, < i . i. 
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— hers be fower quatities, & if the difference of thefirft to the fecond, be as the difference of t the. 
cm shird to the fourth then alternately a the —— dn the Ahs is te ike third, i isthe. difire of 
—— the ſecond to Tw 


SEHE bs- 3 m . a an 
 Thisi; is to be vn Jerftand of quátities in "a m" referred the one to the other,that i$ if the frit be 
An ARampe greater then the fecond,the third ought to begreater then the fourth and if the firft be lefe then the fe- + 
of Campane. cond,the third ought to be leffe then the fourth: andis alfo to be vnderftand in arithmeticiall propor- . 
L Dee, tionality. As for. example let the difference of a be ynto z asthe difference of c isto p . Then I fay that. 
Though Cam- as the difference of ais to C,fo isthe difference of» to p. For (by this common n fétence;the difference” 







o of the extreamesis compofed of the differences ‘of the ex- - I FR 

P es Er treames to the meanes);the difference.of 4.to.c is compo- [20 m LN, 
Etrue yete fed of the difference of Ato s and ofthedifferenceofa to —.. «Í 7t 6 
manerofde= — c. And (by the fame common fentence } the difference: of . Lo d Pa MS 3 
monſirating s to D iscompofed ofthe difference ofs to c and of rhe: - -a — — — 2 
it,(uarvowly difference of c to p-. And foraſmuch as ( by fuppofi ition) - 2n § FS omg) aes 
confidered)is the difference of Ato» isas the differénce of € to'p and. - Jon wTTwT- Y "5 
tot artificiall. the difference of s to c is common to them both. Where- d a" JA bes. T. 
fore it followeth,that as the difference of a is to'¢,fois the |” nA I "apo AP PP 

difference ofs to n: — was required to be prouéd. SAREE a a ha ume ori 
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Vntoa rofidual line can be fo 'oyned, one onel ely right Lyne r sional, and conin 

men rabie t in n power onely to the ‘whole | gine.” art d AMA 

| v7 F 34 PIA A BU 

Second Sena- PTAS Et A Ba refi duall liae, B2 vito it let the line BC 3 fi —* to be ia ined fo 
1y. TR ne) that let thelines AC and B C be rational commen ifurable tn porer onelj- Them 


= gt E fay tt thata Anto theline AB canizat be ioyned: any other rationall line’ doptiren fura 
Demonfirati- | ~~" 1r ble i ? possi dpely tothe whole. linc. Far df? it be pa s ui. B D be pot 4 * * 
v a d: ud unto it. Wherfore ethelines’ AD and DB j yk ack 3 
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thè lines A D dnd D B do exceede that whith ai 
ds thathined onder thelines A D and DE rif, fi Wo» alfo do the Squares of t; the lines A é 
and C B exceede that vobich is contained under the lines AC and CB twifexfor the exceffeor 
echeis one aind the [ame,namely the [quare of the line AB (by the 7. ofi the fecond.) Wher- 

fore alternately (by the former a[fumptofec Campanus). how much the fquares of the lines.A 
D-andD B doexcesile the fandres ofthe lines AC & CB fo. much alfo excedeth that M 
“Fs toñ ptaynel- under, the lines AD‘ ind. D B rife’ y thai which i contained. Under. the 
hues AC and CB hife „But that which. A made. of. the Jauares. of i the dines AD "and 
D B added together , exceedeth Lat which is made of the [quares of the lynes A C and 
CB added together — by rationall [upexficies (for they are either of therm rational)..W here- 
fore that which is contained -under.'the lines:AD. ahd/ DB tivife cexceedetbothat which 
is contained vnder the lines A C and C B twifë byarationall fiperficies!! Butthat whichis 
contained under the lines A D and D B twifé, 1s mediall, for tt ts commenfurable to that 
io; bib js contained "der the Bier 3 D ina D B once, which f uper cies d ij ‘medial d (by 
asiatt Ae 2r 0U the tenth and. 5i the fame reafan alfe aljothatwhich is contained vader the —— AC 
cava “lk dm rade C Bimifeds udial, Wherfore a 4 1 mediall [uperficies a di ifereth froma 4 mediall fupedieies 
aUo Pyafationall fi sper fici cies which(by the, TED ‘the senth)is inspoffible. Wherfore 2 unto thè lyng 
A 5 cannot be io; J sed amy other rationall line be[ides B C commen[urable ta power. onely, to 
tbe whole line Wherfore vnto a refiduallline cam be ioyned one onely right line rationall and 

£5; wmenjurasies in power onely to the whole nE “which was d to be Mii i 7A 
«v — d q Th e 





of €uclidés Elementes. Fol.287. 
$T Deóz. T beoreme. T'hbeso.Propoftton| ^ ——— 
Vato a firft medial refiduall line can be ioyned one onely mediall right lyne, 
commenfurabie in power onely to the Whole lyne and comprehendyng wyth 
the whole ne a rationall fuperfrcies. . 







Vane V ppofe that AB bea first medial refiduall line, & unto A B joyne tbe lyne B C, fo. 
us that let the lynes AC and BC be mediall cummenſurable in power onely,c let that 
Worse. which es contained under the lines AC and B.C berationall. Then I fay that vito 
the lyne A Bcanusi beioyned any other medial line commenfurablein power onely to the 
whole lyne,and comprehending together with the whole lyne arationall [uper ficies. For if it 
be poffeble let the lize B D be fuch 4 line.Wherf ore the Lyzes A D and D Bare mediall com- 
men{urable in power onely and that whichis con~ '— 
tayned under ihe lines A.D and D Bis rational. . | v o8 — 
And foraſmuch as how muchthe ſquares o the— — 
bynes AD and D B exceede that which is contay- 
ned vader the lynes A D and DB twife,fo much alfa exceede the quaes of tbe lynes A C cb 
BC, that which 1s contayned under the lynes A C and C B twife( for the cxceffe of eche is one 
and the fame, namely, the (quare of the line A B).Wherfore alternately (as it was fayd in the 
former propofitisn how much the [quares of the lynes A D and D Bexceede the {quares of 
the lines A C and C B,fo much alfo that which is contained under the lines CA D and DB 
twife,excedeth that which is contained under the lines AC and C B twife.But that which is 
contained vander the lines A D and D B twife,excedeth that which is contained under the 
lines AC and C B tivife by a rationall fuperficies, for they are either of them a rationall [u- 
perficies. Wherfore that which is made of the [quares of tbe lines A D cl» D B. excedeth that 
which is made of the {quares of the lines 4 C. e? C B b) a rationall (uperficies which (by tbe 


t 


26.0f the tenth) is impaffible.F or they are either of thene mediall (for thofe foure lines were 


put to be medtall.) Wherfore vato a frf mediall refiduall line can be ioyned onely one right 
mediall line commenſurable in power onely to the whole line,.and comprehending with the 
whole line a rational {uperficies : which was required to be proued. 


q I be 65. T beoreme. —— The 81. Propoſition. 


Vnto a fecond mediall refiduall line can be-ioyned onely one mediall right 
line, commenfurable in power onely to the whole line, and comprehending 
with the whole line a mediall fuperficies. 






beeid Vppofethat AB be afecodmediallre 4 





y: — u^ B "S xb 
ASS“ dual line, vanto the line A Bioyge = 
Z the line BC, fo that let the lines AC - — * E 


and C B be mediall comenfurable in power one- 
ly ind let that which is comprehended under 
the lines AC-and CB be mediall . Then I fay, 
that unto the line A B can not be ioyned any o- 
Mer mediallyight lige comen[urable in power 
onely to the whole line, and comprehending to- 
gether with the whole line a mediall fuperficies. . | 
For if it ve pofsible, let the line BD befucha | ` 
line .Wherefore the lines A D d» D B are me- 

diallcommenfarable in power onely,andthat FO, — 
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_furable to that which is contained under the 


eR 7 betentb Booke....— — 
which 1s contained under the lines. AD and DB is allo mediall . Take a rationali 
‘dine EF . Aud ( by the 44. of the firft ) unto the line EF apply the parallelogramme- 
EG equall to tbe {quares of the lines AC and CB, and making in breadth the line 
E CM « and from that parallelogramme EG take away the parallelogramme HG e- 
quall to that which is contained under AC and CB twife , and making in breadth 
the line H AM. Wherefore the parallelogramme remayning., namely, E L, is ( by the 
7-of tbe fecond) equallto the [quare ofthe line AB. Wherefore the line AB containeth in 
power the parallelograme E L . Againe; unto the line E F apply (by the 44.0f the firf) the 
parallelogramine E 1 equallto the {quares of the lincs A D and D Band making in breadth 
the line EN. But the fquares of the lines AD and DB are equall to that which is contai- 
ned vader the lines A D and D Btwife, and tothe fquare of the line AB. Wherefore the 
parallelogramme E I is egnallto that which is contained under the lines A D & D B twi[e, 
and to the fquare of the line, AB . But the parallelogramme E L is equallto the fauare of the 
line AB. Wherefore the parallelogramme remaining, namely, HT, 1s equall to that which is 
contained under the lines A D and D B twife . Ahd forafmuch ás the lines AC and C B åre 
zediall ,therefore the fquares alfo of the lines AC and C B are mediall : and they are equal 
to the parallelogramnse EG : wherefore the parallelogramme EG is (by that which was fho- 
keit ia tbe 75. P'ropofition) mediall : and it 15 applied unto the rationall line E F, making ith 
breadth the line EM . Wherefore (by the 22. of the tenth) the line EM is rationall, and 
incommen[urableinlength to the line EF . Againe, forafmuch as that which is contayned 
under the lines AC and C Bis mediall, therefore (by the Corollary of the 23. of the tenth) 
that whith ts contained under the lines AC and CB twife is alfo mediall : ‘and it is equall 
to the parallelogramme H G : wherefore alfo the parallelogramme H G is mediall „andis ap- 
phyedto the rationall line E F, making in breadth the line H M. Wherefore (by the '22 of 
the tenth) the line H M is ratioxall, and incommen[urable in length to the line EF. Aad 
forafinuch asthe lines AC and C B are commenfurablein power onely therefore the line AC 
98 incommen{urable in length to theline C B. But as the line AC is to the line C B, fo (by the 
Affiempt going before ihe 22.0f the tenth ) isthe {quare of the line AC to that which is con- 
tayned Under the lines A C d CB . Wherefore ( by the 10.0f the tenth) the [quare of the line 
AC isincommenfurableto that which is con- — —X— , | — 





tained vnder the lines AC andCB..Butunto <A Boy ee 
the fauare of the line AC are commenfurable E > 
the fquares of AC & CB,andvuntothatwhich Es - H M NN 


as contained under the lines AC and C B,ss. 
commenfurable that which is contained under 
the lines AC and CB twife . Wherefore the - 
fquares of the lines AC @ C B are incommen- 


lines AC and GC B twife . But unto the fquares 
of the lines 4 C and C B. isequall tbe paralleloz ^ 

gramme EG, And unto that which is contai- 
ned under the lines AC cy C B twife,is equall 
the parallelogramme GH . Wherefore the pa- | Du 
vallelagramme E G is incommien[urable to tbe parallelogramme H G . But asthe parallelo- 
gramme E G isto the parallelogrmme H G.fo ts the line E M to tbe line H M. Wherefore the 
line E M isincommenfurable in length to theline HM. And they are both. rationall lines. 
Wherefore the lires EM and M H are rationall commenfurablein power onely . Wherefore 
the line EH isa refiduattline , aud vntoit is ioyned a rationall line il M.commenfurable in 
- power onely to the whole line EM. In like fort alfo majit be proned, that unto the line EH 
as ioyned the line H N , being alfo rationall, and commenfurable in power onely-to the E 
p ine 
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of Euclides Elementes. Fol.288. 


line EN’. Wherefore unto arefiduall line isioyned more then one enely line commenſura- | 
"Ulein paweronely totbe whole line : which (by the 7 pof thetenth) is a Wherefore £ 
«unto a fecand mediall refiduall line can be joyned onely one mediall righ t line commenſura- 
ble in power onely totbe whale line, and comprehending with the whole line a mediall ſuper- 
ſicies: which was required to be demonſtrated. zw 
eo s 17 eT be 64. I beoreme, - The 82.Propofition. 
toc UFntoa leffe line can be ioyned onely one right line incommenfurable in 
oxer tothe whole bine, and making together "with tbe whole [ne that 
which is made of their [quares added together rational and that which is. 


. é s 


ins contayned ‘ynder them medial. ee twn 







(Tw = ; Z Fppofc that AB bea leffeline,and to AB ioyne the line B C, fo thatlet BC be 
{l E fach aline asisrequired in the Theoreme.Wherfore the lines AC and CB are 

Ye incomen|urable in power,haning that whichis made of the {quares of them añ- 
[ESS ded together rationall,and that which is contained under them mediall. Then 
Lay that unto A B cannot beiayned any other <9. > 





| f uch right line.F or if it be poffible, let the tyne Vn "us "n p - Demonfira- 
B.D be fuchaline Wherfore the lines AD de. t ion leading t9 
DB are incommenfurable in power, haning | | an ab[urditie, 


that which is made of the {quares of them added together,rationall, and that which is con- 

tained under thera mediall: And for that how much the fquares ofthe lines A D and DB 

excede the fquares of the lines AC and C B,forsuch that which is contained under the lines 
AD and DB twife,excedeth that whith is contained under the lines A CandCB twife( by 
. thofe things which were [puken inibe 7 p-propofition) But that which is made of the fquares 
“of the lines: AD and D B added together excedeth that which is made of the {quares of the 
“dines AC and C B.added together by à rational fuperficies for they are either of them ratio- 
wall by fuppofition Wherfore that which is contained under the lines AD and D B-twi oe 
excedéth that which is contained under the lines AC and CB twife by a rational fuperfi- 
cies:which (by the 26 1 the tenth) isimpofjiblé for either of them is mediali by ſuppoſition. 
Wherfore vito aleffeline can be ioyned onely one right line incommenfurable in power to 
the whole line,and making together with the whole line that which is made of their fquares 
udded together rationall,and that whichis contained under them mediall which was re. 
duired to le demonſtratea. 1 | | 
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Vnto a line making with a rational fuperficies tbe "whole fuperficies mee 
diall,can be ioyned onely one right lynetucomienfurable in power to the 
Whole lyne and making together withtheswhole line that which is made 
of their fquares added | 


eU together medial and that which is contained ynder 
them rationall, "nid | 
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NOE Poft tbat 4 B be a line making with arationall (uperficies the whole fuperficies 

: iC id ediall,and vato it let thetineB C be ioyned, Jo that let B C be fuch a line as isre- 

EASON quired in the T heovense.Wherfore tbe lines A C and C B are incommenfurable in 
- NN. power 
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leading toan 


empoffibiliáe, 


For if it be pofsible, let B D- be fuch a line. 


35 made of the e [quares of the lines AD and 
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pomer, haning that whichis madeof thefquares 520 soo oen 
af the lines A.C and C B added together redial! MP reca, St eee t 
and that which ts contained nder tbe lynes AC #7 | 
and C Brationall. Then 1 [ay that unto the lyne >. 

AB cannot be ioyned any other [uch line. For if it be poſſi bie let the line B D be fuch. 4 line, 
Wherfore the lines A D and D B are incommenfurable in power,hauing that which is made 
ofthe [quares of the lines AD and D:B.added together medtall,and that which is contained 
under the lines A D and D B rational. Now for that how much the fauares of thelines A 
D and D B exceede the fyuires of the lines.A Cand CB, fomuch that. which is contained 
wader the lines A.D and DB wife exceedeth that which is contayned under the lines 
AC and ae twife, by that which was fpoken in the 79. propofition. But that: whith 
is contained under the lines CAD and DB twife’, exceedeth that which i$ contained 
usder the lines AC and C B twife by a rationall (uperfictes for they are either of therin ratio- 
nall oy sep pofitia. Wherfore that whichis made of the {quares of the lines A D and D B ad- 
ded together, merid, th that which is wade of t thé fynares ofthe lines AC and CB addedsto- 
wether by a yationall j Juaperficies which by the 26 of the tenth, is impoſſi ible, or they Are either 
of them noediall by fappofition. Wherfore vntatbe line AB cannot be ioyned any other lyne 
hc Ges BC,wiaking that which is required inthe propofition. Wherfore vito a line making 
with arationall [uperficies the whole Superficies mediallcan beioyned onely one right line in- 
comenfurable in power ta tbe whole line,and making. together with the whole line that which 
is made of om eiy [quaves added together mediall, and that which is cotained under them» rá- 

tionalt: whic ch was Ir ok tobe — Ud mea cms niv — * 
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— Unto aline making With a niedial ine fe the wol — medial, 
— pan be ioyned onely one right line incommenfurable i in power to the whole 
<- dime ,and making together with the.whole line that which is ‘made of 
| then fquares. added together medial, and that-which is contained vnder 
_ them mediall, and moreoner making that which 4s made: of the Squares of 
«them added: —— Ena to that which tis contayned ne 
E Aer them. did dt | di s. 


A 


arpi: that A B bea line making s with a me ciall fi m the M7 ipo 
medialand unto it let the line B C be joyned, fo ig let BC be e fuch a line asis 
required i in the T heoreme . Wherefore the lines ACandCB are incommen|it- 
rable in power ,haning that which is made of the fi quares of the lines AC and 





* B added together? mediall, > that which a $ 
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made f tbe [quarés of the lines AC 
and CB is inconmuenfurable. to: hat 
which is contained under the: linexs A e 
and. e Then I fay: ; that unto. A i 
line AB can be inined zo other fuch line. 


Wherefore the lines A Dand DB arein- 
comenfirable in power, hauing that which 
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of Euclide; Elementen > Fol.289. 
DB added together mediall ; and abat.wolith i$ contained under the lines AD «|» 
and D B mediall, and suoreoger that which. is made ofthe fauares of the-tiness ADand | 
and DB added together 518 incommenfitrable: to^ that which 48 contained under the — 
lines LAD ana DB . Take a rationall line EF And (bythe 44. ofthe firft) nto. C onſiructien 
the lime EE apply the parallelogramme E G_equalltothe [quares of thelines AC and CB, e 
and making in.breadth the line EM : and from the parallelogramme E G take away thepas 
rallelogramme H G:equalltothat whichis contained underthe lines AC cy C B twife,and 
making th bveadth the line HM . Wherefore the réfidue namely, the [quare ofthe line AB 
is equallto the parallelogramme EL (by the 7.0f the fecond ) .Whereforethe line AB cora 
tayneth in power the parallelogramme EL. Againe ( by the g24.of the firft) unto the line 
E.F apply the parallelograrmme E I equallto the {quares of the lines A D and D B,asd ma: 
king tw breadth the line. EN, But the {quare of theline A B is equall tothe parallelograme 
E L . Wherefore the refidue namely, the parallelogramme H 1is equall to that which is con. " 
tained under the lines 4D and D B wife. And forafmuch as that which is smade of tbe D'erionifra- 
fquares of the lines AC and C Bis médtall, and is equalltotbe pavallelogramme E G, therc- —— 
Jure alſo the parallelogrammeæ EGiis mediall. And it is applied vnto thẽæ rationall line EI. i 
making in breaath the lige E M JWherefore (by the 22.0f thetenth) the line EM isvatio- 
“pall and incommenfurable in length tothe line EF . Avaine, forafinuch as that which is 
contained under the lines A Cand CB twife is mediall,and is equall to the parallelogramime 
HG. Wherefore the parallelogrammeH Gis mediall, which parallelogramme H G is appli 
ed tothe rationall line E F, makize in breadth the line H M Wherefore the lige H M is ra- 
tionall and incommenfurable in length tothe line E F. And forafmuchas the [quares of the 
lines AC and CB are inconmimenfurableto that whichis contained under the lines.A Cand 
C B twife, therefore the parallelogramime E G is incommenfurable to the parallelogramme 
HG. Wherefore the line EM.1s inconsmenfurable in length to theline MH, and they are 
both rationall . Wherefore the lines E Mand M.H are rational commenfurable in power 
- enel .Wherefore E H isa reftduall line . And the line ioyned vato itis HM . And in like 
‘fort may we prone, thatthe line E.H isarefiduall line, and that the live HN isieyned unto * . - 
| dt. Wher fone vnto arefiduall line is joyned Ime fundry lines, being eche commen 77 rablein mad 
"power onely.ta thewhole'line : which (by the 7.9.0f the tenth) is imposible. Wherefore vn- 
totheline AB cannot bewyned any other right line befides the line BC which fhail be 
inconzmen{urable in power to thewhole line, &-hane together with the whole line that-which 
45 made of their [quares added together mediall, and that which is contained under thens 
-medial and moreouer incommenfurable to that which is made of their fquares added toge- 
-ther . Wherefore vanto a line making with a mediall [uperficies the whole {uperficies mediall, 
can be ioyned onely oneright lineincommenfurablein power to the:whele line , and making 
together with the whole line that which is made’ of their [quares added together meaiall,and 
that mbich is contained vader them mediall, and moreouer making that whichis made of 
the \quares of them added tocether tneommen{urable to that whith is contained under the: 
wich wászéguired to Le prouéd.- 5.0 0. sl. | | 
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oS Keg) S of binomiall lvnes,there are 6. diners kindes, fo alfo of refiduall tynes 

AN 5 )¥ which are correfpondent vnto theniand depend of them (fora refiduali 

— {SS line is nothing’els (as was beforefaid) but that which remayneth whé the 

Af i AA A leffe part ofa binomiall line is taken from the greater part or name ther- 

LN EAN of, ) there are likewife fixe feuerall kindes. All which are knowne and con- 
NN ilij, — fidered 


Sixe kinder of 
teſiauall lines, 


Firſt difini- 
e$: 


Second difi- 
witch. 


Third d if ni- 
tion. 


all lyne. 


i T he tenth Booke : a^ 1 3 


(idered in comparifon to a rationallJihe fet forth & appointed, and thefe refiduallíne 
haue the felfe fame order of produ@ion thatthe binomials had’, For as thethree firft 
kindes of binomiall lines, namely,the firft,fecond, and third, were produced when the 
[quare of the greater part ofthe binomiall excedeth the fquare of the leffe part thereof 
by the fquare of aline commenfurable vnto it in length: fo in likewife, the firft three 
kindes of refiduall lines, namely, the firft, fecond, andthird, are produced, when the 
{quare of the whole namely, ofthat which is made of the refiduall line,and the line ioy- 
ned vnto it added together,excedcth the {quare of the lineioyned to the refiduall, by 
the (quare ofa lyne which is commenfurable vnto it in length. And as the three laft 
kindes of binomials,namely,the fourth, fifth,and fixth were produced when the {quare 
of the greater part excedeth the {quare.of the lefle, by the {quare of a line incommenfu- 
rable in length vnto it euen fo the three laft kyndés of refiduall lynes are produced whé 
the fquare of the whole excedeth the fquare of the lyne adioined, by the {quare of line 
incommenfurable ynto it in length. As ye may perceive by their definitions followings 


A firft refiduall line is, when tbe [quare of tbe whole excedeth the fquare 
of the lyne adioyned, by the fquare of a lyne commenfurable ynto it in legth, 
and alfo tbe whole is commenfurablein length to the rationall line firft fet. 


AsletA B bea ratio- — A A “B 
nall line, whofe partes 
are certaine, diftinct, & 
to beexpreffed by num- . 
ber. And let the refidual : 
lyne be C Dand let the Npn . bs 
line ioyned vnto it be E C;and letthé whole being compofed ofthe refiduall C D, and the line adioy- 
ned E C,be theline ED * let moreouer the fquare of the whole line E D, excede the fquare oftheline 
adioyned E C by the fquare of the line F,which line Fletbe commenfurable in length to the whole 
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‘Ayne ED,and let the whole line E D be alfo commenfurablein length to the rationall line A B: thenis. 


the refiduall lyne C D by this definition a firft refiduall line. 


A fecond refidual line is when tbe fauare of the ‘whole excedeth the quare 
of the line adioyned by the [quare of a line commen[urable*pnto it in légtb, 
"and alfo the line adioyned is commen|urable in length to the rationa Il bi. 


As fuppole thelineC D to be arefiduall, and let theline adioy- Sa qued — 
ned vnto it be E C, and the whole made of them both, let be the * ull M qiie, gv most ca 
line ED : & let the fyuare of E D the whole line excede the fquare a el 


ofthe lyne adioyned E C, by the {quare of the lyne F, and letthe 
]yne F be commenfurable in length to the whole lyne ED,moreo- | 
uer let the line adioyned E C be commenfurable in length to the à p veut cs 
rationallline A B:then by this definition,tlie refiduallline CD isafecond refiduallline, —... 


= 


Bi ee, 


A third refiduall line is when the [quare of tbe ‘whole excedeth the [quare 
of tbe lyne adioyned by tbe [quare of a line commenfurable vnto.t mn legth 
and neither the whole line nor the line adioyned is comenfurable in length 
to the rationall lyne. 


ea 


As(the former fuppofition ftanding)fuppofe that the fquare of the 
whole lyne E D exceede the fquare ofthelyne — ECby the p 
{quare of the lyne F, andletthe lyne F be commenfurable in length ¢——_&__ È 
to the whole lyne E C,. and letneither the wliole lync ED, northe iy my 49 ee 
line adioyned E C.be commenfurable in length to the rationali lyne 
A B,then by this definition the refiduall lyne C D asa third refidu- 
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of Euclides Elementes: , Fol2go. 
A fourth refiduall line is, vhen the fquare-of the whole lne excedeth the t py df. 


Jquare of tbe lyne adioyned by the [quare of a Lyne incommenfurable ‘ynto nition, 
it in length, and the whole Lyne is alfo commenftirable ih length to the rae 


tionall Lyne. 





Asthe refiduall lyne A ~ i Dran | A h, 
beyng as before C D,& PE | (hae & 
the ly beo HC or RUM LL Mr 


and the whole ED, let p ` ^. "SU 
theíquare ofthe whole — 'i——À—À—————————M——————— Án Éxia 

lyne ED exceede the ! EAS AB LS OM | s 
fquare of che line adioyned E;C by the fquare ofthe lyne F, and lee the lyne F be incommenfurable in 
Jength to the whole line E D,and let E D the whole line be commenfurable in length to the rationali 
lyne A B,thenis the refiduall line C D by this declaration:a fourth refidualllyne. _ - | 


i Nn a & 


A fineth refiduall line is "ben the [quare of. tbe whole lyne exceedetb the Fifth diffinks 
Square of the lyne adtoyned by the [quare of a lyne incommenfurable vnto tion, 

it in length, and the lyne adtoyned is commenfurable in length to the ras 

tonalllne. = — | | 
As the refiduall fihe beyng c D, thelyneadioyned E C, and 


the whole lyne E D, letthe fquare ófthe whole lyne'&;D exceede _ 
the fquare of thelineadioyned x c by the fquare of chelyne E, aud. Pt————————3—————— E 


Jet the line F be incommenturable in length to the whole lyne £ D; 
and letalfo s c chelyneadioyned becommenfurable in length to 
the rationall line a 2 then fhall the refiduall c p be by this defini- 
tion a fifth refidualllyne. | C | 


2 


- 


e 
— 


Aſiæth reſiduall line is vhen the ſquare oſthe whole line, exceedeth the 5:4 — 
"——— fquare of tbe line adioyned ,by tbe [quare of a line tncommen[urable*pnto it. tien. b 
mlength, and neither the whole line'nor the line adioyned is commenfus — — 
-rable in length to the rational line. _ | — 
As ſuppoſe the refiduall line to be c p, and the lyne adioyned to 

bez c,and the whole lyne compofed ofthem let be x n, and let the p C = p 

fquare ofthe whole lyne x » exceede the fquare oftbeline adioyned 

by the fquare of thelyne r,which line rlet be incommeníurable in. ! 

length to the wholelyne s » : moreouer let neitherthe whole lyne l 

p nor thelineádioyned x c, be comimenfurable in length to the 

rationall line a's then fhal! the refidualllyne c o beby this explica- 


. 9 -— Y - 


tion a fixt refiduall lyne;and the laft. 
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y The r9: Probleme. .. Lhe 25. Propofition, 
— T'ofindeout a firfl refiduallline..— 
TT Ake araticnall lineand let the fame be A, and unto it let the line BG be commen: Third Sena» 
ASST LF 7 MT hs X YT FT UN . 5 ‘ 

A — length Wherefore the line B G alſo is rationall. And take two [quare ry. i 
Assinuinbers D E andE E which let be fuch, that theexcefe ofthe greater namely, of Conſtruction- 
. DE 


2 


4 





Demouffra⸗ 
CGH, 


oan £0 T he tenth Poe — 


` 
DE, aboue the lefeE¥ (which. exceffe let bethe- 
number DF) be no {quare number (by the corollary a 
of the firfl affumpt of the 23 .of the tenth) Wherfore ~~ 
the number ED hath not to the number DF that S 
proportion that a [quare number hath to a [quare 
pumber (by tbe 24.0f the eigbt) . And as tbe number —| D, 
E D zs tothe number D V , folet tbefquare of tbe | 
line BG , be to tbe [quare of tbe line G C (bythe || D ....... F i.lssses. E 
corrollary of the fixt of the tenth)’. Wherefore the | ye 
Jf quare of theline B iis commée[urable ta the [quare of' tbe line G C : But tbe [quare of tbe 
line B G is rationall, wherefore alfothe {quare of the line G C isrationall. Wherefore the 
liue G C is alfo rationali: And forafmeuch asthe number ED hath not tothe number D F, 
that proportio that a{quare niiber hath toa f{quare nitber therfore neither allo hath ſquare 
of tbe line B G to the [quare of the line G C that proportion that a (quare number hath to 
a (quare number Wi herfore( by the 9 of the tenth the line B G is incommen{urablein length 
tothe line GC And they are both ¢ationall. Wherefore the lines BG and G © are rational 


_ cominenfurablein power onely Wherefore the line B Ciis arefiduall line 1 fay moreouer that 


it isa firfl refidnall line... For forafmmuch asthe [quareof. thé line B G 15 greater then tbe 
r guare of ihe lize G C (that it is greater it is manifest , for by Jeppofition. the fquareof the 
line BG is to the fquare of the line G C,as the greater number, namely,E D is to the num- 
ber 1) F unto the {quare of the lineBG let the fquares of the lines GC and H be equall. 
And for that as the nember D E is tothe number D F, fois the [quare of the line B G to the 
fquare of the line G C , therefore by conuer (ion of proportion ( by the corrollary of the 9 .of the 
fifihyas the number D Eis to the number EF , fo is the fquare * the line B G to the ſquare 
of tne line I. But the namber D E hath tothe number EE that proportion that a [auare 
number hath toa [quare number for either of them is a [quare number , wherefore alfo the 
fquare of tbe line 8 G Bath to tbe [quareof tbe line H. that proportion that a [quare nam- 
ber hath to a [quare number . Wherefore the line G B zscommen[urable in leneth to the line 
H: Wherefore the line GB ts in powermore then the line G C by the fauare ofa line com- 


| gpenfuralle in lezgth to theline G-B : and ihewholė line;namely,G B is conmenfurable in 


Coutiruction, 


Deno1ittira- 
uoi. 


length to the rationall line A Wherefore the lige B Cisa fuftrefidu all lin e. JW erefo ae e 
3s founde out a firft refiduallline:-which was required to be done. E 
- A5 i v.s ss t ma 


: q Lhe 20. Probleme. |. T'be86. Propofition. 
a t 5 cum 3 3: 1 m -— V : 
'«— Tofinde outa fecondrefiduall.ines © 020. 


l à 


LAbe a vationall line, and let the [ame be A, and unto it let the line GC be com- 
oi men urablein length. And take twofquare pumbers D E and E F,and let them 
N A be uch that the exceffe of the greater, namely, D'F5 be no quare number. And 
ALAS Vins the number D F is to thenumber D E fo let the [quare of the line G C be to the 
{quare of the line G B.Whergfore both the [quares are commen[u-.— 





rable. And forafmiich as theJquare of the line GG is vationall, ^ A 
therefore the (quare of the line BG is alfo rationall : Wherefore 








Alo tbe lige B G is rationall . And fora[much as the fquares of. the s ce i 
lines BG cx G C haue not that proportion the one to the other that ¥ 

4fquare number hath to a fquare number; therefore the lines B G TLL t 
And G C are incommen[urable in leneth, and they are both ratio- D ossa. RE are. E 
nali. Wherefore the lines B Gand G C are rationall commenfurae a 1 


ble 








of Euclides Filementess ` Fol.291. 


blein power only. Wherefire the line B Gis avefidaallline, Vay morcouer, that itita fe 
condrefiduatlinesE ox forafimuch asthe [quare of theline BG is greater the the quare of tbe: 
line G CG, yntathe{quare ofthe lise. B.G let the {quaresofthe lines CGH be equall. And 
for that as the number D Eis to theniber DP foisthelquare.of thelineG Bto the [quare 
of the line G C, therefore (by conuerfion of proportion kas the number D E isto the number . 
E F, fo is the {quare of the line BG tothe {quare of the line H But either of thefe numbers 
DEandEFisa fauaresusmber . Whereforethe line GB i$ cousmen[hrable 2 len eth to tbe 
line H . Whereforcibeline BG isimpaower suoretheuthe line G C, by the [quare of a line: 
commenfurabletntengtito the line BG : and thé-line GC that is ieyned-to the refidirall line- 
is commen{urable in length tothe rationall line.A. Wherefore the line BC is a fecond refi» 
duallline. Wherefore thereis found-outn fecondrefiduall line which was required to be. 
- 4 ET "um dE : Mt... 
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aT ey ikea rational line, &œ let tlie ſume le Ac and take threesaumbers E,B C, and Conktrntlions 
E y Dd GD, not hanjnatheone tothe other-that proportion that a [quare muber hath 

| o AN. Tes, 12 fr qaare numer sand ler thenymber, BE haue to the number BD, that. 

ve LAS, proportion that a quare number-hath toa fquare number. And let the num. 

er BC be greater then the number CD . And as the number E is to the num- 

ber B C, fo let tbe [quare of the line Abeto the [quare of. — 

the line F Gs and as thewiimber BC is-to the number * A- 


-6 









C D, fo let tbe [quare of tbe line F G beto tbe fquare of I x - E 

tbe line H G . Wherefore tbe [quare of tbe lige Mdseop Vo H ig 

zuen[urable to the [quare of tbe line F G . But the [quare : Demomſira- 
ofthe line A isvrattonalls:VRherefore'alfathe\guareof | a Su 0 

the lineE.G.isvationall : svberefaré tbe line-F-G. isalfg. s. ]l. -—— 
eationall. Aud foeafmsuch axtbe monber Ebathgétto, | E e NN -— 
pis jnmiber B 3Dat propaxtion.tbat-a-fquare number» ga 0017 

bath to a [quare number, therefore neither alfo. haththe»~ B v0. SD. OT 
Square of the ling A to the [huare of thelinesEGthat.. >. ERGY wo pers om s 

proportion ibat a [quare number hathto.a{quaye number. Whereforethe line Ais incom: 
enen[urablean length to theline F GixA gaine Forthatas the number B:C.is:to the number 

CD, fois the {quare of the line F Gto tbe quare of the line HG, therefore.the (quare of the 

line F G £s conmenfurable tothe {yuaxe of the line G: But the {quare of the line E-Gis ra: 

tionall. Wherefore alfo the {quare af the line. H' Gisvationall: Wherefore allo the line H G 

is rational. Avd for thatthe anumberB:G hath norte the number CD, that proportion that = we T 
a [quare member hath toa [quare number, thereforeneither alfahath thefguare of the line zeg 


Daratkofgsateofthe tineti Gs that proporttosthat a [quare niberhath to a [qrarenun: 
ber: Whereforetkè line EG ivditimmoenürablhde lehoth to the line HG: And they are both 
rational ki Dex efore thelinesP G cH -G are rational comenfurable iw power onely: Wher 
foccthe lacked iva refidualiline 3 fay moreoner;that itis athird vefiduall line For for 
that as théankeyE 18 tothe nierber:B C, foisthafguure of theline A toihe fauare-of the 
Une FG sanat ténpüriber BG isilotbe ntiabek CDÀ fois tbe [quare of the line FG 10 tbe 
Jfaware ofhé lina-tt- Gc tef me byequaliiieof proportion, astbe umler B isto thenum- 
bir C:D;, farsshefqsare of thetine ta the fquareoftheline EG >but the number E hath 
wokta therasevenC-Dthaspeoportion that a [qdavednmber bathto afauare number ther 
AMO l fore 


Conſiruction. 


Denenflra- 
tios. 


40g 52 Thetenth Booke. 


fore neither alfo hath the [quare of the line A-to the fqnave of the line H G that proportion . 
that a [quare number hath to a{quare number , therefore the line A is incommenfurablein~ 
length to the line HG -Wherefore neither of the lines FG. and HG is commen[urable in.. 
length tothe rationallline A. And forafmuch asthe. ' / - 
{quare of the line FG is greaterthen thefquareofthe A, — 
line HG ( that theline F G isgreater then thelineHG | j 

it 5s manifefl, for by Juppofition the number B-C is grea- ki ia 2 

ter then the number C D Junto the {quare of the line, ~- E | 

FG letthe fquaresof the lines H G cv Kbe equall. And a 
for that as the nüber BC is to the number C D, ſo is the 
fauare of the line -F G. tà the [quare of tbe lin H G thera n: E reserse 

fore (by conuerfion of proportion) as the number B C is 

to the number B D, fois the [quare of the line F G to the B oae D aeaa’ C 

{quare of the line K. But the nuber BC hath tothe nwm ` | 

ber B D that proportion that a [quare number hath to a [quare number ` Wherefore thë 
fquare of tbe line F G hath tothe [quare of the line K that proportion that àfqaare number 
hath to a {auare number . Wherefore the line F G is conmenfurable in length to the line K. 
Wherefore the line F Gis in power more then the line H G, by the [quare of a line commen- 
furablein length to the line £ G, and neither of the lines FG and GH is commenfurable in 
length to the vationallline A : when yet notwithflanding either of the lines F GandG His 
pationall . Wherefore the line F Hisa third refiduallline. Wherefore there is found out a 

ird vefiduall line « which was required to be done. ^ 
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7 The 242. Probleme.. |a enl The 83. Propofition. 
~ Lo finde outa fourth refiduall line. ipie, V 


Ver pepe Rea rational line and let the. fame be A + and unto it let the line BG be: 
PAS T . comiep[urable in length: Wherefore the line BG ts rationall And take. 
A — two numbers D F and EE, and let them be fuch that the whole number: 
2i RENY namely,D E hane to ntither of the numbers DF. and BE that proportion: 
“~ that afauare number hath to a fquare ... | s 
number . And asthenumber D EistothenumberEF, ~ £ 
foletthefquare of the line BG beto the fquareof thei i 
bine: wherefore the fquare of the line B G is come ` LÁ 
spei [urable to tbe (quare of the [ine GC, whereforealfo |... Ht v | 
the fyuare of the ine G Crs rationall,and the line G 0E — wu | 
is Alfa rátióuall . And for. that the number DE hath not >> a) iat 
thé number EE that proportion that a.fquare number. Des... Fist cE 
hath toa (quare number therefore the line BG ts income cài osos A 
enenurable in length to the line GG». And they areboth rationall : wherefore the lineBC 
is refiduall line.I fay moreouer that itisafourth refiduall line. For fora{much as the fquare 
of theline BG is greater then the {quare'of-the line GC , vato the {quare of: the line BG 
let the favares of the lines © G and H.be-equall. And for that asthe number D.B\ is tothe, 
number EF, {ois the {qstare of the line B Gito the{quare of the line G Cy therefore by con 
uer[roz of proportion as tbe number DE; isto tbe pumber TE. fo is the fauareof 1he lint 
BG to the [quare of the liie M . But the numbers) Band DE hane-not the one to the 
other that porportion that a [quare nimber hath to a [ynare number Wherefore the line BG 
is e ry in length tothe inet s Wherefore the line BG- isin powermore P 
à BIE 


^J tO T o *. 






















of Euchiles Elementét«: Foli92. ^. 


the line G C by the (quare of aline incontmenfarablein. length tothe line BG» and the 
whole line BG 1s commenfurablein length to the rationall line A. Wherefore the lineB Q 


is. fourth refiduall line. Wherefore there is founde out a fourth refiduall line:which was res 
quired to be doone. pain 0 | 


> 


1 PEU 2j. (Probleme. y The 89, Propofition. 
. T'o finde out a fift refiduall lyne. | 


4 


Ake arational line and let the fame be A, and «sta it let tbe line CG ve 
Ly commenfuratle in length . Wherefore the lineCG is rationall. And take 






A A FEKA haue to neither of thefe numbers DE nor FE that proportion that 4 
61) SESS [quare number kath toa fquare number. Andas the number F E is to thë 
number D E, fo let the fanare of the line CG be to the | i 
Square of the line B G.Wherfore the fquare ofthelineCG A 
is comimenfurable tothe {quare of the ine B G. Wherefore ba. 
the [quare of tbe line B G isratiovall, and thelineBGis — ! La 
alo rational. But tive numbers D E apd E F haue not that E 
proportion tie one tothe other that a {quare number hath w 
to a fquare nuber Wherfore the lines B G and G C aveva- 
tionall commenſurableæ in power onely. Wherefore Ol ee LN D | 
B Cis arefiduall line. ‘I fay maoreouer that it'ts a fifè refi- | : 
‘duallline.F or forafinuch as the fquare of the line B Gis greater then the fauare of the line G 
` C,vnto the [quare of the line BG let the [quares of the lines G Cand H be equal. Now there 
fore for that as the number D Es to tle numler E F y fo is tbe [quare ofthe line B Gto tbe 





[quare of tbe line G Cytberfore by conuerfion of proportion, as the number D E isto the nit- 
ber D F fo is the [quare ofthe ze B G to the quare of the line Hi But the numbers D E qj 
` D F hane not that proportion the one to the other thata [quare number hath to a [quare 

number. Wherefore theline B G is incommenfurable in length to the line H.W herefore the 
line B Gis in power more then the line C G by the {quare of a line incomnmenfarable in légth 
‘tothe line B G,and the line C G which is ioyned to the refidual line is commelurable in lezth 
do tberationallline AV berfore thelize B Czsa fft refiduall line. Wherfore there is found 


* 


ut a fift refiduall line : which was required to be done. 


- Q The 24, Probleme: "T'be 90.Propofition. 
© Lo finde out a fixth refiduall line... 






| . HD TUM 
Ake arational line aud let the [ame be A. And 
KE take three numbers E, BC, and CD » not ha- 
4, uing the one to the other that proportion thata 


AS 





fauare number bath toa [quare number. And det. not : — — 
“the number B C haue to the number B D that proportiz s 
"en that a (quare number bathto a fquare number dnd — — 
‘Let the number BC be greater then the number.C D, 
as the number E is ta the number BC, fo fet the f'anare Een 
of the line A be to tbe [quare of the bne FG. Andas CG... 
thenumber BC isto the number C D, ſo let the ſquare 


— > 


Conftratlions 


X Demonilte- 
^. fiot. 


Confirnctions 


Demonſira- 
£198, 
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An other 
pore redie 
way 1 finde 
out the fixeve- 
Aduall lines. 
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of tie line F G beto the fqsiave of the line G H. Now therfore for that asthe number Eis tè 
the nuber BC, fois the {quare of the line A tothe {quare of the line F Gstherfore the ſquare 
of the line A is commen[urable to tbe [quare of tbe line F G-W herfore the fquare of the line 
F G isrationall, aud theline F Gis alfo rationall. And for that the number Ehath not te 
the number B C that proportion that a [quare number hath to a [quare number therfore the 
line Ais incomenenfurablein length to the line F G:Againe for that as the number B Cis te 
the number C D,fois the {quare of the line F G to the [quare of the line G H, therefore the 
{quare of the line F G is commenfurable to the {quare of thè line G H: But the[quare of the 
line F G is rationall,wherfore the {quare alfo of the line G His rationall, wherfore the line 
G His alfovationall And for that the number B.C hath not tothe number CD that propor- 
tion that a [quare number bath to a (quare number,therfore the line F Gis incommenfura- 


ble in length tothe line G H,and they are both rationall. Wherefore the lines F G and-G H 
ave rationall consmen{urable in power onely. Wherfore. . ^ rod e 
the lyze F H isa vefidualllige. I {ay moreouer thatitis. A 
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a fiect refiduall line.F er for that as the number. Eis tà 
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_. the number BC, fo isthe forare of the li eA tothe t—— s e a FÉ 
, [guare of the line FG, and ás thenumber B Gistothe 4. | | ae 


4 


m. 


gitber C D,fois the [quare of the line F G tothe {quare 
of the line G H, therefore by equalitie of proportion as T 
the number E 15 to tbe number C D, fo is tbe [quare of SAE. cares 

tbe line A to the {quae of the line GH. But the num- 

ber E hath notto the number C D that progortionthat C .e.seeeeee Dees B 
a f[qiare number hath foa [guare number, Wherefore Mess. 
the lins Ais incemmenfurable in length to the line G H, and neither of thefe lines F G wor 
GH is commenfirablein lexeth to the rationall line A. And forafmuch as the {quare of the 
line F G is greater then the [quareof the line G H, untothe{quare of the line FG let the 
the (quares of the lines G H and K beequall. Now therfore for that as the number BC is tò 
the number C D fo is the [quare of the line FG to the [quare ofthe line GH, therefore by 
coniserfion of proportion as the number B C is to tbe number B Do is tbe [quare of the line. 
F G to tbe {quare of the line K.But the number BC hath not tothe number B D that pro- 
portion that a {quare number hath to afyuare number, therfore the line F G is incommen- 
furable in length to the line K.Wherfore the line F G is in power more then the lyne G H by 
The [quare ofa line incommenfurable irlength tothe line F G, and neither of the lines E G 
hor GH is commenfurable in length to the rationall line A. Wherfore the line F H is a fixt 
refidual line Wherfore there is found out a fixt refiduall line: which was required to be done. 





T here is alfo'a certajne other vedier way to finde out enery one of the forfayd fixe refidu- 
All lines which is after this maner . Suppofe that it were required to finde outa first refiduall 
line.T ake a firft binomiall line A C, ep let the greater name 4 oy 
thereof be AB. And unto the line BC let the line B D £e 
equall. Wherefore the lines ABand BC, thatisthelines pp 
A Band BD arerationall commenf{urablein power onely, 
and the line A Bisin power more then'the lineB C, that is,then the line B D by the fauare 
ofa line commen[urable im length tothe'line AB. And the line A. is commen[urable in. 
length to the rationall line geuen.Fortheline A C ts put tobe afirft binomiall line Where- 
forethe line A D tsa firft refidual line. And tn like maner may ye finde out a fecond,a thira, 
a fourth,a fift,and a fixt refiduall line, if ye take for eche a binomiall line of the fame order. 
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~ the linesebicbeontayuetb in power that fuperficies is a veftduall line. = 
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V ppofe that there be a rectangle (uperficies A B contayned under a rationall line. Fourth Senge 
[AC anda firft refiduallline A-D-¥ hen Lfay that the line which contaynetl it ty 
‘power the fuperficies A Bis a refiduall line. For forafmuch as AD aff re- 
Sees 4 fiduall line,let the line ioyned unto it be D G (by the line wyned unto it vider. The fisft art 

fland fuce a lije 4$ | | ; Le ae of the Conte 
^ / ! E o. cursos prail. 
was (pokenof in the : L N79 

end of tbe, 79 . pro- 2 ni Ns TT 

pofition) Wherefore 

the lines A G and 
G D are rationali 
come/urable in pom. | 
er only, cr the whole 
line AG is comen- 
ferable in length to E eee m ECOL p“ i 
the rational! lize À ee AS REINS ARAN QF) gt 

ae gree ee A NE S A Og aes 

is in power sore then the line GD bythe (quare of a line commen[urable in length «nto. 

AG, by the definition of a fir? refiduall line, Deuide the. line GD into two equall partes in 

the poynt &. And vponthe line AG apply a parallelogramme equall to the quare of the line 

EG and wanting in figure by a (aure and let the fayd parallelogramme be that which is cd- 

tayned under the lines AP and EG.Wherefore the line AF is commenfurablein length to The firft part 
the line E G (bythe 17.0f the tenth) And by the poyntes E,¥ and G,draw vato theline AC of the demone 
D parallel ives EH, F Land G K. And make perfect the paralleligrime AK. And for- fir ation. 








X 





as much as. the line AF is commu [urable in length to the line EG, therefore alfo ihewhole 1 = 6 - 
line AG is commen[urable ia length to either of ihe lines AF. and Y G ( by the 15. of the A | 
tenth) But the line A Gis commenfurable in leneth totheline AC. Wherefore either of bs e 
theliges AY and E G is commenfurable in lengthto the line A C: But the line A C isra l 
inal wherefore either of the lines A F and F G is alfo rationall . Wherefore ( by the 15. Ü Nok 
the tenth ) either of the parallelogramines A land FK i alfo rational! . And forafieuch Me Shane F K 
the line D Ess commefurablein length to the line E G;therfore alfo tby the r5.0fthe tenth) concludedra- 
the line DG i tommenfurablë in length to eitberof the lines DE and E G~ But the line. tonal paralea 
D G isrationall wherefore either of the lines D Ednd E, G isrationall, andthe felfe fame Verme 
ie D'G is incomemenfurable in agih tothèliñe A C(by the definition of a'firfrefiduall 
line,or by the 13.of the tenth ) For the lige D Gis incemmenfurable in length to the line 
A G,which line AG is comenfiirableie length to the line A C:: wherfore either ofthe lines „ Note. 
DEavd EG 5 ratiezalland jiconinienfurable i neth to the line A C. Wherefore ( by DH and FR 
the 21.0f the tenth either of thefe parallelogrammes D H and EK is mediall Vato the pa- , "n Z 
vallelogramme A1 let the {quare LM be equall,and unto the parallelogramme FE K let the dial 
| fqpase N X beequall teme taken amy from tbe [qnare M jand bauine the angle LOM Second part of 
common to them both.(-And to doo this,there muſi be founde out the meane proportionall pe. the conflrue- 
awene the lines EL and EG . For the fquare of. tbesngane proportianallós equall 10. 1be pa." 
yallelogrammné comtayned under the lines Land FG. And from the line LO cut ofa line 
equallto thenstane proportionallfo fonnde out, and defcribe the [quare thereof ): Wherefore 
both the fquares L. Mand N X are about one and the felfe fame diameter ( by the 26. of the 
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fixtb)let their diameter be O R and defcribe the freuteas itis here fet forth è Now then for- 


a[much as tbe paralleloeramme contayned under tbe lines A F Y: G. is equalto the (quare 
of the line E.G, therefore(by the 17.0f the fixth) as the line AF is to the line E G., fo 15 tbe 
line E G to the line F G.But as the line AF is tothe line EG, fois the parallelogramme 
A Izo the parallelo- | | 
gramme EK. Agd : 

asthe lineEGista -> 
the line FG, fois. 

theparallelogramme 
E K to the parallelo: ` 


fore betwene the pa- 
grammes AT and 
E.K the parallels. 
gramme EK is the 
meane proportional. | : 7 
But (by the (econd part of the affumpt going Lefore the 54. of the tenth )Letwene the {quares 
LM and N X the parallelogramme M N és the meane proportionall. And unto the paral- 
lelogramme A l3s equall tbe (quare L M , and nto tbe pavalleloeramme F K is equall tbe 
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faeare N X by construction Wherefore the parallelogramme MN is equallto the parallelo- 


gramme K (by tbe 2. affumpt going before the 54. of the tenth) . But the par allelogramme 
E K és(by the firftof the fixth equall to the parallelogramme D H,and the parallelogramme 
M N 25(by the 43.0f the first) equall to the parallelogramme LX . Wherefore the whole pa- 
rallelogramme DK is equall tothe gnomonV T ZL (which enomon conjisteth of thofe pa: 
rallelogrammes by which ye fee in the figure pafeth a portion of a circle greater then afe- 
snicircle) and moreouer to the fquare N X : and the parallelogramme AK is equall to the 
{quares L. ManaN X by confiruction: aud 1t is now proned, that the parallelogramme DX. 
és equall to the gnomo VT L, and moreoner to the fquare N X.Wherfore therefidue name- 
ly the parallelogramme A Bis equall tothe {quareS Q-whichis the [cuare of the line LN. 
Wherefore the {quare of the line LIN is equallto the parallelogramine AB . Wherefore the 
line L N contayneth in power the parallelogramme A B.1 fay moreouer that the line LN is 
arefiduall line.F or fora{much as either of thefe parallelogrammes Al andF K is rationall, 
asit is before [ayd, therefore the {quares LM andN X which are equallunto them,thatis, 


the fauares of the lines LO and ON are rationall Wherefore the lines LO andO WN are 


alfv rationall. Agayne forafmuch as the parallelogramme DH that is LX is mediall, there- 
fore the parallelogramme LX is incommenfurableto the fyuare N X. Wherefore (ty the 1, 


— SIMA; - on SL ». Y UM "UM D$ : LT 
>. of the fixth,and ro.of the tenth)the line LO is incómen[urable in length to the line O N: 


and they are both rationall. Wherefore they are lines rationallcommen[urable im power onely. 
Wherefore LN is a refiduall line by the definition,and it contayneth in power the parallelo- 
parallelogramme AB. If therefore a fuperficies becontayned under arationall line and 4 


y 


gas required to be demon[irated. . . 


- firil refidualline, tbe line which contayneth in power that fuperficies,is arefiduall line:which 
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> Ifa fuperficies be contained ynder arationall line and a fecond refiduall 
s Jine: the line which containeth in power that fuperficies, 1s a first mediall 
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of Euchides Elemente, Fol.2.95. 


Fopofethat- AB heafuperficies contained under drationalll:ne AC ; and a fe 
coud vefiduallliaié A D:. Lhend fay; thatthe linethatc ontaineth in powenthe 
2 fuperficies AB is a firft mediallrefiduall line. For let the line ioyned tothe line 
OLKA AD be DG . Wherefore the lines AG and G D are rationall commenfarabke 


in power ónely-,-and the- " 
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Jotheline 4G. Deuide.gX SB X * 
Mhe linec Ginto umo be wy tme mmm. ie hs OW msn 
squall partes inthe point E...And vunto the line AC apply a parallelogramme equall to the 
fourth part of the {quare of the line D.G, that is; equall to the {quare of the line: E G,and 
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First patof 
tbe consirue- 
tion, 


‘wanting in figure by a{quare, and let that parallelocramme be that which is contained vm- `` 


der the lines A Fand F G Wherefore (by the 17.0f the tenth ).the line A F is conimenfura- 
‘ble in length tothe line F G. And by the pointes E,F,and G, déaw vatothe line AC thefe 
parallelllines EH, F I, and G K : aud forafmuch as the line 'A F is comenfurable in length 

to theline F G, therefore the whole line AG is commenf{urable in length to either of. thefe 
‘tines AF and FG. But the line AG is rationall and incommenfurable in leneth to the line 
AC. Wherefore either of thefelines A F and FG are-rationall and incoransenfurable in 
length to the line AC. Wherefore either of thefe parallelogrammes Al and F K-is ( by the 
ver.of the tenth) mediall . Againe, forafmuch as the line D E is commmen|urable in leneth to 
- the line E G; therefore the line D:G is commenfurable in length to either of the{é lines D E 
<and-E G.. But the line D G is commenfurablein length to the rationall line A C:Wherefore 
either of thefelines D E'and É G is vationall and commen{urablein length to the line ‘AC. 
Wherefore (by the 1.9. of thetenth) either of thefe parallelogrammes DH and E K is rati- 
-onall. Vato the parallelogramme..AI'defcribe an equall {quare LM, and mto tbe parle. 

logramme F K letthe[quare N X be equall, asin the lropofition going before . Wherefore 

she {quares LM and N X are both about one and.the fame diameter’. Let the diameter 

be O R, and defcribe the figure as isin the former Propofition expreffed . Now therefore for- 
cafmuch as the parallelogrammes A Land F-K aremediall and *- —⏑ one to 
-the other,and the fquares of the lines LO ¢.0.N which are equall to thofe parallelogrames, 

are mediall, therefore the lines LE 9 and ON are alfo mediali commenfurable, in power. 
(And it is manifeft, that the lines L O andO N are comen[nrable in power for iheir [guares 
are commen[urable, aud thofe [auares,mamely , tbe (quares of the lines. L-O c 0 IN arecom- 
*menfurable, for they are equallto the parallelogrammes AT and F RK; which are Commenfu- 
“rable the one to the‘other : avd that thofe parallelogrammes ‘A Land F K are commenfurable 
“the one to the other hereby it ix manife/?.for that it was before proued that the lines A E and 
“F G are commen{urable in length . Wherefore ( by the iof the fixt, and 10 of tl e tenth) the 


“parallelogrammes Aland F Kare. commenfurable the one to the other . Wherefore ittis -~ 


now manifef py theway of refolution that tbe lines L'O c O0 N aye cosez [arable in power). 
Andforaſmuch as theparallelozrarmme contained eder the lines AF and FG is equallto 


“the line F G . But astbe line A F ds to the liae E G, fo is the paralleloaramione A1 to the pa 
‘rallelogrameme E-K sand as thelineE G iste the line'F G, [ois the parall Ki 


“the fquare of the line E G, therefore as the line AF isto the line EG; fà is tbe lige EG to 
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the r0.0f the tenth) the lines L O and ON are incommenfurablein 
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the parallelogramme F RK Wherefore the parallelogramme E Kis the meane proportionall 


- betwene she parallelogrammes Al and F K : and tbe parallelogramme «MN, is alfo the 


meane proportional be- — 
twene the ſquares LM -— ee a 


lelogramme Alisequall © 
to the [quare LM : and 
the parallelugrame F K 
ts:equall to. the [quare 
NX . Wherefore the pa- 
rallelogramme MN is 





gramme EK . But the C 
parallelogramme EK ts | A Meet rl 
equall to the parallelogramme D H + and the parallelogramme L X is equall tothe parallelo. 
gramme. M.N . Wherefore the whole parallelogramme D K is eguall tothe Gnomon F T Z, 
and to the [quare N X . Wherefore the refidue namely the parallelocramme A B is equall to 
the fquare S Q ,, that is, tothe fquare of theline LN .Whereforethe line LN containeth 
in power.thefuperficies AB. I fay moreoner, that the line LN is a firft mediall refiduall 
line. For forafmuch as the parallelogramme E K ‘1s rationall,and ts equall to tbe parallelo- 
gramme MN, that is,L X, therefore L X that is,the parallelogramme contained under the 
lines LO and ON isrationall. But the{quare NX is mediall, for it is already proued that 
the parallelogramme F K. which is equallto the {quare. N_X, is mediall . Wherefore the pa- 
vallelogramome L X is incommen[urableto the [quare IN. X . But as the parallelogramme LX 
is to the [quare N X, fois the line Lo tothe ineo N (by tbe 1.of. ipe) ~ Wherefore (by 
ength . Andit is alrea- 
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m 1 dy proued, tbat they are snediall commen[urable in power . Wherefore the lines LOGON 
are mediall commenfurable in power onely containing arationall fuperficies. Wherefore the 


line LN isa firft mediall refiduall line, and containeth in power. the{uperficies AB, which 
iscontained under a rationall line and a fecond refiduall line. If therefore a fuperficies be 


contained under arationall line andafecund refiduall line: the line which containeth in 


- refiduall line. 
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power ibat fuperficies is a firſt medtall refiduall line:which was required to be demonffrated. 
"Y q The 69. Uheoreme. -- The 93. Propofition. 1 


Ifa fuperficies be contained *nder a vationall lime and a third refiduall 
- line: the line that containeth in power that fuperficies isa fecond mediali 
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Duly ppofe that AB be a fuperfictes contained under a rationall line AC, cy athird 
refiduall line A D .Then 1 fay, that the line which containeth in power tbe fu- 
perficies A B is a fecond mediall refiduallline . Let tbe line ioyned unto AD,be 
WENN D G . We berefore tbe lines AG and. G D arerationall commenfurable in power 
onely, and neither of the lines .AG nor G Dis commenfurablein length tothe rationali line 

AC, and the whole line AG is in power more then the line G D, by the fquare of a line com- 
menfurable in length tothe line AG. Let the rest of the conflruction be as it was in the for: 
mer Propofitions .Wherefore the lines A F and F G arecommen|urable in length : andthe 
parallelograimme_A 1s commenfurable tothe parallelogramme F K . And forafmuch ast he 
lines A F and F G are commen{urable in length, therefore the whgle line AG és Gem 

, : pul | NUIT rib 
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of Euclides Ellementes. Fol.295. 
“rableintength to either of thefe lines A FandF G: Burthelint.AG isrationall and in- 
commenfurablein length tothe line AC .Whereforecither.of thefelines. AF and F Gista 
tionall and incommenfurablein-length to the line AC « Whertfore.( by the.21 of the. tenth) 


either of thefeparallelogrammes A Land F K ismediall. Againe,forafmuch as theline DE 


is commen|urableintength tothe line EG, therefore.alfothewholeline DG 4s.commen[u- 
rable in length to either of thefé lines D Eand E.G. But theline D:G is rationall commens 
firable in poweron= = dun tib midi | 
]yto tbe line d ero e. 
Wherford alfo either 
of the lines JD E aud 
EG is rationalland.. 
commenfurable in ` 
power only to the lint = 
AG . Wherefore ei- | 
-ther.ofthefe parallee + | -. 
logrammes D H and os 
EK is mediall. An ` 
gaine forafmuch. as. 
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the lines A G and D G are commen[uvable in power anely, therefore they are incommmenfura- < 


ble in length But the line A G is commen[urable ig length to tbe line A F. : and tbe line D G 
dscommen[urable in length to tbe line G E . WLerefore the line AF is incommenfurable in 
Length to the line EG: But as the line AF is tothe line E G, [ois the parallélogramme AI to 

the parallelogramme E K .Wherefore the parallelogramme-<A 1 is incommenfurable to the 
| parallelogramme E. K . Vrtotbeparalleloeramme A 1 defcribe an equall [quare L.M : aud 

«unto tbe parallelneramme FK deferibe an equall[quare N X : and de[eribe tbe fieuré as yon 

did in the former Propofition . Now fora{much as the parallelogramme contained under the 
“lines A Fand F G is equall to the {quare of the line E G, therefore as the line A F tis to the 
“line EG, fo is the line E G tothe line F G . But asthe line A F is to the line E G, fo is the pa- 

rallelogramme A I to the parallelogrameze E K : and as the line E G is to tbe line E G, fo i 
the parallelogramme E K tothe parallelogramme F K .Wherefare as tbe parallelograme A 
9s to the parallelogramme E K, fois the parallelogramme E K to the parallelogramme FR. 
Wherefore theparallelograinme EK isthe meane proportionall betwene the parallelogrames 

Aland EK. But the parallelogramme M N i5 the meane proportional! beswene the ſquares 

LM and NX. Whereforetheiparallelogramme EK isequall to the parallelogramme M N. 

Wherefore the whole parallelogramme DK is equallto the Gnomon VT Z, & tothe fquare 
‘WX. And the parallelogrammed Kis equallio the [quares LM and NX .Wherefore the 
refidue,naznel)s theparallelagramme A Bis equetl ro the [quare QS, that is, to the [quare 

of the line LN Wherefore the line LN containeth in power the (uperficies AB . I fay more- 

outr; that thelineL Nis a fecand medial refiduall ine... For for that as itis prowed,the pa- 
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qralleloexatumes A Land F. K, are mediall, therefore tbe [quares that are equall unto them, - 
marely ,tbe [quares of the lines L O.aud.O N.are.al{o mediall . Wherefore either of thefe 


lines L O.and ON ismediall.dnd forafmuch asthe parallelogramme At is * commenfu- 
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rabletothe pavallcloeramme FK y therefore tle [ouares that are equall to them, namely,the 
fquares of be lines LO and. N arealfo.commen[urable. Acaine, fora[much aszt is proued, 


that the parallelogramme A.Lis incommenfurable to the parallelogramme E K, therfore the 
[quare LM, is in commenfurable to the parallelogramme.M N, that is, the {quare of the line 


LO tothe parallelogramme contained under the lines. LO & O.N..Wherfore al{othe * line 


L 0 is incommen|urable in length to-theline ON, Wherefore the lines LO and ON are 
mediallcommenfurable inpower onely .I {ay moreouer, that they containe a mediall fuper- 
ficies . For foralmsuch ds it is proned;that the pavallelogramme E K 13 teediall, therefore the 
— 90. iij. parallelogramsse 
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parallelogramme whichisequall onto it,wamely, the parallelogrAmme contained tndeb-the 
lines 0 and ON. isalfo.mediall .Wherefore the line L Nisa fecond mediall refiduall lines 
and coptaineth in power the fupevficies A B..Wherefare thé line1hat comtainetb. un. poser the; 
Jugerficies A Bs afecond mediallreſiduall line 1f therefore a fuperficies be contained under, 


os 


isa fecond mediallréfduall.line.:.which was required to.bedemonstratedes v. Kroes) ox" 


«rationale and athird refiduall line, the line that containeth in power: that fuperficies;, 
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| Ifa fuperficies be contayned ynder a rationall lyne} and afourth vefiduall 
| bne:the lyne which contayneth in power that fuperficies sa leffe lyue. ^ — 

|a M | i r T rester ce 
V ppofethat there be afuperficies A B contained under a rationall line A C and. 
a fourth vefiduall line A D.T hen 1 fay that the line'which containeth in power 
the [uperficies ‘AB is aleffe line. F or let the line ioyned unio it be DG. Where- 
Cl fore the lines A G and D G ave rationall commenfurable in power only,and the 
line AG is in power wore then the line D G,by the fquare of a line incomenfurable in length 
tothe line AG, end the line AG is commenfurable ialength tothe line AC. Denide the 
Line D G into so equall partes in the point E. Cdnd vnto theline AG apply.a parallelo: 
CURA tHe once nite ao etched — 
Jaare of the line ES > — ee — Sse -— — 2* — 
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grame bethat which - | | 
45 contajned vader, T T 
thelines. AF and FOV TS 

G.eWhexfore (by the) pou 
18.6f the tenth) the 7 — — 
lücAFiimel 00500 C 
ihe line FG. Draw by the pointes E,F cv GyUpto tbe lines AC and DB thefe parallel lines 
EH,F Laid G K Now forafniuch as the line AG is rational and commenfurable in length 
‘to the line A C,therjore the whole parallelo ramme AK 1s ( bythe i 9.0f the tenth )rationat: 
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4) wd»: 44 a & 774. —— NGC I BERNAENM va oh SERES S TS nens sardeg aeit " Y 
“CAgaine foralimich asthe line D Gis tntomepenfarable m lencth tothe Vine A G(for ifthe 
line D G were commienfurable in length to the Ire A C, Then fopafzsucb as the Pe A G is 
* conmmenfrrable in length to.the fame line AC, the lines AG and D G fhould be commen|u 
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vable wetength the one to the other wher yet, they are put to be commenfurable ip power ones 


‘y) and both thefe lines A Cand D G aye rationall. Wherforé the parallelogrameD K is me: 

‘dial! Agnine forafmuch qs the line A Fis incommenfirable tw length tothe line FG, thers 
(X hy, ae ee hA tà Ls t Vea m AU E, C. Tec § va i J 

‘fore the parallelogramnte A I is tncommnen|ixahleto the parallelogramme F'K. Vato the pax 


Fp no i .P ON aia “>. eu Ap ton 5 Ipa e ————— P 
~ rallelogramme A1 deferite an equal [quare L M,and vatothe parallelograme FK defiribe 


an equall [quare NX and let'the angle Li 0M be common to both thofe{quares: Wherefore 
the [quares LM and N X are about one and the [elfe [ame diameter. Let their diameter be. 
O R,and defcribe the figure. And for afr nouch as the parallelograme contained under the lines 
“AF and F G is equallto the [quare ofthe line E G,therfore proportionally as the line “A F is. 
‘to the line EG, fois the line E G to the line F'G , but asthe line A F is tothe line E G, fots 
the parallelogramme A 1 fo the parallelogramme E K(by the r.of the fixe.) And asthe line 
` EG isto the line F G,fo isthe parallelogramme E K to the parallelogramme F T" A 
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- therefore tbe, parallelo- ^ 


of Exclides Elementes.. Fol.296. 


the parallelogramme E K is the nieane proportionall betwene the parallelogrammes Aland => y niy 
EK : wherfore as tt was faid in the former propofitions,the parallelocramine MN is equat 

to the parallelogramme E. K 3 but the parallelogramme D H is equall tothe paralleloerame 

E K,and the parallelegramme OM N to the parallelogramme L X.Wherfore the whole pa- 
rallelozramme D.K 1s equall to the gnomonV I Z;and tothe [quare NX. Wherfore the re- . 
fidue,namely,the parallelogranzme A B is equall to' the refidue; namely, to the {quare § — L N (the 
that is to tbe [quare of the line L N-I fay moreouer that L Nis that irrational line whichis |, iefe line of 
called a lefie line.F or forafmuch as the parallelogramme A Kis yationall,and is equall to the this cheoreme) 


{quares of the lines L O and O N, therfore that which is made of the fquares of the lines LQ founde. 


and ON added together isrationall. Againe fora(much as the parallelogramme D K is me- 
diall, and isequall to that which is contained under the lines L O and O N twife, therefore 
that which is contained under the lynes L O and O'N twife,is alfo mediall. And forafmuch 
as the parallelogramme A 1isincoimmenfurable to theparallelogramme F K, therefore the 
quares which are equall unto the:nsnamely,the fauares of the lines LO ando Nare incom 
men{urable the one tothe other. Wherfore the lines LO and O N-are incommenſurable in 
power ,hauyne that which is made of their [yuares added together rationall, and that which 
iscontained-under them twifemediall, whichis commenfirableto that which is contayned 
under them once. Wherfore that which ts contained vnder them once is alfo medial]. Wher 
fore L Nis that irrationallline which is called a leffe line and tt containeth in power the fa- 
perficies A b If therfore a [uperficies be contained vader arationall line and a fourth refi- 
divall line,the line which centaineth in power tha t [uperficies i5 a leffe line: which was re- 
quired to hé demouſtrateld. * - ^F 1 
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The 95.Propofition, >. 
_. , Lf afuperficies be contained vnder a rationall line and a fift vefidual line: 


thedmé that cotaynetbin power tbe fame füperficies js a line making with 
arationall fuperficies;the whole fuperficies mediali 07 6s — 
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Vppofe tbat tEere be a fuperficies A B contained under a rationall line AC and 

AA fiftrefiduall line AD. ThE I fay thatthe line that cotaineth in power §,fuper= 
ficies 4B, 15 a line making with Aratiorall [uperficies the whole fuperficies, me- 

iuall.For vnto the lige AD let the line D G be ioyned, which hal be come [ura 

ble ta légth to the rational lined C, And let the reſt ofthe conftructio be asin the propofition. 

next going before. Aud forafmuch as the line A G 13 ikcomen{urablein légth to the line AC ‘Demonfiva- 

and they are both rationall,therfore the parallelograme A K is medial. A (gaineforafe much as tion. 






the line D G js rational =» | : | 
and commenſurablen | J rae 
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ing before,fo alfoin this may we proue,that the line LN containeth in power. the fuperficies 
AB. Ifay moreouer.that that line LN isa line making witha rational [uperficies the 
wiclefuperficies mediall. For foralmuch as the parallelogramme A K is meatall, therefore 
shat which is equall veto it ppamely that which is made of the {quares of the lines LO and 
Q9. N'added together is alfo medial Againe forafmuch as the parallelogramme D K is raz 
sigpall,therfore that which is equall unto it namely that which is contained under the lines 
Z0 and ON twifejisal[o vationall. « Aud forafmuch as the line A F is. incemmenfurable 
in length to the lineF Gstherfore( by the 1.of the fixt,ey 10.0f the tenth) theparallelograme 
A Lis incommen|uraole to.the parallelogramme F K wherfore alfo the fquare of the lyne L 
Ò is inconsinen{israble $0 the [quare uf the line 0 N.Wherfore tbe lines L and 0 N are in- 
comme afurab le iin power haiung that which ismade of their fquares added together medi- 
all And that which iscontayned under them twife rationall. Wherforethe line LN is, that 
irrational! linewhch iscalled a lyne making mith a rationali [uperficies the whole fuperfi- 
CIES E diallaagl a ibe gatayneihi " pawe r the [uperfi cies A B.Wherfore the ling contayning in 
power the [uperfivzes 4.2 » 4a line making with a rational [eperficies tbe whole [nperficies 
medial. if therfore.afuperficies be contayned. under arationall lyne ey a fift refiduall line, 
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the line that contayneth.in power the fame ſuperficies, isa, line makyng with a rationall fu- 


yir 


perficies ihe whole uperficies medial: which was required to be praucd. a s 
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Ifa fuperficies be contayned ‘onder a rationall line anda fixth vefiduall 
line the line which contaynetb in power tbe [ame fuperficies is a line mae 
king witha mediall faperficies the whole friperfictes mediall. 


«dud Fppuja Dakud B be a fuperficiescontayned unde a rationall line A €, cr 4 fixt 
p refiduali liae A D X ben ſay that ihe line which coniayneth in power the ſu- 
p> |perficses AB, 08 a line making with a medial fuperficies the wholefuperficses me- 
<a\ diall.F or vate the line A D let the line D G beioyned. And let the rest be as im 
the propofitions go- e cwm. ate — 
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A C are rationall cogzmenfuvalle in power onely , therefore the parallelocramme AK is mes 
diall;jand in ltke mager tbe! paralleloeramme D K is mediall. Now foraj? uth as the-lines 
AG and G.D are tcd Pulp tn power onely , therefore they are incommenfurable in, 
length the one to the other But asthe line AG is tothe line GD , fois tbe parallelogramme 
A K tothe parallelogramme D K , therefore the parallelogramme AK is inconimenfurable 
tothe parallelogramme D K.Deferibe the like figure that wasdefcribed in the former propor 

fittons,and we may in like fort proue that the tine LN contayneth in power . the fuperficies 
A B. 1 fay moreouer that it isaline making w th a medial [uperficies the whole fuperficies 

M | i mediali 








of Euclides Elementes. Fol.297. 


exediall.For tle parallelograme A K is medial, wherefore that which 1s equal unto it, names 
Iy that which is made of the fguares of the lines L Ound O N added together is-alfo mediall. 
And fora{much as the paratlelocramme DK is mediall, therefore that which is equall unto 


it, namely that which is contayned under the lines LO and ON twife is alfo mediall ; And 


* 


forafmuch as the parallogramme AK is incommen{urable-to the parallelogranme D K, 


oe] 


therefore the {quares of the lines L O and ON. are incornmenfurable to that which is contai» 
ned under the lives L O and ON twife.And ferafmuch asthe parallelogramme A Tis in- 


commenfurable to the parallelogransme F K theres óre alfo tbe [quareof the line LO isin- 
commenfuratle tothe [auareof the line O N .Wherefore the lines LO and O N arefncom- 
men[nrable ig power ,bauing tbat which is made of the {quares of the lines L O and O N me- 
hall , and that which is contayned under them twife medial, and moreaser that whith is 
made of the [quares of them is inconsmenf{urable to that which is contayned under them 
twife Wherfore the lize L N is that irratiovall line which is called aline making with ame: 


diall fuperficies the whole fuperficies mediall,and tt contayneth in poiver the fuperficies A Be 


Wherefore the line which contayneth in power the {uperfictes A Bis a line makine with a me- 
diall fuperficies the whole fuperficies mediall . If therefore a fuperficies be contayned under a 
rationall line and a fixth vefiduall line, the line which contayneth in power the fame fuperfr: 
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ciesisaline waking which a mediall f uperficies the whole fuperficies wmediall. which wasre-+ 


quired tobe deszonfirated. 
Ug be 73. I'beoreme, — ^, - Tbe or. (Propofition. 


T'he fauare of avefiduall line applyed'pnto a rational line , maketh the 
breadth or other fide a firft refiduall line. ae oe 





ee 7 ppofethat A B bea refidiall line, and 
sy iet C D bea rationall line . And-vato the 
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t vé C D apply the parallelogramme CE te n" " 
equalito 15e [auare of the line A B,and making the 5 
breadth the tine G F . Then Lfay that the line CF | | 

45 a firft refiauail lide . For unto. the line AB let the | 

line couentently toyned Le [uppo[ed to be B Gwhich — | 

feife lineis al[o called a line ioyued, as we declared | | | 
jn tbe end of the 7 o. propo(ition ) -Whereforetbe — ` . Te 
lines A G and G Bare rationall conmenfurable in i me 


| 
pomer onely,. And vnto the line C D apply thepa- Da m X. H 
ralleloeramme C H equallto tbe quare of tbe liue 
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A G,and unto the line K H (which is equall to the line C D) apply the parallelogramme K L 
equallto thefquare of the ine B G.Wherfore the whole parallelogramme C Lis equall to the 
fquares of the lines AG and.GB.And the parallelogramme C E is equall to tbe [quare of the 
[iue A Bywberefore the parallelogramme remayniug , uamely,the parallelogramme F Lis e- 
qual! to that which is contayned under the lines AG and G Biwife. For ( by the 7. of the fe- 
cond) the {quares of the lines. AG and G B are equalltothat which is contayned vider the 
lines AG & G Btwife,and to the {quare of the liue A B-Denide tbe liue F M into two equali 
partes in the point N.And ¿y the poynt N draw vntothelineC Da parallell line N X Wher- 
fore either of the parallelogrammes F Xand. NL is equallto that which is contayned vn- 
der the lines A Gand G B once. And fora[much as the [quares of tbe lines. AG and G B are 
ational! s vite which {quares the parallelogramme CL is eguali , thereforethe parallelo- 
gramine CL alfois rational : wherefore ihe line G.M isrationall aud* coszmenlurable in 
! | length 
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eneth to the line C Dw Agayne forafmuch as that.which is contayned under the lines AG, 
and GBtwife, is ** mediall, therefore the parallelogramuze equali unto it , namely the, 
parallelogramme ¥ Lis al[o mediall Wherefore the line EM is rationall and” incommen- 
furable tn length tothe line CD. And forafmuch as the {quares of the lines AG and GB 
are rationall , and thatwhich is contayned vader the lines A G and G Btwife, is medial, 
therefore the { quares of the lines A Gand GB are incomenfurable to that which is contay-, 
ned under the lines & Gand GB twife.But unto the {quares of the lines A Gand G B is 
equall the parallelogranme.C L,and to thatwhich is contayned under the lines AG and 
G Biwifeisequall the parallelogransme ¥ Lywherefore the parallelogramime C L is incoma 
menfurableto the parallelogramme ¥ L Wherefore alfo the lige C. M. is izcommen[urable, 
in length to the line © Mand they are both. rational Wherefore the lines CM and FE Mare 
rationall commenfurablein power onely-and therefore the line C F is a refiduall line (ty the. 
73.0f the tenth). 1 fay snoreouer that it 15 afirft refiduall line. For forafmuch as that which. 
is contayned vider thelines A G and G B is the i 
meane proportionallbetwenethe fquares of the lines b 
A Gand G B(by the affumpt gome before the 54. 

of tbe tenth) And vnto the [quare of the line A G Cais a n 
is eguall the parallelogramme C H, and vito that | 

svhich 1s contayned vader the lines AG and GB 

isequall the parallelogramme N L., and unto the 
[auare of the line GB is equall the parallelograme 

KL. Wherefore the parallelogrammeN L isthe 

megane proportionall betwvene the parallelogrammes 


CH and KL Wherefore as C His toN L , fois — | 
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C K tothe line NM cr as N Listo K L, fois tbe i 

line N M to the line K M.Wherfore as the line C K is to the line N M , foisthé line NM 
to the lineK M.Wherfore the parallelogramme contayned under the lines C Kand K M is 
eguall to the fanare of the line N M,thatds to the fourth part of the [quare of the line E M. 
And forafmuch as the quare of tbe line À G is commen[urableto the [quare of tbe lize GB, 


__ therefore the parallelogramme CH is comenfurable to the parallelogramme KL. But as 


C His te K L,fo is tbe line C K to tbe line K M : whereforethe line C K is commen[ura- 
ble in length to tbe liue K M .Wherefore ( by tbe 17 of tbesenth ) the line C M is in power 
more then the line Y M by the [quare of aline commenfurable in length to the line C M.But 
tbe line C Mis commen[urahe in length.to the vationall line C D. Wherefore the line C F 
is a fiirft refiduall line. Wherefore the {quare of a refiduall line applyed nto a rationall 
line, maketh the breadth or other fide a first refiduall line : which was required to be demon- 
strated. ! 
dn t | 
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do T be fquire of a firft mediall refiduall line applied to a rationall line, mae 
3 keth the breadth or other Jide a fecond refiduall line. 


ae V ppofe that A B bea firft mediallrefidual line,and let C D bea rationallline.And 
NG vato the line C D apply the parallelogramme C E equall to tbe (quare ofthe lyne 
ZG A Band making in breadth the line C F.T hen I fay that the line C F is a fecond 


refiduall 
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of Euchides Elementes. 
vefiduall line. Fos-vnto the lie AB, let the hne = = 
cõneniently ioyned be fuppofed to be B G. Where- 
fore thelines AG and B G aremediall commen- x 0. 
furable in power onely çompxehending a rationall 
Juperfieies And unto the line C D apply the * 
rallelogramme C.H equal to the [quare of the line 
A Gand making in bredth the lineC K, and ún- 
the line K H (which is equall to the line C D) ap- 
ply the parallelogramme K Leguall to the {quare. 
of the line G B and making in breadth the line K di | à 
M Wherfore thewhole parallelogrammeC Lise- p t 2E ME 
quallto both tbe fquares ofthe lines AG and, G Lu | 
B which are mediall ey commenfurable the one to the other. Wherfare the parallelagransmes 
CH and K L aremediall and commenfurable the one to the other !Wherfore (by the 15.0f the 
tenth) the whole parallelogramme C L is commenfurable to exther of the{e parallelograrsines 
CH and K LWherfore (by the corollary of the 23 .0f the tenth) the whole parallelegramme 
C Lis alfomediall. Wherefore (bythe 22.0f the tenth) the line CM is rationali and incon- 
menfurable in length to the lineC D._And forafmuch as the parallelogramme C Lis equal 
to the (quares ofthe lines A G and G B: andthe {quares of the lines AG and G Bare equall 
to that which is cotained under the lines AG and G B twife, together with the [quare of the 
line AB (by the 7.of'the fecond): and unto the fquare of the line A Bisequall the parallelo: 
gramme C E.Wherfore the refidue, namely, that which is contained under the lines AG and 
AGBtwifeisegualto tbe reftdue namely ,to the parallelocrameF L. But that which is tontai- 
ned under the lines A G Cr G B twife is rational. Wherfore the parallelogramme F Lis alfo 
-vationall Wherfore the line F M is rationall and comien{urable in length to the line C D(by 
the 20.0f the tenth.) Now forafi mnch as the parállėlogramme C L is mediall, and tbe paral- 
lelogramme F Lis rational,therfore they are incomen{urable the one to the other Wherfore 
-alfo the lyne C Mis incommen nrablein length to the lyae F M,and they are both rationall. 
Wherfore the line CF isa refiduallline. fay mortouer that itis afecond refidualliyne. For CF concluded 
“denide the line F M into two equall partes iin the peint N, from which point dram mio tbe. avefiduali 
tine C D aparallel line NX. Wherfore either of thefe parallelogrammes F X and N Lis e. line. 
~gwall to the parallelogramuse contained under the lines AG andG B. And forafwuch asthe =. sa 
parallelogramme contained under the lines AG and GB is themeaieproportionall betmene 
"the [quares of thelines A G and B G:'T herefore the parallelogramme N Lis the meane pro- 
portionall betwene the parallelogrammesC H and K L. But as C His to.N L, fois the line C 
“K to the line NeM,and as N Lis to K L;fois the line NM to the line.K MM herfore as the 
Fine C Kis to the lyne NM fois the lyne N M to the line K M.Wherfore the parallelogvame 
"eoptayned under thelines C K and K M is equallto the{quare of the line N_M, that is, to 
“the fourth part of the [quare of the line F M.But the parallelagramme C His commen|ura 
ble'to the parallelogramme K LWherfore alfothelyneC K is cormmenfurablein length te 
thelyne K M.Wherfore (by the 17. of the tenth) the line C M is in power more then the line 
VF Moby the {quare of a line commen{urable in length to the line C M. . And thelize F Cat 
which ts theline conueniently ioyned, is tonsméen[urable in length to the rationall hae C D. 
Wherfore the lint C F is a fecond refiduall lyne. Wherfore the [quar of a frst mediall refi 
dual line applied to a rationall line, maketh the breadth or other fide afecona refiduall lines 
which was required to be proued. > `- eee ONUS UN Í 
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„ Dhefquare of a fecond mediallreftduall line applied ‘onto arationall tine, 
maketh the breadth or other ſide a third reſiduall ine. 
F, l , Je. “Oe, (py s ITEM ee Cs ow m oun em 






Vid Vppofe that 4B. be a fecond mediall refiduall line, and let C D be arationall line. 
Sy, And unio the line C D apply the parallelogramme CE equallto the {quar € of the 
Lote) Line AB, and making in breadth the line CF. Then Lfay, that the line CF isa 
third refidiall line. For unto the line AB let the line conuententl ioyned befuppofed fo be 
B G Wherefore the [ints.A.G er G B are mediall commen “rable in power opel contain ing 
amediall fisperficies And let the ref of the conftruction be asin the Propofition next going 
before Wherefore the line CM is-ratiopalland n ss | — iens. 
jincommenfurable in length to the rattonallline A 

C D. And either ofthe parcllelocrammes FX and. 4 
QL isequall to that which is contained under ——— 
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tbe lines AG and G B . Bat that which iscontay- 
ped under the lines A Ge G Bis medial Wher- ah on 
fovethat which is contained under the lines AG ~ | 
aad G B twife is alfo megiall. Wherforetke whole h 
paralleloeranme FL isalfo medial . Wherefore 
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the line F M ts vauouall and tucommenfurable |. | Ash am a 

72 length to tbe ling C D . And jorajmuchas the a D AES, Mm 
lines AG and G B. aréipcomenjurableim lepgth, a ordi i se aet ex 
t i ae. s= w Pe AU On em Li "NON Se. i ele ys a 
therefore alfo the [quare oj the line AG is tacommenfurable tothe parallelogramme contay- 


+ í Hy — p MA D E " * nd EJ. Aoa À li A j À > 

ned under the gts A Gand G B. Buteunio tbe (suareof tbe [ipe A G. are commen{urable 
app. MM TUO | Tyee un ron ee — E ANRE T MEX uUi er 
the fquares of the lines AGandG B : and vato the parallelogramme contained under the 
lines A Gand G B,is commenluralle bat whichis contained vader thelines, AG and GB 
twife Wherefore the fquares of thë izes AGand G B are incommenfurabie to thatsobich 
as contained under the lines AG and G Biwife . Wherefore the parallelogrammes which are 


. equállvpto then; namely,tbe parallelogyammes C L and F L are incommenſurable the one 


to. the other . Wherefore alfo ihe lie C M is incommenfurable in len eth tothe lineF-M:and 
they are both rational . Wherefore the line CF is arefidwallline. Lfay moreover, thatitis 
a third refiduall line « For fora[much as the [quare oftheline AG, thatis, the paralleld- 
gramme C His coipinenfurable 40 the [quare of the line BG, that is, to tbe paralleloeramme 
X Ly shereforesheline CK is coriién[urablein lengeh tothe line KM, And in ike [art as 
in the former Propofition, [9 alfa in this may we prone, that the parallelogranmse contayned 


“ander the lines CK and K M, 1s equall to the [quare of the line NM ; that is, tothe fourth 
quio | 
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the [quare ofthe line FIX Wherefore the line G Misin power more. then: the line 

F M, by tbe [quare aj a line commenfurable inlengta ta theline. CM: and neither of the 

lines M por F M 15 comsmenfirable in length to.the rational line CD s Wherefore the 


ine G F isathird vefidual line VY ler ore the [quare of a fecond mediall refidual lige applied 


vto a rationall line, maketh th e breadth or other fide a third reſiduall line -which wasre- 
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The fquare of a lefSe line applied bnto a rationall line,maketh the breadth 
or other fide a fourth refiduall line, 


Suppofe 








of Euclides Elementes; Fol.299. 


IG vppofe that AB be a lelfe line,and lev CD bed ratzonall line And into the line 

G D apply the parallelogramme C E equal to the faqnare ü£ibe live AB; and Maz 
QING. king in breadth the linec F.T hen 1{ay,thatthe line GF is a fourth refiduall line. 
For unto the line AB let the line conueniently:royned befuppoféd to be BG. Wherefore the 
lines AG & GB areincommen|urable in powersbauing that which is made of their {qiares 
added together rational, and thatwhich 1s contained under thems mediall . And let the rest 


of the confiruction be as in the Propofitions:@oine Lefore’. Wherefore the whole: parallelo 


gramme C Lis rationall .Wherefore the lines ee don 
is alfo rationall, and commen[urable inlenzthtà As pom ys 
tht line C D. And fora[much as that whbichisconz» *- ami. 
tained vuder the lines A G and G*B twi[tis medicos poo 
- all, therefore the parallelogramme which is capa] — * 
«onto it namely, the paralleloerdgzme F Ly isalfos |: v5 
wnediall -Wherefüre tbe lige F-M is rationalland ^ | ^ 
sncommen[urable in lengtbito tbe line CD} B= = |i 
the line. CM. is: comomen[urable.in length toghe |. 
tine CD’. Wherefore:( by the13.0f the tentb)the | | 
line C.M.isincommen|nrablein length to theline ye 
FM.: and they are both rationall Wherefore the = A ee NTE ee 
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lines CM and.F M arevaliouall copsmen[urable 1n power ónely | Wherefore the line CF is 


Conſtruction. 


Demouſtya- 
tion. 


CF proueda 


avefiduallline : 1 fay morconer, that it ts a fourth refiduall lineFor forafieuch asthe lines refduall tine. 


AG and GB areincommenfurable in power; therefore the {quares of them, that is; the på- 
vallelogrammes, which ave equallvnto them, namely 3 the parallelogrammes CH and K L; 
are incommenfurable the one to the other . Wherefore alfa the line C K is. incommenfurable 
in length to the-lane. KM And in like fort may we-proue, that the parallelograrsime contay- 
ned under the lines C K and K M, is equall to the [quare of the line NM, that is, to the 
fourth park af the [quare af the ling. F M Wherefore (by the 18.0f ibe tenth) tbe line C M 
d in poter amare then the lige: P M, by tbe [quare ofa lineincommenfurable in length to the 
line CM; Aad the wholelineC M is commen{urable in length tothe rationallline CD. 
Wherefore the line C F is a fourth refiduall line .Wherefore the [quare of' a leffe line applied 
unto a rationall live, maketh tee breadth or other fide a fourth refiduall line : which was re- 
qa\s RIV oe t MARTAS CONE.. S SR F i L^ T 


4*7 ea d: "x y paia air Bj ae Mtv AM RAUS ar ene T. fail E 
: : SAR i T E ES VOE 
quire £0 be broued. o T — 
sea. * 
z 4 i. P ^ -- vw 8 Lan 1 > EA 1 eal y +> . t rj 
nm " D ay (3 * . a t & é » we à * $ & $ ^ e. ^ , - t. , 3 * f § . 
e oT ak i 28 i^ C = ‘at Mad ANA S aay t x PB Vii sb ARA N S FE * «^ 
, 4 t + 
a a a> 2 " 
r . t y E : E Leg g — e, f * - . . y 
x "n * on a Ta —— LE, M [3 Q, 55 i CR, ue \ 4 4 1 
Ma x er 3 43 $1 AT VACCA 3 S NAN - aM 3 


eoi g 3 b ^ : 
IAA whee phe 2* — 
o k Y Y 5 ^ , E E 
tl T “eee TI P mE s- ~ 
a 
tear Ne I0la ropo 7fi0H. —* 
SN LOS US S Me CY a tn v * 


S TAA Bis "e The 77. leoreme. | 

CONUS Sas UOS UL koe dD Mm osSERSS LIV 

V EAS SSUNSA T ee 

- OF he fqiaare ofa lyne m 

UPAD Cs Fs Sa ERES Pere Av vn 
"cies mediall applied ynto a ration 


x 
+ 
"n 


$m 


EN a 


us 


oe E à 
———— & 1 Y "ES "AN 
ORAN st ud, os 


afift refiduall lyne..—. . tees BY Kea qs 






NN. medtall,and let C D bea rationall linewAnd unto thetine GD apply the parallelo- 
ena gramme C E equall to the {quare of thelipe A Band making in breadth the line C 
F. The? 1 fay that the line C Fis a fift refidwalb Wne. For unto the line AB let the line con- 


weniently toyned be fuppofed to be BG. Wherfore the lines A Gand G B are incommenfura- 


ble in power haning that which is made of their (quares added ‘together mediall, and that 
whichis contained under them vationall. Let the reft of the conftruttion bein this as it was 
` in the former propositions. Wherfore the whole parallelocramme C Lis mediall. Wherefore 
the line C MM is rational and incommen{urable in length to the lime C D. Aud cither of the 


v.e. ¢ 


ew, o : PP. if. par 2 


ikjg “witha rational fupesfes the whale Japere 
al line maketh the breadth or other fide. 


AV ppofe that AB bea line making with avationall fuperficies the whole fuperficies 


As y* 


CF proucda 
ve(tduall line. 


Confirutiion. 


LDemo iſtra- 
tion. 


parallelogramme FX & NLisvationall Where ncs rr. 
fore the whole parallelogrammeF. Lis alforation =c A By OY 
wall. Wher fore alfothe line.F Mis rationall and. 
commenfurable in legth to the line C D. And for- 
Aſmuch asthe parallelogramme CL is medial, 
4nd the parallelogramme-F Lis vationall, there- .. 
foreC Land F Liareinconmenfurable the.one to 

the other, and the line C M is incommenfurable 

in length tothe line F M,and they are bothvatio- 

nall. Wherfore the linet C M äñd F M areratio- 
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nall commen[urable in power onely Wherforethe AD R4 E X.. A 
Lyne CF ds arefiduall line. I fay moreouersthat ik... 8 oe | esata 


is a fift refidual line. F or we may in lake fort. proue,thatthe parallelograme contained under 
thelinesC K and.K M, is equall to the [quare ofthe lineN M, that is, tothe fourth part of 
the fquare of the ne F M.And forafmuchas thefquareoftheline AG, thatis;the paral. 
lelogramme C H is incommen[urable to thefquareaf the line BG j:that i5 to tbe parallelos 
gramme K L;therfore the line C K ts incommen{urable in length tothe line K M Wherfore 
(by the 18.0f the tenth) theline C Mis in power more then the line EF M,by.the:{quare of a 
Line incommen{urable in length tothe lineCM. And the tine conneniently zoyned, namely, 
the line P.M is commenfurallein lengthto the rationall line CG: D.Wherforetheline CF is 


| Affft refiduall line.W herfare the lineC Fis afift refiduall ine. Wherfore the {quare of a line 


making with arationall {uperfictes the whole fuperficies medial, applied untoa rational line 
maketh the breadth or other fide afift refiduall lyne-which mas required to be demonftrated. 


qT he 78.°T heoreme. T he 102; Propofition. Ue 


> be fauare ofa ne making with a mediall fuperficies the whole fuperfie 
\ cies mediall applied to a rationall line maketh the breadth or other fide,a 


= Jjixt refiduall line. 


IT’ ppofe that AB be a line making with a medial fuperficies, the whole fuperficies 
VAN XN medtall,and let C D bea rationall line. And unto the line C D apply the paral- 
KO x lelogramme C E equalltothe [quare of the lipe AB and making in breadth 
lC eX Y the line C F3 hen I fay thatthe line C F isa fixtrefidual line.Eor unto the line 
AB let the line conuensently ioyned be B G. Wherfore the lines AG and B G' are incommen- 
fucable in power hauing that which is made of their {qnares added together mediall, cy that 
which is contained under them mediall, and moreouer that which is made uf their {quares 
added together 1s incommen{urable to that whith = ~~ > | p n 
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is contained vader them.Let the rest of the con- © ——46 
flruction beinthis, asitwasintbepropofitiósgo- | c F N EM v 





ing before. Waerfore the whole parallelogramme 
C Lis medial, (for itis equall to, that which-is 
made of the {quares of the lincs.A GGG. Badded 
tozether which is {uppofed to be mediall) Where- 
fore the line C M is vationall and incommenfura: 
bleinlength tothelineC D: and in like manner 
the parallelogramme F L is mediall Wher fore al- 
fo the line F M isrationall aud incommen[urable 
in length tothe lineC D And forafmuch as that — 








of Euclides Elementes.. Fol.306. 


svhich is made of the {quares of the lines AG and G Badded together, is incommen{urable 

to that which is contained vander the lines AG and G B twife, therefore the parallelogrames 

equall to tbe ,namely the parallelogrammes C Land F L are incommen{urable the one to 

the other Wherfore alfo the lines CM and F M are incommenfurable inlength,and they are 

both rational Wherfore they are rational comenfurablein power only. Wherfore the line C F 

is arefiduall linet {ay meoreouer that itis afixt refiduall line.Let the reft of the demonftra- CF bronedé 
tion be as it was in the former propofitions.And forafmuch asthe lines AG andBG are in- , Ji H y 
commenfurable in power therfore their (quares, that is, the parallelogrammes which are e- 

tall unto them,namely the parallelogrammes C H ana K L aveinconmenf{urable the one 

to the other Wherfore alfo the line C K isincommen|urablein length to the line K M.Wher- 
fore( by the 18 of thetenth)the line CM isin power more then the line F M by the [quare of 

a line incommenfurable in lencth totheline CM: And neither of the lines CM nor F'Mis 
commenfurable in length to the vationall line € D.Wherfore the line CF is a fixt refiduall 

line Wherfore the {quare of a line making with a medial {uperficies the whole {uperficies me- 

diall applied to a rationall line,maketh the breadth or other fide a fixt refiduall line: which 

qas required to be aemon[irated. | 


q The 79. Uheoreme: The 103. Propofition. 


A line commenfurable im length to arefiduall line:is it felfe alfo a refiduall 
line of the felfe fame order. 










l (AV ppofe that A B be a refiduall line, vnto which let the line CD be commen{u- The fixt Séz 
! S rableinlength .T hen I fay, that the line C D is alfo a refiduall line, and ofthe wary. 
NY A felfe fame order of vefiduall lines that the line AB is . For forafmuch as the 
Re! ine AB isa refiduall line, let the line conneniently ioyned uto it befuppofed Conſtruction- 
Zobe B E .Wherefore tbe lines A E and B E arera- 


tionallcommenfurablein power onely.. Asthe line A_ B E , 
A B isto the line C D, fo (by the r2. of the fixt) let 

the line B E beto the line D F. Wherefore (by the c? | F | 
12.0f the fift ) as one of the antecedentes is to one of Demonfirae 


the confequentes, fo are all tbe antecedentes to all — 

the conſequentes. Vherefore as tbe line A B is to the | | 

line C D, fo is the whole line A E tothe whole line C F,and tbe line B E totheline D F. 

Wherefore (by the 10 .0f the tenth) the line A E is conmenfurable in length tothe lineCF, 

andthe line B E to tbeline D F . But the line AE is rational. Whereforethe line C F is alfo 

vationall . Andin like fort tbe line D F is rationall, for that the line BE, to whom itis 
commenf{urable, is alfo rationall. And for that as theline BE is tothe line AE, fois the line 

D F tothe line C F . But the lines B E and AE are commenfurable in power onely : Where- 
fore the lines C D aud D F are commenfurable in power onely . Wherefore the line CD is a : 
vefidnall lite . 1 fay amorzouer, that it is a vefiduall. bine ofthe felfe fame order that theline CDcvciyded 
ABis. For for that as we haue before faid, asthe line AE isto thelineC F, fo is theline arefiduall 

B E to the line D F therefore alternately, as the line A E is tothe line BE, ſo is the line Cæ line. 

to me line D F. But the line A E is in power more then the line E B, either by thefquare of — d 
a line commenfurable in length tothe line A E, or by the fquare of a line incommenfurable 

in length tothe line AE .If AE bein power more then BE, by the {quare of a line com- 

neen{urable in length to.A E, thenthe line C F fhallalfo (by the 14.0f the tenth) be in power i 
more then theline DF, by the fauare of a line commenfurablein length tothe line CF, and 
Soif the line AE be commen{urable in length to the.rationall line put,forafmuch as the line 

ndum | PP aj. E 


=en 


T he tenth Booke 


A E is commenfsurablein length tothe line CF, therefore ( by the 12. of the tenth) the line 
CF fhall alfobe commenfurable in leneth to the fame rationall line. Wherefore either of the 
| kines AB andC D is a first refiduall line. And if the line BE be commenfurable in length 
te the rationall line put, forafmuch as the line BE is commen[urable in length totbe line 
D F, therefore the line D F [hall alfo be commenfurablein length tothe rationall lineput: 
j, . andthemeither of the lines A Band CD isa fecond refiduall line. And if neither of the lines 
AE nor BE be commenfurablein length to thera- — 
tionall line put, then neither of the lines CF nor A è g 
DF fhall be commen{urable in length to the fame 
vationallline (by the 13 of the tétb). And foeither — c * 
of tbe lines AB GC Disa third refiduall MG n — 
ifthe line AE beiwpower more thé theline B E, by 
the fguare of a line incomenfurablein length tothe à — 
Une A , the line C Fſhall in like ſort (by the Ta. oſ the tenth) be in power more then the line 
D F, by thef quare of a line incommen]urable in length to the line C F : and then if the line 
AE be commenturable in length to the rationall line, the line CF fhall alfo in like fort be 
commenfurable in length tothe fame rationall line : and fo either of the lines AB and C D 
js a fourth refiduall line. Andif the line B E be cõmëfurable in legth to the rationailtine, the 
lize D F fhallaifo be comen{urable in légth to the fame line:and [o either of tbe lines A B cv 
5> CDisafiftretiduallline. Andif neither of the lines AE nor BE be commenluralle in 
length tothe rationall line,in like fort neither of the lines C F nor D F fhall be comenfurable 
6 in legth tothe f ame vational line. And fo either of the lines A B c» C D isa ftot vefidual line. 
` Whereforetheline C D isa refiduall line of the felfe fame order that the line ABis. Aline 
therfore commenfurable in length to arefiduall line, 15 it Selfe alfo a refiduall lane of the felfe 


fanc order : which was required to be proued. 
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^ 








n 
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As before touching binomiall lines, fo alſo touching refiduall lines, thisis to be 
noted, that aline commenfurable in length toa refiduall line, is alwayes a refiduall line 
of the fclfe fame order that the refiduallline 15,vnto whom itis cómenfurable , as hath 
beforein this 103.propofitió bene proued.But ifa line be cómenfurable in poweronly 
toa refidualline,then followeth it not, yeaitisimpoffible, that that line fhould bea 
refiduall of the felf fame order that the refidual line, is vnto whom it is commenfurable 
in power onely . Howbeit thofe two lines íhall of neceffitie be both either of the three 
firftorders of refiduall lines,or of the three laft orders: whichis not hard to proue, if 
ye marke diligently the former demonftration, and that which was fpoken of binomi- 
alllines astouching this matter. | | 


Note. 


¢ The 80. I heoreme. Lhe 104. Propofition. 


A line commenfurable toa mediall refiduall line ts it felfe alfo a medial res’ 
fiduall line and of the felfe fame order. f 


| Vppofe thar AB be amediall refiduall line, unto whome let the line CD be 
conmenfurable in length and in power,or in power onely.T hen 1 fay that CD 
JR is alfo a medtallreftduall line,and of the felfe fame order. For forafmuch as the 
Z7 line A Bis amediallrefiduall line , let the line conneniently ioyned unto it be 
BE: wherefore the lines AE and BE are mediall com-, g ^R. 
menf{uralle in power onely . As A BistoC D, foby the — — — T — 
2.0f the fixth) let B E beto D.F . Andin like fort asin @___ D v 
Demonfra- tHe former fo alfo in this may we proue,that the line AE | 
Bios. is commenſurable in leugth and in power, orin power ones 


Cosffiutiton. 
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by wise 
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ly onto the line © Fez the line B E to tbe line DF wherefore ( by the 23. of the tenth the 
line C Fis amediall line, and the line D Y ds alfo a mediall line , for that it 1s commenfura- 
ble to the mediallline BE. And in like fort the lines CF and D F are commenfurable in 
power onely: for that they haue the felfe fame proportio the one to the other that the lines À E 
and EB haueswhich are conmenfurable in power onely: Wherefore the line C D is a mediall 
refiduallline.I fay moreoner that it is of the felfe fame order that the line A.B is.F or for that 
as the line A Eis to the line B E fois the line C FẸ to the line D F . But asthe ine A E is to 
the line B Esfo is tbe fquare of tbe lise AE to the parallelogramme contayned vuder the 
lines A Eand BE (by the first of the fixtb) : and asthe line CE is totbe line D Y. , fois tbe 
|quare of the ine CF tothe parallelogramme contayned under the lines C Fand DF. 


Wherefore as the {quare of the line A Ets to the parallelogramme contayned under the lines 


AE and D E,fo is the [quare of tbe line C Y to the parallelogrammze contayned under the 
lines C ¥F and D ¥ Wherefore alternately as the fquare of the line A iis to the fquare of the 
line C ¥ fois the parallelogramme contayned under the lines A E and B Eto the parallelo- 
gramme contained under the ines CF and D F. But the [guare of the line À E is commen- 
furableto the fgnare ofthe line CF (for the line AE is commenfurable tothe line CF). 
Wherefore alfo the parallelogramsme contayned vnder the lines A Kand BE, is commenfu- 
rable to the parallelogramme contayned under the lines C F and D F . Wherefore if the pa- 
vallelogramme contayned under tie lines AE. and EB be rationall , the parallelogramme 
alfa contayned vader the lines C F and ED fhall be rattonall. And then either of the lines 
A Band C Disa firs mediall refiduall line . But if the parallelogramme contayned under 
she lines AE and BE be mediall,the parallelogramme aifo contayned under the lines C. 
and F D fhall be alfo mediali (by the corollary of the 23 .of the teth)-and fo either of the lines. 
ABandC Disa fecond mediallrefiduall line Wherefore the line C D is amediallrefidu- 
all line of the felfe [ame order that the line A Bis. A line therefore commenfurable to a me- 
diall refiduall line,ts it felfe allo a mediallrefiduall line of the felfe {ame order-which was re- 
quired to be demonfirated- ; 


This Theoreme is vnderftanded generall y, that whether aline be commenfurable 


in length & in power,orin power oncly to a mediall refiduall line,itis it felfe alfo a me- 
diall refiduallline,and of the felfe (ame order which thing alfo is to be ynderitanded of 


the three Theoremes which follow. : 


An other demonftration after Campane. 


Suppofe that -4 be a mediall refiduall line, vnto 
whome let the line & be commenfurable in length;or in 
power onely. And takearationall line C D , vnto which 
apply the parallelogramme C £ equall to the fquareof B 
the line.4,and vnto theline F E ( which is equåll to the  ' 
line C D ) apply the parallelogramme F G eqnall to the | 
{quare of the line 8. Now then the parallelogrammes , 
CE and FG thall be commenfurable , for that the lines 
44,8 are commenfurable in power: wherefore by the 1. 
of the fixth and ro. of this booke,the lines D £and F G , 
are commenfurable in length . Now then i£ 4 be a firtt 
mediall refidua]l line , then is theline D £a fecond refi- 
duall line by the 98.of this booke : and ifthe line .4 bea 
fecond mediall refiduall line,then is the line D £.a third 
refiduall line by the 99.0f this booke.Butif D Z be a fe- 
cond refiduallline , G Ealfo fhall bea fecond refiduall 
line( by the 103 of this boke) And if DZ be athird re=": 
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fiduallline,G £ alfo fhall (by the fame) be alfo a third refiduall line. W herefore it followeth by the 92... 
and 93.0f this booke,that 2 is eithera firft medial refiduall line or afecond mediall refiduall line,accor 
ding as the line 4 is {uppofed to be: which was required to be proued. 


- € T he 81. T heoreme. The 105. Propofition. 


A line commenfurable to a leffe line: is it felfe alfo a leffe line. 


Tine V ppofe that AB be a lefe line unto whom let the line C D be commenfurable.Thes 
Š 1 I fay, thatthe line C D is alfo a lefe line . For let thefame conflruttion be in this, 
Èj 9 V that was in tbe former Propo[itions . Aud fora[much asthe lines AE and E B are. 
sncousmen|urable iia power t berefore (by tbe 22. 


of the fixt, and 10.0f the tenth) the lines CF e» 









F D are incommenfurablein power. Againe (by 4 E , 
the 22. of the (Ext) as tbe (quare of tbe line A E | 5 — 
as to tbe [quare of the line B E, foistbefguareof ¢ -— F 





the line C F to the [qnare of the line D F Wher- 
Sore by copofition as the fquares of the lines AE 
and B E are tothe [quare ofthe line B E, foare | 

the {qitares of the lines C F and D F, tothe fauare of the line D F : and alternately, as the 
{quares of the lines A E and B E are to the fquares of the lines C F and D F, fois the [quare 
of the line BE tothe (quare af the line D F. But the [quare of the line B E is conmmenfurable 
to the fquare of the line D F (for the ines BE and D F ave commenfurable ) . Wherefore 
that which is made of the fquares of the lines A E and B E added together ,is commenfurable 
to that which is made of the {quares of the limes C F and D F added together But that which 
is made of the fquares of the lines A E and B E added together, is rationall . Wherefore that . 
which is made of the fauares of the lines CF and D F added together, is alforationall. A- 
gaine, for that as the [quare of the line AE istothe parallelogramme contained under the 


| ines AE and BE, fois the {quare of the line CF tothe parallelogramme contained under 


the lines C F and D F ( as we declared in tbe Propofition next going before) : therefore al- 
ternately, as the fauare of the line AE is tothe {quare of the line C F, fois. the parallelo- 
gramme contained under the lines AE and BE, tothe parallelogramme contained under 
the lines C F and D F . But the fquare of the line A E is commenfurable tothe fquare of the 
line CF, for the lines AE ¢ C F are commen|urable. Wherefore the parallelogramme cot- 
tained under the lines AE and BE, is commenfurable to the parallelogramme contained 
under the lines C F and D F . But the parallelogramme contained under the lines A E and 
BE is mediall. Wherefore the parallelogramme contained under the lines CF and D Fis 
alfo mediali Wherefore the lines C F and D F are incommen{urable in power, hauing that 
which is made of their [quares added together vationall , and the parallelogramme contai- 
ned under therm mediall . Wherefore the line C D is a leke line . A line therefore commen{u- 
rable to a leffe line, is it felfe alfo aleffe line : which was required to be proued. 


An otherdemonftration. 1 
Suppofe that A be a leffe lime, and unto A let the line B be commen[urable whether in 
length and power ,or in power onely. Then [ay that Bisa leffeline. Take arationall line € 
D. And vnto the line C D apply (by the 4.of the firft) the parallelogramme C E equallto 
the [quare of tbe line Ayand making in bredth the line CF. Wherefore (by the 100. propo- 
es A _— TEN] fition 








at 


(ition the line. C Fas a fourth vefiduall lipe.Vntathe lint FE apply" ^ 
(by tbe fame)the parallelogramme EH equali to tbe fquare of the -. A 
line B,and making in breadth the line F H. Now forafmuch asthe ~~ 
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line A is commen[urable to thbeline:B, therefore alfo tbe. (quare of MOIS asm 


the line.A is comen{urable to the {quare of theline B. Bat. vntothes c^ 9. Popi 
J4 ware of the line A is equall the pavallelogramme CE sch unto the’ m — 
{quare of the line Bis equal the parallelogramme EH: Wherfore thes.) 
parallelogramme C E is commen{urabletothe paralelggramme E^. | 
H ‘But as the parallelogramme C'E istothe para llelogr ae ey 

fo is the line C F to the line F. HWherfore the line C Fis commen- 
furable in length to the line F Ho Butthe line C Eis 'afourth refi- 
duall line. Wherfore tbeline FH isAl[o.a fourth refiduall line. (by | 
the.103 of thetentb) and tbe line F E is rationall.But if'a [uperft-- | 









cies be contained under arationallline,and a fourthrefiduall lyne, 

the line that containeth in pomer that fuperficies s,(by theo 4.of the . | i | 
tenth) a leffelyne. But the line Bcontaineth in power thefuperficies- — E 
E H.Wherfore the line B isa leffe line:which was required to be pra- 


Jo. Che bz. Theoreme. - +» The 106. Propofition. 


Aline conrmenfurable to a lyne making with a rationall fuperficies the 
whole fuperficies mediall,is it felfe alfo a lyne making-with a rationall [ue 
perficies the whole [uperfictes mediall. 


Vppofe that A B be aline makine with a rationall faperficies the whole [uperfi- 


cies mediallyonto whom let the line C D be commenfurable.T hen I fay that the 






LX oy line C D is a line making with a rationall {uperficies the whole fuperficies me- 
SOLO diall.V nto the line. B let the line conueniently ioyned be B E. Wherefore the 

lines A E and E B areincommetnfurable in power,hauing, = E 

that which is made of their {quares added together me- 

diall,and the parallelogramme contained under them ra- © D F 





tionall. Let the conftruction bein this as it was in the for- 
mer propofitions. And in like fort may we proue that asthe 


* 4 à 


line A E is to the line B E fois the line C F tothe line DF, and that thatwhichis made of i 


the fquares ofthe lines A E and B E added together is commenfurable to that which is made 
ofthe [quaresof the lines G F and D F added together zand that that which iscontained vn- 
der the lynes A E and E Bis in like fort commen[urable to that which is contained under 
the lines C F and D F.Wherfore alfo the lines C F and D F are commenfurable in power, 
haning that which is made of their [quares added together mediall,and that which is contai- 
ped under them rationall. Wherfore the line C Dis a lyne making with a rationall fuperfi- 
cies the whole [uperficies mediall. Wherfore a line commenfurable to line making witha 
rational fuperficies the whole {uperficies mediall,is it felfe alfo a lyne making with a rational 
{oper ficies the whole {uperficies mediall : which was required to be demonftrated. ! 


An other demonftration. 


- Suppofe that A be a lime making with a rationall fuperficies she whole fuperficies mediall, 
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and unto it let the lyne B be commenfurable either in lenieth and in poweror in power onely.. 


Then L fay that Bisa lyne making: with a rationall [uperficies the —— 
whole ſuperficies mediall ake a rational line C D and vito the line gre es wick à d 
CD app ly the p arallelogr ammeèe Q E tqualto the fquare of theline gno ed me eit 
and mang in breadth the-lyne CL. Wherfore (by ther 01.própo- — C ^ — — * 
ſition)thie l[yne C F ds a fift vefidualllysie X Maine unto the line F E. - ay a a a are 
apply the parallelogramme FG equallts the{quare of the-line Band: > ` — 







(x 


makyng tn breadth the lyneF Hw forafipuch asthe linea iscß. F. ot 
men{urable to the lyne B therfore the{quare ofthe lyne 4 isicommes >|. %- x 
Jerable to tbe f quare of tbe line B; But-umto1he fquare ofthe lyne A: |^ EB a 
is equall the parallelogramme C E,and unto the [quareof tbe ligeB. o p x 
is eqtiall the parallelocrammeF GW. herfore the parallelogramm C E" wh 
E is commenfurableto the parallelograinme FG. Wherefore the line’ > > | 
C F is alfo commenfuraolein length to the line FHcBut iheline Cp T 
a5 a fift refiditall line Wherforealfothetine-F His afiftrefidual line. 9| \ vt 
And the line F E ds vatiónall But ifra [nperficies be contayned un~ wd su] vo A 


der a vationallline and afift refidualllyne, the Jae that comtaynath. 9 Be, es 
an power that fuperficies,is (0) tbe 93.0f the tenth)a lyne making with a rationall [uperficies 
he whole faperficies mmediall.But the lyne B containeth in power the paralleloeramme F G. 
Wherfore the lyne B ts alyne makin ewith a rationall fuperficies the whole fuperficies medi- 
all : which was required to be demonflrated. 
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Aline comenfurable toa line making with a mediall [uperficies tbe whole 
 fuperficies mediall, is it felfe alfo a line making “with amediall fuperficies 


he baleipermeda 


. T i 
7 “ sz E 
- «E E. . 


| 
X A 


AP ppofethat AB bea linemakingwith amediail fuperficies the whole Super 
V. |cies smediall,vato whome let the line C D be commenfurable.. Then Lfay that 
the line C D is alfo a line making with amediall [uperficies. the whole {uperfi- 

— ces odia For nta re A B et theline conueniently iayned b E, dd 
let thereft of the conftruction bein this as it was in the former prope fitions. Wherefore the 

lines AFE and B Eare incomen|{urablein power, hauing that whic is made of their [quares 
added together mediall,and that which 1s contained under them al{o meatall,and moreouer 












that which is made of their [quares added together = ayas vss ue 
4s incommen|urable to.that which 1s contained va-. -———— — — — 
der then. But the lincs A E and B E (as wehaue ben. ties — g a 2 mta 
fore proued)) are.commten (urable tothe lines CF G = — — 


DF; and that which 1s made of the [quares of the. se su 
dines A E and B E added together is comm juae that which is made of the {quares. of 


the lines C.F and F D.added together and the parallelogramme contained under the lines 
“A E and B E is commenfurable to the parallelogramme contained under the lines C'F and 
_D F Wherfore the lines C F and D-F are ie me t in power haning that which ts 
made of their [quares added together mediall,and that which is contained under them alfo 
mediall,and moreouer that which is made of their [quaresadded together, is incommen{t- 
rable to that which is contained under them.Wherfore the line C D is a line making with a 
suediall fuperficies the whole fuperficies mediall. Aline therefore commen{urable y a,lyne 
4 "s E Y | MAKING 
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| 7 the parallelogrammne: G H, aed B. D to the e paralelograme x n A 
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Piakin, with a medial] fuperficies the whole. Juperfictes medialliisi it fife alfo, a line niky 27. 
wth a mediali fuperficics the whole fuperficiesmediall: which was required tote prohed: ™ 


This propofition mày: alfo be'an.other way demonflrated;as the three former propofitions were. If 
vpon a rationallline you apply, parallelogrammes equall to the fquares ofthe lines AB and C D, the 
breadthes of which parallelogrames fhall be eche a fixth refidual line, and therfore the lines. which Có- 
tayrie thém in power; namely;thelines.A Bånd cD fliatkbe boch fuch lines asis required. id,the pro- 
poft ition, which i is gayt to conclude, marking the pies of the denionttration in the three, former pro- 
pofitions. pW S ASS Pen A4 3 E EAS UNS IR 


- 3 2 


: ^D t ` ; s ` - 
t ^, 4 à $ s eh ^ 4 * 
35 t E ` d $ ‘ E J à m k " 
ea, s be db 4? . a E: u. 4 E: t A cv 4 r 


y Eb $4. Tbeoreme - yv on dE ja avt Prijs tion. 
_ Jf from a rational fuperficies be taken awaya mediali | fuperficies y the liit 


“Which containeth in power the fuperficies remayning,is.one of thee. two. ire 


rationali lines namely either a refi anali line, ora vU line. 2 i QE SAM 
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Lie wee 


1 
= eat - 


S Vppofe that E Chea rationall foperfcies y T fm it ie may 4 nedil ifi , 
SS perpictes „panach, B D „Then I fay, that the line which, containethi in power 3 the 


CX. fepe ficies remayning, namely, the [uperficies E C is one Of thefe fo irr. rational 

eA X unes namely, citherarefideall line, ora lejfe line. Take: ‘a rationall. lige `£ G. 
Andupin FG de ferite ( by the 44.0f the firft) a rectangle  parallelegramme GH equal t 7, 
the fupes — 5 C. And from thet arallelogrammpe GA Hi fake away phe paralllograname¢ G K 
equall to the e fup erficies B B D Whey efore (by ihe third c CO. - "3. — —* 
— y the fi uper rfe cies, remaynii ! namely, E È, 45 equat tt to B E 


tom 


he parallelogragime rena eres panel fo.L _ And foraj- ` 


PER 


1 as BC js rational, and BD is medial, and. B Ci ts D 






yi 


€ “they — GH isrationall, and - K ts media Ji: apd the: k 
parallelozramme GH isappliea 2i vnlt the rational. line FG. 
Wherefore (byt. ihe 26.0f t thetenth), ) p^ line E Hd is rational <. 


Saki 


and commen|urable in length to the hie H Gk And d the — 
Telograms me GK is alfa applie ed enia i the rationali line.. FG, 
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Wherefore ( byt the. 22.0f the teth) Ij the lize F K ssrationall and — ip eng 
10. the lines E DN Wherefore é(; y $ ihe, 4f, 7 apt, oft the 12, oft the tenth tbe line FH 7s incomimien- 


iue 


furable ti lergtht to the, linge FA- And the ey awe bi E oth rational, Wherefore the lines FH and 
E Kare rationali , commen (rali "P uu a power ‘onely., w here efore the bue K Hisa efid ideal. line. i 
and; the. lene. i cate pieniiy qued 4 unt Glis iE ie Ne (m. the line F Hi ig in power | imore then the 


Ri A 


dine KP, eather by the fa CIC Of A, Leseoumenlardbleey les ngih i 19. the. line F H, or B the 


wi ga “36% 45 


{quareofn ‘ali it — KA bles iñ, length UTI e Jine. FH. First let it bc ig power; "ore then 





! the Ene, E — by tf eJ tire aj ef s 4. line m "enl fablern a fp. the hue, F H, and the whole 


WX 


line FE ie commen ura able in Leneth fg thes rationall | ine put, antat to F G: Wherefore the 


dine K Hisa fr f refi tduallline. Butifa fuper] cies be contained 2902195 a rational line, and 


a of refideall lives the line that containeth in power. 1 that a ^ nperfiett £105, 18+ (- by the or. of the 


yeh 


) arefi Aust bre. Wherefore! fhe line which contatneth i $ over L H; that is,the Spe 
freies EC C, isa refi auallline . But if the line.H F bein  pawer mere then the line E K , by the 


2E dms 


i Square ofa lipe incommenfurablein length to the line’ FH, wid ibe wheleline F His com- 


"men[uvableig length tothe rationali lire ¢ Sie oF GC: Wher ifar bre tbe line KH da | fourth 


reff idiali line But a line containing in power. a (uperficies contained under a vationall line 


"anda (fourth réfiduall lige; 15 a Helle line(by thé o4.of the tenth) . ) Wherefore. the line that 
-containeth in power the fupe: fries L H,thatis, the fuperficies. E C isa leffe line . If there. 
fore from arationall fuperfictes be taken away a mediall fi fi iperficies, ihe lime which comtaineth 
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in power the fuperficiesremayning; is one of thefe two irrationall lines, namely, either Avefe 


duall lineyor a leffe line : which was required to be proued. » ° 


| q I be 85. I beoreme. "T he 169. Propofttion. 4 
Sf froma mediall fuperficies be taken away .a rationall fuperficies , the line 
“which contayneth in power the fuperficies remayning ts one of thefe two ire 
vationall lines, namely either a firft medtall refiduall line , or a line ma- 
king witha rationallfuperficies the whole fuperficies medrall. 
ees P hpefe that BC bear. x er dc - West ws 
mediall .[uperficies and... s i ou | 
|from itiake amayarati BE 
seal opsl fuperfiiespametly, | | 
mut, Aart. BD : d ben I fa 4i that the line which > 9 2-6 
© as Gntagneih in power the fuperfictes | 
| deémayning , namely, the fuperficies < |. = 
EC sone of thefe twotrrationall -4 






| — ines either afirft medial refiduall A D a, nS Sub aera te 
een ine, or a line making with aration 7 


Conſiruction. Juperficies the whole ‘[sperficies mediall.T ake arationall line EG, and let the rek of the con 
sdas ffruction be in thisastt was in the former propofition Wherefore it followeth that the line 
Demont Fis rationall and incommenfurablein length to the line PG (bythe 22. of thetenth ). 
tjon, And that the line KF is (by the 20. of thé tenth ) rationall and commenfurable in length to 
the line F G.Wherefore the lines FH and ¥ K are rational commenfurable in power onely. 

Wherefore K His avefiduall line. And the line conneniently ioyned unto it is EK. Now the 

line F H isin power more then the line EK , either by the {quare of a line commenfurable in 

s.  dength to the line F H, or by the [quare of a line incommenfurable in length untoit . If the 

line EH bein power mort then the line EK by the fquare of a line commen [urable tn length 
to the line FH and the line coueniently ioyned vnto it, namely, ¥ K,is comenfurablein legth 
to the ratiovallline ¥ G . Wherefore the line ® H isa fecond refiduall ine. And the line 


— 


F Gis arationall line.But aline contayning in power a fuperficies comprehended vader a raa’ 
tionall line anda fecond refiduall line 1s (by the-92.0f the tenth )a firft mediall refiduall line. 
Wherefore the line that contajneth in power the fuperficies LH , that is, the [uperficies C E. 
Bs a fir(t medial refiduall ue. But if Yhe line Hl ¥ be in power more then the tine ¥ K by the 
‘fquare of a line incommenfurable in length to the line ¥ U,and the line conueniently toyned, 
‘pamely,the line F K is commenfurable in length to the rationall line put , namely , to FG. 
wherefore the line K Wis a fift refiduall ine. Wherefore( by the 95.of the tenth) the line that 
contayneth in power the fuperficies L Vi,thas is,the [uperficies EC , is a line making with 6 
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—. Jffrom a mediall [uperficies be taken away a mediall [uperficies income 
- anenfurabletotbe whole fuperficies,the line which containeth in power the 
__fuperficies-which remaineth,is.one of thefe two irrational tlines' namely, 
c ceitbera fecond mediall refiduallline, or a line making with a mediall fue 
(o perficies tbe whole fuperficies medial. sv N 
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S in the former de[criptions, fo beré alfo takeamay fro the mediali fuperficies 
Y B C a riediall fuperficies B Dyand let: B D be incommen[uvable to the whole 
a fuperficies BC .T hen I fay, that the line which comtaineth im power the {#- 
| perficies E C, is oné of thefe two irrationall lines, namely, either a fecond me- 
RAMS As all vefiduall line,or a line making.with.amediall {uperfictes the whole {uper- 

ficies mediall. For forafmuch as either of thefe {uperficieces . ! 

BC and B D is weediall, and B C zs incommen[urableto B D, 
it followeth (by the 22.0f the tenth) that either of thefe lines 
F Hand F & isrationall and incommenfurable in length to 
the line E G. And forafimuch as the {uperficies B Cis tncom- 
eser [nrable to tbe fuperficies B Dy that is, tbefuperficies G H, 
to the faperficiesG K, therefore (by tbefirfl of the fixt, & 10. 
of thé tenth) the line F H is incommen[urable im length to the 
line F K Wherfere the lines H F and F K arerational comen- A D 
furable in power onely . Wherefore (by the 73. of thetenth )the | | 
tine K H is arefiduall line,and the line coueniently toyned-vnto it is F. K .Now tbe ipe H F ts 

in power more then the line F K, either by the {quare of a line comenfurable in length tothe 

line H F, or by the {quare of a line incommenfurable tn length unto it . If the line H F be iz 

power morethen the line F K, by the {quare of a line comenfurablein length totheline FH, 1 
and neither of the lines H F nor F K is commenfurablete the rationall line put FG. Whers 

fore the line K H is a tbird vefiduall . But tbe line G F that is, the line K L, is vationall. And 

a rvectangle [uperficies contained wnder a rationall line and a third refiduali liie, is ivratio~ 

wall, and theline which containsth in power that fuperficies, is ( by the 93 .of the tenth) a fe- 

cond mediall refiduall line . Wherefore the line that containeth in power the fuperficies LH, 

that is, the faperficies E C isa fecond mediallrefiduall line . But ifthe line H F bein power 

more then the line F K, by the{quare of a line intommenfurable in length to the line FH, 2e 
and neither of the lines H F nor F K is commenf{urablein length to the line F G . Wherefore 

the line H K is a fixt refideall line. But aline containing in power a [uperficies contained vn- 

der arationall line avd a fixt refiduall line, is (by the 96.0f the tenth) a line making with 

a medial {uperficies the whole {uperficies mediall . Wherefore the line that containeth ix 

power the fuperficies L H, that is, the fuperficies E C, is a line making with a mediall fuper- 
fisies the whole fuperficies mediall . If therefore from a mediall fuperficies be taken away a 
mediall [fuperficies, incommenfurable to the whole fuperficies, the line that containeth in 

power the fuperficies which remaineth, is one of the two irrationall lines remaining, namely, 

either a fecond mediall refiduall line, or a line making with a mediall fuperficies the whole 
fuperficies medial : which was required to be proued. — | 
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4 T be 87; T beoreme. T'he 111. Propofition. 


JA refiduall line , is not one and the fame with a binomiall lyne. 







For Vppo[e.tbat 4 B be avefiduall line. 2 ben Yfay that 4 B is not one and the fame 

BS ith. binomiall line.F or if it be poffible let it be abinomiall line. And take ara- j 

i esee. 10240 line DC. And (by the 24.0f the prst) vatothe line C D apply a rectangle Confiructions 
paralleloeranme C E equall to the [quare of the line A Band maine in bredth tbe line .D 
E. And fora[nsuch as A B is avefiduall linetberfore (by tbe p7. of the tenth) theline D E Peo frati 
Fa first refiduall line. Let the line conueniently ioyned vnto it be E F JW herfore tbe lines D A 5 
2.93. Fade 


A Corollary, 


T he'tenth ‘Booke 
Fand F E are rationall commenfurableinpower on- |. sc OM" ey 
ely,and the line D F isin power more then the line F pet ^e: vi 
E by the [quare ofa line commenfurableinlength to. 
tbe line DE ec the line D F is comen[urablein lëeth 
to the rational line put D C. Again fora{much as AB 
is by pofition a binomiallline,therefore (by the 6o. 
of the tenth )the line D Eis.a first binomial line.De-. |- 
wide it into his names in the point G. And let D G be. |. 
the greater name. Wherfore tbelines D G and GB. 
are rationall commen [urable in power ónely. And tbe... £—— 
line D Gisin power more then the line GE by.thé cs. 
[quare of a line commen{urableinlengthto the lyme > | s 
D G,and the line D G is commenfurablein leagth to therationall line put DC. Wherefore 
the line D F is commenfurable intength tothe line D-G.Wherfore (by the rs. of the tenth) 
the whole line D F is commenfurablein leethto the line remaining namely, to the line G F.. 
And forafmuch as the line D F is comefurable to the line F G,but the line F D is rationall; 
Wherfore the line FG is al{o rationall.And fora{much as the line F Dis commenfurable in 
length to the line F G,bst the line D F is incommen|urable in length to the line F E.Where 
fore the line F G is incommenfurable in leneth tothe line F E (by the 13.0f the tenth) and 
they. are both rational lines. Wherfore the lines GF and F E are rationall commenfurable 
Zu power onely .VWiserfore( by the 73 .0f the tenth) the line E G is a refiduall line, but it is alfo. 
rationall (as before hath bene proued) which is impofGble,namely that one e tbe (ame line: 
fhould be both vrationall and irrationall. Wherfore arefidiall lineis not oneand the fame 


with a binomiall line that is,is not a binomiall line: which was required to be demonfirated. 





â q A Corollary. | i 
Arefiduall ne and the other fine irrational! lynes following it are neither 
mediall lines nor one and the fame betwene themfelues. thatis, one is vtterly of & 
diners kinde fro an other For the (quare of amediall lime applied to a rationall line, maketh 
the breadth rationall and incommenfurable in length to the rationall lyne, whereun- 
to it is applied (by the 32. of the tenth) The [quare of avefiduall line applied toa rationali 
line, maketh the breadth a firft refiduall line (by the 97. of the tenth). Thefquare of afirft 
mediall refiduall line applied to a rationall line, maketh the breadth afecond refiduall lyne 
(by the 98.of the tenth) The {quare of a fecond medial! vefiduall line applied nto a ratio- 
nall line; maketh the breadth athird refiduall line (by the 9 9.0f the tenth) The (quare of 
a leffe line applied to a rationall line, maketh the breaath a fourth refiduall line (by the 100. 
of the tenth) T he (quare of a line making with a rational {uperficies the whple {uperficies 
medial applied to a rationall line,maketh the breadth a fift refiduall line (by.the 101. of the 
tenth) And the [guare ofa line making with a mediall fuperficies the whole fuperficies medt- 
all applied to avationall line,maketh the breadth afixt refiduall line (by the 102.0f the teth) 
Now forafmuch as thefe fove[aid fides which are the breadthes differ both from the firs 
breadth for that it is rational,and differ alfa the one fro the other,for that they are refiduals 
of diners orders and kindes, itis manifeft that thofe irrationall lines differ alfo tbe one from — 
the other. And forafmuch as it hath bene proued in the 111. propofition, that arefidual line — 
is not one and the fame with a binomial line and it hath alfo bene proued that the fauares 
of a vefeduall line and of tbe fiueirrationall lines that follow it being applied to a rational line 
do wake their breadthes one of the refiduals of that order of which they were, whofe [quares. 
vere applied to the rationall line,likewife alfo the {quares of a binomiallline, and of the fine 
ivvationall lines which follow it,being applied to a rationall line,do make the breadthes E 
0 








of Euchdes Elementes.. Fol.205. 


of the binomials of. that vrider of which they were,whofe e fqnares were Applied to the rariowall 
Line. Wherfore theirratiowall lines which follow the binomiall line, and the irrational lines 
which follow the refiduall ef the one —* the other,fo that all the mon poa: 


are 1349 — — ie Di 3 44e 

poo Mbedidlllnn AE Ses o7 (ati A Qe Som 5e cct s 

2 A binomiall lint sod ick pe C E os em v À Y'a 
3 A first bimediall lige: A sse Sr Abu SM À s nm wn 
4 A fecond bimediall lne E - i tuae dp LI As eiit iaa ut 
$ A greater line. We at — YE BN RT RRNA AG Als i fr mE 
6 Aline containing in power svenionell i rfities and a € leen * 
7 Aline contayning in powen two mediall füptrficiects. MUR j^ amat 
s A reſiduall line. GAH sisti ot — * eA th acess | 
9 A fir St mediall refi dall rr m < 984 81 Uses i do eed ens | M. a 
ro <Afecondmediglirefiduallline 4 WOU av eem nun d 4 
g1" Alefseline. svi ws a ie a 

i2 ~ Alipe makine with a rationali  faperficiós the whole fojerfie medial. 

13 = Aline making with amediall {u hd - — J^ Epi mediall. 
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q T he $2, "T beoreime. 5^ The ria. r Propofit Mim ^. 
Thao of à rationall line "oM Vito a binomtall line; maketh the 
. breadth or other fide a vefid duall line » whofe. names are commenfirrable to. 
-. — tbenames of tbe binomiall lime ez in the felfe fame proportiõ: moreouer 


that refiduall lineis.in the felfe temas order n iiu nak ines, that tbe binor 


mial linei is of | binomiall lines. ASA wo 
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Al Yppofes that A be 4 aiat hil and B Ca binomial line whofe reson name ‘The —E 
ot be CD. And vntothe [quare oft the line A let the parallelogramee contayned nation hath, 
vider the linesB Cand EF ( ‘fo that B F bethe breadth) be equall . Then I fo Jundry partes 


sė 















SR lia EF isa vefiduall line, whofe names are ae eee to the NAMES of the ordertitaliess 
Taomil lineB C,which names let be C D R E : e oed, ^ * 
aud D B , andare in the fame proportion o | iol a i ee e 7 | 
with them -and moreoner the line EF isin Bo s oom cov S ` 
‘the felfe fame order of refidnal lines thatthe 7 Dom Pi, camis 0 4 | 
‘Line BC. is of binomial lines . Pato the Spaa Ee Et, i — ny 
fauare of the line A let the -parallelogramme d g OUS qe we Rak So | QE. Tem 
| Contayned vader the lines BD and G bees) es ink. F 


dna al. Now foraj? much asthat whith i is Cotayned vader the lines B C e E F; as TM to 5i Confirutiion. 
whichi 15 contayned dader the liges B Dand G;therforereciprocally(by thé 14.0f the o fix xih) | 
artbe line C'Bistotbe B D: "fo. isthe. line G tothe line EF.But theline BC is greater then °° 
‘abe lineBD; wherefore e the line Gi as greater theicthe line BE . Fotóthe, line G let tbe line Demonstra» 
“EH be equal. wherefore, by the rv. “ofthe fft jas thelite® Bis ti the line BD PIE is the line tione 
HE tothe line E. Wherefore by dewifto on (by rhexzvofthe fifth ) asthe line CD isto the | 
Tine BD. [oz 2$ ‘the ine H E to the line FE: 'Asthe bneHF sito the F Efe led the line F K be to the line This is an Af- 
KE(howthisisto bedone we will declare at the end of thissdemonstration) . W. herefore ú by Sanpete les 
‘phe rz. of i Le Z jfi ) the whole line H K-* ssto the. whole line X ¥ as the line EK is to the line ES ir 
KCE.For asope of bé antecedentes isto óne of tbà con[equentes, [o are all the antecedentes 16 demopifrated. 
all the confequentes . But as the line FK is the line E, fois the line CD tothe line DB = HA gg 
(for BR éstoEKasHFéstoF E,andH FistoPEasC Di " D B) JV berfore(by the 11. a cosi 


29. rg 8. of proportion, 
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of the ſiſt)as the line H Kis to the line K P,ſo is thè line C Duro the line TD) BButabe [quare 
ofthe line C I ds commenſurable to the ſquare oſthe liueJD B: mherefore d by the ro.of the 
tenth) the {qaareofthe lined K 1s comen{urabletathefquare of the line FC. But.thele three 
lines H K,¥ K,and EK are proportional in cotinuall proported(as it-hath already bene prs- 
ned) Wherefore (by the fecond corrollary of the 20.0f the fixth )the [quare of the line H Kis 
to the (quare of the line E K as the line H K. is to the line E, K: wherfovet/e line KK is com- 
paen[urable im length to the line E. K.Wherefore(by the xs.of the tenth) theline HE is con- 
men{urable in length to the line VK. And forafmuch as thefqisare of she line A is equall 
to that which is contayned under the lines E.H and B D , bit lé. fauaref'ibe DENEN 
tional! wherefore that which is contayned under the lines EH and BDiswationall. Andis 
is applyed unto theritional lie B, Ly E bertfére(0 $e. zo sofihetenth) the line E H isra- 
tionall and commenfurable in lengthtotkè line BD vW herefore alfo- thelize EK. which is 
commenfurable in length to the hne AE is nd am E 
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rationaland commen{urable tp length to the * se eee sh ty i 
lineB D.Now for that as the line C D isto EL 
the line DB, foistheline FK to the line Mdh: A 
EK ( for it was:beforeprined , thakes CABE se et a — — — — 
istoDB a fo STAKE toh kj aad as kL — xo Mei vore ms ses * = : : 


FE, foisk K toE K)butthe lines C D and E 

D B are comes farable 14 power egélywberefore(by the 10.0f the tenth) tke lines F K and 
KE axe w/o comuen{itrablein pomer onelys dnd for tbat asthelineC D isto teline D B, 
foisthe. an EK totheline EK, therefore by contrary proportion as D B isto C D. fois EK 
jo EK , and clternately as DBE K fo 5 CDte EK > bat the linesB Dand EK are 
Coneiperifirable ix lengebasit hath already bene proved)’ Wherfore alfo thellines C D and 
YR comin farable in length But the line C D is rationali: wherefore ifa the line F K 
is rationall . Wherefore the lines F K and EX are ratiotall commén{urable in power onely. 
Wherefore the line F Eis a refiduall line:whofe names Y K and K Ej are commenfurable te 
the names © Dand BD of the vinomiall line B.C ‘and in the. fame proportion as is proved. 
T fiy emoreoser that itis a refidnall line of the [elfe [ame order that the binomial line is ` For 
the line CD is in power more then the live B Di esther by the fquare of a line commen[ura- 
Ble igs length to the line C Dror by the [quare of alineincommen{uratlesm length. Nowif 
the line C D bein power more then the lineBD by the. {quare of a line commen{urable is 
length vnto the lige C D, then (by the 13. of the tenth) theline .F K isin power more ther 
the linc E. K $y the (quare of a line comen[urable in length to the line FK.dudfoiftheline ` 
CD be comenfirable in légth to tberationall line put thelige Y K Alfa [balbe comenfurable 
imlégth tothe fame rational ine: wherfore then the line B Cis a firft binomiall line, G& the 
line F E is likewife a fir fl refiduall line . And if the line BD be commenfurablein length to 
the vationall line the line E. K is alfo commen{urablein length to the fame , and then the line 
BO i (econd binomial line,and the line E Ba fecond refiduall line. And if neither of the 
lines C D sor DB becómmenfurable in length enta the rationall line ; neither of the lines 
PK wor E K ave commenfurableinlength.wnto the Jamee and then the line BCis.athird 


-CBinomiallline, c the ling ¥ Bisa thirdr fiduall line. And if the line C D-bein power more 


ther the line BD, by the(quare of a line incommenfurable in length tothe line C D the line 

Y Kis alfo(by the rof the tenth)in power more then the lincE.K bythe [quare of a line 
incommenfurable in leneth tothelivie BK~. And [otf the line C D.Le commenfurable in 
lenghi to.avationallline put,the line FX alfoss commenfurable in length to the fame, where- 
fore the line B C is a forrth binomial! line,and the line F E. is a fourth refeduall line. Ad if 
the line B D be commen[urable in length tà the rationall line , tbe line: E. K. ufo CONE- 
yit ble is length tothe fame,and thenthe line BC is affth binomialiline an the line 
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E F a fib vefidtall line . And rf neither of the lines C D vor DB be commenfurable in 
length to the rationall line, neither alfo of the lines F Knor E K is commenfurable iwlength 
to the [ame and then the line BC 1s a fixth binomial line; and the line Ea fixthrefiduall 6. 
line Wherfore the line ¥ Eis arefiduall line whofe names namely, © K and E K are otumt- 
ſurable to the names of the binoiniall line namely, to the names C D and D B,and arein the 
felfe fame proportion , and therefiduall line E F isin the felfe Jame order of refiduall lines, 
“that the binomall line B C isof biromall lines. Wherefore the [guare of a rationali lne 
applyed unto a binomiall line maketh the breadth (or other fide)arefiduall linc,whofe names 
ave commenfurable tothenasmes of the binomtall line, andin the feife fame proportion , avd 
moreoner that-refiduall line isin the felfe [ame order of refiduail lines, that the binomiall 
line is of binomiall lines:which was required to be demonstrated. 


of Euclides Eleinentes.. : Fol.306. 


s 3 Here is the Affumpt (of the foregoing Propofition) confirmed. 


Now let us declare how as the line H F isto the line F E, fo to make the line F K to the 
line EK .ThelineC D is greater then the line B D by fuppofition . Wherefore alfo the line 
H F is greater then the line F E (by alternate proportion and the 14.0f the fifth). Frem the Corfivutlione 
line H F take away the line F L equalltothe line F E Wherefore the line vemayning ,narve- 





Iy,H Lys leffe then tbe line H F for thelineHF g D c 
zs equalltotbelines H Ley LF . ASH Listo / 
HF, fo (by the r2.0f the fixt)let F EbetoF K. H__ L JA E K 





—7  Demuujfirá- 


Wier fore by contrary proportion (by the Corolla- tink 


ry of the g.of the fifth) as H F isto H L, fois F K to F E Wherefore by conuerfion of pro- 
portion (by the Corollary of the 1 9.ofthefifth) as H F is to L F, that is, tothe line eguall, 
vito it,namely, to F E, fois the line F K tothe lineE K. 

M4. Dee, ofthis Aflumpt, maketh (zeptoualits, thatis, 
b. efcquifiuely, ) a Probleme vniuerfall, thus: 


— vuequall right lines being propounded, to adioyne vato the lefe,aright line,which také with Ke 
‘the lefe(as one right line ) {hall hane the fame proportion,to the line adtoyned; which, the greater of 


the two propounded, hath tothe leffe. 


... The conftru&ion and demonftration hereof, is worde for worde tg be taken, asit 
ftandeth here before : after thefe wordes : The line H F is greater then the line F E, 


t 


'" . @ A'Corollary alfo noted by 1. Dee. 


Ie is therefore evident that thus'are three right lines (in our handling ) in continual proportions 2s 
tt is to Weete, the greater, the leffe andthe adioyned, make the firft the leffe with the adiyued, 
make the fecond : and the adioyned line is the third, 


This is proned in the beginning ofthe demonttration, after the Affumpt vfed. mp 


+ An other demonftration after Flaffas. 


` Take a rationali line A, and let G B bea binomial! line, whofe greater line letbe GD; and vpon - 
theline G B apply (by the 45. of the firft) the párallelograme B Z equall to the fquare of the line A,and Conſtruclion. 
making in breadth the line G Z. Likewife vpon theline D B (by the fame) apply the parallelogramme: 
BI equall alfo to the {quare of the line A, and making in breadth the line DI: and put theline G ZT 
equallto theline DI. ThenIfay, that G Z is fuch a refiduall line 4s is required in the Propofition. 

er, in. Forafmuck: 
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The tenth Booke pai, 


Forafmuchas the paralle- 
logrammes B Z. G1 BI are 
equall, therefore (by the 
14.0f the fixt) reciprocal- ! ' á 
ly as the line GB is to the A i me dd 
line B D, foistheline DI a EA l — i 
or the line G T,(which is 
equall vnto 1t) vnto the | 
line G Z. Wherefore by P 
diuifion, as the line GD | 
isto the line DB,fo is the f 
line T Z to the line ZG | i D i 
(by the 17.0f the fifth ). T "n b 
Wherefore the line T Z is ' 
greater then the line Z G . ( For the line G D is the greater name of the binomiall line GB). Vuto the 
line Z G put the line Z C equal . And asthe line TC is to the line T Z, fo ( by the 11.0f the fixth ) lee 
the line Z G be to the line ZK . Wherefore contrarywife ( by the Corollary of the 4. of the fifth) the 
line T Z isto the line T C, as the line Z K isto the line ZG . Wherefore by conuerfion of proportion 
(by the 19. of the fifth) astheline T Z isto theline Z C (thatis, to Z G, which is equallvnto it) fo is 
the line Z K tothe line XG. Buttheline T Z isto the line Z G,asthe line G D is to the line D B. Wher- 
fore (by the 11.0f the fifth) the line Z Kis to thelineK G,as the line GD istothe ine DB. Butthe 
lines G D and DB are commenfurable in power onely. Wherefore alfo the lines ZK and KG arecom- 
menfurable in power onely, by the ro.of this booke . Farther, forafmuch as the line, T Z isto the line 
ZG, asthe line Z K is to the line K G, therefore by the 12.0f the fifth, all che antecedentes, namely, the 
whole line T K are to all the confequentes,namely, to the line K Z, as one of the antecedentes,namely, 
the line Z K is to one of the confequentes,namely,to the line K G. Wherefore the line Z K is the meane 
proportional] betwene the lines TK and kK G. And therefore (by the Corollary of the 20.0f the fixth) 
as the firt, namely, the line T K, isto the third,namely,to the line K G : fo is the {quare of the line T K 
to the fquare of the fecond,namely, of the line K Z . And forafmuch as the parallelográme B I ( which 
is equall to the (quare of the rationall line A ) is applied vpon the rational] line DB,it maketh the 
breadth D Irationalland commenfurable in length vnto the line D.B, by thezo.ofthe tenth.And ther- 
fore theline G T (which isequall vnto theline DI ) is commenfurable in length to the fame line D B. 
And for that as the line G D is to the liné D B, fo is the line K Z to the line K G, butas the line'XK Z is to 
the line K G, fo is the line T K to the line K Z, therefore (bythe 11. ofthe fifth) asthe line GD isto 
the line DB, fo is the line I K.to the line XZ « Wherefore ( by the 22. of the fixth) as the {quare ofthe 
line G D is to the {quare of the line D B, fois the {quare of the line T Kto the {quare of the line X._Z.But 
the fquare of the line G D is commenfurable to the fquare of the line D B (for the names G D and DB 
of the binomiall line G B are commenfurable in power ) . Wherefore the {quare of the line T X thal 
be commenfurable to the fquare of the line X; Z, by the ro.of this booke . But as the {quare ofthe line 
T Kisto the fquare of the line X Z,fo is it proued,that the right line T Kis to the right line X G.Wher 
fore the right line T X is commenfüurab!ein — to the right line XG. Wherefore it isalfocommen- 
furable in length to the line T G (by the 15.of the tenth) . Whichline T G is (as it hath bene proued} 
4 rationall line, and equall tothe line DI. Wherefore the lines T Xand X Gare rational] commenfu- 
rable inlength . And forafmuch as it hath bene proued, that the line Z X is commenfurable in power 
onely vnto the rationallline X, G , therefore thelines Z X and X G are rationall commenfurable in 
power onely . Wherefore the line G Z is a refiduall line . And forafmuch as the rationallline T G is 
commenfurable in length to either of thefelines DB and XG . Wherefore the lines DB & KG fhalt 
be commenfurable in length, by the 12.ofthe tenth . But theliue Z X isto theline X G, as the line 
G D istotheline D B . Wherefore alternately, by the 16.0f the fifth, the line X Z isto thelineG D,as 
theline X'Gis to the line D B. Wherefore the line Z X_is commenfurable in length vnto the line G D. 
Wherefore the lines Z Kand KG (the .names of the refiduall line G Z) are.commenfurable ia 
length to the lines GD and DB, which are the names of the binomial! line GB : and the 
line Z Kis to the line KG in the fame proportion, that the line GD is to the line DB. 
Wherefore if ‘the whole line ZX be in power more then the line connentently toyned KG, 
by the fquare of 2 line commenfurable in length to the line Z K, then the greater name G D fhall 
be in power more then the lefe name DB, by the fquare ofa line commenfurable in length to. the 
line G D, by the 14.0f the tenth. And ifthe line Z K bein power more then the line XG, by the fquare 
of aline incommenfurable in length to theline Z K, the linealfo G D fhall be in power more then the 
line D B, by the fquare ofa line incommenfurable in length vnto the line G D (by the fame Propofiti- 
on). And ifthe greater or leffe name of the one be commenfurable in length to the rationall line put, 
the greater or leffe name alfo of the otherfhall be commeafurable in length to the fame rational] line, 
(by the rz.of this booke ). But ifneither name of the one be commenfurable inlength to the rationalt 
line put, neither name of the other alfo fhall be commenfurable in length to the fame rationall line 
put (by the 13.0f the fame ) . Wherefore the refiduallline G Z fhall be in the felfe fame order ofrefidu- 
all lines, that the binomiallline G B is of binomiall lines (-by the definitions of refiduall and binomial 
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fines . The fquare therefore ofa rationall line applied to a binomiallline. &c : which was required to 


be proued. i - 
y T be 89. T beoreme. — "The 113. Propofition. 


The fquare of a rational line applied vuto arefiduall maketh the breadth 
or other fide a binomial line ;whofe names are commenfurable to the names 

of the refiduall line; and im'the felfe [ame proportion : and moreouer that 
binomial line is in the felfe fame order of binomiall lynes that tbe refudual 
line ss of reftduall Lunes. fu | 






ZXS Vppofe tbat A be a rationall line,and BD arefiduali line. And usto tbe [quare 
S 9 of the line A let that which is contained wnder tbelines B.D aud K H be equal. 
A VA Wberfore the [quare of tbe rationall line A applied unto the refiduall line B D 
^ DAS maketh tbe breadth or other [rdi K HX ben I fay that theline K His a biome. 
All liue ywbofe names are commenfurabletao A__, | — 
the names of the refiduall line B D and in +» " | 
| | c 
she felfe [ame proportion, and that theline ~~? — 
K His inthe felfe fame order of binemiall H | Ic * 
lines,that the line BD isofvefiduall lines. g iin... = 
Vzto the line B D let the lide comueniemtly |. ' — — — — 
toyned be D C. Wherfore the lines BC and ! — 
D C are rationall commenfurablein power onely. And unto the {quare of theline A let the 
arallelogramme contained under the lines BC and G be equall.But the [quare of the line A 
zs ratiopall Wberfore the paralleloeramme contained wander the lines B C. and. G is "alfo ra- 
tiowall Wherfore alfo the line G is.rationall and commenfurable in length to the line BC (by 
the 20.0f the tenth). Now forafmuch as the parallelogramme contained under tbe lines B 
Cand Gis eguallto that whichis contained under the lines B D and K H, therfore (bythe 
16.0f the fixt)asthe line BC is to theline B D foisthe line K H tothe line G. Buat the line 
B Cis greater then the line B D.Wherfore alfo the line KH is greater then the line G. Vnto 
the line Glet the line K E be equall Wherforetheline K Eis rationall and comenf{urablein 
length to tbe line B.C,as alfo the line G was (by the.12.0f the tenth) And for that as B Cis to 
BD fois KH to K EWherfore by conerfion of proportio(by the corollary of y 1.9.0f the fift) 
as BCistoD C,fois K Hyto;E H. -4 KH sito E Hjo let the line F H be to the line EF (bo. this ds 
10 be done me will decave at the.ende of this demonjtration). Wherfore therefidue K F is to 
the refidue F H,as the whole K Histothewhole H E(by the 1.9.0f the fift)thatis,as.the line 
BCis.to theline C D But the lines BC aad C D are commenfurable in power onely. Where-~ 
fore alfo thelines K F and E H are commenfurablë inpower only. And for thatas K H-is to 
H E fois K F to F H,bntas K H isto H E,foisalfo H F to F E; therforeas K Fisto FH, 
fois FH to F E.Wherfore(by the corollary of the 1.9.0f-the fixt) asthe firft is to the third, 
fo is tbe [quare of tbe firft,to the {quare of the fecond. Wherefore as K F isto F E, fois the 
fquare ofthe line K F tothe {quare of the line F H, but thefe [auares are commenfurable, 
for the lines K F and F H are commen|urable in power. Wherfore the lines K F and F E are 
commenfurable in length Wherfore( by the fecond part of the 15. of the tenth) the lines K E 
and E F ave commen{urable in length. Wherfore ( by the fame) the lines K F and F E are 
commenſurable in length. But tholine RE is vatienall and commenfurable in length tothe 
line B Cwwberefore theline-K F is alfo vationall aud coumen[urable i lécth to tbe lige BC. 
And for that asthe line B C is to tbe line C D,fois K F.to F Htherfore alternate) (55 the 
16.0f tbe fff?) as B C isto K F,foisC D to F H.But the line B Cis commenfurable in length 
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tothe line K F Wherfore the line C D is commenſurable in length to the line FH. But the 
line C D isvationall.Wherfore al[o tbe line F H 1s rationall. And tbe lines B C and C D “are 
rationali commen[urable im power onely.W herfore tbe lines K F and E H are ratiogall com- 
menfurable in power onely. Wherfore the line K H ds a binomiall line; whofe names are com- 
menfurable to the names of the refiduall line,and in the fame proportion. fay moreouer that 
it 1s a binomiallof the felfe fame order of binonsial lines, that-the line B D 1s of refidual lines. 
For if the line B C be in power more then the line CD by the {quare of a line commenfurable 
in length to the line B.C, tbe line K F isal[o da pomer more then the line F H by the (quare 
of a line commenfurable in length to the — a 
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ine KF (by the 145 0f the tenth Jnd f ^E TN NS: i 
tbe line BC be commenfurable in length g ` EU I om 
to the rationall line put, theline KF isalfo ` ED a wee ud. . 


(by the 12. of the tenth) commenfirable HR Rp x 
22 length 10 tbe vationall lime, and fotbe-—— OS Tat 
tyne BD 13 4 firf' refiduall we, andthe ‘7 5 | J 
line K-H isin lite ſort à ſivſt binomiallline. — cw 
If tbe line € D be coumen[urable ia length to tbe vational line,tbe line FE is alfo commen 
furable in length tothe fanieline,and fo the line B D is a fecond refidaall line, and the line 
K Ha fecond binsmiiallline. And if nether of the lines B C ner C D becomeien[urable im 
leneth to the ratiowall line,neither alfo of the lines K F nor F His commenfurablein lengih — 
to the fame,cnd fo the line B.1) isa third refiduall line, and the line K Ha third binomialt 
line. Bist if the ae BC be in power more then the line C D by the {quare of a line incommen 
furablein length tothe line BC,theline K F is in power more the the line F H by the (quare 
of aline incommenfurable in length tothe line K-F (by the rg.of ihe tezth) And ifthe line 
BC be commenfirable in length tothe rationall ineput, the line K F is alfo commenfura- 
ble in length to the [fame line and [othe line B D isa fourth refiduall line, and the line K H 
a fourth binomial line. And if the line CD be comefurable in légth tothe rational line, the 
line F His allo comeéfurable in lecth tothe fame,e> fo the line B D ts a fift refiduall line, & 
the line K H a fift bivromiall line. And if neither of the lines BC nor C D be commenfurable 
in length tothe vationall line, neither alfo of thelines.K F nor F H. iscommen[urable im 
length to the fame,and [0 the line B Disa fixt refiduall line,and the line K H is a fixt bino- 
miall line Wherfore K H is 2 binomiall line,whofe names K F and F H are commen[urable 
to the names of the refiduall line B D;namely,to B C andC D, and in the felfe fame propor~ 
tion,and the binomiall line K H is im the felfe fame order of binomial lines that the refidi- 
all B.D, is of refiduall lines. Wherefore the {quareof a rationall line applied vatoarefidualt 
line;maketh thé breadth or other fide a binomial line, whofe names ave commen[urableto 
the names of the refidiall line,and in the felfe fame proportion, and moreouer the binomialb 
line is in thefelfefame order of binomiall lines, that the refiduall line is of refiduall liness 
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the line EH, fo - cm ru | | TA. 
to make the lize H F to tbe line F E. Adde unto the line K H directly a line equall toH E, 
and let the whole line be K L,and( by the tenth of the fixt)let the line H E be denided as the 
whole line K L is deuided in the point H:let the line H E be fo denided im tbe point F Wher- 
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fere as tbe line KH is fo ihe lime H Dy that is, 10 tbe line HE, fo is the line HF to the 
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Suppofe that 4e a rationall liac , and let 5 2 bea refiduall line : Andvpontheline BDapply 5:4 | 55 
the parallelogramme D 7' equall to the fquare of the line 4(by the 45.ofthefiftymaking in breadththe. 47 other dee, 
line 8 7.Then I fay that B T is a binominall line fuch a one as is required in the propofition.Forafmuch yan /trats0 af- 
as 8 D isa refiduallline,let the ine cóueniently ioyned vntoit be G D. Wherferethelines 8Gand G D. pep Fluffas. 
are rationall commenfurable in powér onély . Vpon the ‘rationall line B G apply the parallelogramme | C5, g,sction 
Bt équall to the fquare of thé line 4and making in breadth: théline BZ. Whereforethe line B Eisra- © : 


tionalland commenfarable in length soithe line B G(by theao.ofthe tenth)..Now forafnuch as the pa~ 
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fallelogrammes B 7.and T Dare equall(for — ..5 on a — oc c o Demenfre- 
that they areeche equalltothefquare of the ^, <, VAR CL S ag 


Jine -4) :therforereciprokally (by the 14.0f the 
fixth Jas the line BT is to the line B E,fo is the 
line B Gtotheline B D. Wherefore by con- 
uerfion ofproportion(by the corroilary of the 
19.0fthe fifth Jas the line BT isto the line T E, 
foistheline Z G tothe line G D > As the Hine 
B Gis tothe line G D, fo let the line T Z beto 
the line Z £ by the corrollary of the-ro .-of the 
fixth. Wherefore by the 11. of the fifth the line 
BTistotheline 7 £, asthe line 7 Zis tothe 
line Z E.For either of them are astheline 5 G 
isto theline G D. 'Whherefore the refidue, B. Z. 
isto the refidue Z 7,as the whole BT is to the 
‘whole 7 E by the 19: of the fifth’: Wherefore 
‘by the rr. of the fifth the line 5 Z1stotheline. . 
27 asthe line 271s to. the line Z £.Wherfore - 
the line 7 Z isthe meane proportionall be- =~ 
fvene the limes BZ' and Z E. Wheréfore the > Vii om | Dui ^en, 
fquare of the firft,namely,of the line BZ, isto the fquare ofthe fecond; namely, ofthe line Z 7^, as.the 
fitft,namely,the liue B Z,is to the tnird,namely,to the line 2 E(by the corollary of the z0.of the fixth). 
Aud for that asthe line 8 Gistotheline 6 D, fois thelineT Z totheline Z E: butastheline T Zis fo 
the line Z £,fo fstheline B Z totheline Z T.W herefore as thè line B Gistothe line 6 D ,fo istheline 
2 Ztotheline Z T(by the 11.0fthe fifth ):/Wherfore thelines 8 Z and Z T are commenfurable in pow- 
eronély.asalfo are the lines 8 G.and G D(which are.the names of the refiduall line 7 D ) by the 10. of 
this booke. Wherfore the right lines B Zand Z E are cómenfurable in lerigth, for we haue proued that 
they are in the fame proportion that the fquares of the lines B Zand Z Tare.And therefore (by the čo- 
rollary of the: 15.6f this booke)the refidue B E ( whichis a rationall line ) is commenfurable 1n length 
vnto the fame line B Z. Wherefore alfo the line B G(whiclris ‘;commenfurable in length vnto the line 
8 EYfhallal(o-be commenfurable in length vnto the fame line.B Z( by the 12. ofthe tenth ). And itis 
proued that the line BZ1s to the line 27" comrenfurable in power onely . Wherefore thé right linés 
BZand Z Fare tationall commen furablein power onely! Wherefore the whole line 8 7' is a binoniiáll I 
line( by the36-'of this booke) «And for.that as the line 8.6 isto theline G D , foistheline B Z to the i 
line 77: therefore alternately (by the 16.0f the fifth)the line B G isto.theline B Z, as the line G D is to 
theline Z T. Butthe line B 0 1$ comiienfurable in leñgth vato the line BZ. Wherefore ( by the xe. of 
this bookéJtheliné 6 D i$ conimenfirable in length yato the line Z T. Wherefore thenames B.Gand 2 
GD of thetefidvall line 3 D-are'commenfurable in length vntó the names 5 Zand Z T of the binomi- 
alline 5T:andheline B Zisto theline Z T in the fame proportion that the line 8 G isto theline.G D Ze 
asbetoreit was more manifeft. And that they are of one atid the felfe fame orderis thusprotied-Ifthe 4: 
greater or lefie name of the refiduall line,namely the right lines BG ot GD be cOmenfurable in length 
to any rationallline put: the greater name alfo or leffeynamely,B Z or ZT fhalbe.commenfurable in 
length to the fame rationall line put by the 12.0fthis booke. And ifneither of the names ofthe refidu- 
allline be commenfurablein length vnto the rationaldine put,neither ofthe names of the binomiall 
line fhalbe commenfurable in length vnto the fame rationall line put ( by the 13. of the tenth ). And if 
the greater name BG be in power more then the leffe ‘name by the {quare of a line commenfurable in 
length vnto the line B G,the greater name alfo 7 Z fhalbe in power more then the leffe by the (quare of 
a line commenfurable in length voto the line B Z. Andif the one be in power more by the fquare of a 
fine incor henfurable in length,the stheralfo thalbem power more by the fquare of.2 line incommen- 
furable in length by the 14.0f this booke. The fquare therefore of  rationall line. &c. which was requi- 
red to be proued. - ptg 
nA » gie 


' t l 
B f 
+ . 
*- 


7 





— 


^. a 
qs » @ 4) Je 


oe es Lhe tenth Booke\ ... 


Secun EE be gos T beorones. i s v Ebgaaa. Propofition. - 


qe * 


AEF o 
-— v + 
-td : 
f 


Zbitisina . k 200 0o oe, 
DB occi If a parallelograme he cõtained vnder a vefiduall line eg: a binomiall lyne, 


nerfe of bath ‘whofe names arecommenfurable to thenames-of the refiduall line, and in 


the former pro- ao A. ae 
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SER pefe tai parlelügkirie feat er vef ve 49 vd a 
<4 binomiallline C.D and let the-greater-ngmeof the binomiallline be CE, and 
A AKA —8 the leffe nagae be E. D jand let the names of tbe biponiall Ene, namely, C E and 
-i CELNA E D be commenfurable tothe names ofthe refiduall line namely,to A F and F 
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Band in the felfe [fame proportion. And let thE anona c ig mr 
line which containeth 22 power ihat parallda.. at 
grame be G.The I fay tbat theline G isvatio-— ero vU DEA ges aq S 
ALT ale a rational line,namely,H. And unto died Be N - 
Contraction. the lineC D apply a parallelograime equal n) MÀ 
quare of the line Hy and making in breadth fy 
the line K L. Wherefore (bythe 112. of the um — 








Demonfira- Tenth) K Lis arefiduall line whofè names let X L Ai 
tion. be K M and ML „which are ( by the fame ) TH 


menfurableto the names of the binomiall line,that isto C E.and E D, and are in the felfe 
Jane proportio. But by pofition the lines C E and B D are comenfurabletothelines A F and 
F B,and.are in the felfe fame proportion. Wherfore (by the 12.0f the tenth )as the line A F is 
to the line F B,foisthe line K M tothe line M L.Wherfore alternately (by the 16.of the fift) 
as the line A F is to the line K M fo is the line B E tothe line LM. Wherfore the refidue AB 
“isto the refidue RL asthe wholeA Fis tothe whole KiM .But the line AF is tommenfura- 
-ble tothe line K M for either ofthe lines AF and K Mis commen[urabletothe line C E. 
AVherfare alfo the line .A B is commen[urable ta tbe line K L. And asthe line ABis to the 
Jiné K-L.fo (by tbefersi of the fixt) isthe parallelogramme contained under the lines C D 
‘and AB to the parallelogramme contained wnder the lines C D and K L.Wherfore the pa- 
vallelogramme contained vnder the lines C D and AB is commenfurable to the parallelo- 
‘gramme contained under the lines GD and K L.But the parallelogramme contained vader 
“the lines C D and K Lis equall to the fquare of the line H .Wherfore the parallelograme co- 
tained vader the lines C D & AB is coménfurable tothe [quare of the line H.But the paral- 
-  :lelograme contained under tbe lines C D and A.B is equall to the [quare of the line G. Wher- 
forethe fqnare of the line H is commen[urable to the {quare of the line G. But the [quare of 
ie lige H is vationall.Whérfore the [quare of tbe line G is alforationall. Wherfore alfo the 
‘line G is rational,and it containeth in power the parallelogramme contained under the lines 
AB andC D.if therfore a parallelogrammme be contained under avefiduall line and a bino- 
spiall line,whofe names are conmenfurable to the names of the refidua Ui line,and in the felfe 
: fame proportion,the livewhich containeth in power that [uperficies,is rational: which was 
req uired to he proued. P : 
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— Hereby it is mantfeft „thata rational parallelogramme may be contained 
ender irrationall lines. | 
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of Euclides Elementes. ~ Fol.309. 
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Suppofe that the fuperficieés pz becontayned vnder a refiduall line aa, and a.binomialline =... sa 
ap: whofenames az and zp letbecommenfurablein length ynto thenames oftherefidnall line = 
az, which let be at and rx. Andlettheline az beto theline zp, in the fame proportion that: 
theline 4 r'istotheline ys. Andlettherightline 1 contaynein powerthe fuperficies ps . Thén | 
I fay, that theline 1 isarationall.line. Take arationall line, whichletbe. ¢ . And vpon the line aD d 
defcribe (by the 45.0f the firit) a parallelogramme equall to,the {quare of the line 6, and making in Conſtructiou- 
breadth the line p c. Wherefore (by the 112. of this booke ) ¢ n is a.refiduall line, whofe names 
(which letbe c o and o p)fhall be cémenfurable in égth ynto the names Ax ands p,and the line c o Demonfira 
fhall be vnto the line o p,in the fame pro- k | : — MEE: 
portion that theline 4 & 1stotheline x p. | U9Ns 
Butastheline az isto the line zp, fo by 
{uppofition, is the line a r tothe line FB. 
Wherfore asthe line c o isto the line o D, 
fo istheline ar to theline ra . Where- 
forethelines c o and o » are commentu- © 
rable with the lines a rand Fe (bythe 12. 
ofthis boke). Wherfore the refiduc,name- 
ly, the line cp istotherefidue,namely,to — 
the line az,astheline c oistotheline ar 
(by the r9.0f the fifth) Butit is proued that 
theline c o iscómenfurable vnto the line 
Ar. Wherefore theline c D is commen- 
furable vnto theline az . Wherefore ( by 
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the firft of the fixth) theparallelogramme c 4 is commenfurable to the parallelogramme » s. Butthe 
parallelogramme c 4 is (by confiruction) rationall (foritisequallto the fquare of the rationall line c). 
Wherefore the parallelogramme x p isalfo rationall. Wherefore theline x which by fuppofition có- 
tayneth in power the fuperficies & D, isalfo rationall. I£ therfore a parallelográme be contayned.&c: 
which was required to be proued. : 


y The 91. T beoreme. The 115. Propofition. 


Of a mediall line are produced infinite irrationall lines , of which none 


is of the felfe fame kinde with any of thofe that were before. 


A\V ppofe that A be a mediall line .T hen Lfay, that of the line Amay be produced 

| infinite irrationall lines, of which none fhall be of the felfe fame kinde with any 

, of thofe that were before. T ake a rational line B.. And unto that which is con- 

SSSK aned vader the lines Aand B let the {quare of the line C be equall (by the 14. 

of the fecond ) Wherefore the line C is irrationall. For a f{uperficies | Demouſtra- 
contained under a rationall line and an trrationall line, is (by tbe A[-.— $n tis 
fiunpt following the 28.0f the tenth ) irrationall : and the lme which s 
containeth in power am irrationall [uperficies,is (by tbe Af] umpt going 
before the 21.0f the tenth) irrationall. And it is not oneand thefelfe C 
fame with any of thofe thirtene that were before. For none of the lines 
that were before applied to arationall line maketh the breadth mediall, © — — —— 
Againe unto that which is contained under the lines B and C, let the 
Square of D be equall. Wherefore the {quare of D is irrationall. Wherefore alfo the line D 
is irrational and not of the {elf fame kinde with any of thofe that were before. For the [quare 
of none of the lines which were before, applied to a rational line,maketh the breadth the line 

. € In like fort alfo fhallit fo followe, if a man proceede infinitely . Wherefore it is manifest, 
that of a mediall line are produced infinite irrational lines,of which none is of the felfe fame 
kinde with any of thofe that were before : which was required tobe proued. 






An 


vnetber de- 
monffratio a. 


4 


Demonſtratio 


leading taan 
impoſſibilirie. 


The tenth Booke 


An other demonftration. 


= Suppofe that AC bea mediall line. Then 1fay that of tbe line AC may be produced in- 
finite irrational lines, of which none fhall be of the felfe fame kinde with any of thofe irra: 
‘tional lines before named .WV nto the line A C and from the point A, draw ( by the 11. of the 
ſirſt) a perpẽdicular line A B, and let AB be arationall line,and make perfecte the parallelo- 
gramme BC. Wherefore B Cis irrationall,by that which was declared and proued (in maner 
of an Afumps) in the.end of the demonftration of the 38 + and the line that contatneth it ip 
power is alfo irrationall . Let tbe line C D. éon- qum. - 
tainein power tbe fuperficies BC . Wherefore à —— E —— — 
C D îs irrationall ey not ofthe felfe fame kind 
with any of thole that were before + for the 
{quare-of the lize C D applied to a rationall 
Jine namely, A B maketh the breadth amediall 
line namely, A C. But the [quare of none ofthe B Ea 
forefaid lines applied to a rationall line maketh | 
the breadth a mediallline . Againe, make perfecte the parallelogranıme E D. Wherefore the 
parallelogramme E D is alfo irrational (by thefayd Affumpt in the end of the 38. his de- 
monfiration briefly proued ) and the line which containeth it in power is trrationall: let the 
line which containeth tt in power be DF . Wherefore D F is ivrationall and not of the felfe 
fame kinde with any of the forefaid irrational lines . For tbe [quare of mone ofthe foreſayd 
irrationalllines applied unto a rational line, maketh the breadth the line C D . Wherefore 
of amediall tine are produced infinite irrational lines, of which none is of the felfe fame 
Kinde with any of thofethat were before : which was required to be denzonftrated. 





gT he.g2. T heoreme = The 116. Propofition. 


... Now let vs. prone that in [quare fieures, tbe diameter is incommen ifurable 
in length tothe fide. i l | 
zt aa ppofe tbat A B C D be a (quare, and let tbe diameter therof be AC. Theni 
DA. Way that the diameter A C is incommen[urablein length 1o tbe fide A B. For if 
Ya " be pofible,let it.be comenfurable in legth. 1 [ay that the this will follow, that 
deme one and the felfe (ame niber [hall be both an euen number cy an odde number. 
It is manifest (by the 47 .0f the first) that the {quare of the line AC is doubleto the [quare 
of the line A B. And for tbat the lime A C is commen[urable in length ta tbe line A B(by fup- 
pofition), therfore the lyne AC hath unto theline AB A B 
that proportion that a number hath toa number(by the 
s.of the tenth). Let the lyne AC haue unto the line AB 
that proportion that the number EF hath tothenum- 
ber G. And let E F and G be the leaft numbers that haue 
one and tbe fame proportion with them Wherfore E F is 
not unitie. For if EF bevnitie,and it hath to the num- 
ber G that proportion that theline AC hath to the lyne 
AB, and the line AC is greater then the tyne A BWher 
fore unitie E F is greater then the number G, whichis — = 
inapofsible. Wherfore F E is not vnitie, wherfore tt is a peque E 
number. And for that as the fquare of tbe líne .4 C is to Gis: ; 
tbe quare of the lyne A B,fois the [quare number of the number E F t0 the [quare me si 


















of Euclides Elementes. 210, 


ef the number G;fór in eche is theproportion of their fides doubled ( by thecorollary of the 2a 
of the fixt ana-tz.of the cig bt): and tbe proportion of the line AC to the line A.B doubled,is 
equal to the proportio of the nuber E F to the number G,doubled,for as the line A Cis tothe 
line AB, fo1s the niber EF to the number G. But the {quare of. Ihe line A C is double ta tbe 
[quare of the line A BW herfore the [quare number produced of the number EF is double 
to the (quare number produced of the number G. Wherefore the{quare number produced of 
E F isan enen number Wherfore E-F is alfo an euen number Eorif E F werean odde numa 
ber the [quare number alfo produced of it fhould (by the 23.and 29 of the ninth) be av odde 
number. For if odde numbers how many foeuer be added together, and if the multitude of 
thé be odde;the whole alfo fhal be odde Wherfore E F is an euen number Denide the number 
E F into two equall partes in H. And fora[much as the numbers E F and G are the left num- 
bers in that proportion,therfore( by the 24. of the fenenth) they are prime numbers the one, 
to the other. And E F is an euen number Wherfore G is an odde number .F or if G were a.e- 
seg number tbe number two [bould meafure both the number E F and the number G(for e- 
nery euen nüber hath an halfe part by tbe definition) but thefe numbers.E F e G are prime 
the one to the otiner Wherf ove it is imspoffible that they fhould be meafured by two or by any 
other number befides vnitie Wherfore G is an odde number. And forafmuch as the number 
E F is double to the number E H, therfore the [qaare number produced of E F is quadruple 
tothe {quare number produced of E. H And tbe [quare number produced of E F is double to. 
the fquare number produced of G. Wherforethe [quare number produced of G is double to 
the {quare number produced of E HWherfore the [quare number produced ofG isan enen 
number Wberfore alfo by tbofe tbinges which hane bene before [poken, the number Gis an 
enen number but it i5 proued that it is an odde number ,which is tmpofible. Wherefore the 
line A Cis not cémemen{urable in length to the line A B,wherfore itis incommenfurable. 
E An other demonftration. 
. - 4h - ^ - — 
We may by an other demonstration proue, that the diameter of a [quare is incommenf[a- 
rable to the fide thereof . Suppofe that there be a (quare , whofe diameter let be A and let the 
fide thereof be B.T hen I fay that the line A is incommen{urablein length to the lineB. For 
if 7t be poffible let it be commen|urable in length ._And agayne as the line A isto thelineB 
foletthe number EF be tothe number G : and let them be the least that haue one and th 
fame proportion with them : wherefore the numbers EF and i 
G, are prime theoneto the other . First 1 [ay that G is not v- . | 
nitie. For if it be poffible let it be vnitie. And for that the 
fquare of the line Ais to the fquare of the line Bas the [quare 
number produced of EF ss to the [quare number produced of 
G ( asit was prouedin the former démonftration ) but the 
Square of the line Ais double to the {quare of theline B.Wher 
Jore the [quare nuber produced of 1 is double tothe fquare | 
number produced of G. And by your ſuppoſition G is vnitie. 0 E 
Wherefore the [quare number produced of E F is the number ue 
tivo which is impoffitle Wherefore G is not vzitie . Wherefore itis anumber . And for that 
as Hoe [quare of the line A. isto tbe [quare ofthe line B, fois the (quare number produced of 
E F tothe [quare number produced of G Wherefore the [guare number produced of EF is 
double tothe [quare number produced of G. Whereforethe [quare AM produced of G 
gnea[ureth the [quare number produced of E F Wherefore al[o ( by the 14.0f the eight ) the 
number G meafureth the number EF :and the number G alfo meafureth it felfe. Wherefore 
the number G meafureth thefe numbers EF and G , when yet they are prime the oneto the 
» ` —o 07 SGSBMNE RRG other 





An ether des 
monstration — 
leading toan 

impoſſibilitie. 
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niu T be tenth Booke: - 


ather:which is imopoffible . Wherefore the diameter A is not commenfurable in length tothe 


fideB.Wherefore tt is incommenfurable:which was required to be demonstrated. — 


An other demonttration after Fluffas. 


. Suppofe that vppon the line AB be defcribed a fquare 
whofe diameter let be the line AC . Then I fay that the fide 
AB isincommenfurable in length ynto the diameter A C.For- .. 
afmuch as thelines AB and BC areequall, therefore the 
{quare of theline A C is double to the {quare of the line AB by - 
the 47.0f the firlt. Take by the 2.of the eight nibers how many 
foeuer in continuall proportion fré vnitie, andinthe proporti- 
on of the fquaresofthelinesABandAC . Which letbe the | 
numbers D,E,F,G.And forafmuch as the firft from vnitiename 
ly Eis no fquare number, for that itis a prime number , neither 
is alfo any other of thefayd numbers afquare number except 
the third from vnitie and fo all the reft leuing one betwene,by 
che ro.of the ninth. Wherefore Dis toE,or Eto F,orF to G, 
in that proportion that a fquare number isto a number not 
fquare.W herefore by the corrollary ofthe 25 .of the eight,they 
are not in that proportion the one to theother that afquare 

number isto a {quarenumber. Wherefore neither alfo haue D 
the {quares of the lines AB and A C(which are in the fame pro- E 
F 
G 





portion) thàt porportion thata fquare number hath to a fquare. 
number. W herefore by the 9.0f this booke their fides namely, 
the fide A B and the diameter AC are incommenfurable in 
Jength the one to the other which was required to be proued. 

* « This demonttration I thought good to adde, forthat the former demonftrations 
feme not {o full,and they are thought of fome to be none of T heons,as alfo the propofi- 
tion to benone of Euclides. | 


Here followeth an inftru&ion by fome ftudious and fkilfull Grecian 
oy, s (perchance T heon) which teacheth vs offarther vfe and 


fruite ofthefe itrationalllines. 


` ` Seing that thereare founde out right lines incommen[urable in length tbe one to tbe o- 


_ ther,as the lines A and B ; there may alfo be founde out many other magnitudes haning legth 


and breadth ( fuch as are playne fuperficieces) which {halbe incommefurable the one to the 0~ 
ther.F or if (by the 13.0f the fixth) betwene the lines A and B there be taken the meane pro- 
portional line,namely C, then (by the fecond corrollary of the 20. of the fixth) as the line A. 
is to the line B,fois the figure de{cribed upon the line A tothe figure defcribed vpon the line 
C; being both ltke and in like fort defcribed, that is, whether they be [quares (which are al- 
wayes lke the one to the other),or whether they be any other like rectiline figures, or whether 
they be circles aboutethe diameters A and C. For cir- 
cles haue that proportion the oneto the other, that the 
j{quares of their diameters haue(by the 2.0f the twelfth). o 
Wherfore (by the fecond part of the to. of the tenth) the 
figures de[cribed upon the lines A and C being libe and B 
in like fort de[cribed are incommenfurable the one to the 
other Wherfore by this meanes there are founde out fuperficieces incommenfurable the one 
to the other. In like fort there may be founde out figures comefurable the one to the other if ye 
put the lines A and B to be comenfurable in légth tbe one to the other. And [eine that it is fo, 
sov let s alfo proue that euenin folides alfo or bodyes there are fomecommenfurable the 
one to the other and other fomeincommenfurable the one to the other. For if from eche 
4f the fauares of the lines & and B, or from any other rettiline figures equal to thefe [quares 
oy as | | be 
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of Euclides Elementes. Fol.31. 
be eretted folides of equall altitude, whether thofe folides be compofed of equidistant [uperft- 


a Vx 


zà A P Ta pa a Ea S, uf * ery, sf ote a 
iyands ot prifines; thofefolides[oerected |bfhe in that proportia 


ciecessor whether they bep 


the one to the other that theyr ba afes are( by the 32.0f the eleuenth and s.add 6 of the twelfth) : 


Howbeit there is no [uch propofition concerning prifmes.. And fo if the bafes of the folides 
be commenfurable the one to the other,the folides alfo [hall be commen{urable the one tothe 
other,and if the bafes be incommenfurable the one.to.the ther tive folides alfo fhal! be incom- 
wpenfer able the one to the otler (by the 10.0f the tenth) And if there be two circles A and B: 
and upon coh ofthe circles be erected: Cones o Cilinders of equal altitude, thoft Cones cy Cis 
linders {hall beiathat proportion the,one.ta the other that the circles are,which are their bas 
fes(by the.rr:0f thetwelfth) and {o ifthe circles be commenfurable the ove to the other ; the 
Cones ind Cilinders alfo [hall be commen{urable thésone to the other . But if the circles be in- 


ne to the other, (by the 1o of the tenth) “Wherefore itis manifelt.that not onelyin lines and 
€ ü : aLi ed 7 355 * à En, > "mett | 4 (xfi k yd tts f NO eye E i. + 1 Fh 
Jupergireseoe np p in [oA E Foy PIQVID LU AED Ai antie lieaf t 


comen{urable the oneto the other ; tbe Gones alfo amd Cilinders albe incomen[urable the 
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2 Although this propofition wete by Eucideto this-bookealotted, (as by the auncient grecjan pub- 
lifhed.vnder the nathe of ariforeles Teer adronavyedsysernit would feme to be,and alfo the property of 
the fame,agréable to the matter-of this booke.and the propofition it felfe, fo fam ousin Philo fophy and 
Logicke;as it was, would in maner,craue his elem étal p. ace t0 this téch boke)yet thé dignitie & perfecz 
tionjof Math ematicall Metho d can not allow 1 there :asin due order following: But moft aptly after thë 
9. propofitid of this booke,asa Córrollary of thelaft part thereof An d'vndo ubtedly the propofitió hath 
for this z000.yeares bene notably regard ed'among the’ grekeé: Philofo phers x:and before Ariffotlestime 
was concluded with the very fame inconuehierice to’the gayntefayer, that the fir! demonttration here 
induceth namely ,Odde number ro ke equallto exen:as may -appeare.in Arifterfes worke , named Analitica 
prima, the firlt bookeand 4q.chapter* But elsin very many. places of his workes he. maketh mention of 
the propofition Evident.alfo itis that Exclde was about .4rs(forles.time , and in that age the moft éxcel~ 
lent Geometrician. among the Grekes y hesstoresfcing it was fo publie in his time,fo famous ahd foa 
appertayning to:the property of tliis booké:it is moft likely; both to be knowneé to Euchi4é , atid alfo £o 
haue bene by him in apt order placed But of the difordring oFit;car remáytie no'doubt, if yeconfider 
in Zamberrs tranflation,two other propofitioris going next before ito farre mifplaced, that where they, 
are} word for word; béfore duely placed, being the 105 and roe:yet here(after-the booke ended) , they. 
are repeated with the humbers of 116.and 117.propofition . Zembert therein was more faythfull to fol= 
+ :low as herfound-in his greke,example,than he was Lkilfull or carefull to doe what was necelſary. E 
sij} Xeaandfomegreke written auncient copyes hane them not fo : Though in deede they Ve 
4557 Welldemonttrated, yet truth diforded,is halfe difgracéd efpecially where the patterne — - ^7 

of good orde?, by profeifion isatrouched to be.But through ignoraunce,arrogan- "9.3 


"cy and temeritie of vnfkilfull Methode Mafler;mánythingesremayne ^. <; 
2 “2s 5. yet’, in thefe Geometrical] Elementes , vnduely tumbled’ in: 


407 Z5p i0 72575 though true, yet with difgraces' which by helpeoffo 
nme Tornissa 7.65 inany wittesand habiliue ef füch;as-.now.may ^... 
onm epatis oso; hauegood. caufe to be ſkilfull herei 


4 Will(s hope)ere long be taken a~ 
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x clides Elementes. — 
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A was former bookes witha wonderful! Methode and order 


E^ €2i\) entreated of {uch kindes of figures fuperficial, which are 
Ace Rp ormay be defcribedina fuperficies or plàine,And hath 

; 2 | 122 taughtandfetforth'their properties, natüres; generati~ 
= f Joe ons,and produ&ionseuen from the firft roote; ground; 


and beginning of them:: namely,from a point,which al- 
d [we thoughitbe indiuifible, yet is it the.beginning of all 
Cul Ru anantitie andofit an&ot the motion and Rowing ther 
(QU) V j^ ofis produced a liné;and corifequently-all quantitie c6- 
A st 8 tinuall, as all figures playne and folide what fo euer, Ez 
d n chide thereforeim hisfirftbooke began withit, and from 
4. (ow thence went hetoaline, astoa thing moftfimple next 
ynto a point, then’ to a fu perficies and toarigies,and fo through the whole firlt booke, 
ke intreated of thefemoft fimpleand plaine groundes. ‘Inthe fecond booke he entrea- 
ted further,and went vnto:more harder matter}dndvanght of diuifions of lines,and of 
the multiplication oflines, and of their partes, and oftheir paffions and properties. 
And for that rightlined- figures are far diftant in nature and propertie fronironund and 


o WIN 


circulàr Sigures;in the third bookeheinftru@eth the reader.of the nature and conditio 


öfcirclesiIn the fourth booke he compareth figures of right lines and circles together, 
did teicheth how todefcribe a figure of righthineswith in or about a circle: and con- 
trariwife acircle with ior about a rectiline figure. In the fifth booke he fearcheth out 
the nature of proportion(a matter of wonderfull vfeand deepe confideration),for that 
otherwife he could not comparefigure with figure, or the fides of figures together, 
For whatfoeuer i$compared to any other thing, is Compared vnto it vndoubtedly vn- 
der fome kinde of proportion. Wherefore in the fixth-booke he compareth figures to- 
&étlier;one to itrother,likewife their fides.And for that the natureof proportion, can 
not be fully and clearely fene without the knowledge of number, whereinit is firftand 
chiefely found.-in the feuenth,cight,and ninth bookes, he entreateth of number, & of 
the kindesand properties thereof. And becanfe that the fides offi olide bodye s, forthe 
moft part are of fuch fozg,that compared together , they hane fuch proportion the one 
tothe other,which cannot be exprefled by any number certayne,and therefore are cal- 
ledirrational lines, hein the téth boke hath writté & taught which lines are cóméfura- 
bleor incoméfurable.the one to the other,and of the diuerfitie of kindes of irrationall 
lines, with all the conditions &proptieties of them, And thus hath Euchde in thefe ten 
forefayd bokes,fully & moft pléteoufly in 4 nieruclous order taught,whatfoeuer femed 
neceffary,and requifite to the knowledge of all fuperficiall figures, of what fort & forme 
focuer they be. Now in thefe bookes following. heentreateth of figuresof an other 
kinde,namely,of bodely figures:as of Cubes;Piramids, Cones, Columnes, Cilinders, 
Parallelipipedotis:Spheres and fuch others:and fheweth the diuerfitie of thé, the gene- 
ration,and production of them,and demonftrateth with great and wonderfullart,their 
proprieties and paffions,with alltheir natures and conditions . He alfo compareth one 
of them to an other , whéreby to knew the reafon and: proportion ‘of the one to the o- 
ther, chiefely of the fiue bodyes which are called regular bodyes : And thefe are the 
thinges of allotherentreated ofin Geoinetrie ; moft worthy and of greateft dignitie, 
and as it were the end and finall entent of the whole are of Geometrie , and for whofe 
caufe hath bene writtett, and fpokeh whatfoeüuer hath hitherto in the former bookes 
bene fayd or written.Asthe firft bóoke wasa ground , and a rieceffary ébtrye to all the 
reft following, fois this eleventh booke a neceffaryentrie and ground to thereft which 


follow . Andas that contayned the declaration of wordes , and definitions of ses 
| am Miu. s * requiſite 
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feqhifite tothe knowledge of {uperficial figures,and entreated of lines (and of their di- 
uifions and (e@ions ) which are the termes and limites of fuperficiall figures: fo in this 
bookeis fet forth the declaration óf wordesand definitions of thinges pertayring to 
folide and corporali figares:and alfo of fuperficieces whichiare.the termes & limites of 
folides :raoteouer ofthe diuifionand,interfe&ion ofthem., and diuers other thinges, 
without which the knowledge of bodely and folide formes can not béattáyned vnto. 
Andfiritisfetthe definitionsasfolloweth; ! — — sus c unen. 

m 3g wt * eet 
À 


Definitions, s 


A folide or body is that which hath length, breadth, and thicknes, and the 
terme or limite of a folide ts a fuperfictes. ee TRE 


= i . Ty j i 

There are three kindes of continuall quantitie, litte, a fuperficies,and a folide or body: the begin- 
ning ofall which (as before hath bene fayd ) isa poynt , which is indiuifible Two of thefe quantities, 
namely, aline and a fuperficies , were defined of Enclide before in his firft booke . Burthe third kinde, 
namely, a folide or body he there defined not,asa thing which pertayned not then to his'purpofe: but 
here in this place he fetteth the definitió therof, as that which chiefely now pertayneth to his purpofe, 
and without which nothing in thefe thinges can profitably be taught . 44 fo4de (fayth he ) zs that which 
bath [egt b breadth andthicknes,or depth, There are (as before hath bene taught) three reafons or meanes 
of meafuring, which are called cémonly dimenfions, namely, length, breadth, and thicknes . Thefe di- 
menfions are afcribed vnto quantities onely.By thefe are all kindes of quantitie defined, & are counted 
perfect or imperfect,according as they ate pertaker of feweror more of them . As Euclide defined a line, 
afcribing vnto it onely one of thefe dimenfions ; namely, length : Whereforea line isthe imperfe&eft 
kinde of quanticie.In defining ofa fuperficies,he afcribed vnto it two dimenfions, namely, length, and 
breadth: whereby a fuperficies is a quantitie of greater perfection thenisa line, but herein the defini- 


cid of a folide or body. £xclide attributeth vnto it allthe three dimenfiés,légths breadth, and thicknes. : 


W herfore a folide is the mott perfecteft quantitic, which wanteth no dimenfion at all;paffing a lyne by 
two dimenfions,and paflinga fuperficies by one. This definition ofa folide is withoutany defignation 
of forme or figure eafily vnderftanded;onely conceiuing in minde,or beholding with the eye a piece of 
timber or ftone,or what matter fo euer els,whofe dimenfionslet beequall or vnequall. For example 
Jet the length therofbe s.inches,the breadth 4. and the thicknes z. ifthe dimenfions were, equall, the 
"reafon is like,and all one;as it is in aSphere and in a cube.For in that refpectand confideration -onely, 
that itis long broade,and thicke,it beareth the name ofa folide or body,and hath.the nature and pro- 
“perties therof. Thereis added to the ende of the definition ofa folide,that the terme and limite of a fo= 
lide 1sa fuperficies.Of thinges infinitie there is no Arte or Science.All quantities therfore in this Arte 
entreated of,are imagined to be finite,and to haue their endes and borders as hath bene fhewed in the 
firft booke,that the limites and endes ofa line are pointes, and the limites or borders. of a fuperficies 
‘gre Jines,fo now he faith that the endes,limites,or borders of a folide are fuperficiecegeAs the fide of 
any fquare piece of timber,or ofa table,or die,or any other like,are the termes and limites of them. 


2 Aight line ts then erected perpendiculay’ vbęẽ 
the right line maketh right angles with all tl dare 
drawen pon the ground plaine fuperficies. 





. Suppofe that vpon the grounde playne fuperf- 
cies C D E F from the pointe g be erected a right line, 
namely, » 4, fo thatlet the point a-be aloftin theayre. 
Drawe alfo from the poynte s in the playne fuperficies c- 
DEF, as inany right lines as ye lift, as the lines s c, 
BD,BE,BF,B8G,BK,8H, and gx. ff the erected line 
5 A With all thefe lines, drawen in the fuperficiesc p x 2 
"make a right arigle, fo that allthefeangles 4 s c, A2 p, 
,ARE,AEFjAR G,AB Kj AE H, AB Ly ando of others,be 
right angles, thén by this definition, the line 4 5. is a line 
"erected vpon the fuperficies c p & r : itisalfo called com- 
monly a perpendicular line ora plumb line,vato or vpona 
fuperficies. "o 
E E 
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feqhifite to the knowledge of fuperficial figures,and entreated of lines (and of their di- 
uifions and (t&ions ) which are the termesand limites of {uperficiall figures: fo in this 
booke is fetforth the declaration 6f wordesand definitions of thinges pertayriing to 
folide and corporall figures:and alfo of fuperficieces which:are the termes &limites of 
folides :moreouer ofthe diuifionand interfe&ion ofthem., and diners othet thinges, 
without which the knowledge of bodely and folide formes can not béatzáyned vnto. 
And firftis fet the definitions asfolloweth. CN. 0. mans 


f 
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2 | “Definitions: «08 Bay i x 
“A folide or body is that which hath length, breadth, and thicknes, and the 
terme or limite of a foltde ts a fuperfictes. * 


1 


= 
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Thereare three kindes of continual! quantitie;2 lire, a fuperficies;and a folide or body: the begin- 

ning ofall which (as before hath bene fayd ) isapoynt , which is indiuifible Two of theíe quantities, 
namely, a line and a fuperficies , were defined of Ewelide before in his firft booke . Butthe third kinde, 
namely, a folide or body he there defined not,as a thing which pertayned not then to his'purpofe: but 
here in this place he fetteth the definitié therof, as that which chiefely now pertayneth to his purpofe, 
‘and without which nothing in thefe thinges can profitably be taught . 4 fo/sde (fayth he ) ¢s that which 
bath légzh breadth xndshicknes,or depth. There are (as before hath bene taught) three reafons or meanes 
fmeafuring,whick are called comonly dimenfions, namely, length, breadth, and thicknes . Thefe di- 
menfions are afcribed vnto quantities onely.By thefe are all kindes of quantitie defined, & are counted 
perfe or imperfect,according as they are pertaker of feweror more ofthem . As Ewclide defined aline, 
afcribing vnto it onely one of thefe dimenfions , namely, length : Wherefore a line is the imperfecteft 
kinde of quantitie.In defining ofa fuperficies he.afcribed ynto it two dimenfions, namely, length, and 
breadth: whereby a fuperficies 1s 2 quantitie of greater perfection thenis a line, but herein the defini- 


tió of a folide or body. Exchde attributeth vnto it all the three dimenfids,légth, breadth, and thicknes. - 


Whierfore a folide is the moft pertecteft quantitic, which wanteth no dimenfion at all,paffing a lyne by 
two dimenfions,and paffinga fuperficies by one. This definition of a folide is without any defignation 
of forme or figure eafily ynderftanded,onely conceiuing in minde,or beholding with the eye a piece of 
timber or ftone,or what matter fo euer els,whofe dimenfions let be equall or ynequall. For example 
letthelength therofbe 5 .inches,the breadth 4. and the thicknes z. ifthe dimenfions were. equall, the 
'reafon 1s Iike,and all one;as it 1s in aSphete and in a cube.For in that refpectand confideration -onely, 
that icis long broade,and thicke,it beareth the name ofa folide or body,and hath.the nature and pro- 
“perties therof. There 1s added to the ende o£ the definition ofa folide,that the termeand limite of 2 fo- 
‘lide is a fuperficies.Of thinges infinitie there is no Arte orScience.All quantities therfore inthis Arte 
entreated of,are imagined to be finite,and to haue their endes and borders as hath bene fhewed in the 
‘firft booke, that the limites and endes of 2 line are pointes, and the limites or borders. of a fuperficies 
‘are lines, fo now he faith that the endes, limites or borders of a folide are {uperficiecegp ‘As the fide of 
‘any {quare piece of timber,or ofa table,or die,or any other like,are the termes and limites of them. 


2 Aright line is then eveéted perpendicularly to a plaine [uperficies whe 
the right line maketh right angles with all the lines which touch it andare 
drawen vpon the ground plaine fuperficies. 


 Suppofe that vpon the grounde playne fuperf- 
cies. c D E r from the pointe & be erected a right line, 
namely, s 4,fo thatlet the point a be a loftin the ayre. 
Drawe alfo from the poynte z in the playne fuperficies c- 
DEF, as many right lines as ye lift, as the lines s c, 
BD,BE,BF,BG,BK,B H, and s L. lf the erected line 
5 A With all thefe lines drawen in the fuperficies c p x F 
‘make a right:angle, fo that all thefeangles anc, agp, 
ABE,ABF,ABG,ABK,ABH,AB L,:and fo of others,be 
right angles, then by this definition, the line az is a line 
erected vpen the fuperficies c n £ & : itisalío called com- 
monly a perpendicular line ora plumb Jine,vato or vpona 
fuperficies. | 
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a fuperfictes: ofthe fitt take this example. Suppofe ye haue two fupe: 
‘which let'the fuperficies C.D E F be aground plaine fuperficies, and 


either ofthem, & be drawen in either of them : in which line 


LANA 7 be eleventh Booke ©». 


3 A plaine fuperficies is then pright or erected perpendicularly tom 

plaine fuperficies , ‘when all the right lines drawen in one of the plaine fus 
perficteces ynto the.common fection of thofe two plaine {uperficieces, maa. 

_ king therwith right angles, do alfomakevight angles to the other plaine 
fuperficies. Inclination or leaning of a right line, toa plaine ſuperficies, 
is an acute angle, contained vnder a right line falling from a point abone 
to the plaine fuperficies , and vnder an other right line from the lower end 
of the fayd line let downe ) drawen in.the fame plaine fuperficies , by a 
certaine point afsigned where a right line from the firt point aboue to the 
Jame plaine Juperficies falling perpendicularly taucht 


K | 5 
Yn chis third definition are included two definitions :.thefirftis: — E 
pendicularly vpona plainefuperficies .. The fecond.is ofthe inclinati | to 










rected vnto it, andlet the line C D beacommon terme orin- 
terfeétion to them both, thatis, leritbethe end or: bound of 


note atpleafure certaine pointes,as the point G, H.-From 
which pointes vnto theline C D, draw perpendicular lines in 
the fuperfictes AB C D, which let be GL and H K,whichfal- . 
lingvpon the fuperficies CD EE, if they canfe right angles - 
with it,that is, with lines drawen inirfrom the {ame pointes 
GandH, as iftheangle LGM or the angle LG N contayned 
vnder the line L'G drawen in the {uperficies ereéted,and-vnder. 
the G M orG N drawen in the ground fuperficies C DEF. ly- 
ing flat, be’a right angle,then by this definition, the fuperficies : 
ABCD is¥pright or erected vpon the fuperficies CDEF. Itis alfo commonly called à fuperficies 
perpendicular vpon or vnto a fuperficies. anres gh — | 
Forthe fecond part ofthis definition, which is ofthe inclination ofarightline vnto a plaine fu- 
perficies,takethisexample. Let AB C D beaground plaine fuperficies, vpon which from a point 
being.aloft, namely; the point E, fuppofe a right line:to fall, which let be the line EG, touching the 


E M N E 


è 
$ 


plaine fuperficies A BC Dat the poynt G; Againe,from the point E, being the er or higher limite 


and end of the inclining line E G,leta perpendicular line fall vnto the plaine fuperficies AB C D,which 
let be the line EF, andletF be the point where EF toucheth the plaine fuperficies AB CD. Then 
from the point of the fallof the line inclining vpon thefuperficiesynto . . 
the point ofthe falling ofthe perpendicular line vpon the fame fuper- .. L 
ficies, that is, from the point G to the point F, draw aright line G F. 

‘Now by this definition, the acute anglè E GF isthe inclination ofthe ` 

line E G vnto the fuperficies AB C D , Becaufe itis contayned ofthe 

inclining line, and ofthe right line drawen in the {uperficies, from the | 

point of the fall of the line inclining to the point ofthe fall of the per- — , 

pendicular line : which angle mult of neceffitie be an acute angle . For 

the angle EF Gis by conftru&tion a rightangle;and three'augles in a triang üt 
angles . Wherefore the other two angles,namely, theangles EG F,andG. E 
angle. Wherfore either of them is leffe then a rightangle, Wherfore the ang] í 


4 Inclination of a plaine fuperficies toa plaine Juperficies, ts an acute ans 
gle contayned bnder the right lines, which being drawen in either of the 
plaine fuperficieces to one «7 tbe [elf [ame point of the comon feGfton , make 
with tbe fe&fion right angles. | | i 
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. Suppofechatthere be two fuperficieces ABGD&EF G5 io bree ae 2 ufi mn pones 
and let the fuperficies A.B C D be fuppofed to be erected not... : 22 Da sl 
perpendicularly but {orm ewhat leaning and -inclining vnto the... pi ————- — — Lat 
plaine fuperficies EF GH, as muchoras litle as ye will : the du 

cómon terme or fection of which two fuperficieces let be the 

line C D . From fome one point,as from the point M affigneds 
inthe common fection ofthe two fuperficieces;namely;in the 
line C D, draw a perpendicular line in either fuperficies:In the & 

ground füperficies E F G H draw the line MK, and in the fu- 

erficies AB C D draw theline ML. Now iftheangle LMK 

pe acute angle, then isthatangle die indination ofthefu- ` 
perficies A BC D vnto the fuperficies E F'G H; bythis defini- 
tion, becaufe it is contained of perpendicular lines drawen ih ^ 
either ofthe fuperficiecesto oneand the felf fame point being 
the common fection of them both. 


4 à a 3 





s Plaine fuperficieces arein.like fort incline © "N Fifibdiffisie. 
the fayd angles of inclination are equall the one to the other. | rs 


"This definition needeth no declaration at all;butis moft inanifeft by the definition latt going before. 
For in confidering the inclinations of diners fulperficiecés to others, if the acute angles contayned vn- 
der the perpendicular lines drawen in them from oné point affigned in ech of their common {eGtions 
be equall, as ifto the angle 1 x in the formerexample be geuen an other angle in the inclination of 
two other fuperficieces equall, then is the inclination ofthefe fuperficieceslike, and are by this defini- 
tion fayd in like fort to incline the one to the other, | | 

Theodofiws geucth an other definition of likeinclination of plaine fuperficieces the one to the other, 
after this maner. Ome plaine fuperficies 18 like inclined to an other, asam other f" perfictes +s to an other , when ?? 
sn esther of the plaine fuperficseces right lines being drawen dnd naking right angles with their common feton, ? 
containe sn the fanze pointesequall angles . This definition is in fubftance the fame with that geuen of ?' 
Eyuclsde, and isan elucidation of it . For examplelet 4 s c p bea ground plaine fuperficies, vnto which 
let the fuperficies s r 1 x inclineand leane . And let the common fection of thefe two fuperticieces be 
the line s F . Then draweineche of thefe fuperticieces right lines tofome one point of the common 
fection x s, which letbe the point 6 : with which fe&tion let them make right angles . As in the fuper- 
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- ficies à » c n draw the line u c, which in chepoint 6 let it make with the common feétié a right angle 
HGF oruGe. Alfointhefuperficies s r1 x draw the line x c, which in the point c together with 
thecommon fection x r letmakealfo a right angle 1 6 r, or the rightangle 1G z. 

Now alfo let there be an other ground plaine fuperficies,namely,the füperficies « « o Pp, vnto whom 
alfo let leanc and incline thefuperficies o & s r, and letthe common fection or fegmentofthem bethe 
line ox . And drawin the fuperficies m w o » to fomeone point oftlie cómon fe&ion asto the point 
x theline'v x, making with fhe common fection right anglés, namely, the angle v x r, or the angle 

v x Q :alfo in thefüperficies s o & draw the rightline ry x to thefame point x in the common fecti- 
on, making therwith right angles,as the angle y x x, or the angle y x q.. Now (as fayth the definition) 
if the angles contayned vnder the rightlines drawen in thefe fuperficieces & making right angles with 
the common fection, be in the pointes, that is, in the pointes of their meting in the common {eCtion,c- 
quall : then is the inclination of the fuperficieces equall . Asin this example, ifthe angle 1 ¢ 4 cor- 
cayned vnder the line z 6 beingin the inclining füperficies x x x r and vnder the line u c being în 
the ground fuperficies ^ c n, beequall;totheangle x x v contayned vnder the line v x being in the 
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3 0M plaine fuperficies is tben vpright or erected perpendicularly toa 
plane fuperficies, when all the right lines drawen in one of the plaine. [us 
perficteces nto the.common feétion of thofe two plaine fuperficieces, mas 

king therwith right angles, do alfomuake right angles to the other plaine 

fuperficies. Inclination or leaning of aright line, to a plaine fuperficies; 
is an acute angle, contained bnder aright line falling from a point aboue 
to the plaine [uperficies , and 'ynder an other right line from the lower end 
of the fayd line ( let downe ) drawen in-tbe- fame plaine fuperficies , by a 
certaine point afsigned, where a rightline from the firft point aboue,to the 
Jame plaine fuperficies falling perpendicularly toucbetb. 


F^ 


In this third definition areincluded two definitions : the firft is of a plaine fuperficies erected peč- 
pendicularly vpona plaine fuperficies .. The fecondis of thé inclination orleaning of aright line ynto 


a fuperficies :of the firtt take this example. Suppofe ye haue two fuperficieces A B CD and C DE F. Of 
‘whichletthe fuperficies CD EF beaground plaine fuperficies, and letthe fuperficies ABC D be c- 


rected vntoit, andlet theline C D bea common terme or in- 
+ 3 a * "€". — ji 
terfectton to them both, that is, lecit betheend or bound of 


either ofthem; & be drawen in either ofthem : in which line 


note atpleafure certaine pointes,as the point G, H. From 

which pointes vnto theline C D, draw perpendicularlinesin - 

the fnperficies AB C D, which let be G.L and HK,which fal- 

ling vpon the fuperficies C DEF, if they canfe right angles. 

with it,that is, with lines drawen initfrom the {ame pointes 

G and H, as ifthe angle L GM or the angle LG Ncontayned 

vnder the line L‘G drawen in the fuperficies erected,and ynder , 
the G M'orG N drawen in the ground fuperficies C.D E F, ly- - a M 
ing flac, bea right angle,then by this definition, the fuperficies . 
ABCD is¥prightor erected vpon the fuperficies CDEF. Itisalfoco — 77 ——— ges 





perpendicülar vpon or vnto a fuperficies. KT co ; 

For the fecond part of this definition, which is of the inclination ofa / its 
perficjés,také this example. Let AB C D bea ground plaine fuperficies, : | — "int 
beingáloft, namely; the point E, fuppofe a rightline.to fall, which let be / | the 
plaine fuperficies A B C D at the poynt G: Againe,from the point E, bein ite 
and end ofthe incliningline E G,leta perpendicular line fall vnto the plain / ich 
ler be the line EF, andletF be the point where EF toucheth the plaine 

| 


from the point of the fall of the line inclining vpon the füperficies vnto 
the point ofthe falling ofthe perpendicular line vpon the fame fuper- ... 
ficies, that is, from the point G to the point F, draw a right line G F. 
Now by this definition, the acute anglè E G F isthe inclination ofthe ' 
line EG vnto the fuperficies AB CD. Becaufeitis contayned of the 
inclining line, and of the rightline drawen in the {uperficies, from the 
point ofthe fall of the line inclining to the point of the fall of the per- 
pendicular line : which angle mult of neceffitie be an acute angle . For 
the angle EF G is by conftru&tion a right angle;arid three'angles in a vriangle are equall.to two right 
angles . Wherefore the other two angles,namely, the angles EG F, and G E F, are equall to onc right 
angle. Wherfore either of them is leffe then a rightangle; W herfore the angle E G F isan acuteangle. | 





3 


4 Inclination of a plaine Juperficies toa plaine Juperficies, is an acute ane 
gle contayned bnder the right lines, which being drawen in either of the 
plaine fuperficteces to one «7 tbe [elf [ame point of the cõmon fection, make 
with the fection right angles. . . A 


Suppo 











of Enchiles Elementes. | p Flaw, 


. Suppofechat'there be two fuperficieces ABGD & EF GH; 1: ~~ 
and let the fuperficies A,B C.D be fuppofed to be erected not . 
pérpendicularly;but for ewhatleaning and inclining vnto thes + 
plaine fuperficies EF G H, as much oras litle as ye will : the 
cómon terme or fection of which two füperficieces let be the 
line C D . From fome one point;asfrem the point Maffigned 
inthe common fection ofthe. two fuperficieces,namely,in the 
line C D, draw a perpendicular line in either fuperficies.In the ù n 
ground fuperficies E F G H drawtheline MK,and in thefu- — [77777 — — 4 

erficies AB C D drawithe line ML. Now if the angle LMX 
ge acute angle, then is that angle the inclination of the fu- | 
perficies A B C D vntothe fuperficies E F.G H; by this defini- .. | 
tion, becaufe itis contained of perpendicular lines drawenit ^ | 
either of thefuperficiecesto oneand the felf fame point being E 








the common fection of them both. 1a | TA 
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s Plaine fuperficieces arein like fort inclined the one to the.other, when Fifth difine, 
the fayd angles of inclination are equall the one to the other. | y 
"This definition needeth no declaration at all;but is moft manifeft by the definition lat going before. 
For in confidering the inclinations of diners fuperficiecés to others, ifthe acute angles contayned vn- 
der, the perpendicular lines drawen in them from oné point affigned in ech of their common f{eétions 
be equall, asifto theangle 1 m x inthe former example be geuen an other angle in the inclination of 
two other fuperficieces equall, then is the inclination of thefe fuperficieces like, and are by this defni- 
tion fayd in like fort to incline the one to the other. FF 
T beedofiut geueth an other delinition of likeinclination of plaine fuperficieces the one to the other, 
after this maner. One plaine fuperficies 5s lehe incliaed to an other, atem other feperficies 3s to an other, when ?? 
sn esther of the plaine uperficseces right lines being drawen,and maksng right angles with their common kaion, ? 
containe in the fame poinresequall angles . This definition is in fubftance the fame with that geuen of ?' 
Enchác, and isan elucidation of it . For examplelet 4 5 c p bea ground plaine fuperficies, vnto which 
let thefuperficies x r 1 x inclineandleane , And let the common fection ofthefe two fuperficieces be 
the line z r. Then drawe ineche of thefe fuperficieces right lines tofome one point of the common 
fection z r, which letbe the point 6 : with which fection let them make right angles . As in the fuper- 
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~ ficies a» cp draw the linc u c, which in the point c let it make with the common fe@ti6 a right angle 
uGF or HGE. Alfointhefuperficies z r1x draw the line r 6, which in the point c together with 
"thecommonfection x r letmakealfoa rightangle rz. 6 r, or therightangle rex. 

Now alfo let there be an other ground plaine fuperficies,namely,the fuperficies « w o », vnto whom 
alfo let leane and incline the fuperficies o & s r, and letthe common fection or fegment of them be the 
Jine QR. And draw in the fuperficies m w o e to fome one point of the cómon fection as to the point 
x theline'v x, making with the common fe&ion right anglés, namely, theangle v x n, or the angle 
v x Q: alfo in thefuperficies sr q r draw the rightline x x to thefame point x in the common feéti- 
on, making therwith right angles,as the angle y x x, ortheangle v x a. Now (asfayth the definition) 
if the angles contayned vnder the right lines drawen in thefe fuperficieces & making right angles with 
the common feGion,be in the pointes, that is, in the pointes of their meting in the common fection,e- 
quall : chen is the inclination of the fuperficiecesequall. Asin this example, ifthe angle z 6 5 cor- 
tayned vnder the line 1 6. beingintheinclining fuperficies 1 x s F and ynder the line n c being- in 
the ground fuperficies az c p, be equall,tothe angle x xv contayned yndertheline v x beinginthe 
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ground fuperficles a x o » and yndertheline yx beingin the inclining fuperficies sr qx: thetris 
the inclination ofthe füperficies r x x s vntothe fuperficies- 4 2 c n, like vnto the inclination ofthe: 
fuperficies s Tr Q X vnto the fuperficies mw o pP. And fo by this definition chefe tivo füperficiecesare: 
{ayd to bein like fort inclined. * aiu : "PRI. wit 


6 Parallel plaine fuperfiieces are tbofe ywbicb bein ig produced or exten 
ded any way neuer touch or concurre together. ` ; (7 dei 


Ti 
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Neither needeth this definition any declaration, but is very eafie to be ynderitanded by the defini. 
tion of parallell lines : for as they being drawen onany part;neuer touch or come together: fo parallel 
plaine fuperficieces are fuch, which admitte no touch,thatis, being produced any way infinitely neuer 
meete or come together. — 4 peii 9 umm. n 
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7 Like folide or bodily figures are fuch, which are contained ‘vnder like 
Plaine ſuperficieces, and equallin mùultitude...V 
What plaine fuperficieces are called like, hath in the beginning ofthe fixth booke, bene fufficiently 
declared . Now when folide figures or bodies be contained vnder füch like plaine fupzrficiecesas there 
are defined,and equallin number, that 1s, that the one folide hane as manyin nutaber as the other,in 
their fides and limites; they are called like folide figures, or like bodies. a 


8 Equall and like folide (or bodely) figures are thofe-which are contained 
vnder like [uperficieces and equall both in multitude and in magnitude. 


In like folide figures itis fufficient,that the fuperficieces which containe themrbe like and equalt in 
number oncly,but in like folide figures and equall,it is neceffary that the like fuperficieces contaynyng 
them,be alío equal in magnitude:So that befides the likenes betwene them, they be(eche being com= 
pared to his correfpondent {uperficies)) of one greatnes,and that tlieir areas or fieldes be equal. When 
fach fupericieces contayne bodies or folides,then are fuch bodies equall and likefolides or bodies. - 


9 Afolide or bodily angle, is an inclination of moe then two lines to all the 
` dines which touch themfelues mutually, and are not in one and the felfe 


Jame fuperficies, 


Or els thus : A folide or bodily angle is that which is contayned vnder mo 
then two playne angles not being tn one and the felfe fame plaine fuperfis 
cies but confisting all at one point. 


Ofa folide angle doth Euclide here geuetwo feuetall definitiós.The firft is geuen by the concurfe 
and touch of many lines.The fecond by the touch & concurfe of many fuperficiall angles. And both 
thefe definitions tende to one, and are not much different,for that lynes are the limittes and termes of 
fuperficieces. But the fecond geuen by fuperficiall angles is the more natural! definition becaufe that 
{uperficieces are the next and immediate limites of bodies,and fo are not lines.An example of a folide 
anglé cannot wel and at fully be geué or defcribed;in a plaine fuperficies.But touchyng this firk defini- 

, t6, lay before youa cubeor a die;and cófiderany ofthe corners or angles therof,fo fhal yefee thatat 
euery angle there concurre thre lines (for two lines eócurring cannot make a folide angle) namely,the 
line or edge of his breadth,of his légth,and of his thicknes,which their fo inclining & cócurring toge- 
ther,make a folide angle;and fo of others.And now cócerning the fecond definitio what fuperficialor 
plain angles be;hath bene taught before in the firlt boke,namely,that it is the touch oftwo right lines. 
Andasa fuperficiallor playne angleis caufed & cétained of rightlines,fo isa folide angle caufed & có- 

.tayned of plaine fuperficiall angles. Two right lines touching together, makea plaine angle , but two 
plaine angles ioyned together can not makea folide angle, butaccording to the definitió,they mutt he 
moe thé two,as three,foure,fiue,or moe: which alfo mut not bein one & the felfe fame fuperficies, 
but mutt bein diuers fuperficieces,meeting at one point:This definition is not hard, but may eafily be 
coceiued in a cube ora die,where ye fee three angles of any three fuperficieces or fides of the die con- 
curre and meete together in one point, which three playne angles fo ioyned together, make a folide 
angle, Likewile ia a Pyramis or a {pire of aiteple or any other {uch thing,all the fides theroftéding T 
/ war 
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of Euclides Elementes, Fol.314-. 


ward narowerand natower,at length ende-their angles(atithe heigth. 
ortoppe therof) in one point.So all their angles there ioyned toge-  ._ 
ther,make a folide angle.. And forthe Better fight thereof; Khaue'fer’-- 
here a figure wherby ye fball more eafily.conceiue it, the. bafe of the 
figurcisa triangle, namely,A B C,ifon euery fide of the triangle AB 
C,ye rayfe vp a triangle;as vpon the fide A B;ye raife vp the triangle 

A FB,and vpon the fide A C the triangle AFC, andvpenthefideB: 
C, the triangle B F C,and fo bowing the triangles raifed vp,thattheir 
toppes,namely,the pointes F meeteandioyne togetherin one-point, ^. | 
ye fhal eafily and plainly fee how thefe three fuperficiallangles: AEB ` ; 
BEC,CF A,ioyne and clofe together,touching the oné the other in- £ l | 
the point F,and fo makea folide angle. o — we 
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ro. f Pyramis is a folide figure contained ‘ynder many playne fuperficieces 
fet bpon one playne [uperficies and gathered together to one point.. ` 


Two fuperficieces rayfed vpon any ground can not make a Pyramis, forthat two {uperficiall angles, 
ioyned together in the toppe,cannot(as before is fayd )make a folide angle. Wherfore whé thr e,foure, 
fiue,or moe(how.many foeuer)fupérficieces are raifed vp fró one fuperficiesbeing the ground,or bafe 
and euer.afcéding diminifh their breadth,till at the légth all their angles cócurre in one point, making 


thereafolideangle: the folide inclofed,bounded,and terminated by thefe fuperficieces is called a Py." 


ramis,as ye fee.in a taper of foure fides,and in a {pire of a towre which containeth many fides, either of 
which is a Pyramis, | " 

And becaufe that all the fuperficieces of euery Pyramis afcend from one playne fuperficies as from 
the bafe,and tende to one poynt,it muft of necellitie come to paffe, that all the fuperficieces of a Pyra- 
mis are trianguler,except the bafe,which may be ofany forme or figure excepta circle. For if the bafe 
bea circle,then it afcendeth not with fides,or divers fuperficieces but with one round fuperficies,and 
bath notthename ofa Pyramis,but 1s: called(as hereafter fhall appeare ) a Cone. 

Of Pyramid; there are diuerskindes.. For according to the varietie ofthe bafeis brought forth the 
varietie and diuerfiue of kindes of Pyramids. If the bafe ofa Pyramis bea triangle, then is it called 
a triangled Pyramis . Ifthe bafebea figure of fower angles, itis called a quadrangled Pyramis. 
Ifthe bafe bea Pentagon, then 1s'it a Pentagonall or fiucangled Pyramis. And fo forth according 
to the increafe'ofthe angles of the bafe infinitely. Although the fi- | 
gure ofa; Pyramis can not be well expreffed in a. playne füperficies, 
yet may ye fuficiently conceaue of it both by the figure ** ſet in 
the definition ofa folide angle; and by: the figure here fet, if ye ima- 
gine the point A together :with:the lines AB, AC,and AD, tobe 
eleuated. on-high:. And yet thatthereader may more clerely fee the 
formeofaPyramis, E haue here fettwo fundry Pyramids which will 
appeare bodilike, if ye erectethe papers wherin are drawen.the trian- 
gular fides-ofechePyramis, in fuch fort that the pointes of the angles 
F of ech triangle may in euery Pyramis concurre in one point, and 
make a folide angle : oneof which hath to his bafe a fower fided fi- 
gure, and the other a fiue fided figure. The forme ofa triangled Pyra- E » 
misye may before beholde in the example of afolide-angle. And by 
thefe may yé conceaue of allotherkindes of Pyramids. 
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ward narowerand nafower,atlength endetheiranglés(atthe heigth © +e 
ortoppe therof) in one point.So all their angles there ioyned toges _- 
cher,make afolide angle. And forthe better fight thereofs 7. | 
here a figure wherby ye fhall more cafily.conceiue it the. ba, % 
ficureis a triangle,namely,A B C,if on enery fide of the trian, 

C,ye rayfe vp a triangle,as vpon the fide AB, ye raife vp the tn 
A FB,and vpon the fide A C the triangle A F C, and vpen theft 
C,the triangle B F C,and fo bowing the triangles raifed vp, tchatth 
toppes,namely,the pointes F meete and ioyne togetherin one-poi iN 
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ye fhal eafily and plainly fee how thefe three fuperficialliangles AF MA 
B F C,C F A,ioyne and clofe together,touching the oné the otherin: ` 
the point F,and fo make a folide angle. (o fw 
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10 A Pyramisis a folide figure contained vnder man A 
fet vpon one playne fuperficies and gathered together 







^ 


T wo fuperficieces rayfed vpon any ground can not make a Pyramis, forthat tW érficiall angles, 
ioyned together in the toppe,cannot(as before is fayd )make a folide angle. W herfó, Lvhé thre;foure, 
fiue,or moe(how many foeuer)fupérficicces are.rai fed * fró one füperficies being thé ground,or bafe, 
and euerafcéding diminifh their breadth, till at the légth all their anglescécurre in one point, making 
there a folide angle: the folide inclofed,bounded,and terminated by thefe fuperficieces is called a Py- 
ramis,as ye fee in a taper of foure fides,and in a {pire of a towre which containeth many fides, either of 
which is a Pyramis. i | | 

And becaufe that all the fuperficieces of euery Pyramis afcend from one playne fuperficies as from 
the bafe,and tende to one poynt,it muft of neceflitie come to paffe, thar all the fuperficieces of a Pyra- 
mis are trianguler,except the bafe, which may be ofany forme or figure excepta circle. Forif the bafe 
bea circle,then it afcendeth not with fides;or diuers fuperficieces but with one round fuperficies,and 
bath not the name ofa Pyramis,butis: called(as hereafter fhall appeare ) a Cone. 

Of Pyramids there are diuers kindes . For according to the varietie of the bafeis brought forth the 
varietie and diuerfitie of kindes of Pyramids . Ifthe bafe ofa Pyramis bea triangle, then is it called 
a triangled Pyramis . Ifthe bafebea figure of fower angles, itis called a quadrangled Pyramis. 
Ifthe bafe bea Pentagon, then is:it a Pentagonall or fiueangled Pyramis. And {fo forth actording 
to theincreafe of the angles of the bafe infinitely . Although thefi- — 
gure of a Pyramis can not be well expreſſed in a playne ſuperficies, R 
yet may ye füfficiently conceaue.of it both: by the figure (^ fet in 
the definition ofa folide angle; and. by the figure here fet, ifyeima- ~ 
gine the point ‘A together with:the lines AB, AC,and AD,tobe — 3 
eleuated-on-high'. And yet thacthereader may more clerely fee the 
formeofa Pyramis, Ehaue herefettwo fundry Pyramids which will 
appeare bodilike, if ye ere&tethe papers wherin are drawen.the trian- 
gular fides ofeche Pyramis, in fuch fort that the pointes of the angles 
F ofech triangle may in euery Pyramis concurre in one point, and 
make a folide angle : one of which hath to his bafe a fower fided fi- | 
gure, and thé other a fiue fided figure.. The formeofa tsangled Pyra- g p 
misye may before beholde in the example of afolidea .Andby ~ | af 
thefe may ye conceaue ofall otherkindes of Pyramids — ^ : 
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ward narow erand nafower,at length ende their anglées(atithe heigth. 
ortoppe therof) in one point.So all their angles there ioyned toge-  -- 
cher, make a folide anglé.. And forthe better fight thereofy Thaue fer: 
here a figure wherby ye fhall more cafily.conceiue it, the, bafe o£ the: , 
figureis a triangle,namely,A B C,if on euery fide of the triangle A B 

C,ye rayfe vp a triangle,as vpon the fide A Bye raife vp the triangle 

A F B,and vpon the fide A C che triangle A F C, and vpen thé fide B: 
C,the triangle B F C,and fo bowing the triangles raifed vp, thatitheir 
toppes,namely,the pointes F meeteand ioyne together in one-point, 

ye fhal eafily and plainly fee how thefe three fuperficiallangles A/F B. .. 
BF C,C F Ajioyne and clofe together,touching the oné the other it^ / 
the point F,and fo make a folide angle. | — m 
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ro A'Pyramisisa folide figure contained 'ynder many playne J'perficieces « Tenth diffinta 
Jet vpon one playne [uperficies and gathered together to one point. ` ton. 


Two fuperficieces rayfed vpon any ground can not make a Pyramis, forthat two luperficiall angles 
joyned together in the toppe,cannot(as before is fayd )make a folide angle. Wherfore whé thr e,foure, 
fue,or moe{how:many foeuer){uperficicces are raifed vp fró one fuperficiesbeing the ground,or bafe, 
and euer-afcéding diminifh their breadth, till at che léeth all their angles cócurre in one point, making 
therea folide angle : the folide inclofed,bounded,and terminated by thefe fuperficieces is called a Py- 
ramis,as ye fee.in a.taper of foure fides,and in a fpire of a towre which containeth many fides,either of 
which is a Pyramis. | i i 

And becaufe that all the fuperficieces of euery Pyramis afcend from one playne fuperficies as from 
the bafe,and tende to one poynt,it mutt of neceflitie come to paffe,that all the fuperficieces ofa Pyra- 
mis are trianguler,except the bafé, which may be ofany forme or figure excepta circle. Forif the bafe 
bea circle,then it afcendeth not with fides;or diuers fuperficieces;but with one round fuperficies,and 
bath not the name ofa Pyramis,butis: called(as hereafter fhallappeare) a Cone. 

OfPyramids there are diuerskindes.. For according to the varietie of the bafeis brought forth the 
varietie and diuerfitie of kindes of Pyramids. If the bafe of 2 Pyramis bea triangle, then is it called 
atriangled Pyramis . Ifthe bafe bea figure of fower angles, itis called a quadrangled Pyramis. 
Ifthe- bafe be a Pentagon, ‘then is it a Pentagonall or fiueangled Pyramis. And fo forth accordiog 
to the increafe‘of'the angles: of the: bafe infinitely .' ‘Although the fi- | 
gure ofa Pyramis can not be well-ex reffed in a. playne füperficies, 
yet may ye füfficiently conceaue of.it both by the figure Bere fet in 
the definition ofa folide angle; and: by the figure here fer, if ye ima- 
gine the point ‘A together withthe lines AB, AC,and-A D, to be 
eleuated- on-high .: And. yet thattlereader may more clerely fee the 
formeof a Pyramis, Ehaue here fettwo fundry Pyramids which will 
appeare bodilike; i$ ye erecte the papers wherin are drawen the trian- 











gular fides.ofeche Xramis, in fuch fort that thepointes oftheangles 
F ofech triangle /^ Vin euery Pyramis concurre in one point, and 
make afolide anf yne of which hath to his bafe a fower fided fi- 
gure, and the of We fided figure . The forme of a triangled Pyra- 


ide in the example ofafolideangle. And by 
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Etpa; — TE Abrifmeis a folideoy a bodily figure’ contained vader many plate 
ehi Super ficteces, of which the.two,fuperficieces which ane .oppofite, are equall:: 


and like and parallellssez-allthe other /iiperpicieces are paralle ogrames. 
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ex 4oreetbto — hardnes/conceaue whata prifme is,.nàmes-co ie 
thegenerall  \y,ifyeimagine the fuperficits A BD:G. totus) 
ame of be the ground & bafe of the folide, and the: 
E np tWo^füperficieces namely the fuperficies 
P: tf gae, wbich J d 
M ntm. A. E FB, and the fuperficies C EF D to be 
T ME erected vp on the fides ofthe bafe,theone , | . 
eppded (0. --- on the one fide, namely, on:the liie-A:Bj v] 
wasciebedaus . and the other on the other fide, namely, on, V. . 
(as weyab= — the line D C; not,perpendicularly, butih- ^ 
pearen the clining and bending theonetotheother,till D 
t2.bookefola  they.meetein the toppe,namely; oni theditte. - 5.5 i6 neo bugs vas comi. 
lowing & 0. Ef.., For foyefee that thrs folide-figureis nasi cS saciid ss). nor 
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usn hee Contained vnder many plaine {uperficieces, of which two,nam ely, the fue ` 
prepofuibbis — 7 umi LE aos s ml A C. a 
Bodo ) perficies B ED., which are,the.endes of thé folidejand oppofite the one t 
k d ? - and parallels,and all the otherfuperficieces,namely;the bate AB GD;&t 
itd £o fe meo- charis the fuperficies AE EB, and the fuperficies C EF D are.parallelo 









ther bodie ding,to make the thing more clere vnto the reader, I haue here feta Prifm 
likeivife, roo Tonle eo pe ors 95 hikejfyou ere&te bending wifethe 


sinag, °° ‘papers wherein are drawen thepa- | 
ANN nyg uR . allelogrames ABE F, &:C DEF, | 

era ihi vathat they may concurre in the line.. » 
(5! css sE Firtthetoppe;and fo erect the pa- 


g \ « pers wHereinaredrawen thetrian- . | 
i Ny a gles A CE-and B.D F, thatthe fide | P — ai 
tel Ero Ws AEoftheonetranglemayexacty. € 5:5, .« 


. thefide CE ofthe fame triangle; with the fide C E ofthe parallelo- . 
, gramme C-D EF: and moreoner;} the fide B F.of the other triangles 
. with the fide D F-of the parallelogramme C DEF : and finally, the: 
. lide BF ofthe fame triangle, with: the fide B F ofthe. parallelo 
gramme,A BE F .-And‘fo fhall youmoft eafilie feethe forme ofa. 
. Prifme :-thatit.contifteth of ewo equall,like,and parallell triangular , 
‘fuperficieces,and:of three parallelogrammes: wheroftheone is the: 
» bafe, and the other two are erected. bending-wife a Here alfo be~», 
holde the forme thereof asitis by arte defcribed. in a plaine to ap-. 
pearebodikkeai 0h commod, ono WERE ws r 
- | d , ete) Plage | n. 
4 000 78 os s FIsffasheréjnotetli that Zheon and Campane difagrec in defi- , 

ninga Prifme ,and he preferreth thé definition geuen of Campane 
before the definition geuen of Exelsde ( which becaufe he may feme swith. out, leffe offence to reiedt,he , 

calleth it Theozs definition Jand following Campane he geueth an other definition,which is this, 
' : b m p. ; , 
Another dif, A DPrifme ss a folide figure whsch ts contayncd Gnder fine playne fuperficieces , of which two are triangles, 
5 ot r like equall,and parallels and the reft are parallelogrammes. A 

finition of 4 The example before fet agreeth likewife with this definition , and manifeflly declareth the fame. 

P rifme, whit D For in it were fine fuperficieces,the bafe,the'two erected [uperficieces andthe two endes: of which the 

isa fpeciall — two endesare triangles like,equall and parallels,and all the otherare parallelogrammes as this definiti- 

diffzeitiou 0 f on requireth . Thecaufe why he preferreth the definion of Campane before the definition of Theon ( as 

apri fme:as zt he calleth it,butin very deede it is Evc/sdes definition,as certainely , as are all thofe which are geuen-of 
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—— him in the former bookes,neitheris there any caufe atall,why it {hould be doubted in this one defini- 
E 7 dom X tion mofe then in any of the other) as he him felfe alledgeth,is,for that it is(as he fayth) to large, and 
tita s comprehendeth many mo kindes of folide figures befides Prifmes , as Columnes hauing fides, and all 
Yjet Parallelipipedons, which a definition fhould not doo: but fhould be conuertible with the thing defi- 


ned,and ‘declare the nature of it onely,and ftretch no farther, 

Me thinketh F/sffzs ought not to haue made fo mucha dooin this matter, nor to haue bene fo 
fharpe in fight and fo quicke as to fee and efpy out fuch faultes,which can of no man that will {ee right- 
ly without.affe&ion be efpyed for fuch great faultes . Forit may well be aunfwered that thefe faultes 
which he noteth(ifyetthey befaultes)are not to be found in this definion.It may be fayd that itexten- 
deth it felfe not farther then it fhould,but declareth onely the thing defined namely, a — — 

of 








of Euclides Elementes. Fol.z15. i 


doth it agree(as Ffas cauilleth)with all Parallelipipedons and Columnes hauing fides . All Paralleli- 
pipedons whatfo euer right angled;or not right angled which are defcribed of equidiftant fides or fu- 
perficieces;haue their fides oppofit.So thatin any of them there1s no one fide, but it hath a fide oppo- 
fit vntoit.So likewife is it of eué fided Columnes, eche hath his oppofite fide directly agayntt it which 
agreeth not with this definition of Ewelsde.Here it is euidently fayd,that of all the fuperficieces,the two 
which are oppolite are equall,like,and parallels,;meaning vndoubtedly onely two & no moe. Which is 
manifeft by that which followeth. The other(fayth he )are parailelogrammes, fignifiing moft euidently 
that none of the reft befides the two afore(ayd , which are equall, like , and parallels, are oppofite: bue 
two of neceffitie are rayfed vp , and concurre in one common line , and the other is the bafe.So that it 
contayneth not vnder it the figures aforefayd,thatis fided Columnes,& al Parallelipipedons,as Fla/fas 
hath not fo aduifedly noted. 


Agayne where Fleas {etreth in his definition, as an effentiall part thereof , that of the fiue fuperfi- - 


cieces,of which a Prifme is contayned , two of them muftbe triangles, that vndoubtedly is not of ne- 
ceffitie,they may be of fome other figure . Suppofe that in the figure before geuen that inthe place of 
the two oppofite figures,which there were two triangles,were placed two pentagés: yet fhould the fi- 
gure remayne a Prifme ftill,and agree with the definition of Exc/rde , and falleth not vnder the definiti- 
on of Flafzs. So that his definitió {emeth to be to narrow and firetcheth not fo farre as it ought to do, 
nor declareth the whole nature of the thing defined. Wherefore it is not to be preferrd before Euclides 
definition,as he woulde haue it. This figure of Ewclsde called a Prifme,is called of Campane and certayne 
others Figure Serrarilis,for that itrepre{éteth in fome maner the forme ofa Sawe.And of fome others it 
is called Cumexs,thatis,a Wedge, becaufe it beareth the figure of a wedge. 

_ Moreouer although it were fo, that the definitié of a Prifme fhould be fo large, that it fhould cétaine 
all thefe figures noted of F/sfías as fided Columnes, & all Parallelipipedons: yet fhould not F/afes haue 
fo great a caufe to finde fo notably afault , fo vtterly to reiect it. It is no rare thing in all learninges, 
chiefcly in the Mathematicalls,to.haue one thing more generall then an other.Is it not true that euery 
Ifofceles is a triangle, but not enery triangle is an Ifofceles*And why may not likewife a Prifime be more 
generall,then a Parallelepipedon, or a Columne hauing fides(and contayne them vnder itasa triangle 
cOtayneth vader it an Ifofceles and other kinds of triangles) .So that euery Prallclipipedon, or euery fi- 
ded Columne bea Prifme,but not euery Prifme a Parallelipipedó or afided Columne. This ought not 
to be fo much offenfiue. And indeede it femeth manifeftly of many, yea & of the learned foto be také, 
as clearely appeareth by the wordes of Pfellesin his Epitome of Geometrie, where he entreateth of the 
production and conftitution of thefe bodyes.His wordes are thefe . AU reftslne figures being ereed Gpon 
ther playnes or bufes by right angles make Prifmes. Who perceaueth not but thata Pentagon erected vpó 
his bafe of fiue fides maketh by his motiona fided Columne offiue fides?Likewifean Hexagon erected 
atrightangles produceth a Columne hauing fixe fides: and fo of all other re&iline figures . All which 
folides or bodyes fo produced whether they be fided Columnes or Parallelipipedons, be herein moit 


T Lis bodie 
called Figura -. 
Serratzlis. 


Pfellus, 


plaine words(of this excellét and auncient Greke author P/eZz: )called Prifmes. Wherfore if the defini- . 


tid of a Prifme geué of Exclsde fhould extend it felfe fo largely as F/«f/asimagineth, and fhould enclude 
{uch figures or bodyes,as he noted: he ought notyet forall that fo much to be offended , and fo na- 
rowly to haue fought faultes.For Evc/sde in fo defining mought haue that meaning & fenfe ofa Prifme 
which Pfe/lus had.So ye fee that Ewclide may be defended either of thefe two wayes, either by that that 
the definition extendeth not to thefe figures,and fo not to be ouer generall nor ftretch farther then it 
ought: or ells by that that if it fhould ftretch fo far itis not fo haynous.For that as ye fe many hane také 
itin,that fenfe.In deede cómonly a Prifme is taken in that fignificatió and meaningin which Campanus 
Fluffas and others takeic.In which fenfe 1t femeth alfo that in diuers propofitions 1n thefe bookes fol- 
lowing it ought of neceffitie to be taken. 


^ 


r2 ASphere is a figure which is made, when the diameter of a femicircle Tyelueth dif 
abiding fixed, the femicircle is turned round about, vntill it returne 'ynto. finition, 


the felfe fame place from whence it began to be moned. 


To the end we may fully and perfectly vnderftand this definiti- 
on, how a Sphere is produced of the motion ofa femicircle, it fhall 


be expedient to cofider how quantities Mathematically are byima- : / See — 
gination conceaued to be produced, by flowing and motion, as was Se 
fomewhat touched in the beginning of the firftbooke . Euerthe EREA = : 
leffe quantitie by his motion bringeth forth the quátitie nextaboue. 18573777, SS 


it. Asa point mouing, flowing, or gliding, bringeth forth aline, $5577 


(l 
i 





which is the firft quantitie, and next to a point. A line mouing pro- WY s4 — 
duceth a ſuperficies, which is the ſecond quantitie, and next vntoa — 
line. And laft ofall, a fuperficies mouing bringeth forth a folide or — 
body, which is the third & laft quantitie. Thefe thinges well mar- — 


ked, it fhall not be very hard to attaine to the right vnderſtanding 
of this definition , Vpon the line A B being the diameter,defcribe a 
femicircle 





CIL 


aito TW heeleuentb Booke > 
EIE! "eleuentb! ooke DAS 
4 e te 


1 Aprifneis a fold ot bodity figure toitained wider midig plaie”, 
Juperficteces, of which the. two Juperficieces which are-oppofite, are equall. 
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and le imd parallelis c2» all the other fuperficieces are parallelogrames, 
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. Alchough you may fn a plainesfiipérfid; cegylos OU G&ubiasin Aa 
Ibis difiniti- cies by this figure here Yer, withoutsany:. re! aaa! 
ez 4creeth to  hardnes'conceaue whata prifme is, nàme-:o . 
tbesemeral] — \y,ifyeimagine the fuperficits ABD:@, to loud! 
name of be thé ground & bafe of the folide, and the »:!1 
o phi tWo-fuperficeces;namely 7 the füperficies 
pueswhub WT MN | 
Dm 7S » and the fuperficies CE E D to be 
— erected vpon the fides ofthe bafe,theone . | . 
epptenio d “Tr onthe one -fide, namely, onthe line-ABS WA yy 
raceiepedons and the other on theotherfide, namely, on ^ ..| 
(as wayep- the line DG, not perpendicularly , Dur Ais - 
pearetitthe  cliningand bending the onetotheother,till — D 
42. beare fot they.meetein the toppe;namely, onthelifíe. - 15:652 075 be MeO Vat ee 


3 
` 


loimia c? £0. E E... Forfo yefee that this folide figureisiscii os od oy 
e 


p^ - 1 ~ 
: p 










per 


$ 
* 


des 1 : ri + em " a 
e e - — a Pee. 4. ^ CL 


t . —_ ~ . E im * — * < A" 
prepoftzo hus contained vnder many plaine {uperficieces, of which two,namely, the fuperficies. AEC, andthe fu.” 


deos flvatió) perficies B ED , which are,the endes of the folidejand oppofite the one to the other, are. equall like 















ea and parallels and allthe otherfuperficieces,namely,the.bafe. A B G D,& the.two erected fuperficieces; 
ei to fame o- that iss the {upérficies AE EB, and the fuperficies C EEED are;parallelogrammes .. Yet notwithftan- . | 
zber bodie ding,to make the thing more clere vnto the reader, I haue here feta Prifme which will appeare .bodi- 
fskewife, pO onrrpotedgec3ó ys dikeyafyou erecteibending wifethe. ^^ 5.7. 3 7 
cg! asc oc iN p» paperswherein are drawen thepa- Acc osos — * 
odiis SÉ BIN: ij ox . rallelográmes A BEF, &:C DEF, | 
bns coto AB Reo Do o thatthey may concurre in the line 
bij YN BQ Loe XE Finthetoppe,and fo erect the pa- oO jan 
obs dis Ly INN so s pers wlierein are drawen thetrian- - | | 
boil P NS A Rs Gad - gles A CE-and B.D E, that the fide | ey 
mm a ALi AE ofthe one triangle may exactly * 
ihn AGH SEN->;, agree-with thefide A-E-of the one pai, _. hd. | 
— — WSC. the fide. CG. Eof the fame triangle, with th | (o p- 
yy gramme C D EB: and moreouer; the fi Cy 
f with the fide.D F-of the parallelogramn| ` 1e 


. fide B F ofthe fame triangle; with: the > 
gramme, A BEE «And {fo fhall youmofi, = Oe 2. 
. Prifme :-that itconlifteth oftwo equall,like;and parallelltriangular ; 
fuperficieces,and.of three parallelogrammes: wherof the one is the: 
| bafe, and the,other two ate erected, bending-wife. Here alfo be-. 
holde the forme thereof asitis by'arte defcribed‘in.a plaine to ap-., 
a peare bodalike ai 05s cima fees nm cum Y 
E Jr n cde t nt ont o * è 
ji Sm P - Fleffatheréjnotetli that Zeos ánd. Campaze difagree in defi- 
| * «DBingaPrifme,and he preferreth thé. definitiongeuen of Cezpaze 
before the definition geuen of Euclide ( which becaufe he may feme with out leffe offence to reiect;he . 
calleth it Z5eoz: definition )Jand following Cezzpaze he geueth an other definition, which is this. 
A Pri[me 1s a folide fgure mbich t5 contayncd €nder fiue playne fuper(icieces , of. mhtcb tmoare triangles, 
An other dif: g — fal the refè are sarde hetan prane fp i i. ` $ 
finition of 4 ‘The exam ple before fet agreeth likewife with this definition , and manifeftly declareth the fame. 
P rifme, which Forin it were fiue fuperficieces,the bafe,the'two erected fuperficieces and the two endes: of which the 
is a fpeciall two endesare triangles like,equall and parallels,and all che otherare parallelogrammes as this definiti- 
diffinition o f onrequireth . Thecaufe why he preferreth the definion of Campane before the definition of Theon ( as 
apri fne:as it he calleth it;but in very deede it 1s Euclides definition,as certainely , as are all thofe which are geueri-of 
se common him in the former bookes,neitheris there any caufe at all,why it fhould be doubted in this one defini- 
j d A tion more then in any of the other) as he him felfe alledgeth,is,for that itis(as he fayth) to large, and 
caled and comprehendeth many mo kindes of folide figures befides Prifmes , as Columnes hauing fides, and all 
vſed. Parallelipipedons, which a definition ſhould not doo: but fhould be conuertible with the thing defi- 
ned, and declare the nature of it onely, and ſtretch no farther. | 
Me thinketh F/ffz: ought not to haue made fo much a dooin this matter, nor to haue bene fo 
fharpe in fight and fo quicke as to fee and efpy out fuch faultes,which can of no man that will fee right- 
ly without\a%eCtion be efpyed for fuch great faultes .Forit may well be aunf{wered that thefe faultes 
which he noteth(ifyet they be faultes)are not to be found in this definion.It may be fayd thatit exten- 
deth it felfe not farther then it fhould;but declareth onely the thing defined,namely, a Pri 
ot 
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Juperficteces , of which the. two:fuperficiecesswhichane.oppofite, are equall 
and like and parallells z3 althe otbey-fuübey ficiets are parallelo ores, 
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cies by this figure here fet, without;any sp gon esi 
hardnes;conceaue Whata prifmeis, nàpmee:o ipe - 
ly,ifyeimagine the fuperficits A BD:G, tolvus 
be thé ground & bafe of the folide, and the2:!s b 
two" fiperficieces;nanrely 5 the fuperficies 
A.E FB, and the füperficies C EF D to be 
erected vpon the fides of the bafe,the one I 
on the one fide, namely, on:the lire: AiBS voler 
and the other on the other fide, namely,on.\..1. \ 
: ^ ANM Bin *. M MODESTIAE 
the line D €; riot „perpendicularly , butin- 
cliningand bending theonetotheother,tull — D 
they meetein the toppe,namely, on thelifíe - 5-1 16n tra bito yar na m. NE 
E E... Forfo ycfee that. this folide figuteis sii 505 1osos6 3. 
contained vnder many plaine fuperficieees, of which two;namely; the fufE ` 
perficics BE D., which, are,the endes of thé folidejand oppofite the one 
aind paralle)s,and all the other fuperficiecesynamely,the bafe ABGD,&t 
thatis; the fuperficies: AEE B, and thefüperficies C ED are. parallelo 
ding,to make the thing more clere vnto the reader, I haue here feta Prifm ga 
fin vA one i! n like if you erecte bending wife:the . 
papers wherein are drawen the pa-" 
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— | -dide BF ofthe fame triangle, with: the P SM | 
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ake ANS Prifme : that ic.confiftech of two equall,like,and parallell triangular 
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‘A m « Flagasheréjnotethi that Zheon and Campane difagree in defi- 


-ninga Prifme and he preferreth thé definition geuen of Caimpane 
before the definition geuen of Evelsde ( which’ becaufe he may femeswith out. leffe offence to reieét,he 
calleth it Theows definition )and following Campane he geueth an other definition, which is this. 

A Prifme ss a folsde figure which ts contayned Gnder fine playne fuperficieces , of which two are triangles, | 
like egaal, and parallels and the reft are parallelogrammes, l N*. ti 

The example before fet agreeth likewife with this definition , and manifeflly declareth the fame. 
For in it werc fiue fuperficieces;the bafe,thé two ere&ted füperficieces and the two endes: of which the 
two endesare triangles like,equall and parallels,and all the other are parallelogrammes as this definiti- 
on requircth . Thé'caufe why he preferreth the definion of Campane before che definition of Theo (as 
he calleth it,butin very deede it is Exclsdes definition,as certainely , as are all thofe which are geuen-of 
him in the former bookes,neitheris thereany caufe at all; why 1t fhould be doubted in this one defini- 
tion mofe then in any of the other ) as he him felfe alledgeth,is,for that it is(as he fayth) to large, and 
comprehendeth many mo kindes of folide figures befides Prifmes , as Columnes hauing fides, and all 
Parallelipipedons, which a definition fhould not doo: but fhould be conuertible with the thing defi- 
ned,and declare che nature of it onely;and ftretch no farther, | 

Me thinketh F/sffs ought not to haue made fo mucha doo in this matter, nor to haue bene fo 
fharpe in fight and fo quicke as to fee and efpy out fuch faultes,which can ofno man that will fee right- 
ly without affection be efpyed for fuch great faultes . Forit may well be aunfwered that thefe faultes 
which he noteth (ifyet they be faultes)are not to be found in this definion.It may befaydthatitexten- — M 
geth it felfe not farther then it fhould,but declareth onely the thing defined,namely; a ——— Pu | 
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^^. femicitcle A C B, whofe 
centreletbe D : the dia- T 
meter AB being fixed 
on his endes or! pointes, 
imagine the whole fu- 
perficies of thefemicir- 
cle to moue round from 
fome one pointafligned, 
tillit returne to the fame ` 
point againe. Se fhall it 
produce a perfect Sphere | ! 
or Globe,the forme whereof you fee in a ball or bowle . And it is fully 
round and folide, for that itis defcribed ofa femicircle which is per- 
fectly round, as our countrey man Johannes de Sacro Bufco in his booke 
of the Sphere, of this definition which he taketh out of Exclide, doth 
wellcollecte . Buritis to be noted and taken heede of, thatnoné be deceaued by the definition ofa 
Sphere geuen by Iohannes idle Sacro Bufco 074 Sphere (fayth he) is the paßage or mouingę of the circumference 
of a femscirele, trl st returne Gato the place where it begarine, which agreeth not with Exchde. Euchide plain- 
ly fayth that a Sphere'is the paflage or motion ofafemicircle, and not the paflage or motion of the cir- 
cunference ofa femicircle: neither can itbe true that the circumference ofa femicircle,which is a line, 
fhould defcribe a body . It was before noted that every quantitie moued, deferibeth and produceth the- 
quantitie next vate it .. Whercfore aline moued can not bring forth a body, but a füperficies onely. As 
if ye imagine a right line faftened at one of his endes to moue about from fome one point till it retume 
to the fame againe, it {hall defcribe a plaine fuperficies namely,a circle .Soalfo ifye likewife conceaue’ 
ofa crooked line,fach asis the circumference of afemicircle, that his diamerer fattened on both the 
endes it fhould moue from a pointaffigned tillit returne to the fame againe, it fhould defcribe & pro- 
ducea round fuperficies onely, which is the {uperficies and limite ofthe Sphere, and fhould not pro- 
duce the body and foliditie of the Sphere . But the whole femicircle, which is a fuperficies by his moti- 
on, as is before faid, preduceth a body,thatis, a perfeét Sphere . So fee you the errour ofthis definiri- 
on of the author of the Sphere : which whether it happened by the author him felfe, which 1 thinke 
not : or that thatparticle was thruitin byfome one after him, which is more likely, it it not certaine. 
Butitis certaine, thatitis vnaptly putin, arid maketh an vntrue definition : which thing is not here 
{poken, any thing to derogare the author of rhe booke,which affuredly was 2 man of excellent know- 
ledge: neither to the hindrance or diminifhing of the worthines of the booke, which vndoubtedly is a 
very neceflary booke, then which I know none more meete to be taught and red in {choles touching 
the groundes and principlesof Aftrronomie and Geographie : but onely to admonifhe the young and- 
vofkilfull reader of not falling into errour . Theodofiws inhis booke De Sphericis (a booke very necefla- 
ry for all thefe which will {ee the groundes and principles of Geometrie and Aftronomie, which alfo E 
haue tranflated into our vulgare tounge; ready to the preife ) defineth a Sphere after thys maner: 
Jd Sphere ts a folide or body contained Gnder omefüperficies, im the midle wherof there js a point, fro which all lines 
dramen tothe circumference are equall. This definition of Theodofivs is more effentiall and naturall,then 
is the other geuen by Esc//Ze. The other did not fo much declare the inward nature and fubflanceofa 
Sphere, asit fhewed the induftry and knowledge of the producing ofa Sphere,and therfore is a caufall 
definition geuen by the caufe efficient, or rathera defcription thena definition . But this definition'is 
very effentiall, declaring the nature and fubftance ofa Sphere . As ifa circle fhould be thus defined, as : 
it well may : -4 circle 1s the pafSage or woning of a lne from a poset tilit returne to the’ fame point againer 
itis a caufall definition,fhewing the efficient caufe wherofa circle is produced, namely, of the motion 
efa lise . Andit isa very good défcription fully fhewing whata circleis. Such like defcription is the’ 
definition ofa Sphere geuen of Execlide by the motion of.a femicircle. But whena circle is defined to 
bea plaine füperficies, in the middeft wherof isa point, from which all lines ;dràwen to thecircumfe-: ~- 
rence therof,are equall : this definition is effenriall and formall, and declareth the very nature ofa cir- 
cle . And vnto this definition ofa circle, is correfpondent the definition ofa Sphere geué by Theodafius, 
faying : that itis a folide or body, in the middeft- whereof there is a 'point,from which all thelines: 
drawen to the circumference are equall. So fee you the affinitie betwene a circle and a Sphere.For what 
a circle is ina plaine,thatis a Sphere in a Sofide.. The fulnes and content ofa circle is defcribed by the 
motion ofaline moned about : but the circumference therof, which is the limite and border thereof, 
isdefcribed of the end and point of the fame line moved about . So the fulnes,content, and body ofa 
Sphere or Globe is defcribed of a femicircle moued about. But the Sphericall fuperficies, which isthe 
limite and border ofa Sphere, is defcribed ofthe circumference of the fame femicircle moued about. 
And this is the fuperficies ment in the definition, when it is fayd, that it is contained vnder one füper- 
ficies, which fuperficies is called of Jobannes Je Sacro Bufeo & others,the circumference of the S phere. 
Galene in his booke Ze diffinstiontbus medicis,geueth yet an other definitió ofa Sphere,by his proper- 
tic orcómon accidéce of mo uing Which is thus. 44 Sphere ts a figure mof? apt to all motion,as hauing x0 bale 
wiereon to fiay.This is a very plaine and witty definition, declaring the dignitie thereofaboue all figures 
generally. All other bodyes or folides,as Cubes,Pyramids, and ethers haue fides, bafes,and angles, all 
which are {tayes to reft vpon , orimpedimentes and lets to motion . But the Sphere hauing no fide or 
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bafe to flay one,nor angle to let the courfe thereof, bur onely in a poynt touching the playne wherein jt 


‘{tandeth,moueth freely and fully with out let.And for the dignity and worthines thereof’, this circular 


and Sphericall motion 1s attributed to the heauens , which are the moft worthy bodyes.. Wherefore 
there is afcribed vnto them this chiefe kinde of motion. This folide or bodely figure is alfo commonly 
called a Globe. aras un E A fpbeve tat. 


y leia Globes 

sry The axe of a Sphere is that right line which abideth fixed , about D dif- 
7 " 4 M e. b l i a 

o which tbe femicircle was moued. Kew eio. | aie 


vy o 


i . , vf a e ` i LÀ e ; | s 4 a 
Asin the example before geuen in the definition ofa Sphere,theline.A' B, about which his endes 


* 


p being fixed,the femicircle was moted ( which line alfo yet remaayneth after the motion ended Jisthe 
_ axe of the Sphere defcribed of that femicircle . T4eodofius defineth the axe of a Sphere after this maner. 


The axe of a Sphere ss a certayne vight line drawen by thecentre , ending om esther fide in the [uperficresof rhe T beodofius 

Sphere about which being fixed the Sphere is turned As the line A B in the former example. There nedeth to arffinition of 

this definition no other declaration , but onely to confider , that the whole Sphere turneth.vpon that the axe ofa 
line A B,which paffeth by the centre D,and is extended one either fide to the fuperficies of the Sphere, Sphere. 


wherefore by this definition of Theedafiws itis the axe of the Sphere. 


14. The centre of aSphere is that poynt which is alfo the centre of the fèe Fonytemh 
micircle. | 2. diffiition. 


This definition of the centre ofa Sphere is geuen as was the other definitionof the axe , namely, 

hauinga relation to the definition ofa Sphere here geuen of Eaclide: where it was fayd thata Sphere is 

made by the revolution of a femicircle, whofe diameter abideth fixed. The diameter ofa circleand ofa 

femicrcle is all one. And in the diameter either ofa circle or of a femicircle is contayned the center of 

either of them,for that the diameter of eche euer paffeth by the centre . Now (fayth Evclide ) the poynt. 

which is the centet of the femicircle;by whofe motion the Sphere was defcribed , is alfo the centre of 

the Sphere, As in the example there geuen sthe poynt D is the centre both of the femicircle & alfo of the 

Sphere . Theedofis geueth an other definition of the centre of 'a Sphere which is thus . The centre of a Theodofius 
Sphere is a poynt with sn the Sphere fiom which all lines drawen to the fuperficies of the Sphere are equal, Asin diffinition of 
a circle being a playne figure there is a poynt in the middeft,from which all lines drawen to the circum- the center of & 
frence are equall , which is the centre of the circle : fo in like maner with in a Sphere which isa folide fphere 

and bodely figure,there muft be conceaued a poynt in the middett thereof, from which all lines drawen d n 

‘ro the fuperficies ‘thereofare equail. And this poynt is the centre of the Sphere by this definition of 
‘Theedofins Flufasin defining the centre of a Sphere comprehendeth both thofe definitions in one, after, 
this fort. The centre of a Sphere isa. paynt affigned in a Sphere,from which all rhe lines drawen to the faverfi- i 

thes are equall,and it 14 the fame which was alfo the centre of the ſemicircle which defcribed the Sphere. This defi- Fi lufsas diſfi- 
nition is {uperfluous and contayneth more thé nedeth.For either part thereof isa fulland fufficient dif- sition of the 
finition,as before hath bene fhewed, Or ells had Euclide bene in{ufficient for leaning out the one part, centerofa 


„Or T'heodofias for leauing out the other . Paraduenture, F/sffas did it for the more explication of either, fphere. 


that the one part might open the other. i 
Sinn tly Ged Ore, Dat bet Ie "res atn Li. e: 


ms a j — one galline Pr aw ia : * * ados nc adm E T M s | 
rs “The diameter of a Sphere is acertayne right ine drawen by the cétre, p dif- 
SEL T. Les Bp M JACI a tham "2 1- UN ritos 
~ 4nd one eche fice ending at the ſuperſi cies of the Jame Sphere. 
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e poules Rds fied 2As op nie das E on T St. xa n » - 
io This definitió alfo3s not hard,but may eafely be couceaued by the definitió of the diameter ofa cir- 
cle.For as the diameter of a circle is a right line drawne fr6 one fide of the circüfrence ofa cirtle to the 
other;paffing by the centre ofthe circle: foimagineyoua rightlirie to be drawen from one fide ofthe 
fuperficies of a Sphere to the other, paffing.by the center ofthe.Sphere, and that line is the diameter of Difference be- 
the Sphere. Soit isnotall one to fay,the axe ofa Sphere., and. the diameter ofa Sphere . Any line in a tivene the di- 
Sphere drawen from fide to fide by the centre isa diameter.But not euery line fo drawen by the centre he oA 
is the axe of the Sphere , but onely one right line about which-the.Sphere is imagnined to bemoued, “77, } £ 
So that the name ofa diameter ofa Sphere.1s more general,then is the name of an axe.For euery axe in of 4 /pheres 
a Sphere is a diameter of the fame: bur not euery diameter of a Sphere is an axe of the fame.And there- l 
fore F/«ffasÍctteth a diameter in the definition ofan axe as a more generali word in this maner.T he axe 

* $8 4, =" af 


TT be eleueutb B ooke 
of a Sphere,ss that fixed diameter about which the Sphere ss moued , A Sphere (as alfo a circle)may haue infi- 
nite diameters;but it can haue but onely one axe. & E^ 


Sed 16 Aconeisa folide or bodely figure which is made when one of the fides 
diffinitions | of avetiangle triangle, namely , one of tbe fides ‘which contayne the right 
A Os angle abiding fixed sthe triangle 1s moned about jyntill it returne ynto tbe 


felfe fame place from whence it began first to be moned. Now if the right 

line which abideth fixed be equall to the other fide which is moned about 

_ and contameth the right angle:then the cone ts a rectangle cone.But if it be 

= | 0 deffe,then is it an obtufe angle cone. And if it be greater , thé is it ana cutes 
` > angle cone, duet; D P. 


This definition ofa Cone is of the nature and condition that the definition of a Sphere was, for 
vither is geuen by the motion of a {uperficies. There,as to the production ofa Sphere was imagined a 
femicirde to moue round, from fome one point till it returned to the fame point againe : fo here mutt 
ye imagine rectangle triangle to moue about till it come againe to the place where it beganne . Let 
asc be a re&Qangle triangle , hauing Pn 
theangle 4 s c a right angle, which let A 
be contained vnderthelines à s and n c. | 

a . Now fuppofe the 
fide az , namely, 
one of the lines 
Which cétaine the 
o u. might angle asc 
.. . tobe faftened, and 
.. about it fuppofe 
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t ZZ to be moued from 

oe. fome one poynt 
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turne to the fame .. | — ul aps mdi 

agayne (as vppon the diameter in the definition of a Sphere ye imagined a fe- 

micircle to moue about):fo fhall the folide or body thus defcribed be a perfeét 
_ Cone. As you may imagine by this figure here fet. And the forme ofa Cone 

you may fufficiently conceaue by the figure fet inthe margent. There are of 

Cones three kindes, namely, a rectangle Cone, an obtufeangle Cone, andan 

acute angle Cone,all which were before in the former definitio defined: Name- 


_ Jypthefirfthinde after this maner. ... — —* 
Uf the right line which absderh fixed, be equall to the other, fide which moueth round 

: about, andcontaimeth the right angle,then the Cone is a reclang Loe 
Fir kinde As fuppofe in the former example, that theline a 8 which is fixed,and about which the triangle 
of Cones. _ was E al and after the motion yetremayneth, be equall to the line 8 c,which is the other line con- 
"OU 09 * tayning the rightangle,which alfo ismoued about togetherwith the whole triangle: then is the Cone 
. defcribed,as the Cone 4.» c inthis example, a rightangled Cone : focalledfor that the angle at the 

toppe of the Cone is atightangle . For forafmuch as the lines: sand s c ofthetriangle'4 s c are e- 

quall, the angle x a c is equallto theangle s c a (by they.of the firft) . And eche of them is the halfe 

oftheright angle 4 » c (by the 32. ofthe firft) . In like fort may it be fhewed in the triangle As n, 

that the angle x.» 4 isequallto the angle x a p, and that eche of them is the halfe ofa right angle. 


: 3 E. i -ti : ' at x ds s y eut | x Ba T a = t 
Wherefore the whole angle c 4 5, which is cohipofed ofthe two halfe right aagles;namely,p AB and 
zi y a h TA E 





NN 


X 
— 8* Ss 
8 










S 
8 







— 


iU d 

— 59000 

Hd 3 

IIa HUE 

nal ye 
Ho 


n c? i i i i 
3 1 3 $ F 
4 n Hi t 










SES 
li) 
Wi) 









e. + 


Caz isarightangle .Andfo haueye, Whatis aright angled. +>- 
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| Cone. ^ | onu (0A. | 
FUE LENS | Bst sf. it be lefe, then 18 st an obtufeangle Cone’. As in this @x= "oy INE 
ample, theline 4'2' fixed isleffe then the line*s-c moueda-% ~~ si 
we bout; Whereforethe Cone defcirbed o£ the circumuoluti- — — 


on of tlie triangle 4 s c abouttheline 4 &;'isan'obtufean- 

éle Cone; for that the angle at the toppe'D a-c.isgreater'p g 
then.a. right angle . Wherefore 1t is. an obtufeangley And" ' - 
therefore the Cone is called anobtufeangleCone." Ci. iua 
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and if it be greater, then is ir ax acuteangle Cone, Asin 
this figure, the line AB faftened, is greater then the 
line B C moued about . Wherefore the Cone de- 
{cribed by the motion and turning of the triangle 
ABC about AB isan acuteangle Cone, hauing the 
angle at the toppe B A C an acute angle .;Ofwhome | 
the Cone is.called an acuteangle Cone. For the ea- an | 
fier fight & cófideration of all thefe kindes of Cones, E 
and alfo for the plainer demonftratiòn of the varie- 
ties oftheir angles in their toppes, I haue defcribed 
them all three in one playne figure , of which the 
Cone ACB isaright angled Cone, havyng his fix- 
ed fide CE equal! to the line FR, and hys angle . 


- 





ACB 4arightangle: the Cone AEB is an obtufe ~ Mw | 
angle Cone, and A D B an acuteangie Cone. - -D i a: 

By which figure ye may eafily demonfirate m ZLA* C^ m 
(by the 21. ofthe firft) that the angle ADB = rut 

of the Cone ADB, whofe fixed line D E b, TI e 


is greater then the fide FB, is lefe then the 
rightangle A CB,and fo is an acute ancie. 
- And alfo (by the fame 21. of the firft)) ye 
fhall with like facilitie perceaue how the 
angle AEB of the Cone AEB whofe fix- 
edline E Fisleffe then the fide FB,is grea- 
ter then the right angle ACB: andtherez - 
foreisan obtufe angle. Hi rien. 
This figure of a Cone is of Campane; of. - 
Vitellio, and of others which haue written im - «. 
thefe latter times, called around Pyramis, :. 
which isnot fo aptly . Fora Pyramis, anda : 
Cone, are farre diftant, & offundry natures. | 
A Coneisaregular body produced of one | 
circumuolution of a rectangle triangle , and limited and bordered with one onely round fuper- 
ficies. But a Pyramis is terminated and bordered with diuers fuperficieces . Therefore can not 
a Cone by any iuftreafon bearethe name ofa Pyramis. This folide of many is called TwzZo,which to our 
purpofe may be Englifheda Tep or Ghyg: and moreouer, peculiarly Campane calleth a Cone the Py- 
raniis ofa round Co!umne,namely,of that Columne which 1s produced ofthe motion of a parallelo» 
gramme (contained of the lines A B and B C) moued about,theline A B being fixed . Of which Co» 





Jumnes fhall be fhewed hereafter, . . p a R ^: 
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triangle ts moued. And the bafe of the Cone ts the circle ‘which ts defcribed 
bythe right line which ts.imoned about... p 
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Asin the example tbe line 8 is fap " 
fet VT a le ^ MESES. 0 x TV ifl 
pofed.to bé the line about whichthe "77 
rightangled triangle 4B C (tothe prot’ ^ 7 
du&ion oftlie Cone) wasmoued "and ^^ ^ * 
chat lire 1s Bere .of Zuelide called'thé axe: ^^ 217 
of the’ Conedeéfcribed . The taferdf sbe ^ - 7 
Come isthe circle which 13 defcribed by the, . 
right line which is moned about. As thg e” 
line 48 was fixed.and ftayed, fo was. 77“ 
theline 8 C ( together with. the whole | 
triangle 4 B C ) moued and. turned a- 
bout.. A lise. monéd; as hath bene fayd 
before,produceth a fuperficies: and be- ° 
caufe the line BC is moned about2 ` — 
point, namely, the point B, being the SEM ^ 
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end of theaxe of the Cone 44 B, itprodüceth by his motion, and teuolution a circle, which ciréle is 
the bafe ofthe Cone : as in this example, the circle CD EZ; ^77 15t CoE paneel 
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Theline which produceth the bafe of the Cone, is the line of the triangle which together with 
the axe of the Cone contayneth the right angle. The other fide alfo of the triangle,namely,theline 4c, 
is moued about alfo with the motion of the triangle, which with his reuolution defcribeth alfo a fuper- 


e£ comicali fg- ficies, which is a round fuperficies,& is ere&ted vpon the bafe of the Cone, & endeth in a point,name- 
perfictes. ly; in the higher part or toppe of the Cone. And it is commonly called a Conical] fuperficies. 


Eightenth 18 Acylinderis a folide or bodely figure which is made, when one of the 
aiffinttions fides of a reézangle parallelogramme, abidin ig fixed , the parallelo gramme -— 
is moned about, vntillit returne to the felfe Jame place from whence it bez 


gan to be moued. 


This definition alfo isofthe fame fort and condition;that the two definitions before geu£ were, 
namely , the definition ofa Sphere and the definition ofa Cone . Forallaregeuen by mouing ofa fu- 
perficies about right line fixed,the one ofa femicircle about his diameter, the other ofa re&tangle tri- 
angle about one of his fides. And this folide or body here defined is caufed of the motion ofa rectangle 

parallelograme hauing one of his fides contayning 
the right angle fixed from fome one poynt till it re- 
turne to the fame agayne where it began. As fuppofe 
A. B C D to bea rectangle parallelogramme , hauing 
his fide A B faftned, about which imagine the whole 
AA parallelogramme to be turned , tillit returne to the 
— poynt where it began, then is that ſolide or body, by 
this motion defcribed,a Cylinder: which becaufe of 
his roundnes can notat full be defcribed in a playue 
fuperficies,yet haue you foran example thereof a fuf- 
ficient defignation therofin the margent fuch asina 
plaine may be.If you wil perfectly behold the forme 
ofa cilinder.Confider a round piller that is perfe&- 


ly round. 
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Ninetenth 19 The axe of acilinder is that right line which abydeth fixed, about 
agenition, which the parallelogramme is moned . And the bafes of the -cilinder are 
the circles defcribed of the two oppofite fides which are moued about. 


| Euen asin the defcription of a Sphere the: line faftened was the axe of the Sphere prodiiced : and. 
in the defcription ofa cone,the line filtened was the axe of the cone broughtforth: fo in this defcripti- 
_on ofa cilinder the line abiding, which was fixed,about which the reGtangle parallelogramme was mo- 
ued is the axe of that cilinder.As in this example is the line 4B. The bafés of the cilinder €3c.In the reuo- 
lution of a parallelogramme onely one fide is fixed , therefore the three other fides are moued about: 
of which thetwo (ides which with the axe make right angles, and which alfo are oppofite fides, in their 
motion defcribe eche of them a circle,which two circles are called the bafes of the cilinder.As ye fee in 
the figure before put two circles defcribed of the motié of the two oppofitlines A Dand BC, which are 
the bafes of the Cilinder. ! 
A cillindricall The otherline of the re&angle parallelogramme moued , by his motion defcribeth the round fu- 
perficies about the Cilinder.As the third line or fideofa rectangle triangle by his motion defcribed the 
Japerficies. round Conical fuperficies about the Cone.And as the circüferéce of the femicircle defcribed the round 
fphericall fuperficies about the Sphere.In this example it is the fuperficies defcribed oftheline D C. 
- By this definition it is playne that the twó circles , orbafesofa cilinder are euer equall and paral- 


Carela. lels:for that the lines moued which produced them remayned alwayes equall and parallels . Alfo che 
axe ofa cilinderis euer an erected line vnto either of the bafes. For with all the lines defcribed in the 


bafes, and touching it,it maketh right angles, | 
Campane, Vitellio, witli other later writers,call this folide or body a round Columne orpiller. And 


Campane addeth ynto this definition this,asa corrollary. That ofa round Columne, ofa Sphere, xs 
k l ; E "OG 9 


ve voutide Co- 
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ofa circle the cétre is one and the felfe fame. That is (as he him felfe declareth it & proueth the fame) 14 Corollary 
where the Columne,the Sphere,and the circle haue one diameter. added by Cam 


: A a 0. ? _ peu 
20 Like cones and cilinders are thofe, whofe axes and diameters of their. "Twenty diffe 
bafes are proportional nition. 


The ſimilitude of cones and cilin- 
ders ſtandeth in the proportion of thoſe 
tight lines,of which they haue their ori- 
ginalland {pring . For by the diameters 
of their bafes is had their length and .- 
breadth ; and by theiraxe is had their 
heigth or deepenes, Wherefore to [ee 
whether they be like or vnlike , ye mutt 
compare theiraxes together , which is 
theirdepth, and alfo their diameters to- 
gether, which is thier length & breadth. 
As if the axe B G of the cone 42 Cbe to 
tothe axe E/ofthecone D EF „asthe | 
diameter 44 C ofthe cone 4 B Cistothe L 
diameter D 7 of the cone D E F,then are 
the cones 48 € znd DEF like cones. 

Likewife in the cilinders. Ifthe axe £ N 

of the cilinder £ E M N haue that pro- 
portion to the axe O 2 ofthe cilinder & 

O P Q „which the diameter H M hath tø 

the diameter R P: then are the cilinders ; 
HLMNand ROP @ like cilinders,and 

fo of all others. 
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21 A (ubeisa folide or bodely : 
figure contayned 'ynder fixe e- 
quall fquares. - i E 


Asist dye which hath fixe fides, arid eche of 
them isafulland perfe fquare, aslimites or bor- 
ders vnder which itis contayned. And às ye may 
conceive in a piece of timber contayning a foote Aw. 
fquareeuery way, órinany fuch like. So that a ^ & e— i ES | l 
Cabeis fucha folide whofethree dimenfionsare / 
equall,thelength is equall co the breadth thereof, | 
and eche of them equalltothedepth.Hereisasit — uL um — 
may bein a playne fuperficies fet an image therof, 1 
1n thefe two figures wherofthefirftis asit is com- 
monly defcribed in a playne,tlie fecorid (which is 
in the beginning of the other fide of this’ leafe) 
is drawn as itis defcribed by arte vpo a playne fu- 
perficies to few fom'what bodilike.Aind in deede — 
the latter deſcriptiõ is for the fight bette? thé.the f - i 
firft.But the firftfor the demótlrations of Euclides | 
propofitions in the fiue-bookes following is.of ^. .' 
more vie,for that init may be confideredandfene °° ‘°° 
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all the fixe fides ofthe Cube. And fo any lines or fe&tions drawen 
in any one of the fixe fides. Which can not be fo wel fenein the o- 
ther figure defcribed vpona playnel. And as touching the firft 


— tee ol 











figure ( which is fet at the ende of the other fide of this leafe) ye <a 
fee that there are fixe parallelogrammes which ye muft conceyue f QON S 
to be both equilater and rectangle, althoughin dedethere canbe ` i Ui yj ; 

in this defcription onely two of them rectangle,they may in dede " ry i l 

be defcribed al equilater.Now if ye imagine one of the fixe paral- F p 24 
lelogrammes,as in this example,the parallelogramme A B C D to J d 

be the bafe lieng vpon a ground playne fuperficies. And fo con- QU — 
ceiue the parallelogramme E F G H to bein the toppe ouer it, in Z 


fuch fort,that the lines AE,C G,D H, & B F may be erected per- 
pendicularly from the pointes A,C,B,D,to the ground playne fu- 
perficies or {quare AB CD. For by this imagination this figuré 
wil fhew vnto you bodilike. And this imagination petfedlly had, 
wilmake many of the propofitions in thefe fiue bookes following, in which are required to be defcrie 
bed fuch likeífolides(although notall cubes) to be more plainly and eafily conceited. < ^ - 
In many examples of the Greeke and alfo of the Latin,there is in this place fèt the diffinition ofa Te- ' 
crahedron, which is thus. . : | | 


Twenty two 22 AT etrahedron is a folide which ts contained ynder fower triangles 
aiſſinition. equal and equilater. 4 
A forme of this folide ye may feein thefetwo examples here fet, 
whereof one is asitis commonly defcribed in a playne. Neither is 
it hard to conceaue. For (as we before taught in a Pyramis ) ifye 
imagine the triangle B CD to lie vpona ground plaine fuperficies,. 
and the point A to be pulled vp together with the lines AB,A C,and 
A.D, ye thall perceaue the forme of the Tetrahedron to be contayned 
vnder 4.triangles, which ye mutt imagine to be al fower equilater and 
equiangle, though they can not fo be drawen in a plaine . And a Te- 
trahedron thus defcribed, is of more vfe in thefe fiue bookes follow- 
ing, then is the other, although the other appeare in forme to the eye 
ATerabe- morebodilike. 
dron one of Why this definition is here left out both of Campane and of Flaffas, 
thef ine vegu- I can not but maruell, confidering thata Tetrahedron,is ofall Philo- 
Tor tides fophers counted one of the fiue chiefe folides which are here de- 
dit) en» fined of Esuclde, which are called cómonly regular bodies, with- 
out mencion of which,the entreatie of thefe — — much 
s maimed : vnleffe chey thought it fuficiently defined vnder the 
il a definition of a pm. which plainly and generally taken,inclu- 
| deth in deede a Tetrahedron, although a Tetrahedron properly 
Tety ah edron much differeth from a Pyramis,as a thing fpeciall or a particular,’ 
ande Pirae  &omamore generall.For fo taking it,euery Tetrahedronisa Py- | 
mes. ramis, but not euery Pyramis is a Tetrahedron . By the generall 
definition ofa Pyramis, the fuperficieces of the fides may beas 
- many in number as ye lift, as 3.4. 5. 6. or moe, according to the 
forme of the bafe, whereon itisfet, whereof before in the:defi- 
nition ofa Pyramis were examples geuen. But in a Tetrahedron 
the fuperficieces erected can be but three in number according . : : ; —, 
to the bafe therofi which is euer a triangle . Againe, by the generall definition ofa Pyramis,the fuperfi- 
cieces erected may afcend as high as yelift;butin a Tetrahedron they muft all be equall to the bafe. `. 
Wherefore a Pyramis may feeme to be more generall then a Tetrahedron, as beforea Prifme feemed 
to bemore generall then a Parallelipipedon, or a fided Columne : fo that euery Parallelipipedon isa 
Prifme, butnot enery Prifmeisa Parallelipipedon . And euery axe in a Sphere is a diameter : but not 
Pfellus calleth euery diameter ofa Sphere is the axe therof . So alfo noting well the definition of a Pyramis;euery Te- — 
a Tetrahedron trahedron may be called a Pyramis, but not enery Pyramis.a Tetrahedron à And in dede Pfellas in nume 
æ Ltramis. bring of thefe fiue folides or bodies > calleth a Tetrahedron a. Pyramis in manifeft-wordes . This I fay. 
might make F/ujas & others(as I thinke it did) to omittethe definition of a Tetrahedron in this place, . 
as fufficiently comprehended withiu the definition ofa Pyramis geuen before . But. why then did he 
not count that definition of a Pyramis faultie,for that it extendeth it felfe to large,and comprehendeth 
. vnder ita Tetrahedron ( which differeth from a Pyramis by that-it is contayned of equall triangles) as 
he not fo aduifedly did before the definition ofa Prifme. — .. i í 
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Asa Cubeis afolide figure contayned vnder fixe fuperficiall f- / 
gures of fourefides orfquares which are — equiangle, and fu 
equall the oneto the other : fo is an Octohedron a folide figure 
contained vnder eight triangles which are equilater and equall the 
one to theother. As ye may in thefe two figures herefet beholde. A 
Whereof the firft is drawen according as this folide is commonly 
defcribed vpon a plaine fuperficies .;The fecond is drawen asitis 
defcribed by arte vpon a plaine, to fhewe bodilike. And in deede 
although the fecond appeare to the eye more bodilike, yet asI be- 
fore noted in a Cube, for the vnderftanding of diuers Propofitions 
in thefe fiue bookes following, is the firft defcription of more vfe 
yea & of neceflitie. For withoutit, ye can notcóceaue the draught 


oflines and fections in any one of theeightfides whichare fome- cC Ue 
timesin the defcriptions of fome of thofe Propofitions required. 
Wherefore to the confideration of this firlt defcription imagine 


firlt that vppon the vpper face of the fuperficies of the parallelo- E 
gramme 4 BCD, be defcribed a Pyramis , hauing his fower trian- 

gles.4 F B,4FC,C FD,and D F B,equilater and equiangle,and con- 

curring in the point F. Thé céceaue thaton the lower face ofthe , 
fuperficies of the former parallelogramme be defcribed an other 
Pyramis,hauing his fower triangles 4E B,4EC,CE D,j& DEB, 
equilater and equiangle,and concurring in the point Z. For fo al- 
though fomewhat grofly by reafon the triangles can not be de- 
{cribed equilater,you may ina plaine perceaue the forme of this 
folide, and by that meanes conceaue any lines or fections requi- 
red to be drawen in any ofthe fayd eight triangles whichare the 
fides of that body. 


24 A Dodecahedron is a folide or bodily fi- 
eure cotained ynder twelue equall equilater, Twity fomer 


and equiangle (Penta 190115. definitions 


AsaCube,a Tetrahedron, and an O&ohe- 
dron;are contáyned vnder equall plaine figures, 
a Cube vnder fquares, the othertwo vnder tri- 
angles : fo is this folide figure contained vnder 
twelue equilater, equiangle, and equall Penta- 
gons;or figures of fiue fides. As in thefe two fi- 

ures here fet you may perceaue . Of which 
the firt (which thinge alfo was before noted x 
of a Cube, a Tetrahedron,and an O¢tohedron) 
is the common defcription of itin a plairse, the 
other is the defcription of it by arte vppona 
plaine to make it to appeare fomwhat bodilike. 
The firit defcription in deede is very obfcure to y 
conceaue, butyet of neceffitie it muft fo, ney- 
ther can itotherwife,be in a plaine defcribed to 
vuderitad thofe Propofitions of Exclde in thefe 
fiue bokes following which concerne the fame. 
For init although rudely, may you fee all the 
twelue Pentagons, which fhould in deede be all T 
equall,equilater, and equiangle . And now how Í 
you may fomewhat conceaue the firit figure de- 
{cribed in the plaine te be a body . Imagine firft the Pentagon 
AB CDE tobe vpon aground plaine fuperficies, then imagine = 
the Pentagon F GH KL to beon high oppofite vnto the Penta- AK 
gon ABCDE.And betwene thofe two Pentagons there willbe — — 

/ 


ten Pentagons pulled vp, fiue fré the fiue fides of the ground Pen- =] NN 
tagon,namely,from the fide A B the Pentagon A B ONM, from — 
V 











o 
A 
the fide B C the Pentagon B C Q P O, from the fide CD the i 
Pentagon CDSRQ ,fromthe fide D E,the Pentagon DEVTS, 
from the fide E A the Pentagon E A MX V, the other fiue Penta- 
gons haue eche one oftheir fides common with one of the fides 
of the Pentagon F G H K L, which is oppofite vnto the Pentagon 
inthe ground fuperficies : namely, thefe are the other fiue Penta- 
gons FGNMX, GHPON,HKRQP, KLRST,LEXVT. 
Su. So 
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So here you may behold twelue Pentagons,which if you imagine to be equall,equilater, & equiangle, 
and to be lifted vp,ye fhall (although fomewhat rudely)conceaue the bodily forme of a Pentagon. And 
fome light it will geue to the vnderítanding of certaine Propofitionsofthe fiue bookes following con- 


25 fn Icofabedron i$ a folide or bodily figure contained 'ynder twentie 
equall and equilater triangles. : 


Asthefolides before lat mentioned are all 
defcribed by the number and forme of the fu- 
perficieces which containe them : fo this body 
likewife is defined by that that it is contayned 
of twentie triangles equall!, equilater, and e- 
quiangle . And although this folide alfo be ve- 
ry hard to conceane, as it iscommonly defcri- 
bed vpona plaine (an example wherof you haue 
in the firtt figure here fet) : yet 1s itof neceflitie 
that in that forme it be defcribed, if we will 
vnderttand fuch defcriptions as are fet forth of ~ 
Euclide touching that body in the fine bookes . 
following. Howbeityou may byit (although 
fomewhat rudely ) fee the 2o. triangles, which 
are imagined to be equall;equilater,and equian- 
cle, ifyou confider fiue angles of fiue triangles . 
to concurre together at a point. And forafmuch 
as there arein this folide 20. triangles,and enery 
triangle hath three angles, the concurfe of the’ -. 
faid triangles will be in twelue pointes . Asin 





B,C,D,E,F, G, H, K, L,M,8 N.Where note that in this plaine 
the two poynres Mand Nare but one point, yet mutt ye imagine 
one of thofe pointes to be erected vpward, and the other down- 
ward . Now the fiue triangles which concurre in the point M, are 
thefe, BMD,DMF,FMH,HML,and LMB : the fue triangles 
which concurre in the point N, and are imagined to be erected ' 
downward, are thele, ANC,CNE,ENG,GNK,andKNA: 
the other ten triangles which include this body,are thefe, ABC, 
BCD,CDE, DEF, BEG, F GHaG HK, HKL,KL ASDA Be 
The fecond figure here appeareth more bodilike vnto the eye. . 





. Thefe fiue folides now lalt defined,namely,a Cube,a Tetrahedr6,an O&ohedron, a Dodecahedron 
and an Icofahedró are called regular bodies.As in plaine fuperficieces, thofe are called regular figures, 
whofe fides and angles are equal,as are equilarer triangles,equilater pentagons, hexagons, & fuch lyke, 
fo in folides fuch only are counted and called regular, which are céprehéded vnder equal playne fuper- 
ficieces, which haue equal fides and equal angles;as all thefe fiue forefayd haue, as manifeftly appeareth 
by their definitions, which were all geuen by this proprietie of equalitie of their fuperficieces, which 
haue alfo their fides and angles equall, And in all the courfe of nature there are no other bodies of this 
condition and perfection, but onely thefé fiue. Wherfore they haue euer of the auncient Philofophers 
bene had in great eltimation and adtiration,and haue bene thought worthy of much contemplacion, 


about which they haue beftowed moft diligent ftudy aad endeuour to fearche out the natures & pro- ~ 


perties ofthem.They are as it were the ende and perfection of all Geometry, for whofe fake is written 
whatfoeuer is written in Geometry. They were‘ (as men fay) firftinuented by the moft witty Pithago~ 
ras then afterward fet forth by the diuiné P/are, and latt of all merueloufly taught and declared by the 
moit excellent Philofopher Evclide in thefe bookes following,and euer fince wonderfully embraced of 
all learned Philofophers. The knowledge of them containeth infinite fecretes of nature. Pithagoras,Ti- 
meus and Plato, by them fearched out the cépofition of the world,with the harmony and preferuation 
therof,and applied thefe fiue folides to the fimple partes therof,the Pyramis,or Tetrahedró they afcri- 
bed to the fire,for that it afcendeth vpward according to the figure of the Pyramis . To the ayre they 
afcribed the O@ohedron,for that through the fubtle moifture which it hath, it extendeth jt felfe euery 
way to the one fide,and to the other,accordyng as that figure doth. Vnto the water aes iy 

4 «M e . Ikofahedron 
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Ikofahedron,for that it is continually fowing and mouing,and asit were makyng angles oneuery fide -4# Phofahedron 
according to that figure.And to the earth they attributed a Cube,as toa thing ftable,firme and fare as. Signed Guto 
the figure fignifieth.Laft of all a Dodecahedron, for that it is made of Pentagós, whofeangles are more the water, 
ample and large then thé angles of the other bodies,and by that meanes draw more to roundnes,& to A cube afigned 
the forme and nature of a {phere, they affigned to a {phere, namely, to heauen.Who fo willread Plato Grato the earthy 
in his Tsvews, {hall ead of thefe figures,and of their mutuall proportion, flraunge matters, whichhere A dodecahe- 
are not to be entreated of, this which is fayd,fhall be fufficient for the knowledge of them,and for the droz afignedto 
declaration of their diffinitions. beanen. : 


After all thefe diffinitions here fet of Exclide, Flufeas hath added an other diffinition, which is ofa 
Parallelipipedoa,which bicaufe it hath not hitherto of Exclide in any place bene defined; and becaufe 
itis very good and neceflary to be had,I thought good not to omitte it,thus itis, 


A parallelipipedonis a folide figure comprehended vader foure playne quae Diffinition of a 
parallelspipe~ ` 


drangle figures of which thofe which are oppofite are parallels. ie 


Asin playne fuperficieces a parallelogramme is that which is contained 
4| vnder foure fides beyng lines, and whofe oppofite fides are equidiflant and 
ya parallellynes, fo in folide figures a Parallelipipedon is that folide which is 
jy contayned vnderfoure quadrangle fuperficieces,whofe oppofite fides are al- 

| lo parallels;asitis eafily to be feneand conceaued in a cube or die, all whofe 
4 opposite fides are parallel fuperficieces; & fo of others like;ye may alfo fome- 
| whatconceiue therof by the example in the margent. | 


227A  Thereisalfo in thefe bookes following, mencion made of folides, whofe 
777] tWo bales are Poligonon figures,lyke,equall,equilater,and parallels, and the 4 fided Cos 
VM ti fides fet vpon the bafes are parallelogrammes : which kynde of folides Cam- nme". 
I pane calleth fided Columnes(and which as was before noted,may be cépre- 
Cc cu ded vnderthedefinition ofa Prifme)a forme wherofalthough grofely, be- 
I--É hold in this example, whofe bafes are two like equall, equilater, equiangle, 
and parallel hexagons, and the fides fet vppon thofe bafes are fixe parallelo- 

grámes:ye may better cóceiue the forme therof by : 
che figure put vnder the figure of the parallelipipe- 
don,whichapeareth more bodilike. There may of 
thefe beinfinite formes according to the diuerfitie 
of their bafes. 
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Becaufe thefe fiue regular bodies here defined 
are not by thefe figures here fet, fo fully and liuely 
expreffed that the ftudious beholdercan through- 
ly according to their definitions conceyue them. I 
hauehere geuen of them other defcriptions drawn * 
in a playne, by which ye may eafily attayne to the 
knowledge ofthem. Forifye draw the like formes 
in matter that wil bow and geue place, as moft apt- 
ly ye may do in fine pafted paper, fuch as paftwiues 
make womés paftes of, & thé witha knife cuteue- 
ry line finely not through, but halfe way only, if thé 
ye bow and bende them accordingly, ye fhall moft 
plainly and manifettly {ee the formes and fhapes of 
thefe bodies,euen as their definitions fhew.And it 
fhall be very neceffary for you to haue flore of that 
patted paper by you,for fo fhal you vpon itdefcribe 
the formes of other bodies,as Prifmes and Parallelipopedons, and fuch like 
fet forth in thefe fiue bookes following, and fee the very formes of thofe 
bodies there mécioned: which will make thefe bokes concerning bodies,as 
eafy vnto you as were the other bookes, whofe figures you might plainly fee 
vpon a playne füperficies. 
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If ye draw this figure confifling as 
ye fee of fower equilater and equian- 
gle triangles vpó patted paper;or vp- 
pon any other fuch like matter that 
willbowe and geue place, and then 
cut not through the paper, but as it 


were halfe the thicknes ofthe paper; - 


the threelines contained. within the 
figure,and bowe & folde in the fower 
triangles accordingly: they will clofe 
together in fuch fort, that they will 
make the perfecte forme of a Tetra- 


. hedron. 


This figure ( confifting of 
fixe equall fquares) drawen vp- 
on paíted paper, and the fiue 
lines contained within the fi- 
gure being cut finely halfe the 
thicknes of the paper , or not 
through, ifthen ye bowe and  , 
folde accordingly the fixe e- 
quall fquares, they will fo clofe 
together, that they will caufe 
the perfecte forme ofa Cube. 


"dg um 


This figure ( which confifteth ofeight e- 
quilater and equiangle triangles) drawen vp- 
on theforefayd matter, and the feuen lines 
contained within the figure being cut as be- 
fore was taught;and the triangles bowed and. . 
folded accordingly, they willclofe together 
in fuch fore, that they will make the perfecte 

forme ofan Odtohedron, $ € 5-7 5. * 
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A Dodecabe- 
CrON, ees. 


Defcribe this figure which confifteth of welue equilater and equiangle Penragoris; 'vpon ‘the fore- 
faid matter, and finely cut as before was taught the eleüen lines contained within the figure, and bow. 
and folie the Pentagons accerdingly.. And they will fo clofe together, that they will iake the yery 
forme ofa Dodecahedron. e at they will nake the veh 
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If ye defcribe this figure which confiteth of twenti il d equiangle triangl h 

ofabe» uy gure Which conilteth or twentie equilater and equiangie triangles vpon the 

ni fi forefaid matter, and finely cutas before was fhewed the ninetene lines which are contayned cá 
` the figure, and then bowe and folde them accordingly, they willin {uch fort clofe together, that there, 


will be made a perfecte forme ofan Icofahedron. 


} X 
X N N J 
\/\/ ; 2 3 


Becaufe in thefe fiue bookes there are fometimes required other bodies befides theforefaid fiue 
regular bodies, as Pyramifes of diuers formes, Prifmes,and others, I haue here fet forth three figures 
of three fundry Pyramifes, one hauing to his bafe a triangle, an other a quadrangle figure, the other2 
Pentagon : which ifye defcribe vpon the forefaid matter & finely cut asit was before taught the lines 
contained within ech figure, namely, in the firft,three lines,in the fecond,fower lines,and in the third, 
fiue lines, and fo bend and folde them accordingly, they will fo clofe together at the toppes, that they 
will make Pyramids of that forme that their bafesare of. And if ye conceaue well the defcribing of 
chele, ye may moft eafily defcribe the body of a Pyramis of what forme fo euer ye will. i 


` 


Atriæugled 
Pyramis. 
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T. Likewife 


The forme of 
a pri{me. 


* and two equediſtant triangles. And 


The forme of 
a parallelipi- 
pedon. 


take heede that the oppo- 


T he eleuenth Booke 


Likewife ifye defcribe this figure 
vpon the forefaid matter, and finely 
cutte the fower lines cótained within 
the figure, and bowe and folde them 
together accordingly, the three paral- 
lelogrammes and the two triangles 
will fo'clofe together, that they will 
caufe the perfecte forme of a Prifme 
cótained vnder three parallelogrames 


conceauing this defcription well, it 
fhall not be hard to defcribe any o~ 
ther Prifme of any otherforme. 





Touching the defcrip- 
tion of Parallelipipedons I 
fhall not neede to fpeake. 
For if ye confider weil the 


defcription of a Cube, it 


fhall not be hard to de- 
{cribe a Parallelipipedon 
of what forme ye will. 


Onely whereas ina Cube 
all the parallelogrames in 
the defcription of that fi- 
gure are {quares, in the de- 
{cribing of a Parallelipipe- 
don , the fayd parallelo- 
ramme may be of what 
Pa ye will . Şo thatye ` 
fite parallelogrammes be ; 
equal & equiangle. Which 
oppofite parallelogrames 
in the figure as it lieth ina 
laine, is any two paralle- 
X e leauing one pa- 
rallelogramme betwene 





, them .` An example wher- 


ofbeholde in this figure. — 


Decaufe thefe fine bookes following are ſomewhat hard for young beginners, by reaſon they muſt 
in the figures deſcribed in a plaine imagine lines and ſuperficieces to be eleuated and erected, the one 
to the other, and alſo conceaue ſolides or bodies, which, for that they haue not hitherto bene acquain- 
ted with, will at the firft fight be fomwhat ftraunge vnto thé,I haue for their more eafe,in this eleuenth 
booke, at the end of the demonftration ofeuery Propofition either fetnew figures, if they concerne 
the eleuating or ere¢ting of lines or fuperficieces, or els if they concerne bodies, I haue fhewed how 
they fhall defcribe bodies to be compared with the conitructions and demonftrations of the Propofi- 
tions to them beloriging. And if they diligently weigh the maner obferued in this elenenth booke tou- 
ching the defcription of new figures agreing with the figures defcribed in the plaine,it fhall not be hard 
for them of them felues to do the like in the other bookes following, when they come to a Propofiti- 
on which concerneth either the eleuating or erecting of lines and fuperficieces,or any kindes of bodies 


to be imagined. “~. 
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T bat part ofa right line fhould be in a ground playne fuperficies, & part 
elenated bpward is impofsible. 


Or ifit be poffible,let part of the right ine ABC, name- 
H ly,thepart AB bein a ground playne fuperficies, andthe 
= 3 other part therof,namely,B C be elenated vpwarde. And 
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: f y produce directly c 
N) vpi the ground "d 
) plagne Japerfi- 
cies the right 
line AB beyond 
| "D the point B vn- 
— — tothe point D. | | 
— e) e Wherfore unto two right lines geuen ABC, and ABD, 
the line A Bis a comznon fection or part,which is impofs- 
ble.For aright line can not touche aright line in mo pointes then one,vuleffe thoferight be 
exactly agreing and laid the one upon the other. Wherfore that part of a right line fhould be 
in , e E. plaine [uperficies,and part eleuated upward is impoffible : which was required 
fo be proued. 






This figure more plainly fetteth forth the forefaid de- NN — 
monſtratiõ, ifye elevate the fuperficies wherin is drawn E eS . - 
the line BC. A Dc — - T 


Án other demonftration after F/ufías. 


Ifit bepoffible let there bearightline AB G, D 
whofe part À B let bein the ground playne fuper- 
ficies A E D,and let the reft therof B G be eleuated 
on high,that is,without the playne AED. Then I 
fay that A B Gis not oneright line.For forafmuch 
as A ED1sa plaine fuperficies, produce diredtly & 
equaily vpon the fayd playne A ED theright lyne 
A B towardes D,which by the 4.definition of the 
firft fhall be a right line.And from fome one point 
ofthe right line A BD,namely,from C,draw vnto 
the point Ga right lyne C G. Wherefore in the 
ttiangle B.C G the outward angle A B Gis equall 
to the two inward and oppofite angles (by the 32. 
ofthe firit) and therfore it is ieffe then two right angles (by the 17.0f the fame) Wherfore the lyne A 
B G forafmuch as it maketh an angle,is nota right line. Wherefore that part ofa right line fhould be 
in a ground playne fuperficies,and part eleuated vpward is impoffible. 

If ye marke well the figure before added for the playnerdeclaration of Euclides demonftration, it 
will not be hard for you to conceive this figure which Fluffas putteth for his démonftration : wherein 
is no difference but onely the draught ofthe lyne G C. - 





q The 2. T heoreme. The 2. Propofition. 
If two right line cut the one to the other, they are in one'and the felfe fame 
playne [uperficiesstz euery triangle is in one « the felfe fame fuperficies. 
: 71 jj. Suppofe 


Demon]lrati- 
on leading tå 

an tmpofsibi- 

litie, 


An other dea 
monffration 


after Flaffas. 


Conftruction. ſelfe ſame playne ſuperficies. Take in the lines EC and E. B points 


Denon fra- 
tion leading to 
as impofibi= 
litie n 


Demoufira- 


sian leading to | Le ! 
E os. 7 tes draw another right line DE 
ati titpofiibi- fromthe fame poyn ee N O ga B inthe 


litèe. 


T be eleuentb Booke 
DA] V ppofe that thefe tworight lines A Band CD doo 
X 
us 







i 
J^ 


RXERG cutte the one the other in the point E.T hen I fay that 
SÈ 2 Nd thefe lines AB and C D are in one and the felfe 
KISE ame fuperficies, and that euery triangle is in one g7 
at all anentures , and let the fame be Fand G , and drawa right 
line from the poynt B to the point C, and an other from the point 
F to the point G . And dram the lines Y H and G K .. Firs 1 [ay 
that the triangle EB C is in one and the fame ground fuperficies. 
For if part of the triangle E B C namely the triangle € C H, or 
the triangle GBK bein the ground fuperficies , and the refidue Je | 
beinan other then alfo part of one of therightlmesECorEB ¢ H & — B 
hall be in the ground fuperficies , and part in an other . £0 alfo if 

part of the triangle EBC , namely , thepart EF G be inthe ground fuperficies and the 
vefidue be in an other,then alfo one part of eche of the right lines E C and ÈP fhall bein the 
ground fiperficies,er an other part in an other [uperficies, which( by the firft of the elenenth) 
is proued to be impoffible.Wherfore the triangle E.B C is in one and the felfe fare playne fu- 
perficies.For in what [uperficies the triangle B C Eis , inthe fame alfo is either of the lines 
E C and E B and in what [uperficies either of the lines E. C and E. B zsyzm tbe felfe fame al. 
foare the lines A Band C D.Wherfore the right lines lines AB and C D are in one ch the 
felfe fame playne fuperfisies , and enery triangle isin one cy the (elfe fame playme fuperficies: 


which was required to be proned. 





In this figure here fet may ye more playnely conceaue the demon- 
{tration of che former propofition where ye may eleuate what part ofthe 
triangle E C B ye will,namely the part F C H or the part G B K, or finally 
the part F CG B as is required in the demonftration. 





q I be 3. T beoreme. The 3. Propofition. i 


If two playne fuperficieces cutte the one the other: their common feétion is 
. . S * 
a right line. , 


237 ppofe that thefe two fuperficieces AB er BC do 
cutte the one the other and let their common fecti- 
S oz be the line D B. T hen 1 fay that DBis aright 
NSN A) line. For if not draw from the poynt D tothe point 
B a right line D F B iz the playne fuperficies A B, and likewife 





playne [uperficies B C.Now therfore two right lines D EB and 
DEB fhall bane the felfe fameendes,and therefore doo include - 
a fuperficies which ( by the laft commonfentence ) is impoffible. 
Wherefore the lines D EB and DEB are not right lines . In 
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like fort alfo may we proue that io other right line can be dramne from the poynt D tothe 
point B befides the line D B which is the common fection of the two {uperficteces ABand 
B C If therefore two playne fuperficieces cutte the one the other , their common [ection isg 
right line: which mas required to be demonftrated. — — 


This figure here fet , fheweth moft playnely noé 
onely this third propofition, but alfo the demonitra- 
tion thereof, if ye eleuate the fuperficies A D, and fo 
compare it with the demonfítration. 





v T be 4. T beoreme. Ihe 4.Propofition. 


If from two right lines cutting the one the other, at their common fection, 
aright line be perpendicularly evetted:the fame fhallalfo be perpendiculara 
ly eretted from the playne fuperficies by the fayd two lines paffing. | 


Vppofz that there be two right lines AB A 
and CD cutting the one. the other inthe. 


poynt B_And from se poynt E.let therebe NS 







is 


SS erected a right line EE perpendicularly to M e 
the [ayd two right lines A B and C D:then 1 fay that the Conſtrufion 
richt line E B, is alſo erected perpendicular to the plaine | D C l 
fuperficies which pafseth by thelines A Band CD. Let H 
thefe lines A E,E B,E C, and E D be put equall the one n 
to the other. And by the poynt E extend a right linc at all | 
auentures , and let the fame be G EH . And drawe theft 
right lines AD, CB,FA,FG,FD,FC,FH, and © 
EB. And fora[much as the[e two right lines AE c ED Demonstra 
are egnallto thefe two lines C E and E B, and they com- B tion. 
prehend equallangles( by the rs:0f the firft):therefore(by — | | 
he 4.0f the first the bafe A D is equall to the bafe C B, and tbe triangle AED is equall to 
the triangle C EB. Wherefore alfo the angleD AE, is equall to the angle EBC . But the 
angle AE Gis equall to the angle BEH ( by the 15 of the firft). Wherefore there are two 
triangles AG E., andB EH hauing two angles of the one equall to two angles of the other, 
eche to his corre[pondent angle and one fide of the one equall to one fide of the other , namely 
one of the fides which lye betwene the equall angles,namely , the fide A Eis eguall to the fide 
EB. Wherefore(by the 26 .of the firft) the fides remaynin g are equali to the fides remayning. 
Wherefore the fide G E is equall to the fide EH , and the fide AG to the fide B H. And for- 
afmuch as the line ÅA Eis equall to tbe lipe E,B , and tbe line F E. is common to them both, 


TT ij. ! and 





T be elenenth Booke 


SA V ppofe that thefe tworight lines A Band C D doo 
RS cutte the one the other in the point ET hen I fay that 
SOS thefe lines AB and CD are in one and the felfe 
KIEK NA fame fuperficies, j ls: euery triangle is im one CP 
| an, ſelfe [ame playne fuperficies-T ake in the lines E. Cc and E.B points 
gum Jef fee Lie let the fame be Fand G , and draw i right 
line from tbe poynt B to the point C, and an other from the point 
F tothe point G. And draw the lines F Hand GK. First I fay 
x | that the triangle EB C is in one and the fame ground fuperficies. 
iad leading — if part of the triangle & B C,namely the triangle F C H, or 
4 titpofsibi- | E | 
Jitie, the triangle G B K be n tbe ground [uperficies , aud the vefidue 
be in an other , then al[o part of one of the right lines E Cor EB $ 
fhail be in the ground [uperfictes , aud part im am other . £o alfo if 
part of the triangle EBC , namely , the part E E G be in the ground fuperficies and the 
refidue be in an other, then alfo one part of eche of the right lines E C and EB fhall bein the 
ground {uperficies,cy an other part in an other {uperficies, which( by the firft of the elenenth) 
is prowed to be impoffible.Wherfore the triangle XB C is in one and the felfe fame playne fu- 
perficies For 1n what {uperficies the triangle BC Eis inthe fame alfo is either of tbe lines 
E C and E. B and in what [uperficies either of tbe lines E.C and K B is,im the felfe fame al- 
fo are the lines A Band C D.Wherfore the right lines lines AB and CD are in one c the 
felfe [ame playne fuperfisies , and enery triangle isin one cx the (elfe fame playne f{uperficies: 


which was: equired to be proud. 






Pemon fira- 





In this figure here fet may ye more playnely conceaue the demon- 
ftration of the former propofition where ye may eleuate what part ofthe 
triangle E CB ye will,namely the part F C H or the part G B K, or finally 
the part F C G B asisrequired in the demonftration. 





y I be 3. T beoreme. The 3. Propofition. , | | 
If two playne fuperficieces cutte the one the other: their common fettion is | 
aright line. | 


SV ppofe that thefe tmo fuperficieces A B e B C. do 

M cutte the one the other, and let their common fecti- 

“| on be the line DB. Then t fay that D Bis aright 

Aie] Hone. For if not,draw from thepoynt D to the point 

Demostra- B aright line D FB tn the playne fuperficies AB, and likewife 

cion i P 7? fromthe [ame payntes dram: an other right line DEB inthe 

AA ~ oft bi ~ playne fuperficies B C.Now therfore two right lines D EB and 

| D F B fhall baue tbe [elfe [ame endes,and therefore doo znclude ` 
a fuperficies which ( by the laft commonfentence ) is impoffible. 
Wherefore the lines D EBand DEB are not right lines . In 
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like fort alfo may we proue that no other right line can be drawne from the poynt D tothe 
point B befides the ine D B whichis the common fection of the two [uperficieces AB and 
BC. If therefore two playne fuperficieces cutte the one the other , their common [ection is a 
right line: which was required to be demonftrated, ` NE rA 


^ 


This figure here fet , fheweth moft playnely noé 
onely this third propofition;but alfo the demonttra- ME 
tion thereof, if ye eleuate thefuperficies AB,andfo — ^ ^. 
compare it with the demonftration. j 





y T he 4. T heoreme. The 4. Propofition. 


If from two right lines cutting the one the other, at their common fein, 
- aright line be perpeñdicularly eretfed:the fame fhallalfo be perpendiculara 
ly ereéfed from the playne fuperficies by the fayd two lines pafjing. | 


Vppofe that there betwo vicht lines AB 
! O and C D cutting the one. the other inthe. 
SG: 


E 
poynt Ex And from the poynt E let there be ` | 
eretted a right [ine E.E. penpendicularly to 

the faydtwo right lines AB and C D-then I fay that the 

vight line EY, is alfo erected perpendicular to the plaine \ 
{uperficies which pafseth by thelines AB and C D'. Let m. e 
thefe lines A E,E.B,E C, aud E D be put equall the one "o. 

to the other. And by the poynt E extend a right line at all | 
aueatures , and let the fame be G E H . 4nd drawe thefe 

richt lines A D, C B,F A,FG,FD,FC,FH, apd 8 

F B. And forafmuch as thefe two right lines AE ED Demonstra 
are equallto thefe two lines CE and E B, and they com- B tion. 
prehend equallangles( by the 15.0f the firft):therefore(by 

the 4.0f the first )the bafe A D is eguall to the. bafe C B, and the triangle A È D is eguali to 
the triangle C EB.Wherefore alfo the angleD AE, is equallto the angle EBC . But the 
angle AE. Gis equall tothe angle BEH ( by the 15 of the firft). Wherefore there are two 
triangles AG E., andBEH hauing two angles of the one equall to two angles of the other, 
eche to his corre{pondent angle,and one fide of the one equall to one fide of the other , namely 
one of the fides which lye betwene the equall angles, namely , the fide A Eis equallto the fide 
EB. Wherefore(by the 26 .of the firfl) the fides remayning are equallto the fides remayning. 
Wherefore the fide G Eis equall to the fide EH , and tbe fide Ik G to the fide BH. And for- 
afmuch asthe line A E isequall to the lineEB , and theline FE is common to them both, 
TT iy. | ; 4nd 
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dnd watketh with them right ancles , wherefore'( by the fourth ofthe firft ) tbe bafe'E-À is e: 
qudbitothe bafeEB. And (by tbe [ame reafun) the baje F C is éghall to theLaje FD. And 
forafmnch asthe line AD £s equalltothe line B Cand thelineF Ais equal to the line PB 
as it hath bene proned . Thereforethefe two lines FA. und A Dare equall 10 thefe two lines 
‘FBR @ BC, the one to the other, cx the bafeF Dis equall to the bafe FC. Wherfore alfo the 
angle] A Dis equalltothe angle BC. And againe foraf{much as it hath bene proued, 
that the line A G is equall to the line B H,but tbe line V. A is equallto tbe lige F B. Where- 
fore there ave two lines Y. À and À G. equallto two lines F Band BH. and it is proued that 
the angle F A.G isequallto tbe angle F BU -wherefore ( by the a of'tbefrrft ) the bafe € G 
is equalto the bafe F H . Agayne forafimuch as ut hath bene proued that the line G E is equal 
to the line E Fand the line E F is common to then: both: whereforethefetmo lines G Bana 
E F are eguallto thefe two lines H E and E È pand the bafa EH is equall to: the bafe B. G; 
wherefore the angle G EF is equall to the anglet EE. Wherefore either of the angles GE 
F,and HEF żs a right angle Wherefore the line 8 F is eretted; from the point E Weypendi- 
cularly tothe line G FIn like fort may we proue that the fame line V E, maketh right angles 
with all the right lines which are, drawne upon the ground playne fuperficies and touch the 
point B.But a right line is thera eretted perpendicularly to a plaine fuperficies, when it maketh 
rieht angles with all the lines which touch it , and are drawne upon the ground playne fuper- 
ficies (by the 2.definition of the elenenth ) Wherefore the right line F E is erected perpendi- 
cularly to the ground playne {riperficies .And the ground plaine fuperficies is that which paf- 
feth by thefe right lings A Band GD. . Wherefore. the right line B Eis erected perpendicu- 
larly to the playne fuperficies which paffeth by tBé right lines A B aud C D. If therefore 
rer tmo right, res cutting the one the other and at, their common fection a right line be 
perpencdicilarly erected: it fall alfo be erected perpendiculari to the plaine {uperfictes by the 
TASC AD Bake llr kh a of adu. NI Aa nb s | e b 
—— ne a D 
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DAS TS ETRE ie 
In this figure you may moft euidently conceaue tbe 
propofition and demanttration, ifye ere& perpendi~ 
ground playne fuperficies A C B D thectriang" 
the triangles AFD,& CFB in.fuch fort,that b 
angle A EF B may ioyne & make one line with theline _ 
angle A F D:and likewife that the line B F of the triangle 1. 
a9 a a oe * oD ae 
ioyne & make one rightline with the line B F of the triangle b~, 
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q Ihe s. Theoreme. `^ The y/Propofition. 

 Ifynto three rigbt lines which touch the one the other , be ereéted a pers 
pendicular line.from the common point where thofe three lines touch:thofe 
three right lines are in one and the felfe [ame plaine fuperficies. 
o ofe that AM thefe three right lines B.C ,B D, end B E, touching the one 
of Oh UN other in the poynt B,be erected perpendicularly from the poyut B, the line 
SD SS AB.rhen 1 [ay that thofe thre right ines B C,B D and B E arein one & the 

OSLA felfe fame plaine fuperficies For if not,ther if it be poffible,let the lines ra d 
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BE bein the ground fuperficies , and let the lize BC bee ; -— us 
rected upward (now the lines Band BC are in oneand the 4 | 
[ame playne fuperficies (by ihe 2. of the életeztb for they touch 







¢ omy 


the one the other in the point B )~. Extend the plaine [uperficies | : / 
wherein the lines AB and BCaure, and it fhallakeat-the\>- a mi 
length a common fection with the ground Juperficies which > y - ` on deaditig 13. 


common fection fhall be a right line (by the 3 -of the elewenth)>* \ 
let that common fection be the line BE Wherefore thethree\ | 
right lines AB, BC, and BF ave im one and the [elfe [ame[n- | 
perficies , namely , inthe fuperficies wherein the lines A Band \ | 
BCare. And forafmuch asthe right line AB is ere%ted per-\/ 
gendicularly to either of thefe linis B D and B E, therefore ibe 9^ 
line A Bis alfo ( by the g.of the elenenth) erected perpendicu: ~ 


+. 


an impofsive~ — 
litte o 


e 


larly to the plaine {uperficies, wherein the lines B D'and BE-are. But the fuperficies whereits 
the lines B D and B E are is the'erotind fuperfrcies - Wherefore 1be lige A Bis erected per- 
pendicularly to the ground plaine fuperficies. Wherefore by the 2. definition of the elenenth) 
the line AB maketh right angles with all the lines which are drawne upon the round [apers 
ficies and touch it.But the line BF which is in the er ound [uperficies doth touch it Wherfore 
tbe angle & B F is avight angle . And itis {uppofed that the angle AB Cis aright angle. 
Wherefore the angle A B F is equallto the angle ABC., and they ave in one and the felfe 
fame plaine fuperficies which ts impoffible. Wherefore the right line BC is not in an higher” 
__fiperiicies . Wiserefore the right lines B C7; B D, B E are ip one and tbe felfe fame plaize ſu- 
perficies. If therefore unto three right lines touching the ont tbe one the other be erected 

a perpendicular line from the common point where thofe three lines touch: thofe three 
right p arein one and the felfe fame plaine [uperficies : which was required to-be demons 
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` This figure here fet more playnelv ^ 
declareth the demonftration of the” 
mer propofition, ifye ere& perpr” 
larly vnto the ground fuperfici » 
perficies wherein is drawne the 
and fo compare it with the fayd de 
ſtration. 
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The d. Theoreme. The 6. Propofition. 
i We oC zs En mnenrlisulton2 n 
wo right lines be erected perpendicularly to one ez tbe [elfe fame plaine 
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- J'iaperfiaes:tbofe right lines are parallels tbe one to the other. 
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and maketh with them rightaneles , wherefore ( by the fourth of the firft) the bafe F Aise 
qualitothe bafeE-B . And (by the famereafon) the bafe¥ C is equall to the tafe ED. And 
fora pinch a the line ACD isegealitotheline B C;andthelize F Ais equal to thé line ER 
as it hath bene proned . Therefore thefe two lines EA and AD ave equall to thefe two lines 
(FBG BC the one tothe other,c the bafe F D is equall tothe bafe F C. Wherfore alfo tbe 
ApcleY. A D is equall tothe angle BC. And againe forafmuch as it hath bene proued, 
that the line A G is equall to the line BH, but the line F A ts equall to the line FB. Where. 
fore there are two lines F¥ Aand AG equall to two lines F Band BH and itis proued that 
the angle ¥ AG is equall to the angle ¥ BU :wherefore ( by the g.of the firft ) the bafeE G 

is egual tothe bafe F H . Agayne forafmeuch as it hath bene proued that the line G Eis equal 

to the line Y. Hl and the line E. T as common to them both: wherefore thefe two lines G Eana 

E F are equall to tbe[e tmo lines Fl E and E FE yand the bafo EH ds equall to thebafe Y.G: 


wherefore the an 


gle G E F is equiall to tbe angle EVE: Wherefore either of theaneles G E 
F,and HEF és aright angle. Wherefore the line E F is ereed; froni the point Esperpend.- 
cularly tothe line GH In like fort may we prone,that the fame line F E maketh right angles 
with all the right lines which are drawne upon the ground playne fuperficies and touch the 

oint B.But aright line is ther eretted perpendicularly to a plaine fuperficies,when it maketh 


right angles with all the lines which touch it , and are drawne upon the ground playne fi per- 


fisies (by the 2 definition of the eleuenth ) . Wherefore the right line F Eis erected perpendi.- 
cularly to the ground playne {uperficies And the eround plaine aperficies is that which paf- 
fith by thefe right lines A Baud GD. Wherefore the right line E Eis erected perpendicn. 
DS EVO EIA $ c3 29V A CONN wler. Ll , E 

larly to the playne fuperfictes which paffeth by the right lines AB and CD. If therefore 
from smo right lines cutting the one the other and at their common fection a right line be 
: IN P - \f Ju i 7 "i M. > my Aar por | AD Dy aa 2353! I LA ak M i 
perpendicularly erected: if final alfo be erected perpendicularly to the plaine fuperficies by the 
[ayd tivo lies paffing-which was required to be prowed: ^ ^00 000 S 
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In this figure you may moft euidently conceaue tbe ^ * 





propoſition and demonſtrati on, ifye eret perpendi” 

ground playne fuperficies AC B D the:triane! 

the triangles AF D,& C FB in fuch fortthat th. 

angle AF B may ioyne & make one line with the line 

angle A F D:and likewife that the line B F of the triangle » 

ioyne & make one right line with the line B F ofthe trianglelss,_ 
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"5 q Ihe f. T beoreme. The | 5. Pr opoſition. 


If vnto three right lines which touch the one the other , be eretted a pers 
pendicular line from the common point where thofe three lmes touch:thofe 
three right lines are in one.and the felfe fame plame uperficies. 


V ppofe that unto thefe three right lines BC , BD, and BE, touching the one 
the other in the poynt B,be erected perpendicularly from the poynt B, the line 
AB.Then Lfay,that thofethre right lines BC, B D and B E arein one er the 
felfe fame plaine fuperficies.F or if not then if it be poffible,let the lines A fo 
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ASU Te eleuenth PBoohe 
dnd maketh withthem right angles , wherefore ¢ by the fourth of tne firft’) the bafeE A ise. 


quali tothe bafePB . And (by tbe [amereafon) the bafe FC zsegkallto the tafe FD. And 
forajimuch asthe line AD is.equalltothe line B Cand the line Ais egualto the lineEB 
as it hath bene proued . Therefore thefe two lines YA and A Dare equall tovthe[e two lines 


(FBG BC, the one to the other,e the bafe F D is equail tothe bale C. Wherfore alfothe 


angle P. A Dis equalltothe angleP BC. And againe forafmuch as it hath bene proued, 
that the line A G is equall to the line BH, but the line F A is equall to the line F B. Where. 
fore there are two lines ¥ Aand AG equall to two lines F Band BH and itis proued that 
the angle ¥ A G is equall to the angle ¥ BU wherefore ( by the 4.of the firft ) tbebafe E G 
is equal to tbe bafz Y. H . Agayne forafiauch as it hath bene proued that the line G Eis equal 
tothe line E Fland the line E F és common to them bath: wherefore thefetwo lines G E. and 
E F are equall to thefe two lines Hi E. and E. E., and the. ba[e E. H is equal to the.bafe EG: 
wherefore the angle G EF is equall to the angled EV: Wherefore either of the angles GE 
F,and H RT isa right angle . Wherefore the line EF is erected, fron the point Es perpendi- 
cularly tothe line G In like fort meay we prone, that the fame line F E maketh right angles 
with all the right lines which are, drawne Upon the ground playne fuperficies and touch the 
point B.But aright line is thers erected perpendicularly toa plaine fuperficies, when it maketh 
right angles with all the lines which touch it , and are drawne upon the ground playne fi per- 
ficies ( by the 2 definition of the elenenth ) . Wherefore the right line F E is ereéted perpendi- 
cilarly to the ground playne fiperficies And the ground platne fuperficies is that which paf- 
feth by thefe right lines A Baud GD. i Wherefore the right:line B Eis erected perpendicu- 
larly to the playne fuperficies which pafreth by the right lines AB andCD. If therefore 
fion imorigot. lines cutting the one the other and at their common fection a right line be 
perpendivsilarly erected: it fallatfo be éretted perpendittdlarly to the plaine fuperficies by the 
fayd tivo Lines paffing: which was required to be proued. © + « ya | 
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In this figure you may moft euidently conceaue tbe ^ 
propofition and demonttration, ifye erect perpendie 
ground playne fuperficies A C B D thextriane' 
the triangles A F D,& C F Bin fuch fort;that tn. 
angle A F B may ioyne & makeone line with thelin... 
angle A F D:and likewife chat the line B F ofthe triangle... 
ioyne & make one rightline with the liné B F ofthe triabgleb., 
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q Ibe s. Theoreme. The s. Propofition. 


If ynto three right lines ‘which touch the one the other , be ereéted a pers 
pendicular line from the common point where thofe three lines touch:thofe 
three right lines are in one and tbe felfe [ame plaine [nperficies. 


V ppofe that unto thefe three right lines B C , BD, and BE, touching the one 
the other in. the poynt B,be erected perpendicularly from the poynt B, the line 
A B.7 ben 1 (ay,that thofe thre right lines BC,B D and B Bare in one e» the 
felfe fame plaine fuperficies For if not,then if it be poffible,let the lines 4 i or 
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ind maketh with them rightangles, wherefore ( by the fourth of the firft’) the bafeE A ise 

gudlito the bafePB . And (by the [amereafon) the bafeF C iseqi:allto the tafe FD. And 
forafmnch asthe line AD is eqaalltothe-line B C,and the line F A is equal to the lineE B 
as it hath bene proued . Therefore thefe twolines FA and AD ave equal tov'thefe tivo lines 


. EB ec BC the one to the ether e the bafe F D is equail to the bafe F C. Wherfore allo the 


angle F A D is equallto tbe angle E B C . 42d againe forafmuch as it hath bene proued 
that the line A G is equall to the line BH, but the line E A is equall to the linc EB. Dr 
füre there ave two lines F. A and À. G. equallto two ines F Band BH. and itis proued tbat 
theangle F.A. G isequallto tbe angle ¥ BU wherefore ( by the g.of the firft ) the baf E G 
is egual tothe bafe F H . Agayne forafieuch as tt hath bene proued that the line G Eis equal 
to the line EH, and the line E F és common to them both: wherefore thefe two lines G Eand 
E F are equall to thefe two ines F1 E. and E. End the hafe: EH i equall to thebafe X. Es 
wherefore the angle G E F 1s equall to the angled EE: Wherefore either of theangles GE 
F,and HEF is aright angle . Wherefore the line EF is evetted, from the point E:pt?bendi- 
cularly to the tine G In like fort may we prowe,that the fame line F E maketh right anoles 
wiih all the right lines which are, drawne upon the ground playne fuperficies and ge 
point B.But aright line is then eretied perpendicularly to a plaine fuperficies,when it maketh 
right angles with all the lineswhich touch it , and are drawne upon the ground playne fuper- 
fisies (by the 2 definition of the elenenth ) . Wherefore the right line F Eis erected perpendi- 
cularly to the ground playne {uperficies And the ground plaine fuperficies is that which paf- 
feth by thefe right lines A Band GD.. Wherefore the right. line E Eis erected perpendicu. 
larly to the plane fuperficies which pafverh by the right lines AB and CD. if therefore 
fice two righi lines cutting the one the other and at their common fection a right line be 
perpendicularly erected: tt frallalfo be eretted perpendicularly to the plaine fuperficies by the 
Jaya to lies paffing: which was required to be proued: °° > 5 wr ~ 
— mush nyet ee ted anA 
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In this figure you may moft euidently conceaue the former 
propofition and demonftration; ifye erect perpendicularly vnto the 
ground playne fuperficies A C B D thestriangle A-F B.: and eléuate | 
the triangles AF D,& C FB in fuch fortythat the line AF ofthe tri- G] 
angle A F B may ioyne & make one line with the line A F ofthe tri- | 
angle A F D:and likewife that the line B F of the triangle A FB may 
ioyne & make one right line with the line B F ofthe triangle B F C. 
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q Ihe s. Theoreme. ` ` Ehe sPropofition. 


If ynto three right lines “which touch the one the other , be eretied a pera 
pendicular line.from the common point where thofe three lines touch:thofe 
three right lines are in one and the felfe fame plane fuperfictes, 


V ppofe that unto thefe three right lines BC ,B D, and D E, touching the one 
the other in the poynt Bbe erected perpendicularly from the poynt B, the line 
A B.T ben 1 [ay,that thofethre right lines B C,B D and B E arein one & the 
Selfe fane plaine [uperficies.F or if not,then if it be poffible,let the lines a C 















| of &uclides Elemente." —— - Fola15. 
BE. bein the ground fuperficies A and let the live BC be & ‘ - 

rected upivard (now tbe lines Ix B and B C are im oue and tbe. 5 
fame playne fuperficies (by the 2. of the éleuenth )for tbey touch 
the one the other in the point B ). Extend the plaine [uperficies ~ 







/ 
wherein the lines AB andB Care, and it hall makeat the \ , MON nou oii. 
length a common [ection with the ground [uperficies ,mbich PE. | on ieading 13 | 
common fection fall be a right line (by the 3 .of the elenenth)* °\ s. an impofsibow ` 
let thai common {ection be the line BE Wherefore the three ^| Wi hile gy 
right lines A B, BC, and BFE are in one amd the felfe fame fi —€—— its 
perſicies, namely , inthe [uperficies wherein the lines AB agd y | 
BC are .And forafmuch as the right line AB is eveed per? A | f 
pendicularly to either of thefe lines B Dand BE, thereforethe ® ~E 


line A Bis alfo ( by the 4.0f theelenenth ) erected perpendicu: > Mre # 
larly to the plaine fuperficies, wherein the lites B D and B E-are. But the [uperficies wherein 
thbelines B D and B E are is the'eround [uperficies . Wherefore the line B. Bis erected per- 
pendicularly to the ground plaine fuperficies. Wherefore( by the 2: definition of the eleuenth) ' 
the line AB maketh right angles with all the lines which are drawne upon the ground ftper- 
ficies and touch it.But the line BE which ts in the cround [uperficies doth touch it Wher fore 
the angle ABV is avight angle. Anditis [uppofedthat the angle AB C is right angle. 
Wherefore the angle ABV is equalltothe angle ABC, and they ave in one and the felfe 
fane plaine fuperficies which is impoffible.. Wherefore the right line BC isnot inan higher —. 
, fuperjicies . Vitercfore the right lines B C; B D, B Eare in oze and the felfe fame plaine fu- i 
perficies . If therefore unto three'righè lines touching the onè the one the other be ereted 
a perpendicular line from the common point where thofe three lines touch: thofe three 
right lines arein one and the felfe fame plaine Juperficies : which was required to-be demon: 
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This fieure here fet more playnely- 
declareth the-demoiiftration of the for- 
mer propofition, if ye ere&t perpendicu- 
Jarly vnto the ground fuperficies,the fu-. . 
perficies whereinisdrawnethe line AB. — 
and fo compare it with thefayd demon- 'i 
firation. J— 
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Af timo right lines be erected perpendicularly to one €2 the felfe fame plaine 


 faperfictes:thofe right lines are parallels the one to the other. 


| 2148. Suppofe 


Conſtruction. 


XAn Aſſumpt 
as M. Dee 
proucth tt. 
Demonstra- 
tion. 


T he eleueutb B doke 





ground plaine f[uperficies . Y hen I [ay that tbe line A B isa parallel to the line 
| C D.Let the pointes which thofe two right lines touch in the plaine fuperficies be 
SESK Z and D. And draw aright line from the point B to the point D . ¿And ( by the 
r1.0f the firft ) from the point D draw unto the line B D in the ground fuperficies a perpen- 
dicular line D E . And(by the vaof the firft)*put the liue D E equall so the line A B , And. draw thefe 


. right lines BE, AE, and AD.. And fora{much as the line 


AB is evetted perpendicularly to the ground fuperficiesthers <% | c 
fore(by the 2 definition of the eleuentb)tbe line A B maketh 
| right angles with all the, lines which are drawne upon the — 
ground playne fuperficies and. touch it .Buteither of thefe — 
lines B-D and B E which are in the ground {uperficies,tonch 
the line AB , wherefore either of thefe angles ABD and 
AB Eisavight angle-and by. the {ame reafon alfo either of 
the angles CD B,ey C D Eis aright angle. And forafimnuch - 
asthe line A B is equallto the.line D E-, and the tine B Dis, 
common to them both, therfore thefe two lines AB andBD,-_ — 
are equall to thefe two lines E D and D B and they contayne right angles : wherefore (by the 
4.0f the first the bafe A D is equall to the bafe BE . And foralmuch as the line AB is equall 
tothe line D.E „and the line A Dto the live BE , therefore thefe two lines A B aud B E are 
eguali tothefe iwo lines ED and D A, andithe line AE isa common bafetothem bath. 


u ~ bo r 





. Wherefore the angle ABE is ( by the 8 .of the firftjequal tothe angle E D A. But the angle 
AB Eisaright angle: whefore allo the angle ED 41s aright angle:wherfore the line ED ` 


as erected perpedicularly ta the line D A:and it 1s alfo erected perpedicularly to either of thefe 


unes. B D and D.C, wherefore the line E-D is vato thefethree right lines B D ,D A, and 


DC eretted perpendicularly from the poynt where thefe thrée right lines touch the one the 


other : wherefore (by the 5.of the elenenth)the[e three right lines BD , D A, and D Carein. 


one and the felfe [ame [uperfictes. And in what [uperficies the lines B D and D A are, in 
the felfe fame alfois the line BA: for enery triangle is (by the 2. of the elenenth ) in one and 
the felfe [ame [uperficies . Wherefore thefe right lines AB, B D,and DC are in one and the 
felfe fame [uperficies , and either of thefe angles AB D and BDC isaright angle ( by fup- 
pofition).Wherefore( by the 28. of the firft) the line A B isa parallel tothe line C D. If there- 
fore two right lines be erected ‘perpendicularly to one and the felfe fame playne fuperficies, 
thofe right lines are parallels the one to the other :which was required tobe proud. : 


+ 


Here for the better vnderftanding of this €. propofition I. 4 


haue defcribed an other figure:as touching whichif yeerectthe — E wo 


fuperficies.4 B D. perpendicularly to thefuperfides 8D E, and - 
imagine only aline to be drawne from the poynt Ato the poynt 
E (if ye will ye may extenda thred from the faide poynt 4 to 
the poynt E ) and fo compare it with the demonttration, it will 
make both the propofition, and allo the demonttration-moft 
cleare vnto you. 
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a An other demonftration of the fixth propofition by «4t. Dee. 
5 uppofe that the two right lines 4 8 & CD be perpendicularly erected to one & the fame d fy- 
: LA à perficies 


AV ppofe that thefe two right lines AB and CD be erected perpendicularly ba 
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perficies,nam ely the playne fnperficies o p. Then I fay that 4 s 2nd c n åre parallels Let the end points 
of the right lines 8 and c p,which touch the plaine fuperficies o p,be the'poyntes z aud p,fro 8 to D 
Jet a ftraight line be drawne(by the firlt petition and(by the fecond petition let the ftraight line s d be 
extéded,asto the poynts « & x. Now forafmuch ! 
as therightline a 5, from the poynt s produced, 
doth cutte the line m w ( by conftruction). There+ 
fore (by the fecond propofition of this eleuenth 
bodke)the rightlines A 8 & m n arein onc plaine 
fuperficies. Which let be o R, cutting the fuperfi- 
cies o P inthe right line « w.By the fame meanes 
may we conclude the right line c o to bein one 
playne fuperficies with the rightline m n. But the 
right line « x ( by fuppofition) is in the plaine fu- 
perficies QR : wherefore co isin the plaine fu- 
perficies o & . And 4 s the right line was proued 
to be in the fame plaine fuperficies o 1 .Therfore 
a gand c p arcin one playne füuperficies, namely | 
o & . And forafmuch as the lines a Band c'o (by 
füppofition ) are perpendicular vpon the playne fuperficies op , therefore (by the fecond definition of 
this booké ) withall the sight lines drawne in the fuperficies o r and touching az andc p , the fame 
perpédiculars az and cp do make right angles. But(by centtru&ion)M N,being drawne in the prine 
fuperficies o p toucheth the perpendiculars a s and c p at the poyntes 8 and v. Therefore the perpen- 
liculars az and c p , make with therightlinew x tworightangles namely A5 N, and cn « : and x 
the right line is proued to be in the one and the fame playne fuperficies,with the right lines a g & c p: 
namely in theplayne fuperficies o 2 . Wherefore by the fecond part ofthe28 . propofition of the firft 
booke,the rightlines 4.» and c n arc parallels . Iftherefore two rightlines be erected perpendicularly 
to one and the felfe fame playne fuperficies thofe right lines are parallels the oneto the other : which 
was required to be demonftrated. `.. 
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A Corollary added by M.Dee. 


Hereby it is enident that any two right lines perpendicularly eretted to one andthe felfe fame - 
playnefuperficies aré alfo them {lives in oné andthe fame playne fuperficies,which is likewife perpen- 


| ! "- 2. 
dicularly eretted to the fame playne fuperfictes unto Which the two right lines are perpendicular. 
The firft part hereofis proued by thé former conftru&tion and demonftration , that the right lines ^ T, 
A 2 and c p arc in oneand the fame playne fuperficies o n The fecond part is alfo manifeft(that is,thàt 


the playne fuperficies o & is perpendicularly erected vpon the playne fuperficies o » ) for that 4 s and ^ 
c n being in the playne fuperficies c 8, are by fuppofition perpendicular to the playne fuperficies o »; 
wherefore by the third definition ofthis booke o x is perpendicnlarly erected to;or vpon o » : which 
was required to be proued. VF | 


Jo.Dee his aduife vpon the Affümpt ofthe6. . 


. - * Asconcerning the making oz theline DE , equall to the right line A B , verely the fecond ofthe 
firft, without fome farther confideration , is not properly enough alledged . And no wonder itis , for 
that inthe former-bookes , whatfoeuer hath of lines M 
bene fpoken , the fame hath ahwayes bene imagined to 
be in one onely playne fuperficies confidered'or execu- 
ted. But here the perpendicular line A B, is not iu the 
fame playne fuperficies,that the sghtlineD Eis. Ther-: y 
fore fome other helpe mut be putinto the handes of 
young beginners , how to bring this probleme to exe- 
cution : Which is this , moft playneand briefe . Vnder- 
ftand that B D the right line , is the common fection of 
the playne fuperficies, w&erein the perpendiculars AB 
and C D are, & of the other playne fuperficies,to which 
they are perpendiculars.The firit of thefe(in my former 
demonitration of the 6), I noted by the playne fuperfi- 
cies Q R:and the other,I noted by the plaine fuperficies 
O P.WherforeB D being a right line common to both 
the playne fuperficieces Q R & O P, therby the ponits 
B and D are cómon to the playnes Q Rand O P. Now 





Constra tion. 


XAn Aſſumpt 
as M. Dee 
proucth it, 
Demonstra- 
£011. 


4 be eleueutb B ooke 





ground plaine fuperficies . T ben I fay that the line AB isa parallel tothe line 
| C D.Let the porntes which thofe two right lines touch in the plaine {uperficies be 
eee Band D.And draw aright line from the point B to the point D . And ( by the 
11.of the firft ) from the point. D draw unto the line B D în the ground fuperficies a perpen- 
dicular line DE. And( by the x.0f the firft)"put the line D E equall so the line AB. A nd draw thefe 
right lines B E, A E, and A D.. And forafmuch as the line | 

AB is erected perpendicularly tothe ground {uperficies,ther» * 85 
füre(by tbe 2 definition of tbe eleuemthythe line A B maketh 
right angles with all the. lines which are drawnevpon the. .. 
ground playne fuperficies and touch it . But either. of thefe ` 
lines B-D and B E which are in the ground fuperficiesstouch 
the line AB , wherefore either of thefe angles A-B D and 
AB Eisa right angle-and by. thefame reafon alfo either of 
theangles C D Bc C D Eis aright angle. Audfora[much - . 
asthe line A Bis equallto the line D E , and the line B Dis... 
common to them both, therfore thefetwo.lines AB andBD,- 

are equall to thefe two lines E D and D B,and they contayne right angles : wherefore (by the 
gof the firit )the bafe A D is equallto the bafe B E . And forafmuch as the line AB is equall 
tothe line DE, and the line AD tothe line BE, therefore thefe two lines A B and B E are 
eguali to thefe two lines ED and D A, andithe line A E is a common bafetothem botb. 
Wherefore the angle A B.E is ( by the 8 of the frie equal to the angle E D A . But the angle 





ABE isaright angle: whefore allo the angle ED Aisaright angle:wherfore the line ED ` 


as erected — — the line D A:and it 1s alfo erected perpedicularly to either of theſe 
s BI ) C, wherefore tbe line E D isvnto thefethree right lines B.D , D 4 , aud 
DC erected perpendicularly from the poynt where thefe three right lines touch the one the 


other : wherefore (by the 5.of the eleuenth)thefe three right lines BD, D A, and D C are in. 


one and the felfe fame [uperficies. And in what fuperficies thg}ioce 2 1 amd 4 aye, in 


the felfe [ame al[o is tbe line B A: for enery triangle ts (by th lone and 
the felfe fame fuperficies . Wherefore theferight lines AB, B | and the 
felfe fame fuperficies , and either of thefe angles AB D and, f by fup- 
pofition) Wherefore(by the 28. of the firfl)the line A Bisaj if there- 
foretwo right lines be erected perpendicularly to one and t: | "erficies, 


thofe right lines are parallels tbe one to the other which seas: 


Here for the better vnderftanding of this 6. propofition Y E 


haue defcribed an other figure:as touching which if ye erect the 


fuperficies.-4 B8 D perpendicularly to the fuperfiaes 2D E, and. — 
imagine only aline to be drawne from the poynt 4 to the poynt 
E (if ye will ye may extend a thred from the faide poynt A to 
the poynt E ) and fo compare it with the demonttration, it will 
make both the propofition , and allo the demonftration-moft 
cleare vnto you. 
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q An other demonftration of the fixth propofition by oM. Dee. 
Suppofe that the two right lines 4B & CD be perpendicularly erected to one & the fame playne fy- 
j "vw a perficies 


AV ppofe that thefe two right lines A B and C D be ereifed perpendicu larly zA ! 


J 








* ABisputequall. And though this beeafy to conceaue, 


Demonſtra⸗ 
tion leading to 
eu epofitbi- 
litie. 


The eleuenth Boohe 


from B D(fuffciently extended)cutte a rightline equall to A B, ( which fuppofe to be B E) by the third 
of the firlt,and orderly to B F make D E equall,/by the 3.ofthe firft,if D E begreaterthen B F. ( Which 
alwayes you may caufe fo to be,by producing of D E fufficiently).Now forafmuch as B F by conftru&ti- 
onis cutte equall to A B,and D E alfo , by conitru&tion, put equall to B F ; therefore by the 1. common 
fentence,D E is put equall to A B: which was required to be done. 

In like fort,if D E were a line geuen to whome A B 
were to be cutteand made equall, firft out ofthe line 
D B(fufficiently produced)cutting of D G,equall to DE 
by the third of the firit: and by the fame 3.cutting from 
B A(fufficiently produced)B A, equall to D G : thenis 
it euidét,that to theright line D E,the perpédicular line 


yet I haue defigned the figure accordingly, wherby you 
may inftruct your imagination. Many fuch helpes are in 
this booke requifite , as well to enforme the young ftu- 
dentes therewith , as alfo to mafter the froward gayne- 
fayer of our conclufion , or interrupter of our demon- 
ftrations conrfe, 





8g I be s. T beoreme. The 7.Propofition. 
Ef there be two parallel right lines, and in either of them be taken a point 
at all dduentures : aright line drawen by the faid pointes is in the felf fame 
J'tperficies with the parallel right lines. 







MoV ppofe that thefe two right lines AB andC D be parallels, and in either of the take 
LF a point at all Aduentures,mamely, E and F . Then I fay, thata richt line drawen 
AOA from the point E to the point F, is in the felfe fame plaine fuperficies that the pa- 
rallel linesare. For if not, thenifit be poſuble, 

let it be inan higher [uperficies,as the line EGF & e 
isand araw the [uperficies wherin the line EG F 
isc? extend it, and it fhall makea common fecti- 
on with the ground {uperficies which fection [ball 
(by the 3 .of the eleventh) be aright line : let that 
fection be the right line EF . Wherefore two 
right lines EG F and E F includeafuperficies: © | F D 
which (by the last common ſentence)is impoſible. i 
Wherfore a right line drawen from thè point E to the point Fis notinan higher {uperficies. 
Wherfore a right line drawen from the point E to the point F, isin the felfe fame [perce 
wherein are the parallel right lines ABandC D. If therefore there be two parallel right 


lines, and ineither of them be taken a point at alladuentures, a right line drawen by thofe 
pointes ts in the fel 





t 





ife fame plaine fuperficies with the parallel right lines: which was requi- 
By this figure it is eafie to fee 
.the former, demontiration, ifye 


red to be demonstrated. of A 
| A 
eleuate the fuperficies wherin is 


drawen theline EG F. | 
: 
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CU ous be 8. Ebeoreme. ^ The 8. Propofition. —— 


Iſthere be tio parallel right lines uhich one is erected perpendicularl 
to around playne ſuperficies the other. alfois evetied perpendicularly to 


the felfe fanie ground playne fuperficies. 


al V bole that there be two parallel richt lines A Ë and C Dand let óne of them, o. 
X — 2— B beerecied — toa ground {uperficies. Then I T that i e 7 
the line C D is alfo erected perpendiculerly,to the felfefame ground [uperficies. were the cone 
| Let the lines A B andC D fall vponthe ground fuperfictes in thepoimtes Band uerfe of the 
D,and (by the firft peticion) draw aright line frcm the point B to the point D. And drawe fxth 
oint D vato the line B D`a per- Confiruttion. 






(by the rz. of the firft) in the cround [uperficies from the p 
pendiculer line D E, and(by the 2. of the first) put the line 
D Eequall to the line A B,and draw a right line from the 
point B to the point E,and an other from the point A tothe 
point E,and an other from the ¿oint A tothe point D.And 
foralmuch as the line A B is eresied perpendicularly to the 
ground [uper frcieces therfore (by the 2.definition of the es | 
leuenth) the line AB is evested perpendicularly to all.the c 
right lines that are in the ground {uperficies and touche it. 
Wherfore cither of thefeangles ABD cy ABE isaright,. -— 
angle. And forafimuch as vpon-thefe parallel lines AB and = ` 
CD falleth a certaine right lineB D ,therefore( by the 20 | | 

of the firft) the angles A B D and C D B areequaltotwo right angles But the aingle A B D 
isa right angle,wherfore alfothe angle C D B is a right angle. Wherfore the line C Dis e- 
rected perpendicularly to the line B.D. And forafmuch as the line A B is equall to the line D 
Ead the line B Dis common to them both,therfore the(e two lines AB and B D are equal. 
tothefetwo lines E D-and D.B,and the angle. AB D is equall to the aneleE D B,for either - 
of them.is à right angle. Wherfore (by.-tbe a. of thefirst) the bafe A D isequallto the bafe v 
B E And foralmuch as the liné M.B is.equallto the lime D E, and the line B E tothe line 

A D,therforethefetwo.lines ABand B E.areequall to thefe two lines A D & D E; theone — 
to the other,and.the line A E is a common bafe to them both: Wherfore( by the 8.of thefirty © 
the angle AB E is equall to the angle A D E: buithe angle AB Eis aright angle,wherfore 

the angle ED A,is alfo aright angle. Wherefore the line E D is erected perpendicularly to 

the line.AD and it is alfo erected perpendicularly to the line D B.Wherforethe line E Dis 

erected perpendicularly to the plaine {uperficies wherin the lines B D and B.A are (by the 4. 

of this booke) Wherfore (by the 2. definition of the elewenth)the line EvD is erected perpen- 

dicularly to all the right lines that touche it and arein the [uperficies wherein the lines B D 

and AD are.But in what fuperficies the lines B Dand D A are,in the felfe fame ſuperficies 

s the line D C.F or the line A D-being drawen from two pointes taken in the parallel lines A 

B and C D is by the former propofition in the felfe [ame {uperficies with them.-Now foraf: 

much asthe lines A Band BD arein the fuperfictes wherin the lines B D and. D A are, but 

in what {uperficies the lines.A B €x B-D are,in the fame is the line D C.Wherfore the line E 

D is erected perpendicularly to the line. D C.Wherfore alfo the line C D is eretted perpendi- 

cularly to the line D E. And the line C D is erected perpendicularly to the line D B. For by 

the 29..0f thefirft,the angleG DB being eqiall tothe angle A B Disa right angle Where: 

fore the line C:D.is fromthe point D eretted perpendicularly to two right lines D'E and- D. 

B cutting the one the other in the point D.Wherfore by the 4.of the elenenth,the line C D is 

erecded perpendiculaaly tothe plaine {uperficies, wherein are the lines D E and D B. But 

the 
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'* A Bisputequall. And though this be eafy to conceaue, 
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iy T he eleuenth Booke 


from B D(fuficiently extended) cutte a right line equall to A B, ( which fuppofe to be B F) by the third 
of the firlt,and orderly to B F make D E equall,by the 3.of the firit,if D E be greater then B F. ( Which 
alwayes you may caufe fo to be, by producing of D E fufficiently).Now forafmuch as B E by confiru&i- 
oniscutte equall to A B;and D E alfo , by conitruGion, put equall to B F , therefore by the 1. common 
{fentence,D E is put equall to A B: which was required to be done. 

In like fort,if D E were a line geuen to whome A B 
were to be cutte and made equall, firftout ofthe line 
D B(fufficiently produced)cutting of D G,equall to DE 
by the third of the firft: and by the fame 3.cutting from 
B A(futticiently produced )B A, equall to D G : thenis 
it culdét,that to the rightline D E,the perpédicular line 


yet I haue defigned the figure accordingly, wherby you 
may inftruct your imagination. Many fuch helpes are in 
this booke requifite , as well to enforme the young ftu- 
dentes therewith , as alfo to mafter the froward gayne- 


{ayer of our conclufion , or interrupter of our démon- 
{trations courfe, 





q Lhe 7. Theoreme. The 7. Propofition. 
If there be two parallel right lines, and in either of them be taken a point 
at all aduentures : aright line drawen by the faid pointes is in the felf fame 
J'iperficies with the parallel right lines. 






MeV ppofe that thefe two right lines AB andC D be parallels, and in either of the take 
SSY a point at all aduentures namely, E and F . T ben I (ay, that a right line drawen 
PIRA from the point E to the point F, is in the [elfe fame plaine fuperficies that the pa- 
vallel lines are. For if not, then if it be pofsible, 
let it be in an higher fuperficies,astheline EGF d D. — 7 
isand araw the [uperficies wherin the line EG F 
ise extendit, aud it [ball sake a common fecti- 
on with tbe ground [uperficies which fection fhall 
(by tbe 3 of thé eleuenth) be a right line : let that 
fection be the right line EF . Wherefore two 
right lines EG F and EF includea fuperficies:. € | F D 
which (by the last common fentence )is impofable. 
Wherfore a right line drawen from the point E to the point F is notin an higher fuperficies. 
Wherforea right line drawen from the point E to tbe point F, isin the felfe fame fuperficies 
wherein are the parallel right lines AB andC D . If therefore there be two parallel right 
lines, and in either of them be taken a point at all aduentures, a right line drawen by thofe 
pointes is ia the felfe fame plaine fuperficies with the parallel right lines: which was requi- 
red to be demonstrated. 1% : E 3 











By this figure it is eafie to fee 
the former, demontlration, ifye 
eleuate the fuperficies wherin is | 4 
^ drawentheline EGE. - 
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the ground plaine [uperficies 13 that wherin are the lines D Eand D B, to which fuperficies 
alfo the line A B is {uppofed to be erected perpendiculerly. Wherefore the line C D is eretted 
perpendicularly to the ground plaine {uperficies,wherunto the line A B is erected perpendicu- 
larly. If therfore there be two parallel right lines, of which one is erected perpendicularly to 
a ground plaine [uperficies,the other alfo is erected perpendicularly to the felfe fame ground 
plaine [uperficies : which was required to be densonftrated. 


re 


*, 8 
A — 


"This figure will more clearely fet forth the formėr de- ` ~\ = 
monttration, ifye erect perpendicularly the fuperficies | 
A. BD to the fuperficies B D E,and imagine a iyne to be £t | 
drawer froth the point A to the point D, in ftede wher- i m" 
of,as in the 6. propofition ye may extendea threede. — t. 


— 


y The 9. Theoreme. — Ó Propoſition. 


‘Right lines which ave parallels to one and the felfe fame right line, and 
are i in the felfe fame [uperficies tbat it is in: are alfo parallels tbe one 
Log obo CUR s preme adam e me 5 ) 


vo * V 










Vppofe that either of the[e right lines A B and C D bea parallel to tbe liue E F 
net being in the felfe fame fuperficies with it. Then I fay that the line AB is a 
wy) oq parallel to the line € D:T akein the line E F.a point at all aduentures, and let 
KEKSY the fame be Gc Arid from the point G raife vp in the fuperficies wherin are the 
lines E Rand A B,vuto the line E F a perpendiculer line GH, andagainein the fuperficies 
wherin are the lines E F andC D,raife up from the fame point G to the line EF a perpen- 
diculer line GK.Aud forafmuchastheline 40 o aaay =: | 
E F is ereéted perpendiculerly to either of the’ ~~ 
lines G Hand GK, therfore (by the qof the 
eleventh) the line E F is erected perpendictia.. 
larly tothe {uperficces wherein the lines GH. 
and GK are, butthe line EF isaparallel | b l 
line tothe line AB.Wherfore(by the 8.0fthe E77 K 
elestenth) the liné A Bis erected perpendicu- =» s : 

larly to the plaine fuperficies;wherin are the lines G H and G K. And by the fame reafonal- 
fo the line C D is erethed perpendicularly to the plaine ſuperficies wherig are tbe lines G H e 
G K . Wherefore either of thefe lines AB and C D is erected perpendicularly tothe plaine 
fuperfities,wherin the lines G H and G K dre. But if two right lines be erected perpendicu- 
larly to one and the felfe Jame plaine ſuperfacies, thoſe right lines are parallels tbe ome to the 
other (by the 6.0f the elenenth ) Wherfore the line A B is aparallel to the lineC D. Wherfore 
right lines which are parallels to one & the felfe fame right line,and are notin the felf [ame 
Superficies with it are alfo parallels the one tothe other : which was required tu be proued, 
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of Euclides Elementess — Folo8. 


This figure more clearely manifefteth the former propo- 
fition and demonttration,if ye eleuate the fuperficieces A B 
EFandC DE Fthat they may incline and concurre in the 
lync E F. : 





| E ^q 
«y I be 10. T'beoreme. The 10. Propofition. 


If two right lines touching the one the other be parallells to two other 
right lines touching the one the other, and not being in one and the felfe 
fame fuperficies with the two firft : thofe right lines cotaine equall angles. 


V ppofe that thefe two right lines AB and BC touching the one the other, be 
parallels to thefe two lines D E and E F touching alfo the one the other, ana 
not being in the felfe fame {wperficies that the lines A Band BC are. The Lfay, 
KS that tbe angle AB C is equall tothe angle D E F . For let the lines B A,BC, 
E D,E F,be put equall the one tothe other : and draw thefe 
right lines AD,C F,BE, AC,andD F . And forafmuch 
as tbe line B A ts equall tothe line E Dand alfo parallell 
unto it, therefore (by the 23.ofthe firft ) theline AD ise- 
quall and parallellto the line BE: and by the fame reafon à G 
alfo the line C F is equall & parallell to the line B E.Wher- 

fore either of thefe lines AD and C F is equall cy parallel 

tothe line EB. But right lines which are parallells to one 

and the felfe fame right line,and are not inthe felfe fame fu- 

perficies with it, arealfo (by the 9 .of the eleuenth ) parallels 

the one to the other . Wherefore the line AD is a parallell 

line to the lineC F . And thelines AC and DF ioyne them Y 
together. Wherefore (by the 33 .of the firft) theline ACis P 

equall and parallell to the line D F . And forafmuch as thefe two right lines AB GBC are 
equall to thefe two right lines D E and E F, and the bafe AC alfo is equall to the bafe D F: 
therefore (by the 8.of the firft) the angle A BC is equall to the angle D EF. If therfore two 
right lines touching the one the other be parallells to two other right lines touching the one 
the other and not being in one and the felfe [ame fuperficies with the two first : thofe right 
lines containe equallangles : which was required to be demonftrated. 7 





B 


$ 


, This figure here fet more 
plainly declareth the former Pro- 
pofition and demonftration, ifye 
eleuate the fuperficieces D A B E, 
and F CB E, till they concurre in 
the line FE, 





vc 088 
(XR yi, ~; 
* 


Conffruction. 


Demonſira- 
$09. 


Confiruction. 


Demonftra- 
£207 


"ree T he elenenth Booke 


the ground plaine [uperficies is that wherin are the lines D E and D B, to which [uperficies 
alfo the line A B is {uppofed to be erected perpendiculerly. Wr"g;- Lam. n D iserected 
perpendicularly to the ground plaine'{uperficies,wheruntotl bendicu- 








larly. If therfore there be two parallel right lines, of which vlarly to 
a ground plaine [uperficies,the other alfois erecied perpend e ground 


plaine [uperficies : which wasrequired to bedemonflrate: 


“This figure will more clearely fet forth the former de- 
monitration, ifye erect perpendicularly the fuperficies 
A. B D to the fuperficies B D E,and imagine a lyne to be 
drawer fromm the point A to the point D, in itede wher- 
of,as in the 6. propofition ye may extende a threede. 


4 1 +, A % . 


y T'he 9. Theoreme. The 9. Propofition. 


‘Right lines which are parallels to one and the felfe fame right line, and 
are not tn the felfe [ame {uperficies that itis in: are alfo parallels tbe one 
totbeotbero c desee a a ob. | 

F ppofe that either of thefe right lines AB and D bea parallel to tbe liue E F 
net being in the feife fame {operficies with it. Then I fay that the line AB is a 
parallel to the line-€ D:Takeinthe line E F a point at all aduentures, and let 
sue fame be G. Avid from the point G raife up in the fuperficies wherin are the 





lines E Fand -A B,vuto the line E F a perpendiculer line GH, and againein the {uperficies 
wherin are the lines E F and C D ratfe opfrom the fame point G to the line EF a perpen- 
deg "B 


diculer line GK. Aud forafmuchasthe line 4 

E F is erected perpendiculer ly to either of the’ ~~ 
lines G Hand Gk, therfore (by the 4.of the. 
elenenth). the line E F is erected perpendich- 
larly to tbe {uperficies wherein the lines G'H 
and GK are, but.the line E F is a parallel y ' 
line to the line A B.-Wherfüre(by tbe $.of the — — K D 
elesienth) the line A Biserectedperpendicu- - | 

larly to the plaine [uperftcies mberin are tbe lines G H and G K. Andby the fame reafon al- 
forthe line C.D is eretted perpendicularly to the plaine {uperficies wherin are the lines G H e 
GK . Wherefore either of thefe lines .A B.andC D is erected perpendicularly tothe plaine 
fuperficies,wherin the lines G Hand G K are. Butif two right lines be erected perpendicw- 
larly to one and the felfe [ame plaine [uperftcies ,tbofe right ltnes are parallels tbe one to the 
other (by the 6.of the elenenth) Wherfore the line A B is a parallel to tbe line C D . Wherfore 
right lines wbich are parallels to one cr the elfe fame right line,and are not in the felf fame 
Superficies with it are alfo parallels the one tothe other : which was required to be proned, 
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This figure more clearely manifefteththeformerpropo- . — p. e c | R 
fition and demonttration,if ye eleuate the fuperficiecesAB | 
EF andC DEF that they may incline and concurre in the | 


lync EF, . 
| CI» K | so 
| Ww E Q 
q 1 be 1o. T beoreme. T be 10. Propofitton. 


If two right lines touching the one the other be parallells to two other 
right lines touching the one the other, and not being in one and the felfe 


fame fuperficies with the two firft : thofe right limes cotame equall angles. 


V ppofe that thefe two right lines AB and BC touching the one the other, be 
|parallells to thefe two lines D E and E F touching alfo the one the other, and 
not being in the felfe fame fuperficies that thelines A Band BC are. Thë 1 fay, 
ENS that tbe angle ABC is eguall to theangle D E F . For let the lines B A,B C, 
E D,E F ,be put equali the one to the other : and draw thefe 
right lines A D,C F,B E, AC,and D F . And forafmuch 
as the line B A 1s equall totheline ED,and alfo parallell 
unto it, therefore (by the 33.0f the firft ) the line AD ise- 
quall and parallellto the line BE: and by the fame reafon 4 á 
alfo the line C F is equallet parallell to the line B E.Wher- 
fore either of thefe lines AD and C F is equall ¢} parallell 
totheline EB. But right lines which are parallels to one 
and the felfe fame right line and are not in the felfe fame fu- 
perficies with it, are alfo (by the 9 .of the eleuenth) parallells 
the oneto the other . Wherefore the line AD is a parallell 
line to the line C F . And thelines AC and D F ioyne them = 
together. Wherefore (by the 33 .of the firft) theline_ACis P 
equall and parallell to the line D F . And forafinuch as thefe two right lines A B c B C are 
equall to thefe two right lines D E and E F, and tbe bafe A C alfo is equallto thebafe D F: 
therefore (by tbe 8.of the firft) the angle 4 B C isequallto theanele D E F.Iftherforetwo 
right lines touching the one the other be parallells to two other right lines touching the one 
the other and not being in one and the felfe {ame [uperficies with the two first « thofe right 
lines containe equall angles : which was required to be demonftrated. L 
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, This figure here fet more 
plainly declateth the former Pro- 
pofition and demonftration, if ye 
eleuate the fuperficieces D A B E, 
and F CBE, till they concurre in 
the line FE. 
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i B A, 
This figure more clearely manifefteth the former propo- 
fition and demonitration,if ye eleuate the fuperficieces A B 
EFandC DEF that they may incline and concurre in the 

lyne EF. 
D Q 
q I be 10. T beoreme. T be 1o 
If two right lines touching the one the other ber 


right lines touching the one the other, and not bemg in one and the felfe 


fame fuperficies with the two firft : thofe right lines cotaine equall angles. 


V ppofe that thefe two right lines AB and BC touching the one the other, be 
|[parallells to thefe two lines D E and E F touching alfo the one the other, and 
not being in the felfe fame fuperficies that the lines A B and BC are.T hé Lfay, 
SENG) that the angle ABC is equall to theangle D E F . For let the lines B A,BC, 
E D,E F,be put equall the one to the other : and draw thefe 
right lines A D,C F, B E, AC,and D F . And forafmuch 
as the line B A tseguall to theline E D,and alfo parallell 
vito it, therefore (by the 33.0f the firft ) the line AD ise- 
quall and parallell to the line B E : and by the fame reafon A G 
alfo the line C F is equall e parallell to the line B È Wher- 
fore either of thefe lines AD and C F is equall ¢ parallell 
tothelime EB. But rightlines which are parallels to one 
and the felfe fame right line and are not in the felfe fame fu- 
perficies with it, are alfo (by the 9.of the eleuenth) parallells 
the one to the other . Wherefore the line A D is a paralleil 
line to the line CF . And thelines AC and D F ioyne them = 
together. Wherefore (by the 33 of the feft) theline ACs ? 
equall and parallell to the line D F . And fora{much as thefetwo right lines 4 B c B C are 
equall to thefe two right lines D E and E F, and the bafe AC alfo ts equallto thebafe D F: 
therefore (by the 8 .of the firft) the angle A B Cis equall totheangle D EF. If. therfore two 
right lines touching the one the other be parallells to two other right lines touching the one 
the other and not being in one and the felfe fame Juperficies with the two first : tbofe righs 
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lines containe equall angles : which was required to be demonftrated. 


4 


A C 


— 


, This figure here fet more 
plainly declareth the former Pro- 
pofition and demonttration, ifye 
eleuate the fuperficieces D A B E, 
and F CB E, till they concurre in 
the line F E. 
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q I be 1. Probleme. I'be i1. Propofition. 


From a point geuen on bigb, to dvawe'vnto a ground plaine fuperficies a 
perpendicular right line. i 
Confiratiion. d P ppofe that the point g hi l ) — w 
Tivo cafes in a PE e pornit geuen on PIZA be A, and fuppofea ground plaine fuperficies, 
tbis bropofi= SA y ‘namely, BCGH.Itis required from the point Ato draw unto the ground fuper- 
tion, irre fices a perpendicular line. Drawe in the ground [uperficies a right line at aduen- 
The firft cafe, tures,and let the fame be BC. And (by the 12. of the firfl ) from tbe point A draw Guto the line 
- "Thi E M ME Nea ce? SA ir perpendicular line to the 
io i — — —— ſuperficies, then is that done which was fought for But if not,then 
pointe A, and the itraight line BC, ( J the L1 of the firft) from the point D raife Up sn the ground fu er~ 
And » — — I ds ficies vato the line BCa perpendicular line. DE. And (by ther 2.0f the 
Aine or Ne. DN AD - firft) from the point A draw unto the line D E a perpendicutar line AF. 
chanically Ad by the poisit F dram(by the 31.0f the firft)untothe 
pradifiag. — Jze BC a parallell line F H . And extend theline F H | 
Secoudcaft. from the point F to the point G . Aud fora[much as the 
D — ira- line BC is erected perpendicularly to either of thefe lines — — H 
md _ D Eand_D A, therefore (by the 4. of the elenenth ) the 
line B Cis eretted perpedicularly to the [fuperficies wher- 
inthe lines ED and A D are © andto the line BCthe 
line G H is a parallell . But if there be two paralleli right 
lines of which oneis erected perpendicularly to acertaine ,, 
plaine [uperficies, the other alfo(bythe 8.of the elenenth) r mT — E 
is erected perpendicularly to the felfe fame [uperficies. | 
Wherefore the line G.H is erected perpendicularly tothe plaine fuperficies wherein the lines 
E DandD Aare .Wherfore alfo (by the 2.definition of the elewenth)the line G H is erected 
perpendicularly to all the right lines which touch it, and are in the plaine [uperficies wherein 
the linesE Dand AD are. But the line AF toucheth it being in the [uperficies wherein the 
lines ED and AD are (by the 2.0f this booke) . Wherefore the line G H 1s erected perpen- 
dicularly tothe line F A. Wherefore alo the line F A zs erected perpendicularly to the line 
GH : andthe line A F is alfo erected perpendicularly to the line D E . Wherefore AF is e- 
rected perpendicularly to either of thefe lines H G and D E. But if aright line be erected per- 
pendicularly fron: the common [ection of two right lines cutting the one the other, it fhall alfo 
be erected perpendicularly to the plaine {uperficies of the [aid two lines (by the g.of the ele- 
nenth) . Wherefore the line A F is erected perpendicularly to that fuperficies wberin the lines 
E DandG H are. But the fuperficies wherein the lines E D and G H are, isthe ground fu- 
perficies . Wherefore the line A F is erected perpendicularly to the ground fuperficies . Wher- 
fore from a point geuen on high,namely, fro the point A, is dramento the ground [uperficies 
a perpendicular line : which was required to be done. 









In this figure fhall ye much more plainely fee both 
the cafes of this former demonftratió. For as touching E 
the firt cafe, ye muft ere¢te perpendicularly to the 
ground fuperficies, the fuperficies wherein is drawen 
theline A D, and compare it with the demonftration, 
andit willbeclere vnto you. For the fecond cafeye 
multerecte perpendicularly vnto the ground fuperfi- 
cies the füperficies wherein is drawen the line A F,and 
ynto itlet the other fuperficies wherein 1s drawen the 
line AD, incline,fo that the point A of the one may 
concurre with the point A of the other: and fo with 
your figure thus ordered,compare it with the demon- 
flration,and there will bein it no hardnes atall. 


qT he 





of Euclides Elementes: 3296 
og Uhe 2. Probleme. The 12,Propofition. 


Vato a playne fuperficies genen, and from a poynt in it genen to vay[e vp a 
perpendicular line. d | 


AY ppofe that there bea ground playne fuperficies geuen, 

and let the poynt in it genen be A. It is required 

fromthe point A toraife vp unto the ground plaine 

Ka) fuperficies a perpendicular line . Vaderitand fome 

certayne poynt on high, and let the fame be B.And from the poynt ? | 

B draw(by tbe 1 1.0f the eleuezth) a perpendicular line to the ground euferutiiatte 

fuperficies , and let the fame be BC. And(by the 31. of the firft) 

by the poynt A drawe vito the line BC aparaiiel ineD A. Now 

forafinuch as there are two parallel righi lines A D and C B , and 

the one of them pmaenely KC B is erecied perpendicularly tothegra, > 

foperficies : wherefore the other line alfo , namely ,A D, is erec | 

perpendicularly to the{ame ground fuperficies (by theeight of th | 

leuenth ) . Wherefore unto a playne fuperficies genen , and fra — | 

poynt in it genen , namely, Ais rayfed vp a perpendicular lyne A 'equired ta 
| 





Demon trg- 
téa 


Cc 


be doone. 





| | 
' 
ta " 


In this fecond figure ye may confider playnely the 
demonftration of the former propofition if ye erect per- 
pendicularly the fuperficies wherein are drawne the lines 
A Dand C B. 
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oy ae Tbe 11. Theoveme „Tbe 13.Propofition. 


From one and the felfe poynt „and to one and the felfe fame playne füperfi- 
cies can not be eretted two perpendicular right lines on one and. the felfe 


fame fide. 


vor if it be poffible from the poynt && let there be E perpendicularly, to one | 
Ss ard the felfe [ame playne fuperficies two right lines À Band AC on one and Demonfftra- 


*, -* 







gà 
— 






W the felfe fame fide . And extende à tion leading to 
2 y th Sieh ches i are the lines | e Ps C — —— 
Y ABandA C: anditfhallmakeat Nove this 
length a common fection in the ground fuperficies ` manerofie - 
which common fection hall be aright line ,and . magination 
Jhallpaffe by the poynt A:let that common fe‘tion Mathemati- 
be the line D A E.Wherefore( by the 3. of the ele- . edli, 
uentb) tbe lines A B,À C,apd D AE arein one 4 
and the felfe fame playnefuperficies. And foraf. ™ -> A o» 
_ much asthe lineC A is erected perpendicularly to the ground fuperficies , therfore ( by the 
À VV 4: 3 "yp 2.de- 


The elenenth Booke 


q Ube 1. Probleme. The ir. Propofition. 


From a point genen on high, todrawe vnto a ground plaine fuperficies a 
perpendicular right line. | i 


Conſtructioꝝ. x y> — |j wae 
Jen — FÉ pal that the point genen on high be A, and [uppofe a ground plaine fuperficies, 
this propofi. M Ss pame ly, BCG H . Ibis required from the point A to draw unto the ground fuper- 

tian, — ffcies a perpendicular line. Drawe in the ground [uperficies a right line at aduen- 

The firft cafe, tures,and let the fame be B C . And (by the 12. of the fir fe) from the point A draw Gnto the line 
NK. lobz Der; Meme nea —— perpendicular line to the 

— E re x the imagination oround fuperficies,then is that done which was fought for But if not,ther 
ofa plaine {uperficies pafling bythe* 7, y j "M | ^ 
pointe Aand the ftraight line Br ( 1 PE Ipfi re firft) fromt pomi D raiſe Up n the ground fuper- 

And {o helpe your felfe in the lyke ficies vato the line B Ca perpendicular lini D E. And (by the 12.0f the 

Fine erer Mathema ricih inagis firfi) fromthe point A draw unto the line D E 4 perpendicular line AF. 

And by the poizt F dram(by tbe 31.0f the firft)vnto the 








chanically 

pradiing. — Ie BC a parallel lige F H . Andextend theline F H — 

ó * dcaft. from the point F to the point G . And forafmuch as the 

Demonjira- “line BG is ereéted perpendicularly to esther of thefelines c — H 


— D Eand D A, therefore (by the 4. of the eleuenth ) the 


| | | | AX 
line B Cis eretted perpedicularly to the fuperfictes wher- | 
in the lines E D and AD are į andto the line BCthe | 
line G H is a parallell . But if there be two parallell right 
lines of which oneis erected perpendicularly to acertaine , 
plaine [uperficies, the other alfo(bythe 8 .oftheelnuenth) Pm mmm - 
is erected perpendicularly to the felfe fame [uperficies. | 
Wherefore the line G.H 1s erected perpendicularly to the plaine [uperficies wherein the lines 
E Dand D Aare .Wherfore alfo (by the 2.definition of the eleuenth) the line G H is erected 
perpendicularly to all the right lines which touch it, and are in the plaine fuperficies wherein 
the lines E D and A D are. But the line AF toucheth it being in the fuper ficies wherein the 
lines E D and A D are (by the 2.0f this booke) . Wherefore the line G H is eretted perpen- 
dicularly tothe line F A. Wherefore alfo the line F A is erected perpendicularly to the line 
GH : andthe line A F is alfo erected perpendicularly ta the line D E. Wherefore AF is e- 
rected perpendicularly to either of thefe lines H G and D E. Baut if aright line be erected per- 
pendicularly from the common fection of two right lines cutting the one the other, it hall alfo 
be erected perpendicularly to the plaine fuperficies of the faid two lines (by the 4.of the ele- 
senth) . Wherefore the line A F 1s erected perpendicularly to that [uperficies wherin the lines 
E DandGH are. But the {uperficies wherein the lines E D and G H are, isthe ground fu- 
perficies . Wherefore the line A F is erected perpendicularly to the ground {uperficies . Wher- 
fore from a point genen on high,namely, fro the point A, is drawento the ground fuperficies 
a perpendicular line : which was required to be done. 


In this figure fhall ye much more plainely fee both 
the cafes of this fornier demonftrati6. For as touching 
the firft cafe, ye muft ereéte perpendicularly to the 
ground fuperficies, the fuperficies wherein is drawen 
theline A D, and compare it with the demonttration, 
andit willbeclere vnto you. For the fecond cafeye 

, muftere&te perpendicularly vnto the ground fuperfi- 
cies the fuperficies wherein is drawen the line A F,and 
vnto itlet the other fuperficies wherein is drawen the 
line A D, incline,fo that the point & of the one may 
concurre with the point A of theother: and fo with 
your figure thus ordered,compare it with the demon- 
firation, and there will be imictno hardnes atall. 


qT he 














T he elenenth Booke | 
7 The 1. Probleme. The rt. Propofition. 


From a point genen on high, to drawe vnto a ground plaine fuperficies a 
perpendicular right line. 





— on E : — that the point geuen on high be A, and fuppofe a ground plaine fuperficies, 
this bvopofi. HES, namely, BCGH. I tis required from the point A to draw vnto the ground fuper- 
ee —— fficies a perpendicular line. Drame in the ground [uperficies a right line at aduen- 
The firfl cafe, tures,and let the fame be BC. And (by the 12. of the firft) from the point A draw Gato the line 

lohn Dee. BC a perpendicular lint AD. * Now if AD bea perpendicular line to the 


ofa tne ieee Mi vits ground [uperficies then is that done which was fought ‘for But if not ther 
pointe A, and the ftraight line BC. (by the 11.0f the firf) from the point D raife vp in the ground fu er- 
Aud fo helpe your felfe in thelyke ficies unto the line BC a perpendicular line DE. And (by the 12.0f the 
cir Me Lae igasi fef from the point A dram unto the lige D E4 perpendicular line AF. 
chanically <4” by the point F draw(by the 31.0f the firft)unto the 
pracifing. Une BC aparallellline FH. Andextendtheline F H 
Secondcaft. from the point F to the point G . Audfora[much as the 
Demonfira~ “line BC is erected perpendicularly to either of thefelines c 
£.0H ! | 
° D Eand_D A, therefore (by the 4. of the elenenth ) the 
line B Ciseretted perpedicularl to the [uperfictes wher- 
inthe lines E D and A D are : and to the line B Cthe 
line G H is a parallell . But if there be two parallell right 
lines,of which oneis erected perpendicularly to acertaine ,, 
plaine fuperficies, the other alfo(bythe 8.of the elewenth) .. — — 
is erected perpendicularly to the feife fame f{uperficies. 
Wherefore the line G.H ts erected perpendicularly to the plane fuperficies wherein the lines 
E D and D Aare .Wherfore alfo (by the 2.definition of the elenenth)the line G H is erected 
perpendicularly to all the right lines which touch it, and are in the plaine [uperficies wherein 
the lines E D and AD are. Butthe line AF toucheth it being in the {uperficies wherein the 
lines E D and AD are (by the 2.0f this booke) . Wherefore the line G H is erected perpen- 
dicularly to the line F A .Wherefore alfo the line F A is erected perpendicularly to the line 
GH : andthe line A F is alfo erected perpendicularly to the line D E . Wherefore A F ise- 
rected perpendicularly to either of thefe lines H G and D E. But if aright line be erected per- 
pendicularly from the common fection of two right lines cutting the one the other, it fhall alfo 
be erected perpendicularly to the plaine {uperficies of the [aid two lines (by the 4.of the ele- 
senth) . Wherefore the line A F is erected perpendicularly to that [uperficies wherin the lines 
E D and G-H are ..But the {uperficies wherein the lines E D and G H are, isthe ground fu- 
perficies . Wherefore theline A F is erected perpendicularly to the ground fuperficies . Wher- 
fore from a point genen on high namely, fro the point A, is drawento the ground faperficies 
a perpendicular line : which was required to be done. 





= 


In this figure fhall ye much more plainely fee both 
the cafes of this former demonftrati6. For as touching = 
the firft cafe, ye muft erecte perpendicularly to the 
ground fuperficies, the fuperficies wherein is drawen 
theline A D, and compare it with the demonftration, 
andit willbeclere vnto you. For the fecond cafeye 
mulftere&e perpendicularly vnto the ground fuperfi- 
cies the fuperficies wherein is drawen the line A F,and 
vnto it let the other fuperficies wherein is drawen the 
line AD, incline,fo that the point A of the one may 
concurre with the point A of theother: andfowith B c 
your figure thus ordered,compare it with the demon- "Fy 
firation, and there will beim it no hardnes at all. 
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of Euclides Elementés: 329e 
g The 2. Probleme. The 12.Propofition. 


Vato a playne fuperficies geuen , and from a poynt in it genen to vayfe bp a 
. perpendicular line. P, | 


AV ppofe that there bea ground playne fuperficies geuen, 
and let the poynt in it genen be A. It ts required 
I from the point A toraife vp vnto the ground plaine 
SSK Superficies a perpendicular line . Vaderstand fome 
certayne poynt on high, and let the fame be B.And from the payst — 
B draw(by the 11 .0f the elenenth) a perpendicular line to the ground onfirniiima 
fuperficies , and letthe fame be BC. And(by the 31. of the firft) 
by the poynt À drame unto the line BC aparaiiel lineDA. Now 
forafmuch as there are two parallel right lines AD andCB, and 





the one of them, namely, C ¥ is eretied perpendicularly to the ground / Demonstra- 
Juperficies : wherefore the other line alfo , namely ,A D, is erected tot 


perpendicularly to the {ame ground {uperficies (by the eight of the e- 
leuenth ). Wherefore untoa playne [uperficies geuen , and froma 4 
poynt in it geuen , namely, A sis rayfed up a perpendicular hyjne AD : which was required to 
be doone. | | » 


€ 


^R i 
eae ; 
Mmm —— —— —— — —— 
* * 
44 ‘ 


In this fecond figure ye may confider playnely the — TEE 
demonftration of the former propofition if ye erect per- -— 
pendicularly the fuperficies wherein are drawne the lines 





A Dand C B. 
.Un r a C art } mi. j m i s i met © . Yr ' » | Y n1 n 
sow pT he 11.Theoveme. he 13..P 
From one and tbe felfe poynt , and to one and the 1e fuperfi- 
cies,can not be eretted two perpendicular right li „the felfe 


fame fide. , 


LZ wor if it be poffible from the poynt A let there be erected perpendicularly to one | 
(Aand the felfe fame playne fuperficies iwo right lines A Band AC on oneand Demonstra- 









the felfe fame fide . And extende ry n i * agi 2 £o 
the fuperficies wherein are the lines T 2 ; oa 3 nat ofsibi- 
RY A Band AC: anditfhallmakeat |. . Note this 
length a common fection in the ground fuperficies — 7 manerofie ` 
which common fection fhall be aright line , and | magination 
[hall pafse by the poynt A:let that common fettion T ae 


be the line D A E.Wherefore(by the 3. of the ele- | 
uenth) the lines AB,A C,ana D AE arein one , 
and the felfe fame playne fuperficies. And foraf- P >` E] » 


much asthe line C A is erected perpendicularly to the ground uperficies , therfore ( by the 
/ VV gs Ae- 


Demeufira- 
Bion leading to 
E LRP GE- 
bitte. (5 


- lels tbe one to tbe other . For if not,then if 


K . And forafmuch as the line A B is e- -— 


T he eleuenth Booke È | 


2.definition of the eleventh )it maketh right angles with all theright lines that touch it, and 
are in the ground fuperficies.But the line D A Etoucheth it, being in the ground fuperficies. 
Wherefore the angle C A Eis aright angle,and by the fame reafon alfo the angle B A Bis 
aright avgle.Wherefore(by the ¢ petition the angle C AE is equall to the angle BAE 
* a . 








the leffe to tbe more, both angles being in one e the fa TW ins 
poffitle Wherefore from one and the felfe fame poynt, "uu 102 
perficies can not be erected two perpendicular right lin / "ch 
mas required to be demonfirated. 

In this figure if ye ere€t perpendicularly the fu- — f — 
perficies wherein are drawnethelines s Aand cato | P A * 


the ground fuperficies wherein is drawn the line p aE, 
and fo compare it with the the demonftratió ofthe for 
mer propofition 1t Will be cleare vnto you. 


quM WEM, —— 


M. Dee his annotation. . 


Euclides wordes in this 13, propofition admit two cafes: one, if the poynt affigned be in the playne 
fuperficies,(as cómonly the demonftrations fuppofe)the other,if the poyntaffigned be any where with 
out the fayd playne fuperficies , to which , the perpendiculars fall,is confidered . Contrary to either of 
which,iftheaduerfarie affirme , admitting from one poynt two right lines, perpendiculars to one and 
the felfe fame playne fuperficies, and on one and the fame fide thereof, by the 6.6f the eleuenth he may 
be bridled: which will fore him to confeffe his two perpéndiculars to be alfo parallels. But by fuppofi- 
tion agreed one,they concurre at one and the fame poynt. which (by the definition of parallels ) is im- 
poffible. Therefore our aduerfary muitrecant aud yelde to our propofition. : , 


y T'he 12, T'heoreme. ` T'he 14. Propofition. 


To whatfoener plaine fuperficieces one and tbe felfe fame right lineis ea 


_reéted perpendicularly : thofe fuperficieces are parallels the one to the 
other. . 









* Vppofe that aright line A B be yt 


S erected perpedicularly to either 





e of thefe plaine fuperficieces 
ICI EX SCC D and E F. Then 1 fay, that 
thefe{uperficteces C D and E F are paral- 


they be extended they will at thelength cv 
mecte . Let them meete, if it be pofible. 

Now then their common fection [ball (by 
the 3. of the eleuenth ) be a right ine. A 
Let that common fection be GH. And 

jn the line G H take a point at all aduen- 

tures and let the fame be K . And drawe a 

right line from the point A tothepoiñt K, 

and an other from the point B to the point 





x refed 


of Euclides Elementes. Fol.330. 


` rected perpendicularly to the plaine {uperficies EF, therefore the line AB is alfo erected 
perpendicularly to the line B K which is in the extended [uperficies E F Wherfore the angle 
AB K isaright angle. And by the fame reafon alfothe angle BA K is aright angle.Wher- 
fore in the triangle AB K ,thefetwo angles A B K & B-A K, are equall totwo right angles: 
which (by the 17 .of the firft) is impofSible . Wherefore thefe fuperficieces CD and E F being 
extended meete not together . Wherefore the fuperficieces C D aud E E^ <vallells. Wher- 
fore to what foeser plaine [uperficieces one and the felfe fame right L erpendicu- 
larly : thofe [uperficies are parallells the one to the other : which “Wwotted 






In this figure may ye plainly fee the former demonflra- 
tion if ye erecte the three fuperficieccs,G D, GE, and 
K L Mperpédiculary to the ground plaine Ipperficies: but 
yetinfuch fort that the two fuperficiecss GD and GE 
may concurre in the common line G K Hi, as is required in 
the demonftration. 


A corollary added by Campane. 


Tf a right line be eretted perpendicularly to owe of thofe fuperficies , it fhall alfa be eretted perpeit» 
dicularly to the other. 


For if it fhould not be ereéted perpendicularly to the other , then it falling vpon that other fhall 


make with fome one line thereofan angie leffe then a right angle: which line fhould (by the . petition 
of the firit)concurre with fome one line of that fuperficies whereunto itis perpendicular . So that thofe 
fuperficieces fhould not be parallels: which is contrary to the fuppofition . For they are fuppfed to be 
parallels. n v 


(70 g The r5. D heoreme; The 15. Propofition. 


If two right lines touching the one the other be parallels to two other right 
lines touching alfo the one the other and not being in the felfe Jame plaine 
Juperficies with the two firft: the plaine fuperficteces extended by thofe 
right lines, are alfo parallels the one to the other. 


S| ppofe that thefe two right lines AB and BC touching the one the other be pa- 
“| vallells to thefe two right lines D E ey E F touching alfo the one the other and 
A not being in the [elfe [ame plaine fuperficies with tbe vight lines 4B and BC. 
X. T hen I fay, that the plaine [uperficieces Dy tbe lines AB and BC, and the lines 
1 and EF. being extended, [hall not meete together, that 
is,they areequediftant and parallels. From the point B draw 

(by the r1.0f the elenenth ) a perpendicular line to the fu- 
perficies wherein are the'lines D E and E F, and let that per. 
pendicular line be BG. And by the point G in the plaine fu- 
perficies pafsing by D E,and E F draw (by the 31.0f the first) 
unto the ine E D.aparallell line GH > und likewife by that 
point G drawe in the fame [uperficies unto the line E F a pa- — 

rallell line G X. Andforaſmuch as the line B G is erected per- H K 
pendicularly to tbe fuperficies wherein are the lines D E and 

E F, therefore (by the 2. definition of the eleuenth ) it is alfo 
erected perpendicularly to all the right lines which touch it, ® 

aud are in the felfe ame fuperficies wherein are the lines D E. 
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VF ig. And 


Conſtruction. 


Demonſtra- 


tion. 


Demsulfra- 
tion leading to 
as seapofiive~ 
bitte. |. 


K. And forafmuch as the line AB is e- Tw 


T he eleuenth Boke 
2.definution of the elenenth it maketh right angles with all the right lines that touch it, and 
are in the ground {uperficies.But the line D A Etoucheth it, being in the ground {uperficies. 
Wherefore the angle C A Eis aright angle,and by the fame reafon alfo the angle BA Bis 
aright angle. Wherefore(by the 4 petition the angle C A E, is equall to the angle BAE 
the leffe to the more, both angles being in one c tbe felfe fame playne [uperficies which is im- 
poffitle. Wherefore from one and the felfe fame poynt,and to one and the [elfe [ame playne [n 
perficies can not be erected two perpendicular right lines on one cy the felfe Jame fide: which 
was required to be demonfirated, 





In this figure if ye erect perpendicularly the fu- 
perficies wherein are drawnethelines s Aand cato | *. | 
the ground fuperficies wherein is drawn the line p aE, 
and fo compare it with che the demonftratió ofthe for 
mer propofttion it Will be cleare vnto you. 


e t€ — 


M. Dee his annotation. | 


Euclides wordes in this 13, propofition admit two cafes:one;ifthe poynt affigned be in the playne 
fuperficies,(as cómonly the demonftrations fuppofe)the other,if the poynt affigned be any where with 
out the fayd playne fuperficies , to which , the perpendiculars fall,is confidered . Contrary to either of 
which, if the aduerfarie affirme , admitting from one poynt two right lines, perpendiculars to one and 
the felfe fame playne fuperficies, and on one and the fame fide thereof, by the 6.6f the eleuenth he may 
be bridled: which will fore him to confeffe his two perpendiculars to be alfo parallels. But by fuppofi- 
tion agreed one,they concurre at one and the fame poynt. which(by the definition of parallels ) 1s im- 
poffible. Therefore our aduerfary muitrecant aud yelde to out propofition. 7 


q The 12. T beoreme. T'he 14. Propofition. 


Lo whatfoener plaine fuperficieces one and the felfe fame right line is es 


| ig perpendicularly : thofe fuperficieces are parallels the one to the 
other. | 


S| poft that aright line AB be € 
erected perpedicularly to either 

of thefe plaine {uperficieces 

ICSEX SCC D and E FI ben 1 (ay, that: 
dehati CD and EF are paral- 

lels the one to the other . For if not, then if 

they be extended they will at the length. c. 
necte . Let them meete, if it be pofible. 

Now then their common fection [ball (by ! 
‘the 3. of the eleuenth ) bearightiline. | AZ 
Let that common {ection be GH. And 

in the line G H take a point at all aduen- 

tures andlet the fame be K . And drawe a 

right line from the point A tothe point K, 

and an other from the point B to the point 
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of Euclides Elementes. Fol.330. - 


. vetted perpendicularly to the plaine {uperficies E F, therefore the line AB is alfo erected 
perpendicularly to the line B K which is in the extended fuperficies E F Wherfore the angle 
AB Kisaright angle... And by the fame reafon alfothe angle B A K is a right angle. Wher- 
fore in the triangle AB K, thefe two angles A BK ¢ B.-A K, are equalltotwo right angles: 
which (by the 17 of the firft) is impofsible . Wherefore thefe [uperficieces C D. and E F being 
extended meete not together . Wherefore the [uperficieces C D aud E EA «wallells. V her- 
fore to what foeuer plaine [uperficieces one and the felfe fame right V er pendict- 
larly : thofe fuperficies are parallels the one to the other « which 





In this figure may ye plainly fee the former demontftra- | 
tion if ye erecte the three fuperficieces, ! he — 
K L Mperpédiculary to the ground pliinc| 
yerinfuch fort that the two fuperficiecs: 
may concurre in the common line C X Hj 
the demonfiration. —— 


A corollary added by Campane. 


If aright line be eretted perpendicularly to oue of thofe fuperficies s it fhall alfa be evetted perpen» 
dicularly to the other. | 


Forifit fhould not be erected perpendicularly to the other , then it falling vpon that other fhall 


make with fome one line thereofan angle leíTe then a right angle: which line fhould ( by the 5 petition 
ofthe firlt)concurre with fome one line of that fuperficies whereunto itis perpendicular . So that thofe 
fuperficieces fhould not be parallels: which iscontrary to the fuppofition . Fer they are fuppfed to be 
parallels. 9g i 


- b $ 
1 


oon The rj. I beoreme. .. ` The 15. Propofition. 


Tf two right lines touching the one the other be parallels to two other right 
lines touching alfo the one the other and not being in the felfe fame plaine 
Superficies with the two firft : the plaine {uperficieces extended by thofe 
right lines, are alfo parallelis the one to the other. 
r= Vppofe that thefe two right lines AB and BC touching the one the other be pa- 
Z rallells to theft two right lines D E & E F touching alfo the one the other,and 
A not being inthe felfe fame plaine fuperficies with the right lines AB and BC. 
ESSEX Then I fay, that the plaine fuperficieces by the lines AB and BC, and the lines 
DE and EF. being extended, fhall not meete together, that 
.ds,they are equediftant and parallels . From the point B. draw 
“(by the rr. of the elenenth ) a perpendicular line to the fu- 
perficies wherein are tbe lines D E and E F, and let that per. 
pendicular line be BG. And by the point G in the plaine fu- 
perficies paffing by D E and E F draw (by the 31.0f the first) ~ 
vntothe line E D.aparallellline GH: and likewife by that 
potut G drawein the fame fuperficies unto the line E F apa- 


vallell line G K. Audfara[much as the line B Gis ereéted per- H a 








pendicularly to tbe fuperficies wherein ave the lines D E and 
E F, therefore (by the 2. definition of the eleuenth ) it is alfo | 
erected perpendicularly to all the right lines whichtouchit, ® F 

and arein the felfe Jame fuperficies wherein are the lines D E. 
3 | VV iy. and 


Couſtruction. 


Demonſtra- 


tion. 
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rected perpendicularly to. the plaine [uperficies E F, therefore tbe line AB is Al[o erecfed 
perpendicularly to the line B K which is in the extended {uperficies E F Wherfore the angle 
AB K isaright angle .. And by the fame reafon alfothe angle B.A K is aright angle Wher- 
fore in the triangle AB K ,thefetwo angles A BK ¢ B-A K, ave equall totwo right angles: 
which (by the 17 .of the firft) 1s impofSible . Wherefore thefe fuperficieces CD and E F being 
extended meete not together « Wherefore the {uperficieces CD aud E F are parallells. Wher- 
fore to what foeser plaine fuperficieces one and the [elfe fame right line i; erected perpendicu- 
larly > thofe (uperficies are parallells tbe one to tbe other : which was required to be prouca. 


In this figure may ye plainly fee the former demontftra- 
tion if ye erecte the three fuperficieccs, - 
K L Mperpédiculary to the gronad pluinc 
yerin fuch fort that the two fuperficiecs: 
may concurrein the commonline C K zl l | 

the demonftration.  —— ÀJ | 


5 
ERES. 1] x — 


A corollary added by Campane. á 
If aright line be erefted perpendicularly to one of thofe fuperficies s it [haus "be erelled perpeit 
dicularly to the other. 


For if it fhould not be erected perpendicularly to the other , then it falling vpon that other fhall 


make with fome one line thereofan angle lefle then aright angle: which line fhould ( by the 5.petition 
of the firft)concurre with fome one line of that fuperficies whereunto itis perpendicular . So that thofe 
fuperficieces fhould not be parallels: which is contrary to the fuppofition . Fer they are {uppfedto be 
parallels. | gus. | 


ooo The 13. Theoreme:... . The 15. Propofition. 


Ef two right lines touching the one the other be parallels to two other right 
lines touching alfo the one the other and not being in the felfe [ame plaine 
Juperficies with the two firft: the plaine fuperficieces extended by thofe 
right lines, are alfo parallells the one to the other. | 








3 V ppofe that thefe two right lines .A B and B Ctouching the one the other be pa- 
ZA vallells to thee two right lines D E c E F touching alfo the one the other,and 
‘A not being in the felfe fame plaine fuperficies with the right lines AB and BC. 
ZR. Then I fay, that the plaine fuperficieces by the lines AB and BC, and the lines 
DE and EF being extended, fhall not meete together, that 
is,they areequediftant and parallels. From the point B. dram 
(by the 11. of the eleuenth ) a perpendicular line to the fu- 
perficies wherein are the lines D Eand E F, and let that per. 
pendicular line be BG. And by the point G in the plaine fu- 
perfictes pafsing by D E,and E F draw (by the 3 1.0f the first) 
vatothe tine E Da parallellline GH : and likewife by that - 
point G drawe in the fame [uperficies unto the line E F a pa- 


` Ẹ 
rallell line GK. Audfara[much as the line B G is eretted per- H > 








pendicularly to the fuperficies wherein are the lines D E and 

E F, therefore (by the 2. definition of the elenenth ) it is alfo I 

erected perpendicularly to all the right lines which touch it, ® F 
and are in the felfe Jare fuperficies wherein arethe lines D E. 

| | VF ij. and 


Couſtruction. 


Demomnſtra- 


tion. 
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rected perpendicularly to the plaine fuperficies EF, therefore the line AB is alfoeretted 
perpendicularly to the line B K which îs in the extended fuperficies E F Wherfore the angle 
AB K isaright angle .. And by the fame reafon alfothe angle B.A K is a right angle. Wher- 
fore in the triangle AB K ,thefe two angles A BK cy B-A K, are equall to two right angles: 
which (by the 17 .of the firft) 1s impofsible . Wherefore thefe [uperficieces CD and E F being 
extended meete not together . Wherefore the {uperficieces C D and E F are parallells. Wher- 
fore tu what foeuer plaine {uperficieces one andthe felfe fame right line is erected perpendicu- 
larly + thofe fuperficies are parallells the one to the other : which was required to be proned. 


In this figure may ye plainly fee the former cemonftra- 
tion if ye erecte the three fuperficieccs, | : 
K L Mperpédiculary to the ground plinc| 
yerinfuch fort that the two fuperficiecs 
may concurre in the common line G K Hi, | 
the demonftration. 





A corollary added by Campane. 


If aright line be eretted perpendicularly to one of thofe fuperficies , it fhan. be evelled perpen⸗ 
dicularly to the other. 


For ifit fhould not be erected perpendicularly to the other , then it falling vpon that other fhall 


make with fome one line thereofan angle leffe then a right angle: which line fhould (by the 5.petition 
of the firlt)concurre with fome oneline of that fuperficies whereunto itis perpendicular . So that thofe 
fuperficieces fhould not be parallels: which is contrary to the fuppofition . Fer they are fuppfed to be 
parallels. i W 


gf The 13.Theoreme. . ` The 1s. Propofition. 


If two right lines touching the one the other be parallels to two other right 
lines touching alfo the one the other and not being in the felfe Jame plame 
Juperficies with the two firft: the plaine fuperficieces extended by thofe 
right lines, are alfo parallells the one to the other. 


EX Fppo[e that thefe two right lines A B and BC touching the one the other be pa- 
X] ZA rallells to thefe two right lines D E & E F touching alfo the one the other and 
A not being inthe felfe [ame plaine fuperficies with the right lines AB and BC. 
2. T hen I fay, that the plaine ‘[uperficieces by the lines AB and B C, and the lines 
] E F. being extended, [hall not meete together, that 
as,they areequediftant and parallels . From the point B draw ^ 
(by the rr. of the eleuenth ) aperpendicular line to the fu- 
perficies wherein are the lines D E and E F, and let that per. 
penaicular line be BG. And by the point G in the plaine fa- 
perficies paling by D E,and E F draw (by the 31.0f the first) 
umtothe line E Da parallellline GH: and likewife by that 
point G drawe in the fame {uperficies unto the line E F apa- p 
vallell line G K. Audfara[much as tbe line B G is erected per- * 
pendicularly to the {uperficies wherein are the lines D E and 
E F, therefore (by the 2. definition of the elenenth ) it is alfo 
erected perpendicularly to all the right lines which touch it, 2 
and are in the felfe fame fuperficies wherein are the lines D E. 
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VV iy. And 


Coufirtctiott, 


DemonfIra- 
tion. 


Lhe eleuenth B ooke 


an4E F . But either of thefe lines G H and.G K touch it, and — | 
are alfo in the [uperficies voherein are the lines D E and EF, ] IM 
therefore either of thefe angles BG H, and BG K,is a right. | ge | 
angle . And forafimuch as the line B A is a parallell to the line 
GH (that the lines GH andG K are parallells unto the lines 
AB and BC it 1s manifeft by the 9.0f this booke ): there- . 
fore (by the 29. of the firft ) the angles GB 4 and B G.H are 
equall to two right angles. But the angle BG H is (by con- 
fiructio) aright angle, therfore alfo the angle G B A is a right 
angle : therefore the line G Bis erected perpendicularly to the 
tine B.A. And by the fame reafon alfo may it be proued, that 
the line BG iserected perpendicularly to the line BC . Now 
fora{much asthe right line BG is erected perpendicularly to 
thefe tive right lines B Aand BC touching the one the other, 
therefore ( by the 2. of the eleuentb ) the ine BG is eretted 
perpendicularly to the (uperficies wherein are the lives B AandBC. And itisal{o erected 
perpendicularly to the {=perficies wherein are the lines-GH and GK . But the [uperficies 
wherein are the lines G Hand G K, is that [uperficies wherein are thelines DE and EF: 
wherefore the line B Gis erected perpendicularly tothe [uperfictes wherein are the lines D E 
andE F . Wherefore theline BG is erected perpendicularly to the [uperficies wherein are 
the lines D E and EF, and to the fuperfictes wherein are the lines A B and BC . But if one 
and ihe felfe fame right line be erected perpendicularly to plaime fuperficieces, thofe fuperfi- 
cieces ave (by the 14.0f the elenenth) parallels the one to the other Wherefore the fuperficies 
wherin are the lines A B and BC is a parallel to the [uperficies wherin are the ines DE and 
E F . If therefore two vight lines toucbine tbe oue tbe other be arallels to two other right 
lines touching alfothe one the other, and net beingim the [elfe fame plaine fuperficies with 
the two firfl, the plaine fuperficieces extended by thofe right lines are alfo parallels the one to 
the other which was required to be demenftrated,. © NON 


: * di a. 
By this figure here put,ye may more sey 
the former 15.Propofition and alío the der e 
therof : 1f ye erccte perpendicülarly vrito t UN 
fuperficies , the three fuperficieces AB C, K 
L HB M, and fo compare it with the demonitratid: " 


— 








— — — — — 
iF do 
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| qr A. Corollaryadded by F//ffas. 

Vite a plasme fuperficses being geuen,to drawe by a point gewen without it, a parallel plaine fuperfieies. 
Suppofe as in the former defcription that the fuperficies geué be ABC, & let the point geué without 
itbe G. Now then by the point'G drawe ( by the. 31.0f the firft ) vnto thelines A B and B C parallel 
lines G H and H K. Ánd the füperficies extended by thelines G H and G K fhall be parallel vnto the 
fuperficies A B C, by this 15.Propofition, S 


I be 14. I beoreme. | Le 16. Propofition. 
if two parallel playne fuperficieces be. cut by fome one playne fuperficies: 
their common feéfions are parallel lines. pe, m 
mul P profe that shefe two plaine fuperficieces A BandC D becut by this plaine fu- 
$ perficies E F G Hand let their cominon fettions be the riaht lines E F and G 
&] H.T ben 1 [ay that the line E F isa parallel t tbe line G H. For if not, then the 


ines E F and G H being produced,fhall at the length meete together either on 
| the 






, 
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the fide that the pointes F,H areyor on 

the fide that the pointes E,G are. Firft | in’ | 
let them be produced on that fide that | A l 
the pointes F,H are and let them mete | . 
in the point K And forafmuchasthe ' 

line EF K is ia the fuperficies AB, | 

therfore allthe points which are inthe — E 2 
line E F are in the {uperficies A B (by = 

the first of this booke) But one of the | / 
pointes which are in theright line EF |. | DO ud 

R is the point K, therfore the point K | tion leading to 
is in the (uperficies AB. And by the an abfuveities 
fame reafon al{othe point K is in the 


fuperficies CD. Wherfore the twa fit- 4 
perficieces AB anaC D being produ- — — 
ced do mete together; but by fuptofitið | 


they mete not together, for they are [up Ta 
pofed to be parallels Wherfore the right lines E F and GH produced? egether 
on that fide that the pointes F,H are In like fort alfo may we prone| | HEF 


_and GH produced meete not together on that fide that the pointes | 
which being produced on no fide mete together, are parallels (by 
firft.) Wherfore the line E F 1s a parallel to the line G HIF therfi 
perficieces be eut by fome one plaine fuperficies their common ff 
which was required to be proued. a | 


J 


od 









This figure here fet more plainly decl 
demonftration, if ye ere&t perpendicularly | 
fuperficies the three fuperticieces A B,C | 
and fo compare it with the demonftration| 

p^ 


1 t a 
M Me... — 





A Corollary added by Flufis. a 
If two plaine fuperficieces be parallels to one and the felfe fame playne fuperficies; they fhall alfo be | 
parallels the one to the other ov they {hall wake one and the felfe fame plaine fuperficies, 


For ifthe plaine fuperficieces DG and GH 'N 
being parallels to one and the felfe fame fuperfi- AS 
-: cies,namely, to A B be notalfo parallels: the one 
to the other,then being produced they fhall con- 
curre(by the conuerfe of the fixt definition ofthe 
eleuenth) Let them concurre in therightline G 
E.Then I fay that the fuperficieces GD andGH 
are in oneand the felfe fame playne fuperficies. 
Draw in the playnefuperficies AB ‘aright line at 
alladuentures A C.And by thatrightlyne & the 
point Eextendea playne fuperficies, cutting the 
two füperficieces D G and G H by the rightlines 
E Dand EI. Wherfore therightlines A C and D 
E,alfo A Cand ET are parallels by this popoi 


60 ‘But the lines D E and EI foiafmuch as they ——— r H 
concurre in the point E are not parallels the one D | 
to theother. Wherefore the rightlines DE and Es 
E Y make direcily onerightline (by that which is Ud dr 
added after the 3o. propofiton ofthe firit.) And "E 

G O 


therfore the plaine fuperficieces D G and G H are 
inone and the felfe fame playne fuperficies . For « 
VV. iil. if 


/ 





Lhe eleuenth B coke 


and E F . But either of thefe lines G H and.G K touch it, and | | 
are alfo ip tbe [uperficies wherein are the lines D E and EF, | EE. 
therefore either of thefe angles BG H, and BG K,is a right. | 
angle . Aud forafmuch as the lime B Aisa parallell to the line 
G.H (that tbe lines G H and G K are parallells unto the limes 
AB and BC it is manifeft by the 9.0f this booke ): there- . 
fore (by the 29. of the firft ) theaugles GB Aand BGH are 
equall to two right angles. But the angle BG H is (by con- 
fiructio) aright angle,therfore alfa the angleG B Aisa right 
angle : therefore the line G Bis erected perpendicularly to the 
line BA, And by the fame reafon alfo may it be proued, that 
the line B Gis erected perpendicularly to the line BC. Now 
foralmuch asthe right line BG is erected perpendicularly to 
thefe two right lines B Aand BC touching the one the other, 
therefore ( by tbe a. of the eleuentb ) the ine BG is eretted 1 
perpendicularly to the {uperficies wherein are the lives B AandBC.' And itis allo erected 
perpendicularly to the {uperficies wherein are the lines GH and GK . But the {uperficies 
whereis are the lines G Hand G K,15 that Juperficies whereinare thelines D E and EF: 
wherefore the line B Gis erected perpendicularly to the fiperficies wherein are the lines D E 
and EF . Wherefore the line BG is erected perpendicularly to the {uperficies wherein are 
the lines D E and EF, and to the {uperfictes wherein ave the lines A Band BC. But if one 
and thefelfe fame right line be erected perpendicularly to plaine fuperficieces, thofe {uperfi- 
cieces ave { by the 14.0f the elenenth) parallels the one to the other . Wherefore the Super ficie s 
wherin are the lines A B and B C is a par allel to the fuperficies wherin are the lines D E and 
E F . if therefore two right Lines touching the one the other'be parallels to two other right 
lines touching alfo the one the other, and net being in the felfe [ame plaine fuperficies with 
the two firft, the plaine fuperficieces extended by thofe right lines are alfo parallels the one to 
the other which was required tobe demanftrated. © c 
— 


— 





Dy this figure bere put,ye may niore clerely fee both. 
the former 15.Propofition and alfo the demontiration 
therof : if ye ereCte perpendicularly vnto the ground’ >) + 
fuperficies , the three fuperficieces AB C, KH E, and 
LHBM, and fo compareit withthe demonttration. |". 





«1 À Corollaryadded by Fluffas. 

Vute a plasme fuperficses being genen,to drawe by a point genen without $t, a parahel plaine feperfieies. 
Suppofe as in theformer defcription that the fuperficies geué be A B C, & letthe point geué without 
itbe G. Now then by the point' G drawe ( by the. 31.0f rhe firft ) vnto thelines À B and B C. parallel 
lines GH and HK. And the fuperficies extended by thelines G H and G K fhall be parallel vnto the , i 
fuperficies A B C, by this 15.Propofition, an rm 





T'he 14. "T beoreme.. — J T he 16. Propofition. ` 
If two par allel playne fuperficieces be cut by Jome one playne Juperficiesi 


thei common feézions are parallel lines. ` | 












3 QUI Vpppfe that shefe two plaine fuperficieces A Band CD becut by this plaine fu- 

f, | peficies E FG Hand let their common fettions be the right lines E F andG 

VO | H.T ben 1 [ay that tbe line E F is a parallel to the line G H. For if not, then the | 

ARLY dines E F and G H being produced,fball at the length meete together either on 
the 


r 
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&n4 E F . But either of the[e lines G H and.G K touch it, and 


— 


are alfo in the {uperficies wherein are thelinesD E and EF, - ' ai. 


therefore either of tbe[e angles B G H, and B G K,is a right. 
angle . And forafmuch as the line B Aisa parallell to the line 
GH (that the lines G H andG K are parallells unto the lines 
AB and BC it is manifeft by the 9.0f this booke ): there- | 
fore (by the 29. of the firft ) theangles G B Aand BGH are 
equall to two vight angles. But the angle BG His (by con- 
firucfin) aright angle,therfore alfo the angle G B A isa right 
angle : therefore the line G Bis erected perpendicularly to the 
line BA. And by the fame reafon alfo may it be proued, that 
the line B G is erected perpendicularly to the line BC. Now 
Sorafmuch asthe right line BG is erected perpendicularly to 
thefe tivo vight lines B Aand B C touching the one the other, 
therefore ( by tbe a.of tbe eleuemtb ) the line B G is erected ' 

perpeudicularig to the [uperficies wherein are the limes B A and B C .' Aud it is alfo ereed 
perpendicularly to the {sperficies wherein are the lines GH and GK . But the fuperficies 
wherein are the lines G H and G K, is tbat [uperficies wherein are. thelines D E and EF- 
mberefore the line B Gis erected perpendicularly to the fiperficies wherein are the lines D E 
and EF . Wherefore theline BG is erected perpendicularly to the fuperficies wherein are 
the lines D E and E F, and to the fuperficies wherein are the lines A Band BC. But if one 





andthe felfe fame right line be erected perpendicularly to plaine {uperficieces, thofe feperfi- 
cieces ave (by the 1 4.0f the cleuenth) parallels the one to the other .VV berefore tbe ſuperficics 


wherin are the lines A B and B C is a parallel to the fuperficies mherin are tbe lines D E and 
E F . If therefore two right lines touching the one the other'be parallels to two other right 
lines touching alfo the one the other, and not beingin the felfe fame plaine-{uperficies with 


* , 


the other which was required to be demanfirated,.  - 


——— —ÀH 
| ww a. 
By this figure here put,ye may more uu E. 
the former x5.Propofition and alfo the den; 
therof: if ye erccte perpendicülarly vito t | 
fuperficies , the three fuperficieces AB C, K 
LH9M,andío compareit withthe demonttrauó. 


^ 


the two firft, the plaine fuperficieces extended by thofe right lines are alfo parallels the one ta 





aj A Corollary added by Fluffas. 

Vntoa plasne [uperficies being genen, to drawe by a point genen without it, a parallel plaine fuperfieies. 
Suppofe as in the former defcription that the fuperficies geué be A BC, & ler the point geué without 
itbe G. Now then by the point'G drawe ( by the. 31.of the firft ) vnto thelines À B and B C. parallel 
lines G Hand H K. And the fuperficies extended by thelines G H and G K fhall be parallel vnto the. 
fuperficies A B C, by this 15.Propofition, — | 


The 14.Theoreme. Thei. (Propofition. 
Tf two parallel playne fuperficieces be cut by fome one playne fuperficies: 


their common ſeccions are para Ilel lines. 


V ppofe that thefe two plaine fuperfacieces A Band C D be cut by this plaine fu- 
| | perfucies E F G Hand let their common fections be the richt lines EF andG 
S | H.T hen I fay that tbe line E F is a parallel to the line G H. For if not, then the 
lines E F and G Hf being produced, fall at the length meete together either on 
the 
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RR i, eee. 
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an4E F . But either of thefe lines G H and.G K touch it, and | l 
are alfo in the [uperficies wherein are the lines D E and EF, uu 
therefore either of thee angles B G H,and B G K,is a right. — | 
angle . Aud forafmucb as the line B Ais a parallell to the line 
GH (that the lines G H and G K are parallells unto the lines 
AB and BC it is manifest by the 9.0f this booke ): there- . 
fore (by the 29. of the firft ) theangles GB Aand BGH are 
equal! to two vigbt angles. But the angle BG H is (by con- 
flruttio) aright angle,therfore alfe the angle G B Ais aright 


angle : therefore the line G B is erected perpendicularly tothe t E 

line B A. And by the fame reafon alfo may it be proued, that SN 

the line B Gis erected perpendicularly to the line BC. Now — 
DO F 





fera[much as the vieht line B G is erected perpendicularly to 

thefe two right lines B Aand BC touching the one the other, 

therefore ( by the 2.of the elenenth ) the line BG is eretted 

perpendicularly to the fuperficies wherein are the lines B.A and BC. And itis alfo eretfed 
perpendicularly to the [sperficies voberein are the lines G H -and GK . But the Juperficies 
wherein are the lines G Hand G K, is that [uperficies wherein are thelines D E and E F- 
wherefore the line BG is erected perpendicularly to the fiperficies wherein are the lines D E 
and EF . Wherefore theline BG is erected perpendicularly to the {uperficies wherein are 
the lines D E and E F, andto the [uperfictes wherein are the lines A Band BC. But if one 
and thefelfe fame right line be erecicd perpendicularly to plaine fuperficieces, thofe feperfz- 
cieces are (by tbe 1 4.of the eleuenth) parallels the one to the other . Wherefore the J'perficies 
wherin are the lines AB and BC is a parallel to the [uperficies wherin are the lines D E ag4 
E F . If therefore two vight lines touching the one the other ‘be parallels to two other right 
lines touching alfo the one the other, and not being in the [elfe fame plaine fuperfizies mih 
the two firfl, the plaine fuperficieces extended by thoferight lines are alfo parallels the one to 
the other which was required tobe demenfirated,. "orat 


: - + ^ 
By this figure here put,ye may more sea 
the former 15.Propofition and alfo the der, T 
therof: if ye erccte perpendicilarly vnto't | 
fuperficies , thethree fuperficieces ABC, K 
LBM, and fo compare it with the demonitranos J 


— 


a A^ 





| «$1 À Corollary added by Fluffas. 

Vutea plasne fuperfictes being geuen,to drawe by a point geuen without st, a parahel plaine fuperficies. 

Suppofe as in the former defcription that the fuperficies geué be ABC, & let the point geué withour 

itbe G. Now then by the point'G diawe ( by the.31.0f the firft ) vntothelines AB and B C parallel 

lines G Hand H K. And the {uperficies extended by the lines G Hand G K fhall be parallel vnto the 
fuperficies A B C, by this 15.Propofition. "nd 


The 14.Theoreme. The 16. Propofition. 
If two parallel playne fuperficieces be cut by fome one playne Juperfictes: 


their common feézions are parallel lines. 


(idl Vppole that thefe two plaine [nperficieces A B and C D. Le cut by this plaine fu- 

| p perficies E F G Hand let tberr cominon fetiions be the riaht lines E F and G 

$7] H.Then I [ay that tbe line EF isa parallel to the line GH. For if not, then the 

ines E F and G H being produced, foal at the length meete together cba 0p 
BIE 
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Lhe eleuenth B ooke 


and E F . But either of thefe lines G HanadG K touchit, and — | 
are alfo in the [uperficies wherein are the lines DE and EF, ilu 
therefore either of tbe[e angles B G H, and BG K,is a right. x 

angle . And forafmucb as the line B A is a parallell to the line 
GH (that the [nes G H and G K are parallells unto the lines 
AB and BC it is manifeft by the 9.0f this booke ): there- . 
fore (by the 29. of the firft ) theangles G B Aand BGH are 
equali to two right angles. But the angle BG H és (by con- 
fiructio) aright angle,therfore alfo the angleG B A isa right 


angle: therefore the line G B ts evetied perpendicularly to the E x 

tine BA. And by the fame reafon alfo may it be proued, that N 

the line B G is erected perpendicularly to the line BC . Now >a 
Dd... F 





Sorafmuch asthe right line BG is erected perpendicularly to 

thefe tivo vight lines B Aand BC touching the one the other, 

therefore ( by the 2. of the elenentir ) the ine BG ds eretted 

perpendicularly to the uperficies wherein are the lines B.A andBC. And itis alfo erected 
perpendicularly to tbe fsparficies wherein are the lines G H and GK . But the {uperficies 
wherein are the ines G Hand G K, 1s that [uperficies wherein are thelines DE and EF: 
mberefore the line B Gis erected perpendicularly to the [per facies wherein are the lines D E 
and EF . Wherefore theline BG is eretted perpendicularly to the {uperficies wherein are 
the limes D E aud EF, and to the {uperficies wherein are the lines A Band BC. But if one 
and thefetfe fame right line be erected perpendicularly to plaine {uperficieces, thofe feperfi. 


cieces ave (by the r4.0f the elenenth) parallels the one to the other . Wherefore the {uperficies 


wherin are the lines A B and BC is a par allel to the (uperficies wherin are the lines D E and 
EF . If therefore two right lines touching the one the other ‘be parallels to two other right 
lines touching alfo the one the other, and net beingin the [elfe fame plaine fuperficies with 


P 


the other which was required to be deman gftrated, 


the two firfl, the plaine [uperficieces extended by thofe right lines are alfo parallels the oneto 


m e. 








By this figure here put,ye may more — à |j 
the former x5. Propofition and alfo the derg i D x a 
therof : if ye ercéte perpendicülarly vnto't | "- 
fuperficies , the three fuperficieces AB C, K * 
LHBM, and ſo compare it with the demonſtratio 


@ A Corollaryadded by Fluffas. 

Vutea plasne fuperficies being genen, to drawe by a point genen without tt, a parahel plaine fuperfieies, 
Suppofe as in the former defcription that the fuperficies geuč be A BC, & ler the point geué without 
itbe G. Now then by the point' G. drawe ( by the 31.of the firft ) vnto thelines AB and B C. parallel 
lines G Hand H K. Andthe fuperficies extended by thelines G H and G K fhall be parallel vnto the 
fuperficies AB C, by this 15.Propofition. . : MAS 


The 14. Théoreme. Lhe 16. Propofition. 
If two parallel playne fuperficieces be cut by fome one playne fuperficies: 


their common feéfions are parallel lines. 


; VE, V ppofe that thefe two plaine fuperficieces A BandC D be cut by this plaine fa- 
d O Zt perficies E F G and let their cominon fettions be the right lines EF andG 
WAS | H.Then I fay that the line E F is a parallel to the line G H. For if not, then the 
tines E F and G H being produced,foall at the length meete together either on 
| the 
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of Euclides Elementes. - Fol.331.. 

the fide that the pointes F,H ave;or on ` Abe | | 

the fide that the pointes E,G are. Firft x Í 

let them be produced on that fide that ' l | ; 
the pointes F,H are,and let them mete i 

in the point K And forafmuch as the 
line EFK is in the fuperficies AB, 
therfore all the points which are inthe 
line E F are in the fuperficies A B (by 
the first of this booke) But one of the 







pointes which are in the right line E F 

Fa v. WÉ Demoi: [tran 
Kis tne porni K 3 therfore 5e poit K tion leading to 
isin the [uperficies AB. And by the an abfureities 


fame reafon alfo the point K is in the 
fuperficies C D. Wherfore the two fit 
perficieces A B and C D. being prodn- 
ced do mete together, but by ſuptoſitiõ 
they mete not together, for they are {up 
pofed to be parallels Wherfore the right lines E F andG H produced 
on that fide that the pointes F,H are In like fort alfo may we proue ix 
andGH produ ced mecte not together on that fide that the pointes 7 
which being produced on na fide mete together, are parallels (by t 
firft.) Wherfore the line E F is a parallelto the line G H Lf therfi 
perficieces be cut by forme one plaine fuperficies their common fe 
| | 





which was required to be proued. 
= á 1 Á J —— 

This figure here fet more plainly declareth the former | Í | 
demonftration,if ye ereét perpendicularly vnto the ground | 
fuperficies the three fuperficieces A B,C D, andEFK H G, | | | m 
and fo compare it with the demonftration. ! | — — — 

| á : "m ] : | 
A Corollary added by Flufias. 


If two plaine fuperficieces be parallels to one and the [elfe fame playne fuperficies; th oy fhalla I be 
parallels the one to the other ,or they {hall wake one andthe felfe fame plaine faperficies, 


For ifthe plaine fuperficieces DG and GH X 

being parallels to one and the felfe fame fuperfi- à» i 

cies, namely, to A B be not alfo parallels: the one 
to the other,then being produced they fhall con- 
curre(by the conuerfe of the fixt definition ofthe 
eleuenth) Let them concurre in the rightline G 
E. Then 1 fay that the fuperficiecesG D andGH 
are in one and the felfe fame playne fuperficies. 
Draw in the playnefuperficies A B'aright line at 
alladuentures A C.And by thatrightlyne & the 
point Eextendea playne fuperficies,. cutting the 
two fuperficieces D G and G H by the right lines 
ED andEI. Wherfore the right lines AC andD 
E,alfo A Cand EL are parallels by this propofiti- 

“oni’But the lines D E and EI forafmuch as they 
concurre in the point E are not parallels the one D 
to the other. Wherefore the right lines DE and 

~ EJ make diredily one right line (by that which is 

added after the 30. propofiton ofthe firft.) And 

therfore the plaine fuperficieces D G and G Hare o 

inone and the felfe fame playne fuperficies . For 
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of Euclides Elementes. 


the fide that the pointes FH are, or on 
the fide that the pointes E,G are. Firft 
let them be produced on that fide that 
the pointes F,H are and let them mete 
in the point K.. Ard forafmuch as the 
line EF K is ia the fuperficies AB, 
therfore allthe points which are inthe 
line E F are in the fuperficies AB (oy 
the first of this booke) But one of the 
pointes which are in the right lige E F 
K isthe poist K, therfore fhe point K 
is in the fuperficies AB. And by the 
fame reafon alfo the point K is in the 
fuperficies C D. Wherfore the two fu- 
perficieces ABand CD being produ- 
ced do mete together; but by [upzofitio 
they mete not together for they are fup 


od 


Fol33t. 


— 


C 


pofed to be parallels Wherfore the right lines E F and G H produced {hall not meete tozether 
on that fide that the pointes FH are In like fort alfomay we prone that the right lines EF 
and G H produced meete not together on that fide that the pointes E,Gare. But right lines 

which being produced on no fide mete together, are parallels (by the laft definition of the 
firft.) Wherfore the line E F is a parallel to the line G HIF therfore two parallel plaine ſu- 
perficieces be cut by fome one plaine fuperficies their common fections are parallel lines: ` 


which was required to be proved. 


This figure here fet more plainly ded 
demonftration,if ye ere& perpendicularly 


E 


fuperficiesthe three fuperficieces A BBCD — — 


and fo compare it with the demonttration} 


X 


A Corollary added by Flufas. 
If two plaine fuperficieces be parallels to one and the felfe fame playn 
parallels the one to the other,or they (hall wake one and the felfe fame pla 


For ifthe plaine fuperficieces DG and GH 
being parallels to one and the felfe fame fuperfi- 
- cies,namely, to A B be notalío parallels: the one 

to the other,then being produced they fhall con- 
curre(by the conuerfe of the fixt definition ofthe 
elcuenth) Let them concurre in tlie rightline G 
E.Then I fay that the fuperficieces GD and G H 
are in one and the felfe fame playne fuperficies. 
Draw in the playne fuperficies A Barightline at 
alladuentures A C.And by that rightlyne & the 
point Eextendea playne füperficies, cutting the 
two füperficieces D G and G H by the rightlines 
E Dand EI. -Wherfore the right lines AC andD 
E,alfo A Cand EL are parallels by this propofiti- 
on {But the lines D E and EI-forafmuch as they 
concurre in the point E are not parallels the one 
to the other. Wherefore the right lines DE and 
E I make diredily one right line (by that whichis 
added after the 30. propofiton of the firft.) And 
therfore the plaine fuperficieces D G and G H are 
inoneand the felfe fame playne fuperficies . For 
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tion leacingta 
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of Euchides Elementes. Fol.33t. 


the fide that the pointes FH are, or on 
the fide that the pointes E,G are. Firft | K 
let them be produced on that fide that | TES 

the pointes F ,H ave,and let them mete | T 
in the point K « And forafmuch as the 
line EF K is in the füperficies AB, 
therfore allthe points which ave inthe 
line E F are in the fuperficies AB (by D 
the first of this booke) But one of the 
pointes which are in the right line E F 
Kis the point K, therfore tie point K 
is in the [uperficies AB. And by the 
fame reafon alfothe point K is in the 
fuperficies C D. Wherfore the two fz- 
perficieces ABandC D being predit- 












ced do mete together, but by {uptofisio c 
they mete not together for they are fup PENS 
pofed to be parallels Wherfore the right lines E F and G H produced E erher 
on that fide that the pointes F,H are In like fort alfo may we proud —— E E 
_and G H produced meete not together on that fide that the pointes | nes 
which being produced on no fide mete together, are parallels (by | she 
firft.) Whergore the line E F ts a parallelto the line G H.If therfa fù- 
perficieces be cut by fome one plaine faperficies their common fe ts $ 
which was required to be proned. Y | | - 
- | Y n — -— — E 






This figure here fet more plainly dec] 
demonftration, if ye erect perpendicularly | «, 
fuperficies the three fuperticieces A B,C D 
and fo compare it with the demonflration] 


— 
— — — 


A 


| A Corollary added by Flufus. l 
If two plaine fuperficieces be parallels to ome and tbe félfe femme playne faperficies: they [hall alfa be 
parallels tbe one to the otber,or they {hall wake one and the felfe fame plaine fuperficies, 


For ifthe plaine fuperficieces DG and GH 
being parallels to one and the felfe fame fuperfi- 
' cies,namely, to A B be notalfo parallels: the one 
to the other,then being produced they fhall con- 
curre(by the conuerfe of the fixt definition ofthe 
eleuenth) Let them concurre in the rightline G 
E.Then I fay that the fuperficieces G D and G H 
are in oneand the felfe fame playne fuperficies. 
Draw in the playnefuperficies A Barightlineat 
alladuentures A C.And by that rightlyne & the 
point Eextendea playne fuperficies, cutting the 
two fuperficieces D G and G H by the rightlines 
E Dand EI. .Wherfore theright lines AC andD 
E,alfo A Cand EL are parallels by this propofiti- 





therfore the plaine fuperficieces D G and G Hare 
in oneand the felfe fame playne fuperficies . For 


on But the lines D E and EI-forafmuch as they ——— lg 

concurre in the point E are not parallels the one D | | 

to the other. Wherefore the right lines DE and E 

E I make dire&ly oneright line (by that which is — — 71 

added after the 30. propoſiton of the firft.) And A e | 
s 
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Construction. 
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tion, 


The elenenth B ooke 


if they be nor,then part ofthe right line D I,namely,the part D E is in the playne fuperficiesD G, and 
an other part therof,namely,E I is on high in an other fuperficies G H, which by the firit of the eleuéth 
is impoffible. Wherfore the fuperficieces D G and G H are in one and the felfe fame playne fuperficies. 
a if pie fuperficieces D G and G H neuer concurre,then are they parallels by the 6, definition of the 
eieuerntn. 


In this figure here fet, ye may more plainely fee the 
former demonftration, if ye eleuate to the ground fuper- 
ficieces A C D Ithe three fuperficieces A B,D G,& GI, 
and fo compare it with the demonftration. 





The rs. T heoreme. be 17. Propofition. 


“Tf two right lines be cut by playne fuperficieces being parallels: the partes 
of the lines denided [hall be proportionall. — 





AV ppofe that thefe two right lines A B and C D be denided by thefe plaine fuper 
/ | ficieces being parallels, namely,GH,KL,MN in the points A,E,B,C,F,D.Theé 
A fay that as the right line A E is to the right line E B fo is the right line C F to 
Sa) the right line F D.Draw thefe right lines AC,B D and AD. And let the line 
A D and the fuperficies K L concurre in tbe point X. «4nd 


H 









draw a right line from the point E to the point X and an o- 
ther from the point X tothe point F. And forafmuch as | 
thefe two parallel fuperficieces K Land MN are cut by the 
fuperficies EB D X, therfore their common ſections which 
are the lines E X and B D, are (by the 16. of the eleuenth) 

parallels the one to the other. And by the fame reafon alfo 

forafmuch as the tivo parallel (uperficies G H and K L be cut 
by the fiperficies AX F C, their common fections AC and 

X F are(by the 16 .of the eleuenth parallels. And forafmuch 

as to one of the fides of the triangle ABD, namely, to the 

fide B D is drawne a parallel line E X ,therfore:(by the 2. of x 

the fixt) proportionally asthe line A E is to tbe line E B,fo 

is the line AX tothe line X D. Againe forafmuch asto one 

of the fides of thetriangle A D C,namely, to the fide.AC is 

drawen a parallel line X F therfore by the 2.0f the fixt, pro- 

portionally as the line A X is to the line X D fois the line C 

F to the line F D.And it was proued that as the line AX is 

to the line X D fo is tbe line A E to the line E B, therefore 

alfo (by tbe x1.of thefifi) as the line A E is tothe line EB, 

fois the line C F to the line F D.If therfore two right lines 

be deuided by platne {uperficieces being parallels,the parts of the lines denided [hal be propor. 
tionall : which was required to be demonftrated. | a s | 


In 





of Euchdes Elementes. 


In this figure it is more eafy to fee the former demonftration, ifyee- 
rect perpendicularly vnto the ground füperficies A C B D, the threfu- 
perficieces, GH,K L,and M N;or if ye fo cre& them that they be equedi- 
ftantoneto the other. 


qT he 16. T'heoreme. The 18. Propofition. 


Uf aright line be eretted perpedicularly toa plaine 
fuperficies: allthe fuperficieces extended by that 
right line, are erected perpendicularly to the felfe 


fame plaine fuperficies. 





ENG V ppofe that a right line AB be eretted perpendicularly to a ground [uperficies.T he 
SES I fay, that all the fuperficieces pafing by the line AB, are eretted perpendicularly 
DISC to the ground [ uper[ictes . Extend a fuperficies by the line AB, and let the fame 
be E D, & let the comon fection of the plaine | | 

fuperficies and of the around fuperfiiesbe p. ^ ` E Nl H 
the right line C E . And take in the line C E va | 
a point at all aduentures, and let tbe fame be. 
F: and (by the 11.0f the first) fromthe point | 
F dramevnto the line CE a perpendicular | 
line in the [uperficies D E, and let the fame | 
be. F.G - dpd fora[much as the line AB is | | 
ereifed perpendicularly t. tbe ground [uper- — — ———— | | 
facies, therefore (by tbe 2.defzmitionofthee- ^ — > 5 
lenenth). the line AB is erected perpenditu- ` 












Conſtruction. 


larly to.all the right lines that ars in the ground plaine ſuperficies, and which touch it Wher. ur. 
Jore it is ereċted perpendicularly to the line € E. Wherefore the angle AB Eis aright angle. 
And theangh G F Bis alfo. aright angle (by confruttion) . Wherefore ( by'the 28.0f the 
firft) the ine AB is a parallelte the line FG . But the line AB is erected perpendscularly to 
the ground fuperficies : wherefore (by the 8.of tbe elenenth) thé line F Gis alfo eretted pers 
pendicularly to the ground {uperficies.And forafmuch as (by the 3 definition of the eleuenth) 
4 plaine {uperfictes ts then erected perpendicularly toa plaine fuperficies, when all the-right 
lines drawen tn one of the plaine [uperficieces unto the common fection of thole two plaine w- 
perficieces making therwith right angles, do alfo make right angles with the other plaine fu~ 
perficies -and it is proued that tbe line F G drawen in oneof the plaine fuperficieces, namely, 
in DD E, perpendicularly to tbe common [eétion of the plaine füperficieces, namely , to the line 
C E, is crected perpendicularly to the ground [uperficies: wherefore the plaine f[uperficies D E 
-ås erected perpendicularly to the ground [uperficies. In like fort alf{o may we proue, that all the 
plaine {uperficieces which paffe by the line A B, åre erected perpendicularly to the ground fu- 
perficies . If therefore a right line be erected perpendicularly to a plaine fuperficies all the fa- 
perficieces pafing by the right line, are erected perpendicularly to the felfe fame plaine fuper- 
ficies: which was required to be demonstrated: — -— 
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ſide BD is drawne a parallelline E X,therfore:( by the 2. of X 


Lhe eleuenth Booke 


if they be not,then part of the right line D I,namely,the part D E is in the playne fuperficiesD G, and 
an other part therof,namely,E 1 is on high inan other fuperficies G H;which by the firft of the eleuéth 
is impoffible. Wherfore the fuperficieces D G and G H are in one and the felfe fame playne fuperficies. 
Butif the fuperficieces D G and G H neuer concurre;then are they parallels by the 6. definition of the 


| NE 


eleuenth. 


In this figure here fet, ye may more plainely fee the 
former demonftration, if ye eleuate to the ground fuper- 
ficieces A C D I,the three fuperficieces A B,D G,& GI, 
and fo compare it with the demonftration. 





I be rs. I beoreme. 


Lhe 17. Propofition. 


> 
) 


If tivo right lines be cut by playne fuperficieces being parallels: the partes 
‘ofthe lines deuided [ball be proportional. | 






cu Fppofetbatthefe two right lines A B aud C D be deuided by thefe plaine fuper- 
"| ficieces being parallels, namely,GH,KL,MN in the points A,E,B,C,F ,D.Thé 
"|| L{ay that as the right line A E is to the right line E B,fo is the right line C F to 
Was} the right line F D.Draw thefevight lines AC,B Dand AD. Andlet the line 
A D and the fuperficies K L concurre in the point X. And 
draw aright line from the point E to thepoint X and an o-. 
ther from the point X tothe point F. And forafmuch as 
thefe two parallel fuperficieces K Land MN are cut bythe 
fuperficies EB D X, therforetheir common fections which 
are the lines E X and B D, are (by the 16. of the eleuenth) 
parallels the one to the other. _And by the fame reafon alfo 
forafmuch as the two parallel (uperficies G.H and K L be cut 
by the fuperficies AX FC, their common fections AC and 
X F are(by the 16 of the eleuenth parallels. And forafmuch 
as to one of the fides of the triangle ABD, namely, to the 


H 





the fixt) proportionally asthe line A E is to the line E B, fo 
isthe line A X tothe line X D. Againe forafmuch asto one 
ofthe fides of thetriangle A D C,namely, to the fide AC is 
drawen a parallel line X F therfore by the 2.0f the fixt, pro- 
portionally as the line AX is to the lineX D,fois the line C 
F to the line F D. And it was prowed that as the line AX is 
to the line X D fo is the line A E to tbe line E B, therefore 
alfo (by the rr.ofthefift) asthe line A E is to the line. E B, 
fois the lineC F tothe line F D.1f therfore two right lines 


. bedeuided by plame fuperficieces being parallels the parts of the lines denided bal be propor- 


tionall : which was required to be demonfirated. 
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The eleuenth B ooke 


if they benor,chen pu of the right line D I,namely,the part D E is in the playne fuperficiesD G, and 
an other part therof,namely,E 11s on high in an other fuperficies G H, which by the firft of the eleuéth 


is impoffible. Wherfore the fuperficieces D G and G H are in one and the felfe fame playne fuperficies. 
Butif thefuperficieces D G and G H neuer concurre,then are they parallels by the 6. definition of the 


| E 


elenenth. 


In this figure here fet, ye may more plainely fee the 
former demonttration, ifye eleuate to the ground fuper- 
ficieces A C D I, the three fuperficieces A B,D G,& GI, 
and fo compare it with the demonftration. 
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T be rj. T beoreme. — Ube 17. Pr 


Tf two right lines be cut by playne Juperficieces being parallels: the partes 
‘ofthe lines deuided [ball be proportional. 


pe m — — 









“a F ppofe that thefe two right lines 4 B aud C D be deuided by thefe plaine fuper- 
| fícieces being parallels,mamély,GH,K L,M N in tBe points A,E,B,C,F,D.Thé 
| Z fay that as thè right line A E is to the right line E B fo is the right line C F to 
SaL the right line F D.Dram thefe viahbt lines 4 C,B D and A D. And let the line 
A D and the fuperficies K L concurre in the point X. And 
draw aright line from the point Eto the point X and ano- + - 
ther from the point X tothe point F. And forafmuch as ANC 
thefe two parallel [uperficieces K Land M N are cut bythe | 
fuperficies EB D X, therfore their common [ections which 
are the lines E X and B D, are (by the 16. of the eleuenth) 
parallels the one to the other. _And by the fame reafon alfa 
forafmuch as the t:o parallel [uperficies G H and K L be cut 
by the fuperficies 4 X F C, their common fections AC and 
X F are(by the 16 of the eleuentb )parallels. And fora[much 
as to one of the fides of the triangle ABD, namely, to the 
fide B D is drawne a parallel line E X,therfore:( by the 2. of - 
the fixt) proportionally as the line A Eis tothe line EB,fo 
és the line AX tothe line X D. Againe forafmuch asto one 
of the fides of the triangle A D C,namely, to the fide AC is 
drawen a parallel line X F therfore by the 2.0f the fixt, pro- 
portionally as the line A X is to the line X D,fois the line C 
F to the line F D.And it was proued that as the line AX is 5 D 
to the line X D fois the line A E to the line E B, therefore PES 
alfo (by tbe xx.of thefift) as tbe line A E istotbeline EB, ` 
fo is tbe line C F to the line F D.I1f therfore two right lines 
bedeuided by platme fuperficieces being parallels tbe parts of the lines deuided Jhal be propor- 
tionall : which was required to be demonftrated. J 
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dn this propo- 


fition ye muft 
vnderstand 
èhe proportio- 
yall partes or 
ſections to be 
thofe which 
ave contained 
betwene the 
parallel /uper- 
fictes, 
Coníf£raction., 
Demonſtra- 
£ion, 


Ly the f[uperficies AX F C, their common fections AC and ' 
X F are(by the 16 .of the eleuenth parallels. And forafmuch 
as to one of the fides of the triangle ABD, namely, to the | 


V be eleueutb B ooke 


if they be not,then part of the right line D Inamely,the part D E is in the playne fuperficiesD G, and 
an other part therof,namely,E 11s on high in an other fuperficies G H,which by the firft of the eleuéth 
is impoffible. Wherfore the fuperficieces D G and G H are in one and the felfe fame playne fuperficies. 
Butif the fuperficieces D G and G H neuer concurre,then are they parallels by the 6. definition of the 
a 


| B 
| 


eleuenth. 


In this figure here fet, ye may more plainely fee the 
former demonftration, if ye eleuate to the ground fuper- 
ficieces A C D I,the three fuperficieces A B,D G,& GI, 
and fo compare it with the demonftrauon. 
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T he rs. I beoreme. — The 17. Pr | 


- 


Ifiwo vight lines be cut by playne fuperficieces being parallels: the partes 
ofthe mes deuided [hall be proporttonall. | 







co Fppofe tbattbefe two right lines A B and C D be deuided by theft plaine fuper- 
/ | ficieces being parallels, namely,GH,KL,MN in the points A,E,B,C,F,D.The 
|| Lfay that as the right line AE is to the right line E B,fois the right line C F to 
SLE the right line F D.Draw theferight lines AC,B D and A D. And let tbe line 
A D and the fuperficies K L concurre in the point X. And 

draw a right line from the point E to thepoint X and an o-. 
ther from the point X tothe point F. And forafmuch as 
thefe two parallel [uperficieces K Land MN are cut by the 
[uperficies E-B D X, therfore their common [ections which 
ave the lines E X and B D, are (by tbe r6. of tbe eleventh) 
parallels tbe one to the other. And by the fame reafon alfe 
forafmuch as the two parallel (uperficies G.H and K L be cut 





H 





fide B Dis drawne a parallel line E X,therfore-( by tbe 2. of x 
the fixt) proportionally as the line A E is tothe line E B,fo 
is the line AX tothelineX D. Againe forafmuch asto one 
ofthe fides of the triangle A D C,namely, to the fide AC is 
drawen a parallel line X F therfore by the 2.0of the fixt, pro- 
portionally as the line A X is to the line X D,fois the line C 
F to the line F D.And it was proned thatas the line AX is 
to the line X D fo is the line A E to the line E B, therefore 
alfo (by the rx .of the fift) asthe line A Eistotheline EB, ` 

fois the line C F to the line F D.If therfore two right lines 
be deuided by plane {uperficieces being parallels,the parts of the lines denided Jhal be propor- 
sionall : which was required to be demonftrated. | " 


In 

















of Euchides Elementes. 


In this figure itis more eafy to fee the former demontftration, ifyee- 
rect perpendicularly vato the ground fuperficies A C B D, the threfu- 
perficieces, GH,K L,and M N;or if ye fo erect them that they be equedi- 
ftant oneto the other. 


q The 16. Theoreme. The 18. Propofition. 


If aright line be eretted perpedicularly to a plaine 
fuperficies: all the fuperficieces extended by that 
right line, are erected perpendicularly to the felfe 


fame plaine fuperficies. 













EMC V ppofe that a right line AB be erečted perpendicularly to a gri The 
N So 1 fay, that all the fuperfacieces pafsing by the line AB, are ertovcasperpenaitularly 
DRONG to the cround (uperficies . Extend a fuperficies by the line AB, and let the fame 


be E D, & let the comon fection of the plaine | 
fuperficies and of the ground [uperfiiesbe p ^ ` P X H 
the right line C E . And take in tbe line C E a | — | 
4 point at all aduentures, and let the fame be 
F: and (by the r1.0f the first) from the point | 
F drawevnto the line CE a perpendicular | 
line inthe [uperficies D E, aud let the fame | 
be F.G And forafmuch as the line AB is | 
erected pérpendicularly to the ground (uper- js 
ficies, therefore (by the z-definition of the e- 

lenenth).the line AB is erected perpendicu- ` 








Conſtruciton. 


I E 5m 


larly to.all the right lines that avein the ground plaine {uperficies and which touch it. Wher- hi d 
Sore it is ereéted perpendicularly to the lineC E. Wherefore the angle AB Eis a right anele. 
And the angleG F Bis alfoaright angle (by conftruttion) . Wherefore ( by the 28 .of the 
Sift) the line AB is a parallel tothe line FG . But the line AB is erected perpendicularly to 
the ground fuperficies : wherefore (by the 8 of the eleuenth) the line F Gis alfo erected per- 
pendicularly to the ground {uperficies. And forafmuch as( by the 3 definition of the eleuenth) 
a plaine {uperficies is then erected perpendicularly to.a plaine fuperficies, when all the-right 
lines damen im one of the plaine {uperficieces unto the common [ection of thofe two plaine ſu- 
perficieces making. thermith right angles, do alfo make right angles with the otber plaine fu- 
perficies:and it ts prowed that the line F G drawen in one of tbe plaine fuperficieces; namely, 
in D E, perpendicularly to the common fection of the plaine {uperficieces, namely, to the line 
CE, is erected perpendicularly to the ground [uperficies: wherefore the plaine {uperficies D E 
is erected perpenatcularly to the ground {uperficies. In like fort alfo may we proue, that all the 
plaine [uperficieces which pa[fe by tbe line A B, are erected perpendicularly to the ground fu- 
perficies . If therefore a right line be erected perpendicularly to a plaine fuperficies all the fu- 
perficieces pafing by the right line, are erected perpendicularly tothe felfe fame plaine fuper- 
ficies : which was required to be demonstrated: FC o 4 s 


3 


— 


In 


of Euclides Elementes. 


In this figure it is more eafy to fee the former demonttration, ifyee- 
rect perpendicularly vato the ground fuperficies AC B D, the thre:fu- 
perficieces;GH,K L,and MN,or if ye fo erect them that they-be equedi- 
flantone to the other. 





q The 16.Theoreme. The 18. Propofition. 
Tf aright line be evetted perpédicularly toa plaine 






fuperfictes : all tbe [nperficteces extended by that |! a £ 
right line, are eretted perpendicularly to the felfe 5 | 
fame plaine fuperficies. 

EMC Vppofe that aright line AB be eretted perpendicular lj 10 4 €. rhe 


CC p Jay, that ali the {uperficieces pafsing by the line AB, are crewweasperpenattularly 

ING to the ground [uperf1cies . Extend a fuperficies by the line AB, and let the fame 
be E D, cr let the comon fection of the plaine ^—— "- 
{uperficies and of the ground fuperficiesbep > ` se kk H 
the right line CE. And take in the line CE hiin: | 
a point at all aduentures, and let the fame be | 
F: and (by the 1 .0f the first )from the point | 
F drawe vato. the line C E a perpendicular | 
line in the fuperficies D E, and let the fame | 
be F.G.Andforafmuch as the line ABis| | 
erected perpendicularly to the ground fuper- * 
ficies, therefore (by the 2.definition of the e- | 
leuenth) the line..AB is erected perpendi¢u- > 02)» Demons 
larly toall the right lines that arein the ground plaine [uperficies,and which touch it. Wher- tions 
fore it is erected perpendicularly to the line C E. Wherefore the angle AB Eis a right angle. 

And the angleG F Bis alfoaright angle (by contruction) . Wherefore ( by the 28. of the 
jirft) the line AB is a parallelto the ine F G .. But the line A Bis erected perpendicularly to 

the ground {uperficies : wherefore (by the 8 of the elewenth) the line F Gis.alfo erected per. 
pendicularly to the ground {uperficies.And fora{much as(by the 3 definition of the eleuenth) 

a plaine {uperficies is then erected perpendicularly toa plaime fuperficies, when all the-right 

lines drawen in one of the plaine — — vnto the common fection of thofe two plaine fu- 

perficieces making therwith right angles, do alfo make right angles with the other plaine fu- 
perficies:and it is proued that the line F G drawen in oneof the plaine fuperficieces; namely, 

in D E, perpendicularly to the common fection of the plaine [uperficteces, namely, to the line 

C E, is erected perpendicularly to the ground {uperfictes: wherefore the plaine [uperficies D E 

is erected perpendicularly to the ground fuperficies. In like fort alfo may we proue, that all the 

plaine {uperficieces which paffe by the line A B, are eretted perpendicularly to the ground fu- 

perficies . If therefore a right line be erected perpendicularly to a plaine fuperficies all the fu- 

perficteces pafSing by the right line, are erected perpendicularly tothe felfe fame plaine fuper- 








Conſtruction. 


a D 


c 
ficies : which was required to be demonstrated: 
f ^ "Y "US * X m9 es s l ^ : ec (e$ s X Mie ie o » 


- 
In 


of Euclides Elementes. 222. 


In this figure it is more eafy to fee the former demonftration, ifyee- 
rect perpendicularly vato the ground fuperficies A CBD, the threfu- 
perficieces, GH,K L,and M N;or if ye fo erect them that they be equedi- | 
ftant one to the other. ^ 


q The 16. Theoreme. The 18.Propofition. 


M 


Ifa right line be erected perpédicularly to a plaine 
fuperficies: allthe fuperficieces extended by that 
right line, are eretted perpendicularly tothe felfe x 


fame plaine  Juperficies. 


BE- Vppofe that a right line AB be eretted perpendicularly to a gr Thé 

| Sy I fay, that all the fuperficieces pafsing by the line AB, are erecvew: perpendicularly 
DIONG to the ground fuperficies . Extend a fuperficies by theline AB, and let the fame 
be E D, ¢ let the comon fection of the plaine | 
fuperficies and of the ground [uperficiesbe p. ^ ` S k H 
the right line C E . Aud take in the line C E — | | 
a point at all aduentures, and let the fame be 
F: and (by the 11.0f the first) from the point | 
F drawe unto the line CE a perpendicular | 
line inthe fuperficies D E, and let the fame | 
be FG. And foralmuch as the line AB is | 
erected perpendicularly te.the ground fuper- E 
ficies, therefore (by the 2.defimition of the e- | 
leuenth).the line AB is eretted perpendicu- ^— e -© Demonstra- 
larly to all the right lines that arein the ground plaine {uperficies,and which touch it Wher~ tion 
Jore it is erected perpendicularly to the line C E. Wherefore the angle AB Eis aright angle. 

And the angle G F B is alfoaright angle (by confruttion) . Wherefore ( by the 28 of the 

firfi) the line AB is a parallelto-the line F G . But tbe line A B is erected perpendscularly to 

the ground fuperficies : wherefore (by the 8 .of the elewenth) the line F Gisalfo erected per 
pendicularly to the ground {uperficies.And forafmuch as(by the 3 definition of the elenenth) 

a plaine [uperficies 1s then erected perpendicularly toa plaine fuperficies, when all the right 

lines drawen tn one of the plaine {uperficieces unto the common fection of thofe two plaine fu- 

perficieces making therwith right angles, do alfo make right angles with the other plaine fu- 
perfictes:and it is proued that the line F G drawen in one of the plaine fuperficieces, namely, 

in D E, perpenaicularly to the common fection of the plaine {uperficieces, namely; to the line 

CE, 1s erected perpendicularly to the ground {uperficies: wherefore the plaine [uperficies D E 
-ås erected perpendicularly to the ground {uperficies. In like fort alfo may we proue, that all the 
plaine f[uperficieces which paffe by tbe line A B, are ereifed perpendicularly to the ground fu- 
perficies . If therefore a right line be erected perpendicularly to a plaine fuperficies all the fa- 

perficieces pafSing by the right line, are erected perpendicularly to the felfe fame plaine [uper- 
fictes : which was requiredto bedemonstrated. 9 e 











Conſtruction. 
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Demonſtrati- 
on leading to 
an impoſibi- 
(1110, 


- dines both on one and the [elf [ame fide : which i: 5 


T he eleuenth Booke 

In this figure here fet ye may erect per- | 
pédicularly at your pleafure the fuperficies : 
wherin are drawen the lines D C,GF,A B, / un — 
and H E, to the ground fuperficies wherin | - | 
is drawen the line CFBE, and fo plainly ' FI. 
compare it with the demonftration before | 


put. — 9. "n 
^ i L f 





| | 
g The 17. Theoreme. ` | | | 


If two plaine fuperficieces cuttin I4 the one the other be eretted perpendicu= 
larly to any plaine > fuperficies : their common ſeccion is alfo erected perpene 
dicularly to the felfe [ame plaine fuperficies: ^: ^w ud | 


y; ppefe that thefe two plaine fuperficieces AB e B € cutting the one the other be c- 
-rected perpendicularly to a ground fuperficies, and let their common fection be the 







I^ m 
— 

fuperficies . For if not, then (by the 11. of the firft) 
fromthe point D draw inthe [uperficies AB onto. m 
therieht lne D Aaperpendicular line D E. And |. | 
in the fuperficies G B draw wato the line DC aper- 
pendicular line D F . And forafmuch as the fuper- 

ficies AB. is erected perpendicularly to the ground \ 


line B D . Then I fay, that theline BD is erected perpendicularly to the ground 
P 


{uperficies and in tbe plaine [uperficies A B vato the 
common [eiion of the plaine {uperficies and of the 
ground {uperficies,namely, to the line D A is eretted 
a perpendicular line D E, therefore (by the conuerfe- 
of the 3 definition of this booke ) the line DE ise-... W, 
rečted perpendicularly to the ground fuperficies , And in-like fort may we proue, that the line 
D F is erected perpendicularly to the ground [uperficies . Wherefore from one and the felfe 
fame point namely, from D, are erected perpendicularly to the ground {uperficies two right 
“S| ~~ pofstble. Wher. 


tes: any other- 












fore from the point D can not be erected perpenc 


right lines befides B D,which is the common feci Sand BC. If. 
therefore two plaine {uperficieces cutting the one warly:to any 
plaine {uperficies,thetr common fection is alfoer 


s all fe [ame plaine . 
f'perficies which was required to be proued. - | ^. 

Here haue I fet an other figure which Ves 
willmore plainly fhewe vnto youthefor- 5... . 
iner demonítration, if ye erecte perpendi- 
cularly to the ground fuperficies AC the 


two Íuperfidieces A Band B C whicheut, _.. 
theone the other intheline BD. . 


t 
* a 


- z | ; "v A E - 
m - T'be 18.T beoreme. J be zo.Propofition. 


If a folide angle be contayned ynder three playne fuperficiall angles:enery 
| [wo 





of Euclides Elementes. Fol.333. 
tivo of thofe three angles, Avbich two fo euer be taken , dre greater then thé 
third. | La ^ 


Se V ppofe that the folide angle A be contayned under three playne fuperficiall an- 
| A OE je 1 BA e C A D , aud D À B d ben I fay e hs of thefe 
CSS IS feperficiall angles how fo ener they be taken , are greater then the third . If the 
KILLS anglsBAC,CAD,& DAB | u fe 
be equall the one to the other ,then is it manifeft 
that two of them which two [o euer be taken are 

















greater then the third . But if not, let the angle à, 
B A C £e tbe greater of the three angles. And Conifrullión, 


unto the right line A Band from the poynt A 
make inthe playne fuperficies BAC vata the 
angle D A B an equall angle B AE . Ana ( by 
the 2. of the firft ) make the line A Kequall to 
the line AD. Nowa right line BEC avawne 
by the poynt E, fall cut the right lines ABand ® 
A Cin the poyntes Band C : draw aright line from-D toB, and an other from D to C. 

And forafinuch as the line D A is equallto the line AE, and the line A Bis common to thé DemonStra- 
both , therefore thefe two lines D A and A Bare equall to thefe two lines ABand AE and # 207. 

the angle D A B is equali to the angle B A E.Wherefore(by the 4.of the first) the bafeD B | 

is eguall to the bafe B E . And fora[much as thefe two lines D Band D C are greater then 

the line B C,of which the line D B ts proued to be equall to the lineBE. Wherefore the re~ 
fidue,namely,the line D C is greater then the refidne namely then the line E. C dnd fora[- 

much as the line D Ais equall to theline AE, and the line AC is commen to them both, 

and the bafe D C is greater then the bafe EC , therefore the angle D À C is greater then 

the angle A C. And it is proued that the angle D A Bis equall to the angle B A E:wher 
fore the angles D A.B and D A C. are greater then the angleB AC . If therefore a folide 

angle be contayned under three playne [uperficiall Angles euery two of thofe three angles, 

which two fo euer be taken are greater then the third:which was vequired to be proued. ! 





In this figure ye may playnely behold the 
former demonftration , if ye eleuate the three 
triangles a s p,a s cand a c n in fuch {ort that 
they may all meete together in the poynt 4. 





T'he 19.0 heorcme, T'he 21. Propofition. 


Euery folide angle is comprebended ynder playne an eles leffe then fower 
right angles. | 





—— V ppofethat A be a folide angle contayned under thefe fuperficiall angles BAC; 
I&S D A C and D A B T Ten 1fay that the anglesB AC, D A Cand D AB are 


gue leffe then fower right angles .T ake in euery one of the[e viaht lines A C AB and. € onflruction 
e. AD | 






Demouflrati- 
on leading to 
an impoſubi- 
(stie, 


~The ele 


In this figure here fet ye may erect per- | E 
pédicularly at your pleafure the fuperficies ; | 
wherin are drawen the lines D C,GE,A B, 

and H E, to the ground fuperficies wherin niet eR 








is drawen the line CFB E, and fo plainly 3 * Vee «ab | E 
compare ic with the demonftration before — 1 
put. — ; TAE 

q T be 17. I beoreme. The 19. Propofition. 


Tftwo plaine fuperficietes cutting tbe one the other be ere£fed. perpendicu- 
larly to any plaine fuperficies : their common feétion is alfo ereéted perpene 
dicularly to the [elfe [ame plaine fuperficies: ~ NES 


exe Vppofe tbat thee tmo plaine [uperficieces A.B e B C cutting tbe aue the other bee- 
rected perpendicularly 10 a ground [uperfrcies, aud lei their common feition be the 


- ai line BD. Thent fay, that theline BD is erected perpendicularly to the ground 


— 

ſuperſicies. For if not, then (by the 11. oſ the ſirſt) a 
fromthe point D draw inthe fuperficies AB vnto.. — 
the right line DAaperpendicular line DE. And. 
in the fuperficies G B draw vnto the line DC aper- | 
pendicular line D F . And forafmuch as the fuper- 
ficies AB is erected perpendicularly to the ground \ 






{uperficies,and in the plaine fuperficies A B vata the 
common fection of the plaine fuperficies and of the 
ground {uperficies namely, to the line D Aiseretted rT se. 
a perpendicular line D E, therefore (by the conuer(e : k. b 
of the 3 definition of this booke ) the line D E isee ` ~ œ oy. 
rected perpendicularly to the eround {uperficies. And in lke fort may we prone, that the line 
D F is erected perpendicularly to the ground fuperficies. Wherefore from one and the felfe- 
fame point,namely, from D, are erected perpendicularly tothe ground {uperficies two right 
lines both on one aud the felf [ame fide : whachiq^— CST —— fübleJher- 
fore from the point D can not be erected perpens ies any other 









right lines befides B D which is the commnion feci Sand BC. If. 
therefore two plaine fuperficieces cutting the. one ularly: to any 


plaine [uperficies their common fection is alfo er he fanm 9 ve 
{uperficies:whichwas required to be proued. | 
Here haue I fet an other figure which 
will more plainly fhewe vnto you thefor-, . ... 
iner demonftration, if ye ere&e perpendi- . 
cularly to the groünd fuperficies A C the 
two fuperficieces AB and B C which cut | 
the one the other in theline BD. 


1 A a "e 


000 T be 18.T heoreme. The zo-Propofition. 


If a folide angle be contayned ynder three playne fuperficiall angles:enery 
two 








Demonftrati- 
on leading to 
an imnpofssbi-_ 
[stie e 


Si T he eleuenthBooke ` 
In this figure here fet ye may erect per- | 
pédicularly at your pleafure the fuperficies 
wherin are drawen the lines D C,GE,A B, i . : — 
and H E, to the ground ſuperficies wherin | 
is drawen the line C FB E, and {fo plainly | | 
compare it with the demonftration before ' | ! | 
put. | e i 


1 


€ I be 17. 1 beoreme. | : | 





Tf two plaine füperficietes cutting the one the otber be eretfed perpendicu- 
larly to any plaine fuperficies : their common feétion is alfo erected perpene 
dicularly to the felfe fame plaine fuperficies: ` wien tu | 


iene Vppefe that thefe two plaine fuperficieces A.B cr. B C cutting tbe one the other. be c- 
~ uy rected perpendicularly toa ground {uperficies, and let their common {ection be the 
mine BD .Thenl[ay,that tbeline BD is ereifed perpenduularly to the ground 


— 


ſuperſicies. For if not, then (by the 11. of the firft) 
fromthe point D draw inthe fuperficies A B vnto 
the right line D Aaperpendicular line DE. And \. 
inthe [aperficies C B draw vato the line DC aper- .\ 
pendicular line D F . And forafmuch as the fuper- \ | xe | 
ficies AB is erected perpendicularly to the ground 3 4 
fuperficies,and in the plaine faperficies A B unto the N 
common fection of the plaine fuperficies and of the. ^ — 
ground [uperficies namely, to the line D Ais erected 5 — 
a perpendicular line D E, therefore (by the conxerfe F 
uf the 3. definition of this boohe) the line DE ifee. + 
vetted perpendicularly to the round {uperficies. And in lke fort may we proue, that the line 
D F is erected perpendicularly to the ground fuperficies . Wherefore from one and the felfe 
fame point,namely, from D, are erected perpendicularly to the ground fuperficies two right 










- tines both on one and the felf [ame fide : which is(by the 15.0f the elewenth )inmpofible.Wher- 
fore from the point D can not be erected perpendicularly tothe ground fuperfictes. any ether: 


right lines befides B D,which is the common fection of the two fuperficieces A BandBC. If 
therefore two plaine {uperficieces cutting the one the other be erected perpendicularly: to amy 
plaine [uperficies,their common {ection is alfo erected perpendicularly to thefelfe fame plaine | 
{uperfictes: which was required to be proued. r5 T — 


Here haue I fet an other figure which | 
will more plainly fhewe vnto youthefor- a a | 
iner demonftration, if ye ere&te perpendi- ` ad d 
cularly to the ground fuperficies ACthe © œ>. a^ | 
two fuperficieces ABand B C whichceut 2. . 
the one the other in the line BD. uh : | 


\ € 
Re ö—— — ——— — — < E 


- J'be 18. T beoreme. T be zo.'Propofition. 


If a folide angle be conta yned ynder three playne fuperficiall angles:enery 
. two 











of Euclides Elementes. Fol.333. 


two of thofe three angles, ‘which two fo ener be taken , ave greater then the 
third. ; | | 







=] V poole that the folide angle A be contayned under three playne [uperficiall an- 
OE Se ba — BAC,CAD,andDAB.Then h fy hee of thefe 
q fuperficiall angles how fo ener they be taken , are greater then the third . If the 

j JeRX NOS anglesB A C,C A D,c- D AB | fs 
be equall the one to the other,then is it manifeft 
that two of them which two fo ener be taken are 


greater then the third . But if not, let the angle " 
BAC be the greater of the three angles. And Caen 


unto the right line A Band from the poynt A 
make in the playne fuperficies BA C vato the 
angle D AB an equall angleB AE. Ana ( by 
the 2. of the firft ) make the line AK equall to 
the line AD. Nowa right line BE C advawne 
by the poynt E.,fhall cut the right lines AB and E 
A C za the poyates B and C : draw a vigbt lige from D to B; and an other from DuC. 

And forafmuch as the line D A is equall to the line AE, and the line A Bis common to the Demonstra- 
both , therefore thefe two lines D A and A Bare equall to thefe two lines ABand A Eand Hon. 

the angle D AB is equali to the angle B A E.Wherefore(by the 4.of the first) the bafe D B | 

is equallto tbe bafe B E. . And fora[much as thefe two lines D Band D Care greater then 

the line B C,of which the line D Bis proued to be equall to the line BE. Wherefore the re- 
fidue,namely,the line D C is greater then the refidue, namely then tbe line E. C And foraf- 

much as the line D A is equall tothe line AE, and the line AC is commento them both, 

and the bafe D C is greater then the bafe E. C. , therefore the angle D A C is greater then 

the angle E A C. And itis proued that the angle D A Bis equall to the angle B A E:wher 
fore tbe angles D A B and D À C. are greater then the angleB AC . If therefore a folide 
angle be contayned under three playne {uperficiall angles enery two of thoſe three Angles, 





x 


which two fo ener be taken are greater then the third:which was required” —‘oued, 


In this figure ye may playnely behold the 
former demonftration , if ye eleuate the three 
triangles a x D,a B cand a c n in fuch fort that 
they may all meete together in the poynt As 








T'he 19. T beorcme. The 21.Propofition. 


Euery folide angle is comprehended ynder playne angles leffe then fower 
right angles. | | 





vexhe Vppofetbat A be a folide angle contayned under thefeuperficiall angles BAC, 
N ZD A C azd D A B. Then 1 fay that the anglesB f fete C JD A Bare 
ea lefe then fower right angles. Takein enery one of theferight lines AC AB and Confiruction 
| ^ - AD 
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two of thofe three angles, which two fo euer be taken „dre greater then the 
third. ; | 


=u] Vopole that the folide angle A be contayned under three playne fuperficiall an- 
A * "s BAC,C AD ,azd D À B.7 bez f f o of thefe 
fuperficiall angles how fo ener they be taken , are greater then the third . If the 
: A anglsBAC,CAD,c DAB p.v | Uo fs 
be equall tbe one to the other then is it manife[f 
that two of them which two fo ener be taken are 
greater then the third . But if not, let the angle 
BAC be the greater of the three angles. And 
vuto thericht line À Band from the pojat A 
make in the playne fuperficies BA C. vato tbe 
angle D AB an equall ancleB AE. And ( by 
the 2. of the firft ) make the line A EK equail to 
the line AD. Nowa right line BE C drawge 
by the poynt E,fhall cut the right lines ABand ® 
A Cin the poyntes B and C : draw aright line from) to B; aud an other from D uC. 
And forafimuch as the line D A is equali to the line A E, and the line A Bis common tothe  Demoniizas 
both , therefore thefe two lines D A and A B are eguali to thefe two lines A Band A Eand 1” 
the angle D A B is equall to the angle B A E.Wherefore( by the 4.of the first) the bafe D B 
is equall to the bafe B E. . And forafmuch as thefe two lines D Band D Care greater then 
the line B C,of which the line D B is proned to be equall to the line BE. Wherefore the re- 
fidue namely, the line D C is greater then the refidue namely then the line E. C.And fora f- 
much as the line D A is equall tothe ne AE, and the line AC is commen to them both, 
and the bafe D C is greater then the bafe E. C. , therefore tbe angle D A C is greater then 
the angle E. A. C.« 4nd it is proued that tbe angle D A B is equall to the angle B A E:wher 
Sore the anglesD ABandD AC aregreater then the angleBAC. If therefore a folide 
ingle be contayned under three playne [mperficiall angles euery tmo of thofe three angles, 
which two fo ener be taken are greater then the third:which wasvequiredt”” “oued, 





4; 
Coniirutliós, 





In this figure ye may playnely behola 
former demonftration , if ye eleuate the thr. 
triangles a s p,a s cand a c n in fuch fort tha 
they may all meete together in the poynt a- 





The 19.T heorcme. Ihe 21.Propofition. 
Every folide angle is comprehended onder playne angles leffe then fower 
right angles. | 






vex V ppofetbat A Le a fulide anele contayned vnder thefe fuperficiall angles B A C, 
aN DAC and D A B. Then 1 fay that the angles B A ene C nd D A Bare | 
xe leffe then fower right angles T ake im euer) one of thefa right lines A C. AB and. € onfiruttion 
A AD o n 
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tivo of thofe three angles, “yhich two fo ener be taken , die greater then thé 
third. wu ^ | 






X 4| gles,that is under BA C,C AD , and D À B Then 1 fay that two of thefe 
D SN fuperficiall angles how fo ener they be taken , are greater then the third . If the 
es eS angles B A C,C A D,c* D A | o 
be equall the one to the other, then is it mauifeft 
that two of them which two fo cuer be taken are 
greater then the third . But if not, let the angle 
B A C £e the greater of the three angles. And 
unto the right line A Band from the poynt A 
make in the playne fuperficies BA C vato the 
angle D A B an equal! angle B AE. Ana ( by 
the 2. of the firft ) make the lize A Kequail to 
the line AD. Now a right lineBE C arawne 
by the poynt E,foall cut the right lines AB and ® 
AC in the poyntes B and C : draw aright lize fram 4D to B, and an other from D £C. 

And forafimuch as the line D A is equallto the line AE, and the line A Bis common tothe DemonStra- 
both , therefore thefe two lines D A and À Bare equall to thefe two lines ABand AE and * ion. 

tbe angle D A Bis equall to the angle B A E.Wherefore( by the qof the first) the bafe D B 

7s equall to the bafeB E.. And forafmuch as thefe two lines D Band D C are greater then 

the line B Cof which the line D B is proved to be equallto the lineBE. Wherefore the re- 
fidue,namely,the lige D C is greater then the refidue,namely,then the lineE C And foraf- 

much as the line D A is egquall tothe line A È , and the line AC is conmen to them both, 

and the bafeD C is greater then the bafe EC , therefore the Angle D A Cis greater then 

the angle E. A C « And it is proued that the angle D A Bis equall to tbe angle B A E:wher 
fore the angles D ABandD AC are greater then the Angle B A C . If therefore a folide 
angle be contayned under three playne {wperficiall Angles euery two of thofe three angles, 


ET << V ppofe thas the folide angle A be contayned under three par fuperficiall an- 
SS 
ZA 


IN A 


i; 
Conilrutlicn, 





c 


which two fo ener be taken are greater then tbe third which was veguiredi" ^ — oued. 


IL 2 
In this figure ye may playnely behola 
former demonftration , if ye eleuate the thr, 
triangles a s p,a g cand a c n in fuch fort tha 
they may all meete together in the poynt Av 
b * 
| V 
I be ro. T beorcme. A - 
Every folide angle is comprehended pudery, Ales leffe then fower 


right angles. 





y Pppofe tbat A be a folide angle contayned under thefe [uperficiall angles B Å C, 
EN DACandD A B «Then I fay that the Angles B pfo C DA B are ! 
Vase lee then f'omer right angles "T ake im euer) one of the[e right lines A C AB and. C onfiruciion 
| * AD 


Demenſtræa- 
TOR. 


T he eleuenth Booke 


AD a poynt at all aduentures and let the fame be B,C,D.And draw thefe right lines BC, 
C Daud DB. And forafmuch asthe angle Bisa folsde angle, for it is contayned under 
three {uperficiall angles,that is, under CB A, ABD and CBD, therefore (by the 20.0f 
the eleventh )two of them which two [o euer. be taken are greater then the third . Wherefore 
the angles CBA and ABD are greater | | 
then the angle C B D : and by tbe fame rea- 
fon the angles BC Aand AC D are grea- 
ter then tbe angle B C D: and morcouer the 
angles C D A and ADB are greater then 
the angle C D B.Wherefore thefe fixe angles - 
CBA,ABD,BCA,ACD, CDA, 
and À D B are greater the thefe thre angles, 
namely, BD,BCD,& CDB. But the - 
three angles C B D,B D C,andB C D are 
equallto two right angles. Wherefore the fixe 
angles C B A,A B D,B C A,A CD,CD A, and À D B are greater thé two right an- 
gles. And forafmuch as in enery one of thefe triangles AB C,and ABD and AC D three 
angles are equall two right angles (by the 3 2.0f the firft ) . Wherefore the nine angles of the 
thre triangles that istbeangles CB A,A CB,BA C,ACD,DAC,CDA,ADB, 
DBA andB AD are equall to fixe right angles. of which angles the fixe angles ABC, 
BCA,ACD,CDA,AD Band DBA are greater then two right angles . Wherefore 
the angles remayning , namely , the anglsBAC,CA D nd D AB which contayne the 


8 





_folide angle are leffe then fower right angles .Wherefore enery folide angleis comprehended 
under playne angles leffethen fower right angles: which was required to be proued. 


If ye will more fully fee this demonftration compare it with the figure which I put forthe better | 
fight ofthe demonftration ofthe propofition nextgoing before.Onely here is not required the draught 
oftheline A E. | | 

Although this demonftration of Euclide be here put for folide angles contayned vnder three fuper- 
ficiall angles,yet after the like maner may you proceede if the folide angle be contayned vnder fuperfi- 


-ciall angles how many fo euer.Asfor example ifit be contayned vnder fower fuperficiall angles , ifye 


follow the former conitruétion, the bafe will be a quadrangled figure ,;whofe fower angles are equall to 
fower rightangles: but the 8.angles at the bafes ofthe triangles fet pon this quadrangled figure may 
by the zo .propofition of this booke be proued to be greater then thofe 4. angles of the quadrangled fi- 
gure: As we fawe by the difcourfe of the former demonttration. Wherefore thofe 8. angles are greater 
then fower right angles: but the 12.angles of thofe fower triangles are equall to 8.right angles. Where- 
fore the fower angles remayning at the toppe which make the folide angle are leffe then fower right 
angles.And obferuing this courfe ye may proceede infinitely. 


q 1 be 2o. I beoreme. Lhe 22. Propofition. 


If there be three {uperficiall plaine angles of which two how foener they 
be taken be greater then the third, and ifthe right lines alfo which con- 
tayne thofe angles be equall: then of the lines coupling thofe equall right 
lines together yt is pofsible to make a triangle. 


<A F ppofe that there be thre [uperficial angles AB C,D E F and G H K,of which 
fr | let two, which two foeuer be taken,be greater then the third,that is, let the an- 
Sigles A BC,and D E F be greater then the angle G H K and let the angles D E 
N etd F and G H K be greater then the angle A BC : and moreouer let the. angles G 
H K and A B C be greater then the angle D E F. And let the right lines A B,BC,D E,EF 
GH,and HK be equall the one to the other,and draw aright line from the point A to the 


payne 
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point Candan other from the point D tothe point F,and moreouer An other from the point 
Gto the point KT hen I fay that it is pofsible of three right lines equall to the lines A €;D F- 


4 


. 


-t 
24 4 





A C D 





and G K,to make a triangle , that is, that tw0 of the right lynes AC, DF, andG K; 
which two foener be taken , are greater then the third. Nowif the angles A BC; D E F, 
and G H K be equall the oneto the other , itis manifest that thefe right lines A C,D F; 
and G K being alfo (by the g.of the firft) equall the oneto the other 5 itis pofsible of three 
right lines equall to the lines AC, D F, and G K to make a triangle. But-if they be not 
equall,let them be unequal. And (by the 23 .of the firft unto tbe right line'H K, and at the 
point in it H,make unto the angle ABC an equall angle K E L And by the 2.of the firft)to 


one of the lines AB, BC, DE, EF,GH, or HK make theline H L-equal;¢y draw thefe , 


right lines K Land GL.And fora{much as thefe two lines A B and B.C, are equall to thefe 
two lines K H and H Land the angle Bis equall tothe angle K H L, therfore (bythe g. of 
the first the bafe A C is equallto the bafe K L.-And fora{much as the angles ABC, and G 
H K are greater then the angle D E F but the angle G H Lis equallto the angles ABC, ¢ 
GH K therfore the angle G HL is greater then the angle D EF. And forafmauch as thefé 
two lines G H and H L are eqnall to thefe two lines D-E and EF, and the angle GH Lis 
greater then the angle D E F.,therfore( by the 25.of the firft)the bale G L is greater thé the 


7 


afe D F.But tbe lines G-K and. K Lave greaterthen'the line GL. Wherforethe lites G K. 


* 


cy KL ave much greater then thé line-D F.Butibeline X Lis equalto the line AC.Wher-. 


fore the lines ‘AC and G Kare greater then the lint: DF In ike fort alfo may we prone that 
the lines A C and D F are greater then the lineG K, and that thelinesG K and DF are 
greater then thelyne.A Co Wherfore itis poffible to make.a triangle of three lynes equall to 
the lines. CD. F,and.G.K': which was requiréd to be demonstrated... — >. 0 

lei A aD. ‘hemo Bt 
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. Suppofethat the three aperſiciall angles be A B C, D.E F, and G H K, of which angles 
two how/oener they be taken, are greater then the third. And let them. be contained under 
thefe equall right lines A B,BC,D E,E F,G HH X wbich equallright lines let thefelines 
AC, DF, and GK et nee nara en b icit —— RN 
OZR D ER E e O NTY EN" 
fay that it is pofible of | 
three right lines equal 
tothe lines AC, DF, 
andG K to make a tri- 
angle,whith againe is 
as much to fay, as that 4 
two of thofe lines 

which two foener be ta- a | | 
ken,are greater then the third.Now againe ifthe angles B,E,H be equall,the lines alfo A4 C 

^ XX 4. DF, 


$ 
C2 4 X 


s > 5 hve E 
* . = - i 
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Two tafes ies 


> this propofia 
, RDM, 


a >, 
sgt *er 
ù as as 


Lhe firft cafes 
Second cafe, -- 
C onfi ruttion. 


Demonſtra- 
tion. 


An other dee 
monstration, 


| T he eleuenth Booke. 


D F,and G K are equall,and fo two of tem fhall be greater then.the third. But if notslet the 
angles B,E,H, be vnequall,and letthe angle B be greater themeither of the angles E and H. 


. Wherfore (by tbe 24.0f the first) the right line A Cis greater then either of the lines D.F & 


e) tym 


Conſtruction. 


Demonfira- 
— 


drama right line from 


os GK Anditis manifes that the line AC with either of the lines D F orG K is greater 
= then the third . 1 fay alfo that the lines D F and G K are greater then the line AC. Vnto 


the right line A B,and to the point in it B,make (by the 22.0f the first) unto the angle GH 
K an equall angle AB ME 

L, and vnto one of tbe | "X 
lines A B,BC, D E,E | 
FG H or /H K, make 
by the 2.0f thefirst) an 
equall line B L. And 





the point A to y point 
Land another frothe As 
point Ltothepoint C.K "disi a, hs ui 
cdpdforafmucbas s A CLR 
tbefetivo lnes:AB dr ee 00— ves ue» Mens a 
BL are equal to thefe two lines.G H ey H-K the oneto the other,and they containe equal an- 





_gles:therfore (by the 4. of the first) the bafe.A L is equall to the bafeG K.And forafmuch as 
. theangles Eand H be greater then the angle AB C,of which the angle G H K is equal to the 


angle AB L, therfore the angle remayning namely, the angle Eis greater then the angle LB 
C. And fora[much as thefe two lines L B and B Care eguali to thefe twodiñnes D Eand E F 
the one to the other and the angle D. E. F is greater tben tbe angle L B C,therfore(by the 25. 
of the frst) the bafe D F is greater.then the bafe L Gs andit is proued tbat the line G K is e- 
quallto the line.A LWherfare the lines D.F c G K are greater then the lines AL GLC. 
But tbe lines-A-L and LC are greater then the line ACW. herfore the lines DF. & GK are 
much greater the the line A C.Wherfore tivo of thefe, right lines A C,D F d» G K whichtwo 
ſoeuer be tahen are greater thenthe third: Wherfore it is poffible of three right lines equali 
to the lines AC,D-F andG K tomakea triangle : which was required to be demonftrated 
cuore vrbes. (Probleme. at ow el Shen 2 3. Propoſition. sO WIA 
Of three plaine fuperficiall angles , two of which bow foener they ‘be taken, 
are greater then the third,to make a folide angle: Now it is necefJary that 

thofe three  fuperfictall angles be leffe then fower right angles. 


<5 Viper sefipercallaneles gate ABC. DE FLGHK + of which 
OS Let tivo how foener they be taken, be greater then. the third : and moreouer, let 
|| thofe three angles beleffe then fower right angles . It is required of three fuper- 
3 ficzall angles equallto the angles ABC, DEF, and GH K, to make a ſolide 
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er bodily angle . Let the lines AB, BC, DE, EF, GH, and HK, be'made equall : and c. 
drawe a right line from the point A to the point C, cx an other from the point D to the point Conſiruction- 
F, and an other from the point G to the point K . Now (by the: 22. of the elenenth) itis pof- 
fible of. three right lines equall to the right lines AC,D F, and GK >to make a triangle. 
Make {uch a triangle, and let thefamebeLMN,. > A "i | 
fà that let the line AC be equall tothe lineL .M, 
and the line D F to the line M N and the line G K 
to the line L N. And (by the 5.of the fourth about 
the triangle L M N_defcribe a circle L M N, and 





take (by the 1.0f the third ) the centre of the fame Three cafes 
circle, which centre [ball either be within the tri y propa- 
angle L M N, or in one of the fides therof or with- MIO. O 
a Firft let it be within 4 triangle, and let ^ ^ | The firft cafes 
the Jame be the point X, & drawe theſeright lines awe 
LX, UX, and NX. Now fay, that the line AB 75 4 7 AnecePary 
ss greater then the line LX. For if not, then the line ; did thing tobe 
AB is either equallto the line L X, or els it is lefve | /—— proued before 
then it . Firfl let.it be equall . And forafmuch as he proceede 


the line A Bis equall to the line L X, but the line ABisequall to the line BC, therefore the anyf arther 
dine L X.is equall to the line B C : and unto the line .L'X the line X M is (by the s.definition '" th * 
of the firft) equall : wherefore thefe two lines A Band BC, are equall to thefetmo lines LX + á Py 7 — 
and X M the owe to the other: and the bale AC 1s fuppofed to be equall tothe bafe LM. P i a 
Wheresfore.( by the 8 of the firft) the angle ABC is equall to the angle LX M .-And by the 
Jamereafon alfo the angle. D EF is equallto the anglé MXN, andmoreoner the angle 
GH K tothe angle NX L Wherefore thefe three angles ABC, D E FE, and GH K, aree- 
qualltosle[e ibree angles L X .M, M X N, ec» N X L. Busthethree angles LX M,MX N, 
anal X L,are equall to fower right angles (as it is manifell to fee by the 13 of the firft,if a- 
À ny one of thefelines MX, LX, or NX, be extended on the fide that the point X is) . Wher- 
fore the three angles ABC, D E-F,andG HK, are alfo.equall to fower right angles. Bus 
they are [uppofed to be leffe then fower right angles : which is impofable .Wherefore the line 
x4 B is nat. equall ta tbe line L X-. 1 fay alfo that the iine AB is not leffe then theline LX. - 
For if it be pofssble, let it belefve + and (by the 2.0f the firft) unto the line AB put anequall 
line X 0 s.andtotbeline B C put am equall line X P , and draw aright line from the point O 
tothe point P . And fora[nsuch as the line A B is equallto the line B Cytberefare alfo the line 
X 0 is equallto the line X P .Wherefore the refidue O L is equall tothe refidue MP... Wher- 
fore (by the a of the fixt) the line LM isa parallel tothe lineo P : and thetriangle-L MX 
— a the triangle OFX. Wherefore as the line XL is tothe line LM, fois the line 
X Oto the line OP. Wherefore alternately (by the 16.0f the fift) as the line LX isto the line 
XO, fois the line LM tothelineo P . But the line LX is creater then the line X 0., Wher- 
fere alfo the line L M is greater then the line O P . Butthe line L Mis put to be equall.to the 
line AC : wherefore alfo the line A Cis greater then theline OP . Now forafmuch as thefe 
two right lines A B and BC are equall to thefe two right lines O X and X Pand the bafe AC 
is greater then the bafe O P therefore (by the 25. of the firft) the angle A B Cis greater then 
the angle o X P . In like fort alfo may we proue, that the angle D E F is greater then the an- 
gle MX N, and that the angle G H K is greater then theangle NXL Wherefore the three 
angles ABC, DEF, andGH K, are greater then the three angles LX M, MXN, and 
NX L. But theangles ABC, D E F,andG H K,arefuppo[ed to beleffe then fomer right 
angles : wherefore much more are the angles L X M,M X Nc NX L leffe then fower right 
angles. But they are alfo equall to fower right angles:which is impofible. Wherefore the T 
A B is not lefe then the line L X: andit is alfo proued that it 1s not equall unto it. Wherfore 
/ XX jj. the 


x 


5 Which how 
to finde out is 
taught at the 
end of this de 
monftration, 
and allo was 
taugatin che 
afiamptput . 
before the r4. 
propofition of 
the téth boke. 
Demonstra- 
tren ofthe 
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the line AB isgreater then thèline L X, : Wi. a Ae 
` Now from the point X raife vp vnto thè plaine fuperficies of the circle L M N a perpends- 
oular line X R (by the 12.0f theelenenth) . And vato that which the [quare ofthe line 


R 


«AB excedeth the [guare ofthe line XL * let the 
fquare of the line X R be equall. And draw a right ^ 
line from the poist R to the point L,and'another <> 
from the point Rto the point M, and another from. 
the point R to the point N. And foraf muchas thes 
line RX is erected perpendicularly to the plaine- fu-> 
perficies of the circle LM N , therefore (by comer- 

fion of the [fecond definition of the elenenth) the liae 
RX iserected perpendicularly to enery onè of thefe ‘ 
lines LX, M X, and N.X . And forafinuchas > Yea 
the line LX is equali to theline X oM, é the lipe SN o 
X Riscommon tothem both, andis alfo erected per- | 
pendicularly to them both, therefore (by the a.of the 

fifi) the bafe R L is equall tothe bafe R CM . And" 


Y 





by the fame reafon alfa the line R Nis equall to either of thefelines RL andRM. Where- 
fore thefe three lines RL, RM, and BN, are equall the one tithe other. And forafmiuch as 
vnto that which the [quare of the line A B excedetb the [quare ofthe line L X, tbe quare o 
tbe line R X is fuppofed to be equall, therefore the {quare of the line AB is equall tothe 
Squares of the lines L X and RX . But unto the {quares of thè lines LX and X R, the fi quare 
of the line L Ris (by the 47.of the firft) equall, for the angle LX Ris a right angle. Wheré- 
‘fore the {quare of the line A B ts equal to the fquare of the line R L. Wherefore alfo the line 
AB is equatt to the line R L.But vntotheline'A B is equall euery one of the[e linesB C,D E, 
EF,GH,and H Kand nto tbe line R Lis equall either of thefe lines RM and R N.Wher- 
fore eutry one of thefelines A B,BC,D E,E F,G H,and HK, is equall to enery one of: thefe 
lines RL,RM,and RN. And forafmuch as thefe two lines R Land RM are equallte 
thefe two lines A Band BC, and the tafe L M is fuppofed to be equall to the bafe AC, ther- 


fore (by the 8-of the first) the ancle LR Mis equall tothe angle ABC . And by the fame 


Secoud cafe, 


reafon alfo tbe M RN zs equall to the angle DE F, and the angle LRN to the angle 
GHK . Wherefore of three fuperficiall angles LRM,MRN, and LRN, whichare e- 
qualltotbree Jf uperfictall angles gene namely,to the an gles “A BC „D'E F Nu GH K,is made 
a folide angle R, comprehended vader the {uperficiall angles LRM, M RNynd LRN; 
which was required to bedone. ^ > E PE 
co Butgom let tbe centre of tbe circle be im oué of tbe fides of the triangle, let it bein tbe 
Jide M X, and let the centre be X - And dram aright line from the point L tothe point X. 
I fay againe, that the line A B is greater then the line LX . For if not, then AB iscither ¢- 
quall to A “ora” A1? Y — d “ 
LX, or 
PULES "ANES 
bfetbem o 
a. Fa MID 
htitheo c 
equal. 
Now the 
eda 
two lines > 
AB and z "4 


= t/f a 





owe 
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B C,thatis, DE cy E F areequallto tbefe two limes. 
MX and X L, that is, to the line MN . But the line 
M Nis fuppofed to be equall to the line D F. Where- | 
fore alfothe lines D E and E F are equall to the line 
DE: which( by the 20.0f the fir[t)is imposible. Wher- 
fore the line A Bis not equalltothe line LX . In like 
[ort alfo may we prone, that it is not lefe Wherefore 
the line A B is greater then the line L X . And now if 
as before vnto the plaine fuperficies of the circle be e- 
rected fro the point X a perpendicular line R X whofe 
{quare let be equall vito that which the [quare of the 

line AB excedeth the fquare of the line LX, and if 

the reft of the conftruction and demonftratioz be ob- | 
ferued in this that was in the former cafe, then fall the Probleme be finshed. 

But now let the centre of the circle be without tbe triangle L M N, and let it bein the, 

point X . And draw thefe right lines LX,M X,and NX. I fay that in this cafe alfo the line Thirdcaſe- 
A B is greater then the line LX «For if not, thenis it either equall or leffe. Firft let it be e- 





A 


B 
Les | b^ 
h^ "Q D | & E 


L 
> - 


1 
o 
f 


guall. Wherefore thefetwo lines AB. and BC are 

equall to thefetwolines MX and X Ltheonetothe R 
other, and the bafe AC is equallto the bafe MLS `` 

Wherefore (by the 8.of the firft) the angle A B C is 

equalltothe angle M X L': and by tbe fame reafon 

alfo the angleG H K is equall to the angle LX N, 

Wherefore the whole angle UX N is equall to 


thefe two angles ABC and.G H.K . But the angles a £- | n — 
A B.C and G H K are greater tben tbe angle DEF. i i i 
Wherefore the angle MX Nis gréater thén the an- — 1 
ele D E F2 Andforafmuch as thefe two lines DE’ : : 
and E F are equall to thefe two lines M Xand X N, | à 


andthe bafe D F is equallto the bafe M N.tberc- 
fore (by the 8.of the firft)the angle MX N is equall 
zo thé angle D EF . And it is proued that it is alfo A 
greater : which is impo(sible . Wherefore the line AB is not equall to theline LX . Inttke 
fort alfo may we prone, that it is not leffe . Wherfore the line A B is greater then the ne LX. 
And againe if unto the plaine fuperficies of the circle be erected perpendicularly from the 
oint Xa line X R, whofe fquare is equallto that which the [qnare of the line AB exceedeth 
the [quare ofthe line L X, and the reft of the confiruction be done in this that was in the for- 
mer cafes, then [hall the Probleme be finifhed. : 
—. lfay moreouer, tbat the lige A Bis mot leffe then the line LX . For if it be pofsible, let 4” other demo- 
it be leffe. And unto the line A B, put (by the 2.0f the firft) the line X O. equall : and vnto A E — 
the line BC put the lige X P equall: And draw aright line from the point O to the poeint P. Bis vot leffe thé 
XX. jj. And the lixeL X, 


T be eleuzütb B ooke 


And forafmuch asthe line A 3 is equallto tbe line B C,thevefore tbe lige X-O-is equallto tbe 
dine X P .Wherefore the refidue 0 Lis equalltotherefidue MP . Wherefore (by the 2.0f the - 
fixt) theline L M, 1s a parallelto the line P O . And the triangle LX M isequianeletothe . 
triangle P X 0 . Wherefore (bytbeó.ofthefixt)as ^ ^^ 7 uo a e, 
the line LX istotheline L M, fo isthe line X O to A 
ihe line P O. Wherefore alternately (by the 16 .of the , 
fift) asthe line LX is tothe line XO, fo isthe line 
LM totheline O P . But the line LX is greater then 
the lineX O .Wherefore alfo the line LM is greater’ 
then the line O P . But theline LM is equall to the 
line AC .Wherefcre alfo theline A Cis greater then 
the line O P . Now forafmach as thefe two lines AB 
and B C are equallto thefe two lines O X c X P the 
one to the other, and the bafe AC is greater then the 
bafe o P, therefore (bj the 25. of the firft) theanele ^ | 
A B C is greater then tbeangle O X P . And in like fort if we put the line X R equall to either > 
of thefe lines X O or ¥ P, and draw aright line fro thepoint O to the point R, we may prone 
that the angle G H K is greater then tkeangle OX R. Vntothe right line LX, and vn- 
tothe point in it X, make ( by the 23.0f the firft )unto the angle ABG an equall angle 
LXS: azd vato the angle GHK make an equall angle LXT . And ( by the fecond 
of the firfi ) let either of thefe lines SX, and XT, be equall to the line O X. And 
drawe thefe lines 0 S,0:T,andS T . And forafmuch as thefe two lines AB and BC aree- 
guall to thefe two lines O X and X S, and the angle AB Cis equalltotheangleO X S, there- 
fore (by the 4.0f the firft) the bafe AC,that is, L M, is equall to the bafeo S. And by the 
fame reafon alfo the line L N is equall to the line 0 T . And forafgauch as thefe two lines LM 
4nd LN, are equallto thefe two lines S O and O T, andthe angle cM LN is greater then 
the angle S OT, therefore (by the 25.0f the firft) the bafe «AM IN, 3s greater then the bafe 
ST . But the line At Nas equall to the line D F .Wherefore the line D F is greater then 
the lige S T. . Nom forafrnuch as thefetwo lines D E and E F are equall to thefe two lines 
SX and XT,and the bafe D F is greater then the bafeS T, therefore (by the 2s .of the fir/?) 
theangle D E F is greater then the angleS XT . But the angle SXT is equall to the angles 
ABCandGHK . Wherefore alfo the angle D E Fis greater then the angles AB Cand 
G H K . But it is alfo lefe : which isimpofaible. © . lora | 
; | But now let vs declare how to finde out the line x & , mhofe [quare [Ball beequalltó 1bat 
efore taught Cel, I; n. P; J —— cg 
in thetenzh Which the [quare of the line a » exceedeth the {quare of the line 1 x. Take the two right lines. 
bookeinthe AB andix,and let as be the greater ,and upon AB 0 | | 
affanptput — defcribea [emicircle a c B, and from the poynt A apply, 
before thet4e into the fervicircle aright line a c equall to the right. 
propoſition. Hoo x: agddrama right line from thepoynt c tothe 
poynt » And forafmucb as in the femicircle a-c sisan 
angle.» ¢ » therefore(by the 31.0f thethird)the angle 





This was 





a cadsarightangle Wher efore(by the 27.0f thefaft). ~~ B 
the fanareof the lines » qs equallto the {quares of the. .— ens. 





lines x cand ca : wherefore the [guare of thelines » ` 


is in power more then the (quare of the line a c by the {quare of the line & n but the line 4 c 
is equall to the line . x,wherefore the [quare of the line a.» is in power more then the [quare 
of thé line ux by the [quare of the line cx . If therefore unto the line c » we make the line 
of _. xr equall, then isthe {quareof the lines », greater then the {quare of theline x by the 
sero. . fquare of the line.x x: which was required to be doope. aa 


- 


i 


$ 
4 


Tn 


of Euclides Elementes. . Fol.337. 


. ° 
4 
a IM T 


In this figure may ye more fully fee the « - 
conftruction and demonftration ofthe firft ` 
cafe of the former 23 .Propofitié, ifye erect . 
perpendicularly the triangle x R n, and vi- 
toit bend the triangle 1m r, that the an- 
gles & ofeche may ioyne together in the 
point x. And fofully vnderitanding this 
cafe, the other cafes will not be hard to. 
conceaue. 





y Thez1r. T heoreme. The 24. Propofition. 
; x p 
If a folide or body be contayned vnder * fixe parallel playne E aiio) 


J P erfi cieces the opp oftt ep lan se fr "per fi a of t he J ame bos addeth to Euclides porgo this 
‘allelog | worde fixe: whome I haue follow- 

dy are equall and parallelogrammes. Cpp hom ine olov 

in this. . 

This kinde of body mencioned 

in the propofition is called a Paral- 

lelipipedó accordingto the difüini- 


xoa V ppofethat this folide body C D HG be contained vader 
(S e thefe 6 parallel plaine [Uperficieces, namely, AC,G F,BG, 







SAMY iC EBE And A EA benl fay that the oppofite uperficteces tion before geuen thereof. 
LISS of the [ame body are equal and parallelogrames,it istowete, 
the two oppofites A Cand G F, and the two oppofites B G 





and C E,and the two oppofites F Band AE tobeeguall, R= 


and alto be parallelograrumes.F or forafiau ch as two p a- DA 
rallel plaine fuperficieces, thatis, BG; and C E are deni- tion that the 
ded by the plaine {uperficies AC, their common {citions opposite fides 
are (by the 16. of the elewenth) parallels. Viherfere ihe ` are parallelo- 
grammes. 


line A Bis a parallel to the line C D. Againe ſoraſmuch 

as two parallel plaine {uperficieces E-B and Z E are deni- 
ded by the platme [uperficies A C thæeix tommon ſections 
are by the fame propofition parallels Wherfore theline ¢ 
AD is a parallelto tbe line B C. And jt is alfo proued, 
that the line A B is a parallel totbeline D C. WEerfore | 
the {uperficces AC isa parallelograneme. Inltke fort alfo " | 
94) wepratue, that euery one of thefe fuperficjcesC E, G F, BG, F B, and A E are parallelo- ` 
grammes.Draw aright line from the point A,to the point H,and an other fromthe point D~_ - 
tothe point F.Aud forafmuch asthe line A Bis prouceda parallel tothe lineC D, andthe lyne : Denonflratio 
B H ro the [ne CF, therfove thefe tio vigDt lines AB and B H touching tbe one the other, are’ Eau Quo 
parallels to tbe[e two right lines D Cand C F touching alfo the one the other, and not being 5d f — 
in one and the felfe fame plaine fuperficies Wherföre (by the 10.0f the elenenth )they compre- a 
hend equallangles Wherfore the angle AB His equall to the angleD CF. And forafmuch’ 

as thefetwo lines A Band BH are* equal tg thefe two lines D C andC F, Y / 

aui anc an TA Meteo QUE DANI Lr iR eene 
ff ) the bafe AHE equall to the baſe D F, and the triangle AB HH js ¢- rallelograme,and by the fame rea- 
guall tothe triangle D C F.And Jérafmuch a$ (Dy the gx.oftbefirfl tbe fon, is BH equall to C F, becaufe 
parallelogramme B G ts double to the triangle ABH, and the parallelo- E Ae — vei E o — 
gramme Eis alfo double tothe triangle DCF, therfore the parallelo-che PME M n € IE 34.0 

J — XX Gif. gramme 
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In this figure may ye more fully {ee the - 
conftruétion and demonftration ofthe firft 
cafe of the former 23.Propofitid, ifyeerect.. .. 
perpendicularly the triangle x r N, and vn- 
to it bend the triangle 1m g, that the ans 
glesr ofeche may ioyne together in the 
point xr. And fofully vnderitanding this’ 
cafe, the other cafes will not be hard to’: 
conceaue. 


y The2r.Theoreme, Tbe 24. Propofition. 
í ^ ; E. x ann ^ á 
Ifa folide or body be contayned bnder * fixe parallel playne ee a ee 


Juperficieces the oppofite plaine fuperficieces of the fame bo- , adeth to Euclides propofition this 


dy aree wall and arallelooran worde fixe: whome I haue follow- 
ty d P gramm CS. ed accordingly, and not Zam berts, 


— . in this. 

A E ppofe that this folide body C D HG ke contained vader This kinde of body mencioned 
AES | thefe 6 parallel plaine fuperficieces, namely, A C,G F, B G, inthe propofition is called a Paral- 
SAS LACE EB aPAAETH T TS 22^. lelipipedé according to the difin- 
< S ve BE B, Then I fay that the oppofite [uperficteces rion before geuen thereof. 

ISSS of the fame body,are egual and parallelogrāmes,it isto wete, | 
the two oppofites A Cand G F, and the two oppofites B G 
and C E,and the two oppofites F Band AE tobeecuall, B 


and alto be parallelogrammes For forafmuch as two pa- 








q  Demoufira- 


rallel plaine {uperficieces, thatis, B G; add C E ave dezi- bo eae 
ded by the plaine fuperficies AC, their common [et#ions oppofite fides 
are (by the 16. of the elenenth) parallels. Wherfore the > are: parallela~ 
line A Bis a parallel to the line C D: "Again ſoraſmuch “Sl eS 


as two parallel plaine [uperficieces F-B.and A E are deui- 
ded by the plaine [uperficies AC their comm: on feciions 
are by the [ame propofition, parallels Wherfore thelyne g 
A D isa parallel to the line B C. Ana it is alfo proued | | 
that the line A B is 4 parallel to the line DC. Wherfove ; M 

the fuperficies AC 1s a parallelograreme. In Icke fort alfo "m — 

may we proue,that euery one of thefé fuperfigices C E, G F, B G, F B, and A E are parallelo- 
grammes. Draw aright line from the point A,to the point H,and an other from the point D À.- 

to tbe point F Aud fora[mtich as the line A Bis proud 4 parallel tothe line CD, audrhelyne Demonfiratis 
B H to the line CE, therfore thefe two right lines AB and BH touching the one the other, are: t?% the oppo- 
parallels to thefe two right lines D C and C F touching alfo the one the other, and not being aep NM 
in one and the felfe fame plaine fuperficies. Wherfore (by the 10. of the eleuenth) they compre- — 
hend equallangles Wherfore the angle AB H isequallto the angle D C F4 And forafmuch’ 

as thefetwo lines AB and B H are* equal tg thefe two lines D CandC Fret | è 

and the angle 42 His proved equall ta the angle D ¢ Fitherfore (by the 4.of the — Bi : equallto D C , becaufe 
feft) tbe bafe A H is eguall to the baft D È, and the trianele ABH ise- ali AAi Me iy Eod m 
quall to the triangle D C F.And foraſmuch as (by the at. the firft)the fon; isBH equall to C F, becaufe 
parallelogramme BG is double to the triangle ABH, and the parallelo- he fupsrficies PB is proued a pa- 
gramme C E is alfo double tothe triangle D C F, therfore the parallelo-the ERE Loi iore digitos 

Us "y" XX dig. gramme 
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In this figure may ye more fullyfee the - 
conftruétionand demonftration ofthe firft 
cafe of the former 23.Propofitid, ifye erect. . 
perpendicularly the triangle x r N, and vn- 
to itbend the triangle 1 w &, that the an. - 
gles & ofeche may ioyne together in the 
point x. And fofully vnderitanding this’ 
cafe, the other cafes will not be hard to’ 
conceaue. 





«T he 21. T beoreme. The 24. Propofttion. 
Ifa folide or body be contayned ynder " [ixe parallel playne m ES 
fuperfiaieces the oppofite plaine fuper ficieces of tbe [ame bo»... aed to Euclides propofition this 


^ DN T | worde fixe: whome I haue follow- 
dy are equall and paralleloerammes. e daccordingly, and not Zamberts, 
in thi 


1S. 
zs Vppofe that tbis folide body CD HG be contained under ‘Thiskinde of body mencioned 
e o thefe 6 parallel plaine [Uperficieces, namely, AC,GF, B G, KN P p M n Er a 
R\ A C EF Band A E.Then I fay that the oppofite fuperficieces á m t A geuen thereof. 
2$ of the fame body, are equal and parallelogrames,it is towete, | 


the two oppofites A C and G F, and the two oppofites B G 





+ 






and C E,and the two oppofites F Band A Etobeeguall, > M 

ard al to be parallelogrammes. For fora much as two pa- | | IN c —Demoufira- 
vallel plaine [uperficieces, tbat is, B G; and C E ave desi- - 2 E tion that the 
ded by the plaine {uperficies AC, their common {cctions oppofite fides 
are (by the 16. of the eleuenth) parallels. Wherfore the ` arë parallelo- 
line A B is a parallel to the line C D: Againe forafmuch E 

as two parallel plaine [uperficieces F-B. and A E are deni- | i-i 

ded by the plaine {uperficies AC their tommon fections 

are by the fame propofition parallels Wherfore theljne g | F| 

A D isa parallel to tbe ne B C. And it is alfo troued, A dv 


that the line A Bis a parallel tothe line DC. Wherfore | 
the {uperfictes A C ts a parallelogramsrse. In like fort alfo F l 

may we proue,that euery one of thefe fuperficices C E, G F, BG, F B, and A E are parallelo.. 
grammes.Draw aright line from the point A,to the point Hand an other fromthe point D> 

to the point F Aud forafmuch asthe line A B is proueda parallel to the line CD, andthe tne Demonfiratio 
B H to the lineC F, therfore thefe two'right lines A Band BH touching the one the other, ave’ that the opp E 
parallels to thefe two right lines D Gand € F touching alfo the one the other, and not being E / — 
in one and the felfe fame plaine [uperficies Wherfore (by the 10.0f the eleuenth) they compre- E 
hend equall angles. Wherfore the aigle AB His equall to the angle D C F. And ſoraſmuch 

as thefe two lines A Band B Hare* equal tg thefe two lines D Cand CF, ^ adi ' 

and the angle AD a is proued equall tothe ad DC Father for e ( by the 4.0f the the — — cui ep 
feft ) the bafe 2e 11 13 equall to the bafe D F,and the triangle ABH ise- rallelográme,and by the fame rea- 
quali to the triangle DC F. And foraſmuch as (by the AI .of the firft the fon, isBH equal] to CF, becaufe 
parallelogramme BG 1s double to the triangle ABH, and the parallelo- a —* Rcies * = — a T 
gramme C E is alfo double tothe triangle DG F, therfore the parallelo-the boride trooke, — 

A Er XX.iiij. gramme 


te ic 


D 


T he elenenth Booke 


wramme BG is equall to the parallelogramme C E.In like fort | 
alfo may we proue that the parallelogramme AC is eguali to — |? H 
the parallelogramme G F and the parallelograme A E tothe 
parallelogramme F B.If therfore a folide or body be contained 
vader fixe parallel plaine [uperficieces,the oppofite plaine fuper 
ficieces of the fame body are equal cy parallelogrammes:which 
was required to be demonftrated. | 


I haue for the betrer helpe of young beginners, defcribed 
here an other figure whofe forme ifit bedefcribed vpon pa-. 
ited paper with theletters placed in the fame order that it is 
here,and then if ye cut finely thefe lines A G,D EandC F not 
through the paper, and folde it accordingly, compare it with 
the demonftration,and it will {hake ofall hardenes from it. p^ E 


T be 22. I beoreme. ‘Ihe 2s. Propofition. 


If a Parallelipipedo be cutte of a playne fuperfie 
cies beyng a parallel to the two oppofite playne 
fuperficieces of the fame body: then, as the bafe 
is to the bafe, fo is the one folide to the other | | 
folide. B | = | 


MEME Vppofe that this folide ABC D being contained 
MN EF onder parallel plaine fuperficieces ( and therfore 
aK Ne called a parallelipipedo) be cut of the plaine fuper- 
4 ficies VE, heing à parallelto the two oppoſite ſuperſicieces of 
- the [ame body,namely,to the [uperficieces A Re DH.The 

> Ifaythat as the bafe A E F W is tothe lafe EHC F fois 
Conftruttione the folide A B F V tothe folide E G C D.Extëd the line A 
H on either fide, cy put vnto y line EH as mary equal lines 

as you wil namely, M,cy M N:¢cy likewife unto the line 

A E,put as many equal lines as you will,namely, A K & K 

L,cx wake perfect thefe parallelogrames L O,K W,HZ,o 

MM S,and likewife make perfect thefe folides or bodies L P, 

Demouflra- KR,D M,and MT. And foraf{much as thefe right lines, 
£108, L.K,K A,and AE are equall the one to the other,therfore 
_ thefe parallelogrammes LO, KW, and AF, are alfo (by 

the firft of the fixct)equall the one to the other : and fo alfo 

(by the {ame are thefe parallelogrammes K X, K B,and A 

G equall tbe oneto the other. And likewife( by the 24.0f the 

eleueatb) are tbe parallelogrammes LY ,K P, and A R, e- 

qual for they are oppofite the one to tbeother.« 42d by the 

fame vea{on alfo the parallelogrammes E C,H Z,and MS 

are equall tbe one tothe other, and the parallelogrammes 

H G,H Land 1 N are equal tbe one tothe other. And more 

ouer the parallelogrammes DH,M Q, and NT are (by 

thse 24.0f the elenenth equall the one to the other, for they 
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are oppofite : wherefore three plaine (uperficies of the folides LP, RK; and AF arë 

equall to; three plaine {uperfictes : bur vate tche of thefe three fuperficieces. are equall. the 

three oppofite [uperficieces (by the 2a.of- the.eleneth) Wherfore thefe three folides or. bodies L 

P,K R; and AV, are equal the one to the other ,by the 8. definition of the elentth. And by the 
Jame reafan alfo the three folides,ED,D M & M T gre equalthe oue to the ather Wherfare 

how multiple x the bafe L F is,to the bafe AE, {0 multiplexeis the falide L¥-ta the folide A. 

V.Ana by the Jamereafon alfo how multiplex the bafe N F is to the bafe F H fo multiplex is 

the folide N V to thefolide HV : fothatif the bale LF be equall to the bafe NF ,the folide 

alfo LV fhall be equall to the folide V N,and if the bafe L F exceede the bafe N F the folide | 
alfo L'F [ball exceed the folide V N aud tf'the bafe L. F be leffe then the bafe N F, thefolide .—.. 
allo L V fhall be leffe then the folidev IN, (by the 1. and 14. of. the fifi.) Now then there are * 
ſoure magnitudes, namely, the two baſes A F and F H, and the two folides or bodies AY and 

V Hof which are take their equersultiplices namel, the equemultiplices of the ba[e A F , e 

of the folide AV ,or the bafe L E gr the folide LV cy tbe equemultiplices of the bafe HF ci 

of the folide HY. are the bafe N E and the folide N V. And it is proued that if the bafe L F 

excede the bafe N F the folide alfo L V excedeth the [olide N V ,eb if it be equal, it is equal, 

and if tt be le]eyit is leffe Wherfore( by the 6 definitio of the fift)as the bafe AF is to the bafe 

F H,fojs the folide AV to the folide HV. If therfore a parallelipipedon be cut of a playne fu- 

perficies being a parallel to the two oppofite playne fuperficieces of the fame bódy; then;as the 
bafeistothe bafe,fois the one {olide to the other (olide: which was required to be proued. 


I haue for the better 
fight of the cóitructió & 
demóftration ofthe for- 
mer 25 .propofttió , here 
fet another figure, whofe «| : 
formeifye defcribe vp- '. 
pon paited paper,and 
finely cut the three lines 
XI,BS, and T Y, not 
through the paper but ° 
halfe way, and then 
fold it accordingly, and 
compare it withthe 
conítruction and demó- 
ftration,you fhall fee 
that it will geue great 
light cherünto. ^ ^- 





Here Fiufasaddeth three C orollaries. 
Fitft Corollary, f 


27 a Prifge be cutie of a playne faperfictes parallel to the oppofite faperficieces the feltions of the Fert Corolla. 
A fhall bethe onetothe other in that proportion,that the feéfions ofthe bafè arethe oneto the rye 
other, Fer 


- haueto any other feGion that proportion that the fetions of the bafes hane. 


Second Corol- 


ry. 

defe falidet 
"which he 
fpesketó of 1st . 
this Corsllary 
are af fome 
called ſidid 
CONUN So 


Third Corel- 
latya 


Cauflrscttott. 


SAID T he-eleuenth Booke: `- 

For the feCuonsof the bafes, which bafes(by the 11.definitió of this booke)are parallelogrammes,. 
fhall ikewife be parallelogrammes , by the 16. of this booke(whenas the fuperficies which cutteth is 
parallelel to the oppofite füperficieces)and fhalalfo be equiangle. Wherfore if vnto the bafes(by produ-' 
cing'the. right lines )be added like and equall bafesjas was before fhewed in a parallelipipedon,of thofe 
fettions fhalbe made as many like Prifmesasye will.And fo by the fame reafon,samely, by the commó 
exceffe,equalitie,or want of the multiplices of the bafes & of the fections by the 5. definitié of the fifth 
may be proued , thateuery fection of the’ Pifme ‘multiplyed by any multiplycation whatfoeuer , fhall . 


1 he he 


Ne rå 


Second Corollary. —— — 


Solides whofe two oppofitefuperficieces are poligonoa f, purés like equall and paralels the other fha. 
perfictes, which of nece/fitie ave‘parallelogrammes being cutteof a playne füperficies parallel tothe two. 
eppofite fuperficies : the fettions of the bafe ave the one to the other , as the fections of the folide are the. 
ene to the other. d uo ep m — 
A T UNO LU T» | 
: Which thing is manifeft, for fuch folides are deuided into Prifmes , which haueone cómon fide; 
namely,the axe orrightline , which is drawne by thecenters ofthe oppofite bafes. Wherefore how: 
many parallelográmes or bafes are fet vpon the oppofitepoligonon figures,offo many Prifmes fhal the. 
whole folide be copofed.For thofe-poligonén figares are deuided into fo many like triangles by the 20. 
of the fixth,which defcribe Prifmes Which Prifmes being cut by a. fuperficies parallel to the oppofite 
fuperficietes,the feQiés of the bafes fhal(by the former Corollary) be proportional with the fectids of - 
the Prifmes. Wheréfore by the.1z.0fthe fifth ,as the {etionsof the oneare thé onc to theother,fo are’ 


the fedtions of the whole the one tothe other. Mui. Li | E us. Pv 
Ofthete folrdes there are infinite Kindes;according to the varietie ofthe oppofite and parallel po- - 
ligonon Bigures, which poligonon figures doo alter the angles of the parallelogrammes fet vpon them 
according to the diuerfitie of their fitnation.But this is no let atall to this corollary , for that which we 
hauc proued willalwayes follow. When asthe fuperficieces which are fet vpó the oppofite like & equal 


poligononand parallel fuperficieces are alWayes parallelogrammes, 


77 > Third Corollary. 
T be forefayd folides eompofed of Prifenes being cutte by a playne fuperficies parallel to the oppofite 


faperficieses arethe one tothe other asthe beades or ligher parts cutte are. 


mu Oi ae. oe 
For itis proucd that they are the one tothe other as the bafes are. Which bafesforalmuchasthey |. 

are paraliclogrammes,are the one to the otheras the rightlines are vpon which they are fet by, the firtt . 
of the fixth which right lines are the heddes or higher parts of the Prifmes. Lowe “SE Se 


+ a» 


The 4.Probleme. The 26.Propofition. 5 0 s 
V powa right lyne geuen,and at a point init geuen, to make a folide angle . 
equail to a folide angle geuen. insi, Da i eiit 


N n i le teh Gam, 
— i 3.64 bed 4 - 





¥ ppofe that the right line genen be AB, and let the point in i genen he A, and: 

Wet the folide or bodily angle geuen be D being contained under thefe {uperfici- 

: Shall angles E DC,E D F.and F DC.It ts required upon the right line A B, c 

eiae c] ot to phint iz it geuen Ato make afolide angle equall to the folide angle D. 

Take in the line D F a point at all aduentures,and let the fame be F. A nd (by the 11. of the 

cleuenth ) fra the point F. Draw unto the fuperficies wherin are the lines E D e» D Ca per- 

peudicular liae F Gand let ia fall upon tbe plaine [uperfieies in tbe point G, ci draw aright 







—— d 7 


NS BAN pa 









line frons the point D to the'point G. And (by the 23.of the firt) unto the line A B,and at the 
point Amakevnto the angle E DC anequallangleB AL, and untothe angleE DG put 
the angle B A K eguali : and by the z.0f the firft,pat the line .A K equall to the line D G nd. 


va f by the 52. of the elewenth) from the point K rai[e vp anta the plaine f'perficies B A L à 


perpendicular line K Hyand put tbe line K H equallto the line G F, aud draw aright lyne 
“ou i : E A from n is 


i 


of Euchiles Elementes. Fol.339. 


from the point H to the point Av Now I faythat the folide angle A contained under the fi | 


pérficiall angles B A L,B A H,andH'A Lis equall tothe (olide angle D contained under 
the (uperficiall angles E D C,E D.F,and.E...D C. Let the the lines.A Band DE be:put e- 
quall ,and draw theferight lines HB;BK;F E;and E'G? And foraf much as tbe line F G is 
ereited perpendvoalaily tà the ground fiperficies therfore by ibe 2-definivion of the elenent, 
the line F:Gis alfo erected perpendicularly-t0.all the right lines that are in the ground fuper- 
ficies and touche it Wher fore either of thefe angles F G Dand FG E isa right angle, and 
by the fame reafon alfo ether of the angles HK Aand HK Bisaricht angle. And foraf- 
much as thefe two lines K A & AB are equall to the[e two lines GD Gy D E, the oneto the 
other, and they containe equall. 1 -— — —N 


ESE y INE Aad i e 
fore (by the 4. of the firft) the... ». 
bafe K Bisegualltothebafe E - 
G, and the line K H is equall to 
the line G F, and they coprehéd 
vight angles. Wherfore the line: ==> 
B H is equall to tbe line F E. 
Agayne,forafmuch as thefe two; 
lines A K and K H areequalto 
thefetwo lines DG and GF, 
and they containe right angles. 
Wherfore y bafe.A H is (by the 
4-0f the firft) equall to the bafe Á 
D F.And the line AB is equall 
to the line D E.Wherfore thefe ! ! | | 
two lines A Band A H are equallto the[e twolines F D and D E,and the bafe B His equalt 
to the bafe F E.Wherfore (by the 8 of the first) the angle B AH is equall to the angle EDF. 
And by the fame reafon alfo the angle HK Lis equall to the angle F G C. Wherfore if we 
pat n lines A Land DC equall,and draw thefe right lines K L, H L,G C,and F C: for- 
afmuchas the whole angle B A-Lis equall to the whole angle E D C,of which the angle B A 
K ds fuppofed to be equallta the angle E D G, therfore the angle remayning, namely, KA L 
is equall tothe angle remayning GD C.Andforafiach as thefe two lines K Aand A Lare 
equall to.thefe two lines G D and D C,and they containe equallangles,.therefore by the 4. of 
the first, the bale KL is equallto the bafe GC, and theline K H isequall tothe line GF, 
wherfore thee wo lines LK and.K H are equall to the(e two lines. C Gand G F and they cõ- 
tainevightangtes Wherfore the baſe HLis (by the ꝓſfthe first). equal tothe bafe F C.And 
forafmuch as thefetwo lines H A and A Lare equall tothefe two F.D and D C,and the bafe 
A Lis equalltothe bafe F C,therfore)by the 8.of the firft) the angle H AL is equall to, the 
angle F D C,and by conftruction,the angle B A Lis equall totheangle E D.C . Wherefore 
vato the right line geuen and at the point init geuen namely, Ais made a folide angle equa] 
tothe folide angle geuen D : which was required to be done... p 


In thefe eer. 
here put;you may P 









& 








clearely: conceiue the 
mer conftruction and dt 
monftrauó, ifye ere&t pe 
pendicularly vntó the 
ground fuperficiesthe tri-. ^ 
anglesALBandDCE,& L 
elevate the triangles A LH 

and DCE that the lynes 
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from the point H tothe point Av Now I'fay-thatthe folide angle A contained under the fu- | 


perficiall angles B A L,B A Hand H'A Lis equall tothe folide angle D contained under 
the {uperficiall angles ED. C,E D Fand E DC: Let the the lines.A Band DE be:put e- 
gquall,and draw theferight lines BB KF E and EG And fora{much asthe line F Gis 
erected perpendicularly to the ground fuperficies therfore by the 2.definition of the elenenth, 
the line F:Gis alfa erected perpendicularly toall the right lines that are in the ground fuper- 
ficies and touche it:Wherforeeither of thefe angles F GD andFGE isa right angle; and 
by the famereafon alfo either of the angles HK Aand HK Bisaright angle. And foraf- 
much as thefe two lines K A Gy AB are equall to thefe two lines G.D c D E, the oneto the 
other, and they containeequall. |. yy an ari) 


—— a S^ A e M ‘ p "3 s b 3 A ES. i 
angles(by confiruction). Wher ` `` 3 
fore (by the 4.. of the firft) the... a a VL LU SINE 
bafe K B isequallto the bafe E E T | A E d A L i k a. = 4 


G, and tbe line K H is equall to 
the line G F, and they coprehéd _ 
vight angles. Wherfore the line’. 
B H is equall to the lise FE. 
Agayne,foralmuch as the[e two. 
lines A K and K H are equal to 
thefetwo lines DG and G F, 
and they containe right angles. 
Wherfore y bafe A H is (by the 
4.0f the firft) equall to the bafe 
D F.And the line AB is equall 
to the line D E.Wherfore thefe | ^ d | j 

two lines A B and A H are equali to thefe two lines F D and D E,and the bafe B His equall 
to the bafe F E.Wherfore (by the 8 .of the first) the angle B.A H is equall to the angle EDF. 
And by the fame reafon alfo the angle HK Lis equall to the angle F G C.Wherfore if we 
put n lines A Land DC equall,and draiv thefe right lines K L, H L,G C,and F C: for- 
afmuchas thewholeangle B A-Lis equall to the whole angle E D C,of which the angle B A 
K is fuppofed to be equall tothe angle ED G, therfore the angle remayning, namely, Kid L, 
as equal to the angle remayning GD G.Andforalmuch as thefe two lines K Aand A Lare 
equall to rege two lines G D and D C,and they containe equallangles therefore by the 4. of 
the first the bafeK L is equallto she bafe GC, and theline K His equalltotheline G F, 
wherfore thefe two lines LK and.K Hare equall to thefe two lines CG and G F and they cô- 
tainerieht angles Wherfore the bafe H Lis (by the qof thefirst) equal tothe bafe F C. And 
forafmuch as thefetwo lines H Aand A Lare equalltothefe two E.D and DC,and the bafe 
H Lis equall tothe bafe F C,therfore) by the 8 of the firft) theangle H AL is equall to the 
angle F D C,and by conftruction,the angle B.A L is equalltotheangleE DC. Wherefore 
unto the right line geuen,and at the point in it geuen namely; Ais made afolide angle equal 





tothe folide angle geuen D : which was required to be done. |. 


? 







In thefe twe 


here put,you may P 
clearely conceiue the 
mer conftrudtion and di 
monftratió, ifye ere& pe 
‘pendicularly vnto the 

ground fuperficies the tri-_ ^ 


angles AL Band DC E, & 
eleuate thetriangles AL H J | ⸗ 
and DCF that the lynes | -— E EX... 

e ot | d e ` | P LA 
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of Euclides Elementes. Fol.339. 


from the point H to the point AU Now faythat thefolide angle A contained under the fu- 


perficiall angles B A L,B A Hand H'A Lis equall tothe folide angle D contained under 
the {uperficiall angles E D.C,E D.F and FDC: Let the the lines, A B.and°D E be: put e- 
guall,and draw theferight lines BSB K}F E,and EG: And forafr much asthe line F Gis 
erected perpendicularly to the ground fuperficies therfore by the 2.definition of the elenenth, 
the line F;Gis alfo erected perpendicularly 1o.all the right lines that are in the ground fuper- 
ficies and touche it. Wher fore either of thefe angles FG DandF GE isa right angle; and 
by the [ume Yeafon alfo either ifthe angli EK A and WK Bisa right angle, And foraf- 
much as the[e two lines K AG AB are equall to thefe two lines G D d» D E, tbe oneto tbe 
other, and they coataipe equal... Vr Jan cT 
angles(by con[fliruciton).Wher = ~ — NN. 
fore (by the q. of the firft) the. 
bafe K B is equallto the bafe EB. . 
G, and the line K H is equall to 
the line G F, and they coprehéd 
vicht angles. Wher fore the line: 
B H is equall to tbe line F E. 
Agayne fora[mucb as thefetwo 
lines A K aud K H areequalto 
thefe two lines DG and GF, 
and they containc right angles. 
Wherfore y bafe A H is (by the 
4-0f the firft) equall to the bafe 
D F.And the line AB is equall 
te the line D E.Wherfore thefe | j | 3 
two lines A B and A H are equallto thefetwolines F D andD E,and the bafe B His equalt 
to the bafe F E.Wherfore (by the 8 .of the first) the angle B A H is equall to the angle EDF. 
(And by the fame reafon alfo the angle H.K Lis equall to the angle F G C. Wherfore if we 
put n lines A Land DC equall,and draw thefe right lines K L, H L,G C,and F C: for- 
afmuchas thewholeangle BA-Lis equall to the whole angle E D C,of which the angle B A 
K is [uppofed to be equall to the angle E D G; therfore the angleremayning, namely, KA L 


$ 





s equalltothe angle remayning G D G.Andforafrouch asthefe two lines K Aand A Lare 
equall.tothefe two lines G Dand D Cand they. cöntaine eguallangles, therefore by the 4. of 
the first, the bafe KL is equallto the bafe-G C, and theline. K H isequalitotheline GF, 
wherforethefetmolines LK and-K-H are equall to thefe two lines.C Gand G F,and they ca 
faine right angles Wherfore the bafe H Lis (by the g.of the first) equal to the bafe F C.And 
forafmuch as thefetwo lines H A and A Lave equall to thefe two F D and DC,and the bafe 
H Lis equall tothe bafe F C,therfore by the 8.of the firft) the angle H AL isequallto the 
angle F D.C,and by confiruction,the angle B A Lis equall totheangle EDC. Wherefore 
vnto the right line geuen,and at the point in it geuen namely,A,is made afolide an ele equal 


> 1 2 


tothe (alideangle geuen D : which was required to be dome. _ J — 
In theſe two figure 9 c 

here put,you may more ey LEN 

clearely conceiue the for- uA 

mer conftrudtion and de- _ 

monftratió, if ye erect per- 

pendicularly vntó the 

ground fuperficies the tri- 





angles ALBandDCE,& |. * 
eleuatethetriangdles AL H. | ^ i, | 
and DCF that the lynes , — 

P T Is LA 
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atau The el euenth Booke 


LAandCD oftthem may,exactly agree with the lines A'and'C D'ofthe triangles erected. For fo or- 
dering them, if ye compare the former conftruction and demonftration with them, they will be playn¢ 


vntoyou.  ^' ^ 4 i E = 
at Although Eudidés deméftration be touching folide angles which are contained only vnder three 
pericial angles, that is,whofe bafes are-triangles yet by it may ye performethe Probleme touching 
e we folide angles contained vnder fuperficiall angles how many foeuer, that is; haning to. their bafes any 
-. kindeofPoligonon figures.For eüery Poligonori figuré may by'the zo. of the fixt;be refolued into like 
tringles. And foalfo fhall the folide angle be deuided into fo many folide anglesas there be triangles 
in the bafe. Vnto euery oneof which folide angles you.may by this propofition defcribe an equali 
folide angle vpon a line geuen, and at a point in itgeuen. And fo at the length the whole folide angle’ 
after. this manerdefcribed fhall be equall to thefolideanglegeuen., — — *.—— .- 
CU 3 1 E X Ag yf d V. T4 J * > ^ * iet 


The y. T beoreme. J'bez;.Propofition. :. ^ ^ —— 


V pon aright line geuen to defcribe a parallelipipedon like and in like fort fee 
tuate to a parallelipipedon eeuen. d cdi hn ili Cl 


ANS et 


¥ppofe that the right line geuen be AB , and let the parallelipipedom genen be 
C D. Itis required upon the right line genen A B-to,defcribe.a parallelipipe- 
don like and in like fort fituateto tbe paratlelipipedon geuen , namely , to CD. 
—  Fhto tbe right line AB and at tbe poynt init A. defcribe ( by tbe 26.0f tbe ele- 


ae 


Confiructione 








nenth(a folide angle equallto the folide angle © 3 and let it be contayned under thee fuperfi- 
AallanglesB A H, H AX, asd K AB, fo that let the angle B A H be equall to the angle 
ECP, and the angleB AX to the angle EC Gand moreouer thé angle K A H tothe an- 
gleGC BF. And asthe line EC is to theline C G,fo ler the AB be tothe line A K (by the 


> 
- * 4 


12.0f the fixth ) and as the tine GC 18 to the lige C F fo let tbe K Abe ‘to the line AH: | 
Wherefore of équálitie ( bythe 22. of the fift ) asthe line E C isto the line CEfoistheline 
Dewonifra- — By Aro thé line A HiMake perfect the parallelocramme BH, and alfo the folide AL . Now 
— for that as the line EC is io the line & G, ſois the line BAto the linè &K therefore ibe 
fides which contayne the equall angles; namely, the angles ECG and BA Kare proportio- 
nallwherefore (by the fir t definition of the fixth)the parallelogramme G Eis like to'the pa- 
rallelogramme K B.And by the fame reafon the paralleloeramme K H is. like to the paralle- 
logramme G F and moreouer the parallelogramme ¥ E.to the parallelogramme HB: Wher- 
fore there are three parallelogrammes of the folideC D like to the three parallelogrammes 
of the folide A L.. But the three other fides in eche of thefe folides are equall and like to their 
oppofite fides Wherefore the whole folide C D is like to the whole folide A L: Wherfore vpon 
the right line geuen AB is defcribed the folide A L contayned under parallel playne fuperfi- 
cieces like and in like fort fituate to the folide gené C D contayned al(o under parallel playne 
Juperficteces: which was required to be doone. La Pd 


This demonftration is not hard co conceaue by the former figure as it is defcribed in a p ye 
iy A | aue . 





of Euclides Elementes. Fol.34.65 


that imagination oF parallelipipedons défcribed ina pigg which weë before táüght in the diffinitiori 
ofa cube, Howbeit I haue here for the more eafe of fuch asare not yet acquainted with folides , def 





F C F 


cribed two figures , whofe formes firft defcribe vpon pafted paper with the like letters noted int theni; 
and theti finely cutte the three midle lines of eche figure,and fo fold them accordingly , and that doone 
compare them with the conftruction and demonttration of this 27. propofition , and they will be very 
ealy to conceaue. 


The 23.1 heoremé: T he 28. Propofition. 


Ifa parallelipipeds be cutte by a plaine fuperficies drawne by the diagonal 
lines of thofe playne fuperficieces which are oppoftte : that folide is by this 
playne /uperficies cutte into two equall partes. 


V ppofe that the parallelipipedin 
AB be cutte by ^5 5 p per- 
ficies C D EF drawne by the dia- 
ZS) conal lines of » plaine {uperficieces 
which are a fite, — aa 
C Fand DE T ben 1 fay that the parallelipi- 
pedon A Bis cutte inte two equall partes by the 
fuperfictes C DEF .For forafmuch as ( by tbe 
34.0f the firft ) the triangle C G Y is equallto 
Phe triangle C BF, and the triangle A DE to 
the triangle DEH, and the parallelograme 
C Ais equall to the parallelogramme B E, for | 
they are oppofite,and the parallelogramme GE 
is alfo equall to the parallelogramme C H and 
the parallelogramme CE, is the common fection by TE Wherfore the prifme contak- 
ned under the two triangles C GF and D AE, and under the three parallelogrammes 
GE,A C,and C Eis ( by the 8 definition of the elenenth ) equall to the prifme contayned 
under the two triangles C FB and DEH and under the three parallelogrammes CH, 
BE,and CE. For they are cotayned under playne fuperficieces equall both in inultitude and 
in magnitude . Wherefore the whole parallelipipedon A Bis cutte into typo equall partes by 
the playne [uperficies C D EE: which was required to be demonftrated. | 






E 


XY .i- Å diz- 


Demonfiras 
teon. 


* Looke at tbe 
end of tbe de- 
monſtration 
whatis vn- 
deríffauded 5 
fiading lines, 


Tobn Dee bis 
figure. 

By this figure 
at appeareth 


The eleuenth Booke 

A diagonal line is aright line which in angular figures is drawne ^ "à 

from one-angle and extendedto bis contrary angle as you fee in the figure 
AB. | 


Defcribe for the better fight of this demonftrauon a figure vpon pafled 
paper like vnto that which you defcribed for-the 24. propofition onely altering 
the letters: namely,in fteade of the letter A put the letter F,and in fteade of the 
letter H the letter C : moreouer in fteade of theletter C puttheletter H , and 
the letter E for the letter D,and the letter A for the letter E;and finally put the 
etter D for the letter F. And your figure thus ordered compare it with the de- 
monítratió, only imagining a fuperficies to paffe through the body by the dia- 
gonali lines C Fand DE. 





g The m M The 29. Propofition. 


Parallelpipedons confifting Ypon one and tbe felfe.[ame bafe , and vn⸗ 
der one and the felfe fame altitude whofe * ftandin ig lines are in the felfe 


famevight lines are equall the one to the other. 


Vppoſe that that thefe parallelipipedons C M and CN. doo confit upon one 

and the felfe fame bafe, namely AB, and let them be under one and the felfe 

[ame altitude, whofe flanding lines, that is,the fower fides of eche folide which 
All upon the bafe,as the lines AF,C D,BH,LM of the folide C M, and the 

lnes C B,B K,A Gaand LN >` | 

of tbe fülide C. Wy let be in the: 


Hiden A H K 
Jelfe Jame right lines or paral- ~~ | 
lel lines EN, DK. Then Iſap | a 
that the folide C M is equall to RF  j/8 M f N 





the folide C N. For forafinuch 
as either of thefe fuperficieces 


why fink Pri! CBDH,C BEK és a paralle- 


mes were cat- 
bed wedgesiof 
the very fhape 
of a wedge,as 
asthe fatide 
D&FGA- 
D QC 


lograname,therefore( by the 34. j | / 
of the firft ) the line C Bis e- i E^ 
quall to either of thefe lins D C | 

H ana E K. Wherefore alfothe XY | / 
line DH zs equall to tbe line | | | 

EK. Lake away EH whichis A 

common tothem both , where- | | 
fore the refidue namely D V. is equall to tbe vefidue VÀ K. VVherfore alfo the triangle D C ES 
is equall to thetriangle AK B. And the parallelogramme D G is equall to the parallelo- 
gramme HN. And by tbe [ame reafon the triangle A G F is equall to the triangle MLN, 
and the parallelogramme C F is equall to the parallelogramme B M.But the parallelograme . 
C Gis equall to the parallelogrammeBN , by the 24.0f the tenth for they are oppofite the 


one tothe other. Wherefore the prifme contayned under the two triangles F A Gand DCE 


and under the three parrallelogrames AD,D G, andC G is equall to the prifme cotayned 
under the tivo triangles MLN and HH BK, and under the three parallelogrames, that is, 
b M,N H,agd B N.Put that folide common to them both whofe bafe is the parallelograme 
A B,and the oppofite fide unto the bafe is the fuperficies GEH M. Whereforethe whole pa- 
rallelipipedon C M is eguall to the whole parallelipipedon C N :Wherfore parallelipipedons 
confifting upon one and the felfe fame bafe,and under one and the felfe fanie altitude,whofe 


. flanding lines are in the felfe fame right lines, are equall the one to the other: which was re- 


quired to be demonstrated. 
Although 
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Although this demonftration' . — 

be not hard to a good imaginati- 
on to conceaue by the former fi- 
gure( which yet by M, Dees refor- < 
ming is much better then the figure ` 
ofthis propofition commonly def- 
cribed in other copyes both greake 
aad lattin) :yet for the eafe of thofe 
which are young beginners in thys 
matter offolides , I haue here fet an 
other figure whofe forme if it be 
defcribed vpon patted paper , with 
thelikeletters to euerylineas they  , 
behere put,and then ifye finely cut ` 
not thorough butas it were halfe 
way thethreelines 1 A,N w c r,and 
KHED, & fo foldeit accordingly, & 
compare it with the demonftratió, 

it wili geue greatlight thereunto. 





Stáding lines are called thofe fower right lines of euery parallelipipedon which ioyne together the 
angles of the vpper and nether bafes of the fame body. Which according to the diueríttie of the angles 
ofthe folides , may either be perpendicular vpon the bafe,or fall obliquely . And forafmuch as in thys 
propofition and in the next propofition following,the folides compared together are fuppofed to haue 
one and the felfe fame bafe , itis manifeft that the flanding lines are in refpe&t of thè lower bafe in 
the felfe fame parallel lines,'namely;in the two fides ofthe lower bafe . But becaufe there are put two 


Stading lines. 


folides vpon one and the felfe fame bafe;and vnder one and the felfe fame altitude,thetwo vpper bafes 
of the folides may be diuerfly placed.For forafmuch as they are equall and like(by the 24.0f e bodie) 


either they may be placed betwene the felfe fame parallel lines: and thé the ftanding lines are in either 
folide fayd to be in the felfe fame parallel lines,or right lines: namely, when the two fides of eche of the 
vpper bafes are contayned in the felfe fame parallel lines: but contrariwife if thofe two fides’of the Vp- 
per bafes be not contayned in thé felfe fame parallel or right lines,neither fhal the ftanding lines which 


are ioyned to thofe fides be fayd to be. in the felfe fame parallel or rightlines . And therefore the ftan- 


ding lines are fayd to bein the felfe fame right lines, when the fides of the vpper bafes , atthe leaftt 
of fe fides are contayned in the felfe fame right lines: which thing is —* — in the nisse of this 
29,propofition.But the ftanding lines are fayd not to bein the felfe. fame right lines’; when none of the 


two fides of the vpper bafes are contayned in the felfe fame right lines, which thing the next propofiti- 


on following fuppofeth. 


g The zs. Theoreme. 1 T'he 30. Propofition. 


Parallelipipedons confifting vpon one and the felfe fame bafe and vnder 
the felfe Jame altitude, whofe ftanding lines are not in the Jelfe fame right | 


lines, are equall tbe one to tbe otber. 


.T2i 


Ae "n that thefe 'arallelipipedons c w. and c w, doconfoft pon one and the felfe 
Jame bafe, namelj, az, and'vnder one and the felfe fame altitude, whofe flanding 


jh * —— the lines F, 0 D,B HMAndIM, of the Parallelipipedon c w., and the 
franding lines a Gc 8,3 x and x. N, of the Parallelipipedon c n, let not be in the felfe fame 
right lines Y ben I (ay, that the Parallelipipedon.c wis equall to the Parallelipipedon CN, 
Forafrauch as the upper [uperficieces v w c o x of the former Parallelipipedons, are in one. 





and the felfe fame [uperficies ( by reafon they are {uppofed to be of one and the felfe [ame alti- 
tude ): Extend the lines y p and v ni, till they concurre with the lines w-G add x '& ( 'fuff- 
ciently both waies extended : for in diners cafes their concur[e is diuers) . Let y p extended 

meete with x Gand cut it in the point x: and with x x in the point p .-Let likewife M d 


extended, mtete with w o ( füfficiently produced) in the point o, and with in the D 


n . And drawe thefe vight lines & x,1. oc p, and n x. Nam (b 1 
| | y the 2 9 .of the eleuenth )tbe 
folide c ss, whofe bafeis the parallelogramme s cB Landthe o M oppofite vn - 
7 T-4 


y fo 


— Conftrntlione 


| 7 be eleuentb Booke M 


Desovfha- totis v D m m, iseguall to the folide c o whofe bafe is a csi and the oppofite fide the 


HT parallelogramme x ? x o, for they confi fte | Upon one and the felfe fame bale, namely, vpon 
the parallelograme a c 3 1, whofe flanding lines A Fy A X, LM, L Oy CD CP, B Hands R, 
KE Dees figure. 





^ 


, "7 [ ! | 


are in the [elfe [ame right lines v v and w x. Buttbefolide c o, whofe bafe is the paralle- 
logramme ‘a.c.2.1,and the oppofite [uperficies vato itis x » x o, isequallto tbefolide c x, 

za HL Eoo wal A fa^ i - ' l Uy. ho! ! 
whofe bafe isthe parallelogramme a c s'i, and the oppojite [uperficies unto it is the fuperfi- 
cies GB KN; for they ave.vpon.one and thefelfe fame bafe, namely, a c z 1, and their flan- 
ding lines b GyAX,C B,C PSLN,L 0,8 K, aud BR, arein the felfe fame right lines w x, 
and vx: Wherefore alfo the folide cm, is equall to the folide cw. Wherefore Parallelipi- 
pedons confisting upon one and the felfe fame bafe,and under the felfe fame altitude, whofe 
Standing lines are notin the felfe fame right lines, are equall the one tothe other's which 
was vequived tobeproucd. 0 > —— : 

This demonfira- 
tion is fomwhat har-., . 
der then the former `. 
to.conceaue by the fi- 
güte defcribed in the 
plaine(and yet before '; . 
M. Dee inuented that 
figure which is placed 
for it, it was much 
hatder)by reafonone 
folide is contained in 
another. And there-. 
fore. for: the clérér - 

light therof, defcribe 
- CONCI S . 
vpó pafted paper this 
figure liere put with- 
the -like` letters and 
aiias Anely cut the lines > 
i AG, CB, EG, BL... 
EPK,R OHM, and 
folde it. áccordingly : 
that euery line may . 
ear agree with his 
cerrefpondent lyne. T A i | 
(which obferuing the - a 2. 
letters. of euery line / 1 4 sh JAA asas J og t7 BOXE 4 o. We 


es ! | ye 


*, 


i EINE rU 


1? t QÀ Y'*!' 'f 
= 
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y¢ fhall eafily do ) and fo cópare your figure with 
the demonftration,and it will make it very plaine 
vnto you. 


a z 
The 26.0 beoreme. The 3 1.Propofit. 
Parallelipipedons confifting Ypa 
on equall bafes, and being vnder 
one and the felfe fame altitude, 


are equall the one to the other. 


F ppofe that uppon thefe equall 
bafes A Band CD do ‘conjifte 
theſe parallelipipedons AE and 

EIC F, being vander one e7 the felf 







fame altitude. The I fay that the folide ‘AE P m * 
is equall to the folide C F . First let the flan- "nae, 
dina linesnamely,H K,B E,4 G,L M,O P, The firft cafes 
D F,CX, andRS, be erected perpendicular- Confirutlion. 
ly tothe bafes AB and C D, and let the an- 
gle ALB not be equall tothe angleC RD. H 
Extend the line CR tothe point T . And 
( by the 23.0f the firft ) upon the right line 
RT , and at the point init R, defcribe vn- 
Weare behol- 
ding to M. Dee 
for inuenting 
thes fis Lure, with 
other,which etl 
his reforming 
were as imuch 
wrifbappen as 





S 


this was and fo 
both inthe 
| Greeke and La- 
YANIZ fine copies rem — 
nins, 


TI Jj. to the 


Demonstra- 
ELON 


The eleuenth Booke 


0 the angle ALB anequallaneleT RV. 
And ( by the third of the first) put the 
line RT equall to the line LB, and the 
line RV equall to the line AL. And 
(by the 31-0f the firft) by the point V. dram 
vatothe line RT aparallel line VW : and 
make perfecte the bale RW, and the folide 
Y V. Now forafmuch as thefe two linesT R 
and RV areequall to thefe two lines B L and 
L A, and they containe equall ancles,ther- 


fore the parallelogramme RW is equall ana 


like to the parallelogramme AB. Againe, 
forafmuch as the line LB is equall to the 
dine- RT, andthe line LM tothe line RS 
(for the lines L M and RS are the altitudes 
of the Parallelipipedons A E aud C F which 
altitudes are {uppofed to be equall ) and they 
containe right angles by fuppofition , there- 
fore the parallelogramme RY is equall ana 
liketo the. parallelogramme BM. Ana by 
the fame reafon alfo the parallelograminc 
LG is equall and like to the parallelogranz 
SV. Wherefore three parallelogrammes of 





Wa 





na 
A M 
FM er Ea iu Tq AM 
: A è 4? 
v en * 





of Cuclides Elemenites.. Fol.343. 


the folide AE are equalland like to the three parallelogramsmes. of the:folide. TV; °:But 

thefe three parallelogrammes. are equall and like to the three oppofite fides. Wherefore 

the whole Parallelipipedon AE is equall and like to the whole Parallelipipedon. Y V: 

Extend (by thefecond petition ) thelines D R and W Vywntill they.concurxe ,. and let 

them concirre in the point 9 . And ( by the 31. of ioe fal ). by. the point F-driwe vato 

the line RQ a parallel line Ta, and extend duely the-lines T a And. D. O-vntillthey — 

concurre, and let them concurre inthe point * . And make: perfette the folides QV and ,. 259 
RI. Now thefolide 2 Y,whofe * bafe is the parallelogramme RY, and the oppofite fide — —* 
unto the bafe the parallelogramme 9b, is equall to the folide X V, whof bafe isshéparal- | siuely is taken 
lelogramme RY, and the oppofite fide vinto the bafe the parallelogrammeV ZF or they.con- Jefe may alte- 
fifie upon one and the felfe fame bafesnamely, RY, and are under one andthe {elfefame al- “7” e 
titude, and their standing lines, namelys RQ ,RV,T a,/-W38 IN, Sd, Y byaud Y Zi, of the bowndes 
are in the felfe fame right lines, namély, QW, and NZ » But. the [olide'T V dsproued &- ther of folides 
quall tothe folide AE. Wherefore alfo the folide Y 9 wequalltothefolide AE .\Now ”? ER 
forafmuch as the parallelogramme RV WT is equall to thé parallelogramme: QT .(by the 

35.0f the firft) and the parallelogramme AB is eguali to the parallelograimme RW : there- 
forethe parallelogramme Q F is equall to the pardllelogramme AB, and the parallelo- 

gramme C D iseguall to the parallelograinme AB (by fuppofition) .Whereforèthe paralle- 
logramme C D is eyuall to the parallelogramme 9T . And thereis a certaine other fuper- 
(fities, namely, DT . Wherefore ( by the 7.of the fift) as the bafe CD istothe bafe DT, fo 

isthe bafe QT tothe bafe DT. And forafmuch'asthe whole Parallelipipedon C Lis cut by 

the plaine fuperficies R F which isa parallel ta either of the oppofite plaine [uperficieces,ther- 

Jore as the bafe C.D is to the bafe DT, fois the folide CE tothe folsde RI (by the 25.0f the 

eleuenth ) « Andby the fame reafon-alfo, forafisuch asthe whole Parallelipipedon Q 1 is 

cut by the plaine [uperfictes RY which is a parallel to either of the oppofite plaine fuperficieces, 

therefore as the bale QT isto the bale DT, fois the folide 9 Y tothe folide RI . Butas the 

bafe C D istothe bafe DT, foisthebafe DT tathebale T D.Wherefore ( by the r1.0f 

the fift) asthe folide C F zs to the folide R1, fois the folide 9 ¥ to the folide R1 . Wherefore 

either of thefe [olides C F and Q Y ,haueto the folide RI one and the [ame proportion Wher- 
fore the folide C F is equalltothe folide OY. But itis proued that the fokde QY is equall 

to the foide AE. Wherefore alfo the folide C F is equali to the folide AE. 


But now fuppofe that the © 777 = T q 


flading lines, namely, AG,H K, T KA — ltl on a Second cafes 
BE,LM,CX,0P, DiF,and | | LN | E 


, 
A 


RS, be not erected perpendicu- + 

larly tothe bafes AB and CD. ; / 
Then alfo I[ay, that the falide 
A E is equall tothe folide C F. 
Draw (by the 11.0f the eleueth) 
unto tbe eround plaine f[uperfr- 
cieces A Band C D from thefe 
pontes KE, G,M,P,F,X,S, i 
thefe perpendicular lines K N, L 
ET,GY,M Z,PW,FY,X 9 ; 
and SI. And draw thefe right 
lines NT,NV,ZV,ZT7 WT, 
W 9 ,I9 ,and IY. Now(by 
hit which bth before benepro.” 
Qd yi is ad Prapafiion JM 


ec 1 2* 





* 
iui) e 


* There yor 
perceane how 
the bafe is di- 
nerfly confi- 
dered é cho- 
fen: as before 


weadsertifed | 


otis j 


the folide P Tis (by the fame) e- 


The elenenthBooke 
folideK Z isequall to the folide NE j 
P I, for they.confift upon equall Y 

* bafes, namely, K M, and P. 8, . -. 
and are. under one and the felfe >> : 
fame altitude, whofe flanding, ` 
tines alo areerected perpendicu- `` 
larly to the bafes.. But the folide 
.K Z is equall to the folide AE 
(by the 2 0.of the eleuentb) and 


is 






quall tothe folide C F, for'they Ò 
confit uppon one and the felfe.. -. 
fame bafe, and are vnder:one s 2 
cr the felfe fame altitude whofe © | x. nw 
ſtanding lines are upon.thefelfe 0.0 C ! 
fameright lines .Wherefore alfo aut 
Athe folide A E is equall to tbe folideC F. Wherefore Parallelipipedons confifting vpon equall 
bafes and being under one andthe [elfe fame altitude,are equall the one to the pe : which 
was required to be dentonftrated. 2 4 


The demonftration of the firft cafe of this propofition is very hard to conceaue by the figure def- 
cribed for it in a playne.And yet before M. Dee inuented that figure which we haue there placed for it, 
“it was much harder.For both in the Greke and Lattin Excide,itis very ill made,and itis ina maner im- 
| — conceaue hy it the conſtruction and demonſtration thereto appertayning. Wherefore J haue 


ere deſcribed other figures,which firftdefcribe vpon paited paper , or {uch like matter and then order 
them in maner following. 





As touching the folide A E in the firft cafe , I neede not tomake any new defcription . For itis 
playne inough to conceaue as itis there drawne. Although you may for your more eafe of imagination 
defcribe of pafted paper a parallelipipedon hauing his fides equall with the fides of the parallelipipedon 
AE before defcribed,and hauing alfo the fixe parallelogrammes thereof (contayned ynder thofe fides) 


equiangle 


of Euclides.Elementes: 34.40 


equiangle with the fixe parallelogrammes of that figure,ech fide and eche angle equall to his corréfpon 
dent fide,and to his correfpondent angle. / Lii admin 
But concerning the other folide. When ye haue defcribed thefe three figures vpon pafted pa» 
per: Where note for the proportion of eche line, to make your figure of pafled paper equall with the fi- 
gure before defcribed vpon the playne;let your lines 0 »,c x, & s,p r, &c. namelysthe reft ofthe ftan- 
ding lines,of thefe figures, be equall to the ftanding lines o »,c x;& s,» s, &c. ofthat figure . Likewife - 
let the lines o d ,c n,& 5,» o, &c.namely,the fides which cótayne the bafes of thefe figures be equal to 
the lines 0 c,c R,x DD 0, &c. namely,to the fids which cétayne the bafes of that figure. Moreouerlet 
the lines P x,x sis F,F P,&c.namely,the reft of the lines which cotaine the vpper fuperficieces ofthefe 
figures, be equal to thelines e x,x-s,s F,F e,8¢c.namely,to the reft of the lines which cótaine the vpper 
fuperficieces of that figure(to haue defcribed all thofe forefaid lines of thefe figures equal'to all the lines 
of that figure, would haue required much more fpace then here can be fpared:I haue made them equall 
onely to the halues of thofe lines,but by the exainple of thefe ye ay ye will defcribe the like figures 
hauing their lines equall to the whole lines of the figure in the playne;echeline to hiscorrefpondent 
line). When I fay ye haue as before is taught defcribed thefe three figures, cut finely the lines x c, s n, 
F D ofthe firft igure,and the lines s R y r,and 1» of thefecond figure: likewife the lines s &,w Qz vY, 
and y r,of the third figure , and fold thefe figures accordingly ; which ye can not chufe but doo if ye 
marke well the letters of eueryline.. 5 n, poen Y T EE di —— 


t’ 
ASh 


The three former figures being after this fort defcribed, fet them vpon this figure here defcribed 
vpon a playne,as vp6 their bafes,namely,thelines O C,C R;jRD,D O:R T,T»E, huD, DR:VR,RT; 
T W,W a; V Q,and Q R of thefe-three figures vpon theliries correfpondent vnto them in this figure. 
Andthey fo ftanding compare them with the © as iu ous i m E osea 


~ 


conftniction and demon ftration of the firft cafe, 
and they will geuegreatlight vnto it-. This alfo — 
ye muft notè,thatif ye make the lines of the forë "ws 
fayd three figures equall to the lines oftlie figure = 
ofthe plaine defcribed before in the demóflrati- g 
on of the fitt cafe: then muft ye make a new bale - 
for them like vnto this, which is eafy to doo , i£ 

ye draw a ‘pallelogramme equal} and liketo the. 
parallelogramme O C T», and thécut offrom ^ 
the fame' a parallelogramme D R Typ 'equall | 
and in like fortfituate to the parallelogramme v2 oun — 
DRT > of that figure: 8¢ vpon the line RT defcribe two parallelogrammes, the one equalllike , and 
in like fort fituate to the parallelogramme R T Q a of thatfigure, and the other equall, like and in like 
fort fituate to the parallelogramme R TV W ofthe fame figure . The lines of this bafe which 1 haue 


= 


here put are equall'oitely to the halues of thé.lines of that. figure m the demonftration. 


= 


As touching the fecond cafe ye neede no new figures , for itis playne to fee by the figures ( now 
reformed by M.Dee) defcrihed for itin theplayne, efpecially ifye, remember the formie ofthe figure 
of the 2'y-propofition of this booke, Only that which there ye concéaite to be the bafe,imagine here in 
both the figures of this fecond cafeto bethe vpper fuperficiesó ppofite to the bafe; and that Which was 
there fuppofed to be the vpper fuperficies conceaue here to be the bafe. Ye may defcribe them vpon 
pafted paper for your better fight, taking hede ye note the letters rightly according as the conftruétion 
requiret OE OVA 3g tte RA ' mo ym MAE vg pw ba m On TN ELLO a 1 À -— 7 1 å 
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Confiru Sion, ` 





Denas frg- 
don. 


monftrateth this propofition an other way taking onely the bafes 
Bei wen iv vvcMen oftrdéfolidesandthatafterthismanéer, /— 2 99: ^ 7 xe m 
Take equall bafes(which ! yh DD chee a Dek essen 
yet for the furer ynderftan- C ee diücilbe aa aii. MEC 
ding let be vtterly vnlike) — d ux f "e d 
namely,AEBFandADC ` i> 5. 
H,and letoneof the fides of 
eche concurre in one & the 
fame rightline AED,& the 
bafes being vpon one and 
the felfe kh. playne let 
there be fuppofed to‘be fet 
vpon thé parallelipipedons 
vader one & the {elfe fame 
altitude. Then I fay that the 
folide fet vp6 the bafe AB is 
equal to thefolide fet vpon 
che bafeA H By thépoynt 
Ëdraw vato the line A Ca 


\ 


£^ 





Confiruction, 


Demonffra- 
gon. 


pt bj The elenenth Booke 


parallelline E.G, which if it 

fall without the bafe AB, 
produce the. right line HC 

to the poynt I. Now foraf- 
much as A B and A H are pa- 
rallelogrmáes , therefore by 

the a4. of this booke , the 
triangles ACI and EGL yy 
fhall be equaliter the one to 

the other : and by the 4.of 
the firit,they fhal be equian- 

gle and equall: and by the 
firit definition of the fixth, 
and fourth. Propofition of 
thefame,theyíhall belike,.  . 
Wherfore Prifmes ereGted D Ee A 

vppon thofe triangles and , ^ — "-—— 
vnder thefame altitude that the folides A B and A H a:e,fhall be equall andlike, by the 8: definition 
of this booke. For they are contayned vnder like playne fuperficieces equall both in multitude and mag 
nitude.Adde the folide fet vpon the bafe A C L E common to them both. Wherefore the folide fet vp- 
pon the bafe AE G C.is equall to the folide fer vpon,the kafe A ELI. And forafmuch as the fuperficie~ 
ces A E B F,and.A D H C are equall (by {uppofition):.and the part taken away A G is equall to the part’ 
taken away AL : therefore the refidue B I fhall be equall.to the refidue GD . Wherefore as A Gis to 
G D as A Lis to BI (namcly, equalis to equalls), But as A G isto G D, fo is the folide fetvpon A G to 
the folide fet vpon GD by the.25, ofthis booke, forit is cut by aplayne füperficies fet vpon the line 
G E,which fuperficies is parallel to the oppofite fuperficieces . Wherefore as ALis to BI, fois the 
folide fet vpon A Lto the folide fet vpon B I . Wherefore ( by the 11.0f the fifth) as the folide fet vpon 
AG (orvpon AL whichis equall ynto it )is to the folide fet vpon G D, fo is the fame folide fet ypon. 
A GorAL to the folide fet vpon B 1. Wherefore(by the z.part of the 9.0f the fifth) the folides fet vpon. 
G DandB I fhall be equall . Vnto which folides ifye adde equall folides, namely , the folide fet vpon 
A G to the folide fet vpon G D,and the folide fet vpon A Lto the folide fet vpon B I:the whole folides 
fet vpon the.bafe A H and vpon the bafe.A B thall be equall. Wherefore Parallelipedons confifting vpom 
equall bafes and being vnder one and the felfe fame altitude are equall the one to the other: which was 
rcquired to be proued. x af i 
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—. z u d 4 [ uM e ; | m we cm : : 
“<< Parallelipipedons being vnder one and the Jelfe fame altitude, are in that 
;« proportion the one to.the other that their bafes are. -$ 


è 
Sof " 







f | altitude. hen 1 fay that thofe parallelipipedons «4 B and C D are in that proa 
| portion the one.to.the other that their bales ave, that is,that as tbe bafe A Eisto 
weet the bale C F fois the parallelipipedon A B to the parallelipipedon C D.V pon the 
line F Gdefcribe (by the 45. | | — a 

of the first) the parallelo- 
gramme F H equali to the 


D K 
parallelogramme A E and e- | ^N 
quiangle with the parallelo- 
gramme C F. And vpon tbe — 
bafe FH defcribe a parallels 


b. 


pipedà of tbe felfe fame alti- 
tude that the parallelipepedo 
CD is,¢ let y fame beG K. T ' G AoA | 

Now (by the 31. ofthe ele- DN Fr 
ueth) the parallelipipedon A Bis eqnall to the parallelipipedon G K,for they confist upon 2 


EM 





so - x hl 2.2 ^ ———— ; ae! =] ee Clik. b : E pt , " I í 
AY ppofe that thefe parallelipipedons AB andC D bevnder one cy the felfe fame 


i 
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guall bafes, namely, A E and F H,andave under. one and the felfe fame altitude. And ‘foraf~ 


much as the pavallelipipedon C K is cut by a plaine {uperficies D G,being parallel to either of 


the oppofite plaine {uperficieces, therfore (by the 25. of the eleuenth) as the bafe H F is to the 
bale F C,fois the parallelipipedon G K to parallelipipedon C D : but the bafe H F is equal to 
the bafe AE, and the parallelipipedon G K is proued equall to the paraltelipspedon .A B. 
Wherfore asthe bafe AsE is to the bafe C E fo is the parallelipedon A B, to tbe parallelipipe- 
don C D.Wherfore parallelipipedons being under one and the felfe fame altitude,are in that 
proportion the one to the other that their bafes are: which was required to be demonftrated. 


I neede not to put any other figure for the declaration of this demonftration, for it is eafie to fee 
by the figure there defcribed. Howbeit ye may tor the more full fight therof,defcribe folides of pafted 
paper according to the conitruction there fet forth, which will not be hard for you to do, ifye remem~ 
ber the defcriptions of fuch bodies before taught, 


A Corollary added by Flufias. l 
Equall parallelipipedons cotained under one and the félfe fame altitude bue alfo their bafes equal. 


For if the bafes fhould b e vnequall,the parallelipipedons alfo fhould be vnequal by this 32 propofiti6. 
end equall parallelipipedons haning equall bafes, haue alfo one and. thefelfe fame altitude. For if 


they fhould haue a greateraltitude, they fhould exceede the equall parallelipipedons which, haue the | 


felfe fame altitude: But if they fhould hauc a leffe they fhould want fo much of thofe felfe fame equal 
parallelipipedons. 


J'be 28, T heoreme. T hes33.Propofition. 


Like parallelipipedons are in treble proportion the one to the other of that 
in Which their fides of like proportion are. __ "-— 
=151 Vppofe that thefe parallelipipedons AB andC D be like, ¢ let the fides A E and 
S| CF be fides of like proportion. Then I fay, the parallelipipedon A Bis unto the 
JA parallelipipedon C D in treble proportion of that in which the fide A Eis tothe 
fide C F. Extend theright lines A E,GE and HE to the pointes K,L,M. And 


. (by the 2. of the firft ) unto the 
line C F put the line E K equal, 
and. unio the line F N put the 
line EL equall, and moreouer 
vuto the line FR put the line E 
M equall, and make perfect the 
parallelogramme K Ly and the 
parallelipipedon K O. Now for- 
Afmuch as thefe two lines E K 
and EL are equall to thefe 
tivo lines C F and F N, but the 
angle K E L is equall to the 
angle C.F N ( for the angle 
AEG is equall to the angle 
C F M by reafon that the folides 
ALB and C D are like) Wher- 
fere the parallelocrammeée K L 
as equall and like to the pa- ` | | Tw 
rallelogramme C N,and by tbe fame reafon alfo the parallelogramme K M is equall and 
: | n — ke 








Coufirnction. 


Demonfiraa 
tion. l 


T he eleuenth Booke 


like to the parallelogramme C- 
R, and moreouer the parallelo- 
gramme O E to the parallelo- 
gramme F D. Whereforethree - 
parallelogrammes of the paralle- 
lipipedon KO are like andequall 
to three parallelogrammes of the 
parallelipipeden C D: but thofe 
three fides are equalland like to 
the three oppofite fides :wherfore 
the whole parallelipipedon KO 
is equaland like to the whole pa- 
rallelipipedon C D.Make perfect 
the parallelogramme GK. And. [ | 
vpon the bafes GK and KL | 
make perfect tothe altitude of ` 
the parallelipipedom A Bythepa- — -` p o 
rallelipipedouss EX ey LP.4nd ^ € 
fovafmuch as by reafon that the = 
parallelipipedons A Bey C D are like, asthe line A E is tothe line C F, fo isthe line EG, to 
the line F N, and the line E H to the line F R. But the line C F is equall to the line E K,and 
the line F N tothe line E L, and the line F R tothe line E M, therefore asthe line A Eisto 
the line E K fois the line G E tothe line E L, and the line H E tothe line E M (by construc- 
tion). But as the line A E isto the line E K, fois theparallelogramme AG to the MS 
gramme G K (by the firft of the fixt).And as the line G Eis tothe line E L, fo is the paralle- 
logramme G K to the parallelograme K L. And moreouer as the line H Eis to the lineE M, 
fois the parallelogramme P Eto the parallelogramme K M. Wherefore (by the 11. of the 
fift) asthe parallelogramme A G is to the parallelogramme G K, fo.is the parallelogramme 
G Ktotheparallelogramme.K-L, and the parallelograme P E to the parallelogramme K M. 
But as tue parallelogramme AG isto the. parallelogramme GK,-fois the parallelipipedon 
A B to the parallellpipedon E X, by the former propofition, and as the parallelogramme G K ` 
is to the parallelogramine K L, fo by the fame isthe parallelipipedon X E to the parallelipipe- 
don P L:and agayne by the fame, as the parallelogramme P E is to tbe parallelggramme K- 
M, fois the parallelipipedon P L to the parallelipipedon K OW herfore as tbe parállelipipedo 
AB is to the parallelipipedon E X, fo is tbeparallelipipedon E X to the parallelipipedon P L, 
and the parallelipipedon P L to the parallelipipedon K O. But if there be fower magnitudes 
in™ continuall proportion, the firft halbe unto the fourth in treble proportion that itis to the 
fecond (by the 10. definition of the fift). Wherefore the parallelipipedon A Bis vnto the pa- 
rallelivedon K O in treble proportion that the parallelipipedon A B isto the parallelipipedon 
E X. But asthe parallelipipedon A B is to the parallelipipedo E X, fois the parallelogramme 
A G tothe parallelogramme G K, and the right line AE to the right line E K. Wherefore 
alfo tbe parallelipipedon A Bis tathe parallelipipedon K O in treble proportio of that which 
^ theline A Ebathtotheline E K. But tbe parallelipzpedon 'K O is equall to the parallelipi- 
| peden C D , and the right line E K to the right line C F. Wherefore the parallelipipedon A B 
is to the parallelipipedon C D in treble proportion that the fide of like proportion namely, A- 
E is to the fide of like proportion namely, to C F. Wherefore like parallelipipedons are in tre- 
bleproportion the one to the other of that in which their fides of like proportion are : which 
was required to be demonftrated. | | ; | 





Becaufe 
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q Corellary. won 


Hereby it is manifeft that if there be fower right lines in "continual pro» 
portion, as the firft is to the fourth, fo fhall the Parallelipipedon. defcribed 
of the farft line be to the Parallelipipedon defcribed of the fecond, both the 
Parallelipipedons being like andin like fort defcribed, For the firt line isto. 
the fourth in treble proportion that it isto the fecond: andit hath beforebene — 


proued that the Parallelipipedon defcribed of the firft, is to the Parallelipipedon [I 


defcribed ofthe fecond, in the fame proportion that the firftline is tothe fourths | ^: 






Becaufe the one of the figures before, - S 

defcribed in a plaine, pertayning to the i2 

demonftration of this 33. Propofition;is cs 

not altogether fo eafieto a younge begin- 

nerto conceaue, I haue here for the fame 

defcribed an other figure, which if ye firft 

drawe vpon pafted paper 5 and: afterward 

cut thelines & folde the fides accordingly, 

willagree with the conftru&ion & demon- 

{tration of the fayd Propofition. Howbeit .. 

this ye muft note thatye muft cutthelines ` > 2 

OQ & MR onthe contrary fide to that 

which-ye cut the other lines . For the fo~ 

lides which haue to their bafe the paralle-.. - 

losramme LK are fet on vpward and the 

other downward : Ye may if ye thinke good 
_defcribe after the fame maner of paftedpa= = >. * 
per a body equallto the folide C D: though ua mes im 

that be eafie inough to conceane by the fi- . * 





. * ^^ > « T yt 
gure thereof defcribed in thé plaine.’ '. 
* P f . ge . y hi AU 
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q Certaine moft profitable Corollaries, Annotations, Theos 
- remes,and Problemes, with other practifes, Logisticall, and 
Mechanical, partly upon this 33.and parth.vpon. 
Cuna sev P aa. 26. and. other following, |... Si 
added oy easter Iohan Dee, 


s DNA à 
V YS? x«t T 


+ 


e qoi Corollary. "n 


1. Hereby it is manifest, tbat- tio right lines may be found, which 
{hall bane that’ preportion,the one to the other, that any two like Paralielipi- 
pedons, and in like fort defcribed genen, hanethe oneto the other: 


Ł 


Suppofe Q and X to be two like Parallelipipedons, and in like fort defcribed . Of Q _takeany of 
the th ree lines, of which itis produced : as namely, R G. O£ X, take that right line ofhis produćtion, 
which line is aunfwerable to R G in proportion (which moft aptly, after the Greke name, may be 

AAa j, called 


* Note this 
famous Lem- 
Mde 


The doubling 
of the Cube, 
* Notes 


* Al ther 
wayes of exects-« 
ting the Lem- 
wa are in Exto- 
fiss comment a= 
ries Gp? Archi- 
aedes booke de 
Sphera €F Cy- 
Lindro: where 
Archimedes Q- 
feth the fame 


Lémmaa. 





t 4 i , — 
ge TheeleuenthBooke. ~- 
called Omologall ro R G)& lta 
let chat be T V. By the 11.of | nM. S 
thefixth, to, RG.and TV, r (vesc cpm mm, 


letthe third line in propor- 
tion with, them ‘be-founde,' 
and .léethat be. Y.. By the 
fame 11., ofthe fizth,to T V 
and Y, let the thirde right 
line be foüd,in the fayd pro | 
portion of T Vto Y: & let 
that be Z. Hay now.that R G . 
hath that proportion to Z, 
which Q hath to X. For by 
conttruction, we haue fower 
right lines in continual! pro- 
pietion,namely,R G,T V,Y, 





and Z. Wherfore by Euclides 
Corollary, here before, R G 
is to Z, as Q is to X.W Pere- y 1 


1 L] 
7 eo > 





fore we haue foüd two right a TOT, — 
lines hauing that proportion the one to the other,which any two like Parallelipipedons of like defcrips 
tion genen, haue the one to the other : which was required to be done, QC M e 


m » ftt 
Er eA. md V Lat 


4 zi »- "t e^ rH On S rip} 
- i- vé 21 ee 42 

«T A Corollary: 2yrs To, 

T ' Y [2 j Hri 


5 camer a) € 7 3 : 
eds a Conuerfe, of my former Corollary, dot it followe : 'T'o finde two like "Parallelipipedons of 
like defcription, Which [ball baue that proportion tbe ome fo the ether that any two right lines geuen, 
baye the one to the other. eel dia P ndm — — 

' Suppofe the two right lines geuen to be A and B : Imagine of foure right linesin continual} pro- 
portion,A,to be the firit, and B ro be the fourth : (or contrariwifé, Bto be firft; 87A to be the fourth). 
The fecond aüd third are to be found; which may, betwene A & B;-be two meanesin continuall pro- 
portion : as now, * fuppofe fuch two lines,found : and let them:be Giand D . Wherefore. by.:Exchdes 
Corollary, as A is to B (if A were taken as firft ) fo {hall the Parallelipipedon defcribed of A, be to the 
like Parallelipipedon and in like fort defcribed of C : beirig the fecond ofthe fower lines in continuall 
proportion ; itis to wete,A,C,D,and B*. Or, if B fhal] be taken as firft, (and that thus they are orderly 
in continuall proportion, B,D,C,A, ) then, by the fayd Corollary, as B is to A, fo fhall the Parallelipi- 
pedon defcribed of B, be vnto the like Parallelipipedon and in like foit defcribed of D . And vnto a Pa- 
rallelipipedon;of A or B, at pleafure deftribed, may an other of C or D be made like, and in like fort fi- 
cuated er defcribed, by the27.ofthiseleuenth booke . Wherefore any two rightlines being geué,&ct 


i + 


e , 


which was required to be done. * b 


Thus haue l moft briefly brought to your vnderftanding, if (firft) B were double to | 
A, then what Parallelipipedon foeuer; were defcribed of A,the like Parallelipipedon 
and inlike fort defcribed of C, fhall be double to the Parallelipipedon defcribed of A. 
And fo likewife (fecondly) if A were double to B,the Parallelipipedon of D, fhouldebe 
double to the like,of B defcribed, both being like firuated.Wherefore if of A or B,were 
Cubes made, the Cubes ef € and, are proued-double to them as. that:of GC, to the 
Cube of A: and the Cubcof Digare Gube o£B ; inthe fecond cafe... And fo of any 
proportiomelsbetwene Aand B. 9 e Mica md [diim 

Now alfo do you moft clerely péreeaue the Mathematicall occafion; whereby (firft of 
all men ) Hippocrates, to double any Cube geuen was led'te the former Lemma: Betwene 
any two right lines genen to finde two other right lines which ſballb ewith the iwo ſirſt lines, in conti- 
nuall proportion : After whoſe time (many yeares) diuine Plato, Heron. Philo, Appollonius, 
DioclesyPappus,Sporus o OAld enechmus, Archytas Tarentinus ſwho made the wodden doue to 
flye) Eratoſthenes, Nicomedes, with many other (to their immortall fame and renowme) 
publifhed, * diuers theirwitty.deuifes, methods; and engines ( which.yet are: extant) 
whereby to execute thys Probiematicali Lemma. Butnotwithftanding allthe trauailes. 
ofthe forefayd Philofophers and Mathematiciens, yea and all others doinges and con-. 
trininges(vnto this day) about the fayd Lemma,yet there remaineth fufficient matter, 
Mathematically fo to demonflyate the aye that moft exactly c readily ut may alfo be Mechanically 
pratkifed : that who foeuer thallachiene that feate,fhallnot be counted a fecond m 
E CES p E NEN tert sae fn mA * e. a a mte e£, 
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medes, but rather a pereles Mathematicienjand eM atbematicorum Princeps. I will fundry 
wayes (in my briefeadditions and annotations vpon EuciiZe ) excite you thereto, yea 
and bring before your eyes fundty new wayes,by meinuented : and, in this booke fo 
placed,as matter thereof,to my inuentions appertayning,may geue occafiori:Leauing 
the farther, full, & abfolute my concluding of the Lemma, to an other placeand time: 
which will,now, more cópendiou(ly be done : fo greata part therof;being before hand 
in thys booke publifhed. | 


q A Corollary added by Fluſus. 


Parallelipipedows confifting upon equal bafes,are in proportion the one to the other ax their alti- 
tudesare. Forifthofe altitudes be cut by-a plaine fuperficies parallel to the bafes : the fections fhall 
be in proportion the one to the other as the fections of the bafes cut, by the 25.0f this booke . Which 
feétions of the bafes are the one to the other in that proportion that their fides or the altitudes of the 


folides are ,by the firft of the fixt . Wherefore the folides are the one to the otheras their altitudes are. 


But if the bafes be vnlike, the felfe fame thing may be proued by tlie Corollary of the 25.of this booke, 
which by the a5.Propofition was pro ued in like bafes. 


y Ibe 29. 1 beoreme. T he 34. Propofition. 


In equall Parallelipipedons the bafes are reciprokall to their altitudes. 
And P arallelipipedons whofe bafes are reciprokall to their altitudes, are 
equall the one to the other. 









ESI V ppofe that thefe Parallelipipedoñs À Ë e7 Č D be equali the oñe to the other Then 
A “eFI ie that the bafes of the Parallelipipedons AB and 6 D are reciprokall to their 
BRONNE altitudes, that is, as the bafe EH is tothe bafe N P, fo is the altitude. of. tbe folide 
C D to the altitude of tbe folide A B .. Firft let the flanding lines AG, E F,L B,H K, of the 
ſolide A B.& the fading lines C M, NX, O Dand P R, ofthe folide C D be erectedperpẽ- 
dicularly to the bafes EH & IN P1 B8 1 fay that as the bafe E H is to the bafe N P fo isthe 
line C M to the line AG.Now if | X P 
the bafe E H be equal to the bafe - i 
N P,and the folide A Bis equall 
to the folide C D, wherefore the 
line C M is equall to the line 
AG* . For ifthe bafes E H and 
N P being equall, the altitudes 
A G and C M best equall, nei- 
ther alfo [ball tbe folide AB be 
equall to the folide CD, but 
they are fuppofed to be equall. * 
Wherefore the altitude C M is tot onequall to tbe altitude AG . Wherefore itis equall. And 
therefore as the bafe E His to the bafe P N, fois the altitude C M to the altitude AG Wher- 
fore it is manifeft, that the bafes of the Parallelipipedons AB and CD are reciprokall to 
their altitudes . : | as | 
But now fuppofe that the bafe E H be not equall to the bafe N P But let the baft E H be 
the greater . Now the folide A B is equallto the folide C D . Wherefore alfo the altitude C M 
is greater then the altitude AG™ . For if not, then againe ave not the folides A B and C D 
equal’: but they are by {uppofition equall . Wherefore (by the 2.0f the firft) put unto the line 
AG an equallline CT . And uponthe bafe'N P and the altitude being CT, make perfecte 
a folide cotained vader parallel plaine {uperficieces and let tbe fame be C Z.. And forafmuch 
/ AA aj. asthe 





Note wheat is 
Jet lacking rên 
quifite to the 
doubling of tbe 
Cu be à 


Tuotaæſes in 

the ſirſt part 
of this propes - 
tion. 

First cafe, 
which alfo 
may betwo 


, Wayese 


Fi irft Ways 


* This follow 
eth alfo of the 
Corollary ad- 
ded of Fiuffag 
after the 33. 
propofttion o 
ibis book. ? 


Second way, 


* Thisalfo 
followeth of 
the former 
Corokarye 


The conuerfe 
of bath the 
partes of the 


frf caſe. 


è pu 
I. 
* * 4 


32, 


CZ, fo is the bafe EH to the 


The elenenth Booke 


as the folide A B is equallto the folide C D, and there is a certaine other folide,namely,C Z, 
but unto one and the elfe [ame magnitude equali magnitudes haue one and the felfe fame 
proportion (by the g of the fift ) - Wherefore as the folide A B is to the folide C Z, fois the fo- 
lide C D tothe folide CZ . But ` ; 


asthe folide AB is tothe Jolide | rl * 






bafe N P ¢ by the 32. of the ele- 
wenth ) - for the folides A B and 
CZ are under equall ‘altitudes. 
And as the folide C D is tothe 
folide C Z, foisthe bale M P. to 
the bafe P T ,and the line MC to 
the line CL. Wherefore (by the 
11.0f the fft ) asthe bafe E H is 
to the bafe N P, fo is the line C M tothe line CT . But the line CT is equall to the line AG. 
Wherefore(by the 7 .of thefift Jas the bafe E H is to the bafe N P, fo is the altitude C M to the 
altitude A G. Wherfore in thefe-Parallelipipedons AB and C D the bafes are reciprokall to 
their altitudes. -— 

But nowagaine [uppofe that the bafes of the Parallelipipedons AB andC D be recipro- 
kall to their altitudes, that is, as the bafe E His to the bafe NP, fo let the altitude of the fo- 
lide C D be to the altitude of the folide AB. Then I fay, that the folide AB is equali to the 

folide C D . For againe let the ftanding lines be erected perpendicularly to their bafes. 

_ And now if the bafe E H be equall to the bafe N P : butas the bafe EH is to the bafe 
N P, fo is thealtitude of the folide CD to the altitude of the folide AB. Wherefore the al- 
titude of the folide C D is equall to the altitude of the folide AB . But Parallelipipedons con- 
Jifting upon equall bafes and under one and the felfe {ame altitude , are (by the 31+ of the 

elenenth ) equall the one to the other . Wherefore the folide A B is equallto the folide € D. 
But now fuppofe tha? the bafe E H be not equall to the bafe N P : but let thebafeE H 
be the greater . Wherefore alfo the altitude of the folide C D, that ts, the line C.M. is greater 
then the altitude of the folide A B, that is, then the line AG .Putagaine ( by the 3.of the 
firft ) the line CT equail to the line AG, and make perfectethe folide CZ. Now for that 
as the bafe E His to the bafe N P, fois the line MC to the line AG . But the line AG ise- 
quallto the line CT . Wherefore as the bafe E Histo the bafe NP, fo is the line C M to the 





| bine CT . Butas the bafe E H isto the bafe N P, fo (by the 32. of the elenenth ) isthe folide 


AB tothe folide C Z,for the folides A Band CZ are under equall altitudes. And as the line 
CM isto the line CT, fo( by the 1. of the fixt ) isthe bafe MP to the bafe PT, and ( by 
the 32.0f the eleuenth ) the folide C DD to the folide C Z . Wherefore alfo ( by the 11.and 9. 
of thefift ) asthe folide A-B ts to the folide C Z, fo is the folide C D to the folide € Z .Wher- 


(s füreeither of thee folides 4 B and C D. haue to tbe [olide C Z one and the [ame proportion. 


Second tafe,« 


C ot frutiictte 


Wherefore (by the 7 .of the fift ) the folide A B isequall to thefolide C D : which wasrequi- 
red to be demon[irated. — ` i | 


But nom fuppo[e tbat tbe Sanding lines namely, F E, B L, G A4, K H:X N,D O,MC, 
and RP, be not erected perpendicularly to their bafes . And (by the 11.0f the eleuenth ) from 
the pointes F, G, B, K:X, M, D, R; draw unto the plaine [uperficies of the bafes EH ana 
NP perpendicular lines , and let thofe perpendicular lines light upo the pointes S,T Vs 


— Z:W,T, d, aud 9 , and make perfette the Parallelipipedons F Z, and X Q , 1 fay that, 


euen in this cafe alfo, if the folides AB and CD be equall, their bafes are reciprokall to 
their altitudes, that is, as the bafe E His to the bafe N P, (ois the altitude of the folide CD 
to the altitude of the folide AB. For forafmuch as the folide AB is equall to- the folide 
i, 4 P | C D 


ea. 
iJ 


CD, but the folide AB is equall to 
the folide BT ( by the 20.0f the e- 
leuenth ) for they are-upon one and 
the felfe fame bafe, namely, the pas 
vallelogramme K F, and under one 
and the felfe fame altitude, whofe 
standing lines are in the [elfe fame 
right lines; namely, HZ AT, and 
LV ES: and the folide C D is by 
the fame reafon equallto the folide 
DT, for they both confist upon one 
and thefelfe fame bafe, namely, the 
parallelogramme X R, and are vn- 
der one and the felfe [ame altitude, 
whofe flanding lines are in the 
felfe fame right lines, namtly , | 
P 9CT,and o bNLV . Wherefore the folide ` 
BT isequall to the folide DY . But inequall 
Parallelipipedons , whofe altitudes are ercited D 
perpendicularly to their bafes, their bafes are re- 
ciprokall to their altitudes(by the firft part of this 
Propofition) . Wherefore as the bale FK is to 

the bafe X R, fo isthe altitude of the folide DY 

to the altitude of the folide B T . But the bafe F K 

is equall to the bafe E H, and the bafe X R tothe 

bafe N P . Wherefore as the bafe EH is to the 

bafe NP, fois the altitude of the folide DT to 

the altitude of thefolide BT . But the altitudes | 

of the folides DT BT, and of the folides DC 

d B A are one and the felfe fame . Wherefore as | 

the bafe EH is tothe bafe NP, fois the altitude 

of the folide C D tothe altitude of the folide AB.| |b 
Wherfore the bafes of the Parallelipipedons AB 5 cM. | 
and C D are reciprokall to their altitudes. — 

Againe fuppofe that the bafes of the Paralleli- P Q uois, 

pipedons A B and C D bereciprokall to their al- Maii 
tıtudes that is,as the bafe E H is to the bafe NP fo let tbe altitude of tbe folide CD be to the 
altitude of the folide A B . Then I fay, that the [olide A B is equall to the folide C_D.For the 
[ame order of construction remayning, for that as the bafe E Bisto the bafe NP, fo isthe 
altitude of the folide C D to the altitude of elk. AB : but the bafe EH is equall to the 
parallelogramme F K, and the bafe NP tothe parallelogramme X R : wherefore as the bafe 
F K is to the bafe X R, fo is the altitudeof the folide C D to the altitude of tbe folide A B But 
the altitudes of the folides A B and B T areequall, aud [o alfo are the altitudes of the folides 
DCand DY .Wherefore asthe bale F K is tothe bafe X R, fois the altitude of the folide 
DY tothe altitude of the folide BT Wherefore the bafes of the Parallelipipedons BT and 
D T are reciprokall to their altitudes . But Parallelipipedons whofe altitudes are erected per- 
pendicularly to their bafes, and whofe bafes are reciprokall to their altitudes, are equall the 
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one to the other (by this Propofition ) . Wherefore the folide BT is equall to the folide DT... 


But the folide BT is equall to the [olide B A (by the 29 .of the elenenth) for they confist pon 
one and the felfe fame bafe,namely, F K, and are under one and the felf fame altitude, whofe 
| Adai. ſtanding 
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of the fecond 
cafe, 


42 
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200 s, Jianding lives are in tbe felfe [ame vight lines. And tbe folide D-Y. 3s equall to thefolide D C, 
Contes for they confiste upon one and the felfe fame bafe, namely; X R, and are vader one and the 


The penerall 


conclusions 


Confiructions 


"whole fquare^ 7 
‘bate let be noted». 
swith c.q:andlet™ | 
bis heith be'no- , 


the like coftru&i- 


Selfe fame altitude, whofe flanding lines are in the felfe fame right lines. Wherefore'alfo the 


lide AB 13 equallto the folideC D . Wherefore in equall Parallelipipedons. the. bafes. are 
reciprokall to their altitudes . And Parallelipipedons whofe bafes are reciprokall-with their 
altitudes,are equall the one to the other : which was required to be prouedosss, ors 
The demonftration of the fir cafe of this Propofition is eafié to conceane by the figure asit isdefcri- 
bed in the plaine. But ye may for your more full fight defcribe Parallelipipedons of pafted paper, ac- 
cording as the conftruction teacheth you. "Aer 4 pow? 
And for the fecond cafe, if yereméber well the forme of the figures which you made for the fecond 
cafe of the 31. Propofition: and deferibe the like for this,taking heede to the letters that ye place chem 
like as the coftruétion in this cafe requireth,ye {hall moft eafily by them come to the full vnderftanding 


of the conftruction and demonttration of the faid cafe. 


^c 


b 


_ Mohn Dee his fundry Innentions and Annotacions »Yery nécefary, 
! here to be added and con[idered. ^ UT P 
AThesreme: 7 


If fower right lines ben comtinuall proportion and vpon tbe (quare of the firft,as a bafe , be erec- 
zed a vettangle parallelipipeden, whofe heith is the fourth line: that reltangle parallelipipedon is equal 
tothe Cube made of the fecona tine, And if vponthe fquare of the fourth line, asa bafe be eretied a 
recLangle parallelipipedon , whofe beith isthe firft line , that parallelipipedon is equall to the Cube 
made of the third line, "ww s L^ T 


4. . 
LI V 4 c imp t 
3* y^ ` 1 A i 


Suppofe A2, . 
CD,xr,andcg& 
to be fower right 
lines in cótinuall 
proportion :and , 
vpó the fquare o£ 
as(whichletbe | 

at)asabafe,let 
be erected a rec- 
tagle parallelipi- 
pedo, hauing his 
heith 1 x , equall 
to c g,the fourth 
Hine. Andletchat 
aralleiipipedon 
t 4 x. Ofthe fe- 
«ond line c p,let 
a Cube be made: 


red by gr? & let | 
the whole Cube... M 
be fignifed by c= 
iu. I fay thata x18 

equallto c r. Let - 


on be for che 
cube of the third 
line:thatis,vpon 
the fquare of 6'x’ 
C which fuppofe - 
£o be cs) leta J 
rectangle paralle- 
lipipedon be e- 





rected 
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rected hauyng his heith w o,equall to a » the firflline : which parallelipipedon let benoted with '6 o. 
And fuppofe the cube ofthe thirdline (s x )to be x w : whofe-fquarebafe,let be noted by x & : and hys 





heith by x. I fay now (fecondly) that 6 o isequalto:s  . For the firil part confider, that 1 (the Demonflratió 
fquare bafe of A K Jis to c o , the quare bafe of c 1,as 4 x isto the third line z r,by the i. Corollary of of the first 
the 20. ofthe fixth. Butas 4 » , isto x F, fo(by alternate proportion) is c D toc H, toc D.The cubes na 

-  roote, is o L,the fame cubes heith equall:ànd to 6 u is IK (by conítruction)equall : wherefore;as a 1 T 
isto'c o, fois o 1toI K. The bafes thercfore and heithes of A Kand ¢ 1, are reciprocally in proporti- 
on: wherefore by the fecond part of this 34. propofition, AK and c 1 are equall. For proofé of the fe- Demonflratio 
cond part of my theoreme, I fay, that as A 2, c D, 8 r; and 6 H,arein continuall proportion forward, af the fecond 

{o are they backward in continuall proportion, as by the fourth ofthe fift may be proued . Wherefore p 
now confidering c # to beas firíl;and fo Xs to be the fourth: the fquare bafe c w;is to the fquare bafe Pts 
£ R as GH isto € D, by thez.corollary ofthe zo. ofthe fixth: Butas c n isto c n, foisg rto A2, by 
alternate proportion: to the Cubik roote £ F,is x m (the heith of the fame Cube z «) equall, Andto 
A B is the heith w o equall;by conftru&tion: wherforeas 6 Nis to ER, foisx M to w o. Therfore by the 
fecond part of this 3 4. propofition, c ois equallto x w. If fowre right lines (therefore) bein continu- 
all proportion &c.as in the propofition: which was required to be demonftrated.. ^ 7 v 

T f A Corollary logifticall. —— 

OAmy former Theoreme it followeth: Any two numbers being geuen, betwene which tiyo Wwe 
would haue tYo otber numbers, middle, in contin uall proportion :'I bat if. we multiply tbe Square of To finde two 
the firft number geuen, by the other genen number (asif it Were thefourth):theroote Cubik’ of that middie proper 
ofcome or product, {hall be the fecond number fought: eAnd farther; if We multiply the fguare of the tionals be- 
other number genen, by the first geuen number , the roote Cubike of that ofcome foal bethe thirde twene two 
number fought. mii aati ees Se a a numbers geug. 

For( by my T heoreme) thofe rettangle parallelipipedos made of the fquares of the firft.cx fourth, ( 
multiplied by the fourth e the first accordingly, are equall to the Cubes made of the fecond & third 
numbers: Which we make our two middle proportionals.. Wherefore. of thofe parallelipipedons (as 
Cubes )the Cubikrootes, by good and ufnall arte fought aud found, gene tbe very two middle num-' 
bers defired. And where thofe numbers, are zot by logistical confideration accounted Cubik, num- Note the prat 
bers,ye may ufé the logiftical fecret of approching nere to the precife verytye:fo that therof most eafily tife of y pp o~ 

à Jon fhal perceane, that your fayle is of she [ence nener tobe perceaned: it istoWwetezasina hyne ofan chingto pre- 

such long, not to want or exceede the thoufand thoufand part: or farther you may ( infinitely approche sienes in eus 

- t pleafre, O Mechanical feudis be af qood comfort, put to thy band: Labox improbus,om~= bik pogtes, — 

nia vincit... DM $n cn ch eco uror ccn er yt six aie (rs a Ey 

21S 186 diri ct jode... — —“ A Probleme. ü I. p : nate ete 
_ Pppona right lined playnefuperficies geuen,to apply arettangle parallelipipedon gene, 

Orwemaythus expreffethefamething. ^ 7 59 >» 
V'ppon avigbt lined playne fuperficies geuen, to ereil a rectangle parallelipipedon, equall toarec- 
tangle parallelipipedon gener. — 
samo ctm es o mec nee eis poneer Oa 
Suppofe the right lined playne fupétficies geuen to be s : and the rectangle parállelipipedon ge- 

| ZA to be 4 M. Vppon 2,asa bafe inuft 4 n beapplyed that is; a rectangle parellipipedon müft be ere- 

«ted YppOn Ba. t pa | ni... : usd -— * 

A iet Ies — — M 8 — F R 
COCE DE ECE eM Mt di ahh jae 4i 
guall to AM.. °: : Uu moe mi A mS 

ythe lafteof. “~~ Y d da decr" , um ue. 

: the fecond, to: WV po Me AS A &B ary Fa. : , 
the right ly- —— | O i x. 7 
ned figure » , — y | Z à T 
let an see | 2 
Íquare be — 

EN : which | g D * This is the 
fuppofe to be > Un way to appl 
—— PL | e » vo E 
one fide of the geuen, toa 
bafe of the pa~ A — ? ES am — bine alfo gene, 
* bis Jufficieniy ex- 


AAa.iiij. rallelipipedon ten dede | 


A probleme s, 
worththe y 
fearching y 


fer. 


: zallelipipedó 
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A 


am , Which 
let be ac, 
extended to 
the point». 
Let the -o- 
ther fide of 
the fayde. 
bafe , con- 
curring with 
ac,becae. 
As c G isto 
FR (the fide 
of the {quare 
ERx) folet a 
the fame r A 
& betoaline 
‘cut of from. 
c p fufficiently extended : by the rr.of the fixth : and let that third proportionallline be c p. Let the 
rectangle parallelogramme be made perfeét,as-c D.Itis euident , that c p, is equall to the {quare rR x 
by the 17.0f the fixth:and by conftruétion F x x, is equall to s». Wherfore c p,is equallto s.By the 12. 
ofthe fixth,as c p,is to a c,fo leta n(the heith-ofa m )beto the right line o.1 fay that a folide perpen- 
dicularly erected vppon the bafe s , hauinge the heith-of the line o , is equall te the parallelipipedon a 
M.For.c D isto 4 G,as C P isto A c by the firite of the fixth , and » is proued equall to c p : Wherfore 
by the 7. ofthe fifth , s isto a 6 as c p isto a c : Butas c r isto a c , fois a n to o , by confttuĉtion: 
Wherefore s isto a G ås a n isto o . So than the bafes s and a G are reciprocally in proportion with 
‘the heithes 4 x and o.By this 34 therefore, a folide erected perpendicularly vppon s asa bafe ;haung 
the height o,is equall to a m. Wherefore vppon a rightlyned playn fuperficiesgeuen ; we haue applied 


F 


3 


x 





C T 


a rectangle parallelipipedon genen: Which was-requifite to be donne. 


M. 
i: ^ 


à A Probleme 2. 


eA reitangle parallelipipedon being geuen te make an other egnall to it of any heith Afigned, 


$ 
. 


Suppofe the rectangle parallelipipedon genen to be a; and the heith afsigned to be the right line 
3:Now muft we make a rectangle parallelipipedon ,equal to 4: Whofe heith muft be equallto 8. Ac- 
cording to the manner before vfed;we muít frame our cóttruction to a reciprokall proportió betwene 
the bafes and heithes. Which will be done if,as the heith afsigned beareth itfelfe in proportion to the 
heith of the parallelipipedon giuen :fo,one of the fides of the bafe of the parallelipipedon giuen, be to 
a fourth line, by the 12.0f the fixth found.For that line founde,and the other fide ot the bafe of the ge- 
uen parallelipipedon, contayne a parallelogramme , which doth feruefor the bafe , (which onely , we 


wanted)to vfe with our ginen'heith:and fo is the Probleme to be executed. 


| Nee». — | tus 
Exclidein the 27.of this elenenth hath taught, how,ofa right line geué,to defcribe a 
parallepipedó, like, & likewife fituated, to a parallelipipedó geué : T haue alfo added, 
How;to a parallepipedon geuen,an other may be madeequall, vppon any right lined 
bafe geuen,or of any heith afsigned:Butifeither Euclide,or any other before our time 
(anfwerably to the.2 5 .ofthe fixth,in playns )had among folids inuented this propofi- 


tion: Two vzequall and vnlikeparallelipipedons being genen, to defcribe a parallelipipedon equall to 


the one,and like to the other,we would have geuen them their deferued praifesand I would 
alfo haue ben right gladto haue ben eafed of my great vrauayles and difcourfes about 


the inuenting thereof, | 
Here endeI.Dee his additions vppon this 


34. Propofition. 


T he 30.T heoreme. T bes s.Propofition, - 


Jf there be two fuperficial angles eqnall and from the pointes of d ane 
! gles 
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gles be eleuated on bigh right lines, comprehending together with thofe 
right lines which -containe tbe fuperficiall angles equall angles ,ecbe to bis 
- corespodent angle,and if in ecbe of the eleuated lines be takë a point at all 
auentures , and from thofe pointes be drawen perpendicular lines to the 
ground playne fuperficteces in which are the angles genen at the begins 
ning, and from the pointes which are by thofe perpendicular lines made in 
the two playne fuperficieces be. ioyned to thofe angles which “were put at 
the beginning right lines : thofe right lines together With the lines elena- 
ted on high [ball coutayne equall angles, 





EOS "f that thefe two rettiline fuperficiall angles B AC, and E D F be equall 
ORG (| the one ta the other:and from the pointes Aand D let there be elenated upward 
RQ —8 theferight lines A G and D M, comprehendinge together with the lines put at 
KELN the beginninge equall angles, ech to his corre{pondent angle,that is,the angle M 
D Eto theangle G A B, and the angle M D F to the angle G AC, and take in the lines AG 
and D M pointes at all auétures andlet the fame be G and M.And (by the 11.0f the eleweth) 













from the pointes G and M draw unto the ground playne {uperficieces wherein are the an- 


gles BAC and E 
2D F perpendicular 
lines GL and M 
Nand let them fall 
— inthe fayd playne 
fuperficieces in the 
pointes N and L, 
and drawe aright 
line from the potuit 
Lto thè point A. 
andan other from 
the pointe Nto the s 
pointe D. Then I fay that the angle G A Lis equall to the angle M D N. Fro the greater of 
the two lines A Gand D M., (which let be AG ) cut of by the 3. of the first the line AH 
equall vato the line D M.And (by the 31. of the first) by the point H ,drawe unto the line G 
L a parallel line,and let the fame be H K. Now the line G L ws erected perpendicularly to the 
grounde playne fuper ficies BAL: Wherfore alfo( by the 8. of the elenenth ) the line H K is 
erected perpedicularly to the fame grounde plaine {uperficies B.A C.Drawe (by the 12. of the 
firrft) fro the pointes K and N vnto the right lines A B,AC,D F cy D E perpedicular right 
lines,and let the fame be K C, N F, K B, N E. And drawe theferight lines HC, CB, MF, 
F E.Now forafmucb as (by the 47. of the firft ) the {quare of the line H Ais equall tothe 
__{quares of the lines H K and K A,but vnto the [quare of the line K A are equall tbe [quares 
of the lines K C and C A:Wherefore the [quare of the linet H A'is equall to the {quares of 
the lines HK ,K C aud C.A. But by the fame vato tbe [quares of thelinesH K and 
KC is equall tbe [quare of the line HC : Whereforethe{quare of the line H Ais equall 
to the {quares of the lines HC andC A:wherfore the angle H C Ais(by the 48. of the firft)a 
right angle. And bythe fame reafon alfo the angle M F Dis aright angle. Wherefore 
the angle HC Ais equall to the angle MF D.But the angle H A C is ( by fuppofitio equal 
to the angle M D F.Wherfore there are two triangles M D F and H AC haning two an- 
Eles of the one equall to twoo angles of the other , eche to his corre[pondent angle,and one fide 
of the one equall to one fide of the other namely, that fide which fubtendeth one of the equall 


angles - 





Confirutlion. 


Demonſtræ- 


tion. 
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angles, that isthe fideH Aisequall tothe fide DM by conftruttion. Wherefore the fides 
remayning are (by the 26 of the first equal tothe fides vemayning . Wherefore the fide AC 
as equall to the fide D F In like fort may we proue tbat the fide AB is equall to the fide D E, 
of ye drawe aright line from the point H tothe point B,and an other from tbe point M tothe 
point E.F or forafmuch as the {quare of the line AH is( by the 47. of the firfte)equall to the 
{quaresof the lines LK and K H, and (by the fame ) unto thefquare of the line A K are 
equall the {quares of the lines A Band B K. Wherefore the [quares of the lines AB,BK, 
and K H areequall to the{quare of the line AH . But unto the (quares of the lines B K and 
KA ts equall the {quare of the line BH (by the 47. of the firft) for the angle HK B is 
a right angle,for that the line H K is erected perpedicularly to the ground playne {uperficiess 
Wherefore the {quare of the line.A H is equall to the {quares of the lines ABand BH. 
Wherefore (by the 48. of the firft) the angle. B Hisavight angle. And by the [fame rea- 
fon the angle D E Mis aright angle. Now the angle B AH t equall to the angle E D M, 
for it isfofuppofed, andthe line AH is equallto the line D M . Wherefore. (by the 26. of 
the firfte) the line A Bis equall tothe line D £. Now forafmuch as the line AC is equall 
£0 the line D F , and the line AB to the line DE, therefore thefe two lines AC ana 
A Bare equalltothefetwo lizes F D and D E . But tbe angle alfo C AB is by ſuppoſiti- 
on equall to the angle F D E.Wherefore(by the 4.of the firfte ) the bafe B C is equall to the 
baſe E F and the triangle to the triangle,and the rest of the angles to the reste of the angles. 
Wherefore tie angle AC Bis equall to the angle D F E. Andtheright angle AC K is equal 
tothe right augle D F N.Wherfore the angle remayning, namely,B C Kis equall to the an. 
gle remayning, namely, to E F N.And by the fame reafo alfo the angleC B K is equal to the 
angle FE N.Wher 
fore there are two A 
triangles BCK; A 


E F N,hauineg two 


angles of the one 

equalto twoangles P 

of the other ,eche to | 
H 
G 






a) 
eas 
K 

L 


his correſpondent 
angle, and one ſide 
of the one equallto 
one fide of the o- 
ther, namely , that j | i | 
fide that lieth betwene the equall angles , that is the fide B C is equali to the fide E F :Where- 
fore( by the 26. of the first )the fides remaininge are equall to the fides remayuing Wherfore 
the fide CK is equall to the fide F N:but the fide AC 1 equall to the fide D F . Wherefore 
thefe two fides A C and C K are equallto thefe two fides D F and F N , and they contayne 
equall angles: Wherefore (by the 4.of the firt ) the bafe A K is equallto the bafeD N. And 
Praat as the line A H s equallto tbe line D M y thereforetbe fquare of the line AH is 
equallto tbe (quare of tbe line D M. But nto tbe [quare of the line AH are equall the 
fquares of the lines A Kand K H(by the 47.0f the firft)for the angle A K H is aright angle. 
And to the fquare of the line D M are equall the {quares of the lines D Nand N M, for the 
angle D N Mis aright angle Wherefore the {quares of the lines A K and K H are equall to 
the fquares of the lines D N and NM: of which two,the [quare of. tbe line A K. i equallto 
the {quare of the line D. N (for the line A K is proued equallto tbe lie A N)).W herefore tbe 
vefidue,namely,the [ quare of the line K H tsequal to tbe refidue ,namely,to the quare of the. 
line NM .Wherefore the line H K is equall to the line MN . And forafmuch as thefe two 
lines H Aand AK are equalltothe[etwolines M D and D N,the one tothe other and the 


bafe 


| 
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bafe HK is equallto the bafeM N -therfore (by thé 8.of thé frit) the angle H A K is eqhall 
to the angleMDN . If therefore there be two {uperficiall angles 'equall, and fro the' pointes 
of tbo[e angles be eleuated anhigh right lines, comprehending together with thoferight lines 
which were put at the beginning,equall angles,ech to his corefpondent angle, andif in ech of 
the erected lines. be taken a point at all aduentures,and from thofe pointes be. drawen perpen- 
dicular lines to the plaine {uperficieces in which are the angles geuen at the beginning, and 
from the pointes which are by the perpendicular lines made in the two plaine fuperficieces bé 
éoyned right lines to thofe angles which were put at the beginning, thoferight lines [hall to» 
gether with the lines eleuated on high make equall angles: which was required to beproued. . 


emm o Pt De 


4 
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Becaufethe figures ofthe former demonftration are fomewhat hard to conceáue as they are there. 


draweh in a plaine,by reafon ofthe lines that are imagined to be eleuated on high, Thane here fet o= 


ther figures, wherein you mutt e- 
feéte perpendicularly to the ground 
fuperficieces ‘the two triangles . avv ib 
BHK,and*?EMN, and then ele- | : A. 
uate the triangles DFM,& ACH, 
in fuch fort that the. angles M and 
H of thefe triangles,may concurre 
with the angles M and H of the o- 
ther erected triangles . And then 
imagining onlyaline tobedrawen fp /g 
from the point G oftheline A G to ^ 

the point L in the ground fuperfi-- - 
cies, compare ‘it With the former /^ 
conftru&tion & demonflration, and 






it will make it very eafye'to con- 
ceaue. . C S a l a 
3 : bs i j 1 E : TEX ) . 
E : it 1 " «dien A e | | l 
i DL 8g C cy Ww 
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Ld By this it is manife/t í that if there be two rettiline-fuperficiall angles eà 
-quall and vpon tbofe angles be eleuated om bigb equall rigbt lines contay- 


ning together with the right lines put at tbe b. ginning equall angles: pera. 


scs ttlieular lines drawen from thofe eleuated lines to the ground plaine {ue 

vofitrficieces wherein are.the angles put.at the heginning,, are equall the one 
tothe otber. « Éorit is manifett; thatthe perpendicular lines H K, & M N, which ate dra- 
É — — ofthe equall cleuated lines A H, and D M, to the ground ſuperficieces, are 
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(— stbofe three right lines, is equall to theParallelipipedon defcribed of the 
: middle line, fo thatit confi/te of equall fides, and alfo be equiangle to tbe 
; — jorefayd'Parallelipipedon. — vn ee Lm 






dp ofethat thefe three lines A B,C, be proportional, as Aisto B, fo let B feto C. 
ENS ST hen T fay, that the Parallelipipedon made ofthe lines A,B,C, is eguall tothe Pa- 
SLA! rallelipigedon made of the li the foli 7 

1 raneupipeaon made of the line B, {0 that the folide made of the line B confit of e= 


quale 






~ Uf there be three right lines proportionall: a Parallelipipedon decribed of 





of Cuclidés Elemente, - Fols. 


bale Kis equallto the bafeM N :.therfore (by thé 8.of thé first) the angle H A K is equal 
to theiangleM.D.N . If therefore there be two {uperficiall aveles‘equall, and fro the pointes 
of thofeangles be.eleuated an high right lines,comprebending together with thofevight lines 
which were put at the beginning ,equall angles,ech to bis corefpondent angle, andifin ech of 
the ereifed lines be taken a point 4t all aduentures and from thofe pointes be. drawen perpen- 
dicular lines to the plaine {uperjicieces in which are the angles geuem at.the beginning, and 
from the pointes which are by the perpendicular lines-made in the twvo plaine fuperficieces be 
ioyned right lines to thofe angles which were put at the beginning, thofe right lines hall to- 
gether with the lines eleuated on high make equall angles: which was required to be proued. . 


ts 


~ 


Becaufe the figures of the former demonftration até fomewhat hard to conceaue as they are there. 
draweh in a plaine,by reafon of the lines that are imagined to be eleuated on high, I haue here fet o5 
ther figures, wherein you mutt e- —— ae 
recte perpendicularly to the ground : 5 
fuperficieces the two triangles 
B H K, and:E M N , and then ele- 
uate the triangles DFM,& ACH, 
in fuch fort that the anglee M ^^ 
H of thefe triangles, 
with the angles Mand Rw. | 
ther ereéted triangles . And tu_ 
imagining only a line to be drawen 
from the point G ofthe line A G tø 
the point L in the ground fuperfi-- ; 
cies, compare ‘it With the former , 
conftruétion & demontftration, and 
it will make it ‘very eafye to con- 
ceaue. 





i-i (0 8 Corollary; 


>», Bythis itis manifeft, that if there.be two reétiline fuperfic all ang eria 
> quall, and vpon tbofe angles be eleuated om high equall right lines contaye 
ning to gether with the right lines put at tbe b. ginnin lg equall an ole x pera. 
cs nbendicular lines drawen from thofe clenated limes to the ground plaine fue 
sss itnficteces wherein are.the angles put.at the beginning, are equall the one 
~~ > tothe other. orit is manifelt, that the perpendicular lines HK, 8M N, auh YS 
2» ut Werre the endes ofthe equall ebeuated lines A Hand D M,to the ground füperficieces, are 


4 = 


“oe SAM... uo. , 4 vy oer. | 
UNS TS Cass 4n Y. ant 4 


ORUM SES. TUNES. "A. J DEM 14 
- * s e E I ‘ : : : i a I s 

8 n Ott tS SS PSART bam Im , Th P nt es e * EN «4 Y 44 * zou a = (oes, p 
st — : * ' pot Ww 
— be _ heoreme. l'he.36. Propofition, <` 
9 " 9 Ve 1 mt X e, i g. m ? JI. a RA or 4 T €. . — ma De 36. ropofiti H. , a i ^ T 
1 | , < s LJ , 61 E 35 * S : 
* t ‘ - » © 


~- Uf there be three right lines proportionall: a Parallelipipedon defcribed of | 

` thofe three right lines, is equall to tbe-Parallelipipedon defcribed of tbe. 
. ^ middle line, fo that it confifle of equall Jides; and alfo be equiangle to the 
ZEN, efayd P arallelipipedon. ^ M: ue | (7 euh 






eid P'ppofe shat thefe three lines A,B,C, be proportionall, as Ais to B, folet B beta C. 
| S UT her 1 fay, that the Parallelipipedon wáde ofthe lines A,B,C, is equall to the Pa- 
xi ralleipipedon made of the lime B, [o that the folide made of theline B confist of e+ 


quale 
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bafe HK is equallto the bafe M N : therfore (b9 the 8.of thé firit) tbe angle HA K is eqiall 
to theapgle M DAN . If therefore there be two {uperfictall angles ‘equall, and fro the pointes 
of thofeaneles be.elenated an high right lines, comprehending together with thoferight lines 
which were put at the beginning equall angles,ech to his corefpondent angle, andif in ech of 
the erected lines. be taken a point At all aduentures,and from thofe pointes be. drawen perpen- 
dicular lines to the plaine [uper ficieces im which are the angles geuen at the beginning, an 
rom the pointes which are by the perpendicular lines made in the two plaine [uperficieces be 
2oyned right lines to thofe angles which were put at the beginning, thofe right lines [hall tox 
gether with the lines eleuated on high make equallangles: which was required to be proued. 
Becaufethe figures of the former demonftration até fomewhat hard to concedue as they are there. 
drawef in a plaine,by reafon of the lines that are imagined to be eleuated on high, I haue here fet 6*5 - 
ther figures, wherein you mutt e- TA EUIS 
recte perpendicularly to the ground * 
fuperficieces :the two triangles 
B H K, aud:E M N , and then ele- 
uate the triangles D FM,& ACH, 
in fuch fort that the, anglee M ^ 
H of thefe triangles... 
with the angles Mand Hw 


ther erected triangles . And t. 
imagining only a line to be drawen 


i | Di 
from the point G oftheline A G tø ` T 
the point L in the ground fuperfi- Y. en 

| N 


A 


3 
» 





k aie, 
cies, compare ‘it With the former NS J 
conſtruction & demonſtration, and "1 
itwill make it'very eafye to con-  . * 
ceaue. inda 

; x | : 1 E r s » 5 i . UN = EM. 

i E | 
I 4 y C orollary; 


os Bytbisitismanifefl that if therebe two rectiline fuperficiall angles ea 

^ ` quall, and vpon thofe angles be elevated on bigb equall right linescontays 
ning together with the right lines put at tbe b ginning equal angles: pers. 

cox Pendicular lines drawen from thofe elenated lines to the ground plaine ſu- 
-souperpficteces wherein are.the angles put ai the beginning, are equall the one 

da tbe ótber. « Foritismanifettthatthe perpendicular lines H K, & M N, which ate dra- 

1v wenfrontieendes ofthe equall cleuated lines: AH; and D M, to the ground fu perficieces, are 


: 
$ J hy equall. een, b * B ' v 

= d ‘Lew à : wa Net ) à : -— "4 Wet AS JAa4 8 oe ES e UY J A A EN 1 4 

1 T = . I * | 

& yb Y ss tst yt och eo Ea 2 - A | ^ov m a s i i 4 1A 4 ` X 

= oe fe Read ad vee dau? PN } 1 Th EET. wA ok d E ac V ~ F x - nS AN [ 
ts" hs Dy A e w^ F. s Je 31I. a 2€0Y€. Anc. ad JE ‘3 6, Propofition. ps. Wc 
4 — t * 5 » «Un [^ a Je gm +e * , : . ^ * ~ E 2 4. e 


* . * 
J * fV às et, * -> 
t. "Jae Un WS 


c Lf there be three right lines proportionall: a Parallelipipedon defcribed of | 
^0 atbofe three right lines isequall to tbe-Parallelipipedon de[cribed of the. 
~~ muddle line, fo that it confifte of equall fides, and alfo be equiangle to tbe 
,  foréfaydParallelipipedon. ` ` — M — 


| PA ppofethat thefe three lines A, B, C, be proportional, as A isto B, fo let. B beto C. 
NT ben Tay, that the Parallelipipedon made of the lines A,B,C, is equall tothe Pa« 


] 


i ralleliptpedon made of the line B, fo that tbe [olide made of the line B. confis. oes 
quali 






Confirn ine 


cdd The eleuenth Booke’ F 


quall fides, and be alfoequiangle to the solide made of the lines A,B,C . Deferibe ( by the 23. 
of the eleventh) a folide angle E contained under three ‘fuperficiall angles, that is, D EG,, 
GE RF, and FE D sand (by the 3.0f the firft) put nto tbe line.B- euery one of thefe lines 
D E,G Ey E F, equall: n "2 * ik. yv et; 

and make perfecte the fo- | | 
lide. EK « And unto the 
line Alet the line. LM be .. : 





equall And.(by the260f — oom. oct Ls , e^ 
_ the deueth)varothe right. C. Ak 
line L M, and at the point | | 


Demon fira- 
tion. 


X Itiseuidet 
that thofe per- 
pendiculars 
are all one 
with the flar- 
ding lines of 
the folides,if 
their folide an 
gles be made 
of fuperft- 
ciall right ane 
gles ouely. 


anit L, defcribe vnto the 
folide angle E amequallfo-: >) fat + 
hde anzle, cotained Under °° 4°" " 
thefe plaine fuperficiall an- 
gles NLX, X LM, and 
N L M, and vato the line 

B put the line LX equall, | 
C the line LIN, to theline Sh s ini d. 
C.Now for that as the line , Í À Co e Net TE annu t. 
A istothe line B, fois the = . | E A 

line B tothe line C:but the, A i i 
line A is equallto theline ^ — . m eani 
L M andthe line B to eue- m x 
ry one of thefe lines L X, 
EF,EG,and E D,and 
the line C to the line LN. 
Wherefore as LM is to 
E F, fois D Eto LN: So 
then the fides about the e- 
gual angles MN Does a 





E Fareneciprokall: Wher... OD ook am os 
MEE mr d m 
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is eġnall to the parallelogramme D F: Ana forafmuch as two plaine fuperficiallangles name- 
ly; DEF and N LM. are equal} the'one to the other; and vpon them are erected upward e- 
quallright lines, LX and EG; comprehending with theright lines. put at the beginning e- 
quallangles the ore to the other. Wherefore™: perpendicular lines drawen from the pointes 
Xand G tothe plaine {uperficieces wherin are the angles N L M, and D E F, are( by the Co- 
rollary of the former Propofition) equal the one to the other: and thofe perpendiculars are 
the altitudes of the Parallelipipedons L H and E Kyby the 4.definition of the fixt. Wherfore 
hefolides LH and EK, are under one and the felfe {ame altitude. But Parallelipipedons 
> mirando rone Ber A t a p uri gn aS 
confiftimg-vpon equal bafes and being under one and.the felfe fame altitude,are (by the 31. 
of the elenenth) equall the one to the other’. Wherefore the folide L H is equall to the folide 
EK 3Bui,the folideL H is defevibed of the lines A,B;C, and the folide EK is defcribed of 
the line B Wherefore the Parallelipipedon defcribed of the lines..A,B,C, is equall to the Pa 
rallelipipedon made of the line B, which confrsteth of equall ſides, and is alſo equiangle tothe - 
forefaid Parallelipipedon. If therfore there be three right lines proportionall,a Parallelipipe- 
Ab defcribed of thafe three right lines is-equall to the Parallelipipedo de[cribed of the middle 
line, fo that it conjist of equall fides, and alfo be equiangle to the fore[aid Parallelipipedon: 


i M | "eu 
the —— CHEN a] - 


which was required to be proued. 5 o^ 
- The 
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The conftruétion and demonttration of this Propofition, and of the next Propofition following, 
may eafily be conceaued and vnderftanded by the figures defcribed in the plaine belonging to them. 
But ye may for the more full fight of them, defcribe {uch bodies of pated paper,hauing their fides pro- 

portionall, as is required in the Propofitions. ise 


q New inuentions ( coincident ) added by Master Iobn Dee. 


% A Corollary I. 


! 


Flereby it is eutdent, that if three right lines be pro portional the Cube produced of the middle 
line, is equali to the rectangle Parallelipipedon made of thofe three lines. 


E 


t 


Fora Cube isa Parallelipipedon' of equáll fides : and alfo 


7 


pedon, made ofthe three lines to be likewife reGangled. 


rectangled : as We fuppofe the Parallelipi- 


h aA Probleme. 1. 
ef Cube being geuen, to fd three right lines proportional, in any proportion genén betwene 
mel lines : of which three lines, the rectangle Parallelipipedon produced, [ball be equall to the 
Cube genen, —28 | 


& 


* ~t 


Suppofe AC to be the 
Cube geuen : whofe roote, 
{uppofe to be AB... Let the 
proportion geuen , be that 
whıichiis betwene the two: 
right lines D and E. I fay 
‘now; three right Iines are 
to be found,proportionall, 
in the proportion of Dto E, " 

-of which; theré@tangle Pa- © |: 60 
zallelipipedon *produced,, . i; fi 

hall be equallto A C. By . «|. TR qme i 

the rz.0f the fixtleta line be (a, ta LUE — ! 
'fouhd , which to 'A B. hàue h AELA R N QA nBr SNA S d 
that proportion that D hath | ! 





to E. Let that line be F: and | i Lis 
by the fame 12. ofthe fixth, et — 


Y 
let an other line be found, ww RT. 
to which, AB, hath thar ^ Uo } i 
proportion that D hath to | — ili. e. 
E : andlet that line found | M ma m ee ee 
beH . Leta rectangle Paral- | AU | | 
Jelipipedon mathematically twws a7 


be produced of the three 
right lines F, AB, and H, 
which fuppofe to be K:1 fay 
now, that F,A B, and H,are 
three right lines found pro- 
portionall in the proporti- 
on ofD to E, of which, the 
rectangle Parallelipipedon 
K , produced , is equall to 
AC the Cube geuen . Firft. — 
itis euident that F,A B,and AUS mico t ewe DN 
H, are proportionallin the proportion ofD to E . For, by conftru&tion; asD isto E, fois E to A B: and 





by conftru&tion likewife, as D is to E, fo is A B to H . Wherefore Risto AB, and AB isto H,asDis 
to E . So then itis manifcft, F, A B, and H;to be proportionall in the proportion of D to E,ánd A B to 
be the middle line . By my former Corollary therefore, the rectangle parallelipipedon made'of F,A B, 
. and H, isequall to the Cnbe made of A B . But A C, is (by fuppofition)tlie Cube made of A B : and of 
the three lines F, A B, and H, the rectangle parallelipipedon produced, is K; by conílruction : Wher- 
fore ; Kj 1s equallto A C : A Cube being geuen, therefore; three right lines arefo MEE ae in 
Y BBb j. any 


Dorzbling of the 
Cabe. Efc. 

* Degronfitats- 
on of poßebilitie 
ia tbe Problem. 


Another argue 
_ went £0 comfort 
the fiudrous. 


Demonfftrati- 
on of the fierft 


part. 


_ whith the fide A B is to tbe fide 


és the T arallelipipedon M E to | 


the Paralleipipedon KA isto. 


er 7 be eleuentb «Booke. .. 


any proportion geué betwene two right lines;of which three right lines the rectangle parallelipipedon. 


cquall to the Cube geuen . Which ought to bè done.» > : 


45 9 m f m ir, 
M, uw! & t saw t Seb dd wehbe E 


Froduced, ts 
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ef reitangle Parallelipipedon being gewen, to finde threevight lines proportitstall : of the which, 
the rectangle Parallelipipedon produced, 1s equall to the rettan gle Parallelipipedon geuen. 
f 


g 


5 b. Us Ne 6 P ut Nu i 

Liften to this new deuife, you couragious Mathematiciens : confider, how nere this trepeth to 
the famous Probleme of doubling the Cube . What hope may (in maner)any young beginner céceiue; 
by one meanés or other,at one time or Other, to execute this Probleme? * ‘Seing toa Cube may in- 
finitely infimite Parallelipipedons be found:equall : ali which’ Parallelipipedons fhall be produced of 
three right lines proportionall, by the former Probleme : but to any rectangle Parallelipipedon geuen, 
fome one Cube ts.equall : asis eafte to demonitr ate.:. Wecan not. doubt, but vnto our rectangle Paral- 
lelipipedon geuen, niany other rectangle Pafallelipipedons are alfo equall, hauing their three lines of 
produdtion,proportionall. In the former Probleme, infinitely infinite Parallelipipedons may be found 
of three preportionall lines produced, equall to the Cube geuen : itis to wete, the.three lines to be of 
all proportions, that a man can deuife betwene two rightlines : and here any one will ferue : where 
alfo 1s infinite varietie : though all of one quantitie : as before in the Cube . Ileaue as now, with thys 
markehere fet, vpto fhoote at..Hitit who cane o aior seiri ge E 
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if there be fower right lines proportionall: the Parallehpipedons defcrie 
bed of thofe lines being like and im like fort defcribed, fhall be proportio- 
nall. And if the Parallelipipedons defcribed of them being like and in like 
s. fort defcribed ,be proportional: thofe right lines alfo fhal! be proportional. 


; 4 
3 
u + 









‘as ABistoC D, folet E F beto G H, and vpon tbe lines .4 B, C D, E F, and 
G H, deferibe thefe Pavallelipipedons K A,:L C, M E, and N G, being like ana 
(xe iCal in like fort defiribed .T hem I fay, that as the folide K A is tothe folide LC, fo 
is the folide M E to the folide ho do desinet 
N G. For fora[much as the Paz ZI 

vallelipipedon K A is like to the | " ho 
Parallelipipedon L C: therfore 
(by the 33 of the elenenth the" 
folide K Ais tothe folide LC 
in treble proportion of that 


! QF Vppofethat theft fower right lines AB, C D, EF, and. G H, be pr opr tionall, 
Op: 





CD’: and by the fame reafon 
the Parallelipipedon M E is to. 
the Parrallelipipedon NG in 
treble proportion of that which 

the fide E F is totbe fide G H.—— 
Wher fore(by the r1.0f the fift) 

as the Parallelipipedon K A ts 
‘tothe Parallelipipedon LC;for 


} 





‘the Parallelipipedon NG... BB o LE 
hue Bit ‘wow fuppofe, that: oque net nisle s Dan eee 


E 1 a " F a * 
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of Euclides Elementes, Fol.353. 


the Parallelipipedon LC, fois the Parallelipipedon M E tothe Parallelipipedon NG.Then Demoni? 
I fay; that asthe right line AB isto theright line C-D, fo ithe right line EF to-therieht 4,1, fthe 
line GH . For againe forafmuch as thefolide K Ais tothe folide L Cin treble proportion of fecond part, 
that which the fide A b isto the fide CD, and the [olide «M E, alfo 2s tothefolide NG.in whichis the 
treble proportion cf that which the line E F ts to the line G Hy and as the folide K_A istothe conuerfe of 
folide L C, fois the folide M E to the folide NG Wherefore alfo asthe lime 4 B isto tbe lige. "5e fft pat. 
C D, fo isthe line E F tothe lineG H If therefore there be fower right lines proportionalls 
the Parallelipipedons de[cribed of thofe lines, being like et in like fort deftribed jhali be pros 

portionall. And if the Parallelipipedous de[eribed of them,and being like and in like fort de- 
feribed, be proportiogall : thofe right lines alfo [hall be yropartiamall. which was required to 

be proued. | 
(oso ug E be a3. Ebeoreme. | Y be 38:(Propofition. 
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“erry Jai yi me sque n1 wy —— 
Ifa plaine fuperficies be evetted perpendicularly to a plaine fuperficies, 
and from a point taken im one of the plaine [uperficieces be drawen to the 
other plaine [uperficies a perpendicular line: that perpendicular line fhal 


^. fallapon tbe common fection of tbofe plaine fuperficteces. 






IFA Vppofe that the plaine fuperficies CD be erected perpedicularly to.the plaine Superfi- 
[ESC es A B, and let their common fection betheline D A : andin the fuperficies. CD 
Vor tafe a point at All aduemtures;and let tbe fame be E .T ben 1 (ay, that'a perpendicu- 
lar line drame from the point E tothe bee Fm D | * 
plaine fuperficies A B, fhallfalluponthe == 7| qnem " 1.9. 
right line DzA. For if not,then let it fall L/ -TRE eal wig) Ales 
withoutzthe line D A, as the line EE /. 







doth, and let it fall upon the plaine fuz; Demonfra= 

perficies AB in the point F . And (by tion leading to 

the 12-0f the firft') from the pout F ' iis mpi 
He 


draw unto the line D A, being inthe ` 
{uperficies: AB a perpendicular line F-D: 
G, which line alfois erected perpendicu- ` 
larly to the plaine [uperficies CD: by the 
third diffinitio: by reafon we prefuppofe 
CD and AB tobe pérpendicularly ere 
ted ech to other. Draw aright line from--- 
the point E tothe point G . And forafe p ec] 
much asthe line F Gis erected perpendi- \ - P wen: 

cularly to the plaine {uperficies C D; and~ MU |. Medie e. 
the line E.G toucheth it being in the fuperficies C D. Wherefore the angle F G Eis ( by the zs 
definition of the elewenth) aright angle. But the liue E F is alfo erected perpedicularly to the 
fuperficies AB : wherefore the angle E F G is aright angle. Now therefore two angles of the 
triangle E F G, areequall totworight angles : which (by the 17. of the firft) is smpofsible. 
Wherfore a perpendicular line drawen fro the point Eto the [uperficies A B,falleth not witha 
out the line DA. Wherefore it falleth upon the line D A: whichwas required to be proued. 


^ j 
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^" » «Mod. MER Vg 
Campane maketh this as a Corollary,following vpon the 13: and very well, with {mall 
'ayde of other Propofitions,he proüeth it:whoíe demonftratió there, Fluff hath in this 
place, and none other:though he fayth that Campane of {ach aPropofitid,as of Exclides, 
maketh no mention, | — | 
: - BBb.ij. In 
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line TG Drame theſe right lines 
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The elenenth Booke' 
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_ in this figure yemay more fully fee the former Propofi-,^: 5... 
tionand demonftration ifye ere&e perpendicularly vnto. n- `- 
the ground plaine fuperficies AB the fuperficies CD, and ` 
imagine a line to be extended from the point Eto thepoint © ` 
Ryinitede whereof ye may extend ifye willa thred,  : 55 
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if the oppoftte [ides.'of a Parallelipipedon:be- deuided- into two equali 
partes, and by their common feétions be extended plaine fuperficieces: the - 
commõ fettion of thofe plaine fuperficieces? and the diameter of the Paral: 
telipiped oit fball deuide tbe ónethe otbér'into two equall. partes. tá 
EUM wd wpt*tuc We. "OMM Eus s 57 9 3 LEM ou 


‘ 
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HY, ppofe that AF bea Parallelipipedon; and letthe oppofite fides thereof C F aad 
A H be deuided into two equall partes in the pointes K,L,M,N, and likewife let 
| the oppofite fides A D and G-F be denided into two. equallpartes in the pointes 

RERUN? 0, Raid by thofefections exteitd thee two plaine f uperficieces K N e X R, 
and let the common fection of thafe plaine [uperficieces be the line ¥ 8, and let the diagonall 
line of the folide AB be the line » Vug € to — 
D G. Then Iſay, that the lines VS | K^ 
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ther into twoequall partes,that is, 
that the line VT is equall tothe 
line T Sand the line DT to the 


DVWE,BS,and SG. Now for- 
afmuch as the line D X is a parallel — 
to the line O E,therfore(by the 29. 
of the first) the angles DXV and 
yo E being alternate angles are 
equall the one tothe ether. And 
forafmuch asthe line D X is equall 
to.theline O E, and the line X VF to 
the line V O, and they comprehend © 
equall angles : Wherefore the bafe 
D V-isequall to the bafe VE (byè. 
the g.of the firft)-.and the triangle. 
DXV is equall to the triangle 
V. 0 E; and therefl ofthe angles to. ,.— I $ g a Ea 
thereft.of thé angles Wherefore theangle XY D is equall to the angle OVE . Wherefore 
D Y E isone right line, and by the [ame reafon BS G is alfo one right line, and the line BS 
is eguall to the line SG . And forafmuch as the line C A is equall to the hne D B and is vn- 
10 it a parallel, but the line C A is equall to the line G E, and is vnto it alfo a parallel : wher- 
fore by the firft common {entence) theline D Bis equall tothe line GE, & is alfoa parallel 
pte dt but theright lines D E und B G doioyne the[fe parallel lines together.: Wherefore 
(by the 3 3:0f the firft)the line D Eis a parallel unto the line BG. And in either of thefe lines 
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are taken pointes at all aduentures, namely, D,V,G;S, anda right line is drawen from the 
point D tothe point G, and an other from the point V tothe point S .Wherefore (by the 7.0f 
the eleuentb) the lines D G andV S arein one and the felfe [ame plaine [uperficies . And for- 
afmuch as the line D E 15 a parallel to the line B G, therefore (by the 24.0f the firft) the an- 
gle EDT isequallto the angle B GT, for they are alternate angles, and likewife the angle 
DT Vis equall to the angle GI S . Now then there are two triangles, that is, DT Vand 
G T S, haning two angles of the one equallto two angles of the other, and one fide of the one 

, equail to one fide of the other, namely, the fide which fubtendeth the equall angles that is the 
fide DV tothe fide G S, for they are the halfes of the lines D. E and BG; Wherefore the fides 
remayning are equall to the fides remayning.Wherfore the line D T is equall to the lineT G, 
and thelineVT tothe lineT S. If therefore the oppofite fides of a Parallelipipedon be de- 
uided into two equall partes, ana by their fections be extended plaine {uperficteces, the com- 
mon fection of thofe plaine [uperficieces,and the diameter of the Parallelipipedon, do deuide 
the one the other into two equall partes: which was required to be demonftrated. 


A Corollary added by Flußas. 
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Enery playne füperficies extended by the center of a paralleliptpedon, dinideth that folide into ~ 
two equali partes and fo doth not any other playne fuperficies not extended by the center. 


~ 


For euery playne extended by the center,cutteth the diameter of the parallelipipedon in the cen- 
ter into two equall partes. Foritis proued, that playne fuperficieces which cutte the folide into two 
equall partes,do cut the.dimetientinto two equall partes in the center. Wherefore all the lines drawen 
by the center in that playne fuperficies fhall make angles with the dimétient. And forafmuch as the di- 
ameter fallcth vpon the parallel right lines ofthe folide, which defcribe the oppofite fides of the fayde 
folide, or vpon the parallel playne fuperficieces ofthe folide, which make angels at theendes ofthe - 
diameter: the triangles contayned ynder the diameter, and the right liné extended in that playne by 
the center, and the right line, which-being drawen in the oppofite fuperficieces of the folide,ioyneth, 
together the endes of the forefayde right lines, namely, the ende of the diameter, and the ende of the 
line drawen by the center in the füpetficies extended by the center, fhallalwayes be equall, and equi- 
angle, by the 26. of the firft. For the oppofite right lines drawen by the oppofite playne fuperficieces of 
the folide do make equall angles with the diameter, forafmuch as.they are parallel lines, by the 14. of, 
this booke. Bnet the angles at the céter are equall, by the 15. ofthe firft, for they are head angles: & one 
fide is equall to one fide, namely, halfe the dimetient. Wherefore the triangles contayned vnder e- 
uery right line drawen by the center of the parallelipipedon in the fuperficies, which is extended alfo 
by the fayd center, and the diameter thereof, whofe endes are the angles of the folide,are equall,equi- 
Jater,& equiangle( by the 26. ofthe firft). W herfore it followeth that the playne fuperficies which cut- 
teth the parallelipipedon, doth make.the partes of the bafes on the oppofite fide,equall,and equiangle, 
and therefore like; and'equall both i muttitude,and in magnitude: wherefore the two folide fections 
of that folide,fhalbe‘equall and like;by,the 8. diffinition of this booke . And now that no other playne 
fuperficies befides that which is extended by the center;deuideth the parallelipipedon into two.equall 
partes, it is manifeft: if vnto the playne fuperficies which is not extended by the center, we extend by 
the centera parallel playne fuperfitiés (by the Corollary of the 15. of this booke). For forafmuch as 
tliatfuperficies which is extended by the center;doth deuide the parallelipipedó into two equall parts 
itis manifeit, that the other playne fuperficies ( which isa parallel to the fuperficies which deuideth 
the folide into two equiall partes) isin one of the equall partes of thefolide : wherefore feing that the 
whole is euer greater then his partes, it mift nedes be that one of thefe fectionsis leffe then the halfe 
of the folide, and therefore the other is greater. 

For the better vnderitanding of this former propofition,& alfo of this Corollary added by Flufas, it 
Íhalbe very nedefull for. you to defcribe ofpafted paper or fuch like mattera parallelipipedó or a Cube, 
and to deuide all the parallelográmes therofinto two equall parts,by drawing by the céters of the fayd 
parallelogrammes (which centers are the poynts made by the cutting of diagonalllines drawen fró the 
oppofite angles of the fayd-parallelogrames) lines parallels to the fides of the parallelogrames:as in the 
former figure defcribed in a plaine ye may fee,are the fixe parallelogrames D E,E H,H A,A D, DH, and 
C G, whom thefe parallellines drawen by the céters of the fayd parallelogrames, namely, X O, O R, 
P R, andP X, do deuide into two equall parts: by which fower lines ye mutt imagine a playne fuperfi- 
cies to be extended, allo thefe parallel lynes K L, LN, N M, and M K, by which fower lines likewife ye 
muft imagine a playne fuperficies to be extended ye: may ifye will put within your body made thus of 
poe paper,two fuperficieces made alfo of the fayd: paper hauing to their limites lines equall to the 
orefayde parallel lines: which fuperficieces muft alfo be deuided into two equall partes by parallel 
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_ in dhis figure yemay more fully fee the former Propofi-.' : .. 

tion and demonftrauon ifye ere&te perpendicularly ynto. .. ^. | » 
the ground plaine fuperficies A B the fuperficies C D, and ` ` 

imagine alineto be extended from thepointEtothepoint ^ ^^ 

F,inflede whereof yemay extend if ye will a thred. " uu 
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if the oppofite fides-of à "Pavallelipipedon: be. deuided- into. two equali 

partes, and by their common ſections be extended plaine fuperficieces: the 

cono fettion of thofe plaine'fiperficieces> and the diameter of the Parale 
| lelipiped on [hall denide the onethe other into two equall. partes. 
V ppofe that AF bea Parallelinipedor,.and letthe oppofite fides thereof CF and 
f | A H be deuided into two equall partes in the pointes K,L,M,N, and lekewife let 
( 2] 20) the oppofite fides AD and G-F be denided into two.equall partes in the pointes 
SIENA XSP OR, and by thoſe ſections extend thefetwo plaine [uperficieces K N X R, 
and det tbe comin 07 fet on of: bofe plaise fuperficieces be theline F S, and let the diagon 
line of the folide A B be the line D aA | GA PI olge D 
D G.T hen I fay,that the lines V 5 —B | Sp 4) 3 
and, D G dodeuide the onetheo- N 
ther into two-equall partes,that is, 
that the line VT ts equall to the 
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DV,FE,BS,aud 8 G. Nowfor- 
afmuch as the line D X is a parallel- 
to the line O E,therfore(by the 29. 
ofthe first) tbe angles D X V and 
V 0 E being alternate angles, are 


forafmuch asthe line D X is equal s 
to theline O E, and the line XV to 
the line V O, and they comprehend > 
equallangles : Wherefore the bafe 
D V. isequall to the bafe. VE (by: S. 
che .oſ the ſirſt)· and the triangglce 
DXV Gs -equall.to the triangle. 
¥ OE; andthe reft of the. angles to ie eam a hi à 
thereft of the angles .Whereforethe angle X V D is equall tothe angle OVE. Wherefore 
DFE is.overight line, aud by the fame reafon BS G is alfo one right line, and the line BS 
és equallto the line 8G. And fovafmuch as the line C A is equall to the line D B,and is va- 
10 it a parallel, but the line C A is equall to the line G E, and is unto it alfo a parallel : wher- 
fore by the firf common fentence) theline D Bis equali tothe line G E, & isalfoa parallel 
vustedt : buttberiaht lines D E and B G doivyue thefe parallel lines together. : ! Wherefore 
(by the 3 3.0f the firft)the line D Eisa parallel unto the line BG. And in either of thefe lines 
MS are 
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dines drawen by their centers, and muft cut theone the other by.thefe parallel lines «And forthe dia. 
meter of this body, extéd a thred from oneangle in the bafe of the folide to his.oppofite angle, which 
fhallpaffe by the center of the parallelipipedon, as doth theline D G in the figure before defcribed in 
the playne. And draw in the bafeand the oppofite fi uperfictes vnto it, Diagonall lmes,from the angles 
from which is extended the diameter ofthe folide: as in the former defcriptioui are the lines B G and 
DE. And when you haue thus defcribed this body, compare it with the former demonttration, and it 
will make it very playne vnto you, fo your letters agrée With theletters of the figure deícribed in the 
booke. And this defcription will playnely fet forth vnto you the corollary following that propofition. 
For where as to the vnderftanding of the demonitration: of the propofition .the’ fuperficieces put 
within the body were extended by paralleklynes drawen by the céters of the bafes of the parallelipipe- 
don: to the vnderftanding of thé fayd Corollary, ye may extende a füperficies by any otlier lines dra- 
wen in the fayd bafes,fo that yet it paffe through the middeft of the thred, whichis fuppofed to be the 


«enter ofthe parallelipipedon. . 
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If there be two Přifmes vnder equall altitudes, «y the one bane to his baje 
“a parall elo )QVATHC and t he other a trtangje; and if the parallelogramme 
be double to the triangle: thofe Prifmes are equall the one to the other. 
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\ ppofe that thefe two Prifmes ABC DEF, GHK MON, be under equall 
altetudes, avd let the one haue to bis baje the parallelogramme AC, and the o- 
ther. the triangle G H K, and let the paralleloer.amme A C.ibe double to the tri- 
SG) angle G H Ks Thenl fay, that the Prifie'ABG DE F is tquallto the Prifine 
C ORR CA ARE Dey Ce ea os ee 
the Parallelipipedons AX G#GO. o. | 
Aud rale as the parallel. 
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angle GH K , but thë paralelos |, D 
of the first) double to the triangle — 

u 22 ubl S87 "ETE | 
gramme A C is equall tothe pa- eg en a a ^. bg toam v , z » m 
vallelogramme GH < But Parallelipibedons confifiine upon equal bales dnd under one and 
she fel fame altitude, aye eqyall the one to the other (by the 31.of the eleuenth) . Wherefore 
the folide A X 15 equall to the folide G'0.. But the halfe ofthe folide A X is the Prifme AB» 
CREF, andthe halfe ofthe folide G O igtbe Prifme GH K MON .Wherfore the Prifme 
AB CD EF isequalltothe Prifge G.H K M QN . If therefore there be twa Brifmes vn- 
der, equall altitudes, and the one haue to his bafe aparallele gramme, & the other. a triangle; 
and if the parallelogramme be double to the triangle : thofe Prifmesare equall the one to the 
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.. This Propofition and.the demonftration thereofare not hard-to conceaue by the former figures: 
but ye may for your fuller ynderftanding of thé take two equall Parallelipipedons equilater and equi- 
angie the one to the other defcribed of patted paper or fuchilike matter, and in the bafeof the one Pa- 
raliclipipedon draw a diagonall line, and draw an other diagonall line in the vpper fuperficies oppofité 
vara, the -faid diagonall line drawen tn the-bafe , And in oneof the parallelogram mes which are fet vp- 
on the.bafe of the other Parallelipipedon draw a diagonall line; and drawe an other diagonall line in 
the paraliclogramme oppofite to the fame . For fo ifye extend plaine fu perficieces by thole diagonali 
lines there will be made two Prifmes.in ech body . Ye muft take heede that ye pritfor'the bafes ofeche 
of thefe Parallelipipedons equali parallelográmes . Aind then note thé with letters accordirig to the lec- 
ters of the figures before defcribed in the plaine. And cópare thé with the détionftrátiónand they will 
make both it and the Propofition very clerc vnto you; They willalfo geuegteatlight to the Corollary 
following added by Fifa. "hd ce «Le AHoRo ee A T 7 E 
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‘By this and the former propafitions itis manifeft tbatPrifmes and folides” contayned wnder.two 
oligonon figures equall,like.and parallels, and the ref parallelogrammes:may be-compared the one to 
the felfe fame maner that parallelipipedonsare, 7 07. 000 1t osos 
€ eed pe fela fa uu aid niea P P P cad EO., K 
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: "Kor foráfmuch as (by this propofition and by the fecond Carollary ofthe 25. ofthis booke) itis 
manifeft, that every parallelipipedon may be refolued into,two like; and equal Prifmes,of one and the 
fame altitude, whofe bafe fhalbe one and the felfe fame with the, bafe of the parallelipipedon; or the 
halfe thereof, which Prifmes alfo fhalbe contayned vader the felfe {ame fides with theparallelipipedé, 
the fayde fides beyng alfo fides of like proportion: J fay: that Prifmes may be compared together after 
the like maner that their Parallelipipedonsare.For.if we would deuide a Prifime like yato his folie by 
the 25.0f this booke,ye fhall finde in the Corollaryes of the 25, propofitid, that;that.which is fet forth 
touching à parallelipipedon, falloweth noe onely ina Prifme;bur alfo in any fided colunine whofe op- 
pofite bafesare equall, and like, and. hisfides parallelogrammes. siio. cnt - 

If it berequired by the27.propofition;vpor a rightline;geuen to defcribea Prifme like and in like 
forte fituate toa Prifme geuen:.defcribe firft the whole.parallelipipedon whereof the prifme geuen is 
the halfe (which thing ye fee by this 4o. propofition may be done). And vnto that parallelipipedó de- 
fcribe vpon the rightline geuen by the fayd 27. propofition an other parallelipipedon like : and the 
halfe thereof fhalbe the prifme which ye feeke for, namely, fhalbe a; prifme defcribed vpon the right 
line geuen,andlike vnto the prifme. geuen. Sly LIIS n 

In deede Prifmes can not be'cüt according to the 38.propofitión. For that in their oppofite fides 
can be drawen no diagonal lines: howbeit by that 28. propofition thofe Prifmesare manifeflly con- 
firmed to be equalland like, which are the halues of one and the felfe fame parallelipipedon. 

And as touching the z9. propofition, and the three following it, which proueth that parallelipi- 
pedons vnder one and the felfe fame altitude, and vpon equall bafes, or the felfe fame bafes,are equal: 
or if they bé vnder one and the felfe fame altitude,théy arein proportion the one to the other,as their 
bafes are: to apply thefe comparifons vnto Prifes, it is to be required,that the bales of the Prifmes 
compared together, be either all parallelogrammes, orall triangles . For fo one and the felfealtitude 
remayning, the comparifon of thinges equall is euer one and the felfe fame, and the halfes of the bafes 


„are euer the one to the other in the fame proportion; thar their wholes are. Wherfore Prifmes which 


are the halues of the parailelipipedons, and which haue the fame proportion the one to the other that 
the whole parallelipipedons haue; which;are vnder oneand the felfe fame altitude: mutt needes caufe 
that their bafes being the halues ofthe bafes of the parallelipipedós are in the fame proportió the one 
to the other;that their whole parallelipipedons are. If therefore the whole parallelipipedons bein the 
proportion of the whole bafes, theizhaluesalfo ( which are Prifines) fhalbe in the ‘proportion either 
of the wholes if their bafes be parallelogrammes;or of the haluesif they be triangles, whichiis euer all 


' ene by the 15. ofthe fiueth. 


And forafmuch as by the 33. propofition, like parallelipipedons which are the doubles of their 
Prifmes are in treble proportion the oneto the other that their fides of like proportion are, it is mani- 
feft, that Prifmes being their halues (which haue the one to the other the fame proportion that their 
wholes haue,by the 15 of the fiueth) and hauing the felfe fame fides that ‘their parallelipipedons haue, 
are the one to the other in treble proportion of that which the fides of like proportion are. 

And for that Prifmes are the one to the other in the fame proportion that their parallelipipedons 


are, and the bafes of the Prifmes(being all either triangles or parallelográmes)are the one to the other 


in the fame proportion that the bafes ofthe parallelipipedons are, whofe altitudes alfo are alwayes e- 
quall, we may by the 34. propofition conclude,that the bafes of the prifmes and the bafes of the paral- 
lelipipedons their doubles ( being ech the one to theotherin oneand the felfe fame proportion) are 
to the altitudes,in the fame proportion that the bafes of the double folides, nam ely, of the parallelipi- 
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pedons are. For ifthe bafes of the equall parallelipipedős be reciprokall with theit altitudes,then their ` 


halues which are Prifmes fhall haue their bafes reciprokall with theiraltitudes. 
By the 56. propofition we may conclude, that ifthere be three right lines proportionall, the an- 


gle of a Prifme made of thefe three lines( being common with the angle of his parallelipipedon whick - 


is double)doth make a prifme, which is equall to the Prifme defcribed ofthe middle line and contay- 
ning the like angle, confifting alfo ofequall fides. For as in the parallelipipedon, fo alfo in the Prifme, 
this one thing is required, namely,that the three dimenfions of the proportionall lines do makean an- 
gle like ynto the angle contayned of the middle line taken three tymes. Now then ifthe folide angle 
of the Prifme be made of thofe three right lines, there fhall ofthem be made an angle like to theangle 


of the parallelipipedon which is double ynto it. Wherefore it followeth of neceflitie,that the Prifnes - 


which are alwayes the halues of the Parallelipipedons, are equiangle the one to the other, asalfo are 

their doubles, although they be not equilater : and therefore thofe halues of equall folides are equall 

the one to the other: namely, that which is defcribed ofthe middle proportionall lineis equall to that 
which is defcribed of the three proportionall lines. 

By the 37. propofition alfo we may conclude the fame touching Prifmes which was concluded 

BBb iiij. | . touching 
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couching Parallelipipedons, For forafmuch as Prifmes,défcribed like & in like fort of the lines geuen, 
are the halues ofthe Parallelipipedons which are like and in like fort defcribed,it followeth that thefe 
Prifmes haue theone to the other the fame proportion thatthefolides which are their doubles haue. 
And therfore ifthe lines which defcribe them be porportionall;they fhalbe proportionall, and fo con- 
uerfedly according to the rule of the fayd 37. propofition. — | | 
But forafmuch as the 39. propofition fuppofeth the oppofite — ſides of the ſolide to be 
parallelogrammes, and the fame folide to haue one diameter, whic thinges a Prifme can not haue, 
therefore this propofition can by no meanesbe applyed to Prifmes, ae 
Butas touching folides whofe bafes are two like, equall,and párallel poligonon figures and their 
ided C fides are parailelogrammes, forafmuch as:by the fecond Corollary of the25. of this booke it hath bene 
Sided Co- declared,that fuch folides are compofed;of Prifmes, itmày éafely be proued that their nature 
(ILES. is fuch, as is thenature of the Prifmes, whereof they are compofed . Wherefore a paralle- 
lipipedon being by the 27. propofition ofthis booké defcribed, there may alfo be de- 
{cribed the halfe thereof,which isa Prifme : and by the defcription of Prifmes, 
there may be compofed a folide like ynto afolidegenen compofed of Prifmes. ~ _ 
. So thatit is manifeft, that that which thez9.30.31.32.33. 34. and. ^ - ' 
37. propofitions fet forth touching parallelipipedons; may well i 
be applyed alfo to thefe kyndes of folides. 
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N' THIS TVVLELVETH SOOKE,EVCLIÍDSÉ 

' fetteth forth the paffionsand proprieties of Pyramids, 
Prifmes,Cones,Cylinders,and Spheres. And compareth 
Pyramids,firftto Pyramids,then to Prifmes : fo likewife 
doth he Cones, and Cylinders. And laftly he compareth 
Spheres the one to the other. But before he goeth to the 
treatie of thofe bodies, he proueth that, like Poligonon 
figures infcribed in circles,and alfo the circles thé felues 
are in proportion the one to the other, as the fquares of 
the diameters of thofe circles are . Becanfe that was ne- 
ceffary to be proued, for the confirmation of certayne 
paffionsand proprieties ofthofe bodies. 
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1. T heoreme. -© Lhe 1. Propofition. 


+ Like Poligononfigures defcribed in circles : are in that proportion the one 
to the other, that the {quares of their diameters are. 


th Wa V ppofe that there be two circles CABCDE,and FGHKL, 
eee || 40d in them let there be defcribed like Poligonon freures,name- 
YQ 4 LBC DE, and FGHKL,and let the diameters of the 
P g "WT circles be B M, and.G N . T ben 1 ay, that as the [quare ofthe 
R| Une B M isto the [quare ofthe line GN , fois the Poligonon fie ` 
| gure ABCDE to the Poligonon figure FGH KL . Drawe Confiruction; 
thefe right lines BE, AM,GL,andFN. And forafmuch P 
the Poligonon figure ABC D E is like tothe Poligonon figure Demonftra- 
| 'FGHKL, therefore the angle B AE is equall to, the angle tiom : 
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G F Land asthe line B A istothe line A E, foistheline GF tothe line F L ¢ by the defi- 

nition of like Poligonon figures ) . Now therefore there are two triangles B AE andGF L, 

sT / hauing 
T 


T he twelueth Booke 


baning one angle of the one equall to one angle of the other; namely, the angle B AE equal 
tothe angle F L,and the fides about the equall angles are proportionall: Wherefore (by the 
firft definition of the fixt) the triangle AB E is equiangle to the triangle Ë G b. Wherefore 
the angle A E Bis equall to the angle F LG . But (by the! 21.0f the third) the angle AEB 


&requallto tbe angle AM B, for they confifte vpon one and the felfe fame circwmference:and 
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By tbe [ame reafon tbe angle F L G isequalltotbe angle F N G.Wherfore the angle AM B 
és equallto the angle F.N G.And the rightangle BAM, is ( by the 4. petition )-equallte 
the vight angle G F N. Wherefore the angle remayning, is equallto the angle remayning. 
Wherefore the triangle A M Bisequiangle to the triangle F NG . Wherefore proportionally 
as the line B.Més ta theline G N, fois the line B A tothe lineG F «But thefquare of the line 
BM is tothe fyuare af the line GN in double proportion of. that which the line BM is tothe 
- dine GNC by the Corollary of the 20.0f the fixt) . And the Poligonon figure ABC D Eisto 
| the Poligonon figure F GH K Lin double proportion of that which the line B A is to the line 
GE (by the 20.0f the fixt) Wherefore (by the 11.of the fift) as the {quare of the line B04 
$5 to the [quare of the line GN, Jo is the Poligonon figure ABCD E, to the Poligonon fi- 
gure FGHK L. Whereforeleke Poligonon figures defcribed im circles, are in that pro- 
portion the one to the other, thatthe [quares of the diameters are: which was required to be 
demonfirated. - To | 


a 


} 


q Iobn Dee bis fruitfull inflru&fions ,"witb certaine Corollaries, 
| | and their great vfe. 


~ 


Ho can not eafily perceaue,what occafion and ayde,.drchimedes had, by thefe firlt & fecond Pro- 

pofitions, to finde the nere Area,or Content ofa circle: betwenea Poligonon figure within the 

circle, and the like about the fame circle,defcribed ? Whofe precife quantities are mofteafily knowen : 

being comprehended of right lines. Where alfo (to auoyde all occafions oferrour) it isgood in num- 

bers, aot hauing precife {quare rootes,to vfe the Logifticall proceffe, according to the rules, with 

f3pi2, JP 19, and fo, of fuch like . Who can not readily fallinto Archimedes reckoning and ac- 

Re count, by his method? To finde the proportion ofthe circumference of any circle to his diameter, 
co be aimoft triple, and one feuenth of the diameter : but to be more then triple and ten one & feuen- 


tithes : that is to be leffethen 3— and more then 3— . Aud where Jtrebissedes víed a Poligonon 
^» f — 71 ' . 

figure of o6.ides : hethat; for exercife fake;or for earnelt defire ofa more nerenes, will vfe Polygonon 
figures of 384.fides (or more) may well trauaile therein, till either wearines caufe him ftay, or els he 


finde hislabour fruitles . In deede Archimedes concluded proportion, of the circumference to the dia- 
meter, 
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meter, hath hitherto ferued the vulgare and Mechanicall workemen : wherewith, who fo isnot con- 
tented, lethis owne Methodicall trauaile fatiffie his defire : or let him procure other therto . For,nar- 
rower termes (of greater and leffe) found, and appointed to the circumference, willalfo winne to the 
Area of the circle a nearer quantitie: feinig; itis well demoftrated of 4rchimedes, that a triangle re&an- 
gle,of whofe two fides (Contayning therightangle ) oneis equall: tothe femidiameter of the circle, 
and the other to the circumference of the fame, is equall to the Area of thatcircle. Vpon which two 
Theoremes, it followeth, that the fquare made ofthe diameter, is in that proportion to the circle (ve- 
ry neare) it‘ which, 14, is to 11.» Wherefore euery circle is ‘4> eleuen fowertenthes( well neare) of 


i | an Li d ; pes. s 
the fquare about him defcribed . The one fide,then; ofthat fquare; deuide into 14.equall partes : and 
from that point which endeth the eleuenth part, drawe to the oppofite fide, a line, parallel to the other 
fides, and fo make perfecte-the parallelogramme. Then, by the lat Propofition ofthe fecond booke, 
vnto that parallelogramme(whofe one fide hath thofe 11.equall partes), make a fquare equal! . Then 
is it euident, that fquare to be equall to the circle, about which the firft {quare is defcribed. As.ye may 
here beholdein thefe figures, ~~ © ~*~ a Re +" | | 
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Gentle frend, the great defire, which I haue,that both with pleafure and alfo profite, thou mayeit 
fpend thy time in thefe excellent ftudiés, doth caufe'me here to furnifhe thee fomewhat (extraordina- 
rily ) about the circle : not onely by pointing vnto thee,the welfpring of rchimedes,his fo much won- 
dred at, and tuftly commended trauaile (in the former 3. Theoremes, here repeated), but alfo to make 
thee more apt, to vnderftand and practife thisand other bookes following , where, vfe of the circle 
may be had in any confideration : as in Cones, Cylinders,and Spheres, &c. 


~- A Corollary. 1. 


vi By Archimedes fecond-T heoreme ( as I bane here alleaged them ) it is manifest : that a pa- 


vallelograname contained,either vnder tbe femidiameter and balfe the circumference ; or under the 
halfe femidtameter and Whole circumference of any circle, is equall tothe circle: bythe 41. of the 


first : and fut of tbe fixt. 
: > ! < GA Corollary. 2. 


* 
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Likewife it is emident, that the parallelogramme contayned ónder the femidiameter and halfe of 
any portion of the circumference of a circle genen, is equall to that fettor of the fame circle, to which 
the whole portion of the circumference genen, doth belong . Or ‘you may ufé the halfe femidiameter, 
and the whole portion of the circumference : as fides of the faid parallelogramme. a 


+e 


_ “The farther winning, andinferring, I committe to your fkill,care,and ftudye. Butin an other forc 
willl geye you newe ayde, and inftruétion here. a) = 


Lam? | * l qd Theoreme. 
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_ Of all circles, the circumferences totheir owne diameters, bane one andthe fame proportion : in 
what one circle focuer, they are affiened.- , - — À ela eui 


"a $ Fa 


 Thatis: (as Archsmedeshath demonftrated) almoft, as 22. to 7 : or nearer, ifnéarer be fouud: vn- 


aa 


till the very'precife proportion be deinonitrated . Which, whatfoeuer itbe,in all circumferences to 


their proper diameters, will be demonftrated one and the fame. m 
250 AM ud Cerollan. or. o s > "—— 


Wherefore if twe circles-be Pe Which fuppofe to be Aand B, asthe circumference of A 
esto thecircumference of B, fo ts the - [9 
diameter.of Ato the diameterof B. 


For by the former Theoreme, as 
the circumference of A,is to hisown 
‘diameter, foisthe circumference of 
B, to hts own diameter : Wherfore, 
alternately, as the circumference of 
A, is to the circumference of B, fo is 
the diameter of A, to the diameter 
of B : Which was required to bede- 
monflrated. 





3 o4 Corollary. 2. 
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Te 1s now then entdent, that Wwe can gene twoscircles whofe circumferences one to theother , fra 
bane any. proportion geuen in two right lines. 
p ' ^ 3; ie 4B AU A on Oil s SUME i ` 
(E mpor Si may ia ( val yeti ity ob — 
Thę gręẽat Mechanicall vſe (beſides Mathematicall conſiderations) which, theſe two Corollaryes 
mày haue 1n. Whecles of Milles, Clockes,Cranes;and other engines for water workes, and for warres, 


and many other purpofes, the earneft and wittie Mechanicien will foone boult out, & gladly prattife. 
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V ppofe that there be twovircles ABC D, and E FG H, and let their diame- 

(Q fersbe B D and F H . Then 1fay, that as the [quare of the line D B is to the 

| (quareof the line F H; fo isthe circle ABCD tothe circle EFGH. Forif 

the circle A.B C D be not unto the circle E F GH,as the [quare ofthe line B D 


.. Circles ave in that proparqion the one tothe other, that the [quares of tbeir 


` 
fari S E 










dis to the [quare of tbe line F H: then the{quare of the line B DD. [hall betothe [quare ofthe 


line F H,.asthe circle ABCD is.to afuperficies either lefve then the circle E F G H,or grea- 
ter . Firf} let the {quare of the ineB D beto the fquare of the line F H,as the circle ABCD 
is toa [uperficies leffe then the circle E F GH, namely, tothe {uperficies S . Defcribe (by the 


6. of tbe fourth) in 1he circle E.F.G Ha fquare E F G H ,— No this fquare thus deferibed ísgrea- 


à a | r a 
ter then the halfe of the circle EFGH. Forif by the pointes E, F, G, H,we drawe right lines 
t MT a y touching 


of Euchides Elementéss-i-...~ Fol.3s8, 


touching the circle » the fqnare BF GHyis, the balfe of the [quare defixibed about tbe. "That a foam 
circle, but the {quare defcribed about the ciréle ,. is greater then the circle. «s the \within any 
fquare E F GH, which is. inf cribed in the circle, is greater then the halfe of tbe. circle Eur m wo 
EF GH. Denide the circumferences EF, F G,G H; and H E, into two equall partes m pus c . 
the pointes K,L, M,N . And drawe thefe-right lines EK, K F, FL, LG,GM, MH, * alf 


2. circle. 





HN, and NE . Wherefore every one of thefe triangles EK F, F LG,G MH, andHN E,” That the Yof- 
is greater then the halfe » LET m mus ue c eles trig- 
of the fegmet of the cir. | Lam rs om * gles, without 
cle which is deſcribed a- c n et the fquare,are 
| i SAt greater then 
bout it. For if by the —— $ alfetbe fep 


pointes K,L, CM, N,be. 
drawén lines. touching 
the circle, and then be 
made perfecte the paral- 
lelogrames made of the 
vieht lines E F,F G,G- 
H, & H E, euery one of 
the triangles E K F,F - 
LG,GM H,c» H N E,*i 
is the halfe of the paral- 
lelograme which is de- 
[cvibed about it ( by the 
Segmet defevtbed about...» \\ Se 


evo ments wherin 
.. s. they are. 


* 
& 


at as leffe then the paral. e y 


` 


lelogramme .. Wherefore enery one of thefe triangles EK F, F LG,GM H, and H NE, is 
greater then the halfe of the feement of the circle which is defcribed about it. Now then 
dewmding the circumferences remaining intotwo equall partes,and drawing right lines from’ 
the pointes, where thofe diuifions are made, cy fo continually doing this me [hall at tbe length 
(by the 1.of the tenth) leaue certaine fegmentes of the circle which [ball be leffe then the ex- 
_ befse, wherby the circle E F GH excedeth the [uperficies'S For it hath bene proned inthe 
first Propofition of the tenth booke, that two vnequall magnitudes being geuen, if from the 
greater be taken away more then the halfe, and likewifeagaine from the refidue more then 
the halfe, and fo continually, there fhall at the length be left a certaine magnitude which [ball 
be lefe then the lefe magnitude geuen . Let there be [uch fegmentes left, et let the fegmentes 
of the circle E F G H, namely, which are made by the lines E K,K F,F L, LG, G M,M H, 
H N and N E,be lefe then the exceffe, whereby the circle E F G H excedeth the fuperficies S. 
Wherefore the refidue, namely, the Poligonon figure EK F LG MA N, is greaterthen the 
Superficies 8. Infcribein the circle ABC D a Poligonon figure like to the Poligonon figure 
EKFLGMHN, and let the fame be 4 X BO C P.D R ^Wherefore ( by tbe Propo[rtion 
next going before ) as tbe [quare of the line B D is tothe [quare ofthe line F H, fois the Po- 
ligononfigure AX BO CP D R to tbe Poligononfigure E K F LG C H N.. But as the 
Square of the line B D is tothe [quare of the line F G, fois the circle ABCD fuppofed to be 
to the fuperficies S . Wherefore (by the 11 of the fift) asthe circle ABC D is to the fuperfi- 
cies S, fo isthe Poligonon figure AXBOCPDR to the Policonon fieure E K F L G M- 
HN . Wherefore alternately (bythe r6 ofthe fifi) as the circle A B C D. istothe.Polieonon 
figure de{cribed in it, fo is the [uperficies S to tbe Poligonon figure E K F-L G.M H IN . But 
the circle ABC D is greater then the Poligonon figure defcribed in it . Wherefore alfo the 
fuperficies S is greater then the Poligonoù figure EKF LGH UN: butit is alf 9 leffe : 
which is impofsble Wherefore asthe [quare of the line-B D is tothe [guare ofthe line H A, 
24. CCoœ.i. 0 16 
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“fois is not 27 de "ü Be C Bi My any vJuperfiies leffe then the circles EE GH.. 

dn like fort alfo; 274 y mpraue,that as the [quare ofthe line F His to the — jfi the hne 
SB D Jo isnot the circle A GH to any lepers ke then a circle 4 B CD. 9 — | 
bat. 45. the Jauare, of 1) th e` Te 





the circle AB J D toa- 
vithen the circle E F G H. 


|" be to a greater namely,to 
"Me fi “perfici es S. Wher- 
E by conuerfion, asthe. | X 
Square, of the line FH ` 
isto the fc quare of the f 
line B,D, fo is the fu- 
perficies S to the circle 
ABCD .* But as the _ 
fuperficies S isto the cir- 
cle ABC D, fois thecir- 
cle EEGH to Jome fu- 
perficies lef]e 158 the cir- 
cle ABCD: Wherefore (by the rr. of the " )as — of the li F Histo » Hain 
of the line B D yfoisthe circle E F G H, tofome (uperficies lefe then thë circle cA BCD: 
which isin the fir cafe proued to be impofable. Wherefore a as the [quare of the line B D sto 
the Square of theline F H foi is got tbe circle ABCD to “any Juperficies greater then the 
circle EF GH. Andit is alfo proued that i itis not, tà any lefe- Wberefore asthe [quare 
of the line B Dis to the [quare of the line FH Joi is the circle 4B C D tothe circle E FG H. 
Wherefore circles are in that proportion the one to the other, that the Squares of their diame- 
fers are < which was required to be proned. 


or € An Affünipt. E on 
T df now, ds the fuperficies S bis ous . 
ing 8 greater then thé circle EF G Has 5 — 
the fuperficies Si istothe circle ABC- ^ 
D, foxsthe circle EF GH to fomefu- fs 
perficies lefethen the circle ABCD.| 
For, as the fuperficies S is to the circle 
ABCD; filet thé circle EF GH be 

to the fuperficies T . Now I fay, that 
the fuperficies T is lefe then the circle ` 
ABC D.For for that as the [uperficies "pa 
S isto the circle 4 BC D, fo # thecir- 
cle EFGH totheuperficies T there > 
fore alterzately ( by the 16. of the fft) > | 
as the fuperficies S is to the circle E F - 
GH, fois the circle ABC D to the fu- i 
perficies T. But the fuperficies S isgrea- ` 

ter then the circle EF GH (by fappofition) . Wherefore alfo the circle ABC D is p 
then thei aperficies T (by tbe rof theffft). Wherefore. asthe fuperficies S is to the circle 

ABCD, 


1 


hx 





at^ 








of &uchides Elementes. Fol.359. 


ABCD; foisthe circle EF GH tofome fuperficies leffe then the circle ABCD: which 
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Circles haue the oneto the other, that proportion that like Poligonoan figures and in like fort dea, 
fcribed in them hane, For, it was by the firft Propofition proued, that the Poligonon figures haue 


that proportió the one to the other, that the [quares of the diameters haue, which proportion likewife, 
by this Rropofinon she cigcles Maul. mine m. - 2d out eee Sil AE as vm o! I. 
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"mW Very needefull Problemes and Corollaryes by Master Ihon Dee 
>. Ānuented: whofe wonderfull vfealfo, he partely declareth. 
A Probleme, 1. 


1 Tea ale , 
danita s v ya » 


T wo circles being gene: to finde two right lines, which haue the fame proportion,one to the other, 
that the geuen circles haue, one tothe other,” * (oy stan che "map d ccm 
Suppofe A and B, to be the diameters of two circles geuen: I fay that two right lines ate to be 
foüde,hauing that proportió,that the circle of A hath tothe circle of B,Letto A & B(by the 11 of the 
fixch) a third proportionall line be found, which fuppofe to be C. I fay now that A hath to C,that-pro- Conftrutlion: 


portion which the circle of A” hath to the cir- 


cle of B. For forafmuch as A,B, ånd C, are (by Á — — — —ñ— — — 

conſttuction) three Pe e n TCS tic! a S Nai * nm Demonſira- 
ſquare of A is to the ſquare ofBas A is to C, WM B+ + Ae. Pi 
(by the Corollary ofthezo, of the fixth):but P" "ul i 

as the fquare ofthe line Ais to the fquare of 9 € e—— 

the line B,fo ts the circle whofe diameter isthe . — M ed ~~ 


Jine A;to' the circle whofe diameter is the line ^ 7, 7. 05 — " 

B, by this fecond of the eleu&th. Wherfore the circles ofthe lines A and.B, are in theproportion ofthe 

rightlines A and C . Therefore two circles being geuen, we haue found two tight lines hauing ‘the 

fame proportion betwene thé, that the circles geuen, haue one to the other: which ought to.be done. 
»" d Prableme sed (assis vio s meta 

J wo circles being geuen , and a aM (ot, d ove 5 ced 4o 

right line:to finde an other right line, eR UR a u 

to which the line gene fhal haue that — ———— 

proportion, which the one circle hath 


tothe other, 


Suppofe two circles geué: which let | 
be A & B, &arightline geué, which 
let be C: 1fay thatan otherrightline:- :-V 
is to be founde, to which the line C 
fhall haue that proportion that the 
circle A, hath to the circle B . Asche 
diameter of the circle A, is to the dia-. 
meter of thecircle B , fo let the line ^ ^^ 
Cibego,atourth line, Ghythe 1200f 9 e 2 NOME ee er 1 
the fixth) lecthatfourthline beD: And; bythezi.ofthe ||. OTe 
fixth,let a thirdelineproportionallbefound;tothelines, ^  . |. 
C & D, which let be E: I fay now, that the line G hathto ^ 577 ow 
the line E, that proportion which the'cirele' A, háth tothe + ° 9... 0- 
circle B, For (by conftru@tion) the’ lines C;D, and E are — : : 
proportionall : therefore the fquare of C; is to the {quare | n 
of D, as C is to E,by the Corollary of thié'z0. of the fixth. | ir 
But by conftruction , as the diameter of the ‘circle Ay.’ 
is to the diameter of the circle B, fo is C, to D: wherefore | 
as the {quare of the diameter ofthe circle, A, is to the | Ini | 
{quare of the diameter of the circle B, fo is the fquare of . d 
the line C to the fquare of the liné D> by the 22. of the. GC D E 
fixth. Butas the fquare ofthe diametet ofA,ihecircdle,is — 0 
to the fquare of the diameter oftliecircle B;fois thecir- — ^ ^^ : 
cle A, to die cir cle B, by the fecond of the twelfth: wherefore by rr. of the fiueth, as the circle A, isto 
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the circle B, fo is the fquare of the line C,to the fquaré of thélineD.But itis proued;that as the {quare 
of the line C, is to the fquare of the line D; fo is theline C to the line E. Wherefore by the 11. of the 
fiueth, as the circle A, is to the circle B, fo is the line C to the line E. Two circles being geuen there- 


fore, anda rightline, we haue found a right line, to which the right line geuen, hath that proportion, 
which the one circle hath to the other. Which oughtto bedone.: ' 


t +, 
‘ 

* + ^ ^ 
4 "ti ^ Hes 4 eer J E 6 , " OB NT a 


^ * * 
E = us y i ‘ ` ~ 
4 : = 4 esa * r A tt 1 z ^^ r. - $ A 
FT x ' = ' e © æ q^ & 3.46 A P i < r 
"4 
f. #4 a ł E t A 
= € e» r 


» 2 
vom: verit 


The difference betwene this Probleme, and that next before, is this: there,although we had two: 
circles geuen, and two lines were found in that proportion the one to the other, in which the geuen 

circles were,: and here likewife aré two circles geuéj.and two-lines alfo are had inthe fame proportié, 

that the geué circles are : yet there we tooke at pleafure the firft of the two lines, wherunto we framed 

the fecond proportionally, to the circles geuen. But here the firlt ofthe two'lines, is affigned,poynted, 

and determined to vs: and not our choyfe to be had therein, as was in the former Probleme. 
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ed circle being geuen, to finde an other circle, to which the genen circle is in any proportion geue 
ntworigbtlines, - rst onis — n 1 
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Suppofe thecircle 4 s c geuen, and therefore his femidiameter.isgeuen: whereby his diameter 
alfo is geuen: which diameter let be a c. Let the proportion geuen, be that which is betwene F,tfWO 
right linies-T fay, a circle 1s to be found, vnto which A s c hath that proportion thate hath to F. 
As £ 1s to F, fo let ac the diameter, beto an o- 2 57^ s i 
ther rignt{line, by the 12. of the fixth . Which line < 
fippofeto beu. Betwene 4 c and u,.finde a middle . 
proportionall line, by the 15. ofthe fixth: whichlet be 
L N. Bythe 1o. ofthe firfl, deuide 1 u, into two equall 
partes: and let that be done in the point o. Now vpon | 
o L, (o Being made the center) deicribe a circle: which: 
let be £M Ww. TfaythatA » c, isto LM N, as E isto F.For \ 
feing that'« C,.1 w, and u, are three right linestin con--" \ 
tinuall proportion ( by conftru&tion) therefore ( by the * *~ -— an 
Corollary of the 20. of the fixth) as a cisto u, fo isthe | wu C me d 
{quare of a c tothefquareof rw. But A cisto u, as & - Pe ditte! ^c 
is to £, by confiruction. Wherefore the fquare of4 c is dus mus m eec 
to theífquare of rw,asgisr: butasthe fquare ofthe, ósea ton 
diameter 4 c, is to the fquare ofthe diameter x w, fois ~ — — Jl 
the circle A 2 c to the circle rmwn, by this 2. ofthe . à 1 
twelueth, wherefore by the 11. of the fiueth, the circle i : 

A5 cistothecircle 1 M n,as £ istor. A circle being — 

geuen (therefore) an other circle is founde, to which erc moved tg t 

the geuen circle is in any proportion geuen betwene two right lines? which ought to be done, 
4 Es ? ws n 
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T Wo circles being genen, to finde one circle eguall to them both. | 

Suppofe the two circles geué,haue their diameters 4 » & c o „I fay thata circle muft befound 
equall to the two circles whofe diameters areas and € n: vnto the * 
line a 8, atthe point 4, erect a perpendicular line 4 x : from which uil din 
(fufficiently produced) cut alineequallto cb, whichletbéar.By — 
the firit peticion draw from Ftorarightline:foisra’s madeatri- — E^ 77 07 
angle rectangle. I fay now thata circle whofe diameteris f 8 ,is equal | 
to the two circles whofe diameters are a g and c n. For by the47, of 
the firft, the fquare of £ s is equall to the fquares of 4 & & a r. Which 
a F is (by conftruction) equall to c p: wherefore the {quare of Fz is 
equall to the {quares of as and cp. Butcircles are one to an other, 
as the {quares of their diameters are one to the other, by this fecond 
ofthe twelueth Therefore the circle whofe diameter is E» is equall 
to the circles whofediametersare a s and c n. Therefore two circles 
beinggeuen we haue found a circle equall to them both. Which was ^ 
required to be done. —-— «Lus PRO 
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Flereby tt i5 made euident,tbat in all triangles rectan ele, the tircles , femicircles , quadrants , or 
any other portions of circles defcribed vpon the fubtendent line ,is equall to the two.cicles femicircles. 
quadrants ,or any two other like portions of circles defcribed on the two lenes comprehending the right | 
angle like to like being compared. HOP Sak a oo owe oc ome m deos 

Forlike partes haue that proportion betwene them felues,that their whole magnitudes haue , of » 
which they are like partes, by the 15.0f the fifth . But ofthe whole circles, in the former problemé itis” 
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euident:and thercfore in the fornamed like portions ofcircles,itisatruéconfequent. ^ — " c 
We ose lc o E a 

^ aÀ ^1 LII. «4 WT 

AM UCÉ Corollary. LM JANE Mini: 
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By the former probleme it is aſo manifeſt, vnto circles three, fower, fineĘor to hew. many fò ener : 

one Will geue one circle may be genen egual, © o omast ot Codi us : 


For if firft , to any two , by the former probleme , you finde one equall,and then vnto yoür found 
circle and the third ofthe geuen circles;as two geuen circles,finde one other circle equall, and then ‘to 
that fecond found circle, and to the fourth ofthe firftgeuen circles, astwo circles, ogenew circlebe * 
found equall;and fo proceede till you haue'once cuppled orderly; euery one ofyour propoüded circles ^ 
(except the firft and fecond already doone)with the new circle thus found: fòr fo the lait found circle is: 
equall to all the firft geuen circles.Ifye doubt;or fufficiently vndertland me not: helpe your felfe by the 
eee and demonitration of the laft propofition in the-fecond booke,and alfo of the 3 tyin the fixth’ 

ooke. "21 ys ths ie ay. a8 E 
- a FA Probleme s. aie 


Two vneguall circles being genen,ta finde a circle equallto the exceffe of the greater tothe leffe. 

Suppofe the two vnequal. circles geué, to be AB C & DEF, & let AB C be the greater: whofe dia- Conflrnction: 
meter iuppofe to be A C: & the diameter of DEF fuppofeto be D F.I fay acircle mutt be found equal | : 
to thar exceffe in magnitude,by which A B C is greater thé D E F.By the firft of the fourth, in the circle 
ABC, Apply aright line equall to D F: eX ARTS es 
whofe one end let be at C and the other * 
letbe at B: Frõ B to A draw aright linei? 
By the 30. of the.third'; it may appeare,. 
that A B\C is aright angle: and thereby ° 
AB C,the triangle is rectangled: wher-. 
fore by the firit ofthe two corollaries, 

here before,the circle A B C is equallto 
the circle DE F, (For B C by conftru&i- 
on isequallto DF) and more ouer to, _ 
the circle whofe diameter is A B^. That’ 
circle therefore whofe diameter is A B, 

is the circle conteyning the magnitude,by which A B C is 
circles being geuen,we hane founda circle equall to the ex 
to be doone. M 2 
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greater then D E E, Wherefore tWo vn equal 
ceffe of the gréater to the leffe : which ought 


A Probleme. 6. | ES P | 20 homes 
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eA Circle being genen to finde twe Circles equal 
tothe fame : which found Circles , fhal! bane the one to 
the other,any proportion geuen in tworight lines. 
Suppofe AB C,, acircle geuen:and the proportion” 
geuen let it be that,which is betwene the two right lines 
D and E.1 fay , that two circles are to be found equall to 
A B C:and with al;one to the other, in theproportió of A | 
D to E. Let the diameter of A B C be A C. As D isto E, 
fo let A C be denided, by the 10.0f the fixth,in the poynt 
F.At F,to the line A C let a perpédicular be drawne FB, 
and let it mete the circüferéce atthe poynt B. From the. 
poynt B to the points A and C,letrightlines be drawne: 
B Aand BC . 1 fay thar the circles whofe diametes are 
thelines B A and B C are equallto the circle A B C:and 
that thofe circles hauing to theirdiametersthelinesB A. , a 4 * 
and BC are one to the other in the proportion of the AP ar T 
line D to theline E . For , firft that they are equaljit is e- Ty 


é | 


Confirntiions 





CCcœ.iij. uident 


Worethis — 
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An other way 
vf demonfirat:ð 
ofthe jira Pro 
lerte of this 
addition, 


Note this pro- 
pertie of a trix’ 
angle rectangle. 
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. tinualLproportton, by conttruc- 
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wident: by reafon that AB C isa triangle tectangle: wher w- $A 
fore by the 47. of the firlt the {quaresof BA and BC are ! B 
equall to the fquare of A.C-: And fo bythis feconditis ..- ; 
manifeft, the two circles to be équalTto the cirdleA B C... 
Secondly às D isto E; fois A F to F C : by cónftruction. - 
"nd as the (ne AF is to the line FC fo'isthe fauare of the line 

B Ato the fguare of the lime BC. { Which thing, we will 
Driefely;.prote thus. Lhe parallelogramme contayned : 
vider A. Cand A E;is equall to the fquaré of B A:by the kimra k —— 
Lemma after the z3softhe tenth-bookes andby the amet y {ati isir mia a opi arot i han 
Lemma or Affumpt,the parallelogramme contayned vn- 





der AC and F C, is equallto the fquare ofthelineBC. . 4 

Wherfore as the firit parallelogramme hath it felfeto the ~  ° , 

fecond: fo hath the — of B A ( equallto the firft pa- ben | E. 
rallelogramme )it ſelfe, to the ſquare of BC, equall to ther . m sU 

fecond parallelogramme. But both theparallelográmes "pics — ; 
haue one heigth, namely,the line-ACG : and bales s thesi | ao 

lines A Fand AC ; wherefore as AFisto. E€ ,foisthe, —,. 5.55 i o bedh a L aa 
parallelogramme ,contayned vnder A C: A F , to the parallelogramtme contayned vnder A C; E C,by 
the firftof the fixth . And therefore as A Fis to FC,fo is the fquare of B A to the fquare of B C.J And 

' asthefquare of B A isto the fquare of B C: fois the circle whofe diameter is B A,to the circle whofe 


diameter is B,C,by this fecond.of the twelfth. Wherefore the circle whofe diaméter is B.A,is to the 
circle whofe diameteris B.C , as D 1s to E And before we prouedthem equall to the cirdee AB C. 
Wherefore a circle being geuen , we haue found two circles equall to the fame : which haue the one 
to the other any proportion geuen in two rightlines. Which ought to be done. 
eNO C 

Here may you perceiue an other way how to execute my firft probleme, for if you make a right an- 
gle conteyned of the diameters geué,asin this figure füppofe them B A and B C:and then fubtend the 
rightangle with the line A C:and from the right angle; let faa line perpendicular to the bafe A C: 
that perpendicular at the point of his fall;deutdeth A C into A Fand FC;of thé proportion required. 


E Corollary. he Ae 


It followeth of thinges manifeftly proued ia the demonftration of this probleme, that in atriana 
fle vettangle,if from the right anale to tbe bafe , a perpendicular be let fall :.the Jame perpendicular 
cuttetb tbe bafe into two partes, in that proportion , one to the other, that tbe fquares of the right 
lines ,conteyning the right angle are inone to the other : thofe on the one fide the perpendicular , being 
compared to thofè on the other beth {quar and fegment. ——Bomm | 
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$ A Problenez. = 2 a 
Betwenetwo circles geuen to finde a circlensiddell propertzonali. .— | 
Let the two circles geuen,be -~ A Solna MR ra 4 
ACDandBEF:ilfiy,thatacir-.. Ia ase =o e b Wia Wa 
cle is to be foiid, which betwene * “wiped 


AC DandBEF is middell pro- 
portionall . Let the diameter ‘of 
ACD, be AD,and of BEF, let 
B F be the diameter: betwene A- 
D and BF , findea line middell 
proportionall , by the 13.0f the ~ | 
fixth: which letbe H K:I fay that 

a circle,whofe diameter is HK is 
middell proportionall bétwene 
ACDandBEF.ToAD,HK, 
and B F,(three right lines in con 





tion) leta fourth line be found: 
to which B F fhal haue that pro- f; 
[gio „that AD hathto HK: ^* 
y the 12.0fthe fixth, & let that 
line be L . Z2 Zezzanifef that the 
fowsr lines 4D,HK,B F, and L,” 
are in continuall proportion. [ For 
by coftrudion;sasA DistoHK, `- 
fo 1sB FtoL. And byconítruai- A lx fd 
: oi dale. on 
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on,as AD.isto HK; fo is HK toB Fi whereforé H Kisto BFysasB Eisto'L:by the r1,of the fifth,wher- ce a 


fore the 4.lines are in continual proportion. ] Whereforeasthe firft is to the third,thatis A D to B F, 
fo isthe fquare of the firft to the {quare of the fecond:thatis,the {quare of A D;to the {quare of HK : by 
the corollary of the.2o.of the fixth.And.by.the fame corollary: ask istoL';foisthefquare of H K to 
the fquare of B F.But by alternate proportion,the line A Dis to B F,aS'H K is to L: wherefore the (quare 
of A D isto the fquare'of H K;asthe fquare of H K isto:the{quare of B F. Wherefore the fquare of HK} 
is middell proportionail;betwene the Íquare of A D'4nd thefquareof B F.Butasthefquares areone to 
the other,fo are the circles(whofe diameters produce the fame fquaresYone to the other;by tliis fecód 
ofthetwelfth : wherfore the circle whofe diameter is theline H K,is'middel proportional,betwene the 
circles whofe diameters are thelinesA DandBF .: Wherefore betwene two circles geuen |; we hane 
found a circle middell proportionall : which was requifite to be doone. n: 


wx oy Tia: 4 
€T A Corollary. 


TWO ‘ P IST 3 es p ° sos Ee * a 3 ^ of ~ . 
Hereby itis manifest, three lines or atre beingin continuall proportions that the: circles baning 


thofé lines te thew diameters, are alfoin continuall proportion. ^ 7 bow! a fme : 
fo of fower, will the proufe go forward: if 


Asof three, our demonftration hath already proued : 


t 


you adde a fifth linein continuall proporuon to the fowergeuen : as we did tothe three, addethe . 


7 


i 15289 1. 9.13: uW x. 1M j b. > 
be eafic and plaine , And{o ofasmanyasyouwill, | _. 
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fourth : namely, the line L. And fo, ifyouhaue 6 sby putting to one more, the demonítration will 
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- 8 "Toacirclebeing geuen, to findethree circles egnall which-three circles fhall be in: continuall 
proportion, in any proportion genen betwene two right lines. 

Suppofe the circle genen to be .4BC: and the proportion geuen to be that which is betwene 
the lines Xand Y . I fay, that three circles are to be geuen, which three,together, fhall be equall to the 
circle .4 BC : and withall in continuall proportion,in the fame proportion which is betwene the right 
lines XandrT . Let the diameter of4B C, be 4C.Of 4 C, makea fquare : by the 46.of the firft: which 
whichletbe 4C D E . From the point D — Pe LOS VM V 
drawe a line, fufficiently.long ( any way, CON ume B use an NP M ert 
* without the fquare ) : which let be DO. . 

At the point D, and from the line D O, cut NU: 
aline equallto .X: which letbe D M. At 3 eoe i a 
the point M,and from the line MO, cuta — anar \ ous 
line equall to Y : whichlet be M N. At the WC rerum cli [D 
point N, tothe two lines.D M and MN, ark. 
fet a third line proportionall, by the 12. of e 
the fixt : which letbe WO. From E(one Mp Ji - 
ofthe angles of the fquare .4 C D E, next 
to D ) drawarighrlineto O: making per- 
fecte the triangle DEO . Now from !the 
pointes Mand N, drawe lines, to the fide 
D E, parallel to the fide EO : by the 3r. of 
the firit: which let be M F and N G.Wher- 
fore, by the 2. of the fixt, the fide D Z,is 
proportionally cut in the pointes F and G, 
as D O is cut in the pointes Mand N : ther- 
fore,as DM isto M.N, {ois D Fito FG: 
and as MN is to NO, fo is FG to GE. 
Wherefore, feing 1D M} M N, and N O,are, 
by conftruction,continually proportioned, 
in the proportion of Xto 1: Solikewife, g 
are DF,FG,and GE, in continuall propor- =+——+~_____. 
tion, inthe proportion of X to Y, by the 'T* A ve. 
r1,of the fift. From the pointes FandG,to x, —— —3 —— 7m 
the ,oppoiite, fide T$ C, le£ righrlifesbe ,—— — iiic un 3 
drawen parallel to the other fides : which ie 2c. CC 
lines, fuppofe to be F Zand GK : making thereby, three patallelogrammes D/,F K,andG C, equall to 
the whole fquare .4C D E, Which three parallelogramm es,by the firft of the fixt, are one to an other, 
as their bafes, D F, FG, and GZ, are . But D F, EG, and GE, were proued to be in continual! proper- 
tion, in the proportion of X tor: Wherefore, the three parallelogrammes DJ,\F K, and-G C, by the 
11,ofthe fifth, are alfo in continuall proportion, und in the fame, which X is into T . Let thiee fquares 
be made;equall to the three parallelogrammes D 7, F K,and G C: by the laft ofthe fecond : Let the 
fides of thofe fquares be, orderly, 5, 7, and v . Forafmuch as, it was laft concluded that the three paral- 
| CCc.iiij. lelogrammes, 
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* Though I f25, 
without the 
faware, yet you 
muft thinke, 
that it ma eybe 
alfo within the 
ſquare: & that 
diuerſſy. Vher- 
fore this Pro- 
bleme may haue 
dinerfe cafes fo, 
but briefly t0 aa 
voyde all may 
thus be faid:cut 
any fide of that 
ſquare into 
parts in che pro 
portion of X to 
2 
Nete the maner 
of the drift in 
this demonftra= 
tion and con - 
ſtruction, mixt- 
Ly: and with no 
determination 
tothe construc- 
140125 coniimoly 
zs in problemes} 
which is hereof 
me fo fed for 
an example te 
young ffudétes 
of Garsety in 
“arte 
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— lelogrammes, D 7,E K and EC (which are equallto the fquare 4 C D E ) are alfo ia’ continual! proz 
.» portion, in the proportion.of Xto T, therefore their equalls, namely, the three fquares of 5, T, & y, 
alle mo to ie whole fquare -4 € D £, and'in continuall proportion, ii the proportion o£ tor. 
x pes s he fid e tnreg circles,whofe diameters are 5, 7, and. ¥, are equall to the circle, whofe diameter 

is A4 C, the fide ofthe fquare 44 CP E, and alfo in continuall propórtion,in thé proportion of.X to r: b 
——— ha twelfth . But, by-conftruction, 4 is the diameter of tlie circle 4 B € wWhélefoke 
"n PUN ound three circles, equallto -4 BC + nathely, the circle, whofe diameter is 5 : and the circle; 
whofe diameter is T's and the circle, whofe diametër is 7: which three circles,alfo; are in continuaH 
proportion, in the proportionof Xto Y . Wherefore to a circle being geuen,we haus found three- cir- 

cles equallinany proportion xgeuen,betwene two rightlines : which wasrequifite tobedone." ~ 


€^ 
— 


eh a eee ^ 

n $ " 1 z 7 

4 attis a'e ^ m bu del o m “ 
- 


a 


qu Corollary. . 


v» ka S i i Hr , E e * . ` t = | * ` | 
n Hereby, it is exiiteus, that acircle genen; We may finde circles 4,5, 6, 10,20, 100, 1000, 
or how - 1y foener foal be appointed, being in continual proportion, in any proportion, geuen berwwene 
two right:lines : which circles, altogether, [hall &e equal to the circle genen. © 7o eios | 
, yeh og eem "asco vw az a vos. Mus d ea; ME eta 
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.. For,euermore deuiding the oüe fide ofthé chiefe fquare ( which is made of the diameter of the 
circle geuen) into fo many partes,as circles are to be madé: fo that berwene thofe partes be continued 
the proportion geuen betwene two right lines * and from the pointes ofthofe diuifions, drawe paral- 
lels, perpendiculars to the other fide ofthe faid:chiefe fquare,? making fo many ENSIS IDE 
the chiefe [quare, as are circles to be made : and to thofe parallelogrammes ( orderly ) making equall 
$quares : its mausfelt that the fides of tliofe fquares, are che diameters of the circles required to be 


made. an 
i 2 M zm "i se A Probleme. g. | d 
"E np ily : 
ee T hree circles being genen, to finde three equall to thens: which three found circles {hall be in con- 
Chi ih: tinuall proportion, tn any proportion genen betwene two right lines. | a? E ms I 
nw Y E ^ ; A 3 : ^ 3 b | = ‘ N : ‘ Aa 1 
ASSAI Suppofe the three circles t 
-p loo  geuen to be 4,2jand C, and 
suus»  letthepreportion geuen, be 
sess... v that which is betwene the 


-o. t o. rightlines x& Y. Lfay,three 
| other circles areto be found, 

"T equall to «4,8, and C, & with 
Sasa vedas gil, in continuall proportion, 
€ AUSSI in the proportion of X to r. 
onſtruction * Bythe 2. Corollary of my 4. 
vs Sid ohn: Probleme,makeone cirele e- 
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svo wes — quallito the threecircles 4,8, 
TU A and C. Which one circle fup- 
vsim. atg pofeto be D: And by the pro- 
cE sass. o> bleme next before, let three 


circles be found, equall to D, 
“YAN and with all, in cótinuall pro- 
ion, in the fame propor- 


E ' tion which is betwene Xand 
— 7. Mhich three circles, ſup- 

tee YI ARIA poſe to Gees and G.I fay, 
on diaii o that E,F,G, areequall to 4,8, 
sevsa ess C: andwithall, in continuall 


aa , preportion, in the proportió 
Demenfira- of Xto r. For,by cóftru&tion, 


£0H.. o  thecircle D is equall tothe 
Aa A ‘circles A,B; X Ci and by con- 
XM e flrudtion likewsfe, che circles 
By alten E, F, and G, are equall to the 
wishes! c fame circle D : Wherfore the 
ccs?» three circles E, P, & G, are e- 

| quall to the three circles 4,8, 





& Ciand by conftructiion E,F, 
“is and 
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and G, are in continuall proportion, in the proportion ofthe line X to theline Y. Wherefore E, F, and 
G,are equall to 4, B, and C : and in continuall proportion, in the proportion of X to 7. Three circles, 
therefore, being geuen, we haue found three circles,equall'to them,and alfo in continuall proportion; 
in any proportion geuen, betwene two rightlines . Which was requifite to be done. 


q 4 Corollary. sq 


It is hereby very manifest, that vnto 4.$.6.10.20. 100. or bow many circles [oeuer, [hall be 
genen,Wwe may finde 3.4.5.8.10. or how many foener, fhall be appointed : Vebich;all together. [hall bé 
equall tothe circles geuen, how many foener they are : and with allyour found circles,to bein continga 
all proportion in any proportion affugned betwene two rigbt lines geuen. ys 

For, enermore, by the Corollary of the 4.Probleme, reduce all your circles to one : and by the Co« 
rollary of my 8.Probleme, make as many circles as you are appointed, equall to the circles geuen, and 
continualJin proportion, in the fame, wherein, the two right lines getten,are + And {o haue you perfor- 
med, the thing required. 


Note. 
Whatincredible fruite in the Science of proportions may hereby rox no mans tounge can fuffi- 


ciently expreffe. And fory Lam that vtterly leyfure is taken from me, fomewhat to fpecifie in particu- 
lar hereof. . 


ay The key of one of the chiefe trealure houfes, belonging to the State 


eU athematicall.. 


Tl Hat, which in thefe 9.Problemes,is faid of circles, is much more fayd of {quares, by whofe meanes, 

circles,are thus handled . And therefore feing to all Polygonon right lined figures,equall {quares 
may be made, by the latt of the fecond:and contrariwife,to any {quare,a right lined figure may be made 
equall, and withall, like to any right lined figure geuen, by thez5.ofthe fixt . And fourthly, feing vpon 


Tè 
2* 


3, 


the faid plaine figures;as vpó bafes,may Prifmes;Paralleiipipedons,Pyramids,fided Columnes,Cones, 4 


and Cylinders,be reared: which being * allcfore height, fhall hauethat proportion,one to the o- 
ther, that their bafes hane, one to the other . And fiftly, {cing Spheres, Cones,and Cylinders are one 
to otherin certaine knowen proportions: and fo may bé made, one-to the other in any proportion af- 
figned . And fixtly,feing ynder euery one of the kindes of figures, both plaine,and folide, infinite cafes 
may chaunce, by the ayde of thefe Problemes,to be foluted and executed : How infinite ( then ) vpon 
infinite, is the number of practifes, either Mathematicall, or Mechanical, to be performed , ofcom pa- 
rifons betwene diuers kindes,of plaines to plaines,and folides to folides? —- ! 

-, ;Farthermore;,to fpeake of playne füperficiall figures;in refpe& ofthe contét,or Area ofthe circle, 
fundry mixt line figures, Anular and Lunulai figures : and alfo of circles to be geuen equall to the fayd 
voufed figures: and in all proportions els : and evermore thinking of folides, (like high) fet vpona- 
ny of thofe vaufed figures,(O Lord )in céfideration of al the premiffes,how infinite, how ftraunge and 
incredible.fpeculations and praétifes,may (by the ayde'and direétion of thefe few problemes), fall redi> 
ly into the imaginations and handes of them, that will bring their minde and intent wholy and fixedly 
to fuch mathematical! difcourfes? In thefe Elementes , I entead butto geue to young beginners fome 


light;aide;and courage to exercife their owne witts,and talent, in this moft pleafant and profitable {ci-. 


to be allowed. 


be 3. Theoreme. The3. Propoſition. 

Xuery Pyramis hauinga triangle to his bafe: may be denided into two Pys 
~-. ‘yamids equall and like the one to the other, and alfo like to the-whole, hae 
ning alfo triangles to their bafes, and into two equall prifmes: and tbofe 


ence.All thinges may not,neither yet can, in every place be fayd . Opportunistic, and Sufficiency, bef? are 


4 


two prifmes are greater then the halfe of the whole Pyramis. 


> V ppofethat there be a Pyramis, whofe bafe let be the triangle ABC, and his 
toppe the point D .Then I fay, that the Pyramis ABCD may be denided into 
two Pyramias equall and like the one tothe other, and al{oliketo the whole,ha- 
ning alfo triangles to their bafes, and into two equall primes, and r^ 
prifmes 
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prifmes are greater then the halfe of the whole Pyramis °Denide (by the 10. of the firft) the 
tines A B,BC,C A,A D,B D,cy C D, into two equall partes in the pointes E,F,G,H,K ana 
L. And drame theſeright lines EH,EG, GH,H K,K L, LH, EK,K F,and F G. Now - 
forafmuch as the line AE is equall to the line 
E B, and the line A H tothe line H D therfore 
(by the 2.0f the fixt ) the line E H is a parallel to 
the line DB. And by the fame veafon, the line.’ 
HK is a parallel to the line AB : Wherefore 
HE KB ts aparallelogramme . Wherefore the 
iine H K is equali to the line EB. But theline — 
E Bis equaltto the line AE: Whereforetheline 
4A E is equallta tbe line H K . Andtheline.AH -- 
à equall to the line H D . Now therfore there are 
two lines AE and AH, equall totwolinesK H 
and H D , the ene to the other, and the angle 
EAH is (by the 29.0f the firft) equalltothe an- £ 
gle K HD: Wherefore (by the 4.of the first) the * 
bafe EH isequallto the bafe K D .Whereforethe triangle A E H,is equall and like tothe 
triangle H KD. And by thefamereafon alfo the triangle AH G , is equall and like to the 
triangle H LD. And forafisuch as tmo right lines E H e H G touching the one the other, 
are parallels to two right lines K D and DL touching alfo the one the other, and not being 
in one and the felfe fanze plaine [uperficies with the two firft : thofe lines (by the 10-of the ele- 
uenth) containeequall angles Wherefore the angle E HG is equall to the angle K-D L. And 
forafmuch astwo rteht lines E H and H G,are equallto two right lines K D & D-L;the one 
to the other, and the angle E HG is ( bythe 10.0f the eleuenth ) equall tothe angle K DL, 
therefore (by the 4.0f the firft) the bafe E G is equall to the bafe L K : Wherefore the trian- 
gie E H G isequall and like to the triangle K D L . And by the fame reafon alfo tbe triangle 
AEG ws equall and like to the triangle H K L Wherefore the Pyramis,whofe bafe is the tri- 
angle A E G,and toppe the point H, is equall and like to the Pyramis,whofe bafeds the trian- 
gle H K L,and toppe the point D. | 
. And forafmuch as to one of the fides of the triangle. AD B, namely,to the fide AB i 
drawen a parallel line H K, therefore the whole triangle AD B wequiangle tothe triangle 





. D H K,andtheirfides'are proportionali ( by the Corollary of the 2.0f the fixt) . Wherefore 


The concluft- 
on of the first 
trt. 
Demon[lratio 
of the fecond 


part, namely, 


the triangle A D Bis like tothe triangle DH K. And by the fame reafon alfo the triangle 
D B C like tothe triangle D K L, and the triangle AD.Ctothetriange DHL. And 
forafmuch as two right lines BA and AC touching the one the other are parallels to twò 
right lines K H and H L, touching alfo the onetheother, but pot being in one and tbe fclfe 
Jame [uperficies with the two firft lines, therefore (by tbe 1o.of the eleuentb) they containe e- 
quall angles .Wherefore the angle B AC isequall totheangle K H L. And asthe line B A 
1s to the line AC, fo isthe line KH tothe line HL. Wherefore the triangle A BC is like to 
the triangle K H L.Wherfore the whole Pyramis whofe bafe us tbe triangle A B C c top the 
point D , is like to the pyramis whofe bafe isthe triangle H K Lyand toppe the point- D . But 
the pryamis whofe bafe is the triangle H K L and toppe the point D is proued to be like to the 
pyramis whofe bafe isthe triangle A E G and toppe the poynt H . Wherefore alfo the pyramis 
whofe bafe is the triangle A B C,and toppe the poynt D jis like tothe pyramis whofe bafe is the 
triangle A E G and toppe the poynt H (by the 2r.of the fixth) . Wherefore either of thefe py- 
vamids AEG HandH KL D ts like to the whole pyramis ABCD. 1 


[And foráfmuch as the lines B E, K H,are parallel lines and equall, as it hath bene proued , there- 
fore the right lines B Kand E H, which ioyne them together, are equall and parallels, by the. 35.of the 
firft . Againe forafmuchas the lines BE and FG are parallellines and equall, therefore the lines Er | 

an. 
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andB E, which ioyne them together, are alfo'equall and paralléls + and bj the fame reaſon forafmuch 
as the lines F Gand K Hare equall parallels, the tines F K and GjH, which ioyne them togéther,aré Alfo’ 
 €quall parallels. Wherefore B EH KjB E G Farid K H G F; are parallelogrammes ; ‘And forafmuch as. 
their oppofite fides are. equall, by-the.34.0f the firlt theréfore the triangles -E H G; & BK Fare egoi, 
angle,by the 8.of the firit : and therefore, by thé 4-of the faines they dre equal + ‘and’ moreoiter, By the: 
ry.of the elenenti:;:their fuperficieces are paralléls. Whereforethe folide B K FE.H G is a Prifime; by* 
the 11.definition of the cleuenth . Likewife forafmuch as the fides ofthe triangle H K I are equall and 
parallels to the fides ofthe triangle G F C, asit hath before bene proued *' It is manifeft, that C EK L, 
F K HG, and CLHG, are parallelogrammes, by the 33. of the firft. Wherefore the whole folide K L- 
H F C G, isa Prifine,by the 11. definition of the eleventh, and is contayned ynder the fayd parallelo- 
grammes CF KL,FK HG, and CLHG, and the two triangles H K Land G F C, which are oppofite 
and parallels. f r t 7 4 
— "nd fora[mücb as tbe line B F is equall to the line F C, therefore {bj the g1. ofthe 
first ) the parallelogramme E B F G is double tothe triangle GFC . And forafinuch asif 
there be two Prifmes of eguall altitudes, and the one haue to his bafe a parallelograzeine and 
the other a triangle, and if the parallelogramme be double to the triangle, tbofe Prifzsts are 
(by the g0.of the eleuenth ) equall the one to the other : therefore the Prifive contained un- 
der the two triangles BK F and EH G,‘and under the three parallelogrammes E BF G, 
EBKH,andK HFG, wequallto the Prifime contained under the two triangles G F C, 
and H K L, and under the three parallelogrammes KF CL, LEG H, andH K FG. 

Ani itis manifest, that both thefe Prifises, of which the bafe of one is ihe parallelo- 
gramme EB F G, and the oppo[rte unto it tbe lipe K Hynd the bafe ofthe other is the tri- 
angle G F C, and the oppofite fide vatoit the triangle K L H, are greater then both theje 

yramids, whofe bafes are the triangles’ AG E, and H K L, and toppes the pointes H & D. 
For if we dirawe.thefe right lines E F and E K,the Prift me whofe bafe ws the parallelogramme 
E B E-G,and the oppofite unto it the right line H K, w greater then the Pyramis whofe bafe 
is the triangle E BF cy toppe the point K. But the Pyramis whofe bafeis the triangle EBF, 
and toppe the point K, is eguallto the Pyramis whofe bafe is the triangle A E G and toppe the 
point H, for:they are contained under. equall ana like plaine fuperficieces. Wherefore alfo the 
Priſme whofe bafe is the parallelogramme EBF G and the oppofite unto it the right line 
H Ki greater then the Pyramis whofe bafe is the triangle AE Gand toppe the point H. But 
the prifme whofe bafe is the parallcloeramme E B F Gard the oppofite unto wt the right line 
HK, 13 equall to the prifme,whofe bafe ts the triangle G F Cand the oppofite fide untoit the 
triangle HK L: And the Pyramis whafe bafe is the triangl AE Gand toppe the point H, 
is equallto the Pyramis whofe bafe is the triangle H K Land toppe the point D. Wherefore 
the fore{aid two prifmes are greater ther the fore{aid two Pyramids, whofe bafes are the tri- 
angles AEG, HK L, and toppes the pointes H and D.. Wherefore the whole P yramis 
whofe bafe is the triangle A B C, and toppe the point D; is deuided into two P yramids equall 
and like the one to the other, aud like alfo unto tbe whole P ramis, haning alfo: triangles to 
their bafes, and into two equall prifives, and the two. prifmes are greater then halfe of the 
whole Pyramis : which was required to be demonstrated. | -— seb d 

Ifye will with diligence reade thefe fower bookes following of Euclide, which concerne bodyes, 
and clearely fee the demonttrations in them conteyned, it fhall be requifite for you'when you come to 
any propofition,which concerneth a body or bodies whether they be regular or not,firlt to defcribe of 
patled paper(according as Itaughtyou in the end ofthe definitions ofthe eleuenth booke)fuch a body 
_or bodyes,as are there required and hauing your body; or bodyes thus defcribed , when you haue no- 
ted it with letters according to the figure fet forth vpõ a plaine in the propofitid,follow the conftru&i- 
on required.in the propofition.As for examplojin this third propofitió it is fayd that, Every pyramis ha- 
sing a triangle to his bafe,may be denided into two pyramids.€6c. Here firtt defcribea pyramis of paited paper 
haning his bafe triangled(it fkilleth not whether it be equilater,or equiangled;or not, only in this pro- 
pofition is required that the bafe bea triangle. Then for that the propofition fuppofeth the bafe ot the 
pyramis to be thetriangle a 8 c,note the bafe of your pyramiis which you haue defcribed with the let- 
ters a B c,and the toppe ofyour pyramis with the letter b : For fois required in thepropofition . And | 
thus haue you your body ordered ready to the conttruction:Now in the conflru&ion it Is required that 
ye deuide thelines,a s,s c,c ^. &c,namely;the fixe lines which are the fids ofthe foyer triangles con- 
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‘So thall the bafe of the pyramis be denided into three fu- 


‘HBEF,and 4H KL, and into two prifmes of which the 
oneis EH F GC andis fet vpon the quadrangled bafe P 
C FG E:ttheotheris EG D H K Lyand hath to his bafe the — 
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_ tayning the piramis, into two equall partes in the poyntet£&; r, c, &c . That is,ye muft deuide theline. 


A 3 oFyourpyramis into two equall partes,and.note the poynt ofthe deuifion with theletter x ,andío 
tche line s c beihg deuided into two-equall partes;note the oynt of the denifion with the letter s. And. 
fo the reſt, and this order follow.ye as to uching the reft.of m conftru&ion there put,and when ye haue. 
finifhed the conftru&tion,compare your body thusdefcribed with the demonftration: and it will make. 
at very playne and eafy to be vnderftáded. Whereas without fuch a body defcribed of matter, it is hard 
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for young beginiiers(vnleffe they haue a very deepe imagination)fully to conceaue the demonftration 
by the figue as it is defcribed ina plaine.Here for the better declaration of that which I haue fayd;haue 
I feta figure, whofe forme if ye defcribe vpon pafted paper noted with the like letters,and cut the lines 
B a,D,a,D.c,and folde itaccordingly , it will make # Pyramis defcribed according-to the conftructon 
required in the propofition . And this order follow-ye as touching all other propofitions which con- 
cerne bodyes. aloe: D cob VOX ith ra 
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«0T Another demonftration after Campane of the 3.propofition. o > 


» Q a w a 


|. Suppofe that there be a Pyramis ABCD haning to his bafe the triangle 2 € D; and let his ats 
be the folide angle -4: from which let there be drawne three fubtended lines A4 5, AC, and.4D to the 
three angles of the bafe, and deuide allthe fides ofthe bafe into two equall partes in the three poyntes 
E,F,G: deuide alfo the thíee fubtéded lines 4 E, 44 C, and 4 D in two equall partes in the three points 
H,K;L.Anddraw in the balèwhefe two lines E Fand EG: . 


3 


~ 


‘perficieces: whereof two are the two triangles B EF, and 
EG D,which are like both the one to the other,and alfo to 
the whole bafe,by thez part ofthe fecód ofthe fixth,& by 
the definitió of like fuperficieces,& they are equal the one 
to the‘other, by the 8.ofthe firft : che third {uperficies isa . 
quadrangled parallelogramme,namely, EF GC + whichis 
double to the triangle E G D,by the 4c. and 41. of the firft. 
Now then agayne from the poynt # draw ynto the points 
Eand F thefe two fubtendent lines H E and 4 F:drawalfo 
a {ubtended line from the poynt X to the poyntG .. And 
draw thefelines# K,K Land LH. Wherefore the whole 
pyramis 42 C D is deuided into two pyramids, which are 





triangle E G D.Now as touching the two pyramids HB EF * 


and A4 H K L,that they areequall the one to the other, and alſo that they are like both the one to the o- 
ther and aifo to the whole, it is manifeit by the definition of equall and like bodyes,and by the ro.of the 
eleuenth,and by 2.part of the fecond of the fixth . And that the two Prifmes are equall itis manifeft by 
the laftofthe eleuenth. And now that both the prifmes taken together are greater then the halfe ofthe 
whole pyramis,hereby it is manifeft , for'that either ofthem may be deuided into two pyramids , of 
which theone is a triangular pyramis equall to one ofthe two pyramids into which together with the 
two prifmes is deuided the whole pyramis,and the other isa quadrangled pyramis double to the other 
pyramis. Wherefore itis playne that thetwo prifmes taken together are three quarters of the whole 


pyramis 


of Euclides Elementes. ~~ Fol.36 4. 


pyramis denided.But if ye are defirous to know the proportió betwen them,reade the s.ofthis booke.. 
But now here to this purpofe itihall be fufficient to know, that the two prifmes taken together do exe, 
ceede in quantity the two partial pyramids taken together,into which together with the two prilimes ` 
the whole pyramis was deuided. ee a SO ie 
y 1 be 4.T heoremé. occ. Lhe 4.Propofition. 
If there be two Pyramids vnder equall altitudes, hauing triangles to thei 
bafes and either of thofe Pyramids be deuided into two Pyramids equal’ 
- the ane to the other and like vinto the ‘whole, and into two equall Prifmes, 
and againe if in either of the Pyramids made of the two firft Pyramids be 


fill obferued the fame order and maner : then as the bafe of thè ohe Pyras. 


mis is tothe bafe of theother Pyramis, fo are all the Prifmes-Wwhich are 1n: 


a 


the one Pyramis to all the Prifmes which are in the other, being equall in. 


multitude with them. 


~ 


X 


| y =f fal V ppofe that there be two Pyramids under equall altitudes, haning. triangles to 
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their bafes, namely, A B C, and D E F,and bauing to their toppes the pointes 
Gand H. And let either of thefe pyramids be diuided into two pyramids equalt 
EEE! the one to the other and like unte the whole,and into two —— po (accor- 
ding to tbe methode of the farmer Propofition ). And againe, let either of thofe pyramids fo 
made of the two first pyramids,be imagined tc be after the fame order deuided,and [o dovon- 
tinually .Then I fay,that as the bafe.A B Cis tothe vafeD EF, foareall the prifmes which 
are in the pyramis A BCG,to alk p , i 
the prifmes which arein the py- 
ramis DEF H being equall in 
multitude with them. For for- 
afmuch asthe line BX is equall . . 
tothe line X C, andthe lige AL = = > 
totheline LC: ( For aswe law © 
dn the conftraction pertayning 
to the former Propofition, althe. . 
fixe fides of the whole pyramids, 
are ech deuided into two equall — 
parts, the like of which conftruc- 


* 





oo" © Abe Ste . 


tion is in this propofition alfa, 
fuppofed) ; therefore thelineX- j 
L 1s a parallel to the line A Bye 
the triangle A BC, is like to the 

triangle L X C, (by the Corolla- 
ry of the fecond of the fixth): 
and bj the fame reafon the tri- ———— 20 0 0. s | 

angle D E F is lketothetriangle RW F.And fora[much astbe line B C is double to the line 

C X and the line F E to the line F W:therefore as the line B C is to thbeline C X, fois the line 
E F to the line F W. And upon the lines BC and C X are de{cribed rectiline figures like and 

in like fort fet, namely,the triangles A B C and L X C, and upon the lines E F and F W are 

alfo defcribed rectiline figures,like and in like fort fet,namely,the triangles D E F dy RW F 

But of there be fower right lines proportionall, the rettiline figures dejeribed of them being 

like und in like fort fet, foall alfo be proportionall ( by the 22.0f the fixt ) . Wherefore as the 

DDd. triangle 
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triangle ABC is tothe triangle LX C, fo isthe triangle D E F to the triangle RWF; 


Wherefore alternately. (by the 16 of the fift ) as the triangle A B Cis tothe triangle D E.F,. 
fois tbe triangle L X Cio thetriangle RW F * But as the triangle L X C às to.the triangle 
RW F, fois the prifme whofe bafe is the triangle L X C, and tbe oppofite fide vato it the tri- 
angle O M N, tothe prijme whofe bafers the triangle RWF, ànd the oppofite fide unto it 
she triangle 8 TV (by the Corollary of the qo uftheelenenth). For thefe prifmes are vader 
one © the felfe fame altitude namelj, vader the haife of ihe altitude ofthe whole Pyřamids, 
which Pyramids are Juppofed to be vnder one and the (elfe [ame altitude : this is al{oproned 
sn the Alfumpt following ). Wherefore ( by the 11.0f the fifi ) as the triangle ABC iste 
the triangle DEF, fois the ` "na Ulli d 
prifemembo[e Cafe is the triangle: * E Lege pm M 
EX Cyand tbe vppofite fidevn- Node r^y SON - W 
to.itthe triangle-O M N, tothe. 
prijme whofebafe is the trian- 
ZERW È, anid the oppofite fide 
vanto it the triangle ST V. Aad 
forafmuch as there are two. 
prifmes in the pyr amis ABCG 
equal the one to the ether, cp two. 
prijes alfo inthe pjramis DE- ` f 
F Hequalithe one to the others "J 
therefore as the prifme, whofe 
fes the parelelogrante BK- 
LX, andthe oppofite fide nta — 
it the line M O,is to the pri{me, 
whofe bafe is the triangle LXC, | 
andthe oppofite fide unto itthe _ : 
triangle OQ CM N , fo is the asi d M: | | 
prifme, vvbofe bafe is the parallelogramme P E RW, and tbe oppofite vato it the line S T, to. 
the prifme, whofe bafe is the triangle RW F and the oppofite fide vito it the triangleS TV. 
Wherfore by copofition( by the 18 of the fift) as the P. KBXLMO,TLXCMXNO, 
arttotbe prifrse L X C M N O, fo are tbe prifmes P EWRST;and RWEST V,tothe 
prijme RW F ST V .Wherefore alternately (by the 16 .of the fift ) as the two prifmes K B- 
XELM0, and LXCMN O, aretothe two prifmes PEWRST, and RW FST PF, fou 
the prifme LX CM NO tothe prifmeRW FST V. But as the prifme LXCMNO isto 
the prifme RW F ST ¥, fo bane we proued that the bafe L X C isto the bafe RW F and the 
bafe ABC tothe tafe D EF . Wherefore (by the 16. of the fift ) as the triangle ABC isto 
the triangle D E F, fo are both the pri{mes which are in the pyramis 4B CG, to both the 
prifmes which arein tbe pyrámis D E F H . And in like fort if we diuide the other pyramids. 
After the felfe fame maner, namely, the pyramis O M N G, and the pyramis STV H : as 
the bafe O M IN is to tbe bafe S T V ,fo [hall both the prifmes that are in the pyramis 
OM NG, be to both the prifmes which are in tbe pyramis ST V H . But as the bafe 
O M N istotbebafe S T V, fois the bafe «4 B C tatbebafe DEF . Wherefore (by the 
rr.of the ffi) as the bafe ABC istotbebafe D EF, fo are tbe two prifmes thatareim 
the pyramis AB CG, tothe two prifmes that are in the pyramis DEF H, and the two 
prifmes that aré in the pyramis O M NG, tothetwo priſmes that are in the pyramis ST - 
PH, and the forer prifmes to the fower prifmes . dud [o al[o fhall it followe in the prifmes 
made by diuiding the two pyramids A K LO, and D P RS, and of all the other pyramids 
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4 nd thatas tbetriangle L X C isto the triangle RW F, fo isibe prifmkwbofc bafe ds. 
the triangle L X C and the oppofite fideO M N,,t0 the pri{me whofe bafe ts thetriangle RWF Aun Afsumpts 
and the oppofite fide tbe triangle S T V may thus be proued. For in the. felfe fame contrac 
tion imagine perpendacular limes to be dramne from the poyntes G and H to the tivo playne 
fuperficieces wherein are the triangles AB C and D EF. Now thofe perpendicular lines ſhall 
be equall the one to the other for that the two pyramids are fuppo[ed to £e of equall altitude. 

And forafimuch as two right lines , namely , G C,and the perpendicular, line drawne from 
the poynt G,are denided by two parallel playne (uperficieces, namely, A B Gand O M N, ther- 
fore (by the 17.0f the elenenth) the partes of the lines denided are proportionall «But the line 
G Cis by the playne {uperficies OM N deuided into two equall partes inthe poynt N.Where: 
ore allo the perpendicular line drawne from the poynt G to the playne {uperficies wherein is 
the triangle A B C,is deurded into two equall partes by the {uperficies OM N: cy by the fame 
veafon alfa the perpendicular line which is drawne from the poynt H to the playne fuperficies 
DE F is denided into two equall partes, by the playne fuperficies ST V. And the perpendicu- 
lars drawne from the poyntes G and H to the playne {uperficieces 4 B C and D E F are equal. 
Wherefore alfo the perpendicular lines which are drawne from the triangles O M N and S 
T F tothe playne {uperficieces A B Cand D E F are equal the one to the other Wherfore alfo 
the prifmes whofe bafes are thetriangles LX C and RW F and the oppofite fides the tri- 
angles Oo M N and ST Vare of equall altitude Wherefore alfo the parallelipipedons which 
are defcribed of the forfayd prifimes and being equall in altitude with them,are the one to the 
other, as the bafe of the one is tothe bafeof the other Wherefore alfo as the halfe of the bafes 
of thofe parallelipipedons,namely , as the bafe LX Cis tothe bafe RW F , fo are the forfaya 
prifines the one to the other lif therfore there be two pyramis vader equallaltitudes,hauing 
triangles to their bafes and either of thofe pyramids be deuided into two pyramids equall the 

one to the other and like unto the whole,and into two equall prifmes , and agayne if ineither Coy, luffon of 
of the pyramids made of thetwo fir(t pyramids be full obferued the fame order and maner: the whole, 

then as the bafe of the one pyramis is to the bafe of the other piramis, foallthe prifmes which 
arein the one pyramisto all the prife znes which arein the other being equall in multitude: 
whichwas required to beproucd. © P | C 


o 0o, UD bes s T beoreme. — bes Propoſition. 


- (P yramids confifting "vuder. one and the felfe fanie altitude, hauing tris 
“angles to their bafes: are in that proportion the one to the other that 
LTA Te or c Li | 


— ~ m 


“gal V ppofe that thefe two Pyramids,whofe bafes ave the triángles 4 B C d» D E F, 
NEZ. ;| aud toppes tbe pointes G and H, be under equall altitudes. Then 1 fay, that as 
La. \\the be CAB Cistothebafe D E F, fois the pyramis AB GG to the pyramis 
ges e EFH.Forif thepyramis A BCG benottothe pyramis D EF H asthe — 
bafe ABC istothe bafe DEF ,thenas the bafe A B Cisto the bafe D E F, fois the pyra- Demonfirati- 
mis ABC G to a folide, either lefe then the pyramis D E EH, or greater. Firft letit be on deading to 
to [ome lefe, and let the fame be X .. And ( by the 3 .of the twelfth) let the pyramisDEFH @ mpofsabi- 
be deuided inta two pyramzids equall tbe one to the. other and like vnto the whole, and into "e. 
two equali prifmes . Now the two priſmes are greater then tbe halfe of the whole pyramis. 
| DDd.j. And 
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And againe (by the fame)let the ` 
yramidswhich.aremade'of the: 

edintifion,be in like fort divided, ` 

and do this.continually, vntill 

' there vemaine fome pyramids 

snade of the pyramis DEF H, © 
which are lefe then the exceffe, 
whereby the pyramis DE FH 
excedeth the folide X . Let {uch 
pyramids be taken, and for ex- 
ample fake,let thofe pyramids be 
DPRS, STV HA .Wherfore’ ` 
tbe pri[mes vemayning which 
are inthe pyramis D E F H, are 
greater then the folide X . De- 
wide (by the Propofition next go- 
25e before )the pyramis 4 BC G g 
sn lske jort, g7 as many tImesas ` 
the pyramis D E F Hus deuided. 

_ Wherefore (by the [ame ) as the bafex ABC is to the bafe 
DEF, fo are all the prifimes which arein the pyramis A B- 
CG, to ail the pimes which are in the pyramis DEF H. y 
But asthe bafe AB Cis tothe bafe D EF, forthe pyramis | 
ABCG ta thefolide X . Wherefore (by the 11. of the fift) 
as the pyramis ABC G, is tothe folideX, fo are the prifmes 
which avein the pyramis AB CG, tothe prifmes which are 
in ihe pyramis D.E F H . Wherefore alternately (by the i6. 
of she fift’).as thepyrausis ABCG is tothe prifmes which 
are init, fois the folide X, tothe prifmes which are in the 
pyramis D E F H . But the pyramis A B CG is greater then ” 
the prifmes which are in it . Wherefore alfo the fotide Xis i l 
greater then the prilmes which are in the pyramis DEF H ( bythe 14.0f the fift) . But it is 

fappofed to be leffe : which is impofable.. Wherefore as the bafe AB Cis tothe baje D EF, 
fà is not ibo pyramis 4 B C G to ay folide lef then the pyramis DEF H. i7. 

Ffay morenuer, that as thbebafe A BC us to the bafe D E F,foisnot the pyramis ABCG, 
toany folide treater then the pyramis D EFH . For if ii be`pofible, let it be unto fome 
grester,namely, tothe folide X . Wherefore ( by conuerfion, by the Corollary of the’ 4. of the 
Jf) as the bafe D E F isto the bafe A BC, fois the folide X tothe pyramis ABCG. But 
asthe folide X is te the pyramis ABC G, fo is the pyramis D E F H tofome folide lefethen 

EA c ur the pyramis AB € G,* aswebaue before proued ; Wherefore alfo ( by the rr. of the fift ) P 

iy thebafe DE F is to the bafe A BC, fois the pyramis D E F H, to fome folide leffe then the 









agt follo- j ! y ce m 3 p MY 
dd 3 ond Py amsABCG: which thing we haute proued to-be immpofable. Wherfore as the bafe ABC 


srapofitian of 751? the bafe DEF, [ois not the pyramis AB GG toany folide greater then the pyramis 
thisbioke: DEF H: anditisalfe proned that itis notin that proportion to any leffe then the pyramis 

OOOO DE FH, Wherefore as the bafe AB Cisto the bale D BF, fois the pyramis AB CG tothe 
_.. pyramis DE FH. Whereforepyramids conjifting under one and.the felfe fame altitude, 
~ “szd baning triangles to their bafes, ave in that proportion the one to the ather, that their 


bafes ave : which was required to be demonftrated. ` 


qIhe 





of Euclides Elementes. . F0l.366. 
q Ihe 6. Fheoreme. The 6. Propofttion. 
Pyramids confifting onder one and the felfe Jame altitude, and haning 


Poligonon figures to their. bafes:are in that propôrtion the one to the other, 
that their bafes are. ~~ S thoi TW 


oret uà V bpofe that there be two Pyramids hauing to their bales thefe Poligonon figures 
S | ABCED, and F GHX L, and let their toppes be the pointés M and N,which 
: — 
ices is te the bafe FG H K L, fo is the pyramis A BCE D Mto the pyramis F GH- 
K L'N. Diuide the bafe : —— à ^. 

AB CE D into thefe tri- 
angles ABC, AC D e 

C D E,and likewife the 

bafe FG H K L into 
thefe triangles FGA, 
FH L,andH KL. And 
imagine that «upon euery 

one of thofe triangles be 
feta pyramis of equall al- 
titude with the two pyra- 
mids put at the begin - 
ning. And for that as the 
triangle. A B C is to the 
triangle A D C,foisthe | 
pyramis ABCM tothe | 
pyramis CADCM by: > 
thes.of thisboke) Where 65, s s . ! A 

ore, by compofition (by o sr NASA. ^r 
fower fided figure ABC D istothe triangle AC D; fois thé pyramis ABCD M tothe py 
ramis ACD-M But asthe triangle ACD # to-the triangle CD E, fo is the pyramis 
ACD M tothe pyramis C DE M:.Wherefore of equalitie (by the 22.0f the fift) as the bafe 
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ABC D isto the bafeC DE, fois the pyran A B C D Mtothepyramis C D E M.Wher-- 

B scu a nam ciu e ae eT eee I aci» x a md . TAR ; — 
Jore againe by Cornpofition (by the 18 of the fift) as the bafe'A BCD E istotbebafe C D E, 
fos tbe pyramis AB C E D Mtothepyramis C DEM. And bythe fame reafon alfo as the 


bafe FG HK Lis to the baſe KL; fot the pyramis FGHK ÈN, tö the pyramis 
HK LN . And forafinuch as there are two pyramids\C D EM and Ë K LN, haning tri- 
angles to their bafes, and being under one and the felfe [ame altitude, therefore ( by the's.of 
the twelfth) as the bafe C D'E is to the bafe H K L, fo isthe pyramis C D E M tothe pyra» 
mis HK LN, Nowfor that asthe bafe ABCE D istothébafeC D E, fo isthe pyramis 
ABCE D M tothe pyramis C D E M. But as the bafe C D E isto the bafe H K L, fo :s tbe 
pyramisC D E M tothe pyramis HK LN. Wherefore of equalitie ( by the 22. of the fift) 
as the bafe ABCE D isto the bafeH K L, fois the pyramis ABCE D M to the pyramis 
HK LN. Butallfoas the bafehk L isthebaleF GH KL, foisthe Pyrami HK LN to 
to the pyramis F GH K LN. Wherefore againe of equalitie ( by the 22. of the fift ) as the 
bale ABCE D is tothe bale FGHXK L, fois. the pyramis ABCE DM to thepyramis 
FGHKL N Wherefore pyramids confisting under one and the felfe [ame altitude,and ha- 
uing Polygonon figures to their bafes, are in that proportion the one to tbe other, that their 
bafes are « which was required to be proued. pw 
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uery priſme haning a triangle to his bafé, may be deuided into three pys 
vamids equall the one to the other hauing alfo triangles to their bafes. 
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V ppofe that ABC.D'E F be apri{me,hauing to his bafe the triangle ABC,and 
the-oppofite fide vuto it;the triangle D EF Then I fay that the prifme ABCD 
ZAE Fomay be deuided inta t! ree piramids equall the one to the other and haning 
Demonftra- ZA triangles to their bales: Draw thefe right lines BD, EC, and C D . And foraf- 
SOR = ach as A B ED is aparallelogramme, and his di- Wi one 
con ov! - ameter is the line B D, therefore the triangle A B D 
is equall to tbe triangle E D B". Wherefore alfo the 
pyramis whofe bafe is the triangle AB D and toppe 
the poynt C,ts equall to the pyramis whofe bafe isthe 
triangle E D B; cy toppe the point C,by the s.of this: 
Sooke. But the pyramis whofe bafe is the triangle E D 
Band tappe the poynt Cis one and the fame which 
the pyramis whofe bafe is the triangle EBC,and toppe 
the poyat D , for they are comprehended of the felfe 
Jame playnefuperficieces, namel ,of ý triangles BDE 
D EC, DBC , and E B C. Wherefore alfo the pyra- i rn 
og PES whofe bafe isthe triangle A B D and toppe the P sei cf 4 
Do poet Cus equall totbe pyramis whofe bafe is the triangle E B C and toppe the. point D. A- 
gaine forafmuch as B C F Eis a parallelogramme,and the diameter thereof is E C,therefore 
the triangle EC F is equall to the triangle CB E . Wherefore alfo the pyramis whofe bafeis 
the triangle E B C and tappe the poynt Dis equall to the pyramis, whofebafe is the triangle 
EC F and toppe the poynt D,by the 5.of this booke. But the pyramis whofe bafeisthetrian= 
gle BE C and toppe the poynt D,is proned to be equall to the pyrarnis whofe bafeisthe trian- 
gle A B D,and toppe the poynt C. Wherfore alfo the pyramis whofe bafe is the triangle C E F 
and toppe the poynt D,is equall to the pyramis whofe. bafe isthe triangle ‘A B.D ¢ toppe the 
pojat,C. Wherefore the prifme ABD. E,F is denided into three equall pyramids haning tri-. 
ailes ta their bafes ._ Aud forafmuch asthe pyramis whofe bafe is the triangle AB D and. 
toope the poynt:C,is one erthe felfe [ame with the pyramis whofe bafe is thetriangleC ABC. 
toppethe poynt.D.( for they axe contayned under the felfe. fame playne {uperficieces ) but it~ 
hath beine proued that the pyramis whofe bafe is the triangle. .A.B D and toppe the poynt C,is\ 
the third pyramis ofthe prifime whofe bafe is the triangle ABC aud the oppofite fide vato it. 
the triangle. D:E F .. Whereforethe. pyramis whofe bafeis the triangle ABC and toppe the. 
poynt Dis thethird pyramis ofthe prifnie whofe bafeis the triangle A-B C, and oppofite fide. 
the triangle DE F Wherefore eneryprifme haning a triangle to his bafe,may be deuided ino 
to three. phere equalltheone tothe. other , hauing al[o triangles to their bafes which was 
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5 V. Ferebyit is manifest that enery pyramis-is the third part of a prifme hae 
“yang one and the fame bafe with itand alfo being vnder the felfe fame al- 
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^^^ Here Campaneand Flufías adde certayne Corollaryes; <1 babii + 
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Enery Prifme is treble to the Pitamis,which hath the felfe fame triangle to his bafe that the 
Prifme hath, andthe feife fame altitude. As itis manifeft by this propofition, where the Prifme is 
deuided into three equall Pyrámids; of which; two are vpó oné and the felfe fame bafe, and vnder one 
and the felfe fame altitude. Bucif the Prifme haue to his bafe a parallelogramme , and if the Pyramis 
haue to his bafe the halfe of the fame parallelogramme,and their altitudes be equall, then. agayne the 
Pyramis fhalbe the third part of the Prifme. For it was manifeft, by the 40. of the elenéth,that Prifmes, 
being vnder equall altitudes, and the one haning to his bafe,a triangle and the other a parallelogramme 
double to the fame triangle, are:equall the one to the other. Wherof followeth the former conclufion, 
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_ If there bemany Prifmes under one and the fame altitude, and hauing triangles to their bafes, 
and if the triangular bafes be fo ioynedtogether upon one and the fanse playne,that they compofe a Po- 
ligonon figure: aA pyramis fet upon that bafe being a Poligonon figure, and under the fame altitude, 
is the third part of that folide, Which is conspofed of all the Prifmes added together. | 

"^  Forforafmucli as euery oneof the’ Prifmes which hath to his bafe a triangle, to euery’ onéof the 
Pyramids fet vpon the fame bafe (the altitude being alwayes one and the fame) ts treble, itis manifeft 
by the 12. ofthe fiueth, that all the Prifmes are to allthe Pyramids treble . Wherefore Parallel:pipe- 
dons are treble to:Pyramids {et ypon the felfe fame bafe with them; and vader the fame altitude, for 
that they contayne two Prifmes. 
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If two Prifmes being under one and the felfe fame altitude, haneto their bafès either, both tri- 
angles, or both: parallelogrammes,the Primes are the one tothe ot her,astheir bafes are. 
.;. For forafinuch as thofe.Prifmes are equemultiqlices ynto the Pyramids vpon the felfe fame bafes, 
and vnder the fame altitude} which. Pyramids are in proportion as their bafes, it is manifeft (by the 15. 
fthe fift); thátthe Prifmesareintlie proportion of the bafes; For by the former Coroliary,the Prif- 
mes arc tréble tothe Pyramidsfetvponzhetriabgularbafes; 7... 2 2 ost oS. 
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Prifmesare in fefquealtera proportiomto Pyramids which haue the felfe fame quadrangled D fè 
that the Prifmes haue, and are under the fefe fame altitude, | p i e a | 
For, that Pyramis contayneth two Pyramids fet vpona triangular bafe of the fame Prifme, for itis 
proued, that chat Prifme is treble to the Pyramis which isfet vpon the halfe ofhisquadrangled’ bafe, 


vnto which the other Which is fet vpon the whole bafe is double,by the fixth ofthis bookes 9». «. 
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Wherefore Wwe may in like fort-conclude, that folides mencioned in the fecond Corollary (which 
{olids Campane calleth fided Colurenes ) being vader one and the felfe fame altitude, are in proportion 
the one to the other, as their bafes which are poligonon figures. ^; — 

` For they are in the proportion of the Pyramids or Frifmes, fet vpon the felfe ame bafes; ånd yn- 
der the felfe fame altitude, that is, they are in the proportió of the bafes of the fayde Pyramids or Pritt 
mes. For thofe folids may be denided into Priimes hauing the felfe fame altitude, when as their oppo- 
fite bafes may be denided into triangles, by the 20 of the fixth.Vpon which triangles Prifmes beyng fety 
arc in proportion as their bafes. ` | v oed * | 
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By this 7. Propofition it playnely appeareth that Exclide,as it was before noted in the diffinitions, 
vnder the diffinition ofa Prifine,comprehended alfo theft kinds of folidsy which 'Co»paze calleth fided 
Columnes. For in that he fayth, Every Prifize hang a. triangle to his bafesmay be denided, Se." he neded 
not (taking a Prifme in thatfenfe which Campane and moft men takeit) to hau? added that particle " 
haning to his bafe a triangle, For by their fenfe,there is no Prifme,butit may-haue to his-balé a triangle: 
and fo it may feeme that Ewclde ought without exceptiou hané fayd,that,euery prifme whatfoener,may 
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be denided into three pyramids equallthe one to the other; hduingalfo triangles to their bales. For fo 
do Campane and Flufsas put the propofition, leauing out the former particle hauing to his bafe a triangle, 
which yet is red in the Grecke copye,& not left ont by any other interpreters knowne abroade except 
dy Campane and Flsfas. Yea and the Corollary followiùggEthis propolition added by Theos or Euclide, 
and améded by M.Dee femeth to confirme this fence. 
> Of this, isit made manifeft that ceuery pyramis isthe third part of the prifme, haning the fame 
bafewith it, and equall altitude . For, and if the bafe of the prifme bane any other right linedfigure 
(then atriungle) and alfothe fuperficies oppofite to the bafe, tbe fame figure: that. prifme may be dem 
sided inte prifmes, bauing trzangled bafes: and the (uperficieces to thofe bafés oppofite,alfe triangled a 
tlike and equally, c aug ES o olas not E s d 4 E uni eras. 
For there, as we feeare put thefe wordes , For. and sf the bafeof the prifine be any other right lined 
figure. $c. whéreofa man may well infetre-that the :bafe:‘may: be. any other reciiline figure what= 
foeuer , & not only a triangle ora parallelogramme, and itis true alfo in that fence; as itis-plaine-to fee 
by the fecond corollary added out of Flufas, which corollary, as alfo the firft of his corollaries, isin 
a maner all one with the Corollary added by Theon or, Euclide . Farther Theon in the demontftration of 
the 1o . propofition of this booke ( as we fhall afterward fee ) moft playnely calleth.not onely fided co- 
lumnes prifmes,but alfo parallelipipedons. And although the 4o.propofition of the eleuenth booke may 
feme hereunto to bea let.Fer thacitcan be vnderftanded:of-thofe prifmes onely which hauetriangles 
to their Itke ,equall,oppofite,and paiallel fides, or but of fome fided cohimnes;and-not ofall: yetinay. 
that let be thus remoned away ,to fay that £welide in that. propofitió vied genus pro fpecie, that is,the ge- 
nerall word for fome fpecial kinde therof: which thing alfo 1s notrare;not only with him,butalío with: 
other learned philofophers.Thus much I thought good by the way to note in farther.defence of Exclids 
definition of aPrifme. |... | | E eias (un Voces. AM 
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Pyramids being like ex hauing triangles to-tbetr bafes are in treble propor 
tion the one to the other, of that in which their fides of like proportion are. 
Jawa UU \ X & ibam \ oa, Nd i itis a cttm M É 5 "3 


+ s ell * 
PONE Cte v 


x 


SETA V ppofe that thefe pyramids whofe bafesare the triangles G BC and H E F and. 
— Opps, the payates A and D be like, andin like fort defcribed, and let AB and 
Oye) DE be fides of like proportion. : T hen Lay that the pyramis: A BCG. is +0 the 
—— pyramis D E F H in trebleproportio;of tbat.in which the fide A Bis tothe fide 
DE. Make perfect the pera capin E folides BC K Ley EF X 0.And foraf- 
much as the pyramis ABCG is lke to the pyramis DE F H therfore the angle ABC is equate 
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tothbeangle D EF,drthe = | a le * 
angle G BC tothe angle ENS = * d Let — vs 4 "p AT 
HER, and moreouer the : Em m 2 * * | sno ] " L i 
angle ABG to the angle.: we 

D EH ,andasthe line A 


Bis tothe line DE, fois 
the line BC tothe line E 
F „and the line BG to the 
lipe PH: And for that `` 
as the liae AB is to the 
line D E, fois the line B 4 Ñ 
C tó tbe line E.F andthe 

fidesabont the equall an- 

gles’, are “proportional, 

therefore the parallelo-. 
gramme B M is like. to the 
parallelograme E P : and 
by the Jame reafon the pa- 
rallelogramme B Nås like B.. 
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to the parallelogramme E R, and the parellelogramme B K's likeunto the parallelogramme 
EX» Wherefore the three parallelogrammes BM, K B and BN are like‘to the three paral- 

lelogrammes E P ,E X and ER. But the three parallelogrammes BM, KB, and B N are 

equall aud like to the three oppofite parallélagrammes, and the three parallelogrammes E P, 

EX, and ER are equall and like to the three oppofite parallelogrammes . Wherefore the pa- 
rallelipipedons BC K Land EF X 0 are comprehended under playne fuperficieces like ard 
equallin multitude Wherefore the (olide BC K Lis like to the folide E F X O.But like- paral 

lelipipedons are(by the 33 .of the eleuenth )in treble proportion the one tothe other of that ix 
whith fide of like proportion ts to fide of like proportion . Wherefore the folide B C K L isto 

the folide E F X O in treble proportion of that in which the fide of Icke proportion A B is to 
the fide of like proportion D E. But as the folide B C K Lis tothe folide E F X 0,fo1s the py- 

ramis A B CG tothe pyramis D EF H ( by the 15.0f the fifth ) for that the pyramis isthe 
_ fixth part of thisfolide : for the prifme , bang the halfe of the parallelipipedon is treble to 
the pyramis. Wherefore the pyramis A BC Gis to the pyramis D E F H in treble proportion 

of that in which the fide A Bis tothe fide D E.Which was required to be proued. © 


Corollary. 


Hereby it is manifeft that like pyramids haning. to their bafes poligonon 

figures are in treble proportion the one to the other of that in which fide of 
like proportion js to fide of like proportion. | 

For if they be deuided into pyramids bauing triangles to their bafes ( for like poligono 
‘tion)as one of the pyramids of the one,hauing a triangle to his bafe, is to one of the pyramids 
of the other ;haning alfo a triangle to his bafe, fo alfo are all the pyramids of the one pyramis 
` hauine triangles to their bafes to allthe pyramids of the other pyramis hauing alfo triangles 
‘to their bafes:T hat is;the pyramishauing to his bafe apeligono figure, tó the pyramis haning 
alfoto his bafe'a poligono figure.Buta pyramishauing a triangle to his bafe,is to a pyramis ha 
uing al{o a triangle to his bafescy being like unto it, in treble proportto of that in which fide 
of like proportip ts to fide of like proportio: Wherfore a pyramis haning to his bafe a poligono 
figure, is tà a pyramis hauing alfo. a poligonon figure to his bafe, the fayd pyramids being like 
the one tothe other, in treble proportion of that inwhich fide of. like proportion is to fide of 
like proportion.Likewife Prifmesand fided columnes,being fet vponithe bafes of thofe pyramids,and 
vnder the famealtitude (forafmuchas they.are equemultiplices vnto the pyramids , namely,triples, by 
the corollary of the 7.of this booke){hal haue the former porportion that the pyramids haue,by the 15, 


of the fifth,and therefore they fhall be in treble ‘proportion of that in which the fides of like propor- 
Ponar wp — m j T : 


so org Tbe g. T heoreme. ^ The 9. Propofition. 
In equall pyramids haning triangles to their bafes | tbe bafes.are recipro- 


kall to their altitudes. And pyramids hauing triangles to their bafes whofe 
Lafes.are vectprokall to their altitudes are equall the one to the other. 






V ppofethat BC G Aand EF H D 6¢ equall pyramids haning to their bafes the 
8 triangles BC Gand E F H, and the tops the pointes A and D .Then I [ay that 
à x the bafes of the two pyramids RCG Aand E F H D are reciprokall to their al- 

titudes:thatis,as the bafe BC G is to the bafe E F H fo isthe altitude of the py- 
ramis E FH D tothe altitude of the pyramsBCG A. Make perfect the parallelipipedons, 


namely, 


figures are dewided into like triangles,and equal in multitude, and the fides are of like propor- ` 


An ddditian 


by Campane | 


and Fluffas, 


Demonstrati- 
o ofthe first 
Paite 


Demeaszra- 
tren cf the 
fecond part, 
with ie the 
connerfe of 


the feft. 


‘Wiherfore as the bafe BN 
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vamely, BGM Land EH P O.And forafmuchas tke pyramis BCG Ais eguallto the pyra- 
mis E FH D, ¢ the folide B G-M.Lis fextuple tothe pyramis B CGA: (For the paralleli- 
pipedon is duple to tbe Prifme fet upon the bale of the Pyramis, c tbe Prifme is triple to the 
pyramis ) and likemife tbe [olide.E H P O is fextuple tothe pyramis E F H D Wherefore the 
folideBG M LL is equal to the folide E H P O.But inequall parallelipipedons the bafes are(by 
the 3.4.0f the eleueth )reci- ~~, WO? A uu. 
prokall to their altitudes. di 


is to the bafe E 2 ,fois the 
altitude of the folide E H. 
P O,te the attitude of the 
folide BG M L: But as the 
bafe BN is to the bafè E- 
2 [ois the triangle GBC ” 
to the triangle HEF (by. fy, 
the r5.of the fifth, for the AK 
triangles GBC HEF 
ave the halues of the paral- 
lelogrammes B N and E- | 
9). Wherfore (by ther. — 
ef tbe fftb )as the triangle. V. 
G B Cisto the triangle H- |- 
EF ,.fo isthealtitude of V — 
thefolide E H.P O tothe & 2 ` c ASS EE: 
altitude of the folide B G - i | l 







* 


M L.But the altitude of the folide E H P 0 is one and the fame with the altitude of the pyra- 


mis E F H Dand the altitude of the folide B G M Lis one and the fame with the altitude of 
the pyramis BCG A. Wherefore as the bafe G BC is tothe bafe H E F., fo isthe altitude of 


 Vhepyramis E F H D tothe altitude of the pyramis BCG A. Wherefore thebàfesof the two 


pyramids BCG Aand E F 4 Dare reciprokall to thesr-altitudes. © -. 3c. = i 
But now fuppofe that the bafes of thepyramids BCG A and E FH D;bereciprokall to 
their altitudes ,that is, asthe bafe GB Cisto the bafeH E F fo let the altitude of the pyramis 
EFH D beto the altitude of thepyramis B C G A,Thén I fay that the pyramis. B'G G A is e- 
quall to the yramis E F H D.For(thefelfe farme.orderof couflruction remaining), for that 
as thè bafe G B.C is to tbebafe E E F , fo istheattitude of the pyramis EF H D to the alti- 


tude of the pyramis BC G'A But asthe baft GBC ïs tothe bafe H È F fois the parallelo- 
gramme G C to the parallelogramme H F Wherefore(by the 11.0f the fifth) as the parallela- 
gramme G C is to the parallegoramme H F, fo is the altitude of the pyramis E F H D tothe 
altitude of the pyramis BCG A . But the altitude of the pyramis EF H D and of the folide 
E H P 0,is one and the [elfe [ame, and the altitude of tbe pyramis B C G A and of tbe folide 
BG M L,isalfo one and the fame Wherefore as the bafe G C is to the bafe H F , fo isthe alti- 
tude of the folide E H PO tothe altitude of the folide BG M L.But parallelipipedons, whofe 
bafes are reciprokall to their altitudes are ( by the 34.0f the eleuenth ) equall the one to the o- 
ther Wherefore the parallelipipedon BGM Lis equall tothe parallelipipedonE HPO . But 
the pyramis BCG A is the fixth part of the folide BG M Land ltkewi[e the pyramis EFHD 
is the fixth part of the folideE HP O. Wherefore the pyramis BCG Aisequallto the pyra- 
EF HD .Wherefore in equall pyramids hauing triangles to their bales , the bafes ave rect- 

prokaltto their altitudes. And pyramids hauing triangles to their bafes whofe bafes ave reci- 

procallto therr altitudes,are equall the one to the other :which was required to be demonftra- 


ted. | | 
A Corollary 
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_ Hereby it is manifest that equallpyramids hauing totheir bafes Poligonon figures , bane their 
bales reciprokal with their altitudes e And Eyramids whofe bafès being poligonon figures are recipro- 
kall with fheir altitudes arè egual the oneto the others =" à " 

^ "SuppoféthiatvponthepoligononfiguresA ^ — ^ v^ 7 ^ : 

and B ,befetequall pyramids Then I fay.that i" 
their bafes A and. B are reciprokall with their al-, . . Ż 
titudes. Defcribe by the 25. ofthe fixth,trianglés 
equall to the bafes A and B . Which let be C dnd ` 
D .Vpon which let there be fet pyramids equall. 
in altitude with the pyramids A and B.Whertfore 
the pyramids C and D, being fet vpo.bafes equall 
with the bafes ofthe pyramids A and B, and ha- 
uing alfo theiraltitudes equall with the altitudes - 
ofthe fayd pyramids A and B, fhail be.equall by 
the é.of this. booke. Wherefore by the firft part. 
of this propofition,the bafes ofthe pyramids, C | 
to D are reciprokall with the altitudes of D to C. 
Butin what proportion are the bafes Cto D, in - 
the fame are the bafes A to B , forafmuch as they —— | 
are equall . And in what proportion are the altitudes of D to C, in the fame are the altitudes of B to Ay 
which altitudes are likewife equall : Wherefore by the11. ofthe fifth, in what proportion the bafes 
A to B are,in the fame reciprokally are the altitudes of the pyramids B to A . In like fort by the fecond 
part of this propofition may be proued the conuerfe of this corollary, The fame thing followeth alfo in 
2 Prifme,and in a fided columne,as hath before at large bene declared in the corollary of the4o. propo- 
fition of the 11.booke. For thofe folides arc in proportió the one to the other, as the pyramids or paral- 
lelipipedons,for they are either partes of equemultiplices or equemultiplices to partes. at 
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ee co. be ro. T beoreme. — Tbe 10. Propofition. 
Euery cone is the third part of a cilinder haning one and the felfe fame bafe 
andone and the felfe Jame altitude withit, — 


Cw 


LENG Vppofe that there be a cone having to, his bafe the circle ABCD ; aad let there bea 
SSF cilinder bauing the [elfe fame bafe,and alfo tbe [aene altitude. that tbe cone hath. 
4 3 . ‘ t ag | ‘ 2 & "AN vox k »6 Ay " > , 
zT ben 1 ay that the cone is tbe third part of the cilinder, thatis, that the cilinder ` | 


is in treble proportion to thecone.F or if the cilinder be not in treble proportion to the cone, 





. 


Conffruction. 





then the cilinder is either in greater proportion then triple to the cone or els in lefe. First let 

it be in greater then triple. And defcribe (by tbe 6. of the fouith )in the circle ABCDa 

fauare A B C D.Now tbe (quare ABC D, nen ou he E 

zs greater then the halfe of the circle A BC-’. 

D. For if about tbe circle A B C D ,we de- 

fcribe a {quare, the {quare defcribed in the 

crcle_A BCD isthe halfe of the {quare 

defcribed about the circle. And let there be ^ 

Parallelipipedon pri{mes defcribed upon Paralleli ibe- 
thbofe. [quares, equall in altitude with she El G dons called ~ 
cilindèr. But prifmes are in that proporti- 


Prifmet. 
on the one to the “other, that’ their bafes i » 
are (by the 32. of the elenenth,ind 5. Co- ` 
rollary. of the 7.of this booke). Wherefore 
the pri{me defcribed pon the fquare A- 
BC Dis'the halfe of the prifme defcribed | 
upon the {quare that is defcribed about the 
circle. Now the ‘clinder is leffe then the ~ 


» +t 


* By this tt 2s 
manifest that 
kncdide com- 
prehended ſi- 

ded Celunnes 
alſo vnder the 


HANE 


Prifme, yè K 
Bot Hey eee ts `s 
j " 
e À 


$ 
0 
YSA 


ofa 


B, t4 


wes 


- alfo leffe , for itis contayned of it which is 


v^ greater proportion then P to the core. 


T beswelueth Booke 
prifmewhich is made of the {qunredefcPibed about thé cirtle ABCD, being equal in 
altitude withit,for tt contayneth it Wherfore the prifme defcribed vpon the fquare A B C- 
D and being equaltinaltitude with the cylinder ; 13 Greater then half the cylinder “Deuide 
(Dy the 30.0f the third) the circumferences AB, EB C,C D avd D A into wo equall parts in 
the points E,F,G,H, And draw thee richt lines A E,EB,BE,F CC G,G D,D Hey H A. 
V berfore euery one of tbefe triangles A E B,B F.G,CG D.and D H A isgreater then halfe 
of that feement of thecircle A BC D which is defcribed about it,as we hane before in the 2: 
propofition dedared Defcribe upcn exery one of thefetriangles AE B,BFC,CGD,and 
D H Aa prifme of equalt attitude with the cylinder. Wherefore enery one of thefe prifmes fo 
de[cribed is greater then the halfe part of the fegment of the cylinder that is fet vpon the 
Sayd fegments of the circle. For if bythe pointes E, F, G, H, be drawen parallell lines to the 
4ines AB,BC,C D ana D A,and then be made perfect the parallelogrammes made by thefe 


| parallettisnes, and moreouer upon thofe parallelogrames be erected ee aq equall 


in altitude with thecylinder , the prifmes which are deftribed upon eche of the triangles A 
E B,BF C,CG D,and D H A are tbe halfes of entry one of shaft parallelipipedons..And the 
Segments of the cylinder are leffe then thofe parallekpipedons fo deftribed . Wherefore alfo 
enery one of the prifmes which are de(cvived upon the triangles AEB,BFC,CGD and 
D H Ais greater then the halfe of the [cement of the cylinder fet upon the fayd ſegment. 
Now therefore deniding enery one of the circumferences remaining into two equall partes, 
and drawing right lines;andrayfi ng up upon euery one of thefe triangles pri{mes equal ix 
altitude with the cylinder , and doing this continually we [hall at the length ( by the first of 
the tenth leaug certainefeements af the cylinder which {halbe lelfe then the exce[fe where by- 
the cylinder excedeth the cone niore then thrife . Let thofe fegments be A E,E B\B F,F C,C 
GG D,D Hand H A. Wherfore:the prifme renayning whofe bafeis the poligonon figure 
AEBLF.CG DAH, and altitude the felfe © — oov 

fame that the cylinder hath,is greater then | 
the cone taken three tymes.* But the pri{me — 
whofebafe isthe poligonon figure AEBE (7 
CG DH and alttude. the felfe fanie that } 
the cylinder hath,is treble to. the pyramis (| 
whofe afe is tbe policonon ficure AEBF . 
CGD Aand altunde-the felfe fame that E 
the cone hath,by the corollary of the 3... of 
this booke.Wherfore alfo the pyramis whofe 
bafeis the poligonon figure AEBFCGD 

H and toppe the felf fame that the cone 
hath is greater then the cone whith hath 

to bis bafe the circle ABCD. But it is 





smpofsible. Wherefore the cylinder is not in 


- 


* 


_ Lfay moreouer that the cylinder ts not in —— then triple to the cone . For if 
at be pofable let the cylinder be in leffe proportion then triple to the cone . Wherefore by con- 
ner fion the cone is greater then the third part of the cylinder. Defcribe now ( by the fixth of 
the fourth in the circle ABC D afquare ABC D. Wherefore the [quare AB C D is gres- 
ter then the halfe of the circle ABC D wpon the [guare 4 B C D deferibea pyramis haning 
one & the felfe fame altitude with the cone Wherfore the pyramis Jo de{cribed ws greater the 
halfe of the cone. ( For if aswe haue before declared we defcribe a {quare about the circle, 
the [quare ABC D isthe halfe of the ſquare deſcribed about the circle ,and if vppon the 
{quares be defcribed parallelipipedons equallin altitude with the cone, which folides D 
e calle 
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called prifines, the prifmze or parallelipipedon defcribed vp tbe [quara A B C D is the bálfeof 


the prifme which is de[cribed-vpo the (quare deferibed about the circle for tbey ave tbe óné 16 
the other in that proportio that their bafes are( by the 32. of the eleueth, e s.corollary of the 
7 .of this booke. )Wherfore alfo their third parts are in the felf [ame proportion(by tbe 1 5. of 
the fift) Wherfore the pyramis whofe bafe w the fquare ABCD is the halfe of the pyramis fet 

vpon the (quare de[eribed about the circle. But the pyramus fet upon the quare de[cribed a- 

bout the circle is greater then the cone whome it comprehendeth.Wherfore the pyr ami3 whofe 

bafe is the {quare ABC D,and altitude the felf fare that the cone hath, is greater then the 
halfe of the cone.) Denide (by the 30.0f the third) exery one of the circumferences A B, B C; 

C D,and D A into two equall partes in the pointes E, F, G, and H : and drawe thefe right 

lines A E,E B, .F,F.C,CU,GD; D H,and H A Whberefore euery one of the[e triangle 
A EB,BF C,CG D,and D H A is greater then the halfe part of the fegment of thecircle 

defcribed about it .Vppon enery one of thefe triangles A E B,BF C,CG:D,andD H A de- 

feribe a pyramis of equall altitude with tbe cone and after tbe [ame maner euery óneof thofé 
pyramids fo defcribed is greater then the halfe part of the fegment of the conefet upon the 
Segment of the circle. Now therefore diniding(by the 30,0f the third the circumferences re- 
maining into two equall parts, ec drawing right lines cr rayfing up upon enery one of thofe 

triangles a pyramis of equall altitudewith the cone,and doing this continually,we fhal at the 

length (by the firft of the tenth )leaue certayne fegmentes of the cone , which fhalbe le(fe then 

the exceffe whereby the cone excedeth the third part of the cylinder . Let thofe fegmentes be 

AE, EB,BF,FC,CG,GD,DH, and A.Wherefore the pyramis remayning , whofe 
bafe is the poligono figure AE B F C G D H and altitude tbe felf fame with the cone,is grea- 

ter then the third part of the cylinder . But thepyramis whofe bafe is the poligonon figure 
AEBFCGD Hand s. the felf fame with the cone, is the third part of the prifme 
whofe bafe is the poligoni figure A E BE CG D Hand altitude the felf [ame with the cylin- 
der Wherfore*the prifme whofe bafe is the poligonon figure AEB F C G D Hand altitude 
the [elf [ame with the cylinder,is greater then the cylinder whofe bafeis the circle ABCD. 

But it is alfole(se,for it is contayned of it, which is impofible.Wherfore the cylinder is not in 
leffe proportion tothe cone then in treble proportion. And it is proued that it is not in grea- 
ter proportion to the cone then in treble proportion,wherefore the cone is the third part of the 
cylinder Wherfore enery cone is the third part of 4 cylinder hauing one cy the felf {ame bafe, 
andone and the feife fame altitude with it:which was required to be demonftrated. 


y Added by M.Iobn Dee. 
q AT. beóreme. t. 


T he fuperficies of euery upright Cylinder, except bis bafes is equallto that circlewbofe femidia- 
meter is middel proportional betwene tbe fide of the Cylinder and the diameter of his bafé, 


. v — 


7 = «rco Theoreme. 2. 


| The fuperficies of euery upright,or Jfofceles Cone, except the bafe, is equall to that circle, whofe 
femidiameter is middell proportional beewene the fide of that Cone, and the femidiameter of the cir- 
cle: which ts the bafe of the Cone. | | 


My entent in additionsis not to amend Zae/jde: Method (which nedeth little adding or none at all). 
But my defire is fomwhat to furnifh you,toward a more general art Mathematical thé Ewelsdes Eleméts, 
(remayning in the termes in which they are,written ) can fufficiently helpe you vnto. And though E4- 
elides Elementes with my Additions , zunnot in one Methodicall race toward my marke : yet in the 
meane {pace my Additions either geué light,where they are annexed to Excisdes matter,or geue fome 
ready ayde,and fhew the way to dilate your difcourfes Mathematicall,or co inuent and practife thinges 
* Nw EEe.j. Mechanically 


* A prifme 
bauing for 
his bafe a poi 
ligonon figure 
as Wwe hane 
often before 
noted pnto 


JOH 


Note: M, 
Dee his chiefe 
purpofe in big 
additions. 


Demonra- 
tion ás tot- 
ching Cones. 


FirSkcafe. 1, Cone E N,or greater . First letit be unto a lefe,namely , t0 


i T he twelueth Booke — 


Mechanically. And.(in deede)if more leyfor had happened, many more ftraunge matters Mathemati+ 
call had, ( according to my purpofe generall ) bene prefently publifhed to your knowledge : but want 
of due leafour caufeth you to want,that,which my good will toward you,moft hartely doth wifh you. 

As conceming the two Theoremes here annexed, their veritie ; is by Archimedes ,in his booke ofthe 
Sphere and Cylinder manifeftly demonftrated ; and at large : you may therefore boldly truftto them, 
and vfe them,as {uppofitions, in any your purpofes:till you haue alfo their demóftrations. Butifyou 
well remember my inftructions vpon the firft propofition oFthisbooke , and my other addiuons vpon 
the fecond', with the fappofitionshow a Cylinder and a Coneare Mathematically produced ; you will 
not neede Archimedes demonttration: noryet be vtterly ignoraunt of the tolide quantities of this 'Cylin 
der and Cone here compared: (the diameter of their bafe,and heith being knowne in any meafure)nei- 
ther can their croked fuperficies remayne vameafured. Wheréof vndotbtedly great pleafure and com- 
moditie may grow to the fincere ftudent,and precife practifer. °°" - — 


t ES 


' mm 7; t ; ^u E Į : ' 1 
Oo gf Chern. Theoreme. 7 Tbe 11.Propofition. 


-Cones and Cylinders being ynder one and the felfe fame. altitude , are in 
that proportion the one other that their bafes are, s sul 
INg Et ibere be takë tonès g cylindres under one and the felfe fame altitude whofe. 
Ap) fe bafes let.be thecircles A.B C D aud E FG H y dndaxes tbe lines K Le M N, 
RU azd let tbe diameters of their bafes be A C and E G 3T Pd 1 (ay that as the circle 
A4 B C D istothbecircle E FG H ,foistbecone A Lto the cone E N „and alfo 
(EIEN the cylinder AL to the cylinder E NF or if the cone A L be wot to the cone E- 
N as the circle A BC D is tothe circle E F G'H,then'as the circle A B C D istoibe circle E- 
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FG H, fois the cone A L to fome Solide either lefe then the 


the folide X . And vnto that which the folide X is lefe then 
tbe cone E Net tbe folide Y be equall . Wherefore the cone 
E Nis equal to the folides X e Y:Defcribe(by the 6.of the 
fourth )in the circle E FG H a [quare E F GH.Wherefore 
the fquareis greater then halfe thecircle . Rayfe Up upon . 
the {quare EF GHa pyramis of equall altitude with the 
cone. Wherefore the pyramis , forayfed vp is greater then 
halfe of the cone. Forif we defcribe a [quare about the cir- 
cle,and upon that {quare rayfevp a pyramis of equall al. * 
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titude With the cone , tbe pyramis which i$ fet-vpon the (quare de[zriled with in tbe circle ii 


the balfeof thepyramis [et upon the {quare de[cribed about the circle, for they are im própórz. 


tion the oneto the other as their bafes.But the cone is lefe then the pyramis which is fet vpon 


the {quare defcribed about the circle. Wherefore the pyramis whofe bafe is the [quire E F- 
G H and top one and the {aime with thé cone is greater. then halfe of the cone: deude (by the 
30.0f the third the circumferences E F,F G,G H and H E into two egual partes in the points 
O,P,R,S,and draw thefe right lines HO, O E,E P,P F,E-R,RG,G Sand § H . Wherefore 
enery one of thefe triangles H O E,E P F, F RG,andGS H is greater then halfe the feemeét 


of tbe circle de[cribed about tbe.Ray[e vp wpo euery one of the triangles H O EJE P FF RG. 


and G S H 4 pyrainis equallin altitude with the cone. Wherefore enery one of the pyramids fo 
rayfed up is greater then the halfe part of the feement of the cone deftribed about it . Now 
then deniding (by the 30.0f the third )the circumferences remayning into two equall partes, 


and drawing right lines , and'rayfing vp vppow enery one of thofe triangles a pyramis of 


equall altitude with the cone, and thus doing continually , we fhall at length by the 
first of the terith leue certayne feementes of the cone which [hall be leffe then’ the folide 
Y. Let thofe feementes beH O E> EP F,F RG,and GSH .Wherefore the pyramis remay- 
ning whofe bafe is the poligonon figure HO E P F’RG S cy top the felfe fame with the cone, 
is greater then the folide X. Infcribein the circle A BC D's poligonon figure like and in like 

fort fitwate to the poligonon ficuveH OE P F RG S,dnd let thefamebe DT AV BZCW, 
and vpon it rayfea pyramis of equall altitude with the cone AL. Now for that as the fquare 
of the line AC is tothe [quare ofthe line EG, fois the poligenon figure DT AV BZCW 


to the poligonon figure H OE P F RGS (by the firft of this booke) : But as the [quare of tbe 


bine A Cisto the {quare of the line EG, fois the circle A BC D to the circle E F G H(by tbe 

fecond of this ovoke).Wherefore(by the 11 of the fift)as the circle A BC Dis tothe circle E- 
F GH, fois the poligonon figure T AV BZ CW to the poligononfigure H O E P FRG- 
S (this folowethalfo of the corollary of the 2.0f this booke): moreouer as the circle ABCD 
2s to the circle EF G H,fo is the cone A L to the folide X.-And as the poligonon figure D T- 
AV BZCW,isto the poligonon figure HOEPRGS, foisthe pyramis whofe bafe is 
the poligonon figure DT AV BZ CW ; and toppe the poynt L , to the pyramis whofe bafe is 
the poligonon figure H O E P_RS,.and toppe the poynt N. Wherefore (by the 11. of the fift) 
asthe cone A Lis to the folide X fo is the pyramis whofe bafe is the poligono figare DT AV - 
B ZC Wand toppe the poynt L, tothe pyramis whofe bafe is the poligonon figure H EO P- 
F RG S,and toppe the poynt N. Wherefore alternately( by the 16. of the fift) as the cone AL 
isto the pyramis which is init , foisthe folide X , tothe pyramis which isin the cone EN. 
But the cone AL, is greater then the pyramis which isin it . Wherefore alfo the folide X is 
greater then the pyramiswhich isin the cone E N. But itis alfo leffe by construction W hich 


25 imposible Wherfore as the circle B C D,isto tbe circle E F G H,fois not the cone AL. 


to any folide leffe then the coneENw i i1 . | à; 
In like forte alfo may we proue,that as the circle E F. G H Jis to the circle.4 B.C D, fois 

| not the cone E N to any folide lefe then the cone A LN ow 1 fay that as the circle A B C D; 

— astothe circle E F G H,fois not the cone A-L to any folide greater then the cone E N.For if 


` : x " ; 
it be pofible let it be unto a greater, namely tothe folide X. Wherefore by conuerfion, as the 


S etónd tales 


_ circle EF G Histo thecircle A BC-Dsfo is the folideX to thecone AL : but as the folide 


X isto the cone A L, fois the conc EN , to fome folide leffe then the cone A L ( as we may 


fee by the aflumpt put after the fecoud of this booke):Wherefore( by the r1.of the fift)as the 


circle E F G Histo the circle AB CG,fois the cone EN to fome folide leffe then the cone A- 
L,which we haue proued to be impofible. Wherefore as the circle A BC D,is tothe circle E- 
F GH, fois mot the come AL to any folide greater then the cone EN. And it is alfo proued 
that it is not to any leffe.Wherefare as the circle ABC D, istothe circleE F GH , foithe 
cone A Ltothecone EN. 1 
But as the coneis to the cone,fois the cylinder to the cylinder, ( by the 15. of the fiftyfor 
| | - the 


EEE. 


Demonstra- 
cion touching 
cylinders, 


Fir bart 


The tweluetb Boohe 


the one ts in treble proportion to the other.W1. ercfore )by the r1.0f the fift)as the circle. A- 
BCD istothe circleE F GH, fo are the cylinders which are fet vpon them the one to the 
other, the [aid cylinders being.under equall altitudes with the cones.Cones therefore and cy- 
linders,being under one & the felf {ame altitude,are in that proportion the one to the other, 
that their bafes are:which was required to be demonftrated. | M 


*. 


^ 
vine 


E 9 T'he-12. I'beoreme. . T'he 12. Propofition. | 


Like Cones and Cylinders are in treble proportion of that in which the die 
ameters of their bafes are: . 


quud. Vppofe that thefe Cones and Cylinders, whofe bafes are the circles ABCD; and 
ud E F G.H, and diameters of their bafes B D and F H, be like, and let the axes of 
zit the Cones or Cylinders be K Land M N and let the centres of their bafes be 
the pointes K and M . Then I fay, that the cone, whofe bafe is thecircle ABCD, ¢ toppe 
the point L, is to the Cone, whofe bafe is the circle E F G H and toppe the point N, in treble 





whch concer- proportion of that in which the diameter BD isto the.diameter FH . For if the cone 


etl CONESA 


Fifi cafe, 
Confirucl soni, 


ABCD Lbenot tothe cone EF GHN intrebleproportion of that in which the diameter 





B Disto the diameter F H, the cone ABCDL fhallbe — 
in treble proportion of thatin which the diameter B.D is 
to the diameter F H,either to fome folide leffe then the cone 
EFGHN, or to fome folide greater. First let it be vntoa 
leffe,namely,to the folide X.Def{cribe(by the 6.of the fourth) 
in the circle E F G H, a [quare EFGH . Whereforethe 
f{quare EF GH ds greater then the halfe of the circle EF- 
G H. Raife op from the (quare E F G'H a pyramis of equall. 
altitude with the cone.Wherfore the pyramis fo raifed vp,ts 
greater then the halfe part of the cone . Diuide now (by the 
30. of the third) the circumferences EF,F G,G H,e> HE, 
into two equall partes in the pointes 0, P, R, S, and drawe | * 
theſe right lines EO, O F,FP,P G, GR, RH,H $,and S E. Vherefore euery one or 
| - o. triangles | 
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triangles EO F,F P G,G RH, and H $ E, isgreater then the halfe of the feement of the 

circle E.F G H; de[cribedabout ech of them. Ereife pon euery one of the[etrianales E O F, 

FPG,GRH, and H $ Ea pyramis ,bauing one and the felfe fame altitude with the 

cone . Wherefore euery one of the pyramids fo raifed up, ts greater then the halfe ofthe 
Segment of the cone defcribed about. them .. SNow therefore diuiding the circumferences 
remayning into two equall partes, and drawing right lines, and raifing vp upon eucry one 
of the triangles a pyramis, bauing one and the felfe fame altitude with thecone, and,thus 
doing continually, we fhall at the length (by the 1. of the tenth) leaue certaine feementes of 
the cone which {hall be lefSe then the exceffe whereby the cone E F GH N excedeth the folide 

X . Let thofe fegmentes left be EO,0 F,F P,PG,GR,RH,HS, andS E. Wherefore the 
pyramis remayning,whofe bafe is the Poligonon figure EO F P G RH Sand toppe the point 

N, is greater then the folide X . Defcribe (by the 18.0f the fixt ) inthe circle ABC D,un- 
tothe Poligonon figure EO F PG RH S, a Poligonon figure like and in like fort fituate,and 
let thefamebe AT BV-CZ DW, and from it raife vp a pyramis, haning one and the felfe 

fame altitude with the cone ABC L . Andlet one of the triangles comprehending the pyra- 
mis, whofe bafeis the Poligonon figure AT BV CZ D W,and toppe the point L, be LBT, 

and let alfo one of the triangles comprehending the pyramis, whofe bafe is the Poligonon fi- 
gure EOF PGRHS, and toppe the point N, be N_F O, and drawe thefe right lines KT 


Demon/tratia 
On ieadzng to 

«n impofsibi- 

litie. 


and MO. And forafmuch as the cone ABCD L is like to the cone EF GH N, therefore 
(by the 20.definition of the eleuenth ) as the diameter B D istothe diameter F H, fou the | 


axe K Lto theaxe MN -: But as the diameter B D is tothe diameter F H, fo ( by the 15. 
of the fift ) is the femidiameter B K to the femidiameter F M . Wherefore (by the 11. of the 
fft) as B K isto F M, foisK Lto MN . Wherefore alternately alfo ( bythe 16. of the fift) 
as B K isto K L, fois F M to M N Wherefore the fides about the equall angles B K L and 
F M N (which angles are equall, for that they are right angles ( by the 18. definition of the 
eleuenth ) are proportionall. Wherefore ( by the 1.definition of the fixt) the triangle BK L 
e ke to tbe triangle F MN. Agaime forthat as BK isto KT, fois FM to MO, and 
they comprehend equall angles, namely, B KT and F M 0, for what part the angle BKT 
, & of thofe fower right angles which are made at the centre K, the felfe {ame part is the angle 
F M 0 of the fomer right angles which are made at the centre M : forafmuch therefore as 


the fides about the equall angles are proportionall, the triangle BKT is like to the m | 
ut 


F MO . Againe, fora{much as it was proued, that as BK isto K L fois FM to NM, 

B K isequallto K T ,and F Mto M O, thereforeas T K istoK L,fois o Mto.M N.Wher- 
fore the fides about the equall angles T K Land OM N (which angles areequall, for that 
they are right angles) are proportional -Wherefore the triangle"L K T is like tothe trian- 
gleM NO . And for that (by the 6.0f the fixt ) and by reafon of the likenes of the triangles 


e 


LK Band NM F,as LBistoB K; fois NF toF M, and againe by reafon of the likenes 


of thetrianglesB KT and F MO „as K BistoBT, fois MFtoFO, therefore of equalitie 


(by the 22.0f the fift) as L BistoBT, fois NF toF O Maine for that by reafon of the 
likenes of the triangles LKT and NOM, as LT istoT K, fois NO to OM, and by rea- 
Son of the likenes of the triangles T K B & O M Fas K TistoT B, fois MO toO F : ther- 
fore of equalitie (by the 22.0f the fift) ai LT istoT B;fois NOto OF. And it was proued 
that asT BistoBL,foisOFtoF N.. Wherefore againe of equalitie, asT L isto LB, fois 
ONto NF .Wherefore the fides of the triangles LT B ey NO Fare proportionall. Wher- 
fore ( by the 5.of the fixt) the triangles LT B and NO F ;'are equiangle . Wherefore alfo 
they are like Wherefore the pyramis, whofeba ife is the triangle BK T, and toppe the point 
‘L, is like vato the pyramis whofe bafe is the triangle F M O,and toppe thepoint N.For they 
are comprehended vnder like plaine Juperficieces, and equallin multitude . But pyramids be- 
sng like, and bauingtrianglesto their bafes, ave ( by the 8.of the twelfth) in treble proporti- 
‘on. the one to the other. of that iv which fides of like proportion are . Wherefore the pyramis 
— |». £Eeáj. BRIE 
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BKT L isto the pyramis F MO N, intreble proportion of that in which the line BK isto 
the line F M. And in like fort if we draw right lines from the pointes A,W,D,Z, C,andV, 
to the point K, and likewi[e from the pointes E,S,H,R,G,and P, to the point iM, and raife 
up upon the triangles pyramids hauing the felfe fame altitudes with the cones, we may proue 
that euery one of thofe pyramids of-one cp the felfe fame order, is to every one of the pyramids 
‘of the felfe fame order, in treble proportion of that in which tbe fide of like proportion B K is 
to fide of like proportion F M,that is, of that which the line E D hath to the line F H. But as 
one of the antecedentes is to one of the confequentes, fo are all the antecedentes to all the con- 
Sequetes (by the 12.0f the fift) Wherfore as the pyramis BKT Listothe pyramis F MON, — 
fo is the whole pyramis, whofe bafe is the Poligonon figure AT BY CZ D W, and toppe the 
point Lto the whole pyramis whofe bafe is the Poligonon figure E O F P G R H Sand toppe 
the point N . Wherefore the pyramis, whofe bafe is the Poligonon figure AT BV CZ DW, 
and toppe the point L, is to the pyramis whofe bafe is the PoligononfigureEO F PGRHS, 
and toppe the point N, in treble proportion of thatin which the line B D is totheline F H. 





Anditis{uppofedalfo that the cone, whofe bafe isthe circle 
ABCD, and toppe the point L, is tothe folide X, in treble 
proportion of that in which the line BD is tothe line F H. 
Wherefore as the cone, whofe bafeis the circle ABCD, and 
toppe the point L, is to the folide X, fois the pyramis, whofe 
bafe isthe Poligonon figure AT BV CZ DW, cf toppethe 
point L, tothe pyramis, whofe bafeis the Poligonon figure 
EOFPGRHS, andtoppethe point N. Wherefore alter- 
nately ( by the 16 .of thefift ) as thecone, whofe bafe is the 
circle ABC D,¢y toppe the point L, isto the pyramis which 
és in it, whofe bafe is the Poligono figure AT BV CZ DW, 
e toppe the point L, fois the folide X,to the pyramis, whofe — 
bafe is the Poligonon fioure E O F P G RH S, and toppe the point N_. But the foreſaid cone 
és greater then the pyramis which is in it, for it containeth it . Wherefore the folide X 
és greater then the pyramis, whofe bafe isthe Poligonon figure EOF PGRHS, and toppe 
the point N.But it was fuppifed to be leffe:which is impofitble. Wherfore the cone ABCDL 
as not to any folide leffe then the cone EF GH N,in treble proportion. of thatin oy the 
| ! sameter 
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diameter B D ts to the diameter F H.In like fort alfo may we proue,tbat the cone E F GH N 
is not to any folide leffe then the cone ABCD L, in treble proportion of that in which F H 
isto BD. | | 
Now alfo Ifay,that the cone _ ABCD L isnot to any folide greater then the cone 
EFGHN, imtreble proportion of that in which the diameter B D is to the diameter F H. 
For if it be pofsible, let it be to a greater namely, to the folideX. Wherefore by conuerfion(by 
the Corollary of the 4.of the fift) the folide X isto the cone ABC D L, in treble proportion 
of that in which the diameter F H isto the diameter BD. But as the folideX is to the cone 
ABCD L, foisthecone EFGHN to fome folide lee then the cone 4 BC D L (asitis 
eafie to fee by the Afsumpt put after the 2. Propofition) . Wherefore alfa the cone EF GH N 
is unto fome folide lefJe then the cone 4 B C D L, in treble proportion of that in whichthe 
diameter F His tothe diameter B D : which is proued to be impofsible. Wherefore the cone 
ABCD L isnot toany folide greater then the cone E F GH N in treble proportion of that 
in which the diameter BD is tothe diameter F H, and it is alfo proued that it is not toany 


lee. Wherefore the cone ABC D istatheconeEF GH N in treble proportion of that in 


which the diameter B D is tothe diameter F H. | 

But as cone is to cone, {ais cylinder to cylinder (by the 15.0f the fift ) for the cylinder is 
triple tothe cone which is defcribed on the one and felfe fame bafe, and haning one and the 
Selfe fame altitude with the cone . For it is proued ( by the 10.0f the twelfth ) that enery cone 
is the third part of a cylinder, hating one and the felfe fame bafe with it, and one d» the felfe 
fame altitude. Wherefore the cylinder is vnto the cylinder in treble proportion ofthat in 
which the diameter B D is tothe diameter FH Wher fore like cones & cylinders are in treble 
proportion of that in which the diameters of their bafes are:which was required to be proued. 


The 13. Theoreme. Thbe 13. Propoſition. 


~ Jfa Cylinder be dinided by a playne fuperficies 

beringa parallell to the tuo oppoſite playne ſuper⸗ 

_ ficteces: then as the one Cylinder is to the other 

.. Gylinder, fois the axe of the one to the axeof S 
the other. 
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RCS ppofe that there be acylinder AD , whofe axe let 
? ROO 7 * , 4nd let the shige bajes be the Loy A. 
x x E B,andC F D, and let A D be dinided by the fu- 
s ENN perfices GH being a parallell to the two oppofite 
playne {uperficteces, A B,and C D. Then I fay that as the cylin- 
der B G ts tothe cylinder G D, fo is theaxe E K tothe axe K F. 
Extend theaxe E F oneither fide tothe pointes L ci M. And 
vnto theaxe EK put as many axes equall as you will, namely, . 
E N,N L,& likewife unto the axe F K put as many axes e- 
gual as you wil,namely,F X & X M.And by the points L,N,¢y 
X,M,extede playne fuperficieces parallels to the two fuperficieces 
A Bg C D(by the corollary of the-15.of the eleueth):¢ in the 
plaine {uperficieces thus extended by the pointes L, N, X, M, 
imagine to be drawne thefe circles , namely, OP, RS ,TF, 
and ZW, haning to their centers the pointes L, N, M, X, and 
let them be equal to either of tbe circles 4 B,and C D and Vb- w 
pon thofe circles imagine thefe cylinders P R, RB,DT,T Wto ih Ai 
e EE¢.ity. be 
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cherefore there are foure magnitudes, namely, the two axes 


xlinder BG. And(by the ſame reaſon) alſo how multiplex tbe 
whole axe MK istheaxe K F,fo multiplex is the whole cylin- 


The twelueth B ooke 


be fet . Now forafmuch as the axes LN,NE,andE K are 
equall the one to the other : Therefore the cylinders P R, RB; 
and BG are( by the 11.of the twelueth )in proportion the one to 
the other as their bafes are.But the bales are equall. Wherefore 
alfo the cylinders P R, R B, and BG are equall the one to the o- 
ther. Aud forafenuch as the axes L N,N E, and E K are equal 
theoneto the other andthe cylinders P R,R B, and B G areal- 
fo equall the one tothe-other ,and themultitude of the axes L- 
N,N E,and E Kis equallto the multitude of the cylinders P- 
R, R Band B G: therefore how multiplex the wholeaxe K Lis 
‘totheaxe E.K ,{o multiplex is the whole cylinder P G to the 


der WG to the cylinder G D. Wherfore if theaxe K L beequal 
the axe K M,the cylinder P G is eguall to cilinder GW. And 
if the axe K L be greater then the axe K M , thecylinder P Gis 
greater then the cylinder GW. And if it be leffe it is leffe . Now 


E K;and K F,and the two cylinders BG , and G D , and unto 
the axe E K,andto the cylinder B G,namely,tothe firft andthe 
third are taken equemultiplices, namely, tbe axe K L, and tbe 
tylinder PG. And likewife unto the axe G F , and vto tbe cy- 
linder G.D , namely, tbe [econd and tbe fourth,are taken other 
equemultiplices namely theaxe K M, and the cylinder G W. 
Andit is proued that if theaxe KL , excedetheaxe K M, the 
cylinder P G excedeth the cylinder GW-and that if it be equall 
at is equall,and if it beleffe it.s leffe.Wherfore (by the 6 .defini-' 


1 


tion of the fift) as the axe E K is to thease KE fois the cylinder BG to the cylinder G DIF 
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therfore a cylinder be diuided by a plaine [uperficies being a parallel to the two oppofite plaine 





__ fuperficieces:then as the one cylinder is to the other cilinder, fo isthe axe of the one to the axe 
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3 XE 7 pp that the enda FD, ae EP ad the mes 4 E B, q^ G K D 
ARO confiste upon equall. afes, namely, upon the circles AB, an . Then 
9, Se I fay that as the cylinder E B is to the cylinder F D,fo isthe axe G H to the axe 
K L. Extendetheaxe K L directly to the poynte N,and unto the axe G H,put 
theaxe LN equall:and about tbe axe L N imagine a cylinder C M- Now forafmuch as the 
cilinders EB , and CM, are vnder equall altitudes, therefore (by the 11.0f the twelueth) 
they are in the proportion the one to the other as their bafes are. But the bafes are equallthe 
one tothe other . Wherefore alfo the cylinders E B,and C M are equall tbe one to the other. 
And farafmuch as the whole cylinder. EM, ts dinided by a playne Superficies C 5 E 


Cones and Cylinders confisting bpon equall bafes are in proportion the one 
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a parallell to either of the oppofite plaine [u- EA V0 pr ommo S 
— therefore ( by ed the UR ste. V V. pg Gu 
seth )as tbe cylinder C M is to the cylinder 
F D,foistheaxeL NtotheaxeL K. But — ae 
the cylinder C M zs equal to the cylinder E B; OX 
and the axe L N to the axeG H .Wherefore os 


is the axeG H tothe axe K L. 

But as the cylinder E B is to the cylinder 
FD, fo(by the 15.0f the fift)is the cone AB, 
G to the cone CD K , for the cylinders arein 
treble proportion to the comes ( by the 10-. of 
the twelueth) . Wherefore ( Ly the 11. of tbe 
fift)as the axe G H isto theaxe KL, fo ts the 
cone ABG to the coneC D K,¢ the cylinder 
E B to the cylinder F D.Wherfore cones & of 
linders confifting vpon equal bafes are in pro- 
portion the one to the other as their altitudes: 
which was required to be demonftrated. 
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In equall Cones and Cylinders , the bafes are reciprokall to their altia ucc 


tudes. And cones and Cylinders whofe bafes are, reciprokall totheir altie 
tudes are equall tbeonetotbeotber. —. .. | 
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— Vppofe tbat tbe[e cones A C L,E GIN gr thefe cylinders A X,E 0 , whofe bafes 
2 | " 





8 x and axes K L,and M N (which axes "71 

KS NO are alfo the altitudes of the cones e | Firff ba 
cylinders) be equali the one ta the other: ThI fay the er 
that the ba[es of the cylinders X A c E O.are reci demenfirated 
prokal to their altitudes that is that as the bafe A- touching 
BC D istothebafeE F G Efo the altitude M N. cc 

to the altitude K L. For the altitade K L is either 7 cafes in 
eguall to the altitude M N or not. First let it be e- — 
quall.But the cylinder A X ws equal to the cylinder J be firff cafe, 
E 0.But cones and cylinders confifting under one | 
and the felfe [ame altitude, are rn proportion the 

oneto theother as their bafes arelby the 11.of the 

twelueth).Wherfore the bafe A B C D isequallto 

the bafe E F G H Wherefore alfo they are recipro- 

kal:as the bafe ABG D istothebafeE EGH foll] |i Ni 

ws the altitude M N to thealtitude K L. | | | 

But now fuppofe that the altitude LK be not —— G 

equali to thealtitude M N , but let the altitude a | poi cafe 
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Second part 
demonſtraied. 


cherfore(by the of tbefiftyas tbe cylinder A Xin | «] | 


— 4 be twelueth Booke 


M N be greater. And (by the 3.0f the firft) from s is X Se hing 
thealtitude M N take away PM equall to tie al... iy | suf v 
titude K L fo that let tbe lipe PM, be put. E. >. 
equal to the line K L. And by tbe point P let theve|\_[\ _ 
be extended a playne Juperficies TV S which let |. 
cut tbe cylinder E O , and bea parallell to tbe two:| . 
oppofite playne {uperficieces , that is , to the circles |. 

E F G Hand RO. And making the bafe the circle 

EF GH, cy the altitude M P imagine a cylinder y F] 
ES. And for that the cylinder AX ts equallto theiv-].. AP. || S 
cylinder E O, and there is an other cylinder ES, |: 













tothe cylinder E Sfo i the cylinder E O tothe cy\} | 
linder E S.But asthe cylinder AX sto the cylin: 
der E Sfo is the bafe ABCD tothe bafe E Fx. 
G H. For the cylinders AX „and ES are vader 
one and the felfe fame altitude . And as the E 
cylinder EO isto the cylinder E S , fois the alti: Ea 4 G | à tnnt 

tude M N to the altitude M P..For cylinders cofi- ~~ — gee 

fitng upo equall bafes are in proportion the one to 5 | | 

the other as their altitudes. Wherfore as the bafe A BC D is to the bafe E F G H fo i the al- 
titude M N to the altitude M P But the altitude P oM is equallto the altitude K L.W heren 
fore as the bafe ABC D is tothe bafe E FG H, fo is the altitude M N tothe altitude K L. 
Wherefore in the eguall cylinders A X, and E O the bafes are reciprokallto their altitudes. 
But now fuppofe thatthe bafes of the cylinders AX,and E 0 bereciprokal to their altitudes, 
that is,as the bafe ABC Disto the bafe E F G H, fois thealtitude MN to the altitude KL. 
Then I fay that the cylinder AX is equall to the cylinder EO. For the felfe fame order of 
conftructto remayning for that as the bafe ABCD ws tothe bafe EF GH fo the altitude 


| 





MN tothe altitude K L, but the altitude K Lis equall to the altitude P M. Wherefore as 


the bafe-A B C\D is to the bafe E F GH, fo is the altitude M N to the altitude PM. But as 
the bafe A BC D is tothe bafe E F G H fo is the cylinder AX tothe cylinder E S», for they 
are under equall altitudes:and as the altitude M N is to the altitude P M, fo is the cylinder 
E 0 to the cylinder E S(by the 14. of the twelucth}.Wherefore alfo as the cylinder A X is to 
the cylinder ES , fo isthe cylinder E O to the cylinder ES.. Wherefore the cylinder AX is 
equall to the cylinder E O (by the 9.0f the fift) . And [0 alfo is it in the cones whith haue the 

felfe fame bafes and altitudes with the cylinders . Wherefore in equall cones and cylinders, . 
the bafes are reciprokall to their altitudes ec.which was required to be demonfirated jk 


A Corrollary added by Campaneand Fluffas. 
_ Hitherto hath bene [hewed the paffions and proprieties of cones and cylinders whofealtitudes fall 
perpendicularly upon the bafes.N ow will we declare that cones and cslinders whofe altitudes fall ob- 
liquely opon their bafeshaue alfo the felfe fame paffions and proprieties which the forefayd cones and 


cilinders hane. i 


- Forafmuch asin the tenth of this bookeit was fayd, that euery Cone is the third part ofa cilinder 


" hauing one,and the felfe fame bafe,& one & the felfe fame altitude with it;which thing was demóftra- 


ced by a cilinder geuen whofe bafe is cut by a fquare infcribed init, and vpon the fides of the {quare are 
defcribed Ifofceles triangles , making a us figure , and againe vpon the fides of this poligonon 
figure are infinitely after the fame maner defcribed other 1fofceles triangles taking away more théthe 


halfe,as hath oftétimes bene declared: therfore it is manifeft;that the folides fet vpon thefe — 
| á ynder 


of Euclides Elementes. i. Fol.375. 


vnder the fame altitude that the cilinder. inclined is y and being alfo included in the fame cilinder, do 
take away more then the halfe of the cilinder, and alfo more thé the halfe of the refidue,asithath bene 
proued in erected cylinders.For thefe inclined folides being, vnder equall altitudes and vpon equall ba- 
fes with the erected folides are equallto the erected folides by the corollary ofthe 4o. of the eleuenth, 
Wherfore they alfo in like fortas the erected, takeaway more then the halfe.  Iftherfore we cópare 

the inclined cilinder,to a cone fet vpon the felfe fame bafe, and hauing his altitude erected , and reafon 
by an argument leading, to an impoffibilitiz by the demonflration of the tenth of this booke , we may 
proue that the fidédfolide included in/theinclined cylin del is greater then the triple of his pyramis, 

and itis alfo equall to the fame which 1s impoffible.And this is the firlt cafe, wherein it was proued that 

the cilinder not being equall to the triple of the cone is not greater then the triple of the fame : And as 
touching the fecond cafe , we may after the fame maner concludé that that fided folide contayned in 

the cylinders greater then thie cylinder.;.which is very abfurd . .Wherefore ifthe cylinder be neither 
greater then the triple of the cone,n or leffésit mult nedes be equall to the fame : The demonttration of 
thefe inclised cylinders moft playnely followeth the demonftration of the erefted cylinders: for it hath , 
already bene.proued,that pyramids,and fided folides ( which arealfo called generally Prifmes ) being 
fet vpon equall bafes and vnder one and thefelfe fame altitude , whether the altitude be erected or in- 
clined’, are equallthe one to the*other’, namely ;arein proportion as their bafes are by the 6. of this 
booke.W hereforea cylinder inclined ‘fhall‘ be triple toéuery cone(although alfo thé cone be erected) 
fet vpon one and the fame bafe with itgand Being vnderthe fare altitude . Butthe cilinder erected was 
the triple ofthe fame cone by the tenth ofthis booke. W herefore the cilinder inclined is equall to the 
cilindér ere&ed beitig both fet vpoh one and thé felfe fame Bafe , and hauing one and the felfe (ame al- 
titude.The fam2alfo cometh to paflein conés;which aré the’ third partes ofequall cilinders, & there- 
fore are equall the one to the other: 3.31 2... ; » t we LA vS ; T 
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. Wherefore according to the eleuenth of this booke it followeth , that cylinders and cones incli- 
ned or ere&ted.4 being vnder ofieand the felfe famealdtude , are in proportion the oneto the other as 
their bafes.are.For forafmuch as the erected are in proportion as their bafes are , and to the ere@ed ci- 
linders the inclined are equall : therefore they alfo thall be inproportion as their bafesare. ... 
7» | — | z à ` a ^ J, 3! ee SE $e V 3 í 
"And theréfore by the t2.of this booke like cones and cylinders being inclined are in triple propor- 
tion of that'in which the diameters of the bafes are. For forafmuch as they are equall to the erected 


which haue:the proportion by the 12,0f this booke,and their bafes alfo are equall with the bafes of the 


A ` : 


erected, therefore they alfo thali haue the fame proportion. >... 7 . "em Qo 
E jd P MSS f AE ut ` , — 

.  Wherefore icfolloweth by the 15.ofthis booke,that a cylinder inclined; being cut by a playne ſu- 
perficies parallel to the oppofite playne fupetficieces therof fhall be cut according to the proportions of 
the axes . For fuppofe that vpon oneand the felfe (ame bafe be fetan erected cylinder and an inclined. 
cylinder;being both vnder one and the felfe fame altitude; whichlet be cut by a pldyne' füpetficies pa- 
_tallel to the oppofite bafes.Now itis manifell thatthe fections of the oie cylinder are equall'tothe fec- 

tion of the othercylinder,forthey are fet vpon equall bafes , and vnder oneand the felfe famealtitude, 
namely betwene the parallel playne fuperficieces.'And their axesalfo are by thofe parallel playne fu- 
perficieces.cut propdrtionally:by:the 17, ofthe.eleuenth. Wherefore the inclined cylinders(being equall 
to the erected cylinders )fhallhaue the preportion of their axes, a$ alfo haue the erected.Eor in ech,the 
proportion of the axesis one and the fame, * idu o Ea e n 


> £ 2. 
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-Wherefore inclined Cones and Cylinders being fet vpon equill bafes, fhall by the 14:of this booke 
be inproportiori as tlieir altitudesare “For forafmuch'as the iaclined are equall to the ere&ed which 
haue.the felfe fame bafes and:altitude;ahd the erected'are in proportion as their altitudes: therfore the 
inclined {hall bein proportion the one to the other as the felfe fame altitudes which are common to 
ech;namelyitotheindinedandtotheeredtedi^ 0S ttt 
And therefore in equall cones and cylinders whether they be inclined or ereéted , the bafes fhall 
be reciprokally proportionall with rhe altitudes , and contrariwife by the 15. of this booke . For foraf- 
muchas we haue oftentimes fhewed that the inclined cones.and cylinders are eguall to the erected, ha- 
uing the felf: fame bafes and altitudes with them,and the ereCted vnto whome the inclined are equall, 
have their-bafes reciprokall propostionally with their altitudes, therefore itfolloweth', that the incli- 
ned(being €quall to the erected )haue alfo their bafes and alutudes ( which are common to eche ) reci- 
prokally proportionall.Likewife if their altitudes & bafes be reciprokally proportionall they théfelues 
alfo fhall be equall, for that they are equal] to the erected cylinders and cones fet vpon the (ame bafes 
and being vnder the (ame altitude; which erected cylinders are equall the one to the other by the (ame 
15.0f this booke. W herefore we may conclüde,that thofé paffions & proprieties which in this twelfth 
booke haue bene proued to be in cones and cylinders whofe altitudes are ereéted perpendicularly to 
the bafes,are alfoin thofe cones and cylinders whofe altitudes are fet obliquely vpon their bafes. How- 
beit this is to be noted that fuch inclined cones or cylinders are not perfect round as are the MEC 
pu s d i 


T he twelueth Booke 
fo that ifthey be cutby a playne fuperficies paffing at rightangles with their altitude, this fe&tion is 
Conicall fection which is called E/p/s,and thall not defcribe in their fuperficies a circle as it doth in ¢~ 


rected cylinders & cones,buta certaine figure,whofe leffé diameter is in cylinders equall to the dime- 
tient of the bafe:thatis,is one and the fame with it. And the fame thing happeneth alfo in cones incli- 


ued, being cut after the fame maner,'* ` 
T'he 1. Probleme. _ Lhe 16. Propofition. 


Two circles haning both oneand the felfe Jame centre being geuen to ine 
feribe inthe greater circle a poligonon figure, which fhall ‘confift of equalt 
and euen fedes and fhall not touch the fuperficies of the-leffe circle. = 


7 oA ppofe that there be two circles. ABC D.,and E F GH hauing one c the felfe 
J | fame centre,namely, Kult 48 required in the greater circle which let be. ABCD 
to infcribe a poligonon ficure which fhalbe of equal and enen fides and not tonch 
lee the circle E F GH. Drawe by the centre K aright lie BD. And(by the 11. of 
the firft from the point G rayfevp unto the right line B.D aperpeudicular line A G,and ex- 
tend it to the point C . Wherefore the line A C toucheth the circle E F G H (by tbe 15-of tbe: 
third) Now therfore if (by the 30.0f the third) we dinide the circumference B A D into twe 





Confiruttion. 


equall partes , and againe the halfe of thatinto . . 
two equal partes,and thus do cotinually,wefhall , 
( by the corollary of the 1. of-the-tenth ) at the 


ram We | M. 
length leaue a certayne circumference leffe then : | 
"hr eene ogg T ttn eoi , y j * 
the circumferente A D. Let the circumferencrceyſ;/ E 
leftbeL D . And from the point L. Drawe(by f ^ 3 
s — 


the 12.0f the firft) untothe line BD a perpendi-B, > 
I. Dee. culare lige" L M and extende itto tbe point N. V 
* wutethisl- And draw theferight ines L DandD.N. And N 
rode Jorafrtibas tbe angles D M L and D M N No N d c" 
propoſition, and are rightangles, therfore ( by the 3-0f the third 7 — ff? mmu ar OPA AL 
here the poser the right line B Didinideth the right'line LN, NN E 
Meor the ET M no equallparts in tbe pointe CM Wherfore s 


Ao 
ae 





A he next ; 4 : " mid * m * A T * 

dewonprarion. (by the caf the firfb the refl of the fides of. tbe triangles D.M L;and D M N , namely , the 
lines D Land D N {halbe equall. And fora{much as the line AC is a —— the LX 
(by the 28 of the firft):But AC toucheth the circle E F G H,wherfore the line L M toucheth 
not tbe circle E, FG Hand much leffe do tbe lines L D, aud. D N touch the circleE F GH. 

4 If therefore there be applied right lines equallto: tbe line.L D continually into the circle A- 

E B C D(by tbe 1.of the fourth) there [halbe de{cribed in the circle ABC D a poligonon figure 

made by the which fhalbe of equall,and * euen fides and fhall not touch the leffe circle,namely, EF GH: 

mper Rr N by the 14.0f the third or by the2g.) which was required to be done. 

Flat +s, Li — Siw 4j COP. IEEE" 4 2d ME. 

kin halues,ane c E ESAE e r oN 

of M refi- Am "n VC 0r ollary, 

due the balfe: —" 

and[o,0 L D, > ES » ! at : | 

ns halfe, © Hereby tt is manifest that a perpendicular line drawen from the poynt L 

andareficue = to the ine B.D toucheth not one of the circles. * 

which foall be a * 

comon meafure 

Lacke agatne to 2 «An Affumpt added by Flujfas. 

make fides of te 

tbe Peltgonon 


ferra. if a Sphere becut of a playne Juperficses , the consmon fection of the fuperficieces, fhal bethe çir” 


cumference of a circle. 
| Suppofe 


B | of &uclides Elementes. Fol.376. 


ofe that thefphere ABC becut by the playne fuperficies AEB , and let the. centre of the 
here Sait poynt D-And from the poynt D ‘it no be drawne vnto the playne fuperficies A EB a 
perpendicular liae(by the 11.ofthe eleuenth) which let be theline D E. And from the poynt E dray in 
the playne fuperficies A E B vnto the common fection of the fayd füperficies and the fphere, lines od 
many fo euer,namely ; E Aand EB . And draw thefe linesDA and DB. Now EE asthe right. 
angles D E A and D EB are equall (for the lineDEis e- 
rected perpendicularly to the playne fuperficies).And the 
right lines D A & DB which fubtend thofe angles are by 
the 12. definirion of the eleuenth equall: which right lines 
moreouer(by the 47.0f the firft)do contayné in power the 
{quares of the lines D E,E A,and DE,E B:iftherfore from 
the {quares of the lines D E,E A,and D E,EB ye take away 
the fquare of the line D E which is cómon vnto them,the 
refidue namely the fquares of thelines E A 8: EB fhallbe 
equal. W herfore alfo the lines E A and E B are equall. And 
by the fame reafon may we proue, thatall the right lines 
drawne from the poynt E to theline which isthe cómon 
fettion of the fuperficies of fphere and of the playne fu- 
perficies,are equall . Wherefore that line fhall be the cir- 
cumference of a circle, by the 15. definition of thefirft, 
* But if it happen the plaine fuperficies which cutteth the. | | 
{phere,to pafle by the centre of the {phere,the right lines drawne from the centre of the {phere to their 
common fection, fhal! be equall by the 12 definition of the eleuenth.For that common fedtion is in the 
fuperficies of the fphere. Wherefore of neceflitie the playne fuperficies comprehended vnder that line 
of the common fection fhall be a circle, and his centre fhall be one and the fame with the centre of the 


fphere. 





{ 
lohu Dee. 


Euelde hath among the definition of folides omitted certayne, which were eafy to conceaue by a 
kinde of Analogie. As afegment ofa {phere,a fe€tor ofa fphere,the vertex,or toppe of the fegment of a 
{phere: with fuch like-But that(ifnede be)fome farther light may be geué,in this figure next efore,vn- 
derftand a fegment cf the fphere A B C to be that part of the {phere contayned betwen the circle A B, 
(whofe center is E)and the {phericall {uperficies A FB. To which(being a leffe fegment) adde the cone 
ADB (whofe bafeis the former circle : and toppe the center.ofthe {phere ) and youhaueD.AFBa 
fe&or of a {phere,or folide fector(as I call ir). D E extended to F, fheweth the top or vertex ofthe feg- 
ment,to be the poynt F:and E F is the altitude of the fegment {phericall.Of fegmentes,fome are grea- 
ter thé the haife fphere,fomeare lefle.As before'A B Fis lefle,the remanent,A B C isa fegment greatet 
then the halfe fphere. s ai.: 


v 55s «A Corollary added by the fame Flufias. 
* y the foreſayd aflumpt it ismanifeft ,that if from the centre ofa Sphere the lines drawne per» 
pendicularly' unto the circlés which cutte the Sphere, beequall: thofé circles areeguall, eAnd the 
perpendicular lines fo arawne fall upon the centres of the fame circles. 


For the line which is drawne fré the centre of the {phere to the circumference,containeth in pow 
er,the power of the perpendicular line,and the power of the line which ioyneth together the endes of 
thofe lines. Wherfore fr6 that fquare or power of the line from the centet ofthe {phere to the circum- 
ference or comon fedtió drawne, which is the femidiameter of the fphere, taking away the power of the 
perpendicular, which is cómon to them round about, it followeth,that the refidues how many fo euer 
they be , be equall powers,and therefore the lines are equall the one to the other, Wherefore they will 
defcribe equall circles , by the firft definition of the thitd.And vpon their centers fall the perpendicular 
lines by the 9.0f the third . ce 
*And thofe citcles vpon which falleth the greater perpendicular lines are the leffe circles.Eor the pow- 
ers of the lines- drawne from the centre ofthe {phere to the circumference being alwayes one and e- 
quall,to the powers of the perpendicular lines andalfo to the powers of the lines drawne from the cen- 
tres of the circles to their circumference , the greater that the powers of the perpendicular lines taken 
away from the power contayning them both are, the leffe arethe powers and therefore the lines re- 
mayning, which are the femidiameters of the circles and therefore the leffe are the circles which they 

defcribe. Wherefore if the circles be equall,the perpendicular lines falling from the centre of the {phere 


vpon thé,fhall alfo be equall.For if they fhould be greater orleffe,the circles fhould be vnequall as itis 
before manifelt . But we fuppofe the perpendiculars to be equall. * Alfo the perpendicular lines falling 
ypon thofe bafes are the leaít ofall,that are drawne from the cen tre of the fphere:for the other drawne 
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from the centre of the {phere to the circumference of the circles, are in power equall both to the powa 
ers of the perpendiculars and to the powers of the lines ioyning thefe perpendiculars and thefe fubten- 
dent lines together : making triangles reCtangleround about ; as moft eafily you may conceaue of the 
figure here annexed. S ; 


A the Center ofthe Sphere, — — 
AB the lines from the Center of 
_ the Sphere to the Circamfe- 
` rence ofthe Circles made by 
the Section, 
BCB the Diameters of Circles made 
by theSections, 
AC the perpendiculars from the 7 
= Center of the Sphere to the 
‘Circles:whofe diameters B C- 
Bare one both fides orin any 
fituation els, 
CB  theSemidiametrs of the Cir- 
cles made by the Sections. 

AO a perpendicular longe then 
AC: and therefore the Semi- 
diameter O Bis lefie. im — 

ACB, XAOBtriangles rectangle. | B i SF 








q Ihe 2.Probleme. > The 17.Propofition. 


T'wo [pheres confifting both about one ex the felfe fame cétre ;being genë, 
to infcribe in the greater fhhere a folide of many fides ( whichis called a 
Polyhedron which fhallnot touch the Juperfictes of tbe leffe fphere. 


— — — 





IE. ppofz tbat there be two fpheres about one e the felfe fame cetre,namely, about 
KC ‘I A.It is required in the greater {phere to in{cribe a Polyhedyon,or a folide of ma- 
OS CA 77 fides, which fhal not with his Juperficies touch the fuperficies of the leffe (phere. 
SAC) | ' | 

NX K$ Let the (bberes be cut by fome one plaine fuperficies pafsing by the center A.T hen 

hall their [eétios be circles." F or( by the 12.definition of the cleuenth) the Diameter remai- 

* This is alfo ning fixed, and the femicircle being turned round about maketh a fphere.. Wherefore in 
E. a what pofitio fo euer you tmagine the femicircle to be,the playne [uperficies which paffeth by it 

Frade d d ſpal sake in the faperficies of y [Where a circle. And it 15 manifeft that is alfo a greater circle, 
out of Fluf- for the diameter of the {phere which is aifo the diameter of the femicircle , and therefore alfo 

fas. of the circle is(oy the 15.0f the third ) greater then all the right lines drawne in the circle or 

Note what 4 (bherel which circles fhall haue both one center being both alfo in that one playne {uperficies, 
greater or by which the fpheres were cut. Suppofe that that fection or circle in the greater {phere be B C- 
NM D E,and in the leffe,be the circle F G H... Drame the diameters of thofe two circles in fuch 
FirSt part o f forte that they make right angles,and let thofe diameters be B-D , aud C E - And let the line 
the Conflruc- AG, being part of the line AB , bethe femidiameter of the lefe {phere and circle ,as A Bis 
som. the femidiameter of the greater (phere and greater circle: both the ſpheres and circles hauing 

one and the fame center. Now two sivcles that is, BC D E,and F GH conjifting both about 
one and tbe [elfe [ame centre being geuen , let there be de{cribed (by the propofition nexte 
going before)in the greater circle B C D Ea poligonon figure confifting of equall and euen 

fides not touching the lefe circle F GH. And let the fides of that figure in the fourth part of 

the circle, namely, in B E,be B K,K L,L M,and M E. And draw aright line from the | 

— n". ⸗ PLUMIS point 





Conſtruction. 
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point. K tothe point A,and extenieit.to.the point Nv dnd ( by the 12: 0f the elenenth ) from 


E 


the. A tayfeup to the {uperficiesof the circle B.G DE aperpedicular line AX and let tt light 


“Notes 


uppow the {uperficies of the greater phere in the point X:And ty the linea X; and by either * vox ioo 
of thefelinesB D,and KN extend playne {uperfitteces. Now by that. which was before poke, fultwell, - 


that in the ſu- 


yo. » ` T | 26 2 } bu io | = TT " i i i . f£ 
thofe plainefuperficieces [balón the" fs uperficres of y sphere make two greater circles.Let their —— 
ſemicircles conſiſting vpon the diameters B DandK NbeBX D.andKXN.wAnd foraf- ‘pyereonely the 
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much asthe line XA is eretted perpendicularly to the playne fa- a 

perficies of the circle B C-D E. Therfore al the plaine fuperficieces” — 
which are drame by the line X Aare erected perpendicularly to | 
the fuperficies of the circle BC D E ( by the 18. of the eleuenth). 
W berefore the femicircles B.X Dyandl K-X N are eretted perpen- 
dicularly to tbe playne [uperficies oftbeuircle B.C D'ESApdfor- Vel - 
afasuch as the BED;jB X-D ,aud K X N are edriall, EN 


for tbey confifl pon equalldliameters:B 2D , and. K-N s therefore Va Pe ele, it 
$ ¢ ths n. ‘oe : I 7 A — T i “9.4 ey -— 7 
alfo thefourth parts or quarters of tbo[e circles ndsel)B-BjB X. 5 coo 


Y `~ 4 


circumfer ences of thè cir- 
cles are: bat by thefe Cire 
cumferences the limstatid 
and afsioning of circles 48 
Jed Ran A 
rence of 4 circle, Gfually 
called a circle, which in 

this place can not ofend. 


Thies figure is restored by 
M.Dee bts diligence. For 
22 the greeke and Latine 
Exclides,the line G L,the 
line AG and the line K- 
Z, {in which three Dynes 

the chiefe pinch ofboth 


the demonfirations 


NI B doth fland), are Vutruely 


J| drawen:as by comparing, 


the fludtous ma 2y per- 


cenne, 


Note, 
Vou muf imagine 
the right line A X, tobe ` 
perpédicular Spon the di~ 
ameters BD andC E: 
though here AC the feo 
midiater, feme to be par? 
of AX. And fo in other 
pointes in this figure, and 
many other firengthen 
gonr imagination accor» 
ding to the tenar of cona 
firutions: though in the 
delineati? 12 plasne, [enfe 
be net fatsfied, 


A i 


and K X are equal the one tothe other. Wherefore haw many fides of a polivomoh ficure there 
are ip the fourth parte or quarter BEY; fo many alfo aré-there in the other fourth partes oF 


quarters B X and K X ,equalltothe right lines BK, K LyLM, and ME. Let thofe fides be 
 deferibed and let them be B'O30:B, PR) RX , K S98 T ,T-V, apd V.X x ind drame the fe a 


right linesS:0,T. P and V.R\ And from the pointes O aud S. Drame tothe playne [uperficies BK, im refed 


Nate. 
gual) to 


of thecircleBCD E perpendicular lines. swhich perpendicilar lines will fall Upon the COM: f M. Dee bis 
mort [ection of the plaine fiiperficieces;namsely sopdn the lines BD cK N,(by the 38:0f the fatowiag A 
"x 


TP. elewenth ) 


N 


folowizg, 


T Nere 
Rous Doane 
Z tiag pees 
the better Gam 
_ Deg kes demo- 
Aracœs. 


y The twelueto Booke ` 
elenenth Mer that the playne Juperficieces of the-femicircles B X D , K X N areerected per-. 
pesdicularly to tbe playne fuperficies of thecircleBC D E . Let thofe perpendicular lines be 
G Z,T and. s W.And drame a right line from the point Z to tbepoint W. Andfora[much as 


me) inthe equall femicircles BX Djand K X N the right linės BO; aùd K Sareeqaall from the 


ends wherof are drawne perpedicular linesO Z,andS W, therfore( by the corollary of the 35. 
of the eleuztb)tbe line 0 Z 1s equallto the line S Wd the line B Zis equal to the tine K W. 
iFluflas proueth chis an other way thus: Forafmuch as in the triangles S W K ; and O Z B,the two an- 
gles $ W K,and O Z B are equal, for that by cóftruction they are right angles,and by the27.of third the 


-angles W K S,and Z B O are equallfor they fübtend equal circumter ences S X N and O X D, and the 


fide $ K is equall to the fide O B as it hath before ben proued. Wherefore (by the 26.of the firft) the o- 
sher fides & angles are equall, namely, the line O Z te the line S W ,and theline B Z to the line K W, J 





Bat the whole line B A is equallto tbesobole line K. A:by tbe defi- 
nition of a circle.Wherfore tberefidue is equalltothe refidue 
W A.Wberfore tbe line ZW isa parallel to the line BK (by the 2. 
of the fixt) And forafmuch aseither of thefelinesO Z,e° SWis { 
erecfed perpendicularly to the playne [uperficies of the circle BCD 
E, therefore the line O Z isa parallelite the line S W,(by the 6:0f 
the cleutth and itis prowed that itis.alfo equal unto it. W. berfore 
the limes WZ and 5 O are alfocquall and parallels (by the 7,0f the 





. elegenth, and the 3 3.0f the firft,and by the 3.0f the first) And for- 


ther Wherefore the fewer fided figure B OK S isin one and the felfe fame playse fuperficies. 
| NA p ty vA m. 


| afemeb asW Z i5 a parallellto $ Q:But ZW isaparallell is to K B :Wberefore 8 O is alfo 


a paralleli to K B,(by the 9.of thé eleuenth).And the lines B O, and K S do knit them toge- 


~ 


of Euchides Elemeéntese:\\ Fol,378. 


For(by the 7 of the elewenth)if there.be any two pirallellvightWines,andifineitherofthem = ; 
be taken a point at allauentures,arizhtline drawn by the[epvints is inone, G- the felfe fame dps 
playne fuperficies mitb the parallels. And by the (ameveafon alfoeuery one of the fower: fided. 
figuresSO PT ,andT P RVisin one and the felfe fame playne fuperficies.And thetr tangle 
V.R X is al{oin one and thefelfe [ame plane {uperficies( by the 2.0f- the-elenenth): Now of me . 
imagine right lines drawne fro tbe poinies O ,S,P AT, R;F', tothe point A,tvere {halve defcri- 





—— e = 


bed a Polyhedro or a folide figure of many fides, betwene the circis 
ferences B X and K X compo[ed of pyramidsywhofe ba[es are tbe... —— 







fower fided figures B K O 815.0 PTS T, P, RV ,atid thetriangle.. - 
V R X and toppe tbepoint 4« And if in euexy one of the fides K...|.. 
L,L Mand E we vfe the felfefame confiruction that we did.| 
in BK, and moreouerin the other three quadrants or. quarters, \\_ h 
and alfoin thé other half of the fphexezthere ballthen be made \ B 

a Polyhedron or (olide ficure confifting. of many fides deferibed a NS L 

in thefphere, which Polyhedrop.is made of the pyramids whofe 5. s cu 

bafes are the forefayd fower fided figures s and the triangle V.RX.,.and others which are in 

the felfe fame -order with them.: andicomnzon toppe to them allin the point AX, 

Now I faythat the forfayd polibedron [uljde.af many fides toucheth not the fuperficies of the 

lefe phere. in which is the circle F.G H.. Draw (bythe 11.of the elenenth fro the poyat Ato, Sttond pars 
the playne fuperficies of the fower fided figure.K B.O.S a perpenditular line AY , and let it ofthe con- 
fall upouthe playne fuperficies in the point T. And drawethefe right lines BX OY K. And ſtruction. 
foraſmuch Af the line AY is ereited perpendicularly to the playne [uper ficies of BK OS, 

* FF GY. a therefore 





Second part 


of tbe demon- 


firatton. 


/ 


4 
hy 


| du mrs tops Ses $ ^ eg gee tps! ee AS 2 2 
Tis eguall tothe refidue ,namely )totbe [quare of tbe ine Y K. ^ 


therefore the [ame A Y isertidéd perpendicularlyto all thewight lines thattoucbit; aud are. 
in tbe plaive fuperficies of she fomerfided figure( by the.2.definition of thé.cleuenth) Wheres. 


G ; Y vod, | ‘ 1 wed. Y. ; A A ^u "4 * 
STE LhetweluethBooke `: 


foretheline AY 1s erected perpendiaylarly.to either. of thefe lines BT, ànd Y. K: dnd fora-. 
| . i C E SN d i 4 ' $ 4 
mmuchas(by thers definition — 


hesfirft)the line A B is equallto the line AK, therfore the, 
Square of the line A B isequall tothe (quare of tbe. line A K And to the quare of the line. 
AB are equall tbe fquares of tbelines AT and Y-B (by tbe ¢70of the firft) for the angle. Bu: 
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MYT Sn Ts à 
Y Aisavighi angle . And the Square of the lige A Kare equal 2 e Re t 
the {quares of tbe lines AY aud Y. K ‘Wherefore the [quares ope Lees \ 
the lites AT;and YB areequal tothe fquares of the line SUT; v 
and Y K; take äway the [quare ofthe line A Y wohieb ommon `y 
to them bo th Wherefore Ae vefidue Wamely obe Yasaye of tbe B- 






wherefore the-line BY is eqitall'to the line Y K 1n libe fort Alo yc 
pay we prone tbat right lints üririt früm the point Y do We 
pointes O; dd S jare égal! to either of the lines BY, andY KK." qe 
Wherefore making the vember the poynt 1, andthe’ (pace: either the line BY or the ye T 
K defiribe dtivcle , andit [bal Palle by the poynte¥O', und S , and Mefoies [Ioue K- 


* - è sya 
rv, ' 
PTA x at WAS. —R 


et 


4 oe ates sz sf Sft NUR XY wASPiEA S ees NM MS a PA oae orat UT Sas E uh 
B 0 Sfbalbeso[cribed 3H the circle: ‘And foraJonuob as the line KB is greater then theline 


— 21 a Min S re — EY eter Se ATE Para Mt 
W 2( by the 2.0f the fixt;becdufe AK is greater then AW), but the line —— tothe 


FT ‘ x ~s, um. JP "VITE ode nire E * € s > ur A Mey Nf Y a: * al vy eed ^ a ‘en EY 
tine’ S O:Wherfore the line BK isereater the tbe line $ O` Bni the line B K ts equal to either’ 
. y Wu T AF . NEM | Ae i S 501 ui | PO d 13351545 4 "à t Wai e qu^ QM "ef 
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of &uclides Elementes.- Fof.371. 
of the lines K S,and BO by conftruction. Wherefore either. of the lines K Sand B 0 is gréas 
- ter then the line S Ò ‘And forafmuch as in the circle isafower fided figure K BOS , aud the 
fides BK,B.0 and K S.arve equal,and the fide O S is leffe then any one of them , and the line 
BY is drawne from the centre of the circle: therefore the [quare of the line K Bis greater 
then the double of tbe [quare of tbe line BY (by the rz.of the fecond) (for that it fubtendeth 
an angle greater thenaright angle contayned of the two equallilines BY , andY K,which 
angle BY-K is.an obtufe angle. For the 4-4ngles at tbe cetér Y are equalto 4-"right aneles: of 
which three,namely,the anglesBY K,KYS ,andBY Oare equall by the a.of tbe firfl,and 
the fourth nansely;y angle § 1.0 is lefe then any of thofe three angles, by the 25.0f the firft.) 
Drawe (by the 12.0f the first) from the point K to the line BZ, a perpendicular line KZ. 
And forafmuch asthe line B D-is leffe then tbe double to the lime D Z (for the line BD ts. 
double to the line D A,whichis lefe then the line DZ) = but as the line B D isto the line 
D Zo is the parallelogramme contained under the lines D B and BZ, to the parallelo- 
gramme contained vader the lines D Z and .Z Br sos ow — 
(by the 1. of the fixt ) : tbereforeif ye defcribe vp- . — : 
on the line B Z a (quare, and making perfectethe 
parallelogramme contained vader the-lines ZD: 5 E | | TEES 
ana ZB, that which ts contained under the lines | 


DB ce BZ; fhall be leffe then the double to that whichis contained under the lines D Z and 
Z B.. And if ye drawea right line from the point K tothe point D, that which is contained 
wnder the ines D Band B Z, is equallto the {quareof the line BK (by the Corollary of the 


gof the fixt ) fer the angle B K Disa right angle, by.the 31.0f the third, for it is in the fen 


e 
+ t 


micixcle BE D) : and that whichis contained vnderthelines DZ and ZB, is equali to 


tbe (quare of the line. K-Z (by tbe fame Corollary )-- Wherefore the [quare of the line K B, 
#5 Lofve then the double to the{quare of the line K Zs, But the (quare of the line K Bis greater 


ye YY hich of 


» necessity frail 


fall Con c LE 
M.Dee prone: 
it: and his 
profess fet afz 
ter at this 
marke ya 


f ollowing s 


ther the double to the fquare of the line B Yas before hath bene proued Wherfore the quare. 


of the line K Z, 1s greater thenthe ſquare of the line BY, (by the 10.0f the fft) And foraf-. 


much as.(by the 15 definition of the first) the line B Ais equall to tbe line-K A: therefore al- 


Sothe quare of the line B:Ass equall tothe (quare of tbelize K A.But(by the a7 ofthe first). 
vuto the (quare of theline A B,areequallthe {quares of the lines BY & T4 : (for the an- 
SEBY Ats by construction, aright angle) ..Andi(by the fame reafor).to the [quare of tbe 
line K A, areequallthe fquares of thelines K Z and ZA. for the angle-K ZA i salfo by 
conftruction, a right angle.) M'berefore the fquares fth linés B.T and. Y. Ayareequall to 
the {quares of the [ines K and. Z A s Qf nbich tbe f; quare-of the line KZ isgreater then 
the {quare of the line B¥, us bath before bene proved «Wherefore the refidue, namely, the 
Square of the line Z A; is leffe then the {quaré of the line Y-A.Wherfore the line T Ais orea- 
ter then the line A Z «> Wherefore the line A Xismuch greater then the line AG. But 
the line AY falleth vpon one of the bafes of the Palibedron ; and the line AG falleth upon 
the fuperficies of the leffe (phere. Wherefore the Rolihedron toucheth not the fuperficies of the 
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| An other and more ready densonfiration to prone that the line AT is greater then the 
lize AG Ratfe vp ( by the 11. of the firft-).from the poyntG to the line AG a perpendicular 
line G L.And draw aright line tno the point.A to the poynt L.Now thé deuiding (by tbe 5o. 
cf the third )the circumference E B into halues, Cy agayne that balfe into balues cl» thus do- 
ing continually me [ball at the length by the corollary of the frji of thetenth,leaue a certayne 
circumference which [hal be leffe then the circumference of the circle BC D which is ſubten- 
ded of a line equall to the line G L.Let the circumference left be K B.Wherfore alfo the right 
lne K B is lefe then theright lineG L . And forafmuchas the fower fided figure BK O Sis 


FFf-iiġ. ~ ta 


LDee, 

* But AZ is 
greater the A- 
Gas in the fora 
mer propofitie, 
KM was exi- 
deit to be grea- 
ter ther KG: 


So may st «tfo 


be madè mani- 
fh that KZ 
doth neyther 
touch nor cut 
the circle F G» 
H, | 
Anotker proue 
that the line A 
T is greater thé 
the line AG. 


, “e 


Lhe twelnets Booke . | 


jo 4 civcle,and the lines O B,B K and K S aveequall,and the line O $ is leffe, therefore the an 
gle BY K isan obtufe angle Wherefore the line B K is greater then the line BY . But the line 
G Lis greater then the line K B. Wherefore the line G Lis much greater then the line BY. 
Wherefore alfa the {quare of the line G L is greater then fquare of the lineBY. And foraf- 
such as (by the 15.definition of the firft)the line A Lis equall to the, line A.B, therefore the 
fquare of the line A L is equall to tbef quare of tbe line A B . But unto the quare of the line 
A Lare equall the {quares of the lines AG and G L, and tothe [quare of tbe line A B are e- 
quall tbe [quares of te lines B Y and Y A .W berefore tbe (quares ofthe [nes 4 Gand GE 
areequall te the {quares of the lines B Y apd Y A „of which the [quare of the line B Y is lefe 
| then the fquare of the line G L: Wherefore the refidue,uamely , the{quare of the line T A is 
greater thé the [quare of theline A G. Wherfore alfo tbe line'AY is greater thé the line AG. 
Wherfore two {pheres confisting both about oneand the felfe fame center, being genen, therë 
is in{cvibed ix the greater {phere a polihedron or folide of many fides which toucheth not the 
Superficies of the lefe {phere:which was required to be dones = => "t | 


— mph Mee —ñ e at e e 
* pte f m, S 


— 


— "Te orollary: 


cd ifia the other {phere,namely;in the leffe {phere beinfcribed a Polihedron or fo- 
lide of many fides like to the polibedron infiribed in the [phere BC D E, then the polihedron 
infcribedin the {phereBC D E isto the polthedron in{cribed in the other [phere in treble 
proportion of that in which the diameter of the {phere B C D Eis to tbe diameter of tbe other 
{phere.For thofe folides being deuided into pyramids equall-in number and equall in order, 
the pyramids {hall be like.But lake pyramids are (by the 8. of the twelfth) the one to the other 
in treble proportion of that ix which fide of lake proportion 15 to fide of like proportion. Wher- 
fore the pyramis whofe bafe is the fower fided figure K BO S and toppe the poynt A is to that 
pyramis which is-of like order in the other {phere,in treble proportion of thatin which fide of 
like proportio TET, fide of | like proportio ` that is of that in which the fide A B whichis drawne 
fro the ceter of the {phere which is about the ceter A,ts to the fide which is drawn fro the céter. 
of the other {phere. And in like fort alfo euery one of y pyramids which is in y [phere which is 

about the cétre A isto enery one of the pyramids of the [elfe {ame order in the other {phere 

_in treble proportio of thatin which the fide-A‘B is tothe fidewhich isdrawne 
x fromthe center of the other [phere.But as one of the antecedentesistoome > `> 

can of theconfequentes , fo'are all the antecedents to all the confe* ~~ > 

(oem © guentes by the.r2. of thefifth . Wherefore the whole polihe. * 
ron folide of many fides which isin the {phere which - -. 
vt dsabout the center.A,isto the whole polihedromor © -> ` 
< folide of many fides which isin the other 
eis. fphere,in-treble proportion of thatin > 
which tbe fide A B is to the fide 
which 1s drawne from the. 
center of the other © 
` phere, that is;of that which the diameter 
B D isto the diameter of the other ` 
phere, by.the 15:of thé fifths = 
" mbichwasrequiredio be 8 > | 

. demon[irated.. t — 

i. | (UM 
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2 of Euclides Llementes, — Fol.38 O 


t 
M.Dee his deuife, to helpe the imagina- 
ton to young fludéts tn Geometry: and to 
make his demonftration more euident as 
concerning the errors by hym corrected in 
Euclides figure, by the ignorant, miflined. 


J.Dee. 


This figure is anfwerable to the firfte 
plaine: which, cutting the two Spheres by 
theircommon center À , made two concen- 
trical] circles (hauing the fame center, with 
the two Spheres namely B C D E,and F G- 
H. Vppon which, if you aptly reare perpen- 
dicularly , the fecond figure contayning 
two concentricall circles , (to the firit e- 
quall) and make the pointes noted with like 
letters to agree,and afterward vppon the fe- 
céd figure, fet on the third figure being here 
for the better handling made a femicircle: 
which vppon the firft igure mutt alfo be e- 
rected perpendicularly : And laflly if you 
take the litle quadrangled figure BO KS, 
and make every point to touch,his like: 8 

' then reade the conftru€tion & wey the de- 

, monílratió (twife orthrife being red ouer 
~ Shall you in this delineatié inapt paftborde, 
or like matter framed, finde al things in this 

"probléme veryeuident. — 

| Ineedenotwarne you,that the line A Y 

may ealely be imagined;or with a fine thred 

' fupplyed: or ofthe right lines imaginable 

 betwene P and T, ànd betwene R. and V, I 
neede fay nothing, trufting that the great 
exercife paft, by that tyme you are orderly 
come to this place, will haue made you fu£- 
ficient perfect to fupply any farther thinge 
herein to be confidered. 

The little fowetcorhetd peeces remay 
ning to the femicircle, areto be let through 
the firft ground playne:therby to ftay this fe 
micircle the better in his apt place and fitu- 
ation: whichit willthe more aptly doo, if 
ye dó abaté flauntitigly,the contrary araffes 
of the flict of it,and of the flitt of the fecond 
figure,into which itis to be let: abating thé 
alike much: a litle will ferue. Experience, 
by aduife, will teach fufficien dy. 


4 "td d 





Mafter Dee his aduife and demonjftration, reforming a great errour 


in the defignation of the former ficure of Euclides fecond Probleme: with 
~, two Corollaries (by bim inferred ) vpon bis [aud demonstration. `. 
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> b pig) |] i : } x " j i , | à y 
iu, oov Thararight line drawen from the point K, perpendicularly vpon the line B & deth fell. vporz 
the powst X : We Will,thus,make enident. eT \ à 


— 


t 


B Y the premiffes,it is manifeft, that the point Z is that point whete a right line from the point O,be- 

‘ing perpendicularly let fall to the circle BC DE, doth touch-the fame circle. Which point Z alfo is 

proued to bein the right line B A D, the common fedtion of two circles cutting eche other: being one 

9 om EO EDS DLE perpendicularly erected . Thefe thinges,with other,before demonftrated, I here make my 
das 0 fuppofitions,;. .Confider now the two triangles rectangles OZ B and KZ BB : Of which, the angle 
es asa’ >> OZ Bis equall to the angle KZB . For, by conftruction, they are both right angles : *and the angle 
efsenpéi. » ZBO is equall to the angle Z B K . For, if from D to K you imaginea right line : and the like from D 
érefeatly ay. toO : you haue two triangles in equall femicircles, rectangles,namely, DK Band D OB : which haue 
prosede 5 thediameterB D common : and B K, the Chord, equall co B O the Chord, by conftru&tion. Where- 
< © "7 » fore (by the 47.0f the firll) the third fide,namely, D K, is equall to the third, namely,D O : Wherefore 
m ‘(by the s.of the fixt) the angle ZB O,which is DB O/is.equallto ZB K, which isD BK . (For the line 

. » ZB, by.conitraction, is part of DB ) . And feing two angles of O ZB,are proucd equall,to two angles 
of KZB, of ncceflitie the third,namely, Z O B,is equail to the third,namely,Z K B, by the 32.0f the firft. 


"T 
c Lx 
s 
i'd 


A 
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n | UM. 7 WLherefore thietwo triangles rectangles O Z B and K Z B, are proued equiangled. By thefourth, there- 
— foresof the fixt,, their fides are proportionall : therefore by the premiffes, proued, as B O isto B K, fo 
CM. J is.O Z to KZ, and the third line, which fubtendeth the angle Z O B, to the third line which fubten- 
“os 2 deth theangleZ KB.. But, by conftruion,B O is equall čo B K : therefore O Zisequallto KZ : And 
COT the third alfo is equall to the third ; Wherefore ttie point Z,in refpeéte of the two triangles rectangles, 
—-À O Z Band K Z B.determineuh one and the fame magnitude, in the line BZ. Which can not be : ifany 
E ' , other point, in the line BZ, were affigned, nearer, or fartherof,from the point B . One onely poynt 

— therefore, is that, at which the two perpendiculars KZ and OZ fall : But, by conftruétion, OZ fal- 
"-— 8 leth at Z rhepoint, and therefóre at thé fame Z, doth the perpéndicular, drawen from K, fall likewyfe: 


— "Which was.reguired tobedemonftated. — , d ) 
— uam Although a briefe monition, mought herein haue ſerued for the pregnant or the humble learner,yet 
aues edo forthem that are.well pleafed to háue thinges made plaine, with many wordes;and for thé ttiffenecked 
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} ths saree " Jer aris . . 7 f : i 
E * SSU bafie body; it was.néceflary, with my controlment of other, to annexe the cauſe & reafon therof,both 
sdana aNDE.TUEES.. e 220 QUE. NOSE ! — — — Lc — 
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sgud Isid: d Hereby it 5 manifest, that two équall circles cutting onethe other by the whole diameter if frons 
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oneandthe fame end of their common diameter,equall portions of their circumferences be taken: and 
sos fromthe pointes ending thofe equall portions stwe perpendiculars be let downe to their common diame- 
* raa SE y o e = i 


—* per mo thofé perpendiculars fhallfall upon one and the fame point of their common diameter. 
-p1k bas saslq senio s rua silii p. We. 
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dE ooa Secondly it followeth that thofe perpendieulars are equall. | s 
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From circles in our firf fuppofition eche to other perpendicularly erected, we procede and inferre 
now thefe Corollaries, whether they be perpendicularly ere€ted or no : by reafon the demonftration 
hath alike force , vpon our {uppofitions here vied. ` 


q T'he 16. T beoreme. The 18. Propofition. 


Spheres are in treble proportion the one to the other of that in which their 
diameters are, 


P 


Suppofe 


of Euclides Elementes. Fol.381. 


AV ppofe that there betwo {pheres ABC and DEF, andlet their diameters be 
B CandE F Then I fay that the {phere A B Cis to the [phere D E F intreble 
proportion of that in which the diameter BC isto the diameter E F. For if not, Two cafes 

SSG then the [phere A BC isin treble proportion of thatin whith BCistoE-F , ¢i- ihis 7 k > "s 
ther to fome {phere left. then the [phere D E F , ortofome {phere greater . Firf letitbeunto tion, * 
a lefe,namely, toG HK. And imagine that the [pheres DE F andGH K be both about Ths firft cafes 
one and the felfe fame centre. And(by the propofition next going before)defcribe in the grea~ Demontira- 
ter [phere D E F apolihedron or a {olde of many fides not touching the fuperficies of the lefe *0% — 
{phere GG HK . And fuppo[e alfo 1bat in tbe fphere A B C be in[cribed a polibedron. like to t — 
the polibedron which is in the (phere D E F .Wherefore(by the corollary of the {ame) the po- j 
libedron which isin the [phere ABC, isto the polihedron which isin the [phere DE F in 
treble proportion of that in which the diameter B C isto the diameter E F But by fuppofition 
the [phere A BCistothe {phere G H K_ in treble proportion of that in which the diameter B- 
C is to the diameter E F Wherefore asthe [phere A BC isto the [phere GH K , fois the poli 
hedro which is defcribed in the {phere A B C to the polihedro which is defcribed in the [phere 
DE F by the 11.0f the fift.Wherfore alternately (by the 16. of the fift)as the [phere A B C is 
to the polshedron which is defcribed in it,fo isthe {phere G H K to the polihedron which is in 

| T 









the [phere D EF But the [phere A BC is greater then the polihedro which is defcribed in it. 

Wherfore alfo the [phere G.H K is greater then the polibedri which isinthe[phere DEF ly 

the 14.0f the fift.But it is alfo leffe for it is contayned in it which impoffible. Wherefore the 
[phere ABC is not in treble proportio of that in which the diameter BC, is top diameter EF, 
- toan) {phere lefSe then the [phere D E-F..In like fort alfa may we prone that the {phere D E F- 

is not in treble proportion of that in which the diameter EF is to thé diameter BC, to any 
Sphere lefve them the {phere ABC. Now I fay that the {phere A B C is not in treble proportit of 

that inwhich the diameter B C is to the diameter E F.to amy [phere greater thé the [phere D. Second cafe 
EF. For if it be poffible , let it betoa greater namely, to L M N Wherfore by conuerfionthe 
[phere L M Nis to the {phere:A BC in treble proportion of thatin which the diameter EF * sit éseafe 
4s to the diameter BC.But as the [phere L.M N isto the fphere 4 B C, Joisthe [phere D E F. ttr 

to fome {phere leffe thé the {phere A B.C,*as it hath before bene proued, for the phere LMN —— 
is greater then the [phere DE F.Wherforethe [phere DEF isin treble proportia of that im of thisbookg, . 

os E vut 00 0 which 
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which the diameter EF is tothe diameter BC to fome {phere lefve thé the [phere ABC, which 
ås prouedto be impoffible Wherefore the {phere ABC is not in treble proportion of that in 
which BE isto E F to any {phere greater the the {phere D E F And it is alfo proued that it is 
not to any lefe Wherefore the [phere ABC is to the [phere D E F in treble proportion of that 


Sn which tbe diameter B C isto the diameter E F :which was required to be demonflrated. 


Note: a gene- 
val ruse. 


Á 


Couſtruclioun. 


a, * g^ 
et SNES 


sho u MAN T 

(S va 03 

eS tS adt 
Pemi- 


3 
ws 

1 s 
eed WIV 


tiet 


A Cortollary added by Flvffas. 


\ f 
Flereby it is manifeft that fpheres are the one to the other,as he Polibedrons and in like fert def- 
trivedin them are:namely,eche are in triple proportion of that in Which the diameters. 


* A Corollary added by M Dee. 


Tt is then euident, bow to geue two vight lines, baning that proportion betwene them, whichanp 
two spheres genen, haue the one tothe other, 
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-. > For, ifto their diameters, as tothe firft and fecond lines ( offower in continuall proportion ) you 
adioyne a third anda fourth line in continuall proportion (as I haue taught before.) : The firltand 
fourth lines, {hall aunfwere the Probleme . How generall this rule is,in any two like folides, with their 
correfpondent (or Omologall) lines, I neede not, with more wordes, declare. 


gı Certaine T heoremes and Problemes ( whofe vfe is manifolde, in 
Spheres, Cones,Cylinders,and other folides) added by Ioh Dee. 
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3 CAT heoveme. T. 


The whole faperficies of any Sphere, is quadrupla, tothe greateft circle, inthe fame Shere cone 
tayued. ] à 


A. 


It is ncedeles to bring Archimedes demonitration hercof, into this place: feing his boke of the Spice 
and Cylinder, with other his workes;are euery where to be had; and the demóftration therof,eafie. 


è, 
t 


se. AT heoreme. Z 


Enery Sphere, is guadrapla,to that Cone, whofe bafe is thegreatef? circle heightythe femidiae 
meter of the (ame [phoere. 


"d 


This is the 32.Pro pofition of Archimedes firlt booke of the Sphere and Cylinder. 
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1 ~ Suppofethe Spheregeuen, to-be ujhis diameter being 8 C, and center b: witha line equall'to the 
femidiameter.B.D.C.which let be 1:0") deferibe'’ circle N R P: whofe diameter let be N P, and center 
DO, itiseuidenr, that, NR P is equallto the, reateft circle in.#, contayned. At the center 0, leta perpen- 
dicular be reared equall to £D ( che festidilüaieter of.4 ) which fuppofe to be 0 2 : Itisnow plaine 
that.to the Cone, whofe bafe is the circle N^& P;ànd height © Q , the Sphere 25,is quadrupla : by the 
2.Theoreme here; and by conftruCtion, .. Take adine equallto 2,2; which let be FE: and with the fe- 
midiameter F £ (making the point. center )deferibea circle which fuppofeto be E X C, and dia 
meter EG ." Atthe center 7, reare a line perpendicular to E K G, by the 12.ofthe eleuenth : and make 
ifequall toe. » Letthat line be Y. "E fáythacthe Cone, Wliofe bafe isthe circle EKG, and height 
the line F.L;,is.equall t0.4~ For feing J£; thé femilliameterof E X G,isequalltó N 7 ( the diameter 
o£ N X 2.) by conltruttion : £ G, the diameter of E XG, {hall be double fo 27 + . Wherforethe fquare 
f C y Nuus s Ay Pes Leh Oe oy ae , FEG,istothe 
c£ £ G, isquadrupla to the fquare of v? : by the-4.ofthe fecond . But as the {quare of 2 G, —* 
Mr d 


xc 


of Euclides Elemente, | Fol.382. 


fquare of NP; fo is thecircle E XG to the circle A RP;by the s.ofthis.twelueth: W héreforexhe circle | 

E KG, isquadruple to thecircle N AF . And FL, the height is ( by conftrudtion’) equall' to ‘0'Q the 

height . Wherefore the cone, whofe bafe isthe circle £.X.G,and height F-L,is quadruple to the: cones, 

whofe bafe is WR P,and thsheighto Qy bythe 11,0f thisewelfth’s-But vnto the fametone whole 

bafeis NRP,andheighto2?,!' ~, Loss cul mnt Tune Upon 5151. 3 sd i222 

the Sphere -4 islikewifeproued `, A Six adi std uoioqo Een doe3 ci 1dgisE bz: 

quadrupla'. Wherefore the cone ~. 2 : ux 

whofe bafeis E XG and height 

F L, is'tquall to the/Sphere 24: 

by the 7.ofthefift. Toa Sphere 

being geuen therefore, we haue 

made an vpright cone equall. 
And as concerning the other 


Pal OFM 13 
4. I 









£s ty è 
e fib to SN 9a T o6 9$ — Oy e> : 
B ov oM 2 > - © 






partofthis Probleme, it isnow . nt HSYNVA V 

eafie to execute and that two ef The fecoid i 

wayes r I meanetó Z4 thefprere | OO 3d Y». Sad m fibe à 

gcuenyto make am vprighr cone eee BL fens 

in any proportion geuen betwen i ANE ** 

two right lines. For, let the pro- te) sum, #470 wayet 

portion geuen, be that which is * executed. 
etwene Xand Y. By the order »di SINGS Seer roa Feat a 1, 


of my additions, vpon thea. of y eth. dt oel 
this twelfth booke : to the circle * Sup 

EK G maké an other circle in 
thar proportion that X is to Y: 
which]et be Z . Vpon the center 

of Z, reare a line perpendicular 

and equallto FZ. I fay thatthe 
cone, whofe bafe is Z,and the 
height equall to FL,is to4,in | 

the proporuon of Xto r.Fer the’ *: 

cone vppon Z, by confiructiou, 
hath height e vall to thesheight u errs Ves om 83 te tci S hs, tas end ee ac all 

ofthe cone Z, EA G: and zov . 2X! lct. Je dei vf: e ET Dc LU aca UA 

cos Ruta; ietd EX C, ds riS PP Weer. by ther) oF this twelfth the eone vpon 2, isto the. 

cone Z E KG,as Xisto T. Butthecone £ E X Gisproued equall to the (phere 4: Wherfore the cone 

vpon Z, is to 4, as X15 tor, by the7.cf the fit. To a Sphere geuen therefore, we haue made a cone ia 

any proportion geuen, betwene two right lines. Secondly, asixis exrpfeto PLslet there beafourth 
ine, by the 2 ofthe fixe : and fupvofe it tobe Ww. L (ay that; cone; Vhofe bafecis equallto-£ KG, : 3s 

and heigh: theline 7s to 42s y isto Y,For.by the s4:0fthis$twelftli; conesbeing feton equall bafes; : 

are one to the other, as their heightes ac * But, by conftru3ión; cie height zz ;i$to the height F £,as: 

Xisto Y. Wherefore the cone which hath his bafeequatlto: ERG Saud height’ the’ line 77; istothe: 

cone L E KG, as X15 9 Y , And itis proved, that co the cone L'z:K)Gythe Sphere A is equali: Wher- 

fore, by the 7.ofthe fitt, the cone, whofc baie is equall toEKrG, and heightthe line W/isto 4;as X is 

to Y. Therefore a Sphere heing geuen, wehzue made an vptight cone;in any. proportion geuen ibe- 

twenetworightlines. And before, we made an vprighticone, équall to'the Sphere geuen :Wherfore’ ftn 


al aH : - | vprighè 
a Sphere being geuen, we haue made an vpright cone, <quail'to the fame, or in any. other proportion, : Cone prp 
geuen betwenetwe right lines, Icail that an voright cone;whofe axe is perpendicular to his bafe «'-  * 
y e Daj QOoQUM! n. C TR. : ah ry £s! P 
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Of the firft part of the demonstration, it isenident’: A Sphere being propounded, that a Cone, 
Whofe bafe hat b bis femidianeter, equallto t he dsumeter therof,and height equal to the femidiame- 
ter cf the fame Sphere, ts equallto that {pher€ propounded... . . _ , , s "Ha 
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eA Sphere being genen aid a tircle,torenre an upright Coue,vpon that circle (asa baje ) equal 
to the Sphere genen : er in any proportion betwene rwo right bacs affigned. b x "Pal «ai 
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Suppofe the Sphere geuen, to be Q: and the circle geuen to be C? By the fifi Probleme make 
an vpright cone equall to Q the Sphere-geuert : which cone-fuppofe to bé A : and (by the 2.Probleme 
of my additions vpon the fecond of this twelfth booke) as C'the cirele geuen,is to the bafé ofA;fo let 

al dá : GGg j. the 
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Tbe fecond 


pertof the. 
Probleme, - 


.* 
te fis q’ 


The fecond 
part of the 
Probleme, 


: ftrudtion) being to the height of F,as X is to Y, doth 


‘+ geué (oramother to it equall)duely reared,to be vni- 
yë% to the cone F>as X is to Y, by the 14.0f this twelfth. 


dicheightoFA,.betoalinefound i whichletbeD. ` - 
Thenat¢s euident,thatthecone, which hathforhis | — ; 5. 
bafe C the circle geuen, and height theline D,latt, ... 
feund;fhallbe equall.to.Q.theSpherégeuen:which . 4f 
cone let be F . For, byconfiruction, F hath his bafe. Ñ 
aad height in reciprokallproportion with the cone 
A, madeequall to Q "the Spheregeuen : Wherfore E 
by the ry.of this ewelfth, and 7.ofthe fifth, this yp- 
right conet, reared vpon C, the circle geuen, is e- = 5 
quall to.Q , the Sphere geuen : which thing the '——————39 s. — 
Probleme firft required. | J K "ovat nanay Tija 
And the fecond part ofthis Probleme is thus per- 2g (1 
formed . Suppofe the proportion geuen to -be that 
whichis betwene X & Y.Then,as Xis to Y,fo leran 
otherright line found, be to the height of F : which 
line let be G. For this G, the found height (by con- 
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caufe thiscone (which let be M) vpon C;the circle 


But F 1s proued equaltto-the Sphere geuen: Wher- 
fore M, 1s to the Sphere geuen,as X is to Y. And M, 
is reared vpon the circle geuen: or his equall. Wher- 
fore, a Sphere being geuen,& a circle, we haue tea- 
red an vpright cone, vpon that geuen circle’ (asa 7G 

bafeyequallto the Spheregeuen :orinanypropor- | — 4 9:023 
tion, betwene two rightlinesaffigned : which was 12b 
required to be done. ——À we} c 
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eA Sphere being geuen anda right line, to make an upright cone; equall to the Sphere SENEN or 

in any other proportion geez. betwene two right hues : Which made cone,fhall haue his height egual 

so he right lnie genenc AASE E 
2t . io ey 1 
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|^ Suppofe-the Sphere geuenjtobe:R: andthe 
rightlmegeéten,.to be: S’. FoR the Sphere geuen, 
make anivprightcone,equall: by the firlt Probleme: 
which:cone fuppofe to:beA. Then as S, the line ge- 
wer; isto the height-of A, folet the bafeof A, beto 
amother circle; whichlet be K, by my additions,vp- 
on the fecond.Propofition of this. twelfth booke . I 
{ay that amvpright cone, hauing his- height, equal. _. 
to S, the rightlinegeuen, and his bafe K,is'equall to: | ° 
the Sphere geuen Let this cone be noted by L:for 
by confituchion-. thys cone L,and A yhaue theyr. 
heightes and bafes reciprokallin proportió: Wher- 
fore this cone L, and the cone A, areequallibythe . 
15. ofthe twelfth). But A is equall to the Sphere ge- ` 
uen by conftruétion. Wherefore L is equall to the 
Sphere geuén ..And.the height of L,isequall.tothe .[— 
right line geuen, byconftrućtion : whichought to 
a = i — E r à 


y? 


~ 


— — e 
For the fecond part : findeacircle, which fhall 
haue to the bafe of L, any proportion appointedin 
right lines: as the proportion of X to Y.:.which,by <. + 
my additions,vpo the fecond of this booke, ye haue 
learned to do. Then, with the height, equall to the 
heigth of L'reated:vpon this laftfound'circle,which —" 
let be T,asa bafe, you fhall fatiffie'the Probleme. » ’ 
Letthat Cone be V , Forthislaftcone V, 1sto L,as 
his bafeisto'the bafe of L, by the rr.ofthis twelfth. ^: | 
But L.is,proued equall to the Sphere geuen: Wher.. - : 
fore by the 7. ofthe fift, this lait cone V; lach to * il iil 
n die 


t 


E "l2 


of Cuclides Elementes. | — Fol38;. 


the Sphere geuén; that proportion which is betwene X and: Y affigned : and forafmuch as the height» 


of this cone V; is equall to the height of L.: and the height of L, equall to Ww right line geuen ( by 
conftru&iton ) : 1t 1s euident, thata Sphere being geuen, &a right line; we haue mad 3 

equall to: the Sphere geuen, or in any other proportion geuen betwene, two right lines : which made 
cones, haue their height equall to the rightlinegeuen : which ought tobedone.  .. 


| Vuwilling Iam to vfe thus many wordes, in matters fo plaine. and eafie . But this ( I thinke ) can. 
not hinder them, that by nature are notfo quicke ofinuention, astolead euery thing, generally ſpo- 


ken, to a particular execution. - k 
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Euezy Cylinder Which bath bis bafe,the greateft Circle in a Sphere; & heith equall tothe diame 
ter of that Sphere, is Sefquialterato that Sphere. Alfo the fuperficies of that Cylinder; with his twe 
bafes is Sefquilatera to tbe faperficies of tbe Sphere:and without his typo bafés , isequall to tbe fiperfi- 
cies of that Sphere all —— * ole tae 

Suppofe,a {phere to be fignified by A, and an vpright cylinder hauing to his bafe a circle equall to 
the greateft circle in À contayned , and his heith equall to the diameter of A ; let be fighified by FG .I 
fay that F G is fefquialter to A: Secondly I fay thatthe croked cylindricall fuperficies of F G , together 
with the fuperficieces of his. two oppofit bafes, isfefquialtera to the whole fuperficies fphericall of A. 
Thirdly I fay that the cylindricall fuperficies of F G , omitting his two-oppofite bafes , is equall to the 
_ fupetficies of the fpere A. Let the.bafe of FG, be the circle FLB +: whofe center, fippofe M, and 
diameter F B.And the axe of the fame F G,let be,M H. Which is his heith (for we füppofe the cy- 
linder to be vpriglit) :and fiippofe H,to be his toppe of vertex. Forafmuch as , by flippofition M His 
equall to the diameter of A.Let M H be deuided into two equall partes in the point N , by a playne fu- 


perficies paffing by the point N, and being parallell to the oppofit bafes of F G, By the thirtenth of this’ 


aue made an vpright cone,’ 


Ze 


ewelfth booke,it then foloweth,that the cylinder FE G , is alfo deuided into two equall parts: being cy= _ 


linders: which two equall cylinders let be I G, and F K: the axe of I G fuppofe to be H N+ and of FK 
the axeto be N M.And for that, F G,is — 
an vpright cylinder, and at the poynt 
N,cutbya playne Superficies parallell 
to his oppofite bafes , the common fe- ' 
&ion of that playne fuperficies and the 
cylinder F G,muftbe a* circle, equall, 0/7 - 
to his bafe F LB , and haue his center, 
the point N. Which circle,let be 1 O-, 
K:And feing that F L B is, by fuppofi- 
tion, equal] to the greateft circle in A, 
I O K,alfo, fhall be equall to the grea 
telt circle,in A,contained: Alfo,by rea-' 
fon M H, is by fuppofitien;equalto the- 
diameter of A: and NH , by coníftru- 
Gió, half of M H, it is manifeft chat N- 
Hisequallto the femidiameterof A. _ | 

Iftherefore,you fuppofe a cone to haue the circle I O K to his bafe and N H to his heith, the fphere 


A, fhall be to that Cone,quadrupla, by the2. Theoreme.Let that cone be. H I O K . Wherefore Ais 





quadrupla to HAO K:And the Cylinder I G hauing the fame bafe,with H I O K(thecircleI O K)and 


the fame heith,(the rightline N H)is tripleto the cone H I O K* by the 10.of this twelfth booke. But 
to I G,the whole cylinder F G,is double,as is prouied: Wherefore F G,is triple and triple , to the cone 
HIOK, that is, fextuple. And A isproued quadrupla tothefame HI O K. Wherefore EG is 
to HI O K;as6.to r:and A,isto H I O K,as 4.to 1: * Therfore F G isto A,as 6,to 4: which in the leaf 
termes,is,as 3 to2.but3 to 2,is the termes of fefquialtera proportion. Wherefore the cylinder FG, 
isto A fefquialtera in proportion . Secondly, forafmuch as the fuperficies of a cylinder(his two oppo- 
fite bafes excepted ) is equall to that circle whofe femidiameter is middell proportionall betwene the 
fide ofthe cylinder, and the diameter of his bafe: (as vnto the 10.of this booke „I haue added.) But 
of F G,the fideB G, being paralleil and equall to the axe M H, muftalfo be equall to the diameter of A. 
And the bafe F LB,being(by fuppofition) equall to the greateft circle in A contained niuft haue his di- 
ameter(F B equal to the fayd diameter of A. The middle proportional therfore betwene B G and F B, 
being equall eche to other,thall bea line, equall to either of them. . 
[Asit you fet B G and F B together , as one line ,and vpon that line compofed , ás à diameter make a 
femicircle;and from the center , to the circumference draw a line perpendicular to the fayd diameter: 
by the r3.0f the fixth that perpendicular,is middel proportional betwene F B and B G, the femidiame- 
ters:and he him felfe alfo a {emidiameter:and therfore by the definition ofa circle, equallto EB , and 
likewife,to B G.] And a circle,hauing his femidiameter;equall to the diameter F B,is quadruple to the 
citcle EL B. [ For the fquare of euery whole line ,is quadruple to the fquare of his halfe line , as may 
, GGg.1j. be 


This may bac 


ge I be deiígon- 
frrated,as inthe 
17 .propofttron 
the [ection ofa 
[phere was pros 
wed to be a cir- 
cle. 


+ For taking gE 
way all doubt, 
this, asa Leme 
ma afterward 
ss demoftrated. 


A Lemma "m 
(asztmere) ,, 
prefently de- ,, 
monſtrated. 
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Conflraction. 


Demonſtra- 
biG, 


The twelueth Booke 


be proued by the 4/ofthe fecond:and by the fecond of this twelfth, circles are one to the other, as the 
{quares of their diameterssage.] Whertore the fuperficies cylindrical] of FG, alone, is quadrupla to his 
bafe F LB. But ifa certayne quantity be dupla to one thing , and an other , quadrupla to the fame one 
thing, thofe two quantities together are fextupla to the fame oné thing. Therefore feing the bafe,oppo- 
fiteto FLB,(being equal! toto FLB) w "Do win aaf awh 
added to F L B, maketh that cópound, 
double to F L B : that double added to 
the cylindricali fuperficies of F G,doth 
make a füperficies fextupla to FL B,. 
And the fuperficies of A, is quadrupla 
to the fame ELB, by the firt Theo- 
reme. Therefore the cylindricall fuper- 
ficies of F G; with the fuperficieces of 
his two bafesis to the fuperficies FLB, 
as 6 to r. and thefuperficies of A to F- 
LB,is as 4to 1. Wherfore the cylindri- 
call fuperficies of F.G,& his two bafes, ; 
together, aretothefuperficiesofA,as aimee... <<. 
6to4:thatis,inthefmallelttermes,as inlaid 
3 to 2. Whichisproper.to fefquialtera, effer erg 
proportion.Thirdly,it is already, made .euident that the fuperficies cylindrical,of F G'(onely by it felf) 
is quadrupla to F L. B. And fifo itis protied , that the faperficies of the fpheré A , is quadrüpla to the 
fame F LB, Wherefore by the 7.oEthe fifth, the cylindrical fuperficies of F G, is equall to the fuperfi- 
cics of A. Therfore,euery cylinder,which hath his bafe the greateft circle ina fphere,and heith equal to 
the diameter of that fphere;is fefquialtera to that fpere: Alfo the fuperficies of that cylinder with his 
two bafes, is fefquialtera,to the fuperficies of the {phere-and without his two bafesis equall to the fu- 
perficies of the iphere: which was to be demonitrated. — a 
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J he Lemma. J bse 
| Jf A beto Cyas 6,to v:and B,to Cas 4to 1:4 ,isto Bus 6:t0 4. 


For,feing,B is to C,as 4 to 1,by fuppofttion:therefore backward;by the 4.of the fifth,C is to B,as 








1,to 4, Imagine now two orders of qnantities,the firft, fee Cl ee 
A,C,and B the fecond,6,1,and 4.Forafmuch as,A,is to 5 —J 
ee R 
C,as 6, to 1, by {uppofition: and C 1s toB, as 1, to 4,43 d 
' we haüe proued: wherfore,A is to B;as 6 to 4,by thezz LT" — 
of the fift. Therfore, if A be to C as 6 to 1,4nd B tojC,as Gas - it 4 
4to 1: Ais to B,as 6,to 4.which was to be proved. ae 


Note. i 


~ 


Sleight things(fome times) lacking euidét proufe,brede doubt or ignorance.And,I nede not warne 
you, how gencrall,this demonttration is :for ifyou putin the place of 6 and 4,any other numbers, the 
like manner of conclufion will follow.So likewife,in place of 1.any other one number may be, as, ifA 
be to Cas 6tos:and B vnto C,be as 7 tos: A,fhall be to B,as 6 to 7.&c. 


cA Probleme. 4. 


T o a Sphere geuen, to make a. cylinder equall, or in any proportion genen betwene two right lines. 


. Suppofe the geuen Sphere to be A: and the proportion geuen to be that betwene X and Y. Tfay 
that acylinder isto be made,equallto A: or.elsin the fame proportion to A, that is betweneX to Y. 
Let a cylinder be made (fuch one as the Theoreme next before fuppofed that {hall haue his bafe equal 
to the greateft circlein A, and height equall to the diameter of A : Let that cylinder be the vpright cy- 
linder B C.Let the one fide of B C,be the right line Q C.Deuide Q C into three equal parts: of which, 
let Q E containe two, and let the third part be C E. By the point E fuppofe a plaine ( parallel to the 
bafes of BC ) to paffe through the cylinder B C, cutting the fame by thecircle D E . 1 fay that the cy- 
linderB E is equall to the Sphere A. For feing B C, being an vpright cylinder, is cut by a plaine, pa- 
rallel to his bafes, by conftru&ion : therefore as thecylinder DC, is tothe cylinder BE, fo is theaxe. 


ou C, to the axe of B E, by the 13.0f this twelfth . Wherefore as the axe is to thelaxe, fo is cylinder 


to cylinder. But axe is to axe, as fide to fide,namely, C Eto Q E, becaufe the axe is parallel to E 


if Euclides Elementes. - . Fol384. 


ofan vpright cylinder : by thedefinitionefatylins ::0 ;co2 tup 09 9 osi 
der. And thécircle^of the fe&ion, isparàllel'to the: 5,775 00 c 

bafes, by confiruction. Wherefore inthe parallelo- 
gramme (made of the axe, and of two femidiame-.. :. | - 
ters, on one fide parallels, one to the other, being 
coupled together by alins drawen betwene their p V 
endesin their circumferences;whichJine is the fide ... ;. |/ 
QC) itis euident, that the axe of B.C iscutinlike. : 4. : 
proportion, that the fide Q C is cut. Wherfore the 
cylinder D C, is to the cylinder BE, as EC isto 
QE . Wherefore, by compofition, the cylinders . | 
DCandBE, Dis v Cz pe tothe cylinder ~ KZ — 7 
BE,as CE and Q E (the whole rightline Q C) are | — — | 
to Q E.But by cóttrudtion, Q C m of 3 Gea 3 — - BP s 
as Q E containeth 2. Wherefore thecylinder B C, Bc c —— ns * 


1 — 









is of 3. ſuch partes, as BE contayneth 2. Wherefore mw bô io 
B C the cylinder, is to B E, as 5.to 2 : whichis fefquialtera proportion. But by the former Theoreme, 


B Cis fefquialtera to the Sphere A : Wherefore; by the 7. ofthe fift; B E is equall to A. Therefore to a. 
Sphere genen, we haue made a cylinder equall.: 1l 


Or thus more briefely omitting all cutting ofthe Cylinder, 


Forafmuch asB C isan vpright Cylinder: his fides are equall to his axe or heith: therefore the two 
cylinders , whereofone hath the heith Q C: and the other the heith Q E,hauing both their bafes,the 
greatell circle in the Sphere A;areone to the other as Q C is to Q E,by the 14.0f thistwelfth,but QC 
is to Q Eas 2.to 2, by conttruction:and j.to 2.is in Sefquialtera proportion:therefore thecylinder B C 
hauing his heith Q C,& his bafe the greateft circle in A cóteyned,is Sefquialtera to the cylinder which 
hath his bafe the greateft circle in A conteyned;'and heith the line Q E . But by the former Theoreme, 
B C,isalfo Sefquialtera to A: wherfore the cylinder hauing the bafe B Q (which by fuppofition,is equal 
to the greateft circle in A conteyned)and heith, Q E, is equall tothe {phere A,by the7.of the fift. And The fe cond 
now itcan not be hard,to geue a cylinder, to A, in that proportion , whichis betweneX and Y . Forlec. p4rtof the 
the fide Q E,be to Q P,as Y 1s to X, by the 12.0f the fixt. Therefore backeward QP isto QEasXto Problemei 
¥.Wheretore the cylinder hauing the bafe the greateft circle in A and heith the line QP , isto the cy- at 
linder hauing the fame bafe,and heith the line Q E,as X is to Y,by the 14.0f this twelfth: but the cylin- J 
der hauing the heith Q_E,& his bafe the gréatéft circle in A, conteyned, is proued equall to the Sphere 
A:Wheretore by the7.ofthe fift,the cylindér whofe heith isQ P and bafe the greateit circlein A,con- 
teyned,is to the {phere A as X to Y. Therefore to a phere geuen: we haue made a cylinder, in any pro= 
portion geuen betwene two right lites \and alfo ; before we haie toa {phere geuen,madea cylinder ea 
quall:Theretore to a {pheregéuen,we hane miadea cylinder equall,or in any proportion geuen-betwene 
CWOA NOLS DI te qim qd. — - : | 
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cf Sphere being geuen, and a circle upon that circle a5 a bafé ,to rere a cylinder , equalltothe 
[phere geuten: or in any proportion,genen bermene two right lines, : 


AProbleme. 6. 


AA Sphere b cing geuen , and a right line, to make a cylinder , equall tothe [phere geuen, or in any o- 
ther proportion, betwene two right lines genen. 


An 
^ 


n A " Tue 3 i ^ s wt 
In this y.and é.probleme,firtt make a cylinder equall to the {phere geuen,by the4.probleme:and 
then by the order of the 2.and 3.problemes,in cones,execute thefe E A 


A Probleme. 7. 


T wo unlike Cones or — — ring geuen, to finde two right lines, which haneth 


efame propor- 
tion one to the other,that the two genen cones or cylinders haue one tothe other, 


Vpon one of their bafes rere a cone (ifcones be compaseiljord cylinder( if cylinders be compared 
equall to the other : by the order of the fecond and third problemes : and the en ofthe — = 


GGg.iij. | linder, 


Conſtruction. 


Denonftra- 
tio 90. 


. HàndO B H'areoneéto theother / ©, 


An other way 
of executing 
this probleme. 


i» WA 4 be tiveluetb Booke 


linder,on whofe bafe you rered an equall cone or cylirider ; with the new heith found , haue that pro- 
portion, which the cenes or cylinders haue;one to the other;by the 4.of this twelfth booke. 


A Probleme. 8." 


^ x — 
t} 1 


elu upright Cone , and Cylinder , being geuen > to finde two right lines haning that proportion, 
the oneto the other, which the Cone and Cylinder bane,one to the ether, "s Ww uw 
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Suppofe , Q EK an vpright 
coneand .4 B an vpright cylinder 
geuen . I fay two rightlines are to 
be geué which hall haue that pro- 
portion one to the other, which 
2 E Kand.4& haueoneto the o- 
ther.Vpon the bafe BA, ereGea _ 
Cone,equall to @ EK: by theor- 9) 0°!" 
der ofthe fecód probleme: which --— ^ >. 
letbe 0 2 H, and his heithlet be 
O Cand let the heith of 4 8, (the 
cylinder), be CS,ptoducéC Sto? =t 
P: fotharC P, be triplatocs,& ` 
make perfect the cone ’ BA, I, 
fay that 7 C and'O C haue that pro 
portion, which -4 8 hath to QEK, ` " 
For, by conftruction,O BH ise- -^ 
quallto QE XK:andP BA isequal ` ` 
to 4 Bas we will proue;(Affumpt . . ~ 
wife). And'P P H,andO B Hare 
vponone bafejnamely Z,H:wher- ^p 
fore bythé 14.6f this twelfth,r#. °° 





as their heithes? C, ando C;ate ^.^ 
one t6 the other )’ wherefore’ the’ Ae dmn Penis o 
cylinder aud cone equall to ? 2 Hand-0 & H aré as P Cis to O C:by the 7.ofthe fifth.Bur.4B the cylin- 
der.2 £ KCthe cone;are equal] to 28 4and O 8 H:by.conilrnétion: wherefore.4 B the cylinderjisto 9; 
£ KCthe cené;as P Ciis to O C ; Wherefore we hauc found two right lines haning that proportion that 


"wy g f 


a-con¢an@a cylinder geuen have one to the other. Which thing we may execute vpon the bafe of the 
cone genénas We did vpon the bafe of the cylinder geuen , on rhis maner. Vpon the bafe of the cone 
Q EK y whiehbafe,letbe E X, erecta cylinder , equall to 4 B , by the order of my fecond probleme. 
W hich cylinder let be E D,and G T his heith,and let the heith ofthe cone Q E K,be 9 G.Take theline 
G R,the third part of @ G,(by the 9.0f the fixth ): and with a playne paffing by R,parallel to E K, cut of 
the cylinder E F: which fhall be equall to the cone: E X;by-the affumpt following: I fay now, that 4- 
B,the cylinder,isto Q E K the cone,as G T,is to G R.For thecylinder E D is to the cylinder E Fas G T 
is to G X,by the 14. ofthe twelfth : and to E D is the cylinder.4 2, equall: by conttru&tion » and to EF, 
we haue próuéd the corie 9 EX equall, wherefore by the7. of the fifth , .4 Bisto QE K,asGTis to 
G R. Wherfore an vpright cone,& a cylinder bcíüg geuen;we haue found two right lines hauing the 
fame proportion betwene them , which the cone and the cylinder,haue one to the other : which was 
requifite to be done. yc 
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Jf a cone ,and a cyliader „being both on one bafe,are equall one to the other : the heith of the cone 
5 triplato the heith of the cylinder. dnd sf acone and acylinder being both on one bafe, the heith of 


the cone be tripla to the heith of the cylinder ,the cone and the cylinder are equall, 


We will vie the cylinder A B & the cone P B'H in the former probleme: with their bafe & heithes 
fo noted as before.I fay if P B H be equall to A B,that C P the heith of P B H, is tripla to C S the heith 
ofthe cylinder A B. Suppofe vpon the bafe D. H, acone to berered ofthe heith of C S, which let beS- 
B H: itis manifeft that-À B is tripla to that cone S B H,by the 10.0f this twelfth. Wherfore a cone equal 
to A B the cylinder s triplato S B H the cone; by the 7, ofthe fifth , butP BH is fuppofed equall to 
A B.Therefore P B H is triplato S B H,therefore the heith of P B H fhall be tripla to the heith ofS B H 
by the 14.0f the twelfth.But the heith of P B H,is C P:and of SB H,the heith is C S$: wherefore CPis 
tripla to C 5.And C $ 1s the heith of the cylinder:A B by fuppofition . Therefore a cone and a Saar. 
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being both.on.one.bafe,and equall, the heith of the cone is tripla.to the heith ofthe cylinder). And the 
ſecond part,as ealely may be confirmed.For if AB a cylinder, and P B H.a cóne. haue one bafe.; as the 
citcle about B H: and the heith of P B H be triplato theheith of A Bj ay tiacP B Ér;and-A Bareequal.— Je conuerfe 
The heith of AB let be(asafore)C S: and of P B H , theheith,let be C P:of theheith C S, imaginea ofthe afsiipte 
Céne'vpon thefame bafe B-H:by the rotof tliis ewelfth, AB fhall'be tripletothateóne. And thecone 
PB Wthauing heich-C P.(by fuppofition)triplato C S, fhall alfa be'tripla'to that cone S BH: by the 14. 
of rhis'ewelfelt. Wherefore by'the 7.oflie fifth A:Band P B H are'equalli/THerefore; ifa cone anda cy« 
linder Befrig both on‘one bafe,the heith of the cone be tripla to'the heith of the cylinder, the cone and 
dlie cylindesareequalliSóhiauecwe demontliated both. partessas wasrequired, irio IBSIN Q eurai 
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r be fuperficiesof the ſtoment or protionmof any ſphereis equall tothe cirele, whofe femidiameter, 
ésequallto that right line Which is drawne from the roppe of that fegaent to the circnmference of the 
circle which is the bafe of that portion or fegment., 
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Of by the circle whofe: o — m M -— "rm AURAR a 
diameter is C E n & the- Gy —— — — 
fame circle being the i l 2 e i | 
bafe of the Segment, z — 
whofe topalfo is D:the 72 A ZZ 
' croked fuperficies fphe- ip 2 ; 
ricall of the fame Seg- Wi E 
ment; is equall to a cir- i Vy = 
. . | | WM — “= LE EIL 
teris equall to the right | iw ws | : | ; E 
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'.— This hath zérebizzedes demonftrated in thisfirft booke of the Sphere and Cylinder,in his 40.and 41 
propofitions:and I remitte them thether , that-will hereiu demonftratiuely be certified : I would with 
all Mathematiciens, as well of verities eafy,as of verities rareand obfcure , to feeke the caufes-demon- 


firatiue;the finallfruite thercof;is perfe&ion inthisart. — | É Em e , 
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Befides all other vfes and commodities , that ate of the Croked fuperficieces ofthe Cone, Cylin- 
der,and Sphere,fo eafely and certaynely,of vs to be dealt with all: this isnotthe leatt,that a notable Er- 
ror,which among Sophifticall brablers,and vngeometricall Mafters and DoGors,hath alongtime bene 
vpholden : may moft euidently, hereby-be confuted, and vtterly rooted out of all mens fantafies for ex 
ver. The Error is this, Curss,ad reum,nulla eft proportio,that is: Betwene croked and ftraight,isno,pro- A great error 
portion s This error, in lines, fuperficieces,and folides, may. with more true demonftrationsbe onerz commoni 
tlitowne, then the fauourers of that fond fintai areable, with argument , either probable or Soph a —9 d 
flicall to make few or pretence to the contrary. In lines,L omitte ( as now.) Archimedes two wayes,for ine 
the finding of ché proportion ofthe circles circumference toa ftraight line. Imeane, by the infcription 
and’circum{cription of like poligonon figures, and that other,by fpiralllines.And Lomitte likewile (as 
now)in folides,of a paralleliptpedon,equall to a Sphere,Cone,or Cylinder: or ariy fegment or feftor of 
the fayd folides. And onely, here require you to confider in this twelfth booke, the wayes brought to 
your knowledge,;how to the croked fuperficies of a cone and cylinder, and ofa fi phere,(thewhole,any 
fegment or fector thereof ) a playne and ftraight {uperficies may be geuen equall : N amely,aCircleto 7 Betwene 
be geuen equall , to any of the fayd croked fuperficieces affigned , and geuen . And then farther by my » Straight 
Additions vpon the fecond propofition,you haue meanes to proceede in all proportions sthatanyman » and croked 
car inright lines geve,orafligite. Therfore,Curusad refum}proportio omnimoda poteff dari.One thing itis, » all maner 
to demonttrate,that betwenea croked line and'a ftraight:or a:croked fuperficies and a playne or ftraight 9 Of propor- 
fuperficies, &c. there is proportion. And an other thing itis , to demonftrate a particular aud fpeciall tio may be 
kinde.of proportion, being betwenea croked fuperficiesanda {traight or playne fuperficies. For this al- * 
ſo conßrineih the firſt. This fhort warning will canfe you-to anoyde the fayd error ,and m x» £e. | 
nam eene unt. Adee ot Warning wil fou. to auoyde yd error , and make you alfo Lee 
hable to cure them, vhich are infected therewit. | i ~ 
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ed ny two Spheres being genen , as tbe Sphericall Superficies of tbe one,is to the Sphirscal Supers 
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A .. For the fuperficies ofeuery phere is guas rupla tohisigreateltcircle, by. my firit Theoremet wher- 
tore, of. two geuen;fpheres y-asthe fpheticalbiapsrlivies,of the onecis to his greateft circle fo is the 
{phericall {uperficies.of the other,to-his ezgaret urele:phérfore'byaltcinate proportion,as {pherical {u- 
perficiesisto {phicrical fuperSeies, fo is grratoi circteto eraatefticircle-And thertore alfo as greateft cire: 
cle,is to greatelt circle, fo is fj phericalfuperficies co Spherical uperficies: which wasito be.demoitrated.. 
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oed Sphere Deitg genensto gene Ain otber.Sphiére to YobofeSphericall fupérficiet, the faperficier Sphe- 
ricall of the Spher egenen ſhallhaue any prep exten bereitet wo rigbt ines. rites isis uda oi Lone tt 
| Vesta 9 VTE ewe? jot aw ada ek doxidy sto 

Suppofe A,to be a {phere geuen,and the proportion geuen,to be that, which is betwene the righe 
lines X and Y 1 fay that a fphere is to be geuen co whofe iphericall fuperficies, the fuperficies fphericall 
of A,{nall haue that proportion which X hath to Y.Let thepreateft circle,co nteyned in A the fphere be 


Confiruction. the circle BC D.And by the probleme of my additions wpen-the fecond propofitign of this booke ; as 
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X is to Y, fo let the circle B C D be to an other.cirelé found. let thatocligr circle.be E 

meter EG , L fiy that X rA P RE 
the fphericall fuperfici- A P A Yo a 
es of the fphere A, hath = | 7 7— 
to the, fpiiericall fuper- | ^ 


ficies of the fphere, 
whofe greateft circle is 
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that propo rtion, which | P + | i M ; r3 et etg r9 
Demon Nyga X hath to Y.For(by con > P T. i Nr 
te ftruction)B C D isto E 4 M 
tion ruction)BC Dis to E- | ; 
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sokon ze bocoapt in. the Sphere geuen,a Circle equall tothe Gircle geuen. (3n agaric a 
4$ ve UAE o daera l haa wona o, ana may © * J i 
s e c5 SuppofeA,to be the fphere geuen :arid the circle geuen leffe then the greateft circle in A contey-. 
The diffini ^» ned,tobe E.K G/tfay;tliát in the Sphere Az circle,equall to the circle F K G,is to be coapted; Firft vü-. 
doof atif- ,y derl'and,what we meane here,by coapting ofa circlein a Sphere; We fay, that circle to be coapted ina 
cleccapted ,, Spb are, whofe whole circumferéce is in the fuperficies of the fame Sphere. Let the greateft circle iu the 
an a (phere. Sphere A conteyned,be the circle B C D, W hofe.diaaieter fuppofe to beBD, and ofthe circle F K G, 
Coufirutiion. let E G be the diameter „By the r. ofthe fourth, let a line equall to F G, be coapted in thecircleB C D. 
Which line coapted,let be B E.And by the line B E,fuppofe a playne to pafle, cutting the Sphere A,and 


2 ` ⸗ © SUC. OA - 
^^ PAR SBCs gg NT, Ooh 4 4 €*- b 
ard E en 7 te be 


RUM — 
fov |I u 


LM Oe! WDR b:23acTy drei puseeet our IS, d id» tà ey NOY oy? : 
ef Sphere being geuen,anda Circle leflethen the greateft Circle, in the fame Sphere conteyned, 


e -- 
ewm a 4 p ti. 8 r Fes t b 
b 


m umm , à - + © 


fre e . 
A GE wae 





of uchdes Eleinenter. Fol.386. 


to be perpendicularly erected to the fuperficies- ^ 6: osmieusl0 6050 ote pii itn ou 
ofB C D. Seingthat tlie portion ofthe playne- 7. 15:05 uisum RU edu nadesn d aeo s dosnt) a= 
remayning in the {phere,is called theircommon~o!19 "47 vonpvstamtatadiasdrin 7; 0f. 
fection: the fayd {ection fhall bez cirele , asbe-i: 10 2:0 —— manm 

fore is proued . And the common [eton of the faydan » ~ | 

playne,anp the greatest circle B ON which zs B E. u. sied cuir) n 

by fuppofitton ) faslt be the diameter of the fame ceird usu; s Gib ug A. TUN 

ele , as, we will proue . For,let that circle'be B Ley naib geo. T. ^X. I 
EM.-£er the center of the {phere Aybe the point: y D 

H: whith H,is alfo the céterof tbeeircle B CDy 
becaufe B C D is the greatceft circlein A/contey-ii05 | 
ned . Froin H, the center ofthe fphere A , let atlasie to 
line perperidicularly be let fall to thecircle BL: | 
EM. Letthatline beH O: andita$ euident that: i. i5 
H O fhall fall vpoithe common fection BE, by: » 
the 38.of the eleuenth.And it deuideth B E,into..> | 

| two equall parts; by the fecond part ofthe third: 
propofition of thë third booRe: by which poyne- 

O all other Hines drawne in thècircle B LE M,, 
are, at the fame pointeO , deuided into tWo e- 
quall parts; Às if from the poynt M,by.the point 

O, aright line be drawne one the other fide com 
ming to the circumference , at the'poynt N:itis 
manifeft that N.O M is deuidedinto two equalb« 
partes at the poynt O:by reafoñ,iffrom the cen= 
terH,to the poyntes Nánd M, right lines be | 
drawne,H N and H M , the fquares of H M , and: 
H'N are equall:'forthaeall the &aiidianreters of | 
the {phere-are equal? arid therefoverherr{quares. 
are equall one to thé othertandthe(qnare ofthe ^ 
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perperidicular H Ozis common: Hereforethe:. : pae x dd mu and HC N: 
{quare ‘of the third line M Ocis equall to the. ^^ ROUEN a . nd ihe with 
fquare ofthe third line N O : and therefore the:: er ee all, vfe the 47. 


line M O to the line N O. So therefore is-N.M equally deuided at the poynt O . And fo may be proued of the first of 
ofall other right lines, drawne in the circle B LE M,pafling by.the poynt O,to thecircumference one Egit/ide, 
both fides. Wherefore O is the center ‘of the circle B LYE M : and therefore B E paffing by the poynt O 

is the diameter of the circle & L EM. Whichcircle(I fay)is equal to F K G:for by conitru&ction B E ise- 

gual tF Gad B Eisprouedchedisóvetet ot 8 LEM;andFG.s by |fuppofitionthe diameterof che 

circle F K G:wherefore B L EMas equall to:.E K G thecirclegeuen;aud B LEM isin A the fpheregeué, 


Wherfore we haue in a {phere geuen coapteda circle equall to a circle geuen: which was to be done. 
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Befides our principal purpofe, in this Probleme,enidently demonstrated, this is alfe made matin < viiesa 


fest : that if the greateft circle ina Sphere, becut by an other circle,erected vpoahim at right angles, I, 
that the other circle is cat bythe center and that their common [etkion is tbe, diameterof that, other i. 
eircle s end therefore that other circle deuided is into two equall partes. "TT. v 3. 
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» et Sphere being geuen,and acirele,lefethen double the greatest circle in the: fame: Sphere cona 


teined, to cut of, afegment of the fame Sphere; whoft’Sphericall fuperficies, fhall be. equal to theirs 
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Suppofe K to be a Sphere geuen, whofe greateft circle letbe A B C : and the circle geuen,fuppofe 
to beDEF . I1fay,thata fegment of the Sphere K, isto be cut of, fo great, that his Sphericall fuperfi- Confiruction, 
cies, fhall be equall to the circle D'EF . Let the diameter ofthe circle. A B.C, be theline AB. Atthe 
oint A, inthe circle-A BC, coapta right line equall to the femidiameter of the circle DEE ( by the 
firit ofthe fourth) . Which linefuppofe to be AH. From the point. H,tothediameter AB,letaper- =“ ^ 
pendicular line be drawen : which fuppofe to-be HI . Produce, HI to the other fide of the circumfe- 
rence, and let it come.to the circumference at the point L. By.the rishtline HIL ( perpendicular to 
A B ) fuppofe a plaine fuperficies tó paffe; perpendicularly ezeded vpon thecircle AB C: and bythis — ^^ 7 
POS EU T HH}. 3 * Y WW 4 E a - playũe a | 
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The tweluethB ooke 


plaine fuperficies, the Sphere to be cutinto two feg- ne — 
mentes : one leffe then the halfe Sphere, namely, HA = | = ia A — € 
LI: and theothergreaterthen the halfeSphere,nàme- .«. 5. Lu - QE 
ly;HBLI.Ifay,thatthe.Sphericall fuperficies of the ` 
fegment of the Sphere K, in which the fegment (ofthe > ~+ 
greateft circle) H A LI, is contayned,(whole bafeisthe. .. : 
circle pafling by HIL,andteppethe point A) isequall |. 
.. to the circle- DEF. For thecircle,whofe femidiame-  ; 
Demonfiratið sey is equall to theline A H,is equallto the Sphericall fu- ;j 
perficies ofthefegment H A L,by the 4.Theoremehere — i 
added.And (by conftru&tion) A H is equall tothefemi- -. : 
diameter ofthe circle DEF: therefore the Sphericall » < 
fuperficies of the fegment of the Sphere K (cut of by the- i 1) 27 
circle paffing by H IL ) whofetoppeis the point A,iscn:i so: 5. 
equallto thecircle DEF. Whereforesa Sphere being. | 
geuen, and acircle leffe then double the greateft circle. :;;, i: 
in the fame Sphere, we have cut of,a fegment of the... 
fame Sphere, whofe Sphericall fuperficies, is equall to... 2.0, : 






the circle geuen : which was requifite to be done. „t 
ay An aduife. 
(4 7 


In notinc or fignifying of Spheres, fometimes we. 
vie by one and the fame circle, in plaine defigned,to re-« 
«« vov — prefenta Sphere and alfo thegreateftceircle in-the fame «| 
| contained : and likewife,by a fegment of chatcircle,fige .. |. diu. PIE B^ had | 
Ja nifie a fezment'of the fame Sphere, as by a ftraight line; we-oftenfignifie the circle, which is the bafe of 
a fegment of a Sphere,Cone,or Cylinder : and fo in fuch like.’ Waherin, confider our {uppofitions: and 
. take heede when we fhift from one fignification to an other,in ope. and the fame, défignation,; and 
_ withall remember che principallincent of our drift : and-fuchlight:thinges,,can,not: either trouble or 
* -offend chee , Compendioufnes and artificiall cuftome , procureth fuch meanes :.fufficient;to flirre vp i- 
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Suppofe F to bea Sphere geuen: and the proportion geuen;to be that, which is betwene G H and 
HI. I fay, that the Sphere F, is to becut into two-fuch fegmentes , that the Sphericall fuperficies of 
thofe fegmentes, fhall haue that proportion, one to the other, which, the rightline G H, hath to the 


ConfiruHion, rightlinc H I; Suppofe A B.C Eto be agreateft circle; inthe Spherc F, contained ; and his diameter, 


s 5 s 3 —— — m s ums * SYM ) M TES Wu cst a ait. Ad wh wav gi S 
J to,be AB. Denide A B into two fuch partes, as © lisdi- TUE TET | 
J— uided into;in the point H(bythe ro.ofthe fixt)Letthofe ^ «77 - EREXIT 


partes be AD; and DB . So that, as GH isto H I, fo: is — 
A DtoDB. By the point D, leraplaine fuperficies pafle, «| 
cutting the Sphere F,and the diameter AB: So, that 
vneo that cutting plaine, the diameter AB, be perpendis . 
“cular : and the Sphere alfo thereby deuidedinto twoleg- '' ' 
mentes, whofe cómon bafe fuppofe to be the circle C E, 
hauing the center,the point D: and the toppe of theone’, | «|... 
ta. be the point A, and the toppe of the. other to bethe.. A: — 
point B : and the fegmentes them felues,tobenoted by = * 
EA C, andEBC : Drawe fromthe two toppes, A and 
B, to C (a point in the circumference of their common 
So 68 .t bale) tworightlines AC and BC. 1 fay now, thatthe: ¢®' ': 
Sphericall fuperficies of the fegment BAC, hath’tothe © ^ 
Spheticall fuperficies of the fegment EB C, the fame "7 77 
Demonflvatio proportién,which G H hath to HT. For, forafmuchas vun o 8 ors 
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[quares of theif diameters Raud Enero thëother (bythe Ve ame, diari x 
Thisismaner 2. of chistwelfth }. 4nd the [qodtes af they? Jemidiase- LAM, (osa nest "don 
ofa Lemmas ters, hane the fame proportsa dne ro rhe thers whith the- dma oii * 


prefently pro- — fauares of theyr diameters hane. [ Fof'like partes haue 
wed. 





that 


- of Euclides Elementess Fol.;87. 


that proportion one to the other, that the whole magnitudes, whofe like partes they ate ,:haue the 


-- 


oneto theother : by the rs.ofthe fift. But the {quare ofeuery diameter is quadruple to the {quare of >? 


his femidiameter : as hath often before, bene proued : therefore, circles haue one to an-other, that 
proportion, that the {quares of their femidiameters haue one to the other ] . Wherefore, feing AC 
and B C are femidiameters of two circles, whereof eche is equall to the Sphericall fuperficies of the feg- 
mentes, betwene whofe toppes and circumference of their bafe, they are drawen : by the 4.Theoreme 
of thefe additions : it followeth that both thofe circles, whofe femidiameters they are : and alfo thofe 
Sphericall fuperficieces, which are equall to thofe circles, haue the one to the other, the fame propor- 
tion,which the fquare of A C hath to the fquare of B C . But A C is drawen betwene the circumference 
of the bife, and toppe of the fegment Sphericall, E A C, by conítruction : and likewife BC is drawen 
betwene the toppe, and circumference of the bafe, ofthe Sphericall.fegment E B C, by conttru&ion: 

Wherefore the Svhericall fuperficies of the fegment EA C,is to the Sphericall fuperficies of the feg- 
ment E B C, as the {quare of A € is to the {quare of BC . But the fquare of A C isto the fquare of B C, 
as A Disto DB : by the Corollary of the Probleme of my additions vpon the fecond of this twelfth + 

And A DistoDB,asGH isto H I : by conftru&tion . Wherefore the Sphericall fuperficies of the feg- 
ment E A C, is to the Sphericall fuperficies ofthe legment E B C, as G H isto HI . We haue therfore, 
cut the Sphere geuen, into two fach fegmentes, thatthe Sphericall fuperficieces ofthe fegmentes,haue 
one to the other any proportion geuen betwene two right lines : which was to be done. 


rr 


, «T 4 Corollary. I. 


Here it appeareth demonstrated, that, circles are one to the other, asthe [quares of their ſemidi- 
ameters are,one to the other: » adii 


| nt 


Wherby (as occafion fhall ferue) you may, by force of the former argument, vie other like partes. 


ofthe diameter, as wellas halues. 
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It is alfo eutdeut, that tbe Sphericall fipé:ficieces f. the two fegimentes of any Sphere to whofe 


common. bafe,the diameter ( paffing to their twotoppes. ) is perpendicular, haue that proportion the 


one tothe other, that the portions of the [ayd diameter Jnaue the one to tbe other : that fuperficies and 

that portion of the diameter on the one fide of the common bafe,being compared to t bat [aperficies ,and 

that portion of the diameter, on the other fide of the common bafe. © > > t: ee 
<e F EA Copmustels Prset 2S2 T OE XS loa bum nuo 


r A Corollary. 3. 


It likewife enidently followeth that the two Spherical faperficiecės of two feemsentes of a Sphere: 
which two fegmentes are equall tothe S phere,are in that proportion the one tothe other,that their axes 
(perpendicularly erected to their bafes ) are in, one to the other : Where foeuer inthe Sphere thofe feg- 


mentes be taken. 


I fay thatthe Sphericall fuperficies ofthe fegment — ^-^: ° Mg ie 
CAE, and the Sphericall fuperficies of the fegment ^ ^ 7s 77 
F GH, haning theiraxes A D and GI( perpendicular à 
to their bafes ) : are in proportion one to the other, as 
AD isto GI: if the fegment ofthe Sphere contai- 
ning CAE with(the fegment of the fame Sphere) + 
F GH, be equallto the whole Sphere. For feingthe — 
diameter ( or axe ) A D, extended to the other pole or — 
toppe , oppdfiteto A (which oppofite toppe, let be; 
Q_) doth make with the fegment CAE, the comple- |, ` 
ment of the whole Sphere: and by fuppofition, the | 
fegment F G H, with the fegment C AE, are equall to — 
the whole'Sphere . Wherefore from equall , taking . 
C AE (the fegment common ) remayneth thefeg- ^ 
ment C Q E, equallto the 57 — GH. Andine aa 
by, Axe, Bafe , Solitie, and {uperficies Sphericall of ^ ^ 
the fegment F GH, mutt (of neceflitie) be equallto. 
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Notes 


+1 fay balfea aline’équallto PQ whichilet be’S Q.And vnto S Q , make Q T equal 
O Tand O Q . About which O'Q (as an axe‘ fattened) if you imagine 


circular Teno- 
lution: for that 
f: affifeth sn the 
whole drameter 
ST,to defcribe 
a circle by: sf st 
be moned about 
bs: center Q, 


Lb prop. 
de Sphera EF 
Cylindro. 
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Re T he twelueth Booke 


the Axé,Bafe,Soliditie,and faperficies Sphericallof the fegment C Q E : Wherefore, by the fecond 
y he ! fthe fift, our conclufion is inferred, the fuperficies Sphericall, ofthe 
ment C AE, to be, to the fuperficies Sphericall ofthe fegment FGH,asADisto GI, 


Corollary here, aud the 7.oft 


AT heoreme. 
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To any folide fétler of 4 Sphere,that v pright Cone is equall , whofe bafe is equall to rhe comes 
Sphericall fuperficces of that fettor and beith equall to tbe femidianseter of the [ame Sphere, - 


Hereofthe demonftration in.refpe&t ofthe premi- 


fes : and the common argument of infeription andcir- ^. 
cumfcription-of figures 1s eafy :‘and neuertheleffe, if ^^ 


sew | 


your owne witte will not helpe’ you ‘fufficiently : you 
may take helpe at Archimedes hand , in his firtt booke & 


lait propofition of the {phere and cylinder. Whether if ? 


ye haue recourfe , you fhall perceaue how your Theo- 
reme here amendeth the common tranflation there: . 


and alfo our delineation geueth ‘more liuély thew of 


the chiefe circumftances neceflary to the conitruétion, 
then there you fhall finde. Of the {phere here imagined 


d 


to.be A,we note a folide fector by the letters P.O R O, 


So that P Q R doth fienifie the fphericall (uperficies, to 
that folide fector belonging : (which és alfa common to the 


drawne from the toppe of that fegment; ¢ which toppe 
fuppofe to be Q ,) isthe femidiameter of the circle, 
Which ts. equall to the {phericall fuperficies of the fayd 
folide {ector or fegment * as before is taught. Letthae 


-5 ^ x * 


4 


Jegment of the [ame [phere r R Q ) and therefore aline . 


6, 





4 


^ 


feg- 


linebé Q'P.By Q draw a line contingenr: which let beS Q T.At the poynt Q from theline Qs , Cut 


2 


l,then.draw the rightlines O S 
the triangle O S T, to make an 


*halfe circular reuolution,you fhall haue the vpright cone O ST: (whofe heith is O Q _, the ſemidia- 
meter of the {phere,and bafe the circle, whofe diameter is 5 T,)equall co the folide fectorP Q.R O. 


e 


... .. ATheoreme, 7. 


ron A 4 we i ' 
4 : 


`T oany fegment,or portion of aSphere,thatcone 


iséqucll, which hath that circle to his bafe , which 
és the bafe of the Pamet and hetth, aright line, which 


unto the heith of the feamet bath that proportia which a o> > 


the ſemidiameter of the Sphere , together With the fo 


beith of the other fegnsent vemayning hath tothe heith 
of the fame other fegment remayning. —" 


DUM 


p 


Thisis well demonftrated by Archimedes & there- | 
fore nedeth no invention of myne, to confirme the |. | 
fame : and for that the fayd demonttrationis ouerlong |. 


( -* 


^ 


here to beadded , I will refere you thether for the de- \ 


monftration: and here fapply that which to Archimedes \- 
demonftration fhall geue hght;and to your farther fpe- 


culanion and pradtife,thal bea gfeat ayde and direétion, 


Suppofe K to bea {phere : & the greateft circle K inco- | 
wh Must RvA teyned,letbe'A B C E,and his diameter B E, 8 céterD. a 
' Let the {phere K,be cutte by a playne fuperficies, per- 


pendicularly ere&ed vpon the fayd greateft circle AB- 
C E:let the fection be the circleabout A C:Andlet the 
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of Euchdes Elementes. Fol.383. 


feamentes of the fphere be the one that wherein is A- 
B C,whofe toppe is B:and theotherlet be that where- 
in is A E C and his toppe , let be E : I fay that a cone E MB , 
which hath his bafe the circle about AC,& heith aline Ds 
which to B F(the heith of the fegment, whofe toppe is — E 
B, ) hath that proportion that a line compofed of DE, 4 

the femidiameter of the {phere , and E F ( the heith of 

the other remayning fegment , whofe toppe is E ) hath ada: 

to EF,(the heith of that otherfegmentremayning) ,is ' 

equall to the fegment of the fphere K ; whofe toppe is 

B.To make thiscone , take my eafy orderthus. Frame `: G 
your worke for the find:ng of the fourth proportionall 

line:by making E F the firlt:and a line compofedofD- > A 

Eand EF thefecond:and the third, letbe B F: then by 

the 12. of the fixth, Tet the fourth proportionill line be | 
fo:nd: which let be F G : vpon F the center of the bafe 
ofthe fegment,whofe to peisB , erect aline perpendi- 
cularequall to F G found:and drawe the lines G A and 
GC: and fo make perfectthe cone GAC. I fay, thae 
_ theconeGA C, is equall to the fegment (of the {phere 
K)whofe toppe isB. In like maner,for the other fegmée 
whofe toppe is E,to finde the heith due fora cone equal 
to it: by the order of the Theoreme you mutt thus 
frame your lines: let the/firft be B F: the {econd’DB and 
B F,cempofed in one right line, and the third mutt be 
E E: where by the 12, ofthe fixth , finding the fourth, ie 
fhali be the heith to rere vpon the bafe ,( thecircle a- 
bout A C , ) to makean vpright cone;equall to the feg- 
ment,whofe tappe is E. 2 - 
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@, Logistically. Ty 


__ The Logifticall finding hereof is moft eafy :the diameter ofthe fphere being geuen ; and the por- 
pon s ofthe Rem e pee emeni conteyned ( or axes of the fegmentes ) being knowne. Then or- 
er jour numbers 1n the rule of proportion ; asI here haue made moi playne, in ordring of the lines: 
for thefottghe heith.will be the producte.___ — a” 
IN. faa J à 


E at 
ES 
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1 

i À | 

Hercby,and other the premifes it is euident that to any fegment of a Sphere, whofe whole diame- 

ter is knowne and the Axe of the figment genen, Ax upright cone may be made equall: or in any pro- 

portion , betwene two right lines affigned:and therefore ulfo aicylinder may tothe fa syd fegiaent of the Sphere,be 
tade equall,or in any proportion gewen,betwene two right lines, — i X3 : 


a 


A Corollary. 2. 


x 
t 


eM anifeftly alfo,of the former theoreme,it may beinferred that a Sphere; and his diameter ben 
ing deuided by one and tbe fame playne [uperficis „to Which the fayd diameter is perpendicular * the 
two fegmentes of the Sphere are one to the other in that proportion, in which a rectangle parallelipipe- 
don haning for his bafethe {quare of the greater part of the diameter, and his beth a line compofed of 
the lefe portion of thè diameter and the femidiameter:tothe rectangle parallelipipedon „haning for his 
bafe the fquare of the leffe portion of the diameter e his heith a line compafed of the femidiameter G 
the greater part of the diameter. ie "M WELLE T 


AT heoreme. 72. 


2 
y 4 € 


Euery Sphere, to the cube, made of his diameter, is (in mantr ) as11.t0 2%. 
` HHh Aij e As 
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A T he twelueth Booke 


As vpon the firft and fecond propofitiós of this booke, I began my additions with the circle (be. 
ing the chiefe among playne figures)and therein brought,manifold confiderations, about circles : as of 
the proportion betwene their circumferences and their diameters: of the contentor Area of circles: of 
the proportion of circles ro the fquares defcribed of their diameters: & of circles to be genen in al pro 
portions,to other circles: with diuerfe other moft neceffary problemes ( whofe vfe is partly there {peci- 
fied): So haue T in the end of this booke,added fome fuch Problemes & Theoremes, about thefphere 
(being among folides the chiefe) as of the fame, either in it felfe condidered ; or to.cone and cylinder,, 
compared (by reafon of fuperficies,or foliditie,in the hole,or in part: ){uch certaine knowledge demon. 
ftratiue may arife,and fuch mechanical exercife thereby be denifed,rhat(fure I am)to thefincere & true 
ftudent great light,ayde,and comfortable courage (farther to wade) will enterinto his hart: and to the, 
Mechanicall, witty,and induttrous deuifer:;new manet of inventions, & executious in his workes will, 
(with fmail trauayle for fete application )come to his perceiueraunce and vnderftanding. Therefore, e-, 
tien as manitolde fpeculations & practifes may be had with thecircle , his quantitic beingnot knowne; 
in any Kinde of {malleft certayne meafure: So likewife of th e {phere many Problemes maybe executed: 
and his precife quantitie,in certaine meafure,not determined, or knowne:yet,becaule, both one ofthe. 
frit (humane) occafiés of inuenting and ftablifhing this Arte,was sneafuring of the earth(and therfore. 
called Geometria , that is, Earthmeafuring) , and alfo the chiefe and generall end ( in deede } is mea~ 
fure: and meafure requireth a determination ofquantitie in a certayne meafure by nüber expreffed : Ie 
was nedefull for Mechanicall earthmeafures ,not to be ignorant; of the meafure and coritentsof the^ 
circle , neither of the {phere his meafureand quantitié,as neere as fenfe can imagine or wifh., And (1n. 
very deede)the quantitie and meafure of the circle , being knowne, maketh notonely,the cone and cy-. 
linder;but alfo the fphere his quantitie to beas precifely knowne, and certaync. Therefore feing in re- 
{pect of the circles quantitie(by Archimedes {pecified this Theoreme is noted ynto you:I wil,by orders 
vpon that(as a fuppofition)inferre the conclufion of thisour Theoremes, . — | 

Suppofe a fphere to be 
fignified by A: whefe diame- 
ter letbe,R S. To RS,leta 
line equall betaken , which, . - 
lecbe T V:of T V, by the46.'. | 
of the fiit, defcribe a fquare. *, 
Letthat quare be T Y. With 
in T Y let acircle be infcri- 
bed : by thez.of the fourth, 
which circle fuppofe to be 
OZW. Thac OZ W is e- 
quall to the greateft circle in 
the fpltere A conteyned, it is 
euident by the diameter , e- 
qual to'T V. 1f. vpó the fquare 
TLY,asabafe;.beerected,apa " 
rallelipipeds rectagle , whofe. , 
heith 1s equall to T V, itis e- 
wident that that parallelipi- 
pedonis acube. Which let 
be done : and that cube pro- 
duced ,lerbe noted by T X. 
Likewife ;ifvpon the circle: ^ ** 
Q Z W.,asa bafe, and ofthe. ; ... 


1 


4 tie 
li Y Th | 


heith equall co the line. T V5\. 
a cylinder be erected itis ma 
nifeft that the cylinder hath 
his bafe equall ro the greateft 
circle , in the {phere A , con- 
ceined: & heith, a line equall 
to the, diameterof.the fame, (i| - 
{phere A, Which cylinder leta oa fe 
IT , ae . 

¢ produced and noted by Z~ 
M .TYfay now that the {phere 
A,is fo the cube T X,(in ma- 
ner.) iasthe nymberrr isto ~.. 
thenumber.21. For feing the \: 
cube T X , was produced of 
his bafe,(the {quare T Y),be- 
ing brought into the heith of 
a line equallro T V : & like- AN 
wife feing the cylinder ZM, 
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of Euclides- Elementer. < Fol.389. 


is produced,of his bafe(the circle O:Z W)being brought into’ line,equal’to the faid T Viit followeth; 
feing theirheithes isallone,that the cube T'X-thall be to thé‘cylinderZ Mjas the bafe of FX; which is 
the'íquare TY yis to the báfe of Z M;ithavistbexircle'O:Z W ¿Büt the {quare'T Y3is to thécircle OZ 
Was the nutiber.r4 is'tóthenüber t. (irrtuábety, by Acchimedes dem Ollratió: wherfore,the cube T X 
i$ to thé dylitider.Z M,as the number 14; is tothe number 11((well tere)? And by my third Théoreme 
(hete added jthe cylinder Z M ji$ t cheSphere Aii fefquialtéta propoftion® thar is,as3:-to2. Where- 
fore the cylinder Z Mjhauing the fame 11: equall partés (Which he cohteyneth in refpect of the cube T+ 
X, being 14,0f the fame partes) deuided into 3 -equall portions,every one of thofe portions is 3 . And 


— — č * fs Yi A th p Í — ha * v, * ^ “* ha Bor 7 x * i 
allowing to the Sphere A, two of thote portions: itis euident,that the Sphere A {hall be7—fuch partes 
* °’ i E A z ` 14% * 2 t i 3 
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B Seed PUP A Le QN : j 3 
asare 14.in the cube T X:and rz in the cylinder Z M . Wherefore the Sphere A, is to the cube TX, as 
. . 2 . 4 
7—to 14. The fraction being reduced, maker. jand the number 14. being brought to the fame name, 
3 Mec s. 5 Y a AP uev. 4 A r SNE VE Aw. 


* . . Ea s a ^ : 
and denomination of thirds, maketh — Put away now theyr common denominator : and then remay- 
Tieth;for the Sphere-A;22. fach partes;as che cube T Xhath 42. And rhenidepreifing them, to thé fmal- 
left termes:for the Sphere A, you fhall haue 11.fuch partesas the cube T-Xconteyneth 21 . W.herefore 
euery Sphere,to the cube made of his diameter is,as 11.to 21. Which was requifite to be demonttrated. 
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Wherfore ifyou deuide tlie- Mc | | 

one fide (as TQ_) ofthe cube ` Mq vm UN 

T X into 21. equall partes, and in t 

Where rz-partes do end,recke- 

ning from T, fuppofe the point 

P:andby thatpoint P,imagine. 

a plaine (paffing parallel to the; 

oppofite bafes) to cut the cube 

T X: and therby,tlie cube T X, 

to bé détiided into two rectan- 

gle parallelipipedons , namely, 

T N,and PX: It is manifeft, 

* TN,to be equal to the. - Q 

Sphere A, by conftru&tion:and. 2,1, 

the 7.of the fift. 
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Secondly, the whole quan-147P © 
titie,of the Sphere A,being c6- 
tayned in the rectangle paralle- 
lipipedon TN,youmayeáafillre; : $ 
tranfforme the fame quantitie,: [^5 ^ 
intó other parallelipipedons 
rectangles, of what height,and 
of what parallelogramme bafe "T: 
you lit: by my firit and fecond 
Problemes vpon the 34.of this 
booke.Andthelike may you / 
do,to any affigned part of the Sphere A: by thelike meanes deuiding the parallelipipedon T N : as the 
partaffigued doth require. Asif a third, fourth; fifth,'or fixth,part ofthe Sphere A , wereto be had in a 
parallelipipedon,of any parallelogramme bafe affigned,or ofany heith affigned: then deuiding TP, in- 
to fo many partes(as into 4.ifa fourth part be’, to be tranfformed: or into fiue , ifa fifth part , be to be 
tranfformed Gc.)and then proceede;2s you did with cutting of TN from TX. And that I fay of paral- 
lelipipedons,may in like fort(by my fayd.cwo problemes,added to the 34.0f this booke) be done in any 
fided columnes, pyramids,and prifmes: fo.thatin pyramids and fome prifmes you vfe the cautions ne- 
ceffary,in refpect of their quantities, compared to the quantities of bodyes hauing parallel, equall, and 
oppofite bafes : whofe partes thofepyramidsor prifmes are :. as béfere in their propofitions,is by Zz- 
cde demonitrated.And finally;foifig; in.thefe preferit additionss you haue the wayes and ordershow 
to geue to a Sphere,or any fegment of the fame , :Cones;or Cylinders equall, er in any proportion be- 
twene two rightlines , geuen : with^many other moft neceffary-fpeculations and pra&lifes about the 
Sphere: I truft that I hane fufficientlysfraughted yourimagination, for your honeit and profitable ftu. 
die herein, and alfo geuen you ready matter, whetewith to'ftop the mouthes of the malycious , igno- 
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* A vetiangle 
parallelipipe- 
don genene- 
gual to a 
Sphere genen; 


Lo a Sphere , or 
to any part ofa 
Sphere affig- 
zed:as a third, 
fourth fifth Ege 
fo genue a paral- 
lelipipedon e- 
sall, 
Stded Columes 
Pyramids, and 
prifenes to be ge- 
uen equallto æ 
Sphere, or to 
any certayne 
partthereof, 
Lo a Sphere or 
any fepment, or 
fecfor of tbe 
Jame ,to genea 
cone or cylinder 
equall or 15 any 
proportion af- 
figned i ; 


Farther vfe 
of Sphericall 
Geometrie, 
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rant,and arrogant;defpifers of the moft excellent difcourfes; trauzyles; and iritiertióris'tnathematicall; 
Seingalwelthe heauenly fpheres;& flerres their fphericall foliditie, with theirconuexe fpherical fupers 
ficies,to the earth.arall tim es refpecting y and.their diflances. from:the earth , asalfo the whole earthly, 
Sphere and globe it felfe,and infinite other cafes , concerning Spheres or globes;, may-hereby with as 
much eafe and certainety be determined of, as of the quautitie of auy bowle;-ball,or bullet; which we 
may gripe in our handes(reafon, and experience, being our witneffes) : and without chefe aydes, fuch 
thinges ofimportance neuer. hable ofys;certain ely to. be knowne,or attayned vito. 555 i; ; 
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ic. Ifa Spheretenché a playae faperficies:avigbt line. drayyne from tbe center to the touche , foall be 
Vitragperpeustaberby dee phe oouiches Qro pues fosa mes 
bhi 
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Suppofe that there bea Sphere B C DL : whofe centre let be the poynt A. And let the playne fu- 
perficies G C I touch the Sperein the poynt.€ , and extend a right linefrom the centre A to the poynt 
C. ThenI fay thattheline A C iserected per- 
pendicularly to the playne G I C.Let the fphere 
be cutte by playne fuperficieces paffing by the 
rghtline L A C: which playneslet be A B C D- 
Land-&CEL , whichletcut theplayne G CI 
by the nghtlines G CH and K CI, Now it is 
manifett ( by the affumpt put before the 17. of 
this booke ) that the two fections of the fphere 
fhall be circles ;».hauing to their diameter the 
line LA C , whichis alfo the diameter of the 
{pherg, Wherefore the right lines GC H and 
K CI which are drawnein the playne G C Ido 
atthe poyntC fall without thecircles BCDL 
and ECE . Wherefore they touch the circles . 
in the poynt C, by the fecond definition of the 
third . Wherefore the rightline LA C maketh 
right angles with thelines GC Hand KCI by N : —-— M 
the r6jofthe third. Wherefore by the 4.of the eleuenth the rightline A C 1s erected perpendicularly (o 
to the playne Du paa C I wherein are drawne the lines GCH and K CI, Ifthercforea Sphere 
u 


touch a playne uperficies,a right line drawne from the centre to the touche, fhall be ereed perpendi- 





eularly to the playne fuperficies: which was required to be proued T paii á JU 
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: certaynes moft wonderfull and excellent 1 pe afsions. of? > of the thir- 

à lyne denided by an. extreme and m meane propor “tenth bookes 

it] onia inatter vndoubtedly of great and infinite vfe in 

Geometry as ye fhallboth in thysb bookéjand in the" 

| other bookes following moſt evidently 5 pefceaue. : Tt 

| (feeacheth moreouer the compofition’ of the fine re*- 

1 gular. -folides;and how to infcribe thën in Sphere 

3 .geuen, and alio fetteth forth. certayne coinparifons - 

iof fthe efayd bodyes’ both the’ one'to the. other, and ` 
alfo to the iD S d aer are deferibed.” Mr 
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I Fa arig ET d» re Ly imextreme and mbane proportion , ‘and tothe 
greater — be'addedthe halfe of theavhole line: the fquare made of 

» onthofertiwa lines added-together fhalbe ae to the —* ee y the 
io balfe of the whole dynes: gies unt ushursb atau, 


e i gi! 13h IP pos, A ge 149 o i TNR v i; Me e ae à nd BC » ! — i 13 * 

opoje that the right 
44 A B be deuided by an-|-— 
extreme and meane pro- 
Eee NIS portiv in the point C. And 
bet the greater fegment therof, be A d. «| 
And vato A C,adde direéily a ryght 
line A D, and let AD be equall tothe 
halfe of theline AB. Then-I fay that 
the [quare of the line C D is quintuple ~ 
to the [quare of. the line D A. Deferibe 
(by i 46. of the frf ) upon the lines 
AB and D C (quaresnamely, A E er^ 
D F, And in the (quare D. F defcribe. 
and make complete the figure. And éx- 
tend the line F C; to the point G. And 
forafinuch as the line A B is deuided 
by an extreme and meane proportion 
in the point C,thérefore that which is 
‘contayned under the lines A B and 
BCis equall tothefquare of the line 
AC. But that which is contayned vn- 
der the lines AB and BC, is the på- 
rallelogramme. C E,and the (quare d. 
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the line AC is tbe [quare H F. Wherefore the parallelogramme C E. isequallto the fauare 
: d féraJenugh as tbe line B A, is double to the line A D by c | | 
HF. And [arafmugh.as the line B A, is double to theline A D,by conftruction: but\the lyne 
B A is equallto tbe line K A,and the line A Dyto thelyne AH: therefore allo,the lyne KA, 
2s double te the line A H. But asthe lyne RK A isto the line AH s fo is the parallelogramme C- 
X to the parallelogramme CH :Wherefore the paratlelogramme CK is double tothe paralle- 
_togramme CH. And the parallelogrammes LH and- CH are double.to. the. parallelo.. 
hy. £ Jw ^-* Mei II. 2I 58) bp A M ERI A. Ww ri T m - — 
gramme Cfor ſupplementes o parallelogrammes are by the 43 .of the firft equall the one 
9 tethe other) Whe gore the parallelogramme C Kis equallto the parallelogramimes L H ey 
€ H. And itis prosed tbat the parallelo gramine C E 15. equalltothefquare F H . Wherefore 
thewbole [quare A E is equallto tbe gnomon,M X N. And forafinuch as the line B A,is don. 
ble ta the tine AD. therefore the [quare of the line B d is, by the 20.0f the fixth quadruple. 
to the [quare of tbe line D vA that tS, the [quare A E to. the fquare D H. But the quare AE 
is.equall to the quomo M X N, wherefore the nomo M X N, is alfo quadruple to the fquare ` 


DH. Whereforethe whole fqnare D. F is quintuple to the fqudre D H: But tbe quare D F,, 
Pf ipeete Ar Vis tore C Da ad phe quax D in ie quare afia lime A. Wherefore 
she Jaa AaS D, is quintuple to the [quare of the line D A. Yf'thereforea viabt line 
be deuided by an extreame and meane proportion, and to the greater feement, be added the 
halfe ofthe whole line: the [quare made of thofe two lines added together fhalbe quintuple to 
tbe [quare made of the balfe of tbe whole line: Which was required to be demonftrated. 
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~ Thys.propofitien is an other way demonflirated after the fiueth propofition of this booke. - 
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^. Tfavigbtlne be in poer quintuple.to afegment of the fame line:the.dons 
ble of the fayd fegment is deuided by an extreame.and meane proportion, 
and the greater fegment thereof is the other part of the line genen at the be 
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xerfe of the tuple to a fegment of the 

former. fame line, namely, to A-~ 





=D, and let the double of . 
the line A D be the line AB. Then I 
fay that the line AB is denided by an 

extreme and meane proportion , and e 
the greater fegment thereof is tbe lyne 

Confirution. A C.Defcribe On either of the lines A B 
And C D [quares ,pamely A E and D- 
. F. And in the fquare D F make per- 
`- fect the figure,and extend the line F C 
tothe point G. And forafimuch as the 
{quare D Fis quintupleto the (quare 
DH, by {uppo[Sition, therfore the gno- 
mon M N X is quadruple to the [quare 
D H. Andfora[much as the line AB 
is double to the line A D,therefore the 
{quare of the line A Bis quadruple to 

the {quare of the line AD (by M^ 
| 0 
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ofthe fixt), that is, the [quare A E to the {quare DH. Andit is proued that the ghomor M: 
N X is quadruple to the (quare D H. Wherefore the gnomon M N X is equall to the [quaré 
AE. And forafmuch as the line A B is double to the line AD but the line AB is: eguali to 
the line A Kand the line A D tothe line AH: therefore theline A K is double to theline A- 
H: wherefore alfo (by the first of the fixth) the parallelogramme A Gis doubleto the paral. 
lelogramme.C H. But the paralielogrammes LH and C H are double to the parallelogramme 
C H (bythe 43 .of the first): wherefore the harallelogramme AGis equall to the parallelo- 
grammes LH and C H. And it is proued hat the whole gnomon M NX is equallto the wLofe 


fquare AE.Wherefore therefidue H F is equal to the parallelogramme CE. And C E. 


is that which is contained under the lines AB andC B, forthe line A Bis equal to the line 


BE, and H F is the {quare made of the lime AC.Wherefere that whichis contayned under 


the lines AB and B G, is equall to the [quare of the line. AC.Wherfore asthe line AB 
as tothe line AC, fois theline AC tothe line C B. * Bat she line A Bis greater then the line AG, 
wherefore the line AC is greater then the line C B.Wherefore the line A Bis deuided by an 
extreme and meane proportion, and the greater fegment thereof is the line AC. If therfore a 
right line be in power quintuple toa fegment of the fame line,the double of the fayd fegment 
is denided by an extreance cy meane proportion, and the greater feement thereof is the other 
part of the line genen at the beginning: Which was required to be proued. 

* Now, that the double of the line A D (that is.A B) is ereater then the line AC "ay 
thus be proued. For if mot, then if if it be pofible let the line AC be double ta the line A D, 
wberefore tbe [32re of tbe line AC is quadruple to the (quareof the line A D. Wherefore 
the {quares of the lines A Cand A D are quintuple to the ps of the line A D. And it is 


ff "pp ofed that the {quare of the line D C is quimtuple to tbe[quare of 1be line A D , wherefore, 
tne 


fquare of tbe line D € is equall to the [quares of tbe lines A C and A D: which is impof- 
fible (by the 4. of the fecond). Wherefore the line AC is not double to the line A D.In like 
Sorte allo may we prone that the double of the line A D isnot lefe then the line AC, for this 
is much wore abfurd: wherefore the double of the line A Dis greater thé the line AC- which 
was required to be proued. | 


- 


This propofition alfo is an other way demonftrated after the fiueth propofition of this booke, 
Two Theoremes, (in Evclides Method neceffary) added by M Dee. 
gy > AT héoreme — 
A right line can be denidea by Nea extreame and meane proportion but in one onely poynt: 


Suppofe a line diuided by extreameand meane proportión,to be A B.And letthe greater ſegment 
be A C.1 fay,that A B cau not be deuided by the fayd proportionjinany other point then inthe point 
C .Ifan aduerfary wouldecontend that it may, in like fort, be deuided in:an other point: lethis 
other point , be fuppofed to be D: making A D,the greater fegment of his imagined diuifion. Which 
A D, alfo,let beletfe then our AC: for the firit difcourfe ; Now, fora(muchas by our aduerfaries 
opinion, A D,is the greater fegment, of his diuided line: the parallelogranime conteyned ynder AB 
and D B, is equall to the fquare of A D,by the third definition and t7.propofttion of thé fixth Booke, 
And by the fame definition and propofitiód ', the parailelogramme vnder A B , and C B, conteyned 
is equall to the fquare of our greater fegmeént AC. Wherefore,as thie parallelogramme, vnder A B 
and DB, isto the fquare of AD : {ois the parallelogramme, vndet A B,and C B,to tlie Íquare ofA C 
For proportion of equality, is con- : 
cImdsd in them both. But, foraf- 
much as DB, is ( by *fuppofition} 
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and C B:by the firft ofthe fixth (for 

A Bistheir equall heith .) Where- 

Sore,the fquare of A D, fhalbe grea- A 
_terthen thefquareof AC: bythe ' c B 

14. of the fifth . But the line AD, ve !d3L Lkw Ie 

is leffe then the line AC, by fuppofi- 

tion: wherefore the fquare of AD 

is leffe then the {quare of A C . Andit is concludedalfo to be greater then the {quare of A C: Where- 
fore the fquare of A D, is both greater,then the fquare of AC : and alfo lefle. Whichisa thing impof- 
ible. The fquare therefore of A D,is not equall to the parallelogramme ynder AB, and DB. And there- 
fore by the third definition of the fixth , AB is not deuided by an extreame and meane proportion, in 
the point D:as our aduerfary imagined . And ( Secondly ) in like fort will the inconueniency fall out: 
if we affigne A D,our aduerfaries greater fegment , to be greater then our A Gs Therefore feing neither 
on the one fide ofour point C ; neither on the other fide ofthe fame point C,any point can be had , at 
Which theline A B can be deuided by an extreame and meane proportion , it followeth of neceffitie, 
that A B can be deuided by an extreame and meane proportion in the point C,onely.Therefore,a right 
line can be deuided by an extreame and meane proportion , butin one, onely point: which was requi- 
fite to be demontftrated. bs i 3 


ATheoveme. 2. 


2 
What right line fo ener being denided into two partes, hath thofe his two partes, proportional , to 
the two fegmentes of a line denided by extreame aud emeane proportion:is alfo it felfe deuided by ant exe 
treame and meane proportion:and thofe his two partes ave his two fegments of the fayd proportion. 


Suppofe,A B,to bea line deuided by an extreame and meane proportion in the point C,and AC 
to be thegreater fegment.Suppofe alfo therightline D E , to be deuided into two partes , in the point 
F:and that the part D F, is to FE,as the fegment A C, is to C B:or DE, to be, to A C,asFEistoC B. 
For fo thefe partes are proportionall , to thefayd fegmentes . 1fay now, that D E is alfo deuided by an 
extreame and meane proportion in the point F. And that D F, F E, are his fegmentes of the fayd pro- 
portion.For,feing,as A C,isto C B:fo is D F,to FE: (by fuppofition).Therfore,as A C,and C B(which 
is AB)areto C B:fois D F,and F E, which is D Ejto E E:by the 18.of the fifth. Wherefore(alternate- 
ly)jasAB istoDE: foisC B,toF E. And B 
therefore,the refidue A C , isto the refidue A C 
D F,as A Bisto D E,by the fifth ofthe fift. | : 

And thenalternately,A C isto AB,asDE, ` -p F E 

is to DF. Now therefore backward, ABis — — — — — — 
toAC,asDEistoDF.Butras ABisto å- 

€,fois AC toCB ;: by the third definition 

of the fixth booke. Wherefore D EistoDF,as ACisto CB: by the rs. of the fifth.And by fuppofiti- 

on,as A Cisto C B,fo is D F to FE: wherefore by the 11.0f the fifth ,asD EistoD F: foisDEtoFE. 
Wherefore by the 5 definition of the fixth , D Eis deuided by an extreame and meane proportion , in | 
the point F. Wherefore D F,and FE are the fegmentes ofthe fayd proportion . Therefore , what right | 
line fo ever , being deuided into two partes , hath thofe his two partes, proportionallto the two feg- 
mentes ofa line deuided by extreame and meane proportion:is alfo it felfe deuided by an extreme and 

meane proportion, and thofehis two partes are his two fegmentes,of the fayd proportion: which was 


requifite to be demonftrated. 


Note. 


Many wayes,thefe two Theoremes,may be demonftrated : which I leaue to the exercife ofyoung 
ftudentes.But vtterly to want thefe two Theoremes,and their demontftrations:in fo puces! a line,or 


Thechiefe lime rather the chiefe piller of E#c/ides Geom etricall pallace,was hetherto, (and fo would remayne ) agreat 
fn all Escldes diſgrace. Alſo ĩ thinke it good to note vnto you, what we meane,by one onely poynt . We meane, that 
Gaa Darra the quantities of the two fegmentes,can not bealtered,the whole line being once geuen -And though, 
Whatisinent from either end ofthe whole lin e,the greater fegm ent may begin : And fo asit were the point of feéti- 
here by,4 fèđti- on may feeme to bealtered : yet with vs , that is no alteration : forafmuch as the quantities ofthe feg- 
—— enely mentes,remayne all one.I meane,the quantitie ef the greater fegmen tais all one : at which end {o euer 
poiat., itbetaken: And therefore,likewife the quantitie of the leffe fegment is all one.&c. The like confidera- 


tion may be had in Eweljdes tenth booke;in the Binomiall lines, &c. 
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Ifa right line be denided by anextreme and meane proportion, and to the 
lefse fegment be added the balfe of the gerater fegment: tbe [quare made. 
of thofe two lines added together ,is quintuple to the [quare made of the balf 
line of the greater feginent. 


Sal” ppofe that the right line AB be denided by an extreme and meane proportion 
ip the point C. And let the greater fegment thereof be AC. And denide AC into 
two equall partes in the point D. Then I (ay that the [quare of the line BD, is 
SOLNA quintuple to the [quare of the line D C. Defcribe (by the 46. of the first) vpon 
the line A Bafquare AE. And defcribeand make perfect the figure (that zs diuide the lyne 
AT like unto the diuifion of the line AB,by the 10.0f 

the fixth, in the pointes R,H , by which pointes drawe A. D c D 
(by the 31.0f the firft) unto the line A B parallel lines 
RM and HN. Solikewife draw by the pointes D,C, 
vuto the line B E thefe parallel ines D L and C 8, e 
draw the diameter BT). And forafmuch as the line 
AC is double to the line D C, therefore the [quare of i 
A C, isquadruple to tbe (quare of D C , by the 20. 0f 
the fixth, that is , the [quare RS to the [quare F- H 
G. And forafinuch as that whichis contayned under 
the lines AB and BCis equall to the {quare of the 
line AC, and that which is contayned under the lines 

A Band BC isequallto the parallelogrammeCE,g T ` V S H 
the fquare of the line A Cis tbe [quare R S: wherefore the parallelogramme C E is equall to 
the {quare RS. But the {quare RS is quadruple to the fquare F G : wherefore the parallelo- 
gramme C E alfo és quadruple to the [quare FG. Acayne forafmuch as the line AD is 








— equall tothe line D C,therfore the line H K is equall the line K F, wherefore alfo the fquare 


G F isequall to the [quare H L: wherefore the lineG K is equall to the line K L, that is, the 
line MN tothe line NL: wherefore the parallelogramme MF is equall to the parallelo- 
gramme F E. But the parallelogramme M F is equall to the parallelogramme C G, wherfore 
the parallelogramme C G is al{o equal to the parallelogramme F E. Put the parallelogramme 
CN, common tot he both: * y. herefore the £uomon X O P iseaquall t0 tbe parallelogramme cE. But.the 
parallelogramme C E is proued to be quadrupleto G F the {quare, wherefore the gnomon X- 
O P is quadruple to the {quareG F. Wherefore the [quare D N is quintuple to the fquare F- 
G. And D Ns the {quare of the line D B, and GF the fquare of the line D C. Wherefore 
the (quare of the line DB is quintuple to the {quare of the line DC. If thereforea right line 
be deuided by an extreme and meane proportion, and to the leffe fegment be added the haife 
of the greater fegment: the {quare made of thofe two lines added together is quintuple to the 
{quare made of the halfe line of the greater ‘fegmet: Which was required to be demonftrated. 


Ye fhall finde this propofition an other way demonftrated after the fiueth propofition of this booke. 


Here foloweth M.Dee,his additions. 


q AT heoreme. ır. 


Tf aright line,gesen,be quintuple in power,to the powre of a fegneens of him felf:the double of that 
Ils 
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Conſſlruction. 


Demonſtyn 
ion, 


* Note , bor C € 
and the gnonem 
XO P ,are pros 
ned equall, for 
st ferueth tx 

the conuerfe dee 
monftrated b 7) 
M.Dee,bere 
next after. 





- 


7 bisbroofz- 
tion séhe 
connerfe of 
the formere 


% As we bane 
noted the 


place of the 


ecutier profe 
there.fin the 
demoftration 
of tbe 3. 


The thirtenth Booke 


fegment,and the other partremayning , of the firft. genen line , make a line ,dinided by extreme and 


mean proportion:and that double of the fegusent ts the greater part thereof. 


Forafmuch as;this,is the connerfe of Euclides third propofition: we will vfe the fame fuppofitions 
and conttrudtions there fpecified : fo farre,as they fhall ferue our purpofe . Beginning therefore at the 
conclufion, we muftinter the part of the propofition, before graunted. It was concluded, thatthe 
{quare of theline DB, is quintuple, tothe {quare of the line DC, his owne fegment. Therefore 
D N(the fquare of DB)is quintuple, to G F, (the fquare of DC). But the {quare of AC (the dou- 
ble of DC) whichis RS, isquadruple to G F, (by the fecond Corollary of the 29. of the fixth): and 
therefore RS, with G F,are quintuple to G F:and fo itis euident, that the {quare DN , is equall to the 
fquare R'S,together with the {quare G F. Wherefore,from thofe tworequalles , taking, the {quare G F, 
(common to them both): remayneth the íquare R S , equall to the Gnomon XO P. But to the Gno- 
mon X O P,the parallelogramme* C E,is equall: Wherefore the {quare ofthe line A C, which is RS, 
is equailto the paralielograme C E. Which parallelogamme is cétained vnderB E,(equall to AB: and 
C B,the part remaynine of the firftiine geuen : which was D B.And theline A B,is made of the double 


of the fegment D.C,and of C B,theorher part of the line D B, firftgeuen. Wherefore the doubleof the | 


fegment D C, with C B,the partremayning (which altogether, is the whole line AB) isto AC, ( the 
double of the fegrnent D C Jas that fame,A C,1s to C B: by the fecond part of the 16.0fthe fixth. Ther- 
fore by the 3.definitió ofthe fixth booke,the whole line A B,is deuided by an-extreme and meane pro- 
portion, & A C,(the double of the fegmét D C) being middell proportionall,is the greater parttherof, 
2 herefore,ifarightline,be quintuple in power, &c,.(as.in the propofition } which was to be demen- 
ſtrated. ? 


Or, thus tt may be demonftrated. 


'Forafmüch as the fquare,DN is quintuple to the fquare GF, (I meane the fquare of DB thelinegené, 
to the fqüare ofD C the fegmét): And :he fame fquare D N,is equall to the parallelográme vnder A B, 
€ B,with the {quare made of thedline D C: by the fixch of the fecond: ( for vnto the line A C , equally 
deuided: the line,C B,is,as it weze adioyned). W herefore the parallelogramme vnder A B, CB , toge- 


V 


ther with the fquare of D C , whiclris G F , 15s quintupleto A D c B 
the fquare G F, made of the line DC. Taking then , that’ "E — 
{quare G F,from the parallelogramme vnder A B,C B:that 
parallelogramme(vnder A B,C B)remayning alone, is but 
quadruple to the fayd {yuare of the line DC. But, (by the 
4.ofthedecond or the fecond Corollary of the 20. of the 
fixth.) RS, the {quareof-theline AC, isquadruplatothe |] 

[ame fquare G F: Wherfore by the 7 ofthe fifth the fquare R, cn 
of the line À C , isequáll to the parallelosramme vnder A- 

B,C B,and fo,by the fecond part ofthe v6. ofthe fixth: A- 

B,A C,and C B, are threelines in contiauall proportion. - t 
Audfeing AB isgreaterthé A C,thefameAC,thedouble j ` fi 
ofthetline D C , íhall be greater then thepart B C ,remay- j 

ning: Wherfore by the 3.definition of che fixth,A B,(cem- 

pofed or made of the double of D C, and the other part of l 
D B remaining)is deuided byanextremeand middelpro- T ^" L S E 
portion: and alfo his greater fegmenris A C the double of | 

the fegment D C. W herfore ,lfa right line:be quintuple in power &c. asin thre propofition: which was 
to be demonilrated. 








E A T heorenie. Be 
Tf aright line,denided by an extreme and meane proportion , be geuen , andtothe great feguent 
therof be directly adioyned a line equal tothe whole line genen,that adioyned line,and the faid greater 
fégment,do make a line dinided by extreme and.meane proportion , Whafé greater fegment is the line 
eadieyned. 


Suppofethe line geuen , deuided by extreame and meane proportion „tobe A B deuidedin the 
point Cand his greater fegment,let be A C: vnto A C direétly adioyne a line equall to A B: let that be 
À D: ILfay,that A D, together with A C,(thatisD C)isa denided by extreme and middel proportion, 
whofe greater fegmentis AD, the line adioyned. Deuide AD, equally in the point E. Now , foraí- 
much as A E, is the halfe of A D,(by conítru&ion , ) it is alfo , the halfe of A B(equall, to A D,by con- 
ftruction) : Wherfore by the z, of the thirtenth,the fquare ofthe line compofed of A C and A E(which 
ineis E C}is quintuple to the fquare of the line A E. Wherefore the double of A E , and the line " x 

a compofed 
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compofed, (as inonérightline) isalNede- ^^ o evosogn o io Nn hi - 
uided by extreme and meane proportion;by cogens wide b ge cto 
che conuerfe of this.third(by me demonttra- D pert. is oa 
ted): andthedoubleof AE,isthegreater _ Te wie A C P 
fegment .-But D C is the line compofed of 
the double of AE, & the line A C:and with SIMI a Rein! P (gi 
all,A Disthe double of AE. Wherfore,D C, pa Ne ERE qo ry sre nm eem 
‘is a line déhided by extreme and'iicane pro cn 27 774770 5209s 2h 7 0-7 sonus io Eus. 
portion,and’A D,is-his greaterfegment.1Fa right line,therefore , deuided-by extreme and meane pro- 
portion, be geuen,and to the greater fegment thereof , be dire@lly adioyned a line equall to the whole 
line geuen,that adioyned line , and the fayd greater fegment , do make a line diuided by extreame and 
meane proportion , whofe greater fegment,is the lineadioyned : Which was required to be demon- 


ftrated. 
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posu. o0 o Tb other briefe deman[Irations of tbe ame. — 
“ane — ae =A Ia = TUNE * Therefore,b3 
. Foraímuch as,4 p isto A C:as A &,isto 4 c(becaufe à p is equall to 4 2,by conilruGtion ).: butas ra Jee a * 

A B isto A G fois a c to c s:by fuppofition.Therefore by the 11.0f the fifth ,as a cisto c's , foisap —— 
to 4 C. " Whercfore , as 4 c ,and c s,(which is 4 2 )is to c 2 :foisa n,and A c ( whichis p c)to 4 c. hes S E 
Therefore, euerfedly;,a: 4 s,isto 4 c:fo 15'p-c to A D. Anditis proued, a p,tobetoa c:asa cisto ^s T — 
cex.Whereforeasasistoac,andac,tocs:floisp c,toav,andapn,toac.Butag,ac,andcs NS FA 
are in continuall proportion,by fuppofition: Wherfore p c ,*'D,and ac, are in continuall proportion. — de t 
Wherefore;by the 3.definition of the fixth booke,p c,is deuided by extreme and middell proportion, obs Toe M" 
and his greateft fegment,is 4 5 .Whhich was to be demonttrated;Note from'the marke *,how this hath AS — 


J t 


c f « r 
1 3 » t ^ h 
Y - B3 + . 4 
^ — eti (A i bs 


two demonítrations.One I haue fet in the margent by. 4 ci 
"m bigger 
fe ^ nue then C B: thera 
€ A Corollary. r. fore D Ais 
` ; greater then An» 


Upon Euclides third propofition denonftrated,it is made cuident: that,of a line denided by ex- * Ah 
treame and meane proportion sf yon produce ehe lef fogment equally tothe length of thegreater :the “, the win 
line therby adtoyned,togetber with the fayd leffe fegment,make a new line deuided by.extreame and finn Which 
middle proportson:Whofe leffe fegment is the line aduyned... je ad ta MN Mr y vn IS 
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Forjif A B;be deuided by extreme and middell proportionis thepoint C,A'C;beingthegreater > ; 
fegment;and C B be produced,from the poynt B making line; with € B; equall to-A C , which letbe — 
C Q :and the line thereby adioyned;let be B Q : 1 fay that'C Q , is a line alfo deuided by anextreame «sous 
and meane proportion,in the pointB:and that 8 Q.. (the lineadioyned)is the leffe legment,For bythe .. * 
thirde,it is proued,chat halfe A C,(which,let be,C D) with C’B)as one line ,compofed,hath his powre ; 
or {quare, quintuple tu the powre of the . : ^^ng 


fegment C 1D: Wherfore, by the fecond A n i "X + -— 2 
of this booke, the double of C D, is de-, — 3 B > — 

uided by extremie and middell propor- \ ae ee a ae ee = 

tion: andthe greater fegment thereof, ` D | ! Q- 


fhalbe C.B.But, by conftiuction, C Quis | 
the double of C D,for itis equallto A C. Wherefore C Q is deuided by extreme arid middle propor- 
tion,in the point B:and the greater fegment thereof fhalbe,@ B. WhereforeB Q, is the leffe fegment, 
which is the line adioyned.Therefore,a line being deuided, by extreme and middell proportion, if the 
leffe fegment,be produced equally to the length of the greater fegment,the line thereby adioyned to- 
gether with the fayd leffe fegment,make a new line deuided, by extreme & meane proportion, whofe 
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leffe fegment,is the line adioyned . Which was to be demonttrared: i 
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— If from tbe greater fegment of a line diuided,by extreme and middle proportion, a line equallto 
the leffe fegment.be cut of :the greater fegment thereby is alfo deuided by extreme and meane propor- 
tion whofe greater fegment [ball be nowthat part of it which is cut of. 
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For,taking from A C, a lineequallto C B : let A Rremayne.I fay , that A C, is denided by an ex- 
treme and meane proportion in the point R:and that C R,the line cut of,is the greater fegment. For it 
is proued in the former Corollary that C Q is deuided by extremeand meane proportion ín the point 
B.But A C,1s equall to C Q ,by conftrudtion:and C R is equail ro CB by conftruction : Wherefore the 
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refidue,A Ris equallto B Q the refidue.Seing therfore the whole 4.Cis equall to the whole C Q:and 
the greater part of A C , which is C- nien un alte we even An 
Risequalto CB thegreater part of = aw OS dl 
a te * p Bithia M 4 {J B EY ie sies sa 
C Q : and the leffe fegmétalfo equall Rei! RA EN Rr ee 
totheleffe:and withall feing € Qcs - 
proued to be diuided by extreme & ` 
meane proportion in,the point B , 1t 
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. C Bjisthe greater ícgmentof C, Q. :. C Rihall bethegregterfegment.of-A C . Which was to be de- 
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—— Trisenident thereby, a line being dinided byextreme aud meane proportion, that the line where= 
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by the greater fegment excedeth theleffe together with the' lee [eoment ; do make aline dinided by 
extreme and meane proportion: whofe leffe fegment , is the fayd line of exceeffe , or difference betwene 
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| Suppofea — in length and pofition,to be A I fay that A B is to be deuided by an extreme, 
and meane proportion: Deurde’A B into two equalliparts as inthepoint C; ProdüceA B diredly,from 
the poiat B, to the point D: making B D equal to B Coche lineA: D, and at the point Dsleta linebe 
drawen *perpendicular: by the 11. of the firft, which let be D F: (of what length you will). From DF 
.and at. the pointD;cut ofthefixthbparteof. J. 1 55i boss UU" NO A 
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ter, deſcribe à femicizcłe: which, letbe D H-., kao- cua 
F- From the point G, rere a line perpendicuṣ , 3 (gli au oers 


larto D F,which fuppofeto be GH :and let. 2, |. ieee ain 
it come to the circumference of D HF, in the K Wanra - ai 
point H.Draw right lines, H D,and H F.Pró C 
duce D H, from the point H; fo long, till a ^ 
line adioyned with D H, be equall to H F7: 
which let beD I, equall toH F . From the 
pointH, to the point B. (the one ende of ous —& bhe 
line geuen) leta right line be drawen-: as-H-)) nn, 
B. From the point I; leta dine be.drawen, tor: i 
theline A B: fo thatit be alfo parallel-co the. 
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line HB. Which parallel line fuppofe prs df [dits di fane] pz 
K: cutung the line A B, at the pornt 4 5 Ify D. C; A ducite — yy oe 3d) 2: "ds c z nz il tob "hs e . ! f 
that A B, is denided by an extreme & meane - 


proportion, in the point K. For the triangle D K I, hauing HB, parallel to IK, hath his fides D X and D 
1, cut proportionally,by the z. of the fi&th. Wheréforeas LHi1s to HD: fo isK B,to B D. And therfore 
compoundingly, (by the 12. ofthe fiueth ) as DI, isto D H: fois DK to DB. But by confiruction DI 
isequallto tLE: wherefore by the, of the fifth, D Lis toD H, as HF is to D H, Wherefore. by the rr. 
of the fifth, D-K isto DB,as H F is.to DH. Wherefore the fquare of D Kis to the [quare of D B; as the 
quare of H E, is tò the quare of DH : by the 22.0f the fixth: But the fquare of HF, ‘is‘to the: fquare of 
DH: asthe line GF is to the line G D` by:my corrollarj vpon the 6, probleme of my additions to the 
fecond propofition ofthe twelfth. Wherefore hy the 11. of the fifth, the fquareofD K isto the fquare 
-of DB; as thelinie-G Bis.to the liriesG D. But. by conftruction, G. Fis quintuple to GD. Wherefore the 
fquare of D K is quintuple to the fquare of D B: and therefore, the double of D B, is deuided by an ex- 
treme and:meane proportid, and B Kis the greater fegment.therof, by thez. of this thirtenth. Where- 
fore feing A.B.isthe double of D Biby conitrugion: the line A.B is deuided by an extreme and meane 
n1 ! / p roportion: 
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of Guchdes Eleméntes. Fol.394. 
proportion: and his greater fegment,is the line B K. Wherefore AB is deuided by an extreihéand 
meane proportion, in the point K, We haue therefore deuided by extreme and ineane proportion any 
line geuen in length and pofition. Which was requifite to be done. - —— * 
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The fecond way to execüte this.problem2 ^ o 


Suppofe the line geuen to be.4 2.Deuide 44 7 into two equall parts: 25 fuppofe it to be done in the 
point C. Produce A4 B from the point 2: adioyning a line equallto 5.€, whichlet be 7 D. To the right 
line 4 D, and at the point D, ere& a perpendicular hine equall to 7 D, lét tharbe D E; Produce £ D fto 
the point D to the — F: making D F to contayne five fücli equall partes, as'D E-is onc, Now vpori 


E Fasadiameter,defcribe a femicircle which let be £ KF: ind'let the Soci tyre 

point where the circumference of E K F, doth cue the line 4^ B;bethe ^ — s o 

point X. I fay that 4 2, is deuided in the point. K , by an extreme and dE. am neu: 
. t. , tw 

meane proportion., For by the 13 .of the {ixth E D,D K, & D Fate three E 


lines in continwall proportion, (2 xbeing the middie proportionall), 
Wherefore by the corollary of the 20. of the fixth, as E Disto.D F, fo is 
the fquare of £ D,to the íquare of D X , but by conftruction, E D;is fub- 

uintuple to D F. Wherefore the fquare of £ D, 1s (ubquirtuple to the 
fiar of DK. And therefore ‘the fquare of DX, is quintuple to the 
fquare of ED. And B Dis equallto’£ D5by.conttru&ion; therefore che 
{quare of D-X ,is.quintuple to the {quare of 2D. Wherefore. the dou- 
ble of BD, is denided by an extreme and meane proportion: whofe 
greatér fegmenris 7 X * by the fecond ofthis thirtenth'; Büt by con- 
ftruétion, 43,18 thé double of 5.2: Wherefore -4 2, 1s diuided by.ex-. 
treme dnd meane proportion, and his greater fegment;.is B.%:.and 
thereby, X, the point ofthe diuifion. We haue therefore deuidedby __ 
extreme and meatié proportion, any nghtline geuen,in length and pos © ** 
fition. Which was to be done. "- eyed, 
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Ech of thefe wayes,may well be executed: Butin the firft, you hauc this auantage: that the diame- 






xj p taken at pleafuie. Which in the {écoiid way,is eneriuitthrife folong, as thé line geucn to be de- 
ul ed, ] ` ' omiin d a . te ad 2, a 
di _., .& Lokn Dee. 
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If a right line be denided by an extreame and meane propor tion:the [quares 
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sage ade of the whole line and of the leffe fegmét, are treble to tbe [quare made 
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25 I the point C. And let the greater feg- ee ee a 
ment thereof be A CT ben I fay,that the fauares | oo ec po ⸗ 
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made ofthe lines A B , and B € , are treble to tbe g 

{quare of the line AC.Defcribe ( by the g6 .ofthe | 
first upon the line A B,a [quare AD E Ba Aand y * n 
make perfect the figure. Now. forafinuch as the 

line AB, is deuidéd by anextreame and meane | Dein "A 





proportion,inthe point C:and the greater fegmet 
thereof, is the line AC , therefore that which is 
coptayned Under the lines. A B and B C is equall 
to the [quare of the line AC . But that which is 
contayned under the lines A Bund C B is the pa- 
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- palicloranine A R and the [quare of théline A- °°: ciana | apunto 


'C€ is tbe fquarée FD. Wherefore the parallelo- | 
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cond Theoreme, 
added tothe 


third propoſitis A. 


For to udde toa 
sphole line, a 
line equall to 
the greater feg- 
mêr: E to adde 
£o tbe greater 
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whole lines all 
one thing se ; 
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gramme cA K isequailtothefquareF D. And | `` 
the parallelogramme AF is equall to the pa- | 
vallelogramme F E , out the {quare C K commoz 

to these both: wherfore the whole parallelograme.. . lg 
AK iseguallto tbe whole parallelogramme C^ c5 4. 
E. Wherefore the paralleloeramenés CE and A- 
K are double to1he parallelogsamme« 4 K . Bw i. 
she parallelogrammes AK and GE parethe eno- 6: 
mon L M N,aud the [quare C KV bereforethe 
gaomon L M N and the[quareC K are donble £o . * 
she paratlelogramme AK .But it isprowed vhatihe Ds n 
parallelogramme AK isequaltütbefAuare D FE... 00 ooo s 
Wherefore the gnomon L M N and hejfquare C-K are double tó 1be [quaré D F.. 
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she gnomon i M N and thefquares C K and DF ,are trebletüthbe (quare D F Bus the eno» 


son LM Nand the fquaresCK and’D E,are the wholé {quare AE tayether with the 


fonare CK , which are the {quares.of the lines AB and BC«And D F isthe {quare of the 


tine A C.Wherefore the fquares ofthe lines AB and BC yare treble to the fquare of the line 
AC. If therefore a right line be’ denidéd by an extréame and meane proportion;sie}quares 
nade of the whole line and of the defe fegnseut s are treble to the fa uare made of the greater 
segment: which was required te be proued. — p NI DU dT unen 
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Looke for an other demonftration of this propofition after the fifth propofition 
of this booke. i 
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Ifa right line be denided by an extreame and meane proportion, and ynto 
it be added a right. line ,equall to the greater feginent sthe whole right line 
_ is deuided by an extreame and meane proportion , and the greater Jegment 


l thereof jis the right line genen at the beginning. ssh oit Node pl 
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—— V ppofe that. the right line A B be deuided by aneytreame and. MEANE PTO orti- 
XI EVS on in the point Cand let the greater fegment shexeof be AC. And untothe line 
CX NS A B,adde the line AD equall.tothe line AG. Then L fay that the ine D- Bas 
SSO) denided by an extreame and meane proportion in the point A: andthe greater 
Segment thereof , isthe right lime v sl ** enu S tiat eM «UM ai 
put at the beginning namely, AB. | — (e yn t yO Nee babes 
Defcribe( by the 46 of the firft ) UP J Jg CS NEL, 2 NN Yan. Shien SM AS nade: 
onthe line AB a [quare A E,an4 - sies osse d ore th beth Se oud: 
make perfect the figure. And for af- s UN wx un Nada kt d t4 
much as the line A B, ts deuided by — Situ Cave HI. SNC V Xe EL f 
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an extreame and meane proportion | * vllum: os, ANCL el 
in the point C,thereforethat which — V WSW| v 02: EDNS 2iede 
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is contayned under the lines AB vt LA we des cd, on a eh k 
and BC isequallto the [quare of Meets fs mta dris: F 
theline AC.But that whichis con- nitty titplen en p 
tayned vider the lines A B and B- d — — — 
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C is the parailelogramme CE jand m of the line A C is the [quare C H . Wherefore 
the parallelogramme C E i$ egiallto tbe quare C H^. But' sto tbe [quare CH. js equall 
tbe (quare D H, by the firit of the fixth:and unto the parallelogramme C E,is equall the pac 
rallelogramme H E.Wherefore the parallelogramme D H is equall to the parallelogramme 
H E. Adde the parallelogramime H B common to them both . Wherefore the whole parallelo- 
gramme D Kis equall to the whole [quare AE. And the parallelogramme D K , is 
that which is contayned vader the lines B D and D A, for tbe line AD is equall to 
the line D. Le tbe [quare A E is thè fquare of the line AB.Wherfore that which is contay- 
ned under the lines A D and D B isequall to the [quare of the line AB. Wherefore asthe 
line D B isto the line B A, fois the line B Ato the line A D,by the 17. of the fixth . Butshe 
line D B is greater then the line B A. Wherefore the line BA is greater them the line A D. 
Wherefore the line B D is deuided by an extreame and meane proportion in the paint A,and 
Djs greater [eament is tbe line A.B - If therefore avight line be deuided by an extreame and 
meane.proportion and Unto it be added avight line, equall to the greater [egmseint: the whole 


right lisie is denided by'an extreame.and meane proportion and the greater fegmen t therof, 
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This propofition is agayne afterward demonitrated. 
A Corollary added by Campane. 


o Hereby iris manifeft tbatif frons the greater fegment of aline denided by an extreame © meane 
proportiot,be taken away the'leffe segment.» the Jayd greater fegment {hall be denided by dn extreame 
mid weane proportion and the greater feguzent thereof {hall bethe line taken aways... an. 
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7 Asfetthélinea s, bedéuidedby an extreameand meane 5 2 uuu j 
roportion;in the;pointe,. Andlet the greater fegment be the, |... 5 i o Cue | 
[hca tom se tke c »:makingtherefidueA p .lfaythatA-zd..—— 5. —— 
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point D,a that his greater portion is p‘¢ :‘For; by the definiti- +*+ 77 Aud (7. nC 


no(ofa line fo deuided) 4 5,1sto 4 casa cistoc s . Butasa c 
is to c B fo is aà c to p c,by the 7.ofthé fifth (fot csby.coiftrugtion is equall to c 2 )wherefore,by the 
11.0f the fifth,as a x isto a c,foisa ctoc p: and therefore by the 19.0f the fifth, asa v isto A c , fo is 
BAe ered eee Gate 4D (by thez.ofthe fifth) for c isby 
conitraci9n eqitallto\ck Whetefore,y:cistow. ¢3a8 Cis to.a.p,and:{o;by the definition’ofa line de 
uided by an extreameandm cene propdiiequtappearetuoa cánthe point p, to be deuided , by an ex- 
treame and meane propor&ion: which Wasto be proued.' YUYA OYSA SSS D VAERS SINA CS ST 


; ah cial c'i my WT . — 
Tuo Corollaries(added M-Dee followin i Cbiefely bpon the veritie, 
vy dat he, Ad devzonstration of his Additions unto the 3 porpofition annexed and 
pie ARTS Si pariely upon ibis feb; by Euclid desüisraled, "^ ^e 
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_ As any lize being deutded by an extreame and middle —— , doth gene vs three right lines, 
Fa Contin prop eveton :Soyeither: 27, adsayning directly to the greater fegment,a line equalttathe first 
abolere vk Senondly ) Ey producing the lefefegment.,..equally.tothe length of the greater figment: 
ATR CARE LLG eate ERE Pe! equal to rhe lefe (egment:ar( forrtbly )by ad- 
Ime equali to the fame fegmient:ut ss mianifef that in entry of 

thefe foryer wayes,we baue two Ines denided. by an extreameand meane proportions e ito wéeteone 
genen,and tbe other made )and With ally euery way,we haue fower lines in continwall proportions. >... 
Cu ee N, e 83M vv» (rase saa — —5 
Of theſe two lines, (by extreame and meane proportion deuided)their demonſtratious are after 
Euclides 3, propoſition added: and here in this fifth by Eweside proucd,But of the fower lines in continu- 
all proportion feing,the demonttration is moft eafy for any man to fráme.I will here;bnt note the Jines 
| KKk.y. vnto 
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The thirtenth Booke 


vnto you: às in euery of the fower places,the conftructions hane them lettred and fpecified.-As in my 


Aefé4. 1. Frit way added after the third propofition,D C,A D,A C,and C B:are fower lines in continuall propor- 
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p- tion .And in the fecond way,AB,C Q.. (equall to AC)CB,and B Q iare fower lines in continüall pro. 
3+ portion.And in the third way,A B,A CC R,(equall to CB) and A R, are the fower lines i Continual 
^  proportion.And in the fourth way(by Esc/de declared)D B,A B,A C(equallto A DJand C Bare fow« 
Note 1.  erlinesin continuallproportion.So,that in the firit way you haue A D;and A C,middle proportionals 
twomid- 1. — becweneD C,and C B.In the fecond way,you haue C Q , and C B;betwene A B;and B Q -In tbe third 
diepropor- 3.  way,you haue A C,C R,betwene A B and A R:and in the fourth way yon haue A B,and A C;betwene 
tunale 4. D Baand CB, i oe itt? A c TAN: (Tg v 
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Enne AR mangel that youmay by any of the fower wayes here fpecified proceede infinitely 5 in the 
Wote4. Daje srosorrion of aline denided by extreame & middle proportion: And inthe firft,and fourth Wayes, en- 
of progression in creafing continually the wuantities of the lites made : but — ànd third wayes , diminifhing 
ae continually the quantities of the faya Whole lines made( andt ereby their figmentes) : eA nd yet ,ne- 
byextreme.and wertheleffereteyning in enery line made (-by any of the wayes ) and in his fegments,all andthe fame 


meddle propore'. properties, which the firft line and his fegmentes haue. After which rate of Progreffion , as the termes 
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tion, in continuall proportion do encreafe,and are moe in number:So, likewife ,do the middle proportionalls, 
(accordingly become moe: But ener fewer in number by two,then the termes of the Proge efron are: 2 
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^oc Reilutionsis tbe affumption or taking of thething whichis to be proned,as graunted, 


What refalution “anil by thinges which ntcelfarily follow it,to pave vito fone truth grauated. oin os 
and compofit ton sT SFR oC ka M Guest fiwcali Wy o sieaa Cc. i Oe vas cry 
5s,hath before D 
bene taught in , « i Ms ?*y r "C "^ (m f^ T M E o What Compofition is. d * i. v b "i eet Lt Eau è ar 
arate Sho UNI td IU Qa es esa s py e X 7*9 Sa Feddema 9054 25 À abun A Qui } 
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MA ^^ Co mpofiti nj: an-alumption or taking of athing graunted, and by thinges which of 
neceffity follow it,to pa[fe unto the finding out of. the thing fought or to be proued. 
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Refolution of the firft T beoreme. 
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Yid Sisppofe that 4 te riainevight line A Bybe dinided by an extreame meane proportion in 
the point-C,ex let the greater fegmet therof be A Cai which adde alineequaltothe balfe 
q CA e ^? we ARa uum 3C a uns TE Se Fh vatbaWtorvo n db s Tideo. 
Á of the line A B,and let thatlinebe AD.Then! [ay that the [quare of tbe line € D is qain- - 
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of Euclides Elementes.:. Fol.396. 


which is conrayned under the lines C Ajand-A D twife. Wherfore that which is compofed of 
bbe [quaxésóf 1be lues C. A c AD povether with that which is cotained under the tines C» 
A; A Ditwife is quintuple to the fauaré ofthe line.A D. Wherfore,that which is compofed 
of the fauarea)sheline CA together with that,whichiscontayned under the lines C A, and 
C D'hefe B gqudpoplero tbefquare o she line«zADBnt Gptàstbat, which is contayned 
vider tenes GA aed. A Das tbIfe 53s eguall that whichiscontayned under the lines C A, 
and AB, for the line AB is double tothe line A D . And vnto the (quare of.the dini A- 
C, is equall that which is cotayned under the lines 4 Be B C,for the line A B, is by fuppofi- 
sion diuided by an extreme andewenat propoxtion;in thepoint: C> Wherefore, that, which is 
contayned under the lines AB, and AC, together with that which is contayned under the 
lines A Band B C,is quadruple to the (quare of the line A D.But that , which is compofed 
af that which 8 capta ped Udo Sho nes 4 Band AG tocerher with that which is contay- 
ned under the lines 4B and BC Ys belaire of the line AB (by the 2: ofthe fecond:)Wher- 
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fore the Square of tb > line A Bis quadruple'te the [q are of the line A D. And[fwis itin 
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xA fora enuch as the quare of the line A B is quadruple to the [quare of thè line A D; 


R 


hot the [quare af ihe line A B,isthit which is contajned under the lines A Band AC toge- 
ther with that which is contayned under the lines BA, and B.C. Wherefore that which is 
Ņ outayned under the lines B A and AG, together with that which is contayned under the 
lines B A and B Cis i uadruple fi the [quare of the line AD -But thåt which is contayned 
ardere liner dari A Cii equali tbar wbich is tonkayped vinder she lines D A yand 
dmi ne es sof the fixth) and that which is contayned under the lines A Band B Gis 
equall. to, tee Jquare of the line AC, by the, definition of aline dinided by extreme and 
eane proportion Wherefore the {quare of the line A C,together with that, which is contay- 
qtd under he kines. D and. A G iile is quaduple to tbe [quare of the line D AWherfore 


dD +i by 


ed BAS ays 2 ayi Any. iJ MU e sno d. — come. wl oe AE we F Tee ak Pe 
WD t whs his. compofed of i theJquares of the lines D A,and.A C,together ivith that which is 


gontayred under the linesD A,and AG tivife js quimtuple to tbe [quaye of the line DA But 


shat which is compofed of the [qnares of thé lines D'A, and AC, together with that which 
is contayned under the lines D A,and AC twife,is equall to the [quare of the lin CD ¢ by 
the 4.0f the fecond) Wherefore the fauare of the line C Dis quintuple to the [quare of the 
line A D: which was required to be derkonsizattd..... i as A 


"Aw s 


p? 
Íj fd 


t 


TUSISNS SMS Wah c SPESE Reſolution oßthe ‘2. The oreme:. raus c ZA 
A as wt asl bt .O-A es add et egest cte ete ha no deine ay phe 
2M Sappvferhar a certaynevight tine CD, be quintuple tòa feket of the fame line namely, 
-DMwNipd btth doublé of theline DAjbe AB.T he I faythat the line A B ts divided by an 
vextreimcawe meane proportion inthe point C-and the greater fegimét therofis A C, whichis 
whuveft OF the vight tenc par at vbe beelnnine-F or forafmuch asthe line AB is dinided by an 
extreame and meane proportion in the ‘poynt C., andthe greater fegment thereof isthe line 
A C,therefore that which is contained onder the lines A B,and BG,is equall to tbe (quare of. 
the line AC. But that which istontaye ere ey oe h: 
ned Under the lines B.A, and AC ise Biss eu ee ss 
ual to that which is contayned oñ- uet o .-. Uu TX. 
Airche lines-D A4 and A Cnwife Yorshe line B A,is doubletá theline A D . Wherefore that 
“phish ts contayned under the lines A B,and B C together with that which is cBtayned under 
she lines B Asan A C,whichis the fqnare of the line'A B (by the2. of the fecond) is equall te 
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The thirtenth'Booke. 
that which is contayned under lincs D Aj AG; twife together with the {quare.of the line 
AC But the (quare of the line AB,is quadruple to. the fquare of the line,D. A.Wherfore thas 
which iscontayned under the lines. D A;and AC, tmife,together with the {qpaneof the-line 
A C,is quadruple to the {quare of theliné AD Wherefore the{quaresaf the liges: RA, and 
A C,together with that whichis contayned:uaderthe lines D A,and AG, twi ‘Asivhigh is the 
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fquare of the line D C,arequintupleto1be fquareof théline DA. And [aarg.thty dn decde 
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But tbe fquare of the line, Dig that which qs cqpaked of shel qaares aj. nes 19A cr AC. 
together with that which ss cotained under. the he ACGot wares 
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of the line D AxA C together. with that. ich SC Ola) eA un ler the ù fe DAG AC 
7 MN Aiiev LO XB CN ear VE ES S 4 Wy Gores LY at SAAN SIN MARES. Dav 93 
twife are quintuple tothe [quare of the line DA.Wherfore,by diusfio,that which 1s cotaine 
under the lines D A, and AC, tmife together “ith thefquare of the line C Ais quadruple 
to the fquare of the line & D. And tbe [quare o heline A.B, is quadruple to tbe [auare of 
theline AD Wherefore that which is contayued vader. the lines DD À , aud A C tywife, 
ep ee ae A SN Gf SAL tun WGN A Gh Lh ASU AR) WAN ge 
which isthat, which is contayned under the lines D A 2 and AC once, toe E igh wt 
[quare ofthe line AC ¿sequal to the [Jjnare ofthe line & B. But the [quareof B A ? rm 
peg te $e ly Ny — E. Wate ag aise “ss 
whichis contayned under the linesBA , and A C, tog ether with that w b ibi Lontayned 
under the lines B. A and B, C .Wherfore that whith is tontajned under the lines BA,e> A- 
ey) ey ge A pt a: - Sp Es OA, QUY p a bod SU BC 4 ci} Y DDA Q bi 
C together with that which is cotayned under\th e lines. Boer BC, zs egual toy sat whith 
— * + — Venti SWAY Gd LSS ot. WIN EAR 2 RAS en ah 
is contayned vader thelines BA,and A C together with tbe [quare of the line AC. Row 
i| S a. CUR IX Cea ut d Rab Slo AS rut OF 
< thentaking away that whichis common to them both namely that which 25 CUÍA) nedvh er 
vel; 2 | 47399 2,2 eA Bey Ly beng: ‘ AY aX spe Wie SRS —* SUM RAJ X M tg 
the lines B.A and A C ithe refidue namely that which is contayned Uder the lines AB 
r LÀ Seats (Cp. vw SANA YY a gee cle is VT. AY pk RTE YR M. SOT Oy St Aon pm, tl 
‘C isequallio the fquare of the line AC. Wherefore as the lineB Ausstothe line AC fo 
is theline A Co the line C B.B ut the line BW is greater then the line AC, wherefore 
the line A C alfo is greater then the line C BWherefore the line A Bis dinided by anex- 
© e SA Nk CPU SS yes eas fa eg (AMO, EuARINUIA. UR Xa DEAN CAR Vasa 2S A, T n aN U a RARO 
streameand meane proportion in thë poynt GARE eare e TERE SET ià dhe line 
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Suppofethat a certaynésight line A B bediuided by Ap extreame , and mtane proper- 
tion in the point C sand let the greater fegment thereof be the line A.C, and let the halfe of 
theline AC, be the line GD, Then Vfay that the [quare of the BD is-qhizitupleto the 
{quareof the line CD.Forforaf{much'as the fqnare ofthe line BD; is quintuple tothe [quare 
of thedine CD: But the {quare of the line D.B, isthat\ which is: contayned Wuderthelines 
AB ,azd BC together with the {quar of the line): G (by the 6.0f the fecand), Wherefore 
shat whichis coutayned ‘under the lines A.B,andB Cy 9h sie aon var Sun 
1 together. with tbe f quar e of. the line DG » is. quintuple. EAM eo, aa n 5A sels «S Ww D B 
to the fquare of the line D C. Wherefore, that whichis: fu Pananda onigi 
contayned under the lines A:B,andB C , is quadruple 8's) COSA s 
to the fquare of thelineD C. But unto that whith ts anrai ss iyd S ex le “ig 
contained under the lints A-B,and B.C, 2s equall the [quare of theline A Cs for the line 
A B,is-dinided by an extreame and meane proportionin the point C. Whereforethe [quare 
Jr to the [quare of the line) sand [ois tt ws deeds, forthe line 
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Fora[much as. the line ACs. double to the line D C., therefore the [quare of the line. 


A Cis quadrupleto the [quare of thë line D C (bythe 20.0f the fixth) But unto the fquare 
of the line A C,78 equall that. which iscontayned underthe lines A B,and B C 3 by ſuppoſi- 
tion: wherefore that which is contayned under the lines A&B and BC , is quadruple to 


the {quare of the lige CD P Wherefore,that which is contayned under AB, andBC Mos 


ther with tbe [quare the line D:C, which is the fauare ofthe line D B ( by theo. of tbe fe- 
cona)is quintuple tothe {quare of the line D C: which was required to be demonstrated. 
VU 7 gal of the 4.T beoreme. 
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Suppofethat acertayne right.ine AB , be diuided by an extreme and meane proportion 
in the point C. And let the greater fegment thereof be AC.. Then 1 fay that the {quares of 
the lines AB,and B.C,are treble to the [quare of tbe line AC. For forafmuch as the [quares 
of thelines AB, .and BC, are. treble —— of theline AC, but the fquares of the 
lines.A B,and B C,are that which is contayned under AB., and B C,twife together with the. 


fauare of the line A C(by the 7.of the fecond) Wherefore shat which is contayned under the 


lines A B,and BC,twife,together with the [quare . .. > 


of the line A C,istreble tothe fquare of the line ~~~" | 

4C. Wherefore, thatwhich iscontayged under . c o a ow «e 
the lines:A Bc B C twifeis daubletotbefquare |... > > am n BON C 
of the line AC. Wherefore that which is contayned under the lines AB, and BC , once,is 


equallto the [quare of the line AC. dnd foit isi. deedé. For the line AB is dinided by an 
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extreme, and meant proportioninthepointC. o a., < 


A seem a Conspofition of the 4.T beoreme. 7 7 p. * ^ Lis 
ui su i 24505. og UMbt m sd uus * Ril. cafu Ou: 
xForafpiuch therefore as Ehe lige A B , is diwided by an-éxtreme and meane proportion 
in they oyi C and the greater {egment thereof is the line A C,therfore that which is contay- 
ned under thelines Band BC is equall 10 the [qmare of the line A C-Wherfure that which 
is cotayned under.the lines.A Band BC twifeis double tothe fquare of -A.C.Wherfore thas 
mhich is comtayned under the lines A Bjand BC , twife,together with the fquare of the line 
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A Gis ireble tothe fquare of the line AC.But that which is contayned under the lines A. 
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i 
B, and BG;twife, together with the fquare of the line A Gis the {wares of the lines A B,and 
BC (by the 7-0f the fecond) Wherefore —* — of the lines A B, and BC, are treble to the 
Jasareaf the liné-A Czwhbich wasreguired to be demonstrated > 7 0 SDI n iun, | 
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: Suppofe that acertainericht line AB , be diuided by dn extreme and meane proportion 
in the point C. And let thé greater Jeemeni therof bethe line A C. And nto the line A B; 
adde atine equallto the line AC ,andletthe [ame be A D. Then I fay that the line D- 
Bis dinided by an extreme and meane proportion in the point A, And the greater segment 
therof is the line A B.For forafneuch as the line DB is diuided by am extreme y meane pro- 
portion in the point A,and the. greater fegment thereof is the line-A B , therfore as the ling 
D B,is to sheline BA,fois theline Be. o oo nor hb ae o 
A, both HuOCA D but HEGRE Dye) ee Ege tens deh ap 
25 equall tothe line AC : wherefore as iia | | 
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tbe line D Byis tothe line B A foisthe line B A to'the lint A C.Wherfore by conuerfid as the 
Line BD is tothe line D A,fois the line AB to the line B C(by the corollary of the 19. of the 
fifth):wherfore by dinifion,by the.x7 of the fifth asthe line BA,is to the line AD, foisthe 
line A.C;to theline C B.Butthe line.A D is equall tothe line:A C.Wherfore asthelineB A, 
sto thè line A C fo is the line AC tothe lineC B.And fo it is indeede, for the line A B is, by 
fuppofition;diuided by an extremeand meane proportion in the point Cy 30 reo an 
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oce won c1» Compofition of tbe s T beoreme. ^ iss sv. 

Now forafmuch as the line A B , is diuided by dg extreme and meane proportion in the 
point C:therefore as the line B A is to the line A C fo is the line AC tothe lige C B: but the 
line AC is equall to the line AD Wherefore asthe line B Ais'to the line A D , fois the line 
A Cto thelineC B.Wherfore by compofition (by the 18.of the fifth )as the line B D 1s to the 
line DCA, fois the line AB th the line B C.Whereforé by conuerfion(by the corollary of the 
1g. of the fineth) as theline D B isto theline B A,fois the line B A to theline'AC:but the 
line CA Cis eqnallto the line-A D:Wherefore a8 the line D B isto the line B-A,fous thé line 
B A tothe line A C.Wherfore the line D B,is dewidéd by an extreme and meage proportion 
in the point A = and his greater fegmentis theline AB : which was required to be demon-: 
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duife by Tob Dev addis oi 0 S wee 
Hn Aduife by Tob Doc addel o 


iuftly be imputed to Ewclde,that he hath,thetby jeyther fuperfluitiéor any pàrc .difproportioned imn: 
hiswhole Cozesoftioa Elementall..And though, for one thing , one good demonttration well fuffifeth: 
for ftablifhing o£the veritie: yet,ofonething diuerfly demonftrated : to the diligent examiner of the 
diüerfe meanes; by which; that várietié ariféth, doth grow good occafions of inuenting demon-" 
Rrations where matter is more ftraunge, harde, and barren.Alfo,though refolution were not in all. 
Enclide before vfed: yet thankes are to be geuen to the Greke Scholie writter, who did leaue both 
the definition, and alfo, fo fhort.and eafy examplesof a Metho d, foauncient, and fo pr ofitable. 
Theantiquity of it, is aboue 2006; yeares: itis to Wetejeuer ince "Plato his time, and the profite, 
therof fo great,that thus I finde in the Greeke recorded. *M:fodo: 3% tuws zraqad id'oylaut: xaX ey uo 
5 di rg avandaews’, tx deyled suohoys Qe, dvayton vo Qi ouiduoy i xeu à Mara (è as pact) 
— dg vic xa excivos wrodhay xgile yeopergianterélas Isogsles yeresbas, , Proclus. 
hauing fpoken of fome.by nature, excellent in inuenting demonftrations , pithy and breif fayeth : Yet 


SEing,it is doubteles,that this parcel of Refolution and Compofition,is not of "Euclides doyng:it can not 


aréthere Methods geuen[for thàt purpo fe] :And.n dedesthat;the beft,which;by Refolution steduceth' 
the thing dduited ofjtsian endoubtéd principle. Which Méthod,Plato, taught Leodamas (asis ree: 
ported)And heisregiltied,theveby,to haue-bene theinuenter ofmany:things inGeomety. |... 
. And vérely ;.in Problemes , itis the chief ayde for winning and ordring ademonftration : firft by 
Suppolition,of the thing inquiréd of; to be done:bydueand orderly Refolution to bringitto aftay; 
at anvndowsted WAGE. Mi which poincof Art great abundance-of examples, are.to be {een}, in that. 
excelledrand mighty Mathematicien; Archimedes :.8¢ in his expofitor,Eutocius, ia Menachmus likes 
wife:and in Diocles booke,de Pyrijs:and in many other. And now, for asmuchas, our Euclide in the 
fait fix Propofitions of this thirténth booke propoundeth , and’ concludeth thofe-Problemes , which. 
were the ende,Scope, and principall purpofe,to which all the premiffes of the 12. bookes,and the reft 
of this chirtenth, are directed and ordered > Ir fhall beautician dampanc toa great commodity, by 
Refolution , backward , from thefe s. Problemes , to returne to the firft definition ofthe firft booke:1 
meane,to the definition ofa point. W hich,is nothin hard to do.AndI do counfaile all fuch,as defire 
to atecine'\ to the'profound knowledge of Geóniétrie , Arithmeticke, or uy braunche of the fciences 
Mathematicall , fo by Refolution., (difcreatly.and aduifedly) vo refolaesynlofe, vnioynt and difeaner 
enery parrot any worke Mathematical], that, therby, afwell; the due placing Ot enery id ds is 
proofe?as alfo, What 1s either fuperfluous;or wanting may evidently appeare. For ſo to inuent, & tiere 
with to ordét their writings, was thecuftome ofthem Who in the old time, were men excelled 6; And 
V (formysart)in writing any Mathematicall: conclufion, which requireth great di coude, arlength 
haue found, (by experience) the commoditie.of it, ſuch that to do other Wayes,were to med confu- 
Aon and an wniicthodicall heaping of matter together: befides the difficulty of inventing the ni 
to be difpofed and ordred.I haue occafion,thus to geue yon friendely aduife,for yorthehore: sacks e 
fome,of late;haue inueyed againtt Euclide or Theon in this place, otherwile than I | would yu £y 
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of Euclides Elementes. Fol.398. 
o Thes.Theoreme. \. Lhe 6.Propofition 
If arationall right line be diuided by an extreme and meane proportion: 
eyther of the fegments, is an trrationall line of that kinde, which 1s called 
a Kazefedualljihes- ; ^ uem mM cce 


. 
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proportion inthe point C,and let the greater fegment thereof be A C.T hen I 
[ay that eyther of thelines A C, and CB , isan irrationall line of that kinde, 
MEK) which is called a refiduall.Extend the line AB,tothe point D: and let the line 
AD,beeqguallto halfe of theline AB. ie | | 
Now foras much as the right line A B is p Pae — 
dinided by an extreme c macane pr ofp ap — 
tion in the point C,and unto the greater á ' 
fegmet AC is added a line A D ,equallto the hatfe of the right line A B:therfore( by the 1.0f 
the thirtenth) the fauare of the lineC D, is quintuple to the [quare of the line A D.Where- 


fore the [quare of the line C D hath to the [qnare of the line AD ‚that proportion that nuber 
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732] Vppofe that A B, beyng a. vatiumall line be deuided Ej an extreme and meant 
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hath to niber.Wherfore the {quare of the line C D is commefurable to the fquare of the line 
A D But the [quare of theline D Ais rationall, for the line D Ais rationall,forasmuch as - 


itis the halfe of the rationallline AB. Wherefore the {quare of the line C D,is rational: 


Wherefore alfo the line C Dis rationall „And forafmuch as the [quare of the line C D,hath | 


not to the {quaré of theline A D , that proportion thata fyuare number hath toa fquare 
number therfore (by the 9 .of the tenth) theline C D , is incommen{urable in length , to the 
line A D -Wherefore tbe lines C D , and D A are'rationall commen{urable in power only. 
Wherfore the line AC is arefiduallline by the 73. of the tenth. Againe , forafmuch as the 


line A B,is denided by an extreme and meane proportion,and the greater fegment thereofis - 
A C,therfore that which is cotayned under the lines AB,¢y.BC,is equallto the {quare of the - 


line A C Wherefore the [qnare of the line. C,applyed to the rationall line AB, maketh the 
bredth B C. But the [quareof arefiduall line, appljed toa rationall line maketh the bredth — 


a first refiduall line(by the 97. of the teath) . Wherefore-the line C Bj isa firftrefiduall 
line. And itis proued that the line 4 C,is-alfoa refiduall line. If therefore a rational right 
line be dinided by an extreme and meane pr oportion;either of thé fegments,is an irrationall 
line of that kinde,whichis called a refiduall line,which was required to be demonftrated. 
— A Corollary added by Campane. \ 

! Hereby itis manifeft , that ifthe greater fegment be a rationall line: the Jeffe fegment fhalbea refi- 

dalune i oes . 

For if the greater fegment A C,of the right line A C B be diuided into two equall partes in the point 
D,the {quare ofthe line D B, fhalbe quintuple to the fquare of the line D C, (by the 3. of this booke.) 
And forafmuch as theline CD, (beyng thehalfe ofthe -< ` 
rationall line {uppofed A C) is rationall by the 6. diffini- i 
tionofthetenth * And vnto thefquareof thelineD C, ^ A ÙD. c 5 
the fquareof theline D B is commenfurable , ( for itis eee) 
quintuple ynto it.) wherfore the {quare of the line D B;. i> 
isrationall.Wherfore alfo the line D B is rational]. And | ; | 
forafmuch as the {quares of the lines D B & D C,are not in proportion, asa fquare nüber isto à fquare 
number : therefore the lines DB and DC are incommentfurable in length ( by the 9. of the tenth.) 


Wherefore they are commenfurable in power only ¢ Wherefore by the 73, of the tenth, the line B C, 
which is the lefle fegment,is a refiduall line. . I | 
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Tf'an equilater Pétapon baue three of his angles whether they follow in ors 
LLL. der, 


T he thirtenthBooke. 


der, or not in order, equall the one to the other : that Pentagon fhalbe equi- 
? angle. ' a ^ LA. , $ ü b. cic? à T d EUN px “ E 
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lV ppofe that ABCD E, bean equilater pentagon. And let the angles of the 


Two cafes in - PASS fed Pentagon , namely , firft , three angles folowing in order, which are at the 


ebis prepofi- 
£308. 
Cousiru(itan. 
Lhe firft cafe, 


DemonHra« - 


tion. 


_ at was proued. that.the whole line AC is equal tothe 


The fecond 


cgfe, 


` which are [ubtended equall fides. Wherefore the an- 






| BQ A points A,B,C,be equal the one tothe other. hen L[ay that tbe Pentagon A B C: 
KEKSA D E is equiangle.Draw thefe right lines AC,B E, and F D. Now forafmuch as 
thbeje two lines C B, and B A, are equall to thefetwo lines BA,and AE, the one to the other, 





and the angle C B Ais equali to the angle B A E:therefore (by the 4. of the firft) the Yi A- 
Cis equall to the bafe B E,and the triangle A B Cis equali tothe triangle A B E,and the reft - 


of the angles ave equal to the reft of the angles, under 


le B C Ais equallto the angle B E 4, and tbe angle" 
A B EtotbeangleC A B. Wherefore alfo the fide A- 
Fis equailtothefide B E (by the 6.of the firft). And 


whole liue BE.W beréfore the refidue C F is equallto 
the refidue FE .And the line CD is equall to the line 
D E. Wherefore thefe two lines F C agd C.D aree- 
guall to befe two lines F E,and ED and the bafe F- 
D, is common to them both. Wherefore the angle F- : 
C-D, is equal to-tbe angle F E D. (by tbe S.ofthe.- 3S D 
firft). And it is proued that the angle B C Ais equal. . 


+ 





to the angle A E B. Wherefore the whole angle B C D isequall to the whole angle A E-D.But 


the anale B C D ; i5, fuppofed to be equall totbe angles.A ,and B. Wherefore the angle A E- 
D, is equalltothe angles A and B. In like fort alfo may we proue that the angle -C D E , ts 
equallte the angles A,and B. Wherefore the Pentagon’ AB C D E is equiangle. 

“ But now fuppofe that three angles , which folom not in order , be equall the one to the o- 
ther namely, let the angles A,C,D be equall.T hen Lfay that inthis cafe allo the Pentagon 
ABC D Eis equiangle.Dray aright line fromthe point B,to the point D.Now forafmuch 
as thefe two lines B A,and A E,are equallto thefe two lines B'C, and C D, and they compre- 
hende equall angles,therefore(by the g.of their ) the bafeB-E , ts equallto the bafe B D. 
And the triangle AB E , 1s equall to the triangle B D C,and the rest of the angles are equall 
to the reft of the angles,under which are fubtended equall fides : wherefore the angle A E B; 
is equallto the angle C D B. And the angle B E D,is equallto the angle B D E, (by the sof 
the fir ft) for the fide B E,is equallto the fide B D.Wherefore the whole angle A E D, is egaal 


tothe whole angleC D E.But the angleC.D E , is fuppofed to be equall to theangles A, and 
C.Wherefore the A E D,is equallto the angles A,and C. And by the {ame reafon alfo the an~ 


gle A BC,is equall to the angles A, Cand D Wherefore the Pentagon ABCDE is equian~ 
gle.If therefore an equilater Pentagon haue three of his angles whither they follow im order, 
or not in order, equall the one to the other:: that Pentagon fhalbe equiangle which was re- 
quired to be proued. 


oss The 9. Probleme. > © The8: Propofition. 
If in an equilater «7: equiangle Petagon two right lines do fubtend two of 
the angles following inorder:thofe lines doo diuide the one the other by an 
extreme and meane proportion:and the greater fegments of thofe lines are 


“ech equall to the fide of the Pentagon. 


t 


Suppofe 
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of Euclides Eleméntes. © Fol.399. 


| CE V ppofe that ABCD E bean equilater and equiangle Pentagon. And let two 

& 3 Z| right lines AC,and B E,fubtend the two angles A,and B which follow in order. 

1 SDS And let them cut the one'the other in the, point'H . Then fay that either of — 

Exowee a thofe lines is diuided by amextreme cy meanegroportio in tbepoint H: And that 

eche of the greater fegenents of thofe lines are equal to tbe fide ef tbe Pemtagon.Cireum[cribe — 

(£y the.14.0f the fourth about the Pentago ABCD E,acircle ABCD E.And forafmuch Co Mentions 
asthefetwo right lines E A,and A Byare equalltotbe[e two vigbt ines AB ,andBC,and Demsnfra~ 









ts 


they contayne equall angles: therefore ( bythe 4206f o5. | - -tiom o 
the firfi)the bafe B E,isequalto the bafe AC; andthe d ooo, o so ooun T 


triangle A B E isegquallto tbe triangle A B Cyand tbe 
angles remayning , are equal to the angles remay- 
ayng, the one tothe ether, vader which are fisb- 
tended equall fides. Wherefore the angle B AC, is 
equall to the angle AB E.Wherforethe angle A HE 
is double to the angle B.A H , (by the 32. of thefirft) 
for it isan outward angle of the triangle ABH. And | 
theangle E AC is double tothe angle B AC ( bythe | 
laft of the fixth).F or the circumference E D C is doa- 
ble to the circumference C B. Wherefore the angle H- 
4 Eisequallto the angle AH E Wherefore alfo the - 
right line H E ,is ( by the 6. of thefirft ) equallto the | i as ia 

right line E A , that isto the line A B.. And forafimuch as the right line B.A is equall tothe 
right line A E , thereforetheungle.A BE is equallto the angle AE B . But itis proued that 
the angle AB E is equalto the angle B AH: wherefore alfothe angle B EA 7s equall to the 
angle BAH. Andin the two triangles AB E,and A BHA the angle A B E is common to 
them both wherefore the angle remayning, namely, B.A E is equall to the angleremayning, 
wamely,to AH B(by the corollary of the 32.0f the first) .Wherfore the triangle AB E, is ea 
quiangleto the triangle A BH Wherefore proportionally as the line EB, isto the line B A, 
fos the ine AB to the line B. H(by Vbe.a.of the fixth) «But the line B.A as equall tothe line 
E H Wherefore as the line BE isto the line E H, fois the.line E H tothe lineH B. But the 
Jine B E is areater.tben theline B A:wherefore the lime E H. alfo às greater then theline H- 





B..Whexeforé the line B E:js diuided by an extreme and ancane proportion in the paint H (by 
the 3.diffinition of thefixth and his greater fegement EH is equall to the fide of the Penta- 
on. In like fort alfo may we prove thatthe line A Cisdinided by an extreme.and meane pro- 
portion inthe point H,and that his greater [egment CH; isequall to the.fide of the Penta- 
gon..(Eor.thewholeline ACisequallto the wholeline B E andit hath bene proned that the 
parts taken. away B H,ard AH aye equall:wherfore the refidue C H is.equallto the refidue 
EH (by ther 9.of the fifth). 1f therefore in an equilater and’ equiangle Pentagon iwaright 
lines do fubtend two of the angles following in order: thofelines doo, diuide the one the o~ 
ther by an extreme and meane proportion : and the greater fegments of thofe lines are eche 
equal tothe fide of the Pentagon: which was required to be deimonfirated lis uL 


( I be o.I'beoreme. ——— The .Propofition. 
oe Uf the fide ofan equilater hexagon and the fide of. an equilater. decagon or — 
—« féangled figure whicb botb are infcribed inone t7, tbe felfe [ame circle, be 
added together: the whole right line made of. them is a line dinided by an 
extreaime and meane proportion , and tbe greater fegment of the ioe is 
; 4c tbe 


q Thethirtenth Booke 
the fide of the hexagon. ` | 


V ppofe that there be a circle 4 B C. ond let the fide of a decagon or tenangled 
figure infcribedin the circle A BC,bé BC, and let the fide of an hexagon or fixe 
angled figure infcribed in the fame circle,beC D.And let the lines BC andCD ~ 
1 be fo ioyned together directly that they both make one right line, namely, B D. 
Then I fay that the line B D is diuided by an extreame | X 
. and useane proportion in the point C.and that the greater 
— ſegmẽttherof the line C 2 ake(by the 1.of- thethird) 
the centre of the circle. And let it be the point E:and draw 
thefe right lines EB,EC, andE D . Andextend the line 
Demonfira- Do the point A.Now fora{much as B Cis the fide of an? 
HP equilater decagon therefore the circumference or [emicir- 
cle AG Bis quintupleto the circumference C B .Wbere- 
Sore the circumference AC is quadruple tothe circumfe- 
renceC B. But as the circumference A Cis tothe circum- 
ference CB, fois the angle AEC to theangle C E B,by tbe 
lat of the fixth . Wherefore the angle A E Cis quadruple 
totbe angle C E B. Ardfora{much as theangle E B Cis 
equallto the angle E C B(by the g.of tbe ferfl,)for tbe line 
E B isequall tothe line E C,by tbe diffinition of a circle, therefore tbe angle A E C is double 
totbe angle E C-B,Us tbe 3 2.of tbe firfl. Aud fora[imuch astbevight lipe-E C is equall to tbe 
Viebtine C D by the corollary of tbe 1 $:0f tbe fourth (for either of them is eguali to the fide 
of tbe bexagon in[cribed in the circle:4 B C therefore tbe angle C E D £s equall to the angle 
C D E-mhereforetbé angle E € Bas denbleto theangle E D C,by the 3.2.0f the firft.But itis 
proved that the angle A E Cis doubleto the angle EC B, wherefore the angle A E Cis qua- 
diupleto the angle E D C. Azad it is proued that the angle AE C is quadruple tothe angle 
BECWherefore the angle E D GC is equall to the angle B EC. And the angle E B D is com- 
mon to the two triangles B EC and B E D : wherefore the angle remayning BE Dis equalt 
to the angle remayning EC B,by the corollary of the 32. of the firft . Wherefore the triangle 
EBD is equiangle to the triangle E BC.Wherfore,by the 4.0f the fixt proportionally as the 
line B D isto the line B E, fo isthe line B Eto the line BC. But the line E Bis equall to the 
lne D. Wherefore asthè line B D is tothe DC, fois theline D C to the line C B . But the 
line B D is greater tben ibeline D C : wherefore alfothe line D C is greater then the line C- 
B. Wherefore iberight line B D is diuided by an extreame and meane proportion in the 
point C:and his greater fegment is D C . If therefore the fide of 4n equilater hexagon „and 
the fide of an equilater decagon or tenangled figure, which both are in{cribed in one and the 
fefe fame circle ;be added together the whole right line made of them, isa line dinided by an 
extreniie and meane proportion,and the greater fegment of the fame às the fide of the hexa- 
gin:tvhich was required tobe promed. °° 0 s — — 
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A Corollary added by Flußas. 

~ Hereby it is manifeft, that the fide ofan exagon in{cribed in a circle being cut by an extreame and 
This — meane tuli hb ,the greater fegment thereof x the fide ofthe decagon infcribed in the fame circle. 
E t — — For if from the right line D C be cut ofa right line equall to thelineC B, we may thus reafon , as the 
fitien of the whole D B isto the whole D CG , fois the parttaken away D C to the part taken away.C B : wherefore 
14 booke af- by the 19.0f the fifth,the refidue is to the refidue as thè whole is to the whole. Wherefore the line D- 
ger Campane Cis cutte like vuto the line D B:and therefore is cut by an extreame and meane proportion. " 


~ 


Campane 


of Euclides Ellementess = Fol.4.00, 


Campane putteth the conterfe of this propolition after 
this maner. | 
TY iwi dr. ts ts e ; roa de G 3 $^ w ; Y x E i 
. Icf a line be diuided by an extreme and meane proportion, of what circle'tbe greater Segment is the 
fide of an equilater Hexagon, of the fame hall the leffefegment bethe fide of an equilater Decagon. 


i 





Andof what circle the leffe pment ssthe fide of anequilater Decagon,ofthefame is the greatér fig- ~ 
ment the fide ofan equilater Hexagon... aknan. e i Laai L, (be |" : 
For the former figureremayning, {uppofe that the line B D be diuided by an extreme and meane 
E in thepoint'C :and let the ereater fegment therot be D.C. Thélfay that of what circle the 
ine D Cis the fide of an equilater Hexagon, of the fame circle is the. line € Bthe fide. of an equi- 
later decagon : and of what circle, théline B C is thefide ofan cquilater Decagon,of thefameis the 
lineD C thefideofanequilater Hexagon. For ifthe line v.. ee ato eoo iant a, Demontre 
D C be thefideofan Hexagoninícribedin thecirdle,then ^ "^ ^, 7 — , Hor oft Heo? 
by the corollary of the 15. ofthe fourth , the line D C is e- frst part 
qual to the line BE.And forafmuch as the proportié of the — 
line B D to the line D C is as the proportion oftheline D- -aidiiss gui Y 
C ro the line C B,by fuppofition:therfore (by the 7.ofthe sgg 
fifth)the proportion of the line B D to the liae B E , isas ! 
the proportion ofthe line B E to the line B C . Wherefore 
(by the 6. of the fixth ) thetwo triangles DE B;E B C are 
equiangle ( forthe angle B is common to eche triangle). - 
Wherefore the angle Dis equallto/the angle CEB: for 3 
they are fubtended of fides of like proportion. And foraf- + : 
much as the angle A E C is quadruple.to the angle D (by 
the 32. of the firft twife taken ; and by the s.ofthefame) . 
therefore the fameangle AE Cisquadruple totheangle w 
CEB . Wherefore ( by the laft ofthe fixth) the circuinfe- oit 
rence A’C is quadruple to to the circumferéce C B.Wher- . - 
fore the line B C is the fide of a decagon in{cribed in the | 
circle A C B. | 
But nowif theline BC bethefideofa decagonin- «55: 52. 77 IAS 3 Demonfinaties 
{cribed inthe circle A B C,the line C D thalbe the fide ofan exagon infcribed in the fame circle.For 4 | 


let D C be the fide ofan Hexagon infcribed in the circle H. Now by the firft part of this propofition the on of s ç> 
line B C thalbe the fide of a decagon infcribed in the fame circle.Suppofe thatin the two circles A C- P t 
B and H be infcribed equilater decagons,all whofe fides fhalbe“equalhtd the line CB. And foraſmuch 
as euery equilater figure infcribed ina circle is alfo equiangle j therefore bothe the decagons are'equi- 
angle Ane foratmueh as al the angles of the.one taken to- M 
gether art equal to al the angles of the other thken togee °°” l 
ther,asitis eafy to be proued Byrhat whichis added afi ont 0 nonne 
ter the 32. of the firft , therefore: one of-thefe décagonsis\) ) x, . 
equiaigle to the other: and therfore the one is like to the 
other Dy thèdiffinition of like fnperñcigćés . And for that ` 
iftheré Bétwo like rectiline utes inſcribed in two citi 4 
«cles , theproportion of the fides-of like ptoportion-of - f. 
thofe figures, fhalbe as the propoition of the Diameters , 
of thofe circlés, as itis ealy to proue by the ‘corollary of ` 
thé zo.of the fixth and firlt of this booke : But the fides of- 
the like decagons. infcribed-in‘thecewo.circles ABCand.. 
Hare equall : therefore theyr Diameters alfo are equalis 
Wheréfore alfo theyr femidiameters are equall . Butthè N 
femidiamictérs aad che fide. ofthe tréxagon areequalljby - ^^ * 
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the corollary of thei s:ofthe fourth: Wherefore the linge it 
D Cis the fide ofan hexagon’ inthe circle. A B C, asalfo a * va sare m MTS 
itis the fide ofan hexagoninfcribed inthecircleE,which © =. 0.0 7 tnn 
isequall to the circle-A B C: which was requited to béproned, ^^ ^ 700-3 — 
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fina circle be dtſuribed an equilater Pentagon, the fide of the Pentagon 


containeth sn power both the fide of an. hexagon and the fide ofa decagon, 
d | — LLlig. | being 
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fide ofa decagon figure’, ‘And foraf- 


— The thirtenthBooke i 


í 
being alldefcvibed inoue and the felfefame circle. °° - 


, ‘ia Ge 

| ppofe that ABC D E bea circle «And in the circle ABC D E defiribe ( by 
the rof the fourth a pentagon faure AB-G:DET hen Ifay, that the fide of 

the pentagon ficure.A BCD E containeth in power both the fide of an hexagon 

cures and of à devacon frere, being defcribed in the circle ABC D E`. Take 

( by the x. of the third ) theventre of tbe circle, and let theſume be F. And drawing a right 

line from the point A to the point F, extend it to the point G . And drawea right line from 





s orb: GUN E. C6 WT o. $5. i E y: 5.9 3 ve30Ilbag dic V H ' 
the point E to the point B. And from the point F draie (by the 12.0f thefirst) wnto. tbe line 


A Ba perpendicular. line F. H'; and extendat to the point. And drawe thé right lines AK 
znd KB: And deaine, from the point F dvaiv (by tbefame) mto the line 2A KC, a perpezdi- 
cular line F Neandextend F N tothe point M, whith live let cut the line AB inthe point 
L. Andydvam a vight line from the viii es on rk orton d 
point to the point L. Now foraf- c to oen cT od ad 

much as tbe circumference 4BC Gés Y. F 
equall to the circempferenceAE DG, , 
of whith the-civcumperence. ABCs : 
eguali to the civcaviference AED, 
therfore the vest of the circu fertice, -, 
namely CG, isequallto the refiofthe - 
circumference, namely, to DG . But 
tre circumference E-D is [ubi aded Of sum 
the fide of a pentagon : Whercforethe --..\ -i\: 
circisuference C G i5 fubtehded Gethe 
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c> thenhgiesiat the point Fsaverightics eid HOW — — et ripe be divi "i sa i hani 
ami pher or eby e pe Ikt gospa okiezisinioanibsew sia EA i pacis 
frst) the anale A F K is equall to the angle KF B. ‘Wherefore. al[o (by the.26 of the third) 
the circumference AK; isequall to the circumference KB Whereforethetircamference A B 
is doublefü the circumference B.K . Wherefore the right line AK is the: fide of'a decagon fi- 
gure. And by the fame reafon alfo the cirtumferehte A X is double to the ti renmperence K M. 
Andi crafinuch as the circumferen A Bis double, tothe circ unfer ence BK but: the cir- 
cumference C D y equali tothe circuniference ABs: wherefore the 3 CD is 
double tothe circumference BK . But. the circuimference C Dis double tot hi n C umference 
CG: wherefore the circumference C G igequallto the cixeuuaf erence BK , But the circum 
ference BK is double ta the circumference:K M ( forthat the tircdmference KA is double 


WE j Hire vA memini nemi enymo T] c LS mti 
thereunto ) > wherefore allo the circumference CG ts double to the cinchiaference KM . Bus 
/ cum] trer 2S GOuOL nce K M: By 


the circumference C B is alfo double to the circumference. BK (for the circimferenceC Bis 
equall to thecircumferenceB A ) . 5 the whole’ rircemference G-Bisdoubleto the 
whole circumference BM , by the 12.0f theift Wherefore alfo the angle C FB is double to 
the aigle B E M by the laft of the fixt,, Bat she angleG.F Bis double 10.the angle F A B(by 
the 3 2.0f the firft, ov 20.0f the third ) . Fór the angle F AB is equall to the angle AB F. 
Wherefore thegnele BE Lisequalltg the angle F ABaky thers. of the fifty And the angle 


S 


AB F ts common to the two triangles AB F and B F L .Wherefore ( by the Corollary of tbe 


32.0f the firt) the angleremayning A F-B is equall to the angleremayming. BLL FWhere- 
He! Se UE SS 3 WOR Sirk zoo SYN ee Wee ey GPA oe Hig Da 
ore the triangle AB ise rangle tothe trzangleB E L. Wherefore (by the 4. ofthe fixt) 
a saana pri a aa a yta Meana an Le Brae aA AAC a a A T 
proportiondiljas therishi line d Bzsto tbe hight line BF; fois the fame right line F B to 
—W wah the 
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of Euchdes Elementes. Fol.401. 
the right line B L:wherefore that which is contained under the lines A B and BL is equall 
to the [quare of the line B F,by the 17.of the fixt. Againe fora{much as the line AL is equall 
to the line L K l for by the laft of the fixt,the angle K F Lis equall to the angle A F L,whith 
equall angles are contained under the lines F K,F Land F A,F L,e the line F K is equall 


to the line F A, and the line F Lis common to them both . Wherefore, by the 4. of the firft,, 


the line A L is equall to the line L'K and the line L N is common to them both, ce maketh 
right angles atthe point N, and ( by the 3.of the third ) the bafe AD_ts equall tothe 
bafe K N.Wherfore alfo the angle L K N is equallto the angle L A N.But the angle LAN 
is equall tothe angle K BL (by the s.of the first) . Wherefore the angle LKN is equall ta 
theangleK BL. And the angle K A L 1s common to both the triangles AK B and AK L. 
Wherefore the angle remaining A K B is equall to the angleremayning A L K (by the Corol- 
Lary of the 32.0f the firft). Wherefore the triangle K BA is equiangle to the triangle K L A. 
Wherefore(by the 4.of the fixt) proportionally as the right line B Ais tothe right line AK, 
fois the fame right line K A to the right line A L. Wherefore that which is contained vader 
the lines B'A and A L is equall to the {quare of the line A K (by the 17.0f the fixt). And itis 
| proued that that which is contained under the lines AB and BL, isequallto the [quare of 
the line B F. Wherefore that which is contained under A B ey B L together with that which 
is contained under B.A and A L (which by the 2.of the fecond,is the [quare of the line B A) 
is equalito the fquares of the lines A F and A K . But the line B Ais the fide of the pentagon 
fieure, and A F the fide of the hexagon figure (by the Corollary of the 15.of the fourth), and 
AK the fide of the decagon ficure. Wherefore the fide of a pentagon figure, containeth in 
power both the fide of an hexagon figure, and of a decagon figure, being decribed allin one 
and the felfe fame cigele which was required tobe demonftrated. - ` 


" 
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a — GA Corollary added by Flufas. 


1 i *iA 2% di . | et*u . : d x 
| cA pexpendicular line from any angle drawen to the bafe of a pentagon,pafferh by the centre. 


For if we drawea right line from'the poynt Ato the poynt C, and an otherfrom the poynt A to 
the point D : thofe right linesfhail.be equall;by che 4:0f the firft : and therefore in the triangle A C D 
the angles at the points C and D,are by the ;.of the firit;equall.But the angles made atthe point where 
the line A G cutteth the line CD, are by fuppofition right angles : wherefore by the 26. of the firft,the 


line C D is by theline A G diuided into two equall partes, and itis alfo diuided perpendicularly: , 


wherefore by the corollary ofthe firft ofthe third in the line A G is the centre ofthe circle:and there- 
_ foretheline A G paffeth by the centre. : 


qT be 11.1 beoreme. «Tbe 1i Propofition. 


Ifin a circlè haning a rationall line to bis diameter | be infcribed an equila- 
ter pentagon:the fide of the pentagonis an irrationall line , and is of that 
kinde which is called a lefSe lne. ` | 






RY V ppofe that in the circle ABCD E hauingarationall line to his diameter ibe 
8 infcribed a pentagon figure ABC D E. Then I fay that the fide of the pentagon 
SS figure ABC D E,namely, the fide A B,is an irrational line of that kinde which 
SS is called a leffe line. ake(by the x of thethird) the centre of the circle , and let 
the fame be the point F , and draw a right line from the point A to the point F ,and an other 
from the point F tothe point B,and extend thofe lines to the pointes G and H . Aud drama 
right line from the point A to the point C . And fromthe femidiameter F H take the fourth 
part(by the o. of the fixt) and let the fame be F K: But the line F H is rationall ( for 
that it is the halfe of the diameter which is fuppofed to be rationall) , wherefore alfo the 


line 


Construa ston. 


Demonfirae 
tion, 


fauares of the lines DC and CM are to-the f{quare 


ded vader two fides of a pentagon figure , as isthe. 


4 T be thirtenth Booke ` 
dine F K isrationall.And the line or femidiameter B Fis, rationali. Wherefore the whole line 
B Kis vationall. And foralmuch as the circumference A CG is equall to the circumference 


d D Gof which the circumference AB C is equall to the circumference A E D , wherefore 


“the refidue C G is equall tothe refidueG D. Now tf wedrawe a right line from the point A 
to the point D it ismanifelt that the angles. ALC and .A L D are right.angles. F or foraf: 
much as the circumference CG is equall to shecircumference G D. , therefore ( by the laft of 
the fixth) the angle C A Gis equalltotheangle DA G.And the-line AC isequall to the line 
AD, for that the circumferences which they fubtend are equall,and the line AL is common 
to thems both , therefore there are two lines AC ooh L equall totwo lines A D and vinh 
andthe angleC A Lis equall to the angle D AL .Wherefore (by the 4. of the firit) the bafe 
C Lisequall to tbe ba[e L D , and the rest of the angles tothe reff of the angles , and the 
line C D is double i0 the line C L.. And by the [ame reafon may it be proued that the an- 
gles ak the point M are right angles and that the line. A C is double to tbe line C M.Naw for- 
a[aucb as tbe angle AL C is equallto tbeangle A M F.for that they are both right angles, 
and the angle L.A C is commen to both the triangles A LC and AM F: wherefore thean- 
gleremayning namely, AC L,és equal to the angle remayning A F M,by the corollary of the 
3 2.0f the firft. Wherefore the triangle AC Lis equtangle tothe triangle A M E. Wherefore 
proportionally, by the 4.of the fixth,as the line LC Js to the line GA, fois the line MF tothe 


line F A. And in the fame proportion alfo are the donbles of the antecedents L Cand ME(by 
the 15.0f the fifth) Wherefore as the double of the line L Cista the lineC A, fois the double 
ef tbe line M. F tothe line F A. Butas the double of the line M Fis tothe line F A, {0 isthe 
line MIF to the hgife of the line F A,by the 15.0f the fifth, wherefore as the double of the line 
LCis tothe line C A,fois the line M F to the halfe of the line FA, by the 11,0f thefifth. And 
3g the fame proportion ,by tbe 1 5.of tbe fifib are the balues of the confequents,namely of CA 
and of the balues of the line AF Wherefore asthe double of theline LC isto the halfe of the 
dine AC, fois the line M F to the fourth part of the line F A. But the double of the line LC 
zs tie dige D Gand the halfe of the line C Ais tbe line C M,as hath bef cre bene proved, and 
the fourth part of the line F A is theline F K ( for the line F K is the fourth part of the line 
F Ht by conftruction). Wherfore asthe line D C is to the line C M,fois the line MF to the line 
F K Wherfore by compofition( by the 18 :of the fifth as both the lines DC and C M-are tothe 
line CM fots the whole line M K tothe line FK. —— PEPENE 
Wherefore alfo {by the 22.0f the fixt) asthe. ; 


of tbe line C M , fois tbe (quare of tbeline.M K 
£o tbe (quare of tbe line F K . And fora[much as 
(by the 8 .of the thirtenth) a line which is fubten- 


line AC, being diuided by anextreame CG meane 
proportion ; the greater fezment is eyuall to the 
fide of the pentagon figure , that is, vato the line 
D C:and (by the 1. of the thirtenth ) the greater 
fecment hauing added vuto it the halfe of the 
whole, is in power quintuple tothe {quare made t TERZA 
ofthe haife of thewhole: aud the halfe of the tabe (o WA 
whole line AC isthe line C M . Wherefore the [quare tbat is madeof tbe. lines D.C and 
CM, thatis, of the greater feement and of the halfe of the whole,as of onc line,is quintuple 
tothe {quare of the line C M,that is , of the halfe of the whole. But as the [quare made of the 
lines D Cand CM , as of one line,is to the [quare of the line C M , fo is it proued, that the 





{guare of the line M K is to the [quare of the line F K. Wherefore the {quare of the line M- 


K is quintuple to the fquareofthe line E K. But the fquare of the line K F is (eiui , 45 
| * | | "o7 Mm 
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hath before bene proued,wherefore alfo the fquare of the line M K is vationall;by the o diffs 
nition of the tenth), for the [quare of the line M-K hath-to the [quare of the line K F that 
proportion that number , hath to number , namely , that 5. hath to 1. and therefore the fayd 
Squares are. commen{urable, by the 6: of the tenth) Wherefore alfo the line MK is rationall. 
And fora| much as the line B Fis guadruple to the lineF K (for the femidiameter BF is equal 
to the [emidiameter F H.), therfore the line B K is quintuple to the line F K . Wherefore the 
[guare oftheline B K is25-times fo much as the [quare of the line K F ,by the corollary of 
the-20 of the fixt . Bui the [quare of the line M K uis quintuple to the [quare of the F K asas 
proued. W berfore tbe [quare of the line BK is quintuple tothe quare of the line K M.Wher- 
forey {quare of the line B K, Bath not to y (quare of tbe line K M,that proportiosbat a [quare 
number hath to a [quare number, by the corollary af the 25.0f the eight Wherefore (by the 5. 
of the tenth ) the line B K is incommenfurablein length to the line.K M_, and either of the 
lines is rationall . Wherefore the lines B K and K M are rationall commenfurable in power 
onely But if fro a rationali line be taken away a rational line being commmenfurablein power 
onely to the whole, that which remayneth is irrationall,andis (by the 73..of the tenth) cal- 
led a refiduall ine Wherefore the line M B isa refi¢iali line._And the line conueniently ioy- 
ned untoit, is the line MK. Now I (ay that tbe lii M is a fourth refiduall line -Vuto the 
exce[fe of the [quare of the line B K abouethe {quare of the line K M., let thefyuare of the 
line N be equall (which exceffe how to finde out,ts taught in the affumpt put after the.13 .pro- 
pofition of the tenth ). Wherefore the line BK isin pomer more then the line K M by the 
fquare of the line N. And forafmuch asthe lineK F is commenfurable ty length to the line 
F B for it is the fourth part thereof , therefore (by the 16.of the tenth ) the whole line K B is 
commenfurablein length to the hne F. B.But tbeline F B 1s commen[urable in length to the 
line BH narnely, the femmidiameter.to the diameter : wherefore the Ine B Kis commenfura- 
ble in length to the line B H,by the 2. of the tenth . And forafmuch as the {quare of. the line 
B Kis quintuple to the fquare of the line K M, therefore the [quare of the line B K hath to 
thefquareof the line K &M,that prüportion that fine hath to one . Wherefore by conuerſion 
of proportion (by the corollary of the-x9.of the fifth) the {quare of B K hath to the {quare of 
she.line N ,that proportion that fiue hath to fower: cy therfore it hath not that proportié that 
afquare number hath to a fquare number by the corollary of the 25.0f the eight . Wherfore, 
‘the line BK, — in length to the line N(by the o. ſthe tenth). Vherfore the 
line B K is in powwer-more then-the line K «JM. , by the (quare of a line incommen[urable in 
length to tbe lige B K . Now then fora[much as tbe wbole line B K isin power more then the 
line conuentently ioyned,namely then. K M, by the {quare of a line incomenfurable in length 
to the line BK and the whole line B K i$.commen(urablezn length ta tbe rationall line genen 
BH -therefore the line ACB isafourth refidugll line, by the diffinition of a fourth refiduall 
line But a rectangle parallelogramme contayned under arationall line and a fourth refidual 
line,isirrationall, and the linewhich centayneth im power the fame parallelogramme is alfo 





irrationall,and is called a leffe line (by the 94.0f the tenth ) . But the line AB contayneth in 


power the parallelogramme contayned under the lines H B and B M (for if we drame a right 
Jine from the point A to the point H,the triangle A B H [hall be like to tbe triangle A BM, 
by the 8.of the fixth.For from the right angle B AH is drawen to the bafe B H a perpendicu- 
lar lines And therefore as the line B H is to the line B A, fois the line AB to the line BM. 
this followeth alfoof the corollary of the fayd 8 of the fixth. Wherefore the line A B which is 
the fide of the pentagon figure, is anirrationall line of that kinde which #s ealled a leffe line. 
If therefore in a circle haning a rationall line to his diameter be in{cribed an equilater pen- 
tagon the fide of the pentagon is ap irrationall line,and is of that kinde whichis called a leffe 
lige: which was required to be demonstrated. d 
J be 12.fPropofition. 
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Sf in acircle be defcribed an equilater triangle: the [quare made of tbe fide of 
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the triangle is treble to the {quare made of the line, whichis drawen from 
. " tbecentre of tbe circleto tbe circumference. - —R 
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Vppofe that ABC bea circle , aud in it de[cribe an equilater triangle AB C. 
7 ben 1 faythat tbe (quare made of tbe [ide of thetriangle A B C sis treble to tbe 
Ne {quare made of the line drawen from the center of the circle AB C to the circum- 





Conftruttion. ference.Take(by the 1.of the third )the centre of the circle,and let the fame be D. Aud draw 


Demouftra- 
20%. 


AC, BEC is the third part of the whole circum: 


a right line from thepoint A tothepoynt D ,and extend itto thepoint E. And draw aright 
Line from the point B to tbe poynt E.Now fora[much as the triangle AB Cis equilater, 
therefore eche of thefe three circumferences AB, | 


ference of the circle AB Czwherefore thevireumfe: ^. 
vente BE is tbe fixth part of the circilference of the. 
circle Ufor the circumferece of the femicircle ABE ~~ 
28 equallto the circumference of the femicircle A-- ~ f 
C E from which taking away equal circumferences 7 
A Band AC, the circumference remayning BE~ 
fhalbe equal to the circumperenceremayning EC): * 
wherefore the right line B E 1s the fide ofan equi- = 
later hexagon figure de[cribed in the circle.Where- => - 
forett is equall tothe line drawen from the centre | 
of the circle to thé circumference , that isvntothe "AM! m 

line D E(by the corollary of the 15 .of the fixth) : And forafmuch as the line A E is double to 
the line D E,theréfore thef{auare of the line A Eis quadruple tothe [quare of the line D E 
(by the g.of the fecond) :that 2s,to the fauare of the line B E.But the [quare of the line AE 
is equall to the [quartes ofthe lines AB,and BE ( by the 47.0f the firft) for the angle ABE 
as(by the 3 1r.0f the third)a right angle Wherfore the [quares of the line AB e BE are qua- 





“druple to the [quare of the line BE. Wherefore taking amay the (quare of the line BE,the 
[quare ofthe line A'B fhalbe treble to the [quare of BE’: but the line B E is equall to the line 


D E.Wherefore the [quare of the line A Bis treble to the [quare of the line DE.Wherefore 
the [quare made of the fide of the trianglets treble to the [quare made of the line drawen fro 
the centre of the circle to the circumference: which was required to be proued. > ^ 
— * A Corollary added by Campane. 

Herehy it is manifeſt, that the line BC, which is the ſide of the equilater triangle, diuideth the ſemi- 
diameter D E into two equall parts. For let the poynt of the diuiſion be F. And ſuppoſe a line to be 
drawen from the poynt D to the B,and an other from the poynt D to the poynt C , Now itismanifeft 
(by the 4.ofthe firft)that the line B Fis equall to theline F C;and therefore ( by the 3 -ofthe chird)all 
the angles at the poynt F aré right angles. Wherefore(by the 47. of the firft) the Íquare ofthe lineB D 


' is equali to the-fquares of the lines B E and ED , aud by the fame the fquare ofthe line B E is equallto 


the {quares of the linesB F,and F E: bug the lineB Dis equallto theline BE (ashath before bene 
proued) . Wherefore by the common fentence the twoo fquares of the twolines BF and FD are 
equallto the two fquares ofthelines B F,-and E E . Wherefore taking away thefquare ofthe line B- 
F which is cómon to them both:the refidue,namely,the fquare ofthe line D E fhalbe equall to the re- 
fidue,namely , to thefquare ofthe line.F E. Wherfore alfo the line F D is equal to the line F E. Wher- 
fore hereby itis manifeít that aperpendicular line drawen from the centre of a circleto the fide of an 
equilatér triangle infcribed in it,is equall to halfe of cheline drawen from the centre of the fame circle, 


to the circumference thereof, 
x. A Corollary added by Flu/fas. 


The fide of an equilater triangle is in power fefquitertia to the perpendicular fine which is drawé 


from ene of the angles to the oppofite fide.For of what parts the line AB contayneth in ae: 12.0f 
hina: T uc 


— a 
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fuch parts the line B F which isthe halfe of A B contayned in power 3 -Wherefore the refidue,namely, T; Corolar) 
the perpendicular ]iné A F coritayneth ih power of fuch parts 9.(for the {quarés ofthe lines AF,and BF 4,7411 tris 
are bythe 47-of the firlt equall'to the {quare of the line‘AB ).Now iz. to 9.1s fefguitertia: wherfore the fition of the tie 
power of thé line.A B isto the powerof theline A F in fefquitertia proportion. — uM chee 
/ ,;Moreouerthe fide ofthe criangle is the meane proportionall betwene the diameter and the per- Campane. 
pendicular line: For(by the Corollary of the 8-of the fixth)theline AE is to the line AB asthelineAB | ^ 
isto'theline'A EF. . ` "Uo ue - T S. e ons HO n o api 

>a Farther thé perpendicular line drawén from the angle diuideth the bafe into two equalpartsand This Corollary 
paffeth by the center, For if there ihould be drawen any other rightline fró the point A to the poyntE, isthe 3.Corolhe~ 
thé that which is drawen by the point D,two right lines fhould include a fuperficies, which is impoffi- ry afier the 70 
ble. Wherefore the'contrary folloWeth, namely, that the line,which being drawen from the angle paf- propofitien of 
feth by the cehter;is a perpendicularlineco.the bafe(by the3:ofthe third). > —— 


— — - fer Campane, 
DA " a 
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' T'o make" Pyramis and to comprehend it in á [Dbere cenen: and to proue * By the name 
* "^3 f bu 4 i , à I pe^ i 
| «that the diameter of the phere is in power fefquialtera to the fide of the his kee ca 


P ram is. this booke fol- 


ae fothat the line ACbe double to the line B C(by the 9. of the fixth). And upon Fuft part of the 
ESSE the line A B,makine the center the point N defcribe a femicircle AD B. And(by “lM 
the 11.0f the firft-) from the point C ray(e vp unto the line AB a perpendicular line C D. 

And drawe aright line from the point D tothe point A. And defcribe acircle E F G hauin e 

his femidiameter equallto the line CD. And defcribe in the circle E F Gan equilater trian- 

gle EF G (by the 2.0f the fourth). And (by the | 
1.0f the third) take the cétre of the circleand ` 
let the fame be the poini H. And draw thefe . 4. "g^ 
rigbt Doe FH,H Fyecp H G. And (bythesz. 5 
of tbe eleuentb )fro tbe point H rayfe vp voto 
the playne fuperficies of the circle E F Gaper- s` 
peaicular line LK, cy let the line HK be equal f 
to ihe right line AC. And draw thefe vigla |, 


DANS : T . $ 
» ^9 


uo | lowing aders 
PAN wpe Ml j fiand a Tetran 
of the fphere genen be A B,and divide A Bin the poynt C, ‘bedron. 
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Vpofe that the diameter 











D 


lines KE,KF, e K G.Now fora{much asthe A | s "ean ic B | 
line H K is erected perpedicularly to the plaine | * "ye — Birft pare of thé 
Superficies of the circle E F G,therfore(bythe. 7 70 nr pi demonfiration. 


2. definition of the eleuenth ) it maketh right 
angles with all the right lines that touch it, ` 
and which are in the felfe fame fuper ficies of 
the circle E FG. But it toucheth eueryoneof 
thefe right lines, HE,H F and HG : Where- 
fore the right line H K is erected perpendica- 
larly to euery one of thefe lines H E, H F, and 
HG. And forafmuch as the line ACisequal . 
tothe lineHK, andthe lineC D tothe line .. 
HE, and they comprehende right angles, there 
forethebafeD A is equalltothe bale KE(by `F 
the 4 ofthe frf) And by the fame reafonech ° N, E 
ofthelines K F, and K Giseguall tothe line < 
D A Wherefore the thicelines K ER F and | 
K G are equallthe one to tbe other . And fora[much as tbe line A C is double to the line C B; 
(by confiruction}:therefore the line AB is treble to the line BC: but as the line A Bis tothe 
| 0 7 7 MMim. line ` 


¢ 
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This Afforapt » 


line B C fo is the fquare of the lite AD tothe {quare of the line D C.\Whiche may thus be 


isugaiweat. ,, proucd.Jt 1s manifest by the Corollary of the 8.of fixth) that the line C D is the meane pro- 
cud ofthe 5» portionall betwene the lines AC and C B.Wherfore (by the.corollary of the 20. of the fame) 
nfr a» “the {quare of the line A C isto the (quare of the line C D , as the line AC is tothelineC B: 


ef the pro bo fim ^ 


tien proved, ,, wherefore by compo[rtion(by tbe 1$.0f the fineth ) the [quares of tbe lines A Cand C D are 


» tothe fqnuare of thelineC D, as the line AB 


woe 


LÀ 


J 


às to the line BC. But the fquares of the 


^ Lines AC andC D are (by the 47 .of the firft )equallto the quare of the line A D: wherefore 
"e 7 by the z ofthe fiueth the fquare of the line A D isto the {quare of the line DC , as the line 


oon» AB is tothe line B C.) Wherefore the {quare of the line AD is trebleto the fquare of the 
= line D Cx And forafmauch as the line K Eis equall tothe line A D ( as it hath ben proued) 
and the line H E is.put equallto the line C D: therefore the {quare of the line K E is triple to 

the (quare of tbe lize H. E.But vnto tbe [quare of the fame line H E is(by the 12. of the thir- 
tenth)the {quare of the line F. E.treble:wherefore the line E F is equall to the line. K E. Now 

` the lines K E,K F and K G are equall the one to the other,as it hath before ben proued , and 
foalfo are the les EF, F GandG E, for that they are the fides of an equilater triangle. 
Wherefore enery one of thefe lines E F, F Gand G Eis equall to enery one of the lines K E, 

K F and K G.Wherefore thefe fower triangles EF G,K E F , K F Gand KG E are equila- 

‘ter Wherefore there is made a Pyramis confifling of fower equall and equilater triangles, 


whofe bafe is thetriangle E F Gand toppe the 

poyut K. | | m 
(C Nawit is required to comprehende the 
Second part of | 
. the Conftrudtia. Z9 qE 2 wth 
thatthe diameter of the [phere is in power fef- 
second part of — dialtera to the fide of the pyramis. A dde vn- 
the demiftratis, to tberigbt line H K avight line direcily, na- 
giely H Lyand let tbe line H K beequallto the 
* Locke at rhe thelineBC.* Now: for that as the line AC 
end of this de- js tothe line CD, fois theline C D tothe 


monſtration for line CB(by the corollary of the 8. of the fixth) : 


an otber con- 


firuttson and but the line AC is equal to the line KH,¢ the 
demonftration line C Dtothe line H E, cy the lineC B to tbe 
of tok dy , line HLT herfore asthe line KH isto the line 
As E “SS HE, fois the line H E to the line H L.Where- 


— fore that which is contayned under the lines . 


HK and E Lis equallto tbe (quare of the line 
E H.And ether of tbe angles K HE, EH L 
isaright angle , wherefore a femicircle defcri- 


bed vpon the line K L fhall paffe by the poynt 
* Readerhetwo E.* For if we draw aright line from the point — 
affemptsadéed E to the poynt L, the angle LE K fhaloea, © 
oy Campan’ ., vight angle,for thatthe triagl EL Kisequi- 


(which are fet i 
atthe end ofthe angle toecither of the triangles E L H and E- 


demonfiratson H K(by the 8.of the fixth. ) Now then if the 


of this propo tho diameter K L abiding fixed, the femicircle 


oi) for the bet- 


fame Pyramis inthe fphere geue ,andtoproue ` 


D 





be turned round about, until it returne une 


reronderitane tothe felfe [ame place from whenfe it began to be moued, it fhall alfopalfe by the pointes F 
ding of thisrea-~ anal G.For drawing aright line from the ponit F to the point L and an other fromthe poynt 
ps L to the point G which alfo maketh at the points F and G right angles , the pyramis fhail be 

contayned in the [phere geuen.F or the line K L being the diameter of the {phere is equall to 


^ AM 


i AES A: 1 ee TU AW 
line A C,and the line H Ltotheline C E. 


hich is the diameter of the [phere genuen for the line K His pat equall to the 


In 
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[in the femicircle A D B of the former figure drawe thelineD'N. And diuidethe liheKL into —  — — 
two equall parts in thbepointM.And draw a line from M to G . And'foraímuch as by conftru&tion the. 4f» other coge 
line K His equall to theline A C,and the line H L tothe line CB: therefore the wholeline ABisequal frudion and 
to the whole line KL. Wherefore alfo the halfe ofthe line KL, namely, the line L M,is equal to the fe- demonfiration ` 
midiameter B N: wherefore taking away from thofe equall lines,equall parts B C and L H, the refidues ofthe fecond — 
N C,and M H fhalbeequall . Wherefore in the two triangles MH Gand NCD,the two fidesabout partafter Flaf- 
the equall right angles D C N and GH M,namely,the fides D C,C N;and G H,HM, are equall: wher- fas. 
fore the bales M G and N Dare equall (by the 4.of the firit.) And by the fame reafon may it be proued. 
that right iines drawén from the poynt M to the points Eand Fare equal to the line ND. Butthe right 
line N D is equall to the line A N, whichis drawen from thecentreto the circumference : wherefore 
the line M G 1s equall to the line M K,& alfo to the lines M E,M F and M L.Wherfore making the cétre 
the poynt M,and the fpace M K orMG defcribe afemicircleK-GL :and the diameter K L abiding 
fixed let the fayd femicircle KGL be moued rounde.about vntillit returne to the fame place from 
whence it began to be moued:and there fhalbe defcribed a {phere about the centre M ( by the 12.diffi- 
nition of the eleventh touching euery one of the angles of the Pyramis which are at the points K,E,F, 

G: for thofe angles are equally diftat from the centre ofthe fphere;namely, by the femidiameter ofthe 
fayd fphere;as hath before bene proued.W herefore in the fphere geuen whofe diameter is the line K- 
L,or theline AB,isinfcribed a Tetrahedron EF G K.] N ‘a | 


Now I (ay,that tbe diameter of the {phere isin power ſeſquialtera to the fide of the Py- , EF 
ramis.For fora[much as the line AC is double to the line CB (by coftructio)therfore the line the demozfirer 
A Bis treble tothe line B C.Wherfore by conuerfion )by the corollary of the 1.9 .of thefiueth) *é. 
the line A B is fefquialtera to the line. AC . But asthe line B Ais to the line AC, f° is the 

Square of the line B A,to the (quare of the line A D.F or if we draw a richtline frothe point 
B,to the point Das the lineB D is to the line AD fo is the [amè A D to the line A C by reaf 
of the likenes ofthe triangles D ABe” DAC(by the 8.of the fixth):c by reafon alfo that 
as the firft is to the third fois the {quare of the firfi to the fquare of the fecad( by the corollary 
of the 20. of the fixth).Wherfore the fquare of the line B A,is fefquialter to the fquare of the 
line A D.But the line B Ais equal to the diameter of the {phere geuenamely,to the line K L, 
as hath bene proued c tbe line A D is equal to tbe fide of the pyramis in[cribed in tbe fbbere. 
Wherfore y diameter of the phere is in power fefquialter to the fide of the pyramis Wherfore 
there is made a pyramis comprehended in, a {phere géuen , and the diameter of the {phere is 
felquialtera to the fide of the pyramis: which was required tobe done and proned. 


 @An other demonftration to proüe thatas the line A B is to the line B C, 
_. 2+ ,, {isthe fquare of the line A D to the {quare of the line D C. 


Let the de{cription of the femicircle A D B be asin the firft defcription.And upon the 
line AC defcribe (by the 46.of the first) a [quare E C, and make perfecte the parallelograme 
FB. Now forafmuchas the triangle D A B is equiangle to the triangle D AC (by the 32.0f 
the fixe’: therfore asthe line B Atstotheline.. ` ’ gi 
A D, fois tbe line D A to tbe line A C, by tbe 
of the fixt. Wherefore that whith is contai. . 
ned under the lines B A and AC, is equall to 
the fquare of the line A D, by tbe 17. of the 
fixt.And for that as the line A B is to the line 
BC, fois tie parallelogramme E B tothe pa-- |“ 
vallelogramme F B, bythe 1. of thefixt:and |A | 
the parallelogramme E B is that which is con- 
tained under the lines B Aand AC (forthe 
line E Aisegualltotheline AC): andthe 
parallelogramue BF is that whach is contai-. 
ned under the lines A C and B C . Wherefore 
as the line AB isto the line BC, fois that 
which is contained vnder the lines B.A and 





if 
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46, to that which is contained vader the lines AC and C B But that which is contai- 

wed under the lines B A and A C, is equall to tbe fquare of tbe line AD, by the Corollary of 

(. the 8.of the fixt, and that which is contained vader the lines AC and CB, is equall to the 
Square of the line C 13, for the perpendicular line D Cis the meane proportionall betwenethe — 
fegmentes of tbe bafe namely, A C and C B, by the former Corollary of the 8 of the fixt , for : 
that the angle A D Bisa right angle . Wherefore asthe line AB is toithe line BC, fois the 
jauareof the line A D to tbe [quare of the line D QC, by the 11.0f the fift s which was requi- 
ved to be proued, we i — | | 
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a Two Affümptes added by Campane. 
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Sees ims) ds ] mun came 
Suppofe that vpon theline A B be erécted perpendicularly the line D'C, whichline D C let be the 
méane proportionall betwene the partes of.the line A B,namelv, A C & CB : fothatas theline A Cis 
to theline C D, folet theline C.D beto theline C B. And vpoa theline A B defcribs a femicircle. Thé 
I fay, that the circumference ef that femicirdle (hal paffe by the point D, which is the end of the perpé- 
dicular line.But if not,then it fhall cither cut the- gi n 
Ime C D, orit fhall paffeaboue it, and include it 
not touching it. Firftlet it cut, itin the point E. 
And drawe thefe right ines E Band E.A. Wher- 
fore by the 31.0fthe third, the whole angle A E- 
Bis.aright angle... Wherefore by the firtt part of 
the. Corollary of the 8.of the fixe, ‘the line AC is 
tothelineE C,astheline ECistotheline/C B. -~ 
But by thes.ofthe ft, the proportion oftheline, .. 
A Gito the line E C, is greater then the proporti- 
on of chefame line AC totheline CD(for-the ` p ! ne 
line C Eisleffe thentheline G D) Nowforthat | 74.3 c i A -— 
the line CE is tothceline C B, asthelinecA Cis ^ vim sons ls. * “me $ 
to.thelinc C E, and iheline C D is to theline C B, as the line A C is.to the line.C D, therefore by the 
13.0f the fift, the proportion ofthe line E C to thé line CR, is greater then the proportion of the line 
CD totheline CB. Wherefore by the roof the ft Ole Tibe EC ii greater then the line D C;namely; 
the pare greater then the whole : which is impoifible . Wherefore the circumference fhall not cur the 
line GD oNow'l fay, that it shall not paffle aboue the line.C D, and not touch it in the point D . For ifit 
be patible, let irpatfe aboue it,and extend the line C.D'tó the circüference, and let it cut it in the point 
F. Aud draw the lines FB and EA jand it fhall folowe as before thattheline' CD isgreater then the 
line CF : whichisimpoffible . Wherefore that is manifeft which was required to be proued. 
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If there be aright angle unto which a bafe is fubtended, and if upon the fame be deferibed afè- 
wmicircle : the cireumference thereof {hall paffe by the post of theright angle . "UTER | 
For firppofe that there bea right angle A B C, vntoawhich fübtend the bafe.A.C;and vpon theline 
AC deferibea femicircle . Then 1 fay, that the circumference thereof fhall paffe by the póint B. For if 
not, then itfhall paffe either aboue the point B,or vnder the-point B. Firltletit pafle vnder the point 
B, and letthe circumference be A E Cs.. And (tby the ‘12\of the firft) from the point B 'drawe vnto the 
line A C a perpendicular line B D;whichletcutthe*? $4 ^... 77 i $8 Amr: : 


circumference ofthe femicircle in the point E.And |. an 
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drawethefe right lines E A anid EC. Nowitisma-, * ON. 
nifctt, by the 31.0fthe third, thatthe angle SE Cer ur Pi | 
isarijhtangle.But(bythezi.ofthefit)thean- | .... | 7 


gle AEC isgreaterthentheangle AB C : which.^ 
is impofible, by the ro.common fentence . Where- . 
fore the circumferéce ofthe femicircle paffeth not ^^ ^ // 
vnder the angle B „Now I fay, thatit pafleth nota- ~" 7/, 
boue the angle B . For ifit be poffible, let it paffe a-. ... 
boue the point B, and let the circumference be A- 
EC: and produce'the perpendicularline B D tillit 7| € 
cut thecircumference AF C inthepoint Es. And 05 17D TW 
draw thefe right lines A Fand FC. Wherefore a- 
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gaine,by the 31;of thethitd, the angle AF Cis aright angle But by fuppofition, the angle ABC isa 
right angle, and is, by the 2 1.of the fil, greater then thé right angle AFC : which againe by thé fore- 
fayd common fentence, 1s impoffible . Wherfore a femicircle defcribed vpon the bafe A C; paffeth nei- 
ther vnder the point B,nor aboue it. Wherefore’ it paffeth by it : Which was required to be proued. 
The conuerfe of this was added-after the'démionttration of the 3Y.0f thé third, out of Pelitarius. And 
thefe two Aflumptes of Campaneare neceflary, forthe better vnderitanding of the demoniftration of 
the fecond part of this 13.Propofition, wherein is proued that the pyramis 1s contaiied in the Spheré 
geuen. E Du 
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_ @ Certaine Corollatyesadded by Finfas. ^. 7 5 7 


at 


% Firft Corollary. | . 


T be diameter of the Sphere is in power quadruple fefgqusaltera to tbe liae which is dvawen from 
the centre to the circumference of the circle which containethtbe bafé of the pyramis. one 


t 4 o> os 
1 tla; meet, 2 24s * 


For forafmuch as it hath bene proued, that tlie diameter X L is in poser fefquialter to the fide E E: 


and it is proued alfo, by the 12.of this booke, that the fide E F is in power triple to the line EH (which 
is drawen from the centre of the circle contayning the triangle EFG). But the proportion of the ex- 
tremes,namely;of the diameter to the line E H,‘confifteth of the proportions of the meanés, namely,of 


Aet 
Pep. 


the proportion of the diameter to the line E F, and ofthe proportion oftheline EF to theline EH, by | 


the s.definition of the fixt : which proportions, namely, triple, and. fefquialter, added together, make 
quadruple fefquialter (as it 1s eafieto proue b: 
uon ofthe fixt booke ) .Whereforethe Corollary is manifeft, 


I 


© “@ Second Corollary. ` 
Onely the line whichis drawen from the angle of the pyramis to the bafé oppofite unto it, c? palfing 
by the center of the Sphere,is perpendicular to the bafe, and falleth upon the centre of the circle which 
containeth the bafe. | ONES Lat em vw 
= - 2 * aj à & * AUN yen mm 5. k Poni i A 3 y ’ 
For if any other line (then the line KM H which is drawen_ by the cenrre of the Sphere to the centre 
of the circle ) fhould fall D Pos the plaine of the'bafe;then, from one' and the felfe fame 
point ihould be drawen to one and the felfe fame plaine two perpendicular lines; contrary to the 13.0f 
the eleuenth : which is impoffible . Farther iffrom the toppe K ihould be drawen. tó the'center ofthe 


‘ vu 


bafe,namely, to the point H, any other right line not paffing by the centre M, two right lines fhoulde 


include a fuperficies contrary to tlie laftcommor fentence which wére abfurde. Wherefore onely the- 


E ‘ . * is 4 . -tfe p RG * 
roue by that which was taught in the declaration of the ¢.defini- 
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-This C orolla- 


ry isthe 15. 
propofition of 


' the sa.booke . 


after Cam- 
pane, 
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line whichis drawen by the center of the Spherete the centre of the tbafe, is perpendicular -tø the fayd- 


bafe.And the line which is drawen from.the angle perpendicularly to the bafe, fhall paffe by the centre 
of the Sphere... | — ME cee, ies aiibi e i 
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T he perpendicular line Which is drawen from the Ventre of the Sphere to the bafe of the pyramis, 
a5 equal to the fixt part of the diameter of the Sphere. T Tay, gem À 


4 X4 o- 
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For itis before proued,that theline M H (which is drawen from the centre ofthe Sphere to the cen- 
tre of the bafe ) is equall to the line NC : whichline N C is the fixt part of the diameter A B, and ther- 
fore the line M H is the fixt part of the diameter of the Sphere . For the diameter A B is equall to the di- 
ameter of the Sphere, as hath alfo before.bene proued. ^: 


y ^ " — qj T he p (Probleme. | The I4. Propofition. 


T'o make an otfobedron , and to cóprebendit in tbe [phere genenpamely,shat 
wherein she pyramis was comprebended:and to proue that the diameter of the [pbere is 
in power double to the fide of the o&fabedron. 


~ 


l Take 


This Corolla- 
ry Campane 
puttethasa — 
Corollary af- 
ter tbey7.pro- 
pofition of the 
14. booke. 
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Conflrution. Ner poer Ake the diameter of the former {phere ceucn;-which let bethe line AB: and 
| 29 diideit(by thé 10. of the firfl into two equall partes iv thepoint C. And de-- 

See) foribe upon the line A B a femicircle A D B:And(by the 11 of the firft) fro 

the point Grayfeup vato the line A-B:aperpendicular line.C D .And draw a 
right line from the point D to the point B And defcribe a'{quare E F GH 
i Oe xr 134 2. up NM on 1 
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hauing eiery one of bis fides cquallto the line b D. = 
aud draw the diagonal lines FH c EG cutting the 

one the other in the point K.And.(by the12. of the... 
eleuenth from the point K (namely ,the point where 
thelines F H and EG eut the oue tbe other ) rayfe | ., 


D 







up to the playne fuperficies wherein the [quare EF- S \ 
IH å dicular. dine K Land d th ^ a d 
GH ina perpendicular line Kiana extend the... o CT 


line K L om the other fide of the\playne [uperficies - 

tothe point M. And let eche of the lines K Land“ 

K M be putiequall to-one of thefe lines K E,K Kes . vic SENE ei ü en rti 
Frifl part sftbe. GL H,M E, M.F, Gand MH, Nomforafmuch i < 
Merov irai. the line K Eis ( by the corollary of the:3 4: of the 
eun uL feleqiullt0 thelineK Hani the angle’ EK His \\\ 
E E i — aright angle,therefore the [quare of. HE is doubles... | 
Kareeguallta ÉO the fauare of EK ,by the 47.0f the firfi : Agayne 
fewer right an- forafmuch as the line L K is equall tothe line KES 5 » ES 
um 1 FE by pofition, andthe angle LK E,is by the fecond z 
15.0f the fir fer V dif finttion. jf the eléuenth aright angle: therefore (w, «eg wo md e M Hue 
end thofe 4-nn^:- the fquareof thbelineE T isdgubleto thefquareof ^ pf Ae \- yw a AS 
— A the line E K: and it is proued that tbe ff quare of the mee ONS 
cher by thed.of Ane HE, is double tothe {quare of theline BK. 

Wherefore the [quare of the ine LE is equallta ~ 
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the fir]: and — the bi 
therefore eth'ss the fauare of theline EH .Wheréfore. alfothe line 
enemas’. | ris equall tothe ine EH. And by thi fame rea- lang mas F 
foxthe line L His alfo equall to the line H E. Wherefore the triangle L HE is equilater In 
like fort:meay-we'proue that enéry-one of the reit of thetriangles whofe bafes are the fides of 
the [quare E F G Hand toppes thé pointes L and CM are equilater: T he [ayd eight triangles: 
alfo ave equall the one to the other for enery fide of eche is equall to the fide of thé [quure E- 
F GH. Wherfore there is made an octohedy on cotained upder eight triangles whofe fides are 
equall.Nom it is required to comprehend it in the [phere geuen, and to proue that the diame- 
i ai iy tr of the [phere issn.power doubleto the fideof the octahedron. ... 


seas of F ora: mnich as thefe threé lines LK,K Mand KE are equall the one to the other, there. 
she tenspirarig, fore 4 femicircle defcrtbed upon the line L M fhall pase alfo by the point E. And by the fame 
«s+ peafon,if thefemiciréle be turned-round about , vntill vt returne unto the felfe fame place 
ov 7 co from whence fii ftit began to be moned, it fhal paffe by the pointes F,C,H „and the ottohedron’ 
UV hall be comprebendedin a [phere I fay alfo that it is comprehended in the [phere genen . For 
(0 forafmucb as the line L K is equal to the line K cM, by poſition, and theline KE iscommon — 
to them both.and they contayne right angles by the 3 .diffinition of the elenenth, therefore (by 
the g.of the firft)the bafe L E is equall to the bafe EM. And forafmuch as the angle LE M 
is aright angle by the 3 1.0f the third for tt is im a femicircle, as hath bene proued, therefore 
the [quare ofthe line L M is double to the fquare of the line L E by the 47 .of the firft. Againe 
forafmuchastheline AC is équall to the line B C,therefore the line A B ts double to the line 
BC, by the diffinition of a circle. But ds the line AB is to the line BC, fois the STi of the 
" ine 
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dine sat B-to tbe (quare of. tbe line-B. D ,by tbe córóllaries oft the:8.and 2b-of tbe xt. Where- 
forethe fauare of: the line. A. Bus double. tothe Square. of. thelineB D....And it ts proued that 
the fquare ofthe line L M is double to the [quare of the ling, E. Wherefore thefquareof the 
line B D is equall to tbe (quare of tbe line L E: For. the. line.E H whichis equal. «to the line 
L F,is put to be equall totheline DB. Wherefore t the Square. of the. Line id Bus equall to the 
fquare of the line LM Wherefore the line A Bis equall to the line LM And d the line A Bis 
thedhameter of tbe (phere gent wherefore the line Más equal to.the diameter of the Sphere 
geuen Wherefore the ottoedron is contayned inth e (phere genen: * and itis al[o prosed that * For thefasare 
the diameter of the [phere ss in power double to the fide of the oitohedron.Wherefore thereis Eth 'me 48: 


whichis troned 
made an ottohedron,and it is comprehended in the 2 phere genen wherein, was comprehended eguallto p 


the Pyramistand it is praued ibat thediameter of. tbe fphere is in poser. dabik to the e fide of Saeare of she 
the octohedrn- which was required to be dooneyand tó be- proued. irs, sion E dye EETA 
} a 079 Betothe — e 

: i M. a "miu sz =e Tee iD, ofthe p p D, 

PA "cw gan Corollattes one by fi hdi E EE riae 
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Er fid ide ofa Tran isin power f fieri to the he fi 2 ida an — ribed in. the Jame 
Sphere. | 
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' For forafinch asthe diameterisin power double-to in fide of the oGohiedrart” therefore of what 
partes the diameter contayneth in power 6.of the fame, the fide of the oftohedron cótayneth in power 
3: buütof what partesthe diameter contayneth 6.ofthe fame, thefide ofthe pyramis coptayneth 4. by 
the 13.ofthisbooke . Whereforé of what partes the fide of the PIES ¢ontayneth 4. of thefame the 
fide of the oGohedron contayneth 5. 
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An obean: is denided inte two equal * like Pyramids: pcm * tO ^2 


* portal seeks, X yt ot Y. SO WB: E ys att i, 37 t. S D 7 DM "US aud This Corolary 
bein THE common bales g of tiefe Pyramids. are, fet vpon euery -— rime of he fidés of théoc- # the 16, prose. 

"tohedron, Y pon: 1 which quare arefet the’ ^. triangles of the o&oh edron : which pyramidsareby.the8. /76» ef tbe 14. 
i diffinitióh ofthe 'eleuenth: equal ‘ahd like. ‘end le forefayd : {quare cc common to thofe Pyramids, is the ^eoke afrer 


chalfe of the ſquare ofthe didit; ofthe ‘phere fi or it isthe fquare of the: fide of E M RE | Campane, 
X. aAA IA v Ae 15. Os Ms NS $ " "^ TW UA Sut AO ea a Y — SM C zr i w ti me DNO ) V s ^ l 
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The three diameters * * do cutte the one theo boe perpendiculari h 9 imo two rr 
petit the.center dft tbe ephea Which: settee te fa aya —— | 
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1 ~ E. V EET atate 

et do ^ A E "d iu —8 an p” " 

“AS itis Lom s the — ats EG, F H; ind LM which cutte ethe one the M in n the pe» 
“center K equally arid ME | Sd m — 
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CT Hake ä ifilide called; 4 cube, and to E TE i in the fphere —— 
 namely,thap Sphere wherein the formari two folios were comprehended? and fo pro ue that . the 


2 «diameter raft the Ipheee,is isin n power Me i v » de of the cube, . 
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4 ke the Dad of the CR olen: 5—— Band diuidei itin at, point C: p 
aa fe that = the line AC be doubleto the line B C by the o. of the fixt . And vpon the 
sd LA c. NNN., lne 









FG,GH, or HE ,which arethe hides of the 


Fir ff part of. the 


demonſtration. 


Second part of d 
she C onfirudid. 
Second part of 
the demonftra- 
FIOR e 


* By ther, Af- 


fempt of the 13. 


of this booke. 


Third part of 
the demonfira- 
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albe lisé G F [Ball beerecfed perpendicularly to Vhélize K F by the 2, diffinition of 


jo T be thirtentbBooke ^ < 


-line AA B deferibó a féeunicircle 4 D B.And(by tbe 1 .of she first) from the poynt Cvayfeup 
“wate the line'A'B a perpedicular line C:-D.And draw aright line D B. And defcribea [quare 
“EF GH, baning euery one of bis fides equall 0 tovs us 
fo thelinie D B,Andfrom the pointes E,F,G, `> lie. alin: 

H,vayfeup (by the 12c0f theelenenth )unte  ~ 
‘the playne fuperficies of the [quare EF GA 
perpendicular lines EX,FL,GM,;andHN: 
and let every one of the lines E K, F L,G M, 
and H N be put equallto one of the lines E F, 





fquare, and draw theferightlinesKL,LM, ` 
M N,and N K. Wherfore there is madea cube 
namely F IN. which is contayned under fixe- 
quall [quares, Now it is required tocompre-- 
hend the fame cube in the [phere geuen, and to 
proue that diameter of thefphere isin power * 
ble to the fide of the cube. Draw thefe right 
Lines'K Gand E G And forafimuch asthe an= 1 
gle K EG is aright angle, for that the line K- 
Eiserected perpendicularly tothe playne ſu- 
perficies EG,.and therefore alfo tothe right 
line EG; bythe 2. diffinitio of the elenenth, . 
wherefore afemitircle defcribed upon the line 

K Gfhall*paffe bythe poynt E. Agayne for- 
afmuch asthe line F G tserected perpendicu- 
larly to either of thefe lines F L and F E by 
the diy finition of a fe quar e, by the 2.diffint- à 9 DITET en eae ith ve. 
tionof the eleuenth, therefore the line F G is ereéted perpendicularly to the playne fuperficies 
F K iby the z.of the eleuenth:Wherefore if-we draw aright line from sip OEE Fo the ? " 
uerth. Aud by the[amerea[on agayne a [emicizcle de[eribed vpamtle lirie.G-K hall pape * 

by the point F. And likewife [hall it pafve by the reft of the pointes of the angles of that cube.if 

now the diameter K G abiding fixed the femizincle beturned round about untllit returne | 
into the felfe fame place from whence wt began firft to be moned, the cube fhalbe compreheded 
apafphere.1 [ay alfo that it is comprehended in the ſphire gcuenn. n 
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For forafmuch as the-line G F isequall tothe line’ ¥ E and the angle £ is aright añ- 
glestherefore the {quare of the line E Gis by the 47. of the firft double to the fquare of the | 
Line EE But thé line E Fis equall to the'line ER . Wherefore the fquare of the line E G is 
dozble to the fquare of the line E K.Wherfore the [quares of EG and E K that is the fquare 
of the line GK by the 47 of the firftsane trebleto the fquare of the line EK . And fora[much 
as the line A Bis treble to the line B C,but asthe line AB is tothe line BC, foisthe {quare 
of the line A.Bto the [quare of the line B D., by the corollaries of the 8.and_20. of the fixt. 
Wherefore the {quare of the line A Bis treble to the fquare of the line B D. And itis proued 
that the {quire of the line G K is treble to the [aware of the line K Ë, and the line KE is put 
equallto tbe line.B D Wherofüre the lige K.G i5 alfo equall'tó the line M B. dnd tbe line 4B 
is the diameter of the {phere geuen .Wberefare tbe line K Gis equallto the diameter of the 

{phere geuen.W herfore the cube is coprehéded in the {phere genen: and itis alfo proned that 

the thameter of the Sphere. és in‘power treble to the fide. of the cube: which was required to 

bedone and tobe proudy VASA Tst A Laaa q aa ai N: 
vu A US | ` An other 


1 
S ^ rtr 
s EM a -sa 44 s * £ 4) ow * à 


(U^ W Another demonftiation after F/uffas. ^ ^ i 


Suppofe that the diameter of the Sphere genen in the former Propofitions, be the line AB. And 
let checenter be the point C, vpon which defcribe a femicircle A D B . And from the diameter AB 
cut of a third part B G, by the ».ofthefixt, And from the point G rdife vp vnto the line A Ba përpendis 
cular line D G, by the 11. ofthe firft. And draw thefe right lines D A,D C;and DB. And vnto the righs 
line DB putan equallrightline'ZI : "fes E. 
and vpon the line ZI defcribea fquare Ama 
EZIT,.Andfró the pointes E,Z,L,T; 
erecte vrito the fupeificies EZ I T per- 
pendicular lines EK,Z H;EM, T N(by 
the 12. of the eleuenth):and puteuery . 
one of thofe perpendicular lines equall 
to the line Z1. And drawe thefe nght 
lines KH, HM, M N,and N K, ech of 
which fhall be equall and parallels to 
the line ZI, and to the ret ofthe lines 
of the fquare by the 55.of the firft.And 
moreouer they fhall containe equall 
angles(by the 10.0f the eleuenth): and 
therefore the angles are right angles, 
for that E ZI T is afquáre :-wherfore 
che refit of the bafes (hall be fquares. 
Wherfore the folide EZITKHMN 
being cótained vnder 6;equall íquáres, 
isa cube, by the 21. definition of the 
eleuenth. Extend by the oppofite fides 
K Eand MI of the cube;a plaine KET- . 
M : and againe by the other oppofite 
fides N T and HZ , extend an otüer 
plaine H Z T N.Now fora(much as ech 
of thefe plaines deuide the folide intó: 
two equall partes, namely, into two 
Prifmes equall and like ( by the 8. defi- 
uition of theeleuerth): therfore thofe 
plaines fhallcut the cube by the cen- 
tre, by the Corollary ofthe 39. of the 
eleuenth: Wherefore the c6mon ſecti- 
on of thofe plaines fhall paffe by the 
centre:Let thatcommon fectionbethe pai =, 
line LF. And forafmuch as thefides ^ i 
H Nand K Mof the fuperficieces ‘K E~ 
IM and -HZTN do diuide the one 
the other into two equall partes, by "F | | 
the Corollary of the 34. of the firft, and fo Iikewife do the fidesZ T and EY: thereforethe cottmon 
fection L Fis drawen by thefe fections, and diuideth the plaines KEIM and H'Z T N intotwo equali 
partes, by the firit of the fixt : for their bafes are equall, and thealtitude isone and the fame, namely, 
the altitude of the cube . Wherefore the line L F fhall dinide into two equall partes the diameters of, 
his plaines, namely, the right lines KI, EM, Z N,and NT, which are the diameters of the cube. Wher= 
fore thofe diameters fhalf concurre and cut one the other in one and the felfe fame poynt, let the fame’ 
be O:Wherfore the right lines OK, OE, Of, OM, OH, OZ, OT, and O N, fhall be equall the oné 
to the other, for that they are the halfes of the diameters of equalt and like reétangle parallelogrames. 
Wherefore making the centre the point O, and the {pace any of thefe lines OF, or O K.&c.a Sphere 
defcribed, fhall paffe by euery’orie of the angles of the cube,namely, which are at the pointes E,Z,1,T; 
K,H,M,N;by the 11.definition ofthe eleuenth for that alt the lines drawen from the point O to the an- 
gles ofthe cubeare equall . But therightline EI containeth in power the two equall rightlines E Z, 
and Z I, by the 47.0f the firft. Wherefore the íquare ofthe line E I 5 double [to the fquarejoftheline 
ZY. And forafmuch as the right line K I fubtendeth the right angle K EI (for that the right line K Ejis 
erected perpendicularly to the plaine fuperficies ofthe right lines EZ and Z T(by the 4.of the eleuéth) = 
therefore the'fquare of the line K Lis equall to the fquares of the lines E Fand E K jbut the fquare ofthe 
line E T is double to the {quare of the line E K (for itis double to the fquare ofthe line Z Las hath bene: 
proued, aud the bafes of the cube are equall fquares ) . Wherefore the {quare of the line KI is triple to 
the {quare of the line K E, thatis, to the {quare of the line Z1-. But the right line ZI is equalt to the 
right fine D B,by pofition, vato whofe {quare the fquare of the diameter A B is triple; by that which: 
was demonftrated in the 13.Propofition of this booke. Wherefore the diameters K1 & D B are equall.. 
Wherefore there is defcribed a cube K I,and it is comprehended in the Sphere geuen wherin the other 
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cenſtruction. 
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folides were contained, the diameter of which Sphere is.thelline AB...Andthe diameter KIor AB of 

the fame Sphere, is proned to be in power triple to the fide of the cube,namely, to the line DB, or ZI. 
we ee Pe i : — 4 ji Ne Ts 

Sese 2. 7.9] Corollaryesadded by F/sfías. 
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* Firf Corollary. 


Hereby i is manifeft, rhat thee diameter of a Sphere containethin power the fides both of a pyra- 
mis and of a cube infcribed in it. J Ae 

For the power of the fide ofthe pyramis is two thirdes of the power of the diameter ( by the 13.0f 
this booke ) . And the power of the fide of the cubeis , by this Propofition, one third of the power of 
che fayd diameter. Wherefore the diameter of che Sphere contayneth in power the fides of the pyra- ’ 
shis and of the cube.. Pale, © _—A 


s+, we 
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af Second Corollary, =: a 


cA che diameters of acube cut the one the other into two equal partes in the centre of the phere 
which containeth the cube . And moreouer thofe diameters dein the [elfe fame point cut into two e- 


quall partes tbe vight lines Which ioyne together the centres of the appofite bafés. 


"wu! ndi LIAE. i 

Asitis manifeft to fee by the right line L O F. For the angles LK O,and'F LO, are equall, by the 29. 

of the firft : and itis proued, that they are contained vnder equall fides > Wherefore ( by the 4.of the 

firft) the bafes L O and F O are equall . In like fort may be proued,that the reft of the right lines which 

ioyne together the centres of the oppofite bafes do cut the one the other into two equall partes inthe 
centre Q. . 


q Ibe 4.Probleme. ., The 16.Propofition. 


To make an Icofabedron ,and to comprehend it in the Sphere geuen, where 
in were contained the former folides, and to prone that the fide of the Icos 
fabedron is an irrationall line of that kinde which is called a lefSe line. . 


4 Ake the diameter of the Sphere namely, the line AB: and deuide it inthe’ 
AN point C, fo that let the line AC be quadrupletothe lineC B, by the p. of the. 
E fixt.And defcribe upo the line A B a [emiircle A DB. And( by the 11.0f the 
MS first) from the point C rjr unto the line AB a perpendicular line CD. 






S 


SOT EN? And. araw aright line from the point D tothe point B.. And defcribe a circle. 
EEGH K whofe line frow the centre (which tet be the point Z ) tothe circumference, let 
beeawall tothe line DB: And inthecircleE F G HK defcribe (by the 11.0f the fourth) an 
égaslater and equiangle Pentagon figure. EF GH K . And deuide the circumferences E F, 
FG,GH,H.K,and K E, into two equall partesin the pointes L,M,N,X,0. Draw.alfo thefe 
rightlines LM, MN, NX, XO, and OL: and moreouer thefe lines O E,EL,L F,F M, 
MG, GN, NH,H X,X K, and K 0, and they (hall be the fides of an equilater decagon in- 
fivibed inthe civcle EF GH K, by the 29.0f the third. Wherefore the figure L MN XO 
is an equilater pentagon by the 29.0f the third,and the right line E O is the fide of a decagon 
or ten angled figure. Raife up (by thé'12.0f the elenenth) from the pointes E,F,G,H,K aud 
the centre Z,unto the plaine [uperficies of thecircle,perpendicular lines E P,F R,GS,HT, 
KV, and ZW; and let ech of them be put equall tothe line drawen from the centre of 
the circle EF GH K, tothe circumference, namely, to the line Z E . Whereforeright lines 
dramem from W toP,fromW to V,fromW toT ,fromW to $,fromW to R, fhall be equall 
and parallels to right lines drawen from Zto E, from Zto K, from Z to H, from Z to G, 
and from Z to F, by the 6.and 7.0f the eleuenth, and 33. of the firft . Wherefore the plaine 
fupecficieces EF GH K,andP RST V,which are extended by thofe parallel lines, are i 
| ra 
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rallel fuperficieces, bythe 1 5 0f the eleuenth. Wherefore making the centre the point W, and 


the (pace W PyorW F deftribea'cirele, and it [ball pafce,by the pointes T,S,R, and fhall be. 


equalltothe circle EF G HK . For the femidiameters of eche are equall . And drawe thefé. 
right lines PR, RS,ST,T F,V P, and tboy hall make a pentagon, whofe fides [ball be e« 
quallto the fides of the Pentagon OL-M N X,by the 29.0f the ferit . For ech of them doth 


fubtend two fides of the decagon, or - 

tbe fifi part- of equall circles. From 

the vpper pointes P,R,S,T V, dram => 
thefe lines P O,P L,R L, RM,S M, 
SN,TN,TX, VX, VO: which 
fhall [ubtend right angles cõtained aa ath b X p 
vader the fides of the Boon EL. at. ^u il — un 
F UMGNHX KO, andthe per- | ET ow d 
pendicular lines PE, RF,SG; = A SEU 
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Now forafmuch as the perpendicular lines P E, R F,$ G,T H,and V K, are pate- 
quallto the line Z E drawen from the centre, therefore they are equall to the fide ofan equi- 
later hexagon infcribed in the fame circle (by the Corollary of the 15. of the fourth). Where- 

forethe right lines PO, P Ly 0, and V X ( which fubtend the right angles contained un- 
der thofe perpendicular lines and the fides of the decagon) containe them in power by the 47. 
of the firft : But the fide of 4 pentagon (namely, the fide L 0 or PV ) containeth in power the 


Firft part of the 


demonſiration. 


fidesof an hexagon and ofa decagon inſeribed in one and the felfe fame circle, by the r0. of 
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this booke “Wherefore the fubte nding lines P O, P L, 9O, 8X, T X TN SNS MRM,- 


KL, tontainein power the felfe famefquarethat the fides of the pentagomOL MINX cons 
taine, oy thatthe fides of the pentagon P.RS TV containesand thèrefore thofe ftbtending , 
Lines.are equalltothe fides of the forefaid. penta gons. Wherefone the triangles contained of. 
thofe {ubtending lines.and of the {ides of the pentagous,-and which are ten in number, name- 

Wy, PLO,OVP,VOX,VXT,TXN,TNS,S NM, SUR, RML, and RL P; 
are equilater. Againe produce the right line ZW on either fideso the points 9 @ K-and un- ` 
to the fide of the decagon,namely,to the line O.E put the lines ZX and W Q equal: And for- 

afmuch as theright line OY isere- : N Llc Bad hee 
Ged perpendicularly to the plaine fu- 
perficies OL M N X, therefore itis Litus or oer d ee zg 
alfo erected perpendicularly to the o- | Tues. Ji sd on 


e. 3 €*5 KNEE & 
r RM! .5 










A eee. ther plaine fuperficies PRST F. by ANU A 
te baal He ca feli. | —— 
And drame thefe right lines 9 P, s SS : 
97,97,95,cr 9 R:andtbefe 
lines alfo TL TM, TIN TX, ——3 E: N 
And Y o. — TS P LOS ha 3 - = 
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» Now forafmuch asthe lines 9 P, V, T, Q S, and Q R do eche fubtend right an- 
second part of gles contayned under the fides ofan equilater hexagon dr of an equilater decagon infcribed 
the demiftration 5 the circle P RST. V or inthe circle E F.GH K (which two circles are equall) therfore the 

fayd Lines ave eche equal to the fide of the pentagon infcribed in the forefayd circle by the 10. 
i Ada —— 0 
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of Euclides Elementes, ^— Fol.4.09. 


of this bookesand areequalltheoneto the other,by the-g.of thefir}?, (for all the angles at the 
poyat W which they fubtend areright angles) Wherefore thefine triangles Q PV , OP.R; 
QRS, QSL and Q T V gvbichare contayned under thë fayd lines 9V;9:P,9 R, 2S; 
QI ,and vader the fides of the pentagon P RST yareequilater, and equal to the ten for- 
mer triangles. And by the famereafon.the fine triangles:oppofite unto them, namely, the tri- 
angles YMLQMN,TNX,IXO;and YO L are equilater and equal to the [aid ten triangles, 
For tbelines Y L,Y MXN; Y X and. O dofubtend-vightaneles cotaynedinder the fides 
of. an equilater hexagon und ofan equilater decagü In[cribed in the circle EF GH K,which 
1s equall tothe circleP RST... Wherefore there is defcribed a folide contayned under 
20.equilater triangles. Wherefore by the last diff inition of the eleuenth there ts defcribed ar 
Icofabedron. b Omar omn omn Senes | 

Now st is required to.comprehend it in the [phere ceuen andto prone that the fide of the 
Icoſahedron is an irrationall line of that binde which 1s called a leffe line . Forafmuch as the 
line Z W15 the fide of an hexagon er the line W © isthe fide of a dceagon; therfore the line 
Z 2 is dinided by an extreme and meane proportion in the point W, and his greater feam et 
is ZW (by the 9 of the thirteth) Wherfore as thé line. O Z isto the line ZW fo is the line Z- 


V 


Y €. « 
43 4 


W to the line W Q.But tbe Z Wis equalltothe line Z L by conflrutfion, andthe lineW. Q ,— 


10 tbe line Z Y by confiruction alfo:Wherefore asthe line Q Zis totheline Z L fots the line 
Z Ltothe line Z Y,and theangles O Z Land LZY. are right angles(by the 2. diffinition 
of the eleuenth If therfore we drawa right line from the poynt L tothe poynt Q the angle 
YLO shalbe a right angle,by reafo of the likenes of the triangles TL Qand Z L © (by the 
S.of the fixth) Wherfore'a femicircle defcribed upo the line 9 Y fhal paffe alfo by the point 
L (by the affumpts added by Campane after the 13.0f this booke). And by the [ame reafo al- 
fo for that as tbe line Q Z is the line Z W fo is the line ZW tothe line W Q ,* but the line 
Z Q wequall tothe line YW,and the line ZW to theline PW : wherefore as thé-lineTW 
is to the line W P fois the line PV tothe line W Q°And therefore agayne if we draw aright 
linc from the poynt P to the point Y,theangleY P O {halbe aright angle. Wherfore a femi- 


For the line 2. 
W ss equall to 
the line T 2,69 
the line E Wis 
comme to thers 


circle defiribed vpon the line ZY fhal paffe alfo by the point Pb the former affumpts:@ if toth. 
she diameter. DY abiding fixed the femucircle beturned round aboutsuntil it come tothe 7 part 1 a- 


felfe fame place from whence it began firft to bemond it fhalt paffe both by t he point P „and 
Aljo by tbeveft of tbe pointes of tbe angles of the Icofahedron , and the Ico[abedron .[balbe 
comprehended in a fphere.1{ay alfo that it ts contayned in the [phere genén: >ti i 
c Piuide(by the 10.0f. the firft the line Z Winto two equall parts in the point a.And for- 
afmach asthe right line Z Q i diuidéd by an extreme and -meane proportion in the point 
Wand his lefe fegmentis QW therefore the Jeement: QW haning added vntoit the halfe 
‘of the greater fecment; wamely, the line W a,ts (by the 3 .of this booke )in power quintuple to 


re 





the [quare maae of the halfe of the greater fegment -.wherefare the {quare off. tbe line Q a às 
gquintupleto the {quare of tbe line a W:But vnto tbe quare of tbe 9 aytbe [quare of tbe line 
2 quadrepi (by tbecorollary of tbe 20. off the fixth ) for the line Q ¥ is double to the 
line Qacand by the fame veafon unto the (quare of theW Ashe fquare of the line ZW is 


‘quadruple: Wherefore the{quare of the line Q 7 is quintupleto the fa "are of tbe line ZW 


(hy the 15.0f the fiueth) And forafmuch as the line AC js quadruple'to the line C B „therë 
fore the line A B is quintuple tothe line CB . But as the line A B isto the line BC , fo is the 
fquare of tbe line A B to the [quare of the line B D(by the 8 of the fixth, and corollary ofthe 
20.0f the fame). Wherfore the [quare of the line A B is quintuple to tbe (quare ofthe line B- 
D. And it isis proued that the {quare of the line: Y is quintuple to the (quare off tbe line 
ZW And the line BD is equall to the line ZW for either of thems is by pofition equallto the 
line which is drawen from the centre of the circle EF GH K tothe circumference. Where- 
fore the line AB isequalltotheY 9 . But the line AB is the diameter of the [phere geuen: 
Wherefore the lineY Q.which is proued to be the diameter of the [phere comtaywing the Ico- 
n = [abedron 


Laine after- 
ward demon- 
frated by Fluſ- 
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fahedron,wwequallto the diameterof-she phere geuen'. Wherefore the:Icofahedlromis contay. 
ned in the [phere gewe.Now J fay that the fide of thetcofahedvowas an irrationall line of that 
kinde which is called a leffe line. For farafmuch as the dianseter of the [phere is rational, and 
isin power quintuple to the {quare of the line drawen fra.the centre of the tircleO-L.M NX: 
wherefore alfo the line which i drawen from the centre of the circle O0 LM NX isrationall: 
wherefore the diameter alfo being comenfurable to the Jame line by the 6:of the tenth)-is ra- 
tional. Butafinia-circle hang avationall line to hiscdiginetér be, de{cribed an. equilater 
pentagon,the fide of the pentagon is(by the-11 .of this bonke)anirrationalttinesof thatkinile 
which is called aleffe line.Bus the fide of the pentagon. 0 L MINX is alfo the fide of thelco- 
fabedron defcrebed,as bath before ben proued.Wherforethe fide-of the Icofahedri is an irra- 
tionall line of that kinde which és called a leffe line . Wherefore there is de{cribed an‘Ici{ahe- 
dron: drd Ft is contayned ins the. {phere geuen,vand itis promed that tho. fide of the: Icofa- 
hedvonisan.irrationall line ofthat kind which is called "a deffe line. Whichwasrequivéd to 
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Hlevebyitismanifeftt bat the diameter of the fphere.is in poser quintuple 
to the line whith is dra wen fróm tbe centre of the circle’ to the circuinference on 
which the Tcofabedron t defcribed. And that the diameter of the phere 215 com- 
| | fd | iue SAT pee ATO yl ere alae Me tlt ek 
pofed of the fide of an hexagon,and of two fides of a decagon de/cribedin one 
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aud the felfe Jame circle. 3. iios. - Boss aded 
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Fleffes proucth the Icofahedron de(cribed,to be cótaynediin afphere; by drawing: 


right linesfrom.thé poynt;a,to the poyntes P and G after thismanery «s 


; ^ ein des GN Satis S RJ ^ te Al C) Q Ye -2 We F win TE i s$ way: A tl At ne oii! 
~*~ Roralinudh as the lites Z W,W P arepit equal to che line diawen froma the centre to the direit 
ference;and theline drawen-from-the centré to the tircumferehce is doubleto chelined W ;by'eón - 
ftru&tion:: therefore theline W Pus alfo donbleto thé fame line aW. W ‘herefore thefquare of the line 
S aW P is quadruple tot he{quare ofthe linea W (by the.corollary.of the 20.0f thefixth) And thofedines 
|o P W and W acontayninga right angle P’ W a (as hath before bene proued )are fubtended of the’right 
LA Fine a pPiwherefore( by the 47.of tie firft ) die line a P contayneth it poWer the lines PW Said Wa. 
79V ‘Wherefore therightline a P isin power quintuple to theline Wa. W herefore the rightlmes aPyand 
a Qbeing quintuple to one and the fame line W ajare(by the siof the fiueth)equall.. In like forté alfo 
may we proue that vnto thofe linesa P and a Q „are equall rhe reft of the. lines drawen from the poynt 


‘ $ \e t ` 


"ato the reftof the abeles.R,S,T3V. For cheyfubrend right angles contayned of the line W ajand of tle 
lines drawen from the'centre to thé ‘circimference . And foraftnuch as yato the line W.4 is‘equall the 
dine. V a, which is likewife erected perpendicularly vnto the other plaine fupecficiesO L MN.X:there- 
Torelines drawen from the point ato the angles O; LL Y and lübtendiat rightangles at the point 
‘Z*contaynedynder lines drawenfró the centre to the circumference,aad vnder the linea Z;are equal 
"not onelpthe.oné to:the ótherjbüt alfo to the lines, drawer fró.the fayde poynta;tó the formerangles 
atthepoynts, D;R, S,T, V;. For.thelines drawen fró the centre to the circumference of ech circle are 
'equall;& the linea W is equall to the line a Z.But the line a P is proued equal to théline 2 Q ; which 
"3s che halfeofthe Whole Q Y> Therefore therefidue aY is equal tothe forefaydlinesa P;a Q&c. 
"A: Berefore inaking the centre the poynta5and the fpace one ofthofe linesa Q ,a P;&c.extende the iu- 
perficies ofa fphere,& it fhal touch the 12,angles of the Icofahedron, which are atthe pointes.O,L,M. 
N,X,P,K,S; T, V,Q Y which {phere is defcribed, if vp6 the diameter Q Y, be drawen,a femicircle,and 
the fayd fericircle be moued about; afl it returne vnto the fame lee ih whenfeit began firft to be 
A M Au SIE X 
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The oppofite fidesof an Icofahedron are parallels.For the diameters ofthe fphere do fall vpon che 
oppofite angles of the Icofahedron: as itwas manifeft by the right line Q Y . If therefore there be ima- 
gined to be drawen the two diameters P'N,and O M they fhall concurrein the point F? wherefore the 
iight lines which ioyne them together;P V,and EN, are in one and the felte fame playne fuperficies ED 
te, the 
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of Euchdes Elementes.. Fol.410. 


the s:of die eleitenth', Aüd forafmuch as the alternate angles at the endes of the diameters are equali 
(by the 8.of efte firft) :for che triangles contayned vnder equall femidiameters and the fide of the Ico- 
faliedron are equiangle: therefore (by the28.0fthe firft)thelines P V and L'N are paralles. ' 
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T'o makea Dodecahedron , and to comprehend it in the fDberegeuen, .. 9.4 
Wherin were comprehended the forefayd [olides:and to prone that the fide = =» 7 
of the dodecahedron is an irrationall-lineof that kind whichis called a rea > 
fiduall line. Lu ep ay T | | 







? Ake two playne fuperficieces or bafes of the forefayde cube, which let be the two po por 
fquares ABCD and CBEF, cutting the.cne,the other. in. the line BC per- she con Truce. 

4 Audpendicularly according to the nature of a cube. And (by the ro.of thefirft ) di- tion... -. 
uide every one of the lines A B,BC,C D, D A,E F,E Band F C into.tmo equallpartes in Sans 
the poyntes G, H, K, L, M, N, X.And drawe thefe right lines G K and H L,cutting the one 

the other in the point P,and likewife draw the right lines M Hand N X cutting the one the 

other in the poynt O . And diuideeuery one. of thefe right linesNO,OX, HP,and LP, 

by ansextreme and meane proportion in the nc = mi. weds (a 

points R,S,T ,¢t,and let their Greater fegments siis ny i 
beRO,OS,T P,and P &. And ( byther2 of n.n » E - 
the eleuenth ) fro tbe poynts R, O, 8, rayfe vp _ 
to the outward part of the — Feo SM ee 
BCF of the fore(ayd cube, perpendicular lines b RE 
RF ,0 Y ( S Z: and let echeof thofe perpédi- ..- 
cular lines be equall to onezof thefe lines RQ, .5 N. 
O Sor TP, which perpendiculars [halbe parab <>» 


V 





- . 
EU et ers 


lels ( by tbe 6. of tbe eleuenih) ; and likewife- 
from the pointes T Pct, rayfe vp unto the out- > 
ward part of the playne [uperficies 4 BC D of ... 
tbe fayd eübe,thefe pérpendicular.lines;3 W,. 9 
P. stand éE I,echeof nibich-perpeudicular lines. f°? 
petequallalfo to1he line.O S5, or OsRar.T Pee poss 
and thefayd per pendieulars]Dalbe parallels (by ... |o c 
theforefayd 6. of thbeeleuenth) - «Aud dram, Vs. 
cheſe right linésaH-, H.Wy8W3W CC Zand — 
GB Now I fay that the. pentagon figure al. 
J5B W Q Zyisequilater and in oue and thefelf.. 7 
ſame plaine ſupenſicies, and morebuer is equi-. | 
vingle. Dxasistbe[e right lines T. B,R.B, and 


IP 


The pentagon 
VBYWC?, 
proued equs- 
later. I 


OB dnd fora snnich as the rightline NO i$... A rpm 
disided.by un extreme and meaneproportienin s: 
tbepoynt R ;and lisgreater fegmentistheliné c | Le 
RO,the efore the (quare of tbediies N O and N, Rare trebleto the [quare of the line RO 
(by tbe quof this booke) .. But the line O-N is equalltotheline NB „and thelineOR tothe 
line RV. Wherefore the {quares of the lines B N and RN are treble tothe {quare of the line 
RV. But unto the (quares of thelines BN_and NR is equall the [quare of the line BR 
{ by the 47. of the firft) . Wherefore the fauare of thé line BR is treble tothe fanare of the 
line RV. Wherefore the {quares, of the lines B Rand RV are quadruple to the {quare of 
theline RV Bui vatothe {quares ofthe lines BRand R¥<is equall the fquare of the line 
— 000.3. BF 


t 
> 


On A ThetbirtenthBooke. > 


BY (by the' 47 of the firft) fr the angle B RV is avightangle ( by the 2. diffinition of the 
cleuenth) Whereforethe fquare of the line BY is quadruple te the [quare of the ney R. 


Wherefore the line B V is double to the the line RV (by the Corollary of the 20.0f the fixth). 


And the line Z Vis alfo double to the line RV( for* that theline’S R ts dondle to the line 0- 
R,that is,to the line RV which is equall to the line OS).Wherfore the line BV isequall to the 


* 94 : b r , 
Dad i E lineV. Z.., And forafmuch as the two lines BN, edi LE A a oa 

; ; - QU) E " it A Ft 0 — Boy sax 2 JJ ! SNU ydas ola! * W^ 4 V A A 
rallel to the lie. 4d N Rare equall totbetwolinesB Hand H-.— 5. 00000 aos su F 


ZV (bythe 33. Tnamely,the wholes and theleffe (egmtts, and — 
Jt —— _ they tomprehend richt angles namely of the -- p 0s 
* * 4 fquares,B O and B P therefore ( by the 4.of the 
parallel lines, fef ) the bafes BR And BT are cquall. And for- 
pes í Aid afmuch asthe lines B Rand B-T areequallyand c 
wurblhemh, the two lines R P) 3nd T W iie alfo byeonftra-^ N.- 
the7.ofrbecle- CHonequall’ andthe angles BRP and BE Ws fap fs 
æenth. éreby {nppofition right anglesstherefore againe © J JYS 3 
(by tbe cof tbefer]l ie bafe Brand B Ware: V [dy A 
equall’: but the line BV; isproued equallto thes: 
line V ZW her fore the line BWs alfo equall to 9% 
the line V Z. In like [ort al[o may we proue that. | 50 
either of tbefe lines WC,CZ is equal to the fame: ^ ase 
lineV ZWiherefore the pentagon figure BV Bo Mais us 
| CW iegualater. \ : VERUM 










The pentagon Now Day that it is in one and the felf fame ® J at — 
FBWC P playne [uperficies . Fora[much às theline Z Vas WARS, f° ose 

| : i * FAA ^ oe a ; ——— 
prot bin a parallella theline Ss R( a pan beforeproned). «he! 0903] Jay 3 
fame playne fu but unto the fame-line 5 R, i5. the D»xe C B.d 5 Ps = ‘ork Y d^. ba va 


the 9 .ofitheelenenth ) tbe line V, Z is aparallell- AS COS imde st ea Pai 
to the line C B.Wherefore,by the feugth of thee M ooo as 0 S P fot tS a 


*e se 
P 


perficses, parallell( by the 28:0f the firft) . Vhirfore ſIᷣhy 


lenenth,the right lines whith ioyne thé together 2 ASSO A ee ss 
are in the felfe fame playne wherein are the parallel lines. Wherefore the Trapeſium BVE- 


C isin one playn end the triangle B WC is iñ one playne (by the 2 of theelenenth ) > Now to 
proue that the TrapefiumBY,Z C & the triangle BW-C.are in one and thé felf fame plaine, 
we must prove that the right lines Y H, ana Weare made'diret#ly one right lineswhich 
thing isthus proved. Foraf{much as the line HP ts dinided by an extreme and sneane pro- 
ctae 0v portion in the point T, and his greater fegment isthe line PT; therefore as the line HP isto 
OSR I theline PT fois the ling P T tothe line T H.Bütibélige AP isequall jo the line H o- and 
com ghelinePT toeitherof thefe lines T W and O. YXWhereforeas the linea isto the lined- 
“SY foisthelineWT to thelineT H.But the lines Hound EW being fides of like proportion. 
are parallels (by the $.of the eleuemtb): (For either ef them is tretted perpendicularly tothe 
plaine füperfictes B D ): and tbe lines T. H arid O Y urefarallels, which arecalfo fides of like 
proportion, by tbe [ame 6.of tbe eleuentb, ( For either of them is alſ erected perpendicu- 
larly to the playne fuperficies BF.) But whentherearewwo triangles haning two fides proi 
portionallio two ſides ſo fet.vpomoneurigle.shat their fides of like propor tio are al[o'parallels 
vasti ixapoles 1 O Hird HRW ure) whofetøo hides) OH eP H Ts being in the PWO ba- 
{es of che subeonuking an angleat thé point H,theyidesremayning of thoferriangles hal(by 
the 3 2i0f the }ixth)be in onevight line Wherfore the lines CH cy HW make both one right 
line Butcenery right linesis(by thex.of the elenenth in one cy the [elf fame placne fuperfictes. 
Whereforeifyedrama right link fromB toX , there fhalve made a triangle BWT , which 
ſualbe in ene andibe felfe ſame plaine(by the 2.of tbe eleuentb) . And therefore — 
a Va | : pentagon 
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pentagon figureV BWC Z is tn one and the felfe fanie playne [uperficies. 

Now alfo I fay that it is equiangle.F or forafinuch as the right line NO is dinided by an ry, pentagon 
extreame and meane proportion in the point R,and his greater fegmentis OR, therefore as V BUC à " 
both the lines N O aid O R added together isto tbe ling O N, fo (by thes. of this booke)is proned equt- 
the line o N to the line O R.But the line O Ris equatl tu the line oS . Wherefore asthe line angles 
SN is to the line NO,fois the line N O to thé line OS.Wherfore the lineS N is diuided by 
amextreme and meane proportion in the point O,and his greater fegement is the line NO. 
Wherefore the {quares of the lines N S and S O are treble tothe{quare of theline NO ( by 
the 4. of this booke) . But the line N O is equalltothe NB, and thelineS O tothe line S Z: 
wherfore tbe [quares of the lines NS and Z S are treble to the [quare of the line N B:wher- | 
fore the fquares of the lines ZS,S N and NB,are quadyuple to the {quare of the line N B.. 

But vato the faxares of the lines SN cy NB(by the 47.0f the firt)is equal the [quare of tire 

line S B:wherefore the [quares of tbe lines B S and 8 Z that is the (quare of tbe (ine B Z,by | 

the 47 of the firft, (for the angle ZS Bis aright angle by pofitio) 2s quadruple to the {quare . 

of the line N B.Wherfore the line B Z is double to the line B N(by the Corollary of the 20.0f 

the fixth) But the line B C is alfo double to the line B N.Wherefore theline B Zis equall to- 
— theline B C.Nomforafmuch as thefe two lines BV and¥ Z are equall to ibe[e two lines B- 

W and W C and tbe bafe B Z is equall to the bafe B C,therefore( by the 8.of the fir(t)thean- 

gle BY Z is equall to the angle BWC. And in like fort ( by the 8. of the first ) may we proue 

that the angleV ZC is equali to the angle BW C ( prowing firft that the lines C Band C V 

are equal:which are proned equal by this that the line N S is equal to the line X R,and ther- 
fore tie line CR is equalto the line B S,by the 47 of the firft:wherfore alfo by the fame y line 

CV is equal to the line BZ ,that isto the line B C(for tbe lines B C civ B Z are proued equal.) 
Wherefore the three anglesBWC,BV Z,andV ZC are equall the one tothe other But if tn. 

an equilater pentagon figure there be thre angles equall the one to the other , the pentagon is 

(by the 7.0f the thirtéth equiangle-wierfore the pentagon BV Z CW is equiangle. And it 

is alfo prowed that it is equilater :-Wherfore the pentagon BV Z CW is both equilater @ e- 
guiangle._ And it is made upon one of the fides of the cube,namely upon BC.” If therefore * Looke for 4 
upon enuery one of the twelue fides of the cube be vfed the like confivuction,there {hal then be, farther con. 
made a dodecahedron contayned under twelue pentagons equilater and equiangle. " firuction after 

Now it is required to comprehend it in the [phere gezen and to proue that the fide of the Flujjasat the 


“tHe AE. eg tiny ll Lon Leber be MOL A 4 ende of the de- 
dodecahedron is an irrationall line of that kinde which is called a refiduall line. Extend. — 


the line O,and let the line extended be Y 2: now then the line Y. Q fhail light uppow 
the diameter of the cube;and {hall diuide the one the other into two equail parts. For thisis That the do- 
manifeft to fe by the 39.of the elenenth . ( For if by the two lines N X and MH bedrawen decahedron is 
two playnes perpendicularly to the bafes , and cutting the cube , the commen fection of thofe, 6#tayne din 


t 


playnes [halbe the lige Y O produced : for their common [ecfion is fram tbe poynt O eretfed — 
perpendicularly to the plaine E B CF ,by the 19.0f the eleuenth). Let them cut the one the o- — 
ther in the point Q-wherefire Q isthe centre of the [phere which comprehendeth thecube, 
and Y.Q is the halfe diameter of the [phere by that which was demofirated in the 15..of this 
book: wherefore theright lines drawen from the centre 9 to all the angles of the cube fhalbe 
equall.And draw aright line from the point V. to the point 2. Now forafmuch as the right 
line NS is dinided by an extreme andmeane proportion in the point O and bis greater feg- 
ment is the line N O as hath before ben proued , therefore the nore of tbe lines N S and 
S 0 are treble to the (quare of the line N O,by the 4.of this booke.But tbe line N 8 isequalto 
tbeline T 9 ( for the line No is equal to the line OQ as hath before ben proued,ey the line 
YO tothe line O 8) being both leffe fecmentes: but the line OS ts equall tothe lineYV , for 
the line RO is equall thereunto:wherefore the [quares of the lines O Y and YV are treble to 
the [guare of the line NO.But unto the (quares of thelines QT e TV the [quare of the line 
V 2 is equall (by the 47 of the first): wherefore the [quare of tbe line V. Q is trebleto the 

000.4. [quare 


That the fide 
of tbe dodeca- 
bedron it a 

refiduall line. 
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{quare of the line NO .. But thefemidiameter — 

of the {phere copreheding the {aid cube isin po- ` 

wer treble tothe balf of the fide of thecube.For = = © 
we haue before(in the 15.0f this booke) taught 

bow to make a cube ,and to comprehende it ina 


, , H | 
fphere,and baue proued that the diameter of the /N E 
N- KR \ 478 


A 


fphere is in go trebleto the fide of tbe cube. 
Now in what proportio y whole is to the whole, 
in the fame is the halfe to the halfe(by the 1s.of 
the fifth) But the line NO is the half of the fide 


of the cube Wherefore thelineV Q is equali to . SENG Y 





the fersidiameter of the {phere copreheding the | HU l a 
cube. But the point Q isthe centre of the [phere S} NX 
coprebending the cube. Wherefore the posat V, 7 | | 
which is one of the angles of the dodecahedron, e 

toucheth the [uperficies of the [phere geuen In 

like fort alfo may we prone , that euery one of P | 
the rest of the angles of the dodecahedron ti aei ER 
toucheth the fuperficies of the phere Wherefore a O8 

the dodecahedron is comprehended inthe {phere 

geuen. | 

Now I fay, thai the fide of the dodecahedron 
7s an irrational line of that kinde whichis 5 E 
called a refiduall line. For forafmuch as the 
line NO is dinided b} an extreme and meane 

proportion in the point R, and his greater fegment isthe line O R, and the line O X is alfo di- 
uided by an extreme and meane proportion in the point S, and bis greater fegment is the line 
O S. Wherefore the whole üne N X is diuided by an extreme and meane proportion, and his 


_ greater fegment isthe line RS . (For for that as the line O N is to the line O R, fo is the line 


O R to the line N R, and in the [ame proportion alfo are their doubles ( for the partes of egaes - 
youltiplices baue one and the felfe fame proportion with the whole, by the 15. of the fifth ) . 
Wherefore as the line N X is to the line RS, fo isthe line RS to both the lines NR andSX 
added together. But the line N_X is greater then the line RS, by both the lines N R and S X 
added together. Wherefore the line NX is diuided by an extreme and meane proportion,ana 
his greater fegment isthe line RS . But the line RS is equall to thelineV Z, as hath before 


bene proned . Wherefore the line NX is dinided by an extreme and meane proportion, and 


his greater fegment ts the line V. Z . And forafmuch as the diameter of the Sphere is ratio- 
zall,aud is in power treble to the fide of the cube, by the 15. of this booke, therefore the line 
N X; being the fide of the cube, is rationall . But if arationallline be dinided by an extreme 
and meane proportion, either of the fegmentes 1s ( by the 6 .of this booke) an irrationall line 
of that kinde which is called avefiduallline. Wherefore the line V Z being the fide of the do. 
decabedron,is an irrational line of that kinde which is called a refiduall line Wherfore there 
is made a dodecahedron and it is coprehended in the Sphere geuen, wherein the other folides 
were contained, and it is proned that the fide of the dodecahedron is a refiduallline « which 
Was required to be done, and alfo to be proued. | 


q Corollary. 
Hereby it is manifeft , that the fide of a cube being dinided by an extreme 


and 
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and meane proportion ,the greater fegment thereof is the fide of the döde» 


cahedron , Asitwas manifeft by the line V Z which was proued to be the greater fegment . 


of therightline N Xj namely, ofthe fide ofthe cube. | 
A further conftruction of the dodecahedron after Fluffas. 


Forafmuch as it hath bene proued thatthe pentagon BV ZC W is equilater and equiangle and 
toucheth one of the fides of the cube.Let-Vs thow alfo by what meanes vpon eche of the 12.fides of the 
cube may in like fort be applyed pentagons ioyning one to the other,and compofing the 12.bafes of the 
dodecahedron. Draw in the former figure thefe right lines AI,I D,I L,# K.Now forafnuch as the line 
P L was in the point & diuided like vnto the lines P H,O N.or O X,and vpon the pointes T,P,ét, were 
erected perpendicular lines equall vnto the line O Y,and the rett: namely,vnto the greater fegmét:and 
the lines T W and &1 were proued parallels , therefore the lines WI and T Gare parallels, by the 7. 
of the eleuenth,and 33.0f the firft. Wherefore alfo, by the 9. of the eleuenth,the lines W 1 and D C are 
parallels. Wherefore by the 7.of the eleueuth C W I D isa playne fuperficies.And the triangle AID is 
a playne fuperficies,by the ».of the eleuenth.New it is manifeft that the right lines ID,& I A are equall 
to the right line W C.For the rightlines AL & t & (which are equall to the right linesB H,& H T)do 
make the fubtéded lines A 5? and B T equall by the 4.of the firft.And agayne forafmuch as the lines B T 
and T W contayne a right angle B T W, as alfo doo.the right lines A & and & I contayne-the right an- 
gle A &I(forthe rightlines W T , and I & are erected perpendicularly ynto one and the felfe-fame 
playne AB CD by fuppofition) . And the {quares of the lines B T aud T W are equall to the {quares of 
the lines A & , and & I(for it is proued that the line B T is equall to the line A &, and the line T W to 
the line &1).And vnto the {quares of the lines B T and T W is equall the {quare of the line BW,by the 
47.of the firft: likewife by the fame vnto the {quares of thelines A Gand @Lis equall the fquare of the 
line A I. Whercfore the {quare of the line B W is equall to the {quare of the line A I, wherefore alfo the 
line B T is equall to the line A I. And by the fame reafon are the lines I Dand W C equal] to the fame 
lines. Now forafmuch as the lines A Land ID, and the lines A Land L Dare equali „and the bafe I Lis 
common to them both,the angles A L I and D L I fhalbe equall,by the 8.of the firft: and therefore they 
are right angles,by the ro.diffinitiotrof the firit.And by the fame reafon are the angles W HB, and W- 
H C right angles.And foratmuch as the twolines H T and T W are equall to the two lines L @ and &- 
I, and they contayne equall angles, that is, right angles by fuppofition , therefore the angles W H- 
T,aud IL ¢t,are equall by the 4.of the firlt. Wherefnrethe playne fuperficies A ID is in like fort incli- 

ned to the playne fuperficies A B C D,as the playne fuperficies B W C is inclined to the fame playne A- 
B CD, by the 4.diffinition of the eleuenth . In like fort may we prouethat the playne W C D Lis in like 
fort inclined to the playne A B C D,asthe playne B V Z C is to ae playne EB CF. For that in the trian- 
gles Y O H and # P K which confift of equall fides ( éche to his correfpondent fide) the angles YH O, 
and £ K P,which are the angles of the inclination, are equall.And now ifthe rightline # K be extended 


Draw in the 
former figure 
thefe lines, 
G 4,6 L, 

à D, 


to the pointa, and'the pentagon C W I Da be made EU » We may,by the famereafon, proue that. 


chat playne is equiangle and equilater , that we proued the pentagon B V Z C W to be emite. 
quiangle.And likewife if thé other playnesB W lA and AID be made perfett, they may be proued to 
be equalland like pentagons and in like fort fituate;and th 
W;,W C,W LA LandID.Andobferuing this methode , there fhall vpon euery one of the 12.fides of 
tlie cube be fet euery one of the 12.pentagons which compofe'the dodecahedron. ` ` aoe a 


«j Cértayne Corollatyes added by Flufias. 
Mm, a Firft Corollary. | 


eyare fet vpon thefe common rightlines B- - 


| The fide of a cube,is equal tothe right line which fubtendeth the angle of the pentagon of a dedta | 


cabedron contayued in one and the felfe fame [phere with the cube. 


. , ForthéáhglesB W C and Á I D;are fübtended o£ thelines BCand AD. Which ate fides of the 
Qube-.. e à " 


@ Second C. orollary. 


I a dodecahedron there are fixe fides euery two of which are parallels and oppoſite, whoſe ſecti- 
ons into mwo equall partes, are coupled by. threé rigbt lines, which in the center of the Sphere which 
contayneth the dodecahedron ,denide into two equall partes and perpendicularly both thew felnes and 
alfo the fides. "-—" J 


OOo.iij. For 


The fide of a 
pyramis, 


Lhe fide of 4 
cube e 
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‘For vpon the fixe bafes of thecube are fet -fixe fides of the dodecahedron, asit-hath bene pro- 
ued (by the lines ZV >W I &c. ) which are cutte into two equal! partes by right lines, which ioyne 
together the centers of the bafes of the cube,as the line Y O produced, and the other like. Which lines 
coupling together the centers of the bafes are three in number, cutting the one the other perpendicu- 
larly(for they are parallels to the fides of the cube ) and they cutte the one the other into two equall 
partesin the centerof the fphere which contayneth the cube (by thacwhich wasdemonitrated in the 
15.of this booke).And vnto thefe equall lines,ioyning together the centers of the bafes of the cube,are 
without the bafes added equall partes O Y, P ££, and the other like , which by fuppofition are equall to 
halfe of the fide of the dodecahedron’. Wherefore the whole lines , which ioyne together the —— 


of the oppoſite ſides of the dodecahedron, are equall, and they cut thoſe fides into two equall partes 


and perpendicularly. 
Third Corollary. 


Fe sb cares 


c: A right knetoyning tegerberthe paynts of the fettions of the oppofite fides of the dodecahedron šna: 


zotwo equall partes being dinided by anextreame and meane preportion : the greater fegment thereof 
fhalbe the fide of the cube , andthe lefle fegment the fide of the dodecahedron contayued ia the felfe 
fame [phere. n E 

A. 4 arua, s 


i 
om a 


ae. Foritwas proued that theright line Y Q _is diuided by an extreame and meane proportion in the 
poynt O, and that his greater fegment O Q is halfe the fide of the cube , and his leffe fegment O Y is 
e. fide V Z(which is the fide of the dodecahedron).Wherefore it followeth (by the 1s.of the 
fifth) that their doublesare in the fame proportion. Wherefore the double of the line Y Q which ioy- 
neth the poynt oppofite vnto the line Y,1s the whole: and the greater fegment is the double of the line 
O:Q- which is the fide of the cube: & the lefie fegment is the double of the line Y O, which is equall to 


the fide of the dodecahedron,namely,tothe fide V Z. 


. * 
e 
nor - € * 
io c E — " 
* 


. 
[dd | + . So 4 


f t 
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~oc: L0 finde out the fides of the, fore[ayd fie bodies, and to compare them 
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any Ake the diameter of the Sphere geuen, and let the fame be A B, and diuide it 
. inthe point C, fo that letthe line A C be equallto CB, by the 10. of the fir: 
bo) and in the point D fo that let A D be double to D B,by the o of the fixt.And 
A s Upon the line A B defcribea femicircle A EB And from the pointes C and. 
Efe ET. D aif top (by the r1:of thefirft) unto theline A B perpendicular lines C E 
and DE. And draw thefevright lines AF, F B and B Ë. Now forafmuch as the line A D 
is double tothe line D B , thereforetheline A B is treble to the line D B.. Wherefore the line 
B A is fefquialter to the line A D (for.it is as 3.t0 2.) .But.as.theline B Ais to the line AD, 
fois the fquare of the line B A to the [quare of the üne A F (by the 6.of thefixt,or by the Co- 
rollary of the (ame, and by the Corollary.of the z0.0f the fame ) : for the triangle AF Bus 
equiangle to the triangle A F D . Wherefore the fquare of the line B A is fefquialter to the 
— the line A. E... Buttbediameter ofa [phere is în power fe[quialter to tbe fide of the 
pyramis,by the 13 of this booke ,and-theline A Bis the diameter of the (phere . Wherefore 
the line A F is equall to the fide of the pyramts. | 
oct eaine forafmiltcl as the line A Bis treble to the line B.D: butas the line A Bis tothe line 
BD, fois the fquare of the line A B tothe {quare of the line F B , by the Corollaries of the 8. 
and 20.0f the fixt. Wherefore the {quare of the line A B is treble to the [quare of the line F B. 
But the diameter of a [phere is in power treble to the fide of the cube ( by the 15.0f this booke) 
and the diameter. af the (phere is tine line A B. Wherefore theline B F is the fide of the cube. 


r~ X) OC Euge rure "v UM wet ed 2) MC Gc V "v AC ; 
s adnafora[psuth as tbe line A Cis equallto the line CB, therefore the lene A Bis double to 
suini g of $i re et dw, J : } 
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Abe line C B.But as the lige A B isto the line CB, fois the fauare of the lime A B to tbe quare 


of the line B E (by tbe farnser Corollaries) . Therefore the [quare of the line A Bis double k 
: ERE. tre 


E d + 
-* .K 
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| Wherefore the fquare of the line 
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the fquare of the line BE: Butthe'diameter of the (phere isin power double tothe fide of the 
ottohedron,and'A B isthe aiaméter ofthe {phere geuen + wherefore the line B Eis the fide of 
the octohedron.: Raife up ( Ly the t1.of the firft ) froni thepoint: A unto the vight line.AB 
a perpendicular line AG . And put the line AG equalltothe line AB. And drawe aright. 
line from the point G tothe point- Cx: And let the line G GC cut the circumference in the point 
H. And (-by the 12.0f the firft ) fromthe point H drawe vito the line AB 'a perpendicular 
line HK . Now forafmuch as the line GA is double. to the line AC (for GA isequall to 
AB). ButasG Aisto AC, fois H Kt0 K C'( by the28 cof the first; and Corollary of the 
2.of the fixt) » wherefore the line H Kis double to the line K C.Wherefore the quare of tbe 
line H K isquadrüple to tbe quare of the line K C, by the Corollary of the 20. of the fixt. 


Wherefore the fquaves of the lintsH K and K C, which are all one with the {quare of the line 


HC, by the 47 of the first, is quintuple to the quare of. the line KC J Buttheline H C d$ es 
quallto tbe line € By by tbe definition of a cercle. Wherfore the [quare of tbe line B C is quin» 
tuple sto ‘the [quare of the lithe yc cono De tita y de sir ^w d 
CK Andfürafpsuch as the line ^ No Vc Ie * a onim 

zB ds déubletotheline BC,of ^ AN o 0o IR 

which theline AD. isdoubleto | 
thè line D B Wherfore the refiz 4> NS Vut m 
düe,namely,B-Djisdoubletotbe o NO om 
refidue, namelyste D C-( bythe’ | atit 
19.0f the fift ) . VV herefore the 
line B C is treble to thelineC D. 


B C is nonecuple to the {quare of 
the line C D, by the Corollary of 
the 20.0f the fixt.But * quare 
of BC is onely quintuple tothe 
fquare of CK . Wherefore the 
[quare of C Kis greater the the 
fquare of C D, bythe 10. of the 
fft- Wherefore alfo the line C K~ 
is greater then the line D C.Vn- 
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zo ibe ling C K fut (Dy the 2.of the firft ) an equallline CL» And from thepoint'L raifewp. 


unto the line’A B a perpendicalar line L M... And drawe aright line from the point M tothe 
point B . Now forafmuch as the [quare of the line C Bis quintuple to the fqnare-of the: line 
C Kj andthe line A Bis doable tothe line B Cpand the line KL is double totheline C Kos 


therefore the fquare of the line A B is quintuple tothe {quare of the line. K L; bythe 15.0f, 


the fift “But the diameter of a [phere is ix power quintuple tothe line whichis drawen from 
the centre of the circle to the circumference on which tbe Icofabedron is defcribedsby the Co. 
rollany. of the18 of the fixt.. And theline- AB isthe diameter. of the fphere-:. wherefore the 
lineK is thefemidiameter ofthe circle on which the Icofabedron is defcribed. Wherefore 
the line K-Listhe fide ofan hexazon-fieuré defcosbed in the fame circle, by the Corollary of 
shes siofthe fourth. And fora{muach as the diameter ofthe {phere is made of the fide an hex 
hgg figure; und of two fides of a decagon being. tch of them de[zribed: in one and the felfe 
famecirele (by the Corollary.of the 16 .of this booke) - and the line A Bis the diameter of the 
{phere and theline K Listhéfide ofthe hexagonand the line A K is equalltotheline LB: 
whercforceither ofthe lines ‘AK and LB is thefide ofa decagon de[cribed im the circle on 
whiclrthe Ivo[abedron is defcribeuQ that is,in the circle whofe.femidiameter is theline K L) 
And forafmuch as she line L.Bis the fide of adecagon,and the line:M Lofa hexagon (for 
ML dsequall tK. L, forthatit is equall to KH by tbe 4.of the third, far they areequally 
WAY P TER dif An p 
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octohedron. t 
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,  aiflant from the centre, and ech of thelines H Kvand K:Lisdouble toK C:) Wherefore the 

The hte ofin We M Bis the fide of a pentagon,by the 1 0.of this booke-. Butthefidenf the pentagon is alfo 
Ne. the fide of the Icoſahedron, by that.which was demonfirated tothe 1 0.0f this booke.. Wheres 
fore the tine M'B is the fide of an Icofahedron. ».- Nass a es e 2 

The fides of ¢ And forafmuch as the line FB isthe fide of a cube, ler it be: dinided by an extreme and 
dodecahedron, "AR? proportion in the point N, and let the greater fegement therof be. NB. Wherefore the 
line NB is the fide of a Dodecahedron, by the Corollary ofthe 17.0f this booke. = 

ey WW. Andforafmuch as it bath bene proued, by the 1 2 of'this baoke, that tbe diameter of the 


^ 


the fine fides {phere isin power fefquialter. to AF the fide of the pyramis,and is in power double to BE the 


Kits 


' * 


ofthe forefayd fideof the octohedron,by the r4 of the fame, and is in power. treble toF B tbe fide ofi the cube; 
bodies, by thé 13.0f the fame . Wherefore ct followeth, that of what partes the diameter: of the {phere 
containeth fixe, of {uch partes thefide of the pyramis containeth fower : and the: fide of the 
' o. e&ohbedron three xand the fideofthecubetwo . Wherefore the fide' of the pyramis is in power 
to the fide of the octohedron in ſcſquitertia proportion : and is in power.to thejide. of the cube. 
in double proportion . And the fide of the otfobedron is im power to the fide.of. the cubeinfef~ 
quialtera proportion . Wherefore the fore{aid fides of the three figures, that is, of the pyra- 
mis of the ocfobedron,and of the cube,are the one to the other in rationall proportions Where 
fore they are vationall. But the other two fides, namely the fides of the Icofahedron and of the 
J2odecabedrom, are neither the one ta the other,nor alfo to the fore[aid fidesgim rationall prò 
portions : for they areirrationall lines, namely,a lefse line, and a refidwall lines. cor sÀ asx 
The fide of the But that M B the fide of the G | "SM e aci (o ax mi x 
Jcfabedrom  Icofabedronis greater then N B | 7 Wier ite, od 
proued preater the fide of the D odecahedron- R Pye T a TAX 
venthefide may thus be proged. Forafmuch ~. E u aii voe hs 0E 
of tbe dodeta- asthe triangle FDB isequian- | Å rbd ebeszitd.* xiu 
beáron, gle to the triangle FAB, by thé ~ Au ET. erai wi: 
8.of tbe lixtitberefore proporti- |. | N oq mout OARD s cw Wa *: 
sre s is A the A AL \ a MDC Ote die 
lize B F; fo is tbe lige B F totbe / 
line BA. And forafmuch as 
there are three vigbt-lines pro- — 
portiowall, therefore as the firft 
isto the third sfois the fquare 3 
made of. thefirst. to the{quare : 
made of the fecona,by the Gorals.v |. 
lary of thezocof. the fixt Where Alsen 
fore as dheliné. D Bistothe line. v7 
BA; fo.isthe.fquare' of the lines SC ——t TES 
i aee E Sao rao m. cbe M a a TA e oa P D 
DBtothefguare ofthe liga. ^V ike ey 1T NS a OY css la 
BF Whberefore^ (5y. coguerftom ,Sby the" Corollary.of the.z. of. the fiuetb.) assthe 
lint ABiis tothesline BD; fo-isthe-fquare of the line F B lo the {quarecof the line BD. 
‘But thelineA Bis trebleto the line BD; ashath before bene proued. Wherefore the fquare 
of the line FB is treble to the {quareof the line B D «But the {quare of the line: A Dois quax 
drupleto'the{quare of the line D B, bythe Corollary of the 20. of the fixt, forthe line AD 
35 double to.the line DB. Whereforethe fquare of the line A D. i5 greater then the [quare 
of the line FB, by toe.r0.0f the fift.Wherefore allo theline AD is greater then the line FB. 
Wherefore the.line:A L is much greater then-the line F B. And the line A L.being diuided 
by. awextreme.cy meane proportion; his greater ſegment istheline K L,by the 9.of this boke: 
( for theliné LK isthe fide of an hexagon,and the line. K Avis the fide of a decagon inferi- 
Ped in oue and tbe fame circle, as hath before bene proued ) sand the line F B- being TE 
M P li : ais 
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by an extreme and meane proportion, his greater fegment is NB. Wherefore the line K Lis 
greater then the line N B.(* For two lines dinided by an extreme and meane proportion,are 
euery way like proportionall ) . But tbe line K L isequall tothe line LM. Wherefore the line 
L M is greater then the line NB . But the line UB is greater then the line LU. Wher- 
fore the line M B being the fide of the Icofahedron, is much greater then the line NB be- 
ing the fide of the Dodecahedron : which was required to bedone , andto be proucd. ` 
An other way to proue that the line UM B is greater then the line NB. Forafmuch 
as the line A D is double to the line DB, therefore the line A B is treble to the line D B. But 
as ABistoBD, fo is the [quare of the line A B to the fquare of the line B.F, bythe 8.ofthe 
fixt (for the triangle F A B is equiangle to the triangle F DB). Wherefore the {quare of 
the line AB is treble to the [quare of the line B F . And it is before proued, that tbe [quare of 
the line A Bis quintuple to the [quare of the line K L. Wherefore fiue [quadres made of the 
lize K L, are equall to three [quares made of the line F B . But three fquares made of the line 
F B, are greater then fixe [quares made of the line N B, as is firaight way proued .Wherfore 
fine {quares made of the line K L, are greater then fixe {quares made of the line N B. Wher- 
fore alfo one [auare made of the line KL, 1s greater then one (quare made of the line NB. 
Wherefore the line K Lis greater then the line NB. Butthe line K L is equallto the line 
LM .Wherefore the line L Mis greater then the line N B. Wherefore the line M Bis much 
greater then the line NB : which was required to be proued . | 
But now let vs proue that three fquares made of the line F B,are greater then fixe [yuares 
made of the line NB. Forafmuch as the line B N is greater then the line N F, for it is the 
greater [tament of the line B F diuided by an extreme and meane proportion , therefore that 
which is contained under the lines B F and BN, 1s greater then that which is cotarned vn- 
der the lixes B F and F N, by thet of the fixt. Wherefore that which is contained under the 
lines BF and BN, together with that which is contained under the lines B F and F N, is 
greater then that which is contained under the lines B F and FN twife. But that which is 
contained under the lines BF and F N, together with that which is contained under the 
lines B F and B Nis the [quare of the line B F ,by the 2.0f the fecond , and that which is con- 
tained under the lines B F and F N once, is equalltothe{quare of NB . For the line E B i 
diuided by an extreme and meane proportion in the-point D_; ( and ( by the 17.0f the fixt) 
that which is contained under the extremes, is equall to tbe [quare made of tbe midle line ) . 
Wherefore the [quare of the line F B, is greater then the double of the [quare of the linc E N. 
Wherefore one of the [quares made of the line B F, is greater then two {quares made of the 
line BN, Wherefore alfothree {quares made of the line E B, are greater then fixe fquares 
made of the line B N : which was required to be proued. -— 


| ‘A Corollary. | 


Now alfo Lfay that befides the fine forefayd folides there can not be de[cribed any other 
[olide copreheded under figures equilater čr equiangle the one to the other.F or of two trian- 
gles,or of any two other playne {uperficieces can not be made a folide angle(for,that is cotrary 
to the diff inition of afolide angle) .Vnder three triangles is contayned the folide angle of a 
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pyramis:-under fower,the folide angle of an ottohedro: under fiue,the folide angle of an Ico. andequsangle 


fahedro: of fixe, equilater e equiangle triangles fet to one point can not be made a folide an- 

Ie. For forafmuch as tbe angle of an equilater triangle is two third partes of a right angle, 
the fixe angles of the folide fhalbe equall to fower right angles,which is impoffible. For exery 
folide angle is( by the 21.0f the elentth ) contayned vnder playne angles le(se the fower right . 
angles. And by the fame he can not be made a folide angle contained under more the fixe 
playne [uperficiall angles of equilater triangles. V nder three {quares is contained the angle of 
a cubc.V nder fowey fquares 1t is impoffible that a folide angle fhould be contayned : for then 
a — iani 2727 againe 


Oy pus 
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baſes. 


ir Lhe tbirtenth Booke \ 
acayne it [bonld be contayned under fower right angles. Wherefore much lefse can any folide 
angle be contayned under more {quares then fower V nder three equilater and equiangle pen- 


. tagons is contayned.thefolide angle ofa dodecahedron. But under fower it is impoffible. 


fore much leffe can afolide anglebe compofed of more pentagons then fower. Neither cana 
© - folide angle be contayned under any 3 
` forthat that alfo fhouid be abfurd.For the more the fides increafe ; the greater are the angles 


For forafmuch as the angle of a pentagon is a right angle and the fft part morë df aright 
angle the fower angles fhalbe greater then fower right angles: which is impoffible. And ther- 
other equilater and equiangle fieures of many angles, 


which they contayne,ana therfore the farsher of are the [uperficiall angles contayned of thofe 


: fides from compofing of a folide angle. Wherefore befides the forefayd fiue figures there can 


not be made any folide figure contayned ‘under equall fides and equall angles : which was re- 
quired to be proued- gown ser CLIE vv9— — n a 
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But now that the angle of an equilater and equiangle pentagon is avight angle and a 
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That the angle fifth part more of a right angle,may thus be proned. Suppofethat ABC D E bë an equilater 


ofan equilater an d eq "4 nole 


and equiangle 
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gle pentagon. And (by the 14.0f the fourth )de[cribe about it a circle- ABC D E. 
And take ( by the 1.0f the third) the center thereof,’ 0 oov 

and let the fame be F . And draw thefe right lines 
F A,F B,E C, F DjF E. Wherefore thofelines do’ 
divide the angles of the pentagon into two equall 
partes in the poyntes A,B, C, D, E, by the 4. of the 
frft. And foraſmuch asthe fine angles that are at 
the poynt F are ‘equall tofower right angles, bythe |. 
corollary of the 1 5. of the first , and they are equall ^| 
the one to the other by the 8 of the firft: therfore one” 
of thofe angles,as for example fake,the angle AF B 
4s a fifth part leffe then a right angle.Wherfore the 
angles remayning,namely,F AB,cy AB Fare one 
right angle anda fifth part ouer . But the angle F- ` 
A Bis eqiall to the angle F BC. Wherefore the wh 
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« A Corollary added by Fluffas. 


Now, letus teach how thofe fine folides bane eche like inclinations of theyr bafes. 
a 15 3291 — j (0I «^ ‘ ' TD "A Pu Ts "e 3x 


- "Rirftlet vs take à Pyramis, and diuide one of the fides thereof into two equall parts: and from the 
two angles oppofite vnto thatfide,draw perpédiculars, which, fhall fall vpon the feCtion, by the co’ 
rollary.of the 12.0f the thirtenth,aiid at the fayd poynt of diuifion(as may-eafily be proued). Wherfore : 
they fhal containe theang'e of the inclination ofthe plaines,by the 4.diffinition of the eleuenth, which: 
angle is fabtended of the oppofite fide of the pyranus:. Now forafmuch as the reft of the angles of the- 
inclination of the playnes of the Pyramis,are contayned vnder two perpédicular lines of the triangles, 
and are fubtended of the fide ofthe Pyramis , it foloweth , by the 8. of the firit , that thofe angles are - 
equall.Wherefore(by the 5.diffinition of the eleuéth) — {uperficieces are in like fort inclined the one. 
to the other. L SONS oy Od iets we a fo : 

^ Oneóf the fides ofa Cube being diuided into two,equall parts,iffrom the fayd fe&tion be drawen 
in two of the bafes thereof, two perpendicular lines,they fhalbe parallels and equallito the fides of the ~ 
{quare which cótaynea rightangle. And forafmuch asall the angles of the bafes of the Cubeare right 
angles: therefore thofe perpéndiculars falling vpon the'fection of the fide common to the two bales, | 
fhalheontavne a right angle (by:the ro. of the elenenth) : Which felfe angleis the angle. of inclination 

ithe 4.diffiniti | he dia feof the’ Cube. And b 
(by.the 4.diffinition of the eleuenth)and is fubtended of the diameter of the bafeof the y | 
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the fare reafon may we prone that the reft of the angles of the inclination of the bafeés ofthe cube are 
right angles. Wherefore the inclinations of the füperficiecesof the cube the one to the other,are equal 
(by the 5.diffinition of the eleuenth).. | VUE s 0. | 

In an Odtohedron take the diameter which coupleth the two oppofite angles. And from thofe 
oppofite angles draw to one and the felfe fame fide of the Octohedron, in two bafes therzof;two per- 


pendicular lines; which {hall diuide that fide into two equall parts and perpendicularly (by the Corol-. 


lary ofthe 12.0f the thirrenth). Wherefore thofe perpendiculars fhall contayne the angle of theincli- 
nation of the bafes(by the 4.diffinition of the eleucth):and the fame angle 1s fubtended of the diame- 
ter ofthe O&tohedró. Wherfore the relt ofthe angles after the fa me maner defcribed iu thereft of the 
bafes,being comprehended and fubtended of equall fides,;fhall (by the8.of the firít) be equall the one 
to the other. And therefore the inclinations ofthe playnes in the O&ohedron,fhal(by the 5.difinition 
of theeleuenth)be equal. - : . 

In an Icofahedron let there be drawen from thc angles of two of the bafes , to onefide common 
to both the fayd bafes oerpendiculars , which fhall contayne the angle of the inclination of the bafes 
(by the 4.diffinition ofthe eleuenth) : which angle is fubtended of the rightlinewhich fubteadech the; 
angle of the pentagon which contayneth fiue fides of the Icofahedron, by the 16, of this booke : forit 
coupleth the twoo oppofite angles of the triangles which are ioyned together . Wherefore the reit of 
the angles of the inclination of the bafes being after the fame maner found out, they fhalbe contayned 
vnder equail f'des,and fubtended of equall bafes,and therefore (by the 8.of the firft) thofe angles thal- 
be equall. W herfore alfo al the inclinations of the bales of the Icofahedron the one to the other {halbe 
equall;by the 5 .diffinition ofthe eleuenth. 

In a Dodecahedron,from the two oppofite angles of two next pentagons draw to theyr common 
fide perpendicular lines,paffing by the centres ofthe fayd pentagons, which fhal, where they fal,diuide 
the fide into two equall parts by the 5.ofthe third.(For the bafes of a Dodecahedron are contayned in 
acircle) And the angle contayned vnder thofe perpendicular lines 1s the inclination ofthofe bates (by 
the 4.diffinition of the eleuenth).And the forefayd oppofite angles are coupled by a right line equal to 
the right line which coupleth the oppofite fections into two equall parts ef the fides of the dodecahe~ 
dr6(by the 33.0f the firlt). For they couple together the halfe fids of the dodecahedr6,which halfes are 
parallels and equall,by the 3.corollary of the 17. ofthis booke: which coupling lines alfo are equall,by 
the fame corollary. Wherefore the angles being contayned of equal perpendicular lines,and fubtended 
of equall coupling lities;fhall(by the 8.of the firit)be equal.And they are the angles of the inclinations. 
Wherefore the bafes of the dodecahedron are in like fort inclined the one to the other ( by the s.difi- 
nition of the eleventh). a 


Fluffas after this teacheth how to know the rationality orirrationality of the fides 
of the triangles, which contayne the angles of the inclinations of the fuperficieces of 


^ 


the forefayd bodies, 


fo ats oe 2 | "y i 
In a Pyramis the angle of the inclinatié is contayned vnder two perpëdicular lines of the triangles, 
and is fubtended of the fide of the Pyramis Now the fide of the pyramis is in power fefquitertia to the 
perpendicular line, by the corollary of the 12.0f this booke: and therfore the triangle cétained of thofe 
perpé a liries and the fide of pyrarnis,hath his fides rational & commenfurable in power the one 
£otheotber. J ere ee i 
Foraſmnuch as the.twoo fides of a Cube (or right lines equall to them ) fubtended vnder the dia- 
meter of órie ofthe bales,doo makethe angle of the inclination’: and the diameter of the cubeisin 
power fefquialter to the diameter.of the bafe , which diameter of the bafe isin power double to the 
fide(by the 47.0f the firft) : therefore thofe lines are rationall and commenfurable in power. 
"(in an O&tohedron,whofe two perpendiculars of the bafes contayne the angle of the inclination of 
the Ofohedron, which angle alfo is fubtended of the diameter ofthe Octohedron , the diameter is in 
poves double to the fide ofthe Octohedron;& the fide is in power fequitertia to the perpédidar line, 
y the 12.0fthis booke: wherfore the diameter thereof is in power duple füperbipartiens tertias to the 
perpendicular line. W herfore alfo the diameter and the perpédicular line are rationall and commenfu- 
table (by the 6.ef the tenth.) - a y i 
As touching an Icofahedron,it was protied in the 16.ofthis booke , that the fide thereof isa leffe 
line,when the diameter of the fphere1s rationall. And forafmuch as the angle ofthe inclination ofthe 
bafes thereof , is contayned of the perpendicular lines of the triangles, and fubtended of the rightline 
which fubtendeth the angle of the Pentagon which contayneth fiue fides ofthe Icofahedron : and vn- 
to the perpendicular lines the fide is commenfurable (namely , is in power fefquitertia vnto them, by 
the Corollary of the 12.0f this booke) : therefore the perpendicular lines which contaynethe angles 
are irrationall lines namely,lefle lines(by the 105 .of the tenth booke.) And forafinuch as the diameter 
contayneth in power both the fide of the Icofahedron,and the liné which fubtendeth the forefayd an- 
gle , iffrom the power of the diameter which is rationall , be taken away the power of the fide of the 
Icofahedron which is irrationall , it is manifeft that the refidue which is the power ofthe fubtending 
line fhalbe irrationall.For if it fhoulde be rationall , che number which meafureth the whole power of 
the diameter and the part taken away of the fubtending line, fhould alfo,by the 4.common fentence of 
PPp.i, the 


That the pha: 
zes of an odos 
hedron arein 
Like fort sucls~ 
ned, 


Thatthe plas- 
nes of an Icoſa- 
hedrow are in 
like fert izcli- 
neu. 


That the plat- 
nes of a Dadeca 
hedrow are tn 
like Jort incli» 
zeda 


The fides of the 


angle of the Ine 
clination of the 
[uperficieces of 
the Tetrahedrg 
are prosed rati» 
enl, 

The (ides of. the 
angle of the in- 
clination of the 
faperficieces of 
the cube proned 
rational à 

The fides of the 
angle Eſc. of 
the octohedron 
pꝛ oued ratio- 
wall, 


Sbe fides of the 
angle €5c.of 
ghe icofahedros 
proned irrati- 
ouall, 


T he thirtenth Booke 


the feuenth meafure the refidue,namely,the power of the fide: whichis irrationall for that it isa leffe 
line, which wereabfurd. Wherefore it is: manifeft that the right lines which compofe theangle ofthe 
inclination of the bafes of the Icofahedron are Irrationall lines.For the fubtending line hath to the line 
contayninge,a greater proportion,then the whole hath to the greater fegment. LA 
Theangle of the inclination ofthe bafes efa dodecahedron,is contayned vider two perpendicu- 
lars of the bafes of the dodecahedron,and is fubtended of thatrightline, whofe greater fegmentis the 


— fide ofa Cubeinfcribed in the dodecahedron, which right line is equall to the line which coupleth the 
’ feétions,into two equal parts, of the oppofite fides of the dodecahedron. And this coupling line we fay 
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is an irrationall line,for that the diameter of the {phere contayneth in power both the coupling line, 


and the fide of the dodecahedron: but the fide of the dodecahedron is an irrationall iine, namelysa res 


fiduall line(by the 17.0f this booke }. Wherefore the refidue namely , the coupling line is an irrational] 
line,as it is eafy to proue by the 4.cómon fentence of the feuéth. And that the perpédicular lines which 
contayne the angle of the inclination are irrationall,is thus proued. P Li 
Suppofe that there be a Pe ntagon AB C DE, and draw init the perpendicular line, AG, and lee 
the line fubtending the angle of the pentagon be A C.Now forafimuch as the right line A C is the fide 
of the cube,and C D the fide the Dodecahedron infcribed in oneand the felfe fame {phere , by the2. 
Corollary of the 17.0fthis booke: but the line A C is commenfurable-to the diameter of thé fphére,by 
the 15.of this booke, and is therefore rationall;by the 6. ke C54 o. | 
diffinitió ofthe tenth: & the rightline CD which is the | 
fide of the dodecahedron is irrationall (by the 17.of this 
booke). W herfore the line C G which is the halfe ofthe 
line C D isirrationall by the 103.0f the 10.boke.And the 
rightline A C contayneth in power the two right lines 
A G and G C(by the 47.0f the firft).I£ therfore from the 
power of the rightline A C being rationáll;betakéaway 
the power of the line C G being irrationall , the AE 
remayning , namely , the poweroftheline A G, fhallof 
neceflitie beirrationall. Forif the power of theline A G 
taken away fhould be rationall ,and the whole power of 
the line A Cis rationall, therefidue, namely, the power 
of the line C G fhould be alfo rationall, and fhould be 
meafured by the felfe fame numbers, by the 4.common 
fentence of the feuenth. But itis proued that the line C- 
G is irrationall , for it is the balfe of the whole refiduall 
line C D(by the 17.of the thirtenth) : which is impofible. Wherefore the erpendicular line A G is ire 
rationall . Wherfore the angle of the inclination of che dodecahedron , wick is contayned vndertwo 
perpendicular lines of the pentagon,and is fubtended ofa right line,which coupleth the feétions into 
two equall parts of the oppofite fides of the dodecahedron(by the 2.corollary of the 18. of this booké) 
whichline we haue proued to be irrationall(for that itis equall to the two lines A C,and C D by the 4. 
corollary of the 17.0f this booke)is contayned vnder irrationall right lines. 

_ By the proportion of the fubtending line(of the forefayd angles of inclination) to the lines which 
containe the angle,is found out the obliquitie of the angle.For if the fubtending line be in power dou- 
ble to the line which contayneth the angle,then is the angle a right angle (by the 48.of the firft. ) Butif 
it bein power leffe then the double it is an acute angle ( by the 13. of the fecond) . Butifitbein 
power more then the double, orhaue a greater eee CD then the whole hath to the greater fegmét, 
the angle fhalbe an obtufe angle(by the 12.ofthe fecond and 4. of thethirtenth ) . By which may be 
proued thatthe fquare of the whole is greater then the double ofthe fquare of the greater fegment. 

This is to be noted that that which Flufzs hath here taught touching the inclinations of the bafes 
ofthe fiue regular bodies,Hypficles teacheth after the s.propofition of the 15 .booke. Where he confef- 

feth that hereceiued it of one Yid rus and feking to make the mater more cleare ,he endeuored.— 
himfelfe to declare, that the angles ofthe inclination of the folides aregeuen, and that they. 
. are either acute or obtufe,according to the nature of the folide:alchough Exclide 
/in all his rs. bookes hath not yet fhewed, what a thing geuen is. Wherefore 
Fleffxs framing his dem 6ftration vpon an other ground procedeth after 
an other maner,which femeth more playne, and more aptly here- 
to be placed then there.Albeit the reader in that place fhal 
not be fruftrate ofhisalfo. 
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| The ende of the thirtenth Booke 


of Euclides Elementes . 
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@the fourtenth booke of 
— Euclides Elementes. 


NNrhis booke, vhich is commonly accompted thet 4. 
booke of Euclide is more at large intreated of our prin- 
=1)cipall purpofe:namely, of the comparifon and propor- 
“\' $=] [tion of the fiue regular bodies (cuftomably called the 
£4 ]5.figures or formes of Pythagoras) the one to the otlier, 
jfand alfo oftheir fides together , eche to other : which 
44 hthinges areof moft fecret vie, arid ineftimable pleafure, 
XY fand commoditietofuchas diligently fearch for them, 
zA andattayne vnto them . Which thinges alfo vndoub- 
VE VS tedly for the woorthines and hardnes thereof ( for 
Vest Irhinges of moft priceare moft hardeft ) were firft fear- 
ched,and found out of Philofophers, not ofthe inferi- 
S E X =for or meane fort , but ofthe depeft and moft grounded 
Philofophers , and beftexercifedin Geometry . And albeit this booke with the booke 
following,namely,the 15.booke,hath bene hetherto ofall men forthe molt part, and 
isalfo at this day numbred and accompted amogft Exclides bookes,and {uppofed to be 
two of his, namely,the 14.and 15.in order:as allexemplars (not onely new and lately 
fet abroade,butalfo old monumentes written by hand } doo manifeftly witnes : yet it 
isthought by the beftlearned in thefe dayes , thatthefe two bookes are none of En- 
clides,but of fome other author,no leffe worthy, nor ofleffe eftimation and authoritie, 
notwithftanding,then Euclide, Apollozius a man of deepe knowledge a great Philofopher 
and in Geometrie maruelous ( whofe wóderful bookes writte ofthe fections ofcones, 
which exercife & occupy thewittes of the wifeft and beft learned ;are yet remayning ) is 
thought,and that not without iuftcaufe, to be the author of them , oras fome thinke 
Hypficles him felfe.For what can be more playnely,then that which he him felfe witnef- 
feth in the preface of this booke. Bafilides of Tire (fayth HypGcles)and my father together; 
Scanning, and peyfing a writing or booke of Apollonius , which was. of the comparifon of a dodecabe» 
drontoan Icoſahedron inferibed i one andthe felfe fame [phere , and what proportion thefe figures 
had the one tothe other, foundthat Apollonius had fayled in this matter.But afterward ({ayth he) 
I found an other copy or booke of Apolloni:ts , wherein the demouftration of that matter was full and 
perfect and [hewed it unto them, whereat they much reioyfed . By which wordesit femeth to be’ 
manifeft that Apollonius was the firk author of this booke , which was afterward fet 
forth by Ayp/icles. For fo his owne wordes after in the fame preface femeto import. 






peu 
- 





sa» I he Preface of Fypficles before 


the fourtenth booke. 


d Rend Protarchus.whé that Bafilides of Tire cameinto Alexandria aging 
y familiar frendbip with my father by reafon of his knowledge in the mathe. 


/ — 
) maticall [ciences , he remayned with him along time , yea euen all the time of 
XE the peflilence. And [ametime rea[oning betwene tbem[elues of. that which A- 
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>= 9 pollonius Pad ivritten tóuching the comparifon of a dodecahedron and of 
an Icofahedron in{cribed in one and the felfe fame [pbere, what proportion {uch bodies haue 
the one to the other,they mdged that Apollonius had fomewhat erred therein. Wherefore 
they (as my father declared unto me) diligently weighing it,wrote it perfectly.Howbeit after- 
ward I happened to finde an other booke written of Apollonius, which contayned in it the 
| "EP EEY right 


The argumen? 
of the fourtenth 
booke. 


Firft propolt 
tzon afier 


Fluſſas. 


Conſtruction. 


Denouftras 
Bion 


The fo nont Booke 


vight demonstration of that which they fought for: which when they faw;they much reioy- 
ſed. As for that which Apollonius wrotemay beſene of all men,for ihat it is fn fiery mans 
hand. And that which was of vs more diligently aftermard written agayne ,1 thought good 
to fend and dedicate unto youasto-onewhome Ethought worthy commendation , both for 
shat deepe knowledge which I know you haue in all kindes of learning,and chiefely in Geome- 
trie,fo that you are able redily to indge of thofe thinges which are [poken , and alfo for the 
greateloue and good willwhish yon beare towardes my father and me Wher fore vouchfafe 
gently to accept this which Lifend unto you.But now is it time to end our preface, and to be» 
gin the matter. Sen, . oa 3 itii A a ‘ 


— 


S Tbe iT beoreme. © ` `` The 1. Propofition. > 


A perpendicular line drawen from. the centré ofa circle to the fide ofa 
Pentagon defertbed in the fame circle: isthe halfe of thefè two lines names 
dy, of the fide of an hexagon figure, and of the fide of a decagon figure bee 
ing both defcribed in the felfe fame circle... * 


ISX 


uL Pentagon defcribed in the circle A B C,be B C . And ( by tbe 1.of 


, MOS 33- 
GOA | the third) takethe centre of the circle,and let the [ame be D.And 
(Uy tbe 12:f the first ) from the point D draw vato the line BG 
ME] a perpendicular line D E « And extend the right line D E direct- 
lyto the point F. Then Ufay,that the line D E ( whichis drawen 









quss $7 FPgpo[ethat tbe circle be A B C | Ad let the- fide of an equilater 
A Pm — 












* 







— als ed JA)\\ from the centre to BC the fide of the pentagon ) is the halfe of the 
Ae — Sess — fides of an hexagon and of adecagon taken together and defcri- 
a ——— <=" bed in the fame circie . Draw thefe right lines D Cand C F. And 
vnto the line E F put an eguall line G E. And drawaright ` Æ d. ud 
line from the point G tothe point C .N ow forafmuch as the 
circumference of the whole circle is quintuple to the circu- 
ference B F C (which is fubtended of the fide of the penta- 
gon ) and the circumference ACF 15 the halfe of the cir- 
cumference of the whole circle, and the circumference C F 
( which is fubtended of the fide of the decagon ) is the halfe 
of the circumference BC F: therefore the circumference 
ACF is quintuple to the circumference C F ( by the 15.0f 
the fift ) Wherefore the civcumference AC is qradruple 
to the circumference F C . But as tbe circumference AC is 
to the circumference F C,fors ‘a angle m C P the angle s 
F D G,by the laft of the fixt Wherefore the angle A D C i5 
i ‘i bb e C. i angle ADC is double to the angle E F C,by the 20. 
of the third : Wherefore the angle EF Cis double to the angle G D C.But the angle EF Ct 
equall to the angle E G C, by the g.of the firft Wherfore the angle E G C is double to the an- 
gle E D C Wherefore the line D G is equall to the line G C (by the 32. and. 6 of the firit ) .. 
But ihe line G C is equall to tbe line C F,Uy the 4.of the firft. Wherforeshe line D Gis equal 
tothe line C FE . Andthe line G E is edjuall to the ine EF (by construction) « Wherefore the 
line D E is equalltothe lines E F and FC added together. V nto the lines E F ana F C adde 
the lne D E . Wherefore the lines D F and F € added together, are double tothe line DE. 


But theline DF isequall tothe fide of the hexagon : and’F C tothe fideof the decagon. 
ee ' Wherefore 
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of &uclides Elementes. Fol.A17. 


W herefort the line D E is the balfe of the fide of the hexagon, and of the fide of the decagon 
being both added together and defcribed in one and the felfe fame circle. ^. 

Itis manifest * by the Propofitions of the: thirtenth booke, that. a perpendicular line 
drawen from the centre of-a circle to the fide of an equtlater-triangle defcribed in the fame 
circle, is halfe of the femtdiameter of the circle. Wherefore by this Prapofritm, a perpéndieular dra: 
wen from rhe centre of a circle to the fide of « Ventag rt, 45 equall to the perpendicular drasmen from the centre to 


the fide of the triangle, andto halfe of the fide of the decagon deferibed in the fame circle, — 
g The 2. T heoreme.. Ihe 2.Propofition. 


One and the felfe fame circle comprehendeth ‘both the Pentagon ofa Doz 
decahedron, and the triangle of an Icofahedron, defcribed in one and the 
felfe fame Sphere. | Lae | 


aco o-Dwí H5 T beoreme is de[cribed of Arifteus in that booke whofe title is, The 
| WER comparifon ofthe flue figures, and is defcribed of Apollonius ix his fe- 
| 2 cond edition of the coparifon of a Dodecahedron to an Icofahedron, which is, 


a 


k 
. 
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i 1 E: * that as the fuperfictes of 4'Dedecahedro is to the fuperfictes ofan icefahedron, fo «s tbe Dode- 
NA- SI cahedron to an Ieojabedron, foy that a perpendicular line drawen from the centre 
of a [phere to the pentagon of a dodecahedron and tothe triangle of an Icofahedron is one 
and the felfe fame . Now must we alfo proue that one and the felfe fame circle comprehendeth 
both the pentagon of a Dodecahedron, and alfo the triangle of an Icofahedron deftribedin 
onc and the: felfe fame fpþhere, first this being proned : i 
If fn a circle be defcribed an equilater pentagon,the [quares which are 
wrade of the fide of the pentagon, and of that right line which is fsb- 
tended Guder two fides of the pentagon, are quintuple to the {quare of — 


the femidiameter of the circle. § uppofe that ABCbea circle. 
"And let the fide of a pentagon in the circle A B C,be AC. 
And take (by the 1 of tbe third ) tbe centre of the circle 
and let the Jame be. D . And (by the 12.0f the firft) from 
the point D draw unto the line AC a perpendicular line 
DF. And extend the line DF on either fideto the 
ointes Band E . And draw aright line from the point 
A to the point B. Now 1 fay, that the {quares of the lines 
` B Aand AC are quintuple to the [quare of the line D E. 
Drawe a right line from tbe point A-to tbe point E. | 
Wherefore the line AE is the fide of a decagon figure. 2 
And forafmuch as the line BE is double to theline D E : therefore the [quare of tbe line 
B Eis. quadruple tothe {quare of D E ( by the 20.of the fixt ) . But Unto the [quare of the 
line B E, are equall the {quares of the lines B A and A E (by tbe az of the firft, for the angle 
BA Eis.aright angle, by the 31.0f the third) . Wherefore the fauares of the lines B.A and 
AE; are quadruple to the {quare of the line DE. Wherfore the [quares of the lines A B,A E, 
and D E, are quimtuple to tbe (quare of the line D E But the [quares of the lines D E and 
A E, are equall to tbe [quare of the line AC ( by the 10. of the thirtenth ) . Wherefore the 
Squares of the lines B Aand:_AC, are quintuple to the fquare of thelineDE. > 
T his being thus proved, now isto be demonftrated that one and the felfe fame circle cb- 
prebendeth both the pentagon of a dodecahedron, er the triangle ofan Icofahedron defcribed 
in one & the [elf [ame circle. T ake the diameter of the phere,cy let the fame be AB. And in 
the [aime [phere defcribe a dodecahedron, ¢y alfo an Icofahedron . And let one of the petagons 
of the dodecahedron beC D E F G, cy let one. of the triangles of thé Icofabedron be K LH. 
Nom 1 [ay that the fermidtameters of the circles which are defcribed about ther are equall, 
that 
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T be fourtenth Booke 


that is that one and the felfe ſame cirele contayneth both the pentagon CDE FG , andthe 


~ triangle K LH.Draw aright line from the point D to the point G.Wherfore the line D Gis 


Demonstra- 
tion of the 


propoſition- 


* Here irrequi- 
red an Afumpt 
which ts after 
ward proued fm 
thes. propoft- 
tio of. Pots CORES 
amely, tõat 
dines densided 0y 
ex extreme C9 
meame propor- 
HEDI TEESE Y a 
maypronortte- 
zall: which 
graunted then. 
followeth tbe. 
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For the lize M- 
N is by fappofi- 
tion denided by 


an extreme and | 


qucane proporti- 
07, e$ bii prea- 
fer ſegment 43 
zbe line M X, 
and the ine D- 
G desided by 
an an extreame 
and meane pra- 
portion, bis 4 
greater fegmet 
sstheline CG, 
by the 8.0f the 
thirtenth. 


7o 5. propo- 
ficio after 


T tufat e 


the fide of a cube(by the corollary of the 17 of the thirtëth) Take a certayne right line M N. 
dud let be [quare of tbe line A B be quintuple te the fauare of the line M N iby the affumpt 
pet after the 6 propofitio of the teth But the diameter of a {phere is in power quintuple to the 
fyuare of thefemiazameter of the circle,on which is defcribed the Icofabedro (by the corolla. 
ry of the 16 of the thirtenth) Wherefore the line MN isthe femidiameter of the circle on 
which is decribed the Icofahedron. Dinide ( by the 30. of the fixth ) the line MN by an 
extreame aud meane proportion in the poynt X. And 4 c w 
let the greater fegment thereof be M X . Wherefore the 
lene M X is the fide of a decagon defcribed in the farne . 
circle( by the corellary of the 9. ef thethirsenth). And 
forafmach asthe [quare ofthe line A B is quintuple to 
the (quare of tbe line M N :But tbefquare of tbe line 
B Ais treble tothe {quareof the line DG ( by tbeco- 
rollaryof tbe 1$, of the thirtenth ).Wherfore three 
{quares of the ine DG are equall to fiue {quares of 
the line M N *But as thre {quares of the line D G are 
to finefquares of the line.M N fo are three fquares of 
the lineCG to fine fquares of 4he line M X Wherfore 
three [quares of ġ line C G are equll to fine [quares of 
the line MX But fiue fquaresof theline CG areequal 
to fi uc {quares of theline MN ey to fiuefquares ofthe . ( 
M X. For (bythe roof the thirtenth) one [quare of 24 yg E 
the line C Gis equallto one fquare ofthe line M N c» y" 
to one fquare of theline M X.Wherfore fine fquares of the line C G areequall to thre [auares 
of the line D G and to three {quares of the line C G(asit is not hard to proue,marking what 
hath before bene proued,) . But three fquares of the line D G, together with three {quares of 
the line C G,are equallto fiftene [quares- of the femidiameter of the circle de{tribed about the 
pentagon C D E F G (for it was before proued in the af[umpt put in this propofition that the 
fquaresof DG andG C taken once,are quintuple tothe T of. the [emidiameter of the 
circle de[cribed about the pentagon C D E F G). And fiue [quares of the line K L are equal 
to fifteme [quares of tbe femidiameter of the circle defcribed about the triangle K L H. (For 
by the 12.f the thirtenth,one {quare of tbe line LK is triple to one fquare of the line drawne 
from the centre to the circumference) . Wherefore fiftene fquares of the line drawne from 
the centre to the circumference (of the circle which contaynetb tbe pentagon C D E F G)are 
equall to fiftene {quares of the line drawne from the centre to the circumference of the circle 
which contayneth the triangle K L H) :;wherefore one of the {quares which is drawwe from 
the centre to the. circumference of the one circle, isequall to one of the [qnares which is 
drawne from the centre to the circumference of the other circle. Wherefore the diameter is 
equallto the diameter , wherefore one and the felfe fame circle comprehendeth both the pen- 
tagon of a dodecahedron and the triangle of an Icofahedron defcribed in oneand the felfe 
fame circle: which wasrequired to be proued. m | 
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q T be 5. T beoreme. Ile. Propofition. 

If there be an equilater and equiangle pétagonyaud about it be defcribed a 

circle , and from the centre to one of the fides be drawne a perpendicular 

line that which is contayned ynder one of the fides and the perpendicular 
l eon cae. "il line 


D 


fore that which i contayned wider thedines C D aud F G 
-thirty times is equallto the fuperficies of the:dodecahedron. 


of Euclides Elementer - Fol. 418. 


line thirty temeés,is equall to the fuperficiés of tbe dodecabedron. _ 
efi SME YS x9 0858 $a on Tot eO CR OO, pu $e C 






| ppefethat AB CDybe an gquilater and equiangle pentagon «And about the 
fame pentagon, defcribe(by the 14.0f the fourth) a circle. And let the centre ther- 
of be the poynt F . And from the poynt F draw ( by the 12. of the firit ) unto the 
LECH line CD. a perpendscufar line F Gx Now Lfaythat that which is contayned.vn- 
der the lines C.DandG F thirty tires ,is equallto 12 pentagons of the fame quantitiethat 
the pentagon ABCD 18. Draw, thele right limes C-F. and EQ. Now forafmich as that 
whichis con tayned under thelr es G Dand EG is doubleto, i ooo. T a 
EA I T E R a E 
which 13 contayned under the lines E Dand E G fine tiges., Sos 

és equall to ten ofthofe triangles. But ter. of thofe triangles: ~ Bg. 
are two pentagosnand fixe times tern of thafe triangles areall AN. 
the pentagons Wherefore that which is contayned vnder the 
lines C Dand E.G thirty times. ts equal to 12. pentagons 
But 12 pentagons are the fuperficies of dodecahedron Wher. « 








ss, Lr lke fort alfo may we prove that if there be an equilater 


A 


wage 


Demar irg- 


ch. 


triangle , as for example; the, The 5. propo- 


triangle A BC,and about it be defcrived a circle, and the centre of ‘the circle be the.point D, ^ gor ajter 


and the perpendicular line be tbeline D Ez that which is contay---. ~- deberes. 
ned under tht lines B Cand D E thirty inesyis equall to tbe [u-. PAATI 

perficies of the Scofabedvon. Foragayneforalmuch as thatwhich.. — 
is contayned vader the lines D E and B.C is double to the trian- 
ele D BC ( by the gz. of the firft) therefore two triangles are e-.- 
quall to that which is contayned under. the lines D-E and BG, 
and three of thofe triangles contayne the whole triangle. Where-:; 
fore fixe {uch triangles as D BC is, areequall to thatwhichis®. V7 
contayned vader the lines D E and B C.thrife.But fixefuchtriz Na 







angles as D- B Cis are equali. to fo [uch trianglesas A B.Cis he wes Ns ed toe 
Wherefore that which is contained under the lines D.E and B C thrifeyis equallto tmà fuch 


triangles asABC is. But two of thofe triangles take ten times c ontayaet — y^ * 
dron.Wherfore that which is contayned under Mee lines DE c BC thirty times;is equall ta 
twenty fuch triangles as the triangle ABC lsythat is toy whole {uperficies of the Icofahedra, 
f Whereforeasthe foperfiresof thededecahedron 15 to the [ape freies of the Leofahedron,fa is that shich iscon, 
PTL vasi da Mii Sana: p GH LENG LIAR ri erre cl Dt 
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“Corollary. 
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~: By this at is manifeft; that as the fuperficies of the Dodecahedron is to the 
CU C fuperfideso] tbe Icofabedron;, fo is-that which is contained vnder the fide 
of the Pentagon, and the perpedicular line which is drawen from the cens 
tre.of the,circle defcribed about:the Pentagon 'to the fame-fide, to that 


which is contained ynder the fide of the Icofabedron and the perpendicular 
vo line wbicb is drawen from the centre.of tbe, circle defcribed about the tri- 


angle to the fame fide? fo that the Icofahedyon and Dodecahedron be both. 
ss defaribed in one and tbe felfe [ame Sphere. ........ ELLE 
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9 The 4. Theoreme. ©... The. 4. Propofition s 

Y'he 6. popofti¢ Ibis being done, now is to be proned, that as the fuperficies of the Dos 
— decabedron is to the ſuperficies oſthe Icofabedron , fo is the fide of the cube 
to the fide of. thelcofabedrón. ^ ~ M x fac 9 | 


ary (ake ( by the 2.T heoreme of this booke)a circle containixe both the penta- 
IN Fx gon of a Dodecabedron, and the triangle of an Icofahedron, being both de- 





& in the circle D BC defcribe the fide of an equilater triangle, namely,C D; 
4 and the fide of an equilater pentagon, namely, AC. And take (by the 1.0f the 
third y the centre of thecircle, and let the Pine be E And from the p oint E draive unto the 
lines D Cand AC, perpendicular lines E F and EG “And extend the line E G diveétly to 
the point B. Anddrawe aright linefrom the point B to the point C . And let the fide of the 
cube be the line H. Now I fay that as the fuperficies of the D odecahedron és to the fuperficies 
Demonstra- ofthe Icofahedron, fois the line H tothe line CD . Forafmuch as the line made of the lines 
ge E B and B C added together (namely of the fide of the hexagon,and of the fide of a decagon) 
és (by the 9.0f the thirtenth) dinided by an extremeand meane proportion, and his greater 
fegmentis the line BE : and thetine EG is alfo ( by the 2° of the fouretenth) the halfe of 
| the fame line » and the line E F is the halfe of she line B E ( by the Corollary of the 12.0f the 
thirtenth) . Wherefore the line EG being diuided by 
- an extreme and meane proportion,” his greater feg- 
E e. ment hall be the ine E T Yd the line ü alfo t ' 
byebeigaé. — dinided by an extremeqtr yvneane proportion, bis grea- 
enr MET ter Tegment is the line C A, as it was pronedt in the 
HE. the Coral. Dodecahedron. * Whereforeas the line H is to the line 
lary ofcherz. CA, fois the line E G to the line EF. Wherefore (by 
—— — the.16.of the fixt ) that which is contained under the \ 
is reausved she 80S H and E F,is equall to that which is contained 
Muvyt vhich under the linesC Aand EG. And for that as tbe line | 
ssefeerward FY is to theline C D, fois that which is contained vn- 
prowedinthit y, ty tines H and E F; to that which is contained - 
4 grepofition. 2d v 
& vnder thbelines C.D and E-F (by the'1.of the fixt ). 
But unto that which is contained under the lines H 
and E F,isequall that which is contained under the ! 
lines C Aand E G.Wherefore (by the x1 ofthe fift) asthe line H is to the line C D, Jo is that 
which is contained under the lines C A and E G, to that which is contained under the lines 
C D and E F, that is (by the Corollary next going before ) as the fuperficies of the Dodeca- 
hedron is to the [uperficies of the Icofahedron, fois the line H tothe lineC D. | 
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_ An other demonflration to proue that as tbe fuperficies of tbe Dodecabes 
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Et there bea circle A B C. Andin it defcribe two fides of an equilater pene 
tagon (by the 11 .of the fift) namely, AB and AC : and draw a right line 
from the point B to the point C ... And (by the 1.of the third) take the centre 
Jp y || of the circle, and let the fame be D . And draw aright line from the point. 
NADA 4 to 2 and extend it directly to the point E,and let it cut the line 
ss BC inthe point G . And let the line D F be half tothe line D A, 7a les 
AA INE HNE 








|| ® 





firibed in one and the felfe fame phere and les the fame circle be D B C.And 


` dronis to the fuperficies of the Icofahedron, fo ts the fide of the cube tothe 


of Euchides Elementes.. : Fol. 419. 


the line G C be treble to the line H C, by the g.of the fixt New 1fay,that that which is contaiied rp. Aſumpt, 
Gnder the lines d Fand B H,ss equall to the pentagon infcribed in the circled B C. Drawa right line from which allo F lef 


she point-B to the point D . Now forafmuch as the line A.D is double to the line. D. F, there- br à e z * 
fore the line A F is fe[quialter to the line 4 Dto We emo ee Se ELE Se she 6 propefitst 
Againe,forafmuch as the line G G is trebleto tbe 05 — "im ne ern ee ph Demeit|iratiors 
line C H, therefore the line GH is doubletothe -° . A EN Se of the Affutnp*> 
line CH . Wherefore the line G C is fefquialter > 0 i OSU E 

to the line H G . Wherefore as the line F A isto -i {Yor ww dem DNÄ ea c 

the line A D, fo is theliue GC totheline GH. BE: dg ves CS à 


Wherefore ( bythe 16.of tbe fixt ) that which iè- - 
contained under the lines AF ¢ H G, is equal . 
to that which is contained under the lines DA CNO NX 
and GC. But the line GC is equall tothe line. > 
B G(by the 3.0f the third) Wherfore that which 

is contained vider tbe lines 4 D and BG, ise-. 
guall to that which is contained’ under the lines 
AF andG H: But that which is contained vn- i | 
der the lines A D and BG; is equall to two fuch triangles as the triangle ABD ds ( by the 
41.0f the firft ) .Wherefore that which is contained under the lines A F and GH, is equall 

to two [uch triangles as the triangle AB D is .Wherefore that which is contained under the 
lines A F and G H fiue times, is equallto ten triangles . But ten triangles are two pentagons. 
Wherefore that which is contained vinder the lines AF and G H fine times, is equall totwo 
pentagons . And forafmuch as.the line G H is double tothe line H C, therefore that which is 
contained under the lines A F and G B, is double to that which is contained under the lines 

A F and H C (by the 1 of the fixt) .Wherefore that which is contained under thé lines AF | 
ana CH -twife, is equall to that inhich is contained under the lines A F and G H once. Take 
eche of thofe parallelogrammes fiue times. Wherefore that which is contained under the lines 
AF and H C ten times, is equall to that which is contained under the lines AF c G H fiue 
times, that is, to two pentagons. Whereforé that which is contained under the lines A F and 

H Cine times, is equall to one pentagon . But thatwhichts contained nde thé lines AF 
and H C fiue times, is equall ( by the v.of the fixt) to that which is contaized under the lines 
AF and HB, for the line H B is quintuple to theline HC ( as it is eafie to fee by the con- 
ſtruction)and they are both under one cy the felfe fame altitude ,namely,under A F:Wher- .° 
fore that which is contained vader the lines A F and B H, is equall to one pentagon. | 
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oT hisbein g proued now let there be drawne a Circle comprebendin ig both 


the Pentagon of a Dodecabedron, and the triangle of an Icofabedron, 
being both defcribed in one and the felfe fame Spheres ` | 


W 


ary Etthecirclebe ABC. Andin it defcribe as before, two fides of an equilater | Cenffructios 


X bentagon namely B.A and A C:and drawa right line from the poi pertaining r6. 
S pentagon, y | aright line from the point B to the De 






(BK poiut C:and take the centre off the circle and let the [ame be E. And from the monftration of 
vd ES poznt A tothe point E draw aright line AE: and extend theline A Eto the thea prepoferió, 
ee 


LEDIEN point F. And let.it cut the line BC in the point K. And let the line.A E be do- 
ble to the line EG er let the line C K be treble to the line CH, bythe.g s the fixth. And fro 
the point Graifevp (by the.r1.of the firft) untothe line A F a perpendicular lineG M:and 
extend the line G.M directly to the point DW herfore the line M D is the fide of an equii- 
Liter trinale,by tbecorallaryof the.12.0f the thirtenth.draw theferightlines AD and AM. | 
\Wherfore.A D M is an equilater triangle. And for.as muchas that which is contained un- Sond demon 
“dex the liges AG and B His equal to'the pentagon (by the former affumpt) and that which S ANT 
? — WA C 2 9 qj. a E 


fois the pentagon to the triagle.But as that which 


Tbe 7, propo- 
fition after 
^g luſſas. 


Couffrautfton. 


Denoniílra- 
BT 


contained under the lines A Gand HB isto that 


1 The fonrtentb Booke 
dy cotained under the lines AG andG Dis equal Wi 
to the triangle A D M: therefore as that whichis | 


which is contained under the lines A Gand G D, 


ts contained under the lines 8 H cy AG istothat 
which is contained under the lines AG andGD,, 
jo is tbe line B H.to the line D G (by the.r.of the 
fixth ) wherefore (by the.rs.of the fifth ) astz. 
uch lines as B H is,areto.20 {uch lies as D Gis, 
(fo are 12.pentagons to 20.triangles, that is the {t- 
perficies of the Dodecahedron,to the fuperficies of . 
the Icofahedron.And 12.{uche lines as B His,are 
equall to tenne Juche lines as BC is (for the l 
line HB is quinttple to tbe line H C):and the line BC is fextuple to the line CH. 
Wherfore fix {uch lines as B H is,are equal to fine fuch lines asB C are: and in the fame pro- 
portion are their doubles : and 20.fuch lines as the lineD Gis, are equal to.to.fuch linesas 
the line D M is:for tbe line D M is double to the line D G.Wherfore as 10.fuch linesasBC 
As,arcto ro fuch lines as D M is,that is,as the line B C isto tbe line D M,fo is the [uperficies 
of the Dedecabedron to the fuperficies of the Icofabedron. But the line B C is tbe fide of the 
cube,and theline D M the fide of the Icofabedron: wherefore (by the zi ofthe fifth) as the 
fuperficies of the Dodecahedron is to the [uperficies of the Ico[abedrom, fois tbe line BC to 
tbe line D M,that is,tbe fide of the cube to the fide of the lcofabedron. 





Nowe will we prone that aright line being denided by an. extreme and 
meane proportio what proportio the line cotaining in power the {quares 
» of the-whole line and of the greater fegment hath to the line containing 
` in power the [quares of the -whole line and of the Me fegment ,tbe fame 
proportion hath the (ide of the cube to the fide of the Icofahedron, being 
both defcribed in one and the felfe fame fphere. — 






ee Wppofe that A B be a circle conta/ ning both tbe pentagon of a Dodecahedron d&r 
| the triangle of an Icofahedron de[cribed bothe in.one and the felfe fame {phere. 
SI Take the centre of tbe circle,and let the fame be C.And from the point C extend 

eee La] 10 the circumference a righà line at all aueBtures And let tbe [ame B C. And (by 


the 30.0f the fixth )deuide the line B C by an extreme ard meaneproportion in tbe point D, 
And let the greater fegment therof te C D.Wherfore the line C D is the fide of a Decago de- 
feribed in the fame circle( by the corollary of the 9.of the thirtenth).T ake the fide of an Ico- - 
{ahedron,and let the fame be the line E,and thefide of a Dodecahedron, and let the fame be 
the line F and the fide of a cube cy let the fame be the line G: Wherfore the line E isthe fide 
of an equilater triangle, and F of an equaliter pentagon de[cribedin one and the felfe fame 
circle. And the lineG being deuided by an extreme and meane proportion, his greater feg- 
mentis the line F, by the corollary of the 17 .of thethirtéth. Now forasmuch as theliné E 
3s the fide of an equilater triangle, but (Ey tbe 12.0f the thirtenth) the fide of an equilater 
‘triangle isin power trebletothe line BC, (which is drawne fromthe center to the circum- 
ference) therefore thefquare of the line Eis trebletothe (quare of the line BC : but the 
f'quares of the line B C and B D are (by tbe g.of thethirtenth) treble to the {quare of the line 
C D. Wherfore as the [quare of the line E is totbe [quareof'the line C B, fo are the fquares 
of tbe lines C B aad B D to tbe (quare ofthe line C D. Wherefore alternately (by ý t6.of 
K^ | the 
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of Euclides .Elementes, - 


she fifth) as the fquare of the Line E is to the fquares 
of the lines C Band B D, fois-the{quare of the lines. 


Fof.420. 
—— 


C B to the ſquare of the line C D.* But ás the ſquare | *H did s 
of the line B Cis to the {quareof the line C D, fois — Af b i i " e 
the fquare of the lineG (the fideof the cube) tothe — 


[guare of the line F the fideof D odecahedron. F or 

the line F is the greater fecmet of the line G (as 

was before proued .)Wherfore( by thbe.11 . of the fift) 

as the (quare of the line E isto the fqnaresC Band .. 
BD, fois the{quare of the line G, to the {quare of 

the line F. Wherefore alternately (by. the 16.of the 
fifth) & alfo by conuerfion(by the corollary of the 4. 
of the fift)asthe [quare ofthe line G,is to the fquare 

of the line E,fo is the quare of the line F, to the 
fquares of the lines CB cr BD. But unto the {quare 








of the line F are.equal the {quares of the lines BC ej CD for the fide of a pentagon cotaineth 
tn power bath the fide of a fixe angled figure,and the fide of a ten angled figure( by the t0.of 


_ the thirtenth.) Wherfore as the {quare of the line G,is to the [quare of the line E, fo are the 
Jauares of tbe lines B C and C D to the {quares of the lines C B and BD. But as the [quares 
of the lines C Band C D aretothe {quares of the linesC Bg BD,t fo (any right line what 
fà exer it be,being dinided by an extreme and meane proportion) is the line containing in 
power the {quares of the whole line,and of the greater fegmet,to the line containing in power 
the [quares of the whole line,and of the leffe fegment: wherfore( by the 11.0f the fifth)as the 
[quare of the line G(the fide of the cube )is to tbe [quare of the line E,fo(any right line being 
deuided by anextremeand meane proportion) is theline containing in power the [quares 
made of the whole line,and of the greater fegmet,to the line containing in power the [quares 
wade of the whole line,and of the le[fe fegment:but the line G is the fide of the Cube, and the 
line E of the Icofahedvon(by fuppofition.) If therfore aright line be denided by an extreemë 
aud meane proportion,as the line cotaining in power the {quares of the whole line,and of the 
greater fegment,is to the line containing in power the {quares of the whole line and of the 
leffe fegment: [ois the fide of the cube to the fide of the Icofahedron, being both defcribed in 
one and the felfe fame {phere. a ih and d 


Now will we prone that as the fide of the Cube is to the fide of the Ico» 
fabedron fo is tbe folide of the Dodecahedron to the folide of the Icofa+ 
"hedron. 2.25 Wa. s Um : | ns, | | 
uec Orasmuche as equal circles comprehend both the pentagon of a Dodecahe- 
DON dron and thè triangle of an Icofabedron, being both defcribed in one and 
BE SW) the felfe fame {phere, by the 2.0f this booke:but in a fphere equal circles are 
SN NN CAN equally diftant from the centre(for the perpendicular lines drawn from the 
i centre of the [phere tothe plaine {uperficieces of the circles are equal,and do 
cmo fallupon the centres of the circles. tWherfore perpendicular lines drawne 











a 
Gad 


© nedin this a 


fropof.tion, 


v 


T dfi hay by 
the Afvumpe | 
afterward in 
this propofitió 
be plarnely 
prona. 


The 3. profi- 
tton after 


Finffas. 


{By the Co- 


from the centre of the phere,tothe centre of the circle comprehending bothe the triangle of 
an Icofahedron,and the pentagon of a Dodecabédrón are equal : wherefore the pyramides, 
whofe.bafes arethe pentagons of the Dodecahedron, are of equal altitude with the piramides 
whofe bafes are the triangles of the Icofabedron. But piramids of equal altitude, are in that. "sey the 17. pro 
proportion the one to the other,that their bafes are (by the §.of thetwelfth) wherefore asthe — pofition of tl e. 
pentagon is to the triangle, [ois the pyramis whofe bale is the pentagon of the Dodecahe- 12. booke. 
dron and toppe the centre of the fphere,to the pyramis whofe bafeis the triangle and top the 

— | U Tui: centre 


rollary adaed 
by Fluffas af- 
ter bis. Af- 

Jumpt put af- 


Corolary of the 
S.after Fluſſus. 


^$5 T befourtentbBooke ^. o 


sentre alfo of the phere Wherfore( by the vs.of thefifib Yuscr.2.pétagons uà 10:20: trMisioles; 


Jo are 12.gpyramiidls bauine pentagons totbeyr Ga[erto 2o pyramids butthe tridales-to1heir 


“v 


bafes. But 12.pentagons are the [uperficies of the Dodécahédron; and 2o.triangles are the 


| fuperficies of the Icofabedron, Wheref oréas thé {itperficies of the-Dodecahedron is to'the ſu- 


perficies of the Icofahedron,foare 12. pyramids hauimepentagons:to their bafes to 20.pyra- 
mids, hauing triangles to their bafes. But 12: pyramids hauing pentagons to their bales, are 
the folide of the Dodecahedron, and 20.pyramidshaning triangles to their, bafes are the fo- 
lide of t he Ic of abedron JP berfare ( by the rr. of the fr ifthe Jas thefuperficies of the Dodecahedron is to 
rhe fuperfictesof the lcofahedron,fo isthe felide of the Dédecahedron tothefolide of the Icofahedron. But as the 


| f'iperficies of. tbe Dodesabedron, is to the faperficiesof. the-1cofabedrom, fü baue we prouzd 


T bis Aſſumpt is 
the 3. propofitsd 
after Flafas, 
And is it which 
diners times 
hath bene taker 
n eruntes n. 
thes booke and : 
once alfo-in the 
Lift propoyition 
of tbe 13-boote: 
as we hauebe- 
fore noted. ;.« 
Demonſtra- 


pon 


ded together and made one line (whith {quare by 


that the fide of the cube is to the fide of thelcofahedron:Wherfore, by the r1s0f the fifth, as 


the fide of-thecubeis-to the fide of the Icofabedron, fois the. folide of the Dodecahedron-to 


the folide of the Icojabedron. y 


* ^ 
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If tivo right dines be dinided»by amexctreame aid meane proportion they 
(oo fballeuers ssay be in like proporti on which thine is thes demonftrated. 
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BS — the line A B be(by thes orof the ſixth) diuides b an extréame and meane pro» 
| D — ‘pertionin the poyat C , and let the greater ‘fegment thereof. be the line C A ^ And 
[je VIskemzfe aifolesthe line D’E be diuided' by an. extreame and meane proportion in 


“= che point F and let the greater feoment thereof be the line D F.Then I {ay that as 
the whole line AB isto the eveater feonent thereof A.C, fois the whole line D E:to the grea- 
ter fegment thereof D F For forafnruch as that which is contayned under the lines'A B and 
BC isitquall-tothe [quar of the line AC (by the diffinition of aline didided be an ex 
treameand meune proportion ):and that which is contayned under the lines DE and E F is 
alfo equall to the quare of tbe line-D ¥ (by the fame diffinition ) therefore as that which is 
contayned Inder thetines A Bund B-Cistothe {quare of theline AG; fovs that which is 
comtayned vnder the lines DE und EF +0 the [quare uf the line D'E. For in eche isthe pro- 
portion of equalitic. Wherforeas that which is contayned under the lines A Band BC fower 
times, is to the [ware of thélite OES N 8 8 SOMATA aay d 
AC, fois that which is Usa R AIN gem ntque TON" "de PU EE 
under the lines D E and E F — LL ed 
fower times to the [quare of the p, 
lipe DF. (bythbeag cof rbefif by) v5 Sree eT eT | 
Wherfure by compofition( by thes . i Sao uated.) 
18. the fifth)as that which is contayned under the lines AB and BC fower-times, together 
with thefquare of the line A C$ to the fquare of the line-A G, fois that which is contayned 
underthe lines DE andE F fower.times,together withthe fquare of the line D F,to the 
Square of the line D.F. Wherefore as the{quare which iswmade.f the lines AB and BC ad- 
' 4be 8. of tbe fecond is equall tothat which 
4s contayned under the lines.A.B and BC fower times together, with {quare of the line AC) 
45 to the (quare'of the line A Cy [o istbe [quare made of the lines-D E cy E.F added together 
and made one liue (which [quare is.alfo,by the fame,equalto that whichis contayned vader 
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\ the lines D E aud E EF fower times together with the [quare of theline DE), to.tbe [quare of. 


the line D.F Wherefore alfo as the lines A B & BE added together ave totheline AG,{o are 

the lines D E Gy EF. added together-tothe line D, Eby the 22.0f the fixt) Wherefore by cõ- 

pofition(by the 15; of the fifth)as both the lines A Ber B.C added the one to,the-otherstoge- 

ther with the line A C,that is,as twofych lines as 4 B.is., aveto the line A C,fo.are both the 

fines DE and EF added the one to the other together withtheline D F ;thatis two fuck 
: -ai tua «= BAA ES 
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of Euclides Elementes. Fol.431. 


lines as D E is to the line D F.And in the fame proportion are the halues of the antecedents 

by the 15.0f the fifth . Wherefore as the line A Bis'tothe lime AC, fois theline DE to the 

line D F.( And therefore by the 19 .of the fifth,as the line_A Bis to the line B C, fo i$ tbe line 

D F to the line F E Wherefore alfo by dinifiow by the 17 of the yifth,as the line AC is to the 

line C B, {ois the line DF tothelineD'E), ~~ '** °° - | 

— INawtbat we baue proued,* that amy right line whatfoener being diuided by an extrcame ™ In tbe 4 [ec- 


ij Ww. zion ef this 
and meane proportion what proportion the line contayning in power the [quares made of the * * — — 


whole line and of the greater ſcęment added together bath tothe line contajning in power 
the {quares made of the whole line and of the leffefegment added together , the fame propor- 
tion hath the fide of the cube to the fide of the Icofahedron:Now alfo that we haue proued, + inthe 1. and 
tthat as the fide of the cube is to tbe fide of the Icofahedron., fo is the [uperficies of the Dode- 3-[eBion of rhe 
cahedron tothe fuperficies of the Icofahedron,being both defcribedin one and the felfe fume. — 
[pherezand moreouer feing that we hane proued,tthat as the fuperficies of the Dedecahedron P reads 
$5 to the fuperficies of the Icofahedro, fo is the Dodecahedro to the Icofabedron, for that both propajicion. 
the pentagon ef the Dodecahedron, and the triangle of the Icofahedron are comprehended 
in one and the felfe [ame circle: All thefe thinges I fay being proned,itismanifeft ,thatifin A Carallary. 
one andthe fel e [ame [phere be defcribed a Dodecabedron and an Icofahedron j they . hall be in prop 012022 
the one to the other asa right line what[oeuer being diuided by au extreame and meane pro- 
ortion,the line contayning in power the {quares of the whole line and of the greater fegment 
added together is to the line containing in power the [quares of the whole line and of the leffe 
Segment added together . For for that as the Dodecahedron is to the Icofahedron, fois 
- the [uperficies of tbe Dodecahedron to the fuperficies of the Icofahedron, that is, the 
fide of the cube to the fide of the Icofabedron : but as tbe fide of the cube is to the fide 
ofthe Icofahedron.fo,any right line what foener being dinided by.an extreame 
and meane proportion,is the line contayning in power, the {quares of the whole: 
line and of the greater fegment added together, tothe line contayning iz pow 
er the [quares of the whole line and of the leffe feement added together. 
Wherefore as a Dedecahedron is to an Icofahedron defcribedin one 
and the felfe fame [phere, fo, any right line what fo ener being 
_ - | dnided by an extreame and meane proportion,is the line 
~ u  bontayningin power the [quares of the whole line gy 
— pes of the greater fegment added together,to the 
line contayning in power the fquares of the 
_ whole line and of the leffe fegment 
added together. 
Ea (Aa) paan 


í 
1 


The ende of the fourtenth Booke 
of Euclides Elementes 
s after Hypficles. | | d 
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,:, Or thatthe fouretenth Booke,as it is fet forth by Fluf-, 
) fas,containethinitmoe Propofitions then are found. 
y 9, in Hypficles, & alfo fome of thofe Propofitions which 
| ) 4t Hypficles háth, are by, hiin fomewhat otherwife'de-: 
ZZ 3 mionftrated. ;Tthought niy làbóur well betowed for 
Sy the readers fake to-turne it alfo.all whole;notwithftan-: 
(Q3 "^ dingmy'trauailesbefore táken. in turning the. fame. 
5:14 booke after Hyplicles, Where noteye,thathereinthis, 
31 29. 14:booke after Fluffas, and in the other bookes follo- 
2^. \wing namely, the x5,and 16. Ihaue in alleadsing of 
zx the Propofitions ‘of the fame 't 4ubooke; followed the 
$ Jug. order andgumber qfthe Propotitions; asiEliifas hath. 
a i placed them: wot Cu 3A A1 (Yi esa, Multa S533 QY VH SS 
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Pentagon.iifcribedin théfame circlests.the halfe of thefetwo lines taken 
tooethernamely, of the fide of the hexagon; and of the fide of the decagon 
M IU RK 5; 79 5,4. V, E OU 
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PYAUYOT Be TOES OYA ad Ye his WS SORE WAT Lk Seventh eei 
— — — Akeacircle AB C. and inferibe in ic the fide of a pentagon, which let be 
“RY BC; and take the\centre‘of the'circle;which Jet be the point D ; and fré 
WE itdrzw voto the fide BC a perpendicular line:D Es which produce to the 
S\t_ point-F\ And voto theline EF purtheline E G equall. Aud draw thefe 
M right lines G G,C D,and CE .Then4 fay,that the right line D E (which 

f JE ^ ILES. n^ one. bs ad) ^ je 
PANI 15.drawen from the centre to B C 'the fide ofthe pentagon ) is the halfe 
| of the fides ofthe decagon-and hexagon; taken together . .Forafmuch as 
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IN (s the line D Eis perpendicular vnto.the line BC : therefore the fections 
SASS)! BE and EC fhall be equall (by the 3 .ofthe third) : and theline EFis 
—— — 






|! common vnto'them both}‘and the angles FEC and F E.B, are right an- 
AKI gles by fuppofiuon. Wherefore the bafes B Fand FC are equall (by the 
4.of the firft ) .But the line B C isthefide ofa pentagon, by conftructi- 
on . Wherefore F C which fubtendeth the halfe ofthe fide ofthe F 

pentagon, isthe fide of the decagon infcribed in the circle AB C. 
But vnto the line F C is, by the i the * — Hs ng CG, 
: (abtend rightangles.C E Gand, € E F, which ate con- |. J, 
or dades Wied o calo the ahples CG Band) 
C F E,of the triangle C F G,are eqyalb by,the! sof the firft; "And 
forafinuch as the arke F C is fubtende of the fide of a decagon, 
the arke C A fhall be quadruple to the arke CF = Wherefore allo 
theangle CDA fhall be quadruple to the angle C D F( by the 
laft ofthe fixt) . And forafmuch as the fame angle C D A, which 
is {et at the centrz,is double to the angle C BA, which is fer'at-the 
circumference,by the 20.0f the third therefore the angle C BA) 
or CFD, is double to the angle C D F;, namely, the halfe of quá- 
druple . But vnto the angle CFD or\C F.G,isiproued e lial th 
anzle CG F : Wherefore the outward ‘angle C GF, is double'to 
the anole C DE. Wherefore the — C E CG, n A 

>e equall. For vnto thofe two angles the angie ‘is equall,by 

E m the firit. Wherefore the fides G G and G D, are equall, by the 6.of the firit . Wherefore ao 
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theJine G D is equall to the line FC, which is the fide ofthe decagon , Bit vrito the right liné F E is e- 
quall the line E G, by conftrüction ; W herefore che whole line D E is equall to the two lines C F and 
F E-Wherefore thofe lines taken together, (namely, the lines D Fand F C) fhall be double'to the line | 
DE. Wherefore the line D E(which is drawen from the centre perpendicularly to the fide of the pen- 
tagon)fhal be the halfe of both thefe lines taken together,namely,of D F the fide of the hexagon, and 
CF the fide of the decagon . For the line D F which is drawén from the centré, is equall to the fide of 
the hexagon, by the Corollary of the 1s.of the fourth | Wherefore a perpendicular line drawén from 
the center of a circle, to the fide ofa pentagon infcribed in the fame circle: is the halfe of thefe two 
lines taken together, namely,of the fide of the hexagon, anid of the fide of the decagon inftcibed in the 


fame circle: which was required to be proued, ` — | 
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If aright line drawen perpendicularly from the centre of a circle to the fide ~ 
ofa pentagon, be dinided by an extreme and meane proportion: the greater féze 
ment {hall be the line which is drawen from the fame: centre, to the fide of an: 


equilater triangle infcribed in the fame circle. For, chat line (drawén to the fide of thé 
triangle ) is ( by the Corollary of the 12.0f the thirtenth ) the halfe of the line drawen from the centre 
to the circumference,that is, of the fide of the hexagon: Wherefore the refidue fhall be the halfe of thé, 
fide of the decagon . For the whole line is the halfe of the two fides, namely, of the fide of the hexagon,. 
and of the fide of the decagon.But of the fide ofa decagon and ofan hexagon taken together,the greater’ 
fegment is the fide of the hexagon (by the 9.of the thirtenth) . Wherefore the greater fegment of their. 
halfes fhall be the halfe of the hexagon,by the ts.of the fift: which halfeis che perpendicular line draw-. 
en from the centre to the fide of the wiangle, by the Corollary ofthe 1z.ofthe thirteenth, = 


q Ihe fecond Propofition. 


md two right lines be dimided by an extreme and meane proportion: they. Thes. Propos. 
- s. JPall be duided into the ſelſe ſameè proportionr. 7 77 ftionafter © 
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jd) V Ppofe that thefe two rightlines AB and D E beechecutbyanextremeandmeanepro- ^ —— -= 
/ |pordonin the pointes Fárid Z, Then 1fay, that tiefe two linesare diuided into the felfe -— 
Ceeitame proportions, thatis,that the lirie A B'is in the poirit F diuided iri like fortas the line 


JDE isin the point Z-For if they be not in like'fort cut, let one of them, namely, DE,be cut | 
&| like vnto the line AB in the point C.So that let theline DE be to DC the greater part,as Demonfirati- 





the greater part DC isto CÉ the leffepart;by the ;.definitió ofthe fixt.t E vee) | 
tionj the line D E is to the line D Z,as the Ds Mp EELS OF leading ig 
line D Z is to the line Z E. Wherefore the A | T | at HAapefsibi- 
rightline DE is diuided by an extreme, , 4^ t—————————————B te 


and meane proportion in two pointesC ^.  * ^. | 
andZ . But theproportion of DE toD C DE Cz E 
the effe line; isgreater then the propor- sul ue iE a eux — > ie 
tion of thefame D EtoD Z the greater line, by the z.part of the 8.of the fift: ButasDEistoDC. fois. __ 
D C:to.€ E: Wherefore the proportionof DC to CE, is greater then the proportion’of‘DZito ZE. 
And forafmuch as D 2 is greater then D C, the proportion of D Z to'C E fhall be greater thenthepro-> — 35557 
portion of DC to CE, by the 8.of the fift. Wherefore the proportion of DZ to CE, is much greater 
then the proportion of D Z to Z E. Wherefore one and the felfe fame magnitude,namely, D Z, hath to 
CE the greater line, a greater proportion then it hath to Z E theleffe line, contrary to the fecond part 
of the 8.of the fift: whichisimpoffible. Wherfore the right lines A B & D E, arenotcut vnlike. Wher-. 
fore they are cutlike,and into the felfe fame proportions. Arid the fame demonftration alfo will ferue i£ 
the point C fallin any other place . For alwaies {ome one of them fhall be the greater : If therefore two 
right lines be cut by. an extreme and meane proportioit : they fhall be cut into the felfe fame propor- 
tions i Which was required to be proued m tliat lg , * —— 
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If na circle be defcribed an equilater Pentagon : the  [quares made of the The D 
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fide ofthe Pentagon and of the line which.fubtendeth two fides of ‘the ition after 
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“Pentagon, thefe two fquarés (fay) taken together, are quintuple tothe 
Square of the line drawen from the centre of the circle to the circuference. : 
x] VppofethstinthecirdeB C Gthe fideofa |... m, 
2 Pentagon be BG :,andlet the line BCfub- — — — 
I tend two fidesthereof, And let thelne BG ` 
bé dinided into two equall partes bya right , 
line drawen from the centre D znafnely, by 
the diameter C D E produced to the point 
Z. And drawetherightline B Z . Then I fay,that the right 
linesB C and B G, arein power quintuple tó tlie right line 
D Z,whichis drawen from the centre to the circumference. 
Forforafmuch as (by the 47.0f the firft) the {quaresof the |/ 
lines C B'and BZ, are equall tothe fquare ofthe diameter . 
C Z 1 therefore they are quadruple to the {quare of the line, \A 
D Z, by the :o.of the fixt (for theline CZ is doubletothe , 5 
line DZ). Wherefore the right lines CB,BZ,and ZD,arein : UNU 
power quintuple to the line Z D.But therightline B G.con- : 
tainéth in power the two linesB Zand ZD,by the zo.ofthe | 0... “ME” 
thirténth. ForD Zisthefideofanhexagon; & BZthefide. ^ | ^ ^, ^ € — 


dfa'decigon. Wkerefore thelines B C and B G (whofe powers are.equall to the powers of the lines 
CB; BZ,ZD ) areinpower quintuple to the fine D Z . If therefore ira circle be defcribed an E 
Pentagon : the fquares iade ofthe fide of the Pentagon and ofthe line which fubtendeth two fides of 
che Pefitàgon, thefe twó Íquares ( Lfay ) taken together, are quintupleco the {quare of the line drawen. 
from the centre of che circleto the circumference, ^ 70 vn * 


mia 





i h-*) D ho r. t. 


- S ACorolary.., |. -, 
—6 
ABE ’ 


b Y v — ww 


_ Ifa Cube anda Doderabedron be contained.in.one and the felfe fame 
Sphere's the fide of the Cube, and the fide of the Dodecahedron, are in power 
quintuple to the line which is drawen from the centre of the circle which contate 
neth t he Pen tagon of t þe Dodecahedron .  Foritwas proued in the. 17.0f the thirtenth, 
thacthe fide of the Cube fubtendeth two fides of Fes Rentagon, ofthe Dodecahedron, where the fayd 
folides are contained in one and the felfe fame Sphere . Wherfore the fide of the Cube fubtending two 
fides ofthe Pentagon, and the fide of the {ame Pentagon, are contained in one and the {elfe fame circle. 


Pa 


Whcerefore,by this Propolitien sthey-are.in power quin rule to the line which is drawen from the cen- 


temm es oftbefamecircle-w. ich containeth che Pentagon of the Dodecahedron, te d 
E E . E — TEE 
NU Lhe 4.Propofition,...:. 

Thes. propo- One and the felfe fame circle containeth.both the Pentagon of a'Dodecae 
je afer "is dbedronyand tbe trian cle ofan Icofahedron defcribed in one and the felfe 
i UT ese ien. CES Io d027:o049 VN uu — putt cue à, tjl 13 
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Et the diameter of the ſphere geuen be AB, and let the baſes of the Icoſahedron and Do- 
cdecahedron deſcribed in it, be the triangle MNR; and the pea tagon FKH, anda- 
(34 IAS baut chem let there be defcribed circles.by the $.and.14.0f the fourth. And let the lines 
ota drawne from the centres of thofecirclesto the circumferences be LNandOK. ThenI 

ee 434 (Ay that the lines L N and O K are equal,and therfore onc and the felfe fame circle contai- 
neth both thofe figures. Let the right line A B, be in power quintuple to fome one right line, as to the 
line C G(by the Corollary of the 6.of the "mon making the cétre the poynt C, & the fpace C G, 
defcribe a circle D Z G. And let the fide ofa; pentagon infcribed in that circle (by the11.0f the fourth) 
be the line Z G. And let EG (fubtending ‘halfe of the arke Z G) be the fide of a Decagon infcribed 
in that circle.And by the30,0f the fixt,diuide the line C G by an extreme .& meane proportion in the 
aynt 1.Now forafmuche as in the 16-of the thirtenth, it was proued,thatthis line CG (vnto whome 


y P E * p bgs : * * wye f eens . te: (SU € m . ‘ a: 
D emonſtra- \ tlie diameter A B of the ſphere is in power quintũple)is the line which is drawne from the centre of 


the circle, which containeth fiue angles of the Icofahedron, and the fide of the pentagon defcribed 
| at Piws 13 a e1* — d I in 
X * 
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of Euclides Elementes after Elufvas. Fol. 4. 23. 
in that circle D Z G namely the line Z G we tele ee: — m 

is fide of the Icofahedron defcribed in Fee B 

the Sphere, whofe diameter is the line A ~ = | Beast 

B: therefore the right line Z G,is equal to y — 
the line MN, which was put to be the ſide Mera —— 

of the Icofahedr6,or of his triagular bafe. | 

Moreouer, by the 17.0f the thirterith, it H: | 
was manifett that theright line s&(which 

fubtendeth the angle of the pentagon of 
the Dodecahedron infcribed in the fore- 
fayde fphere) is the fide of the Cube, in- 
{cribed in the felf fame fphere.(For vpon 
the angles ofthe cube,were made the an- 
gles of the Dodecahedron.) Wherefore 
the diameter A B is in power triple to F- 
H,the fide of the Cube (by the 15. of the 
thirtenth). But the fame line AB is (by 
fuppofition) in power quintuple to the 
line C G. Wherefore fiuefquares of the 
line C G,are equal to thre {quares of the 
line F H.: (forecheisequal to one and - 
the felf fame fquare ofthe line A B). And 
forasmuche as EG the fide of the Deca- 
gon, cutteth the right line C G by an ex- 
treme and-meane proportion (by the co- 
rollary of the Mu the thirtenth) : Like- 
wife.the line H.K, cutteth theline F H, 
the fide of the Cube by an extreeme 
and meane proportion (by the Co- i am 
rollary of the 17.0f the thirtenth) : therfore the lines C G and F H, are deuided into the felf fame pro- 
portions,by the fecond of this booke:and the right lines C I and E G,which are the greater fegmentes 
of oneand the felfe fame line C G,are equal: And forasmuche as fiue {quares of the line C G are equal 
to thre.fquares.ofthe lines F H : therefore fiue fquares of «the line G E, are equal tothrefquares of the 

line HK (forthelines G E and H:Kare the greater fegméts of the lines C G and F H). W herefore fiuc 

{quares of thelines CG. 8 GE are eqiial'to thre fquares of thelines FH & HK,by the 12 ofthe fift. Buz 

vnto thefquares of the lines C G and G E,is equal the fquare oftheline Z G,by the 1o.of the thirtéth 3, 
and vnto theline Z G the line M N was éqiial: wherfore fiue {quares of the line M N,are equall to three 
fquares.o£thelines F H,H K-. Burthe fquares of the lines FH and H K,are quintuple to the fquare of 
the line O.K (which is drawne from the centre) by the third of this booke. Wherfore thre {quares of 
che lines F Hand H K make 15.{quares ofthe line O K . And forasmuch as the fquare ofthe line M N is’ 
triple to the fquare of the line L N (which is drawne from the centre)by the r2.0f the thirtenth, ther- 

fore fiue fquarcs ofthe line M N are equal to 15. {quares ofthe line L N.But fiue {quares of thelineM N ' 
are equal vnto thre fquares ofthelines F H and H K . Wherefore one fquare ofthe line LN is equall 

to one fquare ofthe line O K (being eche the fiuetenth part of equal magnitudes) by the 15.of the. 
fifth, Wherfore the lines L N.and O K,which are drawne from the centers, are equal. Wherefore alfo 

the circles N R M,and F K H which are defcribed of thofe lines, are equal. And thofe circles contayne 

(by-fuppafition) the bafes of the Dodecahedron and of the Icofahedron defcribed in oneand the felfe 

fame {phere. Wherfore one and the felfe (ame circle.&c. as in the propofition: which was required to 





be proued . 
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Pf in d circle be infcribed the pentagon of a Dodecahedron,andthetriane - 
s. gleof an Icofabedron and from tbe centre to one of tbeyr fides , be dra ne b. k x S 
i perpendicular line: T hat which is contained 30.times vnder the fide eg. fieions after 


<: -the perpendicular line falling vpon it ; is equal to the {uperficies of that foe Campane. 
-lide vpon whofe fide the perpendicular line falleth. s 

IET avi fe that in the circle A G E,be defcribed thé pentagon of a Dodecahedron, which 

I ( : ppo e circ j pentag > Whi 

X let be AB G D E,and the triangle of an Icofahedron defcribed in the fame fphere,which x 

WS Zen lctbe A F H.Andlet the centre be the poyntC. From which draw perpendicularly the Confirwetion, 


;|line CI to the fide of the Pentagon and the lineC Lto the fide ofthe triangle . ThenI 
ijay. that the rectangle figure contained vnder the lines C I and G D 5o.times, is equal to 
the 


[| 
> 
` 


= has 


“oe pl 


- = 






ac. rj RRr.ij. 


Demonfira- 
$808. — 


. whichis contained vnder the, lines G D and I C fiue 
: ,timesis equal to two pentagós. Wherfore that which 
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the fuperficies of the Dodecahedron : and that that 2 ae : 
whichis cótained vnder thelines C L & AF 30. times uy et Med m 
is equal to the fuperficies of the Icofahedr6é defcribed ae | x 1 
in the fame fphere.Draw thefe rightlines CA,CF,CG 
and C D.Now forasmuchas that which is cótained vn 
der the bafe G D & the altitude I C, is double to the 
triangle GCD, bythe 41.0f the firft: And fiue triangles 
dike and equal to the triangle G C D do make the pen- 
tagon A B G DE of the Dodecahedron: wherfore that 


e t “y 
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is contained vnder the lines G D andIC 30. times is 
equal to the 12.pentagons, which containe the fuperfi- 
cies ofthe Dodecahedron.- 

Againe that which is contained ynder the lynes 
C Land AF, is double to the triangle A C F: where- 
fore that which is contained ynder the lines C Land 
AF three times 1s equal to two fuche triangles as A F- 
H is, which is one of the bafes of the Icofahedron (for esp 
the triangle A C F,is the third part of the triangle AF- ed a  -" 
H;as it iseafle to proue,by the 8.& 4.of the firft.) Wherfore that which is cétained vnder the lines CL . 
and A F,30 times times, is cquall to 20.fuch trianglesas A F H is, which containe the fuperficies of the 
Icofahedron. And forasmuch as one and the felfe fame {phere containeth the Dodecahedron of this 
pentagon,and the Icofahedron ofthis triangle (by the 4.of thisbooke: ) and the lineC L falleth per- 
pendicularly vpon the fide of the Icofahedron, and the line CI-vpon the fide of the Dodecahedron : 
that which is 3o.times contained vnder the fide, and the perpendicular line falling yponit, is equal to 
the fuperficies of that folide,vpon whofe fide the perpendicular falleth. If therefore ina circle &c.asin 
the propolition : which was required to be demonftrated. 9 21 * 7 
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The fuperficieces of a Dodecahedron and of an Icofabedron deftribed in one 
and the felfe Jame [phere , are the one to the other as that which is contained yn 
der'the fide of the'one and the perpendicular line dra ne ynto it from: tbe cene 
tre of bis bafe; tathat which is contained 'vnder tbe fide of the other, and the 
feipe ndicular lin e drawn eto i t fr om t he centre of. bis bafe. Foras thirtye times is to 
thirty times,fo is once to once by.the 13.0fthe fifth. ^ Y : 


wo? , 
p 


d x: / (tet EL ! e # * soe --" s * 
94 "3 |" -— LX. — "AY. i i € — P 
—* Am ` “T heg Propohtion: .. - 
* t ae b ; 3.3 \ 4 


ye 
á 
- 

- 7 

L2 b 


; * - 


The ſuperſ cies of a Dodecahedron, isto the fuperficies of an T cofabes 


r 


giro 
ms ^. drm defcribed in one and be felfe fame phere, in that proportion, that 
vit the fideofthe Cube is to the fide of the Icofabedron contained in the [elf 

fame phere. E 


"5 Vppofe that there be a circle A B G,& init (by the 4:of this boke) let there be infcribed the 
Wa fides of a Dodecahedron and of an Icofahedron contained in one and the felfe fame {phere. 






t€ 


j | And ler the fide of the Dodecahedron be A G,and the fide of the Icofahedron be D G. And 
=.’ let the centre be the poynt E:from which draw vnto thofe fides,perpendicular lines El and 


- EZ.And produce the line EI to the poynt B, and draw thelineB G. And: let is fide of the cube con- 
_ tained in the felffame fphtere be G C. Then I fay that the fuperficies of the Dodecahedron is to the fu- 


perficies of the Icofahedron,astheline-C G,is to the line GD, | Forforasmuche as the line EI being 
dissided by an extreme and meane proportion,the greater fegment therof fhall be the line E Z, by the 
corollary of ihe firft of this booke: and the line C G being diuided by an extreme arid meane pro- 
portion, his greater fegment is theline A G, by thecorollary of the 17. of the thirtenth : Where- 
fore the right lines;El and CG are.cut proportionally by the fecond of this booke. Wherefore 
as the line C G,is to the line AG, fo-is the line EI to the line EZ. Wherefore that which is con- 
tained vnder the extreames C G and EZ, isequall to that which is contayned vnder the meanes 
AG ànd E L.(by the16.0f the fixth.) Butas that which is contained vnder thelines C G and EZ is to 
that which is contained ynder the lines DG and E Z,fo(by the firftof the fixth) is the line C G to the 
` | à; line 
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line DG;for both thofe parallelogrameshaue oneaüd the — - 
felfe fame altitude,namely the line E Z. Wherfore as that 
which is contained vnder the lines E Land A G (whichis. 
proued equal to that which is contained vnderthelines ` ~ 
C Gand EZ) is to that which is contained vnder the 
lines:D'G. and E Z, fo is the.line C.G totheline DG.-, 5 
But as that which is contained ynder.the lines Eland AG 
is to that which is contained vrider the lines DG ad EZ,- ^ | |: 
{o (by the corollary of the former propofition) isthefu-,. ... 
perficies of the Dodecahedron, to the fuperficies of the I- . « 
cofahedron. Wherfore asthe fipéerficiés ofthe Dodécahe-\ .- - 
dron isto the fuperficies ofthe Icofahedron,fo is C G the 
fide of the cube,to G D the fide of the Icofahedron. The 
fuperficies therefore of a Dodecahedron is to the fuperfi- 
cies. &c. as in the propofition; which was required to be 
proued. 7. . m E E. By oat ton 
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T be Pentagon of a Dodecahedron is equall to that which is contained yn: 

der the perpendicular line ‘which falleth ypon the bafe of the triangle of the 
 - Icofabedron,and fine fixth partes of the fide of the cube , the fayd three fo- 

lides being defcribed in one and the felfe fame fphere.' i | 


Suppofe that in the circle A BE G,the pentagon of a Dodecahedron be AB CIG , and lettwo 
fides thereof A B and A G be fubtended of the right line B G. And let tke triangle of the Icofahedron 
infcribed in the felfe fame fphere , by the 4.0f this Looke,be A FH. And let the centre of the circle be 
the poynt D;and let che diameter be A D E, cutting F H,the fide of the triangle in the poynt Z,and cut- 
ting the line B Ginthe poyntK. And draw the rightline BD. And from the rightline K Gcutofa 
third párt T G;by the 9.of the frxth.Now then.the line BG fubrending two fides of the Dodecahedron, 
fhalbe the fide of the cube infcribed in the fame {phere,by the 17. of the thirtenth: and the triangle of 
the Icofahedron of the fame fphere fhalbe A F H by the. of this booke . And the line A Z which paf 
feth by the centre D fhal! fall perpendicularly vpon the | NM " 
fide of the.triangle.For forafmuchas heangles G AE & — 

B À E are equall ( by the 27.’of the third , for they are fer. 
vpon equall circumferences): therefore the bafesBKand> `` 
K G are(by.the 4.of the firft) equall . Wherefore the line 
B T,contayneth s. fixth partes of the line B G . Then I fay 
that.chat which is contayned vnder the lines A Zand B- 
‘Tis equall to the pentagon AB.CIG, For forafmuch as - 
theline À Z is fefquialter.to the line A.D (for the line D~. 
E is diuided into.two equall partes in the poynt Z, by the 
- corollary.of the 12. of the thirtenth ) . Likewife by con- 
firu&tion,the line K G is fefquialter to the line K T: there- 
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fore as the line A Zistotheline AD,foisthelineKGto F 

the line KT .; Wherefore that which is contayned vnder ae sf 
the extreames A Z and KT,is equall to that which is con- c ux 
tayned vnder the meanes A D and K G, by the 16. of the M 
fixch. But vnto the line K G.is theline B K proued equall. | E 


‘Wherefore that which is contayned vnder the lines AZ UE 
and K T isequall to that which 1scontayned vnderthe lines A D and BK . Butthat whichis contayned 
vnder the lines A D and B K is ( by the 41. of the firit ) double to the triangle ABD . Wherefore thar 
which is contayned vnder the lines A Z and K T isdouble to the fame triangle A B D . And forafmuch 
as the pentagott AB CIG contayneth fiue triangles equall to the triangle A B D , and that which is 
contayned vnder the lines A Z and K T contayneth two füch triangles: therefore the pentagon ABCT 
Gis duple fefquialter to the rectangle parallelogramme contayned vnder the lines A Zand KT. And 
forafmuch as by. conftruction the line B Tis duple fefquialter to the right line K T i but by 1. of the 
Sixth that which is cótcyned vnder the lines À Z and B T isto that which is contayned vider the lines 
Aid K T ,asthe bafe B'T i$ t0 thé bàfe K T: therefore that which is contayried vnder the lines A Z 
and B Tis duple fefquialter to that which is contayned vnde£theline A z & K T. But vnto that which 


is contayned vnder the lines A Z and K T the pentagon A BCIG is proued duple fefquialter. W her | 


fore the pentagon A B C 1 G of the Dodecahedron is equall to that which is contayned vnder the per- 
i oe RRv. iii. pendicular 


wi 


This Affunpe 
Campane alfo 
hath after ihe 
8. propofition, 


in bis order. 
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Construflion. 


Demonfira- 
tion. 


The 9. propo- 
fition after 
Campane. 


Cou Fraction. 


Deminiira- 
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T bts Campane 
puttesh as gCo- 
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propojit ion af= 
ger bis order, 


iof by thecorollary ofthe 15 ofthe tenth ). And draw the 


a power Bile to the line B G and ( by the. ofthe fame) 


Xs T be fourtentbBooke .. . .... 
pendicular line A Zjand vnderthelineB T which isfiuefixe partes ofthelineB G.—— . . 


f ay 


q T bé z. Propofition. 


/ A rigbt line diuided by an extreame and meane proportion : what propore 

. ion tbe line contayning in power ibe whole line andthe greater fegment, 

. bath to the line contayning in power the "wbole and the leffe [egment : tbe 

` fame hath the fide of the cube tothe. fideof the Icofabedron contayned in 
oue and the famefphere. — © >> "nde 


I 








5.347 Akea circle A B E:and in it(by the r1.0f the fourth)infcribe an equilater pentagon B Z E C- 

YE H :and(by the fecond ofthe fame)an equilater triangle ABI. Andlet the centre thereof be 

zs che poyntG. Anddrawea line from GtoB. And dinide the line GB by an extreame and 

3^1 (43! meane proportion in the poynt D(by the-30, of thefixth ). And let the line M L contayne in 
power both the whole line G B and hisleffe fegment B- B 


rigitt line BE fabtéding the angle of che pentagon, which 
thall, be che fide of the cube ( by the corollary of the 17. ae A 
cfthe'thirtenth y : and the lineB 1 fhall be the fide éf che fi NC vt 
Ycofshedron , 2nd the line B Z thefide ofthe. Dodecahe- aX 8m 
dron by the 4. of this booke . Then I fay that B E the fide Z, iT 
cfthecube isto BT the fideof the Icofáhedron ,as the nr Kel 

line contayning in power the linesB G & GDisto the 
line contayning in power the lines G B and B D, For for- 
afmuch as ( by the 12. of the thirtenth )theline B Iisin 


è 






‘ese g 


thefquares ofthe line GB'&B D are triple to thefquare y 
of theling GD. Wherefore ( by the 1s. of the fifth’) the | A 
fquare of che line B Lis to the {quares of thelines GB & we — 

$ Dinamely triple to triple),as the fquare ofthe line B G E Q 

is to the {quare of the line G D(namely,as one is to one). Steed "s 
Butas the fquare of the line B G is to the fquare of the LY —ñ — ⸗ Drm i 
G D , fo isthe fquare ofthe line B E to the fquare of the —— 15 — 
line B Z. ( Forthelines B G, GD, and B E, B Zare in oneand the fanie proportion , by the fecond of 
this booke. Eor B Z is the greater fegment of theline B E,by the corollaty of the 17. ofthe thirtenth). 
Wherefore the fquare ofthe line B E is to the {guare of theline BZ , asthe fquare of the line B listo 
the (quaresofthelines B GandBD . Wherefore alternately the fquare of the lineB E isto the fquare 
of che line B Las the fquareof the line B Z is to the fquares of the imes’G B and B D. But che fquare of 
the lire B Z is equall to the {quares of the linesB Gand GD ( by the ro.of the thirtenth ) . Fortheline 
B G is equall to the fide of the hexagon,and the line G D to the fide of the decagon, by the corollary of 
the >.ofthe fame . Wherefore the {quares of the lines B Gand GD, areto the {quares of the lines G B 
and B D,as the {quare of theline B Eis to the {quare of the line B I . But the line ZB contayneth in 
power the lines B G and G D,and the line M L contayneth iu power the lines G B and B D by conftruc- 
tion: Wherefore as the lige Z B (‘wnich contayneéth in power the whole line B G and the greater feg- 
ment G D)isto theline M L ( which contaynéthin'in power the whole tine G Band the leffe fegment 
B D jfo isB E the fide of the cube to B I the fide of the Icofahedron, by the 22.0f the fixth . Wherefore 
2 right line diuided by an extreame and megane proportion : what proportion theline ENTE in 
powerthe whole lineand the greater fegment , hath to the line contayning in power the whole line 
and theleffe fegment:the fame p the fide of the cube to the fide of the Icofahedron cétayned in one 
andthe fame M which was required to be proued, — -— 


"s cr 


(ou / y T be 8. Propofition. 


: 5 » T be folide of. a Dodeca bedyon is to the folide of an Icofabedron : as the fide 
of a Cube is.to the fide of an Icofabedron, allthofe Jolides being de[cribed 


`i dn óne and the felfe Jame Sphere. 


y i : a Forafmuch 


Cae d Me y è 


of Euclides Elementes after Flufvas. Fol.425. 


‘SZ »,Orafmuch as in the 4.0f this booke, ic hath bene proved, that oneand the felf (áme cir- 
“ENN 










cle containeth beth the triangle of an Icofahedron, and the pentagon of a Dodecahe- 
wd Wen ve dron defcribed in one and the felfe fame Sphere : Wherefore the circles, which cótaine 
ies VA A thofe bafes, being equall, the perpendiculars alfo which are drawen from the centre of 
SoA BM th irc be equal! (by the Corollary of the:Affumpr of the 16 of 
dof B.S the Sphere to thofe circles, fhall be equal! (by the Corollary of theiAffumpt of the 1 
CEPS the twelfth ) . And therefore the Pyramids fet vpon the bafes of thofe folides haue one 

^ -77- “y and the felfe fame altitude : For the altitudesofthofe Pyramids concurfe in the centre, 
Wherefore they are in proportion as their bafes are,by the’s.and 6.of the twelfth. '. And therefore the 
pyramids which compofe.the Dodecahedron, are to the pyramids which compofe:the Icofahedron, = hs 
as the baſes are, which -bafes are the fuperficieces of thofefolides . Whereforetheirfolidesaretheone ^, , 4» 
to the other, as'their fuperficieces-are : But the fuperficies ofthe Dodecahedron is to'the füperficies of n 
the Icoſahedron, as the ſide of the cube is to the fide of the Icofahedron,,by.the 6 ofthis booke. Wher- 
fore by the 11.0f the fifth, as the folide of the Dodecahedron is to the fotide of the Icofahedron, {ois 
the fide of the cube to the fide of the Icofahedron, all the faid folides being infcribed in one and the 
felfe fame Sphere . Wherefore the folide ofa Dodecah< dron is to the folide ofan Icofahedron: asthe = — | 
fide ofa cubeis to the fide ofan Icofahedron, all thofe folides being deferibedinone andtheieltfame © =~ 


Sphere : which was required to be proued. sn 


mJ 


AP cor Y A Corollary. | c bs Ho ait 
The ſolide of a Dodecahedron is to the folide of an Icofahedron, as the {uz This — 
erficieces of the one are to the fuperficieces of the other, being defcribed in one 579 


| —— —— | ; propofition 
and the felfe fame S phere > Namely, as the fide of the cube is to the fide of the Icofahedron, —— Carz- 


as was before manifeft : for they are refolued into pyramids ofone and the felfe fame altitude. © pane. 
— (0 ug be p. Propofition. 
If the fide of an eqtülater triangle be rationali: the fuperficies fhall be irra2 my, . wil 
tionall, of that kinde which 1s called Medial. poftion after 


C. ampane. 





SS Vppofe that AB G bean equilater triangle: ànd from the point Á draw vnto the fide B G 
SS a perpendicular line A D : and let the line A B be rationall , Then I fay, that the fuperfi- Conffrucfion 
XJ cies A B G is mediall . Forafmuch astheline A Bisin powerfefouitertiatotheline AD — 707 eme 
f (by the Corollary of the 12.0f the thirtenth ) + of what partestheline ABcontainethin _ . * 
ypovwer 12, ofthe fáme partes the line A D containeth in power 9: wherefore the refi- Demonfira~ 
due B D containeth in power of the fame partes 3. (Eor the line AB cétainethin power 720. 
the lines A D and B Dsby the 47.0f the firft ) . Wherfore the ” wee skew t 
lines A D and DB are rationall and commenfurable. to the ` | | 
rationall line fet A B, by the 6.of the tenth . Butforafmnch: .— rs 
as the power of the line A D isto the power of the line D B » oe, 
in that proportion that 9. afquare number is to 3.2 number 
not fquare : therfore they are not in the proportion of {quare. | 
numbers, by the Corollary of the 25.of the eight. And ther- 
fore they are not commenfurable in length, by the 9. of the 
tenth . Wherefore that which is contained vnder thelines: . 
AD and DB, which are rationall lines commenfurable in 
power onely, is mediall, by the 22. 0f thetenth . Bucchat _ 
which is contained vnder the lines A D and D B, is double 
to the triangle AB D, by the 41.0f the firft. Wherefore that 
which is contained vnder the lines A D.and D B,is equall to 
the whole triangle AB G ( which is double to the triangle — 
ABD, by the 1. of the ſixt). Wherefore the triangleG. B ae D (€ 
1s mediall . I£therfore the fide of an equilater triangle be ra- leu d -— 8 
uonall : the fuperficies fhall bearrationall, ofthat kinde which is called Mediall : which was required 
to be proued. * 









— 


t 


A Corollary. | 
, Tf an Ocfobedron and a Tetrahedron be infcribed in a Sphere whofe diae The 13.propo- 
me ter is rationall : their 1 fuperfi cieces T be mediall . For thofe fuperficieces confifte /itton after - 
of equilater triangles, whofe fides are commenfurable to the diameter which is rational! aby the 13.and Campane, 
= * 14. of 


^e 


Tbe Y4.pro- 
pofition after 


C apart. 


` Demonstra- 
tron of tbe 
fri part, 


Demonſtrati- 
oz of the fe- 
cond part, 


Tbe 17.pro- 


pofition after 


Campane, — 


First pave of 
theconitrace 
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Fir $f part of 
the Demon- 
firation. 


_ «therefore the line H A ( which is drawen from the centre to the circh- ‘>> 
. ference) is triple to the line HT: and therefore the whole line AT is 


\ 


— The fourtenth Bohe 
x4.0f the thirtenth, and thetefore they are rationall. But they are commenfurable in power onely to the 
perpendicular line; and therefore they containe a mediall triangle’ as it was before manifett. 


t 
i , — a 


| qj 1 be 10. Propofition. 
i Tetrahedron and an Offohedron be infcribed in one and the felf fame 
Sphere: the bafe of the T etrahedron [ball be fefquitertia to the bafe of the 
OQ fobedron and thé [uperficieces of tbe O&fobedron [Pall be fefquialtera te 
the fuperficieces of the Tetrahedron. | 


"m. Orafimuch asthe diameter ofthe Sp here is in prer fefguialtera to the fide of the Tetrahe- 
Ma dron (by the 13 .of the thirrenth) and the fame di 






| ameter 1s 1n power duple to the fide of the 
«4 OGtohedron (by the r4.of thefame booke) : therefore of what partes the diameter contzi- 
"| oz z7nethin power fixe,of the fame the fide ofthe Tetrahedron contayneth in power 4,and of the 
L SCOASS fame the fide of the OGohedron containeth in power 3. Wherefore the power of the fide of 
the Tetrahedron, is to the power of the fide of the O&ohedronin the fame proportion that 4.1sto 5 : 

which is fefquitertia .'And like triangles (whichare the bafes of the folides) defcribed of thofe fides, 
Íhall hauethe one to'the other the fame proportion that the {quares made of thofe fides haüc.Eor both 

the trianglesare the one to the other, and alfo thefquaresare the one to the other,indouble proporti- 
on of thatin which thefides are, by the 20.0f the fixth . Wherefore of whiat partes one bafe ofthe Te- 
trahedron was 4: ofthe fame are fower bafes ofthe Tetrahedron 16 : likewife of What partes ofthe 
fame one bafe of the OQohedron was 3 : ofthe fame are 8.bafes ofthe O&tohedron z4. Wherfore the 
bafes ofthe O&ohedron are to the bafes ofthe Tetrahedron,in that proportion that 24.is to 16: which 
is fefquialtera . ftherefore a Tetrahedron and an O&tohedron be infcribed in one and the felfe fame 
Sphere : the bafe of the Tetrahedron fhall be fefquitertia to the bafe of the O@ohedron,and the fuper- 
ficieces of the O&ohedron fhall befefquialtera to the fuperficieces of the Tetrahedron: which wasre- 
quired to be proued.: — * uam ^ 4l. tA 





As 


q T be 11. Propoſition. 


C07 ME T'etrabedron is to an Offobedron ` RU '* wes | 


-.snfcribed in óne and the felfe fame — AN 
Gpbere, in proportionyas théreffane — EZT LT 
gle paralleloerame contained vnder N 
the line, which containeth in power 7. 

27. fixty fower partes of the fide.of | x IWA * 

the Tetrabedron, & vnder the line que 

which is [ubfefquiotfaua tothe fame. ? mA r a 
fide of the Tetrahedron, is to the ii 


ner eden flere, SNF 






Et vs fuppofe a Sphere, whofe diame- - 





\) terletbetheline AB,andletthecen- ., | -- 
LAN tre be the point H. Andin it let there be infcribeda:- >. _- 
Tetrahedron ADC,and an, Ofiohedron AEKBG. | 
{4 And let the line NL containein power -—- of AC the | 
P Zu 9A de oftheTetrahedron.Andlet the line M L be in lécth 
fubfefquioctauato the famefide.Thé 1fay,that the Tetrahedron-A CD 
is tothe Octohedron A EB, as the rectangle parallelogramme contay- 
ned vnder the lines N Land LM,is to the fquare of the line A B.Foraf- 
much as the line drawen fró the angle A by.the centre H perpédicular- 
ly vpon the bafe of the Tetrahedron,falleth vpon the céter T of the cir- . 
cle which containeth that bafe,and maketh the right line H T thefixth . ` 
part ofthe diameter A B (by the Corollary of the 13.0f the thirtenth) $ 





to 


(e 


cf &ucldes.Eleimentesafter Flüftas. —— Fol.426. 


to theline A H,as 4.is to 3. Let the Tetrahedron A D.C be cut bya plaine G H K pafling by the centre 
H, aiid being parallel vnto the bafe D T C,. bythe Corollary of the-15.0f the eleuenth . Now then the 
triangle A D C of thé Tetrahedron, fhall be cut by the right line K G, which is parallel to the line D C, 
by the-16.0f the eletenth. Wherfore asthe line A Tis to the line A H.foistheline A C tothe line AG 
(by the z.of the fixth).. Wherefore the line: A C is to the line'A G fefquitertia, thatis,as 4.to 3. And 
forafmuch as tlie triangles AD Cj, AG; and tlie rett which árecut by the plaineK H G, are like the 
one to the ótlier; by the 5.of the fixtli :-the pyramids A D C and'A K G, fhall/belikethe one tothie o- 
ther, by the7.définition of the eleuenth » Wherefore they are in triple proportion of that in which the 
fides AC aud A Gare, by the 8. ofthe twelfth . But the proportion of the fides A Cto A G is, asthe 
proportion of 4.to 3 . Now then, if, by thez.of the eight, ye finde out 4.0f the left numbers in continu- 
all proportion, and in that preportion that 4.1s to 3 : which fhall be 64.48.36. and 27 : it is manifeft, 
by the 15. definition of the fifth, that the extremes 64.to 27. are in triple proportion of that in which 


the proportion geuen 4.to 3.is : Or the quantitie of the proportion of 4. to 3. (which is 1. and +) 


being twife multiplied into it felfe, there fhall be produced the proportion of64.to 27. Wherefore the 
Pyramis or Tetrahcdron A D.C is to the pyramis A K G, à$64.1s to 27 : whichis triple to. the propor- 
tion of 4.to 3. And forafmuch ds theline A Cis ynto the line A G in length fefquitertia: of what partes 
the line A C containeth in power 64°: of the fame partes doth the line AG containein power 36. For 
(by the 2.0f the fixth) the proportion of the powers or {quares, is duple to the proportion of the fides 
which'are'asé4.1sto 48. ° \.~ — "m — 

Now then vpon the line R S which let be equall to the line A G , let there be an equilater triangle 
QRS deferibed(by the frit of the firft).And from the angle Q_, draw to the bafe RS a perpendicular 
line Q T.And extend the line R S to the poynt X.And as 27.is to 64. (fo by the corollary of the 6.of the 
tenth )let the line R S be to the line R X. And diuide the line R Xinto two equall partes in the poynt V, 
and draw the line Q V . And forafmuch asthe line R S is equall to the line A G, of what partes the litre 
A C contaynesh in power 64. of the fame part the line R $ contayneth in power 36.for it 1s proued that 
the line AG contayneth in power 36. of thofe partes : And of what partes the line R$ contayneth in 
power 36 of the fame partes theline Q T contayneth'in power 27; by the corollary of the 12. ofthe 
thirtenth. Whezfore of what partes the line A C contayneth in power 64,of the fame parts the line Q- 
T contayneth in power 27. Wherefore the right line Q T fhall be equall to the right line L N by füp- 
pofition.Agayne forafmuch as the line R Sis put equall to theline A G: and of what partes the line R- 
S contayneth in length 27. of the fame parts is the line RX put to contayne in length 64. and of what 
nM thelineR Xcontaynethin — . | | | ak 

ength ¢4.ofthe fame the line A- | 
C(which is in length fefquitertia 
to the line AG or RS)contays 
neth:36.. Wherefore the lineR V 
(whichi1s the halfe of the liue R- : 7: 
X)containeth in légth of the fame. 
partes 32. of which the line AC 
contayned in length 36. Where- 
fore the line RV isto theline A- 
C fubfefquioétaua: and therefore [nes | 
the line RV 1sequall to the line cy M r 
L M which is alfo fubfefquicctaua 


a aX 1 a 





pte 


to the fame line A'C . Ard forafimuch as thé line NL is équatl to the line Q T „ànd the line L Mto the 


^ 


line R V (as before hath bene proued ) the re&angle parallelogramme contayned vnder thelines Q T 


and R V , ffiall be equall to the rectangle parallelogramme , contayned vnderthe line N L whichis in - | 


power e to thefide A C,aud vnder the line LM,which is in length fubfefquioétaua to the fame fide A- 
C 3Butthat which is contayned vnder thefines QT and R V is double to the triangle Q V R by the 41, 
of the firtt:and to the fame triangle Q:'V Ris the triangle Q XR duple by the firft ofthe fixth. Where- 
fore the whole triangle Q XR is equall to that which 1s contayned vnderthelines Q T and R V , and 
therefore is equall to the parallelogramme M N, And forafmuch as the line R X by fuppofition contay- 
neth in length 64.of thofe partes of which the line RS contayneth 27: and the de Q.R X,and Q- 
RS ate, by the firft of the fixth,in the proportion of their bafes, that is,as 64.1s to 27: but as 64.is to 27. 
fo is the'pyramis or tetrahedron A'D C to the pyramis A K G: wherefore as the parallelogramme N M 
orthe triangle Q RX,jisto the triangle Q R S,fo is the pyramis A D C to the pytamis AK G. And for. 
a(much as che femidiameter A H' isthe altitude ofthe pyramis AK G , andalfo of the two equall and 
like pyramids of the oCtohedron which haue their common bafe in the (quare ofthe o&tohedron ( by 


the corollary of the.14.0f the thirtenth) : therefore as the bafe of the pyramis A KG (which is the tri- 


angle Q R $)is to two fquares of the o&tohiedron,that is,to the fquare ofthe diameter A B, which is e- 


. quall to chofe fquares(by the 47.of the firft) ,f0 is the pyramis A K G to the o€tohedron A EB,by the 6. 


of the twelfth.And fora{much as the parallelogramme M Nis to the bafe Q R S,as the pyramis ADC 


‘isto the pyramis A K G,and the bafe Q:R S is to the {quare ofthe line B E, asthe pyramis A K Gis to 


the octohedron A E B: therefore by proportion of equality raking away the meanes ( by the 22, of the 
fitth as the parallelogramme N M is to the fquare of the line B E , fo isthe pyramis A D C to the octo- 
2: Sse hedron 
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> The fourtenth Booke ` 
hedron AEB infcribed in one and the felfe fame {phete’. But the’ paraliclogramme N M is Contayned 
vader the line N L which by fuppofition is in power tO A C théfide ofthe tetrahedron A D C ,and 
vnder tàe liue L M which is alfo by fuppofition in length fubfefquio&taua to the fame line A C. Wher- 


forea tetrahedron & an octohedron infcribed in one and the felfe fame fphere,are in proportié,as the 
rectangle parallelogramme contayned ynder the line, which contayneth in power 27.fixty fower parte 
of the fide of the Tetrahedron,and vnder the line which is fubfefquioctaua to the fame fide ofthe Te- 


trahedron,is to the {qnare ofthe diameter of the fphere: which was required to be proued. 
q Ihe 12.Propojition. 


If a cube be contayned in a Jphere:the fquare of the diameter doubled is es 
quali to all the fuperficieces of the cube taken together. And a perpendicus 
tar line drawne from the centre of the phere to any bafe ofthe cube isen 
quallto balfe the fide of the cube. : | 


* 
4 -— " e~ 


= Orforz(much as(by the rs.of the thirtenth) the diameter ofthe fphere is in power 
vo x A triple to the fide of the cube: therefore the fquare of the dias — fex» 
—* FA A tuple to the bafe of the fame cube.But the fextuple of the power of one of the fides 
— contayneth the whole ſuperficies of the cube. For thecube is compofed of fixe 
uns — 5 ſquare ſuperſicieces (by the 21. diffnition of the eleuenth) whoſe ſides therefore are 
QS Sew cquall: whereforethe fquare of the diameter doubled is.equall to the whole fiiper- 
— — ficies of the cube. And forafmuchas the diameter of the cube, and theline which 
falleth perpendicularly vp6 the oppofite bafes ofthe cube, do cut the one the other 
into two equall partes in the centre of the {phere which containeth the cube (by the ».corollary ofthe 
xs.0f the thirtenth)and the whole right line which coupleth the centres of the oppofite bafes,is equall 
to the fide ofthe cube by the 33.of the firit, for it coupleth the equall and parallel femidiameters of the 
bafes : therefore the halfethereof fhall be equall to the halfe of the fide of the cube by the 15. of the 
fifth.Yf thereforea cube be contayned in a fphere : the fquare of the diameter doubled is equall to all 
the fuperficieces of the cube taken together. Anda perpendicular line drawne from thecentré of the 
{phere co any bafe of the cube,is equall to halfe the dide of the cube: which was required to be proued. 
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"rA C orollary. 


Lf two thirds of the poswer.of tbe diameter of tbe [phere be multiplyed into 
tbe perpendicular line equall te balfe tbe fade of tbe cube there [ball be produced 
a folide eguali fot he folide of the cube.Forit is before manifeft that two third partes of the 
power of the diameter of the {phere are equall co two bafes of the cube. If therefore ynto eche of thofe 
two thirds be applyed halfe the altitude of thecube, they fhall make eche of thofe folides equall to 


halfe of the cube, by the 3 1.0f the eleuenth:for they haue equall bafes. Wherefore two of thole folides 
are equall to the whole cube. : ^ — 


You thall vnderftand(gentle reader)that Campane in his 14. booke of Exclides Ele- 
mentes hath 18. propofitios with divers corollaries following of them.Some of which 
propofitions and corollaries I haue before in the twelfth andthirtenth bookes added 
out of Fluffas as corollaries(which thing alfo I haue noted’ on the fide of thofe corol- 
laries, namely, with what propofitioa or corollary of Campanes 14. booke they doo 
azgrec) The reftof his 18.propofitions and corollaries are contained in the twelue for- 
imer propofitions and corollaries of this 14. booke after Fluffas: where ye may fee on 
the fide of eche propofition and corollary with what propofition and corollary of 
Campanes they agree. But the eight propofitions following together with their corol- 
larics,Finffas hath added of him felfe, as he him felfe affirmeth. rh 

| | i The 


-p 
P’ tes 


of Euclides Elementes after Flufas. Fol.427. 
J'bers.Propofition. ^ ^ ——— 


One and the felf fame circle containetb both the [quare of a cube, and tbe. 


triangle of an Otfobedron defcribed in one and tbe felfe [ame [pbere. 


271 Vppofe that there bea cube A B G, and an O&ohedron D EF. defcribed in one and the 
felte fame {phere,whofe diameter let be A B,or D H:And let the lines drawne from the 

| cétres(that is the femidiameters of the circles which ctéaine the bafes of thofe folides) 
be C Aand 1D. Then Hay that the lines C Aand I D are equal. Forafmuche as À B the 






INI IL s. d : 
MORS diameter ofthe fphere which containeth the cube, is in power triple to BG the fideof 
the cube (by the 15.of the thirtenth) vnto which fide, A G the diameter of the bafe of the cube, isin 
ower double (by the 47.0f the firit): which line A G is alfo the diameter ofthe circle which cétai- 


neth the bafe (by the 9.of the fourth: )therfore A B the diameter of the fphere is in power fefquialter 





Demonffra- 
Hon. 


to the line A G:namely;of what partes the line A B,containeth in power 12.of the fame the line A Gx: - 


fh al containe in pow- 
ers. And therfore the 
right line A C whiche 
is drawn from the cé- 
treof the circle tothe 
circum ference,conte!- 
neth in power of the 
fame partes 2. Where- 
forethe diameter of 
the {phere is in power 
fextuple to the lyne 
whichis drawne from 
‘the. centre to the cir- 
cutnference of the cir- 
cle whiche containeth. 
the fquare ofthe cube 
But the Diameter of 
the felfe fame Sphere 
whych containeth the 4 
ee » d one 7 bt a 

and the felfe fame with the diameter of the enbe, namely, DH, is equall to : 

diameteris alfo the diameter of the {quare which is made of the fides of ae — Riders 
the faide diameter isin power double to the fide ofthe fame Octohedron,by the 14.0f the thirtenth 
Butthefide D F is in power triple to the line drawne from the centre to the circumference of the cir- 
cle which containeth the triangle of the o¢tohedron(namely to the line I D)by the 1z.0f the thirtenth 
Wherfore the felfe fame diameter A Bor D H, which was in power fextuple to the line drawne — 
the centre to the circumference of the circle which containeth the ſquare of the cube, is alſo ſextupl 
to the line I D drawne from the centre to the circumference of the circle, which containeth the —** 
gle of the Octohedron : Wherefore the lines drawne from the centres of the circles to the circumf 
rences pee are De bafes an pees and of the oftohedron are equal. And therfore the — 
are equal, by the ifinition ofthe third. Wherfore oneand th i ; 

in the propofition: which was required to be proued. c felfe fame circle containcth eec as 





cA Corollary. 


Hereby it is manifeft that perpendiculars coupling together in a fhhere the 
: ; : y ^n 2 
centres of the circles which containe the oppofite bafes of the cube and of the 


O£Zobedron Are equa [For the circles are equal, by the fecond corollary of the affumpt of the 16. 


of the twelfth and the lines which paffing by the centre of the fpt 
the pales * allo Pakala pe firit corollary of the fame —— iis ete tae — 
— peepee T afes o Ono ae s equal to the fide of the cube. For either of them is 


— Ov The 14. Propoſition. 
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— An Offohearon is to the triple of a Tetrahedron contained in one and the 


SSS. fell 


Contru ron. 


Demonſtra- 
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j ‘The fourtenth Booke 
felfe fame Sphere,in that proportion that t heir fides are. 


ENE Vppofe that there bean octohedrou A B C D,and a Tetrahedron E F G H: vpon whofe bafe 
: HTN F G H erecta Prifme , which is done by erecting from the angles of the bafe perpendicu- 
V. lar lines equal to the altitude ofthe Tetrahedron : which prifme fhalbe triple to the Tetra- 
d SA e hedron E FGH aby the firit corollary of the 7 .of the twelfth.Then I fay that the oétohedron 
AB C Dis to the prifme which is triple to the Tetrahedron,E E G H,as the fide B C is to the fide FG. 
For forafmuch as the fides of the oppofite bafes of the octohedron, are rightlines touching the one 
the other,and arc parellels to other right lines touching the one the other, for the fides of the fquares 
which are cópo fed. of the fides of the n¢tohedr6, are oppofite: Wherfore the oppofite plaine triangles, 
namely, A B.C & K I D,fhalbe parallels, aud fo the reit 
by the 15.o0f the eleuenth. Letthe diameterofthe Oc- < A 
tohedron,be the line A D. Now then the whole Octo- 
hedron is cutinto foure equal and like pyramids fet vp- 
on the bafes of the oftohedron,and hauing the fame al- 
titude with it, 8¢ being about the Diameter AD: name- 
ly the pyramis fet vpon the bafe BI D, and hauing his 8 
toppe the poynt A, andalfo the pyramis fet vppon the 
bafe B C D,hauing his top the famepoynt A. Likewife 
the pyramis fet vp6 the bafe 1 K D, & hauing his toppe 
the [ame poynt A:and moreouer the pyramis fet vpon 
the bafe C K D, and hauing his toppe the former poynt 
A: which pyramids fhalbe equal by the 8.diffnition of 
the eleuenth (for they eche confift of two bafes of the 
octohedron, and of two triangles contained vnder the T 
diameter A D and two fides of the octohedró). Wher- 
fore the pr:fme which 1s fet vpon the bafe of che Octo- 
hedron, and hauing the fame altitude with it,namelye, 
the altitude of the parallel bafes, as it is manifeft by the 
former,is equal to thre of thofe pyramids of the O&to- 
hedron ,by the firft corollary of the feuéth of the twelft. 
Wherefore that prifme fhall haue to the other prifme 
vnder the fame altitwde,compofed ofthe 4 pyramids of 
the whole oftohedron,the proportion of the triangular | 
bafes,by the 3.corollary of the fame. And forasmuch as 
4.pyraimids are vnto 3.pyramidsin fefquitercia propor- 
tion, therefore the trianguler bafe of the prifme which 
containeth 4.pyramids, isin fefquitertia proportion to . 
the bafe of the prifme which containeth thre pyramids | 
of the fame o&ohedron,and are fet vpon the bafe ofthe : 
Oohedron and vnder the altitude thereof: thatis,in: 
fefquitercia proportion to the bafe of the Octohe- 
dron. But the bafe ofthe fame oftohedron is in fefqui- 
tertia proportion to the bafe of the pyramis, by the 
tenth of this booke: Wherefore the triangular bafes, 
namely ;of the prifme which cétaineth four pyramids F 
of the otohedron,and is vnder the altitude thereof,are 
equal to the triangular bafes of the prifme, which con- 
taineth three pyramids vnder the altitudeof the pyra- 
mis E F G H.Butthe prifmeof the oGiohedron is equal 
to the oCtohedron : and the prifme of the pyramis E F- 
G H 15 proued triple to the fame pyramis EFGH. Now 
then the prifmes fet vp6 equal bafes, are the one to the 
other as their altitudes are (by the corollary of the2s. í 
of the eleuenth) namely; as are the parallclipidedons their doubles, by the corollary of the 3r.of the 
cleuenth. But thealtitude ofthe Octohedron is equal tó the fide of the cube contained in the fame 
fphere, by the corollary of the 13.0f this booke.And the fide of the cube is in power to the altitude of 
the Tetrahedon in that proportion that 12.is to 16,by the 18.ofthe thirtenth: And thefide of the octo- 
edron is to the fide ofthe pyramis in that proportion that 18.15 to 24.(by the fame 18.of the thirtéth) 
which proportion is one & the felf fame with the proportié of 12. to 16.Wherfore that prifme which 
is equal to the O&tohedron, is to the prifme which is triple to the Tetrahedron, in that proportié that 
the altitudes,or that the fides are. Wherfore an otohedré is to the triple ofa Tetrahedron cótained in 
one and the felfe fame fphere;1n that proportion thattheirfidesare : which wasrequired to be de- 
monftrated. " 4" | 
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BG &ACwhich couple thé together are equal & paral-' 


'pofed ofthe fides of the Icofahedron, the greater fegment 
ofthe rightline 8 G, fhalbe the right line A B,by the 8.of 


: the 35.0f the firft. Wherfore theangle DE F fhalbe a right 


of Cuclides Elementes after Flufías. Fol.428. 
d ma os A Corollary, ~ .. +a. oA) ree r 
T he fides of a’ Tetrahedron ex of an Offohedré are proportionall with their 
altitudes.¥or the fides & altitudes were in power fefquitercia.Moreouer the diameter of the fphere 


isto the fide of the Tetrahedron,as the fide of the O@ohedron is to the fide of the cube, namely, the 
powers of eche is in fefquialter proportion, by the 18.ofthe thirtenth. `' i = 


I berirs.Propofition. — 


Ifa rational line containing in power two lines, make the whole and the 


greater fegment;and again containing in power two lines snake the whole 


and the lefse fegment : the greater fegment [halbe tbe fide of tbe Icofahes 
dron,and the leffe feement fhalbe the fide of the Dodecabedron contayned 
in one and the felfe fame phere. " . 


2l Vppofe that À G be the diameter of the fphere which containeth the Icofahedron A B G C. 
XA; And let B G fubtend the fides of the pentagon defcribed of the fides ofthe Icofaliedron (by 
agp} jiihe r6.ofthe thirr éth.)Moreouer vpon the fame diameter A G,or D F equal vnto it; let ther 
be defcribed a dodecahedron D EF H,by the 17.0f the thirtenth, whofe oppofites fides E D 





and F H let be cutinto two equal partes in the poynts I and K,and draw a line from Ito K. And let the 
line EF couple two of the oppofite angles of the bafes which are ioyned together. Thé I fay chat AB the 
fide of the Icofahedron is the greater fegment which the diameter A G containeth in power together 
with the whole line,and line E Dis the lefle fegment, which the fame diameter A G or DF containeth 


in power together with the whole. For forafmuche as the 
oppofite fides A B and G C of the Icofahedron being cou- 
pled by the diameters A G and B C, are equal & parallels, 
by the z.corollary of the 16.0f the thirtéth: the right lines 


lels by the 33 :of the firft. Moreover the angles B A C & A- 
BG being -fubtended of equal diameters ;fhall by the 8.of 
the firit be equal, 8 by thez9 of the firft;they fhal be right 
angles. W herfore;the rightline AG'cótaineth in powerthe 
two lines AB and BG,by the 47.of the firit. And forafmuch 
as the line BG fubtendeth the angle'ofthe pentagon com- 


the thirtenth : which line A B, together with the'whole 
lineB G,the line A G containeth in power.And forafmuch 
as the line 1 K coupling the oppofite and parallel fides ED 
and FH of the Dodecahedron, maketh at:thefe poyntes 
right angles, by the 3.corollary ofthe 17.0f the thirtenth: 
the right line E FE. which coupleth together equal and pa- . 
rallel linesE I & F K,fhalbe equal to the fame lineI K, by 





angle by the29.0f the firit. Wherefore the diameter DF 
cótaineth in power the two lines E D and E F. But the leffe 


feement of the line IK is ED the fide of the Dodecahe- 

dron,by the 4.corollary of the 17.0f thethirtenth. Wher- 

fore the fame line ED isalfotheleffe fegment of the line FJ 

EF (which is equal vnto the line 1 K):wherfore the diame EO om yy, 


ter D F containing in power the two lines E Dand EF (by - 

the 47.0f the firft)containethin power E D the fide of the dodecahedron, the leffe fegment;together 

with the whole.If therfore a rational line À G or D F containing in power two lines A B and B G,doo 

make the whole line and the greater fegment, and againe containing in powertwo lines E F and ED, 

do make the whole line and the leffe fegment: the greater fegment A B,fhall be the fide of the Icofahe- 

— the lefle fegment ED fhall be the fide of the Dodecahedron contained in oneand the felfe 
me {phere. Po 


The 16. Propofition. 
If tbe power of tbe fide of an O&obedron be exprefsed by two right lines 
: gery 


dij. ioyned 


Conilrutlion, 
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ioyned together by an extreme and medne proportion:the fide of the Icos 






Jahedvon contained in the fame fphere )fhalbe duple to tbe lefse fegment. 


7! FtABBthe fide of the O&ohedron A B G containe in power the two lines C and H, which 
7ey\ lethaue that proportion thatthe whole hath to the greater fegment (by the corollarye of 
4 the firft propofition added by Féujas after the laft propofitió of the fixth booke) .And let the 


A ies || Icofahedron contained in the fame {phere be DE F, whofe fide let be D E, and let the right 
224i line fubtending the angle of the pentagon made of the fides of the Icofahedron be the line 
EF.Then I fay that the fide ED is in power double to the line H the leffe of thofe fegmentes. Foraf- 
much as by that which was demonttrated in the 15.0f this booke, it was manifeit that ED the fide of 
the Icofahedron is the greater fegment of the line E F,and that the diameter D F containeth in power 
the two lines ED and EF,namely, the wholeand the greater fegment: but by fuppofition the fide AB 





cétaineth in po- 

werthe two lines we ee! 
C & Hisined to- d X vA 
getherin the felf 
fame proportió. 
Wherefore the 
line EF isto the 
Jine ED, as the 
dine .C,is to the 
Jine H, by. the 2. 
otthisboke.And 
alternatly by-the 
16.o0fthe-fiueth, 
theJine. E F is to 
the line Casthe. wy 
line ED,is to the 
line H. Andfor- C 
afmuche as the 











dine D F containethin power the two lines E D and EF, and the line A B containeth in power the two 
lines C and H : therefore the fquares of the lines EFand ED are to the fquare of theline D F,asthe 
fquares of the lines C and H to the fquare of the line A B.And alternately, the fquares ofthelines EE 
and ED,are to thefquares of the lines C and H,asthe fquare of the line DF is to the fquare ofthe line 
A B.But DF the diameter is (by the 14.0f the thirtenth) in powerdouble to A B thefide of the o&o- 
hedron infcribed (by fuppofition) in the famefphere. Whereforethe fquares of the lines EF and E D, 
are double to the {quares of the lines C and:‘H.And therfore one {quare ofthe line ED is double to one 
Íquare of the line H by the 12.0f the fifth. WherforeE D the fide of the Icofahedron is in power duple 
to the line H,which is the leffe fegment. If therfore the power of the fide ofan o€tohedron be expref- 
fed by two rightlines ioyned together by an extreme and meane proportion : the fide of the Icofahe- 


dron contained in the {ame {phere, flialbe duple to the leffe fegment. 


he 17.Propofition. — 


If tbe fide of a dodecahedron, and the right line, of whome the faid fide is 
the leffeJegment, be fo fet that they make'a right angle: the right line 
ivbich-containeth in power halfe the line fubtending the angle, is the fide 


of an Oéfobedron contained in the felfe fame fphere. 


‘pee that A B be the fide of a Dodecahedron, and let the 
EA rightline of which that fide is the leffe fegment be A G,name- 
ly which coupleth the oppofite fides ofthe Dodecahedron, by 
the 4.corollary of the 17.0f the thirtenth : and let thofelines 
<Q bef fet that they.make a right angle at the point A.And draw 


b 






xfieline B G (by thefirft propofitiou added by Fear after the latte of the 
^ fixth): ‘ThenI fay thatthe line Dis the fide of an Octohedron contayned in 
^the.fame fphere . Forasmuche as the line A G maketh the greater fegment 
G C the fide ofthe cubecontained in the fame fphere (by the fame 4.corol.- 
lary of the 17.0f the thirtenth ):and the fquares of the wholeline A G. and 
of the leffe fegment A B are triple to.the fquare of the greater fegment G C, 
by the 4.ofthe thirtenth: Morcouer the diameter ofthe fphere; 1s in power 
;tripieto.thefameline G C the fide of the cube(by the 15.of the thirtenth: 
) | 4 A537" Wherefore 


We a. 


) 


"T therightliueB G. Andlet theline D containein powerhalfe - 





A B D 


of Euclides Elementesafier Flufas: Fol.429. 


Wherfore the linc B G is equalto the diameter, For itcontainethin power the two lines AB and AG 
(by the47.of the firft,) and therefore it containeth in power the triple of the line GC. But the fide of 
the O&tohedron coutained inthe fame {phere,is in power triple to halfe the diameter ofthe {phere by 
the r4.ofthethirtenth. And by fuppofition theline D containethin power the halfe of theline BG. 
Wherefore the line D (containing in power the halfe of thefame diameter) is the fide of an o€tohe- 
dron, If therfore the fide of a Dodecahedron dnd the right line of whome the faid fide is the leffe feg- 
ment,be fo fet that they make arightangle : the rightline which containeth in power halfe the line 
fubtending the angle,is che ide of an Octohedron contained in the [elfe fame {phere: Which ‘was re- 

quired to be proued. 


i 
f e. 


3 A Corollary. 


— Vato what right line the fide of the Ocfohedron is in power fefquialter:ynto 
the fame line the fide of the Dodecakedron infcribed in the fame fphere, is the 


greater ‘fegme nt For the fide of the Dodecahedronis the greatet fegment of the fegment C G,vn- 


to which D the fide ofthe O&ohedron is in power fefquialter, that is, ishalfe of the power of the line 
B G,which was triple ynto the line C G. 


q 1 be 18. Propofition. 


If the fide of a Tetrahedron containe in power two right lines ioyned to- 
ether by an extreme and meane proportion: tbe fide of an Icofabedron 
defcribed in the [elfe fame Sphere, is in power fefquialter to tbe leffe 


right line. 


a] Vppofe that A B C bea Tetrahedron, and let his fide be A B, whofe power let be diuided 
Ndl into thelines A G and GB, ioyned together by an extremeand meane proportion: name- 
ly,lecit be diuided into A G the whole line,and GB the greater fegment(by the Corolla- 
ry of the firit Propofition added by Fluffas after the laft of the fixth ). Andlet ED be the 
fide of the Icofahedron E D Féontained in the felfe fame Sphere . And let the line which 
fubtendeth the angie of the Pentagon defcribed of the fides of the Icofahedron be EF. 
Then I fay, that ED the fide o J i x | 
the Icofahedron is in power Pi 
feíquialter to theleffeline G B. 
Forafmuch as ( by that which 
was demonftrated in the 15.of 
this booke ) thefideE D ‘s the 
greater fegment oftheline EF 
which fubtendeth the angle of 
the Pentagen.Butas the whole 
line EF is to the greater feg- 
ment E D, fois the fame grea- 
ter ſegment to the leſſe (by the 
30.0f the fixth ) : and by ſuppo- 
fition,A G was the whole line, T K 
and GB the greater fegment : Wherefore as E F is to E D, fo is AG to G B,by the fecond of the foure- 
tenth . And alternately, theline E F is to the line A G, as the line E D is to the line GB. And forafmuch 
as(bý fuppofition) the line A B containeth in power the two lines A G and G B : therefore ( by the 4. 
ofthe ip the angle A GB isa right angle . But the angle DEF is a rightangle, by that which was de- 
monftrated in the 15.ofthis booke. Wherefore the triangles A G B and EE D, are equiangle,by the 5. 





F D 









of the fixth. Wherefore their fides are proportionall: namely,as the line E Dis to the line G B, fo is the . 


line F D to the line AB, by the4.of the fixth . But by that which hath before bene demonftrated, F D 
is the diameter of the Sphere which containeth the Icofahedron : which diameter is in power fefqui- 
alter to A B the fide of the Tetrahedron infcribed in the fame Sphere,by the 13 of the thirtenth. Wher- 
fore the line ED the fide ofthe Icofahedron,is in power fefquialter to G B the greater fegment or leffe 
line. If therefore the fide ofa Tetrahedrori containe in power two right lines ioyned together by an ex- 
reme and meane proportion : the fide of an Icofahedron deferibed in the felfe fame Sphere,is in pow- 
er fefquialter to the leffe right line. | 
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a sq: 9 1 be 19. Propofition. 


The fuperficies of a Cube is.to the fuperficies of an Oohedron infcribed 
_ inone and the felfe fame Sphere,in that proportion that the folides are. 


vo that ABC D.Ebea Cube,whofe fower diameters let be the lines AC,BC,DC, 
and EC produced on ech fide. Let alfo che Octohedron infcribed in the felfe fame 
Sphere be F G H K: whofe three diameters let be FH,G K,and ON. Then I fay, that 
| the cube ABD isto the OGohedron FG H;asthe fuperficies of the cube is to the fuper- 
C45] ficies of the OGohedron . Drawe from thé centre of the cube to the bafe A B E D,a per- 

R pendicularline CR . And from the centre of the O&tohedron draw to the bafe G N H,a 
perpendicularline LL . And forafmuch as,thevhree diameters of the cube'do-paffe by the centre C, 
therefore, by the 2-Corollary of the 15.of the thirtenth, there fhall be made of the cube fixe pyramids, 
as thys pyramis: A BDEC, equall to the Whole cube . For there are in the cube‘fixe bafes, vpon which 
fall equall perpendiculars from the centre, by the Corollary ofthe Affumpt of the r6.0f the twelfth,for 
the bafes are contained in equall circles of the Sphere . But in the O&ohedron the three diameters do^ 
make vpon the 8.bafes, 8. pyramids, hauing their toppes io the centre, by the 3-Corollary of the 14.0f 
the thirtenth . Now the bafes of the cube and of the Octohedron are contained in equall circles of the 








^ 


Sphete, by the 13.of this booke , Wherefore they fhall be equally diftant from the centre, and the per- 
pendicularlines C Rand IL, fhall be equall, by the Corollary ofthe Affumpt of the 16. of the twelfth. 
Wherefore the pyramids of the cube fhall be vnder one and the felfe fame Ad with the pyramids 
of the O&tohedron;'namely, vnder the perpendicular line drawen from the centre to the bafes. Wher- 
fore fixe pyramids ofthe cube, are to 8.pyramids ofthe O@ohedron being ynder one and the fame al- 
titude, in that proportion that their bafes are, by the 6.of the twelfth : that isone pyramis fet vpon fixe 
bafes of the cube, and hauing to his altitude the perpendicular line, which pyramis is equallto the fixe 
pyramids by thefame 6.of the twelfth, is to one pyramis fet vpon the 8.bafes of the O@ohedron,being 
equall to-the Octohedron ,and alfo vnder one and the felfe fame altitude, in that proportion: that fixe 
bafes of thécube, which containe the whole fuperficies.of the cube, are to 8.bafes ofthe O&tohedron, 
which containe the whole fuperficies of the O&tohedron . For the folides ofthofe pyramids are in pro- 
portion the one to the other, as their bafes are, by the felfe fame 6.0f the twelfth . Wherefore the fu- 
perficies of the cübe isto the fuperficies of the OGtohedron infcribed in one and the felfe fame Sphere, 
in that proportion, that the folides are : which was required to beproued., 


f 


He Tbe 20. Propofition. 


Ifa Cube and an O&ohedron be contained in one «s the felfe fame Sphere: 
they [hall be in proportion the one to the other, as the fide of the Cube , to 
Ma F the 
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of Euclides Elementes after Flufsas. Fol.436. 
the femidiameter of the Sphere. — - 


Vppofe that the Octohedron A E CD B be infcribfd in the Sphere AB CD : andlet the 
& | cube infcribed in the fameSphere be F G H IM : whofe diameter letbe H 1, which is e- 
<i, quall to the diameter A C, by the 15.0f the thirtenth : let the halfe of the diameter be 
AE.ThenI fay,that the cube FG HIM is tothe Octohedron AEC DB, as the fide 
M G is tothe femidiameter A E . Forafmuch as the diameter A C isin power double to 
| ' BK thé fide of the Otohedron (by the 14.0f the thirtenth ) and is in power priple to 
M G the fide of the cube ( by the 15.0f the famie ) : therefore the fquare BK D L fhall be fefquialier to 
F Mthe fquare of the cube . From the line A E cut ofa third part AN, and fr6 the line M G cut of like- 
wife a third part G O, by the 9.0f the fixch. Now then the line EN fhall be two third partes of the 
line A E, and fo alfo fhall the line M O be of the line MG. Wherefore the parallelipipedon {et vpon 
the bafeB K DL,and hauing his altitude the line E A, is triple to the parallelipipedon fet vpon the faine 
. bafe, and hauing hisaltitude the line A N, by the Corollary of the 31.0fthe eleuenth : bur itis alfo tri- 
ple to the pyramis À B K D L which is fet vpon the fame bafe,and is ynder the fame altitude (by the fe- 
cond Corollary of the 7.of the twelfth ) . Wherefore the pyramis ABKD L is equall to the parallelipi- 
pedon, which is fet vpon the bafe B K D L, and 
hathto his altitude cheline A N. But vnto that pa- 
rallelipipedó;is doublethe parallelipipedon which 
is fet vppon the fame bafe BK DL , and hath 
to his altitude 2 line double to the line E N,by the 
Corollary of the 3 t.of the firit: and vnto the pyra- 
misis double the Octohedron ABKLDC, by 
the 2.Corollary of the 14.0f the thirtenth. Where- 
fore the Octohedron A B KD L C 1sequall to the 
parallelipipedon fet vpon the bafe B K L D, & ha- 
uing his altitude theline EN ( by the 15. of the 
fifth). But the parallelipipedon fet vpon the bafe 
BKDL, which isfefquialter to the bafe FM, and 
hauing to his altitude the line M O, which is two 
third partes of the fide of the cube M G, ts equall 
to the cube F G: by the 2.part of the 34.0f the ele- 
uenth . ( For it Was before proued that the bafe 
BKDL isfefquialterto the bafe F M) . Now then 
thefe two parallelipipedons,namel¥,thé paralleli- 
ipedon which is fet vpó the bafe BKDL (which 
is fefquialter to the bafe of the cube ) and. hath to 
his altitude the Jine M O ( which is two third 
partes of M G the fide of the cube) which paral- 
lelipipedon is proued equall to the cube,.and the 
parailelipipedon fet vpon the fame bafe BKDL, 
and haning his altitude the line EN ( which paral- 
lelipipedon 1s proued equall to the Octohedron): 
thefe two parallelipipedons (1 fay) are the one to 
the other, as the altitude M O,1s to thealtitude 
EN (by the Corollary of the 31.0fthe eleuenth). 
Wherefore alfo as the altitude M O, is to the alti- 
tude EN, fois thecube FG HIM, to the Octo- 
hedron A B K DL C, by the 7.ofthe fifth . Butas : 
theline M’O is tothe line EN, fo is the whole i G | 
line MG to the wholcline E A, by the 18.of the fifth . Wherefore as MG the fide ofthe cube,is to E A 
the femidiameter, fois thelineF G H IM to the OCtohedron A B K DLC infcribed in one & the felfe 
{ame Sphere. If therefore a cube and an OGtohedron be contained in one and the felfe fame Sphere: 
they shall bein proportion the one to the other,as the fide of the cube is to the femidiameter of the 
Sphere : which was required to be demonttrated. 









A Corollary. 


-  Distinétly to notefie tbe powers of tbe fides of tbe fiue Jolides by tbe pover 
of the diameter of the fphere. ` E | T 


The fides of the tetrahedron and ofthe cube doo cut the power ofthe diameter ofthe fphere in- 
to two fquares which are in proportion double the one to * other. The o&ohedron cutteth the 
7 TTtj. (^. power 


C onflructions 


Lemenfhraq~ 
tion. 
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power of the diameter into two equall fquares.The Icofahedroninto two fquares, whofe proportion 
is duple to the proportion ofaline diuided by an extreame and meane proportion, whofe leffe fegmét 
is the fide of the Icofahedron. And the dodecahedron into two fquares , whofe proportion is quadru- 
ple to the proportion of a line diuided MEI ee at ‘ 

by an extreame and meane proportion; ` | i 

Whofe leffe fegment is the fide ofthe - 
dodecahedron . For A D the diameter of 
the fphere,contayneth in power A B the 
fide of the tetrahedron, and B D the fide ` 
of the cube,which B D isin power halfe 
of the fide A D, The diameter alfo ofthe 
{phere contayneth in power AC and C- 
D two equall fides of the octohedron. 
But the diameter contayneth in power 
the whole line A E and the greater feg- | | 
ment thereof ED, which is the fide of 4 G D 

the Icofahedron,by the 15.ofthisbooke. - , 
Wherfore their powers being in duple proportié of that in-which the fides are, by the firftcorollary of 
the 20.0f the fixth,haue their proportion duple to the pré portion ofan extreame & meane proportis. 
, Farther the diameter cétayneth in power the whole line A F,and his lefle fegment F D,which is the 
fide of the dodecahedron,by the fame r5.of chis booke ’ Wherefore the.whole hauing to theleffe, a 
double proportion of that which the extreame hath to the meane, namely, of the whole to the greater 
fegment,by the ro. diffinition ofthe fifth , it followeth that the proportion of the power is double to 
the doubled proportion of the fides, by the fame firft corollary of the 2c.of the fixth: that is,is quadru- 
ple to the proportion of the extreame and of the meane, by the diffinition ofthefixth. — 





T aduertifinent added by Fluffas. k 


By this meanes therefore, the diameter of a fphere being geuen , there fhall be ge- 
uen the fide of euery one of the bodies infcribed. And forafmuch as three of thofe bo- 
dies haue their fides commenfurable in power onely., and notin length,vnto the dia- 
meter geuen ( for theit powers are in the proportion of afquare number to a number 
not fquare : wherefore they haue not the proportion of a fquare numberto a fquare 
number,by the corollary ofthe 35. oftheeight : wherefore alfo their fides are incom- 
menfarabein length by the 9.of thetenth ) : therefore itis fufficient to compare the 
powers and not the lengths of thofe fides the one to the other: which powers are con- 
tained in the power of the diaineter:namely,from the power of the diameter,let there 
ble taken away the power of the cube,and thére fhall remayne the power cf the Tetra- 
hedron:and taking away the power of the Tetrahedron,there remayneth the power of 
the cube : and taking away from the power of the diameter halfe the power thereof, 
there fhall be left the power ofthe fide of the o&ohedron.Butforaímuch as the fides. of 
the dodecahedron and of the Icofahedron are proued to be irrationall ( forthe (ide of 
theIcofahedron is a1effeline,by the 16.ofthethirtenth:and the fide of the dodecahe- 
dron is a refiduall line, by the 17.0f the fame) :therfore thofe fides are vnto the diame- 
ter which isa rationall line fet,incommenfurable both in length and in power, Where- 
fore their comparifon can not be diffined or defcribed by any proportion exprefied by 
numbers, by the 8.ofthetenth : neither can they be compared the one tothe other: 
for irrational lines of divers kindes are incOméfurable the one to the other: for if they 
thould be commenfurable,they fhould be of one and the felfe fame kinde,by the 103. 
and 1o5.ofthe tenth,which isimpoffible , Wherefore we feking to compare them to 
the power of the diameter,thought they could not be more aptly expreffed, then by 
fuch proportions,which cutte that rationall power of the diameter according to their 
fides:namely,diuiding the power of the diameter by lines which haue that proportió, 
thatthe greater fegment hath to the leffe,to put theleffe fcgment to be the fide of the 
Icofahedron: & deuiding the fayd power of the diameter bytines hauing the propor- 
tion of the whole to the ieffe fegment,to expreffe the fide of the. dodecahedron by the 
lefle fezment: which thing may well be done betwene magnitudes incommenfurable. 


_ The ende of the fourtenth Booke 
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His fiuétenth áüd laft béoke of Euclide, or rather the: 
& fecond boke of Appollonins or fdypficles, teacheth the in- 
\ {cription and circumf{cripti6 of the fiueregular bodies. 
one within and about an other:a thing vndoutedly ple- 
/i fantand deleG@able in minde to contemplate, and alfo 
¢ profitable and neceflary ina&to pradife, For without 
‘rw practife in adt,it is very hardto fe and conceiue the con- 
SP (Xy ftru&ions arid: demonftrations of the propofitions of 
$7 mw this booke,vnlesa man haue a very depe, fharpe,& fine 
37 wm Wimagination,Wherfore I would wiíh the diligent ftudét 
in this booke,(to make the ftudy thereof more pleafant 
/- vnto him) to haue prefently before his eyes,the bodyes 
forméd & framed: of pafted paper (as1 taught after the 
.- diffinitions oftheeleuenth booke.) Andthento drawe 
‘and defcribe the lines and dinifions, and fuperficieces ,according to the conftruGions 
of the propofitions.In which defcriptions ifhe be wary and diligent, he fhall findeall 
things in thefe {clide matters,as clere and as manifeft vnto the eye, as were things be- 
fore taught onlyin plaine or fuperficial figures . And although I haue beforein the 
twelfth bokeadmonifhed the reader hereof, yet bicaufe in this boke chiefly that thing 
is required, I thought it (hould not be irkefome vnto him, againeto be putin minde 
thereof. ud dO silos MR i | 
Farther thisis to benoted,that in the Greke exemplats arefound in this 1 5.booke 
only 5.propofitions, which 5,arealfo only touched and fet forthe by.Hypficles : vnto 
which Campane addeth 8.and fo maketh vp thenumber of 15. Campane vndoubted- 
ly although he were very well lerned,and that generally in all kinds of learning, yet af- 
furedly being brought vpin a time ofrudenes, when all good letters were darkned, & 
barberoufnes had ouerthrowne and ouerwhelmed the whole world, he was vtterly 
rude and ignorant in the Greketongue, fothat.certenly he neuer redde Euclide in the 
Greke;nor,(of like) tranflated.out of the Greke: but hadit tranflated outof the Ara- 
bike tonge. The Arabians were men of great ftudy, and induftry, and commonly great 
Philofophers, notable Phifitions, andin mathematicall Artes moftexpert, fo thatall 
kiuds of good learning flourithed and raigned amongft them ina manner only.. Thefe 
men turned whiatloeuer good author was in the Greke tonge (of what Art and know- 
ledge focuerit were into the Arabike tonge. And fro thence were many of thé turned 
into the Latine,and by that meanes many Greeke authors came to the handesof the 
Latines,andnot from the firft fountaine the Greke tonge, wherin they were firft writ- 
ten.Asappeareth by many words of the Arabike tonge yet remaining in fuch bokes:as 
are Venith nadir, belmuaya ,helmuariphe,and infinitefucheother. Which ArabiansaHoin | 
tranflating {uch Greke workes,were accuftomed to adde,as they thought good, & for 
the fuller vnderftanding of the author,many things:as isto be fene in diuers authors, 
2s,namely in 7 Feodofrus de Sphera;where you fee in the oldetranflation (which was vn- 













doubtedly out ofthe Arabike) many-propofitions,almoft euery third or fourth leafe. © 


Some fuch copye of Exclide,mott likely ,did Campanus follow, wherein he founde thofe 
propofitios, which he hath more & aboue thofe which are found in the Greke fet out 
by Hypficles:and that not only in this 15.boke,but alfo in the 14. boke,wherin alfo ye 
finde many propofitions more thé are founde in the Greeke,fet out alfo by Hypficles. 
Likewife in the bookes before, ye fhall finde many propofitions added, and manye in- 
uerted,and fet outoforder farre otherwife, then they are placed in the Greeke exam- 
plars. Finffas alfo a diligent reltorer of Euclide, amanalfo which hath well deferued of 
the whole Art of Geometric, hath added moreouer in this booke(as alfo in the former 
TTt.j.- 14.boke 


The argu- 
wient of the 
15, book. 
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x4.boke he added 8 propofiti6s)9.propofitids of his owne, touching the infcription; 
and circumfcription of thefe bodies, very fingular yndoubtedly and wittye.All which, 
for that nothing fhould want to the defirous jouer of knowledge, 1 haue faithfully with 
no {mall paines turned. And whereas F/sffas in the beginning of the eleuenth booke, 
namely,in the end of the diffinitions there fet;putteth rwo diffinitions, ofthe infcrip- 
tion and circumfcription of folides or corporallfigures, within or abouttheonethe 
other,which certainely are notto be reiected:yet for that vntill this prefent 15.boke, 

. thereis no mention made of the infcription or circum{cription of thefe bodyes ,.1 
vhoughtit not fo conuenient there to place them, but to referre thé to the beginning 
ofthis 1 5.booke:where they arein maner of neceffitie required to the elucidation of 

- thePropofitions and demonítrations ofthefame. The diffinitions arethefe, - 


e 


. . Diffinition. 1. 


A felide figure is then Jaéd to be infcribed in a folide figure, when the an- 
gles o f the figure in[cribed touche together at onetime either the angles of 


the fi gure ci rcumfcri bed or the fuperficieces or the fides. 


Diffinition.z. 
A fo lide figure is then faid to be circum|cribed about a folide figure: when 
together at one time either the angles or the.fuperficieces or the fides of the 
figure circumfcribed touch the angles of the figure infcribed. 






-yg N the fourth bookein the diffinitions of the infcription orcircumfcription of playne 
ANG rectiline figures one with in or aboutan other, was required thatall the angles of the 
i & y figure infcribed,fhould atone time touch all the fides of thefigure circumfcribed:but 
ACH, in the fite regular folides (to whome chefely thefe two diffinitions pertaine) for that 
ff co ad. Le gi che nomber of their'angles,fuperficieces,& fides are not equal,one compared to an o- 
— v^ therzitis not of neceffiue,thatall the angles ofthe folide infcribed fhould together ar 
one timé touch either all the angles,er all the fuperficieces;or all the fides of the folide circumfcribed: 
but itis fufficient,tbat thofe angles ofthe infcribed folide which touch,doe at one time together eche 
touch fome one angle of the figure circum fcribed,or fome one bafe,or fome one fide» fo that ifthe an- 
gles of theinfcribed figure do atone time touche the angles of the figure circum{cribed none of them 
‘may atthe fame time touche either the bafes or thefides of the fame circumfcribed figure : and fo i£ 
£hey touch the bafes;they may touche neither angles nor fides and likewife if they touche the fides, 
they may touch néitherangles norbafes. And although fometimes all the angles of the figure in{cri- 
bed can.nottouch either the angtes,or the bafes, or the fides of the figure circumcribed, by __ 
| reafon the nomber of the angles, bafes-or fides of the faid figure circumícri- f 
bed,wanteth of thenoimber of the angles of the figureinfcribed 
yetíhall thofe angles of the infcribed figure which 
touch,fo touch,that the void places left betwene 
| - £heinfcribed andcircumfcribed figures fhal 
| on euery fide be equal and like. Asye 
« 3n&y afterwarde in this fiftenth 
.,beoke moft plainely 
perceiue., 


i 


: (be. 
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In a Cube geuen to defcribe «. a trilater equilater Pyramis. - 


Fol.432, 
- uq The i Propoſition. : 


- 


j WENGE P ppofe. that the 

INE ATS A= cube genen be AB- Ñ 
N YAS || CDEF GH. In 

~ 5 | the fame cube itis 

required to in- 

ferite a Tetrahe- 

AM droz . Drame thefe 

Jy\\ right lines AC, 
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| E C ETITA LAH, i | ( 
E H,H C. Nam it is manife[e, tbat tbe trian. D — -l 

gles AEC,AHE,AHC, and C H E, aree- | c 
guilater, for their fides are the diameters of | 

equall (quares. Wherfore A E C H is a trilater x 


equilater pyramis,or T etrabedron, ct it is in- 


ED 
féribed in tbe cubegeut(by tbefirst definition of this booke): which was required to be done. 


T be 2.Probleme. 


A T'he 2. Propofition. 


In a trilater equilater Pyramis geuen to defcribe an Offobedron. 


V ppofethat the trilater equt- PR ^ 
ld WL ater pyramis geué be A BC- i e - 
WS D; A fides let be diuided . 
into two equall partes in the 
pointes E,Z,1,K,L,T.And araw thefe 12. 
riecht lines E Z,Z I,1E,K L, LT,TK, 
EK,KZ,ZL,L1,1T,andT EWhich 
12. right lines are, by the 4.0f the firft, e. 
guall. For they {ubtend equall plaine an- 
ales of the bafes ofthe pyramis, and thofe 
equall angles are contained under equall 
fides, namely, under the halfes of the fides 
of the'pyramis .. Wherefore the triangles 
TKL,TLI,TIE,TEK;ZK L, 
ZLI,ZIE,ZEK, are equilater : and 
they limitate;and containe the folideT K- 
LEZ1.Whereforethe folideT KLE Z lis an 
elewenth . And the angles of the fame Octohedron do touch the fides of the pyramis ABCD 
in the pointes E,Z,1,T KL . Wherefore the octohedron is infcribed in the pyramis (by the 
r definition of this booke ) . Whereforein the trilater equilater pyramis genen, is in[cribed 
an Ottohedron: which was required tobedome. 4. n " 
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+ A Corollary added by Flufas. 


Hereby it is manifeft, that a pyramis is cut into two "iia partes ,by euery 
e ec t. iij. one 


Oéfohedron : by the 23. definition of the 


Tt Jn this própe- 
fitiot as alfo in 
all the other 
following by the 
name of a p- 
ramis Guder- 
filanda tetras 
hedronzas I 
base befora 
admonished: 


Conſtruction. 


Demonitra- 
tion. — 


Conſtruction. 


Demonftra- 
220%» 


Csftruction. 


Demonffra⸗ 
ti G2 


is 


- 
TA, 
= 


U^ Balfe fides of the-cube which containe 
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ote of tbe three equall fquarésywbicb diuide y.O&fobedron into two equall partes 
and perpendicularly .  Forthethree diameters of thofe fquares do in the centre cut the one the 
other into two equall partesand perpendicularly, by the. third Corollary of the.z4. ofthe thittenth, 


, Which íquares, asfor exiinple;the fquare EK LT, do diuide in funder the pyramids and the prifmes, 
. namely,the pyramis KL T D and theprifme KL T EIA from the pyramis EK Z B , and the prifme 
,, EKZILG which pyramidsare equall the one to the other;'and foalfo are the prifmes equall the one. 


to the other : by the 3.of the twelfth . Andin like fort do the reft of the {quares, namely, K ZIT and 


ZL TE: which íquares, by the fecond Corollary of the 14.0f the thirtenth, do diuide the OGtohedron 
tato two equall partes. “a eR. ` i j 


q Ihe 3.Propofition. T he 3. Probleme. 


In acube oenen, to defcribe an OGohedron. © 






Y ey 3 i 
/ — ſides thereof into two equall partes. And drawevight lines coupling together 
Ne the fections, as for example, thefe right lines, P 9 and RS, which hall be 
Come equali unto the fide of the cube ( by the 33.6f thefirft ) and fhall divide the 
"Et onethe other into twe cquall parts in the middeft of the diameter AG in the 
point I (by the Corollary of the 34.0f the — —— hos 
firft ) Wherefore the point I is the ten- 
tre of the bafe of the cube. And by the 
fame veafon may befound out the cen- 
tres of the veft of the bafes, which let be 
the pointes K}L;0;N,M . And drawe 
thefe right lines LI,IM,M 0,0 LK], 
KL,KM,KO,NLNLNM,CON O. 
And now forafimuch asthe angle IP L 
isa right angle ( by the xo. of the ele- 
uenth, for tbe lines 1 P and P L are pa- 
vallels to the lines R Aand AB). And 
the right line IL fubtendeth tbe vight 
angle I P L, namely, it [ubtendeth the 


Ta cAke a Cube, namely, ABCDEFGAH. And divide euery one of the 





the right angle IP L, and likewife the 
right line 1M. fubtendetb tbe angle 
1 QM whichis equall tothe famean- | : 
gle IP L, and is contained under right . - oM Sdn. "v i vun di 
lines equall to the vigbt lines which containe tbe angle1 P. L . Wherefore the right line 1 M 
js equall to tbe right Une I L ( by tbe g.of the first ).. And by the fame reafon maywe proue, 
that euery one of tbe right lines M 0,0 LK IK L,K M;jKO;NI,N L,N M,ard NO, 
which [ubtend angles equall to the felfe fame angle I P.L,and are cotained under fides equall 
tothe fides which containe the angle IPL, are equall to theright line IL. Wherefore the 
triangles KoL1;K.L.0,K M1,KM.0;-and NLI,NLO,N MI,N M0; are equilater 
‘and equall: and they containe the folide IK.L O N M Wherefore IK Lo N M isan Odfa- 
bedron, by thé 23:defnition of the elenenth' And forafmuch as the angles thereof do alto- 
gether in the pointes I, K,L,0, N, M, touch the: bafes. of the » which. containeth 
jt, it followeth that the Octohedron is infcribed in the cube ( by the firft definition of 
this booke) . Wherefore in the cubé.genen;is defcribed an Octohedron : which was required 
piede. — E h i 
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ml C ! er A Corollary 


of Euclides Elementes. Fol.433. 
bu. 73,189 BPE SR eee n as: | J — 


Hordyi itis manife oft, thàt right lintess ioyning together the centies of the 


oppoſite baſes oſthe cube, do cut the one the other into two equall parts and 
t. perpendicula ly in tbe centre oft the cube, or in, the centre: t the S phere 


which containeth the cube,” 


` $ T 


For fora fmneh as the right lines TM ahd ro which knit Tanh she centres io the . 
oppofite bafes of ‘the cube, do alfo knit together the oppofite angles of the Octohedron inſcri- 
bed in the cube, it focloweth (by the 3 Corollary of the 14. of the thirtenth ) that-thofe lines 


LM andi 0, do cut the one the other into two equal partes ina point.. Bug the diameters of 


the cube doa Io cut the one the other into two equall. partes, by the 3-9 .of the eleuenth .Wher~ . 
fore that point fhall be the centre of the {phere which containeth the cube For makin g that . 
point the centre, and the (pace forme one. of the feomdiameters, defcribe a (phere, and it fhall: 


paffe by the angles of the cube : and likewife making the fame point. tbe centre, and the [pace 
yrs of theline L M, El a [pbere, and it [ball 9 affe » the an T f the Ocfobedron. 


f Tbe 4. Propofition. ae a Probleme., | 
YI nan Oétohedran geuen; to defies a.C vie 


“lehereofle ABG DE,and ZBG DE. Andtake the centres. of the. triangles 
Sof the pyramis A BG D E; thatis, take the centres of the circles which containe 
SKK thofe triangles : and let thofe centres be the pointes T, I, K; > L.. And 9 thife 
centres let there i bedrawen parallel lines to the fides of the eo y 

fquare B G D E: which parallel right lineslet be MTN, - uff 
NLX,XKO,& 01M. And forafimuch as thofeparallel... 
right lines do ( by the 2. of the fixth ) cut the equallright 
lines AB,AG,A D,and AE, proportionally, therfore they f | 
concurré in the pointes (M, N,X,0 “Wherefore the right >’ “77> 
lines (MN,N_X,X 0, and O.M,which fubtend equallan- | LAN | 

gles {et at the point Ach contained vader equallrieht lines, B dL IEA 5 
di eequall ( by the 4 of the firft ). And moreouer, feing that 

they ave parallels unto the lines BG,GD,DE,EB;which . pret 
make a [auare, therefore M N.X O is alfo a {quare, bythe | Mi S P 
19.0f the cienenth Wherefore alfo, by the 13.0f the fame,the Ten : 





ſuare MUN XO is parallel tothe [quare BGDE. Forall. URL AT. 

the vight lines touch the one the other in the pointes of their a || m i 
fetlions : From the centres F ,1,K,L, drawe thefe right lines ee a Stag e e 
TLIK,KL,LT..4ud drame the right line AT C. And UNA 8 
forafesach. as Lis the centre of the equilater triangle A BE, ' &N X wh 


therefore the right line AT being extended cutteth theright 

line B E into two equall partes (by the Corollary of the 12.0f 

the thirtenth ) - And fora[much as M O isaparallelto BE, — j 

therefore. the triangle «LATO is like to the wholetriangle. OR Ms 

ACE (by; the Corollary of the 2.0f the fixth). And theright« e 

line MO is dinided into two equallpartes in the point 1 ( by ti the 4. p " f ith ). And by the 

fgg reafon may we prout, that the right lines MN, N X}X 0, are dinided into two equall 
partes 


è 
te 


Mh mw qu ppafe that the oilers geuen be AB c D E Z. And let the two opyramids | 


Conftruction. 


Deimonſtiia- 
tion. 


T he fiftenth Dope ~ `- 


partes in the pointes T, L,K. Wherefore alfo againe, thebafes T HI K,K L, LT which fub- 
tend the angles [et at the pointes M,0,X,N,which angles are right angles, and are contained 
vider equall fides,thofe bales; 1 fay,arcequall.. And foralmuch aT IM isan Tfofceles tri- 


' angle, therefore the angles fet at the bafe, namely the angles UT land MIT, are equal 


(by the s.of the firft). But the angle M is aright angle : wherefore eche of the angles MIT 
aud MT I, isthe halfe of aright angle . And by the fame reafon the angles 0 1 K c O K 1, 
are equall .Whereforeithe angle remaynina, namely, T IK,” * - k 

is aright angle (bythe 13 .0f the first.) « For the rightlines. > 
T Land 1X are fet upon the line M O . Aud by thefamerea-. n, 
fon may the rest of the angles, namely, 1K L,KLT,LTI I; . 

be proued right-angles, and they are in.one and the fd. fame `. 
plaine fuperficies;namely, M NX O (bythe gof theelenëth)i ~ 4 
Vr herefore the right lines which ioyne together the centres of... 
the plaine{uperficialltriangles which make thefolide angle B 
Ado makethe [quare IT K L. And by the fame reafon may 
be proned, that the plaine {uperficiall triangles of the reft.of 
the jue folide angles of the Octohedron fet at the pointes B, 
G,Z,D,E, do in the centres of their bafes receane {quares, 
Sothat there are in number fixe fquares, for enery Ocfohe- - 
dron hath fixe folide angles : and thofe {quares are equall: z 
Sor their fides do containe equall angles of inclinations con-* .\ 
tained under equall fides, namely, under thofe fides which i : 
il ents ais. a Uii : : ` -< 
are drawen froin the centre to the fide of tbe equalltriangles |. N X V 





©) (by thes: Corollary ofthe.18 of the thirtenth ) .. Wherefore” 


IT K LRP VS: isacube ( bythe:21. definition of the ele- 
weath )andhath his angles in the centres of the bafes of the 
Ocfohedron, and therefore is infcribed init, ( by the firft de- 


nition of this booke ) .Whereforë ini an Octohedron genen -* 


LNS ds deferibed acube zmbich was required to be doge. 


C onst ruction. 


Demonſtra- 
tion. 


f 


y " , * | - ` 4 i i 7 i ' | E 
1 be s. Propofition.. |... T'he s. Probleme. 
© InanTeofahedron genen,to defcribe a Dodecahedron. 


— * By <Ake an Icofahedron. sone of whofe folide angles letbe Z. N ow foralmuch as 
ZAR WEAR (bythole thinges which hane bene proved in the 16 .of the thirtenth the ba- 
Seo Vo) (es of the triangles which contayne the angle of the Icofahedron doo make 
e» & ke epentagan in[cribed. in. a circle , let that pentagon be ABGDE, which is 
je “72S made of the fine bales of the triangles , whofe playne [uperficiall angles re- 
mayning make the folide angle geuen, namely, Z. And take the centres of the circles which 
contayne the fore(aid triangles which centers let be the poyntes I TK, M,L:and draw thefe 
ricbt lines XT T. K,K M,M L,L I. :Now then aperpendicular line arawne from the poynt 
Z to the playne [uperficies of the pentagon AB G D E, fhallfallupen the centre of the circle 
which contayneth the pentagon A B GD E(by thofe thinges which haue bene proued in the 
felfe [ame x off the thirtenth) . Moreouer perpendicular lines drawne from the centre to 
the fides of the pentagon AB GDE fballin the poyntes C,N, 0 where they fall cut the right 
lines A B,B G,G D into two equall partes (by the 3.0f the third). Draw thefe right lines CN 
dnd N O-Anad forafmuch as the angles.G BN and N GO are equall,and are contained Vn- 
er equall fides therefore the bafe C'N isequall tothe bafe No (by the 4.of the firft) e g 


T ! i 





of Euchdes Elementes . Fol.434.0 


ouer perpendicular lines drawne from the poynt Z tothe bafes of the pentagon ABG D E, 
fhall likewife cutte the bafes into two equali partes(by the 3 .of the third) , For the perpendi- 
culars paffe by the centre ( by the corollary | A 

of the 12.6f the thirteth):Wherfore thofe | 

perpendicular lines fhall fal vpo the points 


C,N,0 . And now fora[mucb as tbe right DAN. 
lines Z 1, 1C are equall tothe right lines L & 

ZT ,TN, ce alfo to the right lines ZK KO. " 
(by reafon of the likenes of the equall tri- AN 


, BC N and BNC are equall ( by the's. G 
of tbe firfl ) . And by the fame reafon the 
angles G N O,and G O N are equall . And morcouer tbe angles B.C N and B N C are equall 
to the angles G N O , apd GO N , for that the triangles CB Nand NG O areequalland 
like . But the three angles B N C,C N 0,0 N Gare equali to two right angles (by tbe 13. of 

the first) :for that upon the right line B G are fet the right linesC N & O N. And the three 
angles of tbe triangle C B N , namely, the angles B INLC,B C IN, or G IN O (for tbe anale G- 
NO is equall tothe angle BC N_as it hath bene proued ) and N B C are alfo equall to two 
right angles (by the 32.0f the firft). Wherefore taking away the angles BNC ¢ GO, the 
angle remayning namely, C N O is equall to the angle remayning, namely, to C B N. Wher- 
fore alfo the angle 1F K (whichis proned to be equall to the angle C N O)is equall to the an- 
gle C B N.Wberefore YT K isthe angle of a pentagon . And by the fame reafon may be pro- 
ned that the rest of the angles, namely the anglesTIL,ILM,LMK,MKT , are equalito 
the reft of the angles,namely toB AE,AE D,EDG,D GB WhereforeIT KM Lisane- 
quilater and equiangle pentagon (by the 4. of the first) For the equall bafes of the pentagon 
IT K.M L doo fubtend equall angles fet at the point Z,and comprehended under equall 
fides . Moreouer it is manifest that the pentagon IT K ML isinone and tbe (elfe fame 
playne fuperficies . For forafmuch as the angles ON Cand NCP are in one and the felfe 
fame playne [uperfictes, namely in the {uperficies A B G D E: But unto the {ame playne fuper- 
ficies the playne fuperficieces of the angles K T Land T I L are parallels (by the 15.0f the ele- 
uentb ) . And the triangles KT LandT IL concurre : wherefore they arein one and the 

felfe fame playne {uperficies(by the corollary of the 16.of the eleueth). And by the fame reaf 0 
fo may we proue that the triangles ILM, LM R,M KT are in the felfe fame playne faper- 
ficies wherein are the triangles KT Land T IL. Wherefore the pentagon IT K M Lisin 
onc and the felfe fame playne fuperficies. Wherefore the folide angle of the Icofahedron name 
ty the folide angle at the poynt Z [ubtendeth an equilater and eguiangle pentagon plaine fu- 


angles): therefore the line IT is a parallell 

to the line C N; and fo alfo is the line T K | > [ 

to the line NO (by the 2.0f the fixt) Wher- A | 

fore the angles IT. K and C N O are equal | 

(by tbe 11.of the eleuenth). Agayne foraf- 

much as the triangles CBN ,and NGO im N, 

are Ifofcels triangles s therefore the angles m M 
E O Dp 


perficies , which pentagon hath his plaine fuperficiall angles in the centres of the triangles 


which make the folide angle Z . And in like fort may we proue that the other elenen folide 
angles of the Icofahedron , eche of which elenen folide angles are equall and like to.the folide 
angle Z (by the 16 .of the thirtenth) are fubtended unto pentagons equall, and like , and in 
like fort fet to the pentagon 1T K M L.And fora[much as in tbofe pétagons tbe right lines, 
which ioyne together the centers of the bafes,are common fides , it followeth that thofe 12. 
pentagons include a folide which folide is therefore a dodecahedron (by the 24. diffinition of 
the elenenth ):and is ,by the firft diffinition of this booke, deſcribed in the Ico[abedron ,fiue 
FF. fides 


That which 
here felloweth 
concerning the 
inclination of 
the plaines of 
the fiuejolides, 
was before 
tought(hougb 
met altoge ther 
after tbe [ame 
manerjout of 
Fluffas inthe 
latter ende cf. 


the 13. bꝛohe. 


The fourtenth B ooke 


^. 


Xides whereof are fet upon the pentagon ABG D E . Wherefore in an Ico[abedron gesen i 


infcribeda dodecahedron:which wasrequired to be done. 
An annotation of #ypficles. 


This isto be noted,that if a man fhould demaund how many fides an Ico[abedron bath, 
wemay tbus anfmere : It ismanifefl tbat an. fco[abedron is contayned under 20. triangles, 
and that euery triangle confifteth of three right lines. Now then multiply the 20. trian- 
gles into the fides of one of the triangles and fo {hall there be produced 60. the halfe of which 
is 30. And fo many fides hath an Icofahedron. And in like fort in a dodecahedron , foraf- 


much as 12. pentagons make a dodecahedron ard enery pentagon contayneth s. right lines, > 
multiply 5 into 12.and there fhall be produced 60:the halfe of which is 30 . And fo many are 


the fides of a dodecahedron. And the reafon why we take the halfe, is for that exery fide whe- 
ther it be of a triangle or of a pentagon,or of a [quare as in a cube,is taken twife . And by the 
fame reaf{on may you finde out how many fides ‘are in acube, and inapyrmis, andin an 
ocfobedron. - — a ; 
But now agayneif ye will finde ont the number of the angles of euer) one of the folide 
figures,when ye haue done the fame multiplication that ye did before, dimde ihe fame fides, 
by the number of the plaine fuperficieces which comprehend one of the angles of the folides 
As for example,fora{much as 5.triangles contayne the folide angle of an Icofahedron,diuide 
60.by 5.and there will come forth r2.and [0 many folide angles hath an Icofahedron .In a 
dodecahedron forafmuch as three pentagons comprehend an angle, dinide 60.by 3 .and there 
willcome forth 20 + and fo many ave the angles of a dodecahedron . And by the fase reafon 
may you finde out how many angles are in eche of the reft of the folide figures. 
Uf it be required to be knowse, bom one of the plaines of any of the fine folides being ge- 
uen there may be found out theinclination of the fayd plaines the oneto the other, which con 
tayne eche of the filides. This (as fayth Vidorus our greate master ) is found out afier this 


maner.It is manifest that ina cube, the plaines which contayne it , doo cnt the one the other 


by a right angle.Bat ina Tetrahedron, one of the triangles being geuen , let tbe endes of one 
of the fides of the fayd triangle be tbe centers, arid let-the {pace be the perpendicular line 
dranne trons the toppe of the triangle tothe bafe, and defcribe circumferences of acircle, 
which [hallcutte the one the other: and from the inter{ection to the centers draw right lines, 
which foall containe the inclination of the plaines cotayning the T etrahedron.In an O¢toke- 
dron take ore of the fides of the triangle thereof and upon it defcribe a {quare,and draw the 
diagonall line;and making the centres,the endes of the diagonall line, and the {pace likewife 
the perpendicular line drawne from the toppe of the triangle to the bafe , defcribe circumfe- 
rences : aid agayne from the common fection to the centres dram riabt lines ; and they 
foall contayne the inclination fought for. In an Icofahedron,vpon the fide of one of the trs- 
“angles thereof ,def{cribe a pentagon, and draw the linewhich {ubtendeth one of the angles of 
the [ayd pentagon,and making the centres the endes of that line , and the fpace the perpendi- 
calar line of the triangle , defcribe circumferences: and draw from the common inter[ecfion 
of the circumferences,vato the centres right lines : and they fhall contayne likewife the incli- 
nation of the plaines of the icofahedron. In a dodecahedron take one of the pentagons , ana 
draw likewife the line which [ubtendeth one of the angles of the pentagon , and making the 
‘centres the endes of that line,and the {pace , the perpendicular line drawne from the fection 
jntatwo equall partes of that line to the fide of the pentagon , which is parallel unto it , de- 
Yiribe circussferences:and from the point of the inter fection of the circumferences draw vn- 
tothe centres right lines:and they [hall alfo containe the inclination of the plaines of the do- 
decahedron .T hus did this moft fingular learned man reafon , thinking the demonftration 


in enery one of tbemto be plaine and cleare. But to wake the demonftration of s * 
wv A X 3 > ? e 
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fest, Lthink it good to declare and make open his wordes,and firſt in a Tetvahedron. E 
.  Suppofe that there bea Pyramis or T etrabedro ABCD. A su u 
cotaimed under g.equilater triangles: cy let the toppe ther-. te as. 


of be the point D.And (bythe io.0f the fir t)dinide the fide’ 
AD inte two equall parts in the point E: cy draw the lines: . 
BE and EC. And forafmuchas ADBand ADC aree.... 
guilater triangles , and theline A D is diuided intotmo ez => 
quall partes, 1berefore the lines-B E aud E C fallperpendi- - ~ 
cularly vpon tbe line A D jby the 8. of the fivfl | Now 1fay. * 
that the angle, BEC is an acute angle For forafmsuch as. 
tbe line A C ij; double to tbe line 4 E (for by construction - B 
the line A.D, which is equal to the line A G is diuided into . valley — * 

two equall partes in the point E ) : therefore the {quare of the line AG is quadruple to the 
fouare of the line A E(by the corollary of the 20.0f the fixt.) . But tbe [quareof tbe line A C* 

is egwall to the [quares of the lines A E and E C(by the 47 .of the firit) and the{quare of the. 

line AC is tothe [quare of the line C-E (fe{quitertia) as 4. to 3: (forthe fquare of the. line’ 

A C is proued quadruple to tbe [quare of the line A E Y: wherefore the [quare of the line B C’ 
(which is equallto the {quare of the line AC) is leffethen the fquares of the two perpendicu~ 

lars B E e? E C(for it is vntothem iz jub[e[quialter proportioymamely,as 4.10 6.0r 2.0 3.) 
Wberefore(by tbe 15 of the fecond the augle.B E C i$am. acute angle.Nom fovafemuch as tbe: : 
line A D is the common inter{ection of the two plaines A BD, and A D.C, andin either of \. 
thofe Bin to one point of the common fection are drawne perpendicular lines BE and EC: 
which containe an acute angle BE C; therefore( by the 5.diffinition of the elenenth')-the. an 
gle BE Gis theinclination of the plaines yand it 1s geuen. For tbe lime B C,whichis the fide 
of the triangle, being gewen, and any one of the lines B E.or EC, which is the perpendicular 
of the eqitilater triangle, ceing alo geen: make the centres the poyntes B and C; that is; the 
cades of one of the fides,and the {pace the perpendicular of the triangle,and de[cribe cireum- 
Serences,and ihey-fhall cutte the one the other in the poynt.E. And from the poynt'E draw to. 
the centves B and C right lines,and they fhall.containe the inclination of the plaizes: and - 
this is ft which Ifidorus before fayd . And now that making the centres thepoynts Band C; 
and the {pace toe perpendicular of the triangle ,.the circles defcribed [hail cutie the one the ` 
other ji is manifest, for either of the lines B E and EC is greater then halfe of the lineB C. 


2j $ oh = 
$ 
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— 


ae | ni. The vealox of 
Now if tbe centers were the poynts B.and C,and the fpace.the halfe of the line B C3the circles shis yeaah al 


deferibed jballtonch the one the other .Butif the f pace be leffe then the halfe, they fhal neither mof plaizely 


touch nor cit the one the other: but if it be greater, they fhallwudoubtedly cut. = fee in that 
Againe {uppole that upon the [quare ABCD be fet a pyr apuis; hauing his altitudethe which is ad- 
poynt E,and tet the triangles which contaimeit,be. s mol ots s Med ont of 
equilater: wherfore the pyramis ABCD Eſpalbe X3 S entm ^r å — saftey 
the halfe of the Ocfobedron (by tbe 2 corollary of: —— 2 le ‘it # 3 P ve e 
the 14.0f thethirtenth.) Deuide by the roof the~ i. — ere 


: E on fürfi broke 
frf) one fideof one of the triangles, namely; the.. it ji < 


line AE, into two equal partes in the poynt Frands) 3). 
draw the lines B F and D E :. wherefore. the lines ` | 
BF and. DF are equal and fal perpendicularly . 
upon the line AE (by the 4. and 8. of the firlt.) ~ > 
Thel I fay that the angle B ED; is an 'obtufean o 
gle-For dram the line B D.Andferalmachas AC». Áo ONI 
is a.[quare, andthe diameter is B D:thereforethe B. ss | 09 € 
fquare ofthe line ED is doubleta the (quare of the ini aea ttt, 
line D A )byt ht 47 ofthe fir.) But. the fquare of the line D Aisto the: fauave of the line 
~ Tale VV UY. DF 
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. D F,asg.is to 3.) as was in the former proved.) Wherefore the fquare of the line D Bis to 
the {quare of the line F D,as 8.is to 3.( namely ,as2.toz-and g.to 3 added together), but the 
line D F is egual tothe line F B. Wherefore the {quare of the line D-B,is greater then the 

Squares of the lines D F and F B {for it is tothem,as 8.is to 6.) Wherfore the angle B F D, 
is an obtufe angle (by tbe 12.of thefecond.) And fora[mucthe as the lige A E is tbe common 
Section of the two plaines ABE and A D E cutting the one the other and in either of thofe 
plaines to a poynt in the common fection are drawne perpendicular lines,B F and D F,con- 
taining an obtufe angle B F D:wherfore the angle B F D (contained of the right lines B F 
and D F )is the angle of the inclination of the plaines ABE and AD E. If therefore the 
angle BF D be geuen,the [aide inclination alfois genen . For forafmuch as the triangle of 
the Octohedron is geuen,and one of the fides of the Octohedron is the line A D, and-vponit 
ds defevibed the fauare A C,and B-D tbe diameter of that fe quare being genen, and the lines 
BF and F D are the perpendiculars of that triangle : wherefore alfo the angle B F D is ge- 
uen. Noem then if upon the fide of the triangle be deftribed a fquare:as the ſquare AC and 
the diameter B D be drawne, if alfo making the centres the poyntes B and D and the fpace, 
the faid perpendicular of the triangle,we defcribe circles, they fhall cut the one the other in 
the poynt F:And the right lines which are drawne from the centres to the poynt F fhal con- 
tainé that inclination,which is comprehended under the angle B F D, which is the angle of 
the inclination of thofeplaines. Andit ismanifeft that either of the lines BF and F D,is 
greater then the halfe of the line. For for that by the demonstration, it was proued that the 

[quare of the line B D isto the {quare of the line F D,as 8.1 to 3 :therfore the {quare of half 
the line.B Dis tothe [quare of the line F D,as2.is to thre (for the {quare of halfe the line: 
B D isthe fourth part of the [quare of the wholeline BD sby the gof the fecond) Whereforé 
either of the lines B F and F Dis greater then the line B D + wherfore the circles which are 
defcribed by thofe lines B F and F D and haning thèir centres the poynts B and D' [ball cut 
she one the other. And thus much touching the odtohedron. poa $ 

As touching the Icofahedron; Pres equilater ^ > 7 Vite a 
fetagon ABCDE, cy vpon tt let there be feta pyram oi l | 
mis hauing bis toppe tbe poynt Fz and let thetriag- ` Y 
gles which cõtaine it, be equilater. Now thë the pyra“ 
wis ABCDEF, {hal be a part of the lcofahedro.Ler > 

F C one fide of one of the triangles be deuided into »\ J 
two equal partes in the poynt G.And draw the lines | 
BG c GD which [bal be equal c fal perpédicular- 
Ly upon the line FC (asitiseafietofe by tbe demo- > 

| flratio of the former). Thé Lfay that y angle BGD: >> > 

isan obtufe angle : which thing is manifest. For œ> os l 
drawing the line B D,it fhall{ubtend the obtufean-- ` 
gle BC D of the pentagon (which is obtufe,by that. © => > — 
which was demonstrated in the ende of the first co- = 

rollary ofthe 18.0f the 13.booke:) But the angle B G D is greater then the angle B CD, for 
tbe lines B G and G Dare lefe then the lines B Cand C D: wherefore likewife asin the fore 
mer the angle B G D is the inclination of the triangles BF C,andC F D. Wherfore the ane 
gle BG D being genen,the inclination alfo of the plaines of tbe Icofabedron [hall be geuen.- 
For if upon the fide of the triangle of the Fcofahedron be defcribed an equilatér pentagon, 

and then be drawne the line which fubtendeth two fides of the pentagon,as in this ‘figure the- 
line B Dif alfo the perpendiculars B Gand G D of the triangles be drawne,the angle BGD `. 
Jhalbe geuem. For if'ye make the centres the endes of the line which fubtendeth two fides of 
the pentagon, as the poynts B and D,and the {pace the perpendicular of the triangle, and fà - 
defcribe eireles;they foall cut the ene the other in the poynt G,and from the poynt of thein- 
p | | terfecfzon 
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ser[ection G ,drawe unto the centres Band D right lines, and they [hal containe the angle of 
the inclination BG D.Ana this manifest,by the defcription of the figure, that either of the 
lines B G and G.D is greater then the liné B D.Which thing may al{o thus be proued. Sup- 

pofe an equilarer HK L,and upon KL. (one of the fides thereof ) defcribe an equilater pen- 

tagon K M N X Land draw the line M L. dnd dinide (by tbe 10.0f the firft)the fide-K L 

into two equal parts in the poynt O,cr draw the line H O which [hall be tbe perpendicular of 
the triangle H.K L (by the 8 of the firft.)Then 1 fay. that the line H 0 is greater then half 
of the line M L,which {ubtendeth the inclination of the plaines. For from the poynt K draw 

(by the 12.0f the.firft) unto the line M. La perpendicular line K P. : and foraſmuche as the 

angle K L P is greater thenthe third part of a right.angle, that is, then the angle K HO 

(For the angle K L-M is two fineth partes of a rightanegle, 0 6 | 

by the a.of the firfl,and by tbe affumpt put after tbe frvfl coo. 
rollary of the18.of.the thirtenth.booke,and tbe angle KHO: ò> 
is one third part of one right.angle, for thewhole angle Rox.. 
HL ,wherof.the angle K HO is the half; by-the g.of the firft, 
ts one third part of tmo right angles,by the 22.of thefivfi-) 
upon the line ML, and at the. poynt L-pút untotheangle: 

K HO anequalangle P LR (by the.23.of the firft:) Wher» 
fore the triangles P L R .0 HK, fhalbe equiangle, by the 
corollary of the 32.0f the first. Wherefore. alfo the line P L 
halbe the perpendicular of the equilater triangle defcribed 
upon the line RL. Wherefore (by the corollarye added by 
Fluflas after the 12.propofition of the thirtenth booke) the 
line R L is in power fe{quitercia, that is,as 4.is to 3.t0 the 
perpendicular LP. But the line K Lis greater then theline:.o- 

L R(by the 19 .of the first. Wherfore y [quare of the line K- 

L hath to the{quare of the line LP a greater proportion thé 

hath g.to 3 :but it hath to the {quare of the line H O that proportion that g.hath to 3.Wher- 
fore the line K L hath to the line LP a greater proportion then it hath to the line HO. 
Wherfore the line H O is greater then the lineL P by tbe 10.0f the fifth. 





As concerning a Dodecahedron. Take one A the {quares of the cube wheron the Dode- 
cabedron is de[cribed (by the 17.0f the thirtenth):and let the famebe ABC D:and let the 
two plaines of the Dodecahedron fet upon it be A E B F G,and G F DHC.Then 1 fay that 
here alfois genen the inclination of the two | 
pentagons. Dinide (by the 1o.of the firft) 
the fide F G into two equal partes in the 
poynt K. And from the poynt K draw unto 
the line F G in either of the plaines A E B- 
FG and GFDHC perpendicular lines 
K Land K M (by the 11.0f the firft.) And 
draw the line M L. Firfi 1 fay that the an- 
gleMK L is an obtufeangle . For,by the 
diftourfe of the demonftration of the 17. 
propofition of the 13.boke, where is taught the defcription of the Dodecabedron,it is mani- 
fff that the line drawne perpendicularly from the poynt K to the fquare ABC D,isequal 
to halfe the fide of the pentagon Wherefore it is lefe then halfe of the line M L. Wherefore ` 
the angle M K Lisan ia angle. Moreouer by the former difcourfe of the 17 propofition 
of the 13 .booke,it was manifeft that the [quare of the line K Lis equal to m of half 
the fide of the cube,and to the {quare of haife the fide of the pentagon. And fora|[muche as 
V Foy. the 





of 


vntothe fide of the pentagon, which isa parallel unto thèline AB 
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the lines K Land F.M areegualand are eche greater then halfe of the line ML wherfare 
the angle M, K:L being geuen; there fhall alfé be génew the inclination of the two plaines of 
the Dodecakedron. For forafmuch asthe fide ofthe fquarea BC D fubténdeth two fides of 
the pentagon. genen,the pentagon alfois genen,and therefore alfois geuen the line M L. But. 
there is alfa geuen either of thelines.M K and.K L.ifor they are dravene perpendicularly fra 

the fection tato two equal partes of theline A B; which {ubtendeth two fidésof the pentagon 
| ve line AB: namely;to the fide F G. 
Wherfore there is geuen the angle L Kx AM,which isthe angle of the inclination fought for. 

And now.touching lidorus wordes;he fayeth thatthe pentagon being geuen\we'muft draw 
the line. which {ubtendeth two. fides.of the. pentagon, which-line és equal to the-fide of the 

cube:and making the centres the endes of that line;-and the fpace the' perpendicular line, 

whichis drawne from the fection of the fame line into two-equal-parts to the fide of the pen 
tagen which is parellel to the faid line,asin the former defeription the line R'Ly or the line 
K M,defcribe civcumferences,and from the poynt of theimterfettion of the circumferences 

dram nto tbe centres right lineswhich fhall containe the angle of the'inchinátion: >= 
For by that which was fayd before;namely,touching the Jcofabedpón, itis v9 > 

manifest that the perpéndicular:K Ljis'ereater then balfe of thé line. 5 
(00x M Lor C D,whichis equal unto it. And therefore the-cire >s > > 
/ ^... eles de[cribed by tbofeperpendicularsjand bauing) 2 
ios do their centres dandip thelineC-D, fhall’\ 0s sv 
| cutthe one the other, as was be | 
(OM. qvis farepeoneda o (y 
t & lis ad MN 
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of Euclides Elementes. — £ol437. 
$1 Tbe 6. Propofttion.. T'he 6. Probleme. | 


In an Üczobedron geuen ,to infcribe a trilater equilater Pyramis. 
| | 


— Ze i Vppofe that the O&ohedron wherein the Tetrahedron is required to be 
£7 j| incribed, be AB GDEL. Take fower-bafes of the O@ohedron, that is, 
three which clofe in the loweft triangle EG D, namely, AE G,B ED, 

I GD: àndlet the fourth be A I B,which is oppofite to the lowelt trian- 
; gle before put,namely, to E G D. And take thecentres of thofe fower 
bafes, which let be the pointes H,C,N,L. And vpon thetriangle H CN 
ereclea pyramis HCN LY’ Now forafmuch as thefe two bafes of the 

3: Octohedron,namely, A G E and A B I are fet vponthe nghtlines E G 

and B I which are oppofite the oneto the other,in thefquare GE B I of 

the Octohedron , from the point A drawe by the centres of the bafes, 
namely, by the centres H,L, perpendicular lines A H F, A LK, cutting 
| (0... thelines E G andBIinto two equall partes in the pointes F; K ( by the 

Corollary ofthe 12.of the thirtenth). Wherfore — a 

aright line drawen fró the point F to the — 

K,fhall be a parallel and equall to the ſides of 
the Octohedron,namely,to EB and GI (by the 
33.ofthe firft) . And the rightline HL which 
cutteth rhe equall fides A F,A K,proportionally 

(for AH aiid AL are drawen from the centres 

of equall circles to the circumferences) 1s a pa- 

rallel to che right line FK (by the z.of the fixth) 
and alfo to the fides of the O&ohedron,name- 
ly,toEBandIG (bythe 9.oftheeleuenth). jy 

Wherefore as the line AF isto the line AH, E 

fo isthe line F K to theline H L (by the 4.ofthe ^ 

fixth ) : For the trizngles A FK and AH Lare 
like (by th: Corollary of thé2.ofthe fixth).But ' 
the line AF isin fefquialter proportion to the 
line A H: (for the fide E G maketh HF the halfe 

ofthe rightline AH,by the Corollary of the 12. 

ofthe thitenth).Wherfore FK or G1 the fide 

of the Odtohedron, is fefquialter to the right 

line H L.And by the fame reafon may we proue 

that the fides of the Octohedron are fefquialter a | 
to thereftofthe rightlines which make the pyramis H N C L namely, to the rightlines. H N,N C,CL, 

LN,and CH : wherefore thofe right lines are equall, and therefore the triangles which are defcribed 

of them,namely, the triangles H CN,HNL,N C Land CH L, whith make the'pyramis:HN C Lare 

equall and equilater . Andforafmuch as the angles of the fame pyramis,namely,the angles H; C, N,L, 

do endin the centres ofthe bafes ofthe OGohedron, therefore it is infcribed inthe fame O&tohedron, 

by the firit definition of this booke . Wherefore in an Ottohedron geuen, is infcribed a trilater equila- 


-e 1 Y 


ter pyramis : which was required to be done. mn n SW) - oni 
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A Corollary. — 


T he bafes of a Pyramis infcribed-in an Otfobedron, are parallels to tbe 
ba tes of the O&ohedron . For forafinuch as the fides of the bafes of the Pyramis touching the 


one the other, are parallels to thefides óf the Octohedron which alfo touch the one the other, as for 
example, H L was proucd to bea parallel to GI, and LC to D1, therefore, by the'ry. of the eleuenth, 
the plaine fuperficie$ which is árawen by thelines H L and L C, isa parallel to the plaine fuperficies 
drawen by thelines Gland D1. And folikewife ofthereft.. " l 
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A right line ioyning together the centres of the oppofite bafes of tbe Ü&do- 
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fori bed fyramis tot he bafe thereof. . For forafmuch asthe pyramis and the cube which 
containeth it do in the felfe fame pointes end their angles (by the 1.0f this booke ): therefore they 
fhall both be inclofed in one and the felfe fame O&ohedron ( by the 4.of this booke ) . But the diame- 
ter of the cube ioyneth together the ‘centres of the o pofite bafes ofthe O@ohedron , and therefore is 
the diameter of the Sphere which containeth the ad and the pyramis infcribed in the cube ( by the 
15. and r4. ofthe thirtenth) : which diameter is fefquialter to the perpendicular which is drawen trom 
the angle of the pyramis to the bafe thereof: for the line which is drawen from the centre of the {phere 


, to the bafe of the pyramis, is the fixth part ofthe diameter (by the 3. Corollary of the 13.0f the thir- 


Conftruction. 


E^ ` 


Demonſtra- 
ion, 


Conſtruction. 


tenth ) . Wherefore of what partes the diameter containeth fixe,of the fame partes the perpendicular 
containeth fower, . 


q Ihe 7. Propofition. T'he 7. Probleme. 
Ina dodecahedron genen, to infcribe an Icofahedron. 


j ypes that the dodecahedron geuen ,be ABC DE. And let the centres of the circles 
, V | which cótayne fixe bafes of the fame dodecahedron be the points L,M,N,P,Q ,O.And 
‘Ze<| draw thefe right lines OL, OM, ON, O P, O Q, and moreouer thefe right ines LM, 
M N,N P,P Q.QL . And now forafmuch as equall and equilater pentagons are contay- 
Stee) ned in equall circles , therefore perpendicular lines drawne from their cenires to the 
fides fhall be equall(by the 14. of the third) and fhall diuide the fides of the dodecahedron into two e~ 
quall partes(by the 3.of the fame ) . Wherefore the forelayde perpendicular lines fhall concurre in the 
point of the feétion, wherein the fides are diuided A 
into two equall partes, as L Fand M Fdoo. And 
they alfo containe equall angles,namelv, the in- 
clination ófthe bafes ofthe dodecahedron , ( by 
the 2.corollary of the 18.0fthe thirtenth).Wher- | 
fore the nght linesLM,MN,NP,P Q5QL,and , 
the reftof the righthnes which1oyne together, 
two centres of the bafes, and, which fubtende 
the equall angles contayned vnder the fayd equall 
perpendicular. lines, are equall the oiie to the o- 
ther(by the 4.0fthe firft ) , Wherefore the trian- 
gles OLM, OMN,ONP,OPQ,OQL, and 
the reft of the triangles: which are fet at the cen- | 
tres of the pentagons, are equilater and equall. — 
Now forafmuch as the 12.pentagons of a dodeca- 
hedron containe 60. plaine fuperficiall angles , of 
which 6o.enery thre make.one folide angle of the 
dodecahedron, it followeth that a dodecahedron 
hath zo:folideangles: but eche ofthofe folidean- 
gles is fubtéded ofech ofthe triangles of the Ico- 
dahedron,namely,of ech of thofe triangles which 
-ioyne together the centres of the pentagós which: Mii 
make the folide angle , as we haue before proued . Wherefore the 20. equall and equilater triangles 
which fubtende the 20. folide angles of the dodecahedron , and haue tiieir fides which are drawne 
from the centres of — common, doo make an Icofahedron ( by the 25. diffinition of the e- 
leuenth): and it is infcribed in the dodecahedron geuen(by the firft diffinition of this booke) for that 
the angles thereof doo all at one time touch the bafes of the dodecahedron. Wherefore ina dodecahe 
dron geuenjis infcribed an Icofahedron: which was requiredto be done. — 5 s : 


6 
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UU 0g Thes. Propofition. | The 8.Probleme. 
In a dodecahedron genen to include a cube. 


£4.27 Efcribe(by the 17.of thethirténth)a dodecahedron.And by the fame,tak^ the 2. fides 
&\ \Rof the cube,eche of which fubtend one angle ofeche of the 12. bafes of the dodecahe- 
N dron :for the fide of the cube. fubtendeth the angle of the pentagon of the dodecahe- 
















LUTEA Jj: dron,by the 2.corollary ofthe 17. of the thirtenth . If therefore in the dodecahedron 
| CINY fii defcribed (by thefelfe fame 7. propofition) we draw the'12. rightlines fubtended vn- 
cer the forefayd 12,angles , and ending in 8. angles of the dodecahedron , and concur- 
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ring together in fuch fort that they beinlikefortfituate, ©. ©. 
asit. Was. plainely proued in that propofition , then fhall T i 
it be manifelt’, that the right lines drawne in this dode- +- = 

cahedron from the forefayd 8 . angles thereof doo make 
the forefayd cube, which therefore is included in the do- 
decahedron , for that thé fides of the cubearedrawnein 
the fides of the dodecahedron , and the angles of the 
fame cube are (et in rhe angles ofthe faid dodecahedron. 

As forexample take 4. pentagons ofa-dodecahedron, 
namely A GIB O,BHCN O,CKEDNandDF A O- 
N.And draw thefe rightlines AB,B C,CD,D A. Which 
fower right lines make a fquare : for that eche of thofe 
right lines doo fübtend equall angles of equall penta- 
gons,& the angles which thofe 4.nght lines cótaine are 
right angles,as we proued in the contruction of the do- 
decahedron, in the 17.propofitié before alledged. Wher 
fore the fixe bafes being {quares, do makeacube (by the  — 
21.diffinition of the eleuenth ) and for chat the 8.angles . . 
of the fayd cubeare fet in 8. angles of the dodecaheeron, 
therefore is the fayd cube infcribed in the dodecahedron 
(by the firtt diffinition of this booke ).. Whereforeina 
dodecahedron is infcribed a cube : which was required 

to be doone. $ 


Demonstra 
t0, 





q 1 be. Propofition. The 9.Probleme. 


Ina Dodecakedron genen to include an OGobedron. ` 
5-3 Vopofethat the dodecahédron ge | aa 
js SMS n be ABGD. Now(by "3 
f fac» 3 f correllary of the 17.0f the thirtéth 
ires taketheé.fides which are'oppofite 
the one to the other, thofe 6.fides,I faye 
whofe fections wherin they are deuided in- 
to two equal partes, are coupled by three 
right lines whichin the centre of the fphere, 
wherin the Dodecahedron 1s contained,doe 
cut the one the other perpendiculaily. And 
let the poyntes wherin the forfayde fides are G& 
cut into two equal partes be A,B,G,D,C,I. 
And let the forefaid threright lines ioyning. 
together the faide fettions be AB, G Dand 
CI. And let the centre of the (phere be E. 
Now fotafmuch'as (by the forefaid cotrella-* 
ry)thofe thre right lines are equal; it folow= · 
eth (by the 4.of the firft) that the right lines: 
fubtéding the right angles, which they make’ - toe =a Ns 
at the centre of the fphere, whiche rightan- — apiet — 
gles are contained vnder the halues of the ſaid three right lines, are equal the one to the other: that is, 
the right lines A G,G B,B D,D A,C A,CG,C B,CD, and I A,I G,EB,I Dare equal the one to the o- 
ther. W herfore alfo the 8.trianglesC.À G,C G B,CB D,CD A;IA GI GB, 1B D & ID A are equal 
and equilater.And therefore A G B D C I1san OGohedron by thez5.definition ofthe eleuéth.) And 
the fad Octahedron isincluded in the dodecahedron (by the firft definition of this booke: ) for that 
all the angles thereof doe at one tinie touch.the fides ofthe dodecahedron.W herefore in the dodeca- 
hedron geuen,is included an Octohedron: which was required to be done. 
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Vig, Vppofe thatthe Dodecahedron geuen,be A B C D,of which Dodecahedron take thre bafes 
gee meting at the poynt S,namely thefe thre bafes ALSIK, DNSLEandSIBRN:and of Confrudion, 
thofe thre bafes take the three angles at the poynts A,B,D: and draw thefe right lines AB, 
e B Dand D A:and let the diameter of the {phere containing the dodecahedron be $ 9 and 
i : AXXd. then 






Demonffra- 


tion. 
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then draw thfe right lines A O,B O and D O:Nowforafmuch as by the 17. ofthe thirrenth ) che ar 
gles of the dodecahedron are fet in the fuperficies ofthe fphere defcribed about the Dodecahedron * 
therefore if vpon the diameter S O,and by the poynt A,be defcribed a femicircle,it hall make theans 
gleS A Oanght angle (by the 31.0f the third.) And likewife if the fame femicircle be drawne by the 
poyntes D and B, it fhall alfo make the angles $B O,and S D O right angles. Wherefore the diameter 
S O containeth in power bothe the lines S A,;A O,or the lines SB,B O,orels S D,D O, but the lines 
S A,S D,S B are equal the one to the other,for they eche fubtend one of the angles of equal pentagós, 
Wherfore the other lines remaining namnely,A O,B O,D Oare equal the one to the other.And by the 
fame reafon may be proved thatthe diameter H D which fuübtendeth the two rightlines H A, A D, - 
containeth in power both the faid two rightlines;and alfo containeth in power bothe the right lines 
H Band B D, which two right lines it alfo fühtendeth.And morcouer by the fame reafon the diameter 
A C, which fubtendeth the right lines C B'and B A,containeth in power both the faid rightlines C B 
and B A. But therightlines H A,H Band CB | 

are equal the one to the other, for that eche 
of them alfo fubtendeth one of the angles of 
equal pentagons: wherfore the right lines re- 
Maining,namely,A D, B D,and B A are equal 
the one to the other. And by the fame reafon 
may be proued that eche of thofe right lines 
AD,B Dand B A Is equal to eche of theright 
lines A O,B O and D O. Wherefore the fixe p 
right lines AB,BD,DA, AO,BO, & DO are 
equal the one to the other.And-therefore the 
triangles which are made of thé, namely, the 
triangles A B D,A O B,A O Dand B O D are 
equal and equilater: which triangles therfore 
do makea pyramis ABDO, whofe bafe is A- 

B D and toppe the poynt O. Eche ofthe an- 
gles of which pyramis,namely, theangles at, 
the pointes A,B,D,O,doe in the felfe fame 
pointes touche theangles of the Dodecahe- 
dron. Wherfore the faid pyramis isinfcribed 
in the Dodecahedron, (bv the firft difinition 
of this boke,) Wherefore in a Dodecahedron 
geuen, is infcribed a trilater equilater pyra- 
mis: which was required to be done. 


q Lhe 11. Propofition. | Lhe 11.Probleme. 





In an Icofabedron geuen,to infcribeacube. 


T was manifeft by the 7.ofthisbooke,that the angles of a Dadecahedron are fet in the céne 


3 of a cube are fet in the angles ofa Dodecahedron. Wherefore the felfe fameangles of the 

cube, fhall of neceffitie be fet in the centres ofthe bafes of Icofahedron. Wherfore the cube 

Shalbe infcribed in the Icofahedron(by the firft diffinition ofthis boke.) Wherforein an Icofahedrow 
geuen,ts included a cube: which was required to be done. | 


e Sm tres of the bafes of the Icofahedron.And by the 8.of this boke, it was proued,that the angles 


e 
* 


op T be. 12. Propófition: ` — The 12: Probleme. 


In an Icofabedron Lenen to inferibe atrilater equilater pyramiss 


2| the bafes of the Icofahedron.And(by the firit of this booke Jit was playne that the foure an- 
} gles ofa pyramis are fet in foure angles of a cube. Wherefore it is evident, by the firft diffini- 
gz5 5 tion of this booke,that a pyramis defcribed of right lines ioyning together thefe foure cen 
tres of the bafes'of théTcofahedrómflialbe infcribed in the fame Icofahedron. Wherefore in an Icofa- 
dron geuen,is infcribed an equilacer tilater pyramis: which was required to bedone. — 


F t 
: A LJ t e 
mer in d. t 


j| Y the former propofition it was manifeft,that the angles of a cube are fet in the centres of 
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In a Cube geuen, toin[cribe a Dodecabedron. — — 


Akea Cube A D F L. And diuide euery one ofthe fides therofinto two equall partes 
in the pointes T,H,K,P : G,L,M,F: and pk Q f. And drawetheferight lines T K, 
GF,pQ,Hk, Pf,andLM : which lines againe diuide into two equal! partes in the 
pointes N,V,Y,L,Z,X . And draw thefe right lines N Y,V.X, and 1Z : Now the three 
AX lines N Y, V X, and IZ, together with the diameter ofthe cube, fhall cutthe one the 
e 2Y other into two equall partes in the centre ofthe cube, by the 39. of the eleuenth : les 
that centre be the point O. And not to Eye "wg" 

ftand long about the demonttration, vn- 

derftand all thefe right lines to be equall l , » 

and parallelsto thefides ofthecubeand — . . Lore a 

to cut the one the other right angled D : 

wife, by the 29. of the firt . Let het A 
halfes, namely, F V,G V,H I,and k I,and 
the reft fuch like, be diuided by an ex- 
treme and meane proportion, by the 5o. 
of the fixch: whofe greater fegméts let be 
thelines FS, GB, H C,and k E,&c. and 
drawe thefe right lines GI,G E,BC,and _ 
BE. Now forafmuch as the line Glis,y 
equall to the whole line G V, which is 
the halfe of the fide of the cube: and the 
line TE isequall to theline B V, that is, 

to theleffe fegmét : therfore,the fquares 
ofthelines G I and I E, are triple to the 
fquare of the line GB, by the 4.ofthe' . 
thirtenth : But vnto the fquares of the 
lines GI and LE, the fquareoftheline | 
GE is equall, by the 47.0fthe firft: for.‘ 
the angle G IE isa right angle; Where- ||... 
fore the fquare ofthe line G E, is. triple. | 
to the {quare of the line GB . And forat 
muchas theline FG is erected perpen- 
dicularly to the plaine AGKL, by the 
4.ofthe eleuenth : forit is erected per= 
pendicularly to the two lines A G and 
G I : therefore theangle B.GE is a right 
angle : for the line GE is drawen in 
the plaineA GkL. Wherefore the line 
BE, containing in power the two lines 
BG and GE, by the 47. of the firft, ot aa ae : | 

-is in power quadruple to the line G B (fortheline G E wasproued to bein power triple co the fame 
line GB): Wherefore the line B E is in length doubleto theline B G, by the 20.0f the fixth . But( by 
conítructon ) theline C Eis doubleto theline IE : Wherefore the halfes G B and LE, are in ropore 








Fir part of 
tbe eonjirat- 
tion, 


Fir! pevtof 
the demone 
fiturione 


tion the one to the other, as their doubles B Eand CE: by the rs.of the fifth. Wherefore the line CE 


is the greater fegment of the line B E diuided by an extremeand meane proportion . And forafmuch as 
the felfe fame thing may be proued touching the line B C : therefore the lines B Eand BC, are equall, 
making an Ifofceles triangle. Now let vs proue that three angles of the Pentagon ofthe Dodecahedron 
are fet at the poiutes B,C;E : and the other two angles are fet betwene the lines B Cand BE. , 


Forafmuch as the circle which containeth the triangle B C E circumfcribeth the Pentagon whofe 
fide is the line C E, by the 11.of the fourth : Extend the plaine ofthe triangle B C E,by the parallel lines 
dBand HE, cutting theline A D, namely, the diameter of AD the bafe ofthe cube inthe point I: 
and letit cutthe line Ah the dianieter ofthe cube in thepoint m. And. by the pointI drawe in the 
bafe A D,a parallelline vnto theline À d : which letbeIl. And forafmuch as from the triangle AH N 
is, by the parallel line | I, taken away the triangle A 1Llike «nto the whole triangle'A H N;by the Co- 
rollary ofthe z. ofthe fixth : the lines A1, and i I, fhall be equall. Butas the line H A is to the line A d, 
fo ( by thez.of the fixth) istheline H1 totheline 1I,or to theline 1 A; which is equall tothe linet I. 
And the greater fegment of the line H Ax( which is halfe the fide of the cube) isyas.before hath bene 
proued, the line Ad, that is, the line GB, whichis equall to theline Ad (by.the.33. of the firft). 

| XXx.i]. Wherefore 
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Re ^»? the extreame. parallel plaines.exten- |. 5.41 7. « 
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‘Wherefore the greater fegment ofthe li ne H l is the linch A ; And as the wholeline B lis to the grea- . 
ter fegment, fo fhall the fame greater fegment H1 be to the leffe fegment 1A , by the 5. of thethir- 
tenth . Wherefore the line HA is di : 
uided by an extreme and meane pfoex ed ez QU 5 
portion in thepoint 1. But in the tri- 4 
angle AHN, the line NA, whichis m 
drawen fró the centre ofthe bafe A D, \ 
as iaichepoint Lett: like ynto the line 2c: 1N 
ABL *by'the parallel line I(by the fame} '> 
fecond ofthe fixth ) : for the lines HN * 43... 
"and' 11; áre parallels; by confiructionz ^| ` 
-Whereforé:the line.N A isin the point «| | 
31 diuided: by an -extreme’ and." meanéyaZ 
proportion by the fuperficies d B E H. 
And forafmuch as the line Y ON which 
coupleth the centres of the oppofite 
bafes,isa parallel to the line HE: A 
plaine fuperficies extended. by the line 
Y O N, parallel wife to the plaine dBi“ 
EH : the two plaines fhall cut the lines | 2 
AO and AN (the femidiameter of the UA TP p.89 Ñ 
cube, and the femidiamerer of the bafe i | S5 we, y 5 
AD) into chefelfe fame propdrtionsin aU AN 
the pointes m and I, by the 17. of the, AE m T > 
elenéth, But the line A Nis in the point, >, N | S. e" d, 
I diuided by an extyeme & meane pro-\ `, PY) "dar 
portion : Wherefore the femidiameter . », Z Vere Hi ; 
ofdiecubetsiü tlie point m diuided by, | val 09 
an extreme and meané proportion by | , ! 
the plaine ofthe trizngle B.C E: And | ; 
foralmuchasthereit ofthetrianglesde- ;- * po uro) P cun | 
fcribcd in the cube after thelike maner, may by the fame reafons be'pronéd. to be ina plaine which 
ucteth the fe midiameter of the cube by an extreme and méane proportion : it is manifeft ‘that three 
plaines of the Do decahedron fhall.ynder euery- angle'ofthe cube cóücurre in one & thé felffame point 
of the femidiameter being cut by an extreme and meane proportion i ' Now réfteth to proue that the 
rightlines which'cogple that point of the femidiameter with thé angles of the triangle BEC, arec- 
quall : whereby may be proued that the Pentagons are equilatétiand equiangle — ' —— 
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Takethe two bafes ofthecube. — | TUUM: VT our 4 
Whereón are fet the triangle BCE, ; ” — wa ee E 
namely,thebafes A Fand A k take — |// Tow uA I 
alfo'the fame-diameter ofthe cube ` ‘ = JA - 
that was before, namely, A h : and let . à; * 
the fide fet at the poynt n, ofthe fecti- | x v i 
on of the diameter by an extreame & (7 1 FI i 
meane proportion,be the line C n or d A enyi B 






B n ;and letthe centre of the cube „be 2 

" RB eH PTS oy Pr BL rete VATS, pe. me f wg + water 
25 befoté te point O.And'extend the ^5. 
Ine Ctr to rhé line Bd and letit con 7 
, pue "A o» 4v —* * «1 m f il M2 amoy 
cufre with jrin the point a And foral- 

DE Pest nain Aegina of gi i “Est 
muchas the plane which paffeth “by! ^7 y. 
the ine € E and the centre’O (cuts! = 
ting the tube into two equall- partes) ^ 7 
fa V eai Sock IZ Y au wu ak xo:o5tnk 
is paralleto -À F the bafeofthe cube" 7. 
by conftruétion an that by the -“' ' 
poynt n, beextended a playne fuper- | 
ficies parallel to' the former parallel. 26 4. ^ 
playnes; which fhall cutte the femidi- ^- 1 


(acis vd 
W kod 


onallyia the point nj by the 17iof the: uvo 
eletiénth : For thofe lines doo touch: ' 1:4. 
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poyntn : wherefore the line C a,is alfo dinided.by an extreame and meane proportion in the poyntn. 
Agayne forafmuch as B C E is an Ifofcels triangle , and itis proued that the line B 1 cutteth the bafe 
G E into two equall partes in the poynt I, the angles BI Cand B1E {hall be right angles... Imagine by 
the line BT and the centre O a plaine to paffe (cutting the cube into two equall partes ) parallel to the 
baíe A D . And vnto thofe plaines let there be imagined an other: paraiiel plaine’ pafling by the poynt 
n: whichletbene: which fhall cutte the femidiameter A O andthe halfe fide. ofthecube, namely, 
the liné 1 H, Eke,in the pointes nand eby the 17. ofthe eleuenth . Wherefore the line, I H isin the 
poynt e diuided by an extréame 8¢ meane proporti6. Wherfore the line H eis equall co the line CI or 
T E: naniely,ech are leffe fegm éts./.nd forafinuch as the line Te is to the line I C( which is equall to the 
line E H)as the whole is to the greater fégment , take away from the whole line Te the greater fegmét 
I C:there fhall remayne theleffefegment C e by the 5 .ofthe thirtenth . Wherefore the, line I e 1s diui- 
ded by an extreame & meane proportion in the point C. Againe vnto the fame playnes imagine an o- 
ther playne to paffe by the point a,parallel wife, and let the fame be a g.Now then ( by the fame 17. of 
the eleuenth ) thelines Ca and @garein like fort cut in the. pointes nand e. But theline C a was in 
the point n cutte byan extreame and meane proportion , wherefore the line C g fhall be cutte in the 
poynt e,by an extreame & meane proportion.Buttheline I C isto theline C e,as the.greater fegment 
is to the leffe: wherfore the line C e, is to the line e g,as the greater fegment to theleffe:and therefore 
their proportion is as the wholeline 1C. isto the greater fegment C e,and as the greater fegment C é 
is to the lefle fegment e g: wherefore the whole line C e g which maketh the greater fegment and the 
lefle is equall to the wholeline I C orI E . And forafmuch as two parallel plaine fuperficieces (namely, 
that which is extended by I O B aud that which is extended by the linea g) are cutte by the playné of , 
the triangle B C E , which paffeth by the lines a g and 1 B;their common fections a g and 1 B fhall be 
parallels(by the 16.of the eleuenth ) .ButtheangleBI EorBICisa rightangle , wherefore the angle 
ag C isalfoa right angle(by the 29, of the firft)and thofe right angles are contayned vnder equall fides, 
namely,the line gC is equall to the line C I,and theline ag to theline B Lby the 33.of the firft : wher- 
fore the bafes C a and C B are equall;by the 4.of the firit.But ofthe line C B theline C E was proued to 
be the greater fegment : wherefore the fame line C Eis alfo the greater fegment of theline Ca: but 
cn was alfo the greater fegment of the fame line C a. Wherefore ynto thelineC E,theline cn which 
is the fide of the dodecahedron , and is fet at the diameter,is equall.And by the fame reafon the reft of 
thefides, which are fet at the diameter may be proued equall te lines equall to the line CE. Wherfore 
the pentagon infcribed in the circle where in is contained the triangle B C Eis, by the 11,0f the fourth 
equiangle;and equilater. And forafmch as two pentagons , fet vpon every one of the bafes of the cube 
doo makea dodecahedron,and fixe bafes of the cube doo receaue twelue angles of the dodecahedron: 
and the 8.femidiameters doo in the pointes where they are cutte by an extreame and meane proporti- 
on receaue the refl: therefore the.12 .pentagon bafes contayning 2o. folide angles doo infcribe the do- 
decahedron. in the cube: by the 1. diffinition ofthis booke. Whereforein a cube geuen 1s infcribeda 
dodecahedron: which was required to bedone. ie 


Firft Corollary. 


f 


Ihe diameter of the Sphere which containeth.the dodecahedron, containeth 


_ in power thefe two (ides namely, the fide of the Dodecahedron, and the fide of 


v 


7 v Y oi q Second Corollary. 


the cube wherein the Dodecahedron is inftribed.Forin the firft figure aline drawne from 


the centre O,to the poyntB the angle of the Dodecahedron,namely the line O B,containeth in pow- 
erthefe two lines O V the halfe fide of the cube,and V B the halfe fide ofthe dodecahedron, by the 47. 
ofthe firft. Wherefore by the rs.of the fiueth,the double of the line O B, which is the diameter of the 
{phere containing the Dodecahedron,containeth in power the double of the other lines O Vand VB J 
which are the fides of the cube,and of the dodecahedron. | | 

T ⸗ 


4 


N 


/ j E s ' Ñ m | 
Lhe fide of a cube-dinided by an extreme and meane proportion, maketh the 
leffe fegment the fide of the dodecahedron infcribed init: and the greater fege 


iment the fide of the cube infcribed in the fame Dodecahedron:¥or it was before pro- 
wed, that the fide of the dodecahedron is the greater fegment of B E the fide of the triangle B E C*but 
the fide B E(which is equall to the lines G B and S F)is the greater fegmét of G F the fide of the cube: 


which line B E( * the angle of the pentagon) was(by the 8. of this booke)the fide of the cube 
inferibed in the dodecahedron, | ; 
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Third Corollary. 
The fide of a cube, is equalto the fides of a Dodecahedron infcribed in it, 


and circumſe ribed about it For it was manifeft by this propofition, that the fide of acube ma~ 
keth the lefle fegment,the fide ofa Dodecahedron infcribed in it, namely, as in the firft figure theline 
B S the fide ofthe Dodecahedron inícribed,is the leffe fegmét of the line G F the fide of the cube. And 
it wasproued in the 17.0f the thirtencth, chat the fame fide of the cube fubeédeth the angle ofthe penta- 
gon of the Dodecahedron circumfcribed:and therefore it maketh the greater fegment the fide of the 


Dodecahedron or ofthe pentagon;by the firft | * | 
thofe fegments. pentagon, dy the firit corollary ofthe fame. Whereforeit is equalto bothe 


The 14Probleme. 00 The 14. P ropofition. 


In a cube geuen, to in[cribe an Icofabedron, 


$^ Vppofethat the cube geuen 
AYE be AB C, the Centres of 
PA y whofe bafesletbethe points 
Re D,E,G,H,LK : by wbiche L 
poyntes draw in the bafes vnto the o- 
ther fids parallels not touching the one 
the other,And detude the-lines drawn 


T me ——— 
from the centres, as the line DT. ies s > 
&c. by an extreme and meane pro-! B LN — 
portion in the poyntes A, F: L, M: A —— Nu A 8 







N,B:P,Q:R,S:C,O;by the 3o.of the 
fixth :and let the greater fegmentes be 
about the cétres, And drawtheferight! ^— * 
lines, A L,A G,A M,and T G.And for- 
afmuch as the lines cut are parallels to, 
the fides of the cabe : they fhall make, 
right angles the one with the other by 
the 29.0f the firft : and forafmuche as 
they are equal: their feétions fhall be e- 
qual,for that thefections are like by the 
2.of the fourcenth.Wherfore the line T. 
G is equal to the line D T, for they are 
eche,halfe fides ofthe cube. Wherfore 
the fquare of the whole line TG, and of 
the leffe fegment T A, tstripleto the 
{quare of the line A D'che greater feg- 
ment(by the 4.of the thirtéth).But the 
line A G containeth in power the lines — 
AT &T G,fortheangle AT G isa right angle. Wherefore the {quare of the line A Gis triple to the 
{quare of the line A D.And forafmuch as the lineM G Lis erected perpendicularly to the plain paffing 
by the lines A T,& which is parallel to the bafes of the cube(by the corollary of the 14.0f the elenéth) 
therfore the angle A G Lisa right angle.But the line LG is equal to the line AD, for they ate the grea- 
ter fegments of equal lines : Wherfore the line A G (which is in power triple to the line A D)is in po- 
wer triple to the line L G. Wherefore adding vnto the fame {quare of theline A G, the {quare of the 
line L G,the fquare of the line A L,which (by the 47.0f the firft) containeth in power the two lines A- 
G and GL, fhalbe quadruple to the line AD or L G. Wherefore the line A Lis double to the line A D 
(by the 20.0f the fixth: Jand therfore is equal to theline A F,or to theline LM. And by the fame rea- 
fon may we proue that euery one ofthe other lines which couple the next fetions of the lines cut, as 
the lines A M,P F,P M,M Q.,and the reft are equal. Whertore the triangles ALM,A PF,A M P;PMQ_, 
and the reit fuch like,are equal,equiangle,and equilater, by the 4.and eigth of the firft. And forafmuch 
as vpon eucry one of the lines cut of the cube are fet two triangles, as the triangles A L Mand B L M, 
there fhalbe made 12 triágles.And forafmuch as vnder every one of the 8 angles of the cube,are fub- 
tended the other 8.triangles,as the triangle AM -P.&c.of 12.and 8.triangles,fhall be produced 20.tri- 
angles equal and equilater cótaining the folide of an Icofahedron,by the 25.diffinition of the eleuenth, 
which íhalbe infcribed in the cube geuen A B C by the firft diffinition of this booke. The inuention of 
the demontftration of this dependeth of the ground of the former. Wherforein a cube geuen,we haue 
defcribed an Icofahedron: which was required to be done. E 
1r 
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| ? sa *4firtCorollaspAse- ^ ros 

T be diameter of a [bbere ^bich containetb an Icofabe dron à containeth two 
fides namely the fide of the Icofahedron, and the fide of the cube "ipbich contai^ 
neth the I cofa hedron.Forif we drawe the line A B,it fhall make the angles at the poynt A right 


angles :for that it isa parallel to the fides of th& cübe : wherfore the line which coupleth the eppofite 
angles of the Ieofahedronjas the poynts P and B ,cótaineth in power thé line A B (the fide of che cubé) 
and the line A F (the fide 6f the Icofahedton) by the 47:of the firft, Which line FB is equal fo the dias 

meter of the {phere,which eontaineth the Icofahedron,by the demonftration ofthe 16.6f the thirceth. 
| ; 


o5. ,. Second Corollary. , ae id 

T he fix oppofite fides of the Icofahedrén denidedl into two equal parts:their 
feétions are touipled by three equal right lines, cutting the one the other into two 
equal partes, and perpendicularly in the centre of the phere which containeth 
t h Ic ofabedron. For thofe three lines are the three lines which couple the centres of the bafes of 


the cube, which do in fiche fort in the centre of the cube,cut the one the other, by thé cofallary of thé 
third of this booke,and therfore are equalto the fides of the cube.But right lines drawne from the cé4 
ere of the cube to the angles of the Icofahedron, euery oneof them fhall fubtend the halfe fide of the 
cube,and the halfe fide of the Icofahedron (which halfe fides containe a right angle) wherefore thofe 


linesare equal. Wherby it is manifeft that the forefaid centre is the centre of the {phére which coittai~ 
neth the Icofahedron. -. 
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- # Third Corollary. I T ow 
T he fide of a cube deuided by an extreme and meane proportion; maketh the 


greater fegment the fide of an Icofabedron defcribed in it.For thehalf fide of the cube 


maketh the halfe of the fide of the Icofah: dron the greater fegment : wherefore alfo the whole fide of 


the cube,maketh the whole fide of the Icofahedron the greater fegment by the 15.of the fifthe, for che 
fections are like by the 2.of the fourtenth. E j 


; | .. 4Fourth Corollary. Re, E 
The fides and bafes of tbe Icofabedron , which are oppofite the one to the 02 

t her are parallels. Forafewuc h ás eüéry one ofthe oppofite fides oftheIcofahedron;may bein the 
parallel lines of the cube, namely,in thofe parallels which are oppofite in the cube * and thè triangles 


which are made of parallellines;are párallels,by the 15.of the éleuénth : therforc thé oppofite trianalés 
of the Icofahedron,as alfo the fides,are parallels the one to the other. WV. | 


4 


q The is:P robleme. f CI be If. Propofition. E» 
In an Icofabedron geuen , to in[cribe an O&fobedron. x^ 


Vppofe that the Icofahedron geuen be A C DF : and by the former fetotid Corollary, 
Jet there be také the three right lines which cut the one the other intO two équall partes 
perpendicularly, and which couple the fections into two equall pattés of the fidés of 
the Icofahedron : which lét be BE,G H,and KL, cutting the one the other in thé point 
EA ZA 1, And drawe thee tight lines BG; GE, BH,and HB; And forifinuch à$ thé áfi- 
gles at thepoint 1 are ( by; conftrustion ) right aügles;: peal G — 

dnd are contained vader equalf lines: the bafey GB and-:.>. - 

HE fhall make a.fquate, by the 4.of the firtt ; Likewyfé. ^: 
Wito thofe bafes fhall be équall the tines drawen from < 

the pointes, K and L,to euery-one ofthe pointes BG ; 
E,H : And therefore the triangles which iake the pys _ 
ramis B G É HE K, fhall be equall and equilater ; And by- 


| 





tbe (ame reafon fhall therétkofthetriangles which make = JA 
ilieother pyramis B G EH. L, vpon. che. farié bafe B Ge Gd 

ii be.equall and. equilater-;:Wheréfore B GEH KL: SQ 

fhall bean Ótohedrom ( by the 15 defisition of the des: > 55: 


2): Aud fhallbe inferibed —— he fem À 

finition of this booke., Wheréfore.in an Feofaher oo 

dron géucnyis infcribed añ O8okedron . which wasres . 
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- JTnanÜobedron geuen to infcribe an Tcofabedyon: ^ 
f 5 s } LL y». . - Pat fF ote, "ral "e 
Et there betaken an O&tohedron, whofe 6.angles, letbe A,B,C,F,P,L. And draw the 
>) \y lines A'C, B F;P L,cutting the one the other perpendicularly in the point R (bythe 25 
Ax Corollary of the 14.0fthe thirtenth ) . Andlet euery one ofthe 12.fides ofthe O@ohe= _ 
)dron be diuided by an extreme and meane proportion;in the pointes H,X,M,K;D,S,N, 
j G,V,E,Q. , T. And let the greaterfegmentes be the lines B H, B X, F M,F K,A D,A Q, 
2 A C 95, C T,P N,P G,L V,L E: And drawethefelines H K, X M,G E,N V,D S,Q T. Now 
ij Pm! forafmuch as in the triangle A B F; the fides are cut proportionally; namely, as the line 
B H is to the line H A, fois the line FX to the line KA ( by the z.of the fouretenth ) : therefore the line 
H K fhail be aparallel to the line B F (by thez.of tlie fixth) ’And forafmuch as the line A C cutteth the 
line H K in the poirit Z, and the line Z K is a parallel vnto theline. RE, theline R A fhall be cut byan ex- 
tremeand meane proportion in thepoint Z : by the 2, of the fixth : namely, fhall be cut like ynto the 
line FA’: andthe: oi re et it Imm i " 
greater fegmét ther-. _. .. 
of fhall be the line 
ZR. Vnto the line 
ZK puttheline RO. 
equall,by the 3. of 
the firt: and drawe 
the line KO : now 
then, the line KO 
fhall be equali to. the: 
line Z R, bythe33.0f 
the firft’. Draw the ^ - 
lines -K G; K Ejande-.., 
KL. And forafmuch 
as the triangles A R- 
F, and i Ze ,are e- 
uiangle (by the 6.of 
dé fixth ).the — | 
AZandZKjhalbe  - 
equall the one to the”: 
othersby the 4.0f the}, 
fixth, for the fides. . 
AR and RF, are e- 
quall . Wherfore the 
line ZK fhallbe the . 
leffe fegment ofthe.» $^ vc 
line RA. But ifthe 
gre fegment RZ 















be divided byan ex- BJIR 

treme & meane prop, . oud 30 tal 

p ortion ,the.greater. || 111 2501535 envie o ONU n ors uv 

ſegment therof fhall. ... . | H UAE sZiEdu n: ^ 


. A, by they.ofthethirtench. And for- 
afmuch asthe two lines F Eand F G,are equall tothe two lines A‘Hand:A K, namely, ‘ech are leffe feg- 
mentes of squall fides ofthe Ogtohedron, and the angles H A’K and EF G are eqiall;namely,are right 
angles, by the 14-ofthe thirtenth : the bales H'K-and G F fhall’ be equall,'by thé'4:of thefirlt: And by 
the fame reafon vnto them may be proued equall thelines X MjN V5D S,and'Q T ; And forafmuch as 
the lines À C,B F,and P L;4lo cutthe one the other into two €quall parts,and perpendicularly, by con- 


ſtruction: tlie lines H &and G E (which fubtend angles ofitriangles like vito the triangles ‘whofe an- 


gles the lines. A C,BF,andPL fubtend )are cut into two equallpártes inthe'pointes Z'and I; by the 4. 
of the fixtii;fo alfo are the otherlines N V,X:M;D.S,Q T (whichrareequall vnto thë lites H K & G E) 
cut id like fort; and they ihall cut the lines A-C} B Fjand P-L like -Wherefore the Hire K'O (Which is 
equall to RZ ) thail make the greater fegmentthelineR O ;whichis€quallto the line'Z K-(for the grea- 
terfegment of RZ was the line Z K ) : and therefore the line O I fhall bethé leffe fesmént, whet as the 
whole line Ris équallto the whole line R Z Whérefore théfqhares ofthe whole line’ kK O,and of the 
leffe fegment O I, are triple to the {quare of the'gteater fegment R:O yby the 4.of the thittenth: Wher- 
fore the line K I, which containeth in power the.twolines K O:and^ O Tis in power tripleto the line 
R O (by the.47.of the firft) ; fortheangle K O Iis a right angle , And forafmuch as‘the lines FE and 
F G ( whichare the Ieffe fegmentes ofthe fides ofthe OGohedron ) are equall : and the line F K is cô- 


[ 3X PLUR i : IN - 
be teline ZK , which wastheleffe fegmetit ofthe whole line R A, 


CS 


of Exchides Blementes..  —  Fol.gan, 


mon to them both : and theangles KF Gand K FE (of the triangles of the @&tchedron ) are equall i 
the bafes K G and K E fhall (by the 4. of the firft ) be equall + and therefore the aligles KIE and KIG 
which they fubtend, are equall ( by the 8.of the firlt ): Wherefore they are rightangles, by the 13.0fthe 
firlt. Wherefore the right line IE. (which containeth iiipower the twolines K I:and 1 E, by the 47.0f 
the firlt ) isiií power quadrüple to the line RO (ori E) ! for the'line K Tis próued to bein power triple 
to the fame line R O: But the line G Eis double to the line LE: Wherfore the line G E1s alfo in power 
üadrup'e to theline I E. Cby.thezo.of the fixth) -Wherefore the two lines K E- ami G E are equall. 
And by'the fame reafon, may the reft of the lines namely; HK HEN; N V, V.X, X5; andthe other lines 
whüch-couple the tections ofthe fides ofthe OGtohedron be'proued equall to' the-farae.lines K Eand. 
GE. Whertefore thé triangles defcribed ofthem;namely; GEK,G K D,GDS,G SM,GM E; fhall he e⸗ 
quall and equil ater, by the 8. ofthe firſt, making a ſolide angle at the point G: which is therefore the 
angle of art icofahedron,by the 16.0fthe thirtenth, andis.fetinthefedtion G ofthe fide PF. And by 
the fame reafon may be proued,that the reft of the elenen folide angles of the Icofahedron, are ferid) 
thefections of euery one ofthe fidesofthe OGohedron,namely, in therpointes E,N,V,H,K,M;X,D,S, 
,T . Wherefore there are ts. angles of the Icofahedron. Moreouer, forafmuch as euery one of: 
the bafes of the OGtohedron, do eche‘containe triangles of the Icofahedron, asin the pyramis ABC=; 
EP (which is the halfe of the O&ohedron) thetriangle F C P. receaueth in the fections ofhis fides the. 
triangle GM S : and the triangle C P B containeth the triangle N XS : and thetriangle B A-P- contay«: 
neth the triangle H N D : and moreouer the triangle A P F containeth the triangle K D G;andthe fame. 
may be proued in the oppofite.pyramis À B C EL : Wherefore there fhall be eight triangles . And fors 
afmuch as befides thefe triangles, to euery one ofthe folideangles ofthe Octohedron are fuübtended. 
two triangles,as the triangles K E G and M E G, to the angle F : and the triangles HNV and XN Vy 
to the angle B: alfo the triangles N D Sand G D S, to the angle P : likewife the triangles: D H K and 
Q HK, tothe angle A :Moreouer the triangles E Q-T and V QT, to the angle L: and finally the tri 
angles$ XM and TX M, to the angle C thefe rz. triangles being added to the 8.former triangles,fhall 
produce 2o: triangles equall and equilater coupled together :; which fhall make an Icofahedron;by the- 
25.definition of the eleuenth : and ir'{liall be infcribed inthe OGohedron geuen ABC EPL, by the. 
firit definition of thisbooke : for the 12.angles thereof, are fetin 12. like {e@tions of the fides of the: 
Oohedton. Wherefore in an Octohedron geuen, is infcribed an Icofahedron. v 
v. Va ' E P — —s“ J 
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M EN Y ey Firlt Corollary 
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T be fide of an equilater triangle being diuided by an. extreme and meane. 
proportion : a vigbt lime fübtendiug Within tbe triangle, the angle which is cone 
tained nder tbe greater [egment'and tbe lefse : is in power duple to the leffe fege 


ment of. the 5 Ame fide . For the line K E,which fubtendeth the angle K FE of the triangle AFL, 


which angle K F E is contained vnderthe two fegmentes K F & F E,was proued equall to the line H K, 
which containeth in power the two leffe fegmentes HA and AK, by the 47. 0f the.firft, forthe angle 
H AKis aright angle . Wherefore thelineK E or H Kjisin power dupleto thelineA Kc ^ > 
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The bafes of the Icofabedron are concentricall ( that is, bane one and the 


felfe fame centre ) with the bafes of the O&obedron which contayneth it. 
For ftippofe that.A B,G, be the bafe of an:O @ohedron contay- ^ vA 

ning E C D the bafe ofan Icofahedron.: and let the centre of the 
bafe AB G be the point F. And drawe theferightlinesFA,FB, | 
F C,and F E. Now then thetwo lines F A arid À E ihall be equall 
tothe twolines FBand BC : for they are lines drawen from 
the centre, and are alfo leffe fegmentes : and they contayne the 
halfes of equall angles . Wherfore (by the.4.of the firft) the bafes _ ” 
F Cand FE are equalt’ : and by the fame reafon vnto them fhall 
be equall the otherling FD. Wherefore niaking the centre the 
point Fy and the fpace FE defcribe a circle and it fhall be cir- 
cumfcribed'about the triangle CED : and fo hall the point F 
the centre of the bafe ofthe OGohedron bethe centreof C E D 
the bafe of the Icofahedron. = AI tt 
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and of the other 12. folide. 


der the folide angle A, the 


co ovs 7 ThefftembBooke 


9 d be r7. Probleme. — The 17. Propofition. | 
In an Ücfobedron geuen , to infcribe a Dodecabedron. 


mq] Vppofe that the OGohedron geuenbe AB G DEC :. whofe 12.fides let be cut by an ex- 
tremeand meane proportion, as in the former Propofition . It was manifeft that ofthe 
‘right lines which couple thefe fe&tions,are made zo.triangles,of which 8.are concentri- 
cal! with the bafes of the Octohedron, by thefecond Corollary ofthe former Propofi- 
jj tion. If therefore in euery one of the centres of the zo.triangles be infcribed ( by the 5.of 
this booke )'euery one of the 12.angles of the Dodecahedron, we fhall inde, that 8. au- 
gles ofthe Dodecahedron * 
are ſet in the 8. centres of 
the baſes of the Octohe- 
dron: namely,thefe-angles 
T,u, &, O,M,a,P,and X: 





angles there are two inthe 
centres of the two trian- 
gles which'haue one fide 
common vnder euery one. 
of the folide angles of the 
Q&Gohedron :: namely, vn- 


two folideangles,K,Z: vn- : 
der the felide angle B, the 
two folide angles H, T: 
vnder the folide angle G, 
the two folide angles Y, V: ' 
vnder the folide angle D, 
the two folide angles F,L: 
vnder the folide angle E, 
the two folide angles S,N: 
vader ‘the folide angle C, 
the two folideangles QR: 
and forafmuch as in the 
O@ohedren ate fixe folide 
angles, vider them shall be 
fübtended 12-folide angles 
of the Dodecaliedron: and | 
fo are made 2o. folide an- | j^ quom s vet nn M 

les compofed of 12/equall and equilater Moe pentagons ‘(as ic was manifeft, by the s:of this 

ooke) which therefore containe a Dodecahedron (by the 24. definition of the eleuenth ) . And it is 
infcribed in the OGohedron (by the 1.definition of thisbooke ) : for thateuery one ofthe bafes ofthe 
co do receaue angles therof ^W herefore in an Octohedron geuen, is infcribed a Dodeca- 

edron. : 
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Ina trilater and equilater Pyramis, toinfcribea Cube. 







ES x Vppofe that there bea trilater equilater Pyramis,whofe bafelet be A B C, and toppe the 
RO point D. And let it be comprehended in a Sphere, by the 13. ofthe thirtenth . And les 
SOS the centre ofthat Sphere be the point E. And from the folide angles A,B,C,D, draw right 



















X] lines paffing bythe centre E, vnto the oppofite bafes ofthe pyramis,and they fhall fall 
sC-S24| perpendicularly vpon the bafes, and íhall alfo fall vpon the centres of the circles which 
containe the bafes, by the Corollary ofthe 13.of thethirtenth . Let the centre of the tri- 
angle A B C, be the point G, and let the centre ofthe triangle A D C be the. point H, and of the trian- 
gle ADB letthe oint N be the centre, and finally,let the point F be the centre of the other triangle 
DBC. And let the right lines falling vpon thofe cétres be DEG,B EH,C EN,& AEF. And by thofe 
centers G,H,N,F,let there be drawenfrom the angles to the oppofite fides thefe rightlines, A GL, 

DHK 
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DH E/,BN.M,and D. L, which fhall fall perpendicularly vpon the fides B C,C A;A D, and C B)by the 
Corollary,of the 12 of the thirtenth; and therefore they, fhall cut.them into.two .equall partesin the 
pointes K; L,M, by.the octet et NS ant ra: ante, a 
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let the lines which wer 
drawen from the folide 
angles to the oppofite 
bafes be diuided into ș` 
two equalpartes,name- 
ly, the line DG in the 
point T,the line C Nin ' 
the point O, the line 
AF inthe point P,and 
the line BH in the 
oint R: and drawe the 
ae H T,F T,H O,and 
FO. Now forafmuch 
as the lines G K, and 


\ 
| E 





G L, which are drawen PU 
from the centre of one i \ ion. 

ańd the felffame trian- 

gle ABC tothe fides, 

are equall,and the lines d 

D Kand D Lare equall, - 

for they are thepetpen- | / ——- 

diculars of equal & like 4 ES j i 
triangles: andtheline _ 1 Produce i 
D Giscommon to thé. E i , the figure the 
Wherefore;by the 8.of Un . lise? Fo 
the firft,the angles K D- r -` the point B. 


G & LDG,are equall. 
And forafmuch as the - 
lines HD & DF are dra- 
wen from the centre of 
equal circles which có- 


tane the equal triangles A D C.& D B C,therfore they are equal, & the line D T.is cómon to thé both; 

and they conne equal angles,as before hath bene proued.W herfore the bafes H T and F T are equal 

by the 4.of the firft. And by thefame reafon if we drawe the lines C F and C H, may we proue thatthe 
other ines H O and F Oare equal to the fame. lines HT:and FE T,and alfo the one to the other. W her- 
fore alfo after the fame. maner may be proued that the reft of thelines, which couple the centres of the 
triangles and thedections of the perpendiculars into two equal partes,as the lines NP,G R,G P;RN: 
N T,P H,G O,and RF, are equal. And forafmuche as from euery one of the centres of the bafes are 
drawhe thre right lines to the fections into two equal parts of the perpendiculers, and there are foure 
centresit followerh,that thefe equal right lines fo drawne,are twelue in number; of which every three 
and three make a folide angle in the foure centres of the bafes, and in the foure fectioris into two equal 
partes of.the perpendiculars: wherfore that folide hath 8.angles,contained vnder 12;equal fides,which 
make fixe quadrangled figures, namely; H OE T, P GRN,PHO G, GO FR;ERN T,and TN P H, 
Noy letys proue that,thofe quadrangled figures are reĉtangle., at, 

... Forafmuchas vpon D.C the common bafe;of the triangles AD Cand BD C falleth the perpen- 
diculars A'S and-B S,which are drawne by the centres H and E: either of thefe lines H S and S E fbalbe 
the third part ofeither ofthefe lines À S and S B:for theline AH is duple to the line H S,and deuideth 
the bafe D C into two equal partes by the corollary of the 12.0f the thirtenth, Wherefore in the trian~ 
gle AB S,the fides A S and B Sare cut proportionally in the poynts H and F:and therfore the line H E 
1s a parallel to the fide A B by the 2.of the fixth.Wherfore the triangles A SB andH S Fare equiangle, 
by the 6.of the fixth, Wherfore the bafe H F fhalbe the third part of the bafe A B,by the 4.of the fixth. 
We may alfo proue that the line T O isthe third part of the line D C,for thelinesE C and ED, which 
aredrawnefrom the centre of the {phere which containeth the pyramisare equal: and theline EN 

(which is drawnefrom the centre to the bafe)is thethird part ofthe line E C,foalfo is theline G E the 
third part ofthe line E D(by the corollary ofthe 15.of the thirtenth) for it is the fixth parteof the dias 
meter of the fphere which containeth the pyramis: And the line O N,isthe halfof the whole line NC 
wherfore the refidue E O is the third part of the line E C,and fo alfo isthe line ET the third part ofthe 
line ED. Wherfore the line T O in the triangleD E C isa parallel to thelineD C and is a third parte 
of the fame,by the former z.and 4.ofthe fixth,as the line H E was proued the third part of the line AB. 
But A B and D C being fides of the pyramis are equal. Wherfore the lines HF and TO, being the third 
partes of equal lines,are equal by the 15.0fthe fiueth. Wherfore by the 8.of the firft the angles H T F, 
and T F O are equal:and by the fame realon sthe angles oppofite vnto them namely, the angles F O H 
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and © #1 Tare equal che'one to the other, and alfo-are equal co thefaid angles H'T Pand'T FO: bue 
thefé foure anglés are equal to ¢:right angles by the corollaryof the 3ziof the firlt: whereforethean— 
gles ofthe quadrangle H O F T are right angles.And by the fame reafon may the‘ angles‘of the other. 
fiue quadrangled figures be proued right angles. Now refteth to proue that the forefayde quadrangles: 
areechinone andthe ~ i p ee fa/ly£ visu aftu 
felfe fame plaine. A » .0 nb Lodi me ee aed 
Take the quadragle '. "IND Jey 
HOFT : and fora | 
much as in the trian- 
gle ASB, thelineHE | 
is proved a parallel to 
the line A B, therefore 
it cutteth the lines SV, 
andSB proportional- 
lyin the poyntsI.and - 
F.by the z.of thefixth: 
Now then forafmuch 
asS F was proued the 
third parte of the line, 
S B, theline S I, fhall 
alfo be the thirde part - 
ofthelineS V. More- : : 
ouer forafmuchasthe | 
line V S,whiche cou- 
pleth the fections into 
equal partes of the op- 
pofite fides of the py-4 &—— 
ramis, namely, of the - 
fides AB and DC, 1s... 
by the centre E deui- 
ded into two equal 
partes, by the corolla- — ' a 
ry of the feconde of | | 
thisboke (foritisthe - cos" S| 
diameter of the octo- ur x. c, con risu as buo ox 
kedron infcribed'in the pyramis) :therforeé the liné S Tis two thifd partes of the halfe line SE. And by 
the fme reafó, forafmuch as in the triagle DEC the line TO is prouedto bea parallel to thie fide DC, 
it fhiallin the felfe fiie triangle cut the lines C E dnd SE; proportionally in the poynts O and I by the 
fame'z.of the fixth :but the line E O is proued ‘to ‘bea third parte of theline EC. ‘Wherefore the lyne 
Etisalfo a third part of the line E S- Wherefore the refidue 1S fhalbetwo third partes of the whole 
line ES. Wherefore the point Tcutteth either of the lines T O and HF. Wherefore thetwolines HIE 
and cT 'O éütting théone theotlier, are in one and ‘the felfe fame’ plaine, by the. 2 of the eleuenth, 


Aid therefore the poyntes H,T,F,O are in one & the felfe fame plaine. W herfórejthe BA fs figure 
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H O'ET being qitadrilater and 'equilater, and in one ànd the felfe fame playne, is a {quare, by the 
diffitition of 2 fquare.And by the fame reafon may the reft of the bafes of the folide be proued to 
be fquates édüalland plaine orfüperficial : Now then the folide is comprehended of6 .equal fquares 
(which aré contained of 12, equal fides) which fquares' make 8:folideangles,of which foureare in the 
centres of the bafes ofthe pyramis;and thé other 4. are iti themidle fections of the fotire perdendicu- 
. lars:Wherfore the foide H Ó F T P G R N;isacube by the 21.diffinition of thecleuenth; and is in- 
{cribed-in the'pyramiis,by the firft definition ofthis boke. Wherforein a trilater equilater pyramis ge- 
ü&njsinfetübeqatübe," "37^ den ee dean ibo. 
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The line which cutteth into two equall partes the oppofite fides of the Pye 
rànits Js triple to tbe fide of the cube inf cribed in the pyramis and paffeth by the 
centre 0 f the cube.tor theline S E V,whofe third part the line S Lis, cutteth the oppofite fides C- 
D and A B into two equll partes ; but the line E I ( whichis drawne from the centre of the cube to the 


bafe is proned to beathird part ofthe line E S: wherefore the fide ofthe cube which is double to the 
line EI fhall bea third part ofthe whole line V S , which is (as hath. bene proued ) double to the line 


ES. 
Tf tec The 19.Probleme T'he 19.Propofition, 
Tn a trilater equilater Pyramis genen to infcribe an Icofabedron. 
| 4 Suppofe 


of Euclides. Elementes, ^ — Fol444e 


— 77] Vppole that the pyramis geuen,be A B GD: euery-one.ofwhole fides let. be diuided into 
d two equall partes 1n. the poyntes P,M,K,L;P;N.And in.euery one of the bafes of that py- 
5 —— — thetriangles E.E.P, P MN,N KE; and E M K: which triangles fhall be e- 
| quilater by the 4.ofthe firit;for.the fides fubtend:equall angles ofthe pyramis, contayned 
vader the halues ofthe fides-of the fame pyramis: wherfore the fides of the faid triangles 
77777 are equall.Letthofe fides be diuided by an extrearne and meane proportion(by the 5o.of 


4 









the fixth)ir the poyntes C;E, Q;E,S,T, H, I, O, V, Y,X. Now then thofe fides are cutte into the felfe, 


fame proportions,by the z .of tlie fo urtéth: and therfore they make the like {ectids,equall, by the z.part 
of the ninth of the fiueth. Now Ifay, thatthe forefayd poyntes doo receaue the.angles of the Icofahe- 
dron infribed in the pyramis AB G D. In the forefayd triangles let there agayne be made other trian- 
gles by coupling the fections,and let thofe triangles baAT- RS, LO H,C E Q, and V.X Y; which fhall be 
equilater: for euery one of their fides doo fubtend equallangles of equilater triangles , and thofe fayd 
equallangles are contayned vnder equall fides (namely, vnder the greater fegment and theleffe ) : and 
theréforethe fides which fubtend thofe "angles are equall by the 4. ofthe firit. Naw let. vsproue th at 
at eché of the forefayd poyrits;as for exampleat T,is fet the folide angle of an Icofahedron:Forafmuch 
as the triangles T RS and T Q O are equilaterand equall,the 4.right lines T R,T'S;T Qand TO thall 
be equall «And forafmuch'as EP N K isa fquarecutting the pyramis A B GD into two equall partes; 
by the corollay of thefecond of this booke; the line T H (hall bein power duple to the line TN or N- 
H by the 47. of the firft. A X 
For thelines TNorNH 
are equall, for that by con 
ftru&ion they are eche 
leffe fegmentes : and the 
lineR T or T S isin pow- 
er duple to the fame line 
TN orNH (by the co- 
rollary of the 15. of this 
booke ) for it fubtendeth 
the angle of the triangle 
contayned vnder the two 
fegmentes. Wherfore the 
lines TH,TS,TR,TQ_, 
aud T O are equall: and 
fo alfo are the lines HS, 
SR,RO,QO, andOH,. 
which fübtend the angles 
at the poynt T,equall, For 
the line QR contayneth 
in is the two lines P- 
Q..and PR the leffe feg- 
mentes , Which two lines 
the line TH alfo contay- 
nediin power. And the / 
reft of'the lines doo fub- 
tend angles ( of equilater 
vias MS vn- , € X d 
er the greater fegment an the lefe. Wherefore the fiuetriangles T 7 
R are equilater and equall making the folide angle ofan — * FE € ie 
_ thirtenth,in the fide P N of the triangle P N M. And by the fame reafon in s ir A fth As 
anglesP NM,N K LEM K;G& LEP(which are inferibed in the bafes ófthe yHihiis) hien oa Satin 
in nüber fhalbefet.rz angles oftheIcofahedró cótained ynder 20.equal & equilatertriangle ES are 12, 
fowetre arefetii the 4.bafes of the, is.namelv.shefe nd ed TREES er langles of which 
veré are feti the 4.Dafes of the pyramis,namely,thefe fower triangles, TRS,H OLCEQ,VXY: 
4.thiangles are vader 4.angles of the pyramis :that is,the fower triangles CIX Y SH E RV, T | O? 
and vndéreuéry one of the fixefides ofthe pyramisare fet two triangles, namely ynder the fi dc f 
the triangles T H Sand T H-O:vnder the fide DB the triangles R QE and R QT : viale efi “Gd BA 
the triangles CO Quand C O I:vnder the fide AB, the triangles EXC and EXY: vnder the fide BG 
—* — E S V Y:and vnder the fide AG the triangles TY H and T Y X. Wherefore the fo. 
lide being contayned ynder 20,equilater and equalltrianglés fhall be an Icofahedron by the 23 .difiniti- 


onof the eleventh: and fhall'be infcribed in the PND OS Ty hit thie GM Ata es ed mae 
j| pyramis A B G:D by the firlt diffi oF ^ 

for all his angles doo at one time touch the bafes ofthe pyramis . onto m ETE : - dei 

ramisgeuen,we haue infcribedan Icofahedron. i , : E quilater py- 
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S T bezo. Propofition. — + _ Thezo. Probleme. 
Ina trilater equilater Pyramis geuen toinJcribe a dodecabedron. 
YYy.ii. Suppofe 


Conſtrution. 


— 


Demonstra- 
tion. 





+ Tohe fiſtentbh Booke » 
1 Vppofe that the pyramis geuen be A B G D , eche of whofe fides lét be eutteinto two e- 
quall partes:and. draw che lines which couple the fe&ions , which being diuided by an 
-extreame and meane proportion , and tight lines being drawne by the feétions, fliall re- 
| ceaue zo.triangles making an Icofahedron , asin the former propofition it was manifeft. 
ES Now then if we take the centres of thofetriangles; we fhall there finde tbe-20: angles of 
- .. "^ «the dodecahedron infcribed init by the s:of thisbooke.And forafmuch:as 4.bafés of the 
forefayd Icofahedré are cócentricall with. the bafes of the pyramis, as it was proued in-the 2.corollary 
_ of the 6.0f this boke: there fhal be’plated 4.angles of the dodecahedré,namely,the 4,angles E;F,H,D,, 
in the 4.centres of the bafes:and of the other 16.angles;!vnder euery one of the ¢, fides ofthe pyramis. 
are fubtended twe:namely,vnder the fide A D,theangles.C K: vnderthe fide B. D theanglesL1: vn- 
derthe fide GD the angles M, N: vnder thefide-A B the angles T, S: ivnder the fide B G.theangles P, 
O:and vnderthe fide.A G the angles R,Q::fo there'reit 4. angles ,- whofe true place we will now;ap-, 
pe uch asa cube contayned in otieand the felfe fa tme phere with à dodecahedron, isin{cri-, 
ed in the fame dodecahedron;as:it was manifelt by thex7.ofthe thirtenth,and8:of this booke:it fol. 
loweth thata cube anda dodecahedron circumfcribed .aboutit., are contayned in} one and, the felfe 
fame bodies, for that their angles concurre in oneand the-felfe fame poyntes.And it was proved inthe 
#8,0f this booke,that 4.angles of thie cube iufcribed in the pyramis are fet inthe middle fe&ions ofthe 
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perpendiculars which are drawne from thefolide angles of the.pyramisto the oppofite bafes : where- 
fore the other 4.angles of the dodecahedron are alfo,as the angles of the cube, fetin thofe middle fec- 
tions ofthe perpendiculars.Nam elyathe angle V is fetin the middett of — AH · the an- 
gle Yin the middeit of the perpendicular B F: the angle Xin the middeſt of the perpendicular G E: and 
lafily theangle D in the middeft of the. perpendicular D which is drawne from the toppe of the py- 
ramisto the oppofite bafe . Wherefore thofe 4.angles of the dodecahedron may be fayd to be direétly | 
vnder the folide angles of the pyramis,or they may be fayd to be fetarthe perpendiculars: Wherefore 
the dodecahedron after this maner {et,is inf{cribed in the pyramis geuen ( by the firít diffinition of this 
booke ) for that vpó euery one ofthe bafes ofthe pyramis are fet an angle of the dodecahedró inícri- 
bed. W herefore in a trilater equilater pyramisisinfcribeda dodecahedron. -© —— 
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T he 21.Probleme. The 21.Propofition. 


i 


In enery one of the regular Solides to infcribe aS phere. 


-- 


of Euclides Elem Fol.4 4.5. 


EN che 13. of dé chirtenth and the other 4. propofitions following, it was declared that 
Ai. the s.regular folides;are fo contayned in a fphere;that right lines drawne from the cen- 
of tre of the {phere or of the folide infcribed , to euery one ofthe angles of the folide in- 
[Z8 Ícribed,are equall . Which right lines therefore make pyramids , whofe toppes are the 
e) centre of the {phere., or of thefolide , and the bafbs are eu&ry one ofthe bafes of thofe 
S. Z7 folides . And forzfmüch'as thofe bafes are in enery folide equall and like the one to the 

other,and defcribed in equall circles: thofe circles fhall cutte the fphere : for the angles 
which touch the circumference of the circle,touch alfo the füperficies of the fphere. Wherefore perpé- 
diculars drawne from the centre of the {phere to the bafes , or to the’playne (UTER EN of the equall 
circles,are equall, by the corollary of the aflumpr of the 16.ofthe tweltth . Wherefore making the cen- 
trethe centre ofthe fphere which contayneth the folide, and thefpace fome one of the equall perpen- 
diculars,defcribe a fphere, and it fhall touch euery one of the bafes of thatfolide : neither fhall the fu- 
perficies of the {phere paffe beyond thofe bafes: when as thofe perpendiculars are the left lines which 
are drawne from the centre to the bafes, by the 3 corollary of the fame aflumpt. Wherefore we haue in 
euery one of the regular bodies infcribed a fphere: which regular bodies are in number onely fiue, by 
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— AE beregular figures infcribed in [pheres , and alfo tbe fpberes circumftris 
bed about them or contayning theni,hane one and the felfe /ame.centre. Namely; 
their pyramids’, the'angles of whofe bafes touch the fuperficies of the {phere , doo from thofe angles 
caufe equall tight lines to be drawne to one and the felfe fame poynt , making the toppes of the pyra- 
mids in the fame poynt : and therefore they make the centres of the fpheres in thé felfe fame toppes- 
whenas tlie right lines drawne from thofeangles to the crooked fuperficies , wherein are fet the an- 
gles of the bàfes of the pyramids;are equall.. n m3 
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Of thefe folides,onely the O&tohedron reccaueth the other folides infcribed one withinan 
other . For the O&ohedron contayneth the Icofahedron infcribed in it : and the fame 
Icofahedron contayneth the Dodecahedron infcribed in the fame Icofahedron: 
and the fame dodecahedron contayneth the cube infcribed in the fame | 
Oétohedron, and'finally the fame cube circumfcribeth the Pyra- 
mis infcribed in the fayd O@ohedron . But this happe- 

n s neth not-in the other folides. __ i^ 


; " y 
x s 
tee à ee * à W í I ' ’ 4 
VR, dsp- * 
- * ^ j Z 
$ ^ 4 ' i = . ie 
oe ; aT sc , $ : b. E Fig 
` 


m e 


v, R 
b bh P : E 


- x 


E Thé ende of the fiuetenth Booke 
— of Euclides Elementes after 


Campane and Flufas. 
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This propofiti- 
on Campane 
hath, & is the 
last alfoin cre 
derof the 15, 
booke with 
bim. 
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The argu- 
ment of the 


16. booke. 
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aN the fornrerfiuetenth booke hath bene taught how. 
~N\\\ to infcribe the file regular {olides one with in an other. 
_ Now femeth to reft,to copare thofe folids fo inferibed , 

Mj one toan other,and to fet forth theit paffions and pro- 
SIE i TAM S. e luxu ERE INLE Ee 
prieties: which thing, F/»ffas confidering, in this fixtéth: 

— A booke added by him, hath excellently well and molt 
sacs Conningly performed . For which vndoubtedly he hath 
AA Ofalthemwhichhauealoueto the Mathematicals,de-. 
AE W _{erued much prayfe and commendacion:both for the 
UN VENCER greattrauailesand paynes (swhich itismoftiikely ) he 
QUU KARI H hathtakenin inneating. fuch ftraunge, andwonderfull 
N JNT IA j,, propofitions with their demontftrations., in his booke 
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— — » , contayned , as alfo.for participating and communica- 

cocaine n ae. . 77 s ting abrodethe fame to others. Which.booke alfo,thar 
the reader. fhould want nothing conducing to the perfe&ion of Euclides Elements: 
Ihaue with fome trauaile tranflated,& for the worthines:thereof haue-added:it,as a 
fixtenth booke to the 1 $.bookes of Euclide. Vouchfafe therefore gentle reader dili- 
gently to read and peyfe it,forán it fhallyou findenotonély matter ftrange and delec- 


table, butalfo occafion of inuention of greater things pertayning to the natures of the 
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A Dodecahedron and a cube. infcribed in it, and a Pyramis infcribed in 
the fame cube are contained in one and the felfe fame Sphere. 


3| Or the angles of the pyramis are fet in the angles of thercube wherein it is infcri- 
bed (by the firff of the fruetenth :and all'theangles of-the cube are fecin the angles 
$i of the dodecahedron circumícribed about it: ( by,the 8.0f the fiuetenth) : Andall 
3: AW, the angles ofthe Dodecahedron, arefetin the Tüperficies of the fphere,by the 17. 
CMS ofthethirtenth. Wherefore thofe-three folides infcribed one within an other,are 
Saky contained in one and the felfe fame fphere,by the firft diffinition of the fiuetenth. 
LAPA A dodecahedron therfore and a cube infcribed in it, and a pyramis infcribed in the 
fame cube,are contained iii oneand the felfe fame fphere . ` 








— 

__. A Corollary; 
T hefe three folides likewife are fet in one and the felfe Jame Icofahedron or 
Ocobedron or E yramis.Forthey are infcribed in one and the fame Icofahedron,by the,5 .11.& 


12.0f the fiuetenth : and they are infcribed in one and the felfe fame Octohedron » by the 4. 6.and 16,0f 
the fame: laftly chey are infcribed in one and the felfe fame pyramis,by the firft,18.and'19.0f the fame. 
For the angles ofall thefe folides are fet in the centres of the bafes of the circumfcribed Icofahedron, 
er octohedron,or pyramis. 4 Lm | 


f The 2. Propofition. | 
be proportion of a Dodecabedroncircum[cribed about a cube to a Dodecae 
= | | bedron 


Elementes of Geometrysadded by.Fluftas. Fol.446. 


ans $m T A uel 2 E Ma to F e^ T Le 
"bedr infcribed in tbe [ame cube yis triple to an extreme «7 meanepropartio, — 
T A. adl T" au : Mt ul val iyi wg i 

AZ u Orafmuch as in the z ;corollary ofthe 15.0f the fiuetenth, it was proued, that the fidé 
M S of a Dodecahedron infcribed in a cubce,is the leffe fegment of the fide.of that cube de- 
Now 24 uided by an.extreme and meane proportion:and the fide of the dodecahedron circum- 
Ícribed about the fame cube,is the greater fegment of the fide of the fame cube(which 
we. thing alfo was taught in the 13.of the fiuetenth)the fide of the Dodecahedron circum- , — 
*) fcribed,fhalbe to thefide ofthe Dodecahedroninfcribed, as the greater fegment of a 
. rightline deuided by.an extreme and meane proportion, 1s to the lefle fegment of the 
fame,which proportion is called an extreme.and meane proportion,by the diffinition,and by the 30.0f 
fixth.But the proportion of like folide prolihedrons,is.triple to the-proportion of the fides of like pro- 
portion,by the corollary of the 17.0fthe twelueth. Wherefore the proportion of the Dodecahedron 
circumfcribed about the cube,is to the dodecahedron infenbedin the fame cube, in triple propertion 
of the fides ioyned together by.an extreme and meane proportion. The proportion therefore of a Do- 
decahedron circumfcribed about a cube to a dodecahedron infcribed in the fame cube, is triple to an 
extreme and meane proportion. =- I Aes ee 
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` The 3.Propofition. ` 


In euery equiangle,and equilater Pentagon, d perpendicular drawne from 
_oneof the angles tothe bafe is deuided by anextreme and meane proporti« 
on by aright line fubtending tbe fame angle... P 
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M 2T STU 
iz Vppofethat A B CDF bean equiangle and equilater 
& pentagon : andfronrone of the angles ramely,from ` 
b y) A, let there be drawne to the bafe C D aperpendicu- 
[E-t- Jar A G:andlettheline B F;fubtend theangleB A E, ^ 
which line B F let the line A D cutinthe poyntI. Then líay: 
that the line B F,cutteth the line A G byan extreme and meane p 
proportion, For forafmuche asthe angles G A Fand GA Bare!:'/ 
equal by thea7;ofthe third, and theangles A B Fand AE B; are! 
| “equal by the-s.of the firft:therefore tlie angles remainirig at the .. 
poynt E,of the triangles A E B arid A E Fare equal:for thátthey:: 
are the refidues of two rightarigles by the corollary ofthe 32.0£:-. 
‘the firit. But the angle E G Cy is by conftructionarightangle: ©. 
~whetfore'the lines B F & C Dare'parallels by the 28.of the firft) <i sr. 
‘Wherefote asthe line DI is to’the line TA, fo istheline:GEto ©) C 
the line EA by the 2,of the fixth But the line DA, is in the poiat.:: : 
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Ideuided by an extreme and meane proportionjby the 8.of thé thirtenth: Wherfore the line G:A isin 
the poynt E,deuided by an extrémie atid meaiié proportion (by the 2.of the fourtenth). Wherfore in e- 


uery equiangle and equilater petitagon,a pérpendicular drawne from one of the angles tothe bafe, is 


t> 


deuided Dy an extreme and medne proportion by a right line fubtending the fame angle. 
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| o Lhelineswhich fubtendeth the angle ofa pentagon,is a parallel to.the fide 
oftte nto the. angle, Asit was manifeltin the lines B Fand CD. En VD 
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Tffrü the angles of the baft ofa * Pyramis be drawne to tbeoppofite fides, | 

e'a" p. us Hp / IY "TI: à "P" aer ^ a - 

night lines cutting the fayd fidesiby an extreme and-meane proportion:they ni A 
© fhallcontaine the bafëofthe Icofabedron infcribed in tbe Pyramis, which ftandaTe- 

"bafe [halbe infcribed in an equilater triangle, whofe angles cut the fides of res oM all 

the bafe of the Pyramis by an extreme and meane proportion. -this booke, 

$ D 


4 AAA]. Suppofe 





(00 gp The fixtenth -BBookeof the... | | 


Ko Vppofe that A B G be the bafe ofa pyramis, in-Which let. be infcribed an equilater triangle 
(XC F K H,which is done by deuiding the fides into two equal partes. And in this triangle let. 
! / there beinfcribed the bafe ofthe Icofahedró infcribed in the pyramis: which is defcribed by 

EA deuidingthefides FK,KH,HF,by an extreme & meane proportió in the poyats C, D, E, by 
the 19.of the fiuetéth;Againe let the fides of the pyramis,namely,A B,B G,and G A be deuided by an 
extreme and meané proportion in the poynts1,M,L,by the 30.of the fixth. And drawe thefe right lines 
A M,B L,G I.Then I fay that thofe lines defcribe the triangle CDE of the Icofahedron. For forafmuch 
as thelines'BG and F H are parallels, by thez.ofthefixth: by the point Dlet the line ODN be drawne 


Confirattion. 





Demonstra- 


Fr arallel to either ofthe lines B G & F H.Wherfore the triangle-HDN fhalbe like to the triangle HKG, 

y the corollary of the 2.ofthe fixth. Wherfore either of thefe lines D N and N H fhall be equal tothe 

line DH, the greaterfegment of the line K HorF H. And:forafmuch as the line F O isa parallel-to the 

line H K,and the line O D to the line F H:theline O D fhall be equal to the wholeline F H in the pa- 
li | fi ! v. e 
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rallelogramme F O D H,by thes4.ofthe 
firft. Whereforeas the wholelineF His ~u 
to the greater fegment F E, fo fhall che 
lines equal to them be, namely, theline 
O D to the line DN,by the 7.0f the fifth. 
W herfore the line O N is deuided by an 
extreme and meane proportion in the . | 
poynt D,by thez.of thefourtenth. But 
the triangles A O D,A FE,and ABM, are 
like the one to the other, and foalfoare , 
the triangles ADN, AEH, and AMG, 
bythe corollary ofthe fecód ofthe fixth: . 
Wherefore as F E isto £ H,fois O D to: 
D N,and B M to M G.Wherfore the line 
A M cutting thelines F H and ON, lyke 
vnto the line B G in the pointes E,D,M, .: 
defcribeth E D the fide of the triangle of 
the Icofahedron EC D, which isdefcri- ` 
bed in the fe€tions E,C,D,by fuppofitio. * 
And by. the fame reafon the lines BLand Lad 0) 4 : . 
G Lthall defcribe the other fides EC and B: i — RU E — — | 
C D ofthe fame triangle.By the point Es A: SAT ome A n a a Ly ee 
let there be drawne to G Ia parallel line P EQ. Now forafmuch as the linesB M and F E are parallels, 
the line A M is in the poynt E,cut like to the linc A B in the poynt F,by the 2.of the fixth. Wherefore 
the line A Eis equal to the line/E M:and.vnto theline E M alfo are equal, either of the lines, G D and 
D I: which are cut like vnto the forfaid lines. Againe forafmuche asin the triangle A DI thelinesDI 
and E.P ate parallels,as theline D I is to the line E P,fo isthe line AD to theline AE : butas theline 
AD is to theliné A E,fo is theline D Gto the line E Q. by thez.of the fixth: wherefore asthelineD I 
is totheline E P,fo isthelineD G to theline EQ :and alternately as the line D Lis to the line DG, fo 
isthe line EP to theline E Q: but thelines Di and IGare equal: wherforealfo thelines EP and EQ. 
are equal:And forafinuchas the line A H isequal vo theline F H,whofe greater fegmét is the ine HN: 
therfore thè whole line A Nis deuided byan extreme and meane proportion in the poynt H, by the 
s.ofthethirrenth: But as the line'A N isto the line A H,{o is theline A D to.the line A E,by thez.6f 
fixth(for the liries FH and ONare parallels: Jand againe as the line A Dis to the line A E, fo-C by the 
fame) is the line A G to theline A Q,and theline Alto theline AP + forthe lines P Q, and GIare 
parallels ; Wherefore the lines A G and A Lare deuided by an extreme and méane proportion in the 
points Q & P: & theline A Q fhalbe thegreater feginét of the line A Gor A B.And forafmuchas the 
whole line A G is to the greater fegment A Q_,as the greater fegment A I is to the refidue A P : the 
Jine A P fhalbe the lefle fegmentof the whole line A B.or A.G.Wherfore. the line’PR E Q^ (which by 
the poynt E paffeth parallelwife to the line. G.I) cutteth the linesA G and B A by an extreme and 
meane proportion in the poynts Q and P-And by the fame reafon the line PR (which by the poyntC, 
affeth parallelwife to the line A M)fhall fall vpon the fe&tions P and R:fo alfo fhal the linc RO (which 
y the poynt D paffeth parallelwife to thé line B L)fall ypon the fedtions R Q. Wherefore either ofthe 
lines P Eand E Q fhalbe equalto the line € D,in the parallelogrammes P D,and Q C, by the 34.0fthe 
firft. And forafmuch as thelines P Eand E Qare equal,thelines P C,C R,R D and D Q fhalbe likewife 
equal: Wherfore.the triangle P- R Q. is equilater;and cuttéth the fides ofthe bafe of the pyramis in the 
poyntes P,Q,R,by an extreme and meane proportion. And in itis infcribed the bafe E C D of the Ico- 
fahedron contáined in the forefayd pyramis: If therefore from theangles of thie bafe of a pyramis,be 
' drawre to the oppofite fides;right lines cutting the fayde fides by an extreme and meane proportion : 
they fhall containe the bafe of the Icofahedron in{cribed in the — ae bafe fhall be infcribed 
X. inan equiláter triangle; whofe ahglescut the fides of the bafe of the pyramis by :an'éxtreme &emeane 
proportion. 4-02 eC iG ee «9 (Ale 3 T 
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Elementes of Geomenry added by Flifias. Fela 
! | «r A Corollary. gcn uum teo 


2 IU. 


The fide of an Icofahedron infcribed in an OGohedron, is the greater 
fegment of the line, which being drawen from the angle of the bafe of the . 


Oééohedron cutteth the oppofite fide by an extreame and meane proportion. 

For,by the 16.0f the fuetenth,F KH ts the bafe of the O&ohedron, which containeth the bafe of theI- 
cofahedron CDE : vnto which triangle F KH, the triangle H K G is equall,as hath bene proued, By the 
. point H draw vnto the line M E a parallel line H T,cutting thelline D'N in thepoint S. Wherefore ES, 
DT,andET,are parallelogrammes : and therefore thelines EH and M T are equall : andthelines EM 
and H T are like cut in the pointes D and S,by the 34,0f the firft. Wherefore the greater fegment of the 
line HT is the line H S,which is equall to ED the fide of the Icofahedron. But(by the z.of the fixth)the 
line T K iscut like to the line H K by the parallel D M.And therefore(by the 2.of the fourtenth) itis di- 
uided by an extreme and meane proportion.But the line TM isequall to theline E H. Wherefore alfo 

the line T'K'1s equall to the line EF or DH . Wherefore the refidues EH and T Gare equall. For the 
whole lines FH and KG are equall. Wherefore KG the fide of the triangle H KG is in the point T diui- 
ded by an‘extreme and meane proportion in the point IT, by the right line H T,and the greater feement 
thereof isthe line ED the fide of the Icofahedron infcribed in the O&tohedron, whofe bafe is the trian- 
gle H KG ( orthe uiangle FKH which is equall to the triangle HKG ) by the 16.of the finetenth, 


qT The s. Propofition. 


T'he fide of a Pyramis diuided by an extreme and meane proportion, mae 
_ keth the leffefegment in power double to the fide of the I cofabedron ine 
feribed init. | 


| | 
i7 Vppofe thatA B G be the bafeofa pyramis : and let the bafe of the Icofahedron inferi- ConSruttion.s 
bedin it;be C D E,defcribed of threerightlines,which being drawen from the angles 
of the bafe A B G cut the oppofite fides byanextreme and meane proportion, by the for- 
[mer Propofition:namely,of thefe three lines A M, B I,and G L. Then I fay, that A Ihe 
«X5 leffe fegment of the fide A G,is in power duple to C Ethe fide of the Icofahedron . For, 
forafmuchas by the former Propofition,it was proued that the triangle C D E. js infcri- 
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bed in an equilater triangle, whofe angles cut the fides of Demonfira- 
ABG the bafe ofthe pyramis by an extreme and meane . tOta 
proportion s let that triangle be F H K, cutting the line A B | A l 


in the point F . Wherefore the leffe fegment FA is equall 

to the fegment AT, by the 2.0f the fouretenth : (for the 

lines A B and AG arecutlike ) . Moreouer thefide FH of 

the triangle FHK is‘in the peut D cutinto two equall 

partes,as in the former Propofition it was proued,and F C- F I 


E D alfo bv the fame isa parallelogramme: Whercfore the | \P 

lines C E and F D are equall;by the 33, of the firft.And for- mL 

afmuch as the line F H fubtendeth the angle B A G of an e- "T H 
quilater triangle, which angle is contained vnder the grea- 

ter fegment A H and the leffe fegment A F : therefore the p 

line FH is in power double to the line A F or to theline AI 

the leffe fegment, by the Corollary ofthe 16. of the fiue- 

tenth . But the fame line F H isin power quadrupleto the | * Ei G 


line CE, by the 4.of the fecond: (for the line F H is double ! 

to theline CE ). Wherefore the line A I being the halfe ofthe {quare of the line F H is in power duple 
to the line C E, to which the line F H was in power quadruple . W herefore the fide A G of the pyramis 
being diuided by an extreme and meane proportion maketh the leſſe fegment A Lin power duple to the 
fide C E of the Icofahedron infcribed init. | 


q A Corollary. 
Vhe fide of an Icofahedron infcribed in a pyramis , is a refiduall line. 


For the diameter of the Sphere which containeth the fiue regular bodies, being rational, isin power fe 
quialtera to the fide of the pyramis,by the 13.0f the thirtenth : and therefore the fide of the pyramisis 
rationall, by the definition : which fide being diuided by an extreme and meane proportion, maketh 

AAA.ij. the 


Construction. 
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theleffe fegmenta refiduall line,by the 6. ofthe thirtenth. Wherefore the fide of the Icofahedron be- 
ing commenfurable to the fame leffe fegment (for the fquare of the fide of the Icofahedron is the halfe 
CAE ug of the faid leffe fegment ) 15 a refiduall line; by that which was added after the 103. of the 
tenthbgoRei* Vv RU 00 702 "UN iilis 


e m _ go Ihe 6.Propofition. 


The fide of a Cube containeth in power halfe the fide of an equilater trian: 
gular Pyramis infcribed in the faid Cube. | 
(e476 Or forafmuch as the fide of the pyramis infcribed in the cube'fubtédeth two fides of the cube 


(9 which containe a right angle,by the 1.0f the fuetenth : itismanifelt, by the 47. of the fir, 
* ais that the fide of the pyramis fubtéding the faid fides, is in power duple to the fide of thecube: 
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q Ihe 7.Propofition. 


T'he fide of a Pyramis is duple to tbe fide of an. O&fobedron inſcri⸗ 
bed in it . > — 3 A | m 


t €- 7 
1 | 
f 


F Oraſm uch as by the 2. ofthe füietenth it was proued,that the fide ofthe Octohedron ia- 
Y d fcribed in a pyramis coupleth the midle fe&tions of the fides of the pyramis. Wherefore 


E 


if Wa bo 9 Y the fides ofthe pyramis and of the O@ohedron are parallels, by the Corollary of the 39. 
E AA y Of the-firit : and theretore,by the Corollary of the 2.of the fixth, they fubtend like trian- 
yof ATO gles . Wherfore (by the 4.of the fixth) the fide ofthe pyramis is double to the fide of the 
S cete 4 Odohedron,namely,in the proportion ofthe fides . The fide therefore of a pyramis is 
duple tothe fide ofan OGtohedron infcribed in it . i — 


a The 2. Propofition. 


T he fide of a Cube is in power duple to the fide of an Ocfobedron infcri« 
bed in tt. ON | 

v EST Was proued in the 5 .ofthe fiuetenth,that the diameter of the O&ohedron infcribed jin the 
AS] [ee cube,coupleth the centres of the oppofite bafes of the cube. Wherefore the {aid diameter is 
f 2:1 iG ¥ equall to the fide of the cube . But the fame is alfo the diameter of the {quare made of the 
Tek | od ades ofthe O&ohedron, namely,is the diameter of the Sphere which containeth it, by the 
14.¢¢ the thirtenth . Wherefore that diameter beingequallto the fide of the cube, isin power double 
to tie fide of that fquare,or to the fide ofthe Octohedron infcribed in it;by the47.of the firft. The fide 
therefore of a Cube, is in power duple to the fide ofan Odtohedron infcribed in it’s which was requi- 
red to be proued. a. | 







q The 9.Propofition. 
` The fide of a Dodecahedron, is the greater fegment of the line which 
^. eontatnethin power balfe the fide ofthe Pyramis inftribed in the fayd 
Dodecahedron. 
53 Vppofe that ofthe Dodecahedron A B G Dthe fide be A B : and let the bafe ofthe cube 


: infcribed in the Dodecahedron be E C F H,by the 8.of the fiuetenth . And let the fide of 
| the pyramis infcribed in'the cube be C H, by the 1.0f the fiuetenth. Wherefore the fame 







2A 7X| AB the fide of the Dodecahedron is the greater fegment of the line which contai- 
~ neth in power halfe the line C H, Which is the fide of the pyramis infcribed in the 
lie | Dodecahedron. 


- 
ere > 


«QE W herefore alfo the {quare of the fide of the cube is the halfe of the fquare of the fide of the © 
pyramis: The fide therefore of a cube containeth in power halfe the fide of an equilater triangular pyra- | 
‘ mis infcribed in the faid cube. nth | 


pyramis is in{cribed in the Dodecahedron,by the ro.of the fiuetenth . Then I fay, that^ 


— 





Elementes of Geometryadded by Flufvas. 


Dodecahedron . For forafmuchas E C the fide ofthe cube be- 
ing diuided by an extrenie and meane proportion maketh the 

greater fegment the line A B, the fide of the Dodecahedron,by the 

firit Corollary ofthe 17.0f the thirtenth : ( For they are conrained- 
in one and the felfe fame Sphere (by the firit of this booke) : and 
theline EC. the fide of the cube coutayneth in power the halfe of 
the fide C H, by the 6.of this booke. Wherefore AB the fide o£ 
the Dodecahedron, is the greater fegment of the line EC, which 

containeth in power the halfe ofthe line C H, which is the fide of 
the Dedecahedron infcribed in the pyramis. The fide therefore 

ofa Dodecahedron, is the greater fegment of the line which con- 

taineth in power halfe the fide ofthe Pyramis infcribed in the faid 

Dodecahedron. i 


Fol.44.8. 


ZA 





y T'he 10. Propofition. 


I Le fide of an I cofahedron ,45 the meane proportionall betwene the fide of 


the Cube circumfcribed about the Icofahedron, and the fide of the Dodes 
cabedron infcribed in the fame Cube. | | | 







al 7l Vppofe that there be a cube À B F D, in which let there be infcribed an Icofahedron C L- 
K NI IGOR, by the 14.0f the fiuetenth. Let alfo the Dodecahedron inícribed in the fame be 
WE. J| EDMNP S, by the 13.of the (ame. Now fofafmuch as CI the fide ofthe Icofahedron 
, {is the greater fegmétof A B the fide ofthe cube circumfcribed about it;by the 3.Corolla- 
3 —— ry of the 14.0fthe fiuetenth:and the fide ED of the 

| — Dodecahedró inícribed in thefame cube is the leffe CE BP L 
fegmét of the fame fide A B'of the cube,by the 2.Corollary of the A denne EE. 
13,0f the fiueténtnh: it followeth that AB the fide ofthecubebe- | hey 
ing diuided by an extreme and. meane Pope REED the : e 
greater fegment C L tlie fideofthe Icofahedron iufcribed in it, — 
and the leffe fegment E D the fide of the Do lecah2dton likewife AA 
infcribedinit.. Wherefore asthe whole line A B the fide ofthe T ¢ VIC 
cube, is to the greater fegment C L the fide of the Icofahedron, | o 
fo is the greater fegment CL the fide of the Icofahedron, to the N | 
Jleffe fegment ED the fide of the Dodecahedron, by the third Ped 

9 E 





definition of the fixth . Wherefore the fide of an Icofahedron, 

is the meane proportionall betwene the fide ofthe cube circum- F | A 
{cribed about the Icofahedron, and the fide of the Dodecahe- = ⸗ 
dron inſcribed in the ſame cube. QiIPR m AS 


q Ihe 11.Propofition, 


T he fide of a Pyramis, is in power + Oodecuple to the fide of the cube ine 
feribed init. | | 


t 


mem Or,by that which was demonftrated in the 18.0f the fiuetenth,the fide of the pyra- 
Moy mis is triple to the diameter of the bafe ofthe cube infcribed in it : and therefore it 
Sree v y Isin power nonecuple to the fame diameter (by the 2o. ofthe fixth ) . But the dia- 
T E. mer 1s in power double to the fide of the cube, bv the 47.ofthe firft. And the dou- 
Td ni | ble of nonecuple maketh Oftodecuple . Wherefore the fide of the pyramis isin 
aes! power Octodecuple to the fide of the cube infcribed in it. - 
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q Ihe 12. Propofition. 


T'he fide of a Pyramis, is in power Ocfodecuple to that right line, whofe 
| JA. greater 
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7 be fixtentb Booke of the 
greater fegment is the fide of the Dodecahedron infcribed in the Pyramis, 


4, », Orafmuch as the Dodecahedron and the cube infcribed init,are fet in one and the felfe 
7s fame pyramis,by the Corollary of the firit of this booke: and the fide of the pyramis cir- 
7¥q cum{cribed about the cube is in power odtodecuple to the fide of the cube infcribed, by 
WY the former Propofition: but the greater fegment of the felfe fame fide of the cube, is the 
| ASCE fide of the Dodecahedron which containeth the cube, by the Corollary of the 17.0f the 
x y thirtenth . Wherfore the fide of the pyramis is in power octodecuple to that right line, 


, . namely,to thefide ofthe cube;whofe greater (egmentis the fide of the Dodecahedron 
iafcribed in the pyramis. | 7 






g The 13. Propofition. 


T he fide of an Icofabedron infcribed in an O&fobedron , is in power duple 
to the lefse [egment of tbe fide of the fame Otfobedron.. 


Z9 Orafmuch as in the 17.ofthe fiuetenth, it was proued, thatthe fide ofan Ycofahedron infcri- 
aac bed in a pyramts, coupleth together the two fe&tions (which are produced by an extremeand 

smeane proportion) of the fideofthe O&ohedron which make a nghtangle : and that righe 
it ACOA angleis contained ynder-theleffe fegmentes of the fides ofthe O&ohedron, and is fubtended 
of the fide ofthe Icofahedron infcribed : it followeth therefore, thatthe fide of the Icofahedron which 
{ubtendeth the right angle, being in power equall to thetwo lines which containe the faid angle,by the 
47.0f the firft,isin power duple to euery one of the leffe fegmétes ofthe fide ofthe OGohedron which 
containe a right angle . Wherefore the fide ofan Icofahedron infcribed in an Octohedron, is in power 
duple to the leffe (egment ofthe fide of the fame Octohedron. i 









g The 14. Propofition. 


J'be fides of the Otfobedron, and.of tbe Cube in[cribed in it, ave in power 
the one to the other + in quadrupla fefquialter proportion. 
EM Vppofe thitA B G DE bean Oftohedron, and let the cube infcribed in itbe FC HI. Then 


I fay, that A Bthe fide of the O@ohedron,isin power quadruple {efquialter to F I the fide of 
thecube . Let there be drawen to B Ethe bafe of the triangle AB E a perpendicular A N:and 


Y e ; ; | 
| x Nur againe let there be drawen to the fame bafe in the triangle GBE the perpendicular GNs 
which AN & GN fhall A 
palle by the centres F 


and I- and the line A E A 





is duple to the line FN, 
by the Corollary ef the 
iz. of the thirtenth. 
Wherfore theline AO 
is duple to theline OE, 
by the 2. of the fixth. 
For the lines FO and 
N Eare parallels . And 
therefore the diameter 
A Gis triple to the line 
FI.Wherforethepow- | 
er of A.G is * noncuple 
to the power of FI.But 
theline AG isin power 
duple to the fide AB, by 
the 14.0f the thirtenth. 
Wherefore the fquare 
ofthe line AB, being 
ing the halfe of the 
fquare of theline A G, 
which is noncuple to 
the fquare of the line 





—. FILisquadruple feíqui- G 


alter ; — 





Elementes of Ceometry;added hy Flufas. Fol. 449. 


alter to tlie {quare‘of tie line F E. The fides thereforeiof the O &ohedron andofthe cube in{éribed in it, 
arein power thé one to the other,in quadruple fefquialter proportion. ; n 

| e The 15. Propofition: * 
T he fide of the Octohedron, is in power quadruple ſeſquialter to that right 
line, whofe greater fegment is the fide of the Dodecahedron infcribed in 
the fame Ocfobedron. . > 


Z@ Orafmuach’as in the 14.0f this booke, it was proued, that the fide of the O&ohedron is in 
power quadruple fefquialter to the fide of the cube infcribed in it : burthe fide of the cube 
XE being cut by an extreme and meane proportion,maketh the greater fegment the fide of the 
(«9€ Dodecahedron circumfcribed about it, by the 3 .Corollary one 13.0f the fiuetenth : there-- 
fore the fide of the Octohedron is in power quadruple fefquialter to that right line (namely;to the fide 
ofthe cube) whofe greater fegment 1s the fide ofthe Dodecahedron infcribed in the cube, But the Do- 
decahedron and the cube infcribed one within an other, are infcribed in oneand the felfe fame -O€to- 
hedron,by the Corollary of the firft of this booke . The fide therefore ofthe O&ohedron, is in power 
quadruple fefquialter to that right line,whofe greater fegment is the fide of the Dodecahedron inferis 
bed in the f£me Odtohedron. ey 






| q The 16. Propofition. 


The fide of an Icofabedron, is the greater fegment of that right line, 
‘whichis in power duple to tbe fade of tbe O&fobedron in[cribed in the fame 
^» . lcofabedron. x 


Ese V ppofe that there be an Icofahedrón A B G DT H EC: whofe fide letbeB G or EC-and 
1» o «S letthe.OGohedron infcribed in itbe A K D L.: and let the fide therof be. A.L.Then I fay, 
Ms 9 that the'fide E Cis the greater ſegment ofthat right line which is in power duple to the 
—* fide A E:. For foraſmuch as figures inſcribed and circumſcribed haue one & the felffame 
UNAN centre, by the Corollary of the21.ofthe fiuetenth, letthe (ame be the pointI. Now right 

77 lines drawen bythat centre to the midle fe€tions of the oppofite fides, namely, the lines 







AID and XLL, do in the point I cut the one the other ini” 
to two equall partes,aud perpendicularly, by the Corolla- 
ry of the 14.0fthe fiuetenth: and forafmuch as they couple . 
the midle feGions of the oppofite lines B Gand HF,ther-. 
fore they cut them perpendicularly : wherefore alfo the 
lines B G and H F,are parallels, by the 4. Corollary ofthe 
14.0f the fiuetenth . Now then draw alinefrom BtoH: °°. 
and the fayd line B H fhall be equall'and parallel to the line 
KL, by the 33.of the firft.But theline BH fubtendethtwo 
fides of the pentagon which is compofed-of the fides of 13 
the Icofahedron,namely ,the fides B Aand A H: Wherfore |. 
the line BH being cut by an extreme-and meane proporti<: \” 
on maketh the greater fegment the fide of the pentagohsby: 
the 8.of thethirtenth :which fide is alfo the fide of the Icd-::’; G: N 
fahedron,namely,E C . And vnto the line B H the lineKLysyog oss 2) 
is equall: and the line K L is in power duple to A L the fide t onion ay 
ofthe O&ohedron,by the 47. ofthe firft: for in the fate anoo Er - (T ta 
AKDL the angle KA L isa rightangle . Wherefore EG the fide ofthe Icofahedron,is the greater feg- 
ment of the line B H or K L,which isin power duple to ÀL the fide'ofthe. OGohedron infcribed in 
the Icofahedron. Wherefore the fide of an Icofahedron,is the greater fegment of chatright line,which 
isin power duple to the fide of the OGtohedron infcribed in thefame Icofahedron, i 
OPM oc gni UA, A M Rosetta. rad m5. 
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_ proportion of an extreame and meane proportion. 
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2A -Orjt was-manifeft by the2-corollary of the23.of the fuetenth ; that thë fideofa cubedinie's 
aU RT, ded by an extreame and meane proportion y; makeéth theleffe fegment5theé.fide ofthe dode- : 
W 5i» cahedron infcribed init: but the whole is to the leffe fegment in duple proportion of that in 
OME which itis to the greater, by the 1o.diffinitió of the fifth. For the whole,the greater fegmét, 
and the lefle,are jines in continual] proportion, by the 3.diffinition of the fixth . Wherefore the whole 
namely the fide ofthe cube, is to the fide of the dodecahedron infcribed in it , namely, to his leffe feg- 
mentin duple proportion of àn extreame and meane ptoportion|, namely; *.of that which the whole 
hath to the greater fegment,by the 2.of thé fourtenthi, ~ © ^"^ 1 ee 
nive nA ——— WAATI Ag DERAT a 3 


g The 18. Propofition. n4 x28 







- oW 1 


- 


| “The fide of a Dodecahedron is to the fide ofa Cube infcribed init; in cone ` 


-. uerfe proportion of an extreame andimeane proportion. 


^ 


SS T wasproued in the3 .corollary of the 13.0fthe fiuetenth, that the fide ofa Dodecahe-- 
&— dron circumfcribed about a Cube,is the greater fegment of the fide of the fame Cube... 
Wherefore the whole fide of the Cube infcribed is to the greater fegmen t, nam ely,- 

U to the fide ofthe dodecahiedron circuimfcribed sin an extreame and meane proportion Li 

"| whereforé by conüerfion,;the greater fegment,that is;the fide oFthe dodécahedron, is 
à A to the whole, namely, to the fide of the Cube infcribed , in the conuerfe proportion of 
an extreame and meane proportion;by the 15.diffinition ofthe fiueth. 
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Yu. q.v ‘ Nc ; m IE y E vlla E: a is s | E J Ji yy 
* ww. 1 ; E a 41 mo” tc^ s V — T M 2, e 
wn Tbe yide of an Offohedronsts. fefquialter tothe fide of a Pyramis infcri- 
bed in it. t Mul 
puce Ot (by thecorollaryofthe 14. ofthe thirtenth ) tlie O&ohedron is cutteinto two 
jk wet HN S quadrilater pyramids;one of whichletbe AB GD F:: andletthecentres of the cir- 
ad RS EEEPIE YW cles which:contayne the 4. bafes ofthe'Octohedron be X, E; I, C . And draw thefe 
UE ! Ý nghtlines KE;ELI C,C KX;and E C .-Wherefore K EI C isa fquare , and one of the 


à n A Wy: bafes of the.eube in{ctibed.in thé OGohedron, by'the 4.of the fiuetenth. And foraf- 


“NS much as the angles ofa cube and of the pyramis infcribed in it,are fet in the centres 
iMd ofthe bafesof che OGtohedron circuimícribed about the cube , by the é-of the fiue- 









tenth : and the fide of the pyrarnis coupleth the oppofire angles: of thé bafe: of the: 
cube , by the 1.of the fiüetenth , itis manifeft thats - cies uir n be iei Penrose ae 
theline;E C 1sthefide ofthe-pyramisinfcribed ini Hi bor o 9 coms 3 oce o iso sili 


the Odtohedron AB GDF. Then ay that GD 't. ceo iobutuee eo oe ons milita 
the fide ofthe Octohedron , is fefquiälter to EC meios D.n si UA Qe BY bee 
the fide of tke pyramis infcribed initi. Fromthe : (icol: uz 
poynt A draw tothe bafes B Gand ED perpendi! Hieu i 
cu'ars A.N and AM «which(bythe corollary o£thé 06; 
12.of the thirtenth hall paffe by thecentresEand i >r ~o 
C.And draw.che.line NM . Now forafmuch,as B=: \B2 
G D Fis a f{quare , by the 14,’of the thirtenth pthe org ¢ OTE 
lines NGand MD hall be parallels and equalli: (0p: 557 
For thelines B'G.and.F D are by the perpendicue ::5 1:7 
Jars cutteinto two equall partes in the poyntes Nv: xv) 41 & fi! 
and M(by the 3.of the third), Wherefore thelifies!; 43,09 727. 
N Mand GD hhall be parallels'and equall , bythé 2.1) ch ac 
33.0fthe firft, And forafmuchasthélinesA:Nands i7 
A M:- which; are the /pérpendiculars of, équall andis:.)..) 














h Ate fre Y w hs 2 aX S 
like triangles re cuta like in the poyntes Band C;:::: AE rartoctfvi- 3 TW UsE3dbioui sd 
the lines E C and N Mafhall be parallels by tliez, 31:1 007-5603 G-or2 ^ 57 «810 orsico nal OGri e 
of the fixth : and therefore by the corollary of the fame, the triangles AEC , and A NM fhall be hike. 


Wherefore as the line A Nis to the line A E, fo is the line N Mato the line E C by the 4.of the fixth.But 
theline A N is fefquialter to the line AÉ’, for the line-A Eis dupleto theline EN, by the corollary of 
the 12:0f the thirtenth : wherefore the lineN Ms orthe line GD whichis equall vnto it , isfefquialter 


S rive eL PE wp os 4 CX St 4 IS IRA I +P. doe if. * CR Ls „i &u- 3. ot. 
co the line E C: Whercfore;G D'thefide of theOGohedron is fefquialter to E C'the fide ofthe pyra- 
mis infcribed in it. AU ados attrita SUE vA a e coctum 
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Elementes of Geometry added by Fluſſas. Foa. 430. 


«Tbe zo. Propófttion. 


si o ns i Ape 1 a N 
If from the power of the diameter of an Icofabedron , be taken a'way tbe 
power tripled of the fide of the cube infcribed in tbe Icofabedron: tbe 
power remayning fhall be fefquitertia to the power of the fide of the Ie. 


colabedron. 


+ 


ha Et there be taken an Icofahedron AB GD: and let two bafes of the cube infcribed init; 


$ HEF fide be EH, and let the diameter of the Icofahedron be B G, and the fide be A B. 

pel th en 1 fay , that if from the power of the diameter G B, be taken away, the power 

tripled of EH the fide ofthe cube:the power remayning, fhall be fefquitertia to the 

power of AB the fide of the Icofahedron . For forafmuchas the centres of infcribed and circum- 

(cribed figures,arein one & the felfe (ame poynt, by the corollary ofthe 21. of the fiuetéth: the diame- 
ters B G and F H fhall in one and the felfe fame poynt -ai 


cutte the one the other into two equall partes: for we A | 
haue before by the fame corollary taught , that the P P 
toppes ofequall and like pyramids doo 1n that poynt - 


concurre,let that poynt be the centre I . Now the an- 

gles of the cube, which are at the poyntes F and H are 

fet at the centres of the bafes of the Icofahedron , by 

the rr.ofthe fiuetenth . Wherefore the line F H hall a 
be perpendicular to both the bafes of the Icofahedró, R 
by the corollary of the affüpt of the 15.0f the twelfth. 

Wherefore the line IB contayneth in power the two 


lines I Hand HB, by the 47. of the firft.Burthe line H- T 
B, isdrawne from thecentre ofthe circie which con- | 
tayneth the bafe ofthe Icofahedron,namely,the angle 


B is placed in the circumference , and the poynt H is 
the centre. Wherefore the wholelineB G.contayneth ` 
in power the whole lines F H and the diameter of the 
circle(namely,the double of the line B H)by the rs\of 
the fiueth . But the diameter which is double to m | 
line H B isin power fefquitertia to thefide of thee. Mi» E 

quilater triangle infcribed in the fame circle,by the corollary of the 12.0f the thirtenth.Forit is in pra; 
portion to the fide,as the fide is to the perpendicular, by the corollary of the 8.of the fixth.And F H the 
diameter ofthe cube, isin power tripleto E H the fide of the fame cube,by the rs.of the thirtenth . If 
therefore from the power of the diameterB G ,be taken away the power tripled of EH the fide of the 
cube infcribed,thatis,the power of the line’ F H: the refidue (namely, the power of the diameter of 
the circle whichis duple to the line HB )thall be fefquitertia to the fide of the triangle in(cribed in thac 
circle: which felfe fide is A B the fide of the Icofahedron.1f therfore from the power of thediameter of 
anIcofahedró,be také away the power tripled ofthe fide of the cube inferibed in the Icofahedron,the 
power remayning (hall be fefquitertia to the power of the fide of the Icofahedron. = o =) 


— R — 





y 


T be diameter of tbe lcofabedron , contaynetb in power two lines „namely, 
the diameter of tbe cube in[cribed ywbich coupleth the centres of the oppofite bas 


fes,and the diameter of the circle which contayneth the bafe of tbe Icofabedron. 


For it was manifeft, that B G the diameter 'contayneth in power theline FH which coupleththe ' 


eeritres,and the double ofthelineB H,that is;the diameter of the circle contayning the bafe wherein 
is the centre H. , - — ae Am i | 


/ 


? 
* 


"S «€T be zi. Propofition,. E 
| The fide of a Dodecahedron isthe lefse fegment.of that right line which 

is in power duple to the fideof tbe O&obedron in[cribed inthe fame Dor 
`- decahedron. : —R p U 


^ 


BBB 1. Let 


^g B ioynedtogetherbe EH K Land L K FC : andletthe diameter ofthe cube be F H andthe- 


Deuonfira- 
tt GH. 


xahedron A Band G D;(by the s.ofthe fiuetenth, & 


7 Pe fixtentb Booke of the 


==] Er ther be taken 2 Dodecahedron A B.G D.C T;one of whofe fides let be A B. And 

let the O&ohedron infcribed in the Dodecahedron be EFL KI : one of whofe 
fides letbe EF. ThenI fay that AB the fide of the Dodecahedron, is theleffe feg- 
ment of a certayne right line(cut : b ge M ; 






| KY 









DA by an extreame and meane pro- : A E B 
NA SNS} portion which is in power T 7 — 
—— 4: toEFthefideofthe Octehedró 


infcribed in the Dodecahedron . Draw the diameters 
ELandFK ofthe Octohedron . Now they couple 
the midle fedtions of the eppofite fides of the dede: | 


3.corollary of the 17. of the thirtéth )& euery one of 
thofe diameters being diuided by an. extreame and 
meane proportion , doo make theleffe fegment , the 
fide of the dodecahedron , by the 4.corollary of the 
fame. Wherefore the fide A Bis the leffe fegment of 
theline FK.But the line F K contayneth in power the 
two equalllines E F & EK, by the 47.of the firft: for 
the angle FEK isarightangle of the fquare FEKL 
of the Ottehedron.Wherfore theline FKisinpow- ` ` 

er duple to the line E F. Wherefore the line A B (the — S L D 
fide of the dodecahedron } is the leffe feement of the | - 





_ dine FK, which is in power dupleto EF the fide of wm D 
. the OGohedron.The fide therefore ofaDodecahedron is the leffe fegment of that rightline , which is 


Con ftruttion. 


i 


in power duple to the fide of the O&ohedron infcribed in the fame Dodecahedron. 


$9 T bez. Propofition. 


T be diameter of an Icofahedron is in power fefquitertia to the fide of the 
Jame Tcofabedron and alfo is in power fe[quialter to tbe fide of the Pyra- 
mis infcribed in the Icofabedron. + — — 4 


£, Or forafmuch as it hath bene proued (by the 20:0f this booke} that if frd che power of 
aS the diameter of the Icofahedré be taken away the triple of the power of the fideofthe . 
5 cube infcribed in it,there fhalbeleft a fquare fefquitertia to the fquare of the fide of the 
(CD) Uy Ww Icofahedron: But the power of the fide ofthe cube tripled,is the diameter of the fame 
SU Puasa cube,by the 15.0f the thirtéch: And the cube, & the pyramis infcribed in it are contai- 
Sens 0 nedin one &thefelf fame fphere, by the firft of chis booke;and in oae & the felf fame 
Icofahedron by the corollary ofthe fame. Wherfore one and the felfe fame diameter of the cube,or of 
thefphere which cótaineth the cube and the pyramis,is in power fefquialter to the fide of the pyramis 
by the 15 .of che thirtenth. NV herfore it followetb, that iffrom the diameter of theIcofahedron, be ta- 
ken away the triple power of the fide of the cubeyor the feíquialter power ofthe fide of the pyramis, 
which are the powers of one and the felfe fame diameter, there fhall be left the fefquitertia powerof 
the fide of the Icofahedron.The diameter therefore of an Icofahedron is in power fefquitertia to the 
fide of the fame Icofahedron,and alfo is in power fefquialter to the fide of the Pyramis infcribed in. 
the Tcofahedron. f | 






he 23. Propofition. 


— T befideof a Dodecabedron is to the fide off an Icofabedron infcribed in 
it as the tjr fegment of tbe perpendicular of tbe Pentagü,is to tbat line 
which ts drawne from the centre to the fide of the Jame pentagon, 


=== Et there be taken a Dodecahedron AB G DES O.Whofe fidelet beA SorS O:and let the 
fH) Icofahedron infcribed init be KL HM N E,whofe fide letbe KL. From the two angles of 
AS the pentagons B A S and F A S ofthe Dodecahedron, namely, from the angles B and F, let 
177 ji there be drawne to the common bafe À S perpendicular lines B C & F C: which thal paffe 
“~~~ by the centres K & L of the fayd pentagons,by the corollary of the ro.of the — Draw 
a. e 






Elementes of Geometry,added hy Flufas.  Fol.45t. 


the lines B Fand R O.Now forafmuche as the | her: 
line R O fubtendeth the angle O FR of the duc T 
entagon of the dodecahedron,it fhall cut che — — 

line F C by an extreme and meane proportion; 
by the 3.ofthis kooke, let ircutitin the poynt 
I. And forafinuche as the line K L is the fide of 
the Icofahedron infcribed in the Dodeeahe« 
dron, it coupleth the cétres of the bafes of the 
dodecahedron : for the angles of the Icofahe- 
dron are fetin the centres of the bafes of the 
dodecahedron, by the 7.of the finetenth. Now 
I fay. that S O, the fide of the dodecahedron is 
to K Lthe fide of the Icofahedron, as the lefle 
fegment I F ofthe perpendicular line C F,is to 
thelineL C which is drawne from the centre 
LtoAS the fide of the pentagon. For foraf- 
much as in the triangle. BCE the two fides 
C Band C F arein thecentresL and K cutlike 
proportionally,the lines BF and K L fhalbe pa- , 
rellels,by the 2:of the fixth. Wherefore the tri- ir ew 

anglesB C F,and K CL thall be equiangle, by g out an? — N— D. 
the corollary of the famie. Whérfore as the line C Listo the lineK L, fois theline C F.to theline B F; 
by the 4.ofthe fixth. But C F maketh the leffe fegment the line LE;by the 3:of thisbooke, and the line Pu - 
B F maketh theleffe fegment the line S O,namely,the fide ofthe Dodecahedron,bythez.corolaryof — ^" ^" - 
the. 13.0f the fiuetenth For theline B.F. which coupleth the angles B and F of the bafes of the dodeca— t 
hedron, is equall to the fide ofthe cube, which contayneth the dodecahedron, (by the.13.0f the 

fiuetenth). Whoerefore as the wholeline C F,is to the whole line B £, fo is theleffe fegment TF to the 

leffe (egment S O (by the z.of the 14) ..But as the line C E;is tothe line BF, fois theline CL 

roued to betothe line K L. Wherefore as theline 1 F isto theline S O, fois theline CL to the 

line KL. Wherefore alternately by the 16.0f the fiueths as thelineI F the leffe fegmeént of the per- 

pendicular of tne pentagon F A §,1s to the line L G which is drawne from the centre of the pentagon, 

to the bafe, fois. the line S O the fide ofthe Dodecahedronto the line KL the fide of the Icofahe- 

dron infcribed init. The fide therfore ofa Dodecahedron is to the fide of an Icofahedron infcribed im 


fn 


it,as the leffe fegment of the perpendicularofthe pentagon, is to that line which is drawne from the 
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centte to-the fide ofthe fame pentagon, ^. `: p 
mato) a 2 etit] 4*4 ^ d 
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Dieses sue The 24. Propofttion. 57 
--\.<proportion:and if-theleffe fegment thereof be taken away from the whole 
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Valfe of tbe fide of an Yeofabedran be derided by an extreme e meani 
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Jide arid ágaine froni the refidue be taken away the third part:that which 
ora emaineth fhall be equal to the fide of the Dodecahedron infcribed in the 
ss fame Leofahedrons 7 "PLESUI. | 
fpe wins s Aat rd | ] 
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t) Usu ogcol ar 
Lhe mo MT s PIMLDCE TA SITE xo Def "c UP 
A Vppofethat ABGDE,bez.;... . 
ML pentagon, containing fiue- - 
ifides of theIcofahedronby p 
the 16.of the thirtenth, and 
Mee ee X let it be infcribed in a circle, 
whofe centre let be tlie point E. And vpon...: 
the fides of the pentagon, let there be rea- 
red vp triangles, making a folide angle of 
the Icofahedron at the poynt I,by the 16. 
of the thirtenth. And in the circle ABD, 
infcribe an equilater triangle A H K.From 
the centre E draweto H K thefide of the 
triangle, and G D the fide of the. penta- H 
gon,a perpendicular line, which letbe E- 
CNM. Anddraw thefe rightlines EG,. 
ED,I GandID.And deuidethelineB G ` 
into two equal parts in the poynt T. And» N 
DB.i. draw r[ M 


Confirutliion. 
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drawe thefe linesT NI "La N,E T. And Mosel Re Oo 039.2 
forafmucheas in the perpendiculars I T DOD PAU HT Teese Cs Mma 
& INare the centresof the circles which sow nost sco a a —— — 
containe the equilater triangles IBG, & eo HNN Jel 

1 G D,by the corollarye of the firft ofthe jj^ ? ot te sedi vni 
thirde. Let thofe centres be the points. unu id ox s DNO ERA TT 
S and O.And draw theline S O. Denide 

theline T B the half of BG the fide ofthe 

Icofahedron by an extreme and meane 

proportion in. the poynt R, by. the.3o.of 7 

the fixth, and let the lefle fegment therof : . b 
beRB.Andforafinuch as theline SO cou | 2 
pleth the centresofthetrianglesIB G,& |. | . 15 
"1G D,itis by the 5.of the fiuetenth, the. | nga 
fideof the Dodecahedré infcribed in the * 

Icoſahedron, whoſe ſide is the line BG. ael 
From the fide BG takeaway B R the leffe f 


fegmentof the halfe fide. And from the H 
refidue G R takeaway the tliird part G V ^ 
(by the 9.0f the fixth.)Then 1 fay chat che 
refidue R V is equal to S O the fide of the 
Dodecahedron infcribed. For forafthuch 
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G deuwided by. an* éxtrerne and méane o iisi.. mic. bei 


proportion, by the corollary ofthe firft ofthe fourtenth and the preatét feginenttfiéroFis theline EC, 
and voto theline EC the line C M is equal; by the corollary of thé 12:0f thé tliirterith Whérefore the 
line E C is to théline C Ny as theline-C^M'is to the fame line C- N; by the 7; óf the fiueth; 
But as thé lirie EC is to theline.C NN ; fó i$ thé vholelihe E N; £o the greater fegment E- 
C,by thé s:diffihition of the fixth. Wherefore ( by the 11: of the fiueth) ,'asthe whole line EN i$ 





to the gretter fegment EC fo is tfie liie CM tothelirié CN. Wherefore the linéC M,is denided byan ` 


exetéttieard meatré proportion in the poynt Nj timely, is déuidedliké vrito theline EN by thé 2. of 
tha fourtérith; Wherfore theline EM excedeth the line EN by rheleffe fegment of his halfe;natnely, 
by MN. And forafmucheas E G Dis the triangle of-an equilater and equiangle pentagott A B GDF, 
aid E T-N islikewifeche triangle of the like péentagorin{cribed in thé pentagon AB GD F: Theréfore 
by the2o.of the fixth, the triangle E T Nis like to the triangle GD. Wherefore as thé line E Gis 
to the lineE N,fo by the 4.of the fixth,is theline G D to the line N T. Wherefore the lineG D (or BG 
which is equal ynto it)excedeth the line N' T by the leffe fegment of the halfe of B G. For the line EG 
didin like {ort excede theline E N.But thatleffe fegmentis thë line B R. Whercfore the refidue R G is 
equal ro the line T N. And forafmuch as TB G is an equilater triangle:the perpendicular ST fhalbe the 
halfe of the lihe SI which is drawnefrom the céritre,by the corollary of the. i2.0f the thitterth: wher- 


fore the line IT excedeth the line I § by his chird.part.And forafmucheasthe line SO which coupleth 


the fections,is a paralfel to the line T N by the 2.0f the fixth . For the equal perpendiculars I T;and IN 
àre cut likein die poyrits S & O: therfore the tridngles 1 T N81 ©, ate like by the corollàtyof the 


fécond of thefixth.W herfore as the liie I T isto che lineT.S, fo by the 4,0f the fixth is theline T N to 


' theliae S O. Buttheline fT excedethithe inel S by third 5 : Wherforetheline T-N,excedeth the 


line $ O bya third part: but the line T N is proved equal to the line R G:Wherforé the lide R'G exce- 
deth the line S O bya third part of himfelf,which is G V.Wherfore the refidue R V,is equal to the line 
S O,which is the fide of the dodecahedron infcribed in the Icofahedron, whofe fide is the line B G. If 
therfore halfe of the fide ofan Icofahedré,be deuided by an extreme & meane proportion:andif the 
leffe fegment therof be taken away from the whole fide,andayaine from the refdire be také away the 
ey oe :that which remaineth dhall be equal to the fide of the dodecahedron inferibed in the fame 
Icofahedron. | : ar — vi pobe i T M EA PS 
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Thez 5. Propo amm RI Se 
| To Prout that a cube genen 15 toa trilater eqnilater prami sinferi bed init; 
tripe. at a imd HA: esa Ir poa t tl a 


e 
f 


" T oie that the cube geuen,beA BCH : and let the pyratnis infcribed in it be AG DF, 

AYA, Then I fay that the cube A B C H is triple to the pyramis A G DE. . For forafmuche’ 25 the 

"TA QS V j bafe A F Dis commonto the pyramis AFD Band A F DG, the pytamis A F D B fhalbe fèt 

fj without the pyramis A F D G. Likewife the relt of the bafes of thé inferibed pyramis are 

common to the reft of the pyramidsfette without : which até'thefe : ché pyratuis A G DD C vppon 
— X _— the 
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Elementes of Geometry added by Plufas. Fol. 452, 


dié bafe A G D:the pyrainis A G FE vpot the báfeA GES ^ | 
arid the pyramis G D F Ħ vpon thebafe G DF; /Whichpy- .. os D #8 
ramids taken without;are foure in number, equal and ke "cil 57 NS oun 
ché one to the other,by thé 8.diffinitiori oftheeleucth. For — 
 eüery one of them is contained vnder thre halfe {quares of 
the Cube, and one of the bafes of the pyrarüis'inferibed. — 
Wherfore euery one of théis cétained yndér the halfe bafe 
of the cube, & the altitudeof the cube.As the pyramis A E- a 
G F,hath to his bafe halfe of the {quare E H,nainely, the tri- 
angle E G F,& hath to his altitude, the altitude of the cube, 
namely,theline A E. Wherfore the fayd pyramisis the fixth 
‘part of the cube. For if the cube be deuided into two prif- 
mes,by the plaine C B F G,the prifme ACBGEF,flialbe tri- 
ple to the pyramis AEGF,hauing one & the felfe fame bafe 
with it EGF,and one and the felfe fame altitude E A,by the 
firt corollary of the 7.of the twelueth. Wherefore the fayd 
outward pyramis AEGF is the fixth part of the whole cube. 
Wherfore alfo the fame pyramis together wyth the other 
thre outwarde pyramids AFD B,A G D C,and GDFH, thal 
containe two third partes of the cube. Wherfore the refi- 
due,namely,the pyramis infcribed A GDF, fhal contain one 
third part of the’cube. ‘Arid therefore conuerfedly the cube 
fhall be triple to it: wherefore we haue proued thata cube 
geué triple to a trilater & equilater pyramis infcribed init. 


| | . : e UTE re - 
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T'o proue that a trilater equilater yramis is duple to an O&fobedron ins 
foribed in it. dese ee A . | 


™~ 





j Et chere be taken a trilater Pyramis AB C D : whofe fixe fides let be cutinto two e- 
Qi quallpartes, in the pointes E,K;F,L,G;and H : infcribing thereby an O&ohedron in 
“S the pyramis; by che.2.ofthe,fiuetenth . Wherefore ithe pyramids A E G H;B E FK, 
É: NIC FG L, & DKHE, fall without the OGohedron in{cribed, by the fame fecond ofthe 

$ d We WZ fiuetenth . But the outward Pyramids ( —— AEG H,and the three othérjare like 
y= = AS vnto the wore pu by je Mr of the A the bafes of the whole : 

b= ramis are by parallellines drawenin them cutinto like triangles,b ' 

the 2.of the frich, ofwhieh: the forefayd pyte o — db si pasien i 


P 





mids arë made —— d^ m uw mit d 


isto euery oné of thém in tteble proportion o£ ^'— 
chat in Which ‘thé fides of like proportionre; - 
by the 8.ofthe twelfth: Bue by confiru&ion thé - 
proportion of die fide À B to thé fide AE is: 
duple . Wherefore the whole pyramis AB C D 
is oGtuple to the pyramis AE G H,aiid fois it to. 
eiiety one of the pyramids which-aré equal. 
to AEG H. For duple proportion multiplyed © 
into itfelfe twife makéth oftuplé.-Wheréfore it: 
follóweth thárthé 4.pyramids A E GH,B EF K,- 
CEG Lind D KH Ljraken together, maké the - 
hilfe o£ thé Whole pyramis ABCD . Whété- 
fore thé refidde, namely, the O&ohedron E G- 
LKHE, isthe other half of thé pyramis. Wher- 
fore the pytamis isduple to the OGohedron. 
Whereford we haue proued that a trilacér e- Am 
juilater pyramis is duplé to an Octohedron in⸗ m (at 





cribed in it. — 


s. TE — s Tbezr. Propofition. Mj 
| "F'oprote tbát a Cubeis fextuple to an O£fobedron infcribed in it, — 
DBB.ij. Let 


{ 


Demonffra- 
tion. 


Me ſixtenth Boohe the 


ac Ecchere be taken aciibe ABCD, EFG H:: whole 4. ftandinglines AE,BF,CH,&DG, 
3] let be cat into two equall partes inthe pointes 1,K,M,L :andby thofepointesletthere be 
extended aplaine KL MI : which fhall be a-{quare, and parallel to the iquares BC & FH, 
CJ Gase 2 by the r5.0fthe eleuenth . Wherefore init fhall be the bafe which is common to the two. 
$ pyramids of the O@ohedron infcribed in the cube, by that which was demontftrated in the 
third of the fiuetenth . Let that bafe beN P RQ, coupling .. "dst A v 
the centres of the bafes of the cube : and vpon'that bafeler, ©. —— 
be ſet the two pyramids of the Octohedron, which let be 
NPQRS, 2 NPQRT . And forafmuch as thofe two. y ^. 
pyramids taken together, haue their altitude equalbwith-.. 6 of td 
the altitude of the whole cube, ech of thema parthathto,-. i 
his alttiude halfe the altitude of the cube,namely, halfe of 
the fide ofthe cube,as theline K B. And forafmuchas the _ 
íquare K/L M I'is double to the {quare NR QP, by theiaz.. > 
of the fitit: the other fquares ofthe cube fhallalfobedou- |... 
ble to thefquare NR QP. And forafmuch asthe cube, as - 
it Was manifelt by the lait ofthe fiuetenth, is refolued into.» - 
fixe pyramids, whofe bafes àre the bafes ofthe cube,8ethe .— 4 
altitudes chelines drawen fro the centre to the bafes,which 
are equall to halfe the fide of the cube ¢ it followeth thate- © 
uery one of the fixe pyramids of the cube, hauing hisbafe; . 
double to the bafe of eche of the pyramids of the O€tghe-:,. 
dron, aud the felfe fame altitude that the {aid pyrantids of... & | 
the Octohedré haue,is double to either of the pyramids of »/-::24 :< | 
the octohedré, by the 6.of the twelfth . And forafmuch as / 
every one of the pyramids of the cube is equall to the two 
pyramids of the OGohedron,the fixe pyramids of thecube . 
thal] be fextuple to the whole Octohedron . Whereforeit:^ - 
is manc sthata cube is fextuple to an Octohedron infcri- 
bedinit. : - - M s — 05 
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Sou] Vppofe that the Octohedron geuen be AB CD EF : andlet.the cube inferibed in ic be 
GHIK,V QRS. Then | fay, thatthe O@ohedron is quadruple fefquialterto the cube. 
M X infcribed init. Forafmuch asthe lines drawen from the centre ofthe Octohedron;or of © 
OS the Sphere which containeth it, vnto the centres of the. bafes of the Octohedron, ate pro- 
4 M Jued equall, by the 21.ofthe fiuetenth : and the angles of the cubearefetin the centres 
of thofe bafes, by the 4. of the fiuetenth : itfolloweth, thatthefelfe fame rightlines are 
drawen from one and the felfe fame centre ofthe cube and ofthe .O&ohedron: for they haue eche one 
andthe felfe fame centre, by the Corollary ofthe 21. 0f thefiuetenth . Let that centre. be thé point 





-T . Wherefore the bafe B D F which cutteth the O@ohedron into two equalland quadrilater pyra- 


mids, by the Corollary of the 14: of the thirtenth, fhallalfo cut the.cube into two equally artes , by 
the Corollary fof the 39.0fthe eleuenth . For it paffeth by the centre T sby that which was | lemonftra- 
ted inthe 14.ofthe thirtenth .. And forafmuch as the bafe of the cube is in the 4. centres G.H,LK, of 
the bafes ofthe pyramis ABD F C, a plaine L N O M, extended by thofe pointes, fall. be parallel to 
the plaine B DF C, by that which was demonttrated in the 4.0f the fiuetenth, and fhall cut the pyta 
mis in the pointes L,N,O,M : and thelines LN, B D; and N.O;DE, fhall be parallels; fo alfo fh all the 
lines OM,FC;andLM;BC : ánd the fquare G HI K ofthe cube íhallbe infcribed in the fquare 
LN O M,by the fame . Wherefore the fquare LN O M is duple to. the fquare, G-H IK, bythe 47. 
of the firft From the folide angle A, let there be drawen to the plainefuperficies BD F.C, a perpen- 
dicular, which let fall vppon ‘it in the point T, and letthe fame perpendicular be AT, cutting the 
plaine LN OM inthe point P. Anditfliallalfo bea perpendicular to the plaine LN OM, by the 
Corollary of the 14. of the eleuenth . Againe from the angle B AD of the triangle ADB, let there 
be drawen by the centre H of the triangle, tothe bafe aline AHX. Wherefore the line A X is fef 
quialter to the line AH, by the Corollary ofthe 12. of the thirtenth . Wherefore the line A His 
UND to the line HX . But the other lines AB, AD, AT, AC; and the perpendicular AP T, are 
cutlike vnto the-line A HX, by the 17, of the elesenth : Wherefore.the line AP is double to the 
line P T . Wherefore the line A P. isthe altitude of die cube; forthe- line P T is. the halfe. ae 


- Elementes of Geometry,addedby Flufas. Fol. 


And forafmuch as vpon the bafe 
G HIK ofthe cube,and ynder the 


| A 
altitude A P of the jfame cube, is AN 
{et the pyramis AG H I K: the faid i 
pyramis is the third pare of the 
cube,by the Corollary of the 7.of igh 
the twelfth . But vnto the pyramis 
AGHIkthe pyramisALNOM i G m 


is duple, by the 6. of the twelfth, 
for the bafe of the one is double to 


the bafe of theother . Wherefore | 7i 
the pyramis ALN O Mistwo third 








— ! 
partes of the cube. And foraſmuchg VER RN F a CN 
asthe pyramids A LN O M, and E ny EN p F 
ABDE Carelike, by the 7 defi- bet e eal 
nition of the aa : — ad LES i —* 
they are in triple proportion o 
ec which the fides ir like pro- —— 
portion AH to AX,or AL to AB, 
ate, by the Corollary of the 8. of 
the twelfth . But the fide AB is 
proued to be fefquialter to the fide 
AL. Wherefore the pyramis A- 
B C D Fisto the pyramis ALN- 
O M, as 27. i$ to 8. ( that is; in fef- ~ ' 
uale: proportion tripled : for E 
the quantitie or denomination of 
fefquialter proportion , namely, hv» ts i 
J — multiplied into it felfe once maketh 2—,which againe multiplyed by 7— maketh j=, 
thatis, 27.to 8.) . But of what partes the pyramis ALNOM containeth 8,ofthe fame the ‘cube con- > 
taineth 12 : namely, is fefquialter to the pyramis. Wherefore of what partes the cube containeth 12,0f 
the fame the whole Octohedron (which is double ro the pyramis -A BD FC ) conraineth 54. Which 
54. hath to 12.quadruple fefquialter proportion . Wherefore the whole Octohedronis to theicube in- 
fcribed in it, in quadruple fefquialter proportion . Wherefore we hauc proued thatan O&tohedron ge- 









uen is quadruple fefquialter to a cube infcribed in it. 


^ 


e 


-qA Corollary. s hamai i 


"An O&obedron is to a cube infcribed in it, in that proportion that the fquares 
of thetr. fides 47 €.For by the 14.0f this booke, the fide of die Octohedron Is in powerquadruple 
fefquialter to the fide of the cube infcribed in it. ! A EM 


* 


_ f The 29. Propofition. 


T'o proue tbat an otfobedro geu£ jis *tres X, 2005 *Tlatísas 
decuple fe[quialter to a trilater equilas | 13» 7 303, 
ter pyramis infcribed in it. | 


7 fes Et the oftohedron geuen, be AB: in which let 
A E W there be infcribed.a cube FCED, by the 4.of the 






NV af MESS 2 


] MISSAS fiuetenth, and in the cube let there beinfcribed 
| a pyramis FEGD,by the rof thefiueteuth, And 
forafmuche as theangles of the pyramis are (by 
the fame firft of the fiuetenth) fet in the angles of the cube: 
and the angles of the cube are fet in the centres of the bafes 
of the O&ohedron, namely,ia the poyntes F,E,C,D,G by 
the 4.of the fiuetenth. Wherfore the angles of the pyramis, 
are fer in the centres F,C,E,D of the otohedron. Where- 
fore the pyramis FED G is infcribed in the octohedron 
(by thes.of the fiuetenth.) And forafnuche as the oftohe- 


dron 





~ 





Denonflra- 


1103e 


epii The fixtenth Booke ofi the 


dron A Bis to the cube FC ED, infcribed in itquadruple (Pe 

fefquialter ( by the former propofitió):and the cube CDEF — 
isto the pyramis F ED G inſcribed in it triple, by the 25.0f 
booke: whereſore three magnitudes being geuen,namely, 
theoctohedron, the cube and thepyramis, the proportion 
of the extremes(namely,of theoctohedron to the piramis) 
is made of the proportions of the meanes, (namely, of the 
odtohedron to she cube, and of the cube to the pyramis, )as 
itis eafie to fee by the declaration vpon the 1o.diffinition of 
the fiueth. Now then multiplying the quantities or denomi 
nations of the proportions (namely, of the o&ohedron «o 
the cube which is4 —— , and of the cube to thepyramis, 


which is 3)as was taught in the diffinition of the fixth,there 
fhalbe produced 15 — ,namely,the proportion of the octo 
hedron to the pyramis infzribed in it,For 4 — smultiplyed 
by 3.produce 13 — . Wherefore the O&ohedron isto the... | 
pyramis infcribed in itin tredecuple fefquialter proportion. ~~" fas es 
Wherefore we haue proued thatan Octohedron is to a tri- | DEL '-. 
later equilater pyramis infcribed in it, in tredecuplefefqui- 

giter proportion. e C 
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| — o T be so. Propofition. 
J'o proue tbat a trilater equilater Dyramis ,15 noncupleto acube infcribed 
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Xppats that the pyeamis geuen; be A BC D, whole two bafeslet beA B C, and DB C, 
andJettheircentresbetbe.poynts G and L.And from the angle A draw vtito the bafe B- 
‘Ca perpendicular AE : likewife from cheahgle D draw vnto the fame bafe B C, a per- 
pendicular DE:and they fhal concurre in the fection E by the 3.of the third and im them 
fhalbe the cétres G and I, by the corollary of the firft of the third.And forafmuch as the 
line A D isthe fide of the pyramis,the fame A D fhall be the diameter ofthe bafe of the 
cube which cótaineth thepyramis,by the r.ofthe fuetéth. J | 
Draw the line G I. And forafmuch as the line GI coupleth 
the centres of the bafes of the pyramis:thefaideline G1 > 
{halbe the diameter ofthe bafe ofthe cubéinftribedinthe i ~ `- 
pyramis by the.18.ofthe Guetenth.. Andforafinucheasthe: -i 
line A G'is double to theline G E, by the corollarye of the, 
twelueth of the thirtenth :the whole line A E fhal be triple " 
totheline G E : and fo isalfo the line DE to the line I E. . 
Wherefore the lines A Dand G I are parallels; by thez.of^ i 
the fixth. And therefore the triangles AED,ahd GEI are | 
hike, by the corollary ofthe fame.And forafmuch as the tri-- 
angies A ED,and GE Lare like,the line ADdhalbetriple to « — — 
the line GI, by the 4.ofthe fixth.Buttheline ADisthedia- B » 
meter of the bafe of the cube circumfcribed' aboutthe py- * ` P i 
ramis å BC D5ánd the line GI is thediameter ofthe bafe ofthe cubeinferibed in the pyramis ABCD: 
but the diameters of the bafes are equemultiplices to the fides(namely, are in power duple). Wherfore 
the fide ofthe cube circumfcribed about the pyramis ABCD, is triple to the fide of the cube, in{cribed 
in the fame piramis,by the 1y.of the fiueth /but like cubés are in triple proportion the oneto the other 
of that in which their fides are, by the 33 .ofthe eleuenth:and the fides are in triple proportion the one 
to the other: Wherfore triple taken thre times bringeth forth twenty féuencuple;which is 27.to r:for 
the 4,termes 27.9.3 .1;being fet intriple proportion : the proportioiref the firft to the fourth namely,of 
27.to r.fhalbe triple to the proportion of the firlt'to the fecond; namely,of27.to 9 by the ro. diffinition 
of the fiuech: which proportion of 2}.to 1.is- the’ proportié of the fides tripled which proportió alfo is 
found in like folides. Wherefore of what partes tlie cube circuinfcribed containeth 27;6f the fame,the 
cube infcribed containeth one : burof whatipartes the cube circuinfcribed;containeth 27.0f the fame, 
the pyramis infcribed in it,containeth 9.by the2§.of this booke: wherfore of what partes thé pyramis 
2i 
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A 8 CD containeth s.ofthe fame, the cube in{eribed in the pyramis, containeth one. ‘Wherefore we 
haue proved that a trilater and equilater pyramis,is nonecuple to a cubeinfcribed in l'UE d 
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Elementes of Geometry added by Flufas. Fol. 454. 
t ecd yThe 31. Propoſition. — Lor 


An Occohedron hath to an Icoſohedron inſcribed init, that proportion, 
which two bafes of the OolLedron baue to fiue bafes of tbe Icofabedron. 


z iSc that the octohedron geuen be A B C.D;and let the Icofahedron infcribed in it,be F- 





set GHMKLIO. Then I fay that the oftohedron is to the Icofahedron, as two bafes of the 
ww o&ohedron;are to fiue bafes of the Icofahedron.For forafmuche as the folide ofthe octohe- 
i Al dron confifleth of eight pyramids,fet vpon the bafes ofthe octohedron;and hauing to theyr 
altitude a perpendicnlar line drawne from the centreto the bafe: let that perpendicular be E R, or E S, 
being drawne from thecentre E (which centreis common to either of the folides, by the corollary of 
the 21.0f the fiuetenth)to the centres of the bafes,namely, to the poynres Rand $3, Wherefore for thae 
thre pyramids are equal and like,they fhalbe equal to a prifme fet vpon the felfe fame bafe, and vnder 
_ the felfe fame altitude,by the corollary of the feuenth of the rwelueth. But vnto this prifme is double 


that prifme which is fet vpon the felf fame bafe,and hath his altitude duple, namely,the whole line RS | 


by the corollary ofthe 25.of the eleuenth:forit is equal to the two equaland like prifmes whereofitis 
compofed. Wh herfore the prifine fet vpó the bafe of the oftohedron,and hauing to his altitude the line 
RS is equal to fix pyramids,fet vpon fix bafes of the Octohedron, and hauingto their altitude the line 
E R. So there remaine two pyramids (for in the o&ohedron are 8.bafes) which fhall beequalto the 
prifme which is fet vpon the third part of the bafe of the o&tohedron;and vnder thealtitude RS. For 
prifínes vnder one and the felfe fame altitude;are in proportion the one to the other,as are their bafes, 
by the corollary of the 7 of the w C a F m. 
twelueth . Wherefore therwo § ^" ' o) 
prifmes which are fet vppon the | 
bafe of the oftohedron, and vp-- 

ona third part therof, and "mis 

the altitude R S, are equal tothe 

8. pyramids of the.O¢tohedron, 

orto the whole folide of the oc- 

tohedron. And forafinuch as the 

Iccfahedron infcribed in the oc- 

tohedron, hathe his bafes fetin 

- the bafesofthe Octohedron, by 

the :7.0fthe finetenth: it follow- B 

eth that the pyramids fet vppon 

the bafes of the Icofahedron, & 

hauing to their toppes one and 

the felfe fame centre E, are con- 

tained vnder the felfe fame alti- 

tude, that the pyramids of the 

octohedron are cétained ,vnder. 

‘ namely,vnder the line ER,orES. 

And therefore a prifme, fet vpon 

the bafe ofthe Icofahedron, and 

hauing his altitude doubleto the 

altitude of the pyramis, namely, S 

the whole line R S, 1s equal to — Z 
fixe pyramids fet vpon the bafe ofthe Icofahedron, and vnder the altitude ER or ES, às we haue pro-' 
ued in the octohedron. Wherfore the 20.pyramids,fet vpon the 20.bafes of the Icofahedron, are equal 
to thre prifmes fet vpon the bafe ofthe Icofahedron,and vnder the altitude R S, and moreouerto an o-- 
cher prifme fet vppon athirde part of the bafe of the Icofahedron and vnder the fame altitude R S, 
which prifme 1s a. thirde part.of the former prifme,by the corollarye of the 7.ofithe twelueth : ‘for 
their proportion isas the proportion of the bafes. Wherfore two prifmes fet vpon the bafe ofthe octo- 
hedron,and a third part therof,and ynder the altitude R S,is to 4.prifmes fet vpon three bafes of the I-- 
cofahedron and a third part thereof,and ynder the fame altitude R S, in the (ame proportion that the 


omm i aO 7A ÉL LT, "n e jit te | ! 
bafes are,that is,as 4.third partes of the bafe of the Odtodron (which are equal to one bafe, and —) 
- . *54 2 to ak " a E i a < Y 3 
co ten third partes ofthe bafe ofthe Icofahedron (which are equal to thre bafes & + Jor as two third 


partes of thé bafe of the O&oliedron, are to fiue thirde partes of the bafe of the Icofihedron. But. 
two thirde partes of the bafe of the Octohedron, are to fiue thirde partes of the bafe of the Icoa- 
hedron, as two bafes are to fiue bafes(by the 15.of the fifth, for they are partes of equemultiplices:) 





And two prifmes of the O@ohedron are.to-4.prifmes of the Icofahedron , as the folide of the - 


Odctohedron is to the folide of the Icofahedron, when as eche are equal to eche of the folides : 
Wherefore, (by.the 1 t.ofthe fiueth) the folide of the O&ohedron, is to the folide of the Icofahedron 
infcribed in it, as two bafes of the Odtohedron, are to fiue bafes of the Icofahedron. An Oc- 

" CCCI. tohedron, 
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tohedron therfore is tóan Icofahedron infcribed in it, in that proportion, that two bafes of the Oĝo- 
hedron;are to fiue bafes ofthe Icofahedron. ro | 


q Lhe 32.Propofition. - 
T' be proportio of the folide of an Icofabedron to the folide of a Dodecahes 
dron infcribed in it , confifteth of the proportion of the fide of the I cofahee 
dron to the fide of the Cube contayned in the fame {phere , and of the proe 
portion tripled of the diameter to the line which conpleth the centers of 
the oppofite bafes of tbe Icofabedron. — * 


t 





| Vppofe that there be 2 Dodecahedron,whofe diameter let be HI, and let the Icofahe- 
dron contained in the fame {phere be'A B G C, whofe dimetient let be A C.And let the 
right line which coupleth the centres of the oppofite bafes be B G . And let the dodeca- 
S LJ] hedron infcribed in the Icofahedron be that which is fet vpon the diameter B G, by the 
SAX] f. of the fiuetenth . Ándler the fide ofthe cube be D E,and let the fide of the Icofihe- 

dron be D F,both the fayd folides being defcribed inoneand the felfe fame fphere. Thé 
I fay that the proportion of the folide ofthe Icofahedron ABC G to the folide of the dodecahedron 
fet vpon the ctr B G , infcribed in it, confitteth ofthe proportion ofthe line D Ftotheline DE, 
and of the proportion tripled of the line A C to theline B G.. For forafmuch as the folide of the Icofa- 
hedron A BG Cis to the folide of the dodecahedron HI, being contayned in one and the felfe fame 


{phere ,as DFistoDE, 
A 






$ 


by the 8.ofthe fourtenth 
But the dodecahedron 
whofediameteris H I,is 
to the dodecahedron 
whofe diameris B G,in 
treble proportié of that 
in which the diameter 
HI is tothe diameterB- 
G , by the corollary of 
the 17.0f the rwelfth: 8 
thelines HT F. E are 
equal by 'íuppofition 
(um ely —* dide 
of one and the felfe fame 
{phere).Whereforeas H 
lis toB G, fois A Cto 
B G, Wherefore the pro- 
portion ofthe extremes, 
namely , ofthe Icofahe- 
dron A B G C to the Do- 
decahedron fet vppon 
the diameter B G which 
coupleth the centres,co- 
fifteth (by the.5 .diffiniti- 
on of the fixt)of the pro- 
pertions et ee meanes, j | 94: Pus 

,of the proportió "A ———P 2 - PLAT. Mou Y 
——— B C G to the dodecahedron H I (which is oneand the fame with the proportion 
of D Fto D EJand of the proportion of the fame H Ito the other dodecahedron fet vpon the diameter 
B G, in{cribed in the fame Icofahedron A B G C,by the fame 5. ofthe fiuetenth : which proportion is 
triple to the proportié of the line H I (or the line A C)to G B which coupleth the centres of the opp 
fite bales of the Icofahedron . The proportion therefore of the folide of the Icofahedron to the folide 
ofa Dodecahedron infcribed in it,confifteth of the proportion of the fide of the Icofahedron to the 
fide of the Cube contayned in the fame {phere , and of the proportion tripled of the diameter tothe 
line which coupleth the centres of the oppofite bafes of the Icofahedron. ae 





| | Co* The 33. Propofition. — 
The folide of a Dodecahedron excedeth the folide of aC ube — in 


1 
m 
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Elementes of Geometry ,ailded by Flufas.  Fol4so, 


it by a parallelipipedon , whofe bafe wanteth of the bafe of the (ube by a 
third part of the leffe [egment and whofe altitude wanteth of the altitude 


of the (ube , by the lefse fegment of the leffe fegmentyof halfe the fide of 
- the Cube. b 


£49 Orafmuch as by the 17. of the thirténth,and $.of the fiuetenth,it was manifeft, that the bafe 
e yy ofa cube infcribed in a dodecahedron, doth with his fides fubtend the angles of4.pentagous 
^J eiacócurring at one and the elfe fame fide of the dodecahedron: let that bafe ofthecubebe A- Construction. 
| WURORES B.C D:and letthe fide wherat 4.bafes of the dodecahedron circum{cribed concurre,be E G: 
which fhall contayne a folide A E B D GC fet vpon the bafe AB C D.Diuide the fides A Band D C in- 
to two equall pártes in the poyntes Land N.And draw the line L N, whichis å parallel to thë fide E G, 
asit was manifeft by the 17.0f che thirtenth.The perpendicularsalfo ER and G.O which couple thofe 
parallels,are eche equall,to halfe of the fide E G;and eche is the greater fegment of halfe the fide of the 
cube , and therefore the whole line EG is the greater fegmentof the whole line LN the fide of the 
cube(by theforefayd 17.0f the thirtenth) . By the poyntes Rand O , draw vnto the fides A B and CD 
^ dme lines F H and I K. And draw thefe rightlines E F,EH,G I and G K. Now forafmuch as the two 
ines F H & E R touching the one the otherare parallels to the two lines I Kand G O touchingalfo the D'errogffps- 
one theother,& not being in the felfe fame playne with the two firft lines:therfore the playnefuperfi- #3093. 
cieces EF Hand G1 K pafling by thofe lines are parallels , by the1s.oftheelenenths which playnesda < t 
cutte the folide AEBD GC. Whererefore there are madefowerquadrangled pyramidsfetvponthe =o, _ 
rectangle parallelogrames L H,L F,N K, and NI, aud hauing their toppes the poyntesE andG . And / 
forafmuch as the triangles G O Kand E R H are equalland like, by the 4.0f the firit , namely, they cons 
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tayne equall angles comprehéded vnder equall fides;and they are parallels by conftruction, being fet in 
the playnes G1K and E F H:the figures G.K H E,O K H Rand G O RE fhall be parallelogrammes, by 
the diffinition ofa parallelogramme,and therefore the folide GO K ER H isa prifme, by the 1x :dffini- 
tion ofthe eleuenth.And by the fame rezfon may the folide G O IERF be proued to be a prifme.And 
forafmuch as vpon equall bafes NO K C, andR LB H,and ynder equall altitudes O G andR Eare fer 
pyramids: thofe pyramids fhall be equall to that pyramis which is fet vpon the bafe C KID ( whichis 
double to either of the bafes NO K C,and R LB H)and ynder the fame altitude O G , by the c. of the 
twelfth.. And forafmuch as'the fide G E is the greater fegment of the line C B, the line K H , which by 
thé 33.of the firft,is equall to the line G E,fhall be the greater fegment of the fame line C B, by the 2.0f 
thé foirtenth. Wherefore the refidues C K and H B fhall make the leffe fegment of the whole lineC- 
B.But as the greater fegment K H is to the two lines C K and HB the leffe fegment, fo is the re&angle 
parallelogramme.O H to the two rectangle parallelogrammes O C and H L,by the 1.0f the fixt. Wher- 
fore the effe fegment of the parallelogramme N B ,fhall be the two parallelogrammes O C and HL. 
Put the line KM double to the line K C and draw theline MS parallel to the line C N. Wherefore the 
parallelogramme O K M S is equall to the parallelogrammes O Cand H L,by the 1.0f the fixth. Wher- 
fore the pyramis fet vpon the bafe O KM S contayneth two third partes of the prifme fet vpon the felfe 
fame bafe, by the 4.corollary of the 7.0f the twelfth. Wherfore the prifme which is fet ypon two third 
| CCC.u. partes 
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 Jeft the felfe fame exceffe of the ! 2 
che whole prifme contayned betwene the triangles I G K and F E H;and vnder the length of the greater 


I be fixtentb'Bookeof tbe 5-5 rd 


partes of the bafe O KM Sisequallto the two pyramids N O K C.G and RL B H E.Forthe fections of 
2 prifmeare one to the other,as the fe&ions of the bafe are , by the firft corollary of the 25. of the ele- 
ueuth But the {eCtions ofthe bafeare as the fe&ions ofthe line C Bor K M,by the 1.0f the fixt. Wher- 
fore the two pyramids NO KC G andRLB HE, adde vnto the prifme G'OKERH two third partes 
of the prifme fet vpon the bafe O KM S.And forafmuch as the line K M is the leffe fegniét of the whole 
line B C(for it is equall to to the two lines CK and HB ) , and the prifme fet vpon the bafe O KH R is 
cutte like vnto the line K M , namely , in eche are taken two thirdes , as hath before bene proued : the 
prifme equall to the two pyramids,fhall adde vnto the prifme G O K ER H,which is fet vpon the grea-, 
ter fegment K H, two thirds ofthe lefle fegment . Wherefore in theline B C there fhall remayne one 
third part of the leffe fegment:and therefore in the re€tangle parallelogramme NB which is halfe the 
bafe of the cube, there fhall remayne the fame third part of theleffefegment . And by the famereafon 
may we p thatinthe other pyramids ON DIG,andRLAFE, andintheprifne GOTER Fis, 
e ba fe LAN D,namely, the third part of theleffe fegment . Wherefore 
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fegment and two third partes of the leffe fegmentof B C the fide ofthe cube , is equall to the folide 
compoled of 4.bafes ofthe dodecahedron and fet vpon the bafe of the cube. Wherfore the bafe of that 
prifme wanteth of the whole bafe of the cube onely a third part of the leffe fegment :.and the altitude 
of that prifme wasthe line G O, which is the greater fegment of halfe the fide ofthe cube . And foraf- 
much as vnto the triangle'I G K , is double the rétangle parallelogramme fet ypon the fame bafe IK, 
(the fide ofthe cube) and vnder the altitude G O , by the 41. of the firft: itfolloweth that three re&an- 
gle parallelogrammces fet vpon the fame bafe I K,the fide of the cube’, and ynder the altitude O G the 
greater fegment of halfe the fide of the cube,are fextuple to the triangle 1 GK . Wherefore thofe three 
reCiangle parallelogrammes doo make one rectangle parallelogramme fet vpon the bafe I K and vnder 
thealtitude of theline G O tripled.But by the 7. diffinition ofthe cleuenth;there are fixeprifmes equal 
and like ynto the forefayd prifme, being fet vpon euery.one ofthe fixe bafes of thecube: which prifmes 
are in proportion the one to the other as their bafes are by the .corollary ofthe 7.of twelfth. Where 
fore the folide compofed of thefe fixe prifmes, fhall want ofthe bafe A B CD the third part ofthe leffe 
{egment,and taking his altitude of the forefayd rectangle parallelogramme;the fayd altitude fhall be e- 
quall to three greater fegmentes(one of which is G O)of halfe the fide of the cube. — ia cm 
Now refteth to proue that thefe three fegmentes want ofthe fide ofthe cube by the effe fegment 
ofthe leffe fegment of halfe thefide of the cube . Suppofe that A B thefide oFthe cube be diuided into 
the greater fegment A C,and into the leffe fegment C B(by the 30.0f the fixt) . And diuide into two ¢- 
quall partes the line A C in the poynt G , and the line C B n the poynt E. And vnto the line C G put 
che line @t equall . Now forafmuch as thelines A G and G C arethe greater fegmentes of halfe the 
line A B,for eche of * ; — P ono ET a 
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fegmentes of halfe the line A B.Wherefore the whole line CL is the greater fegment, and —— 
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Elementes of Geometry,added by Fluftas. — Fol.g56. - 


E is the leffe fegment.Butas the line C L is to the line C E,fo is the line C E to therefiduieE L’ ..Wher- 
fo re the line E L is the greater fegment of the line C E,or of the line EB whichis equali vhto'it. Wher- 
fore the refidue L B is the lefle fegment of the fame EB ( which is the leflefegmenvof hulte the.fide-of 
thecube) . But the lines A G,G C , and C L arethree greater fegmentes of the halfe ofthe whole line | 
AB:which thre greater fegmentes make the altitude of the forefayd folide: wherefore. the altitude’of 
the fayd folide wanteth of A B the fide of the cube by the line, L B, which is the leffe fegment ofthe line 
B E. Which line B E agayne is the leffe fegment of halfe the fide A B of the cube. Wherefore the-fore- 
fayd folide confifting of the fixe folides, whereby the dodecahedron exceedeth the'cube infcribed in ir, 
is fet vpona bafe which wanteth ofthe bafe of the cube by a third part of the leffe feement,, and is 
vnder an altitude wanting of the fide of the cube by the leffe (cgment of theleffe fegmentofhalfe the 
fide of the cube. The folide therefore ofa dodecahedron exceedeth the folide ofa cubé infcribed init, 
by a parallelipipedon, whofe bafe wanteth ofthe bafe of the cube-by a third part ‘of the lefic fegment, 
and whofe altitude wanteth of the altitude of the cube , by che lefle fegment ofthe lefie fesmentot — 
halfethefideofthecubé. ~ "ae «uu bonu ia 
o e A'Corollary. 7. ~ A a ae 
A Dodecahedron is double to a Cube inf{cribed in it, taking away the third 
part of the leffe fegment of the cube,and moreoner the leffe fegment ofthe lefe 
segment of halfe of | that excef]e.For if there be geuen a cube, from iwhich is cut of a folide fet 
vpon a third pare of the lefle fegment of the bafe,and vnder one and the fame altitude with the cube: 
that folide taken away hath tothe whole folide the proportion of the fection of the bafe to the bafe, by _ 
the 32.oftheeleuenth. Wherefore from the cube is taken away a third part of the leflefegment .: Far- 
ther, forafmuch as the refidue wanteth of the altitude of the cube,by the lefle fegment of the leffe. feg- 
ment of halfe the altitude or fide,and that refidue is a parallelipipedon,if it be cut by a plaine fuperficies 
parallel to the oppofite plaine fuperficieces,cutting the altitude of the cube by a point;itfhall take away 
from that parallelipipedon afolide,hauing to the whole the proportion of the fection to the altitude, by 
the 3.Corollary of the 25. ofthe eleuenth.. Wherefore the exceffe wanteth of the fame cube by, the 
SUC part LE leffe fegment , and moreouer by the leffe fegment o£ the leffe fegment of halfe of 
hat excelle. : » OM — — e y 
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The proportion:of. the folide. of a Dodecahedronto the folide of an Teofas 
| bedron infcribed in it, confifteth of the proportion: tripled of the diameter 
; to that line which coupleth the oppofite bafes of the Dodecahedron; and of 

Tcofabedron inferi 
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1 C theproportión of tbe fide of tbe; Cube to tbefide.of tbe 
- bed in óne and the felfe fame Sphere... 57m c 
pa Vppofe that 
(We AH BCK 
Y: be a Dode- 
LAE cahedrons 7: / 
whofe diameter let be _ 
AB :'and let, theline ^. 
Which coupleth the cé- / 
ttesof the oppófite ba-.. 
fes be KH: and lecthe ' 
Icofahedron iufcribed 
in the Dodecahedron 
ABG, bEDEF : whofe, 
diameter let be DE. - 
Now forafmuch as one 
and the felfe famecircle.. 
cótaineth thepentagon :- 
ofa Dodecahedron, &. , 
thetriangle of an Ico- — 
fahedron .defcribed in 
one and the felfe fame 
Sphere,bythew.ofthe — 
fourtenth: Letthatcir-  , 


- 
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clebeIG O.Wherfore — . nos j 
10 4s the fide of the or i a aP ws ril o3 ’ -E , 
Ccube,and IG thefide ©: | — 0 as | * 
of the Icofahedron, by 
the fame. Thé Lfay,that 
the propertion of the 
Dodecahedron AH B - 
XC K to theicofahedron 
DEF 1nícribed in it,có- 
, füteth ofthe proportió 
tripled of the line AB 
to the line KH; and of 
the proportion of the. . 
— — the ee 
- For forafmuch as the I- 
De montra- cofahedron DEF is in- 
9n. Ícribedin the Dodeca- -` < 
hedró A B C;by fuppo- | 
fitió, the diameter D E. 
fhalbe equal tothe line 
KH,bythe 7.ofthefiue- 
tenth . Whereforethe 
Dodecahedron fet vpó 
xhediameter KH fhall’ 
beinfcribedinthefatne - 
Sphere, wheremthel- ` | | 
cofahedron DEFisin- ^'^ 77-007 c TA 3 ee 
fcribed :, but tlie 'Dodecahedron AH B CK is to the Dódeéahedron vpon the diameter KH in tri 
ple proportion of that in which the diameter A B isto the diameter K H,by the orollary ofthe 17. of 
the twelfth : and thefame Dodecahedron’ whichis fet ypon the diameter K H; hath to the Icof2hedron 
DEF (whichis fet vpon the fame diameter, or vpon a diameter equall vnto it, nam ely.D E) that pro- 
portion which IO the fideof the cubehath to'1 G the fide of the Icofahedron, infcribed in one & the 
felfe fame Sphere, by the 3 ofthe fouretenth . Wherefore the, preportion ofthe Dedecahedron A He 
B CK to the Icofahedron D E F infcribed in it,confifteth of the proportion tripled of che diameter AB 
to the line K H, which couplerhthecentres of the oppofite bales of the Dodecahedioh (which propor- 
tionis that which the Dodecahedron A H BC K hath to the Dodecahedron fet vpon the diameter K H) 
_and ofthe proportion of LO ‘the fide of the cube to I G'the fide ofthe Tcofabedron ( which is thepro- 
portion of the Dodecahedron fer vpon the diameter X-H.to tlie Icofahedron DET defctibed ia one and 
the felfe fame Sphere ) by the 5. definition of the fixth. The proportion therefore of the folide of 2 Do- 
decahedron to the folide of an IGofahedron infcribed init; confifteth of the proportion ‘tripled of the 
diameter to that line which coupleth the oppofite bafés of the Dodecahedron,and of the proportion of 


the fide of the cube to the fide of the Icofahedron inicribed in one and the felfe fame Sphere. 
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T he folide ofa Dodecahedron containeth ofa Pyramis circum feribed as 
bout it two ninth partes, taking away a third part of one ninth part of the 
— leffe fegment ( of a lime dinided by~an extreme and meane proportion) 
> and moreouer the leffe fegment of the lefse fegment of halfetherefidue. 
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T hath bene proued that the Dodecahedron,together with the tube infctibed in it is contai- 
| ned in oneand the felfe fame pyramis,by the Corollary ofthe firft of this booke . And by the 

27 Corollary of the 33.ofthis booke, it is manifeft, that the Dodecahedron is double tothe’ 
Co fame cube, taking away the third part of theleffe fegment ,and moreóuer theleffe fegment. 
of the leffe fegment of haife the refidue, or-of this exceffe. But a pyramis is to thefzme cube infcribed in 


. 
+ 


it nonecuple, by the 30.0f this booke. Wherefore the Dodecahedron infcribed inthe pyramis and con- 
taining the fame cube twife,taking away the felfe fame third of the leffe fegment ;ánd moteouer the’ 
leffe fegment of the leffe fegment of halfe the refidue, fhall containe two ninth partes ofthe folide o£ 
the pyramis ( of which ninth partes eche is equall vnto the cube) taking away this‘felfe fame ‘exceffe. 
The folide therefore ofa Dodecahedron containeth ofa Pyramis circum{cribed about it two' ninth’ 
partes, taking away a third part of one ninth part of the leffe fegment ( of aline dinided -by' an extmere- 
and meane proportion ) and moreouer the leffe fegment of the leffe fegment of halfe the refidue. ~~ 
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Elementes of Geometrysadded by Flufas. — Fols. 
q. Ihe 76. Propofition. 


An O&obedron exceedeth an Icofabedron infcribed init, by a parallelipis 
pedon fet vpon the [quare of the fide of the Icofabedron , and hauing to 
his altitude the line which is the greater fegment of halfe the femidiames 
ter of tbe O&fobedron. 


dá Vppofe that cere bean. Octoliedron &iB C E PL : in which let there be infcribed an 


Y D Icofahedron HKEGMXNVDS QT ,by the 16. of the fiuetenth.And draw the diz- 
S | meters A Z RC,BRO IF, andthe perpendicular K O parallel to theline AZR. Then 
| em Ifay;that the Octohedron A B C F P L is greater then the Icofahedron infcribed in it,by 





eS a parallelipipedon fet vpon thefquare ofthefide H K, or GE, and hauing to his altitude 


the line K O or R Z : which is the greater fegment of the femidiameter A R. Forafmuch 
asin the fame 16. ithath bene proued,that the triangles KD G and KEQ are deftribed in the bafes 


Conffructiox. 


Demon frags 


AP Fand ALF ofthe O@ohedron : therefore about the folide angle there remaine vppon the bafe 6108f« 


F E G three triangles K E G,K F E,and K F G,which contáinea pyramis K EF G . Vnto which pyramis 
fhall be equall and like the oppofite pyramis M EFG fet vpon the fame bafe F E G,by the 8.definition 
ofthe eleuenth . And by the e reafon fhall there at euery folide angle of the O&tohedton remayne 
two pyramids equayy and like ; namely, two vpon the bafe A H K, twe vpon the bafe B NV,two vpon 
the bafe D P S,and  - i | | 
moreover tWo Vp- — 
on the bafe Q .. T. 
Now thé there ihal 
be made twelue 
pyramids, fer vpon 
a bafe contained of 
the fide ofthe Ico- 
fahedron, and vn- 
der two leffe feg- 
mentes of the fide 
ofthe O&ohedron 
containing a right 
angle,asforexam- . 
plethe bafe GEF, 
And forafmuch as , 
u fide GE fubté. ° 

inga right angle, 
is, bi Had ofthe 
firit, in power du- 

le to either ofthe 
ines EF and FG, 
and fo the fide KH 
is in power duple 
to either of the ~~ 
fides AH and A K”! 
and either of the 
lines AH, AK, or 
EF, F G,is in pow- 
er duple to eyther 
ofthelines AZ or C 
ZK which cótayne — - | 
a right angle, made in the triangle or bafe A H X by the perpendicular A Z. Wherfofe it followeth that 
the fide G E or H K,is in power quadruple to the triangleE F G or AHK . But the pyramis K E F G,ha- 
uing his bafe EF G in tħe plaine F LB P of the Odtohedron, fhall haueté hisaltitude the perpendicu- 
lar K O (by the 4. definition ofthefixth ) which is the greater fegment of the femidiameter of the 
OdGohedron,by the 16.of the fiuetenth, Wherfore three pyramids fet vnder the fame altitude and vpon 
equall bafes,fhall be equall to one prifme fet vpon the fame bafe,and vnder the fame altitude, by the 1. 
Corollary ofthe7.of the twelfth. W herefore 4.prifmes fet vpon the bafe G EF. quadrupled ( which is 
. equall to the fquare of the fide G E ) and vnder the altitude KO (orRZ the greater fegment which is 

equall to K O ) fhall containea folide equall to the twelue pyramids, which twelue pyramids make the 

exceffe ofthe O&ohedreti aboue the Icofahedron infcribed init. An O&ohedron therefore excedeth 
an Icofahedron in{cribed in it, by a parallelipipedon fet vpon the fquare ofthe fide ofthe Icofahedron, 
andl hauing to his altitude the line whichis the greater fegment of halfe thefemidiameter ofthe O&to- 

edron. | | 





gA Corollary. 
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Firik pert of 
fhe demon- 
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A Pyramis exceedeth the double of an Icofabedron infcrsbed init, by a for 


lide fet pon the fquare of the fide of the Icofahedvon infcribed in it and haning 
to his altitude that whole line of which the fide of the I cofahedron ts the greater 
fegmet. Forit s manifeft by the 19.0f£the fiuetéth that an octohedró & an Icofahedró infcribed in it 
are infcribed in one &the felffame pyramis.It hath morcouer bene proued in the 26.of this boke,that 
a pyramisis double to anoctohedrõ inſcri bed init. Wherfore the two exceſſes ofthe two octohedron⸗ 
(vato which the pyramis is equalaboue the two Icoſahedrons(iuſcribed in the ſid two octohedrons) 
being brought into an folide,the faid £olide fhalbe fet vpon thé (elfe fame fquare of the fide of the Ico- 
fahedron,and thall haue to his altitude the perpendicular KO doubled : whofe double coupling the 
oppofite fides HK and XM maketh the greater legment the fame fide of the Icofahedron, by the firft 


and fecond corollaryofthe.14,0fthe fiuetenth,  - 


| "* ` ; -L 'he:37.Propofition, em at or Wy | 
Efin a triangle haning to bis bafe'arational line fet, the fides be.commene 


è 


__ furablein power to the bafe; and fromthe toppe bedrawn to thebafea pere 
» pendicular line cutting the bafe:T he fections of the bafe fhall be commens 
fowable im length to the whole bafe,.and the perpendicular [hall be commen 
jurablein power to tbe [aii wbole baje. l 
ayana Yppofe rhat therebe'a triangle ABG, whofe bafe BG letbearational line fet of purpofe. 
oN gag Aud letthe fides A B and A G be vnto the fame B G commenfurable at the leaft in power. 
: Op) f Andfrem the toppe A,draw vnto the bafeB G,a perpendicular;cutting the bafe in the point. 


i eee P.Then I fay thar the fections of the bafe, are commentfurablein lengthe to the whole line 
B Gand thatthe perpendicular A P,is vnto-the fame bafe B G comenfurableat the leait.in-power:Pro- 







‘duce on either fide the line B G to the peyntes C and E. And vnto.thedine A G put the'line G E equal, 
asd vnto the line-A B put the line B C-equal ‘And vpon the lines CB, B Gand GE defcribefquares B-. 


K.B Dand GE.And from the greater of the fquares ófthelines A B or.A G, which letbe GL cutof a 
parallelogramme E M equal to theTeffe fquare B X (by the 45.0f the firft:) And (by thefame) vnto the 
refidue G'M,lec there be applied vpon the line G D an equallre&tangle parallelogramme.QD.Now for- 
afmuch asthe angles A P B and-A P G are rightangles,therfore(by the 47.ofthe firft)the line AG.con- 


xtaineth in power the two lines A P and P G;and the lineAB thetwolines AP and. P B.Wherfore how 


much the line A G containeth in power more then the line AB,fo much alfo doth the line PG contain 
in power more then the line B P: namely, takiagaway the common fquare ef A P, thereisleft theex- 
ceífe of the fquare of P G aboue the fquare;of B P. Bucthe fquare of A G (which is G L) excéedeth the 

Íquare of A B (namelysthe fquare B K) by therectangleparallelogramme G M or O D;by confiruction* . 
Wherfore the {quare of P G exceedeth the fquare of B P,by the rectangle parallelogramme O D.And. 


:forafimuch as vnto the fquares ofA B àánd A G,are equal the fquares of A P and P B,and of A P and P- 


G:and their exceffe is taken away,namely,the-rectangle parallélogramme O D : there fhallbe left the: 
fauares o£ A P and P O equalto thefquares of A P and P BrAnd taking away the fquare of AP which’ 


3s cómon,the refidues 


:narmely, the fquares of | A E TT wll 
B Pand? O thalbe e- "-" TS 
qual : and therefore 
their fides(namely,the ' 
imes B P and P O) are 
equal. And forafmuch 
as the fquares G Land 
BK are(by füppofitio); 
ratioral;and therefore .- 
cóméfurable theirex- . ] 
ceffe OD;fhalbe com~ 
méfuràblevntothé by. | ° 
the rs.oftheréth. And) & 
therfore it 1s rationali 
bythes.difhnition of — - 
thetéth.Wherfore the — 


O D,beingappliedvp- 
on thé rationalline G- ` 
D (or BG)maketh the 








Elementes of Geom etiy added by Fluſſas. Fol. 458. 


bredth O G rational and cómenfürable in !égeirto the whole line B G, by, the 20.0f the tenth. But if the 
whole line B G be commenfurable to one-of the pattes O G,the lines B 0,© G,and B G fhall þe com- 
menfurable,by the fame 15.of the tenth. Wherfore.alfo the line O G íhalbe commen furable to the half 
-of the line B O,namely,to the line P O,or PB „by the 1240f the tenth. And forafmuch as the two lines 
P Oand O Gar: commenf{urable,the whole line P G fhalbe commenfurable to the line P O,or to the 
line P B,by the fame 15.0f the tenth. Wherfore either of the lines P G and P B fhall be cómenfurable 
vnte the whole line P B,by the fame. Wherefore the lines B G,P B.and.P G haue the one to the othe?: 
that proportion which numbers haue,by the 5.ofthirtenth, Wherfore the fections P B and P G of the 
bafe B G arecommentfurable in lenzth to the fame bafe, by the’6.of the tenth. F^ | 

And now that the perpendicular À P is commenfurable in power to the bafe BG, is thus pro- Second pare 
ued. Forafmuch as the fquare of A Bis by fuppofition, commenfurable to the fquare of BG: and of the De- | 
vnto the rational (quare of A Bis commenturable the rational fquare of B P(by the 12 .ofthe eleuenth) | 


W herfore the refidue,namely;the fquare of P A is commenfurable to the fame fquare of B P, by the. mojiration, 
2.part of che 15 ofthe eleuenth. W herefore by the 12.of the tenth,the fquare of P A is commenfurable 

to the whole fquare of B, G. Wherefore the perpendicular A P is commenfurable in power to the bafe | 

B G,by the 3.diffinition of the tenth: which was réquired to be proued. É ^ 


In demonttrating of this, we made no mention at all ofthe length of the fides A B and A G,but 
only of the length ofthe bafe B G: for that the line B G is the rational line firft fet : and the otherdines 
ABandAG are fuppofed to be commenfurable in power only to the line BG. Wherefore if that be. 
plainely demonftrated, when the fides are commenfurable in power only to the bafe,much more eafily 
wil it follow jf the fame fides be fuppofed to be commenfurable both in length and in power to the 
bafe: that is,if their lengthes be expreffed by the.rootes of fquare nombers. um 


@q A Corollary. 1. 
5 d - m y "eil ial TX - d à; i 
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` By the former things demonftrated it is'manifeft that if from tbe powers: 
of tbe bae and of one of tbe fides be taken away the power of the other fide,and 
if the halfe of the power remaining be applied bpon the whole bafe it [hall make 
the bredth that fection of the. bafe which is coupled to the firft fide. For from the po-. 
wers of the bafe B G,and of one of the fides A G, that is,from the {quates BD and GL, the power of the 
other fide A B,namely the fquare B K (ot the parallelogramme E M)is taken away. And of the refidue,. 
(namely of the fquare BD and of the patallelogfamme. O D,or D R,which by fuppofition is equal vn A 
to O D)the halfe (namelysof the whole ER, whichis P D, for thé lines G Rand P B are equal-to the. 
lines G O. and P O)is applied to the whole. line B G or G D, ; and maketh the bredthe tlie line P G the 
fe&tion ofthe bafe BG, which fection i$'Coupled to the firft fidd’A GY And by the fame reafon in the o- 
ther'fide,iffrom the {qidres B Dad BK be takenaway the fquáre G/L; tliere fhall remdine the reftane 
gle parallelogramme F O:For the-parallalelogramime.E M is equal to the fquare B K, ånd the parallelo- 
pee M to the parallelogramme O D. Wherefore F P the halfe of ther efidue F O, maketh the. 

redth B P whichis coupled to the firit fide taken A BEEE: $ 00 DSPs See ANNE Sa 


% A Corollary. 2. 
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If a perpendicular drawne from an angle of a triangle do cut the bafe: 
“the fections'are to the other fides in power proportionall by an Ae - 

rithmeti cal proportion. -For it was proued that the exceffe of the powers “> 

ofthe lines A G and A Bis oné and the fame with the exceffe of the 
powers ofthe lines P Gand P B.If therfore the powers do 
equally excede-the one the other, :they fhall by 
an 'Arithmetical proportion, be 
proportional], 
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Flufas,of mixtand 


| $m A briefe treatife, added by Fluflas, ofmixtand = 
| compofed regular folides. | : 







AZ Egular folides are fayd to be compofed and mixt,when ech 
DA C Sa fof them is tranfformed into other folides, keeping ftill the 
forme, number, and inclination. of the bafes , which they 

ieu before had one to the other : fome of which yet are tranf- 
eA formed into mixtfolides, and other fome into fimple. Into 
jjmixt, asa Dodecahedron and an Icofahedron : which are 
EF} Kees y] |tranfformed or altered; xs their fides into twoe- 

(TP ENED uall partes, and take away the folide arigles fubtended of ` 

———— Paid. fuperficiall figures inti by ejoa coupling thofe. 
middle fections : for the folide remayning after the taking away of thofe folidean- 
gles, is called an Icofidodecahedron, Ifye diuide the fides of a cubeand ofan: 
OGohedron into two equall partes, and. couple the fections,the {olide angles fub- 
tended ofthe plaine fuperficieces made by the coupling lines, being taken away, 
Exeftohedré. there fhall be left a folide,which is called an Exoctohedron. So that both ofa Do- 
| decahedron and alfo ofan Icofahedron, the folide which is made, fhall be called 
an Icofidodecahedron: and likewife the folide made ofa Cube & alfo. ofan.O &o- 

hedron, fhall'be called.an Exoctohedron... Butthe other folide, namely,a Pyramis 

(or Tetrahedron ) is tranfformed into a fimple folide : for if ye diuide into two 

equall parres euery one of the fides of the pyramis, triangles defcribed of the lines 
which couple the fections, and fubtending, and taking away folide angles of the 
pyramis, arc equall and like vnto the eqnilater triangles left in euery one of the 

bates :. ofall which triangles is produced an Odohedron, namely, a {imple and 

riot à cotripofed folide . For the Octohied: om hatly fower bafes, like in number, 
forme and mutuall inclination with the bafes of the pyrantis : and hath the other 
fower bafeswith like fituation.oppofite and parallel to the former, Wherefore the 
lication ofthe pyramis taken twife, maketh a fimple Octohedron, as the other 





Kcofrdodecabe- 


drow 3 


fides riiake a mixt compound folide. 


-g Firft Definition. 


y^ Exoffabedranis afolide figure contained of fixe equall[auares y aud 
eight equilater and equall triangles. te, am 


q Second Definition. — 


fn Icofidodecabedron is a folide figure , contained bnder twelue —* = 
later equall and equiangle Pentagons and twentie equall and equilater 
triangles. | j a 


For the better vnderftanding of the two former definitions, and alfo ofthe 
two Propofitions following, I haue here fet two figures, whofe formes, a ye E 
! | | : e{cribe 


compofed regular folides. Fol.459. 


defcribevpon paled paper orfuch like matter, and then cut them and folde them 
| l 


accordingly, they will reprefent vnto you the perfect formes ofan Exoctohedron 
and ofaa [cofidodecahedron. — Shake utd ts soaniiceet | 
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IG defcribe an equilater and equiangle exottohedron , and tocontayne it 
uly ont afb here genen:and to prone that the diameter of the phere is double to 
“oa. the fide of the fayd exoétohedron, “alla 
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A entis : DE Ay —73 z — a — "i. å sa Ls - j Y ê v | J pu CL 
eC Vppofethat there be a {phere geuen, whofe diameter let be AB. And 
GUY about the diáméter A B let therebe deferibed a {quare by the fixth of 

S bi | : V rs ri. EF mers 31-751 p E 2 fo FF; uc € a 2 J Y 
D E fourth:and vpon the {quare let there be defcribed a cube by the 15: 
Marea Of thie thirrenthswhich lertbe C DEF QT'VR + andiet the diameter 






theresfbé.Q Rand the centie’S.And diuide thefides of the cube into two equali 
partes, ih the poyntes G;HI,K,L,M,N,O,P.&c. And couple the middle fe@ions 
sy the tight lines IN:N O,0 P;P I and fuch like,which fubtend the angles of the 
{quares orbafes of the cube:and they are equall by the 4. firft, and contalne right 
angles.as the angle N LP; For the angle NID which is at the bafe ofthe Ifofceles. 
triangle N'D Listhe halfe ofa rightangle, and fo likewife is the oppofitéangle R- 


IP.Wherefore therefidue N IP isa right angle and fo the reft. Wherefore N I P- 
allthe ret N ML K,K GHI &c.infcribed 


O iša fquare.And by the fame reafon 
DDDijj. in 
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That the ixota 
tohedron is 
cantayned in a 


Sphere, 


That the exces 
tohedron is 
coutayned tn... 
Eger S 
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That the dia- 
meter of the | 
Sphere tsdou- 
bie to the fide 
of the exotio- 
bedy Ola 


‘by the diffinition „andis equilater, 


` AS wr ^ — Y= M 
E j + 3% + | Flufiasyof mixt and. ^ 


in thebafes of the ube,be {quares:and they hall be fixe inn 
T nüberofthebafes-ofthecübe:; -C ^ ^. Upon RE, 
‘Agayne forafmuch as the triangle — (PRO 
K IN fubtendeth the folide Su | EA T "use 
D ofthe cube , and likewife the tri- D 
angle K G L the folide angle C, & 
fo the reft,which fubtend the eight 
folide angles of the cube:and thefe' 
triangles are equall and equilater, ' 
namely,being made of equall fides 
& they are the limmits or borders 
of the fquarcs , and the {quares the 
limmits or ‘borders of thé , as hath ` 
before bene proued: wherefore L- 
MNOPHGK is an exo@ohedro, - 


umber, according to 
P (WS Aone 


f:1$ 
A é 
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for itis contayned of equall fub- 
tendent lines:it isalío equiangle, <1: 
for euery folide angle thereof, is ) | : 
contayned ynder two fuperficiail angles of two fquares4 and two {uperficiall an- 
gles of two equilater triangles. De | 

Ánd now forafiuch as the oppofite fides and diameters of the bafes ofthe 


cube are parallels, the playne extended by the rightlines Q T, V R, fhall bea pa- 


rallelogramme. And for thatalío1n that playnelyeth QR. the diameter of the 


cube,and in the fame playnce alfo is theline M H , which diuideth the fayd playne 
into two equall parts and alfo coupleth the oppofite angles ofthe exoctohedron 
thisline M H therefore diuideth the diameter into two equall partes , by the co- 
rollary of the 34.0f thefirlt, and alfo dinideth it felfe in the fame poynt, which let 
be S,into two equall partes, by the 4 ofthe firft. And by the fame reafon may we 
proue thatthe reft-ofthe lines, which couple the oppolite angles ofthe exoctohe- 
dron, doo in S thecentre of the cube diuide.the one the otherinto two equall 
parts.For eucry one of the angles ofthéexoctahedron are fet in. euery one ofthe 
bafes of the cube. Whercfore making the centre the poynt S,and the fpace S H 
or S: M; deforibea.fphexe,, anditthall touch eüery -ongof:the aniglés equédiftant 


. 


from thepOyat SA o 


1» ^4 à à 


- Andforaímuch.as A B the diameter ofthe fphere geuen , is put equall to the 


colt. gies Bedard Gm dom JU Ste Gs A' ITE ALi i 
diameter of the bafe ofthe cube,namely,to the line R'T , and the fame lineR T is 
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fite anglcs of the exoctohedron.; is drawne by the centres wherefore itis 


à ¢ 
RUM. F 


equalltoitheline;M H,by the 33; ofthe firft: which lineM H coupling the oppor ! 


m 


P> 


into.two equall partes,it fhall cutte them proportionally with the bafes,namely,as 
FR isto F P;fofhall R T beto P O; by thez. ofthe fixth „But F R is double to F- 
P;by fuppofitioh: whereforeR T, or the diameter H M3 1salfo double .to;theline 
P. the fide of the exoctohedron. Wherefore we haue defcribed an equilater & e- 
quianglé exo¢tohedron,and comprehended it ina{pheregeuen,and haue proued 
that the diameter of the {phere is. double to thefide of theexoctohedron; Joi 
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the dia- 
; meterofthefphere geuen which contayneth the exoctohedron. ^... 757 0 
inally foraſmuch as inthe triangle R FT , the line P.O, doth cutte the fides: 


compofed regular folides . — — Fol.460. 
domi Te The a: Probleme > 


T 0 defcribe an equilater ¢ equiangle Icofidodecahedron, ex to coprebend 
it ina [phere geuen:and to prone that the diameter being dinided by an exe 
- treame and, meane proportion , maketh the greater fegment double to the 


fide of tbe Icofidodecabedron. p: 
*8 Usi SETS . ‘ 


—7À Vppofe that the diameter of the {phere geuen be N L, and (by the 30. 
f^ of the fixth ) diuide the line N L by an extreameand meane proporti- 
»¥=" | on in the poynt I:and the greater fegment thereoflet be NI. And vpo 
Masc thé line N I defcribea cube by the 15. of the thirtenth : and about this 
cube let: there be circumfcri- - i | 
bed a dodecahedron , by the 
17.0f the thirtenth : & let the - 
fame be ABCDEFHKMO..: - 
And diuideeuery oneofthe | ' e 
fides into two equall parts in 
the poynts Q , R,5, T, V,X, 
Y,Z,P, ¢,¢,G. &c? and couple: 
thefections with right lines, - 
which fhall fubtend the an- 


gles of the pentagons , as the | 
linesP.G,G V,V Q, Q Y,Y- R- 








R,R Q,V T,T-XX V,and fo 
the reft. Now-forafmuch as 
thefe lines fubtend equall an- 
gles of the pentagons, and 
thofe equall angles are con- 
tayned of equall fides(name- i — 
ly of the halues of the fides. xy. Tey 

of the pentagons: therefore - < | =L 








Con Strudtion 
of the leofi- 
| dodecahedron. 


thofe fubtending lines are equall,by the 4.of the firlt. Wherefore the triangles G- . 


QY, Y QR VX T, and the reft which take away folide angles of the dodecahe- 
dron, are equilater. Agayne forafmuchas in euery pentagon are defcribed fiue e- 


quall right lines coupling the middle feétions of thefides,as are the lines QV;V-_ 


T,TS,SR,R Q: they defcribe a pentagon in the playne of the pentagon of the 
dodecahedron:and the fayd pentagon is contayned ina circle,ynamely,whofe cen- 
tre is the centre of a pentagon of the’ dodecahedron. For the lines drawne from 

that centre to the angles of this pentagon are equall, for that they are perpendicu- 
larsvpon the bafes cutte,by the 12.0f the fourth. Wherefore the pentagon Q R S- 
T V. isequianglejby the 11.ofthe fame.And by tlie fame reafon may the reft ofthe 
pentagons defcribed in the bafes of the dodecahedron be proued equall arid like.. 
Wherefore thofe pentagonsare 12,in number: And forafmuch.as the equall and 
like triangles, doo fubtend and take away 20. folide angles of the dodecahedron, 

therefore the fayd triangles fhall be20.in nüber; Wherfore we haue defcribed an 

Icofidodecahedró by the diffinitio, which Icofidodecahedró is equilater, for that 

all the fides ofthe triangles are'equal & cómon with the pétagons:andiit is alfo e- 

quiangle » For éuery one of the folide angles is made of two {uperficiall angles of 
an ¢quilater pentagon,and of two fuperficiall angles of an equilatertriangle, 

! * DDD.iij. Now 


That the Icofia 
dodecahedron 
3$ cotitayned 
ate the [phere 
geuen. 


That the dia- 
meter being 
aeuided by an 
Extreme atd 
meane propor- 
£300 Ce 


, line BE. isdouble to theline - ^ iN 


D Fiii ue: 


Now let vs proue that it ig contained in.the Sphere geuen,whofe diameter is 
N L. Forafmuch as perpendiculars drawen‘fré the'centres of the Dodecahedron, 


to the midle fections of his fides, are the halfes ofthe lines, which couplethe op- 


pofite midle fections of the fides of the Dodecahedron,by the 3. Corollaty of the 
17-of the thirtenth:which lines alfo,by the fame Corollary;do in the centre diuide 
the one the other into two €quall partes : therefore right lines drawen- from that 
point to the angles of the Icofidodecahedron (which are fet. in thofe midle ſecti- 
ons ) are equall : which lines are 30. in number according to the number of the 
fides:of the Dodecahedron:for euery one of the angles of the Icofidodecahedron 
are fet in the midle fections of euery one.of the fides of the Dodecahedron. Wher- 


_ fore making the centre the centre ofthe Dodecahedron, and the fpace any one of 


thelines drawen from.the centre to the midle fections, defcribe a Sphere and it 


_ fhall pafle by all the angles of the Icofidodecahedron,and fhall containéit::)- 


And forafmuch as the diameter of this folide, is that right line, whofe grea- 
ter fegmentis the fide of the cube infcribed in the Dodecahedron, by ‘the 4. Co- 
rollary of the 17. of the thirtenth, which fide is N I, by fupp6fition:.: Wherefore 
aa folide is contayned in the Sphere geuen whofe diameteris put tà! be the 
tne NL. gp 2*4 A oce Meus ovn ont abi 

Now let vs proue that the | E 
greaterfegmentofthediame- — — 
ter isdupleto Q Y the fide of ~~ 
this folide . Forafmuch as the 
fides ofthe triangle AE Bare 
in the pointes Q and V diui- 
ded into two equall partes, 
thelines Q V and B E are pa- 
rallels, by the Corollary of 
the 39.0f the firft, Wherefore 
as AE isto AV, fois EBlto 
V Q. , bythez. ofthe fixth. - 
But theline AE is double'to 
the line A V . Wherefore the - 
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QV: by the 4. of the ſixcth. N 
Now:thelineBE is equall to iu > 
N Lorto the fide ofthe cube, 
by.the 2; Corollary ofthe I7e- WP 
of thë thirterith, which line burnin oo costo Lulzwte mirni 
N I isthegréaterfegmentofthediámeter N:L.. Wherefore: the greater feoment 
ofthe diameter geuen, is double to the fide oftheIcofidodecahedron infcribed in 
the Sphere geuen . Wherefore we haue defcribed an equilater and-e uiangleIco- 
fidodecahedron,and contained it in a Sphere géuenjand haue proued that the di- 
ameter thereof being diuided by an extreme and meane ‘proportion, maketh hys 
greater fegment double to the fide ofthe Icofidodecahedron. ^26: ooa" 
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. "Tothe vnderftanding ofthe nature of this Icofidodecahedron’ yemuft well 
conceaue the paffions and proprieties of both thofe folides, of whofe bafes it con- 
fifteth namely, of the Icofahedron and of the Dodecahedron, And although in it 


r 


VM a 


te 


compofed regular folides. Fol 4.61. 
the bafes are placed oppofitely;yet haue they one to che otherone & the fame in: 
clination . By reafon wherof there lie hiddenimicthe ations. and paflions of the o- 
ther regular folides. And Lwouldhaue thoughtitnotimpertinent to. the purpofe 
to haue fet forth the infcriptions and circumfcriptions ofthis folide, if want of time 
had not hindred.. But to the endthe reader may the better artaine to the vnder- 
ftanding therof, I haue here following briefly fet forth, how it may imor about e: 
uery one ofthe fiue regular folides be infcribed' or citcumfcribed:: by thehelpe 
whereof he may, with {mall trauaileor rather none arall, fo thathe haue well pey- 
fed and confidered the demonftrations pertayning to the forefayd fiue ready fe 
lides, demonftrate both the infcription ofthe fayd folides in it, and the infetiptien 
ofitin the fayd folides. / 


« Ofthe infcriptions and circumícriptions of 
an Icofidodecahedron. N 


An Icofidodecahedron may containe the other fiue regular bodyes . Forit 
will receaue theangles ofa Dodecahedron,in the centres of the triangles which 
fubtend.the folide angles of the Dodecahedron: which folide angles are 20.in nū- 
ber,and are placed in the fame order in which thefolide angles of the Dodecahe- 
dron taken away or fubtended by them,are. And by thatreafon it fhall receauc a. 
Cube and a Pyrainis contayned in the Dodecahedron : when as the angles of the 
one are fet in the angles of the other. me 

An Icofidodecahedron receaueth an Octohedron, in the angles cutting the 
E. E fections of the Dodecahedron, euen.as if it were a fimple Dode- 
cahedron. j | 
And it containeth an Icofahedron,placing the 12.angles of the Icofahedron 
in the felfe fame centres of the 12.Pentagons. * E 


Te may alfo by the fame reafon beinfcribed in euery one ofthe fiue regular bo- 
dies : namely,in aPyramis,if ye place 4.triangnlar bafes concentricall with 4.bafes 
of the Pyramis,after the fame maner, that ye infcribed an Icofahedró in a Pyramis; 
So likewife may it be infcribed in an O&ohedron, ifye make 8.bafes thereof con- 
centricall with the 8 .bafes of che O@ohedron . Itfhall alfo be infcribed ina Cube, 
if ye place the angles which receaue the Octohedron:infcribed init, in the centres 
of the bafes ofthe Cube. Moreouer, ye fhallinfcribe it in an Icofahedron, when 
the.triangles compafed in. of the Pentagon bafes, are concentricall with: the trian« 
gles,which makea folide angle of the Icofahedron. Finally, it fhall be infcribed 
jn a Dodecahedron, ifye place euery one ofthe angles thereof in the midle fe&ti- 
ons of ae of the Dodecahedron,according to the order of the conftrudti- 
on thereor. | i | 


Theoppofite plaine füperficieces alfo of this folideare parallels . For the op- 
pofite folide angles are fubtended of parallel plaine füperficieces as wellin thean- 
gles of the Dodecahedton fubtended by triangles, asin the angles ofthe Icofahe- 
. dron fubtended of Pentagons, which thing: may eafily be demonftrated'. More~ 

oucr in this folide are infinite properties & paffions, fpringing ofthe folidés wher- 
Of itis: compofed.. i i 

' Wlhiereforeit ismranifeft thara Dodecahedrom &an Icofattedron, mixed, aré 

. tranfformed . 


E 


xem . Fhifias,of inixt ande 


man{tormed into one & the'felfe fame folide of an Icofidodecáhedron. A cube af: 
fo and an octohedró are mixed and altered into an: other folide, namely, into one 
and the fame Exoctohedron .. But à pyramis is tranfformed into a fimple and per- 
fect {olide,namelyintoan OGohedron: . - Da LX UE. 

It we will trame thefe two folides ioyned together into one folide, this onely 


T 


muft we obferue. - i 


» Inthepentagon ofa dodecahedron infcribe a like pentagon,fo thatletthean- 


gles of the pentagon infcribed be fet in the midlefe&ions ofthe fides ofthe pen. 
tagon circuinícribed;and then: vpon the faid pentagon infcribed, let there be fet a 
folide angle of an Icofahedron, andfo obferue the felfe fame order in every one 
of the bafes of the Dodecahedron: and the folide angles of the Icofaliedron fet 
vpon thefe pentagons fhall produceafolideconfifting of the whole Dodecahe- 
dron,and of the whole Icofahedron.In like fort;ifin euery bafe ofthe Icofahedró, 


the fides being dinided into. two equall partes. be inferibed: an equilater triangle, - 


and vpon euery one ofthofe equilater triangles be feta folide angle ofa Dodeca- 
. hedron: there fhall be produced the felfe famë folide confifting of the whole Ico- 
fahedron, & of the whole Dodecahedron. 


e ete t : 


“And after taefame order, ifin the bafes ofa cube, be infcribed fquares fübten- - 
ding the folide’ angles ofan O@ohedron,or inthe bafes ofan O@ohedron,be in. 


fcribed equilater-triangles fubtéding the folide angles ofa cube, there fhall be pro- 
duced a folide conifiiting of either of the whole folides,namely,ofthe whole cube 
and ofthe whole Odtohedron. “> — 


` 2 3Butequilatertriangles infcribed in the bafes ofa pvramis,hauing their angles 
fet inthe midle fections of the fides of the pyramis,and the folide angles ofa pyra- 


mis fet vpon the fayd equilatertriangles;there fhall be produced a íolide, confi- 
füngoftwoequalandlikepyramids. — — - ^^ T E 
And now ifin thefe folides thus compofed, ye take away the folide angles, 
there fhalbe reftored againe the firft compofed folides:: namely, the folide angles 
taken away from a Dodecahedron and an Icofahédron compofed into one, there 
fhalbe left an Icofidodecahedron:the folide.angles také away from a.cube,and an 
o&ohedtó cópofed into one folidé,there fhalbe'left an exocthedr6.Moreouer the 
folide angles taken away from tw 
beleftan O&ohedron. ^'* 
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"1 Fleffas after thisfetteth forth certainé paffions and properties of the fue fim- 
be demonftrated,ifwe wel peafe and conceiue that, which in the formcr bookes 
hath befie taught touching thafe folides,’ V7 c T Tut 
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. Ofthe nature ofa trilater and equilater P yramis. | 
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.  Atrnlater equilater Pyramis,is deuided into two equal partes, by three equal 
 fquares,which in the centre ofthe pyramis cuttethe one the otherinto two.equal 
partes,and:perpendicularly,and whofe angles arefet inthe midle ſections of ‘the: 
fides ofthe pyramis. From a pyramis are taken away 4. pyramids like vnto. the 
whole, which vtterly take away the fides of the pyramis, and that which: is left 
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vo pyramids compofed into onefolide, there fhal 
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| compojed regular folides. Fol.4.62. 
is an octohedró infcribed in the pyramys in which all the folides infcribed.in the 
pyramisare contained. A perpendicular drawne from the angle of the pyramis 
to the bafe,1s double to the diameter of the cube infcribed init. And arightline 
coupling the midle fections of the oppofite fides-of the pyramis,is triple to the fide 
ofthe {elfe fame cube. The fide alfo ofthe pyramis is triple to the diameter ofthe 
bafe ofthe cube. Wherefore the fame fideof the pyramis is'in power duple te 
the right line which coupleth the midle fections of the oppofite fides. And itis 
in power fefquialterto the perpendicular which is drawne from the angle to the 
_bafe. Wherefore the perpendicular is in power fefquitertia to the line which cou- 
pleth the midle fections ofthe oppofite fides. A pyramis,and an Octohedron in: 
{cribed in it,alfo an Icofahedron infcribed in the fame Octohedron, doo contairie 
oncand the {elfe fame fphere. RG — ET 
i TON 


e 


(tx f ty Y} 


Ofthenatureofan Octohedron. | ies 


Foure perpendiculars ofan O&ohedron,drawne in 4.bafes therof from two 
oppofite angles of the faid Octohedron, and coupled together’ by thofe 4.bafes; 
defcribe a Rhombus,or diamond figure : one of whofe diameters is in power.du- 
ple to the other diameter.For it hath the fame proportié that the diameter of the 
O&ohedron,hath to the fide of the O&ohedron. An Octohedron & an Icofahe- 
dron infcribed in it,do containe one and the felfe fame fphere. The diameter of 
the folide of the Octohedron,is in power fefquialter to the diameter of the circle 
which containeth the bafe:ànd is in power triple to the right line which coupleth 
‘the cétres of the oppofite bafes:and is in power *duple fuperbipartiens tercias to 
the perpédicular or fide of the forefaid Rhombus:and moreouer is in légth triple 
to the line which coupleth the centres of the next bafes. Theangle of the incli- 


nation of the bafes of the Octohedron, doth with the angle of the inclination of 


/ 


the bafes ofthe pyramisymake angles equal to two rightangles. 


Ofthe natire ofa Cube. 


The diameter of a cube,is in power fefquialter to the diameter of his bafe : 
and is in power triple to his fide : and vnto the line which coupleth the centres of 
the next bafes,itis in power fextuple. Moreouer the fide of the cube is to the fide 
ofthe Icofahedron inícribed in it, as the whole is to the greater fegment : vnto 
the fide ofthe Dodecahedron, itis as the whole is to the leffe fegment: vnto the 
_ fide ofthe Octohedron, it is in power duple:and vnto the fide of the pyramis, it is 
in power fubduple. Moreouer the cube is triple to the pyramis : but to the cube 
the Dodecahedron isin a maner duple. Wherfore the fame Dodecahedron isina 
maner fextuple to the fayd pyramis. | 


Of the nature ofan Icofahedron. 


, -Fiuetrian gles ofan Icofahedron,do make a folide angle, the bafes of which 
triangles make a pentagon. If therfore from the oppofite bafes of the Icofahedron 
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Flufas,ofmixtand ©. 


be taken the other pentagon by them defcribed,thefe pentagons fhall in fuch fort 
cut the diameter of the Icofahedron which coupleth the forfaid oppofite angles, 


that that part which is contained betweene the plaines of thofe two pentagons, 


fhalbe the greater fegment:and the refidue which is drawne from the'plaine to 
the angle fhall be the leffe fegment.Ifthe oppofite angles of two bafes ioyned to- 
gether be coupled by a right line, the greaterfegment of that rightline is the fide 
ofthe Icofahedron . A line drawne from the centre of the Icofahedron to the an- , 
glesjis in power quintuple;to halfe that line which is: také betwene the pentagés, 
or of the halfe of that line which is drawne from the centré of the circle which cé- 
tayneth the forefaid pentagon: which two lines are therefore equall . The fide of 
the Icofahedron contayneth in power either of them , and alfo the leffe fegment; 
namely,the line which falleth from the folide angle to the pentagon . The diame- 
ter of the Icofahedron contayneth in power the whole line ; which coupleth the 
oppofite angles of the bafes ioyned together , and the greater fegment thereof, 
namely , the fide oftheIcofahedron. The diameteralfo isin power quintuple to 
theline which was taken betwene the pentagons , or totheline id is drawne’ 
from the centre to the circumference of the circle which containeth the pentagon 
cópofed of the fides ofthe Icofahedron. The dimetient contayneth in power the 
right line which coupleth the centres ofthe oppofite bafes ofthe Icofahedron, 
and the diameter of the circle which contayneth the bafe . Moreouer thefayd di- . 
metient contayneth in xs the diameter of the circle , which contayneth the 
pentagon , and alfo the line which is drawne from the centre of the fame circle to 
the circumference: Thatis, itis quintuple to the line drawne from the centre to 
the-circumference.The line which coupleth the centres of the oppofite bafes,con 


->+ tayneth in power the line which coupleth the centres of the nextbafes , and alfo 


thereft of thatline of which the fide of the cube infcribed in the Icofahedron is 
the greater fegment . The line which coupleth the middle fections of the oppofite 
fides, is triple to the fide of the dodecahedron infcribed init. Wherefore if the 
fide of the Icofahedron , and the greatcrfegment thereofbe made one line, the 
third part of the whole,is the fide ofthe dodecahedron infcribed in the Icofahe- 
dron, | | 


t 


Ofthe nature afa Dodecahedron, . .. 


__., Thediameter of a dodecahedron çontayneth in power the ſide of the dode- 


cahedron, and alfo that right line, ynto which the fide of the dodecahedron isthe 
leffe fegment, and the fide of the cube infcribed in itis the greater fegmét : which 
line is that which fubtendeth the angle of the inclination of the bafes , contayned 
vider two perpendiculars of the bafes of the dodecahedron. If there be taken two 
bales of the dodecahedron diftant the one from the other by the length of one of 


the fides,a right line coupling their centres , being diuided by an extreame and 


meane proportion , maketh the greaterfegment the right line which coupleth the 
centres ofthe next bafes,If by the centres of fiue bafes fet vppon one bafe; be 
drawne a playne fuperficies,and by the centres of the bafes which are fet vpon the 
oppofite bafe be drawne alfo a playne fuperficies, and then be drawne a rightline 
coupling the centres of the oppofite bafes,that right line is fo cut, that eche of his 
partes fet without the playne {uperficies,is the greater fegment of that part which 
is contayned betwene the playnes , The fide of the dodecahedron 7 the greater 
| : (egment 





compofed regular folides. .» - Fol 463. 
fegment of the line which fubtendeth the angle of the pentagon. A perpendicular ; 
line drawne from the centre of the dodecahedron to one of the bafes,is in power 
quintuple to half the line which is betwene the playnes : Andtherforethewhole — 6, 
line which coupleth the centres of the oppofite bafes,is in power quintuple to the 

whole line whichis betwene the fayd playnes.Theline which {ubsédeth the — 7. yt 
. angle of thebafe ofthe dodecahedró;together with the fide ofthe bafe,are - 
X inpowcr quintuple to the line which is drawne from the cétre ofthe 
-. circle,which contayneth the bafe;to the circumference. A {ecti- 9, 
on ofa {phere contayning three bafes ofthe dodecahedron | 
taketh a third part of the diameter of the fayd {phere. : T 
The fide ofthe dodecahedron yand the line which 
_ fubtendeth the angle of the pentagon, are e- 
quall to the right line which. coupleth the 
middle fections ofthe oppofite fides o£ 
the.dodecahedron. ` 
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Faultes efcaped. T 


A Aruaile not ( gentle reader ) that faulies Hére following; haue efcaped in thé córrection of this 

booke. For,for that the matter in itcontayned isftraunge to our Printers herein England,notha- 
uing bene accuftomed to Print many,or rather any bookes contayning {uch matter, which caufeth them 
to be vnfurnifhed ofa corre&tor fkilfullin what art : I was forced, to my great traüaile and paine,to cor- 
recte the whole booke my felfe . And in déedé fometimes for want of Argus eyes, and iutte confiderati- - 
on .notwithitanding my diligence in-cotre£ung, faultes efcaped through me : fometimes alfo for lacke 
of diligence in the Printer to amend my.corrections,faultes remayned vacorreéted by his meanes. So 
that betwene vs both thefe faultes haué efeaped vricorrected : which faultes yet,to fay the trouth;for 
the moft part are fach, asa very young fiudent without noting them ynto_him, mought eafily of him 
felfe finde and corre&e. And this I dare boldly affirme;that not inauy bookes,if any, concerning this art | 
in other tounges,Greke, Latine,or Italian,a:¢ with fo fewe faults of importance Printed ,as this booke 
is . Fhe triall whérofi referre te them which ha’ e red'any-bookes of this atte in other tounges, & fhall 
happen hereafter tå read this . Andias touchieg thefe faultes to be corre ted, would withe you (good 
reader ) before you beginne to read any of ther16-bookes in this volar: contained, firft to amend the 
faulres in that booke which you,will read, according as shey are here ‘fignified ynto you. Where you 
fhall ánde in what booke,leafe,fidé;and line, both the fault efcaped 15,& alfo how itis to be corrected, 
And if you happen in reading tó fide any more faultes dot-here mentioned, as peraduenture you may, 
for that diuers faultes were vtterly fo'eafie and light to correcte, that I'would not note them,& befides 
chat, no one man chough he be neuer fo diligent and circumípecte.can efpie all thinges, I trutt you will 
therefore impute no blame either vnto me or to the Printer,but gen tly amend and corre& them,accep- 
tiag onr good minde,which was to hauc had the booke pafled to your handes vtterly wichont fault, as 
touching the Printing. 
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TO HIS ROYAL HIGHNESS 


GEORGE 


HEREDITARY PRINCE OF 
Denmark, Norway, and of the Gorus and VANDALS; 
Dvuxz Or 
Schlefwick, Holstein, Stormar, Dickmarfh and Cunberland ; 

EARL Or 
Oldenburgh, Delmanhorft, and Kendal ; 


Baron of Wokingham ; 
Generaliffimo of All Her Majcfties Forces; 
Lord High Admiral of ENGLAND, 


AND! 


Knight of the moft Noble Order of the GARTER. 


May it pleafe Your Royau Hicuness, 


HIS Piece was once intended for the Ser- 
vice of Her Majefty, and Your Royal 
Highnefs in the Education of A PRINcE, 
which was then the Hope, and Joy, and 
Glory of the Brizh Nation; on whole 

Character 1 would enlarge, but that I fear to touch 
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upon fo Soft and Tender a Part, leaft whilft 1 endea- 


vour to adorn His Memory, I renew Your Grief, and 
revive again the forrowful Image of Iuar Í NEX- 
PRESSIBLE Loss. _ 

After which, the greateft fatisfaction I have taken 
in Compofing, and —— this Work, hath been 
from my hopes of having a proper Opportunity of 
exprefling to the World, the high Efteem, Refpect, 
and Veneration I have for Your Royal Fighnefs. 

Your glorious Deeds of War, and mighty Atchiev- 
ments in the Field of Battle; a Brother Refcued, and 
a Kingdom Savd, are Glories proper for another Pen. 
But Your wonderful Zeal and Courage in preferving 
thefe Kingdoms, Your entire Love to our Countrey, 
and unparallel’d Affection for our moft Excellent, and 
Glorious Queen, are Vertues, and Merits, which none, 
that Love our Crown or Countrey, can conceal; and 
J am proud to have an Opportunity to joyn in the ge- 
neral Applaufe and Celebration of Them. 

By thefe Vertuous, and engaging Arts, GREAT 
Prince! You have won the Common and Univerfal 
Love and Efteem of the whole Nation; which, how- 
ever Divided in other Matters, are yet Entirely One, 
and firmly United in their jutt Esteem, and Honour for 
Your Princely Vertues, and Merits to their Countrey. 

It {peaks a mighty, and powerful Charm, Great 
Sır, to Unite fuch Divided Hearts ; and nothing but 
Your incomparable Vertue, and Goodnels, and thofe 
infinite Obligations You are {till laying upon our 
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Countrey, could ever have eftabltfhed fuch an Univer: 
{al Confent and Agreement 1n the Hearts of a Peopke, 
fo little acquainted with the pleafures of Unzon, either 
in Zutere/l, ox Affection. : 
Long may You live, Great Prince! the com- 
mon Object of all our Praifes, and of our Prayers to 
Almighty God for the Prefervation of fo valuable a 
Life. How dear it is to us hath already publickly ap- 
peared in the Solemn Prayers and Supplications of Our 
Church, and is daily acknowledged in fecret by the 
private Interceflions of Many, who earneftly beg of 
God to continue fo Bright and Illuftrious an Example of 
Vertue and Goodnefs amongft us; and preferve toan 
Age, that hath fo few of them, the Incomparable Pat- 
tern of THE Best oF Huspanns, Tue Best 
Or Masters, and Tue Best Or FRIENDS. 

A Character of Your Royal Highnefs which all Men 
do profeffedly agree in, and of which our Family in 
particular have had the Cleareft and the Nobleft De- 
monftrations, having long had the Honour and Hap- 
pinefs to attend Your Royal Highnefs, and be Eye-wit- 
neffes.of thofe Vertues, which others Admire and Ce- 
lebrate at a diftance. 

How unable I am, GREAT Sir! to do Juftice to 
Your llluftrious Character 1s fufficiently feen in the 
poor Attempt I have already made: but I humbly beg 
leave to affure Your Royal Highne/s that no Man hath a 
truer, or greater Zeal for Your Glory and Honour; no 
Man hath a jufter Refpe@, and Veneration for Your 
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Perfon, nor does any Man fend up more Ardent Suppli- 


' cations to Heaven for the Encreafe of Your Health, 
and long Continuance of THAT IMPORTANT, and 
BELOVED Laire, on which the foy, and Glory of 
Tue Besr Or Querrns, The Happinefs of Her 
Reign, and the Profperity of Her People do fo much 


Depend. In thefe things no Man exceedeth him, who 
is, GREAT PRINCE, 


Your Royal Highnefss 


Moft Obedient, 
Moft Faithfal, - 


And moft humble Servant, 


EDMUND SCARBURGH. 








THE 


PREFACE 


| ONG "Prefaces bow pleafing foever to the Writers owu 
humour, who is very apt to be favourable to his own Pro- 
duttions , yet are feldom agreeable to his Readers: nor 
can all his Courtefy , Infmuation, and affected ftudy to pleafe 
and invite, make any tolerable amends for the tedious and un- 
grateful Fatigue. 

If the Piece be well performd, and anfwers the defign and in- 
tention of it, the Reader 1s unealy to be detain’d from its perufal: 
if it be not, all the plaufible Pretences and Excufes in the World 
will never recommend it to the Approbation of a Man of Tafte 
and Judgement. A 

It were very eafy to run out, and Harangue the Reader in com. 
mendation of this Excelent Study, fo highly celebrated by the Aa- 
cients, and fo much in the Efieem and Fafhion of the Age we live 
in: But this is a defign that the befl Wits of every Age have per- 
form d to admiration, and have left no colours for any new Pre- 
zender to adorn it with, therefore waving any attempt of that 
Nature, aud all tbe cuflomary Modes of Formal and Ceremonious 
Apologyes, 1 /hall apply my felf to inform the Reader, that fball 
pleafe to perufe it, What he may exfpect, and What he will find to 
his fatisfattion in this following Work. | 

Firft, 4 plain, but I hope a juft and exa Tranflation from the 
Original ivto Our Mother Tongue, wzthout neglecting too much 
the Turn and Idiom of the Language it was at firf? written in. 

Secondly, He will find Such Iuftrations for rhe benefit of 
Younger Students, and Such Annotations annext to the mofi dif 
ficult Places, as may Jerve to clear the Author's Senfe, and explain 
it to the Capacity of tbe meaneft Reader, that is never fo little con. 
verfant in thefe Studies. 

‘Thirdly, avd lafiy, He will fee Our Author, The Great and 
Noble Elementator him/el, Vindicated from the many captions 
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and unreafonable Objections brought againft Fim by Jome Severe, 
ana over Critical Commentators. 

if I have performd Tuts, I have my defire in Compleating 

and Publifbing a Work, which was defgn'd, and begun many 
pears ago at the Command of my much HONOURED FATHER, 
and THat [LLUSTRIOUS PRELATE, the late Lord BIsHopP 
OF Sarum. A Prelate whofe Piety, Charity, Hofpitality, Friend- 
fhip, avd Wonderful Attainments as wel] in the Politer Lats, as 
Deeper Searches in Divinity, made Him One of the Glories of hus 
time, who hath deriv'd a lafting Honour on Tuat Sux, and left 
a most incomparable Example of Charity and Munificence, 7o 
all his Reverend Succefsors zz 'That Church. A PRELATE whofe 
Memory will be for ever BLESSED, zot only in his own Dioce/s, 
but wherever Piety, and Learning, and fweetne/s of Conver/ation 
have any Name, and whofe Authority, I dare promie my fek, 
will not a little recommend this Undertaking tothe World For 
tho’ his Lordfhip did not live to fee it frnifbed, yet He, in bis per. 
fec Health, highly approvd the Defen, and laid his earttef? Com. 
mands upon me to Compleat it. 

My FatHer, whofe name (1 prefume) is uot the leaft in the 
Regzfler of Men Learned , and Famous in thefe Studies, liv'd to 
have the perufal, and Correction of the greate/} part of this Work, 
which may in fome meafure recommend it to the Judicious Reader, 
and vindicate the Piece from the imputation of being a Common, 
and Ufelefs Performance, He had the honour in his Life time to 
have the Acquaintance, and Converfation of the mot Celebrated 
Mafters of thee Sciences,and had made fo Large, and early an Ad. 
vance, and Progrefs in thefe Studies, as to deferve that kind and 
honourable Charatter from the Learned and Zudicious Mr Ough- 
thred zz his Preface to bis Clavis Math. * 72 Maz, says He, of a 
“ pleafant and obligeing Temper and Comver[ation , 0f a piercing 
“Wit, and penetrating Judgement, fo admirably verfed in Ma- 
“thematical Studies, and of fo happy and ftrong a Memory withal, 
“that he was able upon any occafion to Repeat, and Apply every 
* Propofition i» Euclide, Archimedes, and feveral other Ancient 
* Mafiers 1a tbefe Studies" 4 Chara@er, which not only {peaks 
the high Eſteem that excellent Author had of Him, but fbews 
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Him kkewife to be no improper Perfon, upon whofe Authority; 
and Direétion, a performance of this nature might be undertaken. 

But neither did He hve to fee i finifod; For my many concerns, 
and unavoidable Avocations, kept me many years from purfuing 
This Work: fz] at laft I had a very fair Profpect of making it 
ferviceable to the Ever to be Lamented Duxe of GLOCESTER, 
Whofe Death put an Other, and almost Final flop to this Work ; 
till being more at leifure, and continually flirrd up by the remem- 
brance of thofe Worthy and Excellent Perfons, that had recom- 
mended the Compleatiug of it, I refolv'd to go thro, and Publifh 
it to the World, having at the fame time the Encouragement, and 
Recommendation of tbe 'The GREAT D'Warrrs, azd bis Learn- 
ed Friend theWortTHY D'GreGory; Men whofe very names 
are of Virtue to keep the Work from blufbing, and not only fhelter 
it from Cenfure, but Recommend it to the Approbation of Mern 
of Judgement. 

For the Firft was undoubtedly Tn GREATEST MASTER of 
Tus SciENCE, that hath appeard in any of thefe later Aes; 
The honour of Our Countrey, and Admiration of Others, whofe 
Charatter can never be more fully, or lively exprefSed than in that 
juft and excellent defcription of Him by the Learned and Judicious 
M’ Oughthred; “4 Perfon (fays He) adorn d with all ingenu- 
“ous, and excellent Arts, and Sciences; Pious and Induffrious, of 
* q deep and diffufive Learning, and an accurate Judgement in all 
“ Mathematical Studies, and Happy and Succe/sful to Admiration 
“in Decyphering the moft difficult and intricate Writings.” Which 
was indeed his Peculiar Honour, and the greateft Argument of a 
moft Jubtle and fearching Wit and Judgement. 

As for the Latter, The Learned Profeflor of Aftronomy, as He 
wants no Commendation to the Prefent, fo will He not fail to 
leave a Noble and Lafting Character 7o future Aves, and Live for 


ever iu bis many learned Difcovertes , and incomparable Perfor- 
mances it ASTRONOMY. 
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An Index of the Authors mention’d in the Annotations: 


Apollonius Pergeus. Marinus Gethaldus. Plato. 
Archimedes. Metius Adrian. Poflidonius. 
Benedictus Joh. Mydorgius. Proclus. 
Borellus. Nazaradinus. Pythagoras. 
Bovillus. Nicomedes. Tacquet. 
Campanus. Orontius. Theon. 
Cicero. Oughthred. Vitellio. 
Clavius. Pappus. Wallis. 
Commandinus. Peletarius. Zambertus. 
Eutocius. | | 
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The Reader is deſir'd to Correct theſe few Eſcapes of the Printer, 
according to the following ERRAT A. 


Page 5. /ine 7. and elíewhere, for Extream, or. Extreams read Extreme,or Extremes. p. 11./. 10. v. Superficies. — p. 45. 
l. i17g.r. ABC. p. 48.4 30. for Propofition. 7. Proportion. p. 53.7. 11. forDH r. DG. f. 63.4. 38. r. Qexnzos, 
p. 66. 21. r.to DA. p. 68.L42.for itr. is. p. 81. 4. 32. to ftrait add line, — p. 87. (. 1. to point add A. p. 88. /. 
2i.forinr.i15. p. 96. ¢. 13. for known r. know. 7.1.39.7.to a Rect. p, 108.412. 7. Parall, p. r1o.d. 5. after fub- 
tending dele 5. p.181./.29. fordivingy. dividing. p. 184. in hends deles. p.186./.3.7. lyable, p.204. [. 18. r. of D. 
pezig l 12. for3r2. p.219. 21. deleand, p. 224.42, td hath add to. 
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DEFINITIONS, 


OR 





Expofitions of Geometrical Names, and Terms of Art. 





DEFINITION I. 
| A Point is That of which there is no part. 


ANNOTATIONS. 


EUCLIDE begins the Elements of Geometry in a true Elementary me- 
thod of Doctrine from the moft fimple Things, and Notions in Geometry to the 
more and more Compound. 

And becaufe Magnitude the fubject of Geometry hath not a Afinimuni to begin 
with, as Number hath an *Uzzte, therefore nothing elfe could be more fimple in 
thefe Mathematical Speculations of Magnitudes, than firft to put a Point as void 
of Magnitude. Which notwithftanding is a proper beginning to enter into the 
prefent matter, as the firft ftep towards Geometry: and It is in fome manner like 
to a Cypher in Arithmetic, which may be call'd an Arithmetical Point. 

The definition of a Point is plainly negative, and no otherwife informs us what 
a Point is, than by telling us what tis not. Yet in many Things that are in nature 
moft fimple Thefe kinds of Negative Definitions are {ufficiently inftructive ; 
tho not to the Effence of the Thing defined, yet very well to the Ufe that is to 
be made thereof. | 

So here a Point is defined by a negation of Parts. Which Definition in refpect 
of Magnitude, ‘That was next to be confidered as divifible into parts, is Inftructive, 
or Preparatory to the right urderftanding of the Doctrine of Magnitudes; and 
lays down what conception of a Point is hereafter ufed, or ufeful in Geometry, 
namely, To bavemo parts. Which is fufficient for the prefent to a Geometrician. 
Let the Philofophers difpute further, as they pleafe, about the reality of a Point, 
or the nature of an. Atome. 

But now in the firft place, we are to underftand, that A Point made with a Peri 
or any otlier Inftrument is but an imperfect, and grofs Notation of a Mathematical 
Point here defin'd by Exelzde. Which is abftraéted from Matter, and Quantity, 
and only to be conceivd in the Mind, Yet thofe kinds of material, and vifible 
Points being put as the leaft object of our Sight, may be allowed for a Note of 

A 


a ma- 


3 THE FIRST ELEMENT 


a Mathematical point, which is the leaft object of our Underftanding in thefe 
Geometrical Contemplations. 

And to go on with the name. PUNcTUM, A PoiNnT is among the Greeks 
vulgarly Nuypa & Enyus. A Prick, Note, or Mark. By Plato, Ariftotle and other Phi- 
lofophers, zzypz 1s taken in a ftrict Geometrical fenfe for an Jndzvzfible Mark, or a 
Notation of am Indwifible 'Ihzng.. Which is the fame with a Mathematical Point. But 
Euclide names it moft properly Zyuss, A Sgene. That is, fuch a Signe, as denotes 
in {pace An Impartıble Here, or There. 

Now fpace is an Infinite, and Unmoveable Diffufion every way: fuch as can af- 
ford a Locality to any one Thing without the Refiftency, or Ceffion of any other. 
Héyrav vz00oyz, the Receptacle of all whatfoever is, orcan be. Thus Vzrg7l makes 
old Sz/enus fing the Beginnings of Things. 

Namque canebat uta. Magnum per. [nane coacla 

Semina terrarumque, animeque, mariſque fuiſſent. 
Virgils Magnum Inane, that 1mmenfe, and Empty {pace both the Philofophers, and 
Mathematicians, put as the Pramum Conceptibile, The Firft Conceiveable in the Being 
of Things. Call it fpace Phyfical, or Mathematical. For we difpute not here with 
Democritus, and Epicurus, whether Space be a Thing in Nature diftiné& from Body 
pofited in Space. Only the Mathematician gives a oan to It, asin general ab- 
{tracted from any kind of Body, that may fill, or poflefs a Space. 

In this Univerfal Space 4 Point, or Signe zs a certain Pofition without any Quantity. 
It is An Indivifible Us to be put at pleafure any where. 42 Ubi Ubilubet. And be- 
caufe wherefoever a Point be put, the fame is conceived to be apepis, xcy odtaceery, 
void of Parts, and Interval; therefore it is the mot Simple, the Firft, and Leaft 
Thing imaginable in Space. Miyermy tlw axportrlu F orev Qiaw, fays Proclus moft 
acutely. A Point tans the Utmoft nature of Things. That is, a Point is of 
a nature fo Subtile, that it has the very Extremity of Being, or the Next to No- 
thing. So Lucretius, 


ira ean cnc gae. 





Punctum fme partibus exflat, 

Et minima conftat naturé, —--—— 
But yet a Point hath fuch a Being in Nature, how little foever it may feem, that 
from very many Inftances it evidently fhews it felf to Be. 

Inthe ordinary ufe of Burning Glaffes there is vulgarly taken notice of a certain 
Burning point. And fuch a point It is, as proves it felf really to be. In Load- 
{tones it is commonly known that there are Polar Points, called North and South, 
In the defcent of Bodies towards the Earth, and inall Parts of the Earth, while 
they every way prefling together do fall into an Orb, or Globe, there muft arife a 
rcfpect toa certain Point; Infomuch that upon this very Point the Mafs of the Earth, 

Moles 'Iellurzs 
Ponderibus librata. [uzs immobilis heret. 

And in the like manner, what is more manifeft to be, than the middle point in 
the Balance? Than the point of Aquzlzbrium, or Equal-poife in every Body? And 
it is no part of the Body. For that every part of a Body is a Body: and whatfo- 
ever is Body, has a point of Aquzlbrium. So then in every Body fuch a Point there 
is, Which Point being no part of that Body, muft be a meer Mathematical Point. 

A Point therefore has a Being, tho Indivifible. Yet itis not the only Thing to 
be conceived indivifible in Nature, But in Geometry Yt is the only indivifible Thing. 

And in refpect of this its Indivifibility, for Illuitration fake, a Point in Geometry 
is compared to an 'Uzzte in number, and to an Zzffant in Time. Both Thefe being 
alike conceived under the fame notion of Indivifibility with a Point, tho in other 
refpects all the Three be much different from one another. But becaufe the Indi- 
vifible natures of Unity, and Inftant are more obvious to common Apprehenfions ; 





Thefe do well enough illuftrate the Indivifible Being of a Geometrical Point. 

By the Pyzhagoreans, who bring all things into the Myftery of Numbers, A Point 
is {aid to be Movas Seow exzow. A Monade, or Unity having pofition. Indeed to have 
Pofition, or Situation is the only poftzve conception to be made of a Point: Whofe Ex- 
uftence is in its Locality : As Proclus fays, Oio & sere xeyove. Exiftit tanquam in loco, 

Here, 
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Here, or, There. But now Unity properly taken, as the Pp Number, has 
nothing of Pofition. As Proclus goes on, arms 4 Movas, C mol» slo vr». And up- 
on this confideration Unity is ayyys &aAscez, more Simple than an Indivifible 
Point, for that a Point exceeds the Indivifible fimplicity of Unity by the addita- 
ment of Pofition. And therefore 1n this metaphorical Definition, by Unity is only 
to be underftood Indivifibility, or Vacancy of parts. So that, 4 Point 1s to be con- 
ceived fuch a kind of Unity, fuch a Monade, or Indiwifible Being, as in Space to poffefs an 
impartible Place, or Pofition. mE 

And to proceed in a familiar comparifon between a Point in Geometry, and an 
Inftant in Time, there is fuch an Agreement in their Indivifibility, that even Life 
it felf, our very Being is but a Point. For only ro wv, This Point of Time, The In- 
divifible Inftant, The prefent Moment is. And what was, and what fhall be, is not. 

Thus much of a Point, Moos m 71» vago aor, € vbo aveauoziay. Whether of Some- 
thing, or of Nothing. 

The Geometricians do commonly note a Point by {ome one Letter of the Alpha- 
bet. As the Point A, or the Point B. 


DEFINITION IL. 
A Line is Length without Breadth. 


ANNOTATIONS. 

A Point was the firft thing towards Elementary Geometry pofited in Space, and 
That without any Quantity. The next and firft moft fimple Thing with Quantity 
is a Line, That is, meer and fimple Extenfe; or folely Length. Yn which Definition 
there 1s a pofitive notion of Length, reitrained by a negation of the next imme- 
diate compofition made of Length and Breadth. And herein forthe prefent It con- 
fines our Imagination to one fingle confideration of the menfuration of Magni- 
tudes, and That according to Length alone. whereby we underftand what conception 
ofa Lineis ever and only tobe made ufe of in Geometry, LENGTH ALONE. 

We may help our imagination in the conception of a Mathematical Line after 
this manner. Puta Point (I mean here a Thing, whofe quantity is not confidered) 
and let 1t be fuppofed to move from one place to another. Then fhall the fame 
leave an imaginary Track only Long, which is calleda Line. As if the Point A be 
imagined to move from A to B, It thall trace forth the Line, named AB. | 
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Not that hereby a Line is 4 Flux of a Point, as fome define It: (for motion creates 
not magnitude; tho the nature of the feveral Dimenfions of magnitude, as abftracted 
from Matter, may be well conceived by motion) but only by this Inftance we do 
give fome Idea of Length, or of that kind of magnitude, which is called a Line, not 
confidering the fubject wherein It is. — | 2 

And therefore, to explain further this prefent matter, we are not to conceive 
that a Line defcribed from the motion of a Point does confift of Points. For the 
motion, or flux of a Point adds not Point to Point in its progreffion, and thereby 
conftitutes a Line, as the links of a Chain make up a Chain: but only does dy the 
continuity of its motion reprefent to our imagination a Continued Line, or Length 
without Breadth. 

The Conception of Length arifing from the motion, and the negation of Breadth 
from the nature of the moving Point, which is conceived fuch, as to be void of 
Length, and Breadth, or any thing of Magnitude; and therefore in its imaginary 
flux cannot form any reprefentation of Breadth; but only of a pure Mathematical 
Length. | - | 

Again, forafmuch as a Ihing cannot be made of Nothing; and therefore ten 
thoufand Nothings cannot make One Thing: fo a magnitude cannot be made of 
that Thing, which in it felf is no magnitude ; tho’ never fo many of Them were 
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put together. If therefore à Point be fuppofèd to be put toa Point, ‘there cannot 


H 


be any thing elfé conceived, then that They both muft wholely enter into one ano- 


ther, and fo ftill be put as one Point. For otherwife if they join to one another, 
they muft join by {ome common Extreme: but a Point having no part, can have 
no Extreme, no Beginning, Middle, or End. Wherefore upon the fuppofition of 
Two, and fo by confequence of more points put together, there can ftill nothin 
more refult or be imagined, than a Point. Therefore whenfoever we bus 
two diftin& points, fome kind of interval muft be alfo fuppofed to be between 
them. So that the flux of a point proceeds not from point to point; but immedi- 
ately pafleth into Length. And therefore from the common Inftance of a fluent 
point we are not to conceive, that a Line does confift of points; or that a point is 
any part of a Line. Butas every motion begins and ends where there is no mo- 
tion, foevery Length begins and ends where there is no Length. 

But tho there be many irrefragable Demonftrations that a Line cannot be confti- 
tuted of Points; yet Theodofrus hath as clearly demonftrated, that a Sphere toucheth 
a plain fuperficies only in a point, and how then It doth notin its motion ona 
Plain trace forth a line of points, Clavius acknowledges that he hath not met with 
a fatisfactory Explication. And therefore Fromondus his Book De Compofitione Con- 
tinuti is by him not amifs entitled Labyrinthus. ‘Thus the Reafon of Man muft fub- 
mit to the Incomprehenfible Secrets, which by an Infcrutable, Infinite Wifdom, are 
planted in the Nature and Frame of Things. 


F the Application of Number to Magnitude, and the Ufe 
Thereof in the Menfuration of Magnitudes. 


But now in Difcrete Quantity the matter is far otherwife. Where Maas, Monas, an 
Unite, or Monade, tho It be as indivifible and partlefsasa point; yet It is a con- 
ftituent part of every number: and therefore every Number 1s a Multitude confifting of 
certain ‘Units, or Monades. Wherefore it ought to be obferved, that in comparing 
Magnitudes with Numbers a point in Magnitudes does not anfwer to an Unite in 
Numbers; but rather to a Cypher. Which 1s no more a part of Number, than a point 
is a part of Magnitude. Whereas an Unite is not only a conftituent part, but alfo the 
Leaft Part of every number, and therefore It is the natural meafure of all numbers. 
A Meafure being the Minimum omnium in eodem genere. But becaufe in Magnitudes 
there isnota Minimum; therefore Magnitude has no Natural meafure. Yet here we 
fupply a Natural meafure fufficiently for our ufe in conftituting, by common con- 
fent, fome certain known magnitude for a meafure. To cayncs pete, A Stated Mea- 
fure the ancient Geometricians call It. And upon fuch aStated Meafure there fol- 
lows a juft agreement between Numbers and Magnitudes. Forin the menfuration 
of any magnitude, what part foever of a magnitude is taken by confent for a Mea- 
fure, the fame truly anfwers to an Unite in Numbers. For it is in this cafe a fup- 
pofed Mznimum and put like an Unite for. the Leaft Part to be confidered in That 


magnitude; by which fuppofed Leaft Part me do agree to eftimate the quantity of 
the Whole. As in the menfuration of any Length, leta Yard, or a Foot, or an Inch, 
&c. be agreed upon as a known magnitude for a Certain and a Standing Meafure. 
And for Inftance, let an Inch be put for the meafure of Length. The Jnch is now a 


fuppofed Mzmimum, and becomes to be of the like nature and ufe, that an Unite is 
in Numbers. For as a number has its value from the multitude of Unites which are 


numerated to be collected in It: fo a Line or Length fhall have its value from the 
multitude of Inches, which are numerated to be contamed in the fame. As if a 
Line contain twelve Inches, or eight Inches, or four Inches, The fame is valued ac- 
cording to 12, 8, or4. The Line ina refpect had to an Inch, as the number ina 
refpect had to an Unite. So after this manner The Menfuration and Eftimatzon of alt 
maeuitudes 15 made by the numeration of the Stated meafure, as a number 1s efttmated by 
the numeration of tts Units. 

And This is the firft and real ground of correfpondence between Numbers, and 
their mutual application to one another, Which ought to be perfectly underftood, 
| ; " and 
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and remembred for the common ufe that is hereafter to be made thereof through- 
out all Geometry. 

Therefore {peaking upon this matter in general, Let the Stated Meafure of any 
kind of Magnitude be called THE MEASURING UNITE, OF THE GEOMETRICAL UNITE. 
For very ufeful it is, and moft requifite, that 1t fhould have fome fetled Name. 


DEFINITION IIL 
T He Extreams, or Ends of a Line are Pots. 


ANNOTATIONS. E 

A Line was defined to be Length without Breadth, that is, Length alone: and 
fo taken abfolutely without any refpeđt to Termination; which is a Secondary 
notion, and a Supervenient Mode, or Qualification of Magnitude. | 

In the firft place therefore Euclide defined a line without limitation. But after- 
wards if a line be any ways determined, as Here, or Ihere, or Any where, He tells 
us now that in the termination of a line the Extreams, or Ends thereof are under- 
ftood to be points; fuch as he had before defined to be void of parts. For in 
common fenfe Length cannot be terminated by any thing having length, becaufe 
it will again be demanded, What limits This Length, and fo forth infinitely. 
Therefore a line muft be conceived to be limited by fomething void of Length, 
and by confequence of Magnitude, which Thing is called A Point. As for exam- 
ple, of a limited line AB the Extreams, or Ends are the imaginary points named 
A, and B, that ìs as much as to fay, that the line A B begins Here at A, and ends 
There at B. 7 | | 


PL RO UTILI. UCM, P ina 
So that a Finite line zs a continued Length determined by two points, Here and There. 


DEFINITION IV. 


Strait Line is That * which hes evenly —* wns whos mis touts on 
ZO the Points within lt Jet. | LoS KETU. 


ANNOTATIONS. 

As for Inftance. In a line let there be taken points at pleafure how many fo- 
ever. A,B, C,D,E,F, &c. 
If the line be fuch as Eu- A 
clide {ets forth by the name 
of a Strait line, then we 
are to conceive, that the whole line xara tics, or ouadws. Jacet equabiliter, Lyes 
evenly, that is, juft in one and the fame pofition to all thofe points: fo that from 
any point to any point there isno where made in the tract of the line any change 
of Pofition on one fide or other, upward or downward, or any various way. 
But that every imaginable part of the line does bear a like Site and Refpect to all 
points imaginable in the fame line. | 

Whereas in a crooked line Every afligned part has a different refpect of Situ- 
ation to all aflignable points in the crooked line. Here one way, There another; 
in an infinite variety of pofitions of the One to the Other, of the Parts of the 
line to the Points, and of the Points to the Parts of the line. But in That, which 
Euclide calls a Strait line, there is to be conceived One and the fame Equability 


throughout in the pofition of the whole, and of all its parts to every point in 
the fame line. 





B C D E E 


The Ufe of This Definition. 
So that frf, if any ftrait line be füpposd to lye upon another ftrait line, It 
B ihali 
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fhall neceffarily follow upon this uniform conftitution of all ftrait lines, that their 
intermedial parts muft be congruous, that is, coincident, and every where agree: 
ing exactly with one another, fo that They be as oneftrait line, — | 

And fecondly, by a natural confequence from this Definition of a ftrait line Archi- 
medes before his Books De Spherd & Cylindro does affume as a Common Notion, ‘That 

A Strait line is the Leaft of all Lines having the fame Extreams. 

And thefe are the two {pecial ufes made of Euchd's Definition in feveral Geo- 
metrical Demonítrations. | As for the Zzrf?, in Prop. 4^. and 8^, EL I. in Prop. 24. 
El. III. &c. Of the fecond, in thofe admirable Books of Archimedes concerning the 
Sphere and Cylinder. | | 

But This Propofition of Archimedes fome Commentators cite for Another Defi- 
nition of a Strait Line, wherein they are much miftaken. That Great Geometri- 
cian fo well underftood the ELEMENTATOR 1n this his moft accurate Definition, 
that he went not about to mend It, and to give a new Elementary Definition, 
which was much below his thoughts, and prefent Matter. But from thence, as 
his Subje& requird, did affume this Propofition, as a natural and immediate Con- 
fectary, and puts It fora granted Maxim, not a Definition. Hereupon therefore 
it will not be unufeful to confider farther of Mathematical Definitions. | 


Of Definitions Mathematical and Philofophical. 


Definitions may be taken two feveral ways. Fuirft, there may be an Idea, Image 
or Conception in our Mind of a Thing, which we cannot exprefs to others, but 
in many words. Now to this Thing expreffed at large we would give in brief a 


certain Appellation or a fettled Name; fo that whenfoever this Name is menti- 
oned, we intend thereby that the Thing be in fuch manner conceived, as It was 
at firft expreffed, or as we fay, defined. Mathematical Definitions are to be taken 
in this fenfe. Which indeed admits of no difpute; for that it is free for every 
man to give what Name he pleafes to his own Conceptions. He is only afterwards 
bound to ufe the Name always in the fame fignification, which at firft he pave unto It. 

Again there are many Things of which Men have a common Idea, and alfoa 
Name commonly received to fignify every fuch Thing. But yet upon fearching 
more curioufly into the nature of Things we do often require a more perfect Ex- 
planation of the Effence and Intrinfecal conftitution of thofe Things. This kind 
of Explanation is call d a Philofophical Definition. Which ought to be an Ana- 
lyfis of the Thing into the Effential principles of which It is compounded. As 
when we demand what is Water? What is Fire? Of thefe Things there is anong 
men a common Idea, I mean, of The Whole or Totum Phyficum, and a like ufe ; 
Alfo in every Language a certain Name; Notwithftanding which knowledge of 
Ours, we do by thefe queftions require fomething more to be inftructed in, con- 
cerning their original conftitution. ‘That 1s, we would refolve the Whole into 
its conftituent parts, and lay open the fecret Compofition of their Natures. But 
whether the Intellect of Man can pierce fo deep into the Intrinfic State of Things, 
as to give an Effential Definition of any Thing; is to me fo much unknown, that 
altho -4rzffotle rightly teaches what That Demonftration, which he calls Afr: 
ought to be, yet I believe the moft fubtile wits in the world never fully difcern'd 
the Effential frame of any Thing, or the Natural progrefs of Caufes and Effects, 
whereby to be enabled to give juft Definitions of Things, and accordingly De- 
monftrations Aicn in the Courfe of Nature. Our Definitions being only the Ana- 
lyfis of our own imperfect Conceptions of Things, rather than of the Things 
themfelves. | 

For to Know the Divine Mechanifm of this material World belongs only to 
Tuat Eternal, Almighty Self-Being, v2w, ro &, xay eos ve. The very Being, The 
One, and of one only Thought, Which (The fame with Himfelf) together Knows 
and makes all Beings. | 

What Intuition into the Effence of Things, Spiritual Creatures may have is 
alltogether unconceiveable by Man. Certain it is, that Humane Underftandin 

proceeds 
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proceeds upon Conceptions inadequate to Nature, taking Things only by Parts, 
and from their outward Appearances. Acyicpay oda mgayparay dicyeow. Is the pure 
Iambic of $. Greg. Nazganxen, Reafoning I know to be the Divifion of Things. Our Ratio- 
cination indeed 1s made after that manner, ftep by ftep, to lead us into fome kind 
of knowledge. And in obferving what appears the Firft, moft Simple, and im- 
mediate Emanation of a Thing, we do from Thence determine the nature of the 
Thing in It felf, and diftinguifh It from all Others. And hereupon we form in 
words a Propofition, commonly called an Effential Definition. It ferves indeed 
as well for our ufe in Reafoning; if we can from thence as 4 Caufe gradually de- 
duce all other Affections and Properties obfervable in the fame Thing. 

Thus there are thefe two kinds of Definitions. The firft 1s by Logicians called 
Definitio Nominis. Which is of moft ufe among the Mathematicians, who giving 
Names to their Conceptions, do in their Definitions put 4 Name for the Subject 
of the Propofition, and The Thing which is to be underftood by that Name is made 
the Predicate. Andin This kind of Definition there 1s only imply d that fech a Thing 
is fo Named. l l 

The fecond is called Definitio Rer, ufed generally by Philofophers, in which the 
Subjet of the Propofition is the Totum Phyficum, or a Thing conceived in erofs 
under a natural compofition, and fignified by a certain Name: And the Predicate 
is, or ought to be the Effential conftituent Parts of that Phyfical Compound. __ 

Thus a Mathematical Definition confifts of the Name and the Thing, and a Plü- 
lofophical Definition of the Thing named and the Effentzal parts of the fame Thing. 

And now to our prefent matter. Fir, as the Mathematicians underítand their 
Definitions, This of a ftrait line 1s with all the Reft to be received alike by Geo- 
metricians without exception. For that with Them, as we have faid, there is 
only put or fuppofed fuch or fuch a Thing, and a Name is given to It. As here 
A Length is put, which is to be conceived to lye evenly to all its Points; and 
fuch a .Length is called a Szraz? Lzne. Now firft againft this Notion of Evenefs 
in Length or an Equable interjacency of every part ina certain Length, there can 
be urged nothing as impoffible or incomprehenfible ; and therefore It is at prefent 
to pafs as a Legitimate Suppofition. And next in calling this kind of Length a 
Strait Line, The Name is free andarbitrary as all Names are. 

But again, if as Philofophers we take the Subject of the Propofition for a 
Thing, and here intend to define a Strait Line; as a Thing commonly known in 
It felf, and alío by That Name; yet to clear our Conception therein, we would 
Analyfe, or Refolve a Strait Line into the Effential Grounds of! Re&litlude, Y fay, 
even in this Philofophical acceptation Euclzds Definition will appear moft accurate 
upon this very reafon, that whatfoever Notion put by any One Philofopher, or 
Mathematician for the Definition of a ftrait line, or whatfoever Properties and 
Affections are attributed to a ftrait line, They do All evidently arife from Exclia’s 
Definition, as from the Nature of Reétitude, and the Effential Conftitution of a ftrait 
hne. For Euchd's Notion of a ftrait line does confift in the Equability of its pofition 
to all imaginable points in the fame line. And there arifes from This conception 
fuch a Community, or rather Identity of Conftitution in all ftrait lines, that 
they being confidered abfolutly in themfelves, 4s Strait, do differ from one ano- 
ther only in Situation, and variety of Place. So that changing in our imagination 
the place of one ftrait line into the place of another (which is called EQdpucas, 
Epharmofis, or an Adaptation of one line upon an other) there follows, 

Firft, that All ftrazt lines are Congruous to one another. 

And This is, as we have noted before, the Primary ufe of Exclid's Definition: 
Or rather, This is not fo much to be accounted a. Confectary, as rather the fame 
notion with Euchd s Definition, tho’ in different words. For to conceive ftrait 
lines to be fuch as to have every where an equable interjacency of all their parts 


to all their points; Or ftrait lines to be fuch as to have every where a mutual 
Congtuability of Themfelves, and all their parts to one another is in effect the 
fame Thing. 


secondly, That 4 ftrait line is the leaft of all lines between the fame. points, 
B 2 Which 
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Which notion informs not what a ftrait line is in It felf; but only what It is 
in comparifon to lines not ftrait. frebzmedes makes ufe of This as a natural Con- 
{ectary from Euchd s Definition. Aisn, fays Proclus, i ics xermq mis Q tauris onpeos ; 
Ale rS» £e £g; TOV TU QUTZ replat execcy. — Becaufe a ſtrait line lyes evenly to all 
tts points, for that very reafon It ws the leaft of all lines having the fame Ends. For if 
any other were lefs, Ihe firft did not lye evenly between its Ends. & 93. ém mie. tton 
Cj. € ire wareTy Ts TEegoW EADTHS. 

Thirdly, From Zucld's Definition fays Proclus ‘tis manifeft, that 

Only The ftrait line does pofsefs a Space equal to That, which ws between Its points. 
Morny tw every ioy zatnya ddrud m milaku TOV EM QDTHG cuv. And Proclus gives 
this reafon; For how much One point ıs diftant from the Other, fo much is the magni- 
tude of the ftrait line terminated by the fame points. Oow ames Yetepov, T&v opeta 
Sarees rorsymy To pagedes Tus euderas rys var avray megleuens. This is, fays Proclus, 
€ ira xiy. That i, A line to lye Evenly between two points, is the fame Notion as a 
line to be equal to the Intermedial fþace between two points. Therefore 

Fourthly, 4 ftrait line w the natural meafure of Diftance between Point and Point, or 
Here, and There. 

Fifthly, A firait line w Ordinate between its Extreams, er’ dypav sa melayu, fays 
Proclus. 

Or if we takeit as S' Henry Savile corrects it, nla. Then thus it is. Aſtrait 
line ws ftretched to the utmoft betreen its Extreams. And therefore 

Sixthly, 4 firazt line w fuch, whofe Extreams cannot in our Imagination be moveable 
further from each other, preferving the Quantity of the fame line. 

Whereas the Extreams of any crooked line may without change of its quantity 
be further and further diduced, till the crooked line be ftretched to a ftrait line. 

Seventhly, 44 ffrazt line 25 The only fingular between the fame Extreams. 

That is, there can be but one ftrait line between the fame points, whereas of 
crooked lines there may be infinite. Lafly from Euclid s Definition there is ob- 
ferv'd an other Property of a ftrait line relating to Vifion: To wit, 

Eighthly, 4 férazt Ene ts That, All whofe Intermedial Parts do obviate the Extreams. 
He zi pec guy mis arpus dkingsge. As Proclus {peaks from Plato. And the mean- 
ing is, that if One Extream be fuppofed a Lucid point, and the other Extream an 
Eye, alithe interjacent Parts of a ftrait line fhall obviate, or ftand in the way, 
and obftruc the Radiation of the Lucid point unto the other Extream; {o that 
1t cannot be vifible tothe Eye inthat place. As for inftance, we find the Eclipfe 
of the Sun to be made by the direct interpofition of the Moon between the Sun 
and our Sight, All Three then lying in a ftrait line. 

Thefe Notions, or Conceptions, and whatfoever other Attributes are by any 
One given to a ftrait line, They are only Coníe&aries from. Euclid : Definition. 
Which for this very reafon fhows It felf to be the Primary Conception of Recti- 
tude in lines, for that It comprehends all ftrait lines 1n general, whether taken 
finite, or infinite. Whereas Thofe Other here now mentioned are Secondary, re- 
lating only to a finite ftrait line as determined between two Extreams. And moft 
or all of Them are ufelefs in Geometry. 

Thus have we fully fet forth the feveral notions of Mathematicians and Philo- 
fophers concerning a ftrait line, becaufe Many of Them have thought It worth 
their While to buf Themfelves therein, and efpecially two Great Men of our Age, 
M" Hobs and the incomparably Learned D' Wallis. And befides we have the ra- 
ther infifted upon this Argument, for that lt gave usa juft occafion to Expound 
the Nature, and Difference of Definitions Mathematical and Philofophical. So that 
in the right underftanding of Them Both, our younger Students might be provi- 
ded againft the Cavils made upon fome of Euciad's Definitions. Laftly, It 1s ob- 
fervable, that Things, the more common They are and feem moft known, are 
the moft troublefome to be defined. For that there 1s in every Man One and 
the fame anticipated Idea of Familiar Things, whereby they are better known 
within Us, than Words can make them known unto Us. The Things them- 
felyes ftamping a clearer Image of Themfelyes into our Imagination, than any 

words 
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words can imprint. deo difficile eff (to {peak with S Henry Savile) rem maxime 
perfpicuam per [picue defmire. mE : l 

A dtrait line altho it be no where exifting by it felf, yet there ıs no- 
thing of a more common conception, and in more frequent practice. For the 
Diftance of Places fiom one another, Land, and Sea, Heavens, and Earth, the 
height of Buildings, Mountains, Clouds, Comets, Planets, &c. 1s only confidered 
and meafured Direéttly by Length: which is nothing elfe, but what Euclide means by 
a Mathematical ftrait line. And thus in very many cafes of Humane Affairs this 
notion is neceflary, and applyed to a real ufe. 

A Thread ftretched by a Plummet, The morning Rays, and Beams of the Sun. 


(tho’ in themfelves refracted) do in fome manner reprefent That, which we call 
Rectitude in. lines. 


A Superficies is That, which hus length and breadth only. 


A 
T 


| 


t 








ANNOTATIONS 

The Mathematical conception of a Superficies, or Surface, may be thus ex- 
plained by the motion T Line. For if a line be fuppofed to move tranf- 
verfly, it fhall trace forth a certain Length, and Breadth called a Superficies ; , 
Long by reafon of the Length of the moving line; and Broad by reafon of the 
Motion of the fame line fideways. 

Asif the line AB, be imagined to move ¢ 
from AB to CD, it fhall trace forth the Tii 
Superficies ABC D. | i | 

But now from this illuftration of the na- | | 
ture of a Mathematical Superficies, by the | | i 
tranfvers motion of a line, we are not to | |i | 
conceive, That a Superficies confifts of an | | | 
Aggregation of lines, for the like reafon as | il 
were before given, That a line was not : | Lh 
made of an Aggregation of Points. But if 2 " 
any Ones curiofity leads him towards an inquifition into this fubtile, Argument, 
let him read That Book under frzflotles náme De lmeis Infecabihbus, with his 
Commentator Pachbemerius. . Allo Sextus Empiricus adverfus Mathematicos, a Greek 
Sceptic Philofopher, and of late Writers Lzbertus Fromundus De Compofitiont Con- 
nut, Which Treatife he juftly entitles Labyrinthus. 

Thus Euclide proceeds from a Point toa Line, and from a Line to a Superficies. 
And asa Line was faid to be an Extenfe Cne way only, and Therefore can have but 
One Dimenfion, or One way of Menfuration according to Length; fo a Super- 
ficies is an Extenfe Iwo Ways, which Ways are diftinguifhed by the names of 
Length and Breadth, and therefore a Superficies has Two Dimenfions, or Two 
Ways of Menfuration according to Length and Breadth. And this in one word 
may be called an Expans; asaline wascalled Simply an Ex TENseE. More- 
over a Body, or Solid, isan Extenfe three ways, (that is every way ) and there- 
fore It has three Dimenfions, or three ways of Menfuration by the names of 
Length, Breadth, and Depth, or Thicknefs. And that there are no more, than 
three Dimenfions (as in this matter Ariffotle fays, mi tera molvre, Three are All) Ga- 
l:leus does demonftrate in the beginning of hisfirft Dialogue of the Syftem of the 
World. A Book, that defervesto live for ever with the World. | 

Yet in this matter the Geometrician does acknowledge with the Philofopher, 
that there is in Nature nothing exifting of real magnitude but Body. Only there 
are feperate confiderations of the Menfuration of Body, which we make to our 
{elves for our own ufe, and do, as we have faid, fignifie by the names of Length, 
Breadth, and Depth. Of which three varieties of Dimenfions every Man has natu- 
rally a clear, and diftinét Idea. 


C | Now 
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Now the. moft obvious arid fenftble reprefcentation: of a Mathematical Superficies 
is a Shadow ; And the common Extream of a Superficies partly: fhaded, and partly 
enlightned, seprefents a Mathematical Line. Moreover the general Object of our 
Sieht is only æ very Mathematical Superficies Illummated, For we fee not into 
the Body, ox fubftance: aff Things. And to. this Confideration aptly anfwers' the 
pr goi of the Greck name Erpowae, Apparentia, the Apparence and Surface’ 

. & thing. X 

But — the dfe of tls MaeliematisaliSuperficies i$ made moft manifeft rr 
the Eftimation, and Menfuration of Lands, wherein the Surface only is comfi- 
dered, and valued, and nothing of the Depth. Which fiews, That the Mathe- 
nratical conception of a Superficies, is: afos veal Notion, aad of general ufe, in 
like manner as That is of a Mathematical Line. — 


DEFINITION VI. 
i \ He Extreams of a Superficies are Lines. 


ANNOTATIONS. 


Ás a Lie cannot be limited by a Line ; fo upon the fame reafons a Super- 
ficies cannot be limited by a Superficies. A point putsa ftop to Length; but It. 
cannot to Length, and Breadth. That therefore muft limit Length and Breadth, 
that is, an Expans, or Superficies, which is fomething more ther a Point, yet lefs 
than the leaft Expans. And This can be nothing elfe but a Line, which only 
Magnitude is void of Expanfion. tor | | 

In the fifth Definition, a Superficies was firft confidered in: its own nature, and: 
fimply in it felf, as meerly Length and Breadth, but undetermined: and as infi- 
nitely diffufed. Yet now if in a Superficies thus at large, there be a limitatior 
any -where fuppofed, the fame, fays Euclide, is conceived tobe a Line. As if ere, 
by the line AB, If There, by C D, 1f Edfewhere by EF, GH, &c. Thefe Hmita» 
tions being allways Lines, whether ftrait or crooked, conjoin'd, or not conjoin'd,, 
one line, or many ; for thefe conditions. come. not as yet to be confidered. — 

Only we are to conceive £ Superficies to be a Continuity of Length and Breadth, 
on an Expans determinable by Lines. As æ Line a Continuity. of Length determinable 
by Points. T 
" Laftly, we are to obferve, That This. Definition of the Extreams of a Superficies; 
and the Third before of the Extreams of a. Line are not properly to be accounted 
Definitions; alltho They be commonly numbred. among ‘Then. For im neither of 
them is any new Geometrical Term. defined: but they, are only neceffary confe- 
quences, and common. notions:,. Refulting from the Defmitions of a. Line and a 
Superficies. For Length or a. Magnitude of one Dumenfion mut be terminated 
by fomething void of Length or any Dimenfion: which is a Point. And Length 
and Breadth or a Magnitude of two Dimenfions, muft be terminated. by fome- 
thing wanting one of thofe Two. "Which is a Line, or Length. without Breadth. 
As Proclus well fays,. Nay ni piezsor Borers apsgisov. meegrény. Whatfoever is partible, 
the fame is terminated by That, which is impartible, to wit,, asi It is ufed for a 
term or limit, fo It has no magnitude, but is Impartible, tho im another refpect 
the fame may be. a partible magnitude. As a line in vefpeét of a Superficies, and 
a Superficies in refpect of a Solid. And briefly, Whatfoever terminates an Other 
the fame islefs compound tban the terminated. magnitude by one dimenfion. So 
Proclus 1n. general ftates this matter. Tò aeparsr re: meglsmWe pore remmy dasht 
Terminans a "Lerminato fuperatue uno interuallo, mE 
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| DEFINITION VII. 

Plain Superficies, or A Plane 1s That * which * uns itiz ras ip 
| hes Evenly to the ftrait limes within lt feff. EIUTIS c:Deeus ZATU. 
ANNOTATIONS. 

After the definition of a Line, Euclide defines a Strait Line, and here accordingly, 
after the definition of a Superficies, he defines a Plain Superficies, which. anfwers 
to a Superficies in general, as a ftrait Line to a Line in general. 

And asa ftrait line was defined to lye evenly to the points which are in the 
fame line; fo a Plain Superficies is defined to lye evenly to the ftrait lines which 
are in the Superfices. For that a Plain Superficies has a like equable refpect to 
all poffible ftrait lines in the fame Plain, as a ftrait line. has to all poffible points 
in the fame Line. 

Whereas curved furfaces, as a Conical, anda Cylindrical fuperficies, have in every 
part a different fituation ina. refpect to the ftrait lines which may be feated in 
them: and therefore they do not lye &iox (as Euclide expreffes) zm an. even. pofitton 
to their ftrait lines, as all plain fuperficies do. And we are therefore to conceive 
from Euld' s Definition, that a Plain Superficies is fuch as lyes every where {o 
juft, and even, that if we imagine ftrait lines to be every way feated in a plain fuper- 
ficies the ftrait lines fhall wholely, and in every part touch the fuperficies, fo as to 
lye juft in it with a mutual agreement to one another, As Sextus, the Sceptic 
cites p. ror. lib. 3. adver [us Geometras, Emmdoy ruyyavew, 8 n xclazopSuy even aver 
mis pipen merc. Planum id effe per quod circumatta linea recla omni ex parte eidem 
congruit. And upon this natural conception of a plain Superficies, Mechanics ule 
to apply the edge of a ftrait Ruler to a fuperficies, thereby to examine, whether 
that ftrait line does in all its parts agree with, and every where touch the fuperfi- 
cies; and accordingly they judge of the exactnefs of the Planc. 

If we conceive a ftrait line to move tranfverfly lt traces forth a Superficies. 





And if It move in fuch manner tranfverfly as that every point thereof defcribes 
a ftrart line; It truly reprefents to our imagination an Exaé Plane. 
Geometrical Seat, and noble Table, wherein the whole matter of the Firft Six Ele- 
ments, and all the admirable fpeculations of Plain Geometry are placed. 
DEFINITION VIII. 

Plain Angle is in a plain Superficies an Inchnation of two 

directly fstuated One tothe Other. ee 
ANNOTATIONS. 2 pues 
gether an the pomt B. Of thefe Fwo y 
Concurring lines. A B, C B, Their Aslina- — A 
tion to one another is called an Angle. Ba 
B — É — 


Now the PLANE, which Euchde has here defined, is the edpw reoucresny, That 
Ot Plam Angles. 
A Lines to one another, * meeting together, and not * Adloptvov 
we 
Let there be two lines not directly p B< 

ftuated one to the other; as AB, CB, E 

Touching one another, or meeting to- | De 

. But ai Angle isnot to be faid to be 





Ehe Concours of tmo Faclining lines. As A Í 
the late and much famed French Logi- A 
cian, tran{pofing Eucha's words, makes : ss 
Him to fay, that am Angle is /z Rencontre B. C E — 

de deux lignes Inclinées. Part. 4. Chap. 4. J— 
De L Art de penfer, OF the: drt of Thin T 
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ing, as the Author entitles his Logic. Whereas if he had rendred Exchd, he 
fhould have faid, that an Angle is /a Inclination de deux lignes Kencontrées. For Eu- 
clid s Inclination of two Concurring lines is divifible, and menfurable ; but /a Ren- 
contre, the Concurs of two inclining lines, being in a point is indivifible: as the 
French Logician rightly obferves; but hereupon he unjuftly taxes Eucide with a 
fault of his own. making, by changing Euclds words, and fenfe. And it feems 
ftrange to me That the Author of a moft Excellent Logical Inftitution fhould 
not advert the difference in Expreffion and Signification, between the Inclination 
of two Concurring Lines, and the Concurs of two Inclining Lines: for that In- 
clination manifeftly denotes a divifible Thing ; and Concurs an Indivifible Point. 

Now lines are faid to Incline to one another, when in Each line Part after Part 
comes nearer and nearer to the Other line, that 1s, when The lines do continuedly 
approach toward one another. 

An Angle is commonly fignified by | A 
three letters,as the Angle A B C. Where 
the middle letter ever denotes the point 
of Concurs of the two lines containing 
the Angle. Yetin the Notation of an 
Angle, we are to obferve that The Greeks 
fay not yoie 4 aby. The Angle ABC, 
but more properly 4 Ua ay, that 1s, 
j UZT uo, E y DEunyouevy yava. The Angle 
contained by the lines AB, BC. But 
the repetition of B the Greeks omitt for | m 
brevity fake. And for the more brevity A 





itis tranílated the Angle A BC, inftead p —7 B 


^ 


of the angle contained by ABC, or 
AB, BC. 

In the definition of an angle Euclide C 
puts the S&mple word toues, Clits, with which the Latins were not acquainted ; 
never faying Chnatzo; but always ufing fome compound word, as Acclinatio, Inch- 
natio, Declinatio, &c. Euchds word Kass, is generally tranflated Inchnatio. But I 
fhould rather have chofen Acclinatio, as beft anfwering to Euckd s word «esc à»- 
Aas T yegupay KAias. For wes addnAas KAios, 1s more properly to be rendred, ad 
fe invicem Acclinatio, than Inclinatzo.. fefeque acclinat ad illam 1s Latine; But inclinat is 
Barbarifm. Yet in this matter /nclznatzo 1s the word in ufe, and to the power of 
cuftom in Speech we muft fubmit. 2 | 

Euclide having laid down a. Plain Superficies as the Platform for his Elementary 
Geometry, a Rafa Tabula aptly difpofed to receive any impreffion, does begin with 
a Plain Angle, 1t being the moff.S2mple of all other delineations, whofe only and 
proper feat is to be in a plain Superficies. For tho a Line be a delineation more 
fimple than an angle, which to its conftituton requires Two lines, and alfo that 
a line may be in any kind of Superficies; yet a Superficies is not the neceffary 
{eat of a line. For if fo, it had been immethodical to have defined a Superficies 
after a Line. But both Line and Superficies were. taken fingly and without refpect 
to one another, or to any place, other than That of ‘Unzverfal Space. In' which, 
firt Euclide puts a Point. next a Line. Then a ftrait Line. afterward a Superficies. 
aud then a Plain Superficies. In which Smooth Mathematical field the Eleinentator 
begins, and therein firft places a plain Angle. — 

Now in this Geometrical progreſs Fuclide has not (as ſome Commentators im- 
pertinently have) enumerated all forts of Lines, of Superficies, of Angles, into 
which Each of Thefe might have Logically been divided, and fubdivided.. That 
manner of Doctrine 1s the method of Philofophers, and very proper to Them. 
Who define firt the Science, and the Subject they Treat of ; and again, divide 
the Subject into all its feveral kinds and fpecies, as They ought to do; for that 
Philofophers undertake to comprehend the Whole Nature of their Subject in every 
part thereof, with all Its properties, and affections. Whereas the Mathematicians, 
paſſing 


— 
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paffine over thofe Logical Divifions , do felect only what is neceffary to their 
prefent Purpofe. As Euclide in this place fpecifies only thofe Things, which are 
moft eafy in themfelves, and beft ferviceable for an entrance into Geometry. So 
the Mathematician orders the fame fubject in one way, and the Philofopher in 
another: vet both equally right as to their feveral Ends, But Ramus, not juftly 
confidering the difference, that ever was, and ought to be had, between the Ma- 
thematicians and Philofophers in handling the fame fubje@, endeavours to join 
both methods together. He therefore firit undertakes to define Geometry as the 
Science he treats of, and next Magnitude as the Subject. ‘Then divides Magnitudes 
into Commenfurable and Incommenfurable, Rational and Irrational,. and fo forth 
ina Logical Form. Which Notions being very fubtile, and above the capacities 
of young Scholars, are in no manner agreeable to an Introduction into Geometry, 
and the proper way of Teaching and Learning the fame. Indeed Ramus, makes a 
very ingenious excufe for himfelf, when he fays, Magis Logicam in Mathematico 
themate exercui , quam. Matbematicam in fuo pulvere fertoque ufu tratiavz. 'Yo which 
I muft return, Non igitur mirum eft, quod tam infeliciter traċlavit Geometriam. For in 
his Logical ordering of the Elements by new Definitions, by impertinent Divi- 
fions, and Subdivifions, and in the general courfe of his Propofitions, He has fo 
difordered The Elements, that you fcarce meet with a juft Mathematical demon- 
ftration : But only a períwading face or fome femblance of Truth, nota demon- 
ftrative Conviétion. And of all our late Transformers of Euclide, He is the moft 
Ungeometrical in Demonftration, how Exact foever in his Logical, or rather Ver- 


bal method, and difpofal of his Propofitions, He may pretend to be. And there- 
fore to go on with Euchae, 


Of the Nature and Conftitution of a Plain Angle. 


For the Conftitution of a plain angle. Firft, there muft be a KaAios, as Euchde 
calls it, an Jnclenatzon, Vergency, Leaning or ‘Tendency, of ‘Two lines one to the other. 
By which words 1s meant, that the Two lines do one way continually approach 
nearer and nearer to one another. 


Secondly, upon this approaching there is to follow a concurfe, or meeting toge- 
ther of thofe Two lines. 

Thirdly, this concurfe is to be in fuch a manner, as that, upon meeting, The 
Two lines lye not ir evSems, that is, er evSetog idx, in a current or continued way 
towards one another, fo as to join together in one and the fame line; but that, after 
the point of concurfe if each line be produced in its Proper courfe, They fhall ftitl 
be Two lines, and depart again from one another. Otherwife, it may fo be asin 
thefe following Examples. 


That a line drawn from the point A towards C, and another from the point B 





towards C may in this tract, have an Inclination, Vergency , and Tendency to 
one another, yet in their meeting at the point C make not an angle, but that 
the line AC is fo joined to the line B C that both together make one continued 
line A C B, and fo no angle at all, becaufe that an angle does require Two diftin& 


lines, 
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lines. If the lines thus meeting be Both ftrait, then they make one ftrait line. 
And This is waa xaios, a ftratt Inclination of two ftrait lines to one another, 
which upon meeting become One ftrait line. If both lines be crooked, then may 
they often make fome One continued crooked line; asin thefe Inftances, and the Like, 
whereof there may be infinite varieties. ‘Therefore, in the Inclination, and Ap- 
proaching of two lines to one another, Euclide made This fpecial Caution, for 
the conftitution of an angle, That, at their meeting, They be not fituated ex ` 
ssas, that is in fuch acourfe, as to be coincident, and continued one with the 
other if they be both farther produced. For this phrafe tx’ eSeas xen, to lye 
ftrait-wife, is not only applicable to ftraic, but alfo to crooked lines, where, upon 
meeting, their curvature remains unbroken, ov xaracrws as Proclus lays, without 
frattion, that is, In fuch a fort, as that if the Two Concurring Lines be both ftill 
continued onwards in their proper courfe, they do not divert, or deviate again 
from each other, but do mutually pafs into one another, and become one fingle 
line continued in fua fpecie. ‘The Two lines meeting in this manner are faid to lye 
ex euSaes, ftrait-wile to one another, and the Curvature is not by Geometricians 
conceived, to come under the notion of an angle. 

Er evSaas, ftrait-wife, was a brief, and vulgar manner of {peech, for tr’ wSaas 
ðs (as is before noted) that is, za ftrait way; as retta profuzfez, Io go ftrait for- 
ward, is for reíta via proficifez. And in the fame fenfe that the Greeks ufed er 
evSeas, we now uleto fay, firat a long, ftrait forward, tho’ there be fome flexures 
and windings in the way. 


DEFINITION IX. 


Nd when the Lines containing the Angle are ftrait,the Angle 
is called a ftrait-lad Angle. 


ANNOTATIONS. 


That is, when the Lines, which have to one another this mutual Inclination; 
and Concurfe, are ftrait, then the Inclination of Thofe Concurring ftrait Lines is 
called a ftrait-lind Angle. 

Euclide did juft before define a plain angle in general. Yet here He next takes 
notice only of Plain firait-lnd angles, pafling over, after the manner of Mathe- 
maticians, the Logical divifion of Angles into Plain and Solid. And again omits 
the enumeration of the feveral forts of all Plain Angles: for that the confidera- 
tion of every One of Them was befides his prefent Matter, which he had confined 
to the fimple {peculation of Plain ftrait-lind Angles. 


Of the Variety of ftrait-lind Angles. 


DEFINITION X. 


Lfo when a ftrait line ftanding upon a firait line, makes the 
A Confequent Angles equal to one another, each of the equal 
Angles ís a Right Angle. 

And the ftanding ftrait Line żs called a Perpendicular to that 
Line upon which It flands. 


ANNOTATIONS. z 


As if the ftrait line C A, ftanding upon the ftrait line 
BD makes the Confequent Angles, that is, the angles on 
each fide of CA, namely CAB, CAD, equal to one 
another, Then each of thofe equal angles CAB, CAD, 
is faid to be a Right Angle. And the flandeng ftrait Line p | 
C A is called a Perpendicular to the ftrait line B D up-- A D 
on which It ftands, 





Thefe 
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, Fhefe angles CAB, CAD, which fide by fide are conjoyn'd to one another, 
are in general (whether Equal or Unequal) called by the Greeks aj epekns yavioy, 
and the Latines Angulz Deznceps, Which Y think not upaptly rendred, the Confequent 
Angles ; for that they do 1n order mutually follow each other. 

And further to confider this matter Philofophically, The Equality of the Con- 
fequent angles is the natural and immediate caufe of Their Rectitude. That is, 
becaufe the ftrait line C A ftanding upon the ftrait line BD makes its Inclination 
both ways, Here towards B, There towards D equally, and juft alike to the line 
B D, therefore the angles CAB, CAD, are both neceffarily to be conceived 
Right, and the ftanding line CA to be manifeftly Upright to the line B D. 
Whereupon, It is by the Greeks properly called Kajros, a Cathetus, That is, a line 
_ juftly feated, or fitted both ways equally in refpećt of the line upon which 1t ftands: 
To which therefore It is faid to be a Normal Line. | 

We may here obferve, That the Englifh Tongue is as happy as the Greek, by 
rendring wea yeomen a ftrart line, and op$1 yavie a right angle; whereas the Latines 
have only one word for Both, Ae&a linea, and Reétus angulus, which commonly 
our Enelifh Tranflators follow, faying a Kight line, as wellas a Right angle. But 1 Wilh 
that our Mathematical Writers would hereafter ufe this diftin@tion, according to 
the exactnefs of the Greeks; feeing, that our Language affords two fuch proper 
words, as STRAIT, and RiGcuT, anfwering to wOts and op9óc; And always fay 
a Strait Line, and a Right Angle, like to waa eapeun, & py yavia. 


DEFINITION XI. 


A~ Obtufe Angle is That which ts greater thana Right Angle. 
ds BAB is greater than CAB. 





C F 


E » 
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DEFINITION XIL 


A“ Acute cAngle is That which is lefs than a Right cAngle. 
4s EAD 25 lefs than cap. 


ANNOTATIONS. 


Of Euclid s three forts of ftrait-lind angles the Right angle is made the Rule 
and Standard to know the Others by. For that the Rzght is always unchangeable, 
and the fame. Whereas the Obtufe, and Acute are capable of Increafing, and De- 
creafing infinitely ; and only determined by Tuis, That all Obtufe are greater, 
and all Acute angles are lefs than a Right angle. 


Of the Quantity of a Strait lind Angle. 


Now whereas Euclide defines an Obtufe angle to be greater, and an Acute atigle 
to be leis than a Right angle, the Commentators have much labour'd Wherein to 
ffate tbe Quantity of a ftrait-lind Angle. For the Quantity of an angle is eftimated 
neither by the Length of the lines which contain the angle, nor by the Superfi- 
cies which lyes between thofe lines, nor by the Point of Concurfe of the two 
lines. _ For the angle ABC is not greater than the angle DBE, but is ftill the 
fame in quantity; altho’ the Line BA be greater than B D, and BC than BE, 
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and the Superficies between A B, B C, be larger than the Superficies between D B, 
BE. Sothat in any plain ftrait-lind angle the | 
Containing Lines with the Interjacent Super- A 


ficies may both together be infinitely increafed | 
forward, yet the Angle remaineth the very p 
fame. p 
Again, for the Point of Concurs, That can- ~ 
not come into the confideration of the quantity E C 


of an angle, feeing that a Point is in it felf no 
quantity. 

There remains then nothing more to be confidered in an Angle befides the In- 
clination of the concurring lines. And thus much in the firft place muft be ac- 
knowledg’d in common Reafon, that only That can be Effentcal to the Quantity of an 
Angle, which being altered, does alfo alter the Quantity of an Angle. Now neither 
the Length of the containing lines, nor the Interjacent fpace being altered, does 
alter the angle, as we have already noted. But if the Inclination of the contain- 
ing lines towards one another be any way altered, the angle is likewife altered 
in its quantity. As if BC be conceived to move inwardly towards B A, or óut-- 
wardly from It, the angle ABC will become greater or lefs. "Therefore It ne- 
ceffarily follows, that The Quantity of a ftrait-lind angle muft confift in the Quantity 
of the Inclination of the two firait lines which contain the angle. This Quantity ‘of 
an angle is well faid to be, Aspa væ tlw «^iov. A Diftance of Inclination. Ks 
Sextus the Sceptic cites It, Lib. 3. adverfus Geometras, p. 102. 

Now therefore when Euclide {fays that an Obtufe angle is greater, and an Acute 
angle is lefs thana Right angle, It 1s to be underftood, that the Amplitude, or Dz- 
ftance of Inclination, is in an Obtufe angle greater than That, which is in a Right 
angle, and in an Acute angle It 1s lefs. 

As the Inclination of the lines BA, EA toone ano- 
ther is greater than the Inclination of BA, CA to one E E 
another. And the Inclination of the lines E A, DA to 
one another is lefs than the Inclination of CA, DA to 
one another. And thus from the Dilatation, or Coarita- 
tion of the Inclination of the containing lines, One angle zs 
ſaid to be greater, or lefs than another. But now, How § —————’———— pD 
This Diftance of Inclination, as an Angular Au may = 
be meafured, and eftimated, fhall be fhown hereafter in its due place. 


A Second Confideration of a ftrait-lin’d Angle. 


But to illuftrate farther, & in fomewhat a different manner from the former, 


the nature, and quantity of a plain D 
ftrait-lind angle, Let us fuppofe any - 

point, as A ina plain Superficies, and A 

from it to be drawn Two ftrait lines N 

at any widenefs, or Aperture, as the — ^. N 


"992558 25528585 9484988 8 52495. 7". 


lines AB, AC. Herethe angle BAC 3 E 
may be faid to bethe ApertureorDi- | 

varication of the lines AB, AC, which M Re 

contain the angle B A C, fo drawing jz n 


AD,ARB,AF, AG,the angle BAD A 

is the Aperture of the lines A B, A D, — à 
which contain the angle BAD. In i: 

iike manner the feveral other angles N 

are the Apertures, or Divarications, of 5 K 


their containing lines; Which, may 
continually be enlarged, and opened : 
more, and more increafing the angles till the line AEI comes to lye directly with 


) 


AB making one ftrait Jine HB. So that this wSca xricts, or ftrait Inclination of 
the two ines A, BA, to one another, cannot conftitute an angle in thew meet- 
ing at the pomt A. But furthermore if there be drawn the line AJ, thcre is a- 
gun made the angle BAI, which is the Aperture of the lines AB, AI; and the 
Lic is in BAK; and fo continually we may approach towards + B making the 


Aperturcs (that is, the Angle- ) lefs and lefs, till che approaching line be coinci- 
dent, and one and the fame with A B. 


A Second Definition of a ftrait-lin'd Angle. 


Wherefore a ftrait-lin'd Angle may be faid to be The Aperture of two firait lines drawn 
from a point, and not. ing direcliy to one another. 
And how the Quantity of an angle may be eftimated by the -dperture of the 


containing lines, as well, as by their Inclination to on€ another inall be fhewn 
hereafter. 


A Third Confideration of a ftrait lind Angle. 


Moreover, becaufe thefe feveral Angles, or Apertures do together make up 
the whole fpace about the point A, from hence may arife a Third Conception of a 
ftrait lind angle, and its Quantity. For feeing. that all angles that can be poffi- 
bly ftated from the point A, do together compleat the whole fpace about the fame 


poant; therefore every particular angle contains {fome certain poruon ot the 
SPACE ABOUT the point A. 


A Third Definition of a ftrait lind. Angle. 


Wherefore we may thus again define a plain ftrait-lin'd angle. A.plain ftrait- 
lind angle is 4 Portzon of a plain fpace about a Pont, contained by two ftrait lines, 
drawn from the fame Point, and not direétly frtuated to one another. 

This AmB1T, or C1rcuMCikxCA, does as juftly anfwer to the nature of an 
© angle, as either Inclination, or Aperture. For as in thefe I wo conceptions, fo like- 

wile in this Third the Quantity of an angle is not concernd either in the 
Leneth of the containing lines, or in the fpace Interjacent between thofe lines: 
but only in the fpace Corcumjacent about the angular point, Which Grcumeirca being 
changed, as either amplyfied, or coarcted, the angle accordingly becomes Greater, 
or Lefs, as 1t does upon the Notion of Inclination, or Aperture. And how by a 
portion of the Grcumambient {pace about a point, the Quantity of an Angle may be 
alfo eftimated, fhall likewife be explained hereafter. 

Thus have we Three ways whereby to fet forth the Nature, and Quantity of 
a ftrait-lin'd Angle. Either. from the. confideration of the fpace about a Point, or 
of the Aperture of two firait lines drawn froma Point, or rather with Euclide, of the 
Inclination of two ftrait lines meeting in a Point. Which is the molt proper, and 
the only Notion of an angle ufeful in all Geometrical demonftrations. 

But now after all thefe confiderations, if it be at laft queftioned in what Pre- 
dicament, that is, in what Rank, or Claffis of Things, whether in Quantitv, Qua- 
lity, or Relation an Angle is to be placed, Proclus well anfwers to this Logical, 
and Philofophical Queftion, that an. Angle is not folely in any One of Thefe: 
but upon the feveral conceptions, which Jointly compleat the Entire Notion of 
an Angle, It does belong to allthe Three. For the Geometrician fpeculates not 
the nature of Magnitude in it felf, as Magnitude, like to the Philofophers: but 
only confiders fome certain kinds of Magnitudes with their demonftrable Propri- 
eties, and Qualities, and with the mutual Relations that Magnitude may have to 
Magnitude. And fo there isa Compound Idea of all magnitudes Mathematically 
confidered. An angle has a (Quantity whereby one angle is greater, or lefs than 


another. lt has alfo a Quality by its Form. And in the Inclination of the lines 
themíelves there is a mutual refpe& to one another. 


E |. Qf 


18 THE FIRST ELEMENT 
Of a Term and a Figure. 
DEFINITION XIIL 
A Term is the Extream of a Thing. 


DEFINITION XIV. | 


Figure is That, which is comprehended by One, or —Many 
Terms. 
ANNOTATIONS. 

Der. 13. In the termination, or limitation of Magnitudes, Euchde ufes two 
feveral words, zpos an End, Limit, or Extream; and -+a Term, or Bound. And 
here he fays that dps, a Term is megs an Extream. Tegs he applys to a Line, 
and alío to a Superficies, when both Line and Superficies were at firft laid down 
as underftood: but tps is appropriated to a Magnitude every way determined 
and bounded. D RTT 

For when Euclide defines a Line to be Length only, he puts there a line as an in- 
finite, or indeterminate Length. But then again when a line 1s confidered asto 
be determined, he fays, that the Ends, or megre of a Line are Points. $ 

So likewife in the fifth Definition, Euclide fets forth a Superficies. under ‘the 
fimple conception of Length, and Breaath, that is an Expans, or magnitude of Two 
Dimenftons in general, and Indeterminate. But he afterward adds, That the Ex- 
treams, Or ipie of a Superficies are Lines. He does not here mean by the word 
mpila a Comprehenfion, or an entire Enclofure of a Superficies by one,. or many 
Lines; for that had been to make a Figure before he had defined It: But only fo, 
as that of a Superficies indefinite, an Extream, Limit, or megs, as he calls it, in 
what part {oever it be placed, Here, or There, isa Line. A Line being as a Bar 
in an indefinite Superficies, lıke as a Point is a ftop in an indefinite Line. ` 

But ops relates to 7d oesCo.8ve, to That which is fuppofed every way enclofed. 
As Proclus fays, that ops 1s aw&oyy te yepie, “Ihe Comprehenfion of a fpace. - For it is 
oye D» ogos the Bound, or Term of a Figure; not opes daiQeveras, the Bound’ of a Sun 
perficies ; but mas JznQaseas, tbe Limit of a Superfiies, T His, or THAT WAY. 

And accordingly, the bounds of Lands, or Territories are properly called pot, 
but not zzez|le. So that where the fubje&t 1s 7? e£&exyégpduey, Or 75. azyrOzy berCo Sov, 
a Magnitude comprehended, or every way terminated, asa Geometrical Figure is, ‘the 
word ‘pes is properly ufed; and not apes. So that bps may be faid to be mies, 
tho every s:pw ought not to be called opes. And thus much for the explication 
of mtps and cp@- to make the beft of this matter. m 

For altho it appears by Proclus, that, in histime, This was among the reft of 
the Definitions; yet I cannot allow it to be Euchds. For firft, it is manifeft, that 
the Definition 1t felf is needlefs, becaufe, if it were wholly omitted, yet nothing 
that follows, is made thereby either imperfect, or obfcure. And befides, it is no 
more a proper Geometrical word of Art, to require a Definition, than it was the 
common word, in that time, not only among the Land-meters, or Surveyors, 
but among all the people who had any Lands to diftinguifh, and appropriate to 
themfelves from thofe of their Neighbours. He might have as well defined, zi 
to be «exs5m an Ending, Or axpy an Extream, as o@» to be meas. Which, as I 
have faid, was no more, at that time than what every Greek underftood. For 
both opes & aepes were words of common ufe, and equally of known fignification, 
and are in fuch a fenfe here taken. It feems moft likely, that ara being before 
ufed in the Definitions of a Line and Superficies, and now $e. in the Definition 
of a Figure, fome One noted in the margin, That was alſo wtp. And this 
afterwards came into the Text for a Definition; as the like has happend to many 
other Authors. For indeed, it is rather the by-note of a Lexicographer, than 
the Definition of a Geometrician. And yet This too fignifies very little, unlefs 
fomething more were added to sepas, for the interpretation of bps. As that tes 
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is meas cvyxaery an enclofing Extream; which indeed may pafs fora Gloflary Expo- 
fition of és, but ought not to be accounted a Geometrical Definition. This alfo: 
was the Judgement of that. moft Learned and Renownd Gentleman S' Hezry 
Savile, the Munificent Founder of the two Famous Mathematical Profeflors. Places, 
in the Univerfity of Oxford, upon. this fubject in his moft excellent Lectures, in- 
trodu&ory to the Elements, That This had not the apparence of a Definition; Nor 
habet Definmtionis faciem. Lect. ş.p. 101. | 

Der. 14. Figure is by Aréffotle accounted:the fourth Species of Quality; and 
rightly, being there taken abftractedly for the Qualification of: Magnitude by Termi- 
nation, or outward Form. But the Geometrician confiders the Quantum Figuratum, 
the Magnitude Figured. So that, in every Figure, there is jointly taken vo e£eyz- 
Quo, & 4 weoyn, the Inclofed, and the Inclofure, or tò óejCoudwoy, & o o0, Termina- 
tum, and Terminus, That 1s, the Magnitude Bounded, and the Magnitude Bounding. 
Both which together do conftitute a Geometrical Figure. 

In general, a Figure is yapiey aailanodev cerCoSpov, A Space ‘every way terminated: 
So that firt, Æ Space comes to be a Figure by Termination: And next, Every Figure 
has its fpectfication from the manner of its Termination, 
|J. The firft diftin&tion here, is, of Figures comprehended by One Term only, or 
by more than One. Which Divifion being moft Simple, Eucide has, with great 
artifice, couched within his Definition, when he fays, That < Figure is a Space 
comprehended by one, or many ‘Terms. Whereas the Definition were perfect, i£ he 
had only faid, That .4 Feure is a Bounded Space. But moreover, he very fubtily 
draws in the primary difference of plain Figures from,the number of their Terms, 
which are lines, One, or more than One, in order to the following Definitions of Fi- 
gures, under One term, or T'wo, or Three, or Four, &c. 

- Thus froma Line Euchde. paffes to an Angle, and from an Angle to a Figure, 
for that an angle is in. its nature between Them both. An ~ being fome- 
thing more than a Line, as.having two concurring lines: yet 1s fomething want- 
ing of a Figure, as not having a Compleat termination, And in that refpect an 
Angle is but a Semifigurate. And fo is juftly placed between a Line and a Figure. 


Of a Circle, Circumference, Center, and Raies, Diameter and Semicircle. 
DEFINITION XV. 


JA Circle 25 a plain Figure comprehended by One Line, which is 
called a Circumference, unto which all fitrat lines, falling 


Jrom One Point of Thofe lying within the figure are equal to one 
another, | 


| DEFINITION XVIL 
| A Nd T bis Point is called the Center of the Circle. 


ANNOTATIONS. 

By a plain figure, Euclide means a figure fituated in 

a plain fuperficies, füch as he had before defined. 
Suppofe then zz 2 PLANE a Figure comprehended by 
one line BCDB, whichis called the Greumference. 
And from fome One Puint feated within this Figure, 
as {uppofe from the point A, Let the ftrait lines 
how many foever, as AB, AC,AD, &c. falling on 
the Circumference at the points B, C, D, beall equal 
to one another, then fuch a Figure, fays Euclide, is 
a Circle. And the Point A is called the Center of It. 
_ Here alfo it is obfervable, that the lines AB, AC, 
AD, &c. may, in one word of Ciceros, very pro- 
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perly, be named Rani, Rares, which by Euclide are always called oj ex ri séyaied, 
The lines from tbe Center, That is to fay, from the Center to the Circumference. | 

And what Cicero has faid out of Platos "Izmeus, in deícribing the Spherical fi- 
gure of the World, does almoft word for word agree with Eucia's definition of a 
Circle, Cujus omnis extremitas paribus & medio radiis attingitur. Cic. Fragment. de Univer fo, 

The great Vieta fays, Radius elegans eft verbum Cicerons: Which Ovid alfo 
ufes in the fame fenfe, as elegantly in his Defcription of the Sun's Chariot, 

Aureus axis erat, temo aureus, aurea fumme 
- Curvatura rote, Radiorum argenteus ordo. 


The Circle, Circumference, and Area. 


Moreover, in the confideration of this Figure, we are rightly to diftinguifh 
between the Circle, the Circumference, and the Area, or the comprehended Space. 
The Circle 1s the Whole together, Area, and Circumference. 

The Circumference has many properties peculiar to it felf, and very diftinct 
from thofe of the Circle, as hereafter will appear. And This we may firft ob- 
ferve, that altho’ the Circumference be conceived without any breadth, yet by 
reafon of its curvature, 1t is Concave, and Convex, accordingly as it relates to What. 
lies within, and to What is without the Circle. And fome peculiar affections of 
the Concave and Convex Circumference, Euclide {ets forth in the 8" Propofition 
of his Third Element. | ! : 


Of the Circumference of a Circle applyed to the Menfuration 

of ftrait-lind Angles. 

Laftly, it will not be immethodical in this place to take a further confideration 
of the properties and ufe of the Circumference of a Circle, in relation to the ftrait- 
lind Angles before defin d, and the menfuration of their Quantities, 

Firft then, in an infinite plain fpace (the feat of 
plain Geometry ) if we fuppofe a Point, as A, from 
whence every way do flow ftrait lines infinitely, or 
indeterminately, there fhall be contained by them the | 
Three forts of ftrait-lind angles, Right, Obtufe, and 
Acute. As for Inftance BAC, BAD, BAB, &c. 

Here therefore for to eftimate by fome certain 
Meafure the Quantity of an Angle, We are to confider 
how, and by what means This infimte plain Space, A P 
wholly poffeffed by plain ftrait-lind angles feated 
about a given Point, may be brought under fome 
Comprehenfion and Boundary capable of menfura- 
tion: and therewithal the ítrait-lind angles, which 
fill this Space, may be likewife meafured. - E 
. Now the Definition of a Circle eafily leads us unto a difcovery of the proper 
Meafure of an Angular Quantity: and that 1t may C s 
molt fitly be found in a Circular Figure. pa” 

Eor frk from any Point as a Center, the Cir- 
cumterence of a Circle does comprehend entirely E 
the undetermined circumambient Space about that 
point: and by This comprehenfion renders the 
Ambit capable of menfuration in that the Cir- | 


cumference of a circle is divifible, and fo certainly |. \ < B 
menfurable. | x | 


Secondly, at the center of a Circle like asata 
Pointinan infinite plain Space, may be conftituted 
ftrait-lin'd angles of any fort, and quantity whatfo- 
ever, which are all contained by the Raies of the 
Circle. As in the foregoing Diagram, Let now the infinite plain Space with all 
the 


C 
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the Angles about the point A be determined by the Circumference of any Circle, 
whofe center is the faid point. And therefore torafmuch as the circumference of a 
Circle may from any point bound an infinite plain Space uniformly round about, 
and therewithal does encompafs all ftrait-lind angles conftituted at that point, 
which taken together compleat the Same Space: and as the angles are greater, or 
leis, fo the parts of the whole circumference, which are intercepted by the Strait 
lines containing thofe angles, become alfo greater, or lefs; It will appear in com- 
mon Senfe, That the Circumference of a Circle may juftly be put as the Proper 


Meafure of the quantity of thefe angles, Thustherefore the Meafure of a ftrait- 
lind angle is defined. 


Definition of the Meafure of ftrait-lind Angles. 


The Meaſure of a Strait-lin'd angle is an Arch of the circumference of a Cir- 
cle, defcribed from the angular point as a Center, and intercepted by the {trait 
lines which contain the Angle. 

“As the Arch BC is the meafure of the angle BAC, andthe Arch CD of the 
angle CA D, ío BD of BA D, BE of BAE: E- 
very Arch meafuring the quantity of its correfpon- 
dent angle from the center A, at which point all 
ftrait-lin d angles, Right, Obtuíe, and Acute, o: what 
quantity foever, may be placed. But this menfura- 
tion of an angle is not to be taken in the ftricteft 
fenfe. For whereas it muft. be acknowledg d, that 
Menfura, 8 Menfuratum funt in eodem genere. The 
Meafure, and the Meafured magnitude are of the fame 
kind: yet we cannot fay, that an Arch and an Angle 
are truly of the fame kind. 

But becaufe ‘tis evident, and demonftrated, that 
Angles and Arches do mutually increafe, and de- 
creafe alike, fo that if the Angle BA D be double, or triple of the Angle BAC, 
then the Arch BD is double, or triple of the Arch BC. And onthe contrary, i£ 
BD be double, or triple of BC, then BAD is double, or triple of BAC. 

Therefore an Archof the Circumference of a Circle ferves aptly as the Mea- 
fure of an Angle in all common Ufes, and Mathematical speculations, or Geome- 


trical Practices appertaining to Aftronomy, The Menfuration of Diftances, Survey- 
ing of Lands, Navigation, Fortification, Gunnery, &c. 


D 





Of the Divifion of the Circumference into certain Parts, 
and the Ufe Thereof. 


Now that thefe Arches, and by confequence the angles at the center, which 
are meafured by thefe Arches, might be brought under a certain yalue, and efti- 
mation, therefore the moft ancient Geometricians at firft divided the Circumfe- 
rence of a Circle into 60 parts. Afterwards It was found more convenient to 
divide the fame into fix times 60, that is into 360 parts, commonly called De- 
grees; by which an Arch of the circumference, with its correfpondent Angle 
might be eftimated. 

So that, for example, we fay, That the Angle BAC is 30 Degrees, if the Arch 
BC be 30 fuch parts, as of which the whole circumference is divided into 360. 
Again, if the Arch BD be 60 Degrees, then the Angle BAD is accounted 60 
Degrees. In like manner, the Angle BAE is go Degrees, if the Arch BE bea 
Quadrant, or the fourth part of the whole circumference; for go is the 
pd part of 360. And This particularly is the meafure of the quantity of a Right 

ngle. 


. Again, by the fame reafon, the Obtufe angle BAF is faid to be 120 Degrees, 
if the Arch BE be 120 of the 360 parts of the Cixcumference, &c. 
| F 


Thus 
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Thus the Circumference of a Circle is ufed as a correfpondent meafure to Ez- 
clid « three forts of ftrait-lind angles, Right, Obtufe, and Acute. 

But to take this matter into further confideration. Of the Obtufe angle BAF 
the meafure is the arch BEF. Whofe Complement to make up the whole circum- 
ference isthe arch FGHB. Which arch encompaffes the remaining Space about 
the point A, and anfwers the contrary way to the adverfe, or external Face of 
the Obtufe angle B AF; and is indeed the meafure of the outward angle F AB. 
For the lines B A, F A, according to Euchd s definition, make not only the Ob- 
tufe angle BAF, which is greater than one Right angle, and meafured by the 
arch BEF; but allo make the contrary way the adverfe, or external angle F AB, 
which is greater than two Right angles, and meafured by the arch FGHB. 





So the lines BA, EA make the Right angle BAE, meafured by the Qua- 
drantal arch BE, and alfo make the external angle EAB, which is equal to 
three Right angles, and meafured by the arch EGH B. Again, the lines BA, CA 
make the Acute angle BAC, meafured by the arch BC; and alfo make the ex- 
ternal angle CAB, which is greater than three Right angles, and meafured by 
the arch CEGHB. But of thefe kind of angles, being ufelefs in Geometry, 
Euclide thought not fit to take any notice. 

Paffing therefore This over, and to return to the partition of the Circumference 
into 360 Degrees, we muft further know, that for the more exact menfuration of 
an angle, every Degree is again divided into 60 Przame Minutes; every fuch Mi- 
nute into 6o Seconds; every Second into 60 Thirds, and fo forth into fmaller and 
{maller particles. For in meafuring of Things, the more minute the Rata Men- 
fura, the flated Meafureis made, the more accurate will.be the menfuration of the 
quantity of the thing meafured. "Therefore in Effaies of fine Gold, in the valua- 
tion of Pearl and precious Stones, we come to the hundreth part of a Grain, or 
Íometimes nearer. So in Aftronomical calculations of the motions of the Pla- 
nets, we often make a Sexagenary fubdivifion of the circumference of a Circle 
into Fourths and Fifths, &c, for the more exact ftating the Computation of their 
Courfes, and Periods. 

And here obferve, That the firft divifion of 360 Degrees into Minutes, cuts the 
circumference of a Circle into —-—— === 21600) parts. 


The 
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'T'he next of Seconds into ————————-—-——————— — —— — 1296000 patts: 

The following of Thirds into: ——— ————— 27760000 parts; 
And {o iorth continually we may proceed in fubdivifions by 60, which will make an 
exactnefs more than fufficient for any common ufe. The Circumference of a Circle 
might have been divided into any other Number of parts: As our worthy Coun- 
tryman M' Henry Briggs has laid down the Form of a Decimal divifion, and {ub- 
divifion. But 360 was thought by the ancient Mathematicians to be the moft 
convenient number, becaufe lt admits of many feveral divifions precifely. As 


360. 180. I20. 90. 72. 60. 45. 40. 36. 30. 24. 20. 
I. 2. 3. 4 5. 6. 9$. 9. IO, I2. Ij. IS. 
In like manner the number 6o has thefe divifions. 
60. 30. 20. Ij. I2. IO. 
te Be 8 d. | G 
And the choice of This number 60 before all Others, was made upon this ac- 
count, that no number can be divided into 3, 4, and 5, but 60, and the Multi- 
ples of Sixty. Which makes Computation more free from Fractions. 

Altho’ thefe animadverfions may feem enough, or too much in this place; yet 
betore we pafs from the Subject now in hand, it will be requifite toadd fomething 
more in the behalf of Euclide; upon this account, That fome of the late Com- 
mentators, or rather Transiormers of the Elements do cavıl at this moft accurate 
Definition of a Circle, for that 't does not readily appear, fay They, Whether 
there may poflibly be a Figure of fuch conditions as Euclide here lays down. And 
therefore they would rather define a Circle, from its Genefis, or Structure, whereb 
both the exiftence, and nature of the Figure may be declared together, after this 
manner. 











Another Definition of a Circle. 


A Circle is a Figure defcribed in a Plane by the revolution of a 
finite ftrait line (as AB) uponone of its extream points (a) being 


fixt, till the line (aB) returnto the place from whence it began to 
move. 


The fixt point (A) is ealled the Center of the 
Circle. And The Curve Line defigned by the 
other extream point (B) of the moveng Line (AB) 
is called the Circumference. 

Now fay They, This Definition makes it ma- A— E 
nifeft, that there is 4 Figure having a Point within, 
from whence all ftratt lines drawn to the extremity 
thereof are equal to one another ; becaufe by the con- 
ftruction of a. Circle laid down in this Definition, 
The fame ftrait line cixcumvolved about the fixt 
point muft neceffarily be every where equal to it 
Self, and therefore all the Raies from that point fhall be equal to one another. 

This indeed is true, and moft evident, But yet it will appear upon better con- 
fideration to be very inartificially put in this place inftead of Euchd’s Definition. 
For firft, to except againft Euckd s Definition, becaufe it may be doubted, whether 
there may be a figure fo qualified as he fets forth, fhews, that They do not 
rightly apprehend the nature of Mathematical definitions. For to add fomething 
more to what has been already faid concerning Mathematical Definitions, we are 
to underftand that In every one of thefe Definitions there is laid down the Notion of 
Jome Thing appertaining to Geometry, under a certain Name’, and Term of Art. But 
whether fuch a Thing may really be, is not of the prefent confideration. Only 
Euclde intends, that by fuch a Name, whenfoever he ufes it, we are to imagine 
fuch a Thing; Let It be, or not be. For indeed Geometrical Definitions are only 
Suppofitions of ‘Things under a certain Name. And therefore They are for the pre- 
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fent to be allowed, unlefs That, which is fuppofed, and laid down, has in the 
words themfelves a manifeft contradiction, or in the conception of the Thing an 
apparent impoffibility. This is all chat the Mathematicians mean, or require in 
their Definitions : And Thefe Innovators therefore ought in the firft place to have 
obferved, that before Euchde makes Ufe of any Thing by him defined, he firft 
makes eyident the exiftence of the Same. 

As before he makes any ufe of a Right angle, or of a Perpendicular Line (a- 
gainft which they might have had the like exception) he demonftrates in Prop. 
11, and 12. El. I. their Being, and how to effect Them. So likewife concerning 
a Circle, and all other Figures here defined, nay, even a Strait line It. felf, Fuchde 
hath fo provided, that firft an Affent fhall be given to their Being, before any 
confideration is had of their Ufes, and Properties. 

Again, to examine farther this Definition, It fhews indeed the natural Genefis, 
but not the nature of a Circle, from which the Properties and Affections of Circles 
can only be demonftrated. For this Genefis is no ways applicable to all thofe de- 
monítrations. As in the firt place it will appear, if when a Circle is named we 
put this Definition inftead of the Definztum a Circle (for the Definition and Defi- 
nitum are always convertible} and then let be examined what Properties of a circle, 
or what Propofition in the Third Element (where the Affections of circles are 
Specially handled) can be demonftrated from the Revolution of a ftrait line on a 
fixed point, Which is the Primary Notion that This Definition impofes on Us. 
Whereas Euclid s Equal lines from the Center are in all thofe Elementary Propofitions 
ferviceable toward their demonftrations. 1 much wonder therefore at Borellus, 
an excellent Geometrician, to allow in his Exchdes Reftitutus of This Definition, 
and change Euclid'’s into an Axiom. Which he was forced to do for the conftant 
ufe thereof in all demonftrations, and Wholly to lay afide his own new framed, 
and unapplicable Definition. This can be only iaid for it, that from the Genefis 
of a circle it doth manifeftly follow that all ftrait lines from the Center are equal 
to one another. But now to make This a Secondary notion derived from the 
Genefis of a Circle, and to put the Genefis for the Primary ftanding Definition, 
which can never be ufed as a Definition, is very abfurd, and an intolerable Uver- 
fight in a Geometrician. 


DEFINITION XVII. 
Diameter of a Circle is a firait Line drawn through the 
Center, and terminated both ways by the Circumference of 
the Circle. 


Which alfo cuts the Circle into halves. 


ANNOTATIONS. 


Asthe ftrait line BC drawn through the Center. A, and terminated both ways 
by the circumference at the points B, C, is called 
a Diameter of the Circle. 

In this Definition three conditions are laid down 
to determine That Line, which Fuchde calls a 
Diameter of a Circle. 

1, That a ftrait line be drawn through theCen- 
ter. 
2. That it be both ways terminate by the cir- 5 
cumference. 

3. That it cutsthe Circle into. halves. 

The two former conditions, Each by Them- 
felves, are too general, and infufficient to deter- 
mine the Diameter. 

For as in the Figure it appears there may be finite ftrait lines paffing through 
the Center, and yet not terminated by the circumference, but all varioufly ending 

within 
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within and without the Circle; So again, there may be infinite ftrait line’ termi- 
nated by the circumference which yet pafs not n 

throush the Center, and are called Chords or T 
commonly SUBTENSES, in_ refpect to the F 
Arches, which they Subtend: as the ftrait line 

EE iscalled the Subtenfe of the Arch EDF. 

Noc any one therefore of thefe two condi- 
tions can by ic felt. determine a Diameter; But. p 
both together, namely the paffing through the 
Center, and the termination in the circumfe- 
rence do fully fpecificate this Line, and make 
up a compleat Definition. of a. Diameter of a 
Circle. | 

Note that here is added particularly, of a Czrele, 
faying che Diameter of a Circle. Becaufe there are many other figures hereafter 
to be confidered, which have alfo their pecultar. Diameters, different 1n feveral re- 
fpects, from This of a Circle. 

Now for the third condition, that the Diameter cuts the circle into halves, 
This truly is altogether needlefs , except there might be fome other line having 
the two former conditions, which notwithítanding did not cut the circle into 
halves; And therefore it was neceflary to add this third condition, for the juft de- 
termination of the Diameter of a Circle. i 

There might as well have been added, That the Diameter is the greateft line 
in a Circle. For this notion does immediately concern the Diameter it felf, whereas 
the other only declares how it affects the Circle. 

The truth is, They are both demonftrable Propofitions and in this place alike 
impertinent. But as This laft is demonftrated in the. :5*^ Propofition of the Third 
Element ; fo Thales has demonftrated the Other here fubjoyn'd, as fhall be fhewn 
in due place. Moreover, this addition of Bifection of the Circle anticipates the 
following definition of a Semicircle, contrary to the exact method of the ancient 
Mathematicians. It is therefore certainly none of Euclids, but {ome marginal note; 
how old foever it may be, that happend to be Tranfcribed into the Text. 


Ci 


DEFINITION XVIII. 


A Semicircle 1s a Figure comprehended by a Diameter, and I hat 


part of the Circumference of the Circle, which is intercepted 
by the fame Diameter. 


ANNOTATIONS, 

As in the figure BD CB, comprehended by the circumference BDC and the 
Diameter BC, is named a Semicircle. ‘This is 
The fecond of Figures, made indeed by diffimilar 
and incompatible lines, yet fuch as are the moft Lf 
fimple in their kind,a ftrait line, and the circum- ⸗ 
ference of a Circle. 

Euchde having in the definition of a Circle fta- / 
ted a Center, does next by the pofition of that B 
point define a Diameter: and then from the 
Diameter a Semicircle. 

The Diameter is the fecond ftrait line to be confiderd in a Circle. For the 
Raies are the primary ftrait lines, and effential in the notion of a Circle, wherein 
the Diameter is notat all concernd. — And tho' it happens, that a Radius be half 
of a Diameter; yet It arifes not from the Diameter, as the Semicircle does from 
the Circle: but the Radius is put abfolute in it felf, without any refpect to the 
Diameter, or dependence on It: And both Radius and Diameter do immediately re- 
late to the Circle; each diftin&tly; and upon very different conceptions, without 

G any 
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any relation to one another. So that tho’ from wóxAw a Circle, Eurlide ufes the 
word npsxuxrw a Semzcircle, yet from Algueteos € Diameter, he never fays juda» 
winery, OY quidanereos, a Semidiameter. Which fonie modern Writers not well con- 
fidering have, inftead of Readius, or in Exclid's phrafe, The tine from the Center, pre- 
pofteroufly ufed the word Semzdzameter, as i£ It did arife from tlie bifection of 
the Diameter, as the primary Line; Whereas the Radius is before the Diameter 
in the natural conception of a circular figure. 

After the definition of a Semicircle, Proclus mferts for a definition, That The 
Center of the Semicircle is the fame with the Center of the Circle. Or rather he fhould 
have faid, that The Center of the Semectrcumference is the fame with the Center of 
the Circle it felf. For indeed the Center of thè Circle may be faid to be alfo the 
Center of the whole Circumference, or Semecircumference, or any part thereof, when It is 
confidered meerly by it felf, asa Line. But it cannot be {o properly faid to bè 
the Center of the Semicircle, or Semicircular Figure. However, This is not to 
be receiv d as a definition of Avddas, butan Annotation, either of Procizs himfelF; 
Or elfe i£ might happen in his particular Copy of Fucide to be transferr'd from 
a marginal Note into the Text. For it is found only in his Commentaries, and 
not in any other Greek Manafeript, not extant mm the Baff Greek Edition of 
Eudlide. 

But moreover, that Ruclide is ſometimes thus corrupted, by transferring Mar- 
ginal Notes into the Text, will maniteſtly — in this very place, where ifi 
the Bafil Greek Edition (Which as we have faid has not Procias his definition of 
the Cénter of a Semicircle) is put the 6^. Definition of the Third Element, con- 
cerning the Segment of a Circle in general, notwithftanding that the fame defini- 
tion is alfo found in its proper place among the definitions of the third Book. 
And we may conjecture, that £u» having here defined a. Seticircle, which is 
one kind of Segment of à Circle, fome One noted what he had elfewhere faid 
of other Segments of a Circle, which by the inadVertency of a Tranfcriber was 
afterwards order d among the definitions of this Firft Book. For every Book of 
Euclide has its peculiar fubject different from the reft, and is therefore accounted 
a dittin& Element, having Definitions proper to the matter It treats of, which 
are laid down at the entrante into evety Book, 


OF ftrait-lind Figures. 
DEFINITION XIX. 


N Trait-lind Figures are Thofe, which arè comprehended by 
firait lines. 





DEFINITION XX. 
! ; \Rilateral, by three strait lines. 


DEFINITION XXI. 
() Uadrilateral, by four firait hues. 


DEFINITION XXII. 
N pee ave comprehended by more firait lsres tbanfour. 


ANNOTATIONS. | 
 Aplain Superficies is made figurate by certain Bounds, or Terts, which inclofe 
the fame. And therefore ivre hath placed the definitions of plain Figures in 
an order anfwering to the fimplicity of their Terms; firft defining a Circle, be- 
ing 
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ing a Figure under One Term; next a Semicircle, a Figure under Two Terms; 
then, in order, Figures of ‘Three Terns, Four Terms, &c. 

We are here allo to obferve the property of feveral words ufed in this place, 
which by degrees are properly changed from one to the other, altho’ the fame 
thing be fignified. The fimple words originally are Tregumay, Lines, and nasa; 
Sides, between which E ucLipe makes this diftinction. For {peaking in general of 
ftrait-lin d Figures, he fays, EcSugeaupya qyuala. Strate ind Figures. But next when 
he does divide, and fpecificate The firait-iind Figures, he fays not Tesneapter & m- 
ceayoguue, Trigramma & Tetragramma, that 1s, Irtdnealand Quadrilineal, or Three 
iind and Four lind Figures; but Texraceg K wreurrAGpa, Tripleura & Tetrapleura, 
that is, Trilateral and Quadrilateral, or Three fided, and Four fided Figures; changing 
the general word Lines into the particular name Saes. And again in the Specs 
fication of Trilateral Figures, he gives to Them anew the name TRIANGLE in 
the manner following. 


Of Trilateral Figures. 
DEFINITION XXIII. | 
N Equilateral Triangle is a Figure which hath three egual 


Sudes. 
ANNOTATIONS. X 
That is, A ftrait-lin'd Trilateral Figure of three equal fides, I call \ 
an Equilateral Triangle. 


DEFINITION XXIV. 

AN Equicrural Triangle is That which hath ony two Sides 
equal. 

ANNOTATIONS. 


That is, A ftrait-lin'd Trilateral Figure of only żwo equal fides, I 
call an Equicrural Triangle, 


> 


DEFINITION XXV. 


A Scalene Triangle is That which hath the three fides un- 
equal, 


ANNOTATIONS, 


That is, A ftrait-lin'd Trilateral Figure of three unequal 
fides, \ call a Scalene Triangle. 

After the divifion of ftrait-lind Figures according to 
the number of their fides into Trilateral, Quadrilateral, 
and Multilateral, Euclide begins with the Trilateral, being the firt of ail ftrait- 
lind Figures. And the Trilateral Figures he divides into feveral Species from 
all the poffible changes that can be made, of their three fides; Which is into 
three kind of Triangles. For now thefe particular Trilateral Figures he calls Tri- 
angles. And by a Triangle is tobe conceived a Figure of three fides, tho’ the 
word implyes three Angles; And only that Figure is named a 
Triangle, which is Trilateral. For there may be a Figure, which 
has only three angles yet isnot Trilateral, but comprehended 
by four lines, or more. As the Figure A B C D comprehended 
by the four lines A B, BC, C D, D A, has notwithftanding only 
three anglesat A, B, and D. Fortheangle BC D is not com- 7, 
monly taken to belong to the Figure; but to have its refpect 5 

G2 
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the contrary way wholly without the figure: And this is call'd àx42ceie; "The Ar- 
row-headed Figure. ‘There may be after this manner Triangles of five fides, and 
fix fides. In general fuch kind of figures are called xoeyavio, Hollow-angled Fi- 
gures. But concerning this double face of an angle we have already taken no- 
tice, that it is ufelefs in Geometry. | | 

Now in every Triangle we are to obferve, and diftinguifh the names of Sides, 
Leggs, and Bafe, or Fulciment upon which the Other two fides are fuppofed to 
ftand. Ina Triangle of three equal fides, if any one of the fides be put for a Bafe, 
the Other two fhall make equal Leggs. ‘This therefore has three feveral changes of 
two equal Leggs: And {o takes not a Name from the equality of two Leggs, which 
may be three ways variable, but from che equality of all the three fides, and is called 
an Equilateral Triangle. | 

In a Triangle of two only Equal Sides, the Third Side is called the Bafe, and the 
Other ‘Two the Equal Leggs. And in this cafe the Bafe, and Equal Leggs are de- 
termined, being only to be made one fingle way: Therefore a Triangle only of 
two equal Sides is {pecially call'd torxenss, Lofceles, or Eguzcrural, 

But in a Triangle of three unequal Sides, let Any fide be put for a Bafe, the 
Other two fhall make unequal Leggsevery way: And therefore It is called z«a- 
Anvev Teeyayoy, Scalenum Triangulum, A. Lame, or Haulting triangle, aw ]axeSey X Aedet, 
"Undequaque claudzat, fays Proclus. So a rugged, and uneven way (as it is cited in 
Erafmus his Adagies out of Plutarch) is called cxarwy des, A Scambling way. 


Moreover of Trilateral Figures. 


Magnitude, as before hath been noted, is in It felf indeterminate, and only by 
Termination becomes Figurate, therefore Euclide has firft diftinguifhed Trilateral 
figures from the condition of their Terms in refpect of their Equality, or In- 
equality to one another. 

And next, for the Quality of their Angles he lays down here another diftin&ion, 
and denomination, As follows. 


DEFINITION XXVI. 
A Right angled Triangle hath a Right angle. 


A. D 





E F 
And {uch a Triangle may be Equicrural, as AB C, or Scalene, as DEF, 


DEFINITION XXVIL 
A N Obtufe angled Triangle hath an Obtufe angle. 


; 
\ — 


E 





And fuch a Triangle may be Equicrural as ABC, or Scalene as DEF. 
DEFI- 
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DEFINITION XXVIII. 
A^" Aute angled Triangle hath three -Acute angles. 


ANNOTATIONS. | 
: : A D G 
And fuch a Triangle may be Equi- : 
lateral as A BC, or Equicrural as DEF, 
or Scalene as GHI. 
From thefe divifions It appears, that N | 
there are feven forts of Strait-lind B CE FH r 


Triangles. Forthe EQUILATERAL Triangle is Singular, and only Acute angled, 


The EquicruRAL may be Abt angled as ABC, or Acute angledas DEF, or 
Obtufe angled as G HI. Y 
B 


ZS [NZS 


A Cp FG 


And {o allo may the SCALENE Triangle be Right angled as ABC, or Acute 
angled as DEF, or Obtufe angled as GHI. | 


R E H 
ANA ze N 
A cD FG I 


To a Triangle which has Three equal angles, or Two equal angles, or All Three 
unequal angles, Euchde has given no name, as he hath to a Triangle, which has 
Three equal fides, or Two equal fides, or All Three fides unequal, becaufe a Triangle 
of three equal angles is ever Equilateral, and a Triangle of two equal angles is 
ever Equicrual, and a Triangle of three unequal angles is ever Scalene, as will be 
fhewn hereafter. And therefore if Triangles had received a diftin&tion and name 
from the number of their Equal, or Unequal angles, as they have from the num- 
ber of their Equal and Unequal fides, there had been given two Names to the 


fame thing. 
Of Quadrilateral Figures, 
DEFINITION XXIX. 


A Square 1s That, which is both Equilateral, and 
Rectangular. 





DEFINITION XXX. 


AN Oblong is That, which is Rectangu- 
lar, but not Equilateral. | 


H |»  DEFI- 
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DEFINITION XXXI / 7 
Rhombus is That, which is Equila / | 


fy 


A teral, 
but not Rectangular. 


DEFINITION XXXI. . 


. Rbomboeid is That, which having Á 

A the oppofite fides and angles equal / zi 
to one another, is meither Equilateral, |, / 
nor Rectangular. | | | 


f 





DEFINITION XXXIII 
Et all other Quadrilateral figures {befides Thefe Four | be 
called Trapeziums, or Tablets. 


e 
* 
i Ya 
T M i z » 


ANNOTATIONS. 


Of Trilateral Figures, every Species has the common name of Te/yow, a. Tri- 
angle. And as the Species has befides a proper Epithete for diftin&ion fake, as 
Triangle Equilateral, Triangle Equicrural, Triangle Scalene, &c. 

But of thefe Quadrilateral Figures One only Species is called Tergayavv, a Qua- 
drangle, and That, from its fingular equality of all its Sides; and the Redtitude 
of all its Angles. The other Quadrilateral Figures, tho they be all Quadrangular; 
yét have they not the general name of Quadrangle with an Epithete annexed as 
the Triangles have. But each Species has an other diting Appellation, as a 
Quadrilateral Oblong, Rhombis and Rhomboeid. Which three with that Figure 
called x«r £y», Tetegyyovov, a Quadrangle, and commonly tranflated a Quadrate, or 
Square, make the. four Regular Quadrilateral Figures. All the other Quadrilateral 





Figures have one Name-in general Trapezium, A Tablet. 


25 Parallels. 
DEFINITION XXXIV. 


Qu abeo o g Peur rains dus 


"trallels are ftrait lines, which being. —— ——————— ——— 

| in the fame Plane, and produced in- 
finitely either way, do neither way meet 

One with the Other. EM 
ANNOTATIONS. 


The word Parallels is a meer Geometrical term of Art, which according to a 
literal expofition of Naegmyau, is, Linea ad fe invicem pofite. Lines placed againft 
one another. But the Geometrical Notion and Thing to be conceived by this word 
requires thefe four Conditions. | 

r. Parallels are to be ftrait lines. 

2. They muft lye inthe fame Plane. 
For if they be in different Planes, as One in a Plane above, The Other in a 
. | Plane 
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Plane beneath, then the ftrait lines may be infinitely drawn forth both ways, and 
never meet, yet are They not fuch as Euczde calls Parallels. 
3. They are producible infinitely both ways. — | 
4. After this imaginary production both ways infinitely, ( that 15, indefinitely, 
or indeterminately further and further at pleafure) They are never to 
meet together. 

Let therefore the Plane be one and the fame, The production free, and 
both ways infinitely, ec ee, In infinitum, without any reftriction or qualifica- 
tion in the manner of the Production, and neither way let there be any Concurrence; 
Then the Strait Lines having thefe Conditions are called PARALLELS, 

In Parallelifm therefore the Subject is Strait Linesin the fame Plane, and the 
Attribute of thefe Strait Lines is Nonconcurrency, So that upon any mention of 
Parallels the Geometrical Notion to be conceived under that name of Parellels is 
Nonconcurring Strait Lines in one and the fame Plane. 

This Definition, at prefent, only fuppofes fuch Lines to be in nature, but before 
thefe kind of Nonconcurring ftrait lines are brought into any ufe, Euclide demon- 
{trates in the 27°. Propofition of this Firft Element, that there are fuch kinds of 
ftrait lines (called by him Parallels ) which both ways infinitely produced fhall ne- 
ver meet, and in the 3rft, Prop. he {hews how to draw them. 

But now inthis matter of Parallelifm there are two miftakes made by moft In- 
terpreters, One 1n refpect of the name and tranflation of the word Maggrnyaa. 
The Other is in the Notion of the Thing, which is to be conceived under that 
Name and Term of Art. 

For firft concerning the Name, many Tranflators, Latznes, and Others, take 
Parallels to be of the fame fignification with Eguzaiftant lines, faying, Parallels, or 
Equidiftant lines, are &c. going then forward with Ewcld’s Definition; As if the 
Subject of the Definition, or the Name Parallels fignified Equidiftant lines, and 
that 9gappoy mecegMnaa, and reapepecy io (ise luo, OY. iod rete were indifferently 
to be taken for the fame; and that here Euchde had defined Equidiftant lines by 
Nonconcurrency. Whereas Euclde neither ufes the word Equidiftant, nor by the 
word Parallels underftands Equidiftant lines: But only lays down the Conditions 
of {ome certain ftrait lines: Which Lines ina Szgnal Term of Art he calls Parallels. 

And becaufe the Latines have not any word, that anfwers to 1t, therefore the 
Greek name ought to be retained, faying, Linee Parallele, for seappay maeg nro 5 
and not Linee Æquidiftantes. For, as we have faid, by the words geapua maggy- 
Ao, is only fignified yeaupyy ay seapuny, linea adverfus lineam, Line againft Line, 
or Line to Line. Therefore commonly rchimedes, Apollonius, Pappus, fometimes 
Euchide allo, fay, ssw 4 a6 ag rho yo, when they mean, That AB is parallel to 
CD; which phrafe of 4 46 ag cw yd, cannot in any propriety of Speech 
among the Greeks, bear the interpretation of Equidiftant lines: Neither was it 
fo underftood by Thofe ancient Geometricians. 

Again, the fecond miftake is of Thofe, who rightly take the word Parallels 
for s¢auun wy yeauuiyv, LINE TO LINE, and meerly fora Term of Art, notasa 
common word fignifying Equidiftant lines, but, changing Euclid's Notion, do de- 
fine the Term Parallels by the conception of Eguzdiflancy, in. the place of Eucha's 


Nonconcurrency. 


SO Pofdontus , as we find in the Commentaries of Proclus on this matter, thus 
defines Parallels. 


Another Definition of Parallels. 


Parallels are firait lines in one Plane, neither Inclining nor Reclining, But having 
all the Perpendiculars equal, which are drawn from the points of ether of the lines 
unto the other line. 

But all {trait lines, which make the Perpendiculars lefs, fhall at length meet 
together. For the Perpendiculars only can determine the Altitude of fpaces, and 
the diftances of Lines; wherefore the Perpendiculars being equal, the Diftances of 
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the Lines are equal. But the Perpendiculars being made greater or lefs, the 
Diftance is made greater or lefs, and they fhall meet together that way, where 
the Perpendiculars are lefs. | 


Thus much Pofdonius, who defines Parallels to be Equidiftant ftrait lines from 
the equality of all their Perpendiculars. 

But now we are next to confider, and demand of Pofdonius and his Followers, 
to what ufe the Notion of Equidiftancy ferves in thefe Elements. We find no- 
thing advanced by Pofdonius or Others in the Doctrine of Parallelifm upon this 
new Definition: And certainly if from Equidiftancy any Thing had been made 
better, and more firm than from Nonconcurrency, fuch a kind of improvement 
could not have altogether perifhed. 

But yet thus much we do acknowledge, that Euchds Nonconcurring ftrait lines 
are Equidiftant; and moreover, that Equidiftancy 1s the Phyfical Caufe of their 
Nonconcurrence. But yet the Equidiftance of Parallels is no where apply d to any 
Propofition throughout all thefe Elements. The only Notion of Parallels ufed or 
ufeful in Geometry, is zfn. unlimited produtlzon of firatt lines both ways without con- 
currence. And therefore this affection of Nonconcurrency, Eucide the great Ma- 
fter of his Art, lays down to be only reprefented to our Imagination upon the 
naming of Parallels. But whether thefe ftrait lines called Parallels be equidiftant, 
or not, or what is the diftance of Parallels, he thought not fit to confider, becaufe 
thofe Confiderations ferved to no further ufe in any of his Geometrical demon- 
ftrations. If it be faid that ftrait lines every where equidiftant fhall never meet, 
tis trueand obvious. But this is to define a Geometrical Term in one fenfe, and 
to ufe itin another: ‘To define Parallels by Their Equidiſtance, but ever after to 
apply them 1n their Noncurrence. A grofs and intolerable abfurdity in the Ma- 
thematics, or in the Definitions of any Science. 

We are moreover to obferve, that altho' Eguzdiffancing frait lines be the proper 
caufe of their Nonconcurrence, yet Eguzdiffancy 1$ not in general the adequate, or 
only caufe of Nonconcurrence; fo that whatíoever lines infinitely produced ei- 
ther way {hall never meet, the fame are to be always equidiftant. For on the 
contrary, it is certain, that in one and the fame Plane there may be two lines 
produced infinitely, which Lines fhall never meet together, tho’ they be not E- 
quidiftant, but do continually approach nearer and nearer to one another. As 
the Conchoidal line of Nicomedes defcribd by Pappus in Prop, 22. ib. 1v. Math, Colleét. 
And alfo by Eutocius in his Commentary upon Prop. 1. 4b. 11. Archimed. de Sphera 
& Cylindro, which curved Line draws nearer continually to @ certain ftrait line, 
with which notwithftanding it fhall never meet. 

And becaufe this Piopolidos feems very ftrange, and yet may be eafily made 
evident to any common underítanding, without a ftrict Mathematical demonftra- 
tion; therefore to fatisfy the Curious (Others may pafs it over) we fhall here 
only explain it, referring the legitimate proof therefore to Pappus and Others. 

In a plain Superficies let a fixt point be putas P: And let there be a ftrait 
line without the point P, both ways infinite, as AB. ‘Then from the point P 
fuppofe a ftrait line PCD to make right angles with the line AB at C; and 
that the fame line DCP be directly continued infinitely from P towards E. 

Now imagine theline DCPE to move along upon the line AB either way, 
towards A, or towards B, in fuch manner that the point C may lye always in the 
line AB, and thereby keep the line DC, in every place, of the fame length. 


And 
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And moreover Jet the fame line DCPE be conceived to país along through the 
poist P, Xow upon this fuppofition we are to note, firft, Thatin the line DCPE 
‘tbe point C is determined to the line AB: and fecondly, that The Whole ine 


DCPE is determined to the point P. 
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For in the motion of the line DCPE, the part DC fhall always lye beyond 
AB. Firft, for that the point C is moved ftill forward in the line AB, fo as to 
keep CD every where at the fame length: And fecondly, becaufe the ftrait line 
DCPE can never come to be coincident with the ftrait line AB; for that the 
point P, through which the ftrait line DCP E always pafies, is fixed at a certain 
diftance from AB. 

But now It is manifeft, that in this motionof DCPE, the point D inclines 
continually nearer and nearer to A B, making the Perpendiculars DF, DG, DH, 
&c. fhorter and fhorter. 

Wherefore the point D defcribing the Conchoidal curve line DDD &c. fhall 
never bring that line to meet with AB, tho it draws continually nearer and 
nearer to AB. 

The Point P may be called the Pole. AB the Normal Line. DCPE the Ar- 
row. The Point D the Arrow-head, which defcribes the Conchoidal line. The Point 
C the Button which holds the line CD at the fame length. And under thefe 
names this matter may be fitly explained, and difcourfed of: fo as to be eafily 


underftood and acknowledged for a certain truth: Which indeed is founded upon ' 


the fubtilty of Magnitude, being in its nature infinitely divifible, Whereof among 
many Others this Conchoidal line is a demonftrative Argument, 
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Such alfo are the Afymptotes of an Hyperbola; As for example, let the curve 
line DEF bean Hyperbola, "There isa certain point, as A, from which may be 
drawn certam ftrait lines, AB, AC, which being infinitely produced toge- 


t 





ther with the Curve DEF, fhall continually approach nearer and nearer to the 
fame; yet fhall They never meet one with the other: As 4pollonzus demonftrates in 
Prop. x. Lib. V1, Of the Conic Elements. And then in Prop. 4. he fhows moreover how 
within any two ftrait lines making an angle an Flyperbola may be ftated, to which the 
fame lines fhall be Afymptotes. ‘Thefe ftrait lines are called /ymptotes , that is, 
lines Noncotncident from this property , that altho’ they come nearer and nearer 
infinitely to the Hyperbolical curve line, yet fhall they never meet with it. A 
moft true and wonderful Myftery in Geometry. 

And thus much for the Explication of the Definition of Parallels, and of all 
the Other Definitions of the Firft Element of Geometry. 


Of Mathematical Propofitions 


Demonftrable and Indemonftrable, 


In the Mathematical Sciences are ufed two kind of Propofitions called Pro- 
blems, and ‘Theorems. 


A Problem isa Praétical Propofition, in which Something 
is propofed to be done. 


_ As, To find the Center of a Given Circle. 
This Propofition is called a Problem: And it is the fir Propofition of the Third 
Element, 
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Element, Where, according to the Queftion propofed, Firft the Center of any 
circle is by a Geometrical Practice certainly found, and after that, the Problem 


is demonftratively proved to be Done, or Effected, namely, that the Center of 
the Given Circle is found. 


A Theorem is a fpeculative Propofition, in which Something 
IS pronounced to be True. 


As, the Diameter of a Circle is the greateft of all ftrait lines in the fame Circle. 

This Propofition is called a Theorem: And It is tlie rst, Propofition of the 
Third Element; and there demonftrated to be True. 

For in the firft place we are to be informed, that whatfoever in thefe Geo- 
metrical Elements is propofed, whether in form of a Problem, or a Theorem, 
the fame is either undeniably demonftrated ; Or it is at the Firft affented to from 
its own felf-evidence without any further proof. For in all humane Reafonings 
every argumentation muft be grounded upon fome Thing, which is in it felf In- 
demonftrable, that is to fay, is incapable to be made more manifeft to us from 
any other thing, than it is evident of it felf to every common underftanding. 
For if there were not a power of felf-evidence in fome things, which force upon 
Us an immediate Affent, no rational difcourfe, nor any demonftration could ever 
be framed, or have an unqueftionable Beginning. 


And therefore in this place there are premifed fuch general Principles, upon 
which, and the like, the Mathematician builds his Demonftrations. 


Of Mathematical Principles. 


Of Principles in the Mathematics, fome are Problems, fome 
Theorems: like as the Demonftrable Propofitions are. 


The Problematical, or Practical Principles are called Ainjpaze, Petitions, or Po- 
ftulates. Becaufe in thefe Propofitions fome Things are required, or poftulated to 
be Effected, or done, without any proof of their Being, or Conftruction ; for that 
their Being, and Conftruction is moft fimple, and manifeft. 4s 


To draw a ftrait Line from point to point. 


The Theoretical, or Speculative Principles are called Koaj éyvory, Common No- 
tions as being obvious Conceptions, and generally received. For when Men 
from the particular Experience of their Senfes, have naturally an agreement in 
their perceptions, and ufe of Things, they are then by one, and the fame com- 
mon, and innate Reafon, alike enabled to deduce from thofe fenfations the fame 
Univerfal Propofitions; which therefore, whenfoever propofed to Others, and 
the words underftood, are prefently without hefitation Affented to. As that 


The Whole is greater than its Part. 


Such kind of Propofitions the Latine Philofophers call Maxims, the Greek 
Avimpane, Axioms, Or Dignitzes, for that They are fentences of Worth, fo Signal, 
and fo Dignified, as to carry their own Authority, and Credit along with them- 
felyes, whereby to force an Univerfal Affent. 


Now £uchde thus begins the Principles of Geometry. 


The 
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The Practical Principles Poftulates, or Petitions. 


POSTULATE I. 


Et it be granted, From any point unto any point to draw a 
Strait Line. 


ANNOTATIONS. 


Euchde here firft tacitely prefumes the putting of a point any where: or jointly 
with the drawing of a ftrait line he does alfo poftulate the putting of a point, or 
points at pleafure. And moreover becaufe a point put to a point is ftill but a 
point; therefore if two points be diftin@tly put, as in this Poftulate, then it is a 
point Here, and a point There; fo that fome kind of Length, or Space muft be 
conceived to lye between Here and There, when £ucde íays, From a point to 
a point. 

Now in the 4 Definition Euclide tells us, what kind of Length he means by 
the name of a ftrait line: And in this Poftulate he requires that fuch a Length, 
ashe calls a ftrait line, may be put, and join any two points together. ‘This in- 
deed is /Equum Poflulatum, a very reafonable Requeft, and d to be granted, 
asa point Here, and a point There. For between Here, and There, tho we may 
make infinite deviations, and By paths; yet we naturally conceive but One only 
Singular, and direct Way, and that can be nothing elfe, but what Euchde calls a 
{trait line. 

Moreover we are to know, that Euclide only means a Mental Duction, or Po- 
fition of that ftrait line between any two points; not a draught of the hand from 
point to point by the help of a Ruler: Which does but imperfectly imitate that 
Geometrical exactnefs, which we conceive in a Mathematical ftrait line; For a 
ftrait. line actually never was, nor ever can be drawn. But in Practical Geometry 
{ufficient it is Pro Accurato ponere quam proxime Accuratum. And not only this po- 
ftulated Problem ; but all Geometrical Problems, whether poftulated as Principles, 
or are from Principles to be demonftrated , are likewife all fuppofed to be ef- 
fected in our Imagination only, without the help of our outward Senfes, or of a 
Manual operation, or any material Inftrument. Yet the Ruler, and Compaffes 
have always been allowed to a Geometrician; not becaufe Geometry needs them, 
but only to affift our Underftanding by the Mechanical conftruction of a fenfible 
Figure, whereby we may go the eafier through an Intellectual demonftration. 

And further from this Poftulate, it is efpecially to be obferved, that the Exiftence 
of ftrait-lind Angles, and alfo of ftrait-lind Figures, as well as of ftrait lines 
themfelves, do naturally follow, and is here tacitely prefumed. 

For if from any point a ftrait line may be drawn to any 


point, as from the point A tothe point B: It is likewife as R 

evident, that again fromthe fame point A an Other ftrait A 

line AC may be drawn to an Other point, as C: and fo 

make an Angle, as BAC. And therefore it had been fri- 

volous to have poftulated the making of an Angle in ge- 

neral. C 
Again, if there be put three points not directly fituated to one another, as 

A,B, C, then by this Poftulate, They may be joined by three BO 






{trait lines, and fo there is conftituted a Figure of three 

fides, called a Triangle. Wherefore Eucide neither Poftu- A — 
lates, nor Demontftrates the conftruction of a Triangle in 
general. In like manner if there be put four points, or more 
at pleafure; and they be all joined by ftrait lines drawn 
from point to point, there will in common fenfe arife 
Quadrilateral, and Multilateral ftrait-lind Figures. So that their exiftence is evi- 


dent 


C 
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dent from this Poftulate without any fürther demonftration of their ftru&ure: 
But for the feveral fpecies 


of ftrait-lin'd Figures defi- | 

ned by Fuchde, as an. Equi- : S N 
lateral Triangle, or 5quare, | 

&c. Allo a Right Angle, X / 
Parallel line, &c. Eauchde ne- 

ver makes ufe of any of 


them , till he hath firt ma- l u l | 
nifefted their Being, and in particular their Conftruction. So accurate is the 
Elementator in his Method, as neither to be fuperfluous nor deficient in any matter. 


POSTULATE IL. 
j \ O Continue a finite Strait Line directly onward. 


ANNOTATIONS. 


After that a ftrait line is allowed to be drawn from any point to any point; It 
is as much, or more evident, that a Finite ftraic line, that 1s, a ftrait line deter- 
mined by two extream points, may be from thofe points conceived to be either 
way farther produced and continued at pleafure in the fame dire& courfe: And 
therefore the continuation of a ftrait line ought in common reafon to be granted 
as well as a ftrait line, which is the only Thing here required. 

Confentaneous to the Second Poftulate, This likewife might be added. 


To put two ftrait Lines directly One to the Other. 


That is, to conceive two ftrait Lines fo fituated to each other, that they may 
both together make one ftrait Line. This is frequently made ufe of in the Ele- 
ments. But becaufe in this cafe there are only two Given ftrait Lines imagined 
to be placed in a certain pofition towards one another ; and not any other Magni- 
tude de novo created, as in the foregoing Poftulate there is to a Given ftrait Line 
a New One in a direct continuation to be joined; Therefore Euchde does not po- 
ftulate This as ati Other, and diftinét practical Principle: but upon occafion af- 
fumes the liberty of Pofition in Lines Given ; Sometimes of one ftrait Line to an 
other directly ; Sometimes of One ftrait Line upon an other, as it may beft fuit 
to the demonfítration of thofe Propofitions, which require {uch an Apparatus of 
Situation toward their demonftrations. 


POSTULATE III. 
F Rom any Center, and to any Diftance to defcribe a Circle. 


ANNOTATIONS. 


Inthe 5‘. Definition Euclde means, that by a Circle fhould be conceived a Fi- 
gure bounded on one fingle Term, having within it a Point, from whence all 
ftraat Lines drawn unto that Term are equal to one another, that is, having 
within a middle Point, which he names a Center, every way equally diftant from 
that Term, which he names a Circumference. Now this Definition imports no 
more than that whenfoever he mentions a Circle, we are to conceive fuch a kind 
of Figure; But here now Euclide farther poftulates the conftruction of a Circle 
(according to this Definition) to be granted him, as a Figure of an eafie conftru- 
ction, and very manifeft of it {elf to bẹ in nature. For in order to make plain 
thc formation of a Circle, he firft puts a point , which in relation to a Circle he 
had before, and fo does here call a Center. Secondly from that point he fuppofes 
any Uiftance to be taken  (Diftance in this place is underftood in the common 
acceptation of the word: and therefore it is not by Euclide defined among the 

X Geo- 
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Geometrical Terms of Art) Now the natural conception of Diftance is the fhorteft 
Tract between things diftant from one another: So that the diftance from any 
point to any point, isin common fenfe taken by a ftrait, and not by any crooked 
Line. And itis already granted in the firft Poftulate, that from any point to any 
(how near, or how far foever off ) a ftrait line may be drawn. 
Put then the Center A, and from the Point A, let be drawn 
the ftrait line A Bto fet forth any diftance. Now the Cen- 
ter and diftance being thus laid down, the defcription of a 
Circle which is the thing required to be granted, does ap- 
parently arife. Forif we conceive the line AB to move on 
the point A, as fixed and immoveable, till the fame line re- 
turn to the ‘place, from whence it began to move; then tis 
evident, that this imaginary motion “of the line AB hath 
defcribed a Circle, whofe Center is A: and that the point B 
hath delineated the bound, or circumference of the fame 
Circle. For becaufe the linc AB in its revolution muft be coincident, and the 
very fame with all the ftrait lines that can be imagined to be drawn from the point 
A to the circumference; therefore they muft all be equal to A B, and to one ano- 
ther, according to the definition of a Circle. - 

"Thus therefore the ftructure of a Circle needs not any artifice, or ratiocina- 
tion to prove its Being: but itisin it felf fo fimple, and obvious, That it may be 
as juftly poftulated, as the Duétion of a ftrait line from point to point. For in- 
deed they are alike evident, there being in nature only two fimple Motions, the 
Strait, and the Circular, and thereby are created the molt fimple of all Eines, and 
Figures, a {trait Line, and a Circle. 

Moreover, in relation to this intellectual conftru€tion of a Circle, we may ob- 
ferve that the Radius of a Circle, is by Zfrzffetle in his Mechanics always named 
4 yezpso roy xuxrw, The Line deferebing the Cercle. Whereas Euchds phrafe is 4 & 72 
xévegs, "Ihe Line from the Center. Ariftotle's Appellation refpects the Genefs, and. 
Euclid s the Definition of a Circle. And again, from this Ikes®opa, or Circumlation 
of the Radius, in the creation of a Circle, the curve Line defcribed, and bounding 
the Circle is call'd meerpipna, a Periphery, a name very proper to the nature of the 
Thing. For any curve Line, which by a regulated Motion returns into it felf, 
1s fignificantly called a Peripher y, or Cir cumference. Butit is named by Archimedes 
in his Cyclometries, 4 mEwsrges, as meafuring the Circle in its Ambit round about : 
like as 4 Aleusreos, the Diameter is {o called, for that it meafures the Circle through- 
out at its utmoft widenefs. Archimedes therefore calls the Bound of a Circle tlie 
Perimeter, in order to the menfuration of the Area of a Circle, which was his 
prefent bufinefs; And Euclide the Periphery from the manner of its Generation. 

Now aníwerable to this fpeculative Formation of a Circle, is the Mechanical de- 
{cription thereof made by help of the Compafies, and firft invented by Peraix the 
Nephew of Dedalus, as Ovid reports. Which Inftrument with its ufe he has moft 
accurately expreffed, Metamorph. Lib. vir. 

Perdix ex uno duo ferrea. brachia nodo 

Funxit, ut equals fpatzo deftantibus Ipfis, 

Altera pars flaret, pars altera duceret Orbem. | 
Thefe three eafy Problems, firft to draw a ftrait Line, Then to. continue the fame 
at pleafure, And laftly to defcribe a Circle, are the only practical Principles laid 
down by Ezclde, to effect all his Geometrical Conftructions, and all thofe excel- 
lent and fubtil Problems, which are demonftrated in thefe Elements. 

Laftly ‘tis {pecially to be remarked, that Euclide moft judicioufly chofe rither to 
make the Genefis of a Circle to be a Poftulate, than with fome of our modern 
Geometricians, an ufelefs, unapplicable Definition: the abfürdity whereof we 
have fhewn before. 

A Ítrait Line therefore, and a Circle are the only Inftruments of plain Geome- 
try, and the only two Things, which Zuchkde Poftulates to be granted him. But 
Sold Geometry requires moreover to make ufe of Conc Sections , the Parabola, 

Flyperbola, 
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Hyperbola, and Elipfis, for the Effection of Problems of an higher, or more com- 


pound nature, than what can be perform d by a ftrait Line, anda Circle: which 
difference in. chis matter ought to be well confidered and obferved. 

For a foul error it is in a Geometrician (whereof fome of our Moderns have 
been too guilty) to undertake the Solution of fuch kind ot Problems (as the Du- 
plication of a Cube, and the like) by ftrait Lines, and Circles, whereas they may 
be readily effected by the Conzc Sectzons, which are as truly Mathematical, as a 
Circle, and have a Genefis, as purely Geometrical: Both arifing from fimple Mo- 
tions: the Circle being created by a mental revolution of a ftrait Line upon a 
fixed point; and the Conic Seéézons trom a mental Motion of a Plane cutting a 
Conical Superficies. Asis {hewn in the Conic Elements of Apollonius. 


The Speculative Principles, Common Nottons, or Axioms. 


AXIOM IL 
a equal tothe Jame, are equal to one another. 


ANNOTATIONS. 


As if A be equal to B, and C be equal to B; Then fhall A and C be 
equal to one another. 
C 


Now to exprefs this briefly in Characters, commonly named. Symbols, 
or Species after the manner of Analyfts, with which to be timely ac- 
quainted is very ufeful to a Geometrician; 
Let the Sign of Equality be this = 
Then fhall the Propofition be thus fignified. 
If A— Band C— B. Then fhall A — C. — 
In words thus. If A be equal to Band C to B, then fhall A be equal to C. 


AXIOM IL 
I^ Equals be added to Equals the H’boles are equal. 


| ANNOTATIONS. 
Let A be equal to C, and B to D, then fhall A and B added to- 
gether be equal to Cand D added together. oj i> 
In Symbols thus it is. ` 8 p 


Let the Sign of Addition be this + 
Then fhall the Propofition be thus fignified. 
If A=C and B =D, then A+B =C4D. 
In words thus. If A be equal to C, and B to D, then A more B (that 
is more by B ) fhall be equal to C more D (that is more by D.) 


AXIOM IIL 
I Equals be taken from Equals, the Remainders are equal. 


D.D 
D efa 


ANNOTATIONS. 


Let A, B, be equal to C, D, and A be equal to C: then A taken 
from A,B, and C taken from C,D, fhall leaye the remainders B, D, J 5 
equal to one another. 9 


lo exprefs this in Symbols, ' 
Let the Sign of Subtraction be this — 
Then fhall the Propofition be thus fignified. A 4 
If A +B=C-+D, and A—C, then Á--B—- A— C.-D—C,; al jc 


That is, B =D. 
I 2 In 
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In words thus. If A more B be equal to Cmore D. And A be equal to C, then 
A moreB lefs A (or lefs by A) fhall be equal to C more D, lefs C (or lefs y C) 
‘That is, B fhall be equal to D. 


AXIOM IV. 
I F Equals be added to Unequals, the Wholes are unequal. 


ANNOTATIONS. 


Let B,D be unequal to one another, B the greater D the leffer; 
and let A beequal to C. Then fhall A added to B be unequal to C 
added to D. So that A, B, together is greater then C, D, together, 
the inequality being ftill the fame as before it was between B and D. 

To exprefs this in Symbols, 
Let the Sign of Greater be this >. 
Let the Sign of Leffler be this <. 
Then fhall the Propofition be thus fignified. 

If B — D, and & — C, then B-- A— D--C. 3 

In words thus. If B be greater than D, and A be equal to C, then A 
fhall B more A be greater than D more C. 


| AXIOM V. : 
I F Equals be taken from Unequals, the Remainders are unequal. 


b D 


Aw 


ANNOTATIONS. 


Let A, B; C, D, be unequal to one another, A,B, the Greater, C, D, 
the Leffer, and let A be equal to C. Then A taken from A,B, and C 
taken from C, D, fhall leave the Remainders B, D, unequal to one 
another ; B the Greater, D the Lefler, the inequality remaining the 
fame that it was at firft. 

In Symbols thus it is. 

If A,B>C,D, andA=,C,then A, B—-A>C,D—C. That is, 
B- D. 

In words thus. If A, B, be Greater than C,D, and A be equal to C. 
Then A, B, Lefs A fhall be greater than C, D,lefs C. That is, D fhall 3 
be greater than D. a 

In thefe four laft Axioms ‘tis naturally evident, that Egualty and Inequality are 
not changeable by Addition, or Subtraction of Equals. So that after fuch Addi- 
tions, or Subtractions, the things are as at firft Equal, or Unequal. 

Thefe are the general Maxims of this nature, which were thought fit by Euclide 
to be laid downin Form. Altho there be ufed hereafter fome other Propofitions 
of the very fame kind: Principles indeed as evident and as neceffary as the forego- 
ing. But becaufe they are not Primary Notions, but only manifeft Confectaries 
from thefe here now mentioned, or elfe that they are not of fo general an ufe; 
Euclide at the prefent paíles thofe over, and only affumes them upon occa- 
fion, as the matter in hand requires. Which order is lefs troublefome to Be- 
ginners, and therefore ought rather to be followed, than that of Clavius, and fome 
Others after him, who have gathered thefe kind of Principles out of feveral places 
in Euclide, and do ufually pack them all together ; without a juft confideration 
had of Principles Przmatzve, or Derzvative, more, or. lefs General. 


AXIOM VI. 
E T Hings which are Double of the Jame are equal to one another. 


wN 
0 


C 


AXIOM 
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AXIOM VII. 


T Hings which are Halves of the Same, are equal to one ano- 
ther. 


ANNOTATIONS. 


In thefe two Axioms Euclide inftances only in the Duple, and in the Half. For 
in laying down thefe common notions, he judged it fufticient to put the Principal 
notion in General, leaving the Confectaries, which do naturally follow to every 
ones common underftanding. Alío fuperfluous it is, and befides too trivial, to in- 
termix with the general Principles every obvious Confequence. For in the naming 
Double and Half, who does not prefently conceive the fame evident truth in 
Triples, Quadruples, Quintuples, &c. And fo in a Third, a Fourth, a Fifth, or 
any like part of the fame thing, or of Equal Things: Which latt alfo of Equals, Eu- 
clide could have as eafily added, as his Commentators. But he would here intimate 
that what is faid of one and the fame Thing, is alike to be underítood of Equal 
Things; for that Identity and Equality, are to be indifferently taken, and ufed in Gco- 


metrical demonftrations. 


The Axioms hitherto laid down are more general, and common to feveral Sci- 
ences: But thefe which follow are purely Geometrical. 


AXIOM VIII. 
Me“ Congruous one with the other are equal. 


ANNOTATIONS. 


That is, If two Magnitudes be imagined to be applyed One upon the Other, 
and after this mental application it be demonftrated; that neither does any ways 
exceed the other; but that the Intermedial parts of the One do agree with the 
Intermedial parts of the Other, and the Extreams with the Extreams, then thefe 
Magnitudes are faid to be Congruous. And Geometricians do juftly affume for 
a rational Principle, that Magnitudes being fo far proved Congruous, are then to 
be concluded equal to one another. Thus Euclide is to be underftood in the Specu- 
culative and true Geometrical ufe of this Axiom concerning Congruous Magnitudes. 

But moreover, there goes along with this Speculation a very natural, and com- 
mon Mechanical ufe of the fame Axiom. For in the practice of Artifans They 
Mechanically fitting one Magnitude to an other do judge by their Eye, or Hand 
how one agrees with the other, and accordingly do determine their equality. 
As in the menfuration of Magnitudes by a Foot, a Cubit, a Perch, &c. 

The like;Mechanical Congruency is made ufe of in the meafure of Liquids, of 
Grain, and the like, by Pints, Gallons, Pecks, Bufhels, &c. The equality of thefe 
kind of things being judged by congruous Veffels, or Places, which do contain 
them. So that this Mechanical Application of Magnitude to Magnitude is a na- 
tural, and univerfal pra@tice : And in common fenfe Congruency is a ftanding Rule 
of Equality. 

But the Geometrical Congruency in this place underftocd, arifes only from an 
Intelledual application of one Magnitude to an other: And then after fuch an 
application there is made by argumentation a demonftrative proof of their Con- 
gruency, both in their Extreams, and Intermedial parts, without any judgement 
taken from our outward Senfes. So that their Congruency being thus rationally 
demonftrated, we do then from this natural and common notion of Congruency, 


conclude their Equality. As we fhall find in Prop. 4'*. and 8". of the firft Element : 
In Prop. 24'5. of the third Element &c. 


I3 AXIOM 
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AXIOM IX 
T He Whole is greater than its Part, 


ANNOTATIONS. 


Every magnitude is in it felf Quid Unum & Continuum, only one entire Thing: 
Neither to be called Great,or Little, a Whole, or a Part. Dut becaufe magnitude 
ig infinitely divifible into imaller magnitudes, therefore every magnitude, tho’ in 
it felf but one, may yet by imagination be fuppofed to confit of cer- — 4 
tain lefs magnitudes contained. within the. fame. 7/efe are called the 
Parts, and That the Whole, Thefe parts are not really feparate from 
the whole; but are all united by common terms, which are con- 


ceived the End of one part, and the Beginning of the other. As let c 
AB be put for any finite magnitude, whofe Extreamsare A,B. Now 
this magnitude AB is in It {elf but one: yet It may be diftingui(h- D 


ed into parts, as, A C, C D, D E, E B, whofe intermedial limits 
are C, D,E; here C being the End of AC, and the Beginning of CD, 
{fo D of CD, DE, and Eof DE, EB, Thus the parts are to be taken, 
and underftood in continued magnitudes. And the fame truth is alike 
manifeft in any Dz/fcrete, Collettzve, ox Aggregate Totum. As in numbers in 
a Peck of Corn, and the like, tis naturally evident that the Whole is B 
oreater than its Part. 

Moreover, it is commonly added as an Axiom by the Commentators, That 


tri 


The Whole is equal to all its Parts, or all the Parts are equal 
to the Whole. 


Yet Euclide having no occafion to ufe thefe Propofitions in 4 
thefe direct Terms; but only upon fome particular argumen- 
tation to infer ex Diagrammate, from the Diagram it {elf, that 
fuch and fuch Parts all together are the Whole; AsE, E, G, H, 
are the whole Square ABCD, It feemed not proper to 
place This fignally for a diftin¢t Maxim among the reft of his 
General, anid Common Notions. B 


AXIOM X 
A LL Right angles are equal to one another. 


ANNOTATIONS. 


Truth, and Reétztude have the fame property. For as one Truth cannot be more 
true thanan other; fo one ftrait Line. cannot be more ftrait than an other: nor 
one Right angle more Right than an other. So Martianus Capella lib. vi. de Nuptiis 
Philologie S Mercurii, fays, Angulorum natura triplex eft, Nam aut Fuftus eft, aut An- 
guflus, aut Latus. 'The Acute, and Obtufe arehere called Zfnguflus, 6 Latus; Quoram 
uterque femper eft. mobilis, {ays he, always changeable in their increafe, or decreafe; 
there being no Obtufe angle, but that there may be a more, or lefs Obtufe, nor 
any Acute angle, but that there may be a more, or lefs Acute: Only the Right 
angle fuffus eft &8 femper Idem. 


AXIOM XL 


I; upon two firait lines a ftrait line falling, does make the in- 
ternal angles on the fame fide les than two right angles, Thofe 
fivatt lines being infinitely produced, shall meet on that fide where 
the augles are lefs than two Right angles. 





A N- 





OF GEOMETRY. 43 
ANNOTATIONS. | a 

Upon the lines A B, C D, let the ftrait line EF fall, making the internal angies 
BEER, DFE, lefs than two Right angles: 
Ifthen AB, CD, bethe fame way produ- 
ced indeterminately, that is; onward, and 4 
onward in an undetermined free courfe, 
it is here put as a manifeft notion, that the 
ftrait lines A B, C D, fhall at length meet to- 
gether towards the parts B; D. p 

Tho this Propofition be a moft certain 
truth, yet it hath been generally excepted 
againit for want of the juft Evedence ofa  — a 
|. Principle, tho' not of the Certainty of the Thing. But yet let us confider that 
- . here are put two ftrait lines AB,CD, under fuch conditions, which do clearly 
= Íhew that They have a Tendency, and Inclination towards one another: And there- 
fore it may be juftly aflumed for a common notion, That two ftrait lines inclining 
each to the other, and being that way infinitely produced, fhall at length meet to- 
gether. This is the fubftance of Euclid s 11". Axiom, tho expreffed in other words 
more fuitable to the Form of his demonftrations. | 

But here are made many Objections. In the firft place, it has been already 
fhewn, that there may be two Inclining lines infinitely produced, and continually 
approaching nearer and nearer to one another, which notwithítanding fhall never 
meet together. A thing very ftrange, and at the firft view hardly credible: yet 
afterwards certainly found to be true. Wherefore feeing that Inclination, and 
perpetual Approximation .force not a Concurrence, it may be doubted, whe- 
ther the fame may not alfo happen in ftrait lines inclining, and continually approach- J 
ing towards one another: Infomuch at leaft that the Concurrence,of two Inchning, 





— — Í— 





ftrait lines cannot well be admitted for an evident Principle. . Befides this, there 


are feveral other Objections, of which we fhall have occafion tó fpeak here- 
after. Only at prefent, I fay that they who have endeavoured to mend this mat- 
ter, have with much trouble, and difturbance of Euclhds excellent method taken 
great pains to little better purpofe. | 


AXIOM XIL 
|] Wo frait lines do not comprehend a Space. 


ANNOTA TIO NS. s 


If the two lines be Parallels, there is an open fpace both ways between ther, 
which is neither way boundable by thofe ftrait lines, for 
that parallels are Nonconcurring ftrait lines. Again, if 
the two ftrait lines any where meet, there is made a 
ftrait-lind angle: But then the angular fpace is not 
thereby comprehended , being one way infinitely open, 
nor is it imaginable, that the fame {pace can again be in- 
clofed by a progrefs of Thofe two ftrait lines, which con- 
tain the angle; unlefs there be conceived fome Flexure, or 
Vergency of the fame ftrait lines towards one another, where- 
by they being produced at pleafure may again meet toge- — 
ther. But this is to deftroy the natural conception of Rectitude in the ſtrait 
lines themſelves. Therefore in common ſenſe there muſt naturally intervene a 
third line for the inclofing of a fpace. l | 

Againy for às much as every ftrait line does in all its parts lye Evenly to all its 
points [ Def.4. ] therefore two diftin& ftrait lines cannot have the fame Extream 

points. 
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points. As let the ftrait line AB C have itsextream points A,C: then the line 

A D C, having the fame extreams (and fo both together 

bounding a fpace) fhall not be likewife a ftrait line, for D 

that the intermedial parts of thofe two lines ABC, A DC, —— 6 

cannot in common fenfe be conceived to lye alike in both ^ 

the lines, Evenly to the {ame points A, C, but that the parts of the One of them muft 

deviate from the Even, and direct Courfe, which lyes between the points A, C. 
As alfo farther according to the firft Poftulate, a ftrait line drawn from point 

to point, from À to C, can be but One, and the fame fingular ítrait line; and is 

there underftood fo tobe. Or if we fuppofe two ftrait Imes applyed to onë ano- 

ther, to have the fame extreams A, C, thefe ftrait lines, guatenus ftrait, muft be 


wholly coincident with one another, fo that they cannot intercept any imagi- 
nable {pace. 


Here Euciide ends the Principles. 


In the Definitions (which are by Commentators commonly accounted a- 
mong the Principles) was laid down the fubject Matter, or the particular Things 
to be treated of in the firft Part of thefé Geometrical Elements. 

After the Definitions next follow the Poltulates, and Axioms, that is; Principles 
Praétical, and Speculative. 'Thefe are rightly called Prznezfles, as being the founda- 
tion upon which this Science builds its demonftrations, and are in the firft place 
made ufe of in the doctrine of thofe Magnitudes, and Figures expounded in the 
foregoing Definitions. For to {ptak properly Thefe Definitions are not Principles 
of common Reafoning premifed for demonftration fake; but in truth they are a 
{mall part of the ample Subje& of Geometry. oe OO 

As inthe Definitions of an Angle, of a Circle, of ‘Trilateral, and Quadrilateral 
Figures, of Parallel Lines, is explained what kind of Things are to be anderftood 
by thofe feveral Names. And thefe Things are here laid open for an Entrance into 
Geometry, as being Matters moft fimple, and eafily to be taught, and apprehended. 
But now in purfuit of a perfect underftanding of Them, the Poftulates, and Axi- 
oms ferve as Natural, and general Principles of Reafoning, whereby we are en- 
abled to demonftrate the manner of their. Conftru&tion, their Properties, and 
Affections. The contemplation whereof is the bufinefs of this firft Element of 
Geometry. 

The Poftulates, and Axioms, or common Notions, are clearly intelligible to every 
ones capacity, altho’ fome Annotations made with Examples, and Inftances may 
be to Beginners ufeful for Eafe, and Illuftration fake. But for the Propofitions 
themfelves, there is nothing in them further, or otherwife to be expounded, than 
what the literal fenfe, and common meaning of the words import. As Tertullian 
{ays upon a like occafion, Defmutzones, ac fententie, quarum aperta efl natura, non 
alter Sapiunt quam Sonant, 
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THE FIRST 


ELEMENT. 


PROPOSITION 1. 


N a given finite fivait Line to conftitute an Eguilateral Tri- 
angle. 
Expofition. Let the given ftrait Line be az. 


Recognition. lt is required on the Line Az to conftitute an Equi- 
lateral Triangle. 


Conftruction. The Center a, and the di- m 
ftance az, let be defcribed the Circle cp. [by a T 
Poftul. 3.] And again the Center B, and the o x 
diftance Ba, let be defcribed the Circle Ac E. b — 
[ by Poftul. 3. | Then from the point c where 
the Circles cutone another, to the points A, B, 
let be drawn the ftrait Lines CA, CB, by 
Poft. r.| 

Determination. \fay that the Triangle A Bc 1s Equilateral. 

Demon/ftration. Foraf{much as the point a is the Center of the 
Circle Bcp, therefore the Line a c is equal to the Line asg. [ Def. 
īş.] Again, becaufe the point B is the Center of the Circle Acz, 
therefore the Line Bc 1s equal tothe Line aB. [ Def. r5.] But it has 
been proved that the line ca 1s equal to the line a B; therefore each 
of the lines c 4, cB, 1s equal to aB. But things equal to one and the 
fame thing are alfo equal to one another, [ Ax. 1.] and therefore 
CA is equal to cB: wherefore the three lines ca, aB,.BC, are equal 
to one another. 

Conclufion. 'Thereforethe Triangle ag is Equilateral, and iscon- 
{tituted on the given finite {trait line as. Which was to be donc. 


The Practice. 


To make an Equilateral Triangle. 






Open the Compaffes to the length of the Given line A B, and 
fixing one foot on the point A, defcribe on either fide of the 
line A B an Arch. Again, fixing a foot on the point B, defcribe 
onthe fame fide an other Arch cutting the former ; And from 
the point of Interfe&tion C, draw CA, CB, Thus is made the 
Equilateral Triangle A B C. 


By the like practice may be formed an Equicrural Triangle. 
K 
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C 
To make an Equicrural Triangle. 7S 
Open the Compaffes to any diftance beyond half of the line / x 
A B, and defcribe Arches as before. Then from C the point 
of Interfection draw C A, CB, making an Equicrural Triangle * 
A C B. A —— —— — B 


A practical Corollary. 


From hence it is manifeft, how to effect this following Problem. 


A Problem. 


By any two given Points to defcribe a Circle, whofe circumference fhall pafs 
by the given Points. | 

Let the given points be A, B. And [by Poftul. 1.] draw- 
ing the line A B, let thereon be conftituted an Equilateral 
Triangle ABC, [by Prop.1.] and [by the 3%. Poftulate] 
from the point C as a Center, and at the diftance either of c 
C A, or C B, a Circle being defcribed, the circumference 
fhall pafs by the given points A, B, for that the lines C A, 
C B, are equal to one another. 

How to defcribe a Circle, whofe circumference fhall pafs . 
by any three given points, not lying ina ftrait line, will be fhewn hereafter, 


ANNOTATIONS. 


The being and the ftructure of a Circle, Euchde has before poftulated to be 
granted him, from the natural fimplicity, and evidence of its generation. The next 
fimple, and uniform Figure, is an Equilateral ftrait-hin d. "Triangles with which 
therefore the Elementator begins. Whofe Genefis, becaufe there 1s ufed fome Ar- 
tifice, and Compofition in the work, beyond that of a Circle, requires a demon- 
ftration to prove the Triangle conftructed to be Equilateral. And this Euclide evi- 
dently deduces from a Circle, that primary Figure already poftulated to be al- 
lowed without any demonftration. For Mathematicians proceed by Propofi- 
tion after Propofition: Firft from certain Propofitions as natural Principles, unto 
others as they may, with moft facility and evidence, be deduced one from the other: 
The foregoing Propofitions ferving to demonftrate the following. 

The method in all Propofitions, Problems, as well as Theorems, is much the fame, 
and confifts of certain diftin&t parts. As for example, in this firt Problem the 
parts are thus to be diftinguifhed. 

I. The Propoftion. Which propofes in general Terms, a Thing given, anda Thing 
required. In Theorems the Quefitum is a thing required to be demonftrated as 
an undeniable truth. In Problems the Queftum is firft required to made, or con- 
{tructed ; and then the conftruction of the fame is to be undeniably demonftrated, 
As in this Problem, On a given firart line to conftitute an Equilateral Triangle. "The 
fubject given is any finite ftrait line in general: the thing required is an Equila- 
teral Triangle to be conftituted upon that given line. 

II. The Expofition of the thing given. "This £xpofrtzo Datz 1s an inftance in fpe- 
cial of what in the Propofition was given in general. As in the Propofition was 
piven a finite ftrait nein general. Then next in the Expofition, is laid down in 
particular a finite {trait line, asthe finite ftrait hne AB. The ufe of the Expofi- 
tion 1s to facilitate the whole matter of the Propofition and Demonítration, by 
fetting it forth ina fenfible Diagram for the readier information of the Intellect ; 
which may apply the fame as univerfally as it was propounded ; for that the line 
AB may denote any finite ftrait line. whatever. 

III. The Recognition of the thing required. After the Expofition laid down in 
a fingle inftance, there follows in all, and only in Problems, that part which we 
call Recognztio Quefitr, a Recognition of the thing required: The phrafe is, aa dy, 

Oportet. 
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Opotet. Yn which Oportet we are reminded, what ought next to be done in par- 
ticular upon the expofed inftance. As upon this expofed Datum the line AB, it 
is now required in particular to conftitute an Equilateral Triangle ; fo chat in this 
Recognition. the fides of the Equilateral Triangle are confined to the length of 
the expofed line AB, and the like 1n all Problems there is included in this Oportet, 
a Confinement of the Quefitum to the quantity of the Expofed Datum. 

This, which, asa diftinét part, we call Recognition, is by Clavius annexed to the 
Expofition, and by Dafypodius called the firft Determination. Yet ıt cannot pro- 
perly belong to either; for that the thing required is not as yet in being. But in re- 
ference to the foregoing Datum now expofed, here is next a {pecial Dehignation of 
what is to be, as it was before in general required in the Propofition : And fora 
diftin&ion from that part, called properly the Determination, we have named it 
Recognitio Quefitz. 

IV. The Conflru&ion. 'Yhis is a Geometrical Operation made out of the Po- 
ftulates by an intellectual drawing of ftrait lines, and defcribing Circles. In 
Problems the conftru&ion does both effect the thing required : and alfo ferves to 
demonftrate the fame to have been rightly effected. As in the Conttruction of 
this Problem. The Equilateral Triangle ABC, is firft tacitly conitructed by de- 
{cribing the Circles BCD, ACE, and drawing the lines C A, CB. Then from the 
manner of its Conftruction the Triangle is next pronounced, and determined to 
be Equilateral. 

V. The Determination of the thing required. This Part 1s only a Declaration that 
the thing required 1s now in a fpecial Diagram exhibited. The phrafe is aya, | fay, 
or Pronounce. As here in Specze the Triangle ABC (having been juft before ta- 
citly conftructed upon the expofed Datum AB) is now determined, and pronunced 
to be Equilateral: Which the following Demonftration makes Apparent. 

VI. The Demonftratton of the Propolition. This is the glorious part of a Ma- 
thematical Propofition, wherein is made an undeniable and indubicable proof of 
the thing propofed, and exhibited in a particular Diagram. As here is demonftra- 
ted, that the Triangle ABC is Equilateral 

The form of Argumentation is for brevity fake made in Enthymems ; which may 
be reduced into perfect Syllogz/ms: as Cunradus Dafypodius has fet forth the firt fix 
Elements in a compleat Syllogiftical form. 

VII. The Conclufon. ‘This is firft particular in reference to the prefent Diagram, 
on which the Demonftration proceeded: as, Therefore the ‘Triangle A BC 1s Equila- 
teral, and conftituted on the given tine AB. So that this particular Conclufion con- 
fifts of the Determination, and Expofition. 

And becaufe after the fame manner there may on any other finite (trait line be 
conftituted an Equilateral Triangle, therefore from the Logical Rule of Induction, 
there is laftly a general Conclufion deduced,that on any given finite ftrait line may be con- 
ſtituted an Equilateral Triangle, which is only the Propofition repeated as being now 
demonftrated. Therefore in a Problem there is fubjoined to the Conclufion, $7 
ede manoy. Which was the thing propounded to be done. And in all Theorems, ores ids 
dagey. Which was the thing propounded to be demonftrated. 

This is the regular courfe ufed by Geometricians in their Forms of Doctrine. 
So that in Problems there may be feven parts according to the forenamed Order. 
The Propofition, Expofition, Recognition, Conftruction, Determination, Demon- 
ftration, Conclufion. But in Theorems there can only be fix, and in this Order. 
The Propofition, Expofition, Determination, Conftruction, Demonftration, Con- 
clufion. The different nature of Problems, and Theorems requiring fuch a diffe- 
rence in the number, and order of their parts, and {pecially za the dzfpofal of the 
Determination ; Which part in Problems ever follows the Conftru@tion: but in 
Theorems follows immediately the Expoftzon, 

It is commonly, but improperly faid, that every perfect Propofition has all thefe 
parts. Whereas allPropofitions, which are rightly demonfítrated, are alike perfect ; 
For that one Demonftration cannot be more a Demonftration than an other: But 
thus it is, every Propofition requires not all thefe parts. For fome Theorems 
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need no Conftruction, by adding ftrait lines, or Circles to the Original Scheme 
of the Propofition, becaufe the Scheme it {elf is often fufficient for the Demon- 
ftration of the Propofition, But where it is not; there is then fuperadded a Con- 
ftruction, which is only as an Apparatus, or Preparation made on purpofe to help 
out the Demonftration of the Theorem, and belongs not to the Propofition either 
as any part of the Datum, or Rue ftum. Now in thefe Cafes, that Theorem is rather 
to be accounted more perfect than any: ways defective, which isnot forced to feek 
out a Conftruction, for the fetting forth of its Demonftration. BUD 
Again, in Problems the Determination is oftentimes omitted, as being in it felf 
not abfolutely neceffary, tho’ for the more perfpicuity it be convenient. So in 
thefe three firft Problems the Determination 1s not in the Text of Euchde, yet in 
9, 10, 11, and 12", Propofitions, which are Problems, the Determination” is ex- 
prefly fet forth. Therefore accordingly we have inferted in this, and the two 
following Problems the Determination, to clear the matter for,the eafe of Begin- 
ners, that after the Conftruction, and before the Demonftration, there might be 
fet forth, and determined, what by the Conftruction has been effected, and is next 
to be demonftrated. d 
Moreover, fome Problems have only a Queftum, and not a Datum, upon which in 
particular to work. And fo there is neither an Expofition, nor a Recognition: to 
follow, but only a Conftru&ion, Demonftration and Conclufion. As the tenth 
Propofition of the fourth Element, which 1s a Problem requiring To conffitute an 
Equicrural Triangle, having each of the Angles at the Bafe double to the remaining Angle. 
Here now is required to be conftructed fuch a kind of Triangle without any thing 
given. Yet notwithftanding there is no imperfection, or any defect in this Propo- 
fition; but that itis a fübtil and admirable Problem. Therefore we are to under- 
ftand, that every Propofition of the Elements is according to its nature compleat: 
in it felf, whether it has, or needs not:to have all the forementioned Parts. — ^: 
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Of the Datum in Geometrical Propofitions. 


In Geometrical Propofitions,a thing may be given four feveral ways: In Pofi- 
tion, In Specie or Form, In Magnitude, In Propofition. Spes 
A point having no Magnitude is only given in Pofition, that isto fay, HERE. 
But every kind of Magnitude may be given all the four ways, jointly, or feverally, 
in all, or in fome. : 
A thing is faid to be given in Pofition, when it is reftrained toa certain Situa- 
tion. As the Data in all Problems are: where whatíoever 1s given ought not,-fo 
much as in our imagination, to be removed from its given Situation ; but accord- 
ing to the reftriction of the Pofition given the Problem is to be performed. 
Now on the contrary, in Theorems the Diagram of the Propofition is ‘not 
tyed to a certain Pofition, but left as indifferent. For tho Pofition be a fpecial 
condition in the Structure of a Problem, whereby it is to be regulated: yet in a 
Theorem it appertains not at all to the Truth, or Falfity of the Theorem: and 
therefore the Pofition of the Diagrams is alterable at difcretion. Infomuch that 
in fome Theorems, where two things are given, there a certain Pofition of the one 
to the other, is fometimes a means to help out the Demonftration: And therefore 
an arbitrary pofition of the Data in Theorems, is allowed to the Demonftrator 
for a kind of Conftruction. As Euclde fometimes applys Figure to Figure, fome- 
times conceives two ftrait lines fo directly fituated to one another, as to become 
one ftrait line; with fuch like choice and change of pofition, as may beft ferve to 
the demonftration of the prefent Theorem. | 
In this Problem the line A B is not only geven zn Pofition, as the Datum in every 
Problem is, but alfo 'tis given in Specie, being propofed a ftrait line, to fpecifi- 
cate it from a crooked. | 
And moreover, tis given in Magnitude as a finite ftrait line, which alfo is un- 
derftood to be fo given under a certain Termination, that it may be compared as 
Equal, Greater, or Lefler, than an other : and in like manner any other may be com- 
pared 


x 
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pared to it. For ‘tis not meant to be given in fuch, of fuch a fingular Quantity, 
as of one, or two, or three Inches, or Feet, in relation to any {tated meafure ; 
but here That is taken to be given in Magnitude, which is propofed under fome 
certain limitations, fo that it may be faid to be equal, or unequal to an other 
Magnitude. Yet after fuch an Indefinite manner the limited Magnitude is put, 
that it may be conceived to reprefent any Magnitude of the fame kind, in any 
quantity whatfoever. As in this Propofition when we fay, Let the given line be 
AB, there is meant by AB any length, by what meafure foever eftimated, Whe- 
ther by Inch, Foot, &c. or not at all eftimated by any diftinct Quantity. So that 
in this Cafe by an Example, or Inftance expofed in particular, the Univerfality of 


the Propofition, and its Demonftration are not deftroyed, but ftill remain im their 
full Latitude, and general Extent. 


| The Methods of Compofition and Refolution, as they are 
i | ufed by Geometricians. 


‘There are two ways of Reafoning, whereby Man comes to the knowledge of 
things; And both the ways are eftablifhed upon the fame Foundation, that 1s; 
upon the Dictates of Nature , or common Notions among Mankind. The difte- 
rence here only is, that in one way we begin our Difcourfes from thofe Natural 

Dictates, and in the other we end with them; treading the fame path forward 
: and backward. Both thefe ways we thus explain. 

Ratiocination proceeding from Natural, that 1s, Self-evident Principles of Truth 
unto other Truths, made known to us from them, and fo going onward by the 
help of thefe difcovered Truths, to infer and make manifeft Truths more remote, 
and as yet unknown, is called the Method of Compofitzen, or Synthefis. For that in 
this way of Reafoning, we do from Notions moft plain and fimple, gather up by 
degrees Notions more intricate, and compounded: framing out of fimple Materials 
firm, and ftately Edifices. 

Ratiocination proceeding from the Suppofition of things uncertain, whether 
True or Falfe, Poflible or Impoflible ; and which by demonftrative Confequences de- 
duced from that Suppofition, does neceflarily come to a manifeft Fruth, or Falfity, 
Poffibility, or Impoffibility, 1s called the Method of Kefolutzon, or Analyfis, For 
that a doubtful Suppofition is hereby refolyed into a certainty of Truth, or Un- 
truth, of Being, or not Being. | 

If the Iffue of our Argumentation terminates in an acknowledged Truth, then 
are we affured of the Being, and Verity of the Suppofition upon which we argued. 
- Andwe may againtake a beginning from the fame Truth, wherein the Refolu- 
tion refted ; and from thence as a Principle, proceed in the Method of Compofition, 
making a return in the very fame fteps, which in the Refolution of the Suppofi- 
tion were traced out before: till at length we arrive at that thing, which was at 
firft Suppofed, demonftrating in the common Compofitive Method of Geometrici- 
ans the Truth of Theorems, and the Geometrical effeGtion of Problems. Thus 
Compofition and Refolution, or Synthefis and Analyfis, anfwer one another ; the 
Analyfis ending where the Synthefis begins, and the Synthefis ending where 
P Analyfis begins. Like to an Afcent and Defcent made in the fame path ftep 

y ftep. 

Refolution , or Analyfis, 1s properly the Method of Invention, and the 
ready way of difcovering the Truth, or Falfity of a Propofition, in any Art or 
Science. 

Compofition, or Synthefis, is the Method of Do&rine, or the way of Teaching, 
and therefore in this Method from allowed Principles, all Arts and Sciences are 
ufually delivered. Like as lafting Buildings are raifed upon fure Foundations ; 
W hereof the Doctrine of thefe Elements is a moft perfect pattern. 

Therefore of this firft Problem, we thall take a review, and nicely obferve, by 
what Gradations of Compofition it. 1s to be effected and demonftrated. 

And for an Entrance into this Inquiry, we are firft to confider what from the 
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preceding Principles can be made ufe of, upon the given line AB, to effect this 
Problem, and conftruct an Łquilateral Triangle. —— 

Firft, the given line A B being finite, there are given the ends thereof. So that 
three Things are given, two Points, and an interJacent ftrait line, Next there- 
fore we are to fearch out, what can arife to our purpofe, from thefe three Data. 
And recolle&ing the former Definitions, Poftulates, and Axioms, (for in the Ma- 
thematics memory and reafoning are to go together) there muft among the reft 
occur to our remembrance the third Poftulate ; From any point unto any diftance ta 
defcribe a Circle. And here in thefe prefent Data aptly appear a given Point A, 
or B, and a given Diftance, namely the ftrait line AB given; therefore of the 
line AB taking one of the Extreams, as the Point A for a Center to a Circle, and 
the given line AB fora given Diftance, we poftulate a Circle to be defcribed. 

Again, taking the point B, the other extream of the 
E line A B for a Center, and the given line for the 
ame diftance we poftulate another Circle to be defcri- 
bed. ‘Tis evident, that This Circle muff cut the former, 
for that the line AB lyes wholly within both the Figures, D 
andis a conmon Radius to both Circles. 

Now by the mutual Interfections of thefe Circles, 
there occurs a point common to both Circumferences, 
and let it be figned the point C. | 

Here then are three known points, A, B, C, and the line AB. What can, from 
thefe four things known, be reafonably deduced for the making an Equilateral 
Triangle, is next to be thought on. 

The firft Poftulate cannot but come readily into our mind, which allows the 
drawing of a ftrait line from point to point. So that we are prompted to draw 
from the Found point C to the given points A, B, the two ftrait lines C A, CB. 

Here at laft is made a ftrait-lind Figure of three fides called a Triangle, which 
we are next to confider of what kind, or condition it may be: and whether an- 
{werable to the folution of the Problem. _ mE 

The two Circles juft now before defcribed by the fame Radius AB, and B A, 
are obvious to our confideration, and the Idea or Notion of a Circle delivered 
in the 1 5^. Definition, that the lines from the Center to the Circumference are all 
equal to one another. This Idea does readily lead us to infer, that the line CA 
drawn from the point C in the circumference of the Circle BCD to the point A 
the Center, is equal to the given line AB the defcribing Radius, or the primary 
line from the Center of the fame Circle. | | 

In like manner, and by the fame means we are inftructed to argue, that the line 
CB drawn from the point C in the circumference of the Circle A CE to the point 
B the Center, 1s equal to the given line B A, the defcribing Radius of the Circle 
ACE. | | . | 
. Wherefore ^ that both C A and CB, are each equal to AB, we do natu- 
rally fuggeft to our felves the firft Axiom, that things equal to the fame are equal 
to one another, fo that C A and CB, are equal to one another. And therefore all 
the three lines C A, A B, BC, are equal to one another, making an Equilateral 
Triangle, according to the 234. Definition. 

Thus in the Method of Compofition from the third and firft Poftulates, from the 
fifteenth Definition, and firt Axiom, we have fully fet forth the Conftruction and 
Demonftration of an Equilateral Triangle on a given finite ftrait line. And have 
together fhown, upon what eafy rational Grounds and Natural Suggeftions this 
Problem may in this way alone be invented. So the like may be done in many 
other following Problems; for that the Invention of their Conftructions and De- 
monttrations, is not to be far fetched, depending only upon fome few foregoing 
rb at which may at once be brought into memory, and fitly applyed to 
prefent Ufe. 

But Problems more abftrufe and intricate, tho they may by a well exercifed 
Geometrician be performed wholly in this Compofitive Method, yet it is not F 
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readieft way to difcover how a perplexed Problem may be extricated and effected: 

In thefe Cafes, inftead of making our Gradations by Compofitzon from the Prin- 
ciples, and other Propofitions arifing from them; Geometricians contrarywife or- 
der the matter after the Method of Refo/utzon, and in the firft place do fuppofe the 
very Thing to be already done, which is propounded to be done. FACTUM PUTANT 
QUOD FACIENDUM EST. And then they examine what can by juft confequence 
be deduced from the fame Suppofition; demonftratively inferring one thing after 
another until they fall upon fomething, which evidently fhews how to eftect the 
Problem, or that it is impoflible to be effected. 

If by legitimate Areumentations we are brought to an impoffibility ; It is there- 
upon concluded in common reafon, that the Problem is 1mpoffible to be effected, 
and that the "5zne fubpofed is inconfiftent with Nature. But if we meet with no 
ſuch Obftacle, then are we affured the Problem 1s feafible, and that from the 
Suppofition of the thing already effected, We may by neceffary Inferences clear 
the way, and come to a certainty how to effect the fame. 

And therefore to givea glympfe of Light into this Admirable Method of Refolu- 
tion, take here an Example thereof in the Invention of this firt Problem. Altho 
by reafon of its Simplicity it is readily found out in the former Method of Com- 
poftion, as we have already explained. 


PROBLEM I. 


On a given finite ftrait line to conftitute an Equilateral Triangle. 
Inveftigated by the Method of Refolution. 


In all Problems we are firft to confider wherein the Stress of the Problem 
does confift. Therefore well pondering the nature of this Queftion, it will appear, 
that the main matter is to find a Point without the given line, from whence two 
{trait lines being drawn to the ends of the given line, fhall each be equal to the fame, 

Now to begin, Puta facium. Suppofe this done: and 
the point found letit be C, and the Triangle A B C, 
be kquilateral, having the fides C A, C B, each equal 
to A B the given line. 

Having thus fuppofed the Thing in Queftion: Now 
for the Solution of it, asof every Problem, there 1s to 
be ufed a dexterous Sagacity of Thought in fearching 
out fomething latent in the Queftion, which 1s in {omie 
fort known unto Us, and from whence we may by de- 
grees arguing from one thing to another, make in the end a perfect difcovery of 
That, which is wholly unknown. For in humane reafoning we can attain to the 
Cognition of Things unknown, and under inquiry, only fo far, as they partake of, 
and fecretly contain within themfelves the nature of other things already known, 
from which we muft argue; or elfe one thing could never be deduced from an other. 

And therefore this Praexiftency of the knowledge of fomething in the very 
things unknown, and fought for, is the foundation of all our Ratiocinations, and 
in this Cafe thus leads Us on. 

Becaufe the line A B is not barely fuppofed, as are the lines C A, CB, but is 
actually given in Pofition, and Magnitude: therefore upon this Datum, with a 
refpe&t hkewife had to the "Tenor of the Suppofition it felf, the Force and Perfpi- 
cacity of our Mind is to be exercifed, in bringing forth fomething relating both to 
what is actually Given, and to what is only Suppofed, that may open a way to- 
ward the Invention of the Thing Required. 

Now of all the feveral Subject Matters of Geometry, and of the Figures before 
defined, there is not as yet any of them in being befides a ftrait Line and a Circle: 
both which are poftulated to have a being. "Therefore from one, or both of thefe 
two we are to begin the Work. 

From a given ftrait line nothing elfe can arife, but either the Continuation thereof 
by the Second Poftulate ; or by its Crrcumlation the Generation of a Circle according to 
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the Third Poffulate. It isat frit view manifeft, that the Continuation of a ftrait 
line cannot ferve to the framing of a Triangle. There is therefore nothing elíe 
exifting bat a Circle to help towards this matter. 

Now we having had before an Idea of a Circle delivered to us, and fuperadding 
the conception of a Circle to the given ftrait line : Let us for an Effay try what 
may arife from them both, that is, From a ftrait line given and a Circle fuppofed. 

Suppofe then by Poftulate the third from the Center A, at the diftance of AB 
given, a Circle to. be defcribed. It muft now occur to our thoughts from the No- 
tion of a Circle in Def. 15. that the circumference thereof fhall pafs by the point 
C, the end of the fuppofed line A C, for that A C was fuppofed equal to the given 
Line A B. Let therefore be defcribed the Circle BC D paffing by the point C in 
the line AC. — 

Again, the Center B, and diftance BA being likewife given, if we fuppofe a 
Circle to be defcribed, the circumference thereof fhall pafs by the point C, the end 
of the fuppofed line BC, for that BC was fuppofed equal toB A. Let therefore 
be defcribed the Circle A CE paffing by the point C in the line B C. 

And becaufe the fame point C is common to the fuppofed lines A C, B C, and 
1s moreover in the circumference of the Circle B C D, and alfo in the circumference 
of the Circle ACE; and that the Circles B C D, ACE, have nothing common 
but their Interfection, therefore the point C is in the Interfection of the Circles 
BCD, ACE, now defcribed. 

Wherefore the point C is found: And thereby the Equilateral Triangle is found. 

For the three Points A, B, C, being now known, and in Pofition given; the three 
fides of the Equilateral Triangle are alfo given by the firft Poftulate, From any 
point to any point to draw a ftrait line. Let therefore from the point C, thus 
found, be drawn the ftrait lines CA, CB (lines only before fuppofed) which 
lines by Ax. r. are equal toone another, becaufe each of them is equalto AB, by 
Def. 15. And fo all the three ftrait lines are equal to one another, CA, AB, BC. 

Thus the Conftruction of an Equilateral Triangle ona given finite ftrait line, is 
naturally found out in the Method of Refolution. From whence does arife a 
Theorem, as a RvurE or PRACTICE, how demontftratively to conftruct the 
fame, as Euclide has done, 1n the Method of Compofition, after this manner. 


The THEOREM deduced from this Refolution, and teaching 
how Geometrically to effe&t the Problem. 


If from the ends of a given line be defcribed two Circles, at the diftance of the 
given line, and from the point of their Interfection be drawn two ftrait lines to 
the ends of the given line, there fhall be conftituted an Equilateral Triangle on 
that given line. 

In the progrefs of this Problem, tho' it be very eafy, and its Invention obvious, 
fo that it might have been carryed on in fhort by continued Inferences without 
any Comment, or interwoven Obfervations: Yet here as we pafs from one thing 
to an another by feveral Gradations, we have thought fit to intermix fome Ad- 
vertifements on purpofe to direct, and fet forth, after what manner, and with what 
circumípection Problems more abftrufe and difficult, ought to be managed in the 
Method of Refolution: Encompaffing in our thoughts all things poffible to be 
comprehended within the nature of the — by which Sagacious fearch 
moft wonderful and occult Truths may out of that Ob{curity, wherein they lye in- 
volved, be brought to Light, and as it were hammered out. 

Ut Silicis vents abftrufum excudimus ignem. 


PROPOSITION II. 


3 d a Gwen Point to put a ftrait line equal to a ftrait Line 
| Given. 


Let the given Point be a, and the given ftrait line be nc. 
It 
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Jt ig required at the point a, to put a ftrait line equal to the 
{trait line Be. EN = — 

From the point 4, to the point 2, l« be drawn the ftrait line 
AB. [ Poft. 1. | 

And on the line 4$ let be conftituted the 
Equilateral Triangle Dagr. [by Prop. 1. ] 

And to DA, DB, let be continued directly 
the ftrait lines AE, Br, [by Poft. 2.| Then 
the Center B, and diftance Bc let be defcri- 
bed the Circle ca g, | Poft. 3. ] And againthe 
Center p, and diftance pu let be defcribed 
the Circle ar. | Poft. 3. | 

I fay that at the given point 4, is puta 
ftrait line AL equal to the given ftrait line 
BC. 


Forafinuch as the point B is the Center of the Circle ¢ GH, there- 
fore Bc is equal to 2G, | Def. 15.] Again, becaufe the point p isthe 
Center of the Circle ark, therefore DL is equal to DG. | Def. r5. ] 
Of which p ais equal to pB,| by Coz/7r. | wherefore the remainder aL 
is equal to the remainder Be. | Ax. 3.] Butit has been proved that 
BC 1s equal to Bg. Therefore each of the lines aL, Bc, is equal to BG. 

But things equal to one and the fame thing, are equal to one 
another. | Ax. r.] And therefore AL is equal to Bc. 


Wherefore at the given point A 1s put a ftrait line AL, equal to 
the given ftrait line Bc. Which was to- be-done. — 


ANNOTATIONS 


^ In this Problem there are three Cafes, according to the various fituation of the 
given point A, in refpect to the given line BC. 
For the point A iseither without the line B C, as in the Figure ufed in the 
demonftration. 
. Or itis within the givenline, or elfe at one end of it, In which laft Cafe a Circle 
only.deícribed from. the fame end as the Center, and to the diftance of the given 
line, effects thé Problem without the conftruction of an Equilateral Triangle, 


The Praétice, 


"Fhe practice is obvious. For opening the Compaffes to the length of the given 
line BC, arid then placing one foot on the given point A, fet forth the fame 
length with the other foot to L, and draw AL. This is the fenfible and Mecha- 
nical Operation. 

But we are again to be reminded upon this occafion, that in the pure Geome- 
trical Solution of Problems, no ufe is to be made of Ruler and Compaffes, or of 
any outward Senfe. And moreover, that whatfoever things are given in a Pro- 
blem ought to remain in the pofition given. And according to that ftated pofition 
of the Data, andthe Tenor of the Problem, every thing is to be tranfacted in the 
Mind, as 1f. we neither ufed our Hands, mor Eyes. And therefore by fome of the 
Ancient Geometricians Problems are alfo called Theorems, for that their Opera- 
tions are only Speculative and Intellectual, in a fubje@t wholly abftraéted from 
Matter. Yet we are to know, that they are the fure and demonftrative Grounds 


of Material and Manual Practices, in the Menfuration of all kinds of Magnitude 


in 
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in Architecture, Fortification, Navigation ; In all forts of Mechanifm, infinitely 
ufeful to Mankind, both forNeceffty and Curiofity. 


PROZOSITION IIL. | 


Wo unequal strait ines being Given, to take from the Great- 
er a ftrait line eqsal to the Lefser. 


Let the two urequal ftrait lines given be aB, and c; of which 
let 43 be the grater. a 

It is required to take from As the greater, a ftrait line equal 
to c the lefle | Zu 

By the preceding Problem, let at the point 4 be 
put a ftrairline AD, equal to the ftrait line c. 

Then tie Center a, and diftance A », let be defcri- 
bed the Circle pr. | by Poft. 3. | | 

I fav, that from the ftrait line aB the Greater, is 
taker a ftrait line az equal to c the Leffler. 

Forafmuch as the point a is the Center of the Cir- 
cle DEF, therefore the line A € 1s equal to the line 
ap. But the line c is equal to the line ap: fo that 
alfo aE is equal to c.:[ AX. I. | 

Therefore two unequal ftrait lines being given, as and c, there is 
taken from Az the greater, a line equal to c the leffer. Which was 
to be done. | 7 

The Practice. 


The practice of this is as before: Opening the Compaffes to the length of the 
given line C, and fetting the fame off from the point A to E. 

Thefe three Propofitions are only minifterial Problems, and therefore here pre- 
mifed for their general ufe through all Geometry. 


PROPOSITION IV. 


T F two Triangles have two fides equal to two fides, each to each, 
and have an angle equal to an angle, namely that, which is 
contained by the equal lines. | | 

Then fhall they have the bafe equal to the bafe, and Triangle 
Sball be equal to Triangle, and the remaining angles fhall be equal 
to the remaining angles, each to each, under which are fubtended 
equal fides. 


Expofition. Let the two Triangles be a Bc, DEF, having the two 
fides 45, Ac, equal to the two fides DE, Dr, each to each, namely 
AB to DE, and Actor, and the angle BAc equal to the angle 
EDF. | | | 

Determination. Y fay, that the bafe 2c, is equalto the bafe EF. 
And the Triangle ase fhall be equal to the Triangle pE F, and the 
remaining angles fhall be equal to the remaining angles, each to 
each, under which are fubtended the equal fides, namely the angle 

ABC 
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aBC to the angle pEr, and the angle acs to: the. angle DFE: * 

Conftrudion. For the Triangle apc, being, appiyed to the Tri- 

angle DEF: and the point a k SA e D 
put on the point p; and the 
{trait line aB on the ftrait 
line DE; *, 

Demonftration. Then fhall 
the point B agree with the, 
point E ; for that A B is equal 
to DE. [by Suppo/ition. | XM Nur z 

Now AS agreeing; with T TI 
p E, AC fhall alfo agree with pr, for that | by Szppo/itzon | the angle 
BA C, Is equal to the angle EDF. E 

So that alfo the point c fhall agree with the point F; for that 
the line ac is likewife equal to pr, [by Suppofitzon. | 

But now alfo the point sB had agreed with the point x ; fo that 
the bafe gc fhall agree with the bafe EF. | 

For the point B agreeing with the point x, and the point c with 
the point F, if the bafe Bc fhall not agree with the bafe eF; Then 
two ftrait lines fhall comprehend a fpace. Which is impoffible, 

[by Ax. 12.] pL | 

The particular Conclufion. Wherefore the bafe pc fhall agree with 
the bafe zr; and therefore fhall be equal to it, | by Ax. 8.] 

So that alfo the whole Triangle asc, fhall agree with the whole 
Triangle DEF, and therefore-fhall be equal to it, [by Ax. 8. | 

And the remaining angles fhall agree with the remaining ar- 
eles, and therefore fhall be equal to them, namely the angle asc 
to the angle DEF, and the angle acs to the angle DFE. 

The general Conclufion. If therefore two Triangles have two 
fides equal to two fides, each' to each, and have an angle equal to an 
angle; namely, ‘That which is contained by the equal lines: ‘Then 
fhall they have the bafe equal to the bafe, and Triangle fhall be 
equal to Triangle, and the remaining angles fhall be equal to the 
- remaining angles, each to each, under which are fubtended equal 

fides. Which was to be Demontftrated. 


Annotation on the Propofition. 


This Propofition is the firft Theorem, and Foundation of all Geometry, which 
therefore with the whole manner of its demonftration, we fhall {pecially endea- 
vour to explain. 

In a Triangle there are Seven Things to be confidered. 

The three Sides,the three Angles,and the Areajor Space comprehended by the fides. 
Of thefe Seven here are three Things in one Triangle, namely, żwo Sides, and the an- 
gle contained, which are fuppofed equal to three the like Things in the other Tri- 
angle. And from the fuppofed equality of thefe Three, is demonttrated the equa- 
lity of all the other Four, that is, of the third fide to the third fide, of Area to 


Area, and of the two other angles to the two other angles, each to its correfpon- 
dent angle. 
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_. Annotation on the Expofition. 


What Things were in tlie firft part of the Propofition Gzven, or Suppofed in ge- 
neral (namely, in two Triangles two fides equal to two fides, and the contained an- 
gles equal) Thofe are now in the Expofition exemplyfied in the Triangles ABC, 
DEF, and in particular fet forth: Side to fide, AB equal to DE, AC equal to 
DE, and angle to angle, BA C equal to EDF (Each to each &c,) That is, 
the two fidesin one Triangle taken A Dy 
fingly, and compared refpectively to 
the two fides finely, in the other Tri- 
angle. For otherwife the two fides 
in one Triangle taken both together, 
may be equal to the two fides in the 
other Triangle taken both together ; 
that is, the fumm of the two fides in 
one Triangle may be equal to the 
fumm of the two fides in the other 
Triangle, and the angles contained | C 
be equal to one another: Yet from thence the other parts in thofe Triangles 
cannot be proved equal to one another. As in one of the Triangles, if one fide 
be 2, and the other be 5, which togetlier are 7: And in the other Triangle 
if one fide be 3, and the other be 4, making alfo together 7: And let them 
contain equal angles, yet the Triangles fhall not in the other parts be equal 
to one another. Therefore itis here {pecially faid Each to Each, fingula latera fin- 
gulis lateribus, ixatcegy ixareon. S | 





Annotation on the Determination. 


As the Expofitzon did fet forth particularly, in the Triangles ABC, DEF, what 
was in the firft part of the Propofition fuppofed, and given in general Terms: fo 
what was in the fecond part of the Propofition laid down in general, as to be de- 
monftrated from what was fuppofed, and given in general, That is now in the De- 
termination {pecified in the particular parts of the fame Triangles ABC, DEF: 
and pronounced to be true. Saying, The bafe BC is equal to the bafe EF, and 
the Triangle AB C &c. Now the truth thereof is to be made good by the fol- 
lowing Demonftration. P | 


Annotation on the Conftru&ion. 


After the Expofition and Determination, there often follows in Theorems a 
Conftrutiton, wherein are added to the fimple Figure of the Propofition fome ftrait 
lines, or Circles, or both, to make way for the Demonftration. ‘This Propofition 
requires no fuch kind of Conftruction, having all lines requifite to the demon- 
ftration, laid down at firft in the Expofition and Determination. But here Euclide 
ufes another fort of Conftruction, or -4pparatus towards his Demonftration, by a 
mental Application of one Figure to an Other: which is by the Greeks called 
EQapeans, Epharmofis; an Adaptation, Appofition, or Application of one magnitude 
to another: And in the manner following is thus made ufe of. 

For the Triangle ABC being applyed to the Triangle DEF; and the point A put on 
the point D.] It is not meant, that this Application be made by the ufe of Hands 
and Eyes: but by an imaginary pofition, firft of the point A on the point D; and 
then of the line AB on the line DE, as followeth. 

And the firait line AB on the ftrait line DE.] In the 4. Def. Euclide tells us, 
that by a ftrait line we are to conceive fuch a line as lyes evenly to all its points. 
So that upon this conception of a ftrait line, if we imagine one ftrait line to be 
placed upon another ftrait line, we muft alfo conceive, that no part of the one 
does any where {werve, or any ways deviate from the other; And as agreeable to 
this conception of a ftrait line, we may obferve the exactnefs of Eugha’s — 

ion, 
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fion, how that the nes AB, DE, which before in the Expofition of the Propofi- 
tion were called Sides, in relation to a Triangle, are now in refpect of their Ap- 
plication to one another, called ffrait Lines, not Sides, becaufe from the notion ofa 
firait line it follows, that if ftrait lines be apply'd to one another, They muft be 
imagined to be entirely coincident with one another. Thus far proceeds che Con- 
ftruction by way of Application, or Epharmofis. That is, firft tbe imaginary pofition 
of the pomt A on the point D. And fecondly of the ftrait line AB, on the ftrast line 
DE. From whence bya jut Ratiocination Euclide demonftrates the equality of 
the two Triangles, in the Whole, and in every Part. As followeth. | 


Annotation on the Demonftration. 


Then [ball the point B agree with the point E, for that AB zs equal to DE.] 

Here is firft to be obferved the difference between the agreeing of two ftrait lines, 
and the agreeing of therr extream points. ‘The Former is in re{pect of being ftrait lines, 
the Other in refpect of their equality to one another. For all ftrait lines are 
conceived to have their parts Congruous: And all equal ftrait lines to have alfo 
their extreams Congruous. And therefore Euclide upon the Application of the 
{trait lines AB, DE, to one another, having prefumed from the notion of Recti- 
tude the mutual agreement of their intermedial parts; He next urges the agree- 
ment of their extream points from their fuppofed equality. For the ex ream point 
A of the line AB, being conceived to lye on the extream point D of the line DE, 
and the line AB on the line DE; if of the line AB the other extream point D, 
does not agree with the other extream point E of the line DE: then one of thefe 
points falls fhort of the other: fo that one of the lines fhall be a part of the other 
line. And becaufe the lines AB, DE, are fuppofed equal, therefore the part fhall 
be equal to the whole. Which is impoflible by the 9. Axiom. Theréfore the 
point B fhall agree with the point E. 

Now AB agreeing mith DE, alfo AC fhall agree with DE; for that the angle BAC 
5 equal to tbe angle ED F.] 

For otherwife, if A C agrees not with DF; then fhall A C fall either within, or 
without DE: fo that one of the angles BAC, EDF, fhall bea partof the other. 
And becaufe the angles BAC, EDF, are fuppofed equal ; therefore the part fhall 
be equal to the whole. Which is impoffible. Therefore the line AC fhall agree 
with the line DF. 

So that alfo tie point C fhall agree with the point F.] 

For the fame reafon as before, that the point B did agree with the point E, 
A C being fuppofed equal to DE,as AB was to DE. Here again 1s to be ob- 
ferved, how Euchde diftinguifhes between the agreement of the lines AC, DF, 
and the agreement of the extream points C and F. For from the equality of the 
angles BAC, EDF, he proves the coincidency of the lines AC, DF: Andfrom 
the equality of the lines AC, DF, he proves the coincidency of the extream 
points C;F. 

For the point B agreeing with the point E, and the point C mith the point F; if the 
bafe BC fball not agree with the bafe EE] 

Then muft BC fall either within, or without EF, fo that the ftrait lines B C, 
EF, fhall comprehend a fpace. Which by Ax. 1o. is impoffible. "Therefore BC 
{hall agree with EF. 

The fubtil changes made in the courfe of this demonftration are remarkable. 
Firft, from the Definition of a ftrait is implyed the coincidency of the interme- 
dial parts of two ftrait lines, which are applyed to one another, namely of AB 
and DE. Secondly, from the fuppofed equality of two ftrait lines, is proved the 
agreement of their extream points. Otherwife the part would be equal to the 
whole. Thirdly, from the fuppofed equality of two angles, is proved the coin- 
cidency of their contaming lines. Otherwife the part again would be equal to 
the whole. And laftly, from the agreement of the two extream points B with E, C 
with F, of two ftrait lines BC, EF, isconcluded the agreement of the lines Themfelves, 
namely of BC and EF, Otherwife two ftrait lines would comprehend a Space. 

Ls Anno- 
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Annotation on the Conclufion, 


We are here to obferve a double Conclufion. The firft particular, The other 
general. The particular Conclufion is the foregoing Determination repeated word for 
word, but fo as being now demonftrated; and therefore concluded true in thofe 
particular Triangles ABC, DEF. The general Conclufon is the Propoftion zt felf re- 
peated, and concluded with, as juftly following upon that particular Conclufion 
already demonftrated. | | 

For according to the Mathematical method, as before in Problems, fo here in 
Theorems, is in the firft place laid down the Propofition in general terms. 

Then next, of this Propofition 
there is made an Expoftzon, anda De- 
termination in a particular Inftance, 
or Example. An Expofition of what 
is given: and a Determination or 
Specification of what is to be proved. 
As here in the two Triangles ABC, 
DEF, is {et forth particularly by 
name , every Thing given, and every 
Thing propofed to be demonjftrated. As 
we have diftinguifhed them in the fe- 
veral Paragraphs, of Expofition, and Determination. 

Now upon this Inftance inthe Triangles ABC, DEF, the demonftration pro- 
ceeded: and therefore Euclide firft concludes particularly, as to that Inftance in the 
faid Triangles A BC, DEF. And thereupon implying the like reafon in the like 
matter, He concludes by the Logical Rule of Induction, with the Propofition it {elf 
in general, as at firft it was laid down. For whatis now particularly demonftrated 
in the Triangles ABC, DEF, the fame may be proved after the fame manner in 
any other two Triangles, which have the fame conditions. And therefore the 
Propofition isin general concluded to be true. | 

This is the regular form of a Geometrical demonftration in all Theorems ; whicli 
we have here explained at large, once for all, 





Advertifement. 


Thus with more Artifice than is commonly taken notice of, Euchde manages 
this Demonftration. And indeed the nearer any Propofition comes to a Principle, 
or an evident Truth, as this Propofition doth, the more difficult it is to be demon- 
{trated ; becaufe the Medzums for the proof of fuch Propofitions, which are fo near 
to Principles, can be but few, and thofe Mediums not much more manifeft than 
the Propofition it felf. Therefore in thefe kind of Propofitions the manner and 
management of the Demonftration is more exquifite, and requires an extraordinary 
nicety on the Mafters part clearly to demonftrate, and a greater attention in the 
Scholar, for the right underftanding of the fubtilty of fuch a demonftration. 

Wherefore, fome for want of dueconfideration have unjuftly cavill'd at the demon- 
{tration of this 4^.Propofition, as being in a manner Mechanical. Whereas they have 
not rightly confidered, what in the Application of magnitude to magnitude is Geo- 
metrical, or purely Mathematical, and what is Mechanical. Toapply any Meafure, as 
a Foot, Cubit,&c. to any other magnitude, as Carpenters, and fuch like Artificers do, 
or in general to adapt one magnitude to another, and then from their viſble and ſen- 
fible Congruency or Incongruency, to conclude their equality or inequality, ‘This in- 
deed is plainly Mechanical. But in the demonftration of this Propofition there is 
nothing of this kind, no ufe made either of Hands or Eyes. Only there isof two 
Triangles compared together an imaginary pofition of a point on a point, and a 
{trait line on a ftrait line: and from this mental Application the demonftration 
takes its beginning, and by clear Ratiocination from one neceflary Inference to 
another, proves the entire Congruency of the two Triangles, equally convincing 

| Cecos, 
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Cæcos, and Oculatos: for that here the Congruency is not enforced by any evidence 
of Senſe; but only by an Intellectual demonítration. And the Epharmofis, or Ap- 
plication of one Triangle to the other, is alfo intellectual, and neceflarily to be 
prefuppofed, in order to the proof of their Exaé Congruency. Now if fuch an 
Epharmofis could juftly be excepted againft, then the 8'», Axiom of the equality of 
Congruous magnitudes, which even Ramus himíelf allows to be maxime Geometrz- 
cum, were altogether ufelefs in Geometry. For that there muft in fome manner 
an Application be conceived of fome part of one magnitude, to fome part of an- 
other magnitude, in the way of a Conftruction or Apparatus to the demonftration, 
before we can proceed to demonftrate the Congruency of all its parts, and from 
Thence to conclude the equality of the whole to the whole, by the 8. Axiom. 


Briefly then to determine in this Cafe. 


Congruency is a natural Rule of equality ; and the certainty of Congruency, if 
made from Senfe, is Mechanical; if by à juft Reafoning proved, it is truly Mathe- 
matical. Which diftinétion, if {fome of our Commentators had well obfervd, they 
would not in this matter have made fuch frivolous Objections againft Euclde, nor 


committed fuch Paralogifms in their vain. Attempts to amend his demonftrations 
of this kind. 


PROPOSITION V. 


F Eguicrural Triangles, the angles at the bafe are equal to 
one another. 


And the equal ftratt lines being produced, the angles under the 
bafe foall be equal to one another. 


Let there be an Equicrural Triangle agc, having the fide aB 
equal to the fide ac; and tothe ftrait lines ag, ac, let be conti- 
nued directly the ftrait lines Bp, cz, [by Poft. 2. ] 

I fay, that the angle A Bc is equal to the angle acs. 

And alfo the angle cB», to the angle scr. 





D E 


For in the line sp, let any point be taken, as F. Then from the 
greater az, let be taken ac equal to aF the lefs, [by Prop. 3.]and 
let be Joyned the ftrait lines Fc, cB, | by Poft. xr. ] 

Now forafmuch as aF is equal to ac [by Con/truction| and ax 
to ac; [by Suppofition|. Therefore there are two lines Fa, ac, 
equal to the two lines Ga, aB, each to each, and they contain a 
common angle f ac. Therefore [by Prop. 4.| the bafe Fc is equal 
to the bafe GB; and the Triangle arc fhall be equal to the Triangle 

| AGB, 
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AGE, and the remaining angles fhall be equal to the remaining. 
angles, each to each, under which are fubtended equal fides, namely 
the angle act to the angle age, and the angle arc to the angle / 


A G B. 


b. 


Therefore the remainder BF is equal to the remainder cc, [ Ax. 3.. 
But alfo it has been proved, that rc 1s equal to GB. 
There are therefore the 1: 

two lines BF, Fc, equal to 
the two lines ca, GB, each 
to each, andthe angle Bre 
equal to the angle cas, 
and Bc is their common 
bafe ; therefore the trian- 
gle BEC, fhall be equal to 
the triangle ce B; and the 
remaining angles fhall be / 

equal to the remaining an- BD o oN 
gles, each to each, under which are fubtended equal fides. Where- 





fore the angle FBc is equal to the angle ccs. And the angle scr 


to the angle CBG. 

Now whereas the whole angle age has been proved equal to 
to the whole angle acr, of which the angle cse is equal to the 
angle BCF. 

Therefore the remaining angle aBc is equal to the remaining 
angle acs. And they are at the bafe of the Triangle asc. But 
alfo t has been proved, that the angle rnc, is equal to the angle 
GCB. And they are under the bafe. b 


Therefore of Equicrural Triangles, the angles at the bafe are equal 
to one another. | 


And the equal ftrait lines being produced, the angles under the 
bafe fhall be equal to one another. Which was to be demonftrated. 


Corollary. 


From hence tis manifeft, that of Equilateral Triangles, the three angles are equal to 
one another. 

For every fide may in order be put for a bafe, and accordingly, as in an Equi- 
crural Triangle, the three angles may be proved equal to one another. 

This Propofition feems very difficult to young Geometricians, by reafon of the 
crof{s interfering of the Triangles, which are compared to one another. We 
have therefore endeavoured to clear the matter by making feparate Figures, in 
which the {everal Triangles compared together, may be more eafily diftinguified. 


PROPOSITION VL 


E two Angles ofa Triangle be equal to one another, then fha, 
the f des / ubtended under the equal Ateles be 1 atal to one 


another. Let 








. .And now becaufe the whole line Ar is | by Coz/?rucfzon | equal to 
the whole line ac, of which 48 is equal to Ac, [by Suppofition| 
] 
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Let the Triangle be anc, having the angle asc equal to the an- 
gle ac. 
I fay, that the fide ac is equal to the fide AB. 


For if ac be unequal to aB, oneof them is the greater. Let the 
greater be AB. 


And from aB the greater, let be taken p 5 equal 
to ac the lefs, [by Prop. 3.] and let be Joyned pc. 

Now forafmuch as pB Is equal ac, and Bc 1s com- 
mon; therefore there are the two lines DB, BC, e- 
qual to the two lines ac, cB, each to each, and the 
angle pac is equal to the angle acs, | by Suppofi- 
tion] Therefore ( by Prop. 4.] the bafe pc is equal 


x 
to the bafe A8; and the Triangle asc fhall be equal — 
to the Triangle pcs, the greater to the lefs. Which 2 


is abfurd. 
Wherefore aB is not unequal tò ac. Equal therefore it is. | 
1f therefore two Angles of a Triangle be equal to one another, 
then fhall the fides fubtended under the equal angles be equal to 
one another. Which wasto be Demonttrated. 


Corollary. 


From hence ‘tis manifeft, that if the three Angles of a Triangle be equal to one another, 
the Triangle Jhall be Equilateral, 





ANNOTATIONS. 
Of the Converfion of Geometrical Propofitions. 


This Sixth Propofition is the Converfe of the Fifth. 


One Propofition is faid to be the Converfe of another, when the Pofitioii of one 

is the Conclufion of the other; and the Conclufion of this is the Pofition of that. 

As the fifth Propofition puts two fides of a Triangle equal to one another, and thence 

concludes, that their oppofite Angles are equal, So this fixth Propofition puts two. An- 

gles of a Triangle equal to one another, and thence concludes that their oppofite fides are 

equal. Thus in the Converfion of Geometrical Propofitions, the Pofitions and 
Conclufions are reciprocal, 

The fifth Propofition might have been here entirely converted, I mean in that 

I latter part alio of the Angles under the Bafe : from whofe equality the Triangle 

: may likewife be demoníftrated to be Equicrural, as Proclus has fhewn. But this 

Converfion being ufelefs, Euclide does omit. Or rather, if the Form of this de- 

monftration be itriétly examined, it will appear that the fecond part of the fifth 

Propofition, was not Exciids. But that becaufe Euclide, to prove the equality of 

the Angles at the Bafe, doth firft prove the equality of the Angles under the Bafe ; 

This might give an occafion to fome one afterward, for the fubjoining of this 

property of an Equicrural Triangle to Echds Original Propofition. And this 

conjecture is very probable, for that the equality of the Angles under the Bafe, 

is not made ufe of in any of the following Propofitions. Now certainly Euclide ne- 

ver laid down an Elementary Propofition ufelefs in any part thereof: nor ever 


put that for one part of the Propofition, which is only ufed as à Medium to 
prove the other. 


M OF 


62 THE FIRST ELEMENT 
Of the two kinds of zaly/s ufed in Geometrical Propofitions. 


The demonftration of this fixth Propofition is much different from thofe before. 
All which were made from true and known Principles, to prove other ‘Truths un- 
known in the common Synthetical Method, but contrarywife this Theorem is 
wholly demonftrated Analytically. 

We have before difcourfed of the two Methods of Compofition and Refolution ; 
and fhewn the ufe of the Analytical Method in the Invention and Solution of 
Euclid s firít Problem : Now here again, we have occafion to take more particular 
notice of a twofold confideration of Analyfis, not in refpect of its Nature and 
Method in the courfe of Reafoning, which remains the fame in both ; but of the 
different iffue or event, that may arife from any Analyfis by a juft Ratiocination. 
For if the Analyfis of a Suppofition ends in an acknowledge d Truth, then the thing 
fuppofed was true. But if the Analyfis of a Suppofition ends in a certain Untruth, 
then the thing fuppofed was falíe. Therefore from thefe different endings, True 
or Falfe, there are given two denominations to 4nalyfs. One is faid to be Con- 
feruéiive, the other Deftruétive. 

The Conftructive Analyfis is fo called, for that ending :n a manifeft Truth, we 
may again upon this true foundation in the Synthetical Method, conftruct a de- 
monftration of that Thing, from whofe bare Suppoftion the Analyfis took its begin- 
ning. And in thefe Cafes alone the Methods of Refolution and Compofition an- 
fwer to one another, the Conftru&ive Analyfis having always a correfpondent Syn- 
thefis : So that what Truths we find out by the help of the Analytical Method, the 
fame when fo found we teach to others in the Sythetical Method. This Marinus 
Gethaldus has fhewn in his admirable Books De Kefolutzone & Compofitcone Mathematica. 
And — thereof we may find among the Schola in the x3". Element of 
Euclide, 

The Deftructive Analyfis is fo called, for that ending in an evident Falfity, it 
deftroys the Suppofition, from whence the Analyfis began to argue. 

Now unto the Deftructive Analyfis there cannot be made any return in the 
Synthetical Method, becaufe upon Falfity, wherein this Analyfis ends, that is, upon 
Nothing, or no Foundation, cannot be raifed any Structure. 

Synthefis therefore is but of one fimple confideration and denomination, for 
that it can only argue from Principles of Truth laid down. Aswe muft build upon 
fome foundation, as well Speculatively, as Mechanically. 

But Analyfis, which may argue demonftratively from Suppofitions either True or 
Falfe, and fo accordingly muft reft at Principles of ‘Truth or Falfity, is therefore 
from its different ending diftinguifhed, and (as before faid) denominated Conftructive 
and Deftru&ive, Qua SurPosITIONEM ponit <Analyfis, aut deftruzt. Not as 
Cravius fays, Qua PRINCIPIA ponit, aut deftruit, For from what Suppofition 
can the Principles be either confirmed or deftroyed: But contrarily, thefe Prin- 
ciples muft either confirm, or deftroy the Suppofition. 

Ihe Conítru&ive Analyfis is fimply called Analyfis. The Deftruétive Analyfis 
is commonly called zzayejs as adwwaro, an Abduétion or Reduttion to Impoſſibility. 
Which way of Argumentation Geometricians thus make ufe of. 

If a Propofition, altho’ it be true, yet cannot be readily proved fo to be: then 
They ufually put, or Suppofe its Contradifory, and difproving This, there neceflarily 
follows the acknowledgement of the Propofition firft laid down. For that of two 
Contradictory Propofitions, if one be proved falfe, the other muft be true, their 
being no Medium between Being and not Being. 

So in this fixth Propofition are put two Angles of a Triangle, equal to one another : 
and upon this Pofition it is pronounced, that Their fubtending fides are alfo equal. 
But now the equality of their fubtending fides is not here direétly proved. Only 
tis urged, that if the fides be not equal, then they muft be unequal. 

And now /fuppofing the fides unequal, then Euclde demonftratively proceeds there- 
upon, and by gradual Confequences refolves thzs Suppofition into a manifeft impof- 
hbility, proving, That 24 Triangle, if the fides fubtending the equal Angles be unequal, 


then 
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then tbe whole. [ball be equal to its part: which is a manifeft untruth; for that The 
whole is greater than its part, is a Principle of manifeft Truth; | 

Therefore the Sufpofítzon of the inequality of the two fides whub fubtend tbe two 
equal Angles of a Trtangle, being neceflarily refolved into fuch an_abfurdity, was 
not true. Lor Ex vero mil mfi verum, From Truth no Untruth can follow. | 

Wherefore according to the fixth Propofition, Two Angles ofa Triangle being 
equal, the fides fubtended under the equal Angles, are therefore Logically con- 
cluded equal, for that it 1s demonitrated, that they cannot poflibly be unequal. 
Equal therefore they are. | | 

But in this Deftructive Analyfis, very often the Deduction to an impoffibility is 
Immediate, and the abfurdity forthwith feen, and urged ‘againft the falfe pofition 
without any further Argumentation. As before we may obferve in the Clofe of 
the 4. Prop. When we fay, Jf the baje BC does not agree with the bafe D F, then 
two ftrait lines Jhall comprebend a fþace; which Inference is immediate and con- 
tradicts the ro™*. Axiom. Whereupon the abfardity is prefently difcovered ; and 
therein that Suppofition is immediately overthrown as untrue. And this is ftri¢tly 
to be called Deduction to Impoflibility. 

But now again, if-the Propofition it felf be not in the beginning of the demon- 
tration, undertaken to be proved oftenfively, in fome parts thereof, as the fourth 
Propofition is: but that in its ftead, an Hypothefis contradictory to the Propofi- 
tion, is put at the very firft ( as itis in this and the next Propofition, with many 
others) then the confequent abfurdity does not immediately appear: hut after 
intermediate Inferences which are made upon that Hypothefis Cftenfively, ttep by 
ftep, we do fall at length into an lmpoffibility, and thereupon deitroy the fame 
Hypothefis, from whence we began to argue... And this 1s an exact Analyfis: 
which to explain more fignally, let us review the Analyfis of this fixth Propofi- 
tion, and particularly obferve the feveral gradations of Argumentation, made 
upon the Suppofition. 

For now of the Triangle ABC if the fides AB, AC, be not 
allowed to be equal, notwithítanding that their oppofite Angles 
at Cand B were fuppofed to be equal: ‘Then fuppofing them 
to be unequal, Euclde (by the 3°. Propofition) takes from the 
greater AB aline BD equal to the lefs A C. Next (by the firft 
Poftulate) he draws a ftrait line D C; and fo there 1s made the 
Triangle DCB. After this Conftru&ion he proves (by the 
4'^. Propofition) that the Triangles ABC, DCB, are equal 
to one another. Hitherto the demonftration goes from the Sup- 
pofition fairly on deze, Offenfrvely, proving the equality of 
the Triangles ABC, DCB. B 

But here now after this Oftenfive Proof, the next and immediate Refult is, that 
one of thefe Triangles is but a part of the other; the Triangle DCB a part of 
the Triangle ABC, and yet upon the Suppofition 1s juttly demonftrated equal to 
the fame. But this Equality and Inequality of the fame things being inconfittent 
with Nature, muft overthrow and null that Hypothefis, which by a pofitive demon- 
ftration, is refolved into this Impoffibility ; And therefore upon fuch an Evidence 
certain itis, that of the Triangle ABC, the fides AB, AC, cannot be unequal, 
and therefore equal. | — 

But becaufe there are fome who allow not this Apagogical method of Argu- 
mentation to be fo fatisfa&tory, as the ufüal Synthetical manner of demonfítration ; 
therefore to clear this matter, we fhall for the vindication of Geometricians, exa- 
mine further the nature and force of all Demonftrations Mathematical and Philo- 


fophical: As we have done before concerning Definitions Mathematical and Phi- 
lofophical. 


Of Demonftrations Mathematical and Philofophical, as to 
.. Their feveral ends. 


Every Man can reafon no otherwife, than from the Ideas of outward things, accòrd- 
M 2 ing 
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ing as he receives them, and makes reflections on them. When the Ideas are the 
fame in feveral períons, then they cannot but reafonably agree in their judge- 
ments: when they are different, as being differently received, then Men muft dif- 
agree ; tho' both may argue well, according to their own Ideas and Sentiments of 
thofe things. Befides, for want of due Obfervations, both may happen to be in 
the wrong, and that the very Truth is much otherwife. For we can only affirm, 
or deny, as things are apprehended by us: whether the things do in themſelves 
aeree, or not agree, one with the other. | 

Now many things there are which fo clearly and diftin&tly prefent themfelves 
to our common underftanding, that they beget in us a ready and certain judee- 
ment of their Truth, or Falfity: and do fo much urge our Natural reafon upon 
their Self-evidence, that without any doubting we affirm, or deny. When with 
our Affirmation, or Negation, there is accordingly a real agreement, or difagree- 
ment between the things themfelves, then is this Perception of ours true Know- 
ledge, and an immediate conformity of the Mind of Man to the apparent Truth 
of things. Thefe are then taken by us for Principles of knowledge, and fo made 
ufe of in our common difcourfings. 

But again, numberlefs other things there be, whofe Truths are lefs apparent, 
and with featch and labour of Mind to be difcovered ; for which, we muĝ, as in 
a Labyrinh, ufe a clew of Silk to find them out. This is our innate Power of 
reafoning, or Natural Logic, whereby every Man from the fimple Apprehenfion 
of things, and thofe clear and independent Sentiments of Humane Underftanding, 
is enabled to difcourfe, to hunt out and judge fo exactly, as to acquire in many 
matters an affurance of Truth, and to reft therein. For tho we are not born 
with Irrefragable Propofitions in our Brains, as with Eyesin our Head; yet we 
come into the World with the advantage of fuch a Mind, that from thofe Eyes, 
and our other Senfes, by the Natural Sagacity and Power of inferring one thing 
from an other, we car and do advance our Thoughts in the knowledge of things, 
far above all whatfoever our Senfations can reach unto. 

But for a farther improvement of this our common Reafon, Arz/fotle has, with 
ereat fübtilty of Thought fran d the Inftrument of Inftruments; and reduced the 
the loofe and familar Difícourfings of Men into an infallible Art, both for the 
Form of Argumentation by Syllogifms, as a Touch-ftone to difcover how truely 
or fallacioufly they are made; and alfo for the matter thereof: having gathered 
all forts of Arguments under certain Heads, and digefted them into their proper 
Claffes, called Topzcs. In which he fhews what kind of Arguments are only Pro- 
bable, and beget in us that which is called Or1N row, the mifchievous Mother of 
Difpute and Brangling. What again are Demonftratzve, and infallibly Convincing, 
and do give us a Certainty of Knowledge. Of which there are two Degrees. 

For this Knowledge, or Cognition is either abfolutely perfect, and fully fatif- 
fying our Intellect; or elfe in fome degree is lefs fatisfactory : I mean not in the 
certainty of the Truth; but only m the manner of our Knowledge of this Truth. 
For befides the certain Knowleage of a thing to be; we naturally defire to know more- 
over, Why zt zs fo, from the immediate conftituent caufe of fuch a Being. 

To demonttrate any thing dengnysvxws, Scientifically, from its immediate Effen- 
tial Caufe, is the utmoft perfection of humane Knowledge, if we could arrive unto 
it in a thorough and Methodical Contemplation of any matter. 

This Scientifical demonftration called by Ærzftotle Awn, that is From the very im- 
mediate Caufe by which a thing 1s made to be what it ts, the Philofophers pretend unto: 
but with how little fuccefs and fatisfaction to our Underftanding, their perfor- 
mances are adyanced, does evidently appear from the fo many different Sects 
of Jarring Philofophers. 

Whereas the Geometrican leaves nothing difputable, or uncertain; tho’ his de- 
monítration is very feidome Awn, at which he aims not with Philofophers, but 
thinks it fufhcient fo far to fatisfy our underftanding, as undeniably to demonftrate 
ra on, the Quod fit, The thing to be; tho it appears not in the demonftration of 
that Being, Why 1t 1s, or Hew it comes to be. If he had undertook this bufinefs, 


the 
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the Geometrician would have become as doubtful and miſerable a Diſputer, as the 
Philoſopher. | | B 

But yet we may obferve; that the Geometrician does fometimes give à detiion- 
{tration Awa: as in the firft Propofition, For there Euczde proves the Triangle to 
be Equilateral, becaufe the fides thereof confift of the Rays of the fame Circles 
which is the immediate caufe of theirequality. Neither indeed could this firft de- 
monftration be otherwife than Scientifical, or Awa; for that an Equilateral Tri- 
angle being the Figure next in nature to a Circle, in refpect of its fimplicity and 
uniformity, fo that there 1s no other medium poffible to intervene between them ; 
therefore it could have no other production, norany other proof thereof, than 
from a Circle. ‘The Demonftrations likewife of the two following Propofitions are 
of the fame kind from the fame caufe. 

But generally the Geometrician takes 72?-, evidence and certainty of being to 
be abundantly fufhcient, both for our pleafure and contentment in thefe Specula- 
tions, wherein we have an indubitable knowledge of {fome ‘Truths in the fecret and 
admirable properties of Magnitudes and Numbers. Altho’ the famous French Los 
gician, blames much the Geometricians, for being thus defective in their demon- 
ftrations: which he would have to be all Scientifical and Awa, and that the Ele- 
ments ought to have been fo methodized. And this he defpairs not of; but that 
at {ome time it may be accomplifhed. This is indeed the fullnefs of Science, which 


only can make perfect the ftate of humane Nature: But fuch a knowledge it is, ` 


that feems beyond the reach of any finite Being. A chain of things (to {peak 
with Homer) faftned to the foot of Yove; the frame of whofe Links is only known to 
Him the Maker. I wifh therefore that this French Writer had fhewed himfelf in this 
point, as great a Geometrician as he is a Logician in others; and given fome Specimen 
of that Perfection, which he requires in Geometry. Of which | fhall have but little 
hopes, till he can lhew me how an Acorn comes to be an Oak, and not an Elm. 

But for this matter the ancient Geometricians, well exercifed in demonítrable 
Speculations, fully knew their own ftrength, and contented Themfelves with the 
certainty of Truth, rather than to venture at the Caufes of that Truth, which 
woud be ever lyable to difpute. | 

Euclide therefore never attempted to order theíe Elementary Propofitions, in a 
natural dependence on one another, asthe caufes of each others Truth. Yet are 
they fo difpofed, as to be fure Guides to lead us along infallibly from one Truth 
unto an other, and in that order ferve to prove indubitably a Thing to be, from 
the Evidence and Force of fome thing before acknowledged, tho’ not asa Caufa 
of its Being; yet as a Caufe of our neceffary Affent to fuch a Being. 

Demonítration z$ Ain, can be but one in any matter, for that of the fame thing 
there is but one only Effential and Immediate Caufe. 

Demonftration 7s tz, may be very various, fome fhort and clear, others more 
puzzel'd and wandring about ; according to the Sagacity of thofe, who endeavour 
to find out the readieft and apteft Mediums to prove the matter propofed. So that 
many times of the fame Geometrical Propofition, there may be feveral demonftra- 
tions: And even a total change (as many have made to no purpofe) of Euchd's 
Order in thefe Elements. 

To conclude therefore concerning the Forms of Geometrical demonftrations. 
Forafmuch as 7# ¢n is what generally the Geometrician ufes, both in the Synthe- 
tical and Analytical Method, and that in either way the proof of a Thing to be, 
1s made no more Scientifically or Asn, than the proof of a Thing not to be;weare not 
much to prefer the one before the other ; but may as the matter requires, for facility 
and brevity, make ufe of either; The courfe of Argumentation in both being 
equally Oftenfive, and the Mediums of the fame Nature and Force, that is, Propofi- 
tions already demonftrated, or allowed Principles. "Tis only walking through then 
forward or backward, fometimes from known Truths to prove an undifcovered 
Truth imn the Synthetical Method: And fometimes by the fame known Truths to 
difprove an undifcovered Untruth in an Analytical Dedu@tion to Impoffibility. A 
form of Argumentation moft proper to overthrow a falfe Pofition: and thereby to 
eftablifh the contradictory Propofition for a certain Truth. This 
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This then is the glory of the Geometrician, to demonftrate upon clear and ui- 
queftionable grounds, either Synthetically or Analytically. And befides, it is his 
wifdom not to adventure with the Philofopher, at a natural and neceffarv Series 
of things, from the immediate Caufes to their immediate Effects, in which at- 
tempt all Philofophers have hitherto failed; but by irrefiftible reafoning exactly 
to perform what he undertakes, that is, to have fuch a Maftery over our Intellect 
as to convince. Infomuch that every Man fhall in reafon fubmit, and as readily 


yield his Affent, as thathe knows he thinks: And before all other Sciences, this 
is the power and preference of Geometry. 


PROPOSITION VII. 


vw N the Jame [trait line, to the fame two ftrait lines cannot he 
£ conftituted two other ffrait lines, equal each to each, at an- 
other and another point, both points. feated the fame way, and the 
other two “izes having the fame ends with the two first lines. 


For if it be poffible, on the ftrait line az, to the two ftrait lines 
AC, CB, let two other ftrait lines AD, DB, equal ee 

each to each, be conftituted at another and an- 
other point, as at c and p,the points c, p, fcat- 
ed T thefame way: And the lines a D, DB, hav- 
ing the fameends 4,3, with the two firft lines 
ac,cB. Sothat ca be equal pa: both having : 
the fame end a; alfo cB be equal to DB: both 
having the fame end B. 

And now let be joyned cp. 

Firft then in the Triangle acp. 

Forafmuch as Ac is equal to Ap [by Supo- 
fition | therefore the angle acp is equal to the 
angle apc | Prop. 5. | 

But the angle acD ts greater then the angle 
BCD, 4 part of the Jame angle acp. Wherefore 
the angle ADC (egual to acD) is alfo greater 
than the angle Bcp: * And therefore the angle 
BDC, being hkewife greater than its part the 
angle ADC, IS MUCH GREATER than the 
fame angle BCD. But again in the Triangle 8 cp. 

Becaufe 8 c 1s equal to 2 | by Suppofition | therefore the angle 
BDC, is equal to the angle scp. | Prop. 5. | 

* But the angle Bp c has been now proved MUCH GREATER 


than the angle Bcp. And it 1s impoffible 7o be equal and greater 
than the fame. 








not be conftituted two other ftrait lines, me each to * at an- 
other and another point, both points feated the fame way, and the 
other two lines having the fame ends with the two firft lines. 
Which was to be demonftrated. 

tT That 1s, on the fame fide of the line az. Forif the point clyes 


on 
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on one fide of ag, and the point p on the contrary, then two equal 
lines may be conftituted at thofe points, and have the fame ends with 
the two firft lines. As may be eafily conceivd, if we imagine the 
Triangle AD5, to be turned over on the other fide of the line Az. 


PROPOSITION VIII 


F twoTriangles have two fides equal to two fides, each to each. 


And have alfo the bafe equal to the bafe; then jhalli they have 
the angle equal to the angle, contained by the equal lines, 


Let the two Triangles be anc, pEF, having the two fides az, ac, 
equal to the two fides pz, DF, each to each, that is, AB to DE, and 
ACtopr. And let them alfo have the bafe pc equal to the bafe £F. 


I fay, that theangle pac 1s equal to the angle EDF. 

For the Triangle ABc be- < DA AG 
ing applyd to the Triangle | INe i 
DEF, and the point B put on / ÁN i 
the point g, and the ftrait line , ⸗ 
pc, on theftraitlinezF; then Y N [I N X 
the point c fhall agree with g—. NE | 
the point F; for that Bc is X 
equal to EF. E 

Now &c agreeing with Er; 

B A, AC, fhall alfo agree with Ep, Dr. For if the bafe gc fhall agree 
with the bafe Er, and the fides B a, Ac, do not agree with the fides 
ED,DF, but change their fituation, as EG, GF. 

Then on the fame ftrait line to the fame two ftrait lines, fhall be 
conftituted the fame way, two other {trait lines, equal each to each, 
at another and another point, having the fame ends. But they can- 
not be fo conftituted. | by Prop. 7. | 

Wherefore the bafe pc agreeing with the bafe zr, the fides B4, 
A C, fhall not difagree with the fides £ D,D F; therefore they fhall agree. 

So that ado the angle 2A c fhall agree with the angle Ep r, and 
therefore fhall be equal to it. [| Ax. 8.] 

If therefore two Triangles have two fidesequal to two fides, each 
to each, and have alfo the bafe equal to the bafe, then fhall they 
have the angle equal to the angle, contained by the equal lines. 
Which was to be demonftrated. 

Advertifement. 


Obferve here and elíewhere, a conftant propriety of Speech among the Greek 
Geometricians, that the fame ftrait lines when they relate to a Figure, are ever 
called Sides, aadpaj, but when referr'd to an angle contained by thofe fides, then 
they retain, or refume the appellation of ftrait lines, «(9v seaupav, not wAcdpa. 


ANNOTATIONS. 


This eighth Propfition isin effect the Converfe of the fourth, in which two fides 
of a Triangle with the contained angle, were fuppofed equal to the like parts of an 


other 
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other Triangle; and from thence was proved the — of their bafes, &c. Now 
here two fides of a Triangle with the bafe, are fuppofed equal to the like parts 
of an other Triangle, and from thence is proved the — of the angles con- 
tained by the equal fides. And to compleat the Converie, Euclde might have gone 
on, and faid, alío the whole Triangle 1s equal to the whole Triangle, &c. as 1n the 
4".Propofition. But this evidently following of it felf, needed not to be repeated. 

The demonftration of this Propofition, like as that of the 4'^. depends upon 
the eighth Axiom of Congruous Magnitudes. And here alío in this demonttration, 
as before in the fourth, may be clearly obferved the difference between a Geome- 
trical and a Mechanical Congruency; the Mechanical being manifefted only by 
Senfe, and the Geometrical only by the force of Reafon. As in this 8". Propofition 
the Triangles ABC, DEF, are proved to be Congruous, not from an evidence of 
Senfe, but from the 7**. Propofition ; which is a ‘Theorem moft rationally demon- 
ftrated: and indeed inferted among thefe Elementary Propofitions chiefly for that 
purpofe, there being hereafter no further ufe made thereof. | 

In the fifth and fixth Propofitions, the parts of a fingle Triangle are compared 
to one another: Firft, in the fifth from two equal fides is proved an equality of 
their oppofite angles: Then in the fixth, from two equal angles, is demonttrated 
an equality of their fubtending fides. 

In the fourth and eighth Propofitions, are compared two Triangles to one an- 
other: and from three equal parts given in each Triangle, 1s demonftrated an equa- 
lity between the two Triangles in the whole, and in every remaining part. 

Thefe four Propofitions are the Fundamental Theorems of the Elements: And 
the Ground upon which they ftand is the Axiom of Congruency; which Mathe- 
matical Congruency ought therefore to be rightly underftood, according as we haye 
before declared. | 


PROPOSITION IX. 
O cut a given ftrait-lin'd angle into halves. 


Let the given ftrait-lind angle be Bac. 
It is required to cut the fame into halves. i 
Let there be taken in the line A 5, any point 
asp. And from the line ac, let the line az be 
taken off equal to AD, and draw px. Then on N 
DE let be conftituted an Equilateral Triangle D —— E 
DEF: and draw Ar. 
I fay, that the angle Bac is cut into halves 
by the ftrait line A x. c 
For becaufe A D 1s equal AE, and Ax common, | 
therefore there are the two lines p 4, AF, equal to the two lines £ 4, 
AF, each to each; and the bale DF, is equal to the bafe EF, there- 
fore the angle p aF, is equal to the angle £E a r. [Prop.8.] 
Wherefore the given ftrait-lin'd angle Bac, it cut into halves by 
the ftrait line aF. Which was to be done. | 


The Practice. 


From the point A at any diftance whatever in the lines A B, A C, take A D equal 
to AE; then from the points D and E, with the fame opening of the Compaſſes, 
let be defcribed two Arches interfecting each other, fuppofe at the point F, having 
drawn the ftrait line AF, the angleB AC is divided into two ét] parts. 


PROPO- 
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PROPOSITION X. 
O cut a given finite [trait lne into halves. 


Let the finite ftrait line given be cB. 
It is required to cut c 5 into halves. A 
Let there be conftituted upon cB an Equila- 
teral Triangle caB, and let the angle c 4B be cut 
into halves, by the line ap. 
I fay, that the ftrait line cB 1s cut into halves 
in the point D. C B 
For becaufe ca is equal to aB, and ap com- 2 
mon, therefore there are the two lines ca, ap, equal to the two 
lines 84, AD, each to each, and the angle c a p, is equal to the angle 
BAD: Therefore the bafe cp, is equal to to the bale DB. 
Wherefore the given finite ftrait line cB, is cut into halves in the 
point p. Which was to be done. 


The Practice. 


Opening the Compafies to any diftance greater than half the fine CB, from 
the points C and B, with the fame opening of the Compafles let be defcribed two 
Arches interfecting one another on each fide the line C B, a ftrait line drawn be- 
twixt the points of interfection will divide the line into two equal parts. 


PROPOSITION XI. 


| : O a given firait line, from a point given inthe fame to draw a 
A Strait line at Right angles. 


Let the giventtrait line be az, and the point given in the fame be c. 

It is required from the point c unto 
AB to drawa ftrait line at Right angles. 

Let there be taken 1a the line Ac any 
point as D, and to c p let there be put an 
equal line ce: Then on pz let be con- 
ftituted an Equilateral Triangle FDE.A  D/ ile Ng 3m 
And draw the line cr. 

I fay, that to the given ftrait line a8 from the point c given in 
the fame, is drawn at Right angles the {trait line cr. 

For becaufe cp is equal to c ge, and cr common; therefore there 
are the two lines cD, cF, equal to the two lines c £, cr, each to each, 
and the bafe p F 1s equal to the bafe rr; wherefore the angle pcr 
is equal to the angle Ecr, and thefe are confequent angles. But 
when a ftrait line ftanding upona ftrait line, makes the confequent 
angles equal to one another, then each of thofe equal angles is a 
Right angle. Wherefore each of the angles pcr, Ecr, is a Right angle. 

Therefore to the given ftrait line a B, from the point c given in the 
fame, 1s drawn at Right angles the ftrait line cF. Which was to be 


done. N The 
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The Practice. 


On each fide of the given point C, in the line AB,take C D and CE equal to one 
another, then from the points D and E,with any opening of the Compafies greater 
than CD or C E, let be defcribed two Arches interfecting each other, fuppofe 
at the point E, the ftrait line EC drawn betwixt the points F and C, thall be 
Perpendicular to the line AB. 


This is the practice with Ruler and Compaffes, but the readieft way of drawing 
Perpendiculars both in this and the next Propofition, is by a Square. 


PROPOSITION XII. 


'O a given infinite firait line, from a given point which is not 
inthe fame line, to draw a Perpendicular Strait line. 

Let the given infinite ftrait line be az, and let the given point 
which is not in the fame line be c. 

It is required to aB, from the point c to F 
draw a perpendicular ftrait line. 

Let there be taken on the other fide of the 
line aB, any point as p. Now the Center c, 
and the diftance cp, let be defcribed a Circle 
EFG. Then let the line £G be cut intohalves x 
in the point H,and let be joyned ca, c H, cz. D 

I fay, that to a3, from the point cis drawn a perpendicular cH. 

For becaufe aH 1s equal ton E, and Hc common; therefore there 
are the two lines GH, Hc, equal to the two lines EH, HC, each to each; 
and the bafe ce 1s equal to the bafe cE: wherefore the angle cua, 
is equal to the angle cuz, and thefe are confequent angles. But 
when a (trait line ftanding upon a ftrait line makes the confequent 
angles equal to one another: then each of thofe equal angles is a 
Right angle, and the ftanding ftrait line is called a perpendicular 
to that, upon which it ftands. 

Therefore to the given infinite ftrait line a8 from the given point 


c, which is not in the fame line, is drawn the perpendicular cH. 
Which was to be done. 


The Practice. 


From the point C at any diftance greater than the neare& a 
CD, let be defcribed an Arch, cutting the line AB at the ; 
= H and E, then fromthe points Hand E, with the ^*^, ? 


ame opening of the Compafies, let be defcribed two Arches Aap E 


anterfecting each other atthe point I, the Ruler being laid — — "7777" 
to the points I and C draw CD, it fhall be perpendicular 
to AB from the point C. 


PROPOSITION XIII. 


Fa [trait line [landing any ways upon a Strait line makes angles, 
it foall make either two Right angles, or angles equal to two Right. 


For let a ftrait line Az ftanding upona ftrait line cp, make an- 
gles 
65100, 
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gles, as CBA, ABD. Iſay, that the angles CBa, ABD, are either two 
Right angles, or equal to two Right. 

For it the angle cBa, be equal to the angle A2», then are they 
two Right angles, [by the 10". Def | 

But if not, let from the point B, be drawn BE at right angles to cD. 
Wherefore CBE, EBD, are two Right angles. 

Now whereas the angle cBE, 1s equal to the E 
two angles CBA, ABE, let the angle EBD be 
added in common. Wherefore the angles c BE, 

EBD, are equal tothe three angles CBA, ABE, 
EBD. 

Again, whereas the angle pBa, 1s equal to 
the twoangles DBE, EBA, let the angle aBc,p B T 
be added in common. Wherefore the angles 
DBA, ABC, are equal to the three angles DBE, EBA, ABC. 

But the angles CBE, EBD, were proved equal to the fame three 
angles; And things equal to one and the fame, are equal to one 
another. Therefore alfo the angles cBE, EBD, are equal to the an- 
gles DBa, ABC. 

But the angles CBE, EBD, are two Right angles, wherefore alfo 
the angles DBA, ABC, are equal to twoRightangles. Therefore if a 
ftrait line ftanding any ways upon a {trait line makes angles, it 
fhall make either two Right angles, or angles equal to two Right. 
Which was to be demonttrated. 


PROPOSITION XIV. 


y F toa frait line, and to a point in the fame, two Strait lines not 
lying the fame way, domake the confequent angles equal totwo 
Right angles, Thofe ftrait lines fhall be directly placed to one another. 


For to the ftrait line A 8, and to a point in the fame s, let two ftrait 
lines Bc, BD, not lying the fame way, make the confequent angles 
ABC, ABD, equal to two Right angles. I fay, that BD is dircélly 
placed to BC. 

For if Bp be not directly placed to 8c; let BE bedirely MN to BC. 

Now forafmuch as the ftrait line A5, ftands 
upon the ftrait line cB: therefore the angles 
ABC, ABE, are equal to two Right angles. 
| Prop. 13.] 

But alfo the angles ARC, ABD, are equal to 
two Right angles | by Suppofition | wherefore 
the angles cBa, ABE, are equal tothe angles 
CBA, ABD. 

Let the common angle c24 be taken away. "Therefore the re- 
mainingangle ABE, 1s equal to the remaining angle Ag p, the lefs 
to the grearer: which is impoffible. Therefore BE is not direCtly 
placed to zc. N 2 In 


A 


C B D 
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In like manner may we prove, that there is not any other line 
befides Bp. Therefore zc 1s directly placed to zp. 

If therefore to a ftrait line, and to a point in the fame, two flrait 
lines not lying the fame way, do make the confequent angles 
equal to two Right angles, Thofe ftrait lines fhall be directly placed 
one to the other. Which was to be demoníftrated. 


PROPOSITION XV. 


y E rwo frait lines cut each other, they ball make the Vertical 
angles equal to one another. 


For let the two ftrait lines aB, cp, cut each other in the point E. 

I fay, that the angle akc, is equal to the angle DEB: and the an- 
ele CEB, 1s equal to the angle AED. 

Forafmuch as the ftrait line AE, ftands upon 
the ftrait line cp, making the angles c E A, AE D, & C 
therefore the angles CEA, AED, are equal to 
two Right angles. — mE 

Again, becaufe the ftrait line D & ftands upon 
the ftrait line A 5, making the angles AE D,D EB, : 
therefore the angles AED, DEB, are equal to 
two Right angles. | T 

But the angles cE A, AE D, Were proved equal to two Right angles. 
Wherefore the angles cE a, AE D, are equal to the angles AE p, p EE 
let the common angle aED be taken away; then the remaining 
angle cE a, is equal to the remaining angle sE D. In like manner it 
may be proved, that the angles cEB, D £a, are equal. If therefore 
two ftrait lines cut each other, they fhall make the Vertical angles 
equal to oneanother. Which was to be demonftrated. | 





Corollary. 


From hence "tus manifeft, that of firart lines, how many foever, cut one another in the 
fame point, they [ball make tbe angles. at the fection equal to four Right angles. l 


PROPOSITION XVI. 


F every Triangle, any one fide being produced, the outward 
angle 15 greater than either of the inward, and oppofite angles. 


Let the Triangle be asc, and let the fide B c be produced to p. 
fay, that the outward angle a cnp, is greater than either of the 
inward, and oppofite angles cBa, BAC. 

Let ac be cut into halves in the point £; and drawing s€ let it be 
continued to F, fothat EF be put equalto BE: And let be joynd xc. 
Forafmuch as a& is equal to Ec, and BE, to Er: therefore there are 
the two lines a £, FB, equal to the two lines cz, EF, each to each, and 
the angle AEB, is equal to the angle FEc (for they are Vertical 


angles) 
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angles) Therefore the bafe A8, is equal to the bafe rc, and the Tri- 
angle ABE 1s equal to the T riangle FEC; 
and the remaining angles are equal to the 4. 
remaining angles, each to each, under 
which are fubtended equal fides, | Prop. ON 
4.] therefore the angle Ba £, is equal to the = 
angle EcF. But the angle Ecp, is greater ra i 
than the angle £ c F. Therefore the anglercD B 5% G 
is greater than the angle Bak: That i is, the 
outward angle Ec», or «cp, is greater than I EE 
the inward and oppofite angle B AC. F G 

In like manner, the fide 4 c being produced 1 
to c, and the fide Bc being cut into halves in 
the point n: and drawirig A H, let 1t becontinued to 1, fo that m1 be 
put equal to AH: and let be joyned IC; Ít will be demonftrated as 
before, that the outward angle 8c, is greater than the inward and 
oppofite csa. But the angle Bca, is equal to the Vertical angle 
ACD; therefore the angle a cp, is alfo greater than the angle cB: 
And it has been proved greater than the angle Bac. Therefore of 
every Triangle any one fide being produced, the outward angle is 
greater than either of the inward and oppofiteangles. Which was 
to be demonftrated. 

PROPOSITION XVII. 


F every Triangle two angles taken together every way, are 
lefs than two Right angles. 


Let the Triangle beasc. I fay, that any two angles of the Tri 
angle asc, are lefs than two Right angles. 

For let c be produced top: And becaufe 
of the Triangle asc the outward angle a cD, 
is greater than the inward and oppofite an- 
gle apc; let be added in commontheangle 
ACB: therefore the angles ACD, ACE, are p ME 
greater than the angles anc, Bca. But the E P 
angles ACD, ACB, are equal to two Right angles; therefore the 
angles AEcC, BcA, are lefs than two Right angles. In like manner 
we may demonftrate, that the angles Bac, acs, are lefs than two 
Right angles: And alfo that the angles cas, ABC, are lefs than two 
Right angles. Therefore of every Triangle two angles taken toge- 


ther every way, are lefs than two Right angles. Which was to be 
demonftrated. 






v 


PROPOSITION XVII. | 
F every Triangle the greater fide fubtends the greater angle. 


Let the Triangle be anc, having thefide ac greater than the fide 
N 3 A B, 
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AB. lfay, that alfo the angle Anc, is greater than the angle 2€ 4. 

For becaufe Ac is greater than A2, let Ap be put equal to A2; 
and let be joyned BD. 

Now forafmuch as of the Triangle spc, the 4 

outward angle apB isgreater than the inward - 
and oppofite angle pcB; and that the angle 
ADB, ts equal to the angle ABD, (becaufe the 
the fide AB is equal to the fide ap) Therefore p/_— | Ne 
the angle AB b, is greater thanthe angle Acz. 
But the angle asc is greater than the angle ABD, wherefore it 1s 
much greater than the angle acs. Therefore of every Triangle 
the greater fide fubtends the greater angle. Which was to be de- 
monftrated. 





PROPOSITION XIX. 


O F every Triangle under the greater angle, is fubtended the 
greater fide. 


Let the Triangle be Asc, having the angle ABc, greater than the 
angle Bca. I fay, that the fide ac is greater than the fide As. For 
if not, then ac is either equal to ag, or lefs than it. 

But Ac is not equal to A2; for that then the A 

angle asc fhould be equal to the angle ack. 
But it is not equal [by Suppofition] therc- 
fore ac is not equal to ag Neither yet is 
AC lefs than Az, for then alío the angie ABc 4 c 
{houid be lefs than the angle acz. But itis | 
not lefs [by Suppofition.| therefore Ac is not lefs lus AB. And it 
has been demonftrated, that it 1s not equal: therefore the fide ac 
is greater than the fide As. Wherefore of every Triangle under the 
greater angle 1s fubtended the greater fide. Which was to be de- 
monftrated. 


PROPOSITION XX. 


() F'every Triangle tavo [ides taken togetber any way,are great- 
er than the remaining fide. 

Let the Triangle be anc. I fay, that two fides of the Triangle 
ABC taken together any way, are greater than the remaining fide. 
Namely 24, Ac, than Bc: and a2, Bc, than ca: and Bc, ca, than 
as. For lets a be produced to the point p, and to ca let ap be put 
equal, then let be joyned pc. 

Now forafmuch as D A 1s equal to ac, there- 
fore the angle apc is equal to the angle acn. 
But the angle pcp is greater than the angle 
ACD: therefore the angle Bcp is greater than 
the angle apc. And becaufe pcBisa Triangle “ 
having the angle Bc» greater than the angle 2p c; and that under 

the 
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the greater angle is ſubtended the greater ſide: therefore DB is 
greater than Bc. But pBisequaltoBa,ac: therefore B4, Ac, are 
greater than Bc. 

After the fame manner fhall we demonftrate, that AB; Be, are 
greater than ca; And Bc,c 4, than as. Therefore of every Triangle 
two fides taken together every way, are greater than the remaining 
fide. Which was to be demonftrated. 


PROPOSITION XXI. 


I F from the Ends of any one fide of a Triangle be conflituted 
two ftrait lines within the Triangle: The conſtituted lines fball 
be les than the two remaining fides of the Triangle: But /ball con- 
tain a greater angle. 


For on one of the fides Bc, of the Triangle A zc, from the ends 
8, C, let be conftituted within, two ftrait lines 8D, c. 

I fay, that BD, pc, are lefs than Ba, ac,the two remaining fides of 
the Triangle ABc: but do contain an angle ppc greater than the 
angle BAC. 

For let Bp be produced to E. 

Now forafmuch as of every Triangle two 
fides are greater than the remaining fide; there- 
fore of the triangle Bar the two fides Ba, ak, 
are greater than BE. Let Ec be added in com- 
mon, therefore Ba, Ac, are greater than BE, Ec. ™ 

Again, becaufe of the Triangle cep, thetwo fides cz,ED, are 
greater than cp: let pB be added in common, therefore ck, EB, are 
greater than cD, DB. But B a, ac, have been proved greater than BE, 
Ec: therefore Ba, Ac, are much greater than Bp, pc. 

Again , forafmuch as of every Triangle the outward angle is 
greater than the inward and oppofite: therefore of the Triangle ce 
the outward angle 8Dc6,is greater than p Ec. And by the fame rea- 
fon, of the Triangle Bar, the outward angle n Ec, 1s greater than 
BAE. But nc hasbeen provd greater than p Ec, that is, Br c ; there- 
fore the angle Bpc is much greater than the angle Bac. 

If therefore upon any one fide of a Triangle, be from the ends 
thereof conftituted two ftrait lines within the Triangle, the confti- 
tuted lines are lefs than the two remaining fides of the Triangle: 
but fhall contain a greater angle. Which was to be demonftrated. 


ANNOTATIONS. 


This Propofition is of much ufe in Optics concerning Vifual Rays, and An- 
gles; in that the fame Object fhall appear greater, or leffer, as upon various di- 
itances, the angles received in the Eye are greater, or leffer. And therefore in ge- 
neral ‘tis to be noted that every Thing appears to us lefs, than it really is in 
magnitude. 

The like ufe of this Propofition is made in Perfpective, Picture, and Archi- 
tecture: where Images, Statues, Columns, &c. are proportioned according to their 

heights 
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heights and diftances, Phidias his Statue of Minerva was very famous in this point, 
which feemed near hand fo monítrous to the vulgar: but feated in that. part of 
the Temple where it was defign' d to be placed, it appear d moft beautiful. We have 
the like example of Pictures in the banqueting Room at White Hal, ‘Thus many 
Geometrical Propofitions, which {eem trivial, have. excellent Uies. 


PROPOSITION XXII. 


F three ftrait lines, which are equal to three given Strait 
O lines, to conflitute a Triangle. 

But any two taken every way, ought tobe greater than the re- 
ma ning line. 

Let three given ftrait lines be 4,5, c, of which let any twotaken 
every way, be greater than the remaining line: namely 4,5, than 
c. a,c, than B, andB,c,than a. Tt isrequired to conftitute a Triangle 
of ftrait linesequal toa, B,c. Let be puta ftrait line p E, terminated 
at D, but interminate towards E; and let pF be put equal to a, and 
FG equal to B, and cn to c. Now the Center r, and diltance Fp, 
let be defcribed the circle DKL: And again, the Center c, and di- 
{tance cu, let be defcribed the circle HLK: and let be jovned KF, 
KG. I fay, thatthe Triangle Kk rc, is conftituted of three {trait lines 
equal to A, B, c. 

For bccaufe the point F is the Cen- 


ter of the circle p x L, therefore r p is | 
equal to FK; but FD is equal to a, 
wherefore alfo FK is equal to a. EH — Soo 


Again, becaufe the point G is the 
Center of the circle HLK, therefore 
GH is equal to Gx: but GH Is equal 3 
toc: wherefore alfo ak isequaltoc; ^' 
and FG alfo is equal to 8. Wherefore the three ftrait lines KF, FG, 
Gk, are equal to the three ftrait lines 4,5,c.. Therefore of the three 
{trait lines KF, FG, GK, which are equal to the three given ftrait lines 
A,B,C, is coni{tituted the Triangle kFG. Which was to be done. 


PROPOSITION XXIII. 


T O a given Strait line, and to a point in the fame, to constitute 
a ftrait-lind angle equal to a given ftratt-lin'd angle. 

Let the given ftrait line be a B, and in the 1C A 
fame let the point be a; andletthegivenftrait | 
lind angle be pcE. It is required to the given | 
{trait line A2, and in it to the point a, to con- 











flitute a ftrait lin'd angle equal to the given | 7 5 
{trait-lind angle pcE. — 

Let there be taken in each line cp, cr, any z " 
points; as D,E; and let be drawn the ftrait line B 


DE. Now of three ftrait lines which are equal to the three ftrait lines 
CD, 
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CD, DE, CEB; let be conftituted a Triangle are, fo that.cp: be.equal 
to AE; and:cE to AG; asalío DE to FG | — 


Then forafmuch as the two ftrait hmes Dc, ¢E, are equal to the 
two ftrait lines F A, 4G, each.to:each, and the bafe: DE is equal:to the 
bafe re: therefore the angle pcx 1s equal to the angle &a«.| Prop.8. | 
Therefore to a given ftrait line AB; and to a point in the fáme 4, is 
conftituted a ftrait-lin'd angle Fag, equal to a. given ftrait-lind an- 
gle pcg. Which was to be danes —  .*.» D 

PROPOSITION XXIV. ts ined d 
F two Triangles have two fides egual to two fides, each to each: 
And have the angle greater than the angle, which is contained by 
the equal lines: They foallalfo have the bafe greater than the bafe. 

Let the two Triangles be asc, DEF, having two fides AB ac, 
equal to two fides DE, pF, eachto each, that is, 4 8 to DE; ACtO DF: 
And let the angle gAcbe greater than the angle £p: I fay, that 
the bafe gc is greater than the bafe EF. | l 


Forafinuch as the angle BAc is greater than the angle x.p v, let to 
the ftrait line DE, and to a point in the fame..p, be conftituted the 
angle EDG, equal to the angle Bac. And to either of the lines ac, 
DF, let pe be put equal, and let be joyned az, ar. 

Now becaule A 2 1s equal to n E, and 4c 
to pg; therefore there are the two lines. 
8A, AC, equal to the two lines ED, DG,each 
to each ; and the angle 84c, 1s equal to the- 
angle EDG, therefore the bafe gc, isequal , |. 
to the bale £G. Again, becaufe DG is equal aar 
to Dr, therefore the angle nr 1s equal to the angle p ar, [ Prop.5. | 
But pcr is greater than its part EGr, therefore alfo nra is greater 
than EGF. But EFG is greater than its part DFG, therefore EfG 
is much greater than EGF. | 

And becaufe there is the Triangle zar, having the angle EFG 
greater than the angle Ear, and that under the greater angle is fub- 
tended the greater fide: therefore the fide EG is greater than EF. 
But Ec is equal to 2c: wherefore scis greater than £F. 5 

If therefore two Triangles have two fides equal to two fides, each 
to each: and have the angle greater than the angle, which is con- 
tained by the equal lines: They fhall alfo have the bafe greater 
than the bafe. Which was to be demonftrated. 


PROPOSITION XXV. 
F two Triangles have two fides equal to two fides, each to each, 
and have the bafe greater than the bafe: They foall alfa have 


2 angle greater than the angle, which 1s contained hy the equal 
ines. 


Let the two Triangles be 4B c, DEF, having two fides a3, ac,equal 
O to 


EI. 
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to two fides DE, EF, each to each, that 15, ABto DE s ACfO Dr: And. 
let the bafe Bc be greater than the bafe EF? i y, that the mee 
BAC Is greater than the angle E DF. 

For if not, then Bac is either equal to ne or lef. But the angle 
BAC 1s notequal to the angle EDF: For 
then the bafe'&c fheuld be equal to the. 
bafe x r. | Prop. 4. | Butt is not fo [by 
Suppofition | therefore the angle Bac 
is not equal to the angle EDF. 

But neither is it kf. For then the 
bafe &c fhould be leis than the bafe EE 
[Prop.24.] Butitis not fo [by Suppofi- L.— 
tion] therefore the angle pac isnot lef | 
than the angle RDF; atid it has been proved, that it is is | fiot equal. 
Therefore the angle. BAC Is greater than the angle EDF. 

If therefore two Triangles have two fides equal to two. fides, each 
to each, and have the bafe greater than the bafe : They fhall alfo 
have the angle greater than the angle, which is contained by the 
equal lines. Which was to be demonftrated. 


\A 
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PROPOSITION XXVI. 


F two Triangles have two angles equal to two angles, each to 
| each, and one fide equal to one fide, either ruHat which is be- 
tween the equal angles, or THAT, which is [ubtended under one of 
the equal angles: They fhail alfo have the other fides equal to the 


other fides, each to each, and the remaning angle equal to the re- 
maining angle. | 


Let the two Triangles be aBc, DEF, having two angles A Bc, 


Bc A, equal to two angles DEF, EFD, each to each, that is, aBc to 
DEF, and BCA tO EFD. 


And let them have one fide equal to one fide. 

Firft, the fide between the equal angles: thatis, Bc equal to EF. 
I fay, That they {hall have the other fides equal to the other fides, 
each to each, namely A8 top E; and Ac to pr: and the remaining 
angle B A c, equal to the remaining angle E Dr. 

For if az be unequal to DE, one of them fhall be the greater. 

Let aB be the greater, and let BG be put A 

equal to Ep, and let be joyned ec. Now for- | 

afmuch as 8G 1s equal to ED, and Bc to EF, 
therefore there are the two lines Ba,Bc, equal 
tothe two lines £p, EF, each to each, and 
the angle aac is equal to the angle pgF; 5—  : 
therefore the bafe Gc, is equal to the bafe Hc E 7 
DF | Prop.4.| And the Triangle csc fhall be equal to the Triangle 
DEF, and the remaining angles fhall be equal to the remaining 


angles, 
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anglés; each to each, under which are fubtended equal fides. 

Therefore the angle sce, is equal to the angle grp. But kr» 
was fuppofed equal topca; wherefore BcG 1s equal to gc a: The 
lefs to the greater; which is impoffible. Therefore A B is not un- 
equal to DE, equal therefore it is. 

But alfo gc is equal to nF; therefore there are the two lines A p; 
B c, equal to the two lines DE, EF,each to each, and the angle A2 c1s 
equal to the angle per, wherefore the bafe ac 1s equal to the bafe 
DF: and the remaining angle B ac is equal to the remaining angle Epr. 

Now again, let the fides fubtended under the equal angles be 
equal, as ag to DE; I fay, that alfo the other fides thall be equal 
to the other fides, that is, ac to DF, and Bc to EF: And alfo 
the remaining angles Ac, fhall be equal to the remaining angle £ DF. 
For if 2c be unequal to EF, oneof them isthe greater. — 

Let Bc (if poflible) be the greater, and let BH be put equal to EF, 
and let be joyned aH. — 

Now forafinuch as BH is equal to EF, and ABto DE: therefore 
there are the two lines aB, BH, equal to thetwo lines pz, EF, each 
to each, and they contain equal angles: wherefore the bafe aH is e- 
qual to the bafe DF, and the Triangle aBH: is equal to the Triangle 
DEF. And the remaining angles fhall be equal to the remaining an- 
gles, each toeach, under whichare fubtended equal fides; therefore 
the angle gnais equal to EFD. Put EFD is equal to gc 4, therefore 
alfo B Ha is egual tosca: thatis, ofthe Triangle a n c, the outward 
angle BH A, 1s equal to the inward and oppofite Bca: which is im- 
poffible. Therefore Bc is not unequal to EF, equal therefore it is. 
Butalfo A2 is egual tope: therefore there are the two lines AB, BC, 
equal to the two lines D E, Er, each to each, and they contain equal 
angles: wherefore the bafe a c, 1s equal to the bafe DF, and the Tri- 
angle A 2c, is equal to the Triangle DEF, and the remaining angle 
BAC, 1s equal to the remaining angle EDF. | 

If therefore two Triangles have two angles, equal to two angles, 
each to each, and one fide equal to one fide, either that which is be- 
tween the equal angles, or that which is fubtended under one of 
the equal angles : they fhall &c. Which was to be demonftrated. 


PROPOSITION XXVII. 


TL a ftrait line falling on two ftrait lines, makes the alternate 
angles equal to one another, the firait lines fball be Parallels 
one tothe other. 


For let the ftrait line EF, falling on the two ftrait lines Az, cp, 
make the Alternate angles aEF,EFD, equal to one another: I fay, 
that aB is Parallel to cp. 

For if not, then a8, cp, being produced fhall meet either on the 

02 parts 
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parts of B,D; or on the parts of a,c. Let them be produced and 
meet on the parts of B, p, in the point c. Therefore of the Tri- 
angle GEF, the outward angle AE F is greater than the inward and 
oppofite angle EFG. [Prop. 16.] But it 1s alfo equal Loy Suppofi- 
tion | which is impoffible; therefore a8, cp, 





being produced fhall not meet on the parts , — 
of B, D. 2 — 
After the fame manner fhall be demon- r 





ftrated, that they meet not on the parts / 
of a,c. But meeting in neither part, they are Parallels, [ Def. 35. | 
therefore aB is Parallel to cp. 

Wherefore if a ftrait line falling on two ftrait lines, makes the Al- 
ternate angles equal to one another, the ftrait lines {hall be Parallels, 
one to the other. Which was to be demonftrated. 


PROPOSITION XXVIII, 


F a ftrait line falling on two ftratt lines, makes the outward an- 

gle equal to the inward and oppofite on the fame parts: Or the 
inward angles on the fame parts equal to two Right angles. the 
ftrait lines fballbe Parallels one to the other. 


For let the ftrait line EF falling on the two ftrait lines AB,cp, 
make the outward angle EGB, equal to the inward and oppofite, 
and on the fame parts, namely to theangle Gu: or the inward an- 
gles on the fame parts, namely BGH, GHD, equal to two Right an- 
gles. lfay, that A5 1s Parallel to cp. 

For becaufe EG 2 is equal to GHD [ by Suppo- E 
fition ]and Eas is equal tothe Vertical angle acu; — B 
therefore alfo AGH is equal to GHD, and they N 
are Alternate, therefore AB is Parallel to c». 6 — dij» 

Again, becaufe BGH,GHD, are equal to two NE 

Right angles [by Suppofition. | and alfo AGH, 
BGH, are equal to two Right angles; [Prop. 13. ] therefore acu, 
BGH, are equal to BGH, GHD. Let BeH common be taken away, 
then the remaining angle AGH iS equal to the remaining angle Gu p. 
And they are Alternate, therefore As is Parallel to c p. 

If thereforea ftrait line falling on two ftrait lines, makes theout- 
ward angle equal to the inward and oppofite on the fame parts: or 
the inward angles on the fame parts equal to two Right angles: 
the ftrait lines fhall be Parallels one to the other. Which was to 
be demonftrated, 


PROPO- 
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u PROPOSITION XXIX. 
O* Parallel Lines a ftrait line falling doth make the Alternate 


angles equal to one another. 


And the Outward angle equal to the Inward, and Oppofite on 
the fame parts. 


And the Inward angles on the fame parts equal to two Right. 


For on the Parallels 4 B, cp, let the ftrait line EF fall, I fay that it 
makes the Alternate angles AGH, GHD equal. 


And the Outward angle EGB equal to cup the Inward and Op- 
pofite angle on the fame parts. 


And the Inward angles on the fame parts BGH, GHD, equal to 
two Right angles, 


For if the angle acu be unequal to GHD; one of them is the 
greater. Let the greater be acu. 

Now forafmuch as aGH 1s greater than GHD, E 
let be added in common Bez. Therefore AGg, 4. 6 . — B 
BGH are greater than BGH, GHD | Ax. 4.| But 
AGH, BGH are equal to two Right angles | Prop. c HN 
13.|; therefore BGH, GHD are lefs than two NF 
Right angles. But ftrait lines infinitely produced from Angles lefs 
thantwo Right, do meet together, | Ax. 11.] therefore AB, cp, in- 
finitely produced fhall meet together. But meet they do not; for 
that they are fuppofed Parallels; therefore AG H 1s not unequal to 
GHD: equal therefore itis; Aad AGH, GHD, are Alternate angles. 

But again, aGH 1s equal to the Vertical angle E a8, | Prop. 15. ] 
therefore alfo EGB isequal to Gup. The Outward angle equal to 
the Inward and Oppofue. 

Let now be added in common BeH: therefore EGB, BGH are e- 
qual to BGH, GHD. But EGB, BGH are equal to Two Right angles 
| Prop. 13.] therefore alío ecu, GHD, The Inward angles, are equal 
to two Right. 

Wherefore a ftrait falling on Parallel lines does make the Alter- 
nate angles equal to one another: And the Outward angle equal to 
the Inward, and Oppofite on the fame parts: And the Inward angles 
on the fame parts equal to two Right. Which was to be demonftrated. 


ANNOTATIONS. 


This Propofition is the Converfe of the two preceding; andin the three laft 
Propofitions is comprifed the Fundamental Doctrine of. Parallelzfm; wherein three 
. Specificative and Convertible Properties of Parallels are laid down. 

_ Feft, From the Equality of the Alternate angles the Lines are proved Parallels, 
in Prop. 27. 


Secondly, From the Equality of the Outward angle to the Inward and Oppofite: 
And then next, 


‘Thirdly, From the Equality of the two Inward angles to ‘Two Right, the Lines 
are alfo proved Parallels, in Prop. 28, 


D 


O 3 So 
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So that in thefe two Propofitions is demonftrated, thatall ftrait lines having any 
one of thefe three properties are PARALLELS, that is, NoN-CONCURRING STRAIT LINES. 
-= Now the following 29'5. Propofition is the Converfe of the two preceding, and 
denionftrates, that all Parallels have all thefe three properties. 

But in this 29". Propofition, the firt and main part of the Demonftration de- 
dends wholly upon the 11". Axiom, which tho’ it be certainly true; yet for that 
it is lyable to dubitation, and fome Objections may be made againít it; this De- 
monftration hath not clearly paffed without fome reprehenfion. 

For befides what hath been faid before in the Annotations upon this 11. Axi- 
om, Euclide himfèlf in the v7". Propofition, doth in effe&t demonítrate, ‘That two 
firait lines meeting together, being cut by a ftratt line, are drawn from angles lefs thar 
two Right. And fay they, it might be as reafonably required of Euclide, to have de- 
monftrated the Converfe, That zwo ftrazt lines drawn from angles lefs then two Right, 
ball meet together, whichis the 11°’, Axiom, and affumed for a Principle without 
any Demontitration. 

Again, in the 28°". Propofition it is demonftrated, That zf the two inward angles 
be equal to two Right, then the lines are Parallels. But allo it feems as requifite and 
reafonable to have demonftrated, That ¢f the two inward angles be lefs than two Right, 
then the lines are not Parallels; but at length fhall meet together : This Suppofition 
having no more Natural evidence then the other. "There have been in all Ages 
feveral Attempts made to remove this ftumbling block: But too tedious they are 
to be here examined. You may perufe what Procius has ventured at in his Com- 
mentaries on Prop. 29. and what Clavius has laborioufly performd. | What a ftrange 
notion of Parallels Berellus has fram' d in his Euchdes, Reftztutus, at Prop. 14. Lib. 1. 
and what others have endeavoured herein. There are hkewife two Tranflations of 
Euchde into Arabic, one of Nafaradinus printed at Rome. The other of | 
never Printed, a Copy whereof isin the Oxford Library. In both of them much 
Labour 1s taken to clear this Matter. 

After thefe great Geometricians, we fhall with pardon adventure upon this Mat- 
ter; and in lieu of. Euclid s 31^. Axiom bring into the Elements the confideration 
ofthe DisTANCE OF PARALLELS, and their EQUIDISTANCES toward one 
another. For altho in our Annotations upon the Definition of Parallels, we have 
fhewn, that the name Parallel: ought not in Euclid » Seníe to be 'Tranflated Egu:- 
diftant lines; or by that name fhould be conceived Eguzdiftant ftrait lines, but only 
Nonconcurring ftrait lines: yet we do not fo wholly exclude the Notion of Equidi- 
{tancy in the doctrine of Parallelifm, but that there may be a juft ufe made thereof; 
tho Equidiftancy be not taken into the Definition of Parallels, 

Firft then it is obfervable, that vulgarly Parallels are conceived to be Equidiftant 
{trait lines; altho the Geometrician puts only the notion of Nonconcurrency into 
the Definition, without any regard had to the Equidiftancy of Parallels ; and this 
is done upon very good reafon. For a Nonconcurrency in fome ftrait lines is a 
Notion generally ufetul throughout all Geometry: therefore Exclide among the 
reft of his Definitions proper to his firft Element, has laid down this Notion of 
Nonconcurrency under the name of Parallels. So that Parallels and Nonconcur- 
ring {trait lines may be fubftituted indifferently for one another in any demonftra- 
tion, as the Defmitum and Definition ought to be. But Parallels and Equidiftant 
ftrait lines cannot be fo indifferently taken and ufed; notwithftanding the vulgar 
conception of them.’ Yet fome particular ufe may be made in Geometry of 
the Equidiftancy of Parallels, as we fhall fhew ; if according to the vulgar conce- 
ption 1t be admitted among the other common Notions, that Parallels are equidi- 
ftant {trait lines: And fo this to be received for a Maxim from Au s Definition 
of Parallels, as he has from the Definition of a Right angle put for an Axiom, that 
all Right angles are equal to one another. 

To proceed then in this matter, we fhall as aforefaid, add to Exchde only a De- 
finition. of the diftance of Parallels, and inftead of his 11. Axiom affume their 
Equidiftancy as a common Notion, 


— 
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= DEFINITION XXXV. |  3}3=— 


The diftance of Parallels is a ftrait line, drawn from any point 
in either Parallel, perpendicular to the other. ! 


As of the Parallels AB, C D, the diftance is tlie ftrait line E E, drawn from the 
point E in the line A B, perpendicular to the line CD. | | 

And again, the diftance of the fame A E H O p 
Parallels is the line GH drawn from — m 
the point G in the line CD, perpendi- 
cular to the line AB, and fo forth in-. 
finitely. | Eco m | | 

This Notion,or Definition of diftance E F G D 
is agreeable to the 4", Definition of the third Element, and to the 4". Definition 
of the fixth Element, : 


AXIOM XIL 


Parallels are every whereequally diftant from one another. 





That is the Perpendiculars drawn from ary point in either of the Parallels 
to the other, are equal to one another. As in the Parallels AB, CD, the line EF 
perpendicular to C D is equal to GH perpendicular to AB. So every where from 
any points in te One, the perpendiculars to the Other, are mutually equal to one 
another. 

We have formerly fhewn how Pofidonius has defined Parallels from the equality 
of their perpendiculars; yet we find not what advantage was further made of that 
Definition, toward the amendment of Euclds demonftration, or for any other ufe 
he makes thereof in Geometry. But according to Euchd's Definition, the Notion 
of two ftrait lines 1n tlie fame plane produced both ways infinitely, which fhall ne- 
ver meet, is as proper and common a fubject of Geometry, as Angles and Figures 
are, and of as general an extent. 

Yet furthermore we acknowledge, that the Equidiftance of thefe {trait lines is a 
Notion concomitant with that of Nonconcurrency, and that they mutually put one 
another, as a caufe puts the effect, and an effect puts the caufe. So that i Parallels 
Artificers do in Architecture, and other the ike matters, refpect their Equidiftancy, 
as beft fuiting with their bufinefs: whereas the Geometrician makes ufe only of 
their Nonconcurrency. And our great Geometrician the Famous Savilian Profeffor 
of Geometry in Oxford D' Wallis fays, Parallelifmus 8 Aiquidiftantia vel idem funt, vel 
certe fe mutuo comitantur. 

Seeing therefore that thefe Notions are naturally, and in common Senfe tmme- 
diately conjoyn'd, we do retain Euclid s Definition of Parallels, and have affuned 
for a Geometrical Axiom their Equidsftancy. 

If this may be fo allowed, or at leaft admitted, as a more clear and obvious No- 
tion than the 11°, Ax, of Exclide, then fhall we briefly demonftrate that troublefome 
part of the 29'5. Propofition, concerning the equality of the Alternate angles in 
Parallels, without any ufe of the rr'^, Axiom. 


The Demonftration of the equality of the Alternate An- 
gles in Parallels. 

On the Parallels AB, CD, let firft the ftrait line EF. fall on AB at Right 
angles. 

I fay, that EE likewife falls on CD at Right angles; and therefore makes the 
Alternate angles equal; and the outward angle equal to the inward and oppofite, 
and the two inward angles equal to two Right. For if EF falls notat Right ari- 

gles 
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gles on CD, let ET fall at Right angles on CD, [by Prop. 12.] therefore EI is 
the diftance of the Parallels AB, CD, [Def. 35.] Likewife. F E falling on AB at 
Right angles, [by Suppofition] is the di- 
ftance alío of the fame Parallels. Wherefore A | _E B 
FE,EI, are equal [by Ax. 12. that Paral- : 

lels are Equidiftant ftrait lines.] And becaufe 
of the Triangle EF I, the fides EF;E L are. | £o | 
equal, therefore the angles at thebafe EFI,77————— i F 
EIF are equal. But EIF is by Conftru- © Soe e | ea? 
ction a Right angle, wherefore EFI is a Right angle, fo that the angles at the 
bafe are equal to two Right. But they are lefs. [by Prop. 17.] therefore EI 1s 
not at Right angles to C D, and by the fame reafon no other can be drawn from 
the point E befides EF. Wherefore EF is at Right angles to C D, and alfo it is 
at Right angles to AB [by Suppofition.] therefore all the. angles at: E and: F are 
Right, and equal to one another. 

Again, on the Parallels AB, CD, let 
the ftrait line EF fall otherwife at adven- 
ture. I fay, that it makesthe Alternate 
n" AGH,GHD, equal to one ano- 
tner. | 

Now for the demonftration thereof we 
fhall premife this Lemma. | 

A Lemma is: a Propofition taken in by 
the by, to make way for the proof of fome 
Principal Propofition. 








LEMMA. 

If two Right angld Triangles A B C, DEF, have the fide A C, fubtending the 
right angle B, equal to the fide D F, fubtending the right angle E: anda fide AB 
about the right angle B, equal to the fide DE, about the right angle E, then fhall 
they have the remaining fide B C, equal to the remaining fide EF. For if BC be 
not equal to EF, then one of them is the greater. Let EF be the greater, and 
from the greater EF ` A | ^D 
take the line E G equal IE | : 
to B C the lefs; and let 
be drawn G D. 

Foraímuch then as 
EG is made equal to 
BC, and ED is equal 
to BA, [by Suppofiti- B F G | E 
on] and they contain 
right anglesat E and B, therefore the bafe DG fhall be equal to bafe A C [Prop.4.] 
But AC is equal to DF [by Suppofition] therefore DG is equal to DF: fo that 
in the Equicrural Triangle D-GF, the angles atthe bafe DFG, DGF, are equal 
to one another. But DGF is greater then the right angle DEG, (the outward 
greater then the inward and oppofite, by Prop.16.) therefore the angles D GF, DFG, 
are greater than two Right: which is impoflible [by Prop. 17.] therefore the line 
BC is not unequal to EF, equal therefore they are to one another. Which 
was to be demonftrated. 

After the demonftration of this Lemma, we thus further proceed to prove the 
equality of the Alternate angles in any Oblique Section. 

On the Parallels AB, CD, let the ftrait line EF fall at adventure. I fay, that 
it makes the Alternate angles AGH, GHD, equal to one another: and alfo the 
Alternate angles C H G, H G B, equal to one another. 

For from the point H to the line AB, draw a perpendicular HK [by Prop. 12.] 
Again, from the point G to the line CD draw a perpendicular GL. 

Now forafmuch as in the right angld Triangles HKG, GLH, the line HK 
is equal to the line GL, for that each is the diltance of the fame Parallels, — 

35. an 





35. and Ax.12.] and HG, fubtending the right angles at Kand L, common, there- 
fore the! remaining fide KG, is equal to the remaining fide LH (by the precedent 
Lemma’). Wherefore there are the two lines HK, KG; equal to the two' lines GL, 
LH, each to each, and they contain: = — EC N L4 45 oe 
equal angles, namely Right; therefore 
[by Prop. 4.] the angles KGH, GHL, 
are equal ; that is, in the Parallels A B, 
C D, the Alternate angles AGH; GHD, A’ 
are equal to one another: ^ BE 

Again, becaufe the angles AGH; 
HG B, are equal to two Right [Prop: 
13.]; and likewife CHG, GHD), are 
equal to two Right, therefore A G H, C 
HGB, are equal to CHG, GHD. 
Taking therefore away the equal Alter- 
nate angles AGH, GH D, the remain- . | 
ing Alternate angles C H G, H G B, are equal to one another. 

Wherefore on Parallel lines a ftrait line falling, doth make the Alternate angles 
equal to one another, &c. Which was to be demonftrated. Now what follows in 
Euclide is without exception. 

Having thus demonítrated this 29'^. Propofition without the help of the 11°. 
Axiom; we fhall next demonftrate that xx'^. Axiom. | 


A Demonttration of the Eleventh Axiom of Euclhde. 


If on two ftrait lines AB, CD, a ftrait line EF falling, doth make the inward 
angles toward the fame parts EF D, FEB, lefsithan two Right: I fay, that the 
lines A B, € D, being infinitely produced toward the parts of B, D, where the an- 
gles are lefs then two Right, fhall meet together. 

Forafmuch as the angeles AEF AE | 

FEB, are equal to two Right [Prop. 
13.] and CF E; EF D, are equal to 
two Right, therefore thefe four are 
equal to four Right angles. But EFD, 
FEB, are lefs than two Right [by 
Suppofition]; therefore the angles | D 
EFC, FE A, are greater then two , F — 
Right. Wherefore the lines BA, 
DC, being infinitely produced toward the parts of A, C, ſhall that way never meet 
[by Prop. 17.]. 1f now they meet not toward the parts of B, D, then the lines A B, 
C D, are Parallels [ Def. 34.]; and Parallels have the two inward angles toward 
the fame parts equal to two Right [by Prop. 29.]. But the angles EF D, FEB, 
are fuppofed lefs; and to be lefs and equal to the fame is impoflible ; Therefore 
the lines AB, CD, being infinitely produced toward the parts of B, D, {hall meet 
together. Which wasto be demonftrated. | | 

Notwithftanding this, it is demonftrable that two ftrait lines drawn from an- 
gles lefs than two Right, may in fome manner be for ever prolonged; yet íhall 
they never meet together. 
. Forletthe ftrait lines A B, C D, becut by A C mak- 
ingthe inward angles BA C, DC, lefs than two 
Rught. Now let AC. becut into halves, or otherwife 
inE: and equal to EA let be put AF, and to E C, 
CG; than draw FG. Again, let FG be cut in H, 
and equal to H F, let be put FB, and to H G, G D; 
then:draw BD. 1fay, that-the lines A B, C D, may 
for ever:be Thus prolong'd, yet never hall they meet 
together. Hor if poffitile, let them meet in the point L; 
therefore B D being cut in K, the line KB thall be 
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tion. "Fherefore the lines AB, G D, drawn from angles lefs than two Right, may for . 
ever be prolonged, and never meet together. Which wasto be demonítrated. —— 
From hence it is manifeft, that Magnitude is infinitely divifible: and that an in- 
finite progrefs may be made ina finite Space. — abe 8h 
And moreover for the better underftanding of Euchde in this matter, we are to 
diftinguifh between a production of lines es aero, in infinitum, Infinitely, and 
anaegus, Infinities, Infinite Times. ‘The former is an unlimited, free courfe of pro- 
longation, fuch as Geometricians always underftand by as ame. The other 
here in this Inftance is a limited and reftrained prolongation, made ftep by ftep, 
and in fuch a manner as that the fteps are fhorter, and fhorter made continually, 


and the linesare approaching nearer and nearer; yet {o as never to met together, 


PROPOSITION XXX. 


\Trait lines Parallel to the fame ffrait line, are alfo Parallel to 
$ one another. m 









Let each of the lines aB, cp, be parallel to z r: I fay, that Az is 
parallel tocD. .— — — Le 





For let a ftrait line cx fall upon them. - » / 
Now forafmuch as the ftrait line ax falls A— — ——7 E 
on the parallels A 2, £&; therefore the angle , vi g 
AGH is equal to the Alternate angle cur, 
[ Prop. 29. | | —Dp 


Again, becaufe the ftrait line ck falls on - / g 
the parallels EF, cp; therefore the outward 
angle GHF is equal to the inward and: oppofite cx p, [ Prop. 29. ] 
But the angle 4 Gu, that is, ack has been proved equal to aur. 
Therefore acx 1s alfo equal to Gk p: and they are Alternate angles; 
wherefore aB is parallel to cp | Prop. 27. || Therefore ftrait lines 
paralleito the fame ftrait line, are parallel to one another. Which 
was to be demonftrated. | | 


PROPOSITION XXXI. 
Ta given point to draw a Strait line parallel to a Strait line 

BD gv dae TM pu e a. 

Let the given point be a, and the given ftrait line benc. It isre- 
quired by the point 4, to draw a ftrait line parallel to 2c. In the 
line Bc, let be taken any point as p, and 
let be joynd 4 n: then to the ftraitlinep 4, = md 
and tothe point in the fame a, let be contti- 
tuted the angle paz, equal to the angle 
ADC, | by Prop.23.] and to the ftrait line 3 
E A,let dire&tly be produced the line Ar. 

Now forafmuch as on the lines gc, EF, the ftrait line ap falling, 
hath made the Alternate angles £ AD, A Dc, equal to one another ; 
therefore EF is parallel to 2 c, [ Prop. 27.]; wherefore by the given 

OU à point 


D C 


point is drawn the bs line EAF, parallel to the; given ftráit 1 line Be. 

Which was to be done. 3h 
PROPOSITION XXXII. 

y P every Triangle one of tbe fides being produced, the outward 


SF angle ts equal tò the inward and oppofite. 
And the three inward engins Fs a — are equal to two — 





Ifay, that the bud Pus ACD is ae to n two pre 
and oppofite cAB, ABc. And of that Triangle the three inward an- 
gles ABC,BCA, CAB,are equal to two Right. 

For by the point c, let ce be drawn 
parallel to aB.[Prop.31.] Now forafinuich 
as AB is parallel to cz, and on them falls 
ac; the Alternate angles BAC, ACE, are 
equal toone another. | Prop. 29. | Again, 
becaufe ag is parallel to cE, and on them 
falls the ftrait line Bp; the outward angle Ecp,1s equal to the 1n- 
ward and oppofite anc. But it hath been provd that Acz is equal 
to Bac; therefore the whole outward angle A c p 1s equal to the two 
inward and oppofite Bac, ABC. 

Let the angle ac pB be added in common, therefore the angles acp, 
ACB, are equal to the three angles ABC, BAC, Ac: But the angles 
ACD, ACB, are equal totwo Right; [ Prop. I2. 1 therefore ABC, BAC, 
ACB, are alfo equal totwo Right. 

Therefore of every Triangle one of the fides being produced, the 
outward angle is equal to the two inward and oppofite. 

. , And the three inward d of a Triangle, are equal to two Right. 





dl 
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Corollaries. 


I. Of an Equilateral Triangle all the three angles are given. 


For each angle is a third patt of two Right angles, thatis, 6o Degrees of 180; 
or two third parts of one Rightangle, that is 6o of 9o Degrees. 


2. Of an Equicrural Triarigle if one angle be given, the otlier two 


are alfo given. 


For the anoles at the bafe are equal, and the third angle compleats, or makes up 


two Right angles, that is, 180 Deerees, or twice 9o. 


3. Ofa Scalene Triangle, if two angles be given, the third i i5 alfo 


given; and if one angle be given, the fumm of the other two is 
alfo given. 


For thefe angles added to the given anole, compleat two Right angles. As if. 


the given angle be so, the-funtny of the other two is 1 20, which together make 
180, or twe “Right angles; 
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4. Of a Scalene Right-angl’d Triangle, if one of the acute angles 
be given, the other is alfo given. | 


For each of the Acute angles is the Complement of the other to a Right angle. 
As if one be 60 Degrees, the other is 30, which together Compleat 90 Degrees, 
or a Right angle. | 


s. Of every Multilateral Figure the inward Angles are equal to 
twice fo many Right Angles, lefs by four, as is the number of 
their Sides. 


For from any point within the Multilateral Figuré, 
let ftrait lines be drawn to every angle, then fhall there 
be made fo many Triangles as is the number of the Sides. 
As ina Figure of five Sides, there fhall be five Triangles, 
which contain twice five, or ten Right angles. And of 
thefe Triangles their Vertical angles about the point with- 
in, are always equal only to four Right angles: where- 
fore the remaining angles are equal to fix Right angles, Lo 
that is, to twice five, lefs by four. And the like in all other Multilateral Figures. 


6. Of every Multilateral Figure, the outward angles are altoge- 
ther equal only to four Right angles. 


ON, 
Nee / 


For each inward angle with its outward, are together equal to two Right an- 
oles; and all the inward angles are equal to twice fo many Right angles, lefs by 
four as in the number of their Sides: Therefore all the outward angles are equal 
only to four Right angles. ‘The fame is likewife manifeft in all Quadrilateral and 
Trilateral Figures, 





ANNOTATIONS. 
A Problem. 
To divide a Right angle into three equal angles. 


From hence ‘tis manifeft, how to trifecta Right angle. For let ABC be a 
Right angle, andon AB let be conftituted an Equilateral Triangle ABD. Now 
becaufe the angle ABD is two third parts of the Right angle D 
ABC, [by the firft Corollary]; therefore the angle DBC is one / 
third of the fame Right angle. Again, let the angle ABD be 7 
bifected by the line BE, then fhall each angle ABE, EBD, £, 
be a third part of the Right angle. Wherefore the Right angle / xN 
ABC is divided into three equal angles ABE, EBD, DBC. X 

Archimedes lays the foundation of his menfuration of a A B 
Circle upon the Trifection of a Right angle, and the divifion of an Equilateral 
Triangle into two Right-angld Triangles; in each of which one Acute angle is 
known to be the double of the other, one tobe 6o, the other 3o Degrees: and 
the Side fubtending the Right angle to be alfo double of the Side fubtending the 


leait angle, that is, A B to be double of A E. Upon which grounds he demonftra- 
{tratiyely proceeds to his Immortal Glory, OE 





OF GEOMETRY. 8g 


If every ftrait lind angle, Obtufe and Acute, could likewife be Geometrically 





A 





Trifected, it would alfo be of excellent ufe. But this lyes in the fame obfcurity 
with the Quadrature of a Circle, and the Duplication of a Cube; and the pre- 
tenders to the Solutions of thefe Problems have all hitherto fhametully mifcarry d 
in their vain attempts, and overweening opinion of themielves. 

Laftly, to look into the Phyfical reafon, why the three an- 4 C 
oles of a Triangle are equal to two Right, it may thus plainly E 
appear. For lerthe lines A B, C D, be at Right angles to B D. | 
1f they be fuppofed to incline toward each other till they meet 
in the point E; then what is by this inclination diminifhed 
from the Right angles A B D, C DB, the fame 1s again reftored 
in the angle BE D; fo that the three angles EBD,BDE, | | 
BED, are equal to the two Right angles ABD, CDB. B D 

PROPOSITION XXXIII. 
€ Trait lines, which * the fame way joyn equal and parallel lines, 
, y they alfo are equaland parallel. 

Let the equal and parallel lines be a3, cp, and the ftrait lines, 
which the fame way joyn them be ac, Bp. | fay, that ac, BD, are 
alfo equal and parallel: For let be drawn Bc, Now forafmuch as aB 
is parallel to cp, and on them falls BC, p 
the Alternate angles aBc, BCD, are equal 
toone another; and becaufe az is equal 
to cD,and Bc common: therefore the two 
lines A2, 2c, are equal to thetwo lines 
Bc, cD, and the angle asc is equal to the — P M 
angle zc p, therefore the bale ac is equal to the bafe BD, and the 
Triangle apc is equal to the Triangle gcp, and the remaining an- 
gles fhall be equal to the remaining angles, under which are fub- 
tended equal fides : therefore the angle acB is equal to the angle 
cBp. And becaufeon the two ftrait lines Ac, Bp, the ftrait line Bc 
falling, hath made the Alternate angles acz,cBp, equal; therefore 
ac is parallel to Bp, | Prop. 27 | and it hath been proved to be alfo 
equal to the fame. Therefore ftrait lines, which the fame way joyn 
equal and parallel lines, they alfo are equal and parallel. Which 
was to be demonftrated. 


ANNOTATIONS. 


* Which the fame way, | That is, from the point A to the point C, and from the 
point B to the point D: not crofs-ways from A to D, and from B to C. 

Becaufe the two ftrait lines, which joyn equal, and parallel lines are here prov'd 
to be equal, and parallel to one another, therefore the comprehended fuperficies 
now found to be bounded by parallel lines, is called a Parallelogram fpace: as tollows 
in the next Propofition. Therefore it is not properly faid to be a Parallelogram 
Figure, but a Parallelogram Space, as inclofed by parallel lines, which Space, or 
Area, is the thing confidered 1n all Euclid s Propofitions concerning Parallelograms. 
And a ftrange overfight it was in Clavius ( otherwife a moft faithful Expofitor) to’ 
give a particular definition of a Parallelogram, as a diftinét Figure, after Euclde 
had defined all the kinds of Quadrilateral Figures. Quandoque bonus dormitat Homerus. 

This Theorem plainly difcovers the natural Origin and Genefis of Parallelogram 


fpaces, from two equal and parallel lines conjoynd by two other ftrait lines. A 
notion yery remarkable. P 3 PROPO. 
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PROPOSITION XXXIV. 

fF Parallelogram Spaces the oppofite fides, aud alfo tbe oppo- 
A P Site angles, ave equal to one another. 

cAnd the Diameter cuts the Jame into halves. 

Let the Parallelogram be acps, and the Diameter thereof zc. 
T fay, that of the Parallelogram 4c 5, the oppofite Sides, and alfo 
the oppofite Angies, are equal to one another. And the Diameter 
2c, cuts the fameinto halves. Forafmuch as As is parallel to c p, 
and on them falls the ftrait line 2c, therefore the Alternate angles 
ABC, BCD, are equal to one another. Again, becaufe the line Ac is 
parallel to the line Bp, and on them falls the ftrait line sc, therefore 
the Alternate angles acB, cBD, are equal to one another. 

There are then the two Triangles aBc, i Ñ 
cBD, having the two angles ABC, BCA, | 
equal to the two angles Bcp, c 5p, each 
to each; and one fide equal to one fide, / 
that is, the fide adjacent to the equal an- | 
gles, namely Bc common to both. There- ? 
fore | by Prop. 26.| they fhall have the remaining fides equal to 
the remaining fides, each to each, and the remaining angle equal to 
the remaining angle: wherefore the fide aB is equal to thefide cp, 
and ac to BD: and the angle Bac to the angle Bpc. And becaufe 
the angle agc is equal to the angle 8c», and the angle cgp to the 
angle aca; therefore the whole angle agp, is equal to the whole 
angle acp: and ıt is proved, that the angle B Ac, is equalto the an- 
cle ppc. Therefore of Parallelogram Spaces the oppofite Sides and 
alío the oppoíite Angles, are equal to one another. 

I fay alfo that the Diameter cuts the fame into halves. 

Forafmuch as aB is equal to cp, and Bc common, therefore there 
are two lines az, Bc, equal to the two lines Bc, cp, each to each; 
andthe angle age, is equal to the angle pcp, wherefore alfo the 
Bafe ac 1s equal to the Bafe pp, and therefore the Triangle asc 
is equal to the Triangle scp: wherefore the Diameter Bc cuts the 
Parallelogram acps into halves. Which was to be demonftrated. 


ANNOTATIONS. 


The name of Parallelogram Spaces, we have noted to be literally formed (as in 
common fpeech) from, the termination of Planes made by: parallel lines; and. this 
name extends only to the Square, Oblong, Rhombus, and Rhomboeid: wherefore 
after the Definitions of thefe four Quadrilateral Figures, Euclide defines nota Paral- 
lelogram; for that he had then inartificially defin d anew, what was before defined. 
But now upon.this common,.affection. here demonftrated, he does comprehend un- 
der that one, name.the, Square, Oblong, Rhombus, and Rhomboeid : fo that what 
Properties at any time. are, demonftrated upon Parallelograms.in general, that is 
Parallelogram fpaces, do. alike. belong.to. all, thefe four Figures. 

- Euclide proceeds after. the fame. manner in Solids, at Prop. 24. and 25. El. XI. 
where haying laid. down in diftin, words a Solid comprehended by parallel Planes, 
he 
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he néxt after this in one compound word, calls the fame Solid a Parallelepipedon , 
without premifing any Definition. 

The Commentators therefore were not in this point well advifed, who give a 


formal Definition of a Parallelogram, as if it were a Figure of an other kind, than 
what had been already defined by Euchde. 


PROPOSITION XXXV. 


D Mallelograms on the Jame Bafe, and in the fame Parallels, 
are equal £o one another. 


Let the Parallelograms be ancp, EBGF, on the faine Bafe zc, 
and in the fame Parallels ar, pc. I fay, that the Parallelogram 
ABCD, 1s equal to the Parallelogram Expcr. Forafmuch as agpcp is 
a Parallelogram, therefore AD is equal to Bc, | Prop. 34. ]; by the 
fame reafon alfo EF is equal to Bc: {o that à D E 
AD is equal to EF, and DE is common; A 
therefore the whole AE is equal to the 
whole pF; but alfo az is equal to pc.Where- 
fore the two lines EA, AB, are equal to the 
two lines FD,Dc, each to each,and the an- § — 
gle FDC is equal to the angle EAB, the outward to the inward ; 
therefore the Bafe £B is equal to the Bafe Fc, and the Triangle £ AB, 
is equal to the Triangle Fbc. Let Dee common to both be taken 
away: then fhall the Trapezium aBep be equal to the Trapezium 
EGcrF. Let the Triangle es c be added in common: therefore the 
whole Parallelogram aBcD, is equal to the whole Parallelogram 
EBCF: wherefore Parallelograins on the fame Bafe, and in the fame 
Parallels, are equal to one another. Which was to be domonftrated. 


ANNOTATIONS. 
Of Geometrical Places. 


When in Theorems, or Problems, the fame thing may be alike in feveral places 
Indeterminately, then is this calld. the Geometrzceal Place of that Theorem, or Pro- 
blem, and theíe kind of Propofitions are calld Local Theorems, and Local Pro- 
blems. Asin this 35. Prop. it evidently appears, that to the Parallelogram A B CD, 
there may be infinite other equal Parallelograms, on the fame bafe AB, in the 
fame parallel lines: fo that of one of the parallels the whole line, as A F, infinitely 
produced, is the common Place of this Equality in Parallelograms feated on the 
fame bafe: The like alfo is on equal bafes. And moreover in Triangles on the 
fame, or equal bafes; as it is demonftrated in the 36, 37, 38, and 41. following Pro- 
pofitions; ‘Fhis is faid to be Locus planus ad lineam rettam. Likewile there are 
Geometrical Plane Places of the fame nature, found in the Circumference of a 
Circle. As if it be required to draw from the ends of a ftrait line two ftrait 
lines, which fhall contain a Right angle; ‘tis evident by Prop. 21. and 3r. El. ILL. 
that in a Semicircle every one of the angles is a Right angle, fo that the Cir- 
cumference of a. Semicircle, is the Geometrical Place of a Right angle. This is 
laid to be Locus planus ad Grcumferentiam circuli, and the Problem called a plane 
Problem, or a Problem zz loco plano. | 

Befides thefe plane Places in ftrait lines, and the Circumference of a Circle, there 
are alfo Loc: folzdz, Geometrical folid Places, which admit of fuch folid Problems. 
lheícare foundin the Conic Sefliens, namely, the Parabola, Flyperbola, and E oes 
| 1ey 
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They are called folid Places, and folid Problems, notwithítanding that thefe Fis 
sures lye in a plain fuperficies, becaufe they have their Origin in a {olid Figure; 
as the CONE: and are made by the cutting of a Conical Superficies with a Plane: 
as the Conic Elements of Apollonius fhew, how thefe Figures are feated and created 
in a Conic Body. Prop. 11, 12, 13. Lib. ]. | | 

Ihere are alío Lineary Problems differing much from thefe Solid, and Plain 
Problems, tho they be defcribed in a fimple plain fuperficies ; but not by a fimple 
motion, asis the ftrait line, and Circle. They are therefore i a fpecial manner 
called Lzmeary, becaufe their folutions are effected by certain limes arifing from 
compounded, and involved motions. Such is the Helix or Spiral line of Archimedes, 
the Conchoid of Nécomedes, the Linee ‘I etragomzantes, or Quadratrices, with divers 
others defcribed by the Ancient8, and Moderns. See Pappus after Prop. 4. Iib. 1IT. 
and Prop. 30. Lib. IV. | D 


Geodefia, or the Menfuration of Plain Figures: 


‘Elementary Annotations. 


Upon this Propofition, and fome of the next following, 1s grounded the Do- 
&trine of the Menfuration of all Plain Figures, as to their fuperficial Content, or 
Area; which is one fort of practical Geometry deduced from thefe Speculative 
Elements; and of a neceffary ufe in many human Affairs. This Do@trine is com- 
monly named Geodefia, from the Partition and. Diftribution of Lands; it being 
one of the moft valuable Matters handled in this part of Geometry: And with us 
particularly called the rt of Surveyzng. But the ufe of the word Geodefia, like as 
the word Geometrza, is enlarged beyond its original fignification, and extended to 
the general Doctrine of the Menfuration of all forts of Figures in a plain fuper- 
ficies. And to this ufe fully anfwers the name Epipedometria, or Planometria, an eafier 
word, tho Critically not fo proper, as being compounded of Latin and Greek. 

Now in all kind of Menfuration, whatfoever is taken for a meafure whereby to 
eftimate and value any propofed quantity, the fame muít be certain and deter- 
mined. In Dzferete quantity. 1t 15 an “Ungte, which naturally meafures all Numbers, 
In Continued quantity, as Magnitude, it muft be a fuppofed Unite to meafure Magni- 
tudes. 1 fay fuppofed; ¥or that Magnitude being a quantity infinitely divifible, has 
no indivifible unite in it felf, whereby to mealure Magnitudes, as Number has an 
indivifible unite to meafure Numbers. But inftead thereof we make to our felves 
by mutual agreement fome certain meafures, asan Inch, or Foot, in every kind of 
Magnitude, which asa Geometrical unite may anfwer to an unite in Numbers, fo 
that in Magnitudes the Geometrical meafure is only a fuppofed Unite taken by Confent. 

As fome one {trait line is put to meafure Lengths: And let this meafure be called 
the Lineal Unite. | E 

Some one plain Figure to meafure plain Figures: And let this be called the Su- 
perfictal Unite. : | 

Some one Solid Figure to meafure Solids: And let this be called the folid Unite. 

The value then, or eftimate of any Magnitude is made trom the multitude or 
number of the Geometrical meafuring Unites, which that Magnitude fhall contain : 
Be they Lineal, Superficial, or Solid Unites, according to the {pecies of the Magni- 
tude, as it is either a length, a fuperficies, or a folid, which is propofed by {ome 
certain meafure to be eftimated. Pu 

In the Menfuration of Lengths, there is no other trouble than to agree upon 
what nown Length the Lineal Unite, or meafurmg Line fhall be. Whether Inch, 
Foot, Yard, Pearch, or any other Civil and Political meafure, according to the 
cuftom of the Place. | 

But in the Menfuration of Planes, which is according to Length and Breadth, it 
is not only a known fuperficial quantity to be agreed upon, but alfo what Figure 
of a known fuperfictal quantity, is moft proper to be the common meafure of all 
plain Figures. | 

This matter requires fome Artifice, in regard of diyers miftakes that may arife 

in 
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in the Management of it. For no certain tule of Mehfuration can be made from 
the circumambient bounds, or Perimeter of a plain ftrait-lind Figure (as vulgarly 
may be imagined) becaufe fuch plain Figures may be of equal quantity in their 
Areas, yet of very unequal Perimetets: and contrarily of equal Perimeters, yet of 
very unequal Areas, 

As for Example, let the Figure AB C D be right angl d, and have the fide AB 
6 inches in length, and the, fide BC as much in breadth: and accordingly let the 
Figure be divided by parallel lines. So now it is eafily demonftrated from the 
Diagram, that the four fides of this Figure (which are its Perimeter) fltall be 
24 inches; and the whole Area fhall contain 36 {quare inches: As is alfo found 
by multiplying 6 into 6 ; that is, by drawing the length A B into the breadth B C; 
which is the general Rule of all fuperficial Menfurations; for that every figurate 
fuperficies is to be meafured by the two dimenfions of length and breadtli. 
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Again, let the Oblong AEF G, have the fide AE 18 inches in length, and the 
fide EF 2 inches in breadth: fo the Perimeter fhall be 40 inches; yet the Area is 
but 36 {quare inches, and equal to the Area of the fquare ABCD, whofe Peri- 
meter is but 24 inches. | 

Likewife let the Oblong AH IK have the fide AH r2 inches, and HI 5 inches, 
the Perimeter then fhall be 30 inches, and the Area ftill 36 {quare inches. 

Again, let the Oblong AL MN have the fide AL 9 inches, and the fide LM 4 


inches,then the Perimeter fhall be 26 inches; and the Area as before 36 {quare inches. 


[AB 6 a | 
: ls c6 —— 24In theſe Figures we have the Areas equal, and the Peri- 
* | A E xo 3 meters unequal: But the Perimeter of the iquare is the 
a | "EN edu 4o. | & the leaft; and in Oblongs of equal Areas with the fquare, 
; a . - . . 
SIEF iz Where tbey differ moft from a {quare Figure; that 1s, 
y |AH n 2 where the difference between the length and breadth is 
č 
< 


HI NL 30 | $ the moft, there the Perimeter is the greateft; dnd as 
AL o3 .$ the difference becomes lefs and lefs, fo the Perimeter is 
- Perimeter 26. |“ lefs and lefs, till inthe fquare it is the leaft of all. 

t 4 ) 


- 


Again on the contrary, let thefquare AB CD be as before ; and let A E F G the 
Oblong, have the fide AE rr inches in 


length, and the fide EE, Qse inch in. D C 
breadth, then the Perimeter is 24 inches, 
and equal to the Perimeter of the {quare T 
ABCD; yet the Area is only 11 {quare 9 
inches, whereas that of the {quare is 36. 
Likewife let the Oblong A H1K have N 
the fide AH 10 inches,and the fide HI 2 K 


inches; the Perimeter is again 24. inches | — pid. 
but the Area 20 {quare ae 6 | | | | | 
. Sofarther, let the Oblong ALMN A n po LH E 


have the fide AL, 9 inches, and the fide 


LM 3 inches: wherefore the Perimeter is alfo 24 inches ; but the Area is 27 {quare 
inches, (07 7 Again, 
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Again, let the Oblong A OPQ. have the fide AO 3 inches, and the fide OP 4 
inches: the Perimeter here is 24 inches; but the Area 32 fquare inches. 

Laftly, let the Oblong ARST have the fide AR 7 inches, and the fide RS 5 
inches: the Perimeter is ftill 24 inches; but the Area is 35 {quare inches. 
CAB 6 
BC “bars «| Inthefe Figures we have the Perimeters equal, and the 
AEn Areas unequal: but the Area of the fquare is the greateft. 
Care II And obferve that the nearer any Rectangle comes to a 
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FIEF 1) , | {quare Figure, that is, where the difference between the 
=| AH E S length and breadth is the lefs, there the Rectangles of e- 
Slur 2$ —— = qual Perimeters are the more Capacious: fo that where 
v >*— the difference is nothing at all, that is, where the Figure is 

o AL 9( ed . ), 
5 -Areaay | 3 a {quare, there the Area is the greateft in refpect of all the 
gj LM 3$ « Parallelograms, that are of equal Perimeters with the {quare. 
aloe Sex Upon thefe various changes in Areas and Perimeters, e- 
op 4$ > | qual Areas and unequal Perimeters, equal Perimeters and 
AR 7 unequal Areas, ‘tis manifeft that a Rule for the menfura- 
Area 35 | tion of the Area or Superficial content of Parallelograms, 

|, RS 52 : 





made from their Perimeters is very uncertain, and therefore 
the way of all menfuration in general, is not to be founded upon the Perimeter 
of the Figure, as any certain Rule. 

In this 35". Propofition Euclde makes an entry into the Doctrine of. Planome- 
try, and begins in the firt place to open a way toward the Menfuration of all 
Parallelogram {paces: Of which there are four kinds, the Square, Oblong, Rhom- 
bus, and Rhomboeid. 

Firft then, whereas it is here demonftrated, that all Parallelogram {paces on the 
fame bafe, and in the fame parallels, are in their Space, or Area equal to one ano- 
ther; altho it be evident that their Perimeters may be infinitely unequal, one 
Perimeter ftill greater then another, as their angles are more and more oblique 
one than another, and accordingly two of their fides are equally prolonged more 
and more infinitely ; therefore no certain meafure of the equal Areas of thefe Paral- 
lelograms can be taken from their unequal Perimeters. 

To clear this Matter from its firft ground, we are to recollect that a fuperficies 
isa Magnitude of two dimenfions taken tranfverfly to one another, in leneth and 
breadth: and therefore every fuperficial Figure is to be eftimated by its proper 
length and breadth. It remains then to find out the proper length and breadth 
of thefe various Parallelograms, wherein they may allagree for their juft eftima- 
tion, in regard that they are in Area all equal to one another: and therefore fome 
one kind of menfuration according to their proper length and breadth ought to be 
fought, which fhall be to every Parallelogram the fame in quantity, and alfo com- 
mon to them all: howfoever elfe they be differing from one another in their Peri- 
meters, and the Obliquity of their Angles, ME 

Upon enquiry 
it will be found P E G 
manifeft, that the : 
proper length and : | : 
breadth for the — 
menſuration of ^ 
thefe Parallelo- : 


gram {paces,ought f s 
not to be taken : 
from their ob- Lo = 
lique fides. Asof — — — — ; 
the oblique Paral- A B H K 


lelogram ABEC, if AB be put for its length (note that among Geometricians 
the names of length and breadth are indifferently apply'd to the longer, or to the 
ihorter line) Let I fay, the fide AB be the length of the Figure ABEC, then "ys 

| fide 
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fide BE ought not to be efteemed its proper meafuring breadth. For befides that 
this falls into the former erroneous way of meafuring by the Perimeter, the abfur- 
dity is alfo farther made thus manifeft. lf of the Parallelogram fpace ABE C, 
the fide BE be its proper breadth, then likewife in the Parallelosram AB FG, 
having the fame length A B, the fide B E fhould as well be accoünted the proper 
breadth thereof. Now becaufe thefe Parallelogram fpaces are equal to one another, 
and have the fame length AB, therefore their breadths BE, BF, fhould alfo be 
equal to one another: but BE, BF, are eafily demonftrated to be unequal; there- 
fore their proper breadths are not to be efteemed by the fides BE, BF. In ge- 
neral therefore the oblique pofition of length to breadth, is a way altogether un- 
certain and undeterminable, as being infinitely variable, and fo unfit for any Rule 
or common Practice in thefe fuperficial Menfurations. 

Forafmuch then that neither from the Perimeter, nor from length and breadth 
taken obliquely towards one another, can be formed a Rule for the Menturation 
of Parallelogram fpaces; it neceflarily follows that length and breadth are only 
to be taken at Right angles each to other, a way one and the fame unalterable, 
commonly known, and eafily practiced. And hereupon ‘tis manifeft, that the 
Right angld Parallelogram on the fame bafe, and in the fame parallels, is the 
Standard unto which all the other oblique angl d Parallelograms are to be referred 
for their Menfurations. As the Areas of ABEC, ABFG, &c. are all to be known 
from the Area of the Rectangle ABCD: for that any two of its fides, which con- 
tain an angle, as A B, BC, or AD, D C, being at Right angles to one another, are 
the very proper length and breadth of this Parallelogram ; one whereof being 
drawn into the other, brings forth the Area, which in this 35^. Prop. is demon- 
ftrated to be equal to all poffible oblique angld Parallelograms ou the fame bafe, 
and in the fame parallels. 

Therefore for the Menfuration of an oblique angl d Parallelogram, it muft be 
reduced to its Equivalent Rectangle: And this is done by drawing from any one fide 
a perpendicular to the oppofite, produced 1f need be. | 


C 






—ED "r1 





As 1n the oblique Parallelogram A B E C, from the fide CE, let be drawn EH 
perpendicular to the oppofite fide A B the bafe produced. Here then E H is equal to 
C B, or D A, the oppofite fides of tne Rectangle A B C D, for that they are parallel 
by Prop. 28. and therefore equal by Prop. 34. So that the perpendicular E H is the 
proper breadth of ABEC. And as the Rectangle ABCD 1s meafured according 
to its proper length and breadth, by the bafe A B drawn into the perpendicular 
BC, fo is the Rhomboeid ABEC meafured by the fame bafe A B, drawn into the 
perpendicular HE equal to BC, or AD : Likewife ABE G is meafured by A B into 
KF. Thus the perpendicular is the only true, and common breadth of all Paralle- 
lograms on the fame bafe, and in the fame parallels. "Therefore the Rule for the 
Menfuration of oblique angl d Parallelograms is this. 


In oblique angl d Parallelograms, the bafe, and a perpendicular to 
the bafe, from the oppofite fide, drawn into one another, give the 
Area of the Parallelogram. 


By the bafe 1s meant any one fide of the Parallelogram taken two ways; — 
Q 2 y 
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by letting fall a perpendicular from the longer fide upon its oppofite as a bafe, 
or from the fhorter fide upon its oppofite as a bafe. For in the Rhomboeid ABCD 
the perpendicular may be D E upon the bafe AB, or the perpendicular DF upon 
the bafe B C. From thefe two different cadencies of the perpendicular upon the 
bafe, the Rectangles are changed both in bafe and perpendicular: yet each Rectan- 
gle 1s equal to the fane Rhomboeid by this 35*^. Prop. And the Rhomboeid is in- 
differently eftimated by either Re&angle. A 


F* 
hr 





A E B 


The perpendicular with its bafe; as DE with AB, or DF with BC, are called 
the Lazera recla, or the upright fides of the oblique Parallelogram, becaufe they 
make a right angled Parallelogram equal to the oblique. 

Now for the Menfuration of a Re&angle, we are firftto know the quantity of 
its length and breadth, that is, the diftinét quantity of two fides containing any 
of itsangles. As for Inftance of the Rectangle AB CD, we are to known the di- 
ftin&t quantity of the lines A B and B C. 

Io find therefore the quantity of any propofed length, we muft have recourfe 
to fome certain and known meafure of lengths, for a Lineal unite to make an ac- 
count by the fame. As in the fide AB, let BE be the Lineal unite, whether Inch, 
Foot, or Yard, &c. put by confent for the Menfuration of AB. The fame meafure 
then is ftill to be ufed in the fame matter, to avoid the confufion of meafures; and 
therefore the very fame 1s to be taken in the fide B C for the Menfuration thereof; 
and let it be BF equal to BE; and let the Figure compleated by lines parallel to 
EB, BF, be EBFG, or elfe conceive EB to pafs tranfverfly the length B F, equal 
to BE, then fhall likewife be traced forth the fame fuperficial unite or meafuring 
Plane EBEG, whereby to eftimate the whole Parallelogram fpace of ABC D. 

Whereas then EB, BF, are equal to one another, therefore the Figure E B F G 
is a {quare : and if the line EB be put an inch, 
then EBFG 1s in its Area an inch fquare; fo that 
of the rectangle ABCD, if the fide AB con- 
tain E B {even times, that 1s, feven Lineal units, 
as 7 inches, and according to the fame meafure 
the fide BC 5 inches, then the whole fpace 
fhall contain 35 fuperficial units, or {quare 
inches, each of them equal to EBEG. And this 
at once isfound by Multiplying 7 into 5; that is, 
by drawing the length A B into the breadth B C: 
The general ground of all fuperficial Menfura- 
tions. 

Thus have we fhewn how an oblique Parallelogram fpace, 1s firft to be reduced 
to Rectangle for its Menfuration; and then how all Rectangular Spaces, Squares, 
and Oblongs, muft be meafured by fome certain Square fpace, whofe fide is a 
known meafure of lengths. 

Laftly, therefore to confirm this matter, let there be put fome known meafure 
of lengths, which we callthe Lix g£Ar Units, and let itbe the line A B, fup- 
pofe a foot: andto AB let beput AD equaland at Right angles, Again, let AE 

be 
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be put equal to AB, and at az oblique angle, then let be compleated the Figures 
ABCD, ABFE. Therefore p 


ABC Disa íquare,and A B F E | * 
a Rhombus, having every fide yy]... 

equal to AB the Lineal unite, or 
fuppofed foot. Yet the Rhom- 
bus ABFE, isnot equal in A- 
rea to the Square ABCD, but M 
only to a part thereof, namely, 
to the Oblong ABGH by this 
35°. Prop. And in this cafe the 
varieties are endlefs; as in the 
Rhombus A B IK, which is ftill ê B 
alefs part of ABCD, and but equal tothe Oblong ABLM, and fo forth infi- 
nitely; therefore there is no certainty but in the {quare Figure. 

And as the Sgzare is ufed inthe Menfuration of Planes, {o upon the like reafons 
the Cube 1s ufed in the Menfuration of Sods. And in general it is to be obferved, 
that whatever meafure is at firft put for lengths, the fame paíleth for length, 
breadth, and depth, and forms the meafuring Square or Cube; be the Lineal 
unite either Inch, Foot, Yard, Perch, &c. 

Thus for the Menfuration of all kinds of Magnitudes, as they are of one, or two, 
or three Dimenfions, there 1s in common practice conftituted fome certain meafure 
conformable to each Dimenfion. And (as we muft begin with the moft fimple Di- 
menfion ) for lengths there 1s firft made an agreement upon fome Lineal unite : next, 
to continue in a certainty of meafure, from the fame Lineal unite is to arife the 
Square unite for Planes; and from the Square unite the Cubze unite for Solids. As to 
Inftance in particular, a Lineal Inch, or Foot, &c. from this a Square Inch, or 
Foot, &c. then laftly, a Cubic Inch, or Foot, &c. to be the Meafuring unite ac- 
cording to the Dimenfions of the Magnitude, which is to be eftimated by fuch or 
{uch a meafure, Inch, or Foot, &c. fuitable to- its proper Dimenfion. 


PROPOSITION XXXVI. 


Ar allelograms on equal bafes, and in the Jame parallels are 
equal to one another. T 





Let the Parallelograms be ABCD, EFGH, on equal bafes BC, Fe, 
and in the fame parallels au, Bc. I fay, that the Parallelogram 
ABCD isequal to the Parallelogram EFGu. For let be Joynd BE, cH. 
Now forafmuch as Bc is equal to Fé | by Suppofition |: and alfo ra 
is equal to zu [by Prop. 34.]; therefore ^ D EF 38H 


BC is equal to £u ; but alio they are pa- 

rallels by Suppofition, and BE, CH, joyn 

the fame. Now lines which the fame way 

joyn equals and parallels, are alfo equal A 
and parallel | Prop. 33. | Therefore Es, j — 


G 
cH, are equal and parallel: therefore EBcH 1s a Parallelogram, and 
is equal to aBcD; for it hath the fame bafe Bc, and is in the fame 
parallels Bc, au. By the fame reafon, EFGH is equal to the fame 
EBCH; fo that alfo the Parallelogram azcpD, 1s equal to the Paral- 
lelogram EFGH. 

Therefore Parallelograms on equal bafes, and in the fame paral- 
lels, are equal to one another. Which was to be demontitrated. 


Q 3 Corollary. 
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From hence tis manifeft, that Parallelograms on unequal bafes, and in the — 


parallels are unequal to one another: on the greater bafe the greater Parallelogram, 
on the lefs the lefs. 


PROPOSITION XXXVII 


Riangles on the Jame baje, and in the fame parallels are equal 
to one another. 


Let the Triangles be asc, DBC, on the fame bafe BC, and in the 
fame parallels ap,Bc. I fay, that the Triangle A gc, is equal to the 
Triangle ppc. Let ap be produced both ways to ‘the n E, F, 
and by B let be drawn Be parallel toca, g A D 
and by c, cr parallel tog: therefore each. 
of thefe, £8c4, DBcr, is a Parallelogram, 
and EBCA Is equal to pBcF: for they are 
on the fame bafe Bc, and in the fame paral- 
lels sc, EF. And the Triangle asc is half 
of the "Parallelogram EBCA; for the Dia-- B Č 
meter As cuts the fame into halves. And the Triangle pg c is half of 
tlie Parallelogram pegcr; for tħe Diameter pc, cuts the fame into 
halves: but the halves of equals are equal to one another: where- 
fore the Triangle a Bc is equal to the Triangle psc. 

Therefore Triangles on the fame bafe, and in the fame parallels, 
are equal to one another. Which was to be demonftrated. 


PROPOSITION XXXVIII. 


| Riangles on equal bafes, and in the fame parallels are equal 
to one another. | 





Let the Triangles be ABc, DEF, on equal bates BC, EF, and in the 
fame parallels 8r, Ap. I fay, that the Triangle aBc is equal to the 
Triangle DEF. For let AD be produced both c A DO 
ways to the points c, H, and by B let bedrawn 
pa parallel to ca, and by F, FH parallel to 
DE, therefore each of thefe GBCA, DEF H, 1$ 
a Parallelogram. And G BC A iS equal tO DEFH; 
for they are on equal bafes Bc, E F, and in the 
fame parallelsgr, az. And the Triangle ABC B _— = 
is the half of the Parallelogram G8c4; for the Diameter asg cuts 
the fame into halves. And the Triangle p Er 1s the half of the 
Parallelogram pEFH; for the Diameter pF cut the fame into halves; 
but the halves of equals are equal to one another: wherefore the 
Triangle a Bc is equal to the Triangle D EF. 

Therefore Triangles on equal bafes, and in the fame parallels, 
are equal to one another. Which was to be demonftrated. 

Corollary. 
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From hence’tis manifeft, that Triangles on uriequal bafes, and in the fame paral- 


lels are unequal to one another = on the greater bafe the greater Triangle, on the 
lefs the lefs. 


29 


PROPOSITION XXXIX. 


Qual Triangles on the fame bafe, and the fame way feated, 
E are in the fame parallels. 

Let the equal Triangles be anc, pBc, on the fame bafe Bc, and 
the fame way feated. I fay, that they are in the fame parallels. 
For let be joynd ap; I fay, that apis parallel to 
gc. For if not, by the point a let be drawn az 
parallel to 5c, and let bejoynd € c: therefore the 
Triangle A Bc is equal to the Triangle EBC; for 
they are on the fame bafe sc, and in the fame 
parallels Bc, a£. But aBc isequaltopgc: there- »; 
fore alfo p Bc is equal to EBC, the greater to the lefs: whichis im- 
poffible. Therefore az isnot parallel to Bc. In like manner may 
we prove that no other 1s befides ap: wherefore ap is parallel to gc. 

Therefore equal Triangles on the fame bafe, and the fame way 
feated, are 1n the fame parallels. Which was to be demonftrated. 


PROPOSITION XL. 


Qual Triangles on equal bafes, and the fame way feated, are 
|, inthe fame parallels. | | 
Let the Triangles be asc, bck, on equal bafes gc, cz, and the 


fame way feated. I fay, that they are in the fame parallels. For let 
be joynd ap: I fay, that ap 1s parallel 


A 

to BE. For if not, by the point a let be a 

drawn AF parallel to gz, and let be Joynd , 

FE: therefore the Triangle asc is equal / 

to the Triangle rcz ; for they are on e- / 

qual bafes Bc,cE, and in the fame paral- / 
DUET 70 9E 


lels B£, a F. But the Triangle A Bc is equal © 

to the Triangle pce, therefore alfo the Triangle D cE, is egual to 

the Triangle rcg, the greater to the lefs: which is impoffible. 

Therefore AF is not parallel to sz. In like manner we may prove 

that no other 1s befides ap: wherefore ap 1s parallel to BE. 
Therefore equal Triangles on equal bafes,and the fame way feated, 

are in the fame. parallels. Which was to be demonftrated. 


PROPOSITION XLI. 


I Fa Parallelogram fhall have the fame bafe with a Triangle, and 


be in the fame parallels, the Parallelogram [ball be double of the 
Triangle. 


For let the Parallelogram azep have the fame bafe with the 
Triangle 
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Triangle g 2c, and be in the fame parallels sc, Az. I fay, that the 
Parallelogram A BCD, 1s double ofthe Fri- 
angle g Bc. For let be j joyn'd ac. Now the 
‘Triangle aB c is equal tothe Triangle Bc; 
for they are on the fame bafe Bc, and iñ 
the fame parallels sc, AE. But the Paral- 
lelogram aBcp, is double of the Triangle 
ABC; for the Diameter 4 c cuts the fame | 
into halves. So that the Parallelogram 4 2c», 1$alfo double of the 
Triangle E Bc. 

If thereforea Parallelogram have the fame bafe with a Triangle, 
and be in the fame parallels, the Parallelogram fhall be double of 
the Triangle. Which was to be demonftrated. 


ANNOTATION S. 


This Propofition compleats the Doctrine for Menfüratton of plain Surfaces: 
the Foundation whereof we have fully laid down at Prop. 35^. And whereas it was 
there fhewn, that the Rule, by which all Parallelograms on equal bafes, and in the 
fame parallels are to be meafured, was to multiply the bafe into the perpendicu- 
lar: Now here ‘tis further demonftrated, that the Parallelogram on the fame bafe 
with the Triangle, and in the fame parallels i is the double of the Triangle: wherefore 
half of the Parallelogram is equal to the Triangle. And therefore 


To find the Area of a Triangle; 


Let a perpendicular from any angle of a Triangle to the bafe, be multiply d into 
half the bafe, it fhall give the Area of the Triangle. 





And forafmuch asa Triangle is the moft fimple of all re&ilineal Figures, there- 
fore all rectilineal Spaces may be refolved into Triangles, and from the particalar 
— added n be "T meafared by this art Propofition. 





Coia: 


1. For the Menfuration of any Multilateral Figure. 


Now to find the Area of any Multilateral Figure, let the Hoe be divided af- 
ter the moft convenient manner into the feweft Triangles, and each Triangle be 
meafured by its bafe and perpendicular, according to the foregoing Rule in mul- 
tiplying the perpendicular into half of the bafe; then fhall thefe Triangles added 


together give the Area of the Multilateral Figure. For further inftructions i in thefe 
kind of Matters, recourfe is to be had to the Writers of Practical Geometry: ‘Here 
we have only touched flighily on the Ufesof thefe Elementary Propofitions. - 

^ 2 For 
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2. For the Menfuration of a Regular Multilateral Figure. 


From hence tis manifeft, that in a Regular Multilateral Figure a perpendicular 


from the Center to any of the Sides multiply d into half the Perimeter gives the 
Area. 


f. 
» 
— 
F 
F< ) : 
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See re E 


As AB multiply d into BCDE, half the Perimeter and equal to BE, is equal 
to the Area of the Figure, that is, to the Parallelogram ABEG. For that of each 
Triangle the perpendicular AB multiply d into half the bafe gives the Area: All 
which Triangles together are equal to the whole Multilateral Figure. 

Therefore alfo the Right angld Triangle A B H, having the Side BH equal to 
the whole Perimeter BC D EFG, is equal to the fame Multilateral Figure. 


2. Hor the Menfuration of a Circle. 


And as there is found this equality of Areas between a Regular Polygon and 
fuch a Right angld Triangle; fo Archimedes hath demonttrated the fame between 
a Circle and a Right angl d Triangle, one of whofe Sides about the Right anele 13 
equal to the Radius, and the other to the Perimeter of the Circle. 


T — X 
t 


t- 
$- 
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Now the Phyfical reafon of this agreement between a Rectilineal Figure and a 
Circle feems to be, for that a Cercle is, as it were, a Regular Polygon confiftzng of infinite 
equal fides. So that a Triangle, one of whofe fides about the Right angle, is equal 
to the Radius, and the other equal tothe Perimeter, is in Area equal to the Circle, 
like as it isin Regular Polygons. As of the Triangle ABC, if the fide BC be fup-. 
pofed equal to the Perimeter of the Circle, then fhall the Triangle ABC be equal 
to the Circle, as rchimedes hath demonftrated. But how Geometrically to ex- 
hibite a ftrait line equal to the Perimeter of a Circle, and to demonftrate the 
fame (as in this Inftance BC) to bea line equal to the Perimeter, Ave labor, hoc opus. 

Archimedes therefore makes a further attempt toward this Matter, and in his 
wonderful Book of Spiral Lines, demonftrates in Prop. 18. that if to the term 
of a Spiral line defcribed by the firft Revolution of the Gevetrzx, a Tangent be drawn: 
and from the Original, or Central point of the fame be likewife drawn a {trait line 
at Right angles to the Genetrix, and produced till it meets with the Tangent, then 
fhall this itrait line be equal to the Perimeter of the Circle, whofe Radius is the 
line that defcribes the Helex. 

But how to draw the Tangent is a work left unfinifhed. And till a Tangent to 
an Helix be Geometrically demonftrated, a ftrait line equal to the Perimeter of a 
Circle remains unknown. p 

Archimedes having in thefe methods proceeded Geometrically toward the invelti- 
gation of a ftrait line equal to the circumference of a Circle, without a "m 

R atf. 
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fatisfaétion, endeavours next to come to a nearnefs of equality, fo far as it might 
be eafily practicable, and fufficient for common ufe. 

He begins with the Trifection of a Right angle, or a Quadrant of the circum- 
ference of a Circle ( commonly fignified by the number of 9o Degrees ) fo that each 
Seement is athird part of the Quadrant, or 3o Degrees of 9o, and therefore a 12'"; 
part of the whole circumference, that is, of 360 Degrees. | 

Firfl, Now he bifects this angle, and by confequence the Arch, which maketh 
each Segment a 24^". part of the circumference. Secondly, ‘This bifected, makes 
each Seomenta 48°", part of the circumference. Therdly, This again bifected, makes 
each Segment a 96", part of the circumference: In which Segment Zfrebzmedes refts. 

Thus from the Bifections of a 12!" partof the circumference thrice repeated, he 
takes a regular Polygon of 96 fides circumícribed about a Circle, Then he de- 
monftrates the Perimeter of this Polygon to be to the Diameter of the Circle as 22. 
to 7. almoft, that is, to be triple of the Diameter, and moreover the overptus 
above the triple to be almoft ; part, or 7% parts of the Diameter: which is the fame 
thing; whether the Diameter de divided into 7. or 70. equal parts. And becaufe 
the circumference of the contained Circle is lefs than the Perimeter of the cir- 
cumfcribed Polygon, therefore the overplus of the circumference above the triple; 
is much lefs than } or # of the Diameter. | 

For of two unequal magnitudes the leffer hath a lefs proportion to a third magni- 
tude, than the greater hath to the fame. As a Groat hath a lefler proportion to a 
Penny, than a Shilling hath to a Penny. 

Again, he takes a regular Polygon of 96 fides infcribed ina Circle, then he de- 
monítrates the Perimeter of this Polygon to be alfotriple of the Diameter of the 
Circle, and the overplus above the triple to be greater than # parts of the Diameter. 

And becaufe the circumference of the Circle 1s greater than the Perimeter of 
the contained Polygon, therefore the overplus above the triple 1s much greater 
than 4 parts of the Diameter. 

So that Zfrebimedes ufíes, firft a circumfcribed Polygon of 96 fides, whofe Peri- 
meter is greater than the circumference of the Circle; and then an inicribed Po- 
lygon of 96 fides, whofe Perimeter islefs than the circumference: and from their 
proportions to the Diameter he proves the fame a Fortzorz, that the quantity of the 
Circumference is triple of the Diameter, and fomewhat lefs than # parts, yet fome- 
what greater than 7 parts of the Diameter, being firft divided into 70, and again 
into 71. equal parts. Limits eafily comprehended, and expofed in the leaft and 
feweft numbers. 

The Moderns indeed have brought this within clofer bounds; but in great nùm- 
bers more nice than neceflary. The numbers of Adrianus Metius are for ufefulnefg 
next to thofe of Archimedes. He ftates the circumference unto the Diameter, as 
355 to x13, that is triple, and moreover 16 parts almoft of the Diameter divided into 
113 equal parts, and thus to be noted 155, or 3 1$ almoft. Whereas ; multiply d into 
16, makes only uii: which being greater than i55 1s not fo near to the juft and precife 
Truth, as thefe numbers of arzanus Metius. But Archimedes, who in his Book en- 
titled Pfammites, or Arenarius, does by moft artificial Calculations, beginning from 
a round {mall Poppy-feed give us this vaft number, which reduced into our De- 
cinal form of Notation, is 10000000,00000000,00000000,00000000,00000000, 
00000000,00000000,00000000. Which he demonítrates to exceed the number of 
the Sand of the Seas, if the whole World within the Spherical Concave of the 
Stars, (which he takes to be as large as the ancient Syftem of <Ariffarchus was, and 
after two thoufand years revived moft ingenioufly by Copernicus) confifted only of 
fuch a Mafs of Sand; He, {fay, could have come to any nearer and nearer terms 
at pleafure, if he had thought it neceflary or convenient. But when after all at- 
tempts and labour whatfoever, he knew the matter muft end ina bare Approxi- 
mation, like a great and prudent Mafter of his Art, refts within the readiett and 
moft ufeful limits. And all the endeavours of our late Geometricians reach no fur- 
ther, than proceeding in Fractions of greater and greater numbers to bring the 
overplus above the triple to be leffer and leffer than } or & yet ftill to be greater 


than 
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than 7%. Which Archimedes hath demonftrated to be the ftanding limit on the other 
fide, unto which endlefs approaches may be nearer and nearer made to very little 


purpofe. : | 
PROPOSITION XLII. 


Neto a given Triangle to conftitute an equal Parallelogram in 
an angle equal to a given Strait-lin'd angle. 


Let the given Triangle be Anc, and the given ftrait-lind angle p. 
It is required to conftitute a Parallelogram equal to the Triangle 
ABC, in 2n angle equal to the ftrait- A k 


lin'd angle p. Let Bc be cutinto halves 
in £, and let be Joyn d az, then to the 
ftrait line Ec, and to a point in the fame | 


G 
Á 
by a, let be drawn Aa parallel togc, 9 — x C 


E, let be conftituted the angle czr, e- 
qual to the angle n | by Prop. 23. | And 
and by c, ca parallel to gr. Therefore rece is a Parallelogram. 
Now forafmuch as BE is equal to £c, therefore the Triangle a BE 
ig equal.to the Triangle arc, For they are on equal bafes BE, EC, 
and in the fame parallels 8c, AG. Therefore the Triangle asc is 
double of the "Triangle A gc. But alfo the Parallelogram rzEc« is 
double of the Triangle arc; for it hath the fame bafe and is in 
the fame parallels. "Therefore the Parallelogram rEc« is equal to 
the Triangle 486, and hath the anglecE r equal to thegivenangle p. 
Wherefore to the given Triangle A Bc, there is conftituted an e- 
qual Parallelograti y E cc in the angle c E r, which is equal to the 
angle p. Which was to be done. 


ANNOTATIONS. 


This Problem concerns the Transformation of Figures one into another; and 
begins with tranfmuting a Triangle (the moft fimple of ftrait lin'd Figures) into an 
equal Parallelogram. Andby confequence there is imply d the like tranfmiutation of 
all Rectilineal fpaces into equal Parallelograms; for tliat every Multilateral Figure 
may for this end be divided into Triangles. As Euclde hath done in the following 
45", Propofition. 

And forafmuch as all Parallelogram fpaces are by the Diameter divided into two 
Triangles, therefore their four angles are equal to four Right [by Prop. 32.]. And 
becaufe the oppofite angles are equal, (Prop. 34.] therefore if one angle of a Paral- 
lelogram be given, all the four are given, and determined. For if the given angle 
be Right, the other three are alfo right angles. If the giver angle be Obtufe, the 
oppofite is alfo Obtufe, and equal to it, and the other two Acute angles are like- 
wife equal to one another, and together with the two Obtufe do make, or compleat 
four Reht angles. And the like again on the contrary, if the given angle be Acute : 


fo that 1n one angle given, a Parallelogram is ever to be underftood as determined 
in alf its four angfes, 


ie PROPOSITION XLIIL 
() E every Parallelogramm fpacé the complements of the ‘Paralte- 
lograms about the Diameter, are equal to one another. 


Let the Paraflelogram fpace be Ac», and the Diameter of the 
| R 2 fame 
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fame be ac, and about ac let the Parallelograms be EH, Fa, and 
what are called the complements be BK, xD. I fay, that the com- 
plement Bx 1s equal to the com- A D 
plement kp. Forafmuch as aBcp iN! | / 
isa Parallelogram, and the Dia- y | T 
meter thereof Ac: therefore the 
Triangle anc is equalto the Tri- 
angle apc. Again, becaufe EKH A 
is a Parallelogram, and the Dia- § 
meter thereof ax: therefore the Triangle A EK is equal to the Tri- 
angle AHK. Dy the fame reafon alfo the Triangle k Gc is equal to 
the Iriangle kFc.. Now becaufe the Triangle 4 Ex is equal to the 
Triangle AB &, and the Triangle kac, isequal to the Triangle kc, 
therefore the Triangle axx with the Triangle kec, is equal to the 
Triangle ank, with the Triangle kfc. But the whole Triangle 
ABC is equal to the whole Triangle apc: wherefore the remaining 
complement Bx, 1s equal to the remaining complement KD. 
Therefore of every Parallelogram fpace the complements of the 
Parallelograms about the Diameter, are -— to oneanother. Which 
was to be demonftrated. 


PROPOSITION XLIV. 


Bp a given firat line to apply a Parallelogram equal to a 
given Triangle, in a given Strait lin d angle. 

Let the given ftrait line be A5, and the given Trianglec, and the 
given ftrait lind angle p. It 1s required unto the given ftrait line AB, 
to apply a Parallelogram equal to the given Triangle c, in anangle 
equal to D. 

Let be conftituted the Paral- 
lelogram BEFG equal to the 
Triangle c in the angle ERG, 
which is equal top. |.by Prop. - C 





em, 


as .. 
And lets zbeput directly to- 
AB, and FG be produced to n. 
Then by a to either of the lines 
BG, EF, let au be drawn paral- D 
lel, and let be joynd HB. 
Now forafinuch as the ftr ait line HF falls on the parallels AH, EF, 
therefore the angles A HF, HF E, are equal to two Right. [ Prop. 29.]; 
wherefore BHG, GFE, are lefs than two Right. But lines infinitely 
produced from angles lef than two Right fhall meet: therefore nB, 
FE, being produced fhall meet. Let them be produced, and meet 








cons parallel, and let H4,@B, be produced to the points LM. | 
There- 
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Therefore HL.x r is a Parallelogranm, and gk the Diameter thereof; 
and the Parallelograms about HK are ac, ME, and the Parallelo- 
grams called complements are LB, RF: therefore LB is equal to BF 
| Prop. 43.|. But BF is equal to the Triangle e; therefore alfo Lè is 
equal to c. And becaufe the angle GB E, is equal to BM, and allo GBE 
is equal to tlie angle p ; therefore ABM is equal to the angle p. 

Therefore unto the given ftrait line A », is apply'd the Pallelo. 
gram LB, equal tothe given Triangle c, in the angle Az M, which is 
equaltothe given angle n. Which was to be done. DER 


ANNOTATIONS. 


It is required unto the given line AB to apply a Parallelogram equal to the given Tri- 
angle C.| That is, to conftitute a Parallelogram, one of whofe Sides fhall be the 
given line AB, and the Parallelogram be alfo equal to the giyen Triangle C. 

And let BE be put directly to AB] om EAR 

/ 





That is, let the Parallelogram BEEG ` 
be fo conftructed, that one of the fides 
containing the angle EB G, equal to 


the given angle D, be putdirectly to / ¢ mE 
AB the given line, unto whichaPa- / — oe i fe / | 
ralleloeram equalto the g:ven Trian- / ^ ^ cl | — 


gle C is required to beapply’'d. Now ^^ 
this isto be thus efiected. | 
Produce A B. to E, and to the line 









E B, and to the point B let be conf © °° 

tuted the angle EBG, equal to the «69. Ka E 

given angle D [byProp.23.]. Then = H A » | 
let the Parallelogram B E F G, be éonftifufed: equal to the given Triangle C [by 


Prop 42.]; And let FG the oppofite fide tox B; be produced indefinitely toward 
H. And fo proceeding onward according to. Euclid s conftruction in compleating 
the Diagram, and applying the required Parállelogram L B to the given line AB, 
asit Is at the firft pofited in any Situation whatfoever given. | 

For note, that the Application of that Parallelogram which 15 required to. be 


equal to the given Triangle, ought to be made a4 Datam Re&am, thatis, to the 


very line AB 1n its pofition, and notto an other line, which fhall be put equal t 


it; as Clavius hath 1n his Expofition of this Propofition without jaft caufe devi- 
ated from Euclide, But afterwatd in his Scholion he rightly corrects himfelf,: ex 
fententia Euclidis, and there follows the general Law of Problems, that ‘The thing 
ts always to be effected accerding to the Poftion given. As inthe Ufe of this Problem 


it will every where-be found neceffary, and even in the next following Propofition. 

It 1s farther to be obíerved, that in the Conttru&tion of this Problem there are 
made four Parallelograms Equiangld to one’ another, ‘and to the whole. wz. Two 
about the Diameter of the whole, and their two Complements, One of which, 


the Parallelogram F B is firft [by Prop. 42.] conftituted equal to the given Triangle 





The 424. Propofition hath fhewed how to conftitute a Parallelogram equal to a 
given Triangle, in anangle equal toagiven angle — E 
"Now 'in this Problem there i$ moreover required to apply fuch a Parallelogram 
alío-to:a given;ftrait line, as well'as in a'given angle. That is, the given line isto 
be one fide of theapply d Parallelogram, and an angle of that Parallelogram is- H 
— eR | R ; : 


zu 
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be equal to the given angle: And always remind, what hath been before noted, 
that in Parallelograms, if one angle be given, all the four are given, becaufe the 
oppofite angles are equal, and the two inward are equal to two Right, by Prop. 
34, and 29: So that in this Problem the Parallelogram is three ways reftrained. 
I. In the given line the Parailelogram is confined to one certain fide. 11. It is de- 
termined in Area, or Magnitude, in that it is to be equal to a given Triangle. 
IIÍ. In the one given angle all the four anglesare determined ; wherefore of this 
Parallelogram nothing is left undetermined, but the other fide whereby to effect 
this Problem. | | 
From this exaé Application, or Paraboli{m of a Parallelogram to a given ftrait 
line precifely, is one of the Conic Sections named Parabola. As Apollonius Íhews in 
Prop. 11. Lib. 1. of his Conic Elements. The ftrait line to which the Application 
is made in the Conic Elements, is by Mydorgzus properly calledthe PARAMETER. 
There is likewife in Prop. 28,and 29. El. VI. of Euchde, an Application of a 
given Parallelogram unto a given ftrait line, and in a given angle: but befides thefe 
Reftraints, there are added more ftriét conditions of Defect, and Excefs, that 
is, the Application is to be made either unto a part of the given line in a certain 
Defect, or to the given line Augmented in a certain Length, or Excefs; which 
Conditions have occafioned the names of. E/lpfis, and Hlyperbola, to the other Conic 
Sections, As Prop. 12, and 135. Lib. I. of Apollonius {et forth. So that Euchad’s three 
fold Application of a Parallelogram to a ftrait huie, has afforded to Apollonius 
names for the three famous Conic Sections. Whereas more ancienly, the Parabola 
was called the Section of a Right-angl'd Cone, the A’yperbola of an Obtufe-angld 
Cone, the El;pfis of an Acute-angl d Cone, as we find in Archimedes. But for ap- 
plying thefe three Sections 1n general to any one Cone of whatíoever angle, and 
accordingly moulding the old Conic Elements, Apollonius was in his time, and ever 
fince renowned with the Title of the great Geometrician. 


PROPOSITION XLV. 
O a given Rectilineal pace to confiitute an equal Parallelo- 
gram in an angle equal to a given ftrait-lin'd angle. — 

Let the given Rectilineal fpace be Asc», and the given ftrait- 
lind angle £. Itis required to conftitute a. Parallelogram equal to 

the Reétilineal fpace ABCD, 
in an angle equal to t£. For let 
be joynd n5; and let be con- 
ftituted | by Prop.4a. | the Pa- 
rallelogram FH equal to the 
Triangle apB in the angle 

uk F, which is equal to x. (0H 
Then unto the ftrait line Gu, let be apply d the Parallelogram 
GM, equal te the Triangle b8c in the angle eum, which is equal 

to £, | by Prop. 44. | 

Now forafmuch as the angle & 1s equal to each of theanglesr x ui 
GHM; therefore FKH is equal to Gi m. Let kga be added in com- 
mon, therefore the angles Fk H, X Hc, are equal to the angles KHG, 
GHM. DButtheanglesrk H, xg, are equal to two Right | Prop.29.]: 
therefore alfo kia, HM, are equal to two Right. Now to the ftrait 
line GH, and to a point in the fame m, the two ftrait lines ku, HM, 
not lying the fame. way, make the confequent angles equal to two 
Right; therefore ku is direct to uM [Prop.14.]. And becaufe the 
{trait 





f. 


* 
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{trait line HG falls on the parallels x M, £G, therefore the Alternate 
angles MHG,HGF, ate equal to one another | Prop.29.]. Let Het. be 
added in common, therefore MHG, HGL, are equal to HGF, HGL. 
But the angles MHG, HGL, are equal to two Right: therefore ra is 
direct to Gr, | Prop. 14.1. And becaufe x F is equal, and parallel to 
He, andlikewife HG to ML; therefore alfo KF 1s equal, and parallel 
to ML | Prop. 36. | And the ftrait lines kM, FL, joyn the fame, 
therefore x M, EL, are alfo equal, and parallel | Prop. 33.]; where- 
fore KFLM 1s a Parallelogram. And becaufe the Triangle ABD, is 
equal to the Parallelogram HF, and pe to em, wherefore the 
whole Rectilineal {pace aBcp, is equal to the whole Parallelogram 
KFLM. Therefore the Parallelogram k rr. M is conftituted equal te 
the ReCtilineal {pace ABc p in the angle FK M, which is equal to the 
givenangle £. Which was to be done. 


ANNOTATIONS. 


And let be conftttuted the Parallelogram EH equal to the Triangle A D B.] To effect 
this Problem, the given Rectilineal {pace is to be divided into Triangles: and firft 
to one of thefe Triangles there is to be conftituted an equal Parallelogram. As here 
the Parallelogràm F H 1$ conftituted equal to the Triangle A D B, by Prop. 42. 
But is not required as Cavzus propofes to be apply d to any certain. ftrait line, tho 
the other Parallelograms are ; and after this manner following. 

Then unto the firatt line Gl, let be apply d tbe Parallelogram G M, egual to the Tri- 
angle D B C, in the angle GHM, which ts equal to E.) Altho the firft Parallelogram 
F H, equal to the Triangle A DB, was not confined to any given ftrait line; yet 
the next Parallelogram G M equal to the Triangle D B C, 1s of neceffity to be ap- 
ply dto the ftrait line GH, as it lyes in a given pofiuon; that by this means there 
might be conftituted from füch particular Parallelograms one entire Parallelogram 
KFEL M, equal to the given Rectilineal fpace ABCD. And fo forward, if the 
Rectilineal {pace requited a divifion into more Triangles, Parallelogram is after 
Parallelogram to be apply d to fuch a certain ftrait hne, that makes fucceffively 
one common Side; and all of them are equal to one another, and the Parallelo- 
grams are together equal to tlie whole Parallelogram fpace, which was required 
to be conftituted equal toa given Rectilineal fpace. 


Advertifement. 


The Application of Rectilineal fpaces to a given ftrait line, if alfo the given 
angle be a Right angle, does truely anfwer to the operation of Divifion 1n Arith- 
metic. For the given plain {pace 1s as the Dividend in Numbers, the given ftrait 
line as the Divifor, and the other Side of the Parallelogram emergent from this 
Application is as the Quotient. And again, asthe Divifor multiply d into the Quo- 
tient makes up the Dividend, {6 the given fide drawn into the emergent fide, gives 
the Area of the Parallelogram. 


PROPOSITION XLVI. 
() N a given frait line to defcribe a [quare. 
Let the given ftrait line be a8. It is required on the ftrait line 


AB to defcribe a fquare. To the ftrait line AB from a given point in 
the 
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the fame 4; let be drawn at Right angles the line ac, and to aB 
let ap be put equal: then by the point p, let pe be drawn parallel 
to aB, and by the point B let BE be drawn parallel to an; therefore 
ADEB 1S a Parallelogram: wherefore aB 1s equal to pg, and AD to 
BE | Prop. 33.]. But alfo BA is equalto ap; there- jc 

fore the four lines B A, A D, D E, EB, are equal to one 

another: wherefore the Parallelogram ADEB is 

Equilateral: I fay, it is aHo Right angld. For be- p E 
caufe on the parallels A8, p E, falls the ftrait. line 
AD, therefore the angles BAD, ADE, are equal to 
two Right |Prop.29.| But BaD is a Right angle, 
alfo ape is a Right angle, and of Prallelogram 
{paces the oppofite fides and angles are equal to one ^ 
another [Prop. 34.]; wherefore each of the oppofite angles azn, 
BED, isa Right angle, therefore aDEB 1s Right angld. But alfo 
it hath been prov'd Equilateral : therefore it is a Square; And it is 
defcribd on the ftrait line 4B. Which was to be done. 


b 


ANNOTATIONS. 


Euclide, before he makes ufe of a fquare, does demonftrate the Being and Con- 
ftruction of fuch a Figure. And therefore hath here premifed this problem in or- 
der toward the demonftration of the next following Theorem, which is the firft 
wherein fquares are concernd. 

And according to his 29". Definition he now fhews how to defcribe a Figure of 
four Equal Sides, and four Right Angles on any given ftrait line. 

Thus having demonftrated this Figure, he does hereafter upon occafion juftly 
aflume from the nature of a Square, that Sguares defcribed on equal ftrait lines are 
equal to one another. As likewife that Equal Squares are defcribed on equal ftrait lines, 
Altho Commandinus and Clavius after Proclus, have thought fit to demonftrate thefe 
moft natural Conceptions: which were before as evident of themfelves, and imme- 
diately conjoyn'd in common fenfe with the definition of a Square. 


PROPOSITION XLVII 


N a Right angled Triangle, the Square of the fide [ubtending 
the Right angle, is equal to the Squares of the fides containing 
the Right angle. 


Let the Right angld Triangle be apc, having the Right angle 
Bac. I fay, that the fquare of 8c, 1s equal to the fquares of 2 4, A c. 
For on Bc, let be defcribd the fquare BD Ec, and on An, Ac, the 
fquares a2, Hc, and by a iet aL be drawn parallel to either of the 
lines BD, CE, and let be joynd Ap, rc. 

Now forafmuch as each of the angles Bac, BAG, isa right angle, 
and to the ftrait line Ba, andtoa point inthe fame a, the two 
{trait lines ac, ac, not lying the fame way, make the confequent 
angles equal to two Right, therefore ca is direct to AG: by the 
fame reafon alfo az is dire€t to aH. And becaule the angle p 2c is 
equal to the angle FBA, for each isa right angle, let the angle 

ABC 
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ABC beadded in common, therefore the whole angle n24 is equal 
to the whole angle Fac. And becaufe H 

the two lines DB, Ba, are equal to 
the two lines c8, Br, each to each, 
and the angle D 24 is equal to the 
angle FB c, therefore the bafe a D is e- 
qual to the bafe Fc, and the Triangle 
ABD is equal to the Triangle FBC. 

Now the Parallelogram zr 1s dou- 
ble of the Triangle asp, for they 
have the fame bafe pp, and are in the 
fame parallels BD, a L| Prop. 4.1. |. Al- 
fo the {quare GB is double of the Tri- 
angle rac, for they have the fame : | 
bale FB, and are in the fame parallels r$, ac. Now the doubles of 
equals are equal to one another; Therefore the Parallelogram BL 
is equal to the fquare a B. 

In like manner AE, Bx, being joynd, may be proved that the Pa- 
rallelogram cL, 1s equal to the fquare uc; therefore the whole 
{quare BDEC is equal to the two fquares GB, nc, and the fquare 
BDEC, 1s defcribed on Bc, and GB, HC on BA, ac; wherefore the 
{quare of the fide Bc, is equal tothe fquares of the fides Ba, ac. 

Therefore in Right angid Triangles, the fquare of the fide fub- 
tending the Right-angle, is equal to the fquares of the fides contain- 
ing the Rightangle. Which was to be demonftrated. 





ANNOTATIONS, 


This Propofition among Geometricians moft famous, is faid to have been found 
out by Pythagoras, and the Invention publickly celebrated with a Sacrifice to the 
Mufes. Yet the hint from whence the difcovery of this Truth might firít arife, 
Ícems to be very obvious. | | 

For in this Figure the fquare EFGH, is apparently double of the íquare 
ABDC; but EFGH 1s defcribed on EF, which is equal to p A p 
B C, the fide fubtending the Right angle BAC of the Equicru- ^ | 
ral Triangle ABC; and the fquare ABDC is defcribed on ei- : 
ther of the fides A B, A C, containing the Right angle B A C, of 3 ; 
the fame Equicrural Triangle AB C. It is therefore hereapon "|N ^ i 7 
very reafonable to conceive, that the fame property might like- 
wife belong to Scalene Right-angl d Triangles, and give the oc- H 
cafion of a farther enquiry into this matter. 

Thus Geometricians often happen to difcovera Truth, before they have framed 
a legitimate demonftration of it: and find out their Propofitions ote way (which 
they ufually conceal) but prove them in an other. Wehave an Example of this 
kind in the Remains of Archimedes, who fhews, how firft he found the Quadrature 
of a Parabola Mechanically, as he calls it, and afterwards gives a Geometrical de- 
monftration. | | 

Now Euclid s demonftration reaches in general all Right-angled Triangles, Equi- 
crural, and Scalene: and is very eafy, natural and immediate, being framed from 
the two Fundamental Propofitions 35" and 41*: by which all plain Surfaces are mea- 
fared, and proved to be equal, or unequal to one another. 

$ 





But 
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But forafinuch as no {quare number added to it felf can make a fquare number, 
nor any fquare number be the doubleof an other fquare number: therefore in an 
Equicrural Right-angl d Triangle, as ABC, if the leneth of the fides AB, or AC, 
containing the Right angle, be expreffed by the number of any known meafure, 
as 2 inches, Feet, &c. thenthe length of the fide BC fubtending, the Right angle 
is not expreffible by a number of the fame meafure, or by any E ^ F 
poffible part thereof. For the íquare of 2 is 4, which added to 
it felf makes 8 the fquare of B C, whofe length is lefs than 5, 
becaufe the fquare of 3 is 9. And on the contrary, if the length 
of BC be put 4 Inches, Feet, &c. then the length of either fide 
AB or AC isnot expreffible by any part of the fame meafure. 
For the fquare of 4 is 16, therefore the {quare of AB or A C, is H 
8, and the length of the fide AB or AC, 1s lefs than 3, and ex- 
preffible by no part or parts of BC. For tho BC bedivided into 4000606 &c. of 
parts of the fame meafure; yet the cafe is ftill as before, and not one of thofe parts 
fhall meafure AB, which will ever be lefs than 3000000 &c. of thefe parts, and 
greater than 2999999 &c. of the fame. 

So that in an Equicrural Right-angl'd Triangle, if the fide fubtending the Right 
angle be Rational, that is, be expreffed in quantity by a certain Number, and Meafure, 
then each of the other fides 1s /rratzonal to that Meafure, and cannot be expreffed 
in quantity by any number of parts belonging to the fame. 

And becaufe every fquare is divifible by the Diameter into two equal and Equi- 
crural Right-angl d Triangles, therefore if the fide of a fquare be Rational, the 
Diameter is Irrational: and if the Diameter be put Rational, the fide is Irrational. 
And the ro^. Element of Eucde ends with a demonftration, that the fide of a 
Square, and the Diameter, are to one another incommenfurable, that is, what- 
foever length any certain times repeated fhall make up exactly, and meafure either 
the fide, or the Diameter, the fame tho never fo f{mall, cannot precifely mea- 
fure the other, but repeated fhall fall under, or over it. As let any length ex- 
actly meafure AB from the point A tothe point B; the fame fhall not precifely 
meafure BC, from B to C; but repeated willeither come fhort of the point C, or 
país beyond it. And this is meant by incommenfurable Magnitudes. For tho’ 
every finite Magnitude is in it felf menfurable, yet all finite Magnitudes are not 
capable of the fame meafure fo as to have their quantities fignified by any one and 
the fame, as appears from this 47's. Propofition. 

There are infinite other ftrait lines of the like nature: fome of which are the 
whole fubject of that moft fubtile o". Element. As alío here, not only in all 
Equicrural but in all Scalene Right-angI d Triangles, where the fquaresof the fides 
containing the Right angle added together, make not a fquare number, there the 
m fubtending the Right anele is irrational, and incommenífurable to either of 
them. 

As in the Rightangld Triangle 
ABC, let the fides containing the 
Right angle be of a certain length, as 





A B 2 inches, and A C 3 inches; their — 

{quares are then 4, and 9, which ad- : : 

ded together, make the fquare 13. |... — i z, 
wherefore the fide BC fubtending ; : \ 2 

the Right angle is greater than 3, : 
whofeíquareisbuto,and lefsthan4, |  : — : 

whole iquare is 16, fo that the quan- 

tity of BC, is only expreffible by a —À t B 


{urd number between 3 and 4,and is 

no part, nor any poffible fraction,that 

can be made out of 3, or 4 ; but iscall- 

ed the Square Rootof 13; andthere- | b 

forc irrational it is, and incommenfürable to the fides A B and A C. And if an inch 


were 
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were divided into an hundred thoufand millions of parts, the cafe would be Rill the 
fame, and not one of thofe particles fhould exactly meafure, and make up the 
line B C. | FN 
A Again, leta Right-angl d Triangle A B C, be : oe : 
the half of an Equilateral Triangle A C D, each PT 
of whofe fides let be put 4, fo that AC 1s 4; 
and B C the half of A C is 2. Now the íquare 
of AC is 16, the fquare of BC is 4, andthere- C 
fore the {quare of A B 1s 12, or r6 lefs 4, whofe 
{fide A B isa {urd between 3 and 4, and called 
the Square Root of 12. Yet thefe Squares are | 
commenturable, and the fquare of AC isqua- &% 
druple of the fquare B C, and the {quare of E 
A B is triple of thefame; tho the fide A B be 
irrational and incommenífurable to the other 
fides AC, BC. This is the rchimedéan Right- 
angl d Triangle expofed in {mall numbers, {uch 
as plainly give the mutual proportions of the : : 
fides and íquares, on which his Cyclometries— : Men 
are founded; where the furd fide A B he makes i 
the Radius of his Circle. The numbers of -4r- 
chimedes are thefe, AC 1s put 306, therefore : | 
BC the half of AC is 153, and the Radius n^ 
AB isa furd, fomewhat greater than 265. For the fquare of AC 306 1s 93636: 
and the fquare of BC 153, 1s 234093 which fubftracted from the fquare 93636, 
there remains 70227, which is the fquareof A B: fo that A B is fomewhat ereater 
than 265, whofe exact {quare 1s 7022 5, and only lefsthan 70227, the fquare of AB 
by two units: and therefore AB is 4 furd, fomewhat infenfibly greater than 265, 
the Root of the fquare number 70225. i | 

Now from the fides, and fquares of a Right-ang! d Triangle, which is half of 
an Equilateral, .4rchzmedes demontftrates by repeated Bifections of angles, and arches, 
and juft Calculations thereupon, that a Polygon of 96 fides circumfcribed about a 
Circle, and by confequence that the Circumference of the Circle, is triple, and more- 
over fomewhat lefs than 5 or 3:3 of the Diameter... | 

And further, upon this occafion to declare. fully the ufe Archimedes makes of 
this 47°", Prop. in the menfuration of a | 
Circle, let there be again fuch an other 
Rught.angld Triangle A B C, being the p 
half of an Equilateral. And let AC fub- `> s 
tending the Right angle ABC, be the — 4° ON a, 
Diameter of a Circle, and fuppofed to P TES 








* 
af 
.* 





confift of 1560 equal parts: therefore 

BC the half of AC is 780. Andthe fide : 
AB isa furd, fomewhat lefsthan 1351. © 4 

For the {quare of AC 1560 is 2433600: and the fquare of BC 780 is 608400: 
which fubitracted from the fquare 2433600, there remains 1825200, which is the 
fquare of AB: fo that AB is fomewhat lefs than 1351, whofe exact fquare is 
1825201, and only exceeds 1825200 the fquare of AB by a fingle unite; and there- 
fore AB is afurd, fomewhat inienfibly lefs than 1351 the Root of the {quare num- 
ber 1825201, 

Now from the Sides, and Squares of this Right-angl'd Triangle, Archimedes de- 
monitrates, that a Polygon of 96 fides infcribed in a Circle, and by confequence 
that the Circumference of the Circle, is triple, and moreover fomewhat greater 
than 5 parts of the Diameter. 

Thus far upon this 47?. Prop. we have explained the Grounds of Archimedes his 
Cyclometries taken from an Equilateral Triangle, where the angles are always 
known, and the Sides may be put of any quantity at pleafure, and out of which is 

S 2 made 
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made fuch a Right-angl'd Triangle of known angles and fides, that whoever is but 
moderately exexcifed in the ufe of numbers, may now with eafe go forward through 
the reft of Archzmedes his demonftrations, which would otherwife be fomewhat ob- 
{cure and difficult to younger Students. For whofe fake alfo we have from this 
Propofition given in brief fome eafy, and ufeful Notions of incommenfurable ma- 
enitudes. Aud farther tis to be noted, that between incommenfurable magnitudes 
it is at the firft arbitrary and changeable at pleafure, which of them be put Ratio- 
nal; as whether the Side, or the Diameter of a Square. But thefeare of themfelves 
in nature incommenfurable to one another, which is the apparent caufe of their 
mutual Irrationality.. But the caufe of incommenfurability 1s more fubtil, and lyes 
in the infinite divifibility of magnitude, which hath not in nature a Minimum to 
be a common meafure of magnitudes, as an Unite is of Numbers, 

This incommenfurability between magnitudes of the fame kind (whereof we 
fhall have occafion to fpeak more at large in the Fifth Element) 1s one of the 
many inexplicable Myfteriesin Geometry. Habet enim Geometria. miracula fua. 


PROPOSITION XLVIII. 


I F tbe quare of oue fide of a Triangle be equal to tbe [quares of 
the two remaining fides of the Triangle, the angle contained by 
the two remaining fides of the Triangle, is a Right angle. 


For of the Triangle A2c, let the fquare of Bc be equal to the 
{quaresof Ba,ac. I fay, that the angle Bacis aRight angle. For 
from the point a to the line ac, let be drawn at Right angles the 
line ap; and toBa let ap be put equal,andpc be joynd. Now for- 
afmuch as Da isequal to aB, therefore alfo p 
the fquare of pa 1s equal to the fquare of 
AB, Let the fquareof ac be added in com- 
mon; therefore the fquares of D 4, Ac, are 
equal to the fquares of B4, Ac. But the 
Íquareof pcis equal to the fquares of D 4 
ac | Prop. 47. | for the angle p acisa Right 
angle ; and the fquareof Bc is put equal to 
the fquares of 84,4 c; therefore the fquare 
of Dc isequal to the fquare of sc. Sothat alfo the fide nc is equal 
to the fide 8c. And becaufe n4 is equal to A2, and Ac common; 
therefore thetwo lines D 4, Ac, are equalto thetwolines B4, Ac, and 
the bafe Dc is equal to the bafe Bc; therefore the angle pac is equal 
to the angle Bac; but the angle pac is a Right angle, therefore 
alfo BAc is a Right angle. 

If therefore the fquare of one fide of a Triangle be equal to the 
fquares of the two remaining fides of the Triangle, the angle con- 
tained by the two remaining fides of the Triangle is a Right angle. 
Which was to be demonftrated. 


ANNOTATIONS. 


This Propofition is the Converfe of the precedent. And forafmuch as here is 
demonttrated, that of @ Triangle if tbe [quare of one fide be equal to tbe Jquares of the 
other two, then fhall that be a Right angled Triangle: wherefore to form a Right an- 
gled Triangle of Rational, and Commenfurable fides, we are to find three M 

ines, 





c 
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lines, whofe quantities may be expreffed in numbers of one, and the fame meafure 
common to all the three fides; fo that alfo of thofe numbers the fquare of one fhall 
be equal to the fquares of the other two, that is, to find two fquare numbers, 
Which added together fhall make a {quare number according to this Problem, 


A Problem. 


From two given numbers to derive three numbers, where the 
{quare of one thall be equal to the fquares of the other two. 


The Solution. 


Of the two given numbers the Sum of the fquares, the DIFFERENCE of 
the fquares, and Twick THE RECTANGLE make a Right aneld Triangle of 
Rational, and Commenfurable fides. 

In Species the Rule is thus fet forth. Let the given numbers be A, and E: then 
fhall Ag--E4. Ag—Eq. 2A intoE makea Rightangld Triangle of Rational, 
and Commenturable fides. | 

As to begin with 1 and 2. The fquareof 1 is 1. The {quare of 2 1s 4. The fum 
ofthe fquares, 4-I- 1 is ;. The difference of the fquares 41 1s 3. The Rectangle 
is x multiply d into 2, which makes 2: and 2 twice taken is 4. So that the fides of 
this Right angld Triangle are 3,4, 5. Where the fquare of 5 is 25, and equal to 
the two fquares r6, and 9, whofe fides are 4, and 3, Thisisthe firft Triangle of 
this fort. 

Again, the fecond is this. Let be given the numbers 2, and 3. Now the fquare 
of 2 is4. The {guare of 3 isọ. The fum of the fquares 95-4. 4 is 13. The difference 
of the fquares 9 — 4 is y. The Rectangle of 2 multiply'd into 3 makes 6, which 
twice taken is 12. So that the fides of this Right angl'd Triangle are 5, 12, 13. 
Where the fquare of 13 is 169, and equal to the two {quares 144, and 25, whofe 
fides are 12, and 5. | 

The third of thefe kind of Triangles, made from 3 and 4, is 7,24, 25. The 
fourth from 4 and 5, is 9, 40, 41. The fifth from s and 6 is 11, 60,61. and fo 
forth infinitely. Where note, thatin fuch kind of Triangles the two greater fides 


only differ by an unite; and the fum of thefe is always equal to the {quare of the 
leaft fide. 
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ELEMENT. 


DEFINITIONS. 


DEFINITION I. 


Very Right angl d Parallelogram is faid to be contained by any 
two of the ftrait lines, which containa Right angle. 


Altho’ a Right angl'd Parallelogram be comprehended, or encompafled by four 
ftrait lines, yet becaufe by Prop. 34. El-1. the oppofite fides of Parallelograms are 
equal to one another, therefore any of the two fides, which contain a Right angle, 
are faid to contain the whole Parallelogram. 

For A B being equal to DC; and AD to BC,there-A__.. |. . | — 8 
fore AB, and BC, or BC and CD, or C D, and D A, or | 
D A, and AB, are indifferently faid to contain the whole i 
Right angl'd Parallelogram AB C D. | 

Obferve alfo, that a Parallelogram fpace is for bevity 
fake, often noted by two oppofite letters, as the Paral- 
lelosram AC, or DB; by either of which is fignifyd j; | e 
the Parallelogram A B CD. 


DEFINITION II 


15 every Parallelogram Jpace, any one of the Parallelograms a- 
_ bout the Diameter, together with the two Complements, fball be 
called a Guomon. 


What are Parallelogram fpaces about the Diameter, and what are Complements, 
is before declared in Prop. 43. El. I. Now here, the two Complements with either 
of the Diagonal fpaces, taken to- A E 


gether, are for brevity fake, in one XI 
v 


A E B 

i | 
word, as a term of Art, called a ] L J 
Gnomon; as in the Parallelo- | LOS 
gram {pace A D, the two Comple- \ — H | 
ments AG, GD, with any one of {~ K 
the Parallelograms about the Dia- | 
meter, either CG, or BG, are called 2———, C 
the Gnomon HLK. " P om s i 

Becaufe this Second Element treats of the powers of ftrait lines, and of the 

Section of ftrait lines into feveral Segments, which are in power varioufly com- 


pared to one another, it will be requifite to add to Euchde thefe two following 
Definitions. 












DEFINITION Ill. 
The power of a ftrait line is the fquare of the fame line. 


As on the line AB, let there be defcribed the fquare AB C D, then the fquare 
ABCD is faid tobe the power of the line AB. 
Geome- 
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. Geometricians have with good reafon ufed the term Power, in this fenfe, be- 
caule the {quare is the greateft Pa- = 


rallelogram {pace that can be defcri- 4 
bed on one and the fame line. For 
produce theline AB, and put BEK 


equal to AB; and on B E defcribe 
the Rhombus BEEF G, 'tis manifeft, 
that the Rhombus BEFG is lefs 
than the {quare ABCD. For pro- 


ducing the line F G,to K, the Rhom-- B 


bus BE FG is equal to the Rectangle ABHK [by Prop. 36. El. 1. ]. which is 
but a part of the fquare ABCD. 


DEFINITION IV. 


i The power of two ftrait lines is the Rectangle contained by thofe 
ines. 


As the Rectangle ABCD, contained by the lines AB, BC, is faid to be the 
power of the lines AB, BC. Becaufe here as before in a fquare, the Rectangle is 
the greateft Parallelogram fpacethat p C 
can be comprehended by any two 
and the fame lines. For produce the pg 
line AB, and put BE equal to AB, 
and from the point Edraw EF equal 
to BC, and compleat the Parallelo- 
gram Figure; then by the fame 
Prop. 36. El. I. the Rhomboides 
BEEG is equal to the Rectangle ^ B E 
ABHK, which i5 buta part of the Rectangle ABCD: yet the Rectangle ABCD, 
and the Rhomboides BEFG, are comprehended by the fame, that is, by equal 
lines, for that BE is equal to AB, and EF to BC. Wherefore only the Rectangle 
ABCD isfaid to be the power of the lines A B, BC. 


PROPOSITION I. 


F there be two Strait lines, and one of them be cut into how 

many Segments foever, the Rectangle contained by the two ftrait 
lines, 1s equal to the Rectangles contained by the undivided line, 
and the feveral Segments of the other hlne. 


Let there be two ftrait lines a, Bc, and let Bc becutat adventure 
in the points p, e. I fay, that the ReCtangle contained by the lines 
a, BC, is equal to the ReCtangles contained by a, BD, and by a, DE, 
and alfo by a, Ec. B 

For from the point 8, let there be drawn 
BF, at right angles to Bc; and let Be be 
put equal to a [ Prop. 3.1.|: Then by the 
point c let cH be drawn parallel to zc. 
Again, by the points p, E, c, let there be 
drawn DK, EL, cH, parallels to Be. 

Now the Rectangle BH 1s equal to the 
Rectangles BK,DL, EH; and BH Is contain- 
ed by a, Bc, for it is contained by GB, Bc, but eB is equal to a — 

Again, 





D E c 
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Again, the iReCtangle Bx iscontained by a, BD, for it is contained 
by GB, BD, but GB is equal to a. 

Alfo the Rectangle pL is contained by 
A,DE, for Dk, that is 2G, | Prop. 34. EL I. | 
1s equal to a. 

Andin like manner the Rectangle: n | 
is contained by a, Ec. 

Wherefore the Rectangle contained: by = 
A, BC, is.equal to the'Rectangles contained E 
by a,B D, and by a, D E, and alfo by gc. ™ 

Therefore if there be two ftra:t lines, and one of them be cut 
into how many Segments foever, the Rectangle contained by the 
two ftrait lines, is equal to the Rectangles contained by the undi- 
vided line. and the feveral Segments of the other line. Which was 
to be domonftrated. 


b 


v 
— 
la 





PROPOSITION II. 


F a Strait line be cut at adventure, the Rettangles contained by 
the whole line, and each of the Segment s are equal to the Jquare 
of the whole line. 

Let the ftrait line A2 be cutat adventure in the point c. 

I fay, that the Rectangle contained by aB, ac, together with the 
ReCtangle.comtained by 45,2 c, is equal tothe fquare of AB. 

For on the line 48, det there be defcribed the {quare apEB; 
and by c, draw cr paralle] to either aD, or BE. 

Now ax is equal to ar, cE; but AEisthe fquare ? C r 
of 4 B, and A F 1s the Rectangle contained by AB, AC; 
for it 1s contained by DA, Ac; but A isequalto As. 

Alfo c E is contained by AB, BC, for BE is equal to 
as; wherefore the Retang ole contained by A n, AC, 
together with the Rectangle contained by A 8, Bc, 1s | 
equal to the {quare of aB. D | F E 

Therefore if a ftrait line bg cut at adventure, the Rectangles con- 
tained by the whole line, and each of the Segments are equal to 
the fquare of the whole line. Which was to be demonftrated. 


PROPOSITION IIL 


Fa ftrait line be cut at adventure, the Rectangle contained by 
| the whole, and one of the Segmeuts 1s equal tothe Rettangle con: 
tained by the Segments, and tbe [quare of tbe farefaid Segment. 

Let the ftrait line A8 be cut at adventure in the point c. 

I fay, that the Rectangle contained by AB, Bc, is equal to the 
Re&angle contained by a e, cB, together with the fquare of CB. 

For on the line os let there be defcribed the Íquare cD EB, and 
| | produce 
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produce ED to F: Then by the point a, draw [by Prop. 31. EL I | 
AF, parallel to either cD, or BE. 

Now the Rectangle ak isequal to the Rectangle ,_ ¢ B 
AD, and the fquare cE; and ax is the Rectangle | f 
contained by A 5, 2c; for it 1s contained by AB, BE, 
but BE 1s equal to Bc. 

Again, aD is contained by ac, cg, for pc is e- 
qual to cB; alfopB isthe {quare of cz; wherefore -—; z 
the Rectangle contained by a5, 2c, is equal to the | 
Rectangle contained by Ac, c5, together with the fquare of cz. 

Therefore if a ftrait line be cut atadventure, the Rectangle con- 
tained by the whole and one of the Segments, is equal to the Reét- 


angle contained by the Segments, and the {quare of the forefaid Seg- 
ment. Which was to be demonftrated. 


PROPOSITION IV. 


Fa ftrait line be cut at adventure, the [quare of tbe whole is 

equal to the /quares of the Segments, and to the Rectangle twice 
contained by the Segments. 

Let the ftrait line as be cut at adventure in the point c. 

I fay, that the {quare of aB is equal tothe fquares of ac, cB,and 
to the Rectangle twice contained by ac, cB. 

For, on the line Az let there be defcribed the 
Íquare ADEB, and draw the linea p. Then by 
the point c, let there be drawn parallel toeither 
AD, or BE, the line cGF: and by the point G, 
draw HK, parallel to aB, orDE. 

Now becaufe c F is parallel to ap, and there 
fallson them the line Bp, therefore the outward 
angle Bec is equal to the inward and oppofite £—————— — 
BDA; but the angle gpa is equal to the angle "o 
D B A, becaufe the fide aB is equal to the fide ap | by Prop. 5. El. TE]; 
wherefore alfo the angle ces is equal to the angle c Bc, and there- 
fore the fide cz, is equal to the fide ce | by Prop. 6. ELE |; but c 5 is 
equal toGx, and ce to Bx | by Prop. 34. ELI. |; therefore alfo ex 1s 
equal to kB, and the Parallelogram cexB is Equilateral. 

J fay alfo, that itis ReCtangular. For becaufe ca is parallel to zx, 
and there falls on them the line cs, therefore the inward angles 
KBC,GCB, are equal to two right angles | Prop. 29. El. E.]. But the 
angle xg c is arightangle | by Conftruction]; wherefore the angle 
GcB is a right angle, and alfo the oppofite angles cGk, GKB, are 
right angles [ Prop. 34. El. J. |; wherefore the Parallelogram cake 
is Rectangular. And it hath been proved to be Equilateral; there- 
fore CGKB isa {quare, and it 1s defcribed on the line cs. 

By the fame reafon alfo the Parallelogram HF is a fquare, and it 


i 


25 
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is defcribed on the line He, that is on ac; therefore HF, cK, are the 
{quares of ac,cB, the Segments of the line Az. 

Moreover, becaufe the Complement ag 1s equal to the Comple- 
ment GE | by Prop. 43. EL. I.], and AGiscontained by the lines Ac, 
cB, for that cis equal to cB; therefore alfo GE is equal to the 
Rectangle contained by ac, cB; wherefore ac, GE, are equal to the 
Rectangle twice contained by the lines A c, cg: But alfo HE, ck, are 
the fquares of ac, cB. 

Therefore the four Parallelograms HF, cK, aG, GE, are equal to 
the fquaresof Ac, cs, and to the Rectangle twice contained by ac, 
cB. But HF, cK, AG,GE, are the whole ApEB, which is the fquare 
of aB; wherefore the fquare of A8 isequal to the fquares of ac, cB, 
and to the Rectangle twice contained by ac, cB. 

Therefore, if a ftrait line be cut at adventure, the fquare of the 
whole is equal to the fquares of the Segments, and to the Rectangle 
twice contained by the Segments. Which was to be demontftrated. 


| Other wife. 

I fay, that the fquare of aB 1s equal to the fquares of Ac, cB, and 
to the Rectangle twice contained by ac,cB. For in the fame Figure, 
becaufe A 21s equal to A, therefore the angle aBp, is equal to the 
angle AD B [Prop. 5. El.I.j. And forafmuch asthe three angles of 
every Triangle are equal to two right angles 
| Prop.32. EL L.]; therefore of the Triangle agp, ; — 
the three angles ABD, ADB, BAD, areequalto d / 
tworight. But the angle Bap is a right angle; *’ [^ s 
therefore the remaining angles ABD, ADB, are 
equal to one right angle, and they are alfo equal 
to one another, wherefore each of the angles 
ABD, ADB, is the half of a right angle. But the E 
angle Bce is a right angle | Prop. 29. El I.]; for rom 
it is equal to the inward and oppofite angle at a; wherefore there- 
maining angle ca@Bis the half of a right angle; and therefore the 
angle cGB is equal to the anglecBa, and the fide cB is equal to the 
fideca | Prop. 6. EL.I.]; but c Bis equal to ex, andce to Bx | Prop. 
24. El. 1.); wherefore the Parallelogram cx is Equilateral. 

And becaufe the angles BcG, c Bk, are right angles, therefore ck is 
alfo afquare. And itisdefcribed on the line cz. 

Likewife by the fame reafon, the Parallelogram HF is a fquare, 
and equal to the fquare of ac; wherefore HF, ck, are fquares, and 
equal to the fquares of ac, cB. 

Moreover, becaufe the Rectangle AG is equaltothe Rectangle GE 
| Prop. 4.3. EL I. |, and AG 1s contained by the lines Ac, cz, (for that 
cg 1s equal to cB) therefore alfo cE is equal to the Rectangle con- 
tained by ac,cB; wherefore aG, GE, are equal to the Rectangle 

twice 
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twice contained by Ac, 2; but alío n r,ck, are equal to the fquares 
of AC, CB. 

Therefore HF, CK, AG, GE, are equal tothe fquares of Ac, c p, and 
to the Rectangle twice contained by ac, cB. Dut HE,ck, AG, Gg, are 
the whole A £z, which is the fquare of A2; therefore the fquare of 


AB is equal to the fquares of 4c, cn, and to the Rectangle twice 
contained by 4c, cs. Which was to be demonftrated. 


Corollaries. 


1. From hence tis manifeft, that in Squares, the Parallelograms, which are about the 
Diameter, are alfo Squares. 

2. And if the fide of a Square be cut into halves, then the Complements are alfo 
Squares. And the Square of the whole line is quadruple to the Square of the half. 


On the fourth Propofition. 


This is a moft remarkable Propofition, and of excellent and various ufes: The 
Analyfis or Refolution of a Square, which, by Arithmeticians, is called the Ex- 
traction of the Square-root, wholly depends upon it. But becaufe all things are 
refolved into thofe parts whereof they are at firft conftituted, it will be requifite, 
to begin with the Genefis or Conftruction of every compound Square. 

The better to explain this matter, we fhall apply to the Scheme of this fourth 
Propofition, by the addition of E, making it A4-E: Then fquare it, that is, draw 
A+ E into A+B, thus, 

A+E 

A+E 

Ag+tAE 
J-AE-r-Eq4 

Agt2AE+Eg 


This Genefis of a Square exactly anfwers to Euchd's Propofition, and back again, 
by Analyfis, fhews how the moft fimple divifion of a Square muft neceffarily fall 
into thefe kinds of parts. But indeed Euchde begins with the fquare it. felf, and 
then refolves it,by dividing it into any two parts, becaufe in magnitude, there is 
no Square fingly the Firft, as Unity isin Numbers, which anfwers to all Powers. 
And therefore dividing a line, on which a Square is defcribed, into any two parts, 
he fhews of what parts the moft fimple that may be a Square can confift. Aud ac- 
cordingly the practice of extracting the Square root anfwers to it. As for example. 

Every Square is encreafed by the addition of twice the root for the Comple- 
ments, and 1 for the Diagonal Square, thus 2 / -- 1. If there be put A 4, it is en- 
creafed 2 A -- 1: So that A4 -- 2 A -- 1, is the next Square. 


PROPOSITION V. 


F a ftrait line be cut into two equal Segments, and two unequal, 
I the Rectangle contained by tbe unequal Segments of the whole, 
together with the Square of the line between the Sections, 1s equal 
to the Square of half the line. 


Let the ftrait line AB be cut into two equal Segments, at the 
point c, and into two unequal, at the point D. 

I fay, that the Rectangle contained by ap, pB, together with the 
Íquare of cp, is equal to the fquare of c s. 


T 2 For 
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For on the line cs, let there be defcribed the fquare cEFB, and 
draw the line Bz. Then by the point p, let there be drawn parallel 
to cither CE, or BF, the line DHG, and by the point H, draw KM, 
parallel to cB, or EF. And again, by the point a, draw ak, parallel 
tO CL, OY BM. 

Now forafmuch as the Complement * 
cH is equal to the Complement HF |. 
| Prop. 43. El. I.], let nM be added in 
common to both ; therefore the whole 
CM is equal to the whole pr. But cM is 
equal to AL, forthat Ac is| by Suppofi- 
tion | equal toca: wherefore alfo A L is 
equal to pr. Addin common cH, therefore the whole an is equal 
to DF, DL. 

But AH is the Rectangle contained by ap,pB, for that DH is e- 
qual topB| by Coroll. r. Prop. 4. EL. IL |, and DF, DL, 1s the Gnomon 
NXo0; therefore the Gnomon Nx o is equal to the Rectangle con- 
tained by aD, DB. 

Again, add in common La, which is equal to the fquare of cp; 
therefore the Gnomon N Xo, and LG, are equal to the Rectangle con- 
tained by aD, DB, and tothe fquare of cp. 

But the Gnomon nxo, and Le, are the whole {quare cE FB,which 
is defcribed on the line cB; therefore the Rectangle contained by 
AD DB,together with the fquare of cp 1s equal to thefquare of c s. 

If therefore a ftrait line be cut into two equal Segments, and two 
unequal, the Rectangle contained by the unequal Segments of the 
whole, together with the fquare of the line between the Sections, is 
equal to the fquare of half the line. Which was to be demonftrated. 





PROPOSITION VI. 


F a firatt line be cut into two equal Segments, and toit be added 
| another firait line dtrecily, the Rectangle contained by the whole 
with the adjunct (as one line) and by the adjunct, together with 


the [quare of the half,is equal to the fquare defcribed on the half 
and the adjunct, as one line. 


Let the ftrait line as be cut into two equal Segments at the 
point c, and to aB, let Bp be added direétly. I fay, that the 
Re€tangle contained by AD, pz, together with the fquare of c5 1s 
equal to the fquare of c p. 

For on the line cp, let there be defcribed the fquare cg r p, and 
draw the line pr. Then by the point s, let there be drawn paral- 
lel to either cE or pr, the iine BHG. And by the point u, draw 
K LM, paralicl to ap,or eF: And alfo by the point a draw ax, pa- 
rallel tocL, Or DM. 


Now 
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Now forafmuch as ac is equal to cs [by Suppofition |, therefore 
the Rectangle aL is equal to the ReCtangle cu { by Prop. 36. El.I.], 
But cH is equal to HF | Prop. 43. El. I. |; wherefore ax is equal to 
Hr. Let cM be added 1n common; therefore the whole AM, is 
equal to the Gnomon nxo. 

But amis the Reétangle contained by ^ 0C B p 
AD, DB, for that DM is equal to pz | by LP 
Corol.1. Prop.4. EL II. ; wherefore the Gno- i3 3027 M 
mon Nxo 1s equal to the Rectangle con- ~. 
tained by ap, DB. — 

Again, add in common ra, which is e- v. 
qual to the fquare of cB; therefore the 
Rectangle contained by ap, DB, together with the fquare of cx, is 
equal to the Gnomon N xo, and to the fquare Le. 

But the Gnomon Nx o, and c are the whole fquare c E r p, which 
1s defcribed on the line cp; therefore the Rectangle contained by 
AD,DB, together with the {quare of cz, is equal tothe {quare of cp. 

If therefore a ftrait line be cut into two equal Segments, and to 
it be added another ftrait line directly, the Rectangle contained by 
the whole with the adjunct (asone line) and by the adjunct, toge- 
ther with the {quare of the half, 1s equalto the fquare defcribed on 
the half and the adjunct, as one line. Which was to be demonftrated. 


PROPOSITION VIL 


] F a ftrait line be cut at adventure, the [quare of tbe wbole, and 
the fquare of one of the Segments, both thefe /quares together 
are equal to the Rectangle twice contained by the whole, and the 
Jaid Segment, and. alfo to tbe [quare of. tbe remaining Segment. 





O|: 





E G F 


Let the ftrait line as be cutat adventure 1n thepoint c. I fay, 
that the fquares of AB, Bc, are equal to the Rectangle twice con. 
tained by A2, 8c, andto the fquare of Ac. B C 

For on the line a3, let there be defcribed the T 

F ei 





{quare a D EB, and let the Figure be conftructed. ae aa d 

Now forafmuch as AG is equal to GE| Prop. À 
4.3. Bl. I. add in common cr: therefore the MON 
whole Ar is equal to the whole cr: wherefore 
AF,CE, are doubleto Ar. But A r,cE,are the 
Gnomon kL M,and the fquare c F; therefore the € N D 
Gnomon x LM, and the fquare cr, are doubleto ar. 

But the Rectangle twice contained by A 5, Bc, is double to ar, for 
BF is equal to gc, therefore the Gnomon KLM, and the {quare €F 
are equal to the Re€tangle twice contained by aB,Bc. 

Again, let there be added in common HN, which is the fquare of 
ac; therefore the Gnomon KLM, andthe {quares cr, HN, are equal 

T 3 to 
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to the Re€tangle twice contained by aB, BC, and to the {quare of ac. 

But the Gnomon KLM, and the fquares c F, H N, are the whole 
A D EB, and cr, which are the fquares of A B, Bc; therefore the fquares 
of AB,B C, are equal to the Rectangle twice contained by A5, Bc, to- 
gether wıth the fquare of ac. 

If therefore a ftrait line be cut at adventure, the fquare of the 
whole, and the fquare of one of theSegments, both thefe fquares to- 
gether are equal to the Rectangle twice contained by the whole, 
and the faid Segment; andalío to the fquare of the remaining Seg- 
ment. Which was to be demonfítrated. 


PROPOSITION VII. 


1 F a ftrait line be cut at adventure, the Rectangle four times con- 
tained by the whole, and one of the Segments, together with the 
/quare of the other Segment, 1s equal to tbe [quare defcribed on the 
whole, and the faid Segment, as one line. 


Let the ftrait line aB be cut at adventure in the point c. I fay, 
that the Rectangle four times contained by aB, Bc, together with 
the {quare of ac, 1s equal to the {quare defcribed on 4A B, 8c, asone 
line. 

For let the line aB be produced direétly to D, and let BD be put 
equal to cB; thenon ap let there be defcribed the íquare Agr p, 
and let the double Figure be conftructed. 

Now forafmuch as cB is equal to Bp, but 
alfo cB is equal to Gk, and BD to KN | Prop. 
34. El. I. |, therefore c 1s equal to x N. By the 
fame reafonalfo P R 1s equal to Ro. 

And becaufe cg is equal to Bp, and Gx to 
KN, therefore the Rectangle cx 1s equal to 
the ReGtangle kp; and GR to RN [ Prop. 36. 
KLJ.|. But cx is equal to RN (becaufe they 
are the Complements of the Parallelogram 
co) wherefore alfo kD is equal to eR: therefore the four Reétan- 
gles CK,K D,GR, R N, are equal to one another; and thefe four there- 
fore are quadruple to cx. 

Again, becaufe cx is equal to BD, but alfo Bp is equal to Bx [by 
Coroll. r. Prop. 4. El. IT. ] that is,to ca, | by Prop. 36. ELI ; and alfo 
becaufe cB 1s equal to ak, that is, to GP|[ by Corol. 1. Prop. 4. EL. II. f; 
therefore ca 1s equalto c». 

And becaufe ca is equal to ap, and PR to R o,therefore the Rect- 
—— is is equal to the Rectangle MP, and PL to nr [by Prop. 26. 
EL I. |. MN 

But MP 1s equal to px (becaufe they are the Complements of the 
Parallelogram ML); wherefore alfo ac is equal to RF. 
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Tiierefore the four Rectangles ac, MP, PL, RF, are equal to ore 
another; and thefe four therefore are quadruple to aa. 

But the four Rectangles cx, kD,GR, RN, have been proved qua- 
druple to cx. 

Wherefore the eight Rectangles which contain the Gnomon s Tv, 
are quadruple to the Rectangle ax. 

And becaufe AK is contained by AB, BC, for BK isequal to Bp, that 
is to Bc, therefore the Rectangle four times contained by AB, Bc, is 
quadruple to ak. | 

But the Gnomon srt v hath been proved quadruple to ax; there- 
fore the Rectangle four times contained by aB, Be, 1s equal to the 
Gnomon STY. | 

Let there be added in common x4, which is equal to the fquare 
of ac; wherefore the ReCtangle four times contained by aB,Bc, to- 
gether with the {quare of ac, is equal to the Gnomon sTv, and xH. 

But the Gnomon s T v, and x H are the whole {quare aE Fp, which 
is defcribed on the lineap; therefore the Rectangle four times con- 
tained by the lines az, Bc, together with the fquare of ac, is equal 
to the fquare of Ap, that is, to the fquare defcribed on 4B, Bc, as 
one line. | 

If therefore a ftrait line be cut at adventure, the Rectangle four 
times contained by the whole, and one of the Segments, together 
with the fquare of the other Segment, 1s equal to the fquare de- 
fcribed on the whole and the faid Segment, as one line. Which 
was to be demonftrated. 


PROPOSITION IX. 


Fa ftrait line be cut into two equal Segments, and two unequal, 
] the [quares of tbe unequal Segments of the whole line are double 
to the {quare of the half, and to tbe [quare of tbe line between the 
Sections. 

Let the ftrait line ag be cut into two equal Segments at the point 
c, and into two unequal, at the point p. I fay, that the fquares of 
AD, DB, are double to the fquares of ac, cp. 

For from the point c to the line aB, let 
there be drawn at right angles cE, and let 
it be put equal to either ac, or cB; then 
draw AE, EB. And by the point p, let there 
be drawn, parallelto cz, the line pF, and 
alfo by the point F, draw FG parallelto az. 4 
Then let there be drawn aF. 

Now forafmuch as acis equal to cz, therefore the angle E Ac is 
equalto the angle anc. And becaufe the angleat c 1s a rightangle, 
therefore the remaining angles AEC, EAc, are equal to one right 
angle | Prop. 32. El. I.], and they are equal to one another: — 

ore 
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fore each of the angles Agc, E4c, is half of a right angle. 

By ihe fame reafon alfo each of the angles B Ec, E Bc, 1s half of a 
right angle. 

Therefore the whole angle AE» is a right angle. 

And forafmuch as a Er 1s half of a right angle, but EGF 1s aright 
angle [| Prop. 29. El. I.], (becaufe it is equal to the inward and op- 
pofite c2) therefore the remaining angle EFG is alfo half of a 
right angle. 

Wherefore the angle FEG is equal to E rc, and therefore the fide 
EG, is equal to the fide re. | Prop. 6. EI. I. |. 

Again, forafmuch as the angle at zis half 
of a right angle, and that FDB 1s a right an- 
gle (becaufe it is equal to the inward and 
oppofite EcB) therefore the remaining an- 
gle BFD, is alfohalf of a right angle. < 

Wherefore the angle at B is equal to the 
angle prs, fo that alfo the fide DF is equal tothe fide pg [ Prop. 6. 
EL I]. 

— becaufe Ac is equal to c £, and {o the fquare of ac is equal 
to the fquare of cE, therefore the fquares of ac, cE, are double to 
the fquare of ac. But the fquare of a £ is | Prop. 47. E1.I.] equal to 
the fquares of ac, ce | for ace is a right angle by Conftruction |; 
wherefore the fquare of Ax is double to the fquare of ac. 

Again, forafmuch as £G is equal toef; and fo the fquare of EG 
is equalto the fquare of ar; therefore the fquares of Ea, GF, are 
double to the fquare of cr. But the fquare of EF is equal to the 
{quares of EG, GF; therefore the {quare of £ F is double tothe fquare 
of GF. But the line ar is equal to cp [ Prop. 34. El. 1.]; where- 
fore the [quare of &* 1s double to tbe [quare of c». 

But the [quare of Ax 2$ double to the [quare of Ac. 

Therefore the fquares of A E, E F, are double to the fquares of Ac, cp. 

But the fquare of Ar 1s equal to the {quares of az, EF, [for AEF 
is arightangle |; therefore the {quare of aF is double to the fquares 
of AC, CD. 

But again, to the fquare of A* are equal the fquares of Ap, pr, 
(for the angle at D is a right angle) therefore the fquares of ap, 
D F, are double to the fquares of ac,cp. 

But pF is equal topB, wherefore the fquares of AD, n5, are dou- 
ble to the fquares of ac, CD. ; 

tt therefore a ftrait line be cut into two equal Segments, and two 
unequal, the fquares of the unequal Segments of the whole line, are 
double to the fquare of the half, and to the fquare of the line be- 
tween the Sections. Which wasto be demonftrated. 
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HF a Strait line be cut into two equal Segments, and to it be added 
another Strait line directly, the [quare of the whole, with the 
adjunct (as one line) and the {quare of the adjuntt, thefe both toge- 


ther are double to tbe [quare of the half, and to tbe [quare de[fcribed 
on the half, and the adjunct, as one line. 


Let the ftrait line az be cut into two equal Segments, at the 
point c, and to AB let 2 p beadded directly. I fay, that the {quares 
of aD, DB,are double to the fquares of Ac, c D. 

For from the point c to the line Az, let there be drawn at right 
angles cE, and let it be put equal to either Ac, orca; then draw 
AE,EB. And by the pointe let there bedrawn, parallel to cp, the 
line EF, and alfo by the point D, draw pF parallel to ce. Now be- 
caufe there falls on the parallels E c, £ p, the ftrait line r ; therefore 
the inward angles cEF, EFD, are equal to two right angles; where- 
fore the angles FEB, EFD, are lefs than two right angles: but lines 
infinitely produced from angles lefs than two right do meet toge- 
ther; wherefore EB, FD, produced towards B,D fhall meet. Let them 
be produced, and meet atthe pointe. Then draw 4a. 

Now foraímuch as A c 1s equal toc E, 
therefore the angle arc is equal to 
the anglezac. And the angle at c is 
a right angle; wherefore each of the 
angles EAC, AEC, is half of a right angle. 

By the fame reafonalío each of the i7 


angles BEC, EBC, is half of a right — — 


— 


angle. G 

Therefore the wholeangle AEB is a right angle. 

And forafmuch as Bc ishalf of a right angle, therefore paa is 
alío half of a right angle ( Prop. 15.1. |; but 8D« 1s a right angle, 
becaufe it is equal to the alternate angle pc [ Prop. 29.1.]; there- 
fore the remaining angle pas is half of a right. angle; where- 
fore DGB is equal to pge. So that alfo the fide Bp is equal to the 
fide nc ( Prop. 6.I. |. 

Again, forafmuch as EGF Is half of a right angle, and that the angle 
at Fis a right angle, becaufe it is equal to the oppofite angle at c 
| Prop. 24. El. I.]; therefore the remaining angle rc is half of a 
right angle. Wherefore EGF 1s equal to GEF; fo that alfo the fide 
GF is equal to the fide EF. 

Now becaufe ec is equal to ca; and fothe fquare of Ec, to the 
{quare of ca; therefore the fquares of Ec, c4, are double to the 
fquare of c4. But the fquare of Ea is equal to the fquares of Ec, 
cA | Prop. 47. I. |. 

Therefore the fquare of £4 1s doubleto the fquare of ac. 

U 
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Again, forafmuch as GF is equal to EF, and fo the {quare of GF 
to the fquare of zr; therefore the fquares of GF, EF, are double to 
the {quare of gr. But the {quare of EG is equal to the fquares of 
GF, EF. | 

Therefore the fquare of Ec is double to the fquare of EF. But EF 
is equal to cp; therefore the fquare of EG is double to the {quare - 
of cD. 

But the fquare of & 4 has been proved P" E F 
double to the fquare of a c. 

Therefore the fquares of E AEG, are 
double to the fquares of ac, cD. 

But the fquare of AG is equal tothe B h 
fquares of E4, EG} wherefore the i — 
{quare of AG 1s double to the {quares 
of 4C, CD. s 

But to the fquare of AG are equal the fquares of ap, DG; there- 
fore the {quares of ap, DG, are double to the fquares of ac,cp. 

But pG is equal to pB; wherefore the fquares of aD, DB, are 
double to the fquares of ac, cD. 

If therefore a {trait line be cut into two equal Segments, and to 
it be added another ftrait line directly, the fquare of the whole, 
with the adjun&t- (as one line) and the fquare of the adjun&t, thefe 
both together are double to the fquare of the half, and to the fquare 


defcribed on the half and the adjunct, as one line. Which was to 
be demonítrated. 








PROPOSITION XT. 


O cut a Strait line given, fo that the Rectangle contained by 


the whole, and one of the Segments may be egual to the 
fauare of tbe otber Segment. 


Let the ftrait line given be as. It is required fo to cut A, that 
the Rectangle contained by the whole 48, and one of the Segments 
may be equal to the fquare of the other Segment. 

On aB let there be deícribed the fquare ABDc: 
and let Ac be divided into two equal Segments at 
the point E, then draw BE: and let ca be produced 
tor, and zr be put equal to E&. Then on ar, let F 
there be deícribed the fquare AF aH; and let aH 
be produced to x. 

] fay, that A2 is cut in the point n, fo that the 
Rectangle contained by the whole az, and by the 
Segment BH, is equal to the fquare of au, the other 5 E 
Segment. 

For whereas the ftrait line ac is cut into two equal Segments at 
the point £; and there 1s added to it Ar; therefore the Rectangle 


COR- 
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contained by cF,Fa, together with the fquare of a E is equal to the 
{quare of EF | Prop. 6. El. II. |. 

But EF is equal to EB; therefore the Rectangle contained by cr, 
FA, together with the fquare of £ a, is equal to the fquare of EB. 

But to the {quare of EB are equal the fquares of Ba, ar; for the 
angle at a is a right angle. 

Therefore the Rectangle contained by cr,r 4, together with the 
{quare of a E, 1s equal to the fquaresof 2 A, A x. 

Let the common {quare of aE be taken away. Therefore the re- 
maining Rectangle contained by cF, F 4, is equal tothe fquare of aB; 
and the Rectangle contained by cr, Fa, isthe Rectangle Fx (for aF 
is equal to FG) and alfo the fquare of Az is the {quare ap; there- 
fore FK 1s equal to A p. 

Let the common Rectangle ax be taken away. Therefore the re- 
mainder F H is equal to the remainder Hp. 

But Hp is the Rectangle contained by aB,BH (for A8 is equal to 
BD by Conftruction), and FH is the fquare of aH. 

Therefore the Rectangle contained by AB, BH, is equal to he 
{quare of AH. 

Wherefore the ftrait line given A5, 1s cut in the point n, fo that 
the Rectangle contained by the whole az,and by the Segment BH, 1s 
equal tothe fquare of the other Segment au. Which was to be done. 


PROPOSITION XII. 


| N Obtufe angl'd Triangles, the /quare of the fide [ubtendmg tbe 
T Obtuje angle, 15 greater tban tbe [quares of. tbe fides containing 
zbe Obtufe augle, by tbe Rectangle twice contained by one of the 
fides about the Obtufe angle, on which being produced a perpendi- 
cular fails; and by the line intercepted without, between the per- 
pendicular and the Obtufe angle. 


Let A2c be an Obtufe angld Triangle, having the Obtufe angle 
BRAC; and from the point B on the fide ca produced, let there be 
drawn the perpendicular 8D. 

I fay, that the fquare of Bc is greater than the {quares of Ba, ac, 
by the Rectangle twice contained by Ca, AD. 

For becauíe cp 1s cut at adventure in the point f? 
A,therefore the {quare of cp 1s equal to theíquares 3i 
of cA, AD, and to the Rectangle twice contained : 
by ca, aD | Prop. 4. EI. IL. |] Add in common the 
{quare of pB; therefore the fquares of c D, D B, are 3 
equal to the fquaresofc 4, 4D,pB,and totheRe&t-C A 
angle twice contained by ca, aD. 

But to the fquares of cp, DB, isequal the fquare of cz (for the 
angle at D is a right angle), and to the {quares of ap, ps, is equal 
the {quare of A s. 
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Therefore the fquare of c2 is equal to the fquares of cA, AB, and 
to the Rectangle twice contained by ca, AD. 

So that the {quare of cz is greater than the fquares of CA, AP, b 
the Rectangle twice contained by ca, aD. | 

Therefore 1n Obtufe angl'd Triangles, the fquare of the fide fub- 
tending the Obtufe angle, is greater than the fquares of the fides con- 
taining the Obtufe angle, by the Rectangle twice contained by one 
of the fides about the Obtufe angle, on which being produced a per- 
pendicular falls; and by the line intercepted without, between the 
perpendicular and the Obtufe angle. Which was to be demonttrated. 


PROPOSITION XIII. 


1 N Acute angid Triangles tbe [quare of tbe fide fubtending the 
Acute angle, is lefs than the Jquares of the fides containing the 
Acute angle, by the Rectangle twice contained by one of the fides 
about the Acute angle, on which a perpendicular falls; and by the 
line intercepted within, between the perpendicular and the Acute 
angle. 

Let A2c be an Acute angl'd Triangle, having an. Acute angle at 
g; and from the point a, on the fide Bc, let there be drawn the 
perpendicular AD. 

] fay, that the fquare of a c is lefs than the fquares of cz, Ba, by 
the Rectangle twice contained by cB, BD. 

For becaufe cB 1s cut at adventure in the point p, N 
therefore the fquares of c8, BD, are equal to the : 
Reé&angle twice contained by cB, Bp, and to the 
Íquare of nc | Prop. 7. EL IL]. Add in common 
the fquare of 4 p. 

Therefore the fquares of c8, BD, DA, are equal : 
to the Rectangle twice contained by c8, Bp, and ? D E 
to the fquaresof p 4, pc. | 

But to the fquares of BD, DA, is equal the fquare of aB (for the 
angle at n is a right angle), and to the {quares of pa,pc, is equal 
the fquare of ac. | | 

Therefore the {quares of cB, 24, are equal to the fquare of Ac, 
and to the Rectangle twice contained by cB, BD. 

So that the fingle fquare of ac is lefs than the {quares of cz, Ba, 
by the ReCtangle twice contained by cs, BD. 

Therefore in Acute angld Triangles the fquare of the fide fub- 
tending the Acute angle, is lefs than the fquares of the fides contain- 
ing the Acute angle, by the Rectangle twice contained by one of the 
fides about the Acuteangle, on which a perpendicular falls; and by 
the line intercepted within, between the perpendicular and the 
Acute angle. Which was to be demontftrated. 
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PROPOSITION XIV. 
'O conftitute a fquare equal to aright-lind Figure given. 


Let the right-lin'd Figure be 4. It is required to conftitute a 
{quare equal to a. 

By Prop. 45. EL T. let the Re&tangled Parallelogram gD be confti- 
tuted equal to the right-lind Figure a. 

If therefore the line BE be equal to the line Ep, then what was 
required is now done, for there is conftituted the fquare BD, equal 
to the right-lind Figure a. 

But if not, then one of the lines — 
BRE, E D, i$ the greater. Let Bx be 
the greater; and let it be produced 
to F; and let EF be put equal to | 4 
ED. Then let BF be cut into halves 
atthe point c; and to the center G, ' 
and the diftance one ofthe lines GB, — 
G F,letthere be defcribed the Semi- 
circle BHF; and let nx be produced to n. Then let aube joyn'd. 

Now forafmuch as BF 15 cut into two equal Segments at c, and 
into two unequal at z,; therefore the Rectangle contained by BE, 
EF, together with the fquare of GE, is equal to the fquare of GF 
| Prop. :ş. El. II.| But Gr 1s equal to Gu, therefore the Rectangle 
contained by BE, EF, together with the fquare of Gz, is equal to 
the fquareof gu. But to the fquareof Gu, are equal the fquares of 
GE,EH, therefore the Rectangle contained by BE,EF, together with 
the fquare of GE, 1s equal to the fquares of GE, EH. Let the com- 
mon fquare of GE be taken away. Therefore the remaining ReG- 
angle contained by BE, EF, 1s equal tothe fquare of rH. But the 
Rectangle contained by BE, EF, 1s the Parallelogram pp, becaufe 
E F is equal to E D. 

Therefore the Parallelogram Bp is equal to the fquare of eH. But 
the Parallelogram B p is equal tothe right-lind Figure a; wherefore 
the right-lind Figure 4, is equalto the fquare of EH. | 

Therefore there is conflituted a fquare defcribed on x n equal to 4, 
the right-lind Figuregiven. Which was to be done. 
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THE THIRD 


E L EMEN I. 


DEFINITIONS. 


DEFINITION I. 


Qual Circles are fuch, whofe Diameters are equal; or, whofe 

lines from the Center are equal. 

DEFINITION Il. 
Strait line is faid to touch a Circle, 
which meeting a Circle, and being pro- 
duced, cuts not the Circle. 
DEFINITION III. 
Ircles are faid to touch one another, 
which meeting together, do not cut one another. 
DEFINITION IV. 


Na Circle ftrait tues are faid to be equally diftant from the 
Center, when the perpendiculars drawn from the 

Center to the fame lines are equal. 
And that tine is [aid to be more diftant;, on which 

the greater perpendicular falls. 


DEFINITION V. 
Segment of a Cercle is a Figure comprehended by a " Arait 
line, and the circumference of the Circle. ^N 
The Strait line is called the bafe of the Segment. ^ 
DEFINITION VI. 


N angle of a Segment is that which is con- 
tained by a Strait line, and the circumference of the Circle. 





DEFINITION VIL 
A N angle in a Segment 1s when in the circumfe- N 
rence of aSegment fball be taken a point, and 
from that point to the ends of the ine, whichis the / 


H of the Segment, [hall be drawn frait lines : it ís 
the angle contained by thofe Jame lines. 
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DEFINITION VIIL 


Nd when the Strait lines containining the angle do affume a 
circumference, tbe angle is [aud to infisl upon that circumference. 


DEFINITION IX. 


Sector of a Circle is a Figure, which, when an 
angle [ball be [lated at tbe center of the Circle; 
z comprehended by the firait lines containing that an- 
gle, and by the va a/Jumed under tbe fame 
lues. 
DEFINITION X.. 


Ike Segments of Circles are Juch, which receive equal angles. Or 
in which the angles are egual to one another. P ON 
That 1s, if the Segments of two Circles are fuppo- N 
Jed like, or 3 proved, then we are to allow the an- N \ 
gles in thofe Segments to be equal. Orcontrarily, if V i > 
the angles be fuppofed, or proved equal, then we are 
to allow the Segments to be lke to one another. 


PROPOSITION I. 
f , \O find the center of a given Circle. 


Let the given Circle be Ac. It is required of the Circle A sc, to 
find the center. 

Let in the Circle be drawn at adventure any ftrait line as A B; 
and let it be cut into halves in the point D; and from pb draw pc 
at rightangles to AB, and produce it to £. Then 
let cE be cut into halves in F. I fay,thepoint F 
is the center of the Circle apc. For if not: let 
it, 1f poffible, be the point ; and let G 4, G D, GB, 
be joyn d. Now forafmuch as abp is equal to D B 
and DG is common; therefore there are the two 
lines A D, DG, equal to the two lines pB, DG, each 
to each, ‘and the bafea is equal to the bafe c B, 
for they are from the center a; wherefore the angle A DG is equal 
to the angle cpp [ Prop. 8. El. Li But when a ftrait line ftanding 
upon a ftrait line, makes the angles ‘on each fide equal to one ano- 
ther, each of the equal angles is a right angle; therefore ap 2 1s a 
right angle. But alfo FDB isa right angle | by Conftru€tion |; there- 
fore FDB is equal to GDB, the greater to the lefs, which 1s impof- 
fible. Wherefore c is notthe center of the Circle apc. And in lke 
manner may we prove that no other point can be befides F 

Therefore the point F is the center of the Circle anc. Which 
was to be done. 








Corol- 
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From hence it is manifeft, that if in a Circle a ftrait line cuts a ftrait line into halves, 
and atright angles; the center of the Circle 1s in the cutting lene. 


PROPOSITION Il. 


E Fin the circumference of a Circle any two points be taken, the 
i firait line joyning the fame points fball fall within the Circle. 

Let the Circle be aBc, and in the circumference thereof let be 
taken any two points A,B. I fay, that the ftrait line drawn from a 
to g falls within the Circle. For if not: let it, if poffible, fall with- 
out, as AEB, and let the center of the Circle asc be taken, and let 
itbe p. Then let AD, 5, be joynd, and let pF be produced to E. 

Now forafmuch as D 4 is equal to DB, therefore 
the angle D AE is equal to the angle DBE | Prop. 
5. El.1.]. And becaufe of the Triangle Dak, one 
fide AEB is produced; therefore the angle DEB 
is greater than the angle paz | Prop. 16. El. 1. |. 
But the angle DAE is equal to the angle DBE 
| Prop. 5. El. L.]; therefore pgs is greater than. Y | 7 
DBE. But under the greater angle is fubtended ' NE e 
the greater fide | Prop. rg. El. I.]; therefore Bp t 
is greater than pe. But DB isequal to pr, wherefore DF is greater 
than pz, thelefs than the greater, which is impoffible; therefore 
the ftrait line drawn from a to z, fhall not fall without the Circle. 
In like manner we may thew that it thall not fall upon the circum- 
ference : therefore it fhall fall within. 

If therefore in the circumference of a Circle any two points be 
taken, the firait line joyning the fame points fhall fall within the 
Circle. Which wasto be demonftrated. 


PROPOSITION III. 


F in a Circle a Strait line drawn through the center cuts a Strait 
line not drawn through the center into halves; it fhall alfo cut 


the fame at right angles. And if it cuts tt at right angles, it fhall 
alfo cut the fame into halves. — 





Let the Circle be asc, and in the fame let the ftrait line cp, 
drawn through the center, cut the ftrait line A 8 not drawn through 
the center, into halves in the point F. I fay, that it alfo cuts the 
fame at right angles. Let the center of the Circle ABc be taken, 
and let it be g, and let E 4, zB, be joynd. Now becaufe Ar is equal 
to FB | by Suppofition |, and FE1s common; therefore two to two 
are equal, and the bafe £a is equal to the bafe EB; wherefore the 
angle AFE 1s equal to the angle BFE |Prop. 8. EL I.]. But when a 
{trait line ftanding upon a ftrait line, makesthe angles on each fide 


equal 
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equal to one another, each of the equal angles is a right angle; 





wherefore each of the angles AF E, BF E, is a right angle. Therefore 
cD drawn through the Center cutting as not drawn through the 
Center into halves, does alfo cut it at right angles. 

But again, let the ftrait line cp cut the ftrait is 
line aB at right angles. I fay, that it alfo cuts the je : 
fame into halves: which is, that Ar is equal to N 
FB. For the fame conftruction being made, be- — 
caufe in the Triangle E42, E A, a line from the P } 
Center is equal to EB; therefore the angle E Ar is vd | E 
equal to the angle EBF [| Prop. ;. EL T. |; but ^ F a 
the right angle aFE 1s equal to the right angle D 
BFE: therefore there are the Triangles EF 4A, Er pB, having two an- 
gles equal to two angles, and one fide equal to one fide, namely 
EF common to both, which fubtends one of the equal angles: 
Therefore they fhall have the remaining fides equal to the remain- 
ing fides | Prop. 26. El. I.|; wherefore aF is equal to BF. 

If therefore in a circle a ftrait line drawn through the Center cuts 
a ftrait line not drawn through the Center into halves; it {hall alfo 
cut the fame at right angles. And if it cuts it at right angles, it fhall 
alfo cut it into halves. Which was to be demonítrated. 

PROPOSITION IV. 

M P ois a circle two ftrait lines not drawn through the center, cut 
one another, they fball not cut one another into halves. 


Let the circle be a gcp, and inthe fame let the ftrait lines ac, Bp, 
not drawn through the Center, cut one another in the point E. I 
fay, they do not cut one another into halves; fo 
that AE beequal to Ec, and BE to ED. Letthe 
Center of the circle a gcp be taken, and be it F, 
and let EF be joynd. Now forafmuch as the : 
ftraitline FE drawn through the Center, cuts ^ 5 
the ftrait line Ac not drawn through the Cen- DK 
ter into halves, it fhall alfo cut the fame at right F di 
angles | Prop. 3. El. III. |; therefore Fra is a | 
right angle. Again, becaufe rz cuts the ftrait line 8 p not drawn 
through the Center into halves; it fhall alfo cut the fame at right 
angles; therefore FEB is a right angle. But it has been proved, 
that F Ea is a right angle; therefore FEA is equal to FEB; the lefs 
to the greater, which 1s impoffible; wherefore ac, BD, do not cut 
one another into halves. 

If therefore ina circle two ftrait lines not drawn through the 
Center, cut one another, they fhall not cut one another into halves. 
Which was to be demonftrated. 


B cC 
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PROPOSITION V. 


F two circles cut one another, they Jball not have the fame 
Center. | 


Let the two circles apc, cDG, cut one another in the points B, c. 
I fay, they have not the fame Center. For, if poffible, let & be the 
Center, and let zc be joynd ; alfo let era C 
be drawn at adventure. Now becaufe E is 
the Center ofthe circle Asc, therefore Ec 
is equal to cr. Again, becaufe g is the Cen- 
ter of the circle cp a, therefore Ec is equal * 
torG. But it has been proved, that Ec is 
equal to EF; therefore Er is equal to EG; 
the lefs to the greater, which is impoffible. 
Therefore the point x is not the Center of the circles ABC, C DG. 

Wherefore if two circles cut one another, they fhall not have the 
fame Center. Which was to be demonftrated. 


PROPOSITION VL 


1 F two circles touch one another within, they fball not have the 
fame Center. 


—— — — 





Let the two circles ABc, CDE, touch one another within in the 
point c. Ifay, they have not the fame Center. For if poſſible, let 
the Center be r, and let rc be joyned: alfo let c 
FEB be drawn at adventure. Now forafmuch 
as F is the Center of the circle asc, therefore 
Fc is equalto FB. Again, becaufe F is the Cen- 
ter of thecircle cD £, therefore £c is equal to F E. | 
But it has been proved that rc is equal to FB; \ 
therefore FE is equal tors; the lefs tothegreat- *. 
er, which is impoffible. Therefore the point F a 
is not the Center of the circles ABC, C D E. 

Wherefore if two circles touch one another within, they fhall 
not have the fame Center. Which was to be demonftrated. _ 






/ 
B 


PROPOSITION VIL. 


F in the Diameter of a circle be taken any point, which ts not 

the Center of the circles and from that point do fall upon the 
circle any firait lines: the greateft fball be that, in which the Cen- 
ter 15 ; and the remaining part fball be the least. Of the others the 
nearer to the line through the Center, is always greater than the 
more remote. 


Lind two only equal lines can from tbe fame point fall upon the 
circle, ou each fide of the leaf line. | 


Let the circle be Asc, and the Diameter thereof be A p, and in 


: AD, 
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A D, let be taken any pointas r, which is not thecenter of the Circle, 
But let the center of theCircle beg; and from r let the ftrait lines 
F B, FC, FG, fall upon the circle a BCD. 

I fay, that the greateft is F a, and theleaft FD: Of the others rz is 
greater than rc, and rc than ra. l'or let Bg, c E, GE be joynd. 

Now becaufe two fidesof every Triangle are greater than the re- 
maining fide [| Prop. 20. EL T.]; therefore Bx, E F, are greater than 
FB; but az is equal to Bz, therefore BE,EF, are equal to aF; there- 
fore AF is greater thanBr. Again, becaufe 
BE 1s equal to cE, and FE common, there- 
fore there are the two lines BE, E F, equal to 
the two lines cz, EF. But the angle BEF is 
greater than the angle cer, therefore the 
bafe BF, 1s greater than the bafe cr [ Prop. 
24. ELI.] And by the fame reafon cF 1s 
greater than FG. Again, becaufe GF, FE, 
are greater than EG, and EG is equal to ED; 
therefore GF, FE, are greater than Ep. Let 
EF common be taken away, therefore the re- 
maining line GF,1s greater than the remaining line rp; Wherefore 
F A 1s the greateft line, and Fp the leaft: And FB is greater than Fc, 
and rc than ra. 

I fay alfo, that from the point r, two only equal lines can fall 
upon the Circle AB cp, on each fide of the leaft line rp. 

For to the line EF, and to the point £ in the fame, let be confti- 
tuted the angle FE H, equal to the angle E F | Prop. 23. ELT. |, and 
let EH be drawn. Forafmuch then as GE is equal to EH, and EF 
common; therefore there are the two lines GE, EF, equal to the 
two lines HE, EF, and the angle GEF is equal to the angle HEF: 
therefore the bafe FG 1s equal to the bafe FH | Prop. 4. ELI. ). 

I fay now, that from the pointr there cannot fall upon the Circle 
any other line equal to Fe. 

For if poffible, let Fx fo fall, and becaufe FK 1s equal to ra, 
FH is egual to Fa; therefore F x is equal to FH: The nearer to the 
line through the Center, equal to the more remote: which is im- 
poflible. 

Or alfo thus. Let Ex be joynd, and becaufe GE is equal to x x, 
FE common, and the bafe cF equal to the bafe Fx; therefore the 
angle GEF is equal to the angle xEF. But the angle GEF is equal 
to the angle HEF; therefore the angle HEF is equal to the angle 
KEF: The lefs to the greater, which 1s impoflible. Wherefore from 
the point F any other line cannot fall upon the Circle equal to Fe; 
therefore one only. 

If therefore in the Diameter of a Circle be taken any point, &c. 
Which was to be demonftrated. 

XX 2 PRO- 
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F without a Circle be taken any point, and from that point be 
i drawn tothe Circle any ftrait lines, of which one # through the 
Center, and the rest at adventure. Of thofe that fall upon the 
Concave circumference, the greateft is that through the Center. Of 
the others the nearer to the line through tbe Center, [ball be al- 
ways greater than the more remote. | 

But of thofe lines which fall upon the Convex circumference, the 
least is that between the point and the Diameter. Of the others 
the nearer to the least line, is always lefs than the more remote. 

And two only equal lines can from that point fall upon the Circle, 
on each fide of the least line. 


Let the Circle be Asc, and without the Circle asc let be taken 
any point as D, and from the fame let be drawn to the Circle the 
{trait lines Da, DE,DF, Dc, and let pa be through the Center. 

I fay, that of thofe which fall upon AE rc, the Concave cir- 
cumference, the greateft is n A,the line through the Center. And 
always the nearer to the line through the 
Center fhall be greater than the more re- 
mote; that is D £, than DF, and D F, than D c., 

But of thofe lines which fall upon HLKG, 
the convex circumference the leaft is DG, be- 
tween the point n and the Diameter A c. And 
the nearer to na the leaft line, is always lefs 
than the more remote; thatis, pk thanpr, 
and DL than Du. ff 

Let the Center of the Circle asc be taken, ¢j—/ 
and be ıt m, and let be joyned ME, MF, Mc, / 
MK,ML,MH. Now forafmuch as AM 1s equal Ve] 

2 2 F 
to ME, let Mp common be added; therefore N, | 
AD Is equal to EM, MD. But EM, MD, are È 
greater than g p | Prop. 20. ELT. therefore A 
AD Is alfo greater than ED. Again, becaufe M E is equal to Mr, 
and MD common, therefore EM, MD, areequal to FM, MD, and the 
angle EMD, is greater than the angle FMD; therefore the bafe Ep 
is greater than the bafe rp | Prop. 24. El.T... And in like manner 
may we prove, that rp is greater than cp. Therefore pa is the 
ereateft, and DE is greater than DF, and pF than pc. 

And again, becaufe MK, K D, are greater than MD, and me is equal 
to MK; therefore the remaining line kD, is greater than the remain- 
ing linea p, fo that ep is lefs than x p, therefore a p is the leaft. 
And becaufe of the Triangle MLD, upon one of the fides mp are con- 
ftituted within the fame Triangle two ftrait lines wk,k p; there- 
fore MK, K D, are lefs than mr, rp [Prop. 21. ELTE]; of which Mx 


1S 
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is equal to Mr; therefore the remaining line px, is lefs than the 
remaining line pL. In like manner we may fhow that pL is lefs 
than pH; therefore De is the leaft: andpx is lefs than pL, and pL 
than DH. 


I fay alfo that two only equal lines can from the point d fall 
upon the Circle on each fide of the leaft line D a. 

For to the line mD, and in it to the point M, let be conftituted 
the angle DMB, equal to the angle x Mp, and let D 8 be joyned. Now 
becaufe Mk 1s equal to MB, and MD common; therefore there are 
the two lines KM, MD, equal tothe two lines BM, MD, each toeach, 
and the angle KMD is equal to the angle 8M; therefore the bafe 
DK is equal to the bafe Dg | Prop. 4. ELI]. 

I fay now, that from the point n there cannot fall upon the Cir- 
cle any other line equal to px. | 

For if poffible let a line fo fall, and be it p N. Now forafinuch as 
DK 1s equal to DN, and Dx 1s equal to DB; therefore DB is equal to 
DN: The nearer to De the leaft, equal to the more remote, which 
has been proved to be impoffible. 

Or otherwife, let MN be Joyned: and becaufe K m is equal to MN, 
and MD common, and the bafe px 1s equal to the bafe D n, therefore 
the angle KMD isequal to the angle DMN | Prop.8. EI. I.]; but the 
angle x MD is equal to the angles Mp; therefore the angle BM D is 
equal to the angle nmp: the lefs to the greater, which is impoffi- 
ble. Wherefore not more than two equal ftrait lines can from the 
point D fall upon the Circle asc, on each fide of the leaft line pe. 

If therefore without a Circle be taken any point, &e. Which 
was to be demonttrated. 


PROPOSITION IX. 
J F within aCircle be taken any point, and from that point do fall 


upon the Circle more than two equal ftrait lines, that point 
taken is the Center of the Circle. 


Let the Circle be A Bc, and within the fame the point be p: and 
from D let upon the Circle a gc fall more than 

two equal ftrait lines,asD 4, DB, Dc. I fay, that | 
the point D 1s the Center of the Circle Anc. P S | 
For let aB, Bc, be Joyned, and be cut into ,/ 

halves at the points g, r. And n E,pr, being 


joyned, let them be produced to the points c, o 7 N 
K;H,L. Now forafmuch as ak is equal to EB, Ne 
and ED common; therefore there are the two CN 


lines AE, ED, equal to the two lines BE, ED, ic^ 
and the bafe pa is equal to the bafe pg (by Suppofition); therefore 
the angle AED is equal to the angle ED: wherefore each of the an- 
cles AED,BED, isaright angle; therefore a x cutting A» into halves, 
X 3 does 
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does alfo cut it at right angles. And becaufe if in a Circle a ftrait 
line cuts a ftrait line into halves, and at right angles, the center of 
the Circle is in the cutting line; therefore in the line cx 1s the cen- 
ter of the Circle asc [by Coroll. Prop. 1. El. III.]. And by the fame 
reafon alfo the center of the Circle asc, isintheline HL. But the 
lines Gk, HL, have no other common point than p; therefore the 
point p is the center of the Circle Anc. 
If therefore in a Circle be taken any point, &c. Which was to be 
emonítrated. 
Otherwife. 


For within the Circle asc let be taken any point as n: and from 
n let upon the Circle ABc, fall more than two equal ftrait lines, as 
DA, DB, DC. I fay, that p the point taken 1s the centerof the Circle 
ABC, For if not; let it, if poffible, be E, and DE being joyned, let it 
be produced to the points r, c; then the 
line ra is the Diameter of the Circle ABc. 
Now forafmuch as in Fe the Diameter of 
the Circle a gc, 1s taken a point p, which is 
not the center of the Circle,the greateft fhall r eG 
be DG, and Dc greater than pB, and pB than P J 
pa | Prop. 7. ELIIT.. But they are alfo e- N C 
qual, which is impoflible: Therefore £ is x LY 
not the center of the Circle age. In like B 


manner may we prove, that no other point can be the center befides 
p: therefore p is the center of the Circle Anc. 


PROPOSITION X. 
Circle does not cut a Circle in more points than two. 


— —— — — — 








For if it be poſſible let the Circle ABc, cut the Circle DEF in more 
points than two, as, B, G, F, H, and BG,BH, being Joyned, let them be 
cut into halves in the points K, L, and 
from x, L, to the lines BG, BH, let be 
drawn at right angles kc, LM, | Prop. 
11. El. I.] and produce them to A, x. 
Now becaufe in the Circle asc, the 
{trait line ac cuts the ftraitline Bu in- ™ 
to halves,and alfo at right angles;there- 
fore in ac isthe center of the circle ABC 
| Corol.Prop. r. ELITI. |. Again, becaufe 
in the fame Circle aBc, the ftrait line 
NX cuts the ftrait line 8G into halves;and alfo at right angles ; there- 
fore in Nx is the center of the Circle a gc. But it has been proved 
to be alfo inac, and in no other point doe the ftrait lines Ac, Nx, 
agree than in o: therefore the point o is the center of the Circle 


A BC, 
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ABC. In like manner may we prove, that o is the center of the 
Circle p gr. Therefore of two Circles cutting one another, there is 
the fame center o, which is impoffible | Prop. 5. E1. HT. |. 


Therefore a Circle does not cut a Circle 1n more points than two. 
Which was to be demonftrated. 


Other wife. 


Let again the Circle apc cut the Circle per in more points than 





two, as, B, G, F,H, and of the Circle A2c let the center be taken, as 
K, and let KB, KG, KF, be Joyned. Now A 
becaufe within the Circle p Er, is taken ie KL WE 
the point x, and from x do fall uponthe — ,,/ ——?— —— 
Circle DEF, more than two equal ftrait AN 
lines, namely, k 8, KG, K F; therefore the k^ | E 
point K is the center of the Circle DEF a a 
| Prop. 9.ELIIL.]; butkisalfothe center œ~} — 
of the Circle apc: wherefore of two — 
Circles cutting one another, there is the 
fame center Kk; which is impoffible. Therefore a Circle does not 
cut a Circle in more points than two. Which was to be demon- 
Ítrated. 

PROPOSITION XI. 


F two Circles touch one another within, and the centers of the 


fame be taken, the ſtrait line joyning their centers being pro- 
duced, [ball fall upon tbe Contact of tbe Czrcles. 


Let the two Circles ABc, ADE, touch one another within in the 
point a. And of the Circle a Bc, let be taken the center r: alfo of 
the Circle ADE, thecenter a. I fay, that the ftrait line drawn from 
G to F, being produced falls upon the point a. For if not, let it, if 
poffible, fallas FGDH, and let aF, ac be Joyned. 
Now forafmuch as 4G, GF, are greater than Fa, 
that is, than FH (for Fa is equal to FH, both be- 
ing from the center) let Fe common be taken 
away ; therefore the remaining line aG is great- 
er than the remaining line ag. But AG is equal 
to cp, therefore GD 1s greater than GH; the lefs 
than the greater, which is impoffible. Where- 
fore the ftrait line drawn from F to a being produced, does not fall 
befide the point of Contact a, therefore it muft fall upon it. 

If therefore. two Circles touch one another within, and the cen- 
ters of the fame be taken, the ftrait line joyning their centers being 
produced does fall upon the Contact of the Circles. Which was 
to be demonítrated. 





Other wife. 
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Otherwife. 
But let it fall as c F c, and produce directly cre tothe, point H; and 
let AG, AF, be joyned. Now forafmuch as ac, ^ 


GF, are greater than aF, and a F is equal to rc, 
that is, to FH, let FG common be taken away; 
therefore the remaining line a G, is greater than 
the remaining line aH, that 15, GD greater than | 
GH; the lefs than the greater, which 1s 1mpof- 
fible. In like manner may we prove the fame 
abfurdity, 1f the center of the greater Circle 
be without the lefs. 


PROPOSITION XIL 


F two Circles touch one another without, the Sirait line joyning 
their centers fhall pals through the Contact. 


Let the two Circles asc, ADE, touch one another without in the 
point a. And of the Circle asc, let the center F be taken: alfo of 
the Circle Ap E the center a. I fay, that the ftrait line drawn from 
F to c, fhall pafs through the Conta& in a. 
For if not, let it, if poffible, pafs as F c DG, 
and let Ar, AG, be joyned. Now for- 
afmuch as the point F is the center of the 
Circle apc; therefore F a 1s equal to Fc. 
Again, becaufe the point c 1s thé center 
of the Circle ape, therefore a4 is equal to ep. But it has been 
proved, that Fa is equal to Fc, therefore Fa, AG, are equal to rc, 
DG. So that the whole r« is greater than Fa, aG; but it is lefs 
[ Prop.20. El. LI], which is 1mpoffible. Therefore the ftrait line 
drawn from r to c, cannot pafs otherways but through the Contact 
in a: wherefore it pafles through the Contact, 

If therefore two Circles touch one another without, the ftrait 
line joyning their centers fhall pafs through the Contact. Which 
was to be demonttrated. 


PROPOSITION XIII. 


A Circle touches not a Circle in more points than one, whether 
zt touches within or without. 

For if it be poffible, let the Circle az pc, touch the Circle EBF D, 
firft within, n more points than one, as ins,p. And of the Circle 
ABDC, let the center c be taken: alfo of the Circle EBED the cen- 
ter H) wherefore the ftrait line drawn from c to n, fhall fall upon 
the points B,D | Prop. rx. ELIIT.| Let it fallas baup. Now for- 
afmuch as the point c is the center of the Circle Ag pc, therefore 
BG is equal to Gp; wherefore 8G is greater than up, and & Hi much 
greater than HD. Again, becaufe the point H is the center of the 

: Circle 
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Circle EBFD, therefore 3H is equal to mD. But it has been proved 
to be much greater, which is impoffible ; therefore a Circle touches 
not a Circlé within, in more points than one. 

Í {ay alfo that neither without. For if poffible, let the Circle 
ack touch the Circle ap pc without, in KO 
more points than one, asm a, c: and letac —— | \ 
bejoyned. Now forafmuch as in the cir- 
cumference of each of the Circles Apc, 
ack, are taken any two points a, c; the 
{trait line ac Joyning the fame points fhall 
fall within each of the Circles | by Pr.2. El. 
JIE | but ac falling within the Circle azpc, 
mult fall without the Circle ack; which 





the fame Circle acx:) therefore a Circle 
touches not a Circle without, in more 
points than one, And it has been proved that it touches not within. 

Therefore a Circle touches not a Circle in more points than one, 
whether it touches within,or without. Which was to be demonftrated. 


E 


E "PROPOSITION XIV. 

Y N a Circle equal [trait lines are equally diflant from the cen- 
HB ter. And lines equally distant from the center, are equal to 
one another. 


Let a Circle be AB pc, and in the fame let the equal ftrait lines be 
aB,cp. I fay, that they are equally diftant from the center. For 
of the Circle ABc» let the center be taken, and be itz; then from 
E let be drawn to AB, cp, the perpendiculars EF, EG, and let ak, CE, 
be joyned. Now forafmuchas the ftrait line E F | 


BD 
drawn through the center, cuts the ftrait line \ 
AB not drawn through the center, at right an- 
eles, it alfo cuts the fame into halves | Prop. 3. | e... E. —? 
1 1I1.}, wherefore a F is equalto FB; therefore | | \ 
AB Is the double of Ax. And by the fame reafon M 

AS 








alfo cp is the double of cc. But A B isequal to cp 
[by Suppofition ], therefore Ar 1s equal to cc 
[AX.7.. And becaufe AE is equal to zc, therefore the fquareof AE 
is alfo equal to the fquare of gc. But the fquares of Ar, FE, are 
equal to the fquare of Ax [Prop. 477. El. I. |: for the angle at F isa 
right angle. But alfo the fquares of £a, Gc, are equal to the fquare 
Ec; for the angle at c is a right angle. Therefore the fquares of 
AF, FE, are equal to the fquares of ca, az, of which the fquare of 
AF isequal to the fquare of ca ; for the line aF 1s equal to the line 
ce: Therefore the remaining fquare of FE, 1s equal to the remain- 
ing {quare of Ee; therefore EF is "- toEG. Dut in a Circle m 
ines 
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lines are faid to be equally diftant from the center, when the per- 
pendiculars drawn from the center to the fame lines are equal | Def. 
4. El. L1.]; therefore AB, c p, are equally diftant from the center. 

But now let the lines AB,c n, be equally diftant from the center, 
that 1s, let Er be equal toga. I fay, that AB is alio equal to cp. 
For the fame conftru&ion being made, we fhall , | 
in like manner prove that A5 is the double of 
AF, and cp the double of cc. And becaufe A& 
is equal to Ec, therefore the fquare of A E is alfo 
equal to the fquar eof ec. But the fquares of g r, 
Fa, are equal to the fquare of az, and the 
fquares of EG, GC, are equal to the fquare of Ec. 
Therefore the {quares of E F, F a, are equal to the 
fquares of EG, Gc, of which the {quare of EG is equal to the fquare 
of EF, for EF is "equal to EG; and therefore the remaining fquare 
of a F, is equal to the remaining {quare of cc: wherefore aF is equal 
toca. But asg is the double of ar, and cp the double of ca; where- 
fore AB is equal to cp | Ax.6.]. 

Therefore in a Circle equal ftrait lines are equally diftant from the 
center. And lines equally diftant from the center, are equal to one 
another. Which was to be demonftrated. 


PROPOSITION XV. 


Na Circle the greatest line is the Diameter. And of the others, 
always the nearer to the center 1s greater than the more remote. 


Let the Circle be as cp, and the Diameter thereof be ap, and the 
center E, Now to the center e let Bc be nearer, and FG more re- 
mote. I fay, that ap 1s the greateft, and Bc greater thanre. Let 
from the center be drawn to Bc, Fc, the perpendiculars EH, EK. 
Now becaufe 8c 1s nearer to the. center, and A B 
FG more remote, therefore EK is greater than. F 
gH [Def. 5. ELIII.] Let EL be put equal to 
EH,and throught, let Lm be drawn at right 
angles to EK, and produced to N: then let be |- x 
joyned £M, EN, EF, EG. Now forafmuch ase \ 








is equal to EL, therefore nc is equal to MN | / 
| Prop. 14. |. Again, becaufe A E 1s equal to EM, AY | Pa 
and DE to EN, therefore ap 1s equal to ME, ~p € 

EN; but ME, EN, are greater than mN | Prop. 20. El. L]; therefore 
AD is greater than MN, but MN is equal tosc, therefore ap is 
greater than Bc. And ‘pecaufe the two. lines ME, "EN, are equal to 
the two lines FE, EG, and the angle MEN is greater than the angle 
FEG, therefore the bafe MN is greater than the bafe FG | Prop. 24. 


EL I.J. But Mn has been proved equal to BC, wherefore gc isgreater | 


than Fe. The greateft therefore is ap the’ Diameter, and BC is 
greater than FG. * There. 
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Therefore in a Circle the greateft line is the Diameter. And of 
the others, always the nearer to the center is greater than the more 
remote. Which was to be demonftrated. 


PROPOSITION XVI. 


Strait line drawn at right angles to the Diameter of a Circle, 

% from an extremity thereof [ball fall without the Circle: And 
in the place between the ftrait ne and the circumference, an other 
trait line foall not fal. 

And the angle of the Semicircle is greater than any Acute ftrait- 
li d angle, and the remaining angle is lefs. 

Let the Circle be A2c about the center p, and the Diameter be 
AB. I fay, that the ftrait linedrawn at right angles to az from the 
point a the extremity of the Diameter, fhall fall without the Circle. 
For if not, let 1t, if poffible, fall within as Ac, and let pc be joyned. 
Now forafinuch as pa is equal to pe, 


therefore the angle pac 1s equal to the — 
angle acp [ Prop. 5.EL. 1]. But pac is N 
a right angle [ by Suppofition |, therefore S 
ACD is alfo a right angle, wherefore pac, | UON 
ZA | 
\ 





acD,are equal to two right angles, which 
is impoffible [ Prop. 17. El. L.]. There- 
fore a ftrait line drawn from the point 
a at right angles to ag, {hall not fall \ 

within the Circle. In like manner we NO 

may fhew that it fhall not fall upon the 

circumference ; therefore 1t mult fall without, as AE. 

I fay, that in the place between the ftrait line a g,and the circum- 
ference cH a, another ftrait line fhall not fall. For if poffible, let it fall 
as F A,and from the point p to the line r 4, let be drawn the perpen- 
dicular pc. Now becaufe AG is a right angle,and n«islefs than 
a right angle; therefore ap is greater than De | Prop. 19. EL T. ]. But 
DA is equal to DH, therefore DH 1s greater than pa, the lefs than 
the greater, which is impoflible. Therefore in the place between 
the ftrait line and the circumference, another ftrait line fhail not fall. 

I fay moreover, that the angle of the Semicircle, which is con- 
tained by the ftrait line Ba, and the circumference cH 4, is greater 
than any Acute ftrait-lind angle; and the remaining angle con- 
tained by the circumference cH a, and the {trait line a £, 1s lefs than 
any Acute ftrait-lind angle. For if there be any Acute ftrait-lind 
angle greater than the angle contained by the ftrait line Ba, and 
the circumference cH a, and any other lefs than the angle contained 
by the circumference CHa; and the ftrait line az, then in the place 
between the circumference cH 4 and the ftrait line az, fhall fall a 
{trait line, which fhall make one ftrait-lind angle greater than the 


Y2 angle 


— — — — — — — 
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angle contained by the ftrait line Ba, and the circumference cH a, 
and another ftrait-lin d angle lefs than the angle contained by the 
circumference cH a and the ftrait line az. But fuch a line cannot 
fall; therefore there fhall not be any Acute ftrait-lin d angle greater 
than the angle contained by the ftrait line 2 4,and the circumference 
cH A, nor any lefs than the angle contained by the circumference 
CHA and the ftrait line Ag. Which was to be demonttrated. 


Corollary. 


From hence it 1s manifeft, that a ftrait line drawn at right angles to the Diameter of a 
Circle, from the extremity thereof doth touch the Circle [ Def. 2.]. And that a ftrait line 
touches a Circle in one point only: Becaufe a ftrait line concurring with a Circle in two 
points, has been proved to fall within the fame (| Prop. 2.] 


PROPOSITION XVIL 


Rom a given point to draw a Strait line, which fhall touch a 
given Circle. 

Let the given point be a, and the given Circle pcp. It is required 
from the point a, to draw a {trait line which fhall touch the Circle 
BCD. Let the center of the Circle be taken as £, and draw aE; then 
the center £ and diftance £4, let the Circle are be defcribed; and 
from the point D to the line £a, let pF be drawn : 
at right angles, and let EBF, and ag be jJoyn- ems 
ed. I fay, that from the point a,is drawn the PR SN 
line a B, which touches the Circle Bcp. Now XB 
forafmuch as z is the center of the Circles Bc p, 
AFG, therefore Ea 1s equal to EF, and ED to 
EB. There are then the twolines A E, EB, equal 
to the two lines FE, ED, and they contain a à 
common angle ate; wherefore the bafe DF is ee 
equal to the bafe ag, and the Triangle DEF equal to the Triangle 
BEA, and the remaining angles to the remaining angles; therefore 
the angle £B a is equal to the angle EDF: but EpFis a right angle, 
therefore £B a 1s alfo right; and E 1s from the center. But what 
is drawn at right angles to the Diameter of a Circle from an extre- 
mity thereof does touch the Circle: Wherefore A5 does touch the 
Circle. 

Therefore from the given point 4 1s drawn a ftraitline Az, touch- 
ing the given Circle sc p... Which was to be done. 


PROPOSITION XVIII. 


1 Fa firatt line touches a Circle, and from the center be drawn a 
Jtrait line to the Contact, that line fball be perpendicular to the 
Tangent. 


Let the ftrait line pz touch the Circle agc in the point c; and 
of the Circle Azc, let the center r be taken; then from r to c let 
be 
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be drawn FC. 1 fay, that Fc 1s perpendicular to p E. For if not 5 


caufe the mdi FGC ISa a angle, there. 
fore GCF js an acute angle [Prop. 32. ELI. ]. 
But under the greater angle is fubtended 
the greater fide [ Prop. 19 EL T. ]; therefore 
FC 15 greater than FG; but rc is equal to 
FB, therefore FB 1s greater than ra; the 
lefs than the greater, which 1s impoffible. o p 
Therefore FG is not perpendicular to pe, Do c 6 E 

In like manner may we prove, that no other line can be befides 
rc; therefore Fc 1s perpendicular to DE. _ 

If therefore a ftrait line touches a Circle, and from the center be 


drawn a ftrait line to the Contact, That is perpendicular t to the Tan- 
pen. Which was to be demonftrated. 








PROPOSITION XIX. 


¥ Fa ftrait line touches aCircle, and from the Conta be drawn 


Ha Strait line at right angles to the Tangent, the Center of the 
Circle fball be in the fame line. 


Let the ftrait line pz touch the Circle asc, in the point c, and 
from c let ca be drawn at right angles to DE. I fay, that the cen- 
ter of the Circle is in the line cA... For if not, let it, if poffible, be 
r, and let cr be joyned. Now forafmuch as the frait line DE 
touches the Circle AB c, and from the center 
is drawn to the Contact the line Fc: where- 
fore Fc is perpendicular to pE | Prop. 18. El. 
III.]; and therefore Fcrisa right angle; but 
ACE is alfo a right angle |by Suppofition |; 
wherefore FCE Is equal to acE; the lefs to the 
greater, which 1s impoffible. Therefore F is 
not the center of the Circle argc. And in like | 
manner may we prove, that no other can be 50^— 
befides a point in Ac. 

If therefore a ftrait line touches a Circle, and from the Conta& 
be drawn a ftrait line at right angles to the Tangent, the center of 
the Circle fhall be in the fame line. Which was to be demonftrated. 


PROPOSITION XX. 


TNa Circle, the angle at the center is double to the angle at the 


circumference, when the angles have tbe [ame circumference 
for their bafe. 


Let the Circle be anc, the angle at the center BEc , and at 
the circumference Bac; and let them have the fame circumference 
Y 3 BC 
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pc for their bafe. I fay, that the angle sxc is double to the angle 
Bac. Fordrawing the line Az, let it be produced to F. Now for- 
afmuch as EA 1S equal to EB, therefore the angle E AB, 1s equal to 
the angle EBa | Prop. 5. El. I.]: wherefore the angles E AB, EB A, 
are double to the angle maB. But the angle 


i A 
BEF 1s equal to the angles E AB, EB A [ Prop. s 










32. EL T. |: therefore the angle &Er, 1s double / \ 

to the angle g A8. By the fame reafon alfo / | \ " 
the angle rec is double to the angle £ ac; — 
therefore the whole angle Bz c, 1s double to Ly s V / 
the whole angle Bac. Again, let the angle © D N / 
at the circumference be declined beyond the NET S 


center E, and let it beBp c: then drawing p E, 
let it be produced tog. In likemanner may 
we prove, that the angle cEc is double to the J GDC; of 
which angles GEB is double to epg: wherefore the remaining an- 
gle BEC, is double to the remaining angle B pc. 

Therefore | in a Circle, the angle at the center is double to the an- 
gle at the circumference, when the angles have the fame circumfe- 
rence for their bafe. Which was to be demonftrated. 


PROPOSITION XXI. 


N a Circle angles in the Jame Segment are equal to one ano- 
ther. 






Let the Circle be A cp, and in the Segment g AED, let the angles 
be Bap, BED. I fay, that the angles BaD, BED, are equal to one 
another. For let the center of the Circle be A 
taken, and be it F; and let BF, FD, be joyned. NON 
Now forafmuch as ‘the angle BFD 1s at the cen- 
ter, and theangle Bap at the circumference, and | Pd 
they have the fame circumference for a bafe Bc p; L NN 
therefore the angle BFp is double to the angle NA UON ZL N 
BAD [Prop.20. ELIIL.] By the fame reafon the - oer ee 
angle BFD is alfo double to the angle n E p; there- 
fore the angle BaD 1s equal to the angle BED [ Ax.7. | 
Therefore in a Circle angles in the fame Segment are equal to 
one another. Which was to be demonttrated. 
PROPOSITION XXII. 
C F four fided Figures in Circles, the oppofite angles are equal 
RP to two right. 
. Let the Circle be ABcp, and in the fame the four fided Figure be 
ABCD. I fay, that the oppofite angles are equal to two right angles. 
Let ac, BD, be joyned. Now forafmuch as, of every Triangle tHe 


three angles are equal to two Right [ Prop. 32. EL I|; therefore of 
the 





OF GEOMETRY. 147 


the Triangle A zc, the three angles cA n, ABC, Bc 4, are equal to two 
Right. But the angle cas, is equal tothe angle ppc, for they are 
in the fame Segment BADc. And the angle iet 


ACB 1s equal to the angle aps, for they are in AI ON 
the fame Segment Ap cz. Therefore the whole a 


angle AD c, 1s equal to the angles Bac, acB; | 
let the common angle asc be added; there- / Pai 
fore the angles ABC, BAC, ACB, are equal to V 


the angles apc, aDc. But the angles asc, A\ 
BAC, ACB, are equal to two Right: therefore 
ABC, ADC, arealfo equal to two Right. In like - 
manner may we prove that BaD, pcs, are alfo equal to two Right 
angles. | 

"Therefore of four fided Figures in Circles, the oppofite angles are 
equal to two Right angles. Which was to be demonftrated. 

PROPOSITION XXIII. 
Pon the fame strait line two Segments of Circles like and un- 
LJ equal, cannot be confiituted the fame way. 

For if pofflible, upon the fame ftrait line aB let two like, and un- 
equal Segments of Circles acs, ADB, be conftituted the fame way: 
then let Apc be drawn, and c 5,2 p, be joyned. Lu 
Now forafmuch as the Segment A c8 is like to — 


the Segment apB; and like Segments of Circles /, 

are fach, which receive equal angles | Def. 11. El. E BS 

IIL.]; therefore the angle A cz, is equal to the ^ 

angle AD B; the outward to the inward, which is impoflible. 
Therefore upon the fame ftrait line two Segments of Circles 

like, and unequal, cannot be conftituted the fame way. Which 

was to be demonttrated. 


PROPOSITION XXIV. 


Pon equal ftrait lines like Segments of Circles, are equal to 
one another. 
For upon equal ftrait lines az, cb, let like Segments of Circles be 
AEB, CFD. I fay, that the Segment AEB, is equal E 
to the Segment cF D. For the Segment a EB being 
apply d to the Segment cr», and the point a put 
upon the point c, and the line ag upon cp; then 
fhall the point B agree with the point p; for that — n 
AB is equal to cp. Now the ftrait line ABagreeing Ecx 
with the ftrait line cp, the Segment A Es fhall alfo B 3 
agree with the Segment c rp. For if A 2 fhall agree , \ 
D 


with cp, and the Segment a £ B fhall not agree with 
cHGD. Dut a Circle cuts not a Circle in more points than two, yet 





QO 


— — 


e 


Qo uut 








the Segment cFp, then fhall it differ fromcrp,as SS” 
here 
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here the Circle cHGD, cuts the CirclecFD,in more points than two, 
namely in c, G, n, which is impoffible | Prop. 10. El. 111... Where- 
fore the ftrait line AB, agreeing with the ftrait line cp, the Segment 
AEB cannot difagree with the Segment crp: wherefore 1t {hall a- 
gree, and be equal to it. — | 

Therefore upon equal ftrait lines like Segments of Circles, are 
equal to one another. Which was to be demonitiated. 


PROPOSITION XXV. 


Seement of a Circle being given to defcribe unto it the Circle, 

A of which tt ts a Segment. | 
Let the given Segment of a Circle be asc. Itis required to de- 
fcribe unto it the Circle of which A8c is a Segment. Let ac be cut 
into halves in D, and from the point p let pg be drawn at right 
angles to ac, and let ag be joyned. Now then the angle AB» is 
either greater than the angle Bap, or equal toit, or lefs. Fiırft, let 
it be greater, and to the ftrait line Ba, and to the point a in the fame, 
let the angle Ba E be conftituted equal to the angle asp [ Prop. 23. 
El.I.|, and let Bp be produced to £, and Ec be joyned. Now foraf- 
much as theangle a Br, 1s equal tothe angle Baz; : 
therefore the ftrait line £B is equal to the ftrait ne 
line Ea And becaufe 4 D is equal to pc, and DE 
common, therefore there are the twolines ap, A 
— 






DE, equal tothe two lines cp, DE, each to each, 
and che angle Ap is equal to the angle cz, RM 
for each of them is a right angle; therefore the 

bafe £a 1s equal to the bafe gc. But it has been 

proved, that € A is equal to EB, therefore EB is 

alfo equal to Ec, wherefore the three lines Ea, 
EB, EC, are equal to one another; therefore the 
center E, and diftance any one of the lines Ea, 
EB, EC,a Circle being defcribed fhall pafs through 
the other points, and the Circle fhall be defcribed 
to the given Segment. Therefore a Segment of ^ D 

a Circle being given, there 1s defcribed unto it the Circle of which 
it is a Segment. And it 1s manifeft that the Segment Asc is lefs 
than a Semicircle, for that € the center of the fame falls without. 

In like manner if the angle AB», be equal to the angle Bap, and 
fo ap be equal to either of the lines Bp, pc; therefore the three 
lines aD, DB, DC, are equal to one another, and p fhall be the cen- 
ter of the compleated Circle; and the Segment asc fhall be a 
Semicircle. 

But if the angle agp, be lefs than the angle Bap, and tothe line 
BA, and to the point a in the fame an angle be conftituted equal 
to ABD; the center fhall fall within the Segment A 2c, and in the 

line 





C 


E 
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line Bp; and the Segment fhall be greater than a  Semicircle, 
Therefore. a Segment of a Circle —* eno there 1 is deſcribed 


PROPOSITI - XXVI. 


N equal Circles, equal angles infift upon equal circumferences, 
whether the infi isting angles be at the centers, or at the circuns- 
ferences. 


Let the equal Circles be AB c, Dp Er, and in the fame let the equal 
angles at the centers be BGc,EHF, and the circumferences B A C, EDF. 
I fay, that the circumference BKC, is equal to the circumfer ence 
ELF. For let gc, EF, be joyned. Now forafmuch as the Circles A3 c, 
DEF, are equal; therefore the lines 
from the centers are equal: where- 
fore there are the two lines BG, cc, 
equal to the two lines EH, HF, and 
the atigle at cis equal to the angle 
at H: therefore the bafe Bc 1s equal 
to the bafe £ F | Prop. 4. EL I.]. And 
becaufe the angle at a 1s equal to the — at D, luba thc 
Segment 2Ac isliké to theSegment ED: and they: are upon equal 
trait lines BC EF. But upon Tn ftrait lines like e of 





ai o 


— the AE É KC, 1S pda to the circumference ELF. 

Wherefore in equal Circles, equal angles infift upon equal circum- 
ferences, whether the infifting angles beat the centers, or atthe cir- 
cumferences. Which was to be demonftrated. 


PROPOSITION XXVII. 


N equal Circles, angles infiffing upon equal circumferences are 
equal to one another, whether the imfsting angles be at the 
centers, or at the circumferences. 


For in the equal Circles Bc, DEF, and upon the equal circumfe- 
rences BC, EF; let infift the angles BGC, EHF, at the centers c,H ; and 


BAC, EDF. I fay, that the angle 
BGC is equal to theangle EHF, and 
the angle Bac, to the angle E pr. | : 
For if the angle BGC be equal to LN 
the angle EHF, t is manifeft that NON p 
alfo the angle Bac, is equal to the K 
angle gp F| Prop. 20.ELIIL} But if one of them is the greater. 
Let 
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Let the greater be Bec; and tothe line 2c, and in the fame to the 
point c, let be conftituted the angleseK equal to the angle EHF 
| Prop. 23. ELE. But equal angles infift upon equal circumferences, 
when they are at the center [ Prop. 26.ELIII. |; therefore the circum- 
ference BK 18 equal to the circum- — 
ference EF. But EF 1s equal toBc 
| by Suppofition |; therefore alfo BK 
is equal to Bc; the lefs to the great- 
er, whichis impoflible; wherefore 
the angle Bac, is not unequal to B 
the angle EMF; therefore it 1s e- 
qual. Now theangle at a is the half of the angle pac, and the an- 
gie at n half of the angle £u r| Prop. 20. ELITI. |; wherefore the an- 
ele at A 1s equal to the angle at D [ Ax. 7. |. 

Therefore in equal Circles, angles which infift upon equal circum- 
ferences are equal to one another, whether the infifting angles be 
at the centers, or at the circumferences. Which was to be de- 
monftrated. | 


D 





PROPOSITION XXVIII. 


R N equal Circles egual frait lines take off equal circumferences, 
T the greater equal to the greater, the lefs to the lefs. 


Let the equal Circles be aBc, DEF; and in the fame let the equal 
{trait lines be gc, EF, taking off the greater circumferences B Ac, 
EDF,and the lels Bec, EHF. I fay, that Bac the greater circum- 
ference, is equal to Ep F the greater circumference, and pep the 
lefs circumference, 1s equal to EHF the lefs, For 
fet the centers of the Circles be taken x, L; and 
let be joyned kB, KC; LE, LF. Now forafmuch as 
the Circles are equal, therefore the lines from the | 
centers are equal. There are then the two lines 
BK, Kc, equal to the two lines EL, LF, and the bafe 
Bc equal to the bafe EF; therefore the angle Bxc 


is equal to the angle ELF | Prop. 8. EL. Ij. Now 
equal angles infift upon equal circumferences when 
they areat the centers | Prop.26. El. IIL |: where- L 
fore the circumference Bac, 1s equal to the circum- A 
ference EHF. But alfo the whole Circle Asc, is 

H 


equal to the whole Circle pef; wherefore the re- 3 
maining circumference Bac, is equal to the remaining circumfe- 
rence EDF. 

Therefore in equal Circles equal ftrait lines take off equal cir- 


cumferences, the greater equal to the greater, the lefs to the lefs. 
Which was to be demonftrated. 





PROPO- 
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PROPOSITION XXIX. 


Vy equal Circles, under equal circumferences are fubtended equal 
ftrait lines. | 


Let the equal Circles be a Bc, n Er, and in the fame let be taken 
equal circumferences 8a c, zur: and let be Joyned the ftrait lines 
BC, EF. I fay, that Bc is equal to a b 
EF. Let the centers of the Circles i 
be taken K, L, and let be joyned ( 

KB,KC3 LE, LE. Now forafmuch = So 

as the circumference BGc, is equal A | 2 Mw 
to the circumference EHF; there- C Aa 
fore the angle BK c, 1s equal to the — H 

angle rr | Prop. 27. EL. II. |]. And becaufe the Circles ABC, DEF, 
are equal, therefore the lines from the centers are equal. There are 
then the two lines BK, Kc, equal to the two lines EL, LF, and they 
contain equal angles, wherefore the bafe Bc, is equal to the bafe EF 
| Prop.4. ELI. . 

Therefore in equal Circles, under equal circumferences are fub- 
tended equal ftrait lines. Which was to be demonftrated. 

PROPOSITION XXX. 
O cut a given circumference into halves. 





Let the given circumference be apB; it is required to cut the 
circumference ADB into nalves. Let AB be Joyned, and cut. into 
halves in the point c, and from the point c to the line as, let be 
drawn at right angles cp, and let be joyned Ap, p &. Now forafinuch 
as ac is equal toc 8B, and c n common: therefore D 
there are the two lines ac, cD, equal to the two 
lines Bc, cp, andthe angle acp equal to the an- | , 
gle pcp, for each of them isa right angle; 4^ € 5 
therefore the bafe aD is equal to the bafe n p [ Prop. 4. ELI] Now 
equal ftrait lines take off equal circumferences, the greater to the 
greater, the lefs to the lefs [ Prop. 28. El. III. ], and each of the cir- 
cumferences aD, DB, is lefs than a Semicircle; wherefore the cir- 
cumference aD is equal to the circumference p n. 

'Therefore the given circumference 15 cut into halves; Which was 
to be demonftrated. 

PROPOSITION XXXI. 
N a Circle the angle in the Semicircle is a right angle. But the 
d angle iz the greater Segment ts le/s than a right: And the angle 
in the lefs Segment ws greater than a right angle. And moreover 
the angle of the greater Segment zs greater than aright angle: and 
the angle of the lefs Segment is lefs than a right angle. 
Let the Circle be apcp, and the Diameter thereof be Bc, and 


La the 
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the center E. Theu taking any point in the circumference as a, let 
be joyned BA, AC, AD, Dc. I fay, that the angle in the Semicircle 
pac isa right angle: And the angie in the Segment aBC greater 
than the Semicircle, namely, the ongie asc is lefs than a right 
angle: And the angle in the Segment apc lefs than theSemicircle, 
namely, the angle apc is greater than a right angle. Let az be 
joyned, and 24 be produced to F. Now forafmuch as B is equal 
to EA, therefore the angle EaB is equal to the angle EBA | Prop. 5. 
El.L| Again, becaufe E A is equal to £c, therefore the angle AcE 
is equa! to the angle cag: wherefore the whole angle Bac is equal 
to the two angles aBc,acB. But the angle Fac without the Tri- 
angle Ac, is alfo equal to the two angles asc, acB | Prop. 32. 
El. I.|; wherefore the angle Bac is equal to the angle Fac, each 
therefore of them is a right angle [Def. xo. El. I.]. Therefore in the 
Semicircle Bac the angle cap is a right angle. 

And becaufe of the Triangle apc the two an- F 
eles apc, Bac, are lefs than two right [ Prop. 17. / 
ELI.|, and Bac is aright angle; therefore the 
angle Anc is lefs than a right angle: and it isin 
the Segment A Bc greater than the Semicircle..— 7 5. 

And becaufein a Circle the FigureA Bc D isqua-. V 
drilateral, and of quadrilateral Figures 1n Circles, M 
the oppofite angles are equal to two right angles — 
| Prop.22. EL IL. |. Therefore the angles apc, AD c, are equal to two 
right angles, and aBc is lefs than a right angle; therefore the re- 
maining angle apc, is greater than aright angle: and it is in the 
Segment A Dc lefs than the Semicircle. | 

I fay, moreover, that the angle of the greater Segment contained 
by the circumference ABc, and the ftrait line Ac 1s greater than a 
right angle: And the angle of the lefs Segment contained by the 
circumference apc and the itrait line ac, is lefs than a right angle. 
This is of it felf very manifeft. For becaufe the angle contain’d 
by the ftrait lines ca, aB, isa right angle, therefore the angle con- 
taind by the ftrait line c4, and the circumference ABC, is greater 
thana rightangle. Again, becaufe theangle contain d by the ftrait 
lines cA, AF, isa right angle, therefore the angle contain'd by the 
ftrait line ca, and the circumference apc, is lefs than a right angle. 
In a Circle therefore the angle in the Semicircle is a right angle: 
but the angle inthe greater Segment is lefs than a right angle: and 
the angle in the lefs Segment is greater than a right angle. And 
moreover the angle of the greater Segment is greater than a right an- 
gle; and the angle of the lefs Segment, is lefs than a right angle. 

Otherwife. 

That the angle pac is aright angle. Becaufe the angle akc is 

double of the angle Bar, for it is equal to the two inward and op- 


pofite 
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pofite angles | Prop. 32. ELI.]: and alfo the angle arp is double of 
theangle EAc [ Prop. 32. E. L.]; therefore the angles AEB, AEC are 
double of the angle gac. But the angles AEB, A Ec, are equal to two 
right angles: | Prop. 13. EL I.]; therefore the angle nAc is a right 
angle. Which was to be demonftrated. 

Coroilary. 


From hence it 1s manifeft, that rf of a Triangle one angle be equal to two it is a right 


angle: For that ts confequent angle is equal tothe fame; and when confequent angles are 
equal, they are right angles. 


PROPOSITION XXXII. 


F a firat line touches a Circle, and from tbe Contact to tbe Cir- 

cle be drawna firait line cutting the Circle, the angles which it 
makes with the Tangent line, Jhall be egual to the angles in the al- 
ternate Segments of the Circle. 


Let the ftrait line EF touch the Circle asco in the point B: and 
from B to the Circle agcp let be drawn any ftrait line as BD cut- 
ting the Circle. I fay, that the angles which the line BD makes 
with the Tangent line EF, fhall be equal to the angles in the alter- 
nate Segments of the Circle, that 15, the angle FBD 1s equal tothe 
angle conftituted in the Segment D aB: and the angle EBD is equal 
to the angle in the Segment pcr. From thepoint B tothe line EF, 
let be drawn at right angles the line Ba; and in the circumference 
BD, let be taken any point, as c, and let be joyn- x 
ed ap,pc,cB. Now forafmuch as the ftrait line — 
£F touches the circle aB cp, in the point B; and 
from the Contact at B 1s drawn the ftrait line 
B A at right angles to the Tangent, the center c 
of the Circle ABC D is in BA[ Prop. 19. ELTIT. 5 
therefore BA is the Diameter of the Circle 
ABCD; and the angle apg in the Semicircle * B F 
is a right angle | Prop.31. El. III.]; therefore the remaining angles 
BAD, ABD, are equal tooneright angle. But the angle A Br is a right 
angle; wherefore the angle AF is equal to the angles BAD, ABD. 
Let the common angle ABD be taken away : therefore the remain- 
ing angle DBF 1s equal to the angle BaD in the alternate Segment 
of the Circle. And becaufe ina Circle the Figure aBcp is quadri- 
lateral, therefore the oppofite angles are equal to two right angles 
| Prop. 22. El. III. |: wherefore the angles DBF, DBE, are equal tothe 
angles BaD, BcD, of which Bap has been provd equal to par; 
therefore the remaining angle DBE, 1s equal to the angle pcs in 
the alternate Segment of the Circle. 

If therefore a ftrait line touches a Circle, and from the Conta& to 
the Circle be drawn a ftrait line cutting the Circle, the angles which 
ıt makes with the Tangent line, {hall be equal to the angles in the al- 
ternate Segments of the Circle. Which was to be demonftrated. 

L3 PROPO- 


D 
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PROPOSITION XXXIII. 


Pon a given firait line to defcribe a Segment of a Circle which 
may receive an angle equal to a given firait-lin d angle. 


Let the given ftrait line be 4 B, and the given ftrait-lind angle be 
at c. Itis required upon the ftrait line as to defcribe a Segment of 
a Circle, which may receive an angle equal tothe angle at c. Now 
the angle at c, 1s either an Acute, or a Right, or an Obtufe angle. 

Firft, let it be Acute, as in the firft Figure. And to the ftrait 
line A5, and to the point a, let the angle Bap be conftituted equal 
to the angle c | by Prop. 23. El.I.]; therefore the angle Bap is an 
Acute angle. Now from the point a to 4D, let az be drawnat right 
angles; and let A8 be cut into halves in the point x | by Prop. rr. 
El.1.): then from the point r to 43 let rc be drawn at right an- 
gles, and let GB 
be joyned. Now 
forafmuch as aF 
is equal to FB, CV — 
and FG common; \ A 
therefore there 
are the two lines 
AF, FG, equal to the two lines pr, FG, and the angle ara, is equal 
to the angle grB; wherefore the bafe ac, 1s equal to the bafe BG 
| Prop. 4. El. I.]; therefore the center c, and diftance Ga, a Circle 
defcribed fhall pafs alfo by B. Let it be defcribed, and be it azz, 
and let be joynd EB. Now forafmuch as from the extremity of the 
Diameter AE, namely from the point 4 to AE, 1s drawn at right 
angles AD, therefore ap does touch the Circle | Prop. 16. EL IIT. |. 
And becaufe the ftrait line A p touches the Circle ABE, and from the 
Contact at A to the Circle ABE, 1s drawn the line AB; therefore 
the angle D AB, is equal to the angle A Ea in the alternate Segment. 
But the angle D A2, is equal to the angle at c | by Conftruction |; 
wherefore the angle at c is equal to the angle axs. Therefore upon 
the given ftrait line. A2 18 defcribed a Segment of a Circle AE, re- 
ceiving an angle a EB, equal to the given angle at c. 

But now let the angle at c bea right angle. And again, let it be 
required upon the ftrait line an, to defcribe a Segment of a Circle, 
which may receive an angle equal to the right angle at c. 

Let again the angle Bap be conftituted equal to the right angle 
at c, as in the fecond Figure. And let as be cut into halves in the 
point F; then from the center r, and tothe diftance of either F a, or 
FB, let the Circle Ag 2 be defcribd; therefore the ftrait line ap 
touches the Circle azz, for that the angle at a is a right angle; 
and the angle Bap is equal to the angle in the Segment AE 5: for 
being 1n a Semicircle, it is alfo a right angle. But the angle BaD 1s 

equal 
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equal to the angle at c; wherefore the angle ars in the Segment, 
is equal to the angleat c. Therefore again upon the ftrait line x, 
1s defcribed a Segment of a Circle A E B, receiving an angle equal to 
the angle at c. 


But again, let the angle at c be an Obtufe angle, and to the 
Ítrait line A B, and to the point 4, let the angle BaD be conftituted 


equal to c, as in the third Figure. Then to AD let AE be drawn 
at right angles; and again, let ag be cut into halves in the point 
F; and from F let ra be drawn at right angles to az, and let 
GB be joyned. Becaufe again, a¥ is equal to rB, and FG common; 
therefore there are the two lines Ar, FG, equal to the two lines BF, 
FG, and the angle Ara is equal to the angle Brg; wherefore the 
bafe aa, 1s equal to the bafe n: therefore the center c, and diftance 
Ga, a Circle defcribed fhall pafs alfo by g. Let it pafs as agr. Now 
becaufe to the Diameter AE, and from the extremity thereof is 
drawn atright angles ap, therefore ap does touch the Circle A BE, 
and from the Contact at ais drawn as; therefore the angle BaD 
is equal to the angle conftituted in the alternate Segment of the 
Circle ang. But the angle BA p is equal to the angle at c; where- 
fore the angle in the Segment a HB, is equal to the angleat c. There- 
fore upon the given {trait line aB,is defcribed a Segment of a Circle 
AHB, receiving an angle equal to the angle at c. Which was to be 
done. | 


PROPOSITION XXXIV. 


Rom a given Circle to take off aSegment, which may receive 
an angle equalto a given Strait-lin'd angle. 


Let the given Circle be asc, and the given ftrait-lind angle be 
at D. Itis required from the Circle Anc, to take offa Segment, 
which may receivean angle equal to the angleat p. Let be drawn 
EF touching the Circle asc in the point g | Prop. 17. El. HI |, 
and to the ftrait line Er, and to the point in it 
g, let the angle r2c be conftituted equal to the 
angle at p | Prop. 31. ELI. |. Now forafimuch 
as the ftrait line EF touches the Circle a Bc, in 
the point B;and from the Contaét at B is drawn 
the line sc: therefore the angle r 2c, 1s equal 
to the angle conftituted in the alternate Seg- 
ment Bac. But the angle rac is equal to the angle at D; where- 
fore the angle in the Segment Bac, is equal to the angle at p. 

Therefore from the given Circle asc is taken off the Segment 
BAC, receiving an angle equal to the given ftrait-lin’d angle at p. 
Which was to be done. 


A 
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PROPOSITION XXXV. |. EE 
E Fin a Circle two frait lines cut one another, the Ređangle « COH « 
y Zaimed by the Segments of the one, is equal to the — CON- 
tained £y the Segments of the other. : 





another in the point E... I fay, that the Rean gje contained n AE, 
EC, is equal to the Rectangle contained by DE,EB. IfAc, BD, pafs 
through the center, {o that E be the center of the Circle a B CD, ‘then 
it is manifeft that the lines AE,EC} DE, EB, being equal, the Reét- 

angle alfo contained by A E,Ec, is equal to the Rectangle contained 
by D E, E B. 

But now let the ftrait lines 4 c, 
DB, not país through the center. 
And let the center of the Circle 
ABCD be taken, and be it F, and 


from r to the ftrait lines A c, D B, V 
let perpendiculars be drawn FG, 
FH: and let be joyned FB, Fc, C 





FE. Now forafmuch as the ftrait 
line ce drawn through the cen- | 

ter cuts the ftrait line Ac, not drawn through the center, at right 
angles, it fhall alfo cut the fame into halves | Prop. 3. EL. IIL. IF 
therefore AG is equal to Gc. And becaufe the ftrait line ac is cut 
into equal parts in Gc, and into unequal parts in =: therefore the 
Rectangle contained by ak, Ec, together with the fquare of EG is 
equal tothe fquare of cc ‘Prop s. EL II.], let be added in common 
the fquare of av: therefore the Rectangle contained by AE, Ec, to- 
gether with the fquares of EG, a, is equal tothe fquares of CG,GF. 
But the fquare of rz, is equal to the {quares of EG, GF | Prop. 47. 
El. F.]; and the fquare of rc 1s equal to the fquares of cG, GF; 
therefore the Rectangle contained by az, Ec, together with the 
{quare of EF, is equal to the {quare of rc. But Fc is equal to FB; 
therefore the Rectangle under az, Ec, together with the fquare of 
FE, is equal to the {quare of FB. Dy the fame reafon the Rectangle 
under DE, EB, together withthe {quare of FE, is equal to the fquare 
of rz. But it has been proved, that the Rectangle under Az, £c, 
together with the {quare of FE, is equal to the {quare of Fg; there- 
fore the Rectangle under A E, Ec, together with the fquare of FE, is 
equal to-the Rectangle under p E, £2, together with the fquare of 
FE. Let the fquare of Fz common, be taken away; therefore the 
remaining Re€tangle contained by ak, Ec, 1s equal to the Rectangle 
contained by DE, EB. 

If therefore in a Circle two ftrait lines cut one another, the Rect- 
angle contained by the Segments of the one, is equal to the Rectangle 
contained by the Segments of the other. Which was to be demon- 
ſtrated. PRO- 


OF GEOM E T R Y. 157 


| =. PROPOSITION XXXVL | | 

F without a Circle be taken any point, and from the fame do fall 

: on the Circle two ftrait lines, of which one does cut the Circle the 

other does touch it: The Retiangle contained by the whole Secaunt, 

and the outward Segment between the point and convex circum- 
ference, fhail be equal to tbe {quare of the Tangent. 


Let without the Circle apc be taken any point as p, and from p 
let the two ftrait lines pc a, DB, fallontheCircle anc: andlet pca 
cut the Circle aBc, and ps touch it. [ fay, that the Rectangle con- 
tained by AD, Dc, is equal to the fquare of pz. Now nca either 
paffes through the center, or not. 

Firft, let it pafs through the center, and let x be the center of the 
Circle apc. Then let be joyned r5; therefore the angle Fn is a 
right angle [ Prop. 18. EL III.]. Now forafinuch as the ftrait line Ac 
is cut into halves in F, and to it 1s added cp; therefore the Rect- 
angle contained by AD, Dc, together with the fquare of rc is equal 
to the fquare of FD [Prop. 6. EL1I |. But Fcis equal to F Bg; there- 
fore the Rectangle of ap, pc, together with the fquare of FB, is 
equal to the fquare of Fp. But the fquare of FD is equal to the 
{qnares of FB, BD, for the angle FBD, 
isa right angle: therefore the Rect- 
angle contained by aD, DC, together 
with the {quare of FB, 1s equalto © c 
the fquares of FB, BD. Let the {quare , 
of FBcommon be taken away;there- 
fore the remaining Rectangle under |. F 
AD, DC, 1s equal to the fquare of the 
‘Tangent D B. | 

But now let d c a not pafs through . 
the center of the Circle asc: and let the center e be taken, and 
from £ to ac let be drawna perpendicular gr; and let be joyned 
EB, EC,ED. Now theangle Ez pis a right angle ( Prop. 18. E.. HI. ]. 
And forafmuch as the ftrait line gr drawn through the center cuts 
the ftrait line ac, not drawn through the center at right angles; it 
fhall alfo cut the fame into halves | Prop. 3. El. IIL |; therefore ar 
is equal to rc. And becaufe the ftrait line Ac is cut into halves in 
F, and to it is added cp, therefore the Rectangle contained by ap, 
DC, together with the fquare of Fc, is equal to the fquare of Fp 
| Prop.6. ELIL | Let beadded in common the fquare of E F; there- 
fore the Rectangle under ap, pc, together with the fquares of cv, 
FE, is equal tothe fquares of DF, Fr. But the fquare of p E is equal 
to the {quares of pF, FE, for EFD is a right angle; and the fquare 
of cE is equal to the fquares of cr, rg: Therefore the Rectangle 
contain'd by AD, Dc, together with the fquare of c, is equal to the 


Aa Íquare 


D 





158 THE THIRD ELEMENT 


íquareof zp. But cE is equal to zB; therefore the Rectangle under 
AD, Dc, together with the fquare of zz, 1s equal to the fquare of 
Ep. But the íquares of x n, Bp, are equal to the fquare of ED. for 
the angle EBD isa right angle: therefore the Rectangle contained 
by AD, DC, together with the fquare of EB, 1s equal to the {quares 
of EB, BD. Let the fquare of x8 common be taken away; thercfore 
the Rectangle contained by ap, pc, is equal tothe {quare of DB. 

It therefore withouta Circle be taken any point, &c. Which was 
to be demonttrated. 


PROPOSITION XXXVII. 


F without a Circle be taken any point, and from the fame do fall 
1 upon the Circle two Strait lines, of which one does cut tbe Cercle 
the other does fall upon 1t: and the Rectangle contained by the 
whole Secant and the outward Segment between the point and the 
convex circumference, be equal to the fquare of the incident line; 
the incident line [ball touch the Circle. 


Let without the Circle Anc be taken any point as D; and from 
p let the two ftrait lines pc, DB, fall upon the Circle asc, and let 
Dca cut the Circle, and pp fall upon it: Alfo let the Re€tangle 
contained by ab, Dc be equal tothe fquare of pz. I fay, that ps 
touches the Circle asc. For let the ftrait line l 
DE be drawn touching the Circle age | Prop. 
17. El. IIL]: and let be taken r the center 
of the Circle apc; then let be joyned FE, FB, 


D 






FD. Now the angle rEp isa right angle| Prop. C 

18. EL. HIT. |: And forafmuch as pE touchesthe — / / E 
Circle ABc, and n c A cuts it; therefore the R.ect- / | 
angle under ap, Dc, 1s equal to the fquare of 

DE. But the Rectangle under AD, pc, is put 

equal to the fquare of n p; wherefore the fquare 


of D £, is equal to the fquare of n B, and therefore px is equal to DB. 
But Fz is equal to FB; there are then the two lines pz, EF, equal to 
the two lines DB, BF, and the bafe FD is common; therefore the 
angle DEF is equal to the angle pax | Prop. 8. ELI... But DEF isa 
right angle, therefore pr 1s alfo a right angle. Now BF being pro- 
duced is the Diameter, but a ftrait line drawn at right angles to the 
Diameter, from the extremity thereof touches the Circle asc. In 
like manner the fame fhall be demonftrated, if the center were in 
A C it fclf. 

If therefore without a Circle be taken any point, &c. Which 
was to be demonttrated. 
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THE FOURTH 


ELEMENT 


DEFINITIONS. 


DEFINITION L 
Strait-lind Figure is faid to be infcribed im a ftrait-lund 
Figure, when every angle of the infcribed Figure touches 
every fide of the Figure, in which it is infcribed. 


DEFINITION IL. 
A Tkewife a strait-lind Figure 1s faid to be cir- xL 
B ,cumfcribed about a śtratt-lin d Figure, when m 
every fide of the circumfcribed Figure touches 
every angle of the Figure, about which it ts cir- 
cumſcribed. 





DEFINITION III. — 
Strait-Iin'd Figure is [aid to be infcribed in a A 
Circle, when every angle of the infcribed Fi. \ ý 
gure touches the circumference of the Circle. x x 


DEFINITION IV. 


Strait-lin d Figure ts faid to be circumfcribed about a Circle, 
when every fide of the circumfcribed Figure 


touches the circumference of the Circle. i ON 
DEFINITION V. di D 3: 

i Tkewife a Circle is faid tobe infcribed in a ftrait- N, j 

5 lind Figure, when the circumference of the | ——— 


Circle touches every fide of the Figure, in which it is inferibed. 
DEFINITION VI. 


A Circle is faid to be circumscribed about a ftrait-lind Figure, 
A when the circumference of the Circle touches every angle of 
the Figure, about which i ts circum{cribed. 


DEFINITION VIL | 
A Strait line is [aid to be adapted in a Circle, when G 
M. the extremes of the line are in the circumference 


the Circle. os 
Aa 2 PROPO- 
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PROPOSITION I. 


F N a given Circle to adapt a flrait line equal toa given ftrait line, 
& which is not greater than the ‘Diameter of the Circle. 

Let the given Circle be A2c, and the given ftrait line, which is 
not greater than the Diameter of the Circle, be p. It is required in 
the Circle ABc, to adapta ftrait line equal to the ftrait line D. 

Let there be drawn Bc, the Diameter of the Circle asc. Now if 
Bc beequal to p, then that 1s done which 
was propofed. For in the Circle Asc is a- 
dapted the line Bc, equal to the given line p. 

But if not, then Bc is greater than D [by 
Suppofition |; and let there be put c E equal 
to p. Then tothe center c, and diftance cz, 
let the Circle EaF de defcribed, and let ca 
be drawn. Now forafmuch as the point c 1s 
the center of the Circle kar, therefore ca is equal toc E, but D is 
equal to cz; wherefore alfo D is equal to ca. 

Therefore in the given Circle aBc, is adapted a ftrait line c4, 
equal to given ftrait line D, which is not greater than the Diameter 
of the Circle. Which was to be done. 

| ANNOTATIONS. 
Becaufe the Diameter 1s the greateft. line 1n a Circle [Prop. 15. El. ITI]; there- 


fore this provifo, or limitation, is here made, that the given line, to which an equal 
line is required to be adapted in the Circle, ought not to be greater than the Dia- 


meter. | 
PROPOSITION II. 


N a given Circle to infcribe a Triangle equiangled to a given 
Triangle. 


Let the given Circle be apc, and the given Triangle pEF. It is 
required in the Circle ABc, to infcribe a Triangle equiangled to the 
Triangle DEF. Let there be drawn a ftrait line c AB, touching the 
Circle A2 c, in the point A [ by Prop. 17. EL. III. Then to the line 
AH, and to the point in 1t a, let the angle Hac be conftituted equal 
to the angle pz r | by Prop. 23. El. I. |. 
Again, to the line c a, and to the point „ 
in it a, let the angle cas be conftitu- 
ted equal to the angle DFE; and draw 
8c. Now forafmuch as a ftrait line 
H AG, touches the Circle A2 c,and from 
the Contact is drawn Ac; therefore 
the angle Hac, is equal to the angle 
ABC, in the alternate Segment of the Circle | Prop. 32. E TIT. But 
the angle Hac is equal to the angle per | by Conftruction]; there- 
fore the angle aBc, is equal tothe anglen Er. By the fame reafon 

alfo 








OF GEOMETRY. 161 


alfo the angle Ac», is equal totheangle n Ez; therefore the remain- 
ing angle Bac 1s equal to the remaining angle EDF: wherefore the 
Triangle apc, is equiangled to the Triangle DEF, and is infcribed 
in the Circle A Bc. 

Therefore 1n a given Circle 1s infcribed a Triangle equiangled to 
a given Triangle. Which was to be done. 


PROPOSITION III. 


Bout a given Circle to circumf[cribe a Triangle equiangled to a 
given Triangle. 


Let the given Circle be A2c, and the given Triangle p gr. It is 
required about the Circle A8c, to circumfcribe a Triangle equian- 
gled to the Triangle pEF. Let EF be produced both ways to the 
points c, H; and of the Circle asc let the center x be taken | by 
Prop. 1. EL III. |; and let a ftrait line kB be drawn at pleafure. Now 
to the line kz, and to the point init k, let there be conftituted the 
angle BK a, equal to the angle pre | by Prop. 23. El. I. |, and alfo the 
angle BKC, equal to the angle prH. Then by the points a,3,c, let 
there be drawn the ftrait lines L AM, MBN, NCL, touching the Circle 
ABC | by Prop. 17.El. HT.]. Now forafmuch as LM, MN, NL, touch 
the Circle a Bc, 1n the points A,B,C; pr 5 
and from k,the center,to the points 
A,B, Cc, are drawn K A,K B,K c; there- — 


fore the angles at the points A,B,C, UNS 


| 

are right angles Prop. 18. EL II. 
And becauſe the four angles of the NX 
N 











E H 


quadrilateral Figure AMBK, are c- 
qual to four right angles, for that ^ #* 
it is divided into two Triangles (by fuppofing a ftrait line drawn 
from k to M, making two Triangles KAM, KBM, each of which 
have their three angles equal to two right, Prop. 32. El. I.), of which 
the angles KAM, KBM, are right angles; therefore the remaining 
angles AKB, AMB, are equal to two right angles. But the angles 
DEG, DEF, are equal to two right angles [Prop. 13. El. I.]; there- 
fore the angles AKB, AMB, are equal to the angles DEG, DEF, of 
which axs is egual to DEG: wherefore the remaining angle AMB, 
is equal to the remaining angle pgr. In like manner may be de- 
monftrated that the angle LNM, is equal to the angle pFE; there- 
fore alfo the remaining angle MLN, is equal to the remaining angle 
EDF: wherefore the Triangle LMN, 1s equiangled to the Triangle 
DEF; and it is circumícribed about the Circle a Be. 

Therefore about a given Circle is circumfcribed a Triangle equi- 
angled to a given Triangle. Which was to be done. 


Aa 3 PRO- 
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PROPOSITION IV. 
T N a given Triangle to infcribe a Circle. 


Let the given Triangle be Asc. It is required in the Triangle 
ABC, to infcribe a Circle. Let the angles aBc,Bca, be cut into 
halves by the ftrait lines Bp,cD [by Prop. 9.H1.1], and let them 
meet together in the point n; and from the point D let there be 
drawn to the lines A8, 8c, CA, the perpendiculars DE, DF, DG [by 
Prop. 12. El. 1.}. Now forafmuch as the angle A2D is equal to the 
angle cgp (for that the angle A Bc 1s cut into halves) and the right 
angle BE D, is equal to the right angle srp: there are then two 
Triangles, EBD, FBD, having two anglesequal a 
to two angles, and one fide equal to one fide, 
namely BD common to both, and fubtended 
under one of the equal angles ; therefore they 
fhall have the remaining fides equal to the re- 
maining fides | Prop 26. El. 1. |; whereforepn E , 
fhall be equal to pr. By the fame reafon DG 
is alfo equal to nr; therefore the three lines " 
DE, DF, DG, are equal to oneanother; where- B p 00 5 
fore to the center p, and the diftance any one of the lines pz, pr, 
DG, a Circle being defcribed, fhall pafs through the remaining 
points, and fhall touch the lines A2, Bc, c4, becaufe the angles at 
the points £, F, G, are right. For if the Circle fhall cut them, then 
to the Diameter of a Circle fhall, from the extremity, be drawn, at 
right angks, a ftrait line falling within the Circle, which is abfurd 
[ Prop. 16. El. 11I.]; therefore to the center p, and diftance one of 
the lines DE, DF, DG, a Circle being defcribed, fhall not cut the 
lines aB, BC,c A: wherefore it fhall touch them, and there fhall be 
a Circle infcribed in the Triangle Asc. 


Therefore in the given Triangle A Bc, 1s infcribed the Circle E ra. 
Which was to be done. 


PROPOSITION V. 
A^ a given Triangle to circumfcribe a Circle. 





Let the given Triangle be agc. It is required about the given 
Triangle aBc,to circumfcribe a Circle. Let a3, ac, ^ 
be cut into halves in the points D, E | by Prop. 10. A ^ 
El. I.], and from the points p, E, let there bedrawn "d N s 
atright angles, to a B, a c, the lines D F, E F [by Prop. | v=- —— 
11. EL. I. ]. Now thefe lines fhall meet either with- \ AN 
in the Triangle agc, or in the line Bc, or without >S 3» 
it. Firft, let them meet within, at the point r, UM 
and let FB, Fc, Fa, be joyned. Now forafmuch as ap is equal to 


DB, 
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DB,and DF common, and at right angles ; therefore the bafe ar, 1s 
equal to the bafe ra |Prop. 4. ELI.) In like manner we fhall 
demonftrate, that rc 1s alfo equal to FA, fo that alfo BF 1s equal 
to Fc; therefore thefe three Fa, FB, Fc, areequal to one another: 
wherefore to the center r, and diftance, any one of the lines Fa,rs, 
rc, a Circle being defcribed, {hall pafs alfo through the remaining 
points; and there fhall be circumfcribed a Circle about the Tri- 
angle anc: And let it -be defcribed, as A Bc. x 
But again, let pr, gr, meet in the line Bc, at A 
the point F, as it isin this Figure, and let ar be ES \ ~ 


— `d 

joyned. | AN 

In like manner we fhall demon&rate, that the 
point F is the center of a Circle circum{cribed a- V 
bout the Triangle asc. 

Laftly, letp F, EF, meet without the Triangle agc, at the point 
F, as in this laft figure; and let Fa, FB, Fc, be joyn’d. 

Now forafmuch as ap 1s equal to nz, and pr 
common, andat right angles, therefore the bafe ar 
is equal to the bafe r ». In like manner we fhall de- 
monftrate,that r cis equalto FA ;fo that alfo BF is 
equal to rc: therefore again to the center F, and 
diftance any one of the lines F a, FB, Fc, a Circle be- 
ing defcribed, fhall pafs alfo through the remaining points: and 
fhall be circum{fcribed about the Triangle apc: And let it be de- 
{cribed as aBC. 


Therefore about a given Triangle a Circle is circumf{cribed. 
Which was to be done. 


1 


? 


o" 





Corollary. 


And it is manifeft, that when the center of the Circle falls within the Triangle, then 
the angle BAC, beingin a Segment greater than the Semicircle, is lefs than a right an- 
gle [Prop. 31. E]. 11.]. But when zt falls in the line BC, being in the Semicircle, then 
BAC fhail be a right angle. And when the center falls without BC, then the angle 
BAC, being in a Segment lefs than the Semicircle, 1s greater than a right angle. So that 
when the given angle 1s lefs then a right angle, then the lines DE, EE, [ball fall 
within the Triangle. But when it is a right angle, they Jhal fall in BC: And when greater 
than a right angle, they [ball fall without BC. 


PROPOSITION VI 
I Na given Circle to zufcribe a [quare. 


Let the given Circle be A2 cp. Tt is required in the Circle Agcp, 
to infcribe a fquare. Of the Circle A2cp, let the Diameters Ac, 2p, 
be drawn atright angles to oneanother; and let be joyned A5, 2c, 
CD,DA. Now foraímuch as BE 1s equal to DE, for the center is € ; 
and EA is common, and at right angles; therefore the bafe aB 1s 

equal 
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equal to the bafe ap. And by the fame reafon either of the lines 
BC, cD, is equal to either of the lines 42, AD; therefore the qua- 
drilateral Figure a BCD, Is equilateral. I fay, that 
it is alfo Rectangular. For becaufe the line BD 
is the Diameter p the Circle ABcD, therefore 
BADisa Semicircle: whercfore the angle BAD 
is a r'ght angle [Prop. 31. EL III.|. By the fame 
reafon 3lfo every one of : heangles A BC, 8C D.C D A, 
is a right angle therefore the quadrilateral Fi- 
gure aBcD is rectangular. But it has been pro- 
ved to be equilateral ; therefore it isa fquare, and ; it is infcribed in 
the given Circle ABCD. 

Therefore in the given Circle ABCD, 1s infcribed the sparg ABCD. 
Which | was to be done. 


PROPOSITION VIL. 
A" a given Circle to circeumfcribe a [quare. 





Let the given Circle be aBcp. It is required about the Circle 
ABCD, to circum{cribe a fquare. Let two Diameters ac, BD, be 
drawn at right angles to one another; and by the points A,B,C,D, 
let there be drawn the Jines FG, GH, HK, KF, touching the Circle 
A2CD [Prop. 17. ELIIL]. Now forafmuch as ra touches the Circle 
ABCD, and from E the center, to the Contact at a, is Joyned E43 
therefore the angles at a are right angles | Prop. 18. Ei. (0. i and 
by the fame reafon, the angles at the points B,c,D, are alfo right 
angles. Now becaufe AEB Isa right angle, and that 


EBG is alfo a right angle; therefore Gn is parallel , 1 
to ac [Prop.28. EL I.], and by the fame reafon ac 
is alfo parallel to FK. In like manner we fhall de- , E 





monítrate, that either of the linesa F, HK, is parallel 

to the line BED: wherefore GK, Gc, AK, FB. BK, are 
Parallelograms; and therefore ar is equal t0 HK5 H 
as alfo cu tork | Prop. 24. BL I]. 

“Note, thus far is only proved, that the oppofite fides, namely, 
“GF is equal to HK, as alfo GH to FK. Next isto be proved, that all 
“four are equal to one another. 

Now becaufe ac is equal to Bp; but ac is equal to each of the 
lines GH, FK; and BD is equal to each of the lines GF,B xK, where- 
fore alfo each of the lines an, Fk, is equal to each of the lines GF, 
HK; therefore the quadrilateral Figure FGHK is equilateral. 

I fay, that it 1s alío rectangular. For becaufe GBE 4 is a. Paralle- 
logram, and AEE Isa right angle; therefore acs is alfo a right an- 
gle. In like manner we fhall demonftrate, that the angles at the 
points H, K, F, are right angles; therefore the quadrilateral Figure 

FGHK 


— 
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- FGHK is rectangular. But it has been proved to be equilateral ; 
therefore it isa fquare,and it is circum{cribed about the Circle aBc p. 


Therefore about a given Circle a fquare is circumfcribed. Which 
was to be done. 


PROPOSITION VIII 
Na given [quare to inferibe a Circle. 


Let the given {quare be apcD. It is required in the f{quare aBcpD 
to infcribe a Circle. Let both of the lines A5, Ap, be cut into halves 
in the points £, F, and by z let there be drawn EH parallel to either 
of the lines A2, Dc [by Prop. 31. El. I.|; and by F, let there be 
drawn rk, parallel to either of the lines ap, Bc; therefore every 
one of the {paces ak, KB, AH, HD, AG, GC, BG, GD, 18a Parallelogram; 
and therefore their oppofite fides are equal | Prop. 34. El. 1. |. 

Now forafmuch as Ap 1sequalto A2,andof AD a E p 
the half is az, and of 48 the half is A F; therefore P | 
AE is equal to aF; and alfo the oppofite fides \ 
are equal; therefore ra is equal to E. In like F.———4:———« 
manner we fhall demonftrate, that either of the / 
lines GH, Gk, 1s equal to either of the lines rG,G E; E ^ 
therefore the four lines GE, GF, GH, Gk, are equal ? H c 
to one another. Wherefore to the center, and diftance any one of 
the lines GE, GF, GH, Gk, a Circle being defcribed, fhall alfo pafs by 
the remaining points, and fhall touch the ftrait lines az, Bc, CD D A, 
for that the angles at E, F, H, K, are right angles. For if the Circle 
cut the lines AB, BC, CD, Da, then to the Diameter of a Circle a 
ftrait line being drawn at right angles from the extremity thereof, 
fhall fall within the Circle; which is abfürd | Prop. 16. ELITI. } there- 
fore to the center G, and diftance any one of the lines GE, GF, GA, 
Gk, a Circle being defcribed does not cut the lines A28, Bc,cD, Da; 
wherefore it {hall touch them, and fhall be infcribed in the fquare 
ABCD. 


Therefore in a given fquarea Circle has been infcribed. Which 
was to be done. 





PROPOSITION IX. 
Ab a given [quare to circum[cribe a Circie. 


Let the given fquare be ABcp. It is required about the fquare 
ABCD, to circumícribe a Circle. For the lines Ac, Bp, being drawn, 
let them cut one another in F. Now forafmuch as p a is equal to 
AB, and ac 1s common ; therefore there are the two lines pa, ac, 
equal to the two lines Ba, ac, and the bafe p c is equal to the bafe 
cB; therefore the angle pac, is equal to the angle Bac; wherefore 

Bb 


the 
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the angle nasg is cut into halves by ac. In like manner we fhall 


nu 


demonitrate, that every one of the angles ABC, BCD, CDA, 19-cu 
into halves by the lines ac, DB. And becaufe the angle paB is 
equal tothe angle asc; and of the angle D A5, the half is the angle 
EAB, and of the angle asc, the half 1s the angle A 
EBA; therefore the angle E aB is equal to the an- 
gle EBA. So that the fide £ a is equal to the fide /, | 
EB [Prop. 6. ELI.) In like manner we ſhall de- " 
monftrate, that either of the lines Ec, ED, 1s equal | 0 
to either of the lines EA, EB: wherefore the four 
lines EA, EB, EC, ED, are equal to one another ; 
therefore to the center E, and diftance any one » 
of the lines Ea, EB, EC, ED, a Circle being defcribed, fhall pafs 

alfo through the remaining points, and hall be circumfcribed 
about the {quare aBcp. Let it be defcribed asA Bcp. 

Therefore about a given {quare a Circle has been circumſcribed. 

Which was to be done. 


PROPOSITION X . . | | | 


T O conftitute an equicrural Triangle having each of the angles 
at the bafe, double to the remaining angle. 

Let there be put a {trait line az, and let it be cut in the point 
c, fothat the Rectangle contained by AB, BC, be equal to the fquare 
of ca [by Prop. r1. El.II. |. Then to the center A, and diftance A5, 
let the Circle BD be defcribed; and in the Circle s pz, let be 
adapted |by Prop. 1. El. IV. |, the ftrait line B p equal to ac, which 
is not greater than the Diameter of the Circle BDE; and let D A, pc, 
be joyned. Alfo about the Triangle acp let be circumfcribed the 
Circle A c D. 

I fay, that of theequicrural Triangle 2.4 p, 
eachof theangles ABD, A DB, is double to the 
angle BAD. 

Forafmuch as the rectangle A B, 8 c, is equal 
to the fquare of Ac; and ac is equal to 
BD; therefore the rectangle A 8, Bc, is equal 
to the {quare of Bp. And whereas there has 
been taken a point sB, without the Circle acD; 
and from the point B, on the Circle Ac», | 
have fallen the two ftrait lines n CA, BD, whereof one does cut, and 
the other does fall upon it; and the rectangle AB, BC, 1S equal to 
the {quare of Bp; therefore the line gp fhall touch the Circle acD 
| Prop. 37. El. III. | Now forafmuch as Bp does touch, and from 
the Contact at p, is drawn pc; therefore the angle spc is equal to 
the angle in the alternate Segment of the Circle, that is, to Dac 
| Prop. 32. ELT... Now becaufe the angle ppc is equal tO DAC, 

let 
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1 aak to — — O 
is equal to the two angles cpa, D A€: But to CDA 
the outward angle pcp, therefore Bp A 1s equal to Bc: - but BD A 1S 
equal cB», for that the fide AD is equal to A2; that is DB a isequal 
to BcD; therefore the three angles BDA, DBA, BCD, are equal to 
one another. And becaufe the angle ngc is equal to the angle pcp; 
therefore the fide BD is equal to the fide pc. But gp is put equal to 
Aac, wherefore alfo ac is equal to cp; fo that the angle cDa is 
equal tothe angle pac; therefore the angles CDA,DA C, are double 
to the angle pac: but BCD Is equal to c DA, DAC, and therefore 
BCD is double tob Ac. But Bc» is equal to each of the angles BD a, 
DBA; Whereforeceach of- the angles BD A, DBa, is double to DAB. 

Therefore there is conftituted an equicrural Triangle AD B, having 














| pees noue to the remaining angle. 
Which was to be done. . | 


PROPOSITION XL 


E AN a given Circle to inferibe an equilateral and equiangled Pen- 
3 lagon. 


Let the given Circle be AaBcDE. It 1s required in the Circle 
— to rinio an equilateral and equiangled Pentagon. Let 
equicrural Peu FGH, having each of the angles 






ienele: AC D, equiangled to the Triangle FGH; 





be equal the angle cab: And 
ither of the angles at G,H 

be equal either of the angles 
ACD, cDa, and therefore either 
of the angles ACD, € D A, is dou- 
ble totheangle cap. Now let 
each of the angles acD, CD 4, 
be cut into halves by the ftrait 
lines c E, D B | by Prop.9. ELI. |, 
and let there be drawn aB,BC, cD, ,DE,EA. Forafinuch then as each 
of the angles AcD, CDA, 15 double to CAD, and they have been cut 
into halves by thelines cg,p3; therefore thefe five angles pac, 
ACE EED, CD B, BD A, arc equal | to one another. But equal angles 





G 





five cir SRM AB,BC, CD,DE, EA, are equal to one another. But 
under equal circumferences are fubtended equal {trait lines | Prop. 
29. EL. HE |; wherefore the five ftrait lines AB, BC, CD, DE, E A, are 
equal to one another; therefore the Pentagon A Bc DE 15 equilateral. 
I fay, that ıt is alfo equiangular. For becaufe the circumference a B, 
is equal to the circumference DE, let scp be added in common: 
Bb 2 there- 
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therefore the whole circumference a gcp is equal to the whole cir- 
cumference EDCB. And the | 
angle AED infifts on the cir- 
cumference A BCD; as alfo the 
angle sar infifts on the circum- 
ference EDCB; therefore the 
angle Bar is equal to the an- 
gle aED | Prop 27. ELIIL |. 
By the fame reafon alfo every 
one of the angles ABC, BCD, H C 
CDE, is equal to each of the 
angles BAE, AED: wherefore the Pentagon aBcDE 1s equiangular. 
But it has been proved to be equilateral. 

Therefore in a given Circle an equilateral and equiangled Penta- 
gon has been infcribed. Which was to be done. 


PROPOSITION XII. 


A Pv a given Circle to circum[cribe am equilateral and equian- 
gled Pentagon. 


Let the given Circle be ancpz. It is required about the Circle 
ABCDE, to circum{cribe an equilateral and equiangled Pentagon. 
Let the points of the angles of the infcribed Pentagon be conceived 
to be ABCDE; fo that the circumferences AB, BC, CD, DE, EA, are 
equal. And by the points A,B, c, D, E, let there be drawn Gu, HK,KL, 
LM, MG, touching the Circle | by Prop. 17. Ej. HI. |: and of the 
Circle ABcDpE, let the center F be taken, then let FB, FK, FC, FL, 
FD, be joyned. Now forafmuch as the ftrait line KL toucheth the 
Circle apcDE, in the point c, and from the 
center F to the Contact at c, is drawn Fc; 
therefore rc is perpendicular to kr. | Prop. 
18. EL III. |; and each of the angles at c is 
a right angle: By the fame reafon alfo the 
angles at B,D are right. And becaufe rcx is 
aright angle, therefore the fquare of Fx is 
equal to the fquaresof Fc,cx. By the fame 
reafon alío, the fquare of Fx is equal to the 
Íquares of FB, BK; therefore the fquares of rc, ck, are equal to the 
{quares of FB, BK, of whichthe fquare of rc is equal to the fquare 
of FB; therefore the remaining fquare of ck 1s equal to theremain- 
ing Íquare of BK: wherefore Bx 1s equal to ck. And becaufe rs is 
equal to Fc, and Fk common, therefore there are the two lines BF, 
FK, equal to the two lines c F, F k, and the bafe sx is equal to the 
bafe cx; wherefore the angle BFK is equal to the angle xFe 
| Prop. 8. ELT. . Andalfo the angle skr isequal to the angle rkc; 
therefore the angle s Fc is double to the angle xrc, and the angle 

BKC 


F A 
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BK C is double to the angle rkc. By the fame reafon alfo, the angle 
cF D is double to the angle c rr, and the angle c r.p is double to the 
angle ctr. And becaufe the circumference Bc is equal to the cir- 
cumference cp; therefore the angle prc is equal to the angle cr p 
| Prop. 27. ELIII.]. But the angle prc is double to the angle x rc, 
and the angle nrc 1s double to the angle rc; therefore the angle 
KrFcis equal tothe anglecrr. Now there are two Triangles F xc, 
FLc, having two angles equal to two angles, each to each, and one 
fide equal to one fide, namely Fc, common to both; therefore fhall 
they have the remaining fides equal to the remaining fides, and the 
remaining angle equal to the remaining angle [ Prop. 26. ELT. ]; 
therefore the linek c 1s equal to the line cr, and the angle rkc to 
the angle FLc. Now forafmuch as kc is equal to cr, therefore k 
is double to kc. By the fame reafon Hx fhall be proved double to 
BK: and now becaufe Bx has been proved equal to Kc, and that KL 
is double to Kc, as alfo nk to px; therefore Hx is equal to KL. 

In like manner every one of the lines GH, GM, ML, fhall be proved 
equal to each of the lines Hk, KL; therefore the Pentagon GuKLM, 
is equilateral. | | | 

I fay, that it isalfo equiangled. Forafmuch as the angle Fxc is 
equal to the angle FLc, and that the angle Hx L, has been proved 
double to the angle FKc, as alfokLM, double to Fic: therefore 
the angle HKL is equal to the angle KLM. 

In like manner, every one of the angles KHG, HGM,GML, fhall 
be proved equal to each of the angles HKL,KLM 3 wherefore the 
five angles G HK, HK L,K LM, LMG, MGH, are equal to one another ; 
therefore the Pentagon GHKLM, 1s equiangled. But it has been 
proved equilateral; and it is circumícribed about the Circle A Bc x. 
Which was to be done. 


PROPOSITION XIII. 


N a given Pentagon, which is equilateral and equiangled, to 
] in{cribe a Circle. 

Let the given Pentagon, which is equilateral and equiangled, be 
ABCDE It is required in the Pentagon ABCDE,to infcribe a Circle. 
Let each of the angles BcD,cDE, be cut into 
halves by the lines c F,p F; and from the point 
¥, wherein the lines c F, DF, do meet, let there 
be drawn FB, FA, FE. Now forafmuch as Bc , 
is equal to cp, and ct common; therefore 
there are two lines BC, cF, equal to two lines 
D c, cr, and the angle scr 1s equal to the angle 
DCF; therefore the bafe BF 1s equal to the 
bafe DF, and the Triangle sfc 1s equal tothe © x ^» 
Triangle nrc, and the remaining angles are equal to the remaining 


Bb 3 angles 
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angles, under which are fubtended equal fides |. Prop. 4. E 
therefore the angle cB F is equal to the angle cpF.:. And becaufe 
the angle cp is double tothe angle. cpr; but the angle. cp x is 
equal to the angle'a Be, and: op F, to cg És -wherefore the angle cBa 
is double: to the angle cpF; and therefore the angle aBF is equal 
to the angle rec: therefore the angle abc is cut into halves by the 
line BC. Inlike manner fhall be demonftrated that each of the an- 
oles BAE,AED,arecut into halves by the lines r A, FE. 

Now from the point F to the lines AB, BC, 
CD, DE, EA, let be drawn the pérpendiculars 


FG, FH,FK,FL,F M. Now becaufe the angle: 
HCE is equal to the angle «cr, and the right „< 
angle FHC, is equal to the right angle Fxc; 
therefore there are two Triangles FHC, FKe, 
having two angles equal to two angles, and 
one fide equal to one fide, namely Fe com- 
mon to both, and fubtended under equalan- © x  » 
eles; wherefore they fhall have the remaining fides equal to the re- 
maining fides | Prop. 26. El.I.]; therefore the perpendicular Fu is 
equal tothe perpendicular rx. | In like manner fhall be demonftra- 
ted, that alfo every one of the lines F Lj M, FG, 1s equal to either of 
the lines FH, FK; therefore tho five lines FG, FH, FK, FL, FM, are 
equal to one another. Wherefore to the center r, and diftance anv 
one of the lines FG, FH, FK,FL,FM, a Circle being defcribed, fhall 
pafs alfo through the remaining points , and fhall touch the lines 
AB, BC, €D, DE, EA, becaufe that the angles at the points G, H, K, L, 
M, are right angles. For 1f the Circle fhall not touch, but cut them, 
then it fhall happen; that to the Diameterof a:Circle, a ftrait line 
being drawn at right angles from the extremity thereof, does fall 
within the Circle; which has been proved abfurd | Prop. 16.ELITI. ); 
therefore to the center F, and diftance any one of the lines ra, rH, 
FK,FL,FM, a Circle being defcribed, fliall not cutthe lines A 8, 8c, 
CD,DE,EA; Wherefore it fhall touch. them. Letit be defcribed, as 
GHKLM. | ko fw E : | 

Therefore ina given Pentagon, which is equilateral, and egui- 
angled, a Circle isinfcribed. Which was to be done. 








PROPOSITION XIV. 


Bout a given Pentagon, which is equilateral, and equiangled, 
, to circumfcribe a Circle. — l | 











g) 


Let the given Pentagon, which is equilateral, and equiangled, be 
ABCDE. It 15 required about the Pentagon ABCDE, to circumícribe 
a Circle. Let each of the angles Bc p, cp Eg, be cut into halves by 
the lines cF, DF} and from the point F, wherein the lines cr, pr. 

do 
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do meet, let there to the points 2, 4,5, be joyned the lines r2, x 4, 
FE. Ásit wasin the foregoing Propofition fo may it hcre be de- 
monftrated, that every one of the angles C84, BAE, AED, iscut into 
halves by the lines FB, Fa, FE. 
Now forafmuch as the angle sc» is equal — 
to the angle cpr, and of the angle acp, the LO 
half is Fcp,and of c pg, the half 1s cD r; there- MSN 
fore the angle FcD is equal tothe anglerngfo || — l A 
that the fide Fc is equal to the fide F D. | | q 
In hke manner fhall be demonftrated, that \\ 
every one of the fides FB, FA, FE, isequalto V. 
each of the fies rc, FD. Wherefore the five Soo- 
lines F A, FB, F C, F D, F E, are equal to one ano- 
ther; therefore to the center r, and diftance, any one of the lines 
FA,FB, FC,FD,FE, a Circle being defcribed, fhali país aifo through 
the remaining voints, and {hall be circumícribed about the Pen- 
tagon ABCDE, Which 1s equilateral and equiangled. Let it be cir- 
cumfcribed, and be the Circle ABCDE. 


Therefore about a given Pentagon, which is equilateral and equi- 
angled, a Circle 1s circumícribed. Which was to be done. 


PROPOSITION XV. 
1 N a given Circle to infcribe an equilateral, and equiangled 
Hexagon. | 


Let the given Circle be A2cpEr. It is required in the Circle 
ABCDEF, to infcribe an equilateral, and equiangled Hexagon. Ofthe 
Circle aBcpEF, let the Diameter ap be drawn, and the center a 
be taken. Now to the center p, and diftance pa, let the Circle EGcu 
be defcribed, and EG, ce being joyned, let them A 
afmuch as the point c is the center of the Circle | 
ABCDEF; therefore GE isequalto Gp. Again, 


be produced to the points 8, F, and let aB, Bc,cD, j Z : 
DE,EF,Fa, be joyned. I fay, that the Hexagon IK. ih 
becaufe p is the center of the Circle EGCH, C 7 


N 
J 


ABCDE, 1s equilateral and equiangled. Now for- 

therefore DE is equal to pe. But Gz has been b 
proved equal to a n; wherefore a & 1s equal to ED ; 

therefore the Triangle EG is equilateral, and 

the three angles EG D,GD E, D EG, are equal to one — 
another. Now becaufe 1n equicrural Triangles, the angles of the 
bafe are equal to one another | Prop. 5. El. I. |, and the three angles 
of a Triangle are equal to two right | Prop. 32. EL. T. |; therefore the 
angle gap isa third part of two right angles. In like manner the 


angle pee fhall be proved a third of two right angles; and becaufe 
the 
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the line ca, ftanding upon the line cz, makes the collateral angles 
EGC, CGB, equal to two right angles [ Prop. 13. El. L|; therefore 
the remaining angle cas isalfo a third of tworight angles: where- 
fore the angles EGD, DGC, CGB, are equal to one another : And 
alfo the vertical angles BGA, AGF, FG E, are equal to EGD, DGC, CGB 
| Prop. rs. ELI. |; wherefore the fix angles E GD, DGC, CGB,BG A, AGF, 
FGE, are equal to one another: But equal angles infift upon equal 
circumferences [| Prop. 20. EL III. ]; therefore the ñx circumferences 
AB, BC, CD, DE, EF, FA, are equal to one another. 
But under equal circumferences are fubtended 
equal ftrait lines | Prop. 29. El. HIT. |; therefore 
the fix ftrait lines are equal to oneanother: where- 
fore the Hexagon ABCDEF Is equilateral. 

I fay, that it is alfo equiangled. For becaufe the , 
circumference AF is equal to the circumference 
ED, let there be added the circumference ABCD 
common; therefore the whole circumference 
FABCD, 1s equal to the whole circumference 
epcBa. But the angle FED infifts upon the cir- 
cumference FaBcD, and the angle are upon the circumference 
EDCBA ; therefore the angle aFE 1s equal to the anglerEp | Prop. 
27. El. III. | In like manner fhall be demonftrated, that the re- 
maining angles of the Hexagon aBCDEF, are every one equal to 
either of the angles AFE, FED ; therefore the Hexagon ABCDEF, 
is equiangled, But it has been proved alfo equilateral; and it is in- 
Ícribed 1n the Circle aBcDEF. : 

Therefore in a given Circle, an equilateral, and equiangled Hexa- 
gon is infcribed. Which was to be done. 





Corollary. 


From hence it is manıfeft, that the fide of an inferibed Hexagon, is equal to the Radius 
of the Circle. 

And 1f by the points A, B,C,D,E, F, we draw Tangents to the Circle, there fball be 
carcumcribed about the Cercle an equilateral and equiangled Hexagon, according to what 
hath been faid of the Pentagon. And moreover, by the like as hath been [aid of the Pentagon, 
we Jhall ina given Hexagon inferabe a Circle, and alfo circumferibe. 


Corollary 2. added. 


Becaufe the circumference of a Circle is greater than the Perimeter of any 
Polygon infcribed in it; and every fide of an infcribed Hexagon is equal to 
the Radius; therefore the. circumference of the Circle, being greater than the fix 
fides of the infcribed Hexagon, is alfo greater than the fix Radii, that is, than 
three Diameters of the Circle. | 

It being therefore manifeft from this Propfition of Euclide, that the circumfe- 
rence is more than triple of the Diameter, Geometricians have in all Ages en- 
quired how much more it is. 


The great Archimedes has brought it within the eafieft limits, and the bet for 
common ufe. 


Therefore if we fuppofe the Diameter to be 7, and fo confequently divided 
into 


OF GEOMETRY. 173 


into feven parts, then the circumference fhall be more than thrice feyen, that is, 
more then 21 by almoft į part of the Diameter. 

And hereupon the circumference, compared to the Diameter, is generally taken to 
be as 22 to 7: this proportion (tho fomewhat too great) being near enough the truth 
for any common ufe. ‘To which only end this Rule was given by Archimedes, who 
could otherwife have proceeded nearer and nearer, to any approximation defireable; 
but becaufe after all, the nature of the fubjeét admits not of a Geometrical exact- 
nefs, and equality, That great Mafter of Geometry rightly judg’d it moft conve- 
nient, to face the menfuration between the Circumference and Diameter in the 
eafieft and readieft Terms, as 22 to 7 almoft. So that if the Diameter be fuppofed 
to be 7, as for inftance 7 Inches, then fhall the circumference of the Circle be almoft 
22 Inches, And the like in Feet, Cubits, Miles, or any other meafiure. 


Advertifement. 


Weare laftly to obferve in this place, that the Equilateral Triangle, the Square, 
the Equilateral Pentagon and Hexagon, are the four fimple and primitive Figures, 
from which all other Regular Polygons do arife, that are mutually with a Circle, 
or with one another Infcriptible and Circumfcriptible: therefore Euclide has moft 
accurately, in thefe four Figures, fet forth a general method fufficient for this kind 
of Subject, and applicable to all other regular Polygons. But of them in parti- 
cular he makes here no mention; becaufe thefe four are only requifite to the con- 
fideration of the five regular Platonzck Bodies, wherewith Luchde concludes his 
Elements. And befides, the reft, as they are infinite in multitude, fo are they di- 
vided from thefe after one and the fame manner of Conítruction ; and their De- 
monftration is agreeable every way to what is here already fet forth in thefe 
primitive Figures. B i | 

Firft then, from an infcribed Square is conftituted an infcribed Octagon, by the 
bife&ion of a Quadrantal Arch [ Prop. 3o. El. III. ], and by drawing ftrait lines 
from the angular points of the infcribed Square, to the points of bifection. 

Again, if there be drawn by the ahgular points of the inícribed Octagon, ftrait 
fines touching the Circle, then fhall be conftituted a circumfcribed Octagon, like 
as before in the Circumícription of the Pentagon [Prop. 12. El. IV.]. Now again, 
ifche Octagonal Arch be bifected, there may, in like manner, be infcribed and 
circumícribed, a regular Polygon of 16 fides; and fo forwards of 32, of 64, &c. 
infinitely. oe 

Secondly, from the bifection of the Pentagonal Arch, may in like manner be in- 
{cribed and circumfcribed a Decagon: And from the bifection of a Decagonal Arch 
may be infcribed and circumicribed a regular Polygon of 20 fides, and fo forward 
of 40, of 80, &c. infinitely. 

Laftly, from the bifeétion of an Hexagonal Arch, may be infcribed and circum- 
{cribed a Duodecagon: And from the bifection of a Duodecagonal Arch, may be 
infcribed and circumfcribed a regular Polygon of 24 fides, and fo forward of 48, 
of 96, &c. infinitely. : 

In this method therefore, by the bifection of a given Arch, there are from a 
Square, Pentagon, and Hexagon, conftructed all Polygons of this kind: Only in 
the following Propofition is conftituted a Polygon of 15 fides; which, although it 
be effected by the bifection of an Arch alfo; yet it is in a peculiar and different 
manner. from the forementioned Polygons. For which reafon it is fubjoynd 
by Euclide to the precedent Propofitions, to compleat this Element, 


Ce PROPO- 
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PROPOSITION XVI. 


N agiven Circle to infcribe an equilateral and equiangled Quin- 
Í decagon, or a Figure of fifteen fides. 


Let the given Circle be agcp. It is required in the given Circle 
ABCD,to infcribe an equilateral and equiangled Quindecagon. Let 4 c 
be the fide of an equilateral Triangle infcribed in the Circle AB cp: 
and of an equilateral Pentagon let the fide be As; therefore of 
what equal parts the Circle asco is fifteen, of fuch the circumfe- 
rence ABC, being the third part of the 
Circle, fhall be five: and the circumfe- 
rence A B,being the fifth part of the Circle, 
fhall be three; therefore the remaining 
Arch sc is two of thofe equal parts. Let 
Bc be cut inito halves in the point € | by 
Prop. 30. El. III.]; wherefore each of the * 
circumferences BE, Ec, is the fifteenth 
part of the Circle Azcp. If therefore 
drawing the ftrait lines BE, Ec, weadapt 
continually, in the Circle ABcp, ftrait 
lines equal to them, there fhall be infcribed in the fame an equi- 
lateral and equiangled Quindecagon. Which was to be done. 

In like manner, as before in the Pentagon, if by the divifions of 
the Circle, we draw Tangents to. the Circle, there fhall be circum- 
{cribed an equilateral and equiangled Quindecagon. And moreover, 
by the like as before faid in the Pentagon, we fhall in a given 
Quindecagon, Equilateral, ahd Equiangled, infcribe a Circle; and 
alfo circum{cribe. | P 


4 





Advertifement. 


The Qutndecagon is the only deriyatiye Polygon that Euclide thought neceflary 
to be confider d, after the four Przmztive Figures, namely, a Triangle, a Square, a 
Pentagon, and an Hexagon: becaufe of its peculiar manner of Conftruction, from 
the infcription of an Eguilateral Trzangle, and Pentagon compared together. Yet 
it may be faid, that a Polygon of 24 fides might alfo have been conftructed in the 
{elf {fame manner, from the infcription of a Square and Hexagon compared toge- 
ther. But we areto know, that this Polygon of 24 fides arifes more naturally from 
the bifection of an Hexagon and then of a Duodecagon; like as others, from the bi- 
fection of a Square, or of a Pentagon, as is obíerv d in the foregoing Advertifement. 
And therefore Eucl;de judged it 1nartificial to take notice of it in this place, as he 
hath done of a Quindecagon, which admits of no other way of Conftruction. 

But of the Heptagon and Nonagon, Euchde makes no mention, becaufe, as before, 
for the infcription of the Pentagon, there was firft to be infcribed an Eguicrural Tri- 
angle, having the angles at the bafe double to the angle at the Vertex; and then 
thofe angles were to be bifected: So, for the infcription of an Heptagon, it is firft 
requifite to infcribe an Equscrural Triangle, having the angles at the bafe triple to 
the angle at the Vertex; and then to divide thofe angles into three equal angles, 

Again, for the infcription of a Nonagon, it is firft neceflary to infcribe an Eguz- 
lateral ‘Triangle, and then to divide every one of its angles into three equal angles, 


3 whereby 
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whereby to fet forth the Arch of a Nonagon, for that thrice 3 is 9 ; wherefore 
thefe Polygons depend upon the Trifection of an angle. But How To TRISECT 
any Angle, or Arch, as Ezcizde hath demonftrated How To BIsECT, in Prop. p. 
El. I. and Prop. 3o. El. III. falls not within the power of the Exchdéan plam 
Geometry, whofe inftruments are only a ffrazt Line, and a Circle, according to the 
three fimple Pofiulata, laid down at our entrance into the Elements. For every 
Anele cannot, by the help of a ftrait line and a Circle only, be divided into 
three equal Angles. Yet, notwithftanding the incapability of fuch a Trifection, 
Orontzus and many others, not having a true and full infight into the nature of 
this matter, that 1s, not underftanding what belongs to Plain, and what to Solid 
Geometry ; what belongs to Magnitudes of two Dimenfions, and what to Magni- 
tudes of three: ‘They have after much toyl, loft their labour and reputation, 
therein yexing themfelyes with impoflibilities, 
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THE FIFTH 


ELEMENT. 


'ui1s Element depends upon none of the foregoing, but ftands alone asan vni- 
verfal Mathefis. t is like Metaphyfics to Natural Philofophy : a Tranfcen- 
dent Element of pure, and prime Mathematics, and fo much abftracted not only 
from Matter in any Subject, but alfo from every particular kind of Subjects, fo as 
to be equally applicable to all the Species of Quantity ; to the Sciences, Geometry, 
and Arithmetic ; and befides, univerfally to all other things, which are capable of 
comparifon, fuch as Force, and Power in Agents; Intention, and Remiflion in Qua- 
lities; Velocity, and ‘Tardity in Motions; Gravity, and Levity in Ponderations ; 
Modulation in founds; Value, and Eftimation in Things; and whatfoever elfe may 
admit of any Gradation. | 
But Euclide in a Geometrical method purfues his courfe, and does accordingly 
apply this Element to Magnitudes: yet in fuch an artificial and fubtil Form of 
Demonftration, that 1t might in general be made ufe of wherefoever in the nature 
of things, the reafon of Man can compare one thing with an other. 

This Doétrine of Proportions cannot be well explained without the ufe of Num- 
bers; and therefore whoever intends rightly to underftand this Element, muft come 
furnifhed with a moderate skill in Arithmetic. We have therefore apply’d Num- 
bers to the Definitions and Propofitions , for illuftration fake to the younger 
Students. 

I fhould farther advife that with the Study of this Element, alfo Fuclidis Ele- 
ments of Numbers were together perufed, efpecially thofe Propofitions where 
Proportions are concernd. For the Doctrine of Proportions is chiefly, or rather 
only explicable by Numbers: and what here is apply d to Magnitudes, was fe- 
. cretly derived from thofe Elements, which do much further a right underftanding 
of this. It willbe at firft fufficient for Beginners only to read the Propofitions of 
thofe Elements, and carefully to obferve the Expofitzons ; which may inftruct them 
enough for their prefent ufe in this Element, without eiving themfelyes the 
trouble of being convinced by Demonftrations. 


DEFINITIONS. 
Of Part and Multiple. 


DEFINITION IL 


Part 7s a magnitude of amagnitude, a le/s of a greater, when 
the le{s meafures the greater. 








DEFINITION II. 


Multiple is a greater of a le/s, when the greater is meafured 
LX the les. 


Mi A. Part 
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A Part and Multiple are each a magnitude of a magnitude; a Part a lefs magni- 
tude of a greater; a Multiple a greater magnitude of a 
lefs: both combind in a mutual refpect to one another. ^ 
As A is faid to be a partof BC, when repeated fome cer- | 
tain times, as here tis thrice, It doth exa&ly meafure, —— —4———1———C 
and compleat the magnitude B C. 

For a Part is here to be underftood in a peculiar fenfe; and not as when it is 
faid that the whole is greater than its part: where a part is taken indifferently 
for any portion of the whole, as a lefs quantity contained in a greater. 

But now in this place, by a Part is meant fuch a portion of the whole, which 
repeated meafures the whole precifely. And again, in this refpe&t. the whole is 
call d a Multiple of that part, either Duple, Triple, Quadruple, &c. becaufe it con- 
tains the fame juft fo many times, as twice, thrice, four times, &c. and is noted thus, 
74,4, &c. And the Part which fo many times repeated, meafures the whole, is ac- 
cordingly faid to be one half, or one third, or one fourth part, &c. of that whole 
or Multiple; and is noted thas, 3, 3,4, &c. 

Euclide begins with Part and Multiple as a proper foundation of the Doctrine 
of Proportions, becaufe thefe are in the nature of an Unite and a Number, by 
which only, the Meafure, Value, and Proportion of one thing to another can be 
expreffed. For as an Unite isa part and meafure of every Number, and every Num- 
ber is a Multiple of an Unite; fo in magnitudes a part is as an Unite, the meafure 
of its Multiple ; and every magnitude may asa Multiple be.divided by equal par- 
titions into meafuring parts, as Number into meafuring Unites. Befides, a Part. 
and Multiple, not only anfwer to Unity and Number, but alfo to Numbers them- 
felves. For any Number may be a part of fome other Numbers, and thefe again 
be Multiples of the fame. — For inftance, 2 1s a part of 12, becaufe 2 taken 6 times 
meafures, or makes 12, and is therefore a fixth part of 12. In like manner 3 is a 
fourth part, 4 a third, 6 an half of 12. And again r2 1s a Multiple of each of 
thefe: Sextupleof 2, Quadruple of 3, Triple of 4, Duple of 6. So that 2, 3, 4, and 
6; tho’ each be a Number, yet in refpe& of 12, each being a part of 12, is as an 
Unite. For 2 155, 3 1555 4 181, 6 isi of 12. | 

But again, 5 is not in this fenfe a part of 12, becaufe 5 being twice taken makes 
bnt ro, and thrice taken makes rs, and fo added to it felf doth not meafure 12, 
but is either under, or over it. For the fame reafon neither 7, 8, 9, 10, 11, are 
{aid to bea part of 12. But in thiscafe fuch a portion of any Number, or Magni- 
tude is called Parts, for that it contains fome certain and meafuring parts of the 
whole, but is not it felf a meafure of that whole: As 8 meafures not 12; yet 
becaufe it contains 4, a meafüre and part of 12 fome certain times, therefore 8 is 
faid to be parts of 12, namely two thirds, or two third parts of 12. Likewife 5 
meafures not 12, yet becaufe it doth certain times contain 1, the Monade or Unite, 
which is the common part and meafure of all Numbers, therefore 5 is properly 
faid to be parts of 12, as being five Unites of 12 the whole. 

And in general Euclide hath. demonftrated in Prop. 4. El. VIT. That every lefs 
Number is of every Greater either a Part, or Parts. 

Such like Quantities both in Number, and Magnitude, are diftinguifhed by the 
names of Quotal, and Quantal Parts, ufually called Pars Aliquota,and Pars Aliquanta. 

A Quotal part meafures the whole: which is then called a Multiple of that part. 

A Quantal part meafures not the whole: but repeated 15 either lefs or greater 


From hence we may perceive that a Quotal part is either an Unite, or if a Num- 





ber, yet ufed asan Unite in the menfuration of the whole. And that a Quantal part 


is an Aggregate of Quotal parts, which together are not a meafure of the whole, 
that is, make not any Quotal part thereof. — o — 
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Of Equimultiples. 


Moreover in Number and Magnitude, when two or more Magnitudes are equally 
Multiple of other Magnitudes, that is do equally, or equal times (ius fays .Eu- 
cde) contain other Magnitudes, they are then calld Egusmultiples of their re- 
ipective Magnitudes, or Quotal parts. As 20 and 12 are Equimultiples of 5 and 3, 
for that 20 contains y four times, as likewife 12 does 3, {o that how many fives 
are in 20, fo many ¢hrees are in 12: the multitude or number of the Quotal 
parts being in both Multiples equal, vzx. four in each. And therefore all Equi- 
multiples as they equally contain their Quotal parts, fo are they again equally 
divifible into the fame number of Quotal parts: As 20 into 4 fives, and 12 into 
4 threes, which kind of Divifion is moft bib ufed in the Demonttrations 
of this Element. LM : 


.. Of Proportions, and Proportionals. 


DEFINITION III. 


'W Reportion is an habitude of two Homogencal Magnitudes un- 
to one another, according to Quantity. 


Proportion is by Euclide called Ayos, Logos, a word among the Greeks of various 
fienifications, and commonly Tranflated Ratzo, as ambiguous a word as the Greek. 
Cicero therefore calls it Proportzo, a name properly ufed where the confideration is 
what Portion one thing is of an other, | 

Proportion therefore in general is an Habitude, Relation, or Comparifon of two 
things to one another, as of A compared to B, according to fomething, which is 
common to them both, or of which they both partake, each in fome degree of 
comparifon toward the other. A the firft of the two is in the ordinary way of 
fpeaking the Antecedent , likewife B the fecond is called the Confequent, unto 
which the Antecedent is compared. The Antecedent and the Confequent, are faid 
to be the Terms of the Proportion, for that in them the Proportion between An- 
tecedent and Confequent, is bounded and terminated. | 

In this place Proportion is only confidered between two Magnitudes; and there- 
fore, asall other things comparable to one another, fo thefe are alfo to be Homo- 
geneal, that is, of the fame kind: as a Line to a Line, a Superficies to a Superfi- 
cies, a Solid to a Solid, is to be compared according to the Dimenfions that each 
do za fua fpecie partake of : and therefore the comparifon is to be made according 
to Quantity, that 1s, as far as appertains to Quantity: not in refpect to any Qua- 
lity, Power, Weight, Motion, Price (as Lead or Gold), or any other Eftimation 
whatfoever, — | EUR "wd 


Neither again is Quantity here taken abfolutely, or in a Predicamental Notion, 
asa Genus to Continual, and Difcrete Quantity, to Magnitude, and Multitude. 
But it is to be underftood relatzvely, in order to fuch a quantitative Valuation of 
Magnitude, as where the Quantity of one Magnitude is comparatively to be efti- 
mated by an other. | 

In this fenfe is Euclide to be underftood by xazs ayAnerym, according to Quan- 
tity. For the Greeks make a juft diftinétion between zooms, and rnAmems, between 
Quantity abfolute, as confidered in its own nature, and Quantity relative, in a 
refpect to Menfuration and Eftimation. The Latines ule only Quantztas for both, 
as Reélus for ev9ts and ¢eS0s ; but where proper words are wanting, the fenfe muft 
make out the proper meaning of ambiguous words. o. 

For the better underftanding this prefent matter, review the Annotations at 
Def. 2. El. I. concerning the application of Number to Magnitude; where the 
whole bufineís about the Quantity of Magnitudes isfully explained. And further 
obferve, that the Quantity of every number is fhewn by the name of the num- 
ber, as Ten fignifies fo many Unites colle&ed into one number under that name: 

Unity, 
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Unity, or a Monade being the only prime conftituent part, and therefore the 
common meafure alfo of all numbers, giving the Quantity of every number by a 
known name in all Languages. | 

But the Quantity of Magnitudes doth not appear after fuch an open manner; 
becaufe every Magnitude, be it never fo great, or {o little, is in it {elf only unum 
Integrum, one Integral thing, and tho’ divifible into infinite parts; yet hath no 
_ prime conftituent part for a common meafure of Magnitudes, like an, Unite in 

numbers. When therefore it is asked Quantum, or quam Magnum, how much or 
how great athing is? The queftion tacitely relates to fome arbitrary meafure com- 
monly received amongft us, by which Mapnitudes are ufually eftimated: as an 
Inch, Foot, Cubit, or the like. And when a Magnitude is faid to contain a cer- 
tain number of fuch, or {uch a meafure; That then is reputed to be the quantity 
of the fame Magnitude: but in reality itis its proportion to r. that is, to its Geo- 
metrical Unite, and meafure. Ifan Inch be put for a general meafure of Magni- 
tudes, then the Quantity of a Yard is {aid tobe 36 Inches, becaufe it contains the 
{tated meafure fo many times. In like manner a Foot is faid to be 12 Inches. 
But again, if a Yard asacertain leneth be compared to a Foot as another length, 
then a Yard fhall be found to be triple of a Foot: and this is called the Proportion of 
aYard to a Foot. Likewife in general, the quantity of any number is ever accord- 
ing to its name fo many Unites, becaufe an Unite is the natural conftituent of all 
numbers. As the Quantity of 12 is always 12 Unites: but in particular comparifons 
of number to number, the Proportion of 12 compared to 4, is faid to be triple of 4, 
or in a triple proportion; and compared to 3 is quadruple. The value of the 
Antecedent in Proportion being changeable according to the change of the Con- 
fequent ; becaufe in fuch particular comparifons the Confequent is as a meaíure, 
by which the Antecedent ought to be eftimated. For in every Proportion iscon- 
fidered how much the Antecedent contains of the Confequent ; the rsAxoms, or 
Quantuplum, what Quantuple the Antecedent is of the Confequent. For be the 
Antecedent either equal, greater or lefs than the Confequent, it is always the 
Quantum of the Debo contained in the Antecedent, which gives the propor- 
tion of Antecedent to Confequent. And as the Antecedent contains more, or lefs 
of its Confequent, fo ‘tis proportionally valued in a refpe&t to that Confequent. 
As to give a familiar inftance, if a Penny be made the meafure of Mony ; then the 
Quantity of a Shilling. fhall always be accounted 12 Pence. But the Proportzon. of 
a Shilling compared to a Groat, or to a Crown, or to a Pound, is in thefe divers 
comparifons of a different value; triple of a. Groat, a fifth part of a Crown, a 
twentieth part of a Pound, as containing fo much of each Confequent. And in this 
f{enfe Proportion is faidto be an Habitude according to Quantity. 


The Divifion of Proportions. 


Proportion is either of Equality, when the Antecedent is equal to. the Confe- 
quent; or of Inequality, when greater or lefs. 

If the Antecedent be greater, then it is called Proportion of the greater Inequality, 
for that the comparifon 1s of the greater to the lefs. 


If the Antecedent be the lefs, it is called Proportion of the lefs Inequality, becaufe 
the lefs iscompared to the greater. 

Moreover, becaufe there are many Homogeneal Magnitudes which are incom- 
menfurable to one another (as the fide of a Square and its Diameter); fo that 
their mutual Proportions, or how much one contains of the other, cannot be fet 
forth by any common meafüre, nor be expreffed by any number whatíoever ; 
therefore in magnitudes, Proportion is again divided into Effable and Ineffable, Ex- 
preffible and Inexpreffible by number : and commonly called. proportion Rational 
and Irrational. ‘This fifth Element is framed with fuch an artifice as indifferently 
to comprehend both. 

Proportion of Equality is always Rational (tho the Terms be fometimes Irra- 
tional); for that every thing may have its equal, and be to an other in a Rational 

account, 
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account, as 1 to r. It is alfo the ground from whence all other Proportions do 
arife; and a principal Subje& of the preceding Elements, tho not under the name 
of Proportion: As that Vertical Angles are equal to one another, the three Angles of 
a Triangle are equal to two Right, &c. Befides infinite other fuch like Propofitions 
throughout all Geometry. It is alfo of a moft general ufe in Algebra, and the 
Do&rine of Equations. 

Proportions of Inequality which are Rational, are diftinguifhed into five kinds 
of the greater Inequality, and into as many of the lefs. 


The Varieties of Rational Proportion. 
Of Multiple Proportion, and Submultiple. 


The moft fimple Proportions of Inequality, are founded in the firft and fecond 
Definitions of Part and Multiple. 

If in comparifon of the one to the other, the Multiple be Antecedent and the 
Part be Confequent, then it is called Multiple Proportion. if the Part be Antece- 
dent and the Multiple be Confequent, then it 1s called Sudmultiple Proportion. As 
12 compared to 4 is Multiple Proportion, and named triple: And 4 to 12 is Sub- 
multiple Proportion, and named Subtriple. ‘The like appellation is ufed in all 
Multiple and Submultiple Proportions; as Quadruple, Subquadruple; Quintuple, 
Subquintuple, &c. The other Rational proportions of Inequality, are made by the 
various Compofitions of Part and Multiple, as followeth. 


Of Multiple Superparticular, and Submultiple Superparticular. 


Firft, if above the exact Multiple of the Confequent, there remains in the Ante- 
cedent any Quotal part of the Confequent, as an half, a third, a fourth, or a 
tenth part of the Confequent, (or otherwife thus named, a Sefquialteral, a Sefqui- 
tertial, a Sefquiquartal, a Sefquidecimal part, &c.) then the proportion is called 
Multiple Superbarticular, becaufe the overplus befides the exact Multiple is a parti- 
cular and meafuring part of the Confequent, As r3to 4 is in Multiple Superpar- 
ticular proportion, which is known to be fo, by dividing the greater by the lefs; 
where then the Quotient 351 (hews 13 to contain 4 thrice, and one fourth part of the 
Confequent 4; wherefore this proportion is named triple Sefquiquartal, and is noted 
thus 34. So 1o to 4 is in Multiple fuperparticular proportion duple Sefquialteral 
23, that is 2}: For where the Numerator is a part, that 1s, a meafure of the De- 
nominator, dividing the Denominator by the Numerator, and this by 1t felf, it 
will be brought to an Unite, and the proportion plainly appear to be fuperpar- 
ticular, as here 71s reducible to ;. Soin all Superparticulars the Numerator is, or 
may ever be reduced to an Unite: As 40 to 12 1s 333 or 35 Triple Sefquitertial. 
Again, upon tranfverfion of the Terms, the lefs is compared to the greater, and 
called Submultiple Superparticular: as 13 to 4, inverted, is 4 to 1 3 vzz. Subtriple fef- 
quiquartal, and is noted thus $, which fignifies that 4 the Antecedent, contains four 
parts of the Confequent, confifting of 13 fuch equal parts. 


Of Multiple Superpartient, and Submultiple Superpartient. . 


But now, if above the exact Multiple of the Confequent, the Surplufage be a 
Quantal part of the Confequent, then the proportion 1s called Multple Superpar- 
tzent, for that the Overplus is not any quotal part of the Confequent, but fome 
quotal parts taken together, which make a quantal part, that meafures not the 
Confequent : As 3 to 3 is in proportion Multiple Superpartient: for dividing the 
Antecedent 8 by 3 the — the — 2 ;Íhews $ to contain 3 twice, 
and two thirds of the Confequent 3: therefore this proportion is named Duple 
{uperbitertial, and according to the Quotient is noted 23. So 22 to 8 is 2 for 23, 
Duple fupertriquartal. For in all Superpartients where the Numerator and Déno- 

minator 
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minator happen to have a common part and meafure, as here § have 2 to each in 
common ; then are they by Divifion to be reduced to other numbers, which are 
Prime to one another, that is, have no number for a meafure cdmmon to them 
both: as gis reduced to 3. And again, by tranfverfion comparing the lefs to the 
greater, the proportion is called Submultiple Superpartient, as 8 to 3, inverted, is 3 
to 8, Subduple, and is noted thus 3, which figmifies, that 3 the Antecedent, con- 
tains three parts of the Confequent, confifting of eight fuch equal parts. 


ouperparticular and Subfuperparticular. 


Now if the Antecedent be not in any manner a Multiple of the Confequent, 
but contains the Confequent Ouly once , and moreover a. particular Qwotal part of 
the Confequent, then the proportion is called by the fingle name of Superparti- 
cular : as 3 to 2 is in proportion Superparticular, according to the Quotient 14, 
which fheweth 3 the Antecedent to contain 2 the Confequent once, and one half 
of two; and isnamed proportion Sefquialteral: fo 15 to 12 1s x i, or 1 :. For the 
Numerator 3 being a quotal part of the Denominator 12,43 is by Divifion reduced 
to j, and the proportion fhewn to be Sefquiquartal 13. So in all Superparticular 
proportions the Quotient is always an Unite with a fraction, whofe Numerator is 
likewife an Unite, or reducible to an Unite. Again, by tranífverfion comparing 
the lefs to thé greater, as 2 to 3, the proportion 1s Subfuperparticular, and named 
Subfefquialteral, which is thus noted: íhewing that the Antecedent 2 contains 
two partsof 3 the Confequent. 


Superpartient and Subfuperpartient. 


Laftly, if as before, the Antecedent be not any ways a Multiple of the Confe- 
quent, but contains its Confequent Only once, and moreover fome parts ( which to- 
vether meafure not the Coffequent) then the proportion is thereupon called Sæ- 
perpartient ; as 8 to 5 is by the Quotient 1 3 fhewn tobe in proportion Superpar- 
tient, and particularly Süpertriquintal ; that is, the Antecedent 8 contains the 
Confequent 5 once, atid moreover three parts of the Confequent $. £0 14 tO 10 
is 1,4, or 12, by divine 4 and 10 by their cemmon meafure 2, and this is named 
proportion Superbiquintal. So in all Superpartient proportions the Quotient is 
always an Unite with a fraction, whofe Numerator is ever a number: and by this 
it is diftinguifhed from the Quotient of a Superparticular proportion, wliere the 
Numerator of the fraction is ever to be an Unite. 

Por further, note that in this matter of fractions, whenfoever the Numerator 
can meafure the Detioniinator, the fame may divide it felf, and the Denomina- 
tor; and then fhall that Numerator be brouglit to an Unite, and the fraction 
be Superparticular in its leaft Terms. | | 

And when both Numerator and Denominatot can be meafured by an other num- 
ber, then each of them being divided by that common meafure, the fraction will 
be Superpartient and expofed in its fmalleft lerms. | 

Alío in all fractions, whether of Magnitudes or Numbers, the Denominator is 
ever a fuppofed Totum, which confifts of fo many parts, as the Number of that 
Denominator fignifies. 

Again, to finifh all the Varieties of Rational proportions ; the Superpartient is 
likewife by tranfverfion of its Terms in comparing the lefs to the ereater, called 
Subfuperpartient, as 5 to 8, or ¢ 1s Subfupertriquintal : atid rote 14, or i$ 1s Sub- 
fuperbiquintal. 

Thefe are the five kinds of Rational proportion of the greater Inequality, Maul- 
tiple, Superparticular, Superpartient, Multiple Superpartieular , Multiple —— 
To which anfwer as many of the lefs Inequality, arifing from the tranfverfion of 
the fame Terms, and diftinguifhed by adding $55 to the other Appellations. 

Now here from the Quotients you may obferve, that all thefe kinds of Rational 
proportions arife from Unity, — = Multiple. For one compared to one 

makes 
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makes proportion of Equality : One with a part to one makes Superparticular pro- 
portion: One with parts to one makes Superpartient. Again, many to one makes 
Multiple proportion: Many with a part to one makes Multiple fuperparticular: 
Many with parts to one makes Multiple fuperpartient, as thefe Quotients repre- 
fent: which are alfo the Denominators or Exponents of Proportions in the man- 
ner following. 


The Species: Superparticular. Superpartient. Multiple. 


I 1 f t 2 3 2 3 10 

Exponents. Ig 15. Ig. Iq I$. Ii 12 Ij$ i jb 
/ 7 z 4 t 5 7 9 1 4 6 8 20 
eaft erm. ze 3" 2. 10" ge a‘ 5“ ij Be 2 2° 2* 


The Species. Multiple Superparticular. Multiple Supirpartient. 
Exponents, 21.23 31. 415 51. 61 22.21.35 42 51. 


z 
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Of the Exponent of Rational Proportion. 


I Da 
Fle F 


Now to difcover unto which of thefe kinds the proportion between any two 
propofed Terms (as between 45 and 4o) fhould be referred, we are to reduce thofe 
Terms unto two fuch others, which fhall be one and the fame Character and Ex- 
ponent, common to all poffible Terms in that proportion, and which therefore 
muft neceffarily be the leaft and prime "Terms of the fame. 

How then to find out the leaft and prime Terms of any proportion, we are to 
divide the greater by the lefs; and then the Quotient gives the fole and proper 
Terms of that proportion. For as the Divifor is to the Dividend, fo is an Unite to 
the Quotient : and as the Dividend to the Divifor, fo the Quotient to an Unite. Here 
therefore the Antecedent or Confequent being brought to an Unite, the leaft of 
Terms, the Quotient is manifeftly the only common Exponent, and the certain 
ftandard of any proportion that can be raifed from Unity. Which alfo may be 
the fame proportion in an infinite variety of feveral Terms. As 9 to 3, 12 to 4, 
18 to 6, the Quotient 3, that is, 3 to 1, or ?. 1s the common Exponent of them 
all. So 45 to 40, 27 to 24, 18 to 16, 9 to 8. "Here between thefe feveral Terms 
the Exponent of their proportions is the common Quotient 1}, which fhews the 
proportion to be in every one Sefquioctaval. And the like infinitely in this and 
in all the other kinds of Rational proportions, the Quotient expounds and fpecifies 
the proportion. Thus the Quotient is the Exponent of every proportion in its 
proper Quantity, Species, and Name, which therefore was by the Ancients called 
TluS en rs ays, Proportzonis Fundum, the Fundamental proportion, or the propor- 
tion im its Fundamental Terms, Whereas then the Quotient is the Exponent of 
a Proportion, therefore the Notation of the proportion between any two Magni- 


tudes, as A and B, is in Speczes thus properly fignified=; that is, A divided by B: 
which being thus noted }, fignifies the Quotient, or Exponent of the proportion 
between A and B. So is C divided by D, and notes the proportion of C to D. 


And when the proportions are equal, it is thus reprefented by their Quotients, 
A EC 


==>: when unequal, the greater thus, A > <=, and the lef; thus, -< 5. 


Of Arithmetical Proportion. 


Laftly, there isan other kind of Habitude between two Magnitudes or Num- 
bers xar uzepoxyy, according to the Hpyeroche, or Excefs of one above the other: 
that is, according to the difference m majority, or minority between two Magni- 
tudes or Numbers. As in comparing 6 to 2, or 2 to6 is confidered, not as be- 
fore how much 6 the Antecedent contains of 2 the Confequent, or two the Ante- 
cedent contains of 6 the Confequent; but how much 6 the greater exceeds 2 the 
lefs, or 2 thelefs is exceeded by 6 the greater: that is, what isthe difference in 
majority or minority between 6 and 2, or 2 and 6. 1n both comparifons either 


s of 
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of 6 the greater to 2 the lefs, örf 2 tlie lefs to 6 thé greater, thé excels, or dif- 
ference isthe fame, namely 4. But now the proportion of 6 to 2 is triple, three 
toone; and of 2 toé is fubtriple, one to three: And this ohly kind of Habitude 
was taken by the Ancients to be Afya, Proportion. 

But the Modern Mathematicians call the Habitude according to Excefs, or dif- 
ference by the name of Arithmetical Proportion; and the other defined by Euclide, 
is by them for diftinction fake called Geometrical Proportion: altho’ both be ap- 
plicable indifferently to Magnitudés aid Numbets: Arithinetical as well to Magni- 
tudes, as to Numbers, and Geometrical a3 well to Numbers, as to Magnitudes. 

Arithmetical Proportion was likely {o called, becaufe Numbers in their natural 
order of 1, 2, 3, &c. are not othetwife diftinguifhed than from their Excefs, or 
Differenceby àn Unite : therefore where tlie Excefs, or Difference between two Nuni- 
bers, or Magnitudes is the thing confidered, there that Habitude is faid to be an 
Arithmetical Proportion. But it might have been more properly called Proportion 
of Majority and Minority. 

Now in Geometrical Proportion becaufé there is confidered how much one 
Term contains of thé other, therefore che proportion between the two Terms is 
fhewn in the Quotient, by dividing the greater by the lefs. | 

But in Arithmetical Proportion becátfe' thére is confidered tlie difference be- 
tween the two T'erins, therefore tliis Proportióti of majority and minority, appedrs 
in the Remaindet, by fübtra&ings the lef frot the greater : Divifioit being made 
ufe of in Geometrical, and Subitrattion in Arithmetical proportions, as the diffe- 
rent nature of thefe two kinds of Proportion do fo require. 


DEFINITION IV. 


Anitudes are [aid to bave proportion to oue another, which 
being multipled can exceed each the other. 


We have noted before, that upon comparifon of one thing to an other, the 
fame muft be made in a matter capable of augmentation and diminution, and of 
which the things compared together do in common participate. Now in Magni- 
tudes compared according to quantity, this Definition difcovers when Magnitudes 
have a participation of one anothérs quantities, by this figual property, that upon 
the multiplication of themfelves they can mutually exceed each other: As the fide 
of a Square doubled exceeds thé Diameter :’thé Diameter of a Circle quadrupled 
exceeds the Circumference, and thefe again multiplied canexceéd the others. Now 
by this reciprocal Excefs, and Comprehetifion of one another, it. manifeftly ap- 
pears that they fully communicate in each others Magnitudes, and therefore are 
capable of mutual comparifon according to Quantity. Whereas a finite trait ne 
multiplied never fo often cannot excéed the Magnitude of an Infinite: ‘The anele 
of Contact in Circles, cho infinitely augmented, cati never exceed the leatt ftrait- 
lind angle. 'Thefe therefore tot being to be made comprehenfive of each others 
Magnitudes by any poffible multiplication, cannot be faid to have proportion to 
one another. Thus Euclide determines 1n this mátter. But fome farther imagine 
that he expounds in this Definition what Magnitttdes fhould be accounted Homo- 
geneal. His words import nothing towards fuch a fenfe; but rather foppofe that 
there are Homogeneal Magnitudes incapable of mutual proportion ; and therefore 
gives us here a Touchítone, by whichto know what Homogeneal Magnitudes can 
be faid to have proportion to one another. Moreover in proportion the firfe 
confideration is, that the compared Magnitudes be Homogeneal (a word here 
taken in that fenfe as vulgarly underftood): and to avoid Philofophical dif- 
putes (no ways fuitable to an Elementary doctrine 1i Geometry ) about angles, 
or other Magnitudes, what are Homogeneal, and what not, Euclide paffes by this, 
(as elfewhere the Hke Controverfies) and without fuch a confideration, or deter- 
mination upon this point, only fhews in general how to difcover when any kind 
of quantities are between themfelves capable of proportion; tho the fame be ùn- 

Ddz known: 
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known: And of fuch, on both fides, capable and uncapable, we have now given 
fome clear inftances. — 

It is befides very incongruous, and againft this whole Elementary method to 
make a Definition to be prepofteroufly an interpretation of a word ufed before. 


DEFINITION V. . 7 


Agnitudes are faid to be in the fame proportion, the farsi to 
EL the fecond, and the third to the fourth, when according to 
any multiplication whatfoever, the Equimultiples of the frf, and 
third compared to the Equimultiples of the fecond and fourth, are 
either together Deficient, or together Equal, or together Exceeding 
each the other. 


Let there be four Magnitudes A, B, C,D ; where A is compared to B, and C to 
D. Then let be taken any Equimultiples whatfoever of A the firft and of C the 
third, the two Antecedents. As let E be of A, and F of C any Equimultiples, 
each of each, either duple, triple, quadruple, decuple, centuple, &c. as here they 
are duple. And again, let be taken any Equimultiples of B the fecond, and of D 
the fourth, the two Confequents, namely, let G be of B, and H of D any Equi- 
multiples, either the fame as before of the Antecedents, or any other Equimulti- 
ples whatfoever, as here they are triple. 








A E. ! 
B Gaerne 
B eene ——— P 


D H, 


Now when ever it 1s demonftrated that according to any Multiplication what- 
foever, the Equimultiples E and F of the Antecedents A and C, compared to the 
Equimultiples G and H of the Confequents B and D, each to each, E to G, and 
and F to H; when thefe EquimultiplesI fay are proved to be either together Iefs, 
or equal, or Greater, E than G, and F than H ; then thefe Magnitudes A, B, C, D, 
are faid to be in the fame proportion, A to B, as C toD. And therefore when 
in any one particular inftance the contrary fhall be demonftrated, that the Equimul- 
tiple of one Antecedent exceeds the Equimultiple of its Confequent, and the other 
exceeds not, but is either equal, or lefs; then thofe expofed Magnitudes are not 
in the fame proportion, the firft to the fecond as the third to the fourth ; becaufe 
the agreement of the Equimultiples in a joint Defect, Equality, or Excefs, ought - 
to hold in any multiplication whatfoever. 

This is a general Ts 7, and an infallible Character of Proportional Magnitudes, 
Commenturable, or Incommenfurable. But note, that Incommenfurable Magni- 
tudes can never have their Equimultiples equal; for then they would prove to 
be Commenturable to one another; therefore Incommenfurables are fhewn to be 
proportional only from the jozt Excefs, or Defect of their Equimultiples. Where- 
as Commenturable ined are capable both of a Joint equality, and inequality, 
of their Equimuitiples: And in refpect only to Commenfurable Magnitudes the 
equality of the Equimultiples was here added, that the Definition might compre- 
hends all kind. of Magnitudes; and the three forts of Equimultiples according to 
Defect, Equality, or. Excefs, might anfwer to all poffible multiplications indiffe- 
rently, without confidering whether the Magnitudes be either Commenfurable, or 
Incommenfurable. 
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The Notation of Proportionals is in Species, or Symbols thus commodioufly 
fignified A. B::C.D; That is, as Ato B, fo C to D. Or thus, $= £: that is 


B 
the Exponent $ is equal to the Exponent 5, and fhews the proportions to be 
the fame. | 


DEFINITION VI. 


Sigmitudes that have the fame proportion, let them be called 
ANALOGALS, or Proportionals. 





After the Definition, which had now declared what Magnitudes are faid to be 
in the fame proportion; there is next a name given.to them. Let them be 
called Avaroyor, Analogon, fays Euclide, This word is ufed adverbially, and literally 
tranflated is. Equzproportionally : So that it is indifferent to fay Magnitudes to be 
in the fame proportion, or in one word to be Equiproportionally, or Analogally, the 
firft to the fecond, as the third to the fourth. For ava is a Prepofition of equa- 
lity, and AvaéAcycy implies æra roy Myov: In, or of equal proportion, or the fame 
proportion repeated. From nalogon is the abftract Analogia, that is equality of 
proportions, which is commonly rendred Analogy, or Proportionality. 


Annotations onthe Fifth Definition. 


This Definition all the Greeks received without exception, and Archimedes 
himfelf makes frequent ufe of it, as the only general and infallible fign of propor- 
tional Magnitudes, But many of the Modern Geometricians ftumble at it; for 
want it feems ofa through infpection into the bottom of this matter, which the 
Ancients better underftood. mE 

Firft, Therefore we {hall examine upon what motives Men are commonly in- 
duced to except againft it. Secondly we fhall explain the nature of this Definition, 
and what was Euclid s intent, and meaning, in defining. proportional Magnitudes 
after {uch a manner. ‘Thzrdly, we fhall prove that this Definition is molt fuitable 
to the nature of Magnitude, and fully fatisfa&tory when rightly underftood. 

Firft then the jozut, or Szmultaneous Defect, Equality, or Excefs in the Equimul- 
tiples of Antecedents, and Confequents, which affection Euclide puts for the de- 
termining of proportional Magnitudes, {eems to have no affinity, or conjunction 
with the ufual, and natural notion that Men have of things, which they account, 
and mame Proportionals: and therefore they are ftartled at fuch a ftranee, and 
unexpected Definition, fo much different from the common Idea they have of 
this matter. For in all affairs wherein Men are converfant, whether concerning 
Quantities, Qualities, Powers, Actions, Motions, Value, Commerce, or other Nego- 
tiations, they do naturally judge by Number, and Meafure, when things have between 
themfelves the fame proportion, and when not. Where then between things com- 
pared together they find an agreement according to Number, and Meafure, there 
fuch are properly accounted Proportional to one another. As when A is as much 
of B, as C is of D, Tantum, Quantum, the one of the other, then A to B, and C 
to D, are commonly reputed to be in the fame proportion. So that in Propor- 
tionals the Antecedents are conceived to be always EQuiQaNTUPLEs of their 
Confequents: and this Equality to be fet forth in number, and meafure. 

Wherefore Men thus rationally conceiving aforehand the condition, and ftate 
of things they call proportional, and being thus already acquainted both with 
the thing, and name, they are thereupon prepoffeffed in their judgements, and 
their very przenotion, or natural precognition of. things Proportional, neceffarily 
creates in them a prejudice againft Euclid s Definition: wherein there appears no 
relation to number, or meafure, nor any coherence with their own Conception 
of Proportionals. 

This feems to have been the chief ground of the Exceptions, that are made 

Dd 3 againſt 
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againſt Euclid s Definition. For the 11". Definition. of the Third Element, where 
leke Segments of Circles are defind by the Equality of Angles which they receive, is às 
lyabie to be excepted againft as this Definition of Proportional Magnitudes; be- 
caufe the fimilitude of Circular Segments appears not trom the equality of thofe 
Angles: but does properly confift in this, that they are the fame, or equal por- 
tions of their own Circles. But then how to fet forth, why they are the fame, 
that is, to define like Segments of Circles Effentially, from the immediate, and 
formal Caufe of their likenefs lyes under the fame difficulties with the Definition 
of like Proportions of other Magnitudes. Wherefore in both thefe Cales Euclide 
is conftrained to take a fign of the thing, inftead of the thing it felf, that is, to 
give a Secondary, or Artificial Definition inftead of the Prime, and Natural. For 
in Mathematics Definitions are not always Philofophical, but Specially framed 
in order to their Geometrical ufes; as here Def. 5. Bl. V. is on pturpofe contrived 
for the Demonftrations ‘of Proportional Magnitudes. Yet it is to be obferved thar 
Def. 11. El. IH. (tho' of the fame nature with this) is received without difpute, 
becaufe Men being lefs converfant with the true nature of like Segments of Circles, 
than of like Proportions, come not prepoffefled with any other notions of their 
own, but do acquiefce in what Euclide gives them to underftand by like Segments 
of Circles. Whereas they quarrel at this Definition of Proportional Magni- 
tudes, finding themfelves difappointed in their own thoughts and preconception 
of Proportional. We muft acknowledge the vulgar notion among Men to be 
moft agreeable to the nature of Proportionality, and of all things, that can be 
efteemed Proportionals. For number alone it 1s, by which in common Commerce 
the Meafure and Value of things is moft naturally made, and fignified: but 
where Number, and Meafure cannot be apply d as fit inftruments for a Mathema- 
tical proof in all fuch things, that are really Proportionals, there for Demonftra- 
ŭon fake fome other certain, and definitive mark 1s to be taken: as Eucltde hath 
done in his Definition of Proportional Magnitudes. | EE 

But where the Subject would bear it, Euchde- clears this matter, and gives an 
other Definition of Proportional Numbers, tho’ not of Proportion. it felf; for 
that his former Definition of proportion ‘given in this s'*, Element: anfwers 
as well to Numbers, as to Magnitudes, only changing the names, and putting 
Numbers in the place of Homogeneal Magnitudes. For in both Numbers and Magni- 
tudes the Habitude is xa myànomræ, according to Quantity. | 

Now the 20". Definition of the 7. Element concerning proportional Numbers 
is very plain, and conformable to the common conception that Men have of things 
proportional, in thefe perfpicuous words, ` | 


The Definition of Proportional Numbers. 


Numbers are Proportional, when the firft is of the fecond, and the third of the 
fourth, equally Multiple; or the fame Part; or the fame Parts. 

This Definition is moft natural, and plainly fhews Numbers to be proportional 
from the immediate caufes, which make them fo. For in equally Multiple, or the 
fame Part, or the fame Parts is exprefly laid down wherein the Antecedents do 
equally contain their Confequents, that is, are each Equiquantuples of their Con- 
fequents. Only ‘tis to be noted, that Multiple is here to be interpreted in a more 
general fenfe than ufual, as not ftrictly fignifying precifely many times, or more 
than once, for one number to contain an other number, as one to be exactly Du- 
ple or Triple, &c. of the other; but numbers are here underftood to be Equally 
Multiple of others, when the Antecedents do equally, or alike contain the Quan- 
tity, that is, the numerical parts of their Confequents, one as much, or as often 
as the other does in any manner, As either fimply once in Proportion of Egua- 
lty: or once with a Part, or Parts in proportion Superparticular, or Superpartient : 
or elfe more than once with a Part, or Parts in proportion Multiple Superparticular, or 
Superpartient, Here therefore for a farther illuftration of this matter, take thefe 
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examples: In which we have according to the Form of this Definition given the 
Varieties of four Rational Proportionals, both particularly in Numbers, and ge- 
nerally in Speczes. 
Multiple. 
6.2:: 9.3. 
3A.A:: 3B.B. 


Multiple Superparticular, Multiple Superpartient. 
l 7.2:: 21.46. IL .4:: 33. I2. 
31 À.À::  s3i1B.B. 231A. À:: 2iDB.B. 
Superparticular. Superpar tient. 
5+ 4:2: I1Ij.1I2. 7 wd i15 2Ia4I2. 
I1j1À.À:: 14B. B. 13A. A:: 13B. B. 
Submultiple. Subfuperparticular. 
2. 424:- $29. 9.12:: Ij.20. 
1A.A:: §B.B. A. A:: 3B.B. &e. 


Thus in Multiple, Part, or Parts, taken fometimes fmgly, and fometimes soznt/y, 
are comprehended all kinds of Rational Proportions, and Proportionals. 

Whereas then this Definition evidently fets forth the nature of Proportional 
Numbers, which alfo very much correfponds with the common notion of Men; 
wherein they deem things to be proportional; it may be reafonably demanded, 
why fome fuch like Definition might not have been accommodated to porpor- 
tional Magnitudes ; feeing that the Definition of Proportion anfwers both to Mag- 
nitudes, and Numbers? But the reafons why fo clear, and natural a Definition 
could not be applyd to Magnitudes, are irrefiftibly cogent, and manifeft to a 
Geometrician, tho not falling within the cognizance of the vulgar. 

And to explain this matter, we are to recollect 1". That Proportion is an Habi- 
tude according to Quantity. 2'Y, That the Quantity of a Magnitude, or Number 
is only to be fhewn in its reference, or proportion to fome certain, and known 
mea[ure. 3". That every Meafure is fome one fimple thing: In Magnitude it 1s 
an Inch, or Foot, or Cubit, or any other ffated meafure : In Numbers it is an 
Unite; of which it naturally confifts; therefore as afore faid, every fingle number 
carries in its very name the quantity of it felf; that is, its proportion to an Unite, 
the common Conftituent, and natural meafure of all Numbers: As the quantity 
of 9 is nine Unites; that is, nine times one, or 9 to 1: The quantity of 10 is fo 
many Unites, or 10 to r. And again , in comparifon of number to number, 9 
compared to 10, js nine parts of 10, or the proportion of 9 to 1o. The quantity 
of ; to 1o is an half part of 10, or ; to 10; Every lefs number compared to a 
greater being apparently a part, or fome parts of the greater. 

But Magnitude (tho infinitely divifible into parts) is not, as Number, an Ag- 
gregate of certain parts. It hath no {fuch fundamental beginning, nor any Or- 
ginal Part; No Minimum, or Geometrical Unite from which to demonftrate in an 
Elementary method the equality, and inequality of Proportions; as Euclide hath 
clearly delivered the whole matter in his Elements of Numbers. 

What of this kind Magnitude hath, or can have, is only arbitrary, and variable 
after the cuftoms, and ufages of {everal Nations, and People, which therefore 
cannot give a natural foundation to the Geometrician, whereon to builda general 
doctrine of proportional Magnitudes upon the fame grounds, or fuch a kind oï 
Definition from Multiple, Part, and Parts, on which that of numbers is fettled, 
and Demonftrations framed accordingly. 

And altho’ there be but one True, and the fame effential notion of Proportio- 
nality both in Magnitude, and Number, which confifts in this, that the Antecedents 
are — of their Confequents; which in numbers is plainly, and demonitra- 
tively to be fet forth from an Unite, the natural Minimum of all numbers: yet in 
Magnitudes, becaufe there is not a natural Mimmum, the fame, or like method can- 
not poffibly be ufed. Again, 
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Again, befides this main impediment, founded in the very nature of Magnitude; 
there is another more invincible obftacle of Incommenfurability among Magni- 
tudes, which renders Incommenfurable Magnitudes utterly uncapable of any imagi- 
nary common Part, or that one can ever be made a Multiple of the other ; and 
therefore that plain, and natural Definition of proportional Numbers can be no 
ways applicable to all Magnitudes, whereby to demonftrate that they are propor- 
tional to one another. 

Euclide therefore is neceffitated to feek for a more general Character of Propor- 
tionals, which may ferve for all Magnitudes, Commeníurable, and Incommeníurable. 
And tho he is in Magnitudes Incommenfurable to one another deprived wholly 
of any helps from a common Part, or that one can ever be made a Multiple of 
the other; which are the fundamental inftruments of demonftration in the Do- 
é&trine of Numbers: yet becaufe all Magnitudes Commenfurable, and Incommen- 
furable, may have any Multzples of themfelves, as duples, triples, quadruples, &c. and 
fo by confequence any Equimultiples ; for that any two Magnitudes may each be 
alike doubled, tripled, quadrupled, &c. ‘Therefore Eucide has recourfe to fuch a 
Multiplication, as the only, or at leaft the moft commodious remedy left in this 
matter, and fearches how far an Equimultiplication of the Antecedents, and an 
Equimultiplication of the Confequents might contribute toward a fure and cer- 
tain difcovery what Magnitudes ( whether Commenfurable or Incommeníurable to 
one another) are proportional, and what not, when they are compared together; 
which proved very ufeful to his purpofe. 


$. x. For Euchde found demonftratively in any four proportional numbers (and 
in no other but proportional numbers), that if the Antecedents be equally 
multiplied according to any multiplication whatfoever, and again the Con- 
fequents be equally multrplied according to any multiplication whatfoever; 
then fhall the Equimultiples of the Antecedents be proportional to the Equi- 
multiples of their Confequents in fome one, or other proportion for ever. So 


thofe that are once Proportionals fhall in this manner ever be {fome Propor- 
tionals. | 


This fingular Power, and Property of four Proportionals, always to make from 
{uch a multiplication other four Proportionals, is the foundation of Luclad's Defi- 
nition of proportional Magnitudes; as will clearly appear in the following 


Paragraphs. 


$. 2. For becaufe all proportions are either of equality, or of the greater, or leffer 
inequality ; therefore in any four Proportionals if one of the Antecedents be 
either equal to its Coníequent, or greater, or lefs; the other Antecedent 
alío mult accordingly be either equal, greater, or lefs than its Confequent. 
For if one Antecedent fhould be equal to its Confequent, and the other un- 
equal, or the one be greater, and the other lefs, it is an immediate contra- 
diction, and impoffibility to fuppofe equals to be to one another in the 
fame proportion with unequals; or the greater to the lefs to be in the fame 
proportion with the lefs to the greater. 

$. 3. Seeing then that of four Proportionals the Equimultiples of the Antece- 
dents, and Confequents taken according to any multiplication whatfoever, 
are found to be always Proportionals (as zt 2s noted in the firft Paragraph): 
therefore the Equimultiples of the Antecedents are together equal, or toge- 
ther greater, or together lefs than the Equimultiples of the Confequents (dy 
the foregoing Paragraph ). When therefore it fhall be demonftrated that ac- 
cording to any multiplication whatfoever the Equimultiples of the Ante- 
cedents [ wx. of the firit, and third Terms] are together equal, greater, or 
leís than the Equimultiples of the Confequents [vzz. of the fecond, and 
fourth Terms}, then are the Antecedents themfelves in the fame proportion 
to their Confequents, the firft to the fecond, as the third to the fourth, ac- 
cording to the s**, Definition. | 


$ = Thus 
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Thus we fee that Euchad's Characteriftic property of Proportional Magni- 
tudes is but one fingle remove from the immediate, and apparent Caufe of the 
fame, as it hath been laid down zz the firff Paragraph. For four Magnitudes are 
faid by Euclide to be Proportionals, when the Equimultiples of the Antecedents 
are together either equal, greater, or lefs, than the Equimultiples of their Confe- 
quents, according to any multiplication whatfoever; Becauíe according to any 
multiplication whatfoever the Equimultiples of the Antecedents are always pro- 
portional to the Equimultiples of their Confequents. But this intermedia! Propo- 
fition was concealed by Euclide, and in filence pafled over: as Geometricians ufe 
to do, who are not obliged to give the reafon of their Definitions. They are 
only to be privately aflured of the truth of that property, which is attributed to 
the thing: and it lyes wholly on our part either to accept it, or to make mani- 
feft fome unaptnefs, or infufficiency in the ufe of it... Now for the matter in hand, 
Euclid s Definition of Proportional Magnitudes hath ftood the tryal of about two 
thoufand years unfhaken: and altho the Antecedents, and Confequents multi- 
plied according to any multiplication whatfoever, feem in words to make this 
thing perplext, and troublefome (as Tacquet unjuftly calls ita Labyrinth) yet in 
ufe, and practice it is moft plain and eafie, as we thall find in the firft, and laft Pro- 
pofitions of the 6^. Element. 

If it be farther demanded why Euczde did not define Magnitudes to be propor- 
tional, when the Equimultiples of the Antecedents were porportional to the Equi- 
multiples of the Confequents; but rather when the Equimultiples of the Antece- 
dents were together either equal, greater, or lefs than the Equimultiples of the 
Confequents, feeing that this is only a Refult of that; the reafon is apparent. 
For to define four Magnitudes to be proportional, when the Equimultiples of the 
Antecedents are proportional to the Equimultiples of the Confequents, 1s to define 
the fame thing by it felf, Jenotum per equé Ignotum; becaule we are ftillas much to 
feek how to know that thefe Equimultiples are proportional, which. was the grofs 
overfight of Campanus, and Orontius in this matter. But how to know when the. 
Equimultiples of the Antecedents are together either equal, greater, or lefs than 
the Equimultiples of the Confequents, each Equimultiples being taken according to 
any multiplication whatfoever, can be readily made out,and be at once demonftrated 
by fome known Geometrical Propofition: As may be found in all the Ancient 
Greek Geometricians, with what facility it 1s apply d upon any occafion of demon- 
ftrating Magnitudes to be Proportionals: ‘Therefore Euclide gave this general 
Concomitant of any four Proportionals for an infallible Indicant, and the defini- 
tive Character of Proportional Magnitudes. 

And for a farther Explanation of this matter, we fhall here give a demonftration 
of the Fundamental Propofition mentioned in the firt Paragraph, upon which 
Euclid s Definition of Proportional Magnitudes is grounded, and from whence it 
doth moft naturally arife. 


Of four Proportionals the Equimultiples of the Antecedents are 
proportional to the Equimultiples of the Coniequents, according to 
any Multiplication whatfoever. 


Let the four Proportionals be A.E::B.C. and let N denote any number 
multiplying the Antecedents A,B, and let 2 denote any number multiplying the 
Confequents E, C. I fay, that 

3s AmN. Einz:: BinN.Cinaz. 


Forlet itbe A . E:: B.C . andthen Alternately. Prop. 13. El. VII. 
9 A.B:: E.C, Therefore 
A.B:: AmN. B in N. and 
E.C::Einn Cina. 
O9 But A.B:: E.C. # Therefore 
Ain N. BinN:: Ein s, Cing. and Alternately 
% AinN. Eina:: BinN .C ina. Which was to be ne 
Ee 


b * Prop. 17. EL VII, 
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* If a Number multiply two Numbers the Produfts are in the fame proportion with the 
given Numbers, ‘This is next to a common notion, for who naturally fees not 
that as three to two, {0 4 threes to 4 twoes? And upon this obvious Principle £z- 
clide multiplied the Antecedents by any one number whatfoever, and again the 
Confequents by any one number whatfoever; from whence by oné, or two 
eafie fteps he found (as we fee) his Definition of Proportional Magnitudes, 


Thus from the very natural Power of Proportionality to make of any four Pro- 
portionals, other four Proportionals for ever; whofe Antecedents therefore fhall 
alfo ever be together either equal, greater, or lefs than their Confequents, Euclide 
puts this an Adjun& for the general, and next immediate Indicant of all 
Proportionals. 

For whether the proportions be Rational, or Irrational; the Magnitudes Com- 
menfurable, or Incomimenfurable, there 1s this agreement in all things conceived 
to be Proportionals, that the Antecedents do equally, or alike contain certain 
quantities of their Confequents; altho this Equality, or Similitude cannot be de- 
clared, and fignalized by Equimultiples, or the {ame Part, or the fame Parts of the 
Confequent, as it isin Numbers; yet in regard that Proportionality isevery where 
of the fame nature, therefore one common Property is by Euclide juftly applied 
to all for a ftanding Indicant of any four Proportionals. 

For the fide of one Square is the fame portion of its Diameter, thatthe fide of 
an other is of its Diameter, as truely and really, as if ic were explicable by Part, 
or Parts, by Number, or fome common Meafure: So that in Magnitudes 1ncom- 
meníuya»le, there is fomething in nature, which is Equivalent, and Tantamount. 
For the Square of the fide is demonftrated to be equal to half the Square of the 
Diameter; and therefore the fides of all Squares are manifeftly Equiquantuples, 
and the fame portions of their own Diameters, and fo in the fame proportion 
to them: the nature of Proportionality, or Equiquantiplenefs between Antece- 
dents, and Confequents, being no ways altered in having the proportions either 
effable, or ineffable by number, and meafure. For the Affections, and Properties 
of Proportionals, are the fatne iñ Numbers, and Magnitudes, only they cannot be 
demonftrated after the fame manner. 

And therefore to require a Definition of Proportional Magnitudes (an{werable 
to that of Numbers) from which to demonftrate by fome certain meafures in what 
manner the Antecedents do equally contain their Confequents, in the making of 
equal proportions, where between the Antecedents, and Confequents there are 
in nature no fuch meafures, is an impoffibility unreafonably required of Faclide to 
make poffible. But what is poffible, he performs: and gives a Definition, or ra- 
ther a Definitive mark, which certainly fhews when Magnitudes are Proportional, 
tho not Why, and in what particulars they are Proportional: and in this Cafe 
to demand of him a demonftration of his own Definition is Jniguzffimum mandatum, 
repugnant to the doctrinal methods of all Arts, and Sciences. 1t had been a bufi- 
nefs proper enough for a Sebekafl, or Commentator to illuftrate, and as a Phi- 
lofopher, to fet forth the caufes of the different Definitions given by Euclide of 
proportional Numbers, and of proportional Magnitudes, from the different Natures 
and Conftitutions of Number, and Magnitude: but this had been improper for the 
Elementator himfelf to fubmit unto. | 

In fhort therefore, to fumm up this whole and much controverted matter. 
Forafmuch as it hath been fhewn, that Magnitudes are uncapable of being made 
known, how they are in the fame proportion to one another from any Equimul- 
tiples, or tbe fame Part, or the Jame Parts of the Confequents, according to the Definition 
of proportional Numbers ; therefore inftead of fuch à Primary, and Effential De- 
finition, Ezelide laid hold of the next immediate Property that he found to fpring, 
from the natural Power of proportionability, and might produce an infallible Cha- 
racter of all Proportionals: which is thus appatently deduced. 


Of 
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Of all Proportionals, and only of Proportionals any whatfoever - 
Fquimultiples of the Antecedents, fhall ever be Proportional to 
any whatfoever Equimultiples of the Confequents. 

Wheretore of all Proportionals, and only of Proportionals any what- 
foever Equimultiples of the Antecedents ever are together ei- 


ther equal, greater, or lefs, than any whatfoever Equimultiples | 
of the Confequents. 


And therefore where any whatfoever Equimultiples of the Ante- 
cedents are demonfítrated to be together either equal, greater, 
or lefs, than any whatfoever Equimultiples of the Confequents, 
there the firft expofed Magnitudes were Proportionals: The An- 
tecedents Equimultiples of their Confequents, each of each Equi- 
quantuple in any proportion whatfoever, Rational or Irrational. 


Thus now this general Teft, and property of Proportionals, that by fome of 
our Moderns hath been calumniated for being fo remote and intricate, is in brief 
fhewn to be nearly conjoynd with the nature of whatfoever Quantities are, or can 
be efteemed Proportionals, and laid open in few words. 

1f any thing yet remains of diflatisfa&tion, it lyes unavoidably in the nature of 
Magnitude it felf, which hath no Minimum, and therefore no natural, or ftandin 
Meafure; where alío incommenfurability between Magnitudes is not capable of 
any imaginable common Meafure; or of any better evidence than what Euclide 
hath given in his Definition of Proportional Maguitudes: and not in any deficiency 
either in Geometry, or the Geometrician. 


DEFINITION VII. 


Hen of Equimultiples the Multiple of the ferft fhall exceed 
the Multiple of the fecond ; and tbe —Multiple of the third 
fhall not exceed the Multiple of the fourth; then the frrft ts [aid 


to have to the fecond a greater proportion, then the third hath to 
the Jourth. 


In Def. 5. Magnitudes were determined to be in the fame proportion, when the 
Equimultiples of the Antecedents fhould together be either equal, greater, or lefs 
than the Equimultiples of their Confequents, according to any multiplication 
whatfoever; and therewithal ‘twas neceflarily implied, that when it fhould be 
found otherwife in any one multiplication, then thofe Magnitudes were not in the 
fame proportion to one another. 

Now this Definition farther declares which Antecedent hath to its Confequent 
the greater proportion, and which the lefs. 

As for inftance, let À 4, be compared to B 3; and C 6, to B 5: then let be 
taken Equimultiples of the Antecedents A 4, and C 6; namely quadruples E 16, 
and F 24. And again, take of the Confequents B 3, and D 5; other Equimul- 
tiples; namely guzntuplesG 15, and H 25. Here 16 the quadruple of the Antece- 
dent 4 exceeds 15 the quituple of the Confequent 3: but 24 the quadruple of the 
Antecedent 6, exceeds not 25 the quintuple of the Confequent 5. Therefore the 
Antecedent A 4, is faid to have to the Confequent B 3, a greater proportion, than 
the Antecedent C 6, has to the Confequent D 5: and accordingly the Quotients 
fhew the fame inequality of thefe proportions. For 4 to 3 is 1 or fefquitertial : 
and 6 to 5 is but 1 3, or fefquiquintal. 

When therefore in Magnitudes, or Numbers fuch a difagreement is demonftrated 
to be between the Equimultiples of the Antecedents, and of the Confequents in 

Ee 2 equality, 
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equality, excefs, or defect upon any one multiplication; then as they are not in 
"the fame proportion by Def. 5; fo this Definition expounds which Antecedent 
hath to its Confequent the greater proportion, and which the lefs, 

But again it is to be obferved, that Magnitudes, or Numbers may alío have an a- 
ereement between the Equimultiples of the Antecedents and Confequents in equality, 
excefs, or defect, according to fome multiplications; yet not according to all, as it 
is required in this matter of Proportionals. 

For in the former inftance take of the Antecedents 4 and 6, the quadruples x6 
and 24; and of the Confequents 3 and 5, the triplesg and r5. Here of the Ante- 
cedents 4 and 6, their Equimultiples 16 and 24, exceed 9 and rs the Equimul- 
tiples of the Confequents 3 and s, cach exceeding each, 16,9, and 24, 15: yet the 
proportion of 4 to 3 and of 6 to 5, is not the fame in both, as was now before 
fhewn. 

Wherefore tho’ in fome multiplications of Difproportionals, the Equimultiples 
of the Antecedents and Confequents may happen to agree in a joint equality, 
excefs, or defect: yet if any one multiplication fhall be demonftrated to difagree, 
then by Def. 5. thefe Equimultiples did not arife from four Proportionals; for 
the reafon before given that Proportionals fhall ever make the Equimultiples of 
the Antecedents proportional to the Equimultiples of the Confequents; and be 
therewithal either together equal, or greater, or lefs according to any multiplica- 
tion whatfoever: which is the given Signal of Proportionals. | 


DEFINITION VIII. 
A Nalogy, or Proportionality is a fumilitude of Proportions. 


Magnitudes, which have the fame proportion were before in Def. 6. named 
Analogals, or Proportionals. Now again in the Abftract is here defined Analogy. 
And what in the comparifon of Magnitudes was called Equality, that in the com- 
parifon of proportions this Definition calls Similitude: So that to have the fame 
proportion or pi or equal, fignifies all one thing. Yet Euclide never ufes to fay 
Magnitudes in ke, or equal proportion; but always Magnitudes in the fame pro- 
portion, or having the fame proportion. 

This Definition therefore ought farther to be examined, which is more fuitable 
to the fpeculations of a Philofopher, than of any ufe to a Geometrician. For 
firft, in Def. 3. Euclide tellsus what is proportion; next in Def. 4. what Magni- 
tudes are capable of proportion to one another; then in Def. 5. what Magni- 
tudes are in the fame proportion, and therewithal what arenot. Againin Def. 6. 
to Magnitudes in the fame proportion he gives a name; and laftly Def. 7. fhews 
when Magnitudes are not proportional, where the proportion is the greater, and 
where the lefs. And thus he having finifhed his Explanations of Proportions, 
Proportionals, and Difproportionals; it is manifeftly to no purpofe to define 
again Analogy to be a fimilitude of Proportions: which bare Definition neither 
fhews wherein it confifts, nor by any fign to know when there is between two 
proportions a fimilitude, that fome ufe might be made thereof in the following 
Demonftrations, But for this end a Sign and Character of Proportionals was 
given before in Def.s. Plainly then this is a fuperfluous Definition, a remark of fome 
Scholiaft fhuflled into the Text without any order, and to no ufe. The next that 
follows is likewife a By-note to as little purpofe, and both evidently interrupt 
the Coherence of Exclds genuine Definitions, 


DEFINITION IX. 
Nalogy isin three Terms at the feweft. 


This is fo far from being one of Euclid s Definitions, that it is moft clearly no 
3 Definition 
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Definition at all. Befides in ftrictly {peaking it is not true. For Analogy is 
always in four Terms, two and two inthe fame proportion, Antecedent to Con- 
fequent, and Antecedent to Confequent: tho’ it may fometimes be only between 
three Magnitudes, or Numbers expreffed and expofed : As let there be three Mag- 
nitudes A, B, C, in the fame proportion A to B, as Bto C; that is, in whatfoever 
proportion A isto B, in the fame again isthe felf fame B to C. Here arc in re- 
ality only three Magnitudes, but between them two proportions, and therefore 
two Antecedents, and two Confequents: fo of neceflity there are always four 
Terms in every Analogy, the firft to the fecond, and the third tothe fourth; and 
therefore when the Magnitudes are only three, the middle is neceffarily under- 
ftood to fupply the fecond, and third Term, and the like in Numbers. Now for- 
afmuch as two equal proportions may fometimes be in three, fometimes in. four 
Magnitudes, or Numbers, therefore equal proportions are diftinguifhed into 
Continual, and Dzfcrete. 


Of Continual Proportion. 


When Magnitudes, or Numbers in any proportion whatfoever are continued in 
the fame proportion, by an immediate Coherence of Terms with one another, 
each intermedial being twice taken, firft as a Confequent to the preceding, next 
again as an Antecedent to the following, then this is called Continual proportion : 
as A to B, {o B to C, {o C to D, and is thus noted, A, B, C, D — And the Mag- 
nitudes, or Numbers are faid to be ekys cyaaoyor, Deinceps proportionales, continu- 
edly Proportionals. 


Of Difcrete Proportion. 


Again, when the intermedial Magnitudes, or Numbers are not continued, or 
twice taken, asa Confequent, and an Antecedent, but the proportions areas A to 
B, fo C to D (noted thus A. B::C.D); yet f is not B to C; the intermedials 
B and C being difcontinued, and feparated from each other in that proportion, then 
this 1s called Difcrete proportion. 

So that a Proportion is faid to be continual, when the Proportions ( whether 
two, or three, or more) are the fame, and expofed in continued Terms. As A to 
B, lo B to C, fo Cto D: Or in numbers, as 16 to 8, 8 to 4, 4 to 2. 

And Diícrete Proportion is, when the Proportions are hkewife the fame, but 
expofed in difcontinued Terms, As A to B, fo Cto D, foE to F: Orin numbes, as 
12to 8, 6 to 4, 3 to 2. 


Of Concatenate Proportions. 


There are alfo Concatenate Proportions, ens Aeyos Proportiones deinceps; when 
the proportions are different (not all the fame, as in Continual, and Difcrete pro- 
portions) yet are expofed im continued Terms, « és ogos. As 15 to 10, 10 to 6, 
6 to 3, are tobe called Concatenate Proportions. 

Therefore we are carefully to diftinguifh between Continual Proportion, and Pro- 
portions in continued Terms. By continual Proportion is always meant the fame, 
or equal Proportions repeated orderly in continued Terms. By the other is to be 
underftood various, and different proportions, which likewife follow one another 
in continued Terms. As 4 to 3, 3 to 2 are Concatenate proportions: But 8 to 4, 
4 to 2, are to one another in Continual proportion: as 8 to 4, 6 to 3, are in 
Difcrete proportion. 

It is farther worthy of obfervation that in Difcrete proportion, becaufe the in- 
termedials break off one from the other, therefore an Analogy may be here be- 
tween Magnitudes of different kinds, {fo that a Line may be toa Line, as a Super- 
ficies to a Superficies, or a Solid to a Solid. But in Continual proportion, becaufe 
all the Terms from the firft to the laft are continued in the fame proportion to 
one another, therefore they muft all be Homogeneal, for that Heterogeneals can 
have no proportion one to an other: therefore in Continual proportion the 

Be 3 Terms 
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Terms: are either all Lines, -or all Planes, or all Solids. Likewife in Concatenate 
proportions where the proportions are put various, and different; yet are in Con- 
tinued Terms Concatenated, as A to B in one proportion, B to C in an other, C 
to D in fome other, there the Magnitudes muft alfo for the fame reafon be all 
Homogeneal, like as they were in Continual proportion. 


DEFINITION X. 


' Hen tbree Magnitudes are Proportional, tbe ferfd 1s faid to 


have to the third a Duplicate Proportion of the first to the 
fecoud. 


Let A, B,C, be three proportional Magnitudes, as A the firft to B the fecond, fo 
B the fecond to C the third. From which continuation of proportions the pro- 
portion of A the firft to Cthe third is underftood to be compounded of the two 
intermedial proportions, vz. of the proportion of A the firft to B the fecond, and 
of the proportion of B the fecond to C the third: and therefore A the firft is faid to 
have toC the third a Duplicate proportion of A the firft to Bthe fecond; becaufe 
the proportion of AtoB is the fame with that of B to C, and fo is doubled, or 
twice continued between the porportion of A the firft to C the third. Bat if the 
two intermedial proportions be not the fame, and one of them be different from 
the other, as 4 to 3 1n proportion Sefquitertial, and 3 to 2 in proportion Sefqui- 
alteral, then 4 the firt cannot be faid to have to 2 the third a Duplicate propor- 
tion of 4 the firft to 3 the fecond, as in equal proportions; but yet in reference 
to this Definition, it is {aid by Euchkde at Prop. 23. El. VI. to have a proportion 
compounded of 4 to 3, and of 3 to 2, by which the extent of this tenth Defini- 
tion, and £wclds meaning is plainly declared. So that whether the intermedial 
proportions be equal, or unequal, the proportion of the extremes is in general un- 
derftood by Euclide to be compounded of the intermedial proportions: And when 
the intermedial proportions are put the fame, then the proportion of the firft to 
the third, is in Special called by Huchde a Duplicate porportion of the firt to 
the fecond. | 

Now to illuftrate this farther in Numbers, let the three Proportionals be 9, 3,1, 
The proportion of 9 to 1 is faid to be a duplicate proportion of 9 to 3, becaufe 
between 9, and 1 the proportion of 9 to 3, or triple proportion is twice conti- 
nued. For 9 is triple of 3, and 3 of 1: fo that the Noncuple proportion of g 
to 1 is faid to be triple proportion duplicated; that is, to be compounded of two 
triple proportions, which continuedly intervene between 9, and 1. 


DEFINITION XI. 


Hen four Magnitudes are proportional, the first is faid to 
bave to the fourth a triplicate proportion of the firfi to the 


fecond: And fo forward always more by one, as long as the Ana- 
hoy [ball be conttuned. 


Let A, B, C, D, be four proportional Magnitudes as A to B, fo B to C, fo C to 
D, in continual proportion, then A the firft is faid to have to D the fourth, a 
triplicate proportion of A the firft to B the fecond; becaufe between the Term A, 
and D, the fame proportion of A to B 1s thrice iterated. 

Likewife if there be a Series of five Terms A, B, C, D, E, the proportion of A the 
firft to E the fifth, is faid to have a quadruplicate proportion of A the firftto B 
the fecond, and fo forward in a continuate Chain the proportion of the extremes 
has its name from the number of the intermedial proportions; Duplicate from 
two, Triplicate from three, &c. which proportion of the extremes is alfo faid to 
be compounded of thofe intermedial proportions. 


When 
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When equal proportions are continued in many Terms, it is ufually called P a o- 
GRESSION, or Geometrical Progreflion. 


DEFINITION XII. 


Omologal Magnitudes are Antecedents to Antecedents, and 
Confequents to Coufequeuts. 


When four Magnitudes as A, E, D, C, are faid to be Proportionals, it is farther 
requifite to fet forth diftin&tly the Zzalogzfm, or order of thefe proportional Magni- 
tudes in their proper Terms; that zs, to declare which are the Antecedents, and 
which the Confequents, and befides which Antecedent belongs to each Confequent : 
whether A to E as B to C, or otherwife. If it be put, as A to E fo B to C,then A, 
and B the Antecedents are called Terms Homologal: and E and C the Confequents 
are likewife Terms Hlomologal ; that is, Comproportional, or’ Terms of the fame condition 
as Conjugate or Confoctate Pairs in the order, and difpofition of four Proportionals. 
The Antecedents being the Terms compared, and the Confequents the Terms to 
which is made the comparifon. 

Now when four Magnitudes are proportional, and the Analogifm; that is, the 
Homologal Terms are orderly fet forth, as A.E:: B.C, Euchde fhews 1n the fol- 
lowing Definitions what changes, and befides what alterations the four primary, 
or firft propofed Proportionals are capable of; fo that the changed, or altered 
‘Terms may ftill be proportional to one another. Thefe variations are made five 


manner of ways. 
Lternate Proportion ts a Sumption of the Antecedent to the 
Antecedent, and of the Confequeut to the Confequent. 


Here is made only a change in pofition of the primary Proportionals, without 
any alteration of the fame Terms, and the. Sumption, or Comparifon of one An- 
tecedent to the other asa Confequent; and of one Confequent as an Antecedent to 
the other Confequent is called Alternate proportion: As let the primary Proporti- 
onals be A to E,as B to C, and thus fet forth. 


Ifa § 22 £2 A 
Primary Proportionals, $^ E::B.C. 
then Alternately, CA.B::E.C. 
I$ .12:: $ . 4. | 
The Analogy between the Terms of Alternate proportion is demonftrated in 
Prop. 16. i 


DEFINITION XIV. 


Nverfe Proportion is a Sumption of the Confequent as Antece- 
dent, to the Antecedent as Confequent. 


DEFINITION. XIII. 





Here the Proportional Terms are otherwife changed in pofition only, the Con- 
fequents into Antecedents, and the Antecedents into Confequents: ‘The inward 
Terms into the outward, and the outward into the inward: As let there be agaia 


I$ .5$:: I2. 4. 
Primary Proportionals, 5A ,B::B.C. 
then Zuver/ly, QE. A:: C. E. 
$.I$::4. I2. : 
We may obferve; that in Alternate proportion only one Antecedent is 
2, changed 
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changed into one Confequent, and one Confequent into one Antecedent. But in 
inverfe proportion, both the Confequents are made Antecedents; and both the 
Antecedents are turned into Confequents, whereby proportions of the greater,and 
lefs inequality are tranímuted into one another. 
It is likewife Inverfe proportion when the Terms are taken backward, or con- 
trarily, asif A. E:: B.C. Itislikewife between the Terms inverfly C. B :: E. A. 
The Analogy of inverted proportion is demonftrated by a Corollary of Prop. 4. 


Here now is made an alteration of the primary, or firft propofed Terms, by 


adding each Antecedent, and Confequent, together as one Term, and fo compared 
to its correfpondent Confequent. For let here be as before, 


DEFINITION XV. 


Ompofition of proportion is a Sumption of the Antecedent to- 
eether with the Confequent as one, tothe fame Confequent. 





iba § < 2.32 3 He 

Primary Proportionals P <E 2: BC 
A+tE.E::B+C.C., i 

15 -- 5 (=20). 5 ::I2--4 (—16) (4. 


then by Compofition, 


The Analogy between the Terms of Compound proportion is demonfítrated in 
Prop. 18. 


DEFINITION XVI. 


Tvifton of proportion 1s a Sumption of the excefs, wherein the 
Antecedent exceeds the Confequent,to the Jame Confequent. 


Here again is made another alteration of the primary Terms, by fubtracting 
each Confequent from its Antecedent, and then each excefs is affumed as an An- 
tecedent, and compared to its proper Confequent: As let there be 


U6 40€ 2$ 32.4. 
Primary Proportionals ¢.....A.E:: B.C. 


then by Divifon, °A—E.E ::B—C.C. 
15 —$(—10). 5: : x2— 4 (— 8). 4. 


The Analogy between the Terms of Divided proportion is demonftrated in 
Prop. 17; and ‘tis manifeft, that divided proportion muft be of the greater in- 
equality, for that the Confequent is to be fubtracted from the Antecedent. 

What is commonly tranflated Compofition, and Divifion of proportion, and 
called by Euchde Synthefis, and Dierefs, is only an addition, and fubtraction of 
Proportional Terms: an addition of each Confequent to its Antecedent, and a fub- 
traction of each Confequent from its Antecedent. But Compofition, of which we 
have made fome mention in the Annotations on the ro? and 11" foregoing Defi- 
nitions, is taken in a far different {fenfe, and called zúyxeas, Synkeifis, a Compo- 
fition, or Commixture of Proportions one with another, and not a Synthefs, or 
addition of the Terms to one another: As fhall be farther explained at the st» De- 
finition of the 6'^ Element. 


DEFINITION XVII. 


Onverfion, or ANASTROPHEGO proportion is a Sumption of the 
| Antecedent to the exce/s, wherein the Antecedent exceeds 
the Confequent. 2 | As 
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15.5 -: I2. 44 
As let it be pue 


Then by Converfion, A. A—E::B.B-€. 
Ij.1$ — 5 (—10): : 12.12—4 (—8). 

The Analogy between the Terms of Converted Proportion is demonftrated by the 
Corollary of Prop. 19". 

Again, the Confequent alfo might have been compared to the fame excefs, as 
E.A—E:: C.B—C.5.10::4.8. But this is only proportion of Divifion 
mverted, and inverfion of proportion having been laid down before ; it were in- 
artificial to repeat the fame again as a new kind of change. For it is to be noted 
that the fimple, or primary Proportional Terms being either compounded, divi- 
ded, or converted, may in like manner be again changed by. Alternation, and 
Inverfion. As 

by Compofition, and Alternation, A-E E. B--C::E,C. 
by Divifion, and Alternation, A—E.B—C::E.C. &. 

Again, if the Terms be only three in continual proportion, as A, M; E—-, 8, 
4, 2, they may in like manner be changed, and altered, for that M the middle 
Term is both a Confequent, and Antecedent. As 

8 uda. 
A.M::M.E. and 
by Compofition, and Alternation, A+M.M +E::M.E. 
by Divifion, and Alternation, A —M.M —E::M. EE. &c: 
: All thefe changes, and alterations of four Proportionals may in a view be thus 
et forth. 


The primary Proportional Terms. 
Aa E22. B 4G. 


Alternation, A.B::E.C.?. The primary Terms changed 
Inverfion, E.A::C.BS only in pofitior. 

Compofition, A-+E.E:: B+C.. ¢. The primary Terms al- 
Divifion, A—ER.RE::B—C.QCNX. tered by Addition, and 


E 
Converfion, A.A—E::B. B—c.§ |» Subtra&ion. 

Here are firt put four primary Terms, two, and two inthe fame proportion, 
as A to E, {o B to C,from which are made by five ways of variation four other 
proportional Terms, two, and two in fome one, and the fame proportion to one 
another. | 

But now befides thefe, there may be put after another manner more Terms then 
four; as five, or fix, or feven, &c. in two diftin& orders, with an equal number 
of Terms in each order, two, and two in the fame proportion , from which are 
alfo made four other Terms proportional to one another, as this following Defi- 


nition declares. 
DEFINITION XVIII. 

Roportion of Equidifiance ( commonly called proportion of Equa- 
P lity) is a Sumption of tbe extremes by Subtraction of the inter- 
medial Terms, when, there being many magnitudes in one Rank, 
and others as many in an other Rank, taken two, and two in the 
fame proportion, the first [ball be afsumed to tbe laff 1m tbe pre- 
ceding Rank, and hkewife the firft to the last in the following 
Rank. 

18, 3) 6) 9, 12, 


Here is put a double Series $ A, B,C, D, E, 
of Magnitudes, as ? F, G, H, I, K, 
24) 4 8, 12316, 

Ff Two, 
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Two, and two of each Rank being in the fame proportion to one another, A to B, 
as F to G: and again, B to C as G to H, &c. Then fubtracting, or pafling over the 
intermedials in each Rank, if A the firft be affumed to E the laft, in one Rank; 
and F the firt to K the lat, in the other Rank, this Sumptzon, or comparifon of 
thefe extremes, A to E, arid F to K, is called proportion of Equtdiftance,or of Equality. 

Here I have adventured to give a new Name to this Definition from Euclid s 
very words Az Aye: ltis commonly tranílated ex equahtate Ratio, or ex «quo 
Rati, Proportion of Equality, or even proportion : but without any reaíon given 
of this interpretation to inform us what it plainly means: Az Aye, ftrictly 
tranflated, is Ratio ex æquo. Bnt ex quo? Of what? Certainly ex equo Intervalle. For 
what can more fuitably be underftood by Ais than in taking 1t for X irs dasrpa- 
zw, ex eque Iniervallo, for an equal interval, or even diftance of the extreme Terms 
from one another. The ufe of this Definition makes this interpretation manifett ; 
for that the compared extremes are always taken at the fame diftance from one 
another, by fubtracting an equal number of the intermedials in each Series. And 
indifferent it is, whether the other extreme from the firft, be either the third, the 
fourth, the fitth, the fixth, or any further Term, only, for inftance, if A the firit 
be affumed to D the fourth in one Rank, then alfo F the firft is aflumed to I the 
fourth in the other, and the like in the reft: For that the Equidiftance of the 
extremes is conftantly to be obferved in both the Ranks ; as Eua s words imply, 
when 1n the Sumption of the extremes he puts the Magnitudes in each Rank to 
be equal in multitude, and fo the affumed extremes, the firft to the laft fhall 
ever be equidiftant from one another in each of the Ranks. 

The Analogy between the extreme Terms of equidiftant proportion is demon- 
{trated in the 224. and 23%. Propofitions of this fifth Element. 

Befides the Phyfical reafon why thefe extremes are Analogals, or Proportionals, 
is very apparent, in that the proportion of the two extremes in each Rank, va. 
of A to E, and of F to K, is compounded of the fame intermedial proportions, 
and therefore in common feníe thofe extremes muft be in the fame proportion 
to one another, A to E as F to K. For upon a full confideration of this matter, 
we fhall find, that proportion ex æquo is nothing elíe, but a comparifon of two 
proportions to one another, which are each compounded of like or equal propor- 
tions, that intervene between the extreme Terms of both Ranks: which extremes 
are therefore eafily perceived to be Proportionals, as alfo is hereafter demon- 
ftrated. 

And farther, this Definition of proportion ex euo (a proportion of admirable 
ule) is derived from the ro'^. and rr'^. Definitions of Duplicate, and Triplicate 
proportion, and agrees with them in a like Sumption of the extremes to one 
another: and alfo in that the proportion of the extremes is upon the fame ground 
faid to be compounded of the intermedial proportions, expofed in continued Terms, 
éy mis ens ceois, as are thofe proportions which Euchde calls compounded. And the 
only difference between them is, that in a Series of Duplicate, and Triplicate propor 
tion the intermediate proportions are all throughout one and the fame: whereas in 
proportion ex equo each Series may be of various proportions; which yet in their or- 
der arethe fame with one another, the firft proportion of one Rank the fame with 
the firft of the other; the fecond the fame with the fecond, &c. So that the propor- 
tions of the extremes in this 18", Definition, juft as before in the 10%, and 11°, 
Definitions, are alike {aid to be compounded of equal intermedial proportions. 
The agreement between thefe Definitions in this point is of. fpecial remark, and 
whoever fhall ftudioufly pierce into the depth, and fubtil Contrivances of the 5*5 
rot, and 18", Definitions, wherein Eucide hath fhewn a wonderful fagacity in fet- 
ting forth Proportional Magnitudes, and the compofition of proportions, will upon 
a jult confideration find, that nothing in all thefe Elements ought to be more 
worthily admired, or received with greater efteem ; notwithftanding the Cavils 
of fome modern Geometricians. 

Aücs 1s a manner of brief expreffion ufual with the Greeks, and like to Dzatefa- 
ro», and D:apajon in Mufical Notes, 

| In 
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In, this. proportion ex equa, or of Equidiftance, there are two. Cafes. Hor the 
Analogal ntermedial Terms.of both Ranks, two, andjtwo, in, the.fame proportion, 
may proceed either in order, one Term aften the. other, er elfe. fome- of she Ferms 
may, be taken out of: onder, as the two following, Definitions of Ordinate, and Per- 
turbate. Analogy. do. declare. | | 


DEFINITION XIX. 


Rdinate Analogy is, wutben it. fballbe as. Antecedent to Con{e- 
quent fo Autecedent to Confequent: and again as Confequent 
to fome other Magnitude, fo Confequent to. fome other Magnitude. 


. L8, 3». 6, 

Let the double Series j A,B,C, 
be as before, F, G, H, 

24 4, 8, 


And the Analogy be as A the Antecedent to B the Confequent, fo F the Ante- 
cedent to G the Confequent : And again as B the Confequent to C an other Magni- 
tude, fo G the Confequent to H ap other Magnitude in a direct order. 

This orderly progrefs in all the Analogal Fegms of both Ranks fucceffively 
one after the other, is called Ordinate Analogy, wherein the extremes taken 
ex equo Ato. C, and Fto H, are demonftrated to be proportional to one another 
in Prop. 22°. E 

And the proportions of the extremes are each faid to be compounded of the in- 
termedial proportions taken in an Ordinate Analogy to one another. 


DEFINITION XxX. 


Erturbate Analogy ts, when inthe precedent Rank it fhall be 

as Antecedent to Confequent, fo in the folowing, Antecedent 

to Coufequent: and again in the Precedent, as the Confequent to 

Jome other Magnitude, fo in the following, Jome other Magnitude 
ża the Autecedent. 


12, 4, 2.) f 2.8.6. 

Let there be again a c.. A, B C.| |... A. B.C. 
double Series, as C X, E, G, | X.F.G. 
18, 9, 5. 5 (1269-6. 


And the Analogy be as A the Antecedent to B the Confequent, fo F the Ante- 
dent to G the Confequent : And again, as B the Confequent to C an other Magni- 
tude in a direé order, fo X an other Magnitude to F the Antecedent in a ajffurbed 
order. From the prepofterous Sumption of two Terms in one of the Ranks, as 
namely here of X to F, making X the Term laft put to become the firft extreme, 
this “rsseev Mpszepov, 1s called Perturbate Analogy: Wherein the extreme Terms tho 
taken ex equo A to C, and X to G, are demonftrated in Prop. 23. to bẹ propor- 
tional to one another, as well as the extremes in Ordinate Analogy. 

And the proportions of the extremes are each faid to be compounded of the 
intermedial proportions taken ina Perturbate Analogy to one another. 

For the intermedial proportions of both Ranks, either in Ordinate, or Perturbate 
Analogy, are alike the fame (tho not taken ina like order); and therefore the 
extremes being alike compounded of the fame intermedial proportions, are eafily 
conceived to be in the fame proportion to one another. And this is the Phyfical, 
or Philofophical reafon of this matter, which is Geometrically demonftrated in 
Prop. 22. and 23. El. V. 

Ef 2 Th 
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In the Definitions of Ordinate, and Perturbate Analogy, Euclid s words imply 
only three Magnitudes in each Series, whereas they might have been farther con- 
tinued at pleafure, if the matter had fo required. But he having before fully de- 
fined Proportion ex @quo in general, let the Terms be never fo many ; three Terms 
now fufhced to fhew in what order, or diforder the extremes might be ex eque 
taken, and aflumed to one another, and ftill be either way found proportional to 
one another. For this reafon Ezcde puts only three Terms as moft readily ferving 
to fet forth the two Cafes of Ordinate, and Perturbate Analogy, which may happen 
in this proportion of Equidiftance, or Equal Interval of Terms. 


DEFINITION XXL 


Armonical Analogy is when there being three Magnitudes, or 

Numbers, it Jhall be as the firfi to the third, Jo the diference 
between the first and Jecond, to the difference between the fecond 
and third. 


Other wife. 


Harmonical Analogy is a Sumption of the extremes to the dife- 
rences between the extremes, and tbe middle Term. 


Let there be three Magnitudes, or Numbers 6 " E If A be to E, as the dif- 


3 
ference between A and M to the difference between M and E, that is, if A be to 
E, as A — M to M —E, then this is called Harmonical Analogy, and fignified after 
this manner, if A, M, E, be put as Terms of Harmonical Proportion. 


A.E:: A—M . M-—E. 
6.53 216 402).4 3051 
This Analogy is called Harmonical, becaufe many Mufical Coníonancies fuit 
often with the Terms of this Analogy, as 6 to 4, or proportion Sefquialteral is 
Diapente, 4 to 3, or Sefquitertial is Dzateffaron, 6 to 3, or Duple proportion is 
Diapafon. | 
There is likewife Harmonical Analogy in four Terms,as A, M, N, E: 30, 12,8, 5: 
when as the firft is to the fourth, fo is the difference of the firft, and fecond to the 
difference of the third, and fourth. 


A.E::A—M — 
3o. $:390-12[5189). 8 $(—3) 

I have added this Definition to the reft of. Eucd s, becaufe moft Commentators 
make mention of Harmonical Proportion as worthy of Confideration; and for 
that it hath fome affinity with proportion ex equo. 

Clavius in his Comments hath abundantly fet forth, and explained the various 
Properties, and mutual Correfpondencies of Proportions Geometrical, Arithmetical, 
and Harmonical, whom the Studious may confult with much profit and delight, 


PROPO- 
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PROPOSITION L 


F there be Magnitudes how many foever Equimultiples of as 
many other Magnitudes, each of each; Quotuple one of the Mag- 
nitudes is of one, Totuple {hall all be of alll. 


Let there be magnitudes how many foever 4B, cD, Equimulti- 
ples of as many other magnitudes £, F, each of each. I fay, that 


Quotuple 45 1s of £, Totuple fhall AB, cp together, be of E, F to- 
gether. 








H D | 
Be S6 icq cec d | 
z 33 EF 22 | 


IfaB.E::cD.F. Then aB. E::AB+cD-E+F. 
Oai get Then 6 2:3 6p 234-3. 

For becaufe 45 1s equimultiple of E, as cp is of r;therefore how 
many magnitudesare 1n A8 equal to £, ío many are in cp equal to F. 

Let aB be divided into the magnitudes equal to £, namely into 
AG,GB; and c p into the magnitudes equal to F, namely into cH, HD. 

Now then the multitude of thefe magnitudes cu, H D, contained 
in cp, fhall be equal to the multitude of thofe magnitudes A G, GB, 
contained in aB | for that az, cp are by fuppofition Equimultiples 
of E, F. | | 

And forafmuch as 4G 1s equal E, and cH to r; therefore Aa, cn 
together, are equal to E,r together | Ax. 2. If equals be added to 
equals, the wholes are equal. |. 

By the fatne reafon G8 isequal to Eg, and np to r; therefore alfo 
GB,H D together, are equal to g,r together [| by Ax. 2. |. 

Wherefore how many magnitudes are in a B equal to £, fo many 
are in AB, C D together, equal to EF together. 

Therefore Quotuple 4B is of £, Totuple fhall aB, cp together, be 
of £,F together. 

If therefore there be magnitudes how many foever Equimulti- 
ples of as many other Magnitudes, each of each, &c. Which was 
to be demonftrated. 

ANNOTATIONS. 


To this Propofition anfwer in Numbers the 5^. and 6'*. Propofitions of the fe- 
venth Element, which are thus comprifed. 


PROP. V, VI. El. VIL 


If a number be a Part, or Parts of a number, and another be 
the fame Part, or Parts of an other number, alfo both together, 
fhall be the fame Part, or Parts of both together, that one is of one. 

3 Ff 3 This 
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This is differently expreffed from our prefent Propofition, but yet to the fame 
purpofe. For what Euclde demonfbrates in Magnitudes from Multiples, the fame 
is in Numbers more perfpicuoufly demonftrated from Submultiples; becaufe 
Numbers. havea common Rast, 4 Moves, Ihe Monade, a natural Meafure of all 
Numbers: from whence may be taken a certain and ftaading, beginning for 
tħe framing óf demonftratiens much more clearly, than what can be made out 
in Magnitudes, which are wholly deftitute of fuch a natural foundation; there- 
fore Euclide is forced to make ufe of Multiples, for that (as we have formerly 
notedl): every Magnitude may have any Multiple of it felf, and alf Inrcommenfu- 
rables: may be equally multiplied. Eronat which Equimudtiplication: Euclide moft 
ingenionfly, and with admirable Artifice: manageth this Element. of Proportional 
Magnitudes. 


Forafmuch therefore that equals added to equals make the wholes equal, He 


from thence proves that equal Proportions added to equal Proportions make in 
the fumm the fame equal Proportfons. 

And the meaning of this Propofition is, that if there be magnitudes never fo 
many, Equimultiples of as many others, that is, in the fame Multiple proportion 
to as many other Magnitudes, then as one of the Antecedents is to one of the Con- 
fequents, fo all the Antecedents fhal be:to all the Confequents. 


2b. 2D. 2 EF. 
Asif A. B: C .D:: E.F.&c, Then A.B::A+C+E.B4 D+F. 
6.3:: 4 .2:: 10. jf. 6«3:: 6 1-410. 3-- 2 4-5. 


Exclide here in his demonftration gives an inftance only in duple proportion be- 
tween two and two magnitudes for brevity fake: becaufe we mray in like manner 
eafily proceed to any further Multiple proportion whatfoever, triple, quadruple, 
&c. And alfeto any number of Magmitudes infinitely; which are to one another 
in the fame Multiple proportion. 

But Eachde éxpréffeth: Magmtudes that are to onc another in the fame Mul- 
tiple proportion by Equimultiples, becaufe the word Equimultiples does more im- 
mediately denote the Antecedents to contain an equal number of their Confe- 

uents, into which they may be accordingly divided: And of fuch a divifion 
aclide forefaw he was to make a fpecial ufe in the demonftration of this Propo- 
fition ; as likewife elfewhere. 

Now whatis here fet forth only rn Multiple proportion, the fame is afterwards 
univerfally demonítrated at Prop. 12t. in any other kind of Proportion, both 
Rational, and Irrational. But this was premifed to prove other Propofitions , 
which were neceffarily required towards the demonftration of that 12*^. Propofi- 
tion. Like as the 16. Propofition El.1. proves the outward angle of a Triangle 
to be greater than either of the inward and oppofite angles, to make way for the 
proof of fome other Propofitions, which were requifite to demonftrate that the 
fame outward anele was equal to the two inward and oppofite angles, Prop.32. ELI. 


PROPOSITION II. 


I the firft be Equimultiple of the fecond, as the third is of the 
fourth: and there be a fifth Equimultiple of the fecond, as a 
fixth is of tbe fourth: then the firft and fifth taken together fball 


be Equimultiple of the fecond, as the third and fixth are of the 
fourth. 


‘Let as the firft be Equimultiple of c the fecond,as p s the third 
is of F the fourth: and let there be Be a fifth Equimultiple of c 
the fecond, as zn a fixth is of f the fourth. 


lay, 
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I fay, that ac the firft and fifth together taken, fhall be Equi- 
multiple of c the fecond, as pu the third and fixth together taken, 
is of f the fourth. 

For becaufe agis equimultiple of e, as D E 1s of £; therefore how 
many magnitudes arein aB equal to c, fo many are in D E equal to F. 





A 9 B 6 G is 
PENIS : 
G E 
P A⸗ 
ar 
2€ 3F ZC AF 23C+2C Z3F+2F 


AB.C::DE.F.and BG.c::EH.F. Then ag+s8G.C::DE+EH.F. 
9 .3:: 6 .2,and6 .3::4..2.Then9 + 6 .3:: 6+ 4.2. 


By the fame reafon how many are inge equal to c, fo many are 
in E H equal to r. 

Wherefore how many are in the whole AG equal to c, fo many 
alfo are in the whole p H equal tor. 

Therefore Quotuple 4G is of c, Totuple d H is of F. 

And therefore A a the firft and fifth together taken, fhall be equi- 
multiple of c the fecond, as pH the third and fixth together taken, 
is of F the fourth. 

If therefore the firft be equimultiple of the fecond, as the third 
is of the fourth, &c. Which was to be demonftrated. 


ANNOTATIONS. 


This Propofition puts the fifth and fixth Magnitudes to be equimultzples of the 
fecond, and fourth: but the proportion would hold the fame, if the fifth were 
only equal to the fecond, and the fixth to the fourth. For in this Cafe alfo the 


firft, and fifth together fhall be equimultiple of the fecond, as the third, and fixth 
together is of the fourth. 


I 


12 B 3 


Sis 





A 
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co 
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N 


2 


For let A B the firft be 12, and BG the fifth be 3, equal to the Confequent 


C,3. Alfo let DE the third be 8, and EH tlie fixth be 2, equal to the Confe- 
quent F, 2. 





Then AB+BG.C::DE+EH.F, That is, 
ABj- C.C::DE.- F .F. 
124- 3 .3:: 8 + 2.2. 
But here now ‘tis to be obferved, that when the fifth arid fixth Terms, BG, E B, 
$ are 
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are put equal to C, F, the fecond and fourth, only the Confequents are added to 
the firt and third, A B, D E, the Antecedents; and then this will be the very fame 
with that, which Exclide calls Compofition of Proportion in Def. 14. El V. For 
the Confequents C, and F are plainly added to the Antecedents, A B, DE, in that 
they are equalto B G, E H, the fifth and fixth Terms. And befides, this Compo- 
fition of Proportion is particularly demonftrated hereafter at Prop. 18. and made 
a diftin& notion, and of a different ufe from this Propofition, which is applied 
after a more general manner, and not confined to the addition of the Confequents 
to the Antecedents; but admits of any other Terms whatfoever: and not only in 
eyuimultiple Proportion as in this place, but alfo univerfally in any kind of Pro- 
portion, as is demonftrated at Prop. 24°". 


PROPOSITION Ill. 


F the first be equimultiple of the fecond, as the third is of the 

fourth: and there be taken equimultiples of the fert and third, 
then by Equidiftance each of zbe taken equimultiples [ball be equi- 
multiple of each, one of the fecond, the other of the fourth. 


Let a the firft be equimultiple of x the fecond, as c the third is 

p the fourth: and of a and c let be taken equimultiples EF, GH. 

I fay, that ex «equo, by equidiflance | Def. 18. ] EF 1s equimultiple 
of s the fecond, as eH is of p the fourth. 

K M K F 

Beg 

- 


GY 
n" 


O 








Tc 


EF GH 
A. B:: C. D. Then ex æquo 2A. B:: 20. D 
9.3::6.2. Thenex equo 18.3:: 12.2. 


Forafmuch as EF is equimultiple of a, as Gu is of c; therefore 
how many magnitudes are in EF equal to a, fo many are in GH 
equal to c. 

Let £F be divided into the magnitudes equal to a, namely into 
EK, KF; and GH into GL, LH equal to c, 

Now then the multitude of the magnitudes £ x, xF fhall be equal 
to the multitude of the magnitudes GL, LH. 

_ And forafmuch as | by Suppofition ] A is equimultiple of s, as c 
isof D; and EK is equal to 4, and aL, to c; therefore EK is equi- 
multiple of g, as GL is of p. BEEN 

By the fame reafon x r is equimultiple of s, as Lu is of p. 

: $ | Becaufe 
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Becaufe therefore gx the firft, is equimultiple of g the fecond, 
as ar the third is of p the fourth: and a fifth k F is equimultiple of 
B the fecond, as a fixth LH of p the fourth; therefore EF the firft 
and fifth together taken, is equimultiple of g the fecond, as au the 
third and fixth together taken, is of p the fourth [by Prop. 2. El. A 

If therefore the firft be equimultiple of the fecond, as the third 
is of the fourth: and of the firft and third there be taken equimul- 
tiples, then ex «zo each, &c. Which was to be demonftrated. 


This is univerfally demonftrated at Prop. 22. and at prefent pro- 
pofed only in multiple proportion to be made ufe of for the de- 
monftration of the following Propofition. 


PROPOSITION IV. 


F the firft hath to the fecond the fame proportion, that the third 

hath to the fourth, then according to any multiplication whatfo- 
ever, the equimultiples of the first and third fball have to the equi- 
multiples of the fecond and fourth the Jame proportion, being com- 
pared to one another. 


Let a the firt have to g the fecond the fame proportion, that c 
the third hath to p the fourth: and let there be taken of a and c 
the firft and third any equimultiples £ and F; and of B and D the fe- 
cond and fourth any equimultiples a and H. 

I fay, that as E is to G, fois F to n. For again, of £ and F let 
be taken any equimultiples x and L ; and of Gand H any equimul- 
tiples M and x. 


aaa ena Pee a aa oe ern 
Ee F—t — 

A C ia 

B m D-— 

G . hs — 


M —— — — NE — — — 


A.B::C.D. Then 
E.G::F.H. 
K.M::L.N. 

Now becaufe z is equimultiple of a, as F isof c; and of £ and F 
hath been taken equimultiples k and L: Therefore [ev equo by 
Prop. 3. | K is equimultiple of a, as L is of c. 

Likewife becaufe c is equimultiple of B, as H 1s of D; and of G 
and n hath been taken equimultiples w and x: Therefore ex equo, 
M is equimultiple of B, as N is of D. 


Forafinuch then that [ by Suppofition | as a the firft is to B the 
Gg fecond, 
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fecond, {fo c the third to p the fourth; and of a and c hath been 
taken any equimultiples Kandt; and of Band D any equimultiples 
m and N: therefore | * by the fifth Definition | 1f x exceeds m, L 
exceeds n, if equal, ’tis equal, if lefs, lefs. 

But K, L are equimultiples of z, r5; and M,N of G,H according 
to any multiplication whatíoever: Therefore [ *by Def. 5. | as z 
is to G, {0 1s F to H. 

If therefore the firft hath to the fecond the fame proportion that 
the third hath to the fourth, then &c. Which was to be demonftrated. 


Corollary. 
Of Inverfe Proportion. 


From hence tis manifeft, thatif four Magnitudes be proportional, 
they fhall alfo be /zver//y proportional. 

For if E and r equimultiples of 4 and c, the firft and third be 
greater than a and & the equimultiples of c and p, the fecond and 
fourth; then on the contrary cand u fhall be lefs than E and F : and 
if x and x belefs, then fhall a and u be greater; if equal, equal: 
Therefore /zver//y, B thall be to a, as pto c: the fecond to the 
firft, as the fourth to the third. 


A Declaration of this fourth Propofition in Numbers, 


Shewing the equimultiples of the Antecedents to be proportional 
to the equimultiples of the Confequents in fome kind of proportion, 
either of equality, or of the greater, or lef inequality. 

Gs Uis zi. Os 2355 dbe Be 0.92 As f 

A Bib C.D o Ae Bi) C. D. A. B: C. D. 

2A.2B:: 2C.3D.24. 4B8:: 2C. 4D. 24. $B:: 2C. jD. 

Tõe Qir 0 .0.12«.12:5. 98.5 90.124 19:7 0.105 
Proportion Sefquitertial. Proportion of Equality. Proportion Subfefquiquartal. 


The Antecedents A,C The Antecedents A, C The Antecedents A, C 
Multiplied by 2, and Multipliplied by 2, and Multiplied by 2, and 
the Confequents B,D the Confequents B, D the Confequents B, D 
by 3. by 4. by 5. 
ANNOTATIONS. 


[ * By Def. 5. ] The turning of this Definition, in which lyes the chief force of 
Eulids demonftration may feem to the younger Students fomewhat perplext. 
But we ought to confider, that in all Definitions the Subject, and Predicate are 
fimply convertible, and do mutually put one another. So here there are firft four 
Magnitudes propofed to be proportional; and thereupon their equimultiples, taken 
according to any multiplication whatfoever, are fuppofed to be together either 
equal, preater, or lefs, as the Definition requires. Again, on the contrary, becaufe 
the equimultiples of four Magnitudes are found to be fo affected, therefore thofe 
four Magnitudes are concluded to be proportional. “Thus here the Definition of 
proportional Magnitudes, and the Converfe, or Defmitum are immediately turned 
upon one another in the demonftration, of this Fundamental Propofition, the 
Caufe putting the Effect, and the Effe&t the Caufe, | 

Adver- 
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Advertifement. 


This Propofition ought to be of a more fpecial Remark; than is commonly 
taken notice of. It isthe principal and moft immediate property of four Propor- 
tionals, and the fole ground from whence Exchde raifed his Definition of propor- 
tional Magnitudes ; as hath been explained in the Annotations on the 5**. Definition. 
Where it was alfo made manifeft, that the Primary, and Effential Conception of 
Proportionals confifts in this general notion, that the Antecedents do equally contain 
their Confequents: How much one is of one,fo much the other is of the other. As 
to inftance clearly and diftinctly in this main matter, If the Antecedents be Eguzmul- 
tiples of their Confequents, each of each, asif A be triple of B, and C triple of D, 
then in common fenfe A the firft is to B the fecond, in the fame Multiple propor- 
tion, that € the third is to D the fourth. And fo again, if the Antecedents be 
any otherwife Equzquantuples of their Confequents, each of each, then the firft is to 
the fecond in the bs proportion that the third is to the fourth: Let the Pro- 
portion be any whatfoever poflibly can be. This Equiquantuplenefs in Numbers Eu- 
clide exprefly fets forth in Def. 20. El. VII. But now in Magnitudes it cannot be 
expreffed from their own natural Conftitution (asin Numbers) wherein the Ante- 
cederits are equimultiples of their Confequents; for that Magnitudes have no Ori- 
ginal meafure, or Geometrical Unite, whereby to exprefs their quantities, but only 
what is made by confent among our felves. And then again there are numberleís 
Magnitudes which can have no common meafure at all to be made between them, 
whereby to exprefs their mutual proportions. Wherefore feeing that the Effential 
and Phyfical Definition of proportional Magnitudes cannot be made ufe of in Geo- 
metrical demonftrations (as it ts in Numerical) unlefs we could fet forth wherein 
the Antecedents do equally contain their Confequents: therefore recourfe muft 
be had to fome other property, which does flow from this Eguiquantuplenefs, that 
is, from the Effence of Proportionality. Now in this 4". Propofition fuch an im- 
mediate property of four Proportionals is demonftrated of them: namely, that 
the equimultiples of the Antecedents fhall be proportional to the equimultiples of 
their Confequents, according to any miultiplication whatfoeyer, when the four 
Magnitudes, whereof they are equimultiples are proportional, let the Magni- 
tudes be Commenfurable, or Incommenfurable, the proportions Rational, or Irra- 
tional. But how again, and by what deductions from this fame property Euclide 
gave usan other infallible fign of all kinds of proportional Magnitudes in the place 
of a Formal, or Effential Definition of Proportionals, the Annotations on the ;'^. 
Definition have before fully declared. 


PROPOSITION V. 
| p a Magnitude be equimultiple of a Magnitude, as a part de- 


tracted ws of a part detratted, then fbhall the Remainder be equt- 
multiple of the Remainder, as the whole ts of the whole. 


Let the Magnitude as be equimultiple of cD, as the part de- 
tracted ar is of the part detracted cr. 

I fay, that the Remainder xB fhall be equimultiple of the Re- 
mainder FD, as the whole a8 is of the whole cp. 

For Quotuple AE isof cr, 'Fotuple let EB be made of an other 
Magnitude ce. 

And becaufe az rs equimultiple of cF, as £B is of ca, therefore 
Ak, EB together, are equimultiple of cF, ce together, that is, the 
whole a Bis equimultiple of the whole GF, as aE isof c¥F [by Prop.l. 

Ge 2 AM 
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All equimultiple of all, as one of one. | But AE is alfo fuppofed equi- 
multiple of c F, as AB isof cD. 

Wherefore A8 is equimultiple of each e F, and cp, and therefore 
GF is equalto cp | by Ax. 7. |. 

Let cr common to both be taken away, therefore the Remain- 
der Gc, is equal to the Remainder x p. 


A I2 ăč E 








6 E 
—— 18 
2CD 2CE = 2FD 2CD 
AB.CD:: AE.CF. Then EB.FD:: AB.CD. 
18.6: 12. 4. Then 6.2:: 18. 6. 


Forafmuch then that a£ 1s equimultiple of cF,as EB is of ac, and 
Gc is equal to FD; therefore az fhall be equimultiple of CF, as 
E Bof FD. 

But ax is fuppofed equimultiple of cr, as aB of cp; therefore 
the Remainder xB is equimultiple of the Remainder Fp, as the 
whole A2 is of the whole cp. 

If therefore a Magnitude be equimultiple of a Magnitude, as a 
part detracted is of a part detracted, &c. Which was to be demon- 
ftrated. 


This here in multiple proportion is univerfally demonftrated at 
Prop. 19. 

To this Vropulitiot anfwer in Numbers the 7". and 8". Propofi- 
tions of the feventh Element, only what is here demonftrated 
of Multiple proportion, the like is there demonftrated ¢ contra 
of Submultiple proportion; for the reafons before noted upon 
Prop. I. of this Element. 


PROP. Vil and VIII. El. VIL 
Tf a number be a Part, or Parts of a number, fuch as a number de- 


tracted 1s of a number detracted; foalfothe Remainder fhall be the 
fame Part,or Parts of the Remainder,which the whole is ofthe whole. 


PROPOSITION VL 


i F two Magnitudes be equimultiple of two Magnitudes,and [ome 
parts of them detracted be equimultiple of the fame Magni- 
tudes, then the Remainders aljo {hall be either equal to the fame 
c Magnitudes, or eguimultiples of tbem. 


Let the two Magnitudes A5, cp be equimultiples of the two 
Magnitudes £, F, and the parts detracted AG,CH, be fome equimul- 
tiples of the fame E, F. 


4 1 ſay, 
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{ fay, that the Remainders.G 8, HD, are either equal to E, F, or 
equimultiples of them. .... 2T 


Firft let cs, be equal to £. I fay, that Hp is-alfo equal to F; for 
to F let cx be put equal. 


i 
— i 

















A | Izo G 2 E 
E I5 

2, C 

K Z N. 8 H 2 Pio 
E 
— {2 
AB.E::CD.F.andAG.E::CH.F. .-GB-—g. Then HD— r. 
and if 


i $29 10.3 ale 19.955 3 22s 3=3. Then 2-2. 


And becaufe ac the firff isequimultiple of = the fecond, as cx 
the thirds of £ the fourth, and cg a fifth is equal to nthe second, 
and cx a fixth is equal to £ the fourth; Therefore as the firft and 


Jg ib togetber, are equimultiple of £, as xu zbe third and fixth are 


of ¢ the fourth | by Prop. 2.|. 

But A5 1s by Suppofition equimultiple of £, as cp of F; there- 
fore KH 1s equimultiple of F, ascpof F. Becaufe now KH,cD, 
each 1s equimultiple of F; therefore k H is equal toc D | by Ax. 6.]. 

Let cH common to both be detraéted, therefore the Remainder 
KC is equal to the Remainder HD. But xc was put equal to F; 
therefore H» is alfo equal to F. If therefore es be equal to g, then 
fhall HD be equal to F. 

In like manner fhall be demonftrated, that if e s be multiple of 
£, alfo up fhall beas equally multiple of r. 


AB.E:: CD.F. and AG.E::CH.F. aioe te Then HD= 2 Ff. 
15.3:10.2.and 9 .3:: Et 6 6 Thengw 4. 


If therefore two Magnitudes be equimultiple of two Magnitudes, 
and fome parts of them detracted be equimultiple, &c. Which 
was to be demonttrated. 

This here in multiple proportion is at Prop. 24^. univerfally de. 
monftrated inall kindsof proportion. 

Thefe few Propofitions, which hitherto only concern mul. 
tiple proportion, are all again demonftrated in general. But they 
were to be premifed as fubfervient to many of the following de- 

Gzg3 monftrations, 
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monftrations, before the affections of Proportionals could be uni- 
verfally demonftrated according to all proportions Rational and 
Trrational whatfoever. | | 


PROPOSITION VII. 


Fe Magnitudes bave tbe [ame proportion to the fame Magni- 
tude: And the fame Magnitude hath to equal Magnitudes the 
fame proportion. 


Let the equal Magnitudes be 4,2, and any other Magnitude be 
c. I fay, that each of thefe 4, B, have the fame proportion to c. 
And again, that c hath to each, Aand g, the fame proportion. For 
of 4, B, let be taken any equimultiples p, z: and of 
c any multiple whatfoever F. Whereas then D is e- 
quimultiple of a, as = of B; and that a is equal to 
B, therefore D is alfo equal to E | by Ax. 6. |; 
wherefore if D exceeds F, alfo E {hall exceed F} if 
equal, equal; if lefs, lefs. But D, £ are any equi- - | 
multiples of A,8 | 75e firft andthird |, alfo F is | T 
any multiple whatíoever of c [75e fecond and Di. A 
fourth, for c ts inftead of two Magnitudes |; there- eT 
foreasa toc, fos toc [ Def. s. El. V.) 

Upon the fame conftruction we may alike de- 
monftraté that pis equal to =: and therefore if F 
exceeds p, it alfo exceeds £ ; if equal, equal; if lefs, 
lefs. But f is any multiple of c [the firft and 
third |; and p, E are any equimultiples of a, B 
| the fecond and fourth \; therefore as cto a, fo 
c to B. 

Wherefore equals have to the fame Magnitude the fame proporti- 
on: and thefame hath to equals, &c. Which was to be demonftrated. 





ANNOTATIONS 


This 75. with the 8 ^, 9'^, 1o, r1*5, and r2. Propofitions following, are taken by 
Tacquet asmeer Axioms, to be received without demonftration. ‘They are indeed 
evident truths, efpecially in Numbers: but becaufe thefe are to be applied in ge- 
neral to Magnitudes of all forts, as Lines, Planes; and Solids, commenfurable, or 
incommenfurable indifferently; therefore being capable of a juft demonftration, 
they ought to be demonftrated; as Euchde hath upon good reafon done with an 
admirable fubtility of Ratiocination ufed in thefe Propofitions, and throughout 
this whole Element ; which Tacquet might have well perceived, if his vanity had 
not miflead him. And yet to help out his own method he was conftrained to ufe 
thefe Propofitions in the nature of Axioms, or common Notions: whereas Borellus 
alfo hath thought fit to demonftrate them, as well as Euchde had before. 

But Borellus hkewife hath his failures, who is forced in his method to make his 
demonfítrations apart, fome for commenfurable Magnitudes, fome for incommen- 
furable: whereas Magnitudes, when compared together in this Elementary Do- 
&rine of Proportions and Proportionals, are not propofed in particular, fome- 

4 times 
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times commenfurable, fometimes incommenfurable ; but as Magnitudes in general, 
Wherefore Euclide frames his demonftrations with {uch artifice, as at once to com- 
prehend alike all Magnitudes commenfurable or incommenfurable, in any kind of 
proportion without reftriction, or any mention of commenfurability, or incom- 
menfurability, to be diftin@ly confidered. And therefore in this point Borellus his 
method is defective, and comes much fhort of £ucZ » general way of demonftra- 


. tion in this excellent Element: where the demonftrations extend themfelves to all 


things in nature capable of proportion. 


PROPOSITION VIII. 


Ww P unequal magnitudes tbe greater hath to tbe fame a greater 
proportion, than the lefs; And the Jame bhath to the lefsa 
greater proportion, than to the greater. 


Let the unequal Magnitudes be a B,c, and aB the greater. | A p, 5. 
c,3]. Let alfo p be any other Magnitude [as 2 |. | 

] fay, that A8 [ 5] hath top [2]a greater proportion, than c[ 3] 
top [25] Andp[2]|hath toc [3 ]a greater proportion than to a2 | 5 |. 

Whereas AB is greater than c, let in aB be put a Magnitude 
equal to c, namely BE [3] BEEN 

Now the lefs of thefe two az, £8, being multiplied, fhall at 
length be greater than p. 

Firft, let az (the excefs of ABabovec) belefs than £B (which 
is equal to c), and multiply Ax [2] till the multiple thereof be 
made greater than p [ 2 ], and let this multiple of Ag be FG (4 ] 


& * 
+ 


greater than D |2} 
Now Quotuple re [4] is of az [2], Totuple let ex [6] be of 

£B[3)] andk [6] of c [3]. So that EB being put equal to c, they 
Soall likewife have tbetr equimultiples aii, xK, equal to one another, 
by Ax. 6. 

” And now of p [2] let betakenthe 10. — ag 
duple r.|4.], and the triple M[6] and, ;4—3 7.2. 2 
fo onward more by one, till the mul- 
tiple of p [2] be the firft greater than 
K [6] the multiple of c| 3|. Let now 
this multiple of p be taken, and let =P= | 
it bex [8] the quadruple of p [2), &«r———-— 


3: Cr—i—7—1—4 


6 «kic i ! — — 1 





and the firft greater than x [6] the g-m- rmi 
multiple of c [3]. So that x [6] is san , . 1, 
the firft lefs than n |8]. —— — 757— 


Forafmuch then asx, is the firft lefs than n the quadruple of D; 
therefore x is not lefs than M the triple of p | but either equal, or 
greater |. | s E 

And whereas Fe is equimultiple of AE, as GH of E8; therefore 
the whole fu is equimultiple of the whole AB, as Fe of az [by 
Prop. x. El. V. But Fe is equimultiple of az, as k of c |by Con- 
ftruétion]; wherefore Fx is equimultiple of AB, as K of c; and there- 
fore FH and kK, are equimultiples of A 2, and c. 

2 Again, 


212 THE FIFTH ELEMENT 


Again, becaufe Gu is equimultiple of £B,as Kof c, and EB is put 
equal to c | by Conftruction |; therefore Gu fhall be equal to x: 
ars = mu . 

* But K is not lefs than m, therefore Gu is not lefs than m, and 
FG is greater than p [by Conftruction]; wherefore the whole rH 
is greater than p,m together. 

But n,M together are equal to N; therefore rH exceeds Nj bntk 
exceeds not N | by Conftruction | and rg, x are equimultiples of aB, 
c,and Nis any whatever multiple of. mE 
p; therefore As hath to D a greater. 19«Fi——s:——S$——— f 44.08 
proportion, than c to D [by Def. 7. 4,2. E 3 
KL V. |. 

I fay moreover, that p hath a great- 
er proportion to c the lefs,thanp to 5mm mme 
AB the greater. For on the fame Con-  2:D-—+— | 
ftruction we fhall in like manner de- 4. 
monftrate, that N exceeds x, but ex- 
ceeds not FH; and that N 1s any multi- 
ple of p, and FA,x,are any whatever 7ST 
equimultiples of 45, c; therefore p hath to cthe leís,a greater pro- 
portion, than hath p to A the greater. © m | 

But again, of the unequal Magnitudes ag, c, when in the greater 
AB there 1s takena Magnitude equal to c the lefs: Let az the excefs 
of ^B, above c begreater than gs, which is put equal to c | 4,3; 
EB, 2. |. Now zs the lefs being multiplied, fhall at length be greater 
than p. Let eB [2] be multiplied, and let Gu | 4] the multiple of 


— —e — 


EB (equal toc) be greater than pn [5]. | 

And Quotuple cu [4.] isofeB [2], Totuple let re [6] beof az 
[3]andx |4] ofc[2] Sothat npbe- — — 
ing put. equal to c, tbey foall tkewife vos 6, ,F, 4445 
have their equimultiples Gu, « equal Ea L2 | 
to one another, by Ax. 6. And alfo | Y A—————5 
Jrom the fame Axiom it follows, that 2*C-i— 7 
of thefe equimultiples,* BG the equi- — 
multiple of ak is greater than GH, 
that 15, x the equimultiple of ux, c; 
becaufe axis now fuppofed greater, SH mmm 
than 3, which ws equalto c. For as 9*N++4--414-4+ F114 
of equals the equimultiples are equa, OO 
fo of unequals the equimultiples are une 
greater, the lefs of the le/s. 

Now after the former manner we fhall demonftrate that rH [10 |, 
and K | 4.|, are equimultiples of Az [5], and c [2]. 

And as before, let of p| 3] be taken the multiples, till N be the firft 
multiple of p, that is greater than Fc [6] the multiple of aE [3]. 

| |. . Where- 
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Wherefore again, rG [6] 1s not lefs than w [6], and an [4] is 
greater than p |3] by Conftru&tion; therefore the whole Fu [ 10], 
exceeds D,M together ; that is N[g]. But x exceeds not n, becaufe re 
being greater than Gu which is equal to x, exceeds not n, by Conftru- 
ction. And FH, K, are equimultiples of AB, c5 and N isany what- 
ever multipleof n; therefore AB [5], hath to n[3] a greater pro- 
portion, than c[2]to D |3]. by De£ 7. El. V. 

Wherefore of unequal Magnitudes the greater hath to the fame 
a greater proportion, than the lefs; And the fame hath to the lefs a 


greater proportion, than to the greater. Which was to be demon- 
{trated. 


ANNOTATIONS. 


In this Propofition there are in. effect four Magnitudes, whether A B, and C be 
compared to D, or Dto AB,and C. For in each of thefe Cafes D is twice taken: 
and in the firft as a common Confequent to AB, and C: in the latter asa com- 
mon Antecedent to the fame Maenitudes. I 

Ihe ftrefs of this fubtil demonftration lyes in three remarkable points. £z, 
of the two unequal Magnitudes A B,C, there is in the greater AB taken a part 
EB equal to C, the lefs Magnitude: fo that the Remainder AE is the excefs of 
AB above C, 

Secondly, of thefe two parts A E, EB, That, which happens to be the lefs, is to 
be multiplied, till the multiple thereof is allowed to exceed D the third Magnitude. 

Thirdly, D is to be multiplied, till its multiple firft exceeds the multiple of the 
greater part in AB, whether it be either AE, or EB. Upon thefe Conftructions 
the demonftration chiefly depends. ; 

Laftly, note that of the two unequal Magnitudes, each may be either greater, 
or lefs than the third; or one greater, and the other lefs. As for inftance, let a 
Pound, and a Crown be compared toa Shilling; or a Crown, and a Shilling to a 
Pound; or a Pound, and a Shilling to a Crown: | And the demonftration ferves 
alike to all. 


Advertifement. 


In this Propofition are expofed two unequal Proportions that have the fame 
Confequents: and again contrarily, two unequal proportions that have the fame 
Antecedents. As §,and $, that is, 6 to 2, and 4 to 2. And contrarily 3, andj. Now 
in this 8^. Propofition 15 only demonftrated which in each comparifon is the greater 
proportion. But a farther enquiry may be made, in what proportion one is 
greater than the other. This queftion is, De proportzone Proportionum, of the pro- 
portion of Proportions, for the difcovery whereof take thefe two Rules. 

1. Two unequal proportions having the fame Confequents, are to one another 
as their Antecedents. Thus fis to $ asó to 4, or r5, 1n proportion Sefquialteral, 
one greater than the other : and thus in general fignified, -.5 :: A, E. 2. $:: 18.12. 

2. Two unequal proportions having the fame Antecedents, are to one another 
Reciprocally as their Confequents. Thus 215 to & as6 to 4; That 1s Subduple pro- 
portion is to Subtriple in proportion Seíquialteral, fo that ; is in fuch a propor- 
tion greater than 2, and in general, $.2:: A.E.$.5:: 18. r2. But now if the 
two unequal proportions have different Antecedents, and Confequents, as 9 to 3, 
and 4 to 2. In this Cafe to difcover which of them is the greater proportion, 
and in what proportion one is greater than the other, the Terms of thefe pro- 
portions are to be fo changed, that the {ame unequal proportions may have the 
{ame Confequents, which is called Aeducizon of proportions to a common Confequent: 
and performed by this Rule. 

3 Hh Redu- 
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Reduétion of Proportions to a common Confequent. 


Multiply the Confequents into one another; and each Antecedent into the 
others Confequent. | | s 

As 3,and i are brought to "4 and ‘% by multiplying the Confequents 3 and 2 into 
one another: And the Antecedent 9 into 2 the others Confequent; likewife the 
Antecedent 4 into 3 the formers Confequent. 

Now this 8'^. Propofition demonftrates, that 18 hath to 6 a greater proportion 
than 12 to 6: and 6 to 12 a greater than 6 to 18. | 

Moreover in both Cafes ‘tis fhewn by the two foregoing Rules, in what pro- 
portion one proportion is greater than the other. Thus % is greater than’, and 
*; greater than +f, in the fame proportion of 18 to 12, or 13. But the proportions 
of 3 and4 are the fame with %, and % which is thus demonftrated : 4 multiplied by 
2 make 5, and 1 multiplied by 3 make '&£: But if a number multiply two numbers, 
the Produé&s fhall be in the fame proportion with the multiplied numbers, by 
Prop. 17. El. VII. Again, of the proportions 3, and $ the Confequents 3 and 2 
multiplied into one another, fhall make one and the fame common Confequent. 
For 3 into 2, or 2 into 3 make the fame number 6, by Prop. 16. El. VII. If two 


numbers multiply each the other, the Products fhall be equal to one another; 


therefore 2; and? are the fame proportions with %, and ‘2 Thus the Rule for Re- 
duction of Proportions to a common Confeguent is demonftrated. 


PROPOSITION IX. 


a Agnitudes which have the fame proportion tothe fame mag- 

WH uzude, are equalto one another: And to what magnitudes 
the fame magnitude hath the fame proportion, they alfo are equal 
to one another. 





Let each of the Magnitudes 4,2, have to c the fame proportion. 
Į fay, that a is equal to g. For if not, then each of thofe 
Magnitudes a, B, {hould not have to c the fame propor- 
tion [by Prop. 8. El. V.]. But each have; therefore a 1s 
equal tO B. . Za 
Again, let c have to each of the Magnitudes a, B, the | 





fame proportion. I fay, that a is equal to s. Forif not, 
then c fhould not have to a and s the fame proportion 
|i by Prop. 8.E.V. |. But it hath ; therefore 4 is equalto s. 

Wherefore Magnitudes which have the fame propor- 
tion to the fame Magnitude, are equal to one another. 
&c. Which was to be demonftrated. 


PROPOSITION X. 


w F Magnitudes having a proportion to the fame magnitude, 
WS. ^ that which hath the greater proportion, is the greater. And 
to what magnitude the fame magnitude hath a greater proportion, 
that 1s the le/s magnitude. 


» ud 





Let a have to c a greater proportion than s to c. I fay, that a 
is 
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is greater than 8: For if not, then A is either equal to B, or lefs. But 

Ais not equal to B. For then each of the magnitudes 4, &. fhould 

haveto c thefame proportion | by Prop. 7. El. V.]. But each of then 

have not; therefore a is not equal to gB: neither alfo is r 

A lefs than B. For then a fhould have to c a lefs propor- _ 

tion than 8 to c | by Prop. 8. El. V.. But it hath not; 

therefore a is not lefs than B: And it hath been demon- 

ftrated that it is not equal ; therefore 4 is greater than p, — à 
Again, let c have to B a greater proportion than c to | 

A. I fay, that s islefs than a. For if not: it is either A 

equal, or greater; but Bis not equal to a; for thenc 

fhould have to a and g the fame proportion | by Prop. 

7. EL. V.]. But it hath not; therefore g is not equal to 

a: neither alfo is B greater than a. For then c fhould 

have to 2a lefs proportion than to 4 | by Prop. 8. ELV. ]. | 

But it hath not ; therefore 8 is not greater than a: And it hath 

been demonftrated that 1t 1s not equal: therefore s is lefs than a. 
Wherefore of magnitudes having a proportion to the fame mag- 

nitude, that which hath the greater proportion 1s the greater. &c. 

Which was to be demonftrated. 





 PROPOSITION XI. 


D. Roportions which are the Jame to the Jame proportion, are the 
4 Jame to one another. 





Let a beto B as c to p: alfo E to Fas c to p. I fay, that a is 
to B, as Eto F. For let be taken of a,c,z (the Antecedents) any 
equimultiples a, H, x: and of 2, D,F (žhe Confequents) any what- 
ever equimultiplesL,M,N. Now becaufe it 15 as 4 to B, fo c to n; 
and of a,c are taken equimultiples a, n : alfo of B, p any whatever 
equimultiples r, M. If therefore Gc exceeds L, then H exceeds m: 
and if equal, equal; if lefs,lefs. | Def! 5. El. V.] 

Again, becaufe E isto F as c to D: and of £, c are 

- G.H.K 
taken equimultiples k,H: as alfo of F, pany whatever 
equimultiples n,m. If therefore K exceeds n, then  ;::5::5 
exceeds M; and 1f equal, equal; 1f lefs, lefs. But if H I - 
exceeds M, then e exceeds r; andif equal, equal; if `` an eX 
lefs, lefs [for by Suppofition a is to B asc top|; wherefore if Gc ex- 
ceeds L, then k exceeds n; and if equal, equal ; if lefs, lefs. But G,K 
are equimultiples of 4, E: and L, N any whatever equimultiples of 
B, F} wherefore as 4 to 5, fo E tor | Def. ;5. El. V. |. 

Therefore proportions which are the fame to the fame propor- 
tion, are the fame to one another. Which wasto be demonítrated. 


Hh 2 PROPO. 
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than c tos [Prop.8. El. V.] But as 4 to 2,fo c to D; therefore alfo 
c hath to D a greater proportion than c to &. But to what magni- 
tude the fame hath a greater proportion, 
that is the lefs | Prop. 10. El. V.|; there- 
fore D is lefs than B: {o that B is greater ® 
than p. [In likemanner weíhalr demon- c 
{trate that if a be equal to c, B fhall alfo 
be equal to p ;and if 4 be lefs than c, 8 fhall 
be alfo lefs than p. 

If therefore the firft hath to the fecond the fame proportion, that 
the third hath to the fourth; and the firft be greater than the 
third, &c. Which was to be demonftrated. 




















ANNOTATIONS. 


Euclide thought fit to demonftrate, that in proportionals if one Antecedent 
were greater, equal, or lefs than the other Antecedent; then one Confequent {hall 
be greater, equal, or lefs than the other Confequent. But needlefs it was to prove, 
that if one Antecedent were greater, equal, or lefs than the Confequent, the other 
likewife 1s the fame. For that this is of it felf implied in the very notion of 
proportionals; where the proportions are always either of equality, or of the 
greater or lefs inequality: So that the Antecedents are either equal to their Con- 
fequents, or greater, or lefs. 


PROPOSITION XV. 


TW Arts compared to one another have the Jame proportion with 
their equımultiples. 


Let aB be equimultiple of c, as pe of F. I fay, that itis asc to 
F, fo aB to pE. For becaufe asg is equimultiple of c, as DE of F, 
therefore how many magnitudes are in a B equal to c, fo many are 
in p E equal to F. Let ag be divided into the magnitudes equal 
toc, namely ac, GH, HB, AndDE Into magnitudes 4 
equal to F, as DK, KL, LE: therefore the multi- J 
tude of thefe AG, GH, HB, fhall be equal to the mul- 
titude of Dk, KL, LE. Forafmuch then as AG, GH, ic 
H B, are equal to one another: and Dk, KL, LE, are 
alfo equal to one another; wherefore as ac to DK, 
fo GHtOKL, anduB to LE | Prop. 7. El. V. |. Equal 
magnitudes have to the fame (or Zo equal magnitudes) 
the fame proportion. tf 
And becaufe as one of the Antecedents toone of © € E F 
the Confequents, fo all the Antecedents to all the Confequents| Prop. 
12. EL V |; therefore asac topk, fo aBto DE. But ag is equalto 
c,and Dx to F [by Conftrudtion], therefore as c to F (part to part), 
fo aB to DE (equimultiple to equimultiple). | 
Parts therefore compared to one another, have the fame propor- 
tion with their equimultiples. Which was to be demonftrated. 
ANNO- 








Y) 
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ANNOTATIONS. 
To this Propofition anfwers in numbers Prop. 17^. ElL VII. “If a number multi- 


* tiplying two numbers make fome numbers, their Products fhall have the fame pro- 
* portion with the multiplied numbers. 


For let 4 multiplying two numbers 3 and 2, make 12 and 8, then the Products 


12 to 8 fhall have the fame proportion with 3 to 2: Both in Sefquialteral pro- 
portion, r ;. 

Thefe Propofitions are very near to common Notions, and therefore likewife 
ought to be as carefully remarked, in regard of their general ufe in proportions 
between magnitudes to magnitudes, and numbers to numbers. Alfo this Prop. 17'^. 
El. VII. is the ground of bringing all. proportions to a common Confequent, by 
which is difcovered what proportions are greater, or lefs one than an other. As 


hath been before noted upon Propofition 8. Which Annotations review, and fully 
confider with relation to thefe Propofitions. 


PROPOSITION XVI. 


E four magnitudes be proportional, they ball alfo be alternly 
proportional. 


Let four magnitudes 4,B, c, p, be proportional, as a to B, fo c to 
D. I fay, that they fhall alfo be alternly proportional, as a to c, fo 
B top. Forof 4,8,let be taken equimultiples g,r: and 
and of c, pany whatever equimultiples a,&. Forafmuch 
then that x is equimultiple of 4, as F of 5; but parts have. 2: : 5 
to one another the.fame proportion with their equimul- 
tiples | Prop. 15. El. V.]: therefore as a to B, fo £ to F: but 
as a to pr, foc to D; therefore asc to p, fo E tox | Prop. x1. El. V.] 

Again, becaufe c,uare equimultiples of c,D; therefore as c to p, 
foc to m: butas c to D, lox tor; therefore as E to F, 


E . G 


F . H 


foc tou. But if four magnitudes be proportional, and E = 
the firft be greater than the third, the fecond fhall be 3 = 
greater than the fourth, and if equal, equal; if lefs, lefs „ 2 


| Prop. 14. El. V.]. If therefore x exceeds a, alfo F exceeds ~ 
H; and if equal, equal; if lefs, lefs. But £,F are equimultiples of 
A,B (the firft, and third) alfo G,H are any whatever equimultiples 
of c,p (the fecond, and fourth ): Therefore as a to c, fo g to p | Def. 
. El. V.] 
i Wherefore if four magnitudes be proportional, they fhall alfo be 
alternly proportional. Which was to be demonttrated. 
To this Propofition anfwers in numbers Prop. 13". El. VIL. 


ANNOTATIONS. 


It is in the firk place to be noted, that the alternation of proportions can only 
be ufed between Homogeneal magnitudes, where the four proportional Terms are 
either all Lines, or all Planes, or all Solids, as Def. 3. El. V. declares. For magni- 
tudes of Heterogenal quantities cannot in nature admit of mutual comparifon ac- 
. Cording to quantity. 


PROPO- 
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PROPOSITION XVII. 


i F compounded magnitudes be proportional, they foall alfo divi- 
ded, be proportional. 


Let the Compounded proportional magnitudes be aB,BE, CD, DF; 
aS AB tO BE, fo cD to DF. I fay, that alfo divided they {hall be 
proportional,as AE to EB, focF to FD. For of AE,EB; CF,FD, let 
be taken equimultiples GH,HK: LM, MN. And of EB, Fp, any what- 
ever equimultiples K X, NP. 

Forafmuch then asGH is equi- 





multiple of aE,as HK of EB;there- 6 ' X 
fore ag 1s equimultiple of A E, a$8 AtI—————Á E 

(the whole) a x of the whole A8 c, E p 

| Prop. 1. El. V.]. But Gu is equi- , M » 





multiple of Ag, as LM of cr | by 
Conftruction |; therefore eK 1s equimultiple of AB, as LM of cr 
| Prop. 11. El. V.|. 

Again, becaute L M is equimultiple of c F, as MN of rp, therefore 
LM is equimultiple of cr, as (the whole) LN of (the whole) cp 
| Prop. 1. ELV. |. But 1m wasequimultiple of cr as K of ag, there- 
fore ak is equimultiple of A2, as LN of cp | Prop. 11. El. V..]. 

Again, forafmuch as [by Conftru&ion| nx (the firft) is equi- 
multiple of EB (the fecond ) as MN (the third) of Fp (the fourth): 
And alfo kx (a fifth) 1s equimultiple of Eg (the fecond), as Nepe 
(a fixth) of rp (the fourth); therefore ux (the firft and fifth ) to- 
gether, is equimultiple of £8 (the fecond), as mp (the third and 
fixth) together, is of rp (the fourth ) | Prop. 2. El. V. |. 

Now becaufe it is as AB tO BE, focp to DF; and of aB, cp are 
taken equimultiples Gk, LN; alfo of EB, FD any whatever equi- 
multiples Hx, Mp. If therefore ak exceeds nx, alfo LN exceeds 
MP; and if equal, equal ; iflefs, lefs [| Def. 5. EL.V.]. Let there- 
fore Gk exceed Hx,and HK common to both being detraCted, then 
fhall GH exceed kx. But if Gk exceeds nx, alfo LN exceeds MP, 
and M N common to both being detracted, then fhall LM exceed nre: 
wherefore if GH exceed k x, alfo LM exceeds NP. 

In like manner fhall we prove, that if GH be equal to xx, alfo LM 
fhall be equal to np, andif leds, lefs. But GH,L Mare equimultiples 
of AE, CF; and Kx, NP any whatever equimultiples of EB, FD; 
therefore aS AE toEB, {fo CF,to FD. 

If therefore compounded magnitudes be proportional, they fhall 
alfo divided be proportional. Which was to be demonftrated. 


ANNOTATIONS. 


In this Propofition there is with great fubtilty demonftrated from compounded 
proportions, the Analogy of divided proportions, as Diyifion of proportion is by 
Euclide defined in the 16". Definition. 

PROPO. 
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PROPOSITION. XVIII. 


F divided magnitudes be proportional, they fball alfo compounded 
be proportional. 


Let the divided magnitudes be AE, EB} CF, FD; andas AE to 
£B, Ío cF to FD. I fay, that alfo compounded, they fhall be propor- 
tional, as AB tO BE, ÍOCD tODF. 

For if it be not as A2 toBE, focp to pF, then fhall it be as az 
to BE, fo cp either to a lefs than pr, or to a greater. 

Fut,let itbe to aleís, as p c. Forat- | 
much then that it isasAB to BE, fo cp. 4^——— ——— —'P 
topcG;thereforethefe compound mag- c T € D 
nitudes are proportional. So that di- 
vided, they íhall alfo be proportional | Prop. 1^. El. V.]. It is there- 
fore as AE to EB,fo ce to cp. Butby Suppofition as AE to gn, fo 
cF to Fp: whereforeas ca to ap,Íío cr to rp. Butca the firft is 
greater than cr the third; therefore alfo a p the fecond is greater 
than Fp the fourth | Prop. 14. El. V.]; but alfo tis lefs, which is 
impoffibles therefore it is not as AB to BE, fo cp to pa. In like 
manner fhall we prove, that cD cannot beto any magnitude greater 
than pF: therefore it 1s as AB to BE, fo ep to pr. 

Wherefore if divided magnitudes be proportional, they thall alfo 
compounded be proportional. Which was to be demontftrated. 





ANNOTATIONS. 


In this Propofition is demonttrated from Divided proportions the Analogy of 
Compounded proportions, as Compofition of proportion is explained in the 15**, 
Definition. | 


PROPOSITION XIX. 


F it be as the whole to the whole, fo a part detracted toa part 
detraded, then the Remainder /hall be tothe Remainder as the 
whole to the whole. 


For letit beas the whole asg to the whole cp, fo a part detract- 
ed AE, to a part detracted cF. I fay, that the Remainder x a fhall 
be to the Remainder £ p, as the whole 48 to the whole cp. 

Forafmuch that it is asthe whole asg to the whole cp, fo ak to 
CF: therefore alternly as p 4 to AE, fopc : 
tocr. And becaufeé compounded magni- A———————À 
tudes are proportional, therefore divided |, ^ =Œ : 
they fhall be proportional: wherefore as l 
BE to Ea, fo DF to Fc; and therefore alternly it is as P E to DF, 
fo £a tofc. But as ae to cr, fo by Suppofition, is the whole az 
to the whole cp: therefore alfo the Remainder EB fhall be to the 
Remainder F p, as the whole asr to the whole cD. 


11 Where- 


B 
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Wherefore if it be as the whole to the whole, fo a part detracted 
to a part detracted, &c. Which was to be demonftrated. 


Corollary 
Of Converfe Proportion. 


From hence 'tis manifeft, that if compounded magnitudes be pro- 
portional, they fhall alfo by Converfion be proportional. 

For let the compounded magnitudes be proportional as aB to BE, 
focp to pF; therefore divided, it fhall be as aE to EB, {o cF to FD; 
And by inverfion as BE to EA, Ío DF t0 FC; therefore compound- 
ed as BA to AE, fo pc to cr: which is Converfion of proportion, 
according to Def. 17. EL V. For AE isthe ‘ 
excefs of the Antecedent as above the 4:———_-__+——_—B 
Confequent pe: aud cr the excefs of the. F ü 
Antecedent cp above the Coníequent p r. 

But this Coroliary (however it hath hapned to be in this — 
does more properly follow the 18". Propofition. As we have now 
fhewn how Converfe proportion is immediately deduced from the 
Compofition and Divifion of Proportions, without any relation, or 
dependence on this 19". Propofition: where the four proportional 
Terms are reftrained, and neceflarily fuppofed to be all Homoge- 
neal magnitudes. Whereas in Converfion of proportion the third 
and fourth Terms may be magnitudes of a different kind, from the 
firft and fecond Terms, and one proportion be in Lines, and the 
other correfpondent proportion in Planes, or Solids, as the follow- 
ing Annotations fhall farther declare. 


ANNOTATIONS. 


This 19". Propofition and the two foregoing have a clofe correfpondence with 
one another, as appears by their demonftrations; yet there is a notable difference 
to be obferved between them. For here is compared the whole to the whole, and 
cach part of one whole to each part of the other refpectively, fo that thefe magni- 
tudes ace put Homogeneal, according to the Definition of proportion. But in 
Compofition, Divifion, Converfion of proportion, each whole is feparately com- 
pared to a part of it felf, and each part to the other part of the fame whole. So 
that the four proportional ‘Terms may be all of the fame kind, either Lines, Planes, 
or Solids: or elle of diferent: that is, the firt and {fecond Terms, may be Lines, 
and the third and fourth be Planes, or Solids. As the whole A B may be a Lineal 
magnitude, and by confequence the parts AE, EB are Lines. But again, the 
whole C D may beeither a Plane, or a Solid, and by confequence the parts CF, 
FD are accordingly Planes, or Solids; yet it 15 demonftrated, as AB to A E, a 
Line to a Line, fo is CD to CF, whether it bea Plane to a Plane, or a Solid to 
a Solid: Which general Analogy may be ufed in Compofition, Divifion, and Con- 
verfion of proportion. 

But in this 19". Propofition, the whole A B is compared to the whole C D, and 
the parts to the parts: fo that thefe are here fuppofed Homogeneal magnitudes, 
anterchangeably compared to one another. 
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PROPOSITION XX. 


| there be three magnitudes in one Rank, and as many in an 
other, taken twoand two inthe fame proportion: and ex quo 
the firft be greater than the third, alfo the fourth fhall be greater 
than the fixth; and if equal, equal, if lefs, le/s. 

Let the three magnitudes be 4, B,c, in one rank, and p, z, r, as 
many 1n an other, taken two and two in the fame proportion, as 
A to B, ío D to E; and as B to c, fo E to F: and ex equo let a be 
greater than c. I fay, that alfo p fhall be greater than F: and if 
equal, equal; if lefs, lefs. 

Forafmuch as a is greater than c, and there 12 . g . 6 
isa third magnitude g; And that the greater 
hath to the fame a greater proportion than the 
lefs | Prop. 8. El. V.]; therefore a hath to B a 
greater proportion than c to x. But as a to B, 
Íop to E: wherefore p hath to E a greater pro- 8 . 6 . 4 
portion than c to 8 | Prop. 13. ELV. |. But as 
c to B, fo F to E by inverfion; therefore p hath to E a greater pro- 
portion than r to e. But of magnitudes having a proportion to 
one and the fame, that which hath the greater proportion, is the 
greater | Prop. 10. El. V. |: Therefore p is greater than F. 

In like manner we fhall demonftrate, that 1f A be equal to c, alfo 
p fhall be equal to r; and if lefs, lefs. 

Wherefore if there be three magnitudes in one rank, and as many 
in an other, &c. Which was to be demonftrated. 


A. B . C 


D . E . F 


PROPOSITION XXI. 


F there be three magnitudes in one rank, and as many in an 
other, taken two and two in the Jame proportion; and the 
Analogy be Perturbate: if then ex æquo the firft be greater than 
the third, alfo the fourth fhall be greater than the fixth; and if 


equal, equal, of lefs, lejs. 
Let the three magnitudes be 4, B,c, in one rank, and D,E, F, as 


many in an other,taken two and two in the fame proportion. And let 
the Analogy be Perturbate, as a toB,fo 


E toF, and as Bto c, fo D to x: then IS . I2 . 4. 

ex «quo let a be greater than c. I fay, J 

that p fhall be greater than r: and if E 

equal, equal; if lefs, lefs. * IID. E. F 
Forafmuch as a 1s greater than c; 27.9.6 


and there is a third magnitude B; 
therefore a hath to Ba greater proportion than c to B[ Prop.8. ELV. |. 
But as a tos, fo E to F; wherefore £E hath to F greater proportion 

liz than 
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than c to z. But becaufe 1t 15as g to c, fo D to E; therefore by in- 
verfionas c to B, fo E to p. But hath F a greater proportion than 
c to B; therefore E hath to F a great- 
er proportion than E to p. But to 
what magnitude the fame hath a B ug uus 
greater proportion, that is the lefs $ 
| Prop 10. EL V.]; therefore risles — "::D.E.F 
than D, and p greater than F: where- 
fore if a be greater than c, alfo p fhall 
be greater than F. 

in like manner we hall demonftrate, if a be equal to c, alfo p 
fhall be equal to F; and if lefs, leds. 

Wherefore if there bethree magnitudes in one rank, and as many 
in an other, taken two and two in the fame proportion, &c. Which 
was to be demonftrated. 


I8 . I2. 4 


27.9.6 


PROPOSITION XXII. 


F there be magnitudes how many foever in one rank, and as 
many in an other, taken two and two in the Jame proportion; 
alfo ex æquo they fhall be in the fame proportion. 


Let the magnitudes how many foever be a, B, c, in one rank, and 
p, E, F in another, taken two and two 1n the fame proportion, asa 
to 8, ío D to E; and as B to c, fo E to r. 1 fay, that alfo ex æguo 
they {hall be in the fame proportion, as a to c, fo D tor. 

For of a, D let be taken equimultiples c, n. - 


And of p,g any whatever equimultiples xk, L: G. K.M 

alfo of c,F any whatever equimultiples M, N. - 
Forafmuch then that 1t 1s as 4 to B, fo pto E, 2 S " ae 

and of 4, p are taken equimultiples a, i: Alfo of B 

B,E any whatever equimultiples x, r ; therefore di M 


it is aS G tok, fo n to 1. [Prop. 4. El. V.]. By H . L. N 
the fame reafon it 1s alfo askto M, fo L toN. | 

Forafmuch now as there are three magnitudes in one rank, 
G,K, M; and as many in another, HG; L,N, taken two and two in the 
fame proportion; therefore ex equo if c exceeds M, alfon exceeds 
N; and if equal, equal; if lefs, lefs [ Prop. 20. El. V.]: And G,H are 
equimultiples of a,D; alfo m, N any whatever equimultiples of c, F ; 
therefore itisas a to c, fop to r | Def. 5. El. V. |. 

Wherefore if there be magnitudes how many foever 1n one — 
and as many in an other, taken two and two in the fame propor- 
tion, &c. Which was to be demonftrated. 


ANNO 
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ANNOTATIONS. 


When there isa Concatenation of two, three, or more proportions, as of A to 
B, of B to C, of C to D, either in the fame proportion, or in proportions diffe- 
rent from one another, then ; in both tkefe Cafes the proportion of the extremes, 
as of A to D, isin Def. zo?, and 11^. E]. V. faid to be compounded of A to B, of 
B to C, and of C to D. 

Now in this Propofition there is put a double Series of Concatenate propor- 
tions, in each whereof the firft Term is to the fecond, as the firft to the fecond, 
and the fecond to the third, as the fecond to the third, and fo forth, in an Ordi- 
nate Analogy: Then the extremes in each Series taken ex æquo, at equal diftance, 
as the firit to the third, or the firft to the fourth, &c. are here demonftrated to 
be proportional to one another, which is in effect to prove, that to proportions 
compounded of equal proportions are equal to one another. 


PROPOSITION XXIL. 


F there be three magnitudes in one rank, and as many in an 
other, taken twoand two in the fame proportion, and the Ana- 


logy be Perturbate : alfo ex quo they fhall be in ‘the Jame pro- 
portion. 


Let the three magnitudes be a, B, c, 1n one rank, and D, E, F, as 
many in another, taken two and two in the fame proportion ; 
and the Analogy be Perturbate, as A to B, fo E to r; and as s to c, 
ſo pto £. IL fay, that. ex «quo as a toc, fo D to F. 

Of A4, B, n let be — ME. : 






H.L 
T MEE . B.C M. 
ar Sia n "IRE 
ples of 4, 8; uh parts dn the fame ToD s EeP 
proportion with their equimultiples SELMEN 


| Prop. 15. El. V.]; therefore it is as a 
to B, fo c tog. And by the fame realon, as E to F, fo M to N. But 
as a to B, fo Eto F; therefore as a to H, fo M to N | Prop. r1. El. V. 

Again, becaufe 1t 1s asa to c, fo Dto E; and of B,D are taken equi- 
multiples xk: alfo of c,e any whatever equimultiples L,M ; there- 
fore it is as H to'L, Ío K to M 2 4. El. hed 








* K | t0M5 Hone ex «equo fc G x renter ON L, ;alfox f 1 
greater. than iN* and if equal, equal ; if lefs;lefs | Prop. LL El. Vl 
But G,K are équimultiples of A; D, and L, N,are any whatever equi- 
muitiples of cF; therefore 1t isas A to c, fo p to F [Def ;. EL. V... 
Wherefore if there be three magnitudes in one rank, and as many 
in an other, taken two and two in the fame proportion, and the 
Analogy be perturbates alfo ex «gao they fhall be in the fame pro- 
portion. Which was to be demonftrated. 
3 113 ¢ ANNO. 
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ANNOTATIONS. 


Euclide here propofes only three magnitudes; altho they might be quoscunque, 
hike as in Prop. 22%. But becaufe in proportion ex equo when the Analogy is Per- 
turbate, the Geometrician never has occafion to ufe more than three Concatenate 
Terms, or two proportions; therefore our Elementator puts only three magni- 
tudes in this Propofition: as taking {pecial care to be no where in words or mat- 
ter, defective or fuperfluous, and ever has a profpe&t to what is only and gene- 
rally ufeful. Yet otherwife there is not any difference between Ordinate, and 
Perturbate Analogy in the Conclufions of thefe two Propofitions; for as numbers, 
viZ. 2,3, 4, 5, &c. taken m any interchangeable order, and added together {hall 
always give the fame fumm, or multiplied into one another, make the fame Pro- 
duct; fo in proportion ex equo, the Terms placed either Ordinately, or Perturbately, 
fhall notwithítanding ever have their extremes compounded of the fame interme- 
dial proportions; and therefore the extremes taken ex equo, fhall always be pro- 


portional to one another: as here in magnitudes, and in Prop, 14°. and 224, El. 
VII. is in numbers demontftrated. 


PROPOSITION XXIV. 


F the frrft hath to the fecond the fame proportion, that the 
third hath to the fourth: and a fifth hath to the fecond tke 


fame proportion, that a fixth hath to the fourth: Alfo the firft 


and fifth together, /oall have to the fecoud the fame proportion, that 
the third and fixth hath to the fourth. 


Let the firft A8 have to the fecond c, the fame proportion that 
the third pE hath to the fourth F. Alfo let a fifth Be have to the 
fecond c, the fame proportion, that a fixth EH hath to the fourth F. 

I fay, that ac the firft and fifth together, hath to c the fecond, 


the fame proportion, that nu the third and fixth together, hath to 
F the fourth. i — 


> 
oO 


B ks 5. A G 





AB.C:iDE.F.andBG.C:: EH. F. Then AB+BG.CDE+HEH. F. 
Oo .4:: 4 .2.and 6 .4:: 3.2. Then 84+ 6 .4:: 4 + 2.2. 
Forafmuch as it is as BG to c, fo EH to F; therefore by inverfion 

as c to BG, fo F to EH. 
And becaufe 1t is as AB to c, fo DE to F, and as c to BG, {o F to 
EH; therefore ex «quo as AB to Ba,fo D x to &H [ Prop.22. El V.]. 
Now divided magnitudes being proportional, íhall alfo com- 


pounded be proportional | Prop. 18. El. V.]; therefore as AG toG, 
ilo DH tO HE. | 


But alfo it is as cB to c, fo E to F; therefore ex æquo as ac toc, 
{0 DH tO F. 


2 If 
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If therefore the firft hath to the fecond the fame proportion, 


that the third hath to the fourth: and a fifth hath to the fecond, &c 
Which was to be demonfirated. 


ANNOTATIONS. 


The 24, Propofition of this El. is the fame with this 24",excepting that it was there 
confined only to multiple proportions, whereas here is comprehended all kind of 
proportions whatfoever. ‘The prefent Example is expofed in Duple, and Sefqui- 
alteral proportions added to one another: As 8 the firft in Duple proportion to 
4 the fecond; and 6 the fifth ın Sefquialteral proportion to 4 the fecond: where 
$ the firft, and 6 the fifth added together, make 14 to 4, or 1; that is, Triple 
Sefquialteral proportion, or 3:. So again, 4 the third to 2the fourth; and 3 the 
fixth to 2 the fourth, are in the fame proportions as before 8 was to 4, and 6 
to 4: And here likewife 4 the third, and 3 the fixth added together, make 7 to 2, 
the fame Triple Sefquialteral proportion, or 3: For 7° contains 2 thrice, and 
one half of 2. This Propofition we have here both in Speczes and Numbers, re- 
prefented after this manner. 


$.4::4.2. 

If A. B:: C. D. and 
EL.D::F.D. Then 
6a as 2 2 42s 
ACE . BICIOE.ID 
3+6 . 4::4+3.2 


Note farther hereupon, that the 18*. Propofition isin fome part, of the fame 
nature with this 24%. For there the Confequents added to the Antecedents, are 
as the fifth, and fixth Terms added to the firft, and third, making alfo four other 
proportionals: As thus Appears. 


Ue uw 062 l 
If A. B::C.D. Then 
A+ B. B::C+D.D 


9+ 3 - 3:°64+2.2. 
Or to fet forth more fully the agreement between the 18**, Propofition, and 
this 24%. Asin this form. 
If A . B::C . D. and 
B . B::D . D. Then 
A+ B.B:: C+D.D. 

The difference here between them is, that in the 18". only the Confequents 
are added to the Antecedents, and together compared to the fame Confequents : 
but in the 24". any magnitudes, or numbers, which are in the fame proportion to 
the given Confequents, may be taken; and added to the given Antecedents, are 
together compared to the fame Confequents. And therefore in Prop. 18. the Con- 
fequents being fuppofed as the fifth and fixth "Terms compared to themfelves as 
the {fecond and fourth Terms, they are always in proportion of equality: but in 
this 249. the fifth and fixth Terms, may be taken in any proportion whatfoever. 


Addition 


Yr 
pr 
CA 


THE FIFTH ELEMENT 


Addition of Proportions. 


Moreover, from this 24". Propofition, the Addition of Proportions is plainly 
difcovered: and how feveral proportions, which have the fame common Confe- 
quent, are united into one fingle proportion, by adding the Antecedents to one 
another, and making the fumm of. them an Antecedent to the common Confe- 
quent: As 3 to r, and 3 tox, added together make 6 to r, orí: That is, two 
Triple proportions, which have the fame common Confequent added together in 
this manner, do make Sextuple proportion. So again, 4 to 3, 5 to 3, 9 to 3 added to- 
gether, make 18 to 3, ory: that is, Sextuple proportion is by addition of the An- 
tecedents made of Sefquitertial, Sefquibitertial, and Triple proportions, when they 
have {uch a common Confequent. 

But now when feveral proportions have feveral Confequents, then for to add 
thefe together, they are firit to be brought to have the fame common Confequent : 
As the proportions of 4 to 3, and of 3 to 2 cannot be added together, unlefs they 
be reduced unto acommon Confequent. We have before in the Annotations upon 
the 8^. Propofition, given a. Rule how to bring proportions to a common Con- 
íequent, like as Fractions are brought to others of the fame denomination. 
For the Addition, Subtraction, Multiplication, and Divifion of preportions, are per- 
formed after the fame manner as in Fractions: And proportions are as properly 
noted by placing the Antecedent above, and the Confequent beneath the inter- 
pofed ftrait line, as the Numerator and Denominator are ufed to bein Fracti- 
ons. And therefore this particular Doctrine is to be fought after among the 
Arithmetical Authors. 

Now inthe foregoing Inftance to bring the proportions of 4 to 3, andof 3 to2, 
or $ and} unto a common Confequent, Firft multiply. the Confequents 3 and 2 
into one another; thatis, 3 into 2, or 2 into 3, which by Prop. 16. El. VII. make 
the fame number 6, and this now is to be put for a common Confequent. Then 
multiply each Antecedent into the others Confequent, that is, 4 into 2,making 8 
for one Antecedent, and 3 into 3, making 9 for the other Antecedent. Thus the 
proportions of 2, and $ are brought unto $ and 2, the very fame proportions as be- 
fore, and having a common Confequent: For 4. 3::8 . 6 in proportion Sefqui- 
tertial, 13. and 3.2:: 9. 6 1n proportion Sefquialteral, 17. 

Ihe reafon of this practice is manifeft, for {multiplied by the fame number 2, 
make the Products ¢ ın the fame proportion, by Prop. 17. El, VIL. or by Prop. 15. 
El. V. So ? multiplied by 3, make the fame proportion 2. 

Then of thefe two proportions % and 2, add the Antecedents 8 and 9 together, 
which make 17 the Antecedent to the common Confequent 6, or '}: that is, 23, 
and named Proportzo dupla fuperquintu-partiens fextas. 

Therefore by reduction of the proportions $ and 3, into a common Confequent, 
it now appears that thefe proportions, 15 and 14 added together make 2}. The 
like practice is to be ufed 1n the Addition of all other proportions: but very little 
ufe there is made of ıt in the Mathematics, farther than what is fhewn in the 18". 
and 24^. Propofitions of this Fifth Element. From whence we have taken occa- 
fion to touch briefly upon the Addition of proportions, and in what manner it 
can be only made. But the Multiplication of proportions is more remarkable: 
which therefore we fhall here by the way explain in a few words, for that there 
will bea neceffity to confider farther of this matter at the ;'^. Definition of the 
Sixth Element: And in this place alfo to fhew the difference between the Mul- 
plication, and Addition of proportions. 


Multipli- 
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Multiplication; of Proportions. 


- Multiplication of. proportions 1s made by multiplying the Antecedents into the 
Antecedents, -and the Confeqnents inte,,the Confequents; whofe Products. fhall 
make fome certain.proportion. As of the proportions $ and 3, the Antecedents 4. 
and: 3 multiplied into. onc. another, and the Confequents 3 and 2 multiplied into 
one another; hall make '&, or Duple.proportion. — | | 
Whereas, the, fame proportion $ and 3, added to one another make 23; as we 
have before thewn. So {and 3, multiplied together make '} or 3, Triple proportion, 
But added make i, or 33, proportion Triple Sefquialteral. Again, } added to 3, 
make 1; but multiplied together make 5; Likewife } added to è make ?; but mul- 
tiplied make ;. Thus it appears, how proportions may by Addition arife to be 
fometimes greater, tometimes lefs than by Multiplication: which is a Property 
peculiar to proportions, andifomewhat remarkable, 7 


r i 
met Prt 2 


! | UE fo ur magnitudes be: proportional, the greatest and leaft are 
UL greater than the other two. 


— Let the four proportional magnitudes be 4 B, cp, E, F; and as Am 
to cp,fo tor. Now let the greateít of them be An, and the leaft r. 
I fay, that aB, F,aregreater than cD, x. 

For to E let AG be put equal; and to F be put equal cu: foraf- 
much therefore that it is as ag to cD, {o £ to F: and that ag is equal 
to £, and cH to F; therefore as a 8 to cD, fo aG to cH[Prop.r LELV. |. 

Alfo becaufe it is as the whole az to the whole cp, fo the part 
detraéted a c,to the part detracted cu; therefore the Remainder a p, 
{hall be to the Remainder Hp, as the whole as to the whole cp 
[ Prop. rg. El. V... But the whole Az is | by Suppofition] greater 
than the whole c»; therefore alfo the Remainder cB is greater than 
the Remainder HD. 





9 G 3 
i IZ 
Ce OG 
F. 
e—a 9 
F 
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And forafmuch as AG is equal to £, and cu to F; therefore AG 
and f are equal to cu, and £E. For if equals be added toequals, the 
wholes are equal | Ax. 2. |. 

But again, if to unequals be added equals, the wholes fhall be un- 
equal | Ax. 4. |: Therefore if to the unequals a2,u n beadded thefe 
equals, F, AG, and E, CH, namely, F, and ac added tos the greater, 
and £, and cH toH D the lefs; then fhall a g, and F be greater than cp, 
and E. 

If therefore four magnitudes be proportional, the greateft, and 
leaft are greater than the other two. Which was to be demonſtrated. 


Kk Adver- 
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Advertifement. 


Here Euclide ends this Element: but the Moderns have (out of Pappus) annexed 
feveral other Propofitions; which becaufe they are only manifeft Coníe&taries 
arifing from the foregoing Propofitions, and not of fo frequent ufe, we have 
thought fit. not to overcharge the younger Students with. For Peletarius here 
very well fays, Que (propofitzones) per. fe clare funt, locum tantum occupant: Ingenium etiam 
onerant, © multitudo tedium parit. What Euclide hath delivered is abundantly fuffi- 
cient in this matt˖eee.. 0 - 


it 


ANNOTATIONS. 


This property of proportional magnitudes hath been — — in 
Prop. 35™. and 36™, El. I. where Parallelograms on the fame, or equal bafes. in 
the fame Parallels, are demonftrated to be equal ; that 1s, to be to one another in 
the fame proportion of Equality. Andthere alfo it hath been obferved, that of 
thofe equal Parallelograms their Perimeters are unequal, and of two equal Paralle- 
lograms the longeft, and fhorteft fides, are greater than the other fides. Now this 
Propofition demonftrates the like Affection of fout proportionals univerfally in| 





kinds of proportion, and in all kinds of magnitude, either Lines, Planes, or So- 


lids: and that in each of them the greateft, and leaft Terms added Mm fhall 
always be greater than the other two, | ' 
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A 
SYNOPSIS 


PRINCIPAL PROPOSITIONS 
OF THE 


FIFTH ELEMEN T. 


Prop. r, and 12. If A.B::C . D::E.F. Then 
A.B: A+C+ E.B+D-F. 
Prop. 2, and 24. If A. B::c . D . and 


E. B::F. D. Then 
AtE . Bi:c+FE. D. 


Prop. 2,22,and 23. Proportionals ex «e920 Ordinate and Perturbate. 


Prop. 4. Jf 4. 8:: c. n. Then 
24 .58:: 2€ . jD &c. 
Likewife 2A. B::2C . D &c. 
and A .38:: C . 2D. &C. 
Let 4 —A--E. and xz—a-e 
Prop.s,and19. If .2:: 4.a. Then 
E.€:: AE. &. 
Prop. 15. A.B ::2A . 2B &C. 
Primary Proportionals, A 4E IE es6 
Corol. Prop. 4. Inverfion, Fs ATS Cs B 
Prop. 16. Alternation, à B EEG. 
Prop. 17. Compofition, AT E.E::B-C.C. 
Prop. 18. Divifion, A—E. E:B—C.C. 


Corol.Prop.19.Converfion, 4. A — E&::8. B— C. 


Note farther, that Compofition, Divifion, Converfion of proporti- 
onals, may be again, and frequently are proportionally varied by In- 
verfion, and Alternation after this manner. 

Compofition and Alternation, a+E.B+C::E.C 

Divifion and Alternation, A—E.B—C::E.C. Therefore 


Compofition and Divifion, A--E.B-Fc::A —£. B— €. by Prop. 1r. 
k 2 Thus 
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Thus hath £uchde finifhed his general Dodtrine of Proportions, and Proportio- 
nals in magnitudes: which we confefs is more plainly fet forth in his Elements of 
Numbers. For tho the Properties of Proportionals be alike in Magnitudes and 
Numbers; yet are they demonftrated in thofe Elements from more natural Prin- 
ciples, and more obvious to the common notions of men in this matter. We have 
formerly expounded the different Definitions of proportional Magnitudes, and of 
proportional Numbers, and fhewn the reafons thereof for want of a natural mea- 
{ure in Magnitudes. And therefore what evidence, or what demonftrations could 
in this Element be expected, or made from a certain meafure between proportio- 
nal Magnitudes (as it isin Numbers) where there is in nature no certain meafure? 
Nay farther, where there cannot be put, or fuppofed any imaginable common 
meafure. Number is only one way infinite by augmentation ; but hath its indi- 
vifible Monade for a beginning, and common meafure, the natural inftrument of 
Demonftration in the Doctrine of proportions, and accordingly made ufe of in 
the Elements of Numbers. But Magnitude is both ways infinite, by Augmenta- 
tion, and Diminution. lthath not a Monade, that guid Minimum, unum © folum, 
That one and fole meafure of all things. What foundation it hath uleful for 
Demonttration in this Subje&t, Euclide hath moft ingenioufly found out, and given 
us in the fifth Definition of proportional Magnitudes. And it is either plain 
Ignorance, or great Vanity in thofe, who charge this Element of Intricacy, and 
Imperfection, which is framed with fo much Art, and in as clear a Manner, as the 
nature of Magnitude could admit. 

The L£picherremata, or Attempts of thofe Learned Geometricians Joannes Bene- 
aittus, ‘Tacquet, Borellus,&c. in this matter I leave to be at large examined by the 
Profeflors of Geometry in our Univerfities, and Gre/bam College. 


THE 
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THE SIXTH 


ELEMENT. 


DEFINITIONS. 


DEFINITION L 


l/ ke firait-lin d Figures are thofe, which have thew feveral 
angles equal, each to each, and the fides about the equal 
angles proportional, 


In the Triangles ABC, DEF, if the feveral angles be equal, each to each, A 
to D, BtoE, Cto F, and the fides about the equal angles proportional, AB to 
b C, as DEto EF; BCto CA, asEFto ED; CA toAB,as ED to DE,then 
thefe are faid to be like Triangles, 


F 
F E A 
JU PA Qn fc 
C 
D C 
D 
A B E B .A—— ———B B a AS 


So again, in the Equiangled Parallelograms A D, EC, if AB be to BD as EB 
to BC, then thefe are called like Figures: And fo forth in all Multilateral Figures, 
or Polygons. But Equiangled Parallelograms are not always like Figures; as it 
frequently happens in Right-angled Parallelograms, and Equiangled Rhomboids, 
which are not like Figures; unlefs they have alfo their fides about the equal An- 
gles proportional. But every Square is to every Square, and every Equiangled 
Rhombus to every Equianeled Rhombus alike Figure: becaufe they have their 
fides in the fame proportion of Equality to one another, 











Kk 3 DEFI- 
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DEFINITION II. 


Eciprocal Figures are, when in each of the Figures there are 
Terms both cAntecedent and Confeguent. 


As in the Triangles ABC, DBE, and the Parallelograms A C, DE, if AB is 
to BE, as back again DB isto BC, then thefe are called Reciprocal Figures. la 
which, note for diftinction between Like and Reciprocal Figures, that the ex- 
treme Terms of the two proportions in Reciprocal Figures; namely the firft Ante- 
cedent, and the laft Confequent, fhall ever be in the fame figure: whereas in like 
figures the firt Antecedent is in one figure, and the laft Coníequent always in 
the other. Moreover, in the foregoing Definition of like Figures, all the Angles 
are to be equal, each to each, and all the fides about the equal Angles directly 
proportional to one another. But it is not neceffary in all Reciprocal Figures to 
have the feveral Angles equal, but only that Angle, which is contained by thofe 
fides which. are Reciprocally proportional to one another. For in the other An- 
oles the figures may be very often unlike, and not agree in equal Angles, and 
fides proportional, as hereafter in Triangular Figures the r5**. Propofition will 


maniteftly fhew. 
D F D T — ERE n 
⸗ SNEER EETA S. — — 
T | F. /p / 
Again, note that Reciprocal Figures are fuppofed always equal, tho not always 


YN (CoE II 

: Af 
C E ees 3 G 
Equiangled; and like figures are commonly fuppofed unequal, and ever Equi- 


G 
angled. For if like figures be alfo equal in Area, they are as it were only the 
fame figure feated 1n feveral places. 

Moreover,the Parallelograms F G,F G are in this matter very remarkable Schemes, 
wherein the Complements A C, DE, are equal bv Prop. 43. El.1; andalío Reci- 
procal Figures (as at Prop. 14". of this Element 1s demonftrated ) having the fide 
AB to the fide BE, as Reciprocally DB isto BC. And again, the Parallelo- 
grams AD, CE, arelike figures, having the fide AB to the fide BD, as EB is 
to BC in adire& proportion to one another. As is demonftrated in the following 
24". Propofition. 








DEFINITION Ill. 


Strait line is Jaid to be cut in extreme aud mean proporttom, 
when it is as the whole to the greater Segment, fo the 
greater Segment to the le/s. 


If the line AB be divided at the point C in fuch a proportion, that as the 

whole A B 1s to the greater Segment A C, fo 1s the c 
íame A C to the lefs Segment C B, then the line AB A 
is faid to be cut in extreme and mean proportion, 
For that the whole line, and the lefs Segment are the two extremes, and the greater 
Segment is a mean or middle proportional Term between them. And fo the 
whole line, the greater Segment, and the leis are all three in the fame continual 
proportion: Which by our incomparable M' Wiliam Ougitred, is juftly faid to be 
Sectio pene Divina, and how to effect this Se@tion is demonftrated at Prop. 30". 


3 DEFI- 


B 
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DEFINITION IV. 


He Altitude of every Figure zs a Strait line drawn from the 
Vertex perpendicular to the Ba/e. 


The Altitude, or Height of any thing,.is vulgarly accounted to be the diftance 
from the Top to the Bottom; and by diftance is meant the fhorteít length be- 
tween them, becaufe the fhorteft length 1s the only Singular, Certain, and Deter- 
minated Space between any two diftant things. 

So the Geometrician determines the Altitude of any Figure by a Perpendicular 
from the Vertex of the Figure to the oppofite Bafe ( produced if need be); as in 
thefe expofed Fieures their Altitudes are the Perpendiculars AB, A B, &c; for that 
they are in common fenfe, and alfo demonftratiyely the fhorteft length between 
the Vertex and the Bafe. 


A AZ 0 


Therefore when Figures are faid to be of the fame Altitude, we are to under- 
ftand that the Perpendiculars from their Vertex to their Bafes are equal to one 
another, and therefore may be placed in the fame parallels. 

For let the Triangles ABC, DEF, be of the fame Altitude, having the Per- 
pendiculars AG, DH equal to one another. I fay, the Triangles ABC, DEF, 
are in the fame parallels. For let be drawn the ftrait line AD: Then forafinuch 
as AG, DH are equal, and at right angles to GH; therefore they are alfo paral- 
lel one to another [ Prop. 28. El. I]. But ftrait lines equal and parallel are 
bounded by equals, and parallels [Prop. 33. El.1.]; therefore A D is parallel to 
GH, and the Triangles ABC, DEF, arein the fame parallels. 








Again, if the Triangles DEF, DK L, havea common Vertex D, fo by confe« 
quence a common Altitude DH, which isa Perpendicular to their continued Bates ; 
it is then alfo obvious, that there may be drawn by the fame Vertical point D, a 
parallel to the oppofite Bafes [by Prop. 31. El. 1. ]. 

So that in general, Triangles, and Parallelograms to be in the fame Altitude, 
and in the fame Parallels import the fame thing. 


DEFI- 
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DEFINITION: V. 


Proportion is faid to be compounded of proportions, when the 
Quantities of the proportions multiplied into themfelves; do 
make [ome proportion (or. [ome Quantities of a proportion ).. 


There are various Lections of this places. Some Editions have it, road ayè ài- 
yo, do make fome proportion: but the. more ancient. Reading 35, mao mwas, fiih mA- 
yomtas, that is, the Quantities of .the;.proportions multiplied into one another da 
make fome ——— to. wit , of; 4, proportion :.. which proportion being thus pro- 
duced from the multiplied proportions, is faid to be compounded of them. As 
of the given proportions, let one. be Sefquitertial 13, and the other Sefquialte- 
ral r1: As 4 to 3, and 3 to 2, or$%, and ?, which multiplied into one another, 
that is, Antecedents into Antecedents, and Confequents into Confequents, do 
make ‘2, or 12 to 6, that is, fome Terms, or Quantities of Duple proportion; 
which is here compounded of Sefquitertial, and Sefquialteral proportions, fel. 2 
compounded of x 1, and 13. | 

For by this Definition mhatfoever proportion arifes from the multiplication of any 
ather proportions, the fame is [aid to be compounded of them: And this is in general 
the meaning of this Definition, — | P 

Now farther to explain the words. By the Quantztzes of proportions our Com- 
mentators would have the Denominators to be underftood: But it isnot material 
whether by the Quantities we under{tand-either the Denominators, or the gzven, and 
expofed Numbers of the proportions, or the /eafé Numbers of the fame proportions : 
For that each of thefe being multipliéd together, do produce the fame compound 
proportion , tho in different Numbers, and alfo in fuch, as are far enough from 
being the Denominator, or the leaf? Numbers of that compound proportion; as the 
foregoing Inftances do apparently fhew':. only the Arithmetical operations are 
performed with more eafe in:the leaft Numbers: otherwife the effects are ftill the 
fame. And the moft proper ufé of Denominators is to difcern the Species of a 
proportion expofed in any Numbets «whatfoever, and to denote the name. But 
Euclide in his Elements of Numbers never mentions Denominators, or the Quan- 
tities of proportions. He only fhews in Prop. 35°. El. VII. how to bring any 
given Numbers into the leaft Numbers in the fame proportion with them: upon 
which Reduction all his Demonítrations proceed: And thus much for the inter- 
pretation of the words of this Definition. 

We are next to enquire, what ufe is made thereof in thefe Elements, in regard 
that Euclzde had before otherwife defined compound proportion, asit is compre- 
hended in Def. 1e. El. V. And according to that Definition he demonftrates in 
Prop. 23.El. VI. All equiangled Parallelograms to have to one another a proportion com- 
pounded of thew fides: And likewife in Prop. 5. El. VIII. ÆI Plain, or Superficial 
Numbers to have a proportion compounded of their fides. The demonftrations both in 
Magnitudes and Numbers, are framed juft after the fame manner upon the ro*, 
Definition of the Fifth Element, without the leaft ufe, or any mention of the 
multiplication of proportions according to this ṣ*, Definition of this Sixth Ele- 
ment. And ftrange it feems to me, nay very abfurd, to admit that for an Ele- 
mentary Definition, which is never ufed either in thefe Elements of Euclide, or in 
the Conics of Apollonius, or eMewhere in Archimedes: but in all thefe, and other 
Geometrical Authors, Compofition of proportion is ever taken in the fenfe, and 
notion of Def.ro*. El. V. It will not therefore be impertinent to examine how 
another ufelefs Definition of Compound proportion, and which befides can only 
relate to numbers, came to be fo Ungeometrically inferted in this place, where the 
proportions of Magnitudes are folely confidered, and the ufe of numbers (as alto- 


gether improper, and alfo infufficient for demonftration in thefe 5^. and 6**. Ele- 
ments) is by Euchde ftudioufly avoided, 
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The moft ancient.cccount E. have met with, isin 77eoz * Commentaries on Pto- 
lemey s Mathematical syntaxts, Liv. 1. cap. 52. entitled Prolambandmena, where, fays 
Ptolemey, let from tbe point A be produced two lines 
AB, AC, and «wom the points B, G, be drawn. B E, 
G iD, cuztiag;eac: other in. P; and draw Ei parallel 
to Gi. : fay, that the proportion of GA'to AE 1s 
compouricd of tue proportions of GD to DF, and 
of kato DE., | 2 | 

Now to prove this, he introduces an other extra- 
nequs line, wz. DF taken ea9ev (fays Ptolemy) ex- 
trinfecus, ov ab extra, as it were from without; and in- 
terpotong DF tora middle Term between GD, and 
Ei, does atiume that the proportion of GD to Ef, 
is compounded of the proportions of G D to DE, and 
of DF to EI.. As ‘a compound proportion is under- 
Ítood by Euclide 1n Def. 10. El. V. — | 

But now altho’ in a Series of continued Terms, this be called by Euclide a com- 
pound proportion. (ashe might pro arbstrzo give fuch a name to the proportion of 
the extreme Terms); Yet a queltion may be made, How doth it appear that the 
proportion of GD to E], 1s really compounded of the Proportions of GD to 
DF, andof DF to EI? 

In larisfaction to fuch demands, and for the explication of this place, and there- 
withal of Luchd s Definition, Theor in hisComment, Page 62, givesan other Defi- 
nitiqn of Compound proportion.in thefe words. | 

“ 4 proportion is faid to be Compounded of two, or more proportions, when 
& the Quantities of thoíe proportions being multiplied do make fome Quantity of 
€a proportion.. | | 

The ule now that Theon makes of this Definition, 1s to explain Euclid’s 1oth, 
Det. ii. V. and to thew how both agree.in! producing one, and the fame Com- 
pound proportion; as fuppofing his own. Definition to be a more natural, and 
clearer Nouon of a Compound proportion than that of Euchds; and thereby to 
conficm the 10, Def. of El. V. He therefore with Euckde puts two proportions in 
a Series of three continued Terms. J | 

. For (fays ne) Let AB have to CD any given proportion (as 6 to 4) and 
CD to E F any proportion (as4to 2). I fay, taat the 
proportion of AB to EF, is compounded of the pro- 4 6 
portions of AB to C D, and of CD to EF: that. is 
if the Quantity of the proportion of AB to CD be 
multiplied into the Quantity of the proportion of CD g———-—— r 
to EE, it fhall make the Quantity of the proportion of 
AB to EF (that isof 6 to 2.). 

For let the given Proportions be 6 to 4, and 4 to 2: then § multiplied into 4, 
make ^4 the fame Triple proportion with $, which is the proportion of the firit 
Term to the third. And this Theon univerfally demonttrates, vx. That in any 
three Terms (fuppofe A, B, C), if the proportion of A the firit to B the fecond, 
be multiplied into the proportion of B the fecond to C the third, then the Pro- 
duct hall alwavs make the fame proportion with that of A the firit to C the 
third. This proportion of the firit Term to the third, Eucde in. Def. 10. E]. V. 
calls a proportion Compounded of the two intermedial proportions expofed in 
three continued Terms, vz. Of the proportion of the firft Term to the fecond, 
and of the fecond to the third : and owns no other notion of a Compound pro- 
portion in the demonfítrations of Prop. 23?. El. VI. and Prop. 5. LL VILL. or 
elfewhere. | l 

But becaufe in Euclid's Series of three, four, or more continued Terms, the pro- 
portion. of the firt Term to the latt, does not {o immediately appear to be Com- 

ounded of the Intermedial, and Concatenate proportions; therefore Theon joyns 
the Philofopher with the Geometrician, and gives another very natural —— 
l o 
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of a Compound proportion. For in Theon's multiplication of Antecedents into 
Antecedents, and Confequents into Confequents, there is manifeftly made a na- 
tural Mixture, or Compofition of proportions: which being thus involved into. 
one another, do really produce a Compound proportion ; and alfo fuch, as he de- 
monítrates to be the very fame with Euclid s, according to Def. 10. El. V. which. 
Theon hath from his Definition thus illuftrated, and confirmed. So that this mul- 
tiplication of proportions may well be allowed to a Commentator fora good Ani- 
madverfion, and Explication of Def. 1o*. E]. V. as here an occafion was given to 
Theon: but by no means to. ftand fo improperly, and ufelefly for a Geometrical 
Definition of Zuchkd's, as it hath been by fome Schokafé unadvifedly transferred 
into this Sixth Element. ! B T | — 

The next we find is Eutocius in his Comment on Archimedes, who in Prop. 4: 
Lib. II. de $pherá, € Cylindro, propofes.to cut a Sphere {o that the Segments may 
have to one another the fame proportion. with any given. — 

In the courfe of his demonftration he ufes Compound proportion in Euchds 
fernfe, according to Def. 10. El. V. and afflumes that the proportion of RL to 
LQ (arily as Archimedes words it) is connected by, or (as commonly faid oyxeizy ) 
is compounded of the. proportions, which RL hath to LD, and LD to LQ. ; 


d 


Ru o ei p n cu uu. m 


Hereupon fays Extocius in his Comment, ‘tis mamifeft that Compofition of pro- 
portions is taken as in the Elements (meaning Def. ro‘. El. V.) in that LD is 
interpofed as a middle Term between R’L, and LQ. For (fays he) if between two 
Numbers, or Magnitudes, be taken any middle Term, the proportion of thefe firft 
Numbers or Magnitudes, is compounded of the proportion which the firft Term 
hath to the middle, and of the proportion which the middle hath to the third. 

But farther adds, that this is {poken’ac\agIpdras, fomewhat énarticulately (or 
abruptly, as if matters were not well jointed together) £ 5x gras, wise my tyvoiay dya- 
meaAnpacy, and notin fo plain a manner, as fully to fatisfy our underftanding, (to wit) 
in the proper notion of a Compound proportion. Therefore to make Eu 
Compofition of proportions more perípicuous, he cites this other Definition of à 
Compound proportion, as being alfo found by him in- the Elements (fo early it 
feems to have been tranímitted into this place) and demonftrates that 

“If between two Numbers of Magnitudes, be taken any middle Term, then the 
“ proportion of thofe firft Numbers or Magnitudes, to one another, fhall be the 
“fame with that Compound proportion, which is made out of the proportions 
«of the firt Term to the middle, and of the middle to the third, multiplied into 
“one another. 

Now by the demonftration of this agreement, Eztocius intended to make mani- 
feft, that in any three continued Terms, the proportion of the firft to the third 
is rightly faid by Euchde in Def. 10. El. V. to be a Compound proportion of the 
firft to the fecond, and of the fecond to the third. 

Moreover to illuftrate this matter, he gives feveral inftances in Numbers. Let 
(fays he) between 12 and 2, be interpofed any number, as 4; then the proportion 
of 12 to 2, that 1s, Sextuple, is Compounded of the proportions of 12 to 4, and 
of 4 to a, of Triple, and Duple proportions. For ? multiplied into? makes 5$, that 
is 5$, the fame proportion with ^5 the firt given Terms. 

In this inftance of Eutoctus , note that the two proportions 4, and $, are 
each of the greater inequality: and therefore the proportion ‘§ refulting from 
their multiplication, is really à totum Compofitum, a greater proportion confifting of 
two lefs proportions, asa whole of fo many partial Components; that is, a Sex- 
tuple proportion is here rightly compounded, and made up of a Triple, and Duple 
proportion multiplied into one another. And every Compound proportion is 
always a totum of the like nature, when the intermedial proportions are all of the 
greater inequality. 


But 
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. But now onthe contrary, in proportions of the lefs inequality it is to be noted; 
that if between 2 and 12, be again interpofed 4; then 2, and i, multiplied into one 
another, fhall make ;$, or $, a Subfextuple proportion, which is emergent from 
Subduple, and Subtriple proportions ; yet does not, as in the intermedial propor- 
tions of the greater inequality, confilt of thefe intermedials, asa whole of its 
parts; but contrarywife is as it were subcompounded, and becomes to be a lefs 
proportion derived from two greater. For z 1s a proportion lefs than either 1, 
or į from both which it doth defcend; andthe like will be ever found, when 
all the intermedial proportions are of the lefs inequality. 

Again fays Eutoctus, Let between 9, and 6 be interpofed 4; then the propor- 
tion of 9 to 6, that is Sefquialteral 1 1j is compounded of 9 to 4, and of 4 to 6, 
that is, of Dup!e Sefquiquartal, 25, and of Subfefquialteral &. For 2? multiplied in- 
to i makes à, a. proportion Sefquialteral, and the fame with 2, the firft given 


Terms. 

In this infancd ts to be noted, that $, a proportion Sefquialteral refulting 
from ; multiplied ito $, is lefs than 2, a proportion Duple Sefquiquartal, and greater 
than 4, a proportion Subfefquialteral. And the like will ever happen, that when 
of the intermedial proportions fome are of the greater inequality, and fome of the 
lefs, then the Compound proportion arifing from them may be fometimes greater; 
fometimes lefs than fome of the Components: yet it is truely made by a mixture, 
and as it werea temperature of all the intermedial proportions. For proportions 
of the lefs inequality are an allay to proportions of the greater inequality, and 
may fo counterpoife one another, that the fame proportion may from different 
mixtures be diverfly compounded. | | 

As again to inftance with Eutociws in Sefquialteral proportion. Let between 
6 and 4, or $ a proportion Sefquialteral, be interpofed 2, then | is compounded 
of 5 and ;, that is, of a Triple, and of a Subduple proportion. For f multiplied 
in ? makes 5 a proportion Sefquialteral, and the fame with {, the firft given Terms. 
Thus Sefquialteral proportion is here compounded of Triple, and Subduple pro- 
portions, which in the numbers of. Eutocius was made out of Duple Sefquiquartal, 
and Subfefquialteral proportions. 

There are therefore thefe three different Conftitutions of a Compound propor- 
tion taken notice of by Theon, and Euteczus, as they arife from proportions, which 
are either all of the greater inequality, or all of the lefs, or of the greater, and 
le{fs intermingled with one another : as the demonftrations of Theon, and Eutocius 
(which may readily be found in Clavius) have diftinétly comprehended. 

Laftly if all the intermedials be proportions of equality, then the proportion 
of the firt Term to the laft is faid to be compounded of a Duplicate, or Tripli- 
cate, &c. proportion of the firft to the fecond, according to the number of the 
intermedial proportions, as they happen to be two, three, four, five, or more 
indefinitely. 

But thefe four feveral Conftitutions of a Compound proportion. ( whether it 
arifes from proportions of equality, or of the greater inequality, or of the lefs, 
or of the greater, and lefs intermixed ) may in general be at once demoníftratively 
made evident in Species, or Symbolical computation. 

For let there be (according to Def. 10°. El. V.) a Series of continued Terms, 
as A, B, C, D, E, which reprefent any Concatenate proportions whatfoever. I 
fay with Euclide, that the proportion of the extremes of A to E, is compounded 
of the proportions of A to B, of B to C, of C to D, of Dto E, that is, the pro- 


. A B - £. . 
portions of 5» e >» multiplied together, Antecedents into Antecedents, and 


Confequents into Confequents, fhall make the fame proportion with that of A 
to E, as Theon and Eutoczus, haye expounded Euchd's Definition. 
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For let the Antecedents A, B, C, D, be multiplied together, and alfo the Con- 
fequents B, C, D; E, after this form: Then the intermedial Antece- 
dents B, C, D, being expunged by the intermedial Confequents {ABCD 
B, C, D, there only ftands the proportion of A to E, of the firt | BCDE 
Term to the laft. 1n this Symbolical form is laid open at one view 
the whole Myftery (if any there be) of Compound proportions; which Theon, 
Eutocius, and Fztellto Opticorum, Lib. 1. Prop. 13. have laborioufly demonftrated. 

To conclude theretore this matter, when there are put three magnitudes, as in 
Det. 10^. El. V. in a continued Series compared to one another; Euclide calls the 
proportion of the firft to the third a proportion compounded of the proportion 
of the firft to the fecond, and of the proportion of the fecond to the third. Now 
Theon explains this Definition by an other, in which the nature of a Compound 
proportion feemed to be made more evident: and fhews that in Euclid's Series of 
three continued Terms, | 

“If the proportion of the firft to the fecond be multiplied into the proportion 
“of the fecond to the third, there fhall ever be made the proportion of the firft 
* to the third. 

Here now Theon {uppofes his Definition to be an obvious, and natural notion 
of a Compound proportion, by which multiplication of proportions, and their 
agreement with Euchds Compofition of proportions laid down ın a Series of con- 
tinued Terms, he thought it a proper explanation and confirmation of Euclid s 
Definition, which indeed we readily acknowledge, as alfo that it was the firft real, 
and fecret ground of Def. ro. EL, V. 

But yet Euclide found this kind of multiplication to be in no manner fervice- 
able for demonftrating all Compound proportions, even no more than his Defi- 
nition of Proportional Numbers could be applied to Proportional Magnitudes. 
Therefore he fubftitutes an other of a more general, and ufeful form, as firm: and 
true, tho’ not fo perfpicuous. For in Def. 10. El. V. the Series of Concatenate 
proportions fhews not fo evidently the Genefis, and Production of a Compound 
proportion arifing from them, as 7/7eoz s multiplication of proportions does moft 
naturally, and immediately fuggeft to our common underftanding. And we muft 
confefs that Euclid s two eminent Definitions of Proportional Magnitudes, and of 
Compound proportions, lye under the like difficult circumftances, and that both 
are taken up at the fecond hand upon meer neceffity. Yet are they fo admirably 
contriv d for general demonftrations in thofe concerns, that Euclide hath no where 
elfe given a more manifeft teftimony of an exquifite judgement, and through infight 
into all the Mathematics, than in the invention of thofe two Definitions: which 
the ancient Geometricians who had fearched this whole bufinefs to the very bottom 
faw juft reafon to receive, and ufe without exception, or any endeavour to amend 
them, or deviate from Euclid s method in this matter. 
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PROPOSITION I. 


| Riangles and ‘Parallelograms of the fame Altitude, are to 
one another as their Bafes. 


Let the Triangles be asc, acpb, and the Parallelograms £c, cr, 
having the fame altitude, the perpendicular drawn from a to BD. 
I fay, that as the bafe gc ıs to the bafe cp, fo the Triangle ABc; 
is to the Triangle acp; and the Parallelogram €c to the Paralle- 
logram cF. 

Let 8 D be produced both ways 
to the points H,L ; and to the bafe 
Bc let be put equals how many 
foever BG,GH. Again, to the bafe 


E 
cp, let be put equals how many JA | / 
foever D K, KL; and let be joyned : 
AG, AH, AK,AL. 3 

Now forafmuch as cs, 8G,G H, 


are equal to one another; there- G 5 € l re L 
fore the Triangles A HG, AGB, ABC, are equal to one another [ Prop. 
28. EL I.]; wherefore Quotuple the bafe Hc is of the bafe sc, To- 
tuple is the Triangle auc of the Triangle apc. By the fame reafon 
Quotuple the bafe Lc is of the bafe cp, Totuple is the Triangle 
ALcof the Triangle acD. 

Now if the bafe c be equal to the bafe cL, the Triangle aueé 
is alfo equal to the Triangle axc | Prop. 38. El.I.]: and therefore 
if the bafe mc exceeds the bafe cL, the Triangle a unc does alfo ex- 
ceed the Triangle ac: And if the bafe be lefs, the Triangle is alfo 
lefs | by Corol. Prop. 38. EL I. |. 

There being then four magnitudes the two bafes Bc,c p, and the 
two Triangles ABC, ACD: and of the bafe Bc, and of the Triangle 
A BC, are taken equimultiples (any whatfoever) the bafe uc, and the 
Triangle auc: alfo of the bafe cp, and of the Triangle Ac p, are 
taken other equimultiples (any whatfoever ) the bafe cL, and the 
Triangle AL c. 

And it hath been provd that if the bafe Hc exceeds the bafe 
cL, the Triangle auc does exceed the Triangle a Lc: and if equal, 
'tisequal; and iflefs, tis lefs. ‘Therefore as the bafe gc is to the 
bafe cp, fo the Triangle azc is to the Triangle acp | Def. 5. ELV. |. 

And now becaufe the Parallelogram Ec is double of the Trian- 
gle apc | Prop. 41. EI. I.|, and the Parallelogram Fc is double of 
the Triangle acp; and that parts have the fame proportion with 
their equimultiples | Prop. 15. El. V.]; therefore as the Triangle 


aBcis to the Triangle acp, fothe Parallelogram Ec is to the Paral- 
lelogram CF. 





Lil 3 Becaufe 
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Becaufe therefore it has been prov'd, that as the bafe 2c to the 
bafe cn, fo the Triangle asc to the Triangle acp: And as the Tri- 
angle A8c to the Triangle Ac p, fothe Parallelogram zc to the Pa- 
rallelogram cr: wherefore alfo as the bafe gc to the bafe c p, fo the 
Parallelogram £c to the Parallelogram cr |Prop. rr. EL EL V.]. 

Therefore Triangles and Parallelograms of the fame altitude are 
to one another as their bafes. Which was to be demonftrated. 


ANNOTATIONS. 


On this Propofition depends the main part of this Element, as alfo the whole 
doctrine of proportions in Magnitudes throughout all Geometry: and by this 
demonftration it plainly appears, with what facility the 5'*. Definition of El. V. 
is applied to Magnitudes. For what is of more eafy Conftru&tion than to Duple, 
or Triple, &c. the bafe BC; and then by joyning AG, AH, to Duple, Or Triple, 
&c. the Triangle AB C, that 1s, the firft - F 
Term, and the third, the Antecedents. 
Again, to Duple, or Triple, &c. the bafe 
C D, and accordingly the Triangle ACD, 
that is, the fecond Term, and the fourth, 
the Confequents, is the fame obvious 
Conftru&ion. Neither is there elfe- 
where in Euclide, or Archimedes any great- 
er trouble in the-multiplication of mag- 
nitudes according to Def. 5^. El. V: And 
upon fuch like eafy Conftructions the de- 
monftrations do as eafily proceed, being 
always readily confirmed by fome one fingle Propofition. As here ‘tis evident by 
Prop. 38". El. I. that Triangles in the fame parallels, (that is to fay, of the fame 
altitude) and on equal bafes are equal to one another: and therefore on unequal bafes 
are unequal; on the greater bafe the greater Triangle, on the lefs, thelefs. So 
that if the bafes be equal, greater, or lefs, one than the other; the Triangles like- 
wife are the fame in any multiplication whatfoever: therefore as bafe to bafe, fo 
Triangle to Triangle, by Def. 5^. El. V. And we fee here that there needs no 
tryal of various or perplexed multiplications to prove this Propofition: but that 
the Analogy between the bafes, and Triangles 1s at once apparent by one only Geo- 
metrical Propofition, well known aforehand, vz. Prop. 38". El. I. 

Now Tacquets confidence in this matter is very remarkable, who {o boldly pre- 
fers his own demonftration, which is encumbred with the divifions of the Confe- 
quents into Z£e aliquot parts; and thefe again areto be fubtracted from the Ante- 
cedents quotzes fierz poteff, &c. All which will undoubtedly feem to his Mathema- 
gical ‘Tyrones (of whom he pretends to have a great care) a much more trouble- 
fome, and perplexed bufinefs, than this plain Conftruction, and Demonftration of 
Euchde, which he unjuftly accufes of obfcurenefs and intricacy ; whereof he him- 
felf is moft guilty: as will certainly appear to whoever fhall compare both toge- 
ther. But E leave 7acquet, and Borellus with the reft, to the correction of the Geo- 
metrical Profeffors in our Univerfities, and Gre/bam College: this fubje& being 


too large for Elementary Annotations intended only for the inftruction of Younger 
Students. 
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PROPOSITION II. 


FE to one fide of a Triangle a firatt line be. drawn parallel; i 
| foall cut the fides of the Triangle proportionally. 
And if the fides of a Triangle be cut proportionally, the ftrait line 
joyning the Sections, feal be parallel to the remaining fide of the 
Triangle. 


For in the Triangle age to one of the fides Bc, let pz be drawn 
parallel. I fay, that as BD isto pa, fo cEisto Ea. Let be joyned 
BE, cD: therefore the Triangle BDz, is equal to the Triangle cpE 
| Prop. 37. El. 1.1... For they are on the fame bale DE, and within 
the fame parallels DE, Bc.. But moreover there 1s an other Tri- 
angle AD E: and becaufe equals have to the fame thing the fame 
proportion | Prop. 7. El. V.]; therefore as the triangle BDE, is to 
the Triangle apeg, fo the Triangle cpe is to the Triangle a DE: But 
as the Triangle BDE 1s to the Triangle ADE, 
fo BD is to Da.; For having the fame Altitude, 
the perpendicular drawn from x to aB, they 
are to one another as their bafes | Prop. 1.El. 

VI.) And by the fame reafon, asthe Triangle, D 

cDE is to the Triangle aD E, fo cE is to Ea;  \ ~~ 

therefore asBD is to D 4, fo cE is to £E a| Prop. 

ILELV.. . C n 

But now of the Triangle asc, let the fides as, ac becut pro- 
portionally in the points D, £, that as BD to Da, fo cE to Ea: and 
let be joyned pe. I fay, that DE 1s parallel to 2c. For the fame 
Conftruction being made, becaufe as BD isto pa, fo cE isto EA: 
and as BD isto Da, fo the Triangle BDE is to the Triangle ADE, 
and as cE is to Ea, fo the Triangle cDE is to the Triangle ape. 
Therefore as the Triangle 3DE is to the Triangle ape, fo the 
Triangle c D x is to the Triangle A DE | Prop. 11. E]. V.]: wherefore 
each of the Triangles Bp E, cD E, have the fame proportion to ADE; 
therefore the Triangle Bpz is equal to the Triangle cp x [Prop. o. 
El.V.| And they are on the fame bafe pz; but equal Triangles 
and on the fame bafe,are withinthe fame parallels [ Prop.40. ELI. |; 
therefore pn E 1s parallel to Bc. 

If therefore to one fide of a Triangle a ftrait line be drawn pa- 
rallel; it fhall cut the fides of the Triangle proportionally. 

And if the fides of a Triangle be cut proportionally, the ftrait 
line joyning the Sections, fhall be parallel to the remaining fide of 
the Triangle. Which was to be demonftrated. 


PROPO- 
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PROPOSITION IIL 


F an angle of Triangle be cut into halves, and the ftratt line 

cutting the angle does alfo cut the bafe: the Segments of the 
bafe fhail have the Jame proportion with the remaining fides of the 
Triangle. | 

Amd if the Segments of the bafe have the fame proportion with 
the remaining fides of the Triangle, the ftrait line drawn from the 
Vertex to the Section, does cut the angle of the triangle into halves. 


Let the Triangle be 42c, and let the angle pac be cut into 
halves by the line AD [by Prop.o. ELT.] I fay, that as gD is to 
Dc, fo BA istoac. For by the point c let be drawn ce parallel to pa 
| Prop. 31. EL. 1.]; and let 84 produced meet with the fame in the 
point E. Now forafmuch as the ftrait line A c falls upon. the paral- 
lels an, Ec; therefore the angle a cE is equal to the alternate angle 
cap [Prop. 29. El.J.]: but the angle cap is put equal to the an- 
glezap; therefure the angle BaD 1s alfo equal to the angle ace. 
Again, becaufe the ftrait line Bak falls up- = | 
on the parallels AD, £c; therefore the out- 
ward angle BaD is equal to the inward an- 
gle anc. And it has been provd, that the - 
angle A c E 1s alfo equal to the angle Bap; 
therefore the angle ace is alfo equal to the 
angle ac, fo that alfo the. fide a £ is equal 
to the fide ac | Prop. 6. EL I.]. And becaufe 
to one fileof the Triangle BcE, namely to ® 3 — 
gc, is drawn parallel an; therefore proportionally as BD to Dc, fo 
Ba to az [Prop.2. El. VI.| But aE is equal to acs therefore as 
BD to DC, fo Ba to ac [Prop. 7. EL V.]. 

But now let it be as Bp to pc, fo ga to Ac: and let be joyned 
ap. I fay, that the angle Bac is cut into halves by the ftrait line 
ap. For the fame Conttruction being made, becaufe it is as BD to 
pc, fosa to ac: and as BD is topc, fo BA isto AE: for to one 
fide of the Triangle Bc e, namely to c E, is drawn Ap parallel ; there- 
fore as Ba is to AC, fo Bais to aE: therefore ac is equal to AE 
| Prop. o. El. V. |; fo that alfo the angle akc, is equal to the angle 
ACE [Prop. 5. ELI.] Butthe angle AEc is equal to the outward 
angle 24 D [ Prop. 29. El. I.]|; and the angle Ac is equalto the al- 
ternate angle caD, wherefore the angle BaD is equal to the angle 
CAD; therefore the angle sa c 1s cut into halves by the ftrait line a D. 

If therefore an angle of a Triangle be cut into halves, and the 
ftrait line cutting the angle does alfo cut the bafe: the Segments 


of the bafe fhall have the fame proportion with the remaining fides 
of the Trianele. 


E 
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And if the Segments of the bafe have the fame proportion with 
the remaining fides, &c. Which was to be demonttrated. 


PROPOSITION IV. 


F equiangled Triangles the fides about the equal angles are 


proportional: ind the fides [ubtended under the equal an- 
gles are Homologal. : 


Let the equiangled Triangles be A2c, p c£, having the angle 
ABC equal to the angle Dc e, and the angle acs to the angle D zc, 
and moreover the angle BAc to the angle cpr. 

I fay, that of the Triangles apc, pcx, the fides about the equal 
angles are proportional, and the fides fubtended under the equal 
angles are Homologal. 

For let pc be put directly to c£, and 
becaufe the angles A2 c, acB, are lefs VN 
than two right angles | Prop. 17. EI. 
and the angle acs is | by Suppofition |. ^ 
equal to the angle D Ec; therefore the \ T 
angles Az €, DEC, are lefs than two right 
angles: wherefore BA, ED produced , 
fhall meet [by Poftulate 3. Let them c 
be produced, and meet in the point F. 

Now forafmuch as the angle nc & is equat to the angle argc [by 
Suppofition ]; therefore Br is parallel to cp [Prop 28. ELI ] (Zor 
that the outward angle pcx 15 equal to the inward and oppofite 
ABC.) Again, becaufe the angle acB is equa! to the angle nec [by 
Suppofition]; therefore ac is parallel to rg | Prop. 28. El. F]. 
(For that the outward angle acg as equal to the inward and oppo- 
fite pec:) Wherefore Facp is a Parallelogram; therefore ar is 
equal to cp, and ac to FD | Prop. 34. ELI.|. And now becaufe of 
the Triangle FBxE, to one of the fides Fx, the line ac is parallel ; 
therefore it isa3 BAto aF, fo BctocE | Prop.2. El. VI.|. But ar 
is equaltocp; astherefore Ba to cp, fo Bc to cE | Prop.7. El. 
V.]; and alternately, as 4B to Bc, fo Dc to cE. 

Again, becaufe of the fame Triangle F BE, to the fide BF, the line 
cp is parallel; therefore it is, as Bc to cE, fo Fp to DE | Prop. 2. 
El. VI.|. But FD is equal to ca; therefore as Bc tock, fo ca to 
ED: Alternately therefore as Bcto ca, fo CE to ED. 

And forafmuch as it has been proved, that as aB toBc, fo Dc to 
cz, and asBpcto cs, fockE toED: therefore byequality, as Ba to 
AC, focD to DE. 

Therefore of equiangled Triangles the fides about the equal an- 
gles are proportional: And the fides fubtended under the equal an- 
gles are Homologal. Which wasto be demonftiated. 

Mm “ Euclide 
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“it —— « appears in the courfe eof the peer aed that thofe 
* fides which are fübtended under the equal angles are Homologal, 
“and correfpondent Antecedents and Confequents. 


PROPOSITION V. 


1 two Triangles have their fides proportional, the Triangles 
fall be equiangled. And [ball eaves a ele angles — €— 
which are fubtended rae m" TE 





Let the two Triangles be aBc, DEF, inte their — propor- 
tional, as AB to Bc, fo DE to er: and as nc to ca, fo EF to FD: 
and moreover, as 8A to AC, fo ED top r. I fay, that the Triangle 
ABC 1S equiangled to the Triangle DEF: And they fhall have thole 
angles equal under which are fubtended Homologal fides; namely 


the angle anc to the angle DEF, unas BCA to EFD, and 1 morc- 
over BAC tO EDF. | | 


For to the ftrait line EF, and tothe — 
points in the fame E, F, let be con- 
itituted the angle FEG, equal tothe ~ 
angle cpa, and the angle EFG, 
equal to the anglez c4 [by Prop. 23. 
E].[.|; therefore the remaining an- 
gle BAC 1s equal to the remaining 
angle EGE: wherefore the Triangle 
ABC is equiangled to the Trian sle 
Jangles ABC, 
G EF, the fides about the equal angles 





a. 2 


are proportional, and the fides: fübtending the equal angles are e Ho- 


BC, fo by Suppofition, DE is to EF; ids as DE to EF, Ío GE tO 
EF: wherefore each of the lines D E, GE, have the fame proportion 
to EF; and therefore p E is equal toaz [Prop.9. El. V.|. 


— the fame n DF IS —— tO GF. Now forafmuch as DE 


and the Triangle DEF, is I to ) die erbe vh GEF, ‘and the re- 
maining angles equal to the remaining angles under. which are fub- 
tended equal fides [Prop. 8. El.1.]; therefore alfo the angle nz is 
equal tothe angle GFE, and EDF to EGF. And becaufe the an- 
gle p EF 1s equal to the angle G&r, and the angle Grr to the angle 
Anc; thereforethe angle Azc is equal to the angle prr. By the 
fame reafon, the angle A cz is NA to theangle nr z, and alfo the 


angle 
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angle at a, is equal to the angle at n: wherefore the Triangle arc 
is equiangled tothe Triangle DEF. 

If therefore two Triangles have their fides proportional, the Tri- 
angles fhall be equiangled: And fhall have thofe angles equal un- 
der which are fubtended Homologal fides. Which was to be de- 
monftrated. | 

PROPOSITION VI. 


F two Triangles have one angle equal to one angle, and about 
the equal angles the fides proportional, the Triangles fhall be 


equiangled, and fhall have thofe angles equal, under which are Jub- 
tended Homologal frdes. 


Let the two Triangles be anc, DEF, having oneangle Bac equal 
to one angle EDF, and about the equal angles the fides proportio- 
nal, as BA to Ac, Ío ED to DF. Ifay, that the Triangle agc is equi- 
angled to the triangle DEF: And they fhall have the angle asc 
equal to the anglep EF, and the angle acg to the angle DFE. 

For to the {trait line DF, andto the points in the fame p, F, let 
be conftituted the angle FDG, equal to either of the angles Bac, or 


EDF [Prop.23.El.1.]; and the angle pre equal to theangle acs; 
therefore the remaining angle at B, 


is equal to the remaining angle at a: 
wherefore the triangle ABC 1s equi- 
angled to the triangle DGF: 1t 1s 
therefore proportional as B A to Ac, fo 
GD to DF. But by fuppofition as Ba |. 
to ac, fo ED to DF; and thereforeas — 
ED to DF, fo GD to pF: wherefore 
ED isequal toG p; andprcommon.  ? e E P 
Therefore there are the two lines ED, pr, equal to the two lines 
GD, DF; and the angle EpF 1s equal to theangle GpF; wherefore 
the bafe EF is equal to the bafe GF: and the triangle DEF equal 
to the triangle p@F; and the remaining angles fhall be equal to 
the remaining angles, each to each, under which are fubtended 
equal fides | Prop. 4. ELI.]; therefore the angle nra is equal to the 
angle D FE, and the angle at G to the angle at e. But the angle 
DFG is equal to the angle acB; therefore the angle acs is equal to 
the angle prx. But the angle Bac is put equal to the angle E D F; 
therefore alfo the remaining angle at B, is equal to the remaining 
angle at E: wherefore the triangle aBc is equiangled to the tri- 
angle D EF. 

I£ therefore two triangles have one angle equal to one angle, and 
about the equal angles the fides proportional; the triangles fhall 
be equiangled, and fhall have thofe angles equal, under which arc 
fubtended Homologal fides. Which was to be demonítrated. 
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PROPOSITION VII. 


F two triangles have one angle equal to one angle, and about 
I other angles the fides proportional, and have alfo each of the 
remaining angles either lefs, or not le/s than a right ; the triangles 
fball be equiangled, and foall have thofe angles equal, about which 
are tbe proportional fides. 


Let the two triangles be aBc, DEF, having one angle equal to 
one angle, the angle Bac to the angle EDF; and about other an- 
gles ABC, DEF, the fides proportional, as aB to BC, fo DE to EF; 
having alfo each of the remaining angles at c, F, firft lefs than a 
right angle. 


I fay, that the triangle A Bc is e- A 
quiangled tothe triangle DEF: and / 
the angle asc fhall be equal to the / | D 


angle DEF, and the remaining an- 

ele, to wit, at c, equal to the remain- 

ing angle at Fr. For if the angle ABc 

be unequal to the angle DEF, one G 
of them is the greater. Let asc be j 
the greater; and to the ftrait line 
AR, and to the pointin the fame B, let be conftituted the angle 
ABG equal tothe angle pEF | by Prop. 23. EI. I. Now forafmuch 
as the angle a isequal to the angle p, and the angle A2G to the an- 
gle DEF; therefore the remaining angle aGB is equal to the re- 
maining angle DFE. Therefore the triangle A 2G is equiangled to 
the triangle DEF: wherefore as AB to 8G, fopE to £r | Prop. 4. 
El. VI.| But as pE to EF, fo by Suppofition is ag to Bc: and 
therefore as AB to Bc, fo aB to BG: wherefore asr has the fame 
proportion both to gc and BG; therefore Bc 1s equal to Be | Prop. 
9. EL V.]: fo that alfo the angle Bec is equal to the angle sce 
| Prop. 5. El. I.! But the angle at c is put lefs than a right angle; 
therefore alfo the angle Bec is lefs than a right angle: fo that the 
confequent angle AG is greater than a right angle: and it hath 
been proved equal to the angle at F; therefore the angle at F is 
greater than a right angle. But it is put lefs than a right angle: 
which is abfurd: wherefore the angle aBc is not unequal to the 
angle DEF: equal therefore it ıs. Now alfo the angle at a is equal 
to the angle at D | by Suppofition |, and therefore the remaining 
angle at c, is equal to the remaining angle at F: wherefore the tri- 
angle aBc is equiangled to the triangle D EF. 


B CE F 
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But again, let each of the angles at c, r be put not lefs than 
aright angle. Ifay, that in this cafe alfo the triangle arc is 
equiangled to the triangle per. For the fame Conftruction being 
made, we may in like manner demonfítrate, that 2c is equal to 
BG; fothat the angle atc is equal to the angle gec. But the an- 
gle atc 1s put not lefs than a right angle; therefore Bec is not 
lefs than a right angle: wherefore of the triangle Bac there are 
two angles, and they not lefs than two right angles, which 
is impoffible | Prop. 32. ELI. | ; there- A 
fore again the angle Asc is not un- 
equalto the angle pEF, equal there- 
fore ıt is. Now alfo the angle at 4 
1s equal to the angle at b | by Suppo- 
fition |: wherefore the remaining an: 
gle at c 1s equal to the remaining an- 
gle at F; therefore the triangle ABC 
is equiangled to the triangle per. D ^ | 

If therefore two triangles have one angle equal to one angle, and 
about other angles the fides proportional ; and each of the remain- 
ing angles either lefs, or not lefs than a right angle; the triangles 
fhall be equiangled, and (hall have thofe angles equal, about which 
are the proportional fides. Which was to be demonftrated. 








PROPOSITION VIII. 


F in a right angl d triangle from the right angle be drawn a 
_ perpendicular to the bafe, the triangles at the perpendicular 
are like to the whole, and to one another. 


Let the right ang! d triangle be anc, having the right angle 
BAC, and from the point a tothe line gc, let ap be drawn perpen- 
dicular. I fay, that each of the triangles ABD, ADc, is lke to the 
whole triangle apc, and alfo to one another. Forafmuch as the 
angle Bac is equalto the angle app, for 4 
each is a right angle; and the angleat B 
common to the two triangles aBc, ADB; 
therefore the remaining angle acB is equal 
to the remaining angle Bap; therefore 
the triangle aBc is equiangled to the tri- 
angle ABD: wherefore as Bc fubtending the right angle of the tri. 
angle ABC, is to Ba fubtending the right angle of the triangle agp, 
fo the fame A5 fubtending the angle at c of the triangle ABc, is 
to BD fubtending the angle zap of the triangle agp, equalto the 
angle at c: and alfo as AC to AD fubtending the angle at x, common 
to the two triangles: wherefore the triangle asc is equiangled to 
the triangle A2, and has the fides about the equal angles propor- 

Mm23 tional, 
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tional; therefore the triangle asc is like to the triangle ABD 
[Def 1. El. VI. Inlike manner we may demonftrate, that alfo the 
triangle apc is like to the triangle apc: wherefore each of the 
triangles a BD, ADC, is like to the whole triangle ABc. 

I fay moreover, that the triangles ABD, ADc, are alfo like to 
one another. For becaufe the right angle 8D A 1s equal to the right 
angle AD c; and alfo the angle n4 n has been proved equal to the 
angle at c; therefore the remaining angle at B 1s equal to the re- 
maining angle pac: wherefore the tri- d 
angle aBD is equiangled to the triangle 
ACD; therefore as Bp of the triangle ABD, 
fubrending the angle BAD, 1s to D A of the 
triangle apc, fubtending the angle at c B C 
equal to the angle BAD, fo the fame ap, D 
of the triangle asp, fubtending the angle at 3, is to pc fubtending 
the angle pac, of the triangle apc, equal to the angle at B: and 
alfopa fubtending the right angle aps to ac, fubtending theright 
angle apc: therefore thetriangle aBp is like to the triangle apc. 

If therefore in a right angld triangle, from the right angle be 
drawn a perpendicular to the bafe; the triangles at the perpendi- 
cular are like to the whole, and toone another. Which was to be 
demonitrated. 


Corollary. 


From hence tis manifeft, that in a right angld triangle the per- 
pendicular drawn from the right angle to the bafe, is a mean pro- 
portional between the Segments of the bafe. And moreover be- 
tween the bafe and either one of the Segments, the fide adjoyned. 
to that Segment is a mean proportional. | 


PROPO- 
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PROPOSITION IX. 
F Rom a given firait line to take off a demanded part. 


Let the given ftrait line be Az. It is required from «zt to take 
off a demanded part. Let a third part be demanded; and from 
the point a let any ftrait line as a c be drawn, — a 
containing with As any angle. And in ac N 
let any point be taken as Dn: and to ap let p} 

DE,EC be put equal, and let be joyned 2c: | 
then by p let be drawn pr parallel to nc. e 
Now forafmuch as to one fide of the trian- — 

gle ABc, namely to Bc, there is drawn a pa- Logan 
rallel pF; it is therefore proportionally, as N 
CD to DA, fo BF to Fa |Prop.2. El. VI}. But cp is double of p a; 
therefore alfo nr is double of Fa: wherefore Ba is Tr iple of AF. 
Therefore from the given ftrait line A B is taken off Ar, a third part 
demanded. Which was to be done. 


PROPOSITION X. 
: 'O cut a given uncut Strait line lke to a given cut Strait line. 


Let the given uncut ftrait line be as, and the cut line be ac. 
It is required to cut the uncut line as like tothe cut line ac. Let 
AC be cut in the points b, E; and let aB, ac, be fo put as to con- 
tain any angle, and let be joyned Be. Then by the points D, E, to 
Bc let pF, EG, be drawn parallels, and 
by D to AB let Dux be drawn parallel ; 
therefore each of the figures FH, HB, is a 
Parallelogram: wherefore DH is equal to 
FG, and HK to Gg [ Prop. 34. EL. I.| Now 
forafmuch as of the triangle DK cto one of 
the fides kc, the line HE is drawn paral- 
lel; it ıs therefore proportionally as cE 
to ED, fokH-toHD | Prop.2. El. Vi. |. But 
KH is) ‘equal to BG, and HD to GF; — as ck to ED, fo BG 
toGF. Again, becaufe of the triangle AGE, to one of the fides EG, 
the line Fp is drawn parallel; it is “therefore proportionally as ED 
to Da, fo Gr to FA. But it has been proved, as cE to ED, fo BG 
to GF; therefore as cE to ED, ÍoBG 1s to Gr, and as ED is to D 4, 
fo G F 15 tO F A. 

Wherefore the given uncut ftrait line A 5,15 cut like tothe given 
cut ftrait line ac. Which was to be done. 





PROPO- 
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PORPOSITION XL 
T Wo firait lines being given to find a third proportional. 


Let the given ftrait lines be A8, ac; and be they fo put as to 
contain any angle. It is required unto ag, ac to find a third pro- 
portional, Let aB, ac be produced to the points 


p, E, and let Bp be put equalto ac, and Bc be / 
joyned: then by p let pE be drawn parallel | 
togc. Now forafmuch as of the triangle AD E C B 


toone of the fides pg, the line 2c 1s drawn pa- 

rallel, it is proportionally as aB to BD, fo ac | 

to cE; but Bp is equal to ac; therefore as Ba a 
Is to AC, fo AC iS tO CF- | = 


Wherefore to the two given ftrait lines A 8, ac, is found cE a 
third proportional. Which was to be done. 


PROPOSITION XII. 
T Hree ftrait lines being given to find a fourth proportional. 





Let the three given ftrait lines be 4,2, c.. It is required unto a; 
B, C, to find a fourth proportional. Let two ftrait lines DE, DF, be 
put, containing any angle as EDF; and to a let DG be put equal; 
and to B, GE, and alfo to clet pm be put equal: then cu being 
joyned, let to the fame be drawn by the point £, the line £F paral- 
lel. Now forafmuch as of the triangle D E F, to one of the fides z F, the 





line eu 1s drawn parallel; therefore as ne is to GE, fo DH is toH F 
| Prop. 2. El. VI... But pe is equal to a, and GE tos, and DHtoc: 
therefore as a is'to B, fo c isto HF. 

Wherefore to three given ftrait lines 4, B,c, is found gr a fourth 
proportional, Which was to be done. 


PRO. 
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PROPOSITION XIII - 
T Wo ftrait lines being given to feud a mean proportional. 


Let the two given {trait lines be ag, Bc. Itis required unto AB, 
BC, to find a mean proportional. Let aB,BC be put ina dire& line, 
and on 4c let bedefcribed the Semicircle apc ; 

D 


then from the point 8 to the ftrait line Ac, let 

e D be drawn at right angles, and let be Joyned 5D N 
AD, Dc. Now forafmuch as in the Semicircle 

the angle apc isa right angle| Prop. 31-ELIII.], + 


and becaufe in the right angled triangle apc, " TUM 
from the right angle to the bafe the perpendicular pg is drawn; 
therefore DB 1s a mean proportional to the Segments of the bafe 
A3, BC [Coroll. Prop.8. El. VI. |. 

Wherefore to the two given lines AB, BC, is found DB a mean 
proportional. Which was to be done. 


PROPOSITION XIV. 


F equal Parallelograms having one angle equal to one angle, 

OQ the fides about the equal angles are reciprocally proportional. 

And Parallelograms having one angle equal toone angle, and the 

fides about the equal angles reciprocally proportional, are equal to 
one another. 


Let the equal Parallelograms be A2,8c, having equal angles at B, 
and let pz, BE, be put directly to one another ; therefore alfo rz, 
BG, are directly to one another. I fay, that of the Parallelograms 
A B, Bc, the fides about the equal angles are reciprocally proportio- 





nal, that is, as DB 18 to BE, fo GBIStO _ig¢ 
BF. Letthe Parallelogram Fe be com- 4 | P 
pleated. Now forafmuch as the Paralle- : \ 
logram aB is equal to the Parallelogram © ea 


gc, and FE 1s an other ; therefore as A B 

is tor E, fo Bc is to rx | Prop. 7. El. V.]. 

But as aB to FE, fo DB to BE, | Prop. I. 
El.VI.| andas Bcto rg, foaBto nr; © 
therefore as D B to BE, fo GB to BF | Prop. 11. El. V.|: wherefore of 
the Parallelograms aB, Bc, the fides about the equal angles are re- 
ciprocally proportional. 

But now let the fides about the equal angles be reciprocally pro- 
portional, and let it be, as DB toBE, focgBtosr. I fay, thatthe 
Parallelogram As is equal to the Parallelogram Bc. For becaufe as 
DB istoBE, fo GBis to BF; and as DB to BE, fo the Parallelogram 
AB to the Parallelogram FE | Prop. r. El. VI.|; and asas to Br, fo 

Nn the 
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the Parallelogram sc tothe Parallelogram Fx; therefore as as is 
to FE, fo Bc isto rz [Prop. 11. El. V.]: wherefore the Parallelo- 
gram A3 is equal to the Parallelogram 2c [Prop. 9. El. V.]. 

Therefore of equal Parallelograms having one angle equal to one 
angle, the fides about the equal angles are reciprocally proportional. 

And Parallelograms having one angle equal to one angle, and the 
fides about the equal angles “reciprocally proportional, are equal te 
one another. Which wasto be demonftrated. 


Animadverfion. 


Forafinuch as the Complements of every Parallelogram are equal 


to one another [ Prop. 43. ELI. ]; therefore by this Propofition they 
have their fides reciprocally proportional. 


PROPOSITION XV. 


F equal triangles having one angle equal to one angle, the 
fides about the equal angles are reciprocally proportional. 
And triangles having one angle equal to oue angle, and tbe fides 


about the equal angles reciprocally proportional, are equal to one 
another. 


Let the equal triangles be aBc, aDE, having one angle equal 
to one angle, namely, the angle pac to the angle pak. I fay, that 
of the triangles ABc, AD E, the fides about the equal angles are re- 
ciprocally proportional, that is, as ca is to aD, fo EA 1S tO AE. 
Let them be put fo thatca be direétly toan; therefore alfo E 4 is 
directly to as, and let be joyned Bp. Now forafmuch as the tri- 
angle a gc is equal to the triangle a nE; and ABD is an other; there- 
fore as the triangle caB 1s to the tri- 
angle BaD, fo the triangle aDE 1s to 


the triangle ga p | Prop. 7. El. V.]. But 
aS €c AB is to BaD, Ío ca is to aD | Prop. 
1 EL VI.|, and as the triangle EAD :| N 


to BAD, fo Eais toas; thereforeas ca Lo X A 
is to aD, ÍO E a is to aB | Prop.rr. ea | 
wherefore of the triangles ABC, ADE, 

the fides about the equal angles are reciprocally EE 
But now let the fides of the triangles ABc, AD E be reciprocally 
proportional, and let it be, as ca to aD, {o EA to aB. I fay, that 
the triangle Ac 1s equal to the triangle ap £. For again, Bp being 
joyned; becaufeasca is to aD, fo Eais toaB: and ascais to aD, fo 
the triangle Anc is to the triangle BAD: and as EA is to A B, fo the 
triangle E AD is to the triangle sa ; therefore as the triangle asc 
is to the triangle Bap, fo the triangle EAD 1S to the triangle BAD 
| Prop. ri. EL V.]; therefore each of the triangles ABC, EAD, have 
the 


C 
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the fame proportion to the triangle saD: wherefore the triangle 
ABC is equal to the triangle EAD | Prop.9. El. V.]. 

Therefore of equal triangles having one angle equal to one angle, 
the fides about the equal anglesare reciprocally proportional, 

And triangles having one angle equal to one angle, and the fides 
about the equal angles reciprocally proportional, are equal ta one 
another. Which was to be demonftrated. 


PROPOSITION XVI 


PF four ftrait hues be proportional, the Rectangle contained by 
I the extremes is equal to the Rectangle contained by the means. 

tid if the Rectangle contained by tbe extremes be equal to the 
Rectangle contained by the means, the four ftrait lines foall be pro- 
portional, 

Let four ftrait lines A B, CD, E, F, be proportional, as aB to cD, fo 
Eto F. Ifay that the Rećtangle contained by AB, F, is equal to 
the Re€tangle contained bycp, £. For from the points a,c to the 
{trait lines aB, cp, let aG, cH be drawn at right angles, and let ac 
be put equal to r, and cH to z, and let the Parallelograms gG, D H, 
be compleated. Now forafmuch as A2 is to cp, fo € isto r; and 
E is equal to cu, and Fto ac: therefore as aB is to cD, fo cH is to 
AG: wherefore of the Parallelograms 86, pH, the fides about the 
equal angles are reciprocally proporti- 
onal. But equiangled Parallelograms 
having the fides about the equal angles 
reciprocally proportional, are equal to ^ £———— ——— 
one another | Prop. r4. El. VI. |; there- g 
fore the Parallelogram Bea is equal to | 
the Parallelogram pu. Now the Paral- | 
lelogram Be 1s contained by 42,7; for ^ | BUS 
AGisequal to F: andthe Parallelogram 
DH, is contained by cp, E; for cH is equal to £; therefore the 
Rectangle contained by aB,F; is equal to the Rectangle contained 
by c5, E. 

d now let the Rectangle contained by A5, r, be equal to the 
Rectangle contained by en, E. I fay, that the four ftrait lines fhall 
be proportional, as AB to cp, fo Eto r. For the fame Conftru- 
€tion being made; becaufe the Rectangle under aB, F, is equal to 
the Rectangle under cp, £; and the Rectangle under A5, r, is 8G; 
for ac is equal to F: and the Rectangle under cp, g,1s pH: for cu 
is equal to E: therefore the Rectangle ge is equal to the Rectangle 
DH, and they are equiangled. But of equal, and equiangled Paral- 
lelograms the fides about the equal angles are reciprocally propor- 
tional: wherefore as AB is to cD, fo cH isto ac: but cH is equa} 
to E, and aG to F; therefore as aB is to cp, fo x isto F. 

Nn 2 if 
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If therefore four ftrait lines be proportional, the Re&tangle con- 
tained by the extremes 1s equal to the Rectangle contained by the 
means. 

And if the Rectangle contained by the extremes be equal to the 
Rectatigle contained by the means, the four ftrait lines {hall be pro- 
portional. Which was to be demonttrated. 


PROPOSITION XVII. 


F three ftrait lines be proportional, the Rectangle contained by 
i the extremes is equal to the [quare of the mean. 

Jind if the Rectangle contained by the extremes be equal to the 
Square of the mean, the three firait lines fhall be proportional. 


Let three ftrait lines 4, B, c, be proportional, as a tos, fo B toc. 
I fay, that the Rectangle contained by 4, c, is equal to the Square 
of the mean B. Let D be put equal to 2, and becaufe as A is to B, 
fo Bis to c; and p is equal tos, therefore as A is to p, fo pis to c 


[ Prop. 7. El. V.]4 Now if four ftrait lines be proportional, the Re&- 
angle contained by the extremes is equal 





A^ b5DC]p 
to the Rectangle contained by the means; üfh 
therefore the Re€tangle under a,c, is 
equal to the Rectangle under B,D. But 
the Rectangle under B, p, 1s equal to the 
Square of 5, for B is equal to D; there- i 





fore the Rectangle contained by a,c, is m 
equal to the Square of B. 

But now let the Rectangle contained C 
by the lines a, c, be equal to the Square of B. I fay, that as ais to 
B, fo B isto c. For the fame Conftruction being made: becaufe 
the Rectangle under a, c, is equal to the Square of B, and the Square 
of» is the Rectangle under B, D, for p is equal to B; therefore the 
Re&Gtangle under a, c, is equal to the Rectangle under p, D. But if 
the Rectangle under the extremes be equal to Rectangle under the 
means, the four ftrait lines are proportional [ by Prop. 16. El. VI. ]; 
therefore as A is toB, fo D is to c. But r is equal to D; therefore as 
A is to B, fo Bto c | Prop. 7. E. V.]. 

If therefore three ftrait lines be proportional, the Rectangle con- 
tained by the extremes isequal to the Square of the mean. 

And if the Rectangle contained by the extremes be equal to the 
Square of the mean, the three ftrait lines fhall be proportional. 
Which was to be demonftrated. 
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PROPOSITION XVIII. 


" T Pon a given ftrait line, unto a given firait-lin'd Figure to de- 
i | fcribe a firait-li d Figure lke and alike fituated. 


Let the given ftrait line be az, and the given. ftrait-lin'd Figure 
cE: it is required upon the {trait line az, unto the ftrait-lin'd Fi- 
gure cE, to defcribe a ftrait-lind Figure like and alike fituated. 
Let be joyned pF; and tothe ftrait line a8, and to the points in 
the fame 4, p, let be conftituted the angle Bag, equal to the angle 
atc: andthe angle ane to the angle cpF [ Prop. 23. El. J.]; there- 
fore the remaining angle cFD 1s equal to the remaining angle acer: 
wherefore the triangle r cp is equiangled to the triangle GaB; itis 
therefore proportionally as Fp to GB, fo Fc to Ga, and cD to AB 
| Prop.4.El. VI. | Again, to the ftrait line Bc, and to the points in 
the fame 5,c, let be conftituted the angle BGH equal to the angle 
DFE, and the angle cau to the angle FDE: therefore the remain- 
ing angle at is equal to the remaining angle at H: wherefore the 
triangle FD E is equiangled to the triangle G 8H; it 1s therefore pro. 


E 
wee | 
á pa 
e — UN 
1 = \ — 
i Suc 
\ ES \ BA 
A y C D 





portionally, as FD to cg, fo FE to GH, and £D to Hg [Prop. 4. El. 
VI.]| And it has been provd, that alfo as FD toG 2, fo Fc to G4, 
and cD to AB, therefore as Fc toga, fo cD to AB, and rz to 
GH, and moreover Ep to x8 [Prop. 11. El. V. And becaufe the 
angle c F D 1s equal to the angle acs, and the angle pr to the an- 
gle gaH; therefore the whole angle cr E 1s equalto the whole an- 
gle acu. Bythe fame reafon alfo the angle cp E is equal to the 
angle aBH. But alfo the angle at c is equal to the angle at a, and 
the angle at £E to the angle at u: therefore AH is equiangled to c  ; 
and hath to the fame about the equal angles the fides proportional. 
Wherefore the ftrait lin d Figure am, is like to the ftrait lin'd Figure 
cE |Def. x. El. VI. J. 

Therefore upon the given ftrait line A2 to the given ftrait.lind 
Figure cz, is defcribed the ftrait-lind Fignre au, like and alike 
fituated. Which was to be done. 


Nn 3 PROP G- 
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PROPOSITION XIX. 


Ike triangles are to one another in a Duplicate preportion of 
_ their Homologal fides. 


Let the like triangles be apc, per, having the angle at B equal 
to the angle at E, and let ıt be as aB to Bc,fo DE to gr: fo that 
Bc is Homologal to EF. I fay that the triangle asc hath to the 
triangle p Er a duplicate proportion of that which sc hath to zr. 
For to Bc, EF, let be taken a third proportional Be | Prop. 11. El. 
VI.]: fo that it beas Bc to EF, foEF to Be: and let be joyned Ga. 
Now becaufe it isas aB to BC, fo DE to EF; therefore it is alter- 
nately as ag to D E, {o Bc to EF: butas 8c to EF, f0 EF to Bc. And 
therefore as AB to DE, fo EF toBe | Prop. 11. El. V.]: wherefore of 
the triangles ABG, D E F, the fides about the equal angles are recipro- 
cally proportional. But triangles having one angle equal to one an- 
gle, and the fides about the equal angles reciprocally proportional, 
are equal to one another | Prop. 15. El. VI. |; therefore the triangle 
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ABG is equal to the triangle per. And becaufe as Bc is to EF, fo 
EF is to BG, and that if three ftrait lines be proportional, the firft 
to the third 1s faid to have a duplicate proportion of that, which it 
hath to the fecond | Def. ro. El. V.|; thereforegc hath to Be a du- 
plicate proportionof that, which schathtozr. Butassc isto BG, 
fo the triangle Asc isto the triangle asc | Prop. r. El. VI.]; there- 
fore thetriangle Asc hath to the triangle asc a duplicate propor- 
tion of that, which Bc hath torr. But the triangle age is equal 
to the triangle pzEF: wherefore the triangle A2c hath to the tri- 
angle DEF a duplicate proportion of that, which sc hathto EF. 

Therefore like triangles are to one another in a duplicate propor- 
tion of their Homologal fides. Which was to be demonttrated. 


Corollary 
From hence tis manifeft, that if three ftrait lines be proportio- 
nal; as the firft is to the third, fo the triangle upon the firft is to 
the triangle upon the fecond, being like and alike defcribed: for 
that it hath been provd, that as cs is to 5c, fothetriangle A Bcis to 
the triangle ABG, that is, to DEF. 
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PROPOSITION XX. 
Ike Polygons are divided into like triangles, equalin number: 
ind Homologal to the wholes. 


And Polygon hath to Polygon a duplicate proportion of that, which 
an Homologal fide hath to am Homologal fide. 


Let the like Polygons be aBc DE, FGHKL, and let as be Homo- 
logal tore. I fay, that the Polygons aBcDE, FGHKL, are divided 
into like triangles, equal in number,and Homologal to the wholes. 
And the Polygon apcp E hath to the Polygon FGHKL a duplicate 
proportion of that, which As hath to Fe. 

Let be joyned BE,EC, GL, LH. Now becaute the Polygon ABCDE 
is like tothe Polygon FGH KL; therefore the angle BA & is equal to 
the angle GFL; and as BA 1s to AE, fo GF isto FL [Def 1. El. VE]. 
Forafmuch therefore as there are two triangles ABE, FGL, having 
one angle equal to one angle, and about the equal angles the fides 
proportional; therefore the triangle ABE is equiangled to the tri- 
angle rar. | Prop. 6. El. VI.], fothat it 1s alfo like. | 

And becaufe a Be is like to FG L, therefore the angle a Bz is equal 
to the angle rar: But alfo the whole angle asc is equal tothe 
whole angle regu, for the likenefs of the Polygons: therefore the 
remaining angle E Bc isequal to the remaining angle Lau. And be- 
caufe for the likenefs of the triangles ABE, FGL, it is as EB tO BA, 
fo Lc to c r,and alfo for thelikenefs of the Polygons it is as A B to Bc, 
fo FG to GH: therefore by equality itisas EBtoBc, fo Leto GH; 
and thefe proportional fides are about the equal angles sc, Lon: 
therefore the triangle Esc 1s equiangled to the triangle ra n [ Prop. 
6. El. VI.. And fo alfo like. 

y 


p 


ZV, 


By the fame reafon alfo the triangle Ecp is like to the triangle 
LHK; therefore the Polygons aBcDE, FGHKL, are divided into 
like triangles, equal in number. 

I fay moreover, that the triangles are alfo Homologal to the 
wholes, that 1s, the triangles are proportional, and in the Polygon 
ABCDE, the Antecedents are aBE, EBC, EcD; and in the Polygon 
FGHKL, their Confequents are FGL, LG H, LHK. 

And alfo I fay, that the Polygon ascpe hath to the Polygon 
FGHKL, a duplicate proportion of that which an Homologal fide 
hath to an Homologal fide; thatis, which'AB hath to ra. For let 
be joyned ac, FH. Now 
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Now becaule for the likenefs of the Polygons, theangle Anc is 
equal to the angle FGH, and as a8 is to Bc, fo FGis to GH; there- 
fore the triangle A8 c is equiangled to the triangle rau | Prop. 6. EJ. 
VI.|: wherefore the angle Bac is equal to the angle app, and the 
angle 8ca to theangle cur. Ánd becaufe the angle 84M 1s equal to 
the angle a F N: and it hath been prov d, that the angle as m is equal 
tothe angle FGN; therefore the remaining angle AMz is equal to 
the remaining angle ENG: wherefore the triangle amB is equi- 
angled to the triangle RNG. | 

In like manner fhall we prove, thatthe triangle 8 Mc is equiangled 
to the triangle GNH: proportionally therefore it is, as am to MB, 
fOFN toNG, and as MB, to MC, 10NG to NH; fo that by equality 
asa Mto MC, fo FN tong. But as aM to mc, fo the triangle AMBR 
is to the triangle 8 Mc, and the triangle AM x to the triangle gc; 
for they are to one another as their bafes 4 M, Mc | Prop. r. EL VI]. 
And as one of the Antecedents to one of the Confequents, fo all the 
Antecedents to all the Confequents | Prop. 12. El. V.]; therefore as 
the triangle AMB to the triangle gmc, othe triangle ase to the tri- 
angle EBC. Butas AMB to BMC,ÍO AM to Mc; and thereforeas AM 
to mc, fo the triangle As to the triangle zac [ Prop. rx. El. V.]. 





H 

By the fame reafon alfo as FN to NH, fo the triangle FGL to the 
triangle LGH. Butas am isto mc, fo FN is tonm; and therefore as 
the triangle ang to the triangle gc, {o the triangle FGL to the tri- 
angle LGH; and alternately, as the triangle ABE to the triangle 
FGL, fo thetriangle REC to the triangle LGH. 

in like manner fhall we prove, pp, Gk being Joyned, that as the 
triangle Exc to the triangle Leu, fo the triangle EcD to the tri- 
angle LHK. 

And becaufe as the triangle ABE 1s to the triangle rar, fo the 
triangle Esc Isto the triangle Lau, and moreover the triangle £c D 
to the triangle LHK ; and as one of the Antecedents to one of the 
Confequents, fo all the Antecedents to all the Confequents; there- 
fore as the triangle ABE is to the triangle rar, fo the Polygon 
ABCDE is to the Polygon raGnukr: wherefore the like triangles 
and equal in number, are alfo Homologal to the wholes. 

And now I fay again, that the Polygon A2c» z, hath to the Fo- 
lygon FGHKL a duplicate proportion of an Homologal fide to an 
Homologal fide. | For 
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For the the triangle A x hath to the triangle Far, a duplicate 
proportion of that which the Homologal fide ag hath to the Ho- 
mologalfíide r. For like triangles are ina duplicate proportion of 
their Homologal fides | Prop. 19. El. VI... But as the triangle ABE 
is to the triangle rGL, fo the Polygon An cp is to the Polygon 
FGHKL; therefore alfo the Polygon A2cpz hath to the Polygon 
FGHKL a duplicate proportion of that, which the Homologal fide 
aB hath to the Homologal fide Fe, | 
Therefore like Polygons are divided into like triangles, equal in 
number, and Homologal to the wholes, &c. . Which was to be de- 
monftrated. 
Corollaries. 


I. After thefame manner alfo in likequadrilateral Figures fhall be 
proved, that they arein a duplicate pro- ` ; 
portion of their Homologal fides. And the- — 
ſame hath been demonſtrated in triangles. 4 ——————————— 
Therefore univerfally, like ftrait lind Fi- 
gures are to one another in a duplicate pro- 
portion of their Homologal fides. 

2. Aud ifto A2, Fa a third proportional ` 
x be taken, then as is to xin a duplicate £ 
proportion of that, which As hath to Fe. ` ; 
But Polygon is to Polygon, and Quadrilateral figure to Quadrilateral 
figure in a duplicate proportion of their Homologal fides, that is, of 
aB to FG; and the fame hath been demonftrated in triangles.. So 
that alfo in general it is manifeft, that if three ftrait lines be pro- 
portional, it fhall be as the firft to the third, fo the Figure upon the 
firft, is to the Figure upon the fecond, like and alike defcribed. 


Otherwife. 


Now we will otherwife and fhorter fhew the triangles to be Ho- 
mologal. For again, let the Polygons agscpk&, FGHKL, be put: 
and let be joyned BE, EC; GL, LH. I fay, that 
as the triangle A B & is to the triangle & G1, fo 
the triangle E 8c is to the triangle LGH, and 
the triangle gc» to the triangle LB k. Now 
forafinuch as the triangle azz is like to the 
triangle FGL; therefore the triangle ABE 
hath to the triangle rex a duplicate pro- 
portion of that, which sx hath to cL. By 
the fame reafonalío the triangle zac hath 
to the triangle ag a duplicate proporti- 
on of that, which BE hath to eL; there- 
fore as the triangle ABE 1s to the triangle 
FGL, fo the triangle EBC is to the trian- 

Oo 
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gle teu. Again, becaufe the triangle EBC is like to the triangle 
LGH; therefore the triangle EBe hath to. the triangle Leu, a 
duplicate proportion of that which cz hath to ur. By the fame rea- 
fon alfo, the triangle ECD hath to the triangle LHK a duplicate puo: 
portion of that which cE hath to HL}. F 
therefore as the triangle EBC 1s to the tri- 

angle LGH, fo the trianglezcpD is to the tr- ¢ 

angle LHK. Andit hath been proved, that as. VA 
EBCIS to LGH,Ío ABEtOFGL; therefore - 

as the triangle aBE 1s to the triangle rg L,fo QUE CU 
the triangle kac 1s to the triangle LGu, and 

the triangle E cp to the triangle LHxK: And 

as one of the Antecedents to one of the 

Confequents, fo all the Antecedents to all 

the Confequents | Prop. 12. El. V.], and fo 

forth, as in the former demonftration. I — 
Which was to be demonftrated. _ UM S 


PROPOSITION XXI. 


Trait-lind Figures like to the m Strait-lin d Figure, are 
alfo like to one another. 


L 


. For let each of the ftrait-lin'd Figures A, B, be like to the ftrait- 
lind Figure c. I fay, that a is alfo like to B, for becaufe 4 1s like to 
c; therefore it is both equiangled to the, fame, and alfo hath about 
the NE "m the fides proportional [Def 1. El. VIJ Again, 


A 


becaufe » is like to c; therefore it is both equiangled to the fame, 
and hath alfo about the equal angles the fides proportional | Def. r. 
EL VI.|; therefore each of the ftrait-lin’d Figures 4, are both equi- 
angled to c, and alfo have about the equal angles the fides propor- 
tional: fo that 4 is alfo equiangled to B, and hath about the equal 
angles the fides proportional; "— A is like to s. Which was 
to be demonitrated. 
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PROPOSITION XXII. 


F four firait lines be proportional, the ftrait-lin'd Figures defcri- 

3 bedupon them, like and alike fituated, Jhall alfo be proportional. 
And if the Strait-lin'd Figures defcribed upon them, like and altie 

fituated be proportional, alfo the strait lines fball be proportional. 






4 
É 
T) 


Let four ftrait lines AB, CD, EF, GH, be proportional, as AB to 
cD, fo EF to GH, and let be defcribed upon a8, cp, the ftrait-lind 
Figures K A B, L cD, like and alike fituated | by Prop. 18. EL VI. | : and 
upon EF, GH, the ftrait-lind Figures M F, NH, like and alike fitua- 
ted. I fay, thatit is as kABtO LC D,fo MF to NH. Porto AB,CD, 
let betaken a third proportional x, and to gr, c n, a third propor- 
tional o | Prop. 11. El. VI... Now becaufe it isas AB to cD, {0 E F 
to GH, and as cD to xX, fo GH to o; therefore by equality as aB to 
x,fogrtoo. ButasaBtox, fokABtorcp |Corol.2.Prop.2o. El. 
VI.]: and as £r to o, fo Mr to NH; therefore as KaB 1s to LCD, 
fo MF 1s to NH. 














But now let it be askaB to LCD, fo — 
MFto NH. [I fay, that it is as aB tocpD, / — 
fog r toGH. For let it be made| Prop. 12. y "4 b 
EL. VL |, as ABtocp, fo grto pn: and "S. ms \ 
upon.PR let bedefcribed the ftrait-lind .,, ^ — «€ ^» 
Figure sR, like and alike fituated to ei- | ^ — x 
ther of the Figures MF, NH. Now there- \ \ ARN. 
fore, becaufe it 1s as AB.to cD Ío EF to —ñ — V — 
po G il 
PR: and upon aB, cD are defcribed the — | 
ftrait-lind Figures kAB, cp, like and 2 3 | 
alike fituated: and upon EF, PR the py eet 


ftrait-lind Figures Mr, sn, like and alike fituated ; therefore ask A 
isto LcD, fo MF is tosR. But atis alfo fuppofed that as K Az is to 
LCD, fo Mr is to NH; therefore wr hath the fame proportion to 
each of the Figures NH, sR: wherefore NH is equal to sR | Prop. 9. 
El.V.| And alfo it i5 like to the fame and alike fituated by the 
Lemma: therefore the line cu is equal tothe line pr. And be- 
caufe as aBis tocD,{0 EF 1s to PR, and that pr is equal to au ; there- 
fore asAB is to cD, fo EF 1S toGH. 

If therefore four ftrait lines be proportional, alfo the ftrait-lind 
Figures defcribed upon them, like and alike fituated, fhall be pro- 
portional. 

And if the ftrait-lind Figures defcribed upon them, like and alike 
fituated be proportional; alfo the ftrait lines fhall be proportional. 
Which was to be demonftrated. 


Oo L.emma. 
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Lemma. 


For if ftrait-lind Figures be equal, and like, that then their Ho- 
mologal fides are equal to one another ( Antecedents to Antece- 


dents, and Confequents to Confequents, each to each refpectively) 
we fhall thus demonftrate. 


Let the equal and like ftrait-lind | K 
Figures be NH, sR; and let it be as ue, L 
to GN, fo nP tops (fo that na and RP 
are Homologal). I fay that RP 1sequal A. uc | | 
to HG. C 


For if they be unequal, one of them 
is the greater. Let rp be greater than NA. \ 
HG; and becaufe as RP is to Ps, fo HG \—+— 


isto GN; therefore alternately, as RP to 
HG, fopstoGN. But RP is greater than ^ " OA 

: —— P R 
HG; therefore Ps is greater than GN; fo — 
that alfo the Figure Rs is greater than the Figure un: but alfo it 
is equal , which is impoffible: wherefore pr is not unequal to cH, 
equal therefore it is. Which was to be demonftrated. 


o X 





PROPOSITION XXIII. 


Quiangled Parallelograms have to one another a proportion 
., compounded of their fides. 


Let the equiangled Parallelograms be ac, cr, having the angle 
BCD equal to the angle Ece. I fay that the Parallelogram ac hath 
to the Parallelogram cFr a proportion compounded of their fides, 
that is, compounded of the proportions which pc hath to ca, and 
which pc hath to cz, (1na dire& proportion, the Antecedents 8c, 
pc, being in one Parallelogram ac, and the Confequents cc, cE in 
the other Parallelogram c r. 

For let pc be put directly to — $———————— — — — P5... H 
cG (making oneftraitline za); / | 
therefore pc is alfo dire&ly to / 





cE [by Prop. 13, and 14. ELI], ? cj js 
and let be compleated the Pa- 5 RNC 
rallelogram pe (by producing 4. . , , 


AD, FG till they meet in H). 
Now let any {trait line be put 
as K: then let it be made as Bc toca, fo Kk to L; and as Dc to CE, 
fo L tom | Prop. 12. El. VI.]; therefore the proportions of x to L, 
and of L to M, are the fame with the proportions of the fides, of Bc 
toce; and of dc to CE. 
But the proportion of x to M is compounded of the proportions 
of 
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of K to L, and of L to M [ according to Def. 10. El. V. |: fo that 
alfo x hath to M the proportion compounded of the fides (of nc 
to cc, and of pc to cE). 

And becaufe it is as Bc toca, fo the Parailelogram ac to the 
Parallelogram cu [Prop.1. El. VI.], and as Bc toca, fo is k to L; 
therefore as k to L, fo the Parallelogram ac is to the Parallelogram 
cH [ Prop. 11. El. V.]. 

Again, becaufe it is as Dc tocE, fo the Parallelogram cu to the 
Parallelogram c F, and as nc to c g, fo is L, to M ; therefore as r, to 
M, fo the Parallelogram cH is to the Parallelogram cr. 

Now becaufe it hath been proved, thatas x to L, fothe Paralle- 
logram A € is to the Parallelogram cn: and as r to M, fo the Paral- 
lelogram cH to the Parallelogram cr; therefore ex «guo ask is to 
M, fo the Parallelogram A c is to the Parallelogram cr: but k hath 
to Ma proportion compounded of the fides: wherefore the Paralle- 
logram ac hath tothe Parallelogram cr, a proportion compounded 
of their fides. 


Therefore equiangled Parallelograms have to one another a pro- 
portion compounded.of their fides. Which was to be demonftrated. 


ANNOTATIONS. 


Therefore D C. 15 direclly to CE.] Fof theangles BC D, DC G, are equal to two 
Right [Prop.13. El. 1] As likewife the angles BCE, ECG; wherefore BCD, 
DCG, are equal to BCE,ECG; and BC Dis [by Suppofition] equal toEC G; 
therefore BCE is equal to DCG, Let theangle BCD be added in common; 
then fhall BC E, BCD, be equal to BCD, DCG. But BCD, DCG, are equal 
to two Right; therefore BCE,BCD, are alfo equal to two Right: wheretore 
C D is directly feated to CE [by Prop. r4. El. I.]. 

But the proportion of K to M ts compounded of tbe proportzous of K to L, and of L, to M.] 
By Def. 10. El. V. where 1n any three continued Terms the proportion of the firft to 
the third, is faid to be compounded of the firft to the fecond, and of the fecond to the 
third; therefore in reference to that Definition Euchde reduces the two proportions 
of the four fides of the Parallelograms wz. of BC to CG, and of DC to CE 
into three continued Terms, into K to L and L to M, and then he proves the 
proportion of the Parallelograms to be to one another as the firft Term K is to the 
third M: which [in Def. 1o. El. V.] is faid to be a proportion compounded of K 
to L, and of L to M. But thefe proportions were made the fame with the pro- 
portions of the fides of thofe Parallelograms ; and therefore the Paralleloerams are 
to one another in a compound proportion of their fides. 

The like demonftration Eucide ufes alfo in Numbers, without any mention of 
the multiplication of the Quantities of proportions into one another. 

For 1t. in Prop. 2%. and 3%. El. VU. he fhews how to find the greateft common 
meafure of any given numbers. 

II. By the help of the greateft common meafure he reduces any given numbers 
into the leaft numbers, having the fame proportion with them. Prop.37. El. VU. 

III. Proportions being given 1n their leaft numbers, he fhews how tobring them 
into the leaft continued numbers in. the fame proportions. Prop. 4°. EL VIII. 

JV. In the next following Prop. 5^. El. VIII. He demonttrates Plane numbers 
to have a proportion compounded of their fides, by bringing the proportions of 
the fides into the leaft continued numbers in the fame proportions, the demon- 


Oo 3 {trations 
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ftrations both in magnitudes and numbers proceeding upon the fame erounds, and 
juft after the fame manner. | 5 

As the proportion of the Plane number 20 tothe Plane number 6 (which is 
triple Sefquitertial 33) 1s proved to be compounded of the proportions of their 
fides, of ; to 3, of BC to CG; andof 4 to 2, A | | 
of DCto CE. Here therefore the propor- r^ 
tions of the fides 5 to 3, and of 4 to 2, are 
firft reduced into the leaft continued numbers 
in the fame proportions, that 1s, into 10 to 6, 
and 6 to 3, by Prop. 4^. El. VIII. and then 
the Plane 20 is proved to be to the Plane 6, as 
10 to 3,that is 34. But 10 to3 1s compounded of 
10 to ó,and of 6 to 3 [Def. 10^. El. V.], which | ^ 
proportions are the fame with thofe ofthe fides K.10.L.6.M.3. 
ş to 3, and 4 to 2, therefore the Plane num- E F 
ber 20 is to the Plane number 6, in a proportion compounded of the fides 5 to 5, 
and 4 to 2, So that neither in magnitudes, nor numbers 15 there any ufe of Def. s*, 
El. VI. in the demonftrations concerning compound proportions. 

Moreover ‘tis to be obferved from the 19°, 20°, and 23°. Propofitions of this 
VI. Element, that compound proportions are expreft two manner of ways. For 
in this 234, Prop. becaufe equiangled Parallelograms are not always like Figures, 
having their fides about the equal angles proportional; therefore they are proved 
in general to have to one another a proportion compounded of their fides, that is, 
in reality a proportion compounded of length to length, and of breadth tobreadth, 
according to their two dimenfions in length and breadth. 

But becaufe in Prop.19". and'20", the Triangles, Parallelograms, and other Qua- 
drilateral, and Multilateral Figures, are put for like Figures, where length is to 
length, and breadth to breadth in the fame proportion; therefore they are proved 
to be to one another ina Duplicate proportion of their Homologal fides, which 
is in effect to fay, that they have to one another a proportion compounded of two 
equal proportions, according to length and breadth. 

Now whether the Figures be put like, asin Prop. 19%. and 20". or unlike, as in 
Prop. 234. yet note, that one Plane is to an other Plane in a proportion ever com- 
pounded of length to length, and of breadth to breadth: and demonftrated to be 
ío, by reducing thoíe two proportions into three continued Terms, and proving 
Plane to be to Plane, as the firft Term to the third; which by Def. 10", El. 5. is 
{aid to be compounded of the proportions of the firt to the fecond, and of the 
{fecond to the third, and in equal proportions is called a Duplicate proportion 
of the firft to the fecond. 

In like manner a Solid is to a Solid in a proportion compounded of their three 
dimenfions, according to length, breadth, and depth: And like Solids are one to 
an other in a Triplicate proportion of their Homologal fides. As from the ele- 
venth Definition of the Fifth Element is demonftrated in Prop. 12", 19", El, VIII. 
Prop. 334. El. XI. 

And thus much for a farther explication of the rot, and rr‘, Definitions of the 
Fifth Element: wherein we have had an occafion given from the fuppofititious 
fifth Definition El. VI. to fhew what is Natural, what Artificial, and neceffarv for 
demonftration fake upon this Subject of compound proportions. 

Moreover we are to obferve in compound proportions, that in the rot", and 20". 
Propofitions aforegoing, Euclzde demonftrates all like Figures, that is, all equi- 
angled Figures, which have their fides about their equal angles proportional [Def. 
1, El. VI.] (whether Trilateral, Quadrilateral, or Multilateral) to have to one ano- 
ther a Duplicate proportion of their Homologal fides: and in this 234, Prop. all 
equiangled Parallelograms to have a proportion compounded of their fides: which 
is the firft Propofition, where in expreis words £uc/;de names any proportion to be 


Compounded. But the thing is the very fame, and Compofition of proportions alike 
in all thefe three Propofitions. 





For 
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For Planes are in quantity to be compared to Planes, according to their two di- 
menfions of leagth and breadth : (One way of dimenfion being called length, and the 
Traníverfe called breadth) fo that the proportion of Plane to Plane is truely com- 
pounded ot two proportions, one of length to length, the other of breadth to 
breadth : and thefe two proportions are here 1n Prop. 19°, 20", and 234, alike re- 
duced (for demonftration fake) into three continued Terms, where the firt com- 
pared to the fecond, and the fecond to the third, do anfwer to the two proportions 
of leneth to length, and of breadth to breadth; as upon this 234. Propofition Com- 
mandinus, and Clavzus have demonftrated. And Euclide proves the proportion of 
thefe Planes to be to one another as the firft Term is to the third, in a proportion 
compounded of the firít to the fecond, and of the fecond to the third, that is, of 
lenoth to length, and of breadth to breadth. 

Now in the like Figures fpecified in the 19", and 2o", Propofitions, becaufé 
leneth is to lengthas breadth to breadth in the fame proportion ; therefore thefe two 
equal proportions of length and breadth,being by Ezchkde reduced into three continued 
Terms, do make thofe continued Terms alfo proportional to one another, the firft 
to the fecond, as the fecond to 'the third ; and therefore when thefe like Figures 
are demonítrated to be to one another as the firt Term is to the third, they are 
laid to be in a Duplicate proportion of the firft to the fecond [Def: ro". El. V.J, 
which Duplicate is a proportion compounded of the two equal proportions, that 
anfwer to their lengths and breadths, here now fet forth in three continued, and 
proportional Terms. And like Parallelograms, as well as like Triangles, are to one 
another in a Duplicate proportion of their Homologal fides. 

But becaufe all equzangled Parallelograms are not always ike Figures to have the 
proportions of their lengths and breadths, reducible into three proportional Tecms ; 
yet the proportions of their fides may be reduced into three coritinued Terms, re- 
prefenting the two proportions of their fides, which correfpond with the propor- 
tions of their proper lengths and breadths; and {the Parallelograms are proved to 
be to one another as the firft Term is to the third : but can be only faid in general 
to have a proportion compounded of the proportions of the firft to the fecond, 
and of the fecond to the third; and notas in &ke Parallelograms, to have a Dupli- 
cate proportion of the firft to the fecond.. . 

For the meaning of this whole matter is, that if three, or more magnitudes be 
continuedly compared to one another, according to quantity (that is, how much 
the firft contains of the fecond, then how much the fecond of the third, and how 
much the third of the fourth, &c.), and if thefe proportions be known, or prov d 
to be all the (ame, making the Terms to be fucceffively proportionals [asin Prop, 19°, 
and 20. El. VI.] then the compound proportion of the firft to the third, is faid 
to be a Duplicate proportion of the firft to the fecond, according to the exprefs 
words of Def. ro^. El. V. But if the proportions be put as unknown, or as indif- 
ferent whether the fame, or not the fame (as in this 234. Propofition ), then the 
proportion of the firit to the third, or of the firft to the fourth, &c. is in general 
{aid to be compounded of all the intermedia! proportions. 

Wherefore Euclid s demonftration of this 234. Propofition, as alfo of all the like 
compounded proportions is wholly grounded on the right underftanding, and full 
extent of the ro^. Definition of the Fifth Element, asit hath been before explained. 

Moreover we are to obferve, that as in Def. 3°. El. V. there is only defined pro- 
portion in magnitudes; yet the fame ftands for proportion in numbers, mutatis mu- 
tandis, without any new Definition given; fo in the Definitions of Duplicate, and 
Triplicate proportions (names only proper to equal proportzons, expofed in continued 
Terms) there is further to be underftood all other compound proportions expofed in 
continued ‘Terms, as plainly appears by Euclid s demonttrations, who no where owns 
any other Definition of a compound proportion, than what is comprifed in Def. 
ro", El. V. 

Thus the only four rugged paflages met withal in thefe Elements are, I hope, 
made plain and fmooth, even to the weakeft Traveller in thefe Studies, and vin- 
dicated from the exceptions of fome capricious Geometricians: Namely, Erft 


Geometrical 
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Geometrical Epharmofis ufed in Prop. 4^. El. I. Secondly, the x r'^. Axiom, ufed 
in Prop. 25. El.]. Thirdly and fourtbly, the 5^, and 1o. Defimitions of the Fifth 
Element concerning proportional magnitudes, and compounded proportions. If I 
be not cemfured for having on thefé matters too much enlarged. 


PROPOSITION XXIV. 
() F every Parallelogram, the Parallelograms about the Dia- 


meter are like to the whole, and to one another. 


Let the Parallelogram be ABcp, and the Diameter ac: and 
about the Diameter ac, let the Parallelograms be EG, Hx. I fay, 
that each of the Parallelograms EG, HK, is like to the whole azcp, 
and to one another. For becaufe in the Triangle asc to one of 
the fides nc is drawn EF parallel; therefore it is proportionally as 
BE to EA, focr tó FA | Prop. 2. El. VI.] Again, becaufe in the 
Triangle Ac» to one of the fides c p, is drawn FG parallel; there- 
fore it is proportionally as cF tò Fa, {o DG to Ga: but as cF tora, 
fos E is provd to be unto £4: and therefore as 8E toEA, fo pa to 
GA [ Prop. 11. EL, V. |: and by Compofition, as Ba to E a, fo Dato 
Ga; and alternately, as B a to DA, fo £a toca; therefore of the Pa- 
rallelograms aBcD, EG tħe fides about the common angle Bap, are 
proportional. And becaufe GF is ^ E 
parallel to pc, therefore the angle . 
AGF is equal tothe angle adc, and | 
the angle cra to the anglè pea 9^ — — 
| Prop. 29. ELI. ]: alfo the angle / 
DAC is common to the two Trian- / 
sles apc, AGF; therefore the Tri- / 
angle apc, is equiangled to the P 
Triangle AG r. By the fame reafon alfo the Triangle A Bc, is equian- 
sled to the Triangle sEF: wherefore the whole Parallelogram a8 cp 
is equiangled to the Parallelogram Ee. 

Propertionally therefore it is, as AD toD c, fo AG tor | Prop. 4. 
E1. VI.], and as Dc to c a, {o GF to F 4; and as c a to CB, {0 F A tO FE; 
and moreover, as cB to Ba, fo FEtoE«. And becaufe it has been 
prov d, that as pc toca, fo GF to Fa; and asca to cB, foFAtoFE: 
wherefore by equality,as pc to cB, foGF,to FE; therefore of the Pa- 
rallelograms a BCD, EG the fides about the equal angles are propor- 
tional: wherefore the Parallelogram ABcp, 1s like to the Parallelo- 
gram EG | Def. 1. El. V1. |. 

By the fame reafon alfo, the Parallelogram «scp is like to the 
Parallelogram HK; therefore each of the Parallelograms EG, Hk, 1s 
like to the Parallelogram A2cp. But Figures like to the fame Fi- 
gure, are like to one another [Prop.21. El. VI.]; therefore the Pa- 
rallelogram £4, 1s like to the Parallelegram Hk. 

Therefore of every Parallelogram, the Parallelograms about the 

Diameter, 


B 
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Diameter, are like to the whole, and to one another. Which was 
to be demonitrated. 


ANNOTATIONS. 


From hence tis obfervable, that the Parallelograms about the Diameter, are 
like Figures having their fides to one another directly proportional, and the Com- 
plements are equal Parallelograms, having their fides reciprocally proportional to 
one another, Prop. 434. El. 1. Prop. 14^. El. VI. Moreover either of the Comple- 
ments is a mean proportional between the Parallelograms about the Diameter, by 
Prop. 1. El. VI. and Prop. 38^. EL.I. which alfo are to one another in a Duplicate 
proportion of their Homologal fides. Prop. 20%. El. V1. 


Peletarius hath very well advertifed upon the excellency of this Diagram, Hanc 
ego Figuram foleo vocare Myfizcam. Ex ea entm, velut ex locupletiffimo promptuarto, innu- 


merabiles exeunt demonjtrateones, quod cum magna voluptate per|[puiet, qui in re Geome- 
tra ferio fe exercebit. 


PROPOSITION XXV. 


' i O a given ftrait-lin'd Figure to couflitute a like, and tbe [ame 
aljo equal to another given ftratt-lind Figure. 


Let the given ftrait-lind Figure, to which a like is to be confti- 
tuted be a Bc,andthat to which the fame isto be equal let bed. It 1s 
required to aBe to conftitute a like Figure, and the fame equal to p. 
To the ftrait line sc let be applyd a Parallelogram s, equal to 
the Triangle ABc, and to cz the Parallelogram cM equal to D, 
in an angle FcE, which is equal to the angle ca 1.| Prop. 44. ELI. |; 
therefore sc is dire& to cr [Prop. 14. El. Ly M" LE to EM. And 
to Bc, cF let be taken a mean proportional 


GH | Prop. I3. EL. VI. |], and upon au let 
be defcribed keH like and alike fituated 
to apc [| Prop. 18. El. VI. ; Now becaufe — 
itis asBc toGH,floaH to cr: and if three. F 
ftrait lines be proportional, it 1s asthe firft | 
to the third, fo the Figure upon the firft to a | n 
the Figure upon the fecond, like and alike a 
defcribd; therefore as gc isto cr, fo ABC 
is to KGH | Corol. 2. Prop. 20. Bl. VI. j. But | : 
alfo as Bc is to cr, fo the Parallelogram ` “% in 
BE is to the Par allelog gram EF; therefore as ABC 19 to KGH, fothe 
Parallelogram BE is to the Parallelogram EF [ Prop. 11. ElL V. |: 
wherefore alternately, as anc is tothe Parallelogram 8 E fo KGH 1s 
to the Parallelogram gr. But Asc ts equal to the Parallelopram 

BE, therefore alló kan is equal to the Parallelogram Eg v: ard the 
Parallelogram &F isequalto D: wherefore alfo KGH Is equal toD; 
but kaH is like to ABC. 

Therefore to the given ftrait-lin'd Figure ABc, there 1s conftitu- 

ted kcH like; and the fame alfo equal to an other given ftrait-lind 
Figure. Which was to be done. 
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XPROPOSITION XXVI. 


F from a Parallelogram be taken a Parallelogram tke to the 
whole, and alike fituated, having a common angle; it is about 
the fame Diameter with the whole. 


For from the Parallelogram aB cnp, let be takenthe Parallelogram 
AF, like to ascnp, and alike fituated, having the angle DAB com- 
mon. JI fay, that the Parallelogram axzcp is about the fame Dia- 
meter with the Parallelogram ar. | 

For if not, then if poffible, let the Diameter of aBcp be auc, and 
by H to either of the lines ap, Bc, let Hx be drawn parallel. 

Now forafmuch as the Parallelogram A d D 
ABCD is about the fame Diameter with 34 Nw 
the Parallelogram kc [by Conftru&ion]; — 7 5^ - 
therefore ABcD is like to ka | Prop. 24. 


a 





— \ 
El. VI. |: wherefore it 1s as Da to AB, fo / | \ 
Ga to ax (Def 1. El. VL]. But alfo for N 
the likenefs of the Parallelograms Agcp,  * C 
EG [by Suppofition]; it is as DA to A2, fo GA to AE; therefore 
as GA tO AE, fo GA to AK [Prop. 11. El. V.]: wherefore ca hath 
the fame proportion to each of the lines Ak, AE; therefore AK is 
equal to AE | Prop. 9. El. V.], the lefs to the greater, which is im- 
poffible; therefore A2 cp 1s not about the fame Diameter with au: 
wherefore the Parallelogram A 2c» 1s about the fame Diameter with 
the Parallelogram A r. : | 

If therefore from a Parallelogram be taken a Parallelogram like 
to the whole, and alike fituated , having a common angle; it is 
about the fame Diameter with the whole.: Which was to be de- 








monftrated. 


PROPOSITION XXVII 


O P all Parallelogram {paces applyed to the fame Strait line, 
and deficient by Parallelogram Figures, like and alike ftuated 
to that which is defcribed on ihe half lne: The greatest is that 
Parallelogram, which is applyed to the half, being hke tothe de- 
Jett ( defcribed on the other haf. ) 


Let the ftrait line be aB, and let it be cut into halves in c; and 
to aB let be applyed a Parallelogram ap, defcribed on ac an half 
of AB, and deficient by the Parallelogram Figure px, defcribed on 
cB the other half of az, like and alike fituated to aD. | 

I fay, that of all Parallelogram fpaces applyed to a g,and deficient 
by Parallelogram Figures, like and alike fituated to the defect DB, 
the greateft is aD. | sd A. 


2 For 
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For to the ftrait line as, let be applyed a Parallelogram ar, 
deficient by the Parallelogram Figure FB, like, and alike fituated to 
ps. I fay, that ap is greater than Ar. | 

For becaufe the Parallelogram ps is like to the Parallelogram r 5; 
therefore they are about the fame Diameter | Prop. 26. El. VI. |, let 
be drawn their Diameter p: and the Scheme be compleated. 

Now forafmuch as c r 1s equal to r & | Prop.41. EL L.], let FB be 
added in common ; therefore the whole cu is equal to the whole 
KE: but cH 1s equal to ca, becaufe Ac 
is equal to cB [| Prop. 36. El. I. |: and 
therefore ce 1s equal to KE. Leter be 
added in common; therefore the whole 
AF isequal to the Gnomon L M N, fo that 
alfo the Parallelogram ps, that is, ap 
is greater than the Parallelogram Ar. 

Therefore of all Parallelograms applyed 2 E H 
to the fame ftrait line, and deficient by Parallelogram Figures, like 
and alike fituated to that, which is defcribed on the half line: The 
greateft applyed Parallelogram is that defcribed on the half, being 
like to the defect. 

* By this full and general Conclufion Huchde feems to have 
* ended his demonftration of this Propofition: but becaufe it ad- 
“mits of two Cafes: and that only one of them is hitherto demon- 
“ftrated, wherein the applyed Parallelogram is defcribed on fuch 
* 3 part of AB, as on a K, Which is greater than the half ac; there- 
“fore ftill there remains to confider the fame, where the Paralle- 
* Jogram 1s defcribed on a part lefs than the half Ac, as here on Ap, 
* which (tho not abfolutely neceffary) was likely fupplyed by 7 5eoz, 
* or fome ancient Scbo/;2/7, as followeth. 

Again, let ag becut into halves in c; and the applyed Paralle- 
logram be aL, defcribed on the half ac, deficient by the Parallelo- 
gram LB. And again tothe line as, let be applyed the Parallelo-- 
eram AE, deficient by the Parallelogram zs, like, and alike fituated 
to the Parallelogram r2, defcribed on cB the half of as. 

fay, that the applyed Parallelogram ,, — 

AL, deſcribed on the halfof A B, is great- Swans 
er than the Parallelogram a E. x: Ar. | 

For becaufe the Parallelogram £2 1s P \ 
like to the Parallelogram LB; therefore N 





they are about the fame Diameter. Let \ 
the Diameter be EB; and the Scheme E 
be defcribed. | 
Now forafmuch as LF isequal toLH ó mM * 
| Prop.36. ELT. ], for F @ is equal to eH; therefore rr is greater than 
ex. Butrr is equalto Lp | Prop. 43. ELI. ]; therefore Lp is greater 
Ppi than 
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than ex. Addin common xp; therefore the whole aL is greater 
than the whole az. Which was to be demonftrated. 


ANNOTATIONS. 


if a ftrait line be cut into two Segments equal, or unequal, as AB into AC, 
CB: and to either of them, as to AC be appiyed any Parallelogram as AD, then 
is AD faid to be deficient by the Paralleloeram DB, which in the fame parallels 
is equiangled to it, and conjoyned by a common fide, as DC, and defcribed on 
the other Segment CB. Now this Parallelogram DB 1s called the defect, for that 
by fo much the Parallelogram AD 1s deficient in 
compleating the Parallelogram {pace on the whole D 





line A B. And on the contrary,if to the Seement BC | 

be applyed the Parallelogram BD, it is faid to be / 
deficient by the Parallelogram defect D A defcribed A LLL 
onthe other Segment AC, of the ftrait line AB. C b 
And note, that as in Prop. 43*. El. I. and Prop. 24". 

El. VI. a Parallelogram is divided into four Paral- 

lelograms, two whereof are faid to be about the D 

Diameter, andtwo are called Complements; fo in 

this Propofition a Parallelogram is in a manner di- 

vided into two Parallelograms, and one of them is ; 

{aid to be deficient by the other, which iscalledthe 4 C b 
defect. And this diftinétion rightly obferved, makes clear Euclid s expreffion of this 
Propofition, that hath feemed to fome of our Modern Geometricians to be ob{curely 
worded. Buta Parallelogram deficient, and the defeé is as properly here {poken, 


and as plainly to be apprehended, as Parallelograms about the Diameter, and Paral- 
lelograms the Complements. 


PROPOSITION XXVIII. 


Nio a given ftrait line to apply a Parallelogram equal toa 
given Rectilineal fpace, deficient by a "Parallelogram Figure 
like to a given ‘Parallelogram. 

Now the given Rectilineal Jpace, to which the appyèd Parallelo- 
gram is to be equal, ought not to be greater than that applyed Pa- 
rallelogram, which is defcribed on the half line. both defects being 
like to the given ‘Parallelogram, namely the defect of the ‘Paralle- 
logram defcribed on the half line, and the defet of the Parallelo- 
gram required to be applyed, equal to the given Rettilineal fpace. 


Let the given ftrait line be. AB, and the given Rectilineal fpace, 
equal to which a Parallelogram is to be applyed to as, let be c, 
the fame being not greater than a Parallelogram applyed to the 
half of A8: the defects of thefe Parallelograms being alike; and 
the Parallelogram to which the defect ought to be like, let be p. 

It is required unto the given ftrait line A8 to apply a Parallelo- 
gram equal to thegiven Rectilineal fpace c, deficient by a Paralle- 
logram Figure like to p. 

Let aB be cut into halves in the point £, and on EB let be de- 
{cribed EBFG, like and alike fituated to p | Prop. 18. EL VI.]; and 
let be compleated the Parallelogram aa. 


4. Now 


7 ; 
/ 
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Now AG is either equal to c, or greater than it, by the determi- 
nation. EE MNT LU 

If ac be equal toc; thenthat is done which was required. For 
to the given ftrait line A2 1s applyed the Parallelogram 4G, equal 
to the given Recilineal fpace c, deficient by the Parallelogram Fi- 
gure cp, being like to D. 

But if AG be not equal to c; then it 
is greater: but AG 1s equal to cB | Prop. 
36.ELI. |; therefore c 81s greater than c. 


p^ — 
E \ \ \ ^N 
Now by how much as greater than | i k \ \ E 
| € N A 
| 





-M 
\ 





c, leta Parallelogram equal tothat ex- Ed 
cefs be conftituted knMN, the fame N 
alfo like and alike fituated to p [Prop. ^ — 

25.El. VL]. But p is like to eg: where- t! G 
fore alfoxL MN 1s like to g; and here \ 





- 
O F 
\ 
X * m" 


let KL be Homologal to za, and LM | 
and kM together; therefore GB is great- ‘\ w 


to GF. 


And forafmuch as GB is equal to c, ™, 
: | j ` Nes 
| à 
er than kM; and therefore the fide Ea NS 
is greater than the fide KL, and GF than E \ — 


LM. Let now ax be put equal to KL, 
and Goto LM [by Prop. 3. ELI.]; ándlet be compleated the Pa. 
rallelogram xcoP; therefore the Parallelogram a» is equal and 
like to the Parallelogram k M; butkw is like to c8: wherefore alfo 
GP is like to c5 | Prop. 21. ELVI. |; therefore the Parallelogram a» 
is about the fame Diameter with the whole cs. Let their Diameter 
be cps and the Scheme be defcribed. 

Now forafmuch as a5 is equal to c, and x m together, and that 
GP isequal to KM; therefore the remaining Gnomon vay is equal 
to the remaining Rectilineal {pace c. And becaufe or is equal to 
xs [Prop. 43. El. L.], let pa be added in common; therefore the 
whole oz is equal to the whole xs. But xs is equal to TE, becaufe 
the fide a £ is equal to the fide ks | Prop. 36. E. T.]: wherefore alfo 
TE is equal to oB. Let xs be added in common; therefore the 
whole Ts is equal tothe whole Gnomon vay: but the Gnomon 
vay has been proved equal toc: therefore alfo Ts is equal to c. 

Wherefore to the given ftrait line aB1s applyed the Parallelogram 
Ts equal to the given Reéctilineal fpace c, deficient by the Paralle- 
logram figure P E, which is like to the given Parallelogram p, for that 
pB is like to er. Which was to be done. 


Pp 3 PRO. 
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P ROPOSITION XXIX. 


F. Nio a given Grait line to appl yy 4. uou equal to a 
A J given Rectilineal fpace, exceeding by a Parallelogram fgure, 
hke to a given Parallelogram. 





Let the given ftrait line be A55 and the given Rectilineal fpace 
equal to which a Parallelogram | is to be applyed to Az, let be c; 
and the Parallelogram to which the excefs ought to be like, let be p. 

It is required to the ftrait line A3 to apply a Parallelogram equal 
to the Rectilineal fpace c, exceeding by a Par allelogram figure 
lıke to D. 

Let A8 becut into halves in £, and on Es let be defcribed the 
Parallelogram BF like and alike fituated to p | Prop. 18. El. VI. |. 
Now tothe Parallelogram gr, andthe Rectilineal {pace c, both to- 
gether let an equal Parallelogram be conftituted eu, like and alike 
fituated to p | Prop. 25. El. VI. |; therefore cu is like to BF | Prop. 
20, El. VI). And here let the fide kH be Homologal to the fide 
FL, and «c to FE. 

And forafmuch as the Pant -— | "T——— 
lelogram aH 1s greater than the. "| / 
Parallelogram B r; therefore alfo. 1 NE 
the fide KH 1s greater than the ..4:.— 
fider Land xe than Fe.Let FL, 
FE be produced : and FLM be 
put equal toKH,and FENto KG 
| by Prop. 3. El. 1], and let be 
compleated the Parallelogram 
MN; therefore MNis equal, and 
like tocn. Buteau is like to EL: 
wherefore alfo MN is like to EL 
| Prop. 21. ELVI. jj; therefore E L 
is about the fame Diameter with Mn [ Prop. 26. El. VI.]. Let be 
drawn their Diameter r x, and the Scheme be defcribed. 

Now forafmuch as Gu 1s equal to £r, and c together, and that 
GH is equal to MN; therefore alfo MN 1s equal to EL,c. Let Ex 
common be taken away ; therefore the remaining Gnomon v v o is 
equal to c. And becaufe az 1s equal to eB, therefore the Paralle- 
logram aN is equal to the Parallelogram ne { Prop. 36.E1LI.]: that 
is to Lo | Prop. 43. ELTE. Let gx be added in common; therefore 
the whole Ax isequal to the Gnomon v vo. But the Gnomon vYQ. 
is equal to c; wherefore alfo a x is equal to c. 

Therefore to the given ftrait line aB is applyed the Parallelogram 
ax, equal to the given Rectilineal fpace c, exceeding by the Paralle- 

logram 
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logram figure p o, which is like to D; for that £L is like to r o| Prop. 
24. El. VI. Which was to be done. - 


ANNOTATIONS |. 


Thefe two Propofitions the 28", and 295, are of admirable ufe in the Tenth Ele- 
ment of Euchde, and the Conic Elements of Apollonius, where the deficient, or El- 
liptical application made in Prop. 28'", gave occafion for the name of that Conic 


Section called ErriPsis in Prop. 13". ELI. of Apollonius, and the exceeding, or 
Flyperbolical application made in Prop. 29^, occafioned the name of that Section 


called H vP Ex 50L 4, in Prop. the 12", of the fame Conic Element. When there- 
fore Tacquet fo rafhly rejects thefe two Propofitions, as of little, or no ufe; ‘tis ma- 
nifeft that he had then made but a fmall progreís in Geometry. And thirdly, 
the Conic Section called Parasoua, we have before noted at Prop. 44, El. I. 
to be fo named from the exact application, or Parabolifm of a given Rectilineal 
{pace to the entire, and whole given line precifely, neither deficient, or exceeding. 
As we find it in Prop. 11". El. 1. of Apollonius. 


PROPOSITION XXX. 


O cut a given finite firat line in Extreme and Mean pro- 
portion, LAS — 

Let the given finite ftrait line be az. It is required to cut the 
{trait line aB in extreme and mean proportion. On as let be de- 
{cribed the Square 8c | by Prop. 46. ELI. ]: and to ac let be ap- 
plyed the Parallelogram c p equal to 2c, exceeding in Figure by 
AD, like to Bc | Prop.29. El. VI | -Now sc is a Square; therefore 
alfo AD is a Square.- | ers T | 

And forafmuch as Bc 1s equal tocp; © Deas rancid 
let ce common be taken away; there- A : 
fore the remainder Br is equal to the 
remainder ap. But it is alfo equian- 
gled to the fame; therefore the fides 
of'Br, AD about the equal angles are 
reciprocally proportional | Prop.14. El. 
VI.|: wherefore as FE to ED,{fo AE to 
EB. But FE is equal to ac | Prop. 34. 
ELT.], that is, to A2; and Ep to AE: | 2. 
therefore as AB to AE, fo aE to EB. But aB is greater than AE: 
wherefore alfo aE is greater than £B | Prop. 14. ElL. V., 

Therefore the ftrait line A5 1s cut in extreme and méan propor- 
tion in the point &; and the greater Segment is AE. Which was 
to be done. | MESE QULA 





.. Other- 
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Other wife. 


Let the given ftrait line be az. It is required tocut the ftrait line 
AB in extreme and mean proportion. ee 

Let a B be cüt in the point c, fo that the Reét- | | 
angle under aB, Bc be equal to the Square of ac ——- 
[by Prop. 11. ELII.], | 

Now forafmuch as the Reétangle under AB, BC 
is equal to the Square of ac; therefore as ABisto | 
AC, fo ac is tocB | Prop. 17. El. VI.]; a8 there- 
fore i is cutin extreme and mean — in the point c. Which 
was to be done. 





PROPOSITION XXXI. 


N Right-angled Triangles , ‘ihe Figure conftituted on the fide 

fubtending the Right angle zs equal to the Figures conftituted on 
the fides containing the Right angle, - being like and alike de- 
fcribed. 


Let the Right- angled Triangle be ABC, », having the right angle 
Bac. I fay, that the Figure npon sc isequal to the Figures on Ba, 
ac, like and alike defcribed. Let be drawn the perpendicular ap. 
Now forafinuch as ín the Triangle aBc, from the right angle at a 
is drawn to the bafe sc the perpendicular AD; therefore the Tri- 
angles ABD, ADC, at the perpendicu- 
lar are like to the whole ABC, andto . 
one another | Prop. 8. El. VI] |l And | 
becaufe the Triangle Asc 1s like ta Lr 
the Triangle app; therefore as cn is. / 
to BA, fo AB is to BD: and becaufe. 
when ‘three {trait lines are proportio- 
nal, it isasthe firftto the third, fothe ~- 
Figure on the firft to the Figure on the 
fecond, like and alike defcribed Corb | 
2. Prop. 20. El. VI. |; therefore as cz to 
BD, fo the Figure on cz to the Figure on BA, ‘like and alike defcribed. 

By the fame reafon alfo, as BE to cD, fo the Figure on &c to the 
Figure on CA. So that alfo as Beto BD, DC, fo the Figure on c to 
the Figures on Ba, AC, likeand alike defcribed. But Bc is equal to 
BD, DC; therefore the Figure on Bc is equal to the Figures on Ba, 
A C. 

Therefore in Right-angled Triangles the Figure on the fide fub- 
tending the right angle, is equal to the Figures on the fides con- 


taining the right angle, they being like and alike defcribed. Which 
was to be demonttrated. 





Other- 
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Otherwife. 

Becaufe like Figures are in a duplicate proportion of their Ho. 
mologal fides | Prop. 20. El. VI.]; therefore the figure on 2c hath 
to the Figureon 24, a duplicate proportion of that which gc hath 
to BA. But the Square of sc, hath to the Square of s a a duplicate 
proportion of that which gc hath to 
BA; therefore alfo as the Figure on 
Bc to the Figure on B 4, fo the Square 
of Bc to the Square of Ba [| Prop. 11. 
El. V.] By the fame reafon alfo as 
the Figure on Bc tothe Figure onc a, 
fo the Square of Bc to the Square of 
ca: fo that alfo as the Figure on Bc 
to the Figures on B8 a; a c, lo the Square 
of gc to the Squares of Ba, ac. But 
the Square of 8 c is equal to the Squares | 
of BA, A€ | Prop. 47. El. T.]; therefore the Figure on ge is equal to 
the Figures on rga, Ac, like and alike defcribed. Which was to 
be demonftrated. 





PROPOSITION XXXII. 


F two Triangles having two fides proportional to two fides, be 
I fet together at one angle; Jo that alfo their Homolgal fides be 
parallel: the remaining fides of the Triangles fDball be directly fitu- 
ated to one another. 


Let the two Triangles be ABC, pc E, having the two fides Az, 
AC, proportional to the two fides pc, DE, that is, as A2 to Ac, fo 
DC to DE; and let asg be parallel to pc, and Acto pg. I fay, that 
BC is directly fituated to cz. 

Forafmuch as A2 is parallel to D c, and 
on them falls the ftrait line ac; therefore a. 
the alternate angles Bac, acD,are equal WN 
to one another [ Prop.29. El. L.|. By the 
fame reafon alfo the angle cp x 1s equal 
to the angle acp: fo that alfo Bac is Ao 
equal to cpE. And becaufe there are i 
two Triangles aBc, DcE, having one an- 
gle at a equal to one angle at p: and about the equal angles the 
fides proportional, as B4 to Ac, fo cp to DE; therefore the Tri- 
angle asc is equiangled to the Triangle pcx [ Prop. 6. El. VI. |: 
wherefore the angle aBc is equal to the angle pcr. But alfo the 
angle acpD has been provd equal to the angle Bac; therefore the 
whole angle acE is equal to the two angles ABc, Bac. Let the 
angle AcB be added in common ; therefore the angles ACE, ACB, 


Qq are 
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are equal to the angles Bac,acsB, cga. But the angles Bac, acs, 
cga, are equal to two Right [ Prop. 32. El.J.]; therefore alfo the 
angles Ac E, ACB, are equal to two Right. Now toa certain ftrait 
line ac, and toa point in the fame c , S 
two itrait lines Bc, CE, not lying the v ES 
fame way make the confequent angles ~~ ih 
ACE, ACB, equal to two Right; there- N NAS 
BC is directly toce | Prop. r4. El. I]. N N 
If therefore two Triangles having A 

two fides proportional to two fides, be 
fet together at one angle, fo that their Homologal fides be parallel: 
the remaining fides of the Triangles fhall be direétly fituated to 
one another. Which was to be demonftrated. 


PROPOSITION XXXIII. 


F N egual Circles, the angles have the Jame proportion with the Cir- 
cumferences on which they infist: whether the infiffing angles 
be at the Centers, or at the Circumferences. 


AND MOREOVER ALSO THE SECTORS (when conftituted 
at the Centers ). 


N 
X 
—— 
B E 


Let the equal Circles be A8c, DE r, and at their Centers c, gH, let 
the angles be cc, E Hr: and at the Circumferences, let the angles 
be Bac, EDF. I fay, that as the circumference zc is to the cir- 
cumference £r, fo is the angle Bec to the angle EHF; and the an- 
gle Bac tothe angle EpF: And moreover the Sector Bac, to the 
Sector EH F. 

For to the circumference Bc, let in order be put equals how 
many foever, cK, KL: and to the circumference EF, let be put 


alfo equals how many foever, FM, MN, and let be Joyned Gk, GL: 
HM, HN. 


Now forafmuch as the cw- 
cumferences BC, CK, KL, are 
equal to one another ; therefore 
the angles BGc, CGK,KGL, are 
alío equal to one another | Prop. 
27. El. III.|: wherefore Quo- 
tuple the circumference BL is 
of the circumference Bc, To- 
tuple is the angle Bat of the angle sac. By the fame reafon Quo- 
tuple the circumference EN is of the circumference EF, Totuple 1s 
the angle £ uN of the angle EHF. 

If now the circumference sL be equal to the circumference EN, 
the angle BGL is alfo equal to the angle EuN [|Prop. 27. El III. |; 
and therefore if the circumference BL be greater than the circum- 

J ference 
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ference EN, the angle sar is alfo greater than the angle eux: 
andif lefs, tis lefs. 

There being then four magnitudes, the two circumferences Bc, 
EF, and the two angles Bcc, EHF: and of the circumference Bc, 
and of the angle Bec are taken equimultiples, the circumfetence 
BL, and the angle geL. Alfo of the circumference £r, and of the 
angle £H F, are taken equimultiples, the circumference EN,and the 
angle EHN. And it is provd, that if the circumference BL ex- 
ceeds the circumference EN, the angle BaL does alfo exceed the 
angle EHN; and if equal, tis equal; and if lefs tis lefs: therefore as 
the circumference Bc is to the circumference EF, fo the angle Bec 
is to the angle eur [Def ;. El. V... But as the angle BGC is to the 
angle EHF, fo the angle sac is to the angle EDF | Prop. 15. EL. V. |: 
for each is the double of each | Prop. 20. El. HL] | 
EF, fo the angle Bac is to the angle EHF, and the ange BAC tO 
the angle EDF. | 

Therefore 1n equal Circles, the angles have the fame proportion 
with the circumferences on which they infift, whether the infifting 
angles be at the Centers, or at the circumferences, Which was to be 
demonttrated. 


Here Euclide ends the laft Propofition of his Sixth 
Element of Geometry. 


Qq2 THE 
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T H E 


ADDITAMENT 
Of THEON, 


And moreover alfo the Sectors, / 


That is, they have the Jame proportion with the Circumfe- 
rences, on which they infist. 


I fay alfo, that as the circumference 2c is to the circumference 
EF, fo the Sector Bec 1s to the Sector zur. For let be joyned zc, 
ck, and in the circumferences Bc, cK, the points x, o, being taken, 
let Bx, xc, co, ok, be alfo joyned. 

Now forafmuch as the two lines BG, cc, are equal to the two 
lines cG, GK, and they contain equal angles; therefore the bafe B c 
is equal to the bafe cx, and the Triangle cgc to the Triangle ecx 
| Prop. 4. El I]. ES 





And becaufe the circumference Bc is equal to the circumference 
cx; therefore the remaining circumference Bac compleating the 
whole Circle aBc, is equal to the remaining circumference kK ac, 
compleating the fame Circle: fo that alfo the angle Bxc is equal to 
the angle cox | Prop. 27. El. IIT |; therefore the Segment Bxc is 
like to the Segment cox |Def. 10. El. III.], and they are upon 
equal ftrait lines Bc, ck: but like Segments of Circles upon equal 
{trait lines are equal to one another | Prop. 24. El. IIT.]; therefore 
the Segment 8 xc is equal to the Segment cox: and alfo the Tri- 
angle BGC is equal to the Triangle cex ; therefore the whole Seétor 
BGc is equal to the whole Sector cack. 


$ By 
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By the fame reafon alfo the Sector ax r is equal to each of the 
SeCtors ak c, G cB; therefore the three Sectors 8ac, cGK, KGL, are 
equal to one another. And by the fame reafon the Sectors ua x, 
HFM, HMN, are equal to one another; therefore Quotuple the 
circumference LB is of the circumference Bc, Totuple is the Sector 
GBL of the Sector apc. By the fame reafon alfo Quotuple the 





circumference NE is of the circumference EF, ;Totuple is the Sector 


HEN of the Sector HEF. 
Now if the circumference BL be equal to the circumference EN, 
the SeCtor &G1.is alfo equal to the SeCtor gH N, and if the circum- 


pre —2 = — 


~ * 


ference BL exceeds the circumference En, the Sector BEL does alfo 
exceed the Sector EHN, and 1f lefs, tis lefs. © -. ~= 

There being then four magnitudes, the two circumferences Bc, 
EF, and the two Sectors GBc, HEF, andof the circumference sc, 
and of the Sector eBe are taken equimultiples, the circumference 
BL, and the Sector eBL: alfo of the circumference EF and of the 
SeCtor HEF, are taken equimultiples, the circumference EN and 
the Sector HEN. And ıt is prov’d, that if the circumference BL, 
exceeds the circumference EN, the Sector sar. does alfo exceed 
the Sector H E N; and if equal, 'tis equal; and if lefs, 'tis lefs; therefore 
as the circumference Bc 1s to the circumference EF, fo the Sector 
GBC is to the Sector HEF. 


Corollary. 


And it is manifeft, that as the Sector 1s to the Seétor, fo alfo 
the angle is to the angle | Prop. 11. El. V. |. 


ANNOTATIONS. 


Theon in his Commentaries on Ptolemys Magna Syntaxis, takes notice of this 
Additament he made to Exelzd’s laft Propofition of the Sixth Element. Here 


therefore he fays, en dt % of mcs: and moreover alfo the Sectors ; which are the 
only words of Theon added to Euclid’s Propofition. For what is fubjoyned, 4» 
ais mis xevrecis ounseuevor, when conftituted at the Centers, muft be fome marginal 
note very abfurdly put in, asfuppofing there were an other kind of Seétors, befides 
what are ftated at the Center of a Circle, according to Def. 10. El. HI. Indeed 
the Figures at the circumferences are not, as their angles are, in the fame pro- 
portion with the Arches on which they infift: but thefe Figures are not called 
Sectors, neither have they any Note or Name in Geometry to give occafion for 
fuch a needlefs caution: An overfight too great for Theon to be guilty of. 


Qq 3 Laftly, 
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Laftly, this. Additament concerning Sectors mentioned by Theon, manifeftly 
fhews the error of <ambertus and others, who take the demonftrations of thefe 
Elements to have been all fupplyed by Theon. Yet it feems this miftake went 
fo far, as that Bovzllus an Eminent Geometrician of that time, writ a Select Trea- 
tife about it, to vindicate the Ancient Geometricians in this matter of confirming 
the Propofitions by their own Demonftrations, and efpecially Euchde for his 
Elements, fo methodically difpofed, fo plainly all along demanftrated, and in the 
end clofed with thofe admirable Speculations on the five Platonick Bodies, thus 
celebrated in an Ancient Greek Epigram. 


Syne ime TAarwiG-, 2 MIursens oopis p, 
Turon coos cupe, Damor d adna Ndeka 
RüxAedws n voc XN. vows enue. 

The five Platonick Bodies, fo much famd, 


Pythagoras firit found, Plato explain’d: 
Euchde on them Immortal Glory eain d. 


FINIS. 


THE ] 
ELEMENTS 
E U C LID 


DISSERTATIONS, 





INTENDED 


To affift and encourage a critical examination of thefe 
Elements, as the moft effectual means of eftablithing 
a jufter tafte upon mathematical fubjeéts, than that 
which at prefent prevails. 





Vor. I. 





By JAMES WILLIAMSON, M.A. 
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TO 


RICHARD BURKE, Eso. 


Dran SER, 





|- would be a very entertaining {peculation, and well 
calculated to ífhew the importance of geometry, td 
enquire into the probable ftate of human affaires at 
prefent, upon a fuppofition that the mathematical {ci- 
cm; bad been generally known and cultivated in the 


of ehe world. | 
If "E had only underfteod how to make a , 
en albmanack, a great deal of rational curiofity would 
been gratified, which we: now endeavour in vain a 
fatisfy. E For mankind have ‘lept où, from áge to age, 
without taking notice of time or occurences ; and as to 


what concerns geography they have been equally remifs. 
The human race have migrated from one country to 


another, until they have covered the face of elie whole 
Earth, without gaining the leaft information by their 
travels; having rather ftrayed like cattle, than changed 
theis habitation like rational creatures 

However the happy effects of a proper cultivation of 
this {crence, are not confined to seps and aimanakcs : fot 
it is by the judicious application of mathematical know- 
ledge, that human nature, notwithRanding its frailty, 
is rendered fuperiour to every obftacle, for our efforts 

















keep pace with all our rational imaginations: and thes 
x 





(ü) 
it rifes greatly above all its imperfections, acquiring a 
dignity which muft aftonifh every one, when he compares _ 
what has been done, with the weaknefs and imperfection 
of any fingle individual. And what this might have 
produced through a length of ages, operating in every 
quarter of the globe is not fo eafily to be conceived. 

It has indeed been alledged, that the improvements 
afcribed to the cultivation of this fcience, have been often 
the effe& of chance, and not produced by any rational 
{cheme of improvement, conducted upon {cientific prin- 
ciples. But the contrary appears from. undoubted matter 
ef fact; becauíe we every where find .that difcoveries 
are made among the moft enlightened nations, and never 
among barbarians. Events, na doubt, will happen, and 
natural appearances will keep their regular time ; but 
the wild beafts of the field are as likely to make a proper 
ufe of them, as illiterate favages. And the little atten- © 
tion paid by ignorant men, to thofe very circumftances. 
which inform and enlarge the underftanding,. fhew us 
better than any thing elfe, what human, nature can. rife. 
and fall to. J E ! | 

Both you-.and I are fufficiently fenfable of the great. 
utility of mathematics in all the affairs of life; and that 
thofe whom it concerns are, to a certain degree at leaſt, 
fufficiently attentive to it.. And we only ufed to regret. 
that the world is ignorant, how fuccefsfully this {cience 
might be employed for making us rational creatures. 

. It has often been .the fubje& of our conyerfation and 
furprize to run over the various methads contrived for 
making mathematicians, without impofing upon them 
the neceflity of being rational creatures.. -And fuch dif- 
courfes have generally ended in your urging me to. the 
execution of this plan;. the firft part of which. 1 here beg. 


leave 


(ü) 
leave to prefent to you. I have had fufħcient marks of 
your friendíhip to be fenfible that you will be much more 
follicitous about its fuccefs than I am myfelf: and from 
your partiality to me, I am alío perfuaded you will think 
that I have not done it juftice in the execution. 

It is true I could have improved the ftyle very much ; 

but it feems to anfwer my purpofe better in its prefent 
form : for I write not to make people read, but to make 
them think. I have alfo affected a familiarity of phrafe, 
to enpage the attention of the reader by expreffing geo- 
metrical ideas in common language. 
. But whatever your opinion of the work may be, I beg 
of you to accept of this addrefs, as a teftimony of the 
high efteem which I have for your character and abi- - 
lities, It is with the greateft pleafure that I recolle& the 
{hare which I have had in your education, which was 
carried on, not in the perfon of mafter and fcholar ; but 
rather in the chara&ter of two friends who had taken a 
fomewhat different view. of the fame fubje@. 


I am, DEAR SIR, 
with the greateft refpect, 
Your molt obedient 


humble fervant, 


HERTFORD COLLEGER: 
March 27. 1781. 


JAMES. WILLIAMSON. 


DISSERTATION I. 





T is my intention ia this differtation, after faying fomething 

concerning the ufe of commentaries, to condu& the learner, 
ftep by ftep, to a fold, rational and extenfive view of the princi- 
ples of geometry; by explaining their original and improvement 
through feveral different gradations, until they put on a {cientific 
form ; reducing whet I have to fay under diítin& heads, for the 
benefi of the ignorant and thoughtlefs reader. 









CHAP. I. 
—. Of tbe necefity and ufe of commentaries. 





‘THE dulnefs of commentators is a fubje& of fuch general 
complaint, that it may be proper to inquire how it comes to país 
that books are not written in fuch a manner as to make a com- 
mentary ufelefs or impertinent : and this inquiry may be propofed 
with the greater propriety, as the labours of commentators, befides 
their dulnefs, feldom or never anfwer the expeGations of the public 
in other refpects ; which they no doubt are apt to imagine the 
author himfelf could have fully. gratified, by condefcending a little 
to the weaknefs of his readers, and refcued his works out of * 
clumſy hands. J 
What apelogy therefore fhall I be able to make for loading with 
a-commentary the moft perfect book in the world! But though it 
may not be agreeable to that general delicacy which an author is 
bound to preferve towards his readers ; yet it may neverthelefs be 
proper to inform them, that they feem to be rather partial to them- 
felves upon the prefent queftion ; never confidering how much of 

VoL. I. a | the 
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the blame ought in all confcience to be laid at their own ddor: for 
though it may be a fecret to-a great many, yet it is an undoubted 
truth that the moft perfect writer requires that his work fhould be 
put into the hands of thofe who can read. And my intention in 
this edition is not to correct my author, but to fupply a defect 
which it could not have been very confiftent with his plan to remedy. 
For he has written his book exprefily upon the fuppofition that his 
reader was endued with the faculty of attention : and as this is a 
difpofition of mind with which the book is but rarely taken up, 
though it will always be laid down with it, or elfe it has been ufed 
to little purpofe : a few feafonable warnings thesefore, to roufe the 
attention of the indolent reader, may be given with great propriety, 
and without bringing any reflexion upon the character of the 
author, who in point of perfpicuity, excells every one. 

But I will even go farther and venture to affirm that an author, 
who writes upon fuhjects of fcience, may find it often by no means 
convenient to deliver himfelf in fuch a manner as to be always in- 
telligible even to thofe whom he would wifh to have for readers. 
Becaufe authors are confined to a particular method of arrangement, . 
if it be their intention to deliver opinions or difcoveries in a fyfte- 
matic manner. And although there has been a fenfelefs and incef- 
fant clamour, for almoft two centuries, againít this method:; yet 
it feems to be the only way of keeping knowledge within fuch 
limits, as to be by any means manageable by the human mind. 

It is true indeed that our progrefs in acquiring knowledge, when 
left to ourfelves, and our own experience, is dire&ly contrary to 
this, being firft condemned to an examination of particulars. And 
even when we take up with the fyftems of others, it is requifite 
that we have laid in a fufficient ftock of materials to enable us 
readily to comprehend any very general doctrine.- For no general 
rule, or law, or theorem, or what you pleafe to call it, is by any 
means to be underftood, unlefs we have particular inftances ready 
to apply, as occafion requires: always however excepting a genius | 
of the kind given to Hud:éras in the following lines, containing the 
meaning and importance of many volumes. 

His notions fitted things fo well, 
That which was which he could not tell. 
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' 'The fault therefore is not in the fyftems, but arifes from the 
general incapacity which mankind feem to labour under, for judging 
of the merits of fuch as have been offered to their confideration ; 
and as there are quacks of all denominations, ever lying in wait to 
take advantage of the fimplicity of the multitude; the world by 
this means has been over-run with counterfeits. 

To have a genius for any ícience feems to me to imply a readi- 
nefs at finding out particular inftances to apply to any general rule. 
It is therefore to be fufpected that thofe who are deficient in this 
kind of invention will by no means find @eeir progrefs in any {cience, 
anfwerable to the time which they beftow upon it: they may 
commit the rules or the theorems to memory and neverthelefs be 
ignorant of their meaning and application. Hence a certain degree 
of invention becomes neceffary even for the ready acquifition of a 
Ícience ; and this perhaps not fo different from that kind of inven- 
tion by which the principles were at firft difcovered, as many have 
heen apt to imagine. 

Now here is the difficulty ; a {cientific book ought to contain © 
knowledge in that compact form; in which every ore would chufe 
to take a review of it, after he has made himíelf mafter of the 
fuübje& : and not incumbered with all thofe particular inftances, 
which would now ftand in the way of the readers imagination as 
much as they affifted it before. For inftance, who could relith the 
nobleft of Newton’s theorems if it prefented itfelf to his mind 
encumbered with all thofe properties, which had led him from 
common notions to the right underftanding of {0 fublime a fpecu- 
lation. 

A book therefore, if this reafoning be juít, which would be 
proper for a learner would be fit for nobody elfe: and the greateft 
perfection of writing will {till leave occafion and employement for 
the talents of that kind of commentator, which I profefs myfelf 
to be. The fweepings of the author's ftudy would furni(h the beft 
and moft authentic materials for works of this kind; and yet humble - 
as the office may feem, if I cah execute my tafk but pearly up to 
the idea which I have of it, I fhall not regret my labour. The 
reader however will be difappointed, if he expe& to find Euclid 
eather corrected or enlarged, my purpofe being nothing more than 
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to conduc the learner to that fenfe m which the auther wifhed 
himfelf to be underftood. An oftentation of learning rs a fanlt 
' which prevatls among many commentators; for they feem to be 
apprehenfive leaft the world fhould think they know nothing but 
their bufinefs: and thetefore inftead of explaining their author, 
endeavour to perfuade the world that they underftand the fubject — 
better than he himfelf did. But I do not write to the ftrength 
but to the weaknefs of mankind; and therefore would not chufe 
to be confidered as challenging the whole world to find fault, but 


only as applying a remedy to a weaknefs which my own experience 
has found does exift. 


| CHAP. II 
Concerning the Original of the geometrical principles. 


QUANTITY of both kinds, extenfion and number, is always 
forcing itfeff upon us whether we will or not ; and muft therefore 
leave fome very fixt and determinate impreffions upom the minds 
of the moft inconfiderate. We cannet ftretch out our hand wrth- 
out receiving a perception of extenfion ; mor open our eyes without 
feemg figured objects, bringing along with them to the mind a 
conícioufnefs that they are more in naméder than one. This begets 
notions, which are by no means peculiar to any fingle art or pro- 
. fefhon, but common to all men. The geomretrician felects the 
moft accurate of thefe, and with fuch materials lays the foundation 
of his fcience. Particular circumftances have rendered fome notions 
concerning quantity more invariable than others ; or rather fo fixt 
that nothing can alter them. As it would difcover ridiculous af- 
fectation and ignorance to pretend to change thefe, which is indeed 
impofhible, fo-it is alfo below thre dignity of our author to affect to 
difguife them by any forced or unnatural conftraction, to make 
them wear a more philofophic appearance. But although the 
twelve common notions which he has felected, are to be underftood 
according to the vulgar conception of them ; yet the learner muft 
give them a very particular examination : becaufe it is not fuffi- 
cient to have thefe notions, but we muft alfo have the ready ufe of 
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them. And this may be acquired iri fonie fuch füanne? 2s the 
—- 

Let the ftudent provide himfelf with & ruler - cothpaffes, 
and after fome practice in drawing ftraight lines, and deferibing 
Gireles; he is mext fo proceed to thé examination of the common ` 
notions, as if they were properties of ftraight lines only, and true 
óf nothing elfe. For without this precaution he will undoubtedly 
be liable to have the diftich quoted in the laft chapter applied to 
him. And any tififiure of the budibrafiie genius difqualifies a man 
for this {cience ; and excludes him from a great deal of rational 
amufement, to fay nothing of more folid advantages. I fhall there- 
fore at the porch, not only lend the learner my advice but alfo my 
affiftance in ftriping himfelf of thofe prejudices which would dif- 
grace his behaviour after he has been admitted into this magni- 
ficent temple where all the wonders of the world are difplayed. 

_ The reader may believe that I never wonld have. introduced thio 
ddvice with {6 much form and circumftancé,- witWout 2 firm per- 
fwafion that it is of the laft importance. He-is therefore imtnedi- 
ately to fet about the work, by defcribing a circlé, not- àa geome~ - 
trícal but a mechanical circle; and fach as any ordinary compafics 
will exhibit; drawing at the fame tnie feveral feraight lines from 
the center to the circumference. He is next to fatisfy himifelt of 
the equality of thefe ftraight Hines, by nieafuring them with hig | 
compaffes : his conelufion will be, that they are equal; and he 
will find his opinion of their equality grounded upon the firft com- 
mon notion; becaufe they are all equal to the fame length, viz. 
the diftance between the extreme: points of his compafíes. But it 
i» earefully to be obferved that this is not to-be made the fubje@ 
of a tranfient reflexion, but of frequenf and clofe meditation; . 
varying the center and radius to the utmoft limits of thé compáffes ; 
with now and then a thought upon the limited nature and imper- 
fection of the inftruments. 

The fecond and third of the common notions may be examined 
by defcribing two circles with the fame center, but at different 
diftances, and drawing ftraight lines from the center to the re- 
moteít circumference ; thé parts of the ftraight lines intercepted 
between the two circumferences are equal ; and. will illuftrate the 
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fecond common notion by taking the le(s radius from the greater. 
And thus we are to proceed untill we have fatisfied ourfelves that 
thefe common notions ate true at leaft of fuch ftraight lines as we 
can draw upon a piece of paper. 

I beg the reader's pardon for my impertinence ; but he is —X 
to be admonithed, that it is not ſufficient to run theſe things over 
in his own mind; but that he muſt be able to expreſs them to the 
conviction of a by ftandér ; and this will make it neceffary to dif- 
tinguifh his lines and circles by the letters of the aiphabet. | 


4 


CHAP. III. 
The fame fubjet continued. 


SUPPOSING this bufinefs of the ftraight lines accurately diícuf- 
fed; the learner is next to fhut his compaffes; and then obferve their 
progrefs in opening until they take the direction of a ftraight line: 
during this operation, he will find the inclination of the legs con- 
tinually varying : at firít nothing, then gradually increaüng until 
it difappears when the legs become one ftraight line. This incli- 
nation is a quantity, though not a tangible fubítance, but this the 
reader will do well to convince himfelf of; and for this purpofe he 
may obíerve that any particular inclination may be equal to ano- 
ther, or the half or the third part of it. But the common notion 
of this kind of quantity is not fo regular or determinate as that of 
à ftraight line ; though it exhibits every poffible fhape which it 
can take in opening the compaffes as above directed : the reader 
therefore will be pleafed to inftru& himfelf properly in this: and 
then proceed to examine whether the common notions are not alfo 
true when applied to this kind of quantity. 

And for this purpofe I would recommend a triangular piece of 
wood, of the fhape of a right angled triangle with unequal fides, 
being afraid to meddle with circular arches, leaft we fhould conjure 
up a prejudice which we might want art afterwards to /ay. By the 
affiftance of this triangular piece of wood, make two equal incli- 
nations (or angles) upon paper, taking care to make the lines une- 
qual, to prevent prejudice. After theíe are made, their equality 

may 
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may be inferred from the firít common notion, as each of them 
will.be equal to the inclihation of the two fides of the peice of 
wood : add to thefe two equal angles, other two equal angles ; 
which may be done by the affiftance of a different corner of the 
fame piece of wood ; aüd this will illuftrate the fecond and third; 
according as you,confider onc of them as taken away from the - 
whole angle made up of the two ; or as added. 

together to make one. But it will be neceflary A 
previous to this, to acquire a ready and accu- 
rate way of.expreffing the different inclina- 
tions of lines,: (called 'anples) by the. letters 
‘of the alphabet. The figure annexed. will be 
‘a very proper one for practice and the tafk 
‘which I would fet the reader is to tell the 
number of angles and the different methods 
‘of exprefling them; giving hir to underftand 
that their number is above fourteen; and that, 
CAB, CAF, CAD ; GAB, GAF; GAD ; 
'EAB, EAF, EAD; BAC, BAG, BAE; FAC, 
FAG, FAE; DAC, DAG, DAE; 5 are enly íó:many different 
ways of expreffing the fame angle; nor does this great variety, in 
the leaft puzzle or perplex the conceptions of an adept. This looks 
fo much like a riddle that I think it cannot fail to engage the at- 
tention of the curious. But not to truft entirely to the reader’s own 
ingenuity for unraveling this knotty point ; ; let him obferve the 
following hints ; the letter at the meeting of the lines, whofe in- 
clination to one another we want to exprefs, is put in: the middle, 
and it is fufficient that the other two letters, each exprefs fome 
point in each line: thus the inclination of FB te BC is called the 
angle FBC or CBF : and the inclination of DB to BC is the very 
fame with the other, as is obvious, and is called the angle DBC or 
CBD: the inclination of BC to CE is called the angle BCE. or 
ECB ; and the inclination of GC to CB is the fame. with the other 
and is called the angle GCB or BCG. But farther the angle ABG 
is made up of two angles viz. ABC, CBG : and the angle ACF is 
made up of two angles viz; ACB, BCF. And to affift the reader 
in applying the fecond common notion I have made the angle ABG 
equal 
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equal to the angle ACF: and I have likewife made the ahgle CBG 
equal to the angle BCF ; and the conclufion will be that * angle 
ABC is equal to ACB. 


CHAP. IV. 


in what manner our-common notions begin to take a fcientific farm. 


AFTER the reader has prepaned himfelf according to the direc- 
tions givea in the lat two chapters ; it will now be proper to take 
a review of the inftruments, which he made ufe of, for regulating 
his conceptions : and tkefe,. he will find, were very limited, being 
confined to a few inches. Let him next afk himíelf, whether he 
has any reafon to fufped, that the conclufions, obtained by the 
help of thefe inftruments, were equally limited. Nor is this point 
to be determined rafhly, but fo as to be ftill certain that he treads 
on. firm ground : and we may venture to draw this.conclufion for 
him; that, without, any great.force mpon his imagination, he can 
congeive his inftruments to heve a double ar triple extent without 
finding the leaft reafon to change his opinions. And by proceeding 
thus, be will certainly come: to this conclufion at lait; that al- 
though thefe inftruments might -be the occasion of his turning his 
thoughts to this fubject, yet hts opinions were :neverthelefs derived 
from the nature of extenfion :in general ; and that they knew no 
other limite, but fuch as bounded extenfion itíclf : but more par- 
ticularly, that a circle whofe radius is a thoufand miles, or the 
thoufand part of «n. inch, would furnifh the fame conclufions as one 
of twe or three inches. Here now our opinions, which before 
were meaíused by onr inftruments, begin to put on a different form 
and difplay to our imagination the firft dawn of ícience. 

If any .one fhould pretend that he had the notions orginally in 
this very general form to which I have been endeavouring to lead 
him; I have only to fey, unlefs they were acquired by an exami-~- 
nation of particulars, he will find his notions fit every thing fo - 
well, that when he cames to apply them to particular inftances, be 
will not be able to tell which 1s which. 

The reader is to endeavour next to get fomething like a fcientific 
notion of an angle, by correcting the vulgar notion of an angle, 
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by which is underftood the corner of any thing. Now this does 
not fo much depend upon any ftretch of the imagination, by which 
large objects, and fuch as exceed the experience of our fenfes, are 
to be made the fubject of Contemplation ; becaufe the point where 
the lines mett, together with any point in cach of the lines fixes 
the angle invariably: or in other words, the three points denoted 
by the three letters of the alphabet, expreffing the angle, fixes any 
rectilineal angle: for the angle is not changed by making the lines 
longer or fhorter ; but only by opening or fhutting them; concei- 
ving them to turn upon a pin like the two legs of a pair of compaffes. 

But our inftruments are not only too limited for our conceptions, 
but are inaccurate in other refpects. We have a very clear notion 
of three dimenfions viz. length, breadth and thicknefs :. and furely 
without nicely feparating and diftinguifhing thefe, it is impoffible 
to have true and proper conceptions of magnitude. But thefe dif- 
ferent dimenfions cannot be reprefented by our inftruments.. For 
when we attempt to draw a line or even to mark a point ; our line 
and point poflefs all the three dimenfions in as great perfection as 
a cannon ball or the maft of a thip. The human mind, when once 
made fenfible of its powers, will never fuffer its conceptions to be 
fo cloged with matter: which has put thofe who carry their views 
beyond the vulgar, upon inventing fome method by which our 
conceptions may be rendered more rational and confiftent; and 
this is the original of definitions. 


CHAP. V. 
Of definitions. 


OUR author has proceeded with fingular judgement in laying 
down his principles: where the common notions are fufficiently 
diftinct and accurate, he has inviolably adhered to them. But when 
thefe are too incorrect or too indeterminate, he explains the fenfe 
in which he would have any particular term be underftood ; and 
what conception he requires his reader to have of the figures which 
he defines. Definitions may be confidered as of two kinds; firít, 
fuch as ferve only to explain the meaning of a word; but thefe 
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are not properly geometrical definitions, for from: this 4 no con 
quence can follow unlefs there be-a myftical virtue in the name. 
Secondly, thofe fromy which confequenees or properties do follow, 
which may be called geometrical to diftinguifh them from the 
others. The definition: of a.circle, given by Euclid, is of this 
kind for all the properties of a circle fellow as confequiences | from 
it. And here the reader is to be admonifhed, that; upon: ithistand 
fuch like occafions, his common notion of a circle is to be laid 
afide, and nothing admitted as a property of this figure, untefs i 
can be fhewn to follow. from this definition.  - | 

Though Euclid in the arrangement of his principles bas placed 
the common notions after tke definitions, yet they are prior to them 
in the order of conception; and indeed if this i$ not attended. to, 
fome of his definitions will be unintelligible; for inftance his defi- 
nition of' a ftraight line. He fays a ftraight line is that which lies 
evenly to the points in itfelf. Now if: E am to conceive nothing 
previous to this, refpecting a ftraight line; what-can I underftand 
by this definition ; or what can I infer from it? "The reader will 
be juft as much at 2 lofs to conceive the meaning of the word evenly, 
as of the ftraight line itfelf. But if we confider this definition as 
ari improvement üpon thé common notion 'of a ftraight Hne, (fte 
com. not. 12.) every thing is very intelligible : for after a: proper 
examination of this principle,.that two ftraight. cannot ‘inclofe 
a {pace; every body will infer, though not fcientificaHy rieberthes 
lefs very confidentally, that every ftraight line muft lie evenly to 
all the points in itfelf ; otherwife he certainly might have hopes at 
.leaft of making two of them inclofe a fpace. 1 would be rightly 
underítood upon this point; nobody can imagine that it is my 
opinion, that Euclid intended that the one of thefe fhould be infer- 
red from the other {cientificalty ; ; but only that the definition ex- 
preffes thé conception, derived from two Fines; reduced into a : fnore 
fimple form ; though indeed He himfelf reafons'fróm the ‘common 
notion as will appear in thé fóurth propofition. ^ ^: ^ - » 

‘Dr. Hooke one of the greateft improvers of practical — 
tics, was notwithſtanding fo fenfible of the neceffity of laying an 
accurate foundation in theory that’ he thus fpeaks ‘concerning: a 
pe A point is that which 'has'no pant. *è'This whith fome 
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** would:deem the moft inconfiderable thing in the wotld, feems 
* yet the moft difficult to be uhderftood ; no fenfe, or imagination 
** or fant'cy can reach it, nor words defcribe it, but by a negative; 
“ to tell -yois what it is not: For it is not to be taken in the fenfe, 
“ that the whole Earth is called à point iti teípect of the Univerfe; 
** hér. in the feníe that the end of a tapering thirig is called a 
‘ point, ás of a pin or needle; though they feem to be the (mallc(t 
** things. we know; becaufe thefe latter may be faid. to have as 
** éneny parts: as the fore-mentioned 5 for ftnce.all quantity is divi~ 
‘<'fible in inſinitum, the leaf quantity. may be divided as often. as 
‘(the preateft, and therefore. whatíoever is diviftble muft have 
<: parta; and therefore none of théfe can be psoperly called.a point 
** in tlie ferife here named, unkeís this point be underftood te be 
s dhe apex of a mathematical cone or pyramid, where the fuper 
<< figses of it is determined, fot that will: be a mathematical point: 
** But it ceangot be füppoted of a. phyfical :peint, or material cone 
s üt pyrámid, for that will have excenfion and bluntnefs. And we 
** find that syeorsfcoper will take thofe points divifibe even 'to feníe, 
** nay even almoft to dilcover a new world in a point, nay there is 
« one now that affirms he has fær more thah ten thòufend living 
** -crentürgs in the bignefs of a very fmall fand, which itfelf indeed 
‘is but a vifible poiat to the maked eye ; and each of thofe ten 
“ thoufand may fave worlds withm them. We know not the 
s limits of quantity, matter, ‘and body as to its divifibility Or exe 
** tanfion s. no ithagination can ¢dmprehend the maximum or the 
s minimem mature, dur faculties are finite and limited, and we 
*« muft content ourfelves within the orb ahd {phere of their acti- 
** vity. And acquieft ín a negstive definition, and underítand if 
**: we can fomewhat that is {mailer than the fmalleft, though that 
** be alfo improper; for in that Which is not quantity, there is 
* neither fmaller ner bigger, we muft endeavour to underftand 
 fome :what infinitely: little, lefs than. which there cannot be, 
‘¢ fomewhat that has no bigneds or extenfien or quantity, but only 
** pofition and refpe& to quantities circumjacent ; From which, to 
*« this or that body, there isa. determinate length and diftence ; 
** md upon this account, whetever we endeavour to underftand 
“ ^ 0M, notion, Our imagindtion will reprefent to us the ſmalleſt 
| b 2 . * vifible 
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** vifible body, as an exceeding fine fand, or a mite, or the point 
** of. a needle, or the fmalleft vifible body we have ever feen on 
** paper, or the like; which we muft be content with, fince the 
** fant'cy forms nothing but what is firft in the fenfe, though it be 
** none of thefe. And in truth it can have.no true definition that 
** will reach its effence. Analogous to this poist, fign or nothing 
** in quantity is the nougdt, cifer or zero in number: "Tbe never 
s in time: The reft or quiet in motion; For as no aggregate of 
s points will ever produce a line or quantity; fo the multiplication 
** of nougbts or cifers will never produce a number; and as the 
s“ addition of mevers cannot make time, fo the aggregate of refs 
* cannot produce motion. So that all thefe may not improperly 
** be called the termsnus or bound, from which they all begin; {o 
** quantity may be faid to begin from a point or nothing: number 
‘s may be faid to begin from zoug&t, cifer or zero: time may be 
** {aid to begin from zever : and..motion to begin from reft. . And 
‘as the minimum nature may be faid to.be the firft quantity ; if at 
s leaft there be a minimum in nature, {o an unite may exprefs it in 
*¢numbers.; sfant in time, and moment in. velocity. - It may pof- 
« fibly be thought I have faid. too much of nothing, but yet it 
s feems to be of the greateft ‘confideration in nature ; ` for. it feems 
** to be the beginning of every creature; even the greateft creatures 
* having been traced .to begin from an atom or point, no eye or 
** fenfe can reach it ; .nor any underftanding. limit it .;; that the beu 
“ ginning of a very latge animal hath been feen alive, ten thoufand 
* times fmaller than.a mite, may be proved, and yet how much 
« {maller it: may have been is not determined.” > 

It has been faid of the mufick of the {pheres that it is fo loud 
we cannot.hear it : and of a mathematical point, according to 
this explanation, it may .be faid, that it is fo fimple it is impoffible 
to comprehend it. This no doubt, muft prepoffes the reader with 
{trange apprehenfions of difficulty .in the profecution of a fcience 
which fets out fo unaccountably ; requiring us. to eat as a prin= 
ciple what we cannot comprehend. 

I would not have thrown this metaphyfica] bugbear in the way 
of the reader; only I was afraid left he might ftumble upon it of 
himfelf, with fome hazard to his peer if he. fhould purfue 

the 
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the metaphyfical analyfis of it, until he had'no doubts left but that 
it was really incomprehenfible ; efpecially if he happened at the 
fame time to difcover, that the fame ingenious fubtilties would alfo 
apply to lines and furfaces, by which means they might likewife 
be entitled to a place among the incomprehenfibles. 

I fhall therefore beg leave to call his attention to a method of 
explanation very different from this, but which arifes very natu- 
rally from what I mentioned before viz. that the definitions fhould 
be confidered as fubfequent to the common notions; and introduced 
merely as auxiliaries to them. And in the prefent inftance, we 
have a very clear notion of three dimenfions in magnitude; though 
we always find them fo connected that it is impoffible to feparate 
them from one another. Let us therefore try to contemplate them 
together, but one after another. Every part of fpace that we con- 
fider has a fhape ; for inftance the fhape of a room : this fpace the 
mathematicians call a folid; that which limits it or gives it this fhape 
is called a furface; which muft be confidered as having only length 
and breadth; becaufe if it had thicknefs alfo ; then it would not 
be the boundary of the folid, but a part of the folid itfelf. There- 
fore the proper definition of a furface will be, that which hath 
length and breadth. But farther this farface has a fhape or is limi- 
ted; that which limits it cannot have length and breadth; foo 
then it would -not be the limit of the furface but a part of it. 
Therefore the proper definition of a line is length without breadth, 
Laftly this line has its hmits; which limit cannot have length, 
for then it would not be the limit of the line but a part of it. 
Therefore the proper defmition of a.point yrould. be, that which 
belongs to magnitude, and has no parts, that is none of the com- . 
mon dimenfions, length breadth or thicknefs. Thus it is eafy to 
conceive how thefe definitions of a point line and furface are deri- 
ved from the common notions of magnitude. 


CHAP. VI. 
The fame fubject continued. 
AS the definitions which we have been explaining are never 


quoted or appealed to as tefts by Euclid, the learner might be 
| mE ready 
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ready to cohclude that they were placed hefe for no óther pur 
pofe but to imprefs one with an idea of the difficulty of this {cience. 

Though it bé true that they are never ufed dire&ly, yet by being 
placed where they are, they ftop thé mouths of impertinent cri- 
tics, who would be ready to ftart objections which are immediately 
temoved by thefe definitions. 

In this chapter I intend to explain what is meant by a PE ANE, 
à plane rectilineal angle, a tight angle and an acute and obtufe 
angle; firft confidering what opinion every one might form of 
thefe, by examining thofe inftruments or circumftances which 
would fix his attention to this fubject. 

To underftand rightly Euctid’s definition of a plane ferface, it 

will be neceffary to have recourfe to the former fuppofition, that 
the definrtions are improvements upon our common notions: for 
inftance, let us fuppofe óne at work, in the manner of a carpenter, 
to fatisfy himfelf .that à furface was even, fuppofe the furface of a 
table: he would apply a ruler iù all directions from fide to fide ; 
and finding that it touched the table in every point and in &very 
dire&ión, he would conclude that. the furface was even. And aow 
we {hall find that the definition is nothing elfe, but giving the 
notion =“ by thts optration, a'regular farm and {ufficient 
extent, 
. For Euclid’s plane furface which is commonly called a PLAN® 
is this füfface o£ the table, endued with a ícientifical evennefís in- 
ftead of a rnechanical one; süd inftead of being confined to any 
fhape; of an unlimited extent. It is mm or upon fuch a furface as 
this, that Eulid ‘fuppofes ail his lines and figares to be defcribed 
and drawn, in his firft fix books: and this js the more carefully to 
be obferved, becaufe, though it is not mentioned in the demon- 
ftrations, yet there are many properties of lines ànd figures, which 
are not true, but upon the fuppofition that the lines are in the fame 
plane, as I fhall have occafion to obferve. 

And the plane rectilineal angle is the inclination of two ftraight 
lines to one another ;z or upon fuch an even furface as this, which 
meet together but are not in the fame direction. They might be 
inclined to one another fo that when produced they would interfect. 

i | * 
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or croſs one another; but until they have met they are never con- 
fidered as containing an angle. 

This plane re¢tilineal angle may be of three different kinds ; 
according to the different inclinations which two ftraight lines may 
have to ono another. Take two pens, and run a pin through the 
extremity of the one, and at the fame time; through the other 
at fome diftance from its extremity, fo that tha one of the pens 
may make two angles. with the other, on each fide ane. Furn the 
pens into the famo direction, and making one of them revalve, 
and then obferve its progrefs in revolving until it takes the fame 
dire&ion en the other fide: and during this whole revolution there 
I$ but one fixed or determinate pofition of the linea with roſpect to 
one another; and that is when tho revolving line has the fame ine 
— elination to the other on each. fide; and thefe equal inclinations 
are called right angles 3 and the other two have theis names accer- 
ding.as the angle is greater or lefs than this. 

The reader has been very inattentive to my directions upon this 
head, if he does. not pereeive, thet there is an unlimited. variety 
both of acute aad obtufe. angles, but that. there is but one right 
angle. 

And Benee by the bye i it is obvious. that Euclid formed his defi- 
nitions from eommon notions, as he reckons this one; that all right 
angles are equal, probably as a hint to the reader,. that he might 
dsfcover from what fource the definitions were derived ; hecanfe 
this common notjon may be regularly demonftrated from the defir 
nition of a right angle, and therefore muĝ haye been placed where 
it is for fome indirect purpofe. Upon the whole then we may cop» 
elude, that Euclid's definitione are not the imaginary phantoms 
which the metaphyficians have reprefented them : but notions da» 
rived:from material objeéts, and new modeled, not for the purpofe 
of empty fpeeulations, but, that. they might be applied to the fame 
kind of objects which firft fuggeited them, upon a moro wm 
- — pe 
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S Vt . CHAP. VII. 
Of poftulates. 


T HIS fcience has now acquired fuch an extent and accuracy, 
by improvfing the common notions into definitions ; that our for- 
mer inftruments are now become inadequate to our purpofes, and 
views. -For our notions both of a ftraight line and circle are fo 
refined and enlarged; that no inftrument is fufficiently. accurate or 
extenfive for performing thefe two problems, the a à ftraight 
line and the defcription of a circle. 

. Here the cafe of .the ícience appears defperate ; ; — the. author 
reduced to the neceflity of giving up his high pretenfions, to accu- 
racy and univerfality, by fuffering the {cience to fall back again into 
its original ftate, as far as refpects its inftruments at leaft. And I 
am certain the artifice ufed upon this occafion to preferve the dig- 
nity of the {cience is by no means generally underftood ; and this 
will be confirmed beyond contradiction by attending to the fooli(h 
and. childiíh reafons generally given for admitting thefe poftulates, 
alledging that it is fo eafy to conceive how they may be done, that 
they are to be admitted without the leaft fcruple or hefitation, 
‘That a thing may be eafily done is furely a very bad reafon for aeg- 
ieCting to give rules for doing it: and if that had been the cafe in 
the prefent inftance, I am pretty confident thefe commentators 
would have been faved the trouble of their apology. But the 
opinion of Newton I fuppofe will be decifive upon this occafion, 
and we find him exprefling himfelf directly to our purpofe as fol- 
lows. ** Nam et linearum reGarum et circulorum deicriptiones, 
in quibus geometria fundatur, ad zecbanicam pertinent. Has lineas 
deícribere geometria non docet fed poftulat. Poftulat enim ut tyro 
eaídem accurate. deícribere: prius didiceret, quam limen attingat 
geometrie ; dein, quomodo per has operationes problemata íol- 
vantur, docet , rectas et circulos defcribere problemata funt, fed 
non geometrica. Ex mecbanica poftulatur horum folutio, in geometrig 
docetur folutorum ufus. Ac gloriatur geometria quod, tam paucis 
principiis aliunde petitis, tam multa præftet. 

- After fuch an authority the judicious reader will be ready to 


agree with me, that thefe uu are taken for granted, not 
becaufe 
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caufe it is eafy to conceive how they may be done, but for a much 
better reafon, becauíe it is impoffible to do them by any method 
confiftent with the principles of this fcience. 

But even in this, which muft have been a matter of no fmall 
difficulty, our author has done every thing in the power of man, 
to render this unpromifling part as correct as poflible, by making 
it put on a very refpectable figure indeed, giving it fuch an air, as 
difcovers but little of its mechanic original, 

An ordinary genius would probably have given directions for 
drawing a ftraight line and deícribing a circle, with a ruler and 
compaffes ; and when the limited nature of his intruments was 
mentioned as an objection to his fcience, and that he could not 
with propriety extend his conclufions beyond a íheet of paper ; 
he would then probably propofe a chain and poles' by the affiftance 
of which he might undertake to enlarge the {cale of his operations; 
yet with waggon loads of fuch intruments he never could hope to 
produce one fcientific conftruction. 

But Euclid has acted with more judgement, and never would be 
acceflory to the. opening a door for admitting upon his {cientific 
ftage the whole tribe of mechanics, with the feveral implements 
of their trade. He throws them two problems to perform, but this 
is to be done behind the fcenes, without exhibiting their mecha- 
nical inftruments, declaring that upon every future emergency, he 
is determined to ftand or fall by his own principles. 


CHAP. VIII. 
Of the infiruments made ufe of for communicating geometrical knowledge. 


ALTHOUGH language be 2 general medium for communi- 
cating knowledge of every kind; yet particular fubjects require the 
introduction of fome auxiliary inftruments. Unlefs the nature of 
the thing is fuch, that it cannot fail of itfelf to make a ftrong im- 
preffion upon the mind, or that it is of no great confequence 
whether it be particularly examined or not, it will be found dif- 
ficult to command the attention; and particularly, which is abío- 
lutely neceflary in a chain of — to make the thoughts of 

Vor. I. the 
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the reader and writer follow each other in the fame order, with a 
certainty that they are both thinking of the fame thing at the fame 
time. The ast of logic is an inftrument of this kind, but the great 
diverfi y of opinions prevailing among mankind is a fufficient proof 
that this inftrument is either neglected or mifapplied. Indeed that 
wonderful uniformity of opinion which has been univerfally found 
among all nations, and in all the different ages of the world upon 
geometrical fubjects, cannot fail to draw our attention to this fin- 
gular circumftance ; and make the learner defirous to be let into 
the fecret of this harmony, as far as one ignorant of the fubject can 
be fuppofed capable of entering. And this will be found to proceed 
from the method of demonftration to which geometricans have tied 
themíelves down; and their being poffefled of an inftrument, per- 
fe&ly adequate to the purpofe of communicating their knowledge 
to others, and by which they are able infallibly to examine their 
own. And this inftrument in geometry is figures or diagrams : 
which Euclid expreffes by the different names of aaa, xataypadn, 
AO. The firft is his general term, the fecond he commonly ap- 
' plies to a figure which has been defcribed or at leaft compleated ; 
and the third commonly to fimilar figures. 

Now thefe diagrams or figures may be made ío exactly to refem- 
ble the fubject matter of any propofition, that, if we think at all, 
it 1s impoffible to miftake the order of thinking, which the author 
has preícribed, or to draw a different conclufion from that, to which 
he intends to lead .us. I fay a different; becaufe the figure itíelf 
may lead us to a limited or partial conclufion; the remedy for 
which I fhall explain at length in the next differtation. 

The fimpleft kind of re&ilineal.figure is the triangle; the dif- 
ferent parts of which the learner ought to be familiarly acquainted 
with ; and to keep in his mind, that befides the triangular fpace 
itfelf; there are fix different magnitudes which go to the making 
it up; viz. three fides and three angles ; each of which ought to 
. be particularly attended to. It will be ufeful allfo to obferve; that 
the triangles ABG, ACF though they have feveral parts in common, 
. are nevertheleís to be confidered as much as diftin& and different 
triangles, as if feparated from each other by the diftance of a. 
thoufand miles. 
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The three fides of the triangle ABG are 
AG, AB, BG and the three angles are ABG, 
AGB, GAB: and of the triangle ACF the 
. three fides are AF, AC, CF ; and the three 
angles ACF, AFC, CAF and the angle at A 
or DAE is faid to be common to the two tri- 
angles; and therefore they have one angleequal 
to one angle; and it is faid to be contained by 
the fides FA, AC when it is confidered as an 
. angle of the triangle ACF: but when it is 
confidered as an angle of the triangle ABG it 
is faid to be contained by GA, AB. 

Again FBC and BCG are alfo two diſtinct triangles: and the 
three fides of the triangle FBC are BF, FC, CB and the three 
angles BFC, FCB, CBF : and the three fides of the triangle BCG 
are CG, GB, BC; and the three angles CGB, GBC, BCG: thefe 
triangles have a common fide viz. the fide BC ; and this fide is 
faid to be extended under the angles BFC and BGC. Thefe things 
ought to be well underftood and ftrongly imprefied upon the me- 
mory. 

But farther, we find that the two triangles ACF and BFC have 
a fide and an angle common to both, viz. the fide FC and the 
angle AFC which is the angle BFC; alfo the two triangles ABG, 
BCG have a fide and an angle common to both, vig. the fide BG: 
and the angle AGB which is the angle CGB. 

I have now explained at fome length the original and nature of 
the geometrical principles; and the inftruments made ufe of for 
communicating this kind of knowledge, taking notice at the fame 
time of fome of the moft unufual forms of expreffion and which 
are apt to perplex the léarner at his firft fetting out. 
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Concerning the nature and extent of geometrical 
demon fir ation. 


N the former differtation, as much care as poffible has been 
taken to avoid the fuggefting any circumftance to the reader's 
imagination, which will not be neceffary in the very farft fteps to 
be taken in this fcience. 1 muft therefore beg he will not confider 
what has been faid as words of courfe, merely to fcrape acquaint- 
ance, or any attempt to difplay my own learning, but as ferioufly. 
intended for his improvement. Nor would I have it thought that 
this proceeds from any want of inclination to be in the good graces 
of my reader, much lefs from want of capacity ; for with very 
confiderable deductions both of thought and trouble, like fomo: 
other commentators I could have flourifhed away, in an explanation 
of the eleventh common notion, upon the properties of the afym- 
ptotes of the Hyperbola &c ; if my intention had been to raife the 
admiration of the reader, rather than to fix his attention. Having 
"therefore refolved to facrifice every ornament to this fingle confide- 
ration ; the learner, it is to be hoped, will endeavour to convince 
himíelf, or rather fome more impartial judge, that he underftands. 
every thing mentioned in the laft differtation before he proceeds to- 
this; in which he will find the nature and end of geometrical de- 
monftration laid open with all the fimplicity and perfpicuity which. 
the commentator could give it; and with as much particularity as- 
the patience of the reader, a faculty rather apt to be difcompofed 
hy much exercife, could wel] be, fuppofed to bear. 
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CHAP. II. 
Containing an explanation of the two frf propofitions. 


THE two firft propofitions are thus explained by Dr. Hooke 
** Euclid having premifíed his principles, he begins his method 
st of demonftration, in which he takes no more for granted than 
** what he hath already laid down as eaſy and felf evident. His firft 
** propofition then is upon a right line given to make an equilateral 
* triangle. He hath defined in the fourth definition what he 
** means by a right line, nàmely that which lieth ftraight between 
** the. two extremes of it which are points ; and what he means 
** by an equilateral triangle, namely, fuch a one which hath all its 
** three fides equal to one another." | 

. $s This fir propofition is a problem, which explains a way how. 
** to do and perform the thing required, as woll as fhews how to 
- ** manifeft the truth and certainty of the thing done :- It conteins 
** therefore and fíhews a double invention, without which or ome 
** fuch other thing, the propofition can neither be done nor demon- 
¢¢ ftrated; which inventions are called:mediums or means by which: 
‘swe attain to the end. propounded or defirod. "Fhe end here 
** fought is how from the ends of a line given to draw two other 
s lines, each equal to the given line, which fhall meet in one and. 
s the fame point. It is certain that theíe lines muft begin from 
«* the ends of the firft line given ; but which of thefe to draw firft, 
«and which way, and with what inclination to the former line, 
** that is with what angle, that is not yet known, and fome inven- 
* tion muft be thought of, how to direc our ruler to draw it. 
s Well how thall this. be done, fince there may be infinite of 
“ lines drawn from each of thole pointe, which fhall every one of 
** them be equal to this line given ? How then thall we among 
« thofe infinite os indefinite number chefe out the right? ‘tis im- 
“ poflibje without. fome invention. Our. author therefore helps 
** you to one, and one which you have already granted to be feafa- 
€ ble in the third petition. Upon the center A, and diftance AB, 
s< draw a circle, fays he, BCD; what then? To what purpofe ; 

Why 
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*" Why this circle then will give you a line, in which are contained 
** all the points or ends of the infinite lines, which may be drawn 
* from the point À any ways that fhall be equal to AB. How fof 
e Why by the fifteenth definition you are taught, that a circle is a 
* plain figure bounded by or contained within one curve. line, 
* which is called the circumference; to which every right line 
* drawn from a point in the middle, which is called the center, 
** are equal to one another. But what are we yet the wifer? How 
* do we know which of thefe infinite lines we are to draw ?! To 
** which of thefe infinite points that are in this circumftance ? To 
* know this, you muft do the fame thing upon the point B : that 
** js, upon the point B and diftance BA, draw or deícribe the circle 
* ACE, which will give you all tbe poffible infinite points in that 
* plain; to. the which from the point B.right lines may be drawn 
* equal to BA. Now then fince thefe circles contain all the pof- 
** fible points of the lines equal to AB or BA that can be drawn: 
* from A or B. It follows that where thofe circles. interfe&, there 
** only muft be the point to which thoíe lines may be drawn; 
* namely at C and at the other point of interfeCtion and. no where 
* elfe foever. Drawing therefore lines from A and from B to either- 
** of thoíe points as to C as AC, BC; you have done the thing 
s that was propounded; namely upon the line AB given you have 
* made an equilateral triangle ABC ; which was defired. This is- 


* the firft part of the pro- " 
PAN p 














* blem, and indeed the 
*¢ difficulteft to find out ; 
* namely how to do the 
* thing required; and in p 
* this part lie the greateíft 
** difficulties of mathema- 
* tical knowledge, to wit, 
* in finding out thepro- 
* per and true mediums 
* or means to perform the — required to be done,. whioli> 
“for the mof part are of the fame nature with this, and con. 
“ Gftin the finding out the pofition of a point: for this- pro- 
* blem might have been thus worded. A. right line being given. 


t6 as. 
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** as 'AB, to find a point as C, to which lines being drawn-from 
* the points À and B, they hall each of them be equal to one 
** another, and to the line AB which is given: or two points A 
** and B being given to find a third point as C, which fhall have 
« the fame diftance from A and from B that they have from one 
*¢ another. Bat our author not having given any: definition of dif- 
‘*-tance or equality, otherwife than may be collected: from equality 
** of the fides of fome figure; or of the rays or lines drawn from 
** the center. to the circumference of a circle, he chufes rather to 
* make ufe of an equilateral triangle to find out that propriety of 
ès a point fo poĥñted.” 

** "The fecond part then of the propofition is the demonftrative 
ss.part thereof, namely, to prove from the principles already laid 
** down and granted and affented unto for true and certain, by a 
** Clear chain of reafoning and deduction, that thefe lines AC and 
*¢ BC are each of them equal to AB and fo equal to one another ; 
** and confequently that the figure ABC bounded and limited by 
** them is an equilateral triangle, according to the defcription of 
** that figure in the twenty fourth definition. The next thing then 
** to be invented or found. out ts the medium or means of demon- 
** ftrating it to be fuch; for this we have two. Firft, the definition 
** of the properties of the lines from the center of a circle to the 
** circumference in the fifteenth definition, that they are all equal 
** to one another. And fecondly we have the firft axiome, thofe 
s which are equal to one other are equal to one another. Firft AB 
** 15 equal to AC,. becaufe they are right lines drawn from the center 
** A to the circumference BCD ; for by the fifteenth definition, ag 
** I faid, all fuch lines muft be equal. Next BA and BC muft 

** upon the fame account be equal to one another, becaufe they 
“ alfo are lines drawn from the center B to the circumference 
«© ACE: Therefore-both AC and BC are equal to AB; but by the 
s firft axiome-thofe which are equal to one other. are equal to one 
s another, therefore AC and BC are alfo equal to one another. 
«« Therefore the three fides of the figure ABC; namely, AB, AC, 
** and BC are equal to one another, and confequently bound an 
4f e — on to the twenty fourth definition, 
. — _ * therefore 


** therefore upon the line AB given, an equilateral triangle is made, 
** which was the thing to be done and proved." 
. ** 'THE fecond propofition is alfo a problem. 

e From a point given to draw a right line, which (hall be equal 
** to another right line given. For.the performing of this propo- 
** fition, it being a problem, there is need of two mediums to be 
¢¢ invented or found out; the firft is for the doing of the thing rc- 
** quired ; and the fecond for the demonttration of it; and both 
** theíe are to be fetcht out of the principles already agreed to, or 
** from .the truth evidenced in the preceding propofition : For we 
** are. not to fuppofe any thing further known in this fcience, and 
** therefore much leís are we to make ufe of it. Searching there» 
** fore our ftore, we have no other medium to make a line equal to 
** a line, than firít by the help of a circle, defined definition 15. 
‘¢ which by the thied. pofulatum is granted to be defcribable upon: 
** any center and at any diftance: Or fecondly, by an equilateral 
** triangle defcribed by definition 24, which we learnt how to make 
** by the preceding problem : For as to the equal fides of .an ifof- 
** cles triangle, definition 25, or the equal fides of a fquare, a pa- 
** rallelogram or oblong fquare, Rhombus or Rhomboeides defcri« 
** bed definition the 30, 31, 32, and 33. Though their properties 
** are there defined, yet we are not taught how to make them as 
** yet, and confequently can make no ufe of them, as media to 
** perform the thing required to be done by this problem. Nor 
** are we to fuppofe, that the length of the line piven may be taken 
** by the help of a meafure or a pair of compafies, and transferred: 
** to the point given; becaufe thofe are firft not mentioned in the 
** principles laid down there, which you are to make ufe of, and 
** of no other, till they be accepted for principles undeniable: For 
e this is not yet granted, that you can with compaíles, take a true 
ss length of a line, much lefs that you can transfer it and fet it iri 
s another place. But you have granted that 'tis poffible, upon a 
** point given at any.diftance, to defcribe a circle, or fuppofe it fo 
** done,. which is fufficient for the demonftration, that being the 
« principal thing aimed at by our author, namely, to lay open to 
** the underftanding the refons and grounds of. the properties of , 


** quantities fo and fo qualified, that you may plainly fee how and 
Vor. I. d for 
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** for what canfe things are thus or thus and cannot be-otherwife. 
-* For as to the moft practicable and expedite ways. of doing thofe 
** things mechanically, and for other ufes, #6at belongs to another 
‘t part of mathematics; namely to the practical part thereof, which 
** js called practical geometry, or mechanical geometry, which 
** ought not to be learned till this be firft known ; but this: which 
‘s our author treats of is fpeculative geemetry, and principally aims 
** at demonfítrations or explaining the proprieties of quantities.to 
“the underftanding. You faw clearly by the former propofitionr 
* why ABC was an equilateral triangle ; and there. could be but 
** two fuch made upon the line AB in the fame plain; there being 
s“ but two points where in thofe circles cut each other; thofe cir- 
s cles determining all the lines equal to AB that can ‘be drawn 
** from the points A and B. His way then of performing. this 
* problem is this: Let the right linc given be BC and.the point 
* given be A; from | ct 

* which point a right EE. 

‘line is to be drawn 

*5 equal to the line BC. 

“s Firít draw a line from | 

“B to A, which is H 

‘¢ granted poffible by | 

** the firít poftulatum ; 


** then. by the former We L 
** propofition upon this . / 
** line,BA makeanequi- c | d 
* Jateral triangle BAD: | 
** then upon the center A 
| G 


* B and diftance BC 

** defícribe a circle, as 

* CGH ‘by the third E ola. AME. 
** poftulatum ; then by CAPS 
« the fecond poftulatur produce DB to. F; then upon the center 
* D and diftance DG draw the circle GKL, then as before, pro^ 
*duce.the line DÀ to E ; there fhail AL be the line required to 
** be drawn from the point A equal to the given line BC." 





« 'This 
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«« "This 1s the conftrution of the problem, or the preparing of ~ 
** the propofition fit for demonítration, by which you may clearly | 
*« underftand the reaíons of it, deduced from the few principles 
‘¢ already laid down: For firft, that BC is equal to BG is clear 
e“ from the fifteenth definition, which determines the propriety of 
** equality of the rays of a circle. Next that DBG is equal to 
* DAL, is as clear from the fame definition, they being both rays 
** or lines drawn from the center D to the circumference GKL by 
**:the conftru&dtion premifed. "Thirdly that DB is equal to DA, is 
s clear from the conítruction ; fer DBA is an equilateral triangle, 
* two of whofe fides DB and DA are. Now by the third axiom 
** or common notion, if from equal quantities you take equal quan- 
** tities, the remainders (hall be equal; if from DL you take DA; 
** and from DG, DB ; the remainder AL, (hall be equal to the re- 
** mainder BG ; but BC is alfo by the conftruction equal to BG; | 
** therefore ince by the firít axjom thefe two quantities which are 
** equal to one other quantity are equal to one another; therefore 
** BC and AL, being equal to BG, are equal alfo te one another; 
s“ therefore from the point A the line AL is drawn equal to the 
s line BC; which was the thing to be done and proved.” 

* Now though this way of demonftration and reafoning may 
** eem tedious and too long to detain the mind and attention in 
** the finding out the propricties of quantities, yet 'twas the way - 
** made ufe of by the ancients. And 'tis altogether neceffary, efpe- 
** cially in the beginning of this ftudy, to accuftom the mind to 
** attention and circumfípeGtion, that it may receive nothing for 
* truth but what it fees clearly by the reafons and caufes of it, 
‘¢ that thereby the mind may acquire an habit of intention, and 
** of examining the whole chain of confequents from the firft prin- 
** caples to the truth evidenced. For the want of which, fome 
** fmall error perhaps may flip into the mind under the appearance 
** of truth, :and thereby make all the fubíequent .reafonings and 
“« deduGions unfound; and ’tis very much harder to clear and free 
¢¢ the mind. from it wher. once received, than to prevent the recep- 
** tion: thersof. There cannot therefore (in this ftudy efpecially, 
“not now to tention any other, where it is poffible it may be 
** altogether as convenient, nay neceflary) there cannot I fay 
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** therefore be as I conceive toegmuch circumfpection and caution 
** ufed in admitting principles, and furnifhing the mind with the 
** true grounds of knowledge; becaufe for the moft part we are too 
** prone to take up every thing we hear upon truft, without exami- 
** nation : we are too apt to run away with a thing, and think we 
s know it and fee it clearly before we are fure we do; and are 
** impatient of delay in examining and confidering; whereas if the 
** mind be a little at firft accuftomed to this leifurely and ftri& 
** way of reafoning, after it has got a habit it will make as much 
** difpatch in receiving things with fufficient examination, as ano« 
** ther fhall without it. And the patience only is needful for the 
** moft part at firft to beget attention; nor is it peculiar to this 
** acquifition alone; but we fee it neceíffary, and practifed in many 
** other things where a good habit is to be acquired ; as in reading, 
* writing, mufic, drawing, and moft other manual operations: 
** 'T'he roots and beginnings of knowledge, and practice too, are 
** bitter and tedious, but the fruits are fweet and pleafant ; ; and 
** whofocver attains the end, will never repent the time qe in 
** the beginning." | | 





CHAP. II. 
Tbe fame fubje&l continued. 


IN the preceding chapter I have given Dr. Hooke's explana- 
tion of the two fir propofitions, in order to fhew the reader that 
I am not fingular in my opinion, that Euclid is not to be under- 
ftood, unlefs the learner beftows that attention upon the firft prin- 
ciples, which may enable him to carry along with him their full 
meaning and import. It is true that (ome confuíed fa&ts concerning 
the properties of figures may be picked up by a very carelefs perufal 
of this author : but whoever ‘is fatisfied with this, had better look 
for his knowledge fome where elfe ; becaufe he will meet with a 
great many impertinent interuptions to his {cheme from the feveral 
fteps of the demonftration ; and rather content himfelf with a 
kind of law evidence, by refolving to confent to every propofition 
which is delivered as truth by two or more credible authors. | 
Although 
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Although I approve in general of what Dr. Hooke has advan- 
ced, yet I am convinced that a more minute confideration of the 
different parts of each propofition will be neceffary for the ftudent 
who would wifh to leave his prejudices behind him as he advances. 
I thall therefore point out thefe circumftances, which he might be 
apt either to overlook or miftake. Suppofing the firft propofition 
of Euclid carefully examined, he will find it taken for granted 
that the two circles cut one anether, and that this fuppofes the 
circles to be defcribed upon the fame even furface, or according to 
the geometrical language in the fame plane, otherwife there could 
be no {uch point as C. Again the fuppofing C to be a point im- 
plies that the two lines, the two circumferences of the circles have 
no breadth, otherwife the point would have parts. Likewife by 
Íuppofing the triangle ABC to be an affignable or determinate mag- 
nitude implies that the points A, B, C have no magnitude for 
if they had parts various triangles differing both in fides and angles. 
might be deícribed, and it would be impoffible ever to arrive at a 
determinate conclufion. 

But farther, the reader is to confider tbat he has been reafoning 
all this while, upon a particular ftraight line of very inconfiderable 
length ; He is therefore next to inquire, whether his conftruCtions 
and conclufions are alfo particular. ‘That they are not will appear 
from this, that no confequence is fuppofed to follow" from the 
ftraight lines having any particular length, nor is any conftruction 
undertaken upon that fuppofiuon; only that the line be finite that 
4s, that we know its two ends. 

But it happens rather unluckily, that though the fcientific con- 
ftruction be general we are neverthelefs forced to take up with a 
particular one ; which is very apt to create prejudices unlefs our 
attention be évery now and then called to the general conftruGion: 
we muh remember that, though we work with a ruler and com- 
pafies, the {cience knows no fuch intruments. Let us fuppofe the 
line AB ten miles in length; and that the fame conftryGion is to 
be performed ; we fhall now get beyond the objects of our fenfes ; 
but if we have beftowed the neceffary attention to the problem, the 
underftanding will have as clear and diftin& a perception as it had 
before, when the line was perhaps not above three inches long. 
' | Our 
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Our author's plan obliges him ftri&tly to prohibit the ufe of any 
particular inftrumente; ftraight lines and circles are fuppofed to be 
drawn and defcribed by mechanical operations ; and we are left to 
guefs in what manner. It will however be prudent to acquire fome 
one ready mechanic way at leaft of conftructing every problem. 
For I always fufpect any preten&ons to general truths which have 
not been collected from an examination of particulars. "The ruler 
and coimpaffes are fuch exact minature reprefentations of the two 
poftulates, that they are to be preferred to every other inftrument 
for affifting the imagination to follow Euclid’s conftructions : only 
the compaffes are to be confined to their proper ufe, always to de- 
fcribe. circles, but never to meafure diftances. Indeed it is not 
always neceflary, and often would introduce confufion if the circles 
were compleatly defcribed : it is therefore fufficient to defcribe as 
much of them as is neceflary ; as for inftance, in the future apphi- 
cation of this propofition, it is obvious that it will be fufficient to 
find the point C ; -becaufe the point where.the circumferences of 
the circles cut one another gives us every thing — for the 
conſtruction. 

We come now to the fecond problem which is of a more com- 
plicated nature than the firit; and yet.there are very few, upon 
reading it, who do not ‘fall in- with the notion that Euclid has 
taken a great deal of unneceffary pains to.do-what a fingle opening 
of the compaffes would have performed with equal or perhaps 
more exactnefs. But confidering the fcience only with a view to 
practice, the affairs of mankind are carried on upon a-much larger 
feale than to be managed with a ruler and compaffes ; and we have 
only to fuppofe the line BC a mile in length, and this will anfwer 
the objection fuficiently. The underftanding is capable of reaching 
the general conclufion delivered in this propofition ; why then 
fhould it be fettered with inftruments ? Euclid's contrivance is ad- 
mirable and furted to the dignity of the human mind. According 
to his plan we are guided by infruments, but neither con&ned nor 
loaded with them. 

—. After the ftadent has fixed in his memery the conftruction end 
demonftration of this fecend'propofition, it is more than probable 
that his conclufions will be limited to the pasticular figure which 

he 
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he made ufe of and to that very pofition which the lines happened 
accidentally to take. 

This is a very general prejudice, and will be removed by attend- 

“ing to the following direttions. Let the learner confider whether 
DA and DB produced will cut the circle CGH: and he will find 
that DB muf eut it as it palies through its cénter, but that DA’s 
cutting it depends upon the length of AB. Change the pofition of 
the point AÀ and repeat the conítruGion and thus you will learn 
what lines have a fixt pofition or only an accidental one: defcribe 
the equilateral triangle ABD upon the other fide of: the line AB 
and compleat the figure; alfo join the points A and C inftead of 
the points A and B and repeat the fame conftru&ions ; and by pro 
ceeding thus you will be able to conquer the prejudice of fenfe and 
to acquire fomething like a ícientific view of the problem. For 
you will find no confequence deduced from BC’s having any parti- 
cular length or the point A any particular pofition. 
. But the third propofition will afford an opportunity of taking a 
íomewhat different view of thefe two propofitions. It is a.problem. 
Two unequal ftraight lines being given to cut of a part from the 
greater equal to the lefs. The fimpleft cafe of. this propofition 
would be, when both the lines are drawn from the fame. point t 
for making that point the center, and the fhorter line. the radius, 
the circle fo defcribed would folve the problem: but if the lines 
had any other pofition, a very different apparatus would be necef- 
fary ; we muft learn how to put a lino at the extremity. of the 
longer equal to the fhorter line ; and this. cannot .be;done before 
we have learned how to defcribe an equilateral: triangle: I would 
therefore: propofe it as an exercife.for the ftudent, and his faccefs 
would be a proof: that he was matter of the {fubjett, to fet. ous 
npon a fuppofition that the book began with this third: propofition, 
which will now include the firft and fecond ; and-by this procefa 
he will have their connexion. with. each other ftrongly impreffed 
upon his mind. His figure will confift of five circles, and their ufe 
is to determine four points: fuch a point as C in the firft propo- 
fition, G and L in the fecond ; and E in the third. 

Whoever attempts to communicate knowledge to mankind, 
muft write upon the fuppofition of a certain degree of improvement 

in 
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in thofe to whom he: addreffes himfelf, otherwife his book can 
have no determinate end to anfwer. Euclid fuppofes his reader 
above:the prejudice of feníe, and to have the ready ufe of his un- 
derftanding, with a due command .of atttention ; and upon this 
fuppofition he has faid every thing neceffary to convey the fulle(t. 
information to his reader. But I write to a different fort of people, 
to fuch as.are immerfed in the prejudices of fenfe, and at the fame: 
time very thoughtlefs ; to thofe whofe underftandings are not. dif- 
pofed to attend to the call of reafon without frequent admonitions ; 
and this is my apology for begging the (tudent's attention to. one 
thing more, before I finifh this chapter; he will always find. fome- 
thing fuppofed or given in every propofition, and perhaps nothing 
will contribute fo much to a right underftanding of the propofi- 
tion, as a diligent enquiry into the ufe made of the data or fuppo-- 
fition, as for inftance whether the reafoning in the third propo- 
fition, does not. depend upon the fuppofition that AB is longer 
than C; and where the reafoning would fail if that were not the 
cafe. Our author was very confident that his reader would know, 
that, without this part of the fuppofition, there never could have 
been fuch a point as E: but I am affraid that mine trufted to his 
fenfes for the real exiftence of this very point ; dont I fee, lays he, 
that the circle cuts it. 

I fhall conclude this chapter by reminding the reader again, that 
the ufe of the two circles in the firít propofition is to find the point 
C : and in the fecond, that the equilateral triangle is defcribed to 
fix the point D, which is to be the center of a future circle; whofe 
radius DG is determined by the deícription of the circle CGH ; 
and laftly that this circle itfelf is defcribed to find the point L. 
. And thus I leave the ftudent to purfue his own meditations upon 
thefe three propofitions, only advertifing him, that, if he thought | 
them eafy upon the. firft reading, and ftill perfifts in the opinior 
that he then underftood them, 1 am certain he knows nothing of 
the matter. 7 
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CHAP. II 
Concerning bypothefes. 


THE fourth propofition is of a different kind from the three 
Grit ; and is called a theorem. In the problems fomething is re- 
quired to be done: a problem therefore may be divided into two 
parts the conftruction and demonttration : for after fhewing in 
what manner it may be done; it is neceffary to prove that this is 
agreeable to thofe' principles which the nature of your {cience 
obliges you to adhere to. Thus in the third propofition. it is totally 
inconfiftent with the principles of this fcience to take the line C in 
a pair of compafies; and by this means cut off AE from AB; for 
whatever inftruments we ufe, it can be allowed to do nothing more 
by their affiftance than to draw a ftraight line and defcribe a circle; 
the compafies then may be ufed in defcribing a circle ; but it can 
do nothing elfe without encreafing the number of our mechanical 
problems, which Euclid has avoided with the greateft care; and 
here it is to no purpofe to alledge that it can perform the one as ac- 
curately as the other: but I defire it may be obferved that it is not 
admitted upon the fcore of its accuracy, but as keeping in fome 
refpect to the idea of the poftulate P for its merit in point of accu- 
tacy is realy nothing. 

If geometrical knowledge "m. be communicated in the form 
of problems it would make a readier and ftronger impreffion upon 
the mind of the learner: for in the conftruction of a problem the 
ftudent is not barely a fpectator but has an active part afligned 
him, to keep up his attention: but when a theorem is prefented 
to his confideration, unlefs he has learned the ufe and management 
of an hypothefis, he will be but an indolent and inattentive fpec- 
tator ; and to tell fuch an one that the confequence alluded to fol- 
lows from the {uppofition is to addrefs him in a language which he 
does not underftand. But for a more particular explanation I fhall 
analyfe the fourth propofition, which runs thus ; 

If two triangles have the two fides equal to the two fides, each 
to each ; and have the angle equal to the angle, the ange, contai- 
Vor. I. c 
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ned by the equal ftraight lines: They will alfo have the bafe.equal 
to the bafe; and the triangle will be equal to the triangle; and 
the remaining angles will be equal to the remaining angles, under 
which the equal fides are extended, each to each. 

This general enunciation of the propofition will convey but a 
very indiftinct perception of its- meaning to a learner, -efpecially 
upon a firt reading; this however may be improved aad rendered 
diftinét by the affiftance of a figure, reprefenting two triangles in 
the fuppofed circumftances : but here again a new difficulty arifes, 
as this hardly ever fails to bring a prejudice along with it: for the 
triangles reprefenting not only the fuppofitions, but at the fame 
time the inferences which are faid to follow from-them 5 the ftu- 
dent is at a lofs to diftinguifh what is piven from that which is to 
be inferred from it; becaufe in all probability he will look upon 
the figure itfelf as the only fource from which his knowledge is to 
be derived ; and then he is as well convinced that the conclufions 
are true as the fuppofitions ; and cannot conceive what it is he has 
to demonftrate. And unlefs he be qualified to lay a proper ftrefs 
upon the fuppofition, the demonftration muft appear to him an 
idle abufe of words calculated only to perplex hie underftanding, 
efpecially if he has already fixt his opinion by his compaffes and 
other inftruments. It is not eafy to devife a ready remedy for this 
ertor; fo that a man runs a rifque either of having no opinion con- 
cerning what is propofed in the propofition or an abfurd ones for 
of all the difficulties attending the acquifition of the fcience, this 
is the hardeft to be got over. To reafon accurately from a fuppo- 
fition is no eafy matter; attention and habit will do a great deal, 
but above all a proper feníe of the difficulty of it. In the pro- 
blems which we have already confidered, the ftudent has only. to 
attend to the works of his own hands, in the firft propofition the 
ftraight line AB is given him; but the two circles, and the two 
ftraight lines AC and BC are his own manufaCture; and likewHe 
in the fecond fo is the whole figure except the point A, and the 
ftraight line BC : this makes a diftin&ion which nobody is fo 
thoughtlefs as to overlook. But in a theorem like this fourth pro- 
pofition ; where one has nothing to do but to /5s£, the cafe is 
different, efpecially if the figure, which is intended to dire& 
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him, by miftaking its ufe, fhould become the occafion of feveral 
prejudices. But to be more particular, 
Let ABC and DEF be two A D 
triangles; having the two 
fides AB and AC equal to 
the two fides DE and DF; 
eacb to each, viz. the fide AB 
equal to DE; and the fide 
AC equal to DF; and the y 
angle contained by BAC equal: 
to the angle contained by EDF. | 

This now is the hypothefis or fuppofition, which is to be con- 
fidered ab abíolutely certain ; and a principle from which we are 
to reaíon as confidently, as from the firft common notion that mag- 
nitudes, equal to the fame, arc equal to one anotber. "Whatever 
might be colle&ed from looking at the triangles, or by any other 
means, is to be entirely negle&ed ; and not merely neglected, but 
‘even fhunned as leading to the moft pernicious errors. The ftu- 
dent has only to examine the hypothefis, one part after another, 
making ufe of the fignre only to affift him in comprehending its 
meaning, which he might fet about in fome fuch manner as this, 
repeating to himfelf, the two fides I fod are equal, but not any how; 
for they are faid to be equal each to each ; the fides of all triangles 
are inclined to one another; but here a particular inclination is 
{pecified ; they, are faid to be equally inclined: this the attentive 
reader will comprehend perfectly, and be able to (ay I underftand 
now what the author means; he affirms that all triangles which 
agree with one another in the circumftances above mentioned 
cannot poffibly fail in giving us the fame confequences. But let us 
fee what confequences he fays will follow from his fuppofitions— 
They will alfo have the third fide or bafe BC equal to the bafe EF; 
and the whole triangle ABC equal to the whole triangle DEF: 
and the remaioing angles — flop, why that epithet remaining ? 
Why, becaufe only one angle in each triangle being equal by the 
fuppofition, are there not then two in each triangle which remain 
to be conhdered? But to proceed, the remaining angles {hall be 
equal to the remaining angles not both taken together, but each 
c2 to 
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to each. Eacu To £Acu, this though fomewhat particular never- 
thelefs admits of a latitude fufficient to perplex an ordinary under- 
ftanding ; and without fome additional circumftance, muft remain 
unintelligible even to the acuteft. But the angles are particularly 
defcribed and alfo fixed ; becaufe they are to have the lines which 
are equal by the fuppofition extended under them ; that is the 
angles under which AB and DE are extended are to be equal, as 
alfo thofe under which AC and DF are extended ; viz. the angle 
ACB or BCA equal to the angle DFE or EFD ; and the angle 
ABC or CBA equal to DEF or FED. Now thefe are faid to be 
the confequences which will certainly follow from. the. foremen~ 
tioned fuppofitions. 

But it will be too much for the learner to attempt the whole 
demonílration at once; let us therefore fee what confequence will 
follow from each part of the fuppofition taken fingly. The prin- 
ciple by which they are to be examined is the eighth common 
notion, magnitudes which apply themfelves exactly to one another 
are equal. It is here faid that AB and DE are equal. What do 
You underftand by this word egua/? Certainly it muft mean, that, 
if the ftraight lines AB and DE be properly placed, they will 
apply themfelves exactly to one another. But what is the proper 
way of placing them ? Put the point A upon the point D and the 
line AB upon DE ; obferve all this may be done whether the lines 
be equal or unequal ; but then the point B will apply itfelf to the 
point E only when the lines are equal; -for when AB is longer 
than DE the point B will be found beyond E; and when AB is 
fhorter than DE the point B will be found between D and E. 
After a careful examination of thefe two particular lines; let us 
{uppofe each of them a thoufand miles in length ; here our fenfes 
forfake us, but furely our underftanding unlefs it be weak indeed, 
will give us as pofitive a conclufion as in the other cafe; fo that 
we may conclude üniverfally that whatever be the length of AB 
provided only AB and DE be equal; and the point A upon the 
point D, and the line AB upon DE ; the point B will always 
apply itfelf to the point E ; which was the firft confequence to be. 
examined. Alfo if the point A be upon D and the line AC upon 
DF ; the point C will apply itfelf to the point F, as is obvious 

for 
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for the fame reaíons; and that will always be the cafe whatever be 
the length of AC. 

We come next to confider in what circumftances it is : poffible. 
to place AB upon DE; and at the fame time AC upon DF: Now 
this can always be done, if the angle BAC be equal to the angle 
EDF ; becaufe when the point A is upon the point D: and AB 
upon DE; it follows from the equality of the angles that AC will. 
take the direction of DF. But if the angles-be unequal, although 
the point A be upon the point D; and AB upon DE; yet AC 
cannot poflibly fall upon DF ; becaufe AC will then take a direc- 
tion, on the one fide or the other of DF, according as the angle 
BAC is greater or lefs than EDF. 

Laftly let us fuppofe the two extremities of two ftraight lines 
to be the fame; may we not conclude from this that the lines are 
equal, and in the fame direction, that is the one line will apply. 
itfelf to the other; becaufe if it did not the two ftraight lines. 
would inclofe a fpace. Therefore in this figure of ours, if it can 
be proved that the point B applies itfelf to E, at the fame time 
that the point C applies itfelf to FP; we may certainly conclude 
_ that BC will apply itfelf to. EF and be equal to it. 

Each. of thefe fuppofitions ought to.be examined frequently, and. 
the confequences which follow from them are to be ftrongly im- 
preffed upon the memory ; fo that the very mention of the fuppo-- 
fition may fuggeft the confequence.. 

And here it may be proper to inform: the ftudent, that he is not 
to confider this as any acquifition. of. fcientific knowledge; but 
only the confequences which common good fenfe cannot fail to. 
draw, whenever thefe things become the fubject of confideration ;. 
thefe remarks are introduced not as teaching any. thing new, but. 
only to fix the attention. However the combination.of thefe, as 
in the fourth propofition,. will carry us a ftep beyond.the common 
fenfe of mankind: for he who-firft found out that the two fides. 
and included angle fix. every part of the triangle beyond a pofii- 
bility of change, had certainly more than. a common: notion of a. 
triangle, and merited the high title of. an ;zventor. The learner is 
now to. endeavour to make himfelf mafter of the fourth propo- 
fition, before he proceeds to the next chapter, in. which he will. 
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find fome remarks tending to correct, confirm or enlarge the 
notions which he may derive from it according to the different 
degrees of attention beftowed upon it... - 
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CHAP. IV. 
The fame fubjec? continued. 


THE reader is without doubt furprized to find this affair of 
f'bpofittons reprefented as a difficulty almoft unfurmountable; and 
not a little inquifitive, we may fuppofe, after the reafons of this 
ftrange phenomenon. Our own indolence is the real caufe, for 
fimple reafoning is hardly fufficient to fet the mind in motion 
without fome external application; When a problem i is propofed, 
there is fomething to be done, and, which is very much to our 
purpofe, may be done wrong : this fets us upon thinking ; and by 
giving a preference to one method above another, we come to dif- 
tinguifh between what is right and wrong, and become fo much 
interefted as to give the queftion a ferious examination. But the 
cafe is very different in theorems, for the confequences are abfo- 
lutely fixt by the fuppofitions, fo that a mind without experience 
of fuch fabjeéts has nothing to engage its attention. 

It would be abfurd to propofe a problem of this kind : Suppofe 
two triangles to have two fides equal to two fides, each to each; 
and the angles, contained by the equal fides, equal; it is required 
to make the third fide, equal to the third fide; and the two re- 
maining angles equal to the two remaining angles, each to each ; 
namely thofe under which the equal fides are extended. Here there 
is no room for a conftruction ; becaufe according to the fuppofi- 
tion, the fides and angles cannot be otherwife than equal. How- 
ever it is neceffary to fhew that thefe magnitudes are really equal ; 
and the fuppofition alone is what we muft truft to, for bringing 
this about: and we are at a lofs becaufe, for this end, we begin 
'to derive the confequences from the fuppofition before we have 
examined the different circumftances of which it confifts, or with- 
out underftanding what isimplied in the fuppofition, when it 
reaches beyond the obvious meaning of the words in which it is 
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expreft ; or when more ismeant than directly meets the ear. The 
mind muft have room to exercife itfelf in, as well as the body ; 
and it is rendered almoft inactive by being confined to a fingle 
3 fuppofition, But if the ftudent has patience this may be remedied 
by varying the fuppofition ; and then you may have all the latitude 
and range of thought, which is allowed in, the conftruction of a 
problem. 

Let us fuppofe then that only AB is equal to DE, and the angle 
BAC equal -to-the angle EDF ; but that we are quite in the dark 
as to AC and DF. 

When the point. A is put upon D, and AB upon DE the point 
B will apply itfelf to E as befote and AC will take the direction 
of DF ; but it is impoffible.to determme any thing concerning the 
pofition of the point C, only that it will be found fome where in 
the line DF or in DF produced. 

Again let us fuppofe only the two fides equal; then the — A 
being put upon D; and AB upon DE ; the point B will as before 
apply itfelf to E, but we can make no vute of the other part of the 
fuppofitton ; ; for we can determine nothing concerning the direc- 
tion which AC may take, becaufe nothing is faid concerning the 
angles or inclinations of the lines. 

But farther, let us fuppofe, that not only AB is equal to DE 
and AC to DF and the angle BAC equal to the angle EDF; but 
moreover, that AB is equal to AC and confequently DE to DF : 
" now by placiag the triangles as in the propofition, we fhall find 
the angle ABC equal to DEF ; and not only that, but, by putting 
A upon D, and AB upon DF the point B will now apply itfelf to 
F becaufe AB and DF are equal by the fuppofition ; and alfo the 
angle ABC will be equal to the angle DFE: but ABC has been 
already proved equal to DEF ; therefore by the firft common. 
notion the angle DEF ‘is equal to DFE: that is the angles at the 
bafe of the triangle DEF are equal: But this conclufion does not 
depend entirely upon DE's being equal to DF ; but it is required 
befides that BA fhould be equal to AC and to each of the lines. 
DE, DF and likewife the angle BAC equal to EDF. So that this 
cafe can by no means be confidered as including the fifth propo- 
ftion, in which there is no other fuppofition but the equality 

l of 
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of the two fides ; and as we muft have an angle equal to the angle 
at the vertex of the ifofceles triangle, this angle muft be made, 
which, in our prefent circumftances, will not be found fuch an ` 
eafy matter. And fo much for hypothefes or fuppofitions. 


CHAP. V. | 
Containing a critical examination of tbe fourth propoftion. 


- OBJECTIONS are brought againft this propofition, as if 
the demonftration proceeded by a mechanical application of the 
two triangles to one another. But whoever ftarts fuch an objec- 
tion as this, has not the moft diftant conception of the demonftra- 
tion; or elfe he muft be ignorant of the nature of a mechanical 
application. And a particular examination will put this beyond 
all doubt. 

Suppofe two triangles of brafs, made as accurately as poffible, 
all their different parts correfponding exactly. When we apply 
them to one another, all that we can fay is, that as far as our 
fenfes can judge, the parts feem to agree. Now what knowledge 
is got from this? Certainly by this application, no property of a 
triangle can be difcevered ; we may form a conclufion concerning 
the accuracy and neatnefs of the workmanfhip; but nothing far- 
ther. It is impoflible to fay from this that any thing is equal, but 
what is made equal ; no doubt a very curious difcovery and tending 
` greatly to the enlarging the boundaries of the {cience ! 

The miftake here arifes from not confidering that it is impof- 
fible to make the parts of the figure which are to reprefent the 
{uppofition unlefs you make. at the fame time the parts expreffing 
the confequences which, it is faid, will follow. The parts repre- 
fenting the fuppofition are to be tried and examined by the eye, as 
well as thofe which reprefent the confequences; fo that if any 
confequence follow it muft follow from nothing. And the moft 
attentive ftudent will retire from this contemplation, with a very 
curious piece of information ; namely, that he had feen two brafs 
figures fo contrived as to fit each other exadlly. 

We 
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We now proceed to confider the application made ufe of by 
Euclid in this fourth propofition. And firft it is to be obferved 
that his triangles are required to have no particular pofition ; 
therefore the point A may be fuppofed to be upon D as well as 
any where elfe; and likewife the line AB upon DE; and all this 
might happen to any two triangles not determined to any parti- 
cular pofition. Then AB being to DE the point B muft apply 
itfelf to E, it is impoffible to conceive it to have another fituation, 
which is very different from faying that as far as we can judge by 
our fenfes it feems to be fo; again if the angle BAC be equal to 
EDF, the line AC muft take the direction of DF; and it is im- 
poflible to conceive it to take any other; and fo likewife the point 
C muft apply itíelf to F, whenever the line AC is equal to DF : 
and fo on to the coincidences of the different parts of the trian- 
gles; and all this is as different from a mechanical application, as 
light is from darknefs. For fuppofing what is taken for granted, 
it is impoffible to conceive the confequences not to follow ; and 
this is certainly {cience if there be any fuch thing in the world. 

But again it is alledged, why may not this method of applying 
be extended ftill farther by making it an inftrument for conftruc- 
ting problems ? as for inftance in the fecond propofition ; why 
may we not fuppofe the line BC fo placed that B may be upon A, 
and the thing required i is done ? For a very good reafon, becaufe 
BC and the point A have each of them a fixt pofition alréady. 

' Upon the whole then we may conclude, that this method of 
application is perfectly fcientifical ; and that whenever two trian» 
gles agree in the circumftances mentioned in this fuppofition ; the 
confequences will always neceffarily follow ; the bafes will be equal 
and the remaining angles, each to each, viz. thofe under which 
the equal fides are extended: Becaufe no confequence ‘is deduced 
from the lines having any particular length, but enly from their 
being equal: nor is it fuppofed that the angle contained by the 
fides is any particular angle, but only that the angles are equal. 

And this may fuffice for an anfwer to the objections commonly 
yrought againft the demonftration of this propofition. 
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CHAP. VL 
Containing an explanation of the fifth propofition. 


ONCE upon a time a certain father refolving not to be 
unpofed upon by reports, determined to examine into hie fon's 
progreís in. this fcience, produced the book and required him to 
demonitrate a propofition to which he referred: the young man 
though unacquainted with the fubject, taking courage from his 
father’s ignorance, began very impudently in fome fuch manner at 
follows ; Becaufe the angle ABC is equal to the angle CBA, 
therefore the angle DEF is equal to the angle CEF &c &c ; ring- 
ing the changes upon fides and angles, until he had {pun out his 
demonftration to à decent length : and then.kept filence in expec- 
tation of his fathers's opinion ; who with a grave and important 
countenance remarked, ** T'his is what we call demonítration." 

Every one is fenfible, that it is contrary to common fen to 
imagine that the letters of the alphabet thus repeated can have any 
meaning; but the indolent reader ought to be informed, that the 
repeating fuch phrafes, in a regular order, mends the matter bute 
very little, unlefs they convey to the mind their proper meaning > 
and unlefs the fourth- propofition be well underftoed, the moft of 
that which follows will be nothing but an infigni&cant jargon. 
As the whole fcience therefore depends fo much upon an accurate 
and comprehenfive view of this propofition, it would be proper 
for the learner, before he proceeds farther to take the opinion of | 
fome acquaintance fkilled in thefe matters; who, by a particular 
examination might be able to determine, how far he can be pro- 
perly faid ‘to-underftand it; and this friend is authorized, upon 
his failure in any point, to admonifh him, by faying, '* this ig 
** what we call demonítration." 

I myfelf can trace every miftake concerning the following pro. 
pofitione, or partial conception of their meaning, up to my igno. 
rance of the full import and meaning of thie propofition. For it 
is by no means to. be underftood as applicable only to fuch trian- 
glts, as onc may make ufe of to affift the imagination in tracing 

the 
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the fteps of the demonfirstion ; but as carrying with it this exten- 
five and general meaning, that all triangles which have two fides 
equal to two fides, each to cach, and the angles, contained by 
thofe fides, equal; that all fuch triangles, -I fay, have their bafes 
equal; and the two remaining angles in every-triangle, equal, each 
to each; viz. thofe angles under which the equal fides are ex- 
tended. Or more properly that all fuch triangles, whatever be 
their .number, are but one and the fame triangle. Or otherwife 
that the two fides, and the angle contained between them, fixes 
every part of the triangle, beyond a poffibility of change. But I 
fhall now proceed to confider the fifth propofition. And the reader 
moy recolle& an attempt in the end of the fourth chapter, to derive 
this propofition from the fourth, or rather to make it only a par- 
ticular cafe of that propofition, when the two fides of each trian- 
gle are equal to one anothers and I there gave the reafons why it 
could not be confidered as fuch: neverthelefs the artifice of this 
propofition will be the better underftood by profecuting that {cheme 
a little. farther, producing the equal fides, and proving the angles 
below the bafes of fuch triangles equal, in the fame manner as the 
equality of thoíe above the bafe was there demonftrated. 

It was then obíerved that the fuppofition was too complicated 
for this purpofe ; becaufe not only DE aad-DF were to be equal 
to cach other aad to AB and AC, for this-might have been al- 
lowed; but alfo the angles between the. fides were-to- be equal, 
which.could by.no means be allowed ; becaufe according to the 
fifth, only one angle being given, the other. was to be made equal 
toit; which is not at preíent poflible. ' 

-If the reader has profecuted this: fpeculation far enough, he will 
certainly admire the ingenuity of our author for his contrivance 
to make thefe angles equal, in a very elegant manner indeed : and 
which, it is.curious to ebferye, noceffarily requires that the fides of 
his two triangles fhould be unequal, For he makes this very angle 
which we are oonfidering common to both, by making the fides 
of the triangles take the fame direction, the fhorter fide of the one 
being upon the longer fide of the other. 

But now. it will be proper to turn to the-demonftration itfelf ; 
and after a careful examination of. its different parts, I would re- 
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commend a particular attention to the ufe which might be made 
of it, in order to imprefs the laft propofition more ftrongly upon 
the memory. The great advantage of problems above theorems, 
for fixing the attention of the learner, has been mentioned already: 
and here a little of that advantage may be gained, by the particulas 
view of the fourth exhibited in this propofition ; which will teach 
us how to reprefent by an actual conftruction, the fuppofitions in 
the laft propofition: becaufe, if we draw two undetermined ftraight 
lines, making any angle; we can cut off AB equal to AC; and 
AF to AG ; and, by joining BG and FC form two triangles, with 
all the parts of the fuppofition in the laft, accurately reprefented ; 
and this not in imagination, but conftructed by ourfelves ; and the 
confequenees, not made, as was objected to the mechanical trian- 
gles, but left to follow from the conítruction ; the accuracy of 
which, the ow of imagination may examine by intruments ; and 
thus get a kind of palpable evidence for the truth of the propofi- 
tion ; and by varying the inclination of the lines, and the length 
of the fides, climb up by degrees to fomething like a.ícienti&ic con- 
ception of its meaning. 

The other two triangles FBC and CGB, though they reprefent 
a particular inftance of the fourth propofition, are not fo fit for 
this purpofe, not being fo general as the firft two triangles nor fa 
much in our power, or rather indeed they are not at all in ous 
power: We may vary the angle and the two fides in the triangle ABG 
at pleafure; but we have no power over the fides, or angle: BFC 
of the triangle FBC;. for they become fuch as may happen from 
the conftruction of the firft triangle: therefore the epithet ony 
could not be fo properly applied. to the triangle FBC as to ABG. 

I have cecommended to thofe whofe imaginations are flow on 
inactive, thefe conftructions and inftrumental proofs of the feverak 
conclufions which follow from the fuppofitions in the fourth pro- 
pofition. And I now, rather more earneftly, recommend the fame 
to thofe whofe imaginations are difpofed to out run their judge- 
ment, left they (hould. fnatch the conclufions without the premifes. 

] have only one remark more to make upon this propofition, 
which the judicious reader has already made for himfelf, namely, 
how little there is to attend. to, in this very formidable propofition, 

this 
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this pons afnorum, upon a fuppofition that the fourth is perfectly 
underítood : for except the circumftances of taking the equal angles 
CBG, BCF from the equal angles ABG, ACF; it has nothing pe- 
culiar to itfelf ; every thing elfe confifting of particular profpects 
of the fourth propofition. 

But if any one is defirous to have fome kind of reafon for fixing 
his attention a little longer upon this propofition, by taking a fome- 
what different view of the fubject; let him fuppofe, inftead of 
this fifth propofition, it is required to demonftrate that all the 
angles of an equilateral triangle are equal; for inftance fuppofe the 
angles of the equilateral triangle ACB defcribed in the firft propo- 
fition. Produce CA, and CB; and the fame conftruétion and de- 
monftration made ufe' of in this fifth, will prove that the angle 
CAB is equal to CBA; and by producing AB and AC; in the 
fame manner it may be proved that the angle ABC is equal to 
ACB ; but it has been already proved that ABC is equal to CAB 
therefore, by the firft common notion, the angle CAB is equal to 
ACB &c. 

I thall conclude this chapter by defiring the reader to take every 
opportunity of correcting a prejudice, . which it will require all his 
art to remove. We cannot help drawing confequences from the 
very pofition which the lines accidentally happen to take in that 
particular figure which we reafon upon, though this particular po- 
fition make no part of the fuppofition. The ftudent may convince 
himfelf of this, if he read the fourth propofition by the affiftance 
of the figure which belongs to it; and then again making ufe of 
the two triangles ABG and ACF in the figure to propofition fifth ; 
making the fame fuppofition in both cafes. If the confequences 
are fuggefted to his mind more readily by one fet of figures than 
another; this can arife from nothing but the frefs laid upon the 
magnitude and fituation of the triangles, which, by the very fuppo- 
fition have no particular magnitude or fituation. But this prejudice - 
will be leffened, and gradually removed by varying the pofition of 
the figures, turning them upfide down ; and by fuch other methods 
as will readily occur to the attentive reader ; -but above all: by en- 
larging the figures, fetting the imagination to work until they ceafe 
to be the objects of our fenfes. The center of the moon, when: 
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in the equinoétial, joined by ftraight lines to the two poles of the 
Earth, would make a very proper ifofceles triangle with which the 
ftudent might finifh his fpeculations upon this propofition. 


CHAP. VII. 


Concerning indirect. dude 


INDIRECT demonftrations are generally ufed, when the pro- 

pofition is the converfe of fome other which has been already de- 
monftrated. A propofition is faid to be the-converfe of another, 
when the hypothefis or fuppofition in the one is the thing to be de- 
monftrated in the other, and the contrary ; thus the converfe of 
the fourth would be; fuppofing the bafe BC equal to the bafe EF ; 
and the angle ABC equal to 'the angle DFE; as alfo, the angle 
ACB equal to the angle DFE; that then the two fides BA: and 
AC will be equal to the two fides ED and DF, each to each; viz. 
thofe fides which are extended under the equal angles, that is AB 
equal to DE and AC to DF; as alfo the angle BAC contained by 
the two fides equal to EDF. 
Now this propofition admits of a direct demonftration ; for if 
the point B be put upon E and BC upon EF, the point C will 
apply itfelf to F, becaufe BC is equal to EF; and BC applying 
itfelf to EF; alfo BA will apply itfelf to ED, becaufe the angle 
ABC is equal to DEF. ‘Certainly for the fame réeafon ‘CA will 
apply itfelf to FD, that is, becaufe the angle ACB is equal to 
DFE: the point A will therefore apply itfelf to D; and fo AB 
will be equal to DE and AC to DF and the angle BAC will 
be equal to EDF. &c. 

But if we fuppofe the angles at B and C, net only equal to 
thofe at E and F, but alfo equal to one anothers; we may prove 
AB to be equal to DE as before; and then by putting B upon È 
and BC upon FE we can prove that C will apply itfelf to E ; and 
that the line AB will be equalto DF : but it has been demonftrated 
that AB is equal to DE, therefore by the firft common notion DE 
is equal to DF; and no doubt fome authors would produce this as 
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& demonftration of thé fixth propofition ; but it is liable to the 
fame objections, as it converfe, which have been mentioned already. 
But inftead of going any fuch way as this to work Euclid has 
given a very elegant demonftration of the fixth propofition, which 
as the converíe of the fifth; which the reader may pleafe to turn 
to and examine; after which he may proceed with the following 

remarks. 
- And firft it will be worth his while to obferve the ingenuity 
which Euclid has difplayed, in making the angles which are equal 
by the fuppoftion, the angles between tho equal fides of his two 
triangles ; and BC being a fide common to both it remains only 
for him to make BD equal to AC; and to join DC. And here it 
may be afked, and it is alfo the moft important queftion which can 
be put with regard to this propofition, how comes it to pafs that 
he cannot find by his conítruction that the points D and A are the 
fame ¢ It is true fuch an inftrument as the compaffes would find 
out this if it difcovered any thing ; but this ufe of the inftrument 
is rejected for reafons given already. For the folution of this diffi- 
culty therefore the ftudent may pleafe to turn to the third propofi- 
tion, and confider the apparatus made ufe of, for cutting off, a 
part from a line equal to another: and he will find that the fup- 
pofing the problem podible implies that the laft defcribed circle 
muft cut AB that is thet the point D muít be between À and B. 
And when we find that this fuppofition leads to an abfurdity what 
are. we then to conclude, but that the problem is really impoflible ; 
which never can be if AB is greater than AC; therefore it is not 
greater. And I appeal to any one, whether the demonftration is . 
either difiicult, obícure or inconclufive when it is confidered in this 
. manner. Nothing can be fo fenfelefs as the.objections ufuelly made 
to indirect demonftrations. Every demonftration may be loaded 
with objections until it' becomes. iadireCt : the reader will find a 
fpecimen of that kind in my remarks upon the firít propofition ;. 
where a caviller is introduced denying that the equilateral. triangle 
there defcribed is a fixt magnitude. But our author never carries 
his reafoning farther than good fenfe requires; fo that it is only 
{uch propofitions as this -fixth, which take aa indirect form in bis 
hands. And this kind of reafoning will not apply unlefs we know 
how 
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how many ways the thing may be; as in the prefent inftance AB 
muft be equal to AC or longer or fhorter: or elfe we muft get at 
fuch dire& confequences from one part of the fuppofition, as will 
overturn the other : as in the next propofition, which I muft now 
beg the reader to perufe: after which I fhall be ready to lend him 
my affiftance in removing fuch difficulties as ufually lie in the way 
of beginners. 

It is fuppofed here, that AC i is equal to AD; and at the fame. 
time BC equal to BD. The learner will do well to fix his atten- 
tion entirely upon this: firft tracing the confequences which fol- 
low from the fuppofition of AC's being equal to AD as far as they 
will go; which he may eafily.do; as it is only that the angle ACD 
is equal to ADC. 

He is next to obferve the confequences C p 
which follow from the polition of the lines ; 
and thefe confequences are, that the angle 
ACD is greater than BCD, which follows 
from this common notion that the whole is 
greater than its part; and alfo that the angle 
BDC is greater than the angle ADC, which 
follows from the fame principle: and with 
a diftin& impreffion of thefe. things upon | 
" his mind, it is impoffible to mifs the. con- 4 B 
clufion that the angle BCD is much lefs 
than BDC : and this point being once gained ; he is next to turn — 
his thoughts to the other part of the fuppofition ; in which it is 
pretended that BC is, alfo at the fame time, equal to BD : and 
the confequence which follows from this part of the fuppofition 
cannot fail to engage his attention; being no other than this, the 
-angle BCD is therefort, by the fifth propofition, equal to BDC: 
When we fuppofe AC equal to AD we muft conclude that the 
angle BCD is much lefs than BDC ; but thefe very angles muft be 
equal upon the fuppofition that BC is equal to BD; is not this 
'faying in the ftrongeft terms that the two f{uppofitions are incon- 
fiftent with one another ; that is, that it is impoffible for AC to be 
equalto AD; and at the fame time, BC to be equal to BD. Which 
was to be demonítrated. 
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-Tt will be a very neceffary and ufeful tafk for the reader to fet 
himfelf after he has finifhed every demonftration ; to examine whe- 
ther fome confequence has been drawn from every part of the fup- 
pofition ; for though it may not always be convenient for the 
author to draw them, yet the reader fhould always do it for himfelf ; 
for if the fuppofitions have no confequences to the purpofe either 
expreffed or underítood ; they ought by all means to be omitted ; 
and if the author trufted to the reader's ingenuity for finding them 
ouf he neglects his duty if this part of his bufinefs be overlooked. 
The neceffity of this practice being thus made evident ; I fhall ex- 
plain my meaning by a particular example; it is faid that AC and 
AD are to have the fame extremity ; but no ufe is made of this ex- 
prefly in the demonftration: and yet without this the demonftration 
could not proceed ; becaufe ACD could not be a triangle unlefs 
thefe lines had the fame extremity : neither could it be a triangle 
unlefs C.and D were different points. It is moreover faid that they 
are to be towards the fame parts: now if the points C and D were 
on different fides of the line AB; the angles ACD and BCD would 
either be two diftin& angles and the one not a part of the other ; 
or if BCD be a part of ACD, then ADC would not be a part of 
BDC; which is abfolutely neceffary for bringing out the conclu- 
fion which we aim at. Laftly it is faid that the equal lines are to. 
be terminated in the fame extremity ;. and without this neither 
ACD nor BCD would be ifofceles triangles; and then no inconfif- 
tency could follow, reafon as long as we pleafed. All this will be 
obvious by taking the points C and D on different fides of AB, and 
joining CA, CB; DA, DB and CD ; fo that CD may cut AB or 
fall beyond the point B. And indeed it is very difficult to under- 
ftand any general propofition, without fome reprefentation of all 
the. different pofitions which the lines can take : and the reader 
cannot finifh this propofition better than by fuppofing the point D 
within the triangle ACB, and to affift his. imagination, by making 
AC.and AD equal with a pair of compaffes ; his demonftration 
will reft upon the fame principles ; only producing AC and AD; 
he is to reafon- upon the angles below the bafe ;. but every thing 
elfe will be the fame as in Euclid's demonftration. .  . | 
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I fhall conclude this chapter with my ‘opinion of indire® de- 
monftrations, which fome very ignorantly object againft. It would 
be abíurd.to fpeak of the certainty of a demonftration: as to their 
ufe therefore, confidered as an exercife to the mind, I think they 
are preferable, for feveral reafons to direct demonftrations. Becaufe 
in a direct demonftration, there is generally fome circumftance 
which catches the fenfes ; and not being too difficult of perfuafion, 
where our own eafe is fo much concerned, we are difpofed to reft 
very well fatisfied with that, though it may convey, but a very 
imperfe& notion of the full extent of the demonftration. But the 
contrary happens in fuch demonftrations as are indire& ; for the- 
reafoning being generally at variance with the fenfible reprefenta- 
tions of the magnitudes, it requires fome effort of the mind to 
get beyond the prejudice of fenfe, fo as to comprehend the force: 
of the reafoning : and when we cannot conquer our indolence or: 
command our attention, it is a-very decent excafe to lay the blame 
upon-the nature of the demonftration. But I have been fo par- 
ticular in my examination of thefe two propofitions, that the atten- 
tive reader can hardly want any farther information upon this head. 


CHAP. VII. 
Of geometrical demonfir ation. 


IT will now be proper for the reader to endeavour, from a care- 
ful examination of thefd firft feven propofitiont, to colle& as- accu- ` 
rate a. notion as poffible of a demonftration, according to the rules. 
which Euclid has prefcribed to himfelf. —— | 
_ We are apt to: fatisfy: ourfelves of the truth of things, in the 
eafieft and thorteft way we can; and even when we chufe to con- 
fider the properties of magnitude, inftead of having recourfe to 
fome general principles, we truft to mechanical inftruments ; . and. 
very often to vague conceptions colleded at randém from acci- 
dental obfervation.. But our outhor's plan.is very. different from 
this: The definitions, poftulates and common notions, are the 
only foundation upon which his geometrical reafonings ara founded ; 
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and when he mentions any thing as a propetty of a figure, he con- 
Rders it as incumbent upon him to fhew that it follows from or 
agrees with the definition of that figure ; and this he does by the - 
afitftance of fome common notion, poftulate or other definition. - 
And whatever property is not reducible in this manner, he confi- 
ders as nnpoflible to be demonftrated ; though it might be a very 
obvious truth from other principles. Truth therefore is not fo 
much his object as confiftency ; it does not appear directly to be 
any part of his buftnefs to collect as many ufeful fa&s as poffible 
concerning the properties of figures ; but oaly to be convinced 
that what he docs produce have a Solid foundation, making every 
part acquire additional ftrength by the confiftency of the whole. 
. Hee will never allow it to be faid that fach a property is fo fimple 
as. mot to require a demonftration ; for to alledge this as a reaíon 
for taking any thing for granted, would be, upon his plan the 
preateft abfardity.. For st may be faid, if it be fo very plain and 
obvious, whence does it derive this obvioufneds ? If it be the pro- 
peróy of a figure ; that figure is defined to be fo and fo. How does 
&t appear that it ts confiftent with that definition? {f you point 
eat the confifiency, you have demonftrated the propofition; but if 
ehut cannot be done, it may be trae according to your principles, 
but mine lead me abfolutely to rejedt it. 

That this 4s Euclid’s plan will appear from the whole of his 
work, ‘even to the aftonifhment of the attentive and judicious 
reader; when it is confadered how his invention muĝ have been 
perplexed, ‘by the obvious, but inaccurate experimental tefts, which 
‘would for ever be prefenting theméclves to -his imagination ; and 
how his patience would be tired ont by the number of fteps, which 
he forfaw to be neceffary, before he could arrive regularly, at fome 
conclufions feemingly very &mple indeed. A man would feel him- 
(elf in a very agkward fituation, who should fet about meafuring 
magnitudes, without being able to judge when one fraight. line, 
was longer than another; and yet it is wonderful, by how many 
fteps, this very teft is removed from the firft principles ; and which. 
are all neceflary for giving it.a fcientific ftability. We find this 
delivered in the nineteenth propofition of the firít book ; but as 
this is rather foreign to my prefent purpofe, and beyond the fup- 
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pofed knowledge of the reader, it will be fufficient to have mén- 
tioned it by the bye,.only as a fa& to illuftrate my meaning. I 
fhall therefore now beg the attention of the ftudent, while I re- 
view the firft feven propofitions, in rapport of my opinion con- 
cerning Euclid’s plan of demonftation. 

In the firft propofition his principles are the third poftulate ; 
the firft poftulate; the fifteenth definition; the firft common 
notion ; and laftly the twenty fourth definition. He is not fatished 
to make an equilateral triangle any how; but he makes it by the 
affiftance of his own inftruments and principles. The fecend pro- 
pofition is conftructed and demonftrated by the firft poftulate, the 
firft propofition, the third poftulate, the fifteenth definition and 
the third common notion; and we have alfo here a proof how 
tenacious our author is of his principles ; for it is not abfolutely 
neceffary that in this fecond propofition, an equilateral triangle 
fhould be defcribed upon AB ; becaufe an ifofceles triangle would 
have anfwered the purpofe ; ; for no confequence is drawn from AB's 
being equal to AD; as it would be fufhcient if AD and DB were 
equal ; but he could not make an Hofceles triangle, confiftent with 
his own plan and principles. The third propofition refts upon the 
fame foundation ; its demonftration being fupported by the MI 
“propofition, and the third poftulate. 

In the fourth propofition the principles which we reafon from, 
befides the fuppofition, are the eighth and twelfth common notions; 
to which every part of the demonttration may ‘be reduced ; for 
the application of the triangles to each other muft be allowed to 
be a proper principle to reafon from, otherwife it is difficult to 
conceive what ufe can be made of this eighth common notion, 
which is the definition of equality > it will not matter much whe- 
ther this putting of the triangles be reckoned a conftru&ion or 
not; I am rather inclinable to confider it as a thing of its own 
' kind, and not to be underftood either as an hypothefis or conftruc- 
tion: l1 know Euclid makes ufe of the expreffion the point being 
put, which feems to imply a kind of conftruction ; and yet it 
would be doing no great violence to the language, to paraphrafe it 
in this manner; the triangles have no particular pofition ; that is 
they have no relation to any points, lines or angles, which can be 
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affected by our giving them a particular pofition ; let us fuppofe 
them then to have fuch a pofition, as it is neceflary magnitudes 
fhould have before that eighth common notion can be of any ufe; 
that is let us fuppofe their fituation fuch, that the one is applied to 
the other; and the point A put upon D &c. 
. It is plain that Euclid himíelf found it impracticable to give 
this principle a more ícientific form ; and therefore inítead of 
making a definition of it, left it among the common notions ; but 
whatever opinion we adopt; it will anfwer our purpofe, becaufe 
every thing is inferred from tbe principles, which arc laid down as 
fuch. If we were required to place triangles upon each other, 
which had a determinate pofition before, I would certainly con- 
fider it as a conftruction ; but in the prefent cafe, I confider it only 
as a neceflary apparatus before any confequence can be dfawn from . 
the eighth common notion. And as to the objections, upon a 
conceit that this is a mechanical application, they have been very 
fully anfwered already ; fo that upon the whole there is notbing in 
this propofition, but what agrees with the notion of a demonftra- 
tion which has been delivered in the beginning of this chapter. 
` The fifth propofition feems by the references to depend upon 
the four firft propofitions and the third common notion; but as 
the conftruction required is only the fimpleft cafe of the third, the 
firft and fecond propofitions are not. neceflary for cutting off AG 
equal to AF. But the fixth requires the four frit propofitions ; 
becaufe the fimpleft cafe of the third, will not be fufficient for 
cutting off BD equal to AC; and, what I muft ‘beg the reader 
particularly to attend to, neither can it be done by a ruler and com- 
pafies; becaufe there is fomething fingular in this conftruCtion : 
for it is here required tq do, what we afterwards find impoffible to 
be done; and the unlucky circumftance is, that whoever trufts to 
2 ruler and compaffes will come to the knowledge of this too foons 
a pair of compafles lets him into tbe fecret immediately, before his 
mind is prepared for it by any fcientific information ; and hence 
will arife a grofs mifconception of the author's meaning ; becaufe 
the reafoning muft appear ufelefs and unneceflary, being intended 
to difcover to a man what he has found out already. In all {uch 
cafes as this therefore our ruler and compafies are to be Jaid afide, . 
and 
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and fome method devifed which may Se more confiftent with the 
nature of the poftulates as here applied : for by keeping ftrictly to 
the information wchih we get from them, we never can difcover 
that we have been attempting to perform what is impoffible, before 
we are led to the abfurdity of concluding the triangle ABC to be 
equal to DCB. I would recommend the performance of fuch con- 
ftructions as this, by the hand unguided by any inftrument; as 
this will favour the condition of the propofition, becaufe fach a 
conftruction can thake no difcovery before the proper time. Not 
that I would /uppofe it performed ; as that might fofter prejadices, ' 
bat rather reprefent every ftep of the conftruction; BC being joined 
already I would defcribc upon it an equilateral triangle producing 
the fides &c. as directed in the remarks on the third propofition, 
fantil the laft defcribed circle cut AB in (ome fuch point as D ; be- 
taufe the whole conítraction will be neceflary to convince the 
reader that he has no {cientific notice of the impoffibility of the 
problem from the conítruGion, but-muft wait for it until he come 
to the abfurdity. And hence it appears that Euclid requires every 
part of this propofition to be referred to the firft principles; con- 
trary to the fentiments of thofe fuperficial readers, who imagine 
that they have only to fuppofe a point D, and the thing is done. 

The demonfttration of the feventh ts reducible to the fifth ; and 
the ninth common notion. And thus it appears, that Euclid’s in- 
tention is not to fhew that the propofition is true in any manner ; 
but that it is immediately connected with, and depends upon his 
principles, or in other words that his aim is not to perfuade but to 
demonftrate. 


CHAP. Ix. 
In which is explained the geometrical meaning af tbe words finite and 
| infinite. 


« THE human underftanding, /ays Bacon, fhoots itfelf out, 
** and cannot reft; but ftill goes on though to no purpofe. Thus 
** "tis inconceivable there fhould be any bounds to the univerfe ; 
<< yet it conftantly, and, ss it were, neceffarily recurs, that there 
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s muft be fomething farther. So again it cannot be conceived how: 
« eternity fhould have flowed to the prefent time: ‘and there is the. 
s like fubtilty as to the infinite divifibility of lines; &c. all arifing 
** from the weaknefs of human thought.” And whoever chufes to. 
indulge this weekne/s of thought. will be put into a fine train by 
reading what Locke hag advanced upon the idea of infinity. But it. 
is the end of all :mathomatical learning, -inftead of lending any 
afiiftance, to encourage this kind of dreaming, to root out fuch a. 
difpofition from the human mind ; and inftead of fuch fooleries, 
to give it fomething to entploy itíelf upon fuitable to the powers 
and faculties of a buman. foul... An underftanding which has any 
force will always fhake of fuch dreama; . the indulging in which 
ig the fgn of a weak intellect. For the philofopher and the idiot 
agree perfectly in their notions of infinity ; and the difference be- 
tween them is only difcovered when they come to a comparifon of 
determinate things and quantities. 

The geometrical notion of infinity, as far as it MA extenfion, 
ig derived from the fecond poftulate; let it be taken for granted 
that a ftraight line may be continued directly forward: 'The geo- 
metricians never trouble themfelves with multiplying any affign- 
able parts of extenfion, in order to be convinced that after they 
have advanced millions of miles, they are ftill as far from the end 
of an infinite line as they were at their firft fetting out. 

The two ftraight lines DE, DF in the fecond propofition, are 
infinite in the full and proper geometrical fenfe ; and fo likewife 
are AD and AE in the fifth; and the third propofition may be 
applied to conftruct this, becaufe AF is lefs than AE : but why is 
it leís ?* Becaufe AF is a finite and AE and infinite line: and this 
inftance fully explains what is meant by an infinite line in this 
fcience ; for it means only a line longer than any determinate line 
which they have occafion to take ; and farther than this they give 
themfelves no concern. In the ninth propofition AB and AC are 
infinite lines; and the point D is taken that we may have a Sixt 
line AD and fo in other inftances. 

I am now arrived at the conclufion of this differtation, in which 
I have endeavoured to point out fuch circumftances, as the thought- 
lefs reader is apt to overlook. If it (hould ícem ftrange to.any one to 











56 DISSERTATION I. 


find fuch a cergmonious introduction to a fimple, well defined and 
demonftrative {cience, he will be pleafed to obferve fome peculia- 
rities which diftinguifh this fubje&t remarkably from moft others. 
It is true the language is plain and fignificant; but the truths to be 
communicated are conveyed in too few words to engage the atten- 
tion of thofe who have been accuftomed to the figurative language 
in which moft other fubjects are delivered ; and where the reader, 
inftead of having confequences deduced from every word, carries 
fomething with him if he attend to but one word of three. And 
for this reafon I have been a little diffufe and circumlocutory ; 
that the tranfition, from the common form of {peaking, to this 
very concife and accurate: method of expreffion, might be made 
with greater cafe by the reader, after fome part of the fubject has 
been explained.to him in his own way. But I muft beg leave to . 
introduce the ftudent to Euclid himfelf, and defer all future inter- 
courfe with him until he has reached the end of the firft book. 


DISSERTATION III. 





HE firft book of Euclid’s elements will neceflarily fuggett 
a great variety of reflexions to a judicious reader; he will 
perceive a particular method of arrangement, and a particular 
manner of demonítration which makes that arrangement abío- 
lutely neceffary ; with fomething characteriftic even in his way of 
conftructing problems. But an indolent reader requires to be puf 
in mind of each of thefe particulars, otherwife he will be difpofed 
to overlook them. Some remarks therefore upon each of thefe 
heads may be ufeful to put him into a proper train of thinking ; 
and this fhall be the fubject of the prefent differtation. 















CHAP. I. 


In which Enchd's method of demonftratin f proved to be neceffary 
contrary to the opinion of Clairaut. 





* Qu'Euclide fe donne la peine de démontrer, que deux cercles 
* qui fe coupent n’ ont pas le méme centre, qu'un triangle ren- 
** fermé dans un autre, a la fomme de fes cótés plus petite que 
** celle des cótés du triangle dans lequel il eft renfermé ; on n'en 
** fera pas furpris. Ce Géométre avoit à convaincre des Sophitftes 
** obftinés, qui fe faifoient gloire de fe refufer aux vérités les plus 
* évidentes: il falloit donc qu'alors la Géométrie eut, comme 1a 
** Logique, le fecours des raifonnemens en forme, pour fermer la 
** bouche à la chicane. Mais les chofes ont changé de face. Tout 
** raifonnement qui tombe fur ce que le bon fens feul décide d' 
s avance, eít aujourd'hui en pure perte, & n’eft propre qu'à ob-- 
** fcurcir la vérité, & à dégoüter les Lecteurs." 
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This is a very fingular opinion concerning the motives which 
led Euclid to that rigorous method of demonftration which he has 
adopted : for we are here told that it was not choile, but the cir- 
cumítances of the times in which he lived, which brought him 
to write as he has done: his living among faphifis, drove him beyond 
the bounds of good fenfe: for if he had been left to follow his 
own inclinations, we have heré room to fuppofe that his demon- 
{trations would have appeared in a very different form, or in other 
words, that had he been a Frenchman and lived in the fame polite 
and happy times as C/airaut he would have written juft as be has 
done. The French would have taken his word for i$, that two 
circles, which cut one another, could not have the fame centes; and 
that polite nation furely never would have coantradicted bim if he 
- had faid the fame thing of two Ellipfes : but one thing I am cer- 
tain of, that, had they been acquainted with no other principles 
but fuch as this author would have us appeal to, they never could 
bave contradicted foch an affertion upon any good grounds. 

Now what I mean to prove, in oppoátion to this doGrine, is, 
that Euclid is remarkable for adhering to the very principles which 
Clatraut thinks he himfelf has gone upon: and I fhall now pro- 
duce as many inítances as I think the reader’s patience can well 
endure in proof of this affertion, namely, that Euclid every where 
Qiftinguifhes bimíelf by keeping clear of fuch things, as good fenfe 
would decide of itfelf before hand. Now as the method of thefe 
two authors is not fimply different; but directly oppofite the one. to 
the other; €/eiraut and I muft affign a very different office or em- 
ployment to this fame good fenfe, the presuming to teach which; 
he fays, anfwers no other end but to difguft the readers. But I am 
certain good fenfe will never be either affronted or difgufted to 
have any thing fet in a better or (tronger light than what it appea- 
ted in before; and I challange any one to produce an inftance; 
where the thought is not improved and rendered more. acourate by 
Kuclid’s reafoning ; and it muft be a ftrange kind of good fenfe; 
which could reckon fuch reafoning, as he fays en pure perte. 

But as to his looking upen himfelf as bound to convince obfti- 
nate fophifts, it is very obvious that he never went in the leaft out 
of his way on their account; and guided himíelf by very different 
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maxims, as will appear to every one who confiders his manner of 
reafoning, which is to the laft degree inconfiftent with any fuch 
{uppofition, as that he had the leatt intention to combat fuch pre- 
judices as the fophifts raife, when they have a mind to fport with 
the credulity and ignorance of the multitude. It is true he fur- 
fifhes us with the means of efcaping out of their hands, if a pro- 
per ufe be made of his principles; but it never once entered his 
thoughts to combat their filly objections, which never could be 
obtruded upon ariy one, who is not entirely ignorant of the nature 
of the fubject. 

However, as a full proof of what I now affert, I would recom- 
mend it to thofe who may chufe to differ from me in opinion, to 
tead Procius’s commentary, who fets himfelf in earneft about 
this hopeful tafk ; and there, it is granted he will find reafonings, 
qui tombe für ce que le bon fens feul décide d'avance; and I will allow 
that fuch reafonings are of no other ufe but to obícure the truth, 
and difguít thé readers. The difpute therefore is brought to this 
fhort ifue ; let the reader perufe the firft book of Euclid and then 
read Proclus’s commentary, obferving the difference between the 
two kinds of compofition ; and I am certain he will acquit Euclid 
of any defign to convince obftinate fophifts; and moreover muft 
be perfuaded that he has not only omitted every thing which good 
fenfe can mfuitively determine; but that he has alfo left feveral 
things for the reader to fupply which would not come eafily 
under his own precife notion of demonftration ; for Horace’s rule 
‘waé never Better nor more properly applied than by this author ; 












et que 
Deſperat tractata nitefcere poffe, relinquit. 


Several inftancés of which, taken from his firft book, I thall now 
proceed to enumerate, not confidering them as overfights, but as. 
proofs of a moft refined and accurate judgement. 

‘And firft, to begin with that famous principle by which the 
meeting of two ftraight lines is determined: We may readily fup- 
pofe that Euclid introduced the feventeenth propofition, with a 
view either to demonftrate or explain the eleventh common notion, 
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as being the converfe of it. For from this propofition we learn 
that whenever the two. lines meet, thé angles made by. the cutting 
line, upon that fide, are lefs than two right angles; but we can by 
no means infer from this that the lines will meet whenever the 
angles are lefs than two right angles. But again he has demon- 
{trated in the twenty eighth propofition; that when thefe angles 
are equal to two right angles the lines will never meet. But he 
cannot, from this fay, that this is the only cafe in which the lines 
wilt never meet :. only thus far he may go, that the fuppofition, 
from which he infers that they will never meet, requires abfolutely 
that the angles fhould be exactly equal to two right angles; and 
the leaft deviation from this fuppofition will render his principles 
of no avail; as Bo confequence can follow from them; for their 
abfolute equality to two right angles and nothing lefs, is neceffary 
to prove that the lines will never meet. Now this is fufficient at 
leaft to ground a perfuafion, that in all other cafes they will meet ; 
efpecially when it is confidered that fuch lines are inclined towards 
one another, as may be fhewn by drawing a perpendicular to one 
ef the lines; which will prove that they are approaching towards 
ene another upon the fide where the angles are lefs than two right 
angles: and going farther from one another upon the fide where 
the angles are greater than two right angles; but the opinion thus 
acquired is not of the nature of a demonftration. Nor could he 
even fay that a line interfecting one of two parallels, would meet 
the other; and indeed if this could be fhewn upon {cientific prin- 
ciples, it would be a demonftration of the thing in queftion: bug 
this would be taking the thirtieth propofition for granted,. the 
truth of which depends upon this very principle. 
_ We may therefore fuppofe that fuch things as thefe and num- 
berlefs others of the fame kind muft have occurred to a mind fo 
fruitful in expedients upon fuch occafions, and were all rejected by 
him as falling infinitely fhort of his idea of demonftration: where- 
fore without perplexing his reader with impotent attempts towards 
a demonftration ; he judged it more proper to cut fhort this fruit- 
leis fearch by placing this principle among the common notions ; 
and as it appears from this inveftigation that it was not placed here 
without reafon ; fo it has a right to keep its place, until i¢.can be 
| fhewn, 
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fhewn that fome abfurdity can follow from the ufe of it. And 
upon this point I have only to add, that it is certain from the ge- 
neral tenour of his demonftrations, that if he could have exhibited 
it without any {cientific defect, but in the clumfy drefs in which 
{ome authors have arrayed it, he would have reje&ted the conclufion 
with difdain, and left it where we now find it. So that it is not a 
demonfítration of any kind which was his object, ont fuch an one 
as is both elegant and forcible. 

But further, I have mentioned before, what feems to be an ex- 
ceeding good general rule of critifcifm in this ícience, that we 
ought always to examine if fome confequence has been drawn from 
every part of the fuppofition or conftruction. Now there are feveral 
 inftances where Euclid has laid no ftrefs, even, upon the moft 
material part of the fuppofition; which fhews how little he minded 
the conviction of thofe obfinate fopbifis, for whofe fake according 
to Clairaut he gave his elements fuch a formal drefs, to the great 
difguft of every Frenchman; becaufe here would have been fo 
good a pretence for ftanding ftill, that no arguments could have 
per{waded thefe fophifts to proceed while fuch blemifhes remained. 
But to come to particulars. 

In the twenty fecond propofition, it 1s required to make a tri- 
angle of three given ftraight lines, but with this neceffary limita- 
tion ; that any two of them muft be greater than the third. How- 
ever no ufe is made of this limitation in the demonftation of the 
propofition ; and I am perfwaded that our author omitted to prove 
that the two circles will cut one another, which depends upon 
this limitation, becaufe this proof does not admit of fuch a natural 
and elegant turn, as he had determined to give to every. ftep of his 
demonítrations ; there being no direct principle to refer to, by 
which the interfeCtion of circles can be proved; that they have 
fome fpace in common is the principle from which their interfec- 
tion is to be inferred, which is indeed a common notion but not 
one of thofe, which he has felected to draw confequences from ; 
concluding I fuppofe that all rational men, could make as ready 
and extenfive an ufe of fuch notions as thefe, as he could, and there» 
fore, that it would be unfair in him, to appropriate to himfelf 
either the notions or their confequences ; or according to C/airauf£, 
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_ that fuch reafonings would only fall upon, what good fenfe had de« 
eided before hand, in a manner full as fatisfactory. | 

Again, there is an inftance of the fame kind, in' the twenty 
fourth propofition ; where the moft material part of the fuppofi- 
tion is never once mentioned in the demonttration ; viz. that the 
angle BAC is greater than the angle EDF; confequences are tacitly 
drawn from it, like the taking for granted that the circles will cut 
one another in the twenty fecond; for without this part of the 
fuppofition the angle EGF would not be a part of DGF, nor, if 
the point F was within the triangle DEG would this angle EGF 
be a part of the angle below the bafe of the ifofceles- triangle 
DFG ; which ie abfolutely neceffary in ordér to prove that the 
angle EFG is preater than EGF; or, in other words, it follows 
from this part of the fuppofition, that DG always falls upon the 
fame fide of DF which it is reprefented to be upon in the figure ; 
but it would be difficult to give this reafon fuch an elegant turn as 
to entitle it to a place in one of Euclid’s demonftrations. 

But the fophifts would ftick at much lefs matters than thefe ; 
they would require him to prove in the firít propofition, that the 
two circles would cut one another ; and that their interfection is à 
point: and in the fecond that there would always be fuch points 
as G and L: alfo in the fifth that AF and AE were two {uch lines, 
that a part could be cut off from the one equal to the other, or 
that AE is greater than AF : they would likewife find feveral parts 
of the fuppofition in the feventh from which no confequeénces are 
drawn, which I have taken notice of before; in the twelfth pro- 
pofition they would require him, to prove that a circle defcribed 
with C for the center, and through any point on the other fide of 
AB, would cut the line AB; which would give occafion to his 
making ufe of the infinity of the line from which no confequence 
is drawn, as the demonftration now ftands: They might likewife 
afk him, upon the corollary to the fifteenth propofition, whether 
when two lines meet at a point they make angles at their meeting 
equal to four right angles: and in the thirtieth propofition, by 
what principle he makes a ftraight line pafs through three points; 
that is, takes it for granted that it may pafs through three points, 
vig. a point in each line; for hé ought to have taken two, and to 

have 
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have proved by the eleventh common notion that there would 
always be a third: Nor would it be very impertinent of them tg 
require him to prove that AH and FG will meet in the forty fourth 
propofition ; and indeed in that inftance I cannot help being of 
opinion that the conftruction would have been more in Euclid’s 
manner if he had made GH equal to BA and then joining HA 
had proved that HA was parallel to GB by the thirty third propo- 
` ftion. In fhort if it had been his intention to write for the con» 
viction of the fophifts, his demonftrations would have had a very 
different form from that in which we now find them. And it will 
be eafy for any one who has read even the firft book with atten+ 
tion to add a great many more so the above catalague of omiflions. 
- But I hope nobody will fo far miftake my meaning here as tp 
fuppofe that I confider fuch queftions as thefe, either as captioup 
or improper. They are mentioned only to thew thet. Euclid hed 
íome plan by which he directed himfíelf wm bis demonitrations, 
very different from the fuppofition tbat it was.to convince obítinate 
fophifts. For I am fo far from confidering {uch queflions as im- 
proper; that I think they. are fuch as every one muft afk himfelf, 
and a great many to the fame purpofe, otherwife I am certain be 
will have a very imperfe& notion of the book ; and whoever is ir 
earneft to underftand this fubject fhould take every opportunity of 
devifing fuch objections; the proper anf{wers to which. will be 
readily fuggefted by what Euclid has faid. But this fhould be fep 
about upon fome regular plan; and I wonld therefore recommend 
it to the ftudent, after he has finithed the fir book to give it a 
fecond reading, examining every fuppofition and conftruction, and 
the confequences drawn from them ; and theis ful} importance in 
the propofition; which is not to be determined from the number 
ef words in which they are expreffed, but hy the dependence 
which the conclufion has upon them: for I heave am iafance. jut 
mow in my view, in which I may fafely fay that the firft reading 
hardly ever diícovers the full importance of the fappofition : whag 
I mean is the fuppofition in the forty feventh. propofition ; from 
which the confequence that follows is; CA and AG as alfo BA 
and AH make but one ftraight line. Now whoever has read this. 
jdn. without perceiving that the conclafion dapends entirely 
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upon this, cannot be faid to have underftood the demonftration ; 
and that this is true appears ; becaufe the fquare.BG is only double 
of the triangle BFC becaufe GAC is a ftraight line. The reader 
is alfo carefully to obferve whether the conclufions are general or 
particular; becaufe it may fo happen that a particular pofition of 
lines:or points will lead te a conclufion, which will by no means 
follow if thefe are changed ; and often if it do hold good it may 
require fome new fteps to come at the conclufion. But it feems 
neceffary to illuftrate this by particular examples. 

In the eleventh propofition of this firft book, it is required to- 
draw a perpendicular to a line, from a point given in it. This may 
be divided into two cafes; for the point may be at fome diftance 
from the extremity, or it may be the extremity of the line. Eu- 
clid has confidered the firft cafe only: and there is but one falfe 
confequence which could be drawn, by taking the other for granted ; 
and what is very remarkable Simon in his edition has hit upon this 
very confequence, in attempting to prove that two ftraight lines 
cannot have a common fegment; becaufe it muft be taken for 
granted that two ftraight lines cannot have a common fegment 
before a perpendicular can be drawn from the extremity of the 
line ; for as the line muft be produced, without this limitation, it. 
may take two directions. 

Again in the twenty fourth propofition, the point F may imis 
three different pofitions; it may be without the triangle DEG or | 
in the line EG or laftly within the triangle: For a particular in- 
ftance the ftudent may make fuch a triangle as ABC in the figure- 
to this propofition ; having AB longer than AC ; and after the tri- 
angle DEG is made; with the center D and diftance DG defcribe 
a circle; which will cut EG ; now any ftraight line drawn to the 
circumference of thie circle, from the point D, within the angle 
EDG, may reprefent the line DF ; from which the three different 
pofitions will be obvious. When the point F falls within the tri- 
angle, the conclufion may be infefred from the twenty firt propo- 
fition j -but it would be more uniform to produce DF and DG; 
and to reafon upon the angles below the bafe, in the fame manner 
as Euclid has done upon thofe that are above it. It is true Simon 
reduces this to one cafe, but I think not in the manner of Euclid; 
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for there is no circumftance given by which we can determine 
which fide is the longeft; there ought therefore to be added to 
the prefent fuppofition, AC being longer than AB; but the deter- 
mination of this point I fhall leave to the curious. But farther I 
would even recommend the fame kind of examination, where there 
was no probability of finding any variation ; as for inftance in the 
fixteenth propofition, the conclufion depends upon FCD's being 
. an angle; for if that could ever ceafe to be an angle, the outward 
angle might be equal to the inward oppofite one; but that is im- 
poflible becaufe then the point F would be in BC produced ; and 
confequently the point E upon C that is the middle of a line at its 
extremity, which is abfurd. 

Having been thus particular in fhewing what is not Euclid's 
method of demonftrating, I thall conclude this chapter with a few 
inftances tending more direCtly to explain what it is. 

And his great peculiarity feems to be a determined refolution 
always to refer dire&ly to fome principle, and never truft to a vague 
concéption; or more properly never to make ufe of a vague cx- 
preffion : The thirteenth propofition is a remarkable inftance to 
this purpofe ; That the angles are equal to two right angles ftrikes 
the fenfes immediately and produces a conviction which has fome- 
thing fluctuating in the nature of it; arifing from obferving that 
the angle ABD is above a right angle, by juft as much as ABC is 
. lefs than one; now this is not a principle fufficiently diftin to 
reafon from in a demonftrative fcience ; and Euclid has fhewn great 
art in the demonftration of this very propofition ; which he has 
reduced to the common notion, magnitudes which are equal to the 
fame are equal to one another; and how accurately he keeps up, 
through the whole demonftration, to the notion of the angles 
being magnitudes, cannot fail to engage the attention of a judi- 
cious reader. The twentieth propofition furnifhes an inftance to 
the fame purpofe: every one believes that two fides of a triangle 
are greater than the third; and he may take up this opinion from 
a confideration of many different circumftances ; he may confides 
that a ftraight line muft furely be the fhorteft way between two 
points : or he may truft to the judgement of the afs of the Epicu- 
reans $ "em. a bundle of hay is placed at one of the angles; but 
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Rill he will find fomiething unfettled im his: conviGaoni as refting: 
upon no determinate principles; ard Euclid neves leaves. any thing 
which he takes in. hand to demonftrate, in thie unfettled ftate: he: 
makes this property follow, not from any wnítsble principles or. - 
random. conceptions, but from the wesy natuse of a. triangle j. and, 
a thorough examination,. of the whole appartas neceflary for the 
demon{tration. of this principle, will give the intelligent reader 2 

wonderful iafight into Eaclid’s method of denronfttation.. 
it tems almoft a defperate undertaking, to endeavour at reviving: 
a. talte for accurate demonftration ; becaufe the common. vague. con- 
ceptions of. magnitude, proped by a ruler and compafies; when 
they begin to totter, are judged capable of performing. ¢very thing: 
shat. can be expected from this feience. But if a reformation is at 
av practipable, it feems modt likely to be brought about, by turning 
the attention of. the world. to Euclid’s method.of demonftration ; 
and. E ground my hopes.of fuccefs:upon two circumftances.;: namely 
that the modesn writers of. elements of Geometry neither under 
fand the nature of their own demonftrations, nor the force of 
shofe of Euclid. Becauíe if they underftond the force of -Euclid's 
they would be aíhamed to dignify their own with fuch 2 name ; 
and i£ they. underítood tlis nature of their own,.they muft peraciva 
shat a. great deak of expence both of time and thought might be 
faved by delivering their propofitions.as facts,. which Had been de 
monílrated ; unleís indecd we {uppofe that what they call demon~ 
| ferations are added merely in compliance to vulgar. psezadace. Now 
could a judicious reader, no ways interefted in the iffue of the: de« 
bate, be once brought. to weigh the. merits of fach.demonfrations ; 
. he muft either decide in favowr of: fach as Euclid's, er declare 
that all demonitration was now become unneceffary ; and: that 
therefore the farce of it fhould be laid afide. But upon fuch an 
event, fuch is the charmf of truth, I would naturally expect a 
confiderable number to. leave their new mafters, as foon as they 
had relinquifhed their pretenfions to demonftration : and it is upon 
fuck hopes only that [I proceed to give fome other imftances as 
charadteriftical of Euclid’s method of demonftration.. . 
Euclid's demonftration of the feventh propofition, may be com- 
pared with the one given in Defchales's edition of Euclid ; which 
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was no doubt intended as an improvement in. fome refpect or other. 
And this feems to me the more extraordinary becaufe the dpmon- 
ftration of the seventh is remarkably diftin& and pertinent; leading 
to the conclufion fo directly that the full force of the demonftration | 
muft be perceived by the mind: and I am perfuaded that our 
author would have piven up all thoughts of writing his elements, 
if he had found himfelf obliged to reft fuch a material part of his 
{cience upon fo unftable a foundation, as the defcription of two 
circles, with an indeterminate radius and even before 1t could bé 
known in how many points theit circumferences would cut each 
other; becaufe every point of interfection, that did not lie on the 
other fide of AB would contradict the propofition ; and prove that 
two triangles might be placed according to the fuppofition, until 
thefe points were reduced to one, which is not fo eafy to do as a 
fuperficial reader may imagine. But there is nothing which I have 
obferved Euclid more cautioufly to (hun than the defcribing a circle 
with an indeterminate radius ; or. more properly, than the fixing a 
lihe, othorwife undetermined, for the purpofe of defcribing a 
circle. dt is true. he makes ufe of confequences which muft be 
derived from circles dofcribed in this manner; but this is. fuppofed 
to be tranfaGted in fuch a manner as to bring no difgrace upon the 
füence. Ia she fixtoenth propofition AC the fide of any triangle 
js required to be cut in halves, which cannot be done until the 
Bine is fixed; byt thea I immediately perceive that, notwith- 
ftanding this, a8-ne confequence is deduced from AC’s having any 
particular length, the demonftration is neverthelefs general; fo 
that I can finifh my conftru€tion and have AC as undetermined as 
I found it; fo that thie tran{s@ion is fuppofed to be carried.on in 
private by the reader himfelf ; and which he acquicfes in, as bring- 
ing no reflexion upon the fcionce. 
There is another thing which I thall juft obferve before f- 
 Bifhing this chapter: Euclid's demonftrations are often more 
general than they feem to be; for whenever, it would be only a 
repetition of the fame fleps, he always omits them, whether in a 
conftruction or demonftration. The forty fifth propofition fur- 
nifhes a remarkable inftance of €hie ; .he (hews hew to turn a four- 
fided figure into a parallelogram &c. and'as no new circumftance 
i2 would 
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would occur, whatever be the number of fides of the figure; he 
concludes that it is general, without adding a word more; which 
has mifled fome ignorant conceited people to think that they im- 
prove upon Euclid by (hewing a fimpler way of turning a four- 
fided figure into a parallelogram; never confidering that Euclid 
has turned. any rectilineal figure into a parallelogram, whatever be 
the number of its fides; and whatever be their pofition to one 
another. Now I hope it is evident that Euclid had fome other 
plan in his demonftrations than to convince the obftinate fophiíts ; 
and what that plan is I fhall explain in the next chapter. 


. CHAP. II. 
Of the arrangement of Euchd's. propofitions. 


THOSE who know nothing of geometry tell us the fcience 
fhould be delivered according to the following arrangement. We 
.fhould firft begin with a point; and after having laid before the 
seader all its various properties, fuch as pofition, want of dimen- 
fons and the like, we are next to proceed to the ftraight line ; and 
after delivering every thing that can be faid of a ſingle ſtraight 
line, .we may then advance a ftep farther and take two of them 
under our confideration ; firft enquiring into the properties of fuch © 
as are parallel ; and this fubje& being exhaufted we may next exa- 
mine two ftraight lines that meet fo as to form an angle; which 
will furnifh us with a fruitful fource of fpeculation ; becaufe this 
will now be the proper place to treat of angles ; to thew how they 
may be proved to be equal, and into how many kinds they ought 
to be divided, not forgetting to prove that a right angle confifts of 
ninety degrees. Now fuppofing the properties of ftraight lines | 
exhaufted, the natural tranfition is to fuch as are crooked, arranging 
them into different orders, beginning with the circle; but take 
care not to confider it as a figure; for that would deftroy all order; 
for it is the circumference only that belongs to our prefent fubject: 
we may next proceed to the conic fections, and fo on to other 
nes. | 
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The bufinefs of lines being finifhed, there would be abundant 
matter for difpute, when we came to treat of figures, whether 
we fhould begin with the triangle or the circle; with the triangle 
as being the fimpleft rectilineal figure ; or with the circle as being 
bounded by one fingle line; the circle might probably have the 
preference upon a full examination as being a perfect figure, and 
for other reafons which it would be too tedious to infift upon at 
prefent. But fuppofing.this difficulty got over; the triangle would 
certainly claim the next place; and of all the different kinds of 
triangles, the equilateral would put in for the firft; the ifofceles 
would deferve to be confidered next ; from the ifofceles the tranfi- 
tion muft be to the ícalene; taking care all the time, in delivering 
their properties to fay nothing of their angles, for that would be 
to confound the nature of things; becaufe they are afterwards to 
be divided according to their angles, right, acute and obtufe; and 
this new divifion would furnifh the proper place for that part of 
the fubje&. From triangles the moft natural progreís would be 
to the fquare, and then to figures lefs regular. And this is the true 
philofophical arrangement. | 

Such are the engines which Fo//y has been erecting for battering 
this noble work of our author; feconded with other auxiliary 
{chemes, the force of which feems leveled againft it, though. more 
indirectly. But what holds the greateft vogue at prefent, as falling 
in with our indolent difpofition, and bids fair for driving him to the 
laft extremity, is the propofal of confidering no more of the fub- 
ject than what is abfolutely neceflary ; with the inviting title; as 
applied to fuch and fuch ufeful purpofes of life. Elements of geo- 
metry carefully weeded of every propofition tending to demonftrate 
another ; all lying fo handy, that you may pick and chufe without 
ceremony. "is is ufeful in fortification: you cannot play at billi- 
ards without this. You only look through a te/e/cope like a Hottentot 
until this propofition is read ; with many fuch powerful ftrokes of 
Rhetoric to the fame purpofe. And upon fuch terms, and with 
fuch inducements who would not be a mathematician? Who would 
go to work with all that apparatus which I have defcribed as ne- 
ceflary for underftanding Euclid; when he has only to take a plea- 
fing walk with Csiraut upon the flowery banks of fome delightful 
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tiver, and there fee with his own eyes, that he muft learn to draw 
a perpendicular, before he can tell how broad it is: fuch is the 
ingenuity of thefe Frenchmen, 


Ut puerorum ætas improvida ludificetur, 
Labrorum tenus. 


1 had formerly the ambition to join myfelf to this fraternity, 
and taking a walk in the french file along the banks of a river, 
propofed to teach the reader, how to meafure its breadth by his 
hat; but I foon involved him fo much in the properties of trian- 
gles, that I difpaired of making my point good, in the true elegant 
and undemonftrative manner; and fo was obliged to get into the 
old beaten road as faft as poffible. 

But there is another rank of geometricians, between thofe, I 
have been {peaking of, and Euclid: whom for diftin&ion fake I 
fhall call the omnipotent. Theſe fetting out with the fuppofition, 
that they can do every thing, undertake to demonftrate every thing. 
An omnipotent geometrician makes nothing of demonftrating the 
fifth propofition, for it is only fuppofing that he has cut the anglo 
at the vertex in halves and the thing is done; never confidering 
that the doing of this, requires it to be firft proved that the angles 
at the bafe of an ifoíceles trianple are equal to one another. The 
only inconvenience of this method is, that fhould the author's 
omnipotency be once called in queftion ; his whole fabric muft be 
leveled with the ground. 

But to return to C/ziraut ; Y would have nobody imagine that Í 
entertain a mean opinion of his abilities, from any thing that has 
been faid: we only happen to differ as to the proper manner of 
communicating mathematical knowledge ; which I contend fhould 
be either as fa&s or as demonftrations ; and that there is no middle 
way; being perfuaded that the mixing a kind of theory with the 
practice has been of bad confequence to both; as this has been 
the occafion of putting very improper perfons into employments, 
by which many fine opportunities of making improvements have 
been loft to the world. 

Bat farther C/airaut's method is even unnatural; for the fcience 
never could have been invented according to his plan ; becaufe it 
is 
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ampoflible that human reafon, unlefs unnaturally confined, would 
be kept floating upon the furface of things: it is of the nature of 
man, when left to himfelf, to feck a folid foundation. His book, 
it is true, will make a fuperficial reafoner; but mankind left to 
themfelves, if they did fo much, would neceffarily do a great deal 
more. — : 

And I now. proceed to give an account of what feems to me @ 
much more natural courfo for them to have taken in profecuting 
their difcoveries in this {cience; which will at the fame time ex~ 
plain the nature of Euclid's arrangement, and obviate every objec- 
tion wich has beon made to it; but this (hall be the ſubject o£ 
the noxt chapter. 


CHAP. HI. 
‘Lhe fame fubje continued. 


It will be found | fo be a —*R | to —— that we nataraly 
begin to examine the: fmpleft things firft ; for things are neither 
faid nor dont in the fimpleft manner by the fisft adventerers. Oot 
attention 1€ more like to be drawn to. a fubjatt hy fome particulaz 
circumftances, which mado the confideratiom o£ it neccflary, than. 
by any determination of the mind. fo make it & matter of contem- 
plation; and by coming upon us thus, as it were unawares} our 
waderftanding ie overpowered, when we undertake the examination. 
of a thing eacimbered with fo many additional parts, which have 
ne connexion with the ínbjeét i in queftion ; and fuch as it will re- 
&hirc leifar€, (kill and experience to foparate from the others. 

We: are not theaefore to imagine that the examination, either 
of a fine or a point. would be the firft attempte for fetling mene 
notions with regard to magnitude. It is more reafonable to fappofe 
that the firft kind of magnitude whtch would fall under the confi« 
defation. ef men, circumétanced as we are in focity, would be. 
rectilineal figures, and perhaps circles or even folids of fome deter- 
minate fhapes: not only becaufe nature prodaces fuch a variety of 
them ready made to our hands, thus, as it were, inviting us to. 
make them the fubject of our mediation, but fo foon as property. 
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. in land became eftablifhed, a man had only to difcover that a greater 
quantity of it would yield a greater increafe, to erigage him to pay 
attention to this quantity ; either that he might be the better able 
to impofe upon his neighbour, or to guard himfelf from the impo- 
fitions of others. 

And although they might at firít imagine that the bounding lines 
would be fufficient for afcertaining their property; yet they would 
come at laít by reafoning and blundering, to perceive that the 
fhape is neceflary to be confidered, as well as the bounding lines. 
This might lead. them to make pictures or refemblances of their 
fields, by way of afcertaining their property, until by frefh expe- 
riments and blunders, it may be fuppofed they could perceive, that 
thefe reprefentations, which I imagine to be made by the eye, with- 
out the affiftance of other principles or inftruments than fuch as 
occafionally offered themíelves, were alío inaccurate. Or even if 
this could have determined one's property, when joined to other 
circumítances upon the fpot ; yet (till a very material defect would 
be obvious ; as there would neverthelefs be wanting, any thing 
like an accurate way of comparing different figures with one ano- 
ther, efpecially when their fides are numerous and their fhapes un- 
like. And it is probable that they would at firft drop all thought 
of being able to compare fuch with any degree of accuracy, but 
'giving them up as unmanageable, would bend their whole atten- 
tion to the fimpleft kind, very probably to the triangle; until the 
great ftep was taken, which was to lay open the whole myftery of 
. this fcience, by the man who firft difcovered that all re&ilineal fi- 
gures may be divided into triangles; and this ftep once taken, 
they would then begin to tread on fcientific ground. They would 
be made fenfible of the ufe of the triangle, and exbauft all their 
thoughts and ingenuity to difcover its properties. 

But it fhould be obferved, becaufe I believe it to be the great 
fpur to improvement, that there would probably appear great ine- 
quality in the accuracy of the different conclufions which their in- 
. genuity would lead them to, when their curiofity was once awa- 
kened by fo fair a profpe& of being able te maíter their fubje& : 
fome amounting to abfolute demon(tration, while a great many 
"e perhaps. fell fhort.of fuch an evidence as was neceffary to 
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perfuade them that the conclufions were true ; and fuch difcordant 
parts would neceffarily awaken their induftry to give the whole an 
uniform appearance. It would be feen that if fuch a thing were 
proved fuch another would follow ; and they would colle& as many 
of thefe confequences as they could relating to triangles; what 
would prove them to be equal or unequal ; until they came to per- 
ceive the remarkable utility of this wonderful figure, and its apti- 
tude to explain and conne& the fimpleft and moft intricate parts of 
the fcience. 

And this feems to me to be the moft natural account of the ori- 
ginal and improvement of geometry ; becaufe I am perfuaded that 
if any thing, even uniformly inaccurate, had been produced by 
themfelves ;; or if the regular mechanical rules fufficient for the 
ordinary purpofes of life had been communicated to them by fome 
{uperiour Being ; mankind would have never thought of any far- 
ther improvement ; and the human race would have drudged on 


* 


in the fame beaten path void of curiofity and fully ſatisffed witn 


their prefent acquifitions. But this we find to be a fact by experi- 
ence; for thofe who are inftru€ted only in the practical parts of 
this {cience, proceed with as little hopes or defire of improvement, 
— 8s the very inftruments with which they work. 

But to return to the fubje& ; let us fuppofe at firft that they had 
it only in view to give irregular figures a. more regular fhape; or 
in other words, that they wanted. to perform the problem, which 
Euclid has given in the forty fifth propofition of his firft book ; 
namely, to turn any rectilineal figure into a parallelogram having a 
given angle: it will be found that almoft every propofition which 
goes before, is neceffary towarde a proper folution of this problem, 
and if the ftudent would be at the pains to examine how far this 
is true in fact, it will affift him much in comprehending Euclid’s 
arrangement ; ; efpecially if he attend particularly to the ufe which 
is made of the triangle: and with a few remarks upon this I (hall 
conclude the chapter. 

And firft it is to be obferved that ftraight lines and angles are too 
fimple of themfelves to bear a ftri& examination, with any hopes 
of difcovering their properties ; and if we want to prove them to 


be either equal or unequal; the lines muft be fides of a triangle 
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end the angles are angles of fome triangle; the fourth, fifth, fixth, _ 
feventh and alsaoft every propofition in the book furnifhes us with 
inftances to this purpofe; and it is owing to this fure guide defert- 
ing us that, we are brought into fuch difficulties by the eleventh 
«ommon. notion. It is true that by the affiftance of a perpendi- 
cular, we feem to make a few fteps in comparing angles which do 
not belong to any triangle, as in the thirteenth, fourteenth and 
&fteenth propofitions, but as thefe depend upon the perpendicular, 
they are virtually fupported by the triangle: and the fame may be 
{aid where parallel lines are concerned. That the lines from the 
center to the circumference of a circle are equal, is the only prin- 
ciple by which lines can be proved to be equal independent of the 
triangle. Secondly we may obferve how the tranfition is made from 
triangles to fourfided figures; and the triangular {paces compared 
with parallelograms, by which a foundation is laid for turning alk 
roctilineal figures, however irregular into parallelograms. And 
jaftly when the afefulnefs of the triangle is confidered, the reader 
will not be farprized to find fo much pains taken, to fettle every 
circeumftance which can prove them to be equal, and in what cafes 
(ome of their parts may be equal and the others not. 


CHAP. IV. 
Containing Jame remarks on the conftruétions in tbe firft book. 


IT bas been remarked already that our author difcovers great 
caution in the ufe of the poftulates, by keeping all mechanical in- 
firuments as much as poffible concealed from public view: and 
indeed he feems almoft afhamed of them, for which reafon he 
sever conftructs hia problems upon a fuppofition that you make ufe 
of any particular infruments ; and this is neceffary to be obferwed 
before we can form a proper judgement of the fimplicity of his 
gonftruGions. The common modern way of judging upan this 
point, proceeds upon a very mechanical principle indeed ; for the 
funplicity of a conftruction is to be determined by the number of 
fumes which you have octafioz to open your compafies: but aa 

| Euclid 
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Euclid knows nothing of a pair of compafies, it can never be fup~ 
pofed that this is the teft to which he appeals; but to the nature 
and number of ideas fuggefted to the mind by the different fteps 
of the conftructions. He does not care how often you are obliged 
to open your compaffes, provided the perceptions, conveyed to the 
mind by his conítructions, be the moft fimple and general which 
the circumftances of the cafe will admit of. Some particular in- 
{tances will explain my meaning. 

In the twenty third propofition we are required to make one 
angle equal to another; and you fave yourfelf the trouble of one 
opening of your compafies by making DEF an ifofceles triangle : 
but Euclid requires you only to join EF; whieh certainly ie a 
fimpler conception, than when you are moreover required to take 
care that your other two fides be equal; and has alfo this great 
foientific advantage, that it is more general, by fhewing that any 
triangle will anfwer the purpofe ; when your mechanical conftruc- 
tian goes upon the fuppofstion that a particular kind of triangle is 
necefiary. Thus it often happens that our compaffes and under- 
ftandings. are at variance ; or rather our hand-and head incline dif- 
ferens ways ; what is molt intelligible to the head, the- Mosen 
the greateít difficulty. in performing. © 

In the fame manner, in the niath propofition, thee circles: 
muft ‘be defcribed according to Euclid’s plan, whereas mechani- 
cally, which fuppofes that we can deícribe an ifofceles triangle 
upon a given ftraivht line, one opening of the compaffes will an- 
{wer the purpofe ; and there is a like difference in the {cientifical 
and. mechanical conftructions of the tenth, eleven m and twelfth 
propofitions. 

The drawing of parallel lines Euclid uniformly refers to one 
principle ; . and. this problem -is performed by making the alternate 
angles equal; and this the nature of the fcience requires that:he 
fhould do: however I have no objection to the ufe of any inftru~ 
ment which may anfwer the purpofe, provided the ftudent know 
what he is doing, and do:not work at random — any ſettled 
principles. 

Paralle) rulers are | di all. contrivances, the moft incénvenient for 
this purpofe of .drawing parallel lines >- but yet it might be of ufe 
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for the ftudent to confider upon what principles we pretend to 
ufe them: and he will find that they are conftructed upon geome- 
trical principles, though not by any propofitton in Euclid; for their 
parallelifm depends upon the converfe of the thirty fourth propo- 
fition, namely, that if the oppofre fides of a quadrilateral figure 
be equal, they will be parallel; the demonftration of which will 
be obvious to the attentive reader ; and he might at the fame time 
confider the converfe of the other part of the fame propofition, 
viz. that if the oppofite angles of a quadrilateral figure be equal, 
the figure is a parallelogram ; this follows dire&ly from this conti- 
deration ; the oppofite angles being equal to‘one another, and the 
four angles equal to four right angles, any two of them taken in. 
order round the figure will be the half of the four right angles ; 
that is equal to two right angles, and therefore the lines are parallel. 

But the moft convenient inftrument for drawing parallel lines, 
as alfo a perpendicular, is a triangular piece of wood in the fhape 
of a right angled triangle: for, by making this flide along the edge 
of a ruler, parallel lines may be drawn, upon the principle. that the 
outward angle, is equal to the inward &c. by the twenty eight 
propoftion. And if you have two parallel lines given you, a pa- 
rallelogram may be formed by the thirty third propofition, by ta- 
king two equal parts of them, and joining their extremities which 
are towards the fame parts; in fhort I would recommend every 
kind of conftruétion which is derived from {cientific principles, 
provided the reader give himfelf the trouble to find out the prin- 
ciples. | — 

It fometimes happens that a dire& conftru&ion will not anfwer 
the purpofe ; of which the amendment propofed by me in the 
conftruction of the forty fourth propofition is an inftance ; and if 
any one try to demonftrate the forty feventh propofition, by deícri- 
bing the fquare upon the fame fide of BC upon which the triangle 
ABC ftands; he will meet with another inftance of the fame kind; 
for if he deícribe this fquare, he will find it no eafy matter to 
prove that its fides are terminated in FG and KH or in thefe lines 
produced, which is abfolutely neceflary to make good the demon- 
ftration: but if he draw perpendiculars from the points B and C 
terminated in thefe lines and joining their terminations, it is eafy 
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to prove the figure to be'a fquare; fuch indire&. conftrućtions 
fhould be particularly noted by the learner wherever they occur. 

In fhort to conclude what l1 have to fay about conftru&ions, I 
would have the ftudent exercife himfelf, in them upon every occa- 
fion, or even to feck occafions for doing it, only with the caution 
to beware of contracting fuch prejudices as might corrupt his {ci- 
entific principles, which can never be the cafe, i£ he know what 
he is about, and confider the nature and extent of his inftruments. 


CHAP. V. 


Containing fuch remarks as may énable the reader to make a proper 
efiumate of bis progrefs in geometry when be bas made bimfelf 
maher of this frf book. 


BEFORE he proceeds to the fecond book.it will be proper for 
the reader to. take a review of this frft, not as a learner, but in 
order to make a proper eftimate of his geometrical acquifitions : 
and he will not be much out in his reckoning if he judge of the 
whole by what he knows of the triangle. I have mentioned already 
that this figure is our great inftrument of difcovery, being equally 
neceflary for determining the fimpleft properties of ftraight lines, 
and angles, as thofe of the moft irregular figures. 

The firft general property which we learn of this figure is that 
all triangles are equal, which have two fides equal to two fides 
each to each, and the angles contained by the two fides equal ; 
and that this equality does not fimply hold with refpe& to the 
{paces, but is true of every fingle part of the triangle; their bafes 
. are equal, the two remaining angles in each are equal, viz. thofe 
under which the equal fides are extended, each to each: or in — 
other words that the two fides, and the angle between them, fixes 
every part of the triangle without a poflibility of change. The 
fifth and fixth propofitions contain more partial properties of the 
triangle; by proving-that the equality of the two fides will always 
infure the equality of the two angles at the bafe: and converfly 
that the equality of the two angles at the bafe fixes the equality of 
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the fides. Thus we know what will prove the triangle to be ifof- 
celes; and we know the moft remarkable eonfequences which fol- 
low from its being fuch s triangle. 

In the eighth propefition it is domonftrated that all triangles 
Which have their three fides equal, each to each, are equal in every 
refpect: or in other werds, that the three fides fixes the triangle, 
fo that neither its fpaee er angles can poflibly vary fo long as the 
fides continue the fame: and in the twenty fixth propofition we 
have two other tefts to the fame purpofe: for if two angles and 
the fide between them be given or fixt we cannot change any part 
of the triangle, neither the other two fides nor the other angle; fo 
that all triangles which have thefe equal muft be equal in every 
refpect : or fo long as two angles of a triangle and a fide extended 
under one of them are fixt the whole triangle is fixt; therefore all 
triangles which agree in thefe particulars muft be the fame or equal 
in every ref{pect. 

-Thefe four teks which fix the triangles abíolutely fhould be 
carefally-examined not only. feparately, but compared: together bc- . 
fore the reader. can make the proper ufe of them. 

_ It is not only neceffary to obferve in what circumftances the tri- 
angles may be demonfrated to be. equal; but it is of. mo lefs im- 
portance Yo fettle in what cafes, we.can fay, that the whole trian- 
gies or certain parts of them muft be unequal. And fir& it appears, 
from the feventh propofition, that if the two trianglee.be upon tho 
fame bafe and upon tho fame fide- of it; their. fides which. are ter- 
minated: in the fame point cahnot be oqual. Alfo it follows from 
the twenty firft propofition, that if the triangles-be upon the famo 
bafe, and the- vertex of the one triangle within the other; their 
fides cannot be equal, cither-eaqh to each or taken both together; 
but that the fides of the included triangle wilb be lefs chan: the two 
Édes of the other. 

Such condluftons as thefo indeed, -we are both very. dextorous 
and confident in drewing at. random ;. and:the following would ap- 
pear ftrigkingly conelufive; becaufe it i& proved in, the fourth pro- 
pofition, that, when the two fides are equal, each::te each, and 
alfo the angle contained by tlie two fides, thereforq-the bafe is 
equal'to the bafe; therefore undoubtedly we may infer :from.this, 
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that if the included angles are. not equal, neither will the bafes be 
equal, but the one mult be longer than the other; and certainly 
the larger angle ought, by the rule of right, to have the longer 
bafe extended ander it. But foftly, good fir, this is not geometrical 
seafoning : for althaugh.the equality and coincidence of the bafes 
is demonftrated 1n thie ptopofition when you keep up to the diffe- 
rent pasta of the fuppofitian 3 yet it is not fhewn that this is the 
only cafe in which that equality can happen: and indeed the chang- 
iag a fingle circumftance will not prevent their equality for you 
may fuppofe AB to be unequal to DE and neverthelefs the bales 
may be equal. So that. however ready a {uperficial reader may be 
to adopt fuch conclufions, yet the geometrician will find that a 
great many fleps are to be taken before he can demonftrate this to 
be true. Which is indeed done in the twenty fourth propofition, 
but after many neceffary properties have been previoufly delivered. 
If the two fides are equal but the bafes unequal it appears from 
the twenty fifth propofition, that the angle oppofite to the greater 
bafe is the greater. 

But farther, with refpec& to the angle: I have mentioned already, 
that we cannot compare angles unlefs we confider them as belong- 
ing to triangles; the fixteenth propofition is made ufe of to prove 
that one angle is greater than another: which is a very funda- 
mental propofition and ought to be carefully examined : the fim- 
pleft view which it is poffible to take of it feems to me to be this; 
to confider the propofition as expreft thus; the angle ACD is greater 
than CAB and alfo the angle BCG is greater than ABC; which 
when properly confidered will appear to be the fame thing: and 
then, when we recollect that the angle. ACD is equal to BCG, it 
may certainly be faid that ACD is greater than either CAB or 
ABC: but this is a propofition which ought to be viewed in every 
light. By this propofition we likewife prove that lines in the fitu- 
ation, which the fuppofition requires in the twenty feventh can 
neve yform a triangle, and thus leads us to parallelograms; from the 
confideration of which we have a new and wonderful property of 
triangular {paces, namely, that if the bafe of the triangle continue 
the fame or equal, you may vary the fides until they become a 
thoufand times longer than in their firft fituation, and ftill the tri- 
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angular {pace will be the fame. And this is alfo the principle by 
which we can change fpaces from one fhape to another as will be 
obvious to every one who underftands the forty fifth propofition. . 

I fhall conclude this differtation, with a gerreral admonition to 
the reader, to obferve particularly the ufe of the fuppofition is 
every propofition ; becaufe I know nothing that is fo eafily neg- 
le&ed : the conftruftion and even the references to other propofi- 
tions may make a forcible impreflion upon the mind; but the fup- 
pofition has hardly any thing which can awaken our attention ta 
it, except a want of evidence in the conclufion, and there are thofe 
who have a wonderful inclination to lay afide their fcruples at that 
part of a demonítration. 


DISSERTATION. IV. 


:7 HOBVER has read the firt book with care, will perceive 
: the particular ufe of the triangle for difcovering and con- 
necting the different properties of magnitudes; and muft at the 
fame time be fenfible of the uncommon genius of the author, 
who could apply this figure in fuch a manner as to make it diícover' 
its own properties, as well as.thofe of other magnitudes. In his 
fecond book he prefents us with a new inftrument, the ufe of which 
is no lefs extenfive than that of the triangle; and it is the purpofe 
of this: diflertation to draw the attention of the fuperficial reader 
to the properties and: moft obvious ufes-of: the rectangle. - 





CHAP. I. 
Of parallelograms. | 


- FO underftand this fecond book properly, it. will be neceflary 
to confider the thirty fifth propofition of the firft book, in more 
points of view than are immediately prefented to us by the propo- 
fition itfelf. It is there demonftrated that when the parallelograms 
are upon the fame bafe, and between the fame parallels, the paral-. 
lelogram {paces are always equal: now this reducés an infinite va- 
riety of parallelograms to one fingle parallelogram as far as the 
{pace is concerned ; and if a choife of a parallelogram is to be 
made, which is to reprefent all the others, the retangle, or right- 
angled parallelogram ought to have the preference ; becaufe its 
bounding lines are the leaft, and its angle fixt or determinate ; 
that its fides:arc the leaft will be obvious, by comparing a fide of 
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the rectangle with the fide of any other of this infinite variety of 
parallelograms juft mentioned; as for inftance AB with BE, the 
one of which fubtends an acute angle and the other a right angle 
in the fame triangle. 

But this rectangle.itfelf, is fufficiently or rather-abfolutely deter- 
mined by any two of the lines about any one of its angles: and 
thus two ftraight lines, will fix an infinite variety of parallelogram 
Ípaces. 

Now thts is the firt definition of the fecond book, which is 
thus exprefied; Every right angled parallelogram, is faid to þe cone- 
tained by any two of the ftraight lines containing the right angle. 
The fpace indeed is bounded by four ftraight lines; but not by 
four different (traight lines, for the oppofite fides are the fame, or 
equal. Here the reader is carefully to obferve that there is no dif- 
ference made here between eguality and identity, for whatever 
lines are equal, in the preíent cafe they are always confidered 39 
the fame; that is if you make a right angled parallelogram, any 
two ftraight lines whatever, that are equal to the two lines about 
one of the angles; are faid to contain the fpace, as well as the par- 
. ticular lines which make two fides of the very figure. 

This circumftance perplexes beginners exceedingly ; and ought 
to be made the fubject of freduent meditation before one attempts 
to read a fingle propofition in this book. And here it would be 
proper to begin with confideting. the. nature of a parallelogram, 
fill more particularly : the reader has feen what will fix the paral- 
lelogram fpace: he. is next to confdet what will fx the wholo pa- 
pallelopram, fides and ‘angles; and he will firk. obrve bhat ihe: 
two fides about any. áf the angles. wilk determino lj; the. fades z 
hecaufe the other. two fides ave.equal to: thefe ewn.3 next. lot dum. 
try. to find. qui what will: dotirmine the angles. Now any angle of. 
@ parallelogram . beshg:: given, st: is impoflble-to ehangs aa y:of thiol 
athers.; -but thia the redder will deiwell:tosdemonftiaté.;.. which, he: 
may do-as follaws; any two sngles of ia parallelogram. which fal- 
lew cack other io ordar:are equal to two.right engtee; ona of tlieía: 
being fixed’ fusely the. othes is xed aba; and .the oppofitq angles. 
of. parallclograms ara equal; -thdrafore it is-obvings that onc: angle 
of the pargliclograny fixes, alii the -athess,. The reader. bouid de~. 
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monftrate this formally and then ‘he will fee that the parallelo- 
gram' i$ entirely fized when an angle, and the two fides about that 
angle are given. But as I know from experience that the ftudent 
will not perceive this immediately ; let him take only the two 
fides, and the angle between them; and with thefe compleat a 
variety of parallelograms ; and he will always find them the fame. 
Not. that-¢hiy donftrudtion is neceflary towards a right underftanding 
of the ¢ornclufion ; ‘but I know that it is neceffary for fixing the 
reader's attention ;; and. without attehtion it is impoffible to com- 
prehéad ahy conclufion. Now this point being once fettled, it is 
very cleat, that if the parallelogram be right-angled, the two fides 
abutit one of the angles, or éven any lines, equal to thefe, will fix 
the patallclegrain ; from which the full imnportof this definition 
* bó M. 


diio Sy | CHAP. I 


Containing fame remarks on the principles made ufe of m demon- 
— the frh aghi propositions. 


‘THE fimplicity of the demonftrations made ufe of in the firft 
tight'propofitions, will be readily acknowledged by every one who 
underſtatids them: and yet-it often happens that the ftudent is ut 
& loís tà comprehen their meaning, efpecially upon the firft read- 
inp; which is owing to two circumítances; firít becaufe he does 
not itidetftand the firft definition ;; and íecondly becaufe we have 
ho coinnton notions of the properties of figures contained in this 
book-; if forme property of a triángle fhould be accidentally men- 
tionéd to a períon ignorant of the principles of this: fcience, he 
would tieverthelefg farm fome opinion concerhing its sruth or falfa 
hood from fome common notions of his own; but read the enun« 
ciation of the third propofition i in this book to him; and he will 
have no more opinion of its truth or falfbood than if it were deli- 
vered to him in an unknown tonguc. And fuppofing thefe two 
difficulties to be got over; that is fuppofing the firft. definition to 
be well uhderítood, and the meaning of the propofition become 
m" itis injpoffible for. any von to prefent itfelf to the 
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mind in a fimpler forth, than that which thefe deimonftrations 
offer ; as the progreís of ‘it in general is thus; you defcribe a cer 
tain rectangle.or fquare, which is divided into right angled paral» 
lelograms or fquares by lines drawn parallel to the fides; and the 
whole myftery confifts in fettling what theíe {paces are .according 
to the firft.definition. Far inftance, in the firft propofition, as ‘the 
whole is equal to its parts, the rectangle, or right angled paralle- 
logram, BH is equal to the rectangles BK, DL, EH taken alt to- 
gether; fo that we have only to fettle what the rectangles BH, BK, 
DL, EH are according to the firft definition, and the demonftra- 
tion is compleat. In the fame manner in the fecond propofition 
(which by the bye is only a. particular cafe of the fieft,) the fquare 
ABED is made up of the two rectangles AF and CE; fo that we 
have only to determine what thefe are according to. the fierft defis 
nition, and then the thing propofed is demonftrated. Again in the 
third propofition, the rectangle AE i$ made up of the rectangle 
AD and the fquare CE ; fo that we have only to determine what 
thefe are according to the fame firít definition, and the propofition 
is demonftrated and fo in other inftances. _ 

The firft eight propofitions feem to a fuperficial reafoner to reft 
in fome meafure upon a kind of intuitive evidehce ;: becáaüfe the 
form of demonftration differs remarkably from that made ufe of 
in the remaining propofitions of this book; in. which the conclu- 
fione are inferred from the forty feventh propofition of the fr 
book without exhibiting the fquares. . But Euclid never draws any 
zonfequence from what we arc fuppofed to. fee, though we our- 
felves may : for his démonftrations are equally conclufive whether 
the figures upon which we: reafon be tbe objects. of oür fenfes or 
not.. The different. {paces exhibited in thefe figures arife from: the 
conftruction, and have. their exiftence and properties from that, 
-whether ‘we fee. them. or not. 








CHAP. IL 
Of the addition and fubffratiton of rectangles and fquares. 


WHE N the learner has made himéelf matter of the demonftrae 


tioms. contained. in; this fecond ah it will be propez to-turn bis 
thoughts 
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thoughts to the ufe which may be made of the properties of thefe 
rectangles and fquares which he has been confidering: ‘and as al- 
moít the fimpleft ufe, which can be made of magnitudes, is ad- 
ding them to one another or taking them from one another ; it is 
"very manifeít that thefe properties will be in a manner ufelefs, 
until we have acquired a readinefs in adding them together, and 
taking them from one another: and this indeed is one of the moft 
intricate and extenfive principles in geometry. Much of this bufi- 
‘nefs may, and indeed ought to be learnt from this very book ; for 
whoever fhould treafure up in his memory whatever is contained 
in this book, it would be but ufelefs lumber unlefs confidered 
‘under this particular point of view. And fo much for the neceffity 
of this practice; but a few examples will beft explain my meaning. 
Suppofe in the fecond propofitien you were required to add the 
TeCtangle.contained by AB and BC to the rectangle contained by 
AB and AC ; thefe taken together make the fquare of AB: again 
if from the fquare of AB you take away the rectangle contained 
by AB and BC; the remainder is the rectangle contained by AB 
and AC; all this is obvious from the infpection of the figure; but 
as thefe confequences may be. wanted when the figure is not at 
hand for infpection, the reader ought ta be able to derive them 
readily from any fingte ftraight line cut into'two fegments. ' But 
again in the third propofition if you add the. rectangle contained by 
AC and CB to the fquare of CB it makes the rectangle contained 
by AB and BC ; or if you add the re&angle contained: by AC and 
'CB:to the fquhre of AC it makes the reftangle contained by AB 
and. AC : And farther if from the rectangle contained. by AB and 
BC you take. away the fquare of. BC there remains the rectangle 
contained by AC and CB... 
.. In the fourth propofition if you take the fquares of AC and CB 
from the fquare of AB there is left the rectengle contained by- AC 
and.CB taken twice: or if the fquare of AC be added to the 
rectangle contained by AC and CB taken twice; their füm will be 
equal to the difference between the fquares of AB and. BC ; and 
this is alfo obvious from the. infpection of.'the. figure. . 
. The fifth propofition, in. which.is compared the re@angles nvade 
| ms the equal fegments of a line with thofe made by the unequal 
meet 
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fegments, furnithes frequent opportunities for this kind of | prac- 
tice; thus if from the fquare of half the line BC you take away 
the (quare of CD the remainder is the the rectangle contained by 
AD and DB; and this íquare of CD added to the rectangle con- 
tained by AD and DB-makes up the fquare of half the line. And 
jin the fixth propofition if from the íquare of CD you take the 
{quare of CB the remainder is the rectangle contained by AD and 
DB. One might juft obferve upon the fifth; that the re&angle con- 
tained by AD and DB and the {quare of BC are bounded by the 
fame extent of linc; but that thc {paces inclofed differ by the 
íquare of CD. 

It would be tedious to be more. particular ibd this fubje& ; i 
fall therefore conclnde with obferving. that fquares are generally 
added together or fubftracted from one another by the forty feventh 
propofition of the firft book ; and that they are doubled by the 
efiiftance of a sight angled ifofceles triangle as.in the ninth and 
tenth propofitions ; and may be halved upon the fame principles.. : 


CHAP. IV. 


^ n which: is Jbewn tbe abjurdity of M numbers fo m the 
propefitions in this book. 


IE you draw two isdefinite &raight lines at right angles tb cach 
other, snd cut poff from ope, Seven equal parts, beginning at the 
engular point, and from the other four of the fame cquol párts, 
and compleat the right angled parallelogram ; then, through each 
of the divifions, drawing lines parallel to the fides of the rectangle; 
. &he whole fürface i$ divided into.fquares all equal and twenty eight 
in number, which is the product of four multiplied by feven. And 
becagfe this parallelogram, is equal to any other.upon the fame or 
an equal bafe and between the fame parallel lines; and a triangle 
in the fame cifcumftances, the half of it: therefore this other 
parallelogram, though not divifible into fquares, is faid tà contain 
, twenty eight füch fquares ; anil the. triangle. fourteen of the fame. 
And as sny s¢Qilineal, Agureiio divifible into tciangles, upon thefe 

principles 
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‘principles any rectilineal figure may have its contents expreft im: 
{quare meafure, inches feet or yards. according to the meafure by: 
which you fuppofe your lines to be divided. 

Now this way. of exprefling the furface or contents of 2 right 
angled parallelogram in fquare mesfure by the product of the two 
fides about one of the right anglee, hes introduced & very abfurd 
praétice upon this fecond book, which fome fac§tious gentlemen 
have been pleafed to fiile illuftrations. - 

' But we thal} be beft able to decide-how far this method of opera~ 
tien can be called an itluftration by confidering the ufe for which 
it:is intended. Now the'commor affairs of life require, that we 
fhould pay & particular ettettion to fmalf end large portions of èx- 
tenfion within certain limite; which made it neceffary to affüme 
perticular parts of exterifion as a common meafüre ;. and for this 
purpofe at firít certain perts of the hunian body feemed to have 
been ufed ag is obvious from the names of meafures 5 an inch, 2 
foot, a {pan &c. and very probably he who obfervead that the feet 
of different men were unequal in length,’ and thus proved the ne- 
ceffity-of heaving fome frxt ftandard meafure, ftdod pretty high irm 
the opinion of his cotemporaries for ingenuity. ‘Suppofe them to 
have :-made the Qandard meature which we eall afoot; for fome 
puspofes this- would be too larpe.end for'others téo final: "Phe dif- 
teace of one pice from anotlict expreft in'fect could bring no dif 
tin® idea to the mind; it would be an improvement fo take three 
feet and make an unit of that, under the different mame of a yard, 
but fil] more ‘to take one thowfand fever hindred and fixty yards 
and call ita mile. And by fuch contrivances out perceptions of 
diftance might be made toflerably accurate and fuited to our cir- 
cumftances. Surfaces are meafured upon the fame plan, and expreft 
un fquare feet, yards or miles upon the principles explained above: 
and to the great comfort of the unthinking part of mankind alk 
furfaces may be compared in a manner fufhciently accurate for the 
purpofes of. common life, not only without our ever attending to a 
furface ; but what is more without our having any notion of ex- 
tenfion. For our attention is turned to no particular kind of mag- 
nitude, as we are only to confider whether one number be greater 
than another ; and here it is not neceffary to form your judgement 
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by the nature of numbers, but by a particular method of notation 
which you have been taught. 

It would be ftrange enough to put one upon meafuring fuch fi- 
gures as Euclid treats of in this fecond book, in order to get at 
thofe properties which he fays belong to them ; but it would be 
the greateft abfurdity to call this an illuftration of Euclid’s demon- 
{trations ; as the two methods are founded upon principles, in a 
certain {enfe dire&ly contrary to each other: thefe menfurations 
drawing the reader's attention from Euclid's plan to fix it upon 
fomething elfe ; or, more properly fpeaking, upon nothing. Nei- 
ther is the conclufion {cjentifically accurate ; for the lines taken at 
a venture cannot be divided according to any meafure ; particularly. 
if the line be cut as is required in the eleventh propofition, it is 
impoflible to meafure it and its parts. But to reft this matter en- 
tirely upon the moft material objection, viz. that it is directly 
contrary to Euclid’s ideas. He teaches how to turn any reGilineal 
figure into a {quare in the laft propofition of this book. Which 
fhews that his plan is to make every ftep we take the obje& of the 
underftanding, and therefore does not prefent a multitude of things. 
to the mind which it is impoflible for it to comprehend, but two 
diftinct things for its contemplation ; be does not exprefs irregular: 
figures by a multitude of {mall {quares of any particular name ; 
but reduces any two, which he may have occafion to compare, to 
two fquares; nor has his reafoning a reference to any particular 
mea{ure. In fhort if my intention was to purchafe figures, I might 
truft to this practice ; but if I meant to reafon * their proper- 
tics it muft be entirely laid afide, ; 
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HE triangle and rectangle two of the great inftruments of 
geometrical inveftigation, being confidered, Euclid proceeds 
to the third, which is of no lefs importance than either of the other 
two. And is here in its proper place, becaufe the properties of 
the circle are derived, partly from the triangle, and partly from 
the rectangle. 

In the fecond book the propofitions are arranged according to 
their fimplicity ; and not as in the firft book according to the de- 
pendence. which the propofitions have upon each other: becaufe 
the tenth might be read firft, for any connexion which it has with 
the firít nine propofitions ; the four laft indeed are connected with 
fome of the preceeding propofitions, but none of the others. In 
this third book the arrangement is made partly according to the 
fimplicity of the properties and partly according to the connexion 
which they have with one another ; and the explanation of this 
arrangement with fome remarks upon the method of demonftration 
fall be the fubject of this differtation. 









CHAP. I. 
Containing remarks upon the arrangement of the propofitins. 





IN the two firft books our author cónfiders the circle on ly as 
2 mechanical inftrument, and the ufe made of it, refts, entirely 
upon the third poftulate ; and unlefs it were introduced upon a dif- 
ferent footing, it could hardly be reckoned a geomettical figure. 
In fhort in the firft two books it is only a pair of compafles with 
«n indefinite extent and perfedly accurate. But here in this book 
Vor. I. m it 
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it puts on a very different character, and is a geometrical figure 
bounded by one line called the circumference ; and it is alfo added 
that there is a certain point within the figure from which all the 
lines drawn to this circumference are equal ; but this point is to be 
found, before we can expect to make much of the properties of the 
circle. The firft propofition teaches us how to find a ftraight line 
. paing through this point; and not fimply a ftraight line, but a 
finite ftraight line, the cutting which in halves will find the center. 
This being found it feems both natural and neceffary to confder 
whether the circumference of a circle be totally and effentially djf- 
ferent from a ftraight line; which it is proved to, be, in the fecond, 
by fhewing that every ftraight line joining any two points in the 
circumference falls entirely within the circle, and can neither ap- 
ply itfelf to any part of the circumference, nor even meet it except 
in the two affumed points ; from whch it follows that, a ftraight 
line cannot cut the circumference of a circle in more points than. 
two. 

But to retyrn to the center; the inveftigation of, thjs point would 
fhew that the center will always be found in any ftraight line cut- - 
ting another, terminated by the circle, in halves and af right 
angles: this difcovery brings us directly to the third' propofition ;, 
for it would not be difficult to imagine that any ftraight line drawn 
from, the center to the point in which any line was cut in halves, 
would fall in with this perpendicular, and the contrary; and this 
would lead to the demonftration of the fonrth proppfition, which 
muft have been fuggefted already by the property: of the center, 
that all hnes paffing through it and terminated by the circle are cut in 
halves there; becaufe it would,be praper to demonftrate that no 
other point has this property, and it is here fhewn that not even 
two.lines. terminated: by.the circle.can. be cut in. halves; in any other 
point. But not to be tedious, the meditating upon the center would 
very -natusally lead to,the, difeoytrg oft the fifti fifteen propafitians ; 
and;it,is hardly to he imagined that a geometrician, wouldidrop, tha 
contemplation, of, the fecond: propofitian hefare he had. difcovareds 
in what manner a, ftraight line,drawn through. any .pojnt in.the.cir- 
qumference. of. the circle would meet. its. cireumfetence,, which. 
would . lead, to. the, confideration of. the. ftrentn . feveatacicia; 
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eighteenth and nineteenth propofitions. And it would be very pro- 


per for the ftudent to examine the firít ninetéen propofitions oe 
and again, befoté lie proceed any farther in the book. 


CHAP. II. 
The fame Jubjett continued. 


THE fiett and fécond propofitions might lead in à vety édfy dnd 
naturai manier to the difcovery of the firit nineteen propofitions : 
but the idea of fimilat fegments is by Ao méans an obvious one; 
før the common notion i$ to the laft degréé vague and undetermi- 
nate: fo thas ever fince I could preténd to form any opinion upor 
this fabject, E have always regarded this as one of the moft maf- 
terly parte of geometry, of the moft fubtilé itivenfion, ánd as ha- 
ving the mioft extenifive and unexpsded cofifeqiencds ; and yet 
when it is once confidered that tive angle ad the center is: double of . 
the amgle at the circumference, it all follows in-a fimple and fec- 
mingly obvious manner ; for when it is once proved that all angles 
mn the: fame forment ara equab ;- if. they fhould: óhcé begin to'cón- 
jecture that theío angles did rot depend üpon any particular cir- 
de, but were fixe by the fegment of the circle which they were 
confidering, they would then arrivé at their definition of fimilar 
fog inents,. an the whole bufinefs. was dond: arid! fegments of circles 
could: be compared: with each: other not in 4! vague manner Birt at= 
conately ard with the fatie precifion as-réCilineal figures'; atid the 
equality of the circumferences of equal circles could bé'afcertained’ 
m a manner foll ag fatisfactory as the bafes df the’ two triangles 
are‘ proved. to be equal in the fourth’ propofition' of tliefirt book : 
aud thus we could: take one’ circutifeteneddoubld of treble of ano- 
ther, with thie fame eafe that orice ftraight lite diay Be miadé double’ 
or treble of another. It'is-not! eafy: to fey pofttively; what led theny 
to their definition of fimilar fegments, but the moft natural ftep to 
it feems to be the proving that the ‘angles in any femicircle are 
right angles, and that there: feeined- to bc no other citcumftance 
. about a fegment fixt except the angles which it contained. Thofe 
whio judge of the demonftration of a ‘ prdpofition by the number 
gm'z ` - of 
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of fteps which it contains are apt to pafs over the demonftrations 
of fome of thefe propofitions, as of little difficulty and lefs impor- ` 
tance ; but to the judicious they will appear, as they really are, of 
the firft importance in this fcience. The learner who would be 
properly acquainted with this fubject fhould confider the propofi- 
tions from the nineteenth to the thirty fifth, as all tending to the 
fame purpofe, and after giving them a very particular feparate éxa- 
mination, , carefully trace their connexion with each other. 

In the thirty fifth propofition it is faid that the rectangles con- 
tained by the fegments of lines interfecting one another within a 
circle are always equal; and the thirty fixth is, that the {quare of 
any tangent is equal to the rectangle contained by the whole cut- 
ting line, drawn from the fame point, and the fegment of it with- 
out the circle. From which it follows that if any number of 
ftraight lines be drawn from a point without a circle,, cutting the 
circle, the rectangles contained by the whole line and the part 
without the ciscle are all equal, which is the fame property as that 
delivered in the thirty fifth, when the lines interfe& one another 
within the circle. 

To conclude, the reader will perceive upon a careful examina- 
tion of this book, that there are three great fources from which 
the properties of the circle are derived, namely the center; the. 
fimilar fegments ; and the equal re&angles made by the fegments 
of lines terminated by it. We may fay indeed that they are all 
ultimately derived from the center ; but it appears. to me that the 
ftudent will find it very ufeful to confider them under thefe three 
diftinct heads. 

The plan of the fourth beok is fo very obvious and regular that 
it feems fufficient juft to advertife the reader, that it is taken up in 
performing four problems, inícribing the figure within the circle | 
defcribing the figure about the circle, infcribing a circle within the 
figure and defcribing a circle about the figure. 





CHAP. III 
Containing fome remarks on the demanftrations. 
EUCLID has a certain idea of demonftration which he inva- 


tiably adheres to; and although it be perfectly "- and accurate, 
. yet 
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yet it does not always take in every circumftance which beginners 
require to be put in mind of: this I mention to avoid the imputa- 
tion of vanity, left any additional hints to fit the demonftration 
‘more to the difpofition of beginners.might be looked upon as an 
attempt to fupply fome defe& in the demonftration : whereas they 
are intended only to remind the reader, that he may miftake the 
meaning of the demonftration, by trufting to the firft view which 
is prefented to his imagination. And I here again repeat, what has 
been mentioned before, that he fhould examine the fimpleft in- 
ftances fir, making them gradually more general until he arrive 
at fuch a conclufion as the nature of the thing requires, obferving 
what confequences have been drawn from every part. of the fuppo- 
fition, and whether any confequence depends upon a. particular po- 
fition of the lines; and this is to be done not from any hopes of 
correQing the author, but only to get the better of his own pre- 
judices ; becaufe the author's tafk would be endlefs and indefinite, 
if he fhould undertake to give fuch demonftrations as would remove 
all the prejudices which we are apt to take up upon this fubje&. 

In the fecond book, there is fomething fo determinate in the 
pofition of the lines, that any variation which the figures can un- 
dergo, either in fhape or fize, will hardly occafion any mifconcep- 
tion in the meaning of the propofition. But this is fo far from. 
being the cafe with regard to the figure which is the fubject of- 
this book, that by enlarging its fize it may feem to have very dif- 
ferent properties: for a circle defcribed only with a radius equal to 
the femidiameter of the Earth, will differ fo little from a ftraight line 
in its circumference, according to vulgar comprehenfion, that per- 
haps for an hundred yards it would make a more accurate ftraight 
line than was ever drawn by any inftruments: and how are the 
contacts, interfections and other properties of fuch. circles to be 
determined but by reafoning {cientifically from the nature of the 
circle. But neither the neceffity nor beauty of fuch demonftrations 
can be perceived by thofe who confine their notions to fuch circles 
as they can defcribe with a pair of compaffes. 

I have indeed humoured this kind of prejudice in the deícription 
of the figures for the fecond and fixteenth propofitions, becaufe I 
- never found a beginner who could enlarge his notions of thefe fi- 
gures to make the pofition which the — requires feem 

probable. 
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probable. The reader may therefore give thefe demonftrations a 
turn more fuitable to the figures by confidering that when he has 
proved, in the fecond propofition that DB is longer than DE and 
that they ace both drawn from the center, and as DB reaches only 
to the circumference, therefore the fhorter line DE cannot extend - 
fo far. In the fame manner, in the fixteenth DA being proved to 
be longer than DG ; and being both drawn from the center, and 
DA reaching only to the circumference the line DG cannot reach 
fo far; therefore the point G is within the circle, and confequently 
the line AF cuts the circle. Let no one imagine that I propofe 
this as a demonftration; I have only expreft myfelf thus in com- 
pliance with vulgar prejudice; for the legitimate demonftrations 
are thofe given by Euclid. 

In the eighth propofition the teader might juft obferve, that DK 
may: be proved to be fhorter than DL; in the fame manner that 
DF in the former part of the propofition is proved to. be defs than - 
DE; and it might be farther proper to compare this propofition. 
with the feventh ; when it will appear that they both contain the 
fame property. of the circle, only the point is taken within the 
circle in the one and. without it in the other; alío it may be proper 
to remark tbat the point D muft be in the plane of the circle, 
otherwife the line DM would not cut the circumference ; and the 
fame is to be obferved when we are required to draw a tangent 
from a point without a circle: and that the tangent itfelf muft be 
inthe plane of the circle. But Euclid takes it uniformly. for granted: 
that all his lines are in the fame plane. until. he comes to the eleventh 
book. In the ninth propofition the reader might fuppofe the poins 
E to be within. the angle ADB and: obferve- what difference it will 
make in the-demonftration; he cannot: then prove that DC will: be 
greater than. DB and? DB: than. DA; but he can prove that DB is 
greater than DC which is fufficient for his purpofe; Itv is. pobla 
to miftake the-meaning of the eleventh propofition, as.if it confi- 
ned the. contact of. the circles to: a. fingle point ;. but that is not: its 
meaning ; fuppofe any point of contact, the ftraight. line: joining 
the centers will'pafs through. the very. point which you take; for 
if the line. FG wag alf6 to. pafs. through another point of ‘contad, 
the abfurdity would be juft. as groat, that GD fliould be equal: to 
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GH and at the fame time greater, as that it fhould be lefs than 
GH and at the fame time greater. There is fomething rather fin- 
gular in the eighteenth propofition, for it fcems to me to be nothing 
but the corollary to the fixteenth propofition ; becaufe a tangent 
there; is a (lraight line at right angles upon the extremity of the 
diameter; according this notion therefore the one proves that AE 
is perpendicular to AB; and the other that AB is perpendicular to - 
AE. which is certainly the fame thing. Unleís it thould be. urged 
ia favour of Euclid that the corollary does not fay that every tan- 
gen is at right angles to: the diameter pafling through the point 
ef contact, hut only if it be at right angles it will be e tangent; 
but. it appears ta me that there is: no room for this. diftindion in 
the prefent cal ; for when we fay, thas AE is perpendicular to AB; 
it is not the converfe of that propofition to fay that AB is peipan= 
dicular ta AB. It would. be a proper exerciís for the fudent in 
aeading: the feventesnth pnopofition. v0) prove that two tangonté 
wight bo- drawa. foom any: point without a circle, and that they 
arg equal, though this. is.nat accordiag to Euslid’s plan. | 

E coms: now to the: twonticth. propofition, which. fhould be exa» 
mined: with: the greateft.care, by defenbing: figures for every diftinct 
cafs,. and. varying the pofitiom off the angolar. point through. the 
wholb. circumference BADC: after this.is.done.it will be: propen 
for tha ftudent ta make an obtufe. angle at the. circumference, 
which. will give hin ai particular kind: of angle: at:the center, and it 
nught admit af fome. difpute whether it.is to be reckoned:an. angle 
in. Enclíd's; fenfe: of; the word; however it may: be. proved: to- ba 
double:of the: obtufe angle at the:circumferenoe of the circle. — Ae 
this isa. very, fundamental propofition, the reader: may: juft.obforve; 
(what I have recommended to him for a conftant practice) the cori 
fequences which are drawn from every part of the fuppofition ; the 
angles are faid to be at the center and circumference ; and to ftand 
upon the fame circumference. Now if either of thefe circum- 
ftances be omitted, the triangles will not be ifofceles &c. The 
next propofition fhould alfo be particularly examined in all its 
cafes; when the fegment is greater than a femicircle, equal to a 
femicircle, and lefs than one; indeed if an angle increafing until. 
the lines take the fame direction is to be confidered as equal to two 
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right angles, and if what an angle wants of four right angles is to 
be regarded as an angle, there is but one cafe of the propofition ; | 
however if thefe do not make an angle, yet by drawing a line 
through the center they will be angles in Euclid’s fenfe of the 
term, and the demonttration of the other two cafes will be obvious. 

I fhall conclude my remarks upon this book by defiring the 
reader to take notice of a theorem which follows from the thirty 
third. propofition ; vie. If two triangles have their bafes. equal, 
and alfo the angles under which the bafes are extended ; and if 
they be between the fame parallel lines; the two triangles will be 
equal in every refpect. This is mentioned to fhew that the joining 
the properties of the circle to thofe of the triangle will enlarge 
our notions very much; becaufe we never could have diícovered 
this by the triangle alone. 

In the fifth propofition of the fourth book, Sim/on thinks that 
Euclid fhould have proved that the perpendiculars to the fides of 
the triangles will mect; and it feems to me equally neceffary to 
fhew that the tangents will-meet in the third propofition ; indeed 
if they did not the angle AKB would ceafe to be an angle, and 
AKB would be a ftraight, but it is equal to the outward angle of 
a triangle therefore &c. Or in both thefe inftances it may be de- 
monftrated as C/avius has done by joining AB in the one; and DE 
in the other; which brings them to the eleventh common notion. 

But although I recommend it to ‘every ftudent to examine all 
poffible fuppofitions, yet for .reafons which have been mentioned 
already fuch omiffions feem to me very confiftent with Euclid's 
plan of demonftration ; . for he fuppofes his reader attentive ; and 
therefore gives him only, what he judged to be the neceflary affif- 
tance. 
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BOOK I 


DEFINITIONS. 


x 


I. Poin T is that of which no part can be taken. 2. But 
A LINE bas length without breadth. 3. Alfo extremi- 


ties of a line are points. 4. Any Je which lies evenly 

between the points in itfelf is A STRAIGHT LINE. 5. And that 
i$ A SURFACE which has length and breadth only. 6. Alfo extre- 
mities of a furface, are lines. 7. Any furface which lies evenly 
between the ftraight lines in itfelf is A PLANE. 8. But A PLANE 
ANGLE is the inclination of lines to one another; that is of two 
lines in a plane, meeting each other and not lying in a ftraight 
line. g. Alfo it is called. A RECTILINEAL ANGLE, when the 
lines containing the angle are ftraight. 10. But when a ftraight 
line ftanding upon a ftraight line makes the adjacent angles equal 
to one another ; .each of the equal angles is A RIGHT ANGLE: and 
the ftanding ftraight line is 3 called A PERPENDICULAR £0 tbat on 
Vor. I. A which 
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Book I. which it ftands. 11. AN OBTUSE ANGLE is that which is greater 


I 


than aright angle. 12. But AN ACUTE angless that which is lefs than 
aright angle. 13. That which is an extremity of any thing is called 
A TERM. 14. The fpace bounded by one or more terms is called 
à FIGURE. 15. A CIRCLE isa plane figure bounded by one line, 
which is called a CIRCUMFERENCE: upon which all the ftraight 
lines falling, from oNE PoINT of thofe lying within the figure, are 
equal to one another. 16. And the point is called the CENTER of 
the circle. 17. But a DIAMETER of a circle is any right line 
drawn through the center, and terminated both ways by the 
circumference of the circle: which alío divides the circle into two 
equal parts. 18. Alfo A $EMI-CIRCLE is the figure bounded by 
a diameter, and the circumference of the circle cut off by it. 
I9. A SEGMENT of a circle is the figure bounded by any ftraight 
line and the circumference of a circle. 20. The figures bounded 
by ftraight lines are called RECTILINEAL FIGUREs. 21. Of 
thefe, fuch as are baunded by three, are called TRILATERAL. 
22. As thofe by four QUADRILATERAL. 23. But thofe bounded 
by more than four ftraight lines are called MULTILATERAL. 24. 
Again of trilateral figures, AN EQUILATERAL TRIANGLE particu- 
larly is that which has three equal fides. 25. But an ISOSCELES, 
that which has only the two fides equal. 26. And a scALENE, that 
which has the three fides unequal. 27. But moreover of trilateral 
figures, that again is à RIGHT-ANGLED TRIANGLE, Which has 
a right angle. 28. And an OBTUSE ANGLED friangh, that which 
has an obtufe angle. 29. AHo that which has three acute angles, 
an ACUTE-ANGLED ¢friangh. 30. But of quadrilateral figures, 
that is à SQUARP, which is equilateral and rectangular. 31. And 
ån OBLONG, that which though rectangular is not equilateral, 
32. And a RHOMBUS, though equilateral, is not reĝangular. 
33. But tbat which is neither equilateral, nor rectangulas, having 
Only its oppofite fides and angles equal to one another, 4 a RHOM< 
BOIDES. 34. And al otber quadrilateral figures oxcent thefe 
may be called TRAPEZIUMS. 35. Any ftraight lines, whieh are 
in the fame plane, and being produced indefinrely towards both 
fides meet each other on neither, are, PARALLELS. 

| P O'S 


OF EUCLID. . 3 


POSTULATES. 


r, Let it be taken for granted, that a ftraight line may be 
drawn from any one point to any other point. 2. And that a fi- 


nite ftraight line may be produced in a ftraight line continually. 
3. Alfo that a circle may be defcribed with any center and at. 


any diftance. 


COMMON NOTIONS. 


1. Magnitudes, which are equal to the fame magnitude, are 


equal to one another. 2. And if equal ones be added to equal 
ones, the wholes are equal. 7. And if from equals, equals be 
taken away, the remainders are equal. 4. And if to unequals, 
equals be added, the wholes are unequal. 5. Alo if from une- 
quals, equals be taken away, the remainders are unequal. 6. And 


the doubles of the fame are equal to one another’ 7. Alfo the 


halves of the fame are equal to one another. 8. Magnitudes 
which fit each other exactly are equal to one another. 9. Alfo 
the whole is greater than its part. 10. And all right angles are 
equal to one another. 11. And if a ftraight line meeting two 
ftraight lines, make thofe angles, which are inward and upon the 
fame fide of it, lefs than two right angles, the two ftraight lines 
being produced indefinitely will meet each other on the fide where 
the angles are lefs than two right angles. 12. Alfo two ftraight 
lines do not inclofe a fpace. 


PROPOSITION I. 


Upon a given finite firaight line to defcribe an equilateral tri- 
angle. 
‘Let AB be the given finite ftraight line: it is required to de- 
fcribe an equilateral triangle upon the ftraight line AB. 
With the center A and at the diftance AB (by poft. 3.) let the 
circle BCD be defcribed: and again, with the center B, but at 
A 2 the 


Book I. 


mynd 
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Book I. the diftance BA (by poft. 3.) let the circle ACE be defcribed : and 
=~~ from the point C in which the circles cut one another (by poft. 
1.) let the ftraight lines CA, CB, be drawn to the points A and B. 


Since therefore the point 


C 
A is the center of the circle 
BCD (by Def. 15.) AC is 
equal to AB: again, becaufe | E. 











the point B is the center of 
the circle ACE (by Def. 15.) 
BC is equal to BA. But it 
has been alío demonítrated 
that CA is equal to AB; each 
therefore of the fraight hnes CA, CB is — to AB; but (by 
com. not. 1.) magnitudes which are equal to the fame magnitude 
are equal to one another, and the fraight line CA is therefore 
equal to the fraight line CB; wherefore the three ftraight lines 
CA, AB, BC are equal to one another. 

The triangle ABC is therefore (by Def. 24.) equilateral, and 
is defcribed upon the given finite ftraight line AB. Which 
was to be done. 





PROP. II. 





At.a given point, to place a ftraight line, equal to a given 
ftraight line. 

Let the given point be the foin? A, and the given ftraight line 
the fraight ine BC: it is required at the point A to place a ftraight 
line equal to the ftraight line BC. 

For let the ftraight line AB be drawn (by poft. 1.) from the 
point A to the point B: and upon it let the equilateral triangle 
DAB be defcribed (by prop. 1.) and let the ftraight lines AE, 
BF be produced (by poft. 2.) in ftraight lines with DA and DB; 
and then with the point B as a center and at the diftance BC, let 
(by poft. 3.) the circle CGH be defcribed: and again, with the 
point D as a center, and at the diftance DG let (by poft. 3.) the 
circle GKL be deícribed. 

Since 
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Since therefore the 
point B is the center of 
the circle CGH the 
frraight line BC is (by 
def. 15.) equal to BG: 
and again, becaufe the 
point D is the center of 
the circle GKL the 
Araighbt line DL is equal 
to the ſtraigbt line DG 
(by Def. 15.) the parts 
of which viz. the /?raigAt 
ine DA is equal to the 
Araigt line DB, therefore 
the fraght ine. AL the 
remainder is equal (by 


K 


H 


V 


F 


\ 


com. not. 3.) to the fraight line BG the remainder, but the 
fíratgbt line BC has been fhewn to be equal to the ffrasght hue 
BG: each therefore of the /raight lines AL, BC is equal to the 
fraight line BG ; but magnitudes equal to the fame, are alfo equal 
to one another: and therefore the /raigbt line AL is equal to the 


frraight line BC. 


Wherefore at the given point A, the ftraight line AL is placed ` 
equal to the given ftraight line BC. Which was to be done. 


III. 


Two unequal ftraight lines being given, to cut off a part from 


the greater equal to the lefs. . 


Let the frraight: lines AB and C be the two unequal ftraight lines 
given.: it is required from the greater the /iraight ine AB to cut 
off a ftraight line equal to the ftraight line C the lefs. 

' Place (by prop. 2.) at the point A a ftraight line AD equal to 
the //raigbt line C ; and then with the foi. A for: a center, ‘but at 


the diftanca AD,' let.the circle DEF be. defcrihed. /. 


_ And 
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Book I. And fince the point A is the 

~ center of the circle DEF, the 

ftraight line AE is equal to the 

ftraight line AD (by def. 15.) but 

the /f/ratgbt line C is alfo equal to 

the frraight dine AD: each there- 

fore of the fraight lines AE and C 

is equal to the fraight lme AD: 

wherefore alfo the fraight line AE 

is equal (by com. not. 1.) to the 
ftraight line C. 

Wherefore two unequal ftraight lines AB and C being given, 

from the //ra;gbt ine AB the greater, the ffraight tine AE has 

been cut off equal to the frasght line C the le(s. Which was . 

to be done. 





PROP. IV. 

If two triangles have the two fides equal to the two fides, cach 
to each, and have the angle equal to the angle, the angle contained | 
by the equal ftraight lines: they fhall alfo have the bafe equal to 
the bafe, and the triangle fhall be equal to the triangle; and the 
other angles under which the zwo equal fides are extended, íhall be 
equal to the other angles, each to each. 

Let the triangles ABC, DEF be two triangles having the two 
fides the fraight ines AB, AC equal to the two fides the fraight 
lines DE, DF each to each, the one, the fraight ine AB to the 
frraight ine DE; the other the frraight hne AC to the fraight hue 
DF ; and an angle, that contained by BA, AC or BAC equal to 
that contained by ED, DF or EDF: I fay, that alfo the fraight line 
BC a bale is equal to the fraight lne EF a bafe: and the triangle 
ABC fhall bo equal to the triangle DEF, and the other angles, un- 
der which the fwo equal fides are extended, fhall be equal to the 
other angles each to each; the one, the angle contained by AB, BC 
or ABC to that contained by DE, EF or DEF; the other, that 
contained by AC, CB or ACB to that contaméed.by DF, FE ar 
DFE. 

For 
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For the triangle ABC be- | A. 
ing applied to the triangle 
DEF; and the point A in 
particular being put upon the 
point D, but the ftraight line 
AB upon the upon the fraight 
ime DE, alfo the point B will B C E F 
apply itfelf to the point E, 
becaufe the fraight line AB is equal (by fuppofition) to the 
fraight line DE: but the fraight ine AB having applied itfelf to 
the Araight line DE, the ftraight line AC will alfo apply itfelf to 
the fraight line DF, becaufe the angle contained by BA, AC or 
BAC is equal to that contained by. ED, DF or EDF (by fupp.) : 








wherefore alfo, becaufe again (by fupp.) the fraight line AC is. 


equal to the fraight ine DF, the point C will apply itfelf to the 
point F': certainly alfo the point B has applied itfelf to the pornt E, 

wherefore the fraight line BC a bafe, will apply itfelf to the //razgbt 
line EF a bafe: for if, the one, the £ozmz B having applied itíelf 


Book 1. 


to the posnt E, and the other, the point C to the point F, the 


Jiraight line BC a bafe will not apply itfelf to the frargbt hne EF, 


two ftraight lines will inclofe a fpace, which (by com. not. 12.) ` 


is impoflible: therefore the fraight ine BC a bafe will apply itfelf 
to the fraight ine EF, and (by com. not. 8.) will be equal to it: 
wherefore alfo the whole, the triangle ABC will apply itfelf to the 
whole, the triangle DEF, and (by com. not. 8.) will be equal to 
it: and the other angles will apply themfelves to the other angles, 
and (by com. not. 8.) will be equal to them; the one coxztained 
by AB, BC or ABC to that contained by DE, EF or DEF; the 
other contained by AC, CB or ACB to that contained by DF, FE 
or DFE. 

If therefore two triangles have the two fides equal to the two 


fides, each to each, and have the angle equal to the angle, the ax-. 
gie contained by the equal ftraight lines: they fhall alfo have the © 
bafe equal to the bafe, and the triangle fhall be equal to the triangle; | 
and the other angles, under which the fwo equal Gdes are exten- 


ded, íhall be equal to the othes angles, each to each. Which was 
to be demonftrated. 


PROP. 
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PROP. V. 


The angles at the bafe of ifofceles triangles are equal to one 
another; and if the equal ftraight lines be produced, the angles un- 
der the bafe fhall be equal to one another. 

Let the ¢riangle ABC be an ifofceles triangle, having the fide 


` AB equal to the fide AG, and fet the ftraight lines BD, CE be 


produced in ftraight lines to AB, AC; I fay that the one, the 
angle contained by AB: BC or ABC is * to the angle contained by 
AC, CB or ACB; the other, contained by CB, BD or CBD to the 
angle contained by BC, CE or BCE. 

Let any point which you may accidentally happen upon, as the 
point F be taken in the line BD, and let the fraight line AG be cut 
off (by prop. 3.) from the greater the fraight line AE, equal to 
the lefs the ftraight line AF ; and let the ftraight lines FC, GB be 
drawn. 


Since therefore the one fraight hne AF is 
equal to the ftraight line AG and the other 
AB to the fraight ine AC, certainly the two 
FA, AC, are equal to the two, GA, AB, 
each to each, and they contain a common 
angle, the angle contained by FA, AG or 
FAG: therefore (by the 4th prop.) the 
ftraight line CF a bafe is equal to the fraight 
line GB a bafe, and the triangle AFC will be 
equal to the triangle AGB, and she other 
angles will be equal to the other angles, each 
to each, under which the equal fides are ex- 
tended, the one contained by AC, CF or ACF to the angle con- 
tained by: AB, BG or ABG, and the other contained by AF, FC or 
AFC to the angle contained by AG, GB or AGB. 

And fince a whole the ſtraight line AF is equal to a whole the 





frraight line AG, parts of which the fraight line AB is equal to the 
Araight line AC, wherefore (by com. not. 3.) the fraight line BF a 


remainder is equal. to the ffra:gb£ line CG a. remainder: but the 
| Kfraight line FC has been proved equal to the Araighi dine GB; cer- 
— tainly 
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tainly the two BF, FC are equal to the two CG, GB, each to each; Book I. 
and an angle the angle contained by BF, FC or BFC is equal to an ~~ 
angle, the angle contained by CG, GB or CGB, and the /raight 
dine BC is a common bafe of them. And therefore (by the 4th 
prop.) the triangle BFC will be equal to the triangle CGB, and 
the other angles, under which the fwo equal fides are extended, 
will be equal to the other angles, each to each; wherefore the one 
contained by FBC is equal to the angle contained by GCB; and the 
other contained by BCF to the angle contained by CGB.  Becaufe 
therefore 4 whole the angle contained by ABG has been proved equal 
to a whole the angle contained by ACF, parts of which, the angle 
contained by CBG is equal to that contained by BCF, therefore the 
angle contained by ABC which remains is equal (by com. not. 3.) 
to that contained by ACB which remains, and they are at the bafe 
of the.triangle ABC ; but the angle contained by FBC has been alfo 
proved equal to that contained by GCB, and they are under the bale. 

Wherefore the angles at the bafe of ifofceles triangles are equal 
to one another; and if the equal ftraight lines be produced, the 
angles under the bafe fhall be equal to-one another. Which was 
to be demonftrated. : 


PROP. VI 


lf the two angles of a triangle be equal to one another, alfo the 
fides extended under the equal angles, fhall be equal. 

Let there be a triangle the £rzz22g/e ABC, having the angle c con- 
tained by ABC equal to the angle contained by ACB : I fay alfo 
that a fide, the fraight line AC, is equal to a fide the ftraight line AB. 


For if the fraight Ane AC is unequal to A 
the fraight line AB, the one of them is 
greater: let the ftraight line AB be the 
greater ; and (by prop. 3.) let the ftraight 
line DB be cut off from the greater the 
frraight ine AB equal to the lefs the fraight 
line AC, and let the freight line DC be 
drawn. 
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Since therefore the /raight line DB is equaf to the frasght hne 
AC, but the fraight kne BC common; certainly the two DB, BC 
are equal to the two AC, CB, each to each; and an angle, the 
angle contatned by DBC is equal to the angle contained by ACB (by 
fupp.); wherefore (by prop. 4.) the fraight line DC a bafe is equal 
to the fraight line AB a bafe, and the triangle ABC will be equal 
to the triangle DCB, the greater to the lefs which is abfurd (by 
com. not. g.); wherefore the fraight iine AB is not unequal to the 
ftraight line AC; therefore equal. 

If therefore the two angles of a triangle be equal to one another, 
alfo the fides, extended under the equal angles, fhall be equal. 
Which was to be demonftrated. 


PROP. VII. 


Upon the fame ftraight line, other two ftraight lines, equal each 
to eaclr to the fame two ftraight lines, will not join together at dif- 
ferent points towards the fame parts, if they have the fame extre- 
mities as the firft ftraight lines. 

For if it be poffible, upon the fame ftraight line the fraight line 
AB, let other two ftraight lines, the fraight ines AD, DB equal, 
each to each, to the fame two ftraight lines, the fraight hnes AC, 
CB, be joined together at different points, the pommts.C and D; 
the points C and D being towards the fame parts; having the fame 
extremities the pomts A, B as the firft ftraight lines; fo that the 
one CA be equal to the ffrarght line DA, having the fame extre- 
mity with it, the pot A ; and the other CB to the right line DB, 
having the fame extremity with it, the foin? B: and let the ftraight 
line CD be drawn. 

Since therefore the fraight hue AC is. - 
equal to the fraight line AD, alfo an angle 
the angle contained by ACD is equal (by 
prop. 5.) to the angle contained by ADC: 
wherefore the angle contamed by ADC is 
greater than the angle contained by DCB; 
therefore the angle contained by CDB is 
is greater by much than the angle contained . 
by DCB. wol wee 
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| Since again the ffraigbt line CB is equal to the firaight line DB 
(by fupp.) alfo an angle the angle contained by CDB is equal (by 


Book I. 


prop. 5.) to the angle contained by DCB: but it has been fhewn to - 


be much greater than it, which is impoffible. 

Therefore upon the fame ftraight line, other two ftraight lines 
equal, each to each, to the fame two ftraight lines will not join to- 
gether at different points towards the fame parts, if they have the 
fame extremities as the firft ftraight lines. Which was to be de- 
monítrated. 


PROP. VIII. 


If two triangles have not only the two fides equal to the two fides, 
each to each, but have likewiíe the bafe equal to the bafe; they 
fhall alío have the angle equal to the angle, the angle contained by 
the equal ftraight lines. - 

Let there be two triangles, the triangles ABC, DEF having the 
two fides the fraight línes AB, AC equal to the two fides the f?ra:gbt 
lines DE, DF, each to each, the one AB to the /ftratght tne 
DE, and the other AC to the ftraight ine DF ; but let them have 
alfo a bafe the firaight line BC equal to a bafe the Straight line EF, 
I fay alfo that an angle, the angle contained by BAC is equal to an 
angle, the angle contained by EDF. 

For the triangle ABC being ap- A 
plied to the triangle DEF, and of 
only the point B being put upon the 
point E, but alfo the ftraight line 
BC being put upon the /ftraight Jine 
EF, the point C alfo will apply sz- 

[ejf to the point F, becauſe the ſtraigbt : 
line BC is equal to the ftraight line Ë CE F 
EF : certainly the ftraight sine BC having applied ilf to the 
firaight line EF, alfo the ftraight lines BA, AC will apply them/elves 
to tbe //raigbt lines ED, DF: for if a bale as the fraight line BC 
fhould apply st/elf to a bafe the fraight line EF, but the fides BA, 
AC do not apply themfelves to the Sraight lines ED, DF, but 
unge. their direction from them as the firaight lines EG, GF; upon 

B 2 the 





the fraight line AF common, cer- 
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. the fame ftraight line, other two ftraight lines equal, each to each, 


to the fame two ftraight lines will join together at different points 
towards the fame parts, having the fame extremities; but (by 
prop. 7.) they do not join together; and the fides BA, AC, cannot 
therefore not apply them/elves to the fraight nes ED, DF, the bafe 
BC applying itfelf to the bafe EF, wherefore they do apply them- 
felves, fo that alfo an angle the angle cantained by BAC will apply 
stfelf to the angle contained by EDF, and fhall be equal to it (by 
com. not. 8.) 

If therefore the two triangles have the two fides equal to the two 
fides, each to each, and have the bafe equal to the bafe; they fhall 
alfo have the angle equal to the angle, that which is contained by 
the equal ftraight lines, Which was to be demonftrated. 


PROP. IX. 


To cut a given rectilineal angle in halves. 

Let the given rectilineal angle be, the angle contained by BAK: - 
it is required to cut it in halves. 

Let the point D be taken, any accidental point in the fraight Jine. 
AB; and let the fraight line AE be cut off (by prop. 5.) from the 
frraight line AC equal to the fraight line AD, and let the ftraight 
line DE be drawn (by poft. 1.) and (by prop. 1.) let the equilate- 
ral triangle the triangle DEF be defcribed upon the ftraight line 
DE and (by poft. 1.) draw the ftraight line AF: I fay that the an- 
gle contained by BAC is cut in halves by the ftraight line AF. 

For fince the fraight line AD is 
equal to the fraight ine AE, but 


tainly the two, the fraight lines 
DA, AF are equal to the two EA, 
AF, each to each, and a bafe she 
the fraight line DF is equal to a 
a bafe the fraight line EF ; there- pg 
fore (by prop. 8.) am angle, the 
angle contained by DAF is equal to 
an angle, the angle contained by EAF. 





Wherefore 
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Wherefore the given rectilineal angle, the angle contained by Book I. 
BAC is cut in halves by the raighe line AF. Which was to be ^7 
done. 


PROP. X 


To cut a given finite ftraight line in halves. 

Let the //raigbt line AB be the given finite ftraight line: itis re- 
quired to cut the fraight line AB in halves. 

Let an equilateral triangle the triangle ABC be defcribed (by 
prop. 1) upon it, and let the angle contained by ACB be cut in 
halves (by prop. 9.) by the ftraight line CD: I fay that the ftraight 
line AB is cut in halves in the point D. 

For fince the ffraigbt line AC is equal C 
(by conftruction) to the frraight line CB, 
but the ſtraight line CD common, certain- 
ly the two AC, CD are equal to the two 
BC, CD, each to each, and an angle, the 
angle contained by ACD is equal (by conft.) 
to the angle contained by. BCD: therefore 
(by prop. 4.) a bafe the fraight ine AD 1s 
equal to a bafe the fraight line BD. A D B 

Wherefore the given finite ftraight line the /raight hne AB is 
cut in halves in the point D. Which was to be done. 





PROP. XI. 


To draw a ftraight line at right angles to any given ftraight Ane 
from any point given in it. 

Let the one, the given. ftraight line be the fraight line AB, and 
the other the given point in it the fos? C: it is requited from the 
point C to draw a ftraight line at right angles to the fraight ine AB. 

Let any point which you may accidentally happen upon, as the 
point D be taken in the fraight ine AD; and let the ftraight line 
CE be placed (by prop. 3.) equal to CD, and let an equilateral 
triangle the friangle DFE be defcribed upon. the fraight ine DE, 
and let FC be drawn. [fay that a.ftraight line the fraigt line FC 

: hath 
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hath been drawn at right angles to the given ftraight dime the fraight 
line AB, from any point given in it the point C. 


For fince the ftraight line CD F 
is equal to the frraight kne CE 
(by conft.) and the ftraighe line 
CF common; certainly the two 
DC, CF are equal to the two 
EC, CF each toeach; anda bafe 
the firaight line DF is equal (by 4 
conít.) to a bafe the //ratgbt a 
EF : wherefore (by prop. 8.) an angle the angle contained by DCF 
is equal to an angle the angle contained by ECF, and they are ad- 
jacent or ceg/equent : but when a ftraight line ftanding upon a 
ftraight line makes the adjacent angles equal to one another; each 
of the equal angles is a right angle: therefore each of the angles 
contained by DCF, FCE is a right angle. 

Wherefore a ftraight line the fraight ize FC hath been drawn at 
right angles to the given ftraight dine the ftraight line AB, from 
any point given in it the port C, Which was to be done. 
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PROP. XII 


To draw a perpendicular ftraight line upon any given indefinite 
ftraight /ime, from any given point, which is not in it. 

Let the one, the given indefinite ftraight Ame, be the firaight 
dine AB, and the other, the. given point, which is not in it; de the 
point C; and it is required upon the given indefinite ftraight sine, 
the Araight line AB, from the given point, the point C, which is 
not in it, to draw a perpendicular ftraight line. 

For on, the other, fide of the ftráight line AB take any point 
svhich- you may accidentally happen upon as the: &a/s D and with 
the paint C indeed for a center, but at the diftance CD let a circle 
be defcribed, the circle FGE ; and let the ftraight line FG be cut 






-in halves (by prop. ro.) in tbe. point H, and let the firaight lines 


CF, CH, CG be drawg (by pok. 1.): I fay that upon the given 
indefinite ftraight line,. the Braigit ing AB, from. the given point, 
the point'C, whichis not in it, a Peet hath been drawn, 
the ftraight line CH. For 
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For fince the ftraight line FH 
is equal to the frra:ght line HG (by 
conft.) and the ftraight line HC 
common; certainly the.two FH, 
HC are equal to the two GH, HC, 
each to each; and a bafe the 
ftraight line CF is equal (by def. 4 
15.) to a bafe the fraight line co;^ 
wherefore (by prop. 8.) an angle, 
the angle contained by CHF is equal to an angle, the angle ditus 
by GHC, and they are adjacent: but when a ftraight line ftanding 
upon a ftraight line makes the adjacent angles equal to one ano- 
ther; each of the equal angles is a right angle: and the ftanding 
ftraight line is called a perpendicular £o tAat on which it ftands. 

Therefore upon the given indefinite ftraight line the ffraight ine 
AB, from the given point, the $oís? C, which is no6 in it, a per- 
pendicular hath been drawn, the //ra;gbt line CH. Which was to 
be done. 





PROP. XII 


Whenever a ftraight line ftanding upon a ftraight line makes an- 
gles: it will make either two right angles, or angles equal to two 
right angles. 

For let any ftraight line, the ftraight line AB, ftanding upon a 
‘ftraight line the fraight ine CD, make angles, thofe contained by 
CBA, ABD: I fay that the angles contained by CBA, ABD are 
either two right angles, or equal' to two right angles. 

If indeed the angle contained by CBA | 
be equal to the angle contained by ABD, E A 
they are (by def. 10.) two right angles: 
but if not, let the ftraight line BE be 
drawn from the point B (by prop. 11.) 
at right angles to the fraight line CD : | 
therefore the angles contained by CBE, D B C 
EBD are two right angles: and fince the 
angle contained by CBE is equal to two, the angles contained by 
CBA, ABE ; let the angle contained. by EBD, a common one be 

added : 
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added : therefore (by com. not. 2.) the angles contained by CBE, 
EBD are equal to three, the angles contained by CBA, ABE, EBD. 
Again, becaufe the angle contained by DBA is equal to two, the 
the angles contained by DBE, EBA ; let the angle contained by 
ABC a common one be added: therefore (by com. not. 2.) the 
angles, the angles contained by DBA, ABC are equal to three, the 
angles contained by DBE, EBA, ABC: bùt the angles contained by 
CBE, EBD have alfo been proved equal to the fame three: but 
magnitudes which are equal to the fame magnitude, are equal to 
one another: and the angles contained by CBE, EBD are therefore 
equal to the angles contained by DBA, ABC: but the angles con- 
tained by CBE, EBD are two right angles, and the angles contained 
by DBA, ABC are therefore equal to two right angles. 

Whenever therefore a ftraight line ftanding upon a ftraight line 
makes angles; it will make either two right angles, or angles equal 
to two right angles. Which was to be demonítrated. 


PROP. XIV. 


If, with any ftraight line, and at the ie point in it, two 
ftraight lines, not lying towards the fame parts make the adjacent 
angles equal to two right angles, the ftraight lines fhall be in a 
ftraight line with one another. 

For with any ftraight line, the //raigbt /tne AB, and at the /ame 
point in it, the fom B, let two ftraight lines, the /ffraigbe lines 
BC, BD not lying towards the fame parts, make the adjacent angles, 
the angles contained by ABC, ABD equal to two right angles: I fay 
that the ftraight line BD is in a ftraight line with the frazght Une CB. 

For if the fraight line BD is not in a ftraight line with the 
frraight line CB; let the fraight line BE be in a /traight line: with 
the ftraight line CB. 

Becaufe therefore a ftraight line, | A 
the firaight ine AB ftands upon ^. d 
a ftraioht line, the fraight line 
CBE, therefore the angles contained 
by ABC, ABE are equal to two 
right angles: but the angles con- 
tained by ABC, ABD are alfo (by C B D 
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fup.) equal to two right angles: therefore the angles contained by Book I. 


CBA, ABE. are (by com. not, 1.) equal to the angles contained by ~V~ 
CBA, ABD; let what ts common, the angle contained by ABC be 
taken away, therefore what remains the angle contained by ABE is 
equal (by com. not. 3.) to what remains the angle contained by 
ABD, the lefs to the greater, which is impoffible: therefore the 
ftraight line BE is not in a ftraight line with the fraight line BC: 
certainly in the fame manner we íhall fhew that neither any other 
but the //raigbt hne BD is: therefore the fraight Ane CB is in a 
ftraight line with the fraight bise BD. 

Wherefore if, with any ftraight line, and at the fame point in it, 
two ftraight lines, not lying towards the fame parts, make the adja- 
cent angles equal to two right angles, the ftraight lines fhall be in a 
ftraight line with one another. Which was to be demonftrated. 


PROP. XV. 


If two ftraight lines cut one another they (hall make the angles 
at the vertex equal to each other. 

For let two. ítraight lines, the //ra;gbt ines AB, CD cnt one 
another at the point E: I fay that the one the angle contained by 
AEC is equal to the angle contained by DEB and the other contain- 
ed by CEB to the angle contained by AED. 

For fince a ftraight line, the /traigdt 
ine AE ftands upon a ftraight line the. 
Jiratght line CD, making angles, the an- 
gles contained by CEA, AED: therefore 
the angles contained by CEA, AED are 
‘equal to two right angles (by prop. 13.): 
again, becaufe a ftraight line, the fraight 
ine DE ftands upon a ftraight line, the 
Straight ine AB, making angles the angles contained by AED, 
DEB: therefore the angles contained by AED, DEB are equal to 
two right angles: but alfo the angles contained by CEA, AED have. 
been demonftrated £o be equal to two right angles: therefore (by 
com. not. 1.) the angles contained by CEA, AED are equal to the 
angles contained by AED, DEB: let the angle contained by AED 
"Vor. I. C which 
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wåich is common he taken away, wherefore (by com. not. 3.) the 
angle contained by CEA which remains is equal te the agge contained 
by BED which. remains: certainly in the fame manner it will be 
fhewn, that allo. the angles centamed by CEB, DEA are equal. 

If therefore twa ftraight lines cut one another they hall make 
the angles, at the vertex e other. Which was to he de- 
monitrated. 

Corollary. Certainly | it is manifeft from this, that alfo whatever 
number of ftraight lines cut one anather, they will "— the angles 
at the fection equal to four right engles. ; 


PROP. XVI. 


One of the fides of any triangle being — the outward 

angle is greater than either of thofe two which are within and op- 
ofite. 

E Let there be a triangle, the triangle ABC, and let one fide of it 

the ftraight line. BC be produced to the pamt D: I fay that the an- 

gle without, the angle contained by ACD is greater than either of 

thofe two which are within and appofite, the angles contained 

under CBA, BAC. 

Let the ftraight line AC be.cut in halves in the point E (by: prop. 
10.); and the ftraight line, BE being drawn (by poft. 1.).let it. 
(by poft. 2.) be produced to the point F, and let the ftraight line 
EF be placed (by prop. 3.) equal. to the fraigbt ize BE and ict. 
the ftraight line CF be drawa (by poft. 1.), and let the ftraight "m. 
AC be produced to G. 

Since therefore the one 

frraight hae AE is equal to the 
ftraight line EC (by conít.) 
and the other the //ra:gt line 
BE to the fraight line EF; 
certainly the two AE, EB 
are equal to the two CE, EF, : 
each to each, and an angle, — i 
the angle contained by AEB, ae, 
is equal to an angle, the angle 





` contained 
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contained by FEC (by prop. 15.) for they are vertical: wherefore Book T. I. 
(by prop. 4.) a bafe the /iraight line AB is equal to a bafe the —- 
ftraight line CF and the triangle ABE is equal to the triangle 
FEC, and the remaining angles áre equal to the remaining angles, 
under which the equal fides are extended, each to each : wherefore 
the angle contained by BAE is equal to the angle contained by ECF : 
but the angle contained by ECD is greater (by com. not. 9.) than. 
the angle contained by ECF: wherefore the angle contained by 
ACD is greater than the angle contained by BAE: in like manner 
alfo the ftraight line BC having been cut in halves, the angle con- 
tained by BCG, that is (by prop. 15.) the angle contained by 
ACD, is alfo greater than the angle contained by: ABC. 

Wherefore one of the fides of any triangle being produced, the 
outward angle is greater than either of thofe two which ere within 
and oppofite. Which was to be. demonftrated. 


PROP. XVII. 


The two angles of any triangle are lefs than two right angles, 
being interchanged every way. | 
Let there be a triangle the triangle ABC ; I fay that the two. an- 
gles of the triangle ABC are lefs than two right angles, being i in- 
terchanged every way. | 
For let the Straight line BC be mol. A 
ced to the point D. i | 
And fince the ‘angle contained by 
ACD is an outward angle of the triangle 
ABC, itis greater than the inward and : | 
appofite, the angle contaiged by ABC: .g ^ C D 
let a common one be added, the: auge . 
contained by ACB: therefore the angles contained by. ACD, ACB 
are preater (by com. not. 4.) than thofe contained by ABC, BCA; 
but the angles contained by ACD, ACB are equal to two right an- 
gles; therefore thofe conteined ABC, BCA are lefs tlran two right 
angles. And in likexmanner we íhall tbew that the angs contained 
by BAC, ACB are * — two rm ingles; à as alío theft contained 
by CAB, ABC. 
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Wherefore the two angles of any triangle arc lefs than two right 
angles, being interchanged every way. 


PROP. XVIII. 


The greater fide of every triangle fubtends the greater angle. 

Let there be a triangle, the friangle ABC, having the fide AC 
greater than the fde AB, I fay that alfo the angle contained by 
ABC is greater than the angle contained by BCA. 

For becaufe the ffraight line AC is greater than the fraight hine 
AB let the fraight line AD be placed (by prop. 3,) equal to the 
ftraight line AB, and let the fraight line BD be drawn. 

And fince the angle contained by ADB A 
is an outward angle of a triangle, the 
triangle BDC, itis greater(by prop.16.) D 
than the inward and oppofite, the an- 
gle contatned by DCB. But the angle 
contained by ADB is equal to the angle " B 
contained by ABD (by prop. 5.), becaufe the fide AB is equal to 
the fde AD: therefore allo the angle contained by ABD is greater. 
than the angle contained by ACB; wherefore the angle contained 
by ABC is much greater than the angle contained by ACB. 

Therefore the greater fide, of every triangle, fubtends the greater 
angle. Which was to be demonftrated. | 


PROP. XIX. 

The greater fide of every triangle is extended under the greater 
angle. 

Let there be a triangle, the triangle ABC, having the angle con- 
tained by ABC greater than ‘the angle contained by BCA; I fay that. 
alfo the fide AC is greater than the fide AB. | 

For if not: certainly the fraight line SN SA 
AC is equal to the f?raigbt ine AB, or ` | 


not equal to the fraight line AB, for then 
alfo an angle, the angle contained by ABC 
would be equal (by prop. 5.) to the angle © B 


contained by ACB : but (by fupp.) it is not: mhi: the firam bt 
line 
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Jine AC is not equal to the fraight line AB; neither is the fraight Book Y. 
hne AC lefs than the /frazgbt ine AB; for if it were lefs, then. 77 
(by prop. 18.) an angle the angle contained by ABC would be lefs 
than the angle contained by ACB: but (by fupp.) it is not: there- 
fore the fraight line AC 1s not lefs than the fraight line AB; but 
it has been demonftrated, that it is not equal 7o f£; wherefore the 
fide AC is greater than the. fide AB. 

Wherefore the greater fide of every triangle is extended under the 
greater angle. Which was to be demontftrated. 


PROP. XX. 


The two fides of every triangle are greater than the remaining 
fide, being interchanged every way. 

For let there be a triangle, the triangle ABC: I fay that the 
two fides of the triangle ABC are greater than the remaining fide, 
being interchanged every way: viz. BA, AC greater than BC ; and 
AB, BC greater than AC; laftly BC, CA greater than AB. 

For let the fraight line BA be pro- D. 
duced to the point D, and let the 
ftraight line DA be placed (by prop. 
3.) equal to CA, and let the fragbi 
line DC be drawn. 

Since therefore the fraight line DA 
is equal to the ftraight line AC, alfo 
(by prop. 5.) the angle contained by | 
ADC is equal to the angle contained by ACD: but the angle con- 
tained by BCD is greater than the angle contained by ACD (by © 
com. not. g.): wherefore the angle contained by BCD is aJ 
greater than the angle contained by ADC: and becaufe the friangle 
DCB is a triangle having the angle contained by BCD greater than 
the angle contained by BDC, and (by prop. 19.) the greater fide is 
extended under the greater angle, wherefore the /traight ine DB 
is greater than the fraight ine BC; but the ftraight line BD is 
equal to the ftraight lines AB, AC: therefore the ftraight lines 
BA, AC are greater than the ftraight line BC: certainly in the 
fame manner we fhall demonftrate that alfo AB, BC are greater 
than AC; and BC, CA greater than AB. There- 





C 
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Therefore of every triangle the two fides are greater than the 
remaining fde, being interchanged every way. Which was to be 
demonftrated. | ! 


PROP. XXI. 


If two ftraight lines be joined together within a triangle, upon 
one of its fides from the extremities of it, the joined lines (hall 
indeed be leís than the two remaining fides of the triangle, but 
will contain a greater angle. 

For let two ftraight lines, the /traight ines BD, DC be joined 
together within a triangle, the ¢riang/e ABC upon one of the fides 
the ftraight line BC drawn from the extremities the pomts B, C; 
I fay that the /traig4t Anes BD, DC are indeed lefs than the two 
remaining fides of the triangle the /traight lines BA, AC; but 
contain a greater angle, the angle contained by BDC greater than 
the angle contained by BAC. 

For let the freight line BD be produced to the pant E. 

And bacaufe the two fides of any triangle A 
are greater than the remaining Ade, therefore 
the two fides of the triangle ABE, the ftraight 
lines AB, AE are greater than the fraighe line 
BE (by prop. 20.); let the ftraight line EC a 
common one be added: therefore (by com. 
not. 4.) the //raigbt lines BA, AC are greater 
than the freight ines BE, EC. Again, be- B C 
caufe the two fides of the triangle CED, the fraight ines CE, ED 
are greater than the ftraight line CD, let the fraight line DB a 
common one be added; therefore (by com. not. 4.) the fraight 
ines CE, EB are greater than the fraizght ines CD, DB: but the 
frraight lines BA, AC have been fhewn fo de greater than the 
fraight ines BE, EC; therefore BA, AC are greater by much 
than BD, DC. | 

Again, becaufe the outward angle of every triangle is greater 
than the inward and oppofite (by prop. 16.) : therefore the out- 
ward angle of the triangle CDE, the angie contained by BDC is 
greater than that contained by CED: For the fame reafon there- 
fore alfo the outward angle of the triangle ABE, the sagi con- 

: tained 
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tained by CEB is greater than that coxtained by BAC: but the Book 1. 
angle contained by BDC has been demonftrated to be greater than. "^7" 
that contained by CEB: therefore the angle contained by BDC is 
preater by much than that contained by BAC. 

If therefore two ftraight lines be joined together within a tri- 
angle, upon one of its fides from the extremities of it, the joined 
lines fhall indeed be lefs than the two remaining fides of the tri- 
angle, but will contain a greater angle. Which was to be demon- 
ftrated. | 


PROP. XXII. 


To defcribe a triangle of three ftraight lines, which are equal 
to three given ftraight lines: but it is neceffary that two of them 
be greater than the remaining one; being interchanged every way. 

Let the three given ftraight lines be A, B, C; of which let 
the two be greater than the remaining ome, being interchanged 
every way, that is A and B greater than C : À and C greater than 
B; as alfo B and C greater than A: it required to defcribe a tri- 
angle of /traight Anes equal to A, B, C. 

.Draw any ftraight line DE ter- 
minated at the point D but indifi- 
nite towards the point E ; and (by 
prop. 3.) let DF be made equal to 
A, and FG equal to B; but GH 
equal to C: and with the point F 
for a center, and at the diftance. 7L OA 
FD let the circle DKL be defcrib- z 
ed; and again with the point G for 
a center, and at the diftance GH let the circle KLH be defcrib- 
ed ; and draw KF, KG : I fay that the triangle KFG hath been 
defcribed of three ftraight lines equal to A, B, C. 

For becaufe the point F is the center of the circle DKL, FD 
is equal to FK : but FD is equal (by conft.) to A, therefore FK 
‘is equal to A. Again becaufe the point G is the center of the 
circle LKH, (by def. 15.) GK is equal to GH; but GH is equal 
to C, therefore GK is equal to C: but FG is alfo equal to B; 
therefore the three ftraight lines KF, FG, GR are equal to the 
three A, B, C. There- 


e 
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Therefore the triangle KFC is defcribed of three ftraight lines, — 
which are equal to the three given ftraight lines A, B, C. Which 
was to be done. 


PROP. XXIII. 


With a given ftraight line, and at a point in it, to make a rec- 
tilineal angle equal to a given rectilinea] angle. 

Let AB be the given ftraight line, and the fois? A the pointin 
it; and DCE the given re&ilineal angle: but it is required with 
the given ftraight line AB and at the point A in it to make a recti- 
lineal angle equal to the given re&ilineal angle DCE. 

Take in each of the Anes CD, C A 
CE any points whatever D and E, 
and join DE, and (by prop. 22.) 
defcribe the triangle AGF of three 





ftraight lines, which are equal to py \ F 
the three, CD, DE, CE ; fo that | E G 
CD be equal to AF; CE to AG, B .- 


and alfo DE to FG. 

Since therefore the two DC, CE are equal to the two FA, AG, 
each to each, and the bafe DE equal to the bafe FG; therefore 
(by prop. 8.) the angle DCE is equal to the angle FAG. 

Wherefore with a given ftraight line AB, and at a point in it the 
point A, a rectilineal angle FAG is made equal to the given rectili- 
neal angle DCE. Which was to be done. 


PROP. XXIV. 


If two triangles have the two fides equal to the two fides, each © 
to each, but have the angle greater than the angle, the angle con- 
tained by the equal ftraight lines: alfo they will have the bafe 
greater than the bafe. 

Let there be two triangles the triangles ABC, DEF having the 
two fides AB, AC equal to the two fides DE, DF, each to each ; 
AB to DE, and AC to DF; but let an angle the angle contained by 
BAC be greater than the angle contained by EDF; I fay that the 


bafe BC is greater than the bafe EF. 
For 
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For becaufe the angle BAC 4 
1s greater than the angle EDF ; 
let there be made, with the 
ftraight line DE and at. the 
point D in it, the angle EDG 











equal to éhe angle BAC; and " 
let DG be made equal (by prop. 8 RO X 
3.) to either of the Axes AC, F 


DF ; and let GE, GF be joined. 

Since therefore AB is equal to DE and AB to DG; certainly the 
the two BA, AC are equal to the two ED, DG, each to each; 
and the angle BAC is equal (by conft.) to EDG therefore the bafe 
BC is equal to the bafe EG. Again becaufe DG is equal to DF, 
the angle DFG is equal (by prop. 5.) to the angle DGF ; therefore 
the angle DFG is greater than the angle EGF ; therefore the axzgile 
EFG is greater by much than the angle EGF and becaufe there 
is a triangle, the friaage EFG, having the angle EFG greater 
than the angle EGF ; but (by prop. 19.) the greater fide is exten- 
ded under the greater angle: therefore the fade EG is greater than 
EF: and EG ss equal to BC (by part. 1. et this prop.); wherefore 
alfo BC ts greater than EF. 

. Wherefore if two triangles have the two fides equal to the two 

fides, each £o each, and have «he angle greater than the angle, the 
angle contained by the equal ftraight lines; they will alío have the 
bafe greater than the bafe. Which was.to be dementtrated. 


d PROP. XXV. 


If two triangles have the two fides equal to the two fides cach to 
each, and have the base greater than the bafe; they will alfo have 
the enple greater than the angle, the emg/e contained by the equal 
ftraight lines. 

Let there be two triangles the triangles ABC, DEF having the 
two fides BA, AC equal to the two fides DE, DF, each to each, 
AB to DE and AC to DF; but let the bafe BC be greater than 
the bafe EF: I fay alfo that an angle, the angle BAC is greater 
than an angle, the angle EDF. 

' Vor. I. D For 
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For if not; certainly it is equal toit, or A` ` D 
lefs. But certainly the angle BAC is not 
equal to EDF; for then (by prop. 4.) the 
bafe BC would be equal to the bafe EF : but 
it is not (by fupp.); therefore the angle 
BAC is not equal to EDF : but neither in- | 
deed is it lefs; for if it were lefs, alfo the 
bafe BC would be Jefs (by prop. 24.) than the 
bafe EF : but it is not (by fupp.) ; theréfore the angle BAC is not 
lefs than EDF: but it has been demonftrated that neither is it 
equal: wherefore the angle BAC is greater than EDF. 

Wherefore if two triangles have the two fides equal to the two. 
fides each to each, and have the bafe greater than the bafe; they 
will alfo have the angle greater than the angle; the angle contained, 
by the equal ftraight lines. Which was to be demonftrated. 





CE 


PROP. XXVI. 


If two triangles have the two angles: equal to the two angles, 
each to each, and one fide equal to one fide; either the fide which 
is at the equal angles, or that which is extended under one of the 
equal angles: they will alfo have the two remaining fides equal to 
the two remaining fides each to each, and the remaining angle egual 
to the remaining angle. 

Let there be two triangles the triangles ABC, DEF having the - 
two angles ABC, BCA equal to the two angles DEF, EFD each 
to each; the angle ABC equal to the angle DEF ; and the angle 
BCA equal to EFD: and let them have alfo one fide eque to one 
fide : 

Firft, the fide at the equal angles, the firaight line BC equal to 
EF: I fay alfo that they will have the two remaining fides. equal: to 
the two remaining fides, each to each ; AB equa! to DE and AC ta 
DF; and the remaining angle egual to the remaining angle, the 
angle BAC equal to EDF. 

: For if AB is unequal to DE, one of them will be greater tban 
the other: let AB be the greater and make GB. p (by prop. 3. ) 
to DE, and let CG be joined. 

Where- 
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Wherefore becaufe BG is equal to DE (by conft.) and BC to EF Book 1. 
{by fupp.) certainly the two BG, BC are equal to the two DE, EF ~~ 
each to each; and the angle GBC is equal (by fupp.) to DEF: 
therefore (by prop. 4.) the bafe GC is equal to the bafe DF; and 
the triangle GCB will be equal to the triangle DEF ; and the re- 
maining angles.will be equal to the remaining angles, each, to 
each, under which the equal fides are extended: therefore the an- 
gle GCB is equal to the angle DFE; but the angle DFE is fuppofed 
equal to BCA; therefore BCG is equal to BCA the lefs to the greater, 
which is impoffible ; therefore AB is not unequal to DE; therefore 
equal : :but BC is alfo equal to EF; therefore the two AB, BC are 
equal to the two DE, EF, each to each, and the angle ABC is equal 
to the angle DEF ; wherefore the bafe AC is equal to the bafe DF 
and the remaining angle BAC is — to the remaining angle EDF. 

But again, let the D 
fides extended under 
the equal angles be 
equal, as AB equal to . 
DE: I fay again that 
alfo the remaining fides 
will be equal to the re- | 
maining fides; AC to " B : 
DF and BC to EF; and befides the remaining angle BAC is 
equal to the remaining angle EDF. 

For if. BC be unequal to EF, one of them is greater than the 
otber ; let BC, if. it be poffible, be the greater, and make (by: prop. 
3.) BH equal to EF, and let AH be joined. 

And fince BH is equal to EF (by conft.) and AB to DE (by 
fupp.); certainly the two AB, BH is equal to the two DE, EF, 
each to each, and they contain equal angles; therefore (by prop. 
4.) the bafe AH is equal to the bafe DF, and the triangle ABH is 
equal to the triangle DEF, and the remaining angles will be equal 
to the remaining angles, each to each, under which the equal fides 
are extended ; wherefore the angle BHA is equal to EFD; but 
the angle EFD is equal (by fupp.) to the angle BCA; and (by 
com. not. 1.) BHA is therefore equal to BCA ; the outward angle 
of * triangle AHC viz. BHA equal to the inward and oppoſite 

Da . BCA.- 





Puls that neither wil they meet towards A, € y but thofe //raig bi 
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BCA, which (by prop. 16.) is impoffible: whesrefare BC 1¢ not 
unequal to EF, therefore if 7s equal: but AB ie aléo equal to DE ; 
therefore the two AB, BC are equal to the two DE, EF and they 
contain equal angles; therefore (by prop. 4.) the bafe AC is equal 
to the bafe DIF, and the triangle ABC is equal to the tsiengle 
DEF and the remaining angle BAC ie equal to the remaining 
angle EDF. 

If therefore two triangles have the two angles equal to the two 
angles, each to each, and have one fide equal to one fide ; either 
the fide which is at the equal angles, or that which. ie extended 


under one of the equal angles : they will alfo have the swe remain- 


ing fides equal to the £o remaining fides, cach to each, and the 
remaining angle egal to the remaining up Which was to be 
demon ftrated. 


PROP. XXVII. 


If a ftraight line falling upon two ftraight lines makes the alter- 
nate angles equal to one another, the ftraight lines will be parallel 
to one another. 

For let the ftraight line EF falling upon the two fraight lines 
AB, CD maeke the alternate angles AEF, EFD equal to one ano- 
ther. I fay that the fraight hne AB is parallel to the ftraight line 
CD. | | 

For if not, AB and CD being produced will meet, either to- 
wards the the parts B, D or towards A, C: let them be produced 
and let them mect towards the parts B, D in - pomt G. 

. Certainly (by prop. 16.) the. 
eutward'amgle AEF of the tri- — A — ef B 
angle EFG is greater than the 
inward and oppofite angle 
EFG; buat it is alfa (by fupp:) 
equal, which is impofizble : 
therefore AB, CD being pro- 
duced, will rot meet towards 
the parts B, D; certainly i in 
the fame manner it will be 








lines 
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hnes meeting one another towards neither parts are parallel: there- Book T, 

fore AB is parallel to CD. — 
Wherefore if a ftraight line falling upon two ftraight lines make 

the alternate angles equal to one another, the ftraight lines will be 

parallel. Which was to be demonítrated. 





PROP. XXVIII. 


.. 1f a ftraight line falling upon ‘two ftraight lines make the out- 
ward angle equal to the inward and oppofite, and towards the 
fame parts; or make the inward angles and towards the fame parts. 
equal to two right angles: the ftraight lines will be parallel to onc 
another. 

For let the ftraight line EF falling upon the two: ftraight lines 
AB, CD make the outward angle EGBequal to the inward and op- 
pofite and towards the fame parts the angle GHD; or the inward 
and towards the fame parts, the angles BGH, GHD equal to twa 
right angles; I fay that AB is parallel to CD. 


. For becaufe the angle EGB-: is equal 
to the angle GHD; but EGB is equal 
(by prop. 15.) to AGH, alfo the angke 
AGH is therefore (by com. not. 1.) 
equal to GHD: and they are alternate ; 
therefore (by prop. 27.) AB is parallel to 
CD. 











. Again becaufe the angles BGH, GHD are (by fapp.) equal to 
two right angles; and alfo the angles AGH, BGH are equal (by. 
prop. 13.) to two right angles; therefore (by com. not. 1.) the 
angles AGH, BGH are equal to the angles BGH, GHD: let the 
common angle BGH be taken away, therefore (by com.. not. 3.) 
the remaining angle AGH is equal to the remaining ange GHD: 
and they are alternate; wherefore (by Prop. 27.) AB is parallel to 
CD. 

Wherefore if a ftraight line falling upon two ftraight lines make 
the outward angle equal to the inward and oppofite and towards the 
fame parte; or make the inward angles and towards the fame parts. 

equal 
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equal to two right angles : the ftraight lines will be panier] to one 
another. Which was to be demonítrated. 


PROP. XXIX. 


Or a ftraight line falling upon the two parallel ftraight lines 
makes the alternate anglés equal to one another ; and the outward 
angle equal to the inward and oppofite and towards the fame parts ; 
and the inward angles and towards the fame parts equal to two 
right angles. 

For let the ftraight line EF fall upon parallel ftraight lines, the 
féraigbt lines AB, CD: I fay that it makes the alternate angles 
AGH, GHD equal; and the outward angle EGB equal to GHD the 
inward and oppofite and towards the fame parts; and BGH, GHD 
the inward and towards the fame parts equal to two right angles. 

For if AGH be unequal to GHD, one 
of them is greater: let AGH be the 
greater: and becaufe AGH is greater 
than GHD, let BGH which is common 
be added; therefore (by com. not. 4.) 
the angles AGH, BGH are greater than 
BGH, GHD: But alfo the angles AGH, 
BGH are (by prop. 13.) equal to two right angles; and therefore 
the angles BGH, GHD are lefs than two right angles; but thofe 
firaight lines which are produced indefinitely from angles lefs than 
two right angles meet one another (by com. not. 11.) ; therefore 
AB and CD being produced indefinitely will meet one another ; but 
they do not meet, becaufe they are fuppofed parallel: therefore 
AGH is not unequal to GHD, therefore st #5 equal. 

But the angle AGH is equal to the angle EGB (by prop. 15.) ; 
and therefore (by com. not. 1.) EGB is equal to GHD. 

_ Let the common angle BGH be added: wherefore the angles 
EGB, BGH are equal to the angles BGH, GHD: but the angles 
EGB, BGH are (by prop. 13.) equal to two right angles; and 
therefore the angles BGH, GHD are (by com. not. 1.) equal to 
two right angles. 

- Or a ftraight line, therefore, falling upon the two parallel 
"p lines, makes the alternate angles equal to one another; and 

| | the 
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the outward angle equal to the inward and oppofite and towards the Book I. 
fame parts; and the inward angles and towards the fame parts 
equal to two right angles. Which was to be demonftrated. - 


PROP. XXX. 


Straight lines parallel to the fame ftraight line are alfo parallel 
to one another. | 

Let each of the fraight /ines AB, CD be parallel to EF: I fay 
alfo that AB is-parallel to CD. 

For let the ftraight line GK fall upon them. 

And -becaufe the ftraight line GK of? 
hath fallen upon parallel ftraight lines 4 NG B 
AB, EF therefore (by prop. 29.) the an- H 
gle AGH is equal to GHF : again, be- p 
caufe the ftraight line GK hath fallen | | 
upon the parallel ftraight lines EF, CD © "X D 
the angle GHF is equal to GKD: but 
the angle AGK hath been proved equal to GHF: and therefore 
(by com. not. 1.) AGK is equal to GKD ; and they are alternate 
angles: therefore AB is parallel to CD (by prop. 27.) 

Wherefore the /raight limes which are parallel to the fame 
ftraight line, are parallel to one another. Which was to be de- 
monftrated. ; 


p 


P R O P. XXXI. 


"Through a given point to draw a ftraight line parallel to a given 
ftraight line | 

Let the given point be the- point A; and the given ftraight line 
the fraight line BC; it is required.through the point A to draw a 
ftraight line parallel to the ftraight line BC. 





Let any point whatever the font D be E A F 
taken in BC; and let AD be joined. And vu ee 
let the angle DAE be made, with the | 
ftraight line AD and at the point A in it, B D C 


equal. to the angle ADC (by prop. 23.) : and let the ftraight line 
AF be produced in a ftraight line with AE. 
| And 
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And becaufe the ftraight line AD falling upon the two ftraight 
lines BC, EF hath made the alternate angles, the angles EAD, 
ADC equal to one another, therefore (by prop. 27.) EF is parallel 
to BC. 

Wherefore through a given point the port A a ftraight line EAF 
hath been drawn parallel to the given ftraight line BC. Which 
was to be done. 


PROP. XXXII. 


One of the fides of any triangle being produced, the eutward 
angle is equal to the €wo inward and oppofite ang/es: and the three 
inward angles of the triangle are equal to two right angles. 

Let there be a triangle, the £riaezgle ABC, and let one of its 
fides BC be produced to the pont D: I fay that the outward angle 
ACD is equal to the two inward and oppofite ones CAB, ABC; 
and that the three inward angles of the triangle viz. ABC, BCA, 
CAB are equal to two right angles. 

For let CE be drawn (by prop. 31.) through the point C paral- 
lel to the ftraight line AB. 

And becaufe AB is parallel to CE and A 

AC hath fallen upon them ; the alternate E, 
angles BAC, ACE are equal (by prop. 27.): 

Again, becaufe AB is parallel to CE and 

the ftraight line BD hath fallen upon them; 

the outward angle ECD is equal to the in- 7, C D 
ward and oppofite ABC (by prop. 29.): 

but ACE has been alfo fhewn to be equal to BAC; the whole 
therefore, the outward angle ACD is | equal to the two inward and 
and oppofite ones BAC, ABC. 

Let the common angle ACB be added : therefore the angles 
ACD, ACB are equal to the three angles ABC, BAC, BCA ; but 
ACD, ACB are (by prop. 15.) equal to two right angles; and 
therefore (by com. not. 1.) ACB, CBA, CAB are equal to two 
right angles 

EA one of the fides of any triangle being produced, the 
outward angle is equal to the two inward and oppofite angles: and 
the three inward angles of the triangle are equal to two right angles. 
Which was to be demonftrated. PROP. 
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PROP. XXXIII. 


The ftraight lines joining equal and parallel freight ines towards 
the fame parts, are alfo themfelves equal and parallel. 

Let the fraight lines AB, CD be equal and parallel; and let the 
ftraight lines AC, BD join them towards the fame parts: I fay 
that AC, BD are alfo equal and paralled. 

For let BC be joined. B A 
And becanfe AB is parallel to CD, and ` 
BC hath fallen upon them ; the alternate 
angles, the eaglhs ABC, BCD are (by 
prop. 29.) equal tó one another : and be- 
caufe (by fapp.) AB is equal to CD, and » 
the fraight line BC common; certainly the two AB, BC are equal 
to the two DC, CB; and the angle ABC is equal to BCD; there- 
fore (by prop. 4.) the bafe AC is equal to the bafe BD; and the 
triangle ABC is equal to the triangle BCD; and the remaining 
angles will be equal to the remaining angles, under which the equal 
fides are extended, each to each ; therefore the angle ACB is equal 
to the angle CBD: and becaufe the ftraight line BC falling upon 
the two ftraight lines AC, BD hath made the alternate angles ACB, 
CBD equal to one another ; therefore (by prop. 27.) AC is parallel 
to BD ; and it has been demonftrated alfo fo de equal. 

Wherefore the ftraight lines joining equal and parallel fraigbe 
kines towards the fame parts are alfo themfelves equal and parallel. 
Which was to be demonttrated. 














PROP. XXXIV. 


The oppofite fides and alfo the oppofte angles of parallelogram 
{paces are equal to one another, and the diameter cuts the {paces 
in halves. ; | 

Let there be a parallelogram, the gere//elogram ACDB and its 
diameter the //r&g£; dine BC: I fay that the oppofite fides and alfo 
the angles of the parallelogram ACDB are ‘equal to one another, 
and the diameter BC cuts it ia halves. 
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For becaufe AB is parallel to CD and B A 
the ftraight line BC hath fallen upon 


them; the alternate angles ABC, BCD 


are equal to one another (by: prop. 29.) : 
Again becaufe AC is parallel to BD and 
BC hath fallen upon them ; the alternate c 
angles ACB, CBD are (by prop. 29.) equal to one e another: Thera 
are two triangles ABC, CBD having the two angles ABC, BÇA 
equal to the two aagles BCD, CBD, each to each; and one fide 
equal to one fide, the //de at the equal angles, the frasght hne BC. | 
common to them both: therefore they will have the remaining 
fides equal to the remaining fides, each to each, (by prop. 26.) and 
the remaining angle egual to the remaining angle; wherefore the 
fide AB is equal to CD; and AC to BD; and the angle BAC equal 
to the angle BDC; and fince the angle ABC is equal ta the angke. 
BCD ; and the angle CBD, to the angle ACB; therefore the whole 
(by com. not. 2.) angle ACD is equal to the whole ABD; but the 
angle BAC hath been proved equal to the angle BDC. 

‘Wherefore the oppofite fides and allo the angles of parallelogram, 
fpaces are equal to one another. 
. But I fay alfo that the diameter cuts them in halves : for hecaufe 
AB is equal to CD; and BC common; certainly the two AB, BC 
are equal to the two DC, CB; each to each; and the angle ABC. 
is equal to the angle BCD; therefore (by prop. 4.) alfo the bafe 
AC is equal to the bafe BD ; and the triangle ABC is equal to the 
triangle BCD. 

Wherefore the diameter BC cuts in halves the parallelogram 
ACDB. Which was to be demonftrated. 


PROP. XXXV. 


The parallelograms are equal to one another, "T are upon 
the fame bafe and between the fame parallel Anes. 

Let there be parallelograms, the parallelograms ABCD, EBCF 
being upon the fame bafe BC and between the fame parallel lines 
AF and BC: I fay that the paralklgram ABCD is * to the 
pa rallelogram EBCF. 

For 
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' For be¢aufe ABCD is a parallelogram, Ò E D — A Ber. 
AD is (by prop.34.) equal to BC: and for — 
the ſame reaſon EF is equal to BC; ſo that 
(by com. not. 1.) AD is equal to EF ; and 
DE is common; therefore (by com. not.2.) 
the whole AE is equal to the whole DF ; 
but (by prop..34.) AB is alfo equal to DC; 
therefore the two EA, AB are equal to the | 
two FD, DC, each to each; and the angle FDC is ‘equal to the 
angle EAB (by prop. 29.) the outward to the inward: therefore 
the bafe EB is equal to the bafe FC; and the triangle EAB is equal 
to the triangle FCD: let the common frtangle DEG be taken 
away; therefore the remainder, the trapezium ABGD is equal to 
the remainder the trapezium EGCF; let acommon part be added, 
the triangle GBC : therefore (by com. not. 2.) the whole, the pa- 
rallelogram ABCD is equal to the whole, the parallelogram EBCF. 

^ Therefore the parallelograms, being npon the fame bafe, and 
between the fame parallels a: are equal to one another. Which was 
to be demonftrated. 





C B 





PROP. XXXVI. 


The e. parallelograms, being upon equal bafes and between the 
fame parallels, are equal to one another. 

Let there be parallelograms, the parallelograms ABCD, EFGH 
upon equal bafes the //raigbt lines BC, FG ; and between the fame 
‘parallels AH, BG: I fay that the parallelogram ABCD is equal to 

the parallelogram EFGH. | 
. For let BE, CH be joined. A D E H 

And becaufe BC is (by fupp.) equal | 
to FG, and alfo FG (by prop. 34.) to 
EH ; therefore (by com. not. 1.) BC 
is equal to EH; but they are likewife 
(by fup. ) parallel ; ; and BE and CH 
join them ; but fraight lines which B C F G 
join equal and parallel ftraight lines towards the fame parts are 
equal and parallel (by prop.3 3: ); therefore EB, CH are equal and 
et wherefore EBCH is a parallelogram, and is equal to 


E 2 ABCD 





Book È, 


to the points E and F; and through the 
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ABCD (by prop. 35.) for it has the fame bafe with it the Praight 
line BC, and it is between the fame parallels with it the /sraght 
lines BC, AH. Certainly for the fame teafon alfo EFGH is equal 
to EBCH ; therefore (by corn. not.1.) the parallelogram ABCD is 
equal to EFGH. 

Wherefore the parallelograms, being upon equal bates and 
between the fame parallels are equal to one another. Which was 
to be demonftrated. | 


PROP. XXXVII. W 

The triangles, which are upon equal aloe aud. between " 
fame parallels, are equal to one another. — 

Let there be triangles, the triangles ABC, DBC, being upon 
the fame bafe the /raigh? line BC; and between the fame paraltels 
the //ramgbt [mes AD, BC: EF fay that the triangle ABC is equal 
to the triangle DBC. 

Let AD be produced towards both parts 


font B let BE be drawn parallel to AC ; 
and through the point C let CF be drawn 
parallel to BD. 

Therefore each of the — EBCA, 
DBCF is (by conft. and fup.) a — and iie is equal 
(by prop. 35.) to DBCF for they are upon the fame bafe BC and 
between the fame parallels BC, EF: and the triangle ABC is half 
of ‘the parallelogram EBCA (by prop. 34-), for the diameter AB 
cuts it in halves; but the triangle DBC is half ‘of the paraliclo« 
gram DBCF, for the diameter DC cuts it in halves: bet the 
halves of equal magnitudes are equal ; wherefore the triangle am 
i$ equal to the ttiangle DBC. 

Therefore the triangles, which aré upon the fame bafe, and is 
tween the fame parallels, are "a to one another. Which was tò 
be demopftrated. 





P R O P. XXXVIII. 
The triangles, which are upon equal bafes and between the fae 


parallels, are equal to one another. 


Let 
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Let ABC, DEF be triangles which are upon equal bafes BC, sok L 
EF ; and between the fame parallels the frasght hnes BF, AD: I www 
fay that the triangle ABC is equal to the triangle DEF. 

For let AD be produced towards both G AD H 
parts to G and H; and through B let 
BG be drawn parallel to CA; and through | 
the point F let FH be drawn parallel to 
DE. 

Therefore (by the conftruétion) each 
of the figures GBCA, DEFH is a paral- B, C E 
lelogram : and (by prop. 36.) GBCA is 
equal to DEF H, for they are upon equal bafes BC, EF , ; and be- 
tween the. fame parallels BF, GH: and (by prop. 34.) the tri- 
angle ABC is half of the parallelogram GBCA ; for the diameter 
AB cuts it in/halves ; alfo the triangle DEF ;: half of the parallel- 
ogram DEFH, for the diameter DF cots it in halves: but (by 
com, not. 7.) the halves of equal magnitudes are equal: where- 
fore thre triangle ABC is equal to the triangle DEF. 

Therefore the triangles, which are upon équal bafes and bo- 
. tween the fame parallels, are papal to one: — Which was to 
be demonftrated. ` | 
PPM 5 R o` P. XXXIX. 


The equal triangles, which are upon the fame bafe, and towards 
the fame parts, are between the fame parallels. 
| Let-ABC, DBC. be.the equal triangles, which are upon the fame 
bafe, BC and towards the fame parts: J fay that they ere between 
the fame parallels: for let AD be joined: I {ay that AD is parallel 
to BC. 

For if i£ i; not, let. AE be — (by prop. 31.) through the 
point A parallel to the ftraight line BC, and let EC be joined. 

Wherefore (by prop. 37.) the triangle ABC is 
equal to the triangle EBC, for it is upon the fame A D 
bafe with it the /raight line BC; and between the 
fame parallels BC, AE: but the triengk ABC is 
equal (by fup.) to the triangk DBC ; thenefore (by 
com. not.1.) the triangle DBC is equal to the tri- VE 
angle EBC, the greater to the lefs (by com. not. B C 


9:) 





F 
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9.) which is impoffible: wherefore AE is not parallel to BC: 
certainly we fhall demonftrate in like manner, that neither is any 
other fraight line except AD; therefore AD is parallel to BC. 
Wherefore the equal triangles, which are upon the fame bafe, 
and towards the fame pasts, are between the fame parallels. Which 
was to be demonftrated. 


PROP. XL. 


The equal triangles, which are upon equal bafes, and towards 
the fame parts, are between the fame parallels. 

Let ABC, CDE be the equal triangles, which are upon equal 
bafes the fraight lines BC, CE; and towards the fame parts: I 
fay that they are between the fame parallels ; for let AD be joined 
I fay that AD is parallel to BE. | 

For if st is not; let FA be drawn through A D 
the point A (by prop. 31.) parallel to BE, 
and let FE be joined. 

Therefore (by prop. 38.) the triangle 
ABC is equal to the triangle FCE; for 
they are upon the equal bafes BC, CE; and B C. E 
between the fame parallels BE, AF ; but (by the fap. ) the triangle 
ABC is equal to the triangle DCE ; and therefore (by com. not.1.) 
the triangle DCE is equal to the triangle FCE; the greater to the 
lefs (by com. not.g.) which is impoffible: wherefore AF is not 
parallel to BE : certainly we fhall demonftrate in the fame manner 





that neither ss any other except the frasght line AD: therefore 


AD is parallel to BE. 

Wherefore the equal triangles, which are upon equal bafes, and 
towards the fame parts, are between the fame parallel lines. Which 
was to be demonftrated. 


PROP. XLI. 


If a parallelogram have the fame bafe with a triangle; and be 
between the fame — lines; the parallelogram will be double 
of the triangle. 

For 
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For let the parallelogram ABCD have the fame bafe with the Book I. 
triangle EBC, the /rraight line BC; and let them be between the ~*~ 
fame parallels BC, AE: I fay that the nme ABCD is 
double of the triangle BEC.  . 

For let AC be joined. A D E 

Certainly the triangle ABC is 
equal to the triangle EBC (by prop. 
37-); for it is upon the fame bafe 
with it, the fraight ine BC and be- 
tween the fame parallels BC, AE ; 
but the parallelogram ABCD (by B C 
prop. 34.) is double of the triangle ABC ; for the diameter AC 
cuts it in halves: wherefore the parallelogram ABCD is alfo 
double of the triangle EBC. 

If, therefore, a parallelogram have the fame bafe with a triangle; 
and be between the fame parallels; the parallelogram will be double 
of the triangle. Which was to be demonftrated. 





PROP. XLII. 


To make a parallelogram equal to a given triangle, in a given 
rectilineal angle. 

Let ABC be the given triangle; and D the given reGilineal an- 
gle: it is required to make a parallelogram equal to the triangle 
ABC, in a rectilineal angle equal to D. 





Let BC be cut in halves (by prop. A F G 
10.) at the point E; and let AE be 
joined; and let the angle CEF be \ / 
made with the ftraight line EC and 


at the point E in it equal to the angle P 

D (by prop. 23.) ; and through the 

pant A let AG be drawn parallel to B E C D 

EC; and through the point C (by 

prop. 31.) let CG be drawn parallel to EF: therefore FECG is a 

parallelogram. 3 
And becaufe BE is equal to EC, the triangle ABE (by prop. 38. ) 

i5 al(o equal to the triangle AEC ; for they-ere upon equal. bafes. 


” 
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BE, EC and between the fame parallel Ames BC, AG; wherefore | 
the triangle ABC is double of the triangle AEC: but the parallel- | 
ogram FECG 1s alfo (by prop 41.) double of the triangle AEC : 
for they have the fame bafe, and are between the fame parallels ; 
therefore (by com. not. 6.) the parallelogram FECG is equal to 
the triangle ABC; and has the angle CEF equal to the given 
angle D. 

Therefore a parallelagram the parallelogram FECG has been 
made equal to the given triangle ABC, in an angle the angle CEF, 
which is equal to the angle D. Which was to be done. 





PROP. XLII, 


The complements of the parallelograms about the diameter of 
every -parallelogram are equal to one another. 

Let ABCD be a parallelogram, and AC the diameter of.i itz Laid 
let EH, FG be the parallelograms about AC; and the: parale 
]elograms BK, KD thofe which are called complements : I fay that 
the complement BK is equal to the complement KD. 

For fince ABCD is a paral- 
lelogram, and AC the diame- 
ter of it; the triangle ABC 
is (by prop. 34.) equal to the 
triangle ADC: again becanfe 
EKHA isa parallelogram, and 
AK the diameter of it; the 
triangle AEK is (by prop. 34.) o to 5 the triangle AHK : cer- 
tainly for the fame reafon alfo the triangle KFC is equal to the 
triangle KGC : becaufe therefore the triangle AEK is equal to the 
triangle AHIK, and KFC to KGC ; the triangle AEK together 
with the triuigle KGC is:equal (by com. not. 4.) to the triangle 
AHK together with the triangle KFC; but the whole triangle 
ABC is equal to the whole triangle ADC; therefore (by com. not. 





_ 3»). the remainder, the complement BK -is equal to the remainder 


the complement KD. 

Wherefore the complements: ef the -parallelograms abont the 
diameter of every parallelogram are equal to one another. Which 
was to be demonftrated. PROP. 
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PROP. XLIV. 


To apply a parallelogram, to a given ftraight line, equal to a 
given triangle, in a given rectilineal angle. 


Let the given ftraight. line be AB; but the given triangle the 
triangle C; and the given rectilineal angle, the azg/e D ; it is re- 
quired to apply a parallelogram to the given ftraight line AB, equal 
to the given triangle C ; in an angle equal to D. 

Let the parallelogram 
BEFG be made (by prop. 
42.) equal to the triangle 
C, in an angle EBG 
which is equal to D: and 
let it be placed in fuch a 
manner that BE may be 
in a ftraight line with 
AB; and let FG be pro- 
duced to H; and through , | 
the pomt A, let AH be drawn (by prop. 31.) parallel to either of 
the fraight ines BG or EF ; and let HB be joined. 

And becaufe the ftraight line HF hath fallen upon the parallels 
AH, EF; therefore the angles (by prop. 29.) AHF, HFE are equal 
to two right angles: wherefore the angles BHG, GFE are lefs 
than.two right angles: but (by com. not. 11.) thofe fraight knes, 
which are produced indefinitely from angles lefs than two right 
angles, do meet each other; therefore HB, FE being produced will 
meet: -let them be produced, and let them meet in the post K ; 





and through the point K, let KL be drawn parallel to either of the. 


lines EA, FH; and let GB, HA be produced to the points M, L. 
Therefore HLKF is a parallelogram, and HK its diameter; and 

AG, ME are the parallelograms about HK ; and LB, BF the pa- 

rallelograms called complements : wherefore (by prop. 43.) LB is 


equal to BF : but BF is alfo equal to the triangle C; and therefore | 


(by com. not. 1.) LB is equal to C: and fince the angle GBE is 

equal (by prop. 15.) to ABM, but GBE is equal (by conít.) to 

D; alfo (by com. nor. 1.) ABM is equal to the angle D. | 
Vor. I. | F Where- 
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Book I. Wherefore a parallelogram LB hath been applied to the given 
=~~ ftraight line AB, equal to the given triangle C ; in an angle ABM, 
which is equal to the engle D. Which was to be done. © 


PROP. XLV. y 
To make a parallelogram equal to a given rectilinéal fgare ina 


given rectilineal angle. 

Let the given rectilineal Azure be ABCD; and E the given rec- 
tilineal angle: it is required to make a parallelogram equal to the 
rectilineal figure ABCD in an angle equal to E. 

For let DB be joined; and 
(by prop. 42.) let the parallel- 
ogram FH be made equal to 
the triangle ABD, in the angle 
HKF, which i$ equal to E; 
and (by prop. 44.) let the pa- 
rallelogram GM, equal to the B 
triangle DBC, be applred to 
the ftraight line GH, in the 
angle GHM, which is equal to E. 

And becaufe the angle E is equal to either of the angles HKF, 
GHM ; therefore alfo (by com. not. 1.) HKF is equal to GHM : 
let the common angle KHG be added; therefore (by com. not. 2.) 
FKH, KHG are equal to KHG, GHM : but (by prop. 29.) FKH, 
KHG are equal to two right angles ; wherefore alfo KHG, GHM 
are equal to two right angles: to a certain ftraight line GH, and 
to a point in it H, the twa ftraight lines KH, HM not lying to- 
wards the fame parts, make the adjacent angles equal to two right. 
angles; therefore (by prop. 14.) KH is in a Meaight line wath 
HM : and fince the ftraight line GH hath fallen upon the parallels 
KM, FG ; .the alternate angles MHG, HGF are equal (by prop. 
29.): let the common angle HGL be added: therefore the. angies 
MHG, HGL are equal to HGF, HGL; but (by prop. 29.) 
MHG, HGL are equal to two right angles ; therefore alfo HGF, 
HGL are equal to two nght angles; wherefore (by prop. 14.) 
FG is i a ftraight line with GL. And becaufe KF is equal and 

alfo 
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alfo parallel to GH; but GH zs equal and alfo parallel to ML ; Book 1. 
therefore (by com. not. 1. and prop. 30. ) KF is equal and parallel “~~ 
to ML; and the ftraight lines KM, FL join them: and (by prop. 

33.) KM, FL are equal and parallel. Wherefore KFLM is a pa- 
rallelogram ; and becaufe the triangle ABD is equal to the paral- 
lelogram HF, and the triangle DBC to the parallelogram GM; 
therefore the whole rectilineal jigure ABCD is equal to che whole 
parallelogram KFLM. 

W herefore a parallelogram KFLM is made equal to a given rec- 
tilineal figure ABCD in an angle, the euge FKM, which i is maid 

to the given angle E. Which was to be done. 














PROP. XLVI. 


To defcribe a fquare upon a given ftraight line. 

Let the given ftraight line be AB : it is required to defcrrbe a 
{quare upon the ftraight line AB. 

Let AC be drawn (by prop. r1,) at right angles to the ftraight 
line AB from the point A in it; and (by prop. 3.) make AD equal 
te AB: and let DE be drawn, (by prop. 31.) through the point 
D, parallel to AB; and let BE be drawn through t the point B 
parallel to AD. 

Therefore the figure ADEB is a parallelo- C 
gram; wherefore (by prop. 34.) AB is equal to. j; E 
DE; and AD to BE; but alfo AB is equal to 
AD (by conft.) therefore the four fraight lines 
BA, AD, DE, EB are equal to one another : 
wherefore the parallelogram ADEB is equilate- 
ral; I fay that it is alfo rectangular: For be- A B 
caule the ftraight line AD has fallen upon the 
two parallels AB, DE; therefore (by prep. 29.) the angles BAD, 
ADE are equal to two right angles; but BAD is a right angle (by 
conft.) ; therefore ADE is a right angle; but the oppofite fides 
and alfo the angles of parallelogram {paces are equal to one another 
(by prop. $4.) ; therefore each of the oppofite angles is a right 
angle, the: angles ABE, BED; wherefore the figure ADEB is rec- 
tangular ; but it has been demonftrated to be equilateral alfo. 

F 2 There- 
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Therefore (by def. 30.) it isa fquare; and it hath been defcri- 


=~ bed upon the ftraight line AB. Which was to be done. 


PROP. XLVII. 


In right angled triangles, the fquare of the fide fubtending the 
right angle, is equal to the fquares of the fides containing the right 
angle. 

Let ABC be a right angled triangle, having the angle BAC a 
right aggle: I fay that the {quare of BC is equal to the fquares of 
BA, AC. A 

For (by prop. 46.) let the (quare BDEC be defcribed upon BC ; 
and the /guares GB, HC upon BA, AC, and through the forz? A 


© let AL be drawn parallel either to BD or CE; and let AD, FC be 


joined. 

And becaufe each of the *“ 
BAC, BAG is (by conſt. and ſup.) a. 
right angle; to a certain Ane BA, and 
to the point A in it, two ftraight lines 
AC, AG, not lying towards the fame 
parts, make the adjacent angles equal 
to two right angles; therefore ( by 
prop.14.) AC is in a ftraight line with 
AG: certainly for the fame reafon alfo 
AB is in a ftraight line with AH: and 
fince the angle DBC is equal to the 
angle FBA (by com. not.10.), for eacla 
of them is a right angle, let the common ah ABC be added ; 
therefore (by com. not. 2.) the whole angle DBA is equal to the 
whole angle FBC; and becaufe the two ftraight ines DB, BA are 
equal to the two CB,. BF, each to each (being fides of tbe fame 
Jqu re} and the angle DBA is equal to the angle FBC ;. therefore 
(by prop. 4.) the bafe AD is equal to the bafe FC, and the triangle 
ABD is equal to the triangle FBC; and the parallelogram BL is 
double of the triangle ABD (by prop. 41.); for they have the 
fame bafe BD and are between the fame parallels BD,-AL: but 
the fquare CF is double of the triangle F BC; for again, they have 


the 
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the fame bafe FB, and are between the fame parallels FB, GC ; Book r. 
but the doubles of equal magnitudes are equal to one another (by “~~ 
com. not 6.) wherefore alío the parallelogram. BL is equal to the 
(quare GB: Certainly in the fame manner it will be demonítrated, 
having joined AE, BK, tbat the parallelogram CL is equal to the 
{quare HC ; therefore the whole fquare DBCE is equal to the two 
fquares GB, HC; and BDEC is the {quare defcribed upon BC ; 
and GB, HC the /quares de/cribed upon BA, AC: wherefore the 
{quare BE de/cribed upon the fide BC is equal to the fquares upon 
the fides BA, AC. 

Wherefore in right angled triangles, the fquare of the fide fub- 
tending the right angle is equal to the fquares of the fides, con- 
taining the right angle. Which was to be demonftrated. 


PROP. XLVIII. 


If the fquare of one of the fides of a triangle be equal to the 
{quares of the two remaining fides of the triangle; the angle con- 
tained by the two remaining fides of the triangle is a right angle. 

For let the fquare of BC one fide of the triangle ABC be equal 
to the {quares of the fides BA, AC: I fay that the angle BAC is a 
right angle. 

For from the point A let the ftraight line AD be drawn at right 
angles to AC; and make AD (by prop.3.) equal to BA; and 
join DC. 


And becaufe DA is equal to AB, the B A. D 
fquare of AD is equal to the fquare of AB; hw "a | 
let the common íquare of AC be added ; | 
therefore (by com. not. 2.) the fquares of C 


DA and AC are equal to the fquares of BA and AC: but the 

{quares of DA and AC are (by prop. 47.) equal to the fquare of 

DC ; for DAC is (by conft.) a right angle; and the fquare of BC 

is equal to the fquares of BA and AC, for this is fuppofed: where- 

. fore (by com. not. 1.) the fquare of DC is equal to the fquare of 

BC; fo that alfo the fide DC is equal to BC; and fince AD is | 

equal to AB and AC common; certainly the two AD, AC are equal 
to 
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Book I, to the two AB, AC, and the bafe DC is equal to the bafe BC; 
therefore the angle DAC is equal to the angle BAC; but DAC is 
s right angle; therefore the engle BAC is a right angle. 
Wherefore if the fquare of one of the fides of a triangle be 
equal to the fquares of the two remaining fides of the triangle ; 
the angle contained by the two remaining fides of the triangle is a 
sight angle. Which was to be demonftrated. ‘ 
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DEFINITION &. 
1. IOV ERY right angled parallelogram is faid to be contained pook IL 
IL by the two ftraight lines containing the right angle. — 
2. Of every parallelogram ſpace, let any one of the paralle- 
lograms about the diameter of it,. tógether with the two comple- 
ments, be called a GNoMow, 





PROP. L 


- If there be two ftraight lines, and one of them be cnt iato any 
number of fegments; the rectangle contained by the two ftraight 
lines is equal to the rectangles contained by the undivided line and 
each of the fegments of the divided line. 

Let there be two ftraight lines A, BC, and let BC be cut as it 
may happen in the points D' and E.: J fay that the rectangle can-. 

» tained 
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Book IT. tained by A and BC is equal to the rectangle contained by A and 
~ BD, and to that contained by A and DE, and befides to that con- 
tained by A and EC. " 

For let BF be drawn from the point B at right angles to BC ; 
and let BG be made (by prop. 3. B. 1.) equal to A; and Jet GH 
be drawn, through the point G parallel to BC (by prop. 51. B. 1.); 
and let DK, EL, CH be drawn through the points D, E, C pa- 
rallel to BG. 

Certainly the recfangle BH is equal to B DEC 
the rectangles BK, DL, EH; and BH is 
the rectangle contained by A and BC; for 
(by def. 1. B. 2.) it is contained by GB, 

BC; but BG is (by conft.) equal to A: 

and BK is @ rectangle contained by A and G K o H 
BD; for (by def. 1.) it is contained by p : 

GB, BD; and GB is equal to A: but the 

rectangle DL is contained by A and DE; for DK, that is BG (by 
prop. 34. B. 1.) is equal to A: and alfo in like manner EH is a 
rectangle contained by A and EC, therefore the rectangle contained 
by A and BC is equal to the reéfangles contained by A and BD; 
and A and DE and alfo A and EC. 

Wherefore if there be two ftraight lines, and one of them be 
cut into any number of fegments; the rectangle contained by the 
two ftraight lines is equal to the rectangles contained by the undi- 
vided line and each of the fegments of the divided line. Which 
was to be demonftrated. 





PROP. GIL 


If a ftraight line be cut as it may happen, the rectangles con- 
tained by the whole and each of the fegments are equal to the 
Íquare of the whole sme. ` 

For let the ftraight line AB be cut as it may happen in the 
point C: I fay that the rectangle contained by AB and BC; to- 
gether with the rectangle contained by BA and AC is equal to the 
fquare of AB. 

For let the fquare ADEB be defcribed upon AB (by 46. 1.); 
and let CF be:drawn (by 31. 1.) parallel either to AD or BE. - 

Certainly 


OF EUCLID . | 49 


Certainly the reGangl AE is equal tothe rece A C Be Book & 
tangles AF and CE: and the reéfangle. AE is the’ — 
ſquare of AB; and the rectangle AF is a rectangle 
contained by BA, AC; for (by def. 1. 2.) it is 
contained by DA, AC; and AD is equal to AB 
(being fides of a fquare): and the reGtanglé CE’ 55 P E 
is contained by AB, BC; for EB is equal to AB: : 
wherefore the rectangle contained by BA, AC together with that 
contained by AB, BC is equal to the {quare of AB. 

If therefore a ftraight line be eut ds it may happen, the rectan« 
gles contained by the whole and each of the fegments are.equal to 
the fquare of tlie whole line. 





PROP. III 


If a ftraight line be cut as it may happen, the rectangle contai- 
ned by the whole and one of the fegments is equal to the re&angle 
contained-by the ¢wo fegments; and to the nee. of the foremen- 
tioned fegment. 

For let the ftraight line AB be cut as jit may happen ; in the point 
C: 1 fay that the rectangle contained by AB, BC is equal to the 
reCtangle contained by AC, CB; together with the fquare of BC. 

For let CDEB the fquare of BC be defcribed (by 46. 1.) ; and 
let ED be produced to F: and through‘ the point A let AF be 
drawn (by 31. 1.) parallel to either of the fraighi lines CD, BE. 

. Certainly the rectangle AE is equal to the 

reangies AD, CE; and the reflaagh AB is A.C. B 
a rectangle contained: by. AB, BC; for (by | 
def. 1. B. 2.) it is contained’ by. AB, BE; 

but BE is equal to BC (being fides of a 

{quare): And the rectangle AD is contained | 
. by AC, CB; for DC is equal toCB;-but F D E. 
the recéangle DB is the {quare of CB: there- 

fore the rectangle contained by AB, CB is ndi to the rectangle 
contained by AC, CB ; together with the fquare of BC. 

If therefore a ftraight line be cut. as it may happen, the re&angle, 
contained by.the whole and one of the fegments, is equal to the 

Vor. I. G — 
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Book II. rectangle contained by the ¢wo fegments; and to the fquare of the 
~~ forementioned fegment. Which was to be demonftrated. 


PROP. IV. 


If a ftraight line be cut as it may happen, the fquare of the 
whole Ae is equal to the fquares of the wo fegments, and to the 
rectangle, contained by the fwo fegments, taken twice. 

For let the ftraight line AB be cut as it may happen in the pomt 
C : Y fay that the fquare of AB is equal to the fquares of AC, CB 
and the rectangle contained by AC, CB taken twice. 

For let the fquare ADEB be defcribed upon AB (by 46. 1.)5 
and let BD be joined, and through the point C let CGF be drawn 
parallel to either of the Anes AD, BE; and through the point G 
let HK be drawn parallel to either of the Anes AB, DE. 

And becaufe CF is parallel to AD and 
BD hath fallen upon them; the outward 
angle BGC is equal to the inward and op- 
pofite ADB: but the angle ADB (by 5. 1.) 
is equal to ABD, becaufe the fide BA is 
equal to AD ; therefore. (by com. not. 1.) 
the angle CGB is equal to GBC; fo that 
alfo (by 6.1.) the fide BC is equal to the 
fide CG: but (by 34.1.) CG is equal to 
BK and CB to GK; wherefore alfo GK is o ak 
equal to KB: wherefore CGKB is equilateral ;. I fay alfo that it 
is rectangular: For becaufe CG is parallel to BK and CB hath 

` fallen upon them; therefore (by 29. 1. ) the angles KBC, BCG are 
equal to two right angles; but KBC is a right angle; wherefore 
alfo GCB is a right angle; fo that alfo (by 34. 1.).the oppofite 
angles CGK, GKB are right angles : wherefore the figure CGKB 
is rectangular ; and it has: been demonítrated to be equilateral ; 
therefore (by def. 30. 1.) it is a {quare and it zs decribed upon BC: 
Certainly for the fame reafon alfo the fgure HF is a fquare; and 
it is defcribed upon HG that is upon AC: therefore the fgures HF, 
CK are the fquares of AC, CB. And becaufe AG is equal to.GE 
(by 43. 1.); and AG is the "—— contained by AC, CB; for 
GC 1s 
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GC is equal to CB; and GE is therefore equal to the re&angle con- Book H, 
tained by AC, CB: wherefore AG, GE are equal to the rectangle "m~ 
contained by AC, CB taken twice; but alfo HF, CK are the fquares 
of AC, CB; therefore the four figures HF, CK, AG, GE are 
equal to the fquares of AC, CB and the recfangle contained by AC, 
CB taken twice: but HF, CK, AG, GE are the whole figure 
ADEB, which is the fquare of AB; wherefore the fquare of AB 
is equal to the {quares of AC, CB and the redangle dne by 
AC, CB taken twice. 

Wherefore if a ftraight line be cut as it may happen, the — 
of the whole Zize is equal to the fquares of the £wo fegments, and 
to the rectangle contained by the swo fegments taken twice. 


Another Demonftration. 


I (ay that the (quare of AB is equal to the fquares of AC, CB 
and to the rectangle contained by AC, CB taken twice. 

For, making ufe of the fame figure, becaufe BA is equal to AD, 
(by 5.1.) the angle ABD is equal to the angle ADB; and fince 
(by 32. 1.) the three angles of every triangle are equal to two right 
angles ;. therefore the three angles of the triangle ABD viz. ABD, 
ADB, BAD are equal to two right angles; but BAD is a right 
angle (being an angle of a {quare); therefore the remaining angles 
ABD, ADB are equal to one right angle; and they are equal: 
each, therefore, of the angles ABD, ADB is the half of a right 
angle: but BCG is a right angle (by prop. 29. 1.) for it is equal 
to the inward and oppofite axzgle at A; therefore the remainder 
CGB is the half of a right angle: wherefore the angle CGB is 
equal to CBG; fo that alfo (by 6. 1.) the fide BC is equal to the 
fide CG; but (by 34. I.) CB is equal to KG, and CG to BK: 
dariis the figure CK is equilateral ; but it has a right angle, the 

angie CBK: wherefore CK is. a {quare ;. and ig is deferibed upon 
Certainly for the fame reafon alfo HF is afquare ; and is equal 

to the fquare of AC: wherefore CK, HF are {quares, and are 
equal to the fquares of AC, CB: and becaufe AG is equal to GE 
(by 43. 1. ) and AG is the reéfangle contained by AC, CB; for CG 
is equal to CB ; and EG is equal to the rectangle contained by. AC, 
CB; therefore the figures AG, rg " equal to the reGangle còn- 


tained 
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Bock IT. tamed by AC, CB; taken twice: but CK, HF are equal to the 
TY fquares of AC, CB; therefore the figures CK, HF, AG, GE are 

equal to the Squares of AC, CB and the recfangle contained by AC, 
CB taken twice: But the /guares CK, HF and the rectangles AG, 
GE are the whole /guare AE, which is the {quare of AB. 

Wherefore the fquare of AB is equal to the fquares of AC, CB; 
and to the rectangle contained by AC, CB taken twice. Which 
was to be demonftrated. 

Cor. Certainly from thefe Benoni atini it is manifeft that in 
fquare {paces the parallelograms about tlie diameter are fquares. 








PROP. V. 


If a ftraight line be cut into equal and unequal /egments; the 
sectangle contained by the unequal fegments of the whole Ana, to- 
gether with the fquare.of the Axe between the pne of fection ia 
equal to the {quare of half 75e /ine.. 

For let any ftraight line AB be cut into equal Segments at the 
point Cs and into unequal /egments at the point D; I fay: that the 
rectangle contained by AD, DB atai with the —* of CD is 
equal to the fquare of CB. 

: For let the {quare CEFB be deloribed upon BC; and let RE be 
joined ; ; and let DHG be drawn, through the point D, parallel ta 
either of the Anes CE, BF ; and again through the point. EI let 
KLM be drawn parallel to either of the nes CB, EF ; and: again 
through the point A let AK be: — — to either of. the — 











CL, BM... 
And. fince the. complement cH is À. . C: 
equal to the complement.HF; lc DM |. > — H TA M 





which ts common de. added ; therefore K 
the whole CM! is. equal to the whole au ata 
DF: but CM is equal to AL (by prop. | Áo bb 
46.1.) becaufe AC is equal. to CB: > ` E > GF 
therefore alfo (by com. not. 1.) AL is 

equal to DF; let CH which is. common be added; therefore the 
whole AH is equal to DF and‘DL: ‘but AH is the rangle cone 
tained by. AD, DB.for DH. is equal to DB: (by cor. to 4. 2.) x but 
i. od T F 
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FD, DL or FDL is called a Gnomon (by def. 2. 2.) therefore p04 It 
the Gnomon FDL is equal to the re&ang/e contained by AD, DB: c 
Let LG which is common be added; which (by Cor. to 4. 2.) is 

equal to the fquare of CD: wherefore the Gnomon FDL and the 
Square LG is equal to the rectangle contained by AD, DB and the 
{quare of CD: but the Gnomon FDL and the fquare LG is the 
whole fquare CEFB, which is the guare of CB: Wherefore the 
rectangle contained by AD, DB together with the fquare of CD 

is equal to the fquare of CB. 

„œ W herefore if a ftraight line be cut into equal and unequal feg- 
ments; the rectangle contained by the unequal fegments of the 
whole Ze, together with the fquare of the Ze between the points 

of fection, is equal to the Íquare of half fhe lne. Which was to 

be demonftrated. : 





PROP. VI 


. If a ftraight line be cut in halves, and any ftraight line be added 
to it in a ftraight line; the rectangle contained by the whole with 
the part produced, and the part produced, together with the fquare 
of half the dine ; is equal to the {quare defcribed upon the com- 
pounded &ne, that is of half the n and the part produced, as 
upon one Ane. 

For let any ftraight line AB be cut in halves at the point C, and 
let any ftraight line BD be added to it in a ftraight line: I fay that 
the rectangle contained by AD, DB together with the fquare of 
BC is equal to the {quare of CD. 

For let the {quare CEFD be defcribed (by 46.1.) upon CD; 
and let DE be joined; and through the point B let (by 31.14.) 
BHG be drawn parallel to either of the Anes CE, DF; and through 
the point H, let KLM be drawn parallel to either of the dines AD, 
EF; and farther through the post A let AK be drawn parallel. to 
either of the 4nzes CL, DM. 

Therefore becaufe AC is equal to CB, -4 Cc B p 
the recangie AL (by prop.36.1.) is equal 
to the recfangie CH ; but CH is alfo equal 
(by 43.1.) to HF; wherefore AL isK 
equal to HF; let CM wéscd ts common 
be added, therefore the whole AM is ! 
equal to CM, MG that is (by def. 2.2.). E G. $F 
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Book II. to the Gnomon CMG : but AM is the rectangle contained by AD, 

—— DB (by def. 1.2.) for DM is equal to DB (by cor. to 4.2.) ; there- 
fore the Gnomon CMG is equal to the rectangle contained by AD, 
DB: let GL which ss common be added; which is equal (by cor. 
to 4. 2.) to the {quare of CB: therefore the rectangle contained by 
AD, DB together with the fquare of CB is equal to the Gnomon 
CMG and the /guare LG : but the Gnomon CMG and the /guare 
LG is the whole fquare CEFD, which is the fquare of CD: 
wherefore the rectangle contained by AD, DB together with the 
fquare of CB is equal to the fquare of CD. 

Wherefore if a ftraight line be cut in halves, and any ftraight 
line be added to it in a ftraight line; the rectangle contained by 
the whole with the part produced and the part produced; together 
with the fquare of half of the /sme; is equal to the fquare deferi- 
bed upon the compounded Ze ; that is of half the line and the 
part produced, as upon one Zze. Which was to be demonítrated. 


PROP. VII. 


If a ftraight line be cut as it may happen; the /guare of the 
whole ne and the /guare of one of the fegments, thefe fquares, 
taken together, are equal to the rectangle contained by the whole, 
and the faid fegments, taken twice and the fquare of the remai- 

. ning fegment. 

For let any ftraight line AB be cut as it may happen in the point 
C; I fay that the fquares of AB, BC are equal to the rectangle 
contained by AB, BC taken twice and the {quare of AC. 

For let a {quare ADEB be defcribed upon AB: and let the 
figure be conftructed. 

And becaufe. AG is equal to GE (by 43. AE 
1.); let CK which is common be added: — ^ c B 
therefore the whole AK is equal to the nmm" 
whole CE; therefore AK, CE are thedouble H K 
of AK: but AK, CE is the Gnomon AKF: 
and the {quare CK : therefore the Gnomon 
AKF and the fquare CK are double of the 
rectangle AK : but the double of AK is 
al(o equal to the re&tangle contained by AB, D FE 
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BC taken twice; for BK is (by cor. to 4. 2.) equal to BC: Where- Book 11 

fore the Gnomon AKF and the fquare CK are equal to the rec- 7^7. 

tangle contained by AB, BC zaken twice: Let HF which'is com- 

mon be added, which is the fquare of AC: therefore the Gno- 

mon AKF and the fquares CK and HF are the whole /guare 

ADEB and the /guare CK, which ate the fquares of AB, BC: 

wherefore the fquares of AB, BC are equal to the rectangle con- 

tained by AB, BC saken twice together with the fquare of AC. 
Wherefore if a ftraight line be cut as it may happen; the /guare 

of the whole Ze and the íquare of one of the fegments, thefe 

{quares, taken together, are equal to the rectangle contained by 

the whole and the faid fegment, taken twice; and the fquare of. 

the remaining fegment. Which was to be demonftrated, 


PROP. VIII. 


If a ftraight line be cut as it may happen; the rectangle con- 
tained by the whole /rze and one of the fegments, faken four times, 
together with the fquare of the remaining fegment, is equal to the 
Íquare deícribed upon the whole and the faid ieginrt, as upon one 
bine. 

For let any ftraight line AB be cut as it may happen i in the point 
C : I fay that the rectangle contained by AB, BC ; taken four times, 
together with the fquare of AC is equal to the fquare defcribed 
upon AB, BC; as upon one line. 

For let BD be produced in a ftraight line with AB; and make 
BD equal to CB; and let the fquare AEFD be defcribed upon 
AD: and let the double figure be conftructed. 

Therefore becaufe CB is equal to BD; 
but (by 34.1.) CB is equal to GK, and 
BD to KN ; alfo (by com. not. 1.) GK is 
equal to KN. Certainly for the fame rea- 
fon PR is equal to RO: and becaufe CB 
is eqaar'to BD, and GK to KN ; there- 
fore alfo the figure CK is. equal to BN (by 
g6.1.),,and GR to RN; bat the figure 
CK is equal to RN (by 43.1.)3 for they 
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Book IL are the complements of the parallelogram CO: wherefore BN is 
v7 alío equal to GR (by con. not. 1.) : therefore the four figures the 
rectangles BN, KC, GR, RN are equal to one another; the four 
therefore are quadruple of CK : Again becaufe CB is equal to BD} 
but BD (by cor. to 4. 2.) is equal to BK, that is to CG (by 34 1.)5 
and CB to GK, that is, is equal to GP; therefore CG is equal to 
GP: And becaufe CG is equal GP; and PR to RO; alfo the rec- 
tangle AG is equal (by 36. 1.) to MP: and PL to RF; but MP 
and PL are equal (by 43.1.), for they are the complements of the 
parallelogram ML: therefore alfo AG is equal to RF: wherefore 
the four figures, the rectangles AG, MP, PL, RF are equal to one 
another: therefore the four fgures are quadruple of AG: but it 
has been demonítrated that the four CK, BN, GR, RN are qua- 
druple of CK ; therefore the eight which contain the Gnomon 
AOH are quadruple of AK ; and becaufe AK 1s the rectangle con- 
tained by AB, BD; for BK is equal to BD ; therefore the rectangle 
contained by AB; BD taken four times is equal to the Gnomon 
AOH : let XH which is common be added, which is equal to the 
{quare of AC: wherefore the rectangle contained by AB, BD raken 
four times, together wih the f{quare of AC is equal to the Gno- 
mon AOH and the /guare XH: but the Gnomon AOH and the 
fquare XH is the whole {quare AEFD, which is the /guare of AD: 
therefore the rectangle contained by AB, BC taken four times to- 
gether with the fquare of AC is equal to the fquare of AD, that 
is to the fquare defcribed upon AB and BC as upon one /ine. 

Wherefore if a ftraight line be cut as it may happen; the rec- 
tangle contained by the whole //s, and one of the fegments ; 
taken four times; together with the (quare of the remaining feg- 
‘ment, is equal to the fquare deícribed upon the whole and the faid 
fegment, as upon one fe. Which was to be demonttrated. 




















P R O.P. IX. 


If a ftraight line be cut into equal.and unequal fegments 4 the 
fquares, of the unequal fegments ef the whole Jise, is double both 
of the fquare of half the ine and;of the Zine between the. points of 
fection. 





For 
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For let the ftraight line AB be cut into equal fegments at the Book 1I. 
point C, and into unequal ones at the point D: I fay that the “~ —- 
- fquares of AD, DB are double of the fquares of AC, CD. 

For from the point C, let CE be drawn at right angles to AB 5 
and let it be made equal to either of the lines AC, CB; and let 
EA, EB be joined ; and through the point D let DF be drawn 
parallel to EC ; and through the point F, let FG be drawn pa- 
rallel to AB, and let AF be joined. 

And becaufe AC is equal to CE, the an- E 
gle EAC (by 5.1.) ts equal to AEC: and 
fince the angle at C is a right angle, there- 
fore the remaining angles AEC, EAC are 
equal to one right angle (by 32. 1.): there- 4% C D E 
fore each of the angles AEC, EAC is the 
-half of a right angle. Certainly for the fame: reafon alfo each of 
the angles CEB, EBC is the half of aright angle; wherefore the 
whole angle AEB is a right angle: and becaufe GEF is half a 
right angle, and EGF a right angle (by. 29. 1.) for it is equal to 
the inward and oppofite ECB; therefore the remainder EFG is 
half a right angle (by 32.1.); therefore the angle GEF is equal 
to the angle EFG; fo that alfo (by 6.1.) the fide EG is equal to. 
the fide GF : Again becaufe the angle at B is half a right angle, 
and FDB a right angle (by 29. 1.) for again it is equal to the in- 
ward and oppofite ECB; therefore the remaining angle BFD is 
half a right angle: therefore the-angle at B is equal to the angle 
DFB; {fo that alfo the fide DF is equal (by 6. 1.) to the fide DB: 
And becaufe AC is equal to CE: the fguare of AC is alfo equal 
to the /guare of' CE ; therefore the fquares of AC, CE ; are dou- 
ble of the {quare of AC: but the fquare of EA is equal to the 
fquares of AC, CE (by 47. 1.) for the angle ACE is a right angle: 
wherefore the fquare of EA is double of the fquare of AC: Again 
becaufe EG is equal to GF, the /guare of EG is equal to the Quare 
of GF ; therefore the fquares of EG, GF are double of the (quare 
ef GF ; but the fquare of EF is equal to the fquares of EG, GF. 
(by 47. 1.) ; therefore the fquare of EF is double of the (quare of 
GF; but (by 34. 1.) GF is equal to CD; therefore the /guare of 
EF is double the Quare of CD : but the /guare of AE is alfo the. 

Vou. I. H | double 







E 
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Éook I. double of the fquere of AC; wherefore the fquares of AE, EF 
vc are double of the {quares of AC, CD; but the {quare of AF is 
equal (by 47. 1.) to the fquares of AE, EF ; for the angle AEF 
ts a right angle ; therefore the {quare of AF is double of the /guares 
of AC, CD: but the /guares of AD, DF are equal (by 47. 1.) to 
the /gusre of AF, for the angle at D is a right angie ;_ therefore 
the /guares of AD, DF are double of the fquares of AC, CD: but 
DF is equal to DB; wherefore the fquares of AD, DB are double 
of the fquares of AC, CD. | 
Wherefore if a ftraight line be cut into equal and unequal feg- 
ments; the íquares of the unequal fegments of the whole Jine, ie 
double both of the (quare of half the Line, and of the Ane between 
the points of feGtion. Which was to be demonttrated. 


PROP. X. 


If a ftraight line be cut in halves, and any ftraight line be ad- 
ded to itin a ftraight line; the fquare of the whale with the part 
produced, and the fquare of the part produced, thefe /guares taken 
both together are double both of the fquare of half the line, and 
of the fquare defcribed upon the compounded dime, that is of half 

^ &be line and the part produced, as upon one Ane. 

For let any ftraight line AB be cut in halves at the pont C ; and 
let any ftraight line BD be added to it in a ftraight line ; I fay that - 
the {quares of AD, DB are double of the iquares of AC, CD. 

For from the point C let CE be drawn at right angles to AB 
(by 11. 1.) and let it be made equal to either of the lines AC, CB; 
and let AE, EB be joined ; and through.the point E let EF be 
drawn (by 31.1.) parallel to AD; and through the point D let 
DF be drawn parallel to CE: And becaufe a certain ftraight line 
EF hath fallen upon the parallel ftraight lines EC, FD; (by 2g. 
1.) the angles CEF, EFD are therefore equal to two right angles ; 
therefore the angles FEB, EFD are lefs than two right angles; 
but (by com. not. 11.) ftraight lines produced froin angles lefs than 
two right angles meet one another; therefore EB, FD being produ- 
ced towards the parts B, D will meet one another; let them be 
produced and meet at the point G; and let AG be joined. 

: And 
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And becaufe AC is equal to CE, 
(by. 5. 2.) the angle AEC is equal to 
the angle EAC; and: the angle at C is 
a right angle; wherefore each of the 
angles RAC, AEC is half a right angle. 
Certainly for the fame reafon alfo, each 
of the angles CEB, EBC is half a right 
angle ; wherefore the angle AEB is a 
right angle ; and fince EBC is half a right angle; therefore alfo 
(by 15. 1.) DBG is half a right angle; but (by 29. 1.) BDG 1s a 
right angle; for itis equal to DCE, for they are alternate; where- 
fore the remaining angle DGB. is (by 32.1.) half a right angle; 
therefore the angle DGB is equal to the angle DBG ; {o that alfo 
(by 6. 1.) the fide BD. is equal to tlic fide. GD': Again. becaufe 





EGF is: half a right angle ; and: the angle at F (by 34. 1.) is a 


right angle, for itis.equal:to the oppofite angle at-C : wherefore 
the remaining angle FEG. is half..a. righe angle; wherefore the 
angle EGF is equal to the angle FEG ; fo that (by 6. 1.) tho fide 
GF is. equal to. the fide EF. And becaufe EC is equal to CA;. 
alfo the fquare of EC is equal: tothe fquare of AC ; therefore the 
fquares.of. EC, CA: are double of the fquare of CA:; but? (by 47. 
I.) the Quare of EA is equal.to the /guares. of. EC, CX; therefore 
the fquate of EA is double of the fquare of AC. Again, becaufe 
GF is equal to EF, alío the fquare of FG-is.equal to the fquare 
of EF; therefore the /guares of FG, FE are double of the /guare 
of FE; but the fquare of EG is equal to the fquares of EF, PG; 
wherefore the /quare of: EG is double of the fquare of EF ; but 
EF is (by 34. 1.) equal to CD ; therefore the fquare of BG. is 


double of the /guare of CD; -but the /guare of: EA has been alfo. 


demonftrated to be double of the-/guere of AC ; wherefore the 
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—— 


ſquares of AE, EG are double’ of the fquates of AC, CDs but - 
the: íquare of AG is (by 47. 1.) equal to:the fquares off AE, EG ; : 


therefore the /guare of AG is deuble of the /guares of AGC, CD.: 
but the /gvare of AG is equal to the fquares of AD, DG ; where- 


fore the fquares of AD, DG ; are double of the fquares of AC, : 
CD: but DG is equal to DB; therefore the fquaresof AD, DB. 


are double of the {quares of. AC, CD. 
H 2 Where- 
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Book I. Wherefore if a ftraight line be cut in halves, and any ftraight 

= line be added to it in a ftraight line; the fquare of the whole with 
the part produced, and the fquare of the part produced, thefe 
Squares taken both together are double both of the fquare of half 
the line, and of the fquare defcribed upon the compounded sme, 
that is of half że line and the part — as upon one Ane. 
Which was to be demonftrated. 


PROP. XI. 


To cut a given ftraight line, fo that the rectangle contained by 
the whole and one of the fegments may be equal to the fquare of 
the remaining fegment. 

Let AB be the given ftraight line ; it is required to cut the /me 
AB, fo that the rectangle contained by the whole and one of the 
fepments, may be equal to the fquare of the remaining fegment. 

For let the {quare ABDC be defcribed upon AB; and let AC be 
cut in halves in the point E; and let BE be joined; and let CA be 
produced to F ; and let EF be made equal to BE ; and let the 
{quare HF be defcribed upon AF ; and let GH be produced to K ; 
I fay that AB is cut in the point H fo that the rectangle contained 
by AB, BH is equal to the fquare of AH. 

For becaufe the ftraight line AC 1s cut in F G 
halves in the pont E, and AF is added to it ; 
therefore the rectangle contained by CF, FA 
together with the {quare of AE is equal to 
the fquare of EF ; but EF is equal to EB ; 
wherefore the rectangle contained by CF, FA 
together with the fquare of AE is equal to E 
the fquare of EB; but (by 47.1.) the /guares 
of BA, AE are equal to the /guare of EB ; 
for the angle at A is a right angle; therefore C K D 
the recfang/e contained by CF, FA together 
with the fquare of AE is equal to the /guares of BA, AE; let the 
common fquare of AE be taken away; therefore the remainder, 
the rectangle contained by CF, FA is equal to the fquare of AB; 


and the recfangle FK is the recfungle contained by CF, FA; forFA 
is 


A 
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is equal to FG ; and AD is the fquare of AB; therefore FK is Book 11. 
equal to AD; let AK which ts common be taken away; therefore “~~ 
the remainder FH is equal to HD ; and HD is the rectangle con- 
tained by AB, BH ; for AB is equal to BD : and FH is the fquare 

of AH ; wherefore the rectangle contained by AB, BH is equal 

to the fquare of AH. 

Wherefore the given ftraight line AB hath been cut in the font 

H, fo that the rectangle contained by AB, BH is equal to the fquare 

of HA. Which was to be done. 








PROP. XII. 


In obtufe angled triangles, the fquare, of the fide fubtending 

the obtufe angle, is greater than the {quares of the fides containing 
the obtufe angle by the redfangle twice taken contained by one of 
the fides about the obtufe angle upon which produced the perpen- 
dicular falls, and the Ane intercepted without, from the perpen- 
dicular to the obtufe angle. 
Let ABC be an obtufe angled triangle, having an obtufe angle, 
the angle ACB; and let the perpendicular AD be drawn from the 
point A, upon BC produced: J fay that the (quare of AB is greater 
than the fquares of AC, CB by the rectangle contained by BC, 
CD taken twice. 

For fince the ftraight line BD hath been 
cut as it may happen in the point C; where- : 
fore (by 4.2.) the guare of BD is equal to: : 
the fquares of BC, CD and the rectangle coh- : 
tained by BC, CD zaken twice: let the com- ; 
mon fquare of AD be added ; therefore the i$ C | 
Jfquares of BD, DA are equal to the fquares of | | 
BC, CD, DA and to the rectangle contained by BC, CD zaken 
twice: but the /guare of AB is (by 47. 1.) equal to the /quares of 
BD, DA ; 'for the angle at D is a right angle ; and the huare of 
AC is equal to the /guares of CD, DA; wherefore the /yuare of 
AB is equal to the fquarės of BC, CA and.to the rectangle con- 
tained by BC, CD taken twice; fo that the {quare of AB is greater ` 

than 
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Book II. than the fquares of BC, CA by the reGangle contained by BC,CO 


taken twice. | 
Wherefore in obtufe angled triangles the fquare of the fide {ub- 
tending the obtufe angle is greater than the fquares of the (ides 
containing the obtufe angle by the rectangle twice taġen, contained 
by one of the fides about the obtufe angle ypon which produced 
the perpendicular falls, and the Anze intercepted without from the 
perpendicular to the obtufe angle. Which was to be dementtrated. 


PROP. XIII. 


In acute angled triangles, the fquare of the fide fubtending the. 
acute angle is lefs than the (quares of tlre fides containing the acute 
angle, by the rectangle zeken twice, contained by one of she Ades 
about the acute angle upon which the perpendicular falls and the 
dine intercepted within, from the perpendicular to the acute angle, 
- Let there be an acute angled triangle, the ¢riaggle ABC, having 
the angée at B an acute angle ; and let the perpendicular AD bs 
drawn from the point A upon BC: I fay that the fquane. of AC is 
lels than the {quares of CB, BA by the reGangle (CB, BD sakes 
twice. | | — 

For becanfe the ftraight line CB hath A 

been cut as it may happen in the foit D; 
therefore the fquares of CB, BiID'are equal £o 
the rectangle CB, BD faken twice and to the 
{quare of DC (by 7.2.) : det the common . 
{quare of -AD be added : therefore the. fquares 9 D C 
of CB, BD, DA are equal ‘to, the softangle 

CB, BD deles twioty and.ta.£he: ($utrcs of -CIJ, Bada 
but the /guare of AB is-equal toithe fguerenof RII, DIA (hy 43n) 
fot theratgle üt Diis acight.engfes: and tek fvamnof ACK x qual 
to the quarts of CD, DA: wherefore th faeries of CB; BA ave 
equal to the reGtangle contained by CB, BD, salen ewice and, che 
fquare of AC; fo shat the Guare of AC alone sis :léfs: shad The 
{quares ‘of .CB, BA:by the reftasgio esatained by CR, BD: tates 
twice, 














Where- 
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Wherefore in acute angled triangles) the fqanre Sf Whe Me Mab: book it. 
tending the acdte angle i defs thaw the {quares of tlic fidés conta V0 
hing the acute angle, by the redthngly rated twice, contained VY 
ene of tbe fides about thé acute ahgle upon which the pérpendieuh? _ 


falls, and the line intereepted within; from tf perpendicular td 
the. acute angle: -Which was to be démiotifamed, 


PROP. XIV. 


To make a fquare equal to a given re&ilineal figure. 

Let A be the given rectilineal figure; it is required to make a 
{quare equal to the given rectilineal figure A. 

Let the right angled parallelogram BD be made (by 45. 1.) equal 
to the rectilineal figure A; if therefore BE be equal to ED what 
was required hath been done; for the fquare BD is made equal to 
the rectilineal figure A: but if not, one of them BE, ED is grea- 
ter: let BE be the greater, and let it be produced to F, and make 
EF equal to ED ; and let FB be cut in halves (by r0. 1.) in the 
poant G; and with the center G and at the diftance of one of the 
lines GB, GF let the femicircle BHF be defcribed, and let DE be 
produced to H, and let GH be joined. 

Therefore becaufe the 
ftraight line EF hath been 
cut into equal /egzents at 
the point G, and into un- 
equal fegments at E; there- 
fore (by 5. 2.) the re&- 
angle contained by BE, EF 
together with the fquare of 
EG is equal to the (quare 
of GF; but GF is equal 
to GH; therefore the rectangle contained by BE, EF together with 
the Quare of EG is equal to the fquare of GH; but the fquares 
of HE, EG (by 47.1.) are equal to the fquare of GH; wherefore 
the rectangle contained by BE, EF together with the Quare of GE 
is equal to the /guares of HE, EG: let the common fquare of 
EG be taken away; 3 therefore what remains, the rectangle con- 


tained 
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Book II. tained by BE, EF is equal to the fquare of EH : but the rectangle 
=~ contained by BE, EF is BD, for EF is equal to ED: therefore 
the parallelogram BD is equal to the fquare of HE ; but BD is 
equal to the re&ilineal fgure A: therefore the re&ilineal gure À 
is equal to the fquare defcribed upon EH. 
Wherefore a fquare is made equal to the given re&ilineal figure 
A, the fquare defcribed upon EH. Which was to be done. 
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BOOK III 
DEFINITION &. 


QUAL circles, are thofe of which the diameters are Book Hl. 
equal; or of which the fraight lines from the centers | 


I, 





are equal. 

2. A ftraight line is faid to touch a circle, which meeting me 
circle, and being produced does not cut the circle. 

3. Circles are faid to touch one another, which, meeting id 
other, do not cut one another. 

4. In a circle ftraight lines are faid to be equally diftant from 
tbe center, when the perpendiculars drawn from the center upon 
them are equal. 5. But that sine is faid to be more diftant upon 
which the greater perpendicular falls. — 

6. A fegment of a circle is the figure bounded by a ftraight line 
and the circumference of a circle. 7. But an angle of a fegment 
is that contained by a ftraight line and the circumference of a circle. 

Vor. I. I 8. But 
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Book Ul. 8. But an angle ina fegment is; when any point is taken in the 
~= circumference of the fegment, and from it ftraight lines are joined 
to the extremities of the ftraight line which is the bafe of the feg- 
ment; the angle contained by the ftraight lines fo joined. 9g. But 
when the ftrgight lipes containing the angle receive gny circum- 
ference, the angle is faid to ftand upan that. 10. And a fegtor of 
a circle is, when an angle ftands at the center of the circle, the 
figure bounded by the ftraight lines containing the angle, and the 
circumference intercepted by them. 
1I. Similar fegments of a circle are fuch as receive equal angles; 
or in which the angles are equal to one another. 


PROP. I. 


To find the center of a given circle. 

Let the given circle be the circle ABC: it is required to find the 
center of the circle. : 

Let any ftraight line AB be drawn in it as it may happen ; and 
let it be cut in halves at the posnt D, and from the point D let DC 
be drawn at right angles to AB, and let it be produced to E; and 
let CE be cut in halves at the point F: I fay that F is the center 
of the circle ABC. 

For if not, but if poffible let it be G; Crs 
and let GA, GD, GB be joined ; and be- 
caufe AD. is (by conit.) equal to DB, and 
DG common ; certainly the two AD, 
DG arse equal to the two GD, DB each to 

. each ; and the bafe GA is (by def. 15.1.) 
equal to the bafe GB; for they are from 
the center G; wherefore the angle ADG 
is equal to the angle GDB; but when a 
ftraight line ftanding npon a ftraight line makes the adjacent angles 
equal to one another, each of the equal angles is a right angle (by 
def. 10. 1.); therefore GDB isa right angle ; but EDB is alío a 
right angle ; wherefore FDB is equal to GDB, the greater to the 
lefs, which is impoffible ; therefore the point G is not the center 

of 





AX 
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of the circle ABC : certainly in the fame manner we fhall demon- Book ri. 
ftrate that neither is any other but the point F. 20" 

Wherefore the point F is the center of the circle. Which was 
fo be done. | 
- Cor. Certainly from this it is manifeft; that if in a circle any 
fra:ght line, cut any ftraight line in halves and at right angles, 
the center of the eitcle is in the cutting Ane. 


PROP. If: 


If two accidental points be taken in fhè circumference of a 
circle; the ftraight line joining thefe points will fall within the 
circle. 

Let ABC be a circle, and let two accidental points be taken in 
the circumference of it, as the points A,B; I fay that the ftraigh€ 
line, joining A and B, will fall within the circle. | 

For if not, but if poffiblé let AEB fall without ; and Iet the 
center of the circle ABC be taken (by 1. 3.), and let it be D; and 
let AD, DB be joined ; and let DF be produced to E. 

And fince DA is equal to DB, therefore 
_ the angle DAE (by 5.1.) is equal to DBE; C 
ánid becaufe one fide of the triangle DAE is 
produced,the fide AEB, therefore (by 16. 

i.) the angle DEB is greater than DAE: D 
bat DAE is equal to DBE; therefore DEB + 

16 greater than DBE; but (by 1g. 1.) the ÁN 
greater fide is extended uhder the greater — 4« 
angle; therefore DB: is greater than DE ; ( É 
but DB is equal to DF ; thetefore DF is 
greater than DE; the lef than the greater, 
fuppofng E without the circié, which is impoffible: therefore thé 
ftraight Ine joining A and B will not fall without the circle: cer- 
tainly iri the fattie manner we fhalI demoriftrate that neither will it 
fall in the circutnferencé : therefore within z£e czrcíe. 

Wherefore if two accidentat points be taken in the circum- 
ference of a circle, the ftraight line, joining thefe points, will fall 
within tlie circle. Which was to be demonftrated. Nu 

| I2 PROP. 
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egt iSo cd 


cut it in halves. Which Was to be demonftrated. 
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PROP. IIL. 


If in a circle any ftraight line through the center cut in halves 
any ftraight line not through the center, it will alfo cut it at right 
angles; and if it cut it at right angles it will alfo cut it in halves. 

Let ABC be a circle, and let CD any ftraight line in it through 
the center cut in halves AB any ftraight line, not through the 
center, in the point F ; I fay that it alfo cuts it at right angles. 

For let the center of the circle ABC be taken (by 1.3.) 5 and 
let it be E, and let EA, EB be joined. 

And becaufe AF is equal to FB, and FE | C 
common ; certainly the two are equal to the 
two; and the bafe EA is equal to the bafe 
EB; and (by 8. 1.) the angle AFE is equal 
to the angle BFE : but when a ftraight line 
ftanding upon a ftraight line makes the adja- 
cent angles equal to one another, each of the 
equal angles is a right angle; therefore each | 
of the angles AFE, BFE is a right angle : 
therefore CD through the center cutting in 
halves AB not paffing through the center, alfo cuts it at right angles. yo 

But let CD cut AB at right angles; I fay that it alfo cuts it in 
halves; that is, that AF is equal to FB. 

For the fame things being conftructed, becaufe EA from the 
center is equal to EB, the angle alfo EAF is equal (by 5.1.) to 
EBF ; but the right angle AFE is equal to the right angle BFE ; 
therefore there are two triangles EAF, EBF having the two angles 
equal to the two angles, and one fide equal to one fide, viz. EF 
common to them, extended under one of the equal angles ; they 
will therefore alfo have (by 26. 1.) the remaining fides equal to. 
the remaining fides; wherefore AF is equal to BF. ` 

Wherefore if in a circle, any ftraight line through the center 
cut in halves any ftraight line not through the center ; it will alfo 
cut it at right angles; and if it cut it at right angles it will alfo 





PROP. 
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PROP. IV. 


If in a circle two ftraight lines cut one another, not paffing 
through the center ; they do not cut one another in halves. 

Let ABCD be a circle, and let two ftraight lines in it AC, BD 
cut one another in the point E, not paffing through the center; I 
fay that they do not cut one another in halves. 

For if st 5¢ poffible, let them cut one another in halves, fo that 
AE is equal to EC and BE to ED ; and let the center of the circle 
ABCD be taken (by 1. 3.),.and let it be F; and let FE be joined. 

Wherefore fince a certain ftraight | 
line FE through the center cuts in 
halves a certain ftraight line AC not 
drawn through the center, it will alfo 
cut it (by 3.3.) at right angles; there- 
fore FEA is a right angle: Again be- 
caufe a certain ftraight line FE cuts in, 
halves a certain ftraight line BD, not 
pafing through the center, it will alfo 
(by 3. 3.) cut it at right angles; wherefore FEB is a right angle ; 
but FEA has been alfo demonftrated to be a right angle: where- 
fore the angle FEA is equal to the angle FEB; the lefs to the prea- 
ter which is impofiible : wherefore the ftraight lines AC, BD do 
not cut one another in halves. 

Wherefore if in a circle two ftraight lines cut one : another, not 
paffing through the center; they do not cut one another in halves. 
Which was to be demonftrated. 





PROP. V. 


If two circles cut one another, they will not have the fame center. 

For let two circles ABC, CDG cut one another in the points, 
B, C ; I fay they will not have the fame center. 

For if ;? le poffible, let it be E ; and let EC be joined; and 
let EFG be drawn as it may happen. 

And becaufe the point E is the center of the circle ABC, EC is 
equal to EF : again becaufe the point E is the center of the circle 
CDG, EC is equal to EG ; but EC bas been already demonftrated 

ta 
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Book III. Zo Ge equal to EF: wherefore EF.1s équal 


^7 to EG, the lefs to the greater, which is x 
impoffible: wherefore the point E is not |N 
the center of the circles ABC, CDG. A G 
Therefore if two circles cut one ano- 
~ ther, they will not have the fame center. 
Which was to be demonftrated. | 
B 


PROP. VI 


If two circles touch one another within, they will not have the 
fame center. , 

For let the two circles ABC, CDE touch one anothor in the 
point C ; I fay that they will not have the fame center. 

For if st de poflible, let it be FP, and join FC, and ket FEB be 
drawn as it may happen. 


Wherefore fince the point F is the C 
center of the circle ABC; FC is equal a ! 
to FB; again, becaufe the point F is the \B 
center of the circle CDE; FC is equal : F £ 


to FE; but FC has beea alfo demon- 
‘ftrated to be equal to FB; therefore FE AV. 
is equal to FB, the lefs to the greater, o D 
which is impoffible : wherefore the point 
F is not the center of the circles ABC, CDE. 
Wherefore if two circles touch one another within, they will 
not have the fame center. Which was to be demonftrated. 


PROP. VII. 


If any point be taken im the diameter of a circle, which is not 
the center of the circle; and from this poiut let certain ftraight 
lines fall upon the circle, that will be the greateft in which the 
center ss; and the remainder of the diameter the leaft ; but of thg 
others, the nearer to the line through the center is always greater 
than one ntore remote ; and two equal ftraight lines only will fall 
from the fanre point uporr the circle, om each fide of the leaft. 

Let 
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Let ABCD be a circle, and let AD be its diameter; and let any Book Inv: 
point F be taken in AD, which is not the center of the circle; “Y~. 
and let E be the center af the circle; and from the posint F let cer- 
tain ftraight lines FB, FC, FG fall upon the circle ABCD : I fay 
that FA is the greateft, and FD the leaft; but of the others FB 
1$ greater thao FC ; and FC than FG. 

For let BE, CE, GE be joined. g À 

Ánd becaufe the two fides of every tri- 
angle are greater than the remaining fe; C 
therefore EB, EF are greater than BF ; but 
AE is equal to BE ; wherefore BE, EF are 
equal to AF: therefore AF is greater than 
BF: Again, because BE ik equal to CE, 
and FE, common; certainly the two BE, 
EF aro equal to the two CE, EF ; but the 
angle REF is alfa greater than the angle CEF ; wherefore (by 24. 
z.) the bafe BF is graster than the bafe CF. Certainly for the 
fame reaafon alfo CF is greater than FG. ; 

Again, fince GF, FE are (by 20.1.) greater than EG; and EG 
is equal ta ED; therefore GF, FE are greater than ED; Let EF 
wotch it common be taken away ; therefore the remainder GF is 
greater than the remainder FID ; wherefore FA is the greateft, 
and FD the leaft; and FB is greater than FC; and FC than FG. . 

I fay that alfo only two equal ftraight lines will fall from the 
point F upon the circle ABCD, one on each fde of the leaft FD : 
for let the angke FEH be made with the ftraight line EF, and at 
the point E in it, equal to the angle GEF ; and let FH be joined 
wherefore becaufe GE is equal to EH, and EF common ; cer- 
tainly the two GE, EF are equal to the two HE, EF ; and the 
angle GEF is equal ta the angle HEF; wherefore (by 4. 1.) the 
bafe FG is equal to the bafe FH: I fay that another //xe equal to 
FG will not fall upon the circle, from the point F : for if it be 
poffible, let FK fall; and fince FK is equal to FG, but FH is 
equal to FG ; therefore FK is «qual FH; the nearer to the line 


through the center equal to the one more remote; which is impof- 
fible. m 





K 
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D 


Or 
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Or Taus. Let EK be joined; and becaufe GE is equal to 
EK, and FE common, and the bafe GF equal to the-bafe FK ; 
therefore (by 8.1.) the angle GEF is equal to the angle KEF ; 
but the angle GEF is equal to the angle HEF ; and therefore the 
angle HEF is equal to the angle KEF; the lefs to the greater 
which is impoffible: therefore no other line will fall from the 
point F upon the circle equal to GF : therefore one only. 

Wherefore if any point be taken in the diameter of a circle &c. 
Which was to be demonftrated. | 


PROP. VIII. 


. If any point be taken without a circle, and certain ftraight lines 
be drawn from the point to the circle, one of which pafes through 
the center, but the other /szes as it may happen ; of thofe ftraight 
lines falling upon the concave circumference, the one pafing through 
the center is the greateft : but of the other des, the one nearer 
the jue pafing through the center will always be greater than that 
more remote: But of the ftraight lines falling upon the convex 
circumference, the leaft is that between the point and the diame- 
ter: but of the other lines the nearer to the leaft is lefs than that 
more remote ; and two equal ftraight lines only will fall upon the 
circle from the point, one on each fide of the leaft. 

Let ABC be a circle; and let any point D be taken without the 
circle ABCY and let certain ftraight lines be drawn from it to the 
circle viz. DA, DE, DF, DC ; and let AD be through the center ; 
I fay that of the ftraight lines falling upon AEFC the concave cir- 
cumference, the greateft is DA the Sze through the center: but 
the Ane nearer to the one through the center will be greater than 
one More remote; viz DE than DF and DF greater than DC ; 
but of the ftraicht lines falling upon the convex circumference 
HLKG, DG is the leaft, which is between the point D and the 
diameter AG ; but the nearer to the leaft DG is lefs than one 
more remote; viz. DK /e/; than!DL and DL than DH. 

. For let the center of the circle ABC be taken ; and let it be M; 
and let ME, MF, MC, MK, ML, MH be joined. 

And 
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And becaufe AM is equal to EM; let MD D 
which is common be added; therefore AD is 
equal to EM, MD: but (by 20. 1.) EM, 
MD are greater than ED ; and therefore AD 
is greater than ED: Again becaufe ME is 
equal to MF ; and MD common; therefore 
EM, MD are equal to MF, MD; and the 
angle EMD is greater than the angle FMD; 
wherefore (by 24. 1.) the bafe ED is greater 
than the bafe FD: certainly in the fame 
manner we {hall demonftrate alfo that DF is 
greater than CD: wherefore AD is the 
greateft; and DE greater than DF ; and DF than DC. 

And fince MK, KD are greater than MD ; and MG equal to 
MK, therefore the remainder KD is greater than the remainder 
GD ; fo that GD is lefs than KD, wherefore it is the leat. And 
becaufe upon MD one of the fides of the triangle MLD two 
ftraight lines MK, KD are joined together within the triangle ; 
therefore (by 21.1.) MK, KD are lefs than ML, LD ; of which 
MK is equal to ML; therefore the remainder DK is lefs than the 
remainder DL: certainly in the fame manner we (hall demonftrate 
that DL is lefs than DH: wherefore DG is the leaft; and DK is 
lefs than DL; and DL than DH. | 

Alfo I fay that only two equal ftraight lines will fall from the 
point D upon the circle; one on each fide of DG the leat : with 
the ftraight line MD, and at the point M in it, let the angle DMB 
be made equal to the angle KMD ; and let DB be joined ; and 
becaufe MK is equal to MB, and MD common; -certainly the two 














angle KMD is equal to the angle BMD: wherefore (by 4.1.) the 
bafe DK is equal to the bafe DB: I fay that another /raight hne 
equal to the ftraight line DK will not fall upon the circle from the 
point D: for if it be poffible let it fall; and let it be DN ; becaufe 
‘therefore DK is equal to DN ; but DK is equal to DB; therefore 
-alfo DB is equal to DN ; the nearer to the leaft DG equal to one 
-gmore remote, which has been fhewn to be impoffible. 

OR OTHERWISE. Let MN be joined, and becaufe KM is equal 
Vor. I. K to 


‘Book JIT. 
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KM, MD are equal to the two BM, MD, each to each ; and the | 
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Book rr to MN, and MD common, alfo the bafe DK equal to the bafe 
v DN ; wherefore the angle KMD is equal to the angle DMN ; but 
the angle KMD is equal to BMD: therefore alfo BMD is ‘equal to 
NMD ; the lefs to the greater, which is impoffible : Therefore 
more than two ftraight lines will not fall upon the ¢ircle ABC from 
the point D, one on each fde of the leak GD. 
Wherefore if any point be taken without a circle &c. Which 
was to be demonftrated. 


PROP. IX. 


If any point be taken within a circle, and tnore than two equal 
ftraight lines fall from the point upon the circlé : the point taken 
is the center of the circle. | 3 

Let ABC bea circle, and the point D within it; and let DA, 
DB, DC; more than two equal ftraight lines, fall from the foint 
D to the circle ABC: I fay that the point D is the center of the 
circle ABC. 

For let AB, BC be joined, and let them be cut in halves in the 
points E,F; ED, DF being joined ; let them be produced to the 
points G, K, H, L. 

Wherefore becaufe AE is equal to | L 
EB, and ED common : certainly the B 
two AE, ED are equal to the two BE, ; 
ED ; and the bafe DA is equal to the 
bafe DB; therefore (by 8. 1.) the angle 
AED is equal to the angle BED; 
wherefore each of the angles AED, 
BED is a right angle; wherefore GK 
cutting AB in halves cuts it alfo at right. 
angles ; and becaufe (by cor. prop. 1. 3.) 
if in a circle any ftraight line cut any 
Ítraight line in halves and at right angles, the center of the circle 
is in the cutting line; therefore the center of the circle ABC is in 
‘GK : certainly for the fame reafon alío the center of the circle 
ABC is in HL; and the ftraight lines GK, HE have no other 
point in common, but the point D; therefore the point D is the 
center of the circle ABC. 





A 


H 
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Wherefore if any point be taken within a circle; and more than Book IIT. 
two eqyal ftraight lines fall from the point upon the circle; the point —-~ 
taken is the center of the circle. Which was to be demonftrated. 

OTHERWISE. -For let there be, any point D, taken within the 
circle ABC and let more than two equal ftraight lines DA, DB, 
DC fall from the point D upon the circle ABC ; I fay that D the 
| point taken is the center of the circle ABC. 

. For if not; but if poffible let it be 
E ; and DE being joined, let it be pro- 
duced to the points F, G; but FG isa 
diameter of the circle ABC: therefore 
becaufe a certain point hath been taken F G 
in FG the diameter of the circle ABC, Ned 
which is not the center of the circle, A> 
viz. the posnt D; DG will be the great- A v 
eft (by prop. 7.5.) and DC greater than. - B 
DB; and DB than DA; but they are alfo equal ; which is impof- 
fible : wherefore E is not the center of the circle ABC: certainly 
in the fame manner we fhall demonftrate, that neither is any other 
but the point D: wherefore the point D is the center of the circle 
ABC. 

PROP. X. 


A circle does not cut a circle in more points than two. 

For if st de pofiible ; let the circle ABC cut the circle DEF in 
more points than two, viz. in B, G, H; and BG, BH being joined, 
let them be cut in halves in the points K, L; and from the points 
K, L having drawn KC, LM at right angles to BG, BH let them 
be produced to the points A, E. ; 

Wherefore becaufe in the circle 
ABC a certain ftraight line AC cuts 
in halves a certain ftraight line BH 
‘and at right angles; therefore the 
center of the circle ABC is in the 
ftraight line AC : again, becanfe in 
the fame circle ABC a certain ftraight 
line NX cuts in halyes and at right. 
angles a certain ftraight line BG; 

K 2 
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Book III. therefore the center of the circle ABC is in NX ; but it has alfo 

== bcen. demonítrated to be in AC ; and the ftraight lines AC, NX 
meet one another in no point but the point O ; therefore. the point 
O is the center of the circle ABC : certainly in the fame manner 
we fhall demonftrate that O is the center of the circle DEF ;- there- 
fore two circles ABC, DEF cutting one another have the fame 
center the pomt O which is impoffible (by 6.5). ! 

Wherefore a circle does not cut a circle in more points than two, 
Which was to be demontftrated. 

OTHERWISE. For again, let the circle ABC cut the circle. DEF 
in more points than two ; viz. in the pomts B, G, F; and let the 
center of the circle ABC be taken the point K; and let KF, KG, 
KB be joined. 

Wherefore fince a certain point hath 
been taken within the circle DEF, the 
point K ; and from K more than two 
equal ftraight lines KB, KF, KG have 
fallen upon the circle DEF : therefore 
(by 9. 3.) the point K is the center of 
the circle DEF ; but K 1s alfo the center 
of the circle ABC; therefore two circles 
cutting one another have the fame cen- 
ter K ; which (by 5. 35.) is impoffible. 

Wherefore a circle does not cut a circle in more points than 
two. Which was to be demonftrated. 





PROP. XI. 


If two circles touch one another inwardly, and their centers be 
taken ; the ftraight line joining the centers of them, being produ- 
ced, will fall upon the contact of the circles. 

: For let two circles ABC, ADE touch ‘one another inwardly at 
the point A; and let F the center of the circle ABC be taken, 
and G the center of the circle ADE: I fay that the ftraight line 
joining G and F being produced will fall upon the point A. 

For if not, but if poffible let it fall as the Ane FGDH ; and let 
AF, AG be joined, 

Where- 
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Wherefore becaufe AG, GF are greater A. 
than FA, that is than FH; for FA is equal : 
to FH for they are both from the center; H & | 
let FG which is common be taken away ; 
therefore thé remainder AG is greater than NE 
the remainder GH ; but AG is equal to GD C 


uo 


(by def. 15.1.) ; therefore GD is greater 
than GH;; the lefs than the greater; which 
is impoffible : wherefore the ftraight line 
joining F and G will not fall without the contact at A ; therefore 
upon it. 

Wherefore if two circles touch one another inwardly, and their 
centers be taken ; the ftraight line joining the centers of them, 
being produced, will fall upon the contact of the circles. Which 
was to be demonttrated. 

Oruerwise. But let it fall as GFC; and let GFC be pro- 
duced in a ftraight line to the point H ; and let AG, AF be joined. 

Wherefore fince AG, GF are greater (by 20. 1.) than AF; but 
AF is equal to CF: that is to FH ; let FG wbich is common be 
taken away ; therefore the remainder AG is greater than the re- 
mainder GH; that is GD zs greater than GH; the lefs than the 
greater which is impoffible; in the fame manner we fhall fhew the 
fame ¢hing to be abfurd, if the center of the greater circle be 
without the lefs. 


PROP. XII 


If two circles touch one another outwardly, the ftraight line 
joining their centers will pafs through the contac. 

For let two circles, ABC, ADE touch one another outwardly 
in the point A; and let F the center of the circle ABC be taken ; 
and G the center of ADE; I fay that the ftraight line joining F 
and G will país through the conta& A. 

For if not, but if pofīble let it pafs as FCDG ; and let ars 
AG be joined. 


Where- 


Book III, 


78 THE ELEMENTS 


Book 11T. Wherefore becaufe the point 
~=} © is the center of the circle 


ABC; FA is equal to FC: again 
becaufe the point G 1s the center ' 
of the circle ADE; AG is equal 
to GD; hut FA has been de- 
monftrated to be equal to FC; therefore FA, AG are equal to FC, 
DG ; fo that the whole FG is greater than FA, AG; but s¢ żs alfo 
lefs (by 20. 1.) ; which is impoflible : wherefore the ftraight line 
joining F and G will not not país through the conta& at A ; there- 
fore st will pafs through it. 

Wherefore if two circles touch one another outwardly, the 
ftraight line joining their centers will pafs through the contact : 
Which was to be demonítrated. 














PROP. XIII. 


A circle will not touch a circle in more points than one, whe- 
ther it touch it within er without. 

For if it be poffible, let the circle ABDC firft touch the circle 
EBFD within, in more points than one; viz. in the points, B, D. 

And let G, the center of the circle ABDC be taken (by 1. 3.) ; 
and H the center of the circle EBFD. 

Wherefore the ftraight line joining 
G and H will (by 11. 3.) fall upon the 
points B, D: let it fall as BGHD ; and 
fince the point G is the center of the 
cicle ABDC; BG is equal to GD; 
wherefore BG is greater than HD ; | 
therefore BH is much greater than HD; 
Again becaufe the point H is the center 
of the circle EBFD ; BH is equal to 
HD ; butit hath alío been demonftrated 
to be much greater than it; which is 
impoflible ; wherefore a circle does not 
touch a circle in more points than one inwardly. 
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. I fay that neither does it outwardly. For if it be poffible ; let Book 1m. 
the circle ACK touch the circle ABDC without in more points "y= 
than one, in the points A, C and let AC be joined. | À 
Wherefore -becaufe any two points A, C have been taken in the 
circumference of each of the circles ABDC, ACK ; the ftraight 
line joining thefe points will fall (by 2. 3.) within both : but it 
hath fallen within the circle ABDC, and without the circle ACK ; 
which is abfurd : wherefore a circle does not touch a circle out- 
wardly in more points than one; but it has been demonftrated that 
neither des sf inwardly. | 
Wherefore a circle does not touch a circle in more points than 
one, whether it touch it on the infide or on the outfide. Which 
was to be demonftrated. f 


PROP. XIV. 


The equal ftraight lines, in a circle, are equally diftant from 
' the center; and the ftraight lines being equally diftant from the 
center are equal to one another. | 
Let ABDC be a circle ; and let AB, CD be equal ftraight lines 

in it; I fay that they are equally diftant from the center. 

For let the center of the circle ABDC be taken (by 1. 3.); and 
let it be E; and let EF, EG be drawn perpendiculars from E to 
AB, CD; and let AE, EC be joined. | | 

Wherefore fince EF, a certain ftraight 
line through the center, cuts a certain 
ftraight line AB, not through the center, at 
right angles ; it will cut it alfo in halves (by 
3. 3.) ; wherefore AF is equal to FB: 
therefore AB is the double of. AF. Cer- 
tainly, for the fame reafon alfo, CD is double ` 
of CG ; and AB is equal to CD ; where- 
fore AF is equal to CG (by com. not. 7.): 
and becaufe AE is equal to EC; alfo the /guare of AE zs equal to 
the /guare of EC : but the Jguares of AF, FE are equal (by 47. 
1.) to the /guare of AE ; for the angle at F is a right angle: and 
the /gueres of EG, GC are equal-to the /guare of EC; for the 
angle 
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. Book III. angle at G is a right angle: wherefore the /guares of AF, FE are 
“vw equal to the /guares of CG, GE; of which the /guare of AF is 
equal to the /guare of CG; for AF is equal to CG; therefore the 
remainder the /guare of FE is equal to the remainder the Quare 
of EG; wherefore FE is equal to EG: but inacircle, ftraight 
lines are faid to be equally diftant from the center, when perpen- 
diculars drawn from the center upon them are equal (by def. 4. 3.) 
therefore AB, CD are equally diftant from the center 
: But let the ftraight lines AB, CD be equally diftant from the 
center, that is, let FE be equal to EG : I fay that AB is alfo equal 
to CD. 

For the fame things being conftructed ; certainly we fhall de- 
monftrate, in the fame manner, that AB is the double of AF ;: 
and CD of CG: aud becaufe AE is equal to EC; the guare of 
AE is alío equal to the /guare of EC; but the /guares of EF, FA 
are equal to the /guare of AE; and the /guares of EG, GC are 
equal to the Quare of CE ; therefore the /guares of EF, FA are 
equal to the /guares of EG, GC; of which the fquare of EG is 
equal to the fquare of EF ; therefore the remaining /guare of AF 
is equal to the remaining /quare of CG ; wherefore AF is equal to 
CG; alfo AB is the double of AF, and CD the double of CG; 
wherefore AB is equal to CD. 

Wherefore the equal ftraight lines, in a circle, are equally dif- 
tant from the center; and the ftraight lines, being equally diftant 
from tlie center, are equal to one another. Which was to be de- 
monſtrated. 


PROP. XV. 


The diameter is the greateft line in a circle; but of the others, 

the one nearer to the center is greater than any one more remote. 
Let ABCD be a circle ; and let AD be a diameter of it; and E 
the center; and let BC be nearer the center E ; but FG more re- 

mote ; I fay that AD is the greateft, and BC greater than FG. 
For let EH, EK be drawn perpendiculars from the center, to 
BC, FG; and becaufe BC is nearer to the center, but FG more 
remote; therefore (by def. 5.3.) EK is greater than EH ; let EL 
© be 
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be made equal to EH ; and through the point L, LM being drawn Book rit, 
at right angles to EK let it be produced to N ; and let EM, EN, ~~ 
EF, EG be joined. - | 

And becaufe EH is equal to EL ; (by 


M B 
14. 3- .) BC it equal to MN: Again fince Y 
AE is equal to EM and ED to EN; 4 
therefore AD is equal to ME, EN; but 


(by 20. 1.) ME, EN are greater than 


E 
MN ; therefore alío AD is greater than A 
MN : but MN is equal to BC; therefore 
AD is greater than BC: And becaufe the G 
D € 


two ME, EN are equal to the two FE, 

EG and the angle MEN is greater than. ` 

the angle FEG ; therefore (by 24. 1.) the bafe MN is greater , 
than the bafe FG ; but MN has been demonftrated 7o Ze equal to 
BC ; and BC is alfo greater than FG: wherefore the diameter AD 

ss the greateft ; and BC greater than FG. 

Wherefore the diameter is the greateft line in a circle; but i 
the others the one nearer to the center is greater than any one more 
remote. Which was to be demoníftrated. 











PROP. XVI. 


The fraight kine drawn at right angles to the diameter of a- 
circle, from the extremity, will fall without the circle; and into 
the place between the ftraight line and the circumference another 
ftraight line will not fall; and the angle of the femicircle is greater 
than every acute rectilineal angle : but the remainder lefs. 

Let ABC bea circle about the center D, and AB :/: diameter ; J 
fay that the fraight lme drawn from its extremity, from the point 
A, at right angles to AB, will fall without the circle. 

For if not, but if poffible let it fall within, as AC and let DC 
be joined. 

And becaufe DA is equal to DC, the angle DAC (by 5. 1.) is 
alío equal to the angle ACD ; but DAC is a right angle (by conft.) 
wherefore alfo ACD is a right angle, therefore the angles DAC, 
ACD are equal to two right angles; which (by "n. I.) is impof- 

Vor. I. L fible ; 
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Book Itt. fible ; wherefore the fraight line drawn 
= from the point A, at right angles to AB 
will not fall within the circle : certainly 
in like manner we fhall demonftrate that 
neither wi it fall upon the circumfe- 
rence ; therefore let it fall without as AE. 

I fay that another ftraight line will not 
fall into the place, between the ftraight 
line AE and the circumference HAC, 

For if it be poffible let it fall as FA ; 

: and let DG be drawn, from the point D, 
perpendicular to FA. 

And becaufe AGD is a right angle, but DAG (by 17. 1.) lefs 

than a right angle; therefore (by 19. 1.) AD is greater than DG ; 
but AD is equal to DH; therefore DH is greater than DG; the 
les than the greater, /uppofing G without the circle, which is im- 
poffible; wherefore another ftraight line will not fall into the place 
between the ftraight line and the circumference. 
' Alfo I fay that the angle of the femicircle; the angle contained 
by the ftraight line BA and the circumference HA ; is greater than 
every acute rectilineal angle; but the remainder, the angle contai- 
ned by the circumference HA and the ftraight line AE is lefs than 
every acute rectilineal angle. 

For if there be any rectilineal angle, greater than that contained 
by the ftraight line BA and the circumference HA; but lefs than 
that contained by the circumference HA and the ftraight line AE ; 
a ftraight line will fall into the place between: the circumference 
HA, and the ftraight line AE ; which will make an angle contained 
by ftraight lines greater, than that contained by the ftraight line 
BA and the circumference HA ; but lefs than that contained by 
the circumference HA and the ftraight line AE: but it does not 
fall: therefore, the acute angle contained by the ftraight lines will 
not be greater than the angle contained by the ftraight line BA and 
the circumference HA, nor lefs than the angle contained by the cir- 
cumference HA and the ftraight line AE. Which was to be de- 
monftrated. 
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Cor. From thefe demonfrations it is manifeft that the fraight Book IM. 
ne drawn from the extremity at right angles to the diameter of 
the circle, touches the circle: and that a ftraight line touches a 
circle in one point only: becaufe (by 2. 3.) the ftraight line meet- 
ing it in two points has been fhewn to fall within it. 


PROP. XVII. 


From a given point to draw a ftraight line touching a given circle. 

Let A be the given point,. and BCD the given circle; it is re- 
quired from the point A to draw a ftraight line touching the circle 
BCD. 

For let E the center of the circle be taken (by 1.3.) ; and let 
AE be joined ; and with the center E and at the diftance EA let 
the circle AFG be defcribed ; and from the point D, let DF be 
drawn at right angles to AE; and let EBF, AB be joined: I fay 
that from the point A the frasght line AB hath been drawn touch- 
ing the circle BCD. 

For fince E is the center of the circles 
BCD, AFG ; therefore EA is equal to EF; 
and ED to EB: certainly the two AE, EB 
are equal to the two FE, ED ; and they con- 
tain a common angle, the angle at E; where- 
fore (by 4. 1.) the bafe DF is equal to the 
baíe AB and the triangle DEF is equal to 
the triangle EBA ; and the remaining angles 
to the remaining angles ; therefore the angle 
EBA is equal to EDF ; but EDF is a right 
angle ; wherefore EBA is a right angle; and EB is from the cen- 
ter: but the fraight ine drawn from the extremity at right angles 
to the diameter of the circle touches the circle : wherefore AB 
touches the circle. 

Wherefore from a given point, the du A, a ftraight line AB 
hath been drawn touching the circle BCD. Which was to be done. 
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to the contact; therefore FC is per- 
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PROP. XVII. 


If any ftraight line touch a circle, and any ftraight line be drawn 
from the center to the ot of contact ; the dine drawn will be 
perpendicular to the touching Je. 

Let any ftraight line DE touch the circle ABC, in the point €; 
and let F the center of the circle ABC be taken ; and from F to 
C let FC be drawn ; I fay that EC is perpendicular to DE. | 

. For if not, let FG be drawn from the 
point F perpendicular to DE. A 

Wherefore becaufe FGC is a right 
angle, therefore GCF is an acute angle; 
but the greater fide is extended under the 
greater angle; therefore FC zs greater 
than FG; but FC zs equal to FB: where- 
fore FB is greater than FG ; the lefs than © 
the greater which is impoffible : therefore D a 
FG is not perpendicular to DE : certainly G E 
in the fame manner we.fhall demonftrate, that neither zs any other 
but FC: wherefore FC is perpendicular to DE. 

Wherefore if any ftraight line touch a circle; and any ftraight 
line be drawn from the center to the contact ; the Zze drawn is 
perpendicular £e tbe tangent. Which was to be demonftrated. 


"i 


B 


PROP. XIX. 


If any ftraight line touch a circle, and a ftraight line be drawn, 
from the contact, at right angles to the touching Ze ; the centet 
of the circle will be in the Zze fo drawn. 

For let any ftraight line DE touch the circle ABC in the point 
C; and from C let CA be drawn at right angles to DE ; t fay 
that the center of the circle i$ in AC. 
^. Fór if not, but if poffible let it be 
F : and let CF be joined. 

Wherefore becaufe a certain ftraight 
line DE touches the circle ABC ; and 
FC hath been drawn from the center 


pendicular to DE (by 18.5.) ; there- 
fore FCE is a right angle; but (by D 





o 
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conſt. i) ACE is a right angle; wherefore FCE is equal to ACE ; Book IR. 

the lefs to the greater; which is impofiible ; ; wherefore F is not ““T"™ 

the ‘center of the circle ABC: certainly in the fame manner we 

fhall demonftrate, that neither is it any other, but ome point in AC, 
Wiherefore if any ‘ftraight line toucha circle, and a ftraight line 

be drawn, from the contact, at right angles to the touching Ze; 

the center of the circle will be in the Zize fo drawn. Which was. 

to be demonftrated. 





PROP. XxX. 


fn ‘a cirole, the angle atthe center is double of the angle at 
the circumference ;. when ‘the angles have the fame circumference. 
for a bale. 

Let ABC be a circle, and. let BEC bea an angle at the center of. 
it; but BAC at the circumference of st; and let them have the 
‘fame -circumferénce BC jor a baíc ; I fay that. the angle BEC is. 
double of the angle BAC. 

For AE being joined let it be produced. 
to F. 

Wherefore becaufe EA is equal to EB;. 
alfo (by 5. 1.) the angle-EAB is eqpal to. 
EBA; wherefore the angles EAB, EBA 
sre double of EAB: but (by 32. 1.) BEF 
is equal to EAB,.EBA; wherefore BEF is 
double of EAB: Certainly for the fame 
reafon FEC is double of EAC: therefore 
the whole BEC is double of :the whole ‘BAC: | 

Let it be bent in a different dire&ion ; ard let the otber angle- 
be BDC ; and DE being joined let it be.produced-to-G : certainly. 
in the fame manner we hall dempnaítrate that the angle GÉC is 
double of the zzgi'GDC , of which :GEB is double of; GDB ;. 
therefore the remainder BEC is double of ‘the ‘rethainder BDC. 

' Wherefore in a circle, the angle at the center is double of: the. 
angle at the circumference; when the anglés have the ‘faire cir-- 

cumfererice for a bafe. . Which was to be. derhonftrated.. | 
| ] t . PROP. 
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PROP. XXI. 


In a circle, the angles in the fame fegment are equal to one 
another. 

Let ABCD be a circle, and let the angles BAD, BED be in the 
fegment BAED ; I fay that the angles BAD, BED are equal to 
one another. 

For let the center of the circle ABCD be 
taken; and let it be F; and join BF, FD. 

And becaufe the angle BFD is at the center ; 
but BAD at the circumference, and have the 
fame circumference BCD for a bafe ; therefore 
the angle BFD is double of the angle BAD: à 
certainly for the fame reafon BFD is double of 
BED: wherefore (by com. not. 7.) the angle 
BAD is equal to BED. ' 

Wherefore in a circle, the angles in the fame fegment are equal 
to one another. Which was to be demonftrated. 





PROP. XXII. 


The oppofite angles, of quadrilateral figures in/cribed in circles, - 
are equal to two right angles. 

Let ABCD be a circle; and let ABCD be a quadrilateral figure 
snfertbed in it; I fay that the oppofite angles of it are equal to two 
right angles. | 

Let AC, BD be joined. D C 

And becaufe (by 32.1.) the three angles X ar 
of every triangle are equal to two right. 
angles; CAB, ABC, BCA the three angles 
of the triangle ABC are equal to two 
right angles: but CAB is equal to BDC 
(by 21. 3-) s for they are in the fame feg- 


ment BADC : and ACB is equal to ADB B 


(by 21. 3.) : for they are in the fame feg- 

ment ADCB; wherefore the whole angle ADC is equal to the twa 

angles BAC, ACB; let ABC which ts common be added ; there- 
fore 
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fore the three angles ABC, BAC, ACB are equal to the /vvo ABC, Book III. 
ADC: but the.angles ABC, BAC, ACB are equal to two right 777 
angles ; alfo the angles ABC, ADC are equal to two right angles ; 
Certainly in the fame manner we fhall demonftrate, that the angles 
BAD, DCB are equal to two right angles. 

Wherefore the oppofite angles, of quadrilateral figures infcribed 
in circles, are equal to two right angles. Which was to be de- 
monítrated. 


PROP. XXIII. 


T'wo fimilar and unequal fegments of circles will not ftand upon 
the fame ftraight line, towards the fame parts. 

For if it be poffible; let ACB, ADB two fimilar and unequal 
fegments of circles ftand upon the fame ftraight line AB, towards 
the fame parts, and let ADC be drawn; and let CB, DB be joined. 

Wherefore becaufe the fegment ACB is 
fimilar to the fegment ADB: and fimilar feg- C 
ments of circles are (by def. 11. 3.) thofe recei- 
ving equal angles ; therefore the angle ACB 
is equal to the angle ADB; the outwardtothe 4 B 
inward; which (by 16. 1.) is impoffible. 

_ Wherefore two fimilar and unequal fegments of circles will not 
ftand upon the fame ftraight line, towards the fame parts. Which - 
was to be demonftrated. 






D 
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PROP. XXIV. 


The fimilar fegments of circles, upon equal ftraight lines, are 
equal to one another. 

Let AEB, CFD be fimilar fegments of circles upon the equal 
ftraight lines AB, CD; I fay that the fegment AEB is equal to 
the fegment CFD. 

For the fegment AEB being ap- E F G 
plied to the /egment CFD ; and 
the point A being placed upon the | 

ont C; and the ftraight line AB 
a CD; the point B will apply " BC D 
itfclf to the point D; becaufe AB is equal to CD; but the 
ftraight 
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Pook II. ftraight line AB applying itfelf to CD, the fegment AEB (by 
m 23. 3.) will apply itfelf to CFD : for if the ftraight line AB thall 
apply itfelf to CD ; but the fegment AEB will not apply itfelf to 
CFD ; but (hall change its direction as CHGD : but a circle does 
not cut a circle in more points than two (by 10. 3.) ; but the circle 
CHGD cuts CFD in more points than two; viz. in C, G, D; 
which is impoffible: wherefore the ftraight line AB being applied 
to CD, alfo the fegment AEB will not, not apply itfelf to CFD ; 
therefore it will apply itfelf, and will be equal to it. 
Wherefore the fimilar fegments of circles, upon equal ftraight 
lines, are equal to one another, Which was to be demonftrated. 


PROP. XXV. 


. A fegment of a circle being prm, to defcribe the circle of which 
it is a fegment. 

Let ABC be the given fegment of the circle; it is required to 
defcribe the circle, of which ABC is a fegment. 

For let AC be cut in halves (by 10. 1.) in the fo»? D; and 
from the point D let DB be drawn at right angles to AC ; and let 
AB be joined : therefore the angle ABD is either greater, equal 
or lefs than the angle BAD. 

Firft, let it be greater; and let the angle BAE be made, with 
the ftraight line AB and at the point A in it, equal to the angle 
ABD ; and let DB be produced to E ; and let EC be joined. 

Wherefore becaufe the angle ABE is equal B 
to BAE ; therefore (by 6. 1.) the ftraight i 
line BE is equal to EA: And becaufe AD is 4 — 

(6 ſt en geen 

y conft.) equal to DC and DE common ; 


certainly the two AD, DE are equal to the " 
two CD, DE each to cach ; and the angle 
ADE is equal to the angle CDE ; for each is 


a right angle; therefore alío (by 4. 1.) the D 
bafe AE is equal to the bafe EC; but AE has 8 
been demonttrated 7o Ze equal to EB ; there- 

fore alfo BE is equal to CE; wherefore the 

three Araight ines AE, EB, EC are equal to 

one another: therefore a circle defcribed with A D c 


OF EUCLID. | $9 


the center E and at the diftance of one of the nes AE, EB, EC Book Hl. 
will alfo pafs through the remaining points, and will be the circle ~~ 
to be deícribed (by 3. 5.) : Wherefore the fegment of a circle being 
given the circle has been defcribed ; and it is manifeft that the 
fegment ABC is lefs than a femicircle ; on this account, becaufe 
E the center of it falls without. 

In like manner, if the angle ABD is equal to the angle BAD ; 
. AD becoming equal to either of the Aves BD, DC; therefore the 
three DA, DB, DC will be equal to one another ; and D will be 
the center of the circle compleated ; and certainly ABC will be a 
femicircle. | 

But if the angle ABD be lefs than BAD ; alfo let us make with 
the ftraight line AB, and at the point A in it, an angle equal to 
the angle ABD; the center will fall within the fegment ABC in 
the fraight line DB; and certainly the fegment ABC will be greater 
than a femicircle. 

. Wherefore a fegment of a circle being given, the circle has been 

defcribed, of which it is a fegment. Which was to be done. 


PROP. XXVI. 


In equal circles, the equal angles ftand upon equal circumfe- 
rences ; whether they ftand at the center, or at the circumference. 
. Let ABC, DEF be equal circles ; and.let BGC, EHF be equal 
angles in them, at ¢deir centers ; and BAC, EDF at the circum- 
ference: I fay that the circumference BKC is equal to the circum- 
ference ELF. 
For let BC, EF be joined. A 
And becaufe the circles ABC, 
DEF are equal; the ftraight 
lines from their centers are equal 
(by def. 1. 3.) : the two BG, 
GC are equal to the two EH, 
HF and (by fupp.) the angle at 
G is equal to the angle at H: | 
wherefore the bafe BC is equal to the bafe EF : and becaufe the 
angle at A is equal to the angle at D ; therefore the fegment BAC 
Vor. I. M is 
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Book UI. is fimilar to the fegment EDF (by def. 11. 3.); and they are upon 
v7 equal ftraight lines BC, EF ; but fimilar fegments demg upon equal 
ftraight lines are equal (by 24. 3.) 3 wherefore the fegment BAC 
is equal to the fegment EDF ; but alfo the whole circle ABC is 
equal to the whole circle DEF ; therefore the remaining fegment 
BKC is equal to the remaining fegment ELF; wherefore the cir» 
‘cumference BKC is equal to the circumference ELF. 
Wherefore in equal circles, the equal angles ftand upon equal 
circumferences ; whether they ftand at the center or at the circum» 
ference. Which was to be demonftrated. 


PROP. XXVII. 


In equal circles, the angles which ftand upon equal circum- 
ferences are equal to one.another ; whether they ftand at the center 
or at the circumference. 

For. let the angles BGC, EHF ftand at the centers G, H in the 
equal circles ABC, DEF ; and upon the equal circumferences BC, 
EF ; and the angles BAC, EDF at the circumferences; I fay that 
the angle BGC is equal to the angle EHF ; and BAC to EDF. 

If the angle BGC be equal — 
to EHF; itis plain (by 20. 


A D | 
3.) that the ang/e BAC is equal 
to the angle EDF ; but if the 
angle BGC 5e not equal to tbe 
angle EHF ; one of them is CN C N 
greater; let BGC be the B C X 


greater, and let the angle BGK ! 

(by 23. 1.) be made with the ftraight line BG and at the point G 
in it, equal to the angle EHF : but (by 26. 3.) equal angles ftand 
upon equal circumferences, when they..are at the centers; wheres 
fore the circumference BK zs equal to the circumference EF ; put 
EF (by fupp.) is equal to BC; wherefooe BK is equal to BC. the 
lefs to the greater; which is impoffible: wherefore the angle BGC 
is not unequal to EHF; therefore equal ; and the angie at A is 
half of the axgle BGC’; and the angle at D is half of the angle 
EHF: wherefore the angle at A is equal to the asg/e at D. 


Where- 
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Whetefore in etual circles, the angles which ftand upon equal cir- Book I. 
cumferences aré equal to oné another ; whether they ftand at the — 
center or at the circumference. Which was to be demonftrated. 









PROP. XXVII. 


Equal ftraight lines in equal circles cut off equal circumferences; 
the greater egual to the greater ; and the lefs egual to the lefs. 

Let ABC, DEF be equal circles ; and let BC, EF be equal 
fttaight lines in them, cutting off the greater circumferences BAC, 
EDF; ànd BGC, EHF the lefs; I fay that the greater circum- 
ference BAC is equal to the greatér circumference EDF ; and the 
leffer circumference BGC 1s equal to the lefs EHF. 

For let K, L thé centers of the circles be taken ; and let BK, 
KC, EL, LF bo joined. 

And becaufe the circles are A 
equal; the lines alfo from their 
centers are eqnal (by def. 1.) ; 
therefore the two BK, KC are 
equal to the two EL, LF ; and 
the bafe BC is (by fupp.) equal j c 
.to the bafe EF ; wherefore (by G 
8. 1.) the angle BKC is equal to 
the angle ELF ; but equal angles ftand upon equal circumferences, 
when they are at the center (by 26. 3.) ; therefore the circum- 
ference BGC is. equal to the circumference EHF ; but the whole 
circle ABC is equal to the whole circle DEF ; wherefore the re- 
maining circumference BAC, is equal to the remaining circum- 
ference EDF. 

Wherefore equal ftraight- lines in equal circles cut off equal cir- 
cumferences ; the greater egual to the greater; and the lefs equal to 
the lefe. Which was to be demonftrated. ' 



























PROP. XXIX. 


In equal circles, equal ftraight lines are extended under equal 
circumferences. 


M 2 Let 


Book III. 
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Let ABC, DEF be equal circles ; and in them let the equal 
circumferences BGC, EHF be taken ; and let the ftraight lines 
BC, EF be drawn ; I fay that the ftraight line BC is equal to EF. 

For let K, L, the centers of the circles be taken ; and let BK, 
KC, EL, LF be joined. 

And becaufe the circumference | A D 
BGC is equal to the circumference 
EHF ; alfo (by 27. 3.) the angle 
BKC is equal to the angle ELF ; 
and becaufe the circles ABC, DEF 
are equal; the lines from their p 
centers are equal (by def. 1. 3.); 
therefore the two BK, KC are 
equal to the two EL, LF ; and they contain equal angles ; there- 
fore (by 4. 1.) the bafe BC is equal to the bafe EF. 

Wherefore, in equal circles, equal ftraight lines are extended 
under equal circumferences. Which was to be demonftrated. 





F 
G H 





PROP. XXX. 


To cut a given circumference in halves. | 

Let ABD be the given circumference ; it is required to cut the 
given circumference ADB in halves. 
-~ Let AB be joined, and let it be cut in halves (by 10. 1.) at the 
pont C.; and from the point C, let CD be drawn at right angles 
to the ftraight line AB ; and let AD, DB be joined. 

And fince AC is equal to CB; and CD com- 
mon; certainly the two AC, CD åre equal to . 
the two BC, CD; and the angle ACD is. equal [/ 
to the angle BCD ; for each of thefe is a right (/ 
angle ; and (by 4.1.) the bafe AD is equal to A C B 
the bafe DB; but equal ftraight lines cut off » 
equal circumferences (by 28. 35.) ; the greater egual to the greater ; 
and the lefs egua/ to the lefs : and each of the circumferences AD, 





' DB is lefs than a femicircle ; whercfore the circumference AD is 


equal to the circumference DB. : 
Where- 
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Wherefore the. given circumference hath been cut in — Book III, 
W hich was to be done. ost 


PROP. XXXI. 


In a circle, the angle in a femicircle is a right angle ; but the 
angle in a greater fegment is lefs than a right angle ; and the angle 
in a fegment lefs than a _femicircle 1s greater than a right angle: and 
befides the angle of a greater fegment is greater than a right angle; 
but the angle of a fegment lefs than a femicsrcle ss lefe than a right 
angle. 

Let ABCD be a circle; and let BC be the diameter of it, and 
E the center; alfo let BA, AC, AD, DC be joined; I fay that 
the angle in the femicircle BAC.is a right angle ; but that the 
angle in the fegment ABC greater than a femicircle, viz. the-engle 
ABC, zs lefs than a right angle ; ; and that the angle in the fegment 
ADC lefs than a femicircle is greater than a right angle. 

Let AE be joined ; and let BA be produced to F. 

And becaufe BE is equal to EA, the 
angle EAB (by 5. 1.) is alfo equal to 
EBA: again becaufe EA is equal to 
EC, the angle. EAC is alfo equal to 
ACE ; wherefore the whole angle BAC 
is equal to the two angles ABC, ACB: 
but the angle FAC, the outward angie p 
of the triangle ABC,: is alfo equal to 
the two angles. ABC, ACB (by 32. I.): 
wherefore the angle BAC is equal to 
the angle FAC; therefore each of them 
is a right angle: wherefore "e iple BAC, in the femicircle BAC 
is a right angle. 

. And fince the two angles ABC, BAC of the triangle ABC are 
leis than two right angles ; .and BAC is a right angle : therefore 
the angle ABC is lefs than a right — ; and it is in the — 
ABC greater than a femicircle. 

And becaefe ABCD is a quadrilateral figure infcribed i in a circle; 
and the oppofite angles of quadrilateral figures in circles are (by 


22. 3.) 














94 THE ELEMENTS 


Book Ill. 22. 3.) equal to two right angles; wherefore the angles ABC, 
~~ ADC are equal to two right angles; but ABC is lefe than a right 
angle; therefore the remainder ADC is greater than a right angles 
and it is in a fegment leís than a femicircle. 

I fay alfo that the angle of a greater fegment, the angle contai- 
ned by the circumference ABC and the ftraight line AC, is greater 
_ than a right angle; but the angle of the fegment lefs than @ _femr-. 
circle, the angle contained by the circumference ADC and the 
ftraight line AC is lefs than a right angle : and it is manifeft from. 
hence. For becaufe the angle contained by the ftraight lines BA, 
AC is a right angle ; therefore the azg/e contained by the circum- 
ference ABC and the ftraight line AC is greater than‘a right angle 
(by com. not. 9.) : Again becavwle the gagle contained by the ftraight. 
lines CA, AF is a right angle; therefore the angle contained by the’ 
ftraight line AC and the circumference ADC is lefs than:a right 

angle. — 
OTHERWISE. A demouſtration that BAC is a right angle. 
Becauſe the angle AEC (by 32. 1.) ts double of the azgk BAE; . 
for it is equal to the two inward and oppofite angles ; and AEB is 
alfo double of the angle EAC: ;: wherefore the angles AEB, AEC 
are double of the angle BAC ;: but the angles AEB, AEC are (by! 
13. 1.) equal to two right anglés; wherefoie:the ange ei is a 
right angle. Which was to be demonftrated. | 
Cor From this it is manifeft that if onc angle of a. triangle be 
equal to the other two it is a right angle : for this ragon becaufe 
the adjacent angle is equal to the fame two :. but (by def. ro. 1.) 
when the adjacent angles are equal, they are right angles. 





PR v P. XXXII. | 

If any ftraight line touch a circle ; and 3f from the contact any. 
ftraight line be. drawh fo the circle, cutting the circle ; the angles 
which it makes with the touching Awe wall be oqual to the angles 

in the alternate fegments of the circle. — 
For let any ftraight line EF touch the circle ABCD in the point 
B; and from the point B let BD any ftraight line be drawn to the 
circle — cutting it; F T that the angles which BD makes 
with 





OF EUCLID. 95 


with the touching line EF will be equal to the angles in the alter- Book nI. 
nate fepments of the circle, that is, that the angle FBD is equal “~~ 
to the angle conftituted in the (egment DAB; and the angle EBD 
is equal to the angie in the fegment DCB. | 

For let BA be drawn from the point B at right angles to EF ; 
and let C any accidental point be taken in the circumference BD ; 
and let AD, DC, CB be joined. 

. And becaufe a certain ftraight line EF A 
touches the circle ABCD in the point B ; 
and from the contact at B the fraight tne 
AB has been drawn at right angles to the 
touching Ane; the center of. the circle . 
ABCD is (by 19. 3.) in the fraight line 
AB: therefore the angle ADB, beingina E B F 
femicircle, is (by 31. 3.) a right angle; 
therefore BAD, ABD, the remaining angles, are equal to one right 
angle: but ABF is alfo a right angle (by conft.); wherefore the 
angle ABF is equal to the angles BAD, ABD ; let the common 
angle ABD be taken away ; therefore the remaining angle DBF is 
equal to the angle in the alternate fegment of the circle, viz. the 
angle BAD : And becaufe ABCD is a quadrilateral Agure infcribed 
in a circle, its oppofite angles are (by 22. 3.) equal to two right 
angles ; therefore the angles DBF, DBE are equal to BAD, BCD ; 
ef which BAD has been demonftrated to be equal to DBF ; there- 
fore the remaining angle DBE is equal to the angle in the alternate 
fegment DCB of the circle, viz. the angle DCB. 

Wherefore if any ftraight line touch a circle; and if from the 
conta& any ftraight line be drawn to the circle, cutting the circle; 
the angles which it makes with the touching /ime will be equal to 
the angles in the alternate fegments of the circle. Which was to 
be demonítrated. | 







PROP. XXXIII. 


Upon a given ftraight line to defcribe a fegment of a circle, 
containing an angle equal to a given reétilineal angle. 

Let the given ftraight line be AB ; and the angie at .C, the given 
rectilineal ‘angle : it is required, upon the given ftraight line AB, 
"d to 
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Book IIl. to defcribe a fegment of a circle containing an angle equal to the 
— Gngle at C: but the angie at C is either an acute angle or a right 
angle or an obtufe azg/e. 

Firít let it be an acute angle, as in the firft figure ; and let the 
angle BAD be made, with the ftraight line AB and at the point A 
in it, equal to the angle at C; wherefore alfo the angle BAD is 
acute: and let AE be drawn, from the point A, at right angles 
to AD ; and let AB be cut in halves at F; and from the point F 
let FG be drawn at right angles to AB; and let GB be joined. 

And becaufe AF is equal 
to FB and FG common; 
certainly the two AF, FG 
are equal to the two BF, FG; 
and the angle AFG is (by 
conft.) equal to BFG ; there- 
fore (by 4. 1.) the bafe AG 
is equal to the bafe GB; 
therefore the circle defcribed 
with the center G and at the 
diftance AG, will alfo pafs 
through B : let it be defcri- 
bed; and let it be ABE ; and let BE be joined. Wherefore be- 
caufe from the extremity of the diameter AE ; from the point A; 
AD is at right angles to AE ; therefore AD touches the circle (by 
cor. to 16. 3.). And fince a certain ftraight line AD touches the 
circle ABE ; and from the conta& at À a certain ftraight line AB 
hath been drawn to the circle ABE ; therefore the angle DAB is 
equal to the angle AEB in the alternate fegment of the circle; but 
the angle DAB is equal to the angle at C ; therefore the angle at 
C is equal to the angle AEB: wherefore upon the given ftraight 
line AB, a fegment of a circle hath been defcribed viz. AEB, 
containing the angle AEB equal to the given angle at C. 

But let the angle at C be a right angle ; and again let it be re- 
quired to defcribe upon AB a fegment of a circle containing an 
angle equal to the right angle at C : Again let the angle BAD be 
made equal to the right angle at C, as it is in the fecond figure ; 
and let AB be cut in halves in F ; and with the center F, and at 

the 
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the-diftanice of either of rhe lines AF; FB let the circle AEB be de- Book I. Itt. 
fcribed. Therefore the ftraight line AD touches the circle ABE ; 
becaufe the angle at A is a right angle; and the angle BAD is 
equal to the angle in the fegment AEB; for it is alfo a right angle 
(by 31: 3.) being in a femicircle : bute the angle BAD is equal to 
the angle at C: wherefore, again 2 fegment ef a circle viz. AEB 
has been defcribed upon AB, containing an angle equal td the 
angle at C. 

But let the angle at C be an obtafe angle: and let the angle BAD 
be madé equal to it; with the ftraight line AB and at thé point A, 
as it is in the third figure; and let AE be drawn at right angles to 
AD ; and again let AB be cut in halves at F ¢ and let FG be 
drawn at right angles to AB; and let GB be joined. 

And again, becaufe AF is equal to FB and FG common; cer- 
tainly the two AF, FG are equal to the two BF, FG; and the 
angle AFG is equal to the angle BFG : therefore the bafe AG is 
equal to the bafe GB; wherefore a circle defcribed with the center 
G 5 and at the diftance AG; will alfo pafs through B ; let it país 
as AEB: And becaufe AD has béer drawn at right angles to the 
diameter AE from #ts extremity:: therefore AD (by cor. 16. 3.) 
Wüthes the circle AEB: and from the conta@ at A, the fraight 
ine -AB hath been drawn ; wherefore the anglé BAD i is equal to 
AHB the angle contained: in the alternate fegment of the circle : 
But the angle BAD is equal to the ahgie at C : théréfore alfo the 
atigle iti tlie fegmert ATIB-ie equi to tife angle at- È. Wherefore 
upor the givér ftraigRt liné AB; a Kprhent cf 2 ciréle ;- viz. AHB, 
has been defcribed, containing am BAL ue to- ‘the en at C. 
Which was to: rs done. 


PROP XXXV. C 


- "Po cut off a fepriietit from: a giveii' Circle, coatatang an ih 
equal to a given re&ilineal angle. 

Let ABC be the given circle; and the givén rectifineal angle, 
the angle at D : it is required to cut off a'fegment froth the circle 
ABC, confusing an angle equat to:thé - at D. 

VoL: L N- 500 Let 


& 
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Book III. Let EF be drawn touching the circle ABC in the point B; and 
=~ let the angle FBC be made with the ftraight line EF, and at the 
point B in it, equal to the angle at D. 
Wherefore becaufe a certain ftraight line A 
EF touches the circle ABC, and from the 
contact at B, BC hath been drawn cutting : 
st; therefore (by 32. 3.) FBC is equal to in 
the angle contained in the alternate fegment 
BAC : but the angle FBC is equal to the 
angle at D; wherefore alfo the angle in the E B F 
ſegment BAC is equal to the angle at D. 
Wherefore from a given circle ABC a fegment BAC has been 
cut off, containing an angle equal to the given re&ilineal angle at 
D. Which was to be done. 


D 





PROP. XXXV. 


If in a circle two ftraight lines cut one another, the rectangle 
contained by the fegments of the one is equal to the re&angle con- 
tained by the fegments of tbe other. 

For in tbe circle ABCD let the two ftraight lines AC, BD cnt 
one another im the point E ;, I fay tbat the rectangle contained by 
AE, EC is equal to the rectangle contained by DE, EB. i 

If AC, BD pafs through the center fo that E be the center of 
the circle ABCD: it is manifeft, AE, EC, DE, EB being equal, 
that the rectangle. contained by AE, EC is equal to the peque 
contained by DE, HB. 

But let AC, DB not paf through the center; and let the center 
of the circle ABCD be taken (by 1. 3.) ;. and let it be F; and 
from the point F, let FG, FH be drawn perpendiculars to AC, DB; 
and let FD, FA, FE bé joined. 

And becaufe, GF. a certaip ftraight line through the center, cuts 
a certain ftraight line AC not through the center at right angles ;. 
it will alfo cut it in halves (by 4. 3.) ; wherefore AG is equal to 
GC : wherefore becaufe the ftraight line AC has been cut into. 
equal /egments at the point G; and into unequal fegments at the 
point E; therefore (by 5.2.) the rectangle contained by AE and 

EC 
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EC together with the {quare of 
GE is equal to the fquare of GA ; 
let the Quare of GF which ts com- 
mon be added: wherefore the 
retiangle contained by AE, EC to- 
gether with the /guares of GE, GF 
is equal to the /guares of AG, GF: 
But the quare of FE is equal to 
the fquares of EG, GF (by 47. 

1.); and the guare of FA is equal 
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to the /quares of AG, GF : wherefore the — contained by 


AE, EC together with the /guare of FE is equal to the ſquare of 


FA :. but FA is equal to FD ; wherefore the reZang/e contained by 


AE, EC together with the /guare of FE is equal to the /guare of 


FD. Certainly for the fame reafon alfo the reéfangle contained by 
DE, EB together with the /guare of FE is equal to the fquare of 


FD : but it has alfo been demonftrated that the recfangle contained 


Book III. 


by AE, EC together with the fquare of FE is equal to the fquare ` 
of FD: wherefore the rectangle contained by AE, EC together 
with the fquare of FE is equal to the rectangle contained by DE, - 
EB together with the fquare of FE : let the fquare of FE which is 
common be taken away ; therefore the remaining rectangle con- 





DE, EB. 





tained by AE, EC is equal to the remaining rectangle contained by 


Wherefore if in a circle two ftraight lines cut one another, the 
rectangle contained by the fegments of the one is equal to the re&- 


angle contained by. the fegments of the other. 


demonftrated. 


PR QP. XXXVI. 


If any point be taken without a circle, "À two (traight lines - 
fall from it upon the circle ; and one of them cuts the circle and - 








Which was to be 


the other touches it; the re&angle contained by the whole cutting . 
line and the fegment without, taken between the point and the- 
convex circumference, will be equal to the fquare of the touching Zze. 

For let D, any point without the circle ABC, be taken ; and 
from the fois? D, let the two ftraight lines DCA, DB fall upon 


N 2 


the 


5 
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Book Ir. the circle ABC ; and let DCA cut the circle ABC: and let DR 
vec touch i: I fay that the rectangle contained by AD, DC is equal 
to the fquare of DB : the ſtraight lime DCA either pafes through 
the center or not. ! | 
Firft let it pafs through the center; and let F bo the. contes o£ 
the circle ABC ; and let FB be joined,; therefore (by 18. 3.) FBD 
is a right angle: And becaufe the ftraight line AC hath. heen. cut 
in halves in the potant F, and CD is added to.it; therefore (by 6. 
2.) the rectangle contained by AD, DC together, with the /guare of 
FC is equal to the /guare of FD: but the /guare of FD (by 47. 
1.) is equal to the fquares of FB, BD ;. for the angle FERD is a. 
right angle: wherefore the rectangle contained: by AD, DC toge- 
ther with the /guare of FB is equal to the /guares of. FB, BD:; - lot 
the common quare of FB be taken. away; therofore the: remaining ° 
rethangle contained by AD, DC is equal to.the. remamung /guere.of 
DB the. touching /ine. 
" But let DA not pafs through the 
center of the circle ABC : and. let E 
the center of the. circle be taken ; 
and from E let EF. be drawn perpen- 
dicular to.AC ; and let EB, EC, ED 
be, joined; wherefore. BF D»is. 2. right. 
angle.;, and becaufe. EF. a. certain 
{traight line through the center, cuts 
at.right.angles AC a certain. ftraight line not through tbe center, 
It will alfo (by 3. 3.) cutitin halves.;. therefore AF is.equal:to RC: 
and becaufe. the ftraight line AC hath.been. cut.in halvesat By and: 
CD is added to it; therefore (by 6.2.) the reffangle contained. by. 
AD, DC together with the /guare of KC is equal to the /guare of 
FD: let the common /guare of FE be added ; therefore the re&- 
angle contained by A:D,. DC together. with.the-fquares.of CB, HE 
ace equal to the {quares of DF, FE.: but.the fquare. of: DE is.equal : 
to the fquares.of DF, FB (by 47. 1.); for EFD is.a right angles 
aud the fquare of CE is equal to the fquares of CF, FE: Where-.- 
fore.the rectangle contained by. AD, DC together. witlr. the.fquaso. 
of EC is equa] to the fquare of ED: but. CE is equal'to EB ; 
therefore. the. rectangle contained by. AD; DC together with the: 
{quare 
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fquare of EB is equal to tlie fquare of ED: bot tlie fquare. of ED' pex nt 
is equal ta the fquares of EB, BD’; for the angle EBD is a tight "^ 
angle : wherefore the rectangle contained by AD, DC together. 

with the {quare of EB is equal to-the fquares of EB, BD; let the 
common íquare of EB be taken away; therefore the remaining. 
rathinglé contained by AD, D€ is equal to the remoiiiig fpaare of 

DB. | 
« Wherefore if any point be taken without a circle, &c. 
was to be demonítrated. 





Which 


PROP. XXXVII. 


If any point be taken without a circle, and two ftraight lines 
fall from the point upon the circle, and one of them cuts the circle 
and the other meets ##, and sf the rectangle contained by the whole 
cutting line, and the /egment without, taken between the point 
and the convex circumference, be equal to the /guare of the line 
which meets it; the meeting Ane will touch the circle. 

For let D be taken any point without the circle ABC ; and let 
the two ftraight lines DCA, DB fall from the point D, upon the 
circle ABC; and let DCA cut the circle, and DB meet st; and 
let the recangie contained by AD, DC be equal to the /guare of 
DB; I fay that DB touches the circle ABC. 

For let DE be drawn (by 17.5.) touching the circle ABC ; and 
let F the center of the circle. ABC be taken (by 1. 5.) ; and let 
FE, FB, FD be joined : therefore the angle FED is (by 18. 3.) a 
right angle. 

And fince DE touches the circle ABC; and 
DCA cuts :#; therefore (by 36. 3.) the rectangle 
contained by AD, DC is equal to the /guare of 
DE ; but the rectangle contained by AD, DC is 
fuppofed equal to the /guere of DB; therefore 
the fquare- of DE is equal to the fquare of DB; 
wherefore DE is equal to DB; and FE is alfo. 
equal to FB ; therefore the two DE, EF are equal 
to the two DB, BF , and DF is a common bafe to them ; therefore ` 
(by 8.1.) the angle DEF is equal to the angle DBF ; but DEF is 

a right 
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Book III. a right angle ; therefore DBF is alfo a right angle; and FB pro- 
c7 duced is a diameter ; but the fraight line drawn from the extremity ` 
at right angles to the diameter touches the circle ABC (by cor. to 
16. 5.) ; certainly it will be demonftrated in the fame manner if 
the center happen to be in AC. 
Wherefore if any point be taken without a circle, &c. Which 
was to be demonítrated. 


eae 
ELEMENTS 
as 
E U C L I D 
BOOK IV. 


DEFINITION S. 


I. A Rećtilineal figure is faid to be infcribed in a re&tilineal: fi- Book IV. 
gure, when each of the angles of the infcribed figure touches 
each fide of the figure in which it is infcribed. 2. And in like 
manner a figure is faid to be circumícribed about a figure, when 
each fide of the circumfcribed figure touches each angle of the 
figure about which it is circumfcribed. 3. And a redtilineal figure 
is faid to be infcribed in a circle when each angle of the infcribed 
figure touches the circumference of the circle. 4. And a reétili- 
neal figure is faid to be circumfcribed about a circle, when each: 
fide of the circumícribed figure (ss a tangent to the circle) touches 
the circumference of the circle. 5. In like manner a circle is faid 
to be infcribed in a figure, when the circumference of the circle 
touches each fide of the figure within which it is infcribed. 6. 
But a circle is faid to be circumfcribed about a figure, when the: 
Cif a. 


“Book IV. 


equal to the ftraight line D. But if 
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circumference of the circle touches each angle of the figure about 
which it is circumícribed. 

7. A ftraight line is faid to be applied or placed in a circle, when 
the extremities of it are in the circumference of the circle. 


PROP: I. 


In a given circle to apply a ftraight line, equal to a given ftrajght 
line, which is not greater than the diameter. 

Let the given circle be ABC; and D the given ftraight line, not 
greater than the diameter of the circle : it 1s required to apply in 
the circle ABC a ftraight line equal to the ftraight line D. 

Let BC the diameter of the circle 
ABC be drawn: if therefore BC be 
equal to D, the thing required has 
been done: for the ftraight line BC 
has been applied, in the circle ABC, 


not, BC is greater than D (by fupp.); 
and (by 3. 1.) make CE equal toD ; 
and with the center C, and at the 
diftance CE let the circle AEF be defcribed ; and let CA be joined. 

Wherefore becaufe the point C is the center of the circle AEF 
CA is equal to CE ;. but D ig equal to CE; therefore alfo D. ie 
equal to CA. 

Wherefore in the given circle ABC, the eight line AC has 
been applied, equal to the given ftraight line D, which 1s not 








greater than the diameter. of the circle. Which was to be dene. - 


: 


PROP. II. 


In a pen cinele, to- infcribe a triangle — —— to a given: 
triangle. 

Let ABC be the given circle, and DEF the given triangle; itis 
required. to inferibe i in the circle ABC a triangle equiangular to the! 
triangle DEF. 


t 
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Let GAH be drawn, touching the circle ABC in the pomt A ; Book ook TV. 
and let the angle HAC be made with the ftraight line AH, and at “Y™ 
the point A in it, equal to the angle DEF : .and the axg/e GAB, 
with the ftraight line AG, and at the pent à A in it, equal to the 
angle FDE ; and let BC be joined. 

Therefore becauíe a certain 
ftraight line HAG touches the 
circle ABC, and a certain //ra;gbt 
line AC hath been drawn. from 
the contact cutting it ; therefore 
(by 32. 3.) the angle HAC is 
equal to the usge ABC, the angte 
in. the..alternate fegmont of. the. 
circle - ‘bat theangle HAC is equal to — — DEP, therefore thre 
angle ;ABC ‘is: equal 4o ‘the agile FED. Certainly for. the fame 
realon alfo the anglé ACB is equal to- FDE 4 ‘and dierefote (by 32. 
I.) the remaining angle BAC is equal to the remaining angle EFD : 
wherefore: the triangle ABC is cquismguiar to the ttiangle DEF ; 
and it has-been tafcribed ‘in the circlo ABC (by def. x4.). 

». Wherefore: triangle equiangutar. to tie given triangle Hath been 
niceibed à ia the given citcle.: Which. was to be done. | 


































v. 7 


PROP TH. 


T's cittansferibe — about a. given. circle, equiangular to 
«given triangle. 

Let ABC be the given — and DEF the piven triangle; itis 
required to circumícribe a DAMM about the circle ABC equian- 
gular to the triangle DEF, . 
Let EF: be. ‘produced towards. lodi ‘parts, -to the points H, G; 
and let K the center of the circle ABC be taken ; ; and let the 
ftraight line KB be drawn as it may happen : : and let the angle 
BKA. he made with, the @raight linc KB and at the point K in it 
equal. to the : angle DEG ; and: BKE eqyal to the angle DFH; and ` 
through the points A, B, C let ‘the firaig be. kines LAM, MBN, 
NCL be drawn, touching "ei cirele ABC, | 

Van. L sd ; Oo — | | =. and 
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And becaufe LM, MN, NL 
touch the circle ABC in the. 
points, A, B,C; and from the 
center K; KA, KB, KC have 
been drawn to the points A, 
B, C; therefore (by 18. 3.) 
the angles at the points A, B, 
C are right angles. And be- 
caufe the four angles of the 
quadrilateral figure AMBK are M p. No 
equal to four right angles (by | 
32. 1.) ; [fince the quadrilateral figure AMBK is divifible into twe 
triangles] of which the angles KAM, KBM are two right angles ; 
wherefore the remaining angles AKB, AMB are equal to two right 
angles; but the angles DEG, DEF are alfo (by 13. 1.) equal to 
two right angles; wherefore the angles AKB, AMB are equal to 
the angles DEG, DEF ; of which AKB is (by conft.) equal to 
DEG ; therefore the remaining angle AMB is equal to the remai- 
ning angle DEF. Certainly in the fame manner it will be.demon- 
trated that the axg/e LNM is equal to the angle DFE ;` therefore 








the remaining angle MLN is equal to the remaining angle EDF. 


(by 32.1.); therefore the triangle LMN is equiangular to the tri- 
angle DEF and (by def. 4. 4.) it is circumícribed about the circle 
ABC. 

Wherefore. a triangle, has been circumfcribed about:the given 
circle, equiangular to the given triangle. Which was to be done. 
P R.O P. IV. 

To infcribe a circle in a given triangle. 

' Let ABC be the given, triangle ; ; it is s required to infcribe a circle 
in the triangle ABC. 

Let the angles ABC, BCA be cut in halves by the ftraight lines 
BD, CD ; and let them meet one another in the point D ; and 
from the point D let DE, DF, DG be drawn een to the 
ftraight lines AB, BC, CA. 

And becaufe the angle ABD is equal to the angle CBD, for 


ABC is cut in halves ; alfo the right angle BED is eqnal to the 
right 
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right angle BFD ; therefore there are two 
triangles EBD, DBF having two angles equal 
to two angles, and one fide equal to one fide; 
viz. BD common to both extended under one 
of the equal angles ; alfo (by 26. 1.) they 
will therefore have the remaining fides equal 
to the remaining fides; therefore DE :; equal 
to DF : Certainly for the fame reaíon alfo 
DG is equal to DF ; wherefore the circle 
defcribed with the center D and at the dif- 
tance of any one of the ze: DE, DF, DG p F C: 
will país alfo through the remaining points, 
and will touch the ftraight lines AB, BC, CA ; on account of the 
angles at the points E, F, G being right angles ; for if it fhall cut 
them ; there will be a fraight line, drawn at right angles to the 
diameter from ifs extremity, falling within the circle, which (by 
16. 5.) is abfurd : wherefore the circle defcribed with the center 
D and at the diftance of any one of the Anes DE, DF, DG does 
not cut. the ftraight lines AB, BC, CA ; therefore it will touch 
them ; and will be a circle inícribed in the triangle ABC. 
Wherefore the circle. EFG is infcribed in the given triangle 
ABC. Which was to be done. 








PROP. V. 


To circum({cribe a circle about a given triangle. 

Let ABC be the given triangle : it is required to circum{cribe a 
circle about the given triangle ABC. 

Let AB, AC be cut in halves in the points D and E ; and let 
DF and EF be drawn from the points D, E at right angles to AB, 
AC; they will meet either within the triangle ABC or in the 
ftraight line BC or without the triangle ABC. | ! 

Firft let them meet within at the point F ; and let BF, FC, FA 
be joined : and becaufe AD is equal to DB ; and DF common and 
at right angles ; therefore (by 4. 1.) the bafe AF is equal to the 
bafe FB: Certainly in like manner we fhall demonftrate that CF is: 
alio equal to FA ; fo that (by com. not. 1.) BF. z: alfo equal to. , 

O 2 ; 


3 


408 THE ELEMENTS 


Book -IV.FC ; therefore the three ftraight 

we lines FA, FB, FC are equal to 
one another; wherefore a circle 
defcribed with the center F and 
at the diftance of any one of the 
lines FA, FB, FC will alfo pafs 
through the remaining points ; 
and the circle will be circum- 
{cribed about the triangle ABC ; 
and let it be defcribed as the circle 
ABC. 

But let DF, EF meet in the 
Graight line BC, as it is in the fecond figure ; and let AF be joined : 
Certainly in the fame manner we fhall demonftrate that the point 
F is the center of the circle circumícribed about the triangle ABC. 

But let DF, EF meet without the triangle ABC, apain in the 
point F; as it is in the third figure; and ict AF, FB, FC be 
joined ; and again becaufe AD 1s equal to DB, and DF: common 
and at right angles ; therefore (by 4. 1.) the bafe AF is equal to 
the bafe FB : Certainly in the fame manner we thall demonftrate 
that CF is equal to FA; fo that alfo BF is equal to FC ; there- 
fore again the circle defcribed with the center F and at the diftence 
of any one of the dines FA, FB, FC will alfo pafs through the re~ 
maining points; and will be circumícribed about the triangle ABC; 
and let it be defcribed as ABC. 

Wherefore a circle has been circumfcribed about the given tri- 
angle. Which was to be dene. - 

Cor. And st zs manifeft that, when the center of the citcle 
falls within tbe triangle, the angle BAC being in a fegment greater 
than a femicircle, is lefs than a right angle ; but when # fais in 
BC being in a femicircle, it will be a right angle; but when the 
center falls without the triangle ABC, the angle BAC being in a 
fegment lefs than a femicircle, is greater than a right angle. So 
that alfo when the given triangle is acute angled the ftraight lines 
DF, EF will meet within the triangle ; but when BAC is a right 
angle ; they will’ mest-in. BC ; but when it is greater than a right 
angle, without the triangle ABC. 








PROP. 
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PROP. VI. 


To infcribe a fquare in a given circle. | 

Let ABCD be the given circle : it is required to infcribe a fquare 
zn the circle ABCD. 

Let AC, BD, diameters of the circle ABCD, be drawn at right 
angles to one another; and let AB, BC, CD, DA be joined. 

And becaufe BE is equal to ED ; for 
E is the center ; and EA common and 


A 
at right angles; therefore (by 4. 1.) the 
bale AB is equal to the bafe AD: cer- | 
tainly for the fame reafon alfo each of 
the dines BC, CD is equal to each of p. D 


the Anes BA, AD ; therefore the qua- 

drilateral figure ABCD is equilateral. 

I fay it is alfo reGtangular: for becaufe 

the ftraight line BD is a diameter of the C 

circle ABCD ; therefore BAD is a fe- 

micircle ; therefore the angle BAD is a right angle (by 31. 3.)': 

Certainly for the fame reafon alfo each of the angks ABC, BCD, 

CDA isa right angle; therefore the quadrilateral figure ABCD is 

rectangular : but it has been demonftrated to be equilateral ;. there- 

fore it is a fquare ; and it has been infcribed in the piven circle 

ABCD. Eo 
Wherefore the fquare ABCD. has been infcribed in. the given: 

circle ABCD. Which was to be done. 


PROP. VI. 


T'o circumfcribe a fquare about a given circle. | 
Let ABCD be the given circle: it is tequired to circumfcribe a. 
fÍquare about the circle ABCD. | 
Let AC, BD two diameters of the circle ABCD be drawn at 
right angles to one another ; and through the points A, B, C, D 
let FG, GH, HK, KF be drawn touching the circle ABCD. 
Wherefore fince FG touches the circle ABCD ; and from the: 
center E to the contact at A,.the fraight ine AE hath been drawn; 
therefore the angles at A are right angles: Certainly fot the fame 
realon. 


Book IV. 
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Book. Iv, reafon the angles at the points B, C, D G A F 


“~~, are right angles; and becaufe the angle 
| AEB is a right angle (by conft,) ; as alío i 
the angle EBG (by cor.to 16. 3.) is a right 


angle; therefore ( by 29.1.) GH is parallel B D 
to AC: Certainly for the fame reafon alío — 

~ AC is parallel to FK: andin the fame man- : NC | í 3 
mer we fhall demonftrate that each of the 'H c X 
lines GF, HK is parallel to BED: where- 

fore GK, GC, AK, FB, BKare parallelogtams ; therefore (by 34. 1. ) 
GF is equal to HK; and GH to FK; and hecaufe AC is equal to BD; 
but AC (by 34. 1.) is equal to either of the Anes GH, FK ; ‘and 
BD is equal to either of the fines GF, HK ; therefore alfo. each: of 
the Jines GH, FK is equal to each of the dines GF, HK; therefore 
the quadrilateral figure FGHK is equilateral : I fay that it.is dlfo 
rectangular: For becaufe GBEA is a parallelogram ; and AEB is a. 
right angle; therefore (by 44. 1.) AGB is alfo a right angle; cer= 
tainly in the fame manner we (hall demonftrate, that the angles at 
the fois H, K, F are. right angles ; therefore the quadrilateral, 
figure FGHK is rectangular ; ; and it has been alfo demonftrated to 
be equilateral ; , therefore it is a. fquare ang has en circumfcribed 
about the circle-ABCD.. , 


. Wherefore a Íquere Ness been ciccwm{cribed abowt ni given: 
abis Which was to be done. 














PROP. VIL ^ —. in 


To inícribe a circle in a given fquare. . 

Let ABCD be the given fquare-: it ie required to infcribe a 
circle in the fquare ABCD. 

Let each of the dines AB, AD becutin A E D 
halves at the points F, E; and through- 
the, point E, let EH be drawn parallel to 
either of the Anes, AB, CD ; and through 
the point F, let FK be drawn parallel to 
either of the lines AD, BC; therefore each 
of the figures AK, KB;. AH, HD; AG, 
GC; BG, GD isa parallelogram. 3 and 
certainly (by 44.1.) the oppofite fides of 
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them are equal : and becaufe AD is equal to AB (by fupp.) ; and Book tv. 
AE is the half of AD; and AF the half of AB ; therefore AE is "774 
equal to AF; fo that alfo the oppofite Ades are equal ; therefore 
FG is equal to GE: Certainly in the fame manner we fhall de- 
monftrate that each of the Ames GH, GK is equal to each of the 
lines FG, GE; therefore the four GE, GF, GH, GK are equal to 
one another ; therefore the circle defcribed with G for a center 
and at the diftance of asy one of the dines GE, GF, GH, GK will 
alfo pafs through the remaining points; and will touch the ftraight - 
lines AB, BC, CD, DA; on account of the angles at the foint: E, 
F, H, K being right angles (by cor. to 16. 3.) ; for if the circle 
will cut the frraight lines AB, BC, CD, DA; the ftraight line 
drawn at right angles to the diameter of the circle from its extre- 
mity will fall within the circle ; which is abfurd (by 16. 3.); 
wherefore the circle defcribed with the center G and at the diftance 
of any one of the Anes GE, GF, GH, GK does not cut the ftraight 
lines AB, BC, CD, DA; therefore it will touch them and will be 
infcribed i in the {quare ABCD. 

' Wherefore a circle has been infcribed in a given fquare. Which 
was to be done. 


PROP. IX. 


To circumfcribe a circle about a given fquare. | 

Let ABCD be the given [quare : it is required to circumfcribe a 
circle about the fquare ABCD. 

For AC and BD being joined let them cut one another in the 
point E. 

And becaufe DA is equal to AB; and A 
AC common; certainly the two DA, ` / 
AC are equal to the two BA, AC and 
the bafe DC is equal to the bafe BC; 
therefore (by 8. 1.) the angle DAC is 
equal to the angle BAC ; therefore the. 
angle DAB has been cut in halves by 
AC: Certainly in the fame manner we 
{hall demonftrate that each of the angles - C 
ABC, BCD, CDA hath been cut in 





halves 
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Bosk IV, halves by the ftraight lines AC, DB: and becaufe the angle DAB 
v is equal to ABC ; and EAB is the half of DAB; and EBA 5; the 
half of ABC’; therefore the angle EAB is equal ta the angle EBA; 
fo that alfo (by 6. 1.) the fide EA is equal to the fide EB : Cer- 
tainly ia the fame manner we fhall demonftrate that each of the 
firaight lines EC, ED is equal to each of the ftraight lines EA, 
EB; therefore the four fraight ines EA, EB, EC, ED are equal 
to one another; wherefore a circle defcribed with the center E and 
at the diftance of- anyone of the lines EA, EB, EC, ED will país. 
alfo through the remaining points; and will be circumfcribed 
about the {quare ABCD. 
Wherefore a circle has been. circumfcribed about a given {quare. 
Which was to be dona. 


PROP. X. 


‘Fo make an ifofceles triangle, having cach of the angles at the 
bafe double of the remaining angie. 

Draw any ftraight line AB ; and let it be cut in the point C, 
(by 11. 2.) fo that the rectangle contained by AB, BC may be 
equal to the {quare of CA; and with the center A and at the dif- 
tance AB let the circle BDE be defcribed.: and let BD a ftraight 
line equal to the ftraight line AC, whicb is not greater than the 
diameter of the circle BDE be applied in the circle BDE (by 1.4.) : 
and let DA, DC be joined; and let the circle ACD be circumícri- 
bed (by 5. 4.) about the triangle ACD. 

And becaufe the recfangle contained by 
AB, BC is egual to the /guare of AC : 
and AC is equal to BD ;_ wherefore the 
reciangle contained by AB, BC. is. equal to 
the fquare of BD; and becaufe a certain 
point B has. been taken without the circle 
ACD; and from the point B, two ftraight 
lines BCA, BD have fallen upon the 
circle ACD and one of them cuts #/, and 
the other falls upon :; and the rectangle 
contained by AB, BC is equal to the /guare 





OF EUCLID. 113 


of BD; wherefore (by 37. 3.) BD touches the circle ACD ; Book Iv. 
wherefore becaufe BD touches sf, and from the conta& at D: DC “~~~. 
has been drawn cutting it ; therefore (by 32. 3.) the angle BDC is 
equal to the angle DAC in the alternate fegment of the circle: 
wherefore becaufe the angle BDC is equal te DAC let the angle 
CDA which is common be added ; therefore the whole angle BDA 
is equal to the two angles CDA, DAC: But (by 32. t.) the out- 
ward angie BCD is equal to the angles CDA, DAC; therefore the 
angle BDA is equal to the angle BCD: But the angle BDA is equal 
to CBD (by 5. 1.); fince the fide AB is equal to AD; fo that alfo 
the angle DBA is equal to the angle BCD : therefore the three 
angles BDA, DBA, BCD are equal to one another : and fince thè 
angle DBC is equal to BCD (by 6. 1.) the fide BD is alfo equal to 
the fide DC ; but BD is put equal to CA; therefore alfo AC is 
equal to CD; fo that the angle CDA is equal to DAC ; therefore 
the angles CDA, DAC are the double of DAC ; but the azg/ 
BCD is equal to the angles CDA, DAC; therefore BCD is alfo the 
double of DAC ; but BCD is equal to either of the angles BDA, 
DBA; therefore each of the axgies BDA, DBA is double of the 
angle DAB. 

Therefore an ifofceles triangle ADB has been made, having each 
of the angles at the bafe BD double of the remaining angée. Which 
was to be done. 


PROP. XI. 


To infcribe an equilateral and equiangular pentagon in a given 
circle. 

Let ABCDE be the given circle; it is required to infcribe an 
equilateral and equiangular pentagon in the circle ABCDE. 

Make (by 10. 4.) the ifofceles triangle FGH having each of the 
angles at G and H double of the angle at F : and infcribe (by 
2. 4.) the triangle ACD in the circle ABCDE equiangular to the 
triangle FGH ; fo that the angle CAD- may be equal to the angle 
at F; and each of the angles at G and H equal to each of the 
angles ACD, CDA; therefore alfo each of the angles ACD, CDA 
is double of the angle CAD : Let each of the angles ACD, CDA 
be cut in halves (by 9. 1.) by the ftraight lines CE, DB; and let 
AB, BC, DE, EA be drawn. 
|». Vou lL P Where- © 
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angles ftand upon equal circumfe- G^ gu C 
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Wherefore becaufe each of the 
angles ACD, CDA is double of the 
angle CAD; and they have been cut | 
in halves by the ftraight lines CE, F B E 
DB; therefore the five angles DAC, ! 
ACE, ECD, CDB, BDA are equal 
to one another ; but (by 26. 3.) equal 








D 


rences; therefore the five circumfe- 
rences AB, BC, CD, DE, EA are equal to one another : but (by 
29. 3.) equal ftraight lines are extended under equal circumfe+ 
rences; therefore the five ftraight lines AB, BC, CD, DE, EA are 
equal to one another; therefore the pentagon ABCDE is equila- 
teral ; I fay it is alfo equiangular; for becaufe the circumference 
AB is equal to the circumference DE ; let the common circum- 
ference BCD be added ; therefore the whole circumference ABCD 
is equal to the whole circumference EDCB : And the angle AED 
tands upon the circumference ABCD ; and the angle BAE flands 
upon the circumference EDCB ; and therefore (by 27. 3.) the 
angle BAE is equal to the angle AED : Certainly for the fame 
reafon alfo each of the angles ABC, BCD, CDE are equal to / 
either of the angles BAE, AED: therefore the pentagon ABCDE 
is equiangular ; but it has alfo been demonftrated to be equilateral. 
Wherefore an equilatera] and equiangular pentagon has been in- 
{cribed in a given circle. Which was to be done. a. 






PROP. XII. 


To circumfcribe an equilateral and equiangular pentagon about a 
given circle. 

Let ABCDE be the given circle ; it is required to circumferibe 
an equilateral and equiasgular pentagon about the circle ABCDE. 

Let A, B, C, D, E be underítood to be the points of the angles 
of a pentagon infcribed (by 11.4.) fo that the circumferences AB, 
BC, CD, DE, EA may be equal: And through the fast; A, B, C, 
D, EÈ let GH, HK, KL, LM, MG be drawn touching the circle: 
and let F the center of the circle ABCDE be wm ; and ler F B, 
FK, FC, FL, FD be joined. 





And 
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And becaufe the ftraight line KL touches 
the circle ABCDE in the point C ; and 
from the center F to the contact at C 
the ize FC hath been drawn ; therefore 
(by 18. 3.) FC is perpendicular to KL ; 
therefore each of the angles at the point 
C is a right angle. For the fame reafon 
alfo the angles at the points B, D are right 
angles : and becaufe the angle FCK is a | 
right angle; therefore (by 47. 1.) the /guare of FK is equal to 
the /gueres of FC, CK : Certainly for the fame reafon alfo the 
Jquare of FK. is equal to the /guares of FB, BK ; therefore (by 
com. not. 1.) the /guares of FC, CK are equal to the /guares of FB, 
BK ; of which the /guare of FC is equal to the /guare of FB ; 
therefore the remaining /guare of CK. is equal to the remaining 
Jguare of BK; therefore BK is equal to CK: And becaufe FB is 
equal to FC and FK common; certainly the two BF, FK are equal 
to the two CF, FK ; and the bafe BK is equal to the bafe CK ; 
therefore (by 8. 1.) the angle BFK is equal to the angle CFK ; and 
the angle BKF; equal to FKC; therefore the ang/e BFC is double 
of KFC and BKC is double of FKC. Certainly for the fame reafon 
alfo CFD is double of CFL; and the angle CLD is double of CLF. 
And becaufe the circumference BC is equal to the circumference CD 
(by the conft.) ; the angle BFC is alfo equal (by 27. 3.) to the 
angle CFD; and BFC is the donblé of KFC; and the angle DFC 
is the double of LFC ; therefore the engle KFC is equal to CFL; 
certainly FKC, FLC are two triangles having the two angles equal. 
to the two angles, each to each ; and one fide equal to one fide ; 
FC common to them doth; therefore (by 26. 1.) they will alfo 
have the remaining fides equal to the remaining fides ; and the rc- 
maining angle egaal to the remaining angle; therefore the ftraight 
line KC is equal to CL; and the angle FKC to FLC : and fince 
KC is equal to CL ; therefore KL is the doubie of KC. Certainly 
in the fame manner HK will be demonftrated to be double of BK : 
and becaufe BK has been demonftrated to be equal to KC ; and 
KL is the double of KC; and HK the double of BK ; therefore 
HK is equal to KL ; certainly in the fame manner each of the Ayes 
P 2 GH, 
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GH, GM, ML will be demonftrated to be equal to either of the 
lines HK, KL ; therefore the pentagon GHKLM is equilateral. 
I fay that it is alfo equiangular; for becaufe the angle FKC is equal 
to FLC; and HKL has been demontftrated to be double of FKC; 
and KLM to be double of FLC; therefore HKL is alfo equal to 
KLM : certainly in the fame manner each of the angles KHG, 
HGM, GML will be demonftrated to be equal to either of the | 
angles HKL, KLM; therefore the five angles GHK, HKL, KLM, 
LMG, MGH are equal to one another : therefore the pentagon 
GHKLM is equiangular ; but it has been alfo demonftrated to be: 


_ equilateral ; and it has been circumfcribed about the given circle: 


ABCDE. Which was to be done. 


PROP. XIII. 


To infcribe a circle, in a given pentagon which is equilateral] and. 
equiangular. 5 ! 

Let ABCDE be the given pentagon, which is equilateral and 
equiangular : it is required to infcribe a circle in the pentagon 
ABCDE. | i 

Let each of the angles BCD, CDE be cut in halves, by each. 
of the ftraight lines CF, DF ; and from the point F, in which the 
Rraight lines CF, DF meet one another, let the ftraight lines FB,- 
FA, FE be drawn. And becaufe BC, CD are equal (by fupp.) ; and 
CF common ; certainly the two BC, CF are equal to the two DC, 
CF ; and the angle BCF is equal to the angle DCF (by conft.) ; 
therefore (by 4. 1.) the bafe BF is equal to the bafe DF ; and the 
triangle BFC is equal to the triangle DCF ; and the remaining 
angles are equal te the remaining angles, under which the equal 
fides are extended ; therefore the angle CBF is equal to the angle 
CDF: and becaufe the angle CDE is double of CDF ; but CDE 
is equal (by fupp.) to ABC ; and the angle CDF to CBF; there- 
fore CBA is the double of CBF ; therefore the angle ABF is equal 
to FBC : therefore the angle ABC is cut in halves by the ftraight 
line BF. Certainly in the fame manner it will be demonftrated, 


that each of the angles BAE, AED hath been. cut in halves by 


. cach of the ftraight lines FA, FE. 


Let 
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' Let the perpendiculars FG, FH, FK, ` 
FL, FM be drawn from the point F to 
the ftraight lines AB, BC, CD, DE, EA; 
and becaufe the angle HCF is equal to 
KCF ; and the right angle FHC is equal 
to the right angle FKC; certainly there 
are two triangles FHC, FKC having two 
angles equal to two angles ; and one fide 
equal to one fide, viz. FC common to | 
them oth, extended under one of the equal angles; therefore (by 
26. 1.) they will have the remaining fides equal to the remaining 
fides ; therefore the perpendicular FH ss equal to the perpendicular 
FK : certainly in the fame manner it will be demonftrated, that 
each of the dines FL, FM, FG is equal to either of. the /ses FH,. 
FK ; therefore the five ftraight lines FG, FH, FK, FL, FM are. 
equal to one another :' wherefore the circle defcribed with the 
center F and at the diftance of any one of the Anes FG, FH, FK,. 
FL, FM will alfo pafs through the remaining points and. will touch. 
the ftraight lines AB, BC, CD, DE, EA ;. on account of the angles, 
at the points G, H, K, L, M being right angles ; for if it will not 
touch them, but will cut them ; it will happen that a fraight Āne 
drawn at right angles to a diameter from its extremity falls within 
the circle, which (by 16. 3.) has been demonftrated to be abfurd : 
thezefore the circle defcribed. with the center F and at the diftance. 
of any one of the dimes FG, FH, FK, FL, FM will not cut the 
ftraight lines AB, BC, CD, DE, EA; therefore it will touch them: 
let it be defcribed as GHKLM. 

Wherefore a circle has. been infcribed in a given pentagon, which: 
is equilateral and equiangular. Which was to be done. NE 





PROP. XIV. 


To circum{cribe a circle about a given pentagon, which. is equi- 
lateral and equiangular. 

Let ABCDE be the given pentagon, which is equilateral and 
equiangular 3 it is required to circum{cribe‘a circle about the pen- 
tagon ABCDE. 

Let 
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Book IV. Let each of the angles BCD, CDE be cut in halves by each of 

UY the ftraight lines CF, DF ; and from the point F in which the 
ftraight lines meet, let the ftraight lines FB, FA, FE be drawn to. 
the points B, A, E; certainly in the fame manner as in the propo- 
fition before this it will be demonftrated, that each of the angles 
CBA, BAE, AED hath been cut in halves by "- of the ftraight 
lines BF, FA, FE. 

And becaufe the angle BCD is equal to 
the angle CDE ; and the arxgk FCD is 
the half of BCD ; and the eag/e CDF ts 
the half ef CDE; therefore alfo the angie 
FCD ie equal to FDC: fo that (by 6. 1.) 
the fide FC is equal to the fide FD. Cert- | 
tainly in the fame manner it will be de- 
monftrated that each of the nes FB, FA 
FE is equal to either of the Aves FC, FD: therefore the five ftraighe 
lines FA, FB, FC, FD, FE are equal to one another 5 wherefore 
the circle deferibed with the center F and at ahe diftance of any. 
one of the lines FA, FB, FC, FD, FE will alfo pafs through the 
retaining points ; and will be circumícribed abont the pentagon 
ABCDE, which is equilateral and equiangular ; let it be circum- 
fcribed and let it be ABCDE. 

‘Wherefore a circle has been circumfcribed abont a given penta- 
gon, which is equilateral and equiangular. Which was to be done. 





PROP. XV. 

"Yo infcribe an equilateral and equiangular hexagon in a given 
circie. 

Let ABCDEF be the given circle ; it is required to infcribe an 
equilateral and equiangulat hexagon in the circle ABCDEF. 

Let AD the diameter of the circle ABCDEF be drawn: and let 
G the center of the cirele Be taken; and with the center D and at 
the diftance DG let the circle EGCH be defcribed ; and EG, CG 
being joined, let them be produced to the points B, F; and let 
AB, BC, CD, DE,-EF, FA be drawn, I fay that the hexagon 


ABCDEF is equilateral and equiangular. 
For 
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For becaufe the point G is the center of the 
circle ABCDEF, the fraight line GE is equal 
to GD: again becaufe the point D is the center 
of the circle EGCH, the dine DE is equal to 
GD; but GE has been demonftrated to be 
equal to GD; therefore GE is equal to ED; 
therefore the triangle EGD is equilateral ; and 
therefore the three angles of it EGD, GDE, 
DEG are equal to one another, fince the angles 
at the bafe of ifofceles triangles are equal to one | 
another ; and (by 32. 1.) the three angles of a triangle ate equal. 
to two right angles; therefore the angle EGD is the third pert of 
two right angles: Certainly in the fame manner it will be demon- 
{trated that the angle DGC is the third pert of two right angles; 
and becaufe the ftraight line CG ftanding upon EB makes the gd- 
jacent angles EGC, CGB equal to two right angles; thesefore the 
remaining angle CGB is the third part of two right angles; where- 
fore the angles EGD, DGC, CGB are equal to one another ; fo 
that (by 15. 1.) the vertical angles to them; viz. BGA, AGF, 
FGE are equal to EGD, DGC, CGB 5 therefore the fix angles 
EGD, DGC, CGB, BGA, AGF, FGE are equal to one another ; 
but (by 26. 3.) equal angles ftand upon egual circumferenges s 
therefore the fix circumferences AB, BC, CD, DE, EF, FA are. 
equal to one another ; but (by 29. 3.) equal ftraight lines are ex- 
tended under equal circumferences ; therefore the fx fraight lines 
are equal to one another ; therefore the bexagon ABCDEF is equi- 
lateral: I fay it is alfo equiangular ; far becavfe the circumference 
AF is equal to the circumference ED ; let the common circum- 
ference ABCD be added; therefore: the ‘whole. circumference 
FABCD is equal to the whole circumferense EDCBA 5. and the 
angle FED ftands upon the circumference FABCD;: od the angle 
AFE upon EDCBA ; therefore (by 27. 3) the. angle AFE is equal 
to the angle DEF ; in like manner it. will be demonkrated that the 
remaining angles of the hexagon ABCDEF, one by one, are equal 
to either of the angles AFE, FED;. therefose the hexagon ABCDEF 
is equiangular ; and it has been. demonfrated to be equilateral 
and it:has been infcribed. in the circle ABCDEF. | 

Wherefore an equilateral and equiangular hexagon has been u»- 
fcribed in a given circle. Which was to be done, 
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Book IV. Cor. From this # ss manifeft, that the fide of a hexagon is 
"7v equal to the dine from the center of the circle. 

And if we draw through the points A, B,C, D, E, F fraight lines 
touching the circle, an equilateral and equiangular hexagon will be 
circumícribed about the circle, agreeable to what has been faid 
concerning the pentagon: And farther we fhall infcribe in a given 
hexagon and alío circumícribe a circle by the like ffeps as have been 
mentioned concerning the pentagon. 


PROP. XVI. 


‘To infcribe an equilateral and equiangular quindecagon in a 
given circle. 

Let ABCD be the given circle ; it is required to in{fcribe an 
equilateral and equiangular quindecagon i in the circle ABCD. 

Let AC, be infcribed in the circle 
ABCD, the fide of an equilateral triangle 
infcribed in it; and let AB, be s/cribed, 
the fide of an equilateral pentagon. 
Wherefore of what equal fegments the B 
circle ABCD is fifteen; of fuch the cir- p 
cumference ABC, being the third part | 
of the circle, will be five; and the cir- c D 
cumference AB, being the fifth part of 
the circle, will be three ; therefore the 
remainder BC will be two.of thefe equal fegments ; let BC be cut 
in halves in the point E (by 30. 3.) ; therefore either of the cir- 
cumferences BE, EC is the fifteenth part of the circle ABCD ; 
therefore joining the ftraight lines BE, EC ; if we apply in the ` 
circle ABCD continually ftraight lines equal to them (by 1. 4.) 
there will be infcribed in it an equilateral and equiangular quin- 
decagon. Which was to be done. 

. And in like manner as was done concerning the pentagon ; if 
‘through the divifions of the circle we draw Anes touching the circle; 
an equilateral and equiangular quindecagon will be circumfcribed 
about the circle; and farther we fhall infcribe in a given quinde- 
«agen, which. is equilateral and equiangular, and alío circumícribe 
a circle by the like /feps as have been mentioned concerning the 


‘pentagon. 


A 
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DISSERTATION VI 


N the former differtation many things are not mentioned which 

a careleís reader requires to be put in mind of, becaufe I 
confidered that fuch readers would ftand in need of frefh admo- 
nitions, to induce them to read my obfervations; which deter- 
mined me to fteer a kind of middle courfe, by reducing my re- 
marks to fome general heads, and illuftrating them by examples, 
which the reader is fuppofed to apply in all fimilar circumítances. 
Upon this principle it feemed neédlefs to remark that the demon- 
{trations of the twelfth, thirteenth and fourteenth propofitions of 
the fourth book, are more general than they appear to be at firft 
fight; for if the reader obferve my general rule for the examina- — 
tion of every {uppofition; he will find no canfequence drawn from 
the number of fides being five; it being only neceffary that the 
infcribed figures be equilateral and equiangular; which (hews the 
demonftrations to be much more general than is profeffed in the 
propofitions. In like manner, as it has been particularly remarked 
before, it feemed unneceflary to defire the ftudent to obferve the 
ingenious contrivance for cutting the angles of the figure in halves, 
in the thirteenth propofition, having earneftly recommended an 
attention to all fuch indirect conftructions : for in this inftance if 
all the angles were cut in halves directly, it would be found no 








*. eafy matter to prove that the lines will all meet in F ; but by cut- 


ting any two of the angles in halves, which follow each other in 
order, the point F is fixed; and then joining this point, and tha 
other angular points, it is eafy to prove that thefe lines will cut all 
the other angles in halves.. And whoever reads the former differ- 
tations. with this allowance, will readily grant that I have been fuf- 
ficiently n. I now proceed to a fubject which will exer- 

Vou. I! Q_ .cife 
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cife the reader’s patience if he chufes to go along with me; for 
this differtatien will confift of a minute enquiry into the origin of 
our ideas of proportional magnitudes. 


CHAP. I. 
Of parts and multiples. 


IN the fict four books Euclid coefiders no other relation oF mag« 
ritudes but their equality ; at lea(t when he fpeaks of ampother, 
it ie in a loofe and uadetermined manner, without ever confideving 
how much greater or how much lefs the one is than the other. 
And this will be obvious to any one who chufes.to twn his thoughts 
to the nature of his propofitions ; the common notion o£ whole 
and part therefore is fufficiently accurate for bis. purpofe in thefe 
books. Bue the obje& which he has in view in this book, being 
to. fettle other relations of magnitudes befides their equality, makes 
wt neceflary to introduce, and confequently to defne, a aow idea 
of whole and part under the name of a multiple and part. Take 
swo firaight lines, one of them fixt and the other undetermined > 
by the third propofition of the firft book two: unequal lines. being 
given, you may cut off a part from the greater equal to the Ich ; 
and ohus you may mako a ftraight line, twice, three times, four- 
times, on fivetimcs &c. as long as another; the lind originally: fixe 
f» called a part; and the line which you determine by shis con- 
ftruction. is called a multiple; they ave relative terme, or as Euclid 
eupreffes it, a magnitude of a magnitude. The fir thing therefora 
witioh the ftudent has to fertile in his own mind, is, what the 
thagnitudes are and in «what circumflances they muft be, before 
this relation of multiple and part can take place; and. not: only: fo, 
but what the magnitudes are between which he can enbibit thefe 
relations {cientifically from what has. been: demonftrated in. the firk 
four books. And firk it is obvious that a ftraight line cannot be 
a part of multiple of a triangle; nor of the cireumference of a 
circle ; nor indeed can we confider ope triangle as.a part of another 
unlefs they be between the fame parallel lines; nos the citcumnfe- 
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rences of two circles; as part and multiple unlefs the circles bc 
equal : but to fettle this more particularly let us confider what 
magnitudes, we can multiply, that is meafure exactly, and in what 
circumitances : Now we can multiply or meafure exactly, two 
ftraight lines by the third propofition of the firft book ; that is we 
can take any ftraight line five, fix &c. times ; or if the fuppofition 
be that one ftraight line is five, fix &c. times any other line; we 
can divide this multiple into its parts. But the reader is not te 
take my word for this; and the more inftances in which he tries 
KH, the more likely is he to underítand what follows. 

By multiplying (that is doubling, trebling &c.) the baíe of a 
triangle, you multiply the triangle, provided the part and multiple 
are between the fame parallels; and the fame may be faid of pa- 
rallelograms : fo that here we begin to make our notions of mag- 
 nitudes fomewhat more complicated. It is faid in the firt book 
that triangles upon equal bafes and between the fame parallels are 
equal, but now we advance a ftep farther, and fay that triangles 
apon double bafes are double, and upon treble bafes are treble &c; 
which tranfition the ftudent who is defirous to have his ideas keep 
pace with his apparent progrefs in the fcience will do well to 
obferve. — 

Anples, circumferences and fe&tors of equal circles may be died: 
tiplied by the principles contained in the twenty - fixth-feventh- 
eighth, and-ninth propofitions of the third book : begaufe by pla- 
cing or applying equal ftraight lines in a circle you cut off equal 
circumferences; you make equal angles at the center or circums 
ference ; and it is alfo eafy to prove that the fectors are equal: all. 
this however the ftudent muft demonftrate ; and T believe it will 
be found that thefe are all the magnitudes which can be muleis 
plied according to Euclid’s idea in his two firft definitions ; for it 
does not appear to me that it would be fufficient to have one tri- 
angle three times as large as anóther uhlefs they be between the 
fame parallel lines, to fay that the one i$ a multiple of the other ; 
becaufe the definitions fuppofe that the multiple may be divided 
into its parts, which is what I underftand by the word mea/éres. 
But, all thefe, the ftudent fhould examine by a particular conftruc> 
tion, if he means to underftand any part of this bufinefs; and I 
3 Q 2 im 
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_am perfuaded he will find, that flraight lines; triangles and pa- 
rallelograms between the fame parallel lines; angles, circumfe- 
rences and fectors of equal circles are all the magnitudes which 
can have the relation of multiple and part to one, who has no other 
principles to go upon but thofe contained in the firft four books. 

It may be thought that particular inftances explaining cach of 
thefe circumftances would have been ufeful; but the conftruétion 
of fuch figures. is extremely obvious, and it will be much more 
improving for the learner to defcribe the figures for himfelf, be- 
caufe he may look at figures already defcribed, without compre- 
hending what they are intended to illuftrate, which can never be 
the cafe if the figures are properly defcribed by himfelf. Now this 
being perfectly underftood, and the proper meaning of the two 
firft definitions determined ; the ftudent is next to endeavour ta 
acquire a ready ufe of them; by reafoning upon fuch confequences 
as follow moft directly from them : let him fuppofe one magnitude 
to be a part of another and try what confequences will follow; 
and the only dire& confequence is that the part will meafure tho 
multiple ; but what is the meaning of this? Let the reader fuppofe 
two ftraight lines which we fhall call AB and C; and let C be a 
part of AB; then if we begin at the point A and (by 3. 1.) take 
of a part equal to C and from thc remainder a part equal to C ; 
we muft at laft fall in with the point B; becaufe, if this did not 
happen, C could not be a part of AB, contrary to tlie fuppofition ; 
becaufe this is what I underftand by meafuring it: and the fame 
confequence follows if we fuppofe AB a multiple of C. 

But it will be neceffary to reafon in the.fame manner upon each 
of the magnitudes, which have been mentioned as coming under 
thefe definitions of a part and multiple. 


“CHAP. IL. 
Of equimultiples. 


THE word egutmultiple, one might imagine has its meaning 
fully afcertained, by the common acception of the two words of 
which it is made up; -and yet I cannot tell how it-happens, that 
T | it 
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it hardly ever conveys a diftin& idea to the mind of-a learner, as 
it is applied in this {cience; furely nothing feems more obvious 
than that it is to be underftood of magnitudes taken an equal num- 
ber of times; but I have generally found that there is fome confu- 
fed notion of equality of magnitude that accompanies the concep- 
tion of equimultiples ; than which nothing can poflibly be more 
abfurd ; for it means only that the magnitudes are taken the fame 
number of times; thus if any ftraight line, which you may call 
A be taken three times ; and call this BC: and fuppofe any angle 
Ro be trebled; we fay that BC and this angle, are equimultiples of 
the line A and of the angle which. was taken three times; or to 
be more particular (turn to the figure for the firft propofition of 
the fixth book) the ftraight line HC and the triangle AHC, though 
they can have no connexion. with each other as to magnitude, are 
neverthelefs equimuluples of the ftraight line BC and of the trie 
angle ABC: and again (fee the figure.to the thirty third propofi- 
tion of the fixth book) the circumference EN and the angle EFIN, 
though magnitudes of quite different kinds, aro equimultiples of 
— the circumference EF and of the angle EHF; or in fhort this ex- 
preffion means no more, but that when the multiples are divided 
into their parts, the number of divifions in each is the fame; as 
in the inftances above, HC is divided into three parts each equal 
to BC; and the triangle AHC into three parts alfo each equal to 
the triangle ABC ; thefe equimultiples therefore agree in nothing 
but that they can be divided into the fame number of parts; and 
this is the moft dire& confequence which will follow from the fup- 
pofition of their being equimultiples. But in order to underftand 
the meaning of this term, and the two firft definitions it will be 
proper for the reader to examine the three firft propofitiens toge- 
ther with the fifth and Gxth of this book. 





- CHAP. IIL 
. Containing further dluftrations of the firft and fecond definitions., 
THE reader will perceive, if he has gone through the different 


| - of the conítructions. which I have recommended, that all 
un 
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thofe magnitudes which we can multiply; are doubled, trebled 
&c. by the affiftance of a ftraight line; fo that whatever can be 
íhewn to be a property of, a multiple, equimultiples or parts of a 
fisaight line the fame may be readily transferred to triangles or pa- 
rallelograms, between the fame parallel lines; to angles; circumfe- 
sences and fectors of equal circles; which I contend are all the 
magnitudes which we can multiply, agreeable to Euclid’s two firft 
definitions ; and probably for this reafon the conftructions and de= 
monftrations in this fifth book are confined to ftraight lines only; 
although the enunciations are expreffed of magnitudes in general. 
Let us fuppofe that the reader has examined the three firfít propo- 
fitions and the fifth and fixth; only obferving, that Euclid is here 
demonttrating properties of ftraight lines, I fhall now proceed to 
snake fome remarks upon them in order. And firft it is faid that 
AB is a multiple of E ; equimultsple you mean; no, not fo faft let us 
examine one thing at atime; I fay that the fuppofition is; AB is a 
multiple of E; well let us fee what confequence follows from this; 
cut off from AB the line AG equal to E; and by proceeding thus 
you muft fall in with the point B; that is I thus divide AB into 
parts equal to E; or I meafure AB; take care to diftinguifh be- 
tween this, and the fuppofing it divided; for if the reader be given 
to fuppofitions of this kind, he had better fuppofe the whole book 
demonftrated, In like manner CD by the fuppofition is a multiple 
- of F; and the fame confequences follow; namely that in the fame 
manner I divide CD iato. parts equal to F: But farther by the fup- 
pofition AB and CD are equimultiples of E and F'; -let us fee what 
confequence follows from this part of the fuppofition ; nothing 
more than this, that after I have divided the multiples into mag- 
nitudes.equal to the parts, the number of divifions in both is the 
fame ; for certainly if AB be the donble of E and CD the double 
of F; AB contains E twice and CD contains F twice ; and the 
fame may be faid of any other equimultiples ; and the ufe made of 
it in this propofition is, that if you take away the parts one by one, 
. when you.have done with one multiple all the other equimultiples 
muft be exhaufted at the fame time. 
. But farther, this propofition fhould be examined ftill more par- 
ticularly ; becaufe, although this may feem needlefs for thofe to 
whom 
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whom Euclid writes, I know it to be eflensially neceflary for thofe 
to: whom this differtation is addrefied. The ftudent ts therefore to 
bring this conclufion more dareQily to the definitions, at leaft to 
take fuch fteps as feem moft likely to carry his attention up to the 
definitions. For this pwrpofe let him draw two indefinite ftraight 
Bnes; aad custing off from one of them a line equal to E and E 
together; he is then to proceed in the fame manner and cut off 
from the other a line equal to AG and CH together; and from 
the remainder a line equal to GB and HD together; and fo on 
until ke has made a line equal to AB and CD together: He is next 
to. demon(trate that the line, made equal to E and F together, will 
meafure tbe line made equal to AB and CD togethers; and when 
this is done he can fay, that the one line 4 a part or meltiple of 
the other: But after all it remains to. be proved: that the one line 
is contaseed in the other, juft as often! ae E is contained in AB ; 
and ther he may fay that AB; and AB, CD together are equimul- 
tiples of E; amd of E, F together. Let hii, after thie point iS 
fettied. to his full. conviction, proceed in the fame manner with three 
multiples &c. until he can fay upes ami greunde if there be any 
numberof magnitudes &c. ` 
The fecond and third propofitions muft be perfectly inthegidlé 
to any one who has gone the progrefs which I have recommended. 
upon the firft. But before entering upon. the fifth it will be pro- 
per for thé reader to obíerve that we are not as yet taught how 
to take even a third part of a ftraight line, much lefs how to 
take any part: indeed we can cut a ftraight line in halves; by 
which conftroGion we may take a half, a. fourth part, and an eighth 
part &c. but nothing more :. the conftru&ion therefore in the fifth. 
propofition i is impraGicable ; for if ABi be three times CD; I can» 
net take a third part of BE bus upon the fuppefition: that: EB is a 
multiple of PD ; which is taking for granted: the very thing to be 
pzoved : if a line be a multiple of another I. can divide it into ite 
parts; but not otherwife ; which makes a different conftruction. 
uecefliry here, from that given in the text; but fufficiently obvious 
from the. conftruction in the next propofition : for producing BA. 
directly forward, we may cut of lines equal to. PD, until we have 
the fame multiple ef #D,. thar AB is of CD:; and call. this AG's. 
then. 
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then by the firft propofition EG is the fame multiple of CD that 
AB is of CD, therefore (by com. not 6.) AB and EG are equal ; 
take away AE which is common, and EB is equal to AG ; there- 
fore EB is the fame multiple of FD that AB is of CD. 

It is not eafy to conjecture how this blunder could have crept in, 
 unleís by the deception of a particular figure: for if AB be the 
double of CD, the conftruction is practicable, becaufe then I di- 
vide EB in halves; and take CG equal to the half of it; and then 
indeed AB is.the fame multiple of GF as of CD, therefore GF 
and CD are equal &c. And it is obvious that if AB be taken four 
times CD the fame conítru&ion will hold ; but it fails, if AB be 
taken three times, for then I have no principle upon which I could 
pretend to divide EB; unlefs I fhould meafure it by FD, which is 
taking the very thing for granted which we want to demonftrate, 
namely that EB is a multiple of FD ; and not only a multiple of 
it, but the fame multiple of st, that AB is of CD; that is, I fet out 
with a fuppofition that CG is equal to FD in order to prove them 
to be equal; which is certainly very bad reafoning if it deferve 
the name. J have been the more particular in explaining this, be- 
caufe it feems well calculated to illuftrate this do&rine of parts 
and multiples. — . . F | 


| CHAP. IV. 7 
Containing 2 comparifan of the multiples of four magnitudes. : 


LET ABC, ACD be two triangles between the fame parallel 
lines ; let equimultiples of the bafe BC and-of the triangle ABC 
be taken; and alfo any. equimultiples whatever of the bafe CD 
and of the triangle ACD ; I fay that if the multiple of BC exceed 
the multiple of CD; the multiple of the triangle ABC will exceed 
* multiple of the ttiangle ACD; if equal, equal; and if lefs, 

efs. ; | 
` Here the reader is tọ fix his attention upon four magnitudes; 
which he may.diftinguifh thus, by calling BC the firft, CD the 
fecond, the triangle ABC the third, and the triangle ACD the 
fourth ; according -to our füppofition then, we are to take equi- 

| multiples 
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multiples of the firt and third at a venture; and alfo any equi- 
multiples whatever of the fecond and fourth. But obferve we do 
not compare the eguimuliiples with one another ; only the multiple 
of the firft, with the multiple of the fecond, which are both 
ftraight lines; and the multiples of the third and fourth, which 
are both triangles. And firft let us exhibit any multiple of BC the 
firt.at a venture; produce CB indefinitely and cut off as many 
lines as you pleafe each equal to CB; as BG, GH &c; and Jet 
CH be a multiple of BC taken at a venture, which it is if we 
draw no confequence from CH's containing CB any particular 
number of times. Now we are to take the triangle ABC the fame: 
number of times; and this is performed by joining AH, for the: 
triangle AHC contains the triangle ABC | 
juft as often as CH contains CB; which E AF 
may be proved by joining AG; for as 
 many'lines CB, BG, GH as there are, 
juft ío many triangles are there; and be- 
caule theíe ftraight lines are. equal ; (by 
38. 1.) the triangles are equal of which 
thefe lines are the bafes; and the num- H G B CDK L 
ber of triangles, and the number of 

ftraight lines being the fame; CH contains CB juft as often as 
the triangle AHC contains the triangle ABC; therefore CH and 
the triangle AHC are equimultiples of CB and of the triangle. 
ABC. Again we are to take equimultiples any whatever of the 
fecond and fourth, of CD and of the triangle ACD : produce CD 
dire&ly forward, and take DK, KL each equal to CD; and in the 
fame manner CL is any multiple of CD; and the triangle ACL 
the fame multiple of the triangle ACD. The conftruction being 
thus finifhed let us proceed to the demontftration.. 

- Now I fay that whenever CH is lefs than CL; the triangle 
AHC is lefs than the triangle ACL; becaufe I may cut off from 
CL a part equal to CH ; and then joining the extremity of that 
line to the point A; there will be a triangle, equal to ACH within 
the triangle ACL; therefore when CH is lefs than CL, the tri- 
angle AHC will always be lefs than the triangle ACL; and if 
= be equal to CL, then (by 3 3.) the triangle AHC is equal 

' Vor. I.» to 
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to ACL: and laftly if CH be greater than CL, it may in like 
manner be proved that the triangle AHC is greater than the tri- 
angle ACL: and all this will be true according to any multiplica- 
tion whatfoever. And if for the fake of diftinctnefs we call BC 
the frt; CD the fecond; the triangle ABC the third; and the 
triangle ACD the fourth ; we have this general conclufion ; if two 
fuch triangles be between the fame parallel lines; and if you take 
any equimultiples whatever of the firft and third; and alfo any 
equimultiples whatever of the fecond and fourth; whenever the. 
multiple of the firft exceeds the multiple of the fecond the mul- 
tiple of the third will always exceed the multiple of the fourth : 
and when equal, equal: and when lefs, lefs. Which was to be 
demonttrated.. j 

The reader is now to proceed by himfelf and prove the fame. 
thing of the equimultiples of BC and of the parallelogram CE ; 
and the equimultiples of CD and of the parallelogram CF ; that 
is, that whenever the multiple of BC exceeds the multiple of CD; 
then the multiple of the parallelogram EC will exceed the multi- 
ple of the parallelogram CF : and when equal, equal: and when 
lefs, lefs. 

Here our reafoning feems to become fomewhat more complica-: 
ted than in the firft four books: but if we attend carefully to the 
meaning of the terms, we fhall find very little difference: for the 
multiple is compofed by a repetition of the /ame magnitude; which: 
may therefore be confidered only as a comparifon ef two diíftinct. 
things: the term eqguimultiples implies only a divifion of the mag-. 
nitudes into the fame number of equal parts: and even in this laf 
comparifon, we have only two magnitudes to compare with one 
another, as to their being greater; equal; or leís. So that if the 
ftudent but chufes to prepare himfelf properly, be ftands upon the 
fame firm ground here, as in the firft four books : for the magni- 
tudes are the fame, only the mode of comparifon is new: Which. 
muft be made familiar by particular inftances. Therefore let us 
fuppofe two equal circles ABC, DEF; and BGC, EHF angles at 
their centers, ftanding upon the circumferences BC, EF: I fay, 
if you take equimultiples of the circumference BC and of the 
angle BGC at a venture; and alfo any equimultiples of the cir- 

cumference 
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cumference EF and of the angle EHF: if the multiple of BC 
exceed the multiple of EF; I fay the multiple of the angle BGC 
will always exceed the multiple of the angle EHF ; and af equal, 
equal : and if lefs, Iefs. 

For take any multiple of the circumference BC, by placing of 
applying in the circle ftraight lines, equal to a ftraight line joining 
B and C; and thus making the circumferences CK, KL equal to 
the circumference BC (by 28. 3.): and thus BL may reprefent 
any multiple of the circumference BC: but becaufe the circum- 
ferences BC, CK, KL are um to one another, (by 27- 3-) the 
angles BGC, CGK, KGL are 
equal to one another; there- 
fore the angle BGL is a mul- 
tiple of the angle BGC; but 
moreover it is the fame multi- 
ple of this angle, that the cir- 
cumference BL is of BC; there- 
fore the circumference BL and 
the angle BGL are equimultiples of the — BC and of 
the angle BGC: And in the fame manner we may thew that the 
circumference EN and the angle EHN are equimultiples of the 
circumference EF and of the angle EHF: now fuppofing as in 
the laft inftance, the circumference BC to be the firk; the cir- 
cumference EF the fecond ; the angle BGC the third; the angle 
EHF the fourth; I fay that whenever the circumference BL, the 
multiple of the firft, exceeds the circumference EN, the multiple 
of the fecond; then the angle BGL the multiple of the third, 
will exceed the angle EHN the multiple of the fourth ; for, be- 
caufe BL exceeds EN, I may take of from BL, a part equal to ENS 
by placing in the circle a ftraight line equal to the ftraight line 
joining the points E and N; and can thus prove that a part of the 
angle BGL is equal to EHN : and alfo if BL be equal to EN the 
angle BGL is equal to the angle EHN ; and in the fame manner . 
it may be proved that if the multiple BL be lefs than EN, then 
the angle BGL is lefs than the angle EHN ; and that all this will 
‘ happen according to any multiplication whatever &c. 
| R 2 But 
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But here a difficulty feems to occur, becaufe the multiple may 
be fo taken that BG and GL will become one ftraight line. Alfo 
in taking a multiple of a ftraight line; there is obvioufly no bounds 
fet to the operation ; which there feems to be in taking a multiple 
of a circumference ; though this may be rendered indefinite by 
defcribing as many: equal circles as we pleafe. Now what I take 
to be Euclid’s meaning, as being moft confiftent with the common 
notion of an angle, is this, that in comparing the multiples of the 
circumferences, all the femicircumferences are to be neglected ; 
and in comparing the multiples of the angles at the center; we 
are only to confider, that part of the angle which exceeds two right 
angles; which makes the conftruction and figure here given ges 
neral. I would recommend it to the ftudent, to demonftrate the 
fame thing, of the multiples of the circumferences and fectors of 
equal circles compared together; as alfo, of the multiples of the 
angles at the center and fe&tors. - 


CHAP. V. 
The fame fubjet? continued. 


LET there be four magnitudes A, B, C, D; and let E,'F be 
any equimultiples of A and C the firft and third: and G and H 
any other equimultiples of B and D the fecond and fourth: And 
let any equimultiples of A and C; and any equimultiples of B and 
D be fo particularly connected with one another; that whenever 
. the multiple of A exceeds the multiple of B; the multiple of Ç 
will always exceed the multiple of D; and when equal, equal ; 
and when lefs, lefs: I fay, that if any equimultiples of E and F 
be taken ; and any whatever of G and H; it will always happen 
that when the multiple of E exceeds the multiple of G ; the mul- 
tiple of F will exceed the multiple of H ; and when equal, equal; 
and when lefs, lefs. That is take K and L any equimultiples what- 
ever of E and P; and alfo M and N any equimultiples whatever 
of G and H ; I fay that when K exceeds M; L will always ex- 
ceed N ; and when equal, equal ; and when lef, lef. 

THE 
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THE DEMONSRATION. Becaufe E and F 
are equimultiples of A and C; and K and L 
equimultiples of E and F ; therefore, by the 
third propofition of the fifth book, K and L 
are equimultiples of A and C: ‘Again becaufe 
G and H are equimuluples of B and D; and 
M and N of G and H; therefore (by 3. 5.) 
M and N are equimultiples of ,B and D: but 
the fuppofition is, that if there be any equimul- 
tiples of A and C; and any whatever of B. 
and D; if the multiple of A exceed the mul- 
tiple of B; than the multiple of C will always I. 

LF 











exceed the multiple of D; and when equal, 
equal : and when lefs, lefs; therefore becaufe 
it has been demonftrated that K and L are 
equimultiples of A and C and M and N of B 
and D; it follows that when K exceeds M; 
L will exceed N; and when equal, equal: and when lefs ; pent 
Which was to be demonftrated. B 
Let AB, C and D be three fuch ftraight lines; that any equi- 
multiples whatever of AB and C compared with any multiple of 
D ; may be thus related ; that whenever the multiple of AB ex- 
ceeds the multiple of D ; the multiple of C fhall alfo exceed the 
multiple of D ; and when equal, equal: and when lefs, le(s: I 
fay if this be the cafe AB is equal to C. For if not, one of them 
muft be greater, which fuppofe to be AB. Cut of a part from 
-. AB equal to C ; and let this be BE: multiply 
AE their difference. until it exceed D: and 
let this multiple be FG; therefore FG is 
greater than D : make GH the fame multiple . 
of EB; that FG is of AE; therefore (by 1. 
. 5.) FH is alfo the fame multiple of AB: make 
K the fame multiple of C; therefore FH and 
K are equimultiples of AB and C. Make L 
the double of D, and fo on, until we come to 
the multiple which is the next greater than K:. 
let this. be N : M therefore is not greater than. 
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K: but K is equal to GH.; becaufe EB is equal to C ; therefore 
M is not greater than GE; but FG is greater than D (by conft.) 
wherefore FH is greater than M and -D together, that is N ; there- 
fore FH is greater .than N ; .and K is not greater than N: and FH 
and K are eguimultiples of AB and C and N is a multiple of Ds 
‘but by the.fuppofition any equimultiples of AB and C were fo re- 
lated to any. multiple of D; that whenever the multiple of AB 
-exceeds the. multiple of D; the multiple of C alfo exceeds the 
multiple of D; but the contrary has been proved when we fuppofe 
AB unequal to C; therefore the multiples being ‘according to the 
fuppofition :AB cannot be unequal to C. Which was to be de- 
Monſtrated. 

Let there be ſix magnitudes, or rather ſtraight lines A, B, C, D, 
E, F whofe multiples are thus related: fuppofe any equimultiples 
of A and C to be taken, and alfo any equimultiples whatever of 
B and D; and farther whenever the multiple of A exceeds the mul- 
tiple of B; let the multiple of C always exceed thc multiple of 
JD: and again let there be fome equimultiples of C and E and 
alfo of D and F fuch that the multiple of C exceeds the multiple 
œf D ; but the multiple of E does not exceed the multiple of F : 
Z fay that there are fome equimultiples of A-and E; and fome 
of B and F fach that the multiple of :A exceeds the multiple of 
B; when the multiple of E does not exceed the multiple of F. : 

Suppofe G and H to be fuch equimultiples of C and E ; and K 
and L fuch equimultiples of D and F ; that G exceeds K but H 
does not exceed L: now becaufe by the fuppofition G and K are 
given, I can find what number of times C and D are contained in 
them by meafuring them, that is by cutting off parts equal to € 
and D. Take M the fame multiple of A that G is of C; that is | 
which H is of E : again take N the fame multiple *— B which S 
. dsof D; that is, which L is of F. 

DEMONSTRATION. Now by the fuppofition A, B, C, D are 
fo related to one another that any equimultiples of A'and C; and 
alfo any equimultiples of B.and D being taken; if the multiple of 
A exceed the multiple of B the multiple of C-exceeds the mul- 
tiple of D: but M and G are (by conft.) equimultiples of A and 
C; as alfo N and PS therefore if M exceed N ; G 

exceeds 
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exceeds K : but G does exceed K (by 
fupp.); therefore M exceeds N: but H 
does not exceed L (by fupp.); wherefore 
M exceeds N but H does not exceed L; 
and. M and H are equimultiples of A and 
E; and N and L of B and F. Wherefore 
&c. Which was to be demonftrated. 

If D and E (fee the next figure) be fuch. 
equimultiples. of A and B; and F fuch a: 
multiple of C, that D exceeds F but Edoes- jiaw Goon HEFL 
not exceed F's. then.I fay, that.A is greater: 
than B.. 

For becaufé D exceeds. F and’ E’ does not exceed F ; therefore: 
of confequence D exceeds-E : but becaufe D and E are equimul- 
tiples of A and B and. D' exceeds E; therefore any 
past of D will exceed the fame part of E ;. that is. 
if one of the magnitudes be. greater than. another, 
the third.&c. part ef the one will.exceed the third. 

&c. part of the other ;. therefore A. is greates n Í 
than B. ^ 

Again if F be fuch a aiahiple of C;. and Dand. E T 
E fuch equimultiples of A and B, that F exceeds : 

E. but F does not exceed D ;. then, I fay that. B is- 
leís than A. 

For, becaufe F exceeds E but F does not exceed E 
D; therefore E is lefs than D ; therefore any part: 
of E will be lefs than the fame part of D ;. but A: and B.are the. 
fame parte of D. and E therefore B is lefs than. A... Which.was to. 
be demonftrated. 


























CH A.P. VL 
Containing an explanation. of. the remaining definitionss. 
IF what.has been faid, in this-differtation, be properly.attended : 
to, there will be little difficulty in underftandiag the. meaning of 
the third definition ; which has been the octafion.of fo much. 


trouble to the commentators ; and which they have been fo very. 
unfuccefsful.: 
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unfuccefsful in their attempts to explain. For by proceeding ac- 
cording to the fpecimen here given, it is very obvious that all the. 
properties of magnitudes, -which are mentioned in the fifth book, 
may be demonítrated from the two firít definitions, without any 
mention of the term ratio. But to fave the trouble of fuch cir- 
cumlocutions ; our author gives particular names to the different. 
fuppofitions ; and this is the true origin of the following defini- 
tions, from the fecond. Now fays he, in the third, any certain 
mutual habitude of magnitudes of the fame kind, confidered ac- 
cording to this guantuphcity or multiplicity ; or according to this 
relation of parts and multiples, I call ratio. And I believe I may 
fay that this definition has never been rightly underítood fince the 
greck became a dead language. Barrow calls it a metaphyfical de- 
finition ; but it appears from this, that it is a mathematical one. 
He fays that fuch definition was equally neceffary in the feventh 
book, when fpeaking of the ratio of numbers, but it appears from 

this explanation, that fuch a definition could have no pláce there. 
When any equimultiples of the firft and third, and any equi- 
multiples whatever of the fecond and fourth, have this relation to 
one another, that when the multiple of the firft exceeds the mul- 
tiple of the fecond ; the multiple of the third always exceeds the 
multiple of the fourth ; or when equal, equal ; or when lefs, lefs > 
then he fays the firft has the fame ratio to the fecond which the 
third has to the fourth: But if the multiple of the firít exceed 
the multiple of tbe fecond, when the multiple of the third does 
not exceed the multiple of the fourth; he then fays that the firft 
has a greater ratio to the fecond than the third has to the fourth. 
Fhe fixth, eighth, and ninth definitions are fufficiently obvious. 
When three magnitudes are proportionals ; the fir(t is faid to have 
to the third the duplicate ratio, of that which it has to the fecond. 
But this definition e the next I fhall have occafion to explain 
afterwards. : 

When we fay that the firft has the fame ratio to the fecond which 

the third has to the fourth ; the firft and third are the antecedents ; 
and the fecond and fourth are called the confequents. ‘Now the 
antecedents are called homologous terms, or terms of like ratio ; 
and fo are the confequents alfo. This diftinction is neceflary for 
feveral 
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feveral reafons; in the following definitions, and in fixing the 
equal angles of fimilar mingus &c, and therefore ought to be par- 
ticularly attended to. 

The following definitions wil] be fufficiently underftood, when 
the particular propofitions are read, wherein it is proved that the 
magnitudes will have the fame ratio, the firft to the fecond and the 
third to the fourth, after they have undergone the changes, men- 
tioned in thefe definitions. I know there is a way of explaining 
thefe definitions by numbers, which is nothing to the purpofe ; 
for Euclid is not {peaking of. numbers at prefent but of magni- 
tudes. However as this fupplies the place of all the knowledge 
which this book contains to many, who are not fo {crupulous as 
to require a'demonftration ; nor {fo attentive as to confider whether 
they are talking about fomething or nothing, to gratify fuch indo- 
dent readers, 1 have prefented .them with the following {cheme, 
ferved up in the true French tafte. 





| Alt. rs: 3o :: 5: 10 By equal. ii 6.18 
Inv. 4 :15:: 10: 30 ord. 15-10-30, 
¥533555 30:10 t, aa: §3:40 ane ao te 
js $—5:5: 30—10; 10 By equal. jl M "42 
ain I$: 15—5; : 30: 30—10 
1§:10:: 30: 20 — 


I hope, from what has been faid, the reader underftands the 
meaning of thefe definitions. The triangle, rectangle and circle 
have been confidered as inftruments of inveftigation ; .but this doc- 
trine of raties is to be regarded as a new mode of comparifon, 
very extenfive, in its confequences, giving us a wonderful com- 
mand over the magnitudes, which we have already confidered, by 
difcovering a great many properties far beyond the reach of the 
“former method of comparifon. And although a great deal of pains 
has been taken to render our ideas upon this fubject, confufed, jn» 
diftin& and nothing ; yet it is wonderful, when properly examined, 
what a fimplicity there is in the principles upon which this me- 
thod of comparifon is founded ; the conftrudions are all perfor- 
med (by 3. .1.) aad requires no Mach , apparatus as is neceflary even 
. Vor. I. t9 
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to prove one line to be equal to, or fhorter than another, when we 
cannot make ufe of the circle. | 








CHAP. VII 
‘Of the arrangement af the propofitions. 


THE reader who has been accuftomed to have his head filled 
with numerical ideas as explanatory of the propofitions cobtained 
in this book, will perhaps be furprized to hear mo affirm thet he 
has taken a great deal of pains to fill his head with abfurdities, 
For I am perfuaded that if a {cheme were to be thought af, for 
depriving a man of his reafon, ftill keeping up an àimprefion upoa 
his mind that he was a rational creature, there could not be a more 
effeGtual method, than to fet him upon reconciling tbe damene 
{trations of this book to numerical ideas. Indeed the twifting rapes 
of fand would be a rational employment when compared with this. 

All numerical reafoning proceeds upon. the fappofition, that the 
unit is the fame. But Euclid is not yet prepared for this confine- 
ment, which I íhall prove particularly, upos the feventh book, 
He does not carry on his demonftrations in the fir four books, 
upon the fuppofition that the fides of his triangles, or parallelo- 
grams or the radius of his circle, are three or four fet long; or 
as having a reference to any kind of meafure. Nor is his reafoning 
in this book lefs general. His ratio is a mutual habitude of :ndag- 
nitudes according to quantuplicity, et according to the dottrine of 
parts and multiples. The queftion is not; is the part vre ; !bnt ia 
tt a fixt magnitude f and farther, if you mean to ‘redfon upon & 
according to this doctrine of ratios; is it a nmgnitude that you can 
multiply ? that is, that yeu can deuble; for the whole operation 
confifts only of doubling. It would not be more abíutd, te fuppofe 
that the nature of things, or human imagination does net ‘allow of 
"hy triangle but an equilateral one, and neverthelefs to try to prove 
that the íquare of one fide of a triangle might be equal to the 
Tquares of the other two; than to attempt the-proof of fome of 
the fimpleft properties of triangles, parallelograms and-circles upoa 
the fuppofition that all magnitudes ean be expreft hy numbers. 
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' Et ds to be hoped what has becn faid wall be fufficient to induce 
the reader to pay a proper attention to the &ru&ure of the demon- 
ftrations made ufe of in this book, which have a wonderful ele- 
gancy and force even when takea fingly; but more particularly 
when the arrangement of the whole is confidered : for the better 
underftanding of which I wawd advise the reader to divide the 
book into four portions. "The nature of ratios fhews the propriety 
and nerefiity of introducing the properties o£ equimultiples firft of 
ails and although the fourth propofition is not abfolutely confined 
to its place ; yet as it depends upon the thied, it would be difficult 
to give .it a. more advantageous poktien. The firft fix propofitions 
therefore will:make the ficft portion. Again, we may have a very 
diftin&t notion of this vate of magnitudes ‘without knowing: what 
the magnitudes themfelves are directly: Here therefore fome rule 
or teft is neceflary for enabling us to get at the common relations 
af. greater, equal and lefs, when we have only this ratio to guide 
us. ‘The -fludent.is therefore to.confider:the ieventh, eighth, ninth 
and tenth propofitions, ss making a diftinct feftion, and as intro- 
duced for the very purpofe of fettling this point. 

It might .appear to a fuperficial obferver, who had juft come 
from proving that if four magnitudes are proportionals, they will 
be proportisnals by inverfion; that a fimilar method of reaíoning 
might be applied to fhew that they will be proportionals by alter- 
nation... But it happens here, that the equimultiples, of the firft 
and third, of the magnitudes which we want to prove to be pro- 
portionals ; are not.equimultiples of the fecond and fourth of thofe 
magnitudes which are propoetionals by the fuppofition ; but of the 
firft.and fecond; which deftroys all profpect of fucceeding according 
to.that plan. And indeed this demonitration is no eafy matter, for 
all the propofitions from ‘the tenth to the féventeenth may be con- 
Gdered. as introduced to demonitrate ; that magnitudes will be. pro- 
portionals by:alternation. And'thie will make up the third portion 
according to ‘the divifion above mentioned. "And the remaining 
part. of the book may be confidered under one head, in which is 
proved that magnitudes will: be proportionals ; by compofition divi- 
fion, convertion, and by the two methods of reafoning by equal 
Shanes. ‘Aad ‘thus I thigk.a very ditin& and comprehonfive.view 
~ S 2 of 
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of the fübje& of this book may be taken, and füch an one as feems 
likely to fix it in the memory. 


`~ 


CHAP. VIII. 


Containing fome remarks on the demonftrations. 


AGREEABLE to the rule already laid down, inftead of 
remarks upon particular demonftrations, I thall reduce what I have 
to fay under diftin@ heads, which the reader may apply as he goes. 
along; but firft it feems neceffary to be a little particular, as to 
the conftruction of the thirteenth propofition. Indeed there is 
nothing which feems to be {fo prevailing an error, with regard to 
this book, as a negle& of :the conftru@ions. And yet this is a 
thing which Euclid is, every where, more particularly attentive 
to. He fometimes leaves his reader to draw the confequence from 
a conftruction, when it is fufficiently obvious, and cannot be done 
fhortly and elegantly; an inftance of which we have in the firft 
propofition of the third book ; where there are two. conftructione, 
but he reafons directly, only from one of them, and then joins 
both their confequences in his conclufion : for the demonftration 
only proves that the center muft be in the perpendicular; for no - 
abfurdity will follow from the reafoning, by fuppofing the point G 
to be any where in the line CD ; not even if we foppofe it to be 
at the circumference ; for it will not then be abfurd to fuppofe the 
angle GDB equal to CDB; we have therefore Euclid's authority 
for drawing confequences in this manner ; and I have not the leaft 
doubt of this demonftration being the genuine one given by Eu- 
clid; becaufe to have made it quite regular the two conftructions 
muft have been -feparated ; and then it would not have been one, 
but two diftin& propofitions ; in the. firt of which it was to be 
proved that the center muft.be in the perpendicular; and.in the 
fecorid, that this perpendicular cut in halves would find the center; 
which is a much greater formality than the nature of the problem 
requires, although the ftudent ought to examine.it in this manner. 
But in this thirteenth propofition the cafe feems to be very diffe- 
rent, and confequences are drawn: from a conftru&ion which I 

| believe 
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believe it will be found very difficult to perform. Simon in his 
notc- upon this propofition fays; ** In Commandine's, Brigg's and. - 
« Gregory's tranflations, at the beginning of this demonftration, 
« jt is faid, and the multiple of C is greater than the multiple of D ; 
cs but the multiple of E is not greater than the multiple of F; which 
s words are'a literal tranflation from the greek : But the fenfe evi- 
s dently requires that it be read, {o that the multiple of C be 
«s greater than the multiple of D; but the multiple of E be not 
« greater than the multiple of F.” Now I am fo much of a con- 
trary opinion, that it appears to me that this change deftroys every 
veltige of the true conftruction of this propofition. My notion is 
_ that the: proper equimultiples: are given me by the hypothefis ;, and, 
the multiples and. magnitudes being given, I can meafure the one 
by the other; and confequently kdow how many times the mag- 
nitudes arc taken ; from which the conftru&ion is obviqus : but if. 
I have nething to dire& me but the magnitudes themfelves; con- 
cerning which alío there is no fnppofition of greater or lefs, I. 
fhould be glad to know in fuch circumftances, how this conftruc-. 
tion is to be performed ; I know it is faid /et them be taken, which 
if I were to add my conjectures after the manner of fome com-, 
mentators, I would {ufpect to be the correction of fome hafty editpr: 
who did not underftand the demonttsation.. 
' In proving four magnitudes to have the fame ratio, the firft to 
the fecond which the third has to the fourth ; it. is neceffary that. 
the equimultiples.of the firft and third be any whatever ; and alfo, 
that the equimultiples of the fecond and fourth bẹ takon at.a ven». 
ture. Now it is obvious that if they be taken, as often as ope de-. 
terminate magnitude contains another, they cannot be any what-. 
ever; neither is the fum of two multiples, cach of which has been: 
taken at a venture, to be confidered as any multiple whatever ;- be- 
caufe if in one cafe it fhould happen to be taken three times, and. 
in-the other five times ; thefe multiples added tqgether, would nor 
happen to be eight times that magnitude, but muf really- be. eight 
times the magnitude, not accidentally but confequentially : again 
when a multiple of a magnitude is taken, and then a. multiple of 
that multiple as in.the third propofition 5 this. aft is not any mul- 
— — of the firft magnitude ; for inftance, she firft happens, 
ta, 
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to be taleen three times, and this multiple again five times 3 now 
the lait multiple does not &àpper to be fifteen times the firft, mag- 
nitude, bat muft bè really fo. And this will be fufficient «o dire& 
the ftuderrt tó the proper ufe of the phrafe any whatever. 

‘Stmjon’s remarks wpoh the eighteenth propofition are very. inge~ 
mows; for thé poffibility of the fourth proportional is.net to be 
taken for giqnited: ecaafe this-is a:very different notion from that 
which füpkrfüciBl peopié are apt to confound with it: for when 
two miapritides art made the fubject of contemplation, ‘their exgf 
fence is a part of the fuppofition ; and if they do exift, it muft be 
under onc or other of cheíe forms:; A 'muf be equal to B, or 
greater, or:ief&; and if I prove that ‘A:cannot be preater:than B 
nor lefs, I certdinly demonftrate that A is equal to B. But it is 
very different where the exiffence of the magnitude rmay bc called 
in queftion , which is very reafonably done in the prefent inftance ; 
for it may ‘be faid'to Euclid you have confined yourfclf fo much by 
— definition of the fame ratio, that a fourth proportions) muy 

be 'redlly impofitble according to your definition; but when you 
have once fhewn the poffibility of it, E wil. then admit your rea- 
foning. It is very certain, that we have fufficient principles, before 
this propafition, for finding a fourth proportional to aay three given 
ftraight lines, which would make the demonftration unexceptio- 
nable as we have it at prefent ; by proceeding thus; to AB, BE 
and:CD find a fourth proportional, which muft be.greater, equal 
or lefs than FD &c; but this would be mixing things. together, 
which our aüthor celtsinly intended to keep feparate. But t cm- 
clude this chapter, whocver:hes a proper notion of a part and mul- 
tiple; and ‘knows what is required to prove that.four magnitades 
have the fame ratio the firft to the fecond which the third has. to 
the fourth, can néver be qiiftaken in forming a judgement of. the 
demonftrations containtd'in-this book. Euclid -conftantly: fuppotes 
his megnitudes to-be fraight-lines as is obvious from his conftriac- 
tons and demonftrations ; fo. that there is no oocafion to fuppofe 
the magnitudes in any propofition to be of the fame kind ; and in- 
deed thofe critics who have made fach alterations, if they. had 
anderftood their bufirfefs, ought at leaft to have — ihe enan- 
m of half the prépofitions in the book. 
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CHAP. IX. 
i te Lutje and qrraugement of the Axch bosk. 


QUR mes — laid down this general doctrine of. parts 
and multiples praceeds to apply it to the inveftigation of fuch pro- 
pertics of the triangle, re€tangle and circle as could not be obtained 
by the former method of comparifon. For what is delivered in 
the ffth book itfelf cannot, ftri&ly fpeaking, be confidered as pro» 
perties of triangles, parallelograms &c. bet only as propertics of | 
parts and multiples of {uch magnitudes as come uader the two hid 
defnitions. But in this book he treats of the triangle. as fych, and 
(he wis. whon triaAgles have the fame altitude, they bave the fame 
fasin te one another, as their bafes. Ang here she thoughtless 
Seeder wili-do well to obferve; that evesy: triangle may havo ite 
altitude bxprat by three different ftraight lines, as each. fide can be 
the hee: for the altitude of a triangle is a selative term, and has 
no meaning until the bale is fixt. From this he demonitrates that 
if the two) fides of a triangle be. cut by a ftraight line paraliel to 
the third fide, they will be cut in the fame proportion ; this is the 
fundamental principle which runs through the whole of this baok; 
ans. ought for this reafon to be examined in.every point of view. 
For .after the reader has confidered this property according to its 
aneft obvious acceptation, he will find it. more.general ohan .he fuf 
piited; by making it a property of two indefinied ftraight lines in- 
terfecting one another, and cut in any manner: by.two-pgraliel dines. 

It has been mentioned already that she. triangle is the great in- 
ſtrument of gcometrical inveftigation; and Eyclid’s fir object ia 
this hook is to lay down thofe principles-upon which the fimilarity 
of triangles depends ; ‘and by this acquifition.the,power of thæ fci- 
ence hecames aftonifhingly great, as it is difficult.to fay what can- 
not he done by it that is really practicable ; the judicious reader . 
— therefore will examine the firft eight propofitions with that atten; 
tion which the importance of the fubjeG requires. The five fol- 
Jowing propofitions teach how to divide. a ftraight line into any 
umber of equal parts; to cut a givea-line in.the fame proportion, 

25. 


144. “DISSERTATION VI. 


as another has been cut; to find a third, fourth and mean propor- 
tional; which being practical principles, (hould be made habitual. 
The next four propofitions are all upon the fame fubject, and that 
a very curious one, namely to fix the equality of the parallelograms 
and triangles from the ratio of the fides and converíly. And here 
the indolent reader, fhould be required to fhew what ufe is made 
of the equality of the angles, or where the demonftration would 
fail if that cireumftance were omittéd. The nineteenth and twen- 
 ftieth. propofitions are of great importance and fhould be carefully 
dtudied : it will afiift a beginner very much to confider them as 
problems, omitting :the term duplicate ratio entirely: Thus the 
minteenth. may be expreft in this manner; two fimilar triangles 
being given, to find two ftraight lines which fhall have the fame 
Tatio to one another which the triangles have. And BC and BG 
will be the .two ftraight lines required. The reader may. know 
whether he underftands the propofition, by taking « third propor- 
tional to EF and BC, and compleating the conftru&ion and demon- 
dtration.. The twentieth may be worded thus ; .to find two ftraight 
liaes. which (hall have the fame ratio to one another which two fi- 
milar polygons have; and then to prove that the fame two ftraight 
lines, will have the fame ratio to one another which the Gimilar tri- 
angles, into which the polygons are divided, have to one another. 
And it will alfo be canvenient, according to the fame plan, to con- 
fider the twenty third as a problem; which may be expreft in this 
manner; to find two ftraight lines which fhall have the fame ratio 
to one another which two equiangular parallelograms. have ; with- 
owt making aay ufe of the phrafe ratio compounded of ratios; and for 
4 proper explanation of this term the reader may confult Simſon's 
edition. I would propofe it to the reader to examine thefe propo- 
fitions firft as problems, becaufe this will fix his attention more, to 
the particular fteps of the conftruction and the confequences drawn 
from them. And alfo the expent and importance of thefe very 
beautiful theorems is more to be feen by confidering them in this 
practical point of ‘view. For by the twentieth propofition, figures 
shay be increafed or diminifhed in any proportion. For inftance 
if I want to make a figure the fifth part of a given figure ;, I take 
the fifth part of one of the fides of the given figure ;. and find. a 
mean 
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mean proportional between the line and its fifth part, upon which 
if a fimilar and fimilarly fituated figure be defcribed, it will be the 
fifth part of the given figure. Likewife by this propofition the 
forty feventh of the firft book, may be extended to any fimilar rec- 
tilineal figures. 

The twenty third is often quoted to prove, that, if there be 
four lines which have the fame ratio ; and alfo other four, the reét- 
angles contained by the antecedents and confequents will have the 
fame ratio, the firft to the fecond which the third has to the fourth. 
This the reader fhould examine, which he may eafily do by the 
affiftance of the note below. * 

The fubject and arrangement of what remains ie fo obvious, that 
it would be paying the reader but a poor complement to fuppofe 
that he ftood in need of any farther information, efpecially if he 
read what Simfon has {aid upon the 28, and 29 propofitions. 

I have faid nothing of corollaries; and it is doubtful in what 
fenfe Euclid would have them be underftood. In the firft four 
books, they are all fome circumítances which are in fact demon- 
Érated in the propofition, but which, not being expreft in words, 
the reader might without this notice have overlooked; but he feems. 
afterwards not to confine himfelf to this feníe, as will be obvious. 
to the reader. 








° See prop. 16, B. 3. Ham. Con, Sef. 
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BOOK V. 


DEFINITIONS. 


LA Part is a magnitude of a — the lefs of the greater, Book V. 
when it meafures the greater. 2. But a multiple, the greater 
of the lefs, when it is meafured by the lefs. 
3. Ratio is a certain habitude of magnitudes of the bot kind 
to one another, which 4: oz/y as to quantity. | 
" 4. Magnitudes. are faid to have a ratio to one another, which 
may be multiplied {o.as to exceed one another. . | 
5. Magnitudes are faid to be in the fame ratio ; the firft to the 
fecond and the third to the fourth ; when the equimultiples of the 
firft and third, according to any multiplication, are at the fame time 
lefs, or at.the fame time equal, or are at the fame time greater than 
each of ‘the equimultiples of the fecond and fourth, compared with 
one.another. .6: And‘let magnitudes, having the fame ratio, be called 
proportionale. . 7.. But when of — ; the. multiple of. 
Vou. I. * A the 
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Book V. the firft exceeds the multiple of the fecond, but the multiple of 

“| the third does not exceed the multiple of the fourth ; then the 
firft is faid to have to the fecond a greater ratio than the third to 
the fourth. 8. And proportion is a fimilitude of ratios. 9. But 
proportion confifts in three terms at leaft. 10. And when three 
magnitudes are proportionals ; the firft is faid ta have to the third 
a duplicate ratio of that which it has to the fecond. 11. And 
when four magnitudes are proportionals; the firft is faid to have to 
the fourth a triplicate ratio of that which it has to the fecond ; and 
always in order one more, as long as the proportion continues. 

12. The leading magnitudes are faid to be of like ratio with the 
leading magnitudes ; and thofe that follow are faid to be of lke 
ratio with thofe that follow. Or. The antecedents are faid to be 
homologous magnitudes to the antecedents ; and the confequents — 
to the confequents. 

13. Alternate ratio is the taking of the antecedent to the ante- 
cedent ; and of the confequent to the confequent. 

14. Inverfe ratio is the taking of the confequent as an antece- 
dent to the antecedent as a confequent.. 

. 15. The compofition of a ratio is the taking of the antecedent 
together with the confequent, as one, to the confequent. 16. But 
the divifion of a ratio is the taking of the excefs, by which the 
antecedent exceeds the confequent, to the confequent itfelf. 
| 17. The convetíüon of a ratio is tbe tàking of the antecedent, 
; to the exeefs,. hy which the antecedent exceeds the confequent. 

18, A ratio of equality is, there being feveral magnitudes, and 
athets equal to them ża multitude, and in the fame proportion 
taken two by two, when it is, as in the firk magnitudes; the ficft 
td the: laf, fo in the fecond magnitudes the firft to the laft. or 
otherwife. The takjag of the extremes by a fubftraction ef tbe: 

‘middle terms. à 
. 19. Ordipate ‘proportion is, when it is as the — to the 
confequent, fo is the antecedent to the confequent ; and it is as 
the confequent to fome other, fo is the confequent to fome other. 
20. Bat perturbate proportion is, when there being three mogni- 
“tades and others equal to them in number, it is as in thc firft mag- 


nitudes the antecedent ta the confequent, fo in the fecond magni». 
. tudes 
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tudes the antecedent to the confequent ; but as in the fir magni- Book V. - 
tudes the confequent is to fome other, fo in the fecond magnitudes — 
is fome other to the antecedent. 











PROP. I. 


If there be any number of magnitudes, equimultiples of an 
equal number of magnitudes, each of each ; whatfoever multiple 
one of the magnitudes is of one, the (ame multiple will all be 
of all. 

Let AB, CD be any number of magnitudes, equimultiples of 
an equal number of magnitudes E, F ; each of each : I fay that 
whatfoever multiple AB is of E, the (ame multiple will AB, CD 
together be of E, F together. 

For becaufe AB is the fame multiple of E that CD 
is of F ; as many magnitudes as there are in AB 
equal to E, fo many are there in CD equal to F ; let 
AB be divided (by 3. 1.) into the magnitudes AG, 
GB equal to E; and CD into the magnitudes CH, B 
HD equal to F : certainly the number of parts CH, 
HD will be equal to the number of parts AG, GB: 
and becaufe AG is equal to E, and CH egual to F, 
therefore AG, CH together are equal to E and F fo- 
gether; for the fame reafon GB is equal to E, and | 

D 
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m 
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HD to F ; therefore alfo GB, HD together are equal 

to E, F together: therefore as many magnitudes as 

there are in AB equal to E ; fo many are there in 

AB, CD together equal to E, F together: wherefore whatfoever mul- 
tiple AB is of E, the fame multiple will AB, CD fogether be of 
E, F together. 

Wherefore if there be any number “a magnitudes, equimulti- 
ples of an equal number of magnitudes, cach of each; whatfoever 
multiple:one of the magnitudes is of one, the fame multiple will 
all be of all. Which was to be demronttrated. 


PROP IL. 


If «he firft be the fame multiple of ‘the fecond as the third ts of 
the fourth ; and if the fifth be the fame multiple of the fecond ae 
: * A 2 the 
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— ME» the fixth: is of the foarth : alfo the'firft and fifth together will be 
— the fame multiple of: the fecond, as the third and fixth —— is 
of the fourth. 

For let the firft AB be the fame multiple of the —* C as the 

third DE is of the fourth F-; and-det the fifth BG ée the fame 
multiple of the fecond C'as the fixth EH: of the fourth F'; J fay 
that AG the firft together with the fifth will be the fame — 
of thefecond C as DH the third and fixth zs of F the fourth, 

For becaufe AB is the fame multiple of C that : 
DE ;: of F ; as many magnitudes. as$ there afe in. . "* 
AB equal to C, fo many. will there bein DE equal | ` 

to .F: certainly for the. fame reafon alfo,. as 
many magnitudes as there are in BG equal to . 
C, fo many are there alfo.in EH. equal.to F; 
therefore as many, as there are in the whole AG 
equal to C fo many qre there in. the whole DH 
equal. to F : wherefore whatfoever multiple AG 
is of C, the fame multiple will DH be of E; 
therefore AG the firft together with the fifth will 
be the fame. multiple of C the fecond, that DA the third and fixth 
is of F the fourth. 

Wherefore if the firft be the fame multiple-of the fecond as the 
third is of the fousth ; ; and, if the. fifth be the fame multiple of 
the fecond as the fixth is of the fourth ; . alfo the ſirſt and fifth to- 
gether will be the fame multiple of the fecond, as the thitd and: 
fixth together ss of the fourth. . Which was:to be demonftrated. 





PROP: II. 


." HE the fir be the fame multiple.of the fecond:as:the third, ss’of 
the fourth ; and equimultjples be taken of the firft and third; alfv: 
by equality, each of thofe taken will be an equimultiple of -each,,; 
the one of the fecond, and the other of the fourth. 

For let the firft-A be the fame multiple of the fecond B, as the 
third C zs of the fourth D ; and let EF, GH be taken equimul- 
tiples of A and C; .I fay that EF is the fame multiple of B, which 
GH z of D. 

For 


“OF ‘EUCLID. 5 


For becaufe EF is the fame multiple of. 
A (by conft.) which GH is of C :: therefore 
as many magnitudes as there are in EF equal 
to A, fo many are there in GH equal to C: 
let EF be divided into magnitudes equal to 
A, viz. EK, KF ; and GH into magnitudes Moe uid 
equal to C, viz. GE, LH ; the number of. | - [^ 
ports EK, KF will be equal to the number. » Z 
of parts GL, LH : And becaufe A is the - | 
fame multiple of B, as.C £ of D; and EK - EAB BDC CG 
is equal to A, and GL equal to C; there-. | 
fore EK is the fame multiple of B, whith GL is of D. Certainly 
for the fame reafon alfo KF is the fame rhultiple of B, which. LH 
is of D: wherefore. becaufe the frit EK is the fame multiple of 
the fecond B, as the third GL ss ‘of the fourth D ; -and alfo the 
fifth KF is the fame multiple of the fecond B, wliich'the fixth LH 
is of the fourth D; therefore (by 2. 5.) EF the firft together.with 
the fifth is the fame multiple of the fecond B, which GH the third 
ahd fixth és of the fourth.D. 

: Wherefore if . the. firft be the fame multiple ef the fecond; -ag 
in third is of. the fourth ;' and. equimultiples be taken-of the firft 
and third : .alfo by equality, ‘each. of thofé taken will be an equi- 
multiple of each, the one of the fecond, and.the other of the 
fourth. Which was'to be demoenftrated. — 
A n PROP. “IV. |. 


tis. 


E the firft have the fame ratio to the- ES as bd third to the. 


udi alfo the equimultiples of the firft and third, will have the 
fame ratio to the equimultiples of the fecond and fourth, accofding: 
to any multiplication whatfoever; taken fo as to anfwer each other. 

For let the firt A have the fame ratio to the fecond B, which. 
the third C das to the foarth,D ; and let B and F be taken: equi- 
multiples. of A aud C; but let G and H be taken any equimultiples 
of B end D which may accidentally happen s- E ay that as E is to 
G fo is F to H. 

- For let. K: cad L be — equimultiples of E and F; and M, 
N rem — epi of' G and. H. wéicb-may bappen.. 

And 
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Rook V, And becaufe E is the fame multiple of A 

w^ which F is of C; and K and L have been 
taken equimultiples of E aad F; therefore (by 
3.5.) K is the fame multiple of A which L 
ss of C; Certainly for the fame reafon M is 
the fame multiple of B which N # of D: 
and becaufe.(by fupp.) A is to B as C ig to 
D; and K and L have been taken equimul- 
tiples of A and C; and M and N [any other} 
equimpltiples of B and D [which may acci- 
dentally happen] ; therefore (by 5 def. 5.) if 

= K exceed M alfo L. exoeads N 5. and if equal, 

equal; and if lefs, lefs : and K sad L are 
equimultiples of E and F ; and M aad N any 
ether equimultiples, which may accidentally 1l 
happen; of G and H; therefore (by 5 defÉ. T, FC DHN 
f.) E is'to G as F is to H. 

-Wherefore if the firit have the fame ratio to the fecond as the 
third to the fourth ; alfo the equimultiples of thc firít and third, 
will have the fame ratio to the equimultiples of the fecond and 
fourth ; according to any multiplication whatfoever ; taken fo as. 
to anfwer each other. Which was to be demonftrated. | | 

Cor. Wherefore becaufe it has been demonftrated, that if K 
exceed M ; L exceeds N , and if equal, equal : and if lefs, leís. 
Certainly alfo if. M exceed K, N exceeds L : and if equal, equal; 
and if lefs, lefs : and om this account it will be; as G is to E, fo 
i$. H tọ F. Certainly from this it is manife(t tbat if four magni- 
tudes. be praportionals, they will be a? proportionals ; (by. 
mn 





PROP. V. 


_ If-a magnitude he, the fame multiple of a magnitude, which a 
magnitude taken from the one ig of a magnitude taken from the others. 
whatfoever multiple the whole is of the whole, alfo the remainder 

_ will be the fame multiple of the remiainder. 
For let the magnitude AB be the fame multiple of the magni- 


tude CD, which AE. the. maguitude taken fram £e onc is.of the 
magnitude 
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magnitude CF taken from the other; I fay that whatfoever multiple Book V: 
the whole AB is of the whole CD, alfo EB the remainder will be =+ 
the fame multiple of FD the remainder, 

For whatfoever multiple AE is of CF ; let EB be the fame mul- 
tiple of CG. 

And becaufe AE is the fame multiple of CF (by 
the conft. and 1. 5.) which AB is of GF; and AE is AT 
fuppofed to d¢ the fame multiple of CF which AB is of 
CD: therefore AB is the fame multiple of either of 
the #nég GF, CD; therefore (by com. not.7.) GF is | 
dqual to CD; let CF wéich is common be taken away 5 C 
therefüre the remainder GC is equal to the remainder i 
DF; and beeaufe AE is thé fame multiple of CF D 
which EB is of GC; and GC is equal to DF ; there- 
fore AB is the fame multiple of CF which EB is of FD ; but AE 
is fuppofed fo Se the fame multiple of CF, which AB is of CD = 
therefore EB is the fame multiple of FD which AB its of CD; 
therefore whatfoever maltiple the whole AB is of the whole CD; 
alfo the remainder EB is the fame multiple of the remainder FD. 

Wherefore tf s magnitude be the fame multiple of a magnitude, 
which a magnitude taken from the one is of a magnitude taken from 
‘the other ; whatfoever multiple the whole is of the whole, alfo the 
remainder will be the fame multiple of the remainder. Which 
was to be demonttrated. 





PROP. VI. 


If two magnitudes be equimultiples of two magnitudes ; and 
fome magnitudes equimultiples of the fame he taken away; alfo the 
remainders are either equal to thofe magnitudes, of equimultiples 
of them. 

For let the two magnitudes AB, CD be equimultiples of the 
two magnitudes E, F ; and let AG, CH the magnitudes taken away 
be equimultiples of the fame E, F : I fay that the reminders GB, 
HD are either equal to E, F ot equimultiples of them. 

For firt let GB be equal to E ; I fay thas HD is alfe equal to 
F : for put CK equal to F. 











And 
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Book V. . Aad becaufe AG is the fame multiple 
~= of E as CH 5: of F ; and GB is equal to A "VA 
E ; and CK egual to F; therefore (by `` 
2. 5-) AB is the. fame multiple of E wbich ot te G 
KH zs of F; but AB is fuppofed zo be 
the fame multiple of E, which.CD s: - SJ lar 
of F ; therefore KH is the fame mul- [r^ 
tiple of F, which CD ¿sof F; where- p P FF BDEF- 
fore becaufe each of the izes KH, CD is. —— 
the fame multiple of .F ; therefore (by. com. not. 6: : KH i is equal; 
to CD; let.CH which is common be taken away ; therefore the, 
remainder KC is equal to the remainder HD : but KC.is equal to, 
F ; therefore FID. is alfo equal.to F ; fo that when GB is — to, 
E, HD will alfo be equal. to F. 
Certainly: in the fame manner we (hall demonftrate;, that visi 
GB is a multiple: of E, that HD will be.the fame multiple of F. , 
Wherefore if two magnitudes .be equimultiples of, two magni-: 
tudes; and fome magnitudes equimultiples.of the fame be taken 
away ; alfo the remainders are either equal to thofe magnitudes, or. 
"equimultiples of them. Which was‘to be demonttrated. 





n ete OPORO Po» VIL 

Equal magnitudes have the fame ratio to the fame magnitude; and 
the fame magnitude bas the fame ratio to equal magnitudes. 

Let A and B be equal magnitudes ; and C any other magnitude 
which may accidentally happen ; ; I fay that each of the magnitudes 
A, B has the fame ratio to C; and that C has the fame ratio to 
each of. the magnitudes A, B.. ` 

: Fon Jet..D, E. be. taken eqnimultiplcs. of. A, B; -and let F be: 
taken any other multiple of C which may accidentally happen. 

- And becaule Diis the:fame multiple of A, .which:E isrof B; and 
A. ts. (by füpp.) equal to B; therefore D zs equal to E ; but F ss. 
any otber multiple of. C. which may accidentally happen ;; where-. 
fore if D exceed F, E alfo exceeds F.; . and if equal,. equal ;.. and. 
i£ ; lefs, lefs : :and. D, E are iequimultiples of A, .B:; and. F.any 
other LI of C which may accidentally. happen’ s.. therefore. 


(by 
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(by 5 def. 5.) it is as A zs to C fo is B to C. 
I fay alfo that C has the fame ratio to each of 
the magnitudes A, B, , 
= For the fame things being conftru@ted ; in the 
fame manner we fhall demonftrate that D is equal D { 
to E; and that F is any other magnitude; there- ^^ ^ e| | 
fore if F exceed D; it alfo exceeds E: and if E+ ® 
equal, equal: and if lefs, lefs: and F is a mul- | | 
tiple of C; and D, E any other equimultiples of 
A and B which may accidentally happen ; there- 
fore (by 5. def. 5.) itis, as C to A fo is C to B. 
Therefore equal magnitudes have the fame ratio 
to the fame magnitude ; and the fame magnitude bas the fame ratio 
to equal magnitudes. Which was to be demonttrated. 





"r1 


PROP: VIII. 


Of.unequal magnitudes ; the greater has a greater ratio to the 

fame magnitude, than the lefs as: and the fame magnitude has a 
greater ratio to the lefs, than it has to the greater. 
Let AB and C be unequal magnitudes ; and let AB be greater 
than C; and let D be.any other magnitude which may accidentally 
happen : I fay that AB has a greater ratio to D than C has to D: 
And D has a greater ratio to C, than st bas to AB. 

For becaufe AB is greater than C ; make BE equal to C: cer- 
tainly (by 4. def. 5.) the leffer of the two AE, EB being multi- 
plied will at length be greater than D. Firft let AE be lefs than 
EB; and let AE be multiplied until what is produced fhall be 
greater than D: and let FG be the multiple of it, which is greater 
than D : and whatfoever multiple FG is of AE, let GH be the 
fame multiple of BB ; and K zhe Jame multiple of C.: and let L be 
taken the double of D, : and M triple; and more by one in order, 
until the multiple of. D taken becomes the firtt greater than K : 
let it be taken :. and lgt it be N four times D, the firít greater 
than K. at | ES : i 
Wherefore becaufe K is the firft lefs than N or [Nis the firft 
multiple of D greater than K] ; therefore K is not lefs than M; 
Von. I. * B ' and 
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Book V.and becaufe FG is the fame mwltipe of AB p> ` 
— which GH zs of EB; therefore (by 1.5.) FG is T 
the fame multiple of AE which FH is of ABs 
‘and FG is the fame muktiple of AEB which K is _ ¢4- 
of C ; therefore FH is the fame multiple of AB, 


á A | 
‘ P f E $ 
which K is of C, therefore FH and K.ase 1 4 ^ E 
, B | : 
á ti” N 





equimultiples of AB and C: Again becaufe GĦ | 
is the fame multiple of EB which K 4 of C; 
and EB is equal to C ; therefore GH is equal to 
K: but K is not lefs than M ; therefore neither 
is GH lefs than M; but (by conft. ) BG is greater ¥ © D EM 
than D; therefore the whole FH is greater than | 
both D and M together; but D and M together are-cqual to N; 
therefore FH exceeds N, but K does not exceed N; and FH and- 
K are equimultiples of AB and C; and N is any other multiple of 
D which may accidentally happes 5 therefore (by 7. def. 5. ) AB 
has a greater ratio to D, than C has to D. | 

I fay alfo, that D has a greater ratio to C, than D des to AB. - 
For the fame things being conftru@ted ; in like menner we fhall 
demonftrate, that N exceeds K; bue does not excee@ FH; and NE: 
is a multiple of D; and FH end K fany other] equimultiples of 
AB and C [which may áceidentally happen} ; ; therefore: ey ». def.: 
5.) D- has a greater ratio to C, than D das to AB. 

But let AE be greater than EB ;. certainly EB - 
the lefs bemg multiplied will at length (by 4. 
def. $:) be greater than. D: let it be maltiplied ; 
and let GH be the multiple of EB, greater than 
P; and whatfoever multiple GH is of EB; let -4 
FG be made the fame mukiple of AE; and K. 
of C: Certainly in the fame manner we thall de- y; 
monftrate, that FH and K are equimultipies ef |. | 
AB and.C: and in like manner let IN be taken, | f 
a multiple of D, the firft greater then FG ; fof- 
that again FG be not lefs than M ; but GH ie k gr 
greater than D ; therefore the whole FH exceeds 
D and M together, thatis N ; but K does not — N p ande FG 

>  woing ; 
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being greater thah GH ; that is K, does net exceed N; and in like Book V V. 

manner following the Jeps above we fiailh the demonftration. 
Wherefore of unequal magnitudes, the greater has a greater 

ratio to the fame magnitude, than the lefs bas: and the fame mag- 

nitude has: a gtoater ratio to the lefs, then it bas to the greater. 

Which was to be demonftrated. 


PROP IX 


Magnitudes having the fame ratio to the fame magnitude ate 
equal to one another; and thofe are alfo equal to one another, to 
which the fame magnitude has the fame ratio. 

For let each of the magnitudes A, B have the fame ratio to the l 
fame magnitude C : I fay that A is equal to B. 

For if not, (by 8. 5.) each of the magnitudes A, B 
could not have the fame ratio to C: but it has (by fupp.); | 
therefore Ą is equal to B. 

Again let C have the fame ratio to each of the magni- p 
tudes A, B; I fay that A is equal to B. C 

For if not ;, C could not (by 8. 5.) have the fame ratio A 
to each of the magnitudes A,B; but it has (by fupp.) ; 
therefore A is equal to B. 

Wherefore, magnitudes having the fame ratio to the 
fame maguitude are equal to one another; and thofe are equal to 
one another to which the fame magnitude has the umar ratio. Which 
was to be demonftrated. 


PROP X. 


^. Of magnitudes having ratio to the fane magnitude, that is the 
greater which has the greater ratio; and shat ís the laß to which 
the fame has a greatet ratio. : 

For let A have a greater. ratio to C due B bas to €: I fay that 
A is greater than B. 

For if not; either A fs equal to B, or leó ; but A is not equal 
to B ; for thes each of tlie magnitudes A, B (by 7. 5.) has the fame 
ratio to C 5 but (by fupp.) each of them has not: therefore A is 
not equal to B; neither is A lef than B; for (by 8.5.) A would 


*B25 | have 
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Book v, have a lefs ratio to C than B would bave to C; but (by 
=~~ fupp.) it has not; therefore A is not lefs than B; but it 
has been demonftrated that neither is it equal: therefore mu 
A is greater than B. p Cc 
Again let C have a greater ratio to B than C has to A: 
I fay that B is lefs than A. 
For if not; it is either equal, or greater: but B is not 
equal to A, for (by 7. 5,) C would have the fame ratio 
to each of the magnitudes A, B: but (by fupp.) it has not; 
therefore A is not equal to B : Neither is B greater than A; for 
(by 8. 5.) C would have a lefs ratio to B than to A; but (by fupp.) 
it has not; therefore B is not greater than A; but it has been de- 
monftrated that neither zs it equal ; therefore B is lefs than A. 
Wherefore of magnitudes having ratio to the fame magnitude, 
that is the greater, which has the greater ratio : and that is the 
lefs to which the fame has a greater ratio. Which was to be de- 


monftrated. 
P R.O P. XI.. 
Ratios which are the fame to the fame ratio, are ‘the fame to one 
another. 


For let the ratios be ; as A to B. fo is C to D; 3 uid ai Cc to D 
fo is Eto F; I fay that it is, as A is to B fo is E to F. 

For let G, H, K be taken equimultiples of A, C, E; and let 
L, M, N e ta£en any other equimultiples of B,D, F which. may 
accidentally happen. 

And becaufe it is (by fupp. ) as,A zs to 
B fo is CtoD; and G and H have been | 
taken ¢quimultiples of -A and C; and L, 

M any equimultiples of B, D which may d 
accidentally happen ; wherefore if G ex- | | : | I | 
eeed IL; H alfo exceeds M (by 5. def. 5.) ; GAUL HEDMEEEN 
and if equal, equal ; and if lefs, lefs: ^ 
Again, becaufe it is (by fupp.), as C is to D fo is E to F; and H, 
K have been taken equimultiples of C, E ; and M, N ány other 
equimultiples of D, F which may accidentally happen ; -wherefore 


(by 5. def. 5.) if H exceed M; K alfo exceeds.N; aud if equal, 
equal ; 
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equal ; .and if lefs, lefs ; but if H exceed M; G alfo exceeds L ; Bock v: 
and if equal, equal ; and if lefs, lefs: and G, K are equimultiples “~~ 
of A, E; and L, N any other equimultiples of B, F which may 
accidentally happen 3 wherefore (by 5. def. 5.) it is, as A ts to B 
fodsEtoF. . -' 

| Wherefore ratios which are the fame to the fiche ratio ; afe. 5 
Gane to one. md PM was to be demonftrated. | 








UE P R O P. XII. 


- Ya any number of miagnitudes ‘be proportionals ; it will be, as 
one of the antecedents is to one of the confequents, fo are alf the 
antecédénts to all the confequents. 

Let A, B, C; D, E, F be any number of magnitudes, propor- 
tionals; viz. as A is to B fo kt C Jeto D ; and E to. F: I fay that 
it is a$ A zs to B fo is A, C, E to B, D, F. 

. For lt G; H, K equimultiples of A, C, E be faken; and L, M, 
N any other wbich may accidentally happen of B, D, F. l 

. And becaufe it is, as A i; to B-foisC 
to D; and E to F (by fupp.) ; and G, 

H, K have -been taken: equimultiples i a 
A, C, E.; . and L, M, N any other d | 





multiples of B, D, F which may acci- ` 
dentally happen; wherefore (by 5. def. 
$.) if G exceed L ; H alfo exceeds M 1 
and K exceeds N3 and if equal, equal š ` 
and if 1é(s; lefs : fo that alfo if G exceed 11 1 
L; G, H, K taken together alfo exceeds - KÄCE "BDF LMN.. 
L, M, `N taken together 3 and if i be equal ; they are equal; and 
if it be lefs, they are lefs; and G $ and'G, H, K are equimultiples 
of A, and of A; C;'E; fince (by 1:15.) if there be àny nhmber of 
magnitudes equidiultiples of an equal huinber of magnitudes, each 
of each ; whatfoever multiple any one magnitude i is of one ; the 
fame multiple will, all be-of all: 'Certainly for the fame reafon. 
alfo; L, and L, M, N are equimultiples of B, and of B, D, F: 
therefore (by gi def; ç.) it i$; ás Ar to'B'fo'1; A, C, E to B, D, P 
Wherefore if any number of magnitudes be proporddihi it 
will be as one of the antecedents és to one of the confequents,, fo. 
are 
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. &r& all the antecedents to all the eonfequents Which was to be 


demonftrated. 
.P ROP. XIII. 


If the firft have the fame ratio to the fecond which the third * 
to. the fourth: but if the third have a greater ratio to the fourth 
than the fifth See to the fixth; the firft alfo will have a greater 
ratio to tke fecond than the fifth bas to the fixth. 

For let the firt A have the fame ratio to the fecond B, which 
the third C has to the fourth D: but let the third C have a greater 
ratio ta the fourth D, than the fifth. E, has to tbe fixth F ; I fay 
that the firt À will have a greater ratio to the fecond. B, than the 
fifth E has to the fixth F. 

For becaufe C has a greater ratio to D (by . 
fupp.), than E has tọ F; (by 7. def. 5.) there | 





are ome equimultiples of C and E ; and other 
equimultiples [which may acean tilly hap- 
pen] of D and F: and the multiple of C ex- 
ceeds the multiple of D: but the multiple of 
E does not exceed the multiple of F: let 
them be taken; and let G, H be the equi- || 7+ | 
multiples of C, E; and K, L other equimul- | i 
tiples [which may accidentally happen] of D, wasn sed 
F; fo that G exceeds K; but H does not 

exceed L,: and whatfoever multiple G is of C, let M be the fame 
multiple of A: and whatfoever multiple K is of D, let N be the 
fame multiple of B. 

And becaufe it is, as A % to B fo ts C toD; * M and G have 
been ¢aken equimultiptes of A,.C and N, K other equimultiples 
[which may accidentally happen] of B, D: wherefore (by 5. def, 
ç.) if M. exceed. N, G alfo exceeds K : and if equal, equal: and 
if le(s, lefs.; But G exceeds K (by fupp.) therefore alfo M exceeds 
N: but H does not exceed L ; and M, H are equimoltiples of A, 
E; and N, L other equimultiples [which may accidentally happen] 
g bh F; — (by 7. def. 5.) A has à greater ratio to B, than 

as ta 
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Wherefore if the firf& have the fame ratio fo the fecond which peer v. 
the third has to the fourth; but sf the third have a greater ratio "^". 
to the fourth than the fifth bas to the fixth ; the firit alfo will have 
a greater ratio ta the fecond than the &fth bas to the fixth. Which 
was to be demonstrated. 


PROP. XIV. 


If the firft have the fame ratio to tbe fecond, which the third 
bas to the fourth ; and if the fir&-be greater than the third; alfo 
the fecond will be gmater than the fourth ; + ang if equal, equal : 
and if leís, lefs. , 

For. les the frit A have the fame ratio to the fesond B, which 
the third € Ja: to. the fourth D ; and let A be greater than C: a 
{gy that B is greater than D. 

For becaufe (by fupp.) A is greater than C ; ; and B 
is ay other magnitude which may happen: therefore | 
(by 8. 5) A has a greater ratio to B, than C Zar to B; 
but as A zs to B (by fupp.) fo i; C to D; therefore (by ET 
13. 5.) C has a greater ratio to D, than C Jas to B : | 












but (by 10. 5.) that magnitude is the lefs, to which the 
fame hag a greates ratio ;. therefore D is lefs shan B; 
fo that B 1s greater than D. 4B CD 
Certainly in. the fame manner we fhall demonftrate, than when 
A is equal to C, B will alío be equal te D: and: i£ A. be lefs thang 
C, B will be lefs thaa D. 
.. Wherefore if the rt have the ame ratio to the fecond, which 
the third der to she fourth ; and if the fir be greater than the 
third ; alo the fecond wil) be greater than the fourth ; and if equal, 
equal ; and if lefs, kefs. Which was to be demonttsated. 











PROP. XV. 


The parts, compared. with one — have the fama ratio 
whieh their equimultipies eve... `. 

For let AB be the fame multiple of C eich DE sof F: F fey 
that i£ is, as C is to. Ffo 4j AB.0oDE, 








Fe or 
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For becaufe (by fupp.) AB is the fame multiple of 
C which DE is of F ; therefore as many magnitudes 
as there are in AB equal to C, fo many zs zbere alfo 
in DE equal to F; let AB be divided into magni- G 
tudes equal to C, viz. AG, GH, HB; and DE into 
magnitudes equal to F, viz. DK, KL, LE : certainly 
the number of parts AG, GH, HB will be equal to** 
the number of parts DK, KL, LE: and becaufe AG, 
GH, HB are equal to one another; alfo DK, KL, BC EF. 
LE are equal to one another; therefore it is, (by 7. 
$.) as AG isto DK fo i; GH to KL, and HB to LE; wherefore 
(by 12. 5.) it will be as one of the antecedents és to one of the 





| confequents, fo are all the antecedents to all the confequents ; 
- wherefore it is, as AG is to DK fo is AB to DE; but AG is equal 


to C, and DK ss equal to F ; therefore it is, as C ss to F fo zs AB 
to DE. | 

Wherefore the parts, compared with one another, have the fame 
ratio which their equimultiples Save. Which was to be demon- 
ftrated. 


PROP XVI 


If four magnitudes be proportionals ; they. will alfo be alter- 
mag proportionals. 

' Let the four magnitudes, A, B, C, D be proportionals ; viz. as 
A ir to B fo #t C be to D: I1 fay that they will be sey pro- 
portionals : viz. as A is to C fo will B be to D. 

For let E, F be taken equimultiples of A, B; and G, H any 
other equimultiples of C, D which may accidentally happen. 

And becaufe E is the fame multiple of A which 
F is of B ; and (by 15. s.) parts, compared with 
one another have the fame ratio which their equi- 





multiples Save: therefore it is, as A zs to B fo ss 

E to F; but (by fupp.) as A zs to B fo i; C to 

D ;. and therefore as C zs to D fo (by 11. 5.) is 

E to F : Again, becaufe G and H are equimul- } 

tiples ofiC .and D; theréfore (by 15. 5.) C i$ J.. 

to Das Gis toH; but as C isto DfoisEto ^ ^ BF GCDH 
Fs 
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F ; therefore (by rr. 5.) as E is to F fo is G to H ; but if four Book v. 

magnitudes be proportionals, and the firft be greater than the third; “m 

the fecond (by 14. 5.) will be greater than the fourth: and if equal, 

equal: and if lefs, lefs: wherefore if E exceed G, F alfo exceeds 

Hi: and if equal, equal : and if lefs, lefs : and E and F are equi- 

multiples of A azd B, and G and H any other equimultiples of C 

and D which may accidentally happen ; therefore (by 5. def. 5.) 

as A ts to C fo ss B to D. | 
Wherefore if four magnitudes be proportionals they will be (by 

13. def. 5.) alternately proportionals. Which was to be demon- 

ftrated.. | 


PROP. ‘XVII. 


If compounded magnitudes be proportionáls ; ] they will alfo be 
proportionals when divided. 

Let the compounded magnitudes, AB, BE, CD, DF be propor- | 
tionals; viz. as AB ls to BE fo Æt CD be to DF: I fay that they. 
will be proportionals when divided; that is (by 16. def. 5.) as AE 
ts to EB fo will,CF be to FD. | 

For let GH, HK, LM, MN be taken bodie of AE, EB, 
CF, FD: and Æt KX, NP Ze taken any other aime of EB, 
FD which may accidentally happen. 

And becaufe GH is the fame muitiple of AE 
which HK #s of EB; therefore GH is the fame 
multiple of AE which GK ‘is of AB (by 1. 5.) ; 
but GH. is the fame multiple of AE which LM 
ss of CF: therefore GK is the fame multiple - 
of AB which LM is of CF. Again becaufe LM 
is the fame multiple of CF wbich MN is of FD: 
therefore (by 1. 5.) LM is the fame multiple of 
CF which LN is of CD: but LM was the fame 
multiple of CF which GK is of AB: therefore 
GK is.the fame multiple of AB which LN is of 
CD :. therefore GK, LN are equimultiples of AB, 
CD. Again becaufe HK is the fame multiple of 
EB which MN is of FD; and KX is alfo the 
{amé multiple of EB which NP is of FD: alfo 
(by.2. 5.) HX is the fame multiple of EB which — 

Voi ` * C koc 
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. MP iof ED: anst becaufe it: is (by fupp:).as AB) i w BE. fo is ` 
+. CD to DF ;. and GK, LN have been: taken equimultiples.of AB, 
CD ; and HX; MP [any other]. equimultiples of EB;, FD [which. 
may accidentally, bappen]; therefore (by 5. def. c.) if GK exceed 
HX, LN alfo exceeds MP: and if equal, equal: and if lef, lefs : . 
Lee GK. exceed HX,. and,: the. common part HK being taken. 
away, therefore alfo GH exceeds KX: But if GK exceed HX, . 
LN alfo exceeds MP; therefore alío LN exceeds MP; and MN. 
wbich ii cammon being taken away ; LM alfo exoceds.NP : fo that 
if GH exceed KX; LM alfo exceeds NP: Certainly in the fame’ 
manner we íhall demonftrate that if GH be equal to KX; LM. 
will alfo be equal to NP :. and.if lefs, lefs: But GH, LM are equi- 
multiples of AE, CF ; and KX, NP any otbsr equimultiples ef 
EB, FD which may accidentally happen; therefore: (by. 5. def.. 5.) 
it is, as AE ss to EB fo. CF to FD, A 
Wherefore if compounded magnitudes be proportionals ; they 
will alfo be — when divided. Which was. "e demon» . 
ftrated. 





PROP; XVIIL 


IF magnitudes when divided are proportionals s. d will. ba. pioa 
portionals wen compounded. 

Let, AE, EB, CF, ED the divided. magnitudes be prapertionzls, 
viz..as AE is to EB fo /et CE dato FQ: I fay alſo that they. will. 
be proportionals when: ey? "evite that i is. (by. Ha def, 5) as AB. 
is to BE fo will CD be.to DF. - 

For if it is not, a is to BE fo i5 ; CD-tg DE; d will be, as AB. 
i; tà BE fo i; CD, either to, fome: magnis lef; than, Ee ar: to, 
one greater. 

: Let it be firft to DG 2 lefs and —— bi (by a 
this fu {i pp.) as AR ts to, BE.(o is. Dto DG thecome .- 
pounded magnitudes are, prpportionals fo: that. alfo 
(by 17. 5. they will be, proportional. when ivideds. 
therefore it is, as AE is ta EB fo # CG to-GD : but 
it isi alfo fuppofed that. as AK. is to EB fo is CF tor E 
FD: wherefore (by 11.5.) a, CG 4-ta GD fo- is CE 
to FD :: but CG the firft 5; em than CF the third; 
therefore alfo (by 14. 5.) .the. fecond GD is greater 
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than ‘the fourth FD ; but it is alfo Jefs:: which is impoffible : Book ¥. 
-= wherefore it is not, xs AB to BE fo 5: CD to a smognitude les 777? 
than DF: Certainly in the fame manner we fhall demonftrate, 
that neither zs it to one preater. Therefore, it is to that one itfelf. 
_ Wherefore if magnitudes when divided are proportionals ; they 


will be proportionals «when compounded. Which was to be de- 
monſtrated. 


PROP. XIX. e 


Jf it be, as the whole wugnitud i 7f to the whole, fo ira wagni- 
‘tude taken ‘away to a magnitude taken away ; the remainder alfo will” 
‘be to the remainder as the whole zs to the whole. 

For let it be, as:the whole AB fs to the whole CD, fo kt AE a 
magnitude taken away be-to'CF a:magnitaile'taken away ; ‘I fay that 
EB the remainder will alfo be to FD the remainder, as the whole 
AB.ss to the whele/CD.. 

' For finoe it is, 'as the whole AB; 1s to i whole CD 
fo zs AE to CF = alfo alternately (by 16. 5.) as AB ss 
to AE fo ss CD to CF ; and becauífe the compounded - 
magnitudes are properdicnats, they ‘will alfo be pro- g` 
portionals when divided (by 17; 5.) therefore as BE 
ís to ÉA (o is DF to PC; and therefore alternately (by 
x6. 5.-),2s BE i: to DF fo 5 EA to FC: but as -EA is 
to FC fo is the whole AB fappofed £o £e to the whole 
CD ; ‘therefore alfo (by 11: 5.) the remamder EB-will 
be to the remainder FD as "he whole AB is to thc 
whele ‘CB. | 
Wherefore if it be, as the whole magnitude is to tre whole, fb 
as a magnitude taken away toa magnitude taken away; the remainder 
alf will be to-the remainder as the whole rs to the whole, Which 
was to be demonftrated. 

Cor. And becaufe it has been demonftrated (in this prop. ) as 
AB is to CD fo :; EB to ED : and-alternately (by 16. ç.) as AB 
ss to EB fo 1s CD to FD: therefore the compounded magnitudes 
"are ‘proportionals: put it has been: demonftrated (im this and prop. 
16.5.) «s ABis to AE fo ts ‘CD to CFs and this‘is the converfion of 
She Lom, Certainly fromi. this -it is manifeft, that if com- 

"63 pounded 
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Book V. pounded magnitudes .be proportionals, they will-be proportionals 
== by converfion (by 17. def. 5.). Which was to be demonttrated. . 


PROP. XX. |  ) ^ 

If there be three magnitudes and others, equal to them in mul- 
titude, in the fame ratio, taken two and two; and by equality, if 
the firft be greater than the third; alfo the fourth will be greater 
than the fixth: and if equal, equal: and if lefs, lefs. 

Let A, B,C be three magnitudes, and D, E, F others equal to 
them in multitude, in the fame ratio taken two and two; viz. as 
A is to B fo Æt D Ze to E, and as B is to C fo Jet E Ze to F : and 

. by equality, let A be greater than C ; I fay alfo that D will be 
greater than F : and if equal, equal: and if lefs, lefs. 

For becaufe A is greater than C, and B és any 

magnitude which may accidentally happen: but (by 
8. 5.) the greater has a greater ratio to the fame than | 
the lefs Aas: therefore A has a greater ratio to B | | 
than C bas to B: but (by fupp.) as A is to B fo is | 
D to E: but by inverfion (by cor. to 4. 5.) CistoB «zc pg R 
as F is to E: therefore (by 11. et 13. of 5S.) D has — 
a greater ratio to E than F has to E: but of magnitudes having 
ratio to the fame; that.is the greater which has the greater- ratio 
(by 10. 5.): therefore D is greater than F : Certainly in the fame 
manner we fhall demonftrate, that if A be equal to C, D A allp 
be equal to F: and if lefs, lefs. i 

Wherefore if there be three magnitudes, a others nii to 
them in multitude, in-the fame ratio, taken two and two; and by 
„equality, if the firft be greater than the third; alfo the fourth will 
be greater than the fixth ; and if equal, equal: and if'lefs, lefs. 
Which Was to M demonftrated. E rs 


nie 


PROP. XXI. 


If. D be three magnitudes, and others equal to them in ind: 
"ditude ; ; and in the fame ratio, taken two and two, and their pro- 


PM be perturbate ; and if by equality the firft bc greater than 
the 
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the third, the fourth will alfo be greater than the fixth: and if Book V. 
equal, equal: and if lefs, lefs. — 

Let A, B, C be three magnitudes, and D, E, F | 
others equal to them in multitude, and in the fame 
ratio, taken two and two ; and let their proportion B 
be perturbate, viz. as A zs to B fo /e? E e to F ; and 
as B :: to C fo /e D e to E : and by equality let A 
be greater than C : I fay alfo that D will be greater 47 C DEF 
than F : and if equal, equal: and if lefs, lefs. 

For becaufe A is greater than C, and B is fome other magnitude: 
therefore (by 8. 5.) A has a greater ratio to B than C das to B: 
but as A ss to B fo (by fupp.) is Eto F: and as C is to B fo by 
inverfion ?s E to D : therefore (by 11. and 15. 5.) E has a greater 
ratio to F than E has to D: but (by ro. 5.) that is the lefs mag- 
nitude to which the fame has a greater ratio; therefore F is lefs 
than D: wherefore D is greater than F : Certainly we :fhall de- 
-monftrate in the fame manner, that if equal, equal ; certainly if 
A be equal to C, D alfo will be equal to F : and if leís, leís. 

Wherefore if there be three magnitudes and others equal to them 
in multitude ; and in the fame ratio, taken two and two, and their 
proportion be perturbate ; and sf by equality the firft be greater 
than the third, the fourth will alfo be greater than the fixth : and 
if equal, equal :and if lefs, lefs. Which was to be demonftrated. 


PROP. XXIL 


If there be any number of magnitudes ; and others equal to 
them in multitude; in the fame ratio, taken two and two;. alfo 
by equality they will be in the fame ratio. | j 

Let there be any number of magnitudes A, B, C; and D, E, F 
others equal to them in multitude ;. in the fame ratio, taken two 
and two; viz. as A zs to B fo Æt D be to E. and as B ;* to C fo let 
E e to F: I fay alfo, that by equality they will be in the fame 
ratio; viz. (by 18. def. 5.) as A zs to C fo «vij D Ze to F. 

For let G, H be taken equimultiples of A, D; and K, L any 
other equimultiples of B, E which may accidentally happen ; and 

E A hy befides 
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Sock V. bebdes,: M, N doy ather equimultiples of 
C, F which may accidentally happen. 
And becaufe itüs'(by fupp.) as A zs to 
Bo ss D to E; and G, H have been taken. 
equimultiples of. A, D; and .K, L any other 5 | 
equimultiples of B, E which may acci- 
dentally happen.: therefore (by 4. 5.) it i5, J| | 
as G z; to K fo z t 10 L. Certainly for | ||] | 1: 
the fame reafon alfo as K zr:to:M fo zs Lto Gxm4sc DEFHLN ` 
IN: wherefore becaufe:there-are three mag- 
nitudes G,K, -M ; and others equal to'them in multitude H, L, NI 
und in the fame ratio, taken two and.two ; therefore by equality, 
Xby uo. z.) # G exceed M, alfo H exceeds N : and if equal, 
egual.: and if ilefs, :‘lefs.: and G and El are.equimultiples of A, Ds 
and M, N any ather eguimualtiples of C, F which may acoidontally 
happen. therefore (by :5..def. x.:) itis, as A 4; to C fous D to F. 
MWiherefore if thene be any number of magnitudes, and -others 
equal to them in multitude ; in the fame ratio, taken-two and two; 
mlío:by equality, they will ‘be in tlie fame ratio. ‘Which waes to be 
demonftrated. i 





qum y 





PROP. XXII. 


T there be three anagnitudes, and others equal.to them in mul- 
titude; in the fame ratio, taken two and two; and ;f their pro- 
portion be perturbate; they will alfo he in the fame ratio by equality. 

Let A, B, C be three magnitudes, and D, E, F others equal to 
them in multitude; in the fame ratio, taken two and two; and let 
their propertion be pesturbate, viz. as A is to B fo Wt E be to Fs; 
and as B ss to C fo kt DdewE: I fay that it is, as Å ss to C fo 
aD to F. 

Fer jet G, H, K be taken equimultiples of A, B,D; and L, M; 
N any other equimultiples ef C, E, F which may accidentally 











pen. 

And beonufe G, K are equimultiploe of A, B; and parts, (by 15. 
€.) hase the:fame sstio Yo-oue anotber a5 their equirmaultiples ; there- 
fore itis, gs A 15:10 B fo 45 G to HH: Certeinly for the fame reafon 
alfo as E i to F fo; M to N: and — as B żs to Ç fo 


T 
í 
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i D to E; and H, K have been taken 
equimultiples of B, D; and L, M any 
other equimultiples of C, E which may 
accidentally happen; therefore it is, (by 4. 

5.) as H zs to L fors K to M : but 1t has 
been demonftrated as G is to H fois M to 

N: wherefore becaufe there are three mag- 
nitudes G, H, L and others K, M, N equal 

to them in multitude ; in the fame ratio 

taken two and two; and their proportion 

is perturbate; therefore by equality (by 21. | 
$.) if G exceed L ; K alfo exceeds N: CHE 
_ and if equal, equal: and if lefs, lefs :: and 

G, K are equimultiples of A, D ; and L, N aay other equimulti- 
ples of C, F «euch may accidentally bappen ; therefere (by g. ww 5.) 
Adi to C as D is to F. 

Wherefore if there be three magnitudes, and others died to 
them in multitude; in the fame ratio taken two and two; and if 
their proportion be perturbate ; they will alfo be in the fame ratio 
by equality. Which was to be demonftrated. 





|: 


-ABC DEFKMW 


If the firft have, the fame ratio to the fecond which the third bas 
to the fourth; and if the fifth have alfo the fame ratio to the fecond 
which the fixth das to the fourth ; alfo the firft and fifth together 


Book Y. 


will have the fame ratio to the fecond which the third and fixth | 


together has to the fourth. 

For let the firt AB have the fame ratio to the fecond C, wéich 
the third DE 4a; to the fourth F : and alfo let the fifth BG have 
the fame ratio to the fecond C, which the fixth EH bas to the 
fourth F : I fay that alfo AG the firft together with the fifth wilk 
have the fame ratio to C the fecond which DH the third sagether 
with the fixth Za: to F the fourth. 

For becaufe it is, as BG zs to C fo is EH to F: therefore by in- 
verfion (by cor. to 4. 5.) C # to BG as F is to EH, Wherefore 
becaufe it is as AB is to C fo is DE to F; and as C sto BG fo 

F to 
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_F to EH: therefore by equality (by 22. 5.) itis, as. G 
' AB zs to BG fo zs DE to EH: and becaufe.the divi- 


ded magnitudes are proportionals, they will alfo (by =| - | H 
18; 5) be proportionals when compounded: where- 
fore as AG is to GB fo is DH to HE: but it is, as, Br 


GB ss to C {o is HE to F: therefore by equality (by Lg 
22. 5.) it is, as AG is to C fo « DH to F. 

Wherefore if the firít have the fame ratio to the 
fecond which the third has to the fourth; and if the jt | 


fifth have alfo the. fame ratio to the fecond wb ACD F 
the fixth bas to the fourth ; alfo the firft and fifth | 
together will have the fame ratio to the fecond which the third and 

fixth together has to the fourth. Which was to be demonftrated. | 


PROP. XXV. 


If four magnitudes be proportionals ; the greateft and the leaft 
of them are greater than the other two. 

Let the four magnitüdes AB, CD, E, F be proportionals; viz. 
as AB i; to CD fo Æt E be to F: and let AB be the greateft of 
them and F the leaft; I fay that AB and F are greater than CD and E. 

For let AG be made equal to E and lt CH B 
be made equal to F. 

Wherefore becaufe it.is, as AB#s to CD fo. CT m 

E to F; and AG is equal to E and CH to F ; "TH |. 
therefore it is as AB is to CD fo is AG to CH: 

and becaufe it is as the whole -AB # to the 

whole CD: fo is AG taken away to CH taken 

away; therefore (by 19. 5.) the remainderGB 4 C Er 
will be to the remainder HD as the whole AB | 
is to the whole CD: but (by fupp.) AB is greater than CD; there- 
fore GB is greater than: HD : and becaufe AG is equal to E and 
CH to F: therefore AG and F sogether are equal to CH and E fo- 
gether ; and becaufe if equals be added to unequals, the wholes are 
unequal : wherefore GB and HD being unequal: and AG and F 
be added to the greater GB: and CH and E be added to the /e/s 
HD : AB and F together are greater than CD and E. 

Wherefore if four magnitudes be proportionals, the greateft and 
the leaft of them are greater than the other two. Which was to 
be demontftrated, 
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BOOK VI 


DEFINITIONS. 


1. CIMILAR reétilineal figures are thofe which have their Book VL 
- angles equal each to each;. and the fides about the equal 77^ 
angles proportionals. 2. But thofe are reciprocal figures; when 
- the antecedent and coníequent terms are in each of the figures. 
3. A ftraight line is faid to have been cut in extreme and mean 
ratio, when. it is, as the whole /ine is to the greater fcgment, fo is 
the greater fegment to the lefs. mE | : 
4. The altitude of any figure is the perpendicular drawn from 
the vertex to the bafe. | 
5. A ratio is faid to be compounded of ratios, when the quan- 
‘tities of the ratios being multiplied into one another do make fome 
ratio. 


Vor. I. * D = PROP. 


Book VI. 
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P ROP.. I. 


The triangles and parallelograms akid are under the fame alti- 
tude are to one another as 75eir bafes. 

Let ABC, ACD be triangles; and EC, CF parallelograms, which 
are under the fame altitude, viz. the perpendicular drawn from the 
point A to BD: I fay that it is, as the bafe BC zs to the bafe CD 
fo zs the triangle ABC to the triangle ACD : alfo fo ss the paralle- 
lograni EC to the parallelogram CR. 

For let BD be produced towards both parts to the points H, L: 
and let any number of //nes BG, GH be made equal to the bafe BC: 
and any number of Anes DK, KL equal to the bafe CD: and let 
AG, AH, AK, AL be joined. | | 

And becaufe CB, BG, GH are equal E AF s 
to one another ; alfo (by 38.1.) the tri- 
angles AGH, AGB, ABC are equal to 
one another: therefore whatíoever mul- 
tiple the bafe HC is of the bafe BC; the . 
fame multiple alfo is the triangle AHC 
of the triangle ABC. Certainly for the H G B C D K L 
fame reafon alfo, wHatfoever multiple the 
bafe CL is of the bafe CD the fame multiple is the triangle ACL 
of the triangle ACD. And if the bafe HC be equal to the bafe 
CL (by 38.1.) the triangle AHC is alfo equal to the triangle 
ACL: and if the bafe HC exceed the bafe CL; the triangle AH 
alfo exceeds the triangle ACL: and if lefs, lefs. There being four 
magnitudes, the two bafes BC, CD ; and the two triangles ABC, 
ACD: and equimultiples of the bafe BC and of the triangle ABC 
have been taken viz. the bafe HC and the triangle AHC : - and of 
the bafe CD and of the triangle ACD any other equimultiples 
which may accidentally happen viz. the bafe CL and the triangle 
ACL: and it has been demonttrated that if the bafe HC exceed 
the base CL; the triangle AHC alfo exceeds the triangle ACL + 





and if equal, equal: and if lefs, lefs: therefore (by 5. def. 5.) it 


triangle ACD. 


ìs, ás, the bafe BC #s‘to the bafe CD fo is the triangle ABC to oe 


And 
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And becaufe the parallelogram EC is double of the triangle ABC Book VI. 
(by 41. 1.): and the parallelogram FC is double of the triangle “~~. 
ACD ; and parts (by 35. 5.) have the fame ratio to one another as 
their equimultiples; therefore it is, as the triangle ABC is to the 
triangle ACD fo ;; the parallelogram EC to the parallelogram FC; 
wherefore becaufe it has been demonftrated tbat as the bafe BC is 
to the bafe CD fo is the triangle ABC to the triangle ACD: and 
as the triangle ABC # to the triangle ACD fo is the parallelogram 
EC to the parallelogram FC; therefore alfo (by 11. 5.) the bafe 
BC is to the bafe CD as the parallelogram EC is to the parallelo- 
gram FC. 

Wherefore the triangles and parallelograms, which are under 
the fame altitude, are to one another as their bafes. Which was to 
be demonftrated. 





PROP. It. 


. if any ftraight line be drawn parallel to one of .the fides of a 
triangle, it will cut the fides of the triangle proportionally : and if 
the fides of the triangle be cut proportionally, the flraight line 
joining the fe&ions will be parallel to the remaining fade of the 
triangle. | 

For let DE be drawn parallel to BC one of the fides of the tri- 
angle ABC: I fay that it is, as BD ts to DA fo ss CE to EA. 

' For let BE, CD be joined. 

Therefore the triangle BDE is equal to the triangle CDE ;. for 
they are upon the fame. bale DE and between the fame parallel 
lines DE, BC: but ADE is fome other triangle; aad (by 7. 5.) 
. equal magnitudes have the fame ratio to tbe fame magastyde: therc- 
fore it js, as the triangle RDE is to the triangle ADE & zs. the tri- 
angle CDE to the triangle ADE :. but as the trigngle BDE 15 to 
the triangle ADE fo is (by 1.6.) BD to DA: for being under the 
. fame altitude, tbe perpendicular drawn from the poist E to AB, 
they are to one another as their bafes. Certainly for the fame rea- 
fon alfo, as the triangle CDE is to'the triangle ADE fo i: CE to 
EA: Therefore (by 11. 5.) a8 BD is to DÀ fo is CE to BA. 

: But let AB, AC, the fides of the triangle ABC be cut prepor- 


. tionally in the points D, E viz. as BD és ta DA fe kt CE $e ta EA: 
*D2 and 


Book VI. 
Saree od 
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and let DE be joined: I " that DE is parallel 
to BC. 

For the fame things being aedis; be- 
caufe it is, as BD zs to DA fo zs CE to EA: 
but as BD zs to DA fo (by 1. 6.) gs the tri- 
angle BDE to the triangle ADE: and as CE 
is to EA fo is the triangle CDE to the triangle 
ADE: therefore alfo. (by 11. c.) as the tri- C B. 
angle BDE zs to the triangle ADE io zs the 
triangle CDE to the triangle ADE: therefore each of the tri- 
angles BDE, CDE has the fame ratio to the triangle ADE; there- 
fore (by 9. 5.) the triangle BDE is equal to the triangle CDE: 
and they are upon the fame bafe DE : but equal triangles being 
upon the fame bafe are alfo (by 39. 1.) between the fame parallels: 
therefore DE is parallel to BC. 

Wherefore if any ftraight line be drawn parallel to one of the 
fides. of a triangle, it will cut the fides of the triangle proportio- 
nally; and if the fides of the triangle be cut proportionally, the 
ftraight line joining the fe&ions will be parallel to the remaining 

fide of the triangle. Which was to.be demonftrated. | 











PROP. III. 


If an angle of a triangle be cut in halves, and the ftraight line 
cutting the angle alfo cut the bafe; the fegments of the bafe will 
have the fame ratio which the remaining fides of the triangle bave 
to one another and if the.fegments of. the bafe have the fame ratio 
which the remaining fides of the triangle bave fa one another; the 
ftraight line joining. the vertex and the point. of pn cots the 
angle of the triangle in‘halves. | 
- Let ABC be a triangle, and let the. angle BAC be cut in halves 
by the ftraight line AD : I fay that it is as BD zs to DC fo.;« BA 
to AC. 

For let CE be drawn throuh the point C parallel to DA: and 
* being produced let it meet CE in E. 

- And: becaufe the ftraight line AC hath fallen upon. the. parallels 


AD, EC; therefore the angle ACE. (by 29. 1.) is equal to the 
| angle 
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angle CAD: but the angle CAD is 
fuppofed equal to BAD: therefore the ` 
angle BAD is equal to the angle ACE. 
Again becaufe the ftraight line BAE | 
hath fallen upon the parallels AD, EC ; | 
the outward dngle BAD is equal (by B D C 
29. 1.) to the inward angle AEC: but - 

the angle ACE hath. been alfo demonftrated fo be ind to BAD; 
therefore (by com. not. 1.) the angle ACE is equal to AEC: fo 
that alfo (by 6. 1.) the. fide’ AE is equal to the fide AC: and be- 
caufe AD has been drawn parallel to CE one of the fides of the 
triangle BCE; there is sis proportion therefore (by 2. 6.) as BD 
is to DC fo 1s. BA to AE: But AE is equal to AC: — it 18 
ur. 5.).as BD zs to DC fo ss BA to AC., . 

- But let BD be to DC as BA to AC; and let AD be joined : E 
* that the angle BAC hath been cut in meives by the ftraight 
line AD. 

For the fame things being conftruded; becanfe it is (hy fapp. J» a8 

BD is to DC fos BA to. AC: butalfo (by 2. 6.) as BD ss to DC fq © 
is BA to AE; for AD hath been drawn parallel to CE one of the 
fides of the triangle BCE: and therefore (by 1r. 5.) as BA fs to 
AC fo ss BA to AE; therefore (by 9. 5.) AC is equal to AE; fo 
that alfo (by 5. 1.) the angle AEC is equal to the angle ACE: but 
the angle AEC is equal to the outward angle BAD (by 29. 1.) ; .and 
alfo the angle ACE is equal to the alternate angle. CAD; therefore 
the angle BAD is equal to CAD: wherefore. the angle BAC hath 
been cut in halves by the ftraight line AD..- 
: Wherefore if an angle of a triangle be cut in halves; and the 
firaight line cutting the angle alfo cut the bafe; the fegments of 
_ the bafe will have the fame ratio which the remaining fides of the 
triangle kave to one another: ahd if .the fegments of the bafe have 
the fame ratio which the remaining fides of the triangle bave 10 one 
another ; the ftraight line, joining the vertex and the point of fec- 
tion, cuts the angle of the triangle in halves. — was to be 
—— 


PROP. 
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PROP. IV. 


. (The fides about the equal'anglés of equiangular triangles are 
proportionals; and thofe fides are of like ratio which are extended 
under the equal angles. 

' Let ABC, DCE be equiangular triangles, having the angle ABC 
equal to the angle DCE; and the angle ACB egual to the angle 
DEC ; and befides the angle BAC equal to the angle CDE : I fay 


‘that the fides about the equal angles of the triangles ABC, DCE 


afe proportionals ; and #4a¢ thofe fides are of like ratio which are 

extended wader the eqaal angles. — 

^ For let BC be placed in a ftraight line with CE : and becaufe 

the angles ABC, ACB are lefs than two right angles ; and ACB is 

equal to the angle DEC.; therefore the angles ABC, DEC are lefs 

than two right angles; therefore (by com. not. 11.) BA, ED pro- 

duced will meet; iet them be produced and meet in F. | 
And becaufe the angle DCE is equal to 

the ewe ABC; therefore (by 29. 1.) BF F. 

is parallel to CD : Again, becaufe the azg£ 

ACB is equal to DEC, AC is parallel to A | 

FE; therefore FACD is a parallelogram; J/N: NY 

therefore {by g4.1.) FA is equaltoCD; / -> 

and AC to FD: and becaufe AC hath been 

rawn paralel to FE one of the fides of B C E 

the triangle FBE ; therefore it is, (by 2. 

6.) as BA is to AF fo BC to CE: bat AF ñs equal to CD; there- 

- as BA is CD (by 7. 5.) fo ss BC to CE ; and alternately (by 

5.) as AB & to BC fo & DC to CE: Again, becaufe CD is 

—— to BF ; therefore (by 2. 6.) it is, as BC 4; to CE fo ss FD 

to DE: but FD isequalto AC: therefore as BC 5 to CB fo is AC. 

to DE; therefore uleernately, as DC is t0 CA foi; CE to ED: 

whercfore becaufe it has been demonfirated that às AB is to BC fo 

is DC to CE ; and as BC 4 to CA fo i; CE to ED; therefore by 


. equality (by 22. c.) 3t 4& as BA zs to. AC fo ss CD to DE. 


Wherefore the fides about the equal angles of equiangular tri- 
angles are proportionals; and the fides of like ratio are extended 
under the equal angles. Which was to be demonftrated. 
| PROP. 
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PROP. V. 


If two triangles have their fides proportionals, the triengles will 
be equiangular ; and wil] have thofe angles equal under which the 
fides of like ratio are extended. 

Let ABC, DEF be two triangles having their fides proportiongle, 
viz, as AB 2s to BC fo ket DE de to EF; and as BC és to CA fo fet 
EF e to FD; and befides as BA is to AC fo/et ED Je to DF : I 
fay, that the triangle ABC is equiangular to the triangle DEF, 














and will have thofe angles equal, under which the fides of like 


ratio are extended viz. ABC equal to DEF ; and BCA Nes to 
EFD ; and befides BAC equal to EDF. 
For with the firaight line EF and at the pointe E, F in if, leg 
the angle FEG be made equal to ABC; and &t EFG be made 
equal to BCA; therefore (by 32. 1.) the remaining angle BAC ig 
equal to the remaining angle EGF. . 
Wherefore the triangle 
ABC is equiangular to the 
tnangle EGF ; therefore the 
fides abaut the equal angles 
of the triangles ABC, EGF 
are proportionals (by 4. 6.) ; 
and the fides of like ratio are 
extended under the equal an- 
gles; therefore it is, as AB is 
to BC fo is GE to EF: but ( 
as AB is to BC fo is DE fuppofed fo de to EF; wherefore (by rz. 
5.) as DE is to EF fo is GE to EF: therefore each of the Ames 
DE, GE has the fame ratio to EF; therefore (by 9. 5.) DE is 
equal to GE. Certainly for the fame. reafon alfo DF is equal to 
GF: wherefore becaufe DE is equal to EG and EF common, cer- 
' tainly the two DE, EF are equal to the two GE, EF ; and the bafe 
DF is-equal to the bafe GF; therefore (by 8. 1.) the angle DEF 
is equal to the angle GEF; and the triangle DEF is equal to the 
triangle GEF ; and the remaining angles gre equal to the remaining 
angles, under which the equal fides are extended (by 4. 1.): there- 
fore the angle DFE is equal to the angle GFE; and EDF to 
EGF: 
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Book V v1. EGF : and becaufe DEF is equal to GEF : but GEF (by conft.) 
v is equal to ABC ; therefore alfo the angle ABC is equal to DEF : 
Certainly for the fame reafon alfo ACB is equal to DFE ; and be- 
fides (by 32. 1.) the angle at A is equal to the angle at D: There- 
fore the triangle ABC is equiangular to the triangle DEF. 
< Wherefore if two triangles have their fides proportionals, the 
triangles will’: be equiangàlar : ‘and: will have the angles equal, 
under which the fides of like ratio are extended. Which was to 
be demonftrated. | 


À 


PROP, VI 


If € two triangles have one angle equal to one angle, and the fides 
about the equal angles proportionals : the triangles will be equi- 
angular, and will have the angles equal, ander which the fides of 
like ratio are extended. 

Let ABC, DEF be two triangles, having one angle BAC equal 
to’ one angle EDF; and the fides about the equal angles propor- 
tionals viz. as BA is to AC fo /e? ED Ze to DF : I fay that the tri- 
angle ABC is equiangular to the triangle DEF ; and will have the 
angle ABC equal to the angle DEF ; and ACB equal t6 DFE. 

For with the ftraight line DF and at the points, D, F in it; let 
the angle FDG be made equal to either of the ipw BAC, EDF; 
and et DFG be made equal to ACB. - 

Therefore the remaining 


a 5 ^ e - a 


angle at B is equal (by 32. 1.) J E. 
to the remaining angle at G : e \ 
therefore the triangle ABC is D< — € 


equiangular to the triangle 

DGF ; therefore there is this 

proportion (by 4. 6.) as BA as G 

to AC fo ss GD to DF; but 

it is alfo fuppofed zbat as BA żs to AC fo ss ED to DF; therefore 

alfo (by 11. 5.)'as ED #s to DF fo ss GD to DF; therefore (by 9. 

5.) ED is equal to DG; and DF is common: certainly the two 

ED, DF are equal to the two GD, DF; and (by conft.) the angle 

EDF i is equal to the angle GDF: therefore (by 4.1 .) the bafe EF 

is equal to the bafe FG ; and the triangle DEF is equal to the tri- 
! angle 
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asgle DGF ; and the remaining angles will be equal to the re- Bosk VA 
maining angles, each to each, under which the equal fides are ex- 77 
tended; therefore the angle DFG is equal to the angle DFE; and 
the angle at G te the aggie at E; but the angle DFG is equal (by 
conft.) to the angle ACB; therefore alfo ACB is equal to DFE : 
but BAC is alfo fuppofed equal to EDF ; therefore the remaining 
angle at B is equal to the remaining ongle at E: wherefore the 
triangle ABC is equiangular to the triangle DEF. 

Wherefore if ewo triangles have one angle equal to one angle, 
and the fides abont the equal angles psoportionals : the triangles 
wall be equiangular, and will have the angles equal, under which 
the fides of like ratio are extended. Which was to be demonftrated. 


PROP. VII. 


If two triangles have one angle equal to one angle; and the fides 
about fwo other angles proportionals ; and if each of the remaining 
angles de at the fame time lefs or eot Jefs thap 2 right angle: the 
triangles will be equiangular; and wit have thole angles - 
about which the fides are, which are proportionala. 

Let ABC, DEF be two traangles having one angle equal to one 
angle viz. the angle BAC equal to the angle EDF; and the fides about 
two other angles proportionals, the angles ABC, DEF ; fo that AB 
may bc to BC a DE to EF; and Saft Jet cach of the remaining 
angles at C and F be at the feme time lef than è right angle: ] 
fay, that the triangle ABC is equiangular to the triangle DEF ; and 
thet the angle ABC will be equal te the enge DEF ; and the re- 
maining engle viz. the aspice at C "1 to the remaining engé at E. 

For if the angle ABC be 
unequal to the angle DEF, 


one of them is greater : let ke D- 
ABC be tha greater: and with — G 
the firaight Jine AB, and at à a 


the possit B in it, let thé aagi 
ABG be tinade equal to the zm DEF, 
. And becamfe thé angle. A 1s equal fo D.; and the. angle ABG to . 


DEF ; therefore the remaining "up AGBis ‘equal ta the. remaining 
Vaux. I. * E angle 
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Book VI. angle DFE : therefore the triangle ABG is equiangular to the tri- 
=~ angle DEF ; therefore it is (by 4. 6.) as AB zs to BG fo zs DE to 
EF ; but as DE is to EF fo is AB fuppofed to be to BC ; and there- 
forg (by 11. 5») as AB z: to BC fo ss AB to BG: wherefore AB 
has the fame ratio to each of the des BC, BG; therefore (by 9. 
5.) BC is equal to BG; fo that alfo (by 5.1.) the angle BGC is 
equal to the angle BCG: but the angle at C is fuppofed zo be lefs 
than a right angle; therefore BGC is alfo lefs than a right angle ; 
fo that the angle adjacent to it viz. AGB is (by 13. 1.) greater than 
a right angle; and it has been demonftrated to be equal to the angle 
at F; therefore the angle at F is greater than a right angle; but 
it 1s f{uppofed to be lefs than aright angle; which is abfurd: where~ 
fore the angle ABC is not unequal to the azg/e DEF, therefore sf 
i; equal: and alfo (by fupp.) the angle at A is equal to the angle 
at D; therefore (by 32. 1.) the remaining angle at C is equal to 
the remaining angle at F: Therefore the trianzle ABC is equian- 
gular to.the triangle DEF. 

But again, let each of the angles at C and F be fuppofed not 
to be leís than a right angle: I fay again that alfo thus the Maga i 
ABC is equiangular to the triangle DEF. : 

For the fame things being confítruGed, we fhall demonftrate in 
like manner that BC is equal to BG; fo that alfo (by 5.1.) the 
angle at C is equal to the angle BGC: but the angle at C is not 
lefs than. a right angle; therefore neither.is the angle BGC lefs 
than a right angle; therefore the two angles of the triangle BGC 
are not lefs than two right angles, which (by 17. 1.) is impoffible: 
‘Fherefore again the angle.ABC is not unequal to the azg/e DEF ; 
therefore it ts equal: but alfo (by fupp.) the angle at A is equal to 
the angle at D; therefore (by 32. 1.) the remaining ang% at C is 
equal to the remaining angle at F: wherefore the triangle ABC i is 
equiangular to the triangle DEF. 

Wherefore if two triangles have one angle:equal to one —* 
but the fides about fwo other angles proportionals ; and each of 
the remaining angles, at the fame time,. either lefs or not lefs than 
a right angle: the triangles will be equiangular and will have the 
angles: equal about which the fides are, which are MOM 
Which was ta:be demonftrated. 





. PROP. 
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PROP. VIII. 


If ina right angled triangle, a perpendicular be drawn from the 
right angle to the bafe ; the triangles at the perpendicular are fmi- 
lar to the whole friangle and to one another. 

. Let ABC be a right angled triangle, having the angle BAC a 
right angle; and let AD be drawn from the point A perpendicular 
to BC: I fay that each of the triangles ABD, ADC is fimilar to 
the whole ABC, and alfo to one another. 

For fince the angle BAC is equal to the A 

angle ADB, for each of them ¢s a right — N 
angle: and the angle at B is common to the | 
two triangles, both ABC and ABD ; there- — | 
fore (by 32. 1.) the remaining angle ACB D B 
is equal to the remaining angle BAD; there- 
. fore the triangle ABC is equiangular to the triangle ABD; where- 
fore it is, (by 4.6.) as BC fubtending the right angle of the tri- 
angle ABC :; to BA fubtending the right angle of tbe triangle ABD, 
fo ss the fame AB fubtending the angle at C of the triangle ABC 
to BD fubtending the angle equal to that at C, viz. the angle 
BAD of the triangle ABD: and moreover fo ts AC to AD fub- 
tending the angle at B common to the two triangles: wherefore 
the triangle ABC is equiangular to the triangle ABD; and has the 
fides about the equal angles proportionals: therefore (by 1. def. 6.) 
the triangle ABC is fimilar to the triangle ABD. Certainly in the 
fame manner we fhall demonftrate, that the triangle ADC is alfo f- 
milar to the triangle ABC ; therefore each of the — ABD, 
ADC is fimifar to the whole triangle ABC. 

I fay alfo that the triangles ABD, ADC are familar to one another. 
' For becaufe the right angle BDA is equal to the right angle 
ADC : but the ang BAD has been demonftrated 7e be equal to 
the angle at C ; therefore alfo the remaining angle at B is equal to 
the remaining angle DAC: wherefore the triangle ABD is equi- 
angular to the triangle ADC: therefore it is, as BD fubtending 
the angle BAD of the triangle ABD is to DA fubtending the angle 
at C, of the triangle ADC, equal to the angle BAD fo is the fame 
AD {ubtending the angle at B of the triangle ABD, to DC fub- 
*E2 tending 
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Book VI. tending the angle DAC of the triangle ADC, equal to the angle 

vc at B: and befides fo is BA fubtending the right angle ADB to AC 
fubtending the right angle ADC: therefore (by 1. def. 6.) the tri- 
angle ABD is fimiler to the triangle ADC. 

Wherefore if in a right angled triangle, a perpendicular be 
drawn from the right angle to the bafe; the triangles at the per- 
pendicular ate fimilar to the whole triangle and to one another. 
Which was to be demonftrated. 

Cor. Certainly it is manifeft from this, that if a perpendicular 
be drawn from the right angle in a right aagled triangle to the 
bafe ; the ferpendicular drawn is a mean proportional between the 
fegments of the bafe: and befides the fide adjacent to the feg- 
ment is a mean proportional between the bafe andanyo ne of the 
legments, 


PROP. IX. 


To cut off any part required from a given ftraight line. 

Let AB be the given ftraight line: it is required to cut off any 
part from AB. 

Let a third part be required; and let any ftraight line AC be 
drawn from the point A, containing any angte, which may acci- 
dentally happen, with the line AB; and let D be taken ia AC any 
point which may accidentally happen ; and (by 3. 1.) let DE, EC 
be made equal to AD; and let BC be joined; and through the 
point D, let DF be drawn (by 31. 1.) parallel to BC. 

Wherefore beczufe DF has: been drawn poro&z/ tq A 
BC one of the fides of the triangle ABC; therefore 
(by 2. 6.) there is this proportion, as CD is to DA F 
fo ¿s BF to FA: but CD is the double of DA; there- 
fore BF is the dopble of FA; therefore BA és the tri- 


ple of AF. B 
Therefore the required third part AF hath * 

cut off from the given ftraight line AB. Which was C 

to be done, 


PROP. 
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PROP. X. 


To cut an undivided ftraight line, | in like manner asa given "ree 
line hath been cut. 

Let AB be the given undivided ftraight line, and AC the one 
which hath been cut: it is required to cut the undivided ftrasght 
line AB in like manner as AC has been cut. . 

Let AC be cut in the points D, E: and let te des be placed fo 
as to contain any anple which may accidentally happen ; and let 
BC be joined; and let DF, GE be drawn (by 31. 1.) through the 
pomts D, E parallel to BC: and through the point D, let DHK be 
drawn parallel to AB. 

Therefore each of the figures FH, HB is a 
parallelogram : therefore (by 34. 1.) DH ss 
equal to FG; and HK to GB: And becaufe 
HE hath been drawn parallel to ‘KC one of 
the fides of the triangle DKC; (by 2.6.) there 
is this proportion, as CE is to ED fo zs KH to 
HD; but KH is equal to BG, and HD to 
GF; therefore it is (by 7. 5.) as CE is to ED 
fo 7s BG to GF: Again, becaufe FD hath been 
drawn parallel to EG one of the fides of the triangle AGE ; id 
fore (by 2.6.) there is #b1s proportion, as ED is to DA fo is GF to 
FA; but it has been alfo demonftrated téat as CE z: to ED fo is 
BG to GF: It is therefore as CE #s to ED fo #s BG to GF ; and 
as ED zs to DA fo ss GF to FA. 

Wherefore the given undivided ftraight line AB hath been cut 
in like manner as the given ftraight line AC had been cut. Which 
was to be done. 





PROP. XI. 


To find a third proportional to two given ftraight lines. 

Let AB, AC be the two given ftraight lines ; and let them be 
placed containing any angle which may accidentally happen : it 1s 
required to fiind a third proportional to AB, AC. 

For let AB, AC be produced to the points D, E; and let BD be 
made equal to AC ; and let BC be joined ; and through the point 


> 
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Book VI. D, let DE be drawn parallel to it. A 
Tv" — Wherefore becaufe BC hath been drawn pa- 
rallel to DE one of the fides of the triangle p C 
ADE, there is 75i; proportion (by 2. 6.), as AB 
is to BD fo is AC to CE: but BD is equal to 
AC (by conft.); therefore it is, as AB i; to AC / 
{fo is AC to CE. D 
Wherefore two ftraight lines AB, AC being 
given, CE a third proportional to them hath been found. Which 
‘was to be done. 


PROP. XII. 


To find a fourth proportional to three given ftraight lines. 
Let A, B, C be the three given ftraighe lines ; it is required to 
find a fourth proportional to the ftraight lines A, B, C. 

! Let two ftraight lines DE, DF be 
drawn containing any angle EDF which 
may accidentally happen: and let (by 3. 
1.) DG be made equal to A, GE equal 
to B; and befides DH equal to C: and 
GH being joined, let EF be drawn 
through E parallel to it. 

_ Therefore becaufe GH hath been 
drawn parallel to EF one of the fides of 
the triangle DEF ; therefore it is, (by 2.6.) as DG is to GE fo is 
DH to HF; but (by the conft.) DG is equal to A, GE to B, and 
and DH to C ; therefore it is, as A £s to B fo is C to HF. 
Whercfore three ftraight lines A, B, C being given, HF a fourth 
proportional has been found. Which was to be done. 





PROP. XIII. 


‘To find a mean proportional between two given. ftraight lines. 
_ Let AB, BC be the two given ftraight lines : it is required to 
find a mean proportional between AB, BC. 
Let them be placed in a ítraight line ; and let the femicircle 
ADC be defcribed upon AC; and let BD be drawn from the point 
= Bat 
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B at right angles to the ftraight line AC ; and let AD, DC be Book vi. 
joined. — 


And becaufe the angle ADC is ina femicircle 
(by 31. 3.) it.is a right angle : and becaufe in D 
a right angled triangle ADC, DB hath been . 
drawn from the right angle perpendicular to 


the bafe therefore (by cor, to 8. 6.) DB is a i P 
mean proportional between AB, BC the fegments of the bafe. 

^" Wherefore two ftraight lines AB, BC being given, DB a mean 
proportional defween them hath been found. Which was to be done. 


PROP. XIV. 


The fides about the equal angles of equal parallelograms which 
have one angle equal to one angle are reciprocally proportional: and 
thofe parallelograms, having one angle equal to one angle, of which 
the fides about the equal angles are reciprocally proportional, are 
equal, 

Let AB, BC be equal parallelograms, having the angles at B 
equal ; and let DB, BE be placed in a ftraight line; therefore (by 
14. I.) FB, BG are in a ftraight line: I fay that the fides of the 
parallelograms AB, BC, which are about the equal angles, are reci- 
procally proportional, that is, as DB is to BE fo is GB to BF. 

For let the parallelogram FE be compleated. 

And becaufe the parallelogram AB is A F 
equal (by fupp.) to the parallelogram BC ; ` 
and FE is fome other parallelogram; there- à 
fore (by 7. 5.) it is, as the parallelogram P \ 

AB is to the parallelogram FE ío 1s the pa- 2 C 
rallelogram BC to the parallelogram FE : 
but as the parallelogram AB is to the parallelogram FE fo (by I. 

6.) is DB to BE : and as the parallelogram BC is to the parallelogram 
FE fo is GB to BF; wherefore alfo (by 11. 5.) as DB zs to BE fo 
is GB to BF; wherefore the fides of the parallelograms AB, BC, 

which are about the equal angles, are reciprocally proportional. 

But let the fides about the equal angles be reciprocally propor- 
portional, and let it be as DB is to BE fo ;; GB to BF : I fay that 
the parallelogram AB is equal to the parallelogram BC. 
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For becanfe it is, as DB 19 to BE fo is GB to BF; but as DB & 
to BE fo (by 1. 6.) ss the parallelogram AB to the parallelogram 
FE; and as GB zs to BF fo i: the parallelogram BC to the paral- 
lelogram FE ; and therefore (by 11. 5.) as the parallelogram AB is 
to the parallelogram FE fo is the parallelogram BC to she parallelo- 
gram FE : therefore (by 9. 5.) the parallelogram AB is equal ta 
the parallelogram BC. 

Wherefore the fides about the equal angles of equal parallelo- 
grams which have one angle equal to one angle, are reciprocally 
proportional: and thofe. parallclograms, having one angle equal to 
one angle, of which the fides about the equal angles are recipro- 
cally proportional, are equal. Which was to be demonttrated. 








PROP. XV. 


The fides, about the equal angles of equal triangles,. which 
have one angle equal to one angle, are reciprocally proportional : 
and thofe ¢riangles having one angle equal to one angle, of which 
the fides about the equal angles are reciprocally proportional, are 
equal. 

Let ABC, ADE be etual triamgles, having one angle equal to 
ohe angke; viz. BAC equal to DAE: I fay that the fides abomt the 
equal angles of the triangles ABC, ADE are recaprocally propor~ 
tional; that is, as CA is to AD fo ws EA to AB 

For let the triangles be pacad in sach a manner, that CA, AD ` 
may be im a ftraight line: therefore alfo (by 14. 1.) EA, AB are 
in a ftraight line: and let BD be joined. 

Then becaufe (by fupp.) the triaggle B 
ABC is equal to the triangle ADE, and \ 
ABD is another friangle ; thesefore it is, 
as the triangle CAB is to the triangle BAD 
{a is tbe triangle ADE to the triangle 
BAD: but (by 1. 6.) as the sriaagk CAB 
i; to BAD fo 5s CA to AD; and as the 
triangle EAD 1s to the freengle BAD fo ts EA to AB; therefore 
alío N 11. $.) as CÀ £s to AD fors EA to AB: therefore the files 
about 
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about the equal angles of the triangles ABC, ADE are reciprocally Book vi. 

proportional. — 

. . But let the fides of the triangles ABC, ADE be reciprocally pro- 
portional; and let it be as CA ss to AD fo ts EA to AB: I fay that 

the triangle ABC is equal to the triangle ADE. 

For again BD being joined : becaufe it is (by fupp.) as CA ie 
to AD fo à EA to AB; butas CA is to AD (by 1.6.) fo is the 
triangle ABC to the triangle BAD; and as EA gs to AB (o is the 
triangle EAD to the triangle BAD: wherefore (by 11.5.) as the 
triangle ABC is to the ¢riangle BAD fo is tbe triangle EAD to the 
triangle BAD: therefore each of the triangles ABC, ADE have the 
fame ratio to BAD ; therefore (by 9. 5.) the triangle ABC is equal 
to the triangle EAD. 

Wherefore the fides about the equal angles of equal triangles, 
which have one angle equal to one angle, are reciprocally propor- 
tional: and thofe trrang/es having one angle equal to one angle, of 
which the fides about the equal angles are reciprocally proportional, 
are equal. Which was to be demonítrated. 


PROP. XVI. 


If four ftraight lines’ be proportionals, the rectangle contained 
‘by the extremes is equal to the rectangle contained by the means : 
and if the rectangle contained by the extremes be equal to the ret- 
'angle contained by the means, the four ftraight lines will be pro- 
portionals. 

Let the four ftraight lines AB, CD, E, F be proportionals, viz. 
as AB ss to CD fo kt E że to F: I fay that the rectangle contained 
by AB and F 1s equal to the rectangle contained by CD and E. 

For from the points A, C let AG, CH be drawn at right angles 
to the ftraight lines AB, CD ; and let AG be made equal to F's 
and CH equal to E; and let the anh cei BG, DH be. 
compleated. 

And becaufe it is, as AB is to CD fo és E to F; and CH # equal 
to E and AG to F: therefore it is (by 7. 5.) as AB zs to CD {ozs CH 
to AG ; therefore the fides about the equal angles of the paralle- 
lograms BG, DH are reciprocally poriertienas i but thofe equi- 

VoL. I. *F angular 
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Book VI.angular parallelograms are equal (by A B 

=~ 14. 6.) of which the fides about the 
equal angles are reciprocally propor- 
tional: therefore the parallelogram BG 
is equal to the parallelogram DH: and ! 
the parallelogram BG is the rectangle A BC D 
contained by AB and F ; for AG is 
equal to F : and the plier DH is the rectangle contained 
by CD and E; for CH is equal toE: wherefore the rectangle 
contained by AB and F is equal to the rectangle contained by CD 
and E. 

But let the rectangle contained by AB and F be equal to the 

rectangle contained by CD and E: I fay that the four ftraight lines 
will be proportionals, viz. as AB zs to CD fo will E że to F. 
For the fame things being conítructed ; becaufe (by the fupp.) the 
rectangle contained by AB, F is equal to the rectangle contained by 
CD, E; and the parallelogram BG is the reGfangle contained by AB, 
F; for AG is equal to F : and the parallebgram DH is the reG- 
angle contained by CD, E; for CH is equal to E : therefore the 
parallelogram BG is equal to the parallelogram DH ; and they are 
equiangular: but (by 14. 6.) the fides about the equal angles of 
equal and equiangular parallelograms are reciprocally propertional: 
wherefore it is, as AB is to CD fẹ is CH to AG: but CH is equal 
to E ; and AG to F: therefore it is as AB zs to CD fo zs E to F. 

Wherefore if four ftraight lines be proportionals, the rectangle 
contained by the extremes is equal to the rectangle contained by 
the means; and if the rectangle contained by the extremes be equal 
to the rectangle contained by the means, the four ftraight lines will 
be proportionals. Which was to be demonftrated.. 





PROP. XVII. 


If three ftraight lines be proportionals ;. the rectangle contained 
by the extremes is equal to the fquare of the mean proportional : . 
and if the rectangle contained by the extremes be equal to the 
{quare of the mean ¢erm, the three ftraight lines will be propon- 
tionals. j 


Let 
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Let the three ftraight lines A, B, C be proportionals ; viz. as A Book VI. 
ts to B {o ket B be to C: I fay that the rectangle contained by A “Y~ 
and C is equal to the fquare of the mean B. 

Let D be made equal to B. 

And becaufe it is, as AtstoB A ` 
for BtoC; and BisequaltoD; 3° 


D! 


therefore it is, as A is to B fo;  c—— à 

D to C : but if four ftraight lines 

be proportionals, the rectangle con- c | 

tained by the extremes is equal (by A | B 

16. 6.) to the rećtangle contained 

by the means; therefore the rectangle contained by A az C. is 
equal to the rectangle contained by B and D: but the rectangle 
contained by B and D is equal to the Quare of B; for B is equal 
to D: therefore the rectangle contained by A ii C is — to 
the Quare of B. 

But let the rectangle contained by A and C be equal to the /zuare 
of B; I fay that it is, as A ss to B fo ss B to C. 

For the fame things being conftructed ; becaufe (by fupp.) the 
rectangle contained by A and C is equal to the /guare of B; but 
the /guare of B is equal to the rectangle contained by B and D; for 
B is equal to D: therefore the recangle contained by A and C is 
equal to the recfangle contained by B and D; but (by 16. 6.) if 
the rectangle contained by the extremes be equal to the rectangle. 
contained by the means; the four ftraight lines are proportionals : 
therefore it is, as A :s to B fo : D to C; but B isequal toD; 
therefore as A £s to B fo i; B to C. 

Wherefore if three ftraight lines be proportionals; the rectangle 
contained by the extremes is equal to the fquare of the mean fro- 
portional: and if the rectangle contained by the extremes be equal 
to the {quare of the mean term; the three ftraight lines will be pro- 
portionals. Which was to be demonftrated. 











PROP. XVIII 


Upon a given ftraight line to defcribe a rectilineal figure, fimilar 
and fimilarly fituated to a given rectilineal fure. | 
*Fa2 Let 
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Book VI. Let AB be the given ftraight line; and CE the given re&ilineal 
—— figure: it is required, upon the given ftraight line AB to defcribe 
a reCtilineal figure fimilar and fimilarly fituated to the re&ilineal 
figure CE. 
Let DF be joined; and with 


E, 
, , H 
the ftraight line AB and at-the 
6 we F Ex 
kN : 
D 


points A, B in it, let the angle G ; 
_ GAB be made equal to the angle 
at C; and the angle ABG egual M 
to the angle CDF ; therefore (by eo ah 
the 32. 1.) the remaining angle 
CFD is equal to the remaining angle AGB ; therefore the triangle 
FCD is equiangular to the triangle GAB: therefore there is thes 
proportion (by 4. 6.) as FD zs to GB fo ss FC to GA; and fo zs 
CD to AB: Again, with the ftraight line BG, and at the points 
B, G in it, let the angle BGH be made equal to the angle DFE ; 
and the angle GBH equal to the eagle FDE ; therefore the remain- 
ing angle at H is equal to the remaining a5g/eat E : therefore the 
triangle FDE is equiangular to the triangle GBH ; therefore there 
is this proportion (by 4. 6.) as FD z to GB fo 1s FE to GH ; and. 
jozs ED to HB: But it has been alfo demonftrated shat as FD is 
to GB fo is FC to GA, and f #s CD to AB: therefore (by 11. 5.) 
as FC is to GA fozs CD to AB and fo zs FE to GH, and befides /o. 
is ED to HB: And becaufe the angle CFD is equal to the angle 
AGB and DFE 1s equal to BGH ; therefore the whale angle CFE 
is equal to the whole AGH. Certainly for the fame reafon alfo 
the angle CDE is equal to ABH £ but alfo the angle at C is equal 
to the angle at Ay and the angke at E to the angle at H: therefore 
the figure AH is equiangular to the Agure CE; and has the fades. 
about the equal angles in it proportionals ; therefore (by 1. def. 6.) 
the rectilineal figure AH is firaijar to the rectilineal figure CE. 
Wherefore upon a given ftraight line AB a rectilineal figure AH 
hath been defcribed, fimilar and fimilarly fituated to the given rec- 
tilineal figure CE. Which was to be done. 


PROP. .XIX. 


Similar triangles are to one another in the doplicate ratio of the 
fides of like ratio. | Let 
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Let ABC, DEF be fimilar triangles, having the angle at B equal gy, yr. 
to the angle at E: and as AB is to BC fo æt DE be to EF; fo that wy 
(by 32. def. 5.) BC may be the fide of like ratio to EF : I fay 
that the triangle ABC has to the triangle DEF the duplicate ratio 
of that which BC has to EF. 

For (by 11.6.) let BG be taken a third proportional to BC, EF ;. 
fo that it may be, as BC is to EF fo is EF to BG: and let GA be 
joined, 

Wherefore becaufe it is, as AB is to A 
BC fo is DE to EF; therefore alter- 
nately (by 16. 5.) it is, as AB ss to D 
DE fo ;; BC to EF : but (by conft.) 
as BC isto EF fois EF to BG: there- /N 
fore alfo (by 11. 5.) as AB zs to DE A 
fọ : EF BG: therefore the fides sS w^ = 
about the equal angles of the triangles. 
. ABG, DEF are reciprocally proportional : but thole triangles having: 
one angle equal to one angle, aad of which the fides about the 
equal angles are reciprocally proportional, are equal. Therefore 
the triangle ABG is equal to the triangle DEF : and becaufe it is,. 
as BC is to EF fo ss EF to BG; and if three ftraight lines be pro- 
portionals (by 1o. def. 5.) the farft is faid to have to the third a 
duplicate ratio of that which it as to the fecond: therefore BC 
has to BG a duplicate ratio of that which BC éas to BF; but as. 
BC is to BG fo (by 1. 6.) #s the triangle ABC to the triangle ABG: 
therefore alfo the triangle ABC has to the triangle ABG the dupli-: 
cate ratio of that which BC Za: to EF : but the triangle ABG is 
equal to the triangle DEF ; therefore (by 7. 5.) the triangle ABC 
has to the triangle DEF the duplicate ratio of that which BC bas 
to EF. 

Wherefore fimilar triangles are to one another in the duplicate: 
ratio of the fides of like ratio. Which was to be demonítrated. 

Cor. Certainly from this it is manifeft, that if three ftraighe. 
lines be proportionals, it is, as the firft ss to-the third {0 zs a triangle. 
- defcribed upon the frf, ta a fimilar and fimilarly fituated trsangle 
defcribed upon the fecond; fince it has beea demonitrated, as CB 
i; to BG fo zs the triangle ABC to the triangle ARG, that is DEF.: 

PROP. 
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PROP. XxX. 


Similar polygons are divided into fimilar triangles, and inte the 
fame number, and bave the fame ratio fo one another which the whole 
polygons have: and the one polygon has to the other polygon the 
duplicate ratio of that which one fide of the one has to the fide of 
like ratio of the other. 

Let ABCDE, FGHKL be fimilar polygons, and let AB be the 
fide of like ratio FG: J fay that the polygons ABCDE, FGHKL 
are divided into fimilar triangles; and into the fame number; and 
have the fame ratio fo one another which the whole polygons bave ; 
and that the polygon ABCDE has to the polygon FGHKL the du- 
plicate ratio of that which AB bas to FG. 

Let BE, EC; GL, LH be joined. ` 

And becaufe the polygon ABCDE is fimilar to the polygon 





‘FGHKL, the angle BAE is equal to the angle GFL: and it is, as 


BA is to AE fo 1s GF to FL: wherefore becaufe there are two tri- 
angles ABE, FGL having one. angle equal to one angle, and the’ 
fides about the equal angles proportionals ; therefore (by 6. 6.) the 
triangle ABE is equiangular to the triangle FGL ; fo that (by 4. 
6.) it is alfo fimilar: therefore the angle ABE is equal to the angle 


X FGL : and alfo on account of the fimilarity of the polygons, the 


whole angle ABC is equal to the whole angle FGH; therefore the 
remaining angle EBC is equal to the remaining angle LGH ; and 
becaufe, on account of the fimilarity of the triangles ABE, FGL, 
it is, as EB ¢s to BA fo ss LG to GF; but alfo, on account of the 
fimilarity of the polygons, it is, as AB #s to BC {o żs FG to GH : 
therefore by equality it is, (by 22, 5.) as EB ss to BC fo ss LG to 
GH ; and the fides therefore about the equal angles EBC, LGH- 
are proportionals ; therefore the triangle EBC is equiangular to 
the triangle LGH (by 6. 6.) ; fo that i£ 15 alfo fimilar (by 4. 6.) : 
Certainly for the fame reafon the triangle ECD is fimilar to the 
triangle LHK : therefore the fimilar polygons ABCDE, FGHKL 
are divided into fimilar triangles, and into an equal number. 

I fay alfo that they have the fame ratio to one another which 
the whole polygons have: that is, fo that the triangles are propor- 
tionals ; and that the antecedents are the friangles ABE, EBC, 

| ECD 








OF EUCLID. | 47 


ECD and the confequents of them, the friangls FGL, LGH, Book VI. 
LHK : alfo that the polygon ABCDE has to the polygon FGHKL "77 
the duplicate ratio of that which the fide of like ratio of the one 

has to the fide of like ratio of the other, that is, which AB das 

to FG... 

For let AC, FH be joined. A. 

And becaufe, on account 
of the fimilarity of the poly- 
gons, the angle ABC is equal 
to the angle FGH, and it is 
as AB zs to BC fo is FG to 
GH; the triangle ABC 1s D C K H 
equiangular (by 6. 6.) to the 
triangle FGH: therefore the ange BAC is equal to the angke 
GFH ; and BCA to GHF: and becaufe the angle BAM is equal 
to GFN ; and the angle ABM has been demonftrated 7o Ze equal 
to FGN ; therefore the remaining angle AMB is equal (by 32. 1.) 
to the remaining angle FNG; therefore the triangle ABM is equi- 
angular to the triangle FGN : Certainly in the fame manner we 
{hall demonftrate that the frzangle BMC is equiangular to the tri- 

' angle GNH ; therefore there is this proportion, (by 4. 6.) as AM 
ts to MB fo1s FN to NG ; and as BM zs to MC fo zs GN to NH: 
fo that alío by equality (by 22. 5.) as AM is to MC fo zs FN to 
NH: but as AM gs to MC fo (by 1. 6.) zs the triangle ABM to 
the triangle BMC; and /o ts the triangle AEM to the triangle MEC; 
for they are to one another as their bafes : And (by 12. 5.) as one 
of the antecedents is to one of the confequents fo are all the ante- 
cedents to all the confequents ; therefore as the triangle AMB is 
to the triangle BMC fo zs the ¢riangle ABE to-the triangle CBE: 
but as the ¢riangle AMB 1s to the triangle BMC fo is AM to MC: - 
therefore alío (by 11. 5.) as AM zs to MC fo 1s the triangle ABE. 
to the triangle CBE. Certainly for the fame reafan alfo as FN is. 
to NH fo is the triangle FGL to the triangle GLH : and it is, as 
AM is to MC fo is FN to NH ; therefore (by 11. 5.) as the tri- 
angle ABE ss to the triangle BEC fo zs the triangle FGL to the 
triangle GHL ; and alternately (by 16. 5.) as the triangle ABE zs 
to the triangte FGL fo és the triangle BEC to the triangle GLH. 
: | |. Cer- 


E 
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Book VI. Certainly in. the fame manner we fhall demonftrate, BD and GK 

— being joined, that alfo, as the triangle BEC is to the triangle GLH 
fo is the triangle ECD to the triangle LHK : and becaufe it is, as 
the triangle ABE zs to the triangle FGL fo is the triangle EBC to 
the triangle LGH, and befides fo zs the triangle ECD to the tri- 
angle LHK : wherefore alfo (by 12. 5.) as one of the antecedents 
is to one of the coníequents, fo are all the antecedents to all the 
confequents ; ; therefore as the triangle ABE is to the triangle FGL 
{o is the polygon ABCDE to the polygon FGHKL : but the tri- 
angle ABE has to the triangle FGL (by 19. 6.) the duplicate ratio 
of that which the fide of like ratio AB has to the fide of like ratio 
FG ; for fimilar triangles are in the duplicate ratio of the fides of 
like ratio ; therefore alfo the polygon ABCDE has to the polygon 
FGHKL the duplicate ratio of that which the fide of like ratio 
AB 4as to the fide of like ratio FG. 

Wherefore fimilar polygons are divided into fimilar triangles, 
and into an equal number of them, and of like ratio with the 
whole polygons ; and the one polygon has to the other polygon the 
duplicate ratio of that which ome fide of like ratio has to another 
fide of like ratio. Which was to be demonftrated. 

Cor. 1. Certainly in like manner it will be demonftrated in 
quadrilateral figures, that they are in the duplicate ratio of the 
fides of like ratio; and it has been demonftrated alfo in triangles ; 
fo that univerfally fimilar rectilineal figures are to one another in 
the duplicate ratio of the fides of like ratio. 

Cor. 2. And if we take the dime X (by 11.6.) a third propor- 
tional to AB, FG; (by ro. def. 5.) AB has to X the duplicate ratio 
of that which AB 4as to FG: and alfo a polygon to a polygon, 
and a quadrilateral figure to a quadrilateral figure has the duplicate 
ratio of that which the fide of like ratio has to the fide of like 
ratio, that is, which AB has to FG: and this has been demon- 

. ftrated alfo in triangles; fo that it zs alfo manifeft univerfally, that 

-if three ftraight lines be proportionals, it will be, as the firft ts to 
the third fo is a rec#ilineal figure defcribed upon the firft to a fimilar 
and fimilarly fituated one defcribed upon the fecond. 

OTHERWISE. We fhall demonitrate in a different manner and 
more expeditioufly, that the triangles are of like ratio. 
P For 
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For again let the polygons ABCDE, FGHKL be fuppofed to Boot v1. 
be defcribed ; and let BE, EC; GL, LH be joined: I fay that it ““~ 
is, as the triangle ABE is to the triangle FGL fo żs the triangle 
EBC to the triangle LGH, and CDE to HKL. 

For becaufe the triangle ABE A 
is fimilár to the triangle FGL ; F 
therefore (by 19. 6.) thetriangle B 
ABE has to the triangle FGL 
the duplicate ratio of that which 
BE bas to GL. Certainly for C D H 
the fame reafon alfo the triangle 
BEC has to the triangle GLH the duplicate ratio of iw which 
BE has to GL: therefore it is (by 11. 5.) as the triangle ABE is 
to the ¢riangle FGL fo is the triangle EBC to the triangle LGH. 
Again, becaufe the triangle EBC is fimilar to the triangle LGH ; 
therefore EBC has to LGH the duplicate ratio of that which the 
Rraight line CE has to the fraight ine HL. Certainly for the 
fame reafon alfo, the triangle ECD has to the triangle LHK the 
duplicate ratio of that which CE 4as to HL; therefore it is, (by 
II. 5.) as the triangle EBC is to the trsangle LGH {ozs the triangle 
ECD. to the triangle LHK : but it has been demonftrated £óu£ as - 
the triangle EBC 15 to LGH fo is ABE to FGL; 5 therefore alfo as 
ABE js tó FGL fo i; BEC to LGH, and fo i; ECD toLHK: 
wherefore alfo (by 12. 5.) as one of the antecedents is to one of ` 
the confequents fo are all the antecedents to all the confequents ; 

_ and the remainder as in the "ne demonftration. Which was te 
be demonftrated. 








K 


PROP. XXI. 


Figures which are fimilar to the fame rectilineal figure ; are 
alſo fimilar to one another. 


For let each of the rettilineal figures A, B be fimilar to C: I 
fay that A is alfo fimilar to B. 


For becaufe A is fimilar to C, it | e 
is alfo equiangular to it, and has the 
fides about the equal angles propor- | JaN 


tionals (by 1. def. 6.). Again. - 
Vor. I. * G caule | 
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Book vi. caufe B-is fimilar to C ; it is alfo equiangular ta it, and has the 

“~~ (ides about the equal angles proportionals :: therefore each of the 

figures A, B are equiangular to C and have the fides about their 

equal angles proportionals £o the fides about the equal angles of tbe fi- 

gure C; wherefore the figure A is equiangnlar to B (by com.not.1.) 

and has (by 11. 5.) the des about the equal angles propoftionals ; 

wherefore (by 1. def. 6.) the figure A is fimiler to the figure B. 
Which was to be demonftrated. 


PROP. XXI, 


If fur ftraight lines be proportionals; alfo the re&ilineal ‘hed 
fimilar and fimilarly defcribed upon them will be proportionals : 
and if the rectilineal figures fimilar and fimilarly defcribed upon 
them be proportionals ; alfo the ftraight lines themfelves will be 
proportionals. 

Let the four ftraight lines AB, CD, EF, GH be proportionals, 
viz. as AB is to CD fo det EF be to GH ; and let the rcectilineal fi- 
gures KAB, LCD be defcribed upon AB, CD fimilar and fimilarly 
fituated ; and the rectilineal figures MF, NH upon EF, GH fimilat 
and fimilarly fituated : I fay that it is, as KAB: ts to LCD fo ts MF 
to NH. 

For let X be taken (by 11.6.) a third proportional to AB, CD : 
and O'a third proportional to EF, GH : and becaufe it is, as AB 
is to CD fo is EF to GH; and as CD ts to X fo i GH to O; 
therefore by equality it is, (by 22. 5.) as AB is to X fo ts EF to 
©: But as AB is to X fo (by cor. 2. to 20. 6.) is the figure KAB 
to LCD ; and. as EF is to O fo is the figure MF to NH ; therefore 
(by 11. 5. ) as the Agure KAB is tq — fo is the figure MF to NH. 

But let it be, as the figare KAB 


is to LCD fo /et the figure MF be — 
to NH: I fay that it is, as AB ss 
to CD fo #s EF to GH. 


For as AB is to CD folet EF be 
made (by 12. 6.) to PR ; and let VS X 











the rectilineal figure SR be defcri- 

bed (by 18. 6.) upon PR fimilar — 
and fimilarly fituated to either of de 
the figures MF, NH. 





OF EUCLID. - gE 


` Wherefore bacaufe it is, as AB ss to CD fo ss EF to PR ; ‘and Book Vik 
the figures: KAB, LCD have been defcribed upon AB and CD fi- “e 
milar and fimilarly fituated ; and the figures MF and SR fimilar. 
ahd fimilarly fitwated upon EF and PR; therefore itis (by part. 1. 
of this.) asthe Agure KAB is to LCD fo & the figure MF to SR 
but it is alfa fleppafed as the gure KAB is to LCD fo is the figure 
MF to NH ; therefore (by 11.5.) the figure MF has the fame 
ratio to each of the. figures NH and SR ; 3 therefore (by 9. 5.) NH 
is equal to SR; but it is fimilar to it and. &milarly fituated: there- 
fore (by-the following lemma) GH ts equal to PR; and becaufe 
it is, as AB is to CD ío is EF to PR (by coníl.) :: and PR is equal 
to GH; therefore it is, as AB zs to CD {0.25 (by 7. 5.) EF to GH. 

Wherefore if four ftraight lines be proportionals ; alfo the fimilar 
reCtilineal figures fimilarly defcribed upon them will be propor- 
tionals : and if the fimilar figures fimilarly defcribed upon them beg 
proportionals ; alfo' the ftraight lines themfelves will be papers 
tionals. Which-was to be demonftrated. 

Lemma. Hf reGilineal figures be equal and fimilar, we thall 
thus demonftrate, that the fides of them, which are of like ratio, 
are equal. | 

, Let NH and SR M ii w Gmilar re£ilineal — and let 
it be, as HG w to GN Ío ŝis RP to PS: I fay at: PR is ena 
to HG. 

For if they are unequal, one of them is. greater ; let RP be 
greater then HG :. and becaufe it is, as RP z to PS fo is HG tø 
GN, and, alternately, as RP- is ta HG: foiis PS to GN : .bat PR 
is greater than GH; theteford.alfo P& is greater than GN : fo ` 
that alfo (by 20. 6.) the fgure RS is greater than the figure HN ; 
but it is alfo equal, which is impoffible ; therefore PR is not une- 
qui to SH 3 therefore. equi Which was to 5" demon ftrated, : 


P R O P. XXIII. 


Equiangular parallelograms: have to one another the ratio com- 

pounded of the ratios of their fides. 
Let AC, CF be equiangular parallelograms, having the angle 
BCD equal to the c angke Sn 1 I fay that the parallelogram AC 
*G 2 has 
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Book Vi. has to the parallelegram CF the ratio compounded of the ratios of 
ve the fides ; of that which BC has to CG; and of that which DC 
has to CE. 

For let them be placed fo that BC may be in a ftraight line with 
CG; therefore (by 14. 1.) DC is in a ftraight line with CE: and 
let the parallelogram DG be compleated:; and let K any ftraight 
line be drawn; and, as BC zs to CG fo (by r2. 6.) let K be made 
to L; and as DC is n ee ee 

Therefore (by conít.) the ratios 
of K to L and of L to M, are the 
fame ratios with the ratios of the 
fides ; viz. of BC to CG and of DC 
to CE: but the ratio of K to M is 
compounded both of the ratio of K 
to L and of the ratis of L, to M; 
fo that alfo K has to M the ratio com- 
pounded of fhe ratws of the fides. 

And becaufe it is (by 1. 6.) as BC #s to CG fo is the parallelo- 
gram AC to the parallelogram CH: but. as BC is to CG fo (by 
conft.) # K to L; therefore alfo (by 1. 5.) as K is to L fo is the 
parallelogram AC to the parallelogram CH: Again becaufe it is, 
(by 1. 6.) as DC is to CE {o is the parallelogram CH. to the pa- 
rallelogram CF: but as DC is to CE fo (by contt.) is L-to M3 
therefore alfo (by 11. 5.) as L is to M fo is the parallelogram CH 
to the parallelogram CE: wherefore becaufe it has been demon- 
ftrated, that as K is to L fo is the parallelogram AC to the paral- 
lelogram CH ; and as L is to M fo ss the parallelogram CH to the 
parallelogram CF ; therefore by equality it is, (by 22. 5.) as K is 
to M fois the parallelogram AC to the parallelogram CF ; and K 
has to M the ratio compounded of the ratios of the fides; therefore 

alfo, the parallelogram AC has to the parallelogram CF the ratio. 

compounded of £e ratios of the fides.. 

Wherefore equiangular parallelograms have to one another the 
ratio compounded of rhe ratios. of their fides. Which. was to. be 
demonftrated. 
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PROP. XXIV. — 


The parallelograms, which are about the diameter of every pa- 
rallelogram, are fimilar to the whole and to one another. 

Let ABCD be a parallelogram ; and AC its diameter; and let 
_EG, HK be parallelograms about the diameter AC: I fay that each 
of the parallelograms EG, HK is fimilar to the whole parallel- 
gram ABCD and to one another. 

For becaufe EF has been drawn parallel to BC A E B 
one of the fides of the triangle ABC, there is 
this proportion (by 2. 6.), as BE i5 to EA fois g H 
CF to FA : again becaufe FG hath been drawn 
parallel to CD one of the fides of the triangle 
ADC ; therefore there is this proportion, as CF 
$5 to FA fo ; DG to GA : but as CF is to FA fo DK C 
has BE been demonftrated 7o Ze to EA : therefore 
alfo (by 11. 5.) as BE is to EA fo is DG to GA; and by compo- 
fition therefore (by 18. 5.) as BA is to AE fo is DA to AG; and 
alternately (by 16. 5.) as BA #s to AD fo is EA to AG: therefore 
the fides about the common angle BAD of the parallelograms 
ABCD and EG are proportionals. And becaufe GF is parallel to 
DC; the angle AGF (by 29. 1.) is equal to ADC ; and the angle 
GFA to DCA; and the angle DAC is common to the two triangles 
ADC, AGF ; therefore the triangle ADC is equiangular to the tri- 
angle AGF. Certainly for the fame reafon alfo the triangle ABC 
1s equiangular to the triangle AFE : therefore alfo the whole pa- 
rallelogram ABCD is equiangular to the parallelogram EG.: there- 
fore there is this proportion, (by 4. 6.) as AD :: to DC fo : AG 
to GF ; and as DC ss to CA fo ts GF to FA; and. as AC i: to CB. 
fo is AF to FE and befides as CB zs to BA fo ts FE to EA: and 
becaufe it has been demonftrated zat as DC zs to.CA fo is GF to. 
FA ; and as AC i: to CB foss AF to FE; therefore by equality it- 
is, (by 22. 5.) as DC is to CB fo is GF to FE: therefore the fides. 
about the equal angles of the parallelagrams ABCD and EG are 
proportionals : therefore (by 1. def. 6.) the parallelogram ABCD 
is fimilar to the parallelogram EG. Certainly for the fame reafon 
alfo the parallelogram. ABCD. is fimilar to the parallelogram i. ^ 

| CEG- 
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Book vi therefore each of the parallelograms EG, HK is fimilar to the pa- 
“~~ rallelogram ABCD: but (by 21. 6.) figures which are fimilar to 
the fame re&tilineal figure are alfo fimilar to one another; therefore 
alfo the parallelogram EG is fimilar to the parallelogram HK. 

Wherefore the parallelograms which are about the diameter of 
every parallelogram are fimilar to the whole, and to one another. 
Which was to be demonftrated. 





PROP. XXV. 


To make the fame recfilinea] figure fimilar to a given redtilineal 
figure, and equal to another given reéihneal figure. | 
Let ABC be the given rectilineal figure, to which it is required 
that the figure fhould be made fimilar ; and D the one to which it 
ts to be equal: itis required tbat the fame figure be made fimilar 
to ABC and equal to D. 

For let the parallelogram BE be applied to the ftraight line BC 
(by 44.1.) equal to the triangle ABC ; and (by 45. 1.) /e¢ the.pa- 
rallelogram CM de applied to the ftraight line CE, equal to the /- 
gure D, in the angle FCE which is equal to the angle CBL ; there- 
fore BC is (by 14. 1.) in a ftraight line with CF ; and LE with 
EM ; and let GH be taken (by 15. 6.) a mean proportianal be- 
tween BC, CF: and let the Agure KGH be deícribed (by 18. 6.) 
upon GH fimilar to ABC, and fimilarly fituated. 

And becaufe it 1s, as BC ss to GH 
fo «s GH to CF (by conft.) ; and (by 
2. Cor. to 20. 6.) if three ftraight 
lines be proportionals, it is, as the 
firft is to the third fo w the rectilineal 
figure upon the firít to a fimilar and 
fimilarly defcribed figure upon the 
fecond ; therefore it is, ag BC * to 
CF. fo 1s the triangle ABC tọ KGH; 
but alío (by 1. 6.) as BC is to CF fo 
& the parallelogram BE tọ the parallelogram EF ; therefore alfo 
(by 11. 5.) as the triangle ABC i to the triangle KGH fo zs the 
parallelogram BE to the parallelogram EF : alternately (by 16. 5.) 


there- 
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therefore as the triangle ABC is to the parallelogram BE fo is the Book VI, 
triangle KGH to the parallelogram EF : but (by conft.) the trie “~~ 
angle ABC zs equal to the parallelogram BE; therefore alfo the 
triangle KGH zs equal to the parallelogram EF : but the paralle- 
logram EF is-equal to the reci/tzea] figure D : therefore alfo KGH 
is equal to D ; and KGH is alfo fimilar to ABC. 

Wherefore, the fame figure KGH has been made fimilar to the 

given reGtilineal ffeure ABC and equal to another given figure, 
Which was to be done. 


PROP. XXVI. 


If a parallelogram be taken away from a parallelogram fimilar 
to the whole and fimilarly fituated, having a common angle with: 
it; it is about the fame diameter with the whole parallelogram. 

For let the parallelogram AEFG be taken away from the paral- 
lelogram ABCD, fimilar to ABCD, and fimilarly fituated, having. 
the angle DAB common with it: I fay that ABCD is about the: 
fame diameter with AEFG. ~ 

For ;f not, but if poffible, let AHC be the diameter [of them]; 
of the parallelogram BD; and let HK be drawn we the point © 
. H parallel to either of the Ænes AD, BC. 

Wherefore becaufe ABCD is about the 
fame diameter with the parallelogram KG; 
ABCD is (by 24. 6.) fimilar to the paral- 
kelogram KG; therefore it is (by 1. def. 6.) 
as DA ts to AB fo is GA to AK; but it is | 
alfo, on account of the fimilarity of the pa- 
rallelograms ABCD, EG as DA zs to AB fo 
if GA to AE ; therefore alfo (by 11. 5.) as 
GA is to AE fi is GA to AK : therefore GA lias the fame ratio to^ 
each of the Anés AE, AK; therefore (by 9. 5$.) AE is equal to 
AK;; the lefs to the greater; which is impoflible: therefore ABCD: 
is not about the fame diameter with the parallelogram KG: there= 
fore the parallelogram ABCD is about the fame diameter with the 
parallelogram AEFG. 

Wherefore if a parallefogram be — away from a parallelogram 
fimilar to the whole and fimilarly fituated, having a common angle 

with 
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Book VI. with it; it is about the fame diameter with the whole paralelja 
ve gram. Which was to be demonftrated. 


PROP. XXVII. 


. Of all the parallelograms applied to the fame ftraight line, and 
deficient by parallelogram figures fimilar and fimilarly fituated to 
the parallelogram applied to half the line: the parallelogram ap- 
plied to half the line, as being fimilar to the defect, is the greateft. 

Let AB be a ftraight line; and let it be cut 


in halves in the point C : and let the paral- DL E 
lelogram AD be applied to the ftraight line P. PL) 
AB ; deficient by the parallelogram figure CE, » " 
fimilar and fimilarly fituated to that defcribed V 


upon the half of the Jraight line AB, thatis A CK B 
upon BC : I fay that AD is the greateft of all 

the parallelograms applied to the ftraight line AB, and deficient by 
parallelogram figures fimilar and fimilarly fituated to CE. For let 
the parallelogram AF be applied to the ftraight line AB, deficient 
by the parallelogram figure KH, fimilar and fimilarly fituated to 
CE ; I fay that AD is greater than AF. 

For becaufe the parallelogram CE is fimilar to the parallelogram 
KH, they are (by 26.6.) about the fame diameter : let their dia- 
meter DB be drawn : and let the figure be defcribed. 

Wherefore becaufe CF is equal (by 43.1.) to FE, let KH 
which is common be added, therefore the whole CH is equal to 
the whole KE : but CH is equal to CG, becaufe AC is equal to CB; 
. therefore alfo CG is equal to EK: let CF which is common be | 

added; therefore the whole AF is equal to the gnomon CHL : fo 

that the parallelogram CE, that is AD (by 36. 1.) is qe mM 

the parallelogram AF. 

But again let the ftraight line AB be cut in halves in the point 

C ; and AL being applied deficient by the figure CM ; and again 
. let the parallelogram AE be applied to AB deficient by DF fimilar 

and fimilarly fituated to CM the parallelogram applied to half the 

line AB: I fay that AL the parallelogram applied to half the line 
is greater than AE. 














For 
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For becaufe DF is fimilar to GM, they are (by 26. 6.) about the Book VI. 
fame diameter ; let their diameter be EB; and let the figure be 77 
deícribed. 

And becaufe LF is equal to LH (by 36. 1.) HEG F. 
becaufe FG is equal to GH ; therefore LF is 
equal to DL; therefore DL is greater than EK; 
let DK which 1s common be added; therefore 

the whole AL is greater than the whole AE. ADC B 
Wherefore of all the parallelograms applied 
to the fame ftraight line, and deficient by parallelogram figures fi- 
milar and fimilarly fituated to the parallelogram applied to half the 
line: the parallelogram applied to half the line, as being fimilar 
to the defect, is the greateft. Which was to. be demonftrated. 


` 
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PROP. XXVIII. 


. To apply to a given ftraight line a parallelogram equal to a given 
rectilineal figure, and deficient by a parallelogram figure, which is 
fimilar to a given parallelogram : but it is required, that the given 
rectilineal figure to which it is required that the one to be applied 
* is to be equal, fhould not be greater than the parallelogram applied 
to half the line; thefe being fimilar, the deficient parallelogram, 
the one applied to half the line and the parallelogram to which 
the deficient one is required to be fimilar. 

Let AB be the given ftraight line ; and C the given re&ilineal 
figure, to which it is required to apply to AB one equal ; not being 
greater than the parallelogram applied to half the line, the defects 
being fimilar ; and let D be the parallelogram to which the defe& 
is required to be fimilar: it is required to apply to the given ftraight 
line AB a parallelogram equal to the given re&ilineal figure C ; 
deficient by a parallelogram figure which is fimilar to D. 

Let AB be cut in halves at the point E; and let EBFG be de- 
fcribed upon EB fimilar to D, and fimilarly fituated : and let the 
parallelogram AG be compleated : .certainly AG is either equal to 
C, or greater than it, on account of the limitation : if therefore 
AG be equal to. C, what was required hath been done ; for the 
parallelogram AG hath been applied to the given ftraight line AB, 
equal to the given rectilineal figure C, deficient by the paral- 

Vor. I. * H lelogram 
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së 


Böok VÏ. lelopiam figute EF, which is fimilis? to D: H. 











Y But if hot ; ; HE is oréater fhan C: but HE 
is equal to EF; therefore alfo EF is greater 
than C: let the parallelogram KLMN be made a 

(by 25. 6.) equal to that excefs by which EF 
is greater than C, and fimilar to D, and tlie 
fame fimilarly fituated : but D is finrilat (by 
conít.) to EF; therefore KM is alfo fimilar to 
EF; therefore let LK be the fide of like ratio 
with GE; and LM the: fide of like ratio with GF ; and becaufe the 

! parallelogram EF is equal:to the figure C and KM together ;. there- 
fore EF is greater than KM ; therefore (by 1. cor. to 20. 6.): GE 
is greater than KL and GF than LM :: Let GX be made equal to 
KL and GO equal to LM; and let the parallelogram XGOP 
be compleated ; therefory XO is equgl and fimilar to KM : but 
KM is fimilar to EF ; therefore (by 21.6.) XO is alfo fimilar 
to EF; therefore XO and EF (by 26. 6.) are about the- fame dia- 

- meter: let GPB be their diameter, and let the igure be compleated. 
_ Wherefore becaufe the parallelogram EF is equal to € and KM 
together; the parts of which XO and KM are equal; therefore 
the remaining gnomon ERO is equal to the remaining Agure C j 
and becaufe OR is equal to X8; let RS which is eomthon be added 
to both ; therefore the whole OB-is equal to-the whole XB: but 
XB is equal to TE (by 436.1.) becaufe the fide AE ie equal to the 
fide EB; therefore alfo TE is equal to OB; let XS. which is com- 
mon be added ; therefore the whole TS is equal to the gnomon 
ERO: But the gnomon ERO has been demonftrated:to be equak 
to the figure C; therefore alfo TS is equal to the figure C. 
_ Wherefore the parallelogtam TS hath been applied to the given 
ftraight line AB equal to the given rectilineal figure C, deficient by 
the parallelogram figure RS which is fimilar to D ; "x (by 24. 
6.) RS is fimilar to OX. Which" was to be done. —. - 


T 


PROP. XXIX. 


‘ To apply a parallelogram, to a given ftraight line, equal to a 
given rectilineal figure, exceeding by a parallelogram figure, — 
fo a given parallelogram. 

o Let 
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Let AB be the given ftraight line; and C the given redtilineal Book vi. 
figure to which the parallelogram applied to AB is required to be “~~ 
equal: and /t D Ze the parallelogram to which it is required that 
the exceeding one be fimilar: it is required to apply a parallelogram 
to the ftraight line AB equal to the rectilineal figure C exceeding 
by a parallelogram figure fimilar to D. 

Let. AB be cut in halves in the point. 
E: and let the parallelogram EL.be ç 
defcribed upon EB fimilar:to D and fi- 
milarly fituated ; and let GH be made 
equal to both, the parallelogram EL 
and the figure C together, and alfo 
fimilar to D, and the fame fimilarly E 
fituated (by.25..6.): therefore GH is. \! 
fimilar to EL : butlet KH be the fide ` | 
of like ratio with FL ; .and KG the. A" 

fig of dike ratio -with FE.: and becaufe ‘the — GH is 

greater than EL ; therefore the fide KH is greater than FL; and 

KG than FE: Let. EL, FE be produced ; ; and let FLM be equal. 
to KH, and FEN equal.to.GK; and let the parallélagram MN be 
compleated ; therefore MN is equal 3nd fimilar to GH : but GH 
is alfo fimilar to EL ; therefore alío (by. 21. 6.) MN is fimilar to 
EL: therefore (by 26.6.) EL is about the fame diameter with 

‘MN: |let their diameter FX be drawn ; ; and let the figure be de 
{cribed. 

‘Wherefore-becaufe the parallelogram. GH is | equal. to EL and C 
together (by conft.) 5 byt GH js equal.to MN, therefore alfo MN 

;is equal to EL- and C together : let EL which is common be taken 
away ; therefore the remaining gnomon NOL is equal to the figure 
-C : and. becaufe EA is equal to EB -the parallelogram AN is alfo 
(by 36. 1.) equal to NB, that is (by 43-1. ) to LO ; let EX which 
is common be added ; therefore the whole AX is equal to the gno- 
mon NOL ; but the gnomon NOL is equal to the figure C; there- 
fore AX is alfo equal to the fjgure C; — - 

‘Wherefore the .parallelogram AX has been applied to the given 

ftraight line AB, equal to the given rectilineal figure C; exceeding 

by the parallelogram figure PO which'is fimilar toD; becaufe (by 

24. 6.) EL is fimilar to OP. Which was to be done. 
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PROP. XXX. 


To cut a given finite ftraight line in extreme and mean ratio. 
Let AB be the given finite ftraight lines it is required to cut the 
ftraight line AB in extreme and mean ratio. 

For let the {quare BC be defcribed upon AB; and (by 29.6.) 
Jet the parallelogram CD be applied to AC, equal to the /guare 
BC, exceeding by the figure AD fimilar to a | 

But BC is a fquare, therefore AD is 
alío a quare: and becaufe BC is equal to 
CD, let CE which is common be taken 
away; therefore the remainder BF is 
equal to the remainder AD; and it is alfo 
equiangular to it; therefore (by 14. 6.) 
the fides which areabouttheequalangles A — C B 
of the figures BF, AD are reciprocally 
proportional; therefore it is, as FE i; to ED fo zs AE to EB; but 
(by 34.1.) FE is equal to AC, that is to AB, and ED to AE: 
therefore it is, as AB #s to AE fo zs AE to EB: But AB is greater 





than AE ; therefore AE is greater than EB. 


Wherefore (by 3. def. 6.) the ftraight line AB ís cut in extreme 
and mean ratio at the point E; and AE is the greater fegment of 


it. Which was to be done. 


OTHERWISE. Let AB be the given ftraight line; it "umet 
to cut the ftraight line AB in extreme and mean ratio. | 

For let AB be cut in C (by 11. 2.) fo that the rectangle contained 
by AB, BC may be equal to the fquare of AC. 

Wherefore becaufe the re¢tan gle contained by AB, BC is equal 
to the fquare of AC ; therefore it is, (by 17. 6.) as AB i; to AC 


fo if AC to CB; therefore AB hath been cut in extreme te mean 


ratio in the point C. Which was to be done. 


PR o P. XXXI. 


In right angled triangles, the figure decribed upon the fide fub- 
tending the right angle is equal to the figures fimilar and fimilarly 
defcribed upon the fides containing the right angle. 

Let 
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Let ABC be a right angled triangle, having BAC a right angle : Book v1 
I fay that the figure defcribed upon BC is equal to the fimilar and “~~ 
‘fimilarly defcribed figures upon BA, AC, 

Let the perpendicular AD be drawn. 

Wherefore becaufe, in the right angled 
triangle ABC, AD hath been drawn from 
the right angle at A perpendicular to the 
bafe BC ; therefore (by 8. 6.) the triangles 
ABD, ADC, at the perpendicular, are fi- 
milar to the whole ABC and to one another : 
and becaufe ABC is fimilar to ABD ; therefore it is, as CB és to 
BA fo is AB to BD: and becaufe the three ftraight lines are pro- 
portionals ; ; it is, (by 2. Cor. to 20. 6.) as the firft 4s to the third fo 
is the figure upon the firft to a fimilar and fimilarly defcribed figure 
upon the fecond; wherefore as CB is to BD fo #s the ‘figure upon 
CB to the fimilar and fimilarly defcribed figure upon AB. Certainly 
for the fame reafon alfo as BC is to CD fo zs the figure upon CB 
to the figure upon AC: fo that it is, (by 24. 5.) as BC is to BD, 
DC fo is the figure upon BC to the figures fimilar and fimilarly de- 
fcribed upon BA, AC: but BC is equal to BD, DC; therefore the 
figure upon BC is equal to the figures fimilar and fimilarly defcribed 
upon BA, AC. 

Wherefore in right angled triangles, the figure deferibed upon 
the fide fubtending the right angle is equal to the figures fimilar 
and fimilarly defcribed upon the fides containing the right angle. 
Which was to be demonftrated. — 

OTHERWISE. Becaufe fimilar figures are (by 20.6.) in the. 
duplicate ratio of the fides of like ratio, therefore the figure upon 
BC has to the figure upon BA the duplicate ratio of that. which 
BC sas to BA; but (by Cor. 1. to 20. 6.) the fquare of BC alfo 
has to the fquare of BA the duplicate ratio of that which BC das 
to BA; therefore alfo (by 11. 5.) as the figure upon BC 3s to the 
figure upon BA fo is the fquare of BC to the fquare of BA. Cer- 
tainly for the fame reafon, alfo as the figure upon BC zs to the figure 
. upon CÀ fo 2; the {quare of BC to the fquare of CA: fo that alfo 
(by 24. 5.) as the figure upon BC is to the figures upon BA, AC 
fo is the fquare of BC to the fquares of BA, AC: but the fquare 
of BC is equal (by 47. 1.) to the fquares of BA, AC; therefore 

alío 
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Book VI. the figure upon BC is ; equal. to the figures fimilar and fimilarly dee 
S icribed upon BA, AC. Which was to be demonftrated. 








PROP. XXXII. 


If two triangles, having two fides proportional to two fides: be 
joined together at one angle, fo as that their fides of like ratio may 
be alfo parallel; the remaining fides of the triangles will be in a 
firaight line. 

L.Ket ABC, DCE be two triangles'having the two fides BA, AC 
"proportional: ‘to the two fides CD, DE: fo that BA may de to AC 
as CD ¿sto DE; and AB parallel to CD and AC to DE: I lay 
‘that BC‘is in a: ftraight'line with CE. 

For becaufe AB is parallel to DC, and the 
dtraight line AC hath fallen upon them, the: 
altermate angles (by 29. 1.) BAC, ACD are 
equal to one another: Certainly for the fame | | 
‘reafon the angle CDE is equalto ACD: fothat B c E 
alfo (by com. not. 1.) the angle BAC is equal to 
CDE: And becaufe there are two triangles ABC, DCE having 
one angle the angle at A equal to one angle the angle at D and the 
fides (by fupp.) about the equal angles proportional; as BA -to 
‘AC fo is CD'to DE; therefore (by 6. 6.) the triangle ABC is equi- 
angular to the triangle DCE : therefore the angle ABC is.equal to 
‘DCE ; and alfo the angle ACD has ‘been demon(trated zo ġe equal 
to BAC: therefore the whole angle ACE is equal to the two angles 

^ "ABC, BAC ; let the common angle ACB be added ; therefore the 

‘two angles ACE, ACB are equal to the three angks BAC, ACB, 

ABC ;. but (by 32. 1.) the three angies BAC, ACB, ABC are.equal 

"to two right angles ;. therefore alfo the angles ACK, ACB are equal 
‘to two right angles : ‘with-a certain ftraight line AC'and at:the 
pont C in it, two ftraight lines BC, CE not being towards the 7 
fame parts, make the adjacent angles ACE, ACB equal to two right 
angles ; ' therefore (by 14. 1.) BC is in a ftraight line with CE. 

‘Wherefore if two triangles, having two fides proportional to 
two fides be joined together at one angle; fo as that their fides of 
ike ratio may be parallel : the remaining fides of the triangles will . 
Abe in a ftraight Ene, Which was to be demonftrated. | 








PROP. 
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In equal circles, the angles have the fame ratio fo one another as 
the circumferences on which they ftand, whether they. ftand at the 
center or at the circumference. And befides alfo the fectors Lave 
the fame proportion becaufe they ftand at the centers. 

Let ABC, DEF be equal circles ; and let the angles BGC, EHF 
be.at their centers G, H: and the angles BAC, EDF at the cir- 
cumferences : I fay that it is, as the circumference BC is to the 
circumference EF fo #s both the angle BGC to the angle EHF and 
the angle BAC ta the angle EDF :. and befides /o ss the fector GBC 
to the fector HEF. 

. Take any number of contiguous ¢ircumferences (by 3. 4.) CK, 
KL equal to the circumference BC, and alío any number of cir- 
cumferences which may accidentally happen FM, MN equal to the cir- 
cumference EF ; and Jet GK, GL; HM, HN be Joined 

Wherefore becaufe the circum- 
ferences BC, CK, KL are equal 
to one another; alfo (by 27. 3.) 
the angles BGC, CGK, KGL 
are equal to one another: what- 
foever multiple therefore the cir- 
cumference BL is.of the circum- 
ference BC ; the fame multiple 
alfo is the angle BGL of the angle BGC. Certainly for the fame 
reafon alfo, whatfoever multiple the circumference EN is of the 
circumference EF; the fame multiple alfo is the angle EHN of 
the engle EHF : and if the circumference BL be equal to the cir- 
eumference EN ; alío (by 27. 3.) the angle BGL is equal to the 
angle EHN : and if the circumference BL be greater than the cir- 
cumference EN; alfo the angle BGL is greater than the angle 
-EHN; and if lefs, lefs : there being four magnitudes ; the two cir- 
cumferences BC, EF ; and the two angles BGC, EHF ; there have 

been taken the circumference BL and the angle BGL equimulti- 
"ples of the circumference BC and of the angle BGC; and the cir- 
cumference EN and the angle EHN any other equimultiphes which 
vay accidentally happen of the circumference EF and of the angle 

EHF ; and it has been demonftrated that if the circumferenee BL 
| exceed. 
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Book VI. exceed the circumference EN alfo the angle BGL exceeds the angle 
v7 EHN: and if equal, equal: and if lefs, lefs: it is therefore (by 
5. def. 5.) as the circumference BC is to the circumference EF fo is 
the angle BGC to the angle EHF : but as the angle BGC is to the 
angle EHF fo is (by 15. 5.) the angle BAC to the angle EDF ; for 
they are (by 20. 3.) the doubles, each of each : therefore as the 
circumference BC is to the circumference EF fo ss both the angle 
BGC to the angle EHF ; and the angle BAC to the angle EDF. 
Wherefore in equal circles, the angles have the fame ratio £o one 
another as the circumferences on which they ftand; whether they 
ftand at the centers or at the circumferences. Which was to be 
demonítrated. | 
I fay alfo, that as the circumference BC zs to the circumference 
EF fo ss the fector GBC to the fector HEF. 
For let BC, CK be joined ; and the points X, O being taken in 
the circumferences BC, CK; let BX, XC ; CO, OK be joined. 
And becaufe the two 
BG, GC are equal to the 
two CG, GK; and they 
contain equal angles ; alfo 
(by 4. 1.) the bafe BC is 
equal to CK ; therefore 
alfo the triangle BGC is 
equal to the triangle GCK: 
and becaufe the circumfe- 
rence BC is equal to the circumference CK ; alfo the remaining 
circumference, which makes up the whole circle ABC, is equal to 
the remaining circumference which makes up the fame circle; fo 
that alfo (by 27. 4.) the angle BXC is equal to the angle COK ; 
wherefore (by 11. def. 3.) the fegment BXC is fimilar to the feg- 
ment COK ; and they are upon equal ftraight lines BC, CK : but 
fimilar fegments of circles upon equal ftraight lines (by 24. 3.) are 
equal to one another: therefore the fegment BXC is equal to the 
fegment COK : ‘but the triangle BGC is alfo equal to the triangle 
CGK ; therefore the whole fector GBC is equal to the whole fector 
GCK. Certainly for the fame reafon alfo the fector GKL is equal 
to either GKC or GCB: therefore the three {eGtors GBC, GCK, 
GKL are equal to one another. 
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Certainly for the fame reafon alfo, the feftors HEF, HFM, 
HMN are equal to one another; whatfoever multiple therefore 
the circumference BL is of the circumference BC ; the fector 
GBL is alfo the fame multiple of the feor GBC. Certainly for 
the fame reafon alfo, whatfoever multiple the circumference EN is 
of the circumference EF; the fector HEN is alfo the fame mul- 
tiple of the fector HEF: And if the circumference BL be equal 
to the circumference EN ; alfo the fector GBL is equal to the 
fector HEN : and if the circumference BL exceed the circumfe- 
rence EN; the fector GBL alío exceeds the feGtor HEN ; and if 
the one is deficient, tbe other is deficient. There being then four 
magnitudes, the two circumferences BC, EF; and the two fe&ors 
GBC, HEF ; and equimultiples have been taken af the circumfe- 
rence BC, aad of the fector GBC, vaz. the circumference BL and 
the feor GBL ; and equimultiples alfo af the circumference EF, 
. and of the feGor HEF, viz. tbe circmníerence EN and the feGor 
HEN : and it hath been demonitrated, that if the circumference 
BL exceed the circumference EN, the fector GBL alfo exceeds 
the fe&or HEN ; and if equal, equal; and if the one is deficient 
the other is deficient. Therefore it is (by 5. def. 5.) as the circum- 
ference BC is to the circumference EF ío is the fe&or GBC to the 
{etor HEF.” | 

Cor. And it is manifeft (by 11. 5.) alfo, that as the fector is 
to the fector fo is the angle to the angle. 
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THe CONCLUSION. 





-ETER the firft fix books of theíe elements are read, it will 
bé very proper for readers of all denominations, to. make 
fome kind of -eftimate of their improvement in the knowledge of 
magnitude, by taking a review of the whole. And this will be 
done with fome aftonifhment by the judicious reader, when he 
confiders to what a hight he has raifed himfelf above the vulgar in 
his conceptions upon this fubje& ; or indeed even above himfelf, 
when he compares the common perception which he fet out with, 
that Magnitudes which exaGly agree together are equal, with the 
power of making a reCtilineal figure equal to any given rectilineal 
figure, and fimilar to any other which may be given. But as an 
admiration of the great abilities of the author, and of his judicious 
arrangement will be the neceffary confequence of right notions 
upon this fubject; I fhall decline all encomiums upon thefe, to 
turn my thoughts to the affiftance of thofe who may not have 
reafon to be fo well fatished with their improvement; which is 
likely to be moft effectually given, by an enumeration of thofe cir- 
eumftances, to which their want of fuccefs is moft probably owing; 
an attention to which, upon fame future perufal, may remove 
every defect. And although I have mentioned them in the courfe 
of thefe differtations yet it may be ufeful as a conclufion to the 
whole to leave fuch an imprefiion upon the reader’s mind, as a 
Ííummary of the whole is likely to make. The reader thereforé is 
to confider firft of all whether he may not have had all this time, 
even a wrong notion of the very fubje@. The fubje& is magni- 
tude, and not number; nor is it fufficient for him to be fatisfied 
that //zgs equal to the fame are equal to one another; but he 
muft convince himfelf, not give his affent, that magnitudes which 
are equal to the fame, are equal to one another; and this is to be 
done by a particular examination, of as many different kinds of 
magnitudes: 
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magnitudes as he can eafily recolle&,' efpecially of fuch, as are 
* thus coihpared in thefe firft fix books. Next let him examine whe- 
ther he has a proper notion of a definition, which he muft do his 
endeavour to collect both from its nature and ufe; ftill keeping in 
his mind that every thing here refers to magnitude. And the fhew- 
ing that any property is confiftent with the definition is called a 
demonftration. Bat feveral demonftations ought to be carefully 
examined by a ftudent in the circumftances of the perfon to whom 
I am now writing, entirely with a view to fee whether he under- 
ftands what is meant by a geometrical demonftration ; and as we 
fuppofe him to have his choice of the firft fix books; he ought 
efpecially to pick out the indire& demonftrations, which are of all 
others the moft elegant and forcible, becaufe they convince you 
contrary to the reprefentation of the figure: the evidence of fuch 
propofitions therefore, if its force be perceived at all, comes to the 
mind purer, as it is not affected by the prejudices which the rea- 
foning upon a particular figure, which feems to reprefent the con- 
fequences, is but to apt to introduce. Fer fuch reafonings are 
often difturbed even by turning the figure upfidedown ; and I my- 
{elf have often puzzled a ftudent fufficiently acute, by fuch trials as 
joining AD in the twenty firft propofition of the firft book, and 
requiring him to prove that AD and DC together are lefs than AB 
and BC together &c. The indirec& demonftrations therefore are 
of all others the propereft for a ftudent to exercife himfelf ins 
as this will be the means of removing that very great difficulty 
which learners find in making a ready and proper ufe of the fup- 
pofition ; as his chief .dependence for conviction in the indire@ 
demonítrations, muft be upon the fuppofition. It is true this may 
be got as I have remarked before, by an examination of the fup- 
pofition in every propofition, efpecially fuch as corifift of feveral 
circumítances ; and varying them, one by one, obferving the effe& 
which every variation has upon demonftration ; for by fuch a pro- 
ceeding the force and ufe of the different parts of the fuppofition 
muft be difcovered, and indeed hardly by any other means. And 
in this progrefs he will be very much affifted by defcribing his fi- 
gures will all the variety of pofitions, which his inftruments and 
the fuppofition will admit of, until he is certain that he has con- 

| quered 
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quered every prejudice which can arife from reafoning upón ż par- 
ticular figure. 

The reader is alo carefully to obferve the different methods of 
'comparifot made ufe of in the firft fix books. In the firft boak,. 
_ the magnitudés are coinpared either; ss exactly agrecing tagether 3 
er as being equal to the fasne magnitude ; or 2s being radius’s of 
the fame circle; which are all common and familiar notions. But 
in the {fecond book; the method of compariion is by the reGangls, | 
which is by no means a common notion, cither as to its name or 
nature ; and.therefore fhoald be made famiar; as well as perfe&ly . 
underítood. In fome-part of the third book, the nrethed of com- 
parifon is by fimilar fegments, which is alfm an artifcial ides, . and 
ought for the fame reafon to be made familiar. But the moft arti-: 
ficial and therefore the moft difficult of all, is that methed-of com- 
parifon founded upon a confideration of quantities as parts and 
multiples. It will be particularly ufeful for the ftudent, who has 
failed in his firft attempt to underftand this fifth book, after reading 
carefully what I have faid in explanation of the two fir defni- 
“tions, to take care to have the fuppofitions given him by another 
and then carefully to perform every conftruction himfelf. And in- 
deed the reader who wauld take the eafieft way of: making bimíelf 
maíter of this fubje&, fhosld have the ruler end compaffes in his 
hand, through the firft fix books, only taking care not to forget, 
that he is handling a ruler and cqmpaiies. 
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DISSERTATION VII 


N order to entice us to ftudy the fcience of quantity, we are told of its 
great ufe in other fciences, and even that all rational arts are derived 
from it: and this has raifed much curiófity ; attended, however, with a 
defire to fee thofe applications of the fcience, without the trouble and atten- 
,tlon which this ftudy neceffarily requires. Indeed one would imagine that 
all the arts of life were at a ftand until thefe hafty ftudents have laid in their 
ftock of mathematical knowledge ; and therefore that they muft hurry for- 
ward, with juft what may ferve their prefent purpofe. Accordingly they 
carry with them the names of things; and if they can apply the word triangle 
in any way to their fubje&t, it is imagined that they are delivering a fcience 
which has its foundation in geometry. And fuch ftudents have been fur- 
nifhed with helps exactly fuited to their views in the modern fyftems of 
mathematics. Even thofe who think that a partial knowledge of the Ele- 
ments of Euclid is fuficient, pretending that modern arithmetic and algebra 
fupply the place of the reft, are fuch guides in this ftudy.as ought not to be 
followed by any one who wifhes to be properly acquainted with the fubject. 
But as this prejudice is now become general, I mean to prove in this differ- 
tation, that no man can underftand Exclid’s plan, without examining the 
whole of his book ; and that nothing in algebra fupplies the place of what 
he has written upon numbers, and commenfurable and incommenturable 
magnitudes. 


C H A P. I. 
Of the principles and method of reafoning tx algebra. 


IN this fcience the quantities are reprefented by the letters of the alpha- 
bet; and their connections with one another are expreffed by figns, and par- 
ticular methods of notation. If we would exprefs that the quantity repre- 
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fented by x is equal to that reprefented by y, it is written thus, x —y: 
and the figns + and —, called plus and minus, are, in their primary fenfe, 
contrived only for marking the fums and differences of quantities; thus —x 
—y, or +x-+y, is the fum of x and y; but 4-x—y, or —x--y, is the dif- 
ference of the two quantities. And if we fuppofe s the fum, and d the dif- 
ference of the quantities, we have thefe equations, —x—y=—s, or ++* 
+y= +s; 4 x—)— +d, or —x-++-y=—d; upon the fuppofition that x is 
greater than y: or -+-x—y—=0; or nothing, when » and y are equal; for 
then, furely, their difference is nothing. And, if we attend only to this 
original idea of the figns + and —, itis the greateft abfurdity to fuppofe a 
fingle quantity to have either the fign +- or —, becaufe they are as much 
figns of relation, as the fign of equality itfelf. According to the moft gene- 
ral notions of this fcience, we neither multiply nor divide, but only ufe a 
particular method of notation for thefe operations ; thus xy is the notation 
for x multiplied by y; and if we chufe to call their product p, then xy=p: 
alfo —is the notation for the quotient of x divided by y; and then — —4. 
. It is evident that -- x —x-—o, or +y—y =v, and fo in other inftances. Now 
fuppofe +x+a—=+4; therefore (by com. not. 2.) +x+a—a=+b—a: 
but +a—a=o; therefore +x=+4—a. Again, fuppofe +*—s=-++<¢; 
therefore (by com. not. 2.) +*—44+5—=+c¢+6: but —b+5=0; there- 
fore +x=+c+b. Therefore any quantity may be removed from one fide of 
an equation to the other, if you change its fign. Obferve that x, 2x, 3x, &c. 


x x 


x a e ° 
pe xs en &c, 1s the fame as once x, twice x, three times x, &c. and the 


- 2 3 


half of x, the third part of x, the fourth part of x, &c. It is alfo evident 
that the half of 2x is x, the third part of three x is x, &c. and that the dou- 
ble of — Is x, the triple of — is x, and the quadruple of Y is x. The num- 
bers joined with the letter are called its numeral coefficients, as 1, 2, 3, &c. 
—, * * &c; as if they had been.written 1x, 2x, 5x, &c. =; * * Sup- 
pofe —=4; therefore (by com. not. 6.) x=24; for, furely, if the half of 
x be equal to d, x itfelf muft be the double of + for the fame reafon, if 
izk, x—35: fuppofe —-2; therefore x— 10; for if the fifth part of x 
be two, x itfelf is certainly ten. Therefore if any quantity appear like a frac- 
tion, that is, have a number written under it, which is the mark of divifon,,. 
that number may be omitted, if we multiply the other parts of the equation by 
it, Thus T +3=+4—5, becomes by this rule -Fx-F6— 4-20— 10; 
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and -+ * +2=+a—4, becomes +y+14=-+7¢a—28. Again, fuppofe 
x12; therefore (by com. not. 7.) x=6 ; for if the double x be twelve, x 
itfelf muft be fix. Or 3x— 15 ; therefore x— 5; ; or 7x=21 ; therefore x=3. 
Hense it follows, that if the quantity bas any coefficient. different. from unity, 
you may omit that coeficient if you divide all the other parts of the equation ly 
it. Thus, fuppofe 4x— 12 ; therefore — or +5x-+20= + 10b— 
30 5 therefore HAEC, — Or —— for certainly: f 
two quantities are equal, the fifth part of the one is equal to the fifth part 
of the other : now the fifth part of five times x is x; and the fifth part of 
twenty is four; and the fifth part of ten times 2 is twice 2; er laftly, tlre 
fifth part of thirty is fix. Alfo, if ad=dc, then i=, or a= — 7 
vide by a or d as if they were numbers. Æ definition. If the quotient of 
the firft and fecond' be equal to the quotient of the third and fourth, then 
the four quantities are in geometrical proportion. Let a, 4,¢,d be four 
quantities: now if ——-——, then a has the fame ratio to 2. that c has to 4, 


for we di- 


which we exprefs — ; @:b::6¢:ad; anda and @’are called the extremes; 
and 7,c the means. Now it is thus demonftrated, that the product of the 
extrêmes is equal to the-produé of the means : . by the definition —=— ; 
but (by com. not. 6.) — and ad=bc: but (by com. not. 7.) i= 
therefore a fourth proportional to any three given quantities is the product 
of the fecond and third, divided by the firft. Alfo all products and quo- 
tients are fourth proportionals; thus xy is a fourth proportional to unity,. x 
and y; for 1:x::y:xy, and y: 1 ::x: — and 2x is a fourth proportional 
to unity, two and x; 1:2::x:2x; and 2:1::%; =, ouppofe x—y; 
then—=1, or —=1; becaufe x is unity multiplied by x; therefore if x be 
divided by x, the quotient is unity. Thefe things being well underftood,. 
we may give the folution of the following queftions. Queft. 1. One begins 
to trade with an unknown fum of money, which he doubles at the end of 
the firft year, except one hundred pounds; and thus he proceeds for three 
years, at the end of every year doubling what he had at the end of the laft, 
except one hundred pounds ; and at the end of three years he had triple of 
his original ftock : What was his original {tock ? Now as we have occafion 
to exprefs fums and differences in the folution of this queftion, we muft ufe 
the gns 4- and —; but they may be ufed indifferently, Let us fuppofe 
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that +x is the money he had at firt; then the double of that'is + 2x: but 
at the end of the firft year he has the double of it, except one hundred 
pounds; therefore he has +24—100;" the double of which is 4- 4x—200: 
but at the end of the fecond year he has the double of what he had at the 
end of the firft, except one hundred pounds; therefore he has 4-4x—200 
—100, or +4x—300. But this doubled is +8x—600: but at the end 
of the third year he has the double of this, except one hundred pounds ; 
therefore + 8x—600—100, or +8x—700, is: what he had at the end of the 
third year: but, by fuppofition, this is triple of what he had at firft; there- 
fore + 8x—700= +- 3x; or (by com. not. 2.) -+ 8x—3x= +700; that is, §* 
is equal to 700; for having no fums or differences to exprefs, the figns would 

have no meaning: but if £x— 7co (by com. not. 7), x=, or x= 140. 
OTHERWISE. Let —x be the fum he had at firt: the double of this is 
—2x ; and what he had at the end of the firft year—2x-4- 100; this dou- 
bled is —4x-- 200; therefore: what he had at the end of the .íecond year is 
Ax 200+ 100, or—4x ++ 300, the double of which is —8x-+-600; there- 
fore what he had at the end of the third year is -—8x--700: but, by fup- 
_ pofition, this is equal to —3x; therefore —8x+700—=—3x; and —8*-+ 
3*— —700; that is, 5x—700, or x—Z?— 140. From this it is obvious, 
that there is no kind of difference between the figns + and —,; for if the 
money that he has be expreffed by the fign—, the deficiency is reprefented 
by the fig +.  Queft. 2. A woman bought an unknown number of eggs, 
the one half at two a penny, and the other half at three a penny ; and fold them 
again at five for two pence, and loft four pence: What was the number of 
the eggs?  Suppofe x; then — is the half of them: fay, if two eggs coft 
one penny, what will — eggs coft? but 2: 1:: — : —-— the price of one 
half of the eggs: again, 3:1::—: == the price of the other half: 
latlly, $:2::x: -= the money that fhe received by felling them all at 
five for two pence. But now, as we have fums and differences to exprefs, 
we muft make ufe of the figns -- and —: now the four pence that fhe 
lofes is the difference between the money which fhe pays and receives; and 
that difference muft be of the fame kind with what fhe pays, becaufe that 
is the greateft fum. Let the money paid have the fign +, then the money 
received muft have the fign —; therefore tyt is the difference 
between thefe two fums of money: but this difference is four pence; 
therefore 
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fubje& with the inveftigation of a theorem for finding the fum of any num- 
ber of quantities that have a common difference, or which differ from each 
other by the fame quantity; fuch as the numbers r, 2, 3, 4, 5, 6, 7 ; or 
35557, 9; 11, I2, I5. Suppofe 2,2, c, d, e f, g, b, to be fuch a feries; 
then, by fuppofition, 4-4 —2-— 4-—c— 4-c—d — 4: d—e— -pe—f— 4 f— 
g=+g—bh: firk, I fay that a and b added together, is equal to $ and g 
added together, c and /, 4 and e; for becaule -++a—b= +g—h, therefore 
+a+b=+b+g; and, for the fame reafon, they are equal to +¢+/, and 
--d4-e; therefore, if a and P be taken half as often as there are terms, it 
will be the fum of the whole feries; or if the firft and laft, taken together, 
be multiplied by the number of terms, that product will be double the fum 
of the feries: which, according to the algebratc notation, gives this equation, 
+-na-+nh—=-+25; and, confequently, DI ; and this is a general 
theorem for fumming fuch a feries, if we fuppofe a the firft term; 7 the laft 
term, z the number of terms, and ; the fum of the feries: and if you fup- 
pofe any three of thefe four qeu to be given, the fourth may be found; 
for +a=+——h ; ; and += a; and laftly, += I. Even this 
fhort (pecimen will convey fome notion to the reader of the nature of this 
{cience, and how little it has to do with numerical ideas ; or, indeed, with 
any ideas whatever, except the notation, the fuppofition, and the forms that 
— the quantities take by multiplication and divifion. One who has got fome 
confufed notion of numbers, from his practice in common arithmetic, and 
which he carries with ‘him into this fcience, is at firit furprifed at what he 
thinks the extravagance of the fuppofitions and notations; and I have gene- 
rally found beginners at a lofs, when it is afferted that any thing is equal to 
nothing; not conficerinz that the difference of ail things that are equal is 
equal to nothing; and if the difference be equal to nothing, that the quan- 
tities muft be equal: aifo in this fcience quantities are often faid to be equal 
to one another, not becaufe they are equal to the fame quantities, buc 
becaufe they are equal to nothing. But, after the prejudices of this kind are 
removed, and the general forms come to be underftood, it is furprifing how 
little the underftanding has to do ; for algebra is the Paraditfe of the mind, 
where it may enjoy the fruits of all its former labours, without the fatigue 
of thinking. But if a man has not laboured before in the principles of 
arithmetic and geometry, his fpeculations will be fuch as might be expected 
from one who takes it for granted that a letter of the alphabet is an adequate 
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therefore pde o EA: therefore (by com. not. 6) aM 
+16; and + 6e+4x—S 4-96; and 4-30x4-20x—48x- --480; or 
d-50x—48x— 4-480; thatis, 2x—480: and (by com. not. 7.) x= lt — 
240. OTHERWISE. Let the nancy paid have the fign— ; then. — 
l— 74 —43 then —x—= e+. * ———16; and —6x—4x+ = — 96; 
and Pr oi daidai or ' — çox +481 =—480 ; that iS, 2425 
480, and x— $2 —-240. Queft. 3. A man and his wife drink a veffel of 
beer in twelve days ; ; the wife drinks it in thirty days: In how many days 
will the man drink it? Suppofe in x days. The equation here is not fo 
obvious as in the other two examples. However we know that they both 
together finifh the veffel in twelve days; therefore, if we can exprefs what 
part of it each of them drinks in twelve —* theſe oe parts make the 
whole veffel. Thefe parts are thus found, 30:1::12:—; that is, if the 
wife in thirty days drinks the whole, what part of it will fhe drihk in twelve 
days? certainly a twelve, divided by thirty part. For the fame reafon, 
"WELLE He: —; and this twelve, divided by x part, is what the man drinks 
.in twelve days, at the rate that he would drink the whole in the unknown 
days. Here we have occafion to exprefs only a fum, and confequently one 
of the figns-is fufficient ; and this may be either plus or minus: firt, fup- 
pofe +; then ae — L1; therefore (by com. not. 6.) 412 4 E 

. 7-30; and 4-12x4- 360— 4- 30x, that is, 4- 360— 4- 30x — 12x — -- 18x ; 


6 

or 18x= 360; therefore (by com. not. 7.) x= =20. OTHERWISE. — — 

— — 360 d 6 * 
— — — —1; therefore —12———-——30, and —12x—3 a alfo 

—360=—30x-4+12x=—18%, or 18%=360; that is, x=+-=20, The 


' fame quettion in other words. Two cocks, A and B, running at the fame 
time, fill a ciftern in twelve hours; the cock A alone fills it in twenty 
‘hours: In how many hours will the cock B alone fill it? Queft. 4. A man 
rows fifteen miles, with the affiftance of the ftream, 1n two hours and a half; 
but it takes him feven hours and a half to row back again, keeping by the 
bank, where the current is but half as ftrong : What is the velocity of the 
current? Here we mut fuppofe that the velocity of the current, and the 
man’s exertion in rowing, are always the fame. Now as all our velocities 
are for different times ; the velocity in going down the ftream, is for two 
hours and a half; that againft the ftream, for feven hours and a half; and 


the velocity of the current, for an indefinite time: we are firft to reduce all | 


b thefe 
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thefe velocities to the fame time, which might be any time’; but the fim- 
pleft is to make it for one hour, or four quarters, -as thus: if ten quarters 
of an hour give fifteen miles, what will four quarters give? Now 10 : 15 
:: 4: 6= the number of miles rowed in an hour, with the affiftance of the 
ftream; again, 30 : 15:: 4 : 2— the miles rowed againít the ftream in an 
hour: now fuppofe x to be equal to the unknown velocity of the ftream in 
an hour. But it is obvious that neither the fix miles an hour, nor the two 
miles an hour, is the effect of the man’s rowing; but the one ts the effect of his 
rowing, joined with the velocity of the current; and the other, the effect of 
his rowing, diminifhed by half the velocity of the current: but as we fuppofe 
his exertion always the fame, thefe two effects muft be equal; that is, the 
firft effect diminifhed by the velocity of the ftream, muft be equal to the 
. fecond effe& augmented by half the velocity of the ftream; but as we exprefs 
fums and differences, we muft ufe + and —: now let +« be the velocity 
of the current," and +> will be half that velocity; therefore --6—x— 
+2+—; therefore -- 12—2x— --44-*x; and -F12—4— -2-x-4-2x, or 8— 
3x; that is, ——x—a OTHERWISE, Suppofe —wx the velocity of the 
current; chen —6 TxI—2——i Or —I2-]-2x——4—*Xx; or —12-d-4—— 
x—2x; or8—3x; that is, <= =I; therefore the velocity of the ftream 
is two miles and two thirds of a mile in an hour. Queft. 5. Suppofe A 
and B, at 59 miles diftance from one another, fet out to meet; and that A. 
travels feven miles in two hours, and B eight miles in three hours; but that 
B fets out one hour later than A: How far, and how long, will each travel 
before they meet?  Suppofe A travels +x miles; then, as we fuppofe that 
they have met, B muf have travelled the remainder of the diftance, or 4- 
£9—x. Then fay, 7:2::%:—= the time A travels; and again, 8: 3 
> 3 +59—*: —— dis time B €— which, by fuppofition, 1s one 
hour lefs than the former; therefore +-— LÁ +1: and (by com not. 
6.) $x yy; ; and mex ow ns Ix4- 56 : and (by com. 
not. 2.) 4- 16x 4-21x4- — -4-12394- 56 ; or 37x— 1295 ; and (by com. not. 


7.) s= T35: but the um B travels is 4- 569—x— 59—35— 4- 24- 
The time A was travelling is = = = 1o hours; and pas — — E 
72 


4 —9. OrnrzRwise. Suppofe +x the time A is travelling; 1 dies by 
fuppofition, +-x—1 1s the time B is travelling. Now fay 2:7: x: 2 
the miles A travels; and again, 3:8: ;-x—1: DL TP —-— the e P tra- 
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vels : but as they have met between them they muft have travelled the 


whole diftance ; therefore LT — +59; and 7x —— +118; 


and +21%-+ T uiid p ; alfo --21x4- 16*— +354+16; or 37*x— 
370; or xc-—-t10; $c confequently B's time is g hours. But — Is the 
miles A travels; but Z — — and + 8x8 — +8078 _72— 94 the number 
of miles that B travels. 

Thefe examples will explain the method of reaíoning in algebra; which 
is by fuppofing a letter to reprefent the quantity which 1s unknown, and then 
performing all forts of operations with it as if it were known ; or, more pro- 
perly, contriving notations for fuch operations : and this neceffarily pro- 
duces compound quantities, confifting of two or more terms. But it often 
happens that a quantity which is fimple, may appear to be compound; and 
others not fo much compounded as they feem to be: thus —34—74—2a 
is not a compound quantity, being the fame with —12¢ ; and —*—3x— 
5£x-——9x; alío --y--2y--3y—-F6y. Again, 4-3x—5»-4-2x— 3) Is not a 
quantity confifting of four terms; for it is the fame with -- 5x—8y ; and 
J-7x—6y—3x-4-2y— -F4x—4y. The reducing exprefious of this fort to 
their fimpleft form, in the language of algebra is called addition, which is 
performed by this rule. When you have the fame letter, or letters (for 
different letters will not unite in the way of addition), if the figns are the 
fame, add the numeral coefficients into onc fum, and prefix this fum to the 
letter, retaining the fame fign ; but when the figns are differenr, fubftract the 
leffer coefficient from the greater, and the remainder has the fign of the 
greater. When the quantities are different, they cannot be reduced to a fim- 
pler form, but by a new fuppofition : thus we may fuppofe + 3x—4y= +2, 
and fo in other inftances ; and by fuch fuppofitions all compound quantities 
might be reduced to fimple ones; and if operations were performed only 
with quantities fo reduced, there never could arife any difference between 
the figns 4- and —. Nor is there any difference when the compound quan- 
tities are f{ums: thus —a—A4, multiplied into itfelf, might be —aa—-24b— 
66; and rules might be given for the management of the figns, con- 
fiftent with this fuppofition; but when we multiply by the difference of two 
quantities, an ambiguity will arife, without fome new regulation about the 
figns + and —. When I multiply 4-2—42-rc by -F-a—2, the produ& is 
certainly the difference of two produ&s; but it would be impoffüible to fay 


on which fide the difference lies, or, in other words, what quantities are 
3 LO 
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to be fubftra&ed, without fome very particular regulation about the figns. 
We are therefore obliged to make a new fuppofition ; and it is this new fup- 
pofition which gives all their peculiar qualities to the figns. For it is now 
faid, let a multiplication by a quantity which has the fign 4- be confidered 
as a repeated addition, but the multiplication by the quantity which has the 
fign — asa repeated fubftraction. Itis from this fuppofition that it fol- 
lows, that the product of the quantities which have like figns has the fign 
+, and the others —; alfo the rule for fubftraction muft be accommodated 
to the fame principles, by. making it confift in the change of the figns. In 
fhort, the figns do not adhere to the quantities fo as to change their nature, 
but are marks of relation as much as the fign of equality ; and therefore 
it is abfurd to fuppofe a fingle quantity to have any fign, either of equality, 
fum, or difference. It is true we — ſingle quantities, and regulate 
their products by the figns + and — : but then they ought to be conceived 
as expreffing the fums or differences it other quantities; as 4-2-4-2— 4c, 
and --a—b—=—d; and then the operations which we perform upon the . 
(imple quantities, muft be made to correfpond with thofe of the compound 
quantities. As to the quantities themfelves, the fuppofitions are fo very 
arbitrary, that there is no faying how far it may be carried ; for a&g may 
exprefs a {traight line, a furface, or a folid: for «5 may be a fourth propor- 
tional to unity,.@ and 4; and, again, abe may be a fourth proportional to 
unity, @b and ¢: or a may bea line, ad a furface, and abc a folid; or ab 
may be a line, and abe a furface. Alfo the unity in this fcience may be 





derived from a great variety of expreffions : La —, &c, muft be unity; 
and this is according to our common notions of unity: but I may alfo 
fuppofe —— 1; but I cannot reafon upon this unity, unlefs a and J are - 
equal ; and if it is compared with another unity, it will be either a part 
or multiple of it, according as 2 is greater orlefs than a. But I I——; 


therefore nothing, divided by nothing, is alío unity; and Rees 4 


Jd dAd. 


=— ; and therefore nothing, divided by nothing, 1s equal to 4; and may be 
proved equal to any quantity whatever, confiftent with the principles of this 
{cience. And what will, no doubt, furprife thofe who are ignorant of this 
fcience, nothing is one of the greateft principles of algebraical inveftigation, 
in forming theorems, or rules, applicable to an infinite number of parti- 
cular cafes. And as the whole of algebra may be faid to confift in the. 
inveftigation of fuch theorems, 1 fhall finifh what I have to fay upon this 
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reprefentation of all kinds of quantity, and alfo that he can multiply and 
divide fuch quantities by one another. So that this is not the fcience in 
which one can beft learn the principles either of arithmetic or geometry, 
celpecially as the fcience is commonly taught: for a man might fquare curves 
with very great facility, and yet find himfelf very much out of ‘his element 
if he were put upon an inveftigation of what is contained in Euclid’s books 
on the properties of numbers, by algebraic principles. I fhall finifh the 
chapter with the folution of one of Euclid’s problems reduced to the alge- 
braic form: To find the greateft common meafure of x andy? And here the 
reader is to conceive the operation as carried on according to the practice of 
divifion in common arithmetic, and alfo agreeable to the rule for finding 
the greateft common meafure of numbers ; the quotient multiplied - into the 
divifor, and that product fubftracted from the dividend which produces the 

. remainder: fuppofe y greater than x, and the operation will: ftand thus:+ 
Now @==rd, and +x=na+; allo + 








y=+mx-+a; therefore d meafures a, for * MIL a=rb ; 

it is contained in it r times; and it mea- mx er 2 
fures x, for it is contained in it --zr4- 1 y—1mx—a | x | ^ 

times ; and it meafures y, for itis con- — — 

tained in it -+mur+m+r times; and x—na=b | a|r 
n, n, r are integers by the fuppofition ; i e 


a—rb-—o 
therefore P is a common meafure of x 


-and y: but I fay it, is their greateft common meafure ; for if any quantity 
d. meafure two quantities x and y, it will meafure their fum, or their 
difference ; for if it is contained in x, p times, and in y, 4 times, it 
will be contained in +x-+y, +p+g times; and in +y—x, +-g—p 
times: but as p and g are integers, +p+- 1S an integer; and +¢—? is an 
integer, or unity. From this it follows, that any common meafure of x and 
y will meafure all the remainders, according to the operation in the margin; 
for d meafures y, by the fuppofition ; and it meafures x, being found in it 

| times; and it meafures mx, being found in it mp times; therefore it will 
meafure -+y—mx, being found in them +q—mp times; therefore it mea- 
fures a; and certainly in the fame manner it may be demonítrated, that it 
will meafure all the remainders: that are produced by fuch an operation as 
this; therefore it muft meafure 2: but no quantity can meafure 2 that is 
greater than it; therefore any quantity that meafures x and. », muft either 


EJ | be: 


> 
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be equal to 2, or lefs than it; therefore 2 is the greateft common meafure 
of x andy. And if we have this fraction —, the fra&ion reduced to its 


+ nr r+ys e r i e 
loweft terms is ; and this fraction gives us a numerical meafure for 


+ mnr+-m+r 
the ratio of x to y; for x 2S — i: +-mar+-m+r:andif — — = In 
then we would infer that x: y::«:z, according to the ratio of numbers. 


CHAP. I. 


Of the two different methods af meafuring the ratios of proportional quantities j 
and their confiftency with each other demonftrated. 


IN the laft differtation, I explained, at great length, the tet given by 
Euclid for meafuring the ratios of proportional magnitudes: but the notion - 
of proportionality is not naturally formed i in the mind from magnitude, but 
is originally derived from number. And this is the reafon why the ratio of 
magnitudes is continually at variance with the common notion of propor- 
tionality. I have explained at great length, and very diftin&ly, the fifth 
definition of the fifth book ; and yet, perhaps, after my explanation is fuffi- 
ciently underftood, the reader may {till be at a lofs, and find that he wants 
fomething farther to give him entire fatisfaction; and as we fuppofe him to 
underftand the author’s meaning, the difficulty muft be to reconcile Euclid’s 
idea, with the common notion which he has of proportionality. The author 
himfelf would clear up the difficulty, if the book were carefully examined ; 
but in the mangled {tate in which the elements are generally read, it 1s impof- 
fible to underftand the plan of che work; and therefore thofe who read no 
more may be excufed for having imperfect conceptions of fuch principles 
as are formed particularly to fupport the plan of the whole. But all objec- 
tions are done away at once, by fhewing that the definitian by equimultiples 
is entirely confiftent with the numerical definition by parts, and that we 
may. pafs from the one to the other without any interruption in the chain of , 
reafoning. And this is done by demonftrating the two following theorems ; 
namely, that if the multiple, part or parts, be according to the numerical 
definition, the multiples will be according to the definition for magnitudes ; 
and, converfly, that if the multiples be according to the definition for mag- 
nitudes, the multiple, part or parts, will be according to the definition for 


numbers. Or, more particularly, if the firft be the fame multiple, part 
c2 or 
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or parts, of the fecond, which the third is of the fourth; then, that any 
..equimultiples of the firft and third, compared with any equimultiples of 
the fecond and fourth, will have this property, that if the multiple of the 
firft exceed the multiple of the fecond, the multiple of the third will 
exceed the multiple of the fourth; and if equal, equal; and if lefs, lefs. 
And alfo the converfe of this; that if any equimultiples of the firft and 
third be fo related to any equimultiples of the fecond and fourth, that 
if the multiple of the firt exceed the multiple of the fecond, the mul- 
tiple of the third exceeds the multiple of the fourth ; and if equal, equal; 
and if lefs, lefs; then I fay, that if the firít be any multiple, part or 
parts, of the fecond, the third fhall be the fame multiple, part or parts, 
of the fourth. But that this may be more eafily underftood, I fhall illuf- 
trate thefe theorems by particular examples in numbers. Now 8, 4, 6, 3 
are fuch numbers that the firft 1s the fame multiple of the fecond that the 
third is of the fourth: I fay that any equimultiples of the firft and third, 
and of the fecond and fourth, are fo related, that if the multiple, of the ^ 
firt exceed the multiple `of the fecond, the multiple of the third . will 
exceed the multiple of the fourth; and if equal, equal; and if lefs, lefs. 
Take the firft and third any number of times, only let them be taken the 
fame number of times; let this be x times; and let the {fecond and fourth 
be taken any number of times, only the fame number of times, and let 
this be y times; therefore 8x, 4y, 6x, 3y are the four multiples: now I fay 
that if 8x exceed 4y, then 6x will exceed 3y; and if equal, equal; and 
if lefs, lefs. For, becaufe 8 and 6 are equimultiples .of 4 and 3 (by 
fupp.), and 8x and 6x are equimultiples of 8 and 6 (by conít.), there- 
' fore (by 3. $.) 8x and 6x are equimultiples of 4.and 3; but (by conft.) 4y 
and 3y are cquimultiples alfo of 4 and 3; therefore if 8x contain 4 oftener 
than 4y contains 4, alío 6x will contain 3 oftener than 3y contains 3; 
that is, if 8x exceed 4y, alfo 6x will exceed 3y: and if 8x and 4y con- 
tain 4 the fame number of times, then 6x and 3» will contain 3 the fame 
number of times; that is, if 8x be equal to 4 y, then 6x is equal to 3y: 
and if $x does not contain 4 fo often as 4y contains 4, neither will 6x 
contain 3 fo often as 3y contains 3; that is, if 8x be lefs than 4y, then 
6x is lefs than 3y : and all this will happen according to any multiplication 
whatfoever; therefore 8 is to 4 as 6 to 3, according to 5. def. 5. Now 
jet the firt be the fame part of the fecond that the third is of the fourth; 


I fay 
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I fay that the fame .conclufion will: follow ; becaufe, when 3 is the fame 
part of 12 that 5 is of 20, then, by inverfion, 12 is.the fame multiple 
of 3 that 20 is of ç; and the demonftration is the fame as in the firft cafe. 
Laftly, fuppofe the firft to contain the fame. parts of the fecond as the 
- third contains of the fourth; I fay alfo in this cafe the'fame conclufion 
will follow ;. becaufe, when 25 contains the fame parts of 15 that 35 con- 
tains of 21, we may divide 15 and 21 into the fame number of parts, and 
ç is the part of 15, and 7 of 21: take 25 and 35 equimultiples of 5 
and 7; but the equimultiples of 5 and 7 have the. fame ratio to one 
another that 5 has to.7: now,.by-.the conftruction, 25 is the fame mul- 
tiple of 5 that 35 is of-7; therefore by the fArft cafe 25 has the fame 
ratio § as 35 has to 7, according to 5 def.5:, and,.by alternation, 265 is 
to 35 as § to.7; butas 5 to 7 fo is 15 to 21.3 therefore 25 is to 35 as - 
15 to 21; and, by-alternation, 25 is to 1§ as .35 to 21, according to - 
5.:def. 5... And this is a full and particular illuftration of the firft theorem. 
Again, fuppofe that any equimultiples of the firft and third, compared . 
with any equimultiples of the fecond and fourth, have always this con- 
dition, that when the multiple. of the.firít is greater than the multiple of - 
the fecond, .the multiple .of the third is always greater than the multiple . 
of the fourth; and when equal, equal; and, when lefs, lefs;.then I fay, . 
if the firt be a multiple of -the' fecond, the third will be a multiple of 
of the.fourth : let a, b, c,d be fuch numbers; and fuppofe a to be a mul- 
tiple of 4; I fay ¢ is the fame multiple.of d: take fuch equimultiples of 2 
and d, that the multiple of 2 may be equal to a; and let dx.and dx be fuch 
equimultiples, that is, that x is equal to a; and take the doubles of a. - 
and c; therefore.the four multiples are, 24, bx, 2¢,dx: but (by the fup- 
pofition, and 4. 5.) thefe multiples have the fame ratio, the firt to the - 
fecond, that the third has to the fourth; that is, 2a has the fame ratio to 2x ~ 
that 2c has to dx; but (by conft.) 24 is double of 2x,. therefore 2c 1s dou- 
ble of dx; that is, c is equal to dx: but dx is the fame multiple of 4 
that æ is of 4; therefore c is the fame multiple of d that a is of ò: which 
is the firft thing to be proved. Again, if @ be a part of 4, then, I fay, 
€ is the fame part of d: for becaufe a is to 4 as.c to d, therefore, by 
inverfion, & is toa as d to c; but a is a part of 2; that is, D 1s a mul- 
tiple of a; and, by the firft cafe, Z is the fame multiple of c; that is, c 13 
the (ame part of 2; which was.the fecond thing to be proved.  Laftiy, 


let.. 
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let a contain parts of 4; then I fay ¢ contains the fame parts of d. 
For, by thé fuppofition, there is fome part of 5 which is a part of a ; 
let this be x; and whatever part x is of 4, take the fame part of d; 
and let this be y; take y as often as æ contains x; and let this multiple of 
it be py; then a and fy are equimultiples of x and y; therefore, by theo- 
rem firft, a has the fame ratio to x that py has to y; and alfo (by 15. 5.) 
x has the fame ratio to y that å has to g; therefore, by cafe third of the laft 
theorem, a has the fame ratio to $ that py has to d: but, by the fuppofition, 
a has the fame ratio to 4 that ¢ has to d; therefore ¢ has the fame ratio to 
d that py has tod; therefore (by 9. 5.) ¢ is equal to py; but, by the con- 
ftru&ion, py contains the fame parts of d that a contains of 2; therefore c 
contains the fame parts of d that a contains of 7. Which was to be demon- 
ftrated. But I fhall demonftrate thefe theorems with a reference to the figure 
for the fecond propofition of the fixth book, which will enable the reader readily 
to apply his numerical ideas to all che demonftrations contained in that book. 
Let CE be the fame multiple of AE that BD 1s of DA; I fay that any 
equimultiples of the firít and third, compared with any equimultiples of 
the fecond and fourth, are fuch as are required to prove four magnitudes 
to have the fame ratio, the firft to the fecond that the third has to the fourth, 
according to the 5. def. 5. For take L, M any equimultiples of CE, BD, 
and N,O any equimultiples of AE, DA; therefore L, N, M, O are the 
four multiples: now I fay that if L exceed N, M will exceed O; and 
if equal, equal; and if lefs, lefs: for becaufe (by hyp.) CE,BD are 
equimultiples of AE, DA; and L and M are equimultiples of CE, 
BD (by conft.); therefore (by 3. 2.) L, M are equimultiples of AE, 
DA: but, by conftruétion, N,O are equimultiples of AE, DA; there- 
fore, if L contains AE more times than N contains it, alfo M will 
contain DA more times than O contains it; that is, if L exceed N, alfo 
M will exceed O: but if L contains AE the fame number of times that 
N contains it, then M will contain DA the fame number of times that O 
contains it; that is, if L be equal to N, alfo M will be equal to O; and 
in the fame manner it will be demonftrated, that if L is lefs than N, alfo 
M will be lefs than O; therefore CE has the fame ratio to AE that BD 
has to DA, according to 5. def. 5. Now let the firft be the fame part of 
the fecond that the third is of the fourth; I fay that the fame conclufion will 
follow ; becaufe, if the firft be a part of the fecond, the fecond muft be a 

mE | multiple 
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this operation there may be a remainder, unlefs the number is taken by 
unities; and then the number of dots and things in the row will be equal ; 
therefore unity is a common meafure of all numbers; and this is a primary 
difference between number and magnitude; and for this reaíon alío, it is 
taken for granted that we can meafure one number by another : for furely 
no artifice is required, when the number is properly reprefented by the 
unities in it, to mark them by ones, by twos, by threes, and fo on; which 
is all that is meant by meafuring. And if I meafure the unities in a num- 
ber by fives, that is, put a mark for every five as [ number them, until I 
can proceed no farther by that method, it is obvious that the remainder is 
lefs, or fewer than five unities; and fo in other inftances. The object is 
here the diftinétnefs of meafuring, not the quicknefs; therefore we have 
no ufe for an abbreviation of this conftruction, by contracting our fubftrac- 
tion into fuch a form as divifion. It will be obvious to any one who thus 
confiders the fubjeét, that whatever number meafures two numbers fepa- 
rately, will alfo meafure their fum or their difference ; or if a number mea- | 
fures a number, that it will alfo meafure any multiple of that number ; and 
thefe conclufions are accurately confidered as common notions, becaufe 
the meafuring is performed by a common notion: but wheri the mieafuring 
is performed by any artificial notion, then thefe conclufions muft be demoi- 
{trated, that is, they muft be fhewn to be confiftent with this artificial mea- 
furing. After the properties of numbers are demonftrated, our author next 
proceeds in the tenth book to a comparifon of numbers witli the magni- 
tudes whofe general properties he has demonftrated before ; and this com- 
parifon enables us not only to make our general properties as particular 
as the nature of numbers, but difcovers at the fame time that there are two 
forts of magnitudes, commenfurable and incommenfurable; and, that this 

new fubyect may be well underftood, he has laid down a complete elementary 
treatife, in which he demonftrates the difference between commenfurable and 
jncommenfurable magnitudes, which leads to a divifion of ftraight lines into 
rational and irrational, or expreffible and inexpreffible. * The rationalline 
from which he begins his conftructions, or fuppofitions; 1s the unity of com- 
mon arithmetic; for our arithmetic confits of a mixture of all forts of 
magnitudes and quantities, and, unfortunately, without any diftinctions : 
he has divided the irrational lines into thirteen claffes, by delivering fuch 


properties of them as are fufficient to diftinguifh them from each other, and 
d 2 from 
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multiple of the firft, and the fourth the fame multiple of the third: which 
reduces the demonftration to the laft cafe. — Laaftly, let the firft contain the 
fame parts of the fecond that the third contains of the fourth ; I fay alfo, in 
this cafe, the fame conclufion will follow. For fuppofe CE to contain the 
fame number of parts of AE that BD contains of DA; then, I fay, CE 
has the fame ratio to AE that BD has to DA, according to 5. def. 5. For 
becaufe CE contains the fame parts of AE that BD contains of DA, it fol- 
lows that AE and DA may be divided into the fame number of parts; and 
that the part of AE will meafure CE, and the fame part of DA will mea- 
fure BD; that is, in other words, that CE and BD will be equimultiples 
of thofe parts: let thofe parts be taken, and they are to be taken by find- 
ing the greateft common meafure of CE and AE, by the problem in the 
end of the laft chapter; and let them be M and N; therefore CE and 
BD are equimultiples of M and N; therefore CE is to BD as M to N 
(by 15. 5), and M to N as AE to DA: but CE is the fame multiple of 
M that BD is of N; therefore, by cafe firft, CE has the fame ratio to M 
that BD has to N: but CE is to BD as M to N, or as AE to DA; there- 
fore, by alternation, CE is to AE as BD to DA, according to 5. def. 5. 
Which was to be demonitrated. Now again, by inverfion, AE is to CE 
as DA to DB; therefore it might be demonftrated in the fame manner, 
that if AE be the fame parts of CE that DA is of DB, then AE is to 
: CE as DA to DB, according to 5. def. 5. For the demonftration of the 
Íecónd theorem, the reader may take the fame four ftraight lines in the figure 
of the fecond propofition of the fixth book, and follow the fteps of the 
«lemonftration which is given before; and as this will be but a neceffary 
e xerciíe to fatisfy him that he underftands the fubject, I fhall confider both 
thefe theorems as completely demonftrated ; from which their application to 
t he fubject of the fixth book will be obvious. ! 

I now proceed to a comparifon of thefe two methods. The fifth defini- 
tion of the fifth book may be applied to all magnitudes which can be mul- 
tiplied; and upon this fubject I have been very particular in the fixth dif- 
fertation. [tis to be obferved that, by this definition, we have not pro- 
perly a meafure for the ratio of the antecedent to the confequent, but only 

an indefinite meafure for the ratio of all the four quantities; nor does the 
nature of the fubject require it, or admit of it; for this would be to fup- 
pofe all magnitudes commenfurable. And yet we can arrive at particular 

conclufions 
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conclufions by this method, which is fo general in its own nature, and not 
by fuch an arbitrary fuppofition as the mere faying, let a notation for the 
divifion of @ by 4 exprefs the ratio of a to &: for by this teft of propor- 
tionality we can prove, that one magnitude is greater, equal, or lefs, than 
another; we can.find a fourth proportional to any three given ftraight lines, 
to any three given triangles, and confequently to any three given rectilincal 
figures ; and the fame may be faid of mean proportionals ; and the fame is 
extended to folids.. Now the other method,.derived from the twentieth defi- 
nition of the feventh book, even if it were equally general, is by no means 
. applicable to this fubje&; for, as the other is founded upon a multiplication, 
this is carried on by divifion :. but I have proved, in the fixth differtation, 
that, by the principles contained in the firft four books, we cannot even take 
the third part of a ftraight line; and, for this reafon, it could not be 
applied immediately, - even in the limited ftate in which it may be applied. 
But, after a rule had been inveftigated for finding a common meafure to any 
. two numbers, or to any :two quantities that have a common meafure, the 
numerical notions might be applied to geometrical quantities by the two 
.theorems explained in this chapter; and if Euclid had left the fubject 
. of quantity -without fhewing this application and its confequences, he 
never could have been confidered as delivering a complete elementary 
treatife of this fcience. And this is a full proof of the abfurdity of thofe 
‘who have done their utmoft to reduce the elements to this ftate of imper- 
fection. 

There are fome who pretend that this numerical meafure of a ratio might 
be made general, and confidered as applicable to all kinds of quantities, 
by proceeding with the rule for finding the greateft common meafure cf two 
quantities, until you come to.a remainder fo very fmall, that your laft divifor 
may be regarded as the greateft common, meafure of the two quantities. 
Then this fraction, reduced to its loweft terms, would have an infinite feries 
for its numerator and denominator. So that, in order to prove that four 
quantities had the fame ratio, it would be neceffary to find four infinite 
feriefes agreeing exactly two and two, that is, the numerators and denomi- 
nators of the two fractions.expreffing the ratio mutt be the fame. Surely 
the fimplicity of this method would not be very inviting to thofe who com- 
plain of the'obícurity of Euclid’s definition. But it is fufficient to obferve, 
‘that the admitting: this as a fcientific, principle, would entirely deftroy.a 
x ; : whole 
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whole clafs of magnitudes, which may be divided into regular fubordinate 
claffes, all as effentially different from each.other as a triangle from a fquare. 
For it is a very different thing to receive a conclufion as the truth, in aníwer 
to a particular queftion, and to adopt it as a {cientific principle ; ; for this 
could produce nothing but error and abfurdity. 


C H A P. III. 


Of tbe arrangement of Euclid's Elements. 
IN the firft four books Euclid demonftrates fuch properties of the triangle, 
rectangle, and circle, as are proper for an elementary treatife; confidering 
no other relations but equal and unequal; and when he proves one magni- 
tude to be greater than another, it is done without any particular confi- 
deration of their difference, from the common notion that the whole is 
-greater than its part, ufing the part in the common acceptation of the word. 
But in the fifth book he lays down principles for a more diftin&t comparifon 
of magnitudes, and applicable to them whether they are equal or unequal; 
and in the fixth book he fRews the application of thefe principles to the 
fame three great inftruments of geometrical inveftigation, the triangle, the 
rectangle, and the circle: and it ts aftonifhing what new powers the figures 
have derived from thefe new principles; for, with fimilar triangles, and a 
meafure for the ratios of angles, one has fome reafon to think that he ‘may 
determine the ratios of all forts of magnitudes. And whoever confiders 
how thefe properties are expanded into the conic fections and trigonometry, 
he will have fome idea of the wonderful extent of the inveftigations, the 
elements of which are contained in the firft fix books; and not fimply 
«contained, but regularly and completely demonftrated, from the firft prin- 
ciples. However, in the courfe of thefe fpeculations, efpectally where the 
ratio of magnitudes is concerned, every reader will- be now and then 
afking himfelf, if fuch a magnitude were double or triple, a half or a third 
part of another, what would two other magnitudes be, which had to one 
another the fame or greater ratio? The geometrical conclufions drawn from 
the multiples of the magnitudes, are too general to furniíh a direct anfwer 
to fuch queftions; and yet they deferve to be anfwered. : What I have faid 
‘an the lait chapter anfwers them in a certain manner; but Euclid anfwers 
d : them 
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them like himfelf, and forms a new -fcience for this purpofe, founded 
upon new principles, and carried on by a new method of argumentation. 
And as it is the numerical relation of magnitudes which is to difcover whe- 
ther they are commenturable or incommenfurable, the fubje& here muft be 
the properties of numbers: and, as they are to be ufed for afcertaining a 
meafure of ratios, -the examination will be, whether they are prime or com- 
` pofite, or whether they are compofite according to particular forms; in fhort, 
to.find common meafures of them, and to prove in what cafes they are pro- 
portionals, and’ to find fuch combinations of them as may be anfwerable - 
to the ratios of magnitudes in general, whether {traight lines, furfaces, or 
folids. All this Euclid has done, with wonderful perfpicuity and elegance, 
in the three next books. Numbers are the fubject of thefe books, and 
numbers are compofitions made of unity. Euclid fays, unity is that accord- 
ing to which every thing that is, is called one. We are therefore not to 
perplex ourfelves by looking for other properties of unity, but only fuch 
as may be derived from this definition: It has no magnitude, but it may be 
reprefented by all kinds of magnitude; it is merely that circumftance by: 
which every thing that exifts is called one. It may be compounded, , but it 
cannot be decompounded ; but even the compofition of it can. never pro- 
duce a magnitude :. four unities are more 1n number. than one unity, but, 
according to the principles of this {cience, ‘not more.1n. magnitude. There- 
fore numbers are not magnitudes, although.they may be made the meafures 
of the ratios of: magnitudes. They are quantities; for we confider every: . 
thing. that’ can- be exactly. meafured, as a quantity., And as unity is that 
according to which every thing that is, is called one, fo every thing that is 
may be the reprefentation of unity; and as the unities have no magnitude,. 
they may be all.reprefented by different, things;. thus a horfe, a man, a 
houfe, a pole, a ftone,. may make the reprefentation- of the. number five.. 
Suppofe any number of fuch things; this.may,be conceived as.the figure by: 
the affiftance of which we are to perform our conftructions and démon-- 
Ítrations.in this fcience, only we muft never. forget that-we are oniy.num-- 
bering them... And if fuch things; ail.different, were placed ina row, by: 
walking from one end of them to another, and marking with a dot upon 
a piece of paper every: three of them that we paffed by, thefe. dots would: 
exprefs the number of threes that there is in fuch a number; and in this 
manner. we may conceive one number to be meafured by another ; ; and by: 
L. this 
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from all other lines; and he concludes the fubje&t by demonftrating that. 
there are befides an infinity of other irrational lines, entirely diferent from 
thefe. Now although this book be long, yet Euclid has delivered no more 
than what is fufficient for an elementary treatife on this fubject. Algebra 
and common arithmetic might receive much ornament and regularity by a 
proper application of the things demonftrated in thefe four books: but what 
is fingular, the fubject, as treated by our author, can borrow light froin 
nothing but its own principles; and this may be faid of the whole of Euclid’s 
elements, that in this refpect they refemble the fun, by throwing light upon: 
every fubject, without borrowing from any whatever. The ratio of quan- 
tities being now difcuffed, and a regular method of comparing the nume-- 
rical ratio: with that of magnitudes being fully exemplified, Euclid proe- 
ceeds to confider the properties of ftraight lines in different planes, as an: 
introduction. to the confideration of folids ; this fubjeét makes the firft nine- 
teen propofitions of the eleventh book ; and the remainder of it is taken up- 
in-demonftrating the properties of parallelepipeds, according to a plan very 
fimilar to his method of examining the properties of parallelograms in the 
former books: and in the twelfth book he proceeds according to the fame 

method with pyramids, cones, and cylinders; concluding the fubje&t.with. - 
proving that fpheres are to one another in the triplicate ratio of their: 

diameters :. and. all this is done in the-moft elegant and fimple manner pof-- 
fible; for he has ftudioufly avoided all intricate fubjects, or.fuch as will not- 
admit of that regular form of demonftration which.he has.prefcribed to 
himfelf.. And therefore he does not.attempt, in the tenth book, .to compare 
the ratio of- circumferences and angles with the numerical ratio; which. 
would have engaged.him.in the quadrature of the circle, and fuch approxi-- , 
mations-as are by no means confiftent with his plan. Neither does he pre- | 
tend to transform folids into one another ; -that is, he has no folid problems + 
analogous to the forty-fifth of the firít book, or the twenty-fifth of the 
fixth. But, that the reader. might not be without examples of the con-- 
ftruétion of folid. problems, he has given a wonderful-fpecimen of his powers 
in this way, by the conftruction of the five regular folids in his thirteenth 
. and laít book: and,. through the whole of this long feries of conftructions 
and demontftrations, there is not.the leaft difference in his method; for he 
defcribes the icofahedron exactly. in. the fame manner that he defcribes the 
equilateral triangle. | 
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CH AP. IV. 


Of tbe difference between meafures and meafures of ratios. 


IN meafuring any magnitude, it is obvious that a magnitude of the fame 
kind muft be ufed; as a ftraight line to meafure a ftraight line; and that a 
furface is to be meafured by a furface, and an angle by an angle; and fo in 
other in(tances: but the ratios of magnitudes may be meafured by every 
thing that has the properties of quantity, that is, which can be doubled and 
halved, or of which the multiple and part can be taken. The object of all 
the different branches of the mathematics is to find meafures of ratios ; and 
the fimpler thefe meafures are, the more perfect is the fcience. It appears, 
by the firft propofition of the fixth book, that ftraight lines will meafure the 
ratios of triangles, or parallelograms, that are between the fame parallel 
lines ; and that fuch triangles and parallelograms will meafure the ratios of 
ftraight lines; but it would be abfurd to fpeak of the line as meafuring the 
triangle, or the triangle the line. Alfo, by the twentieth propofition of the 
fame book, a (traight line, and a third proportional to it and any other line, 
will meafure the ratios of fimilar figures, defcribed upon the firft and fecond 
of the three proportionals; but.the four ftraight lines in the twenty-fecond 
propofition do not meafure. the ratios. of the fimilar figures defcribed upon 
them ;, only the four figures: and the four ftraight lines are proportionals: 
two ftraight lines will meafure the ratios of equiangular parallelograms, as 
_ in the twenty-third propofition ; and fuch parallelograms meafure the ratios 
. of lines. But in thefe inftances the meafures of the ratios of the magni- 
tudes are the fame in number with the magnitudes themfelves; fo that 
the chief advantage of this method confifts in its enabling us to pafs from 
one fort of magnitudes to another, and thus inftitute a comparifon between 
fuch- magnitudes as. cannot he directly compared with one another; and 
there is alfo this advantage, that ftraight lines are fimpler meafures of ratios 
than -any kind of figures.. But three ftraight lines may meafure the ratio of 
four, as in.the twenty-third propofition of the fixth book ; for K, L, M 
meafure the ratios-of BC to CG, and DC to CE; and if there were other 
four ftraight.lines, M, and other two ftraight lines, will be fhewn in the 
fame manner to meafure their ratios; and thus five ftraight lines will mea- 
fure the ratios of eight; and thus two additional ones will always meafure 
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the ratios of four more, without end. But the fimpleft of all would be 
to exprefs the meafure of the ratio of two magnitudes by one: but this 
cannot be done unlefs the magnitudes are commenfurable; for Euclid has 
demonftrated that, if they are commenfurable, they will be to one another as 
number.to number; and then the quotient of the one number, divided by 
the other, will be a fingle quantity, meafuring the ratio of the two quan- 
tities ; thus the ratio of a to ? may be faid to be meafured by 4; and if the 
fame g meafures the ratio of c to d, then we fay that a is to å as ¢ to d: but 
this is a numerical ratio, and can only be applied when the antecedent and 
confequent are to one another as number to number; but the extent and 
nature of this fubjeét is to be learned from the four following books, and no 
where elfe, as faras I know. Circumferences of circles meafure the ratios of 
the angles at the center-or circumference of equal circles; and thus a circum- 
ference may be faid to meafure the ratio of an angle; that is, whatever ratio 
any circumference has to the circumference of the whole circle, the fame 
ratio has the angle at the center which ftands upon that circumference to 
four right angles; and. the fectors have alfo the fame ratio (by 33. 6.) : but 
to {peak of circumferences as meafuring angles, is abfurd. In thefe inftances 
the circles muft be equal ; however, as the circumferences of all concentric 
circles will meafure the ratios of the angles at their common center, by the 
affiftance of thefe angles we may meafure the ratios of the circumferences 
of unequal circles. 1 have obferved before, that Euclid does not pretend 
to prove the commenfurability or incommenfurability of circumferences 
and ftraight lines; by which a numerical meafure of ratios might be obtained 
for all the parts of a triangle, fides and angles, or by which we could deter- 
mine in what cafes fuch a meafure might be had. The utility of fuch a 
- meafure of.ratios, in all the branches of practical mathematics, has forced us 
to confound commenfurable and incommenfurable magnitudes, upon this 
occafion ; and to declare, that all magnitudes are commenfurable, although 
the contrary has .been demonftrated. Here the fide of a pentagon is no 
Jonger the irrational line called a Jeffer line; but it has its numerical ratio 
reprefented by that of unity to twice the fine of thirty-fix degrees; and 
this is to be found in a table of fines, which, according to this fcience, is a 
general meafure of all ratios. And not only this, but here an angle is no 
longer an angle, but the circumference of a circle. And this practical 


{cience is introduced to remedy the imperfection of the inftruments by | 
: which 
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which we perform our geometrical conftructions. ‘If our inftruments were 
perfect, as the two fides of a triangle, and the angle between them, fix 
_ the remaining fide and angles, by the fourth propofition of the firft book, 
a geometrical conftruéction of the triangle would give the remaining fide: 
and angles; but this is far fhort of that perfection which even practice: 
requires; and therefore a numerical ratio has been contrived, for expreffing. 
the ratios of this fide and thefe angles; and the proportion is, that the- 
fum of the fides is to.their difference as the tangent of half the fum of the 
angles at the bafe is to the tangent of ‘half their difference; nor do I get- 
at my conclufion until feveral other circumftances are taken into confi-- 
deration.. It is neceffary carefully to obferve, that this is only a feigned 
numerical ratio ;. for the proportion is derived: from the fimilarity of trian- 
gles, and the equality of fides and angles: the only. arithmetical idea that 
enters into the confideration is a falfe one,. namely,. that all.magnitudes are- 
commenfurable but, in a practical conclufion, this will occafion no fenfible 
error; but when admitted as a principle to- reafon. from,. thofe only who: 
underftand the four following books, can have any conception of the con-- 
fufion which it may introduce into the-fcience of quantity. And this is. 
fufficient to prove how: injudicioufly thefe four. books have been omitted in: 
any: work which profeffes to.contain.the elements of this fcience.. 
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DEFINITIONS. 





NUMBER js a multitude compofed of unities. 

3. A PART is a number of a number, the lefs of the greater, when it mea- 
fures the greater. 4. But PARTS, when it ddes not meafure it. 5. And 
A MULTIPLE is, the greater of the lefs, when it is meafured by the lefs. 
6. And AN EVEN NUMBER is that which can be divided in halves. 7. But an 
odd number is that which cannot be divided; or differing from an even num- 
ber by unity. | 

8. AN EVENLY EVEN NUMBER Is that which an éven number meafures by 
an even number. g. But AN EVENLY ODD number is that which an even 
number meafures by an odd number. 10. And AN ODDLY ODD NUMBER iS 
that which an odd number meafures-by an odd number. 

II. Â PRIME NUMBER is that which /s meafured by unity only. 

I2. NUMBERS ARE PRIME TQ QNE ANOTHER wacha are meafured by unity 
only as a common mealure. 
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NITY is that, by which every thing that,is, is called one. 2. But Book VII. 
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13. A COMPOSITE NUMBER is that which is meafured by fome number. . 
14. Ánd numbers are compofite to one another, which are meafured by fome 
number, as a common meafure. 

15. ÅA number is faid TO MULTIPLY a number, when the multiplied number 
1s added /o ://e/f ío often as there are equal unities in that which multiplies it, 
and fome zuméer is produced. 16. And when two numbers, multiplying one 
another, produce any‘number, that produced is called a PLANE number; and. 
the numbers multiplying one another, are the stipes of it. 17, But when. 
three numbers, multiplying one another, produce any number, that produced 
is called a SOLID number; and the numbers multiplying one another, are the 
SIDES of it. 

18, A SQUARE NUMBER Is that which is equally equal; or which is con- 
tained under two equal numbers. _19. Anda cuBE number ts that which is. 
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equally equal equally; or. which ts contained under three equal numbers. 
20. Numbers are proportionals, when the firft is the fame multiple of the. 
fecond, or the fame part, or the fame parts, as the third is of the fourth.. 
. Similar plane and folid numbers are thofe which have their fides pro-- 
portionals. 
22. A perfect number is that which is equal to.a// the parts of itfelf. . 


Ld 


P ROP. I. 

Two unequal numbers being given, if, after the leffer is always 
taken from the greater in its turn, the remainder does not meafure 
the number neareft to itfelf, until unity be taken ; the firft numbers. 
will be prime to one another. | 


For the lefs of two unequal numbers AB, C D being always taken alter- 
nately from the greater, let the remainder never meature the number before 
itfelf, until unity be taken: I fay that the numbers AB, CD are prime to 
one another; that is, that unity alone meafures the numbers AB, CD. 

For, if AB, CD are not prime to one another, fome number will (by 
def. 12. 7.) meafure them: let it meafure zhem, and let it beE; and let CD, 


meafuring AB, leave FA, which muff be \efsthan itfelf;  A.H..F.... B 
and let FA, meafuring DC, leave GC lefs than itfelf ; C..G...D 
and let GC, meafuring F A, leave unity FI A. E--- 


Wherefore becaufe the number E (by hyp.) meafures CD, and C D mea- 
fures BF; therefore alfo E meafures BF : but (by fupp.) it alfo meafures the 
whole 
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whole BA; therefore alfo E will meafure the remainder FA; but AF mea- Book VII. 
fures DG.; wherefore alío E. will meafure DG: but. it alio meafures the 
whole D C ; therefore E will alfo meafure the remainder C G: but C G mea- 
{fures FH; therefore E will alfo meafure FH: but it alfo meafures the whole 
FA; therefore it will alfo meafure the remaining unity AH, which is im- 
poffible (by 3. def. 7) being a number. Therefore no number will mea- 
fure the numbers AB, CD; wherefore the numbers AB and CD are (by 
i2. def. 7) prime to one another. Which was to be demonftrated. 


P RO EP. II. 


T wo numbers being given, not prime to one another, to find their 
greateft common meafure. | 


Let the two given numbers, not prime to one another, be AB, CD; and 
let CD be the lefs: it is required to find the greateft common A........ D 
meafure of the »umbers AB, CD. Cran DE 

Wherefore if CD meafure AB, it alfo meafures itfelf: wherefore CD is 
a common meafure of AB, CD ; and it is manifeft that it is alfo the greateft ; 
for no number greater than CD will meafure C D. 

But if CD do not meafure AB; the léffer of the two numbers AB, CD 
being always taken away from the greater alternately, fome number will be 
left, which will meafure the one before itfelf ; for unity will not be left: for 
if otherwife, AB, CD will be prime to one another (by t. prop. 7.), which 
is not fuppofed ; therefore fome number will be left, which will meafure the 
one before itfelf. fs 

And let CD, meafuring AB, leave AE lefs than itfelf; —  A....E......B 
and let AE, meafuring CD, leave CF lefs than itfelf; but ask cal 
let CF meafure AE: fince therefore CF meafures AE, and G--- 

AE meafures DF; therefore alfo CF will meafure DF: but it alfo mea- 
fures itfelf; therefore it will alfo meafure the whole CD. But CD mea- 
fures BE; therefore alfo CF meafures BE: and it alfo meafures EA; 
wherefore alfo it will meafure the whole AB: and it alfo meafures C D ; 
wherefore CF meafures AB, CD; wherefore CF is a common meafure of 
the numbers AB, CD. But I fay alfo that it is the greatelt common measure; 
for if CF be not the greateft common meafure of the numbers AB, CD; 
fome number, being greater than CF, will meafure tbe numbers AB, CD: 
let it menre them; and let it be G* and becaufe G meafures CD, and 
B 2 CD 
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Book VII. CD: meafures BE, therefore G alfo meafures BE ; but (by fupp.) it alfo 


meafures the whole Ab; therefore it will alfo meafure the remaining number 
AE: but AE meafures DF; therefore alfo G will meafure DF: but it alfo 
meafures the whole CD; therefore alfo it will meafure the remaining number 
IC; the greater wil? ieafure the lets, which is impoffible: wherefore any 
number, being greater than CF, will not meafure the numbers AB, CD; 
wherefore CF 1s the greateft common meafure of AB, CD. Which was to. 
be demonítrated. ar. 

Cor. Certainly it is manifeft from this, that if a number meafure two 
numbers, it will alfo meafure their greateft common meafure. 


P R OP. NI. 


-Three numbers, not prime to one another, being given, to find 
the greateft common meafure of them. 


Let the three given numbers, not prime to one another, be the numbers, ` 
A, B, C ; it is required to find the greateft common meafure of the num- 
bers A, B, C. 

For let the-zumber ID, the greateft common meafure of two of them, be 
taken (by 2.7) of the numbers A, B: certainly the number D Bones 


either meafures or does not meafure the zumber C : firft let it Boos 
meafure it ; and it meafures (by conft.) alfo the numbers A, B: boue 
therefore the number D meafures the numbers A, B,.C; there- D.. 
fore the zuiber D'is a common meature of the numbers A, B, C. E--- 


I fay alfo that z¢ ts the greateft. — For if the number D. be not the greateft 
common meafure of the numbers A, B, C; a number being greater than the 
number ID will meafure the numbers A, B, C: let it. meafure them, and let 


it be the number E.: fince therefore the number lS meafures the numbers 


A,B,C; and having therefore meafured the numbers A, B; it will alfo 
meafure (by cor. to 2. 7) the greateft common meafure of the numbers A, B: 
but the greateft common meafure of the numbers A, B, 1s the number D ; 
therefore the number E meafures the number D; the greater mea/ures the 
leffer, which is impoffible :. therefore any number being -greater than the 
number T) will not meafure the numbers A, B, C : therefore the number D is 
the greateft common meafure of the numbers A, B,C, 

Let 


^ 
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Let the number D not meafure the number C: firft I fay that the numbers Book VII. 
D, C are not prime to one another ; for, fince the numbers A, B,C are not — 
prime to one another (by ſuppoſition), ſome number will meaſure them: 
certainly the number meaſuring A, B, C will meaſure the numbers A, B, and 
(by cor. to 2.7) will meaſure the number D, the greateſt common meaſure | 
of the numbers A,B; and it alfo meafures the number C; therefore fome ` 
number will meafure the mumbers D, C ; therefore the numbers D, C are not 
prime to one another: therefore (by 2.7) -let the number E, the greateft 
common meafure of them, be taken; and fince the number — A.................. 

— E meafures the zumber D, and the number D meafures the B............ 

numbers A, B; therefore alfo the number E will meafure  C.... 

numbers A, B; and it alfo meafures the zumber C, therefore — D...... 

the number E, meafures the numbers A, B,C; therefore the E... 

number E. 1s a common meafure of the zumbers A,B,C. Ifay — F--- 

certainly that 7 /5 alfo the greateft: for if the number E; is not the greateft com- 

mon meafure of the zumbers A, B, C; fome number being greater than the — 
number E. will meafure the numbers A,B,C; let it meafure them, and let it 

be the number F: and fince the number F meafures the numbers A, B, C; ` 
alfo it meafures the numbers A, B, and will meafure (by cor. 2.7) the 
greateít common meafure of the numbers A, B: but the number D is the 
greateft common meafure of the numbers A, B ; therefore the number F mea- 
fures the number D: and it alfo meafures the number C; therefore the number . 
F meafures the numbers D, C; and therefore it meafures the greateft com- 
mon meafure of the numbers D, C: but the number E is the greateft com- 
mon meafure of the numbers D, C ; therefore the number F meafures the 
number E, ; the greater meafures the leffer, which is impoffible: therefore any 
number being greater than the number E will not meafure the numbers 
A, B, C: therefore the sumber E is the greateft common meafure of the 
numbers A, B, C. 

Therefore, three numbers being given, not prime to one. another, the 
greateft common meafure 1s found. Which was to be done. 

. "Con. Certainly from thefe it is manifeft, that if a number meafures three 
numbers, it will alío meafure the greateft common meafure of them. 

After the fame manner alío, more numbers being given, we fhall find the 
greateft common meafure. E 

PROF. 
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‘Every number is either a part or parts of every number, the leffer 
‘of the greater. 


Let there be two numbers, the numbers A, BC, and let B C be the 
leffer : I fay that the number B C is either a part or parts of the aumber A. 

l'or firft the numbers A, BC are either prime to one another, or not. Let 
them be prime to one another: certainly the number BC being  A........ 
divided into the unities in-it, each unity (by 1. 2. def.7) of thofe — B.....C 
in the number BC will be a certain part of the number A: fo that the 
number B C is parts of the number A. Eos 

Again let the numbers A, B C not be prime to one another : certainly the 
number B C either meafures the number ÀÁ, or it does not meafure A....... ; 
it; if therefore the zumber B C meafures the number A, the num- B....C 
ber B C (by def. 3. 7) is a part of the number A. But if not, let the num- 
ber D, the greateft common meafure of the numbers A, B C, be taken (by 
2.7); and let the zumber BC be divided into the numbers equal to the 
number D the numbers B E, EF, FC. And fince the number A........ 
ID meatures the number A, the number D is a part of the num- B..E..F..C 
ber A: but the number D is equal to each of the numbers D.. 
BE, EF, FC; therefore alfo each of the numbers BE, EF, FC is a 
part of the number A: fo that the zumber BC is parts of A. 

Therefore every number is either a part or parts of every number, the 
leffer of the greater. ‘Which was to be demonttrated. 


PROP. V, 


If a number be a part of a number, and another number the 
fame part of another number; .alfo both numbers together will be 
the fame part of both numbers together, which one zs of one. 


For let the number A be a part of the number BC, and another num- 
ber D the fame part of another number EF, which the number A is of 
the number BC: I fay that the numbers A, D both together is the fame 
part of the numbers B C, EF both together, which the number A is of 
the number B C. 


r For 
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For fince what part A is of BC, the fame part is alfo D of EF; there- Book VII: 
fore as many numbers as there are in B C equal to A, fo many numbers are 
. there alfo in EF equal to D: let BC be divided into the A... 

numbers BG, GC equal to A; and EF into the zumbers — B...G...C 
EH, HF equal to D; certainly the multitude of numbers D... 
BG, GC will be equal to the multitude of z4miéers EH, HF: — E...H....F 
and becaufe BG is equal to A, and EH to D, therefore BG and E H are 
equal to A, D; and for the fame reafon, Jince G C is equal to A and HF to 
D, alfo GC, HF are equal to A, D ; as many numbers therefore as there 
are in B C equal to A, fo many are there alfo in B C, E F equal to A, D; 
whatíoever multiple therefore B C is of A, the fame multiple alfo is BC, EF 
both together of A, D both together; therefore what part A.is of B C, the 
fame part is alfo A, D both together of BC, EF both together. Which. 
was to be cemas 


P R O P VI. | 
If a number. Ze parts of a number, and another number be the: 
fame parts of another number ; alfo both zuméers together will be. 
the fame parts of both numbers together, which one zs of one. 


For let the number AB be parts of the number C, and another DE. 
the fame parts of another F, which A B żs of C : I fay that the numbers 
A B, DE both together are the fame pon of C,F both together, which. 
A B is of C. 

For becaufe what parts A B 1s of C, the En parts is alfo D E of F;. 
as many parts therefore as there are of C in AB, fo many parts are there 
of F in DE: let AB be divided in.AG, GB the partsof A...G...B 


C; and DE into DH, HE the parts of F: certainly the C......... 
multitude of parts AG, GB is equal to the multitude of — D....H....E 
parts D H, H E: and becaufe what part À G.is of C, the F............ 


fame part is alfo DH of F; therefore what part AG is of C, the fame 

part alfo is AG, DH both together of C,F both together (by 5. 7);. 
certainly for the fame reafon alfo, what part G B is of C, the fame part is . 
alfo GB, HE both together of C, F both together: therefore what parts » 
A B is of C, the fame parts are A B, DE both together of C, F both. 
together. Which was to be demonftrated, 


c 
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Ifa number be the /ame part of a number which what is taken 
away is of what is taken away; alfo what remains will be the 


. fame part of what remains, as the whole number is of the whole 


number. 


For let the number A B be the fame part of the number C D which what 
is taken away A E is of what is taken away CF; I fay that alfo the remain- 
ing number E B is the fame part of the remaining number F D which the 
— number AB is of the whole number CD. 

For what part AE is of CF, let EB be the fame part of CG: and 
and fince what part AE is of CF, the fame part alfo is EB of CG; 
what part therefore AE is of CF, the fame part is alfo (by 5.7) AB of 
GF: but what part AE is of CF, the fame part is A B fuppofed to be of 
CD; what part therefore AB is of GF, the fame part A....E..B 
is alfo AB of CD: the number AB therefore isthe G....C........ Food 
fame part of either of the numbers GF, CD: therefore GF is equal to 
CD. Let the common number CF be taken away; therefore the remain- 
der G C is equal to the remainder F D : and becaufe what part AE is of 
C F, the fame part is alfo E B of GC; but GC is equal to PF D ;: there- 
fore. what part AE is of CF, the fame part is alfo EB of FD: but what 
part A E is of CF, the fame is (by fup.) alfo AB of C D; therefore what 
part E B is of F-D, the fame part is allo AB of CD: therefore the remain- 
der E B is the fame part of the remainder F D which the whole A B is of 
the whole C D. Which was to be demonttrated. 


P RO P. VII. 


If a number be the /ame parts of a number which what is taken 
away is of what is taken away; alfo what-remains will be the fame . 
parts of what remains, as the whole number is of the whole number. 


For let the number A B be the fame parts of the number C D which what 
is taken away AE is of what is taken away CF; I fay that alfo the re- 
maining number E B is the fame parts of the remaining number F D which 
the whole A B is of the whole C D. 

For let G H be put equal to AB; what parts therefore GH is of CD, 


_the fame parts alfo AE is of CF: let G H be divided into G K, K H 


parts 
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parts of CD; and AE into AL, L E parts of C F: certainly the mulutude Book VII. 
of the numbers GK, KH will be equal to the multitude of the numbers 


AL, LE: and becaufe what part GK is of CD, — A...... L....... E....B 
alfo AL is the fame of CF; but CD is greater, C................-. Fass D 
than CF ; therefore alfo GK is greaterthan AL: — ^7G......M..K......N-:H 


let GM be put equal to AL; therefore what part GK is of C D the fame 
part alfo is GM of CF; therefore alfo the remainder (by 7.7.) MK is the 
fame part of the remainder F D as the whole GK of the whole CD: again, 
becaufe what part K FI is of C D the fame part is alfo LE of CF; but CD 
is greater than CF; therefore alfo KH is greater than LE: let KN be put 
equal to LE; therefore what part KH isof CD the fame part alfo is KN 
of CF; therefore alfo the remainder NH is the fame part of the remainder 
F D which the whole K H is of the whole CD: but the remainder MK has 
been alfo demonftrated as being the fame part of the remainder F D which 
the whole KG is of the whole DC; therefore alfo MK, NH both together 
are the {ame parts of D F which the whole H G żs of the whole CD: cer- 
tainly (by cant.) M K, NH both together are equal to EB, and GH to 
AB; and therefore the remainder EB is the fame parts of the remainder 
FD which the whole AB is of the whole C D. Which was to be demon- 
ftrated. 


P ROP. IX 
Ifa number be a part of a number, and another the fame part of 
another ; alfo alternately what part or parts the firft is of the third, 
the fame part or fame parts alfo will the fecond be of the fourth. 


For let the number A be a part of the number BC, and another D the 
fame part of another EF which A is of BC; but let A be the lefs than D: 
I fay alfo that alternately what- part or parts A is of D, the fame part or 
parts alfo is BC of EF. X 

For becaufe what part A is of BC the fame part is alfo D of EF; as 
many numbers therefore as there are in BC equal to A, fo many are there 
alfo in EF equal to D: let BC be divided into the numbers BG, GC, each 
equal to A ; but EF into the numbers EH, HF each equal A.... 
to D; certainly the multitude of numbers BG, GC will be  B....G....C 
equal to the multitude of numbers EH, HF. And becaufe — D..... 
the numbers B G, GC are equal to one another; and alfo — E.....FT,....F 

C the 
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the numbers E H, H F are equal to one another; and the multitude of the 
numbers BG, GC is equal to the multitude of the numbers EH, HF; 
therefore what part or parts BG is of EH, the fame part alfo, or the fame 
parts is GC of HF ; fo that alfo (by 5. and 6. 7.) what part or parts BG is 
of EH, the fame part alfo or the fame parts are both together B C of both 
together EF: but BG is equal to A, and EH to D; therefore what part 
or parts A is of D, the fame part or the fame parts alfo is BC of EF. 
Which was to be demonftrated. 


PROP. X. 


If a number be parts of a number, and another the fame parts 
of another; alfo alternately, what parts or part the firft is of the 
third, the fame parts or part will the fecond be of the fourth. 


For let the number AB be parts of the number C, and another DE the 
fame parts of another F; but let AB be lefs than DE; I fay that alfo 
alternately what parts or what part AB is of D E, the fame parts or part 
alfo is C of F. 

For becaufe what parts A B is of C the fame parrs is alfo DE of F; 
therefore as many parts of C as there are in A B, fo many parts of F are 
there in DE: let A B be divided into A G, G B parts of C; but D E into 
DH, HE parts of F: certainly the multitude of the parts A..G..B 


AG, GB will be equal to the multitude of the parts C...... 
DH, HE;; and becaufe what part AG is of C, the fame __OD.....H.....E 
part alfo is D H of F ; and alternately (by 9.7.) what part F............... 


or parts AG is of DH, the fame part or the fame parts is C of F; cer- 
tainly, for the fame reafon alfo, what part or parts GB is of HE, the fame part 
or the fame parts is alfo C of F; fo that alfo (by 5. and 6. 7.) what part 
or parts AG is of D H, the fame part or the fame parts alío is À B of DE; 
but what part or parts AG is of DH, the fame part or the fame parts alfo 
is C of F; alfo what parts or part A B is of DE, the fame pun or the 
fame part is C of F. Which was to be demonftrated. 


PROP. XI. 


If it be as a whole number ts to a whole number fo is a war 
taken away to a number taken away ; the remainder alfo will be to 


the remainder as the whole zs to the whole. 
; Let 


`~ 
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Let it be as the whole AB to the whole CD fo is the number taken away 
A E to the numèer taken away C F ; I fay that alfo the remainder E B is to 
the remainder F D as the whole A B to the whole C D. 

For fince it is as AB to C D fo is A E to CF; therefore (by def. 20. 7.) 
what part or parts AB is of C D, the fame part or thefame — A....E..B 
parts alfo is A E of CF; therefore alfo the remainder (by — C......F...D 
7. abd 8. 7.) EB is the fame part or parts of the remainder F D which A B 
is of C D ; therefore (by def. 20. 7.) as E B isto F D, fois AB to CD. 
Which was to be demonftrated. 


P R O P. XII. 


If there be how many fo ever numbers proportienals ; it will be, 
as one of the antecedents zs to one of the confequents, fo are all the 
antecedents to all the confequents. 


Let there be how many fo ever numbers proportionals, A, B, C, D; viz. as 
A is to B fo let C be to D; I fay that it is as A żs to B foare A.. 


A, C to B, D. | B... 
For becaufe it is as A to B fo is C to D; therefore (by def. 20. 7.) C.... 
what part or parts A is of B, the fame part alfo or parts is C of D — D...... 


and therefore (by 5. and 6. 7.) A, C both together are the fame part or the 
fame parts of B, D both together which A is of B; therefore it is (by def. 
20. 7.) as A is to B fo are A, C to B, D. Which was to be demontftrated. 


P R O P. XIII. 
If four numbers be proportionals, alfo they will be proportionals 
alternately. 


Let four numbers A, B, C, D be proportionals ; viz. as À to B fo is C to 
D; I fay alfo that alternately they will be proportionals, viz. as A to C fo i5 
B to D. 

For becaufe it is as Ato B fois C to D; therefore (by — A.. C...... 
def. 20. 7.) what part or parts A is of B, the fame part alfo — B...D......... 
or the fame parts is C of D; therefore alternately (by 9. and 10. 7.) what 
part or parts A is of C, the fame part or parts is B of D; therefore it is (by 
def. 20. 7.) as A is to C fois Bto D. Which was to be demonftrated. 


C2. PROP, 
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P R O P. XIV. 


If there be numbers how many fo ever, and others equal to them 
in multitude, in the fame ratio taken two and two; alfo by equality 
they will be in the fame ratio. 


Let there be numbers how many fo éver A, B, C, and others equal to them 
in multitude D, E, F, taken two and two in the fame ratio; — A......... | b UR 
fo that as A 7s to B fots Dto E, and as BtoC fois — B...... E... 
E to F; I fay that alfo by equality as A toC fo is D to F. C.. FE.. 

For becaufe it is as A to B fo is D to E, alternately therefore (by 13. 7.) 
it is as A to D fois B to E: again, (ince itisas B to C fois E toF; 
therefore alternately itis as B to. E {fo zs C to F; butas B is to E. fo is 
A to D; and therefore as A to D fo is C to F, therefore alternately it 
is as A to C {o is D to F. Which was to be demonftrated. 


P R O P. XV. 


If unity meafure fome number, and another number do as often 
meafure fome other number, alfo alternately the unity will as often 
meafure the third number as the fecond mea/fures the fourth. 


. Eor let the unity A meafure fome number B C ; and let another number 
D as often meafure fome other number E F ; I fay that alfo alternately the 
unity A will meafure the number D as often as B C does E EF. 

For fince the unity A meafures the number BC as often as the number D 
meafures the number FE; therefore as many unities as there are in -BC, fo 
many numbers equal to D are therein EP: let BC A. E.K. L.F 
be divided into BG, GH, HC the unities which B.G.H.C X D. 
are init; but EF into EK, KL, LF the aumbers equal to D: certainly 
rhe multitude of unities BG, GH, HC will be equal to the multitude of num- 
bers EK, KL, LF; and becaufe the unities BG, GH, HC are equal to one 
another, and alfo the numbers EK,KL, L,F are equal to one another, and 
the multitude of the unities BG, GH, HC is equal to the multitude of the 
numbers EK, K L, LF ; therefore it is as the unity B G to the number 
EK fois the unity G H 'to the number K L, and. the unity HC to the 

number 
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mumber LF; therefore it will be (by 12. 7.) as one of the antecedents Book VH. 
to one of the confequents fo are all the antecedents to all the confe- — 7" 
Quents ; therefore it is as the unity BG to the number EK fo 1s BC to 

EF : but the unity BG is equal to the unity A, and the number E K to the 

number D ; therefore it is as the unity A 1s to the number D fo is BC 

to LF; therefore (by 20. def. 7.) the unity A meafures the number D as 

often as BC mea/ures EF. Which was to be demonftrated. ° 


PROP. XVI: 


If two numbers multiplying each the other, make’ fome numbers, 
thofe produced from them will be equal to one another. 


Let there be two numbers A, B; and let A multiplying- B. make C ; but. 


let B multiplying, A make D ; I fay that C is equal to D. E. 
For becaufe A multiplying B has made C ; therefore B. A... B... 
(by 16. def. 7.) meafures C according to the unities in Az. C......D....... 


but alfo the unity E meafures the number A according to the unities in 1t3, 
therefore’ the unity E meafures the number Aas often as B-meafures C ; 

alternately therefore (by 15. 7) the unity E meafures the number B as often 
as A meafures C: again, becaufe B multiplying A has made the number D ; 
_ therefore A meafures D according to the unities in B: but alfo the unity E- 
meafures B according to the unities init; therefore the unity E meaftires the 
number B as often as A meafures D; but the unity E meafures the number: 
B as often as A.meafures C (by this prop.) ;. therefore A .meafures either of 


the zumbers C, D an equal’ number of times ;. therefore C is equal to D.. 
Which was to be demonftrated. 


| PROP. XVII. 
Ifa number multiplying two numbers make fome numbers, 


thofe produced from them have the fame ratio as the multiplied 
numbers. sy 


For let the number A multiplying the mumbers B; C make the numbers . 


D,E: I fay that it is, as B to C fois Dto E. acne 
For becaufe A multiplying.B has made D,-thereforeB B... C... 
meafures D according to the unities in A: but alfo the Piss 


unity F meafures the number A according to the unities in e 
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it; therefore the unity F meafures the number A as often as B meafures Da 
therefore as the unity F is to che number A fo is (by 20. def. 7.) B to D: 
certainly for the fame reafon alfo, as the unity F is to the number A fo is C 
to E; therefore alfo as B is to D fo is C to E; alternately therefore åt is as 
B is to C fo is D to E, Which was to be demonftrated. 


PROP. XVII. -~ 


If two numbers multiplying fome number make fome numbers, 
thofe produced by them will alfo have the fame ratio with the mul- 
tiplying numbers. 


For let the two numbers A, B multiplying fome number C make the 
numbers D,E: I fay thatit isas A toBfoisDto E. A... Bun 
For becaufe A multiplying C has nade D; therefore bo 
alfo C multiplying'A has (by 16. 7.) made D: certaiolvfor — D......E........ 
the fame reafon alío C multiplying B has made E ; certainly the number C 
multiplying the two numbers A, B has made D, E ; therefore it is (by 17. 7- ) 
as A to B fo ŝis D to I. Which was to be demonftrated. 


P R O P. XIX. 


If four numbers be proportionals, the number produced of the 
firft and fourth will be equal to the number produced of the fecond 
and third: and if the number produced of the firft and fourth be 
equal to the number produced of the fecond and third, the four 
numbers will be proportionals.. 


Let the four numbers A, B, C, D be proportionals; as A to B fois C to 
D; and let A multiplying D make E; but let B multiplying C make F : 
I fay that E is equal to F. 

For let A multiplying C make G : therefore becaufe A J— C has 
made G, and multiplying D has made E; certainly the number A multi- 
plying the two numbers C, D has made G, E; therefore it is (by 17. 7.) 
as C to D fo i; G to E: butas C to D fois A to B (by fup.) ; there- 
fore alfo as A. to B fo is G to E: again becaufe A multiplying C has 
| * made 
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made G; but alfo B multiplying C has made F; certainly — A...... 
ethe two numbers A, B multiplying a certain number © D.... 
have made G, F; therefore (by 18.7.) asAtoBfoisG C... 
to F: but alfo as A to B fo is G to E; therefore alfo as D.. 


G to E fo is G to F; therefore G. has the fame ratios E... — 
to either E or F; therefore E is equal to F, | Eod 
E oes —— 


Now again let E be equal to F; J ſay that as A to B fois C to D. 
For the fame things being conftruéted; becaufe A multiplying C, D 
has made G, E; therefore it is as C #5 to D fois Gto E: but E is equal to 


F; therefore it is as G to E {o is G to F: but as G to E fo is Cto D;- 


therefore alfo as C to D fo is G to F; but as G is to F fo (by 18.7.) is A to 
B; and therefore as A to B fois C to D. Which was to be demontftrated. 


PROP XX. | 
If three numbers be proportionals, the number made by the ex- 
tremes is equal to the /guare number made of the middle proportional ; 
but if the zumber made by the extremes be equal, to the íquare 
number made of the middle number, the three numbers will be 
proportionals. 


Let the three numbers A, B, C be proportionals, as A is to B fo zs B to 
C; I fay that the number made by A and. C, is equal to the /guare number 


made of B. A ees eoe 
For put D equal to B ; therefore it is as A is to B fo i D. B...... 
to C; therefore (by 19. 7.) the number made by A and C is D...... 


equal to the number made by B and D: but the number by B C... 
and D is‘equal to the /guare number made of B; for B is equal to D: there- 
fore the number made by A and C 1s equal tothe /guare number made 
of B. 

But again, let the number made by A and C be equal to the quare num- 
ber made of B; I fay that it is as A to B fo is B to C. 

For becaufe the number made by A, C is equal to the fquare number 
made of B, and the /guare number made of B is-equal to the number 
made by B, D; therefore it is (by 19. 7.) as A to B fo is D to C: but B 
$5 equal to D ; therefore it is as A to B.fo is B to C. Which was to 


be demonítrated, 
PROP. 
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PROP XXI 


The leaft numbers of thofe having the fame ratio with them, mea- 


fure equally thofe having the fame ratio with them; the greater the 
greater, and the leffer the leffer. 


For let C D, EF be the leaft numbers of thofe having the fame ratio with 
A, B; 1 fay that C D meafures A and E F, B equally. 

For CD is not parts of A: for, if poffible, let it be; therefore (by 20. 
def. 7) E F is the fame parts of B which “CD is of A; therefore as many 
parts as there are in C D of A, fo many parts are therein EF A 
of B: let CD be divided in C G, GD parts o£ A; but EF into. B...... 
EH, HF parts of B; certainly the multitude of paris CG, GD  C...G..D 


will be equal to the multitude of parts EH, HF: and becaufe — E..H.F 


CG, GD are equal to one another, allo EH, HF are equal to one another; 
and the multitude of the parts CG, GD is equal to the multitude of the 
part; EH, HF ; therefore it is as CG to EH fo is GD to HF ; therefore 
(by 12. 7) it will be as one of the antecedents to one of the confequents fo 
are all the antecedents to all'the confequents; therefore it is as CG is to 
EH fois CD to EF; therefore CG, EH are in the fame ratio with CD, EF; 
being lefs than them, which is impoffible;: for CD, EF are fuppofed the 
leaft of all numbers having the fame ratio with themfelves; therefore C D is 
not parts of A, therefore a part; and EF is the fame part of B which CD 


is of A, therefore C D meafures A and EF,B equally. Which was to be 
demonftrated. 


P R O P. XXII. 


If there be three numbers, and others equal to them in mul- 
titude, and in the fame ratio taken two and two; and let their 
proportion be perturbate; they will alfo be in the fame ratio by 
equality. 

Let there be three numbers A, B, C, and others D, E, F equal to them in 
multitude, and in the fame ratio taken two and two; and let their propor- 
tion be perturbate; as A to B fo E to F, and as B A...... D uu 
to C fo D to E: I fay alfo that by equality it is as Bu... E........ ; 
Â to C {o is D to F, ECOL quus 


lk For 
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For becaufe itis as À to B fos E to F, the number made by A, F is equal Book VII. 
(by 19.7.) to the number made by B, E; again, becaufeitisas BtoC foD ` 
to E, therefore the number made by C, D is equal to the number made by 
B, E: þut the number made by A, F has been demonftrated to be equal to 
the number made by B, E; therefore the number made by A, F is equal to the 
number made by C, D; therefore (by 19. 7.) it is as Ato C fois D to F: 
Which was to be demonftrated. | tos 


P R O P. XXIII. 


The numbers prime to one another are the leaft of thofe having 
the fame ratio with them. | | 


Let the numbers A, B be prime to one another: I fay that the numbers 
A, B are the leaft of thofe having the fame ratio with them. 

For if A, B are not the leaft of thofe having the fame ratio A.B. - 
with them, there will be fome numbers lefs than A,B being in C---D-- 
the fame ratio with A, B; let them be C, D. | | E-- 

Therefore becaufe the leaft numbers of. thofe having the fame ratio mea- 
fure (by 21r. 7.).thofe having the fame ratio equally, the greater the greater. 
and the leffer the leffer, that is the antecedent the antecedent and the con- 
fequent the confequent; therefore C meafures A and D, B equally: now as 
often as C meafures A, fo many unities let there be in E; therefore’alfo D 
meafures B according to the unities in E: and becaufe C meafures A ac- 
cording to the unities in E, therefore alfo E meafures A according to the 
unities in C : certainly for the fame reafon alfo E meafures B according to 
the unities in D; therefore E. meafures A, B, being prime to one another, 
` which is impoffible; therefore there will not be any numbers lefs than A, B, 
being in the fame ratio with A, B; therefore A,B are the leaít of thofe 
having the fame ratio with them. "Which was to be demonftrated. 


PROP. XXIV. 


The leaft numbers of thofe having the fame ratio with them are 
prime to one another. 


Let A, B be the leaft numbers of thofe having the fame ratio with them: 
I fay that A, B are prime to one another. 
" D | For 
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For if A, B are not prime to one another, fome number — A......B..... 
wil meafure them: ‘let it meafure them; and let it be C ; C---- 
and as often as C meafures A, fo many unities let there bein. D---E--- 


'D ; and as often as C meafures B, fo many unities let there be in E. And 


becaufe C meafures A according to the unities in D, therefore C multiplying 


"D has made A: certainly for the fame reafon alfo C multiplying E has made 


B: now the number C multiplying the two numbers D, E has made the 
numbers A,B; therefore (by 17. 7.) it is as D i5 to E. fo is A to B; there- 
fore D, E are in the fame ratio with A, B, being lefs than them, which 
(by hyp.) is impoffible; therefore not any number will meafure the numbers 
A, B; therefore A, B are prime to one another. Which was to be demon- 
{trated. 


PROP. XXV. 


If two numbers be prime to one another, the number meafuring 
one of them will be prime to the remaining oze. 


Let A, B be two numbers prime to one another; but let a certain number 
C meafure A : I fay alfo that B, C are prime to one another. 

For if B, C are not prime to one another, fome number will meafure 
them; let it meafure them, and let it be D: and becaufe D meafures C, 
and C meafures A ; and therefore D meafures A, and it alfo mea- A... 
fures B; therefore D meafures A, B, being prime to one ano- — B..... 
ther, which is impoffible: not any number therefore will mea- C... 
fure the numbers A,B ; therefore C, B are prime to one another. D-- 
Which was to be demonftrated. / 


PROP. XXVI. 


If two numbers be prime to any number, alío the number pro- 
duced by them will be prime to it. 


For let the two numbers A, B be prime to any number C, and let A 
multiplying B make D: I fay that C, D are prime to one another. 

For if C, D are not prime to one another, fome number will A.. B... 
meafure them; let it meafure them, and let it be E: and becaufe TR 
C, A are prime to one another ; but a certain number E mea- Eun 
fures C; therefore (by 25. 7.) E, A are prime to one another : E--- 
but as many times as E, meafures D, let there be fo many unities F-- 

* in 
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in F; and therefore F meafures D according to the unities in E ; therefore Book VII. 
E multiplying F has made D; but alfo A multiplying B has made D ; — 
therefore the number made by E, F 1s equal to that made by A, B: but if the 

number made by the extremes be equal to the number made by the means, the 

four numbers are proportionals; it is therefore (by 19. 7.) as E to A fo zs 

B to F: but A, E are prime; and thofe that are prime are (by 23. 7.) the 

leaft; but the leaft numbers of thofe having the fame ratio with them, equally 

meafure thofe having the fame ratio, the greater the greater and the lefs the 

lefs, that is the antecedent the antecedent and the confequent the confequent; 
therefore E, meafures B ; and it alfo meafures C ; therefore E; meafures B, C 

being prime to one another, which is impoffible; therefore not any number 

will meafure the numbers C, D ; therefore C, D are prime to one another. 

Which was to be demonftrated. 


P R O P.. XXVII. 


If two numbers are prime to one another, the /guare number 
produced of one of them will be prime to the remaining oze. 


Let there be two numbers A, B prime to one another; and let A mul- 
tiplying itfelf make C : I fay that B,C are prime to one another. 

For let D be put equal to À ; and becaufe A, B are prime A.. B... 
to one another, and A equal to D; therefore D, B are alfo , bus 
prime to one another: but each of the numbers A, D is D.. 
prime to B; therefore (by 26. 5.) the number which is made by A, D will 
be prime to B : but C is the number which is made by A, D ; where- 
fore C, B are prime to one another. Which was to be demonftrated. 


PROP. XXVIII. 


If two numbers be prime to two numbers, both to each; alfo 
the numbers produced by them will be prime to each other. 


For let the two numbers A, B be prime to the two numbers C, D, both 
to each; and let A multiplying B make E ; and let C multiplying D make 


F ; I fay that E and F are prime, to one another. For becaufe each of 
D 2 the 
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Book VII. the numbers A,B is prime to C; therefore alfo the num- A.. Bose 


“r= ber produced of A, B is (by 26. 7.) prime to C: but E E........... — 
= is the number produced by A, B; therefore E and C are C.. D... 
! prime to one another: certainly for the fame reafon alfo Fastin 


-E and D are prime to one another; therefore each of the numbers C, D 

is prime to E; and therefore the number produced by C, D (by 26. 7.) 
will be prime to E; but F is the mumber produced by C, D ; therefore 
E, F are prime to one another. Which was to be demonttrated. 


PROP. XXIX. 


If two numbers be prime to' one another, and each multiplying 
itfelf makes a certain number, thofe produced by them will be 
prime to one another ; and if thofe taken in the beginning multi- 
plying thofe produced make fome zuers, alfo they will be prime 
to one another ; and this always happens about the extremes. 


Let there be two numbers A, B prime to one another; and Jet A multi- 
plying itfelf make C, and multiplying C let it make E; but let B multi- 
plying itfelf make D, and multiplying D let it make F: I fay'that C, D 


-and E, F are prime to one another: for be- A.. B:.. 
caufe Á, B are prime to one another, and A. C...  D......... 
multiplying itfelf has made C; therefore — E........F............... eere 


C, B (by 27. 7.) are prime to one another; therefore’becaufe’C, B are prime 
to one another, and B multiplying itfelf has made D, therefore C, D are 
prime to one another: again, becaufe A, B are prime to one another, and B 
multiplying itfelf has made D, therefore A, D are prime to one another: 
therefore becaufe two numbers A C, are prime to two numbers B, D, both to 
each; therefore alío the zer produced by A, C is prime (by 28. 7.) to 
the number produced by B, D; and E is the zumber produced by A, C ; 
and F is that produced by B,D; therefore E, F are prime to one another. 
Which was to be demonftráted. 


P R O P. XXX. 
If two numbers be prime to one another, alfo both together 
will be prime to each of them; and if both together they be 
prime 
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prime to any one of them, alfo the numbers from the beginniiig 
will be prime to one another. | | 


For let two numbers A B, BC prime to one another be put together; I 
fay that A C both together is prime to each of the numbers AB, BC. For 
if CA, AB are not prime to one another, fome number will — A.....B....C 
meafure them; letit meafure them, and let it be D: becaufe D--- 
therefore D meafures CA, AB, alfo it will meaíure the remainder BC ; but 
it alfo meafüres BA ; therefore D n.o ares AB, BC, being prime to one 
another, which is impoffible; therefore any number will not meafure the 
numbers ‘CA, AB; therefore AB, AC, are prime to one another: therefore 
CA is prime to each of the numbers AB, BC. ! 

Again let CA, AB be prime to one another: I fay that AB, BC are alfo 
prime to one ariother. For if AB, BC are not prime to one another, fome 
number will meafure them ; let 1¢ meafure ¢bem, and let it be D: and becaufe 
D meafures each of the numbers AB, BC, therefore it will meafure the whole 
CA; and it meafures AB; therefore D meafures CA, AB being -prime to 
one another, which is impoffible : therefore any number will not meafure 
the numbers ‘AB, BC; therefore AB, BC are prime to one another. Which 
was to be demonítrated. ..- ,- | u 


| P R OP. XXXI. 
Every prime number, is prime to every number which it does not 
meafure. 


Let A bea prime number, and let it not meafure the number B: I fay 


that B, A are prime to one another. Forif A,B are not prime A... B.....° 
to one another, fome number will meafure them; let it mea- C---- 
fure them, and let it be C; therefore C is not unity: and becaufe C mea- 
fures B, and A does not meafure B, thereforé C is not the fame with A; 
and becaufe C meafures A, B, therefore alfo it meafures A being a prime 
number, not being the fame with it, which is impoffible ; -therefore any 
number will not meafure B, A; therefore A, B are prime to one another. 
Which was to be demonftrated. :-. 7 | 


P R O P. XXXII. 


If two numbers multiplying one another make any zumber, and 
fome prime number meafures the number produced by them, it 
will alfo meafure one of the numbers grven from the beginnin g. 

For 
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For let the two numbers A, B multiplying one another make C; and let 
fome prime number D meafure C; I fay that D meafures one of the numbers 


A, B. For let ic not meafure A, and D is prime; there- A. Beon. 
fore (by 31. 7.) A; D are prime toone another :.and as often ——— 7 
as D meafures C, let there be fo many unities in E.; there- D... 
fore becaufe D meafures C according to the unities in E, Ioas 


therefore D multiplying E has made C; but alfo A multiplying B has made 
C; therefore the number made by D, E is equal to that made by A,B; there- 
fore itis (by 19. 7.) as D is to A fo rs à to E: but D, A are prime numbers; 
but the prime (by 23. 7.) are alfo the leat; but the leaft (by 21.7.) equally 
meafure thofe having the fame ratio, the greater the greater and the lefs the 
lefs, that is the antecedent the antecedent and the confequent the confequent ; 
therefore D meafures B. Certainly in the fame manner we fhall demonftrate, 
that if D does not meafure B, it will meafure A: therefore D meafures one 
of the numbers A, B. Which was to be demonftrated. | 


PROP. XXXIII. 
Every compofite number 1s meafured by fome prime number. 


Let A be a compofite number: I fay that A is meafured by fome prime 
number. For becaufe A is a compofite number, fome number will mea- 
fure it; let it meafure ;/, and let it be B : and if B be a prime number, the 
thing fought for is manifeft; but if itis compofite, fome number — A........ 
will meafure if; let it meafure it, and let it be C: and becaufe — B.... 


C meafures B, but B meafures A, alfo therefore C meafures A; C.. 


and if C be prime, the ¢hing fought for 1s manifeft; but if it be compofite, 
fome number will meafure ##; and fuch a difquifition being profecuted, fome 
prime number will be taken, which will meafure the one before icfelf; 
which alfo will meafure A: for if it fhall not be taken, infinite numbers 
will meafure the number A, each of which is lefs than the other, which 
(by 2. def. 7.) is impoffible in numbers ; therefore fome one will be taken 
which will meafure the one before itfelf, which alfo will meafure A. 
Therefore every compofite number is meafured by fome prime number. 
Which was to be demonftrated. | 
OTHERWISE. Let A be a compofite number; I fay that it is mea- 
fured by fome prime number. For becaufe A is a compofite number, it 
will 


OF EUCLID. 23 


will be meafured by a number (by 13. def. 7.) ; and let B be the leaft 
of thofe meafuring it; I fay that B is prime. For if not, let it be com- 
pofite; therefore it will be meafured by fome number: let it be — A......... 
meafured ; and let C be the number meaturing it; therefore B... 

C is lefs than*-B; and becaufe C meafures B, but B alfo mea- C-- 
fures A, therefore C meafures A, being lefs than B ; B being the leaft of 
the numbers meafuring A; which is abfurd: therefore B is not a compofite 
number ; therefore prime. Which was to be demonftrated. 


PROP. XXXIV. 


Every number is either prime, or is meafured by fome prime 
number. 


Let there be a number A: I fay that A is either prime, or is meafured 
by fome prime number. If A is prime, what is required is manifeft; but 
if it be compofite, fome prime number (by 33. 7.) will meafure it. There- 
fore every number is either prime, oris meafured by fome prime number. 
Which was to be demonftrated. 


PROP. XXXV. 


How many foever numbers being given, to find the leaft of thofe 
having the fame ratio with them. 


Book VII. 
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Let A, B, C be numbers how many ſoever; now it is required to find 


the leaſt of thoſe having the ſame ratio with A, B, C: for either A, B, C 
are prime to one another, or not: if indeed A, B, C are prime to one ano- 
ther, they are (by 22.7.) the leaft of thofe having the fame ratio with 
them: but if not, let D (by 3. 7.) the greateft common meafure of A,B, C 
be taken; and as often as D meafures each of the numbers A, B,C, fo many 
unities let there be in each of the numbers E, F,G; and therefore each of 
the numbers E, F,G meafures each of the numbers A, B,C according to. 
the unities in D ; therefore E, F, G equally meafure A, B, C ;' therefore 
(by 18. 7.) E, F, G are in the fameratio with — A......B........ EY ‘ 
A, B, C: now I fay alfo that they are the D... 
leat; for i£ E, F, G are not the leaft of thofe — E... F... ans 
having the fame ratio with A, B, C, there H-- K--- L---- 
will be fome numbers lefs than E, F, G being , M--- 
in 
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Book VIT. in the 4 ratio with A, B, C; let them be’ H, K, Lj therefore (by 21r. 
7.) H meafures A equally, and each of the numbers K, Leach of the 
numbers B, C: but as many times as H meafures A, fo many unities 
let there be in M; and therefore each of the numbers K, L meafures 
each ‘of the numbers B, C according to the unities that there are in M: 
and becaufe HI meafures A according to the unities in M, therefore M 
meafures Á' according to the unities in H. Certainly. for the fame 
reafon allo M. meafures each of the mméers B, C accordirig to the unhities 
in each of the numbers K, L; therefore M meafures A, B, C: and becaufe 
H  meafures A according to the unities in M, therefore H multiplying 

/ M has made A. Certainly. for the fame reafon alfo E multiplying D has 
made A; therefore the number made by E, D is equal to the zumber made by 
H,M ; therefore (by 19. 7.) itis as E to H fo i$ M to D: but E is greater 
than H, therefore M is greater than D; and-it meafures A,B,C, which is 
impoffible; for D is fuppofed the 'greateft common meafure of A, B, C : 
therefore there will not be.any numbers lefs than E, F, G being in the 
fame ratio with A, B, C; therefore E, F, G are the leaft of thofe having 
the fame ratio with A, B, C. Which was to be demonítrated. 


PROP. XXXVI. 


Two numbers being given, to find the leaft number which they 
meafure. 


Let A, B Be the two given numbers; now it is required to find the leaft 
number which they meafure. For the numbers A, B are either prime to one 
another, or not: firít let A, B be prime to one another; and let A multiplying 

-B make C; and therefore (by 16. 7.) B multiplying A has made C; there- 
fore A, B meafure C : now I fay that C is the leaft: for, if not, A, B will 
meafure fome number being lefs than C : let them meafure D; and as often 
as A meafures D, fo many unities let there be in E; and as often as B 
meafures D, fo many unities let there be in F : therefore A multiplying E 
has made D; but B multiplying F has made D ; therefore the number made 
by A, E is equal to ¢hat made by B,F; therefore it is (by 19.7.) as A 
to B fo is F to'E : but A, B are prime; but (by 23. 7.) they are the leaft; 
but the leaft (by 21. 7.) meafure equally thofe having the — A... B.... 
fame ratio, the greater the greater and the lefs the lefs; ^ C....,....... 
therefore B meafures E, as confequent the confequent: and D----- 
becaufe A multiplying the zumbers B, E. has made. C, D, E--- F---- 

~ therefore 
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therefore it is (by 18. 7.) as B to E fo is C to D; but B meafures E; there- 
fore alfo C meafures D, the greater the lefs, which 1s impoffible : therefore 
A, B do not meafure any number being lefs than C, when A, B are prime 
to one another ; therefore C being the leaít is meafured by A, B. 

But let A, B not be prime to one another ; and let F, E be taken, the leaft 
numbers of thofe having the fame ratio with A, B; therefore the number 


made by A, E 1s equal (by 19. 7.) to that made by B, F; and let A mul- 


tiplying E make C; alfo B multiplying F has therefore made C; there- 
fore A, B meafure C: now I fay that it is the leaft: for if not, A, B 
will meafure fome number being lefs than C; let them meafure D; and 
as often as A meafures D, let there be fo many, unities in G; and 


as often as B meafures D, let there be fo many unities in A... B...... 
H ; therefore A multiplying G has made D ; but B multi: F.. E... 
plying FI has made D ; therefore the number made by A, G  C............ 
is equal to /ba£ made by B, FH ; therefore it is (by 19. 7.) as D----- 


A to B fois H toG: butas A to B fois Fto E; there- G--H--- 

fore alfo as F to E fo is H-to G; but F, E are the leaft ; and the leaft (by 
21. 7.) meafure equally thofe numbers having the fame ratio, the greater the 
greater and the lefs the lefs ; therefore E meafures G: and becaufe A mul- 
tiplying E, G has made C, D, .therefore it is (by 17. 7.) as E to G fo is C 


Book VII. 
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to D; but E meaſures G; therefore alío (by 20. def. 7.) C meafures D, , 


the greater the lefs, which is impoffible; therefore A, B will not meafure any 
number lefs than C ; therefore C is meafured by A, B, — the leaft. 
Which was to be demonftrated. 


PROP. XXXVII. 
If two numbers meafure any number, alío the leaft meafured by 
them will meafure the fame xumber. 


For Jet the two numbers A, B meafure any number CD; and let E be the 
leaſt shat they meafure: 1 fay alfo that E meafures CD. For if E. do not 


meafure CD, let E meafuring FD leave CF lefs than itfelf: and becaufe 


A, B meafure E, and E meafures DF, therefore alfo A.. B... 

A, B will meafure DF; but they meafure the whole CD, — C......F------ D 
and therefore they will meafure the remainder CF being Boos 

leís than E, which (by hyp.) is impoffible ; therefore E. does not, not mea- 
{ure CD, therefore meafures 774, Which was to be demonftrated. 


F, PROP, 
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P R O P. XXXVIII. 


Three numbers being given, to find what leat number they 
meafure. 2 


Let A, B, C be the given numbers; now it is required to find what 
leaft number they meafure. For (by 36.7.) let D be taken, the Jeaft number 
meafured by A, B: now C either meafures D, or does A... B... C 
not meafure i : firít let it meafure /^; and alfo A, B JJ 
(by conít.) meafure D ; therefore A, B, C meafure D ; | — 
fay alfo that it is the leaft they meafure: for if not, A, B, C will meafure 
fome number being lefs than D; let them meafure E; fince therefore A, B, C 
meafure E, therefore alfo A, B meafure E; therefore (by 37.7.) the leaft 
number meafured by A, B will meafure E: but the leaft meafured by A, B 
Is D; therefore D meafures E, the greater the lefs, which is impoffible ; 
therefore A, B, C do not meafure any number being lefs than D ; therefore 
A, B, C meafure D the leaft. 

Now again let C not meafure D; and let E be taken, the leaft number 
meafured by C, D: therefore becaufe A, B. meafure D, — A.. B... C.... 
and D meafures E, therefore alfo A, B meafure E; and D.e. 


. alfo C meafures E, therefore alfo A, B, C meafure E; I X E............ 


.fay alfo that it is the leaft: for if not, A, B, C will mea- F------ - 


fure fome number being lefs than E; let them meafure F; and becaufe 
A, B, C meafure F, therefore alfo A, B meafure F; and therefore (by 37.7.) 
the leaft number meafured by A, B will meafure F: but D 1s the leaft mea- 
fured by A,B; wherefore D meafures F ; and alfo C meafures F; there- 
fore D, C meafure F; fo that alfo the leaft meafured by D, C will meafure 
F: but the leat meafured by D, C is E; therefore E meafures F, the 
greater the lefs, which is impoffible: therefore A, B, C do not meafure any 
number being lefs than E; therefore E being the leaft is meafured by A, B, C. 
Which was.to be demonftrated. 


P R O P.. XXXIX. 


If a number is meafured by any number, the meafured number 
will have a part denominated from the meafuring number.. 
For 


pl 
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For let a number A be meafured by any number B: I fay that A has a 
part denominated ‘from B. ‘For as-often as B meafures A, let there be fo 
many unities in C ; and becaufe B meafures A according to the unities in 


C, and alfo unity D meafures the number C according tothe — A............ | 


in it, therefore unity D-equally meafures the number C and B... 
B, A ; therefore alternately (by 15. 7.) unity D equally mea- ‘C... 
fures the number B and C,:A ; therefore what part unity D is : D. 


Book VII. 
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M 


of the number B, the fame part alfo is C of A: but unity D is a part of the... 


number B denominated from itfelf ; therefore alfo C is a part of A denomi- 
nated from B; fo that A has a part, the number C being denominated from 
B. Which was to be demonftrated. 


P R O P. XL. 
If a number have any part, it will be meafured by å number deno- 
minated from the part. ' 


For let the number A have any part B; and let the number C be 
denominated from the part B: I fay that C meafures A. For becaufe B 1 is 


a part of A’ and denominated from C; and unity D tsa part A............ 
of C denominated from it; therefore what part unity D is B.. 4 
of the number C, the fame part alío is B of A ; therefore Lovin I 
as often as unity D meafures the number C, alfo B mea- D. 


fures A; therefore alternately (by 15. 7.) unity D equally meafures the 
number B and. C, A ; therefore C meafures A. Which was to be demon- 
ftrated. 


PROP. XLI. 


To find a number which, being the leaft, will have the given 
parts. | 


Let A, B, C be the given parts: now it is required to find a number 
which, being the leaft, will have the given parts A, B, C. Let the num- 
bers D, E, F be denominated from the parts A, B, C; and let there be 
taken (by 38. 7.) the leat number G meafured by D, E, F: therefore 
becaufe G 1s meafured by D, E, F ; G has parts denominated from D, E, F; 
but A, B, C are the parts. (by conft.) denominated from D, E, F ; there- 
fore G has the parts of A, B,,C: I fay now that it is being the leat: 

| La z for 
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Book VII. for if G being not the leaft sbat has. the parts A, B,C, there A; D.. 


N 


. be meafured by numbers denominated from the parts A, B, C; 


will be a number lefs than G which will have the parts A, B, C; 
let it be H: fince H has the parts A, B, C, therefore H will Cz 


but D, E, F are the numbers denominated from the parts H------- 
A, B, C; therefore H is meafured by D, E, F, and it is lefs than C; which 
(by conft.) is impoffible. Therefore there will not be any number lefs 
than G, which will have the parts A, B, C. Which was to be demonftrated. 
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PROP. LK 


F- there be numbers how many: foever continual proportionales, Book vIIT, 
and the extremes of them be prime to one another, they are ~ 
the leaft of thofe having the fame ratio with them. 





Let the numbers A, B, C, D how many foever: be continual propor- 
tionals ; and let A, D the extremes of them be prime to one another; I fay 
that A, B, C, D- are the leaft of thofe having: the fame ratio with them. 
For if not, let E, F, G, H be lefs than A, B, C, D being in the fame ratio 
with them: and becaufe A, B, C, D are in the fame ratio with E, F, G, H; 
and the multitude of zumbers A, B, C, D is equal to the multitude of num- 
bers E, F, G, H ; therefore it is by equality (by 14. 7.) as A to D fo is 
E to H; and A, D arc prime; but prime and leaft numbers meafure 
equally thofe having the fame ratio with them (by 21. 7.), the antecedent the 
antecedent. and the confequent thé confequent; therefore A. meafures E; the 

greater: 
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greater the lefs, which is impoffible; therefore ^A.8. B,r2. C,18. D,27. 
E, F, G, H beine lefs than A, B,C, Dare notin E-- F--- G--- H--- 
the fame ratio with them; therefore A, B, C, D are the leaft of thofe having 
the fame ratio with them. Which was to be demontftrated. 


+ 


PROP. IL 


'To find the leaft numbers continual proportionals, as many as any 
one may order, in a given ratio. 


Let the ratio of A to B be the-given ratio in the leaft numbers: now it 
1s required to find the leaft numbers continual proportionals, as many as any” 
.one may order, in the ratio of A to B. Now let four be ordered: and let 
A multiplying itfelf make C ; but multiplying B let it make D ; and be- 
fides let B multiplying itfelf make E; and moreover let A multiplying 
€, D, E. make F, G, H ; and let B multiplying E make K. 

And becaufe A multiplying itfelf has made C, and multiplying B has 
made D, certainly the number A multiplying the two A, B has made C, D; 
therefore (by 17. 7.) it is as A to D fo is C to D: again becaufe A multi- 
plying B has made D, and B multiplying itfelf has made E, therefore each 


of the numbers A, B multiplying B has made each of the numbers D, E ; 


therefore (by 18. 7.) it is as A to B fo is D to E; but as A to B fo is C to 
D; therefore as C to D fo is D to E: and becaufe A multiplying C, D has 
made F, G; therefore it 1s as C to D fois F to.G; but asC to D fo was A 
to B; therefore alfo as A to B fo zs F to G: again becaufe A multiplying the 
numbers D, E has made G, H, therefore it is as D to E fo is G to H; but 
as D to E fo is A to B; therefore aş A to B fo is <A,2. B,3. 


-G to H: and becaufe A, B multiplying E have C,4. D,6. E;9 


made H, K, therefore iť isas A to B. fo ;s H to  F,8. G,12, H,18. K,27. 
K; but it has been demonftrated as A to B fo zs both F to G and G to H; 
therefore it is as F to G fo żs G to H, and H to K; therefore C, D, E and 
F, G, H, K are proportionals, in the ratio of A to B: now I fay they are the 
leat; for becaufe (by hyp. ), A, B are the leaft of thofe numbers having the fame 
ratio with them; but (by 23. 7.) the leaft of the numbers having the fame 
ratio with them are prime to one another; therefore A, B are prime to one 


another ; and each of the numbers A,B multiplying itfelf has made each 
of 
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_of.the numbers C,E; and multiplying C, E has made each of the numbers 
F,K; therefore (by 29. 7.) C, E and F, K are prime to one another ; 
but if there be numbers how many foever continual proportionals, and the 
extremes of them be prime to one another, they are (by 1. 8.) the leaft 
of the numbers having the fame ratio with. them: therefore C, D, E, as alfo 
F, G, H, K, are the leaft of the numbers having the fame ratio with A, B.. 
Which was to be demonttrated. 

Cor. Now from this it is manifeft, that if there be three numbers conti- 
nual proportionals, the leaft of thofe having the fame ratio with them, the 
extremes of: them will be fquares ; but if four, cubes.. 


P ROP.. I 
If there be numbers how many foever continual proportionals, the: 
leaft of all having the fame ratio with them, the extremes of them. 
are prime to one another. 


Let A, B,C, D be numbers how many foever continual proportionals, .the 
leaft of thofe having the fame ratio with them; I fay that A, D the extremes 
of them are prime to one another. Let there be taken (by 2. 8.) E, F two? 


numbers in the ratio of A,.B; C, D; and three G, H, K, and always more: 


by one in order until the multitude taken be equal A,8. B,12. C,18. D,27.- 
to the multitude of the numbers A, B, C,D;  E,2. F,3.. 
let them be taken; and let them be L, M; N,O: . G,4. H,6. K,9. 


therefore the extremes of them L, O are prime L,8. M,12. N,18. O, 275.. 
to one another. For becaufe E, F are prime to one another, and each of: 


them multiplying itfelf has made each of the numbers G, K; and multi- 
plying each of the numbers G, K: has made each of the numbers L,O; there- 
fore (by 29. 7.) G, K and L, O are prime: and becaufe A, B, C, D are the 
leaft of thofe having the fame ratio with them, and (by conft.) L,M,N,O 


are the leaft being in the fame ratio with A, B, C ; and the multitude of the: 


numbers A, B, C, D is equal to the multitude of the zumZers L, M, N,O ; 
therefore each of the numbers. A, B, C, D is equal to each of the numbers 


L, M,N,O; therefore sk is equal to L, and D toO: and becaufe L,, O are: 


prime to one another; but L is equal to A, and O to D; alfo A, D are 
prime to one another. Which was to be demonftrated. 
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Ratios being given how many foever in the leaft numbers; to 
find the leaft numbers, in an uninterrupted feries, in the given ratios. 


Let the ratio of A to B, and of C to D, and befides of E to F, be the given 
ratios in the leaft numbers: now it is required to find numbers, in an unin- 
terrupted feries, the leaít in the ratio of A to B, and in ¢hat of C to D, and 
belides in that of Eto F. Let G be taken (by 36. 7.), the leat number 
meafured by P, C ; and as often as B meafures G, fo often let A meafure H ; 
and as often as C meafures G, fo often let D meafure K : but E either mea- 
fures K, or does not meafure it: firt let A,2. B,5. C,3. D,4. E; c. F, 6. 
it meafure it; and as often as E meafures H, 6. G, 15. K,20. 1524. 
K, fo often alfo let F meafure L. And N-- ©O.--- M---- P-...- 
becaufe A meafures H and B, G equally ; therefore (by 13. 7.) itis as A to 
B fo ¿s H to G. Certainly for the fame reafon alfo, as C to D fo is G to 
K ; and befides as E to F fois K to L; therefore H,G, K, L are, in an 
uninterrupted feries, in the ratio of A to B, and in that of C to D, and 
befides in zbat of E to F. Z0 

Now I fay alfo that they are the leaft. For if H, G, K, L are not the 
leaft in an uninterrupted feries, in the ratios of A to B, and of C to D, and 
befides of E, to F ; there will be fome numbers lefs than H, G,K, L, and - 
in the ratios of A to B, and of C to D, and befides of E. to F : let them be. 
N,O,M,P. And becaufe it is as A to B fozs N to O, and A,B are the 
leat ; but the leaft meafure (by 21. 7.) equally thofe having the fame ratio, 
the greater the greater, and the lefs the lefs; that is, the antecedent the 
antecedent, and the confequent the confequent ; therefore B meafures O : 
certainly for the fame reafon alfo C meafures O; therefore B, C meafure O; 
and therefore (by 37. 7.) the leaft number meafured by B, C will meafure O: 
but G is the leaftt number meafured by B, C ; therefore G meafures O, tlie 
greater the lefs, which is impoffible. ‘Therefore there will not be any num- 
bers in an uninterrupted feries lefs than H, G, K, L, and in the ratio of 
A to B, and in shat of C to D, and befides in żhat of E to F. 

Now let E not meafure K; and (by 36. 7.) let M, the leaft number 
meafured by E, K, be taken; and as often as K meafures M, fo often let each 
of the numbers H, G meafure each of the numbers N, O ; and as often as- È 
meafures M, fo often let F meafure P: and becaufe H equally meafures N, 

`~ and 
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and G, O;‘therefore (by 13. 7.) it is as H to G fois N toO; but as H is Book VHI. 
to G fo is A to B; therefore as A to B.ío is N to O. Certainly for the m 
fame reafon alfo as C to D fo is O to M: again, becaufe E equally mea- 
fures M and F, P, therefore it is as E A54. B,;. C, 2. D, 3. E; 4. F,3. 
to F fo is M to P: therefore the zuméers. — H,8. G,1o. Kig. 

N, O, M, P are in an uninterrupted feries in N,32. O,4oc. M,60o. P,4«. 
the ratios of A to B,. and of C to D, and Q-- R-- S-- T---- 

E to F. I {ay alfo that they are the leat. For if N, O, M, P are not the 
leaft in an uninterrupted feries in the ratios A, B, C, D, E, F, there will be 
fome numbers, 1n an uninterrupted feries, lefs than N, O, M, P in the ratios. 
A, B, C, D, E, F : let them be Q, R, S, T ; and becaufe it is as Q to R fo 
is.A to B; and A,B are the leaft; but the leaft (by.21. 7.) meafure equally 
thofe having the fame ratio with them, the antecedent the antecedent and. 
the confequent the confequent ; therefore B meafures R: certainly for the 
fame reafon alfo, C meafures R; ; therefore B, C meafures R ; and therefore 
the leaft zumber meafured by B,C will meafure R: but G is the leaft 
number meafured by B, C; therefore G meafures R : but (by 13. 7.) it 1s. , 
as G^to R fo is K' to S; therefore (by 20. def. 7.) K meafures S; 
and E alfo meafures S; therefore E, K meafure S ; and the leaft number 
meafured by E, K will meafure S: but M is the leaft number meafured by 
E,K; M therefore meafures S, the greater the lefs, which is impoffible : 
therefore there will nor be any numbers in an uninterrupted feries lefs than 
N,O,M, P, and in the ratios.of A to B, and of C to D, and befides of E 
to F; therefore N, O, M, P are the leaft numbers, in an uninterrupted feries, 
in the ratios A, B, C, D, E, F. Which was to be demonftrated. . 


PR-OP. V. ; 
Plane numbers ‘have ta one another a ratio,- compounded ye the 
ratio of the fides. 


* Let A, B be plane numbers ; and let the numbers C,D be the fides of 
A, and E, F the fides of B; I fay that A. has to B a ratio compounded of 
the ratio of the fides. . For the ratios being given, that which C has to E 
and D to F; let the numbers G, H, K be taken (by 4. 8.) in an uninter- 
rupted feries, the leaft in the ratios C, E, D, F ; fo as to be as C to E fo rs 
Gto H; and as D toF fo is H to K : therefore G, H, K have to one aros 
ther the. ratios of the, fides; but 5. def. 6.) the ratio of G to K is. 
compounded . 
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Book VIII. compounded of that of G to H and of that of H to K; therefore G has to ` 
K the ratio compounded of the ratio of the fides; I fay therefore that it és 
as A to B {o is G to K. For let D multiplying A,6. B,20. 

E make L; and becaufe D multiplying C has L,12. 

made A, and multiplying E has made’ L, there- (C,2. D,2. F,4. F, 5. 
fore it is (by 17. 7.) as C to E fo is A to L; but G,3. H,6. K,1o. 
as C to E fo (by conft.) is G to H; therefore as G is to H fo is A to L: 
again, becaufe E multiplying D has made L, but multiplying F has made 
B, therefore it is as D to F fo is L to B: but as D to F, fo (by conft.) is 
H tok; therefore as IH to K {fo is Lto B: but it has been alfo demonftrated 
tbat as G to H fo is. A toL; therefore it is by equality (by 14. 7.) as G to 
K fois A to B: but (by 5. def. 6.) G to K has a ratio compounded of the 
ratio of the fides; therefore: A has to B a ratio eampounepe of tbe ratio of 
the fides. Which was to be demontftrated. 


A 


P ROP VI. 


If there be numbers how many foever continual proportionals, 
and the firft do not meafure the fecond, neither will any other mea- 
fure any other. 


Let A, B, C, D, E be numbers how many foever continual proportionals; 
end let A not meafure B: I fay that neither will any other meafure any other. 
It is plain that the numbers A, B, C, D, E, ¢aken in an uninterrupted feries, 
do not (by 20. def. 7.) meafure one another; for A does not meafure B: 
now I fay that neither will any other meafure any other: for I fay that A does 
not meafure C; for as many numbers — A,16. B,24. C,36. D,c4. E581. 

 asthereare A, B, C, letthere betaken F,4. G,6. Hyg 
fo many numbers F, G, H (by 35. 7.) the leaft having the fame ratio with | 
A, B,C: and becaufe F, G, H are in the fame ratio with A, B, C, and the 
multitude of zumbers A, B, C is equal to the multitude of numbers F,G, H, 
therefore by equality (by 14. 7.) itis as A to C fois F to H: and becaufe 
it is as A to B fo is F to G; and A does not meafure B, neither does (by 
20. def. 7.) F therefore meafure G; therefore F is not unity; for (by 1. 
def. 7) the unity meafures every number; and (by 3. 8.) F, H are: prime 
to one another; and- therefore (by 12. def. 7.) neither does F meafure H ; 
and it is as F to H fo is A to C;; therefore neither does A meafure C: cer- 
tainly in the fame manner we fhall demonftrate that neither does any other 
meafure any other. Which was to be demontftrated. 


ee = 
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PROP. VII. Book VIII. 
If there be numbers how many foever continual proportionáls, “~~ “~~ 
and the firft meafure the laft, it will alfo meafure the fecond. 


Let A, B, C, D be numbers how many foever continual proportionals ; 
and let A meafure D; I fay alfo that A meafures A,2. B,4. C,8. D,16. 
B. For if A does not meafure B, neither (by 6. 8.) will any other mea- 
fure any other, which is abfurd, for Ais fuppofed to meafure D: but it 
. meafures D; therefore alfo A meafures B. Which was to be demonftrated. 


PROP. VIII. 


If numbers in continual proportion fall in between two numbers; 
as many numbers as fall in between them in continual proportion, 
fo many in continual proportion will fall in between thofe having .. 
the fame ratio with them. 


Let the numbers C, D fall in between the two numbers A, B in conti- 
nual proportion; and let ıt be made as A to B fois E to F: I fay that 
as many numbers as have fallen in between A, B in continual proportion, 
fo many will fall in between E, F in continual proportion. For as many 
numbers A, C, D, B as there are in multitude, let fo many G, H, K, L be. 
taken (by 35.7.), the leaft numbers of thofe having the fame ratio with 
A, C, D, B ; therefore (by 3. 8.) G, L. the extremes of them are prime to 
one another : and becauíe A, C, D, B are in the fame ratio with G, H, K, L; 
and the multitude of the zumZers A, C, D, B is equal to the multitude of 
the numbers G, H, K, L; therefore by equality (by 14.7.) 1¢ is as A to 
B fozs G to L: but as A to B ‘i is E to F; and therefore as G to 
L {o is E to F; but G, L are prime; but prime numbers (by 23.7.) are 
the leaft; but the leaft numbers meafure equally A,2. C.4. D,8. B,16. 
(by 21. 7.) thofe having the fame ratio, the  G,r. H,2. K,4. L,8. 
greater the greater, and the lefs the lefs: there- — E,3. M,6. N, 12. F, 24.. 
fore G equally meafures E, and L,F': as often therefore as G >meafures 
E, fo often alfo let each of the numbers H, K meafure each of the num- . 
bers M, N ; therefore the numbers G, H, K, L meafure equally the s4m-. 
ters E, M, N,T : therefore (by 20. def. 7.) G, H, K, L. are in the fame 


36 THE ELEMENTS 


Book VIII. ratio with E, M, N, F; but G, H, K, L are in the fame ratio with 
A, C, D, B; therefore A, C, D, B are in the fame ratio with E, M, N, F: 
but-A, C, D, B are (by hyp.) continual proportionals; therefore alfo E, M, N,F 
are continual proportionals ; therefore as many numbers, in continual pro- 

portion, as have fallen in between A, B, fo many numbers in continual 
proportion will fall in between E, F. Which was to be demonftrated. | 


* ` 


P ROP IX. 


If two numbers be prime to one another, and numbers in con- 
‘tinual proportion fall in between them ; as many numbers in con- 
tinual proportion as fall in between them; fo many in continual 
proportion will fall in between each of them and unity. 


Let A, B be two numbers prime to one another ; and let C, D, in con- 
tinual proportion, fall in between them; and let unity E be put: I fay, 
that as many numbers in continual proportion as have fallen in between 
A,B, fo many alfo in continual proportion will fall in between each of the 
numbers A,B and unity E. For (by 2. 8.) let F,G be taken, two num- 
bers the leaft being in the ratio of A, C, D, B, and H, K, L three num- 
bers; and always let more by one in order be taken, until the multitude of 
them be equal to the multitude of the numbers A,8. C,12. D,18. B,27. 


A,C,D, B; and let them be M, N,0O, P: cer- E-i 
tainly it is manifeft (by conft. 2. 8.) that F mul- Fu 1 
tiplying itfelf has made FI, but multiplying H H,4. K,6. L,g. 


_ has made M; and G multiplying itfelf has M8. N,12. O,18. P,27- 
made J, but multiplying L has made P : and becaufe M, N, O, P are the 
leaft of thofe numbers having the fame ratio with F, G; and A, C, D, B 
are alfo (by 1. 8.) the leaft of thofe having the fame ratio with F, G'; and 
the multitude of the numbers M, N,O, P is equal to the multitude of the 
numbers A, C, D, B; therefore each of the numbers M, N,O, P is equal 
to each of the numbers A, C, D, B; tlierefore M is equal to A and 
P to B: and becaufe F multiplying itfelf has made H, therefore F 
multiplies.H according to the unities in F; and alfo the unity E mea- 
fures the number F according to the unities in it: therefore unity E equally 
meafures the number F, and F,H; therefore .it 1s (by 20. def. 7.) -as 

unity 
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unity E to the number F fois F to H: again, becaufe F multiplying H has Book vir, 
made M, therefore H meafures M according to the unities in it (F); and m~~ 
unity E meafures alfo the number F according to the unities in it; there- 
fore unity E, equally meafures the number F and H, M ; and therefore it is 
as unity E to the number F {o żs H to M: but alfo it has been demonftrated, 
as unity E to the number F fo is F to H; therefore unity E, z; to the num- 
ber F, as F to H and as H to M: but M is equal to A; therefore it is as ^ 
unity E is to the number F, fo is F to H and H to A. Certainly for the 
fame reafon alfo, as unity E is to the number G, fo is G to Land LtoB: 
therefore as many numbers in continual proportion as have failen in between 
A, B, fo many numbers alfo in continual proportion have fallen in between 
unity E and each of the zumbers A,B. Which was to be demonftrated. 


PROP. X. 


Tf numbers in continual proportion fall in between two numbers 
and unity; as many numbers in .continual proportion as fall in 
between each of the numbers and unity, fo many alfo in continual 
proportion will fall in between them. 


For let D, E and F, G fall in between the two numbers A, B and unity C 
in continual proportion; I fay, that as many numbers as have fallen in 
between each of the numbers A, B and unity C in continual proportion, fo 
many in continual proportion will fall in betwcen A, B. For let the number 
.D multiplying:the number F make I1; and let each. of the zumbers D,.F 
 multiplying.H make each of the numbers K, L. And becaufe it is as C 
unity is to the number D, fo zs D to E; therefore unity C equally meatures 
the number D and D, E : but the unity C meafures the number D according 
to the unities in D ; therefore alío .D meafures E. according to the unities in 
D; and therefore the number D multiplying itfelf has:made E: again, becaufe 
it is as the unity C-to the number D fois E to A, therefore the unity C 
equally meafures the number D and E, A; but the unity C meafures‘the 


number D according to the unities in.D; there- — A,8. K,12. L,18. B,27. 
fore alfo E meafures A aecording to the unities E,4. H6. Gg. 
in D; therefore D. multiplying E has made A. D,2.  F,3. 
Certainly for the fame reafon alfo F multiplying Cyr. 


itfelf has made G, and multiplying G has made B; and becaufe D mutti- 
plying itfel& has made F, and multiplying F has made H; therefore it is 
| (by 
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(by 17.7.) as D to F fo is E to H. Certainly for the fame reafon alfo as 
D is to F fo is H to G, therefore alfo as E to H fo is H to G. Again 
becaufe D multiplying each of the numbers E, H has made each of the 
numbers A, K, therefore (by 17. 7.) itis as E to H fois A to K; but as Eto 
H fo is D to F; therefore alfo as D to F fois A to K: again, becaufe each of 
the numbers D; F multiplying H has made each of the numbers K, L, there- 
fore itis (by 18.7.) as D to F {ois K to L; but as D toF fois A to K; there- 
fore as A to K fo is K to L: moreover, becaufe F multiplying each of the 


, numbers H, G has made each of the numbers L, B, therefore it is as H 


to G fois LtoB; butasH to G fois D to F; therefore as D to F fo 
is L to B: but it has been demonftrated, as D to F fo is A to K, and 
K to L, and L to B; therefore A, K, L, B are in continual proportion ; 
therefore as many numbers in continual proportion as fall in between each 
of the numbers A, B and unity C, fo many alfo in continual proportion 
will fall in between the numbers A, B. Which was to be demonítrated. 


PROP. XI. 


! \ 
Between two {quare numbers there is one mean proportional 
number; and the fquare number has to the fquare number the du- 


 plicate ratio of that which the fide Aas to the fide. 


Let there be fquare numbers A, B; and let C be the fide of ‘A, and 
D of B: I fay that between A,B there is one mean proportional number, 
and that A has to B the duplicate ratio of that which C bas to D. For 
let C multiplying D make E: and becaufe the number À is a fquare, and 
C is the fide of it, therefore € mulüplying itfelf has made A: certainly 
for the fame reafon alfo D multiplying -itfelf has made B ; wherefore be- 
caufe C multiplying each of the zuwmbers C, D has made each of the num- 
bers A, E, therefore it is (by 17.7.) as C to D fo is A to E: again 
becaufe C multiplying D has made E, and D multiplying itfelf has made 
B, certainly ‘the two numbers C, D multiplying one and the fame number 
D have:made E, B; therefore it is (by 18. 7.) as C to D fo rs E to B: 
but as C to D fo zs. ÀA to E ; therefore as A to E fois E to B; therefore 
between the numbers A, B there is one mean propor- A,4. E,6. B,g. 
tional number E. Now I fay alfo, that A has to B C,2. D,3. 
the duplicate ratio of that which C has to D. For becaufe the three num- 

bers 
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‘bers A, E, B are proportionals, therefore A has to B (by def. to. €.) the Book VIII. 
duplicate ratio of that which A has to E; butas A to E fo i; C toD; T— 
therefore A has to B the duplicate ratio of that which the fide C has to the 

fide D. Which was to be demonftrated. 


P R O P. XII. 


Between two cube numbers there are two mean proportional num- 
bers; and the cube number has to the cube number the triplicate 
ratio of that which the fide as to the fide. 


Let A, B be cube numbers ; and let C be the fide of A, and D of B! 
I fay that between A, B there are two mean proportional numbers, and that 
A has to B the triplicate ratio of that which C bas toD. For let the number C 
multiplying itfelf make E, and multiplying D let it make F; but let D mul- 
tiplying itfelf make G ; and let each of the numbers C, D multiplying F 
make each of the numbers H, K. And becaufe A is a cube, and C the 
fide of it, therefore (by conít.) C multiplying itfelf has made E; but multi- 
plying E (by def. 19. 7.) it has made A : certainly for the fame reaíon alfo 
D multiplying itfelf has made G, and multiplying G it has made B: and 
becaufe C multiplying each of the numbers A,8. H,12. K,18. B,27- 
C,D has made each of the numbers E, F, E,4. F,6. G;g. 
therefore it 1s (by 17. 7.) asC to D fo 7s E to C,2. 1243 
F ; certainly for the fame reafon alfo as C to D fois F to G: again, be- 
caufe C multiplying each of the numbers E, F has made each of the fum- 
bers A, H, therefore it is as E to F {o is A to H; but as E to F fo is C 
to D; therefore alfo as C to D fo is A to H : again, becaufe each of the 
numbers C, D multiplying F has made each of the numbers H, K, there- 
fore it is as C to D fo is H to K: again, becaufe D multiplying each of the 
. numbers F, G has made each of the numbers K, B, therefore itis as F to G fo 
is fo is K to B; butas F to G fo ts C to D; theréfore alfo as C to D 
fo zs K to B: but it has alfo been demonftrated as C ts to D fois A to 
H, and H to K, and K to B: therefore between A, B there are two mean 
proportional numbers H, K. Now I {fay alfo that A has to B the tripli- 
cate ratio of that which C has to D: for becaufe the four numbers 
A, H, K, B are proportionals, therefore A has to B (by 11. def. 5.) the 
| triplicate 
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the triplicate ratio of that which it bas to HM; but as A ta H fo is € to D; 
therefore alfo A has to B the triplicate ratio of that which C has to D. 
Which was to be demonftrated.. 


P RO P. XIII. 


If there Þe numbers how many foever continual proportionals, 
and each multiplying itfelf make fome numbers, the. numbers pro- 
duced of them will be proportionals ; and if the firft numbers mul- 
tiplying thofe that are produced make fome numbers, alfo they 
will be proportionals.; and always this happens about the extremes. 


Let there be numbers A, B, C how.many foever proportiona!s ; as. A to 
B fo is B to C ; and let A, B, D multiplying themfelves, make D, E, F 3. . 


_and multiplying D, E, F let them make G,H,K: I fay that both D, E, F 


and.G, H, K.are continual proportionals. For let A multiplying B make 
J; and let each of the numbers A, B multiplying L make each of the 
numbers.M, N :.and again, let B multiplying C make O; and let each of. 
the numbers B, C mul- A,2.. B,4. C,8.. 

uplying Omake each D,4. L,8. E,16. 0,32. F,64. 

of the numbers P,.Q.. G,8, M,16. N,32. H.64. P,128. Q,256. K,512.. 
Certainly in the fame manner as above (that is in- the laft prop.) we shall. 
demonftrate.that D, L,, E. and alío G, M, N, FH are continual proportionals 
in. the ratio of A to B ; and befides that E, O, F’ and H, P, Q, K are 


continual proportionals in the ratio of B to.C : and. it zs as A to B fo is 


B to C; therefore D, L, E are in the fame ratio with E, O, F , and be-. 
fides G M, N, H are in tbe Jame ratio with H, P, Q, K; and the multi- 
tude of numbers D, L, E is equal to the multitude of numbers E, O, F , and 
that of G, M, N, H to that of H, P, Q, K; therefore by equality (by 14. 7.), 
itis as D to E fo is.E to F , and as G to H.fo is H to K. Which was ta 
be demonttrated. 


P RO P. XIV. 


If a fquare zumber meafure a fquare number, alfo the fide will. 


meafure the fide; and if the fide meafure the fide, alfo the fquare 


will meafure the fquare. | 
Let 


OF EUCLID. | 43 


Let A, B be fquare numbers, and C, D the fides of them ; and let A 
meafure B; I fay that alfo C meafures D. For let C multiplying D make 
E ; therefore, A, E, B are continual proportionals in the ratio of .C to D: 
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and becaufe A, E, B are continual proportionals, and A,4. E,8. B,16. | 


A meafures B, therefore alfo (by 7. $.) A meafures E ; C,2. D,4. 

but it is as A to E fo is C to D; therefore (by 20. def. 7.) C meafures D. 
But now let C meafure D ; I fay that alfo A meafures B. For the fame 
things being conftructed, in like manner we fhall demonftrate that A, E, B 


are proportionals in the ratio of C to D : and becaufe it is as C to D fois . 


A to E, and C meafures D, therefore alfo À meafures E; and A, E, B are 
continual proportionals; therefore alío A meafures B. "Therefore if a íquare 
number mea{ure a {quare number, alfo the fide will meafure the fide; and 
if the fide meafure the fide, alfo the fquare will meafure the fquare. Which 
was to be demonftrated. 


PROP. XV. 


If a cube zumber meafure a cube number, alfo the fide will mea- 
fure the fide; and if the fide meafure the fide, alío the cube will 


meafure the cube.  : ` 


Let the cube number A meafure the cube number B; and let C be the 
fide of A, but D the fide of B; I fay that C will meafure D. For let C 
multiplying itfelf make E, and befides let C multiplying D make F ; and let 
D multiplying itfelf make G; and let each of the numbers C, D multi- 
plying F make each of the numbers H, K. It is manifeft that E, F, G and 
alfo A, H, K, B are continual proportionals — A,8. H,16. K,32. B,64. 
in the ratio of C to D: and becaufe A, H,K,B E,4. F,8. G,r6. 
are continual proportionals, and A meafures Cia. Die 
B ; therefore (by 7. 8.) it meafures H; but it is as A to H fo is C to D; 
therefore (by 20. def. 7.) C méafures D. Now let C meafure D, I fay 
alfo that A will meafure B. — For the fame things being conftruéted, cer- 
tainly in the fame manner we fhall demonftrate that A, H,.K, B are conti- 
nual proportionals in the ratio of C to D: and.becaufe C meafures D, and 
it is as C to D {o is.A to H, therefore alfo A meafures H; fo that A mea- 
ures B. Which was to be demonftrated. 
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PROP. XVI. 


If a {quare number do not meafure a fquare number, neither will 
the fide meafure the fide ; and if the fide do not meafure the fide, 
neither will the [quare nbn the fquare. 


Let A, B be fquare numbers, and C, D the fides of them; and kt A not 
meafure B : I fay that neither will C meafure D. For if C — A,9. B;16. 
meafure D; alfo (by 14. 8.) A will meafure B : but & does C,3 D,4 
not meafure B'; therefore neither will C meafure D. Now again, lec C 
not meafure D: I fay that neither will A meafure B. For if. 4 meafure B; 
alfo (by 14.8.) C will meafure D: but C does not meafure D ; therefore - 
neither will A meafure D. Which was to be denominatedi 


P R O P. XVII.. 
If a cube-number do: not meafure a cube number, neither will 


the fide meafure the fide; and if the fide do not meafure the nee 
neither. will the cube meafure the cube.. 


For let the cube number A not meafure the cube number B ; and let: C 
be the fide of A, and D of B : I fay that C will not meafure D. For if- 
C meafures D, alfo A (by 12. 8.) will meafure B: but A A,8. B,27.. 
does not meafure B; therefore neither does C meafure D. C,2. D,3. 
But now let C not meafure D; I fay that neither will A meafure B. For 
if A meafure B, alfo C will meafure D (by 15. 8.): but C does not mea- 


fure D ; therefore neither. will A meafure B. Which was. to be demon-. 
trated. 


P-R: OP. XVIIE 
There is. one mean proportional number. between two fimilar 
plane numbers, and the plane number has to the plane number 


‘the duplicate ratio of that which the fide of like ratio Aas to the 


fide of like ratio. 


Let A, B, be the two: fimilar plane numbers ;-and let the-numbers C, D 
be the fides of A, but E, F the fides of B; and becaufe (by 21. def. 7.) 
thofe-having their fides proportionals are fimilar plane numéers, therefore 

"M | : it 


* 
P 
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it is as C to D fo zs Eto F: I fay then, that there is one mean propor- 
tional between A, B; and that A has to B the duplicate ratio of that which 
the fide of like ratio C bas to the fide of like ratio E, or D to F. And 
becaufe it is as C to D fo is E to F, therefore alternately (by 13. 7.) as 
C to E. fo is D to F ; and becaufe A is a plane number, and the fides of it 
C, D, therefore D multiplying C has made A: certainly, for the fame 
reafon alfo, E multiplying F has made B : now let D multiplying E make 
G ; and becaufe D multiplying C has made A, A,6. G,12, B,24. | 

and multiplying E has made G, therefore (by Lad. ANM. Po F5. 
17. 7.) it is as C to E fo is A toG; but as C to E fo is D to F; there- 
fore alfo as D to F fois A to G: again, becaufe E multiplying D has 
made G, and multiplying F has made B,- therefore it is as Dto F fo is G 
to B; but it has been alfo demonftrated shat as D to F fo is A to G; there- 
fore alfo as A to G fo is G to B; therefore A, G, B are continual propor- 
tionals; therefore there is one mean proportional number between A, B. 


Now I fay alfo that A has to B the duplicate ratio of that which the fide ` 


of like ratio bas to the fide of like ratio, that is of that which C has to E, 
or Dto F: for becaufe A, G, B are continual proportionals, A has to B the 
duplicate ratio (by 10. def. 5.) of that which it has to G; and it is as A to 
G fois both C to E and D to F; therefore A has to B the duplicate 
ratio of that which C has to E, or D to F. Which was to be demonítrated. 


P R O P. XIX. 

Two mean proportional numbers fall in between two fimilar folid 
numbers, and the folid number has .to the fimuilar folid number 
the triplicate ratio of bat which the fide of like ratio has to the fide 

of like ratio. | 


Let A, B be fimilar folid numbers; and let C, D, E be the fides of A, but 
T, G,H the Ades of B: and becaufe (by 21. def. 7.) fimilar folid numbers are 
thofe having their fides proportionals, therefore it is as C to D fo is F to 
G, and as D to E fois Gto H: I fay that two mean proportional num- 
bers fall in between A, B; and that A has to B the triplicate ratio of that 
. which C has to F, and D to G, and befides E to H. 

For let the number C multiplying D make K; but let F multiplying G 
makeL;: and becaufe C, D are in the fame ratio with EF, G; and K is made of 
G 2 ^ CD 


Book VIN. 
——— ih 


Book VIII. 
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C, D, but Lof F, G; thercfore K, L are fimilar plane numbers; therefore (by 
18. 8.) there is one mean proportional number between K, L: let it be M; 
therefore M is made of D, F, as has been demonftrated in the theorem before : 
this; therefore it is as K to M iois M to L: and becaufe D multiplying.C has 
made K, and multiplying F has made M, therefore it is (by 17.7.) as C to F fo 
is K to,4M; but as K to M fo is M toL; therefore K, M, L. are continual 
proportionals in the ratio of C to F: and becaufe it is as C to D fois F 
to G, therefore alternately (by 13. 7.) it is as C. to F fo zs D to G: again, 
becaufe itis as D to E fo is G to H, therefore alternately it is as D to G fo 
is E to H; therefore K, M, L are continual proportionals, and in the ratio of 
C to F, and in that of D to G, and A,30. N,60. O,120.- B,240. 
befides in ¢hat of E to Fi: now let K,6. M,1i2. L,24. 

each of the numbers E, FI multiply- C,2. D,3. E,5. F,4:.G,6. H,10. 
ing M make each of the zumbers N,O; and becaufe A is a folid number, and. 
its fides are C,D,E, therefore E multiplying the wember made of C, D 
has made A; but the number made of C, D is K; therefore E multiplying K. 
has made A. Certainly, for the fame reafon alfo, Fi multiplying L, the 
number made of F, G, has made BB :: and becaufe E. mulriplying K has made 
A, and. multiplying M has made N , therefore it is (by 17.7.) as K to M 
fois AtoN; but as K'toM fois both C to F and D to G, and befides E to H3. 
therefore as C to F, and D to G, and E to H; fois A to N: but as K to M fois 
both:C to F, and D to G, and befides EtoH; therefore as C to F, and D to. 
G, and Eto H, fois AtoN: again, becaufe each of the zumbers E, H.multi- 
plying M has made each of the numbers N, O, therefore it as E to H {ois N. 
to O; but as E to H fo is both C to F and D to G; therefore it is as 
C to F, andas D to G, and as E to H, fo is both A to N and N to O: again, 
becaufe H multiplying M kas made O; but alfo multiplying Li has made B, . 
therefore it is as M to L fo is O to B: but as M to L fo is both C to 
F, and D toG, and E to H; therefore allo as C to F, and D to G, and E to- 
H, fo is not only O to B, but alfo A to N, and N to O. Therefgre IM N,O,B 
are proportionals in the faid.ratios of the fides. 

I fay that alfo A has to B the triplicate ratio of that which the fide of like 
ratio bas to the fide of like ratio; that is, of that which the number C sas 
to F, or D to G, and befides E to H- for becaufe the four numbers A, N, O, B 
are continual proportionals, therefore (by 11. def. 5.) A has to B the tri- 
plicate ratio of tAat which A bas to N; but as A to N fo it has been 
demonftrated that. C is to F, and D:to G, and befides E to H; therefore 


alfo 
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alfo A has to B the triplicate ratio of that which the fide of like ratio Jas Book VIII. 
to the fide of like ratio ; that is, which the number C kas to F, and D to G, — im 
and befides.E to H.. Which was to be demonttrated. 


PROP XX. 


If one mean proportional number fall in between two numbers,. 
the numbers will be fimilar plane numéers.. 


Let one mean proportional the number C fall in between the two num- 

bers A, B: I fay that A, B are fimilar plane numbers, For let D, E be 
-taken (by 35. 7.) the leaft numbers of thofe having the fame ratio with A, C; 
therefore it is as D to E fo is A to C: now as A to C fo is C to B (by fup.); 
therefore D equally meafures A and E, C; now as often as D meafures A, fo. 
many unities lct there be in E: therefore F multiplying D has made A, and 
multiplying E has made C ; fo that A is.a plane number, and the fides of. 
it D, E: again, becaufe D, E. are the leaft of thofe A,8. C,12. B,18. 
having the fame ratio with C, B, therefore D D,2.. E,3. F,4. G,6.. 
equally meafures C and E, B: now as often as E. meafures B, fo many unities.. 
let there be inG; therefore E, meafures B according to the unities in G ; there- 
fore G multiplying E has made B; therefore B is x plane number, and E, G are: 
the fides of it :: therefore A, B are plane numbers: now I fay that they are. 
alfo fimilar. For becaufe each of the numbers F,G multiplying E has 
made each of the numbers C, B, therefore it 1s (by 18. 7.) as F toG fois C 

_to’B; butas.C to B fois D to E; therefore as. D to E fo is F to G; there-- 
fore (by 21. def. 7.) A, B are fimilar plane numbers, for the. fides of them: 
are proportionals: Which was to be demonftrated. 


P ROP., XXI.. 


If two mean proportional numbers fall in betweén two numbers,, 
the numbers are familar folid numbers. 


For let two mean proportional numbers C, D fall in between the two: 
numbers A,B; I fay that A, B are fimilar folid mumbers.. For let the three 
numbers E, F,G be taken, the leaft (by 35. 7.) numbers of thofe having ~ 
the fame ratio with A, C, D; therefore (by 3. 8.) the extremes of them are 
prime to one another : and becaufe one mean proportional the number F has’: 
fallen in between the numbers E, G, therefore (by 20. 8.) E, G are fimilar 

plane: 
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Book Vit. plane numbers: let H, K be the fides of E, and L,M ¢hofe of G; therefore it 
is manifeft from this that E, F, G are continual proportionals, and in the 
ratio of H.to L, and in that of K to M: and becaufe E, F, G are the leaft 

‘of thofe having the fame ratio with A, C, D, therefore by equality (by 14. 
7.) it is as E to G fois Ato D: but E, G are prime; but the prime are the 
leaft (by 25. 7.) ; but the leaft (by 21. 7.) equally meafure thofe having the 
ame ratio with them, the greater the greater, and the lefs the lefs; that is, the 
antecedent the antecedent, and the confequent.the confequent: therefore E | 
equally meafures A and G, D: now A,24. C,72. D,216. B,648. . 
as often as E, meafures A, fo many Fy1. F,3. G,9. 
unities let there be in N: therefore H,1. K,1. N,24. L,3. M,3. O,72.- 
N multiplying E has made A; but E is made of H, K; therefore N 
multiplying the number made of H, K has made A; therefore A is a folid 
number, and the fides of it are H; K, N. Again, becaufe, E, F, G are the 
leaft of thofe having the fame ratio with C, D, B, therefore E equally mea- 
fures C and G, B; but as many times a$ G meafures B, fo many unities let 
there be in O: therefore G meafures B according to the unities in O : there- 
fore O multiplying G has made B; but G is the number made of L,M; 
therefore O multiplying the number made of L, M has made B, and multi- 
plying E has made C; therefore B is a folid number ; certainly its fides are 
L, M, O: therefore A, B are folid numbers. Now I fay that alfo they are 
fimilar; for becaufe N, O multiplying E have made A, C, therefore it is 
(by 1777.) N to O fo is A toC, that is E to F ; but as Eto F {o is H to L, 

= and K to M; thercfore as H to L fois K to M, and N to O; and H, K, N 
are the fides of A; and L, M, O the fides of B: therefore A, B (by a1. 
def. 7.) are fimilar folid zwméers. Which was to be demonftrated. 


PROP. XXII. 


.. If three numbers be continual proportionals, and the firft be 
a {quare, alfo the third will be a fquare. 


Let A, B, C be three numbers continual proportionals; and let.the firft A 
. be a fquare zumber ; Líay that alío the third C is a A,4. B,6. C9 
{quare. 
. For becaufe. there is one mean proportional number B' between A, C, 
therefore (by 20. 8.) A, C are fimilar plane numbers; but A is a {quare, 
therefore C alío is a fquare. Which was to be demonftrated. 


| , PROP. 


OF EUCLID. 47 


PROP. XXIII. | Book VIII. 
If four numbers be continual proportionals, and the firít be a TON 
cube, alío the fourth will be a cube. 


Let A, B, C, D be.four numbers continual. proportionals ; ;. and let. A be 
a cube; I fay alfo that D is a cube. For 
becaufe two mean proportional numbers B, C. A,8. B,12..C,18. D,27. 
are between A, D, therefore A, D are (by 21. 
8.y (imilar folid numbers: but A is a cube ; therefore alfo " is a'cube.. 
Which was to be'demonftrated. . 


PROP XXIV. 
If two numbers have to one another the ratio which a íquare-- 
number Jas to a fquare number, and zf. the firít be a fquare, alfo. 
the fecond- will bea fquare. 


For let the two numbers A, B have to:one another the ratio which the 
Íquare number C has tothe fquare number D; and let A be a fquare; I fay 
alfo that B is afquare. For. becaufe C,D. are fquares, — .A,4.  B,9. 
therefore C, D are (milar plane numbers; therefore (by C,16. D,36. 
18. 8.)'one mean proportional number falls in between C, D; and it is as 
C to-D fo is A to B; therefore alfo (by 8. 8.) one mean proportional num- . 
Ber falls in between A, B ; and A isa quare, therefore alfo (by 22. 8.) B. 
is a fquare,. Which was to be demonfítrated. 


P R O.P. XXV. 


If.two numbers have to one another the ratio which a cube number : 
has to a cube number, and zf the. firft bea cube, alfo.the fecond. 
will bea cube. 


For let the two numbers A,B have to one another the ratio which the 
cube number C has to the cube number D ; and let A be a cube; now.I 
fay that alfo, B.is a cube. For becaufe C, D A,9. E12. F,18.. B,27. 
are cubes, C, D are fimilar folid numbers ; C,64 D,216. 
therefore (by 19. 8.) two mean proportional numbers fall in between C, D:. 

: but : 
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Book VIII. but as many mean proportional numbers as fall in between C, D, fo 
mper many alfo (by 8. 8.) well fali in between thofe having the fame ratio 
with them; fo that alfo two mean proportional numbers fall in between 
A,B: let.E,'F fall in between them; therefore becaufe the four numbers 
A, E, F, B are continual proportionals, and A is a cube, therefore (by 
23. 8.) B is a cube. Which was to be demonítrated. | 


PROP. XXVI. 


Similar plane numbers have the ratio to one another, which a 
{quare number Aas to a {quare number. | 


. Let A, B be fimilar plane numbers; I fay that A has to B the ratio 
which a fquare number das to a fquare number.. For becaufe A, B are 
fimilar plane numbers, (by 18. 8.) one mean pro- A,6. C,12. B,24. 
portional number falls in between A,B; let it Dr. E,2. E,. 
fall; and let it be C ; and (by 35.7.) let D, E, F be taken,- the leat num- 
bers of thofe having the fame ratio with A, C, B ; therefore (by cor. to 2. 8.) 
.the extremes of them D, F are fquares: and becáufe it is as D to F fo is 
A to B, and D, F are fquares, therefore A has to B the fatio which 


a {quare number bas to a f{quare number. Which was to be demonftrated. 


PROP. XXVII. 


Similar folid numbers have the ratio to one another, which a cube 
number as to a cube number. 


Let A, B be fimilar folid numbers; I fay that A has to B the ratio which 
a cube number has to a cube number. For A,16. C,24. D,36. B54. 
becaufe A, B are fimilar folid numbers, E,8. F,12. G,18. H7. 
therefore (by 19. 8.) two mean proportional numbers fall in between A, B; 
let C, D fall in Zetween tbem ; and let E,F,G, H be taken (by 2. 8.), the leaft 
/ . of thofe having the fame ratio with A, C, D, B, equal to them in multi-, 
tude; therefore (by cor. 2. 8.) the extremes of them E, H are cubes; and 
it is as E to H fo is A to B; therefore A has to B the ratio which a cube 
number bas to a cube number. Which was to be demonstrated, 
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PROP I. 


F two fimilar plane numbers multiplying one another make any Book Ix. 
number, the produced number will be a ſquare. —— 


Let A, B be two fimilar plane numbers; and let A multiplying B 
.make C; T fay that C is a fquare. For let the number A multiplying icfelé 
make D, therefore D is a fquare: and becaufe A multiplying itfelf has made 
D, and multiplying B has made C, therefore it is (by 17.7.) as A to B fo 
Is D to C; and becaufe A, B are fimi-- 

lar plane numbers, therefore (by 18.8.) A,6..B,54. D,36. C,324. 
one mean proportional number will fall 

in between A, B: but if numbers in continual proportion fall in indi 
two numbers, as many as fall in between them, fo many alfo between thofe 
having the fame ratio (by 8. 8.); fo that alfo one mean proportional number 
falls in between C, D ; and D is a fquare; therefore (by 22. 8.) C 1s a fquare. 


Which was to be demonftrated. 
| u PROP. 


Book IX. 
— — 
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P ROP. II. 


‘If two numbers multiplying. one another make a fquare, they are 
fimilar plane numéers. 


For let two numbers A, B multiplying one another make the {quare C. 
I fay that A, B are fimilar plane numbers. For let the number A multi- 
plying itfelf make D; therefore D is a fquare: and becaufe A, 3. B,12. 
A multiplying itfelf has made D, and multiplying B has — D,9. C,56. 
made C, therefore it is as A to B (17. 7.) fo is D to C: and becaufe D is 
a fquare, and alfo C, therefore D, C are fimilar_plane numbers; wherefore 
(by 18. 8.) one mean proportional number falls in between D, C; and it is 
as D to C fo is A to B ; therefore (by 8. 8.) one mean proportional falls 
in between A, B: but (by 20. 8.) if one mean proportional falls in between two 
numbers, they are fimilar plane numbers ; therefore A, B are fimilar plane 
numbers. Which was to be demonitrated. 


PROP. It. 


If a cube number multiplying itífelf make any number, the number 


produced will be a cube number. 


For let the cube number A multiplying itfelf make B; I fay that B isa 
cube. For let C the fide of A be taken, and let C multiplying itfelf make D: 
now itis manifeft (by def. 19. 7.) that C multiplying D has made A: and. 
becaufe C multiplying itfelf has made D, therefore C meafures D according 
to the unities that are in it; but alío the unity meafures.C according to the 


unities that are in it; therefore it is as unity is to C, fo is (by 20. def. 7.) 


C to D: again, becaufe C multiplying D has made A, therefore D mea- 
fures A according to the unities that are in C; but the unity alfo meafures 
C according to the unities in it; therefore it is as unity is to C fois D to 
A ; but as unity is toC fois C to D; therefore alfo as unity is to C fo is 
C to D, and D to A; therefore two mean proportional numbers C, D have 


fallen in between unity and the number A» again, becaufe A,8. 

A multiplying itfelf has made B, therefore A meafures B by D,4 

the unities in it; and alfo the unity meafures A according to C,2. 
(em a4 KM —— . Bj64. 

the unities in it; therefore it is as unity is to A fo is A to I. 


B: but alfo two mean proportional numbers have fallen in between the unity 
f and 
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and the number À.; therefore (by 8. 8.) two mean proportional numbers alfo Book IX. 

have fallen in between A, B ; but if two mean proportionals fall in between 

two numbers, and if the firft be a cube (by 23. 8.) alfo the fourth will be 

a cube; and A is a cube; therefore alfo B is a cube. Which was to be de- 
monftrated. 


| PROP. IV. 
If a cube number multiplying a cube number make any number, 
the number produced will be a cube. 


For let the cube number A multiplying the cube number B makeC; I 
fay that C is acube. For let A multiplying itfelf make — A,8. B7. 
D; therefore (by 3. 9.) D isa cube: and becaufe A mul-  D,64. C,216. 
tiplying itfelf has made D, and multiplying B has made C, therefore it 1s 
(by 17. 7.) as A to B fo is D to C; and becaufe A, B are cubes, they 
are fimilar folids; therefore (by 19. 8.) two mean proportional numbers fall 
in between A, B; fo that-alfo two mean proportional numbers will fall in 
between D, C ; and D isa cube; therefore C is a cube (by 23. 8.) Which 
was to be.demonftrated. 


PROBA V. 
If a cube number multiplying any number make a cube, alfo 
the multiplied number will be a cube. 


For let the cube A, — any number B, make the cube C ; I fay 
that Bis acube. For let A multiplying itfelf make D; therefore (by 3. 9.) D is 
a cube: and becaufe A multiplying itfelf has made D, and A,8. B,27. ' 
multiplying B has made C, therefore it is (by 17. 7.) as D,64. C,216. 
A to B fo is D toC; and becaufe D, C are cubes, they are fimilar folid 
numbers ; therefore (by 19. 8.) two mean proportional numbers fall in be- 
tween D, C; and it is as D to C, fo is A to B; therefore, alío (by 8. 8.) two 
mean proportional numbers fall in detween A,B; and A is a cube; there- 


- fore (by 23.8.) B is alfo a cube. Which was to be demonftrated. 


P R O P. VI. 
If a number multiplying itfelf make a cube, alfo itfelf will be a 


cube. i v 
H 2 l'or 


Book IX. 
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For let the number A multiplying itfelf make the cube B ; I fay alfo that 
A is a cube. For let A multiplying B make C ; therefore becaufe A mul- 
tiplyine itfelf has made B, and multiplying B has 
made C, therefore (by 19. def. 7.) C is a cube: A,8. B,64. C,512.. 
and becaufe A multiplying itfelf has made B, and 
multiplying B has made C, therefore it is (by 17. 7.) as A to B, fo is B to 
C; and becaufe B, C are cubes, they are fimilar folid numbers ; therefore 
(by 19. 8.) there are two mean proportional numbers between B, C: anck it 
is as B to C, {fo is A to B; therefore alfo (by 8. 8.) there are two mean 
proportional numbers between A, B; and B is a cube; therefore alfo (by 
23. 8.) A is a cube.. -Which was to be demonftrated. 


P ROP. VII 


If a compofite number multiplying fome number make any num- 
ber, the number produced. will be a folid. xumber. 


— 


For let the compofite number A multiplying any number B make the 
number C ; I fay that C is a folid number. For becaufe A_is a compofite 
number, it will be meafured by fome number (by 15. def. 7.): let it be 
meafured by D ; and as often as D meafures A, fo A,6. B,7. C,42.. 
many unities let there be in E: therefore E multi- 0D,3. E,2. 
plying D. has made A; and becaufe A multiplying B' has made C ; but A 
is the number made of D, E; therefore the number made of D, E multi- 
plying B has made C; therefore B multiplying the number made of D, E (by 
16. 7.) has made C ; therefore (by 17. def. 7.) C-is a folid number, and. 
the fides of it are D; E, B. Which was to be demonftrated. 


igs PROP. VIII. a 


If from unity there be numbers how many foever continual. pro-- 
portionals, the third. from unity is a fquare, and all the numbers, 
intermmitting one; but the fourth a cube, and all the numbers in- 
termitting two.; but the feventh a cube, and at: the fame time a 
{quare, and all the numbers intermitting five. 


Let there be numbers A, B, C, D, E, F how many {oever continual pro- 
portionals from unity : 1 fay that B. the third. from. unity 1s: a. fquare, and 
| all. 
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all the numbers intermitting one; but the fourth C a cube, and all the numbers Book IX. 
intermitting two; but the feventh F a cube, and at the fame time a fquare, T 
and all the numbers intermitting five. Yor becaufe it is as unity to A fo is 
A to B, therefore (by 20. def. 7.) unity equally meafures the number A, 
and A,B; but the unity meafures A according to the unities in it; there- 
fore A meafures B according | 
to the unities in it; there- 1.A,3, B,g. C,27. D381. E,243. F,729.. 
fore A multiplying itfelf has 

made B; therefore B is a f{quare: and becaufe B,C,.D are continual pro-- 
portionals, and B is a fquare, therefore (by 22. 8.) alfo D isa fquare; cer- 
tainly, for the fame reafon, alfo F is a fquare. Now in like manner we fhall 
demonftrate that the numbers are fquares, intermitting one. Now I fay alfo- 
that C the fourth from unity is a cube, and’ all the zumbers intermitting. 
two; for becaufe it is as unity is to A fo is B to C, therefore unity equally 
raeafures the number A and B,.C; but unity meafures the number A accord- 
ing.to the unities in A; therefore B meafures C according to the unities in- 
A: therefore A multiplying B has made C; for becaufe A multiplying. 
itfelf has made B, and multiplying B has made C, therefore C 1s a cube:. 
and becaufe C, D, E, F are continual proportionals, and C a cube, there- 
fore (by 23. 8.) F alfo is a cube; but it has alfo been demonítrated /o 2e a 
{quare; therefore F, the feventh from the unity is a cube, and alfo a fquare.. 
Certainly, in like manner, we fhall demonftrate that the numbers are all both: 
cubes and fquares, intermitting five. Which.was to be demonftrated. 


PROP. IX. 

If there be numbers how many foever continua! proportionals- 
from unity, and if the umber after unity be a. íquare, alfo all the 
reft will be fquares; and if the number after unity be a cube, alfo- 
all the reft will be cubes. 


Lt there be numbers how many foever A, B, C, D, E, F continual propor- 
tionals from unity; and let A the number after unity be a fquare; I fay” 
that alfo all the reft will be fquares. It has been demontftrated (8. 9.) that 
B the third from unity is a fquare, and all the numbers intermitting one; 
I fay that alfo all the 
reft are fquares : for be- 1:A,4. B,16. C,64. Dj256. E;1024. F,4096. 
caufe A, B, C are con- 
tinual proportionals, and A is a fquare, therefore' alfo (by 22..8.) C isa 

{quare: 
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Book IX. fquare: again, becaufe B, C, D are continual proportionals, and B is a 
——— ſquare, therefore alſo (by 22.8.) Dis a fquare: certainly, 1n like manner, 
we fhall demonftrate that all the reft are íquares. 

But let A be a cube; I fay that all the reft are cubes. It has been 
demonftrated (8. 9.) that the fourth C from unity is a cube, and all inter- 
mitting two: now I fay that alfo all the reft are cubes. For becaufe it 
is as unity is to A, fo is A to B; therefore unity-equally meafures A, and 
A,B; but unity ! | 
meafures A ac- 1.A,8. B,64. C.512. D,4096. E,32768. F262144. 
cording to the | | 
unities in it; therefore alío A.meafures B according to the unities in 1t ; 
therefore A multiplying itfelf has made B; and A is a cube: but if a 
cube number multiplying itfelf make any number, the number produced 
(by' 3. 9.) is a cube; therefore B is a cube; and becaufe the four numbers 
A, B, C, D are continual proportionals, and A is a cube, therefore (by 25. 
8.) alfo D is a cube. Certainly for the fame reafon alfo E 1s a cube; and 
in like manner all the reft are cubes. Which -was to be demonftrated. 


i PROP. X. 


If there be numbers how many foever continual proportionals 
from unity, and the number after unity be not a f{quare, neither 
will any other be a fquare, except the third from unity, and all 
intermitting one; and if the number after unity, be not a cube, 
neither will any other be a cube, except the fourth from unity, and 
all intermitting two. 


Let the numbers A, B, C, D, E, F be continual proportionals from unity, 

but let A the zumer after unity be not a fquare; I fay that neither will any 

. other be a fquare, except the third from unity, and aX intermitting- one. 
For, if it be poffible, let C be a quare; but (by 8. 9.) B is a fquare; there- 
fore B, C have to one another the ratio which a fquare number has to a 
fquare number; and it is as B to C, fo is A to D; therefore A, B have to 
one another the ratio which a fquare number bas to a fquare number; fo 
that A, B (by 21. def. 7.) are fimilar plane numbers; and B is a fquare; 
therefore alfo A is a fquare, which is not fuppofed; therefore C is not a 

- (quare. 
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Íquare. Certainly in like man- 

ner we fhall demonítrate that nei- I.À,2. B,4. C,8. D,16. E,32. EF,64. 
ther is any other a /guzre, except 

the third from unity, and 2// intermittiny one. Now let A not be a cube; 
then I fay that neither will any other be a cube, except the fourth from 
unity, and a// intermitting two : for if it 1s poffible, let D be a cube; but 
alfo C 1s a cube, for it 1s the fourth from unity ; and it is as C to D 
fo i$ B to C j therefore alío B has to C the ratio which a cube number bas to 
_acube number; therefore (by 21. def. 7.) B,C are fimilar folid numbers ; 
and C is a. cube, therefore B is a cube: and becaufe it is as unity is to 
A, fois A to B and the unity meafures A according to the unities in it, 
therefore (by 20. def. 7.) alío A meafures B according to the unities in it; 
therefore alfo A multiplying itfelf has made the cube B ; but if a number 
multiplying itfelf make a cube, it will (by 6. 9.) be a cube; therefore alfo 
A is a cube; which is not fuppofed ; therefore D is not a cube. Certainly 
in like manner we fhall demonftrate that neither is any other a cube, except 
the fourth from unity, and a// intermitting two. Which was to be de- 
monftrated. 


PROP. XI. 
If there be numbers how many foever continual proportionals 
from unity, the lefs meafures the greater by fome of the numbers 
being in the proportional numbers. 


Let there be numbers B, C, D, E how many foever in continual propor- 


Book IX. 
— 


tion from unity A; I fay that of B, C, D, E the leffer B meafures the greater . 


E by fome of the zumbers C,D. For becaufe it is as the unity A is to B, 
fo is D to E; therefore the unity A equally | 

meafures the number B and D, E ; there- A, 1. B,5. C,9. D,27. E581. 
fore alternately (by 15.7.) unity A equally | 
meafures the number D and B, E ; but the unity A meafures D according 
to the unities in D ; therefore allo B meafuüres E by the unities in it, D; fo 
that B the lefs meafures E the greater by fome of the numbers being in the 
proportional numbers, Which was to be demonftrated. 
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P R O P. XII. 


If there be numbers how many ‘foever continual proportionals 
from unity ; by how many prime numbers the laft is meafured, by 
the farne alfo the zumber next to unity will be meafured. 


Let A, B, C, D be numbers how many foever in continual proportion 
from unity ; I fay that by how many prime numbers D is meafured, by the 
fame numbers alfo will A be meafured. For let D be meafured by any 
prime number E, I fay that alfo E meafures A: for let E not meafure A, and 
E is prime; but (by 31. 7.) every.prime number is prime to every number 
which it does not.meafure ; therefore E, A are prime to one another: and 
becaufe E, meafures D, let it meafure it according to the unities in F; there- 
{fore E. multiplying F has made D : again, becaufe A meafures D (by 11. 
9-) according to the unities in C, therefore A multiplying C has made D; 
but E multiplying F has made D; therefore the number made by A, C 1s 
equal to the number made by E,F, therefore it is (by'19. 7.) as A to E fo 
is F to C: but A, E are prime numbers; but prime numbers are (by 23.7.) | 
the leaft; but the leaft equally meafure thofe having the fame ratio (by 21.7.), 
the antecedent the antecedent, and the confequent the confequent; there- 
fore E meafures C ; let it meafure it by G; therefore E multiplying G has 
made C: but by what is before this, alfo A multiplying B has made C ; 
therefore the number made by A, B is equal zo that made by €, G; therefore it is 
as A to E {fo isG to B; but A, E are prime numbers, and prime are alfo the 
leaft, and the'leaít meafure equally thofe having the fame ratio with them, the 
antecedent the.antecedent, and the confequent the confequent; therefore F. 
meafures B; let it meafure it by H; therefore E multiplying H has made B; 
but alfo A multiplying itfelf has made B ; 1.4,4. B,16. C,64. D,2«6. 
therefore the number made bv H,E is I2. H,8. G,32. F,128. 
equal to the /guare of À; therefore it is, as E to A fozs A to H : but A, E are 
prime, and prime are the leaft, and the leaft meafure equally thofe having the 
fame ratio with them, the greater the greater, and the lefs the lefs; that is, the 
antecedent the antecedent, and the confequent the confequent; therefore 
alfo E. meafures A : but alfo it does not meafure it, which is impoffible; 
therefore A, E. are not prime to one another ; therefore they are compofite: 
but compof(ite zzz ers are (by 11. def. 7.) meafured by fome prime num- 
ber; therefore A, E are meafured by fome prime number ; and becaufe E 
js fuppofed prime, and a prime number is not meafured by any other 
Y number 
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number befides itfelf; therefore E. meafures the zumbers A, E.; io that alfo 
E. meafures A : but it alfo meafures D; therefore E; meafures the zumbers 
A,D. Certainly in like manner we fhall demonftrate, that by how many 
prime numbers foever D is meafured, alfo A will be meafured by the fame. 
Which was to be demonttrated. 


PROP. XIII. 


If there be numbers how many foever continual proportionals 
from unity, and that be a prime number «ch. zs after unity, the 
greateft number will be meafured by no other except thofe being 
among the proportional numbers. | 


Let A, B, C, D be numbers how many foever continua] proportionals from 
unity ; and let A after unity be a prime number: I fay that the greateft of 
them, D, will be meafured by no other number except A, B, C. For if it 


Book IX. 
— — 


be poſſible, let it be meaſured by E, and let E be the ſame with none of the 


numbers A, B, C; now it is manifeſt that E is not prime: for if E be prime, 
and meafure D, it will (by 12. 9.) meafure A being a prime number, not 
being the fame with it; which is impoffible; therefore E is not prime, there- 
fore compofite: but (by 33. 7.) every compofite number is meafured by 
fome prime number; now I fay that it will be meafured by no other prime 
number but A; for if E; is meafured by another, and E meafure D, there- 
fore alfo that number will meafure D; fo that alfo it will meafure A being 
prime (by 12. 9.), not being the fame with it, which is impoffible; there- 
fore A meafures E: and becaufe E meafures D, let it meafure it by F; I 
fay that F is the fame with none of the numbers A,B,C; for if F be the 
fame with one of the zumbers A, B, C, and meafures D by E, therefore alfo 
one of the numbers A, B, C meafures D by E; but (by 11. 9.) one of 
the numbers A, B,C meafures D by fome of the numbers A, B, C ; 
therefore E; is the fame with one of the 1.A,5. B,25. C,125. D,625. 
numbers A,B,C; which is not fuppofed ; E--- H---- G--- F---- 
therefore F is not the fame with one of the numbers A, B, C. Certainly we 
fhall demonftrate, in like manner, that F is meafured by A, fhewing again 
that F is. not prime: for if it is prime, and meafures D, it will alfo mea- 
fure A being prime, not being the fame with it, which is impoffible; there- 
fore F is not prime, therefore compofite ; therefore (by 33. 7.) it 1s mea- 
fured by fome prime number: now I fay that it will not be meafured by any 
I prime 
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Book 1X. prime number but A; for if any other prime number meafure F, and F mea- 
fures D, therefore that number will meafure D ; fo that alfo (by 12. 9.) it 
will meafure A being prime, not being the fame with it, which is impof- 
fible ; therefore A meafures F : and becaufe E. meafures D by F, therefore 
E multiplying F has made D; but alfo A multiplying C has (by hyp.) made 
D ; therefore the number made by A, C 1s equal to that made by E,F; 
therefore there is this proportion (by 19. 7.), as A to E fozs F toC; but A 
meafures E, therefore (by 20. def. 7.) F meafures C : let it meafure it by 
G : certainly, in the fame manner, we fhall demonftrate that G is the fame 
with none of the numbers A, B, and that it is meafured by A; and becaufe 
F meafures C by G, therefore F multiplying G has made C ; but A multi- 
plying B has made C ; therefore the number made by A,B is equal to zhat 
made by F,G; therefore there ts this proportion, as A to F fo is G to B; 
but A meafures F, therefore alfo G meafures B: let it-meafure it by H: 
certainly, in the fame manner, we fhall demonftrate, that H is not the fame 
with A; and becaufe G meafures B by H, therefore G multiplying H has 
made B ; but alfo A multiplying itfelf has made B; therefore the number 
madé by H;G is equal to the fquare of A; therefore it is as FI to A fo is 
A toG: but A meafures G; therefore H meafures A being prime; not 
being the fame with it; which is abfurd : ‘therefore the greateft number D 
will not be meafured by any other number ert A, B,C. Which was to 
be demonfítrated. 


PROP. XIV. 


If it be'the leaft number which can be meafured by prime num- 
bers, it will be meafured by no other prime number except thofe 
meafuring it at firft. 


For let A be the leaft number which can be meafured by the prime num- 

bers B,C, D; I fay that A will be meafured by no other prime number 

" - except B, C, D. For if it be poffible, let it be meafured by the prime 
number E, and let E. be the fame with none of the À,30. 

uumbers B, C. D; and becaufe E; meafures A, let it B,2. C,5. D... 
p it by F; therefore E multiplying F has made E-- F--- | 

A; and A is meafured by the prime numbers B, C, D ; but (by 32. 7.) 

if two numbers — — one another make any number, and ſome prime 

number 
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number meafure the number produced by thein, it will alfo rneafure one Book IX. 
of the firft numbers; therefore B, C, D will meafure one of the numbers f 
E, F: but they will not meafure E, for E is prime, and is the fame with 
none of the numbers B,C, D; therefore they will meafure F, being lefs 
than A; which is impoffible; for A is fuppofed the leaft number meafured 
by B, C D; therefore a prime number will not meafure A, except B; C, D. 
Which was to be demonítrated. 


P RO P. XV. 
If three numbers, the leaft of thofe having the fame ratio with 
them, be continual proportionals, any two taken together are prime 
to the remaining one. 


Let A, B, C be three numbers, the leaft of thofe having the fame ratio 
with them, continual proportionals; I fay that A,B, any two of them. 
taken together, are prime to C the remaining ove, and B,C to A, and 
befides A, C to B. For let two numbers DE, EF be taken the leaft of 
thofe having the fame ratio with A, B, C ; but it is manifeft (by 2. 8.) that 
DE, multiplying itfelf, has made A, and multiplying EF, has made B ; 
and befides that EF, multiplying itfelf,. has made C: and becaute DE, EF 
are the leaft, (by 24. 7.) they are prime to one another; but if two num- 
bers be prime to one another, alfo (by 30. 7.) both together is prime to 
each; therefore alfo DF is prime to each of the xumbers DE, EF: but 
alfo DE is prime to EF; therefore DF, DE, are prime to EF ; and there- 
fore (by 26. 7.) the number made of FD, DE is prime to EF: but if 
two numbers be prime to one another (by 27. 7.) the /quare produced 
of one of them is prime to the remaining number; fo that the number 
made by DF, DE is alfo prime to the /guare of EF; but (by 3. 2.) 
the number made by: FD, DE 1s that which is made of the fquare of 
DE, with the number made by DE,EF; therefore the /guare of DE, 
with the number made by DE, EF is prime to A,g. B,12. C,16. 
the fquare of EF: but A is the fquare of DE; D...E....F 
and B is the zumhér made by DE, EF; and C is the fquare of EF; 
therefore A, B taken both’ together are prime to C. Certainly, in the 
fame manner, we fhall demonftrate alfo that B,C are prime to A. Now 
I fay that:A, C are prime to B: for becaufe (by 30.7.) DF is prime to. 
cach of the numbers DE, EF, fo that alfo (by 26. and 27.7.) the {quare of 
I 2 "DF 
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DF is prime to the number made by DE, EF ; but (by 4. 2.) the fquares 
of DE, EF, together with the number made by DE, EF taken twice, are 
equal to the fquare of DF ; and therefore the {quares of DE, EF, together 
with the number made by DE, EF taken twice, are prime to the number made 
by.DE, EF; therefore by dividing (by 30. 7.), the /quares of DE, EF, with 
the number made by DE, EF taken once, are prime to the number made by 
DE, EF; and therefore again by dividing (by 30. 7.), the /quares of DE, 
EF are prime to the zumber made by DE, EF: alfo A is the fquare of- DE ; 
but B is the number made by DE, EF; and C is the fquare of EF; there- 
fore A, C taken both together are prime to B. Which was to be demon- 
ftrated. 


PROP. XVI. 


‘If two numbérs be’ prime to one another, it will not be as the 
firft to the fecond fo is the fecond to any other. 


For let the numbers A, B be prime to one another; I fay that it is not as 
A to B fo is B to any other number. For if it be poffible, let it be as A 
to B fo is B to C: but A, B are prime, and the 
prime (by 23.7.) are the leaft; but the leaft (by A,s5. B,8. C---- 
21. 7.) meafure equally thofe having the fame ratio 
with them,, the antecedents the antecedents, and the confequents the con-. 
fequents ; therefore A meafures B, as antecedent antecedent; but it alfo. 
meafures itfelf; therefore A meafures A,B being prime to one another ; 
which is abfurd:. therefore it is not as A to B fo js Bto C. Which was. 
to be demonftrated.. | 


PROP. XVII. 


. If there be numbers how many foever continual proportionals, 
2 if the extremes of them be prime to one another, it’ will not’ 
be as the firft to the fecond fo is the laft to any other sumber. 


Let A, B,.C, D. be- numbers how many foever continual’ proportionals ;- 
and let A, D the extremes of them be prime to one another; I fay that it’ 
is not as A to B fo is D tosany other aumber. For if it be poffible, let: 
it be as A to B fozs D toE; therefore alternately as A to D fo is B to 
E; but A, D are prime; but the prime sumbers (by 23. 7.) are the leaft ;: 

7 but: 
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but the leat (by 21. 7.) meafure Book IX. 
equally thofe having the fame ratio with A,8. B,12. C;18. D,27. E---- 
them, the antecedent the antecedent, 

and the confequent the confequent ; therefore A meafures B, and it 
is as A to B fo isBto C; therefore B alfo meafures C ; fo that alfo A 
meafures C: and becaufe it is as B to C fo 1s C to D, and B meafures 
C, therefore allo C meafures D ; but A meafures C, fo that alfo A mea- 
fures D; but it alfo meafures itfelf; therefore A meafures A,D being. 
prime to one another, which is impoffible; therefore it will not be as A 
to B fo i; D to. any other number. Which was to be demonftrated. 


PROP. XVIII. 


Two numbers. being given, to inquire if it be poffible to find: 
a third proportional to them.. 


Let A, B be the two given numbers, and it will be neceffary to inquire: 
if it be poffible to find a third proportional to them. Now A, B are either 
prime to one another,. or not: if they are prime to one ano- 
ther, it has been fhewn (16. 9,) that it is impoffible to-find A54. B,7.. 
a:third proportional to them. 

But let A, B not be prime to one another; and let B multiplying itfelf 
make C. Now A. either meafures C, or does not meafure it: let it firft mea-- 
fure it by D'; therefore A multiplying D'has ` 
made C; but B multiplying itfelf has made C; A,4.- B,6. D,9.. C,36.- 
therefore the number made by'A, D is equal to the 
fquare of' B;: therefore (by 20. 7.) itis as A to B fo js B to D; therefore“ 
a third proportional number is found to A,B; the number D. 

But now let A not meafure C;. I: fay that it is impoffible to find a-third! 
proportional number to A, B : for if it be pof- 
fible, let D be found; therefore.the »umer made: A,6.. B,4.. D--- C,16.- 
by A, D is equal to the fquare of B; but the » 
Íquare of B is C, therefore the number made of A,.D is equal to C ; fo: 
that A multiplying D has made-C; therefore A: meafures C by D ;: but: 
1t 1s alfo fuppofed. not meafuring:it, which:is abfurd ; therefore it is not: 
poffible to find a third proportional number to A, B, when A does. not: 
meafure C.. Which was to be demonttrated. . 

PROP.. 
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P RO P. XIX. 


Three numbers being given, to inquire if it be poffible to find a 
fourth proportional to them. 


Let A, B, C be the three given numbers; and let it be neceffary to in- | 
quire if it be poffible to find a fourth proportional to them. Now A, B,C 
are either continual proportionals, and their extremes A, C are prime to one 
another; or they are not continual proportionals, and their extremes are prime 
to one another; or they are continual proportionals, but the extremes of them 
are not prime to one another; or they are neither continual proportionals, 
nor are their extremes prime to one another. If then 
A, B, C are continual proportionals, and the ex- A,4. B,6. Cg. 
tremes of thein are prime to one another, it has been 
demonftrated (17. 9.) that it.is impoffible to find a fourth proportional num- 
ber to them. If they are not continual proportionals, and the extremes are 
primes; I fsy that it is impoffible to find: a fourth -proportional : for if not, 
let it be found, and let it be D ; therefore as A is to B. fo is C to D; and 
as B to C {ois Dto E; therefore by equality (by 14. 7.) as A to C fo is 
C to E: but Æ, C are prime; but prime (by 
23.7.) are the leaft, and the leaft (by 21. 7.) A,4. B,6. C,5. D--- E-- 
meafure equally thofe having the fame ratio ( i 
with them, the antecedent the antecedent, and the confequent the confe- 
quent; therefore A meafures C, the antecedent the antecedent: but it alfo mea- 
fures itfelf ; therefore A meafures A,C being prime to one another, which is 
impoffible; therefore it is impoffible to find a fourth proportional to A, B, C. 
Again, let A, B, C be continual proportionals, and A, C the extremes not 
prime; I fay that it is poffible to find a fourth proportional. For let B mul- 
tiplying C makc D, certainly A either meafures D, or does not meafure it: 
let it meafure it firft by E; therefore 
A multiplying E has made D; but A,8. B,12. — E,27. D,216. 
alfo B multiplying C has made D; 
therefore the number made by A, E is equal to that ind) by B, C; therefore 
(by 19. 7.) there is this proportion, as A to B fo is C to E; therefore E a- 
fourth proportional to A,B,C is found. But now let A not meafure D ; ] 
fay that it is impoffible to find a fourth proportional number to A, B, C: UN 
if it be poffible, let E. be found; therefore (by rg. 7.) the zumer made by 
A, E is equal to the number made by B,C; but the number made by D, C 
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is D; therefore alfo the number made. | | Book IX. 
by A, E is equal to D: therefore A. A,20. B,30. C,45. E--- D,1350. ““~=— 
multiplying E has made D ; there- . 

fore A meafures D by E; fo that A meafures D: but alfo it does not mea- 

fure it; which is abfurd: therefore it is not poffible to find a fourth -pro- 
portional number to A, B, C, when A does not meafure D. But let A, B,C 

be neither continual proportionals ; nor let the extremes A, C be prime ; 

and let B multiplying C make D: in A,3. B,4. C,9. E,12. D,36. 

like manner we fhall demonftrate, if A A,4. B,;c. C,;14. E--- D;7o. 

meafure D, that it is poffible to find a fourth proportional; but if it do not 

meafure it, that ;7 ;s impoffible. Which was to be demonítrated. 


P R O P. XX. 


There are more prime numbers than any propofed multitude of 
prime numbers. 


Let A, B, C be the propofed prime numbers ; I fay that there are more 
prime numbers than A, B, C. For let the leaft number (by 38. 7.) mea- 
fured by A, B, C be taken; and let it be DE; and let unity DF be added 
to DE; certainly EF is prime, or not: firft let it be A,2. B,3. Cs. 
prime; therefore prime numbers A, B, C, EF are E——D. F. 
found more in number than A, B, C. 

But now let.EF not be prime; therefore it is meafured by fome prime 
number (by 33. 7.) ; let it be meafured by the prime number G; I fay that 
G is the fame with neither of the numbers A, B, C : for if G be the fame 
with one of the numbers A, B, C, the numbers A,B,C A,2. B3. C7. 
meafure DE; therefore alfo G will meafure DE; and G,53. E D. F. 
it allo meafures EF ; and therefore G, being a number, will meafure the 
remainder, the unity DF; which is abfurd: therefore G is not the fame 
with one of the numbers A,B,C; and it is fuppofed prime; therefore prime 
numbers: A, B, C, G have been found-more than the propofed multitude. 
A,B,C. Which was to be demonttrated. 





PROP. XXI. 


If even ‘numbers how many foever be put together, the whole 


!s án even number. 
For 


Book IX. 
(v * ther; I fay that that the whole AE is an even 
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For let the even nanba AB, BC, CD, DE how many {oever be added toge- 


number. For becaufe each of the numbers , &.... B...... C.. D........ E 


AB, BC, CD, DE is an even number, it has 
a half part (by 6. def. 7.); fo that alfo the whole AE hasa half part; but 
that divided in halves is an even number; therefore AE. is an even number, 


Which was to be demonftrated. 


| LP ROP. XXI. 
If odd numbers how many foever be put together, and if the 


multitude of them be even, the whole zumder will be even. 


For let the odd numbers AB, BC, CD, DE how many foever, even as to 
multitude, be added together; I fay that 


"^ the whole AE is even. For becaufe each of . A...B.....C....... Ty src E 


the numbers AB, BC, CD, DE ts odd, unity 
being taken away from each, therefore each of the remaining numbers will 
be even; fo that alfo. (by 21. 9.) the number compofed of them will be 


even ; alfo the multitude of unities (by hyp.) is even; therefore alfo (by 


21.9.) the whole AE is even, Which was to be demonftrated, 


$ + 


PROP. XXIII. 


If odd numbers how many foever be put together, and if the 
multitude of them be odd, alfo the whole will be an odd number. 


For let the odd numbers AB, BC, CD how many foever be added toge- 


ther, of which let the multitude be odd ; I fay 


that the whole AD is odd. For let unity DE Botella uineis D 


be taken away from CD; therefore the remain- 


der CE is even: but (by 22. 9.) alfo AC is even; therefore (by 21. 9.) the 


whole AE iseven; and DE is unity ; . therefore (by 7. def. 7.) AD is odd. 


Which was to be demonftrated. 


š PROP. 
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PROP. XXIV. —9— 
If an even number be taken from an even number, alfo the re- 
mainder will be even. 


For Jet the even number BC be taken away from the even number AB; 
I fay that the remainder AC is even. For becaufe AB is 
even, it has a half part ; certainly, for the fame reafon alfo, BC —— A......C....B 
has a half part; fo that alfo the remainder AC has a half 
part; therefore AC is even. Which was to be demonftrated. 


PROP. XXV. 
If an odd-number be taken from an even number, alfo the re- 
mainder will be odd. 


For let the odd number BC be taken from the even AB; I fay that CA 
the remainder is odd. For let unity CD be taken from 
BC; therefore (by 7. def. 7.) DB is even: and alfo —— A.......C.D....B 
AB is even; therefore the remainder (by 24. 9.) AD 
Is even: and CD is unity ; therefore CA is odd. Which was to be de- 
monftrated. 


P R O P. XXVI. 
If an odd number be taken from an odd number, alfo the remain- 
der will be even. 


For let the odd number BC be taken from the odd number AB; I oa that 
the remainder CA iseven. For becaufe AB is odd, let 4 
unity DB be taken away ; therefore the remainder AD is A....C......D.B 
even: certainly, for the fame reafon alfo, CD is even; . 


fo that alfo (by 24 9.) the remainder AC is even. Which was to be demon- 


firated. - 
P R O P. XXVH. 


If an eyen number be taken from an odd number, the remainder 
wilk be odd. 
K Let 


Book IX. 


peak IX. 
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Let the even number BC: be taken from the odd number AB; I fay that 
the remainder CA is odd: for let unity AD be taken away; 


therefore DB is even: and BC alfo is even; therefore (by — A.D....C....B 


24, 9.) the remainder CD is even : and alfo DA is unity ; 


. therefore by 7. def. 7.) CA is odd. Which was to be demonftrated. 


P R O.P. XXVIII. 
If an odd number multiplying an even number make any number, 


the number produced will be even. 


For let the odd — A, multiplying the even number B, make the num- . 
ber C; Ifay that C is even: for becaufe A multiplying B A... B.... 


' has made C, therefore C is compounded of fo many num- Lourdes itii 


bers equal to B as there are unities in A; and B is even; therefore C is 
compounded of even numbers: but if even numbers how many foever 
be put together, (by 21. 9.) the whole is an even number > therefore C is 
an even number. Which was to be demonftrated. Jj 


P R O P. XXIX. 


If an odd number multiplying an odd number make any number, 


the number produced will be odd. 


For let the odd number A, multiplying the odd number B, make the 
number C; I fay that C is odd: for becaufe A, multiplying A... B..... 
B has made C, therefore C is compounded of fo many , C.............. x 
numbers equal to B, as there are unities in A; and each of the numbers 
A, B is odd; therefore C is compounded of odd numbers; the multitude 
of which is odd: but the number compounded of odd numbers, of which the 
multitude 1s odd, (by.23. 9.) 1s odd; fo that C i Is odd; Which was to be 
demonftrated. 


PROP. XXX. 
If an odd number meafure an even number, it will alío mea- 
fure the half of it. | 


For 


4 
i 
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For let the odd number A meafure the even number B ; I fay that alfo it 


will meafure the half of it: for becaufe A meafures B, let it meafure it by 
C; I fay that C is not odd: for, if poffible, letitbe; Ar.  B............ 
and becaufe A meafures B by C, therefore A multiply- ore 


ing C has made B ; therefore B is compounded of odd numbers, of which 
the multitude is odd ; therefore (by 25. 9.) B is odd; which is abfurd, for 
it is fuppofed even: therefore C is not odd ; therefore C is even: fo that 
A meafures B evenly.: certainly, for this reafon alfo, it will meafure the half 
of it. Which was to be demonttrated. 


PROP. XXXI. 


If an odd number be prime to any number, it will alfo be prime 
to the double of it. | | 


For let the odd number A be prime to any number B; and let the 
double of B be C; I fay that A is prime to C: for if A, C Pisce Boss 
are not prime, fome number will meafure them; let it mea- — 
fure tbem, and let it be D; and A is odd; therefore alío D---- 
(by 22. 9.) D is odd: and becaufe D being odd meafures C, and C is even, 
therefore alfo D will meafure the half of C; but B is the half of C, there- 
fore D meafures B ; but it alfo meafures A ; therefore D meafures A, B be- 
ing prime to one another; which is impoffible; therefore A is not to C not 
prime; therefore A, C are prime to one another. Which was to be demon- 
{trated. 


P RO P. XXXII. 


Each of the numbers doubled from two are evenly even only. 


For let numbers how many foever B, C, D be doubled from two, the 
number À; I fay that B, C, D are evenly even only. Now it is manifeft (by 8. 
def. 7.) that each of the numbers B, C, D 
is evenly even; for they are doubled from E,r. ÀA,2. B,4. C,8. D,16. 
two: now I fay that they are evenly even 
only: for let unity E be taken; therefore becaufe there are numbers how 
many foever continual proportionals from unity, and A the number after 
unity is prime, D the greateft of the numbers A, B, C, D will be meafured 

| K 2 br 
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BookIX. by no other number: (by 13. 9.) except À, B, C : and each of tlie numbers 
me A, B, C is even; therefore D is evenly even only: certainly, in the fame 
manner, we fhall demonftrate that each of the numbers A, B, C is evenly. 
even only. - Which was to be demonttrated. 


PROP, XXXIIL. 
If a number: has its half an odd number, it is evenly odd only. 


For let the number A have-its half add; I fay that A is evenly odd only.. 
Now it is manifeft (by 9. def. 7.) that it is evenly odd; for the half of it being 
odd, meafures it evenly: now I fay that zfs evenly odd only: 
for if A fhall be evenly even alfo (the half of it is even), and  A........... 
fhall be meafured by an even number, according to an even | 
number; fo that alfo the half of it fhall be meafured by an even number, 
being odd; which is abfurd ; therefore A is evenly odd only. Which 
was to be demonftrated. 


|J 


P R O P. XXXIV. 


[f an even number be neither oze of the numbers doubled from 
two, nor have its half odd, it is evenly even, and evenly odd. 


For let the number A be neither. ove of thofe doubled from two, nor 
have its half odd; I fay that it is evenly even, and evenly odd., Now it is- 
evident that A is evenly even (by 8. def. 7.); for it has not its half odd:. 
now Í fay that it is alfo evenly odd : for if we cut A in halves, 
and the half of it in halves; and if we always da. this, we  Adsoccccscoes. 
fhall meet with fome odd number which will meafure A by 
an even number: for if we fhall not meet with fome odd umber which will 
meafure A by an even number, we fhall meet with the number two; and A 
will be one of the zumbers doubled from two; which is not fuppofed: fo. 
that A is evenly odd; but it has been alfo demonftrated fo de evenly even ; 
therefore A is evenly even, and evenly odd. Which was to be demon- 
ftrated. 


P R O P. XXXV. 


If there be numbers how many foever continual proportionals,. 
and if a number equal to the firft be taken from the fecond and 
the 
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the Jaft, it will be as the excefs of the fecond to ‘the firít, fo 1s Book IX. ' 
the excefs of: the laft to all the numbers before itfelf. 


Let there be numbers A, BC, D, EF, beginning from the leaft A, how 
many foever continual proportionals; and let a numèer equal to A be taken 
from BC, EF, each of the numbers GC, FH: I fay that it is as BG to A fo 
is EH to A, BC, D: for put FK equal to BC, and FL equal to D; and 
becaufe FK is equal to BC, of which FH is equal to GC, therefore the 
remainder HK is equal to the remainderGB; and becaufe it is as EF to D fo. 


is D to BC, and BC to A; but D 1s equal — 

to FL, and BC to FK, and Ato FH; there- B....G........ C 

fore itis as EF to LF fo is LF to FK, and D.................. 

FK to FH ; by divifion as EL isto LF fo — E.........L....... K.... H........F- 


is LK to FK, and KH. to FH ; therefore it is alfo (by 12. 7.) as one of the 
antecedents to one of the confequents fo are all the antecedents to all the 
confequents; therefore it is as KH fs to FH ío are EL, LK, KH to 
LF, KF, HF; but KH is equal to BG, and FH:to A; and LF, KF, HF 
are equal to D, BC,A; therefore it is as BG is to A fo EH to D, BC, A: 
therefore it is as the excefs of the fecond is to the rft, fo 15 the excefs of the. 
laft to all before itfelf.. Which was to be demonfítrated.. 


PROP. XXXVI. 


If numbers how many foever be placed in order in a double 
proportion from unity, until the whole taken together be a prime 
number, and if the whole taken. together being multiplied into the. 
lat make any number, the number produced will be a perfect. 
number. 


For let the numbers A, B, C,D how many foever be put in a double pro- 
portion from unity, until the whole taken together be a prime number; and’ 
let E be equal to the whole taken together ; and let E, multiplying D: make: 
FG; I ay that FG is a perfe& number. For as many numbers A, B, C, D 
as. there are in multitude, let fo many E, HK, L, M be taken in a double 
proportion from E; therefore by equality it is as A to D fois E to M; 
therefore (by 19. 7.) the number made by E, D is equal to the sumber made 

by 


Book IX. 
— — 


79: THE ELEMENTS 
by A, M: and FG 1s the number made by I. Ava. B,4. C.8. D,16. 





E, D ; therefore alfo FG is the number 62 ; 
made by A,M; therefore A multiply- E31. H—N—k M,248. 
ing M has made FG; therefore M mea- L,124. 
{ures FG according to the unities in A; F o G 

31 465 


and A is the number two; therefore FG 


is the double of M: but M,L, HK,E 'Qz-- P----- 


in order are the double of one another; therefore E, HK, L, M, FG are 
continual proportionals in a double proportion. Now let a number equal to 
the firít E. be taken from the fecond HK, and from the laft FG ; and let this 
be. cach of the numbers HN, FO; therefore it is (by 35. 9.) as the excefs of 
the fecond number is to the firft, fo is the excefs of the laft to all the num- 
bers \before itfelf: therefore it is as NK to E fo is OG to M, L, HK, E; 
but FO (by conft.) is equal to E, and E 1s egua/ to A, B,C, D and unity; 
therefore che whole FG is equal to E, HK, L, M and A, B, C, D and unity; 
and (by 11. 9.) is meafured by them. I fay that FG will be meafured by 
no other number except A, B,C, D, E, HK, L, M and unity: for, if poffible, 
let a certain number P meafure FG, and let P be the fame with none of 
the numbers A,B, C, D, E, HK, L, M; and as often as P meafures FG, 
let there be fo many unitiesin Q: therefore Q multiplying P has made FG; 
but E multiplying D has made FG (by conft.); therefore it is (by 19. 7.) as 
E to Q fo is P to D: and becaufe A, B,C, D are numbers continual pro- 


 portionals from unity, and A the number after unity is prime, therefore (by 


13.9.) D will be meafured by no other number except A, B,C; and P 
is fuppofed to be the fame with none of the numbers A, B,C; therefore 
P will not meafure D: but as P to D fo is E to Q; therefore (by 20. 
def. 7.) neither does E, meafure Q: and E (by hyp.) is prime, dnd every 
prime number is prime to every number which it does not meafure (by 
31. 7.); therefore I, Q, are prime to one another: but (by 23. 7.) the 
prime are the leaft; but (by 21. 7.) the leaft meafure equally thofe having 
the fame ratio with. them, the antecedent the antecedent, and the con- 
fequent the coníequent; and it is as E to Q fois P to D; therefore E 
equally meafures P and Q, D: but D is meafured by no other number 
except A, B,C; therefore Q is the fame with one of the numbers A, B, C; 
let it be the fame with B ; and as many numbers as there are B, C, D in 
.. ultitude, let fo many E, HK, L be taken from E; and FE, HK, L are 
| (by 
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(by conſt.) in the ſame ratio with B, C, D; therefore by equality it is as B. Book IX. 
to D ſo is Eto L; therefore (by 19. 7.) the number made by B, Lis equal MINE 
to the number made by D, E: but the number made by D, E. is equal to 
the number made by Q, P ; therefore the number made by Q, P is equal 
to the number made by B, L; therefore (by 19. 7.) it is as Q to B fo is L 
to P: but Q is the fame with B; therefore L is the fame with P ; which 

eis impoffible; for P is fuppofed the fame with none of the numbers put: 
therefore any number does not meafure FG, except A, B, C, D,E, HK, L, M 
and unity; and FG has been demonftrated to be equal to A, B,C, D, E, 
HK,L,M and unity: but the number being equal to the parts of itfelf (by 22. 
def. 7.) is a perfect mumber; therefore FG is a perfect number. Which 

- was to be demon(trated. 
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BOOK X. 


DEFINITION S. 


Book X, 1. ® /f AGNITUDZES are faid to be COMMENSURABLE; thofe meafured by 
— M the fame meafure. 2. But INCOMMENSURABLE; of which it- 
happens that there is no common meafure. | | 

3. Straight lines are COMMENSURABLE IN POWER, when the fquares of 
them are meafured by the fame fpace. 4. But INCOMMENSURABLE IN . 
POWER, when it happens that there is no fpace a common meafure to the 
{quares of them. 

5. Thefe things being fuppofed, it 1s demonftrated that to a given ftraight . 
line there are ftraight lines, infinite in multitude, commenfurable and in- 
commenfurable, fome in length and power, but others in power only; 

^ therefore let this given ftraight line be called RATIONAL. 6. And the Zines 
commenfurable to this, whether in length and power, or in power only, 
RATIONAL. 7. But let thofe incommenfurable to it be called IRRATIONAL. 

8. And let the {quare of tbis given ftraight line Ze called RATIONAL. 9. And 

— the 
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the fpaces commenturable to this /quare, RATIONAL.' IO. b let the /paces pes X. 
incommenfurable to this /guare be called rRRATIONAL. . And the lines — 
producing thele /paces are IRRATIONAL ; the fides — if the paces 

are fquares; but if they are any other rectilineal figures, the fraight lines 
making fquares equal to them. 


PROP. IT, 


Two unequal magnitudes being given, if from the greater be 
taken away a magnitude greater than its half, and from what is left 
a magnitude greater than its half; and if this always be done; a cer- 
tain magnitude will be taken, which is lefs than the leffer of the 
given magnitudes. 


Let AB, C be two unequal magnitudes, of which AB is the greater: I 
fay that if from AB be taken away, a magnitude greater than its half, and 
from what is left a magnitude greater than its half; and if this always be 
done ; a certain magnitude will be taken, which is lefs than the magnitude €. 
For C being multiplied will at length be greater than the magnitude AB: 
let it be multiplied; and let DE be the multiple of C greater than AB; and 
let DE be divided into the parts DF, FG, GE. eqval to C ; and let BH be 
taken from AB greater than its half, and HK from AH greater than its half; 
and let this always be done until the divifions in AB be 
equal in multitude to the divifions in DE; therefore let 
the divifions be AK, KH, HB being equal in multitude A i 
to the divifions DF, FG, GE. And becaufe DE. is greater K 
than AB; and EG has been taken away from DE lefs than * 
its half, but BH. from AB more than its half; therefore 
the remainder GD is greater than the remainder FIA: and G 
becaufe GD 1s greater than HA, and GF has been taken 
away, the half of GD; but HK greater than the half of HA; 
therefore the remainder DF is greater than the remainder 
AK: but DF is equal to C; therefore C is greater than 
AK ; therefore AK is lefs than C: therefore a magnitude AK is left of the 
magnitude AB, being lefs un C, the leffer given magnitude. Which was 
to be demonftrated. 

But in the fame manner it will be demonftrated, even if the magnitudes 
taken away are halves. 


p p X 


I. OTHER- 
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Book X. Orunerwise. Let AB,.C be the two unequal magnitudes. given, and let 
7*7 € be the leís; and-becqufe C is lefs, being multiplied, it will at length. 
be greater than the magnitude AB: let it be as .FM,, and let it be 
divided into the magnitudes MH, HG, GF equal to C; and let BE be- 
taken. from AB greater than its halt, and ED from EA greater than its. 
half; and let this always be done until the divifions in AB be equal to the- 
divifions in FM : let them be as BE, ED, DA ; and let each of the sag-. 
nitudes. KL, LN, NO. be equal to DA; and let this be done until the divi-- 
fions of KO be equal to thofe of FM.. And becaufe EE is greater than the- 
half of AB, BE is greater than. EA; therefore it is much 
greater. than DA; but ON is equal to DA; therefore BE 
. is greater than ON :. again,. becaufe ED. is greater than 
the half of EA, it is greater than DA ;; but NL, is equal to 
DA; therefore ED is greater than NL: therefore: the 
whole DB is greater than. OL.: but alfo LK is equal to 
DA ;. therefore the whole AB is greater than the whole 

OK: but MF is greater than AB; therefore MF is B CMK 
greater. by much than OK: and becaufe the magnitudes ON, NL, LK. 
are equal. to. one another, and. alfo. the magnitudes. MH, HG, GF are 
equal to one another; and. the multitude of parts in MF is equal to the 
multitude of parts in O.K; therefore it is (by 12..5.) as KL, to FG fo is OK, 
to FM: but FM is.greater than OK ; therefore FG is greater than LK} and. 
FG 1s equal to C ; and KL to DA ; therefore C is greater.than DA. Which: 

was to be demonttrated.. 7 | 





PROP: II. 


Tiwo unequal’ magnitudes being given, if, after the leffer is always- 
taken from the greater in its turn, the remainder does not meafure 
the magnitude before itfelf,, the magnitudes. will. be incommen- 


furable. 


For two unequal magnitudes AB, CD-being given, and AB being the 
leffer, let the remainder never meafure the magnitude before itfelf, after the 
‘leffer has been always taken from the greater in its turn: I fay that the 
magnitudes AB, CD are incommenfurable, For if-they are commenfurable, 
fome 
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fome magnitude will meafure them ; let it meafure them, if' 
poffible, and let it be E; and let AB, meafuring DF, leave a 

magnitude CF, lefs than itfelf; and let CF meafuring BG leave 

a magnitude AG lefs than itfelf; and let this always be done, 

until a certain magnitude be left which (by 1. 10.) is lefs 

than E; let it be done, and Jet AG lefs than E be left. Now 

becaufe E meafures AB, but AB meafures DF, therefore alfo 

E will meafure DF: but it alfo meafures the whole CD; 

therefore alfo it will meafure the remainder CF: but CF mea- 

fures BG; therefore E meafures BG: but it meafures the whole AB; there- 
fore it will meafure the remainder AG, the greater the lefs; which is im- 
poffible: therefore any magnitude will not meafure the magnitudes AB, CD; 
therefore (by 2. def. 10.) the magnitudes AB, CD are incommenfurable. 
Therefore two unequal magnitudes being given, if, after the leffer is always 
taken from the greater in its turn, the remainder does not meafure the mag- 
nitude before itfelf, the magnitudes will be incommenfurable. Which was 
to be demonftrated. ts 





BED 


PROP. QUI. 


T wo commenfurable magnitudes being given, to find the greateft 
common meafure of them. - 


Let AB, CD be the two given commenfurable magnitudes of which AB 

is theleaít; now it is required to find the greateft common meafure of AB, C D. 
For either AB meafures CD, or not: now if AB meafure CD, and it alfo 
meafures itfelf, therefore AB is a common meafure of AB, CD; and it tg 
evident that it £5 the greateft meafure; for a greater than the magnitude AB 
will not meafure AB. Now let AB not meafure CD ; therefore (by 2. 10.) 
the Jeffer being always taken from the greater in its turn, the remainder 
will at length meafure the magritude before itfelf, :becaufe AB, CD are not 
incommenfurable : and let AB meafuring CD leave EC lefs than itfelf ; and 
let EC meafuring FB leave AF lefs thàn itfelf; but let AF meafure CE. 
Wherefore becaufe AF meafures CE, but CE meafures FB, therefore alfo 
AF will meafure FB; but it alfo meafures itfelf; therefore alfo AF will 
j.2 - | meafure 


Book X. 


Book X. 
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‘greater than.the magnitude D will not meafure the magni- 
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meafure the whole AB: but AB meafures DE, there- C 
fore alfo AF will meafure DE; but it alío meafures CE, | 
therefore it meafures the whole CD ; therefore AF mea- A 
fures AB, CD; therefore AF is a common meafure of 7 [E 
AB, CD:: now I fay that it is alfo the greateft ; for if not, C jr 


let there be fome magnitude greater than AF, which 
will meafure AB, CD; let it meafure them, and let it 
be G; therefore becaufe G meafures AB, but AB mea- A | 
fures ED, therefore alfo G will meafure ED ; but it | | 
a'fo meafures the whole CD ; therefore G will meafure BDBDG 
the remainder CE: but CE meafures FB; therefore 
G will meafure EB : but it alfo meafures the whole AB ; therefore it will 
meafure the remainder AF, the greater the lefs, which is impoffible: there- 
fore any magnitude greater than AF will not meafure the magnitudes AB, CD; 
therefore AF is the greateft common imeafure of AB, CD. Therefore two 
commenfurable magnitudes AB, CD being given, AF the greateft common 
meafure has been found. Which was to be done. 

Cor. Now from this it is manifeft, that if a magnitude meafure two mag- 
nitudes, it will alfo meafure-the greateft.common meafure of them. 


PROP. IV. | 
Three commenfurable, magnitudes being given, to find the greateft. 


common meafure of them. 


Let A, B, C be-tlie three given: commenfurable magnitudes; now it is. 
required to find the greateft common meafure of A, B, C. Let the greateft 
common meafure of AB (by 3, 10.) be taken, and let it be D: now-D 
either meafures C, or does not meafure it; firit letit meafure z¢:- therefore | 
becaufe D meafures C, and it alfo meafures:A, B, therefore.D meafures the ° 
magnitudes A, B, C : therefore D.is a common meafure of 
A, B,C: and it is evident alfo -that it is the greateft; for a 


tudes A, B, C ; for, if poffible, let E. greater than the mag- | | ; 
nitude D meafure A, B, C; and becaufe it meafures A, B, C, uli B 
it will alfo meafure A, B; and (by cor. to 35. 10.) itwill ABCDE 
meafure D, the greateft common meafurc of A,B, the greater the lefs, 

which. 
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wlrüch is impoflible. Now let D not meafure C; I fay firft that C, D are Book X. 
commenfurable : for becaufe A, B, C are commenfurable, fome magnitude —7Y777 
will meafure them, which certainly alío will meafure A,B; fo that alfo it 
will meafure D (by cor. to 3. 10.) the greateft common meafure of A, B; 
aud it alfo meafures C;, fo that the faid magnitude will meafure C, D; 
therefore C,D are commenfurable: let the greateít common .meafure of 
them be taken, and let it be E; for becaufe E mea- 

fures D, but D meafures A, B, therefore alfo E. mea- 

fures A, B; but it allo meafures C; therefore. E. is. a. 
common meafure of A, B,C: now I fay that it is alfo. 
the greateít ; for, if poffible, let there be fome magni- 

tude F greater than E ; and let it meafure A, B, C ; and. 
becaufe F meafures A, B, C, it will alfo meafure A, B; 
and it will meafure the greateft common meafure of A,B: . 
but D is the greateft common meafure of A,B; there- 

fore F meafures D, and it alfo meafures C; therefore F meafures C, D; 

therefore E will alfo meafure the- greateft:common meafure of C, D ; but. 
E. is the greateft common meafure of C, D; therefore-F meafures.E, the 

greater the lefs, which is impofñble :. therefore any magnitude, greater 

than the magnitude E, does not meafure the magnitudes A, B,C; there- 

fore E is the greateít: common meafure of. A, B, C, if D does not mea- 

fure C; but if it meafures z#, D itfelf is the greatef? common meafure. There- 

fore. three commenfurable magnitudes being given, the greateft common. 
meafure has been found. Which was to be done. 

Cor. Certainly from this it i5 evident, that if a magnitude meafure 
three magnitudes, it wil] alío meafure the greateft common meafure of ' 
them. In like manner alfo the greatefít common meafure will be taken 
with more. magnitudes, and the corollary will advance to she fame number.. 


—- * 
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PROP. V. 


Commenfurable magnitudes have to one another the. ratio which : 
number as to number. 


Let A,B be commenfurable magnitudes ; I fay that A has to B the ratio 
which number has to number.. For becaufe A, B are commenfurable, fome 
am enitude will meafure them ; let it meafure them, and let it be C; andas. 
X often . 
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— 
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often as C meafures A, let there be fo many unities in D ; but as often as C mea- 
fures B, let there be fo many unities in E. For becaufe C meafures A accord- 


-ing to the unities in.D; and the unity meafures D according to the unities in it; 


therefore unity equally meafures D, and the magnitude C the magnitude À; 
therefore it is (by 20. def, 7.) as C to A fo #5 unity to 
D ; therefore, by inverfion, as A to C fois D to the 
unity : again, becaufe C meafures B according to the 
unities in E, and alfo the unity meafures E according 





to the unities in it, therefore the unity equally mea- |. i0 2 
fures E and C, B; therefore it is (by 20. def. 7.) as. A^ CB D 1 E 
C to B fo żs the unity to E ; but it has been demonftrated alfo, as A to C 
fo is D to unity; therefore it is by equality as A to B fo is the number 
D to the number E. Therefore the commenfurable magnitudes A, B have 
the ratio to one another which the number D das to the number E. Which 
was to be demonftrated. 


e 


PROP. VI. 


If two magnitudes have to one another the ratio which number 
bas to number, the magnitudes are commenfurable. 


For let the two magnitudes A, B have to one another the ratio which the 


number D 5a; to the number E; I fay that the magnitudes A, B are com- 
menfurable. For as many unities as there are in D, into fo many equal 
parts let A be divided (by 9. 6.) ; and let C be equal to one of them ; but 


as many unities as there are in E, let F be compounded of fo many. mag- 


nitudes equal to C. Now, becaufe as many unities as there are in D, {o 
many magnitudes are there in A equal to C ; therefore what part the unity 
is of D, the fame part alfo is C of A; therefore it is (by 20. def. 7.) as 
C to À fo zs unity to D; but unity meafures the number D, therefore 
alfo C meafures A: and becaufe it is as C to A fo is unity to the num- 
ber D ; therefore, by inverfion, as A to C fo is the 
number D to unity. Again, becaufe as many unities 
as there are in. E, fo many magnitudes equal to C- 
are there in F; therefore it is (by 20. def. 7.) as 
C to F fo is unity to the number E: but it has 
alfo been demonftrated as A to C fo is D to unity; ` 
therefore, by equality, it is as A to F fo is D to E; 





OF EUCLID. 79 


but (by hyp.) as D to E fo is A to B; therefore as A to B fois A to F; Bokx. 
therefore A has the fame ratio to each of the magnitudes B, P; there- “v~~ 
fore (by 9. 5.) B is equal to F: but C meafures F, therefore it alfo mea- 
fures B; but it alfo mea/ures A ; therefore C meafures A, B; therefore (by 
1. def. 10.) A is commenfurable to B. Wherefore if two magnitudes have 
to one another the ratio which number has to number, the magnitudes 
wil be commenfurable. Which was to be demonftrated. 
OrnuzgRwisE. For let the two magnitudes A, B have to one another 

the ratio which the number C has to the number D; I fay that the magni- 
tudes are commenfurable.. For as many unities as there are in C, let A be 
divided into (by 9. 6.) fo.many equal parts ;, and let 
E be equal to one of them ; therefore it is as unity 
to the number C fo is E to A: but ic 1s alfo (by 
hyp.) as C to D fo is A to B; therefore, by equality, 
if is as unity to the mumber D fo is Eto B: butthe | | : 
unity meafures the zusber D : therefore E, meafures 
B; but E alfo meafures A (by conít.) becaufe alfo 
the unity smeafures € ; therefore E; ineafures.each of the magnitudes A,B; 
therefore A, B. are commenfurable,. and E is a common meafure of them. 

"Con. Certainly from this it is. manifeft,.if-there be two numbers as D, E, 
and a ftraight line as A,, it 1s poffible to make; as the number D is to 
the number E fo is the ftraight line to the ftraight line, that is, fo is A to- 
F; and tbe conftruction is in, the frå demonftration of this. And alfo if B 
be taken a mean proportional between A, F, it will be 
(by cor. to 20. 6.) as A to F fois the /quare of A to the 
Jquare of B; that is, as the firft is to the third fo.is the 
figure on the firít to the figure upon the fecond, fimilar 
and fimilarly defcribed :. but as A to F fo is the number 
D to the number E ; therefore it. has. allo been made, as : 
the number D to the number E. fo is the fquare of. the | : 
ftraight line A to the fquare of the ftraight line B. 
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P R O P. VII 


Incommenfurable magnitudes have-not the ratio to one another 


which.number. has to number. 
Let 
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Let A, B be incommenfurable magnitudes ; I fay that. A has not to B 


| the ratio which number has to number. . For if A have to B the ratio 


which number has to number, A will be commenfurable to B ; but 

it is not : therefore A has not to B the ratio which number has to 
number. ‘Therefore incommenfurable magnitudes have not the 

ratio to one another which number bas to number. Which wasto | | 
be demonftrated. AB 


P RO P. VIII 


If two magnitudes have not to one another the ratio which 
number Zas to number, the magnitudes will be incommenfurable. 


For let the two magnitudes A, B. not have to one another, the 
ratio which number bas to number ; I fay that the magnitudes A, B 
will be incommenfurable. For if A is commenfurable to B, they 


have (by 5. 10.) the ratio which number has to number; but they 


havë not: therefore the magnitudes A,B are incommenfurable. | 
Therefore if two magnitudes have -not to one another, the ratio ^P 
which number 4as to number, they will be incommenfurable. Which was 
to be demonftrated. 

P R O. P. IX. 

The fquares of ftraight lines commenfurable in length, have to 
one another the ratio which a fquare number, 22s to a {quare num- 
ber; and the fquares having to one another the ratio which a fquare 
number 4as to a quare number, will alfo have the fides commenfu- 
rable in length: but the fquares of ftraight lines incommenturable 
in length have not to one another the ratio which a fquare number 


:bas to a íquare number ; and the fquares not having to one.another 
the ratio which a fquare number Za: to a fquare number, will nei- 
- ther have the fides commenfurable in length. 


Let there be fraight lines A, B commenfurable in length; I {ay that the 
fquare of A has to the fquare of B the ratio which a fquare number bas 
to 
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to a fquare number. For becaufe A is commenfurable in length to B, A Book X. 
has to B (by 5. 10.) the ratio which number has to number; let it have 

that which the number C has to the number D: then becaufe it is as A to 

B fo is the number C to the number D ; but the ratio of the {quare of A to 

the fquare of B is duplicate of the ratio of A to B, for (by 20. 6.) fimilar 

figures are in the duplicate ratio of the fides of like ratio; but the ratio of 

the fquare of C to the fquare of D is dupli- A 


cate of the ratio of the number C to the number n 
D, for there is one mean proportional rtumber , HH 
(by 11. 8.) between two fquare numbers; and 


the fquare to the {quare has the duplicate ratio C..... D... 
of that which the fide bas to the fide: therefore °*°*°* °° PA 


it is as the fquare of A to the fquare of B fo ^ -.---- 
is the fquare number of the number C to the .....- 
{quare number of the number D. Which was to 


be demonftrated. 
OrHERwIse. For becaufe A is commenfurable in length to B, it has 


the ratio fo it (by 5. 10.) which number has to number; let it have shat 
which C has to D; and let C multiplying 
itfelf make E; but multiplying D let it make 
F; but let D multiplying itfelf make G: then 
becaufe C multiplying itfelf has made E, and EH 
multiplying D has made F; therefore it is (by 


17. 7.) as C to D, that is (by conft.) as A to esr Dees 
B, fo is E to F; butas A to B fo (by 1.6.) E F G 
-is the /guare of A to the reéfangle contained by Por wu, S 
A,B; therefore it is as the quare of A isto +... ETE 
the reftangle contained by A, B fo is E to F: da an 


again, becaufe D multiplying itfelf has made 
G, and multiplying C has made F; therefore it is as C to D, ‘that is, as - 
A to B, fo is F to G(by 17.7.) ; but as Ato B fo (by 1.6.) is the reg- 
angle contained by A, B to the fquare of B; therefore it 1s as the rectangle 
contained by A,B to the/guare of B fo is F to G: but as the fquare of 
A to the reZangle contained by A, B fo was E to F`; therefore, by equality, 
as the fquare of A to the fquare of B fo is E to G: but each of the 
M numbers 
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22 


numbers E,G is a fquare; for E is the fquare of C, and G the fquare 
of D; therefore the fquàre of A has to the fquare of B the ratio which 
a fquare number bas to a fquare number. Which was to be demon: 
ftrated. | 

But now let it be as the fquare of A to the fquare of B,. fo let the fquare 
of the number C be to the fyuare of D; I fay that A is. commenfurable to: 
B in length. For becaufe it is as. the fquare of A to the fquare of B fo 
is the {quare of C to the fquare of D.; but the ratio of the fquare of A to 


the fquare of B is (by 20. 6.) duplicate of the ratio of A. to B; and (by 


LI. 8.) the ratio of the fquare of the number C to the fquare of the number 
D is duplicate of the ratio cf the number C to the number D; therefore it is 
as A to B fo is the number C to the:number D ; therefore A has to B the 
ratio which the -number C has to the number D.; and therefore (by 6. 10.) 
A is commenturable. to B in length. Which was to be demonftrated. 
Ornerwise. But now let the fquare of A have to.the fquare of B the ratio 
which the fquare number E has to the fquare number G;; I fay that A is com- 
menfurable to B in length. For let C be the fide of E, but D the //Z? of 


-G; and let C multiplying D make F; therefore (by 17. 7.) E, F, G are 


continual proportionals in the ratio of C to D: and becaufe (by 1. 6.) the 
recangle contained by A, B is a mean proportional between the /guares of 
A, B; but (by 11. 8.) the number F is a mean proportional between the 
fquares E, G ; therefore it is as the fquare of A to the reZangle contained by 
A, B fo is E to F : and as the reZangle contained by A, B is to the fquare 
of B fo is F to G; but as the fquare of A 1s to the reZ/angle contained by 
&; B fo is (by 1. 6.) A' to B; therefore A, B are commenfurable, for they 
have the ratio which the number E has to the number F ; that is, which C 
has to D; for as C to D fo is E to F; for C multiplying itfelf has made E, 
but inultiplying D.has made F ; therefore it 1s (by 17.7.) as C, to D fo is 
E to F. Which was to be demonftrated. | 

But let A be incommenfurable in length to B; Ifíay that the fquare of 
A has not to.the fquare of B the ratio which a fquare number has to a 
{quare number. For if the fquare of A has to the fquare of B the ratio 


'"* which a fquare number has to. a fquare number, À will be commenífurable 


‘in length to B (by firft part of this): but it is not; therefore the fquare af 


A. lias not to.the fauare of B the ratio which a fquare number has to a fquare 
number. 


But 
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But again, let the fquare of A not have to the fquare of B the ratio which 

à fquare number has to a fquare number; I fay that A is incommenturable 
in length to B. For if A is commenfurable in length to B, the fquare of 
A will have to the fquare of B the ratio. which a fquare number vas to a 
fquare number: but it has not; therefore A is not commenfurable in 
length to B. Therefore the fquares of ftraight lines commenfurable in 
length have to one another the ratio which a fquare number has to a fquare 
number, &c. Which was to be demonftrated. 
J. Con. And it is manifeft from what has been demonítrated, that the 
firaight \ines commenturable in length are always alfo in power, but that 
thofe commenfurable in power are not always alfo in length; and that thofe 
incommenfurable in length are not always incommeníurable alío in power, 
but that thofe incommenfurable in power are always alfo in length. 

For the fquares of ftraight lines commenfurable in length have the 
ratio which a fquare number has to a fquare number; but thofe magni- 
tudes having the ratio which number has to number are commenturable; 
fo that ftraight lines commenfurable in length are not only commenfu- 
rable in length, but alfo in power. à 

Again, becaufe whatever fquares have to one another the ratio which 
a {quare number.has to a fquare number, have been demonftrated to be 
commenfurable in length; and ¢hofe being commenfurable in power, of 
which the fquares have the ratio that number has to number; therefore 
whatever fquares have not the ratio which a fquare number has to a 
íquare number, but fimply which {ome one number has to fome other 
number, the fquares are commenfurable ; that is, the ftraight lines upon 
which they are deícribed are commenfurable in power, but not alío in 
length: {o that fome /ines are commenfurable always in length and power; 
but others not always in power and length, unlefs they have the ratio 
which a fquare number bas to a fquare number. 

Now I fay alfo that the Zines incommenfurable in length are not always 
alfo incommenfurable in power, fince Jines commenfurable in power may 
not always have the ratio which number has to number; and for this, being 
commenfurable in power, are incommenfurable in length: fo that the lines 
incommenfurable in length are not always in power; but being incom- 
menfurable in length, they may be incommenfurable and commenfurable 
In power. ` 
M 2 But 
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But the dimes incommenfurable in power are always incommenturable 
In length: for if they are commenfurable, they will alfo be commenfurable 
in power ; but they are alfo fuppofed incommenturable, which is abfurd ;. 


therefore the lines incommenfurable in power-are always alfo in length. 


PROP. XxX. 


If four magnitudes be proportionals, and if the firft be commen- 


furable to the fecond, alfo‘the third will be commenfurable to the 


fourth ; and if the firft be incommenturable to the fecond, alfo the 
third will be incommenturable to the fourth. 


Let the four magnitudes A, B, C, D be proportionals ; as A to B fo let C be 





to D; and let A be commenfurable to B; I fay alfo that C 1s commenfurable 
to D: for becaufé A is commenfurable to B, therefore A has to B the ratio 
which number has to number; and it is as A to B fo is C toD; therefore 
alfo C has to D the ratio which number Pas to number; therefore (by 6. 10.) 
C is commenfurable to D, But now let A be incommenturable to B; I fay 
that alfo C is incommenfurable to D : for becaufe A 1s incom- 
menfurable to B, therefore A (by 7. 10.) has not to B the ratio | 
which number has to number; and it is as A to B fo is C to D; E 
therefore neither has C to D the ratio which number has to | 
number; for if C has to D the ratio which number has to num- | 
ber, alfo A will have to B the ratio which number has to num- ABCD 
ber (by 11. 5.) ; and A will (by 6.10.) be commenfurable to B, which 
is abfurd, for it is fuppofed incommenfurable; therefore C has not to D the 
ratio which number has to. number; therefore C is incommenfurable to D; 
Therefore if four magnitudes be proportionals, &c. Which was to be de- 
monftrated. | 
Lemma. It has been demonftrated in the arithmetical books (26. 8.) that 
fimilar plane numbers have to one another the ratio which a [quare number 
has to a fquare number : and becaufe, if two numbers have tb one another 
the ratio which a fquare number has to a fquare number, they are fimilar 
plane numbers; alfo it is maniteft from thefe things, that thofe are not fimi- 
lar plane numbers (that is, not having their fides proportional to one ano-~ 
ther) which have not the ratio which a Aquare number bas to a-fquare numa 
ber: 
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ber: for if they fhall have i#, they will be fimilar plane numbers; which is Book X. 
. not fuppofed ; therefore plane numbers not fimilar have not to one another — 
the ratio which a fquare number has to a fquare number, 


* 
P R O P, XI. 


To find two ftraight lines incommenfurable to the propofed ítraight. 
line; the one in length, but the other alfo in power. 


Let A be the propofed ftraight line: now it is required to firid two ftraight 
lines incommenfurable to A, the one only in length, but the other alfo in 
power. For let two numbers B, C be taken, not having to one another the 
ratio which a fquare number has to a fquare number, 
that 1s, not fimilar plane numbers; and let it be made, 
as B to C fo is the fquare of A to the fquare of D, for 
(cor. to 6. 10.) we have taught this; therefore the 
' Íquare of A is commenfurable to the fquare of D: and 


becaufe B has not to- C the ratio which a fquare num- : 
ber bas to a fquare number, therefore neither has the | "E E 
A ED DB C 


fquare of A to the fquare of D the ratio which, a | 
{quare number bas, to a fquare number; therefore (by 9. 10.) A is incom- 
menfurable to D in length. Let E be taken, a mean proportional between 
A, D; therefore (by cor. 2. to 20. 6.) it is as A to D fo is the fquare 
of A to the fquare E; but A is incommenturable to D in length ; there- 
fore the {quare of A is incommenfurable (by 10. 10.) to the fquare of E; 
therefore A is incommenfurable to E. in power ; therefore to the propofed 
flraight line, the rational //ze from which we faid (5. def. 10.) the mea- 
fures are to be taken, as to A the ffraight line D is commenfurable in 
power, that is, rational commenfurable only in power, .but E is irrational 
(for he calls thofe fives univerfally irrational which are incommenturable both 
in length and power to the rational lines). Which was to be demonftrated. 


PROP. XII. | 
Magnitudes commenfurable to the fame magnitude, are alfo com- 
menfurable to one another. 
For 
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Book X. For let each of the magnitudes A, B be commenfurabie to C; I fay alfo 
—v—7 that A is commenfurable to B. For becaufe A is commenfurable to C, 
therefore A has to C the ratio which number has to number ; let it have 
‘that which D has to E: again, becaufe B is 
commenfurable to C, therefore C has to B the 


ratio which number das to number; let it have Ds E. 
that which F has toG; and ratios how many | Bosse doses 
foever being given, that which D has to E and IH... 

F to G, let (by 4. 8.) the numbers H,K,L. be | K.. 
taken in an uninterrupted feries in the given ratio, ACB Lasse 


fo as to be, as D to E {o is H to K, andas F to G fo is K to L. Now 
becaufe it is as A to C fo is D to E, but as D to E fo #s H to K, 
therefore it is as A to C fo is H to K: again, becaufe it is as C to B 

` fo is F to G, but as F to G fo is K toL, therefore it is as C to B fo 
i; K to L; but it is alfo as A to C fo is H to K; therefore it is, by 
equality, as A to B fo is H to L: therefore A has to B the ratio which 
the number H has to the number L;; therefore (by 6. 10.) A is commen- 
furable to B. Therefore magnitudes commenfurable to the fame magnitude, 
are commenturable to one another. Which was to be demonttrated. 


P R O P. XII. 


If there be two magnitudes, and the one be commenfurable, but 
- the other incommenturable tothe fame magnitude, the magnitudes 
_-will be incommenturable. ! 


Let there ‘be two magnitudes A,B, and another C; and 
let. A.be commenfurable.to C ; .but /e? B 2e incommenfurable | 
toC; I fay.that A is incommenfurable to B: for if A is com- 
menfurable to.B; but alfo C is commenfurable to A (by hyp.); : 
therefore (by 12. 10.) C is commenfurable to B; which is - 
not fuppofed. AC 


PROP. 
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PROP XIV. 


If there be two commenfurable magnitudes, and one of them 
be incommenturable to any magnitude, alfo the remaining one will 
be incommenfurable to the fame magnitude. 


Let there be two commenfurable magnitudes A, B ; but let 
one of them A be incommenfurable to any other C: I fay alfo. 
that the remaining one B 1s incommenfurable to C. For if . 
B is commenfurable to C; but alfo (by hyp.), A. is com- 
menfurable to B; therefore alfo A is. commenfurable to C ' 
(by 12. 107): but it is alfo incommenfurable, which is impoffi- Id c. 
ble; therefore B is.:not commenfurable to C ;. therefore in- ACB 
commenturable. Therefore, if there be two commenfurable magnitudes, and 
one of them be incommenfurable to any magnitude, alfo the remaining one 


will be incommenfurable to the fame magnitude. Which was to be demon- 
ftrated. 


LemmMa.. Two unequal ftraight lines being given, to-find by what the. 


greater exceeds the lefs in power. . | 
Let AB, C be the two unequal fttaight: lines. given, of which let: the 
greater be AB ; now it is required to find by 


D 
what AB exceeds C iñ power: Leta femi- 
circle ADB be defcribed upon AB; and let AD 
be placed (by 1. 4.) in it, equal toC; and. A B 
i (pee er nc ctr aE 


let DB be joined? now it is manifeft (by 31. 3.) C 
that tlie angle ADB is a right angle, and that AB (by 47. 1.) exceeds in 
power AD, that is C, by the /guare of DB. 

In like manner alfo, two ftraight lines being given, a Jise equal in power 
to them is found. Let AD, DB be the two given ftraight lines; and let it 
be, required to find a Jine equal in power to them; for let them be put, fo 
that they may contain the right angle ADB; and let AB be joined : 
again it is evident that (by 47. 1.) .AB is the line equal to AD, DB in 
power. 


PROP. XV. 
If four ftraight lines be proportionals, and if the firft be more in 


power than the fecond, by the fquare of a ftraight line commenfu-. 


rable 
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Book X. rable to itfelf in length, alfo the third will be more in power than 

== the fourth by the {quare of a ftraight line commenturable to itfelf 
in length; and if the firit be more in power than the fecond, by 
the fquare of a ftraight line incommenturable to itfelf in length, 
alfo the third will be more in power than the fourth, by the fquare 
of a ftraight line incommenturable to itfelf in length. 


Now let the four ftraight lines A, B, C, D be proportionals, as A to B fo 
is C to D; and let A be more in power than B by the fquare of E, bue C 
more in power than D by the fquare of F: I fay that if A is commenfu- 
rable to E, alfo C is commenfurable to F; but if A is incommenfurable to 
E, alfo C is incommenfurable to F. For becaufe it is as A to B fo 1s C.to 
D, therefore (by 22.6.) it is as the /guare of A tothe /guare of B, fo is 
the /guare of C to the Jquare of D; but (by hyp.) the 
fquares of E,B are equal to the /guare of A; and the 
fquares of F, D are equal to the /guare of C; therefore 
it is as the /guares of E, B to the fquare of B fo ts the 
Jquares of F, D to the fquare of D; therefore, by divifion, 
it is, as the /guare of E to the /quare of B fo is the /guare 
of F to the /zuare D ; therefore (by 22. 6.) it is as E to | 
B fo is F to D; by inverhon, therefore, as B to E. fois - ABE C DE 
D to F: but it is as A to B fo is C to D; therefore, by equality, it is as A 
to E io is C to F; therefore (by 10. 10.) if A be commenfurable to E, alfo ' 
C is commenfurable to F ; and if A be incommenfurable to E, alfo C is 
incommenfurable to F. Therefore if four ftraight lines be proportionals, &c. 
Which was to be demonftrated. 


“PROP. XVI. 


If two commenfarable magnitudes be put together, alfo the whole 
will be commenturable to each of them; but if the whole be com- 
menfurable to one of them, alfo the magnitudes from the begin- 
ning will be commenfurable. 


For let the two commenfurable magnitudes AB, BC be put together; 
I fay that the whole AC is commenturable to each of the magnitudes 
AB, BC, 
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AB, BC. For becaufe. AB, BC are commenfurable, fome mag- 


nitude will meafure them ; let it meafure them, and let it be D: C 
now becaufe D meafures AB, BC, alfo it will meafure the whole 

AC; but it alfo meafures AB, BC; therefore D meafures AB, BC, 

and AC ; therefore AC is commenfurable to each of the magni- p 
tudes AB, BC. But now Jet AC be commenturable to one of the 
magnitudes AB, BC; let it be commenfurable to AB; now I fay H 


that alfo AB, BC are commenturable. For becaufe AC, AB are 
commenfurable, fome magnitude will meafure them; let 1t meafure them, 
and Jet it be D: now becaufe D meafures AC, AB, therefore ic will meafure 
the remainder BC; but it alfo meafures AB; therefore D will meatfure 
AD, BC ; therefore AB, BC are commenfurable. Therefore if two commen- 
furable magnitudes be put together, alfo the whole will be commenfurable 
to each of them, &c. Which was to be demonftrated. 


P.-R O P. XVII. 


If two incommenfurable magnitudes be put ‘together, alfo the 
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whole will be incommenfurable to them; but if the whole be - 


incommenfurable to one of them, alfo the magnitudes from the 
beginning will be incommenfurable. 


For let the two incommenfurable magnitudes AB, BC be put together ; 
I fay that alfo the whole AC 1s incommenfurable to each of the magnitudes 
AB, BC. For if CA, AB are not incommenfurable, fome mag- C 
nitude will meafure them ; let it meafure them, and let it be, if 
pofüble, D : now becaufe D meafures CA, AB, therefore it will 
meafure the remainder BC ; but it meafures alfo AB; therefore 
D meafures AB, BC; therefore AB, BC are commenfurable: but 
they are alfo fuppofed incommenfurable, which is impoffible; Bt 
therefore any, magnitude will not meafure CA, AB; therefore 


CA, AB are incommenfurable. Certainly, in the fame manner, 
we fhall demonftrate, that alfo AC, CB are incommenfurable ; 
therefore AC is incommenfurable to each of the magnitudes AD 


AB,BC. But now let AC be incommenfurable to one of the magnitudes 
AB, BC, and firft to AB; I fay that alfo AB, BC are incommenturable : 
N for 
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Book X. for if they are commenfurable, fome magnitude (by 1. def. 10.) will mea- 


evn (ure them 


- 


; let it meafure them, and let it be D: now becaufe D meafures 
AB, BC, therefore it will meafure the whole AC, but it alfo meafures AB; 
therefore D meafures CA, AB; therefore CA, AB are commenfurable: but. 
they were alfo fuppofed incommenfurable, which is impoffible; therefore 
any magnitude will not meafure AB, BC ; therefore AB, BC are incommen- 
furable. Certainly, in the fame manner, we fhall demonftrate, that if AC 
is incommenfurable to BC, alfo AB, BC will be incommenfurable. There- 


fore if two incommenfurable magnitudes be put tagether, &c. Which was 
to be demonttrated. 


Lemma. If to any ftraight line a parallelogram p 


beapplied, deficient in figure by a fquare, the figure NOE 
applied is equal to the rectangle contained by the 


fegments of the ftraight' line made by the ap- A c ER 


plication. 


For to any ftraight line AB let the pionen AD be applied, defi- 
cient in figure by the fquare DB: I fay that AD is equal to the refangle 
contained by AC, CB. And it is evident of itlelf: for becaufe DB is.a 
fquare, DC is equal to CB; and AD is the rectangle contained by AC,.CB.. 


Therefore if a parellelogram be kan: to any ftraight line, &c.. Which. 
was to be demonítrated. 


PROP. XVII. 


If there be two unequal ftraight lines, and a parallelogram be 
applied to the greater, equal to the fourth part of the /guare of the 
leffer, deficient in figure by a fquare, and divide it into parts com- | 
menfurable: in. length, the greater will be more in power than the 
letfer by the /2uere of a //ne commenfurable to itielf in length ; and 
if the greater fhall be more in power than the leffer, by the fum 
of a //ine commenfurable to itfelf in length, and a parallelogram be 
applied to the greater, equal to the fourth part of the Quare of the: 
leffer, deficient in figure by-a fquare, it will divide it into parts 


commenfurable in length. ; 


Let A, EC ‘be two unequal ftraight lines, of which BC is the greater; 


‘and let a parallelogram be applied to BC equal to the fourth part of the 


Jquare 
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Square of the leffer A, that is, to the /guare of the half of A, deficient in Book x. 
figure by a fquare (by 28. 6.), and let it be the reZangle contained by —c— 
BD, DC ; and let BD be commenfurable in length to DC: I fay that BC 
is more in power than A by the fquare of a line commenfurable to itfelf 
in length. For let BC be cut in halves in the point E, and make EF equal 
to DE; therefore the remainder DC is equal to BF: and becaufe the ftraight 
line BC has been cut into equal /egments at KE, but into unequal /egments 
at D, therefore (by 5. 2.) the rectangle contained by BD, DC, 
together with the fquare of ED, is equal to the fquare of EC ; C 
and the quadruples alfo are egual; therefore four times the 
reangle contained by BD, DC, together with four times the D 
Jquare of ED, is equal to four times the fquare of EC : but 
the fquare of A is equal to the rectangle contained by BD, DC y 
taken four times (by conft.) ; but (by 4. 2.) the fquare of DF 
is equal to the /guare of DE taken four times; for DF is the p 
double of DE, and the fquare of BC is equal to the /guare 
of EC taken four times; for again, BC is double of EC: 5 
therefore the fquares of A, DF are equal to the fquare of BC; 
fo that the /guare of BC is greater than the /guare of A by the /quare 
of DF; therefore BC is more in power than A by the /guare of DF. 
ft muft be demonttrated alfo that BC is commenturable to DF: for becaufe 
(by hyp.) BD is commenfurable to DC in length, therefore alfo (by 16. 
10.) BC is commenfurable to DC in length; but DC (by 6. 10.) is com- 
menfurable in length to CD, BF, for CD is equal to BF; therefore alfo 
BC is commenfurable in length to BF, CD; fo that alfo (by 16. 10.) CB 
is commenfurable in length to the remainder DF; therefore BC is more 
in power that A by the fquare of a‘ /ime commenfurable to itfelf in 
length. But now let BC be more in power than A by the fquare of 
a ftraight line :commenfurable to itíelf in length ; and let a parallelogram 
be applied to BC equal to the fourth part of the fquare of A, deficient 
in figure by a fquare, and let it be that contained by BD, DC: it mutt 
be demonftrated that DB is commenfurable to DC in length. For the 
fame things being conftructed, in like manner we íhall demonftrate 
that BC is more ih power than A by the /quare of FD ; but (by hyp.) 
BC is more in power than A by the fquare of a dine commenfurable 
i N 2 to 
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Book X. to itfelf is Jength; therefore BC, FD are commenfurable in length; fe | 

=> that alfo (by 16. 10.) BC is commenfurable in length to. both the remain- 
ders BF, DC together: but BF, DC both tog ther. are commenfurable. in . 
length to DC, for BF is equal to DC; theretore alfo BC. is.commenífu- 
rable in length to DC; doubtlefs, therefore, (by 16. 10.) BD is com- 
menfurable in length to DC. Therefore if there be two unequal ftraight 
lines, &c.. Which was to be demonttrated. 


— 


P R O p XIX. 


If there be two unequal ftraight lines, and a parallelogram be 
applied to the greater, equal to a fourth part of the /guare of the 
lefler, deficient in figure by a f{quare, and divide it into parts. 
incommentfurable in length, the greater will be more in powex 
than the lefler by tho /2uare of a /ize incommenfurable to itfelf 
in length; and if the greater fhall be more in power than the 
leffer by the /guare of a Zze incommenfurable to itfelf 7» length, 
and a paraNelogram be applied to the greater, equal to the fourth 
part of the /quare of the leffer, deficient in figure by a {quare, it 
will divide it into far: incommenfurable in length. 


Let A, BC be the two unequal ftraight lines, of which BC is the greater ; 
let a parallelogram be applied to the frraight line BC equal to the fourth 
part, of the (quare of the leffer A, deficient in figure by a-fquare, and let it 
be that contained by BD, DC; and let BD be incommenturable to DC in ~ 
length: I fay that BC is more in power than A by the /quare of a line 
incommenfurable to itfelf in length. For the fame things being conftructed 
as in the former propofition, in like manner we fhall demonftrate that BC 
is More in power than A by'the fquare of DF: then it muft be demenftiated, 
that BC is incommenfurable in Jength to DF. For becaufe BD’ is incom- 
menfurable to DC in length, alfo (by 17. 10.) BC is incommenfurable to 
DC in length; but DC 1s commenfurable to BF, DC both together; there- 
fore alfo (by 14. 10.) BC is incommenfurable in length to BF, DC both 

~together; fo that alfo (by 17.10.) BC is incommenfurable in length to the 
remainder FD, and BC is more in power than A by the /yuere of FD; there 
fore 


fore BC is more in power-than A by the fquare of a /ime incom- 
menfurable to itfelf 2 length, Now again, let BC be more in 
power than A by the fquare of a Jine incommenfurable to itfelf 
in length; and let a parallelogram be applied to BC equal to the: 
fourth part of the fquare of A, deficient in figure by a fquare, 
and let it be the redtangle contained by BD, DC: it muft be 
demonftrated th.t ED is incommenfurable in length to DC. 
For the fame things- being conftructed, in like manner we fhall 
demonfítrate, that BC is more in power than A by the /quare 
o. DF: but (by hyp.) BC is more in power than A by the 
Jquare of a line incommenfurable to itfelf in length ; therefore BC is incom- 
meniurable in length to DF ; fo that alfo (by 17. 10.) BC is incommentu- 
rable in /ength to the remainder BF, DC both together: but BF, DC both 
togetlier is cominenfurable in length to DC ; therefore alfo: BC (by 14. 10.) 


is incommenturable in length to DC; fo.that alío by divifion, (by 17. 10.); 


BD is incommenfurable in length to DC. Therefore if there be two unequal 
ftraight lines, &c.. Which was to be demonftrated. 


ScHOLIUM. I. Since it has been demonftrated (cor. 9. r0.) that the: 
firaigbt lines commenfurable in length, are alío univerfally commenfurable- 


in power; but that thofe commenfurable in power are not univerfally com- 


menfurable in length, but may certainly be both commenfurable and incom- . 
menfurable in length ::it is evident that if any line be commenfurable in: 


length to the propofed rational line, it is called rational, and. commenífu- 
rable to it not only in length but alfo in power; for the ftraight lines com- 
menfurable in length, are alio univerfally commenturable in power; but 


if any line be coramenfurable to the propofed rational line in power, if it 


alfo happens to be fo in length, it 1s alfo thus faid to be rational, and com- 


menfurable to it in length and'power : but if, again, any line being com-- 
menfurable to the propofed rational line in. power, .azd incommenfurable. 


in length, it is.alto thus faid to be rational commenturable only in power.. 
ScHoLiUM. 2. Hecalls thofe ftraight lines RaTtonac, which are either 
commenfuruble to the propofed rational line in length and power; or in 
power only: but there are alfo other (traight lines which: are incommenfu- 
rable in length to the propofed rational line, and commenfurable only in. 
power; and again, on this account they are faid to be rational and coms. 
menfurable to one another in as far as they are rational: but they are faig 


a: 
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Book X. to be commenfurable to one another either indeed in length and power, -or 
in power only; and if in length, thefe rational lines are alfo faid to be 
commenfurable in length, it being underftood that they are in power; but 
if theíe ftraight lines are commenfurable to one another only in power, 
alfo the rational lines are faid to be commenturable only in power: but 
that rational lines are commenfurable, is manifeft from this; for becaute 
rational lines .are fuch as are commenfurable to the propofed rational line ; 
but (by 12. ro.) magnitudes commenfurable to the fame magnitude are 
commenfurable to one another; therefore rational lines are commenturable. 
Which was to be demonftrated. 


PROP. XX. 


The re&angle contained by rational ftraight lines commenfu- 
rable in length according to any of the aforefaid ways, is rational. 


For let the rectangle AC be contained by the rational D 
ftraight lines AB, BC comntenfurable in length. I fay that AC 
is rational. For let the fquare AD be defcribed upon AB ; ^ . 


therefore AD is rational: and becaufe AB is commenfurable to 
BC in length, and AB is equal to BD, therefore alfo BD is 
commenfurable to BC in length; and it is (by 1.6.) as BD 
to BC fo is AD to AC; but BD is commenfurable to BC ; 
therefore (by 10. 10.) DA 1s commenfurable to AC: but DA 
is rational; therefore alfo AC is rational. Therefore the, &c. Which was 
to be demonftrated. 


C 


PROP. XXI 


If a rational rec/azg/e be applied to a rational /freigbt /ime, it 
makes the breadth a rational 7x, and commenífurable in | length 
to the Zze to which the recfang/e is applied. | 


For let the rational rectangle AC be applied to the /fraigbt line AB 
rational, according to any of the aforefaid ways, making the breadth 
BC; I fay that BC is rational and commenfurable to AB in length. 

For 
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For let the fquare AD be defcribed upon, AB; therefore p Book X. 
AD is rational : but (by hyp.) AC is alfo rational; there- — 
fore (by 1. fch. 19. 10.) AD is commenfurable to AC; and 
itis (by 1. 6.) as DA to AC fo is DB to BC; therefore DB 
is commenfurable to BC: but BD is equal to BA ; therefore 
alfo AB is commenfurable to BC: but AB is rational; there- 
fore alfo BC is rational, and commenfurable in length to AB. ' e 
Therefore if, &c. Which was to be demonftrated. 

Lemma, A ftraight line in power equal to an irrational fpace, is 
irrational, ' | 

For let A be in power equal to an irrational fpace;.that is, 
let the {quare of A be equal to an irrational fpace; I fay that A 
A is irrational. For if A is rational, alfo the fquare of it will 
be rational; for it is fo jn the definitions; but it is not; therefore A is. 
irrational. Which was to be demonttrated. 


A B 


PROP. XXII. 


The rectangle contained by rational ftraight lines commenturable 
only in power, is irrational ; and a ftraight line in power Tes to 
1t, 1S irrational ; and let it be called medial. 


For let the rectangle AC be contained by the rational ftraight lines AB, BC 
commenfurable only in power; I fay that AC is irrational, and that the 
ftraight line in power equal to it is irrational; but let it be called medial.. 
l'or let the fquare AD be defcribed upon AB; therefore AD is rational : 
and becaufe AB is incommenfurable to BC in length, for they are fuppofed 
commenfurable only in power; and AB is equal to BD; D 
therefore DB is incommenfurable alfo to BC in length; and | 
it is (by 1.6.) as DB to BC fois AD to AC; therefore AD 4 B 
is incommenfurable to AC: but AD is rational, therefore AC 
is irrational; fo that alfo (by ir. def. 10.) the /raight 
fine in power cqual to AC, thar is, the line producing a fquare 
equal to it, is irrational; but let it be called a medial, be- 
caufe the fquare of it is equal to the rectangle contained by 
AB, CB, and is a mean proportional between a BC. Which was to be 
demonttrated. 


C 
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Book X. — ScuorruM. A medial /ite, in power equal to a fpace contained by 
‘rational Jines commenfurable only in power, is irrational. For let a fpace 
be contained by the rational ftraight lines A, B, commenífurable only 1n 
power: it muft be demoníftrated that fuch a fpace is irrational. 
For let C be taken, a mean proportional between A, B ; there- 
fore (by 17. 6.) the reZangle contained by AB 1s equal to the 
Square of C; fo that C is equal in power to the reZangle con- 
tained by A,B: therefore it is as A to B fo is the fquare of A 
to the fquare of C ; for as the firít to the third fo is the /guare | 
of the fitft to the fquare of the fecond; for this has been de- 
monftrated in the corollary to the twentieth of the fixth ele- 
. ment: but A is incommenfurable to B in length; therefore alfo the Quare 
of À is incommenfurable to the /quare of C : but the fquare of A is rational, 
therefore the rectangle contained by A,B is irrational; therefore C is irra- 
tional ; ‘but it has been called medial, becaufe being irrational it is a mean 


A CB 


proportional between two rational lines A, B. 

Lemma. If there be two ftraight lines, it will be as the firft to the 
fecond fo is the /quare of the firft to the refangle contained by the two ſtraight 
lines. Let there be two ftraight lines FE, EG: I fay that ic D 
is as FE to EG fo is the fquare of FE to the rectangle contained 
by FE, EG. For let the quare DF be defcribed upon FE, F " 
and let GF be completed: then becaufe it is (by 1.6.) as DE 
to EG fois D F to FG; and DF is the fquare of FE; but FG is 
the rectangle contained by DE, EG; that is, by FE, EG; there- 
fore it is as FE to EG fo is the fquare of FE to the rectangle G 
contained by FE, EG; in like manner alfo as the rectangle con- 3 
tained by GE, EF is to the fquare of EF; that is, as GF to DF fois GE to EF. 


P RO P. XXII 
The /guare of a medial Zze applied to a rational Zze, makes the 
breadth a rational /ze, and incommenfurable in length to the Zze to 


which it is applied. 


Let A be a medial ize, and CB a rational Jine; and let a fpace BD be 
applied to BC, equal to the fquare of A, making the breadth CD; I fay 


that CD is a rational /ize, and incommenfurable in. length to BC. For 
w becaufe 
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becaufe A is a medial line, it is in power (by 22. 10.) equal to a fpace con- 


tained by rational /imes commenturable only in power: let it be in power equal, 


to GF; but it is alfo in power equal toBD; therefore BD 1s equal to GF: 
but it is alfo equiangular to it; but (by 14. 6.) the fides of equal and 
-equianeular parellelograms are reciprocally proportional, the fides about 
the equal angles; therefore there is this proportion, as BC to EG fo 
is EF to CD; it is therefore alto (by 22. 6.) as the /guare of BC is to the 
Jquare of EG fo is the /guare of EF to the Quare of CD: but the fquare of 
BC is commenturable to the fquare of EG, for each af them is rational ; 
therefore (by 10. 10.) the fguare of EF is commenfurable to c B 
the /guare of CD: but the fquare of EF is rational; therefore 

the fquare of CD is rational; and therefore the ftraight line 

CD isrational: and EF is incommenturable to EG in length, 

for they are commenfurable only in power (by 22. 10.); but 

as EF to EG, fo (by the foregoing lemma) is the fquare of — 
EF to the reZangle contained by FE, EG; therefore the fquare F 

of EF is (by 10. 10.) incommenfurable to the refangle .con- a 
tained by FE, EG: but the fquare of CD is commenfu- 


rable to the fquare of EF, for they are rational in power; " j 


Book X. 


but the rectangle contained by DC, CB is commenífurable to that contained by | 


FE, EG, for they are equal each to the fquare of A; .therefore the fquare 
of CD is incommenturable to the reéfangle contained by DC, CB (by 13. 
-10,):.but as the fquare of CD to the rectangle contained by DC, CB fo (by 
. goregoing lemma) is DC to CB; therefore DC is incommenfurable to CB in 
length; therefore (by 6. def. 10.) CD is rational, and incommenífurable in 
length to BC, Which was to be demonftrated. 


P.R.O.P. XXIV. 
‘The fratght line commenturable to a medial, is a medial line. 


Let A be a medial Zine, and let B be commenfurable to A; I fay that alfo 

B is a medialline. For let the rational line CD.be taken; and let a right- 

angled {pace CE, equal to the fquare of A,.be applied to CD, making the 

breadth ED; therefore (by 23. 10.) ED is rational, and incommenfu- 

rable to CD in length: and let a right-angled fpace CF, equal to the 
{quare of B, be applied to CD, making the-breadth DF: now becaufe 
O À is 
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Book X. À is Incommenfurable: to B, (by 9. 10.) alfo the /quare Er 
~ of A is commenfurable to the Quare of B; but EC is equal 
to the /guare of A, and CF is equal to the /quare of 
B; therefore EC is commenfurable to CF: and it is (by * | 
1. 6.):as EC to CF fo is ED to DF; therefore ED D CA 
is commenfurable to DF in length; therefore (by 23. 
ro.) ED is rational, and incommenfurable in length to DC; 
therefore alfo (bv 13. 10.Y DF is rational, and incommenfu- 
rable in length to DC; therefore CD, DF are rational lines, 
commenfurable only in power: but (by 22.10.) the retan- ` F B 
gle contained by rational ftraight lines commenfurable only in power, is 
irrational; and the line equal to.it in power is irrational; and the line equal 
to it in power is' called medial; therefore the line equal in power to the 
re£fangle contained by CD, DF is medial: but B is equal in power to the 
reangle contained by CD, DF ; therefore: B is medial. 

Con. But from this it is evident, that a /pace commenfurable to a medial 
fpace is medial; for ftraight lines are equal in power to them which are 
commenfurable in power (by 22. 10.); of which the one is medial; fo that 
allo (by this) the remaining one is.medial. But in like manner as has been 
faid concerning rationals, it alfo follows concerning medials,. that a fraight 
fine commenturable in length to a medialis faid to be a medial, and com- 

\ ++  menfurable to it, not only in length, but alfo in power; fince univerfally the 
lines commenfurable in length, are always in power alfo: but if any Zine be 
commenfurable to.a medial in power, and if alfo in length, they are then 
faid to be medials commenfurable only in length and power; but if in power 
only, they are faid to be medials commenfurable only in power. Again, 
there are alfo other ftraight lines, which are incommenfurable in length to 

. a medial Jive, and only commentfurable in power; again, alfo, they are faid 

to be medials, becaufe they are commeniurable in power to a medial /ine, - 
and commenfurable to one another; in as far as other medials are commen- 
furable to one another, either in length, and certainly alfo-in power, or 
in power only: and if in length, thefe fame Zines are faid to be medials 
commenfurable in length, it following, that they are alfo in power; 
but if they are commenfurable only in pawer, alfo thus they are faid 
to be commenfurable only in power. It muft be thus demonftrated, that 

| . medials 


E — 
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medials are commenfurable ; becaufe medial lines are commenfurable to Book X. 
fome medial line ; but thofe that are commenfurable to the fame, are com- 
menfurable to one another; therefore medials are commenfurable. 


PROP. XXV. 
The rectangle contained by medial ftraight lines :commenfurable 


in length, 1s medial. 


For let the re&angle AC be contained by the medial ftraight | D 
lines AB, BC, commenfurable in length; I fay that AC is 


medial. For let the fquare AD be defcribed upon AB; there- : 
fore AD is medial: and becaufe AB Is commenífurable in 
length to BC, and AB is equal to BD, therefore alfo BD 
'is commenfurable in length to BC; fo that alfo AD is com- 
menfurable to AC ; but AD is medial; therefore (by cor. to 


24. 10.) AC is alfo medial. "Which was to be demonftrated. 


PROP. XXVI. 


. The rectangle contained by medial fraight lines commenturable 
only.in power, 1s either rational or medial. : 


For let the re&angle AC be contained by the medial (traight lines AB,BC 
commenfurable only in power; I fay that AC is either rational or medial. 
For let the fquares AD, BE be defcribed upon AB, BC ; therefore each of 
the /quares AD, BE is medial: and let the rational line FG be put; and 
(by 45. 1.) let theright-angled parallelogram GHI be applied to FG, equal 
to the /guare AD, making the breadth FH; but let the right-angled paral- 
lelogram MK be applied to HM, equal to AC, making the breadth HK; 
and befides, in like manner let NL be applied to KN equal to the /guare 
BE, making the breadth KL: therefore (by 14.1.) FH, HK, KL are in 
a ftraight line: now becaufe each of the fquares AD, BE is ‘medial; and 
AD is equal to GH, and BE to NL; therefore each of the rectangles 
HG, NL is medial, and is applied to the rational line FG; therefore (by 
23.10.) each of the /imes FH, KL is rational, and incommenfurable in 
length to FG. Now becaufe AD is commenfurable to BE, therefore 
alfo GH is commenfurable to NL; alfo (by 1.6.) therefore it is as GH 

O 2 to 
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to NIL fo is FH to KL; therefore (by 10. 10.) FH 
is commenfurable tn length to KL; therefore FH,KL 
are rational lines, commenturable in length; there- 
fore the rectangle contained by FH, KL (by 20. 10.) 
is rational: and becaufe BD is equal to BA, but 
OB to BC, therefore it is as DB to BC fois AB M 
to BO; but (by 1.6.) DB to BC fois DA to AC; 

and as AB to BO fo is AC to CO;; therefore it is as n B 
CO to AC fo is AC to AD: but AD is equal to 
GH, and AC to MK, and CO to NL; therefore 
itis as GH to MK fois MK to NL; and there- 
fore (by 1.6.) it is as FH to HK fois HK to KL; 
therefore (by 17.6.) the reZangle contained by FH, KL 1s equal the /guare 
of HK: but (by 20. 10.) the rectangle contained by FH, KL is rational ; 
therefore alfo the fquare of HK is rational; therefore HK is rational: and 
i£. HK 1s commenfurable in length to HM, that is to FG, NH is rational; 
but if it is. incommenfurable in length to FG: KH,HM are rational. 
commenfurable only in power; therefore (by 22. 10.) HN is medial; 
therefore HN is either rational or medial: but HN is equal to AC ; there- 


A. 


fore AC is either rational or medial. Therefore the rectangle contained by 


medial /fratght lines commenfurable only in power, is either rational or 
medial, Which was to be demonftrated. 


PROP. XXVII. 
A medial /pace does not exceed a medial /pace by a rational /pace. 


. For, if poffible, let the medial /pace AB exceed the medial /pace AC by 
the rational /pace DB :. and let the rational line EF be taken; and (by 45. 1.) 
let the right-angled parallelogram FH be applied to EF, equal to AB, 
making the breadth EH ; and let FG be taken away, equal to AC ; there- 
fore the remainder DB is equal to the remainder KH: but (by hyp.) 
BD is rational; therefore KH is rational. Now becaufe each of the 
Jpaces AB, AC is medial, and AB is equal to'FH, and AC to FG, there- ` 
fore each of the fpaces FH, FG-is medial; and they are applied to the 
rational Ziwe EF ; therefore (by: 23. 10.) each of the /izes EH, EG. is 
rational, and incommenífurable in length to EF: and becaufe DB is rational, 


and it is equal tọ KH, therefore alfo KH is rational; and it is applied to 
the 


OF EUCLID. IOI 


the rational /ixe EF; therefore (by 21. 10.) GH is CR 
rational, and commenfurable in length to EF : but 
alfo EG 1s rational, and incommenífurable in length 
to EF; therefore (by 13. 10.) GE is incommenfu- 
rable in length to GH: and it is (by 1. 6.) as EG 
to GH fo is the /guare of EG to the rectangle con- 
tained by EG, GH ; therefore (by 1o. 10.) the 
Jquare of EG 1s incommenfurable to the reZang/e 
contained by EG, GH : but the fquares of EG, GH 
are commenfurable to the /guare of EG, for they 
are both rational; but the rectangle contained by 
EG,GH taken twice is commenfurable to the rectangle contained by 
EG,GH, for it.is the double of it; therefore the fquares of EG, GH are 
incommenfurable to the rectangle contained by EG, GH taken twice (by 4. 
10.); therefore, alfo, both taken together, the /guares of EG, GH, and the 
srectanple contained by EG, GH taken twice, which (by 4. 2.) 1s the fquare 
of EH, are incomnfenfurable (by 17. 10.) to. the /quares of EG, GIH ; 
but the fquares of EG, GH are rational; therefore (by to. def. 10.) the 
{quare of EH is irrational; and therefore EH is irrational; but it is alfo 
rational, which is impoffible. Therefore a medial /pace does not exceed a 
medial fpace by.a rational /pace. Which was to be demontftrated. 


> 


H D 


F K.. 


P R O P. XXVIII. 
To find medial frazght //nes, commenfurable only in power, con- 
taining a rational {pace. 


Let two rational ftraight lines A, B be put commenífurable only in power, 
and let C be taken a mean proportional (by 13. 6.) between A, B ; and let 


it be made as Ato B fois C to D: and becaufe A,B are rational /snes,. 


commenfurable only in power, therefore the rectangle con- 

tained by A, B, that is the, fquare of C, is medial (by 22. 

10.) ; therefore C is medial’; and becaufe it is as A to B fo 

iC to D, and A,B are commenfurable only in power, 

therefore (by 10. 10.) alfo C, D are commenfurable in power 

Only ; and C is a medial Z/ze; therefore (by 24. 10.) D is a 

medial dine; therefore C,D are medial lines, commenfurable Lv 

only in power. Now I fay that they contain a rational /2ace. ACBD 
| : For 
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Book X. For becaufe it is as A to B fo is C to D, therefore it is alternately, as A to 
—vc7 Cíois B to D; but as À to C fo is C to B; therefore as C to B fois 
B to D; therefore (by t7. 6.) the rectangle contained by C, D is equal to 

¿the fquare of B: but the fquare of B is rational; therefore the refangle 
contained by C, D is rational. Therefore medial fraight lines, commentfu- 


rable in power only, containing a rational /pace, have been found. Which 
was to be done. 


P RO P. XXIX. 


. To find: medial /zzes, commenfurable in power only, containing 


a medial /pace. 


3 Let A, B,C be taken, three rational ftraight lines, commenfurable in 
power only; and let D be taken, a mean proportional between AB-; and 
let it be made as B to C fo D to E.  Becaufe the rational lines A, B are 
commenfurable in power only, therefore (by 22. 10.) the reZangle contained 
by A, B, that is the fquare of D, is a medial /pace ; therefore is D a medial 
line: and becaufe B, C are rational lines, commenfurable in power only; 
and ıt ıs as B to C fois D to E; therefore D, E (by 10. 10.) 
are commenfurable only in power: but D is à medial Zine; 
therefore (by 24. 10.) alfo E is a medial /ine; therefore D, E 

, are medial lines commenfurable only in power. Now I fay 

.alfo-that they contain a medial /pace. For becaufe it is as B 

to C fo is D to E, therefore alternately as B to D fo is 

'C toa E; but as B to D (by conít.) fo is D to A; therefore 

. alfo, as D to A fo is C to E; therefore the rectangle contained 

by A, C is equal to the reZangle contained by D, E: but (by , 

2.10.) that.contained by A,C is a medial /pace; therefore ADBCE 

alfo shat. contained by D, E is a medial /pace. Therefore medial Zines com- 
menfurablé in power only, containing a medial /pace, have been found. 
Which was to be done. 

Lemma. 1. To find two fquare numbers, fo that alfo the number com- 
pounded of them may be a fquare umher. Let two numbers AB, BC. be 
put; now let them,be either even or odd: and becaufe (by 24 and 26. 9.) 
if either an even number be taken from an even number, or an odd num- 

ber 
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ber from an odd number, the remainder is even ; Book X. 
therefore the remainder AC is even: let AC be cut A... D C... B. 77 
in halves in D; but det AB, BC be either fimilar 

plane numbers, or fquares, which are alfo fimilar plane numbers ; there- 

fore (by 6. 2.) the number made by AB, BC, together with the fquare of 

CD, is equal to the fquare of DB; and the number made of AB, BC is a. 
fquare; fince it has been demonftrated (by 1. 9.) that if two fimilar plane : 
numbers, multiplying one another, make any number, the number pro- . 

duced is a fquare: therefore there have been found two fquare numbers ; 

the one made of AB, BC, and the /guare of CD; which being compounded, . 

or put together, make the fquare of BD. Which was to be done. 

Con. And it is- manifeft that, again, two fquare numbers have been 
found, the guare of BD, and the /guare of CD; fothat the excefs of them,- 
the number made by AB, BC, 1s afquare, when AB, BC are fimilar plane 
numbers: but when they are not fimilar plane numbers, two {quare numéers - 
have been found, the quare of BD, and the f/quare of CD; the excefs. of 
which, the number made by AB, CB, is not a fquare.-. 

Lemma. 2. To find two fquare numbers, fo that the number com- 
pounded of them may not be a fquare number. For let the number made 
by AB, BC be a fquare, as we have faid (in the foregoing lemma) ; and let: 
CA be even, and let CA be cut in halves in D: now 1t 1s evident that the - 
{quare number made of AB, BC, together with the fquare of CD, is equal 
to the fquare of BD:-let unity DE be taken away; therefore the fquare 
made of AB, BC, together with the fquare of CF, is lefs than the fquare - 
of BD. Now I fay that the fquare made by the numbers AB, BC, toge- 
ther with the fquare of CE, will not be a fquare. For if it fhall be a 
Íquare, it is either equal to the fquare of BE, or lefs; for it 1s not greater, 
unlefs unity be divided, or the number made by AB, BC, with the quare 
of CD (which is the /guare of BD), be equal to the number made by. AB, BC 
with the /guare of CE; both of which is impofible. Firlt, if poffible, let: 
the number made by AB, BC, with the /gaare of CF, be equal to the Square 
of BE; and let GA he the double of unity DE. Now becaufe the whole 
AC 1s the doubie of the whole BD, of which the part taken away AG is 
double of the part taken away DE, therefore alfo (by 7.7.) the remain- 
der CG is double of the remainder CE; therefore CG has been cut in 
halves in E; therefore (by 6.2.) the number made of GB, BC, with the 

| [quare 
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Book X. /quare of CE, is equal to the /guare of BE. 


— — 


But alfo the number made of AB, BC, with — A.. G.. H. D. E.F... C........ B 
the /guare of CE, is fuppofed equal to the 


‘fquare of BE; therefore the number made by GB, BC, with the {quare of CE, 
‘is equal to the number made by AB, BC, with the /guare of CE; and the com- 


mon guare of CE being taken away, AB is found equal to GB; which,js 
abfurd. Therefore the number made by AB, BC, with the fquare of CE, is 
not equal to the fquare of BE. Now I fay that neither 1s it lefs than the 
fquare of BE; for, if poffible, let it be equal to the /guare of BF; and put 
HA the double of DF: again, HC will be found the double of CF, fo 
that alfo HC has been cut in halves in F; and for this (by 6. 2.) the 
number made by HB, BC, with the fquare of CF, is equal to the /guare of 
BF: but the number made by AB, BC, with the fquare of CE, is alfo fup- 
pofed equal to the fquare of BF; therefore the number made by AB, BC, 
with the fquare of CE, will be found equal to the number made by GB, BC, 
with the fquare of CF ; which is abfurd. Therefore the number made of 
AB, BC, with the fquare of CE, is not equal to a number lefs than the fquare 
of BE: but it has been demonftrated, that neither is i# equal to the /quare 
of BE itfelf, nor to one greater than it; therefore the number made of 
AB, BC, with the /quare of CE, is not afquare number. Although it is pof- 
fible to have demonftrated what has been faid, by more methods ; let what 
has been faid fatisfy us, the inveftigation being rather long, that we may not 
Jengthen it out farther. 


PROP. XXX. 


To find two rational Ænes commenfurable only in power, fo that 
the greater may be more in power than the lefs, by the fquare of a 
fine commenturable to itfelf in length. 


For let any rational dine AB be taken, and (by cor. to lemma 1.) let 
CD, DE be two fquare numbers, fo that CE, the excefs of them, may 
not be a fquare; and let the femi-circle AFB be defcribed upon AB; and 
let it be made (by cor. to 6. 10.) as DC to CE fo is the fquare-of AB to 
the /quare of AF, and let /FB.be joined. Now becaufe it.is as the fquare 
of BA to the fquare of AF fo is DC to CE, therefore the /guare of AB 
has to the /quare of .AF the ratio which the number DC .has to the num- 

ber 
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ber CE; therefore (by 6. 10.) the /quare of BA 1s commenfurable to 
the /quare of AF: but the fquare of AB 1s rational (by 8. def. 10.) ; 
therefore (by 9. def. 10.) the /guare of AF alfo is rational ; and, Pom 
(by 6. def. 10.) AF is rational. And becaufe pF 

DC has not to CE the ratio which a fquare 

number bas to a fquare number; neither, 

therefore, (by conft.) has the fquare of BA to 

the fquare of AF, the ratio which a fquare 

number 4as to a fquare number ; therefore A B 
(by 9. 10.) BA is incommenfurable in length C... E«.. D 

to AF ; therefore (by 3. def. 10.) AB, AF are rational lines commenfuráble 
in power only. And becaufe it is as DC to CE fo is the fquare of BA to 
the fquare of FA; therefore, by converfion, (by 19. 5.and 47.1.) as CD 
to DE fo is the /guare of AB to the /guare of BF: but CD has to DE the 
ratio which a fquare number has to a fquare number; therefore the /guare 
of AB has to the /guare of BF the ratio which a fquare number sas 
to a fquare number; therefore (by 9. 10.) AB is commenfurable in length 
to BF; and (by 47. 1.) the /guare of AB is equal to the /quares of AF,FB; 
therefore AB is more in power than AF by the /quare of BF, a line com- 
menfurable to itfelf in length. "Therefore two rational f/raigbt lines AB, AF 
commenfurable only in power have been found, fo that the greater BA is 
more in power than the lefs AF by the fquare of the ize BF commenfu- 
rable to itfelf in length. Which was to be [demonftrated] done. 


PROP. XXXI. 


To find two rational Anes cominantoribie only in power, fo 
that the greater may be more in power than the lefs, by the fquare 
of a line incommentfurable to itfelf in length. 


Let the rational line AB be taken; and (by 2. lem. 3o. 10.) let CE, ED 
be two fquare numbers, fo that CD, the xumber compounded of them, may 
not be a fquare; and let the femicircle AFB be defcribed upon AB; and 
‘Jet it be made (by cor. to 6. 10.) as DC to CE fo is the. /guare of AB to 
the /quare of AF; and let FB be joined. Certainly in the fame manner we 
.fhall demonftrate, as in the propofition before this, that AB, AF are rational 
fraight lines commenfurable in power only ; and becaufe it is as DC to CE 

fo 
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fo 1s the /quare of AB to the Jquare of AF, therefore, by converfion, as CD 
to DE fo is the /guare of AB to the /quare of 
BF: but (by the conít.) CD has not to DE 
the ratio which a fquare number bas to a fquare 
number; neither, therefore, has the /quare of 
AB to the /guare of BF the ratio which a fquare 
number as to a fquare number ; therefore (by E —* EaD " 
9. 10.) AB is incommenfurable in length to BF; 
and AB is more in power than AF by the fquare of the /ize BF incommen- 
furable ta length to itfelf; therefore AB, BF are rational lines, commen- 
furable only in power; and AB is more in power than AF by the /quare 
of BF a dine incommenturable to itfelf in length. Which was to be done. 
Lemma. Let there be two ftraight lines in any ratio, it will be as the 
ftraight line to the ftraight line fo is the rectangle contained by the two dines 
to the fquare of the leaft. For let there be ftraight lines E C 
AB, BC in any ratio; I fay that 1 it is, as AB to BC fo is the 
rectangle contained by AB, BC to the /guare of BC. For let . P B 
the {quare BDEC be defcribed upon BC, and let the paral- 
lelogram AD be completed. Now it is evident (by 1. 6.) 


F 


X that it is as AB, BC fo is the parallelogram AD to the paral- 


lelogram BE; and AD is the rectangle contained by AB, BC, 
for BC is equal to BD; but BE is the /guare of BC : there- A 
fore as AB to BC fo is the reéfangle contained by AB,BC to the he Jquare 


of BC. Which was to be demonftrated. 


PROP. XXXII. 


To find two medial fraight /imes, commentfurable only in power, 
containing a rational /pace, fo ‘that the greater be more in power 
than the lefs by the fquare of a Ame commenturable to itfelf in 
length. i 


Let A, B be taken, (by 30. 10.) two rational Jines commenfurable only 
in power; fo that A, being greater, may be more in power than the lefs 
B, by the /quare of a Jine commenfurable to itfelf. in length; and let the 
Jquare of C be equal to the reZangle contained by A,B ; but the reZangle 

contained 
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contained by A,B is medial (by 22. r0.) ; therefore the /quare of C is 
medial; therefore alfo C is a medial dine: but let the rectangle contained 
by C, D be equal to the fquare of B ; .but the /guare of B is rational ; there- 


Book X. 
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fore the rectangle contained by C, D is rational alfo: and becaute it is (by 


lem. foreg.) as A to B fo 1s the.reZangle contained by A, B to the fquare of 
B; but the rectangle contained by A, B is equal to the fquare of C ;, and the 
rectangle contained by C, D is equal to the /qguare of B ; therefore as A to B 
fo is the fquare of C to the reZangle contained by C, D: but 
(by lem. foreg.) as the fquare of C to the reZangle contained 
by C; D fois C to D; therefore alfo as A to B foisC to ^ 
D: but A is commenfurable only in power to B; therc- 
fore alfo (by 1o. 10.) C is commenfurable to D in power 
only; and C is a medial /ize ; therefore (by 24. 10.) D alfo 
. 1s a medial /ime: and becaufe it is as A to B fo is C to D; Be 
and A is more in power than B by the quare of a line AC BD 
commenfurable to itfelf in length; therefore alío (by 15. 10.) C will be 
more in power than D by the fquare of a line commenfurable to itfelf in 
length. Therefore C, D, two medial //zes, have been found, commenífurable 
only in power, containing a rational fpace; and C is more in power than 
D by the fquare of a /ine commenífurable to itfelf in length. Which was to 
be done. | 

But in like manner it will be demonftrated that two medial ftraight lines 
may be found, commenfurable only in power, containing a rational fpace; fo 
that the greater may be more in power than tbe lefs by tbe fquare of a line 
incommenfurable toitfelf in length, when A is more in power than B by the 
Square of a tine incommenturable to itfelf in length. 

Lemma. If there be three (traight lines in any ratio, it will be as the 


firít to the third fo is the rectangle contained by the firft and the middle one. 


to that contained by the middle one and the [leaft] /af#. Let there be'three 


ftraight lines AB, BC, CD in any ratio: I fay E. F HG 


that it is as AB to CD fo is the reffangle contained peer I 
by AB, BC to that contained by BC,CD. For 

from the point A, let AE be drawn at right angles z B CD 
to AB, and put AE equal to BC ; and through the point E let EG be 
drawn parallel to the ftraight line AD, and through the points B, C, D let 
FB, HC, GD be drawn parallel to AE. And becaufe it is (by 1. 6.) as 


P 2 AB 


- 


af 
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AB to BC fo is the parallelogram AF to: the parallelogram BH ; but as 
BC to CD fo is BH.to CG; therefore, by equality, as AB to CD fo is 
the parallelogram AF to the parallelogram CG; and AF is the rectangle 
contained by AB, BC, for AE is equal to BC; but CG is the redangle 
contained by BC, CD, for BC- is equal to CH. Therefore if there be 
three ftraight lines in any ratio, it will be as the firít to the third fo is the 
rectangle. contained by the firt and middle to that contained by the-middle- 
one and third. Which was to be-demonftrated.. 


P R O P. XXXIII. 


To find two medial lines, commenfurable only in power, con- 
taining a medial fpace, fo that. the greater may be more in power 
than the lefs by the fquare.of a line commentfurable. to itfelf zx. 
length. 


Let the three rational ftratght lines A; B,C be taken, (by “30. 10.) com- 
menfurable only in power, fo that A may be more in power than C by the 
{quare of .a /imescommenfurable to.itfelf in /ength; and (by 14. 2.) let the 


Square of: D be equal ‘to the rectangle contained by A, B: but (by 22. 10-)’ 


the rectangle contained by A, B is a medial /pace; therefore the fquare of 

D is a medial fpace; and therefore D is a medial line: but let the rectangle 

contained by D, E be made (by 45.1.) equal to the reZangle contained by : 

B,C; and becaufe it is (by r.6.):as the reZangle contained by A,B to. 

that contained by B, C fois: A to C; but the guare of. D, is equal to «the 

rectangle contained by A, B; and the refangle contained by D, E is equal to 

that contained by B,C; therefore it is as A to C fo is the /gaare of D tx 

the reffangle contained by D, E: but (by lem. to 32. 10.) as the fquare of . 

D' to the: reZangle contaixed by D; E. 10 1s Dto Ej there- 

fore alfo as A to C fo 1s D to E: but (by conít.) A is com- 

menfurable to C only in power; therefore D'(by 10. 10.) 

is commenfurable to E in power only: but D' is a medial 

line, therefore (by 24. 16.) Eis a medial /ime: and. becaufe” 

it is as A to C fo is Dto-E; and A is more in power: ADDBEC 

than C' by the /quare of a, line commenífurable to itfelf in length ; there- 

fore D alfo will-be more in power than E (by 15. 10.) by the /quare of 

a ftraight line covamenfurable to itfelf in Jengtb : now I fay alfo -that the 
rectangle 
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recFangle contained by D, E is a medial fpace; for becaufe the reffangle con- Book X. 
tained by D, E is equal to that contained by B, C ; but the reZangle con- 7777 
tained by B, C is a medial /pace ; therefore alfo the rectangle contained: by 

D, E is a medial /pace. Therefore two.medial Zines D, E have been found, 
commenfurable only in power, containing a medial fpace, fo that the greater 

Is more in power than the lefs by the fquare of a line commenturable to itfelf 

in length. Which was to be done. But, again, in like manner, it will be 
demonftrated that two medial ftraight lines commenfurable only in power, may 

be found, containing a medial fpace, ío that the greater may be more in power 

than the lefs by the fquare of a line incommenfurable to itfelf in length. 

Lemma. Let ABC be a right-angled triangle, having BAC the right . 
angle; and let the perpendicular AD be drawn: I fay that the refangle 
contained by CB, BD is equal to the fquare of AB; and that the rectangle 
contained-by BC, CD is equal to the /guare of CA; and that the reéfangle 
contained by BD, DC is equal to the /guare of AD} and that the reé?dngle . 
contained by BC, AD is equal to the rectangle contained by BA, AC. And 
firft, that the rectangle contained by CB, BD is equal to the quare of “AB. . 

For becaufe in-a right-angled triangle a perpendicular AD has been drawn 

from the right-angle to the bafe, therefore (by 8. 6.) the triangles 

ABD, ADE are fimilar both to the whole ABC and to one another; and ` 
becaufe the triangle ABC is fimilar to the triangle ABD; therefore it is (by 

1. def. 6.) as CB-to BA fo is BA to BD; therefore (by 17. 6.) the rec?angle 
contained by CB, BD is equal to the /guare of AB: certainly, for the fame 

reafon alfo, the reéfangle contained by BC, CD 1s E A 

equal to the /guare of AC. And becaufe (by cor. 
8. 6.) if in a right-angled triangle a perpendi- . 
cular be drawn from the right angle to the bafe, 
the fraight line drawn 1s a mean proportional be- 
tween the fegments of the bafe; therefore it is, as BD to DA fo is AD to . 
DC ; therefore the reffangle contained by BD, DC is equai to the fquare of 
DA: J fay that alfo the reZangle contained by BC, AD is equai to the refangle 
contained by BA, AC: for becaufe, as we have faid, ABC is fimilar to 
ADB, therefcre it is as BC to CA io is BÀ to AD; but (by 16.6.) if four 
ftraight lines be proportionals, the rectangle contained by the extremes is 
ecual to the rectangle contained by the means; therefore the reffangle con- 
tained by BC, AD is equal to the recfangle contained by BA, AC. And if 
we. fhall defcribe the right-angled parallelogram EC, and complete AF, | 


I fay» - 
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I fay that EC will be equal to AF; for each of them is the double of the 
triangle ABC; and EC is the rectangle contained by BC, AD, and AF 
that contained by AB, AC; therefore the rectangle contained by BC, AD is 
equal to the reZangle contained by BA, AC. Which was to be demon- 
{trated. 

Lemma. 2. Ifa ftraight line be cut into unequal parts, it will be as the 
{traight line to the ftraight line fo is the recfangle contained by the whole 


and the greater part to that contained by the whole and the leffer part. 


For let any ftraight line AB be cut into, unequal parts at E; I fay that as 
AE to EB fo is the reZangle contained by BA, AE to that 
contained by BA, BE. For let the fquare ACDB be de- 
{cribed upon AB; and through the point E Jet EF bedrawn 
paral]el to either of the lines AC, DB: now it is evident 
(by 1. 6.) that as AE to EB fo is the parallelogram AF 
to the parallelogram FB ; and AF is the reZangle con- c FD 
tained by BA, AE, for AC is. equal to AB; but FB is that contained by 
AB, BE, for DB is equal to AB; therefore as AE to EB fo is the reéfangle 
contained by BA, AE to that contained by AB, BE. Which was to be 
demonftrated. 

Lemma. 3. If there be two unequal ftraight lines, and the leffer of 

them be cut into equal parts, the rectangle contained by the two ftraight 
lines will be double of that which is contained by the greater, and the half 
of the leffer. Let AB, BC be the two unequal ftraight | EFG 
lines, of which let AB be the greater; and let BC 
be cut in halves at D: I fay that the reZangle contained 
by AB, BC is double of that contained by AB, BD. 
For from the point B let BE be drawn at right angles A. BDC 
to BC, and let BE be put equal to BA, and let the figute be defcribed: 
now becaufe it is (by 1. 6.) as DB to DC fo is BF to DG, therefore, by 
compofition, as BC to DC fo‘is BG to DG; and BC is the double of 
DC ; therefore alfo BG is the double of DG; and BG is the rechangle con- 
tained by AB, BC, for AB is equal to BE; but DG is the reZangle 
contained by AB, BD, for BD is e to DC, and DF to AB. Which 
was to be demonftrated, 


A. E B 
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PROP. XXXIV. 


To find two ftraight lines, incommenfurable in power, making 
the /pace compounded of the fquares of them rational, but the 
rečłangle contained by them a medial /pace. 


Let AB, BC be taken, (by 31. 10.) two rational lines commenfurable only 
in power, fo that the greater AB may be more in power than the lefs BC by 
the fquare of a line incommenfurable to itfelf in length ; and let BC be cut in 
halves in D; and (by 28.6.) let a parallelogram be applied to AB equal to. 
the fquare of either of the /ines DB, DC, deficient by a fquare figure; and 


let it be the reZangle contained by AE, EB; and let the femicircle AFB be 


defcribed upon AB; and let EF be drawn at right 


angles to AB; and let AF, FB be joined. And | 
becaufe the two ftraight lines AB, BC are unequal, k — j 


and AB ts more in power than BC by the fquare 

of a line incommenfurable to itfelf zn length; and becaufe a parallelogram 
has been applied to AB, equal to the fourth part of the fquare of the leffer 
BC, that is to the fquare of the half of it, deficient by a fquare figure; and’ 


makes the reZangle contained by AE, EB; therefore (by 19. 10.) AE is: 
incommenfurable to EB: and becaufe it is (by 1.6.) as AE to EB fo is the 


rectangle contained by BA, AE to that contained by AB, BE; but the 
rectangle contained by BA, AF 1s (by tr. lem. foreg.) equal to the /guare of 
AF ; and that contained by AB, BE 1s equal to the fquare of BF; there- 
fore the /guare of AF is incommenfurable to the /guare of BF; therefore: 
AF, FB are incommenfurable in power: and becaufe AB is rational, there- 
fore alfo the fquare of AB is rational; {o that alfo the {pace compounded of 
the fquares of AF, FB is rational: and again, becaufe the rectangle contained 
by AE, EB is equal to the /guare of EF; but the reZangle contained by 
AE, EB is fuppofed equal to the /guare of BD; therefore FE is equal to 
BD ; therefore BC is the double of EF; fo that alfo the reZang/e contained" 
by AB, BC is double of the reéfangle contained by AB, EF (by 1. 6.): but 
the recfangle contained by AB, BC 1s a medial /pace. (by 22. 10.); therefore 
alfo the rectangle contained by AB, EF is a medial /pace : but. the reZangle 


contained by AB, EF is equal (by 1. lem. foreg.) to that contained by AF; FB; 
therefore the rectangle contained by AF,FB is a medial /pace; but the 


Jpace compounded of the fquares:of them has been demonftrated zo be 
rational. 


f 
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Book X. rational. ‘Therefore two ftraight lines AF, FB have been found incommen- 
furable in power, making the /pace compounded of the fquares of them 
.rational, but.the reZangle contained by them a medial /pace. Which was to 

be. done. 


PROP. XXXV. 


"To find two ftraight lines, incommenfurable in power, making 
the /pace compounded of the íquares of them medial, but the 
rectangle contained by them a rational /pace. 


Let AB, BC be taken (by 32. 10.), two medial Zines commenfurable only 
in power, containing a rational fpace, the re&angle contained by them, {o 
that AB may be more in power than BC by the fquare of a line incommen- 
furable to. itfelf in length; and let the femicircle ADB be defcribed upon 
AB; and let BC be cut in halves at E; and (by 28. 6.) let a parallelogram, 
the rec?angle contained by AF, FB, be applied to AB, equal to the /quare of 
BE, deficient by a fquare figure; therefore (by 19. 10.) AF is incommen- 
furable in length to FB ; and from F let FD be drawn at right angles to 
AB, and let AD, DB be joined. Becaufe AF is incommenturable in length 

to FB; therefore (by 1. 6. and 10. 10.) alo the recfangle contained by 
BA, AF is incommenfurable to the reZangle contained by AB, BF: but (by 
1. lem. to 34. 10.) the reZangle contained by BA, AF 1s equal to the /quare 
of AD, and the reZangle contained by AB, BF to the /quare of BD; there- 
fore the fquare of AD is incommenfurable to the fquare of BD; therefore 
AD, BD are incommeníurable in power : and 
becaufe the fquare of AB is a medial /pace, there- 
fore. alfo the /pace compounded of the íquares of 
AD, DB is medial; and becaufe BC is the dou- ^ "am E C 
ble .of. DF, therefore alío the reZangle contained by AB, BC. is double (by 
1. 6.) of that contained by AB, DF; fo that alfo it is commenfurable: but 
the reZangle contained by AB, BC is rational, for it is fuppofed fo; there- 
fare alfo that contained by AB, DF is rational; but (by 3. lem. 34. 10.) the 
rectangle contained by AD, DB 1s equal to that contained by AB, FD; fo 
that alfo the rectangle contained by AD, DB is rational. Therefore two ftraight 
lines AD, DB have been found, incommenfurable in power, making the 
Jpace compounded of the fquares of them medial, but the rectangle con- 
tained by them a rational /pace. Which was.to be done. 
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PROP. XXXVI. 

"To find two ftraight lines, incommenfurabic in power, making 
both the /pace compounded of the íquares of them medial, and 
the rectangle contaimed by them medial, and befides incommentu- 
rable to the pace compounded of the fquares of them. 


Let AB, BC be taken (by 33. 10.), two medial lines, commenfurable only 
in power, containing a medial /pace, fo that AB may be more in power than 
BC by the fquare of a line incommenfurable to itfelf zx /ength; and let the 
femicircle ADB be defcribed upon AB; and let the reft be made in like 
manner as in what has been faid above (34. 35.). And becaufe AF is incom- 
menfurable in length to FB, alfo AD is incommenfurable to DB in power; 
and becaufe the fquare of AB 1s a medial /pace, therefore alfo the /pace com- 
pounded of the Jquares of AD, DB is medial; and becaufe the reZfangie 
contained by AF, FB is equal to the fquare of either of the Zines BE, DF, 
therefore DF is equal to BE; therefore BC is the double of FD; fo that 
alfo the re&angle contained by AB, BC is double of the reang/le contained by 
AB, DF: but the rectangle contained by AB, BC is a medial /pace ; there- 
fore alío the reZangle contained by AB, DF is a medial /pace, and (by 1. 
lem. 34. 10.) is equal to that contained by AD, DB; alfo the rectangle con- 
tained by AD, DB is a medial /pace. And becaute i 
AB is incommenturable in length to BC; but CB Sg 
is commenfurable to BE; therefore alfu AB is E eir 
incommenfurable in length to BE; {o that alfo (by 
1. 6. and 1o. 10.) the /guare of AB is incommenturable to the rectangle 
contained by AB, BE: but the /guares of AD, DB are equal to the /guare of 
AB; and the rectangle contained by AB, DF is equal to that contained by 
AB, BE, that is, to ¢bat contained by AD, DB; therefore the /pace com- 
pounded of the fquares of AD, DB is incommenfurable to the rectangle con- 
tained by AD, DB. Therefore two ftraight lines have been found, incom- 
menfurable in power, making both the /pace compounded of the fquares of 
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them medial, and the rectangle contained by them medial, and beſides incom- 


menfurable to the /pace compounded of the fquares of them. Which was 
to be done. 
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THE BEGINNING OF THE SENARIES BY COMPOSITION, 


PROP XXXVII 


If two rational Zzes commenfurable only in power be put together, 
the whole is irrational; and let it be called A BINOMIAL /ine. 


For let the two rational Zines AB, BC, commenfurable only in power, be 
put together; I fay that AC is irrational. For becaufe AB is incommen- 
furable to BC in length, for they are commenfurable only in power; but as 
AB to BC fo (by 1.6.) is the reéfangle contained by AB, BC to the /guare of 
BC; therefore (by 10. 10.) the reZangle contained by AB, BC is 
incommenfurable to the /guare of BC: but the rectangle contained 
by AB, BC zaken twice is commenfurable (by-6. 10.) to the reZangle 
contained by AB, BC; but (by 16. 10.) the /guares of AB, BC are 
commenfurable to the /guere of BC; therefore the rectangle con- A 
tained by AB, BC taken twice is incommenturable to the /guares of AB, BC; 
and, by compofition, (by 16. 10.) the rectangle contained by AB, BC takea 
twice, with the /quares of AB, BC,, that is (by 4. 2.) the /guare of AC, is 
incommenfurable to the /pace compounded of the /guares of AB, BC: but 
the /pace compounded of the /guares of AB, BC is rational ; therefore the 
{quare of AC is irrational ; fo that alfo AC is irrational ; but let it be called. 
a binomial. 


PROP. XXXVIII. 
If two medial 2e: commenfurable only in power be put together;. 
containing a rational /pace, the whole is irrational; and let it be 
called a FIRST BIMEDIAL sine, 


For let two medial lines AB, BC, commenfurable only in power, be put 
together, containing a rational pace; I fay that the whole AC is irrational. 
For becaufe AB is incommenfurable in length -to BC, alfo the 


Jquares of AB, BC are incommenfurable to the rectangle contained by» 


AB, BC taken twice (by 13. 10.); therefore, by compofition, (by ^ B 
16. 13.) the fquares of AB, BC, with the rectangle contained by 
AB, BC taken twice, which is (by 4. 2.) the fquare of AC, is 
incoinmenfurable to the reZangle contained by. AB, BC: but they 
ES are 
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are © fuppoied as containing a rational /pace; therefore ihe fquare of AC is Book x. 
irrational; therefore AC is irrational; and let it be called a firft bimedial € 
line. 


P RO P. XXXIX. 


\ . . ° 

If two medial 7/zes, commenfurable only in. power, be put to- 

gether, containing a medial {pace, the whole is irrational ;- and let 
it be called a SECOND BIMEDIAL Une. 


For let two medial lines AB, BC, commenfurable only in power, be put 
together, containing a medial /pace; I fay that AC is irrational. Let the 
rational line DE be taken ; and (by 45. 1.) let the parallelogram DF be 
applied to DE, equal to the fquare of AC, making the breadth DG : and 
becaufe (by 4. 2.) the /guare of AC is equal to the /guares of AB, BC, and 
the reZangle contained by AB, BC taken twice; now let EH be applied to 
DE, equal to the fquares of AB,BC; therefore the remainder FH is 
equal to the rectangle contained by AB, BC zaken twice: and becaufe 
each of the lines AB, BC is medial, therefore the /guares of AB, BC 
are medial: but alfo the rectangle contained by AB, BC, taken twice, 
is fuppofed medial; and EFI is equal to the fyuares of AB, BC ; 
and HF is equal to the rectangle contained by AB, BC faker twice; 
therefore each of the /paces EH, HF 1s medial; and 
they are applied to a rational Zne DE; therefore (by 
25. IO.) each of the /izes DH, HG is rational, and in- 
commenturable in length to DE : and becaufe AB is in- c 
commenfurable in length to BC; and it is as AB to BC 
fo (by 1.6.) 1s the /guare of AB to the rectangle con- +B 
tained by AB, BC; therefore (by 10. 10.) the rectangle 
contained by AB, DC is incommenfurable to the fquare 
of AB: but (by hyp.) the fpace compounded of the 
íquares of AB, BC is commenfurable to the /gaare of AB; and the rect- 
angle contained by AB, BC taken twice is commentfurable to that con- 
tained by AB, BC; therefore (by 14.10.) the /pace compounded of the 
{quares of AB, BC is incommenfurable to the rectangle contained by AB, BC 
taken twice: but EH is equal to the /guares of AB, BC, and HF is equal 
to the rectangle contained by AB, BC taken twice; therefore EH is incom- 
menfurable to HF; fo that alfo DH is incommenfurable in length to HG: 

Q 2 ! ! but 
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Book X. but they have béen demonftrated ¢o de rational; tlierefore DH, HG are 

—7Y— rational lines commenfurable only in power; fo that (by.37. 10.) DG. is 
irrational ; but DE is rational: but the rectangle contained by a rational and 
irrational /ine is irrational; therefore the fpace DF is irrational ; and there- 
fore the /ine in power equal to it ts irrational: but (by conft.) AC is the /ime 

. in power equal:to DF ; therefore AC is irrational; and. let it be called a 
fecond bimedial /ine. ! 

ScHOLIUM. , But he has called it a fecond b:medial line, becaufe the 
reflangle contained by them contains a medial /pace, and not a rational; but 
amedal is in a fecond place to a rational. But it 1s manifeft that the 
rectangle contained by a rational and irrational line is irrational: for if it is 
rational, and has been applted-to a.rational line, alfo (by 21. 10.) its other 
fide would be rational; but it 13 alfo irrational, which is abfurd :- therefore 
the reZangle contained .by a rational and irrational Zzze is irrational. 


PROP. XL. 


_ If.two ftraight lines, incommenfurable.in power, be. put. together, 
making the /pace compounded of the fquares.of them rational, but 

- the rectangle contained by, them a medial /pace,. the whole ftraight 
line is irrational; and let it be called a GREATER /rze.. 


For let the two ftraight lines AB, BC, incommenfurable in power, be put 
together, making the propofed /paces; I fay that AC is irrational. For 
becaufe the reZangle contained by AB, BC is a medial /pace, there- 
fore alfo the reéfangle contained by AB, BC taken twice (by cor. 
24. 10.) is a medial /pace; but the /pace compounded of the iquares nl 
of AB, BC is rational (by hyp.); therefore the reZangle contained 
by AB, BC taken twice is incommenífurable to the /22ce compounded ' 
of the /quares of. AB, BC ; fo that alfo the fquares of AB, BC, ^ 
with the rectangle contained by AB, BC taken twice, which (by 4. 2.) 1s the 

Jquare of AC, is incommenfurable (by 17. 10.) to the /pace compounded ‘of 
the fquares of AB, BC: but the fpace compounded of the fquares of AB, BC 
is rational; therefore the fquare of AC is irratiónal; fo that alfo AC is irra- 
tional; and let it be called a greater line. 

ScHoLituM. But he has called it a greater dine, becaufe the rational /paces, 
the /quares of. AB, BC, are greater than the medial the rectangle contained 
by A?, BC taken twice ;, and it.is neceffary that the. naming be ordered from 

the. 
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the relation of the rational parts. But it muft be thus demonftrated, 
that the /guares of AB, BC are greater than the reZangle contained 
by AB, BC taken.twice. Now it is evident that AB, BC are 
unequal ; for if they were equal, alfo the /guares of AB, BC would 
be equal to the reéfangle contained by AB, BC taken twice; and the 
rectangle contained by AB, BC would be rational, which is not fup- 
pofed; therefore AB, BC are unequal: let AB be fuppofed the 
greater, and put BD equal to BC; therefore (by 7. 2.) the fquares 
of AB, BD are equal to the rectangle contained by AB, BD taken 
twice, and the fquare, of AD : but DB is equal to BC; therefore 
the /guares of AB, BC are equal to the rectangle contained. by 
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AB, BC taken twice, and the /guare of AD; fo that the fquares of AB, BC 
are greater than the reZangle contained by AB, BC taken twice, by the 


fquare of AD. | Which was to. be: demon(trated. . 


PROP. XLI 


If two ftraight lines, incommenfurable in power, be-put together, 
making the: /pace compounded of the fquares of them medial, but 
the rectangle contained by them a rational /pace ; the whole ftraight 


line is irrational, and lét it be called a //ze in power equal to a rational . 


and medial /2ace. 


For let the two ftraight lines AB, BC, incommeníurable in power, 
be put together, making the propofed /paces; I fay that AC is irra- 
tional. For becaufe the fpace compounded of the fquares of AB,BC 
is medial, and the reéfangle contained by AB, BC taken twice ìs a 
rational /pace, therefore the /pace compounded of the fquares of 
AB, BC is incommenfurable to the reZang/e contained by AB, BC 


Q 


A. 


taken twice; fo that alfo, by compofition, the fquare of AC is (by 17. 10.) 
incommenfurable to the rectangle contained by AB, BC zaken twice: but 
the reZangle contained by AB, BC taken twice is rational; therefore the 
Square of AC is irrational: therefore AC is irrational; and let it be: called 


a line in power equal to a rational and medial /pace. 


ScHoLIUM. But he has called it a /ime in power equal to: a rational 
and medial /pace, becaufe it is in power equal to two fpaces, the one 
rational, and the other medial; and on account of the pre-cxiftence of the 


rational, he has named the rational firft. 
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| If two ftraight lincs, incommenfurable in power, be put together, 
making both the {pace compounded of the fquares of them medial, 
and the rectangle contained by them a medial /2ace, and befides 
incommenfurable to the /bace compounded of the fquares of them ; 
the whole ftraight line is irrational, and let it be called a ze in power 
equal to two medial /paces. 


For let the two ftraight lines AB, BC, incommenfurable in power, be put 
together, making both the /pace compounded of the fquares of AB, BC 
medial, and the rectangle contained by AB, BC a medial pace, and befides 
incommenfurable to the /pace compounded of the /guares of AB, BC; I fay 
that AC is irrational. For let the rational Jine DE be put ; and (by 45. 1.) 
let the reZangle DF be applied to DE, equal to the /guares of AB, BC; and 
GH, equal to the rectangle contained by AB, BC taken twice; therefore the 
whole DH is equal (by 4. 2.) to the fquare of AC: 
and becaufe the fpace compounded of the fquares of A G 
AB, BC is medial, and equal to DF, therefore alfo I1 
DF is medial, and it is applied to the rational /ine DE; 
therefore (by 23. 10.) DG is rational, and incommen- " "o 
furable in length to DE. Certainly, for the fame.reafon, alfo GK is rational, 
and incommenfurable in length to FG, that is, to DE: and becaufe the 
fquares of AB, BC are incommenturable to the reéangle contained by AB, BC 
taken twice, DF is incommenfurable to HG ; fo that alfo (by 1. 6. and 10. 
10.) DG is incommenturable to GK; and they are rational; therefore 
DG, GK are rational /ines commenfurable only in power; and therefore (by 
37. 10.) DK is the irrational line called a binomial, and DE is rational ; 
therefore (by {chol. of 39. 10.) DH is irrational; and the /ine in power equal 
to it is irrational: but AC is equal in power to DH; therefore AC is irra- 
tional, and let it be called a /;ze in power equal to two medial /paces. . 

ScHOLIUM. r. He calls it a /ize in power equal to two medial /paces, 
becaufe it is in power equal to two medial fpaces, the /pace compounded 
of the /guares of AB, BC, and the reZaengle contained by AB, BC taken 
twice, 
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ScHoLIUM. 2. Butthat the faid irrational lines are divided only one way 
into the ftraight lines of which they are compounded, making the propofed 
kinds, we (hall now demonftrate, premifing this lemma. 

LEMMA. Let the ftraight line AB be.taken, and let the whole be B 
cut into unequal /egments at each of the points C, D; but let AC 
be fuppofed greater than DB: I fay that the /quares of AC, CB C 
are greater than the /guares AD, DB. For let AB be cut in halves . 
at E; and becaufe AC is greater than DB, let the common part E 


DC be taken away; therefore the remainder AD is greater than " 
the remainder CB: but AE is equal to EB; therefore DE is lefs 
than CE ; therefore the points C, D are not equally diftant from 

the point of fection in halves : and becaufe the rectangle (by 5. 2.) A 
contained by AC, CB, with the fquare of EC, is equal to the /quare of EB; 
but the rectangle contained by AD, BD, with the fquare of DE, is equal 
to the fquare.of EB; therefore the reffangle contained by AC, CB, with the 
Square of EC, is equal to the rectangle contained by AD, DB, with the /quare 
of DE, of which the /guare of DE is lefs than the /guare of EC; there- 


fore the remainder, the rectangle contained by AC, CE, is lefs than the 


rectangle contained by AD, DB; fo that alfo the rectangle contained by 
AC, CB taken twice is lefs than the rectangle contained by AD, DB zaken 


twice: fake them from toe [quare of AB; therefore the remainder, the /pace. 


compounded of the /quares of. AC, CB, is greater than the /pace com- 
pounded of the /guares of AD, DB, fince both together (by 4. 2.) they 
are equal to the fquare of AB. Which was to be demonttrated. 


P R O P. XLII. 


A binomial de is divided into its names in one point only.. 


Let AB be a binomial line divided into its names at C; therefore 
AC, CB are rational /izes, commenfurable only in power; I fay that AB is 
not divided in any other point into two rational /ines commenfurable B 
only in power. For, if poffible, lec it be divided in D, fo that alfo 
AD,DB may be rational lines, commenfurable only in power;- [© 
now it is evident that AC is not the fame with DB: for, if pof- D 
fibie, let it be; now aif(o AD will be the fame with CB; and 
it will be as AC to CB fois BD to DA; and AB having been 
alfo divided in C, will be divided at the fame point by the divifion <A 
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at D; which is not fuppofed, for C, D are different points; therefore AC 


. 1s not the fame as DB: certainly, on this account, alfo the points C, D 


. are not at an equal diftance from the point of fection in halves; therefore by 


whatever /pace the {quares of AC, CB differ from the fquares of AD, DB, 
by the fame alfo the rectangle contained by AD, DB ¢akeu twice differs from 
the refangle contained by AC,CB taken twice; becaufe the fquares of AC,CB, 
with the rectangle contained by AC, CB taken twice, and the /guares of 
AD, DB, with the reéfangle contained by AD, DB taken twice, are equal to 
the /quare of AB: but the fquares of AC, CB differ from the fquares of 
AD, DB by a rational fpace, for they are both rational; therefore alfo the 
rectangle contained by AD, DB, takex twice, differs from the rectangle con- 
tained by AC, CB taken twice, by a rational Space, being medial /paces: 
but (by 27. 10.) a medial /pace does not exceed a medial /pace by a rational - 
Jpace; therefore a binomial line is not divided at different points into its 
names, therefore only at one. Which was to be demonftrated. 


P R O P. XLIV. 


A firft bimedial Ane is divided into its names in one point only. 


Now let AB be a firft bimedial Ze divided at the point C, fo that 
AC, CB may be medial lines, commenfurable only in power, containing a 
rational /?2ce;.l fay that AB is not fo divided at another point. For, if 
poffible, let it be divided alfo at D, fo that AD, DB may be medial lines, 
commenfurable only in power, containing a rational /pace; therefore 
becaufe by whatever fpace the rectangle contained by AD, DB 
taken twice, differs from the rectangle contained by AC, CB zaken 
twice, .by the fame alfo the /gwares of AC, CB differ from the 
{quares of AD, DB: but the reZangle contained by AD, DB taken 
twice differs fromithe reZangle contained by AC, CB taken twice, 
by arational /pace; for they are both rational; therefore álfo the - A 
fquares of AC, CB differ from the fquares of AD, DB by a rational {pace, 
being medial /paces, which 1s abfurd; therefore a firft. bimedial line is not 
divided into its names at different points, therefore only at one. “Which 
was to be. demonftrated. 


^ 
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Book X. 
PROP. XLV. 00 


A fecond bimedial /ze is divided into its names in one point only. 


Let AB be a fecond bimedial Zine, divided in C, fo that AC, CB may be 
medial /ines, commenfurable only in power, containing a medial /pace ; now 
it is evident that C is not at the point of fection in halves, fince they are not 
commenfurable in length: I fay that AB is not /o divided at another point. 
For, if poffible, let it be divided at D, fo that AC may not be the fame 
with DB, but that AC may be greater by hypothefis; certainly it is ma- 
nifeft that alfo the fquares of AC, CB are greater than the fquares of AD,DB, 
as we have demonftrated above (at lem. 43. 10.); and that AD, DB are 
medial Zines, commenfurable oniy in power, containing a medial /pace. Let 
the rational /ize EF be put, and let the parallelogram EK be applied to EF 
(by 45. 1.) equal to the fquare of AB, and let EG be taken away equal to 
the /guares of AC, CB; therefore the remainder HK is equal (by 4. 2.) to 
the rectangle contained by AC, CB taken twice. Now again let EL be taken 
away, equal to the /guares of AD, DB; which have been demonftrated to be 
lefs than the /guares of AC, CB; therefore alfo the remainder MK is equal 
to the rectangle contained by AD,DB taken twice: and becaufe the fquares 
of AC, CB are medial /paces, therefore EG is a medial /pace ; and It is 
applied to a rational Jine EF; therefore (by 23. 10.) EH is rational, and 
jncommenfurable in length to EF. Certainly, for the fame reafon, alfo FIN 
is rational, and incommenfurable in length to EF : and 
becaufe AC, CB are medial Jines commenfurable only — 
in power, therefore AC is incommenfurable in length 
to BC; but as AC to CB fo (by 1. 6.) is the /quare of B 
AC to the rectangle contained by AC, CB; therefore (by 
10. 10.) the /guare of AC 1s incommenfurable to the Ct 
rectangle contained by &C, CB: but (by 16. 10.) the 
Jquares of AC, CB are commenfurable to the /guare of 
AC, for AC, CB are commenfurable in power; but 
the recfangle contained by AC, CB taken twice is commenfurable to the 
re&angle contained by AC, CB; therefore the /guares of AC, CB are incom- 
menturable to the reéfangle contained by AC,CB taken twice: but EG is 
equal to the /guares of AC, CB; and HK is equal to the reZangle contained 
by AC, CB ¢aken twice; therefore EG is incommenfurable to HK; fo that 

R alfo 
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Book X. alfo EH is incommenfurable in length to HIN; and they are rational; there- 
fore EH, FIN are rational lines commenfurable only in power: but if two 
rational lines commenfurable only in power be put together, the whole is 

-the trrational Zize (by 37. 10.) called a binomial; therefore EN is a bino- 
mial /ime divided in H: certainly, in the fame manner, EM, MN will 
be demonftrated to de rational /ines commenfurable only in power; and 
the binomial Zine EN will be divided at different points, the point H and 
the point M (impoffible by 43.10.); and EH is not the fame Zine with 
MN, fince (by lem. 43. 10.) the /guares of AC, CB are greater than the 
Squares of AD, DB; but the /guares of AD, DB are greater than the reZangle 
contained by AD, DB taken twice (by fchol. to 40. 10.) ; therefore alfo the 
{quares of AC, CB are greater by much; that is, EG is greater than the 
rectangle contained by AD, DB taken twice, that is, than MK; {o that alfo 
(by 1. 6.) EH is greater than MN ; therefore EH is not the fame with MN. 
Which was to be demonítrated. 


PROP. XLVI. 


ÁA GREATER Āne is divided into its names in one point only. 


Let AB be a GREATER Zine divided in C, fo that AC, CB may 
be incommenfurable in power, making the /pace compounded of the 
{quares of AC, CB rational, but the rectangle contained by AC, CB 
a medial /pace; I fay that AB is not /o divided in another point. 
For, if poffible, let it be divided in D, fo that allo AD, DB may 
be incommenfurable in power, making the /pace compounded of 
the /guares of AD, DB rational, but the recfangle contained by them 
a medial /?ace : and becaufe by whatever /pace the fquares of AC, CB differ 
from the /zueres of AD,DB, by the fame alfo the rectangle contained by 
AD, DB taken twice differs from the rectangle contained by AC, CB taken: 
twice; but the fquares of AC, CB exceed the fquares of AD, DB by a. 
rational /pace, for they are both rational; therefore alfo the reZang/e con- 
tained by AD, DB zaken twice exceeds the rectangle contained by AC, CB 
taken twice, by a rational /pace, being medial /paces, which (by 27. 10.) 1s 
impoffible: therefore a GREATER /ine is not divided into sts names at different 
points. Which was to be demonftrated. 
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P R O P. XLVII. Book X. 


A line containing in power a rational and medial pace, is divided- - 
into its names in one point only. 


Let AB be a /ine containing in power a rational and medial /pace, divided 
in C; fo that AC, CB may be incommenturable in power, making the /pace 
compounded of the /guares of AC, CB medial, but the reZangle contained 
by AC, CB a rational pace: I fay that AB is not /o divided in another 
point. For, if poffible, let it be divided in D, fo that AD, DB may 


be incommenfurable in power, making the /pace compounded of the P 
{quares of AD, DB medial, but the reZangle contained by AD, BD a c 
rational /pace. Now becaufe, by whatever /pace the recangle con- 

tained by AD, DB taken twice differs from the rectangle contained by Di 
AC, CB taken twice, by the fame alfo the /guares of AC, CB differ 

from the /guares of AD, DB; but the reZangle contained by AD, DB A 


taken twice exceeds the rectangle contained by AC, CB taken twice 

by a rational /pace; therefore alfo the fquares of AC, CB exceed the fquares 
of AD, DB by a rational fpace, being medial /paces, which (by 27. 10.) is 
impoffible. Therefore a /ine containing in power a rational'and medial fpace 
is not divided into its names at different points; therefore it is /o divided in 
one only. Which was to be demonftrated. 


P R O P. XLVIII. 


A /ine containing in power two medial /paces is divided into its 
names in One point only. 


t * 


Let AB be a Zine containing in power two medial /paces divided in C, fo 
that AC,CB may be incommenfurable in power, making -both the /pace 
compounded of the /guares of AC, CB medial, and the reéfangle contained 
by AC, BC a medial fpace, and befides the fpace compounded of the /quares 
of ther incommenfurable to the /pace compounded of the reZangle con- 
tained by them; I fay that AB is not divided in another point, making the 
{paces propofed. For, if poffible, let it be divided in D, fo that again AC 
may, by no means, be the fame with,DB, but that AC be the greater by 
fuppofition ; and let the rational line EF be put; and let the parallelogram 
EG be applied to EF, equal to the fquares of AC, CB; but HK, equal to 
the reffangla contained by AC, CB taken twice; therefore the whole EK is 
| R 2 . . equal 
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Book X. equal to the fquare of AB (by 4. 2.): now, again, let EL be applied to 
oe EF, equal to the -/quares of AD, DB; therefore the remainder, (by 4. 2.) 
the reffangle contained by AD, DB taken twice, is equal ^ 


; to the remainder MK: and becaufe the /pace com- E LAN 
. pounded of the /guares of AC, CB is fuppofed medial, 
therefore alfo EG is a medial /pace; and it is applied n 
to a rational //ze EF ; therefore (by 23. 10.) the Zine. 
HE is rational and incommenfurable in length to EF. Cin 


Certainly, for the fame reafon, alfo HN is rational and 
incommmenfurable in length to EF: and becaufe the 
Jpace compounded of the /guares of AC, CB is incom- 
menfurable to the rectangle contained by AC, CB taken twice; therefore 
alfo EG is incommenfurable to HK; {fo that allo (by 10. 10.) the dine 
EH 1s incommenfurable to HN; and they are rational ; therefore EH, HN 
are rational /ines commenturable only in power; therefore EN is a binomial 
line divided in H. Certainly, in like manner, we fhall demonftrate, that 
it is alfo divided into its names in M; and EH is not the fame with MN 
(as in 45. 10.) ; therefore a binomial Zine is divided into its names at dif- 
ferent points, which (by 43. 10.) 1s abfurd; therefore a line containing in 
power two medial fpaces, 1s not divided into its names at different points ; 
therefore it is divided in one point only. Which was to be demonftrated. 


F LG KA 


SECOND DEFINITIONS. 


1. The rational /ime being fuppofed, and the binomial line being divided 
into its names, the greater name of which /ine is more in power than the lefs by 
the /guare of a line commenfurable to itfelf in length ; if the greater name 
be commenfurable in length to the propofed rational Zine, let the whole line be. 
called a FIRST BINOMIAL. 2. But if the leffer name be commenfurable 
in length to the propofed rational Zine, let it be called a SECOND BINO- 
MIAL. 3. But if neither of the names be commenfurable in length to 
the propofed rational /ine, let it be called a THIRD BINOMIAL. 

4. Now, again, if the greater name be more in power than the lefs 
by the /guare of a line incommenfurable to itfelf in length, if indeed the 
greater name be commenturable in length to the propofed rational /ine, 
let it be called a THIRD BINOMIAL. ç. But if the lels že fo, a FIFTH 
binomial. 6, Butif neither of them be fo, ^ sixTH binomiale 

SCHOLIUM. 
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ScHoLiuM. There being then fix of the ftraight lines thus taken, he Book X. 
places thofe three firft in order, of which the greater is more in power than — 
the lefs by the fquare of a line commenfurable to itfelf in length; and the 
remaining three fecond in order, of which zhe greater is more in power than 
the lefs by the /guare of a /ine incommenturable fo it/elf in length; becaufe 
a commenfurable magnitude is prior to an incommenfurable magnitude :- and 
befides be places that line firt, of which the greater name is commenfurable 
to the propofed rational /ime; but that fecond, of which the lefs name is com- 
menfurable to the propofed rational line; becaufe, again, the greater is prior 
to the lefs, as containing the lefs in it; but ¢bat Jine third, of which neither 
of the names is commenturable to the propofed rational dine: and in like 
manner of the other three in order; calling the firft of the faid fecond order, 
the fourth; and the fecond, the fifth; and the third, the fixth, 


PROP. XLIX. 
To find a fir binomial ze. 


Let two numbers AC, CB be taken (by cor. to lem. 1. 30. 10.), fo that : 
AB the number compounded of them may have to BC the ratio which a 
fquare number £a; to a fquare number, but not have to CA the ratio which 
a {quare number bas to a fquare number; and let any rational line D be 
put; and let EF be commenfurable in length to D; there- G 
fore (by 6. def. 10.) EF is rational : and let it be made 


à; B 
(by cor. to 6. 10.) as the number AB to AC fo is the /guare . : 
of EF to the quare of FG; but AB has to ACtheratio ¢ F 


which a number has to a number ; therefore the /guare of 
EF has to the /quare of FG the ratio which number has to: | 
number ; fo that the quare of EF is commenfurable to the : | 
Jquare of FG (by 6. 10.); and EF is rational; therefore alfo A DEH 
FG is rational: and becaufe BA has not to AC the ratio which a fquare 
number has to a fquare number, thérefore neither bas the fquare of EF to 
the fquare of FG the ratio which a fquare number has to a fquare number ;. 
therefore (by 9. 10.) EF is incommenfurable in length to FG; therefore 
EF, FG are rational /imes commenfurable only in power ; therefore (by 37- 
10.) EG is a binomial /ine: I fay alfo that it ts a firft.. For becaufe it is 
as the number BA to AC fo is the fquare of EF to the fquare of FG; 
but 
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Book X. but BA is greater than AC ; therefore alfo the /guare of EF és greater than 
-~ the Jquare ot FG : now let the /quares of FG, H be equal to the /guare of 
. EF : and becaufe it is as BA to AC fo is the /guare of FF to the /guare of 
FG, therefore, by converfion, (by cor. to 19. 5.) it is as AB to BC fois 
the /quare of EF to the quare of H; but AB has to BC the ratio which a 
fquare number has to a fquare number, therefore alfo the /quare of EF has 
to the /guare of H the ratio which a fquare number has to a fquare num- 
ber; therefore EF is commenfurable in length to H; therefore EF is more in 
power than FG by the /guare of a line commenfurable to itfelf in length: 
and EF, FG are rational dimes ; and EF is commenfurable in length to D; 
therefore EG (by 1. of 2. def. 10.) is a firft binomial /ine. Which was to be 
demonftrated. 


PROP. L. 
To find a fecond binomial Ane. 


Let two numbers AC, CB be taken (by cor. to Jem. 1. 50. 10.); fo that 
AB, the number compounded of them, may, have to BC the ratio which a 
{quare number bas to a fquare number, but not have to CA the ratio which 
a {quare number bas to a fquare number; and let the rational line D be put; 
and let FG be commenfurable in length to D; therefore FG is rational : 
and let it be made (by cor. to 6: 10.) as the number AC to AB fo is the 
Jquare of GF to the fquare of FE; therefore (by 6. 10,) the fquare of GF 
is commenfurable to the fquare of EF; therefore (by 6. G 
def. 10.) FE is rational: and becaufe the number CA has p 
not to BA the ratio which a fquare number has to a fquare ^ : 


number, therefore neither has the /yuare of GF to the /quare — F 
of FE the ratio which a fquare number as to a fquare num- 


ber; therefore (by 9. 10.) GF isincommenfurable in length 

to FE; therefore EF’, FG are rational lines commenfurable 

only in power ; therefore EG (by 37. 10.) 1s a binomial Zine A DEB 

now ıt muft be demonftrated that it 1s alfo a fecond dinomial line. For be- 

caufe, by inverfion, it is as the number BA to AC fo is the /guare of EF to 

the /guare of FG; but BA is greater than AC; therefore the /guare of EF 

2; greater than the /guare of FG: let the fquares of FG, H be equal to the 

fquare of EF; therefore, by converfion, itis as AB to BC fo zs the fquare 
of 


OF EUCLID. 127 


of EF to the fquare of H: but AB has to BC the ratio which a fquare num-  B»ok X. 
ber has to a fquare number; therefore the /guare of EF has to the /quare | 
of H the ratio which a fquare number has to a fquare number; there- 
fore (by 9. 10.) EF is commenfurable in length to H ; fo that EF is more 
in power than FG by the fquare of a line commenfurable to itfelf in length : 
and EF, FG are rational /izes commenfurable only in power; and FG the 
leffer name is commenfurable in length to D the rational Zine put: there- 
fore (by 2. of,2. def. 10.) EG is a {fecond binomial Zine. Which was to 
be demonítrated. 





PROP. LI. 
To find a third binomal Aze. 


Let two numbers AC, CB be taken, fo that the number AB com- 
pounded of them may have indeed to BC the ratio which a fquare num- 
ber has to a {quare number, but not have to AC the ratio which a fquare 
number has to a fquare number; and let fome other D be put, not a 
{quare number, and let it not have to either of the numbers BA, AC the 
ratio which a fquare number bas to a fquare number; and let E, fome: 
rational ftraight line, be put; and let it be made as D to AB fo is the 
Jquare of E to the fquare of FG; therefore the /quare of E. is commenfu- 
rable to the /guare of FG; but E is rational; therefore alfo (by 6. 10.) 
FG is rational : and becaufe D has not to AB the ratio which a fquare number 
has to a fquare number, neither has the fquare of E to the fquare of FG the 
ratio which a fquare number has to a fquare number; therefore E is incom- 
menfurable in length to FG (by 9. 10.). But, again, let it be made as 
the number AB to AC fo is the /guare of FG to the /quare of GH; 
therefore the /quare of FG is commenfurable to the fquare of GH; but 
FG is rational ; therefore alfo GH is rational: and 


becaufe AB has not to AC the ratio which a N 
fquare number has to a íquare number, neither B 

has the fquare of FG to the fquare of GH the : 5 
ratio which a fquare number das to a fquare num- $ 

ber; therefore FG is incommenfurable to GH : : 

in length (by 9. 10.) ; therefore FG, GH are ra- ; : 

tional lines commenfurable only in power; there- Á D is 


fore FH. is (by 37. 10.) a binomial Zine; now I 


Book X. 
—— — 


128 THE ELEMENTS 


fay alfo that it is a third binomial line. For becaufe it is as D to AB fo és 
the /quare of E to the /guare of FG; and as BA to AC fo is the fquare of 
FG to the fquare of GH ; therefore the /guare of FG is greater than the 
Square of GH: now let the /guares of GH, K be equal to the /guare of FG; 
therefore, by convertion, it i$ as AB to BC fo is the fquare of FG to the 
fquare of K : but AB has to BC the ratio which a fquare number has toa 
{quare number ; therefore alfo the (quare of FG has to the {quare of K the 
ratio which a fquare number has to a fquare number; therefore FG is com- 
menfurable in length to K; therefore FG is more in power than GH by the 
Jquare of a line commenfurable to itfelf in length: and FG, GH are rational 
Jines, commenfurable only in power; and neither of them is commenfurable 
to E in length ; therefore FH is (by 3. def. 2. 10.) a third binomial Zine. 
Which was to be demonftrated, 


-— 


PROP. LII. 


'To find a fourth binomial line. 


Let two numbers AC, CB be taken, fo that AB may have to neither of 
them the ratio which a fquare number has to a fquare number; and let 
the rational line D be put; and let EF be commenfurable in length to 
D; therefore alfo EF is rational: and let it be made as the number AB to 
AC fo is the /guare of EF to the /guare of FG; therefore alfo the fquare 
of EF is commenfurable to the fquare of FG; therefore the ftraight line 
FG is rational : and becaufe BA has not to AC the ratio which a fquare 
number bas to a fquare number, therefore KF by 9. 10.) is incommenfu- 
rable in length to FG; therefore EF, FG are rational lines commenífura- 
ble only in power; fo that EG is a binomial line: now I fay that it is 
alfo a fourth binomial line. For becaufe it is as BA to AC G 
fo is the /guare of EF to the /guare of FG; but BA is 


greater than AC ; therefore alfo the /guare of FF is greater p 
than the /guare of FG: now let the /zuares of FG, H be l F 
C ; 


equal to the /guare of EF; therefore, by converfion, as the 
number AB to BC fo és the /guare of EF to the /guare 
of H: but AB has not to BC the ratio which a fquare 
number 4as to a fquare number; therefore EF is incom- A DEF 

menfurable 
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menfurable in length to IT; therefore EF is more in power than FG by Book ks 
the /guare of a line incommenfurable to itfelf in Jength: and EF, FG are S77 
rational lines commenfurable only in power; and EF is commenfvrab!e in 

length to D; therefore (by 4. def. 2. 10.) EG is a fourth binomial Zine. 

Which was to be done. 


P R O P. LII. 
To find a fifth binomial /:ve. 


Let two numbers AC, CB be taken, fo that AB may have to neither of 
them the ratio which a fquare number has to a fquare number; and let 
any rational ftraight line D be put, and let FG be commenturable to D in 
leneth ; therefore FG is rational; and let it be made as CA to AB fo is 
the /quare of GF to the /guare of FE; therefore alfo FE is rational: and 
becaufe CA has not to AB the ratio which a fquare number has to a fquare 
number, neither has the fquare of GF to the fquare of FE the ratio which 
a fquare number bas to a fquare number; therefore EF, FG are rational lines 
commenfurable only in power; therefore (by 37. 10.) EG is a binomial line. 
Now I fay that it is alfo a fifth binomial line. For becaufe G 
it is as CA to AB fo is the /guare of GF to the /guare of 
FE, therefore, by inverfion, as AB to AC fo is the /guare 
of FE to the fquare of GF ; therefore the /guare of EF B P 
is greater than the /guare of GF: ‘now let the /guares of é 
FG, H be equal to the /guare of EF; therefore, by con- 2 
verfion, it is as the number AB to BC fo is the /guare of : | | 
EF to the /guare of H: but AB has not to BC the ratio ^ DEH 
which a fquare number has to a fquare number; neither therefore has the 
Jquare of EF to the /guare of H the ratio which a fquare number has to 
a {quare number; therefore EF is incommenfurable in length to H; fo 
that EF is more in power than FG by the fquare of a /ine incommenfu- 
rable to itfelf in lengib : and EF,FG are rational lines commenfurable 
only in power; and FG the leffer name is commenfurable in length to D 
the rational J/re put: therefore (by 5. def. 2. 10.) EG is a fifth dinomial 
fine. Which was to be done. 


G PROP. 
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P R O P. LIV, 
To find a fixth binomial line. 


Let two numbers AC, CB be taken, fo that AB may have to neither of 
them the ratio which a fquare number das to a fquare number; and let there 
alfo be another number D, not being a fquare, nor having to either of the 
numbers BA, AC the ratio which a fquare number das to a fquare number; 
and let any rational ftraight line E be put; and let it be made as D to AB 
fo is the fquare of E. to the fquare of FG; therefore E is commenfurable 
in power to FG; and E 1s rational; therefore alfo FG is rational: and 
becaufe D has not to AB the ratio which a fquare number Za; to a fquare 
number, therefore neither has the /guare of E, to the /quare of FG the ratio 
which a fquare number has to a fquare number; therefore (by 9. 10.) E is 
incommenfurable in length to FG: now again, let it be made as BA to AC fo 
is the /2uare of FG to the /guare of GH; therefore the /guare of FG is com- 
menfurable to the /guare of GH: but the /quare of FG is rational; therefore 
alfo the /guare of GH is rational ; therefore GH is rational: and becaufe BA 
has not to AC the ratio which a fquare number has to a fquare number, 


neither has the fquare of FG to the fquare of GH the ratio which a 


f{quare number has to a fquare number; therefore FG is incommenfurable 
in length to GH; therefore FG, GH are rational lines commenfurable 
only in power; therefore FH (by 37. 10.) is a binomial jine. Now it 
muft be demonftrated that it is a fixth binomial line. For becaufe it 1s as 
D to AB fo is the /guare of E to the /quare of FG; 


and it is alfo as BA to AC fo is the /quare of FG a 
to the /guare of GH; therefore by equality it 1s, B 

as D to AC fo is the quare of E to the /quare of : " 
GH: but D has not to AC the ratio which a /quare P 

number has to a /guare number; neither, therefore, : 

has the /quare.of E to the /guare of GH the ratio 

which a /guare number has to a /guare number ; A D — 


thereſore E is incommenſurable in length to GH: 
but it has alſo been demonſtrated to be incommenſurable to FG; therefore 
E, is 1ncommenfurable in length to each of the lines FG, GH : and becaufe - 
itis as BA to AC fo is the /guare of FG to the Quare of GH, therefore 

the 
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the /quare of FG is greater than the /guare of GII: now let the /guares 
of GH, K be equal to the /guare of FG; therefore, by converfion, as AB 
to BC fo is the /guare of FG to the /guare of K : but AB has not to BC 
the ratio which a /quare number 5as to a /guare number; ío that nei- 
ther has the fquare of FG to the fquare of K the ratio which a fquare 
number bas to a fquare number ; therefore FG is incommenfurable in length 
to K; therefore FG is greater in power than GH by the fquare of a /ine 
incommenfurable in length to itfelf; and FG, GH are rational lines com- 
menfurable only in power; and neither of the lines FG, GH is com- 
menfurable in length to E the rational line put ; therefore (by 6. def. 2. 10.) 
FH isa fixth binomial Zine. Which was to be done. 

"LzMMa. Let AB, BC be two fquares, and let them be put fo that DB 
may be in a ftraight line with BE; therefore (by 14. 1.) FB is in a ftraight 
line with BG; and let the parallelogram AC be completed : I fay that AC 
is a /quare, and that DG is a mean proportional between AB, BC; and 
befides, that DC' is a mean proportional between AC, CB. For becaufe 


DB is equal to FB, and-BE.equal in length to BG, therefore the whole 


DE is equal to the whole FG: but DE is equal to each of the lines 
AK, HC ; therefore alío each of the lines AH, KC 
is equal to to each of the lines AK, HC ; therefore 
AC is an equilateral parallelogram, and it is alfo — D 
rectangular; therefore AC is a fquare: and becaufe 

it is as FB to BG fo is DB to BE; but (by 1. 6.) 

as FB to BG fo is AB to DG; and as DB to BE | | 
fo is DG to BC; therefore (by 11. 5.)as ABto ^ F I 
DG fo is DG to BC; therefore DG is a mean proportional between AB, BC: 
now [I fay that alfo DC is a mean proportional between AC, BC: for 
becaufe it is as AD to DK fo is KG to GC, for each is equal to each ; 
and, by compofition, as AK to KD fo is KC to CG; but as AK to KD fo 
is (by 1.6.) AC to CD; but as KC to CG fo is DC to CB; therefore 
itis as AC to CD fo is CD to CB; therefore CD is a mean propor- 
tional between AC, CB. Which was propofed to be demonftrated.: 


K G C 





PROP. LV. 
If a fpace be contained by a rational and firft binomial /ze, the 
line equal in power to the {pace is an irrational /e called a binomial. 


S 2 For 


Bock X. 


Bcok X. 
—— 
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For let the {pace ABCD be contained by the rational /ine AB, and AD a firk 
binomial line; I fay that the line equal in power to the (pace AC is an irra- 
tional /ize called a binomial. For becaufe AD is a firft' binomial Zine, let 
it be divided in E into its names, and let AE be the greater name; now it 
is evident (by 1. def. 2. 10.) that AE, ED are rational lines commenfurable 
only in power ; and that AE is more in power than ED by the fquare of a 
line commenfurable to itfelf in length; and that AE is commenturable in 
lenath to AB the rational line put: but let ED be cut in halves in the point 
F; and becaufe AE is more in power than ED by the 
[quare of a line commenfurable zz length to itfelf, there- 
lore if a parallelogram be applied to the greater line AE, 
equal to the fourth part of the fquare of the leffer, that 
is to the fquare of EF, deficient by a fquare figure, it 
will divide it (by 18. 10.) into /egments commenífura- 
ble in length; therefore let the rec?angle contained by 
AG, GE, equal to the /quare of EF, be applied to AE; 
therefore AG is commenfurable in length to GE: and 





through the points G,E,F let GH, EK, FL. be drawn parallel to either of 


the lines AB, DC, and let the fquare SN be made equal to the parallelo- 
gram AH, and the fquare NQ. equal to'GK ; and let them be placed fo 
that MN may bc in a ftraight line with NO; therefore (by 14. 1.) RN is 
in a ftraight line wich NP : and let the parallelogram SQ. be completed ; 
therefore (by lem.) SQ is a fquare: and becaufe the reffangle contained by 
AG, GE is equal to the /quare of EF, tnerefore it is (by 17. 6.) as AG to 
EF fo i; EF to GE ; therefore (by 1. 6.) as AH is to EL fo ts EL to GK; 
therefore EL, is a mean proportional between AH, GK: but SN is equal 
to AH, and. GK is equal to QN; therefore EL is a mean proportional 
between SN, NQ:. but alfo (by lem.) MR is a mean proportional between 
the fame SN, NQ; therefore MR ıs equal to EL: but MR is equal to 
PO, and EL to FC (by 31- 6-); therefore tne whole EC is equal to MR, PO: 
but alfo AIT, GK are equal to SN, NQ; therefore the whole AC is equal 
to the whole SQ, that is, to the fquare of MO; therefore the dine MO is 
iki sea I fay that MO is a binomial line. For becaufe AG 
's commenfurable to GE iz Jengtb, alfo AE. is (by 16. 10.) commenfurable 


in Jeitetb to each of the lines AG, GE: but AF is fuppofed commenfurable 
! s 


in leneth to. AB; therefare alfo (by 12. 19.) AG, GE are cammenturable 
8 in 
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in Jength to AB; and AB is rational; therefore alfo each of the lines 
AG, GE is rational; therefore each of the parallelograms AH, GK is (by 
20. 10.) rational: and (by to. 10.) AH is commenfurable to GK; but 
AH is equal to SN, but GK to NQs therefore SN, NQ, that is, the fquares 
of MN, NO, are rational and commenfurable: and becaufe AE (by 37. 
10.) is incommenturable in Jength to AG, and DE is commenfurable to 
FF, therefore AG is incommentfurable in length to EF; fo that alfo AH 
is incommenfurable to EL: but AH is equal to SN, and EL to MR; 
therefore alfo SN is incommenfurable to MR: but as SN to MR fo is PN 
to NR; therefore (by 10. 10.) PN is incommenfurable to NR: now PN 


Book X. 


is equal to MN, and NR to NO; therefore MN is incommenfurable iz . 


length to NO, and the /guare of MN is commenfurable to the fquare of 
NO; and each of them is rational; therefore MN, NO are rational lines com- 


menfurable only in power; therefore (by 27. 10.) MO is a binomial /ine,, 


and is equal in power to AC. Which was to be demonttrated. 


PR OP. LVI. 


If a pace be contained by a rational and fecond binomial Zne, 
the line equal in power to the {pace 1s an irrational /ze, called a firit. 
bimedial. | 


For let the {pace ABCD be containetl by the rational /ine AB, and AD a 
fecond binomial; I fay that the line equal in power to the fpace AC is an 
irrational Zine, called a firft bimedial. For becaufe AD is a fecond binomial 
line,'let it be divided in E into its names, fo that AE may be the orcater 
name; therefore (by 2. def. 2. 10.) AE, ED are rational lines commenífurable 
only in power, and AE is more in power thán ED by the fquare of a line 
commenturable to itfelf in length; and ED the leffer name is commenfu- 
rable in length to AB: let ED be cut in halves at F ; and let a rectangie 
AG, GE, equal to the fquare of EF, be applied to AF, deficient by a fquare 
figure ; therefore (by 18. 10.) AG is commenfurable in length to GE:: and 
through the points G,E,F let GH, EK, FL be drawn parallel to AB, DC; 
and let the {quare SN be made equal to the parallelogram AH, and de 
(quare NQ equal to GK ; and let it be placed fo that MN may be in à 
ftraight line with NO; therefore alfo (by 14. 1.) RN is in a ftraight line 
with NI®; and let the {quare SQ_be completed. Now it is evident from 

> what 
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1 


.AB; but AE is commenfurable to each of the dines 
? AB in length; therefore BA, AG, GE are rational lines 


- of the /paces AH, GK is medial; fo that each of the 
_ Squares SN, NQ is medial; therefore the Zines MN, NO 


‘in length to GE, therefore (by 1. 6. and 10. ro.) alfo bids 


I THE ELEMENTS 


what has been demonftrated before, that MR is a mean proportional between 
SN, NQ, and equal to EL; and that the Jine MO is equal in power to 
the fpace AC: now it muft be demonftrated that MO is a firft bimedial 
line : for becaufe AE. (by 37. 10.) 1s incommenfurable in length to ED ; 
but ED is commenfurable to AB ; therefore AE is incommenfurable in 
length to AB (by 14. 10): and becaufe AG is commenfurable to GE ;z 
length, therefore allo (by 16. 10.) AE is commenfurable in length to each 
of the lines AG, GE; and AE 1s rational; therefore alfo each of the ‘dines 
AG, GE is rational: and becaufe AE is incommenfurable in length .to 


AG, GE ;' therefore AG, GE are incommenfurable to 





commenfurable only in power, fo that (by 22. 10.) each 


B HKLC 





SE Q, 
uL. 1s 


are alfo medial: and becaufe AG is commenfurable in 


AH is commenfurable to GK, thatis, SN to NO ; that 
is, the /auare of MN to the fquare of NO; fo that MN, NO are com- * 


menfurable in power: and becaufe AE is incommenfurable in length to 


JED ; but AE is commenfurable to AG, and ED to EF; therefore AG is 


incommenturable in length to EF; fo that alfo AH is incommenfurable to 
EL; that is, SN to MR; that is (by 1. 6.) PN to NR; that is, MN is 
incommenfurable in length to NO: .but MN, NO have been demonítrated 


.as being medial and commenfurable in power; therefore MN, NO are 


medial lines commenfurable only in power: now I fay that they alfo con- 
tain a rational /pace; for becaufe DE is fuppofed commenfurable to each of 


„the dines AB, EF, therefore alfo EF is commenfurable in length to EK; 


and each of them is rational; therefore (by 20. 10.), EL 1s rational, that is, 
MR ; but MR is the rectangle contained by MN, NO: but if two medial 


-lines, commenfurable oz/jy in power, containing a rational fpace, be put 
"together, the whole is an irrational line, and is called a firft bimedial /ine; 
therefore MO is a firft bimedial line. Which.was to be demonftrated. 


"2 PROP. 


— 
- bag 
‘ £ -u ê 


P R O P. LVII. 


If a fpace be contained by a rational and a third binomial Zrze, the: 


line equal in power to the fpace is an irrational line, called a fecond 
bimedial. | 


For let the fpace ABCD be contained by the rational Zine AB, and AD 
a third binomial Zize, divided at E. into its names, of which let AE be the 
greater: I fay that the line equal in power to the fpace AC is an irrational 
line, called a fecond bimedial. For let the fame things be conftructed with 
thofe before: and becaufe AD isa third binomial /ize, therefore (by 3. 


def. 2. 10.) AE, ED are rational /ines commenfurable only in power, and AE- 


is more in power than ED by the /quare of a line commenfurable to itfelf ix 


length, and neither of the-éines AE, ED is commenfurable in length to AB. . 


Certainly we fhall demonftrate, in the fame manner with 


what has been demonftrated before (prop. laft.),that MO A FD 


is the line equal in power to the fpace A C, and that 
MN,NO are medial lines: now it mu(t be demonftrated 


alfo that MO is a fecond dbimedial. And becaufe DE is "Rd uh 


incommenfurable in length to AD, that is, to FK ; but g E 
DE. is commenfurable to EF; therefore EF is incom- 

menfurable in length to EK; and they are rational ; 

therefore FE, EK are. rational Jizes commenfurable only S P. 

in power; therefore EL, is a medial /pace, that is, MR: and it is con- 
tained by MN, NO; therefore the rectangle contained by MN, NO is medial; 
therefore (by 39. 10.) MO isa fecond bimedial fine. Which was to be 
demonftrated. 


PROP. LVIII. 


N 
If a fpace be contained by a rational, and a fourth binomial 
line ; the line equal in power to the fpace is an irrational /ine, called 
a greater Ze. 


For let the fpace AC be contained by the rational /ine AB, and ADa 
fourth binomial line, divided in E into its names, of which let AE be 
the greater; I fay that the line’ equal in power to the fpace AC is an irra- 
tional /ine, called a greater Jine. For becaufe AD is a fourth binomial line, 

í therefore 
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Book X. therefore (by 4. def, 2. 10.) AE, ED are rational Jines commenfurable only 

rm in power, and AE is more in power than ED by the /guare of a line incom- 
menfurable to itfelf in Jength, and AE is commenfurable in length to AB. 
Now let DE be cut in halves at F; and let the parallelogram, the reéfangle 
contained by AG, GE, be applied to AF, equal to the /guare of EF, deficient 
by a fquare figure; therefore (by 19. 10.) AG is incommenfurable in length 
to GE: let GH, EK, FL be drawn parallel to AB, and let the reft be made 
as in the prepofitions before this. Certainly it is evident that MO is the line 
equal in power to the fpace AC: but it muft be de- | | 
monftrated that MO is an irrational ze, called a greater 
line. For becaufe AG is incommentureble in length to 
GE, alfo (by 1. 6. and 1o. 10.) AH 1s incommenfu- 
rable to GK; that is, SN to NQ; therefore MN, NO 
are incommenturable in power: and becaufe AE is com- 
menfurable in length to AB, AK is rational; and it is 
equal to the /guares of MN, NO (by conft.); therefore 
alfo the /pace compounded of the /guares of MN, NO is- 
rational : and becaufe DE is incommenfurable in length: to AB, that is, to 
EK; but DE is commenfurable to EF ; therefore EF is incommenfurable in 
length to EK; therefore KE, EF are rational /ines commenfurable only in 
power; therefore (by 22. 10.) LE is a medial /pace, that is, MR : and it 
is contained by MN,NO;; therefore the reéfangle contained by MN, NO is 
medial; and the /pace compounded of the /guares of MN, NO is rational; 
and MN is incommenfurable in power to NO. But if two ftraight lines 
incommenfurable in power be put together, making the /pace compounded 
of .the ‘fquares of them rational, but the rectangle contained by them 
medial, the whole (by 40. 10) is an irrational /77e; and it is a greater 
line; therefore MO is an irrational Zine; and it is called a greater line, and 
it is equal in power to the fpace AC. Which was to be demonttrated. 





P R O P, LIX. 

If a fpace be contained by a-rational, and a fifth binomial Ze; 
the line equal in power to the {pace is an irrational Zize, called a line 
equal in power to a rational and medial /pace. 

or let the fpace AC ‘be contained by the rational line AB, and AD a 
fifth binomial line, divided in E into its names, fo that AE may be the 

greater 
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"greater name: I fay that the /ise equal in power to the fpace AC is an irra- Book x, 
tional /ize, called a line equal in power to a rational and medial pace. For eo 
.let the fame things be conftructed with what has been demonítrated before, 
certainly it is manifeft that MO is equal in power to the fpace AC. — But it 
muft be demonftrated that MO 1s a line equal in power to a rational and 
medial pace. For becaufe AG 1s incommenfurable é 
length to GE, alfo (by 1. 6. and to. 10.) AH is incom- 
menfurable to HE ; that is, the /24are of MN to the 
Jquare of NO; therefore MN,NO are incommenfu- 
rable in power: and becaufe AD is a fifth binomial Zize, A 
and ED is the leffer fegment of it, therefore (by 5. def. 
2. 10.) ED is commenfurable to AB in length; but re 
AE is incommenfurable in length to ED; therefore 

alfo AB is incommenfurable in length to AE; therefore 
BA, AE are rational lines commenfurable only in power; therefore (by 22. 
10.) AK is a medial /pace, that is, the /pace compounded of the fquares of 
MN,NO: and becaufe DE is commenfurable in length to AB, that is, to 
EK, but DE is commenfurable to EF, therefore EF is commenfurable alío 
to EK ; but EK is rational ; therefore (by 20. 10.) alfo EL, 1s rational, that 
is, MR; that is, the rectangle contained by MN, NO; therefore MN, NO are 
incommenfurable in power, making the /pace compounded of the fquares of 
them medial, but the reZ/angle contained by them rational: therefore MO is a 
line equal in power to a rational and medial /2«ce, and it is equal in power to 
the fpace AC. Which was to be demonftrated. 





PROP. LX. 


If a fpace be contained by a rational, and a fixth binomial line, 
the line equal in power to the fpace is an irrational /ime, called a 
line equal in power to two medial {paces. 


For let the fpace ABCD be contained by the rational /ine AB, and AD a 
fixth binomial line, divided in E into its names; fo that AE may be the 
greater name: I fay that the line equal in power to AC fs an irrational line; 
which is equal in power to two medial /paces. For let the fame things be 


conítru&ed with what has been demonftrated before: certainly it is manifeft 
T that 
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Book X. that MO is equal in power to AC, and. that MN is incommenfurable in 
power to NO: and becaufe EA. 1s incommenfurable in length to AB, there-. 
fore EA, AB are rational lines commenfurable only in power; there- 
fore (by 22. 10.) AK is a medial /pace, that is, the /pace compounded of 
the fquares of MN, NO : again, becaufe ED is incom- 
menfurable in length to AB, alío FE is incommenífu- 
rable to EK; therefore alfo FE, EK ‘are rational Zines. 
commenfurable only in power; therefore EL is a medial 
/fpace, that is, MR; that is, the rectangle contained by 
MN, NO ; and becaufe EA is incommenfurable to EF, 
alfo AK is incommenfurable to EL:: but AK. 1s the 
fpace compounded of the /guares of MN, NO; and EL. 
is the reéfangle contained by MN,NO;; therefore the 
{pace compounded of the fquares of MN, NO is incommenfurable to the - 
ve£angle contained by MN, NO; and each of them is a medial fpace ; and 
MN, NO are incommenfurable in:power ; therefore MO (by 42. 10.) 1s a. 
line equal in power to two medial /paces, and is equal in power to the /pace~ 
AC. Which was to be demonftrated. 
Lemma. If aftraight-line be cut into unequal fegments, the B 

{quares of the unequal /fegments are greater than the rectangle con- 

tained -by the unequal fegments taken twice. Let AB be a ftraight Je 
line, and let it be cut into unequal /egments at C, and let AC be D 
the greater ; I fay that the /guares of AC, CB.are greater than the 

reCtangle contained by AC, CB zaken twice. For let AB. be cut 

in halves in D.: now becaufe the ftraight line has been cut into. A 
equal fegments at D, and into unequal /egments at C,.therefore (by 5. 2.) 
the reZangle contained.by AC, CB, with the /guare of CD, is equal.to the 
J/quare of AD; fo that the reéangle contained .by AC, CB is lefs than the 
/quare of AD; therefore the reZangle contained by AC, CB taken twice is . 
lefsthan the double of the /quare of AD: but (by 9.2.) the fquares of - 
AC, CB are double of the fquares of AD, DC ; therefore the fquares of 
AC, CB are greater than the. rectangle contained by AC, CB ,zakes. twice. 
Which was to be demonítrated. 





PROP. LXI. 
The /guare of a binomial Zze, applied to.a rational line, makes 
the breadth a firft binomial Ae, 


Let 


OF EUCLID... 139 


Let AB be a binomial line, divided in C into its names, fo that AC Book x. 
may be the greater name; and let DE a rational line be put; and let DEFG —- 
be applied to DE, equal to the /guare of AB, making the breadth DG: [ 
fay that DG is a firft binomial dine. For (by 45. 1.) let DH be applied 
to DE, equal to the /guare of AC; but KL cqual to the /guare of BC; 
therefore (by 4. 2.) the remaining rectangle contained by AC, CB taken 
twice is equal to MF. Let MG be cut in halves in N; and let NO be 
drawn parallel to either of the Zines ML, GF ; therefore each of the paral- 
Telograms MO, NF is equal to the rectangle contained by AC, CB taken 
once: and becaufe AB is a binomial line divided into its names in C, 
therefore (by 37. 10.) AC, CB are rational Zines commenfurable only in 
power; therefore the /guares of AC, CB are rational and :'commenfurable 
to one another; fo that alfo (by 16. 10.) the /pace compounded of the 
Jquares of AC, CB is commenturable to the Jquares of AC, CB; therefore 
the /pace compounded of the fquares of AC, CB is rational, and is equal 
to DL; therefore DL is rational, and is applied to the rational line DE; 
therefore (by 21. 10.) DM is rational and commenfurable in length to DE. 

Again, becaufe AC,CB are rational Zines commenfurable only in power, 
therefore the rectangle contained by AC, CB taken twice is medial, that is, 
MEF; and it is applied to the rational Jine ML; therefore (by 23. 10.) MG 
is rational, and incommenturable in length to ML, that is, to ED: but 
MD is alfo rational and commenfurable in length to * C B 
DE; therefore (by 13.10.) DM is incommenfurable | 
in length to MG; and they are rational; therefore 
DM,MG are rational Jines commenfurable only in 
power ; therefore (by 37. 10.) DG is a binomial line. 
Now it muft be demonftrated that it is a firt binomial E HLO F 
line. For becaufe (by lem. to 55. 10.) the rectangle contained by AC, CB 
is a mean proportional between the /guares of AC, CB, therefore alfo MO 
is a mean proportional between DH, KL; therefore it is as DII to MO fo is 
MO to KL;; that is, (by 1.6.) as DK to MN fo is MN to MK; there- 
fore (by 17. 6.) the rectangle contained by DK, KM 1s equal to the /guare of 
MN : and becaufe the fquare of AC is commenfurable to the fquare of 
CB, therefore alfo (by 14. 10.) DH is commenfurable to KL; fo that alfo 
DK is commenfurable in length to KM : and becaufe (by lem.) the /guares 
of AC, CB are greater than the rectangle contained by AC, CB taken twice, 
therefore alfo DL is greater than MF; fo that alfo DM is greater than MG; 
T 2 ' and j 
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Book X. and the reZasgle contained by DK, KM is equal to the /quare of MN, 
777 that is, to the fourth part of the fquare of MG; and DK is commenfurable : 
in length to KM: but if there be two unequal ftraight lines, and a paral- 
lelogram be applied to the greater, equal-to the fourth part of the fquare 
of the leffer, deficient by a fquare figure, and divide it into commenfurable 
parts, the greater (by 18. 10.) 1s more: in power than the lefs by the /quare 
of a line commentfurable in Jength to-itfelf; and DM, MG are rational /ines ; 
and DM, being the greater name, is commenfurable in length to DE the 
rational line put; therefore (by 1. def. 2. 19.) DG is a firit binomial line. 
Which was to be demonftrated. . 


P-R OP. CXI. 
The Quare of a firft bimedial line, applied toa rational Ave, makes . 
the breadth a fecond binomial ře. 


= 


, Let AB be a firft-bimedial Zine, divided “into its- medial fegments-in C j-. 
of which let AC de.the greater; and let the rational dine DE be put; and let: 
the parallelogram DF be applied to DE, equal to the fquare of-AB, making ~ 
the breadth DG: I fay that. DG is a fecond binomial Zine. For let the: 
fame things be conttructed with thofe in the propoftion before this; and». 
becaufe AB 1s a .firít bunedial 7ige divided in C, therefore (by 58. 10.) . 
AC, CB are medial Zines commenfurable only in power, containing a rational .. 
fpace; fo that-alfo the /guares.of. AC, CB are medial /paces.; therefore DL is.. 
3.medial fpace, and it is.applied,to a rational //se; therefore (by 25. 10.) + 
MD is rational and incommenfurable in length to DE. Again, becaufe- 
the refangle contained by AC, CB taken twice is rational, alfo MF /s rational; . 
and it is applied to a rational. Zine ML ; therefore alío . 
(by 21. 10.) MG is rational, and commenfurable in. 44" 
length to ML; that is, to DE ; therefore (by 13. 10.) 
DM is incommenfurable in length to MG ; and.they 
are rational; therefore DM, MG are rational Zines com- . 
menfurable only in power; therefore. DG. is a bino- 
mial line. Now it muft be demonftrated that. itis _. 
alfo a fecond dinemial line, For becaufe (by.lem. to 61..10.) the /guares - 
of AC, CB are greater than the rectangle contained by AC, CB zaken. 
twice, therefore allo DL is greater than, MF ; fo that alfo DM is greater » 
than; 


C B^ 





N_G.- 
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thàn: MG : and becaufe the /guare of AC is commenfurable to the fquare of Book X. 
BC, alfo DH is commenfurable to KL; fo that alfo DK is commenfurable *—7v——7 
in length to KM); and ‘the reéfanzle contained by DK, KM is (by contt.) 

equal to the /guare of MN; therfore (by 18. 10.) DM is more in power : 

than MG by the fquare of a line commenfurable in /ength to itfelf: and MG `; 

is commenfurable in length to DE ; therefore (by 2. def. 2. 10.) DG is a.. 

fecond binomial line. Which'was to be demonftrated. 


PROP. LXII.. 
The /2uare of a fecond bimedial /7e, applied to a rational Ane, , 
makes the-breadth-a third binomial /ie. 


Let AB be a fecond bimedial Zize, divided into its medial /egments in C, | 
fo that AC may be the greater fegment ; and let DE be any rational /ize; - 
and let the parallelogram DF be applied to DE, equal to the /guare of AB,. 
making the breadth DG: I fay that DG is a third binomial /ine. For let ' 
the fame things be conftructed with thofe in the propoftions demonftrated - 
before. .And becaufe AB is a fecond bimedial. /ine, divided in C, therefore - 
(by 39. 10.). AC, CB are medial /izes coinmenfurable only in power, con- - 
taining a medial /pace ; fo that alfo the /pace compounded 
of the /guares of AC, CB is medial; and it is equal to. AE 
DL; therefore alfo DL, is a medial /pace; and it .is 
applied to a rational line DE; therefore (by 23. 10.) 
MD is rational, and incommenfurable in length to DE. 
Certainly, for the fame reafon, alfo MG is rational, and, : 
incommenfurable in length to ML, that ijs, to Dire ee 
therefore each of the dines IDM, MG 4s rational. and-incommenfurable in 
length to DE. And becaufe. AC is incommenfurable in length to CB; and : 
(by 1. 6.) as AC to CB fo is the /guare of AC to,the rectangle contained : 
by AC, CB; {o that alfo the /pace. compounded of. the.fquares of AC, Cb 
is incommenfurable (by. 14. and 16. 10.) to, the re&angle contained by - * 
A€, CB taken twice, that is DL. to MF ; fo that DM is incommeníurable : 
to, MG ; and they are rational; therefore DG is a binomial Jine. Now it: 
muft alío be.demonftrated that it is a third binomial line. Certainly, in like 
manner as in the propofitions before this, we fhall conclude that DM is: 
greater than MG ;. and that DK is commenfurable to KM; and that the 

| rectangle 
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re&angle contained by DK, KM is equal to the fquare of MN ; and that 
therefore (by 16. 10.) DM is more in power than MG by the fquare of a 
line commenfurable to itfelf in length : alfo, neither of the lines DM, MG 
is commenturable in length to DE ; therefore (by 3. def. 2. 10.) DG is a 
third binomial. /ine. Which was to be demonftrated. 


P RO P. LXIV. 


`The Quare of a greater /:e, applied to a rational /zze, makes the 


-breadth a fourth binomial Aze. 


Let AB be a greater line, divided in C, {o that AC may be greater than 


"CB; but let DE be any rational line; and let the parallelogram DF be 


applied to DE, equal to the fquare of AB, making the breadth DG : I fay 


. that DG is a fourth binomial /ime. For let the fame things be conftructed 
~with thofe in.the propofitions before. And becaufe AB is a greater line 
.drvided in C, (by 40. 10.) AC, CB are incommenturable in power, making 


indeed the /pace compounded of the fquares of them rational, but the rectangle 


„contained by them medial: now becaufe the /pace compounded of the fquares 
-of AC, CB is rational, therefore alfo DL is rational; therefore (by 21. 10.) 


DM is alfo rational and commenfurable in length to DE. Again, becaufe 
the reZangle contained by AC, CB taken twice, that is, MF, is medial, and 
is applied to a rational dine ML, therefore (by 23. 10.) MG is rational and 


:incommenfurable in length to DE; therefore DM 1s incommenfurable in 


length to.MG; therefore DM, MG are rational dines commenfurable only 


-in power ; therefore (by 37. 10.) DG'is a binomial /ize. Now it muft be 
.demonftrated that it is alfo a fourth binomial line. Cer- 


tainly, in like manner as in the propofitions before, we 
{hall conclude that DM is greater than MG, and that 
-the rectangle contained by DK,KM is equal to the 
Square of MN: now becaufe the /guare of AC is incom- 
menfurable to the /guare of CB, therefore (by 10. 1o.) 
alfo DH 1s incommenfurable to KL, fo that alfo KD 1s 
incommenfurable to KM: but if there be two unequal ftraight lines, and if 
a parallelogram be applied to the greater equal to a fourth part of the 
{quare of the leffer, deficient by a fquare figure, and if it divide it into 
segments incommenfurable in length to itfelf, the greater (by 19. 10.) is 

more 
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more in power than the leffer by the /guare of a line incommenfurable to Book X. 
itfelf in length; therefore DM will be more in power than MG by the /guare —— 
of a /ine incommenturable to itfelf: and DM, MG are rational lines com- 
menfurable only in power; and DM is commenfurable in length to DE, the - 

rational line put: therefore (by 4. def. 2. 10.) DG is a fourth binomial jire.. 

Which was to be demonttrated. 


PROP. LXV. 


The /guare of a /ine equal in power to a rational and medial /2ace, . 
applied to a rational Zze, makes the breadth a fifth binomial Aze. 


v 


Let AB be a Zine equal in power to a rational and ‘medial /pace, divided 
in C into ftraight lines, fo that AC may be the greater; and let the rational - 
line DE be put ; aud let DF be applied to DE, equal to the /guare of AB, 
making the breadth DG: I fay that DG 1s a fifth binomial Zize. For let 
the fame things be conftructed as in the propofttions before this. Now becaufe 
AB is equal-in power.to a rational and medial fpace, divided in C, there- 
fore (by 41. 10.) AC, CB are incommenfurable in power, making the fpace 
compounded of the fquares of them medial, but the reZ/angle contained by - 
them rational: then becaufe the /pace compounded of the /guares of AC, CB-. 
is medial, therefore alfo DL is medial; fo that DM is rational (by 23. 10.) 
and incommenfurable in length to DE : again, becaufe 
the reffangle contained by AC, CB taken twice is rational; — 
that is, MF; therefore (by 21. 10.) MG is rational, 
and commenfurable in length to DE; therefore (by 13. 
10.) DM is incommenfurable in length to MG; there- 
fore DM, MG are rational lines commenfurable only in 
power; therefore (by 37. 10.) DG is a binomial Jine. 
Now I fay alfo that it is a fifth binomial line. For in like manner it will be 
demonftrated that the reZangle contained by DK, KM is equal to the /guare - 
of MN, and that DK is incommenfurable in length to KM ; therefore (by 
19.10.) DM is more in power than MG by the /guare of a line incom- 
menfurable in length to itfelf: and DM, MG are rational lines commenfu- 
rable only in power; and MG the leffer is commenfurable in length to DE; 
therefore (by c. def. 2. 10.) DG is a fifth binomial /ize. Which was to be 
demonftrated. 


C B 
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- Book X. PROP. LXVI. 


—— 15. The guare of a line equal in power to two medial /paces, applied 


«to a-rational //ze, makes the breadth a fixth binomial Zze. 


Let AB be a line equal in power to two medial fpaces, divided in C.; 
-and let DE be the rational //ze; and let DF be applied to DE equal to the 
quare of AB, making the breadth DG: I fay that DG is a fixth binomial 
line. For let the fame things be conítructed with thofe before: and becaufe 
AB is a line equal in power to two medial /paces, divided in C ; therefore 
(by 42. ro.) AC, CB are incommenfurable in power; making both the 
{pace compounded of the fquares of them medial; and the reéfangle con- 
tained by them medial; and befides, the /pace com- 
pounded of the fquares of them, incommenfurable to — 
the reéfangle.contained by them: fo that, accord:ng to 
.what has been demonftrated before, each of the fpaces D M 
DL, MF is medial, and is applied to the rational Jine 
DE; therefore (by 23. 10.) each of the /ines DM, MG 
is rational, and incommenturable in length to DE: and 
becaufe the /pace compounded of the /guares of AC, CB is incommenfura- 
ble to the rectangle contained by AC, CB taken twice, therefore DL is in- 
commenfurable to MF; therefore (by 10. 10.) DM is alfo incommenfu- 
rable to MG in length; therefore DM, MG are rational /ines commenfurable 
only in power; therefore DG is a binomial /ize. -I fay aifo that it is a fixth 
binomial line. For again, in like manner we fhall demontftrate as in the 
propofitions before this, that the reZangle contained by DK, KM is equal to 
the fquare of MN, and that DK is incommenífurable in length to KM: 
certainly, for the fame.reafon, alfo DM is more in power than MG by the 
fquare of a line incommenfurable to itfelf in length; and neither of the 
lines DM, MG is commenfurable in length to DE, the rational line put: 
therefore (by 6. def. 2. 10.) DG is a fixth binomial žine. Which was to 
be demonftrated. 
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P RO P. LXVII. 
A line commenfurable in length to a binomial line, is alfo itfelf 
.a binomial line, and the fame in order. 
Let 


Let AB be a binomial Zine, and let CI2 be commenfurable in length to Book X. 
AB; I fay that CD is a binomial Zine, and the fame in order with AB. For mo~ 
becaufe AB is a binomial Zine, let it be divided into its names in E, and let 
AE be the greater name; therefore (by 37. 10.) AF, EB are rational lines 
"commenfurable only in power : let it be made (by 12. 6.) as AB to CD fo 
is AEto CF; therefore (by 19. 5.) alfo the remainder EB is to the remain- 
der FD as AB to CD: but AB is commenfurable in length to CD; there- 
fore (by 10. 10.) alfo AE is commenfurable i length to CF, and 
EB to FD; and AE, EB are rational Zines; therefore alfo CF, FD 
are rational. And becaufe it is as AE to CF fois EB to FD, 
therefore alternately it is as AE to EB fo is CF to FD: but ,, 
AE, EB are commenfurable only in power; therefore alfo CF, FD F 
are commenfurable only in power, and they are rational; there- E 
fore (by 37. 10.) CD is a binomial Zine. Now I fay that it. is 
the fame in order with AB. For AE is more in power than EB 
either by the /guare of a line commentfurable to itfelf i length, 
or by the /guare of à line incommenfurable : then if AE fhall be 
more in power than EB by the fquare of a line commenífurable 
to itfelf in length, alfo CF (by 15. 10.) will be more in power than, FD by 
the fquare of a line commenfurable to itfelf ; and if AE is commenfurable 
to the rational line put, alfo CF (by t2. 10.) 1s commenfurable to it; and 
for this reafon each of the lines AB, CD is a firt binomial Zine, that is, 
the fame in order: and if EB is commenfurable to the rational Jine put, 
allo FD is commenfurable to the fame ; and for this rea/on, again, it will 
be the fame in order with AB; for each of them is a fecond binomial Zine: 
but if neither of the /ines AE, EB is commenfurable to the rational /ine put, 
alfo neither of the lines CF, FD will be commenfurable to it; and each is 
a third binomial line. Butif AE is more in power than EB by the fquare 
of a line incommenfurable to itfelf i length, alfo CF will be more in power 
than FD (by r5. 10.) by the fquare of a line incommenífurable to itfelf ix 
length; and if AE is commenfurable to the rational line put, alfo CF is- 
commenfurable to it; and each of the lines is a fourth binomial line: but 
if EB, alfo FD; and each will be a fifth: but if neither of the Zines AE, EB, 
alio neither of the Anes CF, FD will be commenfurable to the rational Zine 
put; and each will be a fixth binomial line. So that the line commenfurable 
in length to a binomial /ine is a binomial ine, and the fame in order. Which 
was to be demonítrated. : 


D 
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| PROP. LXVII. 
A line commenturable in length to a bimedial /;7ze, is a bimedial 
line, and the fame in order. 


Let AB be a bimedial line, and let CD be commenfurable in length to 
AB ; I fay that CD is a bimedial line, and the fame in order with AB, For 
becaufe AB is a bimedial line divided into its medial Zines in E, therefore 
(by 38.and 39. 10.) AE, EB are medial //zes commenfurable only in power ; 
and let it be made as AB to CD fo is AE to CF ; therefore alfo the remain- 
der EB (by 19. 5.) isto the remainder FD as AB to CD: but AB is com- 
menfurable in length to CD; therefore alfo AE is commenfurable to CF, 
and EB to FD ; and AE, EB are medial /izes ; therefore alfo (by 24. 10.) 
CF, FD are medial: and becaufe it is as AE to EB fo ; CF to FD; but 
AE, EB are commenfurable only in power; therefore alfo CF,FD are 
commenturable only in power; but they have been demonftrated /o be me- 
dial; therefore CD is a bimedial Zine. Now I fay alfo that it is the fame 
in order with AB. For becaufe it is as AE to EB fois CF to FD, there- 
fore alfo (by 11. 5. and rz. 6.) as the /guare of AE to the 


rectangle contained by AE, EB, fo is the quare of CF to the T 
rectangle contained by CF, FD ; therefore, by alternation, as the 

Jquare of. AE, to the /guare of CF, fo is the reZangle contained — 

by AE, EB to the rectangle contained by CF, FD: but the [F 


Jquare of AE is commenfurable to the /guare of CF; therefore — x 


alfo the reZangle contained by AE, EB is commenfurable to the 

reélangle contained by CF,FD. Now if the rectangle con- 

tained by AE, EB is rational, alfo the rectangle contained by 

CF, FD is rational; and, for this rea/on, the line (by 38. 10.) 

is a firft bimedial : or if the rectangle contained by AE, EB is AO 
medial, alfo the rectangle contained by CF, FD is medial; and each (by 
39. 10.) is a fecond bimedial line; and, for this rea/oz, CD is the fame 
sn order with AB. Which was to be demonttrated. 


P R O P. LXIX. 
A line commenfurable in /ength to a greater /ine, is itfelf a greater 
line. 
Let AB be a greater /ine, and let CD be commenfurable to AB ; I fay 
that alfo CD is a greater /ine. Let AB be.divided in E; therefore- (by 
40. 
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40. 10.) AE, EB are incommenfurable in power, making the /pace com- Book X. 
pounded of the fquares of them rational, but the rectangle contained by “me~ 
them medial: and let the fame things be made with thofe before. And 

becaufe it is as AB to CD fo is AE to CF, and EB to FD, therefore 

alfo as AE to CF fois EB to FD; but AB is commenfurable in length 

to CB; therefore alfo each of the ines AE, EB is commenfu- 

rable to each of the /izes CF, FD : and becaufe it is as AE to 

CF fo is EB to FD, alfo alternately as AE to EB fois CF 

to FD ; and therefore, by compofition, as AB to BE fo i; CD B 
to DF ; and therefore (by 22. 6.) as the /guare of AB to the | F 
Jquare of BE fo is the /guare of CD to the /guare of DF : cer- E, 
tainly in the fame manner we fhall demonftrate alfo that as the 

Jquare of AB to the quare of AE fo is the /quare of CD to 

the /quare of CF; therefore alfo (by 24. 5.) as the /guare of 

AB to the /2uares of AE, EB fo is the fquare of CD to the 

{quares of CF, FD; therefore alfo, alternately, it is as the AC 
Jquare of AB to the fquare of CD fo are the /quares of AE, EB to the 
Squares of CF, FD: but the /guare of AB is commenfurable to the /quare 
of CD; therefore alfo the fquares of AE, EB are commenfurable to the 
Squares of CF, FD: and (by 40. 10.) the /guares of AE, EB together are 
rational ; alfo (by 9. def. 10.) the Jquares of CF, FD together are rational: 
but in like manner alfo the rectangle contained by AE, EB taken twice is 
commenfurable to the recfangle contained by CF, FD taken twice; and (by 
40. 10.) the rectangle contained by AE, EB taken twice is medial ; therefore 
alfo (by 24. 10.) the rectangle contained by CF,FD taken twice is medial ; 
therefore CF, FD are incommenfurable in power, making the /pace com- 
pounded of the fquares of them rational, but the reéfangle contained by them 
medial ; therefore (by 40. 10.) the whole CD is an irrational Jine, called a 
greater line. ‘Therefore a line commenfurable in length to a greater line, 
is a greater line. Which was to be demonftrated. 


D 


P R O P. LXX. 


A line commenturable to a line equal in power to a rational and 
medial /pace, is itfelf a line equal in power toa rational and me- 
dial pace. | 

‘Let AB be a line equal in power to a rational and medial /?ace,' and 


let CD be commenturable to AB; it muft be demonftrated that alfo CD 
| U 2 | 1S 
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is a line equal in power to a rational and medial Space. Let AB be 
divided into its ftraight lines in E; therefore (by 41. 10.) AE, EB are 
incommenfurable in power, making the /pace compounded of the Íquares 
of them medial, but the rectangle contained by them rational. 

And let the fame things be conftructed with thofe before: 
certainly, in the fame manner, we fhall demonftrate alío that 

CF, FD are incommenfurable in power; and that the /pace n 
compounded of the /guares of AE, EB is commenfurable to 

the /pace compounded of the /2uares of. CF, FD, and the El. 
reftangle contained by AE,EB to the refangle. contained by 

CF, FD; fo that alfo the /pace compounded of the fquares of 

CF, FD is (by 24. 10.) medial, but the rectangle contained by 

CF,FD rational: therefore (by 41. 10.) CD is a line equal. 

in power toa rational and medial /pace. Which was to be de- A 
monttrated. | 


D 


(I 


P R O P. LXXI. 


A line commenfurable to a line equal in power to two medial 
Jpaces, 1s a line equal in power to two medial /paces. 


Let AB be a line equal in power to two medial /paces, and let CD że 
commenfurable to AB ; now it muft be demonftrated alfo that CD isa line 
equal in power to two medial /paces. For becaufe AB ‘is a D 
line equal in power to two medial /paces, let it ‘be divided 
into its ftraight lines in E; therefore (by 42. 10.) AE, EB are 
incommenfurable in power, making both the /pace compounded 
of the fquares of them medial, and the rectangle contained by 
them medial, -and befides the /pace compounded of the fquares E 
of AE, EB incommenfurable to the reZangle contained by 
AE, EB. And let the fame things be conftru&ed with thofe 
before: certainly we fhall demonftrate, in the fame manner, 
alfo that CF, FD are incommenfurable in power; and that 
the /pace compounded of the /guares of AE, EB is commenfu- A 
rable to the /pace compounded of the /qguares of CF,FD, and the reéfaagle 
contained by AE, EB to that contained by CF,FD; fo that alfo (by: 24- 
10.) the pace compounded of the fquares of CF FD is medial; and the 

rectangle 
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rectangle contained by CF, FD is medial; and befides, that the fpace com- 
Pounded of tle fquares of CF, FD is incommenfurable to the rectangle con- 
tained by CF, FD: therefore CD (by 42. 10.) is a line equal in power 
to two medial /paces. Which was to be demonftrated. 


P R O P. LXXII. 


A rational and medial /pace being -put together, four irrational 
fines are made, either a binomial Zine, or a firt bimedial Ae, or a 


greater /ine, or alfo a line equal in power to a rational and medial 


Space. 


“Let AB bea rational, but CD a medial /pace ; I fay that the line equal 
in power to the fpace AD, is either a binomial /ine, or a firft bimedial dine, 
or a greater line, or a line equal in power to a rational and medial /pace. 
For the /pace AB is either greater or-lefs than CD: let-it be firft greater, 
and let the rational Zine EF be put; and let EG be applied to EF, equal 
to AB, making the breadth EH ; and let HI, equal to CD, be applied to 
EF, that is, to HG, making the breadth HK: and becaufe AB is rational, 
and EG is equal 7o iz, therefore alío EG is rational; and it has been applied 
to the rational line EF, making the breadth EH; therefore EH is rational 
(by 21. 10.) and commenfurable in length to EF: again, becaufe CD is 
medial, and HI is equal ¢o it, therefore alfo HI is medial, and it is ap- 
plied to the rational dine EF, that is, to HG, making the breadth HK; 
therefore (by 23. 10.) HK is rational and incommenífurable in length to 
EF: and becaufe CD is medial, but AB rational, therefore AB is incom- 
menfurable to CD; fo that alfo EG is incommenfurable to HI: but as 
EG to HI. fo is (by 1.6.) EH to HK; therefore alfo EH is incom- 
menfurable in length to HK; and they are both rational /ines; therefore 
EH, HK are rational lines’ commenfurable only in power; therefore EK is 
a binomial /i#e divided in H: and becaufe AB is greater "P" 
than CD, and AB equal to EG, and CD to HI, therefore | | | 
alfo EG ıs greater than HI; and therefore alfo EH is greater 
than HK. Now certainly EH is more in power than HK, E " 
either by the /quare of a line commenfurable to itfelf in 
length, or by the /guare of a line incommenfurable: firft let F GI 
it be more in power by the /guare of a line commenfurable to itíelf, and 
let the greater HE be commenífurable to EF, the rational Z/ze put; there- 


fore 
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fore (by 1. def. 2. 10.) EK is a firft binomial line; but EF is rational : 
but if a {pace be contained by a rational and firft binomial žine, the line 
equal in power to the fpace 1s (by 55. 10.) a binomial; therefore the line 
equal in power to the fpace EI is a binomial ; fo that alfo the line equal in 
power to AD is a binomial. Buc now let EH be more in power than HK 
by the fquare of a line incommenfurable to itfelf ix length, and let the greater 


. EH be commenífurable in length to EF, the rational line put; therefore (by 


4. def. 2. 10.) EK is a fourth binomial line, and EF is rational: but if a 
{pace be contained by a rational and fourth binomial line (by 58. 10.), the 
line equal in power to the {pace is an irrational /ine, called a greater /ze ; 
therefore the line equal in power to the {pace EF] is a greater Jine; {o that 
alfo the line equal in power to the fpace AD is a greater Jine. But now let 
AB be lefs than CD; and therefore EG is lefs than HI; fo that alfo EH is 
lefs than HK: but certainly HK is more in power than EH, either by the 
{quare of a line commenfurable in length to itfelf, or by the fquare of a line 
incommenfurable: firft, let it be more in power by the fquare of a line com- 
menfurable to itfelf; and let EH, the leffer, be commenfurable in length 
to EF, the rational line put; therefore (by 2. def. 2. 10.) EK is a fecond 
binomial fine, and EF is rational: butif a fpace be contained by a rational 
and fecond binomial /ine, the line equal in power to the {pace is (by 56. 10.) 
a firít bimedial line; therefore the line equal in power to the 

fpace EI is a firft bimedial Jine ;. fo that alfo the line equal LI 
in power to the fpace AD is a firft bimedial: but now let: 

HK be more in power than EH by the fquare ofa line * 
incommenfurable to itfelf in length; and let the leffer EH 

be commenfurable ia length to EF, the rational Jine put; — 
therefore (by 5. def. 2. 10.) EK 1s a fifth binomial line, and EF js rational: 
but if a fpace be contained by a rational and fifth binomial line,’ the line 
equal in power to the fpace, is a line (by 59. 10.) equal in power ,to a 
rational and medial /pace; therefore the line equal in power to the fpace ET, 
is a line equal in power to a rational and medial pace; fo that alfo the line 
equal in power to the fpace AD, 1s a line equal in power to a rational and 
medial /pace. —'T'herefore a rational and medial fpace being put together, 
four irrational Jines are made, either a binomial Zine, or a firft bimedial /ine, 


or a greater line, or alfo a line equal in power to a rational and medial 
fpace. Which was to be demonftrated. 


PROP. 
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P R O P. LXXIII. 


Two medial /paces, incommenfurable to one another, being put 
together, the two remaining irrational /zes are made, either a fecond 
bimedial /ime, or a line equal in power to two medial /2ace;». 


For let AB, CD, two medial /paces incommenfurable to one another, be 
put together; I fay that the line equal in power to the fpace AD is either 
a fecond bimedial Jine, or a line equal in power to two medial /paces. For 
AB is either greater or lefs than CD: let AB firt be greater than CD; and 
let the rational /ine EF be put; and let EG be applied to EF, equal to 
AB, making the breadth EH; and HI, equal to CD, making the breadth 
HK : and becaufe each of the /paces AB, CD is medial, therefore alfo 
each of the /paces EG, HI is medial, and is applied to the rational Jine EF, 
making the breadth the lines EH, HK ; therefore (by 23. 10.) each of the 
lines EH, HK is rational, and incommenturable in length to EF: and be- 
caufe AB is incommenfurable to CD, and AB is equal to EG, and CD to 
HI, therefore alfo EG is incommenífurable to HI ; but as EG to HI fo 
is EH to HK; therefore EH 1s incommenfurable in length to HK; there- 


fore EH, HK are rational //zes commenfurable only in power: there- . 


fore EK is a binomial line. But certainly EH is more in power than HK 
by the fquare of: a line either commenfurable to itfelf in length, or of one 
incommenfurable : firft, let it be more in power by the fquare of a line com- 
menfurable to itfelf in length; and neither of the /ines EH, HK is com- 
menfurable in length to EF, the rational line put ; there- m É 

fore EK is a third binomial line, and EF is rational : but ea 


if a {pace be contained by a rational and third binomial B 
line (by 57. 10.), the line equal in power to the fpace, is a EHE 
fecond bimedial line; therefore the line equal in power to 

F G I 


EI, that is, to AD, 1s afecond bimedial : but now let EH 
be more in power than HK by the fquare of a line incommenfurable to 
itfelf in length; and each of the Zines EH, HK is incommenfurable in 
length to EF ; therefore (by 6. def. 2. 10.) EK is a fixth binomial Jine : 
but if a {pace be contained by a rational and fixth binomial Zine, the line 
equal in power to the fpace (by 60. 10.) 1s a line equal in power to two 
medial /paces; fo that the line equal in power to the fpace AD, is aline equal 


in power to two medial /paces. Certainly, in the fame manner, we fhall demon- 
l ftrate, 
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Book X. ftrate, that, if AB belefs than CD, the line equal in power to the {pace AD is 

T either a bimedial Zize, or a line equal ip power to two medial /paces. There- 
fore two medial /paces, incommenturable to one another, being put together, - 
the two remaining irrational Zines are made, either a fecond bimedial /ine, or a 
line equal in power to two medial paces. Which was to be demonílrated. 

Con. The binomial /ive, and the irrational lines after it, are not the fame 

with the medial /ize, nor with one another: for the /guare of a medial, ap- 
plied to a rational Jine, makes the breadth rational, and incommenfurable in : 
length to that to which it is applied (by 23. 10.); but the /guare of a bino- 
mial /ine applied to a rational Zine, makes the breadth a firft binomial Zine, (by 
61. 10.): and the /quare of a firít bimedial /ze, applied to a rational Zine, 
makes the breadth a fecond binomial Z/ye (by 62. 10); but the /guare of a 
fecond bimedial fine, applied to a rational /ime, makes the breadth a third 
binomial Zze (by 63. 10.) : and the /guare of a greater line, applied to a 
rational Jive, makes the breadth a fourth binomial /ine (by 64. 10.): but the 
Jquare of a line equal in power to a rational and medial /pace, applied to a 
rational line, makes the breadth a fifth binomial (by 65. 10.); and the 
Square of a line equal in power to two medial /paces, applied to a rational 
line, makes the breadth a fixth binomial /ine (by 66. 10.) Now becaufe the 
faid breadths differ both from the firft, and from one another, from the firft 
becaufe it is rational; certainly from one another, becaufe they are not the 
fame in order; # #5 mianifeft that the irrational /ines themfelves differ 
from one another. 

ScuoLiUuM. There are feven fenaries up to the things thus far mentioned. 
The firft of which /fexaries demonftrates the generation of them (in 37. 38. 
39- 40. 41. 42.) ; but the fecond, the divifion of them, that they are divided 
in one point only (in 43. 44. 46. 46. 47. 48.) ; but the third, the invention 
of a binomial /ize, firft, fecond, third, fourth, fifth, fixth (in 49. 50. 51. 
$2. 63. 64.) : after which, the fourth fenary demonftrates the diftinétion of 

| the irrational Jines, how they differ; for, ufing the binomial Zine, he de- 
monftrates the difference of the fix irrational lines (in 55. 566. 67. 68. 69. 
60.) ; he adds the fifth and fixth; demonftrating in the fifth the applica- 
tions of the /guares of the irrational lines, what irrational lines the breadths | 
of the {paces applied make (in 61. 62. 62. 64.65.66.) ; and in the fixth, 
how the /ines commenfurable to the irrational /rmes are of the fame fpecies 
with them: again, in the feventh, he demonftrates clearly to us the dif- 
ference of them (in 72. 73.)- . / 
| er. : But 
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But alfo an arithmetical proportion appears in thefe irrational /ines; and Book X. 
the mean proportional taken, between the fegments of any irra- w——— 
tional line, in arithmetical proportion, is itfelf a Jine of the fame 
{fpecies with thofe between the fegments of which it is a mean pro- 
portional: and firft, thac the arithmetical mean is in thefe. For » 
put AB, any binomial Zine, and let it be divided into its names in 

' C; it is evident that AC is greater than CB: let AD be taken 
from AC equal to CB, and let CD be cut in halves in E; it 1s 
manifeft that AE is equal to EB: let FG be put equal to either 
of them; certainly it is evident that by what AC differs from FG, by the 
fame EB differs from CB; for AC differs from FG by EC; and by the fame 
allo FG differs from CB; which is the property of an arithmetical propor- 
tion. But it is manifeft that FG is commenfurable to AB, for it is equal to 
the half of it; fo that (by 67. 10.) it is a binomial Zine: in like manner,- 
alío, it will be demonftrated in others. 


Uo 


A 


THE BEGINNING OF THE SENARIES BY SUBSTRACTION. 


PROP. LXXIV. 
If from a rational Ane a rational line be taken away, being com-: 
menfurable only in power to the whole, the remainder is an irra- 
tional line; but let it be called AN APOTOME. 


For let the rational Zine BC be taken from the rational Zne AB, being 
commenfurable only in power to the whole; I fay that the remainder AC is 
an irrational //ze, called an apotomé. For becaufe AB isincommen- B 
furable in length to BC; and it is (by 1. 6.) as AB to BC fo is the 

Jquare of AB to the reZang/e contained by AB, BC; therefore the C 
Jquare of AB is incommenfurable to the reétangle contained by ` ' 
AB, BC: but (by 16. 10.) the fquares of AB, BC are commenfu- 
rable to the /24are of AB; and the rectangle contained by AB, BC 
faken twice is commenfurable to the reéfangle contained by AB, BC; . A 
therefore the /guares of AB, BC are incommenturable to the rectangle con- , 
£ained by AB, BC taken twice; therefore the íquares of AB, BC are incom- 
menfurable to the remainder, the fquare of AC (by 17. 10.) ; becaufe the 
Squares of AB, BC are equal (by 7. 2.) to the rectangle contained by 
X ! AB, BC 





Book X. 
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Jpaces ; but the'reZangle contained by CA, AB taken twice is rational; 
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taken twice, with the Square of AC : but the /guares of AB, BC are rational; 
therefore (by 11. def. 10.) AC Is irrational; but let it be called an 
apotomé. " 


PROP. LXXV. 
If from a medial dine a medial line be taken away, being com- 
menfurable only in power to the.whole, and zf it contain with the 


whole a rational /pace, the remainder 1s irrational ; but let it be called 
a firft apotome of a medial Ze. 


For let the medial line AB be taken from the medial line AC, being 
commenfurable only in power to AC, and with AC making a rational /pace 
the rectangle contained by CA, AB; I fay that the remainder BC is irra- 
tional; but let it be called a firft apotomé of a medial Zine. For becaule 
AC, AB are medial lines, alfo the fquares of AC, AB are medial. c 
therefore the fquares of AC, AB are incommenfurable to the rectangle z 
contained by CA, AB taken twice; therefore the reZangle contained 
by CA, AB ¢aken twice is incommenfurable to the remainder (by A 
7. 2.) the fquare of BC, becaufe (by 17. 10.), if the whole be incommenfu- 
rable to one of them, alfo the magnitudes from the beginning will be 
incommenfurable : but the rectangle contained by CA, AB taken twice is 
rational ; therefore the fquare of BC 1s irrational ; therefore BC is irrational ; 
but let it be called a firít apotomé of a medial Zine. 


P RO P. LXXVI. 
If from a medial /ime a medial line be’ taken away, being com- 
menfurable only in power to the whole, and zf it contain with the 


whole a medial /pace, the remainder is irrational; but let it be 
called a fecond apotomé of a medial /ine. 


For let the medial Zne BC be taken away from the medial line AB, 
being commenfurable only in power to the whole AB,.and containing with 
the whole AB a medial fpace, the rectangle contained by AB, BC; I fay 
that the remainder AC is irrational; but let it be called a fecond apotomé 
of a medial /ine. For let the rational line DI be put, and let DE, be 

| applied 
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applied to DI, equal to the /guares of AB, BC, making the breadth DG; Book x. 
but let DIH be applied to DI, equal to the recfangle contained by AB, BC ie 
taken twice, making the breadth DF ; therefore (by 7. 2.) the remainder 

FE is equal to the /guare of AC: and becaufe the /guares of AB, BC are 

medial, therefore alfo DE is medial; and it is applied to the rational Zine 

DI, making the breadth DG; therefore (by 23. 10.) DG 


is rational and incommenturable in length to DI: again, —— 
becauſe the rectangle contained by AB, BC is medial, alſo D Lu 
the rectangle contained by AB, BC taken twice is medial, — 
and is equal to DH ; therefore alfo DH is medial ; and it , alo 


has been applied to the rational Ziwe DI, making the breadth DF; there- 
fore DF is rational and incommenfurable i in length to, DI : and becaufe 
AB, BC are commenfurable only in power, therefore AB is incommentu- 
rable in length to BC ; therefore (by 1. 6. and 10. 10.) alfo the f: Quare of 
AB is incommenturable to the reZangle contained bv. 4B, BC: but the 
fquares of AB, BC are commenfurahle to the Jquare of AB (by 16.10.); _ 
and the reZangle contzZined by AB, BC taken twice is commenturable to the 
rectangle contained by AB, BC ; therefore the /guares of AB, BC are incom- 
meníurable to the rectangle contained by AB, BC /a&e1 twice: but DE is 
equal to the /guares of AB,.BC, and DH to.the reZangle contained by 
AB, BC taken twice; therefore DE is incommenfurable to DH: but as DE 
to DH fo is DG to DF; therefore DG is incomntenfurable in length to 
DE ; and they are both rational /ines commenturable .only in power; there- 
fore (by 74. 10.) FG is an apotomé, but DI is rational: but (by fch. 39. 
10.) the rectangle contained by a rational and irrational /ize is irrational ; 
and therefore alfo the line equal in power to it is irrational; and AC is 
equal in power to FE; therefore AC is irrational; but let it be called a 
fecond apotomé of a medial /ize. | 


P R O P. LXXVII 

If from a ftraight line a ftraight line be taken away, being, in- 
commenfurable in. power to the whole, and making with the whole 
the /pace compounded of the /2uares of them together rational, but the 
rectangle contained by them medial, the remainder is irrational; but 
let it be called a LESSER Ane. 


X 2 | For 
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Book X. For let the ftraight line AB be taken away from the ftraight line C 

AC, being incommenfurable in power to the whole, making with 

the whole AC the /?ace compounded of the /guares of CA, AB By 
together rational; but the reZangle contained by CA, AB, taken 

twice together, medial; I fay that the remainder BC is irrational ; A 
but let it be called a leffer Jive. For becaufe the /pace compounded of the 
{quares of CA, AB is rational, but that of the reéfangle contained by 
CA, AB taken twice medial, therefore the /guares of CA, AB are incom- 
menfurable to the reZangle contained’ by CA, AB taken twice: and by 
converfion, and (by 17. 10.) the /guares of CA, AB are incommenfurable 
to the fquare of BC ; but the /guares of CA, AB are rational; therefore 
the /guare of BC is irrational ; therefore BC is irrational; but let it be 
called a leffer Jine. 


PROP. LXXVIII. 


If from a ftraight line a ftraight line be taken away, being in- 
commenfurable in power to the whole, and making with the whole 
the /pace compounded of the fquares of them medial, but the rect- 
angle contained by them faken twice rational, the- remainder is 
irrational; but let it be called a line making the whole /pace medial 
with a rational /pace. | 


For let the ftraight line AB be taken away from the ftraight line AC, 
being incommenfurable in power to the whole AC, making the fpace œ 
compounded of the fquares of AC, AB medial, but the rectangle 
contained by CA, AB ¢aken twice rational; I fay that the remain- 
der BC is irrational ; but let it be called a line making the whole 
fpace medial with a rational /pace. For becaufe the fpace compounded A 
of the fquares of CA, AB is medial, but the reffangle contained by CA, AB 
taken twice is rational, therefore the fquares of CA, AB are incommen- 
furable to the rectangle contained by CA, AB taken twice; therefore alfo 
the remainder the /guare of BC is (by 17. 10.) incommenfurable to the 
rettangle contained by CA, AB taken twice: and the reZangle contained. by 
CA, AB taken twice is rational ; therefore the /guare of BC is irrational; 
therefore BC is irrational; but let it be called a line making the whole 
Jpace medial with a rational /pace. 


Bb 


PROP. 
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P R O P. LXXIX. 


If ‘from a ftraight line a ftraight line be taken away, being in- 
commenfurable in power to the whole, but making with the whole 
the /pace compounded of the fquares of them medial, and the rect- 
angle contained by them medial, and befides the fquares of them 
incommenfurable to the rectangle contained by them ‘zaken twice, 
the remainder is irrational ; but let it be called a line making the 


whole /pace medial with a medial /pace. 


For let the ftraight line BC be taken away from the ftraight line AB, 
being incommenfurable in power to AB, making the /pace compounded of 
the fquares of AB, BC medial, and the reéfangle contained by AB, BC taken 
twice medial, and befides the /guares of AB, BC incommenfurable to the 
rectangle contained by AB, BC taken twice; I fay that AC the remainder 
is irrational; but let it be called a line making the whole /pace medial 
with a medial fpace. For let the rational line DI be put; and DE be 
applied to the rational line DI, equal to the /guares of AB, BC, making 
the breadth DG; but let DH be taken away, equal to the rectangle 
contained by AB, BC taken twice, making the breadth DF; therefore 
(by 7. 2.) the remainder FE is equal to the /guare of AC; fo that AC is 
equal in power to FE: and becaufe the /pace compounded of the fquares of 
AB, BC is medial, and is equal to DE; therefore DE is 


medial, and is applied to the rational //ze DI, making the Ay m 
breadth DG ; therefore (by 23. 10.) DG is rational and D F G 
incommenfurable in length to DI: again becaufe the reZ- wai 
angle contained by AB, BC taken twice is medial, and is , H E 


equal to DH, therefore DH is medial, and is applied to the rational Ze 
DI, making the breadth DF; therefore DF is rational and incommenífu- 
rable in length to DI: and becaufe the /guares of AB, BC are incom- 
menfurable to the reffangle contained by AB, BC taken twice, therefore 
alfo DE is incommenfurable to DH: but as DE to DH fo is DG to DF; 
therefore DG is incommenfurable to DF ; and they are both rational; 
therefore DG, DF are rational //ses commenfurable only in power; there- 
fore (by 74. 10.) FG is an apotomé, but FH is rational: but the rectangle 
contained by a rational linc and an apotomé (by fch. 39. 10.) is irrational ; 


and’ 
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and the line equal in power to it is irrational; and AC is equal in power 
to FE; therefore AC is irrational; but let it be called a line making the 
whole /pace medial with a medial /pace. 


P R O P. LXXX. 


One rational ftraight line only is adapted to an apotomé, being 
commenífurable only in power to the whole. 


' Let AB be'an apotomé, and let BC be adapted to it; therefore (by 74. 
10.) AC, CB are rational -lines commenfurable only in power: I fay that 
another rational /ize will not be adapted to AB, being commenfurable only 
in power to the whole. For, if poffible, let BD be adapted zo if; there- 
fore (by 74. 10.) AD, DB are rational /ines commenfurable only in . p 
power: and becaufe by whatever /pace the /quares of AD, DB exceed. al 
‘the rectangle contained by AD, DB zaken twice, by the fame alfo 
the /guares of AC, CB exceed the rectangle contained by AC, CB taken 

twice ; for (by 7. 2.) both exceed by the fame /pace the fquare of 7 
AB: therefore, alternately, by what /pace the /quares of AD, DB [B 
exceed the /quares of' AC, CB, by the fame the rectangle contained 


-by AD, DB taken twice exceeds the rectangle contained by AC, CB A. 


taken twice: but the fquares of AD, DB exceed the fquares of AC, CB by 


.a rational /pace, for each is rational; therefore the rectangle contained by 


AD, DB taken twice, exceeds the rectangle contained by AC, CB taken twice 
by arational /pace; which is impoffible; for (by 22. 10.) they are both medial 
fpaces : but (by 27. 10.) a medial does not exceed a medial /pace by a rational 
fpace; therefore another rational line is not adapted to AB, being com- 
menfurable only in power to the whole. "Therefore only one rational line 
will be adapted to an apotomé, being commenfurable only in, power to the 
whole. "Which was to be demonftrated. ; 


he 


, P RO P. LXXXI. 

One medial ftraight line only is adapted to a firft medial apotomé, 
being commenfurable only in power to the whole, and with the 
whole containing a rational /pace. 

For let AB be a firft medial apotomé, and let BC be adapted to AB; 


therefore (by 75. 10.) AC, CB are medial /imes commenfurable only in 
power, containing a rational /pace, the rectangle contained by AC, CB; I 


fay 
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fay that another medial line is not adapted to AB, being commenfurable only Book x. 
in power to the whole, and with the whole containing a rational /pace. For, ~m 
if poffible, let DB alío be adapted to it; therefore (by 75. 10.) D 

AD, DB are medial /zzes, commenífurable only in power, containing | 
a rational /pace, the reffangle contained by AD, DB: and becaufe by 
whatever /pace the /quares of AD, DB exceed the reangle contained 
by AD, DB taken twice, by the fame alfo the /guares of AC, CB 
exceed the rectangle contained by AC, CB taken twice (for, again, 
by 7.2. they exceed by the fame /pace, the /quare of AB); therefore 
alternately by what /pace the /quares of AD, DB exceed the /guares A. 
of AC, CB, by the fame the reZangle contained by AD, DB /aken twice exceeds 
the reffangle contained by AC, CB taken twice: but the rectangle contained 
by AD, DB taken twice exceeds the reé?angle contained by AC, CB taken twice 
by arational /pace; for they are both rational /paces; therefore alfo the /guares 
of AD, DB exceed the fquares of AC, CB by a rational /pace, which is impof- 
fible, for they are both medial /paces ; but (by 27. ro.) a medial does not 
exceed a medial /pace by a rational /pace. Therefore oné medial ftraight line 
only is adapted to a firt medial apotomé, being commenfurable only in 
power to the whole, and with the whole containing a rational /pace. Which 
was to be demonftrated. 





P R O P. LXXXII. 


One medial ftraight line only is adapted to a fecond medial apo- 
tomé, being commenfurable only in power to the whole, and with 
the whole containing a medial /pace. 


Let AB be a fecond medial apotomé, BC alfo being adapted to AB ; 
therefore (by 76. 10.) AC,CB are medial Jines commenfurable only in 
power, containing a medial /pace, the rectangle contained by AC, CB; I fay 
that another medial ftraight line will not be adapted to AB, being com- 
menfurable only in power to the whole, and with the whole containing a 
medial pace: for, if poffible, ‘lec BD be adapted 7e i7; therefore (by 76. 
10.) AD, DB are medial /imes commenfurable only in power, containing a 
medial /pace, the rectangle contained by AD, DB: and let the rational line 
EF be put, and let EG be applied to EF equal to the /guares of AC, CB, 
making the breadth EM; but let HG be taken away, equal to the rectangle 
contained by AC, CB zaken twice, making the breadth HM ; therefore (by 
7. 2.) the remainder EL is equal to the /guare of AB; fo that AB is equal 

1n 
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In power to EL: now, again, let EI be applied to EF equal to the /quares 
of AD, DB, making the breadth EN; and EL is equal to the fquare of 
AB ; therefore (by 7. 2.) the remainder HI is equal to the rectangle con- 
tained by AD, DB taken twice: and becaufe AC, CB are medial Zines, there- 
fore alfo the fquares of AC, CB are medial /paces, and they are equal to EG; 
therefore alfo EG is a medial _/pace; and it is applied to the rational Jine EF, 
making the breadth EM; therefore (by 23. 10.) EM is rational and 
incommenturable in length to EF. Again, becaufe the rectangle con- 
tained by AC, CB is medial, alfo the reéfangle contained by AC, CB taken 
twice is medial; and it is equal to HG; therefore alfo HG is a medial 
fpace; and it is applied to a rational line EF, making the breadth 
HM ; therefore HM is rational, and incommenfurable in length to EF: 
and becaufe AC, CB are commenfurable only in AB CD 
power, therefore AC is incommenfurable in length — — 


IT M N 
to CB: but as AC to CB fo (by 1. 6.) alío isthe E | i 
Jquare of AC to the reZangle contained by AC,CB;. E oy 
therefore alfo the /guare of AC is incommenfurable 
to the recangle contained by AC, CB: but (by 16. FL G I 


10.) the /guares of AC, CB are commenfurable to the /guare of AC; and 
the rectangle contained by AC, CB taken twice is commenfurable to the 
rectangle c." by AC, CB ; therefore. the /quares of AC, CB are in- 
commenturable to the reZangle contained by AC, CB taken twice: and EG 
is equal to the /quares of AC, CB; but HG is equal to the reZangle con- 
tained by AC, CB taken twice; therefore EG is incommenfurable to HG: 
but as EG to HG fo is EM to HM ; therefore EM is incommenfurable in 
length to HM ; and they are both rational Zines; therefore EM, HM are 
rational lines commenfurable only in power; therefore (by 74. 10.) EH is 
an apotomé, and HM adapted to it. Certainly, in the fame manner, we 
fhall demonftrate alfo, that HN is adapted to it; therefore another and 
another ftraight line is adapted to an apotomé, being commenfurable in 
power only to the whole; which (by 80. 10.) is impoffible. "Therefore 
'one medial ftraight line only is adapted to a fecond medial apotomé, being 
cominenfurable only in power to the whole, and with the whole containing 
a medial /pace. Which was to be demonftrated. 


P RO P. LXXXIII | 
One ftraight line only is adapted to A LESSER Ane, being incom- 
menfurable in power to the whole, making with the whole the 


pace 
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Jpace compounded of the fquares of them rational, but the rectangle 
contained by them, faken twice, a medial /pace. 


Book X. 
nee 


Let AB be a Lesser /ine, and let BC be adapted to AB; therefore (by 77. - 


10.) AC, CB are incommenfurable in power, making indeed the /pace com- 
pounded of the fquares of them rational, but the rectangle contained by them, 
taken twice, a medial pace: I fay that another ftraight line will not D 
be adapted to AB, making the fame things. ‘For, if poffible, let BD I 
be adapted fo it: therefore (by 77. 10.) AD, DB are incommenífu- 
rable in power, making indeed the fquares of AD, DB together a 
rational /pace, but the reZangle contained by AD, DB, taken twice, a 
medial /pace : and becaufe by whatever /pace the /quares of AD, DB 
exceed the /guares of AC, CB, by the fame alfo (by 7. 2.) the reZ- 
angle contained by AD,DB, taken twice, exceeds the rectangle con- A. 
tained by AC, CB ¢aken twice; but the fquares of AD, DB exceed the /guares 
of AC, CB by a rational /pace, for they are both rational; therefore alfo the 
rectangle contained by AD, DB, taken twice, exceeds the rectangle contained 
by AC, CB, taken twice, by a rational /pace; which (by 27. 10.) 1s impof- 
fible, for they are both medial /paces. Therefore one ftraight line only 
is adapted to aLessER /ine, being incommenturable in power to the whole, 
making with the whole the /pace compounded of the fquares of them rational, 

but the reZangle contained by them, taken twice, a medial /pace. Which was 
to be demonftrated. v | 


PROP. LXXXIV. 


One ftraight line only.is adapted to a line making the whole /?ace 
medial with a rational /pace, being incommenturable in power to the 
whole, but making with the whole the /pace compounded of the 


{quares of them medial, and the rectangle contained by them, taken 


twice, a rational pace. 


Let AB be a line making the whole /pace medial with a rational /pace, and 
BC being adapted /o :/ ; therefore (by 78. 10.) AC, CB are incommenfu- 
rable in power, making the /pace compounded of the fquares of AC, CB 
medial, but the re&tarigle contained by AC, CB, taken twice, rational :. I 
fay that another /ine will not be adapted to AB making the fame things. 

Y For, 


` 
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Book X. For, if poffible, let DB be adapted to it; therefore alfo (by 78. 

— I0.) the ftraight lines AD, DB are incommenfurable in power, 
making the /pace compounded of the fquares of AD, DB medial, 
but the rectangle contained by AD, DB, :akez twice, rational: 
then, becaufe by whatever /pace the f/quares of AD, DB exceed 
the /quares of AC, CB, by the fame the reZangle contained by 
AD, DB, taken twice, exceeds the reéfangle contained by AC, CB | 
taken twice, in confequence of the things before this; but the A 
rettangle contained by AD,DB, taken twice, exceeds the reZangle con- 
tained by AC, CB, taken twice, by a rational /pace; which is impoffible, 
for they are both medial /paces. ‘Therefore another ftraight line will not 
be adapted to AB, being incommenfurable in power to the whole, and 
_ making with the whole the /pace compounded of the fquares of them medial, 
but the rectangle contained by them, taken twice, rational; therefore one 
only will be adapted to the line, making the whole /pace medial with a 
rational /pace. Which was to be demonftrated. 





P R O P. LXXXV.. 


One ftraight line only is adapted to a line making the whole 
Jbace medial with a medial /pace, being incommenfurable in power 
to the whole, and making with the whole both the /pace compounded 
of the fquares of them medial, and the rectangle contained by them, 
taken twice, medial, and befides incommenfurable to the {pace com- 
pounded of the /guares of them. 


Let AB be a line making the whole /pace medial with a medial /pace, and 
BC adapted to it; therefore (by 79, 10.) AC, CB are incommenfurable in 
power, making both the /pace compounded of the fquares of them medial, 
and the rectangle contained by AC, CB, taken twice, medial; and befides, 
the fíquares of. AC, CB incommenfurable to the rectangle contained’ by 
AC, CB taken twice: J fay that another ftraight line will not be adapted to 
AB, being incommenturable in power to the whole, and making, with the 
whole, the things propofed: for, if poffible, let BD be adapted to it, fo 
that alfo AD, DB may be incommenfurable in power, making the fquares 

" of AD, DB together a medial /pace, and the rectangle contained by AD, DB, 
| taken | 
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taken twice, medial; and befides, the /guares of AD, DB incommenfurable Look X. 
to the rectangle contained by AD, DB zaken twice; and let the rational /rwe ym 
EF be put; and let EG be applied to EF, equal to the fquares of AC, CB, 
making the breadth EM ; but lec HG be taken away equal to the veéfangle 
contained by AC, CB, taken twice, making the breadth FIM ; therefore the 
remainder (by 7. 2.), the fquare of AB, is equal to EL; therefore AB 1s 
equal-in powertoEL. Again, let EI be applied to EF, equal to the /guares 
of AD, DB, making the breadth EN ; but alfo the fquare of AB is equal 
to EL; therefore (by 7. 2.) the remainder the reffangle contained by AD, DB 
taken twice is equal to HI: and becaule the /pace AB CD 
compounded of the /guares of AC, CB is medial, — UN iic 
and is equal to EG, therefore alfo EG is medial, E 

and is applied to a rational Jine EF, making the 

breadth EM; therefore (by 23. 10.) EM is ra- 

tional, and incommenfurable in length to EF: FL G I e 
again, becaufe the rectangle contained by AC, CB taken twice is medial, 
and equal to HG, therefore alfo HG is medial, and is applied to the rational 
line EF, making the breadth HM ; therefore (by 25. 10.) HM is rational 
and incommenfurable in Jength to EF : and becaufe the /quares of AC, CB 
are incommenfífurable to the reZang/e contained by AC, CB taken twice, there- 
fore alfo EG 1s incommenfurable to HG ; therefore alfo (by 1.6. and ro. 
10.) EM is incommenfurable in length to MH ; and they are both rational 
lines; therefore EM, MH are rational Zines commenfurable only in power; 
therefore (by 74. 10.) EH is an apotomé, and HM adapted toit. Cer- 
tainly in the fame manner we fhall demonftrate that EH is again an apotome, 
and HN adapted toit; therefore another and another rational //ze 1s adapted 
to an apotomé, being incommenfurable [only] in power to the whole, which 
has been demonftrated impoffible: therefore another ftraight line will not 
be adapted to AB ; therefore one ftraight line only will be adapted to AB, 
being incommenfurable in power to the whole, and making with the whole 
the fquares of them together a medial /pace, and the re&angle contained by 
tbem, taken twice, medial, and befides the fquares of them incommenfurable 
to the reZangle contained by them taken twice. Which was to be demon- 


{trated. 
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THIRD DEFINITIONS. 


- A rational ¿ine and an apotomé being fuppofed, if the whole is more 
in e than the adapted line by the /guare of a line commenfurable in 
length to itfelf, and ¿if the whole is commenfurable in length to the rational 
line put, let ic be called a First APoTOMÉ. 2. But if the adapted line be 
commenífurable in length to the rational /ine put, and the whole be more in 
power than the adapted ¿ine by the fquare of a line commenturable in length 
to itfelf, let it be called a’sEcoND APOTOME. 3. But if neither of them be 
commenturable in length to the rational /ine put, and the whole be more in 
power than the adapted /ize by the fquare of a line commenturable in length ` 
to itfelf, let it be called A THIRD APOTOME. 

4. Again, if the whole be more in power than the adapted Jine by the 
{quare of a line incommenfurable to itfelf in length, if indeed the whole be 
commenfurable in length to the rational /;ze put, let it be called a FouRTH 
APOTOMÉ. ç. But if the adapted Zine be, let it be called & rig TH apotomé. 
6. But if neither, Jet it be called A SIXTH apotomê, - 


^ 


P R O P. LXXXVI. 
To find a firft apotomé. 


~ 
e Os 
a mPa 


Let the rational dime A be put, and let BG be commenfurable in length to 
A; therefore alfo BG is rational: and (by cor. lem. 1. 30. 10.) let two 
fquare numbers ED, EF be taken, of which let the excefs DF not be a fquare 
number ; therefore neither has ED to DF the ratio which a fquare number 
bas to a fquare number: and let it be made as ED to DF fo is the fquare of 
BG to the /guare of GC; therefore (by 6. 10.) the /quare of BG is com- 
menfurable to the /guare of GC: but the /guare of BG is rational; there- 
fore alfo the /guare of GC is rational; therefore alfo GC is rational: and 
becaufe ED has not to DF the ratio which-a fquare number bas to a fquare 
number, therefore neither has the /guare of BG to the /guare of GC the 
ratio which a fquare number has to a fquare number ; therefore BG is in- 
comimenfurable in length to GC; and they are both rational lines; there- 
fore BG, GC are rational lines commenfurable only in power; therefore (by 
74. 10.) BC is an apotomé. I fay alfo that it ¢s a firft apotomé: for let the 


Jquare of H be tbat by which the /guare of BG is greater than the quare 


GC: 
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GC: and becaufe it is as DE to DF fo is the /guare of BG 

to the /guare of GC, therefore alfo, by converfion, it is D 

as DE to EF fo is the /guare of GB to the fquare of H: : 

but DE has to EF the ratio which a fquare number has p 

to a fquare number, for each is a fquare; therefore alfo : tC 
the /guare of GB has to the /guare of H the ratio which 

a {quare number as to a fquare number ; therefore BG 1s E 


commenfurable in length to H ; and GB is more in power 
than GC by the /guare of H; therefore BG is more in power than GC by 
the fquare of a line commenfurable to itfelf in length ; and the whole BG 
is commenfurable in length to A, the rational line put: therefore (by 1. 
def. 3. 10.) BC is a firft apotomé. Therefore BC, a firít apotomé, has been 
found. "Which was to be done. 


P R O P. LXXXVII. 
To find a fecond apotome. 


Let the rational line D be put, and let EF be commenfurable in length 
to D; therefore EF is rational: and let two fquare numbers AB, BC be 
taken; of which let the excefs AC not be a fquare; and let it be made 
as CA to AB fo is the /guare of EF to the /guare of EG; therefore (by 
6.10.) the /guare of EF is commenfurable tq the fquare of EG: but the 
fquare of EF is rational; therefore alfo the {quare of EG is rational; 
therefore EG is rational: and becaufe the fquare of EF has not to 
the /guaré of EG the ratio which a fquare number bas to a fquare 
number, therefore EF is incommenfurable in length to EG; and they 
are both rational; therefore FE, EG are rational lines commenfurable 
only in power; therefore (by 74. 10.) FG is an apotomé. Now I fay 
alfo that it is a fecond apotomé: for let the fquare of H be that by 
which the /guare of EG is greater than the /guare of EF: | 
now becaufe it is as the /guare of EG tothe /guare of EF 
fo is the number AB to the number AC, therefore, by 
converfion, it is as the /quare of EGto the /guare of H 
fo is AB to BC; and each of the numbers AB,BC isa P I" 
quare, therefore the /guare of EG has to the /quare of H : 


the ratio which a fquare number has to a fquare number ; : | 


therefore EG is commenfurable in length to IH: and EG 
is more in power than EF by the /guare of H ; therefore 


EG 


ABH 


A DEH 
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EG 1s more in power than EF by the fquare of a line commenfurable 
to itfelf in length; and the adapted line EF is conmenturable in length to . 
D, the rational /ize put; therefore (by 2. def. 3. 10.) FG is a fecond 
apotomé. Therefore GF, a fecond apotomé, has been found. Which was 
to be done, 


P R O P. LXXXVIII. 
To find a third apotome, 


Let the rational Zine E be put; and let three numbers D, AB, BC be taken, 
not having to one another the ratio which a fquare number has to a fquare 
number; but let AB have to AC the ratio which a fquare number has to a 
fquare number, and let it be made as D to AB fo is the fquare of E to the 
{quare of FH; but as AB to BC fo /et the /quare of FH be to the quare of GH ; 
therefore (by 6. 10.) the fquare of E is commenfurable to the /guare of FH: 
but the fquare of E. is rational; therefore alfo the fquare of FH is rational ; 
therefore FH is rational: and becaufe D has not to AB the ratio which a fquare 
number has to a fquare number, therefore neither has the /guare of E to the 
{quare of FH the ratio which a fquare number has to a fquare number; there- 
fore E is incommenífurable in length to FH, Again, becaufe itis as AB to BC 
fo is the /quare of FH to the /guare of HG, therefore the quare of FH is 
commenfurable to the /guare of HG,; but the quare of FH is rational, 
therefore alfo the /guare of GH is rational ; therefore alfo GH is rational: 
and becaufe AB to BC has not the ratio which a fquare number bas to a 
fquare number, therefore FH is incommenfurable in length to GH ; and 
they are both rational; therefore FH, HG are rational lines, commenfurable 
only in power; therefore (by 74. 10.) FG is an apotomé. | Now I fay alfo, 
that it 75 a third apotomé: for becaufe it is as D to AB fo is the fquare of E 
to the fquare of FH; but as AB to BC fo is the /quare 
of FH to the /guare of GH; therefore it is, by equality, 
as D to BC fo is the fquare of E to the fquare of GI: 
but D has not to BC the ratio which a fquare number 
has to a {quare number ; therefore E is incommenfurable 
in length to GH; therefore neither of the lines FH, HG E. 
is commenfurable to E, the rational line put: now let © 
the /guare of K be that by which the fquare of FH is : 
greater than the fquare of HG; then becaufe it is as AB 
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to BC fo is the /guare of FH to the /guare of HG, therefore, by converfion, 
it is as AB to AC fois the /guare of FH to the /guare of K : but AB has 
to AC the ratio which a fquare number 4as to a fquare number; therefore 
the /guare of FH has to the /guare of K the ratio which a fquare number 
bas to a fquare number ; therefore FH is commenfurable in length to K: 
and FH is more in power than HG by the /guare of K; therefore FI is 
more in power than HG by the fquare of a line commenfurable to itfelf ix 
lengtb; and neither of the lines FH, HG is commenfurable in length to 
E, the rational line put: therefore (by 3. def. 3. 10.) FG is a third 
apotomé. "Therefore FG, a third apotomé, has been foünd. Which was to 
be done. 


P R O P. LXXXIX. 
To find a fourth apotomé. 


Let the rational /ine D be put, and EG commenturable in length to D; 
therefore alfo EG is rational: and let two numbers AC, CB be taken, 
fo that ‘the whole AB may not have to either of the numbers AC, CB the 
ratio which a fquare number Pas to a fquare number; and let it be made 
as AB to BC fo is the fquare of EG to the /guare of GF; therefore 
the /guare of EG is commenfurable to the /guare of GF: but the fquare 
of EG is rational; therefore the fquare of GF is alfo rational; there- 
fore GF is rational: and becaufe AB has not to BC the 


ratio which a fquare number has to a fquare number, there- B i 
fore neither has the /quare of EG to the quare of GF the : 

ratio which a fquare number has to a fquare number ; there- : F 
fore EG is incommenfurable in length to GF; and they : 

are both rational ; therefore EG, GF are rational lines com- C 
menfurable only in power; therefore (by 74. 10.) EF is : 

an apotomé. But I fay alfo that it is a fourth apotomé: — 4  ijgiq 


for let the /guare of H be shat by which the Quare of EG 


is greater than the /guare of GE : then becaufe it is as AB to BC fo is. 


the quare of EG to the /2uare of GF, therefore, by converfion, it is as 
AB to AC fo is the /guare of EG to the /guare of H: but AB has not 
to AC the ratio which a quare number has to a fquare number; there- 
fore neither has the /guare of EG to the /guare of H the ratio which a {quare 
number has to a fquare number; therefore EG is incommenfurable in 

length 
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length to H: and EG is more in power than FG by the /quare of H ; there- 
fore EG is more in power than GF by the fquare of a line incommeníurable 
to itfelf in length; and the whole EG ts commenífurable in length to D, the 
rational line put: therefore (by:4. def. 3. 10.) EF is a fourth apotomé. 
Therefore EF, a fourth apotomé, has been found. Which was to be done. 


PROP, XC. 
To find a fifth apotome. 


Let the rational line D be put, and let FG be commenfurable to D ; 
therefore FG is rational: and let two numbers AC, CB be taken, fo that 
again AB may have to neither of the numbers AC, CB the ratio which a 
fquare number has to a fquare number ; and let it be made as BC to AB fo 
is the quare of FG to the fguare of EG; therefore the /quare of FG 1s 
commenfurable to the /guare of EG: but the /guare of FG is rational ; 


therefore alfo the /guare of EG is rational; therefore alfo EG. 


is rational: and becaufe it is as AB to BC fo is the /guare 
of EG to the /guare of GF; but AB has not to BC the ratio 


B 
which a fquare number has to a fquare number; therefore : j 
neither has the /guare of EG to the /guare of FG the ratio C 
which a fquare number has to a fquare number; therefore — : 
EG is incommenfurable in length to GF; and they are both : 
rational ; therefore EG, GF are rational lines commenfurable A DEH 


only in power; therefore (by 74. 10.) EF is an apotomé. 

Now I fay alfo that it is a fifth apotomé: for let the {quare of H be that by 
which the /guare of EG is greater than the /quare of FG; then, becaufe 
it is as the /quare of EG to the /quare of GF fo is AB to BC, therefore, by 
converfion, it is as BA to AC fo is the Jquare of EG to the /guare of 
H : but AB has not to AC the ratio which a fquare number has to a fquare 
number ; therefore neither has the /guare of EG to the fquare of H the 
ratio which a fquare number has to a fquare number; therefore EG is 
incommenfurable in length to H: and EG is more in power than FG by 
the /quare of F1; therefore EG is more in power than FG by the fquare 
of a line incommenturable to itfelf in length ; and the adapted line FG is 
commenífurable in length to D, the rational line put: therefore (by 5. def. 3. 
10.) EF is a fifth apotomé. Therefore EF, a fifth apotomé, has been 
found. Which was to be done. 


PROP. 
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PROP. XCL 
To find a fixth apotomé. 


Let the rational /ine E be put; and let the three numbers A, BC, CD Ze 
taken, not having the ratio to one another which 2 fquare number has to a 
fquare number; and lect it be made as A to BC fo is the /quare of. E to the 
/fquare of FH; but as BC to CD fo let the /quare of FH be to the /guare of 
GH. Now becaufe it is as A to BC fo 1s the /guare of E. to the /2uare of 
FH, therefore the /guare of E is commenfurable to the /guare of FH: 
but the /guare of E is rational; therefore alfo the /guare of FH is rational ; 
therefore alfo FH is rational: and becaufe A has not to BC the ratio which 


a fquare number 4as to a fquare number, therefore neither has the /guare . 


of E to the /guare of FH the ratio which a {quare number bas to a fquare 
number; therefore E is incommenfurable in length to FH. Again, becaufe 


iris as BC to CD fo is the guare of FH to the /guare of 
HG, therefore the /guare of FH is commenfurable to the 
Square of HG: but the fquare of FH is rational ; there- 
fore alío the fquare of FIG is rational; therefore alfo HG 
1s rational: and becaufe BC has not to CD the ratio which 
a {quare number das to a fquare number, therefore nei- 
ther has the /guare of FH to the /guare of HG the ratio 
which a fquare number has to a fquare number; therefore 
FH is incommenfurable in length to HG; and they are 


C 
D 


B 


H 


EFK 


both rational; therefore FH, HG are rational Z/zes commenfurable only in 
power; therefore (by 74. 10.) FG is an apotomé. Now I fay alfo that it is a 
fixth apotomé: for becaufe it is as A to BC fo is the /guare of E to the /quare 
of FH; but as BC to CD fo is the fquare of FH to the fquare of HG; 
therefore, by equality, it is as Ato CD fo is the /guare of E to the fquare 
of HG: but A has not to CD the ratio which a fquare number has to a 
{quare number ; therefore neither has the fquare of E to the fquare of HG 
the ratio which a fquare number bas to a fquare number; therefore E is 
incommenfurable in length to HG; -and neither of the Zines FH, HG is 
commenfurable in length to the rational line E. Now let the /guare of K be 
‘that by which the /quare. of FH is greater than the /quare of HG: then 
becaufe it is as BC to CD fo is the /quare of FH to the /quare of HG, 


Z 


therefore 
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therefore, by converfion, as CB to BD fo is the /guare of FH to the /quare 
K: but CB has not to BD the ratio which a fquare number das to a fquare 
number; therefore neither has the /guare of FH to the /guare of K the ratio 
which a. fquare number bas to a fquare number; therefore FH is incom- 
‘menfurable in length to K: and FH is more in power than HG by the 
fquare of K; therefore FH is more in power than HG by the fquare of a 
line incommenturable to itfelf in length; and neither of the dines FH, HG 
Is commenfurable in length to E, the rational Zine put: therefore (by 6. 
def. 3. 10.) FG is a fixth apotomé. Therefore FG, a fixth apotomé, 
has been found. Which was to be done. 

SCHOLIUM. But it is alfo more concife to — the invention of 
the faid fix apotomés thus; and now let it be propofed to find the 


firft. Let AC, a firft binomial line, be put (by 49. 10.), of which ‘tp 
let AB be the greater name; and put BD equal to BC; therefore 

AB, BC, that is, AB, BD are rational lines, commenfurable only pj 
in power ; and AB is more in power than BC, that is, than BD, 

by the /guare of. a line commenfurable to. itíelf iz /engto; and AB m 


is commenfurable in length to.the rational line put (by 1. def. 2. 
10.) Therefore AD is a firft apotomé. Certainly in the fame man- A. 
ner alfo we fhall find. the remaining apotomés,, putting the equal num- 
bered binomial lines. 


PROP. XCII. 
If a fpace be contained by.a rational Zze and a firít apotomé, the 
line equal in power. to the {pace is an apotomé. 


For let the fpace AB be contained by the rational line AC, and a frf 
apotomé AD; I fay that the line equal in power to the fpace AB is an apo- 
tomé. For becaufe AD is a firft apotomé,. let DG be the line adapted 
to it; therefore (by 1. def. 3. 10.) AG, GD are rational lines, commentu- 
rable only in power, and the whole AG is commenfurable in length to AC 
the rational line put; and AG is more in power than GD by the fquare of 
a line commenfurable to itfelf in length: therefore if a parallelogram be 


' applied to AG, equal to a fourth part of the /guare of DG, deficient by _ 


a {quare figure, it will (by 18. 10.) divide it into commenfurable /egments. 
Let DG be cut in halves in E; and let a parallelogram be applied to AG, 
equal 
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equal to the /guare of EG, deficient by a fquare figure, and let it be Book X. 

the rectangle. contained by AF, FG; therefore AF is commenfurable ip 7777 

lengtb to FG: and through the points È, F, G Iet the Zines EH, FI, GK be 

drawn parallel:to AC ; and becaule AF is cominenturable in length to FG, 

therefore alfo (by 16. 10.) AG is commenfurable in length to each of the 

lines AF, FG: but AG is commenfurable to AC; therefore each of the 

lines AF, FG (by 12. 10.) is commenfurable in length to AC: and AC is 

rational; therefore each of the Zines AF, EG is rational ; fo that alfo (by 

20. 10.) each of the /paces AT, FK is rational. And becaufe DE is com- 

menfurable in length to EG, therefore alfo DG is commenfurable in length 

to each of the Zines DE, EG: but DG is rational, and incommenfurable in 

length to AC; therefore alfo eaeh of the /;zes DE, EG is rational, and 

incommenfurable in length to AC; therefore each of the /paces DH, EK 

is medial (by 22. 16). Now let the fquare LM A D EFG 

be put equal to AI; and let a fquare NO, equal to 

FK, be taken away, having a common angle with 

it, the angle LPM ; therefore (by 26. 6.) the fquares œ B—P lk 

LM, NO are about the fame diameter: let PR L Xp 

be the diameter of them, and let the figure be 6 l O 

defcribed. - Then becaufe the reZangle contained by 

AF, FG is equal to the fquare of EG, therefore 

itis (by 17.6.) as AF to -EG fo is EG to FG: R T M 

` but (by 1. 6.) as AF to EG fo /s AI to EK ; and as EG to FG fo is EK 

to FK; therefore EK is a mean proportional between AI; FK : but alfo MN 

is a Mean proportional between LM, NO, as has been demonftrated in what is 

before (lem. to 55. 10.); and Al is equal to the fquare LM, but FK to NO; 

therefore alfo MN is equal to EK: but EK is equal to DH, and MN to 

LO ; therefore DK is equal to the gnomon LOT and the /guare NO: 

but alfo AK is equal to the fquares LM, NO;; therefore alfo the remainder 

AB is equal to ST: but ST is the fquare of LN ; therefore the fquare of 

LN is equal to AB; therefore LN is equal in power to AB. Now I fay 

that LN is an apotomé: for becaufe each of the /paces ATI, PK is rational, 

and they are equal to LM, NO, therefore each of the /paces LM, NO is 

rational, that is, the /7uare of each of the lines LP, PN ; therefore each of ` 

the lines LP, PN is rational : again, becaufe DH is medial, and is equal 

to LO, therefore alfo LO is a medial /pace ; then because LO is medial, 
Z 2 | but 


è 
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but NO rational, therefore ILO is incommenfurable to NO": but as LO to 
NO fo is LP to PN; therefore LP is incommenfurable in length to PN; 
and they are both rational; therefore LP, PN are rational //zes commeníu- 
rable only in power ; therefore (by 74. 10.) LN is an apotomé, and 1s equal 
in power to the fpace AB ; therefore the line equal in power to the fpace 
AB is an apotome. Therefore if a fpace be contained by a rational line 
and a firft apotomé, the line equal in power to the fpace is an apotome. 
Which was to be demonftrated. 


“ 
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. "If a fpace be contained by a rational Zize and a fecond apotomé, 


the line equal in power to the fpace is the firít apotomé of a me- 
dial Aine. | | 


For let the fpace AB be contained by the rational line AC, and a 
fecond apotomé AD ; I fay that the line equal in power to the {pace AB is 
the firft apotomé of a medial Zze. For let DG be the line adapted to AD; 
therefore (by 2. def. 3. 10.) AG, GD are rational lines commenfurable only 
in power; and the adapted Zine DG 1s commenfurable iz lengtb to AC, the 
rational line put; and the whole AG is more in power than the adapted 
line GD by the /quare of a line commentfurable in length to itfelf: then, 
becaufe AG is more in power than GD by the fquare of a line com- 
menfurable to itfelf in length, therefore if a parallelogram be applied to 
AG, equal to a fourth part of the fquare of GD, deficient .by a fquare 
figure, it will divide it into commenfurable /egments. Now let DG be cut 
in halves in E; and let a parallelogram be applied to AG, equal to the 


Jquare of EG, deficient by a fquare figure; and let it be the reZang/e ccui- 


tained by AF, FG ; therefore AF is commenfurable to FG in length : and 
through the points E, F,G let the Z;es EH, FI, GK be drawn parallel to 
AC: and becaufe AF is commenfurable in length to FG, therefore alfo 
AG 1s commenfurable in length to each of the dimes AF, FG; but AG 
is rational, and .incommenfurable in length to AC; therefore alfo each of 
the dines AF,FG is rational, and incommenfurable in length to AC; 
therefore (by 22. 10.) each of the /paces AI, FK is medial. Again, be- 
caufe DE is commenfurable to EG, therefore alfo DG is commenfurable 
to each of the fives DE, EG: but DG is commenturable in length to 

AC; 
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AC; therefore alfo each of the Jines DE, EG is A. D' € FG Book X. 

: . —— Á 
rational, and commenfurable in length to AC ; | 
therefore each of the /paces DH, EK is rational. 


Now let the {quare LM be put, equal to AI; and cœ Bo HoRE 
let the /quare NO, equal to FK, be taken away, UL P 
being about the fame angle with LM, the angle, s ^ dili 


LPM; therefore the fquares LM, NO are about 

the fame diameter: let PR be the diameter of them; 

and let the figure be defcribed. Then: becaufe " — 

AI, FK are medial fpaces, and commenfurable to one another; and they are 
equal to the /guares of LP, PN ; therefore alfo the /auares of LP, PN are mez 
dial; therefore alfo LP, PN are medial Jines commenfurable in power: and’ 
becaufe the reZangle coutained by AF, FG is equal to the fquare of EG, there-"- 
fore it is as AF to EG fo is EG to FG: but as AF is to EG fo is AI to EK ; 
and as EG to FG fo is EK to FK; therefore EK is a mean proportional 
between AI, FK : but.alfo-MN is.a mean proportional between the fquares 
LM, NO; and AI is equal to LM, and FK to NO; therefore alío MN - 
is. equal to EK: but DH 1s equal to EK, and LO #s equal to MN; there- - 
fore the whole DK is equal to the gnomon LOT and the /242re NO. Now 
becaufe the whole AK is equal to LM, NO, of which DK is equal to the : 
gnomon LOT and the /guare NO, therefore the remainder AB is equal to - 
the remainder. ST, that is, to the /guare of LIN ; therefore the /guare of LN: ^ 
is equal to the fpace AB; therefore LN is equal in power to the fpace AB. - 
Now I fay that LN is the firft apotomé of a medial /ine: for becaufe EK - 
is rational, and is equal to MN, that is, . to LO, therefore LO is rational, 
that is, the rectangle contained by LP, PN: but NO has been demonftrated : 
to be medial; therefore LO is incommenfurable to NO; and therefore, alfo, - 
as LO to NO fo is LP to PN ;. therefore LP, PN are incommenturable in . 
length; therefore LP, PN are medial /izes, commenfurable only in power, . 
containing a rational /pace; therefore (by 75. 10.) LN is a firft apotomé of 
a medial dine, and is equal in power to the {pace AB: therefore the line- 
equal in power to the fpace AB is a firft apotomé of a medial Zine. Which : 
was to be demonttrated. : 


P R O P? XCIV. 
If a {pace be contained by a rational Æne and a third apotomé, the 
line equal in power to the {pace is a fecond apotome of a medial /;ze. 
| $ For 
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Book X. For let the' fpace AB be contained by a rational line AC, and à third 


apotome AD: I fay that the line equal in power to the fpace AB is the 
.fecond apotomé of a medial /ine. For let DG be the line adapted to AD ; 
therefore (by 3. def. 3. 10.) AG, GD are rational /izes, commenfurable only 
jn power, and neither of. the ines AG, GD is commenfurable in length to 
. AC, the rational line put; but the whole AG is more in power than the 
- adapted Jine GD by the fquare of a line commenfurable to itfelf iz length: 
thus, becaufe AG is more 1n power than DG by the íquare of a line com- 
, menfurable to itfelf, therefore if a parallelogram be applied to AG equal 
to a fourth part of the /quare of DG, deficient by a fquare figure, it will (by 
18. 10.) divide it into commenfurable /egments. Now let DG be cut in 
‘halves in E; and let a parallelogram be applied to AG, equal to the /guare 
of EG, deficient by a fquare figure, and let it be the reé?angle contained by 
AF,FG; and through the points E,F,G let the /imes EH, FI,GK be drawn 
parallel to AC; therefore AF, FG are commenfurable ; therefore alfo AlI 
:18 commenfurable to FK: and becauíe AF, FG are commenfurable in 
length, therefore alfo (by 16. 10.) AG is commenfurable in-length to each 
.of the /iues AF, FG : but AG is rational, and incommenfurable in length 
-to AC ; therefore alío each of the Zines AF,FG is rational, and incom- 
menfurable in length to AC ; and therefore (by 22. 10.) cach of the /paces 
Al,FK is medial. Again, becaufe DE is commenturable in length to 
EG, therefore alfo DG is commenfurable ia length to cach of the lines 
|. . DE, EG: but DG is rational, and incommenfurable in length to AC ; 
-= therefore alfo each of the Zanes DE, EG is rational, and 1ncominenfurable in 
length to AC; therefore each of the /paces DEI, EK is medial: and 
“becaufe AG, GD are commenfurable only in power, therefore AG is incom- 
menfurable in length to GD; but AG is commenfurable in length to AF, 
and DG to GE; therefore AF is incommenfurable in length to EG: but 
as AF to EG. fo is AI to EK; therefore AI is incommenfurable to EK. 
Now let the fquare LM be put equal ‘to AI; and let the /guare NO, equal 
to FK, be taken away, being about the fame angle with ML; therefore 
LM, NO are about the fame diameter: let PR be the diameter of them; 
and Jet:the figure be defcribed. Then, :becaufe the reffangle contained by 
AF, FG is equal to the fquare of EG, therefore it is as AF to EG fo is 
EG to FG: but as AF to EG fo is AI to EK, and as EG to GF fo is EK 
to FK ; therefore alfo-.as AI to EK fo is EK to FK ; therefore EK is a 


mean 
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ak Xe: 
mean proportional between AJ, FK: but alfo MN | A: D_E FG — 


is a mean proportional between the fquares LM,NO; 
and AI is equal to LM, and FK to NO ; there- 
fore alfo EK is equal to MN: but MN is equal’ € By 

to LO, and EK to DH ; therefore alfo the whole o D 


DK is equal to the gnomon LOT and the /gzare S 
NO: but alfo AK is equal to LM, NO; therefore T 
the remainder AB is equal to the.remainder ST, K T | 


that is to the.fquare of LN : therefore LN is equal. - 

in power to the fpace AB. I fay that LN is a fecond apotomé of a * 
medial /ine: - for becaufe AI, FK have been demonftrated to Ze medial 
Jpaces, and are equal to the /guares of LP, PN, therefore each of the /quares = 
of LP, PN are medial ; therefore each of. the dines LP, PN are medial: - - 
and becaufe AI is commenfurable to FK, therefore alfo the /guare of LP ` 
is commenfurable to the /guare of PN: again, becaufe AI has been demon- - 
{trated to de incommenfurable to EK, .therefore alfo LM is incommenfu-. 
rable to - MN; that is, the /guare of LP.to the rectangle contained by- 
LP,PN; fo that alio LP is incommenfurable in length to PN: therefore ` 
LP, PN are medial lines commenfurable only in power. Now I fay alfo that 
they contain a medial /pace : for becaufe EK has been demonftrated to: de. 
medial ; and if is equal to the reffangle contained by LP, PN; therefore 
the: rectangle contained by LP, PN is medial; {o that alfo LP, PN are me- 
dial Jines commenfurable only in power, containing a medial /pace: there- - ais 
fore (by 76. 10.) LN is a fecond apotomé of a medial //ze,:and ;s equal in + 
power to AB : therefore the line equal in power to the fpace AB.is the - 
fecond apotomé of a medial Jine. . Which was to be demonftrated. 


H IK- 
P 
OO: 


P R'O.P.. XCV.. 


If a {pace be contained by a rational Z/ze and a fourth apotome, . 
the line equal in power to the fpace is a LESSER /zze. 


For let the fpace AB be contained by the rational Zine AC anda fourth ^: 
apotomé AD ; I fay that the line equal in power to the fpace AB is a leffer - 
line. For let DG be the line adapted to AD; therefore (by 4 def. 3. 10.). 
AG,GD are rational /ines, commenfurable only in power; and AG is 

| | commenfurable 
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commenfutable in length to AC, the rational Zine put; but the whole AG ~ 
Is more in power than the adapted line GD-by the /guare of a line incom- 
menfurable in length to itfelf: then, becaufe AG is more in power ‘than GD’ 
by the /quare of a line incommenfurable to itfelf in length, therefore if. a 


_ parallelogram be applied to. AG, equal to the fourth part of the /guare of 


DG, deficient by a fquare figure (by 1,9. 10.), it will divide it into incom- 
menfurable /egments. Now let DG be cut in halves in F; and let a paral- 
lelogram be applied to AG, equal to the fquare of EG, deficient by a 
{quare figure; and-let it be the rectangle contained by AF, FG; therefore 
AF 1s incommenfurable in length to FG : then through the points E,F,G 
let the Zines EH, FI, GK be drawn parallel to AC, BD. Now becaufe AG 
js rational, and commenfurable in length to .AC, therefore the whole 


Jpace AK is rational: again,. becaufe DG .1s incommenfurable .in length 


to AC, and they are both rational ./ines, therefore (by 22. 10.) .DK is 
a medial /pace : again, becaufe AF is incommenfurable in length to FG, 
therefore alfo AI is incommenfurable.to FK. Now let the fquare LM 
be put equal to AI; but let the /guare NO, equal to FK, be taken 
away, being about the fame angle with LM, the angle LPM); therefore 
the fquares LM, NO are about the fame diameter: let PR be the.diameter 
of them, and let the figure.be defcribed. Then becaufe the rectangle con- 
tained by AE, FG is equal to the /guare of EG, A D EFG 
therefore there is this proportion, as AF to EG fo 
is EG to FG: but as AF to EG fo is AI to EK, 
and.as EG to FG fo is.EK to FK ; therefore EK 
C By H IK 
is a mean proportional between AI, EK: but alfo — r, P 
MN is a mean proportional between the fquares œ Dosis 
LM,NO; and AI is equal to LM, and FK to DE. 
NO; therefore alfo EK is equal to MN: but 
EK is equal to DH, and MN is equal to LO; R T M 
therefore the whole’DK ‘is equal to the gnomon LOT' and the fquare NO: 
now becaufe the whole AK-is equal to the fquares LM, NO, of which 
DK is equal to the gnomon ‘LOT and the fquare NO, therefore the 
remainder AB 1s equal to ST, that 1s, to the fquare of LN ; therefore LN 
is equal in power to the‘fpace AB. ‘Now IJ fay that LN is the irrational 
line, called a leffer‘time. ‘For becaufe AK is rational, and 1s equal to the 
{quares of LP, PN, therefore the /pace compounded of the /quares of LP, PN 
is rational, Again, becaufe DK is medial, and DK is equal to the rect- 
angle 
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angle contained by LP, PN taken twice; therefore the reZangle contained by 
LP,PN taken twice is medial: and becaufe AI has been demonttrated 7o be 


Boole X. 


incommenfurable to FK, therefore the fquare of LP is incommenfurable 


.to the fquare of PN ; therefore LP, PN are incommenfurable in power, 
making the /pace compounded .of the fquares of them rational, but the 
rectangle contained by them taken twice medial; therefore (by 77. 10.) 


LUN. is the irrational dine called a leffer line, and it is equal in power to the * 


fpace AB. Therefore the line equal in power to the {pace AB is a lefler 
dine. Which was to be demonftrated. 


: P R O P. XCVI. 
If a {pace be contained by a rational //ze and a fifth apotomé, the 


line equal in power to the fpace is a line making the whole medial 


with a rational Space. 


For let AB be a fpace contained by a rational /ine AC and a fifth apotomé 
“AD; I fay that the line equal in power to the fpace AB is a /ine making the 
whole medial with a rational fpace. For let DG be the Jine adapted to AD; 
therefore (by 5. def. 3, 10.) AG, GD are rational lines commenfurable only in 
power; and the adapted /ine DG is commenfurable in length to AC, the 
rational //ze put; but the whole AG is more in power than the adapted line 
DG by the fquare of a line incommenfurable to itfelf: therefore if a para/- 
lelogram be applied to AG, equal to the fourth part of the /gu2re of DG, 
deficient by a fquare figure, it will (by 19. 10.) divide it into incommentu- 
rable /egments. Then let DG be cut in halves in the point E; and let a paral- 
Jelogram be applied to AG, equal to the fquare of EG, deficient by a fquare 
figure, and let it be the reZangle contained by AF, FG; therefore AF is 
incommenfurable in length to FG: and through the points E, F, G let the 
lines EH, FI, GK be drawn parallel to AC: and becaufe AG is incommen- 
furable in length to AC, and they are both rational, therefore (by 22: 10.) 
AK is a medial /pace : again, becaufe DG 1s rational, and commenfurable 
in length to AC, DK 1s (by 20. 10.) rational. Now let the fquare LM be 
put equal to AT; but let the fquare NO, equal to FK, be taken away, 
being about the fame angle with LM, the angle LPM; therefore the fquares 
LM, NO are about the fame diameter: let PR be the diameter of them, 


and let the figure be defcribed. Certainly in the fame manner we fhall 
‘Aa demonftrate, 
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demonftrate, that LN is equal in power to AB. I fay that LN is a line 
making the whole medial with a rational /pace: for becaufe AK has béen 
demonftrated to de medial, and is equal to the /quares of LP, PN, there- 
fore the /pace compounded of theíquares of LP,PN A D E FG 
is medial: again, becaufe DK 1s rational, and is 
equal to the reéfangle contained by LP, PN taken 
twice, therefore alfo the rectangle contained by C 
LP, PN taken twice is rational: and becaufe AI L P 

is incommenfurable to FK, therefore alío the /quare — DO O 

of LP is incommenturable to the /guare of PN; z 

therefore LP, PN are incommenfurable in power, T. 
making the fpace compounded of the fquares of R T M 

them medial, but the rectangle contained by them, taken twice, rational; 
therefore (by 78. 10.) the remainder LN is the irrational /ize, called a line 
making the whole medial with a rational /pace ; and it is equal in power to 
the fpace AB. Therefore the line equal in power to the fpace AB is a sine 


making the whole medial with a rational fpace. Which was to be demon- 
ftrated. 





By H IK 


P R O P. XCVII.. 


If a fpace be contained by a rational Zze and a fixth apotomé, the 
line equal in power to the fpace is a //ze making the whole medial 
with a medial /pace. 


For let the {pace AB be contained by the rational /ine AC and the fixth 
apotomé AD; I fay that the line equal in power to the fpace AB is a ¿ne 
making the whole medial with a medial /pace. For let DG be the /ine 
adapted to AD; therefore (by 6. def. .3. 10.) AG,GD are rational lines, 
commenturable only in power; and neither of the /ines AG, GD is commen- 
furable in length to AC, the rational Zine put; but the whole AG. is more 
im power than the adapted /ine DG by the /guare of a line incommenfurable 
to itfelf in length. Then, becaufe AG is more in power than GD by the 


Jquare of a line incommeníurable to itlelf in length, therefore if we apply to 


AG a parallelogram equal to the fourth part of the fquare of DG, deficient 
by a fquare figure, it will (by 19. 10.) divide it into incommenfurable Jeg- 
ments. Now let DG be cut in halves in the point.E; and let a parallelogram 

| | be 


- > = 
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be applied to AG, equal to the /guare of EG, deficient by a {quare figure ; 
and let it be the reZangle contained by AF, FG; therefore AF is incommen- 
furable to FG, in length: but as AF to FG fo is Al to EK; therefore AI is 
incommenfurable to FK ; and becaufe AG, AC are rational lines commen- 
furable only in power, AK is medial: again, becaufe AC, DG are alfo 
rational lines, commenfurable only in power, DK alfo is medial : now be- 
caufe AG, DG are commenfurable only in power, therefore AG is incom- 
menfurable in length to DG: but as AG to GD fois AK to KD there- 
fore AK is incommenfurable to KD. Now let the fquare LM be put equal 
to AI; but let the /guare NO, equal to FK, be taken away, being about 
the fame angle with LM; therefore the fquares A D EFG 
LM, NO are about the fame diameter: let PR be 
the diameter of them, and let the figure be de- 
Ícribed. Certainly in like manner as above we fhall 
demonftrate, that LN is equal in power to the 
fpace AB: I fay that LN is a 7ize making the 
whole medial with a medial /pace. For becaule 
AK has been demonftrated /o e medial; and it is 
equal to the /guares of LP, PN; therefore the /pace 
compounded of the fquares of LP,PN is medial: again, becaufe DK has 





-been demonftrated to be medial ; and i£ is equal to the rectangle contained - 


by LP, PN zaken twice ; therefore the reZzng/e contained by LP, PN taken 
twice is a medial /pace: and becaufe AK has been demonttrated to be in- 
commenfurable to DK, therefore the fquares of LP, PN are incommen- 


furable to the rectangle contained by LP, PN taken twice; and becaufe. 


AT is'incommenfurable to FK, therefore alfo the /guare of LP is incom- 
menfurable to the /quare of PN ; therefore LP, PN are incommenfurable 
in power, making both the /pace compounded of the fquares of them 
medial, and the re&angle contained by them, ¢aken twice, medial, and 
befides the fquares of them incommenfurable to the rectangle contained by 
them taken twice; therefore LN (by 79. 10.) is the irrational line called a 
line making the whole medial with a medial fpace, and it is equal in 
power to the fpace AB. ‘Therefore the line equal in power to the {pace 
AB, is the dine making the whole medial with a medial /pace. Which was 
to be demonítrated., 
| | Aa 2 PROP, 
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"The /qguare of an apotomé, applied to a rational Æne, makes the- 
breadth a firft apotome. 


\ 


Let AB be an apotomé, and CD a rational dine; and let CE be applied 
to CD, equal to the /guare of AB, making the breadth CF: I fay that CF 
is a firít apotomé. For let BG be the /ine adapted to AB; therefore (by 
74.10.) AG, GB are rational lines, commenfurable only in power: and. 
let CH be applied to CD equal to the /guare of AG, and KL to the fquare 
of BG; therefore the whole CL is equal to the /guares of AG, GB, of 
which CE 1s equal to the /guare of AB; therefore the remainder FL is. 
equal to the reZangle contained by AG, GB taken twice (by 7.2.). Let 
FM be cut in halves at the point N; and through N let NO be drawn. 
parallel to CD ; therefore each of the /paces FO, LIN is equal to the reZ- 
angle contained by AG,GB: and becaufe the /guares of AG, GB are rational, 
and DM. is equal to the /quares of AG, GB, therefore DM is rational ; 
and it is applied to a rational /ine CD, making thé breadth CM ; there- 
fore (by 21. 10.) CM is rational, and commenfurable in length to CD :- 
again, becaufe the rectangle contained by AG,GB Zaken twice is medial, 
and LF is equal to the reéfangle contained by AG, GB taken twice, there- 
fore LF is a medial /pace, and ic is applied to a rational /ine CD, making. 
the breadth FM ; therefore (by 23. 10.) FM is rational, and incommentu- 
rable in length to CD : and becaufe the /guares of. AG, GB are rational, | 
but the reZaugle contained by AG, GB, taken twice, medial, therefore the 
{quares of AG,GB are incommenfurable to the rectangle contained by 
AG, GB taken twice;. and CL is equal to the /guares of AG, GB, but - 
FL to the rectangle contained by AG, GB taken twice; therefore CL is 
incommenfurable to FL.: but as CL, to FL, fo is CM to MF ; therefore 
CM is incommenfurable in length to ME; and A BG 
they are both rational; therefore CM, MF are 
rational/é£xres commenfurable only.in power ; there- 
fore (by 74. 10.) CF is an apotomé. I fay alfo 
that it 1s a firft apotomé: for becaufe (by lem. _ 
55. 10.) the rectangle contained by AG,GB is a D E OHL 
mean proportional between the /quares of AG, GB; and CH is equal to the 
Square of AG;.and NL is equal to the rectangle contained by AG, GB; 

and - 
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KL is equal to the /guare of BG ; therefore NL, is a mean proportional Book X. 


between CH, KL ; thercfore it is as CH to NL fo is NL to KL: but as 
CH to NL fo is CK to NM; and as NL to KL fois NM to KM ; there- 
fore as CK to NM fo is NMto KM;; therefore the rectangle contained by 
CK, KM is equal to the /guare of NM, that is, to the fourth part of the 
Íquare of FM : and becaufe the /guare of AG 1s commenfurable to the 
Jquare of GB, alfo CH is commeníurable to KL: but as CH to KL fo is 
CK to KM; therefore CK is commenfurable iz length to KM (by to: 10.): 
now becaufe there are two unequal ftraight lines CM, MF, and a parallelo- 


gram has been applied to.CM, equal.to the fourth part of the /guare of MF,” 


deficient by a fquare figure, the rectangle contained by CK, KM; and CK 
is commenfurable to KM; therefore (by 18. 10.) CM is more in power than 
MF by the fquare of a line commeníurable to itfelf in length ; and CM is 
commenturable in length to CD, the rational Z/ze put: therefore (by 1. def. 


3. 10.) CF is a firft apotomé. . Therefore the fguare of an apotomé, applied: 
to a rational line, makes the.. breadth. a firft apotamé... Which was .to be : 


demonftrated. . 


P.R O' P.. XCIX;.. 


The /guzre of a firft apotomé of a medial 7/ze, applied to a 
rational ize, makes the breadth a fecond apotomé. . 


Let AB be the firít apotomé of a medial Zine, and CD a rational Jine 5 - 
and let CE be applied to CD, equal to the /yuare of AB, making the - 
breadth CF : I fay that CF is a fecond apotomé. For let BG be the /ine - 


adapted to AB; therefore (by 75. 10.) AG, GB are medial lines commen- 
f{urable only in power, containing a rational /pace: ‘and let CH be applied to 
CD, equal to the /guare of AG, making the breadth CK; and KL equal 
to the /guare of GB, making the breadth KM ; therefore the whole CL, is 
equal to the /quares of AG, GB, being medial; therefore alfo CL is a medial 


Space; and it has been applied to a rational /;ze. CD, making the breadth ; 


CM ; therefore (by 23. 10.) CM is rational, and incommenfurable in 


length to CD: and becaufe CL is equal to the /guares. of AG, GB, of. 
which the /guare of AB is equal to CE, therefore the remainder, the reZ- . 


angle contained by AG, GB taken twice, is equal to FL: but the reZazg/e 


contained by AG, GB, taken twice, is rational; therefore alfo FL, is rational, , 
and. : 


4 
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and it is applied to the rational Jine FE, making the `breadth FM ; thħerè-” 


fore alfo (by 21. 10.) FM is rational, and incommenfurable in length to 


CD: then, becaufe the fquares of AG, GB; that is, CL is medial; but 
the rectangle contained by AG, GB taken twice, that is, FL, is rational ; 
therefore CL. is incommenfurable to FL: but as CL to FL, fo is CM to 
MF; therefore CM 1s incommenfurable in length to MF ; and they are 
both rational ; therefore CM, MF are rational lines commenfurable only in 
power ; therefore (by 74. 10.) CF is an apotome. | 
Now I fay alfo that it is a fecond apotomé. For 
let FM be cut tn halves in N, and through N C 
let NO be drawn parallel to CD ; therefore each 

of the /paces FO, NL, is equal to the reZangle con- 


A. B G 
— —— — 
F_N KM 


. tained by AG, GB : and becaufe the reZangle con- D E O HL 


tained by AG, GB is a mean proportional between the fquares of AG, GB;, 
and the fquare of AG is equal to CH, and the rectangle contained by 
AG, GB to NL, and the /guare of GB to KL; therefore NL is a mean 
proportional between CH, KL; therefore it is as CH to NL fo is NL to 
KL: but as CH to NL fois CK to NM; and as NL to KL fo is NM to 


.KM; therefore as CK to NM fo is NM to KM; therefore the reZaeugle con- 


tained by CK, KM is equal to the fquare of NM, that is, to the fourth part of 
the fquare of FM: and becaufe the /guare of AG is commenfurable to the 
Square of GB, therefore alfo CH is commenfurable to KL; that is, CK to KM: 
then becaufe CM, MF are two unequal ftraight lines, and a parallelogram has 
been applied to the greater CM, equal to the fourth part of the /guare of MF, 
deficient by a fquare figure, the reZangle contained by CK, KM, alfo it 
divides it into commenfurable fegments; therefore CM is more in power 
than MF by the fquare of a line commenfurable to itfelf in length; and 
the adapted line FM is commenfurable to CD, the rational žine put; there- 
fore (by 2. def. 3. 10.) CF is a fecond apotomé. Therefore the fquare of 
a firft apotomé of a medial Zine, applied to a rational /ine, makesthe breadth 
a fecond apotomé. — .: Which was to be demonftrated. 


PROP. C 


The /quare of a fecond apotomé of. a medial ‘ine, applied to a 
rational Ane, makes.the breadth a third apotomé. j | 
5 | Let 
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Let AB be the fecond apotomé of a medial Jis, but CD a rational Jine; 
and. let CE be applied to CD, equal to the /guare of AB, making the 
breadth CF: I fay that CF is a third apotomé. For let BG be the line 
adapted to AB ; therefore (by 76. 10.) AG, GB are medial /izes commen- 
furable only in power, containing a medial /pace : and let CH be applied 
to CD, equal to the /guare of AG, making the breadth CK; and let KL 
be applied to KH, equal to the /guare of GR, making the breadth KM; 
therefore the whole CL is equ] to the /guares of AG,GB; and the 
Squares of AG,GB are medial; therefore CL is medial, and has been 
applied to the rational line CD, making the breadth CM ; thercfore (by 
23.10.) CM is rational, and incommenfurable in length to CD: and 
becaufe the whole CL. is equal to the /g4ares of AG, GB, of which CE 
is equal to the /guare of AB, therefore the remainder FL is equal to-the 
rectangle contained by AG, GB taken twice. Now let FM be cut in halves 
at the point N ; and* let NO be drawn parallel to CD ; therefore each of 
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the /paces FO, NL. is equal to the rectangle contained by AG, GB: but. 


the recfaugle contained by AG, GB is medial; therefore alfo FL is medial, 
and it is applied to the rational /ine EF, making the breadth FM ; there- 
fore allo FM is rational, and incommenfurable in length to CD: and 
becaufe AG, GB are commenfurable only in power, A BG 

therefore AG is incommenfurable in length to GB; T TUAM LV 
thercfore alfo the /guare of AG (by 1. 6. and ro. W 
IO.) 1s incommenfurable to the redfangle conta:ned 

by AG, GB: but the /guares of AG, GB are com- 

menfurable to the fquare of AG; and the rect- D E O HL 
angle contained by AG, GB, taken twice, is commenfurable to the reZang/e 
contained by AG,GB ; therefore the /guares of AG, GB are incommenfa- 
rable to the rectangle contained by AG, GB taken twice: but CL is equal 
to the fquares ot AG, GB; and FL 1s equal to the rectangle contained by 
AG, GB taken twice; therefore CL is incommenfurable to FL: but as 
CL to FL fo is CM to MF ; therefore CM is incommenfurable in length 
to FM; and they are both rational; therefore CM, FM are rational Zines, 
commenfurable only in power; therefore (by 74. 10.) CF is an apotomé. 
Now I fay alio that it is a third apotomé. For becaufe the /guare of AG 
is commenfurable to the /guare of GB, therefore CH is commenfurable 
to KL; fo that alfo CK isto KM. And becaufe the rectangle contained 


F_N _ KM 


by. 
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Book X. -AG, GB is:a mean proportional between the fquares of AG, GB, and CH 
is equal to the /guare of AG, and KL és -equal to the /guare of GB, but 
NL és equal to the reZang/e contained by AG, GB, therefore alfo NL is 

. a mean proportional between CH and KL; therefore it is as CH to NL 
fois NL to KL: but as CH is to NL fois CK to NM; and as NL to 
KL fo is NM to KM; therefore alfo CK is to NM as NM to KM; 
therefore the reZangle contained by CK, KM is equal to the fquare of NM, 
that is, to the fourth part of the quare of FM: then, becaufe CM, MF 
-are two unequal ftraight lines, and a parallelogram has been applied to CM 
equal to a fourth part of the /guare of MF, deficient by a fquare fizure, 
and it divides it into commenfurable /egments, therefore CM is more in 
power than MF by the fquare of a line commenfurable to itfelf in length 
«(by 18. 10.) : and neither of the lines CM, MF is commenfurable in length 
to CD, the rational line put; therefore (by 3. def. 3. 10.) CF is a third 
apotomé. Therefore the fquare of a fecond apotomé of a medial ine, applied 
ito a rational Jine, makes the breadth a third apotomé. Which was to be 
-demon(trated. 


PROP. CL 


The /guare of a LEssER Jine, applied to a rational ze, makes the 
. breadth a fourth apotomé. 


Let AB be a leffer Zine, but CD a rational Hive; and let CE be applied 
to CD, equal to-the /guare of AB, making the breadth CF: I fay that 
CF is a fourth apotomé. For let BG be the dine adapted to AB ; there- 
„fore (by 77. 10.) AG, GB are incommenfurable in power, making the 
. pace compounded of the fquares of AG, GB rational, but the rectangle 
contained by AG,GB, taken twice, medial: and let CH be applied to 

CD, equal to the /quare of AG, making the breadth CK; and let KL, 
be applied to KH, equal to the /guare of GB, making the breadth KM; 
therefore the whole CL is equal to the /guares of AG,GB; and the 

_/pace compounded of the fquares of -AG, GB is rational; therefore alfo 
CL, is rational, and it is applied to a rational Zine CD, making the breadth 
.CM ; therefore (by 21. 10.) CM is rational alfo, and commenturable in 
length to CD: and becaufe the whole CL is equal to the /guares of AG, GB, 
‘of which CE is equal to the /guare of AB, therefore the remainder FL is 

. equal 
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equal to the rectangle contained by AG, GB taken twice (by 7. 2.). Now let 
FM be cut in halves in the point N, and let NO be drawn through N 
parallel to either of the ines CD, ML; therefore each of the paces FO, NL 
is equal to the reZang/e contained by AG, GB: and becaufe the rectangle 
contained by AG, GB, zaken twice, is medial, and is equal to LF, there- 
fore alfo LF iş medial, and it is applied to a rational fine FE, making the 
breadth FM ; therefore (by 23. 10.) FM is rational, and incommenfurable 
in length to CD: and becaufe the /pace compounded of the fquares of 
AG, GB is rational, but the reffangle contained by AG, GB, taken twice, 
medial; therefore the /guares of- AG, GB are incommenturable to the reé- 
angle contained by AG, GB taken twice: but CL is equal to the /quares of 
AG, GB, and FL is equal to the reffangle contained by AG, GB taken 
twice ; therefore CL is intommenfurable to FL: but as CL to FL fo is 
CM to MF; therefore CM is incommenfurable in A R G 
length to FM, and they are both rational; there- c— F N KM 
fore CM, MF are rational /ines, commenfurable 
only in power; therefore (by 74. 10.) CF is án apo- 
tomé, Now I fay alfo that it is a fourth afotomé : 
for becaufe AG, GB are incommenturable in power, D E O HL 
therefore alfo the /guare of AG is incommenfurable to the /guare of GB, 
and CH is equal to the /quare of AG, and KL, is equal to the /guare of GB; 
therefore CH is incommenfurable to KL : but as CH to KL fo is CK to 
KM ; therefore CK is incommenfurable in length to KM : and becaufe the 
rectangle contained by AG, GB is a mean proportional between the /quares 
of AG, GB ; and CH is equal to the /guare of AG, and KL to the /guare 
of GB, and NL to the reZangle contained by AG, GB; therefore NL is a 
mean proportional between CH,KL,; therefore itis as CH to NL fo is NI. 
to KL: but as CH to NL fo is CK to NM ; and as NL to KL, fo is NM 
to KM; therefore as CK to MN fo is MN to KM ; therefore the reZangle 
contained by CK, KM is equal to the /quare of MN, that is, to the fourth part 
of the fquare of MF: then, becaufe CM, MF are two unequal ftraight lines, 
and a garallelogram has been applied to CM, equal to the fourth part of 
the quare of MF, deficient by a fquare figure, the rectangle CK, KM, and 
divides it into incommenfurable /egments; therefore (by 19. 10.) CM is 
more in power than MF by the quare of a line incommenfurable to itfelf in 
length; and the whole CM is commenfurable in length to CD, the rational 
B b line 
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Book X. line put: therefore (by 4. def. 3. 10.) CF is a fourth apotomé. There - 
fore the /quare of a leffer Jine, applied to a rational //se, makes the breadt h 
a fourth apotomé. Which was to be demonftrated. 


PROP. CII. 


The — of the line making the whole medial with a ration al 
Mace, applied to a rational line, makes the breadth a fifth apotomé. 


Let AB be a line making the whole medial with a rational fpace, and CD 
a rational /ine; and let CE be applied to CD, equal tothe /guare of AB , 
making the breadth CF: I fay that CF is a fifth apotomé. For let BG be 
. the line adapted to AB, therefore (by 78. 10.) the ftraight lines AG, GB 
are incommeníurable in power, making the /pace compounded of the fquare s 
of them medial, but the reZangle contained by them, faken twice, rational : 
and let CH be applied to CD, equal to the /guare of AG; and KL, 
equal to the quare of GB; therefore the whole CL is equal to the /quares 
of AG,GB : but the /pace compounded of the fquares of AG, GB together 
is medial; therefore CL is medial, and it is applied to the rational Zine 
CD,, making the breadth CM ; therefore (by 23. 10.} CM is rational and 
incommenturable iz length to CD: and becaufe the whole CL is equal to 
the /quares of AG, GB, of which CE is equal to the quare of AB, there- 
fore the remainder FL is equal to the rectangle contained by AG, GB 
taken twice. Now let FM be cut in halves at N, and through N let NO 
be drawn parallel to either of the izes CD, ML; therefore each of the 
{paces FO, NL. is equal to the rectangle contained by AG, GB: and be- 
caufe the rectangle contained by AG, GB, taken twice, is rational, and is 
equal to. FL; therefore FL is rational, and is applied to the rational line 
EF, making the breadth FM ; therefore (by 21. 10.) FM is rational, and 
commenfurable in length to CD: and becaufe CL is medial, but FL 
rational, therefore CL.is incommenfurable to FL: but as CL to FL fo 
CM to MF; therefore CM is incommenfurable in length to MF; and they 
are both rational; therefore CM, MF are rational lines, commenfurable 
only in power; therefore (by 74. 10.). CF is an apotome. I fay alío that 
it is a fifth apotomé. For in like manner we fhall. demonftrate, that the 
reftangle contained by CK, KM is equal to the /guare of NM, that is, to 
the fourth part of the fquare of MF: EN becaufe the /guare of AG is. 


incommenfurable 
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incommenfurable to the /guare of GB ; and the A PG 
fquare of AG is equal to CH, and the /guare of Ifo oti ae eed 
GB ip. KL; therefore CH is incommenturable to i 
KL; but as CH to KL fo is CK to KM ; there- 
fore CK is incommenfurable in length to KM : 
then, becaufe CM, MF are two unequal ftraight D E OHL 
lines, and a parallelogram has been applied to CM, equal to a fourth part 
of the quare of FM, deficient by a fquare figure, and divides rt into incom- 
menfurable fegments; therefore (by 19.10.) CM is more in power than 
MF by the /gaare of a line incommenturable in Jength to itfelf; and FM, 
the adapted /ine, is commenfurable im length to CD, the rational line put: 
therefore (by 5. def. 3. 10.) CF is a fifth apotomé. Therefore the /quare 
of the line making the whole medial with a rational /pace, applied to a 
rational //e, makes the breadth a fifth apotomé. Which was to be de- 
monttrated. 


C 





P R O P. CII. 


The /guare of the line making the whole medial with a medial 
pace, applied to.a rational /;ze, makes the breadth a fixth apotome. 


Let AB be.a line making the whole medial with a medial face, but CD 

a rational /ime; and let CE be applied to CD, equal to the fquare of AB, 
making the breadth CF: I fay that CF is a fixth apotomé. For-let BG be 
the line adapted to AB; therefore (by 79. 10.) AG, GB ar cancommenfu- 
rable in power, making both the /pace compounded of -the-fquares of them 
medial, and the reZangle contained by AG, GB, taken twice, -medial, and 
befides the /quares of AG, GB incommenfurable to.the rectangle contained 
by AG, GB taken twice. Now let CH-be applied to CD, equal to the quare 
of AG, making the breadth CK ; and KL to the /guare of BG; therefore 
the whole CL is equal to the /quares of AG, GB ; therefore alfo CL is me- 
dial, and it is applied to the rational Zine ‘CD, making the breadth CM; 
therefore (by 23. 10.) CM 1s rational, and incommenfurable in length to 
CD: then, becaule CL. is equal to the /quares of AG, GB, of which CE 
js equal to the /guare of AB, therefore the remainder FL is equal to the 
retiangle contained by AG,GB taken twice: and the reéfangle contained by 
AG; GD,. taken twice, is medial; therefore.alío FL, is medial, and it is 
Bb2 -> applied 
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Book X. applied to the rational dine FE, making the breadth FM; therefore FM 
is rational, and incommenífurable in length to CD : and becaufe the /guares 
of AG, GB are incommenfurable to the reZangle contained by AG, GB 
taken twice; and CL is equal to the /guares of AG, GB, and FL, equal to. 
the reZangle contained by AG,GB taken twice; therefore CL is incom- 
menfurable to FL: but-as CL to FL fois CM to MF;; therefore CM 1s 
incommenfurable in length to MF ; and they are, both rational; therefore 
CM, MF are rational lines, commenfurable, only in power; therefore (by 
74..10-) CF is an apotomé. Now I fay alfo that it is a fixth apotomé. For 
becaufe FL:is equal to the rectangle contained by AG, GB, taken twice, let 
FM be cut in halves in N, and through N let NO A BG 
be drawn parallel to CD; therefore each of the — — KM 
Jpaces FO, NL 1s equal to the rectangle contained e 
by AG, GB : and becaufe AG, GB are incommen- 
furable in. power, therefore the /guare of AG is 
incommenfurable to the /guare of GB: but CH is D E O HÈ 
equal to the /guare of AG, and KL is equal to the /guare of GB; therefore 
CH is incommenfürable to KL: but as CH to KL fo is CK to KM; there-- 
fore CK is incommenfurable to KM : and becaufe the reZangle contained. 
by AG, GB is a mean proportional between the /quares of AG, GB, and CH 
is equal to the /guare of AG, and KL equal to the guare of GB, and NL 
equal to the rectangle contained by AG, GB, therefore alfo NL is a mean 
proportional between CH, KL.; and, by the fame reafoning as in tbe jaff, 
CM is more in power than MF by the /guare. of a line incommenfurable to. 
itfelf in Jengtb ; and neither of them is commenfurable in Jength to CD, the 
rational /;ze put; therefore (by 6. def. 3. 10.). CF is a fixth'apotomé. "There-. 
fore the /quare of a line making the whole medial with a medial /pace, 


applied to a rational /ime, makes the breadth a fixth ‘apotomé.. Which was. 
to be demonftrated. 





PROP. CIV. -^ 
The //ze commenfurable in length to an apotomé; is an apotome, 
and in order the fame. 


. Let AB * an apotomé, and let CD'be commenífurable in length to AB; 
— that CD alſo is an apotomé, and in: order. the fame with AB. For 
oa becaufe 
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becaufe AB is an apotomé, let BE be the /ine adapted to it;..therefore (by Book X+ 
74. 10.) AE, EB are rational //zes, commenfurable only in power: and let 
the ratio of BE to DF be made the fame with the ratio of AB to CD; and 
therefore as one is tó one fo is all to all ; therefore it is alfo as the whole AE. 
to the whole CF fo is AB to CD: but AB is commenfurable in length to 
CD ; therefore alfo (by 10. 10.) AE 1s commenturable: to CF, 


and BE to DF: but AE, EB are rational: lines, commenfu- f 
rable only in power; therefore alfo (by 10. 10.) CF, FD are- E 
rational lines, commenfurable only in power; therefore (by 74. D 
10.) CD's an apotomé. : Now i"fay alfo that it 1s in order the 

fame with AB: for becaufe itis as AE to CF fo is BE to FD, 

therefore, alternately, as AE to BE fois CF to FD’: but cer- HE. 


tainly AE is more in power than EB by the /guare of a line, 
either commenfurable or incommenfurable to itíelf iz length: now if AE L.: 
more in power than EB by the /quare of a line commenfurable to itfelf, "ma 
CF is more in power than FD by the /quare of a line commenfurable to 
itfelf; and if AE is commenfurable in length to the rational line put, alfo 
CF is; and if EB, alfo FD; but if neither of the lines AE, EB, alfo nei- 
ther of .the Zines CF, FD.. But if AE is more in power than EB by the 
/fquare.of a line incommenfurable i» length -to itfelf, alfo CF 'is. more in 
power than FD by the fquare of a line incommenfurable to itfelf; and if 
AE is commenfurable in length to. the rational /ine put, alfo CF is; and if 
BE, alfo FD ; but if neither of the Jines AE, EB, alfo neither of the Hnes 
CF,FD:- therefore CD is an apotomé, and (by third def.) in order the. 
fame with AB... Which was to be demonftrated. - 


PRPROP: CV. a 


The -/ize: commenfurable to an apotomé of a medial Zze, is an. 
apotomé of a.medial line, and in order the fame. 


Let AE be an:apotomé of à-mediàl /7te,; and let CF be commenfurable 
in length to AE; -I fay that alfo CF:is an apotomé of a medial /ine, and in. 
order the fame with-AE. For becaufe AE is the apotomé of a’ médial Zine, 
let BE be the Jine adapted to it; therefore AB, BE (by 75. and 76. 10.) are 
medial /ines, .commenfurable only in power: and let it be made as AE ns ! 
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Book x, CF fo ts BE to DF: but AB, BE are medial dines, commenfurable only 
=~ in power; therefore CD, DF are medial lines, commenfurable only in power ; 
therefore CF is an apotomé of a medial. Zine. Now it muft be 
demonftrated that it is alfo in order the fame'with AE: for 
becaufe it is as AB to BE fo is CD to DF ; but as AB to BE 
[o is the /qguare of AB to the reZangle contained by AB, BE; 
and as CD to DF fo is the /gaare of CD to the regtangle con- | TF 
tained by CD, DF; therefore alfo it is as the /guare of AB to E 
the reZangle contatued by AB, BE, fo is the /zuare of CD to the i 
reffangle conteined-by CD, DF; therefore, by alternation, as the 
Square of AB to the fguare CD, fo is the reZangle contained by 
AB, BE to the. reéfangle. contained by CD, DF: but the /guare | : 
of AB is commenfurable to the /guare of GD; therefore the AC 
refiangle contained by. AB, BE is commenfurable to the rectangle contained by 
CD, DF: then if the rectangle contained*by AB, BE.be.rational, alfo the 
rectangle contained by CD, DF is.rational; or if the rectangle contained by 
. AB, BE be medial, alfo the rectangle contained by CD, DF is medial: 
" therefore CF. is an apotomé of a medial line,. and in order the fame -with 


AE. Which was to be demonftrated. 


D 


OY P R O P. CVI. 
The line commenſurable to 2 LESSER /ine, 1S LESSER ze. 


:Let AE be a leffer Jine,- and-let CF be commenfurable to AE; I fay.alío 
‘that CF -s a leffer. dine. For let. the«fame things be made as in the one 
-before : and becaufe AB, BE are incommenfurable in power, therefore alfo 
-CD, DF are incommenfurable in power: then, becaufe it is as. AB to BE. 
-fo is CD to DF; but it.is alfo as the /quare of AB to the /guare of BE, fo 

is the /quare of CD vo the /quare of DE; .therefore, by-compofition, as the 
Aquares of AB, BE to the fquare of BE, fo are the fquares of CD, DF to 
the fquare of .DF, .and alternately :: but the,/guare of BE is commenfurable 
to the fquare of DF ; therefore alfo.the /pace compounded: of the fquares of 
AB, BE is commenfurable to the-/pace compounded -of ‘the :{quares of 
CD, DF: but the /pace.compounded of the fquares of AB, BE is:rational ; 
therefore alfo.the /pace compounded of the fquares of - CD,.DF is rational. 


Again; 
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Again, becauſe it is as the /guare of AB is to the re&anpgle con- D Book X, 
tained-by AB, BE fo is the fquare of CD to the reZangle con- — 
tained by CD, DF, and alternatély ; but the fquare of AB is 
commenturable to the /guare of CD; therefore alfo the rectangle 
contained by AB, BE is commenfurable to the recfangle con- 
tained by CD, DF: but the reZangle contained by AB, BE is © 
medial; therefore alfo the reZangle contaimed by CD,DF is 
medial; therefore CD, DF are incommenfurable in power, 
making the /pace compounded of the fquares of them rational, 
but the rectangle contained’ by them medial; therefore CF is a A 
leffer line (by 77. 10.). Which was to be demonftrated. 

OTHERWISE. Let A be a Ieffer dine, and let B be commenfurable: to 
A. I fay that B is a leffer line. For let the rational line CD be put; 
and let CE be applied to CD, equal to the /guare of A, making the breadth. 
DE; therefore (by 101. 10.) DE is @ fourth apotomé: but let CF. be: 
applied to CD, equal to the /guare of B, making the breadth DF: now 
becaufe A is commenturable to B, therefore alfo the Square of 
A is commenfurable to the /guare of B: but CE is equal to 
the /guare of A; and CF is equal to the /guare of B ; there- 
fore'CE is commenfurable to CF: but as CE to CF fo is DE 
to DF; therefore DE is commenfurable to DF in length: but 
DE is a fourth apotomé; therefore alfo (by 104. 10.) DF isa 
fourth apotomé.; therefore CF ‘is contained by a rational Zine 
and a fourth apotomé; therefore (by 95: 10.) the line equal in 
power to the fpace is a leffer Jine : but B is equal in power to 
the fpace CF; therefore B is a leffer line. Which was to be 
demonítrated. 


w 


ej 


* » 





P R O P. CVE. 


The Zze commenfurable to a line making the whole medial with 
a rational /pace, is itfelf a line making the whole medial with a 
rational /pace. 


Let AE be a line making the whole medial with a rational /pace, and 
let CF be commenfurable to AE; I fay that CF is a dine making the whole 
medial with: a rational /pace. For let BE be the /ine adapted to AE; there- 

fore 


e 
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fqie (by 78. 10.) AB, BE are'incommenfurable in power, making the /pace 
compounded of the fquares of AB, BE medial; but the reAangle contained 
by them rational: and let the fame things be conftruéted. Cer- D 


-tainly, in the fame manner as in thofe before, we fhall demon- 
{trate that CD, DF are in the fame ratio with AB, BE; -and that 


“the /pace compounded of the fquares of AB, BE is commenfu- E | 
, rable.to the /pece compounded of the fquares of CD, DF, and 7 
, the rectangle contained by .AB, BE to the rectangle contained by E 


‘CD, DF; fo that alfo CD, DF are incommenturable in power, 
cam thefpace compounded of the fquares of CD, DF medial, 
but the reZangle contained by them rational: therefore. (by 78. 
10.) CF is a /ize making.the whole medial with a rational /pace. 


| “Which was to be demonítrated. A C 


OTHERWISE. Let A be a line making the whole medial with a rational 
Space, and‘lec.B be commenfurable to it; I fay that B is a dine making the 
whole medial with a rational /pace. For let the rational ¿ne CD be put; 
.and let; CE. be applied to CD, equal to the /guare of A, 


.makjng the breadth DE; therefore (by 102. 10.) DE is 


_. ‘the quare of B, making the breadth DF: .now.becaufe A 


: & fifth apotomé: but lec CF be applied to CD, equal to | 
D C 


is commenfurable to B, therefore the fguare of A is com- z 
menfurable.to the /guare of B: but CE ;s equal to the | 
Íquare of A, and CF is equal to the /guare of B; there- | 








fore: CE is commenfurable to CF; therefore alfo DE 1s 
commenfurable in length.to DF: but.DE is a fifth apo- 


" tomé therefore alfo (by 104. ro.) DF is a fifth apo- Y 


tomé: but DC is rational: but if a fpace be contained by a rational 
line and a fifth apotomé, the /ine equal in power to.the fpace is a Zne 
making the whole medial with a rational /pace (by 96.10.): but B is 
‘equal in power to CF; therefore B is a line making the whole medial 
with a rational /pace. “Which .was to be. demonttrated. 


‘PROP. ‘CVIII. 


The time commenfurable to a -line: making ‘the whole -medial 
with a medial. fpace, 1s itfelf alfo a.line making the whole medial 
with a medial /pace. . 


Let 
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Let AE be a Jine making the whole medial with a medial /pace, and let Book X. 
CF be commenfurable to AE; I fay that CF is a //ze making the whole — 
medial with a medial /pace. For let BE be the line adapted to AE, and let 
the fame things be conftructed ; therefore (by 79. 10.) AB, BE are incom- 
menfurable in power, making both the /pace compounded : of 
the fquares of them medial, and the rectangle contained by them 
medial, and befides the /pace compounded of the fquares of them 
incommenfurable to the rectangle contained by them: and, as 
has been demonftrated Zefore, AB, BE. are commenfurable to [s 
CD, DF ; and the /pace compounded of the fquares of AB, BE E 
to the /pace compounded of the /quares of CD, DF ; and the reZ- 
angle contained by AB, BE to the rectangle contained by CD,DF: 
therefore alfo CD, DF are incommenfurable in power, making 
both the /pace compounded of the fquares of them medial, and 
the reZangíle contained by them medial, and befides the /pace A C 
compounded of the fquares of them incommenfurable to the reZangle con- 
tained by them: therefore (by 79. 10.) CF is a /ize making the whole 
medial with a medial fpace, Which was to be demonftrated. 


P RO P. CIX. 


A medial /pace being taken from a rational, the Ze equal in 
power to the remaining {pace becomes one of ¢e/e two irrational 
lines, either an apotomé or à LESSER Ze. 


For let the medial /pace BD be taken away from the rational /pace BC ; 

I fay that the line equal in power to the remaining fpace EC becomes one 

of tbefe two irrational lines, either an apotomé or a leffer //z&, For let the 
rational line FG be put; and let the right-angled paral- 
lelogram GH be applied to FG, equal to BC; and let 
GK, equal to BD, be taken away; therefore the remain- 
der CE 1s equal to LH: then, becaufe BC is rational, but 
BD medial ; and BC is equal to GH, and BD to GK; 

therefore GH is rational, but GK medial, and it is ap- ~ 
plied to a rational /ine FG ; therefore FH is rational, 

and commenturable in length to FG (by 21. 10.) : and — 

Cc FK 
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FK is rational, and incommenfurable in length to FG (by 23. 10.); 
therefore (by 13. 10.) FH is incommenfurable in length to FK; therefore 
FH, FK are rational lines, commenfurable only in power; therefore (by 


' 74. 10.) KH is an apotomé, and KF the /ine adapted to it: but certainly 


to FG: but FK is rational, and commenfurable in length 


HF is more in power than FK by the /guare of a line commentfurable 
to itfelf- in length, or by the /quare of a iine incommenfurable. Firít, let it. . 
be more in power by the /guare of a line commenfürable ; and the whole 
HF is commenfurable in length to FG, the rational Jine put; therefore 
(by 1. def. 3. 10.) KH is a firft apotomé: but a line equal in power to a 
{pace contained by rational /ime and firft apotomeé (by 92. 10.) 1s an apo- 
tomé; therefore the line equal in power to LH, that is, to EC, is an apotomé. 
But if FH be more in power than FK by the /guare of a line incommen- 
furable to itíelf i4 Jengtb ; and the whole HF 1s commenturable in length 
to FG, the rational /ine put; therefore (by 4. def. 3. 10.) KH ‘is a fourth 
apotomé : but (by 95. 10.) the line equal in power to a pace contained by 
a rational Zire and a fourth apotomé, is a leffer line; therefore the Zine 
equal in power to.LH, that is, to EC, is a leffer line. Which was to 
be demonftrated. 


PROP. CX. 


A rational /bace being taken from a medial, two other irra- 
tional Ænes are made, either the firft apotome of a medial Ane, 
or a /ine making the whole medial with a rational /pace. 


For let the rational /pace BD be taken from the-medial BC; I fay that 
the line equal in power to EC, the remainder, becomes one of the/e two 
irrational /ines, either the firft apotomeé of a medial /ine, or a dine making the 
whole medial with a rational /pace. For let the rational line FG be put, and 
let the fpaces be applied in like manner as in the laff; con- 
fequently FH is rational, and incommenífurable in length 





to FG; therefore FH, FK are rational lines, commen- 
furable only in power; therefore (by 74. 10.) HK is an 
apotomé, and FK the /ine adapted to it: but. FH is 
more in power than FK, either by the fquare of a iine 
commenfurable to itfelf is length, or by the fquare of 





onc 


an 
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. ene incommenfurable; then, if HF be more in power than FK by the 
{quare of a /ize commenfurable to itfelf, and the adapted line FK is com- 
menfurable in length to FG the rational line put, therefore (by 2. def. 
3. 10.) HK is a fecond apotomé : but FG is rational; fo that (by 93. 10.) 
the /ine equal in power to LH, that is, to EC, is the firft apotomé of a medial. 
line. But if HF be more in power than FK by the fquare of a line incom- 
menfurable to itfelf; and the adapted line FK is commenfurable in length to 
FG, the rational Zine put; therefore (by 5. def. 3. 10.) HK isa fifth apo- 
tomé; fo that (by 96. 10.) the dime equal in power to the fpace EC, is a dine 
making the whole medial with a rational /pace. Which was to be demon- 
ftrated. 


P RO P. CXI. 


A medial /pace being taken from a medial incommenturable to 
the whole, the two remaining irrational lines are made either the 
fecond apotomé of a medial /;ze, or the line making the whole medial 
with a medial /pace. | 


For, as in the defcribed figures, let the medial /pace BD, incommenfu- 
rable to the whole, be taken from the medial /pace BC; I fay that the line 
equal in power to CE is one of ¢the/e two irrational lines, either the fecond 
apotomé of a medial /ine, or a line making the whole medial with a medial 
fpace. For becaufe each of the /paces BC, BD is medial, and BC is in- 
commenturable to BD, that is, GH to GK, alfo (by 1.6. and 10. 10.) HF 
is incommenfurable to FK ; therefore HF, FK are ra- B EU 
tional /ines, commenfurable only in power; therefore HK 
is an apotomé, and KF the /ine adapted to it: but HF L| 
1s more in power than FK, either by the /quare of a Jine D C 
commenfurable to itfelf, or by the /quare of a line incom- 
menfurable. Now if HF be more in power than FK by 
the /quare of a line commenfurable to itfelf; and neither 
of the //es HF, KF is commenfurable in length to FG, 
the rational line put ; therefore (by 3. def. 3. 10.) HK is a third apotomé: 
but KL is rational ; but the rectangle contained by a rational Zize and a third 
. apotomé (by 94. 10.) is irrational; and the line equal in power to it is irra- 
tional, and is called the fecond apotomé of a medial Ji»e, But if HF be 
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more in power than FK by the /guare of a line incommenfurable in length 
to itfelf; and neither of the /ines HF,FK is commenfurable to FG, the 
rational fine put; therefore (by 6. def. 3. 10.) HK is a fixth apotomé: but 
(by 97. 10.) the line equal in power to a redfangle contained by a rational 
line and: a fixth apotomé, is a /ine making the whole medial with a medial 
Jpace; fo that the /ine equal in power to LH, that is to CE, is a Hine 
making the whole medial with a medial /pace. Which was to be demon- 
ftrated. 


| P R O P. CXII 
The apotomé is not the fame with the binomial Ane. 


Let AB be an apotomé ; I fay that AB is not the fame with a binomial 


' line. For, if poffible, let it be; and let the rational Jine DC be put; 


and let the rectangle CE be applied to the rational //s&& DC, equal to the 


~ {quare of AB, making the breadth DE ; then, becaufe AB is an apotomé, 


DE is (by 98. 10.) afirft apotomé: let EF be the /ine adapted to it; there- - 
fore (by 1. def. 3. 10.) DF, FE are rational lines, commenfurable only in 
power, and DF is more. than FE by the | 
{quare of a line commenfurable to itfelf i quM HUNE ae 
length, and DF is commenfurable in length D 

to CD the rational Jine put. Again, as AB 
is a binomial /ine, therefore (by 61. 10.) DE 
is a firft binomial: let it be divided into its 
names at G, and let DG be the greater name; therefore DG, GE are rational 
lines (by 1. def. 2. 10.) commenfurable only in power, and DG is more in 
power than GE by the /guare.of a line commenfurable to itfelf in length, 
and the greater DG is commenfurable in length to DC the rational /ine put; 
therefore (by 12. 10.) DF is commenífurable in length to DG; therefore alfo 
DF is commenífurable to the remainder FG : then becaufe DF is commenfu- 
rable to FG, and DF is rational, therefore alfo FG is rational: now becaufe 
DF is commenfurable in length to FG, but DF is incommenfurable in length 
to FE, therefore alfo FG is incommenfurable in length to FE; and they 
are rational; therefore GF, FE are rational Jines,. commenfurable only in 
power; therefore (by 74. 10.) EG is an apotomé; but it is alfo rational, 
which is impoffible. Therefore an apotomé is not the fame with a binomial 
line, Which was to be demonftrated. 


C 


Cor, 
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Cor. The apotomé, and the irrational’ lines after it, are neither the Book X. 
fame with the medial Jine, nor with one another. For the /guare of a — * — 
medial /ine, applied to a rational /ine, makes a breadth rational (by 23. 10.), 
, and incommenfurable in length to the Zine to which it is applied: but the 
{quare of an apotomé, (by 98. 101.) applied to a rational //ze, makes the 
, breadth a firft apotomé ; and the /guare of the firft apotomé of a medial line, 
(by 99. 10.) applied to a rational /ime, makes the breadth a fecond apotomé; 
but the /guare of the fecond apotomé of a medial line, (by 100. 10.) applied 
to a rational line, makes the breadth a third apotomé: but the /gvare of a LEs- 
SER Jize, applied to a rational line, (by 101.) makes the breadth a fourth apo- 
tomé; and the quare of a line making the whole medial with a rational /pace, 
applied to a rational Zize, (by 102. 10.) makes the breadth a fifth apotomé ; 
but the /guare of a line making the whole medial with a medial /pace, 
applied to a rational Zine, (by 103. 10.) makes the breadth a fixth apotomé. 
Now becaufe the faid breadths differ, both from the firft, and from one 
another; from the firít, becaufe it is rational; and from one another, be- 
caule they are not the fame in order; # és manifeft that alfo the irrational 
lines differ from one another. And becaufe the apotomé has been demon- 
{trated as not being the fame with the binomial (by 112. 10.); but the fquare 
of an apotomé and of thofe lines after the apotomé, applied to a rational 
- Jine, make breadths apotomés, each the fame in order with itfelf; and the 
fquare of a binomial, and of the /izes after it, applied to a rational line, 
make breadths binomials, and the fame in order; therefore the lines after 
an apotomé are different, and the Zines after a binomial are different: fo that 
all the irrational lines are in order thirteen. 1. A medial Ane. 2. A binomial 
line. 3. A firft bimedial /ize. 4. A fecond bimedial /ine. 5. A GREATER 
line. 6. A line equal in power to a rational and medial /pace. 7. A line . 
equal in power to two medial /paces. 8. An apotomé. 9. The firft apo- 
tomé of a medial Jine. 10. The fecond apotomé of a medial line. 11. 
A LESSER Jie. 12. A line making the whole medial with a rational /pace. 
13. A line making the whole medial with a medial /pace. 


PROP. CXIII. 


The fquare of a rational Zze, applied to a binomial Ane, makes 


the breadth an apotomé, the names of which are commenfurable to 
the 
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the names of the binomial, and alfo in the fame ratio; and befides, 
the apotome made has the fame order with the binomial. 


Let A be a rational line, but BC a binomial Zine, of which let CD be 
the greater name; and let the rectangle contained by BC, EF be equal to 
the fquare of A: I fay that EF is an apotomé, of which the names are com- 
menfurable to CD, DB, and in the fame ratio; and befides, that EF has the 
fame order with BC. For, again, let the reZang/e contained by BD, G be 
equal to the /guare of A; then, becaufe the rectangle contained by BC, EF 
is equal to the reZangle contained by BD, G, therefore it is as CB to BD 


fois Gto EF: but CB is greater than BD; therefore G is greater than EF. 


Let EH be equal to G; therefore it is as CB to BD fois HE to EF; 
therefore, by divifion, as CD to BD fo is HF to FE: as HF to FE fo let 
FK be made to EK; therefore the whole HK is to the whole KF as FK to 
HE; for as one of the antecedents to one of the confequents, fo are all the 
antecedents to all the confequents: but as FK to KE fois CD to DB; there- 
fore alfo as HK to KF fo is CD to DB: but (by 37. 10.) the /quare of 
CD is commenfurable to the /guare of DB; therefore alfo (by 10. 10.) the 


Jquare of HK is commenfurable to the /guare of KF: and it is (by 2. cor. 


20. 6.) as-the /guare of HK to the quare of KF fo is HK to KE, becaufe 
the three HK, KF, KE are proportionals ; therefore HK is commenfurable 
in length to KE; fo that alfo HE is commenfurable in length to EK: and 
becaufe the fquare of A is equal to the reZangle contained by HE, BD, and 
the /guare of A is rational, therefore the reZangle contained by HE, BD 
is alfo rational; and it is applied to a natural //ze BD ; therefore HE is 
rational, and commenfurable in length to BD (by 21. 10.): n 
fo that alfo EK, commenfurable to it, 1s rational, and com- 
menfurable in length to BC. Now becaufe it 1s as CD to DB 
fo is FK to KE; .but CD,DB are commenfurable only in 
power; therefore alfo FK, KE are commenturable only in 
power: but KE is rational, and commenfurable in length to 
BD ; therefore alfo FK is rational, and commenfurable in length r| 
to CD: therefore FK, KE are rational lines, commenfurable AC HG 
only in power; therefore (by 74. 10.) EF is an apotomé: but CD is 
is more in power than DE, either by the /guare of a line commenfu- 
rable to itfelf i Jengtb, or by the /quare of a line incommenfurable. Now 
if 


K 
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if CD be more in power than DB by the /quare of a line commenfurable Book X. 
. : I — — 

to itfelf, alfo FK will be more in power than KE by the fquare of a line 

commenfurable to itfelf in length; and if CD be commeníurable in length 

to the rational Zine put, alfo FK will be; but if BD, alfo KE; but if nei- 

ther of the Zines CD, DB, alfo neither of the Zines FK, KE. But if CD 

be more in power than DB by the /quare of a line, incommenfurable to 

itfelf, alfo FK will be more in power than KE, by the /guare of a line 

incommenfurable to itfelf in length; and if CD is commenfurable in length 

to the rational /;ze put, alfo FK : but if BD, alfo KE ; but if neither of 

the /ines CD,DB, alfo neither of the dines FK, KE: fo that FE ts an 

apotomé, the names of which FK, KE are commenfurable to the names of 

of the binomial CD, DB, and in the fame ratio; and has the fame order 

with BC, Which was to be demonftrated. 


Ei 


P R- O FP. CXIV. 

The fquare of a rational //ze, applied to an apotomé, makes the 
breadth a binomial /ime, the names of which are commenturable to 
the names of the apotome, and in the fame ratio; and befides, the 
binomial made has the fame order with the apotomé. 


Let A be a rational line, but BD an apotomé; and let the rectangle con- 
tained by BD, KH be equal to the /guare of A; fo that the fquare of the 
rational line A, applied to the apotomé BD, makes the breadth KH: I | 
fay that KH is a binomial, the names of which are commenfurable to the 
names of BD, and in the fame ratio; and that KH has the fame order with 
BD. For let DC be the line adapted to BD; therefore (by 74. 10.) 
BC, CD are rational lines, commenfurable only in power: and let the rect- 
angle tontained by BC,G be equal to the fquare of A ; but the fquare of 
A is rational; therefore alfo the reZangle contained by BC, G 1s rational ; 
and itis applied to a rational Jine BC ; therefore alfo G is rational, and 
commenfurable in length to BC: then becaufe the reZangle contained by 
BC, G is equal to the reZangle contained by BD, KH, therefore there is 
this proportion, as CB to BD fo is KH to G: but CB is greater than BD; 
therefore alfo KH is greater than G, Let KE be put, equal to G; there- 
fore KE is commenfurable in length to BC: and becaufe it is as CB to 

a BD 
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Book X. BD fois HK to KE, therefore, by converfion, it is as CB to CD fois KH to 
—"" HE: let it be made as KH to HE fo is HF to FE; therefore (by 19. 5.) the 
remainder KF is to FH as KH to HE, that is, as BC to CD: H 
but BC, CD are commenfurable only in power ; therefore alfo C 
KF, FH are commenfurable only in power: and becaufe it is 
as KH to HE {o is KF to FH; but ‘as KH to HE fo is 
HF to FE; therefore alfo as KF to FH fois FH to FE; fo 
that alfo (by 2. cor. 20. 6.) as the firft is to the third fo is the 
fquare of the firft to the /guare of the fecond; therefore alfo i | 
as KF to FE fo is the /guare of KF to the quare of FH: ABKG 
but the /guare of KF is commenfurable to the /guare of FH, for KF, FH 
are commenturable in power; therefore alfo KF is commenfurable in length 
to FE; fo that alfo (by 16. 10.) FK is commenfurable in length to KE: 
but KE is rational, and commenfurable in length to BC; therefore alfo KF 
is rational, and commenífurable in length to BC : and becaufe it is as BC 
to CD fo is KF to FH ; therefore, alternately, as BC to KF fo is CD to 
FH : but BC is commenfurable to KF ; therefore alfo (by 10. 10.) CD is 
commenfurable in length to FH : but BC, CD are rational Zines, commen- 
furable only in power; therefore alfo KF, FH are rational /izes, commen- 
furable only in power; therefore (by 37. 10.) KH is a binomial Zine. Now 
if BC be more in power than CD by the /quare of a line commenfurable to 
itfelf in Jength, alfo KF is more in power than FH by. the fquare of a line 
commenfurable to itíelf; and if BC is commenfurable in length to the 
rational /ine put, KF is alfo; but if CD is commenfurable to the rational 
line put, FH is alfo; but if neither of the Jines BC, CD, alfo neither 
of the /ines KF,FH: but if BC is more in power than CD by the 
Square of a line incommenturable to itfelf, KF is alfo more in power than 
FH by the fquare of a line incommenfurable to itfelf; and if BC is com- 
menfurable in length to the rational line put, KF ñs alfo; but if CD, alfo 
FH; but if neither of the Zines BC, CD, alfo neither of the /izes KF, FH: 
therefore KH is a binomial, the names of. which KF, FH are commenfu- 
rable to BC, CD, the names of the apotomé, and in the fame ratio; and 
befides (by fecond and third def.) KH has the fame order with the apotomé 
BD. Which was to be demonftrated. | 
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P ROP. CXV. 

If a fpace be contained by an apotome and a binomial Zi, the 
names of which are commenfurable to the names of the apotome, 
and in the fame ratio, the line equal in power to the {pace is 
rational. | 


For let a fpace be contained by AB, CD, by the apotomé AB and the 
binomial CD, of which the greater name is CE; and let CE, ED, the names 
of the binomial, be commenturable to AF, FB, the names of the apotomé, 
and in the fame ratio ; and let G be the line'in power equal to the reZang/e 
contained oy AB, CD: I fay that G is rational. For let the rational Zine H 
be put; and let a parallelogram be applied to CD, equal to the /guare of H, 
making the breadth KL; therefore (by 113. 10.) KL is an apotomé, of 
which let KM, ML be the names commenfurable to CE, ED the names-of 
the binomial, and in the fame ratio: but alfo CE, ED are commenfurable 
to AF, FB, and in the fame ratio; therefore it is as AF D 
to FB fo is KM to ML; therefore, alternately, it is as AF 
to KM, fo is FB to ML; therefore alfo (by 19.5.) the F 
remainder AB is to the remainder KL as AF to KM: but 
AF is commenfurable to KM ; therefore alfo (by 10. 10.) 

AB is commenfurable to KL: and-it is as AB to KL fo 

is the rectangle contained by CD, AB to the rectangle con-- | 
tained by CD, KL; therefore alío the reangle contained by B L 
CD, AB is commenfurable to the rectangle contained by 


CD,KL: but the reZangle contained by CD, KL is equal ACGHK 


to the fquare of H ; therefore the reZangle contained by CD, AB is com- ` 


menfurable to the /quare of H: but the refangle contained by CD, AB is 
equal to the /guare of G; therefore the /guare of G is commenfurable 
to the fguare of H: but the /guare of H is rational; therefore the 
Square of G is rational; therefore alfo G is rational, and it is equal 
in power to the rectangle contained by CD, AB. Therefore if a fpace 
be contained by an apotomé and a binomial /ize, of which the names are 
commenfurable to the names of the apotomé, and in the fame ratio, the 


line equal in power to the fpace is rational. Which was to be demon- - 


flrated, 
D d ` CoR. 
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Cor. And it has been made by us, and from thefe things it is evident 
that it is poffible that a — ſpace may be contained by irrational ſtraight 
lines. 


P R O P, CXVI. 


From a medial /e infinite irrational lines are produced, and none 
is the fame with any of thofe before. 


Let A be a medial /ine; I fay that from A infinite irrational Zizes are pro- 
duced, and none i; the fame with any of thofe before. For let the rational 
line B be put, and let the /quare of C be equal to the re&- 
angle contained by A,B; therefore (by 11. def. ro.) C is | 
irrational ; for the fpace contained by a rational and irrational | 


line (by ích. 39. 10.) is irrational; and it is the fame with - 
none of thofe before ; for the fquare of none of thofe before, 

(by prop. 61. 62. 63. 64. 65. 66. and 98. 99. 100. tor. 102. 

103. of 10.) applied to a rational line, makes the breadth a i 
medial /ime: now again, let the /guare of D be equal to the —— 
rectangle contained by B, C ; therefore the /guare of D is irrational; there- 
fore D is irrational, and it is the fame with none of thofe before; for the 





Square of none of thofe before, applied to a rational line, makes the breadth 


C: certainly, in like manner, the fame order being carried on to infinity, it 
is evident, that from a medial Zize infinite-irrational //es are produced, and 
none of them is the fame with any of thofe before. "Which was to be 
demonítrated. 

OTHERWISE. Let AC be a medial dime; I fay that from AC infinite irra- 
tional Zines are produced, and none of them is the fame with F 
any of thofe before. Let AB be drawn at right-angles to AC; 


. and let AB be rational; and let BC be compleated; there- P 


fore BC is irrational, and the line equal in power to it is irra- 
tional: let CD be equal in power to it; therefore CD is C s 

irrational, and the fame with none of thofe before; for the 
{quare of none of thofe before, applied to a rational Jine, makes A B 
the breadth a medial line. Again, let ED be compleated ; therefore ED is 
irrational, and the line equal in power to it is irrational: let DF be equal to 
it in power; therefore DF is irrational, and the fame with none of thofe 
before, 
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before; for the /guare of none of thofe before, applied to a rational dine, Book x. 
makes the breadth CD. Therefore from a medial line infinite irrational 
lines are produced, and none of them zs the fame with any of thofe before. 


i P R O P. CXVII. 


Let it be propofed by us to demonftrate that in fquare figures the 
diameter is incommenfurable in length to the fide. | 


Let ABCD be a fquare, and AC the diameter of it; I fay that AC is 
incommenfurable in length to AB. For, if poffible, let it be commenfu- 
rable: I fay that it will follow, that the fame number is even and odd. 
Now it is evident (by 47. r.) that the /guare of AC is, double of the /quare 
of AB; and becaufe AC is commenfurable to AB, AC therefore has to AB 
the ratio which number das to number: let it have that ' 
which EF has to G ; and let EF, G be the leaft of thofe | 
having the fame ratio with them; therefore EF is not 
unity: for if EF fhall be unity, and it has the ratio to G 
which AC has to AB; and AC is greater than AB; there- 
fore alfo unity EF is greater than the number G, which 
is abfurd: therefore EF is not unity; therefore a number: 
and becaufe it is as AC to AB {o is EF to G, therefore 
alfo as the /qguare of AC to the /quare of AB fo is the /guare of EF to the 
Jquare of G: but the /guare of AC is the double of the /guare of AB; there- 
fore alfo the /guare of EF is the double of the /guare of G; therefore the 
fquare of EF is even: fo that alfo EF itfelf is even ; for if it was odd, alfo 
the {quare of it would be odd; fince, if odd numbers, how many foever, 
be put together, and the multitude of them be odd, the whole is odd ; 
therefore EF is even. Let it be cut in halves in H: and becaufe EF, G are 
the leaft of thofe numbers having the fame ratio with them, they are prime 
to one another; and EF is even; therefore G is odd ; for if it were even, 
the zumber two would meafure EF, G: for every even number has a half 
part; which.is impoffible, being prime to one another : therefore G is not 
even; therefore odd. And becaufe EF is the double of FH, therefore (by 
(11. 8.) the fquare of EF is quadruple of the fquare of EH; therefore the 
Square of G is double of the /guare of EH; therefore the fquare of G is 
even; therefore, by what has been faid, G is even: but it is alfo odd; 
Dd 2 which 
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Book x, Which is impoffible. Therefore AC is not commenfurable in length to AB, 
—A therefore incommenfurable. | Which was to be demonftrated. 

OTHERWISE. Now alfo it muft be démonftrated otherwife, that the 
diameter of a fquare is incommenfurable to the fide. For let A be for the 
diameter, and B for the fide; I fay that A 1s incommenfurable in length to: 
B: for, if poffible, let it be commenfurable, and let it be made again, as 
A to B fois the number EF to G ; and let them be the leaft of thofe having 
the fame ratio with them; therefore EF, G are prime (by 24. 7.) to one 
another. I fay firft that G is not unity: for, if poffible, let it be unity; and 
becaufe it is as A to B fois EF to G, therefore alfo as the /guare of A to 
the /quare of B fo is the fguare of EF to the /guare of G : but the /quare o£ 
A. is double of the /guare of B ; therefore alfo the fquare of EF is double 

. . of the /2zuare of G: and'G is unity; therefore the fquare of EF is the num- 
ber two; which is impoffible: therefore G is not unity; therefore a num- 
ber: and becaufe it is as the /guare of A to the/quare of, 

B fo is the /quare of EF to the /guare of G; and, by in- 

verfion, as the /guare of B to the /quare of A fo is the 

[quare of G to:the /quare of EF; but the.fquare of B mea- 

fures the /guare of A ; therefore alfo thé {quare of G mea- 

fures the /quare of EF : fo that alfo (by 14. 8.) the fide of — 
it G meafures EF ; but G alfo meafures itfelf; therefore s 

G meafures EF,G, being prime to one another, which is impoffible; there- 
A is not commenfurable in length to B, therefore incommenfurable. Which 
was to be demonſtrated. 

ScuoLtuM. Now ftraight lines having been found incommenfurable in 
length, as A,B, alfo a great many other magnitudes of two dimenfions are 
found, I fay plane furfaces, incommenfurable to one another: 
for if we take C, a mean proportional between A, B, it will be 
as A to B fois the figure upon A to a fimilar and fimilarly fituated 
figure defcribed upon C; whether the figures defcribed be fquares, 
or other fimilar rectilineal figures, or circles about the diameters 

" A, C ; fince circles are to one another as the fquares of their 
diameters. Therefore plane {paces have been found incommen- ACB 
furable.to one another. Which was to be demonftrated. s 

Now different fpaces, of two dimenfions, having been demonftrated zo be 
incommenfurable; we íhall demonftrate, from the theory of folids, that 
— there 
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there are alfo folids commenfurable and incommenfurable to one another: Book X.. 
for if upon the fquares of A, B, or upon re&ilincal figures equal to them, —v—— 
we place folids of equal altitude, parallelepipeds, or pyramids, or prifms, 
the fgures placed will be to one another as their bafes ; and if the bafes are 
commenfurable, the folids will be commenfurable ; but if incommenfurable, 
incommenfurable. Which was to be demonftrated. 

But, alío, there being two circles A,B, if we defcribe upon them 
cones or cylinderts of equal altitude, they will be to one another as their 
bafes, that is, as the circles A, B; and if the circles are commenfurable,. 
both the cones and cylinders will be commerfurable to.one another; but if 
the circles are incommenfurable, alío the cones and cylinders will be incom- 
menfurable. And ¢hus it has been made evident by us, that commenfura- 
bility and incommenfurability is not only in lines, but alfo in folid figures.. 


THE END OF THE TENTH BOOK, 


DISSERTATION VII. 


O much has been faid already, in order to induce the reader to take 
that view of the fubject which Euclid has laid before him in thefe Ele- 
tnents, that in this Differtation I fhall only make fome remarks, which may 
affift him in laying afide the prejudices which are neceffarily contracted from 
the habits acquired by reafoning upon lines that have always been confi- 
dered as lying in the fame plane. 


e 


C H A P. I. 


Of the dificulties arifing from the reprefentation of lines tn the Jame piane, 
when they are in different planes. 


It would be found extremely inconvenient, if we were obliged, in rea- 
foning about folids, always to exhibit the folid figures themfelves: efpe- 
cially when it 1s confidered that mathematical folids are only portions of 
pure fpace, modified by furfaces; and that thefe furfaces are fuppofed to 
interfect one another, and the folids, in all directions. If this be attended 
to, any one may fatisfy himfelf that the reprefentation of fuch figures, by 
material bodies, would, in moft cafes, be impracticable. We are there- 
fore obliged to have recourfe to the fhadows of the lines that bound the 
furfaces, for fuch reprefentations; if one may, with propriety, fpeak of the 
fhadow of what is immaterial. And, firft of all, it will be proper to examine 
the different pofitions of the fhadow of a fingle line, with refpect to feveral 
lines drawn in the fame plane. For inftance, draw feveral lines, interfecting 
one another, upon a piece of paper, in the fame point ; and place a pin, in 
an upright pofition, at this point of interfection ; and obferve how the fha- 
dow of this pin, as thrown by a candle, will fall, with refpect to the lines, 
upon the paper: and as this pin may be perpendicular to the plane of the 
paper, it will be at right angles to every line in the plane that meets it; 


although 
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although its fhadow, by fhifting the pofition of the candle, may have every 
poffible inclination to any line upon the paper, or may be made to fall 
in with, or be in the direction of the line produced, and confequently 
make no angle with it: yet all thefe different angles, and even when there 
is no angle, muft be confidered as right angles. "lhofe who attend to this, 
will not be furprifed to find AB, in the fifth propofition, confidered as 
making right angles with BC, BD, BE; or, in the fixth propofition, when 
it is faid that EB is perpendicular to BD and BA. Now if, inftead of 
the pin, a needle, with a thread paffing through its eye, be ufed, the thread 
being ftretched fo as to join the extremities of one of the lines, the fhadows 
of the thread- and needle will form two triangles upon your paper, which 
are the reprefentation of the two upright triangles; and, by changing the 
pofition of the candle, the fhadows of the fame triangles will be continually 
varying; and when the candle is brought into the plane of the triangles, 
the reprefentation of them will be a ftraight line. Such a figure as this ought 
to be carefully examined in a great variety of pofitions, and not only viewed 
as to the directions that the lines may take, but fuppofitions fhould be 
made that certain parts of the triangles are equal; and then inferences 
drawn that other parts of them are equal, however unequal they may 
appear when reprefented by their fhadows. And if this be done with a 
fufficient degree of attention in fimple cafes, the ftudent will not find him- 
felf perplexed in the moft complicated. 


CHAP. I. 


Of planes, and their inclinations. 


IN what goes before, we have always confidered the lines as drawn in the 
fame plane; and this plane is to be conceived as infinitely extended, that 
is, without fhape or figure; which is abfolutely neceffary, in order to make 
the conclufions general. Now if we fuppofe this plane to turn upon a 
ftraighcline drawn in it, as a door turns upon its hinges, it may be made 
to reprefent every poffible plane, by conceiving it to turn upon a different 
axis. And, to begin with a familiar inftance, a door turning upon its 
hinges may be conceived as reprefenting an infinite number of planes; for 
every new pofition will reprefent a different plane; and when it is fhut, 

it 
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ic will be the fame plane as the fide of the room. Now again, if you 
conceive it as turning upon hinges at its lower end, its motion upon thefe: 
hinges will reprefent an infinite number of planes, all different from the 
former, except that direction in which it was when fhut: and thus we 
may form a notion ofa plane, in a great variety of pofitions, and always 
paffing through the fame ftraight line; or, in other words, that an infinite 
number of different planes may all be conceived as paffing through the 
fame line, which is called their common interfection. 

Befides, it is neceffary to confider that a plane, turning upon its axis, 
when it has performed’ half a revolution, has pafled through every point 
that can be conceived in the univerfe. Now this being well confidered, 
fuppofe I intend to give the plane of the table upon which I am writing, 
the pofition of a plane paffing through any three points, as a point in 
each of the cities, Rome, Paris; and Conftantinople. I draw any ftraight 
line upon my table, and fuppofe its plane to turn upon that line as an 
axis; during its revolution, as it muft pafs through every point, it will 
país through the point in Rome: fuppofe it fixed in this pofition. Draw 
a ftraight line from any point in the line upon the table to the point in 
Rome; this line will be in the plane; and fuppofing it now turned upon this 
line, as an axis, it muft pafs through the affumed point in Paris: fix it in 
that fituation, and draw a ftraight line from the point in Rome to the point 
in Paris, and this line will be in the plane, which, when turned upon this 
line as an axis, muft pafs through the point in Conftantinople, and being 
kept in this pofition will reprefent the plane paffing through thofe three 
places. And in the fame manner it is eafy to conceive that the plane of this 
table may be turned into the direction of any plane in the univerfe, 

But as the fame plane may be made to. reprefent fo many planes, it will 
be neceffary to confider what will fix any plane, and how they may be dif- 
tinguifhed from one another. It is obvious, from what has been faid, that 
a fingle ftraight line in a plane does not fix it. But a ftraigbt line, and any 
point not in the line, fixes the pofition of a plane; and, confequently, two 
ftraight lines, croffing one another, will fix the pofition of a plane, or two 
parallel lines: and as whatever fixes a magnitude may be confidered as the 
thing itfelf; a ftraight line, and a point out of it; or two ftraight lines, 
. croffing one another; or two parallel lines, may be confidered as proper 
| reprefentatives of this plane—this infinite fpace ; becaufe, if either of thefe 
be fixed, it fs impoffible to change the pofition of the plane. 

Planes 


~~ 
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Planes are diftinguifhed from one another by their inclinations ; and this 
inclination is meafured by an angle contained by two ftraight lines perpen- 
dicular to the fame line at the fame point. Having been accuftomed only 
to examine fuch lines as are in the fame plane, our habits are rather, at firft, 
againft the notion of two perpendiculars to the fame ftraight line at the fame 
point. 'To remove this prejudice, conceive a number of ftraight lines pro- 
ceeding from any point in a ftraight line, like fpokes from the axle of a 
wheel; and it is obvious that all thefe may be perpendicular to the fame line 
at the fame point: and an angle contained by any two of them, is an angle 
contained by two perpendiculars to the fame line at the fame point. Or, draw 
a ftraight line upon a piece of paper, and then fold the paper in the direction 
of the line; the paper will reprefent two planes, and this line will be their 
common interfection ; and a perpendicular, drawn to any point in it, and 
extended crofs the paper, will reprefent, when the paper 1s folded, or rather . 
folding, the two perpendiculars, the angle made by which meafures the 
inclination of the planes to one another. Now it is obvious, when thefe 
perpendiculars are reprefented in the fame plane, that they can never be . 
made to appear both to be perpendicular to the common interfection : for 
if that fhould be attempted, the one line would fall upon the other, and all 
appearance of an angle would be loft. | 

The inclination of a line to a plane fhould alío be carefully examined: 
- and, firft, it 1s evident that this inclination cannot be meafured by the incli- 
nation of the line to any line in the plane which meets it; but that it muft 
be meafured by its inclination to a particular line meeting it in the plane. 
- And the line in the plane that forms the leaft angle with it, if it could be 
. found, would anfwer this purpofe beft: and this angle may be found by 
drawing from the upper extremity of the line a perpendicular to the plane ; 
- and this will give you a point in the plane; a ftraight line joining that point 
- and the end of the inclining line which is in the plane, will form the angle 
required: and the figure of this may be reprefented by opening your com- 
pafies, and placing a pencil fo as to form a right-angled triangle with the 
. Jegs of the compaffes; and this triangle being placed upon a table, the 
fhadow of it, as thrown by a candle, will enable you to conceive the 
» appearance of fuch an angle, when all the lines are reprefented as lying 
in the fame plane, as the angle ADF in the eleventh propofition of this 
book. 
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C H A P. II. 
Containing remarks upon fome of the firft nineteen propofitions of this book. 


EUCLID feems to write upon a fuppofition that his reader has already 
turned his thoughts to this fubje& in a fuperficial manner, and that he is 
only teaching him how to reduce them to a fcientific form. And for this 
reafon it will be neceffary for the ftudent to profecute the fpeculation upon 
planes, their inclinations, and the inclination of lines to them, until he be- 
. comes fenfible, from the perplexity of his thoughts upon fuch intricate 
fubje&ts, that he ftands in need of this fcientific affiftance: and particu- 
larly he ought to obferve, that we have now got a new inftrument for 
drawing ftraight lines; for the interfe&ions of planes with one another 
draw ftraight lines, .and even conftru& whole figures, as any one may con- 
ceive by looking at the floor of a room. 

It is one of the poftulates, that a ftraight line may be drawn from any 
point to any point in the fame plane, and that it may be produced in. a 
ftraight line continually in the fame plane. But, as we now form figures, 
the bounding lines of which are in different planes, it is neceffary to prove 
that one part of a ftraight line cannot be in a plane, and another part of it 
out of that plane. This is demonttrated in the firft propofition; but the 
inference is made from a new common notion, not mentioned among the 
common notions in thefe elements, namely, that if two ftraight lines have 
two points in common, they muft apply themfelves to.one another ;  or,. 
in other words, that they are the fame ftraight line. Having eftablifhed 
this firft propofition, he next proves that every triangle is in the fame plane, 
and that two ftraight lines, interfecting one another, are in. the fame plane. 
Here it might be proper to examine more particularly thofe circum- 
ftances which I have mentioned before as neceffary for fixing the pofition 
of any plane: and it is alfo a confequence of this propofition, that any 
thing with three feet will ftand firm upon a plane. It may be proper to 
obferve, upon the third propofition, that it is taken for granted, that the 
common interfection of the planes is a line of fome kind; and it is only 


here proved that this muft be a ftraight line. ; 
The 
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The fourth propofition ought to be particularly examined, and the de- 
monftration repeated, with the lines in different pofitions, as the beft inftance 
for giving one a habit of reafoning upon the fhadows of lines. And for this 
purpofe, after finifhing the demonftration upon fuch a figure as you have in 
the book, join AC, DB, and draw a line through the point E, within the 
angle AEC, and prove FE to be perpendicular to this line; not that this is 
1n any refpect different from the other, except in the pofition of the lines. 
After this, fuppofe FE produced to the oppofite fide of the,plane; and a 
line EK being taken, equal to EF, repeat the fame conftruction and demon- 
{tration ; you will then have triangles equal in every refpect to the triangles 
AFD, AFE, CFB, BFD, each to its correfponding one. Again, fuppofe 
a point taken any where in EF above F; draw ftraight lines from A, D,B,C 
to this point ; and this will form four triangles: examine the folid bounded 
by thefe four triangles, and the four triangles AFD, AFE, CFD, BFD; this 
will differ from the folid bounded by the fame four triangles, and the four 
that are on the other fide of the plane to which EF is perpendicular ; and 
thefe two folids will differ by a folid bounded by the eight triangles which 
are equal two by two: and yet it is obvious that thefe two folids are bounded 
by the fame planes; which proves that the ninth and tenth definitions of 
this book are not true. Any veffel, bounded by plane figures, which has 
a cover fitted to it, of a convex form, and alfo bounded by plane 
figures, will reprefent this folid by turning the convex fide of the cover 
inwards: and this might lead one to imagine that this property is very 
obvious; and yet Simfon is the firft who takes notice of it, as far as I know: 
and he certainly confidered himfelf as the firft who obferved it, otherwife 
he would not have moralized upon the difcovery as he has done. However, 
in vindication of Euclid, it may be faid, that his definitions will apply to 
all the figures about which he reafons; and it is not very clear that he 
meant them to extend to any other. For the fubjeét, according to my 
apprehenfion of it, becomes unmanageable, if we admit as folid angles thofe 
which would be formed at the top of pyramids, erected upon a bafe with 
outward angles; for then a folid angle might certainly be made, the plane 
angles of which would make more than four right angles. 

In the books before this, as Euclid reafons upon the fuppofition that all 
his lines are in the fame plane, one half of the definition of parallel lines 
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is taken for granted, it being only neceffary to prove that the lines will never 
meet. But all ftraight lines which are not in the fame plane do never meet. 
We are therefore now obliged to enter upon the confideration of parallel lines, 
almoft as if it were a new fubje& ; and Euclid has fhewn great ingenuity in 
his manner of treating it; and therefore the judicious reader will admire the 
fixth, eighth, and ninth propofitions. : 

Nothing can be more abfurd than the objections which have been brought 
againít the feventh propofition. It is faid that it has been taken for granted, 
in the firft fix books, and even in fome of the propofitions before this in the 
fame book: but if the remarker had added, which is equally true, that, ac- 
cording to his fenfe, 7¢ is taken for granted by him in the very demonftration 
of this propofition itfelf, and confequently that nothing at all is demon- 
ftrated, he muft have perceived that Euclid and he were thinking of quite 
different things; for Euclid proves that the ftraight line, which it has 
always been taken for granted may be drawn in the plane of the parallels, 
and is taken for granted in his own demonftration, is the only ftraight 
line which can be drawn through the two affumed points, even though you 
have an infinite number of other planes paffing through thefe points, in 
which you may try to draw another. 

The eleventh propofition i Is a problem, and the firft in this book; and, as 
thofe who have been accuftomed always to draw lines in the plane of the 
table upon which they write, may have formed a habit of thinking that 
this is the only plane upon which they can draw lines, or at leaft may be 
at a lofs in fixing the pofition of the plane upon which they are to draw 
them, it may be proper here, at the firft fetting out, to dwell fo long upon 
the conftru&ion of this problem as may be fufficient to remove this preju- 
dice. The problem is, from a point given out of a plane to draw a perpen- 
dicular to the plane. The plane of your table may reprefent the given 
plane; draw any ftraight line whatever, as BC in this plane: conceive a 
= plane to turn upon this line, which can occafion no difficulty to any one 
who has feen the folding of the leaf of a table; this plane, during its revo- 
lution, will pafs through the point A: fix the plane in this fituation, and 
then you may draw from the point A,. which is in the plane, a perpendicular 
to BC, which is alfo in it; and thus you find the line AD and the point 
D: from this point, which is in the given plane, draw in that plane DE 
perpendicular to BC : the plane which paffes through AD, DE is fixed by 
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“what has been before obferved ; and this is the plane in which the perpen- 
dicular is to be drawn from A to DE; which gives AF, the line required. 
Or you may conceive a plane as turning upon DE, until it pafs through 
A; fix it in that fituarion, and perform your conftrucion. 

In reading the fifteenth propofitton, one might divide it into two cafes, by 
fuppofing, firft, the perpendicular drawn from B to meet the other plane in 
the point E. And in the feventeenth propofition it muft be carefully ob- 
ferved that AB, AD, DC may not be in the fame plane: a quarter of a 
fheet of paper, bent diagonalwife, will reprefent this figure. I have only 
one thing more to add, which is, that the ftudent fhould be certain that he 
underftands perfectly the firft nineteen propofitions of this book before he 
advances any fatther in it, 
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BOOK XI. 


DEFINITIONS. 


SOLID is that which has length, and breadth, and thicknefs. 2. But 
the EXTREMITY OF A SOLID iS a furface. 

3. A ftraight line is PERPENDICULAR TO A PLANE, when it makes right 
angles with all the ftraight lines touching it, and being in the fame plane 
laid down. 4. A PLANE IS PERPENDICULAR TO A PLANE, when the 
ftraight lines drawn perpendicularly in one of the planes to the common 
feCtion, are at right angles to the remaining plane. ç. THE INCLINATION 
OF A STRAIGHT LINE TO A PLANE is, when a perpendicular is drawn to the 
plane from the elevated extremity of the ftraight line, and a ftraight line is 
joined from the point made dy the perpendicular to the extremity of the 
{traight line .which is in the plane, the acute angle contained by this line 
drawn, and the ftanding line. 6. THE INCLINATION OF A PLANE TOA 
PLANE, is the acute angle contained by the /raight Jine drawn in each of 
the planes at right angles. to the common fection, to the fame point. © 
7. À 
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7. A plane is faid to be inclined to a plane, in like manner as another 
to another, when the faid angles of inclinations are equal to another. 
9. Parallel planes are thofe that do not meet. 

9. SIMILAR SOLID FIGURES are thofe contained by fimilar planes equal in 
multitude. 10. But EQUAL AND SIMILAR SOLID FIGURES are thofe con- 
tained by fimilar planes equal in multitude and magnitude. 

11. A SOLID ANGLE is the inclination of more than two lines touching 
one another, and not being in the fame furface to all the lines. OTHERWISE: 
A SOLID ANGLE 1s that which is contained by more than two plane angles, ffot 
being in the fame plane, joined together at one point, 

12. À PYRAMID is a folid figure contained by planes, joined together 
from one plane to one point. 13. A prism is a folid figure contained by 
planes, of which the two oppofite parallel ones are both equal and fimilar 
figures, but thofe remaining, parallelograms. 14. A SPHERE is the figure 
contained when the diameter of the femi-circle remaining in its place, the 
femicircle having been turned round is ftopped again at the fame point 
from whence it began to be turned. 15. But the Axis OF THE SPHERE is 
the fixed ftraight line about which the femicircle is turned. 16. And THE 
CENTER OF THE SPHERE is the fame with that of the femicircle. 17. But 
THE DIAMETER OF THE SPHERE is any ftraight line drawn through: the 
center, and bounded towatds both parts by the furface of the fphere. 
18. A cone isthe figure contained when one fide of thofe about the right 
angle in a right-angled triangle, remaining in its place, the triangle having 
been turned round, is ftopped again at the fame point fram whence: rt 
began to be turned. But if the fixed ftraight line be equal to the remain- 
ing one about the right angle, the line turned round, the cone will be 
right-angled ; but if lefs, obtufe-angled; and if greater, acute-angled. 
1g. But the axis OF THE CONE Is the fixed Zine about which the triangle 
is turned. 20. And THE Basz is the circle defcribed by the ftraight line 
turned round. 21. But a CYLINDER ¢s the figure contained, when one ` 
fide of thofe about the right angle in a right-angled parallelogram remain- 
ing in its place, the parallelogram having been turned round 1s ftopped 
again at the fame point from whence it began to be turned. 22. But 
THE AXIS OF THE CYLINDER is the fixed ftraight line about which the 
parallelogram is turned. _23. And THE Bases are the circles defcribed by 
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the two oppofite fides turned round. 24.-Similar cones and cylinders are 
thofe of which the axes and the diameters of the bafes are proportionals. 

25. Á CUBE is a {olid figure contained by fix equal fquares. 26. A 
TETRAHEDRON is a folid figure contained by four equal and equilateral tri- 
angles. :27.-AN OCTAHEDRON is a folid figure contained by eight equal 
and equilateral triangles. 28. A DODECAHEDRON 1s a folid figure contained. 
by twelve equal and equilateral and equiangular pentagons. 29. AN Ico- 
SAHEDRON is a folid figure contained by twenty equal and equilateral 
triangles. | 


| PROP. I. 
Some part of a ftraight line is not in the plane laid down*, and 


another part in one above. 


For, if poffible, let fome part AB of the ftraight line ABC be in the 
plane laid.down, and another part BC in one above. Certainly (by 2. pott.) 
there will ‘bė fome ftraight line continued in a’ 
ftraight line with AB in the plane laid down; let 
it be BD: certainly AB is a common fegment — — 
of the two given ftraight lines ABC, ABD which ' 
is impoffible ;. for a ftraight line does not meet a ftraight line in more 'points 
than one; but if otherwife, the ftraight lines will apply themfelves to one 


another. ‘Therefore any part of a itraight line is not in a plane laid down, 
and another part in one above. “Which was to be demontftrated. | 


PROP. II. 


' If two ftraight lines cut one another, they are in one plane; 
and every triangle i is in one plane. 


For let two ftraight lines AB, CD cut one another in the iu E; I fay 
that the Jines AB, CD are in one plane, and 75a! every triangle is in one 
„plane. 





* Euclid fuppofes his reacer to have a plane before him, for inftance, the plane of his 
table, upon which he begins his reafoning and conftrudtions; and this he thinks proper to 
diftingyiíh by a particular epithet. 
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plane. For let F,G, accidental points,. be taken in EB, EC; and let Bock XI. 
CB, FG be joined ; and let Fi, GK be drawn: I fay that,, =. : 
firft, the triangle EBC is in onc plane: for if there is a part 
of the triangle EBC, either the /pace FHC or GBK, in the 
plane laid down,. but the remaining /pace in another, alfo 
there will be a part of one of the ftraight lines EC, EB; 
fome part in the plane laid down, but the. other in another. C HKE 
But if the part FCBG of the triangle ECB be in the plane laid down, but 
the remaining part in another, alfo there will be fome part of both the ftraight 
lines EC, EB in the plane laid down, but another par? in another ; which: 
(by 1. 11.) has been demonftrated /e 2e abfurd. Therefore the triangle EBC 
is in one plane: but in what plane the triangle BCE is, in this alfo is each of 
the /ines EC, EB ; and in what plane each of the Zines EC,.EB is, in this alfo 
are the /ines AB,CD: therefore the ftraight lines AB, CD are in one plane;. 
and every triangle is in one plane. Which was to be demonftrated. 





PA R.O P. IIL 
If two planes cut one another, the common fection of them is: 


a ftraight line. 


For let the two planes AB, BC cut one another; -and let the line DB be: 
the common fection of them ; I fay that DB is a ftraight line. For, if not, 
let the ftraight line DEB be joined from D to B in the plane 
AB; but the ftraight line DFB in the plane BC. -Now the 
two ftraight lines DEB, DFB will have the fame extremities, 
and they will certainly contain a fpace, which (by com. 
not. 12.) is abfurd : therefore the Jines DEB, DFB are not 
{traight lines. Certainly in the fame manner we fhall de- 
monftrate, that neither will any other joined from D to B. 
be a ftraight line, but DB the common fection of the planes AB, BC. 
Therefore if two planes cut one another, the common fection of them is 
a ftraight line. Which was to be demonítrated. 





C 


P ROP. IV.. 

If a ftraight line ftand at right angles to two ftraight lines 
cutting one another, upon their common fection, it will alfo be: 
at right angles to the plane pajing through them. 

E. f. For. 
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Book XI. Lor let any ftraight line EF ftand at right angles at the point E to the 
— two Ítraight lines AB, CD cutting one another in the point E; I fay that 
EF is alio at right angles to the plane pafing through AB, CD. For take. 

the ftraight lines AE, EB, CE, ED equal to one another ; and let any /ize 

GEH be drawn through E, as it may happen ; and let AD, CB be joined; 

and befides let FA, FG, FD, FC, FH, FB be joined from the accidental 

point F. And becaufe the two AF, ED are equal to the two CE, EB, and 

they contain equal angles (by 15. 1.), therefore (by 4. 1.) the bafe AD is 
| equal to the bafe CB; and the triangle AED will be equal to the triangle CEB; 
fo that alfo the angle DAE 1s equal to the angle EBC ; and alfo the angle AEG 

is equal (by 15. 1.) to the awgle BEH: now there are two triangles, AGE, 

BEH, having two angles equal to two angles, each to each; and one fide 

equal to one fide, the fide at the equal angles, AE to EB; therefore they will 

have (by 26. 1.) the remaining fides equal to the remaining fides; there- 

fore EG is equal to EH, and AG to BH. And becaufe AE is equal to 

EB; and FE common, and at right angles ; therefore (by 4.,1.) the bafe 

FA is equal to the bafe FB. Certainly, for the fame reafon alfo, FC 1s 

equal to FD: and becaufe AD is equal to CB, 

and FA is alfo equal to FB, certainly the two 

FA, AD are equal to the two FB, BC each to 

each; and the bafe FD has been demonttrated 

to be equal to the bafe FC; therefore alfo (by 

8. 1.) the angle FAD is equal to the angle FBC. 

And again AG has been demonftrated 7o 2e equal 

to BH; but FA is alfo equal to FB; certainly the two FA, AG are equal 

to the two FB, BH; and the angle FAG has been demonftrated /o Je 

equal to FBH ; therefore (by 4. 1.) the bafe FG is equal to the bafe FH: 

and again becaufe GE has been demonftrated to de equal to EH, and EF 

1s Common, certainly the two GE, EF are equal to the two HE, EF; and 

the bafe GF is equal to the bafe FH ; therefore (by 8. 1.) the angle GEF 

is equal to the angle FEH; therefore each of the angles GEF, FEH is a 

right angle: therefore FE is at right angles to GH drawn accidentally 
through the point E. Certainly in like manner we fhall demonftrate that 

FE will make right angles with all the ftraight lines touching it, and being 

in the plane laid down. But (by 3. def. 11.) a ftraight line is perpendi- 

cular tọ a plane, when it makes right angles with all the ftraight lines 
touching 
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touching it, and being in the fame plane; therefore EF is at right angles to Book XT. 
the plane laid down : but the plane laid down is the plane pafiug through — 
the ftraight lines AB, CD; therefore EF is at right angles to the plane through 
AB,CD. Therefore if a ftraight line ftand at right angles to two ftraight 

lines cutting one another, upon their common fection, it will alfo be at 

right angles to the: plane pafing through them. Which was to be demon- 

{trated. 


PROP. V. 


If a ftraight line ftand at right angles to three ftraight lines 
touching one another, upon their common fection, the three ftraight 
lines are in one plane. 


For let the ftraight line AB ftand upon the contact at B at right angles to 
the three ftraight lines BC, BD, BE; I fay that BC, BD, BE are in one 
plane. For ¿f not, but, if poble, let, BD, BE be 
in the plane laid down, but BC in one above it; and 
let the plane through AB,BC be produced; certainly 
(by 3. 11.) it will make-its common fection with the 
plane laid down a ftraight line: let it make BF; there- 
fore the three ftraight lines AB, BC, BF are in one 
plane, the plane drawn through AB, BC: and becaufe 
AB is at right angles to each of the Jines BD, BE, therefore alfo (by 4. 11.) 

AB is at right angles to the plane pafing through BD, BE: but the plane 
through DB, BE is the plane laid down; therefore AB is at right angles to 
the plane laid down; fo that alfo (by def. 3. 11.) AB will make right angles 
with all the ftraight lines touching it, and being in the plane laid dowa: 
but BF touches it, being in the plane laid down; therefore ABF is a right 
angle: but alfo ABC is fuppofed a right angle; therefore thé angle ABF 
is equal to ABC ; and they are in one plane, which (by com. not. 9.) is 
impoffible : therefore BC is not.in the plane above: therefore the three 
ftraight lines BC, BD, BE are in one plane. Therefore if a ftraight line 
ftand at right angles to three ftraight lines upon the common fection, the ' 
three ftraight lines are in one plane. Which was to be demonftrated. 
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PROP. VI. 


If two ftraight lines be at right angles to thé fame plane, the 
Atraight lines will be parallel. 


For let the two ftraight lines AB, CD be at right angles to the plane 
laid down; I fay that AB is parallel co CD.. For let them meet the plane 
laid down in the points B, D ; -and let the ftraight line-BD be joined; and 
let DE. be drawn, in the plane laid down, at right angles to BD ; and let 
DE. be made equal to AB; and let BE, AE, AD be joined. And becaufe 
AB is at right angles to the plane laid down, alfo (by 3. def. r1.) it will 
make right angles with all the ftraight lines touching it, and being in the 
plane laid down: but each of the Jines BD, BE, being in the plane laid 
down, touches AB ; therefore each of the angles ABD, ABE isa right angle. 
Certainly, for the fame reafon alfo, each of the angle: 
CDB, CDE is a right angie.: and ‘becaule AB is equal to ⸗- - 
DE, and BD common, certainly the two AB, BD are equal 
to the two ED, DB; and they contain right angles; there- 
fore (by 4.1.) ‘the bafe AD is equal to the bafe BE: and A C 
‘becaufe AB 1s equal to DE, but AD alio to BE, certainly the two AB, BE 
are equal to the two ED, DA; and AE the bale of them és common; therefore 
(by 8. 1.) the angle ABE is equal to the angle ADE: but the angle ABE 
is a right angle; therefore alfo ADE ıs a right angle; therefore ED is at 
right angles to DA: but it 1s alfo at right angles to-each of the Zines BD, DC; 
therefore ED ftands upon the contact at right angles to the three ftraight 
]ines BD, DA, DC ; therefore (by 5. 11.) the three ftraight hnes BD, DA, DC 
are in one plane: but in what p/ane DB, DA are, in this alfozs AB; for 
(by 2. 11.) every triangle is in one plane: therefore AB,BD,DC are in 
one plane; and each of the angles ABD, BDC is a right angle; therefore 
(by 28. 1.) AB is parallel to CD. Therefore if two (traight lines be at 
right angles to the fame plane, the ftraight lines will be parallels W hach 
was to be demonftrated. 





PROP VIL 
If there be two parallel ftraight lines; but let there be taken 
any points that may accidentally happen in each of them, the 
ftraight 
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ftraight line joining the points is in the fame plane with the pa- 
rallels. 


^. 


Let AB, CD be two parallel ftraight lines; and let E, F, any points that 
may accidentally happen, be taken in each of them: J fay thar the ftraight 
line joining the points E; F is in the fame plane with the parallels. For if 
not, but, if poflible, let it be in one above, as EGF; and let the plane 
through EGF be drawn; certainly it will make (by 3. 11.) the 


| i | b 
fection, with the plane laid down, a ftraight line: let it make it, D 
as EF; therefore the two ftraight lines EGF, EF will contain | 
S us E 
a ſpace, which (by com. not. 12.) is impoſſible; therefore the | NE 
ftraight line Joining E, F is in the plane through the parallels 
A. C 


AB,CD; therefore if there be two parallel ftraight lines, but 
let there be taken any points that may accidentally happen in each of thein, 
the ftraight line joining the points is in the fame plane with the parallels, 
Which was to be demonttrated. 


P ROP VII. 
If there be two parallel ftraight lines, but let either of them be 
at right angles to any plane, alfo the remaining one will be at right 
angles to the fame plane. 


Let AB, CD be two parallel ‘ftraight lines; but let AB, one of them, be 
at right angles to the plane laid down: I fay that alfo the remaining one CD 
will be at right angles to the fame plane. For let AB, CD meet the plane 
laid down in the points B, D ; and let BD be joined ; therefore (by 7. 11.) 
AB, CD, BD are in one plane: let DE be drawn at right angles to DB in 
the plane laid down; and let DE be made equal to AB; and let BE, AE, AD 
. be joined : and becaufe AB is at right angles to the plane laid down, there- 
fore AB is at right angles alío (by 3. def. 11.) to all the ftraight lines touch- 
- Ing it, and being in the plane laid down; therefore each of the angles 
ABE, ABD is a right angle: and becaufe BD has fallen upon the parallel 


ftraight lines AB, CD, therefore (by 29. 1.) the angles ABD,CDB are’ 


equal to two right angles: but ABD is a right angle; therefore CDB is a 


right angle alfo ; therefore CD is at right angles to DB: and becaufe AB’ 


is equal to DE, but BD common, certainly the two AB, BD are, equal to 
2 the 
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the two ED, DB; and the angle ABD is equal to the angle EDB, for each 
is a right angle ; therefore (by 4. 1.) the bafe AD is equal to the báfe BE : 
and becaufe AB is equal to DE, but BE to AD, certainly the two AB, BE 
are equal to the two ED, DA, each to each; and AE the bafe of them ¢s 
common; therefore (by 8. 1.) the angle ABE is equal to the angle EDA: 
but ABE is a right angle; therefore alfo EDA is a right E 
angle; therefore ED is at right angles to AD: but it is alfo 
at right angles to BD; therefore ED (by 4. 11.) is at right 
angles to the plane shrough AD, DB; and therefore ED 
will make right angles with all the ftraight lines touching A © 
it, and being in the plane through BD, DA: but DC is in the plane through 
BA, AD, fince (by 2. 11.) AB, BD are in the plane through BD, DA; 
but in what plane AB, BD are, in this is (by 7. 11.) DC alfo; therefore 
ED ts at right angles to DC; fo that alfo CD is at right angles to ED, 
and CD is alfo at right angles to BD: therefore CD has ftood at right 
angles to the two ftraight lines DE, DB, cutting one another, from their 
fection at D ; fo that alfo (by 4. 11.) CD is at right angles to the plane 
pafing through DE, DB: but the plane through DE, DB is the plane laid 
down; therefore CD is at right angles to the plane laid down. Which 
was to be demontftrated. 


PROP. X: 
The Zizes parallel to the fame ftraight line, and not being in the 


. fame plane with it, are alío parallel to one another. 


For let each of the //zes AB, CD be parallel to-EF, not being in the 
fame plane with it; I fay that AB is parallel to CD. For let any point G 
which may accidentally happen, be taken in EF; and from 
it let GH be drawn, inthe plane pafing through EF,AB, at B] p J? 
right angles to EF; and, again, let GK be drawn in the 
plane pafing through EF, DC at right angles to EF: and G 
becaufe EF is perpendicular to each of the dimes GH, GK, H 
therefore (by 4. 11.) EF is at right angles to the plane paff- 
ing through GH, GK ; and EF is parallel to AB; therefore 
alfo (by 8. 11.) AB is at right angles to the plane pafing 
through H, G,K : certainly, for the fame reaíon alfo, CD is at right angles 

3 to 


K 
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to the plane through FI, G, K ; therefore each of the lines AB, CD is at Book XI. 
right angles to the plane through H, G, K: bát if two ftraight lines be — 
at right angles to the ſame plane, (by 6. 11.) the ſtraight lines are parallel ; 
therefore AB is parallel to CD. Which was to be demontftrated. ’ 


P R O P. X. 


If two ftraight lines touching one another, be parallel to two 
ftraight lines touching one another, not in the fame plane, they 
will contain equal angles. 


For let the two ftraight lines AB, BC, touching one another, be parallel 
to the two ftraight lines DE, EF, touching one another, not in the fame 
plane; I fay that the angle ABC is equal to DEF. For let BA, BC,ED,EF - 
be taken, equal to one another ; and let AD, CF, BE, AC, DF be joined: 
and becaufe BA 1s equal and parallel to ED, therefore alfo (by 33. 1.) 
AD is equal and parallel to BE ; certainly, for the fame reafon alfo, CF is 
equal and parallel to BE; each therefore of the lines AD, CF 
is equal and parallel to BE: but (by 9. 11.) the Zines parallel 
to the fame ftraight line are parallel to one another ; there- A C 
fore AD is parallel and equal to CF ; and AC, DF join them; * 
therefore AC is equal and parallel to DF : and becaufe the 
two AB, BC are equal to the two DE, EF, ‘and the bafe AC 
is equal to the bafe DF, therefore (by 8.1.) the angle ABC D: F 
is equal to the angle DEF. — Therefore if two ftraight lines touching one ^ 
another, be parallel to two ftraight lines touching one another, not in the 
fame plane, they will contain equal angles. Which was to be demontftrated. 


P R O P. XI. . 


To draw a perpendicular ftraight line to a plane laid down, from a 
point given above it. " 


Let the given point above i£ be A, and let the plane laid down be the given 
plane: now it is required to draw a perpendicular ftraight line to the plane laid 
down, from the:point A. For let any ftraight line BC be drawn, as it may 
happen, in the plane laid down; and let a perpendicular AD be drawn from 

. ! the 
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the point A to BC. Now if AD is alfo a perpendicular to the plane laid 
down, what was required has been done: but if not, lec DE be drawn 
from the point D at right angles to BC, in the plane laid down ; and 
let AF be drawn from the point A, perpendicular to DE; and through 
the point F, let GH be drawn, parallel to BC: and becaufe BC is at 
right angles to each of the lines DA, DE, therefore BC 


A, 
is alfo at right angles to the plane pafimg through EV. 
ED, DA ; and GEH is parallel to it: but it there betwo g H 
parallel ftraight lines, and one of them be perpendicular 
Es | B D C 
to any plane, alfo (by 8. 11.) the remaining one will be 


perpendicular to the fame plane; therefore GH is at right angles to the 
plane-pafing through ED, DA; and (by 3. def. 11.) GH is at right angles. 


. to all the ftraight lines touching it, and being in the plane pafing through 


ED, DA: but AF being in the plane through ED, DA, touches it; there- 
fore GH 1s at right angles to FA; fo that alfo FA is at right angles to GH: 
but FA 1s alfo perpendicular to DE; therefore FA is perpendicular to. 
each of the lines GH, DE: but if a ftraight line ftand at right angles 
to two ftraight lines touching one another, upon the fection, 'alío it will 
be (by 4. 11.) at right angles to the plane pafing through them; there- 
fore FA is at .right angles to.the plane ?a//ing through ED, GH : but the 
plane through ED, GH is the plane laid down; therefore AF is at right 
angles to the plane laid down. Therefore a perpendicular ftraight line AF 
has been drawn to the plane laid down, from the given point A above it., 
Which was to be done. 


P'R O P. XIT. 


To erect a ftraight line at right angles to a given plane, from. 
a point given in the plane. 


I-et the given plane be the plane laid down, and A the point in it: now 
it is required to erect a: ftraight line at right angles to the plane laid down;. 
from the point A. Let the point B above it be fuppofed, and 


let BC be drawn (by 11. 11.) from.the point B perpendicular. "Lm 


to the plane laid down; and through the point A let AD be- 


drawn parallel to BC: now becaufe the two ftraight lines ke | 
AD, CB are parallel, and one of them is at. right angles to. 
' the 
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the plane laid down; therefore (by 8. 11.) AD, the remaining one, is at Book XI, 
right angles to the plane laid down. Therefore a ftraight line has been “om~ 
erected at right angles to a given plane, from a point given in it, Which 

was to be done. 


P R O P. XIII. 


Two ftraight lines cannot be erected at right angles to a given 
plane, towards the fame parts, from a point in it. 


. For, if poffible, let the two ftraight lines AB, AC be erected at right 
angles to the given plane, towards the fame parts, from the point A in it; 
and let the plane through BA, AC be drawn: now it will 
make (by 3. r1.) the fe&ion through A, with the plane 
laid down, a ftraight line: let it make DAE; therefore 
the ftraight lines AB, AC, DAE are in one plane : and — 
and becaufe CA is at right angles to the plane laid down, 
it will alfo make right angles with all the ftraight lines touching it, and 
being in the plane laid down; but DAE touches it, being in the plane laid 
down; therefore CAE is a right angle. Certainly, for the fame reafon 
alfo, BAE is a right angle; therefore CAE is equal to BAE; and they are 
in one plane, which (by com. not. 9.) is impoffible. Therefore two ftraight 
lines cannot be erected at right angles to a given plane, towards the fame 
parts, from a point in it, Which was to be demonítrated. 


B G 


P R O P. XIV. 


To what planes the fame ftraight line is perpendicular, the 
planes are parallel. 


For let any ftraight line AB be at right angles to each of the planes 
CD, EF ; I fay that the planes are parallel. For, if not, being produced, 
they will meet: let them meet: certainly (by 3.11.) they will make the 
common fection a ftraight line; let them make it GH ; and let K, any point 
that may accidentally happen, be taken in GH; and let AK,BK be 
joined: and becaufe AB is perpendicular to the plane EF, therefore AB is 
alfo perpendicular to BK (by 3. def. 11.), a ftraight line being in the plane 
EF produced; therefore ABK is aright angle. Certainly, for the fame 

Gg | reafon 
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angles ABK, BAK of the triangle ABK are equal 
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realon alfo, BAK is a right angle; but the two 


to two right angles, which (by 17. 1.) is impot- 
fible; therefore the planes CD, EF being pro- 
duced, will not meet; therefore the planes CD, EF 
are parallel. ‘Therefore to what planes the fame 
ftraight line is perpendicular, the planes are pa- 
ralle]. Which was to be demonftrated. 


ee 





PRO FP. XV. 


If two ftraight lines touching one another, be parallel to two 
ftraight lines —— one another, not being in the ſame plane, the 


planes paſſing through them are parallel. 


For let there be two (traight lines AB, BC touching one another parallel 
to two ftraight lines DE, EF touching one another, not being in the fame 
plane; I fay that the planes paffng through AB, BC, DE, EF being pro- 
duced, will not meet one another. For let BG be drawn 
perpendicular (by 11. t1.) to the plane through DE, EF -g » 
from the point B ; and let it meet the plane at the point K 
G ; and through G let GH be drawn parallel to ED; and 
GK to EF: and becaufe BG i 15 perpendicular to the plane Zn 
through DE, EF, it will alfo make right angles with all = 
the ftraight lines touching it,-and being in the plane through DE, EF (by 
3. def. 11.) : but each of the Zines GH, GK being in the plane through 
DE, EF, touches it; therefore each of the angles BGH, BGK is a right 
angle: and becaufe BA is (by 9. r1.) parallel to GH, therefore (by 29. 1.) 
the angles GBA, BGH are equal to two right angles ; but BGH -is a right 
angle; therefore alfo GBA is a right angle; therefore GB is at right angles 
to ‘BA. Certainly, for the fame reafon alfo, BG is at right angles to BC: 
now becaufe the ftraight line BG has ftood at right angles to the ftraight 
lines BA, BC cutting one another, therefore BG alfo is at right angles to 
the plane through BA, BC: but it is alfo (by conft.) perpendrcular to the 
plane through DE, EF; therefore BG is perpendicular to each of the planes 
through AB, BC; DE, EF: but (by 14. 11.) to what planes the fame 

ftraight 


£ 
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ftraight line is perpendicular, the planes are parallel; therefore the plane Book XI. 
through AB, BC is parallel to the plane through DE, EF. Therefore if 
two ftraight lines touching one another, be parallel to two ftraight lines 
touching one another, not in the fame plane, the planes pafing through 
them are parallel. "Which was to be demonftrated. 


P R O P. XVI. 


If two parallel planes be cut 2 any plane, the common fections 
of them are parallel. 


For let the two parallel planes AB, CD be cut by the plane EFGH, and 
let the common fections of them be EF, GH; I fay that EF is parallel to 
GH. For, if not, EF, GH being produced, will meet, either towards the 

parts F, H, or towards the parts E, G: firft let them be produced as towards 

the parts F, F1; and let them meet at K ; and becaufe 
EFK is in the plane AB, therefore alfo (by t. 11. ) 
all the points in EFK are in the plane AB; but one 
of the points in the ftraight line EFK is K; therefore 
K is in the plane AB: certainly, for the fame reafon 
alfo, K is in the plane CD;; therefore the planes AB, CD 
being produced, will meet: but they do not meet, 
becaufe they are fuppofed parallel; therefore the 
ftraight lines EF, GH being produced, will not meet towards the parts F, TT: 
certainly in like manner we fhall demonftrate, that neither will the ftraight 
lines EF, GH meet, being produced towards the parts E,G: but the Jines 
meeting towards neither parts, are parallel ; therefore EF is parallel to GH. 
Therefore if two parallel planes be cut by any plane, the common fections 
of them will be parallel. Which was to be demonftrated. 





P R O'P. XVII. 


_If two ftraight lines are cut by parallel planes, they will be cut 
in the fame ratio. ~ 


For let the two ftraight lines AB,CD be cut by the parallel planes 
GH, KL, MN inthe points A, E, B,C, F, D; I fay that itis as the flraight 
Jine AE to EB fois CF to FD, For let AC, BD, AD be joined; and let 
Gg 2 AD 
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AD meet the plane KL in the point O; and let EO, FO be joined: and 
becaufe the two parallel planes KL, MN are cut by the plane EBDO, the 
common fections of them EO,BD are parallel: certainly for 
the fame reafon, becaufe the two parallel planes GH,KL 
are cut by the plane AOFC, the common fections of 
them AC, FO are parallel ; and becaufe the ftraight line 
EO has been drawn parallel to BD, one of the fides of 
the triangle ABD, therefore there is this proportion, (by 
2.6.) as AE to EB fois AO to OD: again, becaufe the ftraight line OF 
has been drawn parallel to AC, one of the fides of the triangle ADC, 
therefore there is this proportion, as AO to OD fo is CF to FD; but it has 
been alfo demonftrated, as AO to OD fo is AE to EB; therefore (by 11. 5.) 
as AE to EB fois CF to FD. Therefore if two ftraight lines be cut by 
parallel planes, they will be cut in the fame ratio. Which was to be demon- 
ftrated.  . 





P RO P. XVIII. 
If a ftraight line be at right angles to any plane, alfo all the 
planes pafing through it will be at right angles to the fame plane. 


For let any ftraight line AB be at right angles to the plane laid down; I 
{ay that alfo all the planes pafing through AB will be at right angles to the 
plane laid down. For let the plane DE be produced through AB; and let 
CE be the common fection of the plane DE with the plane laid down; and 
let any point F that may happen, be taken in CE; 
and from the point F let FG be drawn in the plane DE p-——GA -H 
at right angles to CE: and becaufe AB is perpendicular 
to the plane laid down, therefore alfo AB is perpendi- 
cular to all the ftraight lines touching it (by 3. def. 11.), 
and being in the plane laid down; fo that alfo it is per- 
pendicular to CE; therefore ABF is a right angle: but GFB (by conft.) 
is alfo a right angle; therefore (by 28. 1:) AB i5 parallel to GF : but AB is 
at right angles to the plane laid down; therefore (by 8. 11.) GF is alfo at 
right angles to the plane laid down: and (by 4. def. 11.) a plane is perpen- 
dicular to a plane, when the ftraight lines drawn at right angles to the com- 
mon fection of the planes, in one of the planes, are at right angles to the 

3 remaining 
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remaining plane; and GF, being drawn at right angles to CE, the common Baok XI. 
fe&ion of the planes, has been demonftrated to be at right angles to the => 
plane laid down ; therefore the plane DE is perpendicular to the plane laid 

down. Certainly in the fame manner it will be demonftrated that all the 

planes happening żo pafs through AB are perpendicular to the plane laid 

down. Therefore, if a ftraight line be at right angles to any plane, alfo all 

the planes pafing through it will be at right angles to the fame plane. Which 

was to be demonftrated. 


P R O P. XIX. 


If two planes cutting one another, be at right angles’ to any 
plane, alio the common fection of them will be at right angles to 
the fame plane. 


For let the two planes AB, BC be at right angles to the plane laid down; 
and let DB be the common fection of them ; I fay that BD is at right angles 
to the plane laid down. For, if not, let the ftraight line DE be drawn from 
the point D in the plane AB at right angles to AD; and 
DF at right angles to DC, in the plane BC : and becaufe 
the plane AB is perpendicular to the plane laid down; 
and DE has been drawn in the plane AB, at right angles to . 

DA, the common feétion of them; therefore (by 4. def. 

11.) DE. is perpendicular to the plane laid down: cer- — 
tainly in the fame manner we fhall demonftrate, that DF = = 
is alfo perpendicular to the plane laid down: therefore from the fame point D 
two ftraight lines have been erected, towards the fame parts, at right angles to ` 
the plane laid down, which (by 13. 11.) is impoffible; therefore there will not 
be erected from the point D, at right angles to the plane laid down, any line 
but DB, the common fection of the planes AB, BC. "Therefore, if two planes 
cutting one another, be at right angles’ to any plane, alfo the common fec- 
tion of them will be at right angles to the fame plane. Which was to be 
demonftrated. ^ 


PROP. XX. En. 


If a folid angle be contained by three plane angles, any two of 
them are greater than the remaining one, being interchanged every 


way. 
f For 
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another, it is evident that any two are greater than the 
‘remaining one, being interchanged every way: but if 
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For let the folid angle at A be contained by the three plane angles 
BAC, CAD, DAB; J fay that any two of the angles BAC, CAD, DAB 
are greater than the remaining one, being interchanged every way. Now 
if the angles BAC,CAD,DAB are equal to one 


not, let BAC be the greater; and (by 23. r.) let 
there be made with the ftraight line AB, and at the 
point A in it, in the plane through BAC, the angle 
BAE equal to the angle DAB; and make AE equal to AD; and BEC 
being drawn through the point E, let it cut the ftraight lines AB, AC in 
the points B,C; and let DB, DC be joined: and becaufe DA is eqyal to AE, 
but AB common, certainly the two DA, AB are equal to the two EA, AB; 
and the angle DAB is equal to the angle BAE; therefore (by 4. 1.) the 
bafe DB is equal to the bafe BE: and becaufe the two DB, DC are greater 
than BC ; of. which DB has been demonftrated ¢o be equal to BE; there- 





fore the remainder DC is greater than the remainder EC: and becaufe 


DA is equal to AE, but AC common, and the bafe DC greater than the 
bafe EC, therefore (by 25. 1.) the angle DAC -is greater, than the angle 
EAC: but DAB has been demonftrated alfo fo be equal to BAE; there- 
fore DAB, DAC are greater than BAC. Certainly, in like manner, we fhall 


. demonftrate that the remaining angles, taken two by two, are greater than ` 


the remaining one. Therefore, if a folid angle be contained by three plane 
angles, any two are greater than the remaining one, being interchanged 
every way. .Which was to be demonftrated. 


$ PROP. XXI. 


Every folid angle is contained by plane angles lefs than four right 
angles. | « 

Let the folid angle at A be contained by the plane angles BAC,CAD,DAB; 
I fay that the angles BAC, CAD, DAB are lefs than four right angles. For 
let B,C, D, any points that may happen, be taken in each of the lines 


AB, AC, AD , andlet BC, CD, DB be joined : and becaufe the folid angle 
at B is contained by the three plane angles CBA, ABD, CBD, any two 


of them (by 20, 11.) are greater than the remaining one; therefore CBA,ABD 


I are 


- 
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are greater than CBD. Certainly, for the fame reafon alfc, j 
BCA, ACD are greater than BCD, and befides CDA, ADB 
are oreater than CDB; therefore the fix angles CBA, ABD, 
BCA, ACD, ADC, ADB are greater than the three angles 
CBD,BCD,CDB: but the three angles CBD,BCD,CDB X 
are equal (by 32: 1.) to two right angles; therefore the " " 
(ix angles CBA, ABD, BCA, ACD, ADC, ADB are greater than two right 
angles: and becaufe the three angles of each of the triangles ABC, ACD, ADB 
are equal to two right angles, therefore the nine angles CBA, ACB, BAC; 
ACD, DAC, CDA; ADB, DBA, BAD of the three triangles are equal to 
fix right angles; of which the fix angles ABC, BCA,ACD, CDA,ADB,DBA 
are greater than two right angles; therefore the remaining three angles 
BAC, CAD, DAB, containing the folid angle, are lefs than four right angles. 
Therefore every folid angle is contained by plane angles lefs than four right 
angles. Which was to be demonftrated. 


PROP. XXII 


If there be three plane angles, of which the two are greater than 
the remaining one, being interchanged every way, but let equal 
ftraight lines contain them, it is poflible to make a triangle of the 
fines joining the equal ftraight lines. 


Let there be three plane angles ABC, DEF, GHK ; let two of which be 
greater than the remaining one, being interchanged every way; the angles 
ABC, DEF greater than GHK, and DEF,GHK greater than ABC, and 
befides GHK, ABC greater than DEF; and let AB, BC, DE, EF, GH, HK 
be equal ftraight lines; and let AC, DF, GK be joined: I fay that it is 
‘ poffible to make a triangle of Zines equal to AC, DF, GK; that is, that any 
two of the lines AC, DF, GK are greater than the remaining one, being 
interchanged every way. Now if the angles —“ 
ABC, DEF, GHK be equal to one another, | — 
. itis evident alfo, AC, DF, GK being equal, 
that it is poffible to make a traiangle of the 
equal //zes AC, DF, GK : but, if not, let them - 
be unequal; and with the ftraight line HK, 
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Book XI. and at the point H in it, let the angle KHL be made equal to ABC; and | 
~m Jet HL be made equal to one of the lines AB, BC, DE, EF, GH, HK ; and 
let GL, KL be joined: and becaufe the two AB, BC are equal to the two 
KH, HL, and the angle at B is equal to KHL, therefore the bafe AC is 
equal to the bafe KL; and becaufe the angles ABC, GHK are greater than 
, DEF, but ABC ts equal to KHL, therefore GHL is greater than DEF ; 
and becaufe the two GH, HL are equal to the two DE, EF, and the angle 
GHL greater than the angle at E, therefore (by 24. 1.) the bafe GL is 
greater than the bafe DF : but GK, KL are greater than GL; therefore 
GK, KL are greater by much than DF: but KL is equal to AC; therefore 
AC, GK are greater than the remaining Zine DF : certainly, in like manner, 
we fhall demonftrate that AC, DF are allo greater than GK, and Gk, DF 
greater than AC; therefore it is poffible to make a triangle of /ines equal to 
AC, DF, GK. 

OTHERWISE. Let ABC,DEF,GHK be the three given plane angles, 
of which let two be greater than the remaining one, being interchanged 
every way; but let the equal ftraight lines AB, BC, DE, EF, GH, HK 
contain them; and let AC, DF,GK be joined: I fay that it is pof- 
fible to make a triangle of /izes equal to AC, DF, GK ; that is, again, 
that the two are greater than the remaining one, interchanged every way. 
Now again, if the angles at the points B, E, H are equal, alfo AC, DF, GK 
will be equal; and the two will be greater 
than the remaining one: but, if not, let the 
angles at the points B, E; FI be unequal; and 
let the ang/e at B be greater than either of thofe 
at E, H ; therefore alfo the ftraight line AC 
Is greater than either of the lines DF, GK ; 
and it is evident that AC, with either of the lines DF, GK, is greater 
than the remaining one. I fay that alfo DF, GK are greater than AC, 
make with the ftraight line AB, and at the point B in it, the angle ABL 
equal to GHK ; and make BL equal to one of the /ines AB, BC, DE, EF, 
GH, HK; and let AL, LC be joined: and becaufe the two AB, BL are 
equal to the two GH, HK, each to each, and they contain equal angles, 
therefore the bafe AL is equal to the bafe GK; and becaufe the angles at 
the points E, H are greater than ABC, of which the angle GHK is equal to 
ABL, therefore the remaining angle at E is greater than LBC; and be- 
caule the two LB, BC are equal to the two DE, EF, each to each, and the 

angle 
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angle DEF greater than the "T LBC; therefore the bafe DF 1s greater Book XI. 
than the bafe LC : but GK has been demonftrated to Ze equal to AI.; there- — 
fore DF, GK are greater than AL, LC: but AL, LC are greater than AC; 
therefore DF, GK are greater by much than AC; therefore two of the ftraight 
lines AC, DF, GK are greater than the remaining one, being interchanged 
every way: therefore it is poffible to make a triangle of "e equal to 
AC,DF,GK. Which was to be demonttrated. 


P RO P. XXIII. 


To make a folid angle of three plane angles, two of which are 
greater than the remaining one, being interchanged every way ; but 
it 1s necetfary that the three be lefs.than four right angles. 


Let ABC, DEF, GHK be the three given plane angles; let two of which 
be greater than the remaining one, being interchanged every way; and 
befides /et the three de lefs than four right angles: now it is required to 
make a folid angle of angles equal to ABC, DEF,GHK. Let AB, BC, DE, 
. EF, GH, HK he taken equal; and Jet AC, DF, GK be joined; therefore it 

is poffible (by 22. 11.) to make a triangle of dines equal to AC, DF, GK: 

let LMN be made, fo that AC be equal to LM, DF to MN, and befides 

GK to LN ; and let the circle LMN be defcribed about the triangie LMN, 

and let the center of it be taken: now, certainly, it will be either within the 
triangle LMN, or in one of the fides of it, or without.  Firít, let it be. 
within, and let it be O ; and let LO, MO, NO be joined; I fay that AB is 
greater than LO: for if not, AB is either equal to LO, or lefs : let it firft 

be equal; and becaufe AB is equal to LO, but AB is equal to BC, therefore 

LO is equal to BC ; but LO ts equal to OM ; therefore the two AB, BC 
are equal to the two LO, OM, each to each; and the bafe AC is fuppofed 
equal to the bafe LM ; therefore the angle ABC is equal to LOM. Cer- 
tainly, for the fame reafon alfo, DEF is equal to MON, and befides GHK 
to LON;; therefore the three angles ABC, DEF, GHK are equal to the 
three LOM, MON, NOL: but the three LOM, MON, NOL are equal to 
four right angles; therefore alfo the three ABC, DEF, GHK are equal ta ` 
four right angles : but they are alío' fuppofed lefs than four right angles, 
which is abfurd ; therefore AB is not equal to LO. I fay that neither is AB 

H h lefs 
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Book XI. lefs than LO: for, if poffible, let 
— equal to BC ; and let PQ. be joined : 
OP is equal to OQ; fo that alfo the rema 
OM ; therefore LM is parallel to PQ; and 
' LMO is equiangular to PQO; ther efore it 
is as OL to LM fo is OP to PO; there- 
fore, alternately, OL is to OP as LM 
to PQ: but LO is greater than OP; there- 
fore alfo LM is greater than PQ: but 
LM is fuppofed equal to AC; therefore 
alfo AC is greater than PQ; therefore, 
becaufe the two ftraight lines AB, BC are X E i 
equal to the two PO, OQ; and the bafe A. 
AC is greater than the bafe PQ, therefore (by 25. 1.) the angle ABC is 
greater than POQ: certainly in the fame manner we fhall demonftrate that 
DEF is alfo greater than MON, and GHK than NOL, therefore the three 
angles ABC, DEF, GHK are greater than the three LOM, MON, NOL: 
dcs but the angles ABC, DEF, GHK are fuppofed lefs than four right angles ; 
therefore the angles LOM, MON, NOL are lefs, by much, than four right 
angles: but they are alfo equal (by cor. 15. 1.) to four right angles, which 
is abfurd ; therefore AB is not lefs than LO: but it has been demonftrated 
that neither is if equal; therefore AB is greater than LO. Now Jet OR 
be erected (by 12. 11.) at the point O, at right angles to the plane of the 
circle LMN ; and by what the fquare of AB is greater than the /guare of 
LO, to that let the /guare of OR (by the following lemma, or by lem. to 
15.10.) be made equal; and let RL, RM, RN be joined. And becaufe 
OR is perpendicular to the plane of the circle LMN, therefore OR is alfo 
(by 3. def. 11.) perpendicular to each of the lines LO, MO, NO; and 
becaufe LO is equal to MO, but OR is common, dnd at right angles, there- 
fore (by 4. 1.) the bafe LR is equal to the bafe RM: certainly, for the 
fame reafon alfo, RN is equal to each of the Zines RL, RM: therefore the 
three RL, RM, RN are equal to one another: and becaufe by what the 
Jquare of AB is greater than the /guare of LO, to that the /guare of OR is 
fuppofed equal; therefore the /guare of AB is equal to the /guares of LO,OR: 
but the /guare of RL is equal to the /guares of LO,OR; for LOR is a 
right angle; therefore the /yuare of AB is equal to the quare of RI; there- 
2 fore 


let it be; and put OP equal to AB, and OQ 
and becaufe AB is equal to BC, and 
inder PL is equal to the remainder 
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fore AB is equal to RL: but each of the //ses BC, DE, EF, GH, HK js Book XI. 
equal to AB; and each of the lines RM, RN is equal.to RL; therefore 
each of the dines AB, BC, DE, EF, GH, HK are equal to cach of the Jines 
RL, RM, RN : and becaufe the two LR, RM are equal to the two AB, BC, 
and the bafe LM is fuppofed equal to the bafe AC, therefore (by 8. 1.) 
the angle LRM is equal to the angle- ABC: certainly, for the fame reafon 
alfo, the angle MRN is equal to DEF, and LRN to GHK; therefore 
of the three plane angles LRM, MRN, LRN, which are equal to the three 
given angles ABC, DEF, GHK, a folid angle is made, the angie at R, con- 
tained by the angles LRM, MRN, LRN. 

But now let the center of the circle be in MN, one of the fides of the 
triangle; and let it be O; and let OL, be joined ; I fay again that AB is 
greater than LO : for if not, AB is either equal to LO or lets: firft, Jet it 
be equal: now the two AB, BC, that 
is, DE, Et are equal to the two MO, OL, 
that is; to MN; but MN is put equal 
to DF; therefore alfo DE, EF are equal 
to DF, which (by 20. 1.) is impoffible ; 
therefore AB zs not equal to LO: but 
in like manner «ee demcnffrate that it is 
not lefs, for it would be more abfurd 


by much; therefore AB is greater than 
LO : and in like manner, if we fhall ere& 253 
at right angles to the plane of the circle 


A. C 





a line, tbe fquare of which as the /quare 
of RO is equal to that by which the /guare of AB is greater than the /guare 
of LO, the problem will be compleated. 

But now let the center of the circle be-without the triangle LMN ; and 
let LO, MO, NO be joined : now I fay that alfo thus AB is greater than 
LO ; for, if not, it is either equal, or lefs: firft, let it be equal; then the 
two AB, BC are equal to the two MO, OL, each to each, and the bafe AC 
is equal to the bafe ML; therefore the angle ABC is equal to the angle 
MOL. Certainly, for the fame reafon alfo, GHK is equal to LON; 
therefore the whole MON is equal to the two ABC, GHK: but alfo 
ABC, GHK are greater than DEF; therefore MON is greater than DEF: 
and becauíe the two.DE, EF are equal to the two MO, ON, and the bafe 

Hh 2 DF 
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- therefore (by 2.6.) LM is parallel to 
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DF equal to the bafe MN, therefore the angle MON (by 8. r.) is equal 
to the angle DEF : but it has been demonftrated alfo ¢o de greater, which 
is abfurd ; therefore AB is not equal to LO: but afterwards we fhall de- 
monftrate, that neither is it lefs; therefore greater: and again, if we fhall 
ereét OR at right angles to the plane 

of the circle, and put its /guare equal 

to that by which [the fquare of] AB ` 
is more in power than [the fquare of] __ 
LO, the problem will be compleated. . 

Now I fay that neither 1s AB lefs than 
LO: for, if poffible, let it be; and 
make OP equal to AB, and OV to 
BC ; and let PV be joined: and be- 
caufe AB is equal to BC, alfo OP is 
equal to OV ; fo that alfo the remain- 
der PL is equal to the remainder VM; 


PV; and the triangle LMO is equi- 
angular to the triangle VOP ; there- 
fore it is as LO to LM fo zs OP to 
PV; and, alternately, as LO to OP fo is LM to PV: but LO is greater 
than OP ; therefore LM 1s greater than PV: but LM is equal to AC; 
therefore allo AC is greater than PV: now becaufe the two AB, BC are 
equal to the two PO, OV, each to each, and the bafe AC is greater than 
the bafe PV, therefore the angle ABC is greater than POV: certainly, in 
the fame manner we fhall demonftrate, that the angle GHK is greater than 
POQ, if we take OQ_equal to either of the lines OP, OV, and join PQ. 
Now with the ftraight line LO, and at the point O in it, let the angle LOS 
be made equal to the angle ABC, and LOT equal to GHK ; and let each 
of the lines OS, OT be put equal to OP; and let PS, PT, ST be joined: 
and becaufe the two AD, BC are equal to the two PO, OS, and the angle 
ABC equal to the angle POS, therefore the bafe AC, that is LM, #5 
equal to the bafe PS : certainly, for the fame reafon alfo, LN is equal to 
PT : and becaufe the two ML, LN are equal to the two PS, PT, and the 
angle MLN is greater than the angle SPT, therefore the bafe MN is greater 
than the bafe ST: but MN is equal to DF; therefore alfo DF is greater 

than 
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than ST: then becaufe the two DE, EF are equal to the two SO, OT, and Book XT. 
the bafe DF greater than the bafe ST, therefore the angle DEF is greater 
than the angle SOT : but the angle SOT is equal to ABC, GHK;; there- 
foré DEF is greater than ABC, GHK; but alfo (by hyp.) lefs, which is 
impoffible. 
_ Lemma. We fhall demontftrate thus, in what manner the fquare of OR 
Is to be taken equal to that. by which the fquare of AB is greater than the 
fquare of LO. 

I et two ftraight lines AB, C be taken ; and let AB be the greater, and 
let a femicircle ADB be defcribed upon it; and let AD be pu in it equal. 
to C; and let DB be joined. Then becaufe the 
angle ADB is in the femircircle ABD, there- 
fore ADB is a right angle; therefore (by 47. 1.) 
the /guare of AB is equal to the /guares of 
AD, DB: fo that the /guare of AB is greater 
than tte /guare of AD by the /quare of DB. 
Now if we take C equal to LO, and RO equal to DB, the quare of AB will 
be greater than the /guare of LO by the /guare of RO. Which was propofed 


to be done. 





PROP XXIV. |. 


. If a folid'be contained by parallel planes, the oppofite planes of 
it are equal, and alfo parallelograms. . 


For let the folid CDHG be contained by the parallel planes AC, GF, AH, 
DF, FB, AE; I fay that the oppofite planes of it are equal, and alfo parale 
lelograms. For becaufe the two parallel planes BG, CE are cut by the plane 
AC, the common feétions of them (by 16. 11.) are parallel; therefore AB 1s 
parallel to DC : again, becaufe the two parallel planes BF, AE are cut by the 
plane AC, the common fections of them are parallel; therefore AD 1s parallel 
to BC: but AB has alfo been demonftrated fo d¢ parallel to DC; therefore 
AC is a parallelogram: certainly, in like manner, we fhall demonftrate that 
each of the figures DF, FG, GB, BF, AE is a parallelogram. Let AH, DF 
be joined: and becaufe AB is parallel to DC, and BH to CF; now the 
two AB, BH, touching one another, are parallel to the two ftraight lines 
DC, CF, touching one another, not in the fame plane; therefore (by 10. 11.) 


they contain equal angles; therefore the angle ABH is equal to DCF: and 
becaufe 
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‘Book XI. becaufe the two AB, BH are equal to the two DC, CF, and the angle ABH 

‘v= «equal to the angle DCFE, therefore the bafe AH is equal 

. to the bafe DF ; and the triangle ABH is equal to the 

triangle DCF ; and the parallelogram BG is double of 

the triangle ABH.; and the parallelogram CE is double 

of the triangle DCF; therefore the parallelogram BG is 

equal to the parallelogram CE: certainly in the fame 

‘manner we fhall demonftrate, that AC is equal to GF, 

and AE to BF. Therefore if a folid be contained by parallel planes, the 

oppofite planes of it are equal, and alfo parallelograms. Which was to be 
demonftrated. 
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i PROP. XXV. 
If a folid parallelepiped be cut by a plane, being parallel to the 
oppofite planes, it will be as the bafe to the bafe fo is the {olid to 


the folid. 


For let the folid parallelepiped ABCD be cut by the plane YE, being 
parallel to the oppofite planes RA, DH; I fay that it is as the bafe AEFV 
to the bafe FHCF fo is the folid ABFY to the folid EGCD. For let AH 
‘be produced towards both parts; and let any number of Zines HM, MN be 
put equal to EH, and AK, KL equal -to AE; and let the parallelograms 
LP, KV, HU, MS be compleated, and the folids AQ, KX, DM, MT : and 
becaufe the ftraight lines LK, KA, AE are equal to one another, alío the 
parallelograms (by 38. 1.) LP, KV, AF are equal to one another; and 
KO, KB, AG are equal to one another; and befides (by 24. 11.) LX, KQ, 
-AR, for they are oppofite. Certainly, 
for the fame reafon alfo, the parallelo- : KC 
grams EC, HU, MS are equal to one 
another; and HG, HI, IN are equal to € TO 
one another; and befides, DH, MZ, NT: 
therefore three planes of the folids LQ) 
KR, AY are equal to three planes; and the three planes oppofite to thefe 
three are equal; therefore (by 10. def. 1 1.) the three folids LQ, KR, AY 
are équal to one another. Certainly, for the fame reafon alfo, the three 
folids ED, DM, MT are equal to one another. "Therefore whatíoever mul- 
tiple the bafe LF-is of the bafe AF, the fame multiple alfo is the folid 

LY 
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LY of the folid AY. Certainly, for the fame reafon alfo, whatíoever mul- Book XR. 
tiple the bafe NF is of the bafe HF, the fame multiple alfo is the folid NY 
of the folid HY ; and if the bafe LF be equal to the bafe NF, alfo the. 
folid LY is equal to the folid NY; and if the bafe LF exceed the bafe NF, 
the {olid LY alfo exceeds the folid NY; and if lefs, lefs: now there being 
four magnitudes, two bafes AF, FH, and two folids AY, YH, equimul- 
tiples have been taken of the bafe AF, and of the folid AY, viz. the bafe- 
LF and the folid LY ; and alfo of the bafe HF and of the folid HY, viz.. 
the baíe NF and the folid NY: and it has been demonftrated that if the- 
bafe LF exceed the bafe NF, alfo the folid LY exceeds the folid NY; 
and if equal, equal; and if lefs, lefs: therefore (by 5. def. 5.) it is as the 
bafe AF to the bafe FH fo is the folid AY to the folid HY. Which was. 
to be demonftrated. 


PROP XXVI. 


With a given ftraight line, and at a point in it, to make a folid 
angle equal to a given folid angle. 


Let AB be the given /ine, and the point in it the point A; and the given 
folid angle, the angle at D, contained by the plane angles EDC, EDF, FDC:- 
now it is required with the ftraight line AB, and at the point A in it, to. 
make a folid angle equal to the folid angle at D. Let F, any point that. 
may accidentally happen, be taken in DF; and from the point E. lec FG 
be drawn perpendicular to the plane through ED, DC,, and let it meet the 
plane in G; and let DG be joined ; and with the ftraight line AB, and at 
the point A init, let the angle BAL be made equal to the angle EDC, 
and BAK to EDG; and put AK equal to DG; and (by r2..11.) let 
KH be erected from the point K, at right angles to the plane through. 
BAL; and let KH be put equal to GF; and lec HA be joined: I fay 
that the folid angle at A contained by-the angles BAL, BAH, HAL is equal 
to the folid angle at D contained by the angles EDC,EDF, FDC. For. 
let AB, DE be taken equal; and let HB, KB; FE, GE be joined: and 
becaufe FG is perpendicular to the plane laid down, therefore (by 3. def. 11.) 
it will make right angles with all the ftraight lines meeting it, and being in 
the plane laid down; therefore each of the angles FGD, FGE is a right 
angle: certainly, for the fame reafon alfo,. each of the angles HKA, HKB 

IS. 


240 THE ELEMENT: 


Book XI. is aright angle; and becaufe the two KA, AB 


2 D 
==. are equal to the two GD, DE, each to each, : 
: and contain equal angles, therefore the bafe 
BK is equal to the bafe GE, and KH is Le C 
alfo equal to.GF ; and they contain right B E 
angles; therefore alfo FIB is equal to FE: K H " 


again, becaufe the two AK, KH are equal to the two DG, GF, and contain 
right angles, therefore the bale AH is equal to the bafe DF: but AB is 
alfo equal to DE: now the two HA, AB are equal to the two ED, DE; 
and the.bafe HB is equal to the bafe FE ; therefore the angle BAH is equal - 
to the angle EDF: certainly, for the fame reafon alfo, HAL is’equal to 
FDC; fince, if we take the equal lines AL, DC, and join KL, HE; 
GC, FC; becaufe the whole BAL is equal to the whole EDC, of which 
BAK is fuppofed equal to EDG, therefore the remainder KAL is equal 
to the remainder GDC : and becaufe the two KA, AL are equal to the two 
GD, DC, and contain equa! angles, therefore the bafe KL 1s equal to the 
bafe GC; but KH is alfo equal to GF.: now the two LK, KH are equal to 
the two CG, GF, and contain right angles; therefore the bafe HL is equal 
to the bafe FC: and becaufe the two HA, AL are equal to the two FD, DC, 
and the bafe HL 1s equal to the bafe FC, therefore the angle HAL is 
equal tothe angle FDC; but BAL is alfo equal to EDC. Therefore 
with a given ftraight line, ahd a point in it, a folid angle has been made 
equal to the given folid angle. Which was to be done. 


PROP. XXVII. 


‘Upon a given ftraight line to defcribe a folid parallelepiped, 
fimilar, and fimilarly fituated to a given folid parallelepiped. 


Let AB be the given ftraight line, but DC the given folid parallelepiped : 
now it is required upon the given ftraight line AB to defcribe a folid paral- 
lelepiped, fimilar, and fimilarly fituated to the given folid parallelepiped 
DC. For with the ftraight line AB, and at the point A in it, let (by 26. 
11.) a folid angle be made equal to the {olid angle at C, the angle-con- 
tained by BAH, HAK, KAB; fo that the angle BAH be equal to ECF, 
and BAK to ECG, and befides KAH to GCF: -and let it be made as EC 


to 
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to CG fo is BA to AK; and as GC to CF fo is KA, AH; therefore, by Book XI. 
equality, it is as EC to CF fo is BA to AH: and let the parallelogram BH —- 
and the folid AL be compleated. And becaufe it is as EC to CG fo is BA 

to AK, the fides about the equal angles ECG, BAK 
are proportionals; therefore the parallelogram GE 
is fimilar to the parallelogram BK: certainly, for 
the fame reafon alfo, the parallelogram KH is fimilar 
to the parallelogram GF ; and befides, FE to HB: 
therefore three parallelograms of the folid CD are 
fimilar to three parallelograms of the folid AL: but | 
(by 24. 11.) the three are equal, and fimilar to the three oppofite; there- 
fore the whole folid CD is fimilar to the whole folid AL. Therefore, upon 
a given ftraight line AB, a folid parallelepiped has been deicribed, fimilar, 
and fimilarly fituated to the given folid parallelepiped CD. Which was to 
be done. 





P R O P. XXVIII. 


If a folid parallelepiped be cut by a plane through the diagonals 
of the oppofite planes, the folid will be cut in halves by the plane. 


For let the folid parallelepiped AB be cut by the plane CDEF through 
the diagonals of the oppofite planes CF, DE ; I fay that the folid AB will 
be cut in halves by the plane CDEF. For becaufe the triangle CGF 1s 
equal to the triangle CBF, and the ¢riangle ADE to 
DEH ; but alfo the parallelogram CA is equal to BE (by 
24. 11.), for they are oppofite ; and GE to CH ; there- 
fore alfo (by 11. def. 11.) the prifm contained by the 
two triangles CGF, ADE and the three parallelograms 
CA, GE, CE, is equal to the prifm contained by the two 
triangles CFB, DEH and the three parallelograms CH, BE, CE; for they 
are contained by planes equal in multitude and magnitude: fo that the 
whole folid AB has been cut in halves by the plane CDEF. Which was to 
be demonítrated. | 





^ PROP. ` XXIX. 


Solid parallelepipeds being upon the fame bafe, and of the fame 
li altitude, - 


. Book XI. 
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altitude, the ftanding lines of which are in the fame ftraight line, 


are equal to. ore another. 


Let the folid parallelepipeds CM, CN be upon the fame bafe AB, being 
of the fame altitude; of which let the ftanding lines AF, AG, LM, LN, 
CD, CE, BH, BK be in the fame ftraight lines FN, DK; I fay that the folid 


. CM is equal to the folid CN. For becaufe each of'the figures CH, CK 


is.a parallelogram, CB is equal to each of the ¿ines DH, EK; fo that alfo 
DH is equal to EK: let the common part EH be taken away; there- 
fore: the remainder DE is equal to the remainder HK; fo that alfo the 
triangle DEC is equal to the triangle HKB, and the parallelogram DG to 
the parallelogram HN. Certainly, for the 
fame reafon alfo, the triangle AFG is equal 
to the rnangle LMN: but the parallelogram 
CF is alfo equal to the parallelogram BM, 
and CG to BN (by 24. 11.), for they are op- 
pofite ; therefore alfo the prifm contained by 
the two triangles AFG, DEC and the three 
parallelograms AD, DG, GC, 1s equal to the. 
prifm contained by the two triangles LMN, HBK and the bres parallelo- 
grams BM, NH, BN: let the common folid be added, the bafe ot which is 
the parallelogram AB, and GEHM the one oppofite to it; therefore the 
whole, the folid parallelepiped CM, is equal to the whole, the folid paral- 
lelepiped. CN. Therefore folid parallelepipeds being upon the fame bafe, 
and of the fame altitude, the ftanding Zines of which are in the fame ftraight 
lines are equal to one another.. Which was to be demonftrated. 





t 


PROP. XXX. 


The {olid parallelepipeds being upon the ‘fame bafe, and of the 
fame altitude, the ftanding /mes of which are not in the fame — 
lines, are equal to one another. 


For let the folid parallelepipeds CM, CN be upon the fame bafe AB, 
and of the fame altitude; of which let the ftanding Zines AF, AG, LM, LN, 
CD, CE, BH, BK not be in the fame ftraight lines; I fay that the folid CM 
is equal to the folid CN; For let NK, DH, and befides GE,.FM be pro- 

duced; 
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produced; and let them meet one another in the points P,R ; Q O; <a Book Xt. 
let AO, LP, CQ, BR be joined: cer- l emm 
tainly the folid CM, the bafe of which 
is the parallelogram ACBL, and FD 
HM the one oppofite to it, is equal 
to the folid CP, the bafe of which ts 
the parallelelogram ACBL, and OQ_ 
RP the one oppofite to it (by 29. 
1 1.) ; for they are upon the fame bafe 
ACBL, and the ftanding Zines of them 
AF, AO, LM, LP,CD,CQ, BH, BR 
are in the faine ftraight lines FP, DR: 
but the folid CP, the bafe of which is the parallelogram ACBL, and adhe 
- the one oppofire to it, is equal to the folid CN, the bale of which is the 
parallelogram ACBL, and GEKN the one oppofite to it; for they are upon 
the fame bafe ACBL, and the ftanding Zines of them AG, AO, CE, CQ; 
LN, LP, BK, BR are in the fame ftraight lines GQ, NR: fo that alfo (by 
com. not. 1.) the folid CM is equal to the folid CN. Therefore the folid 
parallelepipeds upon equal bafes, and of the fame altitude, the ftanding 
lines of which are not in the fame ftraight lines, are equal to one another. 
"Which was to be demonftrated. 





P R O P. XXXI. 
The folid parallelepipeds being upon equal bafes, and il the 


fame altitude, are equal to one another. 


Let the folid parallelepipeds AE, CF be upon equal bafes AB, CD ; and 
of the fame altitude : I fay that the folid AE is equal to the folid CF. Now 
' firft, let the ftanding lines HK, BE, AG, LM, PQ, DF, CO, RS be at right 
angles to the bafes AB, CD; -but /et the angle ALB "e to the angle 
CRD; and let RT be produced in 
a ftraight line to the ftraight line CR ; 
and with the ftraight line RT, and at 
the point R in it, let the angle TRY 
be made equal to the angle ALB ; 
and let RT be put equal to AL, and 
RY equal to LB; and through the 
Piz `. point 


cm eque N 
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point Y let UY be drawn parallel to RT'; and let both the bafe RU and: 
the folid VY be compleated: and becaufe the two TR, RY are equal to 
the two AL, LB, and contain equal angles, therefore alfo the parallelo- 
gram RU 1s equal, -and fimilar to the parallelogram HL: and again, 
becaufe AL is equal to RT, and LM to RS; and they contain right 
angles ; therefore the parallelogram RV is equal and fimilar to the paral- 
lelogram, AM : certainly, for the fame reaíon alfo, LE is equal and fimilar 
to SY ; therefore the three parallelograms of the folid AE are equal and 
fimilar to the three parallelograms of the folid VY : but the three are equal 
and fimilar to the three oppofite ones; therefore (by 1:0. def. 11.) the 
whole foltd parallelepiped AE is equal to the whole folid parallelepiped VY. 
Let DR, UY be produced, and let them meet one another in X; and: 
through T let T7 be drawn parallel to DX; and let Tt and PD be 
produced, and let them be joined in a; and let the folids XV, RI be 


' compleated: certainly (by 29. 11.) the folid XV, the bafe of which 


is the parallelogram RV, but the oppofite one Xp, is equal to the folid 
VY, the baíe of which is the parallelogram RV, and the oppofite one 
YZ; for they are upon the fame bafe RV, and of the fame altitude, 
and the ftanding lines of them RX, RY, T7, TU, Ss, SN, Vp, VZ are 
in the fame ftraight lines UX, sZ: but the folid VY is equal to AE; 
therefore alfo the folid VX is equal to the folid AE : and becaufe the paral- 
lelogram RYUT is equal to the parallelogram XT, for they are upon the 
fame bafe RT, and between the fame parallel lines RT, UX ; buc RYUT 
is equal to CD, becaufe it'alfo is equal to AB; therefore alfo the paral- 
lelogram XT is equal to CD: but DT 1s another parallelogram ; therefore 
it 1s (by 7. §.) as the bafe CD to DT fois XT to DT: and becaufe the 
folid parallelepiped CI has been cut by the plane RF, being parallel to the 
oppofite planes, it is (by 25. 11.) as the bafe CD to the bafe DT fo is the 
folid CF to the folid RI; certainly, for the fame reafon alfo, becaufe the 
folid parallelepiped XI has been cut by the plane RV, being parallel to the 
oppofite planes, it is as the bafe X T to the bafe DT fo is the folid XV to 
the folid RI: but as the bafe CD to the 2afe D'Y fois XT to TD; there- 
fore alfo (by r1. 5.) as the folid CF to the folid RI fo is the folid XV to the 
folid RI; therefore each of the folids CF, XV have the fame ratio to RI; 
therefore (by 9. 5.) the folid CF is equal to the folid XV: but XV has 
been demonftrated to be equal to AE; therefore alfo AE is equal to CF. 
Now let the ftanding lines AG, HK, BE, LM, CO, PQ; DF, RS not be at 
| 2 right 
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right angles to the bafes 
AB,CD: I fay again, 
that the folid AF is 
equal to the folid CF. 
From the points K, E, 
G, M, QF, O,S, let 
the perpendiculars KN, 
ET, GY, MZ, QU, ~, Z BOX | IR 
FV, OX, SI be drawn (by 11. 11.) to the plane laid dowr ; and let them 
meet the plane in the points N, Y, Y, Z, X, U,V,I; and.let NT, YZ, 
NY, TZ, XU, UV, VI, XI be joined: certainly the folid KZ is equal to 
the folid QI; for they are upon equal bafes KM, QS, and of the fame alti- 
tude, the (tanding lines of which are at right angles to their bafes: but the 
{olid KZ is equal {by 30. 11.) to the folid! AE, and QI to CF, for they 
are upon the fame bafe, and of the fame altitude, the ftanding lines of 
which are not in the fame ftraight lines; therefore the folid AE is equal to 
the {olid CF. Therefore the folid parallelepipeds, being upon equal bafes, 
and of the fame altitude, are equal to one another. Which was to be de- 
monítrated. |j 


G Rc PRESS 








PROP. XXXII. 
The folid parallelepipeds being of the fame altitude, are to one 
another as the bafes. 


_ Let AB, CD be two folid parallelepipeds of the fame altitude ; I fay that 


the {olid parallelepipeds AB,CD are to one another as the bales; that is, 
as the bafe AE to the bafe CF fo is the folid AB to the folid CD. For let. 
FH be applied to FG equal to AE ; and let the 
folid parallelepiped GK be compleated:from the 
bafe FG, and of the fame altitude with CD: now 
the folid AB (by 31.11.) is equal to the folid 
GK, for they are upon equal bafes AE, FH, and. 
of the fame altitude: and becaufe the foiid paral- . 
lelepiped CK is cut by the plane DG, being oppofite to the parallel planes, 
therefore it is (by 25. 11.) as the bafe HF to the bafe CF fo is the folid HD 
to the folid DC : but the bafe FH is equal to the bafe AE ; and ¢berefore 
the 
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Book X{. the.folid GK to the folid AB: therefore it is as the bafe AE to the bafe CF 
tym fo is the folid AB to the folid CD. Therefore the folid parallelepipeds, 
being of the fame altitude, are to one another as che bafes. ' Which was to 
be demonítrated. 


P RO P. XXXIII. 


The fimilar folid parallelepipeds are to one another in the tripli- 
cate ratio of the fides of like ratio. 


r «Let AB, CD be fimilar folid parallelepipeds, and let AE be the fide of 
like ratio with CF ; I fay that the {olid AB has to the-folid CD the tripli- 
cate ratio of that which AE bas to CF. For let EK, EL, EM be pro- 
duced in ftraight lines with AT-, GE, HE; and let EK be put equal to CF, 
‘and EL equal to FN, and befides EM equal to FR: and let the paral- 
lelogram KL, and the folid KP be compleated. And becaufe the two 
EK, EL are equal to the two CF, FN; but alio the angie KEL ts equal to 
the angle CFN, fince:the angle AEG is equal to CFN, by reafon of the 
fimilarity of the folids AB, CD ; therefore the parallelogram KL is equal 
and fimilar to the parallelogram CN: certainly, for the fame reafon alfo, the 
parallelogram KM is equal and fimilar to the parallelogram CR; and be- 
fides, PE to DF; therefore three parallelograms of the folid KP are equal 
and fimilar to three parallelograins of the folid CD: but the three are equal 
and finular (by 24. 11.) to the three oppofite ones; therefore (by 10. 
def. 11.) the whole folid KP is equal and 
'fimilar to the whole folid CD. Lert the pa- 
' srallelogram GK be compleated; and from 
the parallelograms GK, KL as bafes, but. 
of the fame altitude with AB, let the folids 
FO, LQ _ be compleated: and becaufe, by 
, reafon of the fimilarity of the folids AB, CD, 
it is as AE. to CF fo is EG to FN ; and EH 
to FR; but FC is equal to EK, and FN | 
to EL, and FR to EM ; therefore it is as AE to EK fo is GE to EL, and 
HE. to EM : but (by 1. 6.) as AE to EK fo is the parallelogram AG to the 
parallelogram GK ; and as GE to FL fo is GK to.KL ; and as HE to EM 
fo is QE to KM; therefore alfo as the parallelogram AG to GK fo is GK 


LO 
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to KL, and QE to KM: but as AG to GK (by 32. 11.) fo is the folid 
AB to the {olid EO; and as GK to KL fo is the folid EO to the folid 
QL; and as QE to KM {o is the folid QL to the folid KP; therefore alfo 
as the folid AB to EO fo is EO to QL, and fo is QL to KP: but (by r1. 
def. c.) if four magnitudes be continual proportionals, the firft has to the 
fourth the triplicate ratio of that which it bas to the fecond; therefore alfo 
the folid AB has to the folid KP the triplicate ratio of that ‘which AB has 
to EO: but as AB to EO fo is the parallelogram AG to GK (by 32. 11.); 
and (by 1. 6.) /o ts the ftraight line AE to EK : fo that alfo the folid AB 
has to the folid KP the triplicate ratio of that which AE bas to EK: but the 
folid KP is equal to the folid CD, and the ftraight line EK to CF; there- 
fore alfo the folid AB has to the folid CD the triplicate ratio of that which 
AE, the fide of like ratio of it, bas to CF the fide of like ratio. Which 
was to be demonftrated.* 

Cor. Certainly from this it is evident that, if four ftraight lines be con- 
tinual proportionals, it will be as the firít to the fourth fo is a folid paral- 
lelepiped upon the firft to one fimilar and fimilarly defcribed upon the fecond ; 
fince the firít alío has to the fourth the triplicate ratio of that which it 
bas to the fecond. 


PROP. XXXIV. 


The bafes of equal folid parallelepipeds are reciprocally propor- 
tional to the altitudes ; and of what folid parallelepipeds the bafes 
are reciprocally proportional to the altitudes, thofe are equal. 


Let AB, CD be equal folid parallelepipeds; I fay that the bafes of the 
folid parallelepipeds AB, CD are reciprocally propor tional to the altitudes ; 
and that it is as the bafe EH to the bafe NQ. fo is the altitude of the folid 
CD to the altitude of the folid AB. For firft let the ftanding lines AG, 
EF,LB, HK, CM, NO, PD, QR be at right angles to the bafes of them; 
I fay that it is as the bafe EH to the bafe NQ_fo isCMtoAG. Nowif 
the bafe EH be equal to the bafe NQ, but the - te 
folid AB is (by hyp.) equal to the folid CD, alfo —— 
CM will be equal to AG; for the bafes EH, NQL lili 
equal, neither therefore will the folid AB be equal NI E 


being equal, if the altitudes AG, CM be not H 
to the folid CD (by 31; 11.) : but it is fuppofed 
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to the folid VC fo zs the bafe EH to the 
:bafe NQ. (by 32. 11.) ; for the folids AB, 


.CD to rhe folid CV fo is the bafe MQ (by 
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equal; therefore the altitude CM is not unequal to the altitude AG, 
therefore equal; and it will be as the bafe EH to the da/e NQ fo is CM to - 
AG ;- and. is evident that the bafes of the folid parallelepipeds AB, CD are 


.reciprocally proportional to the altitudes. 


Now let the bafe EH not be equal.to the bafe NQ, but let EH be greater; 
but alfo the {olid AB is.equal to the folid CD ; therefore alfo CM is greater 
than AG; for, if not, neither again (by 31. 11.) will the folids AB, CD 
be equal ; but they are fuppofed equal: now put CT equal to AG; and 
upon the bafe N Q, with the altitude CT, let the folid parallelepiped VC be 
compleated : and becaufe the folid AB is equal to the folid CD, and VC is 
fome other /o/id ; but (by 7. 5.) the equal magnitudes have the fame ratio to 
the fame magnitude; therefore as the folid AB to the folid VC fo is the folnd 
CD to the folid VC: but as the folid AB 


CV dave equal altitudes: but as the folid 


25.11.) to the bafe QT,.and.(by 1.6.) MC 
to CT; therefore as the bafe EH tothe 





bafe NQ fo is MC to' CT : but CT is equal 


to AG; therefore alfo as the bafe EH to the bafe NQ fo is MC to AG; 
therefore the bafes of the egua/ folid parallelepipeds AB, CD are recipro- 
cally proportional t to the altitudes. 

. Now, again, let the bafes of the folid parallelepipeds AD, CD be reci- 
procally proportional to the altitudes; and let it be as the bafe EH to the 
bafe NQ fo is the altitude of the folid CD to the altitude of the folid AB; 
I fay that the folid AB is equal to the fold CD. For again, let the ftand- 
ing lines be at right angles to the bafes: and if the bafe EH is equal to 
the bafe NQ; and it is (by hyp.) as the bale EHI to the bafe NQ fo is the 
altitude of the folid CD to the altitude of the folid AB; therefore alfo 
the altitude of the iolid CD is equal to the altitude of the folid AB: but 
(by 31. 11.) the folid parallelepipeds being upon equal bafes, and of the 
fame altitude, are equal to one another; and therefore the folid AB is equal 
to the folid CD. ' 

Now let the bafe EH not be equal to NQ> "dnd lec EH be the greater ; 
therefore alfo the altitude of the folid CD is greater than the altitude of 

| the 


OF- EUCLID 2.40 


the folid AB; that is, CM ¢s greater than AG: again, put CT equal to AG, Book XT. 
and in lke manner let the folid CV be compleated. Now becaufe it is as ——" 
the bafe EH to the baíe NO fo is MC to AG, and AG is equal to CT, 
therefore it is as the bafe EH to the bafe NQ fo zs MC to CT: but as the 
bafe EH to the bafe NQ_fo is the folid AB to the folid CV (by 52. 11.); 
for the folids AB, CV are of equal altitudes; and as MC to CT fo is the 
bafe MQ to the bafe QT; and (by 25. 1 1.) fo is the {olid CD to the /c/id 
CV; therefore as the folid AB to the folid CV fo is the folid CD to the 
folid CV: theréfore each of the /olids AB, CD has the fame ratio to the fame 
felid CV; therefore (by 9. 5.) the folid AB is equal to the folid CD. Which 
was to be demonftrated. 
^. Now let the (tanding /fraigb lines FE, BL, GA, KH, ON, DP,MC,RQ. 
not be at right angles to the baífes of them ; and (by 1r. 11.) let perpen- 
diculars be drawn from the points F, G, B, K,O, M, D, R to the planes of the 
bafes EH, NQ ; and let them meet the planes in the points S, T, Y, V, X, 
U, 4, Z ; and let the folids FV; OZ be compleated: I fay that thus alfo, 
the folids AB, CD being equal, the bafes are reciprocally proportional to 
the altitudes ; and faz it is as the bafe EH to the bafe NQ fo is the altı- 
tude of the folid CD to the altitude of the folid AB. For becaufe the folid 
AB is equal to the folid CD; but (by 30. 11.) the /o/2 BT is equal to the 
folid AB, for they are upon the fame bafe FK, and of the fame alti- 
tude, of which the ftanding Zines are not in. the fame ftraight lines ; and the 
folid DC is equal to DU, for again they are upon the fame bafe OR, and of 
the fame altitude, of which the ftanding Zines are not in the fame ftraight lines: 
‘therefore alfo the folid BT is equal to the folid DU : but (by this prop.) 


the bafes of equal folid paral- a 
lelepipeds, of which the altitudes 
„are at right angles to the bales of 
them, are reciprocally propor- 
tional to the altitudes ; therefore 
it 1s as the bafe FK to the bafe 


OR fo 1s the altitude of the folid 
DU to the altitude ofthe folid BT: but (by 24. 11. ) the bafe FK | is equal 


to the bafe EH, and the bafe OR to the bafe NQ; therefore it is as the 
bafe EH to the bafe NQ fo is the altitude of the folid DU to the altitude 
of the folid BT : but the altitudes of the lids DU, BT and of DC, BA 

K k are 
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are the fame; therefore it is as the bafe EH to the bafe NQ. fo is the alti- 
tude of the folid DC to the altitude of the folid AB ; therefore the bafes 
of the folid parallelepipeds AB, CD are reciprocaliy proportional to the 
‘altitudes. | 

Now again, let the bafes of the folid parallelepipeds AB, CD be recipro- 
cally proportional to the altitudes, and let it be as the bafe EH to the bafe 
NQ fo is the altitude of the folid CD to the altitude of the folid AB; I fay 
that the folid AB is equal to the folid CD. For the fame things being con- 
(tru&ted, "becaufe it is as the bafe EH to the bafe NQ fo is the altitude of 
the folid CD to the altitude of the folid AB; bur the bafe EH 1s equal to: 
the bafe FK, sand NQ_ to OR; therefore it is as the bafe FK to the 
bafe OR fo is the altitude of the folid CD to the altitude of the folid AB: 
but the altitudes of the folids AB, CD and of BT, DU are the fame; there- 
fore it is as the bafe FK to the bafe OR fo is the altitude of the folid DU 
to the altitude of the folid BT ; therefore the bafes of the folid parallelepi- 
peds BT, DU are reciprocally proportional to the altitudes: but of what 
folid parallelepipeds the altitudes are at right angles to the-bafes of them; 
and the bafes are reciprocally proportional to the altitudes, thefe (by this 
prop.) are equal; therefore the folid BT is equal to-the folid DU: but 
BA is equal to BT, for they are upon:the fame bafe FX, and of the fame 
altitude, of which the ftanding /imes are not in the fame ftraight lines; and 
the folid DU is equal to the folid DC; for again, they are upon the fame 
bafe OR;. and of the fame altitude, and the ftanding lines not in the fame 
ftraight lines; and therefore the folid AB is equal.to the folid CD, Which 
was to be demonítrated.. 


PROP. XXXV. 

If there be two equal plane angles,. and at the vertices of them: 
elevated ftraight lines be placed, containing equal angles with the: 
ftraight lines from the.beginning; each to each 5- and if any points 
that may. happen be taken in the elevated Z/zes; and from thenv 
perpendiculars be drawn to the planes in which the angles from the 
beginning are ; and z/^ ftraight lines be drawn to the angles (angular 
points) from the beginning from the points.made by the perpendi- 
culars in the planes; they will contain equal angles with the 


elevated lines. 
Let: 
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Let BAC, EDF be two equal rectilineal angles; and at the points A, D 
let the elevated ftraight lines AG, DM be placed, containing equal angles 
with the ftraight lines from the beginning, each to each; MDE egual to 
GAB, and MDF to GAC; and let G, M, any points that may accidentally 
happen, be taken in AG, DM ; and let the perpendiculars GL, MN be 
drawn to the planes through BAC, EDF from the points G, M; and let 
them meet the planes in L, N ; and let LA, ND be joined: I fay that the 
anole GAL is equal to the angle MDN. Let AH be put equal to DM; 
and through the point H let HK be drawn parallel to GL: but GL is 
perpendicular to the plane through BAC ; therefore alfo (by 8. 11.) HK is 
perpendicular to the plane through BAC: from the points K,N let KB, 
KC, NF, NE be drawn perpendiculars to the ftraight lines AB, AC, DF, DE; 
and let HC, CB, MF, FE be joined: and becaufe the /gxare of HA is equal 
to the /quares of HK, KA (by 47. 1.), and the /guares of KC, CA are equal 
to the /quare of KA, therefore alfo the /guare of HA is equal to the /guares 
of HK, KC, CA: but the /guare of HC is equal to the /guares of HK, KC; 
therefore the /quare of HA is equal to the /guares of HC,CA; therefore 
(by 48. 1.) HCA is a right angle. Certainly, for the fame reafon alío, 
DFM is a right angle; and HAC is alfo equal (by hyp.) to MDF: now 
there are two triangles MDF, HAC, having two angles equal to two angles, 
each to each; and one fide equal to one fide, AH to DM, the Ade extended 
under one of the equal angles; therefore (by 26. r.) they will have the 
remaining fides equal to the remaining fides, each to each; therefore AC is 
equal to DF. Certainly in like manner we A D . 
fhall demonftrate that AB is equalto DE: ~ 
lec HB, ME be joined: and becaufe the B e “lS 
Jquare of AH is equal to the /guares of n K M N 
AK, KH, and the /quares of AB, BK are G L 
equal to the /guare of AK, therefore the /guares of AB, BK, KH are equal 


to the /guare of AH: but the /guare of BIT is equal to the /guares of 


BK, KH; for HKB isa right angle, becaufe HK is perpendicular to the 
plane laid down; therefore the /quare of ALI is equal to the /guares of 
AB, BH ; therefore ABH is a right angle. Certainly, for the fame reafon 
alfo, DEM is a right angle: but the angle BAH is alfo equal to the angle 
EDM, for it is fuppofed; and AH is equal to DM ; therefore AB is equal 
to DE; then becaufe AC is equal to DF, and AB to DE, certainly 

Kk 2 + _ the 
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the two CA, AB are equal to the two FD, DE: but the angle CAB is alfo 

equal to the FDE ; therefore the bafe BC is equal to the bafe EF, and 
the triangle to the triangle, and the remaining angles to the remain- 
ing angles; therefore the angle ACB is equal to DFE: but the right 
angle ACK 1s alfo equal to the right angie DIN ; therefore the remain- 
der BCK is equal to the remainder EFN. Certainly, for the fame reaion 
alfo, the angle CBK is equal to FEN: now, there are two triangles 
CBK,FEN having two angles equal to two angles, each to each; and 
one fide equal to one fide, BC to FF, the fide at the equal angles ; there- 
fore (by 26. 1.) they will have the remaining fides equal to the remain- 
ing fides; therefore CK is equal to FN: but AC is alfo equal to DF: 
now the two AC, CK are equal to the DF, FN, and contain right angles; 
therefore the bafe AK is equal to the bafe DN: and becaufe AH is equal 
to DM, alfo the /guare of AH is equal to the /guare of DM: but the- 
Jquares of AK, KH are equal to the /guare of AHy for AKH isa right 
angle; and the fquares of DN, NM are equal to the quare of DM, for 
DNM is a right angle; therefore the /quares of AK, KH are equal to- 
the /guares of DN, NM ; of. which the /quare of AK is equal to the - 
Jquare cf DN ; therefore the remaining /quare of KH is equal to the 
Square ot NM; therefore HK is equal to NM : and becaufe the two. 
IJA, AK are equal to the two MD; DN, each to each, and' the baáfe 
HK has been demonftrated to be equal to the bafe MN, therefore (by - 
8.1.) the angle HAK is equal to the angle MDN. Which was to be 
demonítrated. . 

Cor. Certainly it is: evident from this, that if there are two equal. 
plane rectilineal angles, and equal elevated ftraight lines..ftand at them, 
containing equal angles, each to each, with, the ftraight lines from the 
beginning, the perpendiculars from them are equal.to one another, being | 
drawn to the planes in which the angles from the beginning are. 


PeR O PR.» XXXVI.. 

If three itraight lines be proportionals, the folid parallelepiped 

made of the three is.equal to. the folid parallelepiped made of the 

mean proportional, equilateral, but equiangular to. the aforefaid 
Jolid. 

Let: 
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Let the three ftraight lines A, B, C be proportionals ; ; as A to -B fo-B Book XT. 
to C: I fay that the folid made of A, B, C is equal to the folid-made of B, 
equilateral, but equiangular to the aforefaid folid. Put a folid angle at 
E, contained by three plane angles DEG, GEF, FED, and let each of the 
lines DE, GE, EF be put equal to B; and let the folid parallelepiped EK 
be compleated ; and let LM be put equal. to A; and let there be made 
with the ftraight line LM, and at the point L in it, a /olid angle, equal to 
the folid angle at E, contained by NLO, OLM, MEN ; and let LO be 
put equal to B, and LN equal to C: and becaufe it is as A to B fo fs 
B to C; but A is equal to LM, and B to each of the dines LO, EF, EG, 
ED, and C to LN; therefore it is as LM to EF fo is DE to LN ; and the 


fides are reciprocally proportional about the: 


equal angles MLN, DEF; therefore (by 14. IE 
6.) the parallelogram MN is equal to the 
parallelogram DF: and becaufe DEF, NLM MN—— OS | 
are two equal ‘plane rectilineal angles, ard. "UN ee Oe 
elevated ftraight lines have ftood upon them, LO, FG, — to one another, 
and containing equal angles with the ſtraight lines from the beginning, each 
to each,. therefore (by 35. 11.) the perpendiculars from the points G,O . 
drawn to the planes through NLM, DEF are equal to one another; fo that 
the folids LH, EK are of the fame altitude: but folid parallelepipeds upon 
equal bafes, and of the fame altitude, (by 31. 11.) are equal to one ano-. 
ther ; therefore the folid HL is equal to the folid EK : and HL is the folid 
made of A, B, C ; and EK is the folid made of B; therefore the folid made - 
of A, B, C is equal to the folid made of B, equilateral, but equiangular to 
the aforefaid /olid. . Therefore if three ftraight lines ba proportionals, the 
{olid parallelepiped maage of the three is equal to the folid parallelepiped 
made of the mean proportional, equilateral, but equiangular to the aforefaid - 
Solid. . Which was to be demontftrated. 


ma P R O P. XXXVII. | 
If four ftraight lines be proportionals, alío the /0/z parallelepipeds - 
firmar, and! fimilarly defcribed upon them, will be proportionals: 
and if the folid parallelepipeds, fimilar, and fimilarly deícribed upon . 
them, be proportionals, alfo the ftraight lines themfelves will be. 


proportionals. 
| t. Let 
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Book XI. — Let the four ftraight lines AB, CD, FF, GH be proportionals ; as AB to 
— v7 CD fo let EF be to GH; and let the fimilar, and fimilarly fituated paral- 
lelepipeds KA, LC; ME, NG be defcribed upon.AB, CD, EF, GH: I fay 
"that itis as KA to LC fo is ME to NG. For becaufe 
' the folid parallelepiped KA 15 fimilar to LC, therefore E 
(by 33. 11.) KA has to LC the triplicate ratio of that =x A 
' which AB has to CD: certainly, for the fame reafon alfo, =p 
ME has to NG'the triplicate ratio of that which EF bas a OA 
‘to GH; and itis as ABto CD fois EF to GH; there- | 
fore as AK to LC fo is ME to NG. 
‘But now let it be as the folid AK to the folid LC fo is the folid ME to 
- NG ;-1 fay that it is as the ftraight line AB to CD fo is EF to GH. For 
apain becaufe AK has to LC the triplicate ratio of that which AB bas to 
CD; and ME has alfo to NG the triplicate ratio of that which EF bas to 
GH; and itisas AK to LC fo ;s ME to NG ; therefore alfo: as AB to 
CD fois EF to GH. Therefore, if four ftraight lines be proportionals, 
allo the parallelepipeds, fimilar, and fimilarly defcribed upon them, will be 
proportionals; and if the parallelepipeds, fimilar, and fimilarly defcribed 
upon them, be proportionals, alfo the ftraight lines themfelves will be proa 
portionals. Which was to be demonftrated. 


P R O P. XXXVIII. 


If a plane be perpendicular to a plane, and if a perpendicular 
be drawn from fome point of thofe in one of the planes to the 
other plane, the perpendicular drawn will fall upon the common 
fection of the planes. 


For let the plane CD be at right angles to the plane AB, and let AD 
be the common fection of them ; and let E, any accidental point in the 
plane CD be taken : I fay that the perpendicular drawn c 
from E to the plane AB will fall upon DA. For if not, 
but, if poffible, let it fall without, as EF ; and let it 
meet the plane AB in the point F; and from F let the 
perpendicular FG be drawn to DA in the plane AB, 
‘which alfo (by 4. def. 11.) is at right angles to the plane 
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CD; and let EG be joined: then becaufe FG is at right angles to the plane Book XI. 
CD, and EG touches it, being in the plane CD, therefore (by 5. def. r1.) | 
FGE isa right angle: but alfo EF is at right angles to the plane AB; 

therefore EFG is a right angle: now two angles of the triangle EFG are 

equal to two right angles, which is abfurd: therefore the perpendicular 

drawn from the point E to the plane AB will not fall out: of AD ; there- 

fore it will fall upon AD. Therefore if a plane be perpendicular to a plane, 

and a perpendicular be drawn from any point of thofe in one of the planes - 

to the other plane, the perpendicular:drawn will fall. upon the common fec« . 

tion of the planes, Which was to be demonfítrated. . 


| P R O P. XXXIX. 
If the fides of the oppofite planes of a folid parallelepiped be cut - 


in halves, and through the fections planes be drawn, the common . 
fection of the planes and the diameter of the folid parallelepiped - 
cut one another 1n halves. 


# 


For let the fides of the oppofite planes CF, AH of the folid parallelepiped 
AF be cut in halves in the points K, L, M,N, O; Q; P, R3 and let the planes 
KN, OR be drawn through the fections ; and let the common fe€tion of 
the planes be YS, and DG the diagonal of the folid parallelepiped AF: 
I fay that YS, DG cut one another in halves, that is, that Y T is equal to 
TS, and DT to TG. For. let DY, YE, BS, SG be joined; and becaufe 
DO is parallel to PE, therefore the alternate 
angles DOY, YPE are equal to one another; and 
becaufe DO is equal to PE, and OY' to Y Pj and 
contain equal angles, therefore the bafe DY is 
equal to the bale YE ; and the triangle DOY is 
equal to the triangle YPE, and the remaining 
angles to the remaining angles; therefore the 
angle OYD is equal to the angle PYE: now 
for this (by 14. 1.) DYE is a ftraight line. Certainly, for the fame reafon 
alfo, BSG is a ftraight line; and BS is equal to SG: and becaufe CA is 
equal and parallel to DB, but CA is alfo equal and parallel to EG, there- 
fore alfo DB is equal and parallel to EG; and the ftraight lines DE, BG | 
Join them; therefore (by 33. 1.) DE is parallel to BG; and D, Y, G, S, 


any ; 


D: K F 
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Book XI. any accidental points, have been taken in each of them; and DG, YS have 
7 been joined ; therefore DG, YS (by 7. 11.) are in one plane: and becaufe 
‘DE is parallel to BG, therefore the angle EDT is equal to the angle BGT, 
‘for they are alternate; but DIY is alfo cqual (by 15.1.) to GTS: now 
-D'TY, GTS are two triangies, having two angles equal to two angles, and: 
‘one fide equal to one fide, DY equal to GS, the fide extended under one 
of the equal angles, for they are the halves of DE, BG; therefore they 
" will have the remaining (ides equal to the remaining fides; therefore DT is 
‘equal to TG, and YT to TS, Therefore if the fides, &c. Which was 
‘to be demonftrated. 


PROP XL. 
If there be two prifms of equal altitude, and ;f the one have the 
bafe a parallelogram, but the other a triangle, and zf the paral- 
lelogram be double of the triangle, the prifms will be equal. 


Let ABCDEF, GHKLMN be prifms of equal altitude ; and Jet the one 
have the bafe AF a parallelogram, but the other the triangle GHK ; but 
let the parallelogram AF be double of the triangle GHK : I íay that the 

^ prifm ABCDETF is equal to the prifm GHKLMN. For let the folids 
AO,GP be compleated : and becaufe x D M P 
the parallelogram AF is double of the 





N 
triangle GHK, and the parallelogram 
HK is alfo double of the triangle GHK, 
therefore the parallelogram AF is equal 
G- K ` 


to the parallelogram HK: but folid 
parallelepipeds, being upon equal bales, and of the fame altitude, are (by 
31. 11.) equal to one another; therefore the folid AO 1s equal to the folid 
GP: but the prifm ABCDEF is half of the folid AO, and the prifm 
GHKLMN half of the folid GP ; therefore the prifm ABCDEF is equal 
to the prifm GHKLMN. Therefore if there be two prifms, &c. Which 
was to be demonftrated. | 
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BOOK XII 


PROP. I. 


, D” E fimilar polygons 7/crided in circles are to one another as the Book XII. 
(quares of the diameters. 


Let ABCDE,FGHKL be circles, and let ABCDE, FGHKL be fimilar 
polygons inferibed in them; and let BM,GWN be the diameters of the circles: 
I fay that itis as the fquare of BM to the.íquare of GN fo is the polygon 
ABCDE to the polygon FGHKL. For let BE, AM; GL,FN be joined: and 
becaufe the polygon ABCDE is 
fimilar to the polygon FGHKL, 
alfo the angle BAE is equal to 
theangle GFL, anditisasBA to . | 
AE fo is GF to FL: now BAE, B N 
GFL are two triangles, having 
one angle equal.to one angle, D K, 
the angle BAE to GFL, and | C oO w 

L ] the 


A. 
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the fides about the equal angles proportionals; therefore (by 6.6.) the tri- 
angle ABE is equiangular to the triangle GFL; therefore the angle AEB 
is equal to FLG: but the angle AEB is equal to AMB, for they ftand upon 
the fame circumference, and FLG is egual to FNG; therefore alfo AMB 
is equal to FNG: but the right engle BAM is alfo equal to the right angle 
GFN ; therefore alfo the remaining one is equal to the remaining one; 
therefore the triangle ABM is equiangular to the triangle FGN ; therefore 
there is this proportion, as BM to GN fo 7s BAto GF: but (by 20. 6.) 
the ratio of the fquare of BM to the-fquare of GN is duplicate of the ratio 
of BM to GN; and the ratio of the polygon ABCD to the polygon 
FGHKL is duplicate of the ratio of BA to GF; therefore alfo (by 11. 5.) 


‘as the fquare of BM to the fquare of GN fo is the polygon ABCDE to 


the polygon FGHKL. Therefore the fimilar polygons in circles are to one. 
another as the fquares of the diameters. Which was to be demontftrated. 


PROP. IL 
Circles are to one another as the fquares of the diameters. 
Let ABCD, EFGH be circles, and let BD, FH be the diameters a 


them ; I fay that it is as the fquare of BD to the /guare of FH fo is the 
circle ABCD to the circle EFGH. — For if it is not as the fquare of BD 


* to the /zuare of*FH fo is the circle ABCD tothe circle EFGH, it will be 


as the fquare of BD to the /guare of FH fo 1s the circle ABCD to fome 
fpace lefs than the circle EFGH, or to a greater: firft, let it be to a lefs, 
as S; and let the {quare EFGH 
be infcribed in the circle EFGH : 
now the infcribed {quare is greater 
than-the half of the circle EFGH, 
fince, if we draw tangents to the 
circle through the points E, F, 
G, H, the fquare EFGH is half 
of the fquare circumfcribed about 
the circle; but the circle is lefs 
than the circumfcribed fquare; fo. l 
that the infcribed fquare EFGH is greater than the half of the circle EFGH?. 
let the circumferences EF, FG,GH, HE be cut.in halves at the points 
2 K, L, M,.N; 
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K,L,M,N; and let EK, KF, FL, LG, GM, MH, HN, NE be joined ; .Book XII. 

therefore alfo each of the triangles EKF, FLG, GMH, HNE is greater than. =“ 

the-half of the fegment of the circle about, itfelf ; fince, if we draw tan- 

gents to the circle through -the points K; L, M, N, and fhall compleat the 

parallelograms upon the ftraight lines E.F,'FG, GF, HE, each of the tri- 

angles EKF, FLG, GMH,HNE will.be half of the.parallelogram about 

jtfelf ; but the fegment about.itfelf is Jefs than the parallelogram ; fo that 

each of the triangles EKF, FLG, GMH, HNE is greater than the half of 

the fegment of the circle about itfelf: now cutting.the .remaining circum- 

ferences in halves, and joining the ftraight lines, and doing this always, .we 

(hall leave fome fegments of the circle, -which will.be lefs than the excefs 

by which the circle EFGH exceeds the fpaceS; for it has been demon- 

{trated in the-firft theorem of the tenth 400k, that, ,two unequal magnitudes 

being-put, if from the greater more than its half be taken away, and from 

the remainder more than its half, and.zf this always be done, fome magni- 

tude will be left, which will be lefs than the leaft of the given magnitudes : 

now let it be left; and let the fegments of the.circle EFGH upon EK, KF, 

FL, LG, GM, MH, HN, NE be lefs than the excefs by which the circle 

EFGH exceeds the {pace S; therefore the remaining polygon EKFLGMHN 

is greater than the-fpace S: and let the polygon AOBPCQDR be in- 

{cribed in the circle ABCD,. fimilar to the polygon EKFLGMHN ; 

therefore ic is (by 1. 12.) as the. fquare. of .BD to the fquare of FH fo is 

the polygon AOBPCQDR to the polygon. EKFLGMHN : but alfo-(by 

hyp.) as the fquare of BD to the /quare of FH fo is the circle ABCD to 

the fpace S; therefore alfo as the circle ABCD to the fpace S fo is the 

polygon AOBPCQDR to the polygon EKFLGMHN ; therefore, alter- 

nately, as the circle ABCD to the polygon in it, fo is the {pace S to the 

polygon EKFLGMHN : but the circle ABCD is greater than the poly- 

gon init; therefore the fpace S is greater than the polygon EKLFGMHN ; 

but it is alfo lefs,.. which is impoffible: therefore as the fquare of-BD to 

the /quare of FH fo is not, the circle-ABCD to any {pace.lefs than the 

circle. EFGH. . Certainly in, the fame .manner .we fhall demanftrate. thar 

neither as the, /guare .of ,FH to the /guare of BD. fo is the circle 

E-FGH to any fpace lefs than the circle ABCD. Now I fay that nei- 

- ther as the /q«are of. BD to the /guare of FH fo is the circle ABCD to 
| ‘Ll 2 any 
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any {pace greater than the circle EFGH : for, if poffible, let it be to a 
greater, S; therefore, by inverfion, it is as the {quare of FH to the quare 
of BD fo is the fpace S to the circle ABCD: but (by lemm. foll.) as the 
{pace S to the circle ABCD fo és the circle EFGH to a {pace lefs than the 
circle ABCD; therefore alfo as the fquare of FH to the quare of BD fo 
i; the circle EFGH to a fpace lefs than the circle ABCD, which has 
been demonftrated to be impoffible; therefore as the fquare of BD to the 
Jquare of FH fo zs not the circle ABCD to fome fpace greater than the 
circle EFGH : but it has been demonftrated that neither zs i# to one lefs ; 
therefore it is as the fquare of BD to the fquare of FH fo is the circle 
ABCD to the circle EFGH. Therefore circles are to one another as the 
{quares of the diameters. Which was to be demonftrated. 

Lemma. Now I fay, the fpace S being greater than the circle EFGI4, 
that it is as the fpace S to the circle ABCD fo és the circle EFGH to 
fome fpace lefs than the circle ABCD. 

For let it be made as the fpace S to the ; 


circle ABCD fo is the circle EFGH to the A E 


{pace T; I fay that the fpace T is lefs than the 
circle ABCD: for becaufe it is as the fpace S r M H 
.to the circle ABCD fo is the circle EFGH to 


Moe. G 
the fpace T, therefore, alternately, it is as the Cag 
= {pace S to the circle EFGH fo is the circle 


ABCD to the fpace T : but S is greater (by 

hyp.) than the circle EFGH ;. therefore alfo the circle ABCD is greater 
than the fpace T; fo that as the fpace S to the circle ABCD fo is.the circle. 
EFGH to fome fpace lefs than the circle ABCD. 


P R O P. IIL. 


Every pyramid having a triangular bafe is divided into two -pyra- 


.müds, equal and fimilar to one another, having triangular bafes, 


and fimilar to the whole; and into two equal prifms, and the two 


prifms-are greater than the half of the whole pyramid. . 


Let there: be a pyramid, the bafe of. which is the triangle ABC, and the 
point D the vertex: I fay that the pyramid ABCD is. divided into two py- 
ramids 
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ramids, equa] and alfo fimilar to one another, having triangular. bafes, and Book XII, 
EN. c uai 

fimilar to the whole; and into two equal prifms, and that the two priis 

are greater than the half of the whole pyramid. For let AB, BC, CA, AD, 

DB, DC be cut in halves in the points E, F, G, H, K, L; and let EH, EG, 

GH, HK, KL, LH, EK, KF, FG be joined: and becaufe AE is equal to 

EB, and AH to HD, therefore (by 2. 6.) EH is parallel to DB: certainly, 

for the fame reafon alfo, HK is parallel co AB; therefore HEBK is a paral- 

lelogram; therefore HK is equal to EB: but EB is equal to AE; therefore: 

AE is equal to HK: now AH is alto equal to FID; then the two AE, AH. 

are equal to the two HK, HD, each to each; and the angle EAFI (by 29. 1.) : 

is equal to the angle KHD ; therefore the bafe EH is equal to the bale KD; 

therefore the triangle EAH is equal and fimilar. to the triangle. HKD. Cer- 

tainly, for the fame realon alfo, the triangle AHG is equal, and alfo fimi-- 

lar to the triangle HLD: and becaufe the two ftraight lines EH, HG, 

touching one another, are parallel to two ftraight lines, KD, DL,- touching. 

one another, not being in the fame plane, (by 10. 11.) they contain equal 

angles; therefore the angle.EHG is equal to the angle KDL: and becaufe 

the two ftraight lines EH, HG are equal to the two ftraight lines KD, DL,. 

each to each, and the angle EHG is equal to the angle KDL, therefore the 

bale EG. is equal to the bsfe KL; therefore the triangle EHG is equal and“ 

fimilar to the triangle KDL. Certainly, for the fame reafon alfo, the tri- 

‘angle AEG 1s equal and fimilar to the triangle HKL; 

therefore the pyramid of which the.triangle AEG is 

the bafe, and the point H the vertex,. is equal and 

fimilar to the pyramid of which the bafe is the tri- 

angle HKL, and the point DY the vertex: and be- 

cau.e HK has been'drawn parallel to AB, one of the 

fides of the triangle ADB, therefore the triangle 

ADB is equiangular to the triangle DHK, and have 

the fides proportionals ; therefore the triangle ADB 

is fimilar to -the triangle DHK.. Certainly, for the fame reafon alfo, the 

triangle DBC 1s fimilar to the triangle DKL; and ADC to the triangle 

DHL: and becaufe the two ftraight lines BA, AC, touching one another, . 

are parallel to two ftraight lines, KH, HL, touching one another, not being 

in the fame plane, (by 10. 11.) they contain equal angles; therefore the 


angle BAC is.equal.to KHL: and it is as BA to AC fois KH to HL; . 
therefore 


A. 
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therefore the triangle ABC is fimilar (by 6. 6.) to the triangle KHL; there- 
fore alío the pyramid the bafe of which is the triangle ABC, and the point 


. D the vertex, is fimilar to the pyramid the bafe of which is the triangle 
HKL, and the point D the vertex: but the pyramid the bafe of which is 


the triangle HKL, and the point D the vertex, has been demonftrated 
ro be fimilar to the- pyramid the bafe of which 1s the triangle AEG, -and 
the point H the vertex ; fo that alfo the pyramid the bafe of which is the 
triangle ABC, and the point D the vertex, 1s fimilar to the pyramid the 


‘bafe of which is the triangle AEG, and the point H the vertex; therefore 
‘each of the ‘pyramids AEGH, HKLD is fimilar to the whole pyramid 


ABCD. And becaufe BF is equal to FC, the parallelogram EBFG is dou- 
ble of the triangle GFC ; and becaufe, if two prifms be of equal altitude, 
and the one have a parallelogram for its bafe, but the other a triangle, and 
zf the parallelogram be double of the triangle, the prifms (by 40. 11.) are 


equal; therefore the the prif.n contained by the two triangles BAF, LHG 


and the three parallelograms EBFG, EBKH, KHGF, 1s equal to the prifm 


-contained by the two triangles GFC, HKL and the three parallelograms 


KFCL,.LCGH, HKFG ; tbey are of equal altitude, becaufe they are between 


the parallel planes ABC, HKL. And ìt is manifeft that each of the prifms, 


= both zbat of which the bafe is the parallelogram EBGF, and the ftraight 


dine HK oppofite, and fdat of which the bafe is the triangle GFC, and the 
triangle KLH oppofite, is greater tlan each of the pyramids of which the 
bales are the triangles AEG, HKL, and the points H, D the vertices; 
fince, if we fhall join the ftraight lines EF,EK, the prifm of which the 
cbafe is the parallelogram EBFG, and the ftraight line H& oppofite 70 it, 
is greater than the pyramid the bafe of which is the triangle EBF, and the 
point K the vertex: but the pyramid the bafe of which is the triangle EBF, 
and the point K the vertex, is equal to the pyramid the bafe of which is 
the triangle AEG, and the point H the vertex, for they are contamed by equal 
and fimilar planes; fo that alfo the prifm the bafe of which is the paral- 
‘lelogram EBFG, and the ftraight line HK oppofite, is greater than the 
pyramid the' bafe of which is the triangle AEG,. and the point H the 
vertex: but the prfm the bafe of which is the parallelogram EBFG, and the 
ftraight line! HK oppofite, is equal. to:the prifin. the-bafe of which is the 
triangle GFC, and the triangle HKL oppofite; but the pyramid the bafe 
ot^ which 'isthetrianple AEG, and the point H the vertex, is equal to the 

pyramid 
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pyramid the bafe of which is the triangle FIKL, and the point D the ver- Book XII. 
tex’: therefore the two faid prifms are. greater. than the two faid pyramids wee 
the bafes of which are the triangles AEG, HKL, and the points H, D the 
vertices: therefore the whole pyramid the bafe of which is the triangle ABC, 

and the point D the vertex, has beea divided into two pyramids, equal 

and fimilar to one another, and fimilar to the whole; and into two equal 

prifms, and the two prifms are greater than the half of the whole pyramid. 

Which was to.be demonttrated. 


PR OP. IV. 


If there be two pyramids of the fame altitude, having triangular 
bafes, and each of them be divided, both into two pyramids equal: 
to one. another, and fimilar to the whole, and into two equal priíms; 
and zf each of the pyramids produced Ze divided after the fame man- 
ner, and zf this be always done, it will be as the bafe of one of 
the pyramids to the bafe of the other pyramid, fo- alfo are all the 
prifms in one pyramid to all the prifms equal in multitude in the 
other pyramid. 


Let there be two pyramids of the fame altitude, having triangular bafes 
ABC, DEF, and the points G,H the vertices; and let each of them be 
divided into two pyramids, equal.to one another, and fimilar to the whole, . 
and into two equal prifims;' and let each of the pyramids produced be-under- 
ftood to be divided after the fame manner, and let this.always be done: | 
fay that it is as the bafe ABC to the bafe DEF fo ave all the prifms in-the 
pyramid ABCG to all the prifins equal in multitude in the pyramid DEFH. 
For becaufe BO is equal to OC,.and AL to LC, therefore (by 2. 6.) OL. - 
is. parallel to AB, and the triangle ABC fimilar to the triangle LOC. 
Certainly, for the fame reafon alfo, the triangle DEF is fimilar to the tri- 
angle. RVF : and becaufe BC is double of CO, and EF of FV, therefore. 
itis as BC to CO fo 1s EF co FV: and fimilar, and alfo fimilarly fituated 
rectilineal figures, ABC, LOC, have been defcribed upon BC, CO; and the. 
fimilar and fimilarly fituated rectilineal fgures DEF, RVF upon EF,FV ; 
therefore it is (by 22. 6.) as the triangle ABC to the triangle LOC fo is 
the triangle DEF. to the triangle RVE; ; therefore alternately it is, as the 

| triangle 
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triangle ABC to the triangle DEF fo is the triangle LOC to the triangle 
RVF: butas the triangle LOC to the triangle RVF fo is the prifm the 
bafe of which is the triangle LOC and PMN the oppofite, to the prifm 
the bafe of which is the triangle RVF and STY the oppofite (by lem. foll.); 
therefore alfo as the triangle ABC to the triangle DEF fo is the prifm the 


' bafe of which is the triangle LOC and PMN the oppofite, to the prifm 
' the bafe of which is the triangle RVF and STY the oppofite: and be- 
.caufe the two prifins in the pyramid ABCG 


are equal to one another; but the ¢wo prifms 
in the pyramid DEFH are. alío equal to one 
another; therefore.it is asthe ,prifm the bafe 
of which ts the parallelogram KLOB and 
the flraight line MP oppofite, to the priim: 
the bafe of which is the triangle LOC and 
PMN the oppofite, fo is the prifin the bafe of which is the parallelogram 
EQRV and the ftraight line SY oppofite, to the prifin the bafe of which 
is the triangle RVF and STY the oppofite; therefore, by compofition, 
{by 18. 5.) as the prifms KBOLMP, LOCMNP oo the prifm LOCMNP 
fo are the priims QEF VRSY, RVFSTY to the prifm RVF STY : therefore, 
alternately, as the priy/ms KBOLMP, LOCMNP to the prifms QEVRSY, 
RVFSTY, 1o #s the priim LOCMNP to the prifm RVFSTY: but as the 
prifm LOCMNP to the prifn RVFSTY fo has the bafe LOC been de- 
monttrated to že to the bale RVF, and the bafe ABC to the bafe DEF; there- 
fore as the triangle ABC to the triangle DEF 1o are the two prifms in the 
pyramid ABCG to the two prifms in the pyramid DEFH: and in like 
inanner if we divide the pyramids produced, PMNG, STY H, after the fame 
manner, it will be as the bate PMN to the bafe STY fo are the two prifms 
in the pyramid PM NG to the two prifins in the pyramid STY H : but. as 
the bafe PMN to the bale STY fo is the bafe ABC to the bafe DEF; 
therefore alfo as the bafe ABC to the bale DEF fo are the two prifms in 
the pyramid ABCG to the two prifms in the pyramid DEFH, and fo are 
the two prifms in the pyramid PMNG to the two prifms in the pyramid 
ST YH, and f are the four to the four; and the fame will be demonftrated 
allo of the prifms produced by the divifion of the pyramids AKLP, and 
DQRS, and of all that are fimply equal in multitude. ' Which was to be 
Semonfirated. 
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LzMMa. It muft'thus be demonftrated, that as the triangle LOC 75 to Book XTT. 
the triangle RVF fo is the prifm the bafe of which és the triangle LOC and — 
PMN the oppofite, to j the prim the bafe of which is the triangle RVF 
and STY the oppofite. For upon the fame figure let perpendiculars be 
underítood to be drawn from G, H to the planes of the triangles ABC, DEF; 
happening certainly to be equal, becaufe the pyramids are fuppdfed of equal 
altitude: and becaufe the two ftraight lines, both GC, and alfo the perpen- 
dicular from G, are cut by the parallel planes ABC, PMN, they will be cut 
in the fame ratios (by 17. 11.); but GC has been cut in halves in N by the 
plane PMN ; therefore alfo the perpendicular from G to the plane ABC 
will be cut in halves by the plane PMN. Certainly, for the fame reafon 
alfo, the perpendicular from H to the plane DEF will be cut in halves by 
the plane ST Y ; and the perpendiculars (by hyp.) from the points G, H to 
the planes of the triangles ABC, DEF ‘are equal; therefore alfo the perpen- 
diculars from the triangles PMN, STY to the planes of the triangles ABC, 
DEF are equal; therefore the prifms of which the bafes are the triangles 
LOC, RVF, and PMN, STY the oppofite oves, are of equal altitude; fo 
that alfo the folid parallelepipeds, defcribed from the faid prifms, being of 
equal altitude, are (by 32. 11.) to one another as the bafes; therefore the 
halves will be alfo, as the bafe LOC to the bafe RVF fo are the faid prifms 
to one another. Which was to be demonftrated. 


PROP. V. 


The pyramids being of the fame altitude, and having triangular 
baíes, are to one another as the bafes. 


Let there be pyramids of the fame altitude, the bafes of which are the 
triangles ABC, DEF, and the vertices the points G, H ; I fay that it is as 
the bafe ABC to DEF fo is the pyramid ABCG to the pyramid DEFH. 
For, if it is not as the bafe ABC to the bafe DEF fo is the pyramid ABCG 
to the pyramid DEFH, it will be as the bafe ABC to the bafe DEF fo 
is the pyramid ABCG to fome folid either lefs or greater than the pyramid 
DEFH : let it be firft to one lefs X ; and let the pyramid DEFH be dı- 

vided into pyramids equal to one another, and fimilar to the whole; and 
into two equal prifms ; now the two prifms (by 3. 12.) are pner than the 
M-m half 
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half of the whole pyramid : and again, let the pyramids produced by the 
divifion, be divided in like manner, and let this always be done until fome 
pyramids are left of the pyramid DEFH, which are lefs than the excefs by 
which the pyramid DEFH exceeds the folid X; let them be taken, and let 
them be, for example, DQRS, STYH; therefore the remaining prifms in the 
pyramid DEFH are greater than the,folid X. Let the pyramid ABCG be 
divided in like manner, and into the fame multitude of parts with the pyramid 
DEFH ; therefore it is (by 4. 12.) as the bafe 

ABC to the bafe DEF fo are the prifms in the .. 
pyramid ABCG to the prifms in the pyramid 

DEFH: but (by hyp.).as the bafe ABC to the 

bafe DEF fo ts the pyramid ABCG to the folid 

X; therefore alfo as the pyramid ABCG isto 

the.folid X fo are the prifms in the pyramid 

ABCG tothe prifms in the pyramid DEFH; therefore, alternately, as 
the pyramid ABCG to the prifms in it/e/f fo 1s the folid X to the prifms in 
the pyramid DEFH: but the pyramid ABCG 1s greater than the prifms 
in it/elf; therefore alfo the folid X is greater than the prifms in the pyra- 
mid. DEFH ; but 7¢ is alfo lefs, which is impoffible ; therefore it is not as 
the bafe ABC to the bafe DEF fo és the pyramid ABCG to any folid lefs 
than the pyramid DEFH: certainly in the fame manner it will be demon- 
{trated that neither is the bafe DEF to the bafe ABC as the pyramid 
DEFH to any folid lefs than the pyramid ABCG. Now I fay that nei- 
ther is it, as the bafe ABC to the bafe DEF fo is the pyramid ABCG to 
any {olid greater than the pyramid DEFH: for, if poffible, let it be to 
a greater X ; therefore, by inverfion, as the bafe DEF to the bafe ABC 
fo is the folid X. to the pyramid ABCG: but as the folid X to the pyra- 
mid ABCG fo is the pyramid DEFH to fome /o/id lefs than the pyramid 
ABCG, as has been before demonftrated; therefore alfo as the bafe DEF 
to the bafe ABC fo is the pyramid DEFH to fome /ol/id lefs than the 
pyramid ABCG,, which has been demonftrated‘ te be abfurd: therefore it is 
not as the bafe ABC to the bafe DEF fo is the pyramid ABCG to fome 
{olid greater. than the pyramid DEFH; but it has been demonftrated 
that neither. is it to one lefs; therefore it is as the bafe ABC to the 





» bafe DEF fo is the pyramid ABCG to the pyramid DEFH. Therefore 


the pyramids being of the fame altitude, and having triangular bafes, are 
to ane another as the bales. Which was to be demontftrated. 
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PROP VL. | 
The pyramids being of the fame altitude, and having polygonal 


bafes, are to one another as the bafes. 


Let there be pyramids of the fame altitude, having the polygonal bafes 
ABCDE, FGHKL, and the vertices the points M,N; I fay that it is as 
the bafe ABCDE to the bafe FGHKL fo is the pyramid ABCDEM to 
the pyramid FGHKLN. For let the bafe ABCDE be divided into the 
triangles ABC, ACD, ADE; and FGHKL into the triangles FGH, FHK, 
FKL; and upon each triangle let pyramids be underftood zo be ereZed of 
-— altitude with the pyramids from the beginning : and becaufe it is (by 

5. 12.) as the triangle ABC to the triangle ACD fo is the pyramid ABCM 
to the pyramid ACDM ; and; by compofition, as the trapezium ABCD to 
the triangle ACD fo zs the pyramid ABCDM to the pyramid ACDM; but 
alfo as the triangle ACD to the triangle ADE fo zs the pyramid ACDM 


to the pyramid ADEM; therefore, by equality, as the bafe ABCD to the 


bafe ADE fo is the pyramid ABCDM to the pyramid ADEM ; and again, 
by compofition, as the bale ABCDE to ADE fo is the pyramid ABCDEM 


to the pyramid ADEM. Certainly, for the fame 

reafon alfo, as the bafe FGHKL to the bafe A N 

FKL fo is alfo the pyramid FGHKLN to the Ne A. 
pyramid FKLN: and becaufe ADEM, FKLN nH K 

are two pyramids having triangular bafes, and of the fame altitude, there- 
fore it is (by 5. 12.) as the bafe ADE to the bafe FKL fo is the pyramid 
ADEM to the pyramid FKLN : then becaufe as the bafe ABCDE to the 
bafe ADE fo is the pyramid ABCDEM to the pyramid ADEM, and as the 
bafe ADE to the bafe FKL fo is the pyramid ADEM to the pyramid FKLN, 
therefore, by equality, as the bafe ABCDE is to the bafe FKL fo is the 
pyramid ABCDEM to the pyramid FKLN: but as the bafe FKL to the 
bafe FGHKL fo was the pyramid FKLN to the pyramid FGHKLN ; 
therd@ore again, alfo, by equality, as the bafe ABCDE to the bafe FGHKL 
fo is the pyramid ABCDEM to the pyramid FGHKLN. Therefore the 
pyramids being of the fame altitude, and having polygonal bafes, are to 
one another as the bafes. Which was to be demonftrated. 
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- the vertex the point D ; for it is contained by the fame 
. planes; therefore alfo the pyramid the bafe of which is 
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PROP. VII 


Every prifin having a triangular bafe is divided into three eo: 
mids equal to one another, having triangular bafes. 


Let there be a prifin the bafe of which is the triangle ABC and DEF the 
eppolite ove; I fay that the prim ABCDEF is divided into three pyramids 
equal to one another, having triangular bafes. For let BD,EC,CD be 


joined ; and becaufe ABED isa parallelogram, and BD the diameter of 


it, therefore the triangle ABD is equal to the triangle EDB; and there- 
fore the pyramid, the bafe of which is the triangle ABD, and the vertex 
the point C, is equal to the pyramid (by 5. 12.) the bafe of which is the 
triangle EDB, and the vertex the point C: but the pyramid the bafe of 
which is the triangle EDB, and the vertex the point C, is. the fame with 
the pyramid the bafe of which is the triangle EBC, and 


the triangle ABD, and the vertex the point C, is equal to 
the pyramid the bafe of which is the triangle EBC, and 
the vertex the point D. Again, becaufe FCBE 1s a pa- 
rallelogram, and CE the diameter of it, the triangle ECF 
is equal to the triangle CBE; therefore alfo the pyramid the bafe of which . 
is the triangle BEC, and the vertex the point D, is equal (by 5. 12.) to the 
pyramid the bafe of which is the triangle ECF, and the vertex the point D; 
but the pyramid the bafe of which is the triangle BEC, and the vertex 
the point D, has been demonftrated to de equal to the pyramid the bafe of 
which is the triangle ABD, and the vertex the point C; therefore alfo the 
pyramid the bafe of which is the triangle CEF, and the vertex the point 
D, is equal to the pyramid the bafe of which is the triangle ABD, and the 
vertex the point C: therefore the prifm ABCDEF has been divided into 
three pyramids equal to one another, having triangular bafes. And becaufe 
the pyramid the bafe of which is the triangle ABD, and the vertex the 
point C, is the fame with the pyramid the bafe of which is the triangle 
CAB, and the vertex the point D, for they are contained by the fame 
planes; and the pyramid the bafe of which is the triangle ABD, and 
the vertex the point C, .has been demonftrated 7o be the third part of 
the prifm. the bafe of which is the m ABC, and DEF the oppofite 
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ove; therefore alfo -the.pyramid the bafe of which is the triangle ABC, Book XII. 

— 

and the vertex the point D, 1s the third part of the prifm having the fame 

bafe, the M ABC, and — the oppofite one. Which was to be 
demonítrated. . 

Con. Now from this it is evident, that every pyramid is the third part 

. of the prifm having the fame bafe with it, and an equal altitude; fince, 

if the bale of the prifm has any other rectilineal figure, and the oppofite the 

fame, it is divided into prifms haying triangular bafes, and the oppofite 


the Jame. 


PROP. VIII 
The pyramids fimilar, and having triangular bafes, are .in the - 
triplicate .ratia.of the fides of like ratio. , 


Let there be fimilar, and fimilarly fituated pyramids, the bafes of which . 
are the triangles ABC, DEF, and the vertices the points G, I1; I fay that 
the pyramid ABCG has to the pyramid DEFH the triplicate ratio of that. 
Which BC bas. to EF. For let.the folid parallelepipeds BEML, EHQP be 
compleated : and becaufe the pyramid ABCG is fimilar to.the pyramid 
DEFH, therefore the angle ABC is equal to DEF, and the angle GBC 
to HEF, and ABG to DEEI; and it is as. AB:to DE fo ;s BC to EF, and 
BG to EH: and becaufe it is as AB to DE fo zs BC to EF, alío the.fides . 
about the equal angles are proportionals ; therefore the parallelogram BM | 
i$ fimilar to the parallelogram EQ. — Certainly for 
the fame reafon alfo, BN is fimilar to ER, and BK 
to EO; therefore the three parallelograms BM, 
K-B, BN. are fimilar to the three EQ, EO, ER: but 
the three MB, BK, BN are equal and fimilar to the. 
three oppofite ones; and the three EQ, EO, ER are 
equal and fimilar to the three oppofite oxes; therefore the folids BGML, 
EHQP are contained by fimilar planes equal. in multitude; therefore (by 
9. def. 11.) the.tolid BGML, is fimilar to the folid EHQP : but (by 33. 
11.) fimilar folid parallelepipeds are in the triplicate ratio of the fides of 
like ratio; therefore the folid BGML has to the folid EHQP the triplicate 
ratio of that. which the fide of like ratio BC bas to the fide of like ratio 
EF: but as the folid BGML to the folid EFIQP fo is the pyramid ABCG , 

tO s» 
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Book XII. to the pyramid DEFH, fince the pyramid is the :fixth part of the folid; and 

— for this reafog, becaufe the prifm, being half of the folid parallelepiped, is 
triple of the pyramid, alfo the pyramid ABCG has to the pyramid DEFH 
the triplicate ratio of that which BC bas to EF. Which was to be demon- 
ftrated. 

Cor. Now from this it is evident, that alfo the fimnlar pyramids having 
polygonal bafes, are to one another in the triplicate ratio of the fides of like 
ratio. For they being divided into the pyramids in them having triangular 
bafes, becaufe (by 20. 6.) the fimilar polygons-of the bafes are divided into 
fimilar triangles, equal in multitude, and of the fame ratio with the wholes, it 
will be as one pyramid having a triangular bafe in one to one pyramid having 
a triangular bafe in the other fo are all the pyramids having triangular 
bafes in one pyramid to all the pyramids having triangular bafes in the other 

' pyramid ; that is, the fame pyramid having a polygonal bafe to the other 
having a polygonal bafe: but the pyramid having a triangular bafe is to the 
pyramid having a triangular bafe in the triplicate ratio of the fides of like 
ratio ; therefore alfo the pyramid having a polygonal bafe has to the pyramid 
having a fimilar bafe, the triplicate ratio of that which the fide of like ratio 
bas to the fide of like ratio. 


PROP. Ix. 

The bafes of pyramids equal, and having triangular bafes, are 
reciprocally proportional to the altitudes; and of what pyramids 
having triangular bafes the bafes are reciprocally proportional to 
the altitudes, they are equal. 


For let there be equal pyramids, having the triangular bafes ABC, DEF, 
and the vertices the points G, H ; I fay that the bafes of the. pyramids 
ABCG, DEFH are reciprocally proportional to the altitudes,. and that it 
is as the bafe ABC to the bafe DEF fo is the altitude of the pyramid DEFH 
to the altitude of the pyramid ABCG. For let the folid parallelepipeds 
BGML, EHQP be compleated : and becaufe the pyramid ABCG is equal 
to the pyramid DEFH, and the folid BGML 1s fextuple of the pyramid 
ABCG, and the folid EHQP 1s fextuple of the pyramid DEFH, there- 
fore (by com. not. 6.) the folid BGML is equal to the folid EFIOP ; but 
(by 34. #1.) the bafes of equal folid parallelepipeds are reciprocally pro- 

3 portional 
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proportional to the altitudes; therefore it is as the bafe BM to the bafe EQ Book XII. 


fo is the altitude of the folid EHQP to the altitude of the folid BGML: 
but as the bafe BM to the bafe EQ _fo is the triangle ABC to the triangle 
DEF; therefore alfo as the triangle ABC to the triangle DEF {o is the alti- 
tude of the folid EHPQ to the altitude of the folid BGML: but 
the. altitude of the folid EHQP is the fame 
with the altitude of the pyramid DEFH ; and 
the altitude of the folid BGML is the fame 
with the altitude of the pyramid ABCG ; there- 
fore it is as the bafe ABC is to the bafe DEF 
fo is the altitude of the pyramid DEFH to the 
altitude of the pyramid ABCG ; therefore the 
bafes of the pyramids ABCG, DEFH are reciprocally proportional to the 
altitudes. 

But now let the bafes of the pyramids ABCG, DEFH be reciprocally 
proportional to the altitudes, and let it be as the bafe ABC to the bafe 
DEF fo is the altitude of the pyramid DEFH to the altitude of the pyra- 
mid ABCG;; I fay that the pyramid ABCG is equal to the pyramid DEFH. 
For the fame things being conftructed, becaufe it 1s as the bafe ABC to the 
bafe DEF fo is the altitude of the pyramid DEFH to the altitude of the 
pyramid. ABGC ; but as the bafe ABC to the bafe DEF fo is the 
parallelogram BM to the parallelogram EQ; therefore allo as the paral- 
lelogram BM to the parallelogram EQ. fo is the altitude of the pyra- 
mid DEFH to the altitude of the pyramid ABCG: but the altitude 
of the pyramid DEFH is the fame with the altitude of, the parallelepiped 
EHQP;; and the altitude of the pyramid ABCG 1s the fame with the 
altitude of the parallelepiped BGML; therefore it is as the da/e BM to 
the bafe EQ fo is the altitude of the parallelepiped EHQP to the altitude 
of BGML: but (by 34. 11.) of what folid parallelepipeds the bafes are 
reciprocally proportional to the altitudes, they are equal; therefore the folid 
parallelepiped BGML is equal to the folid parallelepiped EHQP; and 
the pyramid ABCG is the fixth part of the parallelepiped BGML; and 
the pyramid DEFH is the fixth part of the folid parallelepiped EHQP: 
therefore the pyramid ABCG is equal to the pyramid DEFH. Therefore 
the bafes of pyramids equal, and having triangular bafes, are reciprocally 
proportional to the altitudes; and of what pyramids having triangular 
bafes the bafes are reciprocally proportional to the altitudes, they are equal. 
‘Which was to be demonftrated. 
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Book XI - PROP X. 
- Every cone is the third part of -a cylinder having the fame bafe 
"with it, and equal altitude. 


"For let a cone have the fame bafe with a cylinder, the circle ABCD, and 

- equal altitude ; I fay that the cone is the third part of the cylinder; that is, 
‘that the cylinder is triple of the cone. For if the cylinder is not triple of 
* the-cone,' the cylinder will be either greater than triple, or lefs than triple, 
* of: the cone: firft, .let it be greater than triple, and let the fquare ABCD 
‘ be infcribed in the ‘circle ABCD; now the fquare ABCD is greater than 
` -the half of the cirele ABCD: and let a prifin of equal altitude with the 
cylinder be erected upon the fquare ABCD; now the-prifm erected is 
greater than the half-of the cylinder, fince, if we circumfcribe a fquare about 
the circle ABCD, the fquare infcribed in the circle ABCD is half of that 
circum{cribed ; and the prifms erected upon them are folid parallelepipeds 
of equal altitude; therefore (by 32. 11.) the prifms are as the bafes ;_ there- 
fore alfo the prifm erected upon the fquare ABCD is half of the prifm 
erected upon the fquare circumícribed about the circle ABCD: and the 
cylinder is lefs than the prim erected upon the fquare circumícribed about 
the circle ABCD; therefore the prifm erected upon the fquare ABCD, 
of equal altitude with the cylinder, is greater than the half of the cylinder : 
let the circumferences AB, BC, CD, DA be cut in halves in the points E, F, 
G,H ; and let AE, EB, BF, FC,CG, GD, DH, HA be joined; therefore 
alfo each of the triangles AEB, BFC, CGD, DHA is greater than the half 
of the fegment of the circle ABCD about itfelf, as we demonftrated before 
(2. 12.) : let prifims of equal altitude with the cylinder, be erected upon 
each of the triangles AEB, BFC, CGD, DHA; therefore alfo each of the 
prifms erected is greater than the half part of the fegment of the cylinder 
about itfelf; fince, if we draw through the points E, F, G, H . parallels 
to AB, BC, CD, DA, and compleat the parallelograms upon AB, BC, 
CD, DA, and ereét upon them folid parallelepipeds, of equal altitude with 
the cylinder, the prifms upon the triangles AEB, BFC, CGD, DHA are 
halves of each of the erected parallelepipeds ; and the fegments of the cylin- 
der are lefs than the erected folid parallelepipeds: fo that alfo the prifms 
upon the triangles AEB, BFC, CGD, DHA are greater than the half of the 
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of the cylinder about themfelves. Now cutting the remaining circumferences Book XII. 
in halves, and joining the ftraight lines, and erecting prifms of equal alu- m~ 
tude with the cylinder upon each of the triangles, and doing this always, 

we fhall leave (by 1. 10.) fome fegments of the cylinder, which will be lefs 

than the excefs by which the cylinder exceeds the triple of the cone: let 

them be left; and let them be AE, EB, BF, FC, CG, GD, DH, HA; 

therefore the remainder, the prifm the bafe of which is the polygon AEBF 

CGDH, and the altitude the fame with the cylinder, is greater than triple of 

the cone : but the prifm the bafe of which is the polygon AEBFCGDH, and 

. the altitude the fame with the the cylinder, is triple of the pyramid the bafe 

of which is the polygon AEBFCGDH, and the vertex the fame with the 

cone; therefore alfo the pyramid the bafe of which 
is the polygon AEBFCGDH, and the vertex the 
{ame with the cone, is greater than the cone having 
the circle ABCD its bafe; but 7# zs alfo lefs, for 
it is contained by it; which is impoffible: there- 
fore the cylinder will not be greater than triple of 
the cone. Now I fay that neither is the cylinder 
lefs than triple of the cone: for, if poffible, let 
the cylinder be lefs than the triple of the cone; therefore, inverfely, the 
cone is greater than the third part of the cylinder: now let the fguare ABCD 
be infcribed in the circle ABCD; therefore the fquare ABCD is greater 
than the half of the circle ABCD: and let a pyramid be erected upon the 
{quare ABCD, having the fame vertex with the cone; therefore the pyra- 
mid erected is greater than the half part of the cone; fince, as we have 
demonftrated before, that if we circumfcribe a fquare about the circle, the 
{quare ABCD will be the half of shat circumfcribed about the circle; and 
if upon the fquares we erect folid parallelepipeds of equal altitude with the 
cone, which are alfo called prifms, the ove erected upon the fquare ABCD 
will be half of the one erected upon the fquare circumícribed about the circle; 
for (by 32. 11.) they are to one another as the bafes; and fo are the third 
parts of them; therefore alfo the pyramid the bafe of which zs the fquare 
ABCD, is the half of the pyramid erected upon the fquare circumfcribed 
about the circle; and the pyramid erected upon the fquare about the circle 
is greater than the cone, for it contains it; therefore the pyramid the bafe 


of which is the fquare ABCD, and the vertex the fame with the cone, is 
: N n ! ereater 
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greater than the half of the cone. Let the circumferences AB, BC, CD, DA 


be cut in halves in the points E, F, G, H, and let AE, EB, BF, FC, CG, 


GD, DH, HA be joined; therefore alfo each of the triangles AEB, BFC, 

CGD, DHA is greater than the half part of the fegment of the circle ABCD 
about itfelf: and let pyramids be erected upon each of the triangles AEB, 

BFC, CGD, DHA, having the fame vertex with the cone; therefore alío 
each of the pyramids erected after the fame manner, is greater than the 
half of the fegment of the cone about itfelf: now cutting the remaining 
cucumferences in halves, and Joining the ftraight lines, and erecting a pyra- 
mid upon each of the triangles, having the fame vertex with the cone, and 
doing this always, we fhall leave fome fegments of the cone (by 1. 10.) 
which will be lefs than the excefs by which the cone exceeds the third part 
of the cylinder: let them be left, and let them be the /egments upon AE, EB, 

BF, FC, CG, GD, DH, HA ; therefore the remainder, the pyramid the bafe 
of which is the polygon AEBFCGDH, and the vertex the fame with the 
cone, is greater than the third part of the cylinder : but the pyramid the bafe 
of which is the polygon AEBFCGDH, and the vertex the fame with the 
cone, is the third part of the prifm (by cor. to 7. 12.) the bafe of which is 
the polygon AEBFCGDH, and the altitude the fame with the cylinder ; 
therefore the prifm the bafe of which is the polygon AEBFCGDH, and the 
altitude the fame with the cylinder, is greater than the cylinder the bafe of 
which is the circle ABCD; but ;/ /5 alfo lefs, for it is contained by it, which 
is impoffible ; therefore the cylinder is not lefs than triple.of the cone ; but 
it has been demoníftrated that neither js ¿i£ greater than triple; therefore the 
cylinder is triple of the cone; fo that the cone is the third part of the cylin- 
der. Therefore every cone is the third part of a cylinder having the fame 
bafe with it, and equal altitude. Which was to be demonftrated. 


. P R O P. XI. 


The cones and cylinders being of the fame altitude are to one 
another as the bafes. 


“Let there be cones and cylinders of the fame altitude, the bafes of which 
are the circles ABCD, EFGH, and the axes KL, MN, and the diameters 
of the bafes AC,EG; I fay that it is as the circle ABCD to the circle 
EFGH fo is the cone AL tothe cone EN. For, if noti let it be as the 

circle 


circle ABCD to the aut EFGH fo is the cone AL either to bu folid Book XII. 
lefs, orto a greater than the cone EN : firft, let it be to a lefs O ; and 
let the folid U be equal to that by which the folid O is lefs than the cone 

EN ; therefore the cone EN is equal to the folids O, U: let the fquare 
. EFGH be infcribed in the circle EFGH ; therefore the {quare is greater 

thah the half of the circle: let a pyramid be erected upon the fquare 
EFGH, of equal altitude with the cone; therefore the pyramid erected 

is greater than the half of the cone; (ince, if we circumfcribe a fquare 

about the circle, and upon it erect a pyramid of equal altitude with the 

cone, the infcribed pyramid is half of the circumfcribed ; for (by 6. 12.) 

they are to one another as the bafes: but the cone is lefs than the circum- 

fcribed pyramid; therefore the pyramid the bafe of which is the fquare 
EFGH, and the vertex the fame with shat of the cone, is greater than the 

half of the cone. Let the circumferences EF, FG, GH, HE be 'cut in 

halves in the points P, Q; R, S; and let HP, PE, EQ, QF, FR, RG, GS, SH 

be joined; therefore each of the triangles HPE, EQF, FRG, GSH is 

greater than thé half of the fegment of the circle about itfelf: let a pyra- 

mid of equal altitude with the cone be erected upon each of the triangles 

HPE, EQF, FRG, GSH ; therefore alío each of the pyramids erected is 

ereater than the half part of the fegment of the cone about itfelf: now 
cutting the remaining circumferences in halves, and joining ftraight lines, 

and ere€ting pyramids of equal altitudes with the cone, upon each of the 
triangles, and always doing this, we fhall leave fome fegments of the cone 

which will be lefs than the folid U : let them be left, and let them be 

the fegments upon HP, PE, EQ, QF, FR, RG, GS, SH ; therefore the 
remainder, the pyramid the bafe of which ss the polygon FIPEQFRGS, 

and the altitude the fame with the cone, is greater than the {olid O: 

alfo let the polygon DIAYBVCX be 

1nfcribed in the circle ABCD, fimilar L 
and fimilarly fituated to the polygon 
HiPEQFRGS ; and let a pyramid of 
equal altitude with the cone AL be AE € rl G 
erected upon it: then becaufe it is (by AN “j 
I. 12.) as the /guare of ‘AC to the SS E7 R, 
Square of EG fo is the polygon DT 

AYBVCX to the polygon HPEQFRGS ; and (by 2.12.) as the quare 

Non 2 of 
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of AC to the /guare of EG fo is the circle ABCD to the circle EFGH ; 
therefore alfo as the circle ABCD to the circle EFGH fo is the polygon 


.D'TAYBVCX to the polygon HPEQFRGS : but (by conft.) as the circle 


ABCD to the circle EFGH fo is the cone AL to the folid O; and as the- 
polygon DTAYBVCX to the polygon HPEQFRGS fo ts the pyramid the 
bafe of which is the polygon DIAYBVCX, and the vertex the point L, 
to the pyramid the bafe of which is the polygon HPEQFRGS, and the . 
vertex the point N ; therefore alfo as the cone AL, to the folid O, fo és the - 
pyramid the bafe of which is the polygon DT AYBVCX, and the vertex 
the point L, to the pyramid the bafe of which zs the polygon HPEQFRGS, 
and the vertex the point N; therefore, alternately, it is as the cone AL to 
the pyramid in it fo is the folid O to the pyramid in the cone EN: but 
the cone AL, is greater than the pyramid in it; therefore alío the folid O is 
greater than the pyramid in the cone EN ; but ;/ is alfo lefs, which is 
abfurd : therefore the circle ABCD is not to the circle EFGH as the cone 
AL. is to fome folid lefs than the cone EN. Certainly in like manner we 
fhall demonítrate, that neither és it as the circle EFGH to the circle ABCD- 
fo is the cone EN to fome folid lefs than the cone AL. „Now I fay that 
neither is it as the circle ABCD to the circle EFGH fo is the cone AL to 
fome folid greater than the cone EN : for, if poffible, let it be to a greater 
O ; therefore, by inverfion, it is as the circle EFGH to the circle ABCD 
fo is the folid O to the cone AL: but as the folid O to the cone AL fo 
is the cone EN to fome folid lefs than the cone AL; therefore alfo as the 
circle EFGH to the circle ABCD fo is the cone EN to fome folid lefs 
than the cone AL, which has been demonttrated to de impofitble ; there- 
fore it is noc as the circle ABCD to the circle EFGH fo és the'cone AL 
to foe folid greater than the cone EN: but it has been demonítrated 
that neither 75 77 to one lefs; therefore itis as the circle ABCD to EFGH 
fo is the cone AL, to the cone EN: but as the cone to the cone fo ¢s the 
cylinder to the cylinder, for (by 10. 12.) the one zs triple of the other ;. 
therefore alfo as the circle ABCD to the circle EFGH fo are the cylinders 
upon them of equal altitude with the cones. Therefore the cones and 
cylinders being of the fame altitude are to one another as the bafes. Which 
was to be demonítrated. 


PROP, 
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fen. P R O P, XII. Book XIP.. 
The fimilar cones and cylinders are to one another in the tripli- mr 


cate ratio of the diameters of the bafes. 


Let there be fimilar cones and cylinders, the bafes of which are the cir: 
cles ABCD, EFGH, and BD, FH the diameters of the bafes, and KL,MN 
the axes of the cones or cylinders; I fay that the cone the bafe of which zs. 
the circle ABCD, and the point L the vertex, has to the cone the bafe of- 
which is the circle EFGH, and the point N the vertex, the triplicate ratio 
of that which BD #as to FH. For if the cone ABCDL has not to the cone 
EFGHN the triplicate ratio of that which BD has to FH, the cone ABCDL . 
will have to fome folid, either lefs than the cone EFGHIN 4i: triplicate - 
ratio, or toa greater: firft, let it have 77 toalefs O; and let the fquare 
EFGH be infcribed in the circle EFGH ; therefore the fquare EFGH is. 
greater than the half of the circle EFGH : and let a pyramid,- of equal alti- 
tude with the cone, be erected upon the fquare EFGH ; therefore the pyra- 
mid erected is greater than the half part of the cone: now let the circum- 
ferences EF, FG, GH, HE be cut in halves in the points P, Q,R,S; and 
lec EP, PF, FQ, QG, GR; RH, HS, SE be joined; therefore alfo each of l 
the triangles EPF, FQG, GRH, HSE is greater than the half part of the 
fegment of the circle EFGH about itfelf: and let a pyramid, having the 
{ame vertex with the cone, be erected upon each of the triangles EPF, FQG, 
GRH, HSE ; therefore alfo each of the pyramids erected is greater than the 
half of the fegment of the cone about itfelf: now cutting the remaining 
‘circumferences in halves, and joining ftraight lines, and erecting pyramids 
having the fame altitude with the cone upon each of the triangles, and 
doing this always, we fhall leave fome fegments of the cone which will be 
lefs than the excefs by which the'cone EFGHN exceeds the folid O: let’ 
them be left, and let them be the fegments upon EP, PF, FQ, QG, GR, 
RH, HS, SE; therefore the remainder, 
the pyramid the bafe of which is the 
polygon EPFQGRHS, and the point 
N the vertex, 1s greater than the folid 
O : and let the polygon ATBYCVDX 
be infcribed in the circle ABCD, fimi- 
lar and fimilarly fituated to the poly- 
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Book XI. gon. EPFQGRHS ; andJet a pyramid having the fame vertex with the 
— Y^ cone be erected upon it; and let LBT be one of the triangles containing 
the pyram:d the bafe of which is the polygon ATBYCVDX, and the 
point L the vertex; and lec NFP be one of the triangles containing the 
| pyramid the bafe of which is the polygon EPFQGRHS, and the point 
AN the vertex; and let KT, MP be joined: and becaufe the cone ABCDL 
is fimilar to the cone EFGHN, therefore it is (by 24. def. 11.) as BD to 
FH fo ts the axis KL to the axis MN: but as BD to FH fo is BK to FM; 
therefore alfo as BK to FM fo ;; KL to MN ; and, alternately, as BK 
to KL, fo 2; FM to MN; and the angles BKL, FMN are equal, for each 
#s aright angle; and the fides about the equal angles BKL, FMN are pro- 
portionals ; therefore (by 6. 6.) the triangle BKL, is fimilar to the triangle 
FMN : again, becaufe it is as BK to KT fo is FM to MP, and they are 
about the equal angles BKT, FMP, fince what part the angle BKT is of 
the four right angles at the center K, the fame part alfo is the angle FPM 
of the four right angles at the center M : now becaufe the fides about the 
-equal angles are propartionals, therefore the triangle BKT is fimilar to the 
triangle FMP: again, becaufe it has been demonftrated, as BK to KL {o ts 
FM to MN ; and BK is equal to KT, and FM to MP ; therefore it is as 
KT to KL fo is PM to MN; and about the equal angles TKL, PMN, for 
they are right angles, the fides are proportionals; therefore the triangle- 
‘LKT is fimilar to the triangle NMP: and becaufe, by the fimilarity of the 
triangles BKL, FMN, it is as LB to BK fo is NF toFkM; and by the 
fimilarity of ‘the triangles BKT, FMP, it is as KB to BT fo ss MF to 
FP; therefore, by equality, as LB to BT fois NF to FP: again, becaufe 
.by the fimilarity of the triangles LTK, NPM, itis as LT to TK fo is NP 
to PM ; and by the fimilarity of the triangles KBT, PMF, it is as KT to 
TB fo is MP to PF; therefore, by equality, as LT to TB fo is NP to 
PF.: but it has alfo been demonftrated, as FB to BL fo is PF to FN; 
‘therefore, by equality, as TL to LB fo is PN to NF: therefore the fides 
:of the triangles LIB,NPF are proportionals; therefore (by 5.6.) the 
‘triangles LTB, NPF are equiangular; fo that they are alfo fimilar; there- 
fore alfo (by 9. def. 11.) the pyramid the bafe of which is the triangle 
BKT, and the point L, the vertex, is fimilar to the pyramid the bafe of 
which is the triangle FMP, and the point N the vertex; for they are con- 
tained by fimilar planes, equal in multitude: but (by 8. 12.) pyramids 
| 2 fimilar, 
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fimilar, and having triangular bafes, are in the triplicate ratio of the fides of Book XII. 
like ratio; therefore the pyramid BKTL has to the pyramid FMPN the SY" 
triplicate ratio of that which BK bas to FM. Certainly in like manner, 
Joining ftraight lines to K from A, X, D, V, C, Y; and to M from E,S,H, 
R, G, Q;' and erecting pyramids having the fame vertices with the cones 
upon the triangles, we fhall demonftrate that each of the pyramids of the 
fame order will have to each of the pyramids of the fame order the tripli- ` 
cate ratio of that which the fide of like ratio BK bas to the fide of hike ratio - 
FM; that is, which BD bas to FH: but as one of the antecedents ta one 
of the confequents fo are all the antecedents to all the confequents; there-, 
fore alfo it 1s as the pyramid BKTL to the pyramid FMPN fo fs the whole 
pyramid the bafe of which is the polygon ATBYCVDX, and the point L 
the vertex, to the whole pyramid the bafe of which is the polygon EPFQ | 
GRHS, and the point N the vertex ; fo that alfo the pyramid the bafe of 
which is the polygon ATBYCVDX, and the point L the vertex, has to the 
pyramid the bafe of which ts the polygon EPFQGRHS, and the point N- 
the vertex, the triplicate ratio of that which BD bas to FH: but the cone 
the bafe of which is the circle ABCD, and the point L the vertex, is fup- 
pofed to have to the folid O the triplicate ratio of that which BD bas to FH; 
therefore it is as the cone the bafe of which is the circle ABCD, and the 
point L the vertex, is to the folid O, fo #s the pyramid the bafe of which 1s 
the polygon ATBYCVDX, and the point L the vertex, to the pyramid the 
bafe of which is the polygon EPFQGRHS, and N the vertex ; therefore, 
alternately, as the cone the bafe of which is the circle ABCD, and the 
point L the vertex to the pyramid in it, the bale of which ŝis the polygon 
ATBYCVDX, and L the vertex, fo zs the: folid O to the pyramid the 
bafe of which is the polygon EPFQGRHS, and N the vertex: but the 
faid cone is greater than the pyramid in it, for it contains it; therefore 
alfo the folid O is greater than the pyramid- the bafe of which is the 
polygon EPFQGRHS, and N the vertex; but it és alfo lefs, which is 
impoffible: therefore the cone the bafe of which is the circle ABCD, and 
the point L the vertex, has nòt to any folid lefs than the cone the bafe 
of which is the circle EFGH and the point N the vertex, the triplicate 
ratio of that which BD £«s to FH. Certainly in like manner we fhall 
demonftrate, that neither has the cone EFGHN to any folid lefs than the 
cone ABCDL, the triplicate ratio of that which FH bas to BD. I fay 
that 
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that neither has the cone ABCDL to any folid greater than the cone EFGHN 
the triplicate ratio of that which DB bas to FH: for, if poffible, let it have 


‘af to, a greater O ; therefore, by inverfion, the folid O has to the cone 


ABCDL the triplicate ratio of that which FH bas to BD: but as the folid 
O to the cone ABCDL, fo is the cone EFGHN to fome folid lefs than the 
cone ABCDL;; therefore alfo the cone EFGHN has to fome folid lefs than 
the cone ABCDL the triplicate ratio of that which FH bas to BD; 
which has been demonftrated. £o 2e impoffible: therefore the cone ABCDL 
has not to any folid greater than the cone EFGHN the triplicate ratio -of 


£bat which BD Pas to-FH : but it has been demonftrated that neither bas 


st to a lefs; therefore the cone ABCDL has to the cone EFGHN the tri- 


‘plicate ratio of that which DB bas to FH. But as the cone to the cone 


fo is the cylinder to the cylinder; for the cylinder is triple of the cone 


‘which is upon the fame bafe with the cone, and of equal altitude with it; 


for it has been demonftrated (10. 12.) that every cone is the third part of 
the cylinder having the fame bafe with it, and equal altitude: therefore 
alfo the cylinder to the cylinder has the triplicate ratio of that which BD 
has ‘to FH. Therefore fimilar cones and cylinders are to one another 
in the triplicate. ratio of the diameters -of -the bales. Which was.to be 
demonftrated. 


P R O P. XIII 


If a cylinder be cut by a plane being parallel to the oppofite 
planes, it will -be as the cylinder to the cylinder fo zs the axis to 


the axis. 


For let the cylinder AD be cut by the plane GH, being parallel to 
the oppofite planes AB, CD; and let-it meet the axis EF in the point K: 


I fay that as the cylinder BG to the cylinder GD fo is the axis EK to the 


axis KF. For let the -axis EF be produced towards both parts to the 
points L,M; and let.EN,NL, any number of /ines equal to the axis EK, 
be put; and FO, OM, any number equal to FK; and let planes parallel 
to AB, CD be drawn through the points L, N, O, M; and in the planes 
through the points L, N, O, M let circles PQ, RS, TY, VX be underftood 


to be defcribed about the centres L, N, O, M, equal to the circles AB, CD; 


and let the cylinders QR, RB, DT, TX be underftood to be compleated: 
and 


P 
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and becaufe the axes LN, NE, EK are equal to one another, therefore the Book XIT. 
< cylinders (by 11. 12.) QR, RB, BG are to one another as the bales: but — 
the bafes are equal; therefore alfo the cylinders QR,RB, BG 






À 
ru 


are equal : now becaufe the axes LN, NE, EK are alío equal E GAR 
to one another, and the cylinders QR, RB, BG are alfo equal “SP ] 
to one another, and the multitude of the dines LN, NE, EK é S 
is equal to the multitude of the cy/inders QR, RB, BG; there- cR EF D. 
T Y 
V X 





fore whatfoever multiple the axis KL zs of the axis EK, the 
fame multiple will the cylinder QG be of the cylinder GB: 
certainly, for the fame reafon alfo, whatfoever multiple the axis MK is of 
the axis KF, the fame multiple alío is the cylinder XG of the cylinder GD; 
and if the axis KL, is equal to the axis KM, alfo the cylinder QG is equal 
to the cylinder GX ; and if the axis KL be greater than the axis KM, the 
cylinder QG is greater than the cylinder GX; and if lefs, lefs: now there 
being four magnitudes, the axes EK, KF, and the cylinders BG, GD, equi- 
multiples have been taken of the axis EK, and of the cylinder BG, the 
axis KL, and the cylinder QG ; and of the axis KF, and of the cylinder 
GD, the axis KM, and the cylinder GX; and it has been demonftrated 
that if the axis KL exceed the axis KM, alfo the cylinder QG exceeds the 
cylinder GX ; and if equal, equal; and if lefs, lefs: therefore it is (by c. 
def. 5.) as the axis EK to the axis KF fo 1s the cylinder BG to the cylinder 
GD. Which was to be demonftrated. 





P RO P. XIV. 


The cones and cylinders being upon equal bafes are to one another 
as the altitudes. 


For.let the cylinders FD, EB be upon equal bafes AB,CD; I fay that as 
the cylinder EB to the cylinder FD fo is the axis GH to the axis KL. 
For let the axis KL be produced to the point N ; and let LN be put equal 
to the axis GH; and let the cylinder CM be underftood to be defcribed 
about the axis LN : then, becaufe the cylinders EB, CM are of the fame 
altitude, they are to one another as the bafes; but the bafes are equal to 
one another; therefore alfo the cylinders EB, CM are equal to one another: 
and becaufe the cylinder FM has been cut by a plane CD parallel to the oppo- 
fite plànes, therefore it is (by 13. 12.) as the cylinder CM to the cylinder FD 

| Oo fo 
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fo is the axis LN to the axis KL; but the cylinder CM 

is equal to the cylinder EB, and the axis LN to the 

axis GH ; therefore it 1s’ as the cylinder EB to the | 
cylinder: FD fo is the axis GH to the axis KL: but =, 
as the cylinder EB to the cylinder FD fo és the cone 

ABG to the cone CDK, for the cylinders are triple 

of the cones; therefore alfo as the axis GH to the A 
axis KL fo is the cone ABG to the cone CDK, and the cylinder EB to the 
cylinder FD. Which was to be demonftrated. 





— PROP XV. 


.. Of equal cones and cylinders the bafes are reciprocally proportional 
to the altitudes; and of what cones and cylinders the bafes are reci- 
procally proportional to the altitudes, they are equal. 


_ Let there be equal cones and cylinders, the bafes of which are the cir- 
cles ABCD, EFGH, and the diameters of them AC, EG; and the axis 
KL, MN, which are alfo the altitudes of the cones or cylinders; and let 
the cylinders AO, EP. be compleated : I fíay that the bafes of the cylinders 
AO,EP are reciprocally proportional to the altitudes, that is, as the bafe 
ABCD to the bafe EFGH fo és the altitude MN to the altitude KL. For 
the altitude KL, is either equal to the altitude MN, or not: firft, let it 
be equal; but the cylinder AO is alfo equal to the cylinder EP; but the 
cones and cylinders being of the fame altitude, are to one another as the 
bafes; therefore alfo the bafe ABCD is equal to the bafe EFGH ; fo that 
alfo they are reciprocally proportional, as the bafe ABCD to the bafe EFGH 
fo is the altitude MN to the altitude KL. But now let the altitude KL not: 
be equal to the altitude MN, but let MN be greater; and let OM be taken 
away from the altitude MN equal to KL; and through the point Q_let 
the cylinder EP be cut by the plane TYS, being parallel to the oppofite 
planes of the circles EFGH, RP ; and from the bafe of the circle EFGH,. 
and with the altitude of QM, let the cylinder ES be conceived to ebe de- 
{cribed. And becaufe the cylinder AO 1s equal to the cylinder EP, and 
ES is fome other cylinder, therefore it is as the cylinder AO to the cylinder 
ES. fo is the cylinder EP to the cylinder ES: but ‘as the cylinder AO 

2. ta 
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ro the cylinder ES fo is the bafe ADCD to the bafe 
EFGH, for'the cylinders AO, ES are of the fame 
altitude; but (by 13. 12.) as the cylinder EP to the 
cylinder ES fo is the altitude MN to the altitude 
MQ, for the cylinder EP has been cut by the 
plane TYS, being parallel to the oppofite planes; 
therefore it is aş the bafe ABCD to the bafe EFGH fo is the altitude 
MN to the altitude MQ : but the altitude MQ. is equal to the altitude KL; 
therefore it is as the bafe ABCD to the bafe EFGH fo ŝis the altitude MN to 
the altitude KL ; therefore the bates of the cylinders AO,EP are reciprocally 
proportional to the altitudes. 

But now let the bafes of the cylinders AO, EP be reciprocally propor- 
tional to the altitudes ; and let it be as the bafe ABCD to the bafe EFGH 
fo is the altitude MN to the altitude KL: I fay that the cylinder AO 1s 
equal to the cylinder EP. For, the fame things being conftructed, be- 
caufe it is as the bafe ABCD to the bafe EFGH fo is the altitude MN 
to the altitude KL; but the altitude KL, is equal to the altitude MQ; 
therefore it is as the bale ABCD to the bafe EFGH fo is the altitude 
MN to the altitude MQ: but (by 11. 12.) as the baie ABCD to the bafe 
EFGH fo is the cylinder AO to the cylinder ES, for they are of the 
fame altitude; but as the altitude MN to the altitude MQ fo 1s (by 13. 
12.) the cylinder EP to the cylinder ES; therefore it is as the cylinder 
AO to the cylinder ES fo is the cylinder EP to the cylinder ES; there- 
fore (by 9. 5.) the cylinder AO is equal to the cylinder EP. And in 
like manner alfo of the cones. Which was to be demonftrated. 





P R OP. XVI. 


. (Two circles being about tlie fame center, to infcribe within the 
greater circle an equal-fided and an even-fided polygon, not meet- 
ing the leffer circle. 


Let the two given circles be ABCD, EFGH about the fame center K: 
now it is required to infcribe within the greater circle ABCD an equal- 
fided and even-fided polygon, not meeting the circle EFGH. ' For let the 
ftraight line BD be drawn through the center K ; and through the point G 

Oo 2 let 


í 


Book XII. 
— — 


284 THE ELEMENTS 


Book XII. 


— — 


let AG be drawn at right angles to BD, and let it 
be produced to C; therefore (by 16. 3.) AC touches 
the circle EFGH : now cutting the circumference 
BAD in halves, and the half of it in halves, and 
always doing this, (by 1. 10.) we fhall leave a cir- 
cumference lefs than AD : let it be left; and let it 
be LD; and from L ler LM be drawn perpendi- 
cular to BD; and let it be produced to N ; and let LD, DN be joined ; 

therefore LD is equal to DN : and becaufe LN is parallel to AC, and AC 
touches the circle EFGH, therefore LN does not touch the circle EFGH; 





therefore LD, ND will not touch the circle EFGH by much; and if we 


. apply in the circle, without interruption, /fraight limes equal to the ftraight 


line LD, an equal-fided and even-fided polygon will be infcribed in the 
circle ABCD, not meeting the lefler circle EFGH. Which was to be 
done. 


P R O P. XVII. 


Two fpheres being about the fame center, to inícribe in the 


| greater fphere a folid polyhedron, not meeting the leffer fphere with 


its furface. 


| Let two fpheres be underítood 7e £e about the fame center A: now it is 
required to infcribe in the greater fphere a folid polyhedron, not meeting the 


. leffer fphere with its forfite. Let the fpheres be cut by fome plane through 


the center :: now the fections will be circles; fince, the diameter remaining 
in its place, and the femicircle being turned round, the fphere was made 
(by 14. def. 11.) fo that, in whatever pofition we conceive the femicircle, 


the plane of it being produced will make a circle with the furface of the 


fphere ; and it is evident alfo that it is a great circle, fince the diameter of 
the fphere, which is alfo the diameter of the femicircle, and certainly of the 
circle, is greater than any of the ftraight lines drawn in the circle or fphere: 
then let BCDE be a circle in the greater fphere, and FGH a circle in the 
leffer {phere ; and let BD, CE, two diameters of them, be drawn at right 
angles to one another; and (by 16. 12.) the two circles BCDE, FGH 
being about the fame center, let an equal-fided and even-fided polygon 
be infcribed in the greater circle BCDE not meeting the leffer circle FGH; 


let 
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Jet the fides of which in the fourth part of the circle BE be BK, KL, LM, Book XIR. 
ME ; and KA being joined, let it be produced to N; and from the point A 
let AO be erected at right angles to the plane of the circle BCDE, and let it 

meet with the furface of the fphere in O ; and through AO and each of the 

lines BD, KN let planes be drawn; certainly, by what has been faid, they will 

make great circles upon the furface of the fphere: Ict them make them ; of 

which let BOD,KON be femicircles upon the diameters BD,KN: and 

becaufe OA is perpendicular to the plane of the circle BCDE, therefore alfo: 

(by 18. 11.) all the planes through AO are perpendicular to the plane of 

the circle BCDE; fo that alfo the femicircles BOD, KON are perpendi- 

cular to the plane i 

of the circle BCDE: 
_and becaufe the femi- 
circles BOD, KON 
are equal, for they are 
upon equal diame- 
ters BD, KN, the 
fourth parts of the 
circles BE, BO, KO 
are equal to one ano- 
ther; therefore as 
many fides of the 
polygon as there are 
in the fourth part 
BE, fo many are there alfo in the fourth parts BO, KO equal to the ftraight 
lines BK, KL, LM, ME: let them be infcribed, and let them be BP, 
PQ, QR, RO, KS, ST, TY, YO ; and let SP, TQ, YR be joined ; and let 
perpendiculars be drawn from P,S to the plane of the circle BCDE: now 
they will fall (by 38. 11.) upon BD, KN the common fections of the planes, 
fince alfo the planes of BOD, KON are perpendicular to the plane of the 
circle BCDE: let them fall, and let them be PV,SX ; and let VX be 
joined: and becaufe in the equal femicircles BOD, KON the equal circum- 
ferences BP, KS have been takén, and the perpendiculars PV,SX have 
been drawn, therefore PV-is equal to SX, and BV to KX; but the 
whole BA is alfo equal to the whole KA; therefore alfo the remainder VA 
is equal to the remainder XA; therefore it 1s as BV to VA fo is KX 


to 
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Book XII. to XA; therefore (by 2. 6.) VX is parallel to BK: and becaufe each of 
— '—7 the dines PV, SX is perpendicular to the plane of the circle BCDE, there- 
fore (by 6. 11.) PV is parallel to SX ; but it has been demonftrated alfo 
"to be equal to it; therefore (by 33. 1.) XV, SP are equal and parallel : and 
-becaufe XV is parallel to SP, but XV is parallel to KB, therefore alfo 
(by 9. 11.) SP is parallel to KB; and BP, KS join them, therefore the 
four-fided’ figure KBPS is in one plane, (ince, (by 7. 11.) if there be two 
parallel ftraight lines, and in each of them any points that may accidentally 
happen are taken, the ftraight line joining the points is in the fame plane 
with the parallels. Certainly, for the fame reafon alfo, each of the four- 
fided figures SPQT, QT RY are in one plane; but the triangle (by 2: 11.) 
YRO is in one plane: now if we conceive ftraight l'nes joined to A 
from the points P, 5, Q; T, R, Y, a certain figure, a folid polyhedron will be 
conftituted between the circumferences BO, KO, compounded of pyramids 
the bafes of which are the four-fided figures KBPS, SPQT, TORY, and 
the triangle Y RO, and the point A the vertex : but if alfo the fame things 
be conftruéted upon each of the fides KL, LM, ME as upon KB, and 
befides in the three remaining quadrants, and in the remaining hemifphere, 
a certain figure, a polyhedron, infcribed in the fphere, will be conftituted 
compounded of pyramids the bafes of which are the faid four-fided figures, 
and the triangle YRO, and figures of the like order with. them, and the 
point A the vertex. I fay that the faid polyhedron does not touch with its 
furface the leffer {phere upon which is the circle FGH: let the perpendicular 
AU be drawn to the plane of the four-fided figure KBPS, and let it meet 
the plane in the point U; and let BU, UK be joined: and becaufe AU is 


f ‘perpendicular to the plane of the four-fided Agure KBPS, therefore alfo AU 
| is perpendicular to all the ftraight lines touching it, and being in the plane ' 

I of the four-(ided figure; therefore AU is perpendicular to each of the Zines 

: BU,UK: and becaule AB is equal to AK, therefore alfo the /guare of 

; AB is equal to the quare of AK; and the /guares of AU, UB are equal 


to the /guare of AB; for the angle at U is a right angle, and the /guares of 
AU, UK are equal to Ihe /quare of AK; therefore the /guares of AU, UB 
are equal to the /guares of AU, UK: let the common /guare of AU be 
taken away; therefore the remainder, the /guare of BU, is equal to the 
Square of UK; therefore BU is equal to UK: certainly in like manner we 
Xhall demonfítrate, that the ftraight lines joined to P, S from U are equal to 

‘each 
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each of the lines BU, UK; therefore a circle defcribed with the centre U, Book XII. 
and with the diftance of one of the lines UB, UK, will alfo come through — 
P,S; and the four-fided figure KBPS will be in a circle: and becaufe KB 
is greater than XV, byt XV is equal to SP, therefore KB is greater 
than SP: but KB is equal to each of the //ses KS, BP; therefore alfo 
each of the Zines KS, BP is greater than SP: and becaufe the four-fided 
Jigure KBPS is in acircle, and KB, BP, KS are equal, and PS lefs.; and BU 
is from the centre of the circle; therefore the /yuare of KB is greater than 
double of the /guare of BU : alfo from the point K. let KZ be drawn perpen-- 
dicular to BD; and becaufe BD is lefs than the double of DZ; and it is (by. 
1.6.) as BD to DZ fo i5 the reZangle contained by DB, BZ to the rectangle - 
contained by DZ,ZB; now a fquare being defcribed upon BZ,.and the paral- 
lelogrzm ,upon DZ being compleated ; therefore-alfo the reé?angle contained: 
by DB, BZ is lefs than the double of the reéfangle contained by DZ, ZB; 
and befides, KD being joined, the reéfangle contained by DB, BZ is (by 
8.6.) equal to the /guareof KB; and the rectangle contained by DZ, ZB is: 
equal to the /guare of KZ ; therefore the /guare of KB is leis than the dou- 
of the /quare of KZ : but the /guare of KB is more than double of the /2uare 
of BU ; therefore the /guare of KZ is greater than the /guare of BU: and. 
becaufe BA is equal to KA, the /guare of BA is equal to the /guare of KA; 
and the /quares of BU, UA are equal to the /guare of BA; and the /guares- 
of KZ, ZA are equal to the fguare of KA; therefore the /guares of BU, UA 
are equal to the /guares of KZ,ZA; of, which the /guare of KZ is greater: 
than the {quare of BU; therefore the remainder, the /guare of ZA, .is lefs 
than the /guare of UA; therefore AU is greater than AZ; therefore AU’ 
is greater by much than AG; and AU is upon-one bafe of the polyhedron, . 
and AG upon the furface of the leffer fphere; fo that the polyhedron will] i 
not meet the leffer {phere with its furface. 

OTHERWISE. Now it muft be demonítrated differently, and more expe-- 
ditioufly, chat AU is greater than AG. From G let GL be drawn at right: 
angles to AG; and let AL be joined: now cutting the circumference EB 
in halves, and the half of it in halves, and doing this always, we fhall 
leave a certain circumference, which is lefs than that part of the circumference 
of the circle BCD, which is fubtended by a /ize equa] to GL: let it, be 
left; and let it be the circumference KB; therefore alfo the ftraight line 

KB is lefs than GL: and becaufe the four-fided jizure BIKSP is in a circle, 


and. 
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Book Xil. and PB, BK, KS are equal, and PS lefs, therefore the angle BUK is obtufe; 
I therefore BK is greater than BU: but GL is greater than BK; therefore 
GL is greater by much than BU ; therefore alfo the /guare of GL is greater 
than the /quare of BU: and becaufe AL is equal to AB, therefore alfo the 
Jquare of AL, is equal to the /guare of AB: but the /guares of AG, GL are 
‘equal to the /guare of AL; and the /guares of BU, UA are equal to the 
fquare of AB; therefore the /quares of AG, GL, are equal to the /guares of 
BU,UA ; of which the /quare of BU 1s lefs than the /guere of GL; the 
„remainder therefore, the quare of UA, is greater than the /guare of AG; 
therefore AU is greater than AG. Therefore two fpheres being about the 
fame centre, a folid polyhedron has been infcribed in the greater {phere, 
not meeting the lefler: {phere with its furface. | Which was to be demon- 
ftrated. | : 

Con. And if a folid polyhedron be infcribed in another fphere, fimilar 
to the folid polyhedron in the fphere BCDE, the folid polyhedron in the 
fphere BCDE has to the folid polyhedron in the other fphere the triplicate 
ratio of that which the diameter of the fphere BCDE bas to the diameter 
of the other {phere : for the folids being divided into a like number, and a 
like order of pyramids, the pyramids will be fimilar; but fimilar pyramids 
are to one another (by cor. 8. 12.) ‘in-the triplicate ratio’ of the fides of 
like ratio; therefore the.pyramid the bafe of which is the four-fided Agure 
KBPS, and the point A the vertex, has to the pyramid of like order in the 
other {phere the triplicate ratio of that which the fide of like ratio bas to 
the fide of like ratio; that-is, which AB- from the centre of the fphere 
about the centre A kas to the /ine from the centre of the other fphere: but 

. in like manner alfo each pyramid of thofe in the fphere about the centre 
A will have to each pyramid of like order of thofe in the other fphere, the 
‘triplicate ratio of that which AB: bkas to the line from the centre of the 
other fphere; and as one of the antecedents to one of the confequents fo 
are all the antecedents to all the confequents; fo that the whole folid poly- 
hedron in the /2bere about the centre A has to the whole folid polyhedron in 
the other fphere, the triplicate ratio of that which AB bas to the line from 
the centre of the other fphere; that is, which the diameter BD das to the 
diameter of the other fphere,— Which, was to be demonftrated. 
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The ſpheres are to one another in the triplicate ratio of their own 
diameters. 


Let fpheres ABC, DEF be conceived, and BC, EF the diameters of them; 
J fay that the fphere ABC has to the fphere DEF the triplicate ratio of that 
which BC das to EF. For if not, therefore the {phere ABC will have to 
fome leffer, or to fome greater /pbere than the fphere DEF, the triplicate ratio 
of that which BC bas to EF: let it have it, firít, to a leffer GHK, .and let 
the fphere DEF be underftood so de about the fame centre with GHK ; and 
let a folid polyhedron be infcribed in the greater {phere DEF (by 17. 12.), 
not meeting with its furface the leffer fphere GHK ; and let a folid poly- 
hedron be’ infcribed in the fphere ABC, fimilar to the folid polyhedron in 
the fphere DEF: theretore (by cor. 17. 12.) the folid polyhedron in ABC 
has to the folid polyhedron in DEF the triplicate ratio of that which BC bas 
to EF: but the fphere ABC has to the fphere GHK the triplicate ratio 
(by hyp.) of that which BC das to EF; therefore it is as the fphere ABC 
to the {phere GHK fo és the folid polyhedron in the fphere ABC to the 
folid polyhedron in the fphere DEF; therefore, alternately, as the {phere . 
ABC to the folid polyhedron in it “ : 
fo is the fphere GHK to the folid 
polyhedron in the fphere DEF: but 

; M N 

the fphere ABC is greater than the 
polyhedron in it; therefore alfo the " 
Íphere GHK is greater than the 
polyhedron in the {phere DEF ; but /Z ^N 
it is alfo lefs, for it is-contained by B E 
1t, which is impoffible ; - therefore MP 
the fphere ABC has not to a lefs RET 
than the fphere DEF the triplicate | 
ratio of that which the diameter BC has to EF. Certainly in like man- 
_ ner we fhall demonftrate, that neither has the {phere DEF to a lefs than the 

{phere ABC the triplicate ratio of that which EF bas to BC. Now] fay 
that neither has the {phere ABC to any greater than the fphere DEF the 


triplicate ratio of that which BC bas to EF ; for, if poffible, let it have ta 
P p a greater 
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a greater LMN ; therefore, by inverfion, the fphere LMN has to the- 
{phere ABC the triplicate ratjo of that which the diameter EF has to the- 
diameter BC : but as.the fphere LMN to the fphere ABC fo is the fphere , 
DEF to fome one lefs than the fphere ABC, as has been demonftrated 
before, fince LMN is greater than DEF ; therefore alfo the fphere DEF 
has to a leffer than:the {phere ABC the triplicate ratio of that which EF 
bas to BC, . which has been demonftrated /» 2e impoffible; therefore the 
fphere ABC has not to a greater than DEF the triplicate ratio of that which 
BC Pas to EF ; but it has beeri demonftrated, that neither bas it to a lefs: 
therefore the fphere ABC has to the fphere DEF the triplicate ratio of that. 
which BC das to EF. Which was to be demontftrated. 
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P R OP. I. 


F a ftraight line be cut in extreme and mean ratio, the greater Book XIII. 
(egment, taking to 77/z/f the half of the whole Ane, is quintuple — 
in power of the Square of half the whole /ie. 


^ 


Let the ftraight line AB be cut in extreme and mean ratio in the point C; 
and let AC be the greater fegment; and let the ftraight line- AD be pro- 
duced in a ftraight line to AC; and let AD be put, the half of AB: I fay 
that the /guare of CD is quintuple of the /guare of AD. For let AE, DF 
the fquares of AB, DC be defcribed; and let the figure be compleated in 

, the fquare DF ; and let FC be produced to G: and becaufe AB has been 
cut in extreme and mean ratio in C, therefore (by 3 def. and 
17. 6.) the rectangle contained by AB, BC is equal to the 

Square of AC; and EC is the reffangle contained by AB, BC; - 
and FH ts the /guare of AC; therefore CE is equal to FH: 
and becauíe AB is double of AD; but BA is equal to KA, 
and AD to AH;; therefore-alfo KA is the double of AH: 

Ppa 
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but as KA to AH fo (by 1. 6.) is KC to CH ; therefore KC is double of 


| CH: but alfo LH, HC are the double of HC; therefore KC is equal to 


LH, HC: but CE has been alfo demonftrated to be equal to the /quare 
FH ; therefore the whole fquare AE is equal to the gnomon LMA: and 
becaufe BA is double of AD, the- /guare of BA is quadruple of the /guare 
of AD; that is, AE #5 quadruple of the fquare DH1: but AE is equal to the 
gnomon LMA ; therefore the gnomon LMA is quadrupłe of DH : there- 
fore the whole /guare DF is quintuple of DH; and DF is the guare of CD, 
and DH the quare of AD ; therefore the /guare of CD is quintuple of the 
Square of DA. Therefore, if a ftraight line be cut in extreme and mean 
ratio, the greater fegment, taking to i¢/e/f the half of the whole Zine, -is 
quintuple in power of the fquare of half tlre /ize. Which was to be demon- 
ftrated. ` | 

ScHoLIUM.  ÁANaLvsis is the taking of the ¢hing fought as granted, 
through«the confequences, to fome acknowledged truth. SyNTHEs!Is is the 
taking of the ‘ing granted, through the confequences, to the determination 
or finding of the thing fought. 


T be analyfis of the faid thecrem, without the defcription of the figure. 


For let any ftraight line DB be cut in extreme and mean ratio in C ; and 
let DC be the greater fegment; and let DA be put equal to the half of DB 7 
I. fay that the /guare of AC is quintuple of the fquare of AD. For becaufe 
(by anal.) the /yuare of AC is quintuple of the /guare of AD; but (by 4. 2.) 
the /guare of AC is cqual to the /guares of AD, DC, together with the reéf- 
angle contained by AD,DC taken twice; therefore the /guares of 
AD, DC, with the rectanzle contained by AD, DC taken twice, are 
quintuple of the /guare of AD; therefore, by divifion, the /quare of 
CD, with the reZengle contained by AD,DC taken twice, are quadruple 
of the quare of AD : but the recangle contained by AD, DC taken 
twice is equal to the rectangle contained by BD, DC, for BD is the 
double of DA; and the /guare of DC 1s equal to the reZangle con- 
tained by DB, BC, for DB has been cut in extreme and mean ratio; there- 
fore the reZangle contained.by BD, DC, together with the reZangle contained 
by DB, BC, are quadruple of the /quare of AD: but the reZangle contained 
» BD, DC, together with the reZaeng/e contained by DB, BC, are (by 2.2.) 

equal 
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dio 


equal to the /guare of DB; therefore the /guare of DB is quadruple of the Book XIII. 

Jquare of AD ; but it is /o, for DB is double of DA. — ⸗ 
The fynthefis of the fame. Then, becaufe the /guare of DB is quadruple 

of the quare of AD; but the fquare of DB is equal to the reZangle con- 

tained by DB,DC, together with the rectangle contained by DB,BC; 

therefore the reZangle contained by BD, DC, together with the rectangle 

contained by DB, BC, is quadruple of the /guare of AD: but the reéfangle - 

centained by BD, DC is equal to the reazg/e contained by AD,DC taken. 

twice; and the rectangle contained by DB, BC is equal to the guare of DC ; 

therefore the /guare of DC, together with the rectangle contained by AD, DC 

taken twice, is quadruple of the /guare of AD ; fo that the /guares of AD, DC, , 

together with the rectangle contained by AD, DC taken twice, are quintuple . 

of the /quare of AD: but the fquares of AD, DC, together with the re&- 

angle contained by AD,DC taken twice, are equal to the /guare of AC ;. 

therefore the fquare of AC is quintuple of the /guare of AD. Which was. 

to be demonftrated. . 


PROP. IL. 
Ifa ftraight line be quintuple in power of a fegment of itfelf, the 
double of the faid fegment being cut in extreme and mean ratio, 


the greater fegment-is the remaining ‘part of the ftraight /ie from 
the beginning. 


= 


For let the ftraight line DC be quintuple in power of AD, a fegment of. 
itfelf; and let AB be double of AD: I fay that, AB being cut in extreme 
and mean ratio, AC is the greater fegment. For let the fquares DF, AE 
be defcribed. upon each of the lines DC, AB, and let the figure be com-. 

pleated in the /quare DF, ‘and let FC be produced to G : and becaufe the 
. Jquare of DC is quintuple of the /guare of DA; that is, the /guare DF of . 
DH ; therefore the gnomon LMA is quadruple of DH : and becaufe AB 
is double of AD, therefore the /guare of AB is quadruple 
of. the /guare of AD; that is, AE of DH : but the gno- 
mon LMA has been demonftrated z0 de quadruple of DH; 
therefore the gnomon LMA is equal to AE: and ‘becaufe- 
AB is double of AD; but AB is equal to AK, and AD 
to AH;; therefore KA is double of AH; therefore -alfo . 
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KC is double of CH; and alfo LH, HC are double of HC; therefore 
‘KC is equal to LH, HC: but the whole gnomon LMA has been alfo 
demonítrated: to ?e equal to AE; therefore the remainder, the /guare FH, 
is equal to CE: but CE is the reffangle contained by AB, BC, for AB is 
-equal to BE; and HF is the /guare of AC; therefore the reZangle contained 
-by AB, BC is equal to the /yuare of AC; therefore it is as AB to AC fo 
sis AC to CB.: but AB is greater than.AC; therefore alfo AC greater than 
‘CB: therefore the ftraight /ine AB being cut in extreme and mean ratio, 
AC is the greater fegment. Therefore, if a ftraight line be quintuple in 
power of a fegment of itfelf, the double of the faid fegment being cut in 
extreme and mean ratio, the, greater fegment is the remaining part of the 
'ftraight Zine from the-beginning. Which was to be demonftrated. 

Lemma. It muft thus be demonftrated, that the double of AD is greater 
than AC. For if not, if poffible, let AC be double of AD ; therefore the 


quare of AC ts quadruple of the /guare of AD; therefore both the /guares 


of AC, AD are quintuple of the quare of AD: but the guare of DC is 
alfo fuppofed quintuple of the /guare of AD; therefore the fquare of CD is 
equal to:the /guares of DA, AC, which (by 4. 2.) 1s impoffible; therefore AC 
is not double of AD. Certainly in like manner we fhall demonftrate, that 
‘neither is a lefs./ine than AC double of AD; for the abfurdity is greater by 
muclr: therefore the double of AD is greater than AC. Which was to be 


:demonttrated. 
ScHoLIUM. Tbe analyfts of. tbe faid theorem. For let any ftraight line 


AC be quintuple in power to AD, a feyment of itfelf; and let. DB be 
put, the double of AD: I fay that DB has been cut in extreme and mean 
ratio in the point.C; and that DC is the greater fegment, which is the 
remaining part of the ftraight line from the beginning.. For becaufe DB 
has ‘been .cut in extreme and mean ratio in C, and DC is the greater feg- 
ment, therefore the reZangle contained by DD, BC is equal to the 
Jquare o£. DC: but the re&angle contained by BD, DC is equal to the 
rectangle contained by AD, DC taken twice, for BD is double of 

DA; therefore the rectangle contained by DB, BC, together with pn 
the reZangle contained by BD, DC, which is the fquare of DB (by 

2. 2.), is equal to the reZangle contained ky AD, DC taken twice, 


together with the /guare of DC: but the /guare of DB is quadruple A. 


of the /7uare of AD; therefore the rectangle contained by AD, DC, taken 
twice, 
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twice, together with the /gaare of DC, is quadruple of the /guare of AD; Book XHI%.- 
fo that alfo the /guares of AD, DC, together with the reZangle contained by — 
AD, DC taken twice, which is the /guare of AC, are quintuple of the /guare’ 

of AD; and it is /o, by the fuppofition. 

The fyntbefis of the fame. ‘Then becaufe the /guare of AC is quintuple of 
the /quare of AD ; but the /guare of AC is equal to the fquares of AD, DC,. 
together with the rectangle contained by AD, DC taken twice; therefore the: 
Squares of AD, DC, together with the rectangle contained by AD, DC taken: 
twice, are quintuple of.the /guare of AD; therefore,. by divifion, the reé- 
angle contained by AD, DC taken twice, together with the /quare of DC, is 
quadruple of the /guare of AD; but the /guare of DB is alfo quadruple of 
the /quare of AD; therefore the rectangle contained by AD, DC taken twice,. 
which is the reZaugle contained by BD, DC taken once, together with the: 
Square of. DC, is equal to the /guare of DB: but the /quare of DB is equal to- 
the rectangle contained by BD, DC, together with. the. reZangle contained by 
DB, BC, therefore the rectangle centained by BD, DC, together with the reé- 
angle contained by DB, BC, is equal to the reZangle contained by. BD, DC,. 
together with the /zuare of DC ;. and the common reZ/angle contained by BD,. 
DC being taken away; therefore the remainder, the reZange contained by DB,. 
BC, 1s equal to the /guare of DC; therefore it is (by 17. 6.) as BD to DC 
fo ts DC to CB: but DB is greater than DC ; therefore alfo DC is greater- 
than CB; therefore DB has been cut in: extreme and mean ratio in C,. 
and DC is the greater fegment. Which was to- be demonttrated.. 


PROP. III. 
If a ftraight line be .cut in extreme and mean. ratio,. the leffer 
fegment, taking fo ;//Z/f the half of the greater fegment,.is quintuple 
in power of the fquare of half the greater fegment.. 


For let any ftraight line AB be cut in extreme and: mean ratio in the 
point C, and let AC be the greater feement; and let AC be cut in halves. 
in D: I fay tnat the /guare of BD is quintuple of the /guare of DC. For 
let the fquare AE be defcribed upon AB ;. and let the figure be compleated :: 
and becaufe AC is double of: DC, the fquare of AC is quadruple of the: 
ftyuare of DC ;. that is, RS i; quadruple of FG : and becaufe the reZangle- 
contained by AB, BC is equal to the /quare of. AC, and CE 1s the rectangle: 

2 contained? 
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Book XIII, contained by AB, BC, and RS the /guare of AC, there- 
| fore CE is equal to RS;. but-RS is quadruple of FG; 
therefore alfo CE is quadruple of FG: again, becaufe 
AD is equal to DC, HK is alfo equal to KF; fo that allo 
the fquare GF is equal to the fquare HL; therefore GK 
is equal to KL, that is, MN to NE ; fo that allo MP . 
is equal to FE: but MF is equal to CG ; therefore alfo CG is equal to 
FE: let the common /pace CN be added; thercfore the gnomon DMF is 
equal to CE: but CE has been demonftrated to de quadruple of GF; 
therefore alfo the gnomon DMF is quadruple of GF; therefore DN is 
quintuple of the fquare :GF; and' DN is the /2uare of DB, and GF the 
Square of DC; .therefore the /guare of DB is quintuple of the /quare of 
DC. Which was to be demonftrated. 
ScHoLIUM. Ze analyfis of the faid theorem. For let the ftraight line AB 
be cut in extreme and mean ratio.in.the point C ; and let AC be the B 
greater fegment, and CD the half of AC: I fay that the fquare of 
BD is quintuple of the (quare of CD. For becaufe the fquare of c 
BD is quintuple of the fquare of DC ; but the quare of BD isequal pt ` 
. to the reZangle contained by AB, BC, together with the /guare of DC 
(by 6. 2.) ; therefore the reZangle contained by AB, BC, together | 
with the /guare of DC, is quintuple of the /guare of DC; therefore, A 
by divifion, the reZang/e contained by AB, BC is quadruple of the “Square of 
DC: but the /guare of AC is equal to the reffangle contained by AB, BC, for 
AB has been cut in extreme and mean ratio in C; therefore the /guare of AC 
is quadruple of the /guare of DC : but it is fo, for AC is double of CD. 
The fynthefis of the fame. Becaufe AC is the .double of DC, the /guare 
of AC is quadruple of the /guare of DC: but the /guare of AC is equal 
to the reZangle contained by AB, BC ; therefore the rectangle contained by 
AB,BC is quadruple of the /guare of CD; therefore, by compofition, 
the rectangle contained by AB, BC, together with the /guare of DC, which 
(by 6. 2.) is the fquare of DB, is quintuple of the /guare of DC. Which 
‘was to be demonftrated. 





P R O P. TV. 


If a ftraight line be cut in extreme and mean ratio, the ‘fquare of 
the whole and of the leffer fegment, both the fquares together are 
triple of the {quare of the greater fegment. F 

| , ^. Let 
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Let AB be a ftraight line, and let it be cut in extreme and mean ratio in. Bo & XIII. 
C; and let AC be the greater fegment : I fay that the fquares of AB,BC ““Yv~ 
are triple of the /guare of AC. For let the fquare ADEB be defcribed upon 
AB; and let the figure be compleated : then becaufe AB has been cut in 
extreme and mean ratio in C, and AC is the greater fegment, therefore the 
reHangle contained by AB, BC is equal to the /guare of AC; and AK is the 
rectangle contained by AB, BC; and HG the /guare of AG; therefore AK 
is equal to HG: and becaufe AF is equal to FE, let 


A. C B g 
the common /pace CK be added; therefore the whole AK - 
is equal to the whole CE; therefore CE, AK are double H SK 
of AK: but AK, CE are the gnomon AKG, and the / 


{quare CK; therefore the gnomon AKG, and the fquare 

CK, are double of AK: but alfo AK has been‘demon- ? © Æ 
{trated to de equal to HG; therefore the gnomon AKG, and the fquare CK, 
are double of HG; fo-that alfothe gnomon AKG, and the fquares CK, HG, 
are triple of the fquare HG; and the gnomon AKG, and the fquares CK, 
HG, are the whole AE, CK ; which are the fquares of AB, BC: but HG 
is the fquare of AC; therefore the fquares of AB, BC are triple of the 
{quare of AC. Which was to'be demonftrated. 

ScuoLIuM. The analyfis of tbe faid theorem. For let the ftraight line AB 
.be cut in extreme and mean ratio 1n C; and let AC be the greater fegment: 
I fay that the /quares of AB, BC are triple of the /guareof AC. For p 
becaufe the fquares of AB, BC are triple.of the fquare of AC ; but 
(by 7. 2.) the fquares of AB, BC are equal to the rectangle contained © 
by AB, BC ¢aken twice, together with the /guare of AC; therefore 
the reffangle contained by AB, BC taken twice, together with the 
Square of AC, is triple of the /guare of AC; therefore, by divifion, 
the rectangle contained by AB,BC taken twice, is double of the A 
fquare of AC; fo that the rectangle contained by AB, BC taken once, is equal 
to the /guare of AC: but it is /o, for AB has been cut in extreme and 
mean ratio in C. 

The fynthefis of the fame. Now becaufe AB has been cut in extreme and 
mean ratio in C, and AC is the greater fegment, therefore the reéfangle 
contatned by AB, BC is equal to the /quare of AC; therefore the reZang/e 
contained by AB,BC taken twice, is double of the fquare of AC; there- 
fore, by compofition, the rectangle contained by AB, BC taken twice, together 
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Book XIII. with the /guare of AC, is triple of the /guare of AC but (by 7. 2.) the 
— rectangle contained by AB, BC taken twice, together with the ſquare of AC, 
is the fquares of AB, BC : therefore the fquares of AB, BC are triple of the 
Jquare of. AC. 


PROP V. 


If a ftraight line be cut in cxtreme and mean ratio, and if a line 
s equal to the greater fegment be added 7o ;z, the whole ftraight line 
hath been cut in extreme and mean ratio, and the greater fegment. 

1$ the ftraight line from. the beginning. 


For let the ftraight line AB be cut in extreme and mean ratio in C; and. 
let AC be the greater fegment ;; and let AD: be put equal to AC: I fay that 
the ftraight line DB has been cut in extreme and mean ratio in A, and that 
the ftraight line from the beginning AB is the greater fegment. For let: 
the fquare AE be defcribed upon AB, and. let. the figure be compleated :. 

. now becauíe AB has been cut in. extreme and 


mean ratio 1n. C, therefore the reZ/angle contained. T ^ T B: 
by AB, BC is equal to the quare of AC; and CE © 

is the reéfangle contained by AB, BC; and CH is. K. 
the /quare of AC ; therefore CE is equal to CH: " 

but CE is equal to HE ;.and CH 1s equal to. *- 


DH ; therefore alfo DH is equal to HE: let the common pace HB be 
added; therefore the whole DK is equal to the whole AE: and DK is the 
rectangle contained by, BD, DA,, for AD is equal to DL ;. and. AE is the 
Jquare.of AB; therefore the rectangle contained .by BD, DA is equal to the 
Square of AB; therefore it is (by 17..6.) as DB to.BA fois BA to AD: 
but DB is greater than BA, therefore alfo BA is.greater than AD: there- 
fore DB has been cut in extreme and mean ratio in A, and AB is the greater 
fegment. Which. was to be demonftrated, 

ScHotium. The analvfis of. tbe faid tbeorem. For let any ftraight line - 
DB be cut in extreme and mean ratio in, C ; and let the" greater fegment 
be DC ; and let DA be put equal to DC: I fay that AB has been cut in- 
extreme and mean ratio at D, and that DB is the greater fegment.. For 
becaufe. AB. has been cut in extreme and mean. ratio in D, and DB is the 
greater 


Pa 
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preater fegment, therefore it is as AB to BD fo is BD to DA: 
but AD is equal to DC; therefore it is as AB to BD fo i; BD to 
DC; therefore, by converfion, as AB to AD fo is BD to BC; tC 
therefore, by divifion, DB is to DA as DC to CB: but AD is p! 
equal to DC; therefore it is as DB to DC fo is DC to CB: but 
it is fo, for DB has been cut (by hyp.) in extreme and mean ratio 
in C. | A. 
The fynthefis of the fame. Now becaufe DB has been cut in extreme and 
mean ratio in C, therefore it is as BD to DC fois DC to CB: but DC 
is equal to DA; therefore it is as BD to DA fo is DC to CB; therefore, 
by compofition, AB 7s to AD as DB to BC; and, by converfion, as AB 
‘to DB fo is DB to DC: but AD is equal to DC; therefore it 1s as AB to 
.DB 1o is DB to DA; therefore AB has been cut in extreme and mean ratio 
in D, and DB is the greater fegment. Which was to be demonftrated. 


P R20 P., VI. 
If a rational ftraight line be cut in extreme and mean ratio, each 
of the fegments is the irrational me called an apotomé. 


Let DB be a rational ftraight line, and let it be cut in extreme and mean 


Book XIII. 
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ratio in C ; and lec DC be the greater fegment: I fay that each of the leg- 
ments DC, CB is the irrational /ine called an apotomé. For let BD be ` 


produced to A ; and let DA be put, the half of DB: now becaufe the 
ftraight line DB has been cut in extreme and mean ratio in C; and DA, 
being the half of DB, is added to the greater fegment DC; therefore (by 
1. 13.) the /guare of AC its quintuple of the /guare of DA ; there- 
fore the /guare of AC has to the fquare of AD the ratio which num- 
ber has to number; therefore (by 6. 10.) the /guare of AC is com- 
menfurable to the /guare of AD: but the /guare of DA is rational, 
for DA is rational, being the half. of AB, ;/ being rational ; there- 
fore alfo (by 6. def. 10.) the /quare of AC is rational; therefore 
alfo (by 8. def. 10.) ,AC is rational : and becaufe the /guare of AC 
has not to the /guare of AD the ratio which a fquare number has to a fquare 
number, therefore (by 9. 10.) AC is incommenfurable in length to AD; 
therefore CA, AD are rational lines, commenfurable only in power; there- 
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Book XIII. fore (by 74. 10.) CD is an apotomé: again, becaufe DB has been cut in 
extreme and mean ratio, and CD is the greater fegment, - therefore the 
re&langle contained by DB, BC is equal to the /quare of CD ; therefore the 
Square of the apotomé CD, applied to the rational Zine DB, makes the 
breadth BC: but the /guare of an apotomé (by 98. 10.), applied to a 
rational Zine, makes the breadth a firít apotomé; therefore BC is a farft apo- 
tomé : but'DC has been demonftrated /o be an apotomé. Therefore if a 
rational ftraight line be cut in extreme and mean ratio, each of the fegments 
is the irrational dine called an apotom& Which was to be demonftrated. 


47 


P R OP. VII. 


If the three angles of an equilateral} pentagon, either the angles 
Jollowing in order, or not fo//owrng in order, are equal, the penta- 
gon will be equiangular. 


For, firft, let the three angles of the equilateral pentagon ABCDE, -fo/- 
lowing one another in order, be equal to one another, the angles at the 
points A,B,C; I fay that the pentagon ABCDE is equiangular. For 
let AC, BE, FD be joined; and becaufe the two CB, BA are equal to. 
the two BA, AF, each to each, and the angle CBA is equal to the angle 
BAE, therefore the bafe AC is equal to the bafe BE; and the triangle 
ABC is equal to the triangle ABE; and the remaining angles will be 
equal to: the remaining angles, 4o/e under which the 
equal fides are extended, BCA to BEA, and ABE "má 
to CAB; fo that alfo (by 6. 1.) the fide AF is equal | 
to the fide BF: but the whole AC has been alfo A 
demonftrated to be equal to the whole BE ; therefore V 
the remainder FC is equal to the remainder FE; but . © a 
CD is alfo equak to. DE: now the two FC, CD are equal to the two 
FE, ED; and.FD, the baíe of them, 1s common ;. therefore the angle FCD- 
is equal. to the angle FED: but the angle BCA has been demoníftrated 
to be equal to. AEB ;. therefore the whole BCD 1s equal to the whole AED: 
but BCD: is fuppofed equal to. the angles. at the points A,B; therefore 
allo AED is equal to the angles at the pomts A,B: certainly, in like 
manner, we fhall demonftrate that alfo the angle CDE is equal to the 
angles at the points A; B: therefore the pentagon ABCDE is equiangular. 

2 | But 
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But now let them not be equal, the angles following in order; but let the 
angles at the points A, C, D be equal: I fay that alfo thus the pentagon 


ABCDE is equiangular. For. let BD be joined; and becaufe the two 


BA, AE are equal to the two BC, CD, and contain equal angles, there- 


fore the bafe BE is equal to the bafe BD; and the triangle ABE is equal. 


to the triangle BCD; and the remaining angles will be equal to the remain- 


ing angles, ¢bofe under which the equal fides are extended; therefore the 
angle AEB is equal to CDB: but alfo the angle BED is equal to BDE,,. 


becaufe the fide BE is equal to the fide BD; therefore the whole angle 


AED is equal to the whole CDE: but CDE 1s fuppofed equal to the angles. 


at the points A,C; therefore alfo the angle AED is equal to the angles at 


the points A,C: certainly, for the fame reafon alfo, ABC is equal to the 


angles at the pomts A,C,D: therefore the pentagon ABCDE is equi- 
angular, Which was to be demonftrated. ! 

PROP. VIII | 

If ftraight lines fubtend two angles following in order of an equi- 

lateral and equiangular pentagon, they cut one another in extreme 

and mean ratio, and the greater fegments of them are equal to. the 


fide of the pentagon. 


For let the ftraight lines AC, BE fubtend two angles of the equilateral: 
and equiangular pentagon ABCDE, the angles following in order at the 
points A,B, cutting one another in the point H; I fay that each of them: 
has been cut in extreme and mean ratio in H, and ¢hat the greater fegments. 
of them are equal to the fide of the pentagon. For let the circle ABCDE. 
be circumf{cribed about the pentagon ABCDE (by 14. 4.): and becaufe the 
two (traight lines EA, AB are equal to the two frraight 4 
lines AB, BC, and contain equal angles, therefore | \ 
the bafe BE is equal to the bafe AC ; and the triangle / HN \ 
ABE is equal to the triangle ABC ; and the remain- E p? 
ing angles will be equal to the remaining angles, each. N 
to each, thofe under which the equal fides are extended; 
therefore the angle BAC is equal to ABE; therefore (by 32. 1.) AHE is: 
double of the angle BAH, for it is the outward angle-of the triangle ABH: 

i buti 
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Book XIII. but EAC is alfo (by 33. 6.) double of BAC, fince the circumference 
“=r EDC is double of the circumference CB; therefore the angle HAE is 
equal to AHE; fo that (by 6. 1.) the ftraight line HE is equal to 
EA, that is, to AB: and becaufe the ftraight line BA is equal to AE, alfo 
the angle ABE ts equal to AEB: but ABE has been demonftrated fo ‘de 
‘equal to BAH; therefore the angle BEA ts equal to BAH; and ABE is 
a common angle of the two triangles ABE, ABH ; therefore the remaining 
angle BAE is equal to the remaining angle AHB; therefore the triangle 
ABE is equiangular to the triangle ABH ; therefore there is this propor- 
-tion, as EB to BA fois ABto BH: but BA 1s equal to EH; therefore 
as BE to EH fo is’ EH to HB: but BE is greater than KH; therefore | 
EH is greater than HB; therefore BE has been cut in extreme and mean 
ratioin Hy, and the greater fegment HE is equal to the fide of the penta- 
gon. Certainly, in the fame manner, we fhall demonftrate that AC has alfo 
been cut in extreme and mean ratio in H, and that the greater fegment. of 
it CH is equal to the fide of the pentagon. Which was to be demonttrated. 


= 


PROP IX. 
If the fide of a hexagon and the /ide of a decagon infcribed in the 


fame circle be put together, the whole ftraight line has been cut in 
extreme and mean ratio, and the greater fegment of it is the fide of 
the hexagon. 


Let ABC be a circle; and of the figures infcribed in the circle ABC, let 
BC be the fide of the decagon, and CD of the hexagon; and let them be 
in a ftraight line : I fay that the whole ftraight line BD has been cut in 
extreme .and mean ratio in C, and that CD is the greater fegment of it. 
For let the center of the circle be taken, and let it be the point E; and let 
EB, EC, ED be joined; and let BE be produced to A: and becaufe BC is 
the fide of an equilateral decagon, therefore the-cir- à 
cumference ACB is quintuple of the circumference 
BC; therefore AC is quadruple of the circumference 


a F 
` CB: butas the circumference AC to CB fo is the \ 7 
angle AEC to the angle BEC ; therefore the angle C Ww 
D 





AXC is'quadruple of BEC: and becaufe the angle 
EBC is equal to ECB, therefore the angle AEC is 
double of ECB; and becaufe the ftraight line EC is equal to CD, for each 

of 
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of them is equal to the fide of a hexagon infcribed in the circle ABC, Book XIII. 
alfo the angle CED is equal to the angle CDE; therefore the angle ECB 
is double of EDC: but AEC has been demontftrated to de double of ECB; 
therefore AEC is quadruple of EDC: but AEC has been alfo demonftrated: 
to be quadruple of BEC; therefore EDC is equal to BEC: but the angle: 
EBD is common to the two triangles BEC, BED ;, therefore the. remaining. 
angle BED is equal to the remaining angle ECB ; therefore the. triangle: 
EBD 1s equiangular to the triangle EBC ; therefore there is this proportion,. 
as DB to BE fo is EB to BC: but EB is equal to CD ; therefore it is,, 
as BD to DC fo zs DC to CB: but BD is greater than DC ; therefore DC. 
is alio greater than CB; therefore BD hath been cut in extreme and. 
mean ratio in.C, and.DC is the greater feement of it... Which was to be 
demonítrated ^ 


P R OP. X. 


If an equilateral pentagon be infcribed in a circle, the fide of the: 
pentagon is equal in power to the /de of a Men and the fide of 
a decagon inícribed in. the fame circle. 


Let ABCDE be a circle, and let an equilateral pentagon ABCDE be 
infcribed in the fame; I fay that the fide of the pentagon ABCDE is equal 
in power to the fide both of the hexagon and of the decagon infcribed in 
the circle ABCDE. For let F, the center of the circle, be taken; and 
AF being Joined, let it be produced to the point G; and from F let FH 
be drawn perpendicular to AB, and let it be produced to K; and let AK; 
KB be joined: and again from F let FL be drawn perpendicular to AK;. 
and let it be produced to M; and let KN be joined: and becaufe the cir- 
cumference ABCG is equal to the circumference AEDG, of which ABC 
is equal to AED; therefore the remaining circumference CG is equal to the 
remaining circumference DG: now CD is the fide of a pentagon ; therefore 
CG of a décagon: and becaufe AF is equal to FB,.and FH perpendicular, 
therefore alfo the angie AFK is equal to KFB; fo that alfo the circum- 
ference AK is equal to KB ; therefore the circumference AB is double.of | 
the circumference AK 5. therefore the ftraight line AK 1s the fide of .a deca- 
gon. Certainly, for the fame reafon alfo, AK is the double of KM: and 
becaule the circumference AB is double of .the circumference BK, and the 

circumference 
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Book Xii. CD is equal to the €ircumference AB; there- 
rc fore alfo the circumference CD is double of the 
circumference BK :. but the circumference CD 
is alfo double of CG; therefore the circum- 
ference CG is equal to the circumference BK : 
but BK is the double of KM, becaufe KA’ is 
alfo; therefore alfo CG is double of KM: but 
the circumference CB is double of the circum- 
ference BK, for the circumference CB is-equal 
to the circumference BA; therefore the whole circumference GB 15 double 
of BM; fo that alfo the angle GFB is double of the angle BFM: but 
GFB is double of FAB, for FAB is equal to ABF; thetefore alfo BFN is 
equal to FAB: but the angle ABF 1s common to the two triangles ABF, 
BEN; therefore the remaining azgle AFB is-equal to the remaining angle 
BNF ; therefore alfo the triangle ABF is equiangular to the triangle BFN; 
therefore there is this proportion, as the ftraight line AB to BF fo is FB to 
BN ; thérefore the reZangle contained by AB, BN is equal to the /quare of 
FB: again, becaufe AL is equal to LK, and LN is common, and at right 
angles, therefore the bafe KN is equal to the bafe AN ; and therefore the 
angle LKN is equal to the angle LAN: but LAN is equal to KBN ; there- 
fore alfo LKN is equal to KBN; and the angle NÄK is common to the 
two triangles AKB, AKN ; therefore the remäining angle AKB is equal to 
the remaining angle KNA ; therefore the triangle KBA is equianoular to 
the triangle KNA ; therefore there is this proportion, as the ftraight line 
BA to AK fo is the ftraght line KA to AN; therefore the zeZfang/e con- 
tained by BA, AN is equal to the /guare of AK: but the rectangle con-’ 
tained by AB, BN has been alfo demonftrated to be equal to the /guare of 
‘BF ; therefore the reffangle contained’ by AB, BN, together with the reé- 
` angle contained by BA, AN, which (by 2. 2.) is the /guare of AB, is equal 
to the /guare of BF, together with the /guare of AK; and AB is the fide 
of a pentagon, and BF of a hexagon, and AK of a decagon.” Therefore 
the fide of a pentagon is equal in power to the fide of a hexagon, and to 


the fide of a decagon infcribed in the fame circle. Which was to be demon- 
{trated. 
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P R OP. XI. 


If an equilateral pentagon be infcribed in a circle having the dia- 
meter a rational Aze, the fide of the pentagon is the irrational Awe 
called a leffer “ine. i 


For let the equilateral pentagon ABCDE be infcribed in the circle 
ABCDE, having the diameter a rational Zine; I fay that the fide of the 
pentagon ABCDE is the irrational /;ze called a leffer /ime. For let the 
point F, the center of the circle, be taken; and let AF, FB be joined, and 
let them be produced to the points G, H ; and let AC be joined; and let 


Book XIII 
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FK be put, the fourth part of AF: but AF is rational; therefore alio FK - 


is rational; and BF is alfo rational ; therefore the whole BK is rational: 
and becaufe the circumference ACG is equal to the circumference ADG, 


of which ABC is equal to AED, therefore the remainder CG is equal to | 


the remainder GD ; and if we join AD, the angles at L are made right 
angles, and CD is the double of DL. For the fame reafon alfo the angles 
at M are right angles, and AC is the double of CM: then becaufe the angle 
ALC is equal to AMF, and LAC is common to the two triangles ALC, 
AMF, therefore the remaining angle ACL is equal to the remaining angle 
MFA ; therefore the triangle ACL 'is equiangular to the triangle AMF ; 
therefore there is this proportion, as LC to CA fo is MF to FA, and the 
doubles of the antecedents ; therefore as the double of L.C to CA fo zs the 
double of MF to FA : butas the double of MF to FA fo is MF to the 
half of FA; and therefore as the double of LC to CA fo 1s MF to the 
half of FA, and the half of the confequents ; therefore as the double of LC 
to the half.of CA fo is MF to the fourth part of FA: and DC:is the double 
of LC, and CM ts the half of CA, and FK 
the fourth part of FA ; therefore it is as DC to 
CM fo is MF to FK; and, by compofition, as 
DCM both together to CM fo zs MK to FK; 
and therefore (by 22.6.) as the /guare of DCM 
both together to the /guare of CM fo 15 the 
Square of MK to the /guare of KF: and becaufe 
the /ine, fuch as AC, extended under two fides 
of a pentagon, having been cut in extreme and 
mean ratio, the greater fegment (by 8. 13.) is, 
Rr 
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Book XIII. equal to the fide of the pentagon, that is, to DC: but (by 1. 13.) the 
— greater fegment taking to i¢/elf the half of the whole, is quintuple in power 
of the /quare of half the whole line; and CM is the half of the whole 
“AC; therefore the /guare of DCM as one Jine is quintuple of the /guare of 
CM : but as the /guare of DCM asvone /inz to the /guare of CM fo has the 
{quare of MK been demonftrated to be to the /guare of FK ; therefore the 
/quare of MK is quintuple of the /quare of FK : but the fquare of KF is 
rational, for the dia:neter is rational; therefore (by 6. def. 10.) the /guare 
of MK is rational; therefore MK is rational; for the quare of MK has to 
the quare of KF the ratio which number has to number: and becaufe BF 
is quadruple of FK, therefore BK is quintuple of KF; therefore the /guare 
of BK (by cor. 20. 6.) is twenty-five times the fquare of FK: but the 
Jquare of MK is quintuple of the /2uare of FK ; therefore the /quare of BK 
is quintuple of the /guare of MK ; therefore the /guare of BK has not to 
the /guare of KM the ratio which a fquare number has to a fquare number; 
therefore (by 9. 10.) BK is incommenífurable in length to KM ; and each 

- ef them is rational; therefore BK, KM are rational 7izes commenfurable 
only in power : but if from a rational line, a rational /ime be taken away, 
being only commeníurabie in power to the whole, (by 74. 10.) the remain- 
der is irrational ; therefore MB is an apotomé, and MK the line adapted 
to it. Now I fay alfo that it is a fourth epotomé : for by what the /quare 
of BK is greater than the /guare of KM, let the fquare of N be equal to 
that; therefore BK is more in power than KM by the quare of N : and 

. becaufe KF is commenfurable to FB, alío, by compofition, BK is com- 
menfurable to FB; but BF is commenfurable in length to BH ; there- 
fore BK is alfo commenfurable to BH: and becaule the /guare of. BK is. 
quintuple of the /guare of KM, therefore the /guare of BK has to the 
{quare of KM the ratio which five bas to one; therefore, by converfion, 
the /quare of BK has to the fquare of N the ratio which five has to four, 
not which a fquare number bas to a fquare number; therefore BK is incom- 
menfurable in length to.N ; therefore BK is more in power than KM by 
the /quare of a line incommenfurable to itfelf in Jength: therefore becaufe 
the whole B is more in power than the adapted /ine MK by the fquare of 

a line incommenfurable ta itfelf in length; and the whole BK. is commen- 
furable to BH, the rational Jine put; therefore (by 4. def. 3. 10.) MB is 
a fourth apotomé. But the. rectangle contained by a rational line and a 
fourth 
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fourth apotomé is irrational, and the /ime equal in power to it is irrational ; 
but (by gs. 10.) it is called a leffer Jine: but AB is equal in power to the 
rectangle contained by HB,BM, becaufe, AFI being joined, the triangle ABH 
is equiangular to ABM, and it is as HB to BA fois AB to BM: there- 
fore AB, the fide of the pentagon, is the irrational /ine called a leffer line. 
Which was to be demonftrated. 


P R O P. XII. 


If an equilateral triangle be infcribed in a circle, the fide of the 
triangle is triple in power of the Zze from the center of the circle. 


Let ABC be a circle, and let ABC be an equilateral triangle infcribed 
in it; I fay that one fide of the triangle ABC is triple in power of the //ne 
from the center of the circle ABC; For let D, the center of the circle, be 
taken; and AD being joined, let it be produced 
to E; and let BE be joined: and becaufe ABC is 
an equilateral triangle, therefore the circumference 
BEC is the third part of the circumference of the 
circle ABC ; therefore the circumference BE is 
the fixth part of the circumference of the circle ; 
therefore the ftraight line BE is the fide of a hexa- 
gon; therefore (by 15. 4.) it is equal to DE, the 
line from the center : and becaufe AE is the dou- 
ble of ED, therefore the fquare of AE is quadruple of the /guare of DE, 
that is, of the /guare of BE: but the /guare of AE is equal to the /quares 


of AB, BE; therefore the /guares of AB, BE are quadruple of the /guare of 


BE; therefore, by divifion, the fquare of AB is triple of the guare of BE: 
but BE is equal to DE; therefore the /quare of AB is triple of the quare 
of DE. Therefore the fide of the triangle is triple in power of the Zine 
from the center of the circle. Which was to be demonftrated. 


P R-O P. XIII. 
To defcribe a pyramid (a tetrahedron) and to contain zz in the 
given fphere, and to demonftrate that the diameter of the {phere is 
in power fefquialteral (as three to two) of the fide of the pyramid. 


Rr 2 Let 
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Let AB, the diameter of the given fphere, be put; and let it be cut in 
the point C, fo that AC may be double of CB ; and let the femicircle 
ADB be defcribed upon AB; and from the point C let CD be drawn at 
right angles to AB; and let DA be joined ; and let the circle EFG be put, 
having the /ine from the center equal to DC; and let the equilateral tri- 
angle EFG be infcribed in the circle EGF; and let the point H, the cen- 
ter of the circle, be taken; and let EH, HF,HG be joined; and from the 
point H, let HK be erected at right angles to the plane of the circle 
EFG; and from HK let IIK be taken equal to the ftraight line AC; 
and let KE, KF,KG be joined. And becaufe HK is perpendicular to the 
plane of the circle EFG, alfo it will make right angles with all the ftraight 
lines touching it, and being in the plane of the circle EFG: but each of 
the Zines HE, HF, HG touches it; therefore HK is perpendicular to each 
of the lines HE, HF, HG: and becaufe AC is equal to HK, and CD to 
HIE, and they contain right angles, therefore the bafe DA is equal to the 
bafe KE. Certainly, for the fame reafon alfo, each of the Aines KF, KG is 
equal to AD ; therefore the three KF, KG, KE are equal to one another : 
and becaufe AC is double of CB, therefore AB is triple of BC: but as AB 
to BC fo is the /guare of AD to the quare of DC, as will be demonftrated 
after this; therefore the /guare of AD is triple of the /guare of DC: but 
the /quare of FE (by 12. 13.) is alfo triple of the /guare of-EH ; and DC is 
equal to EH ; therefore alfo AD is equal to “Ne 
EF: but DA has been demonftrated zo be ^X 
equal to each of the /ines KE, KF, KG; there- 7 
fore the four triangles EFG, KEF, KFG, (ONES AN 
KGE are equilateral triangles; therefore a 
pyramid has been defcribed of four equal and 
equilateral triangles, the bafe of which is the triangle EFG, and the point 
K the vertex. | 

Now it is required to contain it in the given fphere, and to demonftrate 
that the diameter of the fphere is 1n power fefquialteral of the fide of the 





C B 


pyramid. 

' For let the ftraight line HL be produced in a ftraight line with HK ; 
and let HL be put, equal to BC: and becaufe it is as: AC to CD fo i5 
CD to CB; but AC is equal to KH, and CD to HE, and CB to HL; 


therefore it is as KH to HE fo ts EH to HL; therefore the rectangle 
contained 
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contained by KH, HL is equal to the /guare of HE; and each of the Book XII.. 
angles KHE, EHL is a right angle; therefore the femicircle defcribed upon 
KL will come alfo through E, fince, if we join EL, LEK is made a right 
angle, becaufe the triangle LEK becomes equiangular to each of the trian- 
gles ELH, EHK : now if, KL remaining fixed, the femicircle being turned 
round, is {topped again at the fame p/ace from whence it began to be turned, 
it will come alfo through the points FG; FL, LG being joined, and the 
angles at F,G becoming 1 in like manner right angles; and the pyramid wilk 
be contained in the given [phere; for KL the lunt of this {phere is equal 
to AB, the diameter of the given fphere, fince KH. is put equal to AC, 
and HL to CB. Now I fay that the diameter of the fphere is in power feí- 
quialteral of the fide of the pyramid. For becaufe AC is double of CB, 
therefore AB is triple of BC ; therefore, by converfion, AB is fefquialteral 
of AC: but as BA to AC fo is the fquare of BA to the fquare of AD, 
fince, BD being joined, it is (by 8.6.) as BA to AD foi* DA to. AC, by 
reafon of the fimilarity of the triangles DAB, DAC, and it being (by cor. 
20. 6.) as the firft to the third fo is the /guare of the firft to the /guare of the 
fecond; therefore alfo the /guare of AB is fefquialteral of the quare of AD: 
but BA is the diameter of the given fphere, and AD is equal to the fide of 
the pyramid. Therefore the diameter of the fphere is in power fefquialteral 
of the fide of the pyramid. Which was to be demonttrated. 

Lemma. It mutt be demonftrated that it is as AB to BC fo 1s the /guare 
of AD to the /guare of DC. For let the figure of the femicircle be put; 
and let DB be joined; and let the fquare EC be.defcribed 
upon AC; and let the parallelogram FB be compleated : ZÑ 
then becaufe, by reafon of the triangle DAB being equi- CAN 
angular to the triangle DAC, it is as BA to AD fo i DA ^. € B 
to AC; therefore the reangle contained by BA, AC is equal to the fquare 
of AD : and becaufe it is as AB to BC fo :s EB to BF (by 1.6.); and 
EB is the rectangle contained by BA, AC, for EA is equal to AC; and 
BF is the rec?angle contained by AC, CB; therefore as AB to BC fo is the 
rectangle contatued by BA, AC to the recangle contained by AC,CB: and 
the rectangle contained by BA, AC 1s equal to the /guare of AD; and the 
retangle contained by AC, CB 1s equal to the /guare of DC; for the per- 
pendicular DC is a mean proportional (by 8. 6.) between the fegments of 


the 
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Book XIII. the bafe, by reafon that the angle ADB is a right angle; therefore as AB to 
"BC fo is the fquare of AD to the fquare of DC,’ Which was to be 


demonftrated. 


P R O P.. XIV. 

To defcribe an octahedron, and to contain 7 in a fphere, that 
in which alfo the pyramid was contained, and to demonttrate that 
the diameter of the {phere is in power double of the fide of the 
octahedron. | 


Let AB be put, the diameter of the given fphere, and let it be cut in 
halves in C ; and let the femicircle ADB be defcribed upon AB ; and from 
C let CD be drawn at right angles to AB; and let DB be joined; and 
let the quare EFGH be put, having each of its fides equal to BD ; and let 
HF, EG be joined; and from the point K let the ftraight line KL be erected 
at right angles to the plane of the fquare EFGE ; and let it be produced 
to the other parts of the plane as KM; and let each of the lines KL, KM 
be taken from each of the lines KL, KM, equal to one of the lines KE, 
KF, KG, KH; and let LE, LF, LG, LH, ME, MF, MG, MH be joined: 
and becaufe KE 1s equal to KH, and EKH isa right angle, therefore the 
fquare of HE is double of the fquare of EK: again, becaufe LK is equal 
to KE, and LKE 1s a right angle, therefore the /guare of EL is double of 
the quare of EK ; but the quare of HE has been demonttrated 7o 2e dou- 
ble of the /guare of EK; therefore the /guare of LE is equal to the /quare 
of EH; therefore LE is equal to EH: certainly, for the fame reaíon alfo, 
LH is equal to HE; therefore LEH is an equilateral triangle. Certainly, 
in like manner, we fhall demonftrate that alfo each of the remaining triangles 
the bafes of which are the fides.of the fquare EFGH, and the points L, M 
the vertices, is an equilateral triangle: therefore 
‘an octahedron has been defcribed contained by 
eight equilateral triangles. Now it is alfo required 
to contain it in the given fphere, and to demon- G 
{trate that the diameter of the fphere is in power ^ A O B M 
double of the fide of the oétahedron. For becaufe the three LK, KM, 
KE are equal to one another, therefore the femicircle defcribed upon 


á LM 


— 
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LM will come alfo through E; and for the fame reafon, if, LM remain- Book XIIT. 
ing fixed, the femicircle being turned round, is ftopped at the fame place N 
from whence it began to be turned, it will! come through the points F,G, H; 

and the o¢tahedron will be contained in the {phere. .Now I fay that it is 

alfo in the given /pbere. For becaufe LK is equal to KM, and KE com- 

mon, and they contain equal angles, therefore the bafe LE is equal to. 

the bafe EM: and becaufe LEM is a right angele, for it is in a femicircle, 
therefore the’ /guare of LM is double of the /guare of LE: again, becaufe 

AC 1s equal to CB, AB 1s the.double of CB; but as AB to BC fo is the- 

Jquare of AB to the /quare of DB ; therefore the /guare of AB is double the 

Jquare of DB: but the /guare of LM has been alfo demonfítrated 7o be double 

of the /guare of LE; and the fquare of BD is equal to the /2uare of LE,. 

for EH is put, equal to BD ; therefore alfo the /guare of AB 1s equal to. 

the /guare of LM: therefore AB is equal to LM, and AB is the dia- 

meter of the given fphere; .therefore LM is equal to the diameter of the 

given fphere. Therefore the octahedron has been contained in the givem 

fphere, and it hath at the fame time been demonítrated that the diameter. 

of the {phere is ia power double of the fide af the octahedron. Which. 

was to be done. | 


P R O P. XV. 


To defcribe a cube, and to contain 7f in a fphere,, 7527 in which alío. 
are the former figures, and to demonftrate that the diameter of the: 
{phere is in power triple of the fide of the cube. 


Let AB, the diameter of the given fphere, be put; and let it be cut 
in C, fo that AC may be the double of CB; and let the femicircle ADB. 
be defcribed upon AB; and let CD. be drawn from the point.C at right- 
angles to AB; and let DB be joined; and let the fyuare EFGH be put, 
having each fide equal to DB; and from the points E, F, G,H let EK,. 
FL, GM, HN be drawn at right angles to the plane of the fquare EFGH; 
and let each of the Zines EK, FL, GM, HN be taken from EK, FL, GM, 
HN, equal to one of the Zines EF, FG, GH, HE; and let KL, LM, MN,. 
NK be joined: therefore a cube FN has been deícribed, contained by. 
fix equal. fquares. . Now it is required to contain it in the given fphere, 
and to demonftrate that the diameter, of the fphere is in power triple of; 

| 2 the: 
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the fide of the-cube. For let KG, EG be joined ; K N 
and becaufe KEG is a right angle, for e reie i 
fon that KE is at-right angles to the plane EG, | 
and certainly at right angles to the ftraight line /( N 
EG, therefore the femicircle defcribed upon KG me wmm 
will alfo come through the point E: again, becaufe FG is perpendicular 
to each of the Zines FL, FE, therefore alfo FG is perpendicular to the 
plane FK; fo that if we join FK, FG will be perpendicular alfo to FK : 
and, for this reafon again, the femicircle defcribed upon GK will come alfo 
through F; and in, like manner alío it will come through the remaining 
points of the cube: now if, KG remaining fixed, the femicircle being turned 
round, it be {topped again at the fame point from whence it began to be 
turned, the cube will be contained in the fphere. Now I fay that i¢ 7s alfo 
in the given fphere. For becaufe GF is equal to FE, and the angle at F 
is aright angle, therefore the /guare of EG is double of the /guare of EF; 
but EF is equal to EK; therefore the /guare of EG is double of the /guare 
of EK; fo that the /guares of GE,EK, that is, the fquare of GK is triple 
of the /guare of EK : and becaufe AB is triple of BC, and as AB to BC 
fo is the /guare of AB to the /guare of BD, therefore the /guare of AB is 
triple of the /guare of BD: but the /guare of GK has been alfo demontftrated 
to.be triple of the /quare of KE; and KE is put, equal to BD; therefore 
alfo KG is equal to AB; and AB is the diameter of the given fphere ; 
therefore alfo KG is equal to the diameter of the given fphere. There- 
fore thé cube is contained in the given fphere, and it has at the fame time 


. been demonftrated that the diameter of the fphere is in power triple of the 


fide of the cube. Which was to be done. 


.P R O P. XVI. 


To defcribe an icofahedron, and to coBtain 7/ in a {phere, fat in 
which are the aforeíaid figures, and to demonftrate that the fide of 
the icofahedron is the irrational Zze called a leffer Zine. 


` 


Let AB, the diameter of the given fphere, be put; and let it be cut in 
C, fo that AC may be quadruple of CB; and let the femicircle ADB be 
defcribed upon AB ; and let the ftraight line CD be drawn from the point 
C, at right angles to AB; and let DB be joined; and let the circle EFGHK 

be 
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be put, of which the /ime from the center is equal to DB; and let the equi- Book XIR. 

lateral and equiangular pentagon EFGHK be infcribed in the circle — 

EFGHK, and let the circumferences EF, FG, GH, HK, KE be cut’ in 

halves in the points L, M, N,O, P; and let EL, LF, FM, MG, GN, NH, 

HO, OK, KP, PE be joined ; and in like manner LM, MN, NO, OP, PL; 

therefore the pentagon LMNOP is equilateral, and the ftraight line EP 

is the fide of a decagon: and let the ftraight lines EQ, FR, GS, HT, KY, 

being equal to the /ize from the center of the circle EFGEHIK, be erected 

from the points E, F, G, H, K, at right angles to the plane of the circle; 

and let QR, RS, ST, TY, YO, QL, LR, RM, MS, SN, NT, TO, OY, - 

YP, PQ be joined: and becaufe each of the lines EQ, KY is at right angles 

to the fame plane, therefore (by 6. 11.) EQ. is parallel to KY ; and it is 

alfo equal to it: but the ftraight lines joining equal and parallel ftraighe 

lines towards the fame parts are equal and parallel; therefore QY is equal 

and parallel to EK: but EK fs the fide of an equilateral pentagon; there- 

fore allo QY ts the fide of an equilateral pentagon infcribed in the circle 

EFGHK: certainly, for the fame reafon alfo, each of the lines QR, RS,’ 

ST, TY ts the fide of an equilateral pentagon infcribed in the circle 

EFGHK;; therefore alfo the pentagon QRSTY 1s equilateral: and becaufe 

QE is the fide of a hexagon, and EP is the fide of a decagon, and QEP is 

a right angle, therefore (by ro. 13.) QP is the fide of a pentagon ; for the 

fide of a pentagon is equal in power to D 

the fide of a hexagon and the fide of a 

decagon infcribed in the fame circle ; 

certainly, for the fame reafon alfo, PY 

is the fide of a pentagon; and QY is 

alfo the /:de of a pentagon; therefore 

QPY is an equilateral triangle: cer- 

tainly, for the fame rea‘on alfo, each of 

the triangles QLR, RMS, SNT, TOY 

is an equilateral triangle: and becaufe 

each of the lines QI, QP has been de- 

monftrated to be the fide of a pentagon, 

and LP is alfo the fide of a pentagon, 

therefore QLP is an equilateral triangle; 

certainly, for the fame reafon alfo,-each 

of the triangles LRM, MSN, NTO, OYP is an equilateral triangle. Let 
© S the 





314 THE ELEMENTS 


Book XIII. the point V, the center of the circle EFGHK, be taken; and from the 
point V'let VZ be ereéted at right angles to the plane of the circle, and 
let it be produced to the other parts as VU; and let VX, the fide of a hexa- 
gon, be taken away, and each of the dines VU, XZ, the fide of a decagon; 
and let QZ, QX, YZ, EV, LV, LU, UM be joined: and becaufe each of 
the lines VX, QE is at right angles to the plane of the circle, therefore 
VX 1s parallel to QE; and they are alfo equal ; therefore alío (by 33. 1.) 
EV, QX are equal and parallel; but EV is the fide of a hexagon ; therefore 
alfo QX is the fade~sf a hexagon: and becaufe QX is the fide of a hexagon, 
and XZ of a decagon, and QXZ is a right angle, therefore (by 10. 13.) 
QZ is the fide of a pentagon: certainly, for the fame reafon alfo, YZ is 
the fide of a pentagon, fince, if we join VK, XY, they will be equal and 
oppofite, and VK being from the center is the fide of a hexagon; therefore 
alfo XY is the fide of a hexagon: but XZ is tbe fide of a decagon, and 
YXZ is a right angle; therefore YZ is the fide of a pentagon: but QY 
is alfo the fide of a pentagon; therefore QYZ is an equilateral triangle. Cer- 
tainly, for the fame reafon alfo, each of the remaining triangles, the bafes 
of which are the ftraight lines QR, RS, ST, TY, and the vertex the point 
Z, is an equilateral triangle. Again, becaufe VL is the fide of a hexagon, 
-and VU of a decagon, and L'VU is'a right angle, therefore LU is the fide 
of a pentagon: certainly, for the fame reafon alfo, if we join MV, being 
the fide of a hexagon, MU is alfo concluded ¢o ġe the fide of a pentagon ; 
and LM is alfo the fide of a pentagon; therefore LMU 1s an equilateral 
triangle: in like manner it will be demonftrated, that alfo each of the re- 
maining triangles, the bafes of which are the Zines. MN, NO, OP, PL, 
and the vertex the point Uy is an equilateral triangle: therefore an ico- 
fahedron has been deícribed, contained by twenty equilateral triangles. 

‘Now it is alfo required to contain it in the given fphere, and to demon- 
ftrate that the fide of the icofahedron is the irrational /ize called a leffer 
line. For becaufe VX is tbe fide of a hexagon, and XZ of a decagon, 
therefore (by 9. 13.) VZ has been cut in extreme and mean ratio in 
X, and VX is the greater fegment; therefore it is as ZV to VX do us. 
VX to XZ: but VX 1s equal to VL, and XZ to VU; therefore it is as. 
ZV to VE fois VL to VU; and ZVL, LVU are right angles; therefore, 
if we join the ftraight line LZ, the angle ULZ will be a right angle,” by 
reafon of the fimilarity of the triangles ULV, VILZ; therefore the femi- 
circle defcribed upon-UZ will alfo come through L: certainly for the fame 

reafon 
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reafon, becaufe it ig as ZV to VX fois VX to XZ, and ZV Is equal to Book XTII. 
UX, and VX to XQ, therefore itis as UX to QX fo is QX to XZ; and 
for this reafon again, if we Join QU, the angle at Q will be a right angle ; 
therefore the femicircle defcribed upon UZ will come alfo through Q: and 
if, UZ remaining fixed, the femicircle being turned round, 1s ftopped again 
at the fame point from whence it began to be turned, it will come alfo 
through Q, and the remaining points of the icofahedron, and the icofahe- 
dron will be contained in the fphere. Now l fay that z 7s alfo in the given 
{phere :, for let VX be cut in halves in @; and becaufe the ftraight line ZV 
has been cut in extreme and mean ratio in X, and ZX is the leffer fegment 
of it, therefore ZX, taking to itfelf Xa the half of the greater fegment, is 
(by. 3. 13.) quintuple in power of the /guare of half the greater fegment ; 
~ therefore the Jquare of Za is quintuple of the /guare of aX: and ZU is 
double of «Z ; and XV is double of 4X ; therefore the /guare of ZU is | 
quintuple of the /guare of VX: and becaufe AC is quadruple of CB, 
therefore AB is quintuple of BC; but as AB to BC fo is the /guare of AB 
to the quare of BD ; therefore the /guare of AB is quintuple of the quare 
of BD: but the /guare of ZU has been alfo demonftrated fo be quintuple 
of the /guare of VX; and DB is equal to VX, for each of them is equal to 
the Ae from the center of the circle EFGHK ; therefore alfo AB is equal 
to UZ; and AB is the diameter of the given fphere; therefore alfo UZ is 
equal to the diameter of the given iphere; therefore the icofahedron has 
been Contained in the given fphere. Now I fay that the fide of the icofa- 
hedron is the irrational Zize called a leffer iie. For becaufe the diameter of 
the fphere is rational, and is quintuple in power of the /ize from the cen- 
ter of the circle EFGHK, therefore alfo the dine from the center of* the, 
circle EFGHK (by 6. def. 10.) is rational ; fo that alfo the diameter of it 
is rational : but if an equilateral pentagon be infcribed in a circle having a 
rational diameter, the fide of the pentagon (by 11. 13.) 1s the irrational Jine . 
called a leffer /;ze ; but the fide of the pentagon EFGHK is the fide of the 
icofahedron : therefore the (ide of the icofahedron is the irrational line called: 
a leffer Zne. Which was to be demonftrated. 

Cor. Now from this it is evident, that the diameter of the fphere is 
quintuple in power of the Jine from the center of the circle from which the 
icofahedron has been defcribed, and that the diameter of the fphere is 


compounded of the fide of a hexagon and of two fides of a decagon in- 
Ícribed in the fame circle. 
Ss2 P R OP., 
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PROP. XVII. 


To defcribe a dodecahedron, and to contain #f in a‘fphere, that 
in which. alfo are the aforefaid figures, and to demonítrate that the 
fide of the dodecahedron is the irrational: /;ze called an apotomé.. 


Let two planes ABCD, CBEF of the aferefaid cube (15. 13.) be put at 
right angles to one another; and let each of the fides AB, BC, CD, DA,. 
EF, EB, FC be cut in halves, at the points G, H, K, L, M, N, O ; and let. 
GK, HL, MH, NO be joined; and let the ftraight lines NP, PO, HQ. be 
cut in extreme and mean.ratio in the points R, ST ; and.let RP, PS, TO be 
the greater íegments of them: and from. the points R, S, T let the lines 
RY,SV, TX be erected at right angles to the planes of the cube, towards the 
outward parts ;, and.let them be put equal to RP, PS, TQ; and let YB, BX, 
XC, CV, VY be joined: I fay that the pentagon YBXCV is equilateral, and ^ 
in.one plane, and befides equiangular. For let RB, SB, VB be joined: and 
becaufe the ftraight line NP has been cut in extreme and mean ratio in R, 
and PR is the greater fegment of it, therefore the /quares of PN, NR 
are (by 4.13.) triple of the /guare of PR: but PN is equal to NB, and 
PR to RY; therefore the /guares of BN,.NR are triple of the /guare of 
RY: but the /guare of BR is. equal to the /guares of BN, NR; therefore 
the /quare of. BR is triple of the /quare of RY ; fo.that the /guares of BR, RY 
are quadruple of the /guare of RY: but the /guare of BY is equal to the /guares 
of BR,RY ; therefore the /guare of BY is quadruple of the quare of RY; 
therefore BY is double of RY: but VY is double E M F 
of. RY ; fince alfo RS is double of RP, that is, of ! 
RY; therefore BY is equal to VY. Certainly in. 
like manner it will be demonftrated, that alío each of 
the //zes BX, XC, CV is equal to either of the Jines 
BY, VY ; therefore the pentagon BYVCX is equi- 
lateral. Now. I fay that it is in one plane: for 
from the point P let PU be drawn parallel.to either of 
the fines RY, SV, towards the outward parts of the 
eube; and let UH, HX be joined; I fay that UHX isa ftraight line. For 
becaufe HQ_has been cut in extreme and mean ratio in T, and QT is the 
greater fegment of it, therefore ir js as HQ. to QT fo QT to TH: but 


* HQ. 
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HQ is equal to HP, and QT to either of the lines TX, PU ; therefore Book XII; 
it is as HP to PU fo is XT to TH; and HP is parallel to TX, for —— 
each of them is at right angles to the plane BD; and TH żs parallel to 
PU, for each of them is at right angles to the plane BF: but if two trian- 
gles be joined together at one angle (as UPH, HTX) having the two fides 
proportional to the two fides, fo that the fides of like ratio are parallel (by 
32.6.), the remaining ftraight lines will be in a ftraight line: therefore UH,. 
HX are in a ftraight line: but every ftraight is in one plane; therefore the 
pentagon YBXCV is in one plane. Now I fay alfo:that it is equiangular : 
for becaufe the ftraight line NP has been cut in extreme and mean ratio in- 
R, and the greater fegment of it is PR, therefore it is (by 5. 13.) as NP,.. 
PR both the lines together to PN fo is PN to PS: but RP #s equal to 
PS; therefore it is as SN to NP fois NP to PS; therefore NS has been: 
cut in extreme and mean ratio in P; and NP is the greater fegment. of it;. 
therefore (by 4. 13.) the /guares of NS, SP are triple of the /guare of PN = 
but PN is equal to. NB, and PS to SV; therefore: the fquares of NS,. 
SV are triple of the /guare of NB;. fo that alfo the /quares of VS, SN, NB: 
are quadruple of the /quare of NB: but the quare of BS is equal to the: 
Squares of: SN, NB; therefore the /guares.of BS, SV, that is, the /guare of 
VB, for VSB is a right angle, is quadruple of the /guare of NB; therefore 
VB is double of BN. : but BC is alfo double of BN; therefore VB is 
equal to BC: and-becaufe the two BY, YV are equal to the two BX, XC,. 
and the bafe VB is equal to the bafe BC, therefore the angle BYV. (by 8: 
I.) is equal to the angle BXC. Certainly in the fame manner we fhall 
demonftrate, .that the angle YVC is equal to the angle BXC; therefore 
the three angles BKC, BYV, YVC are equal to one another: but (by 7.. - 
13.) if three angles of an equilateral pentagon be equal to one another, 
the pentagon is equiangular; therefore the pentagon BY VCX is equiangular ; 
but it has been demonfítrated to de equilateral alfo;.therefore the pentagon 
BY VCX is equilateral and equiangular, and it is upon BC, one of the fides 
of the cube: therefore if upon each of the twelve fides of the cube we con- 
ftruct the fame things, a certain folid figure will be defcribed, contained by 
twelve equilateral and equiangular pentagons. Now it is required alfo to 
contain it in the given fphere, and to demonftrate that the fide of the 
dodecahedron -is the irrational /ine called an apotomé. For let UP be 
produced, and let it be. UZ; therefore UZ meets the diametér of the 
cube, 
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cube, and they cut one another in halves; for this has been demonftrated 
in the laft theorem but one of the eleventh book: let them cut one ano- 
ther in Z; therefore Z is the center of the fphere containing the cube, 
and PZ the half fide of the cube: now let YZ be joined: and becaufe 
the ftraight line NS has been .cut in extreme and mean ratio in P, and 
NP is the greater fegment of it, therefore (by 4. 13.) the /guares of NS, 
SP are triple of the /guare of NP: but NS is equal to UZ, fince alfo 
NP is equal to PZ, and UP to PS; but alfo PS is equa! to UY, bé- 
caule i£ is to RP; therefore the /guares of ZU, UY are triple of the 


Square of NP: but the fquare of YZ is equal to the /guares of ZU, UY; 


therefore the e of YZ is triple of the /guare of NP: but the Jine 
from the center of the fphere containing the cube is triple in power of 
half the fide of the cube; for it has been before demonftrated (15. 13.) 
to defcribe a cube, and to contain it in a fphere, and to demonftrate that 
the diameter of the fphere is triple in power of the fide of the cube: but 
if the whole of the whole, alfo the half of the half; and NP is the half of 
the fide of the cube; therefore YZ is equal to the Zine from the center of the 
fphere containing the cube; and Z is the center of the {phere containing 
the cube; therefore the point Y is at the furface of the fphere: certainly 
in like manner we fhall demonftrate, that each of the remaining angles of 
the dodecahedron are at the furface of the fphere: therefore the dodecahe- 
dron has been contained in the given fphere. Now I fay that the fide of the 
dodecahedron is the irrational TM called an apotomé. For becaufe, NP having 
been cut in extreme and mean ratio, RP is the greater fegment, there- 
fore the whole NO being cut in extreme and mean ratio, the greater feg- 


mentis RS, becaufíe as NP to PR io ¿is PR to RN; and fuch are the dou- 


bles, for the parts have the fame ratia with the equimultiples ; therefore as 
NO to RS fo is RS to NR,SO both together: but NO is greater than RS; 
therefore RS is greater than NR, SO both together : therefore NO has been 
cut in extreme and mean ratio, and the greater fegment of it is RS: but 


RS is equal to VY; therefore, NO being cut in extreme and.mean ratio, 


the greater fegment of it is YV : and becaufe the diameter of the fphere 1s 
rational, and is triple in power to the fide of the cube, therefore NO, 
being the fide of the cube, is rational (by 6. def. 11.): but if a rational line be 
cut in extreme and mean ratio, each of the fegments (by 6. 13.) is the irra- 
tional dine called an apotome; therefore Y V, being the fide of a dodecahedron, 
is the irrational line called an apotomé. Which was to be demonttrated. 
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Cor. Now from this it is evident, that the fide of a cube being cut Book XIIA 
in extreme and mean ratio, the greater fegment is the fide of the dodeca- — 
hedron. 


P ROP. X VIII. 


T'o lay down the fides of the five figures, and to compare them 
with one another. 


Let AB, the diameter of the given (phere, be put; and let it be cut in C, 
fo that AC may be equal to CB, and in D, fo that AD may be double 
of DB; and let the femicircle AEB be defcribed upon AB ; and from the 
points C, D lec CE, DF be drawn at right angles to AB; and let AF, 
FB be joined. And becaufe AD is double of DB, therefore AB is triple 
of DB; therefore, by converfion, BA is fefquialteral of AD: but as BA 
to AD fo is the /guare of BA to the /guare of AF, for the triangle AFB 
is equiangular to the triangle AFD; therefore the /guare of BA is fel- 
quialteral of the /guare of AF : but alfo (by 135. 13.) the diameter of che 
{phere is fefquialteral in power of the fide of the pyramid ; and AB is.the 
diameter of the' fphere; therefore AF is equal to the fide of the pyramid 
(tetrahedron). Again, becaufe AD is double of DB, therefore AB is triple 
of DB; but as AB to DB {o is the /guare of AB to the /guare of BF; there-- 
fore the /guare of AB is triple of the /guare of BF : but (by 15. 13.) the 
diameter of the {phere is alfo triple in power of the fide of the cube; and 
AB.is the diameter of the fphere; therefore BF is the fide of the cube. And 
becaufe AC is equal to CB, therefore AB is double of BC; but as AB to 
BC fo is the /guare of AB tothe /guare of BE; therefore the /guare of 
AB is double of the /guare of BE: but (by 14. 13.) the diameter of 
the fphere is double in power of the fide of the o¢tahedron; and AB 
is the diameter of the given fphere; therefore BE is the fide of the octahe- 
dron. Now let AG be drawn from the point A at right angles to the ftraighc 
line AB; and let AG be put equal to AB; and let CG be joined; and 
from IH let FIK be drawn perpendicular to. AB: and becaufe AG is double 
of AC, for GA is equal to AB; but as GA to AC fois HK to KC; 
therefore HK is the double of KC; therefore the /gaare of HK is qua- 
druple of the fguare of KC; therefore the /guares of HK, KC, which are 
the /quare of TJC, are quintuple of the quare of KC: but HC is equal 
to CB; therefore the /242re of BC is quintuple of the /gugre of KC: and 

ME i a becaufe 
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: ble of the remainder DC ; therefore BC is triple 
of CD; therefore (by 20.4.) the /quare of BC 
is nine times the /guare of CD: but the /guare of 
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becaufe AB is double of BC, of which AD is the 
double of DB, therefore the remainder DB is dou- 


BC is quintuple of the /guare of CK ; therefore 
the /guare of CK is greater than the /guare of CD: 





‘let CL be put equal to CK ; and from L let LM 


be drawn at right angles to AB; and let MB be joined: and becaufe the /guare 
ef BC is quintuple of the /guare of CK; and AB is double of BC, and KL 
double of KC; therefore the /guare of AB is quintuple of the /guare of KL: 
but (by cor. 16. 13.) the diameter of the fphere is alfo quintuple in power of 


the line from the center of the circle from which the icofahedron has been 


defcribed; but AB is the diameter of the fphere ; therefore KL is the fide of 
a hexagon of the faid circle: and becaufe (by cor. 16. 13.) the diameter of 


the fphere is compounded of the fide of a hexagon and two fides of a de- 


cagon infcribed in the faid circle; and AB is the diameter of the fphere, 


.and KL the fide of a hexagon ; and AK is equal to LB ; therefore each of 


the lines AK, LB 1s the fide of a decagon infcribed in the circle from 
which the icofahedron has been defcribed: and becaufe LB is the fide of a 
decagon, and ML the fide of a hexagon, for it is equal to KL, becaufe ;/ 
is equal to HK, for they are equally diftant from the center ; and each of 
the fines HK, KL is double of KC; therefore (by 10. 13.) MB is the fide 


-of a pentagon: but (by 16. 13.) the fide of the pentagon is the fide of the 


icofahedron ; therefore MB is the fide of an icofahedron. And becaufe 
FB is the fide of acube, let it be cut in extreme and mean ratio in N; 
and let NB be the greater fegment: therefore (by cor. 17. 13.) NB is the 
fide of a dodecahedron. 

And becaufe the diameter of the fphere has been demonftrated 7o 5e in 
power fefquialteral of AF, the fide of the pyramid; and double in power of 
BE, the /ide of the octahedron ; but triplein power of FB, the fide of the 
cube, therefore of what parts the diameter of the fphere is in power fix, 


-of fuch parts the fide of the pyramid ts in power four, and that of the octa- 


hedron three, but shat of the cube two: therefore the fide of the pyramid 
is in power fefquitertial (as four to three) of the fide of the octahedron, but 
double in.power of the.cube; and the jde of the octahedron is in power 

fefquialteral 
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fefquialteral of the //e of the cube: now the faid fides of the three figures, 
I fay, of the pyramid and o&ahedron and cube, are to one another in rational 
ratios: but the remaining two, I fay, that of the icofahedron and of the 
dodecahedron, are neither to one another, nor to the aforefaid fides, in rational 
ratios; for they arc irrational Zzes, the one a leffer five, and the other an 
apotomé. | 

But we fhall thus demonftrate that MB, the fide of the icofahedron, 1s 
greater than NB, the fide of the dodecahedron. For becaufe the triangle 
FDB is equiangular to the triangle FAB, there is this proportion, as DB 
to BF fo is BF to BA; and becaufe the three ftraight lines are propor- 
tionals, it is as the firítto the third (by cor. 20. 6.) fo is the /quare of the 
firft to the /guare of the fecond; therefore it is as DB to BA fo 1s the /guare 
of DB to the /guare of BF; therefore, by inverfion, as AB to BD fo is the 
Square of BF to the quare of DB: but AB is triple of BD; therefore the 
Jquare of BF is triple of the /guare of DB: but the /guare of AD is alfo 
quadruple of the /guare of DB, for AD is double of DB; therefore the 
Jquare of AD is greater than the /guare of FB; therefore AD is greater 
than FB; therefore AL is much greater than FB; and AL having been cut 
in extreme and mean ratio, KL is the greater fegment of it (by g. 13.), 
fince LK is the fide of a hexagon, and KA of a decagon: but FB having 
been cut in extreme and mean ratio, NB is the greater fegment of it; there- 
fore KL is greater than NB: but KL és equal to LM; therefore LM is 
greater than NB: but (by t9. 1.) BM is greater than ML; therefore MB, 
being the fide of the icofahedron, is greater by much than NB, being the 
fide of the dodecahedron. Which was to be demonftrated. 

OruzRwise. That MB is greater than NB. For becaufe AD is dou- 
ble of DB, therefore AB is triple of DB: but as AB to DB fo is the /quare 
of AB to the quare of BF, by reafon that the triangle FAB is equian- 


gular to the triangle FBD; therefore the /gucre of AB is triple of the | 


fquare of BF : but the /guare of AB has been demonftrated ¢o be quintuple 
of the /guare of KL; therefore five of the /guares of KL, are equal to three 
of the /guares of BF: but (by lem.) three of the /gugares of FB are 
greater than fix of the /guares of NB; fo that alfo one of the /guares of KL 
is greater than one of the /guares of NB; therefore KL is greater than 
NB : but KL is equal to LM; therefore LM ¢s greater than NB ; there- 
fore MB is greater by much than NB. Which was to be demonftrated. 
Tt LEMMA. 


Book XII. 
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Lemma. We fhall demonftrate thus, that three of the /guares of FB 
are greater than fix of the /quares BN. For becaufe BN is greater than 
NF y therefore the rectangle contained by FB, BN is greater than that con- 
tained by BF,FN ; therefore that. contaized by Fb, BN, together with that 
contained by BF, FN, 1s greater than double of that contained by FB, FN: 
but that contained by FB, BN, together with that contained by BF, FN, is the 
fquare of FB (by 2. 2.) ; but that contained by BF, FN is the quare of BN, 
for BF has been cut in extreme and mean ratio in N ; and the rectangle 
contained by the extremes is equal to the fquare of the mean proportional ; 
therefore the Jquare of FB is moré than double of the /guare of BN ; there- 
fore one of the /guares of FB is greater than two of the /guares of BN ; fo 
that three of the /guares of FB are greater than fix of the /guares of BN. 
Which was to be demonftrated. 

ScHoLium. Now I fay that, befidés the five faid figures, another figure, 
contained by equilateral and equiangular figures, equal to one another, will 
not be defcribed. For a folid angle will not be made by two triangles, nor by 
any other two plane figures; but the angle of the pyramid is contained by three 
triangles, that of the oétahedron by four, that of the icofahedron by five: 
but a folid angle will not be of fix equilateral and equiangular triangles 
put together at one point; for the angle of an equilateral triangle being two 
thirds of a right angle, the fix will be equal to four right angles, which is 
impoflible; for (by 21. 11.) every folid angle is contained by lefs than four 
right angles. Certainly, for the fame reafon, neither can a folid angle be 
made of more than fix plane angles. But the angle of the cube is contained 
by three fquares; but by four zs impoffible, for, again, they will be four 
right angles. But the angle of the dodecahedron is contained by equila- 
teral and equiangular pentagons, by three ; but by four zs impoffible; for 
the angle of an equilateral pentagon being a right angle, and the fifth part 
(by lem.), the four angles will be greater than four right angles, which is 
nnpoffible. Nor will a folid angle be contained by any other polygonous 
figures, by reafon of the /ame'abfurdity. Therefore, befides the five faid 
figures, another folid will not be defcribed, contained by equilateral and 
equiangular figures. Which was to be demonftrated. 

LEMMA. It muft thus be demonftrated, that the angle of an equila- 
tera] and equiangular pentagon is a right angle, and the fifth part of a 
right angie. For let ABCDE be an equilateral and equiápgular pentagon; 
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and let ABCDE be a circle circumfcribed about it; — Book XIII. 
and let the center of it be taken, and let it be F; | vU ee 
and let FA, FB, FC, FD, FE be joined; therefore 
(by 14. 4., they will cut in halves the angles of the 
pentagon at the pants A,B,C,D,E: and becaufe 
the five angles at F are equal to four right angles, 
and they are equal to one another, therefore one of 
them, as AFB, isone right angle, except a fifth part; therefore the remain- 
ing angles FAB, ABF are one right angle and a fifth part :, but FAB is 
equal to FBC; and therefore ABC, the whole angle of the pentagon, is. 
one right angle, and a fifth part of a right angle, Which was to be demon- 
{trated. 





THE END... 
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DISSERTATION IX. 


Uron a fuppofition that the book has been read over carefully once, 
I fhall now make fome remarks tending to prove the extenfive ufe of thefe 
elements, by fhewing that every branch of geometry is virtually contatned 
in them ; and particularly that fpherical trigonometry, and the conic’ fec- 
tions are nothing more than thefe principles adjufted to the conical and 
fpherical furfaces, I fhall alfo take notice of fome things which were 
omitted in the former differtations, for fear that the reader’s patience might 
be exhaufted, by having fo many things to attend to during the firft perufal : 
I fhall then conclude with fome dire&tions tending to conduét the reader 
to the moft rational method of profecuting his ftudies in this moft im- 
portant branch of fcience, 


CHAP I. 


Containing fome examples, fhewing how eafily thefe principles may be applied to the conical 
and fpherical furfaces. | 


Tus fides of a fpherical triangle are nothing elfe but the meafures of 
the ratios of the plane re&ilineal angles, according to the laft propofition of 
the fixth book,. forming a folid angle at the center of the fphere; and the 
angles ofthe fpherical triangle arethe meafures ofthe inclinations ofthe planes 
of the circles, whofe circumferences make the fides of the triangle. A dif- 
tin& notion therefore of the mcafuics of thc ratios of angles at the center of 
a circle, and of the angles which meafure the inclinations of planes to one 
another, is every thing required for the right underftanding of this fubje€. 
Or in other words, the inclination of any three ftraight lines to one ano- 
ther forming a folid angle, that is meeting in the fame point, and not being 
all in the fame plaae, and the inclination of the planes to one another, of 
which thefe three ftraight lines are the common interfeétion, is all that is re- 
quired to be confidered: and this with the properties of fimilar triangles, . 

U u and. 
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and a few technical terms make the whole of trigonometry. Now as to 
the conic-fe&ions, if the ratio of the reétangles contained by the fegments 
of Rtraight lines meeting one another, and always parallel in every yofiuon, 
and terminated in two indefinite ftraight lines, interfe@tiag each other be 
well underftood ; and alfo the ratios of the re@angles contained by the 
fegments of fuch ftraight lines terminated in the circumference of circles ; 
the properties of the conic-fcétions will be found to flow in the moft natu- 
ral manner imaginable from thefe. For the two ftraight lines continued 
indefinitely and interfe@ting each other, and the circle are the two fimpleft 
conic feftions ; and the general properties of thefe being once underftood, 
are eafily applied to the conical furfaces; and of confequence to any fe&ions 
of it made by planes; only by confidering that every point in a conic fec- 
tion is a point upon the furface of the cone, and therefore all fuch points 
may be confidered in two different pofitions, either as belonging to the 
furface ofthe cone orto the plane of the fe&ion, according to the property 
to be inveftigated. I fhall give fome inftances in order to explain what 
has been here advanced. | 725: | 


SUPPOSE .the folid angle at A to be formed of the three plane angles 
BAC, BAD, DAC ; and alfo that the angles BAD, DAC are equal ; I fay 
the inclination of the plane DAB to the plane BAC is equal to the inclina- 
tion of the plane DAC to the fame plane CAB. For Jet BAC be the plane 
laid down, and take any point B in the line AB; and from it in the plane 
BAC draw BG perpendicular to AB ; and from the fame point B draw in 
the plain BAD, BE perpendicular to AB, meeting AD in E; therefore the 
angle EBG meafures the inclination of the plane BAD to the plane BAC: 
again from the point E draw EF perpendicular to AC; and from the point 
F draw in the plane laid down BAC, the line FG perpendicular to AC meet- 
ing BG in G; therefore the angle EFG meafures the inclination of the 
plane DAC to the plane BAC; itis to be proved that the angles EBG, 
EFG are equal: join EG, and this line is the common interfe&tion of the 
planes of the two triangles EGF, EGB; and perpendicular to the plane 
BAC; for AF being perpendicular to EF, FG at their meeting is perpendi- 
cular to the plane in which they are; and the plane BAC paffing through 
AF is perpendicular to the plane of the triangle EFG ; that is the plane of 
the triangle EFG is perpendicular to ihe plane BAC; and for the fame 

| reafon 
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reafon the plane of the triangle EGB is perpendicular to tbe plane BAC; 
and confequently EG their common interfe&ion is perpendicular to the 
plane BAC and the angles EGF, EGB right angles. Now in the two tri- 
angles BAE, EAF ; the angle BAE is equal to EAF A. 

by the fuppofition, and ABE, AFE are right an- 
gles by the conftru€tion; and AE is common to 
the two triangles, and extended under one of the 
equal angles in each triangle; therefore AB ts 
equal to AF and BE to EF: but becaufe EGF 
and EGB are right angles; the fquare of EF is 
equal to the fquares of EG, GF; and the fquare 
of EB is equal to the fquares of EG, GB; but the — of EF is equal to 
the fquare of EB; therefore the fquares of EG, GF are equal to the fquares 
of EG, GB; take away the common fquare of EG; and the remaining 
[quare of GF is equal to the remaining fquare of GB ; that is GF is equal 
to GB; and BE to EF; therefore the two fides GB, BE are equal to the 
two fides GF, FE; and the bafe EG common to the two triangles, there- 
fore the angle GBE is equal to the angle GFE. Alfo converfely : if the 
inclination of the plane BAD to the plane BAC be equal to the inclination 
of the plane DAC to the plane BAC; the angle BAD fhall be equal to the 
angle DAC : fuppofe the fame conftru&tion to be made as in the laft, and 
EG in the fame manner to be proved to be perpendicular to the plane 
BAC; if the angle EBG be equal to the angle EFG ; the angles EGB, EGF 
being right angles, and the fide EG being common, extended under one of 
the equal angles in each ; EF muft be equalto EB ; aud in the right angled 
triangles AEF, AEB; the fquare of AE is equal to the fquares of EF, FA; 
and alfo to the fquares of EB, BA ; therefore the fquares of EF, FA toge- 
ther are equal to the fquares of EB, BA together ; but the fquare of EF is 
equal to the fquare of EB ; therefore the remaining fquare of AF is equal 
to the remaining fquare of AB; that is AF is equal to AB; therefore the 
three fides of the triangle AEF are equal to the three fides of the triangle 
AEB each to each; therefore the angle BAE is equal to the angle EAF, 
OED. Again fuppofe A to be a folid angle, made up of the plane angles 
BAC, BAD, DAC ; and let the plane DAC be perpendicular to the plane 
DAB; and let DAB be the plane laid down ; and take any point Ein AD; 


and from E draw EF perpendicular to AB; and from the point F draw in 
the 
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the plane BAC; FG, perpendicular to AB; therefore the angle GFE mea- 
fures the inclination of the plane CAB to DAB; and join the point G, im 
which FG meets AC, with the point E; I fay A 
GE is perpendicular to the plane BAD. For 
AF being perpendicular to GF, and FE at their 
meeting, is perpendicular to the plane of the 
triangle GFE; that is the plane of the triangle 
GFE is perpendicular to the plane BAC paffing 
through AF ; but the plane DAC by the fuppo- 
fition is perpendicular to the plane BAD; 
therefore the plane of the triangle GFE and the 
plane DAC are each of them perpendicular to the plane BAD; confe- 
quently GE their common interfeétion is perpendicular to the fame plane 
BAD. Q, E, D. Whoever underftands the firft two-and-twenty propofi- 
tions of the eleventh book, and meditates upon thefe and a few other fuch 
examples, may confider himfelf as welt prepared to enter upon the ftudy of 
fpherical trigonometry. 








In my fixth differtation I have advifed the ftudent to make the fecond 
propofition of the fixth book as general as poffible, by laying afide the tri- 
angle and confidering it as a property of two indefinite ftraight lines crofs- 
ing each other; and cut by parallel lines ; and converfely : fuppofing the 
fegments between the cutting lines, and the point in which the two indefi- 
nite lines cut each other to be proportionals, trom that to infer the paralle- 
lifm of the lines. I now advife him to confider the fame indefinite lines, 
as cut by two ftraight lines which meet in a point; fo that the fegments 
between that point and the indefinite ftraight lines may make two reétan- 
gles; and then prove that the ratio of thefe sedtangles to each other will 
remain always the fame, if the lines continue parallel to their firft pofition; 
that is, if from any other points in the fame plane lines be drawn parallel 
to the lines firt taken. Take P any point not in the indefinite ftraight 
lines; butany other point whatever in the plane of the two indefinite lines; 
and from it draw PEF, PDH; meeting the indefinite lines in the points 
EF, F, D, H; I fay the re&angle contained by PE PF fhall be to the reĝ- ` 
angle contained by PD, PH always in the fame ratio; in any new, pofi- 
tion, provided the lines are drawn parellel to the firft lines, For draw 

through 
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through B (the point of interfe&tion of the two indefinite ftraight lines) ` 
BM parellel to PEF and from any 
point M in it draw MAC paralle! to 
PDH; from the parallelifm of the 
the lines the triangles PED, BAM 
are fimilar and alfo PFH and BMC ; 
therefore EP is to PD as BM to MA; 
and PF is to PH as BM to MC; H 
therefore the rectangle contained by | 
PE, PF the antecedents is to the rectangle contained by PD, PH the confe- 
quents, as the fquare of BM or the re€tangle contained by BM, BM the two 
antecedents to the rectangle contained by AM, MC the two confequents ; 
and this follows from the twenty-third of the fixth book only the conftruc- 
tion mult be performed twice, and the four re&tangles exhibited ; fee the 
note at the end of differtation fixth. 





It follows from the 35 and 36 prop: of B. 3: that if any point be 
taken in the plane of a circle and ftraight lines be drawn from it cutting 
the circle ; the rectangles contained by the fegments between the point and 
the circumference are equal; and of this there are two cafes according as 
the point is taken within or without the circle; and in the fecond cafe if 
one of the lines touch the circle the fquare of the tangent is equal to the 
re€tangle contained by the fegments. This fhould be examined very ge- 
nerally, and the point conceived to be taken any where in the plane of the 
circle, and not according to that limitted view which moft readers are apt 
to take by confining their notions to the diagram which lies béfore them. 


The following theorem may be of ufe to turn the reader’s thoughts to 
this fubje&, and alfo to exercife him in that important part of Geometry 
the addition and fubtra€tion of rectangles and {quares. If from any point 
A without a circle tangents AB, AC be drawn, and if the points. of contact 
be joined by a ftraight line BC; and if any ftraight line ADF be drawn 
cutting the circlein D and F, and meeting the line BC in E; I fay the rect- 
angle contained by AF, DE is always equal to that contained by AD, EF ; 
and confequently FA has always the fame proportion to AD that FE has 
to ED. For let AG be drawn perpendicular to BC, which will therefore 
be cut in halves; therefore the re&angle contained by BE, EC together 
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with the fquares of EG is (by 5. 2.) equal to the fquare of BG: add to 
both the fquare of AG; therefore the re€tangle contained by BE, EC to- 
gether with the fquares of EG, GA; that is the fquare 
of AE is equal to the fquares of BG, GA that is the 
fquare of AB ; therefore the re&tangle contained by BE, 
EC or its equal the re€tangle contained by DE, EF with 

the quare of AE is equal to the fquare of AB or its 
-equal the redaangle contained by FA, AD; that is the 
re€tangle contained by FA, AD 1s equal to the rectangle 
contained by FE, ED and the fquare of EA; take thefe 
equals from the re&angle FA, AE which (by 1.2.) is 
made up of the re&angle FA, AD; and FA, DE, but 
(by 3. 2.) it is alfo made up of the lom of AE and the re&angle con- 
tained by AE, EF; and this laft (by 1. 2.) of the rectangle contained by 
EF, AD and EF, ED; therefore when the rectangle contained by FA, AD 
is taken from that contained by FA, AE, the remainder is the rectangle con- 
tained by FA, DE; and when the fquare of AE and the re€tangle contained 
by FA, ED is taken from the fame reCtangle contained by FA, AE the re- 
mainder is the. re&angle contained by FE, AD; therefore the re€tangle 
contained by FE, AD is equal to that contained by FA, ED; confequently 


FA isto AD as FE to ED. Q.E.D. 


A 


om: -— 





Now as the conical furface is generated by the revolution of a 
 f'raight line paffing through a fixed point and carried round the circumfe- 
rence of a circle, but the fixed point muft not be in the plane of the circle, 
it is obvious that all ftraight lines drawn from that fixed point to any 
point in the circumference of the circle, muft apply themfelves to the fur- 
face of the cone, and in this dire€tion, ftraight lines may be drawn upon the 
furface of the cone, though it be a curve furface, and this circumftance 
deferves to be well confidered, for many important confequences follow 
from it, for by this medium a tranfition may be made from plane to curve 
furfaces, and whatis particularly to our prefent purpofe, any two indefinite 
ftraight lines crofling one another, are the common interfeétion of a plane 
with fome conical furface, and thus it is obvious how this property of 
retlangles terminated by’them, may immediately be demonftrated to be a 


property of fuch lines terminated in a conical furface ; and asthe bafe of a 
cone 
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cone is a circle and alfo all the fe&ions made by planes parallel to it ; it is 
very obvious how the property of the equality ofthe re&tangle made by the 
lines terminated in the circumference of the circlesmay likewife be applied 
to the furface of the cone: and indeed by the jun&tion ofthe properties 
of the indefinite ftraight lines, and circles, it is eafily fhewn that this fixed 
ratio of the re&angles is a general property of all the conic fe€tions. 


CHAP IL 


Containing fome farther illuftrations which were omitted in the foregoing di[Jertattons. 


‘Upon a fecond perufal of thefe elements a more attentive examination 
of the fubje& may be expected than could be beftowed during the firft; 
when every thing was new. I fhall therefore here add feveral things to 
thofe formerly advanced, in order to produce fome variety, and engage 
the attention of the reader to take a more enlarged view of the fcience, by 
attempting to difcover demonftrations, inítead of contenting himfelf with 
underftanding thofe already made; and therefore I would recommend 
fome kind ofan analyfis of the demonftrations, as the fureít means of com- 
ing at the fteps which led to the demonftration. To the firft five propo- 
fitions of the thirteenth book, there are fcholiums added containing the 
analyfis and compofition of the propofitions, the examining of thefe muft 
have given the reader a clear idea of what is meant by the analyfis and 
compofition of a propofition. Ido not mean that fuch a regular analy fis 
of every propofition fhould be attempted ; but only as much as would give 
him fome notion of the view of the fubje& which led to the demonftration, 
by fuppofing what he wants is true, and then to look for fome of the moft 
obvious confequences which will follow from fuch a fuppofition. But 
what I mean will be beft underftood by an example. Suppofe I wanted to 
find out the fteps that moft likely led to the conítru&ion of the tenth pro- 
pofition of the fourth book ; I therefore fuppofe I have found the ifofceles 
triangle ABD having each of the angles at the bafe double of the angle at 
the vertex ; fuppofe one of thefe angles at the bafe to be cut in halves, for 
this will give me three equal angles, from which I may expect fome confe- 
quences; let it be cut by the ftraight line DC: now let us fee what con- 
fequences will follow from this; firft it is obvious that ACD and CDB muft 


alfo be ifofceles triangles, becaufe the angle at A is half of the angle at the 
bafe 
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bafe and therefore equal to CDA; DCB is equal to both thefe angles, be- 
ing the outward angle of the triangle ACD; therefore it is double of any 
one of them, that is, it is equal to the angle at B; confequently the line 
placed in the circle is equal to AC or CD; it is alfo obvious that if a cir- 
cle be circumfcribed about the triangle ACD that BD will be a tangent to 
that circle, and confe quently the rectangle contained by AB, BCis equal tothe 
{quare of BD or AC; therefore AB muft be fo cut in C that the rectangle 
contained hy AB; BC is equal to the fquare of AC, and this can be done (by 
11.2.) ; from which the fteps that led to the conftruétion of this problem 
are obvious, Befides this kind of exercife, as the addition and fubtra€tion 
of re€tangles and fquares make fuch a confiderable part of Geomety, I 
would recommend a minute examination of the fecond book ; by confider- 
ing the fubje& in different points of view, and even varying the mode of 
demonftration. And to affift the reader in this I fhall make fome remarks 
to this purpofe. The firt eight propofitions have no dependance upon 
each other as they are demonftrated by Euclid, except the references made 
to the fourth to fave the trouble of repeating the fteps by which fome of the 
re€tangles are proved to be fquares. It will therefore be a proper exercife 
for the reader to deduce them from one another according to the plane of 
the firft book, and to affift him in this I {hall here demonftrate the fourth 
and fifth according to this plan, from the fegments of the lines without the 
defcription of the figure. For the re€tangle contained by AB, BC is equal, 
by the third, to the re€tangle contained by AC, CB and the fquare of CB; 
again by the third, the rectangle contained by AB, AC ts equal to the reG- 
angle contained by AC, CB and the fquare of AC ; but the reCtangles con- 
tainedby AD, BC and AB, AC are, by the fecond, equal to the fquare of AB; 
thereforethe fquare of ABis equalto the fquares of BC, CA and the rectangle 
contained by AC, CB taken twice, Q, E, D. And the fifth may be demon- 
ftrated thus. The fquare of CB is equal (by the fourth) to the fquares of 
CD, DB and the rectangle contained by CD, DB taken twice; bm the 
rectangle contained by CD, DB and the fpuare of DB is equal (by the third) 
to the re€tangle contained by CB, DB; that is by AC, DB; therefore the 
fquare of CB is equal to the rectangle contained by AC, DB and CD, DB 
with the quare of CD; but (by the firít) the reGangle contained by AC, 
DB and CD, DB are equal to the rectangle contained by AD, BD ; there- 
fore the Square of CB is equal to the reRangle contained by AD DB and 

the 
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the fqnare of CD. O. E, D. To give the ftudent an opportunity of confi- 
dering this important fubjett ftill farther, I fha!l add fome properties of 
thefe rectanglesand fquares which may be confidered as a kind of corollaries 
to fome of the propofitions In this book, . And firft it may be confidered as 
a kind of corollary to the third ; that the re&angle contained by AB, BC 
and the fquare of AC are equal to the reftangle contained by AB, AC and 
the fquare of BC. For (by the prop.) the reftangle contained by 
AB, BC is equal to the re€tangle contained by AC, CBand the {quare of 
BC ; and the rettangle containcd by BA, AC is equal to the rectan gle con- 
tained by AC, CB and the fquare of AC : add. the fquare of AC to the 
rectangle contained by AB, BC; and the fquare of BC to the rectangle con- 
tained; by BA, AC; and then the rectangle contained by AB, BC and the 
fquare of AC is equal to the rectangle contained by AC, CB together with 
the fquares of BC and AC; and the re&angle contained by BA, AC together 
with the fquare of BC is equal to the fame rectangle contained by AC, CB 
and the fquares of BC and AC; therefore the rectangle contained by AB, 
BC and the fquare of AC are equal to the rectangle contained by BA, AC 
and the fauare of BC. O. E, D. It may alfo be confidered as a kind of 
cor. to the ninth propofition to prove if CF be joined, that the fquares of 
AF, FB are double the fquares of AC, CF: for the fquares of AF, FB are 
equal to the fquares of AD, DB and twice the fquare of DF ; that is by 
this propofition to the double of the fquares of AC, CD, DF that is to dou- 
ble the fquares of AC, CF. From which we have this general theorem. 
If from the obtufe angle ofa triangle a ftraight line be drawn cutting the bafe 
in halves: the fquares of the two fides will be double the fquares of the line fo 
. drawn, and half the bafe ; and from the next propofition it. may io the fame 
manner ke demonftrated if the angle be acute. Likewife it may he demon- 
{trated from the twelfth; that the fquare of AC is lefs than the {quares of 
AB, BC by the rectangle contained by DB, BC taken twice. For by this 
propofition, the fquare of AB is equal tothe fquares of AC, CB and the re&. 
angle contained by BC, CD taken twice; to thefe equals add the fquare of 
BC ; aud then the fquares of AB and CB are equal to the {quare of AC to- 
gether with the fquare of BC taken twice and the re€tangle contained by BC,, 
CD taken t wice : but (by the third) the fquare of BC together with the rect- 
angle contained by BC, CD is equal to the rectangle contained by DB, BC : 

X x therefore 
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therefore the fquares of AB, CB are equal to the fquare of AC and the re&- 
angle contained by DB, BC taken twice. Q. E, D. 


Ir the fourth differtation I have fhewn the abfurdity of attempting to 
explain the propofitions in this fecond book by numbers, I fhall now take 
notice of an a»furdity of the contrary kind in the ninth book, where in the 
fifteenth propofition, a reference is made to the third of the fecond book. I 
{hall therefore here demonftrate thofe properties of numbers which are confi- 
dered as anfwering to the properties of lines in the four firft propofitions of 
the fecond book. Prop. r. If there be two numbers, and one of them di- 
vided into any number of parts; the plane number made of thefe two num- 
bers is equal to the plane numbers made of the undivided number, and each 
of the parts of the divided number. For let the numbers be AB and C, of 
which let AB be divided into the parts AD, DE, EB; and let C be the undi- 
vided number; I fay that the number made of C and AB is equal to the 
numbers made of C and AD; C and DE; C and EB. For let C multiplying 
AB make F; and multiplying AD let it make GH; and multiplying DE let 
it make HI; and multiplying EB let it make IK. I fay that the number 
F is equal tothe numbers GH, HI, IK; that is to 
the number GK. For becaufe © multiplying AB- A...D..E.B; C.. 
has made F; AB will meafure F by the unities F........... . 
in C; that is AB will be that part of F denominat- G..... CH....I..K 
ed from C; and for tlie fame reafon AD will be 
the fame part of GH; and DE of HI; and EB of IK; all denominated from 
C; that is the fame which AB is of F. But whatever part AD is of GH (by 
5. 7.) the fame part is AD, DE, EB together of GH, HI, IK together; that 
is the fame part is AB of GK; but it bas been demonftrated that AB is the 
fame part of F; therefore F and GK are equimultiples of AB; therefore F 
and GK are equal. E, E, D. Prop. 2, If any, number be divided into two 
parts; I fay the plane numbers made of the whole and each of the parts is 
equal to the fquare of the number. For let the number AB be divided into 
the numbers AC, CB; I fay that the numbers made of AB, 

AC ; and of AB, BCare equal to the fquare ofthe number A....C..B 
AB, For haviug taken a number D equal to AB; the D...... 
plane number made of AB and D is the fquare of AB; and 

by the lat propofition is equal to thenumbers made of D and AC; D and CB; 
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but the number made of D and AB is the fquare of AB; and the numbers 
made of D and AC ; D and CB are the fame with the numbers made of AB 
and AC; AB and CB . Q. E. D. Prop. 3. If a number be divided into two 
parts, the plane number made by the whole and one of the parts, is equal 
to the fquare of that part and the plane number made by the two parts. 
Let the number AB be divided into the parts AC, 

CB, I fay the number made of AB, AC isequal to. A....C......B 
the fquare of AC and the number made of AC, CB. D.... 

For take a number D equal to AC; then (by the firft) the number made 
of D and AB is equal to the numbers made of D and AC; D and CB; but 
the number made of D and AB, is the number made of AB, AC; and the 
the number made of D and ACis the fquare of AC; and the number made 
of D and BC is the number made of AC, CB, Q. E. D. Prop. 4. Ifanum- 
ber be divided into two parts, the fquare of the number, is equal to the 
{quares of the parts, and the plane number made of the parts taken twice. 
Let AB be the number divided into AC, CB; I fay 

that the fquare of AB is equal to thefquares of AC, A ......C....B 
CB and the plane number made of AC, CB taken twice. For (by the fe- 
cond) the fquare of AB is equal to the plane numbers made of AB, AC; 
and AB, BC ; but (by the third) the plane number made of AB, AC is 
equal to the fquare of AC and the plane number made of AC, CB; and 
the plane number made of AB, BC is equal to the fquare of BC and the 
plane number made of AC, CB ; therefore the fquare of AB is equal to the 
{quares of AC, CB and the plane number made of AC, CB taken twice. 
Q. E. D. 


There ls fomething very extraordinary in the demonftration of the. 
twelfth propofition of the ninth book; and well worth particular examina- 
tion ; for by fetting out with the fuppofition that E does not meafure A 
and by reafoning dire&ly from that fuppofition and its confequences, a direct 
confequence from this reafoning is that Emeafures A. Now if this confe- 
quence was drawn from the numbers themfelves merely as numbers, it 
would be a contradi€tion in terms; but the conclufion is derived from 
the pofition of the numbers as proportionals; for the fame number A is 
brought into fuch a fituation in the progrefs of the reafoning, as to be 
both antecedent and confequent in the fame analogy, by which means this 

extras 


336 DISSERTATION Ix. 


extraordinary confequence is produced, and the reafoning made as it were 
to contradi& itfelf, and not the fuppofition as in the common form of indi- 
re& demonílrations. I know there are feveral demonftrations confidered 
as of this kind, but they appear to me to be very different. For the cafe 
is different in the 12th of Theodofius’s Sphericks. For from the center of 
the two circles found, he begins a new conftrution, asif this was not the 
very point he was feeking for, and then direétly proves that this is the cen- 
ter of the fphere. But to. make his reafoning of the fame kind with this, 
he muít bave affumed that this point was not the center of the fphere, and 
by reafoning directly from that fuppofition prove that it was the center. 


Through the tenth book there are conftant references to the 28th and 
29th propofitions of the fixth book, but itis only the fimpleft cafe which 
is required there, when the deficient or exceeding parallelogram isa fquare; 
in which cafe the conftruc&tions are very fimple as follows. 


Let AB be the given ftraight line to which the re&tangle is to be appli- 
ed, and C the fide of the fquare to which the re€tangle is to be equal: cut 
AB in halvesin D ; now DB mult either be equal to C or greater; if they 
are equal: fquares defcribed upon half the | ` E K 
line is the folution of the problemn ; but if 
DB be greater than C, draw DE at right — 4t 
‘angles to AB, and make it equal to C; and 
produce it to F fo that EF may be equal to 
DB; and defcribe a circle with E for the ! 
center, and at the diftance EF, cutting ABin G; and upon GB defcribe 
the fquare GK, and compleat the rectangle KA ; I fay HA is tlie 1cCtangle 
required : for the fquare of EG that is of DB is equal to the fquares of ED, 
DG ; and alfo to the re&angle AGB and the fquare of DG take away the 
common fquare of DG and the rectangle AGB is equal to the fquare of ED 
that is the rectangle AH is equal to the fquare of C. 





Let AB be the given line and C the fide of the fquare to which the 
recangle is to be equal. Cut AB in halves in D and draw BE perpendi- 
cula? 
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cular to AB and equal to C; join DE and defcribe the circle EF, cutting 
AB produced in F: defcribe upon BF a 

{quare BG and compleat the re&tangle AG, E 

I fay AG is the re&angle required ; for DF C 

[quare that is DE fquare or the fquares of PIE RM im G 


DB, BE is equal to the re€tangle AFB and 
the fquare of DB ; take away the common 


{quare of DB and the re&angle AG is equal 
to the fquare of BE or C. The meaning 
of thcfe problems is, having the fpace given and the fum or difference of 
the fides of the reCtangle to find the fides; thefe problems are of the moft 
extenfive ufe. 


A. D B EF 


There is a ftep in the conftruction in the 113th prop. of book tenth 
which I have generally found beginnersat a lofs to fill vp: itis faid as HF 
to FE fo let FK be medeto EK. Now this isdone by taking EK a third 
proportional to the difference between HF, FE and FE. For fuppofe the 
conftru&ion made and that HF is to FEas FK to EK then by divifion HF-— 
FE is to FE as FK—EK is to EK that is the difference between HF aud 
FE is to FE as the difference between FK and EK that is FE is to EK, and 
therefore the compofition of this is the conftruction required. 


With regard to the twelfth book the chief thing which the reader has 
to attend to, is the method of reafoning there ufed, in proving the equality 
of magnitudes, from the firft propofition of the tenth book, and which is 
commonly called the method of exhauftions. ‘The demonftrations given 
by Euclid are full and diftin& fo that the only thing the reader has to do is 
to beftow upon them the neceffary attention: only I would advife him to 
examine very particularly the third propofition, and to cut fome piece of 
matter into the fhape of a pyramid, and then cut this into the pyramids and 
prifms mentioned in the propofition ; and evento carry on this mechanical 
conftruction upon fome of the pyramids which are produced from this 
conftru€tion: for there are feveral kinds of foft fubftances upon which 
this operation may be eafily performed, I mention this becaufe I have 
always found that any difficulty which the ftudent met with in reading this 

Yy book 


938 — DISSERTATION 1x. 


book proceeded from his not. having fufficiently examined this pro- 
pofition. 


Euclid has thought proper to finifh this fubje& with proving that 
fpheres are to one another in a triplicate ratio of their diameters, whether 
he thought that the further profecution of it could not be carried on with 
that fimplicity which an elementary treatife requires, or for what other 
reafon cannot now be known. 


I wifh he had added the proportion which the cone {phere and cy- 
linder have to each other, and therefore in fome fort to compleat that -fub- 
ject. I fhall finith this chapter with a demonftration of it according to the 
method of indivifibles, fhewing that the cone hemifphere and cylinder 
having the fame bafe and altitude are to one another as the numbers 1, 2, 3. 
That is upon a fuppofition that thefe folids are a compofition of circular 
furfaces with the leaft thicknefs poffible, and when the thicknefs is not 
taken into confideration, the demonftration is in a certain fenfe accurate, 
Now if the quadrant ABH, the triangle ABC; and the re@tangie BH, re- 
volve upon AB as an axis ; they will generate a hemifphere, a cone anda 
cylinder, having all the fame circle for their bafe and AB for the altitude; 
alfo during this revolution, DE, DF, DG will defcribe three circles con- 
flantly varying as the point D advances from B towards A ; aud the flraight 
line DEFG is fuppofed always perpendicular to AB ; and that DE begins 
in a point, and that DF and DG are then equal, and that DF ends in the 
point A and that DE and DG ate then equal; fo that DG continues always 
of the fame length, but DE, DF are continually varying fo as to be greater 
equal, or lefs than each other during this motion of the 
point D from B to A: but AD is always equal to DF 
becaufe AB is equal to BC ; fo that the three fides of 
the right angled triangle ADE are always exhibited in 
the ftraight line DEFG ; DG equal to AE; DF equal 
to AD; andasthe [quare of AE is always the fame, the. 





B 
fum of the fquares of AD, DE muft be always the fame; that is the fum of 
the fquares of DF, DE; and becaufe circles are to one another as the 
(quares of their diameters ; the circle defcribed by the revolution of DG 
will 
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will be always the fame and equal to the two circles defcribed by the revo- 
lution of DF, DE; therefore the difference between the circles defcribed by 
DG and DE will always be the circle defcribed by DF ; but the circles defcrib- 
ed by DG piled upon each other make the cylinder HK and thofe by DF the 
cone ABC and thofe by DE the hemifphere ; but the circle defc:ibed by DF 
is always the difference between the circles defcribed by DG, DE; therefore 
the cone is equal to the difference between the hemifphere and the cylinder ; 
but it has been demonftrated that the cone is the third part of the cylinder, 
therefore the hemifphere is two thirds of the cylinder, and the cone hemi- 
{phere and cylinder, when they have the fame bafe and altitude are to one 
another as the numbers 1, 2, 3. 


C H A P. II. 


Containing fome diređions for proceeding further in this fludy. 


Turs edition of Euclid was undertaken with an intention to try to turn 
the thoughts of the prefent age to that ufe of the mathematical fciences, to 
which they were applied by the Greeks, which was certainly not immediately 
to the purpofes of common life, but to improve the underftandirg, by giving 
mankind an example of perfect reafoning : and fo zealous were they in this 
bufinefs, that we find that thofe who excelled in the fcience of Geometry, 
were held in the greateft elteem, as Cicero teftifies. In fammo apud illos ho- 
nore Geometria fuit, itaque nibil mathematicis illuftrius. At nos metiendi 
ratiocinandique utilitate hujus aitis terminavimus modum. The prefent world 
feems to be falling in with the tafte of the Romans ; and the pra€tical ufe of 
the mathematics is fo extenfive, as to juftify the choice of thofe who think 
only of profit: and in this practical part we are certainly got as far bevond 
the Greeks, as we fall fbort of them in accuracy and elegance of demon- 
{tration. But left. a tafle for their elegance and accuracy fhould be entirely - 
loft among us, I could with tofee thc mathematicians divided tuto two claffes, 
each labouring in its own province: the one, confidering nothing done to the 
purpofe, unletsthe fubjed@ be fitted to improve the rational faculties by taking 
the form of regular demonftration ; at the fame time that the other clafs might 


be contented with approximations aud tentative methods of arriving at 
fuch 
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fuch truths as may forward the arts and anfwer the purpofes of common 
life; In every thing with the firft, there muft be a continued chain of rea- 
foning ; but the practical mathematician may be content with any kind of 
proof, provided liis conclufion comes out a certain fact, as far as his bufinefs 
requires, through whatever heterogeneous forms of demonftration or calcula- 
tion it may have paft. The firft clafs will always be very far behind the fe- 
cond, having fuch numbers of different kinds of calculations to analyfe and 
examine ; which are difficult to comprehend exactly in the fame proportion 
as they are eafy to perform. It might be faid this book as it ftands, if care- 
fully ftudied is fufficient of itfelf to form the mind to accurate reafoning, 
and to enable any one to make a proper diftinétion in his progreís between 
the different kinds of proof offered to his confideration. Upon this fuppo- 
fition I fhall here givea few direions to the ftudent as to the next fleps he 
hasto take. Asmenfuration isthe great objeét with the pra&tical mathema- 
tician, the quadrature of the circle, which is to furnifh the great inftrument 
of menfuration, muft be firft confidered, and this I think is bet done ac- 
cording to the method of Archimedes, The ratio of the diameter of a cir- 
cle to its circumference being found, the folid contents of pyramids, prifms, 
cones, cylinders and fpheres may be had from what has been already de- 
monftrated; but as to what regards the furfaces the cafe is very different ; 
for with refpe& to curve furfaces perhaps the fubjeft would be unmanage- 
able in a rational manner, were it not that there are two curve furfaces to 
which a ftraight line applies itfelf in certain direCtions; and thele are the 
furface of the cylinder and cone ; the firft might be conceived as capable of 
being unfolded into a right angled parallelogram, whofe contents would be 
had by multiplying the circumference of the bafe by the altitude ofthe cy- 
linder ; orthe fame may be obtained by aproximation from the infcription 
of a prifm in a cylinder, the parrallelogram fides of which would end in 
ftraight lines when the number of fides became infinite: tbe furface of the 
cone may in like manner be derived from the pyramid ; the triangular 
fides of which, when they become infinite in number, vanifh into the 
ftraight lines which form the fides of the cone: in both thefe the ftraight 
line is diftin@ly vifible to the underftanding which can trace it through the 
whole progrefs; but to get atthe furface of the fphere the progrefs is not 
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fo obvious, though one may beforehand conclude that it muft be derived 
from one or other of thefe furfaces. Archimedes derives it from the cy- 
linder; butI fhall here give you a method by which it may in fome fenfe 
be derived from the cone. The furface ofa fruftum of a cone is got by 
multiplying the circumferences of the two circles which bound it by half 
the fegment of the fide intercepted between-them; or that half fegment 
multiplied by twice the circumference of the circle which is an arithmetical 
mean between the other two; or the whole fegment into that circumference. 
Now if a polygon of an even number of fides be circumfcribed about a cir- - 
cle, and if this polygon and circle be conceived to revolvé upon the diamc- 
ter of the circle continued asan axis ; the fides of the polygon will generate 
a furface made up of conical fruftums, the furfaces of which will approx- 
imate to the furface of the fphere generated by the circle, as the number 
of fides of the polygon is encreafed ; and when they become infinite both 
furfaces will be the fame, and equal to a re€tangle contained by the diame- 
ter and the circumference of the circle. Let DBC bethe fide of fucha 
polygon, and B the point of conta& : draw DF, BC, CH perpendicular to 
the diameter of the circle, and draw DE parallel to it; and join AB the 
center and point of contaCt : when the polygon revolves upon its axis, 
DF, BG, CH vill defciibe parallel circles. and DBC the furface of a fruftum 
ofa cone, whofe two bafes will be the circles defcribed 
by DF, HC; and therefore the circumferences of 
thefe circles multiplied by the half of DC will give the 
furface of the fruftum; or becaufe BG is an arithmeti- 
cal mean between DF, CHI; twice the circumference of 
the circle defcribed by BG multiplied by the half of DC, 
will give the furface of the fruflum ; .or the whole DC multiplied by that 
circumference. But from the fimilarity of the triangles AB is to BG as CD 
to DE: and the circumference of circles are as their femidiameters ; there- 
fore the circumference of the circle of which AB is the femidiameter is to 
the circumference of the circle of which BG is the femidiameter as DC to 
DE or FH; therefore FH multiplied by the circumference of the circle of 
which AB is the femidiameter is equalto DC multiplied by the circum- 
fercnce of the circle of which BG is the femidiameter ; but this laft has 
becn fhewn to be the furface of the fruktum. Therefore FH multiplied by 
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circumference of the given circle is equal to the furface of the fruftum, 
In the fame manner every other part of the axis multiplied by the fame cir- 
cumference may be fhewn to be the furface of the correfponding fruftum; and 
thus the whole axis multiplied by the circumference of the circle of which 
AB is the femidiameter, gives the furface of the whole folid; and when the . 
number of fides areinfinite, the axis becomes the diameter, and the furface 
of the ‘folid the furface of the fphere; that is the diamcter multiplied by 
the circumference of a great:circle of a {phere gives thc furface of the 
{phere; and the fame is the curve furface of the circumfcribing cylinder, 
What I have faid about thefe things in this differtation, isin a kind of con- 
verfation language, which by its familiarity may give you fome notion of 
the fubject, and from what fource the demonttrations muft be derived; but 
you mutt go to Archimedes for the proper demonftrations of thefe things, 


When I formed the plan of this edition, my intention was to change 
my method of teaching by carrying on the geometrical and arithmetical 


parts together, allotting different hours to each. For after reading care- 
fully the firft feven propofitions of the firft book, I then propofed at another 


hour to begin the feventh book, adjufting matters fo as to finifh the firft fix 
books, and the three books of numbers at the fame time : and in order to 
try if any tafte for numerical demonftration could be ingrafted upon our 
modern notation, I had compofed a treatife of univerfal arithmetic in two 
books, and each divided into three chapters, the fi rft containing the compo- 
fition of numbers ; and the fecond the refolution of the fame compofitions; 
with fcholiums containing the common practical operations ; and this I in- 
tended to finifh at the fame time with the remaining books of Euclid ; and 
this to be confidered as fufficient inftru&ion for the elements of Arithmetic 
and geometry. But by the reception my firft volume met with, I was con- 
vinced that this is not the time for fuch an attempt; I therefore was in no 
hurry to publifh this fecond volume. I fhall here add the firft chapter of 
the arithmetical work, which in teaching was to have been prefaced with 
about as much algebra as is contained in the feventh differtation. 


"CHAP. 
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CHAP, I. 


Of Compofition by Addition. 


NY number n is equal to t, 1, 1, &c. and there 1s no greateft 

number. For by the definition of number, every number 
isa compofition of unities ; but the whole compofition of unities is 1, 1, 1, 
&c. in infinitum ; therefore any number will be found in this compofition, 
aud has its denomination from the number of units that go to itscompofition, 
and is called accordingly, one, two, three, four, &c. from the number of 
times that unity is compounded to make it up: and after any number is 
compounded, ftill unities may be added; therefore there is no greateft 
number. Which was to be demonttrated. 


Prop. 1. 





Prop.2. If the feries 1, r, r, &c. be compounded, the regular 
from the beginning, will produce all numbers, and they will be alter- 
nately odd and even, and the common difference will be unity. 


For1—1$; 11-2; 1-- t 1—5; &c. and every even number of 
additions will produce an even number; but the odd additions will make 
an odd number, and the common difference is unity by the con(tru&ion; 
for certainly an even number of additions of unity has an exact half; but an 
odd number of additions of unity has no half, unlefs unity could be divided. 
And as by the firít, every num5er is formed by this compofition, by this 
compofition we muft have all numbers. Q. E. D. 


Prop. 3. If the feries z,.2, 3. &c. be added to itfelf, the fum will 
produce all the even numbers, and the commoh difference of the terms will 
be a; and the feries will begin with g. 


For let this feries be reprefented by a, 5, c, d. e, f» 2, &c.3 then added 
to itfelf, it makes, 2a, 25, ac, 2d, 2e, 2f, &c. Now froin the nature of the 
feries, b—a = 1 ; therefore 20—2a—2 ; alfoc—5— 1 ; therefore 2c—23b —2; 
coníequently by the fame method of reafoning, the difference of all the 
_ terms taken in order is 2; but all the terms are even numbers, becaufe 
they 
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they can be halved ; as 2 is contained in them, a times ; b times; c times, 
&c, in infinitum : but by the fuppofition a, b, c, &c. are numbers; there- 
fore 2 is contained an exa& number of times in them all; that is thev can 
all be halved: and asthe feries propofed contains all numbers, this feries 
formed by the addition of it, to itfelf, forms all poffible even numbers, and 
with a regular difference of 2; and the firft term two; for twice ais g; for 
if there could be an even number x different from all thefe, 2 cannot be 
contained in it, a, b, c, d, &c. times in infinitum ; for then it would be one 
of thofe which we have compounded ; but thefe are all numbers; therefore 
2 cannot be contained in x any exact number of times, Q. E. D. 


Prop. 4. If 1 and e; 2 and 35s 3 and 4; 4 and 5, &c. be added to- 
gether, this addition will produce all the odd numbers in a regular feries 
from 3; and the common difference will be 2. 


For let this conftru&iion be made with the general feries; a, b, c,d, e, 
f, &c. with the fame fuppofition, namely that it begins with unity ; and that 
the common difference is unity; then the compounded feries is; a+b, 
b+e,ctd,dte,&c. I fay this is the whole feries of odd numbers; and 
that it begins with 3, and that the common difference is 2 : for a— 1, and 
alfo b—a- 1 by the fupPofition; therefore b—1=1, therefore b=2 by 
tranfpofition; and confequently a4+6=3; allo by fuppofition c—b=1; 
and b has been proved equal to 2; therefore c—2=1 3 and confequenily 
c=3 by tranfpofition; therefore 6+c=5: allo by fuppofition d—c-1; 
and c=3: therefore d—3 = 1 ; that is d=4; confequently c+d=7: but 
by fuppofition e—d-— 1, and d—4; therefore e—4=1; and therefore 
e=5; confequently dte=g; and fo onin infinitum, I fay alfo that the 
common difference is 2 ; for a+b=3 ; and b+c=s ; therefore b+ c—a—b 
=2; againb+c=5; and c-+d=7 ; therefore c + d—b—c = 7—5 — 2, aud 
fo ofthe re(t : therefore this operation produces the feries of the odd num. 
bers beginning from 3 and with a common difference of 2: it therefore 
contains the whole feries of odd numbers, as the terms of the whole feries 
are alternatcly odd and even. Q. È. D. 


Prop. 5. In the feries of odd numbers formed 2s in the Jaf, every 
third term, reckoning by threes after the firft, is a muluple of three. 
| For 
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For let this feries be expreft generally ; a, b, c, d, e, f, g, h, i, k, &c. 
I fay that d, g, b, are multiples of a ; that is, of 3; for by the Jaft, the com- 
mon difference of the terms is 2; therefore b—a=2; c—b=2; d—c=2; 
therefore the difference between a, and d, is three times 2; but three times 
2, istwo times 3 ; but by the compofition of the feries d, 1s made up of a, 
and two times 3; and c=3; therefore d is three times 3 ; confequently 
dis a multiple of a or 3. By the fame method of reafoning, it is proved 
that g is compounded of three times 3, and two times 3; aud in the fame 
manner it may be proved that every third term, through the whole feries, 
is a multiple of 3. Q. E.D., 


Prop. 6. In the fame feries every fifth term, reckoning from the 
fecond, is a multiple of five. 


For let the feries, as before, be expreft generally ; a, b, c, d, e, f; 
£y ^, &c. Ifay g, and every fifth term from it, is a multiple of' 5; for 
(by 4) c—b—2 ; d—c—2; e—d—2; f—c-2; g—f—2 ; therefore the 
difference between g and b is five times 2; but five times 2, is two 
times 5 5 but b— 5 ; therefore g is compounded of two times 5 ; and one 
times 5, that is three times 5 ; therefore g isa multiple of 5 ; and the fame 
may befhewn of every fifth term in the feries, taken forward from g. Q.E.D. 


Prop. 3. In the fame feries every feventh term, from tbv third, is a 
multiple of 7. 


For, as before, let a, b, c; d, e, f, Z, h, i, k, &c. reprefent generally the 
Series ; and then c=7; and 2 is in the ‘feventh place of the feries from it : 
I fay kis a multiple of 7; for, as before,d—c=2; e—d=2; f—c=2; 
g—f=2; h—g=2; i—h=2; k—ix=e2; but thefe, added together, make 
the difference between cand k: hut that difference by the fuppofition, is 

{cven times 2; and feven times 2 is two times 7 ; and c=7; therefore & 
equals three times 7 ; therefore Lisa multipleof 7: and the fame may be 
fhewn of every feventh term taken forward through the feries, Q. E, D. 


Prop. 8 In general, if x be the number exprefling any term In this 
feries; I fay, the x term taken forward from x, fhall always be a multiple 
| of x. 
* Aaa For 
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For in this feries the difference of the terms is 2 ; therefore the differ- 
‘ence of x terms is x times 2; but x times two is two times x; and that 
added to x, makes the x term from x ; therefore the x term from x, is three 
times x; and confequently a multiple of x. Q. E. D. 


Scholium. By thefe four Propofitions, if the feries of odd numbers were 
expoled, all the compofite numbers might be marked ; and thofe remaining 
unmarked withthe number 2, would give all the prime numbers up to the 
lat number. | 


Prop. g. In any feries of arithmetical proportionals, that isa feries 
proceeding by a common difference ; the fum of the firft and laft terms is 
equal to the fum of any two terms, equally diftant from the firft and laft. 


Let a, b, c. d, e, f, g, h, be a feries of numbers in arithmetical propor- 
tion; I fay, that a+h=b+g=c+f=d+e; forby the definition of an 
arithmetical progreffion ; b—a=c—b=d—c=e—d=f—e=g—f=h—-z ; 
therefore b—a=h—g ; and by tranfpofitiona +k=b+g; and for the fame 
reafon, ath=c+f=d+e.Q.E.D, Otherwife, by a general notation de- 
rived from the definition ; let a be the firft, and x the laft term ; and d 
the common difference of the terms; then the Series will have this form ; 
a,at+d;a+2d,a+3d, &c, x—3 d, x—2 d, x—d, x. Hence it is obvious, 
tbat a- x, the firít and laft terms, is equal to a+d+x—d=a+2d+x—2d 
=a+ 3d+x—3 d. 


Prep. 10. The fum of an arithmetical feries is the firft and laft term, 
taken half as often as there are terms, 


This follows from the laft Propofition ; for the fum of the firft and 
laft, is equal to the fum of the fecond and laft but one, and fo on ; and it 
follows when we have juft taken them in patts half as often as there are 
terms, that we have taken the whole feries, which may be expreffed from 


our general form thus, a-- x xz —5; a being the firft term, x the laft, n 
the nnmber of terms, and sthe fum of the feries.  Suppofe, r-c 3-5 7 
9-4 11, - 13 15-- 17 4 19, to be the feries to be fummed, here a— 1; 





x=19;n=10: therefore, atxxZ=s=1t+19% y =20X §=100=Q, 


E, D. Prop. II 
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Prop. 11. If a be the firk term ofan arithmetical feries, and d the 
common difference of the terms, and nthe number of terms: I fay the fum 
of the feries will have this form s=2an+ nnd—nd. 

2 





For becaufe d is not found in the firft term, its coefficient in any term 


will be one lefs than the number of terms, or n—1; therefore a+n—1 xd 
is an expreffion for any term of the feries confidered as the laft term ; there- 








fore a+n—1xd=x; therefore axxxL-atadn—ixdx 1—23a4.nd— 

-- gan + nnd—nd 

d x z =—— =s. Q, E, D. Suppofe the fame feries as in the laft, 
2 


the feries of the odd numbers, to be fummed according to this form ; 
gan+-nnd—nd 2X 1Xn+2nn—an 





then; a=1; d=2; n=10; therefore —————— = - 
' 2 2 
2n -4+ 9nn—2n omn 
=————=— =m., Therefore the fum of this feries is always the 
2 2 


fquare of the number of terms. 


Prop. 127 To any three given numbers, the firĝ taken from the fum 
of the other two will give a remainder which is a fourth arithmetical pro- 
portional to them. 


Let a, b,c ; “be any three numbers: I fay 6+c—aisa fourth arithme- 
cal proportional to a, b, and c. Suppofe x to be the fourth arithmetical 
proportional ; then by the definition a—b —c—»; then by tfanfpofition x 
—b4c—a. Q, E, D. 


Prop. 13. The fum of any two numbers halved is an arithmetical 
mean:between them. 


Let a, and b, be any two numbers ; and let x be the arithmetical mean 
between them ; therefore by the definition a—* — x—5; and by tranfpofi- 


axb 
uonaxbcsx; andéz ——. Q,E,D | 
2 Prop. 14. 
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Prop. 14. The fum of the feries of odd numbers, is the fquare of the 
natural numbers beginning with unity. 


The feries of the odd numbers beginning with unity is; 1, 3, 5, 7, 9, 
&c ; the fum of them is; r, 4, 9, 16, 25 &c. whieh are the fquares of 1, 
2, 3. 4. 5» €c. — And this holds univerfally for (by Prop. 11) we have 
proved that the fum of tbis feries is nn or the fpuare of the numher; which 
is an expreffion for the fquare of the number of terms; for if n— 1; then 
m=1; andifn=2; then m=4; and ifn=3; then nn=3; and ifn=4; 
then nn=16, &c. : 


Prop. 15. I fay that n terms of the feries of the fquares of the natural 
numbers 1,2,3, 4, &c.to n; thatis; 1, 4, 9, 16, &c. to nnisequalto 
2nmnt gm tn 2n'cgn' «n 


6 6 








For the difference of the two following progreffions is equal to the 
fum of thefe fpuares, which I fhall firft exhibit in a particular inftance, to 
explain the meaning of the propofition. 




















Greater feries. Leffer feries. Difference of the two. 
I+ 2+ 3+ 4+ 5 O 1+42+3+ 4+ 5 
it 2+ 3+ 4+ § 1 2+3+ 4+ 5 
i+ 2+ 3+ 4+ § 1+2 3+ 4+ 5 
it 2+ 3+ 4+ 5 1+24+3,,. 4+ 5 
- at 2+ 34+ 44+ 5 1+2+3+4. . + 5 
5+10+15+4+20425 4+64+6+4 14+4+9+16+25 


It is obvious in this particular cxample, thar the difference of thefe 
two feries gives the fum of the fquares of the natural numbers to five plac- 
es ; but inftead of five we have only to fuppofe the number n; and by gett- 
Ing a general expreffion for the difference of the two general forms, this 
will be a general expreffion for the fum of the fquares of the natural num- 
bers. Now making ufe of a general notation for thefe forms, and fumm- 


ing the different progreflions, and taking their difference, the demonftra- 
tion 
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tidnás. obvious ; and,n,the generalformatign of the arithmetical progref- 
fions, .it.is.of no canfepuence whether. they are form'd by. an addition of 
unity from, the left, gra fubtraction of unity from the Tight. Now dup- 
pofe n the number of terms of the feries, which is (by the firt) alfo the de- 
. nomination of the laft, number; then the general f form will ftand thus: 


— - am =e Dao p: a 


Greater ferjes. i Leffer feries. 
It&C tngin tnin O E 
r+ &c.tn—Zt+n—2+n—t+n - 3 
dhee 2-3 + natn tN d +&c.+n—3 | 
»-&c.-n—34n—2-n—tf4n — i4&c.n—34n—2 
1+ Kc,+2—3+n—2+n—1tn 14 &e,t+a—3+n—2+2n—! 
Difference. | 
1+ &c.+n—3+n—2+n—r+n 
+ n—3 -+n—-2+nN—I+2 
+ Nn 2 Nd +n 
Tn—1dn 
Tn 
r+ &C.+n—3* +n—2? +n—1* n, 


And thefe are to be continued ton ranks: and confequently in fum- 
ming the general form for.the difference, the firft is n taken n times or n? ; 





and the next is n-——1 taken n—1, times; equal to n—1* ; the third is n—2 


f 





taken n—2 times, equal to n—2* ; and the fourth is n—3 taken n—3 times 


li 4 


or n—3* &c. 4- t. But this is the feries of the fquares of the natural num-- 
an* + gn* tn 
bers, -the fum of which we are to prove to be equal to 











Suppofe 14+ &c. +n—3* +n—2* +n—1r*+n'=x. Let us now take the 
fum of the greater and the leffer feries, which are all arithmetical progref- 
ions, which can therefore be fummed (by Prop. 10) ' And firt; 1+&c. 
— n ntm 

+ n—3 +n—24+n—1+n=1+nxX--= > but this feries is to be taken 

» ws ninm mns 
n times ; therefore the fum of the greater feries is n x = 

2 2 
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Let us now fum the parts of the leffer feries, one by one ; beginning 
with thelowermoft the number of terms of which is n—1 ; and fo pro- 


ceeding upward to -- 1-ro. And firft 1p &c. c n—3 E n—2 E n—1— 14 n 


— 1— n—1+n—1" 

—1 xX ———— ——- 5; and here it is neceffary to obferve that the 
2 2 

firít form 1 4- n—1 muft be preferved, though it is really n, in order to pre- 


ferve the two feries. Alfo the fum of the fecond is had thus; 3+ &c. 





n—2 N—2+n—2* 
+n—3 + n—2 = 1 + n—2 x = ; for here the number of 
2 & 














n==3 n—3-V 
terms is n—2. and the third is 1 + &c. + n—3 = 1 +n—3 x = 
* 














; for here the number of terms-is n— 3; and fo on to +1+0. There- 
2 





n—3 +n—3* n—2+h—2 
fore tbe fum of the leffer feriesis ; 041+ &c, + ——————- 
a 2 


SE 





n — 1 1— 1* 
‘+-—————. But this may be exprelt hy thefe two forms; 0+ 1+ &c. 
^ 
+ n—3 -+n—2'4+n—13 the numerator of which is an arithmetical feries ; 
a 


o 1*-- &c. 4-n—3* E n—2 4 n—1* 














and ; which is the half of the feries of 
2 


the fquares of the natural numbers, wanting the laft term becaufe the fe- 
ries begins with nothing. Therefore as; x=1+4 &c.4+n—3*-+n—27+ 


n—1i1*+n*; therefore x—n® is equal to; 1+ &c. - n— 3^ c n—2* E n—i*; 











2 

but 1+ &c. c n—3-F n—2 4 n—1 — 1 n—1 X n—1 equal to n—1-En—1*; 
2 2 

aud the half of that is n—1 4 2n—1?7 =n—1 E àó—2n 4 1 —5—n-—equal the 


4 4. Aw o4 ee 
remaining 
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remaining part of the leffer feries ; therefore the whole leffer feries is 
z—n'+n'—n; and this fubtra&ed from the greater feries, the fum of 


2 4 
which is œ+ will be g*-E n —x E m— n 4 n— the difference between the 
2 2 3 4 | 


greater and the leffer feries; but that difference by the general form is 
14-4 óc, p n— r6 ; which was fuppofed equal to x ; therefore n* +n! 
2 
—x n—m nci; multiply the whole equation by 4 ; and then 
2 4 
2n* - 2ni— 2x + 2n* —n*>+n= 4x ; and by tranfpofition and addition ; 6x = 
sn 4 3n 2; and x zan t 3n n. O. E. D. 
6 


Befides the arithmetical progreffions which contain all numbers, there 
are other progreffions of numbers made by taking the fum of this one, and 
the fums of thofe fums, which form a clafs of numbers divided iato diffe- 
rent ordersas in the following table. ' 


1 1 t 1 1 1 I | 
3 4 5 6 7 8 9 10 
6 10 15 2t 28 36 45 55 . 
10°20 35 56 84 120 165 220 oo 
15 35 70 120 210 330 495 715 eee 
21 56126 252 462 792 1287 ‘2002 ....: 
20 84 210 462 924 1716 3003 5005 
36 120 330 792 1716 3432 6435 11440 
9 45 165495 1287 3003 6435 12970 24410 
10 55 220715 2002 5005 11440 24410 48820 


pé » bó 5^9 v» b» o ë M ë A t4 
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bad 


In this table the firft order contains all numbers, in their diflin& uni- 
ties; the fecoud order is the firft fummed up regularly from the beginn- 
ning ; and alfo contains all numbers, according to fome proper names af- 
figned to each ; and the third order is made up of the fums of the fecond 

from 
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froth He beginning, ‘which ‘ddés'not contain all ‘numbers, ‘but only a cer- 
‘tain 'progreffidn df them,détetttined‘by the methot ‘of :compofition,;-and 
from the refemblance which points anfwering to the numbers of this order 
may be rnáde'to take to 'a'trangle, théfe have: been oallsd triangular num- 
. bers, as is reprefented in the nfargin, where unity reprefents the vertex of 
the triatigle and {he térms of‘the'atithmeétical ‘progreflidn, the parallel ba- 
fis Of the different‘ triaiigles; andthe fum'of'the points belonging to each 
triangle form this order from whence it has its name ; the other orders for- 
wards'are'called triángalár pyramids,: &c. — But thefe. n amcs are of little 
confequence, for the numbers are fufficiently diftinguifhed by the different 
"ordeis, 'Büt' their 'finporian&e! in ‘the {cience of numbers,.is very great ; 
and fpeculations upon them' are admirably fitted-to improve. the under- 
ftanding. 


‘ti is to be particularly obferved about this table, that any ‘uumber in 
any order is ‘eqtial fo the ‘fdm of the drder-dbove ity:up to the place of the 
number, and that in ófder to fidd-any 'terní ivany-order, itis only'necef- 
fary to have the fum of the order before it, üp:to the place of that term: 
this follows immediately from the conftru&tion of the table ; for inftance, 
28 in the third order is equal to 1+2+3+4+5+6+7, the fum of the 
fecond order up to that term inclufive. 


Prop. 16. The fum of the ‘firft order isequal to n, the number of 
‘terms; and the fame nis the n‘™term of the next order, - 


For the fum of any arithmetical feries is the firft term and the laft tak. 





en half as often as there are terms; that isiin this inftance 1-4 1 x [= 


2 x 4 —n;^and the fecond order is only the denominations of the fums of 
the firft from ‘the'beginning; therefore the x tcrm will be denominated 


n, Q. E. D. 


n Mn 
» alfo the 





Prop. 17." The fum of the fecond order to n terms, is 
9 

n n 

is the n'^ term of the third order. 

2 | By the 





fame 


DISSERTATION IX. | 353 


By the laft propofition z isthe att term of the fecond order; and ag 








i ntm 
that order is an arithmetical progreílion, its fum is 1 4 n sme > and 
2 
any number in any order is equal to the fum of the order above it to that 


n+n* 





term inclufive; therefore 


E. D. 


is alfo the nt term of tbe third order Q. 
à 


Prop. 18. As n may reprefent any number of terms; by fuppofing it 
the firft, fecond, third, &c. terms ; that is putting it equal fucceffively to 
1, 2, 3» 4: &c, and from that fuppofition computing the particular va- 

nin 





lues of the general form , it will produce all the terms of the third 
2 


order. 


ntm t+ 
For firt; fuppofe n—1; then ——————-— :. Again fuppofe 
2 2 
ntn 244 ntm" 3+9 
n=2; then ——— =33 fuppofe n=3; then-—-=——-= 6; and 
2 2 i 2 2 
ntn 4+16 
n=4; gives —— = — 
2 








=10; and foon Q. E. D, 
2 


Prop. 19. The numbers -1, 2, 3, 4; &c. being put feparately for 
n* 


n+ 





each part of the general expreffion ; thatis firft for and then for I 


will refolve this order into two regular progreffions 


For fuppofing n=1, 2, 3, 4, &c. in order; from the firt we have 
1+24+3+4+51+0 


z titititi time itede. And from the fecond ¿+4 
Q 
1 -t4t*9t 16 t 25 
LL I ——-, Q. E. D. 
2 C c.c Prop. 20 


a 
low 


fel 





| 
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Prop. 20, Thefe two progreffions fummed and made general, will 
give us a general expreflion for the fum of n terms of the third order, 
which will at the fame time be an expreffion for the n'^ term of the fourth 
order. 


I--2-F3-FA-F&C. En npn 12-49 &c. 4 m 


Thus And = (by 





2 4 
ank+an*t+n nm m nm 
——=—-+—4—, Andthefe two added together 
12 | 6 4 12 
n nm n | 
makes —+ — + —= the fum of n terms of the third order, and confe- 
6 2 3 
quently from the method of conftru&ing the different orders, the fame is 


a general expreffion for the a'^ term of the fourth order. Q. E. D. 











Prop. 15.) 


Prop. 21. Tay that n terms of the feries of cubes of the natural num- 
n*-- 2n - n 
bers, t, 2,3, &c. ton; or1+8+427+4 &c.+n' is equal to . 


. . For proceeding in the fame manner asin propofition 15, I fhall prove 
that the difference of the two following progreffions is the fum of thofe 
cubes: which I fhall explain by a particular form, aud then demonítrate 
by a general one. | 


Greater Series, Leffer Series. Difference of the two. 
1+4+9+16+ 95 o - * 1+4+94+16+ 25 
14+44+9+.164+ 25 1 4t9t104 25 
0-494164 25 14-4 94 164- 25 
1c-4t 94 164 25 1+4+9 164 25 
1+4+9+164 25 I-- 4 9 t 16 M": + 25 




















5+ 20+ 45+ 80+ 125 4+12+18+416 1484974644195 


Here we take the feries of the fquares of the natural numbers for five 


terms : and likewife take five of thefe progreflions to make the greater 
i feries 
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feries ; and the leífer begins with nothing for the firft ; one for the fecond 
1+ 4 for the third, and fo on to five of thefe progreffions ; andthe leffer 
fubtra&ted from the greater one by one gives differences, whofe fum makes 
the cubes required ; or the greater and the leffer feries fummed, their dif- 
ference gives the fame cubes. Now we have only to fuppofe n the num- 
ber of terms, and alfo the number of progreffions, and perform the fame 
operation with the general form, Thus 


Greater Series. Le ffer Series. 
1 + &C. ng’ + na? t nmn’ H n 
1+ &c.+n—3* +n—2* +n—1 40° O 
r+ &c. +n—3* + n—2* + n—1?-+ 1+ &c. +2—3* 
1+ &c. +n—3* +n—2? +n—1° +n" 1-4 Ec. a—3! 4 n—2* 
1-4 &c. + n— 37+ n—2? + n—17 + n 1-4 &c. 4 n—9' 4 n—32' 4 — 
Difference, 


1 + Ke. 4+ n—3* 4+ n—2? 4n—1 +n 
+ n—3* + n—2* +4 n— tr 4 s 

4 1—2? 4- n—1* 4 i 

+n—1 +n 

+ n° 


Now if we fum the general expreffion for the difference between the 
two ; the firft towards the right hand is n* taken n times which is n?; and the 





— 8 


fecond is n—1? taken n—1 times, which is n—1!; and the third is n—2* 








taken n—2 times; which is n—2?; and the fourth is n—3* taken n—3 


times, which is n—2? aud fo on; and this is the feries ofthe cubes of the 
n+ 2n! - n^ 


natural numbers ; the fum of which we are to prove equal to 
4 











Suppoſe 14 8 €7 -- &C. E n—3' E n—2* E i—1! =x, Let us now take 
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the fum of the greater and lefler feries; and firk, 1+ &c. + n—3? -+ n—2? 


annt gn 4 n : 
T n—1* 4$ is had by Prop. 15. and is equal to ————————, but this is 
6 





. 9n* 4 an? + n* 
to be taken n times ; therefore the fum of the greater feries Is 





6 
Again in order to find the fum of the lefferferies, as it begins with nothing 


the nth rank of it will be 1+4+9+ &c.+n—3*+n—2°+n—1° ; and its 








2 Xn—1! 3x n—1* -n—1I 








fum (by Prop. 15.) will be ; and tbe laft but 


6 


one will be, 1-- 4-- &c.-En—3' c n—2*; and the fum of this (by 15.) 











2xn—2't3*n-—g9'«4-s—2  .- | prm 
— — > aNd in the fame manner the laft but 
6 


SS 


two will be 144+ &c. + n—3”’; and the fum of this 


will be 














2 Kn— 3° + 3 Xn—3° +n—3 
— '; and thus we my proceed till we end with 





6 
+-t+0. Wherefore the fum of the leffer feries is 


2Xn—i-3xn—1'cFn—i1 2 xXn—2°+ 3 xX n—2*>+n—2 
. 4 i e | 
6 6 

















+ 





2 X n—89!--3xn—3' t n—3 





b. 


4+&c.+1+0,. Let us divide this into three 
6 "m 


t 


progeeuoms and fum them feparately £z x n—1?*t 5 Xx n—2! - 2 X u— 3) + &c. 











=p xKn—1'+ n—2? $n—3? + &c. and this feries is the third part of the fe- 

riés of ihe cubes of the natural numbers, wanting the laft term; and there- 
; x—n  n—i + t n— 3'ócc. 

fore a third part of x —»; therefore = 

3 3 











Again 
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gx n—a* t3*1n—23'43x n—3'kc. 



































Again for the fecond progreftion = X 
6 
— — 2Xn—1'43 xn—1' +n—1 
n—a*-t+-n—2 + 1—3°&C.= (by Prop. 15.) — 
12 
N—1 +n—2+n—3+4 S&C.+4 1 
Again forthe third progrefhon = 
6 ' 6 a N 
week 2 A | 3 
; —m—n | x—n 
» Therefore the fum of the leffer feries is + 
6 I2 . > 3 


2Xn—1'FaXn—1i'n—1  m—n x—nmn ' en'—-am (4b n'—n x 

' 4 E 4 — 
12 12 3 12 3. 
—£n7—2n  x—n-—n | 
— . Therefore the difference between the greater and 

















Y 





12 3 6 
ont 4 3n + nex nt +n 
— -t 
. 6 3 6 
ent + 3n! -F n'—2x-E n! - n! — 6x; and 8x z an* - 4n! E 3v ; and 4x— 
n'--2n m 
n* - 22! - »* 5 therefore ; x— 





leffer feries 1s 








=x; multiply by 6; then; 





.: Q. E. D. ’ 
4 


Prop. 22. As n-may reprefent any number of terms; putting it fuc- 
ceffively for 1, 2, 3, 4» &c. and from that fuppofition computing the va- 


"n mnm nm 
lues óf the general form — t — t — ; it will produce all the terms of the 
6 2 8 : t 


foutth order of triangular numbers. 


For, firit fuppofe n=1; then we bave t4 : trI-1 "again fuppofe 
n=2; then we have $4+4+7= "^g —4 ; again —— n=3; and we have 
174243=52=10. Suppofen=4; then we have % + + f='s" =20 


and in infinitum Q. E. D. 


Prop. 23. The numbers 1, 2, 3; 4; kc. beiug put feparately for 
Ddd each 


n nm m 
each part of the general form —+—-+— will refolve this order into 
| ^6 2 3 
three feparate progreflious. 


For beginning with the leaft and fuppofing n— 1, 2, 3, 4, &c. in Or- 
tt243T4t5 
- &c. and for the fecond 








der, we have 4t 3 i4 $4 i&c.— 
3 
1 4 9 16 25 t*4t*t9t 16435 1 
—+—+—+—+4+—ke. = -; and for the third ; —+ 
2 2 T2 p2 34 2 © 
8 27 64 125 1484297464+125 
— — 4 Á A EC, a TT EN T The firit is the third 
6 6© 9$ 6! 6 
part of the feries of natural numbers ; the. fecond is the half of the feries 
of the fquares of the natural numbers; and the third is the Gixth part of 
the feries of the cubes of the fame. Q. E. D. 








Prop. 24. Thefe three progrefflions fummed and made general, will 
give a general expreffion for the fum of ” terms of the fourth order, which 
will at the fame time be a general expreffion for the n'è term of the fifth 
order, ! 


12-344 Àkc 450 — n rt 
— — — =1 4n XxX- e And 

3 6 6 ! 
1447 QO+ke.+n 203mm 4+ 840974 k+0! 

- ID. (by 45.) and — 

2 12 6 
a+ en’ +n° n+ oh? + n* 
(by 21.) and thefe three added together make ————— 4 
24 24 
$n (p3m-bn m+n 


Thus, 














MO 
e] 





= the fum of n terms of the fourth order of triangular 








12 6 
numbers, and confequently from the formation of the orders, it.is a gene- 
ral expreffion for the n'^ term of the fifth order. 


Scholium, By proceeding according to this method of invefligation, i it 
; - will 
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will be eafy to find general expreffions for the fums of all orders: but I 
fhall now draw the reader's attention to a regularity in the formation of 
thefe geueral expreffions, by which they can eafily be continued without 
end. Any term in the firft order is one, and the fum of that orderis n; 
n +R 


any term in the next order isn; and the fum of that order is , which 





2 
is alfo any term in the next order : andfo on. — The forms therefore are 
mcn mn n m nm adam n 
thele ; 1,2, ——, —+—+—, —+—+——+—. Now if thefe are 
3 6 * 3 34 4 € 
[c patated into their different faGors, or component parts by multiplica- 


tion, we have; 1, aq, nx n«4- a; HXRHF1Xn-9; nX n-1Xn-2xn4t3; 


























2 * 3 2 3 +4 
and the fum of the fifth order will be found to benxn+41xn42xx+3 
4 3 4 


xnt 4. And fo on for ever. 





$ 


I fhall here give another general rule for finding the triangular num- 
ber in any place, the order and place being given. Call the order a and 
and the place 5; or the contrary ; and take n=a4+.b—2; thenI fay, the 
triangular number in any place will be found from this general expreflion ; 
1xnxXn—1 xn—2 xn—3 Kc. tob. Thus fuppofe we want the number 














2 3 4 a—t 
in the 7th order and 8th place; then a--$—2 — 13 —n and » — 8; there- 





a—r1 6 
fore the particular form is; 1x 13x» x5 xX KE xX3=1716; which 
in the table you find to be the 8h place in the 7th order: fo that from 
this general form it is eafy to find the figurate number of any order in any 
place numbered from the beginning: and confequently the fum of the pre- 
ceeding order, up to that place; or the fame may be had by the general 
form which we have inveítigated above. The examination of this form 
will occur afterwards : it is the general coefficient of the famous binomial 


theorem, which proves that all the coefficients of the binomial theorem, ate 
triangular 
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triangular numbers of fome of the different orders; I mean when n isan 
integer. In Kerfey's Algebra, if he had only put in the feries of unities 

you hve a diftin& table of triangular numbers, in his formation of the co- 
ficient of a binomial; and yet it does not appear that he perceived that 
they were the fame; for he forms his table from the addition of the coeff- 


cients according to the common form of involution of the binomial 1 +1. 
It is furprifing that, as this form is forcing itfelf upon our notice in fo ma- 
ny different kinds of computation, that nobody kad the fagacity to find out 
its extenfive ufe before Newton, particularly that it efcaped Wallis,: who 
was in fearch of fomething of the kind, and who had fpent fo much time up- 
on combinations, and underftood the do€trine fo compleatly. But there 
is alfo another conclufion which I have drawn from this circumftance ; that 
a perfon examining forms of computation may fee this very theorem, when 
the perfon who made them had not the leaft conception of it, fo that it 
cannot be doubted that the ufe of it was entirely unknown to the world tll 
Newton difcovered it. By teking an arithmetical feries with a common 
difference of 2, of 3, of 4, &c. and proceeding as above, you may form 
different claffes of figurate numbers without end. 


'Thefe combinationsof numbers derived from the different arithmetical 
progreffions form almoft a kind of fcience by themfelves ; but I introduce 
them here only 2s one of the methods of compounding numbers, very fit 
for improving the uoderftanding, and which will afterwards be found of ex. 
tenfive ufe in various kinds of demonftration. Butthe moft common aad 
univerfal ufe of numbers, is for fettling the proportion of things to each 
other, which, however is not always in tbe power of number to do; and. 
the progreffion of numbers fitted for this, is called continued geometrical 
proportionals. Thus if you begin doubling from unity, you have this fe- 
ties; 15 2, 4, 8, &c. and trebling 1, 3, 9, 27, 81, &c. and quadrupl. 
ing, 1, 4; 16, 64, &c. Now a fcale of numbers fufficiently diflin& and 
extenfive, might be made from any fuch progreffion as this; butthe acci- 
dent of people’s naturally numbering by their fingers, has thrown mankind 
into a general adoption ofthe fcale by tens; the habits concerning which 
are too wellfixed to be changed for any other, whatever fimplicity it might 
offer. Yet the greedinefs with which the logarithmetic calculation has 

| 3 been: 
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been received, proves that the decimal notation is not fufficiently fimple. 
But it is the bufinefs of the rational man to lift himfelf above all habitual . 
prejudices, and to refer every thing to the ftandard of truth. Now any 
feries of this kind may be reprefented by this general form ; a, ar, ar^ ar? &c. 


Y y J 
—, —, —, y; where we have both a firft and laft term, and a common 


rs r 


ratio, r, expreft in the form of the notation. 


Prop. 25. In fuch a feries as this, the produ& of the firft and laft 


terms is equal to the produ& of any two terms equally diftant from the 
firk and laft, 


y y 
For ax y=arx—=ar'x——&c.  Otherwife fuppofe aj. b, c. d. e, f, 


r r” 
g» h; to be continued geometrical proportionals; then by the definition 
a b c d e a g 
ea en — therefore —=— ;and ak=bg; and for 
b c d e f g b h 
b 
the fame reafon — — — &c. bg =cf. Q. E. D. 


C 

Prop. 26. 'The fum of a feries of geometrical proportionals wanting 
the firft term, is equal to the fum wanting the laft term multiplied by the 
common ratio. 


) YJ ) ) y 
For ar-r ar car + &c,+—+—+—+y=rxatar+&.+-—+— 
r r? T p ft 
J 
—,. Q. E. D. 
r 


Prap. 27. Suppofe s the fum of the feries, and a the firft term, and y 
yr—a 





the laft, and r the common ratio, I fay s= 
r—1 
For by the laft propofition s—a=s—y xr; therefore s—a=sr—yr ; 


| "— 2 yr—a 
and by tranfpofition yr—a — sr—s — s x r—1 ; therefore 1— 





., Q. E. D. 
Fff. Prop. 28. 


368 DISSERTATION IX 


Prop. 28 In any geometrical feries, if a be the firft term, r the com- 
mon ratio, nthe number of terms, and s the fum of the feries; I fay, s= 
ar'—a - 
— 

For becaufe r is firft found in.the fecond term, its index in any term 
will be one lefs than the number of terms, or r—-1 ;_ therefore ar’—' will 
be an expreflion for any term confidered as the laft; therefore y=ar—'; 

yr—a  ar'—a 
and yr=ar’—' xr'=ar"; therefore -= -=s. Q. E. D. 
r—IL yom J 











Scholium. Suppofe the fum of 1+ 24+4+4+84+4 16+ 32+ 64 ; is required 


|yr—a 64»x32—1  128—r1 
here; a=1; r=2; y=64; confequently 











r—i 2-1 -I 
ar'—g ix2'—1 
127. Or, by the fecond form; a=1;r=23 n=7; then -——-— - 
7] 2 — 1 


IxXx2x2x2x2x*x2*2x92—1 128—z 


= =~ —— = 127. ` Hers it may be necef- 
l ] 


- fary to caution the learner againft a miftake which beginners are apt to fall 
" jnto: when a— 15 all the involutions of it produce nothing but unity, but 
in this inftance, if a had been equal to 3, and the multiplication carried ac- 
cording to the notation above, it would not have been ar"; but a'r” ; there- 
fore the number an(wering to ris to be firt involved, and then the num- 
ber anfwering to a multiplied into it, as its coefficient, But a, ar, ar^, &c. 
is not he fimpleft form of the geometrical feries ; for a+ ar + ar + Acca 
aX 1-r-E r'&c. therefore 1-4 rc P 4 pP&c, is properly the feries to be fum- 
med ; and then the fum is to be taken a times. Suppofe two progreffions 
of this kind were to be added together, a-r ar-c ar^ -c ar?-. and b+br+br+ 














bris the fumisatb+a+oxrtatdxrtatbxr: again fuppofea+b=r 
then the fum of the progreflion becomesr+r°+r°+r*. Again fuppofe 
a=3; b=7; and r=10¢ then tbe. firít feries is 3 + 80+ 300+ 3000= 
3X1 F10-F 1004-1000: and the fecond is, 7+ 70+ 700+ 7000=7 x 


a 


1 +104 100+ 2000; andthe fum of the two is 3+ 7 X 1+ 10+ 100+ 1000 
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=10X 1410+ 100+ 1000= 10+ 100+ 1000+ 1000011110, Again 
fuppofe, a + br + cr*+dr*; and e+fr+gr>+hr?; to be added together ; thefe 
are not geometrical progreflions ; but their fum is ateb+fxrtetexr 
+d+hxr. Now fuppofe ; a,b, c, dj e, fs g, h; equal to 1, 2, 3, 45 5s 
6, 7, 8; and r— to; then the fum becomes 6+ 8 x 10+10xX 100+ 12x 

1000 = 6 + 80 + 1000+ 12000=13086. And this according to our nu- 
meration we read backward ; thirteen thoufand, eighty, and fix. And we 
number from the right hand to the left; units, tens, hundreds, thoufands, 
tens of thoufands, hundreds of thoufands, millions, &c. And in our ope- 
rations, we properly pay no attention to the properties of a geometrical {e- 
ties; but only to the periods into which we divide our numeration, of 
three and fix; the periods of three end with the hundreds, and of fix with 
the thoufands; and the fecond period of fixes begins with a thoufand 
thoufands, which we call a million ; and the third, fourth, and fifth, with, 
billions, trillians, quadrillions, And by this means it is eafy to read any 
number, whatever may be the number of places. — And thefe divifions 
mark the terms of the geometrical progreffion in a manner wonderfully 
commodious for performing thedifferent arithmetical operations, by jumb- 
ling together immenfe fums without examining the nature of the component 
paits, by. which isformed a kind of calculatiugmachine, inftead ofa ratio- 
nal arithmetician. But this geometrical feries whatever value wemay affume 
for r, can never exprefs all numbers; for to do this there muft be an atith- 
metical feries, with a common difference of unity inferted between each 
term of the geometrical feries; and therefore the whole feries of numbers 
accomodated to any geometrical fcale, will have this form; s, 2, 3, &c¢. 
£f—1,T, r4- 1T&C. a2r, 2 1&C.3r, 3r t+ I&C rml X T, r—1xr-4i&c.rkc. 
Now it is obvious from this foim, that to have a diftin& notation, we mult 
have as inany diftin& chara&ters as there are unities inr; that is we mult 
have diftin& chara&ers for ; r—1, r—1—16&c. r—r. and thefe characters 
according to our notation we have from the Indians; thus 9, 9, 7, 6, 5, 
4» 9» 2, 1, 0. But if the geometrical feries ; 1. 2, 4, 8, &c, had been 
made ufe of, all numbers would have been expref by unities and cyphers ; 
15410, 11, 100, 101, 110, 111, IOOO, 1001, IOIO, IO? 1,5 I1OO, IIOI, IIIO, ILJI, 


10000, Now ifthis fcale had beenadop:ed; alltheoperations would have been 
| very 
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very fimple, and fuch as the underftanding would have gone along with, 
and the only inconvenience would be, that a confiderable number of places 
would be neceffary for expreffing fmall numbers ; that is, the operation 
would have been clear and fimple, but the numeration perplext. If 4 had 
been the common ratio; 3, 2, 1, 0; would have expreft all numbers ; 
1, 2, 9 10, T1, I2, I3, 20, 21, 22, 23, 30, 31, 32, 33, 100. Our 
common numeration table is not a feries of geometrical proportionals ex- 
cept in this form, 1+ 10+ 100+ 1060=1111; and in all other forms it is 
a geometrical feries with certain coefficients: and what is remarkable in 
our numeration, it is only the coefficients of the terms that appear, which 
muft make all the operations perfe€tly unintelligible to thofe, who know 
nothing of the nature of feries, coefficients, and the regular compofition of 
numbers from unity ; for of the general feries, r, r, r^, &c. nothing is feen ; 
and its place is fupplied only by the order of the coefficients, which are al- 
fo in an inverted order to this, asappears by the reading of the laft exam- 
ple; where it appears alfo that the reading of the number is the fumming 


of the feries. For fuppofe :+10+4 100+ 1000, w be fummed ; the ge- 
= yr—a 1000 X 10—T 

s that is 

r—1 10—1 








neral form for fumming the feries is 


100001 9999 


——— — III 


9 9 


The common arithmetical operations have nothing to do with the geo- 
metrical feries; for the addition is carried on upon a fuppofition that we 
have columns of fra&ions, each reduced to a common denominator, and 
all derived from the fame unity; and acertain number of the unities, 
making an unit in the place nextabove it. This will be plain from the 
fóllowing examples. 








a i Jo — sa x £- s. d. q. 
5°: 3: 4°: 16°: 10°: 2 584 : 16* : 10. : 2 
9:552 5:17: 9:3 9025: 17: 9 * 
4:7:58:12 :7 :2 477 : 12 : 7 2 
43:3:6:3:7: 3 33 1263: 7: 3 3:38 
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1 1 TS 1S 17T a Y Lbs. 02. dwts. £r. 
92:23': I :7' : IO* : 18* : 22* 2317 : 310° : 18° ; 22° 
2:7 : 8%: g :i:1r1:19:21,. 1789 : 11 : 197 : a7 
9:2':8:5 8 217°: 23° 9235: 8 : 17°: 23° 
5:7 :4:1 : 9' :15 : 20 5741 : 9° : I5 : 20 
::9:0:8:5 : 5 : 32:14 19085 : 5 : 12 : 14 








Thus you may confider the numbers in the place of units to be frac-. 
tional parts of thofe in the place of tens ; juĝ as you conceive thofe in the 
place of farthings, to be fra€tional parts of thofe in the place of pence ; and 
it is upon this confideration that the operation is performed, for we confi- 
der nothing but units tens, even ifthe units be millions, and a geometri- . 
cal feries never enters our thoughts, which fhews that we do not compound 
our numbers upon fcientific principles; fo that this Indian notation, though 
it has much facilitated the bufinefs of calculation, yet it has been very pre- 
judicial to the underftanding, by enabling people to manage large fums 
with all their reafoning faculties in a ftate of inactivity. 


And it appears to have had this effe& upon the people of that coun- 
try ; for from what we learn of the prefent ftate of the Indians, the fcien- 
tific principles from which their practical arithmetical operations muft have 
been derived, are entirely unknown to any of the prefent inhabitants ; but 
they have aftronomical tables, which they know how to ufe for the purpofe 
of calculating eclipfes; and they may very likely have feveral other nu- 
merical tables, perhaps for calculating intereft and annuities: but it is ve- 
ry certain that they know nothing of the principles upon which fuch calcu- 
lations are founded. Their learned men feem to have compleated the cir- 
cle of the fciences aceording to their own ideas, and to have delivered the 
pra&ical refults to their country men, in fufficient abundance for their use: 
upon every occafion, without the labour of ftudy or invention. And in 
general their defcendants feem to have preferved the pra€tical dexterity of 
their anceftors in all the arts, though they haveloft every veftige of fcien- 
tific knowledge, to which circumftance no doubt is owing their prefent def- 


picable and deplorable fituation. If indeed every thing around them had 
G gg continued. 
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continued in the fame immoveable ftate, their knowledge, though only 
mechanical, might have fully anfwered their purpofes: but being deftitute 
of all fcientific principles, and conceited with their own knowledge, they 
were unable to guard againft the accidents of the world, by varying and 
adapting their knowledge to them; much lefs were they qualified by new 
inventions to provide for the alterations continually ‘arifing from the differ- 
ent revolutions to which human affairs are fubje€t. Therefore notwith- 
ftanding all their manual dexterity, under which name I alfo include their 
arithmetical operations, their knowledge has been of no more ufe to them 
againft their invaders, than the brutal ftupidity of the american favages had 
been againít theirs : and the only difference is, that their praCtical know- 
ledge and dexterity have made them more ufeful flaves for their conquerors 
and have procured themfelves flavery inftead of death. Their fate would 
teach a very ufeful leffon to the moft enlightened nations, if it might prove 
a warning to them to preferve carefully their fcientific principles, through 
all their gradations, from the firft definitions, till they havc ended in the 
moft perfe& pra&tical rules, not in the dead letter of books, but in the liv- 
` ing voice of expert teachers. But it is with no fmall concern that I fee 
how faft we are advancing in the road to ignorance, by a general neglect of 
elementary principles, not confidering that thefe are the real effence of all 
knowledge, which are invifibleto the vulgar, and therefore may be neg- 
le&ed by thofe whofe ambition reaches no farther than to draw their atten- 
tion; and particularly I perceive that in a fhort time, the mechanical mae 
nagement of a table of logarithims, will be confidered among us, as all the 
mathematical knowledge that is neceffary. It is much to be wifhed, that 
Euclid’s method of reafoning could be adhered to, through the whole fcience 
of numbers, as it has a peculiar elegance and fimplicity ; but I am afraid 
all that can be done, is to ftudy with care what he has given us. What lI 
have attempted in thefe elements is only to overcome the prejudices which 
are produced, by the habits uf thinking acquired from our pra&ical arith- 
metic ; a dexterity in which is confidered as an acquifition of. knowledge, 
but very falfly ; for even in multiplying and dividing no man has the leaf 
idea of what he is doing, nor can the mind follow the rapidity of the ope- 
rations, — I have therefore carried them on, according to three different 

fcales 
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fcales of numbers, with a common ratio of 2, 4; and ro. The firft re- 
quires no multiplication table ; that of the fecond is very fimple, being 
only once one is one; two times two is ten ; two times three is twelve ; 
three times three is twenty-one. Now if there are people who can per- 
form the fame operations by thefe three fcales without thinking, the attempt 
. to make a rational arithmetician feems to be a defperate undertaking. In 
preparing the examples for the next chapter, a thought occurred to me, 
how the extravagant numbers of the years mentioned by the Indians, dur- 
‘ing which their nation has exifted might be reconciled to common fenfe, 
only by fuppofing that they had originally a different fcale of numbers ; for 
in the arithmetical fcale with a common ratio of two; a million reduced to 
the prefent {cale is only fixty-four. 








ERRATUM. 


Page 70 line 14. left out : but NK (by const.) is equal to E, therefore OG is equal 
to M, L, HK, E. 
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PREFACE. 





"Tue opinions of the moderns cc o author of the 
Elements of Geometry, which go under Euclid’s name, are 
very different and contrary to one another. Peter Ramus as- 
cribes the Propositions, as well as their Demonstrations, to 
T heon ; others think the Propositions to be Euclid's, but that 
the Demonstrations are Theon’s’; and others maintain, that 
all the Propositions and their Demonstrations are Euclid’s 
own. John Buteo and Sir Henry Savile are the authors of 
greatest note who assert this last; and the greater part of geo- 
meters have ever since been of this opinion, as they thought it 
the most probable. Sir Henry Savile, after the several argu- 
ments he brings to prove it, makes this conclusion (Page 13. 
Praleét.) “ That, excepting a very few interpolations, expli- 
* cations, and additions, "Theon altered nothing in Euclid.” 
But, by often considering and comparing together the Defi- 
nitions and Demonstrations as they are in the Greek editions 
we now have, I found that T'heon, or whoever was the editor 
of the present Greek text, by adding some things, suppressing 
others, and mixing his own with Euclid’s Demonstrations, 
had changed more things to the worse than is commonly sup- 
posed, and those not of small moment, especially in the fifth 
and eleventh Books of the Elements, which this editor has 
greatly vitiated; for instance, by substituting a shorter, but 
insufficient Demonstration of the 18th Prop. ofthe sth Book, 
in place of the legitimate one which Euclid had given ; and by 
taking out of this Book, besides other things, the good defi- 
nition'which Eudoxus or Euclid had given of compound ratio, 
and giving an absurd one in place of it in the 5th Defini- 
tion of the 6th Book, which neither Fuclid, Archimedes, 
Apellonius, nor any geometer before Theon’s time, ever 
made use of, and of which there is not to be found the least 
appearance in any of their writings ; and, as this Definition 
did much embarrass beginners, and is quite useless, it is now 
thrown out of the Elements, and another, which, without 
doubt, Euclid had given, is put in its proper place among the 

Definitions 
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Definitions of the 5th Book, by which the doctrine of come 
pound ratios is rendered plain and easy. Besides among the 
Definitions of the r1th Book, there is this, which is the tenth, 
viz. * Equal and similar solid figures are these which are 
** contained by similar planes of the same number and mag- 
“¢ nitude.” Now this Proposition is a Theorem, not a Defi- 
nition ; because the equality of figures of any kind must be 
demonstrated, and not assumed ; and therefore, though this 
were a true Proposition, it ought to have been demonstrated. 
But, indeed, this Proposition, which makes the roth Defini- 
tion of the 11th Book, is not true universally; except in the 
case in which each of the solid angles of the figures is con- 
tained by no more than three plane angles ; for in other cases, 
two solid figures may be contained by similar planes of the 
same number and magnitude, and yet be unequal to one ano- 
ther, as shall be made evident in the Notes subjoined to these 
Elements. In like manner, in the Demonstration of the 26th 
Prop. of the r1th Book, it is taken for granted, that those 
solid angles are equal to one another which are contained by 
plain angles of the same number and magnitude, placed in 
the same order; but neither is this universally true, except 
in the case in which the solid angles are contained by no more 
than three plane angles ; nor of this case is there any Demon- 
stration in the Elements we now have, though it be quite ne- 
cessary there should be one. Now, upon the toth Definition 
of this Book depend the 25th and 28th Propositions of it; 
and, upon the 25th and 26th depend other eight, viz, the 27th, 
Zist, 32d, 33d, 34th, 36th, 37th, and 4oth of the same 
Book ; and the 12th of the 12th Book depends upon the eighth 
of the same; and this eighth, and the Corollary of Proposition 
17th and Proposition 18th of the 12th Book, depend upon the 
gth Definition of the 11th Book, which is not a right defini- 
tion ; because there may be solids contained by the same num- 
ber of similar plane figures, which are not similar to one ano- 
ther, in the true sense of similarity received by geometers ; 
and all these Propositions have, for these reasons, been insuf- 
ficiently demonstrated since Theon’s time hitherto. Besides, 
there are several other things, which have nothing of Euclid’s 
accuracy, and which plainly shew, that his Elements have 
been much corrupted by unskilful geometers; and though 
these are not so gross as the others now mentioned, they ought 
by no means to remain uncorrected. 

Upon these accounts it appeared necessary, and I hope will 
prove acceptable, to all lovers of accurate reasoning, and of 
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mathematical learning, to remove such blemishes, and restore 
the principal Books ot the Elements to their original accuracy, 
as far as/I was able; especially since these Elements are the 
foundation of a science by which the investigation and disco- 
very of useful truths, at least in mathematical learning, is pro- 
moted as far as the limited powers of the mind allow ; and 
which likewise is of the greatest use in the arts both of peace 
and war, to many of which geometry is absolutely necessary. 
This I have endeavoured to do, by taking away the inaccu- 
rate and false reasonings which unskilful editors have put into 
the place of some of the genuine Demonstrations of Euclid, 
who has ever been justly celebrated as the most accurate of 
geometers, and by restoring to him those things which Theon 
or others : have. suppressed, and which have these many ages 
been buried in oblivion. 

«In this: edition, Ptolemy's Proposition concerning a pro- 
perty of quadrilateral figures in a circle, is added at the 
end of the sixth Book. Also the Noteon the 29th Proposition, 
Book. Ist, is altered, and made more explicit, and a more gene- 
ral Demonstration is given, instead of that which was in the 
Note.on the ioth Definition of Book 11th; besides, the 
"Translation is much amended by the friendly assistance of a 
learned gentleman. 

To which are also added, the Elements of Plane and Sphe- 
sical, Trigonometry, which are commonly taught after the 
Elements of Euclid, 


ADVERTISEMENT. 





1. HE favourable reception which former edi- 
tions of Professor Simson’s Elements of Euclid 
have met with from the public, induced the pro- 
prietors of the work to carry into execution 
every measure most likely to secure and continue 
general approbation. With this view, the pre- 
sent edition has been carefully revised throughout, 
by a very eminent mathematician; for the conve- 
nience of tutors, as well as students, a short 
treatise on the Construction of the Trico- 
NOMETRICAL Canon has naw been inserted, 
from a late celebrated author; and to this has 
been added, a concise Account of LOGARITHMS, 
and improved methods of calculating them, by 
the present Savilian Professor of Geometry in 
the University of Oxford. 
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BOOK I. 


DEFINITIONS. 


F 
À POINT is that which hath no parts, or which hath no goog 1, 


magnitude. 
li. See Notes. 


A line is length without pat 
HI. 


The extremities of a line are points. 
IV 


A straight line is that which lies evenly between its extreme 
points. 
V 


A superficies is that which hath only length and breadth. 
VI. 
The extremities of a superficies are lines. 


À plane superficies is that in which any two points being taken, see N. 
the straight line between them lies wholly in that superficies. 


“ A plane angle is the inclination of two lines to one another see N. 
* in a plane, which meet together, but are not in the same 
* direction." 
IX. 


A plane rectilinea] angle is the inclination of two straight 
lines to one another, which meet together, but are not in 
the same straight line. 

N. B. 
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A 
D 


a » — 


N. B. * When several angles are at one point B, any one 
t of them is expressed by three letters, of which the letter that 
€ is at the vertex of the angle, that is, at the point in which 
* the straight lines that contain the angle meet one another, 
c is put between the other two letters, and one of these two is 
t somewhere upon one of those straight lines, and the other 
€ upon the other line: "Thus the angle which is contained by 
€ the straight lines AB, CD, is named the angle ABC, or CBA; 
‘that which is contained by AB, BD is named the angle 
¢ ABD, or DBA; and that which is contained by BD, CB 
Cis called the angle DBC, or CBD; but, if there be only 
* one angle at a point, it may be expressed by a letter placed 
* at that point ; as the angle y 


When a straight line standing on ano- 
ther straight line makes the adjacent 
angles equal:to one another, each of 
the angles is called a right angle; 
and the straight line which stands on 
the other is called a perpendicular to 
It. 
XI. 
An obtuse angle is that which is greater than a right angle. 


X. 
An acute angle is that which is less than a right angle. 
I 


& A term or boundary is the extremity of any thing.” 


A figure is that which is inclosed by one or more boundaries. 
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XV. Boor I, 
A circle isa plane figure contained by one line, which is cal- 
led the circumference, and is such that all straight lines 
drawn from a certain point within the figure to the cir- 
cumference, are equal to one another. 


i XVI. 
And this point is called the centre of the circle, 
XVII. 


A diameter of a circle is a straight line drawn through the See N. 
centre, and terminated both ways by the circumference. 
XVIII, 


- A semicircle is the figure contained by a diameter and the part 


of the circumference cut off by the diameter. 
X. 


_ “A segment of a circle is the figure contained by a straight 


“line, and the circumference it cuts off." 
Rectilineal figures are those which are contained by straight 
lines. 
XXI. 
Trilateral figures, or triangles, by three straight lines. 
XXII. 


Quadrilateral, by four straight lines. 
XXIII. 
Mutilateral figures, or polygons, by more than four straight 


lines. 
XXIV. 
Of three-sided figures, an equilateral triangle is that which 
has three equal sides. 
XV 


An isosceles triangle is that which has only two sides equal. 
B2 
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XXVI. 
A scalene triangle, is that which has three unequal sides. 
II. 


A right angled triangle, is that which has a right angle. 
XXVIII. 
An obtuse angled triangle, is that which has an obtuse angle. 


zu m 


XXIX. 


An acute angled triangle, is that which has three acuteangles. 
XX 


Of four-fided figures, a square is that which has all its sides 
equal, and all its angles right angles. 


Cl 


XXXI. 
An oblong, is that which has all its angles right angles, but 
has not all its sides equal. 
XXII. 
A rhombus, is that which has its sides equal, but its angles 
are not right angles. 


XXXIII. 
SeN, A rhomboid, is that which nas its opposite sides equal to one 
another, but all its sides are not equal, nor its angles right | 
angles. 


^ 


å 
' 


If equals be taken from equals, the remainders are equal. 

If equals be added to unequals, the wholes are unequal. 

If equals be taken from —— the remainders are unequal. 
Things which are double of he same, are equal to one another. 


Things which are halves of the same, are equal to one another. 


Magnitudes which coincide with one another, that is, which 
exactly fill the same space, are equal to one another. 
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XXXIV. 
All other four-sided figures besides these, are called Trape- 
ziums. 
XXXV. 
Parallel straight lines, are such as are in the same plane, and 
which, being produced ever so far both ways, do not meet. 
POSTULATES. 
L i 
ET it be granted that a straight line may be drawn from 
any one point to any am pene. 
Thata terminated straight line may be produced to any length 
in a straight line. 
HI. 
And that a circle may be described from any centre, at any 
distance from that centre. 
AXIOMS. 
I. 
"I umcs which are equal to the same are equal to one 
another. 
II. ana G 
If equals be added to equals, the wholes are equal. ++- =- *: 
HI. 


6 THE ELEMENTS 


Boox I. IX. 
vm The whole is greater than its part. 
X. 


N 


T wo straight lines cannot inclose a space. 


All right angles are equal to — another. 

“Ifa straight line meets two Straight lines, so as te make 
** the two interior angles on the same side of it taken toge- 
« ther less than two right angles, these straight lines being 
* continually produced, shall at length meet upon that side 
* on which are the angles which are less than two right 
* angles, See the notes on Prop. 29. of Book I." 
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Boox I. 


PROPOSITION I. PROBLEM. 


To describe an equilateral triangle upon a given 
finite straight line. 


Let AB be the given straight line; it is required to describe 
an equilateral triangle upon it. 
From the centre A, at the dis- 
tance AB, describe* the circle’ ` 
BCD, and from the centre B, at 
the distance BA, describe the’ 
circle ACE; and from the point D 
C, in which the circles cut one 
another, draw the straight lines? 
CA,CB to the points A,B; ABC 
Shall be an equilateral triangle. 4 
Because the point A is the centre of the circle BCD, AC is 
equal *tó AB ; and because the point B is the centre of the €15 Den- 
circle ACE, BC is equal to BA: But it has been proved that " 
CA is equal to AB; therefore CA, CB are each of them equal 
to AB; but things which are equal to the same are equal to 
one another‘; therefore CA is equal to CB; wherefore CA, * bst Asi- 
AB, BC are equal to one another; and the triangle ABC is a 
therefore equilateral, and it is described upon the given straight 
line AB, | Which was required to be done. 


*3 Poste- 
bate. 






> | Post, 


PROP. II. PROB. 


x > 2 
FroMa given point to draw a straight line equal 
to a given straight line. 


Let A be the given point, and BC the given straight line ; it 
is required to draw from the point A a straight line equal to BC. 

From the point A to B draw? the 
straight line AB; and upon it de- 
scribe? the equilateral triangle 
DAB, and produces the straight 
lines DA, DB, to E and F ; from 
the centre B, at the distance BC, 
„describe? the circle CGH, and 
from the centre D, at the distance 
DG, describe the circle GKL, AL 
shall be equal to BC. 


21 Post. 





B 4 Because 
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* 15 Def. 
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Because the point B is the centre of the circle CGH, BC is 


~~ equalt to BG; and because Dis the centre of the circle GKL, 


DL is equal to DG, and DA, DB, parts of them, are equal ; 
therefore the remainder AL is equal to the remainderf BG: 
But it has been shown, that BC is equal to BG; wherefore 
AL and BC are each of them equal to BG ; and things that 
are equal to the same are equal to one another ; therefore the 
straight line AL is equal to BC. Wherefore from the given 
point Aa straight line AL has been drawn equal to the given 
straight line BC. Which was to be done. 


PROP. Ill. PROB. 


From the greater of two given straight lines to 
cut off a part equal to the less. 


Let AB and C be the two given 
straight lines, whereof AB is the 
greater. It is required to cut off 
fron AB, the greater, a part equal 
to C, the less. 

From the point A draw? the 
straight line AD equal toC ; and 
from the centre A, and at the dis- 
tance AD, describe? the circle 
DEF ; and because À is the centre 
of the circle DEF; AE shall be equal to AD ; but the straight 
line C is likewise equal to AD; whence AE and C are each 
of them equal to AD ; wherefore the straight line AE is equal 
to *C, and from AB, the greater of two straight lines, a part 
AE has been cut off equal to C the less. Which was to be 
done. 





PROP. IV. THEOREM. 


Ir two triangles have two sides of the one equal to 
two sides of the other, each to each ; and have like- 
wise the angles contained by those sides equal to one 
another; they shall likewise have their bases, or third 
sides, equal ; and the two triangles shall be equal ;' 
and their other angles shall be equal, each to each, : 
viz. those to which the equal sides are opposite. 
Let ABC, DEF be two triangles, which have the two sides 


AB, AC equal to the two sides DE, DF, each to each, viz. 
2 AB 


1 


X 
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AB to DE, and AC to DF; 
andtheangleBACequalto A D 
the angle EDF, the base | 

BC shall be equal tothe | x 

base EF ; and thetriangle | \ 


ABCtothetriangleDEF; | \ 

and the other angles to | \ 

which the equal sides are l K Su 
opposite,shallbeequaleach | \ Tn BE. 
to each, viz. the angle K QE Ie 


ABC to the angle DEF, 
and the angle ACB to DFE. 

For, if the triangle ABC be applied to DEF, so that the 
point A may be on D, and the straight line AB upon DE ; 
the point B shall coincide with the point E, because A B is equal 
to DE ; and AB coinciding with DE, AC shall coincide with 
DF, because the angle BAC is equal to the angle EDF ; 
wherefore also the point C shall coincide with the point F, 
because the straight line AC is equal to DF : But the poiut B 
coincides with the point E ; wherefore the base BC shall coin- 
cide with the base EF, because the point B coinciding with E, 
and C with F, if the base BC does not coincide with the base 
EF, twostraight lines would inclose a space, which is impossi- 


ble Therefore the base BC shall coincide with the base EF. a 


and be equal to it. Wherefore the whole triangle ABC shall 
coincide with the whole triangle DEF, and be equal toit; and 
the other angles of the one shall coincide with the remaining 
angles of the other, and be equal to them, viz. the angle ABC 
to the angle DEF, and the angle ACB to DFE. — T heretore, 
if two triangles have two sides of the one equal to two sides 
of the other, each to each, and have likewise the angles con- 
tained by those sides equal to one another, their bases shall 
likewise be equal, and the triangles be equal, and their other 
angles to which the equal sides are opposite shall be equal, 
each to each. Which was to be demonstrated. 


4 PROP. V. THEOR. 


r 
r HE angles at the base of, an Isosceles triangle 
are equal to one another ; and if the equal sides be 
pr gdude: the angles upon the other side of the 
ase shall be equal. 
Let ABC be an Isosceles triangle, of which the side AB is 
| * er. equal 


os < e^ v? s Ai 


-- 


Boot I. 
utm 9X 
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Boor I. equal to AC, and let the straight lines AB, AC be produced 
-— 


* 3. ]. 


* 4, 1, 


to D and E,the angle ABC shall be equal to the angle ACB, 
and the angle CBD to the angle BCE. 

In BD take any point F, and from AE the greater, cut off 
AG equal? to AF, the less, and join FC, GB. 

Because AF is equal to AG, and AB to AC, the two sides 
FA, AC are equal to the two GA, AB, each to each ; and 
they contain the angle FAG common 
to the two triangles AFC, AGB ; A 
therefore the base FC is equal? to 
the base GB, and the triangle AFC. 
to the triangle AGB; and the remain- 
ing angles of the one are equal? to 
the remaining angles of the other,each 
to each, to which the equal sides are 
opposite ; viz. the angle ACF to the 
angle ABG, and the angle AFC to F 
the angle AGB: And because the 
whole AF, is equal to the whole, AG. 
of which the parts AB, AC, are D E 
equal; the remainder BF shall be 
equal* to the remainder CG ; and FC was proved to be equal 
to GB; therefore the two sides BF, FC are equal to the two 
CG, GB, each to each; and the angle BFC is equal to the 
angle CGB, and the base BC is common to the two trian- 
gles BFC, CGB; wherefore the triangles are equal’, and 
their remaining angles, cach to each, to which the equal sides 
are opposite ; therefore the angle FBC is equal to the angle 
GCB, and the angle BCF to the angle CBG: And, since it 
has been demonstrated, that the whole angle ABG is equal 
to the whole ACF, the parts of which, the angles CBG, BCF 
are also equal ; the remaining angle ABC is therefore equal 
to the remaining angle ACB, which are the angles at the 
base of the triangle ABC: And it has also been proved that 
the angle FBC is equal to the angle CB, which are the 
angles upon the other side of the base. Therefore the angles 
at the base, &c, Q. E. D. 

ConoLLARYv. Hence every equilateral triangle is also 
equiangular, 


PROP. VI. "THEOR. 


oy 
I: two angles of a t{Ringle be. equal to one ano- 
ther, the sides also which subtend, or are opposite 


£o, the equal angles, shall be equal to oue another. 
Let 
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Let ABC be a triangle having the angle ABC equal to the Boox I. 
angle ACB; the side AB is also equal to the side AC. -— 
For, if AB be not equal to AC, one of them is greater than 
the other = Let AB be the greater; and from it cut? off DB *3. 1. 
equal to AC, the less, and join DC ; there- 
fore, because in the triangles DBC, ACB, 
DB is equal to AC, and BC common to 
both the two sides, DB, BC are equal to 
the two AC, CB each to each; and the 
angle DBC is equal to the angle ACB ; 
therefore the base DC is equal to the base 
AB, and the triangle DBC is equal to the 
triangle’ ACB, the less to the greater ; 
which is absurd. "Therefore AB is not 
unequal to AC, that is, it is equal to it. 
Wherefore, if two angles, &c. Q. E. D. 
Cor. Hence every equiangular triangle is also equilateral. 


PROP. VII. THEOR. 


U PON the same base, and on the same side of It, see x. 
there cannot be two triangles that have their sides 
which are terminated in one extremity of the base 
equal to one another, and likewise those which are 
terminated 1n the other extremity. 


If it be possible, let there be two triangles ACB, ADB, up- 
on the same base AB, and upon the same side of it, which have 
their sides CA, DA, terminated in the extremity A of the 
base equal to one another, and like- 
wise their sides CB, DB, that are ter- C 
minated in B. 

Join CD; then, in the case in 
which the vertex of each of the tri- 
angles is without the other triangle, 
because AC is equal to AD, the 
angle ACD is equal? to the angle 
ADC: But the angle ACD is greater 
than the angle BCD; therefore the oe on 
angle ADC is greater also than BCD; ~ 
much more then is the angle BDC greater than the angle 
BCD. Again, because CB is equal to DB, the angle BUC 
is equal? to the angle BCD ; but it has been demonstrated to 
be greater than it; which is impossible, 


5 5, 1, 


But 


iz 


` J 
Boor l. 


e9; J: 


. 


‘CD are equal* to one another, but 
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But if one of the vertices, as D, be within the other triangle 
ACB ; produce AC, AD to E, F; E 
therefore, because AC is equal to AD i: 
in the triangle ACD, the angles ECD, 
FDC upon the other side of the base 






the angle ECD is greater than the 
angle BCD ; wherefore the angle 
FDC is likewise greater than BCD ; 
much more then is the angle BDC 4% 
greater than the angle BCD. Again,“ 
ecause CB is equal to DB, the angle 

BDC is equal? to the angle BCD; but BDC has been proved 
to be greater than the same BCD; which is unpossible. The 
case in which the vertex of one triangle is upon a side of the 
other, needs no demonstration. 

‘Therefore, upon the same base, and on the same side of it, 
there cannot be two triangles that have their sides which are 
terminated in one extremity of the base equal to one another, 
and likewise those which are terminated in the other extre- 
mity: Q.E.D. 

PROP. VIII. THEOR. 


x 

i F two triangles have two sides of the one equal to 
two sides of the other, each to each, and have like- 
wise their bases equal ; the angle which is contain- 
ed by the two sides of the one shall be equal to the 
angle contained by the two sides equal to them, of 
the other. 

Let ABC, DEF be two triangles, having the two sides AB, 
AC, equal to the two sides DE, DF, each to each, viz. AB 
to DE, and AC DG 
to DF ; and also N Nh 


thebaseBC equal | ~ | 

to the base EF. 

The angle BAC NES | 

is equal to the 

angle EDF. ES. 
For if dieti. Lora NL 

angle ABC be. B Ck 

applied to DEF, 

So.that the point B. be on E, and the straight line BC upon 


EF ; the point C shall also coincide with the point F. “Because 
BC 
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BC is equal to EF ; therefore BC coinciding with EF; BA Zoos I. 
and AC shall coincide with ED and DF ; for, if the base BC 
coincides with the base EF, but the sides BA, CA do not 
coincide with the sides ED, FD, but have a different situation 

as EG, FG, then, upon the same base EE, and upon the same 
side of it, there can be «wo triangles that have their sides which 
are terminated in one extremity of the base equa! to one ano- 
ther, and likewise their sides terminated in the other extremity : 
But this is impossible? ; therefore, if the base BC coincides ' "- 
with the base EF, the sides BA, AC cannot but coincide with 
the sides ED, DF ; wherefore likewise the angle BAC coin- 
cides with the angle EDF, and is equal>to it. “Therefore if? 8 A= 
two triangles, &c. Q. E. D. | 


1. 


PROP. IX. PROB. 


To bisect a given rectilineal angle, that is, to di- 
vide it into two equal angles. 
Let BAC be the given rectilineal angle, it is required to 


bisect it. 
Take any point D in AB, and from AC cut? off AE equal * 3. 1. 
to AD ; join DE, and upon it describe? ` * 1, 1. 
an equilateral triangle DEF; thea join A 


AF ; the straight line AF bisects the angle 
BAC 


Because AD is equal to AE, and AF is 
common to the two triangles DAF, EAF; 
the two sides DA, AF, are equal to the 
two sides EA, AF, each to each ; and the 
base DF is equal to the base EF ; there-\3 
fore the angle DAF is equal to the angle 
EAF; wherefore the given rectilineal 
angle BAC is bisected by the straight line AF. Which was 
to be done. 





PROP. X. PROB. 


To bisect a given finite straight line, that is, to 
divide it into two equal parts. 


Let AB be the given straight line; it is required to divide 
it into two equal parts. | 
Describe? upon it an equilateral triangle ABC, and bisect * !- +- 
the angle ACB by the straight line CD. AB iscut into two" ?. 1- 
equal parts in the point D. Because 
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Because AC is equal to CB, and CD 
common to the two triangles ACD, 
BCD;; the two sides AC, CD are equal 
to BC, CD, each to each ; and the 
angle ACD is equal to the angle BCD; 
therefore the base AD is equal to the 
base‘ DB, and the straight line AB is 
divided into two equal parts in the point a^ 
D. Which was to be done. 


PROP. XI. PROB. 


To draw a straight line at right angles to a given 
straight line, from a given point in the same. 


Let AB be a given straight line, and C a point given in 
it; it is required to draw a straight line from the point C at 
right angles to AB. 

Take any point D in AC, and? make CE equal to CD, and 


upon DE describe? the equi- E 
lateral triangle DFE, and join 

FC, the straight line FC drawn ZI 
from the given point C is at mm 
right angles to the given / * 


straight line AB... 7 
Because DC is equal to CE, / 

and FC common to the two X 1i) €C B 
triangles DCF, ECF ; the two 

sides DC, CF, are equal to the two EC,CF, each to each ; and 
the base DF is equal tothe base EF ; therefore the angle DCF 
is equal* to the angle ECF ; and they are adjacent angles. 
But, when the adjacent angles which one straight line makes 
with another straight line are equal to one another,each of them 
is called a right? angle; therefore each of the angles DCF, 
ECF, is a right angle. Wherefore, from the given point C, 
in the given straight line AB, FC has been drawn at right 
angles to AB. Which was to be done. 

Cor. By help of this problem, it may be demonstrated, 
that two straight lines cannot have a common segment. 
If it be possible, let the two straight lines ABC, ABD have 
the segment AB common toboth ofthem. Fiom the point B 
draw BE at right angles to AB ; and because ABC is a straight 

line, 
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line, the angle CBE is equal * to t Boox I. 
the angle EBA; in the same Sw 

|. manner, because ABD is a 
straight line, the angle DBE is 
equal to the angle EBA ; where- 
fore the angle DBE is equal to 
the angle CBE, the less to the 
greater ; which is impossible ; x 
therefore two straight lines can- + 
not have a common segment. 


PROP. XII. PROB. 


*10 Det 
l. 





To draw a straight line perpendicular to a given 
straight line of an unlimited length, from a given 
point without it. 

Let AB be the given straight line, which may be produced 

—. toany length both ways, and let C bea point without it. Itis 
= required to draw a straight line C 

perpendicular to AB from the 
point C. 

Take any point D upon the 
other side of AB, and from the E 
centre C, at the distance CD, 
describe? the circle EGF meet- 3 "S Pon, 
ing AB in FG ; and bisect * FG * 10. t. 
in H, and join CF, CH, CG ; 
the straight line CH, drawn from the given point C, is per- 
pendicular to the given straight line AB. 

Because FH is equal to HG, and HC common to the two 
triangles FHC, GHC, the two sides FH, HC are equal to the 
two GH, HC, each to each ; and the base CF is equal? to the ¢ 15 Der. 
base CG; therefore the angle CHF is equal ° to the angle ?, , 
CHG ; and they are adjacent angles ; but whenastraightlne — — 
standing on a straight line makes the adjacent angles equal to 
one another, each of them is a right angle ; and the straight line 
which stands upon the other is called a perpendicular to it ; 
therefore from the given point C a perpendicular CH has been 
drawn tothe given straight line AB. Which was to be done. 


PROP. XIII. THEOR. 


Tur angles which one straight line makes with 
another upon the one side of it, are either two right 


angles, or are together equal to two right Em 
et 
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Boox!. Jet the straight line AB make with CD, upon one side of 
it, the angles CBA, ABD ; these are either two right angles, 
or are together equal to two right angles. | 


For if the angle CBA be equal to ABD, each of them isa : 
E 
A / 





D— —À —€ 
| ACU-UO 


*Def. 10. right 2 angle; but, if not, from the point B draw BE at right 
*1L.1. angles? to CD; therefore the angles CBE, EBD are two right 

angles?; and because CBE is equal to the twoangles CBA; _ 

ABE together, add the angle EBD to each of these equals ; 
‘2@Ax, therefore the angles CBE, EBD are equal‘ to the three an- 
gles CBA, ABE, EBD. Again, because the angle DBA is 
equal to the two angles DBE, EBA, add to these equals the 
angle ABC, therefore the angles DBA, ABC are equal to the 
three angles DBE, EBA, ABC; but the angles CBE, EBD 
have been demonstrated to be equal to the same three angles; 
and things that are equa! to the same are equal? to one another ; 
therefore the angle CBE, EBD are equal to the angles DBA, 
ABC ; but CBE, EBD are two right angles ; therefore DBA, 
ABC are togetber equal to two right angles. Wherefore 
when a straight line, &c. Q. E. D. 


a i Ax. 


PROP. XIV. THEOR. 


Ír, at a pointin a straight line, two other straight 
lines, upon the opposite sides of it, make the adja- 
cent angles, together equal to two right angles, 
these two straight lines shall be in one aud the 
same straight line. “ 

At the point B in the straight A 
line A B, let the two straight lines 
BC, BD upon the opposite sides 
of AB, make the adjacent an- 
gles ABC, ABD equal together 


to two right angles, BD is in the 
same straight liie with CB. | D 
For, if BD be not in the sameC b D 


straight line with CB, let BE be 
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in the same straight line with it; therefore, because the straight Beex I. 
line AB makes angles with the straight line CBE, upon one 

side of it, the angles ABC, ABE are together equal* to two =13. 1. 
rightangles; but the angles ABC, ABD are likewise toge- 

ther equal to two rightangles ; therefore theangles CBA, ABE 

are equal to the angles CBA, ABD: Take away the common 

angle ABC, the remaining angle ABE is equal? to the re-^3. Ax. 
maining angle ABD, the less to the greater, which is impos- 
sible; therefore BE is not in the same straight line with BC. 

And, in like manner, it may be demonstrated, that no other 

can be in the same straight line with it but BD, which there- 

fore is in the same straight line with CB. Wherefore, if at 

a point, &c. Q. E. D. 


PROP. XV. THEOR. 


Ir two straight lines cut one another, the vertical, 
or opposite, angles shall be equal. 


Let the two straight lines AB, CD, cut one another in the 
point E; the angle AEC shall be equal to the angle DEB, 
and CEB to AED. , 

Because the straight line AE 
makes with CD the angles CEA, 
AED, these angles are together ~“ 
equal? to two right angles.— 
Again, because the straight line ^ 
DE makes with AB the angles 
AED, DEB, these also are to- 
gether equal? to two right an- D 
gles; and CEA, AED, have been 
demonstrated to be equal to two right angles; wherefore the 
angles CEA, AED, are equal to the angles AED, DEB. Take 
away the common angle AED, and the remaining angle CEA 
is equal? to the remaining angle DEB. In the same manner ^ 3. Ax. 
it can be demonstrated, that the angles CEB, AED are equal. 
Therefore, if two straight lines, &c. Q., E. D. 

Cor. 1. From this it is manifest, that, if two straight lines 
cut one another, the angles they make at the point where they 
cut, are together equal to four right angles. 

Con. 2, And consequently that all the angles mrade by any 
number of lines meeting in one point, are together equal to 
four right angles, 

C 
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PROP. XVI. THEOR. 


lr ove side of a triangle be produced, the exterior 
angle is greater than either of the interior opposite 
angles. 


Let ABC be a triangle, and let its side BC be produced to 
D, the exterior angle ACD is greater than either of the inte- 
rior opposite angles CBA. BAC. 

Bisect* AC in E, join BE A 
and produce it to F, and A F 
make EF equal to BE ; join 
also FC, and produce AC to 


G. 

Because AE is equal to 
EC, and BE to EF; AE, 
EB are equal to CE, EF, 
each to each; and the angle 
AEB, is equal? to the angle 
CEF, because they are op- 
posite vertical angles ; there- 
fore the base AB 1s equal‘ to 
the base CF, and the triangle 
AEB to the triangle CEF, and the remaining angles to the 
remaining angles, each to each, to which the equal sides are 
opposite ; wherefore the angle BAE is equal to the angle 
ECF ; bur the angle ECD is greater than the angle ECF ; 
therefore the angle ACD is greater than BAE : In the same 
manner, if the side BC be bisected, it may be demonstrated 
that the angle BCG, that is4, the angle ACD, is greater than 
the angle ABC. — Therefore, if one side, &c. Q: E. D. 





PROP. XVII. THEOR. 


ANY two angles of a triangle are together less 
than two right angeles. 


Let ABC be any triangle ; any 
two of its angles together are 
less than two right angles. 

Produce BC to D; ang be- 
cause ACD is the exterior angle 
of the triangle ABC, ACD. is 
greater? than the interior and 
opposite angle ABC ; to each of 





M 
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these add the angle ACB ; therefore the angles ACD, ACB Boor I. 
are greather than the angles ABC, ACB; but ACD, ACB 
are together oqual^ to two right angles; therefore the angles v i5, 1. 
ABC, BCA are less than two rightangles. In like manner, 
it may bedemonstrated, that BAC, ACB, asalso CAB, ABC, 
are less than two right angles. ‘Therefore any two angles, 


&c. Q. E. D. 
PROP. XVIII. THEOR. 


Tue greater side of every triangle is opposite to 
the greater angle. | 

Let ABC be a triangle, of 
which the side AC is greater 
than the side AB; the angle 
ABC is also greater than the 
angle BCA. 

ecause AC is greater than e's 

AB, make * AD equal to AB, aT 
and join BD ; and because ADB 
| is the exterior angle of the tri- E 
angle BDC, it is greater > than — 
the interior and opposite angle DCB ; but ADB is equal* to 5 1, 
ABD, because the side AB is equal to the side AD: therefore 
the angle ABD is likewise greater than the angle ACB. 
Wherefore much more is the angle ABC greater than ACB. 
Therefore the greater side, &c. Q, E. D. 


PROP. XIX. THEOR. 


Tue gréater angle of every triangle is subtended 
by the greater side, or has the greater side opposite 
to it. 

Let ABC be a triangle, of which the angle ABC is greater 
than the angle BCA ; the side AC is likewise greater than the 
side AB. ! 

For, if it be not greater, AC, s 
must either be equal to AB, or 
Jess than it; it is not equal, be- 
cause then the angle ABC would 
be equal to the angle ACB; 
but ıt is not; therefore AC is 
not equal to AB; neither is it 
less ; because then the angle 
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-and make? AD equal to AC; 


.^ to ACD; but the angle BCD 
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ABC would be less? than the angle ACB ; but it is not ; 
therefore the side AC is not less than AB ; and it has been 


shewn that it is not equal to AB ; therefore AC is greater than 
AB. Wherefore the greater angle, &c. Q. E. D. 


PROP. XX. THEOR. 


Any two sides of a triangle are together greater 
than the third side. 


Let ABC bea triangle ; any two sides of it together are 
greater than the third side, viz. the sides BA, AC greater than 
the side BC ; and AB, BC greater than AC ; and BC, CA 
greater than AB. 

Produce BA to the point D, 


and join DC. 
Because DA isequal to AC, 
the angle ADC is likewise equal 





is greater than the angle ACD ; 
therefore theangle BCDis great- 
er than the angle ADC; and because the angle BCD of the 
triangle DCB is greater than its angle BDC, and that the 
greater‘ side is opposite to the greater angle; therefore the 
side DB is greater than the side BC; but DB is equal to BA 
and AC ; therefore the sides BA, AC are greater than BC. 
In the same manner it may be demonstrated, that the sides 
AB, BC are greater than CA, and BC, CA greater than AB. 
Therefore any two sides, &. Q. E. D. 


PROP. XXI. THEOR. 


I F, from the ends of the side ofa triangle, there be 
drawn two straight lines to a point within the trian- 
gle, these shall be less than. the other two sides of 
the triangle, but shall contain a greater angle. 

Let thetwo straight lines BD, CD be drawn from B, C, 
the ends of the side BC of the triangle ABC, to the point D 
within it BD and DC are less than the other two sides BA, 


AC of the triangle, but contain an angle BDC greater than 
the angle BAC, | 


Produce BD to E ; and because two sides of a triangle are 
greater than the third side, the twosides BA, AE of the tri- 


2 apgle 
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angle ABE are greater than BE. ‘To each of these add EC; Boor l. 
therefore the sides BA, AC . 
are greater than BE, EC: A- 

ain, because the two sides CE, E 

D ofthe triangle CED are 
greater than CD, add DB to 
each of these; therefore the 
sides CE, EB are greater than 
CD, DB; but ic has been 
shewn that BA, AC are greater 
than BE, EC, much more then 
are BA, AC greater than BD, DC. 

Again, because the exterior angle of a triangle is greater 
than the interior and opposite angle, the exterior angle BDC 
. ef the triangle CDE is greater than CED ; for the same rea- 
= son, the exterior angle CEB of the triangle ABE is greater 
than BAC ; and it has been demonstrated that the angle BDC 
is greater than the angle CEB; much more then is the angle 
BDC greater than the angle BAC. Therefore, if from the 
ends of, &c. Q E.D. 


PROP. XXII. PROB. 
To make a triangle of which the sides shall be see N. 


equal to three given straight lines, but any two 
whatever of these must be greater than the third.* +2. 1. 


Let A, B, C be the three given straight lines, of which any 
two whatever are greater than the third, viz. A and B greater 
than C; À and C greater than B ; and BandCthan A. It 
ts required to make a triangle of which the side shall be equal 
to A, B, C, each to each. 

Take a straight line DE terminated at the point D, but un- 
limited towards E, and 
make * DF equal to A, 
FG to B, and GH «qual 
to C; and from the cen- 
tre F, at the distance, 
FD, describe ^ the circle! 
DKL; and from the cen- 
tre G, at the distance A 
GH, describe > another i 
circle HLK ; and join gp 
KF, KG; the triangle b ar 
KFG has its sides equal to the three straight lines A, B, C. 

Because the point F is the centre of the circle DKL, FD is 


C3 equa 
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equal * to FK ; but FD is equal to the straight line A ; there- 
fore FK is equal to A : Again, because G is the centre of the 
circle LKH, GH is equal * to GK ; bur GH is equal to C ; 
therefore also GK is equal to C ; and FG is equal to B ; there- 
fore the three straight lines KF, FG, GK, are equal to the 
three A, B, C: And therefore the triangle KFG has its 
three sides KF, FG, GK equal to the three given straight 
lines, A, B, C. Which was to be done. 


PROP. XXIII. PROB. 


AT a piven point in a given straight line, to make 
a rectilineal angle equal to a given rectilineal angle. 


Let AB be the given straight line, and A the given point 
init, and DCE the given rectilineal angle ; it is required to 
make an ee at the 

iven point in the 
mA straight line AB, Ç A 
that shall be equal to the 
given rectilineal angle 
DCE 


Take in CD, CE 
any points D, E, and E 


join DE; and make* F, G 


the triangle AFG, the B 

sides of which shall be 

equal to the three 

straight lines CD, DE, EC, so that CD be equal to AF, 
CE to AG, and DE to FG; and because DC, CE are equal 
to F A, AG, each to each, and the base DE to the base FG ; 


‘the angle DCE is equal > tothe angle FAG. Therefore, at 


the given point A in the given straight line AB, the angle 
FAG is made equal to the given rectilineal angle DCE. 
Which was to be done. 


PROP. XXIV. THEOR. 


LF two triangles have two sides of the one equal to 
two sides of the other, each to each, but the angle 
contained by the two sides of one of them greater 
than the angle contained by the two sides equal to 
them, of the other; the base of that which has the 
greater angle shall be greater than the base of the 
other, | 
Let 
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Let ABC, DEF be two triangles which have the two sides Boox I. 
AB, AC equal to the two DE, DF, each to each, viz. AB 
equal to DE, and AC to DF ; but the angle BAC greater than 
the angle EDF ; the base BC is also greater than the base EF, 
Of the two sides DE, DF, let DE be the side which is not 
reater than the other, and at the point D, in the straight line 
E, make? the angle EDG equal to the angle BAC ; and *23. 1. 
make DG equal? to AC or DF, and join EG, GF. ] 
Because AB is equal to DE, and AC to DG, the two sides 
BA, AC are equal to the two ED, DG, each to each, and the 
angle BAC is equal 
to the angle EDG ; 
therefore the base 


" 1l. 


` 
= 


BC is * equal to thel 
base EG; and be- — 
cause DG is equal 
to DF, the le 
DFGi ee pes. 4 5. 1, 


* l 
angle DGF ; but 
the angle DGF is 
greater than the an- 
gle EGF ; therefore 
the angle DFGis greater than EGF ; and muchmore is the an- 
gle EFG greater than the angle EGF ; and because the angle 
EFG of the triangle EFG is greater than its angle EGF, and 
that the greater‘ side is opposite to the greater angle; the side ° 19. 2 
EG is therefore greater than the side EF ; but EG is equal to 
BC and therefore also BC is greater than EF. Therefore, 
if two triangles, &c. Q, E. D. 


PROP. XXV. THEOR. 


LF two triangles have two sides of the one equal to 
two sides of the other, each to each, but the base 
of the one greater than the base of the other; the 
angle also contained by the sides of that which has 
the greater base, shall be greater than the angle 
contained by the sides equal to them of the other. 
Let ABC, DEF be two triangles which have the two sides 
AB, AC equal to the two sides DE, DF, each to each, viz. 
AB equal to DE, and AC to DF ; but the base CB greater 
than the base EF ; the angle BAC is likewise greater than the 

angle EDF. 
C 4 For, 
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For, if it be not greater, it must either be equal to it,or less; 
but the angle BAC is not equal to the angle EDF, because 
then the base BC 
would beequabPto EF: A 
but it is not; there- 
fore the angle BAC is 
not equal to the angle 
EDF ; neither is it 
less ; because then the 
base BC would be less 
bthan the base EF ; 
but it îs not; there- 
fore the angle BAC 
is not less than the angle EDF ; and it was shewn that it is 
not equal to it; therefore the angle BAC is greater than the 
angle EDF. Wherefore, if two triangles, &c. Q, E. D. 


PROP. XXVI. THEOR. 


I F two triangles have two angles of one equal to 
two angles of the other, each to each ; and one side 
equal to one side, viz. either the sides adjacent to 
the equal augles, or the sides opposite to equal an- 
gles in each; then shall the other sides be equal, 
each to each ;. and also the third angle of the one 
to the third angle of the other. 


Let ABC, DEF be two triangles which have the angles 
ABC, BCA equal to the angles DEF, EFD, viz. ABC to 
DEF, and BCA to EFD; also one side equal to one side ; 
and first letthose sides be equal which are adjacent to the an- 
gles that are equal in the two triangles; viz. BC to EF; 
the other sides D 
shall beequal, each A 
to each, viz. AB 
to DE, and AC © 
to DF; and the 
third angle BAC 
to jhe third angle 
EDF. 

For, if AB benot E ^ 
equal to DE, one of them must be the greater. Let AB be 
the greaterof thetwo, andmake BG equal to DE, and joinGC; 
therefore, because BG is equal to DE, and BC to EF, the two 

sides 


D 
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sides GB, BC are equal to the two DE, EF, each to each ; and Boor I. 
the angle GBC is equal to the angle DEF ; therefore the base 
| GC is equal? to the base DF, and the triangle GBC tothe tri- : 4, 1, 
angle DEF, and the other angles to the other angles, each to 
each, to which the equal sides are opposite ; therefore the angle 
GCB is equal to the angle DFE; but DFE is, by the hypo- 
thesis, equal to the angle BCA ; wherefore also the angle BCG 
is equal to the angle BCA, the less to the greater, which is im- 
possible: therefore AB is not unequal to DE, that is, it is equal 
to it; and BC is equal to EF ; therefore the two AB, BC are 
equal to the two DE, EF , each to each; and the angle ABC is 
equal te the angle DEF ; the base therefore AC is equal * to 
the base DF, and the third angle BAC to the third angle EDF. 

Next, let the sides 
which are opposite to | 
equal angles in each . 
triangle be equal to 
one another, viz. AB 
to DE ; likewise in 
this case, the other 
sides shall be equal, 

AC to DF, and BC 

to EF ; and also the ¥ C 
third angle BAC to 

the third EDF. 

For, if BC be not equal to EF, let BC be the greater of 
them, and make BH equal to EF, and join AH ; and because 
BH is equal to EF, and AB to DE ; thetwo AB, BH are equal 
to the two DE, EF, each to each ; and they contain equal an- 
gles ; therefore the base AH is equal to the base DF, and the 
triangle ABH to the triangle DEF, and the other angles shall 
be equal, each to each, to which the equal sides are opposite ; 
therefore the angle BHA is equal to the angle EFD; but EFD 
is equal to the angle BCA ; therefore also the angle BHA is 
equal to the angle BCA, that is, the exterior angle BHA of 
the triangle AHC is equal to its interior and opposite angle 
BCA ; which is impossible’ ; wherefore BC is not unequal to * 16. 1. 
EF, that is, it is equal toit ; and AB is equal to DE ; therefore 
the two, AB, BC are equal to the cwo DE, EF, each to each ; 
and they contain equal angles ; wherefore the base AC is equal 
to the base DF, and the third angle BAC to the third angle 
EDF. Therefore, if two triangles, &. Q.E.D, ` 
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PROP. XXVII. THEOR. 


Ir. straight line falling upon two other straight 
lines makes the alternate angles equal to one ano- 
ther, these two straight lines shall be parallel. 

Let the straight line E F, which falls upon the two straight 
lines AB, CD make the alternate angles AEF, EFD equal to 
one another ; AB is parallel to CD. 

For, if it be not parallel, AB and CD being produced shall 
meet either towards B, D, or towards A, C: let them be pro- 
duced and meet towards B, D in the point G ; therefore GEF 
is a triangle, and its exterior angle AEF is greater? than the 


interior and opposite angle 

EFG ; but it is also equal to 

it, whichis impossible; there- A____E/ B 
fore AB and CD being pro- d s 

duced do not meet towards / 

B, D. In like manner — 


may be demonstrated, that 

they do not meet towards A, 

CU; but those straight lines 

which meet neither way, though produced ever so far, are 
parallel? to one another. AB therefore is parallel to CD. 
Wherefore, if a straight line, &c. Q, E. D. 


PROP. XXVIII. THEOR. 


Tea straight line falling upon two other straight 
lines makes the exterior angle equal to the interior 
and opposite upon the same side of the line ; or 
makes the interior angles upon the same side toge- 
ther equal to two might angles; the two straight 
lines shall be parallel to one another. 
Letthestraightline EF,which E 
falls upon the two straight lines 
AB,CD,make theexterior angle 


EGB equal to the interior and A SY 4 
opposite angle GHD upon the ` \ 

Same side ;-or make the interior 

angles on the same side BGH,,. D 


GH Dtogether equal to two ri ght © H 
angles ; AB is parallel to CD. 

Because the angle EGB is e- F 
qual to the angle GHD, and the 


angle 





OF EUCLID. 27 


angle EGB equal? to the angle AGH, the angle AGH is Boos 1. 
_ equal to the angle GHD ; and they are the alternate angles 543s Y. 

therefore AB is parallel’ to CD. Again, becaufe the angles »° 27. 1. 

BGH, GHD are equal‘ to right angles; and that AGH, * By Hip. 

BGH are alío equal? to two right angles ; the angles AGH, ' !9. !- 

BGH are equal to the two angles BGH, GHD: Take away 

the common angle BGH ; therefore the remaining angle AGH 

is equal to the remaining angle GHD ; and they are alternate 

angles; therefore AB is parallel to CD. Wherefore ifa 

ftraight line, &c. Q. E. D. 


PROP. XXIX. THEOR. 
p ede 


Ir. straight line fall upon two parallel straight Sts 
lines, it makes the alternate angles equal to one this prope- 
another; and the exterior angle equal to the inte- 
rior and opposite upon the same side ; and likewise 
the two interior angles upon the same side together 
equal to two right angles. 

Let the ftraight line EF fall upon the parallel ftraight lines 
AB, CD ; the alternate angles AGH, GHD are equal to one ` 
another ; and the exterior angle EGB is equal to the interior 
and oppofite, upon the fame tide, 
GHD ; and the twointerior angles 
BGH, GHD upon the fame ide, 
are together equal to two right 
angles. 


For, if AGH be not eqaal to 
GHD, one of them mutt be greater 
than the other; lec AGH be the C H D 
greater; and becaufe theangle AGH NT 
is greater than the angle GHD, add 
to each of them the angle BGH ; therefore the angles AGH, 
BGH are greater than the angles BGH, GHD ; but the angles 
AGH, BGH are equal* to two right angles; therefore the: 13. 1. 
angles BGH, GHD are lefs than two right angles ; but those 
ftraight lines which, with another ftraight line falling upon them, 
make the interior angles on the fame fide lefs than two right 
angles, do meet* together if continually produced ; therefore * t2. Ax. 
the ftraight lines AB, CD, if produced far enough, fhall meet ; — 
but they never meet, fince they are parallel by the hypothefis ; tis propo- 
therefore the angle AGH is not unequal to theangle GHD, thar sion. 
is, it is equal to it ; but the angle AGH is equal* to the angle, 15.1. 
- EGB ; therefore likewife EGB is equal to GHD ; add to a 
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Boor I. of thefe the angle BGH ; therefore the angles EGB, BGH are 


€ 13, jJ. 


»21. 1. 


5 23, 1. 


» 21. 1. 


equal to the angles BGH, GHD ; but EGB, BGH are equal 
to two right angles; therefore alfo BGH, GHD are equal to 
two right angles. Wherefore, if a ftraight, &c. Q. E. D. 


PROP. XXX. THEOR. 
STRAIGHT lines which are parallel to the same 


straight line are parallel to one another. 


Let AB, CD be each of them parallel to EF; AB is alfo 
parallel to CD. 


Let the ftraight line GHK cut AB, EF, CD ; and becaufe 
GHK cuts the parallel ftraight 
lines AB, EF, the angle AGH 
is equa? to the angle GHF. 4 B 
Again, becaufe the ftraight line ` 
GK cuts the parallelítraight lin&s 
EF, CD, the angle GHF is — 
equal? to the angle GKD ; and n K D 
it was fhewn that the angle ~“ 
AGK is equal to the angle 
GHF ; therefore allo AGK is 
equal to GKD ; and they are 
alternate angles ; therefore AB is parallel? to CD., Where- 
fore ftraight lines, &c. Q. E. D. 


PROP. XXXI. PROB. 


eq 
i O draw a straight line through a given point pa- 
rallel to a given straight line. 


Let A be the given point, and BC the given ftraight line; 
it is required to draw a ftraight line 
through the point A, parallel to the ¿è A F 
ftraight line BC. 

In BC take any point D, and join 
AD; and at the point A, in the 
ftraight line AD, make? the angle 
DAE equal to the angle ADC; and 
produce the ftraight line EA to F. 

Becaufe the ftraight line AD, which meets the two ftraight 
lines BC, EF, makes the alternate angles EAD, ADC equal 
to one another, EF is parallelt to BC. Therefore the ftraight 

line 


— 
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line EAF is drawn through the given point A parallel to the Boor I. 
given ftraight line BC. Which was to be done. —Á 


PROP. XXXII. THEOR. 


TF a side of any triangle, be produced, the exterior 
angle is equal to the two interior and opposite an- 
gles; and the three interior angles of every triangle 
are equal to two right angles. 


Let ABC be a triangle, and let one of its fides BC be 
produced to D ; the exterior angle ACD is equal to the two 
interior and oppofite angles CAB, ABC, and the three inte- 
rior angles of the triangle, viz. ABC, BCA, CAB, are toge- 
ther equal to two right angles, 

Throughthe pointC draw 
CE parallel? to the ftraight A 
line AB ; and becaufe AB is y 
parallel toCE,and AC meets 
them, the alternate angles 
BAC, ACE are equal*.. A- 
gain, becaufe AB is parallel 
to CE, and BD falls upon c 
them,theexteriorangleECD 
is equal to the interior and 
oppofite angle ABC ; but the angle ACE was fhewn to be 
equal to the angle BAC ; therefore the whole exterior angle 
ACD is equal to the two interior and oppofite angles CAB, 
A BC ; to thefe equals addthe angle ACB, andthe angles ACD, 
ACB are equal to the three angles CBA, BAC, ACB ; butthe 
angles ACD, ACB, are equal* to two right angles ; therefore : 13, 1 
alío the angles CBA, BAC, ACB are equal to two right an- 
gles. Wherefore if a fide of a triangle, &c. Q. E. D 

Cor. 1. All the interior angles 
of any reétilineal fieure, together 
with four right angles, are equal to 
twice as-many right angles as the 
figure has fides. 

For any rectilineal igure ABCDE 
can be divided into as many triangles 
as the figure has fides, by drawing 
{traight lines from a point F within 
the figure to each of its angles. 
And, by the preceding propofition, 


3 31. 1. 
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all the angles of these triangles are equal to twice as many 
right angles as there are triangles, that is, as there are sides 
of the figure; and the same angles are equal to the angles of 
the figure, together with the angles at the point F, which is 


. the common vertex of the triangles: that is*, together with 
‘four right angles. Therefore all_the angles of the figure, to- 


gether with tour right angles, are equal to twice as many right 
angles as the figure has sides. 

Cor. 2. All the exterior angles of any rectilineal figure are 
together equal to fourrightangles. 

Because every interior angle 
ABC, with its adjacent exterior 
ABD, is equal to two right 
angles; therefore all the interior 
together with all the exter:or 
angles of the figure, are equal to 
twice as many right angles as 
there are sides of the figure ;[ 
that is, by the foregoing corcl- 
larv, they are cqual to all the 
interior angles of the figure, to- 
gether with four right angles ; therefore al] the exterior angles 





. are equal to four right angles. 


PROP. XXXIII. THEOR. 


‘Tue straight lines which join the extremities of 
two equal and parallel straight lines, towards the 
samc parts, are also themselves equal and parallel. 
Let AB, CD be equal and pa- 
rallel straight lines, and joined 4 
towards the same parts by the 
straight lines AC, BD; AC, BD 
are also equal and parallel. 
Join BC; and because AB is 
parallel to CID, and BC meets C D 


‘ them, the alternate angles ABC, BCD are equal? ; and because 


AB is equal to CD,and BC common to the two triangles ABC, 
DCB, the two sides AB, BC are equal to the two DC,CB; 
and the angle ABC is equal to the angle BCD; therefore the 


‘base AC is equal? to the base BD, and the triangle ABC to the 


triangle BCD, and the other angles to the other angles, each 
to each, to which the equal sides are opposite ; therefore the 
angle 
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angle ACB is equal to the angle CBD; and becaule the Mer G 
ftraight line BC meets the two itraight lines AC, BD, and 

. makes the alternate angles ACB, CBD equal to one another, _ 

AC is parallelt to BD; and it was fhewn to be equal to it. ^^ - 
Therefore, ftraight lines, &c. QE. D. 


PROP. XXXIV. THEOR. 


` i 
‘I HE opposite sides and angles of paralleicgrams 
are equal to one another, and the diameter bisects 
them, that is, divides them into two equal parts. 


N. B. A parallelogramis a four-sided figure, of 
which the opposite sides are parallel; and the diame- 
ter is the straight line joining two of its opposite 
angles. 

Let ABCD be a parallelogram, of which BC is a diame- 
ter ; the oppofice fides and angles of the figure are equal to one 
another ; and the diameter BC bifects it. 

Becaufe AB is parallel to CD, 
and BC meets them, the alter- 
nate angles ABC, BCD are equal 
ato one another ; and becaufe 
AC is parallel to BD, and BC 
meets them, the alternate angles 
ACB, CBD are equal* to one P 
another ; wherefore the two triangles ABC, CBD have two 
angles ABC, BCA in one, equal to two angles BCD, CBD 
in the other, each to each, and one fide BC common to the 
two triangles, which is adjacent to their equa! angles; there- 
fore their other fides fhall be equal, each to each, and the third 
angle of the one to the third angle of the other, viz. the fide^ " *6. 1. 
AB to the fideCD, and AC to BD, and the angle BAC equal 
to the angle BDC: And becaufe the angle ABC is equal to 
the angle BCD, and the angle CBD to the angle ACB, the 
whole angle ABD is equal to the whole angle ACD: And the 
angle BAC has been fhewn to be equal to the angle BDC , 
therefore the oppofite fides and angles of parallelograms are 
equal to one another ; alfo, their diameter bitects them ; (or AB 
being equal to CD, and BC common, the two AB, BC are 
equal to the two DC, CB, each to each; and the angle ABC 
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is equal to the angle BCD; therefore the triangle ABC is 
equal* to the triangle BCD, and the diameter BC divides the 
parallelogram ACDB into two equal parts. Q. E. D. 


PROP. XXXV. THEOR. 


Pa RALLELOGRAMS upon the same base, and bc- 
tween the same parallels, are equal to one another. 

Let the paralleiograms ABCD, EBCF be upon the fame 
bafe BC, and between the fame parallels AF, BC ; the paral- 
lelogram ABCD fhall be equal to the parallelogram EBCF. 

lt the fides AD, DF of the paral- | 
lelograms ABCD, DBCEF, oppofite 
to the bafe BC, be terminated in the 
fame point D ; it is plain that each of 
the parallelograms is double* of the 
triangle BDC; and they are there- 
fore equal to one another. 

But, if thefides AD, EF, oppofite B 
to the bafe BC of the parallelograms 
ABCD, EBCF, be not terminated in the fame point; then, be- 
caufe ABCD is a parallelogram, AD is equal* to BC; for the 
fame reafon EF is equal to BC; wherefore AD is equal* to 
EF ; and DE is common ; therefore the whole, or the remain- 
der, ÁE is equal* to the whole, or the remainder DF ; AB alfo 
is equal to DC; and the two EA, AB are therefore equal to 


D 






* 





7 ` 


the two FD, DC, each to each ; and the exterior angle FDC is 
equal? to the interior EAB, therefore the bafe EB 1s equal to 
the bafe FC, and the triangle EAB equals tothe triangle FDC: 
take the triangle FDC from the trapezium ABCF, and from 
the fame trapezium take the triangle EAB: the remainders 
therefore are equal', that is, the parallelogram ABCD is equal 
to the parallelogram EBCF. Therefore parallelograms upon 
the fame bafe, &c. Q.E.D. 


"AD, BC: The triangle ABC * 


| rallel to BD: "Therefore each 
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Boox I. 
PROP. XXXVL THEOR. 
PARALLELOGRAMS "upon equal bases, and 


between the same parallels, are equal to one another. 
parallelograms upon equal 

bases BC, FG, and be- 

twn the same parallels -- 
AH, BG ; the paralelo- | * 
gram ABCD is equal toj PA 
EFGH. 

Join BE, CH ; and be- i 
cause BC is equal to FG, and FG to? EH, BC is equal to *%. 1. 
EH ; and thev are TT and joined towards the same parts 
by the straight lines BE, CH: But straight lines which join 
equal and parallel straight lines towards the same parts, are 
themselves equal and parallel; therefore EB, CH, are both ° 33.1. 
equa! and parailel, and EBCH is a parallelogram ; and it is 
equal: to ABCD, because it is upon the same base BC, and © 35. 1. 
between the same parallels BC, AD: For the like reason, the 
parallelogram EFGH is equal to the same EBCH: There- 
fore also the parallelogram ABCD is equal to EFGH,— 
Wherefore parallelograms, &c. Q. E. D. 






PROP. XXXVII. THEOR. 


: ‘Trianxc LES upon the same base, and — 


| the same parallels, are equal to one another. 


Let the triangles ABC, DBC, be upon the same base BC, and 
etween the same parallels p 





is equal to the triangle DBC. 
Produce AD both ways to 
the points E, F, and through 
B draw: BE Ps to CÅ; 
and through C draw CF pa- 


s 31. L 


oi the fisures EBCA, DBCF isa paradis s and EBCA 
is equal? to DBCF, be they are upon the same base BC, * 35. 1. 
and. between the same paraUels BC, EF ; and the triangle 
ABC is the half of the parallelogram, EBCA, because the 

D diameter 
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Boox I. diameter AB bisects ¢ it ; and the triangle DBC is the half of 


I- 
€ 54, If. 
17 Ax. 


$5111 


* 56. 1. 


€ 34. 1. 


$7, Àx. 


B al. 


the parallelogram DBCF, because the diameter DC bisects 
it: but the halves of equal things are equal ;¢ therefore the 
triangle ABC is equal to the triangle DBC. Wherefore 
triangles, &c. Q, E. D. 


PROP. XXXVIII. THEOR. 


Traxes upon equal bases, and between the 


same parallels, are equal to one another. 


Let the triangles ABC, DEF be upon equal bases BC, EF, 
and between the same parallels BF, AD: The triangle ABC 
is equal to the triangle DEF. 

Produce AD both ways to the points G, H, and through 
B draw BG parallel to CA, and through F draw FH paral- 
lelto ED : Then each G A D H 
of the figures GBCA, — — 3 ANE ZERO 
DEFH, isa parallel- 
ogram ; and they are 
equal to* one another, 
because they are upon 
equal bases BC, EF, : y 
and between thesame 5 C-E F 
parallels BF, GH ; and the triangle ABC is the half * of the 
parallelogram GBCA, because the diameter AB bisedts it ; and 
the triangle DEF is the halft of the parallelogram DEFH, 
because the diameter DF bisects it: But the halves of equal 
things are equal ;* therefore the triangle ABC is equal to the 
triangle DEF. Wherefore triangles, &. Q, E. D. 














PROP. XXXIX. THEOR. 


Eau AL triangles upon the same base, and upon 
the same side of it, are between the same parallels. 


Let the equal triangles ABC, DBC be upon the same base 
BC, and upon the same side of it; they are between the same 
parallels. xX 

Join AD; AD is parallel to BC ; for, if it is not, throug 
the point A draw è AE parallel to BC, and join EC: The 

I triangle 
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triangle ABC is equal ? to the triangle 4. 

E BC, because it is upon the same base? 
| BC, and between the same parallels 
BC, AE: But the triangle ABC is 
equal to the triangle BDC; therefore 
also the triangle BDC, is equal to the 
triangle EBC, the greater to the less, 4 
which is impossible : Therefore AE is D 
not parallel to BC. In the same manner, it can he demon- 
strated, that no other line but AD is parallel to BC; AD is 
therefore parallel toit. W heretore equal triangles upon, &c. 


Q. E. D. 


T. 





PROP. XL. THEOR. 


l 

Eqvar triangles upon equal bases, in the satne 
straight line, and towards the same parts, are be- 
tween the same parallels. 


Let the equal triangles ABC, DEF be upon equal bases BC, 
EF, in the same straight / D '. 


line BF, and towards the . 
same parts ; they are be- / 




















| tween the same parallels. 
Join AD ; AD is paral- 
lel to BC: For, if it is / 
not, through A draw? AG * F 
parallel to BF, and join | 
GF: The triangle ABC is equal* to the triangle GEF, be- 
cause they are upon equal bases BC, EF, and between the 
"same parallels BF, AG: But the triangle ABC is equal to 
the triangle DEF ; therefore also the triangle DEF is equal 
to the triangle GEF, the greater to the less, which is impossi- 
ble: Therefore AG is not parallel to BF: And in the same 
manner it can be demonstrated that there is no other parallel 
to it but AD, AD is therefore parallel to BF. Wherefore 
equal triangles, &c. Q. E. D: 


PROP. XLI. THEOR. 


I F a parallelogram and triangle be upon the same 
base, and between the same parallels ; the parallel- 
|ogram shall be double of the triangle. 


D2 Let 
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Let the parallelogram ABCD and the triangle EBC be upon 
the same base BC, and between the same parallels BC, AE ; 
the parallelogram ABCD is double of A l 
the triangle EBC. 

Join AC ; then the triangle ABC is 
equal* to the triangle EBC, because 
they are upon the same base BC, and 
between the same parallels BC, AE. 
But the parallelogram ABCD is 
double? of the triangle ABC, because 
the diameter AC divides it into two. 3 C; 4 
equal parts ; wherefore ABCD is also double of the triangle ^ 
EBC. »« Therefore, if a parallelogram, &c. - Q. E. D. 





PROP. XLII. PROB. 
To describe a parallelogram that shall be equal 
to a given triangle, and have one of its angles equal 
to a given rectilincal angle. 


1 - 
i -—- "o o- 













Let ABC be the given triangle, and D the given reétilineal 
angle. It is required to describe a parallelogram that shall b 
equal to the given triangle ABC, and have one: of its angles 
equal to D. __ 

Bisect* BC in E, join AE, and at the point E in the straight 
line EC make? the angle CEF equal to D; and through A 
draw € AG parallel to EC, and x G T 
through C draw CG“ parallel to ACT oo a 


parallelogram: And because BE 
is equal to EC, the triangle ABE 
is likewise equal? to the triangle 
AEC, since they are upon equal 
bases BE, EC, and between the | 
same parallels BC, AG; there- R 5 | 
fore the triangle ABC is double of the triangle AEC, An 
the parailelogram FECG is likewise double* of the triangl 
AEC, because it is upon the same base, and between the sam 
parallels: Therefore the parallelogram f ECG is equal to th 
triangle ABC, and it has one of its angles CEF equal to t 
given angle D; wherefore there: has been described à parallel 
ogra 





— 
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ogram FECG equal to a given triangle ABC, having one of Boox I. 
its angles CEF equal to the given angle D. Which was to 
berdone. : 


PROP. XLII. THEOR. 


Tue complements of the parallelograms, which 
are about the diameter of any parallelogram, are 
equal to one another. 
_ L.t ABCD be a parallelogram, of which the diameter is 
AC, and LH, FG, and parai- A | 
lelograms about AC, that is f^ 
tbrougb sobi.b AC passes, and vi N 
BK, KD, the other parallelo- 7 
grams which make up the whole 
' figure ABCD, which are there- 
fore called the complements : | 
The complement BK is equal | . 
to the complement KD. NE CUM C 
Because ABCD is a parallelogram, and AC ics diameter, 
the triangle ABC is equal? to the triangle ADC : And, because 
EKHA is a parallelogi am, the diameter of which is AK, the 
triangle AEK is equal to the triangle AHK : By the same 
reason, the triangie KGC ıs equal to the triangle KFC: Then, 
because the triangle AEK 1s equal to the triangle AHK, and 
the triangle KGC to KFC; thetriangle ALK, together with 
the triangle KGC is equal to the triangle AHK together with 
the triangle KFC: But, the whole triangle ABC is equal to 
‘the whole ADC ; theretore the remaining complement BK is 
"equal to the remaining complement KD. Wherefore the 
complements, &c. Q, E. D. 


, 34. 1. 


PROP. XLIV. PROB. 


To a given straight line to apply a parallelogram, - 
which shall be equal to a given trangle, and have 
one of'its angles equal to a given rectilineal angle. 

Let AB be the given straight line, and C the given trian- 
gle, and D the given rectilineal angle. It is required to.ap- 
ply to the straight line AB a parallelogram equal to the tri- 
angle C, and having an angle equal to b. 


` D3 Make 
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—— . Make? the 


*42.1, parallelogram 
BEFG equal 
to the triangle Í 
C, and hav- 
ing the angle | 
EBG equal C 
to the angle | P 
D,so that BE 
‘be in the same 
straight line with AB, and produce FG to H ; and through A 
*31.1. draw? AH parallel to BG or EF, and join HB. Then be- 
- cause the straight line HF falls upon the parallels AH, EF, 
co9.1, the angles AHF, HFE, are together equal* to two right an- 
gles; wherefore the angles BHF, HFE are less than two right 
angles: But straight lines which with another straight line 
make the interior angles upon the same side less than two right 
312. Ax. angles, do meet? if produced far enough : "Therefore HB, FE 
shall meet if produced ; let them meet in K, and through K 
draw KL, parallel to EA or FH, and produce HA, GB to the 
points L, M: Then HLKF is a parallelogram, of which the 
diameter is HK, and AG, ME are the parallelograms about - 
HK ; and LB, BF are the complements: therefore LB is equals ` 
to BF; But BF is equal to the triangle C ; wherefore LB is 
15.1., equal tothe triangle C; and because the angle GBE is equal* 
to the angle ABM, and likewise to the angle D ; the angle | 
ABM is equal to the angle D: Therefore the parallelogram 
LB is applied to the straight line AB, is equal to the triangle ` 


C, and has the angle ABM equal to the angle D: Which 
was to be.done. | 





Hu 
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PROP. XLV. PROB. 
me To describe a parallelogram equal to a given rec- 
tilineal figure, and having an angle equal to a given 
rectilineal angle. 


Let ABCD be the given re&ilineal figure, and E the given 
rectilineal angle. It is required to describe a parallelogram 
equal to ABCD, and having an angle equal to E. 
» 42. 1, Join DB, and describe? the parallelogram FH equal to the 
triangle ADB, and having the angle HKF equal to the angle 
4&1. E53 and to the gtraight line GH apply? the parallelogram GM 


equal 
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equal to the triangle DBC, having the angle GHM equal to Boor I. ' 
the angle E; and because the angle E is equal to cach of the 
' angles FKH, GHM, the angle FKH is equal to GHM : add 
. to each of these the angle KHG ; therefore the angles FKH, 


KHG are equal A, D E G L 


to the angles 
KHG, GHM, 
but FKH,KHG 


are equal‘ to 
two rightangles; 
Therefore also 
_KHG, GHM, 
are equal to two Kk. M 
` tightangles;and | 
- because at the point H in the straight line GH, the two 
k straight lines KH, HM, upon the opposite sides of it make 
the adjacent angles equal to two right angles, KH is in the 
` same straight liae with HM; and because the straight line « 14. 1. 
HG meets the parallels KM, FG, the alternate angles MHG, 
= HGF are equal : Add to each of these the angle HGL : 
Therefore the angles MHG, HGL, are equal to the angles 
HGF, HGL: But the angles MHG, HGL, äre equal" to 
two right angles; wherefore also the angles HGF, HGL are 
equal to two right angles, and FG is therefore in the same 
straight line with GL ; and because KF is párallel to HG, and 
HG to ML ; KF is parallel: to ML ; and KM, FL are pa-eag | 
rallels ; wherefore KFLM is a parallelogram ; and because the `” 
triangle ABD is equal to the parallelogram HF, and the tri- 
angle DBC to the parallelogram GM; the whole rectilineal 
- figure ABCD is equal to the whole parallelogram KFLM ; 
therefore the parallelogram KFLM has been described equal 
to the given rectilineal figure ABCD, having the angle FKM 
equal to the given angle E... Which was to be done. 
Con. From this it is manifest how to a given straight line 
to apply a parallelogram, which shall have an angle equal to a 
given rectilineal angle, and shall be equal toa given rectilineal 
figure, viz. by applying? to the given straight line a parallel-» 44, t 
ogram equal to the first triangle ABD, and having an angle 
equal to the given angle. 
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PROP. XLVI. PROB. 


To describe a square upon a given straight line. 


Let AB be the given straight line; It is required to de- 
scribe a square upon AB, 

From the point À draw* AC at right angles to AB ; and ` 
make*. AD equal to AB, and through the point D draw DE - 
parallel: to AB, and through B draw BE parallel to AD; 
therefore ADEB is a parallelogram: whence AB is equal? to 
DE, and AD to BE: But BA is equal (* 
to AD; therefore the four straight lines 
BA, AD, DE, EB are equal to one 


- another, and the parallelogram ADEB D E 


eae, 7. 


* 4$. 1. 


is equilateral, likewise all its angles are d 

right angles ; because the straight line / 

AD meeting the parallels AB, DE, 

the angles BAD, ADE are equal* to 

two right angles: but BAD is a right 

angle; therefore also ADE is a right s 

angle ; but the opposite angles of paral- A B. 

lelograms are equal ;* therefore each of the opposite angles | 

ABE, BED is a-right angle’; wherefore the figure ADEB is 

rectangular, and it has been demonstrated that it is equila- | 

teral; it is therefore a square, and it is described upon: the 

given straight line AB: Which was ta be done. ! 
Cor. Hence every parallelogram that has one right anale | 

has all its angles right angles. 


PROP. XLVII. THEOR. 


Ix any right-angled triangle, the square which is 
described upon the side subtending the right anele, 
is equal to the squares described upon the sides 
which contain the right angle: 

Let ABC be a right-angled triangle having the right angle 
BAC ; the square described upon the side BC is equal to the 
squares described upon BA, AC. 

On BC describe* the square BDEC, and on BA, AC the 


Squares 
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squares GB, HC ; and through A draw? AL parallel to BD, Bee 7. 

_ or CE, and join AD, FC; then, because each of the angles» 3; ^. 

- BAC, BAG is aright angle‘, G 

the two straight lines AC, 

AG, upon the opposite side: 

of AB, make with it at the 

point A the adjacent angles 
equal to. two right angles ; 
therefore CA is in the same 
straight line 4 with AG; for 
the same reason, AB and AH 
are in thesame straight line ; 
and because the angle DBC is 

/ equal to the angle FBA, each 
of them being a right ancle, 

add to eath the angle ABC, 
and the whole angle DBA is equal* to.the whole FBC ; and *2 4x. 
because the two sides AB, BD are equal to thetwo FB, BC, 

"each to each, and the angle DBA equal to the angle FBC; 
therefore the base AD is equal? to the base FC, and the trian- t4, 1. 
gle ABD to the triangle FBC: Now the parallelogram BL is 
double € of the triangle ABD, because they are upon the same : 41. 1. 
base BD, and between the same parallels, BD, AL ; and the 
square GB is double of the triangle FBC, because these also 
are upon the same base FB, and between the same parallels 
FB, GC. But the doubles of equals are equal * to one ano- » 6, 4x. 
ther: lherefore the parallelozram BL is equa: to the square 
GB: And, in the same manner, by joining AE, BK, it is de- 
monstrated, that the parallelogram CL is equal to the square 

- HC: Therefore the whole square BDEC is equal to the two 

squares GB, HC; and the square BDEC is described upon 

| ‘the straight line BC, and the squares GB, HC upon BA, AC : 

| Wheretore the square upon the side BC is equal to the squares 

upon the sides BÀ, AC. Therefore, in any right-angled tri- 


"angle, é&c. Q,. E. D. 


€ 30. de. 
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PROP. XLVHI. THEOR. 


[F the square described upon one of the sides of a 
- triangle, be equal to the squares described upon the 
_ other two sides of it; the angle contained by these 
two sides is a right angle, | ‘ 

2 I 
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Boor I. If the square described upon BC, one of the sides of the tri- 
angle ABC, be equal to the squares upon the other sides BA, 
AC, the angle BAC is a right angle. 

' 11. I. From the point À draw * AD at right angles to AC, and 
make AD equal to BA, and join DC: Then, because DA is © 
equal to AB, the square of DA is equal to 
the squares of AB: o each of these add 
the square of AC ; therefore the squares 
of DA, AC are equal to the squares of 

45,1. BA, AC: But the square of DC is ¿qual? | 
to the squares of DA, AC, because DAC 
is a right angle; and the square of BC, 
by hypothesis, is equal to the squares of 
BA, AC ; therefore the square of DC is 
equal to the square of BC; and therefore 5 
also the side DC is equal to the side BC. And because the ` 
side DA is equal to AB, and AC common to the two triangles | 
DAC, BAC, the two DA, AC are equal to the two BA, AC; ` 
and the base DC is equal tothe base BC; therefore the angle’ 

:&,1, — DAC is equal* to the angle BAC; but DAC is a right an- © 
gle; therefore also BAC isa right angle. Therefore, if the 
square, &c. Q. E.D, 
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BOOK. II. 


DEFINITIONS, 


I. 


Every right angled parallelogram is said to be 
contained by any two of the straight lines which 
contain one of the nght angles. 

II. 

In every parallelogram, any of the parallelograms about a dia- 
meter, together with the two A E 
complements, is called a Gno- ^ 
mon. * lhus the parallelo- 

—  * gram HG, together with the 
© complements AF, FC, is the 
_  £gnomon, which is more H 
€ briefly expressed by the let- 
s ters AGK, or EHC, which 
* are at the opposite angles of B G 
* the parallelograms which make the gnomon.' 


PROP.I. THEOR. 


Ir there be two straight lines, one of which is di- 
vided into any number of parts; the rectangle con- 
tained by the two straight lines, is equal to the rec- 
tangles contained by the undivided line, and the 
several parts of the divided line, | 


A 


Let | 
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Let A and BC be two straight lines ; and let BC be divided 
into any parts in the points D, E ; the rectangle contained by 
thestraightlines A, BCisequal p D C 
to the rectangle contained ‘by 
A, BD, together with that con- 
tained by A, DE, and that con- 
tained by A, EC. 

From the point B draw? BF ; (; 
at right angles to BC, and make 
BG equal ? to A; and through 
G draw © GH parallel to BC; v^ À 
and through D, E, C, draw * DK, EL, CH parallel to BG; 
then the rectangle BH is equal to the rectangles BK, DL, 
EH ; and BH is contained by A, BC, for it is contained by 
GB, BC, and GB is equal to A ; and BK is contained 
by A, BD, for it is contained by GB, BD, of which GB 
is equal to A; and DL is contained by A, DE, because 
DK, that is? BG, is equal to A; and in like manner the rect- 
angle EH is contained by A, EC: Therefore the rectangle 
contained by A, BC, is equal to the several ‘rectangles con- 
tained by A, BD, and by A, DE; and also by A, EC. 
Wherefore, if there be two straight lines, &c. Q, E, D. 





Kyl H 


. PROP. H. THEOR. 


Ira straight line be divided into any two parts, 
the rectangles contained by the whole and each of 
the parts, are together equal to the square of the 
whole line. 

Let the straight line AB be divided A C R 
into any two parts in the point C; the 
rectangle contained by AB, BC ; toge- 
ther with the rectangle* AB, AC, shall 
be equal to the square of AB, 

Upon AB .describe * the square 
ADEB, and through C draw? CF, 
parallelto AD or BE ; then AE is equal 
to the rectangles AF, CE ; and AE is T) F 
the square of AB ;, and AF is the rectangle contained by BA, 
AC ; for it is contained by DA, AC of which AD is equal 





* N. B, To tvid repeating the word contarmed too frequently, the rectangle con- 
fined by two straight lines AB, AC is samctimes simply called the rectungle AB, AC. 


to 
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‘to AB ; and CE is contained by AB, BC, for BE is equal to Bees Ul. 
AB; therefore the rectangle contained by AB, AC, together 
! with the rectangle AB, BC, is equal to the square of AB. If 


Cc 


therefore a straight line, &c. Q, E. D 


PROP. II. THEOR. 


[F a straight line be divided into any two parts, 
the rectangle contained by the whole and one of the 
parts, is equal to the rectdugle contained by the two 
_ parts, together with the square of the aforesaid part. 


Let the straight line AB be divided into two parts in the 
point C ; the rectangle AB, BC, is equal to the rectangle AC, 
CB, together with tbe square of BC. 
Upon BC describe * the square A -Ç Bt. 2. 


, 
, 





CDEB, and produce ED to F, and 

: through À draw * AF parailel to 
CD or BE ; then the rectangle AE 

—. is equal to the rectangles AD, CE; 
and AE is the rectangle contained 

_ by AB, BC, for it is contained by. 
AB, BE, of which BE is equal to 
BC ; and AD is contained by AC, F ) 

_ CB, for CD is equal to BC; and DB is the square of BC ; 
therefore the rectangle AB, BC, is equal to the rectangle AC, 
CB, together with the square of BC. If therefore a straight 
line, kc. Q. E D. 


Te 


' PROP. IV. THEOR. 


* 
Ir a straight line be divided into any two parts, the 
square of the whole line is equal to the squares of 
the two parts, together with twice the rectangle 
contained by the parts. 


Let the straight line AB be divided into any two parts in 


C ; the square of AB is equal to the squares of AC, CB, and 
to twice the rectangle contained by AC, CB. 


3 


L 


Upon 


Boox Il. | Upon AB describe * the square ADEB, and join BD, and 
— through C draw? CGF parallel to AD or BE, and through G 
s31 draw HK parallel to ABor DE: And because CF is parallel 
to AD, and BD falls upon them, the exterior angle BGC is | 
«99.1. equal to the interior and opposite angle ADB ; but ADB is 
«s, 1. equal?to the angle ABD, because BA is equal to AD, being ` 
= sides ofa square; wherefore the an- i 
gle CGB is equal to the angle GBC; 
ec. f. and therefore the side BC is equal* 
634.1, — totheside CG: But CBis equal' also 
to GK, and CGto BK; wherefore 
the figure CGKB is equilateral: Itis 
likewise rectangular ; for CG is pa- 
rallel to BK, and CB meets them; 
the angles K BC, GCB are therefore N 
equal to two right angles; and KBC is a right angle ; where- 
fore GCB isa right angle ; and therefore also the angles‘ 
CGK, GKB opposite to these, are right angles, and CGK B 
is rectangular; but it is also equilateral, as was demonstrated ; 
wherefore it is a square, and it is upon the side CB : For the 
same reason HF also is a square, and it is upon the side HG, 
which, is equal to AC: Therefore HF, CK are the squares 
*43.1. of AC, CB; and because the complement AG is equal£ 
to the complement GE, and that AG is the rectangle con- 
tained by AC, CB, for GC is equal to CB ; therefore GE is 
also equal to the rectangle AC, CB ; wherefore AG, GE are 
equal to twice the rectangle AC, CB: And HF, CK are the 
squares of AC, CB; wherefore the four figures HF, CK, © 
AG, GE are equal to the squares of AC, CB, and to twice 
the rectangle AC, CB: But HF, CK, AG, GE make up - 
the whole figure ADEB, which is the square of AB; There- 
fore the square of AB is equal to the squares of AC, CB, and 
twice the rectangle AC, CB. Wherefore if a straight line, 
&e" Ga. D. 
Cor. From the demonstration, it is manifest, that the pa- 
rallelograms about the diameter of a square are likewise 
squares, 
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Boox I1. 


i PROP. V. THEOR. 

" 

| Fr a straight line be divided into two equal parts, 
and also into two unequal parts, the rectangle con- 

tained by the unequal parts, together with the 

square of the line between the points of section, 1s 

-equal to the square of half the line. ' ! 


Let the straight line AB be divided into two equal parts in 
the point C, and into two unequal parts at the point D; the 
rectangle AD, DB, together with the square of CD, is equal 
to the square of CB. 
Upon CB describe? the square CEF B, join BE, and through * 36. 1. 
D. draw^ DHG parallel to CE or BF ; and through H draw * 31. t. 
KLM parallel to CB or EF ; and also through A draw AK 
parallel to CL or BM: And because the complement CH is 
equal: to the complement HF, to each of these add DM ; there- . 45. 1, 
‘tore the whole CM is equal J 
,to the whole DF; but CM 
is equal? to AL, because 
AC is equal to CB; there- K 
' fore also AL is equal to DF. 
To each of these add CH, 
and the whole AH is equal 
to DF and CH: But AH 
is the rectangle contained by AD, DB, for DH is equal to * Cor. 4. 2. 
DB ; and DF together with CH is’ the gnomon CMG; 
‘therefore the gnomon CMG is equal to the rectangle AD, 
"DB: To each of these add LG, which is equal* to the square 
of CD; therefore the ghomon CMG, together with LG, 
is equal to the rectangle AD, DB, together with the square 
of CD: But the gnomon CMG and LG make up the whole 
figure CEFB, which is the square of CB: Therefore the 
rectangle AD, DB, together with the square of CD, is equal 
to E po of CB. Wherefore if a straight line, &c. 































4 26. 1. 


From this proposition it is manifest, that the difference of 
the squares of two unequal lines AC, CD, is equal to the 
rectangle contained by their sum and difference. 
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PROP. VL. THEOR. 


Ir a straight line be bisected, and produced to any 
point; the rectangle contained by the whole hne 
thus produced, and the part of it. produced, toge- 
ther with the square of halt the line bisected, is equal 
to the square of the straight line which js made up 
of the half and the part produced. 


Let the straight line AB be bisected in C, and produced to 
the point D ; the re&angle AD, DB, together with the square 
of CB, is equal to the square ot CD. 

Upon CD describe? the square CEF D, join DE, and through 
B draw? BHG parallel to. CE or DF, and through H draw 
KLM parallel to AD or EF, aad also through À draw AK pa- 
ralielto CLor DM; and be- A C Bb D 
cause AC is equal to CB, | 
the rectangle AL is equal* to 
CH ; but CH is egual? tog 
HF : therefore also AL is. 
equal toHF: Toeachof these 
add CM; therefore the whole 
AM is equal to the gnomon 
CMG: And AM is the ` (t1 ‘ 
rectangle contained by AD, DB, for DM is equal to DB : 
Therefore the gnomon CMG is equal to the rectangle AD, 
DB: Add to each of these LLG, which is equal to the square 
of CB, therefore the rectangle AD, DBy together with the) 
square of CB, is equal to the gnomon CMG, and the figure LG: 
But the gnomon CMG and LG make up the whole figure 
CEFD, which is the square of CD; therefore the rectangle 
AD, DB, together with the square of CB, is equal to the 
square ot CD. ‘Wherefore, ifa straight line; See.  Q. E. D. 









PROP. VII. THEOR. 


Ir a straight line be divided into any two parts, 
the squares of the whole Ine, and-of onc of the 
parts, arc equal to twice the rectangle contained» by 
the whole and that. part, togcther with the squares 
of the other part. : 7 


Let the straight line AB be divided into any two parts in 
the 
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the point C; the squares of AB, BC are equal to twice the Been. 

“rectangle AB, BC, together with the square of AC. — 

! - Upon AB describe * the square ADEB, and constru& the 46. 1. 
figure as in the preceding propositions; and because AG is 
equal’ to GE, add to each of them CK ; the whole: AK  is* 43. 1. 
therefore. equal to the whole CE; 
therefore AK, CE, are double sof 
AK: But AK, CE, are the gnomon À 
AKF, together with the square CK; |° 

| therefore the gnomon AKF, toge- 1; 
ther with the square CK, is double ** 
of AK: But twice the rectangle AB, 
BC is double of AK, for BK is 
equal: to BC: Therefore the gno- 
mon AKF, together with the square ; 

- CK, is equal to twice the rectangle 
AB, BC: To each of these equals 
add HF, which is equal to the square of AC ; therefore the 
gnomon AKF, together with the squares CK, HF, is equal to 
twice the rectangle AB, BC, and the square of AC: but the 
gnomon AKF, together with the squares CK, HF, make up 
the whole figure ADEB and CK, which are the squares of AB 
and BC: therefore the squares of AB and BC are equal to 
twice the rectangle AB, BC, together with the square of AC. 
W herefore, if a straigat line, Xc.  Q. E. D. 





PROP. VIII. THEOR. 


Ir a straight line be divided into any two parts, 
four times the rectangle contained by the whole line, 
and one of the parts, together with the square of 
the other part, 1s equal to the square of the straight 
line, which is made up of the whole and that part. 


Let the straight line AB be divided into any two parts in 
the point C ; four times the rectangle AB, BC, together with 
the square of AC, is equal to the square of the straight line 
made up of AB and BC together. 
Produce AB to D, «o that BD be equal to CB, and upon 
AD describe the square AEFD ; and construct two figures 
such as in the preceding. Because CB is equal to BD, and 
that CB is equal? to GK, and BD to KN; therefore GK iss , 
E equal 





§0 


Boox IT. 


» 26, 1, 
* 43, 1, 


4 Cor. 4, 2, 


GP, and PR to RO, the rectangle “ 


c3. 1. 


f Cor. 4. 2. 
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equal to KN : For the same reason, PR is equal to RO; and 
because CB is equal to BD, and GK to KN, the rectangle 
CK is equal? to BN, and GR to. RN: but CK is equal to 
RN, because they are the complements of the parallelogram 
CO ; therefore also BN is equal to GR ; and the four re&- 
angles BN, CK, GR, RN are therefore equal to one another, 
and so are quadruple of one of them CK : Again, because CB 
is equal to BD, and that BD is 

36 BK, ree is, to CG, 

and equal to , that * is, to ' 

GP; therefore CG is equal to a CBD 
GP: And because CG is equal to ny 







AG is equal to MP, and PL toy 
RF: But MP is equal © tẹ PL, 
because they are the complements 
of the parallelogram M L ; where- 
fore AG is equal also to ^ 
Therefore the four rectangles AG, . ; 
MP, PL, RF are — to one 2 Ae 
another, and so are quadruple of one 

of them AG. And it was demonstrated that the four CK. 
BN, GR, and RN are quadruple of CK. Therefore the 
eight rectangles which contain the gnomen AOH, are quad- 
ruple of AK ; and because AK is the rectangle contained 
by AB, BC, for BK is equal to BC, four times the rectangle 
AB, BC is quadruple of AK: But the gnomon AOH was 
demonstrated to be quadruple of AK: therefore four times 
the rectangle AB, BC, is equal to the gnomon AOH. To 
each of these add XH, which is equal to the square of AC: 
Therefore four times the rectangle AB, BC together with the 
squareof AC, isequal to the gnomon AOH and the square XH: 
But the gnomon AOH and XH make up the figure AEFD, 
which is the square of AD: Therefore four times the rectangl 
AB, BC, together with the square of AC, is equal to the 
square of AD, that is, of AB and BC added together in one 
straight line. Wherefore, if a straight line, &c. Q, E. D. 
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. PROP. IX. THEOR.. 


Ir à straight line be divided into two equal, aud 
also into two unequal parts; the squares of the two 
unequal parts are together double of the square of 
half the line, and of the square of the line between 
the points of section. 


Let the straight line AB be divided at the point C into two 
equal, and at D into two unequal parts : Fhe ds of AD, 
DB are together double of the squares of AC; CD. 


From the point C draw* CE at right anglesto AB, and : 11. 1. 


make it equal to AC or CB, and join EA, EB ; through D draw 


"DF parallel to CE, and through F draw FG parallel to AB ; ^ 31. J. 


and join AF: Then, because AC is equal to CE, the angle 
EAC is equal* to the angle AEC; and because the angle *5. 1. 
ACE is a right angle, the two others AEC, EAC together 


make one right angle’; and they are equal to one another ; ‘52. 1. 


each of them therefore is half of E 
a right angle. For the same 
reason each of the angles CEB, 


' EBC is half a right angle; and 


therefore the whole AEB is a 
right angle: And because the an- 
gle GEF is half a right angle, 
and EGF a right angle, for it is 


equal‘ to the interior and opposite angle ECB, the remaining «99, 1, 


angle EFG is halfa right angle ; therefore the angle GEF is 
equal to the angle EFG, and the side EG equal to the «6 7. 
side GF: Again, because the angle at B is half a right 
angle, and FDB a right angle, for it is equal* to the in- 
terior and opposite angle ECB, the remaining angle BFD 
is half a right angle ; therefore the angle at B is equal to the 
angle BFD, and the side DF to f the side DB: And because 
AC is'equal to CE, the square of AC is equal to the square 
of CE ; therefore the squares of AC, CE, are double of the 


square of AC: But the square of EA is equalt to the squares « 47. 1. 


of AC, CE, because ACE is a right angle; therefore the 
square of EA is double of the square of AC: Again, be- 
cause EG is equal to GF, the square of EG 13 equal to the 
square of GF ; therefore the squares of EG, GF are double v. 

E 2 the 


51 


DBoox HI. 
om 


52 THE ELEMENTS 


Boor II. the square of GF ; but the square of EF is equal to the squares 

of EG, GF ; therefore the square of EF is double of the square 
*34.3. GF; and GF is equal? to CD; therefore the square of EF is 
double of the square of CD : But the square of AE is likewise 
double of the square of AC ; therefore the squares of AE, EF 
are double of the squares of AC, CD: And the square of AF is 
equali to the squares of AE, EF, because AEF isa right angle; 
therefore the square’ of AF is double of the squares of AC, 
CD: But the squares of AD, DF, are equal to the square of 
AF, because the angle ADF is a right angle ; therefore the 
squares of AD, DF are double of the squares of AC, CD: And 
DF is equal to DB; therefore the squares of AD, DB are 
double of the squares of AC, CD. If thereforea straight line, 


&c. Q. E. D. 


wi. 1, 


PROP. X. THEOR. 


E straight line be bisected, and produced to 
any point, the square of the whole line thus pro- 
duced, and the square of the part of it produced, 
are together double of the square of half the line 
bisected, and of the square of the line made up of 
the half and the part produced. 


Let the straight line AB be bisected in C and produced to 
the point D; the squares of AD, DB are double of the squares 
- of AC, CD. : | 

* 1. 1. From the point C draw* CE at right angles to A, B: And 
make it equal to AC or CB, and join AE, EB ; through E draw 

>31. 1. *EF parallel to AB, and through D draw DF parallel to CE: 
And because thestraight line EF meets the parallels EC,FD, the 

«39, , angles CEF, EFD are equal*totwo right angles; and therefore 
"^" theangles BEF, EF Darelessthantworightangles; butstraight 
lines which with another straight line make the interior angles 


* V. Ax. upon the same side less than two right angles, do meet? if pro- 
duced far enough: Therefore EB, FD shall meet, if produced 
ii towards B,D: Letthem meet in G, and join AG: Then, because 


AC is equal to CE, the angle CEA is equal to the angle 
EAC ; and the angle ACE isa right angle ; therefore each of 
“99,1. the angles CEA, EAC is half a right angle’, For the same 


reason, 
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reason, each of the angles CEB, EBC is half a right angle ; Boox i. 
therefore AEB is a right angle: And because EBC is half a 

right angle, DBG is alsof half a right angle, for they are ver- 1x 1. 
tically apposite ; but BDG is a right angle, because tt i5 equal * 29. 1. 
tothe alternate angle DCE; therefore the remaining angle 

DGB is half a right angie, and is therefore equal to thé angle 

DBG; wherefore also the side BD is equalt to the side DG. * 6.1. 
Again, because EGF is | 

alt a right angle, and that 
the angie at F isa right an- 
gle, because ix is equal 
to th: oppositeangle ECD, 
the retuaining angle FEG 
is nalf à Tight angle, and A. 
egual to tae angle EGF ; 
Wherefore also the side 
GF is equas? to the side 
FE. And because EC is equal to CA, the square of EC is 
equal to the square of CÀ ; therefore the squares of EC, CA 
are double of the square of CA: But the square of EA is 
_ equal! to the squares of EC, CA; therefore the square of EA ‘47.1. 
is double of the square of AC: Again, because GF is equal 
to FE, the square of GF is equal © the square of FE ; and 
therefore the squares of GF, FE are double of the square of 

EF ; But the square of EG is equal! to the squares of GF, FE; 
therefore the square of EG is double of the square of EF : 

And EF is equal to CD ; wherefore the square of EG is dou- 

ble of the square of CD. But it was demonstrated, that the 
square of EA is double of the square of AC ; therefore the 
squares of AF, EG, are double of the squares of AC, CD: 
And-the square of AG is equal! to the squares of AE, EG ; 
therefore the square of AG is double of the squares of AC, 
‘CD: But the'squares of AD, GD, are equal! to the square of 
AG ; therefore the squares of AD, DG are double of the 
squares of AC, CD: But DGis equal to DB; therefore the 
pares of AD, DB are double of the ars: of AC, CL. 
Wherefore, if.a straight line, Ps Q. E. D. 

14 3 
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PROP. XI. PROB. 


To dividea given straight line into two parts, so 
that the rectangle contained by the whole, and one 
of the parts, shall be equal to the square of the other 
part. 


Let AB be the given straight line ; it is required to divide 
it into two parts, so that the rectangle contained by the 
whole, and one of the parts, shall be equal to the square of 
the other part. 

Upon AB describe? the square ABDC ; biseét* AC in E, 
and join BE; produce CA to F, and make * EF equal to EB, 
and upon AF describe? the square of FGHA ; AB is divided in 
H, so that the rectangle AB, BH, is equal to thesquare of AH. 

Produce GH to K ; because the straight line AC is bisected 
in E, and produced to the point F, the rectangle, CF, FA, to- 
gether with the square of AE, is equal? to the square of EF: 
But EF is equal to EB ; therefore the rectangle CF, FA, to- 
gether with the square of AE, is equal to the square cf EB: 
and the squares of BA, AE, are equal | 
tothe square of EB, because the an- 
gle EAB isaright angle; therefore the 
rectangle CF, FA, together with the 
Square of AF, is equal to the squares 
of BA, AE : Take away the square of 
AE, which is common to both, there- 
fore the remaining rectangle CF; FA, 
is equal to the square of AB ; and the 
figure FK is the rectangle contained 
by CF, FA, for AF is equal to FG; 
and AD is the square of AB; there- 
fore FK is equal to AD: Take away 
the common part AK, and the remain- 
der FH is equal to the remainder HD : 
And HD is the rectangle contained by AB, BH, for AB is 
equal to BD; and FH is the square of AH. Therefore the 
rectangle AB, BH is equal to the square of AH : Wherefore, 
the straight line AB is divided in H, so that the rectangle AB, 
BH, is equal to the square of AH. Which was to be done. 
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Iw obtuse angled triangles, if a perpendicular be 
drawn from any of the acute angles to the opposite 
side produced, the square of the side subtending the 
obtuse angle is greater than the squares of the sides 
containing the obtuse angle, by twice the rectangle 
contained by the side upon which, when produced, 
the perpendicular falls, and the straight line inter- 
cepted without the triangle between the perpendi- 


cular and the obtuse angle. 


Let ABC be an obtuse angled triangle, having the obtuse 
angle ACB, and from the point A let AD be drawn? perpen- * 35. 1. 
dicular to BC produced: The square of AB is greater than 


the squares of AC, CB, by twice the rectangle BC, CD. 


Because the straight line BD is divided into two parts in the 


point C, the square of BD is equal 
ito the squares of BC, CD, and 
twice the rectangle BC, CD: To 
each of these equals add the square 
of DA; and the squares of BD, DA, 
are equal to the squares of BC, CD, 
DA, and twice the rectangle BC, 
CD: But the square of BA is equal 
‘to the squares of BD, DA, be- 
cause the angle at D is a right 
angle; and the square of CA is 


A ‘4.3 


€ 47. 1, 


equal‘ to the squares of CD, DA: Therefore the square of 
BA is equal to the squares of BC, CA, and twice the rectan- 
gle BC, CD ; that is, the square of BA is greater than the 


squares of BC, CA, by twice the rectan 
fore, in obtuse angled triangles, &c. 
E 


4. 


gle BC, CD. There- 
E. D. 


$$ 
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oe 


See N, 


{Wal 


THE ELEMENTS 
PROP. XIII. THEOR. 


Ix every triangle, the square of the side subtend- 
inv any of the acute angles, is less than the squares 
of the sides: containing that angle, by twice the 
rectangle contained by either of these sides, and 
the straight line intefcepted between the perpendi- 
cular let fall uponat from the opposite angle, and 
the acute angle: {4 —— 


et ABC be any triangle, and -the anglè at: B dne of its 
acute angles, and upon BC, one of the sides containing it, let 
fall the perpendiculare AD from the opposite angle: The 
square of AC, opposite to the angle B, is less than the squares 


of CB, BA, by twice the rectangle CB, BD. 


* 47. 1. 


4 15, 1. 


412. 2. 


First, Let AD fall within the triangle ABC ; and because 
the straight line CB is divided into l 

two’ parts’ in the point D, the A 
squares of CB, BD are equal® to 

twice the rectangle contained by 

CB, BD, and the square of DC: / 
lo each of these equals add the j^ 


* 


square of AD ; therefore the squares 
ot CB, BD, DA, are equal to twice , 
the rectangle CB, BD; and the /  — 
squares of AD, DC: But the 5 
squares of AB is equal: to the 
square BD, DA, because the angle BDA is a right angle ; 
and the square of AC is equal to the squares of AD, DC: 
‘Therefore the squares of CB, BA are equal to the square of 
AC, and twice the rectangle CB, BD, that is, the square of 
AC alone is less than the squares of CB, BA by twice the 
rectangle CB, BD. 
Secondly, Let AD fall without A 
the triangle ABC: Then, because 
the angle at D is a right angle, 
the angle ACB is greater? than 
a right angle; and therefore the 
square of AB is equal* to the 
squares of AC, CB, and twice the 
rectangle BC,CD : To these equals 
add the square of BC, and the ]j 
square 
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squares of AB, BC are equal to the square of AC, and twice Beox IL 

the sauare of BC, and twice the rectangle BC, CD: But be- 

| cause BD is divided into two parts in C, the rectangle DB, 

BC is equal’ to the rectangle BC, CD and the square of BC: ' 9 ? 

Aud the doubles of these are equal: Therefore the squares of 

AB, BC are equal to the square of AC, and twice the rect- 

angle DB, BC: Therefore the square of AC alone is less 

than the squares of AB, BC by twice the rectangle DB, BC. 
Lastly, let the side AC. be perpendicular to 

BC; then. is BC the straight line between the 

perpendicular and the acute angle at B; and it 

is manifest, that the squares of AB, BC, are 


. equal? to the square of AC and twice the square sm. 
T Er Therefore, in every triangle, &c. Q, 


: | / 
B 


PROP. XIV. PROB. 


rgs 
1 O describe.a square that shall be equal to a given Se. 
rectilineal figure. 


Let A be the given rectilinea] figure ; it is required to de- 
- Scribe a square that shall be equal to A. 

Describe? the rectangular parallelogram BCDE equal tothe 4. ;, 
rectilineal figure A. Ifthen the sides of it BE, ED areequalto ` 
one another, it is a 
square, and what 
was required is / \ 
now done: But if ` 
they are not equal, A 
‘Produce one of ~ 
them BE to F, and \ 
make EF equal to \ 
ED and bisect BF 
in G: and from 
the centre G, at the distance GB, or GF, describe the semi- 
circle BHF, and produce DE to H, and join GH: Therefore 
because the straight line BF isdivided into two equal parts io 
the point G, and into two unequal at E, the rectangle BE, 

EF, together with the square of EG, is equal" to the square of ! 5 *- 
GF : But GF is equal to GH : therefore the rectangle BE, EF, 
te- 


" 
f£ 
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Book Il. together with the square of EG, isequal to the square of GH : 


en, 4. 


7 


But the squares of HE, EG are equal‘ to the square of GH: 
Therefore the rectangle BE, EF, together with the square of 
EG, is equal to the squares of HE, EG: ‘Take away the © 
square of EG, which is common to both; and the remaining 
rectangle BE, EF is equal to the square of EH: But the 
reCtanyle contained by BE, EF is the parallelogram BD, be- 
cause EF is equal to ED; therefore BD is equal to the square 
of EH ; but BD is equal to the rectilineal figure À ; there- 
fore the rectilineal figure A is equal to the square of EH. 
Wherefore a square has been made equal to the given reétili- 
neal figure A, viz, the square described upon EH. Which 
was to be done. / 
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BOOK. IIL 
DEFINITIONS. 


I. 


“QUAL circles are those of which the diameters are equal, 
from the centres of which the straight lines to the circum- 
erences. are equal. 
_ © This is not a definition, buta theorem, the truthof which 
cis evident; for, if the circles be applied to one another, so 
© chat their centres coincide, the circles must likewise ¢oin- 
© cide, since ie straight lines from the centres are equal.’ 


A straight line is said to touch 
^a circle, when it meets the 
circle, and being produced 
does not cut it. 
III. 
Circles are said to touch one 
another, which meet but do 
not cut one another. 


Straight lines are said to be equally dis- 
tant from the centre of acircle, when 
the perpendiculars drawn to them 
from the centre are equal, 


And the straight line on which the 
greater perpendicular falls, is said to 
be farther from the centre. 
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VI. 


~ A segment of a circle is the figure con- 
tained by a straight line and the cir- 
cumference it cuts off. 


See N. 


a 10,1, 


bil. 1. 


VII. 
« The angle of a segment is that which is contained by the 
‘t straight line and the circumference.” 


VIII 


An angle in a segment is the angle con- 
tained by two straight lines drawn 
from any point in the circumference 
of the segment, to the extremities of 
the straight line which is the base of 
the segment. | 

IX. 
And an angle is said to insistjor stand 


upon the circumference intercepted 
between the straight lines that contain the angle. 


X. 

The sector of a circle is the figure cons 
tained by two straight lines drawn from 
the centre, and: the circumference be- 
tween them. 


XI. 
Similar segments of a circle 
are those in which the an- 
gles are equal, or which 
contain equal angles. 





PROP. I. PROB. 


r i 
T O find the centre of a given circle. 


Let ABC be the given circle; it is required to find it: 
centre. | mu 
Draw within it any straight line AB, and bisec^ itin D. 
from the point D draw > DC at right angles to AB, and pro. 
duce it to E, and biseé&t CEsinyF :, The point Fis the centre 
of the circle ABC. l r 
o! 
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For, if it be not, let, if possible, G be the centre, and join 
A, GD, GB: Then, because DA is equal to DB, and DG 
common to the two triangles ADG, - 
BDG, the two sides AD, DG are 
equal to the two BD, DG, each to 
each; and the base GA is equal to the 
base GB, because they are drawn from 
the centre G*: Therefore the angle 
ADG is equal* to the angle GDB: 
But when a straight line standing upon 
another straight line makes the adjacent 
angles equal to one another, each of the 
angles is a right angle: Therefore the 
angle GDB is a right angle: But FDB 
is likewise aright angle: wherefore the angle FDB is equal 
tothe angle GDB, the greater te the less, which is impos- 
sible: Therėfore G is not the centre of the circle ABC. In 
|! the same manner it can be shewn, that no other point but F 
is the centre: that is, F is the centre of the circle ABC: 
Which was to be found. 
» Cor. From this it is manifest, that if in.a circle a straight 
Tine bise& another at right angles, the centre of the circle is in 
the line which biseéts the other. 


PROP. I. THEOR. 


Ir any two points be taken in the circumference 
of a circle, the straight line which joins them shall 
fall within the circle: 


Let ABC be acircle, and A, B any two points in the circum- 
ference ; the straight line drawn from C 
A to B shall fall within the circle. ^ 
For, if it do not, let it fall, if possible, 
without, as AEB ; find* D the centre 
of the circle ABC ; and join AD, DB, 
and produce DF, any straight line 
meeting the circumference AB to E: 
l'hen because DA is equal to DB, the 
angle DAB is equal” to the angle DBA; 
and because AE, a side of the triangle 





c 


* N.B. Whenever the expressfoa “ straight lines from the centre,” or “ drawn 
from the eeatre,? occurs, it is to be understood that they are drawn to the circam- 


ference, 
DAE, 
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DAE, is produced to B, the angle DEB is greater * than the 
angle DAE; but DAE is equal to the angle DBE; therefore 
the angle DEB is greater than the angle DBE : But to the 
greater angle the greater side is opposite? ; DB is therefore 
greater than DE : But DBis equal to DF ; wherefore DF is 
greater than DE, the less than the greater, which is impos- 
sible: Therefore the straight line drawn from A to B does 
not fall without the circle. In the same manner, it may be 
demonstrated that it does not fall upon the circumference; it 
falls therefore within it.. Wherefore, if any two points, &c, 


Q. E. D. 


PROP. III. TTHEOR. 


Ira straight line drawn through the centre of a 
circle bisect a straight line init which does not pass 
through the centre, it shall cut it at right angles ; 
and if it cuts it at right angles, it shall bisect it. 


Let ABC be a circle; and let CD, a straight line drawn. 
through the centre, bisect any straight line AB, which does. 
not pass through the centre, in the point F: It cuts it also at. 
right angles. | 

Take? E the centre of the circle, and join EA, EB. Then, 

because AF is equal to FB, and FE common to the two tri- 
angles AFE, BFE, there are two sides in the one equal to two 
sides in the other, and the base EA is 
equal to the base ED; therefore the 
angle AFE is equal’ to the angle BFE; 
But when a straight line standing upon 
another makes the adjacent angles ¢qual 
to one another, each of them is a right 
‘angle: Therefore each of the angles 
AFE, BFE isa right angle; wherefore 
the straight line CD, drawn through 
the centre bisecting another AB that 
does not pass through the centre, cuts 
the same at right angles. 

But let CD cut AB at right angles ; CD also bisects it, that 
is, AF is equal to FB. ! 

‘The same construction being made, because EA, EB from 
the centre are equal to one another, the angle EAF is equal? 
to the angle EBF: and the right angle AFE is equal to 
the right angle BFE: Therefore, in the two triangles, d 

2 EB 


x 
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EBF, there are two angles in one equal to two angles in the Boos Hl. 


other, and the side EF, which is opposite to one of the equal 


angles in each, is common to both ; therefore the other sides * 26, 1. 


are equal; AF therefore is equal to FB. Wherefore, if a 
straight line, &c. Q. E. D. 


PPOP.IV. THEOR. 


I Fina circle two straight lines cut one another 
which do not both pass through the centre, they 
do not bisect each other. 


Let ABCD be a circle, and AC, BD two straight lines in 
it which cut one another in the point E, and do not both pass 
through the centre: AC, BD do not biseé one another. 

For, ifit is possible, let AE be equal to EC, and BE to ED: 
If one of the lines pass through the centre, it is plain that it 
cannot be bisected by the other which 
does notpass through the centre: But 
if neither of them pass through the 


centre, take? F the centre of the cir- pts 


cle, and join EF ; and because FE, a 
straight line through the centre, bi- 
sects another AC which does not pass 
through the centre, it shall cut it at 
right " angles; wherefore FEA is a 
right angle: Again, because the 
Straight line FE bisects the straight line BD which does not 
- pass through the centre, it shall cut it at right angles ; where- 
fore FEB is a right angle : And FEA was shewn to be aright 
angle; therefore FEA is equal to the angle FEB, the less to 
the greater, which is impossible: Therefore AC, BD do not 
bisect one another. Wherefore, if in acircle, &c. Q. E. D. 


PROP. V. THEOR. 
I F two circles cut one another, they shall not have 
the same centre. 


Let the two circles ABC, CDG cut one another in the 
points B,C; they have not the same centre. 4 
or 


* 3. 3 
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Boox Ill. For, if it be possible, let E be their centre; join EC, and 
draw any straight line EFG meet- 
ing them in F and G ; and because 
E is the centre of the circle ABC, 
CE is equal to EF: Again, be- 
cause E is the centre of the circle 
CDG, CE is equal to EG: But 
CE was shewn to be equal to EF ; 
therefore EF is equal to EG, the 
less to the greater, which is im- 
possible: Therefore E is not the 
'centre of the circles ABC, CDG. 
Wherefore, if two circles, &c. Q. E. D. ; 





PROP. VI. THEOR. 


I F two circles touch one another internally, they — 
shall not have the same centre. 


Let the two circles ABC, CDE, touch one another inter- 
nally in the point C: They have not the same centre. 

For, if they can, let it be F; join FC and draw any straight 
line FEB meeting them in E and B; : 


(C 
And because F is the centre of the 
circle ABC, CF is equal to FB; 
Also, because F is the centre of the ln 
A 


circle CDE, CF is equal to FE: 
And CF was shewn equal to FB; 
therefore FE is equal to FB, the less 
to the greater, which is impossible : 
Wherefore F is not the centre of 
the circles ABC, CDE. Therefore, 
if two circles, &c. Q. E. D. 
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PROP. VII. THEOR. 


Ir any point be taken in the diameter ofa circle 
which is not the centre, of all the straight lines 
which can be drawn from it to the circumference, 
the greatest is that in which the centre is, and the 
other part of that diameter is the least; and, of any 
others, that which is nearer to the line which passes 
through the centre is always greater than one more 
remote: And from the same point there can be 
drawn only two straight lines that are equal to one 
another, one upon each side of the shortest line. 






















any point F be taken which is not the centre : Let the centre 
be E ; of all the straight lines FB, FC, FG, &c. that can be 
drawn from F to the circumference, FA is the greatest, and 
FD, the other part of the diameter BD, is the least : And of 
the others, FB is greater than FC, and FC than FG. 

Join BE, CE, GE ; and because two sides of a triangle are 
greater? than the third, BE, EF are greater tan BF; but AE 
is equal to EB; therefore AE, EF, 
that is AF, is greater than BF: A- 
gain, because BE is equal to CE, 
and FE common to the triangles 
BEF, CEF, the twosidesBE, EF 
are equal tothe two CE, EF; but 
the angle BEF is greater than the 
angle CEF;; therefore the base BF 
is greater? than the base FC: For 
D same reason, CF isgreaterthan 

F: Again, because GF, FE are 
greater? than EG, and EG isequal 
to ED; GF, FE are greater than ED: Take away the com- 
mon part FE, and the remainder GF is greater than the re- 
mainder FD: Therefore FA isthe greatest, and FD the least 
of all the straight lines from F to the circumference ; and BF 
is greater than CF, and CF than GF. | 
- Also there can be drawn only two equal straight lines from 
the point F to the circumference, one upon each side of the 
shortest 
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Let ABCD be a circle, and AD its diameter, in which let ` 
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Mor III. shortest line FD : At the point E in the straight line EF, 
« 23, 


EM. 1. 
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make‘ the angle FEH equal to the angle GEF, and join FH : 
Then because GE is equal to EH, and EF common to the 
two triangles GEF, HEF ; the two sides GE, EF are equal 
to the two HE, EF ; and the angle GEF is equal to the an- 
gle HEF; therefore the base FG is equal‘ to the base FH: 
But, besides FH, no other straight line can be drawn from F 
to the circumference equal to FG: For, if there can, let it be 
FK ; and because FK is equal to FG, and FG to FH, FK is 
equal to FH ; that is, a line nearertothat which passes through 
the centre, is equal to one which is more remote; which is 
impossible. Therefore, if any point be taken, &c. Q. E. D. 


PROP. VIII. THEOR. 


Ír any point betaken without a circle, and straight 
lines be drawn from it to the circumference, where- 
of one passes through the centre; of those which fall 
upon the concave circumference, the greatestis that 
which passes through the centre; and of the rest, 
that, which is nearer to that through the centre is al 

ways greater than the more remote: But of those 
which fall upon the convex circumference, the least 
is that between the point without the circle and the 
diameter ; and of the rest, that which is nearer to 
the least is always less than the more remote: And 
only two equal straight lines can be drawn from the 
point into the circumference, one upon each side 
of the lcast. 


et ABC beacircle,and Dany point without it, from which 
Jet the straight lines DA, DE, DF,.DC be drawn to the cir 
cumference, whereof DA passes through the centre. Of thos 
which fall upon the concave part of the circumference AEFC, 
the greatest is AD which passes through the centre ; and th 
nearer to it is always greater than the more remote, viz. DES 
than DF, and DF than DC: But of those which fall upon th 
convex circumference HL G, the least is DG bétween th 


I po 
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point D and the diameter AG ; and the nearer toit is always $4 c] 
: less than the more remote, viz. DK than DL, and DL than 
DH. 

Taket M the centre of the circle ABC, and join ME,MF,* 1. 3. 
MC, MK, ML, MH: And because AM is equal to ME, add | 
MD to each, therefore AD isequal to EM, MD; but EM,MD 
are greater? than ED ; therefore also AD is greater than ED * 20. 1. 
Again, because ME is equal to MF, and MD common tothe 
triangles EMD, FMD; EM, MD 
are equal to FM, MD: but the 
angle EMD is greater than the 
‘angle FMD; therefore the base 
ED is greater® than the base FD: 
In like manner it may be shewn 
that FD is greater than CD: 
Therefore DA is the greatest ; and 

| DE greater than DF, and DF than 
DC: And because MK, KD are 
greater? than MD, and MK is 
equal to MG, the remainder KD 
is greater ^ than the remainder c 
GD, that is GD is less than KD: 
And because MK, DK are drawn 
to the point K within the triangle 
MLD from M, D, the extremi- 
ties of its side MD, MK, KD are 
less * than ML, LD, whereof MK . e 21.1, 
is'equal to ML ; therefore the remainder DK is less than the 
remainder DL : In like manner it may be shewn, that DL is 
Jess than DH: Therefore DG is the least, and DK less than 
DL, and. DIL than DH: Also there can be drawn only two 
equal straight lines from the point D to the circumference, 
one upon each side of the least: At the point M, inthe straighe 
line MD, make the angle DMB equal to the angle DMK, 
and join DB: And because MK is equal to MB, and MD 
common to the triangles KMD, BMD; the two sides KM, 
MD are equal to the two BM, MD;; and the angle KMD 
is equal to the angle BMD ; therefore the base DK is equalt * 1. 
to the base DB: But, besides DB, there can be no straight 
line drawn from D to the circumference equal to DK : For, 
if there can, let it be DN ; and because DK is equal to DN, 
and also to DB ; therefore DB is equal to DN, that is, the 
nearer to the least equal to the more remote, which is im- 
possible. If therefore, any Eu. &c. Q. E. D, 

2 


a4, Ax. 
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I F a point be taken withina circle; from which there 
fall more than two equal straight lines to the cir- 
cumference, that point is the centre of the circle. 


Let the point D be taken within the circle ABC, from 
which to the circumference there fall more than two equal 
straight lines, viz. DA, DB, DC, the point D is the centre of 
the circle. 

For, if not, let E be the centre, 
join DE and produce it to the cir- 
cumference in F, G: then FG is 
a diameter of the circle ARC: And 
because in FG, the diameter of the 


? / 

circle ABC, there is taken the F a 
point D, which is not the centre, "NX LJ 
DG shall be the greatest line from it C 
< i 


to the circumference, and DC great- 

37.3, er? than DB, and DB than DA: 
But they are likewise equal, which ! 
is impossible; Therefore E is not 
the centre of the circleABC: Inlike manner, it may be demon 
strated, that no other point but D is the centre ; D therefor 
is the centre. Wherefore, if a point be taken, &c. Q. E. E 


PROP. X. THEOR. 


Ox E circumference of acircle cannot cut anothe 
im more than two points. 


If it be possible, let the circumfe- 
rence FAB cut the circumference R , 
DEF in more than two points, viz. 


in B, G, F ; take the centre K of the.) 
circle A BC, and join KB, KG, KF: a 


© 


z 


And because within the circle DEF 
there is taken the point K; from, (3 
which to the circumference DEF 
fall more than two equal straight 


* 9.3. lines KB, KG, KF, the point K is? 
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cles that cut one another, which is impossible». Therefore * 5. 5. 
- one circumference of a circle cannot cut another in more than 
two points. Q E. D. ! 
PROP. XI. THEOR. 
I F two circles touch each other internally, the 
straight line which joins their centres being pro- 
duced shall pass through the point of contact. 
Let the two circles ABC, ADE touch each other internally 
in the point A, and let F-be the centre of the circle ABC, and 
G the centre of the circle ADE: The 
straight line which joins the centres 
F, G, being produced; passes through 
the point A. | 
For, if not, let it fall otherwise, if 
possible, as FGDH, and join AF, 
G: And because AG, GF are ercat- 4 


EO M ÓÁ € M 0 
* 


| | | > 


the eentre of the circle DEF : But K is alsothe centre of the Boor HIE 
— — 


circle ABC; therefore the same point is the centre of two cir- 


ec ? than FA, that is, than FH, for 

FA is equal to FH, both being from C 
the same centre ; take away the com- 

mon part FG; therefore the remain- : 

der AG is greater than the remainder GH: But AG is equal 
to GD; therefore GD is greater than GH, the Jess than the 
greater, which is impossible. "Therefore the straight line 
which joins the points F, G cannot fall otherwise than upon the 


point A, that is, it must pass through it. ‘Therefore, if two 
circles, &c. Q. E. D. 


PPOP. XII. THEOR. 


Ir two circles touch each other externally, the 
Straight line which joins their centres shall pass 
through the point of contact. 


Let the two circles ABC, ADE, touch each other exter- 
nally in the point A; and let F be the centre of the circle 


ABC, and G the centre of ADE: The straight line which 


joins the points F, G shall pass through the point of contact A. 
For, if not, let it pass otherwise, if possible, as FCDG, and 
p? join 
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Boox IIl. Join FA, AG: And because F is the centre of the circle ABC, 


, *20. 1, 


* 10.11. 1. 


t Cor. 1,3, 
d . 
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AF is equal co FC: Also 
because G is thecentreof 
the circle ADE, AG is 
equal to GD: Thereforef - 
FA, AGare equal toFC, 
DG; wherefore the 
whole FG is greater than 
FA, AG: But it is also 
less*; which is impossi- 
ble : Therefore the straight line which joins the points F, G 
shall not pass otherwise than through the point of contact A, 
that is, it must pass through it. ‘Therefore, if two circles, 


&c. Q. E. D 







PROP. XII. THEOR. 


ONE circle cannot touch another in more points 
than one, whether it touches it on the inside o 
outside. | 


For, if itbe possible, let the circle EBF touch the circle 
ABC in more points than one, and first on the inside, in the 
points B, D; join BD, and draw* GH bisecting BD at righ 
angles Therefore because the points B, D are in the circum. 





ference of each of the circles, the straight line BD falls within 

each” of them; And their centres are: in the straight line G 
which bisects BD at right angles: "Therefore GH passes 
through the point of contact; but it docs not pass through it, 
because the points B, D are without the straight line GH, 
which is absurd: Therefore one circle cannot touch another 

on the inside in more points than one. ad 
Nor can two circles* touch one another on the outside in 
more 
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more than one point ; For, if it be possible, let thecircle ACK PBoox 1IT. 
touch the circle ABC in the points A, C, and join AC: There- 
fore, because the two points A, C are in 
the circumference of the circle ACK, . 
the straight line AC which joins them 
shall fall within? the circle ACK : And 
the circle ACK is without the circie * 2. 
ABC;; and therefore the straight line A 
AC is without this last circle ; but be- 
cause the points A, C are inthe circum- 

ference of the circle ABC, the straight 
line AC must be within? the same cir- 

cle, which is absurd: "Therefore one 

circle cannot touch another ‘on the out- B 

side in more than one point: And it 
has been shewn, that they cannot touch on the inside in more 
points than one. Therefore, one circle, &c. Q. E. D. 


m 
pP 


PROP. XIV. THEOR. 


E.quat straight lines in a circle are equally dis- 
tant from the centre; and those which are equally 
distant from the centre, are equal to one another. 


Let the straight lines AB, CD, in the circle ABDC, be e- 
qual to one another; they are equally distant from the centre. 
TakeE the centre of thecircle ABDC, and from it draw EF, 
EG perpendicularsto AB, CD: Then, becausethe straight line 
EF, passing through the centre, cuts thestraight line AB, which 
does not pass through the centre, at 
| right angles, it also bisects? it: Where- 
fore AF is equal toF B, and AB double 
of AF. For the same reason CD is 
double of CG: And AB is equal to 
CD; therefore AF is equal to CG: 
And because AE is equal to EC, the 
square of AE is equal to the square of 
EC: But the squares of AF, FE are 
equal^ to the square of AE, because 
the angle AFE is a right angle; and 
for the like reason, the squares of EG, GC are equal to the 
square of EC: Therefore the squares of AF, FE are equal to 
_the squares of CG, GE, of cs the square of AF is equal to 
4 the 
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Book ML the square of CG ; because AF is equal to CG;; therefore the 


84. def. 3. 


See N. 


210, 1. 
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remaining square of FE is equal tothe remaining square of 
EG, and the straight line E is therefore equal to EG: But 
straight lines in a circle are said to be equally distant from the 
centre; when the perpendiculars drawn to them from the cen- 
tre are equal‘: "Therefore AB, CD be equally distant from 
the centre. 

Next, if the straight lines AB, CD be equally distant from 
the centre, that is if FE be equal to EG; AB is equal to CD: 
For, the same construction being made, it may, as before, b 
demonstrated, that AB is double of AF, and CD double of 
CG, and that the squares of EF, FA are equal to the squares 
of EG, GC ; of which the square of FE is equal to thesquare 
of EG, because FE is equal to EG; therefore the remaining 
square of AF is equal to the remaining square of CG; and the 
straight line AF is therefore equal to CG: And AB is double 
of AF, and CD double of CG; wherefore AB is equal ta. 
CD. Therefore equal straight lines, &c. Q. E. D. 


PROP. XV. THEOR. 


I / 
Tur diameter is the greatest straight line in a cir- 
cle; and, of all others, that which nearer to the 
centre is always greater than one more remote: and 
the greater is nearer to the centre than the less. 


Let ABCD bea circle, of which 
the diameter is AD, and the centre E; 
and jet BC be nearer to the centre 
than FG; AD is greater than any 
straight line BC which is not a dia- 
meter, and BC greater than FG. 

From the centre draw EH, EK per- 
pendiculars to BC, FG, and join EB, 
EC, EF; and because AE is equal to 
EB, and ED to EC, AD is equal to 
EB, EC; but EB, EC are greater * D 
than BC: wherefore, also AD is 
greater than BC. 

And, because BC is nearer to the centre than FG, EH is 

less 
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less? than EK : But, as was demonstrated in the preceding, Poes 1H. 
BC is double of BH, and FG double of FK, and the squares of s5, def. 3. 
EH, HB are equal to the squares of EK, KF, of which the 
square of EH is less than the square of EK, because EH is 
less than EK ; therefore the square of BH is greater than the 
square of FK, and the straight line BH greater than FK , and 
therefore BC is greater than FG. 
Next, Let BC be greater than FG; BC is nearer to the cen- 
tre than FG, that is, the same construction being made, EH is 
less than EK : Because BC is greater than FG, BH likewise is 
greater than KF: And the squares of BH, HE are equal to the 
squares of FK, KE, of which the square of BH is greater than 
the square of FK, because BH is greater than FK ; therefore 
the squareof EH is less than thesquare of EK, and the straight s 
line EH less than EK. Whercefore the diameter, &c. Q. E. D. 


PROP.XVI. THEOR. 


dur straight line drawn atright angles to the dia- seen. 
meter of a circle, from the extremity of it, falls 
without the circle; and no straight line can be drawn 
between that straight lineand thecircumference from 

the extremity, so as not to cut the circle ; or, which 

is the same thing, no straight line can make so great 
an'"acute angle with the diameter at its extremity, 

or so small an angle with the straight line, which is 

at right angles to it, as not to cut the circle. 


Let ABC be a circle; the centre of which is D, and the dia- 
meter AB : the straight line drawn at right angles to AB from 
its extremity À, shall fal] without the circle. 
For, if it does not, let it fall, if 
possible, within the circle, as AC, | 
and draw DC to the point C where 
it meets the circumference: And 
because DA is equa to DC, the R A 
angle DAC is equal? to the angle 65.1. 
ACD; but DAC is a right angle, 
therefore ACD is a right angle, 
and the angles DAC, ACD are 
therefore equal to two right angles; which is impossible ^: "'** 
Therefore 


74 


THE ELEMENTS 


Book IU. Therefore the straight line drawn from A at right angles to 


‘meter at the point A, or however 


, without or in the circumference, whic 


BA does not fall within the circle: ln the same manner, it 
may be demonstrated, that it does not fall upon the circum- 
ference ; therefore it must fall without the circle, as AE. 
And between the straight line AE and the circumference no 
straight line can be drawn from the point A which does not 
cut the circle: For, if possible, let FA be between them, and 
from the point D draw * DG perpendicular to FA, and let it 
meet the circumference in H: And because AGD is a right 
angle,-and DAG tess? than aright angle, DA is greater? than 
DG: But DA is equal to DH: 3 
therefore DH is greater than DG, 
the less than the greater, which is 
impossible: Therefore no straight 
line can be drawn from the point 
A between AE and the circumfe- 
rence, which does not cut the cir- 
cle, or, which amounts to the same 
thing, however great an acute angle 
a straight line makes with the dia- 





small an angle it makes with AE, | 
the. circumference passes between that straight line and the 
perpendicular AE.  * And this 1s all that is to be understood, 
€ when, in the Greek text, and translations from it, the angle 
€ of the semicircle is said to be greater than any acute rectili-~ 
“neal angle, and the remaining angle less than any rectilincal 
“angle” Q. E. D. | 

Con. From this it is manifest, that the straight line which 
is drawn at right anglestothe diameter of a circle fromthe ex- 
tremity of it, touches the circle ; and that it touches it only in 
one point, because, if it did meet the ciccle in two, it would 
fall within ite. © Also it is evident that there can be but one 
© straight line which touches the circle in the same point.’ 


PROP. XVIL PROB. 


FW* 
I O draw a straight line from a given point, either 
l shall touch 
a given circle. 
‘irst, let A be a given point without the given circle BCD; 





.they contain the angle at 
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it is required to draw a straight line from A which shall touch 3°* ~ 


the circle. 
| 21.35 


Find ? the centre E of the circle, and join AE ; and from 
the centre E, at the distance EA, describe the circle AFG; 
from the point D draw ^ DF at right angles to EA, and join 
EBF, AB. AB touches the circle BCD. 

Because E. is the centre 
of the circles BCD, AFG, 
EA is equal to EF: And 
ED to EB; therefore the 
two sides AE, EB are equal 
to the two FE, ED, and 


b 11, T, 


E common to the two tri- 
angles AEB, FED ; there- 
fore the base DF is equal 
to the base AB ; and the 
triangle FED to the trian- 
gle AEB, and the other angles to the other angles? : There- «4,1. 
fore the angle EBA is equal to the angle EDF : But EDF is 
a rightangle, whereforeEBA isarightangle: And EB is drawn 
from the centre : But a straight line drawn from the extremi- 
ty of a diameter, at right angles to it, touches the circle? : 
Therefore AB touches the circle; and it is drawn from the 
given point A. Which was to be done. ; 

But if the given point be in the circumference of the circle, 
as the point D, draw DE to the centre E, and DF at right 





*Cor.16,5 


angles to DE; DF touches the circle’. 


PROP. XVIII. THEOR. 


I F a straight line touches a circle, the straight line 
drawn from the centre to the point of contact, shall 
be perpendicular to the line touching the circle. 


Let the straight line DE touch the circle ABC in the point 
C; take the centre F, and draw the straight line FC: FC is 
perpendicular to DE. 
For, if it be not, from the point F draw F BG perpendicular 
to DE; and because FGC is a right angle, GCF is" an acute , ,, , 
angle ; and to the greater angle the greatest" side is opposite : « 19. 1. 
‘Therefore 
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Boor Ul. Therefore FC is greater than FG; 
but FC is equal to FB; therefore 
FB is greater than. FG, the less 
than the greater, which is impos- 
sible: Wherefore FG is not per- 
pendicular to DE: In the same 
manner it may be shewn, that no 
other is perpendicular to. it besides 
FC, that is FC is perpendicular: to 
DE, Therefore, if a straight hine, 
&c. Q.E.D. 





D- 





PROP. XIX. THEOR. 


i 


Ir a straight line touches a circle, and from the 
point of contact a straight line be drawn at right 
angles to the touching line, the centre of the circle 
shall be in that line, | 


Let the straight line DE touch the circle ABC in C, and 
from C let CA be drawn at right angles to DE ; the centre 
ef the circle is in CA. | ur. 

For, if not, let F be the centre, if possible, and join CF; 
Because DE touches thecircle ABC, | i 
and FC is drawn from the centre to 
the point of contact, FC is perpendi- 

215,5. cular * to DE; therefore FCE is a 
right angle : But ACE is also a right 
angle; therefore the angle FOE is 
equal to the angle ACE, the.less to [5 
the greater, which is impossible : 
Wherefore F is not the centre of the 
circle ABC: In the same manner, it 
may be shewn, that noJother point. 1^ 
which it not in CA, is the centre ; that is, the centreisin CA, 
Therefore, if a straight line, &c. Q: E. D. L 





PROP. XX. THEOR. 


d > 
Sec N. Dur angle at the centre of a circle 1s double of the 
angle at the circumference, upon the same base, 
that is, upon the same part of the cucu a op 
et 


- 
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Let ABC be a circle, and BEC an angle at the centre, and Boox Ill. 


BAC amangle at the circumference, which have the same cir- 
cumference BC for their base ; the angle 
BEC is double of the angle BAC. 
First, let E, the centre of the circle, 
be within the angle BAC, and join AE, 
and produce ıt to F: Because EA is equal 


to EB, the angle EAB is equal* to the A 
angle EBA; therefore the angles EAB, 
EBA are double of the angle EAB; but I. 


the angle BEF is equal? to the angles C 
EAB, EBA ; therefore also the angle 
BEF is double of the angle EAB: For 
the same reason, the angle FEC is doubleof the angle EAC : 
Therefore the whole angle BEC is double of the whole angie 
BAC. 
Again, let E, the centre of the 
circle, be without the angle BDC, and 
join DE, and produce it to G. It 
may be demonstrated, as in the first 
case, that the angle GEC is double 
of the angle GDC, and that GEB, a 
part of the first, is double of GDB, a 
part of the other; therefore the re- G 
maining angle BEC is double of the C 
remaining angle BDC. ‘Therefore the 


angle at the centre, &c. QUE. D. 


. and join BF, FD: And because the 


PROP. XXI. THEOR. 


| Tu E. angles in the same segment of a circle are “** 


equal to one another. 
Let ABCD be a circle, and BAD, 


BED angles in the same segment 
BAED: The angles BAD, BED are 
equal to one another. 

Take Fy, the centre of the circle 
ABCD: And, first, let the segment. 
BAED be greater than a semicircle, 


angle BED. is at the centre, and the 
angle BAD at the. circumference, 
and that they have the same part of 





the 
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Boox It. the circumference, viz. BCD for their base ; therefore the ans 


wer, 
s 20, 3. 


* 32. 1. 


* 21,2. 


gle BFD is doubles of the angle BAD: For the same reason, 
the angle BF D is double of the angle BED: Therefore the 
angle BAD is equal to the angle BED. 

But, if the segment BAED be not greater than a semicircle, 
let BAD, BED be angles in it; these 
also are equal to one another: Draw 
AF to the centre, and produce it to 
C, and join CE : Therefore the seg- D 
ment BADC is greater than a semi- 
circle ; and the angles in it BAC, 
BEC are equal, by the first case: For 
the same reason, because CBED is 
greater than a semicircle, the angles 
CAD, CED are equal: Therefore 
the whole angle BAD is equal to the 
whole angle BED. Wherefore the angles in the same seg- 
ment, &c. Q.E.D. 


PROP. XXII. THEOR. 


Tue opposite angles of any quadrilateral figure 
described in a circle, are together equal to two 
right angles. 

Let ABCD be a quadrilateral figure in the circle ABCD; - 
any two of its opposite angles are together equal to two right 


angles, 

Soin AC, BD; and because the three angles of every tri- | 
angle are equal* to two right angles, the three angles of the 
triangle CAB, viz. the angles CAB, ABC, BCA are equal to 
two right angles: But the angle CAB 
is equal? to the angle CDB, because 
they are in the same segment BADC, 
and the angle ACB is equal to the 
angle ADB, because they are in the 
same segment ADCB: Therefore the 
whole angle ADC is equal to the an- B 
gle CAB, ACB: To each of these 
equals add the angle ABC; therefore 
the angles ABC, CAB, BCA are 
equal to the angles ABC, ADC: But ABC, CAB, BCA are 
equal to two right angles; therefore alsothe angles ABC, ADC 
are equal to two rightangles: Inthe same manner, the Bu 
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BAD, DCB, may be shewn to be equal to two right angles. Poes II. 
Therefore, the opposite angles, &c. Q, E. D. E v Ó 


PROP. XXIII. THEOR. 


U pon the same straight line, and upon the same seen, 
side of it, there carinot be two similar segments of 
circles, not coinciding with one another. 


If it be possible, let the twe similar segments of circles, viz. 
ACB, ADB, be upon the same side of the same straight line 
AB, not coinciding with one another: Then, because the cir- 

cele ACB cuts the circle ADB in the 1) 
two points A, B, they cannot cut one 
another in any other point?: One of 
the segments must therefore fall within 
the other: Lec ACB fall within ADB, 
and draw the straight line BCD, and ,; 
join CA, DA: And because the seg- 
ment ACB is similar to the segment ADB, and that similar 
segments of circles contain? equal angles; the angles ACB is » 11, des. 3, 
equal to the angle ADB, the exterior to the interior, which is 
impossible.:  lherefore, there cannot be two similar sez* : 16, 1. 

-ments of a circle upon the same side of the same line, which 
do not coincide. Q., E. D. 





PROP. XXIV. THEOR. 


SIMILAR segments of circles upon equal straight se s. 
lines, are equal to one another. 


Let AEB, CFD be similar segments of cricles upon-the 
equal straight lines AB, CD ; the segment AEB is equal @ 


the segment CF D. 
For if the seg- 
ment AEB be 
applied to the — pe 
segments CID, 
so as the point A 
be on C, and A p C D 


the straight line 
AB upon CD, the point B shall coincide with the point D, be- 


cause 


Bo 
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Boox Ill. cause AB is equal to CD ; Therefore the straight line AB eo- 


* 25. 2. 


Sce N. 


a Or. 
"IE 


“6.2% 


4 9, 3, 


s 


c as, 1l. 


inciding with CD, the segment AEB must* coincide with 
the segment CFD, and therefore is equal to it, Wherefore 
similar segments, &c. Q. E. D. 


PROP. XXV. PROB, 


A. SEGMENT ofa circle being given, to describe 
the circle of which it.is the segment. | 


Let ABC be the given segment of a circle ; it is required 
to describe the circle of which it is the segment. 

Bisect* AC in D, and from the point D draw? DB at right 
angles to AC, and join AB: First, let the angles ABD, BAD 
be equal to one another; then the straight line BD is equals, 
to DA, and therefore to DC ; and because the three.straight: 


lines DA, DB, DC, are all equal; D is the centre of the cir» x 


cle.t From the centre D, at the distance of any of the three 
DA,DB, DC,describe a circle; this shall pass through the other 
points ; and the circle of which ABC is a segment is described; 
And because the centre D is in AC, the segment ABC is a sc- 


C 
E A 


micircle : But if the angles ABD, BAD are not equal to one 
another,at the point A, in the straight line AB make® theangle 
BAE equal to the angle ABD, and produce BD, if necessary, to 
E,and join EC: And because theangle ABE is equal tothe angle 
BAE, the straight line BE is equaleto EA: And because AD 
is equal to DC, and DE common to the triangles ADE, CDE, 
the two sides AD, DE are equal to the two CD, DE, each to 
each; and the angle ADE is equal to the angle CDE, for 





each of them ts a right angle; therefore the base AE is equal” 


‘tothe base EC: But AE was shewn to be equal to EB, where- 
fore also BE is equal to EC : And the three straight lines AE, 
EBS 


i 


t 


" 
i 
= 
7 


7 
4 
! 
1 
| 


> 


CO OF EUCLID. 81 


- EB, EC are therefore equal to one another ; wherefore? E is Boo TIL. 
-the centre of the circle. From the centre E, at the distance of 

any of the three AE, EB, EC, describea circle, this shall pass ¢ 9. 3. 
through the other points; and the circle of which ABC isa seg- 
ment is described: And it is evident, that if theangle ABD be 
greater than the angle BAD, the centre E falls without the 
segment ABC, which therefore is less than a semicircle: But 
if the angle ABD be less chan BAD, the centre E falls within 
the segment ABC, waich is therefore greater than a semicircle; 

Wherefore a segment of a circle being given, the circle is de- 

t Scribed of which it is a segment. Which was to be done. 

















PROP. XXVI. THEOR. 


N equal circles, equal angles stand upon equal 
circumferences, whether they be at the centres or 
circumferences. 


_ Let ABC, DEF be equal circles, and the equal angles BGC, 
EHF at their €entres, and BAC, EDF at their circumferences: 
The circumference BKC is equal to the circumlerence ELF. 
Join BC, EF ; and because the circles ABU, DEF are equal, 
the straight lines drawn from their centres are equal: There- 
fore the two sides BG, GC, are equal to the cwo EH, HF ; 


C F 
i L 


d the angle at G is equal to the angle at H; therefore the 
se BC is equal* to the base EF. And because the angle at A 24.1, 
s equal to the angle at D, the segment BAC is similar’ to the “#14. 7, 
segment EDF ; and they are upon equal straight lines BC, EF; 
it similar segments of circles upon equa! straizht lines are 
squal* to one another, therefore the segment BAC is equal to< 34, 9, 
he segment EDF: But the whole circle ABC is equal to the 
G whole 
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Boox III. whole DEF , therefore the remaining segment BKC is equal 


a2. 3. 


1 N-equal circles, the angles which stand pol 
er 
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to theremaining segment ELF, and the circurhference BKC 
to the circumference ELF. Wherefore, in equal circles, &c. 


PROP, XXVII. THEOR; 


equal circumferences are equal to one anot 
whether they be at the centres or circumferences. 


Let the angles BGC, EHF at the centres, and BAC, EDF a 
the circumferences of the equal circles ABC, DEF stand upo 
the egual circumferences BC, EF: "The angle BGC is equa 
to the angle EHF, and the angle BAC to the angle EDF. 

If the angle BGC be equal to the angle EHF, it is manifes 
“that the angle BAC is also equa} to EDF, But, if not, on 





ofthem is the greater: Let BGC be the greater, and at t 
point G, in the straight line BG, make’ the angle BGK equ 
to the angle EHF ; but equal angles stand upon equal circut 
ferences‘, when they are at the centre; therefore the circu 
ference BK is equal to the circumference EF: But EF is eqi 
to BC; therefore also BK is equal to BC, the less to the greate 
which is impossible: Therefore the angle BGCis not uneqi 
to the angle EHF ; that is, it is equal to it: And the angle 
A is half of the angle BGC, and the angle at D half of 
angle EHF: Therefore the angle at A is equal to the an; 
at D. Wherefore, in equal circles, &. Q, E. D. 
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| / PROP. XXVIII. THEOR. 


Ix equal circles, equal straight lines cut off equal 
emeumnyerences, the greater equal to the greater, 
and the lese to the less. 


Let ABC, DEF be equal circles, and BC, EF equal straight 
lines in them, which cut off the two greater circumferences 
BAC, EDF, and the two less BGC, EHF: the greater BAC is 
equal to the greater EDF, and the less BGC tothe less EHF. 
Take? K, L, the centresof thecircles, and join BK, KC, EL, «3.3, 
LF: And because the circles are equal, the straight lines fram ` 


* 
4 












their centres are equal ; therefore BK, KC are equal to EL, 

LF ; and the base BC is equal to the base EF ; therefore the 

anzle BK C is equal^ tothe angle ELF : But equal angles stand » g, 1. 
upon equal® circumferences, when they are at the centres ; « 26, 5, 
herefore the circumference BGC is equal to the circumfe- 
rence EHF. But the whole circle ABC is equal to the whole 

EDF ; the remaining part therefore of the circumference, viz. 

BAC, is equal to the remaining part bDF.. Therefore, in 
equal circles, &c. Q. E.D. | 


PROP. XXIX. THEOR. 


N ‘equal circles, equal circumferences are sub- 
tended by equal straight lines. 

_ Let ABC, DEF be equal circles, and let the circumferences 
BGC, EHF also be equal; and join BC, EF; The straight 
line BC is equal to the straight line EF. 

G 2 a Take 
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Take K, L, the centres of the circles, and join BK, KC, 


Ty EL,LF: And because the circumference BGC is equal to the 


c4.1. 


P10. 9. 


b. f. 
. O5. 2. 


4 Cor. 3.3. 


B E 







circumference EHF, the angle BKC is equal? to the "angl 
ELF: And because the circles ABC, DEF, are equal, th 
straight lines from their centres are equal: Therefore BK 
KC are equal to EL, LF, and they contain equal angles 
Therefore the base BC, is equal* to the base EF, There 
fore, in equal circles, &c. Q. E. D. 


PROP. XXX. PROB. 


5 
r O bisect a given circumference, that zs, £o di 
wide tt into two equal parts. 


Let ADB be the given circumference ; it is required to 
sect it. 

Join AB, and bisect? it in C; from the point C draw 
at right angles to AB, and join AD, DB: The circumf 
rence ADB is bisected in the point D. 

Because AC is equal to CB, and CD common to the triang 
ACD, BCD, the two sides AC, CD 
are equal to the two BC, CD ; and 
the angle ACD is equal to the angle 
BCD, because each of them is a right 
angle: Therefore the base AD is equal 
^ to the base BD, But equal straight 
lines cut off equal: circumferences, the greater equal to 
gréater, and the less to the less, and AD, DB are each of th 
less than a semicircle; because DC passes through the c 
tre’: Wherefore the circumference AD is equal, to the c 
cumference DB: Therefore the given circumference is 
sected in D. Which was to be done. 


OF EUCLID. 2s 
i Boor ITI. 
PROP. XXXI. THEOR. — 


Ina circle, the angle in a semicircle is a right an- 
gle; but the angle in a segment greater than a se- 
micircle is less than a right angle; and the angle in 
a segment less than a semicircle is greater than a 
right angle. 
| Let ABCD be a circle, of which the diameter is BC, and 
| centre E ; and draw CÀ, dividing the circie into the segments 

ABC, ADC, and join BA, AD, DC ; the angle in the semi- 
circle BAC is a right angle; and the angle in the segment 
ABC; which is greater than a semicircle, is less than a right 
angle ; and the angle in the segment ADC, which is less.than 
a semicircle, is greater than a right angle. 
| Join AE, and produce BA to F : and because BE is equal 

to EA, the angle EAB is equal? to EBA; also, because AE “>! 
is equal to EC; the angle EAC is 
equal to ECA; wherefore the ‘A 


























e 


[whole angle BAC is equal to the 

two angles ABC, ACB: But FAC, A; 
the exterior angle of the triangle 
ABC, is equal? to the two angles 
ABC, ACB: therefore the angle 
BAC is equal to the angle FAC, 
ind each of them is therefore a 
right angle: Wherefore the’ angle 
BBAC in a semicircle is a right an- 

And because the’ two angles ABC, BAC of the triangie 
ABC are together less! than two right angles, and that BAC « 3, 5 
s a right angle, ABC must be less than a right angle; and 
therefore the angle in a segment ABC greater than'a semicir- 
cle, is less than a right angle. 

And because ABCD is a quadrilateral figure ina circle, any 
wo of its opposite angles are equal* to two right angles: «25, s, 
herefore the angles ABC, ADC are equal to two right an« 
gles; and ABC is less than a right angle ; wherefore the other 
BA DC is greater than a right angle. 

Besides, it is manifest, that the circumference of the greater 
eement ABC falls without the right angle CAB ; but the 
ircumference of the less sezment ADC falls within the right 
ngie CAF.’ © And this is all that is meant, when in the 
G3 t Greek 
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Pul. e. 


1». 1. 


€ greater segment is said to be greater, and the angle of the less | 
€ segment is said to be less, than a right angle.’ 

Cor. From this it is manifest, that if one angle of a triangle 
be equal to the other two, it is a right angle, because the angle 
adjacent to it is equal to the same two; and when the adjacent 
angles ace equal, they are right angles. 


PROP. XXXII. THEOR. 


ir a straight line touches a circle, and from the 
point of contact a straight line be drawn cutting 
the circle, the angles made by this liné with the ling 
touching the circle, shall be equal to the .angles 
which are in the alternate segments of the circle. 














Let the straight line EF touch the circle ABCD in B, and 
from the point. B let the straight line BD be drawn, cutting 
the circle: "The angles which BD makes with the touching 
line EF shall be equal to the angles in the alternate segments 
of the circle: that is, the angle FBD is equal to the angle 
which isin the segment DAB, and the angle DBE to the an: 
gle in the segment BCD. ; 

From the point B draw? BA at right angles to EF, and tak 
any point C inthe circumference BD, and join AD, DC, CB 
and because the straight line EF touches the circle ABCD ii 
the point B, and BA is drawn at | 
right angles to the touching line 


M 
from the point of contact B, the CU T 
centre of tbe circle is? in BA; + 
therefore the angle ADBin a sem'- ; Y 
circle is a right? angle and conse- U 


quently theother twoangles BAD, 

A BD are equal? to a right angle : 

But ABE is likewise a right angle : 

therefore the angle ABF is equal to E" 
theangles BAD, ABD : l'akefrom E b 

these equals the common angle 4 
ABD; therefore the remaining angle DBF is equal to the a 
gle BAD, which is in the alternate segment of the circle; à 
because ABCD isa quadrilateral figure in a circle, the opposi 
angles BAD, BCD are equal*.to two right angles: thercforge 
tr 


| 
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the angles DBF, DBE, being likewise equal to two right an- Boex HE” 
gles, are equal to the angles BAD, BCD : and DBF has been —— 
! proved equal to RAD : "Therefore the remaining angle DBE `” 
is equal to the angle BCD in the alternate segment of the çir- 
cle. Wherefore, if a straight line, &c. Q. E. D 






PROP, XXXIII. PROB. 


T "n ! 
| U PON a given straight line to describe a segment 
ofa circle, containing an angle equal to a given SeX. 
rectilineal angle. | 


Let AB be the given straight line, and the angle at C the 
given rectilineal angle; it is required to describe upon the 
given straight line AB a segment ofa circle, containing an 
angle equal to the angle C. 

. First, let the angleat C bea right s 10.1. 
angle, and bisect* AB in F, and H 


from the centre F, at the distance 
FB, describe the semicircle AHB ; 
therefore the angle AHB in a semi- | 


circle is^ equal to the right angie 
at C. ' 

But, if the angle C be not a right angle, at the point A, in 
the straight line AB, make‘ the angle BAD equal to the angle «23. 1. 
C, and from the point A 


draw? AE at right angles to H 

AD; bisect? AB in F, and 

from F draw? FG at right dU 
angles to AB, and join GB: 

And because AF is equal to 

FB, and FG common to the 

triangles AFG, BFG, the 

two sides-AF, FG are equal C 

to the two BF, FG; and the | - 
angle AFG is equal to the D 


angle BFG; therefore the 
base AG is equals to the base GB: and the circle described * * '- 
from the centre G, at the distance GA, shall pass through the 
point B ; let this be the:circle AHB : And because from the 
point A the extremity of the diameter AE AD isdrawn at 

G 4 right | 
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Boor II. right angles to AE, therefore AD‘ touches the circle ; and be- 


f Cor. 16,8, cause AB drawn from the point 


€ 32, 3. 


717.3, 


* 22, I. 


e 22. 3. 


of contact A cuts the circle, the 
angle DAB is equal to the angle 
in the alternate segment Aribe: 
But the angle DAB is equal to 
the angle C, therefore also the 
angle C is equal to the angle in 
the segment AHB : Wherefore, 
upon the given straight line AB 
the segment AHB ofa circle is 
described, which contains an angle equal to the given angle 
at C. Which was to be done. 





PROP. XXXIV. PROB, 


To cut off a segment from a given circle which 
shall contain an angle equal to a given rectilineal 
angle. ` 
Let ABC be the given circle, and D the given rectilineal 
angle ; it is required to cut off a segment from the circle ABC 
that shall contain an angle equal to the given angle D. 
Draw? the straight line EF touching the circle ABC in the 
point B, and at the ppint . 
B, in the straight line BF, A 
make’ the angle FBC 


equal to the angle D: 
Therefore, because the 
straight line EF touches D 


the circle ABC, and BC is 

drawn from the point of 

contact B, the angle FBC É 

is equal: to the angle in 

the alternate segment BAC 

ofthe circle; But the angle FBC is equal tothe angle Dz 
therefore the angle in the segment. BAC is equal to the angle 
D: Wherefore the segment BAC is cut off from the given 
circle ABC, containing an angle equal to the given angle D ; 
Which was to be done, 


L 
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PROP. XXXV. THEOR. 


S 
Ír two straight lines within a circle cut one ano- 


Boox Ill. 
m. m^ 


Se NM, 


ther, the rectangle contained by the segments of | 


one of them, is equal to the rectangle contained by 
the segments of the other. 


Let the two straight lines AC, BD, within the circle 
ABCD, cut one another in the point E: the rectangle con- 
tained by AE, EC is equal to the rectangle 
contained by BE, ED. EY 

If AC, BD pass each of them through / 
the centre, so that E is the centre; it is | 
evident, that AE, EC, BE, ED, being all | 
equal, the rectangle AE, EC is likewise B 
equal to the rectangle BE, ED. 

But Jet one of them BD pass through the centre, and cut the 
other AC which does not pass through the centre, at right an- 
gles, in the point E: Then, if BD be bisected in F, F is the 
centre of the circle ABCD; join AF : And because BD, which 
passes through the centre, cuts thestraight line AC, whichdoes 
not pass through the centre, at right 
angles in E, AE, EC are equal? to 
one another: And because the straight 
line BD is cut into two equal parts 
in the point F, and into two unequal 
in the point E, the rectangle BE, 

ED, together with the square of EF, | 
A 





Is equal? to the square of FB; that 
is, to the square of FA; but the squares 
of AE, EF are equal © to the square 
of FA; therefore the rectangle BE, 
' ED, together with the square of EF, 
is equal to the squares of AE, EF : Take away the common 
square of EF, andthe remaining rectangle BE, ED is equal to 
the remaining square of AE; that is, to the rectangle AE, EC, 
Next, let BD, which passes through the centre, cut the 
other AC, which does not pass through the centre, in E, but not 
at right angles : Then, as before, if BD be bisected in F, f is 
the centre of thecircle. Join AF, and from F draw? FG per- 
/ pendicular 
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Boox ilL, pendicularto AC ; therefore AG is equal? to GC ; wherefore 


"23 
"5.2. 


t 4, 1. 


the rectangle AE, EC, together with the square of EG is 

equal? to the square of AG: To each of these equals add the 

square of GF ; therefore the rectangle AE, EC, together with 

the squares of EG, GF is equal to ` 

the squares of AG, GF: But the D 

squares of EG, GF are equal‘ to the 

square of EF ; and the squares of 

AG, GF are equal to the square of 

AF: 'Therefore the rectangle AE, A 

EC, together with the square of EF, : 

is equal to the square of AF; that B 

is, to the square of FB: But the 

square of FB is equal? to the rectangle BE, ED, together with 

the square of EF ; therefore the rectangle AE, EC, together 

with the square of EF, is equal to the rectangle BE, ED, toge- 

ther with the square of EF : 'T'ake away the common square | 

of EF, and the remaining rectangle AE, EC, is therefore 

equal to the remaining rectangle BE, ED. « 
Lastly, Let neither of the Straight lines AGE BD pass 

through the centre: Take the centre 

F, and through E, the interse&ion of H 

the straight lines AC, DB, draw 

the diameter GEFH: And because 

the rectangle AE, EC is equal, as 

has been shewn, to the rectangle GE, 

EH; and, for the same reason, the Aj 

rectangle BE, ED is equal to the G 

same rectangle GE, EH; therefore | 

the rectangle AE, EC is equal to the 

rectangle BE, ED. Wherefore, if two straight lines, &c. 

CLE, 43. ; 


PROP. XXXVI. THEOR. 


Ir from any point without a circle two straight 
lines be drawn, one of which cuts the circle, and 
the other touches it; the rectangle contained by 
the whole line which cuts the circle, and the part 
of it without the circle, shall be equal to the 
square of the line which touches it. 

Let D be any point without the circle ABC, and DCA, D 


two straight lines drawn from it, of which DCA cuts the cirala 
z an 
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and DB touches the same: The rectangle AD, DC is equa] Beox UL 
to the square of DB. — 

Either DCA passes through the centre, or it does not ; first, 
let it pass through the centre E, and join EB; therefore the 
angle EBD is a right* angle: And be- D » 18.3, 
cause the straight line AC is bisected 
in E, and produced to tke point D, the 
re&angle AD, DC, together with the 
square of EC, is equal? to the square of ^€.2, 
ED, and CE is equal to EB: There- 
fore the rectangle AD, DC, togetber 
with the square of EB, is equal: to the < 
square of ED: But the square of ED is 
equal: to the squares of EB, BD, be- 
cause EBD isa right angle: Therefore 
the rectangle AD, DC, together with 
the square of EB, is equal to the squares 
of EB, BD: Take away the common 
square of EB; therefore the remaining rectangle AD, DC, is 
equal to the square of the tangent DB. 

But if DCA does not pass through the centre of the circle 
ABC, take? «he centre E, and draw EF perpendicular* to * !- 3. 
AC, and join EB, EC, ED: And because the straight line EF, ' !?- '- 
which passes through the centre, cuts the straight line AC, 
which does not pass through the centre, 
at right angles, it shall likewise bise&t D (2.3, 
it; therefore AF is equal to FC: And 
because the straight line AC is bisected 
in F, and produced to D, the rectanele 
AD, DC, together with the square of 
FC, is equal? to the square of FD: 

To each of these equals add the square 

of FE ; therefore the rectangle AD, DC, 

together with the squares of CF, FE, 

is equal to the squares of DF, FE: But 

the square of ED is equal: to the squares 

of DF, FE, because EFD is a right an- 

gle: and the square of EC is equal to 

the squares of CF, FE ; therefore the re&tangle AD, DC, to- 

gether with the square of EC, is equal to the square of ED: 

And CE is equalto EB ; therefore the rectangle AD, DC, to- 

gether with the square of EB, is equal to the square of ED: 
But 
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©47, 1. 


See N. 


ad d S 
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because EBD is a right angle ; therefore the rectangles AD, 
DC, together with the square of EB, is equal to the squares 
of EB, BD; Take away the common square of EB ; there- 
fore the remaining rectangle AD, DC is equal to the square 
of DB. Wherefore, if from any point, &c. Q. E. D. 

Cor. If from any point without a A 

circle, there be drawn two straight lines 
cutting it, as AB, AC, the rectangles 
contained by the whole lines and the 
parts of them without the circle, are F 
equal to one another, viz. the rectan- 
gle BA, AE, to the rectangle CA, AF: 

‘or each of them is equal to the square 
ef the straight line AD which touches 
the circle. . 


B 
PROP. XXXVII. THEOR. 


Ir from a point without a-circle there be drawn 
two straight lines, one of which cuts the circle, and 
the other meets it; ifthe rectangle contaimed by the 
whole line which cuts the circle, and the part of it 
without the circle be equal to the square of the line 
which meets it, the line which meets shall touch the 
circle. 


Let any point D be taken without the circle ABC, and 
from it Jet two straight lines DCA and DB be drawn, of which 
DCA cuts the circle, and DB meets it; if the rectangle AD, 
DC be equal to the square of DB ; DB touches the circle. 

Draw? the sttaight line DE, touching the circle ABC, find 
its centre F, and join FE, FB, FD; then FED is a right? an- 
gle; And beeause DE touches the circle ABC, and DCA cuts 
it, the rectangle AJD, DC is equals to the square of DE: But 
the rectangle AD, DC is, by hypothesis, equal to the square of 
DB : Therefore the square of DE is equal to the square of DB ; 
and the straight line DE equal to the straight line DB: Er 
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FE is equal to FB, wherefore DE, EF are equal to DB, BF, Bees UL 


and the base FD is common to the 
two triangles DEF, DBF ; therefore 
the angle DEF is equal? to the angle 


DBF; but DEF is a right angle, : 


therefore also DBF is a right angle: 
And FB, if produced, is a diameter, 
and the straight line which is drawn 
at right angles to a diameter, from 
the extremity of it, touches* the cir- 
cle: T'herefore DB touches the circle 
ABC. Wherefore, if from a point, 
&c, Q. E..D. 
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ROOK. IV. 
DEFINITIONS: 
J. 
—— A RECTILINEAL figure is said to be inscribed in another 
Sec Ni rectilineal figure, when all the angles of the inscribed fi 


, gure are upon the sides of the figure in 
which it is inscribed, each upon each: Fs Nef 
II. | 
In like manner, a figure is said to be described > a 


about another figure, when all the sides of 
angular points ofthe figure about which it is described, 


the circumscribed figure pass through the 

each through each. 
III. 

A_reétilineal figure is said to be inscribed 
in a circle, when all the angles of the 
inscribed figure are upon the circumfe- 
. rence of the circle. | 

IV. 


ÁÀ re&ilineal figure is said to be described about a circle, 
when eachside of the circumscribed figure i 
touches the circumference of the circle. 





In like manner, a circle is said to be in- 
scribed in a rectilineal figure, when the 
circumference of the circle touches each 
side of the figure. 
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VI. Boox IV. 
A circle is said to be described about a rec- v 

tilineal figure, when the circumference 

of the circle passes through all the angu- 

lar points of the figure about which it is 

described. i 

VII. 

A straight line is said to be placed in a cir- 

cle, when the extremities of it are in the circumference of 

the circle. 


PROP. I. PROB. | ; 


Ina given circle to place a straight line, equal to 
a given straight line not greater than the diameter 
of the circle. 


Let ABC be the givencircle, and D the given straight line, 
not greater than the diameter of the circle. 

Draw BC the diameter of the circle ABC ; then, if BC is 
equal to D, the thing required is done ; for in the circle ABC 
a straight line BC is placed 
equal to D: But, if it is not, 

BC is greater than D; make 

CE equal* to D, and from the à 3. k. 
- centre C, at the distance CE, 

describe the circle AEF, and 

join CA: Therefore, because 

—C€ is the centre of the circle 

AEF, CA is equal to CE; 

| but D is equal to CE ; thezefore D is equal to CA: Where- 
fore in the circle ABC, a straight line is placed equal to the 
given straight line D, which is not greater than the diameter 
et the wrcle. Which was to be done. 





PROP. Il. PROB. 


Ina given circle to inscribe a triangle equiangu- 
lar to a given triangle. 
Let 
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* Y 3 
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€ 32. 3. 


à 32, I. 


PT. os 


© 18, 3. 


gle; it is required to inscribe in the circle ABC a triangle 
equianzular to the triangle DEF. 
Draw? the straight line GAH touching the circle in the 


point A, and at the point A, in the straight line AH, make? 


the angle HAC equai to the angle DEF ; and at the point A 
in the straight line AG, G 
make the angle GAB 

equal to the angle DFE, D 


and join BC: There- / 
iore, because HAG 
touches the, circle ABC, ~ 


and' AC is drain fam *. = 
the point of contact, the B 
angle HAC is equal 
to the angle ABC in the 
alternate segment of the circle: But HAC is equal to the an- 
gle DEF: therefore also the angle ABC is equal to DEF : 
For the same reason, the angle ACB is equal to the angle 
DFE ; therefore the remaining angle BAC is equal? to the 
remaining angle EDF: Wherefore the triangle ABC is 
equiangular to the triangle DEF, and it is inscribed in the 
cucle ABC. Which was to be done. 





PROP. III. PROB. 


4 
Å BOUT a given circle to describe a triangle 
equiangular to a given triangle. 


Let ABC bethegiven circle, and DEF the given triangle; 
it is required to describe a triangle about the circle ABC 
equiangular to the triangle DEF. 

Produce EF both ways to the points, G, H, and find the 
centre K of the circle ABC, and from it draw any straight line 
KB; at the point K, inthe straight line KB, make? the angle 
BKA equal to the angle DEG, and the angle BKC equal to the 
angle DFH ; and through the points A, B, C, draw the 
straight lines LAM, MBN, NCL, touching? the circle ABC: 
Therefore, because LM, MN, NL touch tbe circle ABC in the 
points A, B, C, to which from the centre are drawn KA, KB, 
I&C, the angles at the points A, B, G,are right‘ angles: And 
because the four angles of the quadrilateral igure AMBK a 

equa 
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equal to four right angles, for it can be divided into two trian- Boox 1V- 
gies ; and that two of them KAM, KBM are right angles, the ne 
other two AKB, 

AMB are equal to 

| two right angles: 

| But the angles 

| DEG, DEF are 

| likewise equal? to C GLL 
two right angles; 

 thereiore the an- 

gles AKB, AMB 

-are equal to the 

angles DEG, 

DEF, of which 

KB is equal to DEG ; wherefore the remaining angle AMB 

‘is equal to the remaining angle DEF : In like manner, the an- 

gle LNM may be demonstrated to be equal to DFE; and 
herefore the remaining angle MLN is equal? to the remain- e s2, 1, 
ing angle EDF: Wherefore the triangle LMN is equiangu- 

lar to the triangle DEF : And it is described about the circle 
ABC. Which was to be done. 


PROP. IV. PROB. 


O inscribe a circle in a given triangle. See N. 


Let the given triangle be ABC ; it is required to inscribe a 
circle in ABC. 
— Bisect the angles ABC, BCA by the straight lines BD,CD,,, 
‘Meeting one another in the point D, from which draw? DE, , ,, ,. 
DF, DG perpendiculars to AB, 
U, CA : And because the angle A. 
EBD is equal to the angle FBD, 
of the angie ABC is bisected by 
and that the right angle 
is equal to the right anzle 
FD, the two triangles EBD, 
'BD have two angles of the onc 
jual to two angles of the other, 
nd the side BD, which is oppo- 
site. to one of the cqual angles in 
e 


" 
, 


|, is common to both; there- 
© their ether sides shall be 
H equal; 


i 
+ B 
! 
: 
l 
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See N 


240. i, 
aL ds 


DG is equal to DF ; therefore the three straight linesDE, DF, 
DG are equal to one another, and the circle described from the 
centre D, at the distance of any of them, shall pass through 
the extremities of the other two, and touch the straight lines 
AB, BC, CA, because the angles at the points E, F, G, are 
right angles, and the straight line which is drawn from the 
extremity of a diameter at right angles to. it, touches? the cir- 
cle: Therefore the straight lines AB, BC, CA do each of 
them touch the circle, and the circle EFG is inscribed in the 
triangle ABC. Which was to be done. | 











PROP. V. PROB. 


i O describe a circle about a given triangle. 


Let the given triangle be ABC ; it is required to describe 
a circle about ABC. 
Bise&* AB, AC in the points D, E, and from these points 
draw DF, EF at right angles" to AB, AC; DF, EF produce 





meet oneanother: For, if they do not meet, they are paral 
wherefore AB, AC, which are at right angles to them, are] 
rallel ; which is absurd :. Let them meet in F, and join F: 
also if the point F be not in BC, join BF, CF : T hen, becat 
AD is equal to DB, and DF common, and at right angles 
AB, the base AF is equal‘ to the base FB. In like manner, 
may be shown that CF is equal to FA ; and therefore BF? 
equal to FC; and FA, FB, FC are equal to one anoth 
wherefor 
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_ wherefore the circle described from the centre F, at the dis- Boox IV. 
tance of one of them, shall pass through the extremities of the 
other two, and be described about the triangle ABC. Which 
was to be done. 

Cor. And it is manifest, that when the centre of the circle 
falls within the triangle, each of its angles is less than a right 
angle, each of them being in a segment greater than a semicir- 
cle; but, when the centre is in one of the sides of the trian- 
gle, the angle opposite to this side, being in a semicircle, is a 
right angle; and, if the centre falls without the triangle, the 
angle opposite to the side beyond which it is, being in a seg- 
ment less than a semicircle, is greater than a right angle: 
- Wherefore, if the given triangle be acute angled, the centre 

of the circle falls within it; ifit be a right angled triangle, 

the centre is in the side opposite to the right angle ; and, if it 
_ be an obtuse angled triangle, the centre falls without the tri- 
- angle, beyond the side opposite to the obtuse angle. 



























PROP. VI. PROB. 
To inscribe a square in a given circle. 


Let ABCD be the given circle ; it is required to inscribe a 
square in ABCD. 

_ Draw the diameters AC, BD, at right angles toone another; 

and join AB, BC, CD, DA ; because BE is equal to ED, for 

E is the centre, and that EA-is com- 

‘mon, and at right angles to BD; the 

base BA is equal? to the base AD; 4. 1. 
d, for the safne reason, BC, CD 

re each of them equal to BA, or 

D; therefore the quadrilateral fi- 

gure ABCD is equilateral. It is al- 

so rectangular; for the straight line 

BD, being the diameter of the circle 

ABCD, BAD is a semicircle; where- ` 

fore the angle BAD isa right? an- b P 
gle; for the same reason each of the angles ABC, BCD, CDA, ; 
is a right angle; therefore the quadrilateral figure ABCD is 

T ctangular, and it has been shown to be equilateral; there- 
fr it 18 a square; and it is inscribed in the circle ABCD 

hich was to be done. 
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PROP. VII. PROB. 


I O describe a square about a given circle. 









Let ABCD be the given circle; it is required to describe a 
Square about it. 

Draw two diameters AC, BD of the circle ABCD, at right 
angles to one another, and through the points A, B, C, D, 
draw? FG, GH, HK, KF touching the circle; and because 
FG touches thecircle ABCD, and EA is drawn from the centre 
E to the point of contact A, theanglesat A are right^ angles; 
for the same reason, the angles at the points B, C, D are right 
angles ; and because the angle AER is 
a right angle, as likewise is EBG, GH 
is parallel? to AC ; for the same rea- 
son, AC is parallel to FK, and in like 
manner GF, HK may each of them be 
demonstrated to be parallel to BED ; 
therefore the figures GK, GC, AK, 

F B, BK are parallelograms ; and GF 

is therefore equal? to HK, and GH 

to FK ; and because AC is equal to 

BD, and that AC is equal to each of the two GH, FK ; and BD 
to each of thetwo GF, HK : GH, FK are each of them equal 
to GF or HK ; therefore the quadrilateral igure FGHK is 
equilateral. It is also rectangular ; for GBEA being a parallel- 
ogram, and AEB a right angle, AGB? is likewise a right an- 
gle: In the same manner it may be shown that the angles at 
H, K, F are right angles; therefore the quadrilateral figur 
FGHK is rectangular, and it was demonstrated to be equila- 
teral ; therefore it is a square; and it is described about the 
circle ABCD, Which was to be done. 


PROP. VIII. PROB. 


rgs 
Í O inscribe a circle in a given square. 


Let ABCD be the given square ; it is required to inscribe 
a circle in ABCD. 

Bise@* each of the sides AB, AD, in the points F, E, an 
through E draw ^ EH parallel to AB or DC, and through F 


draw 
» 
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draw FK parallel to ADor BC; therefore eachofthefigures AK, Boox IV. 
KB, AH, HD, AG, GC, BG, GD, is a parallelogram, and 

their opposite sides are equal‘; and because AD is equal to AB, ‘> - 
and that AE is the half of AD, and AF the half of AB, AE 

is equal to AF; wherefore the sides 

opposite to these are equal, viz. FG to 

GE ; in the same manner it may be de- 

monstrated that GH, GK are each of 

them equal to FG or GE: therefore 

the four straight lines GE, GF, GH, F 

GK are equal to one another ; and the 

circle described from the centre G at 

the distance of one of them, shal! pass 

through the extremities of the other 

three, and touch the straight lines AB, 

BC, CD, DA; because the angles at the points E, F, H, K, are 
right * angles, and that the siraight line which is drawn írom «99. 1. 
the extremity of a diameter, at right angles to it, touches the 
circle; therefore each of the straight lines, AB, BC, CD, ® 16-3- 
DA touches the circle, which therefore is inscribed in the 
square ABCD. Which was to be done. 


PROP. IX. PROB. 


To describe a circle about a given square. 


Let ABCD be the given square; it is required to describe 
a circle about it. 
Join AC, BD, cutting one another in E ; and because DA is 
equal to AB, and AC common to the triangles DAC, BAC, 
the two sides DA, AC are equal to the à; 
two BA, AC, and the base DC is equal 
to the base BC; wherefore the angle 
DAC is equal? to the angle BAC, and LL 
the angle DAB is bisected by the straight 
line AC : In the same manner, it may be 
demonstrated that theangles ABC, BCD, 
CDA are severally biseGted bythe straight C 
lines BD, AC ; therefore, because the 
angle DAB is equal to the angle ABC, and that the angle 
EAB is the half of DAB, and EBA the half of ABC: the 
angle EAB is equal to the angle EBA; wherefore the side 
EA is equal? to the side EB : In the same manner, it may be * 6 1 
H 3 demonstrate; 
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them equal to EA or EB; therefore the four straight lines 
EA, EB, EC, ED, are equal to one another ; and the circle 
described from the centre E, at the distance of one of them, 
shall pass through the extremities of the other three, and be 
described about thesquare ABCD. Which was to be done. 


PROP. X. PROB. 


To describe an isosceles triangle, having each of 
the angles at the base double of the third angle. 


Take any straight line AB, and divide? it in the point C, so 
that the rectangle AB, BC be equal to the square ot CA ; and 
from the centre A, at the distance AB, describe the circle BDE, 
in which place” the straight line BD equal to AC, which is not 
gréater than the diameter of the circle BDE ; join DA, DC, 
and about the triangle ADC describe‘ the circle ACD; the 
triangle ABD is such as is required, that is, each of the angles 
ABD, ADB is double of the angle BAD. b d 

Because the rectangle AB, BC is equal to the square of AC, 
and that AC is equal to BD, the rectangle AB, BC is equal to 
the square of BD ; and because 
from the point B, without the 
circle ACD, two straight lines 
BCA, BD aredrawn to the cir- 
cumference, one of which cuts, 
and the other meets the circle, 
and that the rectangle AB, BC, 
contained by the whole of the 
cutting line, and the part of it 
without the circle, is equal tothe 
square of BD which meets it ; 
the straight line BD touches? 
the circle ACD ; and because 
BD touches the circle, and DC 
1s drawn from the point of con- 
tact D, the angle BDC is equal* to the angle DAC in the 
alternate segment of the circle ; to each of these add the angle 
CDA ; therefore the whole angle BDA is equal to the twa 
angles CDA, DAC; but the exterior angle BCD is equal te 
the augle CDA, DAC; therefore also BDA is equal to BCD; 

but 
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but BDA is equalé to the angle CBD,because the side AD Book IV. 
is equal to the side AB ; therefore CBD, or DBA; is equa! to SUE 
BCD ; and consequently the three angles BDA, DBA, BCD, " 
are equal to one another ; and because the angle DBC is equa! 

to the angle BCD, the side BD is equal to the side DC; but " 5 !- 
BD was made equal to CA, therefore also CA is equal to 

CD, and the angle CDA-equal® to the angle DAC ; there- 

fore the angles CDA, DAC together, are double of the angle 

DAC: But BCD is equal to the angles CDA, DAC; there- 

fore also BCD is double of DAC, and BCD is equal to each 

of the angles BDA, DBA ; each therefore of the angles BDA, 

DBA is double of the angle DAB wherefore an isosceles tri- 

angle ABD is described, having each of the angles at the base 

double of the third angle. Which was to be done. 


PROP XI. PROB. 


1 O inscribe an equilateral and equiangular pen- 
tagon in a given circle. 
Let ABCDE be the given circle; it is required to inscribe 
an equilateral and equiangular pentagon in the circle ABCDE. 
Describe* an isosceles triangle FGH, having each of the an- * 10. 4. 
gles at G, H, double ot the angle at F; and in the circle 
ABCDE inscribe? the triangle ACD equiangular to the trian- ° 2 4- 
gle FGH, so that the angle 
JAD be equal to the angle 1 
at F, and each of the angles ^ 
ACD, CDA equal to the E A SN 
angle at G or H, wherefore Be / | iE 
each of the angles ACD, i A 
CDA is double of the angle eT 
CAD. Bisect* the angles 
ACD, CDA by the straight 
lines CE, DB ; and join AB, 
BC, DE, EA. ABCDE 
is the pentagon required. 
Because each of the angles ACD, CDA is double of CAD, 
and are bisected by the straight lines CE, DB, the’ five angles 
DAC, ACE, ECD, CDB, BDA are equal to one another ; 
but equal angles stand upon equal‘ circumferences ;' therefore « 9¢, s, 
the five circumferences AB, BC, CD, DE, EA are equal to one 
4 te H 4 
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straight lines; therefore the five straight lines AB, BC, CD, 
DE, EA are equal to one another. Wherefore the pentagon 
ABCDE is equilateral. It is also equiangular; because the 
circumference AB is equal to the circumference DE: If to- 
each be added BCD, the whole ABCD is equal to the whole 

EDCB: And the angle AED stands on the circumference 

ABCD, and the angle BAE on the circumference EDCB ; 

therefore the angle BAE is equalf to the angle AED: For the 

same reason, each of the angles ALC, BCD, CDE is equal to 

the angle BAE, or AED: Therefore the pentagon ABCDE 
is equiangular ; and it has been shown that it is equilateral. 
Wheretore, in the given circle, an equilateral and equiangular 
pentagon has been inscribed. Which was to be done. 


PROP. XII. PROB. 


To describe an equilateral and equiangular pen- 
tagon about a given circle. 


Let ABCDE be the given circle ; it is required to describe 
an equilateral and equiangular pentagon about the circle 
ABCDE. 

Let the angles of a pentagon, inscribed in the circle, by the 
last proposition, be in the points A, B, C, D, E, so that the cir 
cumferences AB, BC, CD, DE, EA are equal*; and through 
the points A, B, C, D, E, draw GH, HK, KL, LM, MG, 
touching? the circle; take the centre F, and join FB, FK, FC, 
FL, FD: And because the straight line KL touches the circle 
ABCDE in the point C, to which FC is drawn frem the cen 
tre F, FC is perpendicular* to KL ; therefore each of the an 
gles at C is a right angle: For the same reason, the angles at 
the points B, D are right angles: And because FCK isa right 
angle, the square of FK is equal? to the squares of FC, CK : 
For the same reason, the square of FK is equal to the squares 
of FB, BK : Therefore the squares of FC, CK are equal to the 
squares of FB, BK, of which the square of FC is equal to the 
square of FB ; the remaining square of CK is therefore equal to 

the 


OF EUCLID. 105 


| the remaining square of BK, and the straight line CK equalto BeoxIV, 
_ BK: And because FB is equal to FC, and FK common to the 
triangles BFK,CFK,thetwo BF, FK are equal tothetwo CF, 
FK ; and the base BK is equal to the base KC ; therefore the 
angle BFK is equal* to the angle KFC, and the angle BKF to es. i. 
FKC ; wherefore the angle BFC is double of the angle KFC, 
and BKC doubleof FKC: For the same reason, the angle CF D 
is double of the angle CF L, and CLD double of CLF : And be- 
cause the circumference BC is equal to the circumference CD, 
the angle BFC is equal' to the fon 5. 
angle CFD; and BFC is dou- G 
ble of the angle KFC, and 
- CFD double of CFL; there- 
fore the angle Kr C, is equal to 
the angle CFL: and ie right H M 
angle FCK is equal to the right 
angle FCL: Therefore, inthe 
twotrianglesF KC, FLC, there 
are two angles of one equal to 
two angles of the other, each 
toeach, and the side FC, which 
| is adjacent to the equal angles in each, is common to both; 
theretore the other sides shall be equalé to the other sides, and * 2. 1. 
the third angle to the third angle: Therefore the straight line 
KC is equal to CL, and the angle FKC to the angle FLC: 
And because KC is equal to CL, KL is doubie of KC : In the 
same manner it may be shown that HK is double of BK: And 
because BK is equal to KC, as was demonstrated, and that KL. 
E. of KC, and HK double of BK, HK shall be equal to 
i L: In like manner, it may be shown that GH, GM, ML 
are each of them equal to HK or KL: Therefore the pentagon 
GHKLM is equilateral. It is also equiangular ; for, since the 
ne: FKC is equal to the angle FLC, and that the angle 

IK Lis double of the angle FKC, and KLM double of F LC, as 
j was before demonstrated, the angle HKL is equal to KLM: 
And in like manner it may be shown, that each of the angles 
KHG, HGM, GML is equal to the angie HKL or KLM: 
Therefore the five angles GHK, HKL, KLM, LMG MGH 
being equal to one another, the pentagon GHKLM is equian- 
gular: And it is equilateral, as was demonstrated ; and it is de- 


scribed about the circle ABCDE, Which was to be done, 
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PROP. XIII. PROB. 


To inscribe a circle in a given equilateral and 
equiangular pentagon. 

Let ABCDE be the given equilateral and equiangular penta- 
gon; it is required to inscribe a circle in the pentagon 
ABCDE. 

Bisect? the angles BCD, CDE by the straight lines CF DF, 
and from the point F, in which they meet, draw the straight 
lines FB, FA, FE: Therefore since BC is equal to CD, and 
CF common to the triangles BCF, DCF the two sides BC, CF 
are equal to the two DC,CF ; and the angle BCE is equal to 
the angle DCF ; therefore the base BF is equal? to the base FD, 
and the other angles tothe other angles, to which the equal sides 
are opposite ; therefore the angle CBF is equal to the angle 
CDF: And because the angle CDE is double of CDF, and 
that CDE is equal to CBA, and 
CDF to CBF; CBA is also 
double of the angle CBF; there- A 
fore the angle ABF is equal to G — Ar 
the angle CBF; wherefore the ; 
angle ABC is bisected by the 
straight line BF: Inthe same B 
manner it may be demonstrated, 
that the angles BAE, AED, 
are bisected by the straight lines 
AF, FE: From the point F 
draw* FG, FH, FK, FL, FM 
perpendiculars to the straight 
lins AB, BC, CD, DE, EA: 
And because the angle HCF is equal to KCF, and the right 
angle FHC equal to the right angle FKC ; in the triangles 
FHC, FKC there are two angles of one equal to two angles 
of the other, and the side FC, which is opposite to one of 
the equal angles in each, is common to both; therefore the 
other sides shall be equal?, each to each; wherefore the per: 
pendicular FH is equal to the perpendicular FK : In the 
same manner it may be demonstrated ; that FL, FM, FG are 
cach of them equal to FH or FK : Therefore the five straight 
lnes FG, FH, FK, FL, FM are equal to one another: 
Wherefore the circle described from the centre F, at the dis- 
tance of one of these five, shall pass through the extremities o 

2. the 
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the other four, and touch the straight lines AB, BC, CD, DE, Boox iv. 

EA, because the angles at the points G, H, K, L, M are — 
| right angles ; and that a straight line drawn from the extre- 

mity of the diameter of a circle at right angles to it, touches ¢ 16. 3. 

the circle: "l'herefor&each of the straight lines AB, BC, CD, 

DE, EA touches the Gircle: wherefore it is inscribed in the 

pentagon ABCDE. Which was to be done. 


PROP. XIV. PROB. 


To describe a circle about a given equilateral and 
equiangular pentagon. 


Let ABCDE be the given equilateral and equiangular pen- 
tagon: it is required to describe a circle about it. 

Bisect? the angles BCD, CDE by the straight lines CF, FD, +9. 1. 
and from the point F, in which they meet, draw the straight 
dines FB, FA, FE to the points B, 

A, E. It may be demonstrated, in 

the same manner as in the preceding 

proposition, that the angles CBA, 

BAE, AED are bisected by the 

straight lines FB, FA, FE: And 

"because the angle BCD is equal to. 

the angle CDE, and that FCD is 

the half of the angle BCD, andCDF, 

the half of CBE ; the angle FCD is 
equal to FDC; wherefore the side 

CP is equal” to the side FD: In like manner it may be de-* 6,1. 
monstrated that FB, FA, FE, are each of them equal to FC 
OrFD: Therefore the five straight lines FA, FB, FC, FD, 
E&E are equal to one another; and the circle described from 
the centre F, at the distance of one of them, shall pass through 
the extremities of the other four, and be described about the 
equilateral and equiangular pentagon ABCDE. Which was 
to be done. 
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PROP. XV. PROB. 


FOER equilateral and equiangular hexa- 
gon in a given circle. 


Let ABCDEF be the given circle; it is required to inscribe 
an equilateral and equiangular hexagon in it. 

Find the centre G of the circle ABCDEF, and draw the di- 
ameter AGD ; and from D as a centre, at the distance DG, 
describe the circle FGCH, join EG, CG, and produce them 
to the points B, F ; and join AB, BC, CD, DE, EF, FA: 
The hexagon ABCDEF is equilateral and equiangular. 

Because G is the centreof the circle ABCDEF, GE is equal 
to GD: And because D is the centre of the circle EGCH, DE 
is equal to DG; wherefore GE is equal to ED, and the tri- 
angle EGD is equilateral; and therefore its three angles EGD, 
GDE, DEG, are equal to one another, because the angles at 
the base of an isosceles triangle are equal*; and the three angle 
ofa triangle are equal? to two right angles; therefore thé 
angle EGD is the third part of two right angles: In the same 
manner it may be demonstrated, that 
the angle DGC is also the third part 
of two right angles: And because the 
straight line GC makes with EB the 
adjacent angles EGC, CGB equal 
to two right angles; the remaining 
angle CGB is the third part of two 
right angles ; therefore the angles 
EGD, DGC, CGB are equal to one 
another : And to these are equal? the 
vertical opposite angles BGA, AGF, 
FGE: Therefore the six angles EGD, 
DGC, CGB, BGA, AGF, FGE, 
are equal to one another: But equal 
angles stand upon equal* circumfe- 
rences; therefore the six circumfe- 
rences AB, BC, CD, DE, EF, FA are equal to one another: 
And equal circumferences are subtended by equalf straight 
lines; therefore the six straight lines are equal to one another; 
and the hexagon ABCDEF is equilateral. It is also equiangu- 
lar : for, since the circumference AF is equal to ED, to each of 
these add the circumference ABCD; therefore the whole cir- 
cumterence K ABCD shall be equal to the whole EDCBA: 

And 
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And the angle FED stands upon the circumference FABCD, Boox Iv. 
and the angle AFE upon EDCBA ; therefore the angle AFE 
! is equal to FED: In the same manner it may be demonstrated 
that the other angles of the hexagon ABCDEF are each of 
them equal to the angle AFE or FED: ‘Vhereiore the hexa- 
gon is equiangular; and it is equilateral, as was shown; and it 
is inscribed in the given circle ABCDEF. Which was tobe 
done. 

Cor. From this it is manifest, that the side of the hexagon 
is equal to the straight line from the centre, that is, to the 
semidiameter of the circle. 

_ And ifthrough the points A, B, C, D, E, F there be drawn 

straight lines touching the circle, an equilateral and equiangu- 
Jar hexagon shall be described about it, which may be demon- 
strated from what has been said of the pentagon ; and likewise 
acircle may be inscribed in a given equilateral and equiangu- 
lar hexagon, and circumscribed about it, by a method like to 
that used for the pentagon. 


PROP. XVI. PROB. 


I O inscribe an equilateral and equiangular quin- seen. 
decagon in a given circle. 


Let ABCD bethe given circle; it is required to inscribe an 
equilateral and equiangular quindecagon in the circle ABCD. 

Let AC be the side of an equilateral triangle insciibed? in 45 4, 
the circle, and AB the side of an equilateral and equiangular 
pentagon inscribed” in the same; therefore, of such equal parts » 4) 4. 
as the whole circumference ABCDF contains fifteen, the cir- 
cumference ABC, being the third 
part of the whole, contains five; and 
the circumference AB, which is the 
fifth part of the whole, contains 
three; therefore BC their difference 
contains two of the same parts: Bi- 
sets BC in E ; therefore BE, EC c 30. 3. 
are, each of them, the fifteenth parc C 
ef the whole circumference ABCD: 

Therefore, if the straight lines BE, 

EC be drawn, and straight lines equal to them: be placed 
ound" in the whole circle, an equilateral and equiangular quin- «1 4 
Gecagon shall be inscribed in it. Which was to be done. E 


And, 
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And, in the same manner as was done in the pentagon, if, 
through the points of division made by inscribing the quinde 
cagon, straight lines be drawn touching the circle, an equila- 
teral and equiangular quindecagon shall be described about it: 
And likewise, as in the pentagon, a circle may be inscribed i 
a given equilateral and equiangular quindecagon, and circum 
scribed about it.’ 


THE 


ELEMENTS 


OF 


EUCLID. 





BOOK V. 


DEFINITIONS. 
I. 


A LESS magnitude is said to be a part of a greater mag- Boox v. 
nitude, when the less measures the greater; that is, «—— 
* when the less is contained a certain number of times ex- e 
* actly in the greater.’ " 


A greater magnitude is said to be a multiple ofa less, when the 
- greater is measured by the less; that is, * when the greater 
“contains the less a certain number of times exactly.’ 

e 

* Ratio i is a mutual relation of two magnitudes of the same See N. 
_ kind to one another, in respect of quantity.’ 

IV. 

Magnitudes are said to have a ratio to one another, when the 

less can be multiplied so as to exceed the other. 


The first of four magnitudes is EL to have the same ratio to 
the second, which “the third has to the fourth, when any 
equimultiples whatsoever ef the first and third being taken, 
and any equimultiples whatsoever of the second and fourth ; 
if the multiple of the first be less than that of the second, 
the multiple of the third is also less than that of the fourth ; 
or, if the multiple of the first be equal to that of the secend, 
the multiple of the third i is a;so equal to that of the fourth ; 
Or, 
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Boox V. or, if the multiple of the first be greater than that of the sez 
cond, the multiple of the third is also greater than that of 
the fourth. 

| VI. ' 
Magnitudes which have the same ratio are called proportion- 
als. N. B. * When four magnitudes are proportionals, it is 
* usually exprest by saying, the first is to the second, as the 
“third to the fourth.’ 4 


When of the equimultiples of four magnitudes (taken as in 
the fifth definition), the multiple of the first ls greater than 
that of the second, but the multiple of the third is not 
greater tban the multiple of the fourth; then the first is 
said to have to the second a greater ratio than the third 
magnitude has to the fourth ; and, on the contrary, the 
third is said to have to the fourth a less ratio than the first 
has to the second. 

VIII. e 

Analogy, or proportion, is the similitude of ratios. 

- IX 


Proportion consists in three terms at least. 
sec | When three magnitudes are proportionals, the first is said te 
have to the third the duplicate ratio of that which it has to 
the second. , 

XI. 


When four magnitudes are continual proportionals, the first is 
said to have to the fourth the triplicate ratio of that which it 
has to the second, and so on, qnadruplicate, &c. increasing 
the denomination still by unity, in any number of propor 

tionals. 

Definition A, to wit, of compound ratio. 

When there are any number of magnitudes of the same kind, 
the first is said to have to the last of them the ratio com 
pounded of the ratio which the first has to the second, an 
of the ratio which the second has to the third, and of tht 
ratio which the thirdthas to the fourth, and so on unto thé 
last magnitude. 

For example, if A, B, C, D, be four magnitudes of the sam 
kind, the first A is said to have to the last D the ratio com 
pounded of the ratio of A to_B, and the ratio of B to ©. 
and of the ratio C to D, or, the ratio of A to D is said tt 
be compounded of the ratios of À to B, B to C, and C to D 
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And if A has to B the same ratio which E has to F; and R Boor V. 
to C, the same ratio that G has to H ; and C to D, the same ““™"™ 
| that K has to L ; then, by this definition, A is said to have 
to D the ratió compounded of ratios which are the same with 
the ratios of E to F, G to H, and K to L: And the same 
thing is to be understood when it is more briefly expressed, 
by saying, A has to D the ratio compounded of the ratios 
of E to F, G to H, and K to L. 
In like manner, the same things being supposed, if M has to N 
the same ratio which A has to D; then, for shortness sake, 
M is said ta have to N, the ratio compounded of the ratios 
of E to F, G to H, and K to L. 
XII. 
In proportionals, the antecedent terms are called homologous 
to one another, as also the consequents to one another. 
* Grcometers make use of the following technical words to sig- 
* nify certain ways of changing cither the order or magni- 
* tude of proportionals, so as that they continue still to be 
* proportionals.' 
XILI. 


Permutando, or alternando, by permutation, or alternately. 
This word is used when there are four proportionals, and it see N. 
is inferred, that the first has the same ratio to the third, 
which the second has to the fourth; or that the first is to 
the third, as the second to the fourth: As is shewn in the 
16th prop. of this 5th book. 

XIV. 
Invertendo, by inversion: When there are four proportionals, 
- and it is inferred, that the second is to the first, as the fourth 
- tothe third. Prop. B. Book 5. 

XV. 


Componendo, by composition ; when there are four propor- 
tionals, and it is inferred, that the first, together with the 
second, is to the second, as the third, together with the 
fourth, is to the fourth, 18th Prop. Book 5. 

XVI. 

Dividendo, by division ; when there are four proportionals, and 
it is inferred, that the excess of the first above the second, 
Is to the second, as the excess of the third above the fourth, 
is to the fourth. 17th Prop. Book 5. 

XVII. | 

Convertendo, by conversion ; when there are four proportion- 

als, and it is inferred, that the first is to its excess above the 

I second, 
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second, as the third to its excess above the fourth, Prop. 
E. Book 5. = 
XVIII. 


Ex sequali (sc. distantia); or ex equo,«from equality of dis- 
tance; when there is any number of magnitudes more than 
two, and as many others, so that they are proportionals wher 
taken two and two of each rank, and it is inferred, that the 
first is to the last of the first rank of magnitudes, as the firs! 
is to the last of the others: * Of this there are the two fol 
‘lowing kinds, which arise from the differentorder in whicl 
“the magnitudes are taken, two and two.’ 

XIX. 

' Ex equali, from equality. “This term is used simply by itsel 1 
when the first magnitude is to the second of the first ran 
as the first to the second of the other rank; and as the seco 
is to the third of the first rank, so is the second to the thi; 
of the other ; and so on in order, and the inference is as mer 
tioned in the preceding definition; whence this is called or 
dinate proportion. It is demonstrated in 22nd Prop. Book 5 

XX. 

Ex wquali, in proportione perturbata, seu inordinata, fro 
equality, in perturbate or disorderly proportion*. Th 
term is used when the first magnitude is to the second. 
the first rank, as the last but one is to the last of the secor 
rank ; and as the second is to the third of the first rank, : 
is the last but two to the last but one of the second ran 
and as the third is to the fourth of the first rank, so is d 
third from the last to the last but two of the fevond ran 
and so on in a cross order : And the inference isas in- 
18th definition. It is demonstrated in the 23d- Prop. 
Book 5. | 





















AXIOMS. 


I. 


Ecuina of the same, or of equal magnitudes, : 
equal to one another. b 
II, I ^ 


* 4 Prop, lib. 2, Archimedis de ephara et cylindro. 
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II. 


“hose magnitudes of which the same, or equal magnitudes, 
are equimultiples, are equal to-one another. 
























multiple of a greater magnitude is greater than the same 
multiple of a less. 
IV. 


hat magnitude of which a multiple is greater than the same 
multiple of another, is greater than that other magnitude. 


PROP. I. THEOR. 


a any number of magnitudes be equimultiples of 
f many, each of each; what multiple soever any 
e of them is ofits part, the same multiple shall all 
first magnitudes be of all the other. 


et any number of magnitudes AB, CD be equimultiples 
s many others E, F, each of each; whatsoever multiple 
is of E, the same multiple shall AB and CD together be 
; and F together. 


y magnitudes as are in AB equal to E, so many are there 

ID equal to F. Divide AB into magnitudes 

to E, viz. AG, GB; and CD into CH, A 

equal each of them to F. ‘The number 

efore of the magnitudes CH, HD shall be 

to the number of the others AG, GB: 

because AG is equal to E, and CH to F, 

fore AG and CH together are equal to? E 

F together: For the same reason, because 
s equal to E, and HD to F; GB and HD 

ler are equal to E. and F together. W here- 

as many magnitudes as are in AB equal 
so many are there in AB, CD together. py F 

| to E and F together. Therefore, what- 

“fir multiple AB is of E, the same mul- 

iis AB and CD together of E and F'to- D 


e uw. e 
i 


erefore, if any magnitudes, how many soever, be equi- 
ples of as many, each of each, whatsoever multiple any 
| them is of its part, the same multiple shall all the first 
ttudes be of all the other: ‘ For the same demonstration 
I2 — * holds 


lecause AB is the same multiple of E that CD is of F, as 
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tto two? Q.E 


PROP. II. THEOR. 


Ir the first magnitude be the same multiple of 
second that the third is of the fourth, and the fif 
the same multiple of the second that the sixth is 
the fourth; then shall the first together with t 
fifth be, the same multiple of the second, that th 
third together with the sixth is of the fourth. 


t 

Let AB the first, be the same multiple of C the second, t 
DE the third is of F the fourth ; and BG the fifth, the s 
multiple of C the second, that EH 
the sixth is of F thefourth:,Thenis — A 
AG the first, together with the fifth, 
the same multiple of C the second, 
that! DH the third, together with B E 
the sixth, is of F the fourth. 

Because AB is the same multiple 
of C, that DE is of F ; there are as | 
many magnitudes in AB equal to C, 
as therd 1j in DE equal to F : In like C £6.11 
manner, as many as there are in BG equal to C, so man 
there in EH equal to F: As many, then, as are in the Weg, 
AG equal to C, so many are there in the whole DH equa 
F ; therefore AG is the same multiple of C, that DH is@ 
that is, AG the first and fifth together, is | 
the same multiple of the second C, that 
DH the third and sixth together is of the 
fourth F. If therefore, the first be the A 
same multiple, &c. Q. E. D. B 


Cor. ‘From this it is plain, that, if any 
“number of magnitudes AB, BG, GH, 
€ be multiples of another C; and as many G 
* DE, EK, KL be the same multiples of 
* F, each of each ; the whole of the first, 
‘viz. AH, is thesame multiple of .C, l 
ie the whole of the last, viz. DL,is H 

of F? 
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PROP. III. THEOR. 


Ir the first be the same multiple of the second, 
which the third is of the fourth ; and if of the first 
and third there be taken equimultiples, these shall 
be equimultiples, the one .of the second, and the 
other of the fourth. 


Let A the first, be the same multiple of B the second, that 

C the third is of D che fourth; and ot A, C let the equimul- 

tiples EF, GH be taken: Thea EF is the same multiple of 

B, that GH 1s of D. 
Because EF is the same multiple of A, that GH is of C, 

here are as many magnitudes in EF equal to A, as are in GH 

equal to C: Let EF be di- 

ided into the magnitudes i 

EK, KF, each equal to A, H 

and GH into GI, LH, 

each equal toC: ‘ne num- 

ber therefore of the magni- 

tudes EK, KF, sivall be . 

equal to the number of the ^ L 

others GL, LH: And be- 

cause A is the same muiti- 

ple of B, that C is of D, 

and that EK is equal to A, 

and GL to C; therefore 

EK is the same multiple EF A B G 

ae. that GL is of D: For 

p" same reason, KF is the same multiple of B, that LH is of 

D ; and so, if there be more parts in EF, GH equal to 4, C : 

Because, therefore, the first EK is the same multiple of the 

second B, which the third GL is of the fourth D, and that 

the fifth KF is the same multiple of the second B, which the 

sixth LH is of the fourth D ; EF the first tegether with the 

fifth, is the same multiple? of the second B, which GH the * 2. 5. 

third, together with the sixth, is of the fourth D. Ff, there- 

Hfore, the first, &c.» Q, E. D. ; 
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PROP. IV. THEOR. 


I F the first of four magnitudes has the same ratio 
to the second which the third has to the fourth 
then any equimultiples whatever of the first and 
third shall have the same ratio to any equimultiple: 
of the second and fourth, viz. * the equimultiple o 
‘the first shall have the same ratio to that of the 
‘second, which the equimultiple of the third has te 


‘ that of the fourth.’ 
Let A the first, have to B the second, the same ratio whicl 
the third C has to the fourth D ; and of A and C. let there b 
taken any equimultiples whatever 
E, F ; and of B and D any equi- 
multiples whatever G, H : Then 
E has the same ratio to G, which 
F has to H. 
Take of E and F any equimul- 
tiples whatever K, L, and of G, 
H, any equimultiples whatever M, 
N : Then, because E is the same 
multiple of A, that F is of C; 
and of E; and F have been taken 
equimultiples K, L ; therefore K 
is the same multiple of A, that L -L 
is of C*: For the same reason, M K E 
is the same multiple of B, that N 
is of D: And because, as À is to F 
B, sois C to D^, and of A and 
C have been taken certain equi- 
multiples K,.L : and of B and D 
have been taken certain equimul- 
tiples M, N: if therefore K be 
greater than M, L is greater than 
N : and if equal, equal ; if less, 
less. And K, L, are any equi- 
multiples whatever of E, F ; and 
M, N any whatever of G, H: As l 
therefore E is to G, so is* F to H. 
Therefore, if the first, &c. Q. E. D. x 
Cor. Likewise, if the first has the same ratio to the second 
which the third has to the fourth, then also any equimultiple: 
whateve 
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whatever of the first aiid third have the same ratio to the se- Boox V. 
_ cond and fourth: And in like manner, the first and the third 
have the same ratio to any equimultiples whatever of the se- 
cond and fourth. 
Let A the first, have to B the second, the same ratio which 
the third C has to the fourth D, and of A and C let E and F 
be any equimultiples whatever ; then E is to B, as F to D. 
Fake of E, F any equimultiples whatever K, L, and of B, * 
D any equimultiples whatever G, H ; then it may be demon- 
strated, as before, that K is the same multiple of A, that L is 
of C: And because A is to B, as C is to D, and of A and C 
Certain equimultiples have been taken, viz..K and L 3; and of 
B and D certain equimultiples G, H_; therefore, if K be greater 
than G; L is greater than H ; and if equal, equal ; if less, less‘: © 5. def. 5. 
And, K, L are any equimultiples of E, F, and G, H any what- 
ever of B, D; as therefore E is to B, so is F to D: And in 
the same way the other case is demonstrated. 


PROP. V. THEOR. 
Ir one magnitude be the same multiple of another, se x. 
which a magnitude taken from the firstis of a mag- 
“nitude taken trom the other; the remainder shall 
be the same multiple of the remainder, that. the 


whole is of the whole. 
Let the magnitude AB be the same multiple 
of CD, that AE taken from the first, is of CF G 
aken from the other ; the remainder EB shall 
De the same multiple of the remainder FD, that 
the whole AB is of the whole CD. A: 
Take AG the same multiple of FD, that * 1. 3. 
"AE is of CF : therefore AE is* the same mul- 
tiple of CF, that EG is of CD: But AE, by 
the hypothesis, is the same multiple of CF, that C 
AB is of CD: Therefore EG is the same mul- Ẹ 
tiple of CD that AB is of CD: wherefore EG 
is equalto AB». Take from them the common F 
magnitude AE; the remainder AG is equal to 
‘the remainder EB, Wherefore, since AE is p D 
the same multiple of CF, that AG is of FD, 
"and that AG is equal to EB ; therefore AE is the same multiple 
(of CF, that EB is of FD: x AE is the samemultiple of CF, 
| 4. that 
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that AB is of CD; therefore EB is the same multiple of FD, 
that AB is of CD. Therefore, if any magnitude, &c. Q. E. D. 


PROP. VI. THEOR. 


Í F two magnitudes be equimultiples of two others, 
and if equimultiples of these be taken from the first 
two, the remainders arc either equal to these others, 
or equimultiples of them. 


Let the two magnitudes AB, CD be equimultiples of the 
two E, F, and AG, CH taken from the first two be equimul- 
tiples of the same E, F ; the remainders GB, HD are either 
equal to E, F, or equimultiples of them. 

First, let GB be equal to E; HD is 


equal to F : Make CK equal to F ; and be- Zia atu 


bause AG is the same multiple of E, that 

CH is of F, and that GB is equal to E, C 

and CK to F ; therefore AB is the same 

multiple of E, that KH is of F. But AB, 

by the hypothesis, is the same multiple of G 

E that CD is of F; therefore KH is the H | 

same multiple of F, that CD is of F; 

wherefore KH is equal to CD?: Take B D E FE 

away the common magnitude CH, then 

the remainder KC is equal to the remain- 

der HD: But KC is equal to F; HD therefore is equal to F. 
But let GB be a multiple of E ; then 

HD is the same multiple of F: Make K 

CK the same multiple of F, that GB is 

of E: And because AG is the same mul- A 

tiple of E, that CH is of F; and GB the C 

same multiple of E, that CK is of F; 

therefore AB 1s the same multiple of E, 

that KH is of F^: But AB is the same @ 

multiple of E, that CJ) is of V ; therefore H 

KH is the same multiple of F, that CD is 

of it; Wherefore KH is equal to CD*: 

Take away CH from both ; therefore the B D E 

remainder KC is equal to the remainder 

HD: And because GB is the same multiple of E, that KC is 

vof F, and that KC is equal to HD; therefore HD is the same 

multiple of F, that GB is of E. If therefore two magnitudes, 

&c. Q.E.D. 
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PROP. A. THEOR. 


Ir the first of four magnitudes has to the second, 
the-same ratio which the third has to the fourth ; 
then, if the first be greater than the second, the 
third is also greater than the fourth ; and if equal, 
equal ; if less, less. | 

Take any equimultiples of each of them, as the doubles of 
each ; then, by def. 5th of this book, if the double of the first be 
greater than the double of the second, the double of third is 
greater than the double of the fourth : but, if the first be greater 
than the second, the double of the firstis greater than the double 
of the second ; wherefore also the double of the third is greater 
than the double of the fourth; therefore the third is greater than 
the fourth : In like manner, if the first be equal to the second, 
or less than it, the third can be proved to be equal tothe feurth, 
or less than it. Therefore, if the first, &c. Q. E. D. 


PROP. B. THEOR. 


I l' four magnitudes are proportionals, they are pro- s. x. 
portionals also when taken inversely. 

If the magnitude A be to B, as C is to D, then also inverse- 
ly B is to A, as Dto C. 

Take of B and D any equimultiples 
whatever E and F; and ot A and C any 
equimultiples whatever G and H. First let 
E be greater than G, then G isless than E ; 
and because A is to B, as C is to D, and 
ef A and C, the first and third, G and H 
are equimultiples; and of B and D, the se- 
cond and fourth, E and F are equimulti- 


if less, less; and E, F, are any equimul- 
tiples whatever of B and D, and G, H 
any whatever of A and C; therefore, as B 


ples; and that G is less than E, H isalso G b E * 5, def. 5 
*less than F ; that is, F, is greater than H ; H Dirk- 
if therefore E be greater than G, F is greater 
than H: In like manner, if E be equal to 
G, F may beshown to be equal to,H ; and 

| 
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is to A, so is D to C. If, then, four magnitudes, &c. 


Q. E. D. 
PROP. C. THEOR. 


] F the first be the same multiple of the second, or 
the same part of it, that the third is of the fourth; 
the firstis to the second, as the third is to the fourth. 


Let the first À be the same multiple of B 
the second, that C the third is of the fourth 
D: A is to B as C is to D. 

Take of A andC any equimultiples what- 
ever E and F; and of B and D any equi- 
multiples whatever G and H : Then, because | | 
A is the same multiple of B that C is of D; 
and that E is the same multiple of A, that A 
F is'of C: E is thesame multiple of B, that ÈE G F H 
F is of D*; therefore E and F are the same 
multiples of B and D : But G and H are equi- 
multiples of B and D: therefore, if E bea 
greater multiple of B than Gis, F is a greater 
multiple of D than H is of D; that is, if E 
be greater than G, F is greater than H: 
[n like manner, if E be equal to G, or less, 
F is equal to H, or less than it. But E, F 
are equimultiples, any whatever, of A, C, 
and G, H, any equimultiples whatever of B, 
D. Therefore A is to B, as C isto D*. 





Next, Let the first A be the same part 
of the second B, that the third C is of 
the fourth D: A is to B,as C isto D: 
For B is the same multiple of A, that D 


A 
para 
w 
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is of C: wherefore by the preceding 
case, B is to A, as D is toC ; and in- 
versely: A isto B as C is to D: There- : 
fore, if the first be the same multiple, &c. A Cb 


Q. E. D. 
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PROP. D. THEOR. 


Ir the first be to the second as the third to the ** *- 
fourth, and. if the first be a multiple or part of the 
second ; the third is the same multiple, or the same 
part of the fourth. 


Let A be to B, as C is to D; and first let A be a multiple 
of B ; C is the same multiple of D. 

Take E equal to A, and whatever mul- 
tiple A or E is of B, make F thesame mul. 
tiple of D: Then, because A is to B, as C 
is to D; and of B the second, and D the 


fourth equimultiples have been taken E and : 
F; AistoE, as C to F*: But A is equal ] 
to E, therefore C is equal to F°: and -F p A 
is the same multiple of D, that Aisof B. A. B C P» 
Wherefore C is the same multiple of D, 
that A is of B. z 7 
Next, Let the first A be a part of the se- i a F 
cond B ; € the third 1s the same part of the. . foot of the 
fourth D. preceding 
Because A is to B, asC isto D; then, re 


inversely, B is: to A, as Dto C: But A is 
a part of B, therefore B is a multiple of A 
and, by the preceding case, D is the same 
multiple of C ; that is, C is the same part.of D, that A is of 
B: Therefore, if the first, &c. Q. E. D. 


PROP. VII. THEOR. 


Equal magnitudes have the same ratio to the 
same magnitude; and the same has the same ratio 
to equal magnitudes. 


Let A and B be equal magnitudes, and C any other. A and 

B have each of them the same ratio to C, and C has the same 
ratio to each of the magnitudes A and B. 

Take of A and B any equimultiples whatever D and E, and 

of 
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Eoox V. of C any multiple whatever F + Then, because Dis the same 


multiple of A, that E is of B, and that A is 


at, Ax. 5, equal to B; D is* equal to E: Therefore, if 


i 5 def. 5. 


See N. 


D be greater than F, E is greater than F ; and 
if equal, equal; if less, less: And D, E are 
any equimultiples of A, B, and F isany mul- 
tiple of C. Therefore, as A is to C, so is 
B to C. 

Likewise C has the same ratio to A, that it 
has to B: For, having made the same con- 
struction, D may in like manner be shown 
equal to E: Therefore, it F be greater than 
D, it is likewise greater than E ; and ifequal, 
equal; ifless, less: And F is any multiple 
whatever of C, and D, E are any equimul- 
tiples whatever of A, B. Therefore C is to 
A, as C is to B». Thercfore, equal magni- 


tudes, &c. Q, E. D. 


PROP. VIII. THEOR. 


Or unequal magnitudes, the greater has a ereater 
ratio to the same than the less has ; and the same 
magnitude has a greater ratio to the less, than it 


has to the greater. 


Let AB, BC be unequal magnitudes, of which AB is the 


greater, and let D be any magnitude 
whatever: AB has a greater ratio to D 
than BC to D: And D has a greater E 
ratio to BC than unto AB, 

If the magnitude which is not the 
greater of the two AC, CB, be not less F- 
than D, take EF, FG, the doubles of 
AC, CB, as in Fig, 1. But if that which 
is not the greater of the two AC, CB 
be less than D (as in Fig 2 and 3.) this 


magnitude can be multiplied, so as to G 
become greater than D, whether it be I 


AC, or CB. Let it be multiplied, until 
it become greater than D, and let the 
other be multiplied as often; and let EF 
be the multiple thus taken of AC, and 
FG the same multiple of CB: Therefore 
EF and FG are each of them greater than 


| 
rot F 
B 


Fig. 1. 


A. 
C- 


D: And 
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D: And in every one of the cases, take H the double of D, K 
its triple, and so on, till the multiple of D be that which first 
becomes greater than FG: Let L be that multiple of D which 
is first greater than FG, and K the multiple of D which is 
next less than L. 

Then, because L is the multiple of D, which is the first that 
becomes greater than FG, the next preceding multiple K is 
not greater than EG; that is, FGis not less thanK: And since 
EF isthe same multiple of AC, that FG is of CB; FG is the 
same multiple of CB; thar EG is of AB?; wherefore EG and 
TG are equimultiples of ABand CB: And it was shown, that 
FG wasnotless than K, 
and, by the construc- Fig. 2. Fig. 3. 
tion EF, is greater than F 
D; therefore the whole 
EG is greaterthanKand : 
D together : But K, to- 
gether with D, is equal 
to. L; therefore EG is A 
greater than L; but FG C 
is not greater than L ; 
and EG, FG are equi- | 
multiples of AB; BC, G B C 
and L is a multiple of 
D; therefore" ABhas L K 
to D a greater ratio | 
than BC bas to D. 

Also D has to BC a 
greater ratio than it has 
to AB: For, having 
made the same con- 
struction, it may be 
shown, in like manner, 
that L is greater than 
FG, but that it is not greater than EG : and L is a multiple 
of D ; and FG, EG are equimultiples of CB, AB ; therefore 
D has to CB à greater řatio? than it has to AB.. Wherefore, 
ef unequal magnitudes, &c. Q, E. D. 
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PROP. IX. THEOR. 


(Misc vivons which have the same ratio to the 
same magnitude are equal to one another; and 
those to which the same magnitude has the same 
ratio are equal to one another. 


Let A, B have each of them the same ratio toC: A is 
equal to B: for, if they are not equal, one of them is greater 
than the other ; let A be the greater ; then, by what was shown. 
in the preceding proposition, there are some equimultiples of 
A and B, and some multiple of C such, that the multiple of A 
is greater than the multiple of C, but the multiple of B is not 
greater than that of C. Let such multiples be taken, and let 
D, E, bethe equimultiples of A, B, and F the multiple of C, 
so that D may be greater than F, and E not greater than F : 
But, beeause A is to C, as B is to C, and 
of A, B, are taken equimultiples D, E, 
and of C is taken a multiple F ; and that DI 
D is greater than F ; E shall also be greater 
than F*; but E is not greater than F; ^ 
which is impossible; A therefore and B 
are not unequal ; that is, they are equal. F 

Next, let C have the same ratio to each c| 
of the magnitudes A and B; A is equal F 
to B: For, if they are not, one'of them is B 


-greater than the other ; let A be the great- 


er; therefore, as was shown in Prop. 8th, E 
there is some multiple F of C, and some 

equimultiples E and D, of B and A such, 

that F is greater than E, and not greater than D ; but because 
C is to B, as Cis to A, and that F, the multiple of the first, 
is greater than E, the multiple of the second; F the multiple 
of the third, is greater than D, the multiple of the fourth? : 
But F is not greater than D, which is impossible. There- 
fore A is equal to B. Wherefore, magnitudes which, &c. 
Q. E. D. 
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Roor V. 
PROP. X. THEOR. med 


"T uar magnitude which has a greater ratio than See >. 
another has unto the same magnitude, ts the great- 

er of the two: And that magnitude to which the 
same has a greater ratio than it has unto another 
magnitude is the lesser of the two. 


Let A have to C a greater ratio than B has to C ; A is great- 
er than B : For, because A has a greater ratio to C, than B has 
to C, there are* some equimultiples of A and B, and some *7. def. 5. 
multiple of C such, that the multiple of A is greater than the 
multiple of C, but the multiple of Bis not greater than it: Let 
them be taken, and let D, E be equir ul- 
tiples of A, B, and F a multiple of C such, 
that D is greater than F, but E is not D 
greater than F: Therefore D is greater 
than E : And, because D and E are equi- 
multiples of A and B, and D is greater A 
than E ; therefore A is? greater than B. 

Next, let C have a greater ratio to B ci Fi'*4x5 
than it has to A ; B is less.than A ; For? 
there is some multiple F of C, and some 
equimultiples E and D of B and A such, B 
that F is greater than E, but is not greater 
than D: E therefore is less than D; and 
because E and D are-equimultiples of B 
and A, therefore B is^less than A. That magnitude, there- 
fore, &c. Q. E. D. 


E 


PROP. XI. THEOR. 


Ratios that are the same to the same ratio, are 
the same to one another. 


Let A be to B as C is to D; and as C to D, so let E be to 
F; A is to B,as E to F. 

Take of A, C, E, any equimultiples whatever G, H, K; and 
of B, D,F, any equimultiples whatever L, M, N. Therefore, 
since A is to B, asC to D, and G, H are taken equmultiples of 


J 9 
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CRM 4 ,C,and L, M, of B,D; if G be greater than L, H is greater 
+>. dei,5, than M; and if equal, equal; and if less, lessè. Again, be- 
cause C is to D, as E is to F, and H, K are taken equimultiples 

of C, E ; and M, N, of D, F ; if H be greater than M, K is 

greater than N ; and if equal, equal ; and if less, less ; But if 


— — Cae 
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G be greater than L, it has been shown that H is greater than 
M, and if equal, equal; and if less, less ; therefore, if G be 
greater than L, K is greater than N ; and if equal, equal ; and 
it less, less; And G, K are any equimultiples whatever of A, 
E ; and L, N any whatever of B, F : Therefore, as A is to B, 
so is E to Fè. Wherefore, ratios that, &c. Q. E. D. 


i PROP. XII. THEOR. 


I F any number of magnitudes be proportionals, as 
one of the antecedents is to its consequent, so shall 
all the antecedents taken together be to all the.con- 
sequents. 


Let any number of magnitudes A, B, C, D, E, F, be pro- 
portionals ; that is, as A is to B, so Cto D, and E to F : As A is 
to B, so shall A, C, E together be to B, D, F together. i 

Take of A, C, E any equimultiples whatever G, H, K; 
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and of B, D, F any equimultiples whatever L, M, N: Then, 
because A is to B, as C is to D,and ac E to F ; andthat G, * | 
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K are equimultiples of 4, C, E, and L, M, N, equimultiples of — 

B, D, F ; if G be greater than L, H is greater than M, and K ,5 pa 5. 

greater than N ; and if equal, equal ; and if less, less*. W here- 

fore, ifG be greater than L, then G, H, K together are greater 

than L, M, N together 5 and if equal, equal ; and if less, less. 

And G, and G, H, K, together are any equimultiples of A, and 

A, C, E together; because if there be any number of magni- 

tudes equimultiples of as many, each of each, whatever mul- 

tiple of one of thems of its part, the same multiple is the " 

whole of the whole’: For the same reason L, and L, M, N 
: are any equimultiples of B, and B, D, F : Astherefore À is to 
- B, so are A, C, E, together to B, D, F together. W here- 
“fore, if any number, &c. Q. E. D. 


| PROP. XIII. THEOR. 


I F the first has to the second the same ratio which *** 
the third has to the fourth, but the third to the 
fourth a greater ratio than the fifth has to the sixth; 
the first shall also have to the second a greater ra- 
tio than the fifth has to the sixth. 

t Let A the first, have the same ratio to B the second, which 
€ the third, has to D the fourth, but C the third, to D the 
fourth, a greater ratio than E the fitth, to F the sixth: Also 
the first A shall have to the second B a greater ratio than the 
fifth E to the sixth F. 7 

Because C has a greater ratio to D, than E to F, there are 
some equimultiples of C and E, and some of D and F such, 
that the multiple of C is greater than the multiple of D, but 
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K————— L 
the multiple of E is not greater than the multiple of F*: Let #7. a 5. 
such bé taken, and of C, E let G, H be equimultiples, and K, 
b equimultiples of D, F, so that G be greater than K, but H 
ot greater than L ; and whatever multiple G is of C, take M 
he same multipleof A ; and whatever multiple K isof D, take 
Y the same multiple of B ; Then, because A is to B, as C to 
/ K D, and 
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D, and of A and C, M and G are equimultiples : And of B and 
D, N and K are equimultiples ; if M. be greater than N, G is 
greater than K ; and if equal, equal ; and if less, less? ; but G 
is greater than K, therefore M is greater than N : But H is not 
greater than L ; and M, H are equimultiples of A, E ; and N, 
L equimultiples of B, F : T'herefore A hasa greater ratio to B, 
than E has to F°. Wherefore, if the first, &c. Q. E. D. 

Cor. Andif the first have a greater ratio to the second, than 
the third has to the fourth, but the third the same ratio to the 
fourth, which the fifth has to the sixth; it may be demon- 
strated, in like manner, that the first has a greater ratio to the 
second, than the fifth has to the sixth. 


PROP. XIV. THEOR. 


Ir the first has to the second, the same ratio which 
the third has to the fourth; then, if the first be 
greater than thethird, thesecond shall be greater than 


the fourth ; and if equal, equal; and if less, less. 


Let the first A have to the second B, the same ratio which 
the third C, has to the fourth D; if A be greater than C, B is 
greater than ID. 

Because A is greater than C, and B is any other magnitude, 
A has to B a greater ratio than C to B*: But, as A is to B, se 


I 2 3 


D D ABC 
is C to D; therefore also C has to D a greater ratio than C 
has to B®. But of two magnitudes, that to whieh the sam 
has the greater ratio is the lesser. Wherefore Dis less tha 
B; that is, B is greater than D. "S 
Secondly, if A be equal to C, B is equal to D: For A is t 
B, as C, that is A,to D: B therefore is equal to D4, 
Thirdly, if A be less than C, B shall be less than D: For ( 
is greater than A, and. because C is to D, as A is to B, Di 
greater than B, by the first case ; wherefore B is less than 
Therefore, if the first, &c. Q, E. D. 
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PROP. XV. THEOR. 


Miacxirupes have the same ratio to one ano- 
ther which their equimultiples have. 


Let AB be the same multiple of C, that DE is of V ; C is te 
F,as AB to DE. 

Because AB is the same multiple of C, that DE is of F; there 
. areas many magnitudes in AB equal to C, A 

. as there are in DE equal to F: Let AB be 

divided into magnitudes, each equal to C, D 
viz. AG, GH, HB ; and DE into magni- 
tudes, each equal to F, viz. DK, KL, LE: 
Then the number of the first AG, GH, HB, K 
shall be equal to the number of the last DK, 
KL,LE: And because AG, GH, HB are H 
all equal, and that DK, KL, LE, are also 
equal to one another; therefore AG is to | | 
DK, as GH to KL, and as HB to LE:: B Ç E k'.* 
And as one of the antecedents to its conse- 
quent, so are all the antecedents together to all the consequents 
together? ; wherefore, as AG is to DK, so is AB to DE: But * !2. 5» 
AG is equal to C, and DK to F: Therefore, as C is to F, 
— sois ABto DE. Therefore magnitudes, &c. Q, E. D. 


PROP. XVI. THEOR. 


I F four magnitudes ofthe same kind be proportion- 
als, they shall also be proportionals when taken al- 
ternately. 


_ Let the four magnitudes A, B, C, D, be proportivnals, viz. 

as A to B, so C to D: They shall also be proportionals when 
taken alternately ; that is, A is to C, as B to D. 

Take of A and B any equimultiples whatever E and F ; and 

ef Cand D take any equimultiples whatever G and H: and 

kK 2 because 
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i 
because E is the same multiple of A, that F is of B, and that 
magnitudes have the same ratio to one another which their 
equimultiples have*; therefore A is to B, as E is to F:: But as 
A is to B, sois C to 
D : Wherefore as C ‘E> HB 
is to D, so ^ is E to 
F: Again, because Å C 
G, H are equimul- — D—— 


 tiples of C, D, asC 


€ 14. D 


\ 


45. Def. 5, 


See N. 


is to D, so is G to. F —————————— H 

H*; butas C is to 

D, so is E to F. Wherefore, as E isto F,soisG to H*, But 
when four magnitudes are proportionals, if the first be greater 
than the third, the second shall be greater than the fourth ; and 
if equal, equal ; if less, less". Wherefore, if E be greater than 
G, F likewise is greater than H : and if equal, equal ; if less, 
less : And E, F are any equimultiples whatever of A, B ; and 
G, H any whatever of C, D. Therefore Ais to C as B to 
D*. If then four magnitudes, &c. Q. E. D. ' 


PROP. XVII. THEOR. 


Ir magnitudes, taken jointly, be proportionals, 
they shallalso be proportionals when taken sepa- 
rately; that is, if two magnitudes together have to 
one of them the same ratio which two others have 
to one of these, the remaining one of the first two 
shall have to the other the same ratio which the 
P: one of the last two has to the other of 
these. 


Let AB, BE, CD, DF be the magnitudes taken jointly 
Which are proportionals ; that is, as AB to BE, so is CD to 
DF ; they shall also .be proportionals taken separately, viz. 
as AE to EB, so CF to FD. 

Take of AE, EB, CF, FD any equimultiples whatever GH, 
HK, LM, MN; and again, of EB, FD take any equimultiples 
whatever KX, NP: And because GH is the same multiple of 
AE, that HK is of EB, wherefore GH is the same multiple* of 
AE, that GK is of AB: But GH is the same multiple of AE, 
that LM is of CF; wherefore GK is the same multiple of oe 

I 


m 


GH, HK, LM, MN : and a 
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that LMis of CF. Again, because LM isthe same multiple of Boorg 
CF, that MN is of FD; therefore LM is the same multiple? , 77 


of CF, than LN is of CD: But LM was shown to be the same 
multiple of CF, that GK is of AB; GK therefore is the same 
muitiple of AK, that LN is of CD; that is, GK, LN areequi- 
multiples of AB, CD. Next, because HK is the same multiple 


of EB, that MN is of FD; and that K X is 
also the same multiple of EB, that NP is 
of FD; therefore HX is the same multiple 
tof EB, that MP isof FD. — And because 
AB is to BE, as CD is to DF, and that of 
AB and CD, GK and LN are equimul- 
tiples, and of EB and FD, HX and MP 
are equimultiples ; if GK be greater than 
HX, then LN is greater than MP ; and 
if equal, equal ; and if less, lesse ; But if 
GH be greater than KX, by adding the 
common part HK to both, GK is greater 
than HX ; wherefore also LN is greater 
than MP : and by taking away MN from 
both, LM is greater than NP: There- 
fore, if GH be greater than KX, LM is 


greater than NP. [n like manner it ma 


be demonstrated, that if GH be equal to KX, LM likewise is 
equal to NP; and if less, less: And GH, LM are any equi- 
multiples whatever of AE, CF, and KX, NP are any what- 
_ everofEB, FD. Therefore‘, as AE is to EB, so is CF to 


FD. ]fthen magnitudes, &c. Q. E. D. 


X 


K 


H 
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PROP. XVIII. THEOR. 


Ir magnitudes, taken separately, be proportionals, 
they shall also be proportionals when taken jointly, 


that is, if the first be to the second, as the third to 
the fourth, the first and second together shall be to 
the second, as the third and fourth together to the 


fourth. 


Let AE, EB, CF, FD be proportionals; that is, as AE 
to EB, so is CF to FD ; they shall also be proportionals when: 
taken jointly ; that is, as AB to BE, so CD to DF. 

Take of AB, BE, CD, DF any equimultiples whatever 
zain, of BE, DF, take any what- 
ever equimultiples KỌ, NP: And because KO, NP 


3 


P 
N 
5 D M 
L 
F 
| 
AC L 
are 
equimultiples 
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Baox V, equimultiples of BE, DF ; and that KH, NMare equimultiples 
likewise of BE, DF, if KO, the multipleof BE, be greater than 
KH, which isa multipleof the same BE, NP, likewise themul- 
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tiple of DF, shall be greater than MN, 
the multiple of the same DF ; and if 
KO be equal to KH, NP shall be 
equal to NM ; and if less, less: 

First, Let KO not be greater thán 
KH, therefore NP is not greater than 
NM: And because GH, HK, are equi- 
multiples of AB, BE, and that AB is 
greater than BE, therefore GH is 
greater* than HK; but KO is not 
greater than KH, wherefore GH is 
greater than KO. In like manner it 
may be shown, that LMisgreater than 
NE. Therefore, if KO be not greater 
than KH, then GH, the multiple of 
AB, is always greater than KO, the 
multiple of BE; and likewise LM, the 


multiple of CD, greater than NP, the multiple of DF. 
Next, Let KO be greater than KH : therefore, as has been 

shown, NP is greater than NM: And because the whole sH 

is the same multiple of the whole AB, that HK is of BE, the 


remainder GK is thesaime multiple of 
the remainder AE that GH is oi AB?: 
which is the same-that LM is of CD. 
In like manner, because LM is the 
same multiple of CD, that MN is of 
DF, the remainder LN is the same 
multiple of the remainder CF, that 


H 
O 
K 
B 
E 
GI -A 


Q 
H 


the whole LM is of the whole CD>: K 


But it was shown that LM is the same 


" multiple of CD, that GK is of AE; 


t9, bi 


therefore GK is the same multiple of 
AE, that LN is of CF; that is, GK, 
LN are equimultiples of AE, CF: 


B 
E 


> 


And because KO, NP are equimul- G| <A 


tiples of BE, DF, if from KO, NP, 


D 
r 


C 


M 


L 


M 
p N 
F i 
C L 


there be taken KH, NM, which are likewise equimultiples - 
of BE, DF, the remainders HO, MP are either equal to BE, - 


DF, or equimultiples of them‘. First, let HO, MP, be- 
equal to BE, DF ; and because AE is to EB, as CF to FD, and 


that 
— 
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that GK, LN are equimultiples of AE, CF ; GX shall be to Box V. 
EB, as LN to FD*: But HO is equal to EB, and MP to XX 
FD; wherefore GK is to HO, as LN to MP. If therefore 

GK be greater than HO, LN is greater than MP; and if 
equal, equal ; and if less* less. 

But let HO, MP be equimultiples of EB, FD ; and because 
AE is to EB, as CF to FD, and that of AE, CF are taken 
equimultiples GK LN ; andof EB, FD,theequimultiples HO, 
MP ; if GK begreater than HO, LN 
is greater than MP; and if equal O 
equal ; and if less, lessf ; which was 
likewise shownin the preceding case. 

IfthereforeGH be greater than KO, H P 
taking KH from both, GK is greater 

than HO; wherefore also LN is 

greater than MP ; and consequently, 

adding NM to both, LM is greater 

than NP: Therefore, if GH be R 


e A. 5; 


f5, Def. 5. 


greater than KO, LM isgreater than E D ON 
NP. Inlike mannerit may be shown 
that if GH be equal to KO, LM is E p 


equal to NP ; and if less, less. And 

inthe casein whichKO isnotgreater ¢;; A C L 
than KH, it has been shown that GH 

is always greater than KO, and likewise LM than NP : But 
GH, LM are any equimultiples of AB, CD, and KO, NP 
are any whatever of BE, DF ; therefore’, as AB is to BE, so 
is CD to DF. Ifthen magnitudes, &c. Q; E. D. 


PROP. XIX. THEOR. 


Ir a whole magnitude be to a whole, as a magni- Se N. 
tude taken from the first, is to a magnitude taken 
from the other; the Temainder shall be to the re- 
mainder, as the whole to the whole. 


Let the whole AB, be to the whole CD, as AE, a magni- 
tude taken from AB, to CF, a magnitude taken from CD; 
the remainder EB shall be to the remainder FD, ås the whole 
AB tothe whole CD. 
Because AB isto CD, as AE to CF : likewise, alternately?*, a 16. 5, 
| K 4 BA > 
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BA is to AE, as DC is te CF : and because, if 
magnitudes, taken jointly, be proportionals, they A 
are also proportionals> when taken separately ; 
therefore, as BE is to EA, so is DF to FC, and C 
alternately, as BE is to DF, sois EAto FC: 
But, as AE toCF, so by the hypothesis, is AB to 
CD ; therefore also BE, the remainder, shail be 
to the remainder DF,as the whole AB to the whole 
CD: Wherefore, if the whole, &c. Q. E. D. 

Con. If the Whole be to the whole, as a mag- 
nitude taken from the first,istoamagnitudetaken B D 
from the other ; the remainder likewise is to the 
remainder ; as the magnitude taken from the first to that taken 
from the other: The demonstration is contained in the pre- 
ceding. 


PROP. E. THEOR. 


lr fou magnitudes be proportionals, they are also 
proportionals by conversion ; that is, the first is to 
its excess above the second, as the third to its ex- 
cess above the fourth. 


Let AB be to.BE, as CD to DF ; then BA 
is to AE, as DC to CF. A 
Because AB is to BE, as CD to DF, by divi- 
sion’, AE is to EB, as CF to FD; and by in- 
version, BE ís to EA, as DF to FC. Where- E 
fore, by composition", BA is to AE, as DC is F 
to CF: If, therefore, four, &c. Q. E. D. 


B D 
PROP. XX. THEOR. 


Y 
ÀlF there be three magnitudes, and other three, 
which, taken two and two, have the same ratio ; if 
the first be greater than the third, the fourth shall 
be greater than the sixth ; and if equal, equal ; and 
if less, less. 

Let 
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Let A, B, C be three magnitudes, and D, E, F other three, Boor V- 
which, taken two and two, have the same ratio, viz. as A is to 
B, so is D to E ; and as B to C, so is E to 
F. If A be greater than C, D shall be greater 
than F: and, if equal, equal; and if less, 
less. 
Because A is greater than C, and B is any 
other magnitude, and that the greater has to 
the same magnitude a greater ratio than the less 


has to ità; therefore A hasto B a greater ratio 28.5. 
than C has to B: ButasD isto E,soisAto A B C 
B; therefore? D has to E a greater ratio than ^ i$.5. 


C to B ; and because B is to C, as E to F, by D 
inversion, C is to B, as F is to E: and D 
was shewn to have to E a greater ratio than C 
to B; therefore D has to E a greater ratio 


————"VT11 





than F to Es. But the magnitude which has “Cor, 13.5. 
a greater ratio than another to the same magnitude, is the 
greater of the two’: D is therefore greater than F. 4 10, 5, 


Secondly, Let A be equal to C ; D shall be equal to F : Be- 
cause A and C are equal to one 
another, A is to B, as C is to Be: e7, 5. 
But A is toB, as Dto E ; andC is 
to B, as F to E; wherefore D is to 
E, as F to Ef; and therefore D is 


equal to Fe. A 
D 


734 5, # 


t9. 5, 

Next, Let A be less than C; D C 
shall be less than F : For C is greater F 
than A, and, as was shown in the 
first case, C is to B, as F to E, 
and in like manner B is to A, as E 
to D ; therefore F is greater than 
D, by the first case ; and therefore 


D isless than F.. Therefore, if there be three, &c. Q. E. D. 


t gj———— 


ell 
n 





PROP. XXI. THEOR. 


lr there be three magnitudes, and other three, sce. 
which have the same ratio taken two and two, but 
in a Cross order ; if the first magnitude be greater 
than the third, the fourth shall be greater than the 
sixth; and if equal, equal; and if less, less. 

Let 
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* Cor.13.5 fore E, has to F a greater ratio than. E. to D°; 
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Let A, B, C be three magnitudes, and D, E, P other three, 
which have the same ratio, taken two and two, but in a cross 
order, viz. as A is to B, so is E to F, andas B 
is to C, sois D to E. If A be greater than C, 
D shall be greater than F ; and if equal, equal ; 
and if less, less. 

Because A is greater than C, and B is any 
other magnitude, A has to B a greater ratio* 
than C has to B: But as E to F, so is A to B: 
therefore’ E has to F a greater ratio than C to 
B : And because B is to é as D to E, by inver- A B 
sion, C is to B, as E to D: And E was shown 
to have to F a greater ratio than C to B; there- D 
but the magnitude to which the same has a 
greater ratio than it has to another, is the lesser 
of the two? : F therefore is less than D; that 
is, D is greater than F. 

Secondly, Let A be equal to C; D shall be equal to. F. Be- 
cause A and C are equal, A is* to B, as C is to B: But A is 
to B, as E to F ; and C is to B, 
as Eto D; wherefore E is to F 
as E to D'; and therefore D is 
equal to Fe. 

‘Next, Let A bé less than C; 
D shall be less than F: For C BC 4 
is greater than A, and, as was f 

[d 


shown, C is to B, as E to D, 
PROP. XXII. THEOR. 


C 








C 


| 


as F to E ; therefore F is greater 
than D, by case first; and there- 
fore, D is less than F. There- 
fore, if there be three, &c. 


Q. E. D. 


A 
and in like manner B is to A, | E 


IF there be any number of magnitudes, and as many 
others, which, taken two and two in order, have 
the same ratio; the first shall have to the last of the 
first magnitudes the same ratio which the first of the 
others has to the last. N. B. This-is usually cited 
by the words “ex aquali,” or, “ex equo." 

First, 
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First, Let there be three magnitudes A, B, C, and as many Beex V. 
others D, E, F, which, taken two and two, have the same 
ratio; that is, such that A is to B as D to E; and as B is to 
C, so is E to F; A shall be toC, as D to F. ' 
Take of A and D any equimultiples whatever G and H ; 
and of B and E any equimultiples 
whatever K and L ; and of C and 
F any whatever M and N : Then, 
because A is to B, as D to E, and 
that G, H are. equimultiples of A, | 
D, and K, L equimultiples of B, 
Es as Gis o K, so iet H oli BC DE TX: 
For the same reason, K is to : 
as L to N ; and because there are e M HL 
three magnitudes G, K, M, and 
other three H, L, N, which, two 
and two, have the same ratio; if 
G-be greater than M, H is greater 
than N; and if equal, equal; and 
if less, less*; and G, H are any 
equimultiples whatever of A, D, 
and M, N are any equimul- 
tiples whatever of C, F:, Thereforet, as A is to C, so is D : 5, De. 5. 
to F. 
Next, Let there be four magnitudes, A, B, C, D, and other 
four E, F, G, H, which,twoandtwo,have the. 
same ratio, viz. as Áisto B, sois EtoF; and A. B. C. D. 
as B to C, soF to G: and as C to D,soG to E. F. G. H. 
H : A shall be to D, as E to H. oe, 
Because A, D, C, are three magnitudes, and E, F, G, other 
three, which, taken two and two, have the same ratio ; 
by the foregoing case, A is to C, as E to G: But C isto D, 
as G is to H ; wherefore again, by the first case, À is to D, 
as E toH ; and so on, whatever be the number of magnitudes. 
Therefore, if there be any number, &c. Q, E. D. 


* 29. 5. 
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PROP. XXIII. THEOR. 


See N. Ir there be any number of magnitudes, and as 
many others, which, taken two and two, in a cross 
order, have the same ratio; the first shall have to 
the last of the first magnitudes the same ratio which 
the first of the others has to the last. N. B. This 
is usually cited by the words, “cx equali in pro- 
portione perturbata ;" or, * er &quo perturbato." 


First, Let there be three magnitudes A, B, C, and other 
three D, F, F, which, taken two and two, in a cross order, 
have the same ratio, that is, such that A is to B, asE to F; 
and as B is to C, so is D to E: A isto C, as D to F. 
Take of A, B, D any equimultiples whatever G, H, K; and 
of C, E, F any equimultiples whatever L, M, N: And because 
G, H are equimultiples of A, B, 
and that magnitudes have the 
same ratio which their equimul- 
215.5,  tiple have* ; as A' is to B, so is 
G to H : And for the same rea- l 
son, as E is to F, so is M to IN : a 
But as A isto B, sois E to F ; A C D E . 
as therefore G is to H,so is M to 
N* Andbecaseas B is toC, & ILL. K M NM 
so is D to E, and that H, K are 
equimultiples of B, D, and L, M 
«4.5. ot C, E; asH isto L, so is K 
to M: And it has been shown 
that G is to H,as M to N : Then, 
because there are three magni- 
tudes G, H, L, and other three 
K, M, N, which have the same 
ratio taken two and two ina cross 
order: if G be greater than L, 
¢21.5. K is greater than N; and if equal, equal; and if less, less*; 
and, G, K, are any equimultiples whatever of A, D; and L, 
N any whatever of C, F: as, therefore, A is to C, sois D to F. 
Next, 


v 1l. 5. 
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Next, Let there be four magnitudes, A, B, C, D, and other 





four E, F, G, H, which, taken two and two, 
ina cross order, have the same ratio, viz. | A. B. C. D. 
AtoB, asGto H ; Bto C,asF toG;and | E. F. G.H. 





C to D, as E to F : A is to D,as Eto H. ——————— 
Because A, B, C, are three magnitudes, and F, G, H other 
three, which taken two and two, in a cross order, have the 
same-ratio ; by the first case, A is to C, as F to H : But C is 
to D, as E is to F; wherefore again, by the first case, A is 
to D, as E to H: Andso on, whatever be the number of mag- 
nitudes. Therefore, if there be any number, &c. Q. E. D. 


PROP. XXIV. THEOR. 


Ir the first has to the second the same ratio which 
the third has to the fourth ; and the fifth to the se- 
cond, the same ratio which the sixth has to the 
fourth ; the first and fifth together shall have to the 
second, the same ratio which the third and sixth 


together have to the fourth. 

Let AB the first, have to C the second, the same ratio which 
DE the third, has to F the fourth; and let 6G the fifth have 
to C the second, the same ratio which EH 
the sixth, has to F the fourth; AG, the G 
first and fifth together, shall have to C the ] 
second, the same ratio: which DH, the 
third and sixth together, has to F the 
fourth. i 
Because BG is to C, as EH to F ; by in- F 
version, C is to BG, as F to EH : And be- 
cause, as AB is to C, so is DE to F ; and 
as C to BG, so F to EH ; ex zquali*, i 
AB is to BG, as DE to EH: And be- 
cause these magnitudes are proportionals, | 
they shall likewise be proportionals when ÀA C D F 
taken jointly^; as therefore AG is to GB, 
so is DH to HE ; but as GB to C, sois HE to F. There- 
fore ex «quali?, as AG is to C, so is DH to F. .Wherefore 
if the first, &c. Q. E. D. 

Cor. 1. If the same hypothesis be made as in the proposi- 
tion, the excess of the first and fifth suall be to the second, as 

the 
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the excess of the third and sixth to the fourth: The demon- 
stration of this is the same with that of the proposition, if di- 
vision be used instead of compositton. 


Con.2 'lhe proposition holds true of two ranks of magni-' 


tudes, whatever be their number, of which each of the first 
rank has to the second magnitude the same ratiothat the cor- 
responding one of thc second rank has to a fourth magnitude ; 
as is manifest. 


PROP. XXV. THEOR. 


Ir four magnitudes of the same kind are prportion- 
als, the greatest and least of them together are 
ereater than the other two together. 

Let the four magnitudes AB, CD, E, F be proportionals, 
viz. AB to CD, as E to F ; and let AB be the greatest of them, 
and consequently F the least?. AB, together with F, are 
greater than CD, together with E. 

Take AG equal to E, and CH equal to F : Then because as 


AB is to CD, so is E to F, and that AG is equal to E, and CH 


equal to F, AB is to CD, as AG to CH. 

And because AB the whole, is to the > 

whole CD, as AG is to CH, likewise the 

remainder GB shall be to the remainder D 

HI), as the whole AB is to the whole? H! 

CD: But AB is greater than CD, there- 

fore’ GB is greater than HD: And be- 

cause AG is equal to E, and CH to F; 

AG and F together are equal to CH and 

E together. Iftherefore to the unequal à 

i ues GB, HD, of which GB is CETE 
the greater, there be added equal magnitudes, viz. to GB the 
two AG and F, and CH and E to HD ; AB'and F together 
are greater than CD and E. Therefore, if four magnitudes, 


&c. Q. E. D. 
PROP. F. THEOR. 


Ratios which are compounded of the same ra- 
tios, are the same with one another. 
| Let 
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Let A be to B, as D to E; and Bto C, as E to F: Thera- Esox V. 
— 


tio which is compounded of the ratios of A 

to B, and B to C, which by the definition | 

of compound ratio, is the ratio of À to C, is A. B. 
the same with the ratio of D to F, which by | - D. E. 
the same definition, is compounded of the : 
ratios of D to E, and E to F. 

Because there are three magnitudes A, B, C, and three 
others D, E, F, which, taken two and two, in order, have 
the same ratio; ex zquali A is to C, as D to F>. 

Next, Let A beto B, as E to F, and B to C, as D to E ; there- 
fore, er equali in proportione perturbata», A 
is to C, as D to F ; that is, the ratio of À to 
C, which is compounded of the ratios of A A. B. C. 
to B, and B to C, is the same with the ratio D. E. F 
of D to F, which is compounded of the ra- 
ties of D to E, and E to F : And in like manner the proposi- 
tion may be demonstrated, whatever be the number of ratios 
in either case. 


C. 
F. 











PROP. G. THEGR. 


Ir several ratios be the same with several ratios, 
each to each ; the ratio which is compounded of 
ratios which are the same with the first ratios, each 
to each, ís the same with the ratio compounded 
of ratios which are the same with the other ratios, 
each to each. 

Let A be to B, as E to F ; and Cto D, as G to H : And let 
A be to B, as K to L ; and C to D, as L to M: Then the ra. 
tio of K to M, by the definition .——— ———— —— — — 
ofcompound ratio, is compound- | A B. C. D. K.L M | 
ed of the ratios of K to L, and | p. p. (5. H. N O. P. 
L to M, which are the samewith |  * , - 
the ratios of Ato B,andCtoD: ~~ — 
And as E to F, so let IN be toO ; and as G to H, so let O be 
to P ; then the ratio of N to P, is compounded of the ratios 
of N to O, and O to P, which are the same withthe ratios of 
E to F, and G to H : And it is to be shown that the ratio of 
K to M, is the same with the ratio of N to P, or that K is to 
M, as N to P. 

Because K is to L, as (A to B, that is, as E to F, that is, as 
N toO; and as L'to M) sois (C to D, and so is G to H, 


and 


992 5. 


p 23. 3. 


Set N. 
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—— and so is O to P:) Ex zquali* K is toM, as Nto P. Thete- 
292.5. — fore, if several ratios, &c. Q. E. D. 


PROP. H. THEOR. 


oft Re: [r a ratio compounded of several ratios be the 
same with a ratio compounded of any other ratios, 
and if one of the first ratios, or a ratio compoun- 
ded ofany of the first, be the same with one of the 
last ratios, or with the ratio compounded of any 
of the last ; then the ratio compounded of the re- 
maining ratios of the first, or the remaining ratio 
of the first, if but one remain, is the same with the 
ratio compounded of those remaining of the last, or 
with the remaining ratio of the last. 


Let the first ratios be those of A to B, B to C, C to D, 
D to E,,and E to F ; and let the other ratios be those of G to 
, H,H to K, K toL, and L toM ; Also, let the ratio of A to 
» Definition ¥ which is compounded of* the first ,————___—__ 
pounded ratios,be the same with theratioofG | A. B. C. D. E. F. 
mm to M, which is compounded of the |G. H. K. L. M. 
other ratios: And besides, let the ra- 
tio of Ato D, which is compounded of the ratiosof A to B, 
B to C, C to D, be the same with the ratio of G to K, which 
is compounded of the ratios of G to H, and H to K : Then 
the ratio compounded of the remaining first ratios, to wit, of 
the ratios of D to E, and E to F, which compounded ratio is 
the ratio of D to F, is the same with the ratio of K to M, 
- which is compounded of the remaining ratios of K to L, and 
L to M of the other ratios. 

Because, by the hypothesis, A is to D, as G to K, by in- 
ps version’, Dis to A, as K toG ; and as A is to F, so is G to 
22.5. M therefore, ex quali, D isto F, as K to M. If there- 

fore a ratio which is, &c. Q, E. D. . 





ay 
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Boox V. 
w ~ 


PROP. K. THEOR. 


lr there be any number of ratios, and any number See. 
of other ratios such, that the ratio compounded of 
ratios which are the same with the first ratios, each to 
each, is the same with the ratio compounded of ratios 
which are the same, each to each, with the last ratios; 
and if cne of the first ratios, or the ratio which is 
‘compounded of ratios which are the same withseveral 
of the first ratios, each to each, be the same with one 
| of the last ratios, or with the ratio compounded of ra- 
tios which are the same, each to each, with several of 
thelast ratios: Thea the ratio compounded of ratios 
which are the same with.the remaining ratios of the 
first, each to each, or the remaining ratio of the first, 
if but one remain; is the same with the ratio com- 
pounded of ratios which are the same with those re- 
maining of the last, each to each, or with the re- 
maining ratio of the last. 


~ Let the ratios of A to B, C to D, E to F, be the frst ratios; 
and the ratios of G to H, K to L, M to N, O to P, Q to R, 
be the other ratios : And let A be to B, as 5 to T' ; and C to 
7D, as T to V, and EtoF,as V to X: Therefore, by the defi- 
nition of compound ratio, the ratio of S to X is compounded 
















1. 
,F. S, T, V. X. 
Y, Z,a, b, c,d: 


of the ratios of Sto T, T to V, and V to X, which are the 
Same with the ratios of A to B, C to D, E to F, each to each: 
Also, as G to H, so let Y beto Z; and K toL,as Z toa; M 
o6 N, as a to b, O to P, as b toc; and Q to R, asc to d: 
herefore, by the same definition, the ratio of Y to d is com- 
ounded of the ratios of Y to Z, Z tọ a, a to b, b to c, and 

1 c to 
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Book V. c to d, which are the same, each to each, with the ratios of G 


a 1l. 


vr 


to H, K to L, M to N, O toP, and Q to R: Therefore, by the 
hypothesis, S is to X, as Y tod: Also, let the ratio of A to B, 
that is, the ratio of S to 'T', which is one of the first ratios, be 
the same with the ratio of e to g, which is compounded of the 
ratios of e to f, and f to e, which, by the hypothesis, are the 
same with the ratios of G to H, and K to L, two. of the other 
ratios ; and let the ratio of h to 1 be that which is compounded 
of the ratios of h to k, and k to !, which are the same with the 
remaining first ratios, viz. of C to D, and E to F ; also, let 
the ratio of m to p, be that which is compounded of the ratios 
of m to n, n to o, and o to p, which are the same, each to each, 
with the remaining other ratios, viz. of M to N, O to P, and 
Q to R: Then the ratio of h tol is the same with the ratio 
of m to p, orh is to l, as m to p. 





IE 543 I. 
A, B; C, D; LF. S DP UA, 
G,H;K,L;M,N;O,P;GQ,R. Y, Z,2B8Bgi. 8. 
e, f, g. In, 5, p 


Because c is to f, as (G to H, that is, as) Y to Z ; andf is 
to g, as (K to L, that is, as) Z toa ; thercfore, ex «quali, e is: 
to g, as Y toa: And by the hypothesis, A is to B, that is, 
S to T,aseto g; wherefore S is to T, as Y toa; and, by 
inversion, T' is to S, asa to Y ; and S isto X, as Y to d; 
therefore, ex «quali, T' isto X,as a tod: Also, because h is 
to k as (C to D, that is, as) T to V; and k is to l, as (E to 
F, that is, as) V to X ; therefore, ex. sequali, h is to l,2s V 
to X: In like manner, it may be demonstrated, that m is to 
p,asa to d: Andit has been shown, tnat T is to X, as a to 
d; therefore? h istol as m top. Q. E.D. 

The propositions G and K are usually, for the sake of bre 
vity, expressed in the same terms with propositions F and H: 
And therefore it was proper to show the true meaning of the 
when they are so expressed ;, especially since they are very 
frequently made use of by gcometers. 
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BOOK VI. 


DEFINITIONS. | ' 
I. 


| Simar rectilineal figures Boor VI. 
are those which have their — 
| several angles equal, each to » 


"each, and the sides about the 
equal angles proportionals. 


* Reciprocal figures, viz. triangles and parallelograms, are see N. 

_ *€ such as have their sides about two of their angles propor- 
** tionals in such manner: tbat a side of the first figure is to 
* a side of the other, as the remaining side of this other is 
** to the remaining side of the first.” 

III. 

À straight line is said to be cut in extreme and mean ratio, 
when the whole is to the greater segment, as the greater 
segment is to the less. 

IV. 

The altitude of any figure is the straight 
line drawn from its vertex perpendicular 
to the base. 


Ba 





08 '*i. 


i3, def. 5 
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PROP.I. THEOR. 


` * 
‘I RIANGLES and parallelograms of the same al- 
titude are one to another as their bases. 


Let the triangles ABC, ACD, and the parallelograms EC, 
CF have the same altitude, viz. the perpendicular drawn from 
the point Ato BD: Then, as the hase BC, is to the base CD, 
so is the triangle ABC to the triangle ACD, and the paral- 


‘lelogram EC to the parallelogram CF. 


Produce BD both ways to the points H, L, and take any 
number of straight lines BG, GA, each equal to the base BC; 
andDK, KL, any number of them, each equal tothe base CD ; 
and join AG, AH, AK, AL: Then, because CB, BG, GH 
are all equal, the triangles AHG, AGB, ABC are all equal?: 
Therefore, whatevér multiple the base HC is of the base BC, 
the same multiple is the. triangle AHC of the triangle ABC: 
For the same reason, whatever multiple the base LC is of the 
base CD, the same multi- 
ple is the triangle ALC 
of the triangle. ADC: 
And if the base HC be 
equal to the base CL, the 
triangle AHC is also 
equal to the triangle 
ALC*; and if the base 
HC be greater than the 
base CL, likewise the ` 
triangle AHC is greater than the triangle ALC; and ifless, 
less: Therefore, since there are four magnitudes, viz. the two 
bases BC, CD, and the two triangles ABC, ACD ; andvof the 
base BC and the triangle ABC, the first and third, any equi- 
multiples whatever have been taken, viz. the base HC and tri- 
angle AHC; and of the base CD and triangle ACD, the se- 
cond and fourth, have been taken any equimultiples whatever, 
viz. the base CL and triangle ALC; and that it has been shown, 
that, if the base HC be greater than the base CL, the triangle 
AHC is greater than the triangle ALC; and if equal, equal 4 
and if less, less: Therefore’, as the base BC is to the base CD, 
so is the triangle ABC to the triangle ACD. 

And because the parallelogram CE is double of the un 

2 
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ABC: and the parallelogram. CF double of thetriangle ACD, —— 
and that magnitudes have the same ratio which their equimul- Zr 
tiples have ; as the triangle ABC is to the triangle ACD, so 115.5. 
- is the paralleio:ram E* to the parallelogram CF: And because 
it has been shown, that, as the base BC is co the base CD, so 
is the triangle ABC to ve triangle ACD; and as the triangle 
ABC is to the triangle AD, so is the parallelogram EC to 
the para.lelogram CF ; therefore, as the base BC is to the base 
CD, so ist the parailelogram EC to the parallelogram CF. ¢11.5. 
W herefore triangles, &c. Q. E. D. 
Cor. From this it is plain, that triangles and parallelo- 
_ gramsthat have equal altitudes are one to another as their bases. 
Let their figures be placed so as to have their bases in the 
same straight line ; and having drawn perpendiculars from . 
the vertices of the triangls to the bases, the straight line 
| which joins the vertices is parallel to that in which their 
bases are‘, because the perpendiculars are both equal and pa- 133.1. 
rallel to one another. Then, if the same construction be made 
as in the proposition, the demonstration will be the same. 
























PROP. I, THEOR. 


Ir a straight line be drawn parallel to one of the see y, 
Sides of a triangle, it shall cut the other sides, or 
these produced, proportionally : And if the sides, 

or the sides produced, be cut proportionally, the 
straight line which joins the points of section shall 

be parallel to.the remaining side of the triangle. 


"Let DE be drawn parallel to BC, one of the sides of the 
mtriangle ABC: BD is to DA, as CE to EA. T 

Join BE, CD; then the triangle BDE is equal to the tri- 
angle CDE, because they are on the same base DE, and be- 237. ; 
mtween the same paralicls DE, BC : ADE is another triangle, 
Mand equal magnitudes have the same, the same ratio® ; there- » 7.5. 
ie, as the triangle BDE to the triangle ADE,so is the tri- 
angle CDE to the triangle ADE , but as the triangle -BDE to 
the triangle ADE, so is* BD to DA, because having the same ¢ 1. c. 
altitude, viz. the perpendicular drawn from the point E to AB, 
mey are to one another as their bases; and for the same reason, 


" L 3 as 


EL 
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Book VI. as the triangle CDE to the triangle ADE, so is CE to EA: 


€ 11.5, 


“1 ®. 


9.5. 


£29. 1, 


See N. 


Therefore, as BD to DA, so is CE to EA‘, 
Next, Let the sides AB, AC, of the triangle ABC, or these 


A ECmm 
D F. 
B C 





produced, be cut proportionally in the point D, E, that is, so 
that BD be to DA as CE to EA, and join DE ; DE is paral- 
lel to BC. | 

The same construction being made, Because as BD to DA, 
so is CE to EA; and as BD to DA, so is the triangle BDE; 
to the triangle ADE*; and as CE to EA, so is the triangle 
CDE to the triangle ADE ; therefore the triangle BDE is to 
the triangle ADE, as the triangle CDE to the triangle ADE; 
that is, the triangles BDE, CDE have the same ratio to the 
triangle ADE and therefore’ the triangle BDE is equal te 
the triangle CDE: and they are on the same base DE; but 
equal triangles on the same base are between the same paral 
lelsz; therefore DE is parallel to BC. Wherefore, if a straigh 
line, &c. O E. D, 















PROP. Il]. THEOR. 


Ir the angle of a triangle be divided into two equa 
angles, by a straight line which also cuts the base 
the segments of the base shall have the same ratic 
which the other sides of the triangle have to on 
another: And if the segments of the base have thi 
same ratio which the other sides of the triangl 
have to one another, the straight line drawn fron 
the vertex to the point of section, divides the ver 
ticle angle into two equal angles. 


Let the angle BAC of any triangle ABC be divided into tw 
DU ou by the straight line AD: ED is to DC, as Be 
to : 


Throug 
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Through the point C draw CE parallel? to DA, and let BA Boox VI. 
| produced meet CE in E. Because the straight line AC meets 79 
the parallels AD, EC the angle ACE is equal to the alternate E 
angle CAD*^: But CAD, by the hypothesis, is equal to the 
angle BAD; wherefore BAD is equal to the angle ACE. 
Again, because the straight line 
BAE meets the parallels AD, 


E 

EC, the outward angle BAD 
is equal to the inward and A 
opposite angle AEC: but the 
angle ACE has been proved 
equal to the angle BAD; there- LÀ 
fore also ACE is equal tothe ^ 

D k 


angle AEC, and consequently MoR Te 


the side AE is equal to the 
sidet AC: And because AD is drawn parallel to one of the ‘°!- 
sides of the triangle BCE, viz. to EC, BD is to DC, as BA 
to AE‘, but AE is equal to AC; therefore, as BD, DC, so is «2. 6. 
BA to AC. Nn 
Let now BD be to DC, as BA to AC, and join AD; the ^? 
angle BAC is divided into two equal angles by the straight 
line AD. 
The same construction being made ; because, as BD to DC, 
so is BA to AC ; and as BD to DC, so is BA to AE4, because 
AD is parallel to EC ; therefore BA is to AC, as BA to AEF; '!1. 5. 
Consequently AC is equal to AE, and the angle AEC is there- © 9. 5. 
fore equal to the angle ACE! : But the angle AEC is equal to + 5.1. 
the outward and opposite angle BAD; and the angle ACE 
is equal to the alternate angle CAD®: Wherefore alse the an- 
gle BAD is equal to the angle CAD: Therefore the angle 
BAC is cut ‘into two equal'angles by the straight line AD. 
Therefore, if the angle, &c. Q. E. D. 
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PROP. A. THEOR. 


I F the outward angle of a triangle made by pro- 
ducing one of its sides, be divided into two equal 
angles, by a straight line which also cuts the base 
produced ; the segments between the dividing line 
and the extremities of the base have the same ratio 
which the other sides of the triangle have to one 
another: And if the segments of the base produced, ` 
have the same ratio which the other sides of the tri~ 
angle have, the straight line drawn trom the ver- 
tex to the point of section divides the outward an- 
gle of the triangle into two equal angles. 


Let the outward angle CAE of any triangle A BC bedivided 
into two equal angles by the straight line AD which meets 
the base produced in D: BD isto DC, as BA to AC. 

Through Cdraw CF parallel to A D*; and because the straight 
line AC meets the parallels AD, FC, the angle ACF is equal 
to the alternate angle CAD"; Bue CAD is equal to the angle 
DAE‘; therefore also DAE & equal to the angie ACF. Again, 
because the straight line FAE meets the parallels AD, FC, the 
outward angle DAE is ^ e 
equal to the inward and op- E 
posite angle CFA: But the 
angle ACF has been proved 
equal to the angle DAE; 
therefore also the angle 
ACF is equal to the angle 
CFA, aud consequently the 
side AF is equal to the side 





' AC*: And because AD is parallel to FC, a side of the tri- 


angle BCF, BD is to DC, as BA to AF*, but AF is equal to 
AC ; as therefore BD is to DC, so is BA to AC. 

Let now BD be to DC, as BA to AC, and join AD; the 
angle CAD is equal to the angle DAE. 

T' e same construction being made, because BD is tọ DC, ~ 
as BA to AC ; and that BD is also to DC, as BA, to AF°; 
therefore BA is to AC, as Bto AF": wherefore AC is equal ` 
to AFs, and the angle AF@ equal’ to the angle ACF : p 

the 
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the angle AFC is equal to'the outward angle EAD, and the Beox V. 
angle ACF to the alternate angle CAD; therefore also EAD 
is equal tothe angle CAD, Wherefore, if the outward,-&c. 


Q. È. D. 


PROP. IV. THEOR. 


Tue sides about the equal angles of equiangular 
triangles are proportionals ; and those which are op- 
posite to the equal angles are homologous sides, that 
is, are the antecedents or consequents of the ratios. 


Let ABC, DCE be equiangular triangles, having the angle 
ABC equal to the angle De , and the angle ACB to the an- 
gle DEC, and consequently? the angle BAC equal to the angle * 32. 1. 
CDE. The sides about the equal angles of the triangles 
ABC, DCE are proportionals ; and those are the homologous 
sides which are opposite to the equal angles. | 

Let the triangle DCE be placed, so that its side CE. may be 
contiguous to BC, and in thesame straight line with it: And 
because the angles ABC, ACB are together less than two , 
right angles’, ABC, and DEC, which P 
is equal to ACB, are also less than. f 
tworight angles; wherefore BA, 
ED produced shall meet*; let them «12, Ax. 1, 
be produced and meet in the point 
F ; and because the angle ABC is 
equal to the angie DCE, BF is pa- 
- rallel? to CD. Again, because the B 

angle ACB is equal to the angle 
DEC, AC. is parallel to FE#: 
Therefore F ACD is a parallelogram ; and consequently AF is 
equal to CD, and AC to FD*: And because AC ‘is parallel * 54. t, 
to FE, one of the sides of the triangle FBE, BA is to AF, as f 
BC to CE': But AF is equal to CD; thereforez, as BA to ‘2.6. 
CD, so is BC to CE ; and alternately, as AB to BC, so isDC ' ^? 
to CE : Again, because CD is parallel to BF, as BC to CE, 
so is FD to DES; but FD is equal to AC; therefore, as BC © 
to CE, so is AC to DE: And alternately, as BC to CA, so 
CE to DE: 1 herefore, because it has been proved that AB is 
to BC, as DC to CE, and as BC to CA, so CE to ED, ex 


equali>, BA is to AC as CD to DE. Therefore the sides, ' ??- s 
&c. Q.E.D 
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PROP. V. THEOR. 


Ir the sides of two triangles, about each of their 
angles, be proportionals, the triangles shall be equi- 
angular, and have their equal angles opposite to the 


homologous sides. 

Let the triangles ABC, DEF have their sides proportionals, 
so that AB is to BC, as DE to EF; and BC to CA, as EF to 
FD ; and consequently, ex equali, BA to AC, as ED to DF; 
the triangle ABC is equiangular to the triangle DEF, and 
their equal angles are opposite to the homologous sides, viz. 
the angle ABC equal to the angle DEF, and BCA to EFD, 
and also BAC to EDF. | 

At the points E, F, in the straight line EF, makes* theangle 
FEG equal to the angle ABC, and the angle EFG equal ta 


BCA; wherefore the remain- 


ing angle BAC is equal to the A. 
remaining angle EGF*, and A 
the triangle ABC is there- —— | 
fore equiangular to the tri- A 

angle GEF ; and consequently LL E 
they have their ‘sides opposite 0 C 


to the equal angles propor- 

tionals. Wherefore,. as AB 

to BC, so is GE to EF ; but 

as AB to BC,so is DE to EF ; therefore as DE to EF, sot 
GE to EF: Therefore DE and GE have the same ratio to 
EF, and consequently are equal": For the same reason DF is, 
equal to FG: And because, in the triangles DEF, GEF, DE 
is equal to EG, and EF common, the two sides DE, EF, are 
equal to the two GE, EF, and the base DF is equal to the 
base GF ; therefore the angle DEF is equalf tothe angle GEF, 
and the other angles to the other angles which are subtended 
by the equal sidese. Wherefore the angle DFE is equal to 
the angle GFE, and EDF to EGF : And because the angle 
DEF is equal to the angle GEF, and GEF to the angle ABC ʒ 
therefore the angle ABC is equal to the angle DEF : Forthe 
same reason, the angle ACB is equal to the angle DFE, and 
the angle at A, to the angle at D. ‘Therefore the triangle 
ABC is equiangular to the triangle DEF. Wherefore, if 
the sides, &c. Q. E. D. 
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Boon VI. 
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PROP. VI. THEOR. 


1 F two triangles have one angle of the one equal 
toone angle ot the other, and the sides about the 
equal angles proportionals, the triangles shall be 
equiangular, and shall have those angles equal which 
are opposite to the' homologous sides. 


Let the triangles ABC, DEF have the angle BAC in the 
one equal to the angle EDF in the other, and the sides about 
those angles proportionals ; that is, BA to AC, as ED to DF ; 
the triangles ABC, DEF are equiangular, and have the angle 
ABC equal to the angle DEF, and ACB to DFE. 

At the points D, F, in tke straight line DF, make? the an- *5,t 
gle FDG equal to either of the angles BAC, EDF; and the 
angle DFG equal to the an- 
gle ACB: Wherefore the A 
remaining angle at B is f 
equal to the remaining one | 


_at_G>, and consequently ® 32. 1, 
the triangle ABC ts equi- 
angular to the triangle 
DGF ; and therefore as | alg. 


BA to AC, so is‘ GD fi DUKE 

to DI ; but by the hypo- ; 

thesis, as BA to AC, so is ED to DF; as therefore ED to 

: DF, so is * GD to DF ; wherefore ED is equal * to DG; and S ME 
DF is common to the two triangles EDF, GDF : Therefore 
the two sides ED, DF. are equa! to the two sides GD, DF; 
and the angle EDF is equal to the angle GDF; wherefore 
the base EF is equal to the base FG‘, and the triangle EDF to 
the triangle GDF, and the remaining angles to the remaining 
angles, each to each, which are subtended by the equal sides : 
Therefore the angle DFG is equal to the angle DFE, and the 
angle at G to the angleat E: But the angle DFG is equal to 
the angle ACB ; therefore the angle ACB is equal to the an- 
gle DEB: „And the angle BAC is equal to the angle EDF € ; € Hyp. 
wherefore aiso the remaining angle at B is equal to the re- 
maining angle at E.. Therefore the triangle ABC is equi- 
angular tothe triangle DEF. Wherefore, if two triangles, 

&c. Q. E. D. 
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PROP. VIL THEOR. 


Ir two triangles have one angle of the one equal 
to one angle of the other, and the sides about two 
other angles proportionals, then, if each of the re- 
maining angles be either less, or not less, than a 
right angle; or if one of them be a right angle: 
The triangle shall be equiangular, and have those . 
angles equal about which the sides are proportionals 

Let the two triangles ABC, DEF have one angle in the one 
equal to one angle in the other, viz. the angle BAC to the an- 
gle EDF, and the sides about two other angles ABC, DEF 
proportionals, so that AB isto BC, as DE to EF ; and, in the 
first case, let each of the remaining angles at C, F be less than 
a rightangle. "The triangle ABC is equiangular to the trian- 
gle DEF, viz. the angle ABC is equal to theangle DEF, and 
the remaining angle at C tothe remaining angle at F. 


For if the angles ABC, DEF be not equal, one of them is 


greater than the other: Let ABC be the greater, and at the 


a 23, ls 


v 324. 
* 4. 6. 


"1,5. 
e9, 5, 


5i 


€ 1X I. 


point B, in the straight line 

AB, make the angle ABG A 

equal to the angle * DEF : 

And because the angle at A a 

is equal to the angle at D, r 

and te angle ABG to the i— | l 

angle DEF; the remaining B G Jj F 

angle AGB is equal? to the 

remaining angle DFE : Therefore the triangle ABG is equi- 

angular to the triangle DEF ; wherefore* as AB is to BG, so 

is DE to EF ; butas DE to EF, so, by hypothesis, is AB to’ 

BC ; therefore as AB to BC, so is AB to BG? : and because 

AB has the same ratio to each of the lines BC, BG; BCis 

equal*to BG; and therefore the angle BGC is equal to the an- 

gle BCG: But the angle BCG is, by hypothesis, less than a 

right angle ; therefore also the angle BGC is less than a right 

angle, and the adjacent angle AGB musi be greater than. a 

rightangle®, But it was proved that the angld\GB is equal 

to the angle at F; therefore the angle at F is greater than a 

right angle: But, by the hypothesis, it is less than a right 
I angle 5 
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angle; which is absurd. Therefore the angles ABC, DEF Booxtvi. 
are not unequal, that is, they are equal: And the angle at A is 
equal to the angle at D; wherefore the remaining angle at C 
is equal to the remaining angle at F : "Therefore the triangle 
ABC is equiangular to the triangle DEF. 
Next, Let each of the angles at C, F be not less than a 
right angle: The triangle ABC is also in this case equiangu- 
lar to the triangle DEF. 
The same construction 
being made, it may be A 
_ proved in like manner that D 
BC is equal to BG, and 
the angle at C equal to the 
angle BGC: But the angle 
at C is not less than a right C 
angle ; therefore the angle 
BGC is not less than a rightangle: Wherefore two angles of 
the triangle BGC, are together not less than two right angles, 
which isimpossible^; and therefore the triangle ABC may be ? 17. 1. 
proved to be equiangular to the triangle DEF, as in the first 
Case. ~ 
Lastly, Let one of the angles at C, F, viz. the angle at C, 
be a right angle; in this case likewise the triangle ABC is 
equiangular to the triangle DEF. 
Forif they be not equian- 
gular, make, at the point B A 
of the straight line AB, the 
angle ABG equal to the an- 
—gle DEF ; then it may be 
proved, as in the first case, p 
that BG is equalto BC: But 
-the angle BCG isa right an- 
gle, therefore! the angle BGC A. 
i$ alsoa right angle ; whence 
two of the angles of the tri- 
Ane BGC are together not 
ess than two right angles ~ 
which estie: Tec. B E 
forethetriangle A BCisequi- | 
angular tothe triangle DEF. Wherefore, if the two triangles, 
&c. Q. E. D. 
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PROP. VIII. THEOR. e 


Ina right angled triangle, if a perpendicular be 
drawn from the right angle to the base; the trian- 
gles each side of it are similar to the whole triangle, 
and to one another. 


Let ABC bea right angled triangle, having the right angle 
BAC; and from the point A let AD be drawn perpendicular 
to the base BC: The triangles ABD, ADC are similar to the 
whole triangle ABC, and to one another. 

Because the angle BAC is equal to the angle ADB, each of 
them being a right angle, and that the angle at B is common 
to the two triangles, ABC, 

ABD: the remaining angle 

ACB is equal to the remaining 

angle BAD?+: Therefore the 

triangle ABC is equiangular 

to the triangle ABD, and the 

sides about their equal angles 

are proportionals®; wherefore lbs J 

the triangles are similars: In , 

thelike manner it may be demonstrated, that the triangle 
ADC is equiangular and similar to the triangle ABC : And 
the triangles ABD, ACD, being both equiangular and similar 
to ABC, are equiangular and similar to each other. There- 
fore, ina right angled, &c. Q. E. D. 

Con. From this it is manifest that the perpendicular drawn 
from the right angle of a right angled triangle to the base, is a 
mean proportional between the segments of the base: And 
also, that each of the sides is a mean proportional between the 
base, and. its segment adjacent to that side: Because in the 
triangles BDA, ADC, BD is to DA,as DA to DC’; and in 
the'triangles ABC, DBA, BC is to BA, as BA to BD*; and 
in the triangles ABC, ACD, BC is to CA, as CA to CD», 


--—  -— P" — 
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Bode VI. 
— 


PROP"IX* ZFROPB. 


From a given straight line to cut off any part se v. 
required. 


Let AB be the given straight line ; it is required to cut off 
any part from it. 

From the point À draw a straight line AC, making any an- 
gle with AB; and in AC take any point D, and taxe AC the 
same multiple of AD, that AB is of the part 
which is to be'cut off from it: jon BC, A 
and draw DE parallel to it: Then AE is ^ 
the part required to be cut off. | x 

Because ED is parallel to one of the sides 1] a—s 
of the triangle ABC, viz. to BC, as CD is 
to DA, sois? BE to EA: and, by compo- 
sition’; CA is to AD, as BA to AE: But +18. 5. 
CA is a multiple of AD ; therefore* BA 
is the same multipleof AE : Whatever part | 
therefore AD is of AC, AE is the same B C 
partof AB: Wherefore, from the straight 
line AB the part required is cut off. .Which was tobe done. 


PROP. X. PROB. 


r 

10 dividea given straight line similarly toa given 
divided straight line, that is, into parts that shall 
have the same ratios to one another which the parts 
of the divided given straight line have. 


Let AB be the straight line given to be divided, and AC the 
divided line :. it is required to divide AB similarly to AC. 

Let AC be divided in the points D, E ; and let AB, AC be 
placed so as to contain any angle, and join BC, and through 
the points D, E, draw? DF, EG parallels to it; and through 131. 1. 
D draw DHK parallel to AB: Therefore each of the figures 
FH, HB, is aparallelogram ; wherefore DH is equal? to F * » 34, 4. 

1 / an 
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rie VI. and HK to GB: And because HE is 


€ 9, 6, 


231.1. 


* 2. 6, 


^". parallel to KC, one of the sides of 
the triangle DKC, as CE to ED, 

so is* KH to HD: But KH is equal 
to BG, and HD to GF ; therefore, as 
CE to ED, 0 is BG to GF : Again, 
because FD is parallel to EG, one of 
the sides of the triangle AGE, as ED 
to DA, so is GF to FA: But i it has 
been proved that CE is to ED, as 
BG to GF ; and as ED to DA, so GF to FA: Therefore, 
the given straight line AB is divided similarly to AC. Which 
was to be done. - 





PROP. XI. PROB. . - 


~ 
I O find a third proportional to two given straight 
lines. 


Let AB, AC be the two given straight lines, and let them 
be placed so as to contain any angle ; it is 
required to find a third proportional to AB; A 
AC. ` 

Produce AB, AC, to the points D, E; 
and make BD " equal to AC; and having B C 
joiued BC, through D, draw DE parallel to 
it." 

Because BC is parallel to DE, a side of 
the triangle ADE, AB is è? to BD, as AC 
to CE: But BD is equal to AC ; as there- 
fore AB to AC, so is AC to CE. Wherefore, to the fwo 
given straight lines AB, AC a third proportional CE is found. 
Which was to be done. 


PROP. XII, PROB. 


"To find a fourth proportional to three given 
Straight lines. 


Let A, B, C be the three given straight lines ; it is re- 
quired to find a fourth proportional to A, B, C fe. 
ake 
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Take two straight lines DE, DF, containing any angle a 


EDF ; and upon these make 

DG equal to A, GE equal to A 
B, and DH equal to C ; and | 
having joined GH, draw EF D 
parallel* to it through the 


point E: And because GH AL oec un 


is parallel to EF, one of the G 


sides of the triangle DEF, 

DG is to GE, as DH to 

HF*; but DG is equal to Ẹ 

A, GE to B, and DH to 

C; therefore, as A is to B, so isC to HF. Wherefore to the 


three given straight lines A, B, C, a fourth proportional HF 
is found. Which was to be done. 


PROP. XIII. PROB. 


To find a mean proportional between two given 
straight lines. ` 


Let AB, BC be the two given straight lines; it is required 
to find a mean proportional between them. 
Place AB, BC in a straight line, and upon AC describe the 
semicircle ADC, and from the 
point B draw * BD at right an- D 
gles to AC, and join AD, DC. 
| Because the angle ADC in a 
semicircle is a right angle?, and 
because in the right angled tri- 
angle ADC, BD is drawn from 


- therightangle perpendicular to A e 


` the base, DB is a mean propor- 


tional between AB, BC the segments of the base‘: Therefore 
between the two given straight lines AB, BC, a mean propor- 
tonal DB is found. Which was to be done. 


M 


* 31, 1. 


TI uu 


* 31, 3, 


© Cor, 9. 6. 
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PROP. XIV. THEOR. 


EÉovar parallelograms, which have one angle of 


.the one equal to one angle of the other, have their 


sides about the equal angles reciprocally propor- 
tional: And parallelograms that have one angle of 
the one equal to one angle of the other, and their 
sides about the equal angles reciprocally propor- 
tional, are equal to one another. 


Let AB, BC be equal parallelograms, which have the an- 
gles at B equal, and let the sides DB, BE be placed in the 
same Straight line; wherefore also FB, BG are in one straight 
linea. The sides of the parallelograms AB,» BC about the 
equal angles, are reciprocally proportional ; that is, DB is to 
BE, as GB to BF. 

Complete the parallelogram FE ; and because the parallelo- 
gram AB is equal to BC, and 
that FE is another parallelo A Fr 
eram, ABistoBE,as;BCto WW —.—— X 
FE^: But as AB to FE, so is \ 
the base DB to BE‘; and as D 
BC to FE, sois the base of GB 
to BF; therefore, as DB to BE, 
so is GB to BF, W herefore, 
the Sides of the parallelograms 
AB, BC about their equal an- 
gles are reciprocally proportional. 

But, let the sides about the equal angles be reciprocally pro- 
portional, viz. as DB to BE, so GB to BF; the parellelo- 
gram AB is equal to the parallelogram BC. 

Because, as DB to BE, so is GB to BF; and as DB to 
BE, so is the parallelogram AB to the parallelogram FE ; and 
as GB to BF, so is the parallelogram BC to the parallelogram 
FE; therefore as AB to FE, so BC to FE‘: Wherefore the 
parallelogram AB is equalt to the parallelogram BC, There- 
fore equal parallelograms, &c. Q. E. D. 
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PROP. XV. THEOR. 


EQUAL triangles which have one angle of the 

other equal to one angle of the other, have their 

sides about the equal angles reciprocally proportion- 

al: And triangles which have one angle in the one 

equal to one angle in the other, and their sides about 

the equal angles reciprocally proportional, are equal 
to one another. 



















| Let ABC, ADE be equal triangles, which have the angle 

‘BAC equal to the angle DAE ; the sides about the equal an- 

gies of the triangles are reciprocally proportioyal ; that is, CA 
is to AD, as EA to AB. 

Let the triangles be placed so, that their sides, CA, AD be 

| In one straight line ; wherefore also EA and AB are in one 


equal to the triangle ADE, and 
that ABD is another triangle ; 
therefore as the triangle CAB is 
to the triangle BAD, so istriangle 
EAD to triangle DAB*: But as 
triangle CAB to triangle BAD, 
so is thebase CA to AD* ; and as 
triangle EAD to triangle DAB, 
sois the base EA to AB‘: as 
therefore CA to AD, so is EA to 


the equal angles are reciprocally proportional. 

But let the sides of the triangles ABC, ADE about the equal 
angles be reciprocally proportional, viz. CA to AD, as EA to 
AB ; the triangle ABC is equal to the triangle ADE. 
Having joined BD as before ; because, as CA to AD, so is 
A to AB ; and as CA to AD, so is triangle ABC to triangle 
BAD*; and as EA to AB, so is triangle EAD to triangle 
BAD* ; therefore? as triangle BAC to triangle BAD, so is^ 
riangle EAD to triangle BAD; that is, thetriangles BAC, 
Y D have the same ratio to the triangle BAD: Wherefore 
the 
qual triangles, &c. Q. E. D. 

M 2 
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Straight line*: and join BD. Because the triangle ABC is +141, 





1B‘; wherefore the sides of the triangles ABC, ADE about * 11. 5. 


triangle ABC is equal* to the triangle ADE, Therefore e 9. 5. 


154 


Book XJ. 
—⸗ꝰ 


« 11. 1. 


Jus 


* 14, 6. 


gram BG is equal to the parallelogram DH ; and they a 
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PROP. XVI. THEOR. 


İr four straight lines be proportionals, the rectan- | 
gle contained by theextremes is equal to the rectan- | 
gle contained by the means: And if the rectangle | 
contained by the extremes be equal to the rectangle | 
contained by the means, the four straight lines are. 
proportionals. i 


Let the four straight lines AB, CD, E, F, be proportionals» 
viz. as AB to CD, so E to F ; the rectangle contained by AB 
F is equal to the rectangle contained by CD, E. 

From the points A, C draw* AG, CH at right angles to 
AB, CD ; and make AG equal to F, and CH equal to E, and 
complete theparallellograms BG, DH : Because; as AB toCD, 
sois E to F ; and that E is equal to CH, and F to AG; AB 
is? to CD as CH to AG. Therefore the sides of the paralle 
lograms BG, DH about the equal angles are reciprocally pro 
portional ; but parallelograms which have their sides abou 
equal angles reciprocally proportional, are equal to one ano. 
ther®; therefore the parallelogram BG is equal to the paralle 
Jogram DH: And the paral- 
lelogram BG is contained by 
the straight lincs AB, F; be- — — H 
cause AG is equal to F; and 
the parallelogram DH is con- G 
tained by CD and E; because 
CH is equal to E; There- 
fore the rectangle contained 
by the straight lines AB, F 
js equal to that which is s 
contained by CD and E. ^ b o9 

And if the rectangle contained by the straight lines AB, 
be equal to that which is contained by CD, E; these four lin 
are proportional, viz. AB is to CD, as E to F. 

The same construction being made, because the rectang 
contained by the straight lines AB, F is equal to that which 
contained by CD, E, and that therectangle BG is contained E 
AB, F, because AG is equal to F ; and the rectangle DH I 
CD, E, because CH is equal to E; therefore the parallel 
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equiangular: But the sides about the equal angles of equal Beos VI. 
parallelogramsare reciprocally proportionalt: Wherefore, as A 
AB to CD, so is CH to AG ; and CH isequal to E,» and AG." 
to F: as therefore AB is to CD, so E to F. Wherefore, if 
four, &c: Q.E.D. 


PROP. XVII. THEOR. 


I F three straight lines be proportionals, therectan- 
gle contained by the extremes 1s equal to tlre square 
of the mean: and if the rectangle contained by the 
extremes be equal to the square of the mean, the 
three straight lines are proportionals. 


Let the three straight lines A, B, C be proportionals, viz. 
as A to B,so B to C; the rectangle centained by A,C is equal 
to the square of B. 

Take D equal to B ; and because as A to B, so B to C, and 
that B is equalto D: A is*to Bas Dto C: But, if four «3,5 
straight lines be pro- 
portionals, the rectan- A 
gle contained by the B 
extremes is equal to 
that which is —— = 
bythemeans?: There- C—— * 16. 6, 
fore the rectangle con- 


tained by A, C is equal 
to that contained by 
B, D: Buc the rect- 


angle contained by B, 

D is the square of B; because B is equal to D: Therefore 

the rectangle contained by A, C is equal to the square of B. 
And if the rectangle contained by À, C be equal to the 

square of B ; À is to B, as B to C. 

‘The same construction being made, because the rectangle 
contained by A, C is equal to the square of B, and the square 
of B is equal to the rectangle contained by B, D, because B 
is equal to D ; therefore the rectangle contained by A, C is 
equal to that contained by B, D ; but if the rectangle con- 
tained by the extremes be equal tothat contained by the means, 
the four straight lines are proportionals?: Therefore À is to 

M 3 B, as 
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Boor VI. B, as D toC; but B is equal to ID; wherefor2, as A to B, 


oee N. 


4 2945; 


so B to C; Therefore, if three straight lines, &c. Q. E. D, 


PROP. XVIII. PROB. 


U PON a given straight line to describe a rectili- 
neal figure similar, and similarly situated toa given 
rectilineal figure. | 


Let AB be the given straight line, and CDEF the given 
rectilineal figure of four sides ; it is required upon the given 
straight line AB to describe a rectilineal figure similar, and 
similarly situated to CDEF. 

Join DF, and at the points A, B in the straight line AB, 
make? the angle BAG equal to the angle at C, and the angle 
ABG equal to the angle CDF ; therefore the remaining angle 
CFD is equal to the remaining angle AGB’. Wherefore the 
triangle FCD is 
equiangular, to the 
‘esi GAB: @ H 
Again, at the points X. \ 
G, B in the straight | \ 


line GB; make * the L 
angle BGH equal to | 

the angle DFE, and Lb i 
the angle GBH, A C 


cqual to FDE; 
thereforè the remaining angle FED is equal to the remaining 
angle GHB, and the triangle FDE equiangular to the triangle 
GBH : Then, because the angle AGB is equal to the angle 
CFD, and BGH to DFE, the whole angle AGH is equal 
to the whole CFE: For the same reason, the angle ABH is 
equal to the angle CDE; also the angle at A is equal to the 
angle at C, and the angle GHB to FED: Therefore the rec- 
tilineal figure ABHG is equiangular to CDEF: But likewise 
these figures have their sides about the equal angles propor- 
tionals : because the triangles GAB, CD being equiangular, 
BA istto AG, as DC to CF; and because AG is to GB, as 
CI“ to FD; and as GB to GH, so, by reason of the equiangu- 
lar triangles BGH; DFE, is FD to F E; therefore, ex zquali?, 
AG is to GH, as CF to FE: In the same manner it may be 
proved that AB is to BH, as “CD to DE: And GH is to 
`~ HB, as 


"7 
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HB, as FEto EDs. Wherefore, because the rectilineal figures Boox VI, 
ABHG, CDEF are equiangular, and have theirsidesabout the ~~ 
equal angles proportionals, they are similar to one anothor*. © 1. def. 6. 

Next, let it be required to describe upon a given straight 
line AB, a rectilineal figure similar, and similarly situated to 
the rectilineal figure CDKEF. 

Join DE, and upon the given straight line AB describe the 
rectilineal figure ABHG similar, and similarly situated to the 
quadrilateral figure CDEF, by the former case; and at the 
points B, H, in the straight line BH, make the angle HBL 
chual to the angle EDK, and the angle BHL equal to the angle 
DEK ; therefore the remaining angle at K is equal to the re~ 
Maining angle at L: And because the figures ABHG, CDEF 
are similar, the angle GHB is equal to the angle FED, and 
BHL is equal to DEK; wherefore the whole angle GHL is 
equal to the whole angle FEK: For the same reason the angle 
ABL is equal to the angle CDK: |. Therefore the five-sided 
figures AGHLB, CFEKD are equiangular ; and because the 
figures AGHB, CFED are similar, GH is to HB, as FE to 
ED ; andas HB to HL, sois ED to EK: ; therefore, ex zqua- 

li‘, GH is to HL, as FE to EK: For the same reason, AB is‘ 4. 6. 
to BL as CD to DK : And BL is to LH, as: DK to KE, be- 4 22. 5. 
- cause the triangles BLH, DKF are equiangular: Therefore, 
because the five-sided figures AGHLB, CFEKD are equian- 

gular, and have their sides about the equal] angles proportion- 

als, they are similar to one another : and in the same manner 

a rectilineal figure of six or more sides may be described upon 

a given straight line similar to one given; andsoon, — Which 

< was to be done. 


PROP. XIX. THEOR. 


1 
Sim ILAR triangles are to one another in the du- 
plicate ratio of their homologous sides. 


Let ABC, DEF be similar triangles, having the angle B . 
equal to the anzle E, and let AB be to BC, as DE to EF, so 
that the side BC is homologous to EF?: the triangle ABC * 12. def. 
has-$o the triangle DEF, the duplicate ratio of that which BC 
has to EF. 

"Take BG a third proportional to BC, EF”: so that BC is» 11. €. 
to EF, as EF to BG, and join GA: Then, because as AB 
to BC, so DE to EF; ot AB is to DE, as BC * * 16. & 

M € EF: 
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EF: But as BC to EF, so is EF to BG ; therefore? as AB 
to DE, sois EF to BG: Wherefore the sides of the triangles 
ABG, DEF, which are about the equa! angles, are recipro- 
cally proportional: But triangles which have the sides about 
two equal angles re- 


ciprocally proportio- A: 
nal are equal to one . AC 
another: : Wherefore ` " \ 
the triangle ABG is 


equal to the triangle 
DEF: And because 
as BC is to EF, so d b 
EF to BG ; anf that B G C 
if threc straight lines ‘ 
be proportionals, the first is said‘ to have to the third the du- 
plicate rario of that which it has to the second ; BC therefore 
has to BG the duplicate ratio of that which BC has to EF : 
But as BC to BG, so isz the triangle ABC to the triangle 
ABG. Therefore the triangle ABC has to the triangle ABG 
the duplicate ratio of that which BC has to EF: But the tri- 
angle ABG is equal to the triangle DEF : Wherefore also the 
triangle ABC has ‘to the triangle DEF the duplicate ratio of 
that which BC hasto EF. Therefore similar triangles, &c. 
Q. E. D. E 

Cor. From this it is manifest, that if three straight lines 
be proportionals, as the first is to the third, so is any triangle 
upon the first to a similar, and ‘similarly described triangle 
upon the second. 


PROP. XX. THEOR. 


SIMILAR polygons may be divided into the same 
number of similar triangles, having the same ratio to 
one another that the polygons have; and the poly- 
gons have to one another the duplicate ratio of that 
which their homologous sides have. 

Let ABCDE, FGHKL be similar polygons, and let AB be 
the hontologous side to FG: The polygons .ABCDE, 


FGHKL may be divided into the same number of similar tri- : 


angles, whereof each to each has the same ratio which the po- 
lygons have; and the polygon ABCDE has to the polygon 
FGHKL the duplicate ratio of that which the side AB has to 
the side FG. 


Join BE, EC, GL, LH : And because the polygon ABCDE 
is 


——. ——————— .— €————————————————————————— i a at —— ———————— 


E 
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: is similar tothepolygon FGHKL, the angle BAE is equal tothe Boor VI. 


angle GFL’, and BA is to AE, as GF toFL*: Wherefore, -— 
because the triangles ABE, FGI. have an angle in one equal 
to anangle in the other, and their sides about these equal angles 
proportionals, the triangle ABE is equiangular’, and there- * 6. 6. 
fore similar to the triangle FGL*; wherefore the angle ABE C4. 6. 
is equal to the angle FGL: And, because the polygons are simi- 
lar, the whole angle ABC is equal*to'the whole angle FGH ; 
therefore the remaining angle EBC is equal to the remaining 
angle LGH : And because the triangles ABE, FGL are similar, 
EB is to BA, as LG to GF*; and also, because the polygons 
are similar, AB is to BC, as FG to GH’; therefore, ex zequali*, « 29. 5. 
EB is to BC, as LG to GH ; that is, the sides about the 
equal angles EBC, LGH are proportionals; therefore? the 
triangle EBC is equiangular to the triangle LGH, and similar 
to it. For 
the same rea- A 
son, as * M r 
angle ECD ,. 
likewise is É B NC ; 
similar — to L G 
the triangle 
DHK : there- 
fore the si- D C 
milar poly- 
gons ABCDE, FGHKL are divided into the same number of 
similar triangles. 

Also these triangles have, each to each, the same ratio which 
the polygons have to one another, the antecedents being ABF, 
EBC, ECD,” and the consequents FGL, LGH, LHK: And 
the polygon ABCDE has to the polygon FGHKL the dupli- 
cate ratio of that which the side AB has to the homologous 
side FG. 

Because the triangle ABE is similar to the triangle FGL, 
ABE has to FGL, the duplicate ratio of that which the side « 19. c. 
BE has to the side GL: For the same reason, the triangle BEC 


- has to GLH the duplicate ratio of that which BE has to GL: 


Therefore, as the triangle ABE to the triangle FGL, sof is thee 11, 5. 

triangle BEC to the triangle GLH. Again, because, the tri- 

angle EBC is similar to the triangle LGH, EBC has to LGH, 

the duplicate ratio of that which the side EC has to the side 

LH: For the same reason, the triangle ECD has tothe triangle 
LHK, 
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LHK, the duplicate ratio of that which EC has to LH: As 
therefore the triangle EBC to the triangle LGH, so is’ the 
triangle i 

ECD to the : A 

triangle 

LHK: But ,. 
it has been **q 
proved, that 
the triangle 
EDC is like- ` 
wise to the D C K 
triangle | 

LGH, as the triangle ABE to the triangle FGL. Therefore, 
as the triangle ABE to the triangle FGL, sois triangle EBC 
to triangle LGIT, and triangle ECD to triangle LHK : And 





— 


“therefore, as one of the antecedents to one of the consequents, 


£12. 5. 


b [O. def. 5. 


Cor. 19. 6, 


so are all the antecedents to all the consequents 8. Wherefore, 
as the triangle ABE to the triangle FGL, so is the polygon 
ABCDE to the polygon FGHKL: But thetriangle ABE has 
to the triangle FGL., the duplicate ratio of that which the side 
AB has to the homologous side FG. Therefore also the poly- 
gon ABCDE has to the polygon FGHKL the duplicate ratio 
of that which AB has to the homologous side FG. Where- 
fore similar polygons, &c. Q, E. D. 

Cor. 1. In like manner, it may be proved, that similar four 
sided figures, or of any number of sides, are one to another in | 
the duplicate ratio of their homologous sides, and it has already 
been proved in triangles. — l'herctore, universally, similar rec- 
tilintal figures are to one another in the duplicate ratio of their 
homologous sides. 

Cor. 2. And if to AB, FG, two of the homologous sides, 
a third proportional M be taken, AB has to M the duplicate 
ratio of chat which AB has to FG: but the four-sided figure or 
polygon upon AB, has to the four-sided figure or polygon upon 
FG likewise the duplicate ratio of that which AB has toFG: 
Therefore, as AB is to M, so is the figure upon AB to the 
figure «upon. FG, which was also proved in triangles’. 
Therefore, universally, it is manifest, that if three straight — 
lines be proportionals, as the third is to the third, so is any rec- 
tilineal figure upon the frst, tó a similar and similarly de- 
scribed rectilineal figure upon the second. 


OF EUCLID. 17i 
s Book VI. 
PROP. XXI. THEOR. y 


Recre EA L figures whichare similar to thesame 
rectilineal figure, ave also similar to one another. 


Let each of the rectilineal figures A, B be similar to the rec- 
tilineal figure C: The figure A is similar to the figure B. 

Because A is similar to C, they are equiangular, and also 
have theis sides about the equal angles proportionals*. Again, * 1. def. 6. 
because B is similar to 
"C, they are equian- 
gular, and have their 
‘sides about the equal 
angles proportionals*. 
"T heretore the figures 
A, B are each of them 
equiangular to C; and have the sides about the equal angles of 
each of them and of B proportionals. Wheretore the rectili- 
neal figures A and C are equiangular>, and have their sides > 1. Ax. 1. 
Jabout the equal angles proportionals*. “Therefore A is similar: ‘1. 5. 


to B. Q. E. D 























PROP. XXII. THEOR. 


Ir four straight lines be proportionals, the similar 
Fectilineal figures similarly described upon them 
hall also be proportionals ; and if the similar rec- 
tilineal figures similarly described upon four straight 
mes be proportionals, those straight lines shall be 
oroportionals. 


- Let the four straight lines AB, CD, EF, GH be propor- 
tionals, viz. AB to CD, as EF to GH, and upon AB, CD let 
the similar rectilineal figures KAB, LCD be similarly de- 
cribed ; and upon EF, GH the similar rectilineal figures 
IF, NH, in like manner: The rectilineal figure KAB is to 
CD, as MF to NH. 
To AB, CD take a third proportional* X ; and to EF, GH #11, «. 
third proportional O : And because AB, is to CD, as EF to 
XH, and that CD is^ to X, as GH to O ; wherefore, ex *11. 5. 
equali, as AB to X, so EF to O: But as AB to X, sois the - 29, 5. 
! rectilineal 
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Boox Vl. rectilineal K AB to the rectilineal LCD, and as EF to O, so is 


* 3. Cor, 
a, 5. 
* 11. 5. 


eg 
ʻi 


X2 


I 
e. 


4 the rectilineal MF to the rectilinea] NH: "Therefore, as 
KAB to LCD, so? is MF to NH. m 
And if the re&ilineal KAB be to LCD, as MF to NH ; 
the straight line AB is to CD, as EF to GH. 
Make“ as AB to CD, so EF to PR, and upon PR describe‘ 


the rectilineal figure SR similar and similarly situated to either 
] 


FA ; L 
a oj d 
Waa 
F G T 


of the figures MF, NH: Then, because as AB to CD, sois 
EF to PR, and that upon AB, CD are described the similar anc 
similarly situated rectilineals KAB, LCD, and upon EF, PR 
in like manner, the similar rectilineals MF, SR; KAB is tc 
LCD, as MF to SR; but by the hypothesis KAB is to LCD.: 
as ME to NH ; and therefore the rectilineal MF having the 
same ratio to each of the two NH, SR, these are equal $ to o 
another: ‘They are also similar, and similarly situated ; there 
tore. GH is equal to PR : And because as AB to CD, sois E; 
to PR, and that PR is equal to GH; AB is to CD, as EF te 
GH. If therefore four straight lines, &c. ` Q, E. D. 












PROP. XXIII. '"THEOR. 


Hour NGULAR parallelograms have to one ano 
ther-the ratio which is compounded of the,ratios ¢ 
their sides. 


Let AC, CF be equiangular parallelograms, having the ang 
BCD equal to the angle ECG: The ratio of the parallelogra 
AC to the parallelogram CF, is the same with the ratio whi 
is compounded of the ratios of their sides. 


' 
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Let BC, CG be placed in a straight line; therefore DC and Boox vi. 
CE ate also in a straight line?; and complete the parallelogram ST 
DG; and taking any straight line K, make? as BC to CG, » 19. 6, 
so K to L ; and as DC to CE, so make? L to M : Therefore, 
the ratios of K to L ; and L to M, are thesame with the ratios 
of the.sides, viz. of BC to CG, and DC to CE. But the ratio 
of K to M is that which is said to be compounded * of the «A. der. 5. 
ratios of K to L, and L to M: Wherefore also K has to M 
the ratio compounded of the ratios 
of the sides: And because as BC A 
to CG, so isthe parallelogram AC | 





to .the parallelogram CH; but - «16, 
as BC to CG, so is K to L; there- R 
fore K is* to L, as the parallel- * 11. 5, 


ogram AC to the parallelogram  ; 
CH: Again, because as DC to | 

CE, so is the parallelogram CH | 

to the parallelogram CF’; but as 

DC to CE, so is L to M; where- K r M EF 

fore L is*to M, as the paral- ^ *- 

lelogram CH to the parallelogram CF: Therefore since it has 

been proved, that as K to L, so isthe paralleiogram AC to the 
parallelogram CH; and as L to M, so the parallelogram CH 

to the parallelogram CF ; ex wquali’, K is to M, as the pa- t5; 5, 
rallelogram AC to the parallelogram CF: But K has to M the 

ratio which is compounded of the ratios of the sides; therefore 

also the parallelogram AC has to the parallelogram CF the 

ratio which is compounded of the ratios of the sides. Where. ' 
fore cquiangular parallelograms, &c. Q. E-D, 


| 


PROP. XXIV. THEOR. 


Tar parallelograms about the diameter of any sen. 
parallelogram, are similar to the whole, and to one 
another. 


Cet ABCD be a parallelogram, of which the diameter is 
AC; and EG, HK the parallelograms about the diameter : 
The parallelograms EG, HK are similar both to the whole 
parallelogram ABCD, and to one another. _ 

Because DC, GF are parallels, the angle ADC is equal* to » 99.1. 


_ the angle AGF: For the same reason, because BC, EF are pa- 


rallels, 
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rallels, the angle ABC is equal to the angle AEF: And each 
of the angles BCD, EFG is equal to the opposite angle DAB?, 
and therefore are equal to one another, wherefore the paral- 
lelograms ABCD, AEFG are equiangular: And because the 
angle ABC is equal to the angle AEF, and the angle BAC 
common to the two triangles BAC, EAF, they are equiangu- 
lar toone another ; therefore‘ as AB , | 
to BC,sois AEtoEF: Andbecause t 

the opposite sides of parallelograms 
are equal to one another’, AB¢ is 
to AD, as AE to AG; and DC to 
CB as GF to FE ; and also CD to 
DA,asFGto GA: Therefore the 
sides of the parallelograms ABCD, 
AEFG about the equal angles are Ty K 
proportionals ; and they are there- 

fore similar to one another*: For the same reason the paral- 
lelogram ABCD is similar to the parallelogram FHCK. 
Wherefore each of the parallelograms GE, KH is similar to 
DB: But reétilineal figures which are similar te the same . 
rectilineal figure are also similar to one anotherf ; therefore 
the parallelogram GE is similar to KH. Wherefore the pa- 
rallelograms, &c. Q. E. D. 





“PROP. XXV. PROB. 


To describe a rectilincal figure which shall be si- 
milar to one, and equal to another eiven rectilineal 
figure. 


Let ABC be the given rectilineal figure, to which the figure 
to be described is required to be similar, and D that to which 
it must be equal. [tis required to describe a rectilineal figure 
similar to ABC, and equal to D. 

Upon the straight line DC describe? the parallelogram BE 
equal to the figure ABC; also upon CE describe* the paral- 
lelogram CM equal to D, and having the angle FCE equal 


. to the angle CBL: Therefore BC and CF are in a straight 
+ line, as also LE and EM: Between BC and CF find’ a mean 


proportional GH, and upon GH describe? the rectilineal 
figure KGH similar and similarly situated to the figure ABC: 
And because BC is to GH as GH to CF, and if three straight 
lines be proportionals, as the first is to the third, so is * the 

| figure 
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figure upon the first to the similar and similarly described fi- Deox VE 
sure upon the second ; therefore as BC to CF, so is the rec- 

"tilineal fizure ABC to KGH: But as BC to CF, so is' the pa- f 1.6. 
rallelogram BE to the parallelogram EF: ‘Therefore as the 
rectilineal fizure ABC is to KGH, so is the parallelogram BE 

to the parallelogram EFt: and the rectilineal figure ABC ise 11. 5. 


A 
M x 
i-o. 

jog E M 

equal to the parallelogram BE ; therefore the rectilincal figure 
KGH is equal to the parallelogram EF: But EF is equal" ^ ^ 
to the figure D ; wherefore also KGH is equal to D; and it 

is similar to ABC. Therefore the rectilineal figure KGH 


thas been described similar to the figure ABC, and equal to 
Which was to be done. 


P « PROP. XXVI. THEOR. 


Ir two-similar parallelograms have a common an- 
gle, and be Similarly situated ; they are about the * 
same diameter. 


— Let the parallelograms ABCD, AEFG be similar and simi- 
m situated, and have the angle DAB common. ABCD and 
AEFG are about the same diameter. 

For, if not, Jet, if possible, the 
parallelogram BD have its dia- 

ieter AHC in a different straight 

ne from AF, the diameter of the 
parallelogram. EG, and let GF 
meet AHC in H; and through 
H draw HK parallel to AD or 
BC’: Therefore the parallelograms 
ABCD, AKHG being about the B 
same diameter, they are similar to 
ene another*: Wherefere as DA to AB, so ist GA to AK: 
E F 2 But» dei 6. 


A G "Ti 
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book VI. But because ABCD and AEFG are similar parallelograms, 


‘il. $, 


See N, 


as DA is to AB; so is GA to AE; therefore’ as GA to AE, 
so GA toAK ; wherefore GA has the same ratio to each of l 
the straight lines AE, AK ; and consequently AK is equal? to - 
AE, the less to the greater, which is impossible: "Therefore | 
ABCD and AKHG are not about the same diameter ; where- ; 
fore ABCD and AEFG must be about the same diameter. | 
‘Therefore if two similar, &c. Q. E. D. 


© To understand the three following propositions more ea⸗ 
“sily, it is to be observed, f 

c1. That a parallelogram is said to be applied toa straight 
* line, when it is described upon it as one of its sides. Ex. gr. 
the parallelogram AC is said to be applied to the straight 
* line AB. 

* 2. Buta parallelogram AE is said to be applied to a straight 
“line AB, deficient by a parallelogram, when AD the base of 
* AE is less than AB, and there- 

* fore AE is less than the paral- 

* ]elogram AC described upon 

* AB in the same angle, and 

© between the same parallels, by 
‘the parallelogram DC; and A. 
‘DC is therefore called the 

€ defect of AE. 

“3. And a parallelogram AG is said to be applied to 
€ straight line AB, exceeding by a parallelogram, when A 
‘ the base of AG is greater than AB, and therefore AG ex 
t ceeds AC the parallelogram described upon AB in the sam 
* angle, and between the same parallels, by the parallelogra 


§ BG.’ 












PROP. XXVII. THEOR. 


Or all parallelograms applied to the sam 
straight line, and deficient by parallelograms, simi 
lar and similarly situated to that which is describec 
upon the half of the line; that which is applied te 
the half, and is similar to its defect, is thegreates 


Let AB bea straight line divided into two equal parts in 
and let the parallelogram AD be applied to the half AC 
which is therefore deficient from the parallelogram upon th 
whole line AB by the parallelogram CE upon the c 


OF EUCLID. . I, 


CB: Of all the parallelograms applied to any other parts of Boor VI. 
A B, and deficient by parallelograms that are similar, and simi- — 
larly situated to CE, AD is the greatest. 

Let AF be any parellelogram applied to AK, any other 
part of AB than the half, soas to be deficient from the parallel- 
ogram upon the whole line AB by the parallelogram KH si- 
milar and similarly situated toCE: AD is greater than AF. 

First, let AK the base of AF, be greater than AC the half of 
AB; and because CE is similar to the 
parailelogram KH , they are about the DI 






same diameter? : Draw their diameter * 26. 6 
DB, and complete the scheme: Be- 
Cause the parallelogram CF is equal’ @ * 43, 1. 
to FE, and KH to both, therefore the H 
whole CH is equal to the whole KE: 
But CH is equal* to CG, because the 

€ 56, 1 


base AC is equal to the base CB; 
therefore CG is equalto KE: To CK B 
each of these add CF ; then the whole 
AF is equal to the gnomon CHL; Therefore CE, or the 
parallelogram AD, is greater than the parallelogram AF. 
Next, let AK, the base of AF, be 
less than AC; and, the same construc- 
tion being made, the parallelogram 
DH is equal to DG‘, for HM is 
equal to MG‘, because BC is equal 
to CA; wherefore DH is greater 
than LG: But DH is equal* to DK ; 
therefore DK is greater than LG: 
To each of these add AL; then the 
whole AD is greater than the whole 
AF, Therefore, ofall parallelograms 


applied, &c. Q. E. D. 





N 





178 
Boox VI. 
—ñi — 


See N, 


210. 1. 


I8, 6. 


THE ELEMENTS 


PROP. XXVIII. PROB. 


To a given straight line to apply a parallelogram 
equal to a given rectilineal figure, and deficient by 
a parallelogram similar to a given parellelogram : 
But the given rectilineal figure to which the paral- 
lelogram to be applied is to be equal, must not be 
greater than thé parallelogram applied to. half of the 
eiven line, having its defect similar to the defect of 
that which is to be applied ; that is, to the given 
parallelogram. | 












Let AB be the given straight line, and C the given rectilineal 
figure, to which the parallelogram to be applied is required 
to be equal, which figure must not be greater than the paral- 
lelogram applied to the half of the line having its defect from 
that upon the whole line similar to the defect of that which 
is to be applied; and let D be the parallelogram to which this 
defect is required to be similar. It is required to apply a pa- 
rallelogram to the straight 
line AB, which shall be 
equal to the figure C, and 
be deficient from the paral- 
Iclogram upon the wvole 
line by a parallelogram sı- 
milar to D. 

Divide AB into two equal 
arts? in the point E, and 


A 
upon EB describe the pa- L A 
rallelozgram EBFG similar" 
and similarly situated to D, ny 
and complete the parallelo- K N 


gram AG, which must 
either be equal to C, or greater than it, by the determination : 
And if AG be squal to C, then what was required is already 
donc : For, upon the straight line AB, the parallelogram AG 
is applied equal to the figure C, and deficient by the parallelo 
gram EF similar to D: But, if AG be not equal to C, iti 
grcater than it; and EF is equal to AG ; therefore EF als 
is greater thanC. — Make: the parallclogram KLMN equal t 
the excess of EF above C, and similar and similarly situate 
to D; but D is similar to EF, therefore’ also KM is simila 

I tg 





OF EUCLID. 


. to EF: Let KL be the homologous side to EG, and LM to 

GF: and because EF is equal to C and KM together, EF 
` is greater than KM ; therefore the straight line EGr is greater 
than KL, and GF than LM: Make GX equal to LK, and 
GO equal to LM, and complete the parallelogram XGOP: 
Therefore XO is equal and similar to KM; but KM is simi- 
lar to EF ; wherefore also XO is similar to EF, and therefore 
XO and EF are about the same diameter* : Let GPB be their 
diameter, and complete the scheme: Then because EF is 
equal to C and KM together, and XO a part of che one is 
equal to KM a part of the other, the remainder, viz. the gno- 
mon ERO, is equal to the remainder C: and because OR is 
equal f to XS, by adding SK to each, the whole CB is equal 
to the whole XB: But XB is equal’ to TE, because the base 
AE is equal to the base EB ; wherefore also TE is equal to 
OB; Add XS to each, then the whole TS is equal to the 
whole, viz. to the gnomon ERO: But it has been proved 
that the gnomon ERO is equal to C, and therefore also TS is 
equal to C. Wherefore the parallelogram TS, equal to the 
given rectilineal figure C, is applied to the given straight line 
AB deficient by the parallelogram SR, similar to the given one 
D, because SR is similar to EF*. Which was to be done. 


` 


PROP. XXIX. PROB: 


n 
Toa given straight line to apply a parallelogram 
equal to.a given rectilineal figure, exceeding by a 
parallelogram similar to another given. 


Let AB be the given straight line, and C the given rectili- 
neal figure to which theparallelogram to be applied is required 
to be equal, and D the parallelogram to which the excess of 
the one to be applied above that upon the given line is required 
to be similar. It is required to apply a parallelogram to the 
given straight line AB which shall be equal to the figure C, 
exceeding by a parallelogram similar to D. 

Divide AB into two equal parts in the point E, and upon 


EB describe ? the parallelogram EL similar, and similarly situ- 
N 2 ated 
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Boox Vf. ated to D? : And make ° the parallelogram GH equal to EL and 


4 26, 6, 


£ Q4, 6, 


scheme. Therefore, A | \ 
since GH is equal to iust | | 
EL and C together, | —— 


C together, and similar, and similarly situated to D ; where- 
fore CH.issimilar to EL:: Let KH be the side homologous 
to FL, and KGto FE: And because the parallelogram GH. 
is greater than EL, therefore the side KH is greater than FL, 
and KG than FE : Produce FL and FE, and make FLM equal 
to KH,and FEN to KG, and complete the parallelogram MN. 
MN is therefore equal OF. 


and similar to GH; Ki 

but GH is similar to 

EL; wherefore MN 

is similar to EL, and 

consequently EL and 

MN dis * the G 
same diameter: Draw | C F 
their diameter FX, DN 
and complete the 
















and that GH is equal — NU 
to MN ; MN is equal n^ y 
to EL and C: "Take away the common part EL ; then the 
remainder, viz. the gnomon NOL, is equal to C. And be- 
cause AE is equal to EB, the parallelogram AN is equal to. 
the parallelogram NB, that is,:to BMf. . Add NO to each ; 
therefore the whole, viz. the parallelogram AX, is equal to the 
enomon, NOL, But the gnomon NOL is equal to C ; there- 
fore also AX is equal to C. Wherefore to the straight line 
AB there is applied the parallelogram AX equa) to the given 
rectilineal C, exceeding by the parallelogram PO, which is 


similar to D, because PO is similar to EL*. Which was t 
be done. 


PROP. XXX. PROB. 


lo ota given straight line in extreme and meat 
ratio. 


L Let AB be the given straight line; it is required to cut i 
in extreme and mean ratio. 


1 Upo 
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Upon-AB describe? the square BC, and to AC apply the Bor VI. 
— CD equal to BC, exceeding by the figure AD —— 
similar to BC>: But BC is a square, . 2. & 
therefore also AD is a square; and be- 
cause BC is equal to CD, by taking the 
common part CE from each, the re- 
mainder BF is equal to the remainder 
AD: And these figures are equiangular, 
therefore their sides about the equal an- 


gles are reciprocally proportional: | © 14, 6. 
Wherefore, as FE to ED, so AE to EB: 

But FE is equal to AC, that is, to AB; * 55, 1. 
and ED is equal to AE: "Therefore as 

BA to AE, so is AE to EB: But AB. C F 


















is greater than AE; wherefore AE is 
greater than EBt: Therefore the straight line AB is cut in « i4. 5, 
extreme and mean ratio in E. Which was to be done. f3 def. & 
Otherwise, 

Let AB be the given straight line; it is required to cut it 
in extreme and mean ratio. | 

Divide AB in the point C, so that the rectangle contained 
by AB, BC be equal to the square'of AC s: : 1. 23. 
Then, because the rectangle AB, BC is A. € B 
equal to the square of AC, as BA to AC, " 
so is AC to CB >: Therefore AB is cut in extreme and mean : 1». c, 
ratio in C. Which was to be done. 


PROP. XXXI. THEOR. 


Ix right angled triangles, the rectilineal figure de- se x. 
ribed upon the side opposite to the right angle, is 

ual to the similar, and similarly described figures 
pon the sides containing the right angle. 


Let ABC be a right angled triangle, having the right angle 

AC: The rectilineal figure deseribed upon BC is equal to 

he similar, and similarly described figures upon BA, AC. 

Draw the perpendicular AD ; therefore, because in the right 

gled triangle ABC, AD is drawn from the right angle at A 
erpendicular to the base BC, the triangles ABD, ADC are 
imilar to the whole teens ABC, and to one another’, and: g. ¢, 


because 
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Boox VI. because the triangle ABC is similar to ADB, as CB to BA, so 


om. e^ 


* 4. 6. 


VIE. 5. 


t 24. 5. 
f A. 5. 


See N. 


3*9. 1. 


is BA to BD*; and because these three straight lines are pro- 
portionals, as the first to the third, so is the figure upon the 
first to the similar, and similarly described figure upon the 
second*: Therefore as CB to 
BD, so “is the figure upon 
CB to the similar and simi- 
larly described figure upon 
BA: And invergely?, as DB 
to BC, so is the figure upon 
BA to that upon BC: For 
the same reason, as DC to 
CB, so is the figure upon CA 
to that upon CB. Wherefore 
as BD and DC together to BC, so are the figures upon BA, 
AC to that upon BC*: But BD and DC together are equal 
to BC. Therefore the figure described on BC is equalf to the 
similar and similarly described figures on BA, AC. Where- 
fore, in right angled triangles, &c. Q, E. D. 









PROP. XXXII. THEOR. 


Ir two triangles which have two sides of the one 
proportional to two sides of the other, be joined at 
one angle, so as to have their homologous sides pa- 
rallel to one another; the remaining sides shall be 
in a straight line. 

Let ABC, DCE, betwo triangles which have the two sides 
BA, AC proportional to the two CD, DE, viz. BA to AC, as 
CD to DE ; and let AB be parallel to DC, and AC to DE; 
BC and CE are in a straight line. 

Because AB is parallel to A 
DC, and the straight line 
AC meets them, the alter- 


nate angles BAC, ACD D 

are equal*; for the same 

reason, the angle CDE is 

equal to the angle ACD; 

wherefore also BAC is equal l i 
to CDE: And because B C i i 
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the triangles ABC, DCE have one angle at A equal to one at Bpox VI. 
D, and the sides about these angles proportionals, viz. BA to 

AC, as CD to DE, the triangle ABC is equiangular? to DCE: * 6. 6. 
Therefore the angle ABC is equal to the angle DCE: And 

the angle BAC was proved to be equal to ACD: Therefore 

the whole angle ACE is equal to the two angles ABC, BAC; 

add the common angle ACB, then the angles ACE, ACB are 

equal to the angles ABC, BAC, ACB: But ABC, BAC, 

ACB are equal to two right angles‘; therefore also the angles « 32. 1. 
ACE, ACB are equal to two right angles: And since at the 

point C, in the straight line AC, the two straight lines BC, 

CE, which are on the opposite sides of it, make the adjacent 
angles ACE, ACB equal to two right angles; therefore’ BC *14 1. 
and CE are in a straight line, Wherefore, if two triangles, 


dar QE. D. 


PROP. XXXIII. THEOR. 


In equal circles, angles, whether the centres’ oF sce. 
circumferences, have the same ratio which the cir-' 
cumferences on which they stand have to one ano- 
ther: So also have the sectors. 


Let ABC, DEF be equal circles ; and at their centres the 
angles BGC, EHF, and the angles BAC, EDF, at their cir- 
cumferences ; as the circumference BC to the circumference 
EF, so is the angle BGC to the angle EHF, and the angle 
BAC to the angle EDF; and also the sector BGC to the 
sector EHF. 

Take any number of circumferences CK, KL, each equal to 

- BC, ánd any number whatever FM, MN, each equal to EF : 
‘And join GK, GL, AM, HN.. Because the circumferences 
BC, CK, KL are all equal, the angles BGC, CGK, KGL 
arealso allequal*: "Therefore what multiplesoever the circum. * 27. 3. 
ference BL is of the circumference BC, the same multiple is 
the angle BGL of the angle BGC: For the same reason, what- 
ever multiple the circumference EN is of the circumference 
EF, the same multiple is the angle EHN of the angle EHF: 
N 4 And 
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And if the circumference BL be equal to the circumference 
EN, the angle BGL is also equal* to the angle EHN ; and 
if the circumference BL be greater than EN, likewise the angle 
BGL is greater than EHN ; and if less, less: There being then 
four magnitudes, the two circumferences BC, EF, and the 
two angles BGC, EHF; of the circumference BC, and of the 
angle BGC, have been taken any equimultiples whatever, viz. 
the circumference BL, and the angle BGL; and of the circum- 
ference EF, and of the angle EHF, any equimultiples. what- 


5 





ever, viz. the circumference EN, and the angle EHN: And 
it has been proved, that, if the circumference BL, be greater 
than EN, the angle BGL is greater than EHN ; and if equal, 
equal; and if less, less: As therefore the circumference BC 
to the circumference EF, so^ is the angle BGC to the angle 
EHF: But as the angle BGC is to the angle EHF, so is 
* the angle BAC to the angle EDF; for each is double of 
each’; Therefore, as the] circumference BC isto EF, so is 
the angle BGC to the angle EHF, and the angle BAC to the 
angle EDF. : 
Also, as the circumference BC to EF, so is the sector BGC 
tothe sector EHF. Join BC, CK, and in the circumferences 
BC, CK take any points X, O, and join BX, XC, CO, OK: 
Then, because in the triangles GBC, GCK the two sides BG, 


GC. are equal to the two CG, GK, and that they contain - 


equal angles; the base BC is equal * to the base CK, and the 
triangle GBC to the triangle GCK : And because the circum- 
ference BC is equal to the circumference CK, the remaining 
part of the whole circumference of the circle ABC, is equal to 
the remaining part of the whole circumference of the same 
circle: Wherefore the angle BXC is equal to the angle COK?; 


#11,-def,3, andthe segment B XC is therefore similar to the segment COK‘; 


and 
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and they are upon equal straight lines BC, CK : But similar Boox VI. 

segments of circles upon equal straight lines, areequalt toone 25 3^. — 
another: Therefore the segment BXC is equal to the segment 
COK: And the triangle BGC is equal to the triangle CGK ; 
therefore the whole, the sector BGC, is equal to the whole, the 
sector CGK : For the same reason, the sector KGL is equal to 
each of the sectors BGC, CGK : In the same manner, the 
sectors EHF, FHM, MEIN may be proved equal to one ano- 
ther: Therefore, what multiple soever the circumference BL 
is.of the circumference BC, the same multiple is the sector BGL 
of the sector BGC: For the same reason, whatever multiple 
the circumference EN is of EF, the same multiple is the sector 
EHN of the sector EHF : And if the circumíerence BL be 


A 





equal to EN, the sector BGL is equal to the se&tor EHN ; and 
if the circumference BL be greater than EN, the sector 
BGL is greater than the sector EHN ; and if less, less: 
Since then, there are four magnitudes, the two circum- 
ferences BC, EF, and the two sectors BGC, EHF, and of 
the circumference BC, and seétor BGC, the circumference 
BL and sector BGL are any equal multiples whatever; and of 
the circumference EF, and sector EHF, the circumference 
EN, and sector EHN, are any equimultiples whatever ; and 
that it has been proved, if the circumference BL be greater 
than EN, the sector BGL is greater than the sector EHN ; 
“and if equal, equal ; and if less, less. l'hereforej* as the cir- «5 geg 5, 
cumference BC is to the circumference EF, so is the sector 
BGC to the sector EHF. Wherefore, in equal circles, &c. 
Q. E. D.- 
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PROP. B. THEOR. 


Ira angle of atriangle be bisected by astraight line, 


which likewise cuts the base; the rectangle contained 
by the sides of the triangle is equal to the rectangle 
contained by the segments of the base, together with 
the square of the straight line bisecting the angle. 


Let ABC be a triangle, and let the angle BAC be bisected , 
by the straight line AD ; the rectangle BA, AC is equal to the 
rectangle BD, DC, together with the square of AD. 

Describe the circle? ACB about the triangle, and produce 
AD to the circumference in E, A 


and join EC: Then because the 
angle BAD is equal to the angle 
CAE, and the angle ABD to the 
angle’ AEC, for they are inthe pÅ 
samesegment ; thetriangles ABD, 
AEC, are equiangular to one ano- 
ther: Therefore as BA to AD, 
so is^ EA to AC, and conse- 
quently the rectangle BA, AC is 
equal? to the rectangle EA, AD, 
that is" to the rectangle ED, DA, 
together with the square of AD ; But the rectangle ED, DA 
is equal to the rectangle’ BD, DC. ‘Therefore the rectangle 
BA, AC is equal to the rectangle BD, DC, together with the 
square of AD. Wherefore, ifan angle, &. Q.E. D. 













PROP. C. THEOR. 
ir from any angle of a triangle a straight line be 
drawn perpendicular to the base; the rectangle con- 
tained by the sides of the triangle is equal to the 
rectangle contained by the perpendicular and the 
diameter of the circle described about the triangle. 


Let ABC be a triangle, and AD the perpendicular from the 
angle A to the base BC; therectangle BA, AC is equal to the 
rectangle contained by AD, and the diameter of the circle de- 
scribed about the triangle. 

Describe 
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Describe? the circle ACB Boox VI. 
about the triangle, and draw its A IU 


diameter AE, and join EC: Be- 

cause the right angle BDA is 

equal^ to the angle ECA in a se- "$1. 3, 
micircle, and the angle ABD to 

the angle AEC in the same seg- n 
ment*; the triangles ABD, AEC (3. 
are equiangular: Therefore as 44.6 
* BA to AD, so is EA to AC; 

and consequently the rectanele 

BA, AC is equal * to the rect- 

angle EA, AD. If therefore from an angle, &c. .Q. E. D. 


* 16. 6. 


PROP. D. THEOR. 


Tur rectangle contained by the diagonals of a se. 
quadrilateral inscribed in a circle, is equal to both 
* the rectangles contained by its opposite sides. 


Let ABCD be any quadrilateral inscribed in a circle, and 

join AC, BD; the rectangle contained by AC, BD is equal to 

the two rectangles contained by AB, CD, and by AD, BC*. 
Make the angle ABE equal to the angle DBC; add to each 

of these the common angle EBD, then the angle ABD is equal 

to the angle EBC: And the angle BDA is equal? to the ' ** * 

angle BCE, because they are in the same segment: therefore 

the triangle ABD is equiangular to 


the triangle BCE: Wherefore’, B M? 
as BC isto CE, sois BD to DA ; 
and consequently the rectangle BC, c 16. 6. 


| AD is equal to the rectangle BD, 

CE: Again, because the angle 

ABE is equal to the angle DBC, 

and the angle? BAE to the angle E 

BDC, the triangle ABE is equi- 

angular to the triangle BCD: As as 

therefore BA to AE, so is BD to 

DC; wherefore the rectangle BA, DC is equal to the rectangle 

BD, AE: But the rectangle BC, AD has been shewn equal 

to the rectangle BD, CE ; thercíore the whole rectangle AC, 

BD* is equal to the re&angle AB, DC, together with the  * 
rectangle AD, BC. Therefore the rectangle, &c. Q.E. D. 


* This is a Lemma of Cl. Ptolomzus, in page 9. of his A^cyaAn eviTats. 
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BOOK. XI. 
DEFINITIONS. 


» I. 
Eck A SOLID is that which fce y breadth, and thickness, 


That which bounds a solid is a superficies. 
JI. 


A straight line i$ perpendicular, or at right angles to a plane, 
when it makes right angles with every straight line meeting 
it in that plane. 

IV. 

A plane is perpendicular to a plane, when the straight lines 
drawn in one of the planes perpendicularly to the common 
section of the two planes, are perpendicular to the other 
plane. 

V 


The inclination of a straight line to a plane is the acute angle 
contained by that straight line, and another drawn from the 
point in which the first line meets the plane, to the point in 
which a perpendicular to the plane drawn from any point 
of the first line above the plane, meets the same plane. 

VI 


The inclination of a plane to a plane is the acute angle con- 
tained by two straight lines drawn frem any the same point 
of their common section at right angles to it, one upon one 
plane, and the other upon the other plane. 

Vil. Two 
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VII. ` Boor Xis 
'T wo planes are said to have the same, or alike inclination to ae 
one another, which two other planes have, when the said 
angles of inclination are — one another. 
Parallel planes are such which do not meet one another though 
produced. 
IX: 
A solid angle is that which is made by the meeting of more... X. 
than two plane angles, which are not in the same plane; in 
|. ' one point. 
dri i X. 
* The tenthdefinition is omitted for reasons given in the notes.’ See N. 
XI. 
Similar solid figures are such as have all their solid angles See N. 
equal, each to each, and which are contained by the same 
number of similar planes. 


A pyramid is a solid figure contained by planes that are con- 


stituted betwixt one plane and one point above it in which 
they. meet, | 
HI 


A prism is a solid figure contained by plane figures, of which 
two that are opposite are equal, similar, and parallel to one 
another : and the others parallelograms. 

ne wipe XIV 

A sphere is a. solid figure described by the revolution of ase- 

micircle about its diameter, which remains unmoved. 
r’ XV. 
‘The axis of a sphere is the fixed straight line about which the 
semicircle revolves. 
XVI. 
The centre of a sphere is the same with that of the semicircle. 
. SEKV H- ` 

Fhe diameter of a sphere is any straight line which passes 
through the centre, and is terminated both ways by the su- 
perficies of the sphere. 

XVIII. 

A cone is a solid figure described by the revolution of a right 
angled triangle about oue of the sides containing the right 
angle, which side remains fixed. 

If the fixed side be equal to the other side containing the right 
angle, the cone is called a right angled cone; if it be less 
than the other side, an obtuse angled, and if greater, an 
acute angled cone. 


XIX. The 
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XIX. 
The axis of a cone is the fixed straight line about which the 
triangle revolves. 
XX. 
The base of a cone is the circle described by that side contain» 
ing the right angle, which revolves. | 
XXI 


A cylinder is a solid figure described by the revolution of a 
right angled parallelogram about one of its sides which 
remains fixed. 

XXII. 

The axis of a cylinder is the fixed atraight line about which 

the parallelogram revolves. 
XXII. 


The bases of a cylinder are the circles described by the two 
revolving opposite sides of the parallelogram. 
| XXIV. 


Similar cones and cylinders are those which have their axes 
and the diameters of their bases proportionals. 
XV. 


A cube is a solid figure contained by six equal squares. 
XVI. 


A tetrahedron is a solid figure contained by four equal and 
equilateral triangles. 
XXVII. 
An octahedron is a solid figure contained by eight equal and 
equilateral triangles. 
XXVIII. 
A dodecahedron is a solid figure contained by twelve equal 
pentagons which are saos and equiangular. 
X. 


An icosahedron is a solid figure contained by twenty equal 
and equilateral triangles. 
D 


A 


A parallelopiped is a solid figure contained by six quadrilate- | 


ral figures, whereof every opposite two are parallel. 


| 
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PROP. I. THEOR. 


Oxe part of a straight line cannot be in a plane, see x. 
and another part above it. 


Ifit be possible, let AB, part of the straight line ABC, bein 
the plane, and the part BC above it: And since the straight 
line AB is in the plane, it can be 
produced in that plane: Let it be C 
propucedto D: Andletany plane 
pass through the straight line 
AD, and be turned about itun- V A 
til it pass through the point C ; 
and because the points B, C are in this plane, the straight line 
BC isin its: Therefore there are two straight lines ABC, * 7 def 1. 
ABD in the same plane that have a common segment AB, 
which is impossible. Therefore, one part, &c. Q. E. D. «coii 


PROP. Il. THEOR. 


FIS 
I WO straight lines which cut one another are in 


one plane, and three straight lines which meet one 
another are in one plane. 


Let two straight lines AB, CD, cut one another in E ; AB? 


CD are one plane: and three straight lines EC, CB, BE, 


which mect one another are in one plane. 

- Let any plane pass through the straight 

hne EB, and let the plane be turned — A, 
about EB, produced, if necessary, until it 
pass through the point C : Then because 
the points E, C are in this plane, the 
straight line EC is in it: For the same 
reason, the straight line BC is in the, 
same; and, by the hypothesis, EB is in 
it: Therefore the three straight lines EC, 
CB, BE are in one plane: But in the m 
plane in which EC, EB are, in the same € B 

are" CD, AB: Therefore AB, CD, are "11 
in one plane. Wherefore two straight lines, &c. Q, E. D. 


D 
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PROP. IH. THEOR. 


I F two planes cut one another, their common sece 
tion is a straight line. 


Let two planes AB, 'BC, cut oneanother, and let the 
line DB be their common section: DB is 
a Straight line: If it be not, from the 
point D to B, draw, in the plane AB, the 
Straight line DEB, and in the plane BC, 


straight lines DEB, DFB have the same 
extremities, and therefore include a space 
betwixt them; which is 4mpessible? : 
‘Therefore BD the common section of 
the planes AB, BC, cannot but be a 


straight line. Wherefore, if two planes, 
é&c,= QeE: D. 





PROP. IV. THEOR. 


Ira straight line stand at right angles to each of 
two straight lines in the point of their intersection, 
it shall also be at right angles to the plane which 
passes through them, that is, to the plane in which 
they are. : 


~ 


Let the straight line EF stand at right angles to each of the 
straight lines AB, CD in E, the point of their intersection : 
EF is also at right angles to the plane passingthrough AB, CD. 

Take the straight lines AE, EB, CE, ED/all equal to onean- 
other; and through E draw, in the planein which are AB, CD, 
any straight line GEH ; and join AD, CB ; then, from any 
point F in EF, draw FA, FG, FD, FC, FH, FB: And because 
the two straight lines AE, ED are equal to the two, BE, EC, 
and that they contain equal angles? AISD, BEC, the base AD, 
is equal? to the base BC, and the angle DAE to the angle 
EBC : And the angle AEG is equalto the angle BEH'*; there- 
fore the triangles AEG, BEH have two angles of one equal to 
two angles of the other, each to each, and the sides AE, EB, 
adjacent to the equal angles, equal to one another: where- 
fore they shall have their other sides equals: GE is — 

equa 
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| equal to EH; and AG to BH: and because AE is equal to Boos XI. 
EB, and FE common and at right angles to them, the base AF — 
is equal^to the base FB ; for the same reascn, CF is equal to v 4, 1. 
FD: And because AD is equal to BC; and AF to FB, the 
two sides FA, ADareequal to the two 
FB, BC, each to each; and the base 
DF was proved equal to the base FC ; 
therefore the angle FAD is equal * to 
the angle FBC: Again, it was proved 
that GA is equal to BH, and also AF’ 
to FB; FA, then, and AG, are equal 
to FB and BH, and the angle FAG 
has been proved equal to the angle 
FBH ; therefore the base GF is equal 
bto the base FH: Again, because it 
was proved, that GE is equal to EH, 
and EF is common; GE, EF are 
equal to HE, EF; and the base GF 
is equal to the base FH; therefore the angle GEF is equalé 

‘to the angle HEF ; and consequently each of these angles is a 

right® angle. “Therefore FE makes right angles with GH, 10 def. 1, 
that is, with any straight line drawn through E in the plane 

passing through AB, CD. In like manner, it may be proved, 

that FE makes right angles with every straight line which 

meets it in that plane. Bur a straight line ts at right angles 

to a plane when it makes right angles with every straight line : 
which meets it in that plane’: Therefore EF is at right an- 
gies to the plane in which are AB, CD.’ Wherefore, if a 
Straight line, &c. Q.E D. 
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PROP. V. THEOR. 


Ir three straight lines meet all in one point, and a See N. 
straight line stands at right angles to each of them 

in that point; these three straight lines are in one 
and the same planc: 


Let the straight line AB stand at right angles to each of the 
traight lines BC, BD, BF, in B the point where they meet; 
BC, BD, BE, are in one and the same plane. 

lf not, let, if it'be possible, BD and BE be in one plane, 

d BC be aboveit; and leta plane pass through AB, BC, 
he common section of on m the plane, in which BD 
| and 





194 
Book XI. 


2 n RB 


* 4. 11. 
€ 3 def, 11, 


. is also a right angle; therefore the 


a 35 def, 11. 


> 4. Y. 


THE ELEMENTS 


and BE are, shall be a straight? line; let this be BP: There- 
fore the three straight lines AB, BC, BF, areall inone plane, : 
viz. that which passes through AB, BC; and because AB | 
stands at right angles to each of the straight lines BD, BE, it 
is also at right angles? to the plane passing through them ; 
and therefore makes right angles* 
with every straight line meeting it 
in that plane; but BF which is in 
that plane meets it: Therefore the 
angle ABF is a right angle; but 
the angle ABC, by the hypothesis, 










‘angle ABF is equal to the angle 
ABC, and they are both in the 
same plane, which is impossible ; 
‘Therefore the straight line BC is 
not above the plane in which are BD and BE: Wherefore 
the three straight lines BC, BD, BE are in one and the same 
plane. Therefore, if three straight lines, &c. Q. E. D. 





PROP. VI. THEOR. 


| I F two'straight lines be at right angles to the same 
plane, they shall be parallel to one another. 


Let the straight lines AB, CD be at right angles to the 
same plane ; AB is parallel to CD. 

Let them meet the plane in the points B, D, and draw the 
straight line BD, to which draw DE at right angles, in the 
same plane; and make Di? equal to AB, 
and join BE, All, AD. Then, because A rs 
AB is perpendicular to the plane, it 
shall make right? angles with every 
Straight line which meets it, and is in 
that plane: But BD, BE, which are in 
that plane, do cach of them meet AB. | 
Therefore each of the angles ABD, Bi. j 
ABE isa right angle : For the same rea- | 
son, each of the angles CDB, CDE is 
aright angle: And because AB is equal 
to DE, and BD common, the two ^ 
sides AB, BD are equal to the two 
ED, DB ; and they contain right angles; therefore the ba: 
AD is equal* te the base BE: Again, because AB is equa 

t 


| 
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to DE, and BE to AD ; AB, BE are equal to ED, DA; and, Boot ŽI. 
in thẹ triangles ABE, EDA, the base AE is common : there- : 
fore the angle ABE is equal* to the angle EDA: But ‘8.1. 
ABE is a right angle: therefore EDA is also a right angle, 

and ED perpendicular to DA: But it is also perpendicular 

to each of the two ED, DC:, Wherefore ED is at right angles 

to each of the three straight lines BD, DA, DC in the point in 

which they meet: Therefore these three straight lines are all 

in the same plane‘: But AB is in the plane in which are BD, * 5. i1. 
DA, because any three straight lines which meet one another 

are in one planet: Therefore AB, BD, DC are in one plane: *% 1% 
And each of the angles ABD, BDC is a right angle; therefore 

AB is parallelf to CD. Wherefore, iftwo straight lines, &c. ‘28.2. 

- Q, E. D 


PROP. VH. THEOR. 


Ar two straicht lines be parallel, the straight lime sex © 
drawn from any point in the one to any point in 
the other, is in the same plane with the parallels. 


Let AB, CD be parallel straight lines, and take any point 
^ E in,the one, and the point F in the other: The straight line 
which joins E and F is in the same plane with the parallels. 
If not, let it be, if possible, above the plane, as EGF ; and 
in the plane ABCD in which the 
parallels are, draw the suaight 
line EHF from E to F; and since 
EGF also isa straight line, the 
two straight lines EHF, EGF 
"include. a space between them, 
which is impossible?, There- 
fore the straight line joining the C F 
points E, F is not above the 
plane in which the parallels AB, CD are, and is therefore in 
hat plane, Wherefote, if twostraightlines, &c. Q. E. D. 





* 10 Àx. 1, 





PROP. VIII. 'THEOR. 


Ir two straight lines be parallel, and one of them s.. x. 
Is at rightangles to a plane ; the other also shall be 
:at right angles to the same plane 

O 2 Let 
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Let AD, CD be two parallel straight lines, and let one of 
them AB be at right angles to a plane; the other CD is at 
right angles to the same plane. 

Let AD, CD meet the plane in the points B, D, and join 
BD; ‘Therefore? AB, CD, BD areinone plane. Inthe plane 
to which AB is at right angles, draw DE at right angles 
to BD, aud make DE equal to AB, and Join BE, AE, AD. 
And because AB is perpendicular to the plane, it is perpen- 


* dicular to every straight line which meets it, and is in that 


plane?: "Therefore each of the angles ABD, ABE, is a right 
angle: And because the straight line BD meets the parallel 
straight lines AB, CD, the angles ABD, CDB are'together 


" aqualP?to two right angles: And ABD is a right angle; 


therefore also CDB is a right angle, and CD perpendicular to 
BD: And because AB is equal to DE, and BD common, the 
two AB, BD are equal to the two ED, | I 

DB, and the angle ABD is equal to A C 
the angle LDB, because each of them | 


is equal * to ‘the base BE: Again, 
because AB is equal to DE, and BE to 
AD; the two AB, BE, are equal to the | I 
two ED, DA; and the base AE is com- Di, 1 > D 
mon to the triangles ABE, EDA; 
wherefore the angle ABE is equal ? to 
the angle EDA: And ABE isa right 
angle; and therefore EDA is a right E 

angle, and ED perpendicular to DA: / 

But it is also perpendicular to BD; therefore ED is perpen- 
dicular* to the plane which passes through BD, DA, and shall" 
make right ángles with every straight line meeting it in that 
plane: But DC is in the plane passing through BD, DA, be- 
cause all three are in the plane in which are the parallels AB, 
CD :* Wherefore ED is at right angles to DC ; and therefore 
CD is at right angles to DE: But CD is also at right angles 
to DB; ch then is at right ‘angles to.the two straight lines 
DE, DB in the point of their intersection D : and therefore 
is at right angles" to the plane passing through DE, DB, which 
is the same plane to which AB is at right angles. ‘Therefore, 
if two Straight lines, &c..Q. E. D. 


: 
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Kook XT. 
—— 
PROP. 1X. “THEOR. 
Tw O straight lines which are each of them paral- 
lel to the same straight line, and not in the same 
plane with it, are parallel to one another. 
Let AB, CD, be each of them parailel to EF, and not in the 
same plane with it; AB shall be parallel to CD. 
In EF take any point G, from which draw, in the plane 
passing through EF, AB, the straight line GH at right angles 
to EF ; and in the plane passing through EF, CD, draw GK 
atrightanglestothesame EF. And | ço 
because EF is perpendicular both. MdL 
to GH and GK, EF is perpendi- | UN 
cular* to the plane HGK passing \ * 4. 11. 
through them: and EF is parallel — ; MG " 
sto AB; therefore AB is at right e F 
angles? to the plane HGK. For (KL 


the same reason, CD is likewise at C 
right angles to the plane HGK.. ^ 
Therefore AB, CD are each of them at right angles to the 
plane HGK. But if twostraight lines are at right angles to 
"the same plane, they shall be parallel* to one another. There- sg, p 
fore AB is parallel to CD. Wherefore, two straight lines, bx 


I&c, Q.E.D. 


P 


PROP. X. ,THEOR. 


Ir two straight lines meeting one another be pa- 
rallel to two others that meet one another, and aie 
uot in thesame plane with the first two; the first two 
and the other two shall-contain equal angles. 


‘Let the two straight lines AB, BC, which meet one ano- 
ther, be parallel.to the two straight lines DE, EF that meet 
ene another, and are not in the same plane with AB, BC, 
The angle ABC is equal to the angle DEF. 

Take BA, BC, ED, EF all equal to one another ; and join 
O 3 AD, 
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AD, CF, BE, AC, DF: Because BA is equal and parallel to 
B 


ED, therefore AD is? both equal and 
parallel to BE. For the same reason, 
CF is equal and parallel to BE. There- 
fore AD and CF are each of them ^ 
equaland parallel to BE. But straight 
lines that are parallel to the same straight 
line, and not in the same plane with it, 
are parallel? to one another. Therefore 
AD is parallel to CF ; and it is equal: 
to it, and AC, DF join them towards 
the same parts; and therefore? AC is 4% " 
equal and parallel to DF. And be- * F 

cause AB, BC are equal to DE, EF, and the base AC to the 
base DF; the angle ABC is equali to the angle DEF. 
Therefore, if two straight lines, &c. Q. E. D. 





PROP.XI. PROB. 


To arawa straight line perpendicular to a plane, 
from a given point above it. 


Let A be the given point above the plane BH ; it is required 
to draw from the point A a straight line perpendicular to the 
plane BH. 

In the plane draw any straight line BC, and from the point 
A draw * AD perpendicular to BC. Ifthen AD be also per- 
pendicular to the plane BH, the thing required, is already 
done ; but if it be not, from the 
point D draw’, in the plane BH, A 
the straight line DE, at right an- 
cles to BC; and from the point 
A draw AF perpendicular. to 
DE; and through F draws GH G 
parallel to BC : And because BC 
is at rightangles to ED and DA, 

BC isat right angles" to theplane 

passing through ED, DA. And 

GH is parallel to BC; but, if 

two straight lines be parallel, one of which is at right angles to 

a plane, the other shall be at right « angles to the same plane ; 

wherefore GH is at right angles tothe plane through ED, DA, 

and is perpendicular f to every straight line meeting itin that 

plane, But AF, which is in the plane through ED, AD, meets 
It 23 





d 
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it: Therefore GH is perpendicular to AF ; and consequently Boox XI. 
AF is perpendicular to GH ; and AF is perpendicular to DE: "v 
T herefore AF is perpendicular to each of the straight lines GH, 

DE. But if a straight line stands at right angles to each of 

two straight lines in the poiat of their intersection, it shall also 

be at right angles to the plane passing through them. But the 

plane passing through ED, GH is the plane BH; therefore 

AF is perpendicular to the plane BH; therefore, from the given 

point A, above the plane BH, the straight line AF is drawn 
perpendicular to that plane : Which was to be done. 


PROP. XII. PROB. 


lo erect a straight line at right angles to a given 
plane, from a point given in the plane. 


Let A be the point given in the plane; itis required — rect 
a straight line from the point A at right toe 
angles to the plane. 

From any point B above the plane 
draw? BC perpendicular to it; and 
from A draw? AD parallel to BC. 
Because, therefore, AD, CB are two 
parallel straight lines, and one of them  / 
BC is at right angles to the given plane, / 
the other AD is also at right angles to 
it. Therefore a straight line has been erected at right angks - 2 i, 
E a given plane from a point given in it. Which was to be 

one. 


* 11, 11; 
wn. Ly 





PROP. XII. THEOR. 


From the same point ina given plane, there cannot 
be two straight lines at right angles to the plane, 
upon thesame side ofit; and therecan be but one per- 
-pendicular to a plane from a point above the plane. 


For, if it be possible, let the two straight lines AB, AC, be 

at right angles to a given plane from the same point A ins the 

' plane, and upon the same side of it; and let a plane pass through 
BA, AC; the common section of this with the given plane is a 
O 4 straight 
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straight? line passing through A: Let DAE be their common 
section: Therefore the straight lines AB, AC, DAE arein one 
plane: And because CA is at right Me to the given plane, i it 
shall make right angles with every 


` straight line meetingit inthat plane. 


Bot DAE, which is in that plane, 

meets CA; therefore CAF isa right 

angle. For the same reason BAE 

isa right angle. Wherefore the an- 

gle CAE is equal to the angle —5—73 

BAE; and they are in one v Meus 

which is impossible. Also, from a point —— a dione, there 
can.be but one perpendicular to that plane ; for, if there could 
be two, they would be parallel? to one another, which is ab- 
surd. "Therefore, from the same point, &c. Q. E. D. 


PROP. XIV. THEOR. 


P LANES to which the same straight line is per- 
pendicular, are parallel to one another. 


E 


Let the straight line AB be pergendiculds to each of the 
planes CD, EF 4 'these planes are parallel to one another. . 

If not, they shall meet one another when produced; let them 
meet; their common section shall be 
a straight line GH, in which take any 
point K, and join AK, BK: Then, 
because “AB is perpen dicitlat to the 
plane EF, it is perpendicular’ to the 
straight line BK which is in that plane. (7? 
Therefore ABK is a right angle. For 
the same reason BAK isa right angle; 
wherefore the two angles ABK, BAK 
of the triangle ABK are equal to two 
right. angles, which is impossible"; 
Therefore the planes CD, EF, though 
produced, do not meet one bother ; ; 
that is, they are parallele. There- 
fore planes, &c. Q. E. D. i 
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r PROP. XV. -THEOR. 


I F two straight lines meeting one another, be pa- Se s. 
rallel to two straight lines which meet one another, 

but are not in the same plane with the first two ; the 
plane which passes through these is parallel to t he 
plane passing through the others. 

















Let AB, BC, two straight lines meeting one another, be 
parallel to DE, EF that meet one another, but are not in the 
same plane with AB, BC: The planes through AB, BC, and 
Dr, EF shall not meet, though produced. . 

From the point B draw BG perpendicular* to the plane * 11. :t. 
which passes through DE, EF, and let it meet that plane in | | 
G; and through G draw GH parallel to ED, and GK TP 
parallel to EF : And because BG is perpendicular to the plane 
through DE, EF, it shall =, 
make right angles with every 
Straightline meeting it in that 
plane. Butthe straight lines 
GH, GK in that plane meet 
it: Therefore each of the 
angles BGH, BGK is a right 
angle: And because BA is 
parallel? to GH  (for.each of 
them is parallel to DE, and 
they are ftot both in the same plane with it) the angles GBA, 

BGH are together equals to two right angies: And BGH is ¢ 29. 1. 
a right angle; therefore also GBA is a right angle, and GB 
perpendicular to BA: For the same reason, GB is perpendi- 
cular to BC : Since therefore the straight line GB stands at 
right angles to the two straight lines BA, BC, that cut one 
another in B; GB is perpendicular‘ tothe plane through BA, ¢4 4). 
BC: And it is perpendicular to the plane through DÈ, EF; 
therefore BG is perpendicular to each of theplanesthrough AB, 

C, and DE, EF: But planes to which the same straight line 
S perpendicular, are parallels to one another: Thefefore the s $, 11, 
plane through AB, BC is parallel to the plane through DE, 

uF. Wherefore if two straight lines, &c. Q. E, D. 


a 
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PROP. XVI. THEOR. 


I F two parallel planes be cut by another plane, 
their common sections with it are parallels. 


Let the parallel planes, AB, CD becut by the plane EFHG, 
and let their common sections with it be EF, GH: EF is 
parallel to GH. 

For, if it is not, EF, GH shall meet, if produced, either on 
the sideof FH,or EG: First, let them be produced on the side 
of FH, and meet in the point K: Therefore, since EF K is in 
the plane AB, every point in 
EFK is in that plane ; and K . K 
is a point in EFK ; therefore 
K is in the plane AB: For 
the same reason K is also in 
the plane CD: Wherefore the 
planes, AB, CD, produced 
meet one another; but thcy 
do not meet, since they are 
parallel “by the hypothesis : 
Therefore, the straight lines 
EF, GH do ‘not meet when 
produced on the side of FH: In the same manner it may be | 
proved, that EF, GH do not meet when produced on the side” 
of ISG: But straight lines which aren the same plane, and do 
not meet, though produced either way, are parallel: There- 
fore EF is parallel toGH. Whercfore, if two parallel planes, 





&c. Q.E. D. 


- 







PROP. XVII. THEOR. 


Ir two'straight lines be cut by parallel planes, 
they shall be cut in the same ratio. 


Let the straight lines AB, CD be cut by the parallel plane 
GH, KL, MN, inthe points A, E, B; C, F, D: As AE 
to EB, so is CF to FD. ^ 

Join AC, BD, AD, and let AD meet the plane KL in dd 
point X: and join EX, XF: Because the two parallel planes 
KL, MN are cut by the plane EBDX, the common seétions 


^ 


OF EUCLID. 203 


EX, BD are parallels, For the same reason, because the two Boos Mf 
E -— — 
| parallel planes GH, KL are cut AN 
by the plane AXFC, the com- y 
mon sections AC, XF are paral- 
lel: And because EX is paral- 
lel to BD, a side of the triangle 
ABD, as AE to EB, so is* AX 
to XD. Again, because XF is 
parallel to AC, a side of the 
triangle ADC, as AX te XD, | 
sois CF to FD: Aud it was : 














Es > i 
proved that AX is to XD, as | 
AE to EB: Therefore‘, as X] ng ILS. 
AE to EB, so is CF to FD. / pR ND / 


Wherefore, iftwo straightlines, 11—————-— — — — 


&. Q.E.D. 


PROP. XVIII. THEOR. 


I F a straight line be at right angles to a plane, every 
plane which passes through it shallibe at right an- 
gles to that plane. 


- Let the straight line AB be at right angles to a plane CK ; 
every plane which passes throvgh AB shall be at right angles 
to the plane Ch. | 

Let any plane DE pass through AB, and let CE be the com- 
mon section of the planes DE, CK; take any point F in CE, 

om which draw FG in the 
et DE at right angles to D G A 1H 

: And because AB is per- 

pendicular to the plane CK, 
therefore it is also perpendi- 
cular to every straight line in 
that plane meeting it?: And 
consequently it is perpendicu- 
lar to CE: Wherefore ABF F 
is a right angle; But GFB is 
likewise a rightangle; therefore AB is parallel” to FG. And» ag. 1, 
AB is at right angles.to the plane CK ; therefore FG is also at 

right angles to the same plane". But one plane is at right an- « g. jj. 
gles to another plane when the straight lines drawn in one ofthe 
planes, at right angles to their common section, are alsoat right 

angles 
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angles to the other plane! ; and any straight line FG in the 


IM plane DE, which is at right anglesto CE the common section 
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of the planes has been proved to be perpendicular to the other 
plane CK ; therefore the plane DE is at right angles to the 
plane CK. In like manner, it may be proved that all the planes 
which pass thtough AB are at- right LES to the plane CK. 

Therefore, if a straight line, &. Q. E. D 


l 





PROP. XIX. THEOR. 









Ir two — cutting. one another be each of them 
perpendicular to.a third plane; their common sec- 
tion shall be perpendicular to the same plane. 


Let the two planes AB, BC be eachof them perpendicular 
to a third plane, and let BD be the commen section of the first 
two ; BD is perpendicular to the third plane. 

If it be not, from the point D draw, in the plane AB, the: 
straight line DE at right angles to AD the common bei of 
the plane AB with the third plane ; and in the plane BC draw 
DF at rightangles to CD the common section of the "Es BC 
with the third" plane. And because the 
plane AB is perpendicular to the third 
plane, and DE is drawn in the plane 
AB at right angles to AD their com- 
mon section, DE is perpendicular to 
the third plane*. In the same manner, 
it may be proved that DF is perpen- 
dicular to the third plane. W here- 
fore, from the point D two straight 
lines stand at right angles to the third 
plane, upon the same side of it, which 
js impossible? : Therefore, from the 
point D there cannot be any straight 
line at right angles to the third plane, 
except BD the common section of the planes AB, BC. BE 
therefore is OCC to the third plane. W herefore, i 
two planes, &c. Q. E. D 
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- PROP. XX. THEOR. 


[ra solid angle be contained by three plane an- $e X. 
gles, any two of them are greater than the third. 


‘Let the solid angle at A be contained by the three plane 
angles, BAC, CAD, DAB. Any two of them are greater 
than the third. 

If the angles BAC, CAD, DAB be all equal, it is evident 

| that any two of them are greater than the third. But if they 
are not, let BAC be that angle which is not less than either of 
the other two, and is greater than one of them DAB; and at 
the point A in the straight line AB, make, in the plane which 
| Passes through BA, AC, the angle BAE equal? to the angle = 93, 1, 
DAB ; and make AE equal to AD, and through E draw 
BEC cutting AB, AC in the points 
B, C, and join DB, DC. And be- 
ause DÀ is equal to AE, and AB is 
common, the two'DA, AB are equal 
to the two EA, AB, and the angle 
DAB: is equal to the angle EAB : 
Therefore the base DB is equal” to 
the base BE. And because BD, DC 
are greater ^ than. CB, and one of c 99. 1. 
them BD nas been proved equal to BE a part of CB, therefore 
the other DC is greater than the remaining part EC. And be- 
cause DA is equal to AE, and AC common, but the base DC 
preater than the base EC; therefore the angle DAC is greater? « 95, 1, 
than the angle EAC; and, by the construction, the angle DAB 
i$ equal to the angle BAE ;" wherefore the angles DAB, DAC 
are together greater than BAE, EAC, that is, than the angle 
DAC. But BAC is not less than either of the angles DAB, 
DAC; therefore BAC, with either of them, is greater than 

e other. Wherefore if a solid angle, &. Q. E. D 
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NEL. 
E PROP. XXI. THEOR. 


AV ERY solid angle is contained by plane angles, 
|which together are less than four right angles. 
First, Let the solid angle at A be contained by three plane 
jangles BAC, CAD, DAB. These three together are less 
than tour right angles. 

2 Take 
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Take in cach of the straight lines AB, AC, AD any points 
B, C, D, and join BC, CD, DB: Then, because the solid angle 















any two of them are greater? than thé third ; therefore the 
angles CBA, ABD are greater than the angle DBC: For the 
same reason, the angles BCA, ACD are greater than the angle’ 
DCB ; and the angles CDA, ADB greater than BDC >W here- 
fore the six angles CBA, ABD, BCA, ACD, CDA, ADB 
are greater than the three angles DBC, 

BCD, CDB: But the three angles ^ D 

DBC, BCD, CDB are equal to two 
right angles”: "Therefore the six angles 
CBA, ABD, BCA, ACD, CDA, 
ADB are greater than two right angles : 
And because the three angles of each 
of the triangles ABC, ACD, ADB are (3 
equal to two right angles, therefore the 
nine angles of these three triangles, viz. the angles CBA 
BAC, ACB, ACD, CDA, DAC, ADB, DBA, BAD ar 
equal to six right angles: Of these the six angles CBA 
ACB, ACD, CDA, ADB, DBA are greater than two righ 
angles: Therefore the remaining three angles BAC, DAC 
BAD, which contain the solid angle at A, are less than fou 
right angles. 

Next, Let the solid angle at A be contained by any numbe 
of plane angles BAC, CAD, DAKE, EAF, FAB : thes 
together are less than four right angles. 

Let the planes in which the angles are, be cut by a plane, an 
Jet the common sections of it with those 
planes be BC, CD, DE, EF, FB: And 
because the solid angle at B is contain- 
ed by three plane angles CBA, ABF, 
F BC, of which any two are greater: 
than thc third, the angles CBA, ABF 
are greater than the angle FBC : for 
the same reason, the two plane angles 
at each of the points C, D, E, F, viz. 
the angles which are at the bases of the 
triangles having the common vertex 
A, are greater than the third angle at 
the same point, which is one of the an- 
gles of the polygon BCDEF : There- 
fore all the angles at the bases of the triangles are togeth 

greate 






1 


A 





OF EUCLID. 257 


greater than all the angles of the polygon: And because all the Beox XI 
angles of the triangles are together equal to twice as many 
right angles as there are triangles* ; that is, as there are sides » 42. 1. 
in the polygon BCDEF ; and that all the angles of the poly- 
gon, together with four right angles, are likewise equal to 
twice as many right angles as there are sides in the polygon“; $1- Cor, 
therefore all the angles of the triangles are equal to all the ^" * 
angles of the polygon together with four rightangles. But all 
the angles at the bases of the triangles are greater than all the 
angles of the polygon, as has been proved. Wherefore the 
remaining angles of the triangles, viz. those at the vertex, 
which contain the solid angie at A, are less than four right an- 

gles. Therefore every solid angle, &c. Q. E. D. ^ 


PROP. XXII. THEOR. 


I F every two of three plane angles be greater than Se N. 
‘the third, and if the straight lines which contain 
‘them be all equal; a triangle may be made of. the 
"straight lines that Join the extremities of those equal 
straight lines. 


Let ABC, DEF, GHK be three plane angles, whereof 
every two are greater than the third, and are contained by the 
equal straight lines AB, BC, DE, EF, GH, HK; if their 
extremities be joined by the straight lines AC, DF, GK, a tri- 
angle may be made of three straight lines equal to AC, DF, 
E that is, every two of them are together greater than the 
third. 

If the angles at B, E, H, are equal, AC, DF, GK are also 
equal* and any two of them greater than the third: But if * 5 )- 
the angles are not all equal, let the angle ABC be not less than 
cither of the two at E, H ; therefore the straight line AC is 
not less than either of the other two DF, GK"; and it is * 4. Cor. 
plain that AC, together with either of the other two, must be ?*- !- 
greater than the third: Also DF with GK are greater than 
AC: Fer, at the point B, in the straight line AB, make‘ the «25. 1. 

angle 





o8 


Boox XI..angle ABL equal to the angle GHK, and make BL equal to 


4 44. 1. 


* 92. 1, 


Sce N. 


, fore the remaining angle at E, is greater than the angle LBC: 
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one of the straight lines AB, BC, DE, EF, GH, HK, and join 
AL, LC ; Then, because AB, BL are equal to GH, HK, and 
the angle ABL to the angle GHK, the base AL is equal to 
the base GK: And because the angles at E, H are greater than. 
the angle A BC, of which the angle at H is equal to ABL, there- 


B E 5 


A: C D 
L 


And because the two sides LB, BC are equal to.the two DE, 
EF, and that the angle DEF is greater than the angle LBC, the 
base DF is greater! than the base LC: And it has been proved 
that GK is equal to AL; therefore DF and GK are greater 
than AL and LG: But AL and LCare greater* than AC; much 
more then are DF andGK greater than AC, Wherefore every 
two of these straight lines AC, DF, GK are greater than the 
third; and, therefore, a triangle may be made‘, the sides of 
which shall be equal to AC, DF, GK. Q. E. D. 


PROP. XXIII. PROB. 


j 
Tr O make a solid angle which shall be contained 
by three given plane angles, any two of them being 
greater than the third, and all three together less 
than four right angles. 


Let the three given plane angles be ABC, DEF, GHK 
any two of which are greater than the third, and all of them 
together less then four right angles. It is required to make a 
solid angle contained by three plane angles equal to ABC, 
DEF, GHK, each to each. 


From 
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From the straight lines containing the angles, cut off AB ; Boon XI. 
BC, DE, EF, Gti, HK, all equal to one another ; and join 
AC, DF,GK: Then atriangle may be made? of three straight 3 22. 11. 


H H 
E . 


G K 
D F 


lines equal to AC, DF, GK. Let this. be the triangle 
LMN», so that AC be equal to LM, DF to MN, and GK * 22. 1. 
to LN ; and about the triangle LMN describe* a circle, and « 5. 4, 
find its centre X, which will either be within the triangle, or 
in one of its sides, or without it. 

First, Let the centre X be within the triangle, and join 
LX, MX, NX: AB is greater than LX : If not, AB must 
"either be equal to, or less than L X ; first, let be equal: Then 
because AB is equal to LX, and that AB is also equal to BC, | 
and LX to XM, AB and BC are equal to LX and XM, each 
to each; and the base AC is by construction, equal to the 
base LM; wherefore the angle ABC is equal to the angle 
LXM“. For the same reason, the angle DEF is equal to the « s, 1. 
angle MXN, and the angle GHK 
to the angle NXL: Therefore the 
three angles ABC, DEF, GHK are 
equal to the three angles LXM, 
XN, NXL: But the three angles 
XM, MXN, NXL are equal to 
our right angles*; therefore also 
he three angles ABC, DEF, GHK 
re equal to four right angles: But, 
y the hypothesis, €hey are less 
han four right angles, which is ' 
bsurd; therefore AB is not equal 
o LX: But neither can AB be 3 
ss than LX: For, if possible, let it be less, and upon the 
traight line LM, on the side of it on which is the centre X, 
Scribe the triangle LOM, the sides LO, OM of which are 
ual to AB, BC; and e the base LM is equal to the 
, base 
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Boox XI based AC, the angle LOM is equal to the angle ABC?: And 


AB, that is, LO, by the hypothesis, is less than LX; where- 

fore LO, OM fall within the triangle LXM ; for, if they fell 

upon its sides, or without it, they | 

would be equal to or greater than 

LX, XM‘: Therefore the angle 

LOM, that is, the angle ABC, is 

greater than the angle LXM‘: In 

the same manner it may be proved 

that the angle DEF is greater than 

the angle MXN, and the angle 

GHK greater than the angle NXL. 

Therefore the three angles ABC, 

DEF, GHK are greater than the 

three angles LXM, MXN, NXL; 

that is, than four right angles: But 

the same angles ABC, DEF, GHK are less than four right 

angles ; which is absurd: Therefore AB is notless than LX, 

and it has been proved that it is not equal to LX; wherefore 

AB is greater than LX. 
Next, Let the centre X of the circle fall in one of the sides 

of the triangle, viz. in MN, and +» 

join XL: In this case also AB is K 

greater than LX. If not, AB is 

either equal to XL, or lessthan it: 

First,let it be equal to XL: There- 

fore AB and BC, that is, DE, and 

EF, are equal to MX and XL, that 

is,toMN: But,bythe construction, 

MN is equal toDF ; therefore DE, M. 

EF are equal to DF, which is im- 

possiblet : Wherefore AB is not 

equal to LX; nor isit less; for then, 

much more, an absurdity would 

follow: Therefore AB is greater than LX. , 
But, let the centre X of the circle fàl without the triang 

LMN, and join LX, MX, NX. In this case likewise AB 

greater than LX: If not, it is either equal to, or less than L7 

First, let it be equal ; it may be proved in the same mann 

as in the first case, that the angle ABC is equal to the anj 

MXL, and GHK to LXN ; therefore the whole angle MXNIiS 

equal to the two angles, ABC, GEK: But ABE and GF 

are together greater than the angle DEF ; therefore al 

the angle MXN is greater than DEF, And because D 















- thewhole angle ACP. And because 
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EF are equal to MX, XN, and the base DF to the base Boox Xr 
MN, the angle MXN is equal? tothe angle DEF : And it has — 
been proved, that it is greater than DEF, which is absurd. 
Therefore AB is not equal to LX. Nor yet is it less; for then, 
as has been proved in the first case, the angle ABC is greater 
than the angle MXL, and the angle GHK greater than the 
angle LXN. At the point B, in the straight line CB, make the 
angle CBP equal to the angle GHK, and make BP equal to 


t 
T 11 
AT A 
/ \ A F ie / T 
/ i ^t ; 7 ^ 
-g 3 553 
f E, n S ⸗ X / 
as V \ 
A=- > De / \ — — — 
is { z \ , G is 


ri 


HR, and join CP, AP. And because CB is equal to GH; 
CB, BP are equal to GH, HK, each to each, and they contain 
equal angles; wherefore the base CP is equal to the base GK, 
that is, to LN. And in the isosceles triangles ABC, MXL, 
because the angle ABC is greater than the angle MXL, there- 


- fore the angle MLX at the base is greatert than the angle « 59. 


AC Bat the base. For the same reason, because the angle GHK, 

or CBP, is greater than the angle 

LXN, the angle XLN is greater R 

than the angle BP. "Therefore the ^ 

whole angle MLX is greater than fi \ 
! 


ML, LN are equal to AC, CP, 
each to each, but the angle MLN 
is greater than the angle ACP, the 
base MN is greater è than the base 
AP. And MN is equal to DF ; M, 
therefore also DF is greater than | 
AP. Again, because DE, EF are 
equal to AB, BP, but the base DF 
greater than the base AP, the angle 
DEF is greater* than the angle z 
ABP. And ABP is equal to the two angles ABC, CB™, that 
is,to the two angles ABC,GHK;; therefore the angle DEF is 
greater than the two angles ABC, GHK ; but it is also less 
than these, which is im ES Therefore AB is not less than 
2 LX; 
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LX, and it has been proved that it is not equal to it; there- 
fore AB is greater than LX. 

From the point X eret XR at right angles to the plane 
of the circle LMN. And because :t has been proved in ail the. | 
cases, that AB is greater than LX, finda square equal to the 
excess of the square of AB above 
the square of LX, and make RX 
equal to its side,and join RL, RM, 
RN. Because RX is perpendicular 
to the plane of the circle LMN, it 
is? perpendicular to each of the 
straight lines DX, MX,NX. And 
because LX is equal to MX, and 
XR common, and at right angles 
to each of them, the base RL is ~ 
equal tothebase RM. Forthe same 
reason, RN is equal to each of the 
twoRL,RM. T hereforethe three 
straight lines RL, RM,RN,areall 
equal. And because the square of 
XR is equal to the excess of the square of AB above the square 
of LX ; therefore the square of AB is equal ro the squares of 
LX, XR. Buttbe square of RL is equal* to the same squares, 
because LXR is a right angle. "Therefore the square of AB 
is equal to the square of RL, and the straight line AB to RL. 
But each of the straight lines BC, DE, EF, GH, HK is equal 
to AB, and each of the two RM,RN is equal to RL. Where- 
fore AB, BC, DE, EF, GH, HK, are each of them equal to 
each of the straight lines RL, RM, RN. And because RI, 
RM, are equal to AB, BC, and the base LM to the base AC ; 
the angle LRM is equal? to the angle ABC, > For the same 
reason, the angle MRN is equal to the angle DEF, and NRL 
to GHK. Therefore there.is madc a solid angle at R, which 
is contained by three plane angles LRM, MRN, NRL, which 
are equal to the three given plane angles ABC, DEF, GHK, 
each to each. Which was to de done. 
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Boox Xf. 
—— 
PROP. A. THEOR. 


le each of two solid angles be contained by three seen. 
plane angles equal to one another, each to each; 

the planes in which the equal angles are to have the 
same inclination to one another. 


Let there be two solid angles at the points A, B; and let 
the angle at A becontained by the three plane angles CAD, 
CAE, EAD; and the angle at B by the three plane angles 
FBG, FBH, HBG; of which the angle CAD is equal to the 
angle FBG, and CAE to FBH, and EAD toHBG: The 
planes in which the equal angles are, have the same inclination 
to one another. n 

In the straight line AC take any point K, and in the plane 
CAD from K draw the straight line KD at right angles to AC, 
and in the plane CAE 
the straight line KL A 
at right angles to the 
samc AC: Therefore 
the angle DKL is the gc 
inclination 3 of the | / 
plane CAD to the. © 
plane CAE: In BF / 
take BM equal to AK, 
and from the point M 
draw, in the planes FBG, FBH, the straight lines MG, MN 
at right angles to BF ; therefore the angle GMN is the incli- 
nation è of the plane FBG to the plane FBH : Join LD, NG; 
and because in the triangles KAD, MBG, the angles KAD, 
MBG are equal, as also the right angles AKD, BMG, and 
that the sides AK, BM, adjacent tothe equal angles, are equal 
to one another ; therefore KD is equal? to MG, and AD to* ?6. 1. 
BG: For the same reason, in the triangles KAL, MBN, 
KL is equal to MN, and AL to BN: And in the triangles 
LAD, NBG, LA, AD are equal to NB, BG, and they con- 
tain equal angles: therefore the base LD is equal* to the*4. 1. 
base NG. Lastly, in the triangles KLD, MNG, the sides 
DK, KL, are equal to GM, MN, and the base LD to the 
base NG ; therefore the angle DKL is equal to* the angle «s. 1. 
GMN : But the angle DKL is the inclination of the plane 
CAD to the plane CAE, and the angle GMN is the inclina- 

P 3 tion 
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Boox XI. tion of the plane FBG to the plane FBH, which planes have 
a5 der 11, therefore the same inclination? to one another: And in the 


* A. 11. 


same manner it may be demonstrated, that the other planes in 
which the equal angles are, have the same inclination to one 
another. "Therefore, if two solid angles, &c. Q, E. D. 


PROP. B. THEOR. 


IF two solid angles be contained, each by three 
plane angles which are equal to one another, each to 
cach, and alike situated ; these solid angles are equal 
to one another. 


Let there be two solid angles at A and B, of which thesolid 
angle at A is contained by the three plane angles CAD, CAE, 
EAD : and that at B, by the three plane angles FBG, FBH, 
HBG; of which CAD is-equal to FBG; CAE to FBH ; 
and EAD to HBG: The solid angle at A is equal to the solid 
angle at B. 

Let the solid angle at A be applied to the solid angle at B ; 
and, first, the plane angle CAD being applied to the plane 
angle F BG, so as the point A may coincide with the point B, 
and the straight line AC with BF; then AD coincides with 
BG, because the angle CAD 
is equal to the angle FBG: 


A B 
And because the inclination of / 
the plane CAE to the plane 
CAD is equal? to the inclina- 
tion of the plane FBH tothe  / I r H 
C D G 


plane FBG, the plane CAE 

coincides with the plane FBH, 

because the planes CAD, FBG coincide with one another : 
And because the straight lines AC, BF coincide, and that the 
angle CAE is equal to the angle FBH ; therefore AE coin- 
cides with BH, and AD coincides with BG ; wherefore the 
plane FAD coincides with the plane HBG: Therefore the 
solid angle A coincides with the solid angle B, and conse- 


^ $. A.J. quently they are equal è to one another. Q. E. D. 


OREUGLID Y. * 


PROP. C. THEOR. 
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SOLID figures contained by the same number of. x. 


equal and similar planes alike situated, and having 
none of their solid angles contained by more than 
three plane angles; are equal and similar to ene ano- 
ther. 

Let AG, KQ be two solid figures contained by the same 
number of similar and equal planes, alike situated, viz. let the 
plane AC be similar and equal to the plane KM, the plane 
AF to KP; BG to LQ; GD to QN ; DE to NO; and, 
lastly, FH similar and equal to PR: The solid figure AG is 
equal and similar to the solid igure KQ, 

Because the solid angle at A is contained by the three plane 
angles BAD, BAE, EAD, which, by the hypothesis, are equal 
to the plane angles LKN, LKO, OKN, which contain the 
solid angle at K, each to cach ; therefore the solid angle at A 


is equal? to the solid angle at K: In the same manner, the :,, 


other solid angles of the figures are equal to one another. If, 
then, the solid figure AG be applied to the solid figure KQ, 
first the plane ; 
figure AC being Q 
applied -to the 
plane figure KM ; 
the straight line 
AB coinciding 
with KL, the 
figure AC must 
coincide with the 
figure KM, because they are equal and similar: Therefore the 
straight lines AD, DC, CB coincide with KN, NM, ML, 
each with each ; and the points A, D, C, B, with the points 
K, N, M, L: And the solid angle at A coincides with* the 
solid angle at K ; wherefore the plane AF coincides with the 
plane KP, and the figure AF withthe figure KP, because they 
are equal and similar to one another: ‘Therefore the straight 
lines AE, EF, FB, coincide with KO, OP, PL; and the 
points EF with the points O, P. In the same manner, the 
figure AH coincides with the figure KR, and the straight line 
DH with NR, and the point H with the point R: And be- 
cause the solid angle at B is equal to the solid angle at L, it 
may be proved, in the same manner, that the figure BG coin- 
P 4 cides 
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cides with the figure LQ, and the straight line CG with MQ, 
and the point Gr with the point Q: Since, therefore, all the 
planes and sides of the solid figure AG coincide with the 
planes and sides of the solid figure KQ, AG is equal and si- 
milar to KQ : And, in the same manner, any other solid fi- 
gures whatever contained by the same number of equal and 
similar planes, alike situated, and having none of their solid an- 
gles contained by more than three plane angles, may be proved 
to be equal and similar to one another. Q. E. D. 


PROP. XXIV. THEOR. 


lr a solid be contained by six planes, two and twe 
of which are parallel; the opposite planes are simi- 
lar and equal parallelograms. 


Let the solid CDGH be contained by the parallel. planes 
AC, GF; BG, CE; FB, AE: Its oppesite planes are si- 
milar and equal parallelograms. 

Because the two parallel planes BG, CE, are cut by the 
plane AC, their common sections AB, CD are parallel". 
Again, because the two parallel planes BF, AE are cut by the 
plane AC, their common sections AD, BC are parallel* : And 
AB is parallel to CD; therefore AC is a parallelogram. In 
like manner, it may be proved that 
each of the figures CE, FG, GB, 
BF. AE isa parallelogram: Join 
AH, DF; and because AB is paral- * 
lel to DC, and BH to CF ; the two 
straight lines AB, BH, which meet 
one another, are parallel to DC 
and CF, which meet one another, 
and are not in the same plane with 
the other two; wherefore they con- 
tain equal angles”; the angle ABH is therefore equal to the 
angle DCF: And because AB, BH are equal to DC, CF, and 
the angle ABH equal to the angle DCF ; therefore the base 
AH is equal‘ to the base DF, and the triangle ABH to the 
triangle DCF : And the parallelogram BG is double? of the 
triangle ABH, and the parallelogram CE double of the triangle 
DCF ; therefore the parallelogram BG is equal and si. lar 
to the parallelogram CE. Inthe same manner it may be 
proved, that the parallelogram AC is equal and similar 

to 
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to the parallelogram GF, and the parallelogram AE to BF. Boor XI. 
Therefore, if a solid, &. Q. E. D. v —À 


PROP. XXV. THEOR. . ., 


Trasetia parallelopiped be cut by a plane parallel tọ $" Y- 


two of its opposite planes ; it divides the whole into 
two solids, the base of one of wlüch shall be to the 
base of the other, as the one solid is to the other. 


Let the solid ‘parallelopiped ABCD be cut by the plane 
EV, which is parallel to the opposite planes AR, HD, and di- 
vides.the whole into the two solids ABF V, EGCD;; as the 
base AEF Y of the first is tothe base EHCF of the other, so 
is the solid ABFV tothe solid EGCD. 

Produce AH both ways, and take any number of straight 
lines HM, MN, each equal to EH, and any number AK, KL, 
each equal to EA, and complete the parallelograms LO, KY, 
HQ , MS, and the solids LP, KR, HU, MT: Then, because 
the straightlines LK, KA, AE are all equal, the parallelograms 





Seka ee Be BS 

LO, KY, AF are equal?: And likewise the parallelograms K X,2 **. 1. 
KB, AG? ; as also ? the parallelograms LZ, KP, AR, because ' ** 1 
they are opposite planes: For the same reason, the parallelo- 
grams EC, HQ , MS, are equal* ; and the parallelograms HG, 
HI, IN, as also? HD, MU, NT : Therefore three planes of 
thesolid LP are equal andsimilar tothree planesofthesolid KR, 
as also to three planes of the solid AV : But the three planes 
opposite to these three are equal and similar è to them in the 
several solids, and none of their solid angles are contained by 
more than three plane angles: Therefore the three solids LP, 
KR, AV are equal* to one another: For the same reason the «C, 11. 
three solids ED, HU, MT are equal to onc another: There- 

fore 
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fore what multiple soever the base LF is of the base AF, the 
same multiple is the solid LV of the solid AV: For the same 
reason, whatever multiple the base NF is of the base HF, the 
same multiple is the solid NV of the solid ED : And if the base 
LF be equal to the base NF, the solid LV is equal: to the 
solid NV ; and if the base LF be greater than the base NF, the 
solid LV is greater than the solid N V ; and if less, less : Since 
then there are four magnitudes, viz. the two bases AF, FH, 





and the two solids AV, ED, and of the base AF and solid AV, 
the base LF and solid LV are any equimultiples whatever ; and 
of the base FH and solid ED, the base FN and solid NV are 
any equimultiples whatever ; and it has been proved, that if the 
base LF is greater than the base FN, the solid LV is greater 
than the solid NV ; and if equal, equal; and if less, less. 
Therefore? as the base AF is to the base FH, so is the solid AV 
to the solid ED, Wherefore, if a solid, &c. Q, E. D. 


PROP. XXVI. THEOR. 


AT a given point in a given straight line, to make 
a solid angle equal to a given solid angle contained 
by three plane angles. 

Let AB be a given straight line, A a given point in it, and 
D a given solid angle contained by the three plane angles 
EDC, EDF, FDC- Itis required to make at the point A in 
the straight line AB a solid angle equal to the solid angle D. 

In the straight line DF take any point F, from which draw 
2FG perpendicular to the plane EDC, mecting that plane in 
G; join DG, and at the point A, in the straight line AB, 
make’ the angle BAL equal to the angle EDC, and in the 
plane BAL make the angle BAK equal to the angle EDG ; 
then make AK equal to DG, and from the point K erect" KH 

at 
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at right angles to the plane BAL: and make KH equal to GF, 
and join AH: Then the solid angle at A, which is contained 
by the three plane angles BAL, BAH, HAL, is equal to the 
solid angle at D contained by the three plane angles EDC, 
EDF, FDC. 

Take the equal straight lines AB, DE, and join HB; KB, 
FE, GE: And because FG is perpendicular to the plane EDC, 
it makes right angles 4 with every straight line meeting it in 
that plane: Therefore each of the angles FGD, FGEisa righe 
angle: For the same reason, HK A, HK B are right angles: And 
because K A, AB areequal to GD, DE, each to each, and con- 


tain equal angles, therefore the base BK is equal* to the base ' 


EG: And KH is equal to GF, and HKB, FGE are rizht 
angles, therefore HB is equal* to FE: Again, because AK, KH 
are equal to DG, GF ; and contain right angles, the basc AH 
is equal to the base DF: and AB is equal to DE: therefore 
HA, AB, are equal to FD, DE, and the base HB is equal to the 
base FE, therefore, 

the angle BAH is A 
equalf to the angle A 
EDF: For the same f \ 
reason, the angle 

HAL is equal to the B 

angle FDC. Be- 

cause if AL and DC 

be made equal, and K H 
KL, HL, GC, FC 

be joined, since the whole angle BAL is equal to the whole 
FDC,and the parts of them BAK, EDG are, by the construc- 
tion, equal: therefore the remaining angle KAL is equal to 





the remaining angle GDC: And because KA, AL are equal 


to GD, DC, and contain equal angles, the base KL is equai* 
to the base GC: And KH is equal to GF, so that LK, KH are 
equal to CG, GF, and they contain right angles; therefore 
the base HL is equal to the base FC : Again, because HA, AL 
are equal to FD, DC, and the base HL to the base FC, the 
angle HAL is equal‘ to the angle FDC: Therefore, because 
the three plane angles BAL, BAH, HAL, which contain the 
solid angle at A, are equal to the three plane angles EDC, 
EDF, FDC, which contain the solid angle at D, each to each, 
and are situated in the same order, the svlidangle at A is equalt 
to the solid angle at D. Therefore, ata given point, ina 
given straight line, a solid angle has been made equal to a 
given solid angle contained by three plane angles. Which 
was to be donc. 
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'PROR. XXVII. PROB. 


To describe from a given straight line & solid 
parallelopiped similar, and. similarly situated to one 
given, 


Let AB be the given straight line, and CD the given solid 
parallelopiped. Ft is required from AB to describe a solid 
parallelopiped similar, and similarly situated to CD. 

At the point A of the given straight line AB, make* a solid 
angle equal to the solid angle at C, and let BAK, KAH, HAB 
be the three plane angles which contain it, so that BAK be 
equal to the angle ECG, and KAH to GCF, and HAB to 
FCE: And as EC to CG, so make? BA to AK ; and as GC to 
CF, so make’ KA to AH ; wherefore, ex sequalit, as EC to 
CF, so is BA to AH: Complete the parallelogram BH, and 
the solid AL: And 
because, as EC to 
CG; so BA to AK, 
the sides about the 
equal angles ECG, 
BAK are propor- 
tionals; therefore 
the parallelogram 
BK is similar to 
EG. For the same 
reason, the paral- 
lelogram KH is similar to GF, and HB to FE. Wherefore 
three parallelograms of the solid AL are similar to three of the 
solid CD; and the three opposite ones in each solid are equal4 
and similar to these, each to each. Also, because the plane 
angles which contain thé solid angles of the figures are equal, 
each to each, and situated in the same order, the solid angles 
are equal*, each to each. “Therefore the solid AL is similar‘ 
to the solid CD. Wherefore from a given straight line AB a 
solid parallelopiped AL has been described similar, and simi- 
larly situated to the given one CD. Which was to be donc. 
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lr a solid parallelopiped be cut by a plane passing se x. 
through the diagonals of two of the opposite planes; 
it shall be cut in two equal parts. 


Let AB be a solid parallelopiped, and DE, CF the diago- 
nals of the opposite parallelograms AH, GB, viz. those which 
are drawn betwixt the equal anglesin each: And because CD, 
FE are each of them parallel to GA, and not in the same plane 
with it, CD, FE are parallel* ; wherefore the diagonals CF, *9- 11. 
DE are in the plane in which the pa- ` 
rallels are, and are themselves paral- B 
lels? : And the plane CDEF shall cut Pa 
the solid AB into two equal parts. 

Because the triangle CGF is equal: € 34. 1. 
to the triangle CBF, and the triangle 
DAE to DHE ; and that the paral- 
lelogram CA is equal? and similar to à 94. M. 
the opposite one BE ; and the paral- 
lelogram GE to CH; Thercfore the A E 

rism contained by the two triangles 

CGF, DAE, and the three parallelograms CA, GE, EC, is 
equal*to the prism contained by the two triangles CBF, DHE, * €. 11. 
and the three parallelograms BE, CH, EC; because they are 
contained By the same number of equal and similar planes, alike 
situated, and none of their solid angles are contained by more 
than three plane angles. ‘Therefore the solid AB is cut into 
two equal parts by the plane CDEF. Q. E. D. . 

c N. B. The insisting straight lines of a parallelopiped, men- 
* tioned in the next and some following propositions, are the 
* sides of the parallelograms betwixt the base and the opposite 
t plane parallel to it.’ 


* 16. 11, 


PROP. XXIX. THEOR. 


P SOLID parallelopipeds upon the same base, and of se x. 


the same altitude, the insisting straight lines of 
which are terminated in the same straight lines in the 


plane opposite to the base, are equal to one another. 
Let 
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Let the solid parallelopipeds AH, AK be upon the same base 
AB, and of the same altitude, and let their insisting straight 
lines AF, AG, LM, LN be terminated in the same straight 
line FN, and CD, CE, BH, BK, be terminated in the same 
straight line DK ; the solid AH is equal to the solid AK, 

First, Let the parallelograms DG, HN, which are opposite 
to the base AB, have a common side HG: Then, because the 
solid AH is cut by the plane AGHC passing through the diago- 
nals AG, CH of the opposite planes ALGF, CBHD, AH is 
cut into two equal parts* by the plane AGHC: Thereforethe 
solid AH is double of the prism. . 
which i$ contained betwixt (2 I 
the triangles ALG, CBH: For 
the same reason, because the 
solid AK is cut by the plane (^ 
LGHB through the diagonals ~ 
LG, BH of the opposite planes , — 

ALNG, CBKH, the solid AK 1 ‘ 

is double of the same prism which is contained betwixt the 
triangles ALG, CBH, Therefore the solid AH is equal te 
the solid AK. 

But, let the parallelozrams DM, EN, opposite to the base, 
have no common side: Then, because CH, CK are parallelo- 
grams, CB is equal? to each of the opposite sides DH, EK ; 
wherefore DH is equal to EK: Add, or take away the common 
part HE; then DE is «qual to HK : Wherefore also the tri- 
angle CDE is equal‘ to the triangle BHK : And the parallelo- 
gram DG is equal? to the parallelogram HN : For the same 
reason, the triangle AFG is equal to the triangle LMN, and 
the parallelogram CF js equal* co the parallelogram BM, and 








CG to BN: for they arcopposite. Therefore the prism which 
is contained by the two triangles AFG, CDE, and the three 
parallelorrams AD, DG, GC is equal to the prism, contain- 
ed by the two triangles LMN, BHK, and the three parallelo- 
grams BM, MK, KL. If thereforethe prism LMNEHK be 

taken 


as a n 


> 
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taken from the solid of which the base is the parallelogram Boox XI. 
AB, and in which FDKN is the one opposite to it; and if ~v~ 
from this same solid there be taken the prism AFGCDE, the 
remaining solid, viz. the parallelopiped AH, is equal to the p 
remaining parallelopiped AK. Therefore solid parallelo- 

pipeds, &c. Q, E. B. 


PROP. XXX. THEOR. 


SOLID parallelopipeds upon the same base, and See N. 
of the same altitude, the insisting straight lines of 
which are not terminated inthe same straight lines in 
the plane opposite to the base, are equal to oneanother. 


Let the parallelopipeds CM, CN, be upon the same base AB, 
and of the same altitude, but their insisting straight lines AF, 
AG, LM, LN, CD, CE, BH, BK, not terminated in the same 
straight lines : The solids, CM, CN are equal to one another. 

Produce FD, MH, and NG, KE, and let them meet one 
another in the points O, P, Q, R ; and join AO, LP, BQ, 
CR; And because the plane LBHM is parallel to the opposite 


AA 






plane ACDF, and that the plane LBHM is that in which are 
the parallels LB, MHPQ , in which also is the figure BLPQ; 
and.the plane ACDF is that in which are the parallels AC, 
FDOR, in which ‘also is the figure CAOR ; therefore the 
figures BLFQ , CAOR are in parallel planes : In like manner, 
because the plane ALNG is parallel to theoppositeplaneCBKF, 
and that the plane ALNG is chat in which are the parallels 


e A 1 
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Book XI. AL, OPGN, in which also is the figure ALPO ; and the plane 
~~ CBKE is that in which are the parallels CB, RQEK, in which 


s 28, 11, 


See N. 


alsois the figure CBQR ; therefore the figures ALPO, CBQR 
are in parallel planes: And the planes ACBL, ORQP are 
parallel ; therefore the solid CP is a parallelopiped: But the 
solid CM, of which the base is ACBL, to which FDHM is the 
opposite parallelogram, is equal? to the solid CP, of which the 





base is the parallelogram ACBL, to which ORQP is the one 
apposite; because they are upon the same base, and their insist- 
ing straight lines AF, AO, CD, CR ; LM, LP, BH, BO 
are in the same straight lines FR, MQ: And the solid CP is 
equal: to the solid CN : for they are upon the same base ACBL, 
and their insisting straight lines AO, AG, LP, UN ; CR, CE, 
BQ, BK are in the same straight lines ON, RK: Therefore 
the solid CM is equal to the solid CN. Wherefore solid 
parallelopipeds, &c. Q. E. D. 


PROP. XXXI. THEOR. 


SOLID parallelopipeds, which are upon equal bases, 


and of the same altitude, are equal to one another. 


= 
Let the solid parallelopipeds AE, CF, be upon equal bases 
AB, CD, and be of the same altitude ; the solid AE is equal 
to the solid CF, - 
First, Let the insisting straight lines be at right angles tothe 
bases AB, CD, and Jet the bases be placed in the same plane, 
and 
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and so as that the.sides CL, LB be in a stzaight line; there- Boox XI. 
fore the straight line LM, which is at righ* angles to the plane 777 
in which the bases are, in the point L, js common? to the two 243, 31. 
solids AE, CF ; let the other insisting lines of the solids be 
AG, HK, BE; DF, OP, CN: And first, let the angle ALB be 
equal to the angle CLD; then AL, LD are ina straight line. » 14. 1. 
Produce OD, HB, and let them meet in Q,.and complete the 
solid parallelopiped LR, the base of which is the parallelogram 
LQ, and of which LM is one of its insisting straight lines: 
Therefore, because the parallelogram AB is equal toCD,as the 
base AB is to the base LQ, su is‘ the base CD to the samee 7 5. 
LQ: And because the selid parallelopiped AR is cut by the 
plane LMEB, which is parallel to the opposite planes AK, DR; 
as the base AB is to the base LQ; so isd the solid AE to the « 95. 11. 
solid LR: For the same reason, because the solid parallopiped | 
CR is cut by the plane LMFD, which is parallel to the opposite 
planes CP, BR; as 
the base CD to the. P F 
base LQ, so is the 
solid CF to the solid 
LR: But as the 
base AB to the base 
LQ, so the base CD nM dead 
_ to the base LQ, as 
before was proved ; LNN 
Therefore as the AS H T 
solid AEto the solid 
LR,-so is the solid CF to the solid LR ; and therefore the 
solid AE is equal to the solid CF. 9, 5. 
But let the solid parallelopipeds SE, CF be upon equal bases 
SB, CD, and be of the same altitude, and let their insisting 
straight lines be at right angles to the bases ; and place the 
_ basesSB,CD in the same plane,so that CL, LB be in a straight 
line ; and let the angles SLB, CLD be unequal ; the solid SE 
is also in this case equal to the solid CF: Produce DL, FS 
until they meet in A,and from B draw BH parallel to DA; and 
let HB, OD produced meet in Q, and complete the solids AE, 
LR: Therefore the solid AE, of which thebaseis the parallelo- 
gram LE, and AK the one opposite to it, is equal to the solid «25, 11. 
SE, of which the base is LE, and to which SX is opposite; 
for they are upon the same base LE, and of the same altitude, 
and their insisting straight lines, viz. LA, LS, BH, BT; MG, 
MV, EK, EX are in the same straight lines AT, GX: And 
i Q because 
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Boor XI. because the parallelogram AB is equals to SB, for they are upon 


—⸗ 
€ 35. 1. 


* 11. 11. 





the same base LB, and between the same parallels LB, AT: 
and that the base 
SB is equal to the 
base CD ; therefore 
the base AB is equal 
to the base CD, and 
the angle ALB is 
equal to the angle 
CLD: Therefore, 
by the first case, 
the solid AE is 
equal to the solid ! ' 
CF ; but the solid AE is equal to the solid SE, as was demon- 
strated ; therefore the solid SE is equal to the solid CF. 

But, if the insisting straight lines AG, HK, BE,LM; CN, 
RS, DF, OP, be not at right angles to the bases AB, CD; in 
this case likewise the solid AE is equal to the solid CF: From 
the points G, K, E, M ; N, S, F, P, draw the straight lines 
GQ, KT, EV, MX; NY, SZ, FI, PU, perpendicular? to the 
plane in which are the bases AB, CD ; and let them meet it in 





' the pointsQ, T, V; X; Y, Z,I,U,and join QT, TV, V X, 


XQ; YZ,ZI,IU,UY: 'Then, because GQKT are at right 
4 E - 





angles to the same plane, they are parallel ! to one another : 
And MG, EK are parallels ; therefore the plane MQ, ET, of 
which one passes through MG, GQ, and the other through 
EK, KT, which are parallel to MG, GQ, and not in the same 
plane with them, are parallel* to one another: For the same 
reason, the planes MV,GT are parallel toone another: There- 
fore the solid QE is a parallelopiped: In like manner, it may 
be proved, that the solid YF is a parallelopiped : But, from 
what has been demonstrated, the solid EQ is equal to the solid 
FY, because they are upon equal bases MK, PS, and of the 
samealtitude,and havetheir insisting straight linesat rightangles 

te 
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to the bases: And the solid EQ is equal! tothe solid AE ; and Boox XI. 
the solid FY to the solid CF; because they are upon the same 159. (7a, 
bases and of the same altitude: Therefore the solid AE isequal 11. 

to the solid CF : Wherefore solid parallelopipeds, &c. Q. E. D. 


` PROP. XXXII THEOR. 


SOLID parallelopipeds which have the same alti- See N. 
tude, are to one another as their bases. 


» Let AB, CD be solid parallelopipeds of the same altitude : 
‘They are to one another as their bases ; that is, as che base AE 
to the base CF, so is the solid AB to the solid CD. 
To thestraight line FG apply the parallelogram FH equal? , c, 45 1 
to AE, so that the angle FGH be equal to the angle LCG ; 
and complete the solid parallelopiped GK upon the base FH, 
one of whose insisting lines is FD, whereby the solids CD, GK 
must be of the same altitude: Therefore the solid AB is equal?» 31, 11, 
to the solid 
GK, because 
they are upon 
equal bases 
AE, FH, and 
areof the same 
altitude: And 
because the so- 
lid parallelopi- 
ped CK is cut 
by the plane DG which is parallel to its opposite planes, the 
base HF is € to the base FC, as the solid HD to the solid DC : «95. 11. 
But the base HF is equal to the base AE, and the solid GK to 
the solid AB: Therefore, as the base AE to the base CF, sa 
is the solid AB to the solid CD. Wherefore solid parallelo- 
pipeds, &c. Q. E. D. e 
Con. From this it is manifest, that prisms upon triangular 
bases, of the same altitude, are to one another as their bases. 
Let the prisms, the bases of which are the triangles AEM, 
CFG, and NBO, PDQ the triangles opposite-to them, have 
the same altitude ; and complete the parallelograms, AE, CF, 
and the solid parallelopipeds AB, CD, in the first of which let 
MO, and in the other let GQ be one of the insisting lines. And 
because the solid parallelopipeds AB, CD have the same alti- 
tude, they are to one another as the base AE is to the base ^ 
Q2 CF ; 
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Book XI. CF; wherefore the prisms, which are their halves‘, are to one 


4 ga, T1. 


* 25. 11. 


* C. 11. 


another, as the base AE tothe base CF ; that is, as the triangle 
AEM to the triangle CFG, 


PROP. XXXII. THEOR. 


SIMILAR solid parallelopipeds are one to another 
in the triplicate ratio of their homologous sides. 


Let AB, CD be similar solid parallelopipeds, and the side 
AE homologous to the side CF; The solid AB has to the solid 
CD, the triplicate ratio of that which AE has to CF. 

Produce AE,GE, HE, and in these produced take EK equal 
to CF, EL equal to FN, and EM equal to FR ; and complete 
the parallelogram K L,and the sotid KO: Because KE, EL,are 
equal to CF, FN, and the angle KEL equal to the angle CFN, 
because it is equal to the angle AEG, which is equal toCFN, 
by reason that the solids AB, CD are similar ; therefore the 
parallelogram KL is similar and equal to the parallelogram CN. 
For the same reason, the parallelogram MK is similar and equal 
to CR, and also 
OEtoFD. There- B X 
fore three paralle- . D 
lograms of the \ 





solidKOareequal R 
andsimilartothree N 
parallelograms of \ \ 


thesolidCD: And ¥ 
the three opposite 
ones in each solid 
are equal? and 
similar to these: | 
T herefore the so- 0 

hd KO is equal? 

and similar to the solid CD: Complete the parallelozram 
GK, and complete the solids EX, LP upon the bascs GK, 
KL, so that EH be an insisting straight line in each of them, 
whereby they must be of the same altitude with the solid AB: 
And because the solids AB, CD are similar, and, by permu- 
tation, as AE is to CF; so is EG to FN, and so is EH to 
FR ; and FC is equal to FK, and FN to EL, and FR toEM : 
Therefore, as Ak to EK, so is EG to EL, and so is HE to 
EM: But, as AE to EK, so‘ is the parallelogram AG to 
the parallelogram GK ; and as GE to EL, so is © GK to - 

an 


OF EUCLID. | < 229 


and as HE to EM, sot is PE to KM: therefore as the parzl- Bess XL 
Jelogram AG to the parallelogram GK, so is GK to KL, and. ¢ 
PE toKM: But as AG,to GK, so! is the solid AB to the ¢ 25. 17. 
solid EX ; and as GK to KL, soʻ is the solid EX to the so- 

lid PL ; and as PE to KM, sot is the solid PL to the solid KO: 

And therefore as the solid AB tothe solid EX, sois EX to 
PL,and PL to KO : But if four magnitudes be continual pro- 
portionals, the first is said to have to the fourth the triplicate 

ratio of that which it has to the second: Therefore the solid 

AB has to the solid KO, the triplicate ratioof that which AB 

has to KX: But as AB is to EX, so is the parallelogram AG 

to the parallelogram GK, and the straight line AE to the 
straight line EK. Wherefore the solid AB has to the solid KO, 

the triplicate ratioof that which AE has to EK. And the solid 

KO is equal to the solid CD, and the straight line EK isequal 

to the straight line CF. Therefore the solid AB has to the 

solid CD, the triplicate ratio of that which the side AE has to 

the homologous side CF, &c. Q, E. D. 


Cor. From this it is manifest, that, if four straight lines be 
continual proportionals, as the first is to the fourth, so is the 
solid parallelopiped described from the first to the similar solid 
similarly described from the second ; because the first straight — . 
line has to the fourth the triplicate ratio of that which it has 
to the second. 


PROP. D. THEOR. 


SOLID parallelopipeds contained by parallelo- se x. 

grams equiangular to one another, each to each, 

: that is, of which the solid angles are equal, each to 
each, have to one another the ratio which is the 
same with the ratio compounded of the ratios of 
their sides. 


Let AB, CD be solid parallelopipeds, of which AB_is con- 
tained by the parallelograms AE, AF, AG equiangular, each 
to each, to the parallelograms CH, CK, CL, which contains 
the solid CD. The ratio which the solid AB has to the solid 
CD, is the same with that which is compounded of the ratios 
of the sides AM to DL, AN to DK, and AO to DH. 

Q3 Produce 
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Produce MA, NA, OA to P, Q, R, so that AP be equal 
to DL, AQ to DK, and AR to DH ; and complete the solid ' 
parallelopiped AX contained by the parallelograms AS, AT, 
AV similar and equal to CH, CK, CL, each to each. There- 
fore the solid AX is equal? to the solid CD. Complete likewise 
the solid AY, the base of which is AS, and of which AO is 
one of its insisting straight lines. Take any straight line a, 
and as MA to AP, so make a to b; and as NA to AQ, so 
make b toc; andas AO to AR, soctod: Then, because the 
parallelogram AE is equiangular to AS, AE is to AS, as the 
straight line a to C, as is demonstrated in the 23d Prop. Book 
6, and the solids AB, AY, being betwixt the parallel planes 
BOY, EAS, are of the same altitude. Therefore the solid AB 
is to the solid AY, as® the base AE tothe base AS: that is, 
as the straight line a is to c. And the solid AY is to the solid 





AX, as' the base OQ is tothe base QR ; that is, as the straight 
line OA to AR ; that is, as the straight line c to the straight 
line d. And because the solid AB is to the solid AY, asa is to 
c, and the solid AY to the solid AX, as c is tod; ex xquali, 
the solid AB is to the solid AX or CD which is equal to 
it, as the straight lineais tod. But the ratio ofa to d is said to 
be compounded! of the ratios of a to b, b to c, and c to d, 
which are the same with the ratios of the sides MA to AP, 
NA to AQ, and OA to AR, each to each. And the sides AP, 
AQ, AR are equal to the sides DL, DK, DH, each to each. 
Therefore the solid AB has to the solid CD the ratio. which 
is the same with that which is compounded of the ratios of the 


sides AM to DL, AN to DK, and AQ to DH. Q. E.D. 
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Book XI. 
PROP.XXXIV. THEOR. —⸗ 


"THe bases and altitudes of equal solid parallelo- Se N. 
piped, are reciprocally proportional; and if the 
bases and altitudes be reciprocally proportional, the 
solid parallelopipeds are equal. 


Let AB, CD be equal solid parallelopipeds ; their bases are 
reciprocally proportional to their altitudes; that is, as the base 
EH is to the base NP, so is the altitude of the solid CD to the 
altitude of the solid AB. 

First, Let the insisting straight lines AG, EF, LB, HK ; 
CM, NX, OD, PR beat right angles to the bases. As the base 
EH tothe base NP, so is 


CM to AG. Ifthebase K 

EH be equal to the base 

NP, then because the G F 
solid AB islikewiseequal 

tothesolid CD, CM shall 

be aqual to AG. Because P 
if the bases EH, NP, be 

equal, but the altitudes 


AG,CM be not equal, 

neither shall the solid AB be equal to the solid CD. But the 

solids are equal, by the hypothesis. Therefore the altitude CM 

is not unequal to the altitude AG ; that is, they are equal. 

W herefore, as the base EH to the base NP, so is CM to AG. 
Next, let the bases EH, NP not be equal, but EH greater 

than the other: Since then the solid AB is equal to the solid 

CD, CM is therefore 

greater than AG: For 

if it be not, neither 

also in this case would 

the solids AB, CD be E B 

equal, which, by the 

hypothesis, are equal. 

Make then CT equal 

to AG, and complete 

the solid parallelopiped H 

CV of which the base 

is NP, and altitude A E 

CT. Because the solid 

AB is equal to the solid CD, Pad the solid AB is to the 

4. 








solid 
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Boox XI. solid CV, as* the solid CD to the solid CV. Butas the solid 


e 4. 5, 
» 31. 11. 


s 25. M, 
* 1. 6. 


* A. 3. 


£33, 11, 


' the bases. Then, if the 


AB to the solid CV, so? is the base Erd to the base NP ; for 
the solids AB, CV are of the same altitude ; and as the solid 
CD to CV, so* is the base MP to the base PT, and so* is 
the straight line MC to CT ; aad CT is equali to AG. 
Therefore, as the base EH to the base NP, sois MC to AG. 
Wherefore the bases of the solid parailetopipeds AB, CD are 
reciprocally proportional to their altitudes. 

Let now the bases of the solid parallelopipeds AB, CD be 
reciprocally proportional to their altitudes; viz. as the base LH 
to the base NP, so the al- 
titude of the solid CD to g R 
the altitude of the solid f 
AB; the solid AB is 
equal tothesolid CD. Let 
the insisting lines be, as 
before, at right angles to H 










N 
base EH be equal to the ? 
base NP, since EH is to 

NP, as the altitude of the solid CD is to the altitude of the 
solid AB, therefore the altitude of CD is equal* to thc altitude 
of AB. But solid parallelopipeds upen equal bases, and of the 
same altitude, are equalf to one another ; therefore the solid 
AB. is equal to the solid CD. 

But let the bases EH, NP be unequal, and let EH be the 
greater of the two. Therefore, since as the base EH tothe base 
NP, sois CM the alti- 
tude of the solid CD to 
AGthc altitudeof AB, 
CM. is greater" than 
AG. Again, take CT 
equal to AG, and com- 
plete, as before, theso 
lid CV. And because 
the base EH is to the 
baseNP, asCM to AG 
and that AG isequalto 
CT, therefore the base ) 
EH is to the base NP, as MC to CT. Butas the base EH 
is to NP, so? is the solid AB to the solid CV ; for the solids 
AB, CV are of the same altitude; and as MC to CT, so is 
the 
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the base MP to the base PT, and the solid CD to the solids Boom Xt, 
CV : And therefore as the solid AB to the solid CV, so is tke e Ss ti 
solid CD to the solid CV ; that is, each of the solids AB, CD 
has the same ratio to the solid CV : and therefore the solid AB 
is equal to the solid CD. 
Second general case. Let the insisting straight lines FE, 
BL, GA, KH; XN, DO, MC, RP not be at right angles to 
tlie bases of che solids ; and from the points F, B, K, G; X, 
D, R, M draw perpendiculars to the planes in which are the 
bases.EH, NP meeting those planes in the points S, Y, V, T'; 
Q,1, U, Z; and cemplete the solids FV, XU, which are 
parallelopipeds, as was proved in the last part of Prop. 31 of 
this Book. In this case, likewise, if the solids AB, CD be 
equal, their bases are reciprocally proportional totheir altitudes, 
viz. the base EH to the base NP, as the altitude of the solid 
CD to the altitude of the solid AB. Because the solid AB is 
equal to the solid CD, and that the solid BT' is equal to the «43 or w. 
solid BA, for they are upon tlie same base FK, and of the * 





same altitude; and that the solid DC is equa!s to the solid 
DZ, being upon the same base XR, and of the samealtitude ; 
therefore the solid BT 1s equal tothesolid DZ: But the bases 
are reciprocally proportional to the wtitudes of equal solid 
parallelopipeds of which the insisting straight lines are at right 
angles to their bases, as before was proved :~ Therefore as the 
base FK to the base XR, so is the altitude of the solid DZ to 
the altitude of the solid BT : And the base FK is equal to the 
base EH, andthe base XR to the base INP: Whereiore, as the 
base EH to the base NP, so is the altitude of the solid DZ to 
the altitude of the solid BT : But the altitudes of the solids 
DZ, DC, asalso of the solids BT, BA arethesame. There. 
fore as the base EH to the base NP, so is the altitude of the 

solid 
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solid CD to the altitude of the solid AB ; that is, the bases of 
the solid parallelopipeds AB, CD are reciprocally proportional 
to their altitudes. 

Next, Let the bases of the solids AB, CD be reciprocally 
proportional to their altitudes, viz. the base EH to the base 
NP, as the altitude of the solid CD to the altitude of the solid 
AB; the solid AB is equal to the solid CD: The same 
construction being made; because, as the base EH to the base 
NP, so is the altitude of the solid CD to the altitude of the 
solid AB ; and that the base EH is equal to the base FK ; and 
NP to XR ; therefore the base FK is to the base XR, as the 
altitude of the solid CD to the altitude of AB: But the alti- 





tudes of the solids AB, BT are the same, as also of CD and 
DZ ; therefore as the base FK to the base XR, so is the alti- 
tude of the solid DZ to the altitude of the solid BT: Where- 
fore the bases of the solids BT, DZ are reciprocally propor- 
tional to their altitudes: and their insisting straight lines are 
at right angles to the bases ; wherefore, as was before proved, 
the solid BT is equal to the solid DZ: But BT is equals to 
the solid BA, and DZ tothe solid DC, because they are upon 
the same bases, and of the same altitude. “Therefore the solid 


AB is equal to the solid CD. Q, E. D. 
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PROP. XXXV. THEOR. — 


I F, fromthe vertices of two equal plane angles, there Se N. 
be drawn two straight lines elevated above the 

lanes in which the angles are, and containing equal 
angles with the sides of those angles, each to each; 
and if in the lines above the planes there be taken 
any points, and from them perpendiculars be drawn 
to the planes in which the first named angles are: 
And from the points in which they meet the planes, 
straight lines be drawn to the vertices of the angles 
| first named ; these straight lines shall contain equal 
angles with the straight lines which are above the 
planes of the angles. z. 


Let BAC, EDF be two equal plane angles; and from the 
points A, D let the straight lines AG, DM be elevated above 
the planes of the angles making equal angles with their sides, 
each to each, viz. the angle GAB equal to the angle MDE, and 
| GAC to MDF; and in. AG, DM let any points G, M be 
taken, and from them let perpendiculars GL, MN be drawn to 
theplanes BAC,EDF, mecting these planes in the points L, N; 





[and join LA, ND: The angle GAL is equal to the angle 
MDN. 


Make AH equal to DM, and through H draw HK parallel 
[to GL: But GL is perpendicular to the plane BAC; where- 
| fore HK is perpendicular? to the same plane: From the points ,& q 
' K, N, to the straight lines AB, AC, DE, DF, draw perper. ` 
| diculars KB, KC, NE, NF; and join HB, BC, ME, EF: 
Because 
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Because HK is perpendicular to the plane BAC, the plane 
HBK which passes through HK is at rightangles? to the plane | 
BAC ; and AB is drawn in the plane BAC at right angles to 
the common section BK of the two planes; therefore AB is 
perpendicular to the plane HBK, and makes right angles | 
with every straight line meetingitin that plane: But BH meets ` 
it in that plane ; therefore ABH is a right angle ; For the same | 
reason, DEM is a right angle, and is therefore equal to the | 
angle ABH : And the angle HAB is equal to the angle MDE. : 
Therefore in the two triangles HAB, MDE there are two 
anglesin one equal to twoangles in the other, each to each, and |. 
one side equal to one side, opposite to one of the equal il 
in each, viz. HA equal to DM; therefore the remaining sides | 
are equal‘, each to each: Wherefore AB is equal to DE. In 

the same manner, if HC and MF be joined, it may be demon- ` 
strated that AC isequal to DF : Therefore, since AB is equal | 
to DE, BA and AC are equal to ED and DF; and the angle 


D 


ier O2  — aa Le a sh 





BAC is equal to the anle EDF ; wherefore the base BC is 
equal’ to the base EF, and the remaining angles to the remain- 
ing angles: The angle ABC is theretore cqual to the gle 
DEF : And the right angle ABK is equal to the right angle 
DEN, whence the remaining angle CBK is equal to the 
remaining angle FEN : For the samereason, the angle BCK is 
equal to the angle EFN: Therefore inthe two triangles BCK, 
EFN, there are two angles in one equal to two angles in the 
other, each to each, and one side equal to one side adjacent 
rto the equal angles in each, viz. BC equal to EF ; the other 
sides, therefore, arc equal to the other sides ; BK then is equal 
to EN: and AB is equal to DE ; wherefore AB, BK are equal 
to DE, EN ; and they contain right angles; wherefore the 
base AK is equal to the base DN : And since AH is equal to 
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DM, the square of AH is equal to the square of DM : But the Boox —5— 
squares of AK, KH are equal to the square£ of AH, because 17 7 
| AKH isa right angle : And the squares of DN, NM are equal 
to the square of DM, for DNM is a right angle: Wherefore 
the squares of AK5 KH are equal to the squares of DN, NM; 
and of those the square of AK is equal to the squareof DN: 
Therefore the remaining square of ICH is equal to the remain- 
ing square of NM; and the straight line KH to the straight 
line NM: and because HA, AK are equal toMD, DN, each 
to each, and the base HK to the base MN, as has been proved ; 
therefore the angle HAK is equal® to the angle MDN. *8. 1. 
Q. E. D. | 

Con. From this it is manifest, that if, from the vertices of 
two equal plane angles, there be elevated two equal straight 
lines containing equal angles with the sides of the angles, cach 
to each ; the perpendiculars drawn from the extremities of the 
equal straight lines to the planes of the first angles are equal 
to one another. , 




























Ansther Demanstration of the Corollary. 


| Let the plane angles BAC, EDF be equal to one another, 
and let AH, DM, be two equal straight lines above the planes 
of the angles, containing equal angles with BA, AC; ED 
BDF, each to each, viz; the angle HAB, equal to MDE, and 
HAC equal to the angle MDF ; and from H, M let HK, MN 
) | iw ea to the planes BAC, EDF : HK is equal to 


Because the solid angle at A is contained by the three plane 
ngles BAC, BAH, HAC, which are, each to each, equal to 
the three plane angles EDF, EDM, MDF containing the solid 
angle at D ; the solid angles at A and D ate equal, and there- 
fore coincide withone another ; to wit, ifthe plane angle BAC 
be applied to the plane angle EDF, the straight line AH coin- 
ides with DM, as was shewn in Prob. B. of this Book : And 
because AH is equal to DM, the point H coincides with the 
point M: Wherefore HK, which is perpendicularto the plane 
AC, coincides with MN which is perpendicular to the plane ! 15. 1i 
DF, because these planes coincides with one another: 


herefore HK. is equa] to MN. Q. E.D. 
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PROP. XXXVI. THEOR. 


IF three straight lines be proportionals, the solid 
parallelopiped described from all three as its sides, 
1s equal to the equilateral parallelopiped described 
from the mean proportional, one of the solid angles 
of which is contained by three plane angles equal, 
each to each, to the three plane angles containing 
one of the solid angles of the other figure. 


Let A, D, C be three propartionals, viz. A to D, as B to C: 
The solid described from A, B, C is equal tọ the equilateral 
solid described from B, equiangular to the other. 

Take a solid angle D contained by three plane angles EDF, 
FDG, GDE; and make each of the straight lines ED, DF, 
DG equal to B, and complete the solid parallelopiped DH : 
Make LK equal to A, and at the point K in the straight line 
LK, make ? a solid angle contained by the three plane angles 
LKM, MKN, NKL equal to the angles EDF, FDG, GDE, 


0 .H 
QR 
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each to each; and make KN equal to B, and KM equal to 
C ; and eomplete the solid parallelopiped KO ; And because, as - 
A is to B, so is B to C, and that A is equal to LK, and B. 
to each of the straight lines DE, DF, and C to KM; there- 
fore LK is to ED, as DF to KM ; that is, the sides about the 
equal angles are reciprocally proportional; therefore the pa- 
rallelogram LM is equal? to EF; arid because EDF, LKM 
aretwo equal planc angles, andthe two equal straight lines DG, 
KN are drawn from their vertices above their planes, and con- 
tain equal angles with their sides; therefore the perpendi- 
culars from the points G, N, to the planes EDF, LKM A 
^ eu 


OF EUCLID. |. 239 


equal* to one another : Therefore the solids KO, DH are of. P»x Xr. 
the same altitude ; and they are upon equal bases LM, EF, — 
and therefore they are equali to one another: But the solid 11. 
KO is described from the three straight lines A, B, C, and ‘7! '!- 
the solid DH from the straight line B. If therefore three 

straight lines, &c. Q, E. D. 


PROP. XXXVII. THEOR. 


Ir four straight lines be proportionals, the similar See X- 
solid parallelopipeds similarly described from them 
shallalso be proportionals. And if the similar pa- 
rallelopipeds similarly described from four straight 
lines be proportionals the straight lines shall be 
proportionals. 


Let the four straight lines AB, CD, EF, GH be propor- 
tionals, viz. as AB to CD, so EF to GH; and let the simi- 
lar parallelopipeds AK, CL, EM, GN be similarly described 
from them. AK is to CL, as EM to GN. 

Make? AB, CD, O, P continual proportionals, as also EF, * :1. 6. 
GH, Q, R: And because as AB is to CD, so EF to GH : and 


EH.. 


V 


- dl 
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that CD is? to O, as GH toQ , and O toP, as Q , toR ; there. * 11. 5. 
fore, ex zqualit, AB isto P, as EF to R: But as AB to P, «22. 5. 
so? is the solid AK, to the solid CL; and as EF to R, so? js * C% > 
the solid EM to the solid GN : Therefore’ as the solid AK to 
the solid CL, so is the solid EM to the solid GN. 

| But 
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Boox XI. But let the solid AK be to the solid CL, as the solid EM tc 


v9 the solid GN: The straight line AB is to CD, as EF to GH. 


© 27 las 


* 9, 5. 


Sec N. 


Take AB to CD, as E? to ST, and from ST. describe *a 
solid paraliclopiped SV ‘similar and similarly situated to either 
of the solids EM, GN: And because AB is to CD, as EF to 
ST, and that from AB, CD the solid parallelopipeds AK, CL 
are similarly described ; and in like manner thesolids EM, SV 
from the straight lines EF, ST; therefore AK is to CL, as 


, r 
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À b.c D Y | 
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EM to SV: But, by the hypothesis, AK. is to CL, as EM to 
GN : 'ThereforeGN is equalf to SV : But it is likewisesimilar 
and similarly situated to SV; therefore the planes which contain 
the solids GN, SV are similar and equal, and their homologous 
sides GH,ST equal to one another : And because as AB to CD, 
so EF'to ST, and that ST' is equal to GH: AB is to CD, as 
EF to GH. Therefore, if four straight lines, &c. .Q. E. D. 





PROP. XXXVIII. THEOR. 


* Iva plane be perpendicular to another plane, and 
* a straight line be drawn from a point in one of 
* the planes perpendicular to the other plane, this 
“straight line shall fall on the common section of 
** the planes." : 


«c Let tne plane CD be perpendicular to the plane AB, and 
* let AD be the common section ; if any point E be taken in 
* the piane CD, the perpendicular drawn from E to the plane 


« AB shall fall on AD. ; 
3 « For 
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« For, if it does not, let it, if possible, fall elsewhere, as EF ; Boer XJ; 
*t and let it meet the plane AB in the point F ; and from F 
< draw, in the plane AB a perpendicular FG to DA, which * 12, 1. 
*t js also perpendicular® to the plane CD; and join EG. Then »4, act, 11. 
* because FG is perpendicular 
* to the plane CD, and the 
* straight line EG, which is in 
* that plane, meets it; there- 
* fore FGE is a right angle‘: 
* But EF is also at right angles 
* to the plane AB ; and there- 
* fore EFG is a right angle: 
** Wherefore two of the angles 
** of the triangle EFG are equai together to two right angles ; 
* which is absurd: Therefore the perpendicular from the 
« point E to the plane AB, does not fall elsewhere than upon 
** the straight line AD ; it therefore falls upon it. If there- 
“ fore a plane,” &c. Q. E. D. 


* 3, def. 11, 





PROP. XXXIX. THEOR. 


I N a solid parallelopiped, if the sides of two of the See N. 
opposite planes be divided, each into two equal parts, 

the common section of the planes passing through 

the points of division, and the diameter of the solid 
parallelopiped cut each other into two equal parts. 


Let the sides of 
the opposite planes 
CF, AH of the 
solid parallelopiped 
AF, be divided 
each into two 
equal parts in the 
points K, L, M, 
N; X, O, P, R; 
and join KL, MN, 
XO, PR: And be- 
cause DK, CL are 
equal and parallel, 
KL is parallel* to 

C : For the same 
reason, MN is pa- 
rallel to BA: And 


P 323. li. 
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Box XI. BA is parallel to DC ; therefore, because KL, BA are each of 


* 9.1]. 


4 4. 1. 


* MW, 1. 


+33. L 


f 155 l. 


€ 26. 1. 


them parallel to DC, and not in the same plane with it, KL is 
parallel? to BA: And because. KL, MN are each of them 
parallel to BA, and not in the same plane with it, K L is parallel 
tto MN; wherefore KL, MN are in one plane. In like 
manner it may be proved, that XO; PR are in one plane. Let 
YS be the common section of the planes KN; XR ; and DG 
the diameter of the solid parallelopiped AF : Y Sand DG dà 
meet, and cut one another into two equal parts. ane 
Join DY, YE, BS, SG. Because DX is parallel to OE, the 
alternate anglcs DX Y, YOE dre equal* to onc another: And 
because DX . is T) | 1 ^* 
equal to. OE, and | 
XY to YO, and 
contain equal an- 
gles, the base DY 
is equal? to the 
base YE, and the 
other angles are 
equal ; therefore 
the angle XYD 
is equal to thé 
angle OYE, and B 
DYE is a straight 
e line: | For the 
same reason BSG 
is a straight line, 
and BS equal to 
SG: And because CA is equal and parallel to DB, and also 
equal and parallel to EG; therefore DB is equal and parallel? 
to EG: And DE, BG juin their extremities ; therefore DE is 
equal and parallel? to BG: And DG, YSare drawn from 
points in the one, to points in the other ; and are therefore in 
one plane: Whence itis manifest, that DG, YS must meet 
one another ; let them meet in T: And because DE is pa- 
rallel to BG, the alternate angles EDT, BGT are equal*: 
and the angle DT Y is equalf to the angle GI S + Therefore 
in the triangles DT Y, Gr TS there are two angles in the one 
equal to two angles in the other, and one side equal to one side, 
opposite to two of the equal angles, viz. DY to GS; for they 
are the halves ot DE, BG: Therefore the remaining sides are 
equait, each to each. Wherefore DT is equal to TG, aud 
YT equal to TS. Wherefore, if in a solid, &c. Q, E.D. 
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PROP. XL. THEOR. 


IF there be two triangular prisms of the same al- 
titude, the base of one of which is a parallelogram, 
and the base of the other a triangle; if the paral- 
lelogram be double of the triangle, the prisms shall 
be equal to one another. 


Let the prisms ABCDEF, GHKLMN be of the same alti- 
tude, the first whereof is contained by the two triangles ABE, 
CDF, and the three parallelograms AD, DE, EC; and the 
other by the two triangles GHK, LMN, and the three paral- 
lelograms LH, HN, NG; and let one of them have a paral- 
lelogram AF, and the other a triangle GHK for its base; if 
the parallelogram AF be double of the triangle GHK, the 
prism ABCDEF is equal to the prism GHKLMN. 

Complete the solids AX, GO ; and because the parallelo- 
gram AF is double of the triangle GHK ; and the parallelo- 





gram HK double* of the same triangle; therefore the paral- : 5i. 1. 
lelogram AF is equal to HK. But solid parallelopipeds upon 

equal bases, and of the same altitude, are equal? to oneanother, , 4;. 4). 
Therefore the solid AX is equal to the solid GO ; and the 

prism ABCDEF is half* of the solid AX ; and the prism «gg, jp 
GHKLMN half‘ of the solid GO. Therefore the prism 
ABCDEF is equal to the prism GHKLMN. Wherefore, if 

there is two, &. Q, E. D. 
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BO O K XII. 
LEMMA I. 


Which is the first preposition of the tenth book, and is neces- 
sary to some of the propositions of this book. 


I I’ from the greater of two unequal magnitudes, 
there be taken more than its half, and from the re- 
mainder more than its half; andso on: There shail 
at length remain a magnitude less than the least of 


the proposed magnitudes. 


Let AB and C be two unequal magnitudes, of which AB is 


the greater. If from AB there be taken more 
that its half, and from the remainder more 
than its half, and so on; there shall at length 
remain a magnitude less than C. 

For C may be multiplied so as at length to 
become greater than AB. Let it be so multi- 
plied, and let DE its multiple be greater than 
AB, and let DE be divided into DF, FG, GE, 
each equal to C. From AB take BH greater 
than its half, and from the remainder AH 
take HK greater than its half, and so on, until 
there be as many divisions in AB as there are 
in DE: And let the divisions in AB be AK, 
KH, HB; and the divisions in ED be DF, FG, 
GE, And because DE is greater than AB, and 
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that EG taken from DE is not greater than its half, but BH Boor XH. 


taken from AB is greater than its half; therefore the remain- 
der GD is greater than the remainder HA. Again, because 
GD is greater than HA, and that GF is not greater than the 
half of GD, but HK is greater than the half of HA ; therefore 
the remainder FD is greater than the remainder AK, And 
FD is equal to C, therefore C is greater than AK; that is, 
AK is less than C. ! 

And if only the halves be taken away, the same thing may 
in the same way be demonstrated. 


PROP. I. THEOR. 


SIMILAR polygons inscribed in circles, are to 
one another as the squares of their diameters. 


Let ABCDE, FGHKL be two circles, and in them the. 
similar polygons ABCDE, FGHKL ; and let BM, GN be the 
diameters of the circles: As the square of BM is to the square 
of GN, so is the polygon ABCDE to the polygon FGHKL. 

Join BE, AM, GL, FN: And because the polygon ABCDE 
is similar to the polygon FGH KL, and similar polygons are di- 
videdinto similar triangles; thetriangles ABE, FGL,are similar 





and equiangular* ; and therefore the angle AEB is equal to the » e. 6. 
angle FLG: But AEB is equal* to AMB, because they stand « 21, 3, 


upon the same circumference ; and the angle FLG is, for the 
same reason, equa] to the angle FNG: Therefore also the 
angle AMB is equal to FNG : And the right angle BAM is 


equal to the right* angle GFN ; wherefore the remaining an- 431. 3. 


gles in the triangles ABM, FGN are equal, and they are equi- 
R 3 angular 
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Boox XIl. angular to one another : Therefore as BM to GN; sot is BA 


*4.6 


to GF ; and therefore the duplicate ratio of BM to GN, is 


n 10 def 5: the samef with the duplicate ratioof BA, to GF: But the ratio 


£20. 6. 


See N. 


of the square of BM to the square of GN, is the duplicates 
ratio of that which BM has to GN ; and the ratio of the po- 


A 





C 


lygon ABCDE to the polygon FGHKL is the duplicatet of 
that which BA has to GF: Therefore as the square of BM 
to the square of GN, so is the polygon ABCDE to the poly- 
gon FGHKL. Wherefore similar polygons, &c. Q. E. D. 


“PROP. II. THEOR. 


CIRCLES are to one another as the squares of 
their diameters. 


Let ABCD, EFGH be two circles, and BD, FH their dia- 
meters: As the square of BD to the square of FH, so is the 
circle ABCD, to the circle EFGH. 

For, if it be not so, the square of BD shall be to the square 
of FH, as the circle ABCD is to some space either less than 
the circle EFGH, or greater than it*. First let it be to aspace 
S less than the circle EFGH; and in the circle EFGH 
describe the square EFGH. ‘This square is greater than 
half of the circle EFGH ; because if, through the points 
E, F, G, H, there be drawn tangents to the 'circle, the 

square 


© For there is some square equal to the circle ABCD; let P be the side of it, and 
to three straight lines BD, FH, and P, there can bea fourth proportional ; let this be 
Q: Theretore the squares of these four siraight lines are proportionals ; that is, to the 
squares of BD, FH, and the circle ABCD, it is possible there may be a fourth pro- 
portional, Let thisbe S. Aud in like manner are to be undorstood some things in 
some of the follewing propositions. 
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&quare EFGELis half? of the square described about the circle; Boex XII. 
and the circle is less than the square described about it; there- , 77 1 
fore thesquare EFGH is greater than half of the circle, Divide 

the circumferences EF, TG. GH, HE, each into two equal 
partsinthepoints, K, L, M, N,and join EK, KF, FL, Líz, GM, 

MH, HN, NE: Therefore each of the triangles EKF, FLG, 
GMH, HNE is greater than half of the segment of the circle 

it stands in ; because, if straight lines touching the circle be. 
drawn through the points K, L, M, N, and the parallelograms 

upon the straight lines EF, FG, GH, RE, be completed ; each 

of the triangles EKF, BEG, GMH, HNE shall be the half 

of the parallelogram in which itis: But every segment is less 

than the parallelogram in which it s: Wherefore each of the 
triangles EKF, FLG, GMH, HNE is greater than half the 
segment of the circle which contains it: And if these circum- 
ferences before named be divided each into two equal parts, 

and their extremities be joined by straight lines, by continuing 





> 
to do this, there will at length remain segments of the cirde, 
which, together, shall belessthan the excess of thecircle EFGH, 
above the space S: Because, by the preceding Lemma, if 
from the greater of two unequal magnitudes there be taken 
more than its half, and from the remainder more than its 
half, and so on, there shal! at length remain a magnitude less 
than the least of the proposed magnitudes. Let tnen the seg- 
ments PK, KF, FL, LG, GM, MH, HN, NE be those that 
remain, and are togetherlessthan theexcess of the circle EFGH 
above S: Therefore, the rest of the circle, viz. - the polygon 
EKFLGMHN, is greater than the space S. Describe likewise 
in the circle ABCD the polygon ANBOCPDR similar to the 
polygon EKFLGMHN : As therefore, the square of BD isto 

the square of FH, so is the polygon AXBOCPDR «0 the » 1. 15. 
polygon EKFLGMHN : Bat the square of BD is also to the 
R 4 square 
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Boox XII. square of FH, as the circle ABCD is to thespace S. There- 


* 11, 5. 


* 14. 5, 





fore as the circle ABCD is to the space S, so is* the polygon 
AXBOCPDR to the polygon EKFLGMHN : But the circle 
ABCD is greater than the polygon contained in it; wherefore 
the space § issgreater* than the polygon EKF LGMHN : But 
it is likewise less, as has been demonstrated; which is impós- 
sible. Therefore the square of BD is not to the square of FH, 
as the circle ABCD is to any space less than the circle EFGH: 
In the same manner, it may be demonstrated, that neither is the 
square of FH to the square of BD, as the circle EFGH is to 
any space less than the circle ABCD. Nor is the square of 
BD to the square of FH, as the circle ABCD is to any space 
greater than the circle EFGH : For, if possible, let it be so to 
‘Ta space greaterthan thecircleEFGH;: Therefore,inversely, 
as the square of FH to the square of BD, so is the space T to 


the circle ABCD. Butas thespace+ T is tothe circle ABCD, 


sois the circle EFGH to some space, which must be less? than 


the circle ABCD, because the space T is greater, by hypothe- 
sis, than the circle EFGH. Thereforeas the square of FH isto 
the 


4 For, asin the foregoing note at*, it was explained how it was possible there 


could be a fourth proportional to the squares oi BD, FH, and the circle ABCD, 
which was named S. So, in like manner, there can be a fourth proportional to 
this other space, named T, and the circles A BCD, EFGH. And the like is to 
be understood in some of the following propositions. 
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the square of BD, so is the circle EFGH to a space less than Book XII. 
the circle ABCD, which has been demonstrated to be impos- 

sible: Therefore the square of BD is not to the square of FH 

as the circle ABCD is to any space greater than the circle 

EFGH : And it has been demonstrated, that neither ts the 

square of BD to the square of FH, as the circle ABCD to anv 

space less than the circle EFGH : Wherefore, as the square of 

BD to the square of FH, sois the circle ABCD to the circle 
EFGH4. Circles therefore are, &c. Q. E. D. 


did. PROP. lll. THEOR. < 


Every pyramid having a triangular base, may be se x. 
divided into two equal and similar pyramids having 
triangular bases, and which are similar to the whole 
pyramid ; and into two equal prisms which together 

are greater than half of the whole pyramid. 


Let there be a pyramid of which the base is the triangle ABC 
and its vertex the point D: The pyramid ABCD may be di- 
vided into two equal and similar pyra- 
mids having triangular bases, and simi- p 
lar to the whole; and into two equal i 
prisms which together are greater than 'N 
half of the whole pyramid. [A 

Divide AB, BC, CA, AD, DB, DC, LÀ 
each into two equal parts in the points Ti 
E, F, G, H, K, L, and join EH, EG, 7 IA N 
GH, HK, KL, LH, EK, KF, FG. KAROL 
Because AE is equal to EB, and AH to md | A 
HD, HE is parallel * to DB: For the a \ 
same reason, HK is parailel to AB: / | 
Therefore HEBK is a parallelogram, /Fi/\ M "341 
E equal>to EB: but EBis equal {| /\\ / s 
to ; therefore also AE is equal to $^ WwW 
HK: And AH is equal to HD; — b hs C 
fore EA, AH are equal to KH, HD, 
each to each; and the angle EAH is equals tothe angle KHD ; * 29. 1. 
therefore the base EH is equal to the base KD, and the triangle 

AEH 


* 


" ag 6. 


t Because as2 fourth proportional to the squares cf BD, FH, and the circl- 
~ ABCD, is possible, and that it cau-ncither be Jew nor greater than the aroe CF GH, 
tuust be equal to it. 
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AEH equal? and similar to the triangle HKD: For the same 
reason, the triangle AGH is equal and similar to the triangle 
HLD: And because the two straight lines EH, HG, which 
meet one another, are parallel to KD, DL that meet one ano- 
ther, and are not in the same plane with them, they contain 
equal* angles; therefore the angle EHG is equal to the angle 
KDL. Again, because EH, HG arc equal to KD, DL, each 
to each, and tbe angle EHG equal to the angle KDL ; there- 
fore the base Ix is equal to the base KL: And the triangle 
EHG equal" and similar to the triangle KDL: For the same 
reason, the triangle AEG is also equal and similar to the tri- 
angle HKL. Therefore the pyramid, of which the base is the 
triangle AEG, and of which the vertex is the point H, is 
equal f and similar to the pyramid the 

base of which is the triangle KHL, and D 

vertex the point D: And because HK 
Is paralle] to AB, a side of the triangle 
ADB, the triangle ADB is equiangu- 
lar to the triangle HDK, and their 
sides are proportionals®: Therefore the 
triangle ADB is similar to the triangle 
HDK: And for the same reason, the 
triangle DBC is similar to the triangle 
DKL; and the'triangle ADC to the 
triangle HDL ; and also the triangle 
ABC to the triangle AEG: But the 
triangle AEG is similar to the triangle 
HKL, as before was proved ; therefore 
the triangle ABC is similar ^ to the 
triangle HKL. And the pyramid of 
which the base is the triangle ABC, and vertex the point D 
is therefore similar! to the pyramid of which the base is the tri- 
angle HKL, and vertex the same point D: Butthepyramid of 
which the base is the triangle HKL, and vertex the point D, is 
similar, as has be: n proved, to thepyramid the base of which is 
the triangle AEG, and vertex the point H : Wherefore the 
pyramid, the base of which is the triangle ABC, and vertex the 
point D, is similar to the pyramid of which the base is the tri- 
angle AEG and vertex H: Therefore each of the pyramids 
AEGH, HKLD is similar to the whole pyramid ABCD: And 
because BF is equal to FC, the parallelogram KBFG is double* 
of the triangle GFC :. But when there are two prisms of the 
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| same altitude, of which one has a parallelogram for its base, Poox XII 
and the other a triangle that is half of the parallelogram, these 
prisms are equal? to one another; therefore the prism having «49 3), 
the parallelogram EBFG for its base, and the straight line 
KH opposite to it, is equal to the prism having the triangle 
GFC for its base, and the triangle HKL opposite to it; for 
they are of the same altitude, because they are between the 
parallel? planes ABC, HKL: And it is manifest*that each of *!5- !!- 
these prisms is greater than either of the pyramids of which 
the triangles AEG, HKL are the bases, and the vertices the 
points H, D; because, if EF be joined, the prism having the 
pårellelogram EBFG for its base, and KH the straight line 
opposite to it, is greater than the pyramid of which the base 
is the triangle EBF, and vertex the point K ; but this pyra- 

mid is equal* to the pyramid the base of which is the triangle *  !!- 
AEG, and vertex the point H ; because they are contained 
by equal and similar planes : Wherefore the prism having the 
parallelogram EBFG for its base, and opposite side KH, is 
greater than the pyramid of which the base is the triangle 
AEG, and vertex the pointH: And the prism of which the 
base is the parallelogram EBFG, and opposite side KH is 
equal to the prism having the triangle GFC for its base, and 
BKL the triangle opposite to it; and the pyramid of which 
' the base is the triangle AEG, and vertex H, is equal to the 
pyramid of which the base is the triangle HKL, and vertex D : 
"Therefore the two prisms before-mentioned are greater than 
the two pyramids of which the bases are the triangles AEG, 
L, and vertices the points H, D. Therefore the whale 
p? amid of which the base is the triangle ABC; and vertex 
the point D, is divided into two equal pyramids similar toone 
another, and to the whole pyramid ; and into two equal prisms ; 
and the two — together greater than halt of the whole 


pyramid. Q. E 
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PROP. IV. THEOR. 


Ir there be two pyramids of the same altitude, 
upon triangular bases, and each of them be divided 
into two equal pyramids similar to the whole pyra- 
mid, and also into two equal prisms; and if each of 
these pyramids be divided in the. same manner as 
the first two, and so on: As the base of one ofthe - 
first two pyramids ts to the base of the other, so 
shall all the prisms in one of them be to all the 
prisms in the other that are produced by the same 
number of divisions. 


Let there be two pyramids of the same altitude upon the tri- 
angular bases ABC, DEF, and having their vertices in the 
points G, H; and let each of them be divided into two equal 
pyramids similar to the whole, znd into two equal prisms; and 
let each of the pyramids thus made be conceived to be divided 
in the like manner, and so on: As the base ABC is to the base 
DEF, so are all the prisms in the pyramid ABCG to all the 
prisms in the pyramid DEFH made by the same number of 
divisions. 

Make the same construction as in the foregoing propositions 
And because BX is equal to XC,and AL to LC, theretore XL 
is parallel* to AB, and the triangle ABC similar to the tri- 
angle LXC: For the same reason, the triangle DEF is similar 
to RVF: And because BC is double of CX, and EF double of 
FV, therefore BC is to CX, as EF to FV: And upon BC, 
CX are described the similar and similarly situated rectilineal 
figures ABC, LXC; and upon EF, FV, in like manner, are 
described the similar figures DEF, RVE: Therefore, as the 
triangle A BC is to the triangle L XC, so* is the.triangle DEF 
to the triangle RV F, and, by permnutation, as the triangle ABC . 
to the triangle DEF, so is the triangle LXC to the triangle i 
RVF : And because the planes ABC, OMN, as also theplanes 
DEF, STY are parallelt, the perpendiculars drawn from the 
points G, H tothe bases ABC, DEF, which, by the hypothe- 
sis, are equal to one another, shall be cut each into two equal 
‘parts by the planes OMN, ST Y, because the straight lines 
GC, HF are cut into two equal parts in the points N, Y by 
the same planes: Therefore the prisms LKCOMN, RVFST Y 
are of the same altitude; and therefore, as the base a 

the 
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' the base RVF ; that is, as the triangle ABC to the triangle Boor XIL. -~ 
DEF, so* is the prism having the triangle LXC for its base, => 
and OMN the triangle opposite to it, to the prism of which the: i ^ 
base is the triangle. RV F, and the opposite triangle ST Y :: 

And because the two prisms in the pyramid ABCG are equal 
to one another, and also the two prisms in the pyramid DEFH 
equa! to one another, as the prism of which the base is the 
parallelogram KBXL and opposite side MO, to the prism 
having the triangle LXC for its base, and OMN the triangle 
opposite toit; sois the prism of which the base” is the paralle- * 7. 5. 

. logram, PEV R, and opposite side 'T'S, to the prism of which 
the base is the triangle RVF, and opposite triangles ST'Y. 

| Therefore, componenda,asthe prisms KBX LMO,LXCOMN 





together are unto the prism LXCOMN ; so are the prisms 
PEVRTS, RVFSTY to the prism RVFSTY : And permu- 
tando, as the prisms KBKLMO, LXCOMN are to the prisms 
PEVRTS, RVFSTY ; sois the prism LXCOMN to the 
prism RVFSTY : Butasthe prism LXCOMN to the prism 
RVFSTY, so is, as has been proved, the base ABC to the base 
DEF: ‘Therefore, as the base ABC to the base DEF, so are 
_ the two prisms in the pyramid ABCG to the two prisms in 
the pyramid DEFH : And likewise if the pyramids now made, 
for example, the two OMNG, ST YH be divided in the same 
manner; as the base OMN is to the base ST Y, so shall the 
_two prisms in the pyramid OMNG be to the two prisms in 
the pyramid ST YH : But the base OMN is to the base ST Y, 
as the base ABC tothe base DEF ; therefore, as the base ABC 
to the base DEF, soarc the two prisms in the pyramid ABCG 
to 
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Beok Mil. to the two prisms in the pyramid DEFH ; and so are thetwe 


ce N. 


e. A 19. 


* 4, 12. 


t 15. 5. 


prisms in the pyramid OMNG to the two prisms in the py- 
ramid ST YH; and soareall four to all four: And the same 
thing may be shewn of the prisms made by dividing the pyra- 
mids AKLO and DPRS, and of all made by. the same num- 
ber of divisions. Q.E. D. | 


PROP. V. THEOR, ' t 


Prosuss of the same altitude which have tri- 
angular bases, are to one another as their bases. 


Let the pyramids of which the triangles ABC, DEF are the 
bases, and of which the vertices are the points G, H, be of the 
same altitude: As the base ABC to the base DEF, so is the 
pyramid ABCG to the pyramid DEFH. 

For, if it be not so,the base ABC must be tothe base DEF, 
as the pyramid ABCG to a solid either less than the pyramid 
DEFH, or greater than it*. First, let it be to asolid less than 
it, viz. tothe solid Q: And divide the pyramid DEFH into 
two equal "pyramids, similar to the whole, and into two equal 
prisms. Therefore these two prisms are greater? than the half 
of the whole pyramid. And again, let the pyramids made by 
this division be in like manner divided, and so on, until the 
pyramids which remain undivided in the pyramid DEFH be, 
all of them together, less than the excess of the pyramid DEF H 
above the solid Q: Let these, for example, be the pyramids 
DPRS,STYH: Therefore the prisms, which makethe rest of 
the pyramid DEKH, are greater than the solid Q: Divide, 
likewise the pyramid ABCG in the same manner, and into as 
many parts, as the pyramid DEFH : Therefore as the base 
ABC tothe base DEF, so? are the prisms in the pyramid 
ABCG to the'prisms inthe pyramid DEFH ; » But as the base 
ABC tothe base DEF, so, by hypothesis, isthe pyramid’A BCG 
to the solid Q ; and therefore, as the pyramid ABCG to the 
solid Q , soare the prisms in the pyramid ABCG to the prisms 
in the pyranid DEFH : But the pyramid ABCG is greater 
than the prisms contained in it ; wherefore‘ also the solid Q is 
greater than the prisms in the pyramid DEFH. But it is also 
less, which is impossible, “Therefore the base ABC is notto 

the 


* This may be explained the same way as at the note + in Proposition 2, in the 
Khe case, 
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the base DEF, as the pyramid ABCG to any solid which is Boox Xi. 
less than the pyramid DEFH. In the same manner it, may «v9 
be demonstrated, that the base DEF is not to the base ABC, 
as the pyramid DEF H to any solid which is less than the pyra- 
mid ABCG. -Nor can the base ABC be to the base DEF, as 
the pyramid ABCG to any solid which is greater than the 
pyramid DEFH. For if it be possible, let it be so to a greater, 

= _ viz. thesolid Z. -And because the base ABC iste the base DAF 

as the pyramid ABCG to the solid Z ; by inversion, as the base 

DEF to the base A BC, so is the solid Z to the pyramid ABCG. 

But as the solid Z is tu the pyramid ABCG, so is Me pyramid 





DEFH to some solid*, which must be less? than the pyramid * 14. 5. 
ABCG, because the solid Z is greater than the pyramid 
DEFH. And therefore, as the base DEF to the base ABC, 
so is the pyramid DEFH to a solid less than the pyramid 
ABCG ; the contrary to which has been proved. Therefore 
~~ thevbaseA BC is nat to the base DEFH, as the pyramid ABCG 
to any solid which is greater than the pyramid DEFH. And 
_ it has been proved, that neither is the base ABC to the base 
-. DEF, as the pyramid ABCG to any solid which is less than 
the pyramid DEFH. Therefore, as the base ABC is to the 
base DEF, so is the pyramid ABCG to the pyramid DEFH. 
W herefore pyramids, &c. Q FE. D. 


`~ 





: © This may be explained the same way as the Uke ct te mark Ji» Prep. 2. 
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PROP. VL "THEOR. Ceu 


> s + 
1 YRAMIDS ofthe same altitude which have poly- 
gons for their bases, are to one another as their 
bases. 


_ Letthe pyramids which have thepolygonsA BCDE,FGHKL 
for their bases, and their vertices in the points M, N be of the 
same altitude: As the base ABCDE to the base FGHKL, so 
is the pyramid ABCDEM tothe pyramid FGHKLN. 

Divide the base ABCDE into the triangles ABC, ACD, 
ADE ; and the base FGHRL into the trian¢les FGH, FHR, 
FKL: Andupon the bases ABC, ACD, ADE let there be as 
many pyramids of which the common vertex is the point M, 
and upon the remaining bases as many pyramids having their 
common vertex in the point N: Therefore since the triangle 
ABC is tothe triangle FGH, as* the pyramid ABCM to the 
pyramid FGHN ; and the triangle ACD to thetriangle FGH, 
as the pyramid ACDM to the pyramid FGHN ; and also the 





Yv 
- 


8 € Y td 





triangle ADE to the triangle FGH, as the pyramid ADEM to 
the pyramid FGHN ; as all the first antecedents to their com- 
mon consequent ; so” are all the other antecedents to their com- 
mon consequent; that is, ‘as the base ABCDE to the base 
FGH, so isthe pyramid ABCDEM to the pyramid FGHN ; 
And for the same reason, as the base FGHKL tothe base FGH, 
so is the pyramid FGHKLN tothe pyramid FGHN : And, by 
inversion, as the base FGH to the base FGHKL, so isthe py- 
ramid FGHN tothepyramidF GHKLN : Then, becauseas the 
base ABCDE tothe base FGH, sois the pyramid ABCDEM 
to the pyramid FGHN ; and as the base FGH to the base 
FGHKL,gsois thepyramid FGHN tothe pyramid FGHKLN; 

therefore 
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therefore, ex zquali, as the base ABCDE to the base ¥oox XII. 
FGHKL, so the pyramid ABCDEM to the pyramid dm 
FGHKLN. Therefore pyramids, &c. Q. E. D. 


PROP. VII. THEOR. 


Every prism having a triangular base may be 
divided into three pyramids that have triangular 
bases, and are equal to one another. 


Let there be a prism of which the base is the triangle ABC, 
and let DEF be the triangle opposite to it: The prism 
ABCDEF may be divided into three equal pyramids having 
triangular bases. 
Join BD, EC, CD; and because ABED is a parallelogram 
of which BD is the diameter, the triangle ABD is equal? to * 34, 1. - 
the triangle EBD ; therefore the pyramid of which the base is 
the triangle ABD, and veitex the point C, is equal to the , 5. 12. 
pyramid of which the base is the triangle EBD, and vertex the 
point C: But this pyramid is the same with the pyramid the 
base of which is the triangle EBC, and vertex the point D ; 
for they are contained by the same planes :* Therefore the 
pyramid of which the base is the triangle ABD, and vertex the 
point C, is equal to the pyramid, the base of which is the tri- 
angle EBC, and vertex the point D: Again, because FCBE is 
a parallelogram of which the diameter 1s 
CE, the triangle ECF is equal? to the 
triangle FCB ; therefore the pyramid of 
which the base is the triangle ECB, and 
vertex the point D, is equal to the pyra- 
mid the base of which is the triangle ECF, 
and vertex the point D: But the pyramid 
of which the base is the triangle ECB, 
and vertex the point D, has been proved 
. equal to the pyramid of which the base is 
the triangle ABD, and vertex the point C. Therefore the 
prism ABCDEF is divided intothree equal pyramids having tri- 
- angular bases, viz. into the pyramids ABDC, EBDC, ECED: 
And because the pyramid of which the base is the triangle ABD, 
,* and vertex the point C, is the same with the pyramid of which 
the base is the triangle ABC, and vertex the point D, for they 
are contained by the same planes; and that the pyramid of which 
the base is the triangle ABD, and vertex the point C, has been 
S demonstrated 
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Boox XII. demonstrated to be a third part of the prism, the base of which 


* 6. 12. 


is the triangle ABC, and to which DEF is the opposite 
triangle; therefore the pyramid of which the base is the tri- 
angle ABC, and vertex the point D, is the third part of the 
prism which has the same base, viz. the triangle ABC, and 
DEF is the opposite triangle. Q. E. D 

Con. r. From this it is manifest, that every pyramid is the 
third part of a prism which has the same base, and is of an 
equal altitude with it; for if the base of the prism be any other 
figure than a triangle, it may be divided into prisms having 
triangular bases. 

Cor. 2. Prisms of equal altitudes are to one another as 
their bases ; because the pyramids upon the same bases, and of 
the same altitude, are* to one another as their bases. 


PROP. VIII. THEOR. 


SIMILAR pyramids, having triangular bases, are 
one to another im the triplicate ratio of that of their 
homologous sides. — 


Let the pyramids having the triangles ABC, DEF for their 
bases, and the points G, H for their vertices, be similar, and 
similarly situated ; the pyramid ABCG has to the pyramid 
DEFH, the triplicate ratio of that which the side BC has to 
the homologous side EF. 

Complete the parallelograms ABCM, GBCN, ABGK, and 
the solid parallelopiped BGML contained by these planes and 


K L 





those opposite tothem: And, in like manner, complete the solid 
parallelopiped EHPO contained by the three parallelograms 
DEFP, HEFR, DEHX, and those opposite to them: And 


because 
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because the pyramid ABCG is similar to the pyramid DEFH, Boox XU. 
the angle ABC is equal* to-the angle DEF, and the angle ZEE. 
GBC to the angle HEF and ABG to DEH: And AB is? to °:. der. 6. 
BC, as DE to EF; that is, the sides about the equal angles 

are proportionals ; wherefore the parallelogram BM is similar 

toEP: For the same reason, the parallelogram BN is similar 

to ER, and BK to EX: Therefore the three parallelograms 

BM, BN, BK are similar to the three EP, ER, EX : Butthe ` 

three BM, BN, BK, are equal and similar‘ to the three which «< 24, 11, 
are opposite to them, and the three EP, ER, EX equal and 

similar to the three opposite to them: Wherefore the solids 
BGML, EHPO are contained by the same number of similar 
planes; and their solid angles are equal? ; and therefore the, p ,, 
solid BGML is similar? to the solid EHPO : But similar solid i 
parallelopipeds have the triplicate* ratio. of that which theires3 1. 
homologous sides have: Therefore the solid BGML has to 

the solid EHPO the triplicate ratio of that which the side BC 

has to the homologous side EF : But as the solid BGML is to 

the solid EHPO, so isf the pyramid ABCG to the pyramid i5, 5, 
DEFH ; because the pyramids are the sixth part of the solids, 

since the prism, which is the half of the solid parallelopiped, «98. ;1. 
is triple^ of the pyramid. Wherefore likewise the pyramid» 7, 32, 
ABCG has to the pyramid DEFH, the triplicate ratio of that 

which BC has to the homologous side EF, Q. E. D. 

Cor. From this it is evident, that similar pyramids which See N. 
have multangular bases, are likewise to one another in the 
triplicate ratio of their homologous sides: For they may be 
divided into similar pyramids having triangular bases, because 
the similar polygons, which are their bases, may be divided 
into the same number of similar triangles homologous to the 
whole polygons ; therefore as one of the triangular pyramids 
in the first multangular pyramid is to one of the triangular 
pyramids in the other, so are all the triangular pyramids in the 
first to all the triangular pyramids in the other ; that is, so is 
the first multangular pyramid to the other : But one triangular 
pyramid is to its similar triangular pyramid, in the triplicate 
ratio of their homologous sides ; and therefore the first mul- 
tangular pyramid has to the other, the triplicate ratio of that 
which one of the sides of the first has to the homologous 
sides of the other. 


ng 
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PROP. IX. THEOR. 


ME ITE bases and -altitudes“of equal pyranide nae 
ing triangular bases are reciprocally properties 
And triangular pyramids of which the bases and 
altitudes are reciprocally proportional, are equal to 
one another. 


Let the pyramids of which the triangles ADC, DEF, are 
the bases, and which have their vertices in the points G, H, be 


equal to one another: ‘The bases and altitudes of the pyramids 


ABCG, DEFH are reciprocally proportional, viz. the base 
ABC is to the base DEF, as the altitude of the pyramid 


DEFH to the altitude of the pyramid ABCG. 


Complete the parallelograms AC, AG, GC, DF, DH, HF ; 
and*the solid, parallelopipeds BGML, kHPO, contained by 





‘these planes and those opposite to them: And beeause the 


à 1. Áx. 5, 


a34. 1i, 


pyramid A BCG is equal to the pyramid DEFH, and that the 
solid BGML is sextuple of the pyramid ABCG, and the solid 
EHPO sextuple of the pyramid DEFH ; therefore the solid 
BGML is egual ê to the solid EHPO: But the bases and alti- 


tudes of equal solid parallelopipeds are reciprocally propor- 


tional»; therefore as the base BM to the base FEP, so is the al- 
titude of the solid EHPO to the altitude of the solid BGML : 
But as the base. BM to the base EP, so is* the triangle ABC 
to the triangle D'E.F ; therefore as the triangle ABC to the tri- 
angle DEF, so is the altitude of the solid EHPO to the alti- 
tude of the solid BGMI.: But thealtitude of the solid EHPO 
is the same with the altitude of the pyramid DEFH ; and the 
altitude of the selid BGML is the same with the altitude of the 

pyramid 
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pyramid ABCG: Therefore, asthe base ABC to the base DEF, «xxl. 
so is the altitude of the pyramid DEFH to the altitude of the ^^" 
pyramid ABCG: Wherefore the bases and altitudes of the 
pyramids ABCG, DEFH are reciprocally proportional. 

Again, let the bases and altitudes of the pyramids ABCG, 
DEFH be reciprocally proportional, viz. the base ABC tothe 
base DEF, as the altitude of the pyramid DEFH to the alti- 
tude of the pyramid ABCG: The pyramid ABCG is equal 
‘to the pyramid DEFH. 

The same construction being made, because as the base ABC 
to tht base DEF, so is the altitude of the pyramid DEFH to 
the altitude of the pyramid ABCG: And as the base ABC to 
the base DEF, so is the parallelogram BM to the parallelo- 
gram EP; therefore the parallelogram BM is to EP, as the 
altitude of the pyramid DEFH to the altitude of che pyramid 
ABCG: But the altitude of the pyramid DEFH is the same 
with the altitude of the solid parallelopiped EHPO and the 
altitude of the pyramid ABCG is the same with the altitude 
of the solid parallelopiped BGML: As, therefore, the base 
BM to the base EP, sois the altitude of the solid parallelopiped 
EHPO to the altitude of the solid parallelopiped BGML. 
But solid parallelopipeds having their bases and altitudes reci- 
procally proportional, are equal’ to one another. ‘Therefore ° 34. 11. 
the solid parallelopiped BGML is equal to the solid parallelo- 
piped EHPO. Aad the pyramid ABCG is the sixth part of 
the solid BGML, and the pyramid DEFH is the sixth part of 
the solid EHPO. Therefore the pyramid ABCG is equal to 
the pyramid DEFH. Therefore the bases, &c. Q, È. D. 


PROP. X. THEOR. 


Ev ERY cone is the third part of a cylinder which 
has. the same base, and is of an equal altitude with 
1t. 

Let a cone have the same base with a cylinder, viz. the cir- 
cle ABCD, aad the same altitude. The cone is the third part 
of the cylinder ; that is, the cylinder is triple of the cone. 

If the cylinder be not triple of the cone, it must either be 
greater than the triple, or less than it. First, Let it be greater ` 
than the triple; and describe the square ABCD in the circle: 
this square is greater than the half of the circle ABCD*. 

93 Upon, 
9 As was shewn in Prop. 2 of this Book. 
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Boox XII. Upon the square ABCD ereét a prism of the same altitude with 


a mu 


2 35. 11, 


^29 Cor. 
p os 


c Lemma. 


“ment of the cylinder in which it is; 


the cylinder ; this prism is greater than half of the cylinder ; 
because if a square be described about the circle, and a prism 
erected upon the square, of the same altitude with the cylinder, 
the inscribed square is half of that circumscribed; and upon 
these square bases are erected solid parallelopipeds, viz. the 
prisms of the’ same altitude ; therefore ' the prism upoh the 
square ABCD is the half of the prism upon the square described 
about the circle: Because they are to one another as their 
bases*: And the cylinder is less than the prism upon the square 
described about the circle ABCD: Therefore the prism upon 
the square ABCD of the same altitude with the cylinder, is 
greater than half of the cylinder. Bisect the circumferences 
AB, BC; CD, DA in the points E, F, G, H; and join AE, 
EB, BF, FC, CG, GD, DH, HA: Then, each ofthe triangles 
AEB, BFC, CGD, DHA is greater than the half of the seg- 

ent of the circle in which it stands, 
as was shewn in Prop. 2. of this 
Book.  Erect prisms upon each of 
these triangles of the same altitude 
with the cylinder; each.of these 
prisms is greater than half of the seg- 


because if, through the points E, F, 
Gr, H, parallels be drawn to AB, BC, 
CD, DA, and parallelograms be 
completed upon the same AB, BC, 
CD, DA, and solid parallelopipeds 
be, erected upon the parallelograms ; the prisms upon the tri- 
angles AEB, BFC, CGD, DHA are the halves of the solid 
parallelopipeds®.- And the segments of the cylinder which are 
upon the segments of the circle cut off by AB, BC, CD, DA, 
are less than the solid parallelopipeds which contain them. 
Therefore the prisms upon the triangles AEB, BFC, CGD, 
DHA, are greater than half of the segments of the cylinder in 
which they are; therefore, if each of the circumferences be 
divided into two equal parts, and straight lines be drawn from 
the points of division to the extremities of the circumferences, 
and upon the triangles thus made, prisms be erected of the same 
altitude with the cylinder, and so on, there must at length 
remain some segments of the cylinder which together are less,°, 
than the excess of the cylinder above the triple of the cone, 
Letthem be those upon the segments of the circle AE, EB, BF. 
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FC, CG, GD, DH, HA. Therefore the rest of the cylin- Boom XII. 
der, that is, the prism of which the base is the polygon 
AEBFCGDH, and of which the altitude is the same with that 
of the cylinder, is greater than the triple of the cone : But this 
prism is triple‘ of the pyramid upon the same base, of which «1 Cor. 7. 
the vertex is the same with the vertex of the cone; therefore !* 
the pyramid upon the base AEBFCGDH, having the same 
vertex with the cone, is greater than the cone, of which the 
base is the circle ABCD: But it is also less, for the pyramid is 
contained within the cone; which is impossible. Nor can the 
cylinder be less than the triple of the cone. Let it be less, if 
possible: therefore, inversely, the cone is greater than the third 
part of the cylinder. Inthe circle ABCD describe a square ; 
this square is greater than the half of the circle: And upon the 
square ABCD erect a pyramid, having the same vertex with the 
cone: this pyramid is greater than the halfof the cone ; because, 
as was before demonstrated, if a square be described about the 
circle, the square ABCD is the 
half of it; and if upon these squares 
* there be erected solid parallelo- 
pipeds of thesame altitude with the 
cone, which are also prisms, the 
prism upon the square ABCD 
Shall be the half of that which is 
upon the square, described about 
the circle; for they are to one 
another as their bases‘ ; as are also 
the third parts of them: Therefore 
the pyramid, the base of which is 
the square ABCD, is half of the pyramid upon the square de- 
scribed about the circle: But this last pyramid is greater than 
the cone which it contains ; therefore the pyramid upon the 
square ABCD, having the same vertex with the cone, is greater 
than the half of the cone. Biseét the circumferences AB, 
BC; CD, DA in the points E, F, G, H, and join AE, EB, 
BF, FC, CG, GD, DH, HA: Therefore each of the triangles 
AEB, BFC, CGD, DHA is greater than half of the segment 
of the circle in which itis: Upon each of these triangles erect 
pyramids having the same vertex with the cone. Therefore 
each of those pyramids is greater than the half of the segment 
of the cone in which it is, as before was demonstrated of the 
prisms and segments of the cylinder ; and thus dividing each 
ef the circumferences into two equal parts, and joining the 
S4 points 


* 32. 11, 
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Boox XI. noints of division and their extrémities by straight lines, and 


—_ 


See N. 


upon the triangles erecting pyramids having their vertices the 
same with that of the cone, and so on, there must at length 
remain some segments of the cone, which together shall be less 
than the excess of the cone, above the third part of the cylinder. 
Let these be the segments upon AF, EB, BF, FC, CG, GD, 
DH, HA. Therefore the rest of S 
the cone, that is, the pyramid, of 
which the base is the polygon 
AEBFCGDH, and of which the 
vertex is the same with that of the 
cone, is greater than the third part 
ofthe cylinder. But this pyramid 
is the third part of the prism upon 
the same base AEBF CGDH, and 
of the same altitude with the cylin- 
der. ‘Therefore this prism is great- - 
er than the cylinder of which the 
base is the circle ABCD. But itis also less, for it is contained 
within the cylinder; which is impossible. “Therefore the cy- 
linder is not less than the triple of the cone. And it has been 
demonstrated that neither is it greater than the triple. T here- 
fore the cylinder is triple of the cone, or, the core is the third 
part of the cylinder. Wherefore every cone, &c. Q, E. D. 





PROP. XI. THEOR. 


x 
(CONES and cylinders of the same altitude, are to 
one another as their bases. 

Let the cones and cylinders, of which the bases are the cir- 
cles ABCD, EFGH, and the axes KL, MN, and AC, EG the 
diameters of their bases, be of the samealtitude, As thecircle 
ABCD to the circle EFGH, sois the cone AL tothecone EN. 

If it be not so, let the circle ABCD be to the circle EFGH, 
as the cone AL to some solid either less than the cone EN, or 
greater than it. First, let it be to a solid less than EN, viz; to 
the solid X ; and let Z bethe solid which is equal to the excess 
of the cone EN above the solid X ; therefore the cone EN 
is equal to the solids X, Z together. In the circle EFGH 
describe the square EFGH, therefore this square isgreater than 
the half of the circle: Upon the square EFGH ere& a pyra- 
mid of the same altitude with the cone; this pyramid is 
greater than half of the cone. For, if a square be de- 
scribed about the circle, and a pyramid be erected upon it, 

having 
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having the same vertex with the cone*, the pyramid inscribed Boox XII. 
in the cone is. half to the pyramid circumscribed about it, —— 
because they are to one another as their bases*: Butthe cone +6. 12. 
js less than the circumscribed pyramid ; therefore the pyramid 

of which the base is the square EFGH, and its vertex the same 

with that of the cone, is greater than half of thecone: Divide 

the circumferences EF, FG, GH, HE, each into two equal 

parts in the points O, P, R, S, and join EO, OF, FP, PG, 

GR, RH, HS, SE: Therefore each of the triangles EOF, 

FPG, GRH, HSE jis greater than half of the segment of the 


J 


a 


circle in which it is: Upon each of these triangles ereét a py- 
ramid having the same vertex with the cone; each of these 
pyramids is greater than the half of the segment of the conein 
which it is: And thus dividing each of these circumferences 
into two equal parts, and from the points of division drawing 
straight lines to the extremities of the circumference, and up- 
on each of the triangles thus made erecting pyramids, having 
the same vertex with the cone, and so on, there must at length 
remain some segments of the cone which are together less®» Lez. t. 


than the solid Z: Letthesebethe segments upon EO, OF, FP, 





, 

* Vertex is put in place of altitude, which is in the Greek, because the pyramid, iu 
what follows, is supposed lo be circumscribed about the cone, and so must have the 
wemevertex, And the same change 's wads in some plage: tollowing. 


t 
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ior XA PG, GR, RH, HS,SE: Therefore the remainder of the cone, 


"n9. 


sc 0 NEC 
€ l1. 5. 


* 6. 12. 


* 1$. 5. 


viz. thepyramid of whichthe baseis the polygon EOFPGRHS, 
and its vertex the same with that of the cone, is greater than 
the solid. X : In the cirele ABCD describe the polygon 
ATBYCVDQ similar tothe polygon EOFPGRHS,and upon 
iterect a pyramid having the same vertex with the cone AL: 
And because as the square of AC is to the square of EG, so? is 
the polygon ATBYCVDQ to the polygon EOFPGRHS; 
and as the square of AC to the square of EG, so is^ the circle 
ABCD to the circle EFGH ; therefore the circle ABCD< is to 
thecircle EFGH, asseepolygon AT BY CVDO tothe polygon 





— — 


EOFPGRHS: But asthe circle ABCD to the circle EFGH, 
so. is the cone AL to the solid X: and as the polygon 
A'LBYCV DQ to the polygon EOFPGRHS, só is? the pyra- 
mid of which the base is the first of these polygons, and vertex 
L, to the pyramid of which the base is the other polygon; and 
its vertex Ni: Therefore, as the cone AL to the solid X, so is 
the pyramid of which the base is the polygon ATBYCVDQ, 
and vettex L, to the pyramid the base of which is the polygon 
EOFPGRHS, and vertex N: But the cone AL is greater than 
the pyramid contained in it ; therefore the solid X is greater* 
than the pyramid in the conc EN. But it isless, as was — 
whic 
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which is absurd: Therefore the circle ABCD is not to the Boor XH. 
circle EFGH, as the cone AL to any solid which is less than “7 
thecone EN. In the same manner it may be demonstrated, 

that the circle EFGH is not to the circle ABCD, as the 

cone EN to any solid less than the cone AL. Nor can the 

circle ABCD be to the circle EFGH, as the cone AL to any 

solid greater than the cone EN : For, if it be possible, let it 

be so to the solid I, which is greater than the cone EN: 
Therefore, by inversion, as the circle EFGH to the circle 
ABCD, so is the solid 1 to the cone AL: But as the solid I 

to the cone AL, so isthe cone EN to some solid, which must 

be less: than the cone AL, because the solid I is greater than «14. x 
the cone EN : Therefore, as the circle EF GH is to the circle 
ABCD, so is the cone EN to a solid less than the cone AL, 
which was shewn to be impossible: Therefore the circle 
ABCD is not to the circle EFGH, as the cone AL is to any 

solid greater than the cone EN: And it has been demonstra- 

ted, that neither is the circle ABCD to the circle EFGH, as 

the cone AL to any solid less than the cone EN: Therefore 

the circle ABCD is to the circle EFGH, as the cone AL to 

the cone EN : But as the cone is to the cone, so? is the cy=» 35 5 
linder to the cylinder, because the cylinders are triple of the < 10. 12, 
«one, each to each. Therefore as the circle ABCD tothe 

circle EFGH, so are the cylinders upon them of the same 
altitude, Wheretore cones and cylinders of the same altitude 

are to one another as their bases. Q, E. D. 


PROP. XII. THEOR. 


1 
SIMILAR cones and cylinders have to. one ano- sen. , 
ther the triplicate ratio of that which the diameters 
of their bases have. 


Let the cones and cylinders of which the bases are the cir- 
cles ABCD, EFGH, and the diameters of the bases AC, EG, 
and KL, MN, the axis of the cones or cylinders, be similar : 
The cone of which the base is the circle ABCD, and vertex the 
point L, has tothe one of which the base is the circle EFGH, 
and vertex N, the triplicate ratio of that which AC has to EG, 
For if the cone ABCDL has not to the cone EFGHN the 
triplicate ratio of that which AC has to EG, the cone ABCDL 
shall have the triplicate of that ratio to some solid which is less 
or greater than thecone EFGHN, First, let it have it to a less, 
viz. 
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viz tothesolid X. Make the same construction as in the pre- 
ceding proposition, and it may be demonstrated the very same 
way as in-that proposition, that the pyramid of which the base 
is the polygon. EOFPGRHS, and vertex N, is greater. than 
the solid X. — Describe also in the circle ABCD the polygon 
ATBYCVDO similar to the polygon EOFPGRHS, upon 
which erect a pyramid having the same vertex with the cone ; 
and let LAQ be one of the triangles containing the pyra- 
mid upon the polygon ATBYCVDQ,, the vertex of which 
is L; and let NES be one of the triangles containing the 


— L 


D / 
m. 











pyramid upon the polygon EOFPGRHS of which the ver- 
tex is N; and join KQ, MS: Because then the-cone 
ABCDL s similar to the cone EFGHN, AC is* to EG as 
the axis KL to the axis MN ; and as AC to EG, so* is AK 
to EM; therefore as AK to EM, so is KL to MN; 
and, alternately, AK to KL, as EM to MN: And the 
right angles AKL, EMN are equal; therefore the sides 
about these equal angles being proportionals, the triangle 
AKL is similar* to the triangle EMN. Again, because 
AK is to KQ, as EM to MS, and that these "As 

adout 
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about equal angles ALQ., FMS, because these angles are, Boon Xi, 
each of them, the same part of four right angles at the centres 
K, M; therefore the triangle AKQ is similar? to the triangle a 6. 6. 
EMS: And because it has been shown that as AK to KL, so 
is EM to MN, and that AK is equal to KQ; and EM to MS, 
as QK to KL, sois SM to MN : and therefore the sides about 
thé right angles QKL, SMN being proportionals, the triangle 
LKQ.'is similar to the triangle NMS: and because of the 
similarity of the triangles AKL, EMN, as LA is to AK, so is 
NE to EM ; and by the similarity of the triangles AKQ, 
EMS, as KA to AQ, so ME to ES; ex zquali*, LA is* 7? + 
to AQ, as NE to ES. Again, because of the similarity of the 
triangles LOK, NSM, as LQ. to QK, so NS to SM ; and 
from the similarity of the triangles KAQ , MES, as KQ to 
QA, so MS to SE; ex zquali*, LQ is to QA, as NS to SE: 
And it was proved that QA is to AL, as SE to EN ; there- 
fore, again, ex equali as QL to LA, so is SN to NE: Where- 
fore the triangles LO 4, NSE, having the sides about all their 
angles proportionals, are equiangular* and similar to one ‘9-6. 
another : And therefore the pyramid of which the base is the 
triangle AKQ , and vertex L, is similar to the pyramid the base 
of which is the triangle EMS, and vertex N, because their 
soiid angles are equal? to one another, and they are contained * 5.11. 
by the same number of similar planes: But similar pyramids 
which have- triangular bases have to one another the triplicate 
ratio of that which their homologous sides have; therefore *8. 12. 
_ the pyramid AKQL has to the pyramid EMSN the triplicate 
- ratio of that which AK has to EM. In the same manner, if 
~ straight lines be drawn from the points D, V, C, Y, B, T, 
to K, and from the points H, R, G, P, F, O, to M, and py- 
| ramids be erected upon the triangles having the same vertices 
with the cones, it may be demonstrated that each pyramid in 
the first cone has to each in the other, taking them in the same 
order, the triplicate ratio of that which the side AK has tothe 
side EM ; that is, which AC has to EG: But as one antece- 
dent to its consequent, so are all the antecedents to all the 
consequents! ; therefore as the pyramid AKQL to the pyra- f 12. 5. 
- mid EMSN, «o is the whole pyramid the base of which is the 
polygon DOA T BY CV, and vertex L, to the whole pyramid 
of which the base is the polygon HSEOFPGR, and vertex N. 
W herefore also the first of these two last-named pyramids has 
to the other the triplicate ratio of that which AC has to EG. 
But, by the hypothesis, the cone of which the base is the cir- 
Ẹ cle ABCD, and vertex L, has to the solid X, the triplicate 
7. ratio of that which AC has to EG ; therefore, as the cone of 


which 
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Book XII. which the base is the circle ABCD, and vertex L, is to the 


* 14. 5. 


solid X, so is the pyramid the base of which is the polygon 
DQA FBYCV, and vertex L, to the pyramid the base of which 
is the polygon HSEOFPGR and vertex N : But the said cone 
is greater than the pyramid contained in it, therefore the solid 
X is greater? than the pyramid, the base of which is the poly- 
gon HSEOFPGR, and vertex N ; but it is also less, which is 
impossible : therefore the cone, of which the base is the circle 









ABCD and vertex L, has not to any solid which is less than the 
cone of which the base is the circle EFGH and vertex N, the tri- 
plicate ratio of that which AC has to EG. In the same manner 
it may be demonstrated, that neither has the cone EFGHIN to 
any solid which is less than the cone ABCDL, the triplicate 
ratio of that which EG has to AC. Nor can the cone ABCDL 
have to any solid which is greater than the cone EFGHN, the 
triplicate ratio of that which AC hastoEG: For, if it be pos- 
sible, let it have it to a greater, viz. to the solid Z: Therefore, 
inversely, the solid Z has to the cone ABCDL, the triplicate 


ratio of that which EG has to AC: But as the solid Z is to 
the 
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thecone ABCDL, sois the cone EFGHN to some solid; which Boox XI. 
must be less* than the cone ABCDL, because the solid Z is, 7, 
greater than the cone EFGHN : Therefore the cone EFGHN 

has to a solid which is less than the cone ABCDL, the tripli- 

cate ratio of that which EG has to AC, which was demon- 
strated to be impossible: therefore the cone ABCDL has not ~ 

to any solid greater than the cone EFGHN, the triplicate ra- 

tio of that which AC has to EG ; and it was demonstrated, that 

it could not have that ratio to any solid less than the cone 
EFGHN: Therefore the cone ABCDL has to the cone 
EFGHN, the triplicate ratio of that which AC hasto EG: _ 
But as the cone is to the cone, so” the cylinder to the cylinder; ' 1?- 3- 
for every cone is the third part of the cylinder upon the same 

base, and of the same altitude: Therefore also the cylinder 

has to the cylinder, the triplicate ratio of that which AC has 

to EG: Wherefore similar cones, &c. Q. E. D. 


PROP. XIII. THEOR. 


Ir a cylinder be cut by a plane parallel to its oppo- Sec N. 
site planes, or bases ; it divides the cylinder into two 
Cylinders, one of which is to the other as the axis 

of the first to the axis of the other. 


Let the cylinder AD be cut by the 
plane GH parallel to the opposite 
planes AB, CD, meeting the axis 
EF in the point K, and let the line 
GH be the common section of the 
plane GH and the surface of the cylin- 
der AD: Let AEFC be the paralle- 
logram in any position of it, by the 
revolution of which about the straight 
line EF the cylinder AD is described : 
and let GK be the common section 
of the plane GH, and the plane 
AEFC: And because the parallel 
planes AB, GH, are cut by the plane 
AEKG, AE, KG, their common 
sections with it are parallel^; where- 
fore AK is a parallelogram, and GK 
equal to EA the straight line from ` 
the centre of the circle AB: For the 
same rcason, each of the straight lines 
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drawn from the point K to the line GH may be proved to be 
equal to those which are drawn fromthecentre of the circle AB 
to its circumference, and are therefore all equal to one another. 
Therefore the line GH is the circumference of a circle?; of 
which the centre is the point K: Therefore the plane GH 
divides the cylinder AD into the cylinders AH, GD; for they 
are the same which would be described by the revolution of 
the parallelograms AK, GF, about the straight lines EK, KF: 
And it is to be shewn, that the cylinder AH is to the cylin- 
der HC, as the axis EK to theaxis K F. 

Produce the axis EF both ways ; and take any number of 
straight lines EN, NL, each equal to EK ; and any number 
FX, XM, each equal to FK ; and let | 
planes parallel to AB, CD pass through 
the points L, N, X, M: Therefore 
the comnton sections of these planes 
with the cylinder produced are circles 
the centres of which are the points 
L, N, X, M, as was proved of the 
plane GH ; and these planes cut off 
the cylinders PR, RB, DT, TQ: 
And because the axes LN, NE, EK 
are all equal; therefore the cylinders 
PR, RB, BG are? to one another as 
their bases ; but their bases are equal, 
and therefore the cylinders PR, RB, 
BG are equal: And because the axes 
LN, NE, EK are equal to one ano- 
ther, as also the cylinders PR, RB, BG, 
and that there are as many axes as 
cylinders ; therefore, whatever multiple 
the axis KL is of the axis KE, the same 
multiple is the cylinder PG of the cy- 
linder GB: For the same reason, whatever multiple the axis 
MK is of the axis KF, the same multiple is the cylinder QG 
of the cylinder GD: And if the axis KL be equal to the axis 
KM, the cylinder PG is equal to the cylinder GQ ; and if the 
axis KL be greater than the axis KM, the cylinder PG is 
greater than the cylinder QG ; and if less, less: Since, there- 
fore there are four magnitudes, viz. the axis EK, KF, and 
the cylinders BG, GD, and that of the axis EK and cylinder 
BG, there has been taken any equimultiples whatever, viz. the 

axis 
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axis KL and cylinder PG ; and of the axis KF and cylinder Boor X1. 
GD, any equimultiples whatever, viz. the axis KM anc | 
cylinder GQ; and it has been demonstrated, if the axis KL be 

greater than the axis KM, the cylinder PG is greater than the 

cylinder GQ ; and if equal, equal ; and if less, less: "Therefore 

‘the axis EK is to the axis KF, as the cylinder BG to the «5, «c^. 
eylinder GD. Wherefore, if a cylinder, &c. Q. E. D. 


PROP. XIV. THEOR. 


Cones and cylinders upon equal bases are to 
one another as their altitudes. 


Let the cylinders EB, FD be upon the equal bases AB, 
CD : As the cylinder EB to the cylinder FD, so is the axis 
GH to the axis KL. 
Produce the axis KL to the point N, and make LN equal 
to the axis GH, and let CM be a cylinder of which the base is 
CD, and axis LN ; and because the cylinders EB, CM have 
the same altitude, they are to onc another as their bases*: But s 31, jo. 
their bases are equal, therefore also the cylinders EB, CM are 
equal: And because the cylin- / 
der FM is cut by the plane F 
CD parallel to its opposite 
‘planes, as the cylinder CM to | 
the cylinder F b so is* the p “CG C p '5 ix 
axis LN to the axis KL. But 
the cylinder CM is equal to 
the cylinder EB, and the axis 
LN to the axis GH: There- 
fore as the cylinder EB to the 
Cylinder FD, so is the axis AL yy JB 
GH to the axis KL: And as 
the cylinder EB to the cylinder FD, so ist the cone ABG to : 15, 5, 
the cone CDK, because the cylinders are triple‘ of the cones: «9. 15. 
Therefore also the axis GH is to the axis KL, as the cone 
ABG to the cone CDK, and the cylinder EB to the cylinder 
FD. Wherefore cones, &c. Q. E. D. 
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PROP. XV. THEOR. 


T ur bases and altitudes ofequal cones and cylin- 
ders, are reciprocally proportional ; and if the bases 
and altitudes be reciprocally proportional, the cones 
and cylinders are equal to one another. 


Let the circles ABCD, EFGH, the diameters of which are 
AC, EG, be the bases, and KL, MN the axis, as also the al- 
titudes, of equal cones and cylinders; and let ALC, ENG be 
the cones, and AX, EO the cylinders: The bases and alti. 
tudes of the cylinders AX, EO are reciprocally proportional ; 
that is, as the base ABCD to the base EFGH, so is the alti- 
tude MN to the altitude KL. 

Either the altitude MN is equal to the altitude KL, or these 
altitudes are not equal. First, let them be equal ; and the cylin- 
ders AX, EO being also equal, and cones and cylinders of the 


‘same altitude being to one another as their bases*, therefore 


the base ABCD is equal’ to the base EFGH ; and as the 
base ABCD is to the base EFGH, so is the altitude MN to 


the altitude KL. 


But let the alti- 
tudes KL, MN, 
be unequal, and 
MN the greater 
of the two, and 
from MN take 
MP equal to KL, 
and through the 
point P cut the 
cylinder EO by 
the plane T'YS, 
parallel] | to the 
opposite planes of the circles EFGH, RO; therefore the 
common section of the plane 'T'YS and the cylinder EO is 
a circle, and consequently ES is a cylinder, the base of which 
is the circle EFGH, and altitude MP: And because the cy- 
linder AX is equal to the cylinder EO, as AX is to the cylin- 
der ES, so * is the cylinder EO to the same ES: But as the 
cylinder AX to the cylinder ES, so* is the base ABCD to 
the base EFGH ; for the cylinders AX, ES are of the same 
altitude; and as the cylinder EO to the cylinder ES, so* is 
the altitude MN to the altitude MP, because the T 
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EO is cut by the-plane TYS parallel to its opposite planes. Boot XU. 
Therefore as the base ABCD to the base EFGH, so is the 

altitude MN to the altitude MP: But MP is equal to the al- 

titude KL ; wherefore as the base ABCD to the base EFGH, 

so is the altitude MN to the altitude KL; that is, the bases 

and altitudes of the equal cylinders AX, EO are reciprocally 
proportional, 

But Jet the bases and altitudes of the cylinders AX, EO, be 
reciprocally proportional, viz. the base ABCD to the base 
EFGH, as the altitude MN to the altitude KL: The cylin- 
der AX is equal to the cylinder EO. 

First, Let the base ABCD be equal to the base EFGH ; 
then because as the base ABCD is to the base EFGH, so is 
the altitude MN to the altitude KL ; MN is equal* to KL, * A. 5. 
and therefore the cylinder AX is equal? to the cylinder EO. = «11,12. 

But let. the bases ABCD, EFGH be unequal, and let 
ABCD be the greater; and because, as ABCD is to the base 
EFGH, so is the altitude MN to the altitude KL ; therefore 
MN is greater* than KL. Then, the same construction 
being made as before, because as the base ABCD to the base 
EFGH, so is the altitude MN to the altitude KL ; and because 
the altitude KL is equal to the altitude MP ; therefore the 
base ABCD is* to the base EFGH, as the cylinder AX to the 
cylinder ES; and as the altitude MN to the altitude MP or 
KL, sois the cylinder EO to the cylinder ES: Therefore the 
cylinder AX is to the cylinder ES, as the cylinder EO isto . 
the same ES : Whence the cylinder AX is equal to the cylin- 
der EO ; and the same reasoning holds in cones, Q, E. D.“ 


PROP. XVI. PROB. 


" 
To describe in the greater of two circles! that 

have the same centre, a polygon of an even number 

of equal sides, that shall not meet the lesser circle. 


Let ABCD, EFGH be two given circles having the same 
centre K; It is required to inscribe in the greater circle 
ABCD, a polygon of an even number of equal sides, that 
shall not meet the lesser circle. 

Through the centre K draw the straight line BD, and from 
the point G, where it meets the circumferences of the lesser 

2 circle, 
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* Xil. circle, draw GA at right angles to BD, and produce it to €; 


^15, 5, 


^ Lemma. 


^28. 3, 


therefore AC touches? the circle EFGH : Then, if the circum- 
ference BAD be bisected, and the half of it be again bisected, 
and so on, there must at length remain a circumference less’ 
than AD: Let this be LD; and 

from the point L draw LM per- A 
pendicular to BD, and produce 

it to N; and join LD, DN. 
Therefore LD is equal to DN ; 
and because LN is parallel to AC, B 
and’ that AC touches the circle 
EFGH ; therefore LN does not 
meet the circle EFGH. And 
much less shall the straight lines C 

LD, DN meet the circle EFGH: _ 

So that if straight lines equal to LD be applied in the. circle 
ABCD from the point L around to N, there shall be described 
in the circle a polygon of an even number of equal sides not 
meeting the lesser circle, Which was to be done. | 






LEMMA II. 
Ir two trapeziums ABCD, EFGH be inscribed 


in the circles, the centres of which are the points 
K, L; and if the sides AB, DC be parallel, as also 
EF, HG ; and the other four sides AD, BC, EH; 
FG, be all equal to one another; but the side AB 
greater than EF, and DC greater than HG. The 
straight line KA from the centre of the circle in 
which the greater sides are, is greater than the 
straight line LE drawn from the centre to the cir- 
cumference of the other circle. 


If it be possible, let KA be not greater than LE; then KA 
must be either equal toit, or less. First, let KA be equal to 
LE: Therefore, because in two equal circles AD, BC, inthe 
ene, are equal to EH, FG in the other, the circumferences 
AD, BC are equal, to the circumferences EH, FG; but 
because the straight lines AB, DC are respectively greater than 
EF, GH, the circumferences AB, DC are greater than EF, 
HG: Therefore the whole circumference ABCD is greater 
"han the whole EFGH ; but it is also equal to it, which is 

impossible : 
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impossible: Therefore the straight line KA is not equal to F^»x XIT. 
LE M 


But let KA be less than LE, and make LM equal to KA, 
and from the centre L, and distance LM, describe the circle 
MNOP, meeting the straight lines LE, LF, LG, LH, in M, 
N,O,P ; and join MN, NO, OP,PM, which are respectively 
parallel * to and less than EF, FG, GH, HE:  Theni; & 
because EH is greater than MP, AD is greater than MP ; and 


D H : 


the circles ABCD, MNOP are equal; therefore the circum-- 
ference AD is gteater than MP ; for the same reason, the cir- 
cumference DC is greater than NO ; and because the straight 
line AB is greater than EF, which is greater than MN, much 
more is AB greater than MN : Therefore the circumference 
AB is greater than MN ; and, for the same reason, the cir- 
cumference DC is greater than PO: Therefore the whole 
circumference ABCD is greater than the whole MNOP ; but 
it is likewise equal to it, which is impossible: Therefore KA 
* is not less than LE: nor is it equal to it; the straight line 
— KA must therefore be greater than LE. . D. 
| Cor. And if there be an isosceles triangle, the sides of which 
_ are equal to AD, BC, but its base less than AB the greater of 
_ the twosides AB, DC ; the straight line KA may, in the same 
_ manner, be demonstrated to be greater than the straight line 
drawn from the centre to the circumference of the circle 
described about the triangle. 


T 3 
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PROP. XVII. PROB. 


To describe in the greater of two spheres whicla 
have the same centre, a solid polyhedron, the su- 
perficies of which shall not meet the lesser sphere. 


Let there be two spheres about the same centre A; it is 
required to describe in the greater a solid polyhedron, the 
superficies of which shall not meet the lesser sphere. 

Let the spheres be cut by a planepassing through the centre ; 
the common sections of it with tlie spheres shall be circles ; 
because the sphere is described by the revolution of a semicir- 
cle about the diameter remaining unmoveable ; so that in what- 
ever position the semicircle be conceived, the common section 
of the plane in which it is with the superficies of the sphere is 
the circumference of a circle: and this is a great circle of the 
sphere, because the diameter of the sphere, which is likewise 
the diameter of the circle, is greater ? than any straight line 
in the circle or sphere : Let then the circle made by the section 
of the plane with the greater sphere be BCDE, and with the 
lesser sphere be FGH ; and draw the two diameters BD, CE, 
at right angles to one another ; and in BCDE, the greater of 
the two circles, describe? a polygon of an even number of 
equal sides not meeting the lesser circle FGH ; and let its sides, 
in BE the fourth part of the circle, be BK, KL, LM, ME ; 
join KA, and produce it to N ; and from A draw A X at right 
angles to the plane of the circle BODE, meeting the super- 
ficies of the sphere in the point X ; and let planes pass through 
AX, and each of the straight lines BD, KN, which, from 
what has been said, shall produce great circles onthe superficies 
of the sphere, and let BXD, KXN be the semicircles thus 
made upon the diameters BD, KN: Therefore, because XA 
is at right angles to the plane of the circle BCDE, every plane 
which passes through XA is at right* angles to the plane of the 
circle BCDE ; wherefore the semicircles BXD, K XN are at 
right angles to that plane: And because the semicircles BED, 
BXD, EXN, upon the equal diameters BD, KN, are equal 
to one another, their halves BE, BX, KX, are equal to one 
another: Therefore, as many sides of the polygon as are in 
BE, so many there are in BX, KX equal to the sides BK, 
KL, LM, ME: Let these polygons be described, and their 
sides be BO, OP, PR, RX ; KS, ST, TY, Y X, and join 


> 








OF EUCLID. 279 


OS, PT, RY ; and from the points O, S draw OV, SQ per- Box XII. 
pendiculars to AB, AK : And because the plane BOXD is at 
right angles to the plane BCDE, and in one ofthem BOXD, 
OV is drawn perpendicular to AB the common se€tion of the 
plartes, therefore OV is perpendicular? to the plane BCDE;; *4. def. 1). 
For the same reason £Q_ is perpendicular to the same plane, 
because the plane KSXN isat right angles to the plane BCDE, 
Join VQ; and because in the equal semicircles BXD, KXN 





the circumferences, BO, KS are equal, and OV, SQ are per- 
pendicular to their diameters, therefore’ OV is equal to SQ , * $6. 1. 
and BV equal to KQ. But the whole BÀ is equal to the whole 

KA, therefore the remainder, VA is equal to the remainder 

QA: As therefore BV is to VA, so is KQ to QA, wherefore 

VQ is parallel: to BK:. And because OV, SQ are each of * 2.6. 
them at right angles to the plane of the circle BCDE, OV is 
parallel! to SQ ; and it has been proved, that it is also equal ' 6. !1. 
to it ; therefore QV, SO are equal and parallel£ : And because * 32. 1. 
QV is parallel to SO, and also to KB; OS is parallel® to BK; » 9. 11. 
and therefore BO, KS which join them are in the same plane 


T4 in 
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Boos XIL in which these parailels are, and the quadrilateral figure KBOS 


* 9, 11. 


>’. i. 


» E EN 


is in one piane: Andif BP, TK be joined, and perpendicuiars 
be drawn from the points P, T to the straight lines AB, AK, 
it may be demonsiras-d, that TP is parallel to KB in the very 
same way that SO was shewn to be parallel to the same KB; 
wher-fore* TP is parallel to SQ, and the quadrilateral figure 
SUPT isin one plane: For the same reason the quadrilateral 
TPRY isin one plane: and the figure Y RX is also in one 








a 


— 


» M 


ot, 
[5 M 


plane», "Therefore, if from the points O, S, P, T, R, Y, there 
be drawn straight lines to the point A, there shall be formed 
a solid polyhedron between the circumferences BX, K X,com- 

osed of pyramids, the bases of which are the quadrilaterals 
KBCS, SOPT, TPRY, and the triangle YRX,and of which 
the common vertex is the point A: And ifthe same gonstruc- 
tion be made upon each of the sides KL, LM, ME, as has been 
done upon BK, and the like be done also in the other three 
quadrants, and in the other hemisphere ; there shall be 
formed a solid polyhedron described in the sphere, composed 
ef pyramids, the bases of which are the aforesaid EL 

latera 
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lateral figures, and the triangle Y RX, and those formed in Peo% XM, 
the like mañner in the rest ot the sphere, the common vertex 

of them all being the point A: and the superficies of this 

solid polyhedron does not meet the lesser sphere in which is the 
circle FGH : For, from the point A draw? AZ perpendicular * 11. 11. 
to the plane of che quadrilateral KBOS, meeting it in Z, and 

join BZ, ZK: And because AZ is perpendicular to the plane 

K BOS, it makes right angles with every straight line meeting 

it in that plane; therefore AZ is perpendicuiar to BZ and ZK: 

And because AB is equal to AK, and that tne squares of AZ, 

Z B, are equal to the square of AB; and the squares of AZ, 

ZK to the square of AK; therefore the squares of AZ, ZB * 47. 1. 
are equal to the squares of AZ, ZK : Take from these equals 

the square of AZ, the remaining square of BZ is equal to the 
remaining square of ZK ; and therefore the straight line BZ 

is equal to ZK: In the like manner it may be demonstrated, 

that the straight lines drawn from the point Z to the points O, 

Sare equal to BZ or ZK: Therefore the circle described from 
thecentre Z, and distance ZB, shall passthrough the points K, 

O, S, and K BOS shall bea quadrilateral figure in the circle: 

And because K B is greater than QV, and QV equal to SO, 
therefore KB is greater than SO: But KB is equal to each ot 
thestraightlines BU, KS; wherefore each of the circumferences 

cut off by KB, BO, KS is greater than that cut off by OS; and 

these three circumferences, together with a fourth equal to one 

of them, are greater than the same three together with that cut 

off by OS ; that is, than the whole circumference of the cir- 

cle ; therefore the circumference subtended by KB is greater 

than the fourth part of the whole circumference of the circle 
KBOS, and consequently the angle BZK at the centre is 
greater than a right angle: And because the angle BZK is 
obtuse, thesquare of BK is greater°than the squares of BZ, ZK;« 12. 9, 
that is, greater than twice the square of BZ. Join KV, and 
becaus- inthe triangles KBV , OBV, K B, BV areequal to OB, 

BV, and that they contain equal angles, the angle KBV is 
equal? to theangle OV B: And OV B is a right angle ; there- «4 1, 
fore also K V B is a right angle: And because BD 1s less than 
twice DV; the rectangle contained by DB, BV is less than 
twice the rectangle Dv B ; that is", the square of KB is less * 8. €. 
than twice the square of KV: But the square of KB is greater 

than twice the square of BZ ; therefore the square of KV is 
greater than the square of BZ: And because BA is equal to 

AK, and that the squares of BZ, ZA are equal together to the 
square of BA, aad the squares of KV, VA to the a 
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Boon XII. AK ; therefore the squares of BZ, ZA are equal to the squares 
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82. Lem. 
12. 


of KV, V A ; and of these the square of KV is greater than the 
square of BZ; therefore the square of VA is less than the 
square of ZA, and the straight line AZ greater than VA: 
Much more then is AZ greater than AG ; because, in the pre- 
ceding proposition, it was shewn that KV falls without the 
circle FGH: And AZ is perpendicular to the plane KBOS, 
and is therefore the shortest of all the straight lines that can be 
drawn from A, the centre of the sphere to that plane: There- 
fore the plane KBOS does not meet the lesser sphere. 

And that the other planes betwcen the quadrants BX, KX 
fall without the lesser sphere, is thus demonstrated :: From the 
point A draw AI perpendicular to the plane of the quadri- 
lateral SOP'T, and join IO; and, as was demonstrated of the 
plane KBOS and the point Z, in the same way it may be shewn 
that the point I is the centre of a circle described about SOPT : 
and that OS is greater than PT; and PT was shewn to be 
parallel to OS: Therefore because the t wo trapeziums K BOS, 
SOPT inscribed in circles have their sides BK, OS parallel, as 
also OS, PT; and their other sides BO, KS, OP, ST, all equat 
to one another, and that BK is greater than OS, and OS 
greater than PT, therefore the straight line ZB is greater? 
than IO. Join AO which will be equal to AB; and because 
AlO, AZB are right angles, the squares of Al, 1O are equal 
to the square of AO or of AB; thatis, to the squares of AZ, 
ZB ; and the square of ZB is greater than the square of IO, 
therefore the square of AZ is less than the square of AT; and 
the straight line AZ less than the straight line Al: And it was 
proved, that AZ is greater than AG ; much more then is AI 
greater than AG: Therefore the plane SOPT falls wholly 
without the lesser sphere : In the same manner it may be de- 
monstrated,thattheplane T'PR Y falls withoutthe same sphere, 
as also the triangle Y R X, viz. by the Cor. of 2d Lemma. And 
after the same way it may be demonstrated, that all the planes 
whicb contain the solid polyhedron, fall without the lesser 
sphere. Therefore inthe greater of two spheres, which have 
the same centre, a solid polyhedron is described, the super. 
fices of which does not meet the lesser sphere. Which was 
to be done. 

But thestraight line AZ may be demonstrated to be greater 
than AG otherwise, and inashorter manner, without the help 
of Prop. 16, as follows. From the point G draw GU at right 
angles to AG, and join AU. If then the circumferences BE be 
bisected,and its half again bisected, and so on, there will at 

length 
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length be leftaciréumferencelessthan thecitcumference which Pe XH. 
is subtended by a straight line equal to GU, inscribed in the ~*~ 
circle BCDE: Let this be the circumference KB: Therefore 

the straight line KB is Jess than GU: And because the angle 
BZK is obtuse, as was proved in the preceding, therefore BK 

is greater than BZ: But GU is greater than BK ; much more 
thenis GU greater than BZ, and the square of GU than the 
square of BZ; and AU is equal to AB ; therefore the square 

ot AU, that is, the squares of AG, GU, areequal to the square 

of AB, that is, to the squares of AZ, ZB; but the square of 
BZis less than the square of GU ; therefore the square of AZ 

is greater than the square of AG, and the straight line AZ 
consequently greater than the straight line AG. 

Cor. And if in the lesser sphere there be described a solid 
polyhedron, by drawing straight lines betwixt the points in 
which the straight lines from the centre of the sphere drawn 
to all the angles of the solid polyhedron in the greater sphere 
meet the superficies of the lesser ; in the same order in which 
are joined the points in which the same lines from the centre 
meet the superficies of the greater sphere; the solid polyhe- 
dron in the sphere BCDE has to this other solid polyhedron 
the triplicate ratio of that which the diameter of the sphere 
BCDE has to the diameter of the other sphere: For if these 
two solids be divided into the same number of pyramids, and 

. inthe same order, the pyramids shall be similar to one another, 
each to each: Because they have the solid angles at their 
common vertex, the centre of the sphere, the same in each 
pyramid, and their other solid angle at the bases equal to one 
another, each to each*, because they are contained by three * B. 11. 
planeangles, eachequal to each; and the pyramids are contained 
bythe same number of similar planes; and are therefore similar®*!!. def.11. 
to one another, each to each: But similar pyramids have to 
one another the triplicate^ ratio of their homologous sides. ©Cor.8. 12. 
— Therefore the pyramid.of which the base is the quadrilateral 
K BOS, and vertex A, has to the pyramid in the other sphere 
_ of the same order, the tiplicate rario- of their homologous 
[ sides, that. is, of that ratio which AB from the centre of the 
_ greater sphere has to the straight line from the same centre to 
= the superficies of the lesser sphere. And in like manner, each 
pyramid in the greater sphere has to each of the same orderin 
the lesser, the triplicate ratio of that which AB has to the 
| ,semidiameter of th« lesser sphere. And as one antecedent is to 
its consequent, so are all the antecedents to all the consequents. 
V hercfore the whole solid polyhedron in thegreater sphere bas 
to the whole solid polyhedron in the other, the triplicate ratio 
of 
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#17. 12. 


* Cor. 17. 


© 14, 5, 


midiameter of the other ; that is, which the diameter B © 
the greater has to the diameter of the other sphere. 


PROP. XVIII. THEOR. 


SPHERES have to one anothérthe triplicate ratio 
of that which their diameters have. | 


Let ABC, DEF be two spheres, of which the diameters 
are BC, EF. The sphere ABC has to the sphere DEF the 
triplicate ratio of that which BC has to EF. | 

For, if it has not, the sphere ABC shall have to a sphere 
either less or greater, than DEF, the triplicate ratio of that 
which BC hasto EF. First, let ithave that ratio to a less, viz. 
to the sphere GHK ; and let the sphere DEF have the same 
centre with GHK ; and in the greater sphere DEF describe? 


D 
AS. | 
CE Ws Mi 


a solid polyhedron, the superficies of which does not meet the 
lesser sphere GHK ; and in the sphere ABC describe another 
similar to that in the sphere DEF ; Therefore the solid poly- 
hedron in the sphere ABC has to the solid polyhedron in the 
sphere DEF, the triplicate ratio? of that which BC has to EF. 
But the sphere ABC has to the sphere GHK, the triplicate 
ratio of that which BC has to EF ; thereforeas the sphere ABC 
to the sphere GHK, sois the said polyhedron in thesphere ABC 
to the solid polyhedron in the sphere DEF: But the sphere 
ABC is greater than the solid polyhedron in it; therefore® 
also the sphere GHK is greater than thesolid polyhedron in the 
sphere DEF: But it is also less, because it is contained within 
it, which is impossible : Therefore the sphere ABC has not to 
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any sphere less than DEF, the triplicate ratio of that which Boox XII. 
BC hasto EF. Inthe same manner, it may be demonstrated, 7^ 
that the sphere DEF has not to any sphere less than ABC, the 
triplicate ratio of that which EF has to BC. Nor can the 

sphere ABC have to any sphere greater than DEF, the tripli- 

cate ratio of that which BC has to EF: For, if it can, let it 

have that ratio to a greater sphere LMN: Therefore, by in- 
version, the sphere LMN has to the sphere ABC, the tripli- 

cate ratio of that which the diameter EF has to the diameter 

BC. But as the sphere LMN to ABC, sois the sphere DEF 

to some.sphere, which must be less* than the sphere ABC, 

because the sphere LMN is greater than the sphere DEF ; 
therefore the sphere DEF has to a sphere less than ABC the 
triplicate ratio of that which EF has to BC ; which was shewn 

to be impossible: Therefore the sphere ABC has not to any 

sphere greater than DEF the triplicate ratio of that which 

BC has to EF : and it was demonstrated, that neither has it 

that ratio to any sphere less than DEF. "T'herefore the sphere 

ABC has to the sphere DEF, the triplicate ratio of that which 

BC hasto EF. Q. E. D. 


END OF THE ELEMENTS. 
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NOTES, &c. 





DEFINITION I. BOOK I. 


I+ is necessary to consider a solid, that is, a magnitude which Boox I. 
has length, breadth, and thickness, in order to understand «v 
aright the definitions of a point, line, and superfices ; for these 
all arise from a solid, and exist in it: The boundary, or boun- 
daries which contain a solid are called superficies, or the boun- 
dary which is common to two solids which are contiguous, or 
which divides one solid into two contiguous parts, is called a 
superficies : Thus, if BCGF be one of the boundaries which 
contain the solid ABCDEFGH, or which is the common 
boundary of this solid,and the solid BR LCF NMG, and is there- 
fore in the one as well as in the other solid, is calieda superficies, 
and has no thickness: For, if it have any, this thickness must 
either be a part of the thickness 
^. ofthe solid AG, or of the solid 

BM, or a part of the thickness 
of each of them. It cannot be a 

-. part of the thickness of the solid 
— BM ; because if this solid be 
__ removed from the solid AG, the 
superhcies BCGF, the boundary 

of the solid AG, remain still the 
P same as it was. Nor can it bea 
part of the thickness of the solid AG ; because if this be re- 
moved from the solid BM, the superficies BCGF, the boundary 
of thesolid BM does nevertheless remain, therefore the super- 
fices BCGF has no thickness, but only length and breadth. 

The boundary of a superficies is called a line, or a line is the 
common boundary of two superficies that are contiguous, or 
which divides one superficies into two contiguous parts: T'hus 
if BC be one of the boundaries which contain the superficies 

ABCD, or which is the common boundary of this superficies, 
and of the superficies KBCL which is contiguous to it, this 
boundary BC is called a line, and has no breadth: For if it 
have any, this must be part either of the breadth of the super- 
ficies ABCD, or of the’superfices K BCL, or part of each of 
them. It is not part of the breadth of the superfices KBCL ; 

for, if this superfices be removed from the superfices ABCD, 


] tha 
| 
| 
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Boox I. the line BC, which is the boundary, of the superfices ABCD, 


nvm remains the same.as it was: Nor can the breadth that BC is 


supposed to have, be a part of the breadth of the superficies 
ABCD; because, if this be removed from the superficies 
KBCL, the line BC, which is the boundary of the superficies 
IW BCL, dees nevertheless remain: "Therefore theline BC has 
no breadth: And because the line BC is. in a. superficies, and 
that a superficies has no thickness, as was shewn, therefore a 
line has neither breadth nor thickness, but only length. 

Te boundary oí a line is called a point; o: a point is the 
common boundary or extremity 
of two lines that are contiguous; 
Thus, if B be the extremity of 
the line AB, or the common ex- 
tremity of the two lines AB, KB, 
this extremity. is called a point, 
and has no length: For if it have 
any, this length must either be 
part of the length of the line AB, 
or'of the line KB. It is not part ! 
of thelengthof KB; for if the line KB be removed from AB, 
the póint B which istheextremity of the line AB remains the 
Same as it was: Nor is it part of the length of the line AB; for, 
if AB be removed from the line K B, the point B, whichis the 
extremity of the line KB, does nevertheless remain: I herefore 
the point B has nolength: And because a pointis ima line, and 
a line has neither breadth nor thickness, therefore a point has 
no length, breadth, nor thickness. And in this manner the defi- 
nitions of a point, line, and superficies, are to be understood. 


DEE NAB. T 


INSTEAD of this definition as it is in the Greek copies, a 
more distinct one is given from a property of a plane super- 
ficies, which is manifestly supposed in the Elements, viz. that 
a stfaight line drawn from any point in a plane to any other 
in it, is wholly in that plane. 


DEF. VIII. B. I. 





IT seems that he who made this definition designed that it 
should comprehend not only a plane angle contamed by two 
straight lines, but likewise the angle which some conceive to 
be made by a straight line and a curve, or by two curve lines 
which meet one another ina plane: But, though the meaning vi 

the 





NOTES. 2gt 


the words eq’ tvdazs, that is, in a straight line, or in the same Box I 
direction, be plain, when two straight lines are said to be in a 
straight line, ic does not appear what ought to be understood 
by these words, when a straizht line and a curve, or two curve 
lines; are said to be in the same direction ; at least it cannot be 
explained in this place; which makes it probable that this de- 
finition, and that of the angle of a segment, and what is said 
of the angle of a semicircle, and the angles of segments, in the 
16th and 21st Propositions of Book 3, are the additions of some 
less skilful editor: On which account, especially since they 
arg quite useless, these definitions are distinguisked from the 
rel by inverted double commas. 


DEF. XVII. B. I. 


THe words, ** which also divides the circle into two equal 

** parts" are added at the end of this definition in all the copies, 
but are now lett out as not belonging to the definition, being 
only a corollory fromit. Procius demonstrates it by conceiv- 
ing one of the parts into which the diameter divides che circle, 
to-be applied to the other; for it is plain they must coincide, 

» else the straight lines from the centre. to the circumference 
would not be all equal: he saine thing is easily deduced from 
the 31st Prop. of Booz 3, and the 24th of the same; from the 
first of which it follows, that semicircles are similar segments of 

_ acircle ; and from the other, that they are equal to one another. 


E DEF. XXXIII. B. I. 


T uiis definition has one condition more than is necessary ; 
because every quadrilateral figure which has its apposite sides 
,equal to one another, has likewise its opposite angles equal ; 
and on the contrary. 

Let ABCD be a quadrilateral. figure, of which the opposite 
sides AB, CD, are equal to one ano- 
ther ; as also AD and BC: Join BD; A D 


the two sides AD, DB are equal to ee ae 
the two CB, BD, and the base AB is 
equal to the base CD; therefore, by 3 


Prop. 8. of Book 1. the angle ADB is b UE 
qual to the angle CBD; and, by Prop. 4. B. 1. the angle 

BAD is equal to the angle DCB, and ABD to BDC; and 

"therefore also the angle ADC is equal to the angle ABC. 

4 U2 Aud 











292 


Boox I. 
— 


—, 


NOTES. 


And if the angle BAD be equal to the opposite angle BCD, 
and the angle ABC to ADC; ' the opposite sides are equal: 
Because, by Prop. 32. Bz 1. all the angles of the quadrilateral 
figure ABCD are together equal to 


four right angles, and the two angles — D 
BAD, ADC are together equal to j T 
the two angles BCD, ABC : Where- / E vd / 
fore BAD, ADC are the half ofall —| 1—  — —— of 
the four angles; that is, BAD and R 


ADC are equal to two right angles : and therefore AP, CD 
are parallels by Prop. 28. B. 1, In thesame manner, AD, BC 
are parallels: Therefore ABCD is a parallelogram, and its 
opposite sides are equal, by 34th Prop. B. 1. 


BEROE. X1 2d 1L 


THERE are two cases of this proposition, one of which is 
not in the Greek text, but is as necessary as the other: And 
that the case left out has been formerly in the text, appears: 
plainly from this, that the second part of Prop. 5. which is 
necessary to the demonstration of this case, can be of no use at 
all in the Elements, or any where else, but in this demonstra- 
tion ; because the second part of Prop. 5. clearly follows from 
the first part, and Prop. 13. B. 1. This part must therefcre 
have been added to Prop. 5. upon account of some proposition 
betwixt the sth and 13th, but none of these stand in need of 
it except the 7th Proposition, on account of which it has been 
added: Besides, the translation from the Arabic has this case 
explicitly demonstrated. | And Proclus acknowledges, that the 
second Part of Prop. 5. was added upon account of Prop. 7. 
but gives a ridiculous reason for it, ** that it might afford an 
* answer to objections made against the 7th,’’ as if the case of 
the 7th, which is left out, were, as he expressly makes it, an 
objection against the proposition itself: Whoever is curious 
may read what Proclus says of this in his commentary on the 
5th and 7th Propositions ; for it is not worth while to relate 
his trifles at full length. 

It was thought proper to change the enunciation of this 7th 
Prop. so as to preserve the very same meaning ; the literal 
translation from the Greek being extremely harsh, and diffi- 
cult to be understood by beginners. 





NOTES. 


PROP. XI. B.I. 


A COROLLARY is added to this proposition, which is ne. 
cessary to Prop. 1. B. 11. and otherwise. 


PROP. XX. and XXI. B.I. i 


PROCLUS, in his commentary, relates, that the Epicureans 
derided this proposition, as being manifest even to asses, and 
needing no demonstration; and his answer is, that though the 

' truth of it be manifest to our senses, yet it is science which 
must give the reason why two sides of a triangle are greater 
than the third: But the right answer to this objection against 
this and the 21st, and some other plain propositions, is, that 
the number of axioms ought not to be increased without ne- 
cessity, as it must be if these propositions be not demonstrated, 
Mons. Clairault, in the Preface to his Elements of Geometry, 
published in French at Paris, anno 1741, says, That Euclid 
has been at the pains to prove, that the two sides of a triangle 

- which is included within another, are together less than the 

two sides of the triangle which includes it ; but he has forgot 
to add this condition, viz. that the triangles must be upon the 
same base; because, unless this be added, the sides of the in- 
cluded triangle may be greater than the sides of the triangle 
which includes it, in any ratio which is less than that of two 
to one, as Pappus Alexandrinus has demonstrated in Prop. 3. 
B. 3. of his mathematical collections. 


i 
i 
1 


PROP. XXII. B. I. 


SOME authors blame Euclid because he does not demonstrate 
‘that the two circles made use of in the construction of this 
problem must cut one another: Butthis is very plain from the 
determination he has given, viz. that any two of the straight 
lines DF, FG, GH must be 
greater than the third: For who 
is so dull, though only beginning 
to learn the Eiements, as not to 
perceive that the circle describ- 
d from the centre F, at the [4 
distance FD, must meet FHO M^. Ft G H 
f betwixt F and H, because FD 
^is less than EH ; and that, for the like reason, the circle de- 
"scribed from the centre G, at the distance GH or GM, must 
| U 3 meet 
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Booxl. meet DG betwixt D and G; and that these circles must meet 


one another, because FD and 

GH are together greater than . 
FG? And this determination is 

easier tobe understood than that 

which Mr. Thomas Simpson 
derives from it, and puts instead Í 

of Euclid’s, inthe 4gth page of D) M 
his Elements of Geometry, that 

he may supply the omission he blames Euclid for, which de- 
termination is, that any of the three straight lines must be less 
than the sum, but greater than the difference of the other two: 
From this he shews the circles must meet one another, in one 
case ; and says, that it may be proved after the same manner in 
any other case; But the straight line GM, which he bids take 
from GF may be greater than it, as in the figure here annexed; 
in which case his demonstration must be changed into another. 





PROP. XXIV. B.L 
To this is added, ** of the two sides DE, DF, let. DE be 


tt that which is not greater than the other,” that is, take that 
side of the two DE, DF which is not greater than the other, in 
order to make with it the angle EDG J 

equal to BAC; because without this 
restriction there might be three diffe- 
rent cases of the proposition, as Cam- 
panus and others make. 

Mr. Thomas Simpson, in p. 262 of 
the second edition of his Elements of 
Geometry, printed. anno, 1760, ob- 
Serves in his notes, that it ought to 
have been shewn, that the points F 
fall below the line EG, . This proba- 





, bly Euclid omitted, as it is very easy to perceive, that DG 


being equal to DF, the point G is in the circumference of a 
circle described from the centre D at the distance DF, and must 
be in that part of it which is above the straight line EF, be- 
cause DG falls above DF, the angle EDG being greater than 
the angle EDF. | | 


PROP. XXIX. B.I. 


| T HE proposition which is usually called the 5th postulate, or 
rith axiom, by some the 12th,on which this 29th depends, has 
given 
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given a great deal to do, both to ancient and modern geometers: 
It seems not to be properly placed among the axioms, as indeed 
it is not self-evident ; but it may be demonstrated’ thus: 


DEFINITION I. 


T HE distance of a point from a straight line, is the perpen- 
dicular drawn to it from the point. 


DEF. 2. 


ONE straight line is said to go nearer to, or further from, 
another straight line, when the distances of the points of the 
hrst-from the other straight line become less or greater than 
they were; and two straight lines are said to keep the same 
distance from one another, when the distance-of the points of 
one of them from the other is always the same. l 


AXIOM. 


A STRAIGHT line cannot first come nearer to another 
straight line, and then go further 
from it, before it cuts it; and, As B eve 
in like manner, a straight line D mr 
cannot go further from another 
straight line,and then come nearer G 
to it; nor can a straight line keep 
the same distance from another straight line, and then. come 
nearer to it, or go further from it; for a straight line keeps 
always the same direction. 

For example, the straight line ABC cannot first. come nearer 
to the straight line DE, as from the 
point A to the point B, andthen, 4 
from the point B tothe pointC, go p —C 
further from the same DE: Andjin .,. — . ^ E 
like manner, the straight line FGH  * G H 
cannot go further from DE, as from 
F to G, and then, from G to H, come nearer to the same DE: 





And so in the last case, as in fig. 2. 


PROF. I. 
IF two equal straight lines AC, BD, be each at right 
angles to the same straight line AB: If the points C, D be 
joined by the straight line CD, the straight line EF. drawn 


- from dny point E in AB unto CD, at right angles to AB, shall 


be equal to AC, or BD. 
If EF be not equal to AC, one of them must be greater 
than the other; let AC be the greater; then, because FE is 
U4 less 
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less than CA, the straight line CFD is nearer to the straight 
line AB at tbe point F than at the 
point C, that is, CF comes nearer 
to AB from the point C to F : But 
because DB is greater than FE, 
the straight line CFD is further 
from AB at the point D than at F, 
that is, FD goes further trom AB 
from F to D: ‘Therefore the 
straight line CFD first comes 
nearer to the straight line AB, and then goes further from it, 
before it cuts it; which is impossible. If FE be said to be 
greater than CA, or DB, the straight line CFD first goes fur- 
ther from the straight line AB, and then comes nearer to it: 
which is also impossible. Therefore FE is not unequal to AC, 
that is, it is equal to it. 





PROP. II. 


Ir two equal straight lines AC, BD be each at right angles 
to the same straight line AB; the straight line CD which 
joins their extremities makes right angles with AC and BD. 

Join AD, BC; and because; in the triangles CAB, DBA, 
CA, AB are equal to DB, BA, and the angle CAB equal to 
the angle DBA; the base BC is equal’ to the base AD: And 
in the triangles ACD, BDC, AC, CD are equal to BD, DC, 
and the base AJ) is equal to the base 
BC: "Therefore the angle ACD is. ^ p 1) 





equal? to the angle BDC: From — — 
any point E in AB draw EF unto — 6 





CD, at right angles to AB; there- | 
fore, by Prop. 1. EF is equal tò AC, ba 
or BD; wherefore, as has beenjust A k i 
now shewn, the angle, ACF is equal 
to the angle EFC : In the same manner, the angle BDF ‘is 
equal to the angle EFD; but the angles ACD, BDC are equal; 
therefore the angles EFC and EF D arce equal,and right angles‘; 
wherefore also the angles ACD, BDC are right angles, 
Cor. Hence, if two straight lines AB, CD be at right an- 
gles to the same straight line AC, and if betwixt thema 
straight line BD be drawn at right angles to either of them, as 
to AB; then BD is equal to AC, and BDC isa right angle. 
If AC be not equal to BD, take BG equal to AC, and join 
CG: Therefore, by this proposition, the angle ACGisa right 
angle; but ACD is also a right angle ; wherefore the angles 
ACD, < 





NOTES | 297 


ACD, ACG are equal to one another, which is impossible. Boor I 
Therefore BD is equal to AC ; and by this proposition BDC "^ 
is a right angle. 


PROP. 3. | 


If two straight lines which contain an angle be produced, 
there may be found in either ef them a point from which the 
perpendicular drawn to the other shall be greater than any 
given straight line. | 

Let AB, AC be two strdight lines which make an angle with 
one another, and Jet AD be the given straight line; a point 
may be found either in ABor AC, as in AC, from which the 
perpendicular drawn tothe other AB shal] be greater than ADD. 

In AC take any point E, and draw EF perpendicular to 
AB; produce AE to G, so that EG be equal to AE; and 
produce FE to H, and make EH equal to FE, and join HG. 
Because, in the triangles AEF, GEH, AE, EF are equal to 


»4. 1, 





eo uw — 


I 





GE, EH, each to each, and contain equal* ancles, the angle . js. 1, 
GHE is therefore equal? to the anzle AFE which is a right 
lines FK, HG 
are at right an- ' t 
KG at right an- >L — 
gles to FK, KG H 
| - Hw. 
E by Cor. Pr. 2. P. C 
= that is, to the 
In the same manner if AG be produced to L, so that GL be: 
equal to AG, and LM be drawn perpendicular to AB, then 
~ FE, and AO, equal to KG, that is, to the double of FE, or 
_ AN; also, take AP, equal to LM, that is, to the double of 
be greater than AD : Let this straight line so taken be AP, 
and because AP is equal to LM, therefore LM is greater than 


angle: Draw GK perpendicular to AB; and because the straight 
|. glesto FH, and A E K B ^M 
is equal to FH, 
- double of FE. 
» LM is double of GK, and so on. Iu AD take AN equal to 
KG, or AO; and Jet this be done till the straight Jine taken 
AD. Which was to be done. 


PROP. 4. 


IF two straight lines AB, CD make equal angles EAB, 
ECD with another straight line EAC towards the same parts 
et it; AB and CD are at right angles to some straight line. 

Bisect 


— — 


e up m 
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Bisect AC in F, and draw FG perpendicular te AB; take 
CH in the straight line CD equal to AG, and on the contrary 
side of AC to that on which AG is, and join FH :. Therefore, 
in the triangles AFG, CFH, the sides FA, AG are equal to 
FC, CH, each to each, and the angle 
FAG, that? is EAB, is equal to the 
angle FCH; wherefore the angle 
AGF is equal to CHF, and AFG to 
the angleCFH: To theselast addthe 
common angle AFH, therefore the 
two angles AFG, AFH are equal: 
to the two angles CFH, HFA, 





two right angles‘: therefore also 
AFG, AFH are equal to two right angles, and consequently? 
GF and FH are in one straight line. And because AGF isa 
right angle, CHF which is equal to it is also a right angle : 
‘Therefore the straight lines AB, CD are at rightangles to GH. 


PROP. 5. 


Ir two straight lines BB; CD be cut by athird ACE, so as 
to make the interior angles BAC, ACD, on the same side of 
it, together less than two right angles; AB and CD being 
produced, shall meet one another towards the parts on which 
are the two angles, which are less than two right angles. 

At the point C, in the straight line CE, make? the angle 
ECF equal to the angle EAB, and draw to AB the straight 
line CGat right anglestoCF: Chen, because the angles ECF, 
EAB are equal to one an- 
other, and that the angles Ey 
ECF, FCA are together Z 
equal? to two right an- 
gles, the angles EAB, 
FCA are equal to two 
right angles. But by the 
hypothesis, the angles | 
EAB, ACD are’ toge- $0 G Bb 
ther less than two right ' 
angles ;therefore theangle 
FCA is greater than ACD, and CD falls between CF and 
AB : And because CF and CD make an angle with one ano- 
ther, by Prop. 3. a point may be found in either of them CD, 





from which the perpendicular drawn to CF shall be greate, 
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than the straight line CG. Let this point be Hj and draw 
HK perpendicular to CF, meeting AB in L :* And because 
AB, CF contain eqval angles with AC on the same side of it, 
by Prop. 4. AB and CF are at right angles to the straighe 
line MNO, whichbisects ACin N, andis perpendicular to CF : 
Therefore by Cor. Prop. 2. CG and KL, which are at right 
angles to CF, are equal to one another: And HK is greater 
than: CG, and theretore is greater than KL, and consequently 
the point H is in KL produced. Wherefore the straight line 
CDH, drawn betwixt the points C, H, which are on contrary 
sides of AL, must necessarily cut the straight line AB. 


| PROP. XXXV. B.I. 


THE demonstration of this Proposition is changed, because, 


“if the method which is uscd in it was followed, there would be 


three casés to be separately demonstrated, as is done in the 
translatron from the Arabic; for, in the Elements, no case of 
a Proposition that requires a different demonstration ought to 
be omitted. On this account, we have chosen the method 
which Morts. Clairault has given, the first of any, as far as T 
know, in his Elements, page 21, and which afterwards Mr. 
Simpson gives in his page 32. But whereas Mr. Simpson 
makes use of Prop. 26. B. 1. from which the equality of the 
two triangles does not immediately follow, because, to prove 
that, the 4th of B. 1. must likewise be made use of, as may be 
seen in the very same case in the 34th Prop. B. r. it was 


thought better to make use only of the 4th of B. r. 


PROP. XLV. B.I. 


Tue straight line KM is proved to be parallel to FL; from 
the 33d Prop. whereas KH is parallel to FG by contruction, 
and KHM, FGL have been demonstrated to be straight lines. 
A corollary is added from Commandine, as being often used. 


PROP. XIII. B. II. 


Ix this propesition only acute angled triangles are men- 
tioned, whereasit holds true of every triangle : and the demon- 
strations of the cases omitted are added; Commandine and Cla- 
vius have likewise giventheir demonstrations of these cases. 


PROP. XIV. B. Il. 


In the demonstration of this, some Greek editor has igno- 


rantly inserted the words, ** but if not, one of the two BE, 
« ED 
3 
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* ED, isthe greater: Let BE be the greater; and produce it to 
« F,"as if it was of any consequence whether the greater or 
lesser be produced: Therefore, instead of these words, there 
ought to be read only, ** but.if not, produce BE to F.” 


PROP.I. B.III. 
SEVERAL authors, especially among the modern mathe- 


maticians and logicians, inveigh too severely against Indirect 
or apogogic demonstrations, and sometimesignorantly enough; 
not being aware that there are some things that cannot be de- 
monstrated any other way: Of this the present proposition 
is avery clear instance, as no direct demonstration can be 
given of it: Because, besides the definition of a circle, there 


. 3s no principle or property relating to a circle antecedent to 


this problem, from which either a direct or indirect demon- 
stration can be deduced : Wherefore it is necessary that the 
point found by the construction of the problem be proved to 
be the centre of the circle, by the help of this definition, and 
some of the preceding propositions: And because, in the de- 
monstration, this proposition must be brought in, viz. straight 
lines from the centre ofa circle to the circumference are equal, 
and that the point found by the construction cannot be as- 
sumed as the centre, for.this 1s the thing to be demonstrated : 
itis manifest some other point must be assumed as the centre: 
aud if from this assumption an absurdity follows, as Euclid de- 
monstrates there must, then it is not true that the point as- 
sumed is the centre ; and as any point whatever was assumed, 
it follows that no point, except that found by the construction, 
can be the centre, from which the necessity of an indirect 
demonstration in this case 1s evident. 
7 


PROP. XIII. B. III. 


As it is much easier to imagine that two circles may touch 
one another within in more points than one, upon the same 
side, than upon opposite sides ; the figure of that case ought 
not to have been omitted ; but the construction in the Greek 
text would not have suited with this fizure so well, because the 
centres of the circles must have been placed near to the cir- 
cumferences ; on which account another construction and 
demonstration is given, which is the same with the second part 
of that which Campanus has translated from the Arabic, 

where, 





NOTES 


where, without any reascn, tlie demonstration is divided into 
two parts. s 


PROP. XV.- B. IIl. 


THE converse of the second part of this proposition is want- 
inz, though in the preceding, the converse is added, in a like 
case, both in the enunciation and demonstration ; and tt is now 
added in this. Besides, in the demonstration of the first part 
of this 15th, the diameter AD (see Commandine's figure), is 
proved to be grcater than the straight line BC by means of 
another straight line MN ; whereas it may be better done with- 
out it: on which accounts we have given a different demon- 
stration, like to that which Euclid gives in the preceding 14th, 
and to that which Theodosius gives in Prop. 6. B. 1, of his 
Spherics, in this very affair. 


/ PROP. XVI. B. II. 


IN this we have not followed the Greek ror the Latin trans- 
lation literally, but have given wha: is plainiy the meaning of 
the proposition, without mentioning the angle ofthe semicircle, 
or that which some call the cornicular angle, which they con- 
ceive to be made by the circumference and the straight line 
which is at right angles to the diameter, at its extremity ; 
which angles have furnished matter of great debate between 
some of the modern gcometrers, and given occasion of deducing 
strange consequences from them, which are quite avoided by 
the manner in which we have expressed the proposition. And 
in like manner, we have given the true meaning of prop. 31. 
B. 3. without mentioning the angles of the greater or lesser 
segments. These passages Vieta, with good reason, suspects 
to be adulterated in the 380th page of his Oper. Math. . 


PROP. XX. EB. III. 


Tue first words of the second part of this demonstration, 

'* xzxAxo3w ôn walur,” are wrong translated by Mr. Briggs and 
Dr. Gregory, ** Rursus inclinetur;" for the translation oughtto 
be ** Rursus ipflectatur," as Commandine has it: A straight 
line is said to be inflected either to a straight, or curve line, 
when a straight line is drawn to this line. from a point, and 
from the peint in. which it, meets it, a straight line making 
an angle with the former is drawn to another point, as is evi- 
dent from the goth prop. of Euclid's Data: For thus the whole 
line betwixt the first and last points is inflected or broken at 
the 


351 
Books 11H. 
a, te 


302 NOTES. 


Book Ill, the point of inflection, where the two straight lines meet. And 
Y in the like sense two straight lines are said to be inflected from 
two points to a third point, when they make ari angle at this 
point; as may be.seen in the description given by Pappus 
Alexandrinus of Appollonius's Books de Locis planis, in the 
preface to his 7th Book; We have made the expression fuller 
from the goth Prop. of the Data. ; 


PROP; XXI. B. HË 


THERE are two cases of this proposition, the second of 
which, viz. when the angles are in a segment not greater than 
a semicircle, is wanting in the Greek: And of this a more 
simple demonstration is given than that which is in Comman- 
dine, as being derived only from the first case, without the 
help of triangles. 


PROP. XXIII. and XXIV. B. IL 


In proposition 24. it is demonstrated that. the segment 
AEB must coincide with the segment CFD (see Comman- 
dine's figure,) and thatit cannot fail otherwise, as CGD, so as 
to cut the other circle in a third point G, from this, that, if it 
did, a circle could cut another in more points than two: But 
this ought to have been proved to be impossible in the 23d 
prop. as wel] as that one of che segments cannot fall within 
the other. ‘his part, then) is lett out in the 24th, and put 
in its proper place, the 23rd proposition. 


PROP. XXV. EB. III. 


T uis proposition is divided into three cases, ef which two 
have the same construction and demonstration ; therefore it is 
now divided only into two cases. 


PROP. XXXIII. | B. III. 


Tuis also in the Greek is divided into three cases, of 
which, two, viz. one, in which the given angle is acute, and 
the other in which it is obtuse, have exactly the same con- 
struction and demonstration: on which account, the demon- 
stration of the last case is left out, as quite superfluous, and 
the addition of some unskilful editor; besides the demonstra- 
tion of the case when the angle given is a right angle, is done 
a round-about way, and is therefore changed to a more sim- 
ple one, as was done by Clavius, 
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PROP. XXXV. B. LIII. 


As.the 25th and.33rd propositions are divided into more 
cases, so this 35th is divided into fewer cases than are necessa- 
ry. Nor can it be supposed that Euclid omitted them because 
they are easy ; as he has given the case, which by far is the 
easiest of chem all, viz. that in which both the straight lines 
pass through the centre: And in the following proposition he 
separately demonstrates the case in which the straight line 
passes through the centre, and that in which it does not pass 
through the centre: So that it seems Theon, or some other, 
has thought them too long to insert: But cases that require 
different demoastrations, should notbe leftout in the Elements, 
a$ was before taken notice of: T hese cases are in the transla- 
tion from the Arabic, ana are now put into the text. 


PROP. XXXVII. B. HL 


AT the end of this, the words ** in the same manner it may 
tbe demonstrated, if the centre be in AC,” are left out as the 
addition of some ignorant editor. 


DEFINITIONS or BOOK IV. 
Y" 
W HEN a point is ina straight line, or any other line, this 


pointis by the Greek geometers said ázreoSai, to be upon, 
or in that line, and when a straight line or circle meets a cir- 
cle any way, the one is said gareoda: to meet the other: But 
when a straight line or circie meets a circle so as not to cut it, 
it is Said efawtestas, to touch the circle; and these two terms 
are never promiscuously used by them: "Therefore, jn the sth 
definition of B. 4. the compound gaz» rzimust be read, instead 
of the simple wrata: And in the 1st, 2d, 3d, and 6th defi- 
nitions in Commandine's translation, ** tangit," must be read 
instead of * contingit;" And in the 2d and 3d definitions of 
Book 3. the same change must be made: But in the Greek 
text of propositions 11th, 12th, 13th, 18th, 19th, Book 3. 
the compound verb is to be put for the simple. 


PROP. IV. B. IV. 


In this, as also in the 8th and 13th proposition of this book, 
it is demonstrated indirectly, that the circle touches a straight 
line; whereas inthe 17th, 33d, and 37th propositions of Book 
3. the same thing is directly demonstrated: And this way we 

have 
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have chosen to use in the propositions of this book, as it is 
shorter. 


PROP. V. B. IV. 


THE demonstration of this has been spoiled by some un- . 
skilful hand: For he does not demonstrate, as is necessary, 
that the two straight lines which bisects the sides of the tri- 
angle at right angles must meet one another ; and, without any 
reason, he divides the proposition into three cases ; whereas, 
one and the same construction ard demonstration serves for 
them all, as Campanus has observed ; which useless repetitions 
are now left out: The Greek text also in the corollary is 
manifestly vitiated, where mention is made of a given angle, 
though chere neither is, nor can be, any thing in the proposi- 
tion relating to a given angle. 


PROP. XV.and XVI. B. IV. 


In the corollary of the first of these, the words equilateral 
and equiangular are wanting in the Greek : and in prop. 16. 
instead of the circle ABCD, ought to be read the circumfe- 
rence ABCD: Where mention is made of its containing fif- 
teen equal parts. 


DEF. II. B. V. 


Many of the modern mathematicians reject this defini- 
tion: The very learned Dr. Barrow has explained it at large 
at the end of his third lecture of the year 1666, in which also 
he answers the objections made against it as well as the sub- 
ject would allow: And at the end gives his opinion upon the 
whole, as follows ; 
« [ shall only add, that the author had, perhaps, no other 
* design in making this definition, than (that he might more 
* fully explain and embellish his subject) to give a general 
“and summary idea of ratio to beginners, by premising 
* this metaphysical definition, to the more accurate defini- 
& tions of ratios that are the same to one another, or one of 
** which is greater, or less than the other: I call it a meta- 
«€ physical, for it is not properly a mathematical, definition, 
** since nothing in mathematics depends on it, or is deduced, 
* nor, as I judge, can be deduced from it: And the defini- 
* tion of analogy, which follows, viz. Analogy is the simi- 
E S '* litude 
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& purpose in mathematics, but only to give beginners some ge- 
** neral, though gross and confused, notion of analogy: But the 
& whole of the doctrine of ratios, and the whole of mathema- 
** tics, depend upon theaccurate mathematical definitions which 
* follow this: 'T'othese we ought principally to attend, as the 
“ doctrine of ratios is more perfectly explained by them ; this 
“< third, and others like it, may be entirely spared without any 
** loss to geometry ; as we see in the 7th book of the Elements, 
** where the proportion of numbers to one another is defined, 
** and trea:ed of, yet without giving any definition of the ratio 
** of numbers ; though such a definition. was as necessary and 
** useful to be given in that book as in this: But indeed there 
** is scarce any need of it in either of them: "Though I think 
** that a thing of so general and abstracteda nature, and there- 
** by the more difficult to be conceived and explained, cannot 
“© be more commodiously defined than as the author has done: 
* Upon which account I thought fit to explain it at large, and 
*€ defend it against the captious objections of those who attack 
“it.” To this citation from Dr. Barrow I have nothing to 
add, except that I fully believe the 3d and 8th definitions are 
not Euclid's, but added by some unskilful editor. 


DEF. XI. B. V. 


Ir was necessary to add the word ** continual" before 
* proportionals" in this definition; and thus it is cited in the 
33d prop. of Book r1. I 

After this definition ought to have followed the definition of 
compound ratio, as this was the proper place for it; duplicate 
and triplicate ratio being species of compound ratio: But l'heon 
has made it the 5th det. of B. 6. where he gives an absurd and 
entirely useless definition of compound ratio : For this reason 
we have placed another definition of it betwixt the 11th and 
-. 12th of this book, which, no doubt, Euclid gave; for he cites 
it expressly in Prop. 23. B. 6, and which Clavius, Herigon, 
_ and Barrow, have likewise given, but they retain also 1 heon's, 

which they ought to have left out of the Elements. 


- 


DEF. XIIL B. V. 


Tuts, and the rest of the definitions following, contain the 
explication of some terms which are used in the sth and foJ- 
lowing books; which, except a few, are easily enough ut 
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Book V. stood from the propositions of this book where they are first 


mentioned: They seem to have been added by Theon, or 
some other. However it be, they are explained something 
more distinctly for the sake of learners. 


PROP. IV. B. V. 


IN the construction preceding the demonstration of this, 
the words àA eruye, any whatever, are twice wanting in the 
Greek, as also in the Latin translations ; and are now added, 
as being wholly necessary. 

Ibid, in the demonstration; in the Greek, and in the Latin 
translation of Commandine, and in that of Mr. Henry Briggs, 
which was published at London in 1620, together with the 
Greek text of the first six bocks, which translation in this place 
is followed by Dr. Gregory in his edition of Euclid, there is this 
sentence following, viz. ‘¢ and of A and C have been taken 
“ eguimultiples K, L; and of B and D, any equimultiples 
* whatever (2 ervxc) M, N;” which is not true, the words 
« any whatever," ought to be left out: And it is strange that 
neither Mr. Briggs, who did right to leave out these words in 
one place of Prop. 13, of this book, nor Dr. Gregory, who 
changed them into the word ** some" in three places, and left 
thein out in a fourth of that same Prop. 13, did not also leave 
them out in this place of Prop. 4, and in the second of the two 
places where they occur in Prop. 17 of this book, in neither of 
which they can stand consistent with truth: And in none of 
all these places, even in those which they corrected in their 
Latin translation, have they cancelled the words & srvys in 
the Greek text, as they ought to have done. 

'T he same words 4 ervxz are found in four places of Prop. 11 
of this book, in the first and last of which they are necessary, . 
but in the second and third, though they are true, they are 
quite superfluous ; as they likewise are in the second of the two 
places in which they are found in the 12th Prop. and in the 
like places of Prop. 22, 23, of this book ; but are wanting in 
the last place of l'rop. 23, as also in Prop. 25, Book 11. 


COR. PROP. IV. B. V. 


T urs cerollary has been unskilfully annexed to this propo- 
sition, and has’ been made instead of the legitimate demon- 
stration, which, without doubt, Vheon, or some other editor, 
has taken away, not from this, but from its proper place in 

is 
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four magnitudes E, G, F, H, be proportionals, they are also 
proportionals inversely ; that is, G is to E, as H to F ; which 
is truc; but the demonstration of it does not in the least depend 
upon this 4th prop. or its demonstration: For, when he says, 
** because it is demonstrated, that if K be greater than M, L is 
‘¢ greater than N,” &c. This indeed is shewn in the demon- 
stration of the 4th prop. but not from this, that E, G, F, H, 
are proportionals ; for this last is the conclusion of the propo- 
sition, Wherefore these words, ** because it is demonstrated," 
&c. are wholly foreign to his design: And he should have 
proved, that if K be greater than M, L is greater than N, from 
this, that E, G, F, H, are proportionals, and from the sth 
def. of this book, which he has not ; butis done in proposition 
B, which we have given in its proper place, instead of this co- 
rollary ; and another corollary is placed after the 4th prop. 
which is often of use; and is necessary to the demonstration 
of Prop. 18 of this book. 


PROP. V. B. V. 


Iw the construction which precedes the demonstration of 
this proposition, it is required that EB may be the same mul- 
tiple of CG, that AE is of CF; that is, that EB be divided 
into as many equal parts, as there are parts in AE equal to 
CF: From which it is evident, that this construCtion is not 
Euclid’s, for he does not shew the way of dividing straight 
lines, and far less other magnitudes, into any number of equal 
parts, until the gth proposition of B. 6. and he never requires 
any thing to be done in the construction of which he had not 
before given the method of doing: For this rea- 
son, we have changed the construction to one, A 
which, without doubt, is Euclids, in which no- 
thing is required but to add a magnitude to itself E! 


a certain number of times ; and this is to be found C 
in the translation from the Arabic, though the 
enunciation of the proposition and the demonstra- F 


tion are there very much spoiled. Jacobus Peleta- 

rius, who was the first, as far as I know, who took B! D 

notice of this error, gives also the right construc- 

tion in his edition of Euclid, after he had given the other whieh 

he blames : He says, he would not leave it out, because it was 

fine, and might sharpen one’s genius to invent others like it 
X2 whereas 
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Book V. whereasthereis notthe least differencebetween the two demon- 


strations, except asingle word in the construction, which very 
probably has been owing to an unskilful librarian. Claviuslike- 
wise gives both the ways ; but neither he nor Peletarius takes 
notice of the reason why the one is preferable to the other. 


PROP. VI. B. V. 


THERE are two cases of this proposition, of which only the 
first and simplest is demonstrated in the Greek: And it is pro- 
bable Theon thought it was sufficient to give this one, since 
he was to make use Of neither of them in his mutilated edition 
of the 5th book ; and he might as well have left out the other, 
as also the fifth proposition, for the same reason. The demon- 
stration.of the other case is now added, because both of them, 
as also the sth proposition, are necessary to the demonstration 
of the 18th proposition of this book. The translation from 
the Arabic gives both cases briefly. 


PROP, A. B. V. 


'T urs proposition is frequently used by geometers, and it is ' 
necessary in the 25th prop. of this book, 31st of the 6th, and 
34th of the 11th, and 15th ofthe 12th book: It seems to have 
been taken out of the Elements by Theon, because it appeared 
evident enough to him, and others, who substitute the confused 
and indistinct idea the vulgar have of proportionals, in place 
of that accurate idea which is to be got from the 5th def. of 
this book. Nor can there be any doubt that Eudoxus or Euclid 
gave it a placein the Elements, when we see the 7th and gth 
of the same book demonstrated, though they are quite as easy 
and evident as this. Alphonsus Borellus takes occasion from 
this proposition to censure the sth definition of this book very 
severely, but most unjustly. In p. 1260fhis Euclid Restored, 
printed at Pisa in 1658, he says, ** Nor can even this least 
** degree of knowledge be obtained from the foresaid propert y? 
viz. that which is contained in 5th def. 5.  ** l'hat, if four 
** magnitudes be proportionals, the third must necessarily be 
« greater than the fourth, when the first is greater than the 
€ second: as Clavius acknowledges in the 16th prop. of the 
« gth book of the elements.” But though Clavius makes no 
such acknowledgment expressly, he has given Borellus a han- 
dle to say this ef him; because when Clavius, in the above 
cited place, censures Commandine, and that very justly, for 
demonstrating this proposition by help of the 16th of the sth; 
yet he himself gives no demonstration of it; but thinks it —— 
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from the nature of proportionals, as he writes in the end of the Boox. V. 


I4th and 16th Prop. B. 5. of his edition, and is followed by 
Herigon in Schol; 1. Prop. 4. B. 5, as if there was any nature 
of proportionals antecedent to that which is to be derived and 
understood from the definition of them: And indeed, though 
it is very easy to give a right demonstration of it, nobody, as 
far asI know, has given one, except the learned Dr. Barrow, 
who, in answer to Borellus's objection, demonstrates it indi- 
rectly, but very briefly and clearly, from the 5th definition, 
in the 322d page of his Lect. Mathem. from which definition 
it may also be easily demonstrated directly: On which ace 
count we have placed it next to the propositions concerning 
equimultples. 


PROP. B. B.V. 


"Tuis also is easily deduced from the sth def. B. 5, and 
therefore is placed next to the other; for it was very igno- 
rantly made a corollary from the fourth Prop. of this Book. 
See the note on that corollary. 


PROP.C. B.V. 


T urs is frequently made use of by geometers, and is neces- 
Sary to the 5th and 6th Propositions of the roth Book. Cla- 
Vius, in his notes subjoined to the 8th def. of Book 5. demon- 


strates it only in numbers, by help of some of the propositions - 


of the 7th Book: in order to demonstrate the property con- 
tained in the sth definition of the 5th Book, when applied to 
numbers, from the property of proportionals contained in the 
20th def. of the 7th Book: And most of the commentators 
judge it difficult to prove that four magnitudes which are pro- 
portionals according to the 20th def. of 7th Book, are also pro- 
portionals according to the 5th def. of 5th Book, . But this 
is easily made out as follows : 

First, i£ A, B, C, D, be four mag- 
nitudes, such that A is the same mul- F 

Zis of D: A, ` D 
tionals: This is demonstrated in pro- | 
position C. s 

Secondly, if AB contain the same K r 
parts of CD that EF does of GH ; in Y 
C 


tiple, or the same part of B, which B H 

Cis of D: A, B, C, D, are propor- 

this case likewise AB is to CD, as EF i 

to GH. i " e 
X3 Let 


E 
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Let CK be a part of CD, and GL the same part of GH ; 


' wc and let AB be the same multiple of 


CK, chat EF is of GL: Therefore, F 

by Prop. C, of sth Book, AB is to B H 
CK, as EF to GL: And CD, GH D 

are equimultiples of CK, GL the se- 

cond and fourth ; wherefore, by Cor. 
Prop. 4. Book 5. AB is to CD, as EF K E 
to ne ag Ty 

And if four magnitudes be propor- 
tionals decir MG the sth def. of MR ml 
Book 5, they are also proportionals according tothe 20th def. 
of Book 7. 

First, if A beto B, as C to D ; then if A be any multiple 
or part of B, C is the same multiple or part of D, by Prop. D. 
of B. 5. 

Mss if AB be to CD, as EF to GH; then if AB con- 
tainsany partsof CD, EF contains the same parts of GH: 

For let CK be a part of CD, and GL the same part of 
GH, and let AB bea multiple of CK: EF isthe same 
multipleof GL : take M the same multiple of GL that 

AB is of CK ; therefore, by Prop. C. of B. 5. AB is to 

CK, as M toGL : and CD, GH are equimultiples of 

CK, GL ; wherefore, by Cor. Prop. 4. B. 5. AB is to 

CD, as M to GH. And, by the hypothesis, AB is to 

CD, as EF to GH; therefore M is equal to EF by M 
Prop. 9. Book 5. and consequently EF is the same multiple of 
GL that AB is of CK. 


PROP, D. B.V. 


T n15 is not unfrequently used in the demonstration of other 
propositions, and is necessary in that of Prop. 9. B. 6. It seems 
Theon has left it out for the reasons mentioned in the notes 


at Prop. A. | 
PROP. VIII. B. V. s 

In the demonstration of this, as it is now in the Greek, 
there are two cases (see the demonstration in Hervagius, or 
Dr. Gregory’s edition), of which the first is that in which AE 
is less than EB; and in this it necessarily follows, that HO 
the multiple EB is greater than ZH the same multiple of AE, 
which last multiple, by the construction, is gteater than A; 
whence also Ho must be greater than A: But in thesecond 
case, viz. that in which EB is less than AE, though ZH be 
greater than A, yet Ho may be less than the same à ; so on 
there 
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there cannot be taken a multiple of 4 which is the first that is Boox V. 
greater than K or Ho, because A itself is greater than it: as 
Upon this account, the author of this demonstration found it 
necessary to change one part of the construction that was made 
use of inthe first case: But he has, without any necessity, 
changed also another part of it, viz. when he orders to take 
N that multiple of A which 
is the first that is greater than rz 7 > 9 
ZH ; for he might have taken 
that multiple of A which is , 
the first that is greater than 
H6, or K, as was done in the He A A 

3 - 
first case: He likewise brings ` 
in this K into the demonstra- H 
tion of both cases, without E 
any reason ; foritservestono | 
purpose but to lengthen the @ B A € D A 
demonstration. There is also 
a third case which is not mentioned in this demonstration, viz. 
that in which AE in the first, or EB inthe second of the two 
other cases, is greater than D ; and in this any equimultiples, 
as the doubles, of AE, EB are to be taken, as is done in this 
edition, where all the cases are at once demonstrated: And 
from this it is plain that Theon, or some other unskilful editor, 
bas vitiated this proposition. 


PROP, IX. B.V. 


Or this there is given a more explicit demonstration than 
that which is now in the Elements. 


PROP.X. B.V. 7 


IT was necessary to give another demonstration of this pro- 
position, because that which is in the Greek and Laiin, or 
other editions, is not legitimate: For the words greater, the 
same, or equal, lesser, have a quite different meaning when ap- 
plied to magnitudes and ratios, as is plain from the sth and 
7th definitions of Book 5. By the help of these let us exa- 
mine the demonstration ot the 10th Prop. which proceeds thus: 
** Let A have to C a greater ratio than B to C: E say that A is: 
* greater than B ; for if itis not greater, it is either equal or 
“less. But A cannot be equal to B, because then each of them 
** would have the same ratio to C; but they have not. There- 
* forc À is not equal to B." The force of which reasoning is 
this: If A had to C the same ratio that B has to C, then if 


] X 4 any 
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Boos V. any equimultiples whatever of A and B be taken, and any 


m — 


multiple whatever of C ; if the multiple of A be greater than 
the multiple of C, then, by the sth def. of Book 5, the multiple 
of B is also greater than that of C: but, from the hypothesis 
that A has a greater ratio to C, than B has to C, there must, 
by the 7th def. of Book 5, be certain equimultiples of A and B, 
and some multiple of C such, that the multiple of A is greater 
than the multiple of C, but the multiple of B is not greater 
than the same multiple of C: And this proposition directly 
contradicts the preceding ; wherefore A is not equal to B. 
The demonstration of the roth peop. goes on thus: * But 
“ neither is A lessthan B; because then A would have a less 
“ ratio toC than B has to it: But it has not a less ratio, there- 
* fore A is not less than B," &c; Here if is said, that ** A 
«© would have a less ratio to C than B has to C," or, which is 
the same thing, that B would have a greater ratio to C than 
A to C ; that is, by 7th def. Book 5, there must be some equi- 
multiples ef B and A, and some multiple of C, such that the 
multiple of B is greater than the multiple of C, but the mul- 
tiple of A is not greater than it: And it ought to have been 
proved, that this can never happen if the ratio of A to C be 
greater than the ratio of B to C; that is, it should have been 
proved, that, in this case, the multiple of A is always greater 
than the multiple of C, whenever the multiple of B is greater 
than the multiple of C; for when this is demonstrated, it will 
be evident that B cannot havea greater ratio to C, than A has 
to C, or, which is the same thing, that A cannot have a less 
ratio to C than B has to C. But this is not at all proved in the 
Xoth proposition: Butif the roth were once demonstrated, it 
would immediately follow from it, but cannot without it be 
easily demonstrated, as he that tries to do it will find. W here- 
fore the roth proposition is not sufficiently demonstrated. And 
it seems that he who has given the demonstration of the 10th 
proposition as we now have it, instead of that which Eudoxus 
or Euclid had given, has been deceived in applying what is 
manifest, when understood of magnitudes, unto ratios, viz. that 
a magnitude cannot be both greater and less than another. 
‘That those things which are equal to the same are equal to 
one another, is a most evident axiom when understood of 
magnitudes; yet Euclid does not make use of it to infer, that 
those ratios which are the same to the same ratio, are the same 
toone another ; but explicitly demonstrates this in Prop. 11. of 
Book 5. The demonstration we have given of the 10th prop. 
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is no doubt the same with that of Eudoxus or Euclid, as it is. Boox V. 


immediately and directly derived from the definition. of a 
greater ratio, viz. the 7 of the 5. 

The above-mentioned proposition, viz. If A have toC a 
greater ratio than B to C; and if of A 
and B there be taken certain equimulti- | 
ples, and some multiple of C ; then if the 
multiple of B be greater than the multiple 4 
of C, the multiple of A is also greater 
than the same, is thus demonstrated : A € 

D F 


Q- 


Let D, E be equimultiples of A, B, and 
F a muitiple of C, such, that E the mul- 
tiple of B is greater than F ; D the mul- 
tiple of A is also greater than F. 

Because A has a greater ratio toC, than 
B to C, A is greater than B, by the roth 
Prop. B. 5, therefore D the multiple of A 
is greater than E the same multiple of 
B: And E is greater than F: much 
more therefore D is greater than F. 


ve] Uv 
zj 


PROP. XIII. B. V. 


Ix Commandine's, Briggs's, and Gregory's translations, at 
the beginning of this demonstration, it is said, ** And the mul- 
“ tiple of C is greater than the multiple of D; but the mul- 
“tiple of E is not greater than the multiple of F ;" Which 
words are a literal translation from the Greek: But the sense 
evidently requires that it be read, ‘so that the multiple of C 
“be greater than the multiple of D; but the multiple of E be 
** not greater than the multiple of F.” And thus this place 
was restored to the true reading in the first editions of Com- 
mandine’s Euclid, printed in 8vo. at Oxford: But inthe later 
editions, at least in that of 1747, the error of the Greek text 
was kept in. 

There is a corollary added to prop. 13, as it is necessary to 
the 20th and 21st prop. of this book, and is as useful as the 
proposition. 


PROP. XIV. B. V. 


THE two cases of this, Which are not in the Greek, are 
added ; the demonstration of them not being exactly the same 
with that of the frst case. 
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PROP. XVII. B. V. 


Tue order of the words in a clause of this is changed to 
one more natural: As was also done in prop, I1. 


PROP. XVIII. B. V. , 


‘THE demonstration of this is none of Euclid’s, nor is it legi- 
timate ; for it depends upon this hypothesis, that to any three 
magnitudes, two of which, at least, are of the same kind, 
there may be a fourth proportional: which, if not proved, the 
demonstration now in the text is of no force: But this is 
assumed without any proof ; nor can it, as far as I am able to 
discern, be demonstrated by the propositions preceding this : 
so far is it from deserving to be reckoned an axiom, as Cla- 
vius, after other commentators, would have it, at the end of 
the definitions of the sth book. Euclid does not demonstrate 
it, nor does he shew how to find the fourth proportional, 
before the 12th prop. of the 6th book: And he never assumes 
any thing in the demonstration of a proposition, which he had 
not before demonstrated ; at least, he assumes nothing the exist- 
ence of which is not evidently possible; for a certain conclusion 
can never be deduced by the means of an uncertain proposition: 
Upon this account, we have given a legitimate demonstration 
of this proposition instead of that in the Greek and other edi- 
tions, which very probably Theon, at least some other, has 
put in the place of Euclid's, because he thought it too prolix: 
And as the 17th prop. of which this 18th is the converse, is 
demonstrated by help of the 1st and 2nd propositions of this 
book ; so, in the demonstration now given ofthe 18th, the sth 
prop. and both cases of the 6th are necessary, and these two 
propositions are the converses ofthe 1st and 2d. Now the sth 
and 6th do not enter into the demonstration of any proposition 
in this book as we now have it: Norcan they be of use in any 
proposition of the Elements, except in this 18th, and this is a 


. manifest proof, that Euclid made use of them in his demon- 


stration of it, and that the demonstration now given, which is 
exactly the converse of that of the 17th, as it ought to be, dif- 
fers nothing from that of Eudoxus or Euclid : For the sth and 
6th have undoubtedly been put into the 5th book for the sake 
of some propositions in it, as all the other propositions about 
equimultiples have been. 
Hieronymus Saccherius, in his book named ** Euclides ab 
“ omni nzvo vindicatus,” printed at Milan ann. 1733, in 4to, 
; acknowledge s 
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acknowledges this blemish in the demonstration of the 18th, SS 7 


and that he may remove it, and render the demonstration we 
now have of it legitimate, he endeavours to demonstrate the 
following proposition, which is in page 115 of his book, viz. 

* Let. A, B, C, D be four magnitudes, of which the two 
“ first are of the one kind, and also the two others either of the 
“same kind with the two first, or of some other the same 
* kind with one another. Isay the ratio ôf the third C to the 
“ fourth D, is either equal to, or.greater, or less than the ratio 
“ of the first A to the second B.” 

And after two propositions premised as lemmas, he proceeds 
thus : 

* Either among all the possible equimultiples of the first 
« A, and of the third C, and, at the same time, among all 
* the possible equimultiples of the second B, and ot the 
* fourth D, there can be found some one multiple EF of the 
“first A, and one IK of the second B, that are equal to one 
*another ; and also (in the sime case) some one multiple 
“GH of the third C equal to LM the multiple of the fourth 
* D, or such equality is no where to be found. If the first 
“case happen, 


MINDS if such, A= — oe 

* equality is to 

“be found] it Du I qom 

* ijs . manifest 

“from what is C————- | G —————— ——H 

& before demon- 

& strated, that Mone I a m 20 — E 
* A is to B R M 


“as Cto D; but if such simultaneous equality be not to be 


— f*found upon both sides, it will be found either upon one 


* side, as upon the side of A [and B]; or it will be found 


_ “upon neither side; if the first happen: therefore (from 


* Euclid's definition of greater and lesser ratio foregoing) 
** A has to B a greater or less ratio than C to D ; according 
*as GH the multiple of the third C is less, or greater 
* than LM the multiple of the fourth D: But if the second 
** case happen ; therefore upon the one side, as upon the side 
“of A the first and B the secónd, it may happen that the 


-** multiple EF [viz. of the first] may be less than IK the 


“< multiple of the second, while, on the contrary, upon the 

** other side [viz. of C and D], the multipleGH [of the third 

** C] is greater than the other multiple LM [of the fourth 

* D]: And then (from the same definition of Euclid) the us 
: a &t fe) 


316 


NOTES. k 


Book V* “of the first A to the second B, is less than the ratio of the 


“third C to the fourth D or on the contrary. 

« Therefore the axiom [i. e. the proposition before set down] 
* remains demonstrated," &c. 

Not in the least ; but it still remains undemonstrated ; For 
what he says may happen, may, in innumerable cases, never 
happen ; and therefore his demonstration does not hold: For 
example, if A be the side, and B the diameter of a square ; 
and C the side, and D the diameter of another square; there 
can in no case be any multiple of A equal to any of B; nor 
any one of C equal to one of D, as is well known; and yet 
it can never happen that when any multiple of A is greater 


. than a multiple of B, the multiple of C can be less than the 


multiple of D, nor when the multiple of A is less than that of 
B, the multiple of C can be greater than that of D, viz. taking 
equimultiples-of A and C, and equimultiples of. B and D : For 
A, B, C, D are proportionals , and so if the multiple of A be 


greater, &c. than that of B, so must that of C be greater, &c. ' 


than that of D ; by sth Def. b. 5. 

'T he same objection holds good against the demonstration 
which some give of the first prop. of the 6th book, which we 
have made against this of the 18th prop. because it depends 
upon the same insufficient foundation with the other. 


PROP. XIX. B. V. 


A COROLLARY is added to this, which ts as frequently used 


as the proposition itself. “he corollary which is subjoined to it + 


in the Greek, plainly shews that the 5th book has been vitiated 
by editors who were not geometers: For the conversion of 
ratios does not depend upon this 19th, and the demonstration 
which several of the commentators on Euclid give of conver- 
sion is not legitimate, as Clavius has rightly observed, who 
has given a good demonstration of it which we have put in 
proposition E; but he makes it a corollary from the 19th, and 
begins it with the words, “Hence it easily follows,” though 
it does not at all follow from it. 


PROP, XX. XXI. XXII. XXIII. XXIV. B. V. 


THE demonstration of the 20th and 21st propositions, are — 


shorter than those Euclid gives of ‘easier propositions, either 
in the preceding or following books: Wherefore it was prò- 
per to make them more explicit, and the 22d and 23d propo- 


sions are, as they ought to be, extended to any number of 


magnitudes ; 
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magnitudes; And, in like manner, may the 24th be, as is Boox V- 


taken notice of inthe corollary ; and another corollary is added, 
as useful as the proposition, and the words, * any whatever? 
are supplied near the end of prop. 23, which are wanting in 
the Greek text, and the translations from it. 

In a paper writ by Philippus Naud:zeus, and published after 
his death, in the history of the Royal Academy of Sciences of 
Berlin, anno 1745, page 50, the 23d prop. of the sth book is 
censured as being obscurely enunciated, and, because of this, 
prolixly demonstrated : The enunciation there given is not 
Euclid's, but T'acquet's, as he acknowledges, which, though 
not so well expressed, is, upon the matter, the same with that 
which is now in the Elements. Nor is there any thing ob- 
scure in it, though the author of the paper has set down the 
proportionals in a disadvantageous order, by which it appears 
to be obscure:' But no doubt Euclid enunciated this 23d, as 
well as the 22d, 30 as to extend it to any number of magni- 
tudes, which, taken two and two, are proportionals, and not 
of six only ; and to this general case, the enunciation which 

. Naudzus gives, cannot be well applied. 

The demonstration which is given of this 23d, in that paper, 
- is quite wrong; because, if the proportional magnitudes be 
plane or solid figures, there can no rectangle, (which he impro- 
perly calls a produc?) be conceived to be made by any two of 
_ them: And if it should be said, that in this case straight lines 
are to be taken which are proportional to the figures, the de- 
monstration would this way become much longer than Eu- 
clid’s: But, even though his demonstration had been right, who 
does not see that it could not be made use of in the sth book ? 










* 

i 

| PROR.F,G,H,K. B.V. 
! 





THESE propositions are annexed to the 5th book, because 
they are frequently mace use of by both ancient and modern 
'geometers : And in many cases, compound ratios cannot be 
rought into demonstration, without making use of them. 

Whoever desires to see the doctrine of ratios delivered in 
this 5th book solidly defended, and the arguments, brought 
ainst it by And. T'acquet, Alph. Borellus and others, fully 
efuted, may read Dr. Barrow's mathematical lectures, viz. the 

th and 8th of the year 1666. 
The sth book being thus corrected, I most readily agree to 
What the learned Dr. Barrow says,* ‘ That there is nothing 
«€ in 
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** in the whole body of the Elements of a more subtile inven- 
* tion, nothing more solidly established, and more accurately 
*€ handled, than the doctrine of proportionals." And there is 
some ground to hope, that geometers will think that this could 
not have been said with as good reason,- since Theon’s time _ 
till the present. | 


DEF. IL and V. of B. VI. 


Tue 2d definition does not seem to be Euclid’s but some 
unskilful editor’s: For there is no mention made by Euclid, 
nor, as far as I know, by any other geometer, of reciprocal 
figures: It is obscursly expressed, which made it proper to 
render it more distinct: It would be better to put the follow- 
ing definition in place of it, viz. 


DEF. II. 


Two magnitudes are said to be reciprocally proportional to 
two others, when one of the first is to one of the other magni- 
tudes, as the remaining one of the last two ts to the remaining 
one of the first. 

But the 5th definition, which, since T heon’s time has been 
kept in the elements, to the great detriment of learners, is 
now justly thrown out of them, for the reasons given in the 
notes on the 23d prop. of this book. | 


PROP., I. and II. B. VI. 


To the first of these a corollary is added, which is often 
used: And the enunciation of the second is made more 
general, ` 


PROP. III B. VI. 


A SECOND case of this, as useful as the first, is given in 
prop. A; viz. the case in which the exterior angle of a trian- 
gle is bisected by a straight line: “he demonstration of it is. 
very like to that of the first case, and upon this account may, 
probably, have been left out, as also the enunciation, by some § 
unskilful editor. At least, it is certain, that Pappus makes § 
use of this case, as an elementary proposition, without a de- 
monstration of it, in Prop. 39, of his 7th Book of Mathema- Bl 
tica] Collections. 
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PROP. VII. B. VL — 


To this a case is added which occurs not unfrequently in 
demonstration. à 


PROP. VHL B. VL - 


IT seems plain that some editor has changed the demonstra- 
tion that Euclid gave of this proposition: For, after he has 
demonstrated, that the triangles are equianguiar to one ano- 
ther, he particularly shews that their sides about the equal 
angles are prorortionals, as if this had not been done in the 
demonstration of the 4th prop. of this book: This superfluous 
part is not found in the translation from the Arabic, and is 
now left out. 


PROP. IX. B. VI. 


T urs is demonstrated ina particular case, viz. that in which 

the third part of a straight line is required to be cut off;. which 

- 4s not at all like Euclid's manner: Besides, the author of the 

demonstration, from four magnitudes being proportionals, con- 

cludes that the third of them is the same multiple of the fourth, 

which the first is of the second ; now, this ts no where demon- 

strated in the sth book, as we now have it: But the editor 

"- assumes it from the confused notion which the vulgar have of 

-  proportionals: On this account it was necessary to give a 
general and legitimate demonstration of this proposition. 


E. PROP. XVIII. B. VI. 


! THE demonstration of this seems to be vitiated: For the 
proposition is demonstrated only in the case of quadrilateral 
hgures, without mentioning how it may be extendedto figures 
ot five or more sides: Besides, from two triangles being equi- 

_ angular, it is inferred, that a side of the one is to the homolo- 
_ gous side of the other, as another side of the first is to the side 

_. homologous to it of the other, without permutation of the 

_ Proportionals ; which is contrary to Euclid’s manner, as is 

_ clear from the next proposition: And the same fault occurs 

again in the conclusion, where the sides about the equal angles 
are not shewn to be proportionals, by reason of again neglect- 
ing permutation. Ou these accounts, a demonstration is given 
in Euclid's manner, like to that he makes use of in the 20th 


3 prop. 


- © œ% tb 
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Boox VI. prop. of this book ; and it is extended to five-sided figures, by 
m m 


which it may be seen how to extend it to figures of any num- 
ber of sides. 


PROP. XXIII. B. VI. 


NorniNuc is usually reckoned more difficult in the elements 
of geometry by learners, than the doctrine of compound ratio, 
which Theon has rendered absurd and ungeometrical, by sub- 
stituting the sth definition of the 6th book in place of the 
right definition, which without doubt Eudoxus or Euclid gave, 
in its proper place, after the definition of triplicate ratio, 
&c. in the 5th book. “Theon’s definition is this; a ratio is 
said to be compounded of ratios ora» ai ræs yoruy wndixornres EQ? 
savuTas WoAAzmAaoactica: worwo: txt, Which Commandine thus 
translates: ** Quando rationum quantitates inter se multi- 
*€ plicatz aliquam efficient rationem 5". that is, when the 
quantities of the ratios being multiplied by one another make 
a certain ratio. Dr. Wallis translates the word w2a:mornres 
“rationem exponentes,” the exponents of the ratios: And Dr. 
Gregory renders the last words of the definition by ** illius 
“ facit quantitatem,” makes the quantity of that ratio: But in 
whatever sense tne “ quantities,” or ** exponents of the ratios,” 
and their * multiplication," be taken, the definition will be 
ungeometrical and useless: For there can be no multiplication 
but by a number: Now the quantity or exponent of a ratio 
(according to Eutochius in his Comment, on Prop. 4. Book 2. 
of Arch. de Sph. et Cyl. and the moderns explain that term} 
is the number which multiplied into the consequent term of a 
ratio produces the antecedent, or, which is the same thing, the 
number which arises by dividing the antecedent by the conse- 
quent; but there are many ratios such, that no number can 
arise from the division of the antecedent by the consequent ; 
ex. gr. the ratio of which the diameter of a square has to the 
side of it ; and the ratio which the circumference of a circle has 
to its diameter, and such like. Besides, that there is not the 
Jeast mention made of this definition in the writings of Euclid, 
Archimedes, Apollonius, or other ancients, though they fre- 


: quently make use of compound ratio: And in this 23d prop. 


' of the 6th book, where compound ratio is first mentioned, there 
is not one word which can relate to this definition, though 
here, if in any place, it was necessary to be brought in; but 
the right definition is expressly cited in these words: ** Butthe 
« ratio of K to M is compounded of the ratio of K to L, 

4. “ and 
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*€ and of the ratio of Lto M.” This definition therefere of Boox VI. 


Theon is quite useless and absurd: For that Theon brought it 
into the Elements can scarce be doubted ; as it is to be found 
in his commentary upon Ptolemy's MeyzAn Zevrxéis, page 62. 
where he also gives a childish explication of it, as agreeing 
only to such ratios as can be expressed by numbers ; and from 
this place the definition and explication have been exactly co- 
pied and prefixed to the definitions of the 6th book, as appears 
from Hervagius’s edition : But Zambertus and Commandine, 
in their Latin translations, subjoin the same to these defini- 
tions. Neither Campanus, nor, as it seems, the Arabic ma- 
nuscripts, from which he made his translation, have this de- 


. finition.. Clavius, in his observations upon it, rightly judges, 





that the definition of compound ratios might have been made 
after the same manner in which the definitions of duplicate 
and triplicate ratio are given, viz. “ That as in several magni- 
“¢ tudes that are continual proportionals, Euclid named the 
* ratio of the first to the third, the duplicate ratio of the first 
* to che second ; and the ratio of the first to the fourth, the 
“ triplicate ratio of the first to the second, that is, the ratio 
* compounded of two or three intermediate ratios that are 
* equal to one another, and so on; so, in like manner, if 
** there be.several magnitudes of the same kind, following one 
** another, which are not continual proportionals, the first is 
* said to have to the last the ratio compounded of all the inter- 
“¢ mediate ratios,——only for this reason, that these inter- 
& mediate ratios are interposed betwixt the two extremes, viz. 
* the first and last magnitudes ; even.as, in the roth definition 
**of the sth book, the ratio of the first to the third was called 
* the duplicate ratio, merely upon account of two ratios 
** being interposed betwixt the extremes, that are equal to one 
* another: so that there is no difference betwixt this com- 
* pounding of ratios, and the duplication or triplication of 
* them which are defined in the sth book, but that in the du- 


. * plication, triplication, &c. of ratios, all the interposed ratios 


* are equal to one another ; whereas, in the compounding of 
** ratios, it is not necessary that the intermediate ratios should 
** be equal to one another." Also Mr. Edmund Scarburgh, 
in his English translation of the first six books, page 238, 
266, expressly aífirms, that the 5:h definition of the 6th book 
is Suppositious, and that the true definition of compound ratio 
is contained in the roth definition of the sth book, viz. the 

Y definition 
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Book VI. definition of duplicate ratio, or to be understood from it, to 


wit, in the same mazner as Clavius has explained it in the 
preceding citation. Yet these, and the rest of the moderns, 
do notwithstanding retainthis 5th def. of the 6th book, and il- 
lustrate and explain it by long commentaries, when they ought 
rather to have taken it quite away from the Elements. 

For, by comparing def. 5, book 6, with prop. 5, book 8, it 
will clearly appear that this definition has been put into the 
Elements in place of the right one, which has been taken out 
of them: Because, in prop. 5, book 8, it ts demonstrated, that 
the plane number of which the sides are C, D, has to the plane 
number of which the sides are E, Z (see Hervagius’s or Gre- 
gory's edition), the ratio which is compounded ofthe ratios of 
their sides ; that is, of the ratios of C to E, and D to Z ; and 
by de:. s. book 6, and the explication given of it by all the 
commentators, the ratio which is compounded of the ratios 
of C to E, and D to Z, is the ratio of the product made by 
the multiplication of the antecedents C, D, to the product: by 
the consequents E, Z, that ts, the ratio of the plane number 
of which the sides are C, D, to the plane number of which the 
sides are È, Z. Wherefore the proposition which is the 5th 
def. of book 6, isthe very same with the sth prop. of book 8, 
and therefore it ought necessarily to be cancelled in one of 
these places ; because it is absurd that the same proposition 
should stand asa definition in one place of the Elements, and 
be demonstrated in another placeof them. Now, there is no 
doubt that prop. 5, book 8, should havea place in the Elements, 
as thc same thing is demonstrated in it concerning plane num- 
bers, which is deinonstrated in prop. 23, book 6, of equiangu- 
lar parallelograms ; wherefore def. 5, book 6, ought not to be 
in the Elements. And from this it is evident that this defi- 
nition is not Euclid’s, but Theon’s, or some other unskilful 
geometer's. 

But nobody, as far as I know, has hitherto shewn the true 


use of compound ratio, ar for what purpose it has been intros 


duced into geometry; for every proposition in which com- 


pound ratio is made use of, may without it be both enun-, 


ciated and demonstrated. Now the use of compound ratio 
consists wholly in this, that by means of it, circumlocutions 
may be avoided, and thereby propositions may be more briefly 


either enunciated or demonstrated, or both may be done; for 


instance, if this 23d proposition of the sixth book were to be 
enunciated, without mentioning compound ratio, it might be 
donc 






] 
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done as follows: If two parallelograms be equiangular, and Box VI. 
if as a side of the first to a side of the second, so any assumed 

straight line be made to a second straight line; and as the 

other side of the first to the other side of the second, so the 

second straight line be made to a third. The first parallelo- 

gram is tothe second, as the first straight line to the third. 

And the demonstration would be exactly the same as we now 

haveit. But the ancient geometers, when they observed this 
enunciation could be made shorter, by giving a name to the 

ratio which the first straight line has to the last, by which 

name the intermediate ratios might likewise be signified, of 

the first to the second, and of the second to the third, and so 

on, if there were more of them, they called this ratios of the 

first to the last, the ratio compounded of the ratio of the first 

to the second, and of the second to the third straight line; 

that is, in the present example, of the ratios which are the 

same with the ratios of the sides, and by this they expressed 

the proposition more briefly thus : If there be two equiangular 
parallelograms, they have to one another the ratio which is the 

same with that which is compounded of ratios that are the 

same with the ratios of the sides; which is shorter than the 
preceding enunciation, but has precisely the same meaning. 

Or yet shorter thus: Equiangular parallelograms have to one 

another the ratio which is the same with that which is com- 
pounded of the ratios of their sides. And these two enuncia- 

tions, the first especially, agree to the demonstration which is 

now in the Greek. The proposition may be more briefly de- 
monstrated, as Candalla does, thus: Let ABCD, CEFG he two 
equiangular parallelograms, and complete the parallelogram 
CDHG ; then, because there are three parallelograms, AC, 

CH, CF, the first AC (by the definition of compound ratio) 

has to the third CF, the ratio which 

is compounded ofthe ratio of the first A H 

AC to the second CH, and of the 
ratio of CH to the third CF; but B 
the parallelogram AC is to the pa- 
rallelogram CH, as the straight line 
BC to CG; and the parallclo- 
"gram CH is to CF, as the straight 
line CD is to CE ; therefore the parallelogram AG has to CF 
the ratio which is compounded of ratios that are the same with 
the ratios of the sides, And to this demonstration agrees the 
enunciation which is at present in the text, viz. equiangular 

4-2 parallelograms 
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Book VI. parallelograms have toone another the ratio which is compound- 


ed of the ratios of the sides: for the vulgar reading, “ which 
<¢ is compounded of their sides,” is absurd. But, in this edi- 
tion, we have kept the demonstration which is in the Greek 
text, though not so short as Candalla’s ; because the way of 
finding the ratio which is compounded of the ratio of the sides, 
that is, of finding the ratio of the parallelograms, is shewn in 
that, but not in Candalla's demonstration ; whereby beginners 
may learn, in like cases, how to find the ratio which is com- 
pounded of two or more given ratios. 

From what has been said, it may be observed, that in any 
magnitudes whatever of the same kind A, B, C, D, &c. the 
ratio compounded of the ratios of the first. to the second, of 
the second to the third, and so on tothe last, is only a name or 
expression by which the ratio which the first A has to the last 
D is signified, and by which at the same time the ratios of all 
the magnitudes A to B, B to C, Cto D, from the first to the 
last, to one another, whether they be the samie, or be not the 
same, are indicated ; as in magnitudes which are continual 
proportionals A, B, C, D, &c. the duplicate ratio of the first 
to the second is only a name, or expression by which the ratio 
of the first A to the third C is signified, and by which, at the 
same time, is shewn, that there are two ratios ef the magni- 
tudes from the first to the last, viz. of the first A to the second 
B, and of the second B to the third or last C, which are the 
same with one anotber ; and the triplicate ratio of the first to 
the second is a name or expression by which the ratio of the 
first A to the fourth D is signified, and by which, at the same 
time, is shewn, that there are three ratios of the magnitudes 
from the first to the Jast, viz. of the first A to the second B, 
and of B to the third C, and of C to the fourth or last D, 
which are all the same with one another; and so in the case 
of any other multiplicate ratios. And that this is the right 
explication of the meaning of these ratios is plain from the deft- 
nitions of duplicate and triplicate ratio, in which Euclid makes 
use of the word aryerai, iS said to be, or is called; which word 
he, no doubt, made use of also in the definition of compound 
ratio, which Theon, or some other, has expunged from the 
Elements; for the very same word is still retained in the 
wrong definition of compound ratio, which is now the 5th of 
the 6th book: But in the citation of these definitions it is 
sometimes retained, as in the demonstration of prop. 10, book 
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6, C the first is said to have, iggi» Azyerai, tO the third the du- Boox VI. 
** plicate ratio," &c. which is wrong translated by Comman- aa 
dine and others, * has," instead of * is said to have;" and 
sometimes it is left out, as in the demonstration of prop. 33, of 
the 11th book, in which we find, “the first has, iye, to the 
“ third the triplicate ratio;” but without doubt zye, “has,’’- 
in this place, signifies the same as ive Aeyeræn iS said to have : 
so likewise in Prop. 23, B. 6, we ünd this citation, ** but the 
. * ratio of K to M is compounded, cuyxesra of the ratio of K to t 
* L, and the ratio L to M,” which is a shorter way of 
expressing th: same thing, which, according to the definition, 
ought to have been expressed by cuyxtsoda: Aeyerasy 1S Said to be 
compounded. 

From these remarks, together with the propositions sub- 
joined to the 5ih book, all that is found concerning compound 
ratio, either in the ancient or modern geometers, may be un- 
. derstood and explained. 


PROP. XXIV. B. VI. 


IT seems that some unskilful editor has made up this demon 
stration as we now. have it, out ef two others 3. one of which 
may be made from the 2d prop. and the other from the 4th of 
this book. For after he has, from the 2d of this book, and 
composition and permutation, demonstrated, that the sidesabout 
the anzle common to the two parallelograms are proportionals, 
he might have immediately concluded, that the sides about the 
other equal angles were proportionals, viz. from Prop. 34, B. 1. 
and Prop. 7, B. 5. This he does not, but proceeds tv shew, 
that the triangles and parallelograms are equiangular: and in a 
tedious way, by help of Prop. 4. of this book, and the 22d of 
book 5, deduces the same conclusion: Frôm which it is plain, 
that this ill-composed demonstration is not Euclid’s: These 
superfluous things are now left out, and a more simple demon- 
stration is given from the 4th prop. of this book, the same 
which is inthe translation from the Arabic, by help of the ad 
prop. and composition ; butin this the author neglects permu- 
tation, and does not shew the parallelograms tobe equiangular, 
as is proper to do for the sake of beginners. 


PROP. XXV. B.VI. 


Ir is very evident that the demonst: ation which Euclid had 
given ofthis proposition has been vitiated by some unskilful 
pnt : For, after this editor had demonstrated, that, ** as the 

* rectilineal figure ABC is to the rectilineal KGH, so is the 
Bed s parallelogram 
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Boox VI. * parallelogram BE to the parallelogram EF ;” nothing more 

-— should have been added but this, ** and the rectilineal figure 

| *t ABC is equal to the parallelogram BE ; therefore the recti- 
* lineal KGH is equal to the parallelogram EF,” viz. from 
prop. 14, book 5. But betwixt these two sentences he has 
inserted this ; ** wherefore, by permutation, as the rectilineal 
«c figure ABC tothe parallelogram BE, sois the rectilineal KGH 
& to the parallelogram EF ; by which, it is plain, he thought 
it was not so evident to conclude, that the second of four pro- 
portions ts equal to the fourth from the equality of the first 
and third, which is a thing demonstrated in the 14th prop. of 
B. 5, as to conclude that the third is equal to the fourth, from 
the equality of the first and second, which is no where demon- 
strated in the Elements as we now have them: But though this 
proposition, viz. the third of four proportionals is equal to the 
fourth, if the first be equal to the second, kad been given in 
the Elements by Euclid, as very probably it was, yet he would 
not have made use of it in this place ; because, as was said, the 
conclusion could have been immediately deduced without this 
superfluous step by permutation: This we have shewn at the 
greater length, both because it affords a certain proof of the 
vitiation of the text of Euclid; for the very same blunder is 
found twice in the Greek text of prop. 23, book 11, and twice 
in prop. 2, book 12, andin the 5, 11, 12, and 18th of that book ; 
in which places of book 12, except the last of them, it is rightly 
left out in the Oxford edition of Commandine’s translation ; 
And also that geometers may beware of making use of permu- 
tation in the like cases ; for the moderns not unfrequently com- 
mit this mistake, and among others Commandine himself in his 
commentary on prop. 5, book 3, p. 6, b. of Pappus Alexandri- 
nus, and in other places: 'l'he vu!gar notion of proportionals 
has, it seems, pre-occupied many so much, that they do not 
sufficiently understand the true nature of them. 

Besides, though the rectilineal figure ABC, to which ano- 
ther is to be made similar, may be of any kind whatever; yet 
in the demonstration the Greek text has “triangle” instead of 
« rectilineal figure,” which error is corrected in the above- ` 
named Oxford edition. | 





PROP. XXVII. B. VI. 


THE second case of this has 4235s, otherwise, prefixed to 
it, as if it was a different demonstration, which probably has 
been done by some unskilful librarian. Dr. Gregory has 

rightly 


] 
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rightly left it out: The scheme of this second case ought to Boox VI. 


be marked with the same letters of the alphabet which are in 
the scheme of the first, as is now done. 


PROP. XXVIII, and XXIX. B. VI. 


THESE two problems, to the first of which the 27th prop. 
is necessary, are the most general and useful of all in the Ele- 
ments, and are most frequently made use of by the ancient 
geometers in the solution of other problems; and therefore are 
very ignorantly left out by Tacquet and Dechales in their 
editions of the Elements, who pretend that they are scarce of 
any use: The cases of these problems, wherein it is required 
to apply a re&angle which shall be equal to a given square; 
to a given straigat line, either deficient or exceeding by a 
Square ; are very often made use of by geometers: And, on this 
account, it is thought proper, for the sake of beginners, to give 
their constructions as follows : 

1. To apply a rectangle which shall be equal to a given 
Square, to a given straight line, deficient by a square: But the 
given square must net be greater than that upon the half of the 

iven line. 

Let AB be the given straight line, and let the square upon 
the given straight line C be that to which the rectangle to be 
applied must be equal, and this square by the determination is 
- not greater than that upon half of the straight line AB. 

Bisect AB in D, and if the square upon AD be equal to 
the square upon C, the thing required is done: But if it be not 
equal to it, AD must be 
greater than C, according 
to the determination: Draw 
DE at right angles to AB 
and make it equal to C; 
produce ED to F, so that 
EF be equal to AD or DB, 
and from the centre E, at 
the distance EF, describe a 
circle meeting AB in G, 
and upon GB describe the square GBKH, and complete the 
"rectangle AGHL ; also joim EG: And because AB is bisected 
in D, the rectangle AG, GB together with the square of DG 





is equal* to (the square of DB, that is; of EF or EG, that is. 5 9 


Y 4 to) 
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Book VI. to) the squares of ED, DG: Take away the square of DG 


from each of these equals; therefore the remaining rectangle 
AG, GB is equal tothe square of ED, that is, of C: But the 
rectangle AG, GP is the rectangle AH, because GH is equal 
to GB; therefore herectangle AH is equal to the given square 


^ upon the straigh: une C. Wherefore the rectangle AH, equal 


to the given square upon C, has been applied to the given 
straight line AB, deficient by the square GK. Which was 
to be done. 

2. To apply a rectangle which shall be equal to a given 
square, to a given straight line, exceeding by a square. 

Let AB be the given straight line, and let the square upon 
the given straight line C be that to which the rectangle to be 
applied must be equal. 

Bisect AB in D, and draw BE at right angles to it, so that 
BE be equal to C ; and having joined DE, from the centre D 
at the distance DE describe a circle meeting AB produced in 
G ; upon BG describe the square 
BGHK, and complete the rect- 
angle AGHL. And because AB 
is bisected in. D, and produced 
to G, the rectangle AG, GB 
together with the square of DB 
is equal? to (the square of DG, 
or DE, that is, to) the squares 
of EB, BI3. From each of these 
equals take the square of DB; 
therefore the remaining rectangle AG, GB is equal to the 
square of BE, that is, to the square upon C. But the rectan- 
gle AG, GB is the rectangle AH, because GH is equal to GB. 
‘Therefore the rectangle AH is equal to the square upon C. 
Wherefore the rectangle AH, equal to the given square upon 
C, has been applied to the given straight line AB, exceeding 
by the square GK. Which was to be done. | 

3. loapply a rectangle to a given straight line which shall 
be equal to a given rectangle, and be deficient by a square. 
But the given rectangle must not be greater than the square 
upon the half of the given straight line. 

Let AB be the given straight line, and let the given reétan-.. 
gle be that which is contained by the straight lines C, D, 
which is not greater than the square upon the half of AB; it 
is required to apply to AB a rectangle equal to the rectangle 
C, D, deficient by a square. 





Draw 
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Draw AE, BF at right angles to AB, upon the same side of Beox VI. 
it, and make AE equal to C,and BF to D: join EF and biseét 
it in G; and from the centre G, at the distance GE, describe a 
circle meeting AE again in H: Join HF, and draw GK pa- 
rallel to it, and GL parallel to AE, meeting AB in L. 

Because the angle EHF in a semicircle is equal to the right 
angle EAB, AB and HF are parallels, and AH and BF are 
parallels; wherefore AH is equal to BF, and the rectangle 
EA, AH equal to the rectangle EA, BF, that is, to the 
rectangle C, D: And because EG, GF are equal to one ano- 
ther, and AE, LG, BF parallels; therefore AL and LB are 
equal, also EK is equal to KH? and the rectangle C, D, from *3. 3. 
the determination, is not greater than the square of AL, the 
half of AB ; wherefore the rectangle EA, AH is not greater 
than the square of AL, that is, of KG: Add to each the square 
of KE ; therefore the square? of AK is not greater than the ' 9-?- 
squares of EK, KG, that is, 
than the square of EG; and 
consequently the straight line 
AK or GL is not greater 
than GE. Now, if GE be 
equal to GL, the circle EHF 
touches AB in L, and there- 
fore the square of AL is* 
equal to the rectangle EA, 
AH, that is, to the given rect- 
angle C, D: and that which 
was required is done: But 
if EG, GL be unequal, EG 
must be the greater: and 
thereforethe circle EHF cuts the straight line AB: let it cut it 
in the points M, N, and upon NB describe the square NBOP, 
and complete the rectangle ANPQ : Because LM is equal to* 44 4 
LN, and it has been proved that AL is equal! to LB ; there- 
fore AM is equal to NB, and the rectangle AN, NB equal to 
the rectangle NA, AM, that is, to the rectangles EA, AH, ©Cor.36.3. 
or the rectangle C, D: But the rectangle AN, NB is the 
rectangle AP, because PN is equal to NB: Therefore the 
rectangle AP is equal to the rectangle C, D; and the reCtangle 
AP equal to the given rectangle C, D, has been applied to 
the given straight line AB, deficient by the square BP. 
Which was to be done. 
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4. To apply a rectangle to a given straight line that shall 
be equal to a given rectangle, exceeding by a square. 

Let AB be the given straight line, and the rectangle C, D 
the given rectangle, it is required to apply a rectangle to AB 
equal to C, D, exceeding by a square. 

Draw AE, BF at right angles to AB, on the contrary sides 
of it, and make AE equal to C, and BF equal to D: Join 
EF, and bisect it in G ; and from the centre G, at the distance 
GE, describe a circle meeting AE again in H; join HF, and 
draw GL parallel to AE; 
let the circle meet AB pro- 
duced in M, N, and upon 
BN describe the square 
BNOP, and complete the 
rectangle ANPQ ; because 
the angle EHF in a semicir- 
cle is equal to the right angle 
EAB, AB, and HF are pa- 
rallels, and therefore AH and 
BF are equal, and the rect- 
angle EA, AH equal to the 
rectangle EA, BV, that. is, 
to the rectangle C, D: And because ML, is equal to LN, 
and AL to LB, therefore MA is equal to BN, and the rectan- 
gle AN, NB to MA, AN, that is, * to the rectangle EA, AH, 
or the rectangle C, D: Therefore the rectangle AN, NB, 
that is, AP, is equal to the rectangle C, D; and to the given 
straight line AB the rectangle AP has been applied equal to 
the given rectangle C, D, exceeding by the square BP. 
W hich was to be done. 

W illebrordus Snellius was the first, as far as I know, who 
gave these constructions of the 3d and 4th Problems in his 





' Apollonius Batavus: And afterwards the learned Dr. Halley 


gave them in the Scholium of the 18th Prop. of the 8ch Book 
of Apollonius's Conics restored by him. 

The 34 Problem is otherwise enunciated thus: To cut a 
given straight line AB in the point N, so as to make the 
rectangle AN, NB, equal to a given space: Or, which is the 
same thing, having given AB the sum of the sides of a rect- 
angle, and the magnitude of it being likewise given, to find its 
sides, 

And the 4th Problem is the same with this, To find a point 


N in the given straight line AB produced, so as to make the 
| 3 rectangle 
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re&angle AN, NB equal to a given space: Or, which is the 
same thing, having given AB the difference of the sides of a 
rectangle, and the magnitude of it, to find the sides. 


PROP. XXXI. B. V]. 


In the.demonstration of this, the inversion of proportionals 
is twice neglected, and 1s now added, that the conclusion may 
be legitimately made by help of the 24th Prop. of B. 5, as 
Clavius had done. 


PROP. XXXII. B. VI. 


'T HE enunciation of the preceding 26th Prop. is not general 
enough ; because not only two similar parallelograms that have 
an angle common to both, are about. the same diameter ; but 
likewise two similar parallelograms that have vertically oppo- 
site angles, have their diameters in the same straight lines: But 
there seems to have been another, and that a direct demon- 
stration of these cases, to which this 32d Proposition was 
needful ; And the 32d may be otherwise, and something more 
briefly demonstrated, as follows: 


PROP, XXXII. B. VI. 


If two triangles which have two sides of the one, &c. 

Let GAF, HFC be two triangles which have two sides AG, 
GF, proportional to the two sides FH, HC, viz. AG to GF, 
as FH to HC ; and let AG be pa- 
rallel to FH, and GF to HC; AF 
and FC are in a straight line. 

Draw CK parallel? to FH, and 
let it meet GF produced in K: 
"Because AG, KC are each of them 
parallel to FH, they are parallel’? 
to one another, and therefore the B—— 
alternate angles AGF, FKC are 
x And AG is to GF, as (FH to HC, that ist) CK to 
KF; wherefore the triangles AGF, CKF are equiangular‘, 
and the angle AFG equal to the angle CKF: But GFK is'a 
straight line, therefore AF and FC are in a straight lines; svc 
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T he 26th Prop. is demonstrated from-the 32d, as follows» 


If two similar and similarly placed parallelograms havean 
angle common to both, or vertically opposite angles; their 
diameters are in the same straight line. | 

First, 
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First, let the parallelograms ABCD, AEFG have the angle 
BAD common to both, and be similar, and similarly placed: 
ABCDG, AEFG are about the same diameter. 

Produce EF, GF, to H, K, and join FA, FC ; then because 
the parallelograms ABCD, AEFG are similar, DA is to AB, 
as GA to AE: Wherefore the re- 
mainder DG is? to the remainder 


A eo 
EB, as GA to AE: But DG is > 
equaltoFH,EBtoFIC,andAE to fy A 
CF: Therefore as FH to HC, so 
is AG toGF; and FH, HC are 
parallel to AG, GF ; and the tri- KM 
angles AGF, FHC are joined at — C 


one angle in the point F ; where- 
fore AF, FC are in the same straight line*. 

Next, Let the parallelograms KFHC, GFEA which are 
similar and similarly placed, have their angles KFH, GFE 
vertically opposite ; their diameters AF, FC are in the same 
straight line. 

Because AG, GF are parallel to FH, HC ; and that AG is 
to GF, as FH to HC; therefore AF, FC are in the same 
straight line. 


PROP. XXXIII. B. VI. 


The words * because they are at the centre,” are left out 
as the addition of some unskilful hand. 

In the Greek, as also in the Latin translation, the words 
& eruxe, “any whatever,” are left out in the demonstration of © 
both parts of the proposition, and are now added as quite 
necessary ; and, in the demonstration of the second part, where 
the triangle BGC, is proved to be equal to CGn, the illative 
particle apz, in the Greek text ought to be omitted. ' 

‘The second part of the proposition is an addition of Theon’s, - 
as he tells in his commentary on Prolemy’s Meyaan Duvragis, 


p. 50. 


PROP, B.C. D. B. VI. 


THESE three propositions are added, because they are fre- 
quently made use of by geometers, 
DEF. 
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DEF. IX and XI. ' B. XT. 
Tur similitude of plane figures is defined from the equa- 
lity of their angles, and the proportionality of the sides about 
the equal angles; for from the proportionality of the sides 
only, or only from the equality of the angles, the similitude 
of the figures does not follow, except in the case when the 
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figures are triangles: The similar position of the sides which 


contain the figures, to one another, depending partly upon 
each of these: And for the same reason, those are similar 
solid figures which have all their solid angles equal, each 
to each, and are contained by the same number of similar 
plane figures: For there are some solid figures contained by 
Similar plane figures, of the same number, and even of the 
same magnitude, that are neither similay nor equal, as shall be 
demonstrated after the notes on the 10th definition: Upon 
this account it was necessary to amend the definition of simi- 
lar solid figures, and so place the definition of a solid angle 
before it: And from this and the roth definition, it is suf- 
ciently plain how much the Elements have been spoiled by 
unskilful editors. 


DEF. X. B. XI. 


SINCE the meaning of the word “equal” is known and 
established before it comes to be used in.this defluition : 
therefore the proposition which is the roth definition of this 
book, is a theorem,.the truth or falsehood of which ought to 
be demonstrated, not assumed; so that Theon, or some 
other editor, has ignorantly turned a theorem, which ought 
to be demonstrated in this reth definition: That figures are 
similar, ought to be proved from the definition of similar 
figures ; that they are equal, ought to be demonstrated from 
the axiom, ‘“ Magnitudes that wholly coincide are equal to 
* one another;” or from Prop. A. of Book 5, or the gth 
Prop. or the 14th of the same Book, from one of which the 
equality of all kinds of figures must ultimately be deduced. In 
the preceding books, Euclid has given no definition of equal 


figures, and it is certain he did not give this: For what is 


called the first. def. of the third book, is really a. theorem in 


which these circles are said to be equal, that have the straight 


lines from the centres to the circumferences equal, which is 


plain, from the definition of a circle; and therefore has by’ 


some 
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Boox XI. some editor been improperly placed among the definitions. 
The equality of figures ought not to be deliaed, but demon- 
strated; Therefore, though it were true, that solid figures 
contained by the same number of similar and equal plane fi- 
gures are equal to one another, yet he would justly deserve to 
be blamed who would make a definition of this proposition, 
which ought to be demonstrated. ‘But if this proposition be 
not true, must it not be confessed, that geometers have, for 
these thirteen hundred years, been mistaken in this elementa- 
ry matter? And this should teach us modesty, and to acknow- 
ledge how little, through the weakness of our minds, we are 
able to prevent mistakes, even in the principles of sciences 
which are justly reckoned amongst the most certain; for that 
the proposition is not universally true, can be shewn by many 
examples: The following is sufficient: 

Let there be any plane rectilineal figure, as the triangle 

312.11. ABC, and from a point D within it draw? the straight line 
DE at right angles to the plane ABC; in DE take DE, DF 
equal to one another, upon the opposite sides of the plane, 
and let G be any point in EF; join DA, DB, DC; EA, EB, 
EC; FA, FB, FC; GA, GB, GC: because the straight line 
EDF is at right angles to the plane ABC, it makes right an- 
gles with DA, DB, DC which it meets in that plane; and in 
the triangles EDB, FDB, ED and DB are equal to FD and 
DB, each to each, and they contain right angles; therefore 

*4#1. the base EB is equal? | 
to the base FB; in the G | 
same manner EA is 
equal to FA, and EC to 
FC: And in the triangles 
EBA, FBA, EB, BA, 
are equal to FB, BA, 
and the base EA is 
equal to the base FA; 
wherefore the angle 

‘® 1. EBA is equal * to the 
angle FBA; and the tgi- 
angle EBA equal’? to 
the triangle FBA, and 
the other angles equal to 
the other angles ; there- 
fore these triangles are 


similar ^: In the same manner the triangle EBC is similar te” 
^. 
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the triangle FBC, and the triangle EAC to FAC; therefore Boor XI. 


there are cwo solid figures, each of which is contained by six 
triangles, one of them by three triangles, the common vertex 
of wnich is the point G, and their bases the straight lines AB, 
BC, CA, and by three other triangles, the common vertex of 
which is the point E, and their bases the same lines AB, 
BC, CA : The other solid is contained by the same three tri- 
angles the common vertex of which is G, and their bases AB, 
BC, CA : and by three other triangles of which the common 
vertex is the point F, and their bases the same straight lines 
AB, BC, CA: Now the three triangles GAB, GBC, GCA 
are common to both solids, and the three others EAB, EBC, 
ECA ot the first solid, have been shewn equal and similar to the 
three others FAB, FBC, FCA of the other solid, each to each: 
therefore these two solids are contained by the same number of 
equal and similar planes: But that they are not equal is mani- 
fest, because the first of them is contained in the other: There- 


fore it is not universally true that solids are equal which are 


contained by the same number of equal and similar planes. 

Cor. From this it appears that two unequal solid angles may 
be contained by the same number of equal plane angles. 

For the solid angle at B, which is contained by the four 
plane angles EBA, EBC, GBA, GBC is not equal to the 
solid angle at the same point B wnich is contained by the four 
plane angles FBA, FBC, GBA, GBC ; for this last contains 
theorher: And each of them is contained by four plane angles, 
which are equal to one another, each to each, or are the self 
Same, as has been proved: And indeed there may be innu- 


- merable solid angles all unequal to one another which are each 


of them contained by plane angles that are equal to one 
another, each to each: It is likewise manifest, that the before- 
mentioned solids are not similar, since their solid angles are 
not all equal. 

Ard that there may be innumerable solid angles all unequal 
to one another, which are each of them contained by the same 
plane angles disposed in the same order, will be plain from 
the three following propositions. 


PROP. I. PROBLEM. 


THREE magnitudes, A, B, C being given, to find a fourth 
such, that every threeshall be greater than the remaining one. 
Let 
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Let D be the fourth: therefore D must be less than A, B, : 


C together: Of the three A, B, C, let A be that which is not 
less than either of the two B and C: And first, let B and C 
together be not less than A ; therefore B, C, D together are 
greater than A: and bacause A is not less than B; A, C, D 
together are greater than B: In the like manner A, B, D 
together are greater than C; Wherefore in the case in which 
B and C together are not less than A, any magnitude D which 
is less than A, B, C together, will answer the problem. 

But if B and C together be less than A ; then, because it is 
required that B, C, D together be greater than À, from each 
of these taking away B, C, the remaining one D must be 
greater than thé excess of A above B and C: Take therefore 
any magnitude D which is less than A, B, C together, but 
greater than the excess of A above Band C: Then, B, C, D 
together are greater than A; and because A is greater than 
either B or C, much more will Aand D, together with either 
of the two B, C be greater than the other : And, by the con- 
struction, A, B, C are together greater than D. 

Cor.. If besides it be required, that A and B together shall 
not be less than C and D together; the excess of A and B 
together above C must not be less than D, that is, D must 
not be greater than that excess. 


PROP. Il. PROBLEM. 


Four magnitudes A, B, C, D being given, of which A and 
B together are not less than C and D together, and such that 
any three of them whatever are. greater than the fourth; it is 
required to find a fifth magnitude E such, that any two of the 
three A, B, E shall be greater than the third, and also that any 
two of the three C, D, E shall be greater than the third. Let 
A be not less than É, and C not less than D. 


First, Let the excess of C above D be not less than the © 


excess of A above B: It is plain that a magnitude E can be 
taken which is less than the sum of C and D, but greater than 
the excess of C above D; let it be taken ; then E is greater 
likewise than the exccss of A above B; wherefore E and B 
together are greater than A; and A 1s not less than B; there- 
fore A and E together are greater than B: And, by the hypo- 
thesis, À and B together are not less than C and D together, 


and C and D together are greater than E; therefore likewise 


A and B are greater than E. 
Bu, 


— u—— —-— 
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But let the excess of A above B be greater than the excess Boox XI. 


of C above D : And because, by the hypothesis, the three B, 
C, D are together greater than the fourth A ; C and D toge- 
ther are greater than the excess of A above B: Therefore a 
magnitude may be taken which is less than C and D together, 
but greater than the excess of A above B. Let this magnitude 
be D and because E is greater than the excess of A above B, 
B together with E is greater than A: And, as in the preced- 
ing case, it may be shewn that A together with E is greater 
than B, and that A together with B is greater than E: There- 
fore, in each of the cases, it has been shewn, that any two of 
the three A, B, E are greater than the third. 

And because in each of the cases E is greater than the excess 
of C above D, E together with D is greater than C ; and by 
the hypothesis, C is not less than D ; therefore E together 
with C is greater than D ; and, by the construction, C and D 
tozether are greater than E ; Therefore any two of the threc 
C, D, E are greater than the third. 


PROP. III. THEOREM. 


THERE may be innumerable solid angles all unequal to one 
another, each of which is contained by the same four plane 
angles, placed in the same order. 

Take three plane angles, A, B, C, of which A is not less 
than either of the other two, and such, that A and B toge- 
ther are less than two right angles: and, by Problem 1, and 
its corollary, find a fourth angle D such, that any three what- 
ever of the angles A, B, C, D be greater than the remaining 
angle, and sueh, that A and B together be not less than C 
and D together: And, by Problem 2, finda fifth angle E such, 
that any two of the angles A, B, E, be greater than the third, 


^ 
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and also that any two of the angles C, D, E be greater than 
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right angles, the double of A and B together is less than four 
right angles : But A and B together are greater than the angle 
E ; wherefore the double of A, B together. is greater.than 
the three angles A, B, E together, which. three. are conse- 
quently Jess than four right angles; and every two of the 
same angles, A,B, E are greater than the third; therefore, by 
prop. 23, 11, a solid angle may be made contained by three 
plane angles, equal to the angles A, B, E, each to. each. Let 
this be the angle F, contained by the three plane angles GFA, 
HFK, GFK, which ate equal to the angles A, B, E, each to 
each: And because the angles C, D toge:her are not greater 
than the angles A, B together, therefore the angles C, D, E 


np 






are not greater than theangles A, B, K: But these last three 
are less than four rightangles, as has been demonstrated : where- 
fore also the angles C, D, E are together less than four right 
angles, and every two of them are greater than the third ; 
therefore a solid angle may be made, which shall be contained 
by three plane angles equal to the angles C, D, E, each to 
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each*: And, by prop. 26, 11, at the point F, in the straight 
Jine FG, a solid angle may be made equal to that which is con- 
tained by the three plane angles that are equal to the angles 
C, D,E: Let this be made, and let the angle GFK; which is 
equal to F, be one of the three; and let KFL, GFL be the 
other two which are equal to the angles C, D, each to each. 
Thus there is a solid angle constituted at the paint I, contained 
by the four plane angles GFH, HFK, KFL, GFL, which 
are equal to the angles A, B, C, D, each to each. 

Again, Find another angle M such, that every two of the 
three angles A, B, M be greater than the third, and also 
every two of the three C, D, M be greater than the ie, 
nay 
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And, as in the preceding part, it may be demonstrated, that 
the three À, B, M are less 
than four right angles, as also 


that the three C, D, M, are N. ' 

less than four right angles. d NEN 

Make therefore? a solid angle r^ | n NOS 
| 


at N contained by the three »^ Q 
plane angles ONP, PNQ, LA —N 
ONQ , which are equal to A, pe p 
B, M, each to each: And by ' 
prop. 26, 11, make at the 

point N, in the straight line ON, a solid angle contained by 
three plane angles, of which one is the angle ONQ equal to M, 
and the other two are the angles QNR, ONR, which are equal 
tothe angles C, D, each to each. Thus, at the point N, there 
isa solid angle contained by the four plane angles ONP, PNQ, 
QNR, ONR which are equal to the angles A, B, C, D, each 
to each. And that the two solid angles at the points P, N, 
each of which is contained by the above-named four plane 
angles, are not equal fo one another, or that they cannot coin- 
cide, will be plain by considering that the anglesGFK,ONQ: 
that is, the angles E, M, are unequal by the construction ; and 
therefore the straight lines GF, FK cannot coincide with ON, 
NQ, nor consequently can the solid angles, which therefore 
are unequal. 

And because from the four plane angles A, B, C, D, there 
can be found innumerable other angles that will serve the same 
purpose with the angles E and M : itis plain that innumerable 
other solid angles may be constituted which are each contained 
by the same fuur plane angles, and all of them unequal to one 
another. Q. E. D. 

And from this it appears, that Clavius and other authors are 
mistaken, who assert that those solid angles are equal which 
are contained by the same number of plane angles that are 
equal to one another, each to each. Also it is plain, that the 
26th prop. of Book 11, is by no means sufficiently demonstrat- 
ed, because the equality of two solid angles, whereof each is 
contained by three plane angles which are equal to one another, 
tach to each, is only assumed, and not demonstrated. 

Z2 


339 
Reox XI. 
— — 


* 35. il. 


349 


Pax YI. 


NOTES 


PROP. I. B. XI. 


Tue words at the end of this, “ for a straight line eannot 
* meet a straight line in more than one point,” are left out, as 
an addition by some unskilful hand ; for this is to be demon- 
strated, not assumed. 

Mr. Thomas Simpson, in his notes at the end of the second 
edition of his Elements of Geometry, p. 262, after repeating 
the words of this note, adds ** Now, cau it possibly shew any 
“ want of skill in an editor (he means Euclid or Theon) tore- 
*€ fer to an axiom which Euclid himself hath laid down, Book 1, 
<¢ N° 14,” he means Barrow’s Euclid, for it is the roth in the 
Greek, “and not to have demonstrated, what no man ĉan 
** demonstrate ?" But all that in this case can follow from that 
axiom is, that, if two straight lines could meet each other in 
two points, the parts of them betwixt thcse points must coin- 
cide, and so they would have a segment betwixt these points 
common to both. Now, as it has not been shewn in Euclid, 
that they cannot have a common segment, this does not prove 
that they cannot mect in two points, from which their not 
having a common segment is deduced in the Greek edition : 
But, on the contrary, because they cannot have a common seg- 
ment, as is shewn in Cor. of 11th Prop. Book 1, of 4to edi- 
tion, it follows plainly, that they cannot meet in two points, 
which the remarker says no man can demonstrate. 

Mr. Simpson, in the same notes, p. 265, justly observes, that 
in the corollary of Prop. 11, Book 1, 4to edit. the straight lines 
AB, BD, BC, are supposed to be all in the same plane, which 
cannot beassumed in 1st Prop. Book 11. This, soon after the 
4to edition was published, [ observed and corrected as it is 
now in this edition: He is mistaken in thinking the roth 
axiom he mentions here to be Euclid’s ; it is none of Euclid’s, 
but is the rothin Dr. Barrow’s edition, who had it from He- 
rigon’s Cursus, vol. I. and in place of it the corollary of 11th 
Prop. Book 1, was added. 


PROP. Il. B. XI. 


T us proposition seems to have been changed and vitiated 
by some editor ; for all the figures defined in the 1st Book of 
the Elements, and among them triangles, are, by the hypo- 
thesis, plane figures; that is, such as are described in a plane ; 
wherefore the second part of the enunciation needs no demon- 
stration, Besides, a convex superficies may be e by 

three 
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three straight lines meeting one another: The thing that Boox XL 
should have been demonstrated is, that two or three straight 

lines, that meet one another, are in one plane. And as this 

is not sufficiently done, the enunciation and demonstration are 
changed into those now put into the text. 


PROP. III. B. XI. 


In this proposition the following words near to the end of it 
are left out, viz. ** therefore DEB, DFB are not straight lines 
“© in the like manner it may be demonstrated, that there can be 
* noother straight line between the pointes D, B:" Because 
from this, that two lines include a space, itonly follows that 
one of them is not a straight line : And the force of the argu- 
ment lies in this, viz. if the common section of the planes be 
not a straight line, then two straight lines could include a space, 
which is absurd; therefore the common section is a straight line. 


PROP. IV. B. XI. 


THE words “ and the triangle AED to the triangle BEC” 
are omitted, because the whole conclusion of the 4th Prop. 
B. 1, has been so often repeated in the preceding books, it was 
needless to repeat it here. 


PROP. V. B. XI. 


Iw this, near to the end, em» ought to be left out in the 
Greek text: And the word “ plane” is rightly left out in the 
Oxford edition of Commandine’s translation. 


PROP. VII. B. XI. 


T His proposition has been put into this book by some un- 
skilful editor, as is evident from this, that straight lines which 
are drawn from one point to another in a plane, are, in the 
preceding books, supposed to be in that plane: And if they 
were not, some demonstrations in which one straight line is 
supposed to meet another would not be conclusive, because 
these lines would not meet one another : For instance, in Prop. 
30, B. 1, the straight line GK would not meet EF, ifGK were 
not in the plane in which are the parallels AB, CD, and in 
which, by hypothesis, the straight line EF is: Besides, this 7th 
Proposition is demonstrated by tbe preceding 3d ; in which the 
very thing which is proposed to be demonstrated in the 7th 
is twice assumed, viz. that the straight line drawn from one 
point toanother in a plane, is in that plane ; and tbe same thing 
is assumed in the preceding 6th Prop. in which the straight line 
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Book XL. which joins the points Bj" D that are in the plane to which 


AB and CD are at right angles, is supposed to be in that 
plane: And the 7th, of which another demonstration is given, 
is kept in the book merely to preserve the number of the pro- 
positions ; for it is evident, from the 7th and 35th definitions 
of the 1st book, though it had not been in the Elements. 


PROP. VIII. . B. XI. 


In the Greck, and in Commandine’s and Dr. Gregory’s 
translations, near to the end of this Proposition, are the fol- 
lowing words : ** But DC is in the plane through BA, AD,” 
instead of which, in the Oxford edition of Commandine's trans- 
lation is rightly put, “but DC is in the plane through BD, 
DA." But ali the editions have the tollowing words, viz. 
*€ because A, B, BD are in the plane through BD, DA, and 
* DC is in the plane in which are AB, BD," which are ma- 
nifestly corrupted, or have been added to the text ; for there 
was not the least necessity to go so far about to shew that DC 
is in the same plane in which are BD, DA, because it imme- 
diately follows, from Prop. 7, preceding, that BD, DA, are 
in the plane in which are the parallels AB, CD: Therefore, 
instead of these words, there ought only to be, “ because all 
“ three are in the plane in which are the parallels AB, CD.” 


PROP, XV. PB. XI. 


AFTER the words, ** and because BÀ is parallel to GH;" 
the following are added, ** for each of them 1s parallel to DE, 
* and are not both in the same plane with it,” as being mani- 
festly forgotten to be put into the text. 


PROP. XVI. B. XI. 


In this, near to the end, instead of the words, “ but straight 
c Jines which meet neither way,” ought*to be read, “ but 
« straight lines in the same plane which produced meet neither 
« way ;" Because, though in citing this definition in Prop. 27, 
Book 1, it was not necessary to mention the words, ** in the 
“same plane,” all the straight lines in the books preceding 


this being in the same plane; yet here it was quite necessary, 


PROP. XX. B. XI. 


Iw this, near the beginning; are the words, ** But if not, let 

«c BAC be the greater :” But the angle BAC may happen to 
be equal to one of the othertwo: Wherefore this place pu 
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be read thus, «* But if not, let the angle BAC be not lessthan BeouXt. 
— — 


“ either of the other two, but greater than DAB.” 

At the end of this proposition it is said, ** in the same man- 
* per it may be demonstrated," though there is no need of any 
demonstration ; because the angle BAC being not less than 
either of the other two, it is evident that BAC together with 
one of them is greater than the other. 


PROP. XXH. B. XI 


AnD likewise in this, near the beginning, it is said, «* But 
if not, let the angles at B, E, H be unequal, and let the 
** anple at B be greater than either of those at E, H ;". Which 
words manifestly shew this place to be vitiated, because the 
angle at B may be equal to one of theother two. They ought 
therefore to be read thus, ‘ But if not, let the angles at B, E, 
* H be unequal, and let the angle at B be not less than either 
«c of the other two at E, H: Therefore the straight line AC 
* is not less than either ot the two DF, GK.” 


PROP. XXIII. B. XI. 


The demonstration of this is made something shorter, by not 
repeating in the third case the things which were demonstrated 
in the first; and by making use of the construction which 
Campanus has given; but he does not demonstrate the second 
and third cases: The construction and demonstration of the 
third case are made a little more simple than in the Greek text. 

1 


PROP. XXIV. B. XI. 


The word ‘ similar” is.added to the enunciation of this pro- 
position, because the planes containing the solids which are to 
be demonstrated to be equal to one another, in the 25th pro- 
position, ought to be similar and equal, that the equality of the 
solids may be inferred from Prop. C. of this Book: And in the 
Oxford edition of Commandine’s translation, a corollary is 
added to Prop. 24, to shew that the parallelograms mentioned 
in this proposition are similar, that the equality of the solids in 
Prop. 25, may be deduced from the roth def. of Book 11. 


PROP. XXV and XXVI. B. XI. 


IN the 25th Prop. solid figures which are contained by the 
same number of similar and equal plane figures, are supposed 
to be equal to one another. And it seems that Theon, or some 
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Boox XI. other editor, that he might save himself the trouble of de- 
tm — 


monstrating the solid hgures mentioned in this proposition to 
be equal to one another, has inserted the roth def. of this 
Book, to serve instead ofa demonstration: which was very 
ignorantly done. 

Likewise in the 26th Prop. two solid angles are supposed to 
be equal : If each of them be contained by three plane angles 
which are equal to one another, each to each. And it is strange 
enough, that none of the commentators on Euclid have, as far 
as I know, perceived, that somethingis wanting in the demon- 
strations of these two propositions. Clavius, indeed, in a note 
upon the 11th def. of this Book, affirms, that it is evident that 
those solid angles are equal which are contained by the same 
number of plane angles, equal to one another, each to each, 
because they will coincide, if they be conceived to be placed - 
within one another ; but this is said without any proof, nor is it 
always true, except when the solidangles are contained by three 
plane angles only, which are equal to one another, each to 
each: And in this case the proposition is the same with this, 
that two spherical triangles that are equilateral to one another, 
are also equiangular to one another, and can coincide : which 
ought not to be granted without a demonstration. Euclid does 
not assume this in the case of rectilineal triangles, but demon- 
strates in Prop. 8, Book 1, that triangles which are equilateral 
to one another, are also equiangular to one another ; and from 
this their total equality appears by Prop. 4. Book 1. And Me- 
nelaus, in the 4th Prop. of his first Book of Spherics, explicitly 
demonstrates, that spherical triangles which are mutually equi- 
lateral, are also equiangular to one another ; from which it is 
easy to shew that they must coincide, providing they have 
their sides disposed in the same order and situation. 

To supply these defects, it was necessary to add the three 
Propositions marked A, B, C to this Book. For the 25th, 
26th, and 28th Propositions ofit, and consequently eight others, 
viz. the 27th, 31st, 32d, 33d, 34th, 36th, 37th, and 4oth of 
the same, which depend upon them, have hitherto stood upon 
an infirm foundation ; as also, the 8th, 12th Cor. of 17th and 
18th of 12th Book, which depend upon the gth definition. For 
it has been shewn in the notes on def. 1oth of this book, that 
solid figures which are contained by the same number of simi- 
lar and equal plane figures, as also solid angles that are con- 
tained by the same number of equal plane angles, are not 
always equal to one another. 

£ 





NOTES. 


AS 


Ic is to be observed that Tacquet, in his Euclid, defines Booz xr. 
equal solid angles tobe such, ** as being put within one another. «eve 


* do coincide ;" butthis is an axiom, not a definition ; for it is 
true of all magnitudes whatever. He made this useless defini- 
tion, that by it he might demonstrate the 36th Prop. of this 
Book, without the help of the 35th of the same: Concerning 
which demonstration, see the note upon Prop. 36. 


PROP. XXVIII. B. XI. 


Ix this it ought to have been demonstrated, not assumed, 
that the diagonals are in one plane. Clavius has supplied this 
defect. 


PROP. XXIX. B. XI. 


'T HERE are three cases of this proposition; the first is, when 
the two parallelograms opposite to the base AB have a side 
common to both; the second is, when these parallelograms are 
separated from one another; and the third, when there is a 
part of them common to both; and ¢o this last only, the de- 
monstration that has hithergo been in the Elements does agree. 
The first case is immediately deduced from the preceding 28th 
Prop. which seems for this purpose to have been premised to 
this 29th, for it is necessary to none but tort, and to the 40th 
of this book, as we now have it, to which last, it would, with- 
out doubt, have been premised, if Euclid had act made use of 
itin the 29th; but some unskilful editor has taken it away 
from the Elements, and has mutilated Euclid’s demonstratiog 
of the other two cases, which is now restored, and serves for 
both at once. 


PROP. XXX. B. XI. 


In the demonstration ofthis, the opposite planes of the solid 
CP, in the figure in this edition, that is, of the solid CO in 
Commandine's figure, are not proved to be parallel ; which it 
is proper to do for che sake of learners. 


PROP. XXXI. B. XI. 


T HERE aretwo cases of this proposition ; the first is, when 
the insisting straight lines are at right angles to the bases; the 
other, when they are not; the first case is divided again into 
two others, one of which is, when the bases are equiangular 
parallelograms ; the other, when they are not —3 

e 
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NOT ES. 


Rooxy Xl. The Greek editor makes no mention of the first of these two 


last cases, but has inserted the demonstration of it asa part of 
that of the other: And therefore should have taken notice of 
it in a corollary ; but we thought it better to give these two 
cases separately :_ The demonstration also is made something 
shorter by following the way Euclid has made use of in Prop. 
14, Book 6. Besides, in the demonstration of the case in which 
the insisting straight lines are not at rightangles to the bases, 
the editor does not prove that the solids described in the con- 
struction, are parallelopipeds, which it is not to be thought 
that Euclid neglected : also the words, “ of which the insisting 
* straight linesare not in the same straight lines," have been 
added by some unskilful hand; for they may be in the'same 
straight lines. 


PROP, XXXII.. B. XI. 


THe editor has forgot to,order the parallelogram FH to be 
applied in the angle FGH equal tothe angle LCG, whichis 
necessary. Clavius has supplied this. 

Also, in the construction, it is required to complete the 
solid of which the base is FH, and altitude the same with that 
of the solid CD: But this does not determine the solid to be 
completed, since there may be innumerable solids upon the 
same base, and of the same altitude: It ought therefore to be 
said, “ complete the solid of which the base is FH, and one of 
‘its insisting straight lines is FD:” “The same correction 
must be made in the following Proposition 33. 


PROP. D. B. XI. 


Ir is very probable that Euclid gave this proposition a place 
in the Elements, since he gave the like proposition concerning 
equiangula: parallelograms in the 23d B. 6. 


PROP. XXXIV. B.XI. 


In this the words, àv zi sQeo wea: ex tio Eni TOv avTov tuÜciuv, | 

“ of which the insisting straight lines are notin the same 
« straight lines,” are thrice repeated: but these words ought 
either to be-left out, as they are by Clavius, or, in place of 
them, ought to be put, ** whether the insisting straight lines be, 
“© or be not in the same straight lines:” For the other case is, 
without any reason, excluded; also the words Z» ra ipa, of 
“ which 
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4 
‘“which'the alticudes,” are twice put for i» 5s igerrwoas, “ of Bock AL 
* whichthe insisting straight lines ;" which isa plain mistake : 


For the altitude is always at right angles to the base. . 


PROP. XXXV. B.XL 
Tae angles ABH, DEM are demonstrated to be right an- 


gles in a shorter way than in the Greek ;. and in the same way 
ACH, DFM may be demonstrated to be right angles: Also 
the repetition of the same demonstration, which begins with 
in the same manner,’” is left out, as it was probably added 
to theiext by some editor: for the words “in like manner 
«we may demonstrate,” are not inserted except when. the 
demonstration is not given,or when it-is something different 
from the other if it be given, asin Prop. 26, of this Book. 
. Campanus has not this repetition. 
_ We have given another demonstration ofthe corollary, 
besides the one in the original, by help of which the following 
. 36th Prop. may be demonstrated without the 35th. - 


PROP.-.XXXVI. B.XI 


"T'AcQvET in his Euclid demonstrates this proposition with- 
out the help of the 35th ; but it is plain, that the solids men- 
tioned in the Greek text in the enunciation of the propositjon 
"as equianpular, are such that their solid angles are contained 
“by three plane angles equal to one another, each to each; asis 
evident from the construction. Now Tacquet does not de- 
onstrate, but assumes these solid angles to be equal to one 
another; for he supposes the solids to be already made, and 
| does not give the construction by which they are made: But, , 
by the second demonstration of the preceding corollary, his 
| Gemonstration is rendered legitimate likewise in the case where 
the solids are constructed as in the text. 


















- 


PROP. XXXVIL B. XI. 


- Iw this it is assumed, that the ratios which are triplicate of 
those ratios which are the same with one another, are likewise 
the same with one another ; and that those ratios are the same 
V ith one. another, of which the triplicate ratios are the same 
with one another ; but this ought not to be granted without a 
lemonstration ; nor did Euclid assume the first and easiest of 
lese two propositions, but demonstrated itin tke case of 
duplicate ratios, in the 22nd Prop. Book 6. On this account, 
another demonstration is given of this Proposition like to that 
which Euclid gives inProp. 22, Book 6, as Clavius has done. 
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PROP. XXXVIII._ B. XI. 


WHEN it is required to draw a perpendicular from a point 
in one plane which is at right angles to another plane, unto 
this last plane, it is done by drawing a perpendicular from the 
point to the common section of the planes; for this perpen- 
dicular will be perpendicular to the plane, by def. 4, of this 
Book: And it would be foolish in this case todo it by the rth 
Prop. of the same: But Euclid’, Apollonius, and other geo- 
meters, when they have occasion for this problem, direct a 
perpendicular to be drawn from the point to the plane, and 
conclude that it will fall upon the common section of theplanes, 
because this is the very same thing as if they had made use of 
the construction above mentioned, and then concluded that the 
straight line must be perpendicular to the plane: but is ex- 
pressed in fewer words: Some editor, not perceiving this, 
thought it was necessary to add this proposition, which can 
never be of any use to the I 1th book, and its being near to the 
end among propositions with which it has na conneétion, is a 
mark of its having been added to the text. 


PROP. XXXIX. B. XI. 


In this it is supposed, that the straight lines which bisect 
the sides of the opposite planes, are in one plane, which ought 
to have been demonstrated; as is now done. 


B. XII. 


Tar learned Mr. Moore, Professor of Greek in the Uni- 
versity of Glasgow, observed to me, that it plainly appears 
from Archimedes’s Epistle to Dositheus, prefixed to his books 
of the Sphere and Cylinder, which epistle he has restored from 
ancient manuscripts, that Eudoxus was the author of the chief 
propositions in this 12th book. 


PROP., II. B. XII. 


At the beginning of this it is said, €* if it be not so, the square 

s of BD shall be to the square of FH, as the circle ABCD is 
** to some space either less than the circle EFGH, or greater 
** than it :" And the like is to be found near to the end of this 
proposition, as also in Prop. 5, 11, 12, 18, ofthis Book: Con- 
| cerning 
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eerning which it is to be observed, that in the demonstration Boox XII. 
of theorems, it is sufficient, in this and the like cases, that a. —— 
thing made use of in the reasoning can possibly exist, provid- 
ing this be evident, though it cannot be exhibited or found 
by a geometrical construction : So, in this place, it is assumed, 
that there may be a fourth proportional to these three magni- 
tudes, viz, the squares of BD, FH, and the circle ABCD; 
because it is evident that there is some square equal to the cir- 
cle ABCD though it cannot be found geometrically; and to 
the three rectilinea] figures, viz. the squares of BD, FH, and 
the square which is equal to the circle ABCD, there is a fourth 
square. proportional ; because to the three straight lines which 
are their sides, there is a fourth straight line proportional, s 15, & 
and this fourth square, or a space equal to it, is the space which 
in this proposition is denoted by the letter S: And the like isto 
be under stood in the other places above cited: And it is pro- 
bable that this has been shewn by Euclid, but left out by some 
editor; for the lemma which some unskilful hand has added 
to this proposition explains nothing of it. 










PROP. III. B. XII. 


IN the Greek text and the translations, it is said, ** and 
*t because the two straight lines BA, AC which meet one ano- 
** ther," &c. here the angles BAC, KHL, are demonstrated 
to be equal to one another, by roth Prop. B. 11, which had 
been done before: Because the triangle EAG was proved to 
be similar to the triangle KHL: This repetition is left out, 
and the triangles BAC, KHL are proved to be similar ina 
shorter way by Prop. 21. B. 6. 


PROP. IV. B. XII. 


A FEw things in this are more fully explained, than in the 
Greek text. 


PROP. V. B. XII. 


IN this, near to the end, are the words, à: 1 mqso rr idus, 
“í as was before shewn;" and the same are found again in the 
fend of Prop. 18, of this Book; but the demonstration referred 
; except it be in the useless lemma annexed to the 2d Prop, 
is no where in these Elements, and has been perhaps left out 
y some editor, whọ has forgot to cancel those words also. 
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PROP. Vf. B. XII. * 


A SHORTER demonstration is given of this; and that which 
is in the Greek text may be made shorter by a step than it is : 
For the author of it makes use of the 22d Prop. of B. 5, twice : 
Whereas once would have served his purpose ; because that 
proposition extends to any number of magnitudes which are 
proportionals taken two and two, as well as to three which 
are proportional to other three. 


COR. PROP. VIII. B. XII. 


‘THE demonstration of this is imperfect, because it is not 
shewn, that the triangular pyramids into which those upon 
multangular bases are divided, are similar to one another, as 
ought necessarily to have been done, and is done in the like 
case in Prop. 12 of this Book: The full demonstration of the 
corollary is as follows : 

Upon the polygonal bases ABCDE, FGHKL, let there be 


similar and similarly situated pyramids which have the points | 


M, N for their vertices: "The pyramid ABCDEM has to the 
pyramid FGHKLN the triplicate ratio of that which the side 
AB has ta the homologous side FG. 

et the polygons be divided into the triangles ABE, EBC, 
ECD; FGL, LGH, LHK, which are similar’, each to each : 
And because the pyramids are similar, therefore? the triangle 
EAM is similar to the triangle LEN, and the triangle ABM 
to FGN: Wherefore* ME is to EA, as NL to LF ; and as 


AE to EB, so is FL to LG, because the triangles EAB, LF 
are similar; therefore, ex aquali, as ME to EB, sois NL 
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LG: In like manner it may be shewn, that EB is to BM, as Brox XI. 
LG to GN ; therefore, again, ex zquali, as EM to MB, so is 

LN to NG: Wherefore the triangles EMB, LNG having 

their sides proportionals, are? equiangular, and simular to one ‘5. 6. 
another: Therefore the pyramids which have the triangles 
EAB, LFG for their bases, and the points M, N for their ver- 

tices, are similar? to one another, for their solid angles are*, > 11. der.14 
equal, and the solids themselves are contained by the same num- * P. !1. 
ber of similar planes: In the same manner the pyramid EBCM 

may be shewn to be similar to the pyramid LGHN, and the 
pyramid ECDM to LHKN: And because the pyramids 
EABM, LFGN are similar, and have triangular bases, the py- 

ramid EABM has to LFGN the triplicate ratio of that which ¢ g. 12, 
EB has to the homologous side LG. And, in the same man- 

ner, the pvramid EBCM has to the pyramid LGHN the 
triplicate ratio of that which EB has to LG: Therefore as the 
pyramid EABM is to the pyramid LFGN, so is the pyramid 
ESCM to the pyramid LGHN : In like manner, asthe pyra- 

mid EBCM isto LGHN, so is the pyramid ECDM to the 
pyramid LHKN : And as one of the antecedents ts to one of 

the consequents, so are all the antecedents to all the conse- 
quents: ‘Therefore as the pyramid EXBM to the pyramid 
LFGN, so is the whole pyramid ABCDEM to the whole 
pyramid FGHKLN: And the pyramid EABM has to the 

. pyramid LFGN the triplicate ratio of that which AB has to 

FG ; theretore the whole pyramid has to the whole pyramid 

the triplicate ratio of that which AB has to the homologous 

side FG. Q.E.D. 


PROP. XIand XII. B. XII. 


: 
Tne order of the letters of the alphabet is not observed in 
‘these two propositions, according to Euclidà's manner, and is 
now restored: By which means, the first part of prop? 12, may 
‘be demonstrated in the same words with the first part of Prop. 
-1I.; on this account the demonstration of that first part ıs 
left out and assumed from Prop. 11. 


4 PROP. XIII. B. XII. 


_ IN this proposition, the common seétion of a plane parallel 
to the bases of a cylinder, with the cylinder itself, is supposed 
to bea circle, and it was thought proper briefly tô demon- 
‘Strate it; from whence it is sufficiently manifest, that this 
‘plane divides the cylinder into two others: And the same thing 
ijs understood to be supplied in Prop. 14. 
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PROP. XV. B. XH. 


« Anp complete the cylinders AX, EO,” both the enun- 
ciation and exposition of the proposition represent the cylin- 
ders as well as the cones, as already described: Wherefore 
the reading ought rather to be, “and let the cones be ALC, 
* ENG ; and the cylinders AX, EO." 

The first case in the second part of the demonstration is 
wanting; and something also in the second case of that part, 
before the repetition of the construction is mentioned ; which 
are now added. 


PROP. XVII. B. XII. 


In the enunciation. of this proposition, the Greek words | 


vs ti» nulo tCaxplüs GTcetoy too) ciügoy ey as p Yacor rns tae 
goros d Qaugzs xaT& TnY Vntpavtiav ape thus translated by Commian- 
dine and others, ** in majori solidum polyhedrum describere 


** quod minoris sphzerz superficiem non tangat ;" that i5, ** to 


*t describein the greater sphere a solid polyhedron which shall 
* not meet the superficies of the lesser sphere? W hereby 
they refer the words xara sss sepana» to these next to them 
ras Aagoóvos oQaæigas: But they ought by no means to be thus 
translated ; for the solid polyhedron doth not only meet the 
superficies of the lesser sphere, but pervades the whole of that 
sphere: Therefore the aforesaid words are to be referred to 
To c71gi10» wohvedgw, and ought thus to be translated, viz. to 
describe in the greater sphere a solid polyhedron whose super- 
ficies shal] not meet the lesser sphere; as the meaning of the 
proposition necessarily requires. 

The demonstration of the proposition is spoiled and muti- 
lated : For some easy things are very explicitly demonstrated, 
while others not so obvious are not sufficiently explained ; for 
example, when it is affirmed, that the square of KB is greater 
than the double of the square of BZ, in the first demonstra- 
tion ; and that the angle BZK is obtuse, in the second: Both 
which ought to have been demonstrated: Besides, in the first 
demonstration, it is said, “draw KO from the point K, perpen- 
“ dicular to BD ;" whereas itought to have been said, ‘join 
* KV," and it should have been demonstrated, that KV... js 
perpendicular to BD: For it is evident from the figure in Her- 
vagius's and Gregory's editions, and from the words of the 

denton- 
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denionstration, that the Greek editor did not perceive that the Boor XIT. 
perpendicular drawn from the point K to the straight line BD —— 
must necessarily fall upon the point V, for in the figure it is 
made to fall upon the point ©, a different point from V, which 
is likewise supposed in the demonstration. Commandine 
seems to have been aware of this ; for in this figure he marks 
one:and the same point with two letters V, (2; and before 
Commandine, the learned John Dee, in the commentary he 
annexes to this proposition in Henry Billingsley's translation of 
the Elements, printed at London, ann. 1570, expressly takes 
notice of this error, and gives a demonstration suited to the 
construction in the Greek text, bv which he shews that the 
perpendicular drawn from the point K to BD, must necessarily 
fall upon the point V. 

Likewise it is not demonstrated, that thequadrilateral figures 
SOPT, TPRY, and the triangle YR X, do not meet the les- 
ser sphere, as. was necessary to have been done: only Clavius, 
as far as I. know, has observed this, and demonstrated it by a 
lemma, which is now premised to this proposition, something 
altered, and more bricfly demonstrated. 

In a corollary of this proposition, it is supposed that a solid 
polyhedron is described in the othersphere similar to that which 
is described in the sphere BCDE ; but, as the construction by 
which this may be done is not given, it was thought proper to 
give it, and to demonstrate, that the pyramids in it are similar 
to those of the same order in the solid polyhedron described 
in the sphere BCDE. 


FRom the preceding notes, it is sufficiently evident how 
much the Elements of Euclid, who was a most accurate geo- 
meter, have been vitiated and mutilated by ignorant editors. 
The opinion which the greatest part of learned men have en- 
tertained concerning the present Greck edition, viz. that it is 
very little or nothing different from the genuine work of 
Euclid, has without doubt deceived them, and made them less- 
attentive and accurate in examining that edition; whereby 
several errors, some of them gross enough, have escaped their 
notice from the age in which Theon lived to this time. Upon 
which account there is some ground to hope that the pains we 

— have taken in correcting those errors, and freeing the Ele- 

P ments as far as we could from blemishes, will not be unac- 
ceptable to good judges, who can discern when demonstrations 
are legitimate, and when they are not. 


Aa j The 
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The objections which, since the first edition, have been 
made against some things in the notes, especially against the 
doctrine of proportionals, have either been fully answered in 
Dr. Barrow’s Lect. Mathemat. and in these nates ; or are such, 
except one which has been taken notice of in the note on 
Prop. 1. Book 11, as shew that the person who made them 
has not sufficiently considered the things against which they 
are brought; so that it is not necessary to make any further 
answer to these objections and others like them against Euclid’s 
definition of proportionals, of which definition Dr. Barrow 
justly says in page 297 of the above nated book, that 
* Nisi machinis impulsa validioribus :eternum persistet incon- 
** cussa," 


END OF THE NOTES. 
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PREFACE. 





Euc ips DATA is the first in order of the 
books written by the ancient geometers to facilitate 
and promote the method of resolution or analysis. 
In the general, a thing is said to be given which is 
either actually exhibited, or.can be found out, that 
is, which is either known by hypothesis, or that can 
be demonstrated to be known ; and the propositions 
in the book of Euclid’s Data shew what things can 
be found out or known from those that by hypo- 
thesis are already known ; so that in the analysis or 
investigation of a problem, from the things that are 
laid down to be known or given, by the help of 
these propositions other things are demonstrated to 


- be given, and from these, other things are again 


shewn to be given, and so on, until that which was 
proposed to be found out in the problem is demon- 
strated to be given; and when this is done, the 
problem is solved, and its composition is made and 
derived from the compositions of the Data which 
were made use of in the analysis. And thus the 
Data of Euclid are of the most general and ne- 


cessary use in the 'solution of problems of every 
kind. 


EvucL:D is reckoned to be the author of the 
Book of the Data, both by the ancient and modern 
geometers ; and there seems to be no doubt of his 
having written a book on this subject, but which, 


in the course of so many ages, has been much vi- 


tiated by unskilful editors in several places, both in 
the order of the propositions, and in the definitiens 
and demonstrations themselves. To correct the 

Aa3 errors 
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errors which, are now found in it, and bring it 
nearer to the accuracy with which it was, no doubt, 
at first written by Euclid, is the design of this 
edition, that so it may be rendered more useful to 
geometers, at least to beginners who desire to learn 
the investigatory method of the ancients, And for 
their sakes, the compositions of most of the Data 
are subjoined to their demonstrations, that the 
compositions of problems solved by help of the 
Data may be the morc easily made. 


ManriNvus the philosopher's preface, which, in 
the Greek edition, is prefixed to the Data, is here 
left out, as being of no use to understand them. 
At the end of it, "he says, that Euclid has not used 
the synthetical but the analytical method in de- 
livering them ; in which he 1s quite mistaken; for 
in the analysis of a theorem, the thing to be de- 
monstrated is assumed in the analysis ; "but in the 
demonstrations of the Data, the thing to be de- 
monstrated, which is, that something or other is 
given, Is never once assumed in the demonstration, 
from which it is manifest, that every one of them 
is demonstrated synthetically ; though indeed, if a 
proposition of the Data be turned into a problem, 
for exàmple, the 84th or 85th in the former edi- 
tions, which here are the 85th and 86th, the de- 
monstration of the proposition becomes the analysis 
of the problem. 


WHEREIN this edition differs from the Greek, 
and the reasons of the alterations from it, will be 
shewn in the notes at the end of the Data. 
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DEFINITIONS. 


«ut I. 


| S Paces, lines, and angles, are said to be given in magni- 
. tade, when equals to them can be found. 
IT. 

A ratio is said to be given, when a ratio of a given magnitude 
to a given magnitude which is the same ratio with it can be 
found. 

III. 


Rectilineal figures are said to be given in species, which have 
each of their angles given, and the ratios of their sides given. 

Points, lines, and spaces, are said to be given in position, which 
have always the samessituation, and which are either actually 
exhibited, or can be found. 


An angle is said to be given in position, which is contained by 
Straight lines given in position. 


A Circle is said to be given in magnitude, whena straight line 
from its centre to the circumference is given in magnitude. 


_A cirele is said to be given in position and magnitude, the 
centre of which is given in position, and a straight line from 
it to the circumference is given in magnitude. 

VII. | 

Segments of circles are said to be given in magnitude, when 
the angles in them, and their bases, are given in magnitude. 

VIII. 

Segments of circles are said to be given in position and mag- 
nitude, when the angles in them are given in magnitude, and 
their bases are given both in position and magnitude. 

Ix 


A magnitude is said to be greater than another by a given 
magnitude, when this given magnitude being taken from it, 
the remainder is equal to the other magnitude. 

- Aas X. A. 
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A magnitude is said to be less than another by a given magni- 
tude, when this given magnitude being added to it, the whole 
is equal to the other magnitude. * 


PROPOSITION I; 


r 
FHE ratios of given magnitudes to one another 
I8 given. 
Let A, B be two given magnitudes, the ratio of A to B is 
given. 
Because A is a given magnitude, there may | 
* be found one equal to it; let this be C: 


‘And because B is given, one equal to it may 


be found ; let it be D; and since A is equal 

to C, and B to.D : therefore" A is to D, as 

C to D; and consequently the ratio of A to 
B is given, because the ratio of the given A 
magnitudes C, D, which is the same with it, * 


has been found. f 
TROI. cibo m 


Ir a given magnitude has a given ratio to another 
magnitude, “and if unto the two magnitudes by 
* which the given ratio is exhibited, and the given 


Cr 








‘magnitude, a fourth proportional can be found ;" 
the other magnitude is given. 

Let the given magnitude A have a given ratio to the mag- 
nitude B; if a fourth proportional can be found to the three 
magnitudes above named, B is given in magnitude. 

Because A is given, a magnitude may be 
found equal to it^; let this be C: And be- 
cause the ratio of A to B is given, a ratio | | 
which is the same with it may be found ; let 
this be the ratio of the sven magnitude E ABCD 
to the given magnitude F; Unto the magni- | 
tudes E, F, C, find a fourth proportional 
D, which, by the hypothesis, can be done. 

W herefore, because A is to B, as È to F} and 
as Eto FysoisC to D; A is® to B, as C to E 


* "Tbe figures in the margin shew the number of the propositions im the other edi- 
tions. 
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D. But Ais equal to C ; tberefore^ B is equal to D. The‘ 5. 
magnitude B is therefore given*, becausc.a magnitude D equal * 1. def. 
to it has been found. 

* * 'T he limitation within the inverted commas is not in the 
Greek text, but is now necessarily added ; and the same 

must be understood in all the propositions of the book which 
depend upon this second proposition, where it is not expressly 
mentioned. . See the note upon it. 


PROP. III. 3. 


Ir any given magnitudes be added togetber, their 
sum shall be given. 


Let any given magnitudes AB, BC be added together, their 
sum AC is given. 
-» Because AB is given, a magnitude equal to it may* be found; « 1. ger, 
let this be DE: | And because BC is | 
given, one equal to it may be found; A B C 
let this be EF: Wherefore, because 
AB. is equal to DE, and BC equal J) IZ F 
to EF; the whole AC is equal to ^. — 
the whole DF : AC is therefore given, because DF has been 
found which is equal to it. 


PROP. IV. 4. 


I F a given magnitude be taken from a given, mag- 
nitude; the remaining magnitude shall be given. 


From the given magnitude AB, let the given magnitude 
AC be taken; the remaining magnitude CB is given. 

"Because AB is given, a magnitude equal to it may? bes; ge 
found ;.let this be DE: And be- 


cause AC is given, one equal toit 4 CB 
may be found; let this be DF: ~ 

Wherefore because AB is equal to. ; | E 

DE, and AC to DF ; theremain- — vw 
der CB is equal to the remainder 


FE. . CB is therefore given*, because FE which is equal tc, 
It has been found. | 
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PROP. V. 


LF of three magnitudes, the first together with the 
second be given, and also the second together with 
the third ; either the first is equal to the third, or 
one of them is greater than the other by a given 
magnitude. | 


Let AB; BC, CD be three magnitudes, of which AB toge- 
ther with BC, that is, AC, ‘is given; and also BC together 


with CD, that is, BD, is given. Either AB is equal to CD, or 


one of them is greater than the other by a given magnitude. 
Because AC, BD are each of them given, they are either 
equal to one another, or not equal. , 
First, let them be equal, and be- — ceu D 
cause AC is equal to BD, take away the common part BC ; 
therefore the remainder AB is equal to the remainder CD. 
But if they be unequal, let AC be greater than BD, and 
make CE equalto BD. ‘Therefore CE is given, because BD 
is given. And Dv AC is 
iven; therefore? AE the remain- '! x. > 
der is given. And because EC is AE B C D 
equal to BD, by taking BC from 
both, the remainder EB is equal to the remainder CD. And 
AE is given; wherefore AB exceeds EB, that is, CD, by the 
given magnitude AE. | 





PROP. VI, 


I F a magnitude has a given ratio to a part of it, it 
shall also havea given ratio totheremaining part of it. 


Let the magnitude AB have a given ratio to AC a part of 
it; it has also a given ratio to the remainder BC. 

Because the ratio of AB to AC is given, a ratio may be 
found? which isthe same toit: Letthis be the ratio of DE, 
a given magnitude to the given mag- | 
nitude DF. And because DE, DF are À € B 
given, the remainder FE is® given : 

And because AB isto AC, as DE to 1) RW. 
DF, by conversion" AB is to BC, as 
DE to EF. "Therefore the ratio of AB to BC is given, be- 
cause the ratio of the given magnitudes DE, EF, which isthe 
same with it, has been found. 

Cor. 


a 
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Cor. From this it follows, that-the parts AC, CB have a 
given ratio to one another: Because as AB to BC, so is DE to 

F ; by division’, AC is to CB, as DF to FE} and DF, FE ¢ 17.5. 
are given ; therefore? the ratio of AC to CB is given. * 9, def. 


PROP. Vil. | 6. 


Ir two magnitudes which have a given ratio to Sec N- 
one another, be added together; the whole magni- 
tude shall have to each of them a given ratio. 


Let the magnitudes AB, BC, which have a given ratio to 
one another, be added together; the whole AC has to each 
of the magnitudes, AB, BC a given ratio. 

Because the ratio of AB to BC is given, a ratio may be 
found? which is the same with it; let this be the ratio of the «a, deg. 


‘given magnitudes DE, EF: And 


— —— 


because. DE, EF are given, the A B 


whole DF is given>: And because 3. dat. 
as AB to BC, so is DE to EF; by fp EF 
composition AC is to CBas DFto ^ ^ — c 18. 5, 


FE; and, by conversion, AC is to AB, as DF to DE : «s.s. 
Wherefore because AC is to each of the magnitudes AB, BC, 

as DF to each of the others DE, EF; the ratio of AC to 
each of the magnitudes AB, BC is givens. 


PROP. VIII. rt 


Ir a given magnitude be divided into two parts See X. 
which have a given ratio to, one another, and if a 
fourth proportional can be found to the sum of the 
two magnitudes by which the given ratio is exhi- 
bited, one of them, and the given magnitude; each 


' of the parts 1s given. 


Let the given maguitude AB be divided into the parts AC,. 
CB, which have a given ratio to one another ; if a fourth pro- 


portional can be found to the above- Nu 2nOLED 
named magnitudes; AC and CB are 
cach of them given. D F E 


_ Because the ratio of AC to CB is 
given, the ratio of AB to BC is given? therefore a ràtio ay das 
which 
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which ts the same with it can be found*, let this be the ratie 
of the given magnitudes, DE, EF : 
And because the given magnitude A C B 
AB has to BC the given ratio of DE , 
to EF, ifunto DE, EF, ABafourth T) EFF 
proportional ean be found, this which f 
is BC is given‘; and because AB is given, the other part AC’ 
is given. 

In the same manner, and with the like limitation, if the dif- 
ference AC of two magnitudes AB, BC, which have a given 
ratio be given; each of the magnitudes AB, BC is given. 





PROP. IX. 


MAGNITUDES which’have given ratios:to the 


, Same magnitude, have also a given ratio to- one 


another. 


Let A, C have each of them a given ratio to B: A hasa 
given ratio to C. 

Because the ratio of A to B is given, a ratio which is the 
same to it may be found?; let this be the ratio of the given 
magnitudes.D, E: And because the ratio of B to C is given, 
a ratio which is the same with it may be found* ; let this be 
the ratio of the given magnitudes 
F, G: To F,G, E find a fourth 
proportional H, if it can be done ; 
and because as A is to B,so is D 
to E; andas BtoC, so is (F to G, 
and so is) E to H ; ex equali, as 


A to C, so isDtoH: Therefore ADCDIEH 
F 


the ratio of A to C is given?, be- 
cause the ratio ofthe given magni- e 


with it has been found: Butit a 

fourth proportional toF, G, E can- 

not be found, then it can only be said that the ratio of A toC 
is compounded of the ratios of A to B, and. B to C, that is, of 
the given ratios of D to E, and F G. 


tudes D and H, which is the same | | 
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PROP. X. 9, 


| Ir two or more magnitudes have given ratios to 

one another, and if they have given ratios, though 
they be not the same, to some other magnitudes : 
these other magnitudes shall also have given ratios 
to one another. 


Let two or more magnitudes A, B, C have given ratios to 
one another; and let them have given ratios, though they be 
not the same, to some other magnitudes D, E, F: The mag- 
nitudes D, E, F have given ratios to one another. ' 
Because the ratio of A to B is given, and likewise the ratio 
of A to D; therefore the ra- | 
tio of D to B is given*; but A D 29. dat, 
the ratioof B to Eis given, pui Np 
therefore? the ratio of D to : 
Eisgiven: And becausethe ( F 
ratio of B to C is given, and 
also the ratio of B to E; the ratio of Eto Cis givens: And 
the ratio of C to F is given; wherefore the ratio of E to F is 
given: D,E, F have therefore given ratios to one another. 








PROP. XI. - 29. 


Ir two magnitudes have each of them a given 
ratio to another magnitude, both of them together 
shall have a given ratio to that other. 


Let the magnitudes AB, BC have a given ratio to the mag- 
nitude D, AC has a given ratio to the same D. 
Because AB, BC have each of 
them a given ratio to D, the ratio A B 
of AB to BC is given*: And by 
composition, the ratioof ACtoCB D I 
is given^: But the ratio of BC to * 7, dat, 
Dis given ; therefore? the ratio of AC to D is given. 





* 9, dat, 
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PROP. XII. 


I F the. whole-have to the whole a given ratio, 
and the parts have to the parts given, but not the 
same ratios: Every one of them, whole or part, 
shall have to every one a great ratio. 


Let the whole AB have a given ratio to the whole CD, and 
the parts AE, EB have given, but not the same, ratios to the 
parts CF, FD: Every one shall have to every one, whole or 
part, a given ratio. 

Because the ratio of AE to CF is given, as AE. to CF, so 
make AB to CG; the ratio therefore of AB to CG is given: 
wherefore the ratio of the remainder kB to the remainder 
FG is given, because it is the same* with the ratio of AB to 


CG: Andtheratioof EB to FD is 





given, wherefore the ratio of FD A. E B 
to FG is given? ; and, by conver 
sion, the ratio of FD to DG is C F GD 





givent: And because AB has to | 
each of the magnitudes CD, CG a given ratio, the ratio of 
CD to CG is given’, and therefore* the ratio of CD to DG 
is given: But the ratio of GD to DF is given, wherefore the 
ratio of CD to DF is given, and consequently? the ratio of 
CF to FD is given; but the ratio of CF to AE is given, as 
also the ratio of FD to EB ; wherefore* the ratio of AE to 
EB is given; as also the ratio of AB to cach of them’. The 
ratio therefore of every one to every one is given. 


PROP, XIII. 


Ir ie first of three proportional straight lines has 
a given ratio to the third, the first shall also havea 
given ratio to the second. 


Let A, B, C be three proportional straight lines, that is, as 
A to B, so is BtoC; if A has to C a given ratio, A shall alse 
have to B a given ratio. 

Because the ratio of A to C is given, a ratio which is the 
same with it may be found? let this be the ratio of the given 
straight lines D, L; and between D and E find a^ mean 

proportional 
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proportional F ; therefore the rectangle contained by D and 
E is equal to the square of F, and the reét- 

angle D, E is given, because its sides D,.E 

are given; wherefore the square of F, and 

the straight line F is given: And because as 

Aisto C, sois Dto E; but as A to C, so 

is* the square of À to the square of B; and | 
as D to E, sois* the square of D to the A 5 
square of F: Therefore the square‘ of A is to 

the square of B, as the square of D to the 

square of F; As therefore: the straight line D F 
À to thestraight line B, so is the straight line | 
D to the straight line F; therefore the ratio 

of A to.B is given*, because the ratio of the | 
given straight lines D, F, which is the same 

with it, has been found. 


PROP. XIV. A. 


I F a magnitude, together with a given magnitude, See N. 
bas a given ratio to another, magnitude ; the excess 
of this other magnitude above a given magnitude 
has a given ratio to the first magnitude: And if, 
the excess of a magnitude above a given magnitude 
has a given ratio to another magnitude ; this other 
magnitude, together with a given magnitude, has 
a given ratio to the first magnitude. 

Let the magnitude AB, together with the given magnitude 
BE, that is, AE, havea given ratio to the magnitude CD: the 
excess of CD abovea given magnitude has a given ratio to AB. 

„Because the ratio of AE to CD is given, as AE to CD, so 
make BE to FD; therefore the ratio of BE to FD is given, 
and BE is given; wherefore FD 


is given*: And because as AE A BE ta. 
to CD, sois BE to FD, the re- 
mainder AB isto the remainder C W D * 19, 5, 


CF, as AE to CD: But the ratio 
of AE to CD is given; therefore the ratio of AB to CF is 
given ; that is, CF the excess of CD above the given magni- 
tude FD has a given ratio to AB. 
Next, Let the excess of the magnitude AB above the given 
magnitude BE, that is, let AE havea given ratio to the mag- 
nitude, 
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nitude CD; CD together with a given magnitude has a 
given ratio to AB. 

Because the ratio of AE to CD is given, as AE to CD, so 
make BE to FD; therefore the ratio of 
BE to FD is given, and BE is given As d X 
wherefore FDisgiven*: And because 
as AE to CD, sois BEto FD, AB is 
to CF, as* AE to CD: But the ratio C Dr 
of AE to CD is given, therefore the ratio of AB to CF is 


given: that is, CF which is equal to CD, together with the 
given magnitude DF, has a given ratio to AB. 


PROP. XV. 


I F a magnitude, together with that to which ano- 
ther magnitude has a given ratio, be given; the 
sum of this other, and that to which the first 
magnitude has a given ratio, is given. 

Let AB, CD be two magnitudes of which AB together with 
BE to which CD has a given ratio, is given; CD is given to- 
gether with that magnitude to which AB has a given ratio. 

Because the ratio of CD to BE is given, as BE to CD, so 
make AE to FD; therefore the ratio of AE to FD is given, 
and AL is given, wherefore? FD i 
is given: And because as BE to A D E 


"Cor. 19.5 CD, so is AE to FD: AB is? to 


See N, 


FC, as BE to CD: And the ratio T C D 

of BE to CD is given, wherefore F p 

the ratio of AB to FC is given: And FD isgiven, that is, CD 
together with FC to which AB has a given ratio is given. 


PROP. XVI. 


I F the excess of a magnitude above a given mag- 
nitude has a given ratio to another magnitude; the 
excess of both together above a given magnitude 
shall have to that other a given ratio: And if the 
excess of two magnitudes together above a given 
magnitude, has to one of them a given ratio; either 
the excess of the other above a given magnitude 
has to that one a given ratio; or the other is given 
together with the magnitude to which that one has 
a given ratio. A 

Let 
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Let the excess of the magnitude AB above a given magni- 
tude, have a given ratio to the magnitude BC ; the excess of 
AC, both of them together, above the given magnitude, has a 
given ratio to BC. 
Let AD be the given magnitude, the excess of AB above 
which, viz. DB, has agiven ratio 
to BC: And because DB hasa A. D C 
iven ratio to BC, the ratio of , 
DC to CB is given’, and AD is given; therefore DC, the ex- * 7. dat, 
cess of AC above the given magnitude AD, has a given ratio 
to BC. 
Next, Let the excess of two magnitudes AB, BC together, 
above a given magnitude, have to 
ene of them BC a given ratio; ei- D b EC 
ther the excess of the other of them 3 
AB above the given magnitude shall have to BC a given ra- 
tio ; or AB is given, together with the magnitude to which 
BC has a given ratio. 
| Let AD be the given magnitude, and first let it be less 
than AB ; and because DC the excess of AC above AD has 
a given ratio to BC, DB has? a given ratio to BC ; that is,» @or. 6, 
DB the excess of AB above the given magnitude AD hasa dat. 
given ratio to BC. . 
But let the given magnitude be greater than AB, and make 
AE equal to it; and because EC, the excess of AC above AE 
has to BC a given ratio, BC has‘ a given ratio to BE ; and € 6. dat. 
because AE is given, AB together with BE to which BC has 
a given ratio is given. 


PROP. XVII. E 


Ir the excess of a magnr ade above a given mag= see N. 
nitude has a given ratio to another magnitude; the 
excess of the same first magnitude above a given 
magnitude, shall have a given ratio to both the 
magnitudes together, And if the excess of either 

of two magnitudes above a given magnitude has a 
given ratio to both magnitudes together; the ex- 
_cess of the same above a given magnitude shall 

- have a given ratio to the other. 





Let the excess of the magnitude AB above a given magni- 
- tude have a given ratio to the magnitude BC; the excess of 
AB above a given magnitude has a given ratio to AC. 

Bb Let 





a f. dat, 


5 €. dat 
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Let AD be the given magnitude; and because DB, the ex 
cess of AB above AD, has a given ratio to BC ; the ratio of 
DC to DB is given*: ye the ratio of AD to DE the same 
with this ratio; therefore the ra- 
tio of AD to DE is given; and A - DDH -C 
AD is given, wherefore’ DE and the remainder AE are given: 
And because as DC to DB, so is AD to DE, AC is: to EB, 
as DC to DB ; and the ratio of DC to DB is given; where- 
fore the ratio of AC to EB is given: And. because the ratio 
of EB to AC is given, and that AE is given, therefore EB 
the excess of AB above the given magnitude AE, has a given 
ratio to AC. | 

Next, Let the excess of AB above a given magnitude have a . 
given ratio to AB and BC together, that is, to AC ; the ex- 
cess of AB above a given magnitude has a given ratio to BC. 

Let AE be the given magnitude; and because EB the 
excess of AB above AE has to AC a given ratio, as AC to 
EB so make AD to DE ; therefore the ratio of AD to DE is 
given, as also? the ratio of AD to AE: And AE is given, 
wherefore’ AD is given: And because, as the whole AC, to 
the whole EB, sois AD to DE, the remainder DC is* to the 
remainder DB, as AC to EB ; and the ratio of AC to EB is 
given ; wherefore the ratio of DC to DB is given, as also‘ the 
ratio of DB to BC: And AD is given; therefore DB, the 
excess of AB above a given magnitude AD, has a given ratio 


to BC. 


PROP. XVIII. 


I F to each of two magnitudes, which have a given 
ratio to one another, a given magnitude be added ; 
the wholes shall either have a given ratio to one 
another, or the excess of oue of them above a given 
magnitude shall have a given ratio to the other. 


Let the two magnitudes AB, CD have a given ratioto one 
another, and to AB let the given magnitude BE be added, 
and the wiven magnitude DF to CD: [he wholes AE, CF 
either have a given ratio to one another, or the excess of oneof 
them above a viven magnitude has a given ratio to the other*. 

Because BE, DF are each of them given, their ratio is givens, 

an 


D A T A. i 371 
and if this ratio be the same with the L E 
ratio o: AB to CD, the ratio of AE ARo E 


to CF, which is the samei with the 
given-ratio of AB to CD, shall be G. Dii uE 
given. 

- But if the ratio of BE to DF be not the same with the ratio 
of AB to CD, either it is greater than the ratio of AB to 
CD, or, by inversion, the ratio of DF to BE is greater than 
the ratio of CD to AB: First, let 





the ratio of BE to DF be greater GC E 
than the ratio of AB to CD; and . 

as AB to CD, so make BG to DF; C D F 
therefore the ratio of BG to DF ‘is 3 


given; and DF is given, theretore* BG is given: And €2. dat. 
because BE has a greater ratio to DF than (AB to CD, that is, 

than) BG to DF, be is greater? than BG: And because as * 10. 5. 
AB to CD, so is BG to DF; therefore AG is® to CF, as AB 

to CD: But the ratio of AB to CD is given, wnerctore the 

ratio of AG to CF is given ; and because BE, BG are each of 

them given, GE is given: Therefore AG, the excess of AE 

above a given magnitude GE, has a given ratio to CF, -The 

other case is demonstrated in the same manner, 


PROP. XIX. 15. 


I F fromeach of two magnitudes, which haveagiven ` 
ratio to one another, a given magnitude be taken, 
the remainders shall either have a given ratio to one 
another, or the excess of one of them above a given 
magnitude, shall have a given ratio to the other. 


Let the magnitudes AB, CD have a given ratio to one an- 
other, and from “AB let the given magnitude AE be taken, 
and from CD the given magnitudes CF: The remainders EB, 
FD shall either have a given ratio to one another, or the 
excess of one of them above a 


given magnitude shall have a A. ^ | B 


given ratio to the other, 
Because AE, CF areeachof CF D 
them given, their- ratio is : É 
given’; and if this ratio be the same with the ratio of AB to. gat. 
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CD, the ratio of the remainder EB to the remainder FD, 
which is the same with the given ratio of AB to CD, shall 
be given. 

But if the ratio of AB to CD be not the same with the 

ratio of AE to CF, either it is greater than the ratio of AE 
to CF, or, by inversion, the ratio ef CD to AB is greater than 
the ratio of CF to AE: First, let the ratio of AB to CD be 
greater than the ratio of AE to CF, and as AB to CD, so 
make AG to CF: therefore the 
ratio of AG to CF is given, and — —— 
CE is given, wherefore* AG is 
given: And because the ratio of C F D 
AB to CD, that is, the ratio of ; 
AG to CF, is greater than the ratio of AE to CF; AG is 
greater‘ than AE: and AG, AE are given, therefore the 
remainder EG is given ; and as AB to CD, so is AG to CF, 
and so is? the remainder GB to the remainder FD; and the 
ratio of AB to CD is given: Wherefore the ratio of GB to 
FD is given; therefore GB, the excess of EB above a given 
magnitude EG, has a given ratio to FD. In the same man- 
ner the other case is demonstrated. 


PROP. XX. 


Ir to one of two magnitudes which have a given 
ratio to one another, a given magnitude be added, 
and from the other a given magnitude be taken; 
the excess of the sum above a given magnitude 
shall have a given ratio to the remainder. 


Let the two magnitudes AB, CD have a given ratio to one 
another, and to AB let the given magnitude EA be added, and 
from CD let the given magnitude CF bé taken ; the excess of 
the sum EB abovea given magnitude has a given ratio-to the 
remainder FD. 

Because the ratio of AB to CD is given, make as AB to CD, 
so AG to CF; Therefore the ratio of AG to CF is given, and 
CF is given, wherefore: AG is 


given: and EA is given, there- KA G B 
fore the whole EG is given: And ! 
because as AB to CD, sois AG. ( y D 


to CF, and so i$ the remainder 

GB tothe remainder FD; the ratio of GB to FD is given. 

And EG is given, therefore GB, the excess of the sum EB 
i abo 
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above the given magnitude EG, has a given ratio to the 
remainder FD. 


PROP. XXI. c. 


I F two magnitudes have a given ratio to one ano- Sec N. 
ther, if a given magnitude be added to one of them, 

and the other be taken from a given magnitude ; 

the sum, together with the magnitude to which the 
remainder has a given ratio, 1s given: And the 
remainder is given together with the magnitude to 
which the sum has a given ratio. 


Let the two magnitudes AB, CD have a given ratio to one 
another ; and to AB letthe given magnitude BE be added, and 
let CD be taken from the given magnitude FD: The sum AE 
is given together with the magnitude to which the remainder 
FC has a given ratio. 

Because the ratio of AB to CD is given, make as AB to 
CD, so GB to FD: Therefore the ratio of GB to FD is given, 
and FD is given, wherefore GB 
is given*; and BE is given, the G A _ BE * 3. dat. 
whole GE is therefore given, and 
because as AB to CD, so is GB F C 
to FD, and so is* GA to FC; the 
ratio of GA to FC is given: And AE together with GA is 
given, because GE is given; therefore the sum AE, together 
with GA, to which the remainder FC has a given ratio, is 
given. The second part is manifest from Prop. 15. 





b I, 5. 


PROP. XXII. D. 


Ir two magnitudes have a given ratio to one ano- 5« N. 
ther, if from one of them a given magnitude be 
taken, and the other be taken from a given mag- 
nitude; each of the remainders is given together 
with the magnitude to which the other remainder 


_ has a given ratio. 


Let the two magnitudes AB, CD have a given ratio toone 


| another, and from AB let the given magnitude AE be taken, 
B 
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and let CD be taken from the given magnitude CF: The re- 
mainder EB is given together with the magnitude to which 
the other remainder DF has a given ratio. 

Because the ratio of AB to CD is ‘given, make as AB to 
CD, so AGto CF: The ratio of AG to CF is therefore given, 
and CF is given, wherefore* AG 
is given; and AE is given, and A E D G 
therefore the remainder EG is 
given: And because as AB to C D F 
CD, so is AG to CF: Andsois ^*^ — 
the remainder BG to the remainder DF; the ratio of BG to 
DF is given: And EB together with BG is given, because 
EG is given: Therefore the remainder EB, together with BG, 
to which DF the other remainder has a given ratio, is given. 
The second part is plain from this and Prop. 15. 


PROP. XXIII. 


Ir from two given magnitudes there be taken mag- 
nitudes which have a given ratio to one another, 
the remainders shall either have a given ratio to one 
another, or the excess of one of them above a given 
magnitude shall have a given ratio to the other. 


Let AB, CD be two given magnitudes, and from them let 
the magnitudes AE, CF, which have a given ratio to one 
another, be taken; the remainders EB, FD either havea given 
ratio to one another, or the excess of one of them above a 
given magnitude has a given ratio to the other. 

Because AB, CD are each of 
them given, the ratioof ABto A F 
CD is given: And if this ratio 
be the same with the ratioof AE Ç F D 
to CF, then the remainder EB | 
has* the same given ratio to the remainder FD. 

But if the ratio of AB to CD be not the same with the ratio 
of AE to CF, it is either greater than it, or, by inversion, 
the ratio of CD to AB is-greater than the ratio of CF to AE: 
First, let the ratio of AB to CD be greater than the ratio of 
AE to CF; and as AE to CF, so make AG to CD: there- 
fore the ratio of AG to CD is given, because the ratio of 
AE to CF is given; and CD is given, wherefore’ AG is 

given 3 
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given ; and because the ratioof AB to CD is greater than the 
ratia of (AE to CF, that is, 





' thantheratioof) AGtoCD; A I 
AB is greater? than AG: Eo y 
And AB, AG are given; C EUN" 


therefore the remainder BG | 

is given: And because as AE to CF, so is AG to CD, and 

so is* EG to FD; the ratio of EG to FD is given: And GB' ?- 5 
is given ; therefore EG, the excess of EB above a given mag- 
nitude GB, has a given ratio to FD. The other case is 


shewn in the same way. 
! 1 


PROP. XXIV. * 


IF there be three magnitudes, the first of which has 5€ `- 
a given ratio to the second, and the excess of the 
second above a given magnitude has a given ratio to 
the third ; the excess of the first above a given mag- 
nitude shall also have a given ratio to the third. 

Let AB, CD, E, be the three magnitudes of which AB has 
a given ratio to CD ; and the excess of €D above a given 
magnitude has a given ratio to E: The excess of AB above a 
given magnitude has a given ratio to E. 

Let CF be the given magnitude, the excess of CD above 
which, viz. FD, hasa given ratio to E: And because the ratio 
of AB to CD is given, as AB to CD, so make 
AG to CF; therefore the ratio of AG to CF À 


is given: And CF is given, wherefore* AG is 22) day, 
given: And because as AB to CD, so is AG «| C 

to CF, and so is* GB to FD; the ratioof GB." "19. 5. 
to FD is given. And the ratio of FD to E is ixl 


given, wherefore * the ratio of GB to E is 

given, and AG is given; therefore GB the 

excess of AB above a given magnitude AG B) D W 
has a given ratio to E. 

Con. 1. And if the first has a given ratio to the second, 
and the excess of the first above a given magnitude has a 
given ratio to the third ; the excess of the second above a given 
magnitude shall have a given ratio to the third. ^ For, if the 
second be called the first, and the first the second, this corol- 
lary will be the same with the proposition. 

Bb4 Cor. 
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Cor, 2. Also, if the first has a given ratio to the second, 
and the excess of a third above a given magnitude has also 
a given ratio to the second, the same excess shall havea given 
ratio to the first ; as is evident from the gth dat, 


PROP. XXV, 


I F there be three magnitudes, the excess of the first 
whereof above a given magnitude has a given ratio 
to the second; and the excess of a third abovea 
given magnitude has a given ratio to the same se- 
cond; The first shall either have a given ratio to the 
third, or the excess of one of them above a given 
magnitude shall have a given ratio to the other. 


Let AB, C, DE be three magnitudes, and iet the excesses 
of each of the two AB, DE above given magnitudes have 
given ratios to C ; AB, DE either have a given ratio to one 
another, or the excess of one of them above a given magni- 
tude has a given ratioto the other, 

Let FB the excess of AB above the given magnitude AF 
have a given ratio to C; and let GE the ex- 
cess of DE above the given magnitude DG A 


havea given ratio to C ; and because FB, GE D 
have each of them a given ratio to C, they qe 
have a givenratio* tooneanother. But to FB, C 


GE the given magnitudes AF, DG are 

added ; therefore" the whole magnitudes AB, 

DE have either a given ratio to one another, 

or the excess of one of them above a given Bj C E 
magnitude has a given ratio to the other. 


PROP, XXVI. 


I F there be three magnitudes, the excesses of one of 
which above given magnitudes have given ratios 
to the other two magnitudes ; these two shall either 
have a given ratio to one another, or theexcess of 
one of them above a given magnitude shall have a 
given ratio to the other, 

Let 
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Let AB, CD, EF be three magnitudes, and let GD the 
excess of one of them CD above the given magnitude CG 
have a given ratio to AB; and also let KD the excess of the 
same CD above the given magnitude CK havea given ratio to 
EF, either AB has a given ratio to EF, or the excess of one of 
them above a given magnitude has a given ratio to the other. 
Because GD has a given ratio to AB, as GD to AB, so 
make CG to HA; therefore the ratioof CG to HA is given ; 
and CG is given, wherefore? HA is given: And because as © 9. dat, 
GD to AB, so is CGto HA, and so is? CD to HB ; the ratio , 1$, 5, 
of CD to HB is given: Also because KD has a given ratio 
to EF, as KD to EF, so make CK to LE; 
therefore the ratio of CK to LE is given; and 
CK is given, wherefore LE? is given: And 
because as KD to EF, so is CK to LE, and C L 
sot? is CD to LF; the ratio of CD to LF is 
given: But the ratio of CD to HB is given, kt E 
wherefore* the ratio of HB to LF is given: 
and from HB, LF the given magnitudes HA 
LE being taken, the remainders AB, EF shall B D r 
either have a given ratio to one another, or the excess of one 
of them above a given magnitude has a given ratio tọ the other’. 4 19, dat. 


€ 9. dat. 


Another Demonstration. 


Let AB, C, DE be three magnitudes, and let the excesses 
of one of them C above given magnitudes have given ratios 
to AB and DE; either AB, DE have a given ratio to one 
another, or the excess of one of them above a given magnitude 
has a given ratio to the other. 
Because the excess of C above a given magnitude.has a 
given ratiotoAB ; therefore* AB together with a given mag-* ™ dst. 
nitude has a given ratioto C: Let this given p 
magnitude be AF, wherefore FB has a given G 
ratio toC : Also because the excess of C above A D 
a given magnitude has a given ratio to DE ; 
therefore? DE together witha given magni- 
tude has a given ratio to C: Let this given 
magnitude be DG, wherefore GE has a given Cc E 
ratio to C: And FB has a given ratio to C, therefore? the ratio" 9. dat. 
of FB to GE is given: And from FB, GE the given magni- 
tudes AF, DG being taken, the remainders AB, DE either 
have a given ratio to one another, or the excess of one of them 
above a given magnitude has a given ratio to the others. * 19, dat. 
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"T - PROP. XXVIL. 


I F there be three magnitudes, the excess of the 
first of which above a given magnitude has a given 
ratio. to the second ; and the excess of the second 
above a given magnitude has also a given ratio to - 
the third: The excess of the first above a given 
magnitude shall have a given ratio to the third, 


Let AB, CD, E be three magnitudes, the excess of the first 
of which AB above the given magnitade AG, viz. GB, has a 
given ratioto CD ; and FD the excess of CD abovethe given 
magnitude CF, has a given ratio to E : the excess of AB 
above a given magnitude hasa given ratio to E. ' ^ 
Because the ratio of GB to CD is given, as GB to CD, se 
make GH to CF ; therefore the ratio of GH / 
32, dat to ÇF is given ; and CF is given, wherefore* 
GH is given; and AG is given, wherefore “G | 
the whole AH is given: And because as GB € 
*13.5.— to CD, so is GH to CF, and so is^ the re- Fy]. F 
mainder HB to the remainder FD; the ratio a 
of HB to FD is given: And the ratio of FD 
9. dat. to Eis given, wherefore € the ratio of HB to B! D E 
E is given: And AH is given; therefore HB 
the excess of AB above a given magnitude AH has a given 
ratio to E. | 


“ Otherwise, 


Let AB, C, D be three magnitudes, the excess EB of the 
first of which AB above the given magnitude AE has a given 
ratio to C, and the excess of C above a given 
magnitude has a given ratio to D: The ex- A 
cess of AB above a given magnitude has a 
given ratio to D. E 

Because EB has a given ratio to C, and the 
excess of C above a given magnitude has a p 





"#4. dit; given ratioto D; therefore? the excess of EB 


above a given magnitude has a given ratio to 
D: Let this given magnitudebe EF; therefore B) C D 
FB the excess of EB above EF has a given 
ratio to D; And AF is given, because AE, EF 
are 
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=- are given: Therefore FB the excess of AB above a given 
_ magnitude AF has a given ratio to D." 


i 
PROP. XXVIII. 95, É 


lr two lines given in position cut one another, the Se N. 
| point or points in which they cut one another are 


— -—— 


given. 


Let two lines AB, CD, given in position, cut one another 
in the point E; the point E is 
given. C 
Because the lines AB, CD 
are given in position, they have 
always the same situation?, and A 
therefore the point, or points, in 
which they cut one another have D 
always thesame situation : And be- 


cause the lines AB, CD can be 
found *, the point, or points, in A B 
which they cut one another, are , D 


likewise found ; and therefore are 
given IR position". 


PROP. XXIX. I os, 


Ir the extremities of a straight line be given in 
' position; the straight line is given. in position and 
magnitude. 


Because the extremities of the straight line are given, they 
can be found* : Let these be the points, A, B, between which : 5 acr, 
a straight line AB can be drawn ^; b 1. Postu- 
this has an invariable position, because A—————— —— ——p lat. 
between two given points there can 
be drawn but one straight line: And when the straight line 
AB is drawn, its magnitude is at the same time exhibited, or 
given: Therefore the straight line AB is given in position 
and.magnitude. 
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PROP. XxX. 


Ir one of the extremities of a straight line given 
in position and magnitude be given; the other ex- 
tremity shall also be given. 


Let the point A be given, to wit, one of the extremities of a 
straight line given in magnitude, and which lies in théstraight 
line AC given in position ; the other extremity is also given. 

Because the straight line is given in. magnitude, one equal 
to it can be found"; let this be thestraight line D: From the 
greater straight line AC cut off AB 
equal to the lesser D: Therefore the A. B C 
other extremity B of the straight line , 

AB is found: And the point B has 

always thesame situation; becauseany ^ ——  — 

other point in AC, upon the same side of A, cuts off between 
it and the point A a greater or less straight line than AB, that 
is, than D: Therefore the point B is given>: And it is plain 
another such point can be found in AC, produced upon the 
other side of the point A. 


PROP. XXXI. 


Ir a straight line be drawn through a given point 
parallel to a straight line given in position; that 
straight line 1s given in position. 


Let A bea given point, and BC a straight line given in 
position ; the straight line drawn through A parallel to BC is 
given in position. 

Through A draw’ the straight line 
DAE parallel to BC; the straight D A E 
line DAE has always the same posi- 
tion, because no other straight line B C 
can be drawn through A parallel to ^ ^ ^" 
BC: Therefore the straight line DAE which has been found 
is given® in position. 
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PROP, XXXII. 29, 


f 
Bir straight line be drawn to a given point in a 
straight line given in position, and makes a given 
angle with it; that straight line 1s given in position. 


Let AB be a straight line given in position, and C a given 


HF 


point in it, the straight line drawn 
to C, which makes a given angle 
with CB, is given in position. 
Because the angle is given, one 
equal to it can be found*; let 
this be the angle at D, at the given 
point C, in the given straight 
line AB, make’ the angle ECB 
| equal to the angle at D: There- 
fore the straight line EC has al- 
ways the same situation, because D 
any other straight line FC, drawn 
to the point C, makes with CB a greater or less angle than 
the angle ECB, or the angle at D: Therefore the straight 
line EC, which has been found, is given in position. 

It is to be observed, that there are two straight lines EC, 
GC upon one side of AB that make equal angles with it, and 
which make equal angles with it when produced to the other 
side. 





PROP. XX XIII. 


Ir a straight line be drawn from a given point to a 
straight line given in position, and makes a given 
angle with it, that straight line is given in position. 

From the given point A let the straight line AD be drawn 
to the straight line BC given in position, and. make with it a 
given angle ADC: AD is given in 


position. E A F 
Through the point A draw“ the i * 31. 1, 
straightline EAF parallel to BC ; and \ 


because throughthe given point A the p i >, < 


straight line EAF is drawn parallel to 
BC, which is given in position, EAF is therefore given in 
position": And because the straight line AD meets the parallels » 31. dat. 


? 


382 
« 99. 1. 


d 59. dat. 


See N, 


2 1, def, 


b 33. dat. 


€ 6 def. 
4 98, dat, 


* 09. dat, 


EUCLID’S. 


BC, EF, the angle is EAD equal‘ to the angle ADC ; and 
ADC is given, wherefore also the angle EAD is given: 
Therefore, because the stiaight line DA is drawn to the given 
point A in the straight line EF given in position, and makes 
with it a given angle EAD, AD is given? in position. 


PROP. XXXIV. 


Ir from a given point to a straight line given in 
position, a straight line be drawn which is given in 
magnitude; the same is also given in position. 


Let A bea given point, and BC a straight line given in 
position, a straight line given in magnitude, drawn from the 
point A to BC is given in position. 

Because the straight line is given in magnitude, one equal to 
it can be found? ; let this be the straight line D: From the 
point A draw AE perpendicular to BC: A 
and because AE is the shortest of all the 
straightlines NS can be cim, Rye the 
point A to , the straight line D, to E» 
which one equal is to be i fromthe D E C 
point A to BC, cannot be less than AE. D | 
1f therefore D be equal to AE, AE is the straight line given 
in magnitude drawn from the given point Ato BC; And it 
is evident that AE is given in position*, because it is drawn 
from the given point A to BC, which is given in position, and 
makes with. BC the given angle AEC. 

But if the straight line D be not equal to AE, it must be 
greater than it: Produce AE, and make AF equal to D ; and 
trom thecentre A, at the distance AF, describe the circle 
GFH, and join AG, AH: Because the circle GFH is given 
in position‘, and the straight line BC is also given in position ; 
therefore their intersection G 
is given’; and the point A is 
given ; wherefore AGis given in 
position’, that is, the straight b 
line AG given in magnitude, 
(for it is equal to D) and drawn D. £. 
from the given point À to the straight line BC given in posi- 
tion, is also given in position: And in like manner AH is 
given in position : Therefore in this case therearetwo straight 

lines 
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lines AG, AH of the same given magnitude which can be draw” 
from a given point A to a straight line BC given in position- 


PROP. XXXV. 32, 


Ir a straight line be drawn between two parallel 
straight lines given in position, and makes given 
angles with them, the straight line is given in mag- 
nitude. 


Let the straight line EF be drawn between the parallels 
AB, CD, which are given in position, and make the given an- 
gles BEF, EFD: EF is given in magnitude. 

In CD take the given point G, and through G draw? GH #31. 1. 
parallel to EF : And because CD meets the parallels GH, EF, 
the angle EFD is equal* to the angle b 
HGD: And EFD is a given angle; 
wherefore the angle HGD is given : 
and because HG is drawn to the given 
point G, in the straight line CD, given 
in position, and makes a given angle 
HGD; the straight line HG is given 
in position: And AB is given in position: therefore the ¢ 32: dat. 
point H is given‘; and the point G is also given, wherefore « 98, dat. 
GH is given in magnitude*: And EF is equal to it, therefore e g9. gat. 
EF is given in magnitude. 


22, l. 





PROP. XXXVI. . 53; 


Ir a straight line given in magnitude be drawn se x. 
between two parallel straight lines given in posi- 


.. ton, it shall make given angles with the parallels. 


Let the straight line EF given in magnitude be drawn be- 
tween the parallel straight lines AB, CD, 
which are given in position: The angles 4 EH EB 
AEF, EFC shzll be given. 
Because EF is given in magnitude, a 
straight line equal to it can be found?: I a1, def. 
Let this be G: In AB take a given point p` Rih 
H, and from it draw^ HK perpendicu- 2 FKD 
lartoCD: Therefore the straight line G, ( —— " 
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that is, EF cannot be less than HK: And if G be equal to 
HK, EF also is equal to it ; wherefore EF is at right angles 
to CD; for if it be not, EF would be greater than HK, which 
is absurd. ‘Therefore the angle EFD isa right, and conse- 
quently a given angle. 

But if the straight line G be not equal to HK, it must be 
greater than it: Produce HK, and take HL, equal to G ; and 
from the centre H, at the distance HL, describe the circle 
MLN, and join HM, HN : And because the circlee MLN, 
and the straight line CD, are given in position, the points M, 
N are* given: And the 
point H is given, wherefore á 
the straight lines HM, HN, 
are given in position®: And 
CD is given in position ; 
therefore the angles HMN, 
HNM, are given in posi- 
tion: Of the straight lines | 
HM, HN,let HN be that which is not parallel to EF, for EF 
cannot be parallel to both of them ; and draw EO parallel to 
HN : EO therefore is equalt to HN, that is, to G; and EF 
is equal to G; wherefore EO is equal to EF, and the angle 
EFO to the angle EOF, that is^, to the given angle HNM, 
and because the angle HNM, which is equal to the angle EFO, 
or EFD, has been found; therefore the angle EFD, that is, 
the angle AEF, is given in magnitude“: and consequently 
the angle EFC. 





PROP. XXXVII. 


Ilva straight line given in magnitude be drawn 
from a point to a straight line given in position, in 
a given angle; the straight line drawn through 
that point parallel to the straight line given in po- 
sition, is given in position. 

Let the straight line AD given in magnitude be drawn from 
the point A to the straight line BC given 
in position, in the given angle ADC: the 
straight line EAF drawn through A pa- 
rallel to BC is given in position. 

In BC takea given pointG,and draw GH 
parallel to AD: .And because HG is drawn 
to a given point G in the straight line BC 


give 


b 


- 
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given in position, in a given angle HGC, fof it is equal* to * 29.1. 


the given angle ADC; HGis-given in position’: But it is ^ 32. amt. 


given also in magnitude, because it is equal tot AD, which is « 35. 1. 
given in magnitude ; therefore because G, one ofthe extremi- 
ties of the straight line GH given in position and magnitude 


as given, the other extremity H is given’; and the straight ¢ 30. da. 


line EAF which is drawn through the given point H parallel 
to BC given in position, is therefore given‘ in position. € 31, dat. 


PROP. XXXVIII. A 


Ir a straight line be drawn from a given point 
to two parallel straight lines given in position, the 
ratio of the segments between the given point and 
the parallels shall be given. — 


Let the straight line EFG be drawn from the given point 
E to the parallels AB, CD, the ratio of EF to EG is given. 
From the point E draw EHK perpendicular to CD ; and 
because from a given point E the straight line EK is drawn to 
CD which is given in position, ina given angle EKC; EK is 


FH 


C KG DP 





given in position* ; and AB, CD are given in position ; there- : 33, as. 
fore? the points H, K are given: And the point E is given ; » os, ac. 
wherefore* EH, EK are given in magnitude, and the ratio! of ¢ 99 dat. 
them is thercfore given. But as EH to EK, so is EF to EG, * 1. da. 
because AB, CD are parallels ; therefore the ratio of EF to 

EG is given. 


PROP. XXXIX. 35, 36. 


F the ratio of the segments of a straight line be- see N. 
tween a given point in it and two parallel straight 
lines, be given, if one of the parallels be given im 
"position, the other is also given in position. 
Cc From 
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From the given point A, let thestraightline AED be drawn 
to the two parallel straight lines FG, BC, and let the ratio of 
the segments AE, AD be given; if one of the parallels BC be 
given in position, the other FG is also given in position. 

From the point A draw AH perpendicular to BC, and let 
it meet FG in K ; and because AH is drawn from the given 
point Aito the straight line BC given in position, and makes a 


j^ EE KC 





given angle AHD; AH is given? in 
position ; and BC is likewise given in 
position, therefore the point H is 
given^; "The point À is also given ; 


tude’, and, because FG, BC are 
parállels, a$ AE to AD, so.ts AKzto . —— r T 
AH; and the ratio of AE to AD IAN NOG 

is given, wherefore the ratio of AK to AH is given ; but AH 
is given in magnitude, therefore? AK is given in magnitude; 
and it is also given in position, and the point A is given ; 
wherefore: the point K is given. And because the —3 
line FG is drawn through the given point K parallel to BC 





which is given in position, therefore’ FG is given ‘in position. 


i ] 

PROP. XL. d 
IF the ratio of the segments of a straight line into 
which it is cut by. three-parallel straight lines, be 
given; if two of the parallels are given im position, 

the third is also given in position. if 

. ITE 12^ a > ane 
Let AB, CD, HK be three parallel’ straight lines} of Which 
AD, CD are given in position; and let the ratio ofthe seg- 
; ments 
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ments GE, GF into which the straight line GEF is cut by the 
three parallels, be given; the third parallel HK is given in 
position. | 

In AB take a given-point L, and draw LM perpendicular 
to CD, mecting HK in N ;, because LM is drawn from the 
given point L to CD which is given in position; and makes 
a given angle LMD ; LM is given in position* ; and CD is * 35. dat. 
given in position, wherefore the point M is given' ; and the » e$. dat. 
point L is given, LM is therefore given in maznitude* ; and'« c9, eat. 
because the ratio of GE to GF is given, and as GE to GF, so 


H__G_N T è 


Cr M CY W D 


/ Cor. 
is NL to NM ; theratio o£ NL to NM isgiven; and therefore? * hs ot 
3 AT 4 7- à . a (7 dat. 
the ratio of ML to LN is given; but LM is given in magni- 
tude’, whereforet LM is given in magnitude :: And it is also «2 dat. 
given in position, and the point L-isgiven, wherefore‘ the © 0. dat. 
point IN is given, and because the straight line HK is drawn 
through the given point N parallel to CD, which is given in 
position, therefore HK is given in positions. f 31 dat. 








: > " 
PROP. XLI. MW F. 


I F a straight line meets three parallel straight lines Se. 
which are given in position, the segments into 
which they cut it havea given ratio. | 

Let the parallel straight lines AB, CD, EF given in posi- 
tion, be cut by the straight line GHK ; the ratio o£ GH to HK 


is Piven. 


ln AB take a given point. L, and . Gill Rk 
draw LM perpendicular to CD, meet-. ^. 7 
ing EF in N; therefore? LM is given C-A M | I 


in position; and CD, EF are given, ~~. 2 xn 
in position, wherefore the points M, M Àj. | 

Naregiven: Andthe pointLis givens. ../——___1___ 
therefore” the straight lines LM, MN £ R 

- are given in magnitude ; and the ratio 
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of LM to MN is therefore given‘: But as LM to MN, se 
is GH to HK ; wherefore the ratio of GH to HK is given. 


PROP. XLII. 


IF cach of the sides of a triangle be given in mag- 
nitude, the triangle is given in species. 


Let cach of the sides of the triangle ABC be given in mag- 
nitude, -the triangle ABC is given in species. 

Make a triangle DEF, the sides of which are equal, each 
to each, tothe given straight lines AB, BC, CA, which can 
be done; because any two of them must be greater than the 
third; and let DE be 
equal to AB, EF, to BC, 
adi FD to CA ; and be- A D 
cause the two sides ED, 

DF are equal to the two 
BA, AC, each to each, 
and the base EF equal to B 
the base BC; the angle 
EDF is equal’ to the angle BAC; therefore, because the 
angle EDF, which is equal to the angle BAC, has been found, 
the angle BAC is given‘, in like manner the angles at B, C, 
are given. And because the sides AB, BC, CA are given; 
their ratios to one another are given‘, therefore the triangle 
A BC is given* in species. | . 


4 


PROP. XLIII. 
Ir each of the angles of a triangle be given in 
magnitude, the triangle is given inrspecies. 


Let each of the angles of the triangle ABC be given in 
magnitude, the triangle ABC is given in species. 


Takeastraightline DEgivenin A | 
position and magnitude, and at the. Ge By 
points D, E make? the angle EDF quas 
equal to the angle BAC, and the : 1 
angle DEF equal to ABC; there- I T k 
fore the other angles EED, BCA C S | 


are equal, and each of the angles at the points A, B, C, is 
I given 
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given, wherefore each of those at the points D, E, F is given: 
And because the straight line FD is drawn to the given point 
D in DE which is given in positian, making the given angle 
EDF ; therefore DF is given in position. In like manner » 32, dat. 
EF also is given in position ; wherefore the point F is given : 
And the points D, E are given ; therefore cach ofthe straight 
lines DE, EF, FD is given* in mzgnitude; wherefore the * 22. dat. 
triangle DEF is given in species’: and it is similare to the pre 


triangle ABC; which therefore is given in species. ur. 
| 6. 
PROP. XLIV. QUOAK 


Ir one of the angles of a triangle be given, and if 
the sides about it have a given ratio to onc another ; 
the tríaugle is given in species. 


— —- emm = 


Let the triangle ABC have one of its angles BAC given, 
and let the sides BA, AC about it have a given ratio to one 
_ another; the triangle ABC is given in species. 

Take a straight line DE given in position and magnitude, 
= And at the point D, inthe given straight line DF, make the 

angle EDF equal to the given angle BAC ; wherefore the 
angle EDF is given; and because the straight line FD is drawn 
to the given point D in ED which is given in position, making 
the given angle EDF; therefore 


FD is given in position’. And A dd. du. 
because the ratio of BÀ to AC is E 

. given, make the ratio of ED to 
DF the same with it, and join EF ; É C 


and because the ratio of ED to DF 
isgiven, and ED ts given, therefore’ DF is given in magni- * 2. dat. 
tude : and it is given also in position, and the point D is given, 
wherefore the point F is given*: and the points D, Y are ‘ “0. dat. 
given, wherefore DE, EF, FD are given? in magnitude ; *$9. dst. 
and the triangle DEF is therefore givent in species ; and be- ¢ 42. de. 
cause the triangles ABC, DEF have one angle BAC equal to 
oneangle EDF, and the sides about these angles proportionals ; 
the triangles are’ similar; but the triangle DEF is given in 6.6. 
species, and therefore also e triangle ABC. 
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PROP, XLV. 


TF the sides of a triangle have to one another 
given ratios ; the triangle is given im species. 


Let the sides of the triangle ABC have given ratios to one 
another, the triangle ABC is given in species. 

Take a straight line D given in magnitude; and because ` 
the ratio of AB to BC is given, make the ratio of D to E the 
same with it; and D is given, therefore? E is given, And . 
because the ratio of BC to CA is given, to this make the ratio 
of E to F the same ; and E is given, and therefore" F. | Aud 
because as AB to BC,so is D to E; by composition AB and 
BC together are to BC, as D 
and E to E; butas BC to CA, A 


sois E-to F; therefore, ex 


æquali?, as AB and BC are to | 
CA, soare Dand Eto F, and | 
AB and BC are greater? than. D—————4C . 
CA; therefore D and E are DEF 


greater?than F. In the same C 
inanner any twoof thethree D 

E, F are greater than thethird. H K 
Make ° the triangle GHK | 

whose sides are equal to D, E, F, so that GH be equal to D. 
HK to E, and KG to F ; and because D, E, F, are, each of 
them, given, therefore GH, HK, KG are each of them given 
in magnitude; therefore the triangle GHK is given in spe- 
cies: But as AB to BC, so is (D to E, that is) GH to HK ; 
and as BC to CA, so is (E to F, that is) HK to KG; there- 
fore, ex zquali, as AB to AC, so is GH to GK. W here- 
fores the triangle ABC is cquiangular and similar to the tri- 
angle GHK ; and the triangle GHK is given in species ; 
therefore also the triangle ABC is given in species. 

Cor. If a triangle is required to be made, the sides of 
which shall have the same ratios which three given straight 
lines D, E, F have to one another ; it is necessary that every 
two of them be greater tban the third. 


<. — -_ Ga H ~ 
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PROP. XLVI. 43. 


Ir the sides of a right angled triangle about one 
of the acute angles have a given ratio to one ano- 
ther; the triangle is given 1n species. - 


Let the sides AB, BC about the acute angle ABC of the 
triangle ABC, which has a right angle at A, have a given ra- 
tio to one another ; the triangle ABU is given in species. 

Take a straight line DE given in position and magnitude ; 
and because the ratio of AB to BC is given, make as AB to 
BC,so DE to EF ; and because DE has a given ratio to EF, 
and DE is given, therefore" EF is given ; and because as AB *?. dat. 
to BC, so is DE to EF ; and AB 1s less? than. BC, therefore » 19. 1. 
DE is less than EF. From the point D draw DG at right asn- « 4.5. . 
gles to DE, and from the cen- 
tre' E, aë the distance EF, 
describe a circle which shall A E 
meet DG in two points ; let n — \c 
G' be either of them, and. * — 
join EG; therefore the cir- E —— me. © 
cumference of the circle is T 
given? in position ; and the straight line DG is given* in * 6. cf. 
position, because it is drawn tothe given point D in DE given." Ad 
in position, 1n a given angle ; thereforef the point G is given, 128. dat. 
and the points D, E are given, wherefore DE, EG, GD are «ao. 4... 
givenë in magnitude, and the triangle DEG in speciesh. ? 42, à... 
And because the triangles ABC, DEG have the angle BAC 
equal to the angle EDG, and the sides about the angles ABC, 
DEG proportionals, and each of the other angles BCA, EGD 
less than a right angle; the triangle ABC is equiangular? and i: ¢.. 
similar to the triangle DEG; but DEG is given in species ; 
therefore the triangle ABC is given in species: And in the 
Same manner, the triangle made by drawing a straight line 
irom F to the other point in which the circle mects DG is 
civen in specics. 
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PROP. XLVIF. 


Ira triangle has one of its angles which ismot a 
right angle given, and if the sides about another 
angle have a given ratio to one another; the trian- 
gle is given in specics. 


Let the triangle ABC have one of its angles ABC a given, 
but not a right angle, and let the sides BA, AC about another 
angle BAC have a given ratio to one another; the triangle 
ABC is given in species. 

First, Let the given ratio be the ratio-of 
equality, that is, let the sides BA, AC, and 
consequently the angles ABC, ACB, be 
equal; and beeause the angle ABC is given, 
the angle ACB, and alsothe remaining* angle ~" 

BAC is given ; therefore the triangle ABC is C 
given? In species ; and it is evident that in this 
case the given angle ABC must be acute. 


Next, Let the given ratio be the ratio of aless to a greater, 
that is, let the side AB adjacent to the given angle be less 
than the side AC: Take a straight line DE given in position 
and magnitude, and make the angle DEF equal to the given 
angle ABC; therefore EF is given‘ in position; and because 
the ratio of BA to AC is given, 
as BA to AC, so make ED to A 
DG; and because the ratio of | 
ED to DG is given, and ED is 
given, the straight line DG is C 
given’, and BA is less than 
AC, therefore ED is lessè than 
DG. From the centre D, at 
the distance DG, describe the 
circle GE, meeting EF in F, 
and join DF ;-2nd because the 
circle is given’ in position, 
as also the straight line EF, the 
point F is-givene; and the 
points D, E are given ; where- | 
fore the straight lines, DE, EF, FD are given? in mag- 
nitude, and the triangle DEF in species. And bécause BA 
is less than AC, the angle ACB is less* than the angle ABC, 
and therefore ACB is less! than a right angle. Inthe same 

manner, 
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' manner, because- ED is lessthan DG or DF, the angle DFE 


P 


is less than a right angle: And because the triangles ABC, 
DEF have the angle ABC equal to the angle DEF, and the 
sides about the angles BAC, EDF proportionals, and each 
of the other angles ACB, DFE less than a right angle; the 
triangles ABC, DEF are * similar, and DEF is given in spe- =+ g 


* cies, wherefore the triangle ABC is also given in species. 


Thirdly, Let the given ratio be the ratio of a greater toa 
less, that is, let the said AB adjacent to the given angle be 
greater than AC}; and asin the last 
case, take a straight line DE given in 
position and magnitude, and make the 
angle DEF equal to the given angle 
ABC; therefore EF is given* in posi- 


ABC, DEG are similar™, because the 


. angles ABC, DEG are equal, and 


A 
— $22. dut. 
tion: Also draw DG perpendicular to - 
. EF; therefore if the ratio of BA to 
AC be the same with the ratio of ED | 
. to the perpendicular DG, the triangles 


DGE is a right angle: Therefore the 


- angle ACB is a right angle, and the triangle ABC is given 


inè species. * 43, dat, 
But if, in this last case, the given ratio of BA to AC be not 

the same with the ratio of ED to DG, that is, with the 

ratio of BA to the perpendicular AM drawn from A to BC; 

the ratio of BA to AC must be less than ° the ratio of BA *5. 5. 

to AM, because AC is greater than AM. Makeas BAito AC, 

so ED to DH ; therefore the ratio of 

ED to DH is less than the ratio of (BA 

to AM, that is, than the ratio of) ED 

to DG; and consequently DH isgreater? 

than DG; and because BA is greater 

than AC, ED is greater? than. DH. 


A 
LN. 
From thecentre D, at the distance DH, : 
describethe cizcle KHF which necessa- | 
H 


»10. 35. 


* à. 5. 


rily meets the straight line EF in two 

points, because DH is greater than DG, 

and less than DE. Let the circle meet 

EF in the points F, K which are given, 

as was shewn in the preceding case ; and DF ; IDK being joined, 

the triangles DEF, DEK are given in species, as was there 
shewn, 
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shewn: From the centre A, at the distance AC, describe a 
circle meeting BC again in Li: And if the angle ACB be less 
than a right angle; ALB must be greater than a right angle; 
and on the contrary. In the same manner, if the angle DFE 
be less than a right angle, DKE must bc greater than one ; 
and on the contrarya | Let each of the PEG 
angles ACB, DFE be either less or 
greater than a right.asigle ; and because i) 
in the triangles ABC, DEF the angles 
ABC, DEF are equal, and the sides 
BA, AC, and ED, DF, about two of 
the — angles puoi nali the tri- 
angle ABC is similar? to the triangle 


angle ABL is similar to DEK. And 
the triangles-DEF, DEK are given 
in species ; thejelle also the triangles 
ABC, ABL are given in species. And from this it is evi- 
dent, "that, in this third case, there are always two triangles 
of a different species, to which the things mentioned as given 
in the proposition’ can agree, | 





PROP. XLVIII. 


lr a triangle has one angle given, and if both the 
sides toge ether about that angle have a given ratio to 
the remaining side ; the triangle i is given in species. 


Let the triangle ABC have the angle BAC given, and let 
the sides BA, AC together about that angle have a — 
to BC ; the triangle ABC is givén in species. 

Bisccta the angle BAC by the straight line AD ; therefore 
the angle BAD is given... And because as B A to AC, so is* 
BD to DC, by permutation, as AB to BD, | 
so is AC to CD ; and as BA and AC to NE. t 
gether to BC, so iss AB. to BD. — But the 
ratio of BA and) AC together to BC is 
given, wherefore the ratio of AB to BD 
is given, and the angle BAD is given ; 
therefore‘ the triangle ABD is given in 
species, and the angle ABD is therefore given ; the angle BAC 
is also given, whereforethe triangle ABC is given in ‘species: . 

A triangle which shall have the things that are mentioned 
in the proposition to be given, can be found in the following 

manner. 
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manner. | Let EFG be the given angle, and let the ratioof H 
to K be the given ratio which the two sides about the angle 
EFG must have tothe third'side of the triangle; therefore be- 
cause two sides of a triangle are greater than the third side, 


, the ratio of H to K must be the ratio of a greater to a less. 


Bise&* the angle EFG by the straight line FL, and by the 
47th proposition find a triangle of which EPL’ is ane of the 


_ angles, and in which the ratio of the sides about thè angle op- 


4 


posite to EL is the same with theratio of H to K: Todo which, 
take FE given in position and magnitude, and draw EL per- 
pendicular to FL: Then if the ratio of H to K be the same 
with the ratio of FE to EL, produce EL, and let it meet FG 
in P^; the triangle FEP is that which was to be found: For it 
has the given angle EFG; and H 

because this angle is bisected by In 

FL, th» sides EF, FP together K 

are to EP, asb FE to EL, that 5 


- is, as H to K. 


But if the ratio of H to K 
be not the same with the ratio |. 
of FE to EL, it must be less ? 
than it, a: was shewn in Prop. 47, and in this case there are two 
triangles, each of which has the given angle EFL, and the 
ratio of the sides about the angle opposite to FL the same with 
the ratioof H to K. By Prop. 47, find these triangles EFM, 


* EFN, each of which has the angle EFL for one of its angles, 
and the ratio of the side FE to EM or EN the same with the 


ratio of H to K ; and let the angle EMF be greater, and ENF 
less than.a right angle. And because H is greater than K, EF 
is greater than EN, and therefore the angle EFN, that is, the 
angle NFG, is lessf than the angle ENF. To each of these 
add the angles NEF, EFN ; therefore the angles NEF, EFG 
are less than the angles NEF, EFN, FNE, that is, than two 
right angles 3 theretore the straight lines EN, FG must meet 
together when produced; let them meet in O, and -produce 
EM to G. Each of the triangles EFG, EFO has the things 
mentioned to be given in the proposition: For each of them 
has the given angle EPG; and because this angle is bisected 
by the straight line FMN, the sides EF, FG together have to 
EG the third side the ratio of FE to EM, that is, of H. to K. 
In like manner, the sides EF, FO together have to EO the 
ratio which H. has to K. 
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PROP. XLIX. 


I F a trianele has one angle given, and if the sides 
about another angle, both together have a given 
ratio to the third side; the triangle is given iu species. 


. Let the triangle ABC have one angle ABC given, and let 
the two sides BA, AC about another angle BAC have a given 
ratio to BC ; the triangle ABC is given in species. 

Suppose the angle BAC to be bisected by the straight line 
AD; BA and AC together are to BC, as AB to BD, as was 
shewn in the preceding proposition. But the ratio of BA and 
AC together to BC is given; therefore also the ratio of AB to 
BD is given. And the angle ABD is given, wherefore* the 
triangle ABD is given in specics ; and consequently the angle 
BAD; and its double:the angle BAC 
are given: And the angle ABC is | A 
given, "Therefore the triangle ABC 
IS given in species, 

A triangle which shall have the 
things mentioned in the proposition B ^ 
to be given, may be thus found. Let 
EFG be the given angle, and the ratio 
of H to K the given ratio; and by K 
Prop. 44. find the triangle EFL, 
which has the angle EFG for one of 
its angles, and the ratio of the sides ff 
EF, FL about this angle the same 
with the ratio of H to K; and make the angle LEM equal to 
the angle FEL, And because the ratio of H'to K is the ratio’ 
which two sides of a triangle have to the third, H must be 
greater than K : and because EF is to FL, as H to K ; there-- 
fore EF is greater than FL, and the angle FEL, thatis, LEM, 
is therefore less than the angle ELF. Wherefore the angles 
LFE, FEM are less than two right angles, as was shewn in 
the foregoing proposition, and the straight lines FL, EM must. 
meet if produced ; let them meet in G, EFG is the triangle 
which was to be found ; for EFG is one of its angles, and be- 
cause the angle FEG is bjsected_ by EL, the two sides FE, 
EG together have to the third side FG the ratio of EF toFL;: 
that is, the given ratio of H to K. 
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PROP. L, 46. 


Ir from the vertex of a triangle given in species, a 
straight line be drawn to the base in a given angle; 
it shall have a given ratio to the base. 


From the vertex À of the triangle ABC which is given in 
species, let AD be drawn to the base BC in. a given angle 
ADB ; the ratio of AD to BC is given. 
Because the triangle ABC is given in 
species, the angle ABD is given, and the 
angle ADB is given, therefore the tri- 
angle ABD is given * in species ; where- © 40. dat. 
fore the ratio of AD to AB is given. 
And the ratio of AB to BC is given; and 
therefore’ the ratio of AD to BC is given. * 0, dat, 


PROP. LI. 4T. 


Recrrirseat figures given in species, are di- 
vided into triangles which are given in species. 


Let the reĉtilineal figure ABCDE be given in species: 
ABCDE may be divided into triangles given in species. 
_ Join BE, BD; and because ABCDE is given in species, 
the angle BAF is given’, and the ratio 23. de. 
| ef BA to AE is given’; wherefore 
thetriangle BAE is given in species’, ! ei. de 
and the angle AEB is therefore given’. E 
| But the whole angle AED is given, 2 
and therefore the remaining angle BED 
is given, and the ratio of AE to EB D 
_ is given, as also the ratio AE to ED; therefore the ratio of 
| BE to ED is givens. And the angle BED is given, where-<9. aa 
fore the triangle BED is given’ in species. In thesame man- 
ner, the triangle BDC is given in species: Therefore reti- 
lineal figures which are given in species are divided into tri- 
angles given in species. 


I 
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| è . ° * V x» . 
I F' two triangles given in species be described upon 
the same straight line ; they shall have a given ra- 
tio to one another. (BAI , 


vidon 


Let the triangles ABC, ABD given in Species be described 
upon the same straight line AB); the ratio of the triangle ABC 
to the triangle ABD is given. . 

a Through the point C, draw CE parallel to AB, and let it 


meet DA. produced in E, and join BE.) Because the triangle 


ABC is given in species, the angle BAC, that is, the anéle 
ACE, is given; and because the triangle ABD is given in 
species, tle : angle ay 2 Lun 
DAB, that" is, the 
angle"AEC, is given. 
‘Therefore thes trian 
gle ACE ts given in: 
species ; wherefore thes 
ratio of EA to AC is 
given’, and the ratio D 

of CA to AB is given, 4 eo 

as also the ratio of BA to AD, therefore the ratio of e EA to 
AD is given, and the triangle ACB is equal: to the triangle 
AE B, and. as the triangie AEB, or ACB, is ‘to’ the trianble 
ADB, so is * the straight line. EA. to AD: But the ratiovof 
EA to AD is given; therefore the ratio of the triangle ACB 
to the triangle ADB is given. s | 





| PROBLEM: ^e a rus 

To find the ratio of two triangles ABC, ABD given in spe- 
cies, and whichare described upon the same straight dine AB. 

‘Lake avstraight line FG given in, position and magnitude, 
and because the angles of the triangles ABC, ABD are given, 
at the points FPG of the straight-line FG, make the angles 
GFH, GFK® equal to the angles BAC, BAD; andthe angles 
FGH; FGK equal to the angles ABC, ABD, cach to each. 
Therefore the triangles ABC, ABB are equiangular to the tri- 
angles FGH, FGK, cachtoeach. | T'brough the point H draw 
HL parallel to FG, meeting KF produced inL. | And because 
theangles BAG, BA Dare equal to the angles Gl’ H, GF Ky cach 
to each; therefore the angles ACE, AEC are equal. to FHL, 
¥ LH, each to each, and'the triangle AEC equiangular tojthe 
triangle FLH. — 'Thereforeas EA to AC, sois LF to FH, and 
AR 
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as CA to. AB, so HF to FG; and as BÀ to AD, so is GF 
so Fk; — * ex z quali, as EA to AD,so is LF to FK. 
But as was shewn, the triangle ABC is to the triangle ABD, 
as the. straight line EA to AD, that is, as LF to FK. E 
ratio therefore of LF to FK has. been foi ad, which i is the same 
with the ratio of the triangle ABC to the e itiangle ABD. 
x i a ol 
. PROP. ÉIL. iA un "laa. 4. 


le two zn ilie figures g given, in. | species be de-Se N. 
scribed upon the same straight line; they shall 
have a given ratio m one another. - 


T any two scie diee ABCDE; ABFG, fe are 

ven in specics, ‘be described upon the-same tight line AD ; 
m ratio of them to one another is given. ss} 

Join AC, AD, AF; each of the triangles. AED, ADC, 
ACB, AGF, ABE is given in species. And because the tpj- * 51. dat. 
angies ADE, ADC given in spe- >; j Arm 
cies are descrived upon the same | ~~ oD i 
straight line AD, the ratio of EAD 
to DAC is given" ; and, by com- 
position, the ratio, of EACD to 
DAC is. givens. And the ratio 
DAC to CAB is given’, because 

» they are described upon the same 
Straight line AC ; therefore the | 
saci? of EACD to ACB is givent; -H K LMN O 29, de 
and, by composition, the ratio of 

ABCDE to ABC is given. In the same manner, the ratio of 

ABFG to ABF is given. But the ratio of the trianglé ABC 

to the triangle ABF is given; wherefore? because the ratio of 

ABCDE to ABCuis given, as also the ratio of ABC to ABF, 

and the ratio of ABF to ABFG ; the ratio of the rectilinea! 

ABCDE to the rectilineal ABFG is given’. 


PROBLEM. i 


To find the ratio of two rectilineal figures given ii species, 
» and described upon the same straight line. 

Let ABCDE; ABFG be two rectilineal ionis given in 
n and described upon the same straight line AB, and 
, join AC, AD, AF. ‘Take astraightline HK given in position 
- n magnitude, and by the 52d dat. find the ratio of. the tri- 
* angle ADE to the triangle ADC, and, make the ratioof HK 


to 





a ee 
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to KL the same with it. Find also the ratio of the triangle 
ACD to the triangle ACB. And make the ratio of KL to 
LM the same. Also, find the ratio of the triangle ABC to 
the triangle ABF, and make the ratio of LM to MN the sathe. 
And, lastly, find the ratio of the triangle AFB to the triangle 
AFG, and make the ratio of MN | 
to NO the same. Then the ratio 
of ABCDE to ABFG is the same 
with the ratio of HM to MO. 
Because the triangle EAD is to 
the triangle DAC, as the straight 
line HK to KL ; and as the triangle 
DAC to CAB, so is the straight 
line KL to LM ; therefore by using 
composition as often as the number 
of triangles requires, the rectilineal 
ABCDE is to the triangle ABC, as the straight line HM to 
ML. In like manner because the triangle GAF is to FAB, 
as ON to NM, by composition, the rectilineal ABFG is to 
the triangle ABF as MO to NM, and by inversion, as ABF 
to ABFG, so is NM to MO. And the triangle ABC is to 
ABF, as LM to MN. Wherefore, because as ABCDE to 
ABC, so is HM to ML; and as ABC to ABF, so is LM to 
MN ; and as ABF to ABFG, so is MN to MO ; ex «equali, 
as the rectilincal ABCDE to ABFG, so is the straight HM 
to MO. 





m PROP. LIV. 


Lr two straicht lines have a given ratio to one ano- 
ther ; the similar rectilineal figures described upon 
them similarly, shallhavea given ratio tooneanother. 


Let the straight lines AB, CD, have a given ratio to one an- 
other, and let the similar and similarly placed reétilineal figures 
E, F be described upon them ; the ratio of E to F is given. 


To AB, CD, let G be a third 
proportional; therefore as AB to G 
CD, sois CD toG. And theratio E F 
of AB to CD is given; wherefore 
the ratio of CD to G is given; and 2 ; 


consequently the ratio of AB to G 
2* is also given*. Butas AB toG, so _H Ko Ik 
es. OF, 


$0. 6. i» the figure E to the figure? F.. Therefore the ratio of E to 
F is given. 
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PROBLEM. 


-To find the ratio of two similar rectilineal figures E., F, simi- 
“larly described upon straight lines AB, CD which havea given 

ratio to'one another : Let G be a third proportional to AB,C D. 

; Take a; straight line H given in magnitude ; and because 

the ratio of AB to CD is given, make the ratio of H to K 

the same with it; and because H is given, K is given, » As 

H is to K, so make K to L; then the ratio of E to F is the 

same with the ratio of H to L; for AB is to CD, as H to K, 
wherefore CD is to G, as K to b; and, ex zquali, as AB to 

G, so is H to L+ But the figure E is to’ the figure F, as AB + 2 Cor 


7 


to G, that is, as H to L. 
PROP, LV. 51. 


I: two straight lines havea given ratio to one ano- 
ther; the rectilineal figures given in species, described 
upon them, shall have to one another a given satio. 


Let AB, CD be two straight lines which have a given ratio 
to one another ; the re&ilineal figures E; F given in species 
and described upon thern, have a given ratio to one another. 

Upon the straight line AB, describe the figure AG similar 
and similarly placed to the figure F ; and because F isgiven in 
species, AG is also given in spe- 
cies: Therefore, since the fi- - 


gures E, AG which are given A E B C D 


in species, are described upon F 

the same straight line AB, the G 

ratio of E to AG is given’, H B 2 53. dat. 
and because the ratio of AB to K L 








CD is given, and upon them are described the similar and 
similarly placed rectilineal figures AG, F, the ratio of AG to »54.dat. 
F is given ; and the ratio of AG to E is given j therefore 
the ratio of E to F is given*. / * 9, dat. 


PROBLEM. 


To find the ratio of two rectilineal fieures E, F viven in 
species and described upon the straight lines AB, CD which 
have a given ratio to one another. 

Take a straight line H given in magnitude; and because 
the rectilineal figures E, AG given in species, are described up- 
on the same straight line AB, find their ratio by the §3d dat. 
and make the ratio of H to K the same, K is therefore given. 
And because the similar rectilineal figures AG, F are described 

D d 


upon 
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upon the straight lines AB, CD, which have a given ratio, 
find their ratio by the 54th dat. and make the ratio of K to L 
the same: The S b. E nas to F the same ratio which H has 
to L: For, by the construĉtion, as E is to AG, so is H to K; 
and as:AG to F, so is K to L: Therefore, ex æquali, as E 
to F ; so is H toL. 


PROP. LVI. 


Ir a rectilineal figure given in species be described 
upon a straight line given in maguitude; the fi- 
gure is given in magnitude. 

Let the rectilineal figure ABCDE given in species, be de- 
scribed upon the straight line AB given in magnitude ; the 
figure ABCDE is given in magnitude. | 

Upon AB let the square AF be described ; therefore AF is 
given in species and magnitude, and because the rectilineal 
figures ABCDE, AF given in specics C 


are described upon the same straight 


line AB, the ratio of ABCDE to AF is 
given*: But the square AF is given in 
magnitude, therefore? also the figure 
ABCDE is given in magnitude. | 


ie 
^ 
PROB. — 
| M 


To findthe magnitudeof a rectilineal 


figure given in species described upona L 
straight line given in magnitude, 

Take the straight line GH equal to 
the given straight line AB, and by the. & | 


53ddat. find the ratio which the square G H K 
AF upon AB has to the figure ABCDE ; and make the ratio 
of GH to HK the same; and upon GH describe the'square GL, 
and complete the parallelogram LHKM ; thẹ figure ABCDE 
is equal to LHKM ; because AF is to ABCDE, as the straight 
line GH. to HK, that is, as the figure GL, to HM ; and AF is 
equal to GL ; therefore ABCDE is equal to HM‘, 


PROP. LVII, 


Ir two rectilineal figures are given 1n. species, and 
if a side of one of them has a given ratio to aside 
of the other; the ratios of the remaining sides to the 
remaining sides shall be given. n 
et 
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Let AC, DF be two rectilineal figures given in species, and 
let the ratio of the side AB tothe side DE be given, the ratios 
of the remaining sides to the remaining sides are also given. 

Because the ratio of AB to DE is given, as also* the ratios «3. deg 
of AB to BC, and of DE to EF, the ratio of BC to EF is 





given In the same manner the b 10. dat, 
ratios of the other sides to the = D 
other sides are given. Ac 

The ratio which BC has to | —* 
EF may be found thus: Taxk a — — 
straight line G given in magni- E Fr 
tude, and because the ratio of BC 
to BA is given, make the ratio | | 
of G to H the same ; and because 
the ratio of AB to DE is given, G.H K L 
make the ratio of H to K the 
same ; and make the ratio of K to L the same with the given 
ratio of DE to EF. Since therefore as BC to BA, so is G to 
H ; and as BÀ to DE, so is H to K ; and as DE to EF so is 
K toL ; ex equali, BC is to EF, as G to L; therefore the 
ratio of Gto L has been found, which is the same. with the 
ratio of BC to EF. 

PROP. LVIH. G. 


] F two similar rectilineal figures have a given ratio ** N- 
t? one another, their homologous sides have also a 
given ratio to one another. 


Let the two similar reétilineal figures A, B have a given 
ratio to one another, their homologous sides have also a given 
ratio. 
Let the side CD be homologous to EF, and to CD, EF let 
the straight line G bea third proportional. As therefore? CD a 2 Cor. 
_to G, so is the figure A to B ; and x^ 
the ratio of A to B is given, there- / 


-— foretheratio of CD to G is given; A 
and CD, EF, Gare proportionals ; £51 
wherefore” the ratio of CD to EF € b E F G'ie 
Is given. | 





The ratio of CD to EF may be. — H I X 


found thus: Take a straight line 

H given in magnitude ; aid because the ratio of the figure A 

to B is given, make the ratio of H to K the same with it: 

And, as the 13th dat. directs to be done, find a mean propor- 
Dd2 tional 
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tional L between H and K ; the ratio of CD to EF is thesame 
with that of H to L. +. Let G be a third proportional to CD, 
EF ; therefore as CD to G, so is (A to B, and so is)H toK; 
and as CD to EF, sois H to L, as is shewn in the 13th dat. 


PROP. LIX. 


Ir two rectilineal figures given. in species have a 
given ratio to one another, their sides shall likewise 
have given ratios to one another. 


Let the two rectilineal figures A, B, given in species, have 
a given ratio to one another; their sides shall also have given 
ratios to one another. 

If the figure A be similar to B, their homologous sides shall 
have a given ratio to one another, by the preceding proposi- 
tion ; and because the figures are viven in species, rhe sides of 
cach of them have given ratios" to one another ; therefore each 
side of two of them has" to each side of the other a given ratio. 

But if the figure A be not similar to B, let CD, EF be 
any two of their sides; and upon EF conceive the figure EG 
to be described similar and 


similarly placed to the figure A | Cr 
A, so that CD, EF be ho- | - . 
mologous. sides; therefore (7 D ENB, F 


EG is given in species; and 
the figure B is given in spe- H 
cles; wherefote * the ratio K——— 
of B to EG is given ; and the M 
ratio of A to B is given, 77 
therefore? the ratio of the L 
figure A to EG is given; and A is similar to EG; therefore 
*the ratio of the side CD to EF is given ; and.consequently? 
the ratios of the remaining sides to the remaining sides are 
iven. | s 
À The ratio of CD to EF may be found thus: Take a straight 
line H given in magnitude, and because the ratio of the figure 
A to B is given, make the ratio of H to K the same with it. | 
And by the 53d dat. find the ratio of the figure B to EG, and 
make the ratio of K to L the same: Between H and L find a 
mean proportional M, the ratio of CD to EF is the same with 
the ratio of H to M; because the figure A is to Bas Hto K; 
end as B to EG, so is K to L; ex equali, as A to EG, = is 
to 











D'A T A. 45$ 


H to L: And ¢ne figures A, EG, are similar, and M is a mean 
proportional between H and L; therefore, as was shewn in 
the preceding proposition, CD is to EF as H to M. 


PROP. LX. * 


Ir a rectilineal figure be given in speciesand mag- 
nitude, the sides of it shall be given in magnitude. 


Let the rectilineal figure A be given in species and magni- 
tude, its sides are given in magnitude. j 

Take a straight line BC given in position and magnitude, 
and upon BC describe* the figure D similar, and similarly * 15. € 
placed, to the figure A, 
and let EF be the side 
of the figure A homo- 
Jogous to BC the side 
of D; therefore the fi- 
gure D is given in spe- 
cies. And because upon 
the given straight line 
BC the figure- D given 
in speciesis described, D 
Is given? in. magnitude, and the figure A is given in magni- , 56. dat. 
tude, therefore the ratio of A to D is given: And the figure ` ` 
A is similar to D; therefore the ratio of the side EF to the 
homologous side BC is given‘ ; and BC is given, wherefore? 5 3°:,°"* 
EF is given: And the ratio of EF to EG is givent, therefore © 3. det. 
EG is given. And, in the same manner, each of the other 
sides of the figure A can be shewn te be given. 


PROBLEM. 


To describe a rectilineal figure A similar toa given figure D, 
and equal to another given figure H. Itis Prop. 25, B. 6. Elem. 
Because each of the figures D, H is given, their ratio is gi- 

ven, which may be found bv making! upon the given straight eo. 45.1, 
line BC the parallelogram BK equal to D, and upon its side 
CK making‘ the parallelogram KL equal to H in the angle 
KCL equal to the angle MBC ; therefore the ratio of D to H, 
that is, of BK to KL, is the same with the ratio of BC to CL: 
And because the figures D, A are similar, and that the ratio of 
D to A, or H, is the same: with the ratio of BC to CL; by 
the 58th dat. the ratio of the homologous sides BC, EF is the 
same with the ratio of BC to the mean proportional between 
BC and CL. Find EF the mean proportional ; then EF is the 
D 43 side 
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side of the figure to be described, homologous to BC the side 
of D, and the figure itself can be described by the 18th Prop. 
B. 6, which, by the construction, is similar to D ; and because 
D is to A, ast BC to CL, that is, as the figure BK to KL; and 
that D is equal to BK, therefore A*is equal to KL, that is, to H. 


PROP. LXI. 


I F a parallelogram given in magnitude has one of 
its sides and one of its angles given in magnitude, 
the other side also is given. 

Let the parallelogram ABDC given in magnitude, have the 
side AB and the angle BAC given in magnitude, the other 
side AC is given. 

‘Take a straight line EF given in position and magnitude ; 
and because the parallelogram AD 


is given in magnitude, a reétilineal A B 
figure equal to it can be founda, / / 
And a parallelogram equal to this / / 
figure can be applied’ to the given Ct aw re 


straight line EF in anangle equal __ 
to the given angle BAC. Let this E/ / 


be the parallelogram EFHG, hav- / / 
ing the angle FEG equal to the 
angle BAC. And because the pa- G H 


rallel. g'ams AD, EH are equal, and 

have tne angles at À and E equal; the sides about them are 
reciprocally proportional: ; therefore as AB to EF, so is EG 
to AC: And AB, EF, KG are given, therefore also AC is 
given’, Whence the way of finding AC is manifest. 


PROP. LXII. 


Ir a parallelogram has a given angle, the rectangle 
contained by the sides about that angle has a given 
ratio to the parallelogram. 


Let the parallelogram ABCD have the 
given angle ABC, the rectangle AB, ‘BC 


has a given ratio to the parallelogram AC. 
From the point A draw AE perpendi- / 
cular to BC; because the angle ABC is B 


Ay. bend) 

given, as also the angle AEB, the triangle C 

ABE is given? in species ; therefore the F 

ratio of BA to AE is given. Butas BA to 

AE, so is? the rectangle AB, BC, to the | 

rectangle AE, BC, therefore the ratio of H ` 
the 


DAT A. 


the rectangle AB, BC to AE, BC that ist, to the parallelo- 
gram AC is given. 

And it is evident how the ratio of the rectangle to the pa- 
rallelogram may be found, by making the angle FGH equal 
to the given angle ABC, and drawing, from any point F in 
one of its sides, FK perpendicular to the ether GH; for GF 
is to FK, as BA to AE, that is, as the rectangle AB, BC, to 
the parallelogram AC. 

Cor. And if a triangle ABC has a given angle ABC, the 
rectangle AB, BC contained by the sides about that angle, 
shall have a given ratio to the triangle ABC. 

Complete the parallelogram ABCD; therefore, by this pro- 
position, the*ređtangle AB, BC has a given ratio tothe paral- 
lelogram AC; and AC has a given ratio to its half the tri- 


© 35. 1. 


66. 


angie? ABC; therefore the rectangle AB, BC has a givenes; 1. 


‘ratio to the triangle ABC. 

And the ratio of the rectangle to the triangle is found thus: 
Make the triangle FGK, as was shewn in the proposition : the 
ratio of GF to the half of the perpendicular FK is the same with 
the ratio of the rectangle AB, BC to the triangle ABC. Be. 
cause, as: was shewn, GF is to FK, as AB, BC to the paralle- 
logram AC ; and FK is to its half, as AC isto its half, which 
is the triangle ABC; therefore, ex quali, GF is to the half 
of FK, as AB, BC rectangle is to the triangle ABC. 


PROP. LXIII. 


Ir two parallelograms be equiangular, as the side 
of the first to a side of the second, so is the other 
side of the second to the straight line to which the 
other side of the first has the same ratio which the 
first parallelogram has to the second. And conse- 
quently, if the ratio of the first parallelogram to the 
second be given, the ratio of the other side of the 
first to that straight line is given; and if the ratio 
of the other side of the first to that straight line be 
given, the ratio.of the first parallelogram to the se- 
cond is given. 

Let AC, DF be two equiangular parallelograms, as BC, a 
side of the first, is to EF, a side of the second, so is DE, the 
other side of the second, to the straight line to which AB, the 
other side of the first has the same ratio which AC hasto DF. 

Dds . Preduce 
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Produce the straight line AB, and make as BC to; EF, so 
DE to BG, and complete the parallelo- 
gram BGHC; therefore, because BC 
or GH, is to EF, as DE to BG, the 
sides about the equal angles BGH, DEF B / 
are reciprocally proportional; where- RR ae 
fore the parallelosram BH is equal to. (2/— ——— — (t 
DF; and AB is to BG, as the paral- | 


lelogram AC is to BH, that is, to DF; 
as therefore BC is to EF, ‘so is DE to 
BG, which is the straight line to which EE F 


AB has the same ratio that AC has to 
DF." 

And if the ratio of the parallelogram AC to DF be given, 
then the ratio of the straight line AB to BG is given; and if 
the ratio of AB to the straight line BG be given, the ratio of 
the parallelogram AC to DF is given. | 


PROP. LXIV. 


Ir two parallelograms have unequal but given an- 
gles, and if as a side of the first to a side ot the se-. 
cond, so the other side of the second be made to a 
certain straight.line; if the ratio of the first paral- 
leloeram to the second be given, the ratio of the 
other side of the first to that straight line shall be 
given. And ifthe ratio of the other side of the first 
to that straight line be given, the ratio of the first 
parallelogram to the-second shall be given. 


Let ABCD, EFGH be two parallelograms which have the 
unequal but given angles ABC, EFG; and as BC to FG, 
so make EF to the straight line M. lf the ratio of the paral- 
lelogram AC to EG be given, the ratioof AB to M is given. 

At the point B of the straight line BC make the angle 
CBK equal to the angle EFG, and complete the parallelogram 
K BCL. And because the ratio of AC to EG is given, and that 
AC is equal? to the parallelogram KC, therefore the ratio of 
KC to EG is given; and KC, EG are equiangular; there- 
fore as BC to FG, so is" EF to the straight line tó which KB 
has a given ratio, viz. the same which the parallelogram 
KC has to EG; but as BC to FG, so is EF to the straight ` 
line M; therefore KB has a given ratio to M; and the ratio 


D A TA. 


ef AB to BK is viven, because the triangle ABK is given in 
species ; therefore the ratio of AB to M's given‘. * 
And if the ratio of AB’ to M be given, the ratio of the” S" 
parallelo&ram AC to EG is given : for since the ratio of KB to 
BA is given, as also the ratio of AB 
to M, the ratio of KB to M is givent; D 
and because the parallelograms KC, EG 
are equiangular, as BC to FG, so is 
* EF to the straight line to which KB B C > 63, dat. 
has the same ratio which the parallelo- E H 
gram KC has to EG: butas BC to FG, — 
so is EF toM; therefore KBistoM, M 
as the parallelogram KC is to EG ; and F G 
the ratio of KB to M is given, therefore the ratio of the pa- 75. 
rallelogram KC, that is, of AC to EG, is given. . 
CoR. And if two triangles ABC, EFG, have two equal 
angles, or two unequal, but piven, angles ABC, EFG, and if 
'as BCa side of the first to FG a side of the second, so the other 
side of the second EF be made toa straight line M; if the ratio 
of the triangles be given, tie ratio of the other side of the first 
to the straight line M is given. 
Complete the ‘parallelograms ABCD, EFGH; and because 
the ratio of the triangle ABC to the triangle EFG is given, the 
ratio of the parallelogram AC to EG is givens, because the pa- « 15. 5. 
Tallelograms are double‘ of the triangles: and because BC is to f41. 1. 
FG, as EF to M, the ratio of AB to M is given by the 63d 
dat. if the angles ABC, EFG are equal; but if they be un- 
‘equal, but given angles, the ratio of AB to M is given by this 
Proposition. 
| And if the ratio øf AB to M be given, the ratio of the pa- 
_Tallelogram AC to EG is given by the same propositions; and 
| therefore the ratio of the triangle ABC to EFG is given, 














PROP. LXV. 


[3 F two equiangular parallelograms have a given 6s. 
Tatio to one another, and if one side has to one side 

"a given ratio; the other side shall also have to the 
other side a given ratio. 


Let the two equiangular parallelograms AB, CD have a 
given ratio to one another, and let the side EB have a given 
| Tatio to the side FD; the other side AE has also a given ra- 
tie to the other side CF. 

Because 
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Because the two equiangular parallelograms AB,CD havea 
given ratio to one another: as EB, a side of the first, is to FD, 
a side of the second, so is* FC, the other side of the second, to 
the straight line to which AE, the other side of the rst, has 
the same given ratio which the first parallelogram AB has 
to the other CD. Let this straight line be EG; therefore the 
ratio of AE to EG is given; 
and EB isto FD, as FC to 


A C 
EG, therefore the ratio of 
FC to EG is given, because Ẹ j 
the ratio of EBto FD is given; Í DF —-Dp 
and because the ratio of AE | | | 


to EG, as also the ratio of | 
FC to EG is given; theratio . 
of AE to CF ts given’. HKL 

The ratio of AE to CF may be found thus: Takea straight 
line H given in magnitude; and because the ratio of the paral- 
lelogram AB to CD is piven, make the ratio of H to K the 
same with it. And because the ratio of FD to EB is given, 
make the ratio of K to L the same: The ratio of AE toCF is 
the same with the ratio of H to L. Make as EB to FD, so FC 
to EG, therefore, by inversion, as FD to EB, so is EG to FC; 
and as AE to EG, so is* (the parallelogram AB to CD, and so 
is) H toK ; but as EG to FC, so is (FD to EB, and so is) K 
to L; therefore, ex quali, as AE to FC, so is H to L. 


PROP. LXVI. 


I F two parallelograms have unequal but given an- 
gles, and a given ratio to one another; if one side 
has to one side a given ratio, the other side has also 
a given ratio to the other side. 


Let the two parallelograms A BCD, EFGH which have the 
given unequal angles ABC, EFG have a given ratio to one 
another, and let the ratio of BC to FG be given ; the ratio | 
also of AB to EF is given. 

At the point B of the straight line BC make the angle CBK 
equal to the given angle EFG, and complete the parallelo- 
gram BKLC ; and because each of the angles BAK, AKB is 
given, the triangle ABK is given* in species; therefore the 
ratio of AB to BK is given; and because, by the Matar 

the 
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and because BL is equianzular to EG, and by the hypothesis, 


- 
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the ratio of the paralielogram AC to FG is given, and that AC 


is equal? to BL ; therefore the ratio of BL to EG is given: 4. | 


the ratio of BC to FG is given; therefore: the ratio of KB to «65. dat. 
EF is given, and the ratio of KB 


+ to BA is given; the ratio there- AK 

fore’ of AB to EF is given. N F 
The ratio of AB to EF may be y 
found thus : T'ake the straight line b 
MN given in position and magni- — 7 
tude; and make the angle MNO y G 
equal to the given angle BAK, — 
and the angle MNO equal to the 0 
given angle EFG, or AXB: And 
because the parailelogram BL is equiangular to EG, and has a 
given ratio to it, and that the ratio of BC to FG is given ; find 
by the 65th dat. the ratio of KB to EF : and make the ratio of 
NO to UP the same with it: Then the ratio of AB to EF is 
the same with the ratio of. MO to OP: For since the tri- 
angle ABK is equiangular to MON, as AB to BK, so is 
MO to ON : And as KB to EF, so is NO to OP ; therefore 
exaquali, as AB to EF, so is MO to OP. 
PROP. LXVII. 70. 


Ir the sides of two equiangular parallelograms se x. 
have given ratios to one another; the parallelo- 
grams shall have a given ratio to one another. 


Let ABCD, FFGH be two equiangular parallelograms, and 
let the ratio of AB to FF, as also the ratio of BC to FG, be 
given ; the ratio of the parallelogram AC to EG is given. 

Take a straight line K given in magnitude, and because the 
ratio of AB to EF is given 
make the ratio of K to L the < 
same with it; therefore L is 
given*: And because the ratio 
of BC to FG is given, make 
the ratio of LtoMthe same: 
Therefore M is given*, and 
K is given; wherefore? the 
ratio of K to M is given: But tht parallelogram AC is to the 
parallelogram EG, as the straight line K tothe straight line M, 

as 
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as is demonstrated in the 23d Prop. of B. 6. Elem. therefore 
the ratio of AC to EG is given. 

From this it is plain how the ratio of two equiangular paral- 
Jelograms may be found when the ratios of their sides are given. 


PROP. LXVIII. 


Ir the sides of two parallelograms which have un- 
equal, but given angles, have given ratios to one 
another ; the parallelograms shall have a given ratio 
to one another. 


Let two parallelograms ABCD, EFGH which have the 
given unequal angles ABC, EFG have the ratios of their 
sides, viz. of AB to EF, and of BC to FG, given; the ratio 
of the parallelogram AC to EG is given. | 

At the point B of the straight line BC, make the angle CBK 
equal to the given angle EFG, and complete the parallelo- 
gram KBCL: And because each of the angles BAK, BKA 
is given, the triangle ABK is given* inspecies: Therefore the 
ratio of AB to BK is given; andthe ratio of AB to EF'is 
given, wherefore’ the ratio of BK to EF is given. And the 
ratio of BC to FG is given ;. ,, 
and the angle K BC is equal BRA 
to the angle EFG ; there- 
fore: the ratio of the paral- 
lelogram KC to EG is 


given: But KC is equal? to b M V 







AC ; therefore the ratio of P Q! F 
AC to EG is given. 

The ratio of the parallelogram AC to EG may be found 
thus; Take the straight line MN given in positior and mag- 
nitude, and make theangle MNO equal tothe givenangle KAB, 
and the angle NMO equal to the given angle AK Bor FEH : 
And because the ratio of AB to El is given, make the ratio of 
NO toP the same ; also make the ratio of P to Q the same 
with the given ratio of BC to FG, the parallelogram AC is to 
EG, as MO to Q. 

Because the angle KAB is equal to the angle MNO, and 
the angle AKB equal to the angle NMO ; thetriangle AKB 
is equiangular to NMO: Therefore as KB to BA, so is MO 
to ON; and as BA to EF, sois NO to P; wherefore, ex 
zquali, as KB to EF, sois MO to P: And BC is to FG, as P. - 


3 to 


* 
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to Q; and the parallelograms KC, EG are equiangular ; there- 
fore, as was shewn in Prop. 67, the parallelogram KC, that 
is, AC is to EG, as MO to Q. 

Con. 1. If two triangles ABC, DEF have two equal an- "1. 
gles, or two unequal, but given A ABC, DEF, and if the 
ratios of the sides about these angles, 
viz. the ratios of AB to DE, and of A 1 
BC to EF be given; the triangles 
shall havea given ratio to one ano- 
ther. 

Complete the parallelógrams, BG, 
EH ; the ratioof BG to EH is givena ; and therefore the tri- a67 or 68. 


3 E : dat. 
angles which are the halvés^ of them have a given* ratio to » 5, 
one another. c 15, 5. 


Cor. 2. If the bases BC, EF of two triangles ABC, DEF 
have a given ratio to one another, and if also the straight lines 
AG, DH which are drawn to the bases from the opposite an- 
gles, either in equal angles,or unequal, but given angles AGC, 


DHF havea given rauotooneK A L 
another ; thetrianglesshall have yi , 
a given ratio to oneanother. AN 
fo. BK,EL parallel to AG, . NEN C | F 
= 


DH, and complete the paral-! 

lelograms KC, .F. ,and because the angles AGC, DHF, or 
their equals, the angles KBC, LEF are either equal, or un- 
equal, but given; aud tbat the ratio of AG to DH, that is, of 


- KBto LE, is given, as also the ratio of BC to EF ; therefore* a 67 or 68. 
_ the ratio of the parallelogram KC to LF is given; wherefore ®t 


also the ratio of the triangle ABC to DEF is given. 108 


PROP. LXIX. 
I F a parallelogram which has a given angle be ap- 
plied to one side of a rectilineal figure given in spe- 
cies; if the figure have a given ratio to the parallelo- 
gram, the parallelogram is given in species. 


6l. 


‘Let ABCD be a rectilineal figure given in species, and to 
one side of it AB, let the parallelogram ABEF having the 
given angle ABE be applied ; if the figure ABCD has agiven 


- ratio to the parallelogram BF, the parallelogram BF is given 
in species. 


Through the point A draw AG parallel to BC, and through 


i the point C draw CG parallel to AB, and produce GA, CB to 


the 
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the points H, K ; because the angle ABC is given*, and the 
ratio of AB to. BC is given, the igure ABCD being given in 
species ; therefore, the pa:allelogram BG is given*in species. 
And because upon the same straight line AB the tworectilineal 
tieures BD, BG given in species are described, the ratio of 
BD to BG is given>; and, by hypothesis, the ratio of 
BD to the parallelogram BF is given ; wheretore* the ratio of 
BF, that is?, of the'parallelorram BH, to BG is given; and 
therefore the ratio of the straight Jine KB to BC is given ; 
and the ratio of BC to BA is given, wherefore the ratio of 
KB to BA 1s given®: And because the angle ABC is given, 
the adjacent angle ABK is given ; and theangle ABE is given, 
thercte|e the remainingangle K8E ispgiven.. FheangleEK B 
is also given, because it is equal tothe angle ABK therefore 
the triabgle: BKE is given in speciċs, and consequently the 
ratio of [-B to E is given ; and the 1atio of KB to BA is given 
whereiore* the iatio or. Mf 
EB to BA is given; and 
the angle ABE is given, 
therefore the parallelo- 
gram BF is give in. A 
Species. 

À paralelogramsimi- Z 
lar to BF may be found H 
thus: Take a straight R 
line LM given in position aud magnitude; and because the 
angles ABK, ABE are given, make the angle NLM equal to 
ABK, and the angle NLO equal to ABE. And because the 
ratio of BF to Bis given, make the ratio of LM to P-the 
same with it; and because the ratio of the igure BD to BG 
is given, find this ratio by the 53d dat. and make the ratio of 
P to Q the same. Also, because the ratio ot CB to BA is 
given, make the ratio ot Q to R the same; and take LN equal 
to R ; through the point .J draw OM parallel to LN, and 
complete the parallelogram NLOS ; then this is similar to the 
paralletogram BF. | Pp erent 

Becausethe angle ABK isequalto NLM, and the angle ABE 
to NLO, the angle KBE is equal to MLO; ,and the angles . 
BKE, LMO are equal, because the angle ABK is equal to... 
NEM ; therefore the triangles FKE, LMO. are equiangu- _ 
lar to one another ; wherefore, as BE to BK, so is LO to. 
LM ; and because as the figure BY to BD, so is the straight 
line LM to P; and as BD to BG, so is P to Q; ex aequali, 
as BF, that is*, BH to BG, so is LM to Q: but BH ee 


ox 
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BG, as KB to BC; as therefore KB to BC, sois LM to Q; 
and because BE is to BK as LO to LM ; and as BK to BC, 
sois LM to Q: And as BC to BA, so Q was madeto R ; 
therefore, ex quali, as BE to BA, so is LO to R, that is, 
to LN; and the angles ABE, NLO are equal ; therefore the 
parallelogram BF is similar to LS. ; 


PROP. LXX. | 62, 78. 


I T two straight lines have a given ratio to one ano- Se N. 
ther, and upon one of them be described a rectili- 
neal figure given in species, and upon the other a 
parallelogram having a given angle; if the figure 
have a given ratio to the parallelogram, the paral- 
lelogram is given in species. 

Let the two straight lines AB, CD have a given ratio to 
one another, and upon AB let the figure AEB given in species 
be described, and upon CD the parallelogram DF having the 
given angle FCD; if the ratio of AEB to DF be given, the 
parallelogram DF is given in species. “ 

Upon the straight line AB, conceive the parallelogram AG 
to be described similar, andsimilarly placed to FD ; and because 
the ratio of AB to CD is given, and upon them are described 


the similar rectilineal figures AG, , 
FD; the ratio of AG to FD is 


E 
given*; and the ratio of FDtoAEB 4 t€ B E 
is given ; therefore the ratio of I * 5$. dat. 
EB to AG is given; and the angle C * 9. dat. 
| , 
d 


A 
: ABG is given, because it isequal to 
the angle FCD; because therefore 
the parallelogram AG which has a NI 
given angle ABG is applied to a N zd 
sige AB oi the figure AEB given H L 
1n species, and the ratio of AE.B to AG is given, the parallelo- 
"gram AG is given‘ in species; but FD is similar to AG ; «69, dat 
thercfore FD is given in species. 
A parallelogram. similar to FD may be found thus: Take 
à straight line H given in magnitude ; and because the ratio of 
the figure AEB to FD is given, make the ratio of H to K the 
Same with it: Also, because the ratio of the straight line CD 
AB is given, find by the 54th dat. the ratio which the figure 
FD described upon CD has to the figure AG described upon 
AB similar to FD ; and -make the ratio of K to L the same 
with this ratio: And because the ratios of H to K, and of K 
to 
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to L are given, the ratioof H to.L is given”; because, there- 
fore, as / ÈB to FD, sois H to K: and as FD to AG, so is K 
to L ; ex wquali,as AEB to AG so is H to L; therefore the 
ratio of AEB to AG is given; and the figure AEB is given in 
Species, and to its side AB the parallelogram AG is applied in 
the given angle ABG;; therefore by tre 69th dat. a parallelo- 
gram may be found similar to AG: Let this be the parallelo- 
gram MN ; MN also is. similar to FD; for, by the construc- 
tion, MN is similar to AG, and AG is similar to FD; there- 
fore the parallelogram FD is similar to MN. 


PROP. LXXI. 


I: the extremes of three proportional straight 
lines have given ratios to the extremes of other 
three proportional straight hnes; the means shall 
also have a given ratio to one another: And if one 
extreme has a given ratio to one extreme, and the 
mean to the mean ; likewise the other extreme shall 
have to the other a given ratio. 


Let A, B; C be three proportional straight lines, and D, E, 
F, three other ; and let the ratios of A to D, and of C to F, be 
given; then the ratio of B to E is also given. 

Because the ratio of A to D, as also of C to F, is given, the 


ratio of the rectangle A, C to the rectangle D, F is given?; 


but the square of B is equal? to the rectangle A, C; aud the 
square of E to the rectangle" D, F ; therefore the ratio of the 
square of B to the square of E is given; wherefore® also the 
ratio ofthe straight line B to E is given. wf 
Next, let the ratio of A to D, and of B to E, be 
given; then the ratio of C'to F is also givens" =" 1 | 
Because the ratio of D to E is given, the ratio of AB C 
the square of B to the square of E is given?; there- E 
fore^ the ratioof the rectangle A, C to the rectangle 1 T V 
| 





D, F is given; and the ratio of the side A to the " | 
side D is given; therefore the ratio of the other 
side C to the other F is givens. " | 
Con. Andif the extremes of four proportionals have to the 
extremes of four other proporttonals given ratios, and one o 
the means a given ratio to one of the means ; the other mean 
shall have a given ratio to the other mean, as may be shewn 
in the same manner as in the foregoing proposition. 


i 
f 
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PROP. LXXII. T 


| Iv four straight hnes be proportionals; as the first 
is to the straight line to which the second has a 
given ratio, so is the third to a straight line to 
which the fourth has a given ratio. 


Let A, B, C, D be feur proportional straight lines, viz. as 
A to B, soC to D; as A is to the straight line to which B has 
a given ratio, so is C to a straight lineto which D has a given 
ratio, : 

* Let E be the straight line to which B has a given 

ratio, and as B to E, so make D to F : 'T he ratio of 

B to E is given’, and therefore the ratio of D to F ; . * Hyp 
and becauseas A to B, sois C to D; and as B to E, " 

so D to F ; therefore, ex zquali, as A to E, so is Bk 

C to F ; and E is the straight line to which B hasa C D F 
given ratio, and F that to which D has a given ratio ; | 
therefore as A is to the straight line to which B has 

a given ratio, so is C toa line to which D hasa | 
given ratio. 


PROP. LXXIII. 85. 


5 F four straight lines be proportionals ; as the first see w. 
is to the straight line to which the second has a 
given ratio, so is a straight line to which the third 

has a given ratio to the fourth. 


Let the straight line A be to B, as C to D ; as A to the 
straight line to which B has a given ratio, so isa 
straight line to which C has a given ratio to D. 

Let E be the straight line to which B has a 
given ratio, and as B to E, so make F to C ; because 
the ratio of B to E. is given, the ratio of C to F is | 

iven: And because Å is to B, as C toD; andas A 

to E, so F to C: therefore, ex æquali, in pro- F 
portione perturbato*, AÀ is to E, as F to D; that is, 
Aus to E to which B has a given ratio, as F, to 
which C has a given ratio, is to D. 

Ee 
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PROP. LXXIV. 


I F a triangle has a given obtuse angle; the excess 
of the square of the side which subtends the obtuse 
angle, above the squares of the sides which contain ' 
it, shall have a given ratio to the triangle. 


Let the triangle ABC havea given obtuse angle ABC ; and 
produce the siraight line CB, and from the point A draw AD 
perpendicular to BC: The excess of the square of AC above 
the squares of AB, BC, that is*, the double of the rectangle 
contained by DB, BC, has a given ratioto the triangle ABC. 

Because theangle ABCis given,theangle ABDisalsogiven; 
and the angle ADB is given; wherefore the triangle ABD 
is given? in species ; and therefore the ratio of AD to DB 
is given: And as AD to DB, so is the rectangle AD, BC 
to the rectangle DB, BC; whercfore the ratio of the re&- 
angle ADD, BC to tHe reQangle DB, BC is given, as also the 
ratio of twice the rectangle DB, BC to 


the rectangle AD, BC: But the ratio of A E 

the rectangle AD, BCtothe triangle ABC 

is given, because it is double? of the tri- 

angle; therefore the ratio of twice the FG 


rectangle DB, BC to the triangle ABC is — 
— and twice the CAAA DB, BC D. d, Cu, 
is tue excess? of the square of AC above the squares of AB, 
BC; theretore this excess has a given ratio to the ‘triangle 
ABC. 

And the ratio of this excess to the triangle ABC may be 
found thus: Take a straight line EF given in position and mag- 
nitude ; and because the angle ABC is given, at the point F 
of the straizht line EF, make the angle EFG equal to the 
angle ABU; produce Gi’, and draw EH perpendicular to 
FG; then the ratio of the excess of the square of AC above 
the squares of AB, BC to the triangle ABC, is the same with 
the ratio of quadruple the straight line HF to HE, | 

Because the angle ABD is equal to the augle EFH, and 
the angle ADB to EHF, each being a right angle; tpe tri- 
angle ADB is equiangular :o EHF ; thereforc/as BD to DA, 
so FH to HE; and as quadruple of BD to DA, so is £ qua- 
druple ot FH to HE: Butastwice BD is to DA, so is* twice 
the rectangle DB, BC othe rectangle AD, BC ; and as DA 
to the *halt of it, so 1s? the rectangle AD, BC to its half the 

! triangle 
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triangle ABC ; therefore, ex equali, as twice BD is to the half 
of DA, that is, as quadruple of BD is to DA, that is, as qua- 
druple of FH to HE, so is twice the rectangle DB, BC to the 
triangle ABC. 


PROP, LXXV. €. 


J F a triangle has a given acute angle, the space by 
which the square of the side subtending the acute 
angle is less than the squares of the sides which con- 
tain it, shall have a given ratio to the triangle. 


Let the triangle ABC have a given acute angle ABC, and 
draw AD perpendicular to BC, the space by which the square 
of AC is less than the squares of AB, BC, that is*, the double = 15.2. 
of the rectangle contained by CB, BD, hasa given ratio to the 
triangle ABC. 

Because the angles ABD, ADB are cach of them given, 
the triangle ABD is given in species ; and therefore the ratio 
of BD to DA isgiven: And as BD to DA, A 
so is the rectangle CB, BD to the rectangle AN 
CB, AD: Therefore the ratio of these rect- ee tN 
ang!es is given, as also the ratio of twice the ^ i 
rectangle CB, BD, to the rectangle CB, AD, ^ | \ 
but the rectangle CB, AD has a given ratio É— —10 
toits halí thetriangle ABC: "Therefore? the *? Dc, 9. dat. 
ratio of twice the rectangle CB, BD to the triangle ABC is 
given : and twice the rectangle CB, BD is*the space by which 
the square ot AC is less than the squares of AB, BC ; there- 
fore the ratio of this space tothe triangle ABC is given: And 
the ratio may be found as in the preceding proposition. 


LEMMA. 


I F fromthe vertex A of an isosceles triangle A BC, any straight 

line AD be drawn to the base BC, the square of the side 
AB is equal to the rectangle BD, DC of the segments of the 
base together with the square of AD ; but if AD bedrawn to 
the base produced, the square of AD is equal to the rectangle 
BD, DC, together with the square of AB. 


| Case 1. Bisect the base BC in E, and A 
join AE, which will be perpendicular? to * & 1, 
BC ; wherefore the square of AB is equal 
-* to the squares of AE, EB; but the square * 4T. 1. 
of EB is equai* to the reatangle BD, DC 7.2 
together with the square ot DE; there- >. 


fore the square of AB is equal to the 
Ee2 squares 


y 
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squares of AE, ED, that is, to^ the square of AD, together 
with the rectangle BD, DC; the other case is shewn in the 
same way by 6. 2. Elem. 


PROP. LXXVI. 


Ir a triangle have a given angle, the excess of the 
square of the straight line which is equal to the two 
sides that contain thegiven angle, abovethesquare of 
the third side, shall have a given ratio to the triangle. 

Let the triangle ABC havethe given angle BAC, the excess 
of the square of the straight line which is equal to BA, AC 
together above the square of BC, shall have a given ratio to 
the triangle ABC, 

Produce BA, and take AD equal to AC, join DC, and 
produce it to E, and through the point B draw BE parallel to 
AC; join AE, and draw AF perpendicular to DC ; and be- 
cause AD is equal to AC, BD is equal to BE ; and BC is 
drawn from the vertex B of the isoseeles triangle DBE ; there- 
fore, by the Lemma, the square of BD, that is, of BA and 
AC together, is equal to the rectangle DC, CE together with 
the square of BC ; and therefore the square of BA, AC to- 
gether, that is, of BD, is greater than 


the square of BC by the rectangle DC, | D 
CE ; and this rectangle has a given 
ratio to the triangle ABC, because F 


the angle BAC is given, the adjacent 
angle CAD is given; and each of the B 
angles ADC, DCA is given, for 
each of them 1s «be half: of the given. ,, H 
angle BAC; therefore the triangle GIL E 
ADC is given> in species ; and AF is K 
drawn from ifs vertex to the base in 
a given angle; wherefore the ratio of AF to the base CD is 
given’ and as CD to AT, so is? the rectangle DC, CE to 
the rectangle AF, CE ; and the ratio of the rectangle AF, 
CE to its halt*, the triangle ACK, is given; therefore the 
ratio of the rectangle DC, CE to the triangle ACE, that is‘, 
to the triangle ABC, is givent; and the rectangle DC, CE 
is the excess of the square of BA, AC, together above the 
Square of BC: Therefore the ratio of this excess to the tri- 
angle ABC is piven. | 

‘The ratio which the rectangle DC, CE, has to the triangle 
ABC is found thus: Take the straight line HG given in posi- 

tion 
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tion and magnitude, and at the point G in GH makethe angle 
HGK equal to the given angle CAD, and take GK equal to 
GH, join KH, and draw GL perpendicular to it: Then the 
ratioof HK to the half of GL is the same with the ratio of 
the rectangle DC, CE tothe triangles BC: Because the angles 
HGK, DAC, at the vertices ofthe isosceles triangles GHK, 
ADC, are equal to one another, these triangles are similar ; 
and because GL, AF, are perpendicular to the bases HK , DC, 


DC, CE to the rectangle AF, CE; but as GL. to its half, so 
is the rectangle AF, CE to it$ half, which is the triangle ACE, 
or the triangle ABC ;- therefore, ex zquaii, HK is to the half 
of the straight line GL, as the rectangle DU, CE, is to the 
triangle ABC. 
CoR. And ifa triangle have a given angle, the space by 
which the square of the straight line, which is the difference 
of the sides which contain the given angle, is less than the 
square of the third side, shall have a given ratio to the trian- 
gle. This is demonstrated the same way as in the preceding 
proposition, by help of the second case of the Lemma. 


PROP. LXXVII. s 


I F the perpendicular drawn from a given angle of a se s. 


triangle to the opposite side, or base, has a given 
ratio to the base, the triangle is given iu species. 

Let the triangle ABC have the given angle BAC, and let the 
perpendicular AD drawn to the base BC, have a given ratio 
to it, the triangle ABC is given in species. 


If ABC beian isosceles triangle, it is evident*, that if any 5. & 2o. 
t. 


A 
AN 


"4$ -RDC 





one of its angles be given, the rest are also given ; and there- 
fore the triangle 1s given in species, without the consideration 
_ ef the ratio of the perpendicular to the base, which in this case 

is given by Prop. 50. : 
But when ABC isnot an isosceles triangle, take any straight 
line EF given in position and magnitude, and upon it describe 
Ees3 the 


" 
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as HK. to. GL, sois ^ (DC to AF, and so is) the rectangle » Fr 
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the segment of a circle EGF, containing an angle equal to the 
given angle BAC, draw GH bisecting EF at right angles, and 
join EG, GF: Then, since the angle EGF is equal to the angle 
BAC, and that EGF is an isosceles triangle, and ABC is not 
the angle FEG is notequal to the angle CBA: Draw EL 
making the angle FEL equal tothe angle CBA’; join FL, and 
draw LM perpendicular to EF 5 then because the triangles ELF 
BAC are equiangular, as also are the triangles MLE, DAB, 
as ML to LE, so is DA to AB; and as LE to EF, sois AB to 
BC; whereiore, ex zquali, as LM to EF, so is AD to BC; 
and because the ratio of AD to B€ is given, therefore the ratio 
of LM to EF isgiven ; aud EF is given, wherefore’ LM also 
is given. Complcte the parallelogram LMF K; andbecause LM 
is given, FK is given in magnitude; itis also given in position; 
and the point F is given, and consequently‘ the point K ; and 
because through Kk. the straight line KLis drawn parallel to KF, 
which is given in position, therefore? KL is given in position : 


/ 


É RDC 





and the circumference EIF is given in position ; therefore the 
point lisgiven', And because the points, L, E, F, are given, 
the straight lines LE, EF, FL, are given‘ in magnitude ; there- 
fore the triangle LEF is given in species 5 ; and the triangle 
ABC is similar to LEF,, wherefore also ABC isgiven inspecies. 

Because LM is less than GH, the ratio of LM to EF, that 
is, the given ratio of AD to BC, must be less than the ratio of 
GH to EF, which the straight line, in a segment of a circle 
containing an angle equal to the given angle, that bisects the 
base of the segment at right angles, has unto the base. / 

Con. 1. If two triangles, ABC, LEF have one angle BAC 
equal to one angle ELF, and if the perpendicular AD be to the 
base BC, as the perpendicular LM to the base EF, the trian- 
gles ABC, LEF are similar. 

Describe the circle EGF about the triangle ELF, and draw 
LN parallel to EF, join EN, NF, and draw NO perpendicu- 
lar to EF ; because the angles ENF, ELF are equal, and that 

the 
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the. angle EFN is equal to the alternate angle FNL, that is, 
to the angle FEL in the same segment ; therefore the triangle 
NEF is similar to LEF ; and in the segment EGF there can 
be no other triangle upon the base EF, which has the ratio of 
its perpendicular to chat base the same w th the ratio of LM 
or NO to EF, because the perpendicular must be greater or 
less than LM or NO ; but, as has been shewn in the preceding 
demonstration, a triangle, similar to ABC, can be described in 
the segment EGF upon the base EF, and the ratio of its per- 
pendicular to the base is the same, as was there shewn, with 
the ratio of AD to BC, that is, of LM to EF; therefore that 
trianvle must be either LEF, or NEF, which therefore are 
similar to the triangle ABC. 

Cor. 2. If atriangle ABC has a given angle BAC, and if 
the straight line AR drawn irom the given angle to the op- 
posite side BC, in a given angle ARC, has a given ratio to 
BC, the triangle ABC is given in species. ' 

Draw AI) perpendicular to BC; therefore the triangle 
ARD is given in species; wherefore the ratio of AD to AR is 
given: and the ratio of AR to BC is given, and consequent] y^ ^ 9. dat. 
the ratio of AD to BC is given; and the triangle ABC is 
therefore given in species. 1 41, dat. 

Con. 3. If two triangles ABC, LEF have one angle BAC 
equal to one angle ELF, and if straight lines drawn from 
these angles to the bases, making with them given and equal . 
angles, have the same ratio to the bases, each to each ; then 
the triangles are similar; tor having drawn perpendiculars te 
the bases from the equal angles, as one perpendicular is to its 
base, so is the other to its base©; wherefore, by Cor. 1. the* Ns 
triangles are sim:lar. 

A triangle similar to ABC may be found thus : Having des 
scribed the segment EGF, and drawn the straight line GH as 
' was directedin che pfoposition, find FK, which has to EF the 

given ratio of AD to BC ; and place FK at right angles to EF 
from the point F ; then because, as has been shewn, the ratio 
of AD to BC, that is, of FK to EF, must be less than the ratio 
of GH to EF; therefore FK is less thanGH; and consequently 
the parallcl to EF drawn through the point K, must meet the 
circumference oí the segment in two points: Let L be either 
of them, and join EL, LF, and draw LM perpendicular to 
EF: then, because the angle BAC is equal to the angle 
ELF, and that AD-isto BC, as KF ; that is, LM to EF, the 
triangle ABC is similar to * triangle LEF, by Cor. 1. 
c4 
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PROP. LXXVIII, 


Ir a triangle have one angle given, and if the ra- 
tio of the rectangle of the sides which contain the 
given angle to the square of the third side be given, 
the triangle is given in species. 

Let the triangle ABC have the given angle BAC, and let 
the ratio of the rectangle BA, AC to the square of BC be 
given ; the triangle ABC is given in species. 

From the point A, draw AD perpendicular to BC, the reét- 
angle AD, BC has a given ratio to its half the triangle ABC ; 
and because the angle BAC is given, the ratio ofthe triangle 
BAC to the rectangle BA, AC is given^; and by the hypo- 
thesis, the ratio of the rectangle BA, AC to the square of BC is 
given ; therefore* the ratio of the rectangle AD, BC to the 
square of BC, that is‘, the ratio of the straight line AD to BC 
is given; wherefore the triangle ABC is given in species*. 

A triangle similar to ABC may be found thus: Take a 
straight line EF given in position and magnitude, and make 
the angle FEG equal to the given angle BAC, and draw FH 
perpendicular to EG, and BK perpendicular to AC : therefore 
thetriangles ABK,EFH 
are similar, and the rect- 
angle AD, BC or the 
reclangle BK,AC which 
is equal to it, is to the 
rectangle BA, AC as the 
straight line BK to BA, ji 
thatis,as FHto FE. Let 
the given ratio of the rectangle BA, AC tothe square of BC 
be the same with the ratio of the straight line EF to FL. ; there- 
fore, ex zquali, the ratio of the rectangle AD, BC to the 
square of BC, that is, the ratio of the straight line AD to BC, 
is the same with the ratio of HF to FL; and because AD is 
not greater than the straight line MN in the segment of the 
circle described about the triangle ABC, which bisects BC 
at right angles; the ratio of AD to BC, that is, of HF 
to FL, must not be greater than the ratio of MN to BC: 
Let it be so; and, by the 77th dat. find a triangle OPQ 
which has one of its angles POQ equal to the given 
angle BAC, and the ratio of the perpendicular OR, 
drawn from that angle to the base PQ, the same with the 


ratio ef HF to FL ; then the triangle ABC is similar to 
OPQ 


A M 
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OPQ: Because, as has been shewn, the ratio of AD to BC is 
the same with the ratio of (HF to FL, that is, by the con- 
struction, with the ratio of) OR to PQ; and the angle BAC 
is equal to the angle POQ. Therefore the triangle ABC is 


similar‘ to the triangle POQ. f 1. Cor. 
( ' S 11. dat. 
Otherwise, 


Let the triangle ABC have the given angle BAC, and let 
the ratio of the rectangle BA, AC to the square et BC be 
given ; the triangle ABC is given in species. 
Because the angle BAC is given, the excess of the square 
of both the sides BA, AC together above the square ot the 
third side BC has a given* ratio tothe triangle ABC. Lerthe 76, ait 
ficute D be equal to this excess; therefore the ratio of D to 
the triangle ABC is given ; andthe ratio of the triangle ABC 
to the rectangle BA, AC is given”, because BAC is a given |o de 
angle ; and the rectangle BA, AC has A bie 
a given ratio to the square of BC; ; 
wherefore* the ratio of D to the JON, D4. 10 de 
square of BC is given ; and, by com- 
position’, the ratio of the space D, B ( 
together with the square of BC to the square of BC is given; 
but D together with the square of BC is equalto thc square of 
both BA and AC together ; therefore the ratioof the square of 
BA, AC together to the square of BC is given; and the ratio ` 
_ of BA, AC together to BC is therefore given*; and the angle 
_ BAC is given, wherefore’ the triangle ABC is given in species. P T 
The composition of this, which depends upon those of the E dim 
- 76th and 48th propositions, is more complex than the preced- 
- ing composition, which depends upon that of Prop. 77. which 
- i$ easy, 
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PROP. LXXIX. i 


Ira triangle have a given angle, and if the straight se x. 

Tine drawn from that angle to the base, making a 

f given angke with it, divides the base into segments 
vhich have a given ratio to one another ; the trian- 

gle is given in species. ; 

+ Let the triangle ABC have the given angle BAC, and let 


ne straight line AD drawn to the base BC, making the given 
angle ADB, divide CB in:» the segments BD, DC which have 
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* 44. dat. 


@ 7. dat. 
e 9. dat. 
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a given ratio to one another; the triangle ABC is given in 
spectes F 

Describe* the circle BAC about the triangle, and from its 
centre E, draw EA, EB, EC, ED; because the angle BAC is 
given, the angle BEC at the centre, which is the double? of it, 
is given. And the ratio of BE to EC is given, because they 
are equal to one another; therefore the* triangle BEC is 
given in specics, and the ratio of EB to BC is given; also the 
ratio of CB to BD is given‘, because the ratio of BD) to DC. 
is given ; therefore the ratio of EB to BD is givens, and the 
angie EBC is given, wherefore the triangle EBD is givent 
in species, and the ratio of EB, that is, of EA, to ED, is there- 
fore given; and the angle EDA is given, because each of the 
angles BDE, BDA is given; therefore the triangle AED is 
givenf in species, and the angle AED . | 
given: also the angle DEC is given, be- 
cause each of the angles BED, BEC is 
given ; therefore the angle AEC is given, 
and the ratio of EA to EC, which are 
equal, is given; and the triangle ALC is B 
therefore given‘ in species, and the angle 
ECA is given; andthe angle ECB is given, Ex" 
wherefore the angle ACB is given, and the angle BAC isalso 
given ; thereforet the triangle ABC is given in species, 

Atrianglesimilar to ABC may be found, by takinga straight 
line given in position and magnitude, and dividing it in the 
given ratio which the segments BD, DC are required to havc 
to one another ; then, if upon that straight line a segment of a 
circle be described containing an angle equal to the given angle 
BAC, and a straight line be drawn from the point of division 
in an angle equal to the given angle ADB, and from the point 
where it meets the circumference, straight lines be drawn to the 






extremity’ of the first line, these, together with the first line, 


shall contain a triangle similar to ABC, as may easily be shewn. 

'The demonstration: may be also made in the manner of that 
of the 77th Prop. and that of the 77th may be made in the 
manner of this. 


PROP. LXXX. 


Ir the sides about an angle of a triangle have a gi- 
ven ratio to one another, and if the perpendicular 
drawn from that angle to the base has a given ra- 


tio to the base; the triangle is given in species. 
Let 3 





D A T.A. 427 


Let the sides BA, AC, abont the angle BAC of the triana 
gle ABC have a given ratio to one another,'and let the per- 
pendicular AD have a given ratio to the base BC, the. triangle 
ABC is given in species. 

First, let the sides AB, AC be equal to one another, there- 
fore the perpendicular AD bisects* the base * 26. 1. 
BC; and the ratio of AD to BC, and there- A 
fore to its half DB, is given ;; and the angle 1 / 
ADB is given; wherefore the triangle* ABD *//. 
and consequently the triangle ABC is given? B D c'e 
in species. | 

But let the sides be unequal, and. BÀ be greater than AC; 
and make the.angle CAE equai to the angle ABC ; because 
the angle AEB is common to the triangles AEB, CEA, they 
are similar ; therefore as AB to BE, so is CA to AE, and, by 
permutation, as BA to AC, so is BE to EA, and so is EA 
to EC; and the ratio of BA to AC is given, therefore the 
ratio of BE to EA, and the ratio of EA to EC, as also the 
ratio of BE to EC is givens; wherefore the ratio of EB to. 3. 
BC is given? ; and the ratioof AD to BC 6€. dut 
ts given by the hypothesis, therefore‘ the Ze c 
ratio of AD to BE is given; and the ratio 2. 
of BE to EA was shewn to be given; ry 
wherefore the ratioof ADto EA is givens $5 TC E 
and ADE is a right angle, therefore the 
triangle ADE is givent in species, and the angle AEB given; 
the ratio of BE to EA is likewise given, therefore’ the trian- ' ** 
gle ABE is given in species, and consequently the angie EAB, 
as also the angle ABE, that is, the angie CAE is given; 
therefore the angle BAC is given, and the angle ABC being 
also given, the triangle ABC is given‘ in species. f 43. dat. 

How to find a triangle which shall have the things which 
are mentioned to be given in the proposition, is evident in 
the first case; andto find it the more easily in the other 
Case, it is to be observed that, if the straight line EF equal to 
EA be placed in EB towards B, the point F divides the base 
BC into the segments BF, FC, which have to one another the 
ratio of the sides BA, CA, because BE, EA, or EF, and *29. 5. 
EC, were shown to be proportionals, therefore* BF is to FC, 
as BE to EF, or EA, that is, as BA to AC; and AE cannot 
be less than the altitude of the triangle ABC, but it may be 

equal 


*43. dat. 
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equal to it, which, if it be, the triangle, in this case, as also 
the ratio of the sides, may be thus found : Having given the 
ratio of the perpendicular to the base, take the straight line 
GH, given in position and magnitude, for the base of the tri- 
angle to be found ; and let thegiven ratio of the perpendicular 
to the base be that of the straightline K to GH, that is, let K 
be equal to the perpendicular ; and suppose (GLH to be the 
triangle which is to be found, therefore having made the angle 
HLM equal to LGH, it is required that LM. be perpen- 
dicular to GM, and equal to K ;. and because GM, ML, 
MH are proportionals, as was shewn of BE, EA, EC, the 
re&angle GMH is equal to the square of ML. Add the«com- 
mon square of NH (having bisected GH in N) and the square 
of NM is equals to the squares of the given straight lines NH 
and ML, or K; therefore the square of NM, and its side 
NM is given, as also the point M, viz. by taking the straight 
line NM, the square of which is equal to the squares of NH, 
ML. Draw ML equal to K, at right angles to GM 5 and be- 
cause ML is given in position and magnitude, therefore the 
point © is given, join LG, LH ; then the triangle LGH is 
that which was to be found ; for the square of NM is equal to 
the squares of NH and ML, and taking away the common 
square of NH, the reét- » 

angle GMH is equalt to 
the square of ML ; there- 
fore as GM to ML, so is 
ML to MH, and the tri- 
angle LGM is^ therefore 
equiangular to HLM, and . 
the-angle HLM equal toy, N 

the s LGM, and the S Q 

straight line LM, drawn from the vertex of the triangle mak- 
ing the angle HLM equal to LGH, is perpendicular to the 
base and equal to the given straight line K, as was required ;: 
and the ratio of the sides GL, LH, is the same with the ratio of 
GM. to ML, that is, with the ratio of the straight line which 
is made up of GN, the half of che given base and of NM, the 
square-of which is equal to the squares of GN and K, to the 
straightdine K., 

And whether this ratio of GM to ML is greater or less 
than the ratio of the sides of any other triangle upon the base 
GH, and of which the altitude is equal to the straight — 

3 that 








LI 


DA T A. 


that is, the vertex of which is in the parallel to GH drawn 
through the point L, may be thus found. Let OGH be any 
such triangle, and draw OP, making the angle HOP equal to 
the angle OGH ; therefore, as before, GP, PO, PH are pro- 
portionz/s, and PO cannot be'equal to LM, because the rect- 
angle GPH would be equal to the rectangle GMH, which 
is impossible ; for the point P cannot fall upon M, because O 
would then fall on L ; nor can PO be less than LM, therefore 
it is greater ; and consequently the rectangle GPH is greater 
than the rectangle GMH, and the straight line GP greater 
than GM: Therefore the ratio of GM to MH is greater than 
the ratio of GP to PH, and the ratio of the square of GM 
to the square of ML is therefore’ greater than the ratio of § 2. Cor. 
the square of GP to the square of PO, and the ratio of the. ' $ 
straight line GM to ML greater than the ratio of GP to PO. 
But'as GM to ML, so is GL to LH; and as GP to FO, so 
i5 GO to OH; therefore the ratio of GL to LH is greater 
than the ratio of GO to OH ; wherefore the ratio of GL to 
LH is the greatest of all others; and consequently the given 
ratio of the greater side to the less must nox be greater than 
this ratio, 

But if the ratio of the sides be not the same with this greatest 
ratio of GM to ML, it must necessarily be less than it: Let 
any less ratio be given, and the same things being supposed, 
viz. that GH is the base, and K equal to the altitude of the 
triangle, it may be found as follows: Divide GI in the point 
Q, so that the ratio of GQ to QH may be the same with the 
~~ ratio of the sides; and as GQ to QH, so make GP to 

Q and so will! PQ be toPH; wherefore the square of GP 
is to the square of FQ, as! the straight line GP to PH: #19, 5. 
And because GM, ML, MH are proportionals, the square of 
GM is to the square of ML, as! the straight line GM to MH : 
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— But the ratio of GQ to QH, that is, the ratio of GP to PQ, 
— is less than the ratio of GM to ML; and therefore the ratio 


of the square of GP to the square of PQ is less than the ratio 
ef the square of GM to that of ML ; and consequently the 
Iatio of the straight line GP to PH is less than the ratio of 
GM to MH ; and, by division, the ratio of GH te HP is less 
than that of GH to HM; wherefore® the straight line HP is x 10, 5, 
greater than HM, and the rectangle GPH, that is, the square 
vf PQ, greater than the rectangle GMH, that is, than the 
square of ML, and the stra'ght line PQ is therefore greater 
than 
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than ML. Draw LK parallel to GP, and from-P draw PR at 
right angles to GP. Because PQ is greater than ML, or PR, 
the circle described from the centre P, at the distance PQ, 
must necessarily cut LR in two points ; let these be O S, and 
join OG, OH ; 36, SH : each of the.triangles OGH, SGH 
have the things mentioned to be given in the proposition : 
Join OP,SP; and because asGP to PQ, or PO, so is PO 
to PH, the triangle OGP is equiangular to HOP ; asy there- 
fore, OG to GP, so is HO to. OP; and, by permutation, as 
GO to OH, so is GP to PO, or PQ ; and soris GQ to QH: 
"Therefore the triangle OGH has tbc ratio of itssides GO,OH, 
the same, with the given ratio of GQ to QH: and the perpen- 
dicular has to the base the given ratio of k to GH, because the 
perpendicular is equal to LM, or K: TheJike may be shewn 
in the same way oí the triangle SGH. 

This construction by which the triangle OGH is found, is 
shorter than that which would be deduced from the demon- 
stration of the datum, by reason that the base GH is given 
in posicion and magnitude, which was not supposed in the de- 
monstration: The same thing is to be observed in the next 
proposition. 


PROP. LXXXI. - 


Ir the sides about au angle of a. triangle be une- 
qual, and have a given ratio to one another, and if 
the perpendicular from that angle to the base di- 
vides it into segments that have a given ratio to 
one another, the triangle is given in species. 


Let ABC be a triangle, the sides of which about the angle | 
BAC are unequal, and have a given ratio to one another, and 
let the perpendicular AD to the base BC divide it into the 
segments BD, DC, which havea given ratio to one another, 
the triancle ABC is given in Specics. 

“Eet AB be greater than AC, and make the angle CAE 
equal to the angle ABC; and because the angle AEB is com- 
mon “to the triangles ABE, CAE, they are* equiangular to 
one another: Therefore as AB to BE, so'is CA to AE, and, 

by 


` 





DAT A. 43t 


by permutation, as AB to AC, so BE to 
EA,andsois EA to EC: Butthe ratio of A 
BA to AC is given, therefore the ratio 
cf BE to EA, as also the ratio of EA to 
EC is given; wherefore’ the ratio of 
BE to EC, as also‘ the ratio of EC to 
CB is given: And the ratio of BC to CD 
is given’, because the ratio of BD to 
DC is given ; therefore‘ the ratio of EC 
to CD is given, and consequently? the 
ratio o£ DE to EC: And the ratio of EC 
to EA was shewn to be given, therefore the ratio of DE’ to 
EA is given: And ADE is a right angle, wherefore* thetri-, |. gue 
angle ADE is given in species, and the angle AED given; ~~ 
And the ratio of CE to EA is given, therefore! chetriangle «4 4, 
AEC is given in species, and consequently the angle ACE is 
given, as also the adjacent angle ACB. In the same manner, 
because the ratio of BE to EA is given, the triangle BEA is 
given in species, and the angle ABE is therefore given: And 
the angle ACB is given; wherefore the triangle ABC is 
givens in species. 

But the ratio of the greater side BA to the other AC must 
be less than the ratio of the greater segment BD to DC: Be- 
cause the square of BA is to the square of AC, as the squares 
of BD, DA to the squares of DC, DA ; and the squares of 
BD, DÀ have to thesquares of DC, DA, a less ratio than the 
square of BD has to the square of DC}, because the square of 
Bi) 1s greater than the square of DC ; therefore the square of 





€ 43. dar. 


d). has. to the square of AC a less ratio than the square of 


BD has to that of DC: And consequently the ratio of BA 
to. AC is less than the ratio of BD to DC. 

.. T his being premised, a triangle which shall have the things 
mentioned to be given in the proposition, and to which the 
trianzie ABC is similar, may be found thus : Take a straight 
line GH given in position and magnitude, and divide it in X, 
so that the ratioot GK to KH may be the same with the given 
ratio of BA to AC: Divide also GH in L, so that the ratio 
m of 


C$ HON 5e ereater than B, and © any third magnitude; then A and Ç togethe: 
have to B and C togetner a les: ratio than A hasto P. 

_ Let A be to BasC to D, and because A is greater than B, C. is. greater than D: 
Put as A isto B, so A and C to B and D; and A and C kave to B and C a less ra- 
ho than A and C have to B and D, because C is greater than D, therefore A and C 


have t¢ B and C iex ratio then A to B, 
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of GL to LH may be thesame with the given ratio of BD te 
DC, and draw LM at right angles to GH : And because the 
ratio of the sides of a triangle is less than the ratio of the seg- 
ments of the base, as has been shewn, the ratio of GK to KH 
is less than the ratio of GL to LH ; wherefore the point L 
must fall betwixt K and H: Also makeas GK to KH, so GN 
to NK, and so shall? NK be to NH. And from the centre N, 
at the distance NK, describe a circle, and let its circumference 
meet LM in O, and join OG, OH ; then OGH is the triangle 
which was to be described: Because GN is to NK, or NO, as 
NO to NH, the triangle OGN is equiangular to HON ; there- 
foreas OG to GN, so is HO to ON, and, by permutation, 
as GO to OH, so is GN to NO, or NK, that is, as GK to 
KH, that is, in the given ratio of the sides, and by the con- 
struction, GL, LH have to one another the given ratio of 
the segments of the base. 


PROP. LXXXII. 


4 


Ira parallelogram given in species and magnitude 
be increased or diminished by a gnomon given in 
magnitude, the sides of the gnonion are given in 
magnitude. 


First, Let the parallelozram AB given in species and mag- 
nitude be increased by the given gnomon ECBDFG, each of 
the straight lines CE, DF is given. 

Because AB is given in species and magnitude, and that the 
gnomon ECBDFG is given, therefore the whole space AG 
is given in magnitude: But AG is also given in species, be- 
cause it is similar * to AB ; therefore the sides of AG are 
given? : Each of the straight lines AE, AF 
is therefore given; and each of the straight 
lines CA, AD is given*, therefore each of 
the remainders EC, DF is given‘. 

Next, let the parallelogram AG given in 
species and magnitude, be diminished by the 


given gnomon ECBDFG, each of the straight 
lines CE, DF is given. | H | 
Because the parallelogram AG ts given, as 


also its gnomon ECBDFG, the remaining space AB is given in 
magnitude : 
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magnitude : But it is also given in species ; because it is similar? , f E E 
to AG; therefore’ its sides CA, AD are given, and each of (os. 6. 
the straight lines EA, AF is given; therefore EC, DF are * 99. da- 
each of them given. 
‘The gnomon and its.sides CE, DF may be found thus in 

| the firsecase. Let H be the given space to which the gnomon 
must be made equal, and find a parallelogram similar to AB *®- © 
and equal to the figures AB and H together, and place its sides 
AE, AF from the point A, upon the straight lines AC, AD, 
and complete the parallelogram AG which is about the same 
diameter? with AB ; because therefore AG is equal to both ' ?6. 6. 
AB and H, take away the common part AB, the remaining 
gnomon ECBDFG is equal to the remaining figure H; 

| therefore a gnomon equal to H, and its sides CE, DF are 
found: And in like manner they may be found in the other 
case, in which the given figure HÈ must be less than the figure 
FE from which it is to be taken. 


PROP, LXXXIII. 55. 


Ira parallelogram equal toa given space be applied 
to a given straight line, deficient by a parallelogram 
given in species; the sides of the defect are given. 


wet the parallelogram AC equal toa given space be applied 
to the given straight line AB, deficient by the parallelogram 
BDCL. given in species, each of the straight lines CD, DB 
are given.- 
Bisect AB in E ; therefore EB is given in magnitude ; upon 
EB describe? the parallelogram EF similar to DL and simi- * 18. 6. 
larly placed ; therefore EF is given in 
Species, and is about the same diameter? G * 26. 6. 
with DL; let BCG be the diameter, and 
_ construct the figure ; therefore, because 
- the figure EF given in species is describ- — | 
ed upon the given straight line EB, EF | 
is given“ in magnitude, and the gno- A © 56. dat 
- mon-ELH is equal? to the given figure nes 
À€ ; therefore* since EF is diminished by the given gnomon e g ‘ay. 
i ELH, the sides EK, FH of the gnomon are given; but EK is 
equal to DC, and FH to BD; wherefore CD, DB are each 
of them given, 


Ff . This 
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This demonstration is the analysis of the problem in the 
28th Prop of Book 6. the construction and demonstration of 
which proposition is the composition of the analysis; and be- 
cause the given space AC, or its equal the gnomon ELH, is to 
be taken from the figure EF described upon the half of AB 
similar to BC, therefore AC must not be greater than EF, as 
is shewn in the 27th Prop. B. 6. 


PROP. LXXXIV. l 


Ir a parallelogram equal to a given space bc ap- : 
plied to a given straight line, exceeding by a pa- 
rallelogram given in species; the sides of the ex- 
cess aré given. 


Let the parallelogram AC equal to a given space be applied 
tothe given straight line AB, exceeding by the parallelogram 
BDCL given in species ; each of the straight lines CD, DB 
are given. 

Bisect AB in E ; therefore EB is given in magnitude: Upon 
BE describe? the parallelogram EF similarto L D, and similarly 
placed ; therefore EF is given in species, and is about the 
same diameter? with LD. Let CBG be 
the diameter, and construct the figure : 
Therefore, because the figure EF given 
in species is described upon the given 
straight line EB, EF is givenin magni- 
tude’, and the gnomon ELH is equal 
to the given figure’ AC; wherefore, 
since EF is increased by the given gnomon ELH, its sides 
EK, FH are given: ; but EK is equal to CD, and FH to BD, 
therefore CD, DB are each of them given. 

This demonstration is the analysis of the problem in the 
29th Prop. Book 6. the construction and demonstration of 
which is the composition of the analysis. 

Cor. If a parallelogram given in species be applied toa . 
given straight line, exceeding by a parallelogram equal to a 
given space ; the sides of the parallelogram are given. 

Let the parallelogram ADCE given in species be applied to 
the given straight line AB, exceeding by the parallelogram 
BDCG equal to a given space ; the sides AD, DC of the pa- 


rallelogram are given. 





Draw | 
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Draw the diameter DE of the parallelogram AC, and con- 
struct the figure. Because the parallelogram AK is equal? to * 55. 7. 
BC which is given, therefore AK is ,. 
given; and BK is similar? to AC, there- 
| fore BK is given in species. Andsince 
the para!llelogram AK given in magni- H 
tude is applied to the given straight line 
AB, exceeding by the parallelogram BK A 
given in species, therefore by this pro- ^ 
position, BD, DK the sides of the excess are given, and the 
straight line AB is given; therefore the whole AD, as also 
DC, to which it has a given ratio is given. 

| PROB. 




























To apply a parallelogram similar to a given one to a given 
straight line AB, exceeding by a parallelogram equal to a 
given space. 

Tothe given straight line AB apply‘ the parallelogram AK * 9. 6. 
equal to the given space, exceeding by the parallelogram RK 
similar to the one given. Draw DF, the diameter of BK, 
and through the point A draw AE parallel to BF, meeting 
DF produced in E, and complete the parallelogram AC. 

The parallelogram BC is equal? to AK, that is, to the 
given space; and the parallelogram AC is similar? to BK; 
therefore the parallelogram AC is applied to the straight line 
AB similar to the one given and exceeding by the parallelo- 
gram BC which is equal to the given space. 


PROP. LXXXV. si, 


I F two straight lines contain a parallelogram given 
In magnitude, in a given angle; if the difference of 
the straight lines be given, they shall each of them 
be given. 

Let AB, BC contain the parallelogram AC given in magni- 
ude, in the given angle ABC, and let the excess of BC above 
"AB be given ; each of the straight lines AB, BC is given. 

4 Let DC be the given excess of BC above 
| BA, therefore the remainder BD is equal 
te BA. Complete the parallelogram AD; 
d because AB is equal to BD, the ratio | 
f AB to BD is given ; and the angle ABD / 
5 given, therefore the parallelogram AD is b D C 
iven in species; and because the given parallelogram AC is 
applied to the given straight line DC, exceeding by the paral- 
lelogram AD given in species, thesides of the excess are given’: * * 9» 
F f2 therefore 
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therefore BD is given; and DC isgiven, wherefore the whole 
BC is given : and AB is given, therefore AB, BC are each of 
them given. 


PROP. LXXXVI. 


Ir two straight lines contain a parallelogram given 
iN magnitude, in a given angle ; if both of them tô- 
gether be given, they shall each of them be given. 


Let the twostraight lines AB, BC contain the parallelogram 
AC given in magnitude, in the given angle ABC, and let AB, 
BC, together begiven; eachofthestraightlines AB, BCis given. 

Produce CB, and make DB equal to BA, and complete the 
parallelogram ABDE. Because DB is equal to BA, and the 
angle ABD given, because the adjacent an- 
gle ABC is given, the parallelogram AD is- E 
given in species: And because AB, BC, to- 
gether are given, and AB is equal to BD; 
therefore DC is given: And because the gi- / 
ven parallelogram AC is applied to the given D 
straight line DC, deficient by the parallelo- 
gram AD given in species, the sides AB, BD of the defect are 
given*;and DC is given, wherefore the remainder BC is given ; 
and each of the straight lines AB, BC is therefore given, A 
PROP. LXXXVII. 


Ir two straight lines contain a parallelogram given | 
in magnitude, in a given angle; if the excess of the 
square of the greater above the square of the lesser 
be given, each of the straight lines shall be given. 

Let the two straight lines AB, BC contain the given paral- 
lelogram AC in the given angle ABC; if the excess of the - 
square of BC above the square of BA be given; ABand BC 
are each of them given. 

Let the given excess of the square of BC above the square 
of BA be the reStangle CB, BD; take this from the square 
of BC, the remainder, which is* the rectangle BC, CD is. 
equal to the square of AB: and because the angle ABC of i 


| 







the parallelogram AC is given, the ratio of the rectangle 
of the sides AB, BC to the parallelogram AC is given’; and 
AC is given, therefore the rectangle AB, BC is given ; and 
the rectangle CB, BD is given ; therefore the ratio of the dd 

angle 
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angle CB, BD to the rectangle AB, BC, that is*, the ratio of © l. 6. 
the straight line DB to BA is given; therefore? the ratio of 3A. dA. 
the square of DB to the square of BA is 
given: Ánd the square of BÀ is equal to —· — 
the rectangle BC, CD: wherefore the ra- 
tio of the rectangle BC, CD tothe square / 
of BD is given, as also the ratio of four 4 
‘times the rectangle BC, CD tothe square b "Xs 
-of BD ; and, by composition, the ratio of four times the reĝ- "^*^ 
angle BC, CD together with the square of BD to the square 
of BD is given : But four times the rectangle BC, CD, toge- 
ther with the square of BD,is equal to the square of the straight ‘ °- 2. 
lines BC, CD taken together: therefore the ratio of the square 
of BC, CD, together to the square of BD, is given ; wherefore 
sche ratio of the straight line BC, together with CD to BD, is 
given: And, by composition, the ratio of BC together with 
CD and DB, that is, the ratio of twice BC to BD, is given; 
therefore the ratio of BC to BD is given, as also‘ the ratio of 
‘the square of BC tothe rectangle CB, BD: But the rectangle 
CB, BD is given, being the given excess of the squares of BC, 
BA; therefore the square of BC, and the straight line BC, is 
given: And the ratio of BC to BD, as also of BD to BA, has 
| been shewn to be given; therefore the ratio of BC to BA is * 9. dat. 
given; and BC is given, wherefore BA is given. 
| The preceding demonstration is the analysis of this problem, 
viz. 
- À parallelogram AC, which has a given angle ABC, being 
|given in magnitude, and the excess of the square of BC, one of 
dts sides above the square of the other BA being given; to 
ind the sides: And the composition is as follows: 
Let EFG be the given angle to which the angle ABC is 
required to be equal, and from any point E in FE, draw EG 
perpendicular to FG ; let the rect- M 
angle EG, GH be the given space N 
ito which the parallelogram AC is £4 
jto be made equal ; and the rectangle | 
HG, GL, be the given excess of : 
ithe squares of BC, BA. fc 
Take, in the straight line GE, 
Gk equal to FE, and make GM double of GK; join ML, 
and in GL produced, take LN equalto LM : Bise&t GN in O, 
nd between GH, GO find a mean proportional BC; As OG 
9 GL, so make CB to BD LAM make the angle CBA equal 
| f 3 to 
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to GFE, and as LG to GK, so make DB to BA, and com- 
plete the parallelogram AC: AC is equal to the rectangle 
EG, GH, and the excess of the squares of CB, BA is equal 
to the rectangle HG, GL. 

Because as CB to BD, so is OG to GL, the square of CB 
is to the rectangle CB, BD as? the rectangle HG, GO to 
the rectangle HG, GL: and the square of CB is equal to the 
rectangle HG, GO, because GO, BC, GH, are proportionals ; 
therefore the rectangle CB, BD is equal? to HG, GL. And 
because as CD to BD, sois OG to GL ; twice CB is to BD, 
as twice OG, that is, GN to GL; and, by division, as BC 
together with CD is to BD, so is NL, that is, LM, to LG: 
Therefore: the square of BC together with CD is to the square 
of BD, as the square of ML to the square of LG: But the 
square of BC and CD together is equal* to four times the 
rectangle BC, CD together with the square of BD ; therefore 
four times the rectangle BC, CD together with the square of 
BD isto the square of BD, as the square of ML to the square 
of LG: And, by division, four times the rectangle BC, CD is 
to the square of BD, as the square of MG to the square of 
GL ; wherefore the rectangle BC, CD is to the square of BD 
as (the square of KG the half of MG to the square of GL 
that is, as) the square of AB to the square of BD, because a 
LG to GK, so DB was made to BA: Therefore the rectan 
gle BC, CD is equal to the square of AB. Too each of thes 
add the rectangle CB, BD, and thesquare of BC becomes equa 
to the square of AB, together with the rectangle CB, BD 
therefore this rectangle, that is, the given rectangle HG, C 
is the excess of the squares of BC, AB. From the point / 
draw AP perpendicular to BC, and because the angle AB, 
is equal to the angle EFG, the triangle ABP is equiangule 
to EFG: And DB was made to BA, as LG to GK ; therefom 
as the rectangle CB, BD to CB, BA, so is the rectangle HC 



















GL to HG, GK ; and as the rectangle CB, BA to AP, B 
so is (the straight line BA to AP, and so is FE or GK 
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EG, and so is) the rectangle HG, GK to HG, GE P therefore, 
ex zequali; as the rectangle CB, BD to AP, BC, so is the rect- 
angle HG, GL to EG, GH : And the rectangle CB, BD is 
equal to HG, GL ; therefore the rectangle AP, BC, that is, 
the parallelogram AC, is equal to the given rectangle EG, GH. 


PROP. LXXXVIII. N. 


] F two straight lines contain a parallelogram given 
in magnitude, in a given angle; if the sum ot the 
squares of its sides be given, the sides shall each of 
them be given. 


Let the two straight lines AB, BC contain the parallelogram 
ABCD given in magnitude in the given angle ABC, and let 
the sum of the squares of AB, BC be given; AB, BC are each 
of them given. 

First, Jet ABC be aright angle: and because twice the rect- 
angle contained by two equal straight lines is equal to both 
their squares; but if two straight lines are un- 4 D 
equal, twice the rectangle contained by them is * 
less than the sum of their squares, as is evident | 
from the 7th Prop. B. 2. Elem.; therefore twice 5 C 
the given space, to which space the rectangle of which the sides 
are to be found is equal, must not be greater than the given 
sum of the squares of the sides; And if twice that space be 
equal to the given sum of the squares, the sides of the rectangle 
must necessarily be equal to one another: Therefore in this 
case deseribe a square ABCD equal to the given rectangle, and 
its sides AB, BC are those which were to be found ; For the 
rectangle AC is equal to the given space, and the sum of the 
Squares of its sides AB, BC is equal to twice the rectangle AC, 
that is, by the hypothesis, to the given space to which the sum 
of the squares was required to be cqual. 

But if twice the given rectangle be not equal to the given 
sum of the squares of the sides, it must be Jess than it, as 
has been shown. Let ABCD be the rectangle, join AC and 
draw BE perpendicular to it, and complete the rectangle 
_ AEBF, and describe the circle ABC about the triangle ABC ; 

7 AC is its diameter,: And because the triangle ABC is simi- * Cer. 5. 4 
lar’ to AEB, as AC to CB, so is AB to BE; therefore the * 8. 6. 
— rectangle AC, BE is equal to AB, BC; and the rectangle AB, 

Ff a BC 
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BC is given, wherefore AC, BE is given: And because the sum 
of the squares of AB, BC is given, the square of AC whichis 
equal‘ to that sum is given; and AC itself is therefore given 
in magnitude; Let AC be likewise given in position, and the 
point À ; therefore AF is given? in po- 

sition; And the rectangle AC, BE is 

given, as has been shewn, and AC is 

given, wherefore: BE is given in mag-  . 

nitude, as also AF which is equal toit; RN} 

and AF is also given in position, and B 

the point A is given, whereforef the 

point F is given, and the straight line eae 
FB in position ® : And the circumfe- G K HL 
rence ABC is given in position, wherefore^ the point B is 
given . And the points A, C are given; therefore the straight 
lines AB, BC are given! in position and magnitude. 

The sides AB, BC of the rectangle may be found thus; Let 
the rectangle GH, GE. be the given space to which the rect- 
angle AB, BC is equal; and let GH, GL be the given rect- 
angle to which the sum of the squares of AB, BC is equal : 
Find * a square equal to the rectangle GH, GL: And let its 
side AC be given in position; upon AC as a diameter describe 
the semicircle ABC, and as AC to GH, so make GK to AF, 
and from the point A place AF at right angles to AC: There- 
fore the rectangle CA, AF is equal! to GH, GK ; and, by 
the hypothesis, twice the rectangle GH, GK is less than GH, 


GL, that is, than the square of AC; wherefore twice the , 


rectangle CA, AF is less than the square of AC, and the rect- 
angle CA, AF itself less than half the square of AC, that is, 
than the rectangle contained by the diameter AC and its half; 
wherefore AF is less than the semidiameter of the circle, and 
consequently the straight line drawn through the point F pa- 
rallel to AC must meet the circumference in two points: Let 
B be either of them, and join AB, BC, and complete the rect- 
angle ABCD, ABCD is the rectangle which was to be found: 
Draw BE perpendicular to AC ; therefore BE is equal ™ to 
AF, and because the angle ABC in a semicircle is a right an- 
gle, the rectangle AB, BC is equal? to AC, BE, that is, to 
the rectangle CA, AF which is equal to the given rectangle 
GH, GK: And the squares of AB, BC are together equal‘ to 
the. square of AC, that is, to the given rectangle GH, GL. 
But if the given angle ABC of the parallelogram AC be not 
a right angle, in this case, because ABC is a given angle, the 
ratio of the rectangle contained by the sides AB, BC to the pa- 
rallelogram 
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rallelogram AC is given*; and AC is given, therefore the +69. dat 


rectangle AB, BC is given: and the sum of the squares of 
AB, BC is given: therefore the sides AB, BC are given by 
the preceding case. 

The sides AB, BC, and the parallelogram AG, may be found 
thus: Let EFG be the given angle of the parallelogram, and 
from any point E in FE draw EG perpendicular to FG : and 
let the rectangle EG, FH be the given space to which the pa- 
rallelogram is to be made equal, and let EF 


FK be the given rectangle to which the 
sum ofthe squares of the sides is to be equal. — / | 
And, by the preceding case, find the sides / 


of a rectangle which is equal to the given BL C 
rectangle EF, FH, and the squares of the 
sides of which are together equal to the KE 
given rectangle EF, FK ; therefore, as was j 
shewn in that case, twice the rectangle EF, 
FH must not be greater than the rectangle 
EF, FK: let it be so, and let AB, BC be 
the sides of the rectangle joined in the F 
angle ABC equal to the given angle EFG, 
and complete the parallelogram ABCD, which will be that 
which was to be found: Draw AL perpendicular to BC, and 
because the angle ABL is equal to EFG, the triangle ABL is 
eqùiangular to EFG ; and the parallelogram AC, that is, the 
ve AL, BC, is tothe rectangle AB, BC as (the straight 
line AL to AB, that is, as EG to EF, that is, as) the rectan- 
gle EG, FH to EF, FH ; and, by the construction, the rect- 
angle AB, BC is equal to EF, FH, therefore the rectangle AL, 
BC or, its equal, the parallelogram AC, is equal to the given 
rectangle EG, FH ; and thesquares of AB, BC are together 
equal, by construction, to the given rectangle EF, FK. 
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PROP. LXXXIX. 


Ir two straight lines contain a given parallelogram 
in a given angle, aud if the excess of the square of 
one of them above a given space, has a given ratio 
to the square of the other; each of the straight 
lines shall be given. 


Let the two straight lines AB, BC contain the given paral- 
lelogram AC in the given angle ABC, and let the excess of the 
square of BC above a given space have a given ratio to the 
square of AB, each of the straight lines AD, BC is given. | 

Because the excess of the square of BC above a given space 
has a given ratio to the square of BA, let the rectangle CB, 
BD be the given space; take this from the square of BC, the 
remainder, to wit, the rectangle? BC, CD has a given ratio to 
the squareof BA: Draw AE perpendicular to BC, and let the 
square of BF be equal to the rectangle BC, CD, then, because 
the angle ABC, as also BEA is given, the 
triangle ABE is given *in species, and the * 
ratio of AI, to ABisgiven: Andbecause the Kad adian y 
ratio of the rectangle BC, CD, thatis,of — / | | 
the square of BF to the square of BA, is ie) č 
given, the,ratio of the straight line BF to DEJ ^ 
BA is given* and the ratio of AE to AB is given, wherefore* 
the ratio of AE to BF is given; as also the ratio of the rect- 
angle AE, BC, that is‘, of the parallelogram AC to the rect- 
angle FB, BC ; and AC is given, wherefore the rectangle FB, 
BC” is given. The excess of the square of BC above the 
square of BF, that is, above the rectangle BC, CD, is given, 
for it is equal? to the given rectangle CB, BD ; therefore, be- 
cause the rectangle contained by the straight lines FB, BC is 
given, and also the excess of the square of BC above the square 
of BF ; FB, BC, are each of them given' ; and the ratio of FB 
to BA is given; therefore AB, BC are given. 


— 


The Composition is as follows : 


Let GHK be the given angle to which the angle of the 
parallelogram is to be made equal, and from any point G in 
HG, draw GK perpendicular te HK; let GR, HL be the 

rectangle 
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rectangle to whichtheparallelogram istobe — 
made equal, and let LH, HM be the rect- N, 


angle equal to the given space which isto Cf 
be taken from the square of one of the sides ; 
and let the ratio of the remainder to the H KY 


square of the other side be the same with the 
ratio of the square of the given straight line NH to the square 
of the given straight line HG. 

By help of the 87th dat. find two straight lines BC, BF, 
which contain a rectangle equal to the given rectangle NH, 
HL, and such that the excess of the square 
of BC above the square of BF be equal to 
the given rectangle LH, HM ; and join 
CB, BF in the angle FBC equal to the 
given angle GHK : And as NH to HG, so / 
make FB to BA, and complete the paralle- BE i 
logram AC, and draw AE perpendicular to BC: then AC is 
equal to the rectangle GK, HL; and if from the square of 
BC, the given rectangle LH, HM be taken, the remainder 
shall have to the square of BA the same ratio which the square 
of NH has to the square of HG. 

Because, by the construction, the square of BC is equal to 
the square of BF together with the rectangle LH, HM;; if 
from the square of BC there be taken the rectangle LH, HM, 
there remains the square of BF, which has t to the square of «25. c. 
BA the same ratio which the square of NH has to the square 
of HG, because, as NH to HG, so FB was made to BA: but 
as HG to GK, so is BA to AE, because the triangle GHK is 
equiangular to ABE ; therefore, ex zquali, as NH to GK, sois 
FB to AE ; wherefore ^ the rectangle NH, HL is tothe rect- 1; &.. 
angle GK, HL, as the rectangle FB, BC to AE, BC; but by 
the construction the rectangle NH, HL is equal to FB, BC ; 
therefore! the rectangle GK, HL is equal to the rectangle; ; 
AE, BC, that is, to the parallelogram AC. "I 

The analysis of this problem might have been made as in 
the 86th Prop. in the Greek, and the composition of it may be 
made as that which is in Prop. 87th of this edition. 
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I F two straight lines contain a given parallelo- 
gram in a given angle, and if the square of one of 
them together with the space, which has a given 
ratio to the square of the other be given, each of 
the straight lines shall be given. 

Let the two straight lines AB, BC contain the given pa- 
rallelogram AC in the given angle ABC, and let the square 
of BC together with the space which has a given ratio to the 
Square of AB be given, AB, BC are each of them given. 

Let the square of BD be the space which has the given ratio 
to the square of AB; therefore, by the hypothesis, the square 
of BC together with the square of BD is given. From the 
point A, draw AE perpendicular to BC; and because the angles 
ABE, BEA are given, the triangle ABE is given" in species ; 
thereiore the ratio of BA to AE is given: And because the 
ratio of the square of BD to the square of BA is given, the 
ratio of the straight line BD to BA is given^; and the ratio of 
BA to AE is given; therefore? the ratio of AE to BD is 
given, as also the ratio of the rectangle AE, BC, that is, of the 
parallelogram AC to the rectangle DB, BC ; and AC is given, 
therefore the rectangle DB, BC is given ; and the square of 


K 


fs nr nl 
BE ; 


BC together with the square of BD is given » therefore’ be- 
cause the rectangle contained by the two straight lines DB, 
BC is given, and the sum of their squares is given: The 
straight lines DB, BC are each of them given; and the ratio 
of DB to BA is given; therefore AB, BC are given. 


The Composition ts as follows : 


Let FGH be the given angle to which the angle of the 
parallelogram is to be made equal, and from any point Fin GF 
draw FH perpendicular to GH; and let the rectangle FH, 
GK be that to which the parallelogram is to be made equal; 
and let the rectangle KG, GL be the space to which the -— 

o 
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of one of the sides of the parallelogram, together with the space 
which has'a given ratio to the square of the other side, is to be 
made equal; and let this given ratio be the same which the 
Square of the given straight line MG has to the square of GF, 

By the 88th dat. find two straight lines DB, BC which con- 
tain a rectangle cqual to the given rectangle MG, GK, and 
such that the sum of their squares is equal to the given rect- 
angle KG, GL ; therefore, by the determination of the pro- 
blem in that proposition, twice the rectangle MG, GK must 
not be greater than the rectangle KG, GL. Let it be so, and 
join the straight lines DB BC in the angle DBC equal to the 
given angle FGH ; and, as MG to GF, so make DB,to BA, 
and cemplete the parallelogram AC : AC is equal to the re&- 





D f. 
BE © da K L 


angle FH, GK; and thesquare of BC together with the square 
of ÈD, which, by the construetion, has to the square of BA 
the given ratio which the square of MG has to the square of 
GF, is equal, by the construction, to the given rectangle 
KG, GL. Draw AE perpendicular to BC. 

=> Because, as DB to BA; so is MG to GF ; and as BA to 
AE, so GF to FH ; ex zquali, as DB to AE, so is MG to 
FH; therefore, as the rectangle DB, BC to AE, BC, so is 
the rectangle MG, GK to FH, GK ; and the rectangle DB, 
BC is equal to the rectangle MG, GK ; therefore the rectan- 
gle AE, BC, that is the parallelogram AC, is equal to the 
rectangle FH, GK. 

8$. 
PROP. XCI. 


P Ir a straight line drawn within a circle given in 
magnitude cuts off a segment which contains a gi- 
ven angle ; the straight line is given im magnitude. 


In the circle ABC given in magnitude, let the straight line 

AC be drawn, cutting off the segment AEC which contains the 

given angle AEC ; the straight line AC is given in magnitude. 
Take D the centre of the circic*, join AD, and produce it ., 3, 

| | to 
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to E and join EC: The angle ACE being 
a right angle, is given; and the angle 
AEC is given; therefore* the triangle 
ACE is given in species, and the ratio of 
EA to AC is therefore given, and EA is 
given in magnitude, because the circle is 
given? in magnitude; AC is therefore 
given* in magnitude. ; 


PROP. XCII. 


F a straight line given in magnitude be drawn 
within a circle given in magnitude, it shall cut off 
a segment containing a given angle. 


Let the straight line AC given in magnitude be drawn 
within the circle ABC given in magnitude; it shall cut off 
a segment containing a given angle. 

Take D the centre of the circle, join B 
AD and produce it to E, and join EC: 
And because each of the straight lines FA 
and AC is given, their ratio is given*: and 
the angle ACE is a right angle, therefore 
the triangle ACE is given? in species, 
and consequently the angle AEC is given. 


PROP. XCIII. 





Ir from any point in the circumference ofa circle 
given in position twostraight lines be drawn, meet- 
ing the circumference and containing a givenangle ; 
if the point in which one of" them meets the cir- 
cumference again be given, the point in which the 
other meets it is also given. 

From any point A in the circumference of a circle ABC 
given in position, let AB, AC be drawn to the circumference 
making the given angle BAC; if the point 
B be given, the point C is also given. 

Take D the centre of the circle, and 
join BD, DC; and because each of the 
points B, D is given, BD is given? in B 
position ; and because the angle BAC is 
given, the angle BDC is given’, therefore 

I 





because 
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because the straight line DC is drawn to the given point D in 
the straight line BD given imposition in the given angle BDC, 
DC is given* in position: And the circumference ABC is 7^ ^ 
given in position, therefore? the point C is given. ot, date 


PROP. XCIV. 91. 


Ir from a given point. a straight line be drawn 
touching a circle given in position; the straight 
line is given in position and magnitude, 


Let the straight line AB be drawn from the given point 
A, touching the circle BC given in position; AB is given in 
position and magnitude. 

Take D the centre of the circle, and join DA, DB: Because 
each of the points D, A is given, the 


straight line AD ‘is given? in position f B. * 09. dat. 

and magnitude: And DBA is aright? / j, eo. 

angle, wherefore DA is a diameter‘ of | * cot, 5. & 
~ the circle DBA, described about the 


triangle DBA ; and that circle is there- D A | 
fore given? in position: And the circle ? 6. dei. 
BC is given in position, therefore the 


point B is given. The point A is also given: "Therefore «eo gat. 
the straight line AB is given* in position and magnitude. 


PROP. XCV. " 


Ir a straight line be drawn from a given point 
without a circle given in position; the rectangle 
contained by the segments betwixt the point and 
the circumference of the circle is given. 


Let the straight line ABC be drawn from the given point A 
- without the circle BCD given in po- 
sition, cutting it in B, C ; the rectan- fe PEDD 
f gle BA, AC is given. f 


315. 3. 


From the point A, draws AD C@-——-——-—-—-~—» 
touching the circle; therefore AD is \ j BA 
given? in position and magnitude: = \_ j b 94. dat. 
_ And because AD is given, the square — 


€ 56. dat. 


aa 
“wv, 


of AD is given‘, which is equal‘ to the rectangle BA, AC: 
_ Therefore the rectangle BA, AC is given. 
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PROP. XCVI. 


Ir a straight line be drawn through a given point 
within a circle given in position, the rectangle con- 
tained by the segments betwixt the point and the 
circumference of the circle is given. 

Let thestraight line BAC be drawn through the given point 
A within the circle BCE given in position; the rectangle 
BA, AC is given. 

Take D the centre of the circle, join 
AD, and produce it to the points E, F: 5 
Because the points A, D are given, the * \ 
straight line AD is given? in position ; D \ 
and the circle BEC is givenin position; | — 7 / 
therelore the points E, F are given’; and bye C 
the point A is given, therefore EA, AF — j^ TOR 
are each of them given*, and the rect- 
angle EA, AF is therefore given; and it is equal" to the rect- 
angle BA, AC, which consequently is given. 


PROP. XCVII. 


" 


Ir a straight line be drawn within a circle given 
in maenitude, cutting off a segment contaming a 
given angle ; ifthe angle in the segment be bisected 
by a straight line produced till it meets the cir- 
cumference, the straight lines which contain the 
given angle shall both of them together have a gi- 
ven ratio to the straight line which bisects the an- 
gle. And the rectangle contained by both these 
lines together which contain the given angle, and 


the part of the bisecting line cut offbelow the base 


of the segment, shall be given. 

Let the straight line BC be drawn within the circle ABC 
given in magnitude, cutting off a segment containing the gi- 
ven angle BAC, and let the angle BAC be bisected by the 
straight line AD ; BA together with AC has a given ratio to 
AD ; and the rectangle contained by BA and AC. together, 


and the straight line ED cut off from AB below BC the base 


of the segment is given. 
join BD ; and because BC is drawn within the circle ABC 


3 given 
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given in magnitude cutting off the segment BAC, containing 
the given angle BAC; BC is given? in magnitude: By the *9!. dat. 
same reason BD is given; therefore? the ratio of BC to BD "1. aa. 
is given: And because the angle BAC is biseded by AD, as 
BA to AC, so iss BE to EC; and, by peunutation, as AD *5.6. 
to BE, so is AC to CE ; wherefore^, as BA and AC together ' 17. 5. 
to BC, sois AC to CE: And because the angle BAE is equal 
to EAC, and the angle ACE to* gt 
ADB, the triangle ACE is equian-  ~ 
gular tothe triangle ADB; therefore 
as AC to CE, sois ADto DB: But 
. as AC toCE, so is BA together with 
AC to BC; as therefore BA and AC 
to BC, so is AD to DB: and, by 
permutation, as BA and AC to AD : 
. sois BC to BD: And theratio of BC to BD is given, there- 
fore the ratio of BA together with AC to AD is given. 
Also the rectangle contained by BA and AC together, and 
DE is given. 
Because the triangle BDE is equiangular to the triangle 
- ACE, as BD to DE, so is AC to CE; and as AC to CE, so 
- is BA and AC to BC; ‘therefore as BA and AC to BC, so is 
| BD to DE ; wherefore the rectangle contained by BA and 
AC together, and DE, is equal to the rectangle CB, BD: 
But CB, BD is given ; therefore the re&angle contained by 
BA and AC together, and DE, is given. 

























Otherwise, 


Produce CA, and make AF equal to AB, and join BF; : 
and because the angle BAC is double? of each of the angles ° 330 LL 
BFA, BAD, the angle BFA is equal to BAD ; and the angle 
BCA is equal to BDA, therefore the triangle FCB is equian- 
"gular to ABD: As therefore FC to CB, so is AD to DB; 
and, by permutation, as FC, that is, BÀ and AC together, to 
"AD, sois CB to BD: And the ratio of CB to BD is given, 
therefore the ratio of BA and AC to AD is given. 

And because the angle BFC is equal to the angle DAC, 
that is, to the angle DBC, and the angle ACB equal to the 
ile ADB; the triangle FCB is equiangular to BDE, as 
therefore FC to CB,sais BD to DE; theretore the rectangle 
ontained by FC, that is, * and AC together, and DE is 


g equal 
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equal to the rectangle CB, BD which is given, and therefore 
the rectangle contained by BA, AC together, and DE is given. 


PROP. XCVIII. 


[Fa straight line be drawn within a circle given in 
magnitude, cutting offa segment containing a given 
angle: If the angle adjacent to the angle in the seg- 
ment be bisected by a straight line produced till it 
meet the circumference again, and the base. of the 
segment; the excess of the straight lineswhich con- - 
tain the given angle shall have a given ratio to the 
segment of the bisecting line which is within the 
circle; and the rectangle contained by the same ex- 
cess, and thesegment of the bisecting line betwixt 
the base produced and the point where it again meets 
the circumference, shall be given. | 
Let the straight line BC be drawn within the circle ABC | 
given in magnitude, cutting off a segment containing the given 
angle BAC, and let the angle CAF adjacent to BAC be bi- . 
sected by the straight line DAE, meeting the circumference | 
again in D, and BC the base of the segment produced in E ; 
the excesss of BA, AC has a given ratio to AD; and the 
rectangle which is contained by the same excessand the straight 
line ED is given. A 
Join BD, and through B, draw BG parallel to DE meeting ` 
AC produced in G : And because BC:cuts off from the . circle 
ABC. given in magnitude the seg- E" 
ment BAC containing a given an- i 
gle, BC is therefore given* in mag- 


nitude: By the same reason BD is f | 
given, because the angie BAD is 
I 






equal to the given angle EAF; ERTE 
therefore the ratio of BC.to BD is SL | F 
given: And because the angle CAE : ini 

is equal, to EAF, of which CAE SG. "-— 
is equal to the alternate angle. AGB, and EAF to the interior. 
and opposite angle ABG ; therefore the angle AGB is equal to 


A BG, and the straight line AD equal to AG; so that GC M 
the 
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the excess of BA, AC: And because the angle BGC is equal 
to GAE, that is to EAF, or the angle BAD ; and that the 
angle BCG is equal to the opposite interior angle BDA of 
the quadrilateral BCAD in the circle; therefore the triangle 
BGC is equiangular to BDA. Therefore as GC to CB, so 
is AD to DB: and, by permutation, as GC which is the ex- 
cess of BA, AC to AD, so is BC to BD: And the ratio of 
CB to BD is given; therefore. the ratio of the excess of BA, 
ACto AD is given. 

And because the angle GBC is equal to the alternate angle 
DEB, and the angle BCG equal to BDE ; the triangle BCG 
is equiangular to BDE: Therefore as GC to CB, so is BD 
to DE : and consequently the rectangle GC, DE is equal to 
the rectangle CB, BD which is given, because its sides CB, 
BD are given: Therefore the rectangle contained by the ex- 
cess of BA, AC and the straight line DE is given. 


PROP. XCIX. * 


I F from the given point in the diameter of a circle 
given in position, or in the diameter produced, a 
Straight-line be drawn to any point in the circumfe- 
rence, and from that point a straight line be drawn 
at right angles to the first, and from the point in 
which this meets the circumference again, a straight 
line be drawn parallel to the first; the point in 
which this parallel meets the diameter is given; and 
therectangle contained by the two parallels is given. 


In BC the diameter of the circle ABC given in position, or 
in BC produced, let the given point D be taken, and from D 
let a straight line DA be drawn to any point A inthecircum- 
ference, and let AE be drawn at right angles to DA, and from 
the point E where it meets the circumference again let EF 
be drawn parallel to DA meeting BC in F; the point F is-gi- 
ven, as also the rectangle AD, EF. | 
-i Produce EF to the circumference in G, and join AG: 
Because GEA is a right angle, the straight line AG is? the 
diameter of the circle ABC ; and BC is alsoa diameter of it; 
, therefore the point H, where they meet, is the centre of the 
circle, and consequently H is given; And the point Dis given, 
„Wherefore DH is given in magnitude. And because AD is 
J | Gg2z parallel 


a Cor. 5, 4. 
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parallel to FG, and-GH equal to HA; DH is equal? to HF, 
and AD equal to GF : And DH is given,therefore HF is given 





x 
in magnitude ; and it is also given in position, and the poing 
H is given, therefore! the point F is given, 

And because the straight line EFG is drawn from a given 
point F without or within the circle ABC given in position, 
therefore’ the rectangle EF, FG is given: And GF is equal 


to AD, wherefore the rectangle AD, EF is given. . | 


PROP. C. | 


] F from a given point in a straight line given in 
position, a straight line be drawn to any point in 
the circumference ofa circle given in position ; and 
from this point a straight line be drawn, making 
with the first an angle equal to the difference of a_ 
right angle, and the angle contained by the straight 
line given in position, and the straight line which 
joins the given point and the centre of the circle ; ' 
and from the point in which the second line meets 
the circumference again, a third straight line be 
drawn, making with the second an angle equal ta 


point in which this third line meets the straight 
line given in position is given; as also. the rectan- — 
gle contained by the first straight line and the.seg- 
ment of the third betwixt the circumference and 
the straight line given in position, is given. 

Let the straight hne CD be drawn from the given point C, 
in thestraight line AB given in position, to the circumference 
of the circle DEF given in position, of which G is the centre; 
join CG, and from the point D let DF be drawn, making the 
angle CDF equal to the difference of a right angle, and the 
angle BCG, and from the point F let FE be drawn, — 

| thé T 


U 
, 
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the angle DFE equal to CDF, meeting AB in H: The point H 
is given ; as also the rectangle CD, 
H 


Let CD, FH meet one another in 
the point K, from which draw KL 
perpendicular to DF; and let DC 
meet the circumference again in M, 
and let FH meet the same in E, and 
join MG, GF, GH. 

Because the angles MDF, DFE 
are equal to one another, thecircum- 
ferences MF, DE are equal’; and 
adding or taking away the common 
part ME, the circumference DM is 
equal to EF; therefore the straight 
line DM is equal to the straight line 
EF, and the angle GMD to the an- 
gle’ GFE; and the angles GMC, K TE 
GFH are equal to one another, be- i 
cause they are either the same with 
the angles GMD, GFE, or adjacent 
to them: And because the angles 
KDL, CKD are together equal: to « 32. 1. 
a right angle, that is, by the hypo- 
thesis, to the angles KDL, GCB; 
the angle GCB or GCH is equal to ` 
the angle (LKD, that is, to the angle) LKF or GKH: There- 
fore the points C, K, H, G are in the circumference of acir- 
cle ; and the angle GCK is therefore equal to the angle GHF; 
and the angle GMC is eqnal to GFH, and the straight line 
_ GM to GF ; therefore? CG is equal to GH, and CM to HF : ¢ 26,1. 
And because CG is equal to GH, the angle GCH is equal to 
GHC; but the angle GCH is given: Therefore GHC is gi- 
ven, and consequently the angle CGH is given ; and CG is 
given in position, and the point G ; therefore" GH is given in 
position; and CB is also given in position, wherefore the 
point H is given. 

And because HF is. equal to CM, the rectangle DC, FH is 
equal to DC, CM:: But DC, CM is given’, because the point- 25 or 96. 
E Cis given, therefore the rectangle DC, EH-is given. « 


* 26, 3. 
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DEFINITION II. 


"Tuis is made more explicit than in the Greek text, to pre- 
vent a mistake which the author of the second demonstra- 
tion of the 24th Proposition in the Greek edition has fallen 
into, of thinking that a ratio. is given to which another ratio is 
shewn to be equal, though this other be not exhibited in given 
magnitudes. See the Notes on that Proposition, which is the 
13th in this edition. Besides, by this definition, as it is now 
given, some propositions are demonstrated, which inthe Greek 
are not so well done, by help of Prop. 2. 


DEF. IV. 


In the Greek text, def. 4. is thus: « Points, lines, spaces, 
** and angles are said to be given in position which have always 
* the samesituation ;" but this is imperfectand useless, because 
there are innumerable cases in which things may be given ac- 
cording tothis definition, and yettheir position cannotbe found; 
for instance; let the triangle ABC be given in position, and let 
it be proposed to draw a straight line BD from theangle at B 
to theopposite side AC, which shall cut 
, off the angle DBC, which shall be the 
seventh part of the angle ABC; suppose 
this is done, therefore the straight line 
BD is invariable in its position, that is 
has always the same situation ; for any 
other straight line drawn from the point B on either side of 
BD cuts off an angle greater or lesser than the seventh part of 
the angle ABC; therefore, according to this definition, the 
straight line BD is given in position, as also* the point D in *98. dat 
which: it meets the straight line AC which is given in position. 
But from the things here given, neither the straight line BD 
nor the point D cau be found by the help of Euclid's Ele- 
ments only, by which every thing in his data issupposed may 


684 be 
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NOTES ON 


be found. -This definition is therefore of no use. We have 
amended it by adding, “and which are either actually exhi- 
* bited. or can be found 5". for nothing i is to be reckoned gi- 
ven, which cannot be idundy oris not actually exhibited. 

T he definition of an angle given by position is taken out of 


the 4th, and givem more distinctly by itselfjin the definition 
marked A. 


DEF. XI. XII. XIII. XIV. XV. 


The 11th and 12th are omitted, because they cannot be 
given in English so as to have any tolerable sense ; and there- 
fore, wherever the terms defined: occur, the vende which ex- 
press their meaning are made use of in their place. + 1 

The 13th, 14th, 15th are omitted; as being. of no'use; 0o 

It isto be observed.in general of the data in this book, that 
they are to. be undérstood: to:be given geomietrically; not al- 
ways arithmetically, that isy they cannot always be exhibited’ 
in.numbers ; for instance, tt the side ofa square be given, 
the ratio. of it;to.its diameter is given! geometrically, but not 
in numbers ; and the diameter'is given*$ but though the num-- 
ber of any equal parts in the side, be given, for example 10, 
the number of them in the diameter Cannot be gea And the 
like holds in many other cases. 


PROPOSITION I 


In this it is shewn that A isto B, as C.to D, from this, that. 
A is toC, as B to D, and then by permutation ; but.it fol- 
lows directly without these two steps, from 7. to 5... 


PROPANA 2b e Uaec 


The limitation added at the end of this proposition between 
the inverted commas is quite necessary, because without it the 
preposition cannot always be demonstrated: For the author 
having said*, ‘ because A is given, a magnitude. equal to it 
€ can be unde? let this be C; and because the ratio of A to. 
« B is given, a ratio which is the same to: it can be found,” n, 
adds, «let it be. found, and let it be the ratio of C to a.’ 
Now, fiom Ihe. second definition, nothing more —* 
than that some ratio, suppose the ratio of E to. Z, can be 
found, which is the same with the ratio of A. to B; and 
when the author supposes that the ratio of C to A, , which; is 

also 


* See Dr, Gregory'sedition of the Data. 


n 
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also the same with the ratio of A to B, can be found, he ne- 
cessarily supposes that to the three magnitudes E, Z, C, a 
fourth proportional A may be found; but this cannot always 
be done by the Elements of Euclid ; from which it is plain 
Euclid must have understood the proposition under the limita- 
tion which is now added to his :ext. An example will make 
this clear: Let A be a given angle, 
and B another angle to which A has B A 


A 
a given ratio ; for instance, the ratio 
. of the given straight line E to the 
given one Z ; then, having found an 
angle C-equal to A, how can the an- 

- gle A be found to which C has the... C 
same ratio that E hasto Z?. Cer- 

tainly no way, until it be shown 

. how to find an angle to which a 

given angle has a given ratio, which . 
cannot be done by Euclid’s Elements, nor probably by any 
Geometry known in his time. | Therefore, in all the proposi- 
` tions of this book which depend upon this second, the above- 
- mentioned limitation must be understood, though it be not 
- explicitly mentioned. 


E-——- 
Z-— 


PROP. V. 


4 

THE order of the Propositions in the Greek text between 
Prop. 4. and Prop. 25. is now changed into another which is 
more natural, by placing those which are more simple before 
those whichare more complex ; and by placing together those 
_ which are of the same kind, some of which were mixed among 
_ others of a different kind. Thus, Prop. 12. in the Greek is 
— now made the sth, and those which were the 22d and 23d 
— are made the r ith and rath, as they are more simple than the 
propositions concerning magnitudes, the excess of one of 
f which abovea given magnitude has a given ratio to the other, 

after which these two were placed ; and the 24thin the Greek 
_text is, for the same reason, made the 13th. 


wy. mu 


PROP. VI. VII. 





7  ThHEskx are. universally true, though, in the Greek text, 
— they are demonstrated by Prop. 2. which has a limitation ; 
they are therefore now shewn without it. 
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PROP. XII. 


In the 23d Prop. in the Greek text, which here is the r2th, 
the words, “um zer avres $e are wrong translated by Claud. 
Hardy, in his edition of Euclid’s Data, printed at Paris, anno 
1625, which was the first edition of the Greek text; and Dr. 
Gregory follows him in translating them by the words, “ etsi, 
es non easdem," as if the Greek had been fb XL uve Jes avres 
as in Prop. 9. of the Greek text. — Euclid's meaning is, that 
the ratios mentioned in the proposition must not be the same ; 
for, if they were, the proposition would not be true. What- 
ever ratio the whole has to the whole, if the ratios of the parts 
of the first to the parts of the other be the same with this ra- 
tio, one part of the first may be double, triple, &c. of the 
other part of it, or haveany other ratio to it, and consequently 
cannot have a given ratio toit; wherefore, these words must 
be rendered by ** non autem, easdem," but not the same ratios, 
as Zambertus has translated them in his edition. 


PROP. XIII. 


Some very ignorant editor has given a second demonstration: 
of this propositton in the Greek text, which has been as igno- 
rantly kept in by Claud. Hardy and Dr. Gregory, and has been 
retained in the translations of Zambertus and others ; Carolus 
Renaldinus gives it only: The author of it has thought that 
a ratio was given, if another ratio could be shewn to be the 
same toit, though this last ratio be not found: But this is al- 
together absurd, because fromit would be deduced that the ratio 
of the sides of any two squares is given, and the ratio of thedi- 
ameters of any two circles, &c. And it is to be observed, that 
the moderns frequently take given ratios, and ratios that are 
always. the same, for one and the same thing ;. and Sir. Isaac 
Newton has fallen into this mistake in the 17th Lemma of his 
Principia, edit. 1713, and in other places; but this should.be 
carefully avoided, as it may lead into other errors. 


PROP, XIV. XV. 


Euc Lip in this book has several propositions concerning 
magnitudes, the excess of one of whieh above a given magni- 
tude 
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tude has a given ratio to the other; but he has given none 
concerning magnitudes whereof one together with a civen 
magnitude has a given ratio to the other ; though these last 
occur as frequently in the solution of problems as the first; the 
reason of whichis, that the last may be all demonstrated by help 


ofthe first; for tt a magnitude, together, with a given magni- 


tude, has a given ratio to another magnitude, the ex.ess of 
this other above a given magnitude shall have a given ratio to 
the first, and on the contrary ; as we have demonstrated in 
Prop. 14 Aud for alike reason, Prop. 15. has been added 
tothe Data. One example will make the thing clear: Sup- 
pose it were to be demonstrated, that if a magnitude A toge- 
ther with a given magnitude has a given ratio to another mag- 
nitude B, that the two magnitudes A and B, together with a 
given magnitude, have a given ratio to that other magnitude 
B5 whichis the same proposition with respect to the last kind 
of magnitudes above-mentioned, that the first part of Prop. 
16, in this edition is in respectof the first kind: This isshewn 
thus, from the hypothesis, and by the first part of Prop. 14. 
the excess of B above a given magnitude has unto A a given 
ratio ; and, therefore, by the first part of Prop. 17. the excess 
of B above a given magnitude has unto B and A together a 
given ratio; and by the second part of Prop. 14. A and B to- 
gether with a given magnitude has unto B a given ratio; 
which is the thing that was to be demonstrated. [In like man- 
ner, the other propositions concerning the last kind of mag- 
nitudes may be shewn. 


PROP. XVI. XVII. 


Iw the third part of Prop. 16. in the Greek text, which is 
the 16th in this edition, after the ratio of EC to CB has been 
shown to be given; from this, by inversion and conversion 
the ratio of BC to BE is demonstrated to be given; but with- 
out these two steps, the conclusion should have been made only 
by citing the 6th Proposition. And in like manner, in the 
first part of Prop. 11. in the Greek, which in this edition is 
the 17th from the ratio of DB to BC being given, the ratio of 
DC to DB is shewn to be given, by inversion and composi- 
tion, instead of citing Prop. 7. and the same fault occurs in 
the second part of the same Prop. 11. 
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PROP. XXL XXII. 


THESE now are added, as being wanting to complete. tlie 
subject treated of in the four. preceding propositions.» gis 


PROP. XXIII. | aN 


THis which is Prop. 20. in the Greek text, was separated 
from Prop. 14. 15. 16. in that text, after which it should have 
been immediately placed, as being of the same kind ; it is now 
put into its proper place; but Prop. 21. in the Greek is left 
out, as being the same with Prop. 14. in that text, which is 


here Prop. 18. 
PROP, XXIV. 


Tuts, which is Prop. 13. inthe Greek, is now put into its 
proper place, having been disjoined from the three following 
it in this edition, which are of the same kind. 


PROP. XXVII. 


T His, which in the Greek text is Prop. 25. and several of 
the following propositions, are there deduced from Def. 4. which 
Is not sufficient, as has been mentioned in the noteon that de- 
finition : They are therefore now shewn more explicitly. 


PROP. XXXIV. XXXVI. 


Eacu of these has a determination, which. is now added, 
which occasions a change in their demonstrations. 


PROP. XXXVII. XXXIX. XL. XII. 


Tue 35th and 36th Propositions in the Greek text dre 
joined into one, which makes the 3gth in this edition, because 
the same enunciation and demonstration serves both: And 
for the same reason Prop. 37. 38. in the Greek are joined 
into one, which here is the goth. 

Prop. 37. is added to the Data, as it frequently occurs 
in the solution of problems; and Prop. 41. is added, to com- 


plete the rest. 
PROP. XLII. 


T nrs is Prop. 39. in the Greek text, whero the whole con- 
struction of Prop. 22. of Book I. of the Elements is- put, with- 
out need, into the demonstration, but is now only cited. 


PROP. XLV. 


T urs is Prop. 42. in the Greek, where the three straight 
lines made use of in the construction are said, but not shewn, 
to be such that any two of them is greater than the third, 
which is now done. I 
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PROP. XLVIT. 


"T nis is Prop. 44. in the Greektext ; but the demonstration 
of it is changed into another, wherein the several cases of it are 
shewn, which, though necessary, is not done in the Greek. 


PROP. XLVIII. 


| "THERE are two cases in this proposition, arising from the 
| two cases of the third part of Prop. 47. on which the 48th 
| depends; and in the composition these two cases are expli- 


citly eiven, 
F PROP. LII. 


THE construction and demonstration of this, which is Prop- 
| 48. inthe Greek, are made something shorter than in that text. 


PROP. LIII. 


Prop. 63. in the Greek text is omitted, being only a case 
of Prop. 49. in that text, which is Prop. 53. in this edition. 


PROP. LVIII. 


| T uis is not in the Greek text, but its demonstration is con? 

- tained in that of the first part of Prop. 54. in that text; which 
| proposition is concerning figures that are given in species: This 
_ §8th is true of similar figures, though they be not given in 
| Species, and, as it frequently occurs, it was necessary to add itd 


PROP. LIX. LXI. 


"Tuis is the 54th in the Greek ; and the 77thin the Greek, 
— being the very same with it, is left out, and a shorter demon- 
Stration is given of Prop. 61. 


PROP. LXII. 


Tuts, which is most frequently useful, is not in the Greek, 
and is necessary to Prop. 87. 88. in this edition, as also, though 
not mentioned, to Prop. 86. 87. in the former editions. Prop. 
66. in the Greek text.is made a corollary to it. 


b PROP. LXIV. 


. 


— "Fuirs contains both Prop. 74. and 73. in the Greck text; 
the first case of the 74th is a repetition of Prop. 56. from 
which it is separated in that text by many propositions ; and 
as there is no order in these propositions, as they stand in the 
| Greek, they are now put into the order which seemed most 
| convenient and natural, 

|j | The 
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‘The demonstration of the first part of Prop. 73. in the Greek 
is grossly vitiated, Dr. Gregory says, that the sentences he has 
inclosed betwixt two stars are superfluous, and ought to be can- 
celled; but he has not observed, that what follows them is ab- 
surd, being to prove that the ratio [See his figure] of AP to 
IK is given, which, by the hyporhesis at the beginning of the 
proposition, is expressly given; so that the whole of this pare 
was to be altered, which is done in this Prop. 64. 


PROP. LXVII. LXVIII. 


Prop. 70. in the Greek text, is divided into these two, for 
the sake of distinctness ; and the demonstration of the 67th is 
rendered shorter than that of the first part of Prop. 70. in the 
Greek, by means of Prop. 23. of Book 6. of the Elements. 


PROP. LXX. 


T nis is Prop. 62, in the Gireektext ; Prop. 78. in that text 
is only a particular case of it, and is therefore omitted. 

Dr. Gregory, in the demonstration of Prop. 62. cites the 
4gth Prop. dat. to prove that the ratio of the figure AEB to 
the parallelogram Aff is given; whereas this was shewn a few 
lines before : And besides, the 49th Prop. is not applicable to 
these two figures ; because AH is not given in species, but is, 
by the step for which the citation is brought, proved to be 
given in species. 


PROP. LXXIII. 


Pror. 83. in the Greek text, is neither well enunciated nor 
demonstrated. “The 73d, which in this edition is put in place of 
it, is really the same, as will appear by considering [See Dr. 
Gregory’sedition], that A, B, F, E, in the Greek text, are four 
proportionals, and. that the proposition is to shew, that 4, 
which has a given ratio to E, is to I, as B.is to a straight line 
to which A has a given ratio; or, by inversion, that Lis to A, 
as a straight line to which A has a given ratio, is to B: that is, 
if the proportionals be placed in this order, viz. ', E, A, B, that 
the first I” is to A, ta, which the second E has a given ratio, as 
a straight line to which the third À hasa given ratio is to the 
fourth B; which is the enunciation of this 73d, and was thus 
changed, that it might be made like to that of Prop. 72. in 
this edition, which is the 82d in the Greek text: And the de- 

3 monstration 
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monstration of Prop. 73. is the same with that of Prop. 72. 
only making use of Prop. 23. instead of Prop. 22. of Book 5. 
of the Elements. 


PROP. LXXVII. 


T Uts is put in place of Prop. 79. in the Greek text, which 
is not a datum, but a theorem premised as a lemma to Prop. 8o. 
in'that text: And Prop. 79. is made Cor. y. to Prop. 77. in 
this edition. Cl. Hardy, in his edition of the Data, takes no- 
tice, that in Prop. 80. of the Greek text, the parallel KL in the 
figure of Prop. 77. in this edition, must meet the circumfe- 
rence, but does not demonstrate it, which is done here at the 
end of Cor. 3. Prop. 77. in the construction for finding a tri- 
angle similar to ABC. 


PROP. LXXVIII. 


THE demonstration of this, which is Prop. 80. in the Greek 
is rendered a good deal shorter by help of Prop. 77. 
" PROP. LXXIX. LXXX. LXXXI. 
I Tuese are added to Euclid’s Data, as propositions whieh 


are often useful in the solution of problems. 


PROP. LXXXII. 


the 82d and 84th, which in the Greek are the 58th and 59th, 
* because the demonstration of these two in this edition are dedu- 
.ced from that of Prop. 82. irom which they naturally follow. 


‘7 
J 





PROP. LXXXVIII. XC. 


| *~ Dr. Grecory, in his preface to Euclid’s works, which he 
‘published at Oxford in 1703, after having told that he had sup- 
— *plied the defects ofthe Greek text of the Data in innumerabie 
M from several manuscripts, and corrected Cl. Hardy’s 
ranslation by Mr. Bernard's, adds, that the 86th theorem, ‘or 
“c Proposition,” seemed to be remarkably vitiated, but which 
Could not be restored by help of the manuscripts; thea he 
gives three difterent translations of it in Lat:n, according to 
which he thinks it may be read; the two first have no distinct 
- meaning, and the third, which he says is the best, thoufh it 
Cor. ains 


'T nis, which is Prop. 65. in the Greek text, is placed before ` 
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contains a true proposition, which is the goth in this edition, 
has no connection in the least with the Greek text. And it is 
strange that Dr. Gregory did not observe, that, if Prop. 86. 
was changed into this, the demonstration of the 86th must be 
cancelled, and another put into its place: But the truth is, both 
the enunciation and the demonstration of Prop. 86. are quite 
entire and right, only Prop. 87. which is more simple, ought 
to have been placed before it ; and the deficiency which the 
Doctor justly observes to be in this part of Euclid’s Data, and 
which, no doubt, is owing to the carelessness and ignorance of 
the Greek editors, should have been supplied, not by changing 
Prop. 86, which is both entire and necessary, but by adding 
the two propositions, which are the 88th and goth in this 
edition. 


PROP. XCVIII. C. 


THESE were communicated to me by two excellent geome- 
ters, the first of them by the Right Honourable the Earl of 
Stanhope, and the other by Dr. Matthew Stewart ; to which I 
have added the demonstrations. 

‘Though the order of the propositions has been in many 
places changed from that in former editions, yet this will be 
of little disadvantage, as the ancient geometers never cite 
the Data, and the moderns very rarely. 4 


As that part of the composition of a problem which is its 
construction may not be so readily deduced from the ana- 
lysis by beginners, for their sake the following example is 
given ; in which the derivation of the several parts of the con- 
structionfrom the analysis is particularly shewn, that they may 
be assisted to do the like in other problems. 


PROBLEM. 


HaAviNG given the magnitude of a parallelogram, the angle 
of which ABC is given, and also the excess of the square of its 
sides BC above the square of the side AB ; to find its sides 
and describe it. 

The analysis of this is the same with the demonstration of 
the 87th Prop. of the Data, and the construction that is given 
of the problem at the end of that proposition is thus derived 
trom the analysis, 

Let 
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Let EFG be equal to the given angle ABC, and because 
in the analysis it is said that the ratio of the rectangle AB, 
BC, to the parallelogram AC is given by the 62d Prop. dat. 
therefore, from a point in FE, the perpendicular EG is drawn 


to FG, as the ratio of FE to EG is the ratio of the rectangle 





AB, BC to the parallelogram AC, by what isshewn at tl:e end 


of Prop. 62. Next, the magnitude of AC is exhibited by 


making the rectangle EG, GH equal to it; and the given excess 
of the square of BC above the square of BA, to which excess 
the rectangle CB, BD is equal, is exhibited by the rectangle 
HG, GL: Then, in the analysis, the rectangle AB, BC is said 


| to be given, and this is equal to the rectangle FE, GH, because 


the rectangle AB, BC is to the parallelogram AC, as (FE to 


| EG, that is, as the rectangle) FE, GH to EG, GH; and the 
| parallelogram AC is equa] tothe rectangle EG, GH, therefore 


the rectangle AB, BC, is equal to FE,GH: And consequently 
the ratio of the rectangle CB, BD, that is, of the rectangle 
HG, GL, to AB, BC, that is, of the straight line DB to BA, 
is the same with the ratio (of the rectangle GL, GH to FE, 


| GH, that is) of the straight line GL to FE, which ratio of DB 


to BA, is the next thing said to be given in the analysis: From 
this it is plain that the square of FE is tothe square of GL, as 
the square of BA, which is equal to the rectangle BC, CD,is 
to the square of BD: The ratio of which spaces is the next 


thing said to be given: And from this it follows, that four times” 


the square of FE is to the square of GL, as four times the 


"rectangle BC, CD is to the square of BD; and, by composition, 


four times the square of FE, together with the square of GL, 
is to the square of GL, as four times the rectangle BC, CD, 


"together with the square of BD, is to the square of BD, that 


is (8. 6.) as the square of the straight lines BC, CD taken 
together is to the square of BD, which ratio is the next thing 
said to be given in the analysis: Ánd because four times the; 
square of FE and the square of GL are to be added together 
therefore in the perpendicular EG there be taken KG equal to 

Hh FE, 
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FE, and MG equal to the double of it, because thereby the 
squares of MG, GL, that is, joining ML, the square of ML; 
is equal to four times the square of FE, and to the square of 
GL : And because the square of ML is to the square of GL, 
as the square of the straight line made up of BC and CD is to 
the square of BD, therefore (22. 6.) ML is to LG, as BC 
together with CD is to BD ; and, by composition, ML and LG 
together, that is, producing GL to N, so that ML be equal to 
LN, the straight line NG is to GL, as twice BC is to BD; 
and by taking GO equal to the halt of NG, GO is to GL, as 
BC to BD, the ratio of which is said to be given in the analy- 
sis: And from this it follows, that the rectangle HG, GO is 
to HG, GL, as the square of BC is tothe rectangle CB, BD, 
which ts equal to the rectangle HG, GL ; and therefore the 
square of BC is equal to the rectangle HG, GO; and BC is 
consequently found by taking a mean proportional betwixt HG 
and GO, as is said in the construction: And because it was 
shewn that GO is to GL, a BC to BD, and that now the 
three first are found, the fourth BD is found by 12. 6. It 
was likewiseshewn that LG is to FE, or GK, as DB to BA, 
and the three first are now found, and thereby the fourth BA. 
Make the angle ABC equal to EFG, and complete the paral- 
lelogram of which the sides are AB, BC, and the consteuction 
is finished; the rest of the composition contains the demon- 
stration, 








ASethe propositions from the 13th to the 28th may be 
thought by beginners to be less useful than the rest, be- 
cause they cannot so readily see how they are to be made use of 
in the solution of problems; on this account the two following 
problems are added, to shew that they are equally useful with 
the other propositions, and from which it may be casily judged 
that many other problems depend upon these propositions, 


PROBLEM I. 


To find three straight lines such, that the ratio 
of the first to the second is given; and if a given 
straight line be taken from the second, the ratio of 
the remainder to the third 15 given ; also the rect- 
angle contained by the first and third is given. 

Let 
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Let AB be the first straight line, CD the second, and EF the 
third: And because the ratio of AB to CD is given, and that 
if a given straight line be taken from CD, the ratio of the 
remainder to EF is given; therefore? the excess of the first AB * 24. dat. 
above a given straight line has a given ratio to the third EF : 
Let BH be that given straight line; therefore AH the excess 
of AB above it, hasa given ratio to EF; and I 
consequently? the rectangle BA, AH, has a A a 
given ratio to therectangle AB, EF, which 


last rectangle is given by the hypothesis; C .. x D 


thcretore* the rectangle BA, AH is given, E2. dau + 
and BH theexcessof itssidesis given; where- K, T: 
fore the sides AB, AH are given?: And be- * 85, dat. 


cause the ratios of AB to CD, and of AH to K NML. OQ 


EF are given, CD and EF are“ given. 


Lhe Composition. è 

Let the given ratio of KL to KM be that which AB is 
required to have to CD; and let DG be the given straight line 
which is to be taken from CD, and let the given ratio of KM 
to KN be that which the remainder must have to EF; also let 
the given rectangle NK, KO be that to which the rectangle 
AB, EF is required to be equal : Find the given straight line. » 
BH which is to be taken from AB, which is done, as plainly 
appears from Prop. 24. dat. by making as KM to KL, so GD 
toHB. To the given straight line BH apply*a rectangle equal * $9. €. 
to LK, KO exceeding by a square, and let BA, AH be its 
sides: Then is AB the first of the straight lines required to be 
found, and by making as LK to KM, so AB to DC, DC will 
be the second: And lastly, make as KM to KN, so CG to 
EF, and EF isthe third. 

For as AB to CD, so is HB to GD, each of these ratios 
being the same with the ratio of LK to KM; therefore’ AH f 19, 5. 
is to CG, as (AB to CD), that is, as) LK to KM; and as 
CG to EF, so is KM to KN; wherefore, ex zquali, as AH 
to EF, sois LK to KN: And as the rectangle BA, AH to 
the rectangle BA, EF, so ist the rectangle LK, KO to thee). 6, 
rectangle KN, KO: And by the construction, the rectangle 
BA, AH is equal to LK, KO: Therefore ? the rectangle AB, s 14, 5. 
EF is equal tothe given rectangle NK, KO: And AB has to 
CD the given ratio of KL to KM ; and from CD the given 
ahin GD being taken, the remainder CG has tọ EF 
the given ratioof KM to KN. Q. E. D 

Hha 
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PROB. II. 


To fina three straight lines such, that the ratio 
of the first to the second is given; and if a given 
straight line be taken from the second, the ratio of 
the remainder to the third is given; also the sum 
of the squares of the first and third is given. 


Let AB be the first straight line, BC the second, and BD the 
third: And because the ratio of AB to BC is given, and that 
if a given straight line be taken from BC, the ratio of the 
remaiader to BD is given; therefore, the excess of the first AB 
above a given straight line, has a given ratio to the third BD: 
Let AE be that given straight line, therefore the remainder EB 
has a given ratio to BD: Let BD be placed at right angles to 
EB, and join DE ; then the triangle EBD is^ given in species; 
wherefore the angle BED is given: Let AE which is given in 
magnitude, be given also in position, as also the point E, and 
the straight line ED will be given‘ in position: Join AD, and 
because the sum of the squares of AB, BD, that ist, the square 
of AD is given, therefore the straight line AD is given in mag- 
nitud.; and it is also given* in position, because from the given 
point A it is drawn to the straight line ED given ín position: 
Therefore the point D, in which the two straight lines AD, 
ED, given in position, cut one another, is given‘: And the 
straight line DB, which is at right angles to AB, is givent in 
position, and AB is given in position, therefore’ the point B 
is given: And the points A, D are given, wherefore ? the 
straight lines AB, BD are given: And the ratio of AB to BC 
is given, and therefore! BC is given. 


The Composition, i 


Ler the giyen ratio of FG to GH be that which AB is 
required to have to BC, and let HK be the given straight line 
which is to be taken from BC, and let the ratio which the 


| L 
/ A id — EE 
, E > x K 


remainder is required to have to BD be the given ratio of HG 
to LG, and place GL at right angles to FH, and join LF, LH: 
! | Next, 





EUCLID’S DATA. 469 


Next, as HG is to GF, so make HK to AE; produce AE to 
N, so that AN be the straight line to the square of which the 
sum of the squares of AB, BD is required to be equal; and 
make the angle NED equal to the angle GFL; and from the 
centre A, at the distance AN, describe a circle, and let its cir- 
cumference meet ED in D, and draw DB perpendicular to AN, 
and DM making the angle BDM equal to the angle GLH. 
Lastly, produce BM to C, so that MC be equal to KH; then is 
AB the first, BC the second, and BD the third of the straight 
lines that were to be found. 

For the triangles EBD, FGL, as also DBM, LGH being 
equiangular, as EB, to BD, so is FG to GL ; and as DB to 
BM, so is LG to GH; therefore, ex æquali, as EB to BM, 
so is (FG to GH, and so is) AE to HK or MC; wherefore*, x 12.5, 
AB is to BC, as AE to HK, that is, as FG «o GH, that is, in 
the given ratjo: and from the straight line BC taking MC, 
which is equal to the given straight line HK, the remainder 
BM has to BD the given ratio of HG to GL: and the sum 
of the squares of AB, BD is equai* to the square of AD or** 1 
AN, which is the given space. Q. E. D. 

I believe it would be in vain to try to deduce the precedin 
construction from an algebraical solution ot the problem. 


END OF NOTES TO TEE DATA, 


E 
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LEMMA L Fie. rz. 


Ler ABC bea reétilineal angle, if about the point B asa 
- centre, and with any distance BA, a circle be described, 
meeting BA, BC, thestraight lines including the angle ABC 

in A, C ; the angle ABC will be to four right angles, as the 

- arch AC to the whole circumference. 

Produce AB till it mect the circle againin F, and — B 
draw DE perpendicular to AB, meeting the circle in D, E. 

By 33. 6. Elem. the angle ABC is to a right angle ABD, 
as the arch AC to the arch AD; and quadrupling the conse- 
quents, the angle ABC will be to four right angles, as the 
arch AC to four times the arch AD, or to the whole circum- 
ference. 




















LEMMA Il. Fic. 2. 
Ler ABC bea plane rectilineal angle as before: About B 


as a centre with any two distances BD, BA; let two circles 
Ibe described meeting BA, BC, in D, E, A, C; thearch AC 
will be to the whole circumference of which it is an arch, 
is the arch DE is to the whole circumference of which it is 
n arch. 

By Lemma 1. the arch AC is to the whole circumference 
f which it is an arch, as the angle ABC is to four right an- 
les; and by the same Lemma 1. the arch DE is to the whole 
rcumference of which it is an arch, as the angle ABC is to 
jour right angles ; therefore the, arch AC is to the whole cir- 
umference of which it is anarch, asthe arch DE to the whole 
ircumference of which it is an arch. 


DEFINITIONS. Fic. 3 
I. 


A4ET ABC be a plane rettilineal angle; if about B as a 
entre, with BA any distance, a circle ACF be described, 


lecting BA, BC, in A, C ; the arch AC is called the measure 
the angle ABC. 
II. t 


The circumference of a circle is supposed to be divided into 
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360 equal parts called degrees, and each degree into 60 
equal parts called minutes, and cach minute into 6o equal 
parts called seconds, &c, And as many degrees, minutes, 
seconds, &c. as are contained in any arch, of so many de- 
grees, minutes, seconds, &c. is the angle, of which thatarch 
is the measure, said to be. 

Con. Whatever be the radius of the circle of which the mea- 
sure of a given angle is an arch, that arch will contain the 
same number of degrees, minutes, seconds, &c. as is mani- 
fest from Lemma 2. 


III. 
Let AB be produced till it meet the circle again in F, the angle 
CBF, which, together with ABC, is equal to two right 
angles, is called the Supplement of the angle ABC, 


IV. 

A straight line CD drawn through C, one of the extremities 
of the arch AC perpendicular upon the diameter passing 
through the other extremity A is called the Sime of the arch 
AC, or of the angle ABC, of which it is the'measure. 

Cor. The Sine of a quadrant, or of a right angle, is equal to 
the radius. 


The segment DA of the diameter passing through A, one 
extremity of the arch AC between the sine CD, and that. - 
extremity, is called the Versed Sine of the arch AC, or an- 
gle ABC. | 















VI. 

A straight line AE touching the circle at A, one extremity of 
the arch AC, and meeting the diameter BC passing through 
the other extremity Cin E, is called the Tangent of the arch 
AC, or ofthe angle ABC. | 


VII. 

The straight line BE between the centre and the extremity 
of the tangent AE, is called the Secant of the arch AC, or 
angle ABC. 

Con. to def. 4, 6. 7. the sine, tangent, and secant of any an- 
gle ABC, arc likewise the sine, tangent, and secant of its. 
supplement CBF. 

lt is manifest from def. 4. that CD is the sine of the angle 
CBF. Let CB be producedtill it meet the circle again inG; 
and it is manifest that AE is the tangent, and BE the se 
cant, of the angle ABG or EBF, from def. 6. 7. d 

OR. 
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Cor. to def. 4. 5.6.7. The sine, versed sine, tangent, and Fis. $ 


secant, of any arch which is the measure of any given angle 
ABC, is to the sine, versed sine, tangent, and secant, of 
any other arch which is the measure of the same angle, as 
the radius of the first isto the radius of the second. 

Let AC, MN be measures of the angle ABC, according to def. 
1. CD the sine, DA the versed sine, AE the tangent, and 
BE the secant of the arch AC, according to def. 4. 5. 6. 7. 
and NO the sine, OM the versed sine, MP the tangent, and 
BP the secant of the arch MN, according to the same defini- 
tions. Since CD, NO, AE, MPare parallel, CD isto NO 
as the radius CB to the radius NB, and AE to MP as AB to 
BM, and BC or BA to BD, as BN or BM to BQ; and, by 
conversion, DA to MO as ABto MB. Hencethe corollary 
is manifest; therefore, if the radius be supposed to be di- 
vided into any given number of equal parts, the sine, versed 
sine, tangent, and secant of any given angle, will each con- 
tain a given number of these parts; and, by trigonometrical 
tables, the length of the sine, versed sine, tangent, and se- 
cant of any angle may be found in parts of which the radius 
contains a given number ; and, vice versa, a number expres- 
sing the length of the sine, versed sine, tangent, and secant 
being given, the angle of which it is the sine, versed sine, 
tangent, and secant, may be found. 


VIII. Fig. 2 


T he difference of an angle from a right angle, is called the 
eomplement of that angle. Thus, if BH be drawn perpen- 
dicular to AB, the angle CBH will be the compliment of 
the angle ABC, or of CBF. 


IX. 


Let HK bethe tangent, CL or DB, which is equal to it, the 
sine, and BK the secant of CBH, the complemerte£ A BC, 
according to def. 4. 6. 7. HK is called the cotangent, BD 
the cosine, and BK the cesecant of the angle ABC. 

Cor. 1. The radius is a mean proportional between the tan- 
gent and cotangent. 

For, since HK, BA are parallel, the angles HK B, ABC will 
be equal, and the angies KHB, BAE are right; therefore 

the 
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the triangles BAE, KHB are similar, and therefore AE is to 
AB, as BH or BA to HK. 

Cor. 2. The radius is a mean proportional between the co- 
sine and secant of any angle ABC. 


m CD, AE are parallel, BD is to BC or BA, as BA te 


PROP. I. Fic. 5. 


Ina right angled plane triangle, if the hypothe- 
nuse be made radius, the sides become the sines of 
the angles opposite to them; and if either side be Z 
made radius, the remaining side is the tangent of 7 
the angle opposite to it, and the hypothenuse the 
secant of the same angle. 


Let ABC be a right angled triangle; if the hypothenuse 
Bo be made radius, either of the sides AC will be the sine of 
the angle ABC opposite to it; and if either side BA be made 
radius, the other side AC will be the tangent of the angle ABC 
opposite to it, and the hypothenuse BC the secant of the same 
angle. 

“Abode B as acentre, with BC, BA for distances, let two 
circles CD, EA be described, meeting BA, BC in D, E: Since 
CAB is a right angle, BC being radius, AC is the sine of the 
angle ABC, by def. 4. and BA being radius, AC is the tan- 
gent, and BC the secant of the angle ABC, by def. 6. 7. 

Cor. 1, Of the hypothenuse a side and an angle of a right 
angled triangle, any two being given, the third is also given. 

Cor. 2. Of the two sides and an angle of a right angled 
triangle, any two being given, the third is also given. 


PROP. IL Fic. 6. 7. 


V 
Uu sides of a plane triangle are to one another, - 
as the sines of the angles opposite to them. 


In right angled triangles, this Prop. is manifest from Prop. 1. 
for if the hypothenuse be made radius, the sides are the sines of | 
the angles opposite to them, and the radius is thesine ofaright — 
angle (cor, to def. 4.), which is opposite to the — 

n 
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In any oblique angled triangle ABC, any two sides AB, 
AC will be to one another as the sines of the angies ACB, 
ABC, which are opposite to them. 

From C, B draw CE, BD perpendicular upon the opposite 
sides AB, AC produced, if need be. Since CEB, CDB zre 
rightangles, BC being radius, CE is the sine of theangle CBA, 
and BD the sine of the angle ACB; but the two triangles 
CAE, DAB have each a right angle at D and E ; and like- 
wise the common angle CAB ; therefore they are similar, and 
consequently, CA is to AB, as CE to DB; that is, the sides 
are as the sines of the angles opposite to them. 

Cor. Hence of two sides, and two angles opposite to them, 
ina plain triangle, any three being given, the fourth is also 
given. 


PROP. III. Fie. 8. 


I N a plane triangle, thesum of any two sides is to 
their difference, as the tangent of half the sum of 
the angles at the base, to the tangent of half their 
difference. 

Let ABC beaplane triangle, the sum of anv two sides 
AB, AC will be to their difference as the tangent of half the 
sum of the angles at the base ABC, ACB to the tangent of 
half their difference. 

About À as acentre, with AB the greater side for a distance 
let a circle be described, meeting AC produced in E, F, and 
BC in D; join DA, EB, FB: and draw FG parallel to BC, 
meeting EB in G. 

The angle EAB (32. 1.) is equal to the sum of the angles 
at the base, and the angie EFB at the circumference is equal 
to the half of EAB at the centre (20. 3.) ; therefore EFB is 
half the sum of the angles at the base ; but the ancle ACB 


* (32. t.) isequal to the angles CAD and ADC, or ABC to- 
' gerher; therefore FAD is the difference of the angles at the 
- base, and FBD at the circumference, or BFG, on account of 





the parallels FG, BD, is the balf of that difference ; but since 
the angle EBF in a semicircle is a right angle (1. of this), 
FB being radius, BE, BG are the tangents of the angles EFB, 
BFG ; but it is manifest that EC is the sum of the sides EA, 
AC, and CF their difference; and since BC, FG are parallel 
(2 6.) EC is to CF, as EB to BG; that is, the sum of the 

sides 


47? 
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Sides is to their difference, as the tangent of half the sum of 
the angles at the base to the tangent of half their difference. 


PROP. IV. Fic. I8. 


IN any plane triangle BAC, whose two sides are 
BA, AC, and base BC, the less of the two sides 
which let be BA, is to the greater AC as the radius 
isto the tangent of an angle, and the radius is to 
the tangent of the excess of this angle-above half a 
right angle as the tangent of half the sum of the 
angles B and C at the base, is to the tangent of 
half their difference. 

At the point À draw the straight line EAD perpendicular 
to BA; make AE, AF, each equal to AB, and AD to AC; 
join BE, BF, BD, and from D, draw DG perpendicular upon 
BF. And because BA is at right angles to EF, and EA, AB, 
AF are equal, each of the angles EBA, ABF is half a right 
angle, and the whole EBF is a right angle (also 4. 1: El.); 
EB is equal to BF. And since EBF, FGD are right angles, 
EB is parallel to GD, and the triangles EBF, FGD are simi- 
lar; therefore EB is to BF, as DG to GF, and EB being 
equal to BF, FG must be equal to GD. And because BAD 
is a right angle, BA the less side is to AD or AC the great- 
er as the radius is to the tangent of the angle ABD; 
and because BGD is a right angle, BG is to GD or GF as 
the radius is to the tangent of GBD, which is the excess of 
the angle ABD above ABF half a right angle. But because 
EB is parallel to GD, BG is to GF as ED is to DF, that is, 
since ED is the sum of the sides BA, AC, and FD their dif- 
ference (3. of this), as the tangeut of half the sum of the an- 
gles B, C, at the base to the tangent of half their difference. 
‘Therefore, in any plane triangle, &c. Q.E. D. 


PROP. V. Fic. 9. and to. 


Ix any triangle, twice the rectangle contained by 
any two sides is to the difference of the sum of the 
squares of these two sides, and the square of the 
base, as the radius is to the cosine of the angle in- 
cluded by the two sides. 

Let ABC bea plane triangle, twice the rectangle ABD con- 
tained by any two sides BA, BC isto the difference of the su n 


of 
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ef the squares of BA, BC, and the square of the base AC, as 
the radius to the cosine of the angle ABC. . 

From A, draw AD perpendicular upon the opposite side 
BC, then (by 12. and 13. 2. El.) the difference of the sum of 
the squares of AB, BC, and the square of the base AC, is 
equal to twice the rectangle CBD; but twice the rectangle 
CBA is to twice the rectangle CBD; that is, to the differ- 
ence of the sum of the squares of AB, BC, and the square of 
AC (1. 6:) as AB to BD ; that is, by Prop. I. as radius to 
the sine ot BAD, which is the complement ofthe angle ABC, 
that is, as radius to the cosine of ABC. | 


PROP. VI. Fic. IL 


I N any triangle ABC, whose two sidesare AB, AC, 
and base DC, the rectangle contained hy half the pe- 
rimeter, and the excess of it above the base BC, is to 
the rectangle contained bv the straight lines by 
which the half of the perimeter exceeds.the other 
two sides AB, AC, as the square of the radius is to 
the square of the tangent of half the angle BAC 
5. in the base. 

t the angles BAC, ABC be bisected by the straight lines 
AG, BG; ad producing the side AB, let the exterior angle 
CBH be bisected by the straight line BK, meeting AG in kK; 
and from the points G, K, let there be drawn perpendicular 
upon the sides the straight lines GD, GE, GF, KH, KL, 
KM, Since therefore (4, 4.)-G is the centre &t the circle in- 
scribed in the triangle ABC, GD, GF, GE will be equal, and 
AD will be equal to AE, BD to BF, and CE to CF. In like 
manner KH, KL, KM will be equal, and BH will be equal 
to BM and AH to AL, because the angles HBM, HAL aie 
bisected by the straight lines BK, KA: And because in the 
triangles KCL, KCM, the sides LK, KM are equal, KC is 
common, and KLC, KMCare right angles, CL will be equal 
to CM: Since therefore BM is equal to BH, and CM to CL; 
BC will be equal to BH and CL together ; and, adding AB 
and AC together, AB, AC, and BC will together be equal 
to AH and AL together: But AH, AL are equal: Wheretore 
each of them is equal to halfthe perimeter of the triangle 
ABC: But since AD, AE are equal, and BD, BF, and also 
CE, CF, AB, tog-ther with FC, will be equal to half the 
perimeter of the triangle to which AH or AL was shewn to be 
equal ; taking away therefore the common AB, the remainder 
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FC will be equal to the remainder BH : In the same manner 
it is demonstrated, that BF is equal to CL: And since the 
points B, D, G, F, are in a circle, the angle DGF will be 
equal to th: exterior and opposite angle F BH (22. 3.) ; where- 
fore their halves BGD, HBK will be equal to one another : 
The right angled triangles BGD, HBK wil therefore be 
equiangular,and GD will be to BD, as BH to HK, and the 
rectangle contained by GD, HK will be equal to the rectangle 
DBH or BFC: But since AH is toHK, as AD to DG, the 
rectangle HAD (22. 6.) will be to the rectangle contained by 
HK, DG, or the rectangle BFC (as the square of AD is to 
the square of DG, that 1s) as the square of the radius to the 
square of the tangent of the angle DAG, that is, the half of 
BAC : But HA is half the perimeter of the triangle ABC, and 
AD is the excess of the same above HD, that is, above the 
base BC; but BF or CL is the excess of HA or AL above the 
side AC, and FC, or HB, is the excess of the same HA above 
the side AB; therefore the rectangle contained by half the 
perimeter, and the excess of the saine above the base, viz. the 
rectangle HAD, is to the rectangle contained by the straight 


' lines by which the half of the perimeter exceeds the other two 


side, that is, the rectangle BFC, as the square of the radius is 
to the square of the tangent of half the angle BAC oppesite to 
the base, Q. E. D. 


PROP. VII. FrG. 12. 13. 


Ix a planc triangle, the base is to the sum of the 
sides as the difference of the sides is to the sum or 
difference of the segments of the base made by the 
perpendicular upon it from the vertex, according as 
the square of the greater side is greater orless than 
thesum of tbesquares of the lesser side and the base. 


Let ABC bea plane triangle ; if from A the vertex be drawn 
a straight line AD, perpendicular upon the base BC, the base 
BC will be to the sum of the sides BA, AC, as the difference 
of the same sides is to the sum or difference of the segments 
CD, BD, according as the square of AC the greater side is 
greater or Jess than the sum of the squares of the lesser side 
AB, and the base BC. 

About A as a centre, with AC the greater side for a 
distance, let a circle be described meeting AB produced in E, 
F, and GB ia G: [tis manifest, that FB is the sum, and LT 
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the difference of the sides ; and since AD is perpendicular to 
GC, GD, CD will be equal ; consequently GB will be equal 
to the sum or difference of the segments CD, BD, according 
as the perpendicular AD meets the base produced, or the base ; 
that is (by Cony. 12. 13. 2.), according as the square of AC is 
greater or less than the sum of the squares of AB, BC: But 
(by 35. 3.) the rectangle CBG is equal to the rectangle EBF; 
that is (16. 6.) BC is to BF, as BE is to BG ; that is, the base 
is to the sum of the sides, as the difference of the sides is to the 
sum or difference of the segments of the base made by the per- 
pendicular from the vertex, according as the square of the 
greater side is greater or less than the swm of the squares of 
the lesser side and the base. Q.E.D. 


PROP. VIII. PROB. Fic. r4. 


T BE sum anà difference of two magnitudes being 
given, to find them. 

Half the given sum added to half the given difference, will 
be the greater, and half the difference subtracted from half the 
sam, will be the less. 

For let AB be the given sum, AC the greater, and BC the 
less. Let AD bc half the given sum ; and to AD, DB, which 
are equal, let DC be added; then AC will be equal to BD, 
and DC together; that is, to BC, and twice DC; conse» 
quently twice DC is the difference, and DC half that diffe- 
rence; but AC the greater is equal so AD, DC ; that is, to 
half the sum added to half the difference, and BC the less is 
equa! to the excess of BD, half the sum, above DC half the 
difference. Q. E. D. 

SCHOLIUM. 

Of the six parts of a plain triangle (the three sides and three 
angles) any three being given, to find the other three is the 
business of plane trigonometry ; and the several cases of that 
problem may be resolved by means of the preceding proposi- 
tions, as in the two following, with the tables annexed. In 
these, the solution is expressed by a fourth proportional .to 
_ three given lines ; but if the given parts be expressed by num- 
bers from trigonometrical tables, it may be obtained arithme- 
tically by the common Rule of Three. 





Norr. In the tables the following abbreviations are used: R. is put 
for the Radius; T. for Tangent; and S, for Sine. Degrees, minutes. 
seconds, &c. are written in this manner : 30® 25’ 18”, &c, which signifies 
40 degrees, 25 minutes, 13 TI &c. 

i 
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SOLUTION of the Cases of RIGHT ANGLED 
TRIANGLES. 





GENERAL PROPOSITION. 


Ix a right angled triangle, of the three sides and 
three angles, any two being given besides the right 
angle, the other three may be found, except when 
the two acute angles are given ; in which case the 
ratios of the sides are only given, being the same 
with the ratios of the sines of the angles opposite 
to them. | 

It is manifest from 47. t. that of the two sides and hypo- 
thenuse, ifany two be given, the third may also be*found. It 
is also manifest from 32. 1. that if one of the acute angles of a 
right angled triangle be given, the other is also given, for it 
is the complement of the former to a right angle. 

If two angles of any triangle be given, the ‘third is also 
given, being the supplement of the two given angles to two 
right angles. Es 

The other cases may be resolved by help of the preceding 
propositions, as in the following table : 


Given. Sought. 


1} Two sides, AB, Theangle; AB:AC::R: T, B,of 
AC. B, C. which Cisthecomplement 








2, AB,BC,asideand! Theangle; BC: BA::; R:5,C,0 
the hypothenuse. |B, C. which B isthe complement 

















3| ABD, B, asideand Theoiher! R: T,B::5A:AC. 
an angle. side AC. 








4| ABandB,aside| Thehypo] S, C: R:: BA: BC. 
and an angle. thenuse BC. 











s| BC and B, thej The side!) R:5,B:: BC: CA. 
hypothenuse and an|AC. 
angle. 























These five casus are resolved by Prop. 1. 
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SOLUTION of the Cases of We i Ta ANGLED 


TRIAN GLES. 





GENERAL PROPOSITION. 


Ix an oblique angled triangle, of the three sides 
and three angles, any three being given, the other 
three may be found, except when the three angles 
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are given ; in which case the ratios of the sides are - 


only given, being the same with the ratios of the 
sines of the angles opposite to them. 


Given. Sought. 





A, B, and there-| BC, AC, | $,C:5, A :: AB : BC, 
fore C, and the sid HE 'also 8, C:5, B: : AB 
AB. : AC. (2 Y 


AB, AC, and Bj Theangle AC: AB :: $, B, $, C, 
two sides and anlA and C. (2.) This case admits of 
angle opposite to two solutions; for C may 
one of them. be greater or ‘less than a 
quadrant. (Cor.todef. 4.) 








3 | AB, AC,andA,! The angles AB-+AC:AB—AC::T, 
two Sides, P the B and C, M -B T,C—B. 
included angle. 








í is) 
the sum and difference of 
the angles C, B, being 
given, each of them is 
given. (7.) Otherwise 
. 18. 
| BÀ :AC:: R: T, ABD, 
andalso R : T ABD—45° 


Peo, Bo. 
r :(4-) 


19; 
Í 
— B and C are 


given as before. (7.) 








3 
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Given. Sought. E 


— — — 








2 AC x CB: ACq 4 CBq 
—ABq::R:Co S, C. If 
A Bq 4- CBq be greater than 
ABq. Fic. 16. 

2 ACx CB: ABq—ACq 
| —CBq::R:Co. $,C. li 
+| AB, BC, CA,jA,B,C, the|A Bq be greater than ACq + 

the three sides, |threeangles\CBgq. Fic. 17. (4.) 

Otherwise 

Let AB+ BC +AC=2P. 
IP -xP — AB: P- DCX 
iP — BC :: Ra: ie 


and henceC is known. {5.} 
| Otherwise. 
i | Let AD be perpendicular 
to BC. 1. 1f ABq be less 
than ACg + CBg. Fie. 16. 
BC: BA + AC:: BA — 
| AC : BD — DC, and BC 
the sum of BD, DC is given; 
therefore each of them is 
given. (7-) 
2. If A Bq be greater than 
ACg+CBg. Fie. 17. BC: 
BA+AC::BA—AC:BD 
+ DC; and BC the diffe- 
rence of BD, DC is given, 
therefore each of them is 
given. (7.) 
And CA : CD: : R ; Co 
S, C. (r.) and € being 


found, A and B are found 
by case 2. or 3. 


| — — — — —— — 





CONSTRUCTIONS 
OF THE 
TRIGONOMETRICAL CANON. 
— M — — 


A Trigonometrical Canon is a Table, which, beginning from 
one second or one minute, orderly expresses the lengths 
that every sine, tangent, and secant have, in respect of the 
radius, which is supposed unity ; and is conceived to be 
divided into 10000000 or more decimal parts. And so 
the sine, tangent, or secant of an arc, may be had by help 
of this table ; ‘and, contrariwise, a sine, tangent, or secant, 
being given, we may fing the arc it expresses. Take no- 
tice, that in the following tract, R signifies the radius, S a 
sine, Cos. a Cosine, T a tangent, and Cot. a cotangent ; 
also AC q signifies the square of the right line AC; and 
the marks or characters +, —, =, :,::,and 4/, are, seve- 
Tally, used to signify addition, subtraction, equality, pro- 
portionality, and the extraction of the square root. Again, 
when a line is drawn over the sum or difference of two 
quantities, then that sum or difference is to be considered as 
ene quantity, 


Constructions of the Trigonometrical Canen. 
PROP, I. THEOR. 
THE two sides of any right angled triangle be- 


ing given, the other side is also given. 
For (by 47. 1.) AC q=ABq+BCq and AC q— BC q= 
Bq and interchangeably AC q—AB q=BCq. Whence, 
by the extraction of the square root, there is given AC= 


“YABqg+BCq; and AB= YACq—BCq; and BC= 
v AC q— AB gq. 


PROP. II. PROB. 


Tue sine DE of the arc BD, and the radius CD 


being given, to find the cosine DF. 
lia | The 


435. 


Fig. 96. 


Fig. 90. 
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T he radius CD, and the sine DE, being given in the right 
angled triangle CDE, there will be given (by the last Prop.) 
¥ CD q—DE qg=(CE=) DF. 


PROP. III. PROB. 


Fe? Dig sine DE of any arc DB being given, to 
find DM or BM, the sine of half the arc. 


DE being given, CE (by the last Prop.) will be given, and 
accordingly EB, which is the difference between the cosine 
and radius. ‘Therefore DE, EB, being given, in the right 
angled triangle DBE, there will be given DB, whose half 
DM is the sine of the arc DL =+ the arc BD. 


PROP. IV.. PROB. M" i | 


Tue sine BM of the arc BL being given, to find 
the sine, of double that arc. " 


Pig.29. . 'Thesine BM being given, there will be given (by Prop. 
2.) the cosine CM. But the triangles CBM, DBE, are equi- 
angular, because the angles at E and M are right angles, and 
the angle at B common: Wherefore (by 4. 6.) we have 
CB:CM:: (BD, or) 2BM: DE. Whence, since the 
three first terms of this analogy are given, the fourth also, 
which is the sinc-of the arc DB,'will be known. 

Con. Hence CB: 2 CM ; : BD:2 DE ; that is, the ra- 
dius is to double the cosine of one half of the arc DB, as the 
subtense of the arc DB is to the subtense of double that arc. 
Also CB: 2 CM ::(2BM:2DE::) BM: DE: :4 CB: 

"CM. Wherefore the siné of an arc, and the sine of its dou- 
ble, being given, the cosine of the arc itself is given. 


PROP. V. PROB. 


ne The sines of twoarcs, BD, FD, being given, to 
find FI, the sine of the sum, as likewise EL, the 
sine of their difference. 


Let the radius CD be drawn, and then CO is the cosine of 
the arc FD, which accordingly is given, and draw OP through 
O parallel to DK ; also let OM, GE, be drawn parallel to 
CB: Then because the triangles CDK, COP, C * 
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FOM, are equiangular ; in the first place CD : DK. : : CO : 
OP, which, consequently, is known. Also we have CD: 
CK :: FO: FM ; and so, likewise, this will be known. But 
because FO=EO, then will FM=MG=ON; and so OP 
+FM=FlI=sine of the sum of the arcs: And OP—FM; 
that is, OP—ON =EL=sine of the difference of the arcs; 
which were to be found. 

Cor. Because the differences of the arcs BE, BD, BF, are 
equa;, the arc BD is an arithmetical mean between the arcs 


BE, BF. 


PROP. VI. THEOR. 
Tue same Things being supposed, the radius is 


to double the cosine of the mean arc, as the sine 
of the difference is to the difference of the sines of 
the extremes. 


For we have CD : CK : : FO : FM ; whence, by doubling 
the consequent, CD: ? CK :: FO : (2FM, or) to FG, 
which is the difference of the sines, EL, FI. Q. E. D. 

Cor. Ifthe arc BD be 6o degrees, the difference of the 
sines FI, EL, will be equal to the sine FO, of the diference. 
For, in this case, CK is the sine of 30 degrees; the double 
whereof is equal to the radius (by 15. 4.); and so, since CD 
—2 CK, we shall have FO=FG. And, consequently if 
the two arcs BE, BF, are equidistant from the arc of 60 de- 
grees, the difference of the sines will be equal to the sine of 
the diference FD. 

Cor. 2. Hence, if the sines of all arcs distant from one 
another by a given interval, be given, from the beginning of 
a quadrant to 60 degrees, the other sines may be found by one 
addition only. For the sine of 61 degrees—the sine of 59 
degrees-++the sine of 1. degree ; and the sine of 62 degrees — 
the sine of 58 degrees + the sine of 2 degrees. Also, the sine 
of 63 Degrees=the sine of 57 degrees + the sine of 3 degrees, 
and so on. 

Cor. 3. If the sines of all arcs, from the beginniag of a 
quadrant to any part of a quadrant, distant from each other 
by a given interval, be given, thence we may find the'sines 
of all arcs to the double of that part. For example, let all 
the sines to 15 degrees be given ; then, by the preceding ana- 
logy, all the sines to 30 degrees may be found. For the ra- 
dius is to double the cosine of 15 degrees, as the sine of 1 de- 
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gree is to the difference of thesines of 14 degrees, and 16 de- 
grees: So, also, is the sine of 3 degrees to the difference be- 
tween the sines of 12 and 18 degrees ; andso on continually, 
until you come to the sine of 30 degrees. 

After the same manner, as the radius is to double the cosine 
of 30 degrees, or to double the sine of 60 degrees, so is the 
sine of 1 degree to the difference of the sines of 29 and 31 de- 
grees: : sine 2 degrees to the difference of the sines of 28 
and 32 degrees: : sine 3 degrees, to the difference of the 
sines of 27 and 33 degrees. But, in this case, the radius is 
to double the cosine of 30 degrees, as 1 to 4/ 3. 

For (see the figure for Prop. 15, Book IV. of the Ele- 
ments) the angle BGC—60 degrees, as the arc BC, its mea- 
sure, 1s a sixth part of the whole circumference; and the 
straight line BC—R. - Hence it is evident that the sine of 30 
degrees is equal to half the radius ; and therefore, by Prop. 2. 
the cosine of 30 degrees— VR ELSE, and its double 





—43R'—Rx 43 Consequently, radius is to double 
thecosine of 20 :: R: Rx /3::1: v 3. 

And, accordingly, if the sines of the distances from the arc 
of 30 degrees, be multiplied by 4/ 3, the differences of the 
sines will be had. 

So, likewise, may the sines of the minutes in the beginning 
of the quadrant be found, by having the sine, and cosines of 
one and two minutes given. For, as the radius is to double 
the cosine of 2’: : sine 1’: difference of the sines of 1'and 3: : 
sine 2 : difference of the sines of o’ and 4’; that is, to the 
sine of 4. And so, the sines of the four first minutes being 
given, we may thereby find the sines of the others to 8' and 
from thence to 16, and so on. 


PROP. VII. THEOR.’ 


In small arcs, the sines and tangents of the same 
arcs are nearly to one another, in a ratio of equa- 
lity. 

For, because the Triangles CED, CBG, are equiangular, 
CE:CB::ED: BG. But as the point *E approaches B, 


EB will vanish in respect of the arc BD; whence n 
2 Wi 
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will become nearly equal to CB, and so ED will be also 


nearly equal to BG. If EB be less than the "o 


part of the radius, then the difference between the sine and the 


I 
tangent will be also less than the ——-————— part of the 
argo l b A 10000000 P 


tangent. 

Cor. Since any arc is less than the tangent, and greater 
than its sine, and the sine and tangent of a very small arc are 
nearly equal; it follows, that the arc will be nearly equal to 
its sine: And so, in very small arcs, it will be, as arc is to 
arc, so is sine to sine. 


PRO?. VIH. PROB. 
To find the sine of the arc of one minute. 


The side of a hexagon inscribed in a circle, that is, the 
subtense of 60 degrees, is equal to the radius (by Coroll. 15th 
of the 4th); and so the half of the radius will be the sine of 
the arc of 30 degrees. Wherefore the sine of the arc of 30 
degrees being given, the sine of the arc of 15 degrees may be 
found (by Prop. 3.) Also the sine of the arc of 15 degrees 
being given (by the same Prop.) we may have the sine of 7 
degrees 39 minutes. So, likewise, can we find the sine of 
the half of this, viz. 3 degrees 45 minutes; and so on, until 
12 bisections being made, we come to an arc of 52”, 443, 034, 
' 455, whose cosine is nearly equal to the radius; in which 
case (as is manifest from Prop. 7.) Arcs are proportional to 
their sines: and so, as the arc of 52”, 445, 035, 45°, is to an 
arc of one minute, so will the sine before found be to the sine 
of an arc of one minute, which therefore will be given. And 
when the sine of one minute is found, then (by Prop, 2. and 
4.) the sine and cosine of two minutes will be had. 


PROP. IX. THEOR, 


Ir the angle BAC, being in the periphery of a 
«circle, be bisected by the right line AD, and if AC 
be produced until DE=AD meets it in E; then 
will CE=AB. 

In the quadrilateral figure ABDC (by 22. 3.) the angles B 


an 
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and DCA are equal to two right angles =DCE+ DCA (by 
13. I.): whence theangle B=DCE, But, likewise, thean- 
gle E=DAC (by 5. 1.)=DAB, and DC=DB: Wherefore 
the triangles BAD and CED are congruous, and so CE is 
equalto AB. Q. E.D. 


PROP. X. ‘THEOR. 


Ler the arcs AD, BC, CD, DE, EF, &c. be 
equal; and let the subtenses of the arcs AB, AC, 
AD, AE, &c. be drawn; then will AB: AC :: AC 
>AB4+AD::AD:AC+AE:: AE: AD4APF:: AF 
: AE 4 AG. 


Let AD be produced to H, AE to I, AF to K, and AG to 
L, so that the triangles ACH, ADI, AEK, AFL, be 
isosceles ones: Then, because the angle BAD i$ bisected, 
we shall have DH=AB (by the last Prop.); so likewise EI 
-—AC, FK —AD, also GL—AE. 

But the isosceles triangles ABC, ACH, ADI, AEK, AFL, ; 
because of the equal angles at the bases are equiangular : 
Wherefore it will be, as AB: AC :: AC: (AH=) AB+ 
AD:: AD: (AI=) AC+AE::AE:(AK=) AD+AF 
>: AF: (AL=)AE+AG. Q.E. D. / 

Cor. 1. Because AB is to AC, as radius is to double the 
cosine of 4 the arc AB, (by Coroll. Prop. 4.) it will also be 
as radius is to double the cosine of 4 the arc AB, sois AB 
>4AC::2AC:1AB41AD::4AD:1 AC44 AE:: 
1AE:4AD+4 AF, &c. Now let each of the arcs AB, BC, 
CD, &c. be 2’; then will 4 AB be thesine of one minute, AC 
the sine of 2 niinutes, 1 AD the sine of 3 minutes, 1 AE the 
sine of 4 minutes, &c, Whence, if the sines of one and two 
minutes be given, we may easily find all the other sines in the 
following manner, 

Let rhe cosine of the arc of one minute, that is, the sine of 
the arc of 89 deg. 59' be called Q; and make the following 
analogies; R.: 2 Q:: Sin. 2': 8. 1'+5..3'. Wherefore the 
sine of 3 minutes will be given. Also, R.: 2Q::5. 3: 
5. 2'+5. 4’. Wherefore the S. 4’ is given. And R.:2Q 
:: 8. 4:9. 3 39. 5; and so thesine of $' will be had. l 

Likewise, R.:2Q::8.5':54'+5. 6'; and so we shall 
have the sine of 6’, And in like manner, the sines of every 
minute of the quadrant will be given. And because the ra- 
dius, or the first term of the analogy, is unity, the EAT 
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tion only, by Cor. 1. Prop, 6 


ngular, we have 
BD: DC :: BA: AE ; that is, Cos.: S. :: 
AE:BA:: BH: HK;thatis, T.:R.:: 
BD : BC:: BA: BE; that is, Cos.: R.:: 
CD: BC:: BH: BK; thatis, 8.: R.:: 
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will be with great ease and expedition calculated by multipli- 
cation, and contracted by addition. When the sines are 
found to 60 degrees, all the other sines may be had by addi- 


The sines being given, the tangents and secants may be 
found from the foliowing analogies (see Figure 3, for the de- 
finitions) ; because the triangles BDC, BAE, BHK are equi- 


R.:T. 

R. : Cot. 
R.: 

R. : Cosec. 


Secant. 
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K 
L 1 HE indices or exponents of a series of numbers in geo- 
metrical progression, proceeding from ys, are also called the 
jogarithms of the numbers in that series.* Thus if a denote 
any number, and the geometrical series, 1, a’, a*, a*, a4, &c. 
be produced by actual multiplication, then 1, 2, 3, 4, &s. are 


called the logarithms of the first, second, third, and fourth 


powers of @ respectively. Consequently, if, in the above, e 
be equal to the number 2, then 1 is the logarithm of 2, 2 is 
the logarithm of 4, 3 is the logarithm of 8, 4 is the logarithm 
of 16, &c. But ifa be equal to ro, then 1 is the logarithm 
of 10, 2 is the logarithm of 100, 3 is the logarithm of 1000, 
4. is the logarithm of 10000, &c. Tbe series may be conti- 
LE uL RAE 
nued both ways from 1. Thus PPPT EAA 
a*, &c. constitute a series in geometrical progression, and, 
agreeable to the established notation in algebra, the indices, 
or logarithms are —4,— 3,—2,—1I, 0, I, 2, 3, 4,&c. If abe 


equal to the number 2, then—4 1s the logarithm of - )7— 3 i$ 

the logarithm of 2 is the logarithm of 5, — I is the loga- 

rithm of Ps o isthe logarithm of 1, 1 is the logarithm of 2, &c. 
f I 

10000) ~ 9 


,—2 is the logarithm of —, —1 is the 
E 100 


If a be equal to 10, then —4 is the logarithm of 








is the logarithm of- 
proce 
logarithm of m is the logarithm of r, and tr is the loga- 


rithm of 10, &c. à 


2. From the above it is evident, that the logarithms of a 


series of numbers in geometrical progression, constitute a 
series of numbers in arithmetical progression. Beginning 
with 1, and proceeding towards the right hand, the terms in 
the geometrical series are produced by multiplication, but 
their corresponding logarithms are preduced by addition.— 


SER. a 


On the contrary, beginning with 1, and proceeding towards ` 


the left hand, the terms in the geometrical progression are 
produced by division, but their corresponding logarithms are 
produced by subtraction. 


* The reader ought to be acquainted with arithmetical and geometrical progressioa 
and the binomial theorem, before he enters on a perusal of any account of logarithms. 


The 
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: «mm i. 
e fractions. Thus-if 2^ denote any number, —, —, — 


d æ 3 4 Qu G^ Gn 
x an 


3 z a 3 2 , 
geometrical progression, of which —5, ——, ——, —— 
“4 *, 5 *, &c. are the logarithms; and it is evident that 


assertions in the last article hold true both with respect 
the numbers in geometrical progression and their corres- 
ding logarithms. As aand may be taken at pleasure, 
follows that numbers in very different geometrical pro- 
ssions may have the same logarithms ; and that the same 
‘ies of numbers in geometrical progression may have diffe- 
t series of logarithms corresponding to them. 

. If a bean indefinitely small decimal fraction, and suc- 
sive powers of 1 +a be raised, then the excess of any power 
1+<a above that immediately preceding it will be indefi- 


ly small. "Thus let a—-:00000000001, and then 14-2"— 


000000000200000000001I ; and I 4- 4! — 170000000000 3000- 
300000000001 ; and proceeding by actual multiplica- 
n to obtain higher powers of roooooooool, it will be 
nd that the difference between two successive powers is 
y small. If instead of supposing, as above, that a— 
OOO00I, we suppose it only one millionth part of this 
ue, then the successive powers of 1+a will differ from 
2 another by much smaller decimal fractions. 
. If therefore a be indefinitely small, and successive 
ers of I --a be raised, a series of numbers in geometrical 
gression will be produced, of which the common numbers 
3, 4, 5, &c. will become terms. For on every multipli- 
ion by 1-44, an indefinitely smal] addition is made to the 
wer multiplied, and by this indefinitely, small addition, the 
t higher power is produced. Some power of 1 4- a will 
refore be equal to the number 2, or so nearly equal to it 
they may be considered as equa!) Continuing the ad- 
cement of the powers of I 4-2, tbe numbers 2, 4, 5, &c. 
the same reasons, will fall into the series. 

The sum of the logarithms of any two numbers is equal 
the logarithm of the product of the same two numbers. 
S if I +a raised to the n'è power be equal to the number 
and if I +a raised to the mè power be equal to the num- 

ber 


3. The same observations apply to logarithms when they - 


"DO I, 4", a", a", a", &c. constitute aseries of numbers 
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The addition of logarithms, therefore, answers to the multi: 
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ber M, then, by the preceding articles, 7 is the logarith 


of 1--a'" or of its equal N, and for the same reason 7 is the 
logarithm of M. Hence it follows that » 4-z—the logarith 


ofNxM, for NxM- 142 xia —i44 ^ *" by the 
nature of indices. If the logarithm of N be subtractec 
from the logarithm of M, the difference is equal to the loga 
rithm of the quotient which arises from the division of M by 
M r42" x , 
N. — — =1 +a" ", by the nature of indices. 


N ipa” 


plication of the natural numbers to which they belong ; an 
the subtraction of logarithms answers to the division by tht 
natural numbers to which they belong. 

7. Ifthe logarithms of a series of natural numbers be all mul 
tiplied by the same number, the several products will have t 
last-mentioned properties of logarithms. Thus ifthe indices a 
all the powers of 1 4- a be multiplied by 7, then, using the na 
tation stated in the last article, the logarithm of N is z/, an 
the logarithm of M is m/, and the logarithm of N x M is z/ 


ml; for NxM=1 +a xi +a —1-p P t" by the n 


ture of indices. — Also mi—z/—the logarithm of = for 
— * 6 

aa 144/77". Hence the products arising from t 
1-42 9 
multiplication of / into the indices of the powers of 1 +4, a1 
termed logarithms, as are also all.numbers, which have tk 
properties stated at the end of article 6. -It is on account < 
these properties that logarithms are so very useful in calcul 
tions of the highest importance. 

8. lf the indices of the powers of'1 4-2 be multipled by 
the products are called the hyperbolic logarithms of the nuv 
bers equal to the powers of 1-Fa.. "Thus if the number N 1 
equal to 1 +a", then za is the hyperbolic logarithus of 
and if the number M beequal to 1-F 2", then ma is the h 
perbolic logarithm of M. Hyperbolic logarithms are not tho 
in common use, but they can be, calculated with less labo 
than any other kind, and common logarithms are obtai 
from them. 

g. If successive powers of a very small fraction be rais 
they will successively be less and less in value. This tru 





‘OE LOGARITHMS. 


appears most evident by putting the value in the form ofa 
> I 4 i Ve 


— — 


vulgar fraction. Thus = 
100000 0000000000 o) 
] i ooo) I 10000 


— — — &c. 
1000000000009000 

IO. Let it be required to determine the hyperbolic loga- 
rithm L, of any number N. Using the same notation, as in 


the preceding articles, T+a"=N, and, by extracting the nik 








I 
root of each side of the equation, I-Fa—N". Put mz, 
n 


s — m DU 
and I4-x ZN, and chen N^ — 14) — (by the binomial 
m—I m—I m—2 


xXx* mx x » a8. 











theorem) 1 -Ezx-Em x 


+&c. =1 +a. Now as ais indefinitely small, the power of 

I +4, which is equal to the number N, must be indefinitely 

high; or, which is the same thing, » must be indefinitely 

great. Consequently m must be indefinitely small, and there- 

fore may be rejected from the expressions z— 1, m— 2, 7»; — 3; 

&c. Hence 1 being taken from each side of the above equa- 
mx* nx! mx* mió 


tion, we have ammx— z * — 4 xp Each side 
2 3 
of this equation being divided by m, we have “=r — 
m 2 
TUE i. r? 3 


——+—— &c. But m=, and therefore AT Ee! + 
4 H 71 2 
r! i^ 

——— B &c. =L, the hyperbolic logarithm of N, by 


article 8. This series, however, if + be a whole number, 
does not converge. 


Let M be a whole number, and M= — 
— 


less than 1. For multiplying both sides of the equation by 





and then z is 


I—t£ webhave M—MLr— 1, and therefore 1 — =r. Now 


I I 
let M ———— è , = oe 7—7 — 
— I+aY Dhen we have 1--a— — 

— 





— — (by putting r ——-]— 1— rrr x x 


"f—1 — r—2 
Esp. 





xx! &c. But for the same reasons 
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as above, r must be indefinitely small, and therefore may be 
rejected from the factors r—1, r—2, r—3, &c. Conse- 
quently, taking 1 from each side of the above equation, a= 
ro a ee ee I 
—— - Mu ț IMM &c. But—ro=—, and there- 
at BO Mild ny ote I 
tore dividing the left-hand side of the equation by —, and 
1t 5 
the other by —r, we have ap—r-+ T T3 we ra + 
4 

&c. = the hyperbolic logarithm of M. 

II. As by the last article, the hyperbolic logarithm of N 

17 


7 Bx rs gl 








or I-z is c —-— 4 —— ——— p -—— —— 4. —— — &c. andas the 

2! 44 gi 3- PN ML 

! i a S ^od x £ 

hyperbolic logarithm of M or — rt pia me 
n" 7 

= I &c. the hyperbolic logarithm of N x M, or 


is equal to the $um. of thesetwo series, that is, equal to 2z 4- 
PT. SIC uU 1 . 
A — +—-+ &c. "This series converges faster than 


either of the preceding, and its value may be expressed thus : 








coq qq & uu 
2 Xy po dps Rot f 
3485-7 "m 
TOM 254-2 
12. The logarithm of ; 7X logarithm _ of ast 


2n + [^ 


the logarithm of - 
224p — 1 

rithms answers to the multiplication of the numbers to which 

they belong, the logarithm of the square of any number, fs 

the logarithm of the number multiplied by 2., Hence the lo- 


For as. the addition of loga- 















: 204-2 Ea 
garithm of —— 2 x logarithm of . But DAS I 
2n-b1 29d 27—1 
gnt _2n42° Lata | m 2nd N 
2n-c1*—1 2n41^—1 An^ T 4n n* 4n 





n-Erxn-ci. n5s-FI 
nxn-I n 


From the preceding articles hyperbolic logaritlims may be ` 
calculated, as in the following examples. ' 





Example | 


OF LOGARITHMS. 
Example z. Required the hyperbolic logarithm of 2. Put 





z4r 2n+2 aniy 
Z2 dad and then 2=1, 1 M and = 
n 2u+i 3 209-Fil'—i 


aa, I order to proceed by the series in article 11, let 


oom et and then — Consequently 








12* 
r= 0.14285714286 
: =0.00097 181730 
$ 
5 =0.00001 189980 
x? 
S = 0.000090017347 
xv? 
5 ==0.00000000275 
q 
i; ~ 000000000004 
Sum of the above terms, + - - - - 0.14384103622 
2 


144 2n+2 4. ; 
» f —— . 8 
Log. o — or — or 0.2876 207244 


The double of which is 0.57536414488, and answers to the 
first part of the expression in article 12. 


Secondly, let - TM =2, and then 8 8. 7—9—9 r, and 5 


now is equal to * Consequently, 
r —0.05882352941 











7 700009684721 


xr 
E —0.00000014086 


rl 
7 =0.0000000003 5 





Sum of the above terms - - - - -. 0.05889151783 
| 2 

Lagi. 9. : 
og — or g 0.11778303566, 





Kk which 
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which answers to the second part of the expression in article 
12. Consequently the hyperbolic logarithm. of the number 
2.is 0.57536414488 + 0.11778 30356=0.69314718054. 
The hyperbolic Jogarithm-of 2 being thus found, that of 
4,,8, 16, and all the other powers of 2 may be obtained by 
mutiplying the logarithm of 2 by 2, 3, 4, &c. respectively, 
as is evident from the properties of logarithms stated in ar- 
ticle 6. Thus, by multiplication, the hyperbolic logarithm 
of 421.38629436108 i 
of 8—2.07944154162 
&c. oggi 
From the above the logarithm of 3 may easily be obtained. 
For 4-4 x3- 3; and therefore as the logarithm of t 


was determined above, and also the logarithm of 4. 
From the logarithm of 4, viz. . - 1.38629436108, 


Subtract. the logarithm of T viz. 0.28768207244, 





And the logarithm of 3is --- - -  1.09861228864. 

Having found the logarithms of 2 and 3, we can find, by 
addition only; the'logarithms of all the powers of 2 and 3, 
and also thc logarithms of all the numbers which can be pro- 
duced.by multiplication from 2 and 3. Thus, 


To the logarithm of 3,'viz. ^% | -^ - 1.09861228864 
* Add the logarithm of 2, viz..- -< - 0.693147 18054 





And the sum is the logarithm of 6. - 1.7917 5946918. 
To this last found add the logarithm of 2, and the sum 
2.48490664972 is the logarithm of 12. | 

The hygerbolic logarithms of other prime numbers may 
be more readily calculated by attending to the following 
article. 

13. Let a, 6, ¢ be three numbers in arithmetical progres- 
sion, whose common difference is 1. Let 5 be the prime 
number, whose logarithm is sought, and @ and ¢ even num- 
bers whose logarithms are known, or easily obtained from 
others already computed. ‘Then, a being tke least of the 
three, and the common difference being 1, a=4—1, and 
e=b+1. Consequently 2 x c—é—1xé-4 1—P-—1, and 
&c 3 1—À* ; and therefore — *. Thisisa general ex- 

ac 








pression 


c-—ÀA 
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pression for the fraction, which it will be proper to put = 
I4. 





, that the series expressing the hyperbolic logarithm 





i—r 
! I+v_ acti 
may converge quickly. For as = Pi 5 ac 3 acx— ac 
I—z — ac j 


+ 1—aer—x, and therefore 2 acr4+2=1, and r= 





24c- 1 
Example 2. Required the hyperbolic logarithm of 5. 


Here 4—4, c6, and r= Consequently, 


I 
2ac-F1 749 
r —0.0204081632 


f 
— —:0.0000029332 


5 
=0.0000000007 


ur X a 








Sum of the above terms, - E 0.0204.10997 1 
2 








Log of Mites Krew oe i 0.0408219942 
1—-c 24 


But 25x8x3=25, and the addition of Logarithms an- 


swers to the multiplication of the natural numbers to which 
they belong. Consequently, 


To the log. of 5. - - = = 0.0408219942 


Add the log. of 8 - - - - -2.0794415422 
And also the log. of 3- - - - 1.098612289o 


And the sum is the log. of 25 - 3.2188758254 | 


- Thé half of this, viz. 1.6094379127, is the hyperbolic loga- 


rithm of 5; for 5x 5—25. 


Example 3. Required the hyperbolic logarithm of 7. 
I I att T+ 


2441 97° do imk 





Here a=6, c=}; and r= 


4 : 
J Consequently, 


Kka = 


500 
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r -20.01030927835 
3 


X 
—-720.00000036522 


& 


5 
— =0.00000000002 


un 





Sum of the terms - - - - .01030964.359 
2 





Log. of S -- - = ~ -0.020619028718 


To which add log. of 8- - -2.07944154162 
Andalsolog. of6 - - - - 1.79175946918 


The sum is the log. of 49 - - 3.89182029798 
For i (68-49. Consequently the half of this, viz, 


1.94591014899, is the hyperbolic logarithm of 7 ; for 7 x 7 
=49. 

If the reader perfectly understand the investigations and 
examples, already given, he will find no difficulty in calcu- 
lating the hyperbolic logarithms of higher prime numbers. 
It will only be necessary for him, in order to guard against 
any embarrassment, to compute them as they advance in 
succession above those already mentioned. ‘Thus, after 
what has been done, it would be proper, first of all, to calcu. 
late the hyperbolic logarithm of 11, then that of 13, &c. 

Proceeding according to the method already explained, it 
will be found that 

The hyperbolic logarithm of 11 is 2.397895273016 

we ~~ of 13 is 2.564999357538 
of 17 1s 2.83321 33449878 
of 19 is 2.944438979941 








aae 





Logarithms were invented by Lord Neper, Barou of Mer. 
chiston, in Scotland. In the year 1614 he published at Edin- 
burgh a small quarto, containing tables of them, of the hyper. 
bolic kind, and an account of their construction ana use. ‘Lhe 
discovery afforded the highest pleasure to mathematicians, as 
they were fully sensible of the very great utility of logarithms; 
but it was soon suggested by Mr. Briggs, afterwards Savilian 
Professor of Geometry in Oxford, that another kind of lo- 
garithms would be more convenient, for general purposes 

than 


OF LOGARITHMS. 
than the hyperbolic. That one set of logarithms may be ob- 
tained from another will readily appear from the following 
article. 

14. Ít appears from articles 1, 3, and 7, that if all the lo- 
garithms of the _ geometrical progression r, 14a", 14a, 
1ta, 142”, 14a *, &c. be multiplied or divided by any 
given number, the products and also the quotients will like- 
wise be iogarithms, for their addition or subtraction will an- 
Swer to the multiplication or division of the terms in the 
geometrical progression to which they belong. The same 
terms in ihe geometrical progression may therefore be repre- 
sented with different sets or kinds of legarithms .in the fol- 
lowing manner. 


I, ra, 1+a™, I t a, I 4-2", Ida, I 4- 416, &c. 
3, I2, I4, ra^» EH aH, r- al*, ral", &c. 


1 s 3 4 5 
— — — — — — — — — — 
3, t+a", 1+a”, 14297 I17E2% 14A% 144% &c. 

In these expressions / and m denote any numbers, whole 
or fractional ; and the positive value of the term in the geo- 
metrical progression, under the same number in the index, is 
understood to be the same in each of the thres series. Thus 


if 1 + a* be equal to 7, then 1+a'®, is equal to 7, as is also 
4 





bai», lf 1 -- a5 be equal to ro, then 1 +a’ is equal to 10, 


6 
'asisalso 1-2! ^, &c. If therefore J, 2/, 3/, 8c. be hyperbolic 
logarithms, calculated by the methods already explained, the 


logarithms expressed by aaa =, £, &c. may be derived 
m 


from them ; for the hyperbolic logarithm of any given num- 
ber is to the logarithm in the last-mentioned set, of the same 


number, in a given ratio. Thus 4/ = T.I —À 3 
6 6 I. 
] dieser, 
€ m , 6im im 


I5. Mr. Briggs's suggestion, above alluded to, was that 1 
should be put for the logarithm of 10, and consequently 2 for 
the logarithm of too, 3 for the logarithm of 1000, &c. This 
proposed alteration appears to have met with the full appro- 
bation of Lord Neper ; and- Mr. Briggs afterwards, with in- 
credible labour and perseverance, calculated extensive tables 

. kz of 
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of logarithms of this new kind, which are now called com- 
mon logarithms, If the expeditious methods for calculating 
hyperbolic logarithms, explained in the foregoing articles,* 
had been known to Mr. Briggs, his trouble would have been 
comparatively trivial with that which he must haye expe- 
rienced in his operations. 

16. It has been already determined that the hyperbolic lo- 
garithm of 5 is 1.6094.379127, and that of 2 is 0.69314718054, 
and therefore the sum of these logarithms, viz. 2. 30258509324 
is the hyperbolic logarithm of 10. If, therefore, for the sake 


of illustration, as in article 14, we suppose 1 +a%= 10, and 


. " o * 1 
allow, in addition to the hypothesis there formed, that —, 
T 


2 323- 4 ; 
—,—, —, &c. denote common logarithms, then 6/= 
mH vw m 


2.30258509324, and — ; and the ratio for reducing the 


hyperbolic logarithm of any number to the common logarithm 
of the same number, is that of 2.30258509324 to 1. “Thus in 
order to find the common logarithm of 2, 2.39258509324 : 
I : : 0.693147 18054: 0.301029099956, the common logarithm 
of 2. The common logarithms of to and 2 being known, 
we obtain the common logarithm of 5, by subtracting. the 
common logarithm of 2 from 1, the common logarithm of 10 ; 
for 10 being divided by 2, the quotient is 5. Hence the 
common logarithm of § is 0.6989700044. Again, to find 
the common logarithm of 3, 2.30258509324 : 1: : 
eua : «4771212546, the common logarithm 
of 3. 

PA As the constant ratio, for the reduction of hyperbolic 
to common logarithms, is that of 2.30258509324 to I, it is 
evident that the reduction may be made by multiplying the 
hyperbolic logarithm, of the number whose common logarithm 


: 1 
S ——— quise Mu 1 
is sought, by LXX E 4342944818 
Thus 1.94591014899, the hyperbolic logarithm of 7, 
being multiplied by .4342944818, the product, viz. 
84509803978, &c. is the common logarithm of 7. 
The common logarithms of prime numbers being derived 
from the hyperbolic, the common logarithms of other num- 
bers 
* Some of the principal particulars of the foregoing methods were- discovered by 


the celebrated Thomas Simpson. See also Mr, Hellins? Mathematical Essays, pub- 
kished in 1788. 
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bers may be obtained from those so derived, merely by addi- 
tion er subtraction. For addition of logarithms, in any set 
or kind, answers to the multiplication of the natural num- 
bers to which they belong, and consequently subtraction of 
logarithms to the division of the natural numbers. Hyper- 
bolic logarithms are not only -useful as a medium through 
which common logarithms may be obtained: they are absa- 
lutely necessary for finding the fluents of many fluxional ex- 
pressions of the highest importance. 

It is deemed unnecessary, in this place, to shew the utility 
of logarithms by examples. Being once calculated and ar- 
ranged in tables, not only for common numbers, but also for 
natural sines, tangents, and secants, it is manifest that a 


computor may save himself much time, and a great deal of 


labour, by means of their assistance; as otherwise multi- 
plications and divisions of high numbers, or of decimals to a 
considerable number of places, would enter into his enquiries. 

The writer of the foregoing articles now considers the de- 
sign with which he set out as completed. He has endea- 
voured to explain, with perspicuity, the first principles of lo- 
garithms, and their relations to one another when of different 
sets or kinds ; and he has laid before the young mathematical 
student the most improved and expeditious methods by which 
they may be calculated. If the reader should be desirous of 
further information on the subject, he may meet with full 
gratification by a perusal of the history of discoveries and wri- 
tings relating to logarithms, prefixed to Dr. Hutton’s Ma- 
thematical Tables. He will also find the Tables of Loga- 
rithms, contained in that volume, the most useful for calcu- 
lations. 

A. ROBERTSON, 


Sqzilian Professor of Geometry, Oxford. 
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DEFINITIONS. 
I. 


Tue pole of a circle of the sphere is a point in the supers 
ficies of the sphere, from which all straight lines draws 
to the circumference of the circle are equal. / 

A great circle of the sphere is any whose plane passes through 
the centre of the sphere, and whose centre therefore is the 
same with that of the sphere. 

LII. | 

A spherical triangle is a figure upon the superficies of a sphere 
comprehended by three arches of three great circles, each 

' of which is less than a semicircle. 


A spherical angle is that which on the superficies of a sphere 
is contained by two arches of great circles, and is the same 
with the inclination of the planes of these great circles. 


PROP. I. 


GREAT circles bisect one another. 


As they have a common centre, their common Section will 
be a diameter of each which will bisect them. 


PROP. II. Fie. 1. 


Tur arch of a great circle betwixt the pole and 
the circumference of another is a quadrant. 


Let ABC be a great circle, and D its pole; if a great circle 
DC pass through D, and meet ABC in C, the arch DC will 
be a quadrant. 

Let the great circle CD meet ABC again in A, and let 
AC be the common section of the great circle, which will 

I pass 
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pass through E the centre of the sphere : Join DE, DA, DC: 
By def. 1. DA, DC are equal, and AE, EC are also equal, 
and DE is common ; therefore (8. 1.) the angles DEA, DEC 
are equal ; whereíore the-arches DA, DC are equal, and con- 
sequently each of them is a quadrant. Q. E. D. 


. PROP. III. Fic. 2. 


I F a great circle be described meeting two great 
circles AB, AC passing through its pole A in B, C, 
the angle of the centre of the sphere upon tbe cir- 
cumference BC, is the same with the spherical an- 
gle BAC, and the arch BC is called the measure 
of the spherical angle BAC. 


Let the planes of the great circles AB, AC intersect one 
another in the straight line AD passing through D their com- 
mon centre ; join DB, DC. ; 

Since A is the pole of BC, AB, AC will be quadrants, and 
the angles ADB, ADC right angles ; therefore (6. def. 11.) the 
angle CDB is the inclination of the planes of the circles AB, 
AC ; that is, (def. 4.) the spherical angle BAC. Q, E. D. 

Con. If through the point A, two quadrants-AB, AC, be 
drawn, the point A will be the pole of the great circle BC, 
passing through their extremities B, C. 

Join AC, and draw AE,a straight line to any other point 
E, in BC ; join DE : Since AC, AB are quadrants, the angles 
ADB, ADC are right angles, and AD will be perpendicular 
to the plane of BC: Therefore the angle ADE is a right angle, 
and AD, DC are equal to AD, DE, each to each ; therefore 
AE, AC are equal, and A is the pole of BC, by def. 1. 
Q. E. D. 


PROP. IV. Fic. 3. 


IN isosceles spherical triangles, the angles at the 
base are equal, 


Let ABC be an isosceles triangle, and AC, CB the equal 
sides ; the angles BAC, ABC at the base AB, are equal. : 
et 
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Let D be the centre of the sphere, and join DA, DB, DC; 
in DA take any point E, from which draw, in the plane ADC, - 
the straight line EF at right angles to ED, meeting CD in 

, F,and draw, in the plane ADB, EG at right angles to 
the same ED; therefore the rectilineal angle FEG is (6, def, 
11.) the inclination of the planes ADC, ADB, and therefore 
is the same with the spherical angle BAC : From F draw FH 
perpendicular to DB, and from H draw, in the plane ADB, 
the straight line HG at right angles to HD, meeting EG in 
G, and join. GF. Because DE is at right angles to EF ‘and 
EG, it is perpendicular to the plane FEG (4. 11.), and there- 
fore the plane FEG is perpendicular to the plane ADB, in 
which DE is : (18. 11.) In the same manner, the plane FHG 
is perpendicular to the plane ADB ; and therefore GF the 
common section of the planes FEG, FHG is perpendicular to 
the plane ADB; (19. 11.) and because the angle FHG is the 
inclination of the planes BDC, BDA, it is.the same with the 
spherical angle ABC; and tlte sides AC, CB of the spherical 
triangle being equal, the angles EDF, HDF, which stand up- 
on them at the centre of the sphere, are equal; and “in the 
triangles EDF, HDF, the side DF is common, and the angles 
DEF, DHF are right angles; therefore EF, FH are equal; 
and in the triangles FEG, FHG the side GF is common, and 
the sides EG, GH, will be equal by the 47. 1. and therefore 
the angle FEG is equal to FHG (8. 1.) ; that is, the spherical 
aygle BAC is equa! to the spherical angle ABC. 


PROP. V. Fic. 3. 


Ir, in a spherical triangle ABC, two of the angles 
BAC, ADC be equal, the sides BC, AC opposite 
to them are equal. 


Read the constructiort and demonstration of the preceding 
proposition, unto the words, ** and the sides AC, CB," &c. 
and the rest of the demonstration will be as follows, viz. 

And the spherical angles BAC, ABC being equal, the 
rectilineal angles FEG, FHG, which are the same with them 
are equal; and in the triangles FGE, FGH the angles at G 
are right angles, and the side FG apposite to two of the equal 

MT. ! angles 
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angles is common ; therefore (26. 1.) EF is equal to FH: 
And in the right angled triangles DEF, DHF, the side DF is 
commons wherefore ( 47. 1.) ED is equal to DH, and the 
angles EDF, HDF are therefore equal (4. 1.), and conse- 
quently the sides AC, BC of the spherical triangle are equal. 


PROP. VI. Fic. 4. 


ANY two sides of aspherical triangle are greater 
than the third. 


Let ABC be a spherical triangle, any two sides AB, BC 
will be greater than the other side AC. 

Let D be the centre of thesphere: Join DA, DB, DC. 

The solid angle at D is contained by three plane angles, 
ADB, ADC, BDC; and by 20. 11. any two of them ADB, 
BDC are greater than the third ADC; that is, any two 
sides AB, BC of the spherical triangle ABC, are greater than 
the third AC. 


PROP. Vi. Frc. 4. 


Tue three sides of a spherical triangle are less 
than a circle. 

Let ABC be a spherical triangle as before, the three sides 
AB, BC, AC are less than a circle. 

Let D be the centre of the sphere : The solid angle at D is 
contained by three plane angles BDA, BDC, ADC, which 
together are less than four right angles (21. 11.); therefore 
the sides AB, BC, AC together, will be less than four qua- 
drants, that is, less than a circle. 


PROP, VIII. Fic. 5. 


Ix a spherical triangle the greater angle is op- 
. posite to the greater side ; and conversely. 


Let ABC be a spherical triangle, the greater angle A is 
opposed to the greater side BC. 

Ler the angle BAD be made equal to the angle B, and 

then BD, DA will be equal (5. of this), and therefore v 
3 
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DC are equal to BC ; but. AD; DC are greater than AC (6; 
of this), therefore BC is greater than AC, that is, the greater 
angle A is opposite to the greater side BC, The converse is 
demonstrated as Prop. 19. 1. El. Q. E. D. 


PROP. IX. Fic. 6. 


In any spherical triangle ABC, if the sum of the 
sides AB, BC, be greater, equal, or less than a-se- 
micircle, the internal angle at the base AC will be 
greater, equal, or less than the external and opposite 
BCD; and therefore the sum of the angles A and 
ACB. will be greater, equal, or less than two right 
angles. 


Let AC, AB produced meet in D. 

1. If AB, -BC be equal to a semicircle, that is; to AD, BC, 
BD will be equal, that is (4 of this), the angle D, er the an- 
gle A will be equal to the angle BCD. 

2. If AB, BC together be greater than a semicircle, that 
is, greater than ABD, BC will be greater than BD; and 
theretore (8 of this), the angle D, that is, the angle A, is 
greater than the angle BCD. | 

3. In the same manner it is shewn, that if AB, BC toge- 
ther be less than a semicircle, the angle A is less than the an- 
gle BCD. And since the angles BCD, BCA are equal to 
two right angles, if the angle A be greater than BCD, A and 
ACB together will be greater than two right angles. If A 
be equal to BCD, A and ACB together will be equal to two 
right angles; and if A be less than BCD, A and ACB will 
be less than two right angles. Q. E. Ð. 


PROP. X. Fic. 7. 


I F the angular points, A, D, C of the spherical tri- 
isle ABC be the poles ofthree great circles, these 
grcat circles by thetr intersections will form another 
wangle FDE, which is called supplemental to the 
former; that is, the sides FD, DE, EF are the 

supplements 
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supplements of the measures of the opposite angles 
C, B, A, of the triangle ABC, and the measures 
of the angles F, D, E of the triangle FDE, will 
be the supplements of the sides AC, BC, BA, in 
the triangle ABC. 


Let AB produced meet DE, EF, in G, M, and AC meet 
FD, FE in K, L, and BC meet FD, DE in N, H. 

Since A is the pole of FE, andthe circle AC passes through 
A; EF will pass through the pole of AC (13. 15. 1. Th.), and 
since AC passes through C, the pole of ED, FD will pass 
through the pole of AC; therefore the pole of AC is in the 
point F, in which the arches DF, EF interseét each other. In 
the same manner, D is the pole of BC, and Ethe pole of AB. 

And since F, E are the poles of AL, AM, FL and EM are 
quadrants, and FL, EM together, that is, FE and ML toge- 
ther, are equal to asemicircle. But since A is the pole of ML, 
ML is the measure of the angle BAC, consequently FE is the 
supplement of the measure of the angle BAC. In the same 
manner, ED, DF are the supplements of the measures of the 
angles ABC, BCA. 

Since likewise CN, BH are quadrants, CN, BH together, 
that is, NH, BC together are equal toa semicircle ; and since 
D is the pole of NH, NH is the measure of the angle FDE, 
therefore the measure of the angle FDE is the supplement of 
the side BC. Inthe same manner, it is shewn that the mea- 
sures of the angles DEF, EFD are the supplements of the sides 
AB, AC in the triangle ABC, Q.E.D, 


PROP. XI. Fic. 7. 


‘THe three angles of a spherical triangle are 
greater than two right angles, and less than six 


right angles. 


‘The measures of the angles A, B, C, in the triangle ABC, 
together with the three sides of the supplemental triangle DEF, 
are (10. of this) equal to three semicircles; but the three sides 
of the triangle FDE, are (7. of this) less than two semicircles; 

. therefore 
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therefore the measures of the angles A, B, C are greater than 
a semicircle ; and hence the angles A, D, C are greater than 
two right angles. 

All the external and internal angles of any triangle are equal 
to six right angles; therefore all the internal angles are less 
than six right angles, 


PROP. XI. Fic. 8. 


I F from any point C, which is not the pole of the 
great circle ADD, there be drawn arches of great 
circies CA, CD, CE, CF, &c. the greatest of these is 
CA, which passes through H the pole of ABD, and 
CB the remainder of ACB is the least, and of any 
others CD; CE, CF, &e. CD, which is nearer to 
CA, is greater than CE, which is more remote. 


Let the common section of the planes of the great circles 
ACB, ADB be AB; and from C, draw CG perpendicular to 
AB, which wiil also be perpendicular to the plane ADB (4. 
def. 11.); join GD, GE, GF, CD, CE, CF, CA, CB. 

Of all the straight lines drawn from G to the circumference 
ADB, GA js the greatest, and GB the least (7. 3.) ;, and GD, 
which is “nearer to GA, is greater than GE, which is more 
remote. The triangles CGA, CGD, are right angled at G, 
and they have the common side CG ; therefore the squares of 
CG, GA together, that is, the square of CA, is greater than 
the squares of CG, GD together, that is, the square of CD: 
And CA is greater than CD, and therefore the arch CA is 
greater than CD. In the same manner, since GD is greater 
than GE, and GE than GF, &c. it is shewn that CD is 
greater than CE, and CF than CF, &c. and consequentiy, the 
arch CD greater than the arch CE, and’ the arch CE greater 
than the arch CF, &c. And since GÀ is the greatest, and 
GB the least of all the straight lines drawn from G tothe cir- 
cumference ADB, it is manifest that CA is the greatest, and 
CB the least of all the straight lines drawn from C. to the cir- 
cumference : And therefore the arch CA is the greatest, and 
CB the least of all the eircles drawn through C, meeting 
ADB. Q.E.D. 
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) PROP. XIII. Fic. g. 
Ix a right: angled spherical triangle, the sides are 
of the same affection with the opposite angles; that 
_ is, if the sides be greater or less than quadrants, the 
.. oppesite angles willbe greater or less than right 
angles. 



















í 

Let ABC be a spherical triangle right-angled at A; any side 
AB, will be of the same affection with the opposite angle ACB. 

Case 1. Let AB be less than a quadrant, let AE be a qua- 
drant, and let EC be a great circle passing through E, C. 
Since A is a right angle, and AE a quadrant, E. is the pole 
of the great circle AC, and ECA a right angle; but ECA is 
—— than BCA, therefore BCA is less than a right angle. 

, E. D. 

Case 2. Let AB be greater than a quadrant, make AE a Fre. 10. 
quadrant, and let a great circle pass through C, k, ECA is a 
right angle as before, and BCA is greater than ECA, that is, 
greater than a right angle. Q, E. D. ’ 


FE PROP. XIV. 


Ir the two sides of aright angled spherical triangle 
be of the same affection, the hvpothenuse will be 
less than a quadrant; and if they be of different 
affection, the hypothenuse will be greater than a 
quadrant. 


Let ABC be a right angled spherical triangle, if the two 
sides AB, AC, be of the same or of different affection, the 
hypothenuse BC will be less or greater than a quadrant. 

Case r. Let AB, AC be each less than a quadrant. Let F:c. 2. 

AE, AG be quadrants ; G will be the pole of AB, and E the 
ole of AC, and ECa quadrant; but, by Prop. 12. -CE is 
reater than CB, since CB is farther off from CGD than CE. 
n the same manner, it is shewn that CB, in the triangle CBD, 
here the two sidss CD, BD are cach greater than a quadrant, 
1$ less than CE, iat is, less than a quadrant. Q.-E. D. 

Case 
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Case 2. Let AC be less, and AB greater than a quadrant ; 
then the hypotheneuse BC will be greater than a quadrant ; 
for let AE be a quadrant, then E is the pole of AC, and EC 
wili be a quadrant. But CB is greater than CE by Prop. 12. 
since AC passes through the pole of ABD. Q. E. D. 


PROP. XV. 


IF the hypotheneuse of a right angled triangle be 
greater or less than a quadrant, the sides will be of 
different or the same affection. 


This is the converse of the preceding, and demonstrated in 
the same manner, 


PROP. XVI. 


IN any spherical triangle ABC, if the perpendicular 
AD- from A on the base BC, fall within the trian- 
gle, the angles B and C at the base will be of the 
same affection ; and if the perpendicular fall with- 
out the triangle, the angles B and C will be of dif- 
ferent affection. | 


I. Let AD fall within the triangle ; then (13 of this) since 
ADB, ADC are right angled spherical triangles, the angles 
DB, C must each be of the same affection as AD. 

2. Let AD fall without the triangle, then (13. of this) the 
angle D is of the same affection as AD ; and by the same the 
angle ACD is of the same affection as AD; therefore the an- 
gle ACB and AD are of different affection, and the angles B 
and ACB of different affection. 

Con. Hence if theangles B and C be of the same affection, 
the perpendicular will fall within the base; for, if it did not 
(16 of this), B and C would be of different affection. And 
if the angles B and C be of opposite affection, the perpendicu- 
lar will fall without the triangle; for, if it did not, (16 of 
this), the angles B and C would be of the same affection, con- 
{rary to the supposition, 
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PROP. XVII. Fic. 13. 


Ix rightangled spherical triangles; the sine of either 
of the sides about the right angle, is to the radius 
of the sphere, as the tangent of the remaining side 
is to the tangent of the angle opposite to that side. 


Let ABC be a triangle, having the right angie at A ; and 
let AB be either of the sides, the sine of the side AB will be 
to the radius, as the tangent of the other side AC to the tan- 
gent of the angle ABC, opposite to AC. Let D be the cen- 
tre of the sphere; join AD, BD, CD, and let AE be drawn 
perpendicular to BD, which therefore will be the sine of the 
arch AB, and from the point E, let there be drawn in the 
plane BDC the straight line EF at right angles to BD, meet- 
ing DC in F, and let AF be joined. Since therefore the straight 
Tine DE is at right angles to both EA and EF, it willalso be 
at right angles to the plane AEF (4. 11.), wherefore the plane 
ABD, which passes through DE is perpendicular to the plane 
AEF (18 11.), and the plane AEF perpendicular to ABD: 
The plane ACD or AFD is also perpendicular to the same 
ABD: Therefore the common section, viz. the straight line 
AF, is at right angles to the plane ABD (19. 11.): And FAF, 
FAD are right angles (3. def. 11.)5 thereiore AF is the tan- 
gent of the arch AC; and in the rectilineal triangle AEF 
having a right angle at A, AE will be to the radius as AF to 
the tangent of the angle AEF (1 Pl. T v.) ; buc AE is thesine 
of the arch AB, and AF the tangent of the arch AC, and the 
angle AEF is the. inclination oF the planes CBD, ABD (6. 
def. 11.), or the spherical angle ABC : Therefore the sine of 
the arch AB is to the radius as the tangent of the arch AC, 
to the sangent of the opposite angle ABC. 


_ Cor. 1. If therefore of the two sides, and an angle oppo- 
Site to one of them, any two be given, the third will aiso be 
given. 

Cor. 2. And since by this proposition the sine of the side 
AB is to the radius, as the tangent of the other side AC tothe 
/ Li tangent 
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tangent of the angle ABC opposite to that side; and as the 
radius is to the cotangent of the angle ABC, so -s the tan- 
gent of the same angle ABC tothe radius (Cor, 2. def. Pl. 
Tr.), by equality, the sine of the side AB is to the cotan- 
gent of the angle ABC adjacent to it, as the tangent of the 
other side AC to the radius. 


PROP. XVIII. Fic. 13. 


In right angled spherical triangles, the sine of the 
hypothenuse is to the radius, as the sine of either 
side is to the sine of the angle opposite to that side. 


Let the triangle ABC be right angled at A, and let AC 
be either of the sides; the sine of the hypothenuse BC will 
be to the radius as the sine of the arch AC is to the sine of 
the angle ABC. 

Let D be the centre of the sphere, and let. CG be drawn 
perpendicular to DB, which will therefore be the sine of the 
hypothenuse BC ; and from the point G let there be drawn 
in the plane ABD the straight line GH perpendicular to DB, 
and let CH be joined; CH will be at right angles to the 
plane ABD, as was shewn in the preceding proposition of 
the straight line FA: Wheretore CHD, CHG are right an- 
gles, and CH is the sine of the arch AC; and in the triangle 
CHG, having the right angle CHG, CG is to the radius as 
CH to the sine of the angle CGH (1. Pl. Tr.): But since 
CG, HG are at right angles to DGB, which is the common 
section of the planes CBD, ABD, the angle CGH will be 
equal to the inclination of these planes (6. def. oh ai is, 
to the spherical angle ABC, The sine therefore of the hypo- 
thenuse CB, is to the radius as the sine of the side AC is to 
the sine of the opposite angle ABC. Q. E. D. 

Cor. Of these three, viz. the hypothenuse, a side, and the 
angle opposite to that side, any two being given, the third is 
also given by Prop. 2. | 
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PROP. XIX. Fic. 14. 


I N right angled spherical triangles, the cosine of 
the hypothenuse is to the radius as the cotangent 
of either of the angles is to the tangent of the re- 
maining angle. 


Let ABC be a spherical triangle, having aright angle at A, 
the cosine of the hypothenuse BC will be to the radius as the 
cotangent of the angle ABC tothe tangent-of theangle ACB. 

Describe the circle DE, of which B is the pole, and let it 
meet AC in F and the circle BC in E: and since the circle BD 
passes through the pole B of the circle DF, DF will also pass 
through the pole of BD. (13. 15. 1. Theod. Sph.) And since 
AC is perpendicular to BD, AC will also pass through the pole 
of BD; wherefore the pole of the circle BD will be found in 
the point where thecircles AC, DE meet, that is, in the point 
F: The arches FA, FD are therefore quadrants, and likewise 
the arches BD, BE: In the triangle CEF, right angled at the 
point E, CE is the complement of the hypothenuse BC of the 
triangle ABC, EF is the complement of the arch ED, which is 
the measure of the angle ABC, and FC the hypothenuse of the 
triangle CEF, is the complement of AC, and the arch AD, 
which is the measure of the angle CFE, is the complement 
of AB. 

But (17. of this) in the triangle CEF, the sine of the side 
CE is to the radius, as the tangent of the other side is to the 
tangent of the angle ECF opposite to it, that is, in the triangle 
ABC, the cosine of the hypotkenuse BC is to the radius, as 
the cotangent of the angle ABC is to the tangent of the 
angle ACB. Q.E. D. 

Cor..1. Of these three, viz. the hypothenuse and the two 
angles, any two being given, the third will also be given. 

Cor. 2. And since by this proposition the cosine of the 
hypothenuse BC is to the radius, as the cotangent of the 
angle ABC to the tangent of the angle ACB. But as. the 
radius is to the cotangent of the angle ACB, so is the tangent 
of the same to the radius (Cor. 2. def. Pl. Tr.); and, ex 
aequo, the cosine of the DIM e BC is to the cotangent 
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of the angle ACB, as the cotangent of the angle ABC to the 
radius. 


PROP. XX. Fic. r4. 


In right angled spherical triangles, the cosine of 
an angle is to the radius, as the tangent of the side 
adjacent to that angle is to the tangent of the hy- 
pothenuse. | | | 


The same construction remaining; in the ‘triangle CEF, 
(17. of this) the sine of the side EF is to the radius, as the tan- 
gent of the other side CE is tothe tangent of the angle CFE 
opposite to it ; that is, in the triangle ABC, the cosine of the 
angle ABC is to the radius as (the cotangent of the hypothe- 
nuse BC to the cotangent of the side AB, adjacent to ABC or 
as) the tangent of the side AB to the tangent of the hypothe- 
nuse, since the tangents of two arches are reciprocally propor- 
tional to their cotangent. (Cor. r. def. Pl. T'r.) 

Cor. And since by this proposition the cosine of the angle 
ABC is to the radius, as the tangent of the side AB is to the 
tangent of the hypothenuse BC; and as the radius is to the 
cotangent of BC, so is the tangent of BC to the radius ; by 
equality, the cosine of the angle ABC will be to the cotangent 
of the hypothenuse BC, as the tangent of the side AB, adjacent 
to the angle ABC, to the radius, 


PROP. XXI. Fic. 14. 


In right angled spherical triangles, the cosine of 
either of the sides is to the radius, as the cosine of 
the hypothenuse is to the cosine of the other side. 


The same construction remaining; in the triangle CEF, the 
sine of the hypothenuse CF is to the radius, as the sine of the 
side CI to the sine of the opposite angle CFE (18. of this) ; 
that is, in the triangle ABG the cosine of the side CA is to 
the radius as the cosine of the hypothenuse BC to the cosine of 
the other side BA, Q, E. D.. 
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PROB. XXII. Fic. 14. 


I N right angled spherical triangles, the cosine of 
either af the sides is to the radius, as the cosine of 
the angle opposite to that side is to the sine of the 
other angle. 


The same construction remaining; in the triangle CEF, 
the sine of the hfpothenuse CF is to the radius as the sine of 
the side EF is to the sine of the angle ECF opposite to it; 
that is, in the triangle ABC, the cosine of the side CA is to 
the radius, as the cosine of the angle ABC opposite to it, is 
to the sine of the other a Q. E. D. 

3 


u 


517 


518 


Fig. 15. 


SPHERICAL TRIGONOMETRY. 


OF THE CIRCULAR PARTS. 


I N any right angled spherical triangle A BC, the complement 
of the hypothenuse, the complements of the angles, and the 
two sides are called The circular parts of the triangle, as if it 


were following each other in a circular order, from whatever. 


part we begin: Thus, if we begin at the complement of the 
hypothenuse, and proceed towards the side BA, the parts fol- 
lowing in order will be the complement of the hypothenuse, 
the complement of the angle B, the side BA the side AC (for 
the right angle at A is not reckoned among the parts), and, 
lastly, the complement of the angle C. And thus at whatever 
part we begin, if any three of these five be taken, they either 
will be all contiguous or adjacent, or one of them will not be 
contiguous to. either of the other two: In the first ease, the 
part which is between the other two is called the Middle part, 
and the other two arecalled Adjacent extremes. Inthe second 
case, the part which is not contiguous to either of the other 
two is called the Middle part, and the other two Opposite 
extremes. For example, if the three parts bethe complement of 
the hypothenuse BC, the complement of the angle B, and the 
side BA ; since these three are contiguous to each other, the 
complement of the angle B will be the middle part, and the 
complement of the hypothenuse BC and the side BA will be 
adjacent extremes: But if the complement of the hypothenuse 
BC and the sides BA, AC be taken; since the complement of 
the hypothenuse is not adjacent to either of the sides, viz. on 
account of the complements of the two angles B and C inter- 
vening between it and the sides, the complement of the hypo- 
thenuse BC will be the middle part, and the sides BA, AC 
opposite extremes. The most acute and ingenious Baron 
Napier, the inventor of Logarithms, contrived the two fol- 
lowing rules concerning these parts, by means of which all 
the cases of right angled spherical triangles are resolved with 
the greatest ease, 


RULE I. 


The re&angle contained by the radius and the sine of the 
middle part is equal to the rectangle contained by the tangents 
ef the adjacent parts. 


— — — 
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` RULE II. 


The re€tangle contained by the radius, and the sine of the 
middle part, is equal to. the rectangle contained by the 
cosines of the opposite parts. 

These rules are demonstrated in the following manner : 


First, Let either of the sides, as BA, be the middle part, Fig. 16. 


and therefore the complement ofthe angle B, and the side AC, 
will be adjacent extremes. — And bv cor. 2. prop. 17. of this, 
$, BA, is to the Co- T, B, as T, AC is to the radius, and 
therefore R x 5, BA — Co-T, B x T, AC. 

The same side BA being the middle part, the complement 
of the hypothenuse, and the complement of the angle C, are 
opposite extremes ; and by Prop. 18. S, BC is tothe radius, as 
$8, BA to S, C; therefore R x S BA = S$, BC x S,C. 

Secondly, Let the complement of one of the angles, as B, be 
the middle part, and the complement of the hypothenuse, and 
the side BA will be adjacent extremes: And by Cor. Prop. 
20, Co-S, B is to Co- T, BC, as T, BA is to the radius, and 
therefore R x Co.S, B — Co- T, BC x T, BA. 

Again, Let the complement of the angle B be the middle 
part, and the complement of the angle C, and the side AC will 
be opposite extremes: And by Prop. 22. Co-S, AC is to the 
radias, as Co-S, B is to S, C: And therefore R x Co-S, 
B = CoS, AC x 8,C. 

Thirdly, Let the complement of the hypothenuse be the 
middle part, and the complements of the angles B, C, will be 
adjacent extremes: But by Cor. 2. Prop. 19. Co-S, BC is to 
Co-T, B as Co-T, B to the radius : Therefore R x Co-S, 
m= co, ye Y" CUT, C. 

Again, Let the complement of the hypothenuse be the 
middle part, and the sides AB, AC will be opposite extremes : 
But by Prop. 21. Co-S, AC is to the radius, Co-S, BC to 
Co-S, BA ; therefore R x Co-S, BC — Co-S, BA x Co-S, 
AC. Q. E, D 
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SOLUTION of the Sixteen Cases of RIGHT 


ANGLED SPHERICAL TRIANGLES. 


— — — 
GENERAL PROPOSITION. 


Ina right angled spherical triangle, of the three 
sides and three angles, any two being given, besides 
the right angle, the other three may be found. 


In the following Table the solutions are derived from the pre- 
ceding propositions. It is obvious that the same solutions 
may be derived from Baron Napier’s two rules above demon- 


strated, which, as they are easily remembered, are commonly 
used in practice. | 


/Case| Given. |Sought. 3 








— Ad R: CoS AC::5,C; CoS, B: And Bis 
r^ | Ade siia f the same species with CA, by 22. and 1 3. 


2 |AC, B| C |CoS, AC: R :: CoS, B: 5, C: By 22. 








16 |$ C: CoS, B:: R: CdS, A C: By 22. and 
3 | B, C| ACI AC is of the same species with D. 13. 





— — — — — — 





R: CoS, BA: : CoS, A.C: CoS, BC. 21. and 
if both AB, AC be greater or less than a 
4 |BA,AC| BC |quadrant, BC will be less than a quadrant 
But if they be of different affection, DC 
will be.greater than a quadrant. I4. | 





CaS, BA : R :: CoS, BC: Co$, AC. 21. 

BABCIA and if BC be greater or less than a qua- 
Ty "^" Mrant, BA, AC will be of different or the 
same affection: By 15. 


| » IS; BA: R:: T, CA: T, B. 17. and B is 
4— [BAAC] B |F the same affection with AC. 13. 





—— — — 








— 
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Case, Given.|Sought. 


R:S,BA:: T, B: T, AC 17. And AC 
is of the same affection with B. 13. 





BA, B| AC 
Par 
8| AC, B| BAI T, B[:[ R:: T, CA: S BA, 15. 











R : CoS, C: : T, BC: T,CÀ. 20. IFBC 
be less or greater than a quadrant, C and 
B will be of the same or different afiec- 
tions, I5. 13. 





odisse AC: T, BC 20. And 
is less or greater than a-quadrant, ac- 
HAS CBC) Sing 8 Cand Avor © and *B*aref 
the same or different affeQions. 14. 15. 


| — —— ——— — — — — — 


T, BC: R:: T, CA:CoS. C. 20. If BC 

be less or greater than a quadrant.- .CA 
rı [BGCA| C and AB, and therefore CA and C are of 
‘the same or different affections. 15. 











~|R:S,BC::8,B:$; AC. 18. And AC 
nos is of —* same ekion with B. 


|| 13 | AC; B| BC |S, B:S, AC:: R:5, BC. 18. 


~~ | ' 


S,BC:R::S8, AC: S, B. 18. And Bis 
14 |BCAC| B of the same mfectton with AC, 














T, C: R:: CoT, B: CoS, BC. 19. And 
according as the angles B and C are of 
different or the same affection, BC will be 


greater or less than a quadrant. 14. 


15 | B, C | BC 





p — — — — — — —— —— — — 


R: Cos, BC:: T, C: CoT, B. 19. IIBC 
6 | BC, C} B | be less or greater than a quadrant, C and B 
will be of chesame or different affection..1 5. 








I 





— — 
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The second, eighth, and thirteenth cases, which are com- 
monly called ambiguous; admit of two solutions: For in these 
it is not determined whether the side or measure of the angle 
sought be greater or less than a quadrant. 


PROP. XXIII Fic. 16. 


In spherical triangles, whether right angled or 
oblique angled, the sines of the sides are propor- 
tional to the sines of the angles opposite to them. 


First, Let ABC bea right angled triangle, having a right 
angle at A; therefore, by Prop. 18. the sine of the hypothe- 
nuse BC is to the radius (or the sine of the right angle at A) 
as the sine of the side AC to the sine of the angle B. And in 
like manner, the sine of BC is to the sine of the angle A, as 
the sine of AB to the sine of the angle C ; wherefore (11. 5.) 
the sine ofthe side AC is to the sine of the angle B, as the 
sine of AB to the sine ofthe angle C. 

Secondly, Let BCD be an oblique angled triangle, the sine 
of either of the sides BC, will be to the sine of either of the 
other two CD, as the sine ofthe angle D opposite to BC is to 
the sine of the angle B opposite to the side CD. Through the 
point C, let there be drawn an arch of a great circle CA per- 
pendicular upon BD; and in the right angled triangle ABC, 
(18. of this), the sine of BC is to the radius, as the sine of AC 
to the sine of the angle B ; andin the triangle ADC (by 18. of 
this): And, by inversion, the radius is to the sine of DC as 
the sine of the angle D to the sine of AC: Therefore, ex 
zequo perturbato, the sine of BC is to the sine of DC, as the 
sine of the angle D to the sineofthe angle B. Q. E. D. 


PROP. XXIV. Fic. 17. 18. 


IN oblique angled spherical triangles, having 
drawn a perpendicular arch from any of the angles . 
upon the opposite side, the cosines of the angles at 
the base are proportional to the sines of the vertical 


angles, 
B Let 
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Let BCD be a triangle, and the arch CA perpendicular to 
the base BD ; the cosine of the angle B will be the cosine of 
the angle D, as the sine of the angle BCA to the sine of the 
angle DCA. 

For by 22. the cosine of the angle B is to the sine of the 
angle BCA as (the cosine of the side AC is to the radius; that 
is, by Prop. 22. as) the cosine ofthe angle D to thesine of the 
angle DCA ; and, by permutation, the cosine of the angle B 
is to the cosine of. the angle D, as the sine of the angle 


BCA to the sine of the angle DCA.  Q. E. D. 


PROP. XXV. Fic. 17. 18. 


lur same things remaining, the cosines of the 
sides BC, CD, are proportional to the cosines of 
the bases BA, AD. 


For by 21, the cosine of BC is to the cosine of BA, as (the 
cosine of AC to the radius; that is, by 21. as) the cosine of 
CD is to the cosine of AD: wherefore, by permutation, the 
cosines of the sides BC, CD are proportional to the cosines of 
the bases BÀ, AD. Q. E. D. ü 


PROP. XXVI. Fro. 17. 18. 


| ‘Tue same construction remaining, the sines of 
the bases BA, AD are reciprocally proportional to 
the tangents of the angles B and D at the base. 


__. For by 17. the sine of BÀ is to the radius, as the tangent 

_ of AC tothe tangent of the angle B: and by 17. and inversion 

X the radius is to the sine of AD, as the tangent of D tothe tan- 
gent of AC : Therefore, ex zquo perturbato, the sine of BA is 
to the sine of AD, as the tangent of D to the tangent of B. 


^ 3 
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PROP. XXVII. Fi16. 17. 18. 


"THE cosines of the vertical angles are recipro- 
cally proportional to the tangents of the sides. 


For by Prop. 20. the cosine of the angle BCA is to. the 
radius as the tangent of CA is to the tangent of BC; and by 
the same Prop. 20. and by inversion, the radius Is to the co- 
sine of the angle DCA, as the tangent of DC to the tangent 
of CA: Therefore, ex zquo perturbato, the cosine of the an- 
gle BCA is to the cosine of the angle DCA, as the tangent 
of DC is tothe tangent of BC. Q. E. D. 


LEMMA. Fic. Ig. 20. 


In right angled plain triangles, the hypothenuse 
is to the radius, as the excess of the hypothenuse 
above either of the sides to the versed sine of the 
acute angle adjacent to that side, or as the sum of 
the hygothenuse, and either of the sides, to the 
versed sine of the exterior angle of the triangle. 


Let the triangle ABC have aright angle atB; AC will be 
to the radius as the excess of AC above AB, to the versed sine 
of the angle A adjacent to AB; or as the sum of AC, AB to 
the versed sine of the exterior angle CAK. 

With any radius DE, let acircle be described, and from D 
the centre let DF be drawato the circumference, making the 
angle EDF equal to the angle BAC, and from the point F, let 
FG be drawn perpendicular to DE: Let AH, AK be made 
equal to AC, and DL to DE: DG therefore is the cosine of 
the angle EDF or BAC, and GE its versed sine: And be- 
cause of the equiangular triangles ACB, DFG, AC or AH 
is to. DF or DE, as AB to DG: Therefore (1g. 5.) AC is to 
the radius DE as BH to GE, the versed sine of the angle EDF 
or BAC: And since AH is to DE, as AB to DG (12. 5.), 
AH or AC will be to the radius DE as KD to LG, the versed 
sine ofthe angle LDF or KAC,  Q. E. D. 
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PROP. XXVIII. Fic. 21. 22. 


Ix any spherical triangle, the rectangle contained 
by the sines of two sides, is to the square of the ra- 
dius, as the excess of the versed sines of the third 
side or base, and the arch, which is the exeess of 
_ the sides, is to the versed sine of the angle opposite 
to the base. 


Let ABC be aspherical triangle, the rectangle contained by 
the sines of AB, BC will be to the square of the radius, as the 
' excess of the versed sines of the base AC, and of the arch, 
Which is the excess of AB, BC to the versed sinc of the angle 
A BC opposite to the base. 

Let D be the centre of the sphere, and let AD, BD, CD be 
Joined, and let the sines AE, CF, CG of the arches AB, BC, 
AC be drawn; let the side BC be greater than BA, and let 
BH be made equal to BC; AH will therefore be the excess of 
the sides BC, BA; let HK be drawn perpendicular to AD, 
and since AG is the versed sine of the base AC, and AK the 
versed sine of the arch AH, KG is the excess of the versed 
sines of the base AC, and of the arch AH, which is the excess 
of the sides BC, BA: Let GL likewise be drawn pgrallel to 
KH, and let it meet FH in L, let CL, DH be M and let 
AD, FH meet eachother in M. 

Since therefore in the triangles CDF, HDF, DC, DH are 
equal, DF is common, and the angle FDC equal to the angle 
F DH, because of the equal arches BC, BH, the base HF will 
be equal to the base FC, and the angle HFD equal-tothe 
rightangle CFD: The straight line DF therefore (4. 11.) is 
at right angles to the plane CFH: Wherefore the plane 
CFH is at right angles to the plane BDH, which passes through 
DF (18. 11.). In like manner, since DG is at right angles to 
both GC and GL, DG will be perpendicular to the plane 
CGL ; therefore the plane CGL is at right angles to the plane 
BDH, which passes through DG: And it was shewn, that the 
plane CFH or CFL was perpendicular to the same plane 
BDH : therefore the common section of the planes CFL, 
CGL, viz. the straight line CL, is perpendicular to the plane 
BDA (19. 11.) and therefore CLF is aright angle: Inthe 
triangle CFL having theright angle CLF, by the Lemma CF, 

I 5 is 
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is to the radius as LH, the excess, viz. of CF or FH above 
FL, is to the versed sine of the angle CFL; but the angle 
CFL is the inclination of the planes BCD, BAD, since FC, © 
FL are drawn in them at right angles to the common section 
BF: The spherical angle ABC is therefore the same with 
the angle GFL ; and therefore CF is to the radius as LH to 
the versed sine of the spherical angle ABC aud since the — 
the triangle AED is equiangular (to the triangle MFD, and 
therefore) to the trianyle MGL, AE will be to the radius of 
the sphere AD (as MG to ML ; that is, because of the paral- 
lels as GK to LH: The ratio therefore which is.compounded 
of the ratios of AE to the radius, and of CF to the same ra- 
dius ; that 1s (23. 6.), the ratio of the rectangle contained by 
AE, CF to the square ot the radius, is the same with the ra- 
tio compounded of the ratio of GK to LH, and the ratio of 
LH to the versed sine of the angle ABC ; that is, the same 
with the ratio of GK to the versed sine of the angle ABC; 
therefore, the rectangle contained by AE, CF, the sines of the 
sides AB, BC, is to the square of the radius as GK, the ex- 
cess of the versed sines, AG, AK, of the base AC, and the 
arch AH, which is the excess of the sides to the versed sine 
of the angle ABC opposite to the base AC. Q. E. D. 


PROP. XXIX. E1623: 


"Tu rectanele contained by half of the radius, 
and the excess of the versed sines,of two arches, is 
equal tothe rectangle contained by the sines of half 
the sum, and half the difference of the same arches, 


Let AB, AC be any two arches, and let AD be made equal 
to AC the less; the arch DB therefore is the sum, and tlie 
arch CB the difference of AC, AB: "FPhrough E the centre 
of the circle, let there be drawn a diameter DEF, and AE 
joined, and CD likewise perpendicuar to it in G, and let BH 
be perpendicular to AF, and ALT will be the versed sine of 
the arch’ AB, and AG the versed sine of AC, and HG the 
excess of these versed sines: Let BD, BC, BF, be joined, 
and FC also meeting BH in K. 

Since therefore BH, CG are parallel, the alternate angles 
BKC, KCG will be equal { but KCG 1s in a semicircle, and 

: therefore 
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therefore a right angle ; therefore BKC is a right angle ; and 
in'the triangles DFB, CBK, the angles FDB, BCK, in the 
same segment are equal, and FBD, BKC are right angles ; 
the triangles DFB, CBK are therefore equiangular ; where- 
fore DF is to DB, as BC to CK, or HG; and therefore the 
rectangle contained by the diameter DF, and HG 1s equal to 
that contained by DB, BC; wherefore the rectangle con- 
tained by a fourth part of the diameter, and HG, is equal. to 
that contained by the halves of DB, BC : But half the chord 
DB is the sine of half the arch DAB, that is, half the sum of 
the arches AB, AC; and half the chord of BC is the sine of 
half the arch BC, which is the difference of AB, AC. Whence 
the proposition is manifest. 


PROP. XXX. Fic. 19. 24. 


Tur rectangle contained.by half of the radius, 
and the versed sime of any arch, is equal to the 
square of the sine of half the same arch. 


Let AB be an arch of a circle, C its centre, and AC, CB, 
BA being joined : Let AB be bisected in D, and let CD be 
joined, which will be perpendicular to BA, and bise&t it in E, 
(4- 1.), BE or AE therefore is the sine of the arch DB or 
AD, the half of AB: Let BF be perpendicular to AC, and 
AF will be the versed sine of the arch BA; but, because of 
the similar triangles CAE, BAF, CA is to AE as AB, that 
is, twice AE to AF ; and by halving the antecedents, half of 
the radius CA is to AE the sine of the azch AD, as the same 
AE to AF the versed sine of the arch AB. Wherefore, by 
16. 6. the proposition is manifest. 


PROP. XXXI. Fic. 25. 


Ixa spherical triangle, the rectangle contained by 
the sines of the two sides, is to the square of the 
„radius, as the rectangle contained by the sine of the 
arch which is half the sum of the base and the excess 
of the sides, and the sine of the arch, which is half 
the difference of the same to the square of the sine 


of half the angle opposite to the base. x 
t 


527 


528 


SPHERICAL -TRIGONOMETRY 


Let ABC be a spherical triangle, of which the two sides'are 
AB, BC, and base AC, and let the less side BA be produced, 
so that BD shall be equal to BC: AD therefore is the excess 
of BC, BA; and it is to be shewn, that the rectangle con- 
taitted by the sines of BC; BA is to the square of the radius, 
ds the rectangle contained by the sine of half the sum of AC, 
AD, and the sine of half the difference of the same AC, AD 
to the square of the sine of half the angle ABC, opposite to 
the base AC. i 

Since by Prop. 28, the rectangle contained by the sines of 
the sides BC, BA is to the square of the radius, as the excess 
of the versed sines of the base AC and AD, to the versed sine 
of the angle B ; that is (1. 6.), as the rectangle contained by 
half the radius, and that excess, to the rectangle contained by 
half the radius, and the versed sine of B ; therefore (29. 30. 
of this), the rectangle contained by the sines of the sides BC, 
BA is to the square of the radius, as the rectangle contained 
by the sine of the arch, which is half the sum of AC, AD, 
and the sine of the arch which is half the difference of the 
same AC, AD is to the square ofthe sine of half the angle 
ABC. Q.E.D. 
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^. SOLUTION of the Twelve Cases of OBLIQUE 
ANGLED SPuERICAL TRIANGLES. 





GENERAL PROPOSITION. 


Ix an oblique angled spherical triangle, of the rig.2&.27. 
three sides and three angles, any three being given, 
the other three may be found. 


Given.  |Sought. 


1| B, D,and| C. |CoS, BC : R:: CoT, B: T, BCA. 19. 
BC, two an- Likewise by 24. CoS, B:5, BCA:: CoS, 
gles, and a D:S, DCA; wherefore BCD is the sum 
side opposite or difference of the angles DCA. BCA 
one of them. according as the perpendicular CA falls 

within or without the triangle BCD; 
that is (16. of this), according as the an- 
gles B, D are of the same or different af- 
fection. 


2| B,C,and| D. | CoS, BC: R:: CoT, B: T, BCA, 19, 
BC, two an- and also by 24.5, BCA: S, DCA : : Co5, 
gles and the B: CoS, D; and according as the angle 
side between BCA is less or greater than BCD, the 
them. perpendicular CA falls within or without 

the triangle BCD; and therefore (16. of 
this) the angles B, D will be of the same 
or different affection. 


3 BC, CD,BD.| R:OCoS, B:: T, BC: T, BA. 20. and 
and B. CoS, BC : CoS, BA :: CoS,DC : CoS, 
DA. 25. and BD is the sum or difference 

of BA, DA. 





4 BC, DB|CD., R:CoS, B :: T, BC: T, BA. 20. 
and B. and CoS, BA : CoS, BC : : CoS, DA: 
CoS, DC 25. and according as DA, AC 

are of the same or different affection, DC 

will be less or greater than a quadrant. 
14. | 





M m 
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Given. Sought. 
DB 





Kk :Cod, B:: t, BC: T, BA. 20. 
and 1, D: T,B:: 8, BA :S, DA, 26. 
and BD is the sum or difference of BA, 







BC. 








DA. 
6; BC,BD, D.| R:CoS, B:: T, BC: T, BA, 2o. 
and B. andS, DA : $, BA :: T, B: T,D ; and 


according as BD is greater or less than 
BA, the angles B, D, are of the same 
or different affection. 16. 





7| BC, DC,| C. [| CoS, BC* R?: GOES B: TUBOS 

and B. 19. and T, DC: T, BC: : C65, BEA, 
CoS, DCA, 27. the sum or difference 
of the angles BCA, DCA is equal to 
the angle BCD. 





M M— ———— | ————— 


8| B,C, andjDC.| CoS, BC: R:: CoT, B: T, BCA. 

B 1y. also by 27. CoS, DCA : CoS, BCA 
UT, BC, T : DC, 27. if DOA and 
be of the same affection; that is (13), 
if AD and CA be similar, DC will be 
less than a quadrant. 14. and if AD, 
CA be not of the same affection, DC 
I$ greater than a quadrant. I4. 


o BC, DCJ.D.| & 'CD:S, B:: S BC : 5; D 








C.| S, D: S BC::S, B :S, DC. 











S, AB x S, BC pz 2E 
AC—AD ABC. 

X S, — — — : Sg— — See Fig. 25 

AD being the difference of the sides 

BC, BA. 
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Given. Sought. 


See Fig. 7. 

In the triangle DEF, DE, EF, FD, 
are respectively the supplements of the 
measures of the given angles B, A, C, in 
thetriangle BAC ; the sides of the tri- 
angle DEF are therefore given, and by 
the preceding case, the angles D, E, F 
may be found, and the sides BC, BA, 
AC, are the supplements of the mea- 
sures of these angles. 


12. 


! 
f 





A, B,C.| The 
Fig. 7. | sides. 








The 3d, 5th, 7th, gth, roth cases, which are commonly called 
ambiguous, admit of two solutions, either of which will an- 
swer the conditions required ; for, in these cases, the measure 
of the angle or side sought, may be either greater or less than 
a quadrant, and the two solutions will be supplements to each 
other. (Cor. to def. 4 6. Pl. Tr.) 

If from any of the angles of an oblique angled spherical tri- 
angle, a perpendicular arch be drawn upon the opposite side, 
most of the cases of oblique angled triangles may be resolved 
by means of Napier's rules. 
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dt is a remarkable facet in the history of science, 
that the oldest book of Elementary Geometry is still 
considered as the best, and that the writings of Ev- 
cLip, at the distance of two thousand years, continue 
to form the most approved introduction to the ma» 
thematical sciences, This remarkable distinction the 
Greek Geometer owes not only to the elegance and 
correctness of his demonstrations, but to an arrange- 
ment most happily contrived for the purpose ofin- 
struction,—-advantages which, when they reach a 
certain eminence, secure the works of an author 
against the injuries of time more effectually than 
even originality of invention. The elements of Ev- 
cLip, however, in passing through the hands of the 
ancient editors, during the dechne of science, had 
suffered some diminution of their excellence, and 
much skill and learning have been employed by the 
modern mathematicians to deliver them from ble- 
mishes, which certainly did not enter into their origi- 
nal composition. Of these mathematicians, Dr. Sim- 
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son, 48 he may be accounted the last, has also been 
the most successful, and has left very lite room tòf 
the ingenuity of future editors to be exercised in, ei- 
ther by amending the text of Euctin, or by improving 
the translations from it. 


Such being the merits of Dr. Simson’s edition, and 
the reception it has met with having been every way 
suitable, the work now offered to the public will per- 
haps appear unnecessary. And indeed, if the ge- 
ometer just named had written with.a view of ac- 
commodating the Elements of Eucrip» to the present 
state of the mathematical sciences, it is not likely that 
any thing new in Elementary Geometry would have 
been soon attempted. But his design was different : 
it was his object to restore the writings of Evciw.to 
their original perfection, and to give them to Mo- 
dern Europe as nearly as possible in the state where- 
in they made their first appearance in Ancient 
Greece. For this undertaking, nobody could be bet- 
ter qualified than Dr. Simson ; who, to an accurate 
knowledge of the learned languages, and an indefati- 
gable spirit of research, added a profound skill in 
the ancient Geometry, and an admiration of it al- 
most enthusiastic. Accordingly, henot only restored 
the text of Evcri» wherever it had been corrupted, 
but in some cases removed imperfections that pro- 


PREACH. V 


bably belonged tO the original work : though his ex- 
treme partiality for his author never permitted him 
to suppose, that such honour could fall ta the share 
either of himself, or of any other of the moderns. 


But, after all this was accomplished, something 
still remained to be done, since, notwithstanding 
the acknowledged excellence of Euciip’s Elements, 
it could not be doubted, that some alterations might 
be made, that would accomodate them better to a 
state of the mathematical sciences, so much more 
improved and extended than at the period when 
they were written. Accordingly, the object of the 
edition now ofiered to the public, 1s not so much to 
give to the writings of Kucuip the form which they 
originally had, as that which may at present render 
them most useful. 


One of the alterations imade with this view, re- 
spects the Doctrine of Proporüon, the method of 
treating which, as it is laid down in the fifth of Ev- 
cLip, has great advantages, accompanied with con- 
siderable defects; of which, however, it must be ob- 
served, that the advantages are essential, and the 
defects only accidental. 'l'o explain the nature of 
the former, requires à more minute examination 
than is suited to this place, and must. therefore. be 
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reserved for the Notes ; but, in the mean time, it may 
be remarked, that no definition, except that of BKucLip, 
has ever been given, from which the properties of 
proportionals can be deduced by reasonings, which, 
at the same time that they are perfectly rigorous, 
are also simple and direct. As to the defects, the 
prolixness and obscurity, that have so often been 
complained of inthe fifth Book, they seem to arise 
chiefly from the nature of the language employed, 
which being no other than that of ordinary discourse, 
cannot express, without much tediousness and cir- 
cumlocution, the relations of mathematical quanti- 
ties, when taken in their utmost generality, and 
when no assistance can be received from diagrams, 
As itis plain, that the concise language of Algebra. 
is directly calculated to remedy this inconvenience, 
I have endeavoured to introduce it here, in a very 
simple form however, and without changing the na- 
ture of the reasoning, or departing in any thing from 
the rigour of geometrical demonstration. By this 
means, the steps of the reasoning which were be- 
fore far separated, are brought near to one another, 
and the force of the whole is so clearly and directly 
perceived, that | am persuaded no more difficulty 
will be found in understanding the propositions of 
the fifth Book, than those of any other of the Ele- 
ments. 
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In the second Book, also, some algebraic signs 
have been introduced, for the sake of representing 
more readily the addition and subtraction of the rec- 
tangles on which the demonstrations depend. The 
use of such symbolical writing, in translating from an 
original, where no symbols are used, cannot, I think. 
be regarded as an unwarrantable liberty : for, 1f by 
that means the translation is not made into. English, 
it is made into that universal language so much 
sought after in all the sciences, but destined, it 
would seem, to be enjoyed only by the mathemati- 
cal. 


The alterations above mentioned are the most 
material that have been attempted on the books of 
Eucrin. "There are, however, à few others, which, 
though less considerable, it is hoped may in some 
degree facilitate the study of the Elements. Such 
are those made on the definitions in the first Book, 
and particularly on that of a straight line. A new 
axiom is also introduced in the room of the 12th, for 
the purpose of demonstrating more easily some of 
the properties of parallel lines. In the third Book, 
the remarks concerning the angles made by a 
straight line, and the circumference ofa circle, are 
left out, as tending to perplex one who has advanced 
no farther than the elements of the science. Phe 
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27th, 28th, and 29th of the sixth are changed tor 
easier and more simple propositions, which do not 
materially differ from them, and which answer ex- 
actly the same purpose. Some propositions also 
have been added; but, for a fuller detail concerning 
these changes, I must refer to the Notes, in which 
several of the more difficult, or more interesting sub- 
jects of Elementary Geometry are treated at consi- 
derable length. 


The Suprrement now added to the Six Books of 
EucLi» is arranged differently from what it was in the 
first edition of these Elements. 


The First of the three Books, into which it is divi- 
ded, treats of the rectification and quadrature of the 
circle,——subjects that are often omitted altogether 
in works of this kind. They are omitted, however, 
as I conceive, without any good reason, because, to 
measure the length of the simplest of all the curves 
which Geometry treats of, and the space contained 
within it, are problems that certainly belong to the 
elements of the science, especially as they are not 
more difficult than other propositions which are usu- 
ally admitted into them. When speak ofthe rectifi- 
cation of the circle, or of measuring the length of the 
circumference, I must not be supposed to mean, that 
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à straight line 13 to be made egua? «^ ine cireumfe; 
rence exactly—a problem which, as :3 + 4l known, 
Geometry has never been able to resolve. Ail that 
is proposed is, to determine two straight lines that 
shall differ very little from one another, not more, for 
instance, than the four hundred and ninety-seventh 
part of the diameter of the circle, and of which the 
one shall be greater than the circumference of that 
circle, and the otherless. In the same manner, the 
quadrature of the circle is performed only by approx- 
imation, or by finding two rectangles nearly equal to 
one another, one of them greater, and another less, 
than the space contained within the circle. 


In the second Book ot the Supplement, which 
treats of the intersection of Planes, 1 have departed 
as little as possible from Eucrip's method of consi- 
dering the same subject in his eleventh Book. ‘The 
demonstration of the fourth proposition is from LE- 
GENDRE’S Elements of Geometry ; that of the sixth is 
new, as far as- I know ; as is aiso the solution of the 
problem in the ninteenth proposition, —a problem 
which, though in itself extemely simple, has been 
omitted by Euclid, and hardly ever treated of, in 
an elementary form, by any geometer. 


With respect to the Geometry of Solids, in the 
B 
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third Book, i have departed from Evucuiv altogether, 
with a view of rendering it both shorter and more 
comprehensive. This, however, is not attempted 
by introducing a mode of reasoning less rigorous 
than that of the Greek Geometer ; for this would be 
to pay.too dear even for the time that might there- 
by be saved ; but it is done chiefly by laying aside a 
certain rule, which, though it be not essential to the 
accuracy of demonstration, Eucui has thought it 
proper, as much as possible, to observe. 


The rule referred to, is one which influences the 
arrangement of his propositions through the whole 
of the Elements, viz. That in the demonstration of 
a theorem, he never supposes any thing to be done, 
as any line to be drawn, or any figure to be construct- 
ed, the manner of doing which he has not previously 
explained. Now, the only use of this rule is to pre- 
vent the admission of impossible or contradictory 
suppositions, which, no doubt, might lead into error ; 
and it is a. rule well calculated to answer that end, 
as it does not allow the existence of any thing to be 
supposed, unless the thing itself be actually exhibited. 
But it is not always necessary to make use of this 
defence; for the existence of many things is obvious- 
ly possible, and very far from implying a contradic- 
tion, Where the ruethod of actually exhibiting them 
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may be altogether unknown. ‘Thus, it is plain, that 
on any given figure as a base, a solid may be consti- 
tuted, or conceived to exist, equal in solid contente 
to any given solid, (because a solid, whatever be its 
base, as its height may be indefinitely varied, is capa- 
ble of all degrees of magnitude, from nothing up- 
wards), and yet it may in many cases be a problem 
of extreme difficulty to assign the height of such a 
solid, and actually to exhibit it. Now, this very sup- 
position, that on a given base a solid of a given 
magnitude may be constituted, 1s one of those, by 
the introduction of which, the Geometry of solids 
is much shortened, while all the real accuracy of the 
demonstrations is preserved ; and therefore, to follow, 
as Even has done, the rule that excludes this, and 
such hke hypotheses, is to create artificial difficul- 
ties, and to embarrass geometrical investigation with 
more obstacles than the nature of things has thrown 
in its way. It is a rule, too, which cannot always be 
followed, and from which even Eucri» himself has 
been forced to depart, in more than one instance. 


In-the Book, therefore, on the Properties of Solids, 
which I now offer to the public, I have not sought to 
subject the demonstrations to the law just mentioned. 
and have never hesitated ‘to admit the existence of 


such solids. or such Imes as are evidently possible, 
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though the manner of actually describing them may 
not have been explained, In this way, I have bedn 
enabled to offer that very refined artifice in geometri- 
cal reasoning, to which we give the name of the 
Method of Exhaustions, under a much simpler form 
than it appears in the 12th of Eucrip ; and the spirit 
of the method may, I think, be best learned when it 
is thus disengaged from every thing not essential. 
That it may be the better understood, and because 
the demonstrations which require exhaustions are; 
no doubt; the most difficult in the Elements, they are 
all conducted as nearly as possible in the same way, 
in the cases of the different solids, from the pyramid 
to the sphere: The comparison of this last solid 
with the cylinder, concludes the last Book of the Sup- 
plement, and is a proposition that may not improper- 
ly be considered as terminating the elementary part 
of (xcometrv, 


The Book of the Data has been annexed to seve- 
ral editions of Evcrip's Elements, and particularly to 
Dt. Smson’s, but in this it is omitted altogether, It 
is omitted, however, not from any opinion of its being 
in itselfuseless; but because it does not belong to this 
place; and is not often read by beginners. It con- 
tains the rudiments of what is properly called the 
Geometrical Analysis, and has itself an analytical 
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idrm; and for these reasons, I would willingly reserve 
it, or rather a compend of it, for a separate work, 


intended as an introduction to the study of that ana- 
lysis. 


In explaining the elements of Plane and Spherical 
Trigonometry, there is not much new that can be 
attempted, or that will be expected by the intelligent 
reader. Except, perhaps, some new demonstrations, 
and some changes in the arrangement, these two 
treatises have, accordingly, no novelty to boast of. 
The Plane Trigonometry is so divided, that the part 
of it that is barely sufficient for the resolution of Tri- 
angles may be easily taught by itself. ‘Fhe method of 
constructing the Trigonometrical Tables is explain- 
ed, and a demonstration is added of those properties 
of the sines and cosines of arches, which are the 
foundation of those applications of Trigonometry 
lately introduced, with so much advantage, into the 
higher Geometry; 


In the Spherical Trigonometry, the rules for pre- 
venting the ambiguity of the solutions, wherever it 
can be prevented, have been particularly attended 
to; and I have availed myself as much as possible of 
that excellent abstract ofthe rules of this science 
which Dr. Masxetyne has prefixed to Tiayror’s Ta- 
bles of Logarithms. 
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An explanation of Narrer’s very ingenious and 
useful rule of the Circular Parts is here added as an 
Appendix.to Spherical Trigonometry. 


It has been objected to many of the writers on Ele- 
mentary Geometry, and particularly to Evcin, that 
they haye been at great pains to prove the truth of 
many simple propositions, which every body is ready 
to admit, without any demonstration, and that thus 
they take up the time, and fatigue the attention of 
the student, to no purpose. To this objection, if 
there be any force in it, the present treatise is cer- 
tainly as much exposed as any other ; for no attempt 
is here madc to abridge the Elements, by considering 
as self-evident any thing that admits of being proved. 
Indeed, those who make the objection just stated, do 
not seem to have reflected sufficiently on the end of 
Mathematical Demonstration, which is not only to 
prove the truth of a certain proposition, but to shew 
its necessary connection with other propositions, and 
its dependance on them. "The truths of Geometry 
ure all necessarily connected with one another, and 
the system of such truths can never be rightly ex- 
plained, unless that connection be accurately traced, 
wherever it exists. It is upon this that the beauty 
and peculiar excellence of the mathematical sciences 
depend: iis this. which, by preventing any one 
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truth trom being single and insulated, connects the 
different parts so firmly, that they must all stand, or 
all fall together. The demonstration, therefore, even 
of an obvious proposition, answers the purpose of 
connecting that proposition with others, and ascer- 
taining its place in the gencral systom of mathema- 
tical truth. If, for example, it be alleged, that it is 
needless to demonstrate that any two sides ofa tri- 
angle are'greater than the third; it may be replied, 
that this is no doubt a truth which, without proof, 
most men will be inclined to admit ; but are we for 
that reason to account it of no consequence to know 
what the propositions are, which must cease to be 
true if this proposition were supposed to be false 
Is it not useful to know, that unless it be true, that 
any two sides ofa triangle are greater than the third, 
neither could it-be true, that the greater side of every 
triangle is opposite to the greater angle, nor that the 
equal sides are opposite to equal angles, nor lastly, 
that things equal to the same thing are equal to one 
another ? By a scientific mind this information will 
not be thought lightly of; and it is exactly that 
which we receive from Eucrip's demonstration. 


To all this it may be added, that the mind, especi- 
ally when beginmng to study the art of reasoning, 
"annot he emploved to greater udvantage than im 
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analysing those judgments,which, though they appear 
simple, are in reality complex, and capable of bemg 
distinguished into parts, No progress in ascending 
higher can be expected, till a regular habit of demon- 
stration is thus acquired ; it is much to be feared, 
that he who has declined the trouble of tracing the 
connection between the proposition already quoted, 
and those that are more simple, will not be very ex- 
pert in tracing its connection with those that are 
more complex ; and that, as he has not been careful 
in laying the foundation, he will never be successful 
in raising the superstructure. 
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BOOK 1. 


DEFINITIONS. 


LB 
‘A Pom is that which has position, but not magnitude*,? — (Sac 


Notes.) » 


A line is length without breadth. 
« ConoLLany. The extremities of a line are points ; and tho inter. 


* gections of one line with another are also points.” 


III. 
* [f two lines are such that they cannot coincide in any iwo points, 
‘¢ without coinciding altgether, each of them 1s called a straight 
“ line.” 
*t Con. Hence two straight lines cannot inclose a spaco. Neither can 
“ two straight lines have a common segment ; that is, they cannot 
‘¢ coincide in part, without coinciding altegether.”’ 
IV. 
A superficies is that which has only length and breadth. 
tt Con. The extremities of à superficies aro lines; and the intersee. 
** tions of one superficies with another ate also lines.” 


v 
A plane superficies is that in which any two points being taken, the 
straight line between them lies wholly in that superficies. 
VI. 
A plane rectilineal angle is the inclination of two straight lines to ono 
another, which meet together, but are not in the same straight line. 





#” The definitions marked with inverted T ere diferent from those of Euclid, 
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W. B. ‘ When several angles are at one point B, any one of them 
* is expressed by three letters, of which the letter that is at the ver- 
‘tex of the angle, that is, at the. point in which the straight lines that 
‘contain the angle meet one another, is put between the other two 
‘letters, and one of these two is somewhere upon one of those straight 
‘lines, and the other upon the other line: Thus the angle which 
‘is contained by the straight lines, AB, CB, is named, the angle 
‘ABC, or CBA; that which is contained by AB, BD, is named the 
‘angle ABD, or DBA; and that which is contained by BD, CB, is 
* called the angle DBC, or CBD ; but, if there be only one angle at 


“a point, it may be expressed by a letter placed at that point ; as thc 
‘angle at HE.’ 
VII. 


When‘ a straight line standing on another 
straight line makes the adjacent angles 
equal to one another, each of the angles 
is called a right angle; and the straight 
line which stands on the other is called 
a perpendicular to it. 


ger 





i 
VII. 
An obtuse angle i$ that which is greater than a right angle. 





IX. 

An acute angle is that which is less than a right angle. 
X. — 

A figure is that which is inclosed by one or more boundaries.== The 


word area denotes the quantity of space contained in a figure, withous 
eny reference to the nature of the ling or lines which bound sf. 
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XI. 
A circle is a plane figure contained by one line, which is called the 
circumference, and is such that all straight lines drawn from a cer- 


tain point within the figure to the circumference, are equal to one 
another. 


NT adi 


XII. 
And this point is calied the centre of the circie. 


A diameter of a circle is a straight line drawn through the centre, and 
terminated both ways by the re 
IV. 


A semicircle is the figure contained by a diameter and the part of the 
circumference cut off by the diameter. 
XV 


Rectilineal figures are those which are contained by straight lines. 
Trilateral figures, or triangles, by supe straight lines 
X VII. 
Quadrilateral, by four straight lines. 
XVIII. 
Multilateral figures, or polygons, M mere than four straight lines. 
X 


Ze 
Of three sided figures, an equilateral triangle is that which has three 
equal sides. 


XX. 
An isosceles triangle is that which has only two sides equal. 


eee — 


XXI. 
A scalene triangle, is that — unequal sides. 


^ right angled triangle is that which has a right angles 
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XXII. 
An obtuse angled triangio, is that which has an obtuse angie: 


Oe? 
Le ae aS 
AAIV. 
An acute angled triangle, is that which has three acute angles. 
XXV. 


Of four sided figures, a square is that which has all its sides equal, 
and all its angies right angles. 


— — — 





XXVI. 
An oblong, is that which has all its angles right angles, but has not ali 
ita sides equal. 
XXVII. 


À rhombus, is that which has all its sides equal, but its angles are not 
right angles. 


ru IP j 
/ f ; 
y / , 7 
— 5. 2 — 
XXVII. 


A rhomboid, is that which has its opposite sides equal to one another. 
but all its sides are not equal, nor its angles right angles. | 
XXIX. 
All other four sided figures besides these, are called Trapeziums. 
XXX. 
Parallel straight lines, are such as are ia the same plane, and which. 
being produced ever so far hoth waya, do not meet. 
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POSTULATES. 


I. 


Ler it be granted that a straight line may be drawn from any one 
point to any other point. 


Ij. 


That a terminated straight line may be produced to any length in a 
straight line. 
III. 
And that a circle may be described from any centre, at any distance 
from that centre. 


AXIOMS. 
t. 
Tainas which are equal to the same thing are equal to one another. 
II. 
If equals be added to equals, the wholes are equal. 
IIl. 
if equals be taken from equals, the remainders are equal. 
IV. 
if equals be added to unequals, the wholes are unequal. 
V. 
If equals be taken from unequals, the remainders are unequal. 
VI. 
Things which are doubles of the same thing, are equal to one another. 
VII. 
Thihgs which are halves of the same thing, are equal to one another. 
VIII. 


Magnitudes which coincide with one another, that is, which exactly 
fill the same space, are equal to one another. 


IX. 
The whole is greater than its part. 
X. 
All right angles are equal tò one another. 
XJ. 
‘t Two straight lines which intersect one another, cannot be both pa- 
‘t rallel to the same straight line." 
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PROPOSITION I. PROBLEM. 


To describe an equilateral triangle upon a given finile straight line. 


Let AB be the given straight line; it is required to describe an 
equilateral triangle upon it. 

From the centre A, at the 
distance AB, describe (3. Pos- C 
tulate) the circle BCD, and N 
trom the centre B, at the dis- b* 
tance BA, describe the circle 
ACE; and from the point C, in A B F 
which the circles cut one ano- 
ther, draw the straight lines 
(1. Post.) CA, CB to the paints 
A, B; ABC is an equilateral 
triangle. 

Because the point A is the centre of the circle BCD, AC is equai 
(11. Definition) to AB ; and because the point B is the centre of 
the circle ACE, BC is equal to AB : But it has been proved that CÀ 
is equal to AB; therefore CA, CB are each of them equal to AB; 
now things which are equai to the same are equal to one another, 
(1. Axiom); therefore CA is equal to CB; wherefore CA, AB, CB 
are equal to one another ; and-the triangle ABC is therefore equilate- 
ral, and it is described upon the given straight line AB. Which was 
required to be done. 


PROP. II. PROB. 


From a given point to draw a straight line equal to a given straight 
line. 


Let A be the given point, and BC the given straight line; it is re- 
quired to draw, from the point A, a straight line equal to BC. 

From the point A to B draw (1. Post.) : 
the straight line AB ; and upon it describe 
(1. 1.) the equilateral triangle DAB, and 
produce (2. Post.) the straight lines DA, 
BD, to E and F; from the centre B, at 
the distance BC, describe (3. Post.) the 
circle CGH, and from the centre D, at the 
distance DG, describe the circle GKL. 
AL is equal to BC. 

Because the point B is the centre of the 
circle CGH, BC is equal (11. Def.) to 
BG ; and because D is the centre of the | 
circle GKL, DL is equal to DG, and DA, FE 
DB, parts of them, are equal: therefore 
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the remainder AL is equal to the remainder (3. Ax.) BG: But it has 
been shewn that BC is equal to BG; wherefore AL and BC are each 
of them equal to BG ; and things that are equal to the same are equa! 
to one another ; therefore the straight line AL is equal to BC. 
Wherefore, from the given point A, a straight line AL has been drawn 
equal to the given straight line BC. Which was to be done. 


PROP. III. PROB. 


From the greater of two given straight lines to cut off a part equal to the 
less. 


Let AB and C be the two given 
straight lines, whereof AB is the great- 
er. It is required to cut off from AB, 
the greater, a part equal to C, the less. 

From the point A draw (2. 1.) the 
straight line AD equal to C ; and from 
the centre A, and at the distance AD, 
describe (3. Post.) the circle DEF ; 
and because À is the centre of the eir- 
cle DEF, AE is equal to AD ; but the 
straight line C is likewiso equal to 
AD; whence AE and C aro each of them equal to AD; wherefore 
the straight line AE is equal to (1. Ax.) C, and from AB the greater 


of two straight lines, a part AE has been cut off equal to C the less. 
Which was to be done. 


PROP. IV. THEOREM. 


if two triangles have two sides of the one equal to two sies of the other, 
each to each; and have likewise the angles contaire by those sides 
equal to one another, their bases, ov third sides, .Aall be equal ; and 
the areas of the triangles shall be equal; and *aeir other angles shall 
be equal, each to each, viz. those to which the equal sides are opposite." 


Let ABC, DEF be two triangles which have the two sides AB, AC 
equal to the two sides DE, DF, each to each, viz. AB to DE, anc 
AC to DF; and let tho 
angle BAC be also A D 
equal to the angle ^ 
EDF: then shall the FO Ne 
base BC be equal to / x 
the base ELF: and the | 


IN 
triangle ABC to the tri- j \ 
angle DEF; and the \ 
other angles, to which \ i X 
B C E F 


the equal sides are op- 











# The tbree conclusions in this enunciation ere mora briefly expressed by eaying, the * 


he triangles eve eterni wong equa. 
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posite, shall be equal, each-to each, viz. the angle ABC to the angie 
DEF, and the angle ACB to DIE. 

For, if the triangle ABC be applied to the triangle DEF, so that 
the point A may be on D, and the straight line AB upon DE ; the 
point B shall coincide with the point E. beceuse AB is equal to DE ; 
and AB coinciding with DE, AC shall coincide with DF, because the 
angle BAC is equal to the angle EDF ; wherefore also the point C 
shall coincide with the point F, because AC is equal to DF : But the 
point B coincides with the point E ; wherefore the base BC shall 
coincide with the base EF (cor def. 3.), and shall ba equal to it. 
Therefore also the whole triangle ABC shall coincide with the whole 
triangle DEF, so that the spaces which they contain or their areas 
are equal; and the remaining angles of the one shall coincide with 
the remaining angles of the other, and be equal to them, viz. the 
angle ABC to the angle DEF. and the angle ACB to the angle DFE. 
Therefore, if two triangles have two sides of the one equal to two 
sides of the other, each to each, and have likewise the angles contain- 
ed by those sides equal to one another; their basos shall be equal, 
and their areas shall be equal, and their other angles, to which the 
equal sides arc opposite, shall be equal, each to each. Which was te 
bo demonstrated. 


PROP. V. THEOR. 


The angles at the base of an Isosceles triangle are equal to one another ; 
and tf the equal sides be produced, the angles upon the other side of 
the base shall also be equal. 


Let ABC be an isosceles triangle, of which the side AB is equal to 
AC, and let the straight lines AB, AC be produced to D and E, the 
angle ABC shall bø equal to the anglo ACB, and the angle CBD to 
the angle BCE. 

In BD take any point F, and from AE the greater cut off AG equa! 
(3. 1.) to AF, the less, and join FC, GB. 

Becauso AF is equal to AG, and to AC, the two sides FA, AC 
are equal to the two GA, AB, each to each; and they contain the 
angle FAG common to the two trian- A 
gles, AFC, AGB; therefore the baso 
FC is equal (4. 1.) to the base GB, 
and the triangle AFC to tho triangle 
AGB; and tho remaining angles of 
the ono are equal (4. 1.) to the re. 
maining angles of the other, each to 
each, to which the equal sides arc 
opposite, viz. the angle ACF to tho 
angle ABG, and the angle AFC to the 
angle AGB: And because the whole 
AF is equal to the whole AG, and the 
part AB to the part AC; the remaine | 
dor BF shal! be equal (3. Ax.) to the 
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remainder CG ; and FC was proved to be equal to GR, therefore the 
two sides BF, FC are equal to the two CG, GB, cach to each : : but the 
angle BFC is equal to the angle CGB, wherefore the triangles BFC, 
CGB are equal (3. .), and their remaining angles are equal, to which 
the equal sides are dM: therefore the angle FBC is equal to 
the angle GCB, and the angle BCY to the angle CBG. Now, sinco 
it has been demonstrated, that the whole angle ABG is equal to the 
whole ACF, and the part CBG to the part BCF, the remaining angle 
ABC is therefore equal to the remaining angle ACK, whie h are the 
angles at the base of the triangle ABC : Aud it has also been pravod 
that the angle FBC is equal to the angle GCB, which are the angles 
upon the other side of the base. "hereforo, the angles at the baso, 
&c. Q. E. D. 

Coro.tany. Hence every equilateral triangle is also equiangulzt- 


PROP. VI. THEOR. 


if two angles of a triangle be equal to one another, the sides which sub, 
tend, or are opposite to them, are also equal (o one another. 


Let ABC be a triangle having the angle ABC equal to the angle 
ACB ; the side AB is aiso equal to the side AC. 

For, if AB be not cqual to AC, one of them is greater than the 
other: Let AB be the greater, and trom it cut (3. 1.) of DB equal 
to AC the less, and join DC; therefore, be- ih | 
cause in the triangles DBC, ACB, DB is y. 
equal to AC, and BC common to both, the 
two sides DB, BC are equal to the two AC, 
CB, each to each ; but the angle DBC is also 
equal to the angle ACB ; therefore the base 
DPC is equal to the base AB, and the area 
of the triangle DBC is equal to that of the 
triangle (4. 1.) ACB, the less to the greater ; 
which is absurd. Thereforo, ARB is not un- 
equal to AC, that is, it is equal to E W hare- —⸗ * 
fore, if two angles, &c. Q. E. C 

Con. Hence every — triangle is also equilateral. 





PROP. Vil. THEOn. 


Upon the same base, and on the same side of at, there cannoé be two iri, 
angles, that haze their sides which are lermenated in one extremity of 
the base equal to one another, and lekewise those which are terminated 
en the other extremity, equal to one another. 


Let there be two triangles ACB, ADE, upon the same baso AB, and 
upon 4ho same side of it, which have their sides CA, DA, terminated 
in A equal to one another: then their sides. CB. DB, terminated in 
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B, cannot be equal to one another. 
Join CD, and if possible let CB 
be equal to DB ; then, in the case 
in which the vertex of each of the 
triangles is without the other trian- 
gle, because AC is equal to AD, the 
angle ACD is equal (5. 1.) to the 
angle ADC: But the angle ACD is 
greater than the angle BCD; there- 
fore the angle A DC is greater also 
than BCD: much more then is the F 
angle BDC greater than the angle TR AES 
BCD. Again, because CB is equal to DB, the angle BDC is equai 
(5. 1.) to the angle BCD; but it has been demonstrated to be greater 
than it; which is impossible. 

But if one of the vertices, as d 
D, be within the other triangle 
ACB ; produce. AC, AD to E, 
F; therefore, because AC is 
-equal to AD in the triangle 
ACD, the angles ECD, FDC 
upon the other side of the base 
CD are equal (5. 1.) to one ano- 
ther. but the angle EC D is greater E 
than the angle BCD ; wherefore 
the angle FDC is likewise greater than BCD ; much more then is the 
angle BDC greater than theangle BCD. Again, because CB is equal 
to DB, the angle BDC is equal (4. 1.) to the angle BCD ; but BDC 
has been proved to be greater than the same BCD; which ts impossi- 
ble. The case in which the vertex of one triangle is upon a side of 
the other, needs no demonstration. 

Theretore, upon the same base, and on the same side of it, there 
cannot be two triangles that have their sides which are terminated in 
one extremity of the base equal to one another, and likewise those 
which are terminated in the other oxtremity equal to one another. 


Q. E. D. 











PROP. VII. TÉILOR. 


If two triangles have two sides of the one egual to two sides of the other, 
each to each, and have likewise their bases equal ; the angle which is 
contained by the (wo sides of the one shall be egual io the angle contained 
by the iwo sides of the other. 


Let ABC, DEF be two triangles having the two sides AB, AC, 
equal to the two sides DE. DF, each to each, viz. AB to DE, and AC 


a, 
*7 
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to DF ; aud also tho base BC equal to the base EF. The angle BAC 
is equal to the angle EDP. 

For, if the triangle ABC be applied to the triangle DEF, so that 
ihe point B bo on Ef, and tho straight line BO upon EF ; the point C 
shall also coincide with the point F. because BC in equal to EF : 
therefore BC coinciding with EF, BA and AC shal’ coincide with ED, 
and DF; far, if BA, and CA do not caineide with ic D, and FD, but 
have a different situation as EEG and EG ; than, upon the same hase 
EF, and upon the same Sdo of it, there can be two triangles EDI, 
EGF, that have their sides which are terminated in one extremity of 
the hase equal to one another, and likewise their sidos terminated 
in the other extremity ; but this is impossible (7. 1.) ; therefore, if 
the base BC coincides with the base EF, the sides BA, AC cannot 
but coincide with the sides ED, DF ; wherefure likewise the angle 
BAC coincides with the angle EDF, and is equal (8. Ax.) to it. 
‘Therefore if two triangles, &c. Q. E. D. 


PROP. IX. PROB. 


20 bisect a given rectilineal angle, that is, to divide $t into two equal 
angles. 


Let BAC be tho given rectilineal angle, it is required to bisect it. 
‘Take any point D in AB, and from AC cut (3. 1.) off AE equal to 
AD; join DE, and upon it describe 


(1. 1.) an equilateral triangle DEF; A. 
then yoin AT; the straight line AT bi- \ 
sects the angle BAC. 

Because AD is equal to AE, and AF i 


is common to the two triangles DAF, 

EAF: the two sides DA, AF, are equal 

io the two sides EA; AF, cach to eath: E 
but the base DF is also equal to the 

base EF ; thorefore the angle DAF is 

equal (8. 1.) to the angle EAF: where- 

foro the given rectilineal angle BAC 

is bisected by the straight lino AF. / Ww 

Which was to be done. n C 
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PROP. X. PROB. 


To bisect d given finite straight line, that is, to divide it «nto (wo equal 
parts. 


. Let AB be the given straight line; it is required to divide it into 
two equal parts. 

, Describe (1. 1.) upon it an equilateral triangle ABC, and bisect 
(9. 1.) the angle ACB by the straight line CD. AB is cut into two 
oqual parts in the point D. 

. Because AC is cqual to CB, and CD common to the two triangles 
ACD, BCD: tic two sides AC, CD, are C 

equal to ihe two BC, CD, each to each ; 

but the angle ACD is also equal to the an- 
gle DCD; therefore the base AD 1s equal 

to the base /4. 1.) DB, and the straight 

line AB is divided into two equal parts in 

the point D; Which was to be done. 


A M. B 
PROP. Xi. PROB. 


To draw i straight ine at right angles to a given straight hne, from 
a given point in that line. 


Lot AB bo a given straight lino, and C a point given in 1t ; it is ve- 
quired to draw a straight line from the point C at right angles to AB. 
Take any point D in AC, and (3. 1.) make CE equal to CD, aiid 
upon DE describe (1. 1.) the T 
equilateral trianglo DFE, and - 
join FC ; the straight lino FC, 
drawn from the given pcint C, 
is at right angles to the given 
straight line AB. 
. Because DC is oqual to CE, 
and FC commen to the two tri- | * 
angles DCF,ECF, thetwo sides A D C | k B 
DC, CF are equal to the two EC, CF, each to each; but the base 
DF is also equal to the base EF; therefore the angle DCF is equa! 
(8. 1.) to the anvle ECF; and they are adjacent angles. But, when 
the adjacent angles which one straight line makes with another straight 
line are equal to one another, cach of them is called a right (7. def.) 
angle; therefore each of the angles DCF, ECF, is a right angle. 
Wherefore, from the given point C, in the given straight line AB, 
FC has been drawn at right angles to AB. Which was to be done. 
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PROP. XIL PROB. 


io draw a straight line perpendicular toa given straight line, of an 
unlimited length, from a given point without 2. 


Let Ab bea given straight line, which may be produced to any 
length both ways, and ler C be a point without it. Itis required to 
draw a straight line perpendi- 


cular to AB from the point C. C 

Take any point D upon the | kt pi 
cther side of AB, and from the 
centre C, at the distance CD, \ * 
describe (3. Post.) the circle ——— — 


EGF meetingABinF,G:and A ⏑ — B 
bisect (10. 1.) FG in H. and D 

join CF, CH, CG ; thestraight 

line CH, drawn from the given point C, is perpendiculer to the given 
straight line AB. 

Because FF! is equal to HG, and HC common to the two triangles 
FHC, GHC, the two sides FH, IIC are equal to the (wo GH, HC, 
each to each ; but the base CF is also eqnal (11. Def. 1.) to the base 
CG; therefore the angle CHF is equal (8. 1.) to the angle CHG; 
and they are adjacent angles ; now when a straight line standing on u 
straight line makes the adjacent angles equal to one another, each of 
them is aright angle, and the straight line which stands upon the other 
is called a perpendicular toit; therefore from the given point C & 
perpendicular CH has been drawn to the given straight line AB. 
Which was to be done. 


PROP. XUL THEOR. 


The angles which one straight line makes with another upon one side of 
at, are etther two right angles, or are together equal to two right an- 


gles. 


Let the straight line AB make with CD, upon one side of it the 
angles CBA, ABD; these are either two right angles, or are together 
equal to two right angles. | 

For, if the angle CBA bo equal to ABD, each of them is a right 
angle (Def. 7.) ; but, if not, from tho point B draw BE at right an. 


A, 
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cles (11. 1.) to CD ; therefore the angles CBE, EBD are iwo right 
angles. Now, the angle CBE is equal to the two angles CBA, ABE 
together ; add the angle EBD to each of these equals, and the two 
angles CBE, EBD will be equal (2. Ax. ) to the three CBA, ABE, 
EBD. Again, the angle DBA is equal to the two angles DBE, EBA: 
add to each of these equals the angle ABC; then will the two angles 
DRA, ABC be equal to the three angles DEER, EBA, ABC ; but the 
angles CBE, EBD have been demonstrated to be equal to the same 
three angles ; and things that are equal to the same are equal (1. Ax.) 
to one another; therefore the angles CBE, EBD are equa! to the an- 
gles DBA, ABC; but CBE, EBD, are two right angles ; therefore 
DBA, ABC are together equal totwo right angles. Wherefore wher 
astraight line, &c. Q. E. D. 


PROP. XIV. THEOR. 


df, at a point an a straight line, two other straight lines, upon the oppo- 
site stdes of it, make the adjacent angles together equal to two right 
angles, these two straight lines are tn one and the same straight line. 


At the point B in the straight 
line AB, let the two straight lines 
BC, BD upon the opposite sides 
of AB, make the adjacent an- 
eles ABC, ABD equal together 
to two right angles. BD is in 
the same straight line with CB. | 

For if BD he not in the same $ 
straight line with CB, Iet BE be vs —— —— 
in the same straight line with it; C H | 
therefore, because the straight 
line AB makes angles with the. straight line CBE, upon ono side of 
it, the angles ABC, ABE are together equal (12. 1.) to two right an- 
gles ; but the angles ABC, ABD aro likewise together equal to two 
right angles : thereforo the angles CBA, ABE are equal to the an- 
gles CBA, ABD: Takeaway the common angle ABC, and the remain- 
ing angle ABE is equal (3. Ax.) to the remaining angle ABD, the less 
to the greater, which ìs impossible ; therefore BE is not in the same 
straight line with BC. And in like manner, it may be demonstrated, 
that no other can be in the same straight line with it but BD, which 
therefore is in the same straight line with CB. Wherefore, if.at a 
point, €&c. QQ. E. D. 


A 
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PROP. XV. THEOR. 


If two straight lines cut one another, the vertical, or opposite angles are 
equal, 

Let the two straight lines AB, CD cut one another in the point E : 

the angle AEC shall be equal to the angle DEB. and CEB to AED. 
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For ihe angles CEA, AED, which the straight line AE makes with 
the straight line CD, are together equal (13. 1.) to two right angles : 
and the angles AED, DEB, C 
which the straight lino DE 
makes with the straight line 
AB, are also together equal 
(13. 1.) to two right angles; 


therefore the two angles A: E m B 
CEA, AED are equal to tho 
two AED, DEB. Take a- 
way thecommonangle AED, D 


and the remaining angle CEA 

is equal (3. Ax.) to the remaining angle DEB. In the same manner 
it may be demonstrated that the angles CEB, AED are equal. There- 
fore, if two straight lines, &c. Q. E. D. 

Con. 1. From this it i8 manifest, that if (wo straight lines cut one 
another, the angles which they make at the point of their intersection, 
are together equal to four right angles. 

Con. 2. And hence, all the angles made by any number of straight 
lines meeting in one point, are together equal to four right angles. 


PROP. XVI. THEOR. 


if one side of a triangle be produced, the exterior ungle is greater than 
etther of the tnterzor, and opposite angles. 


Let ABC be a triangle, and let its side BC be produced to D, the 


exterior angle ACD is greater than either of the interior opposite an- 
glos CBA, BAC. 


Bisect (10. 1.) AC in E, join A. E 
BE and produce it to F, and 
make EF equal to BE ; join al- 
so FC, and produce AC to G. 

Because AE is equal to EC, 
and BE to EF; AE, EB are 
equal to CE, EF, cach to each; 
and the angle AEB is equal (15. 

1.) to the angle CEF, because 

they are vertical angles; there- B 
fore the base AB is equal (4. 1.) 

to the base CF, and the trianglo 

AEB to the triangle CHF, and 

the remaining angles to the re- 
maining angles cach to each, to 
which the equal sides are oppo- G- 

site; wherefore the angle BAE is equal to the angle ECF; but the 
angle ECD is greater than the angle KCI’; therefore the angle ECD, 
that is ACD, is greater than BAE : In the same manner, if the side 


ql 
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BC be bisected, it may be demonstrated that the angle BCG, that is 
(15. 1.), the angle ACD, is greater than the angle ABC. Therefore 
if one side, &c. Q. E. D. 


PROP. XVII. 'THEOR. 


Any two angles of a triangle are together less than two right angles. 


Let ABC be any triangle; any A 
two of its angles together are less Eg 
than two right angles. 
Produce BC to D ; and because 
ACD is tbe exterior angle of the 
triangle ABC, ACD is greater 
(16. 1.) than the interior and op- 
posito anglo AB `; to each of 
these add the angle ACB ; there- 
fore the angles “ACD, ACB aro 
greater than the angles ABC, 357"; "i 
ACB; but ACD, ACB arc to- "^ C D 
gether equal (13. !.) to two right angies: therefore the angles ABC, 
BCA are less than two right angles. In like manner, it may he dç- 
monstrated, that BAC, ACB, as also, CAB, ABC, are less than two 
right angles. Therefore. any two angles, &c. Q. E. D. 





PROP. XVIIE THEOR. 
The greater side of every triangle has the greater angle opposite to zt. 


Let ABC be a triangle of which A 
the side AC is greater than the side 
AB; the angle ABC is also greater — 


than the angle BCA. 

From AC, which is greater than D 
AB, cut off (3. 1.) AD egual to AB, 
and join BD: and because ADB is BELL doe icm 


the exterior angle of tho triangle B (> 
BDC, it is groater (16. 1.) than tho 

interior and opposite angle DCB; but ADB is equal (5, 1.) to ABD. 
because the side AB is equal to the side AD; therefore the angle 
ABD is likewise greater than the angle ACH ; wherefore much more 
0 = i-a ABC ; greater than 2033. Therefore the greater side, &c. 
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PROP. XIX. THEOR. 


he greater angle of every triangle 1s subtended by the greater side, oy 
has the greater szde opposite to it. 


Let ABC be a triangle, of which the angle ABC is greater than the 
angle BCA; the side AC is likewise greater than the side AB. 

Far, if it be not greater, AC must 
either be equal to AB, or less than it; A. 
it is not equal, because then the an- 
gle ABC would be equal (5. 1.) tothe 
angle ACB; but it ts net; therefore 
AC ia not equal to AB ; neither is it 
less; because then the angle ABC 
would be less (18. 1.) than the angle | G 
ACB; but it is not; therefore the 
side AC is not less than AB; and it has been shewn that it is not equali 
to AB; therefore AC 1s greater then AB. Wherefore the greater 
angle, &c. €. E. D. 


PROP. AA. 'THEOR. 


Any two sides of a triangle are together greater thaw the third side. 


Let ABC be a triangle; any two sides of it together are greater 
than the third side, viz. the sides BA, AC greater than the sido BC; 
und AB, BC greater than AC; and BC, CA greater than AB. 

Produce BA to the point D, 
and make (3. 1.) AD equal to 


D 
AC; and join DC. A — 
Because DA is equal to AC, 
the angle ADC is likewise equal 
(5. 1.) to ACD; but the angle 
BCD is greater than the angle ME | 
B | C 


ACD; therefore the angle BCD 

is greater than the angle ADC; 

and because the angle BCD of the triangle DCH is greater than its 
angle BDC, and that the greater (19. 1.) side 1s opposite to the greater 
angle: thereforo the sido DD is greater than tho side BC; but DB 
is equal to BA and AC togetlier ; therefore BA and AC together are 
greater than BC. Tn the sane manner it may be demonstrated, that 
the sides AB, BC are greater thao CA, and BC, CA greater than AB, 
Lherefore any two sides, Ke. Q. E. D. 
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PROP. XXL. THEOR. 


If from the ends of one side of a triangle, there be drawn two straight 
lines to à, point within the trzangle, these two lines shall be less thar 
tlie other two sides of the triangle, but shall contain a greater angle. 


Let the two straight lines DD, CD be drawn from B, C, the ends 
of the side BC of the triangle ABC, to the point D within it; BD 
and DC are less than the other two sides BA, AC of the triangle, but 
contain an angle BDC greater than the angle BAC. 

Produce BD to E ; and because two sides of a triangle (20. 1.) are 
greater than the third side, the two A. 
sides BA, AE of the triangle ABE 
are greater than BE. To each of 
these add EC; therefore the sides 
BA, AC are greater than BE, EC: 
Again, because the two sides CE, 
ED, of the triangle CED are greater 
than CD, if DB be added to each, 
the sides CE, EB, will be greater 
than CD, DB: but it has been shewn 
that BA, AC are greater that BE, 
EC: much more then are BA, AC 
greater than BU, DC. 
^ Again, because the exterior angle of a triangle (16. 1.) 18 greater 
than the interior and opposite angle, the exterior angle BDC of the 
triangle CDE is greater than CED ; for.the same reason, the exterior 
angle CEB ofthe triangle ABE is greater than DAC ; and it has been 
demonstrated that the angle BDC is greater than the angle CEB ; 
much more then is the angle BDC greater than the angle BAC. 
Therefore, if from the ends of, &c. Q. E. D. 





PROP. XX. PROB. 


To construct a triangle of which the sides shall be equal to three gaver 
straight lines; but any two whatever of these lines must be greater 
than the third (20. 1.) 


Let A, B, C be the three given straight linos, of which any two 
whatever are greater than the third, viz. A and B greater than C ; 
A and C greater than B; and B and C than A. It is required to 
make a triangle of which the sides shall be equal to A, B, C, each te 
each. 
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Take a straight line DE, 
terminated at the point D, 
but unlimited towards E, 
and make (3. 1.) DF equal 
to A, FG to B, and GH 
equal to C ; and from the D 


—— 
centre F, at the distance E E 
FD, describe (3. Post.) . 
the circle DKL ; and from 
JA ————————— 


the contre G, at the dis- 


tance GH, describe E E 

Post.) another circle HLK; 

and join KF, KG; the tri- M c. 
angle KFG has its sides 

equal to the thrco straight C 


lines, A, B, C. 

Because the point F is the centre of the circle DKL, FD is equa! 
A. Def.) to FK; but FD i» equa) to the straight line A; therefore 

K is equal to A: Again, because G is the centre of the circle 
LKH, GH is cqual (11. Def.) to GK; but GH is equal to C; there- 
fore, also GK is- equal to C; and FG is equal to B; therefore the 
three straight lines KF, FG, GK, are equal to the three A, B, C: 
And therefore the triangle KFG has its three sides KF, FG, GK 
equal to the three given straight lines, A, B, C. Which was to be 


done. 
PROP. XXIII. PROB. 


At a given point in a given straight line, to make a rectilineal angle 
equal to a given rectilineal angle. 


Let AB be the given straight lino, and A the given point in it, and 
DCE the given rectilineal angle ; it is required to make an angle at 
the given point A in the given 
straight line AB, that shall be C A. 
equal to the given rectilineal 
angle DCE. 

Take in CD, CE any points 
D, E, and join DE; and make 
(92. 1.) the triangle AFG, 
the sides of which shall be G 
equal to the three straight E T 
lines, CD, DE, CE, so that 
CD beequal to AF, CE fo 
AG,and DE to FG ; and be- 
sause DC, CE are equal to B 
FA, AG, each to each, and the 
vase DE tothe base FG: the angle DCE is equal (8. 1.) to the angle 


36 ELEMENTS 


FAG. Therofore, at the given point A in the given straight line AB, 
the angle FAG is made cqual to the given rectilineal angle DCE. 
Which was to be done. 


PROP. XXIV. THEOR. 


If two triangles have two sides of the one equal to two sides of the other, 
each to each, but the anple contained by the two sides of the one great- 
er than the angle contained by the two sides of the other; the base of 


that which has the greater angle shall be greater than the base of the 
other. | 


Let ABC, DEF be two triangles which have the two sides AB, AC 
equal to the two DE, DF each to each, viz. AB equal to DE, and 
AC to DF; but the angle BAC greater than the angle EDF ; the base 
BC is also greater than the base EF. | 

Of the two sides DE, DF, let DE be the side which is not gteater 
than the other, and at the point D, in the straight line DE make 
(23. 1.) the angle DG equa! to the angle BAC : and make DG equal 
(3. 1.) to AC or DF, and join EG, GF. 

Because AB is equal to DE, and AC to DG, the two sides BA, AC 
are equal to the two ED, DG, each io each, and the angle BAC ia 
equal to the angle 
EDG, therefore the A D 
base BC is equal 
(4. 1,) to the base 
EG: and because 
DG is equal to DF, \ 
the angle DFG is 
equal (5. 1.) to the 
angle DGF ; but the 
angle DGF is great- 
er than the angle 
EGF ; therefore the 
angle DFG is great- 
er tban EGF; and mitch more is the angle EFG greater than the an- 
gle EGF; and because the angle EFG of the triangle EFG is greater 
than its angle EGF, and because the greater (9. 1.) side is opposite 
to the greater angle, the side EG is greater than the side EF; but 
EG is equal to BC; and therefore also BU is greater than EF. There- 
fore, if two triangles, &c. Q. E. D. 


PROP. XXV. THEOR. 


Jf two triangles have two sides of the one equal to two sides of the other, 
each. to each, bist the base of the one greater than the base of the other + 
the angle contained by the sides of that which has the greater buse, 
shall be greater than the angle contained by the sides of the other. 


Let ABC, DEF be two triangles which have the two sides AB, AC. 
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equal to the two sides DE, DF, each to each, viz. AD equal to DE, 
and AC to DF: but let the base CB be greater than tbe baso EF, 
the angle BA‘ is likewise greater than the angle EDF. 

For, if it be not greater, it must either be equal to it, or less; but 
the angle BAC is not equal to the angle EDF, because then the base 
BC. would be equal :4. 1.) A 
to EF: but it is not: there- 
fore the angle BAC is not 
equal to the angle EDF; 
neither is it less: because 
then the base BC would be 
less (24. 1.) than the base 
EEF: but it 1s nots there- 
fore the angle BAC is not 
less than the angle EDF: 
and it was shewn that it is C 
not equal to it: therefore B F 
the angle BAC is greater than the angle EDF. Wherefore, if two 
triangles, &c, Q. E. D. 





PROP. XXVI. THEOR. 


If two triangles have two angles of the one equal to two angles of the 
other, each to each; and one side equal to one side, viz. euher the sede 
adjacent to the equal angles, or the sides opposite to the equal angles 
in each; then sholl the other sides be equal, each to each ; and also 
ihe third angle of the one to the third angle of the other. 


Let ABC, DEF be two A. D 
tiangles which have the 
angles ABC, BCA equal G 
to the angles DEF, EFD, 
viz. ABC to DEF, and 
BCA to EFD: also ono 
side equal to one side; 
and first, let those sides 
be equal which are adja- 
cent to the angles that E 
are equal in the two te B C E 
angles, viz. BC to EF ; | 
the other sides shall be equal, each to each, viz. AB to DE, and AC 
to DF ; and the third angle BAC to the third angle EDF. 

For, if AB be not equal to DE, one of them must be the greater. 
Let AB be the greater of the two, and make BG equal to DE, and join 
GC; therefore, because BG is equal to DE, and BC to EF, the two 
sides GB, BC are equal to the two Dit, EF, each to each; and' the 
angle GBC is equal to the angle DEF; therefore the base GC 1s 
equal (4. 1.) to the base DF, and the triangle GBC to the triangle 
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DEF, and the other angles to the other angles, each to cach, to whici: 

the equal sides are opposite; therefore the angle GCB is equal to 

the angle DFE, but DIE is, by the hypothesis, equal to the angle 

BCA ; wherefore also the angle BCG is equal to the angle BCA, the 

teas to the greater, which is impossible; therefore AB is not unequal 

to DE, that is, it ts equal to it; and BC is equal to EF ; therefore 

the two AB, BC are equal to the two DE, EF, each to each ; and the 

angle ABC is equal to the angle DEF; therefore the base AC is 

equal ( i. 1.) to the base DF, Fy the angle BAC t to — angle BEDE: 
Next, let the sides 

which are opposite to 

equal angles in each tri- 

angle be equal to one an- 

other, viz. AB to DE; 

likewise in this case, the 

other sides shall be equal, 

AC to DF, and BC to x 





EF: and alse the third X 
angle BAC to the third \ 
EDF. “HG | F 


For, if BC be not equal to EF. let BC be the greater of them, and 
make BH equal to EE, and join AH; and because BH is equal to 
EF, and AB to . E; the two AD, BH are equal to the two DE, EF, 
each to each; and they contain equal angles ; therefore (4. 1.) the 
base AH is equal to the base DF, and the triangle ABH to the trian- 
gle DEF, and the other angles are equal, each to each, to which the 

equal sides are opposite ; therefore the angle BHA is equal to the an- 
gle EFD; but EFD is equal to the angle BCA; therefore also the 
angle BHA is equal to the angle B. A, thatis, the exterior angle BHA. 
of the triangle AHC is equal to its interior and opposite angle BCA, 
which is impossible (16. 1.); wherefore BC is not unequai to EP, that 
is, it is equal to it; and AB is equal to DE ; therefore the two AB, 
BC are equal to the two DE, EF, each to each; and they contain 
equal angles; wherefore the base AC is equal ta the base DE, and 
the third angle BAC to the third angle RDF. Therefore. if two tri- 
angles, &c. Q. E. D. 


PROP. XXVII. ''HEOR, 


Jf a straight Une falling upon 1wo other struight lines makes the alternate 
angles equal to one another, these two straight lines are parallel. 


Let the straight line EF’, which falls upon the two straight lines AB, 
CD make the alternate angles AEF, EFD equal to one another ; AB 
is parallel to CD. . 

For, if it be not parallel, AB and CD being produced shall meet 
either towards B, D, or towards A, C; let them be produced and 
meet towards B. Din the point G: therefore GEF isa triangle. and 
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its exterior angle AEF is greater (16. 1.) tban the interior and oppor 
site angle EFG ; but it is | 

also equal to it, which is f 
impossible: therefore, AB A. T 


— i a 


Db 
and CD being produced, 
do not meet towards B, 
D. In like manner it may 
be demonstrated that they 
do not meet towards A, 
C ; but those straight lines 
which meet neither way, though produced ever so far, are parallei 
(30. Def.) to. one another. AB therefore is parallel to CD. Where- 
fore, if a straight line, &c. Q. E. D. 


PROP. XXVIII. THEOR. 


If a straight line falling upon two other straight lines makes the exterior 
angle equal to the 1nterzor and opposite upon the sume side of the 
dine ; or makes the interior angles upon the same side together equal to 
two right angles ; the two straight lines are perailel to one another. 


Let the straight line EF, which falls upon the two straight lines 
AB, CD, make the exterior angle EGB equal to GHD, the interior 
and opposite angle upon the * 
same sides or let it make the 
interior angles on the same 
side BGH, GHD together AB XB o uH 
equal to two right angles; AB | 
is parallel to CD. 

Because the angle EGB is 


équal to the angle GHD, and C P D » 
T 





4 
a 


also (15. 1.) totheangle AGH, 

the angle AGH is equal to the 

angle GHD; and they are the 

alternate angles; therefore AB is parallel (27. 1.) to CD. Again, 
because the angles BGH, GHD are equal (By Hyp ) to right an- 
gles, and AGH, BGH, are also equal (13. 1.) to two right angles, the 
angles AGH, BGH are equa! to the angles BGH, GHD: Take away 
the common angle BGH ; therefore the remaining angle AGH is equal 
to the remaining angle GHD; and they are alternate angles; there- 
fore AB is parallelto CD. Wherefore, if a straight line, &c. Q.E.D. 


PROP. XXIX. THEOR. 


dj a straight line fall upon two parallel straight lines, it makes the alter- 
nate angles equal to one another; and the extertor angle equal to the 
interior and opposite upon the same side; and likewise the two inte- 
rior angles upon the same side together equal to two right angles. 


Let the straight line EF fall upon tho parallol straight lines AB, 
CD ; the alternate angles AGH, GHD are equal to one another; an¢ 
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the exterior angle EGB is equal to the interior and opposite, upon 
the samo side, GHD ; and the two interior angles BGH, GHD upon 
the same side are together equal to two right angles. 

For if AGH be not equal to GHD, let KG be drawn making the 
angle KGH equal to GHD, and produce KG to L ; then KL will be 
parallel to CD (27. 1.) ; but | 


AB is also parallel to CD; 

therefore two straight lines NS 

are drawn through the same A. — — B— 
point G, parallel to CD, and K Ne | 


yet not coinciding with one 
another, which is impossible 


(11. Ax.) 'Theangles AGH, C H D 
GHD therefore are not un- | 
equal, that is, they are equal 


to one another. Now, the 
angle EGB is equal to AGH (15. 1.) ; and AGH is’ proved to be 
equal to GHD; therefore EGB is likewise equal to GHD ; add to 
each of these the angle BGH ; therefore the angles EGB, BGH are 
equal to tho angles BGH, GHD ; but EGB, BGH are equal (13. 1.) 
to two right angles ; therefore also BGH, GHD ara equal to two right 
angles. Wherefore, ìf a straight line, &e. Q. E. D. 

Cor. If two lines KL and CD make, with EF, the two angles 
KGH, GHC together less than two right angles, KG and CH will 
meet on the side of EF on which the two angles are that are less than 
two right angles. 

For, if not, KL and CD are cither parallel, or they meet on the 
other side of EI" ; but they are not parallel ; for the angles KGH, 
GHC would then be equal to two right angles. Neither do they meet 
on the other side of EF ; for the angles LGH, GHD would then be 
two angles of a triangle, and less than two right angles; but this is 
impossible; forthe four angles KGH, HGL, CHG, GHD are together 
equal to four right angles (13. 1.) of which the two, KGH, CHG are 
by .supposition less than two right angles ;. therefore the other two, 
HGL, GHD are greater than two right angles. ‘Therefore since KL 
and CD are not parallel, and since they do not meet towards L and D, 
they must meet if produced towards K and C. : 


PROP. XXX. THEOR. 


Straight lines which are parallel to the same straight line are parallel 
to one ancther. | | 


vt AB, CD, be ouch of them parallel to EF; AB is also parallel 
to CY. 


Let the straight line GHK cut AB, EE, CD ; and because GHK 
Cuts the parallel straight lines AB, EF, the angle AGH is equa! 
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(29. 1.) to the angle GHF. A- \ 

oor because the. straight .line 

(3K cuts the parallel straight A \g H 
lines EF, CD, the angle GUF c og Pm 

is equal (29. 1.) to the angle ~ 

GKD: and it was shewn that oes’ — * 
the angle AGK is equal to the c 
angle GHF ; therefore also AGK e 

is equal to GKD ; and they are ee oe 
alternate angles ; therefore AB X D 
is parallel (27. 1.) to CD. Where- ) 

fore atraight lines, &c. Q. E. D. 


PROP. XXXI. PROB. 


Lo draw a straight line through a given point parallel to a given 

straipht line. 

Let A be the given point, and BC the given straight line, it is re» 
quired to draw a straight line 
through the point A, parallel to A. | 
the straight line BC. E | p 

In BC take any point D, and 
join AD; and at the point A, — — —— — 
in the straight line AD, make B D C 
(23. 1.) the angle DAE equal to the angle ADC ; and produce the 
straight line EA to F. 

Because the straight line AD, which meets the two straight lineg 
BC, EF, makes the alternate angles EAD, ADC equal to one another, 
EF is parallel (27. 1.) to BC. Therefore the straight line BAF isg 
drawn through the given point A parallel to the given straight lins 
BC. Which was to be done. 


PROP. XXXII. THEOR. 


if a side of any triangle be produced, the exterior angle is equal to the 
two interior and opposite angles; and the three interior angles of 
every triangle are equal to two right angles. 


Let ABC be a triangle, and let one of its sides BC be produced to 
D ; the exterior angle ACD is equal to the two interior and opposite 
angles CAB, ABC ; and the three interior angles of the triangle, viz. 
ABC, BCA, CAB, are together equal to two right angles. 

Through the point C draw 
CE parallel (31. 1.) to the 
straight line AB; and because 
AB is parallel to CE, and AC 
meets them, the alternate an- | 
ules BAC, ACE are equal (29. 
1.) Again, because AB ts 
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parallel to Cli, and BD falls upon them, the exterior angie HCO is 
equal to the interior and opposite angle ABC, but the angle ACIs 
was shewn to be equal tothe angle BAC ; therefore the whole extert- 
or angle ACD is egual to the two interior and opposite angles CAB, 
ABC ; 10 these angles add the angle ACB, and the angles ACD, ACB 
ara equal to the three angles CBA, BAC, ACB; but the angles ACD 
ACB are equil (1. 1.) to two yight angles; therefore also the angles 
CHA, BAC, ACB are equal to two right angles. Wherefore, if a 
side ofa trianzie, Me. Q. E. D. 

Co». t. Allthe interior angles of any rectilinea! figure are equal 
to twice as many right angles as the figure has sides, wanting four 
right angles. | 

, For any rectilineal figure ABCDE can be divided into as many tri- 
angles as the figure has sides, by drawing straight lines froma point 
F within the firure to each, of its angles. And, by the preceding 
proposition, all the angles of these trie D 
angles are equal to twice as many right — 
anvies as there are triangles, that ts, as 
there are sides of the figure; and the C 
sume angles are equal to the angles of T E 
the figure, together with the angles at 
the point F, which ts the common ver- 
tex of the triangles; that 1s, (2 Cor. | 
5. 1.) together with four right angles. ! 
Therefore, twice as many right angles — *3 
as the figure has sides, are equal to all A 
the angles of the figure, together with four right angeles, that is, tta 
angles of the figure are equal to twice as many right angles as the 
figure has sides, wanting four. 

Con. 2. All the exterior angles of any rectilineal figure are toge- 
ther equal to four right angles. 

Because every interior 
angle ABC, with its adja- rs 
cent exterior ABD, is e- P ad 


qual (13. 1.) to two right : 
angles; therefore all the 
interior, together with all M — 
the exterior an-les of the j 
i f 


figure, are equal to twice 
as many right angles ag 


j 


_ there are sides of the fi- Jj 
gure ; that is, by the fore- D B — C 
going corollary, they are / 
equal to. all the interior 
angles of the figure, to- / 


gether with four righi angles; therefore all the. exteriov angles nre 
equal to four right angles, 
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PROV. XXXHE THEOK. 


the straight lines which juin the extremities ef two equal and parallel 
strazcht lines, towards the same parts, are also themselves equal and 
parallel, i | 


Let AB, CD, be equal and parallel straight lines, and joined towards 
the same parts by tbe straight lines AC, DD; AC, BU arc also equal 
and parallel. 

Join BC ; and because AB is pR- 
rallel to CD, and BC moets them, Noc — 
the alternate angles ABC, BCD are 
equal (29. 1.); and because AB is 
equal to CD), and BC commontathe 
two triangles ABC, DCB, the two EAE eh 
sides AB, BC aro equal to the two D 
DC, CB; and the angle ABC is equal to the angle BCD ; therefore 
the base AC is equal (4. 1.) to the base BD), and the triangle ABC to 
the triangle BCD. and the other angles to the other angles (4. 1.) 
each to each, to which the equal sides are opposite; therefore tho 
angle ACH is equal to the angle CBD ; and because the straight line 
BC meets the two straight lines AC, BD, and makes the alternate an- 
gles, ACB, CBD equal to one another, AC is parnilel (27. 1., to BD; 
e E was shewn to bo equal to it. "lherefore straight lines, &c. 

. E. D. 








PROP. XAXIV. THEOR. 


Lhe opposite sides and angles of a parallelogram are equal to one anù- 
ther, and the diameter bisects it; that 23, dtvides 2t rata two equal 
parts. 


'N. B. A Parallelogram is a four-sided figure, of which the opposite sides are parallel; and 
the diameter is the straight line joining Gyo of its opposite angles. 









Let ACDB be a paralielozram, of which BC is a diameter; the 
opposite sides and angles of the figure ase equal to one another: and 
the diameter BC bisects it. 

Because AB is parallel to CD, and AL 

BC meets them, the alternate angles 

ABC, BCD are oqual (29. 1.) to ona \ 

another; and because. AC is parallel T d 

to BD, and BC meets ther, the al- ‘ae 

ternate angles ACB, CBP are equal — 

(29. 1.) to one another; wherefore C D 
the two triangles ABC, CBD have two angles ABU, BCA in one, 
equal to two angles BCD, CBD in the other, each to each, and the 
side BC, which is adjacent to these equal angles, common to the two 
triangles; therefore their other sides are equal, each to each, and 
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ihé third atigle of the one to the third angle of the other (26. 1.) 
viz. the side AB to the side CD, and AC to BD, and the angle BAC 
equal to the angle BDC. And because the angle ABC is equal to the 
angle BCD, and the angle CBD to the angle ACB, the whole angle 
ABD is equal to the whole angle ACD: And the angle BAC has been 
shewn to be equal to the angle BDC ;. therefore the opposite sides and 
angles of a parallelogram are equal to one another ; also, its diameter 
bisects it: for AB being equal to CD, and BC common, the two AB, 
BC are equal to the two DC, CB, each to cach; now. the angle ABC 
is equal to the angle BCD; therefore the triangle ABC is equal (4. 1.) 
to the triangle BCD, and the diameter BC divides the parallelogram 
ACDB into two equal parts. Therefore, &c. Q. E 


PROP, XXXV. THEOR. 


Parallelograins upon the same base anid between the same parallels, arë 
cqual to one another. 


(SEE THE 2d AND 3d FIGURES.) 


Let the parallelograms ABCD, EBCF be upon the same base BC, 
and between the same parallels AF, BC; the parallelogram ABCD iz 
equal to the parallelogram EBCF. | 

| If the sides AD, DF of the paral- A D F 
jelograms ABCD, DBCF opposite to ^ — 
the base BC be terminated in the 
same point D ; it is plain that each 
of the parallelograms is double (34. 
1.) of the triangle BDC ; and they 
are therefore equal to one another. 6 p V Rs 

But, if the sides AD, EF, opposite to the base BC of the parallelo: 

ams ABCD, EBCF, be not terminated in the same point; then; 
because ABCD is a parallelogram, AD is equal (34. 1.) to BC ; for 
the same reason EF is equalto BC; wherefore AD is equal (1. Ax.) 
to EF; and DE is common; therefore the whole, or the remainder, 
AF is equal (2. or 3. Ax.) tothe whole, or the remainder DF ; now AB 
is also equal to DC; therefore the two EA, AB are equal to tho two 








A. Ad EE ae EA ED F 
| fe NY 
B C B C 


FD, DC, each to each; but the exterior angle FDC is equal (29. 1.) 
to the interior RAB, wherefore the base EB is equal to the base FC, 
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and the triangle EAB (4. 1.) to the triangle FDC. Take the triangle 
FDC from the trapezium ABCF, and from the same trapezium take 
the triangle EAB ; the remainders will then be equal (3. Ax.}, that 
is, the parallelogram ABCD is equal to the parallelogram EBCF: 
Therefore, parallelograms upon the same base, &c. Q. E. D. 


PROP. XXXVI. THEOR. 


Purallelograms upon equal bases, and between the same parallels, are 
equal to one another. 


Let ABCD, EFGH be parallelograms upon equal bases BC, FG 
and between the same parai- | 
lels AH, BG ; the parallelo- — A D E H 
gram ABCD is equal to | 
EFGH, p 

Join BE, CH; and be- 
cause BC is equal to FG, | 
and FG to (34. 1.) EH, BC 
is equal to EH ; and they | : 
are parallels, and joined to- B C F G 
wards the same parts by the straight lines BE, CH : But straight lines 
which join equal and parallel straight lines towards the same parts, 
are themselves equal and parallel (33. 1.) ; therefore EB, CH are both 
equal and parallel, and EBCH is a parallelogram ; and it is equal 
(35. 1.) to ABCD, because it is upon the same basc BC, and between 
the same parallels BC, AH ; For the like renson, the parallelogram 
EFGH is equal to the same EBCH : "Therefore also the parallelo- 
zram ABCD is equal to EFGH. . Wherefore, parallelograms, &c. 

D. 





PROP. XXXVIL THEOR. 


Triangles upon the same base, and between the same parallels, are equa! 
to one another. 


Let the triangles ABC, DBC be upon the same base BC, and be- 
tween the same parallels, AD, E 
BC: The triangle ABC, is 
equal to the triangle DBC. 

Produce AD both ways to the 
points E, F, and through B draw 
(31. 1.) BE parallel to CÀ ; and 
through C draw CF parallel to | 
BD: Therefore, each of the B C 
figures EBCA, DBCF isa paral- | 
lelogram; and DBCA is equal (35. 1.) to DBCF, because they are 
"on the samo base DC, and between the same parallels BC. EF : 
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but the triangie ASC is the. half of the parailelogram MBCA, becausti 
the diameter AB bisects (34. 1.) it; and the triangle DBC ts the half 
of the parallelogram BUF, because the diameter DC bisects it; and 
the halves of equal things are equal. (7. Ax.); therefore tie triangle 
ABC is equal to the uiangle DB J. Wherefore triangles, &c. Q. 6. D. 


PROP. EXXVIHT, THEOR. 


Triangles upon equal bases, and beiween the same parallels, are equal 
to one another. 


Let the triangles ABC, DEF De upon equal bases BC, EP, and be- 
tween the same parallels BI, AD: ‘The triangle ABC is equal to tho 
triangle DEY. | 

Produce AD both ways to the points G, H, and throngh B draw BG 
parallel (31. 1.) to CA, and through F draw FH parallel to ED : 
Then cach of the figures 





GBCA, DEFH is a paral. e D E. 
lelogram ; and they are y 

equal to 36. 1.) one an- 

other, because they are ( 

upon equal bases SU, EE, gr 

and between the same pa- 

rallels BE, Gil; and the | — — Ee 
triangle ABC is the haif 5 C E LH 


(34. 1.) of the parallelogram GBC A, because the diameter AB bisecis 
it; and the triangle DET is the half (34 1.) of the parallelogram 
DEFH, because the dtameter DF bisects it ; But the halves of equai 
things are equal (7. Ax.) 3 therefore the iriangle ABC is equal to tho 
triangle DEF.. Wherefore triangles. &c. Q. E. D. 


PROP. XXXIX. THEOR. 


Equal triangles upon the same base, and upon the same side of it, are 
between the same parallels. 


Let the equal trianzles ABC, DBC bo upon the same base BC, ang 
spon the same side of it; they are between the same parallels. 

Join AD: AD is parallel! to BC ; for, if it is not, through the poin? 
A draw .31. 1.) AE paraliel to BO, and jom EC; The triangle ABC, 
a9 equal (37, 1.) to the triangle HU, because it is upon the same base 
Bt, and between tha same parallels BC, 

AE; Butthe triangie aBC is equal tothe À _ i 
triangle BDC; therefore also the triangle V 

BOC is equal tothe triangle EBC, the great- À 
er to the less, which is impossible: F here- 

fore AE is not parallel to BC. in the same 


manner, it may be demonstrated that no 
other line but AD is parallel to BC; AD — 
js therefore parallel to it. Wherefore equal h ' 
triangles upon, &e. @. F. D. 
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PROP. XL. THEOR. 


qual triangles on the same side of bases, which are equal and in the 
sume straight line, are between the same purallels. 


Let the equal triangles ABC, DEF be upon equal bases BC, EF, 
in the same straight line BP, 
and towards the same parts; 
they are between the same pa- 
yallejs. 


Join AD; AD isparallel tc. 
BC : For, ifit is not, through A 
draw (31. 1.) AG parallel te —— 
BF, ay join GF’. The trianglo i? C H I 
ABCi is equal (38. 1.) to the triangle GEF, because thay are upon equai 
bases BC, ELF, and botween the same parallels BF, AG: But the tri- 
angle ABC is oqual to the triangle DEF ; therefore also the triangle 
DEF is equal to the triangle GEF, the orealer to the less, which is 
impossible ; Therefore AG is not parallel to BF ; and in the same 
manner it may be demonstrated that there is no other parallel to it 
but AD; AD is therefore parallel to BF. Wherefore equal triangles, 
Ne. Q. E. D. 





PROP. ELI. THEO. 
if a parallelogram and a triangle be upon the same base, and between 
the same parallel ; the parallelogvam i 2s double of the triangle. 


Let the parallelosram ABCD and the triangle EBC be upon tho 
same base DC and between the samo pa- 


rallels BC, AE; theparalielogram ABCD A. $ E 

is double of tho triangle EBC. ee wee gee ie oe ore 
Join AC; thenthe triangle ABC is equal ^ i 

(37. 1.) to the trianglo EBC, because they TS j 


are upon the same ‘base BC, and between Y — 
the same parallels BC, AE. Butthe paral- > f 
lelogram ABCD is double (34. 1.) of the / i 


iriangle ADC, because the diameter AC 
divides it into two equal parts; whera- 33 
iore ABCD is also double u fihe triangle 
EBC. Therefore, if a parallelogram, &e. Q. E. D. 


aoo TER TEA- e — 


PROP. SLIL PROB. 


lo describe à par allelogram that shall óc egual io a given irian gle, ane 
have onc of its angles equal to a given mper angle. 


Let ABC be the given triangle. and D the given rectilineal angle. 
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It is required to describe a parallelogram that shall be equai to the 
given triangle ABC, and have ono of its angles equal to D. 

Bisect (10. 1.) BC in K, join AE, and at tho point E im the straight 
line EC make(23. 1.) the angle CEF equal to D; and through A 
draw (31. 1.3 AG parallel to BC, and through C draw CG (31, 1.) 
parallelto EF: Therefore F CG A F G 
is a parallelogram: And because ` 
BE is equal to EC, the triangle 
ABE ia likewise equal (38. 1.) to 
the triangle AEC, since they are 
upon equal bases BE, EC, and 
between the same parallels BC 
AG; therefore the triangle ABC 
is double of the triangle ALC. LM ate 
And the parallelogram FECG is B E 
likewise double (41. 1.) of the 
triangle AEC, because it is upon the same base, and between the 
same parallels: ‘Therefore the parallelogram FECG is equal to the 
triangle ABC, and it hasone of its angles CEF equal to the given an- 
gle D; Wherefore there has been described a parallelogram FECG 
equal to a given triangle ABC, having one of its angieas CEF equalto 
the given angle D. Which was to be done. 





PROP. XLII.. THEOR. 


Lhe complements of the parallelograms which are about the diameter of 
any parallelogram, are equal to one another. 


Let ABCD bea parallelogram of which the diameter is AC: let 
EH, FG be the parallelograms. about AC, that is, through which AC 
passes, and let BK, KD be the other A Ff D 
parallelograma, which make up the : 
whole figure ABCD, and are there- 
fore called the tomplements: The 
com plement BK is equal to the com- 
plement KD. 

Because ABCD is a paralelogram 
and AC its diameter, the triangle 
ABC is equal (34. 1.) tothe triangle | _ 
ADC: And because EKHA is a pa- 3 G C 
rallelogram, and AK its diameter, the | 
triangle AEK is equal to tho triangle AHK: For the same reason, the 
triangle KGC is equal to tho triangle KFC. Then, because the tri- 
angle AEK is equal to thé triangle AH K, and the triangle KGC to 
the triangle KFC; the triangle AEK, together with tho triangle KGC, 
ia equal to the triangle AHK, together with the triangle KFC: But 
the whole triangle ABC is equal to the whole ADC; therefore the re- 
maining complement BK is equal to the remaining complement KD, 
Wherefore, the complements, &c. Q. E. p : | | 
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PROP. XLIV. PROB. 


To a given straight line to apply a purallelogram, which shall be equai 
to a given triangle, and have onc of its angles egual to a, given recti. 
lineal angle. 


Let AB be the given straight line, and C the given triangle, and D 
the given rectilineal angle. It is required to apply to the straight line 
AB a parallelogram equal to the triangle C, and having an angle equal 
toD. Make (42. 1.) the parallelogram BEFG equal to the triangle 


A I Xx 
| 
| 





C, having the angle EBG equal to the angle D, and the side BE in the 
same straight line with AB: produce FG to H, and through A draw 
(31. 1.) AH parallel to BG or EF, and join HB. Then because the 
straight line HF falls upon the parallels AIT, ET, the angles AHF, 
HFE, are together equal (29. 1.) to two right angles ; wherefore the 
angles BF, HF E are less than two right angles : But straight lines 
which with another straight line make the interior angles, upon tha 
same side less than two right angles, do meet if produced (Cor. 29. 1.): 
Therefore HB, FE will meet, if produced ; let them meet in K, and 
through K draw KL parallcl to EA or FH, and produce HA, GB to 
the points L, M: Then HLUKF isa parallelogram, of which the diame- 
ter is HK, and AG, ME are the parallelograms about HK; and LB, 
BF are the complements ; therefore LB is equal (43. 1.) to BF : but 
BF is equal to the triangle C ; wherefore LB is equal to the triangle 
C ; and because the angle GBE is equal (15. 1.) to the angle AB M, 
and likewise to the angle D ; the angle ABM is equal to the angle D : 
Therefore the parallelogram LLB, which is applied to the straight line 
AB, is equal to the triangle C, and has the angie ABM equai to the 
angle D : Which was to be done. 


PROP. XLV. PROB. 


To describe a parallelogram egual to a given rectilineal figure, and hav. 
ing an angle equal to a given rectilineal angle. 

Let ABCD be the given rectilineal figure, and E the given rectili- 

neal angle. Itis required to describe a parallelogram equal to ABCD. 

and having an angle equal to E, | 


A 
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Join DB, aad describe (42. 1.) the parallelogram FH equat to tie 
triangle ADB, and having the angle HKF equal to the angle E ; and to 
the straight line GH (44. 1.) apply the parallelogram GM equal to the 
tnangle DBC, having the angle GHM equal to tho angle E. And be- 
cause the angle E is equal to each of the angles FKH, GHM, the angle 
FKH is equal to GHM ; add to each of these the angle KHG ; there- 
fore the angles FKH, KHG are equal to the angles KHG, GHM ; 
but FKH, KHG are equal (29. 1.) to two right angles; therefore also 
KHG, GHM< are equal to two right angles: and because at the point 


D 2. R0 D 





e coni —— ad 
A. BEK H M 
H in ihe straight line GH, the two straight lines KH, HM, upon the 
opposite sides of GH, make the adjacent angles equal to two right an- 
glos, KH, isin the same straight line (14. 1.) wih HM. And be. 
Cause the straight line HG meets the parallels KM, FG, the alternate 
angles MHG, HGF are equal (29. 1.) ; add to each of these the an- 
gle HGL ; therefore the angles MHG, HGL, are equal to the angles 
HGF, HGL: But the angles MHG, HGL, are equal (29. 1.) to two 
rigbt angles ; wherefore also the angles HGF, HGL; are equal to two 
right angles, and FG is therefore in the same straight line with GL. 
And because KF is parallel to HG, and HG to ML, KF is parallel (30. 
1.) to ML ; but KM, FL are parallels : wherefore KFLM is a parallel- 
ogram. And because the triangle ABD is equal to the parallelogram H 
, and the triangle DBC to the parallelogram GM, the whole rectilineai 
figure ABCD is equal to the whole parallelogram KF LM ; therefore 
the parallelogram KF LM has been described equal to the given recti. 
lineal figure ABCD, having the anglo FEM equal to the given anole 
E. Which was to be done. 
Cor. From this it is manifest bow to a given straight line to apply 
a parallelogram, which shall have an angle equal to a given rectilt- 
nealangle, and shall be equal to 2 given rectilineal figure, viz. by 
applying (44. 1.) to tho given straight line a parallelogram equal to 
the first triangle ABD, and having an angle equal to the given angle. 
PROP. XLVI. PROB. 


To describe a square upon a given straight line. 
Let AB be the given straight line: itis required to describe a 
square upon AB. 
From the point A draw (11. 1.) AC at right angles to AB; and 
make (3. 1.) AD equal to AB, and through the point D drew DE- pz- 
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er: 


vailel (31. 1.) to AB, and through B draw BE parallel to AD; there- 
fore ADEB is a parallelogram ; whence AB is equal (34. 1.) to DE, 
and AD to BË ; but BA is equal to AD: œ | 

therefore the four straight lines BA, AD, 

DE, EB are equal to one another, and 

the parallelogram ADEB is equilateral ; D E 
it is likewise rectangular ; for the straight BE. | 
line AD meeting the parallels, AB, DE, 
makes the angles BAD, ADE equal (29. | 
1.) to two right angles; but BAD is aright 

angle; therefore also ADI isa right angle 
now the opposite angles of parallelograms 
are equal (34. 1.); therefore each of the 

opposite angles ABE, BED isa right an- A — 
gle; wherefore the figure ADEB is rect- 
angular, and it has been demonstrated that it is equilateral; it is 
therefore a square, and it is described upon the given straight line 
AB; Which was to be done. 

Cor. Hence every parallelogram that has one right angle has ali 
its angles right angles. 


PROP. XLVI. THEOR. 


In any right angled triangle, the square which is described upon the side 
— Subtending the right angle, 1s equal to the squares described upon the 
sides which contain the right angle. 

Let ABC bea right angled triangle having the right angle BAC; 
the square described upon the side BC is equal to the squares describ- 
ed upon BA, AC. | | 

On BC describe (46. 1.) the square BDEC, and on BA, AC the 
squares GB, HG ; and through A draw (31. 1.) AL parallel to BD or 
CE, and join AD, FC; then, because eachof the angles BAC, BAG 
is a right angle (25. def.), the | 
two straight lines AC, AG upon 


G 
tho opposite sides of AB, make 
with it at the point A the adja- TE 
cont angles equal to two right an- q 
gles; therefore CA isin the same A 
straight line (14. 1 ) with AG; A 
N 


for the same reason, AB and AH 


are in the same straight line. AN 
Now because the angle DBC is — 8 
equal to the angle FBA, each of B C 


them being a right angle, adding 
to each the angle ABC, the whole 
angle DBA will be equal (2. Ax.) 
to the whole FBC ; and because 
the two sides AB, BD, are equal 
to the two FB, BC each to each, p —Lx 
and the angle DBA equal to the 
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angle FBC, therefore the base AD is equal (4. 1.) to the base FU, 
and the triangle ABD to the triangle FBC. But tho parallelogram 
BL is double (41. 1.) ofthe triangle ABD, because they are upon 
the same base, BV), and between the same parallels, BD, AL ; and the 
square GB is double ofthe triangle BFC, because these also are upon 
the same base FB, and between the samo parallels FB, GC. Now 
the doubles of equals are equal (6. Ax.) to one another; therefore 
the parallelogram BL is equal to the square GB: And in the same 
manner, by joining AE, BK, it is demonstrated that the parallelogram 
CL is equal to the square HC. Therefore, the whole square BDEC 
18 equal to the two squares GB, HC; and the square BDEC is de- 
scribed upon the straight line BC, and the squares GB, HC upon BA, 
AC: wherefore the square upon the side BC is equal to the squares 
OE - sides BA, AC. ‘Therefore, in any right angled triangle, &c. 


PROP. XLVIII. THEOR. 


If the square described upon one of the sides of a triangle, be equal to 
the squares described upon the other two sides of tt; the angle con- 
tained by these two sides 23 a roght angle. 


If the square described upon BC, one of the sides of the triangle 
ABC, be equal to the squares upon the other sides BA, AC, the angle 
BAC is a right angle. 

From the point A draw (11. 31.) AD at right angles to AC, and 
make AD equal to BA, and join DC. Then because DA is equal to 


AB, the square of DÀ is equal to the square D 

of AB; To each of these add the square of \ 
AC; therefore the squares of DA, AC are À 
equal to the squares of BA, AC. But the | A 
square of DC is equal (47. 1.)to the squares A , 

of DA, AC, because DAC is a right angle ; \ 
and the square of B:', by hypothesis, is equal xx 
io the squares of BA, AC ; therefore, the PY 
square of DC is equal to the square of BC ; a — 


and therefore also the side DC is equal to the C 
side BC. And because the side DA is equalto AB, and AC common 
to the two triangles DAC. BAC, and the base DC likewise equal to 
the base BC, the angle DAC is equal (8. 1.) to the angle BAC ; But 
DAC is a right angle; therefore also BAC is a right angle. There- 
fore, if the square, &c. _ Q. E. D, 
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DEFINITIONS. 
I. 

Every right angled parallelogram, or rectangle, is said to be con- 
tained by any two of tho straight lines which are about one of the 
right angles. | 

“Thus the right angled parallelogram AC is called the rectangle 
*t contained by AD and DC, ar by AD and AB, &c. For the sake of 
*! breyity, instead of the rectangle contained by AD and DC, we shall 
‘‘ simply say the rectangle AD.DC, placing a point between the two 
‘sides of the rectangle. Also, iustead of the square of a line, for 
‘t instance, of AD, we shall frequently in what follows write AD*.” 

‘¢ The sign -+ placed between the names of two magnitudes, signi- 
t fies that those magnitudes are to be added together, and the sign 
** — placed between them, signifies that the latter is to be taken away 
‘t from the former.” 

«The sign = signifies, that the things between which it is placed 
* are equal to one another." 

Il. 


In every parallelogram, any of 
the parallelograms about a di- 
ameter, together with the two 
complements, is called a Gno- 
mon. “Thus the parallelo- 
* gram HG, together with the 
‘‘complements AF, FC, is the 
t: gnomon of the parallelogram 
“AC. This gnomon may also, 
‘(for the sake of brevity, be 
* called the gnomon AGK or 

' «i EBC.” 
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PROP. I, THEO, 


if there be two straight lines, one of which ts divided into any number 
of parts ; the rectangle contazned by the two straight lines ıs equal to 
the rectangles contained by the undivided dine, and the several parts 
of the divided line. 


Let A and BC be two straight lines; and let BC be divided into any 
parts in the points D, E ; the rectangle À.DC is equal to tho severa! 
rectangles A.BD, A. DE, A.EC. 

From the point B draw (11. 1.) 

BF at right angles to BC, and —~ 7 C 
make BG equal (3. 1.) to A; and B ! M d 
through G draw (31. 1.) GH pa- | 

rallel to BC ; and through D, E, C, 

draw (31. 1. DK, EL, CH paral- 

lel to BG ; then BH, BE, DL, and 

EH are rectangles, and BH = BK G 


-+ DL + EH. L H 
But BH= BG.BC = A.BC, be- ae e 
cause BG = A: Also BK = BG. pw A. 


BD = A.BD, because BG = A; 

and DL=DK. DE=A.DE, because (34. 1.) DK=BG=A. In 
hike manner, EH = A.EC. Therefore A.BC = A.BD-+A.DE-+ 
A.EC; that is, the rectangle A.BC is equal to the several rectangles 
A.BD, A, DE, A.EC. Therefore, if there be two straight lines, &c. 
Q. E. D 


PROP. II. THEOR. 


Hf a straight line be divided into any two parts, the rectangles contained 
by the whole and each of the parts, are together equal to the square of 
the whole line. 


Let the straight line AB be divided into any two parts in the point C ; 
the rectangle AB.BC, together with the rect- A C 
angle AB.AC, is equal to the square ` of AB; — 
or AB.AC + AB. BC = AB. 

On AB describe (46. 1.) the square ADEB, 
and through C draw CF (31. 1.) parallel to 
AD or BE ; then AF + CE = AE. But AF 
= AD. AC == == AB.AC, because AD = AB; 
CE = BE.BC = AB. BC; and AE = AB’. 
Therefore AB.AC + AB. BC = AB. There- aes. 
fore, if a straight line, &c. Q. E. D. D Tn 
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PROP. IHE THEOR. 


ff a straight line be divided into uny two parts, the rectangle contained 
by the whole and one of the parts, zs equal to the rectangle contained 
by the two parts, together with the square of the aforesaid part. 


Let the straight line AB be divided into two parts in the point C ; 
the rectangle AB.BC is equal to the rectangle AC. BC, together with 
BC, | 


Upon BC describe (46. 1.) the 
NE CDEB, and od ED to A C b 
I", and through À draw (31. 1.) AF 
parallel to CD or BE; then AE — 
AD + CE. 

But AE = AB.BE == AB.BC, 
because BE=BC. SoaltsoAD= 
AC.CD = AC.CB; and Dx 
BC*; therefore AD. BC — AC. | 
+ BC? Therefore, if a straight F D E 
ime, &c. Q. E,D. 


PROP. iV. THEO. 
If a straight line be divided into any two parts, the square of the whole 


line ts equal to the squares of. the two parts, together. with twice the 
rectangle contained by the parts. 





Let the straight line AB be divided into any two parts in C ; the 
square of AB is equal to the squares of AC, CD, and to twice the rect- 
angle contained by AC, CB, that is, AB? = AC? 4+ CB? + 2AC.CB. 

pon AB describe (16. 1.) the square ADEB, and join BD, and 
through C draw (31. 1.) CGF parallel to AD or BE, and through G 
draw HK parallel to AB or DE. . And because CF is parallel to AD, 
and BD falla upon them, the exterior an- 
gle BGC is equal (29. 1.) to the interior A C 
and opposite angle ADB; but ADB is 
equal (5. 1.) tothe angle ABD, because 
BA is equal to AD, being sides of a square; 
wherefore the angle CGB is equal to the 
angle GBC; and therefore the side BC is 
equal (6. 1.) to the side CG: but CB is 
Te (34. 1.) also to GK and CG to BK: 
wherefore the figure CGKB is equilateral. 
It is hkewise. rectangular; for the angle 
CBK being a right angle, the other angles of the parallelogram CGKB 
are also right angles (Cor. 46. 1.) Wherefore CGKB is a square, and 
't 13 upon the side CB. For the same reason HF also isa square. ang 
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it is upon the side HG, which is equal to AC: therefore HF, CK are 
the squares of AC, CB. And because the complement AG is equal 
(43. 1.) to the complement GE ; and because AG=AC.CG=AC.CB, 
therefore also GE=AUC.CB, and AG-+GE=2AC.CB. Now, HF= 
AC? and CK=CB?’; therefore, HF+-CK+AG+GE=AC?-+-CB?++- 
2AC.CB. 

. But HF I-CK 4- AG 4- GE —the figure AE, or AB? ; therefore AB? 
= AC?+-CB?+-2AC.CB. Wherefore, if a straight line be divided 
&c. Q. E. D. | 

= Cor. From the demonstration, it is manifest that the parallelogram 
about the diameter of a square are likewise squares. | 


PROP. V. THEOR. 


Ifa straight line be divided into two equal parts, and also into two un» 
equal parts ; the rectangle contained by the unequal parts, together 
with the square of the line between the points of section, zs equal to the 
square of half the line. 


Let the straight line AB be divided into two equal parts in the point 
C, and into two unequal partsin the point D ; the rectangle AD.DB, 
together with the square of CD, is equal to the square of CB, or AD. 
DB J-CD'—CPB*. | 

Upon CB describe (46. 1.)the square CEFB, join BE, and through 
D draw (31. 1.) DHG parallel to CE or BF ; and through H draw 
KLM parallel to CB or EF ; and © C 
alao through A draw AK parallel 
to CL or BM: And because CH a 











= HF, if DM be added to both, 
CM=DF. But AL=(36. 1.) CM, 
therefore AL — DF, and adding 
CH to both, AH --gnomon CMG. 
But AH — AD.DH = AD.DB, Y 
because DH=DB (Cor. 4. 2.) ; 
therefore gnomon CMG—AD.DB. To each add LG=CD% then, 
gnomon CMG + LG=AD.DB+CD*. But CMG+ LG = BC’: 
CED AD.DB+CD*=BC*. Wherefore, ifa straight line, &c. 
* Cog. From this proposition itis manifest, that the difference of 
"t the squares of two unequal lines, AC, CD, is equal to the rectangle 
‘¢ contained by their sum and difference, or that AC?—CD?=(AC-+- 
* CD) (AC — CD.» POM 


PROP. VI. THEOR. 


If a straight line be bisected, and produced ta any point ; the rectangle 
contatned by the whole line thus produced, and the part of st produced, 
together anth the square of half the line bisected, is equal to the square 
of the straight line which ts made up of the half and the part produced. 


Lot the straight line AB be bisected in C, and produced to the point 
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D; the rectangle AD.DB, togother with the square of CB, is equal te 
the square of CD. 

Upon CD describe (46. 1.) the square CEFD, join DE, and through: 
B draw (31. 1.) BHG parallelto CIE or DF, and through H draw KLM 
parallel to AD or EF. and also through A draw AK. parallel to CL or 
DM. And because AC is equal to CB, the rectangle A L js equal (36. 1.) 
to J ; but CH is eqnal (43. £.) J 
to ; therefore also AL is equal ! 
to HF: To each of these ‘add A. Ç 5 p 
CM: therefore the whole AM is 





equal to the gnomon CMG. Now 3^ | 
AM=AD.DM=AD.DB, because E- Hp 
DM == DB. Therefore gnomon 
CMG-AD.DB, and CMG-- LG 
m ee. But CMG + 

= CF = 2 : Tum amu aa 
| CI, therefore AD TS GF 


DB + CB?! = CD*. Therefore, 
if a straight line, &c. Q. E. D. 


PROP. Vi. THEORK. 


Jf a straight line be divided into any two parts, the squares of the whoie 
. hne, aud of one of the parts, are equal to twece the rectangle contatn- 
ed by the whole and that part, togeti.er with the square of the other part. 


Let the straight line AB be divided into any two parts in the pdiné 
C ; the squares of AB, BO, are equal to twice the rectangle AB.BC, 
together with thé square of AC, or AB?-BC?*—2ADB.BC-FAC. ` 

‘Upon AB describe (44. 1.) the square ADERB, and coastruct. the’ 
figure as in tho preceding propositions: Because XG—GE, AG -CK: 
— GE--- CK, that is, AK — CE, and there- y 


fore AK--CE--2AK. But AK--CE — A C B 
gnomon AKF--CK ; and therefore, AÉF ! | 
+-CK = ?2AK—92AD.DBK-2Af.BC, be- ! | 
cause BK (Cor. 4. 2.) BC. Since then, . T C 


AKF +CK=2AB.BC, AKF+CK+HF | ' 
-9AB.BC-F-HF ; and because AKE- | 
HF—AE-ABs XB? CK —2AD.DC4- | 
HB, that is, (since CK = CB4, and HE | 
-AC2) AB:-F CB? — 2AB.DC 4- AC*. * - 
Wherefore, ifa straight line, &c. Q. E. D. D FoB 


Otherwise, 


os Because AB? = AC? ^ BC? -|- 9AC. BE (4. Be), adding BC? te 
‘both, AB?-- BC? — AC*4-23C°-- 2AC. BC. C 
*But BC?--AC. BC—AD.BC (3. 2.); and ut üÉ 
“ therefore, 2BC?--2AC.BC - 2A B.BC ; and Hog — 
** therefore A B?-1- — sio 
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* Cor. Hence, the sum of the squares of any two lines is cquai 
“to twice the rectangle contained .by the lines together with the 
5 square of the difference of the lines.” 


PROP. VIII. THEOR. 


If a sivaight line be divided iuto any two parts, four iimes the vectangle 
contained by the whole line, and one of the parts, together with the 
square of the other part, ts equal to the square of the straight line 
which ts made up of the whole and the first-mentioned part. 


Let the straight line AB be divided into any two parts in the point 
C ; four times the rectangle AB.BC, together with the square of AC, 
is equal to the square of the straight line made up of AB and BC to- 
gether. 

Produce AB to D, so that BD be equal to CB, and upon AD de- 
scribe the square AEFD ; and construct two figures such as in the 
— Because GK is equal I 1.) to CB, and CB to BD, and 

D to KN, GK is equal to KN. or the same reason, PR is equal to 
RO ; and hecause CB is equal to BD, and GK to KN, the rectangles 
CK and BN are equal, as also the rectangles GR and RN : But CK 
is equal (43. 1.) to RN, because they are the complements of the 
parallelogram CO: therefore also BN is equal to GR; and the four 
rectangles BN, CK, GR, RN are therefore equal to one another, and 
soCK+BN-+GR-+-RN=iCK. . Again, because CB is equal to BD, 
and BD equal (Cor. 4. 2.) to BK, that 
is, to CG; and CB equal to GK, that A 
(Cor. 21. 2.) is, to GP ; therefore CG 
is equal ta GP; and because CG is 
equal to GP, and PR te RO, the rect- 
angle AG is equal to MP, and PL to - 
RF: But MP is equal (43. 1.) to PL, 
because they are the complements of 
the parallelogram ML; wherefore 
AG is equal also to RF. Therefore 
the four rectangles AG, MP, PL, RF, „x 
are equal to one another, and so AG & H Li F 
+MP +4PL4RFEF=4AG. Andit wag 
demonstrated, that CKh-+-BN+GR+RN=4CK ; wherefore, adding 
equals to equals, the whole gnomon AODH=4AK. Now AK= AB.BK 
—AB.BC, and 4AK —4A B.BC ; therefore, gjomon AOH — 4A B. BC; 
and adding XH, or (Cor. 4. 2.) AC?, to both, gnomon AOH-à-XH— 
4AB.BC+AC% But AOH+XH=AF>AD’; therefore AD?— 
4AB.BC-+AC*. Now AD is the line that is made up of AB and BC, 
T^ — into one line: Wherefore, if a straight line, &c. 

* Cor. 1. Hence, because AD is the sum, and AC the difference of 
* the lines AB and BC, four times the rectangle contained by any two 


“t lines, together with tho square of their difference. is equal to the 
** square of the sum of the lines.” 
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* Cor. 2. From tha demonstration it is manilest, that since the 
' square of CD is quadruple of the square of CB, the square of anv 
* ]ine is quadruple of the square of half that line.” | | 


Otherwise : 


t Because AD is divided any how in C (4. 2.). AD? = AC? -]- CD* 
* --2CD.AC. But CD-- ?CB ; and therefore CDz CB?4- BD*-4- 
4 2CB.BD (4. 2.) = 4CB?, and also 2CD. AC —4CB.AC ; therefore, 
* AD? — AC’ +4BC 7+ 4BC.AC. Now BC? 4- BC. AC —ARB.BC 
*t (3. 2.) and therefore AD? — AC+4AB.8C. Q. E. D." 


PROP. IX. THEOR. 


If a straight line be dzvided into two equal, and also into two unequal 
paris ; the squares of ihe two unequal parts are together double of the 
square of half the line, and of the square of the line between the points 
of section. 


© Let the straight line AB bo divided at the point C into two equal, 
aud at D into two unequal parts ; The squares of AÐ, DB are toge- 
ther doublo of the squares of AC, CD. 

From the point © draw (11. 1.) CE at right angles to AB, and make 
it equal to AC or CB, and join EA, EB ; through D draw (31.1. DF 
parallel to CE, and through F draw FG parallel to AB ; and join AF ; 
Then, because AC is equal to CH, the angle EAC is equal (&. 1.) to the 
angle AEC ; and because the angle ACE is a right angle, the two 
others AEC, EAC together make one right angle (32. 1.) ; and they 
are equal to one another ; each of them therefore is half of a right 
angle. For the same reason each of | 
theangles CEB, EBCishaltarghiun- 
. gle; and therefore the whole AEB Is 
a right angle ; And because the angle 
GEF is halfa right angle, and EGF a 
right angio, for it is equal (29. 1.) to 
the interior and opposite angle ECB, 
the remaining angle EF G is halfa right 
angle; therefore the angle GEF is equal to the angle EFG, and the 
side EG equal (6. 1.) to theside GF ; Again, because tbe angle at D is 
half a right angle, and FDB a right angle, for it is equal (29. 1.) to the 
interior and opposite angle CB, the remaining angle BFD is half a 
right angle ; therefore the angle at Bis equal to the angle BFD, and the 
side DF to (6. 1.) the side DB. Now, hecause AC= CE, AC?=CE?, 
and AC?--CE?—2AC, But (47. 1.) AE?=AC*°+CE?; therefore 
AE?=2AC*, Again, because EG-—GF, EG?^—GE", and EG?-- GE? 
=2GF But EPF?^—EG?tFGE?:; therefore, EF?*—2GFP?*—2CD?, 
because (34. 1.) CD=GF. And it was shown that AE?^—2AC?*; 
therefere AE?-]- £F2,7-: 9AC? -I- 2CD?, But (47, 1.) AE? AE? ~- 
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EF?, and ÀD?-- DF2— AE?, or AD?4-DB'—AFY?: thereforo, aldo, 
AD? J- DB? — 2ÀC? 4- 2CD*. Therefore, if a straight line, &c. 


Q. E. D. 
Otherwise 5 


. * Because AD*= (4. 2.) AC-ECD*?-4-24AC.CD, and DBP?4-2BC. 
4 CD (7. 2.) D77--CUDC—AC?4-CD', by adding cquals, to equals, 
* AD?.--BD*--?2BC.CD-—2?AC?--9C D?--2AC.CD ; and therefore 
*5 taking away the equal rectangles ?DC.CD and 2AC.CD, there re. 
ff mains AD?--DD?—929A C?-E?CD?.? 


PROP. X. THEOR. 


If a straight line be bisected, anid produced to any point, the square of 
the whole line thus produced, and the square of the part of it produc- 
ed, are together double of the square of half the line bisected, and of 
the square of the line made up of the half and the part produced. 


Let the straight line AB be bisected in C, and produced to the point 
JD; the squares of AD, DB are double of the squares of AC, CD. 

F'rom the point C draw (1!. 1.) CE at right anglesto AB, and make 
it equal to AC or CB; join AE. EB ; through E draw (31. I.) EV pa. 
rallel to AD, and through D diaw DF parallel to CK. And because 
the straight lino LF meets the parallela EC, F D,theangles CEF, EFD 
are equal (29. 1.) to two right angles; and therefore the angles BEF, 
EFD are less than two right angles ; But straight lines, which with 
another straight line make the interior angles upon the same side less 
than two right angles, do meet, (Cor 29. 1.) if produced far enough ; 
therefore EB, FD will meet, if produced, towards D, D : let them 
meet in G, and join AG’. Then because AC is equal to CE, the angle 
CEA is equal (5. 1.)to the angle EAC ; and the angle ACE is a right 
pngle ; therefore each of the angles CEA, EAC is half a right angle 
(32. 1.) ; For the same reason, cach of the angles Ci.D, EDC is half 
a right angle ; therefore AED is a right angle ; And because EBC is 
half a right angle, DEG is also (15. 1.) half a right angle, for they are 
vertically opposite: but BUG is a right angle. because it is equal (29. 1.) 
to the alternate angle DCE; therefore the remaining angle DGB is 
half a right angle, and is therefore equal to the angle DBG; where- 
fore also the side DD is equal (6. 1.) to the side DG. — Again, because 
HGF is half a right angle, and the angle at F a right angle, being equal 
(34. 1.) to the opposite angio — E 
ECD, the remaining angle FEG * | 
is half a right angle, and equal to : 
the angle EGF; wherefore also 
the side GF is equal (6. 1.) to 





f 


the side FE. And becavso EC | 
(5 


H= CA, EC? + CA? = 2CA*% A: A L 
Now AE*=(47. 1.) AC--CE; iS 
therefore, AE?-:29 4C*. — Avain. | 
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because LEF=FG, EF°=FG7, and EF?--YG^—92ETI?. But EG? = 
(47. 1.) EF?+ FG"; therefore IEG^-:2EEF?; and. since E CD, 
EG*=2CD*. And it was demonstrated, that AE?—2AC?; therefore, 
AE?^J-EG?:2AC?--9CD* Now, AG’=Al?+EG’. wherefore 
ÀG'--2AC?--2CD?. But AG? (47. 1.)=AD?+ DG*=AD*®+ DB’, 
because DG=DB: Therefore, AD?+-DB?=2AC?4+-2CD*; Where- 
fore, if a straight line, &c. Q. E. D. 


PROP. XI. PROB. 


Lo divide a given straight line into two parts, so that the rectangle con: 
tained by the whole, and one of the parts; may be equal to the square 
of the other part. 


Jet AB be the given straight line; itis required to divide it into 
two parts, so that the rectangle contained by the whale, and one of 
the parts, shall be equal to the square of the other part. 

Upon AB describe (46. 1.) the square ABDC; bisect (10. 1.) AC 
in E, and join BE; preduce CA to F, and make (3. 1.) EF equal to 
EB, and upon AF describe (46. 1.) the square FGA, AB is divided 
ip H. so that the rectangle AB, BH is equal to the square of AH. 

Produce GH to K : Because the straight line AC is bisected in Ë, 
and produced to the point F, the rectangle CF.FA, together with the 
square of AE, is equal (6. 2.) to the square of EF: But EF is equal 
tó EB ; therefore tho rectangle CF.FA. together with the square of 
AE, is equal to the square of EB: And the squares of BA, AE are 
equal (47. 1.) to the square of KB, be. F G 
cause the angle EAB isa right angle ; 
therefore the rectangle CF.FA, toge- 
ther with the square of AE, is cqual to 
the squares of BA, AE: take away the 
square of AE, which is common to both, 
therefore the remaining rectangle CF.EA 
is equal to the square of AB. Now the 

‘figure FK is the rectangle CF.F A, for Ax 
is equal to FG ; and AD is the square of 
AB ; therefore FÉ is equal to AD: take 
away the common part AK, and the re- 
mainder FH is equal to the remainder 
HD. But HD is the rectangle AB.BH, 
for AB is equal to BU; and FFI is: the 
square of AH; therefore the rectangle CÀ 
AB.BH is cqual to the square of AH: D 
Wherefore the straight line AB is divided in H, so that the rectangle 
A B.RH is equal to the square of AH. — Which was to be done: 






C 
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PROP. XH. THEOR. 


In obtuse ángled triangles, if a perpendicular be drawn from any of 
the acute angles to tke oppasiie side produced, the square of the side 
subtending the obtuse ungle is greater than the squares of the sides con- 
taining the obtuse angle, by iwice the rectangle contained by the side 
upon which, when produced, the perpendicular falls, and the straight 
dine entercected between the perpen-icular and the obtuse «nale. 


Let ABC be an obtuse angled triangle, having the obtuse angle ACB, 
and from the point A iet AD be drawn (12: 1.) perpendicular to BC 
produced: Tho square of AB is greater than the squares of AC, 
CB, by twice the rectangle BC.CD. 

Because the straight line BD is divided into two parts in the point 
C, BD? = (4. 2.) BC?-+CD?-+ 
°BC.CD: add AD’to both: Then 
BD?+ AD?=BC? + CD? -+ AD 
4+2BC.CD. But AB?=BD?-}- 
AD? (47. 1.), and AC?=CD?-+- 
AD? (47. 1.)3 therefore, AB?—— 
BC?-+- AC?+ 2BC.CD; that ts, 
AB? is greater than BC? + AC? 
by 2BC.CD. Therefore, in ob- 
tuse angled triangles, &c. Q.E.D. B C "D 


PROP. XIIL THEOR. 


In every triangle the square of the side subtending any of the acute an» 
gles, is less than the squares of the sides containing that angle, by 
twice the rectangle cuatained by either of these sides, and the siraight 
line intercepted between the perpendicular, let fall upon vt from the 
opposite angle, and the acute angle. 


Let ABC be any triangle, and the aagle at B one ofits acute angles; 
and upon BC, one of the sides containing it, let fall the — 
(12. 1.) AD from the opposite angle : The square of AC, opposite to 
the angle B, is less than the squares of CB, BA by twice the rectan- 
gle CB.BD. 

First, let AD fall within the trian- A 
gle ABC; and because the straight 
Jine CB is divided into two parts in 
the point D (7. 2.), BC? -BD^— 
2BC.BD+CBD*. Add to cach AD’; 
then BC + BD + AD?=2BC.BD 
+ CD? + AD. But BD? + AD’ 
= ADB’, and Cif + DA? = AC? 

(47. 1.); therefore BC? + AB? = 
2DBC.BD - AC? ; tliat ìs, AC? is less D C 
than BC? -- AW? by 2BC. BD. 
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Secondly, Let AD fall without the triangle ABC :* ‘Then because 
the angle at D isa right angle, the angle ACB is greater (16. 1.) than 
a right angle, and AB*=(12. 2.) AC°-+BC?+2BC.CD. Add BC? 
to each; then AB? -+ BC = AU?--2BC:--2BC.CD. But because 
BD is divided into two parts in C, BO? + BC.CD=(3. 2.) BC.BD, 
and 2BU2 -+ 2BC.CD = 28C€.BD: therefore AB? -+ BC? = AC* + 
2BC.BD ; and AC? is less than AB^-BC*, by 2BD.BC. 

Lastly, Let the side AC bo perpen- 
dicular to BC; then is BC the straight dA: 
lino between the perpendicular and the 
acute angle at B; and it is manifest that 
(47. 1.) AB?-]- BC? — AC?4-2DC— AC? 

-F2BC.BC. Therefore in every triangle, 
&c. Q.E.D. 


B C 
PROP. XIV. PROB. 


Fo describe a square that shall be equal to a given retilineal figure. 


Let A be the given roctilineal figure; it is required to describe & 
square that shall bo equal to A. 

Describe (45. 1.) the rectangular parallelogram BCDE equal to the 
rectilineal figure A. If then the sides of it, BE, ED are equal to one 
another, it is a square, and what was required is done; but if they are 
not equal, produce one of them, BE to EF, and make IF equal to EID, 
and bisect BF in G: and from the centro G, at the distance GB, ot GF, 
describe the semicircle BHI’, and produce DE to H, and join GH. 
Therefore, because the straight line BF is divided into two equal 
parts in the point G, and into two unequal in the point E, the rect- 
angle BE.EF, together with the square of EG, is equal (5. 2.) to 
the square of GF: but GF is equal to GH; therefore the rectangle 
BE.EF, together with the square of EG, is equal to the square of 
GH: But the squares of HE and EG are equal (47. 1.) to the square 
of GH: Therefore also 
tho rectangle BE. EF, to- 
gether with the square of 
EG,is equal tothe squares 
of HE and EG. Tako 
away the square of EG, 
which is common to both, 


and the remaining rect- 5 G E 
angle BE.EF is equal to 
the square of KH: But e A D 


BD is the rectangle con- C 


— — — ——— ——— — 


~E 


— —— — —— — — — —————— — ee ee eee 


* See figure af the last Proposition. 
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tained by BE and ET, because EF is equal to ED; therefore BU is 
equal to the square of EH ; and DD is also equal to the rectilineat 
figure A; therefore the rectilineal figure A is equal to the square of 
EH: Wherefore a square has been made equal to the given rectili- 
neal figure A, viz. the square described upon EH. Which was to be 
done. 

PROP. A. THEOR. 


if one side of a triangle be bisected, the sum of the squares of ihe other 
two sides is duuble of the square of half the side bisected, and of the 
square of the [ine drawn from the point of bisection to (he opposite an- 
gle of the triangle. 


Let ABC be a triangle, of which the side BC is bisected in D, and 
DA drawn to the opposite angle ; the squares of BA and AC are toge- 
thor double of the squares of BD and DA. 

From A draw AE perpendicular to BC, and because BEA is a right 
angle, AB*=<(4'7. 1.) BEHAE? and 
AC?=CEH?+ AE: wherefore AB?-4- A. 
AC?*=BE?+-CE?7-+2AE*. But be- 
cause the line BC is cut equally in D, 
and unequally in E, BE?+CE? = 
(9. 2.) 2BD?-I-2 DE; therefore AB? 

--AC?— 2B D?--2 D E72 A £27, 

Now DE?+AE?=(47. 1.) AD*, 
and 2DE?.-2A E?—2AD'; wherc- 
fore AB? 4- AC? — 9BIY? 4- 2AD*. 
Therefore, &c. Q. E. D. 


PROP. B. THEOR. 


The sum of the squares of the diameters of any parallelogram ts equal to 
the sum of the squares of the sides of the parallelogram. 


Let ABCD be a parallelogram, of which the diameters are AC and 
BD; the sum of the squares of AC and BD is equal to the sum of 
the squares of AB, BC, CD, DA. 

Let AC and BD intersect one another in E: and because tho ver. 
tical angles AED, CEB are aqual (15. 1.), and also tho alternate an- 
gles EAD, ECB (29. 1.), the triangles ADE, CEB have two angles in 
the one equal to two angles in the other, each to each; but the sides 
AD and BC, which are oppo- | 
site to equal angles in these A D 
triangles, are also equal (34. 
1.); therefore the other sides 
which are apposite to tho 
equal angles are also equal 
(26. 1.), viz. AE to EC, and 
ED to EB. 
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Since, therefore, BD is bisected in E, AB?-+AD°=(A. 2.) 2BE* 
-}-2AE*; und for the same reason, CD: .-BC?—2BE?4-2EC?— 2B E? 
T2AE? because EC-—AE. "Therefore AB‘+ AD?+ DC*+ BC?= 
4BE?+4AE% But 4BE°=BD*, and 4A B?7= AC? (2. “or. 8. 2.) be- 
cause BD and AC are both bisected in &; therefore AB? + AC? - 
CD’ + BC’? = BD? -+ AC? Therefore the sum of the squares, &c. 


Q. E. D. 


Cor. From this demonstration, it is manifest that the diqmeters of 
every parallelogram bisect ong another. 


ELEMENTS 


OF 


GEOMETR Y. 


BOOK III. 
DEFINITIONS. 


A. 
‘Tue radius of a circle is the straight line drawn from the centre 
to the circumference. 


I. 


A straight line is said to touch 
a circle, when it meets the 
circle, and being produced 
does not cut it. 


Il. 


Circles are said to touch one 
another, which meet, but do 
not cut one another. 


Iit. 

Straight lines are said to be equally dis- 
tant from the centre of a circle, when 
the perpendiculars drawn to them from 
the centre are equal. 


| iV. 
And the straight line on which the great- 
er perpendicular falls, is said to be 
farther from the centre. | 
B 


Àn arch of a circle is any part of the circumference. 


V. 
A segment of a circle is the figure con- E "— 
tained by a straight line, and the arch — 


which it cuts off. 
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VI. 


An angle in a segment is the angle contain- 
ed by two straight lines drawn from any 
point in the circumference of the segment, 
io the extremities of the straight line which 
is the base of the segment. 


VII. ——— 


And an anglo is said to insist or stand upon 
the arch intercepted between the stratght — 
lines which contain the angle. / S 


VIII. 


The sector of a circle is the figure con- 
tained by two straight lines drawn from 
the centre, and the arch of the circumfe- 
rence between them. 


IX. 


Similar segments of a circle, 
ere those in which the an- 
gles are equal, or which 
contain equal angles. 


PROP. I. PROB. 
To find the centre of a given circle. 


Let ABC bo the given circle; it is required to find its centre. 

Draw within it any straight line AB, and bisect (10. 1.) itin D; 
from the point D draw (11. 1.) DC at right angles to AB, and produce 
it E" and biseet CE in F': the point F is the centre of the circle 
ABC. 

For, if it bo not, let, if possible, G be the centre, and join GA, 
GD, GB: Then, because DA is equal to DB, and DG common to 
the two triangles ADG, BDG. the two sides AD, DG are equal to the 
two BD, DG, each to each ; and the base C 
GA ia equal to the base GB, because they 
are radii of the same circle: therefore the 
angle ADG is equal (8. 1.) to the angle 
GDB: But whenastraightline standing up- 
on another straight line makes the adjacent 
angles equa! to one another, each of the an- 
gles is a right angle (7. def. 1.) ‘Therefore A 
the angio GDBis a right angle: But FD Bis 
likewise a right angle; wherefore the angle E 
FDB isequal to the angle GDB, the greater 
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to the less, which is impossible : Therefore G is not the centre ot ine 
circle ABC : In thë same manner, it can be shown, that no other point 
but F is the centro : tbat is, F is ihe contre of the circle ABC: Which 
Was to be found. 


Cor. From this it is manifest that if in a circle a straight line bisect 
ànother at right angles, the centre of the circle is in tho line which bi- 
Sects the other. 


PROP. II. THEOR. 


if any {wo points bè taken in the circumference of a circle, the strarghi 
line which joins them shall fall within the circle. 


Let ABC be acircle, and A; B any two points in the circumfe- 
tence: the straight line drawn from A to B C 
Shall fall within the circle. 
Take any point in AB as E; find D the 
Centre of the circle ABC ; join AD, DB and 
DE, and let DE meet the circumference in I’. 


Then, because DA is equal to DB, the an- | D 

gle DAB is equal (5. 1.) tothe angle DBA; NS 

and beéause AE, a side of the triangle a 0 
DAE, is produced to B. thé angle DEB is A: * 


greater (16. 1.) than the angle DAE ; but 

DAE is equal to the angle DBE; therefore 

the ancle DEB is greater than'the angle DBE: Now to the greater 
angle the greater side is opposite (19. 1.) ; DB is therefore greater 
than DE: but BD is equal to DF; wherefore DF is greater than 
DE, and the point. IZ. is therefore within the circle. The same may 
be demonstrated of any other point between A and B, therefore AE 
is within the circle. Wherefore, if any two points, &c. Q. E. D- 


PROP. III. THEOR. 


if & straight line drawn through the centre of a circle bisect a straight 
line in the circle, which does not pass through the centre, tt will cut 


that line at right angles; and if 1t cut it at right angles, it will bi- 
sect 2: 


Let ABC be a circle, and let CD; a straight line drawn through the 
Centre, bisect any straight line AB, which does not pass through the 
centre, in the point F': It cuts it also at right angles. | 

Take (1. 3.) E the centre of the circlo, and join EA, EB. Ther 

ecausé AF is equal to FB, and FE common tothe two triangles AFE, 
BF E; there aro two sides in the one equal to two sides in the other: 
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but the baso EA is equal to the base EB; C 
therefore the angle AV E is equal (8. 1.) to 
the angle BFIZ. And when a straight line 
standing upon another makes the adjacent 
angles equal to one another, each of them 
is a right (7. Def. 1.) angle: ‘Therefore 
each ofthe angles AF E, BFE isa right an- 
gle; wherefore the straight line CD, 
drawn through thè centre bisecting AB, AL 7 5 
which does not pass through the centre, 

cuts AB at right angles. | D 

Again, let CD cut AB at right angles; CD also bisects AB, that is. 
AF is equal to FB. 

The same construction being made, because the radii EA, EB are 
equal to one another, the angle EAF is equal (4. 1.) to the angle EBF ; 
and ihe right angle AF E is equal to the right angle BFE: Therefore, 
in the two triangles EAF, EBF, there arc two angles in one equal to 
two angles in the other; now the side EF, which is opposite to one of 
the equal angles in each; is common to both; therefore the other sides 
aro equal (26. 1.) ; AF therefore is equalto FB. Wherefore, if 2 
straight linc, Xe. Q. E. D: 


ur 


PROP. IV. THEOR. 


Jf in a circle two siraight lines cut one another, which do not both puss 
through the centre, they do not 61sect each other. 


Let ABCD bea circle, and AC, BD two straight lines in it, which 
cut one another in the point E, and do not both pass through the cen- 
tre: AC, BD do not bisect one another 

For if it is possible, let AE be equal to EC, and BE to ED ; If one 
of the lines pass through the centre, it is 
plain that it cannot be bisected by the other, 
which does not pass through thecentre. But 
if neither of them pass through the centre, £ 
tikey1. 3.) F the centre of the circle, and 
join EF: and because FE, a straight line 
through the centre, bisects another AC, 
which does not pass through the centre, if 
must cut it at right /3. 3.) angles; where- 
‘fore FEA is aright angie. Again, because 
the straight lino FE bisects the straight ine BID, which does not pass 
through the centre, it must cut it at right (3. 3 ) angles ; wherefore 
FEB is aright angle: and FEA was shown to be a right angle : there- 
fore FEA is equal to the angle FEB, tho less to the greater, which is 
impossible : therefore AC, BD do not bisect one another. Wherefore; 
fina circle, &c.. Q. E. D. 





TU ELEMENTS 


PROP. V. THEOR. 
If two circles cut one another, they cannot have the same centre, 


Let the two circles ABC, CDG cut one another in the points B, C 
they have not the same centre. 

For, if it be possible, let E; be their centre: join EC, and draw any 
straight line LEG meeting the circles. 
in F and G: and because E is the cen- 
tre of the circle ABC, CE is equal to 
EF: Again, because E is the centre 
of the circle CDG. CE is equal to 
EG: but, CE was shown to be equal 
to EF, therefore EF ia equal to EG, 
the less to the greater, which is im- 
possible: therefore EC is not the 
centre of the. circles ABC, CBG. 
Wherefore, if twocircles, &c. Q.E.D. 


PROP. VI. THEOR. 





5j two circles touch one another internally, they cannot have the same 
centre. 


Let tho two circles ABC, CDE, touch: one another internally in thc 
point C: they have not the same centre. 

For, if they bave, let it be F; join FC, and draw any straight line 
FEB meeting the circles in E and B: and * 
because F is the centre of the circle ABC, 
CF is equal to FB ; also, because F is the 
centre of the circle CDE, CF is equal to 
FE: but CF was shown to be equal to FB; 
therefore FE is equal to FB, the less to the 
greater, which is impossible; wherefore If 
is not the centre of the circles ABC, CDE. 
Therefore, if two circles, &e. Q. E. D. 





PROP. Vil. THEOR. 


Jf any point be taken in the diameter of a circle which is not the centre of 
all the straight lines which can be drawn from it to the circumference, 
the greatest is that an which ihe centre is, and the other part of that di- 
ameter is ihe least; and, of any others, that which 1s nearer to the line 
passing through the centre ts always greater than one more remote from 
at; And from the sume point there can be drawn only two straight lines 
that are equal to one another, one upon each side of the shortest line. 


Let ABCD be a cirele, and AD its diameter, in which let any point 
TF be taken which is not the centre: Jet the centre be Ks ofall the 
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atraight lines FB, FC, FG, &c. that can be drawn from F to the cir- 
cumference, FA is the greatest ; and FD, the other part of the diame- 
ter AD, is the least ; and of the others, TB is greater than FC, and 
FC than FG. 

Join BE, CE, GE; and because two sides of a triangle are greater 
(20. 1.) than the third, BE, EF are greater than BF ; but AE is equal 
to EB ; therefore AE and EF, that is, AF, i» greater than BF : again, 
because BE is equal to CE, and FE common to the triangles BEF, 
CEF, the two sides BE, EF are equal to 
the two CE, EF: but the angle BEF is B 
greater than the angle CEF ; therefore the 
base BF is greater (24. 1.) than the base 
FC ; for the same reason, CF is greater 
than GF. Again, because GF, FE are 
greater (20. 1.) than EG, and EG is equal 
to ED; GF, FE are greater than ED; take 
away the common part FE, and the re- 
mainder GF is greater than the remainder 
FD: therefore F'A is the greatest, and FD 
the least of all the straight lines from F to the circumference ; and BE 
is greater than CF, and CF than GF. 

Also there can be drawn only two equal straight lines from the paint 
F to the circumference, one upon each side ofthe shortest line FD : 
at the point E in the straight line EF, make (23. 1.) the angle FER 
equal to the angle GEF, and join FEL: Then, because GE is equal to 
EH, and EF common to the two triangles GEF, HEF; the two sides 
GE, EF are equal to the two HE, EF ; and the angle GEF ts equal to 
the angle H EF ; therefore the base FG is equal (4. 1.) to the base 
FH : but besides FH, no straight line can be drawn from F to the cir- 
cumference equalto FG : for, if there can, let it be FK ; and because 
FK is equal to FG, and FG to FH, FK isequal to FH; thatis, a line 
nearer to that which passes through the centre, is equal to one more re- 
mote, which is impossible.. Therefore, if any point. be taken, &c. 


Q. E. D. 


£$. 





PROP. VIL. THEOR. 


if any point be taken without a circle, and straight lines be drawn from 
tt to the circumference, whereof one passes through the centre ; of those 
which fall upon the concave circunfercnee, the greatest is that which 
pusses through the centre; and of the rest that which is nearer to that 
through the centre is always greater than the more remote ; But of 
those which fall upon the convex circumference, the least as that between 
the point without the circle, and the diameter ; and of the rest, that 
which is nearer to the least is always less than the nore remote : And 
only two equal straight lines can be drawn from the point unto the crr- 
cumference, one upon each side of the least. 


Let ABC be a circle, and D any point without it, from which let the 
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straight lines DA, DE, DF, DC be drawn to the circumterence, 
whereof DA passes through the centre. Of those which fall upon 
the concave part of the circumference AEFC, the greatest is AD, 
which passes through the centre ; and the line nearer to AD js always 
greater than the more remote, viz. DE than DF, and DF than DC : 
but of those which fall upon the convex circumference HLKG, the 
least is DG, between the point D and the diameter AG ; and the near- 
er to it is always less than the more retrnote, viz. D'K thun DL, and 
DL than DH, 

= Take (1. 3.) M the centre of the circle ABC, and join ME, MF, 
MC, MK, ML, MH: And because AM is equal to ME. if MD be add- 
ed to each, AD is equal to EM and MD ; but EM and MD are greater 
(20. 1.) than ED; therefore also AD is greaterthan ED. Again, be- 
cause ME is equal to MF, and MD common to the triangles EMD, 
EMD ; EM, MD are equal to FM, MD ; but the angle EMD is great- 
er than the angle FMD; therefore 
the base ED is greater (24. 1.) than 
the base FD. In like manner it may 
be shéwn that FB is greater than 
CD. Therefore DA is the greatest ; 
and DE greater than DF, and DF 
than DC. 

And because MK, ID are greater 
(20. 1.) than MD, and MK is equal 
to MG, the remainder KD 15 greater 
(5. Ax.) than the remainder GD, that 
is, GD islessthan KD: Andbecause 
MK, DK are drawn to the point X 
within the triangle MLD from M, 
D, the extremities of its side MD; 
MK, KD areless (21. 1.) than ML; 
LD, whereof MK is equal to ML ;- 
therefore the remainder DK is less 
than the remainder DL: In liko 
manner, it may be shewn that DL is iess than DH: Therefore DG 
is the least, and DK less than DL, and DL than DH. 

Also there can bo drawn only two equal straight lines from the 
point D to the circumference, one upon each side of the least : at 
the point M, in the straight line MD. mako the angle DMB equal to 
the angle DMK, and join DB ; and because in the triangles KMD, 
BMD, the side KM is equal to the side BM, and MD common to both, 
and also the angle KMD equal to the -angle BMD, the base DK is 
equal (4. 1.) to the base Di», But, besides DB, no straight line can 
be drawn from D to the circumference, equalto DK : for, if there can, 
Jet it be DN ; then, because DN is equal to DK, and DK equal to 
DB, DB is equal to DN ; thal is, the line nearer to DG, tho least, equal 
to the more remote, which has been shewn to be impossible, I, there. 
foro, any point, &e. Q. E, D 
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PROP. IX. THEOK. 


if a. point be taken within a circle, from which there full more than twe: 
equal straight lines upon the circumference, that point is the centre ef 
the circle. | 


Let the point D be taken within the circle ABC, from which there 
fall on the circumference more than two equal straight lines, viz. DA, 
DB, DC, the point D is the centre of the circle. 

For, if not, let E bo the centre, join DE, and produco it to the cir- 
cumference in F, G ; then FG is a diame- 
ter of the circla ABC: And becauso in 
FG, the diameter of the circle ABC, there 
is taken the point D which is not the cen- 
tre, DG is the greatest lino from it to the 
circumference, and DOC greater (7. 3.) ^ 
than DB, and DB than DA; but they 
ara likewise equal, which is impossible : 
Therefore E is not the centro of the cir- 
cle ABC: In like manner, it may be de- 
monstrated, that no other poirt but D is 
the centre: D therefore is the centfe, 
Wherefore, if a point be taken, &c. Q. E, D. 





PROP. X. THRO. 
One circle cannot cut another ia more than two ponis. 


. Óf it be possible, let the circumference FAB cut the circumference. 
DEF in more than two points, viz, in B, G, F; take the centre K o£ 
the circle ABC, and join KB, KG, KE; and because within the circle 
DEF there is taken the point K, from which moro than two equat 
straight lines, viz. KB, KG, KV, fall on ù 
the circumference DEE, the point K is 
(9. 3.) tho centre of the circle DEF ; 
but K is also the centre of the circle 
ABC ; therefore the samo point is tha 
centre of two circles. that cut one ano- 
ther, which is impossible (5. 3.). There- 
fore one circumference ci 2 circle can- 
not cut another in more than two points. 


Q. E. D. 





PROP. XI. TIIEOR. 


if two. circles touch each other internally, the strazaht lise which Tona: 
their centres being produced, wilt pass through the paint of contact 


Let the two eircles ABC, —* touch each other inter, aly in the: 
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point A, and let F be the contre of the circle ABC, and G the centre 
of the circle ADE; the straight lino 


which joins the centres F, G, being pro- — 

ducod, passes through the point A. R6 j * 
For, if not, let it fall otherwise, if » 

possible, as FGDH, and jom AF, AG: à 

And because AG, GF are greater (20. 1.) G | 


than FA, that is, than FH, for FA is equal 
to FH, being radii of the same circle; 


take away the common part FG, and tho E 
remainder AG is greater than the remain- C 
der GH. But AG is equal to GD, there- — 


fore GD is greater than GH ; and it is 

also less, which is impossible. Therefore the straight line which joins 
the points F and G cannot fall otherwise than on the point A; that is, 
it must pass through A. Therefore, if two circles, &c. Q. E. D. 


PROP. XII. THEOR. 


If two circles touch each other externally, the straight kine which jain: 
their centres will pass through the point of contact. 


Let the two circles ABC, ADE, touch each other externally in the 
point A; and let F be the centre of the circle ABC, and G the centre 
of ADE; The straight line which joins the points F, G shall pass 
through the point of contact. 

For, if not, let it pass otherwise, if possible, FC DG, and join FA, 
AG : and because F is the contre of the circle ABC, AF is equal tc 
FC: Also because G 
is the centre of the 


circle, ADE, AG is B E 
equal to GD. There- 
fore F A, AG are equal 


to FC, DG: where- 
fore the whole FG is | 
greater than FA, AG ; T CAD G- 


but it is also less (20. 
1.), which is impossi- ei 
ble: Therefore the 

straightline which joins 

the points F, G cannot pass otherwise than through the point of con- 
tact A; that is, it passes through A. Therefore, if two circles, &c. 


Q. E. D. 


| 
/ 


PROP. XIII. THEOR. 


One circle cannot touch another in more points than one, whether it 
touches tt on the inside or outside. 


For, if it be possible, let the circle EBE touch the circle ARC ir 
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mote points than one, and first on the inside, in the points B, D ; join 
BD, and draw (10. 11. 1.) GH, bisecting BD at right angles : There- 
faro because the points B, D are in the circumference of each of the 


Y^ RN 
Zo cT» 
5 [ D | ! 
E E 


circles, the straight line BD falls within each (2. 3.) of them : and 
therefore their centres are (Cor. 1. 3.) 1n the straight line GH whieh 
bisects BI) atright angles : ‘Therefore GH passes through the point 
of contact (1). 3.); but it does not pass through it, because the points 
B, i? are without the straight line GH, which is absurd: Thereforo 
one circle cannot touch another in the inside in more points than one. 

Nor can two circles touch one another on the outside in more than 
one point: For ifit be possible, let the circle ACK touch the circle 
ABC in the pomts A, C, and join AC: 
‘Therefore, because the two points A,C are 
in the circumference of the circle ACK, 
the straight line A> which joins them 
shall fal! within the circle ACK: And 
the eirete ACK is without the circle ABC ; 
and therefore the straight line AC is also 
without ABC ; but, because the points 
A, C are in the circumference of the cir- 
cle ABC. the straight line AC must be 
within (2. 3.) the same circle, which ts 
absurd: ‘Therefore a circle cannot touch 
another on the outside in more than one B 
point: and it has bsen shewn, that a cir- | 
ele cannot touch another on the inside in 
mare than one point. ‘Therefore, onecircle, &c. Q. E. D. 





PROP. XIV. THEOR. 


Equal straight lines in a circle are equally distant from the centre ; 
and those which are equally distant from the centre, are equal to one 


another. 


Let the straight lines AB, CD, in the circle ABDC, bo equal to one 
another; they are equally distant from the centre. 
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“Sake E the centre of the circle ABDC, and from it draw EF, EG, 
perpendiculurs to AB, CD ; join Al and EC. Then, because the 
straight line ÈF passing through the cen- 
tre, cuts the straight line AB, which does 
not pass through the centro at right an- 
ples, it also bisects (3. 3.) it: Where- 
fore AF is equal to FB, and AB double 
of AF. For the same reason, CD is 
double of CG : ÉEut AB is equal to CD ; 
therefore AF is oqual to CG: And be- 
cause AE is equal to EC, the square of 
AE is equa! to ihe square of EC: Now B D 
ghe squares of AF, FE are equal (47. 1.) 
tò'ihe square of ATI, because the angle AFE is a right angle ; and; 
for the hke reasán, the squares of EG, GC are cqual to the square 
of EC : Therefore (he squares of AF, FE are equal to the squares of 
CG, GE, of which the squere of AF is equal to the square of CG, be- 
cause AF is-equal to CG ; therefove the remaining square of FE is 
equal tó the remaining square of EG, and the straight line EF is theres 
fore equal to EG ; But straight lines in a circle are said to be equally 
distant from the centre. pen tho perpendiculars drawn to them from 
fhe centre areequal (3. Det. 2-) : Therefore AB, CD aro cqually dis- 
tant frorn thé centre. | | 

Next, if the straight lines AB, CD be equally distant from the 
ventre, that is, if FE be equal to EG, AB is equal to CD. For, the 
same -censtruction being made, it may, as before, be demonstrated, 
that AB is double cf AF, and CD double of CG, and that the squares 
of EF, FA are equal to the squares of EG, GC ; of which the square 
wf FE is equal to the square of EG, because FE is equal to EG ; 
‘therefore the remaining square of AT! is equal to the remaining square 
of CG ; and the straight line AF is therefore equal to CG: But AB 
is double of AF, and CD double of CG ; wherefore AB is equal to 
CD. Therefore equal straight lines, &c. Q. E. D. 

PROP XY. THEOR. 

The diumeter iste greatest straight line ina circle ; and of all others, 
‘that whichis nearer to the centre is always greater than one more te- 
mote ; and the greater x3 nearer iò the centre than the less. 

Let ABCD be a circle, ‘of which the di- 
iímeter is AD, and the centre Æ; and let 
BC be.nearer to the centre than 2G ; AD 
is greater than any straight line BU which F; 
is not a diameter, and BC ercater than 2G. ^ 

From the centra draw EH, EK perpen» } 
diculare:to BC, FG, and join EB, EC, EF: \\ s 

G 





— S 





H 


.and becauso AE is equal to EB, and ED to 

KC, ADjAs equal to EB, EC: Bu EB, EC 

inre greater (20. 1.) than BC ; . wherefore. C 
Hisn -AD is.greater than BC. 
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And, because BC is nearer to the centro than FG, EH is less 
(4. Det. 3.) than. C; But, as was demonstrated in the preceding, 
BC is double of BH, and FG double of FX, and the squares of BR, 
ZB are equal to the squares of EX, KE, of which the square of EH, 
is lesa than. the square. of ELES, because EH is less than EK ; there- 
fore the square of BH is greater than the square of FK, and the 
straight ine BEJ greater tuan FK ; and therefore BC is greater than 
PG. | 

Next, let BC bo greater than FG ; “BC is nearer tothe centre than 
YG : that is, tho same construction baing made, EH is less than EK ; 
Because BC is greater than FG, Bt likewise is greater than KF : but 
the squares of B11, HE are equal to the squares of FR. Kt, of which 
the square of BEY is greater than the square of FX, because BN 
is greater than EH; therefore the square of Fis less than the 
square of fi K, and the straight lino KH less then EK. Wherefore, 
the diameter, &c, Q. E. D. 


PROP. XVI. THEOR. 


Lhe straight dine drawn at right angles to the diumelier of a circle, from 
the extremity of it, falls without ihe circle ; and no straight line can 
be drawn between that straight line and the circumference, from thc 
extremity of the diameter, so as not to cut ithe circle. 


Lot ABC be a circle, the centre of whichis D, and the diameter 
AB: and let AE be drawn from A perpendicular to AB, AE shall fall 
without the circle. | 

In AE take any point F, join DF and let DY meet tho circle in C. 
~ Because DAF is a right angle, it 1s 
ereater than theangle AF D (32. 1.); 
but the greater angle of any triangle 
i3 subtendod by ihe greater side (19. 
1.), therefore DF is greater than DA, 
now DA is equal to DC; therefore 
DI? is greater than DCU, and the point 
F is therefore without the circle. 
And F is any point whatever in the 
line AE, therefore AE falls without 
tho circie. 

Again, between the straight line 
AE and tho circumference, no straight 
line can. be drawn from the point A, 


which does not cul the circle. Let AG be drawn in the angle DAE: 
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from D draw DH at right angles to AG; 
and because the angle DHA is a right 
angle, and the angle DAH less than a 
right angle, the side DH of the triangle 
DAH ts less than the side DA (19. 1.). 
The point H, therefore, is within tho 
circle. and therefore the straight line AG 
cuts the circle. 

. Con. From this it is manifest, that the 
straight line which is drawn at right an- 
gles to the diameter of a circle from the 
extremity of it, touches the circle; and 
that it touches it only in one point; because, if it did meet.the circle 
in two, it would fall within it (2. 3.). Also it ìs evident that there can 
be but one straight line which touches the circle in the same point. 





PROP. XVII. PROB. 


To draw a straight line from a given point either without or in the cir- 
cumference, which shall touch à gwen esrcle. 


Firat, Let A be a given point without the given circle BCD; it is 
required 10 draw a straight line from A which shall touch the — 

Fiad : 1. 3., the centre È of the circle, and join AE ; and from the 
centre E, at the distance EA, describe the circle AFG ; from the 
point D draw (11. 1.) DF at right angles to EA, join EBF, and draw 
AB. AB touches the circle BCD. 

Because E is the centre of the cir- 
cles BCD, AFG, EA is equal to EF, A. 
and ED to &B; therefore the two D 
sides A Ei. EB are equal to the two I! E, G \ 
ED, and they comain the angle at I 
common to the two triangles AEB, C E 
FED ; therefore the base DE ia equal i 
to tho base åB, and the triangle FED 
to tho triangle AEB, and the other an- 
gles to the other angles (4.1.); Thero. 
fore the angle EBA ts equal to the an- 
gle EDF; “but EDF is a right angle, wherefore EBA is a right angle; 
and EB isa line drawn from the centre: but a straight line drawn from 
the extremity of a diameter, at right angles to it, touches the circle 
(Cor. 16. 3.) : Therefore AB touches the circle; and is drawn from 
the given point A. Which was to be dono. 

But if tho given point be in the circumference of the circle, as the 
point D, draw DE to the centre E, and DE at right angles to DE; DFE 
touches the circle (Cor. 16. 3.) 
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PROF. XVII. THEOR. 


I a stracght line touch a circle, the straight line drawn from the centre 
to the point of contact, is perpendicular to the line touching the circle. 


Let the straight line DE touch the circle ABC in the point € ; take 
the centre F, and draw the straight line FC: FO is perpendicular to 
DE. 

For, if it be not, from the point F draw FBG perpendicular to DE ; 
and because FGC i isa right angle, GCF must be (17. 1.) an acuto aü» 
gle; and to the greater angle the great- 
er (19. 1.) side is opposite: Therefore 
FC is greater than FG; but FC is equal 
to FB; therefore FB is greater than FG, 
the less than the greater, which is im- a 
possible ; wherefore FG ts not perpen- 
dicular to DE: Inthe same manner it 
may be shewn, that no other line but 


LES. 


FC can be perpendicular to DE; FC is : n 
therefore perpendicular to DE. There- 
fore, if a straight line, &c. Q. E, D. D EG ^G R 


PROP. XIX. THEOR. 


Ifa straight line touch a. circle, and from the point of contact a straight 
line be drawn at right angles to the touching fine, the centre of the 
circle is in that line. 


Let the straight line DE touch the circle ABC, in C, and from Č 
let CA be drawn at right angles to DE ; the centre of the circle is in 
CA. 

For, if not, let F be the centre, if possible, and join CF, Becauss 
DE touches the circle ABC, and FC is 
drawn from the centie to the point of A 
contact, FC is perpendicular (13. 3.) to 
DE; therefore FCE is a right angle ; 

But ACE is also a right angle ; therefore 

the angle FCE is equal to the angle 

ACH, the less to the greater, which is im- B H 
possible ; Wherefore F its not the centre 

of the circle ABC: In the same manner | 


it may be shewn, that no other point 
which is not in CA, is the centre; that is, — PT c 
the contre is in CA. Thorefore, if a ^ * 


atraight lino, &c. Q. E. D 
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PROP. XX. THEOR. 


The angle at the centre of a circle is double of the angle at tàe circumfer- 
ence, upon the same base, that is, upon the same part of tnc circumfer- 
ence. : 


Let ABC be a circle, and BDC an angle at the centre, and BAC an 
angle at the circumference which have the same circumference BC 
for the base; the angle BDC is double of the angle BAC. 

First, let D, the centre of the circle, be within the anslo BAC. and 
join AD, and produce it to E: Because DA is equal to DB, the anglo 
DAB is equal (5. 1.) to the anglo DBA: A 
therefore the angles DAB, DBA together | 
are double of the angle DAB ; but the an- 
gle BDEisequal(3..1.)totheangles DAB, 

DBAs therefore also the angle BDE is 

double of the angle DAS; For the same L 
reason, the angle EEDC is double of tho 

angle DAC: Therefore the whole angle 

BDC is double of the whole angle BAC. B C 


Again, let D, the centre of the circle, 
bo without the angle BAC ; aud join AD 
and produce it to E. H may be demon- 
strated, as in the first case, that the an- 
gle EDC is double of the ansle DAC, 
and that EDB a part of the first, is dou- 
ble of DAB, a part of the other; there- 
fore the remaining angle BDC is double 
of the remaining angle BAC. There- 
fore the angle at the centre, &e. Q.E.D. 


PROP. XXI. THEOR. 





The angles in ihe same segment of a eircle ure egual to one another.. 


Let ABCD be acirele, and BAD, BED angles in the same segment 
BAED: The angles BAD, BED. are equal 
to one another. 

Take F the centre of the circla ABCE: 
And, first, let the segment BAED be great- 
er than a semicircle, and join BF, FD: 
And because the angle BF D is at the cen- 
tre, and the angle BAD at the circumfer- 
ence, both having the same part of the 
circumference, viz. BCD, for their base ; 
therefore tho angle BID is double (20. — 
3.) of the angle BAT): for the same rea- C 
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son, the angle BFD is double of the angle BED; Therefore the an- 
gle BAD is equal to tho angle BE D. 

But, if the segment BAED be not greater A E 
than a semicircte, let BAD, BED be an- —— 
gles in it; these also are equal to one ano- Y^ | 
ther. Draw AF to the centre, and produce 15/7 
to C, and join CE: Therefore the seg- 
ment BADC is greater than a semicircle ; d 
and the angles in it BAC, BEC are equal, 
by the first case: For the same reason, 
because CBED is greater than a seinicir- 
cle, the angles CAD, CED are equal; 

Therefore the whole angle BAD is equal 


to the whole angle BED. Wherefore the angles in the same seg. 
ment, &c, Q. E. D. 


PROP. XXI. THEOR. 


D 


The opposite angles of any quadriluteral figure described in a circle, 
are together equal to two right angles. 


Let ABCD be a quadrilateral figure in the circle ABCD; any two 
of its opposite angles are together equal to two right angles. 

Jon AC, BD. The angle CAB is equal (21. 3.) to the angle 
CDB, because they are in the same seg- 
ment BADO, and the angle ACB is equal D — 
to the angle ADB, because they are in C 
the same segment ADCB; therefore the | 
whole angle A DC is equal to the angles 
CAD, ACB: 'To each of these equals 
add the angle ABC ; and the angles ABC, | 
A DC, arc equalto the angles ABC, CAB, AX B 
BCA. But ABC, CAB, BCA are equal 
to two right angles (32. 1.); therefore 
also the angles ABC, ADC are equal to 
two right angles: In the same manner, the angles BAD, DCB may 
be shewn to be equal to two right angles. Therefore the opposite an- 
eles, &c. Q. E.D. 


PROP. XXIL THEON. 


Upon the same straight line, and upon the same side of tt, there cannot 
be two similar segments of circles, not coinciding with one another. 


If it be possible, let the two similar segments of circles, viz. ACB, 
ADB, be upon the same side of the same straight line AB, not coine 
ciding with one another; then, because the circles ACD, ADB, cut 
one another tn the two points A, Y they cannot cut one another in 
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any other point (10. 3.): one of tho seg- 'Ü 
ments must therefore fall within the other : 

let ACB fall within ADB, draw the straight C 
line BCD, and join CA, DA : and because | 
the segment ACB is similar to the segment 

A DB, and similar segments of circles con- A 
fain (9. def. 3.) equal angles, the angle 
ACB is equal to the angle A DB. the exte- 
rorio the interior, which is impossible (16, 1.). Therefore, there 
cannot be two similar segmants of circles upon the same side of tho 
game linc, which do not coincide. Q. E. D. 


PROP. XAIV. THEOR. 


Sinilar segments of circles upon equal straight lines ara equal to one 
another. 


Let ALB, CFD be similar segments of circles upon the equai 
straight lines AB, CD; the segment AEB is equal to the segment CF D. 

For, if the segment AEB be applied to the segment CF D, so as the 
point A be cn C, and 


the straight line AB E F 

upon CD, the point | 

B shall coincide with 

ihe point D, because — 

AB is equal to CD: À BC D 
Therefore the straight lino AB coinciding with CD, the segment AEB 


must (?3. 3.) enincide with the segment CFD, and therefore is equal 
to it. Wherefore, similar segments, &c. Q. E. D. 


PROP. XXV. PROB. 


J segment of. a cireíe being gven, to describe the circle of which it is 
the segment. 


Let ABC bo the given segment of a circle; it is required to de- 
scribe the circle of which it ia the segment. 

Bisect (10. 1,) AC in D, and from the point D draw (11. 1.) DB at 
right angles to AC, and join AB: First, let the angles ABD, BAD be 
equal to one another; then the straight line BDis equal (6. 1.) to DA, 
and therefore to DC; and because the three straight lines DA, DB, 
DC, are all equal; Dis the centre of the circle (8. 3.) : from tho 
centro D, at tho distance of any vf the three DA, DD, DC, describe a 
circle; this shall pass through the other points ; and the circle of 
which ABC is a segment is described ; and because the centre D is 
in AC, the segment ABC is a semicircle. Next let the anales ABD, 
BAD be unequal; at the point A, in the straight lino AB make (23. 
1.) the angle BAE equal to the angie ABD. and produce BD if neces- 
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A D € E A D 
Bary, to E, and join EC: and because the angle ABE is equal to the. 
angle B AE, the straight line BE is equal (6. 1.) to CA: and because 
AD is equal to DO, and DE comman tothe triangles ADE, CDE, the 
two sides AD, DE are equalto the two CD, DE, each to each ; and tho 
angle AD E is equal to the angle C DE, for each of them is a right an- 
gle; therefore tho base AE is equal (4. 1.) to the base EC : but AE 
was shewn to be equal to EB, wherefore also BE is equal to EC: and 
the three straight lines AE, EB, EC are therefore equal to one anc- 
ther; wherafore (9. 3.) E is the centre of the circie. rom the 
centre E, at the distance of any of the three All, HB, EO, describe 
a cirelo, this shall pass through the other points: and the circle of 
which AB 5 is a segment is described : also, it is evident, that if. the 
angle ABD be greater than the angle BAD, the centre E falla without 
the segment ABC, which thereforo is less than n semicircle; but if 
the angle ABD be less than BAU, the centro E falls within the seg- 
ment ABC, which is therefore greater than a sernicircle: Wherefore, 
n segment of a circle being given, the circle is described of which it 
is a segment. Which was to be done. 


PROP. XXVI. THEOR. 


In equal circles, equal angles stand upon egual arches, whether they be 
ué the centres or circumferences. 


Let ARC, DEF be equal ciréles, and the equal angles BGO, EHF, 
at their centres, and BAC, EDI at their circumferences: the arch 
BUC is equal to the arch ELE. | 

Join BC, EF ; and becauso the circles ABC, DEF aro equal, the 
straight hinos drawn from their centres are equal: therefore the two 


A 
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sides BG, GU, aro equal in the two EH, IIF ; and tho angie at G is 
equal to the angle at H ; therefore the base BC is equal (4. !.) to the 
base EF : and because the angle at A is equal to the angle at D, the 
segment BAC is similar (9. def. 2, to the segment EDF ; and they 
are upon equal straight lines BC; EF ; but similar segments of circles 
upon equal stráight lines are. equal (24. 3.) to one another, therefore, 
the segment BA; is equal to the segment EDF: but the whole circle 
ABC is equal to the whole DEF; therefore the remaining segment 
BKC is equal tö thè remaining segment ELF, and the arch BKC to 
the arch ELF. Wherefore in equal circles, &e. Q. £. D. 


PROP. XXVIL THEOR. 


ir equal circles, the angles which stand upon equal arches are equai tc 
* 
one another, whether they be at the centres or circumferences. 


Let the angics BGC, EHF at thecentres, and BAC, EDF at the cir- 
cumferences of the equal circles ABC, DEL stand upon the equal 
arches BC, EF ; the angle BGC is equal to the angle LHF, and the 
angle BAC to the angle EDF. 

Ifthe angle BGC be equal to the angle EHF, it is manifest(20. 3.) 
that the angle BAC is alsoequalto EDF. But, if not, one of them is 
the greater: let BGC be the greater, and at the point G, in the straight 
lino BG, make the angle (23. 1.) BGK equal tothe angle EHF. And 
because equal angles stand upon equal arches (26. 3.), when they are 
at the centre, the arch &K is equal to the arch EF : but EF is equal 
to BC ; thercfore also BK is equal to BC, the less to the greater, 
which is impossible. Therefore the angle BGC is not unequal to the 
angle EHF ; that is, it is equal to it: and the angle at A is half the 


A 





angle BGC, and the angle at D half of the angle EHF ; therefore the 
angle at A is equal to the angle at D. Wherefore, in equal circles, &c: 
Q. E. D. : | 


PROP. XXVIII. THEOR. 


In équal circles, equal straight lines cut off equal arches, the greater equa! 
to the greater, and the less to the less. 


Let ABC, DEF be equal circles, and BC, EF equal straight lines in 
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taem, which cut off. the two greater arches BAC, EDF, and the two 
less BGC, EHF: the greater BAC is equal to the greater EDI, and 
the less BGC to the less EHF. | 

Take (1. 3.) K, L, the centres of the circles, and join BK, KC, EL, 
LF; and because the circles are equal, tho straight lines from their 
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centres ore equal ; therefore BK, KC are equal to EL, LF ;. but the 
base BC is also equal to the base EF ; therefore the angle BKC is equal 
(8. 1.) to the angle ELF: and equal angles stand upon equal (26. 3.) 
arches, when they are at the centres ; therefore the arch BGC is equal 
to the arch EHF. But the whole circle ABC is equal to the whole 
EDF ; the remaining part, therefore, of the circumference, viz. BAC, 
is equal to the remaining part EDF. Therefore, in equal circles, &c. 


Q. E. D 





PROP. XXIX. THEOR. 


In equal circles equal arches are subtended by cqual straight lines. 


Let ABC, DEF be equal circles, and let the arches BGC, EHF 
also be equal; and join BC, EF : the straight line BC is equal to the 
straight line EF. 

. Take (1. 3.) K, L, the centres of the circles, and join BK, KC, EL, 
LF : and because the arch BGC is equal to the arch EHF, the angle 
BKC is equal (27. 3.) to the angle ELF : also because the circles 
ABC, DEF are equal, their radii are equal: therefore BK, KC are 
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equal to EL, LF: and they contain equal angles; therefore the base 
BC. is equal (4. 1.) to the base EF. Therefore, in equal circles, &c. 


Q. E. D 
PROP. XXX. PROB. 


To bisect a gryen arch, that is, to divide t into two equal parts. 


Lot ADB be the given arch; it is required to bisect it. 

Join AB, and bisect (19, 1.) it ia C ; from the point C draw CD 
at right ingles to AB, aud join AD, OB; the arch A1!B is bisected in 
the poiat D. | 

Because AC is equal to CB, and CD common to the triangle ACD, 
BCD, the two sides AC, CD are equal to D 
tho two BC, CD; and the angle ACD is 
equal to the angle BCD, because each of 
tbem is a right angle; therefore the base 
AD 1s equal (4. 1.) to the base BD. But 
equal straight tmes cut off equal (28. 3.) A. B 
arches, the greater equal to the greater, 
and the less to the less ; and AD, DB are each of them less than a 
semicircle, because DC passes thróugh the centre (Cor. 1. 3.); 
wherefore the arch AD is equal to the arch DB ; and therefore the 
given arch ADB is bisected in D. Which was to be done. 


PROP. XXXI. THEOR. 


In a circle, the angle in d semicircle is a right angle; but the angle in à 
segment greater than a semicircle is less than a right angle ; and the 
angle ina segment less than a semicircle 13 greater than u right angle: 


_ Let ABCD ‘be a circle, of which the diameter is BC, and centrs 

E ; draw CA dividing the circle into segments ABC, ADC, and 

join BA, AD, DC ; the angle inthe semicircle BAC is a right angle ; 

and the angle in the segment ABC, which is greater than a semicir- 

cle, is less than a right angle ; and the angle in the segment ADC; 

which isless than a semicircle, is greater than a rigbt angle. 
Join AE, and produce BA to F ; and because BE is equal to EA; 

the angle EAB is equal (5.1.) to EBA: : 

also, because AE is equal to EC, the 

angle EAC is equal to ECA ; where- A. 

fore the whole angle BAU is equal to 

the two angles ABC, ACB. But FAC, 

the exterior angle of the triangle ABC, 

is also. equal (32. 1.) to the two angles 

ABC, ACB ; therefore the angle BAC B 

is equal to the angle FAC, and each of E 

them is therefore a right (7. def. 1.) 

angle ; wherefore the angle BAC in & 

semicircle ts a right angle. — 


Hj 
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And because tho two angles ABC, BAC of the triangle ABC aro 
together less (17. 1.) than two right angles, and BAC is a right angle, 
ABC must be less than a right angle ; and therefore the angle in a 
segment ABC, greater than a semicircle, is less than a right angle. 

Also because ABCD is a quadrilateral figure ina circle, any two 
of its opposite angles are equal (22. 3.) to two right angles ; there- 
fore the angles ABC, ADC are equal to two right angles ; and ABC 
is less than a right angle: wherefore the other ADC is greater than 
aright angle. Therefore, in a circle, &e. Q. E D. 


Cor. From this it is manifest, that if one angle ofa triangle be 
equal to the other two, it is a right angle, because the angle adjacent 
to it isequal ta the same two ; and when the adjacent angles are equal, 
they are right angles. 


PROP. XXXII. THEOR. 


If a straight line touch a circle, and from the point of contact a straight 
line be drawn cutting the circle, the angles made by this line with the 
line which touches the circle, shall be equal to the angles in the alter- 
nate segments of the circle. 


Let the straight line EF touch the circle ABCD in B, and from the 
point B let ihe straight line BD bo drawn cutting the circle: The 
angles which BD makes with the touching line EF shall be equal to 
the angles in the alternate sogments of the circle ; that ia, the angle 
FBD is equal to the angle which is in the segment DAB, and the an- 
gle DBE tothe angle in the segment BCD. 

From the point B draw (11. 1.) BA at right angles to EF, and take 
any point C in the arch BD, and join AD, DC, CB; and because the 
straight line EF touches the circle ABCD in the point B, and BA is 
drawn at right angles to the touching line, from the point of contact 
B, the cenire of the circle is (19. 3.) 
in BA; therefore the angle ADB, in A 
a semicircle, is a right (31. 3.) angle, 
and consequently the other twoangles, 
.BAD, ABD are equal (32. 1.) toa 
right angle: but ABF is likewise a 
right angle; therefore the angle ABE 
is equal to the angles BAD, ABD: 
take from these equals the common 
angle ABD ; and there will remain 
the angle DBF equal to the angle 
BAD, which is in the alternate seg- E 
ment of the circle. And because ABCD is a quadrilateral figure in 
a circle, the opposite angles BAD, BCD are equal (22. 3.) to two right 
angles; therefore the angles DBF, DBE, being likewise equal (13. 1.) 
to iwo right angles, are equal to tho angles BAD, BCD ; and DBF has 
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been proved equal to BAD: therefore the remaining angle DBE as. 
equal to the angle BCD in the alternate segment of the circle. 
Wherefore, if a straight tine, &e. Q. E. D. 


PROP. XXXIII. PROB. 


Upon a given straight line to describe a segment of a circle, conlaining 
an angle equul to a given rectilzneal angle. 


Let AB be the given straight line, and the angle at C the given rec- 
tilineal angle; it is required to describe upon the given straight line 
AB a segment of a circle, containing an angle equal to the angle C. 

First, let the angle at C be a right angle; bisect (10. 1.) AB in F, 
and from the centre F, at the dis- 


tance FB, describe the semicircle [© 

AHB ; the angle AHB being in a se- » 

micircle is (31. 3.) equal to the —— 

right anglo at C. 
B 


But if the angle C be net.a right A F 
angle at the point À, ip the straight 
line AB, make (23. 1.) the angle BAD equal to the angle C, and from 
the point A draw(1i. 1.) AE 
at right angles to AD; bi- 
sect (10. 1.) AB in F, and 


H 
from F draw (11. 1.) FG at E- 
Tight angles to AB, and join G 
GB : Thep because AF is 
equal to FB, and FG com- 
mon to the triangles AFG, C F A F B 
J 


BFG, the two sides AF, EG 
are equal to the iwo BF, 
FG; but the angle AFG is 
also equal to the angle DEG ; 
therefore the base AG ia 
equal (4. 1.) to the base GB; and the circle described from the cen- 
tre G, at the distance GA, shall pass through the point B; let this be 
the circle AHB: And because from tho point A the extremity of the 
diameter AE, AD is drawn at right 
angles to AE, therefore AD (Cor. 
16. 3.) touches tho circle; and 
because AB, drawn (rom the point 
of contact A, cuts the circle, the 
angle DAB is equal to the angle 
in the alternate segment AHB 
(32. 3.) ; but the angle DAB is 
equal to the angle C, therefore 
also the angle C is equal to the 
angle in thc segment ABB: 
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w herefore, upon the given straight ‘ine AB the segment AHB of à 
circle is described which contains an angle equal to the given angle 
at C. Which was to be donc. 


PROP. XXXIY. PROB. 


To cut of a segment from a given circle which shall contain ax angle 
equal to a given rectiliueal angle. 


Let ABC he the given circle, and D the given rectilineal angle ; i 
ig required to cut off a segment from the circle ABC that shal} con. 
iain an angle equal to the anale D. 

Draw (17. 3. ) the straight lina IEEE touching ihe circle ABC in the 
point D, and at the point D, in tho 
straight lino BF, make (23. 1.) 
the ansle FBC equal to tho angle 
D; therefore, because the straizht 
line EF touches the circle ABC, 
and BC is drawn from tho point 
of contact B, the angle. FBC is 
equal (32. 3. ) to tho angle in the 
alternate segmont BAC; but the 
angle FBC is equal to tho angle 
D: therefore the angle in tho , 
segment BAC is equal ia the angle D: wherefore the segmen? BAG 
is cut off from the given circle ABC containing an anglo equal to the 
given angle D. Which was to bs done. 





FROP. AAKY. THEOR, 


if two straight lines within a circle cut one another, the rectangle con- 
toined by the segments ef one of them ts equat to the rectangle con- 
tained by the sey ments o; o? the other. 


Let thetwo straichtlines AC, BD, within the circle ABCD, cut one 
another in the point & : the rectangle contained by Ak, EC is equai 
to the rectangle contained by BE, ED. 


If AC, BD pass each of them through the 
centre, so that E is the centre, it is evident 
that AE, EC, BE, ED, being all equal, the 
rectangle AE.EC is likewise equal to the 
rectangle BE.ED., 

But let one of them, BD, pass througn the 
centre, and cut the other AU, which does not 
pass through the centre, at right angles in the 
pent EK: then. if DD he bisected in F, F js the cantre af the Circa 
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ABCD; join AF : and because BD, which passes through the cente, 
cuts the straight line AC, which does not 1) 

pass through the centre at right angles, in 
E, AE, EC are equal (3 3.) toone another; 
and because the straight line BD is cut into 
two equal parts in the point F, and into two 
unequal, in the point E, BE.ED (5. 2.) + 
EF? = FR? = AF., But AF? = AE? 4- 
(47. |.) EF’, therefore BE ED + EP?= Ay 
AE?+ EF4, and taking EF" from each, BE. ~~ 
ED = A E? = AE. EC. 


Next, Let BD, which passes through the centre, cut the other AC, 
which does not pass through the centre, D 
in E, but not at right angles: then, as be- 
fore. if BD be hisected in F, F is the centre 
of the circle. Join AF, and from F draw 
po I.) FG perpendicular to AC ; there- 
ore AG is equal (3. 3.) to GC ; wherefore 
AE.EC + (5. 2.) EG^— AG^, and adding 
GE? to both, AE.EC-L EG?-I-GE?— AG? 
4- GI? Now EG? + GF? = EF, and B 
AG? --Gi?-— AF? ; therefore, AE. EC--EF'—AF?—FEW... But FD? 
—HBE.ED4-(5. 2.) EF*,therefore AE. EC ---EF"- BE. ED -- EF?,anó 
taking EF? from both, AE.EC=BE.ED. H 

Lastly, Let neither of the straight lines 
AC, BD- pass through the centre: take the 








centre F, and through E, the. intersection D 

of the straight lines AC, DB, draw the di- 

ameter GEFH : and because, as has been E. 

shown, AE.EC=GE.EH, and BE ED = 

GE.EH; therefore AE.EC = BE.ED. A Ba C 

Wherefore, if two straight lines, &c. cM | 
Q. E. D. BG 


PROP. XXXVI. THEOR. 


it from any point without a errele two strazght lines be drawn, one of 
which cuts the circle, and the other touches it ; the rectangle contain- 
ed by the. whole line which cuts the circle, and the part of tt without 
the circle; is equal tothe square of the line which touches it. 


Let D be any point without the circle ABC, and DCA, DB twe 
straight lines drawn from it, of which DCA cuts the circle, and DB 
touches it: therectangle AD. BSC is equal to the square of DB. 
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ither DCA passes through the contre, or 
it does not; first, Let it pass through the cen- 
tre E, and join. EB; therefore the angle 
EBD is a right (18. 3.) angle : and because 
he straight line AC is bisected in E, and pre- 
duced to the point D, APD.DC -- EC? = 
ED? (6. 2.). But EC=tB, therefore AU 
DC + EB?! = ED Now HD? = (17. 1.) 
IE B?-+-8D?, because £5) 19 a right angle ; 
therefore AD.DC+EH7=E58° + Bb“, and 
taking EB? frum each, AD.DC = BD*. 

But, if DCA does not pass through the 
centre of the circe ABC, take (1. 3.5 the 
centre E, and draw EF perpendicular , 12. 
~4.) to AC, and join EB, EC, ED: and be- 
cause the straight line BF, which passes 
through the centre, cuts the straight line 
AC, which does not pass -through the cen- 
tre, ut right angles, it likewise bisects (3. 3.) 
it; therefore AF is equal to FC; and be- 
cause the straight line AC is bisected i0 F, 
and produced to D (6. 2.), AD.DC 4- Tr'C^— 
FD?; add FE? to both, then AD. DC - FC? 
J-FE-—FDH-FE?. But (47, 1.) EC? FC? 
d FE, and ED'— FD? + FE’, because 
DFE is a right angle; therefore AD. DC-+- 
EC'—ED, Now, because EBD) is a right 
anele, ED?=EB?+BD? ~ EC?+BD*, and 
therefore, AD.DC-+-EC?=EC?+5D*, and 
AD.DC=BD*. 


Wherefore, if from any point, &e. Q. E. D. 


Cor. - If from any point without a circle, 
there be drawn two straight lines cutting it, 
as AB, AC, the rectangles contained by the 
whole lines and the parts of them without 
the circle, are equal to one another, viz. 
BA.AH=—CA.AF ss for oach of these rect- 
angles is equal to the. square of the straight 
dine AD, which touches the ciclo. 








9 BLEMEN TS, & 


PROP. XXXVII. THEOR. 


if froma point without a circle there be drawn two straight lines, one of 
which cuts the circle, and the other meets it ; af the rectangle contain- 
ed by the whole line, which cuts the circle; — the part of st without 
the circle, be equal to the square of the line which meets at, the line 
which meets shall touch the circle. 


Let any point D be taken without the circlo ABC, and from it let 
two straight lines DCA and DB be drawn, of which DCA cuts the cir- 
cle, and D5 meets it; if the rectangle AD.DC be equal to the square 
of DB, DB touches the circle. 

Draw (17. 3.) the straight line DE touching the circle ABC; find 
the centre F, and join FE, FB, FD; then FED isa right , 18. 3. ) an- 
gle: and because DE touches the circle ABC, and DCA cuts it, the 
rectangle AD.DC is equal (36. 3.) to the.square of DE; but the rect- 
angle AD. DC is, by hypothesis, equal to the square of DB: therefore 
the square of DE is equal to the square of DB; and the straight line 
DE equal to the Straight line DB : but FE is D 
equal to FB, wherefore DE, EF åre equal to 
DB, BF; and the base FD is cornmon to tho 
two triangles DEF, DBF; therefore the an- 
gle DEF is equal (8. 1.; to the.angle DBF ; 
and DEF isa right angle, therefore algo DBF : 
is a right angle : but FB. if produced, isa B, 
diameter, and the straight line which is drawn 
at right angles to a diameter, from the extre- 
mity of it, touches (16. 3.) the circle : thore- 
fore DB touches the circle ABC. Where- 
fore, if from à point; &c. Q. E. D 
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DEFINITIONS. 
1. 


À REOTILINEAL figure is said to be inscribed in anothor rectilinea! 
figure, when all the angles of the inscribed fi- 


gure are upon the sides of the figure in which it T Cl 


is inscribed, each upon each. 
KY. 


In like manner, a figure is said tobe described = N 
about another figure, when all the sides of the MM 
circumscribed figure pass through the angular 
points of the figure about which it is described, each through gach. 


III. 


A rectilineal figure is said to be inscribed in 
a circle, when all the angles of the inscrib- 
ed figure are upon the circumference of the 
circle. 





IV. 


A rectilineal figure is said to be described — —s — 
about a circle, when each side of the cir- e EU. 
cumscribed figure touches the circumfer- ; 
ance of the circle. 


V. 
fn ike manner, a circle is said to be inscrib- 
ed in a rectilineal figure, when the circum- 


ference of the circle touches each side of 
the figure. 


— ee R= 988 — — rn Lam 
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Vi. 
A circle is said to be deseribed about a recti- 
lineal figure, when the circumference of 
the circle passes through all the angular 


points of the figure about which it is de- 
scribed. 





VII. 


A straight line is said te be placed in a circle, when the extremities of 
it are in the circumference of the circle. 


-— 


PROP. I. PROB. 


In a given circle to place a straight line equal to a given straight line; 
not greater than the diameter of the circle. 


Let ABC be the given circle, and D the given straight line, not 
greater than the diameter of the circle. 
Draw BC the diameter of the cir- 

ele ABC; then, if BC is equal to 
D, the thing required is done; for 
in the circle ABC a straight hne BC 

is placed equal to D: But, if it is 
not, BC is greater that D; make 
CE equal (3. 1.) to D, and from 
the centre C, at the distance CE, 
describe the circle AEF. and join 
CA: Therefore, because C is the Ty — — 

centre of the circle AEF, CA is 

equal to CF ; but D is equal to CE ; therefore D is equal to CA: 
Wherefore, in the circle ABC, a straight line is placed, equal to the 
given straight line D, which is not greater than the diameter of the 
circle. Which wasto be dono. 





PROP. Ij. PROB. 
In a given circle to inscribe a triangle equiangular to a given triangle. 


Let ABC be the ‘given circle, and DEF the given triangle; it is 
required to inscribe in the circle. ABC a triangle equiangular to the 
triangle DEF. : 

Draw (17. 3.) the straight line GAH touching the circle in the point 
A, and at the point A, in the straight line AH, make (23. 1.) the angle 
HAC equal to the angle DEF : and at the point A, in the straight line 
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AG, make the angles GAB e- 

qual to the angle DF E and join G 

BC. Thereforo, because 3 H 
H AG touches the circle ABC | | - 
and AC is drawn from the ( 

point of contact, the angle 1) 

HAC is equal (32. 3.) to the 

angle ABC in the alternate | 

segment of the circle: But | | | \ 
HAC is equal to the angle A 13 Nu cong C 
DEF ; therefore also the an- '* 

gle ABC is equal to DEF; 

for the same reason, the angle ACB is equal to the angle DF'E ; there- 
fore the remaining angle BAC is equal (32. 1.) to the remaining angle 
jSDI* - Wherefore the triangle ABC is equiungular to the triangle DEF, 
and it is inscribed in the circle ABC. Which was to be done. 


PROP. UT. PROB. 


About a given eircle to describe a triangle equangular to a given tr» 
angle. 


Let ABC be the given circle, and DEF the given triangle ; it is re~ 
quired to describe a triangle about the circle ABC equiangular to the 
triangle DEF. | 

Produce EF both ways to the points G, H, and find the centre 
K of the circle ABC, and from it draw any straight line KB; at the 
point K in tho straight line KB, make (23. i.) the angle BK A equal 
to the angle DEG, andthe angle BKC equal to the angle DFH ; and 
through the points A, B, C, draw the straight lines LAM, MBN, NCL, 
touching (17. 3.) the circle ABC: Therefore, because LM, MN, NE, 
touch the circle ABC in tho points A, D, C, to which from the centre 
are drawa KA, KB, KC, the angles at the points A, B, C, are right 
(18. 3.) angles. And because the four angles of the quadrilateral 
figure AM BK are equal to four right angles, for it can be divided inte 
iwo triangles ; and because two of them, KAM, KBM are right angleg 
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the other two AKB, AMB aro equal to two right anglies : But the an- 
gles DEG, DEF are likewise equal (13. 1.) totwo right angles ; there- 
fore the angles AKB, AMB are equal to the angles DEG, DEF, of 
which AKB is equal to DEG ; wherefore the remaining angle AMB is 
equal to the remaining angle DEF. In like manner, theangle LMN 
may be demonstrated to be equal to DFE ; and therefore the remain- 
ing angle MLN 1s equal (32. 1.) to the remaining angle EDF : Where- 
tore the triangle LMN is equiangular to the triangle DEF: And it is 
described about the circlo ABC. Which was to be done. 


PROP. IV. PROB. 
To inscribe a circle in a. given triangle. 


Let the given triangle be ABC ; it is required to inscribe a circio io 
ABC. 
Bisect (9. 1.) tho angles ABC, BCA by the straight lines BD, CB 


meeting one another in the point D, from which draw (12. 1.) DE, DF, 
DG perpendiculars to AB, BC, CA. A | 


Then because the ungle EBD is equal 
to the anglo FBD, the angle ABC hbe- 
ing bisected by BD; and because the 
right angle BED, is equal to the right NG- 
angle BFD, the two triangles EBD, E 

FBD havetwo angles ofthe one equal D 

to two angles of the other; and the sido an 
BD, which is opposite to one of the & 
equal angles in eaclr, is common to | m S 
both; ‘herefore their other sides are B I C 
equal (26. 1.); wherefore DE is equal 

to DF. For the same reason, DG is equal DF ; therefore the three 
straight lines DE, DF, DG, are equal to one another, and the circle 
described from the centre D, at the distance of any of them, will 
pass through the extremities of the other two, and will touch the 
straight lines AD, BC, CA, because the angles at the points E, F, G, 
are right angles, and the straight line which is drawn from the extre- 
mity of a diameter at right angles to it, touches (Cor. 16. 3 ) the cir- 
cle. ‘Therefore the straight lines AB, BC, CA, do each of them 
touch the circle. and the circle EFG is inscribed in the triangle ABC. 
Which was to be done. 


PROP. V. PROB. 
To describe a circle about a given triangle. 


Let the given triangle be ABC; it is required lo describe a circle 
about ABC. 

Bisect (10. 1.) AB, AC in the points D, E, and from these points 
draw DF, EF at right angles (1!. 1.) to AB, AC; DE, BE produced 
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sul meet one angthor ; tor, it they da noi meet, they are parallei, 
wherefore, AB, AC, which are af right angles to them, are parallel, 
whichis absurd ; Lot them meet in F, and | join FA ; also, if tho point 
F be not in BC, join BF, CF : then, because AD is equal io BD, and 
DF common, and at right angles to AB, the base AF is equal (4. i.) 
io the base FB. In like manner, it may be shewn that UF is equal ta 
As and-therefore BF is equal to FC ; and FA, FB, FC are equal to 
one another ; wherefore the circle described from the centre F, at thg 
distance of one of them, will pass throuch the extremities of the oiher 
íwo, and be described about the triangle. ABO, which was to be done, 

Con. When the cenire of the circle falls within the triengle, each 
of its angles is less than aright angle, each of them being in a seg- 
iment greater than a semicircle ; but when the centre is in one of 
tha sides of the triangle, the angle opposite ta this side, being in a se» 
micircle, is a right angie : and if the centro falls without the triangle, 
the anglo opposite to the side beyond which it is, being in 8. segmenf 
less than a semicircle, is greater than aright angle. Wherefore, if the 
viven triangle be acuto angled, the centre of the circle falls within 
te : ifit bea right angled triangle, ihe centre is in the side opposite 
to the right angle ; and ifit be an obtuse angled triangle, the centre 
falls without ihe triangle, beyondthe side opposite to the obtuse angle. 

PROP, VI. PROB. 
To inscribe a square in a given circle. 

Let ABCD be the given circie ; it is required to inscribe a squats 
3n ABCD. 

Draw the diameters AC, BD at right angles to ono another, and join 
AD, DC, CD, DA; beciiuse BE is equal to ED, E being the centre, 
and because BA i is at right angles ta BD, 
and common to the triangles ABE, ADE; 
the base BA is equal (4. 1.) to the base 
AD; and, for the same reason, BC, CD 
are each of them equal to BA or AD; 
' therefore tho quadrilateral figure ABCD 
is equilateral. — It i» also rectangular ; 
for tho straight line BD being a diameter 
of the circlo ABCD, BAP is a semicir- 
cle; wherefere the angle BAD is a right 
“St. 3.5 angle; for the same renee euch: 
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of the angles ABC, BCD, CDA isa right angie ; therefore the quac- 
rilateral figure ABCD is rectangular, and it has been shewn to be equi- 
lateral; therefore it is a square; and it is inscribed in the circle 
ABCJ). Which was to be done. 


PROP. VIL PROB. 


To describe a square about a given circle. 


Let ABCD be the given circle; it is required to describe a square 
about it. 

Draw two diameters AC, BD of the circle ABCD, at right angles 
io one another, and through the points A, B, C, D draw (17. 3.) FG, 
GH. HK, KF touching the circle; and because FG touches the cir- 
cle ABCD, and EA is drawn from the centre E to the point of con- 
tact A, the angles at A are ri FS 3.) angles; for the same rea- 
son, the angles at the points $ ; D are right angles ; and because 
the angle AEB is a right angle, as likewise is GBG, GH is paralle: 

28. 1.) to AC ; for the same reason, 
Kc is parallel to FK, and in like man- G À. — w 
ner, GF, HK may each of them be de- 
monstrated to be parallel to BED; 
therefore the figures GK, GC, AK, FB, 


BK are paratlelograms; and GF is Bi LE, AT» 
therefore equal (34. 1.) to HK, and i 

Gtito FK; and because A°' ts equal to 

BD. and also to each of the two GH, | eae 
FK; and BD to each of the two GF, | ck 
HK : GH, FK are each of them equal H 


to GF or HK ; therefore the quadrilateral figure FGHK is equilate- 
ral. [tis also rectangular; for, GBEA being a parallelogram, and 
AFB aright angle, AGB (34. 1.) is likewise a right angle: In the 
same manner, it may be shewn that the angles at H, K, F are righ 
angles ; therefore the quadrilateral figuro FGHK is rectangular; and 
it waa demonstrated to be equilateral; therefore it is a square; and 
it is described abont the circlo ABCD. Which was to be done. 


PROP. Vili. PROB. 
To inscribe a circle zn a groen square. 


Let ABCD be the given square ; it is required to inseribe a circje 
in ABCD. 
 Bisect (10. 1.) each of the sides AB, AD, in the points F, Ej, and 
through EÈ draw (31. 1.) EH parallel to AB or DC, and through F 
draw FK parallel to AD or BC: therefore each of the figures, AK, 
KB, AH, HD, AG, GC, BG, GD is a parallelogram, and their oppo- 
site sides ere equal (34. 1.): and hecause that Al) is caust to AR. 
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‘and that AE is the half of AD, and AF the half of AB, AE is equal to 
AF; wherefore the sides opposite to these are equal, viz. FG to 
GE; in the same manner, it may be demonstrated, that GU, GK, ars 
each of them equal to FG or GE; thero- T) 
fore the four straight lines, «+I, GF, Gli, 
GK, are equal to one another; and the 
circle described from the centro G, et the 
distance of one of them, will pass through 
the extremities of the other three; and 
will also touch the straight lines AB, BC, 
CD. DA, because the angles at the points 
E, F. H, K, are right (29. 1.) angles, and 
because the straight line which is drawn 
from the extremity of a diameter at right 
angles to it, touches the circle (16. 3.) ; therefore each of tho straight 
lines AB, BC, CD, DA touches the circle, which is therefore inserth- 
éedin the square ABCD. Which wes to be done. 











PROP. IX. PROB. 


To describe a circle about a given square. 


Lot ABCD bo the given square; it is required to describe a circle 
about it. 

Join AC, BD, cutting one another in E; and because DA is equai 
to AB, and AC common to the triangles PAC, BAC, the two sides 
DA, AC are equal to ihe two BA, AC, and the base DC is equal to 
the base BC; wherefore the angle DAC is 
equal (8. 1.) to the angle BAC, and the an- 
gle DAB is bisected by the straight linc AC. 
Ín the same manner, it may be demonstrat- 
ed, that the angles ABC, BCD, CDA are 
severally bisected by the straight lines BD, 
AC ; therefore, because the angle DAB ts 
equal to the angle ABC, and the angle EAB 
ia the half of DAB, and EBA the half of 
ABC; the angle EAB is equal to the angle 
EBA: and the side EA (6. 1.) tothe side EB. In the same manner, 
it may be demonstrated, that the straight lines EC, EBD aro each of 
ihem equal to EA, or EB ; therefore the four straight lines LA, EB, 
EC, ED are equal to one anotber ; and the circle described from the 
centre E, at the distance of one of thein must pass through the extre. 
mities of the other three, and be described nhout the square ABCD. 
Which was to be done. 
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PROP. X. PROBE. 


To describe an isosceles triangle, having each of the angles at ihe bast 
double of the third angle. 


.. Take any straight line AB, and divide (11. 2.) it in the point €, so 
that tbe rectangle AB, BC may be equal to the square of AC; ané 
fron: the centre A; at the distance AB, describe the circle BDE, in 
Which place (1. 4.) the straight ‘ine BD equal to AC, which is not 
greater than the diameter of tha circle BDE; join DA, DC, and 
about the triangle AWC describe (5. 4.) the circle ACD: the trian: 
gle ABD is such as is required, that is, each of the angles ABD, ADE 
is double of the angle BAD. 
, Because the rectangls AB.BC is equal to the square of AC, ané 
AC equal to BD, the rectanule | 
AB.Bv is equal to the square of 
BD; and because from the point 
B without the circle ACD two 
straightlines BCA,DD aredrawn 
to the circumference, one of 
which cuts, and the other meets 
the circle, and the rectangle AR. 
BU contained by the whole of the 
cutting line, and the part of it 
without the circle, is equal to the 
square of BD, which meets it; 
the straight line B D touches (37. ' 
3.) the eircle ACD. And becnusé 
BD touches the circle, and DC —* 
is drawn from the point of contact D, the angle BDC is equa! 
(32; 3.) to the angle DAC in the alternate segment of the circle, to 
each of thesé add the angle CDA: therefore the whole angle BDA 
ia equal to thé two angles CDA, DAC; but the exterior angle BCD 
is equal (32. 1.5 to the angles CDA, DAC; thercforo also BDA is 
equal to BCD; but BDA is equal (5. 1.) to CDB, because the side 
AD is equal to the side AB; therefore CKD, or DBA is equal to 
BCD; and consequently the three angles BDA, DBA, BCD, are 
equal to órié another. And because the anglo DBC is equal to the an- 
gle BCD, the side BD is equal (6. 1.) to the side DC; but BD was made 
equal to CA; therefore also CA is equal to CD, and the angle CDA 
equal (5. 1.) to the angle DAC; therefore the ingles CDÀ, DAC to. 
gether, are double of the angle DAC; but BCD is equal to the an- 
les CDA, DAC (32. 1.) ; therefore aleo BCD is double of DAC. 
But BCD is equal to each of the angles BDA, DBA, and therefore 
‘each of the angles BDA, DBA, is double of the angle DAB; where- 
foré an isosceles triangle ABD is described, having each of the an- 
gies at the base double ofthe third angle. Which was to be done. 
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Con. i. Fhe angle BAD is the fifth part of two right angles, 
és Hor since each of the angles AB) and ADB is equal to twice the 
“angle BAD, they are together equal to four times BAD, and there- 
« fore oll the three angles ABD, ADB, E AU, taken together, are 
"t equal to five times the angle BAD. But the three angles ABD, 
‘ADB, BAD are equal to “two rieht angles, therefore five urnes the 
** angle BAD is equal to two right angles ; or BAD is the fifth part ot 
*! two right angles." 


‘t Cor. 2. Because BAD ts the fifth part of two, or the tenth part 
** of four right angles, all the angles about the centre A are together 
* equal to ten times the angle BAD, and may therefore be divided 
‘¢ into ten parts each equalto HAD. And as these ten equal angles a£ 
* the centre, must stand on ten equal arches; therefore the arch BD 
‘ig one-tenth of the circumference 3 aud the straight line BD, that ts; 


« AC, is therefore equal to the sido of an equilateral decason inscrih- 
‘Sed in the circle BD 15," 


PROF. Xi. PROB. 


To inscribe an equilateral and equiangulur pentagon in a given circle. 


Let ABCDE bo the given circle, it is required to inscribe an equi- 
lateral and equiangular pentagon in the circle ABCDE. 

Describe (10. 4.) an isosceles triangle FG H, hnving each of the an- 
gles at G, H, double of the angle at F ; and in ‘the circle ABCUE in- 
scribe (2. 4.) the triangle ACD equiangular to the triangle FGH, so 
that the angle CAD be equal to the angle at K, and each “of the angles 
ACD, CDA equal to the angle 
at G or H: wherefore each of 
the angles ACD, CDA is dou- 


ble of the angle CAD.  Bisect 
(9. 1.) the angle ACD, CDA 
by the straight lines CE, DB; 

and join AB. BC, DE, EA. 
ABCDE is tho pentagon re- 
quired. 


Because the angles ACD, € 
CDA are each of them double | 
of CAD, and are bisected by the straight lines CE, DR, the five angles 
DAC, AC. » HCD, COB. BDA are equal to ove another ; bui equal 
angles stand upon equal (6. 3.) arches; therefore the five arches 
AB, BC, CD, 0E, EA ure. equal to one anethaz : and equal arches 
are subterided by equal (29. 3.) straight i559 ; therefore the five 
straight lines AB, BC, CD, DE, EA are cqual to one another. 
Wheretore the pentagon ABC DS: is equilateral. [tis also equiangu- 
lar ; because the arch AB is equal to the arch DE ; if to each be added 
BCD, the whole ABCD is equal to the whole EDCB : and tho angle 
AED stands onthe arch ABCD. andthe angle BAE on the arch 
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EDCB ; thereforo the anglo BAE is equal (27. 3.) to ihe aàngla AED : 
for the same reason, each of the angles ABC, BCD, CDE is equal to 
the angle BAE or AED: therefore the pentagon ABCDE is equian- 
gular: and it has been shown that it is equilateral. Wherefore, in 
the given circle, an equilateral and equiangular pentagon has heen in- 
scribed. |. Which was to be done. 


Otherwise, 


* Divide the radius of the given circle, so that the reciangie corti- 
‘t tained by the whole and one «f the parts may be equal to the square 
“t of the other (11. 2.) Apply in the circle, on each side ofa given 
** point, a line equal to the greater of these parts; then (2. Cor. 10. 4.), 
* each of the arches cut off will bc one-tenth of the circumference, and 
« therefore the arch made up of both will be one-fifth of the circum- 
‘t Ference ; and if the straight line subtending this arch be drawn, it 
åt will be the side of an equilateral pentagon inscribed in the circle.” 


PROP. XI. PROB. 


To deseribe an equilateral and equiangular pentagon about a giver 
circle. 


Let ABCDE be the given circle, it is required to describe an equila- 
ieral and equiangular pentagon about the circle ABC DE. 

Let the angles ofa pentagon, inscribed in the circle, by the last pro- 
position, bo in the points A, B, C, D, E, so that the arches AB, BC, 
CD, DE, EA are equal (11. 4.) and through the points A, B, C, D, 
E draw GH. HK, KL, LM, MG, touching (17. 3. the circle; take the 
centre F, and jin FB, FK, FC, FL, FD. And because the straight line 
KL touches the circle ABCDE in the point C, to which FC is drawn 
from the centre EF, FC is ;erpeudicular (18. 3.) to KL; therefore each 
of the angles at © is aright angle ; forthe same reason, the angles at 
the points B, D are right ungles ; and because FCK isa right angle, the 
square of FK is equal (47. 1.) to the squares of FC, CK. For the 
same reason, the square of FK is equal to the squares of FB, 
BK : therefore the squares of FC, CX are equal to the squares 
of FB, BK, of which the square of FC is equal to the square 
of FB; the remaining square of CK is therefore equal to the 
yemaining square of BK, and the straight line CK equal to BK : and 
because FB is equal to FC, and FS common to the triangles BFK, 
CFK, the two BF, EFK are equal to the two CF, FK ; and the base 
BK is equal to thebnse KC : therefore the angle BF K is equal (8. 1.) 
to the angle KFC, nnd the angle BKF to FKC ; whereforo the angle 
BFC is double of the angle KIC, and BEC doublo of FKC : for 
the same reason, the angele - ‘FD is double of the angle CFL, and CLD 
double of CLF : and because the arch BC is equal to the arch CD, the 
angle BFC is equal (27. 3.) to the angle CFD; and BFCis double of 
the angle KC, and CFD double of CFL; therefore the angle KFC ie 
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equal to the angle CFL; now tho 
right angle FCK is equal to the right 
angle FCL; and therefore in the 
two triangles EKC, FLC, there are 
two angles of one equal to two an- 
gles of the other, each to each, and 
the side FC, which is adjacent to 
the equal angles in each, is common 
to both; therefore the other sides 
are equal (26. 1.) to the other sides, 
and the third angleto the third angle; 
therefore the straight line KC is K. C f 

equal to CL, and the angle FKC to the angle FLC: and because KC 
is equal to CL, KL is double of KC ; in the same manner, it may be 
shown that HK is double of BK ; and because BK is equal to KC, as 
was demonstrated, and KL is double of KC, and HK double of BK, HK 
is equal to KL; in like manner, it may be shown that GH, GM, ML, aro 
each of them equal to HK or KL: therefore the pentagon GHKLM ig 
equilateral. 1t is also equiangular ; for, since the angle FKC is equal 
to the angle FLC, and the angle HKL double of the angle FK C and 
KLM double of FLC, as was before demonstrated, the anglo HKL ia 
equal to KLM ; and in like manner it may be shown, that each of the 
angles KHG, HGM, GML is equalto the angle HKL or KLM ; there- 
forethe five anglesGHK, HKL, KLM, LMG, MGH being equal to one 
another, the pentagon GHKLM is equiangular: and it is equilateral 
as was domonstrated ; and it is described about the circle ABCDE. 
Which was to be done. 





PROP. XIII. PROB. 
To inscribe a circle in a given equilateral and equiangular pentagon. 


Let ABCDE be the given equilateral and equiangular pentagon ; it 
is required to inscribe a circle in the pentagon ABCDE. 

Bisect (9. 1.) the angles BCD, CDE by the straight lines CF, DF, 
and from the point F, in which they meet, draw the straight lines FB, 
FA, FE; therefore, since BC is equal to CD, and CF common to the 
triangles BCF, DCF, the two sides BC, CF are equal to the two DC, 
CF ; aud the angle BCF is equal to the angle DCF : therefore the base 
BF is equal (4. 1.) to the base FD, and the other angles to the other 
angles, to which the equal sides are opposite : therefore the angle CBE 
is equal to the angle CDF ; and because the angle CDE: is double of 
ODF, and CDE equal to CBA, and CDF to CBF; CBA is also doubls 
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of the angle CBE; therefore the 
angle ABF is equal to the angle 
CBF; wherefore the angle A BC 1s 
bisected by the straight line BF: In 
tho same manner, it may be domon- 
strated that the anvles BA E. AED, 
are bisected by the straiht lines 
AF, EF: from the point F draw 
(129. 1.) FG, FH, FK, FL, FM per- 
pendiculars to the straight lines AB, 
BC, CD, DE, EA : and because the 
angle HCF is equal to KCE, and the , 

right angle FH, equalto the right ange FKC ; in the triangles FHC, 
FKC there are two angles of one equal to two angles of the other, and 
the side FC, which is opposite to one of the equal angles in each, is 
common ta both; therefore, the other sides shall be equal (26. 1.), 
each to each ; wherefore the perpendicular FH is equal to the perpendi- 
cular FK ; in the same manner it may be demonstrated, that FL, FM, 
FG are each of them equal to FH or FE; therefore the five straight 
lines FG, FH, FK, FL, FM are equal to one another; wherefore the 
circle described from the ceutre F, at the distance of one of these five, 
will pass through the extremities of the other four, and touch the 
straight lines AB, BC, CD, DE, EA, because that the angles at the 
points G, H, K, L, M are right angles, and that a straight line drawn 
from tho extremity of the diameter of a circle at right angles to it, 
touches (Cor. 16. 3.) the circle: therefore each of the straight lines 
AB, BC, CD, DE, EA touches the circle; wherefore the circle 13 in- 
scribed in the pentagon ABCDE. Which was to be done. 


PROP. XIV. PROB. 





To describe a circle about a given equilateral and equianguiar 
pentagon. 


Let ABCDE be the given equilateral] and equianvular- pentagon $ i 
is required to deseribe a circle about it. 

Bisoct (9. 1. theangles BCD, CDE by the straight lines CF, FD, 
and from the point F, in which they 
meel, draw the straight lines FB, FA, 
FE to the points B, A, E. It may bo 
demonstrated, inthe same manner asin 
the preceding proposition, that the an- 
gles CBA, BAE, AED are bisected by 
the straight lines 1:4, FA, FE: and be- 
cause that the angle BCD is equal to 
the angle CDE, and that FCD ts tho 
half of the angle BCD, aud CDF the 
nalfof CDE: the angle FED is equi! 
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io FDC ; wherefore tho side CF is equal (6. 1.) to the sida FD: In 
like mannor it may be demonstratod, that FB, FA, BE are cach ot 
them equai to FC, or FD: therefore the five straight lines FA, FB, 
iC, FD, FE are cqual to one another ; and the circle described from 
the centre F, at the distance of one of them, will pass through the 
extremities of the other four, and be described about the equilatera? 
and equiangular pentagon ABCDE. Which was to be done. 


PROP. XY. PROD. 
To inscribe an equilateral and equiangular hexagon in a given circle, 


Let ABCDEF be the given circle; it ig required to inscribo mì 
equilateraland equiangwar hexagon in it. | 

Find the centre G of the circle ABCDEF, and draw the diameter 
AGD : and from D, as a centre, at the distance DG, describe the cir- 
cle EGCH, join EG, CG, and produce them to the points B, F ; and 
join AB, BC, GD, DE, EF, FA: the hexagon ABCDEF ts equilate- 
ral and equiangular. | 

Because G is the centre of the circle ABCDEF, GE is equal te 
GD: and bocause D is 1he centre of the circle EGCH, DE is equal 
to DG ; wherefore GE is equal to ED, and the triangle EGD is eqai- 
lateral ; and therefore iis three angles EGD, GDE, DEG are equal 
to one another (Cor. 5. 1.) ; and the three angles of a triangle are 
equal (32. 1.) to two right angles ; therefore the angle EGD is fhe 
third part of two right angles: In theo 
same manner it may be demonstrated that 
the angle DGC is also the third part of 
two right anglies: and because tho straight 
line GC makes with EB the adjacent an- 
gles EGC, CGB equal (13. F.) to two 
right angles: the remaining angle CGB is 
the third part of {wo right angles: there- 
fore tho angles EGD, DGC, CGB, are 
equal to one another: and also the angles 
vertical to them, BGA, AGF, FGE(14.1.); 
therefore the six angles EG D, DGC, CGB, 
BGA, AGF, FGE are equal to one ano- 
ther. But equal angles at the centre 
stand upon equal (26. 3.) arches ; there: 
fore the six arches AB, BC, CD, DE, EF, 
FA aro equal to ane another: and equal arches are sublended by 
equal (2. 3.) straight lines; therefore the six straight lines are 
equal to ono another, and the hexagon ABCDEF is equilateral. d 
is ulso equiangular 3 for, since the arch AF #3 equal to ED, to each of 
these add the arch ABCD ; thegefore the wholo arch FABCD shall 
bo equal to the whole EDCBA : and the angle F ED stands upon the 
arch FABCD), and the angle AF E upon ERCBA ; therefore ilie nngla 
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AFE is equal to FED: in the same manner it may be demousiraiea, 
that the other angles of the hexagon ABCDEF are each of them 
equal to the angle AFE or FED; therofore.the hexagon is equiangu- 
lar; itis also equilateral, as was shown; and it is inscribed in the 
given circle ABCDEF. Which was tu be done. 

Cor. From this it is manifest, that the side of the hexagon is equal 
to the straight line from the centre, that is, to the radius of the circle. 

And if through the points A, B, C, D, E, F, there be drawn straight 
lines touching the circle, an equilateral-and equiangular hexagon shall 
be described about it, which may be demonstrated from what has been 
said of the pentagon ; and likewise a circle may be inscribed in a given 
equilateral and equiangular hexagon, and circumscribed about it, by & 
method like to that used for the pentagon. 


PROP. XVI. PROB. 


To inscribe an equilateral and equiangular guindecagon in a given 
circle, 


Let ABCD be the given circle ; it is required to inscribe an equi- 
lateral and cquiangular quindecagon in the circle ABCD. 

Let AC be the side of an equilateral triangle inscribed (2. 4.) ic 
the circle, and AB the side of an equi- 
lateral and equiangular pentagon inscrib- 
ed (11. 4.) in the same; therefore, of 
such equal parts as the whole circum- 
ferencó ABCDF contains fifteen, the 
arch ABC, being the third part of the 
whole, contains five; and the arch AB, 
which is the fifth part of the whole, 
contains three ; therefore BC their dif- 
ference contains two of the same parts: 
bisect (30. 3.) BC in E; therefore 
BE, EC are, each of them. the fifteenth | 
part of the whole circumference AB ^D : therefore if the straight 
lines BE, EC be drawn, and straight lines equal to them be placed (1. 
4.) around in the whole circle, an equilateral and equiangular quinde- 
cagon will be inscribed in it. Which was to. be done. | 

And. in the same manner as was done in the pentagon, if through 
the points of division made by inscribing the quindecagon, straight 
lines be drawn touching the circle, an equilateral and equiangular 
quiadecagon may be described about it: And likewise, as in the penta- 
gon,.a circle may be inscribed in a given equilateral and equiangular 
quindecagon, and circumscribed about it. 
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BOOK V. 


in the demonstrations of this book there are certain ‘signs ot 
characters which it has boen found convenient to employ. 


“J, The letters A, B, C, &c, are used to denote magnitudes of any 
“Kind. The letters m, 2, p, g, arc used to denote numbers only. 


“2, The sign + (plus), written between two letters, that denote 
“ magnitudes or numbers, signifies the sum of those magnitudes or 
“numbers, Thus, A + B is the sum of the two magnitudes denoted 
“by the letters. À and B; m-n is the sum of the numbers denoted 
“by m and n. 


“3. "The sign -— (minus), written between two letters, signifies the 
* excess of the magnitude dehoted by the first of these letters, which 
' js supposed the greatest, above that which js denoted by the other. 
«Thus, A — B signifies the excess of the magnitude A above the 
“ magnitude B. | 


4 4. When a number, or a letter denotmg a number, is written 
‘close to another letter denoting a magnitude of any kind, it sig- 
& nifies that the magnitude is multiplied by the number. Thus, 
4 3A signifies three times Aj mB, m times B, or a multiple of B by 
“ü m. When tbe number is intended to multiply two or more mag- 
“nitudes that follow, it is written thus, m(A+54), which signifies 
‘the sum of A and B. taken s times; m(A— B) is m times tho. ex- 
** cegs of. À above B. | 

_ Also, when two letters that denote numbers are written close to 
‘Cone another, they deuote tho product of those numbers, when mul- 
«üplied into one another. — ‘Thus, mn ig the product ofa» inton; and 
mÀ is A multiplied by the product of m into n. 


#5. The siga = signifies the equality of the magnitudes denoted 
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* by the letter’ that stand on the opposite sides of it; A=B signifies 
that A is equal to B; A+-B=C~ D signifies that the sum of A and 
* B is equal to the excess of C above D. 


“6. The sign 7 is used to signify that the magnitudes between 
which it is placed are unequal, and that the magnitude to which the 
* opening of the lines is turned is greater than the other. Thus X 
** 7 B signifies that A is greater than B; and A 7 B signifies that A 
'! 1s loss than B: 


ba 
1 


DEFINITIONS. 


È 
A less magnitude is said to be a part of a greater magnitude, when 


the less measures the greater, that is, when the less is contained a 
vorfein nuhiber of times, exactly, in the greater. 


I]. 
Á greater magnitude is said lo be a multiple of a less; hen the greater 
is measured by the less, that is, when the greater contains the less 
certain number of times exactly. 


III. 


Ratio is a mutual relation of two magnitudes, of the same kind, to arè 
another, in respect of quantity; 


IV. 
Magnitudes are said to be of the same kind, when the less can be mul- 


tiplied so a8 to exceed the grenter; and it is only such magnitudes 
that aro satd to have a ratio to one anether: 


V. 


if. there be four magnitudes, and if any equimultiples whatsoever bé 
taken of the first and.third, and any equimultiples whatsoever of 
the second aud fourth, and if, according as the multiple of the first is 
greater than the multiple of the second, equal to it, or less, the mul- 
tiple of the thirdis also greater than the multiple of the fourth, equal 
to it, or less; then the first of the magnitudes is said to have to the 
second the same ratio that the third has to the fourth. 


VI. 
Maenitudes are said to be proportionals, when the first. has the sante 
ratio to the second that fhe third has to the fourth ; and the third to 
the fourth the same ratio which the fifth his to the sixth, and so on 
whatever bo their number. | 
** When four magnitudes, A, B, C, D are proporfionals, it is usual to 
‘t say that A is to B as C to D, and to write trhem this, À ; D ^ 
wC- D, ortbus, A -B =C: D.” 
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VIT. 


When of the equimultiples of four magnitudes, taken as in the fiftli 
definition, the multiple of the first is greater than that of the second, 
but the roultiple of the third is not greater than the multiple of the 
fourth: then the first is said to have to the second a greater ratio 
than the third magnitude has. to the fuurth: and, on the contrary, 
the third is said to have to the fourth a less ratio than the first has 
to the sccond. 


VILL. 


When there is any number of magnitudes greater than two, of which 
the first has to the second the same ratio that the second has to the 
third, and the second to the third the same ratio which the third 
has to the fourth, and so on, the magnitudes are said to be conti- 
nual proportionals. 

Ix. 

When three magnitudes are continunl proportionals, the sccond is said 

to be a mean proportional between the other two. 


X. 


When thore is any number of magnitudes of the same kind, the first is 
said to have to the last the ratio compounded of the ratio which the 

. first has to the second, and of the ratio which the second hasto the 
third, and of the ratio which the third has to the fourth, and so ori 
unto the last magnitude. 

For example, if A, B, C, D, be four magnitudes of the same kind, the 
first Ais said to have to the last D, the ratio compounded of the ratio 
of A to B, and of the ratio of B to C, and of the ratio of C to D ; or, 
the ratio of A to D 19 snid to be compounded of the ratios of A td 
B, B to C, and C to D. | 

Andif A: B :: E: F;and B: C *: G: H, and C: D :: K:L,then, 
since by this definition A has to D the ratio compounded of tho 
ratios of A to B, B to C, C to D; A may also bo said to bavo to D 
the ratio compounded of the ratios which are the same with the 

. ratios of E to F, G to H, and K to L. 

Ia like manner, the/same things being supposed, if M has to N the 
same ratio which A has to D, then, for shortness! snke, M is said to 
have to N a ratio compounded of the same ratios, which compound 


the ratio of À to D; that is, á ratio compounded of the ratios of E 
to F, G to H, and K to L. 
XI. 

If three magnitudes are continual proportionals, the ratio of the first 
tothe third is said to be duplicate of the ratio ofthe first to the se- 
cond. . 

«Thus, if A be to B as B to C, the ratio o£ A to C is said to be dupli- 
ente of the ratio of A to B.  Ience, since by the last definition, 
‘the ratio of A to C is compounded of the ratios of A to D, and B 
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* to C, a ratio, which js compounded of two equal ratios, 1s dupii- 
*€ cate of cither of these ratios." 


XII. 


If four magnitudes are continual proportionals, the ratio of the first to 
the fourth is said to be triplicate of the ratio of the first to the second, 
or of the ratio of the second to the third, &c. 

* So also, if there ure five continual praportionals; the ratio of the first 
‘to the fifth is called quadruplicate of the ratio of the first to the 
‘© sacond; and so on, according to the number of ratios. Hence, a 
“ ratio compounded of three equal ratios, is triplicate of any one of 
** those ratios; a ratio compounded of four equal ratios quadruplt- 
4 cate," &c. 


XTIT. 


In proportionals, the antecedent terms are called homologous to ono 
another, as also the consequents to one another. 


Geometers make use of the following technical words to signify certain 
ways of changing either the order or magnitude of proportionals, 50 
as that they continue still to be proportionals. 


XIV. 


Permutando, or alternando, by permutation, or alternately; this word 
is used when there are four proportionals, and it is inferred, that the 
first has the same ratio to the third which the second has to the 
fourth ; or that the first is to the third as the second to the fourth: 
See Prop. 16. of this Book. 


X V. 

invertendo, by inversion: When there are four proportionals, and it 
is inferred, that the second is to the first, as the fourth to the third. 
Prop. A. Book 5. 

XVI. 

‘Componendo, by composition: When there are four proportionals, and 
it is inferred, that the first, together with tle second, is to the second 
as the third, together with the fourth, is to the fourth. 18th Prop. 
Book 5. 

XVII. | 

Vividendo, by division: when there are four proportionals, and it is 
inferred, that the excess of the first above the second, is to thé 
second, as the excess of tho third above the fourth, 1s to the fourth, 
17ta Prop. Book b. 

XVII. 

Convertendo, by conversion ; when there are four proportionals, and 
it is inferred; that the first is to its excess above the second, as tho 
third to its excess above the fourth. Prop. D. Book 8. 
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XIX. 


x æquali (sc. distantia), or ex :equo. from equality of distance ; when 
there is any number of magnitudes more than two, and as many 
others, so that they are proportionals when taken two and iwo of 
each rank, and it is inferred, that the first is to the last of the first 
rank of magnitudes, as the first is to the last of the others; Of this 
there are the two follówing kinds which arise from the different or- 
der in which the magnitudes are taken two and two. 


XX. 

Ex mquali, from equality ; this term is used simply by itself, when the 
first magnitude is to the second of the first rank, as the first to the 
second of the other rank ; and as the second is to the third of the 
first rank, so is the second to the third of the other; and so on in 
order, and the inference is as mentioned in the preceding definition ; 
whence this is called ordinate proportion. 

It is demonstrated in the 22d Prop. Book 5. 


X XI. 


Ex equali, in proportione perturbata, seu inordinata : from equality, 
in perturbate, or disorderly proportion; this term is used when the 
first magnitude is to (he second of the first rank, as the last but one 
is to the last of the second rank: and as the second is to the third 
of the first rank, so 1s the last but two to the last but one of the sc- 
cond rank; and as the third is to the fourth of the first rank, so 1s 
the third from the last, to the last but two, of the second rank ; and 
so on in a cross, or inverse, order; and the inferenco is as in the 
t9th definition. It is demonstrated in the 23d Prop. of Book 5. 


AXIOMS. 


I. 


EquiIMULTIPLES of the same, or of equal magnitudes, are equal to onc 
another. 
i. 


Those magnitudes of which the same, or equal magnitudes, are equi- 
multiples, are equal to one another. 
III. 


A multiple of a greater magnitude is greater than the same multiple of 
a less. a 


That magnitude of which a multiple is greater than the same multiple 
of another, is greater than that other magnitude. 
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PROP. I. THEOR. 


If any number of magnitudes be equimultiples of as mony others, eo ch 
of each, what multiple soéver any one of the first ts of tls part, the 
same multiple is the sum of all the first of the sum of all the rest. 


Let any number of magnitudes A, B, and C be equimultiples of as 
many others, D, E, and F, each of each, A+-B-+C is the same mul- 
tiple of D4- E4- F, that A is of D. 

Let A contain D, B contain E, and C contain F, each the same num- 
ber of times, as, for instance, three times, 


. "Then, because A contains D three times, A=D+D-+D. 
: For the rame reason, B=h+E+1; 
And also, C=F+F+F. 


Therefore, adding equals to equals (Ax. 2. 1.), A-+-B-+C is equal 
to D+-E+-F, takon threetimos. Inthe same manner, if A, B, and C 
were each any other equimultiple of D, E, and F, it would be shown 
that A4+-B-+C was the same multiple of D+E+F. Therefore, &c. 
Q. E. D. 

Cor. Hence, if m be any number, mD-+mE-+mF=m(D-+ EH: 
F) FormD, mE, and mF are multiples of D, E, and F by m, there. 
fore their sum is also a multiple of D4- E 4- F by in. 


PROP. I. THEOR. 


If to a multiple of a magnitude by any number, a multiple of the same 
magnitude by any number be added, the sum will be the same multi. 
ple of that magnitude that the sum of the two numbers is of unity. 


Let A=mC, and B=nC 3; A+B=(m-+n)C. 

For, since A=mC, A=C+C-+-C+ &c. C being repeated mtimes, 
For the same reason, B=C+C-+- &c. C being repeated x times. 
Therefore, adding equals to equals, A-++B is equalto C taken m -}- n 
times; that is, A4+-B=(m + n)C. Therefore A+B contains € as oft 
as there are units in m-I-n. Q. E. D. 

Con. 1. Inthe same way, if there be any number of, multiples 
whatsoever, as Á--mE, B—aE, C-—»E,itis shown, that A+B+C= 
(m4-n--p)E. 

. Con. 2. Hence also, since A4- BF C zx (m -]1-4-F- p) E, and since A. 
cmE, B—nE, and C—pE, : E--»E4-pE-—(m-En--p)E. 


PROP. III. THEOR. 


If the first. of thrce magnitudes contain the second as oft as there are units 

| àn a certain number, and if the second contain the third also, as often 
as there are unis in a certain number, the first will contain the 
third as oft as there are units in the product of these two numbers, 


Let A=mB, and B=2€ : then A-2mnC. 
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Since B—2C, mB 2 nC--1C-4- &c. repeated m times. But nC-+-20 
&c. repeated n times is equal to C (2. Cor. 2. 5.), multiplied by n-t-5 
-F&c. n being added to itself m times ; but n added to itself in times, is 
n multiplied by mm, or mn. Therefore nC +- nC + &c. repeated t 
times —:nC; whence also mB-mnaC, and by hypothesis A—mb, 
therefore A=mnC. Therefore, &c. Q. E. D 


PROP. IV. THEOR. 


If the first of four magnitudes has ihe same ratio to the second which the 
— third has to the fourth, and if any equingitiples whatever be taken o 
the first und third, and any whatever of the second and fourth ; the 
multiple of the first shall have the same ratio to the multiple of the 
second, that the multiple of the third has to the multiple of the fourths 


Let A: D:: C: D, and let m and n be any two numbers; mA : 
aB :: mC: nD. 

Take of mA and mC equimultiples by any number p, and of xB and 
nD equimultiples by any number g. Then the equimulliples of mA, 
and mC by p, are equimultiples also of A and C, for they contain A 
and C as oft as there are pnits in pm (3. 4.), and are equal to pmA and 
pmC. For the same reason the multiples of nB and nD by q, ate qnB, 
qnD. Since, therefore, A : B :: C : D, and of À and C there are 
taken any equimultiples, viz. pii and pmC, and of B and D, any 
equimultiples gnB, yxD, if pmA be greater than gnD, p:C must be 
greater than gnD (dof. 5. 5.) ; if equal, equal; and if less, less. But 
pmA, pm. are also equimultiples of mA and mC, and qaB, gnD are 
equimultiples of nB and nD, therofore (def. 5. 5.), mA: 2Bi: mC: 
nD. Therefore, &c. Q. E. D. 

Con. In the same manner it mny be demonstrated, that if A : D :: 
C : D, and of À and C equimultiples be taken by any number m, viz. 
nA and AC, mA : DB ::mC : D. This may also be considered as in- 
eluded in the proposition, and as being the case when n=}. 


PROP. V. THEOR. 


if one magnitude be the same multiple of another, which a magnitude 
taken from the first is of a snagnitude taken from the other ; the res 
maindér is the same multiple of the remainder, that the whole is-of 
the whéle. 


Let mA and mB be ay equimultiples of the two magnitudes A and 
B, of which A is greater than B; '&A— m2 is the same multiple of 
A — B that mA is of A, that is, -A—mB=a(A-—B). | 

. Let D be the excess of A above B, then A — B—D, and adding B to 
both, .A zD-1-B. ^ "Therefore (1. 5.) nA —mD--in B ; take mB from 
both, and : A —inB-—4D; but D-A-- 2, therefore n A — mB—m(A& 
- FP). Thorefore, &e. Q. E. D. 


! p 
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PROP. Vi. THEOK. 


if from a multiple of a magnitude by any number a multiple of the same 
. magnitude by a less number be taken away, the remainder will be the 
same multiple of that magnitude that the difference of the numbers ès 


of wnety. 


‘Let mA and nA be multiples of the magnitude A, by the numbers 
4n and n, and let m be greater thann; mA—nA contains A as oft as 
m—n containa unity, or mA—nA=(in—n)A. 

Let m—n=g; then m=n-+-g. Therefore (2. 5.) mA=nA-9gA ; 
take nA from both, and mA—nA=gA. Therefore mA— nA contains 
A as oft as there are units in q, that is, in m =n, or mÀ — nÀ —(m —n) 
A. "Therefore, &c. Q. E. D. 

"Con. When the difference of the two numbers is equal to unity, or 
m-—-15-—1, then mA—nAÁÀ-—A. 


PROP. 4. THEOR. 


If four magnitudes be proporizonals, they are proportzonals also wher 
| taken inversely. 


i£ A: B:: C:D, then also B: A :: D: C. 

Let mA and mC be any equimultiples of À and C ; 4B and 2D an 
equimultiples of B and D. Then, because A: B::C: D,if m 
be less than nB, mC will be less than nD (def. 5. 5.), that ts, if nB 
be greater than mA, nD will be greater than mC. For the same rea- 
son, ifnB=mA, nD=mC, and if nBZ mA, nDZmC. But nB, nD 
are any equimultiples of B and D, and mA, mC any equimultiples of 
A and C, therefore (def. 5. 5.), B: A::D:C, Therefore, &c.. 


Q. E. D 
PROP. B. THEOR. 


Af the first be the saine multiple of the second, or the same part of it, 
that the third is of the fourth; the first ts to the second as the thera 
to the fourth. 


n e mB be equimultiples of the magnitudes A and B, mA. 
A:: mB: B. 

. Tako of mA and B equinultiples by any. number n ; and of A and 
B equimultiples by any number p; these wil!’ be nmA (3. 5.), pA, 
.nmB (3. 5.) pB. Naw, if nmA be greater than pA, nm is also 
greater than p ; and if nm is greater than p, nmB is greater than pD, 
therefore, when nmA is greater than pA, nmB is greater thap pD. 
In the same manner, if amA=pA, 2mB=pB, and if amA Z pA, am 
AB. Now, nmA, nmB are any equimultiples of A and mB: and 
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»A, pB are any equimultiples of A and B, therefore mA: A:: mB: 
B (def. 5. 5.). 

Next, Let C be tho same part of A that D is of B; then A is the 
same multiple of C that B is of D, and therefore, as has been demon- 
strated, À : C :: B: D, andinversely (à. 5.) C : A :: D: B. Thero- 
fore, &c. Q. E. D. 


PROP. C. THEOR. 


Jf the first be to the second as the third to the fourth ; and if the first be 
a multiple ór a part of the second, the third is the same multiple or 
the same part of the fourth. 


Let A: B:: C: D, and first, let A be a multiple of B, C is the 
same multiple of D, that is, if AmB, C=mD. 

Take of A and C equimultiples by any number as 2, viz. 2A and 
2C ; and of B and D, take equimultiples by the number 2», viz. 2m B, 
2mD (3. 5.); then, because A-mB, 2A —2mB ; and since A: B :: C : 
D, and since 2A =?2n: B, therefore 2C =—2mD (def. 5. 5.), and C=nD, 
that is, C contains D m times, or as often as A contains B. 

Next, Let A be a part of B, C is the same part of D. For, since 
A:B::C:D, inversely (A. 5.) B: A::D:C. But A being a 
part of B, B is a multiple of A; and therefore, as is shewn above, D is 
the same multiple of C, and therefore C is the same part of D that A. 
is of B. Therefore, &c. Q. E. D. 


PROP. VII. THEOR. 


lequal magnitudes have the same ratio to the same magnitude ; and the 
same has the same ratio to equal magnitudes. 


Let A and B be equal magnitudes, and C any other; A: C :: B:C. 

Let mA, mB, be any equimultiples of À and B ; and nC any multi- 
ple of C. 

Because A=B, mA=mB (Ax. 1. 5.) ; wherefore, if mA be greater 
than nC, mB is greater than nC; and if mA=aC, mB=nUC; or, if 
mAZnC,mBZnC. But mA and mB are any equimultiples of A and B, 
and aC is any multiple of C, therefore (def. 5. 5.) A: C:: B:C. 

Again, if A = B, C: A::C : B; for, as has been proved, À : 
QR 5 C, and inversly (4. 5), C: A :: C : B. Therefore, &c. 


PROP. Vill. THEOR. 
Of unequal magnitudes, the greater has a greater ratio to the same than 
the less has; and the same magnitude has a greater ratio to the less 
than it has to the greater. 


Jet A-B be a magnitude greater than A, and C a third magnitude, 
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A--B hag to C a greater ratio than A has to C; aud © has a greater 
ratio to A than it has to A--B. 

Let m be such a number that mA and mB are each of them greate? 
than C ; and let nC be the least multiple of C that exceeds 2nA--mB ; 
then 2C — C, that ís, (n - 1)C (1. 5.) will be less than mÁ -:5B, or 
mA-mB, that is, m(A-++B) is greater tban (n-- 1.)C. But because 
nC is greater than mA--mB, and C less than mB, »C—C is greater 
than mA, or mA is less than 4C — C, that is, than (n—1.)C.  There- 
fore the multiple of A+B by mm exceeds the multiple of C by »—1, 
but the multiple of A by m does not exceed the multiple of C by n—1; 
therefore A+B has a greater ratio to € that A has to C (def. 7. 5.). 
, Again, because the multiple of C by n—1, exceeds the multiple of 
À by m, but does not exceed the multiple of A-1- B by s, C has a great- 
er ratio to À than it has to A -4- B (def. 7. 5.). 'Therefore, &c. Q. E. D. 


PROP. IX. THEOR. 


Magnitude’ which have the same ratio to the same magnitude are equat 
X. £0 one another. and those to which the same magnitude nas the same 
ratzo are equal to one another. . 


1 A: C:: B:C, AD. | | 

. For, if not, let A be greater than B; then, because A is greater than 
B, two numbers, m and n, may be found, as in the last proposition, 
such that mA shall exceed nC, while mB does not excced nC. But 
because A: C :: B : C ; andif mA exceed nC, mB must also exceed 
nC (def. 5. 5.); ard itis also shewn that mB does not exceed nC, 
which is impossible. Therefore A is not greater than B ; and in the 
Bame way it is demonstrated that Bis not greater than A; therefore 
A is equal to B. E n 

. Next, let C:A::C:8, AB. For by inversion (A. 56.) A : 
C :: B : C; and therefore by the first case, A— D. 


PROP. X. THEOR. 


That magnitude, which hasa greater ratio than another has to the same 

magnitude, 1s the greatest of the two: And that tnegnitude, to which 
the sume has a greater ratio than 3t has to another magnitude, zs the 
least of the two. 

Xf the ratio of A to C be greater than that of B to C, A is greater 
an B. wen 
Because A : C7 B : C, two numbers m and n may be found, such 

that ve n and mB ZnC (def. 7. 5.). Therefore also mA7 mB, 
‘and AT B (Ax. 4. 5.). 

, Again,let C: B7C:A; BZ A. For two numbers, m and n mny 
be found, such that mO ZnB, and mC Z nA (def. 7. 5.) Therefore, 

'since nB ia less, and nA greater than (he same magnitude mC, nBZ nA, 

‘end therefore BZA. Therefore, &c. Q. E. D. | 
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PROP. XI. 'THEOR. 
Ratios that are equal to the same ratio are equal to one another. 


If A: B:: C: D; andalso C: D:: E: FE; then A: D:;: E : EF. 

‘Fake mA, mC, mE, any cquimultiples of A, ', and E ; and 4B, aD, 
nF any equimultiples of B, D, and F. Because A: B:: C: D, if 
nA 7nB, mC 72D (def. 6. 5); but ifm 72D, mE 7 nF (def. 5. 5.), 
becauge C : D :: E: F; thereforeifmwA 72B,mE7aF. In the same 
manner, ifÁnA 1B, mE--nF ; andi£& AZ nB,mE 7 nF. Now, mA, 
mE are any equimultiples whatever of A and E; and nB, nP any 
whatever of B and F ; therefore A: B:: E: Fídef. 5. 5.). There» 
fore, &c. Q. E. D. 


PROP. Xil THEOR. 


Jf any number of magnztudes be proportionals, as one of the antecedenis 
is to its consequent, so are all the antecedents, taken together, to al? 
the consequents, 


If A: B:: C: D, and C: D:: E: F ; then also, A: B:: A4+C 
+E: B+D+F. 

Take mA, mC, mE any equimultiples of A, C, and E ; and 2B, nD, 
n¥’, any equimultiples of B, D, and F. Then, because A: B::C: 
JD, if mA 7mB, nC 72D (def. 5. 5.); and when mC 7aD, mE AnF, 
becauseC:D::E:F. Therefore, if nA 72B, mA+-mC+mEZ7nB 
+nD-—-nF : In the same manner, ifmA=2B, mA+-mC+mE=nB+ 
nmD-nk; andifmA 2nB, mA-+mC +mE 2nB+nD--nk. Now, mA 
+ mC +mE=m(A4+-C+E) (Cor. 1. 5.), so that wA and mA-+mC-- 
mE are any equimultiples of A, and of A-+-C-++E. And for the same 
reason nB, and nB-++nD+nF are any equimultiples of B, and of B-1- 
D-F-F; therefore (def. 5. 5) A: B:: A--CH- E: B --D--F 
Therefore, &c. Q. E. D. 


PROP. XIII. THEOR. 


Jf the first have to the second the same ratio which the third has to the 
fourth, but the third to the fourth a greater ratio than the fifth has to 

the sixth ; the first has also to the second a greater ratio than the fifth 
has to the sixth. 


1 A: B:: C: D; but C: D7E:F ; thenalso, A: B7E:F. 

Because C : DJE: F, there are two numbers «sn and a, such that 
inC 72D, but n EZn»F (def. 7. 5.. Now, ifmC 72D, mA7nB, be- 
causeA:B::C:D. Therefore mA7 7B, and mE 2nuF, wherefore, 
A: BZ7E: F (def. 7. 5.). Therefore, &e. Q. E. D. 
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PROP. XIV. THEOR. 


If the first have to the second the same ratio which the third has to the 
fourth, and.tf the first be greater than the third, the second shall be 
greater than the fourth ; if equal, equal ; and if less, less. 


1A: B:: C: D; then if A7C, BzD;if A—OC, BzD ; and 
AZC, BZD. | | 
First, let A7C; then A: B7C : B (8. 5.), but A: B:: C: D, 
therefore C: D7C: B (13. 5.), and therefore B 7 D (10. 5.) i 
In the same manner, itis proved, that if A=C, B=D; and if 
AzC, BZD. Therefore,&c. Q. E. D. 


PROP. XV. THEOR. 


Mag nitudes have the same ratio to ome another which their equimulteples 
have. 


If A and B be two magnitudes, and m any number, A‘ B:: mA 
mb. 

Because A: B:: A: B(7.5.); A: B:: A+A:B+B (12. 5.), 
orA:B::2A: 2B. And in the'same manner since A: B:: 2A: 
2B, A:B:: A+2A: B+2B (12. 5.), or A: B:: 3A::3B; and so 
on, for all the equimultiples of A and B. Therefore, &c. Q. E. D. 


PROP. XVI. THEOR. 


If four magnitudes of the same kind be proportionals, they will also be 
proportionals when taken alternately. 


16A : B :: C:D, then alternately, A : C : : B : D. 

Take mA, mB any equimultiples of A and B, and 4C, nD any equi- 
multiples of C and D. Then (15. 5.) A: B :: mA :mB ; now A: 
B :: € : D, therefore (11. 5[) C6: D::mA: mB. But €: D :: 
"nC : »D (15. 5.) ; therefore mA : mB :: nC: »D (11.5): where- 
foreif nA 7nC, B 7nD (14. 5.) ; if mAz C. mB=nD, or if mA Z 
nC, mB7nD ; therefore (def. 5. 5.) A: C :: B:D. "Therefore, 
&e. Q. E. D. - 


PROP. XVII. THEOR. 


If magnitudes, taken jointly, be proportionals, they will also be propor. 
tionals when taken separately ; that is, of the first, together with the 
second, have to the second the same ratio which the third, together 
with the fourth, has to the fourth, the first will have to the second the 
same ratio which the third has to the fourth. 


1f A--B c B: : C4-D : D.then by division A : B:: C: D. 
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Take mA and aB any multiples of A and B, by the numbers m and 
23 and first let mA 77B : to each of them add mB, then mA+-mB7 
mB-+-nB. But mA-+-mB=m(A-+B) (Cor. 1. 5.), and mB--nB= 
(m-+-n)B (2. Cor. 2. 5.), therefore m(A+B) 7 (m-+-n)B. 

And because A+B: B: : C+D: D, if m(A+B) 7 (m-+-n)B, 
m(C4- D) 7 (m--»)D, or mC-+mD7mD--nD, that is, taking mD 
from both, mC 72D. Therefore, when mA is greater than nB, mC 
1s greater than nD. In like manner, it is demonstrated, that if mA =nB, 
mC —nD, and if mA ZnB, that mD Z nD; therefore A: B::C:D 
(def. 5. b.). "Therefore, &c. Q. E. D. 


PROP. XVIII. THEOR. 


If magnitudes, tuken separately, be proportionals, they will also be pro. 

 : portionals when taken jointly, that is, 2f the first be to the second as 
the third to the fourth, the first and second together will be ta the se 
cond as the third and fourth together to the fourth. ' 


If A: B :: € : D, then, by composition, AJ-B : B : : C-4-D : D. 

Take m( A 4- B), and nB any multiples whatever of A-+- B and B : and 
first. let m. be greater than n. Then, because A+B is also greater 
than B, m(A4-B) 7 &B. For the same reason, in(C+D)7nD. In 
this case, therefore, that is, when m 7 n, m( À-]- B) is greater than nB, 
and m(C-++-D) is greaterthan nD. And inthe samc manner it may be 
proved, that when m--n, m(A--B) is greater than 5B, and »4(C4- D) 
greater than nD. | 

Next, letn Ln, ornin, then m(A-+B) may be greater thannB, or 
may be equal to it, or may be less ; first, let m({ A-+B) be greater than 
nB ; then also, mÀ4-mB 7 nB ; take mB, which is less than nB, from 
both, andmA 7 »B—mB, or mA 7 (n —m)B (6. 5.). Butif mA 7 (n—m) 
B, nC 7 (n—m)D, becatseo A: B:: C: D. Now, (n—m)D=nD—- 
mn D (6. 5.5, therefore, mC 72 D—iD, and adding mD to both, mC -+m 
D7aD, that is (1. 5.), m(C+D)7nD. If, therefore, (A+B) 7B, 
i(€ --D)7ZnD. | ! 

in the same manner it will be proved, that if m(A+B)=nB,m(C-+ 
D)=nD; and if m(A+B) 2 nB,m(C+-D) ZnD ; therefore (def. 5. B.), 
AtB:B:: C+D: D. Therefore, &c. Q. E.D. 


PROP. XIX. THEOR. 


ifa whole magnitude be to a whole, asa magnitude taken from the first 
is to a magnitude taken from the other ; the remainder will be to 
the remainder as the whole to the whole. 


If A: B::C:D, and ifC beless than A, A—C: B—D:: A: B. 
Because A : B:: € : D, alternately (16. 5.), A: € : : B : D ; and 
therefore by division (17. 5.) A—C : € :: B—D : D. Wherefore, 
againalternatelv, A—C : B—D : : C: D;but A: B : : € : D. therc- 
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fore (11. 5.) A—C : B—D::A:B. Therefore, &e. Q. E. D. 
Cor. A—C: B—D:: Cx D. 


PROP. D. THEOR. 


If four magnitudes be proportionals, they are also proportionals by con. 
— verston, that is, the first 1s to its excess above the second, as the thira 
to its excess above the fourth. 


J£ A: B:: C: D,by conversion, A : A—B :: € : C—D. 

For, since A : B: : C : D, by division (17. 5.), A—B : B : : C—D 
: D, and inversely (A. 5.), D: A—D :: D: €C— D ; therefore, by cam- 
position (18.5.), A: A—D :: C: C—D. "Therefore, &c. Q. E. V. 

Con. In tlie same way, it may be proved that A: A+B::C: 
C+D. 


PROP. XX. THEOR. 


If there be three magnitudes, and other three, which taken two and two, 
have the same ratio ; af the first be greater than the third, the fourth 
1s greater than the sixth ; if equal, equal ; and tf less, less. 


If there be three magnitudes, A, B, and C, and other three D, E, 
and F; andif A: B:: D: E; and also B:C | NX. B. C, 
>: EB: F, then if AC. D7F; if A= C, D. E. F. 
D=F : andif A 2C, DZF. —— ——— —— 

First, lee AVC ; then A: B7C:B (8. 5.) But A: B:: D: E, 
therefore also D: EZC: B (13.5.). NowB: C:: E : F, and inverse- 
ly (4. 5., C: B: : F : E ; and it has been shewn that D: EZC : B, 
therefore D : E 7F : E (13. 5.), and consequently DZF (10. b.) 

Next, let A=C ; then A: B:: C: B(7.5.). but A: D:: D: E: 
therefore, C: D: : D: E,but C: D: : F: E,therefore, D: E: : FF: 
& (11. 5.), and D—F (9. 5.). Lastly, let AZC. Then CJA, 
and because, a8 was already shewn, C: B:: F:L,an]B:A::E: 
D ; therefore, by the first case, i£ C7 A, FD, that is, if AZC, 
DZF.. Therefore, &c. Q. E. D. | 


PROP. XXI. THEOR. 


if there be three magnitudes, and other three, which have ihe same ra. 
tto taken two and two, but in a cross order ; if the firsimagnitude be 
greater than the third, the fourth is greater than the sixth ; ef equal, 
equal ; and ?f less, less. 


.. If there be three magnitudes, A, B, C, and other three, D, E, and 
#, such that A: B:: E: F,ard B: C: : D: E, £ A7€C. DzV 
if AC, DzsF, and if A/ C, D/ T, 
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First, let A7 C. Then A: B7C:B(8. 4), A RG 
but A: B :: E :F, thereforo f FAC. i: E E - | 
(13. 5). Now, B:C::D: E, and inversely, — —⸗—N 
dri i Ns D; therefore, ] E: :FZE: D (13. 5.), wherefore, D7 E 

Next let A=C. then(7. 5.) A: B :; C: B;but A: B :: E; F, 
therefore, C:B :: E:F (11. 5.); but B:C :: D: E, and i inverse. 
ly, C: B :: E:D, Y. 5.), E: F :; E; D, and, conse; 
quently, D=F (9. 5 

Lastly, let A Z C, Then C 7 A, and, as was already proved, € ; B : 
BH: D;andB:A:: F: E, therefore, by the first IA Since Q7À, 
F 7 D, that i, DZF. Therefore, &c. Q. E. D 


PROP. XXII. THEOR. 


lj there be any number of magnitudes, and as many others, which, taken 
two and two in order, have the same ratio ; the first will have to the 
last of the first gues the same ratio which the first of the other 
has to the losi,” 


Y'irst, let there be three magnitudes, A, D, C, and other three, D, E; 
F, which, taken two and two, in order, fave the same ratio, yiz. A: — 

F E,andB: C :: E: F ithen A: C:: D: T. 

Take of A and D any equimultiples whatever, mA, mD; and of B 
and D any whatever, nB, nE: and of Cand F any whatever, gC, qF, 
Because A : B ;: D: E, mA : nB::mD: nk [A A, B, G, : 





(4. 5.) ; and for the same reason, nB : gC: nE: b, E, F, 
qF. Therefore (20. 5.). according as mA is great- mÅ, nB, 9C, 
or than gC, equal to it, or less, D is greater than _mD, nE, gF. 





QF, equal to it or less ; butma, wD are any equi- 
jnultiples of A and D; and qC, qi" are any equimultiples of C and F; 
therefore (def. 5. 5.), A:€:: D: F, 

Again, let there be four magnitudes, and other four which, taker 
two and two in order, have the same ratio, viz. A:B::E:F:B : 
C ::F:QG; C:D: : G: H, then A; D:: E: H. | 
‘= For, since A, D, C are threo magnitudes, 
and E, F, G other three, which, taken two A P AP VB. "E D, | 
and two, havo the same ratio, by tho forego- E, F, G, H, 
ing case, ÀA : C. :: IE: G. And becauseal- ~ 7 ^^^ 777 
soC:D::G: H, by that same case, A : D :: E : H. Ia the same 
manner is the demonstration extended to any number of magnitudes, 
Therefore, &o. Q. E. D 


i ee ee = E GG eee 








* N B. This proposition is usually cited by the words * ex scquali,” or ex oequos'! 
Q 
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PROP. XXIII. THEOR: 


If there be any number of magnitudes, and as many others, which, takes; 
two and two, in a cross order, have the same ratio ; the first will 
have to the last of the first magnitudes the saine ratio which the first 
of the others has to the last. * 


First, let there be three magnitudes, A, B, C, and other three, D, 
E, and F, which, taken two and two in a cross order, have the same 
ratio, vig. A: B:: E: F, and B: € :: D: E, then A: C :: D: FF. 
Take of A, B, and D, any equimultiples mA, mB, mD; and of C, 
E, F any equimultiples nC, nE nF. | 

Because À : B: : E : F, and because also À : B : : mÀ : mB (15. 5), 
and E: F :: 4E : nF ; therefore, mA : mB :: nE : nE (11. 5.). Again, 
because B: € :: D: E, mB:aC:: mD:nE | A, B, C. 
(4. 5.); and it has been just shewn that mA : D, E, F, | 
mB : : nE : ^F ; therefore, if mA 7nC, m DZaF | mA, mB, nC, 
(21.5); if mA=nxC, mD=nF; and if mA zn, mD, nB, nF. 
mDLnF. Now, mA and mD are any equmul- '————————————-— 
tiples of A and D, and nC, nF any equimultiples of C and F ; there 
fore, A : C :: D:F (def. 5. 5.). 

Next, Let there be four magnitudes, A, B, C, and D, and other 
four, E, F, G, and H, which taken two and two, in a cross order, huve 
the same ratio, viz. A: B;: G: H; D:C:: 
F:G,and C: D:: E£:F,then A: D:: E: | A. B, C, D, | 
H. -For, since A, B, C, are three magnitudes, E. E, G, HE | 
and F, G, H other three, which taken two and — — — 
two, in a cross order, have the same ratio, by the first case, À : C :: 
F:H. But C:D :: E: F, therefore, again, by the first case, A: 
D::E:H. Inthe same manner may the demonstration be extend- 
ed to any number of magnitudes. Therefore, &c. Q. E. D. 


PROP. XXIV. THEOR. 


If the first has to the second the same ratio which the third has to the fourth; 
and the fifth to the second, the same ratio which the. sixth has to the 
fourth ; the first and fifth together, shall have to the second, the same 
ratio which the third and sixth together, have to the fourth. 


OM ERO. 6 esr a F : D, then A--E : B ::C4- 








F: 
Because E : B :: F : D, by inversion, B : E :: D ; F. But by hy- 
pothesis, A: B :: C:D, therefore, ex quali (22. 5.), A: E :: C: 
F'; and by composition (18. 5.), A--E : E:: C--F : F. And again 
by hypothesis, E: B::F: D, therefore, exæquali (22. 5.), A+E ; 
::C+F:D. Therefore, &e. Q. E. D. ; 


* N. B. This proposition is usually cited by the words ** ex æquali in pronortione ner- 
* tnrbata; or, “ex eequo inverselr.” TEM. 
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PROP. E. THEOR. 


Jf four magnitudes be proportionals, the sum of the first is to their 
difference as the sum of the other two to their difference. 


Let A: B :: C:D ; then if AZB, 
Á-FB:A—B::C4-D:C—Ds;orif AZDB 

|» A-B: B-A::C-FD:D-C. 

For, if A7 B, then because A: B :: € : D, by division (17. 5.5, 
À-.B:B::C -D : D, and by inversion (A. 5.), 
B:A-B::D:C~—D. But, by composition (18. 5.), 
A+B:B:: C+D: D, therefore, ox wquali (22. 5.), 

| A+B:A—B:: C+D: C~—D. 

In the same manner, if B 7 À, it 1s proved, that 

^ A4-B: B—A::C4-D: D—C. — Therefore, &c. 

Q. E. D. 


PROP. F. THEOR. 
Ratios which ure compounded of equal ratios, are equal to one another. 


Let the ratios of À to B, and of B to C, which compound the ratio 
of A to C, be equal, each to each. to the ratios of D to E, and E to 
F, which compound the ratio of D to F, A: C :: D : F. 

For, first, if tho ratio of A to B be equalto [74 B, C, | 
that of D to E, and the ratio of B to C equal to D, E, F. 
that of E to F, ex 2&quali (22. 5.), 4A: C :: D: FE... —— —— —— 

And next, if the ratio of A to B be equal to that of E to F, and 
the ratio of B to C equal to that of D to E, ex æquali inversely (23. 
5.), A: C:: D: F. In the same manner may the proposition be 
demonstrated, whatever be the number of ratios. ‘Therefore, &c:. 


QE. D. 


ELEMENTS 


GEOMETRY. 


BOOK VI. 


DEFINITIONS. 


I. 

SiMILAR rectilineal figures 

fre those which have their 

- geveral angles equal, each to 

each, and the sides about the 
equal angles proportionals. 





Ij. 


Two sides of one figure are said to be reciprocally proportional to two 
sides of another, when one of the sides of the first is to one of the 
sides of the sécond, ag the. remaining side of the second is to the 
remaining side of the first. 


III. 

A straight line is said to be cut in extreme and mean ratio, when the 

whole ts to the greater segment; as the greater segment is to the less; 
IY. 

The altitude of any figure is the straight lino 

drawn from its vertex perpendicular to the 





PROP. I. ‘THEOR. 
Triangles and parallelograms, of the same altitude, are one to another 


as their bases. 


_ Let the triangles ABC, ACD, and the parallelograms EC, CF have 
the same altitude, viz. the perpendicular drawn from the point A 
Se BD: Then, $s the base BC, is to the base CD, so is the triangle 


ELEMENTS, Su. 125 


ABU to the triangle ACD, and the parallelogram EC io the parallelo- 
gram CF. : 

Produce BD both ways to the points H, L, and tako any number of 
straight lines BG,GH, each cqual to the base BC; and DK, KL, any 
number of them, each equal to the base CD; and join AG, AH, AK, 
AL. Then, because CB, BG, GH are all equal, the triangles AHG, 
AGB, ABC are all eaual (38. 1.); Therefore, whatever multiple the 
base HC is of the base BC, the same multiple is the triangle AHC 
of the triangle ABC. For the same reason, whatever the base 
LC is of the base CD, the 
same multiple is the tri- E SH 
angle ALC of the triangle AA 
ADC. But if the base 
HC be equal to the base 
CL, the triangle AHC is 
also equal to the triangle 
ALC E and if y 
the base o greater : ; = 
than the base CL like- H GSB O D K da 
wise the triangle AHC is 
greater than the triangle ALC; and if less, less. Therefore, since 
there are four magnitudes, viz. the two bases BC, CD, and the two 
triangles ABC, ACD; and of the base BC and the triangle ABC, the 
first and third, any equimultiples whatever have been taken, viz. the 
base HC, and the triangle AHC ; and of the base CD and triangic ACD, 
the second and fourth, have been taken any equimultiples whatever, 
viz. the base CL and triangle ALC ; and since it has been shown, that 
if the base HC be greater than the base CL, the triangle AHC is great- 
er than the triangle ALC; and if equal, equal; and if less, less ; There- 
fore (def. 5. 5.), as the base BC is to the base CD, so is the triangle 
ABC to the triangle AUD. ` 

And because the parallelogram CE is double of the triangle ABC 
(41. 1.), and the parallelogram CF double of the triangle ACD, and 
because magnitudes have the same ratio which their Sa 
have (15. 5.) ; as the triangle ABC is to the triangle ACD, «so is tho 
parallelogram EC to the parallelogram CF. And because it has been 
shown, that, as the base BC is to the base CD, so is the triangle ABC 
to the triangle ACD ; and as the triangle ABC to the triangle ACD, 
so is the parallelogram EC to tho parallelogram CEF ; therefore, as 
the base BC is to the base CD, so is (11. 5.) the parallelogram EC 
to the parallelogram CF. Wherefore triangles, &c. Q. E. D, 

Cor. From this it is plain, that triangles and parallelograms that 
häve eqúal altitudes, áre to one another as their bases. 

Let the figures be placed so as to have their bases in the same 
‘straight line ; and having drawn perpendiculars from the vertices of 
the triangles to the bases, the straight line which joins the vertices is 
parallel to that in which their bases are (33. 1.), because the per- 
pendiculars are both equal aed parallel to one another. Then, if the 
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same construction be made as in the proposition, the demonstration 
will be the same. 


PROP. II. THEOR. 


if a straight line be drawn parallel to one of the sides of a triangte, st 
will cut the other sides, or the other sides produced, proportionally : 
And if the sides, or the sides produced, be cut proportionally, the 
straight line which joins the points of section will be parallel to the 
remaining side of the triangle. 


. . Let DE be drawn parallel to BC, one of the sides of the triangle 
ABE : BD is to DA as CE to EA. 

Join BE, CD; then the triangle BDE is equal to the triangle CDE 
(37. 1.), because they are on the same base DE and between thé 
same parallels DE, BC: but ADE is another tnangle. and equal 
magnitudes have, to the same, the same ratio (7. 5.); therefore, as 
the triangle BUDE to the triangle ADE, so is the triangle CDE to the 
triangle ADE ; but as the triangle BDE to tho triangle ADE, so is 
(1. 6.) BD to DA, because having the same altitude, viz. the perpen- 
dicular drawn from the point E to AB, they are to one another as 
their bases; and for the same reason, as the triangle CDE to the tri- 
angle ADE, so is CE to EA. Therefore, as BD to DÀ, sois CE to 


EÀ (11. 5.) 
Next, let the sides AB, AC of the triangle ABC, or these sides 
A. ra E D 





D C D E B C 
produced, be cut proportionally in the points D, E, that is, so that 
BD beto DA, as CE to EA, and join DE; DE is parallel to BC. 

The same construction being made, because as BD to DA, so is CE 
to EA ; and as BD to DA, so is the triangle BDE to the triangle ADE 
(1. 6.): and as CE to EÀ, so is the triangle CDE to tho triangle 
ADE ; therefore the triangle BDE, is to the triangle ADE, as the tri- 
angle CDE to the triangle ADE; that is, the triangles BDE, CDE 
have the same ratio to the triangle ADI; and therefore (9. 5.) the 
triangle BDE is equal to the triangle CDE: Andthey are on the same 
base DE; but equal triangles on the same hase are between tite 
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same parallela (39. 1.) ; therefore DE is parallel to BC. Wherefore. 
ifa straight line, &c. Q. E. D. | 


PROP. III. THEOR. 


If the angle of a triangle be bisected by a straight line which also cuts the 
base > the segments of the base shall have the same ratio which the other 
stiles of the triangle have to one another ; And if the segments of the 
base have the same ratio which the other szdes of the triangle have to 
one another, the straight line drawn from the. vertex to the point of 
section, besects the vertical angle. 


Let the angle BAC, of any triangle ABC, be divided into two equal 
angles, by the straight line AD ; BD is to DC as BA to AC. 

Through the point C draw CE. parallel (31. 1.5 to DA, and let BA 
produced meet CE in E. Because the straight line AC meets the 
parallels AD, EC, the angle ACE is equal. to tho alternate angle 
CAD (29. 1.) : But- CAD, by the hypothesis, is equal to the angle 
BAD ; wherefore BAD is equal to the angle ACE. Again, because the 
straight line BAE meets the paral- 
lels AD, EC, the exterior. angle 
BAD is equal to the interior and 
opposite angle AEC: But tho angle 
ACE has been proved equal to the 
angle BAD ; therefore also ACE is 
equal tothe angle AEC, and consc- 
quently the side AE is equal to the 
side (6.1.) AC. And because AD 
IS drawn parallel to one of the sides 
of the triangle BCE, viz. to EC, a th 
BD is to DC, as BA to AE (2. 6.) ; D C 
but AE is equal to AC ; therefore, as BD to DC, so is BA to A€ 

7. 5.). | 

Nel. let BD be to DC, as BA to AC, and join AD; the angle 
BAC is divided into two equal angles, by the straight line AD. 

The same construction being made ; because, as BD to DC, so is 
BA to AC ; and as BD to DC, so 
is BA to AE (2. 6.), because AD E 
is parallel to EC; therefore AB 
is to AC, as AB to AE (it. 5.): A 
Consequently AC is equal to AE 
(9. 5.), and the angle AEC is 
therefore equal to the angle ACE 
(5. 1.) But the angle AEC is 
equal to. the exterior and oppo- 
site angle BAD; and the angle 
ACE is equal to the alternato an- [3 | 


D C 
gle CAD (29. 1.): Whereforo also the angle BAT 1s equal to the an + 
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gle CAD: Therefore the angle DAC is cut into two equal angies by 
the straight line AD, Therefore, ifthe angle, &c. Q. E. D. 


PROP. A. THEOR. 


If the exterior angle of a triangle be bisected by a straight line which also 
cuts the base produced ; the segments between the bisecting line and the 
extremities of the base have the same ratio which the other sides of the 
triangles have to one another; And tf the segments of the base produced 
have the same ratio witch the other sides of the triangle have, the 
straight line, drawn from the vertex to the point of section, brsect the 
exterior angle of the triangle. 


Let the exterior angle CAE, of any triangle ABC, be bisected by 
the straight line AD which meets the base produced in D; BD is to 
DC, as BA to AC. | 

Through C draw CF parallel to AD (31. 1.): and because the 
straight line AC meets the parallels AD, FC, the angle ACF is equal 
to. the alternate angle CAD (29. 1.): But CAD is equal to tho angle 
DAE (Hyp.): therefore also DAE is equal to the angle ACF. Again, 
because the straight line FAE meets the parallels AD, FC the exte- 
rior angle DAE is equal to the interior and opposite angle CPA: But 
the angle ACF has been prov- H 
ed to be equal to the angle 7 
DAE ; therefore also the angle 
ACF is equal to the angle CFA, 
and consequently the side AF 
is equal to tho side AC (6. 1.); 
ánd, because AD is parallel to 
FC, a side of the triangle BCF, 
BD is to DU, as BA to AF E 
6.); but AF is equal to AC; D 
therefore as BD is to DC, so is BA to AC. 

Now let BD be to DC, as BA to AC, and join AD; the angle CAD 
is equal {o the anglo DAE. ` 

The same construction being made, because BD is to DC, as BA 
to AC; and also BD to DC, BA to AF (2. 6.); therefore BA is to 
AC, as BA to AF (11. 5.); wherefore AC is equal to AF (9. 5.), and 
the ancle AFC equal (5. 1.) to the angle ACK: but the angle AFC 
is equal to thé exterior angle EAD, and the angle ACF to the alter- 
nate angle CAD ; thercfore also EAD is equal to the angle CAD. 
Wherefore, if the exterior, &c. Q. E. D. 


PROP. IV. THEOR. 








The sides about the equal angles of equiangular triangles are propor- 
tionals; and those which are opposite to the equal angles are homolo- 
gous sides, that ts, are the antecedents or consequents of the ratios. 


Let ABC, DCE, be equiangular triangles, having the angle ABC 
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equal to the angle DCE, and the angle ACB to the angle DEC, and 
£Lonsequently (32. 1.) the angle BAC equal to the angle CDE. The 
sides about the equal angles of the triangles ABC, DCE are propor- 
tionals ; and those are the homologous sides which aze opposite to the 
equal angles. 

Let the triangle DCE be placed, so that its side CE may be conti- 
guous to BC, and in the same straight line with it: And because the 
angles ABC, ACB are together less than two right angles (17. 1.), ABC 
and DEC, which is equal to ACB, are al- xa, 
so less than two right angles: wherefore 
BA, ED produced shall meet (Cor. 29. 1.); 
jet them be produced and meet in the A 
point F; and because the angle ABC is 
equal to-the angle DCE, BF is parallel 
(28. 1.) to CD. Again, because the an- 
gle ACB is equal to tlie angle DEC, AC is 
parallel to FE (28. 1.) ; 'PhereforeFACD 
is a parallelogram; and consequently AF B 
is equal to CD, and AC to FD (34,.1.); ~~ > "T 
And because AC is parallel to FF, ono of tho sides of .the triangle 
IBE, BA: AF :: BC : CE (2. 6.): but AF is equa! to CD; there- 
fore (7. 5.), BA : CD :: BC : CX; and olternately, BA : BC :: DC 
i: CE (16. 5.): Again, because CD is parallel to BP, BC: CE :: 
FD: DE (2. 6.); but FDisequal to AC; therefore BC: CE :: AG 
: DE ; and alternately, BC: CA :: CH: ED. Therefore, because 
it hàs been proved that AB : BC :: DC : CE; and BC: CÀ :: CE: 
ED, ex waquali, BA: AC:: CD: DE. Therefore the sides, &c 
Q. E. D. 


fy 





PROP. V. THEOR. 


if thie sides of two iriungles, about each of their angles, be proportion, 
-als? the triangles shall be equiangular, and have their equal angles 
opposite to the homologous gzdes. 


Let the triangles ABC, DEF have their sides proportionals, so that 
AN is to BC, aa DE to EF’; and BC to CA, as EF to FD; and can- 
sequently, ex æquali, BA to AC, as ED to DF; the triangle ABC ig 
equiangular to tho triangle DEF, and their equal angles are opposite 
to the homologous sides, viz. the angle ABC being equal to the angle 
DEF, and BCA to EFD, and alse BAC to EDF. 
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At the points ÈE, F, in the Ty 
straight line EF, make (23, 1.) 
the angle FEG equal to the an- A 
gle ABC, and the angle EFG 
equal to BCA, wherefore the re- t 
maining. angle BAC ts equal to Ky F 
the remaiuing angle EGF (32. 
t.),and the triangle ABC ts there- 
fore equiangular to the triangle. 
GEF ; and consequently they B C G 
have their sides opposite to. the | | 
equal angles proportionals (4. 6.). Wherefore, 
AB : B€ :: GE : EF ; but by supposition, 
AB : BC :: DE ; EF, therefore, : 
DE: EF:: GE: EF. - Thereforo (11. 5.) DE and GE. 
have the same ratio to EF, and consequently are equal (9. 5.). For. 
the same reason, DF is equal to FG: And because, in the triangles 
DEF, GEF, DE is equal to EG, and EF common, and also the base 
DF equal to the base GF; therefore the angle DEF is equal (8. 1.) 
to the angle GEF, and the other angles to the other angles, which are 
subtended by the equal sides (4. 1.) Wherefore the angle DFE is 
equal to the angle GFE, and EDF to EGF: and because tha angle 
DEF is equal to the angle GEF, and GEF to the angle ABC; there: 
fore the angle ABC is equal to the angle DEF : For the same reason, 
the angle ACB ıs equal to the angle DFE, and the angle at -A to the 
angle at D. Therefore the triangle ABC is equiangular to the trian- 
gle DEF. Wherefore, if the sides, &e. Q. E. D. 


PROP. VI. THEOR. 


{f two triangles have one. angle of the one equal to one angle of the other, 
and the sides about the equal angles proporitonals, the triangles shali 
be equiangular, and shall have those angles equal which are opposite 
to the homologous sides. 


Let the triangles ABC, DEF have the angle BAC in the one equal 
to the angle EDF in the other, and the sides about those angles pro- 
portionals ; thatis, DA to AC, as ED to DF ; the triangles ABC, DEF 
are equiangular, and have the angle ABC equal to the angle DEF, 
and ACB to DFE. ` | 

.At the points D, F, is A 
the straight line DF, make 
(23. 1.) the angle FDG e- 
qual to either of the angles D 
BAC, EDF; and the angle G 
DFG equal to the angle | 
ACB; wherefore the re- 
maining angle at B is equal ES 
to the remaining one at G C 
(32. 1.), and cunsequently . 


a 
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the triangle ABC is equiangular to the triangle DGE'; and therefore 

BA : AC :: GD (4. 6 $: DF. But by hypothesis, 

BA : AC :: ED : DF ; and therefore | 

ED: DF::GD :(:1. 5., DF; wherefore ED is equnl (9. 5.) 
to. DG: and DF is common to the two triangles EDF, GDF ; there- 
fore the two sides ED, DF are equal to the two sides GD, DF; but 
the angle EDF is also equa! to the angle GDF; wherefore the base 
EF is equal to the base FG (4. 1.), and the triangle EDF to the tri- 
angle GDF’, and the remaining angles to the remaining angles, each 
to each, which are subtended by the equal sides: ‘Therefore the 
angle DFG is equal to the angle DF E, and the angle at G to the angle 
at E: But the augle DFG is equal to the angle ACB; therefore the 
angle ACB is equal the angle DFE, and the angle BAC is equal to the 
angle EDF (Hyp.); wherefore also the remaining angle at B is equal 
to the remaining angle at E. Therefore the triangle ABC is equian- 
gular to the triangle DEF. Wherefure, if two triangles, &c. Q. £. D. 


PROP. Vil. THEOR. 


Ef two triangles have one angle of the one equal to one angle of the other, 
and the sides about two other angles proportionals, then, of each of the 
remaining angles be either less, or not less, than a rigli angle, the iria 
angles shall be equiangular, and ave those angles equal about which 
the sides are proportionals. 


Let the two triangles ABC, DEF have one angle in the one equal to 
one angle in the other, viz. the angle BAC to the angle EDF, and the 
sides about two other angles ABC, DEF proportionals, so that AB is 
to BC, as DE to EF; and, inthe first case, let each of the remaining 
angles at C, F. be less thana right angle, The triangle ABC is equi- 
angular to the triangle DEF, that is, the angle AB... is equal to the an- 
gle DEF, and the remaining angle at C to the remainiug angle at F. 

For, if the angles ABC, DEF be nct equal, oue of them is greater 
than the other: Let ABC be the greater, aud at the point D, in the 
straight line AB, make the angle 
A BG equal to the angle (23. 1.) — 

DEF : and becausethe angleat A 
is equal to the angle at D, and the 


angle ABG to the angle DEF ; | AN 
the remaining angle AGB is G 
oqual E D remaining L—* | 3 N 
angle : erefore the tri- EF — —T 
* ABG is equiangular to the - B C E E 
triangle DEF ; 

wherefore (4. 6.), AB : BG :: DE: EV; but, 

by hypothesis, DE : EF :: AB : BC, 

therefore | AB : BC :: AB : BG (id; 5.) 
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and betause AB has the same ratio to cach of the lites BC, BG; BC. 
is equal (9..5.) to BG, and therefore the angle BGC is equal to the an- 
gle BCG (6. 1.): But the angle BCG is, by hypothesis, less than a 
right angle; thereforo ulgo the angle BGC is less than a right angle, 
andthe adjacent angle AGB must be greater than a right angle (13. 1.}.. 
But it was proved that the angle AGB is equal to the angle at F; there- 
fore the angle at F is greater than a right angle: But by the hypothe- 
sis, it is less than a right angle; which is absurd. ‘Therefore the an- 
gles ABC, DEF are not uncqual, that is, they are equal: And thë än- 
gle at A is equal to the angle at D; wherefore the remaining angle at 
C is equal to the remaining angle at F: Therefore the triangle ABC 
is equiangular to the triangle DEF. | 
Next, let each of the angles at C, F be not less than a right angle; 
the triangle ABC is also, in this case, equidhgular to the triangle DEF. 
‘The sdmo Construction being made, it may be proved, in like man- 
-ner, that BC is equal to BG, 
and the angle at C equal to 


LN. 
the angle BGC: But the an- | T 
gle at C is not less than a right F 
anglë ; {fherefore the angle 7 
BGC is not less than a right ; G —— j 
B C E EF 


angle: Wherefore, two an: 
ples of the triangle BGC are | 
togethér not less than tivo right angles, which is impossible (17. 1.) ; 


ánd therefore the triangle ABC may be proved to be equiangular to the 
triangle DEF, as in the first case. 


PROP. Vili. THEOR. 


In a. right angled triangle if a perpendicular be druwn from the right 
angle to the base ; the triangles on each.stde of it are similar to the 
whole triangle, and to one another. 


_ Let ABC be 4 right angled triangle, having the right angle BAC; 
and from the poiat A let AJ) be drawn perpendicular to the base BC : 
the triangles ABD, ADC are similar to the whole triangle ABC, and. 
to one another. — 

_ Because the angle BAC is equal to the angle ADB, each of them 
being t. right angle, and tho -angle A 

at B common to the two triangies ^N 

ABC, ABD; the remaining angle 
ACB is equal to the remaining af 
gle BAD (32. 1.) : therefore tho 
tridngle ABC is equiangular to the 
triangle ABD, and the sides about 5 
their edual angles are Proportion- B D C 
als (4. 6.) ; whorefore the triangles are similar (def. 1. 6.). In the 

manner, tt may be demonstrated, that the triangle ADE ts equiar- 
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gular and similar to tho triangle ABC : and the triangles ABD, ADC, 
being each equiangular and similur to ABC,-and equiangular and simi- 
larto one another. Therefore, in a right angled, &c. Q. E. D. 


Cor. From this it is manifest, that the perpendiculat, drawn from 
the right angle of a right angled triangle, to the base, is a mean propor- 
tional between the segments of the basc; and also: that each of the 
sides is a mean proportional between the base, and its segment adja- 
cent to that side. For in tho triangles BDA, ADC, 

— BD: DA:: DA: DC (4. 6.) ; and in the 
triangles: ABC, BDA, BC : BA :: BA : BD (4. 6.); and in the 
tridngles ABC, ACD, BC : CA :: CA : CD (4.6.). | 


PROP. !X. PROB. 


From a given straight line cut off any part required, that is, a part 
which shall be contained in it a given number of times. 


Let AB be tho given straight line; it is required to cut off from 
ÀB, a part which shall be contained in it a given nümber of times. 
From the point A draw a straight line AC making any angle with. 
AB; and in AC take any point D, and take AC | 
such that it shall contain AD, as oft as AB is to A. 
contain the part, which is to be cut off from it : | 
join BC, and draw DE parallel to it: then AE `` 
igs the part required to be cut off. n^ TL XD 
Because ED is parallel to one of the sides . 
of thé triangle ABC, viz. to BC, CD: DA.: 
DE : EA (2. 6.); and by composition (18. 5.), - 
CA: AD:: BA: AE; But VA is a multiple 
of AD; therefore (C. 5.) BA is the same 
multiple of AE, or contains AE the same num- B C 
ber of times that AC contains AD ; and thnere- 
fore, whatever part AD is of AC, AE is the same of AB; wherefore, 
— the straight line AB the part required is cut of. Which was tc 
be done. 


PROP. X. PROB. 


To divide a given straight line similarly to a given divided straight line, 
that is, into parts that shall have the same ratios to one another which 
the paris of the divided gzven siraight line have. 


Let AB be the straight line given to be divided, and AC the divided 
line : it is required to divide AB similarly to AC, 4 
Let AC be divided in tho points D, E : and let AB, AC be placed 
so as to contain any angle, and join BC, and through the points D, E, 
draw (31. 1.) DF, EG, parallel to BC ; and through D draw DHK, 
varallel to AB; therefore each of the figures FH. HB. is a parallelo- 
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gram: wherefore DH is equal (34. 1.) to j 
FG, and HK to GD; and because HE is 

parallel to KC, one of the sides of the tri- 

angle DKC,CE: ED::(2.6.) KH: HD; 

But KH —BG, and HD—GF ; therefore T? 


X, 
b 
FD is parallel to EG, one of the sides of it 
the triangle AGE, ED: DA:: GF: Fa: NC 


D 

CE: ED :: BG : GE: Again, because 

re 

T 
But it has been proved that CE : ED :: 
BG : GY'; therefore the given strai.ht lino B K C 
AB is divided similarly to AC. Which was | 
to be done. 


PROP. XI. PROB. 
To find a third proportional to two given straight lines. 


Let AB, AC be the two given straight lines, and let them be placed 
80 às to contain any angle ; it is requir- A, 
ed to find a third proportional to AB, AC. 

Produce AB, AC to the points D, E; e 
and make BD equal to ACs and having P 
joined BC, through D draw DE parallel 
to it (31. 1.). 

Because BC is parallel to DE, a side | 
of the triangle ADE, AB: (2. 6.) BD :: | 

D i 


C 


AC: CE; but BE=AC: therefore AB: 
AC :: AC: CE. Wherefore to the two 
given straight lines AB, AC a third pro- 
yortiona), CE is found. Which was to be done. 


PROP. XII. PROB. 
To find a fourth proportional to three given straight lines. 
Let A, B, € be tho three given straight lines; it is required to find 
a fourth proportional to A, B, C. 
Take two straight lines DE, DF, containing any angle EDF ; and 


upon these make DG equal to A, GE equal to B, and DH equal to C; 
and haying joined GH, draw EF parallel (31. 1.) to it through the 


D 
— 
j X MS aeree 
d / H E EEEE 
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point E. And because GH is parallel to EF, one of the sides of the 
triangle DEF, DG : G£ :: DH : HF (2.6.); but DG—A,GE-—D, 
aad DH — C ; and therefore A: B:: C: HF. Whereforo to the three 
given straight lines. A, B, C, a fourth proportional HF is found. 
Which was to be done. 


PROP. XIII. PROB. 


To find a mean proportional between two given straight lines. 


Let AB, BC be the two given straight lines ; it is required to find a 
mean proportional between them. 

Place AB, BC in a straight line, and upon AC describe the semicir- 
cle ADC, and from the point B | D 
(11. 1.) draw BD at right anglos 
to AC, and join AD, DC. 

Because the anglo ADC ina se- 
micircle is a right angle (31. 3.) 
and because in the right angled 
triangle ADC, DB is drawn from | 
the right angle, perpendicular to A B C 
the base, DB is a mean propor- 
tional between AB, BC, the segments of the base (Cor. 8. 6.) ; therc- 
fore between the two given straight lines AB, BC, a mean proportion: 
al DB is found. Which was to bo done. 


PROP. Hi. PROB. 


Equal parallelograms which have one angle of the one equal to one angle 
of the other, have their sides about the equal angles reciprocally pro- 
portional, And parallelograms which have one angle of the one equal 
to one angle of the other, and théir sides about the equal ungles reci- 
procally proportional, are cqual to one another. 


Let AB, BC be equal parallel- A, 
ograms, which have the angles c 
at B equal, and let the sides DB, 
BE be placed in the saine straight 
line; wherefore also FB, iG 
are in one straight line (14. 1.): 
the sides of the parailelograins 
AB, BC, about the equal angles, 
are reciprocally proportional ; —— 
that is, DB is to BE, as GB to (> C 
BF. | 

Complete tho parallelogram FE ; and because the parallelograms. 
AB, BC are equal, and FE is another parallelogram, 

AB: FE :: BC: FE (7. 5); 
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but because the parallelograms AB, FE have tho same altitude, 

AB: FE :: DB: BE (1. 6.), also, 

BC : Fi :: GB : BF (1. 6.); therefore 

Di: BE:: GB, BF (11. 5.). Wherefore, the 
sides of the parallelograms AB, BC about their equal angles are reci- 
procally proportional. 

But, let the sides about the equat angles be reciprocally proportion- 
al, viz. as DB to BE, so GB to BF ; the parallelogram AB. is equal 
to the parallelogram BC. 

Because, DB : BE :: GB: BF, and DB: BE:: AB: FE, and 
GB : BF :: BC : EF, therefore, AB : FE :: BC : FE (11. 5.): 
Wherefore the parallelogram AB is equal (9. 5.) to the parallelogram 
BC. Therefore equal parallelograms, &c. Q. E. D, 


PROP. XV. THEOR. 


qual triangies which have one angle of the one equal to one angie of the 
other have their sides about the equal angles reciprocally proportion- 
al: And triangles which have one angle in the one equal to one angle 
in the other, and thew sides about the equal angles reciprocally pro- 
portional, are equal to one another. 


Let ABC, ADE be equal 3 
triangles, which have the an- a 
gle BAC equal to the angle | 
DAE: the sides about the a 
equal angles of the triangles 
are reciprocally proportion- C AV 
al; that is, CA is to AD, as | 
IA to AB. 

Let tha triangles be plac- 
ed so that their sides CA, 
AD bo in one straight line ; 
wherefore also EA and AB 
are in one straight lino. (14. | 
1.); join BD. Because the triangie. ABC is equal to the triangle 
ADE, and ABD is another triangle; therefore, triangle CAB: trian- 
gle BAD :: triangle EAD: triangle BAD; but CAB: BAD:: CA: 
AD and EAD : BAD :: EA : AB; thereforo CA : AD :: EA : AB 
(11. 5.), wherefore the sides of the triangles ABC, ADE about the 
equal angles aro reciprocally proportional. 

But let the sides of the trigngles ABC, ADE, about the equal an- 
gles be reciprocally proportional, viz. CA to AD, as EA to AB; the 
triangle ABC is equal to the triangle ADE. 

Having joined BD as before; because CA : AD :: EA : AB; and 
since CA : AD :: triangle ABC: triangle BAD (1. 6.); and also 
FA: ABs: triangle EAD : triangle BAD (11. 5.); therofore, trian- 
gle ABO : triangle BAD :; triangle HAJ? : tsiangle BAD: that ss, 
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ure triangles ABC, EAD have the same ratio to tho triangle BAD ; 
wherefore the triangle ABC is equal (9. 5.) to the triangle EAD, 
Therefore equal triangles, &c. Q. E. D. 


PROP. XVi. THEOR. 


If four straight lines be proportionals, the rectangle contained by the ex- 
¿remes is egual io the rectangle contained by the means; And if the 
rectangle contained by the extremes bhe equat to the rectangle contain- 
ed by the means, tke four straight lines are proportionals. 


Let the four straight lines, AD, CD, E, F be proportionals, viz. es 
AB to CD, so E to I’; the rectangle contained by AB, F is equal to 
the rectangle contained by CD, E. 

From the points A, C draw (11. 1.) AG, CH at right angles to AB, 
CD; and make AG equal to F, and CH equal to E, and complete the 
parallelograms BG, DH. Because AB : CD :: E: F; and since 
I5 — CH, and F—AG, AD : CD (7. 5.) :: CH : AG ; therefore the 
sides of the parallelograms BG, DH about the equal angles aro reci- 
procally proportional; but parallelograms which have their sides about 








equal angles reciprocally proportional, are equal to one another (14. 
6.); therefore the parallelogram BG is equal to the parallelogram 
DH : and the parallelogram DG is qp —— 
contained by the straight lines AB, : T : 
F; because AG is cqual to F ; and F e | 
the parallelogram DH is contained [ 
by CD and E. because CH is equal G- | 
to EÈ: therefore the rectangle con- | 
tained by the straight lines AB, F 
2s equal to that which is contained | 
by CD and E. 3 — | 

And if the reetangie contained A. B O D 
by the straight lines AB, F be equal to that which js contained by CD, 
F; these four lines are proportionals, viz. AB is to CD, as E to F. 

‘Fhe same construction being made, because the rectangle contains 
ed by the straight lines AB, F is equal to that which is contained by 
CD, E, and the rectangle DG is contained by AB, F, because AG is 
equal to F ; and the rectangle DH, by CD, E, because Cli is equa! 
to E; therefore the parallelogram BG is equal to tko parallelogram. 
DH, and they are equiangular : but the sides about the equal angles 
of equal parallelograms are reciprocally proportional (14. 6.): wheres 
fore AB : CD :: CH : AG; but CH—E,and AG—F, therefore AB * 
CD::E:F. Wherefore. if four, &. Q. E, D. . 


POU ELEMENTS 


ROP. AYU. THEOK. 


df three siruighi tines ve proportionals, the rectangle contained hy the ex» 
tremes is equal to the souare of the mean: And of the rectangle con- 
tained by the extremes be equal to the square of ihe mean, the three 
straight lines are proportionals. 


Let the three straight lines, A, B, C be proportionals, viz. as A to 
8, so B to C3; the rectangle contained by A, C is equal to the square 
of b. ' | 
Take D equal to B : and beeause as A to B, so B to C, and that E 
is equal to D ; À is (7. 5.) to B, as D to C : but if four straight lines 
be proportionals, the rectangle contained by the extremes Is equal to 
that which is contained by the means (18. 6.);  À 
therefore the rectangle A.C.— the rectangle B 
B.D; but the rectangle B.D is equal to the p 
square of B, because B=D; therefore the rect- 
angle A.C is equal to the square of B. v 

And if the rectangle contained by A, C be equal to the square of E; 
A:B::5:€. | 

lhe same construction being made, because the rectangle contain- 
ed by A, C is equal to the square of B, and the square of B is equal 
to the rectangle cantained by B, D, because B is equal to D ; there- 
fore the reetanglo contained by À, C is equal to that contained by B, 
9; butif tha roctangle contained by tho extremes be equal to that 
contained by the means, the four straight lines are proportionals (16. 
6.): thereforeA : B :: D: C, but B—D ; whereforo A: B:: B: Cs 
Therefore, if three straight lines, &c. Q. E. D. 
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PROP, XVIU. PROBE. 


Upon a given straight line to desceibe a. rectilineal figure similar, ong 
stmlarly situated to a gyven rectilineal figure. 


Let AB be the given straignt lina, end CDEF the given rectilineal 
figure of four sides; t is required upon the given straight line AB to 
describe a rectilincal figure similar. and similarly situated to CDEF. 

Join DF, and at tho points A, D in the straight line AB, make (23. 
2.) the angle AG equal to tho anglo at ©, and the angle ABG equa! 
to the angle CD? : thorefore tho remaining angle CFD is equal to the 
remaining anglo AGB (32. 1.): wherefore tbe triangle FCD is equi- 
angular to the triangle GAS: Again, at the points G, B in the straight 
line GB, mako (23. 1.) the angle BGH equal to the angle DFE, and 
the angle GBH equal to FDIC; therefore the remaining angle FED is 
equal to the remaining angle GHB, and the triangle FDE equiangular 
to the triangle GBH : then, becauso the angle AGB is equal to the 
angle CFD, and BGH to DF E, the whole angle AGH is equal to the 
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whoie CFE: for the same reason, the angle ABH is equal to the angle 
CDE; also the angle ut A is equal to the angle at ©, and the angle 
GHB to FED: Therefore the rectilineal figure ABHG is equiangu- 
iar to CDEF : but likewise these figures have their sides about the 
oqua! angles proportionals : for the triangles GAB, FD being equi- 
angular, 
BA : AG :: DC: CF (4. 6.); forthe same reason, 
AG : GB :: CF: FD; and because of the egui- 
angular triangles BGH, DFE, GB: GĦ :: FD: FE; therefore, 
ex æquali (22. R AG: GH :: OF: PE. 
In the same. manner, it may be proved, that 

AB: BH : : CD: DE. Also (4. 6.), 

GH : HB :: FE: ED. Wherefore, because the rec-a 
tilineal figures ABHG, CDEF are equiangular, and have their sides 
about the équal angles proportionals, they are similar to one another 
(def. 1. 6.). 

Next, Let it be required to describe upon a given straight line AU, 
a rectilineal figure similar, and similarly situated to the rectilineal figure 
CDKEF. 

Join DE, and upon the given straight line AB describe the rectili- 
neal figure ABHG similar, and similarly situated to the quadrilateral 
figure CDEF, by the former caso; and at the points B, FT in the straight 
line BH; make the angle HBL equal to the angle EDK, and the angle 
BHL ogail to the angle DEK;; therofore the remaining angle at K is 
equal to tho remaining angle at ; and because the gures ABHG, 
CDEF are similar. the angle GHB is equal to the angle FED, and 
BHI is equal to DEK; wherefore the whole angle GUL ts equal to 
the whole angle FEK ; for the same reason the angle ABL is equal 
to the angle CDK: therefore the five-sided figures AGHLS, CREKD 
‘are equiangular ; ; and because the figures AGH B, CHED aro similar, 
GH is to HB as FE to ED; andas B to HL, s0is ED to EK (4.6.); 
therefore, ex quali (22. 5 "), GH isto HL, as Fi to EK; far the 
same:reason, A is to bL, as CD to DK: arid BL is to LH, as (1. 6.) 
DK to KE, because the triangles BLEH, DKE are equiangular: tlerc- 
:fore, because the five-sided figures AGHLB, CF ERD are equiangulai, 
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sind have their sides about the equal z.ngles proportionals, they ait 
similar to one another: and in tho same manner a rectilineal ‘igure of 
six, or more, sides may be described upon a given straight line similar 
to one given, and so on. Which was to be done. 


PROP. XIX. THEOR. 


Similar tfiangles are to one another in the duplicate ratio of the home« 
logous ssdes. 


Let ABC, DEF be simi- 
lar triangles, having the an- 
gle B equal to the angle E, 
and let AB be to BC, as 
DE to EF, so that the side 
BC is homologous to EF 
(def. 13. 5.): the triangle 
AU * t = triangle 

, the duplicate ratio | — — — 
Dn which "BC hos to B G E E 

Take BG a third proportional to BC and EF ut 6.), or such that 

í BC: EF :: EF: BG, and join GA. Then because 

AB: BC :; DE: EF, alternately (16. 5.), 

AB : DE :: BC : EP ; but 

BC: EF :; EF: BG ; therefore (11. 5.) 

AB: DE :: EF: BG: wherefore the sides of the 
triangles ABG, DEF, which are about the equal angles, are recipro- 
cally proportional: but triangles, which have tho sides about two equa? 
angles reciprocally propor- A 
tional, are equal to one an- i 
other (15. 6.): therefore 
the triangle ABG is equal 
to the triangle DEF; and 
Hecatise that BC is to EF, 
as EF to BG; and that if 
three straight lines be pro- 

ortionals, the first has to | Pec E 
the third the duplicate ratio 5 C I 
of that which it has to the second; BC therefore has to BG the du- 
plicate ratio of that which BC hasto EF. Butas BC to BG, so is 
(1. 6.) the triangle ABC to the triangle ABG : therefore the triangle 
ABC has to the triangle ABG the duplicate ratio of that which BC 
has to EF’; and the triangle ABG is equal to the triangle DEF ; where: 
fore also the triangle ABC has to the triangle DEF the duplicate ra- 
* i 7 which BC hasto EF. Therefore, similar triangles, &c. 


Cor. Frem this it is manifest, that if threa straight lines he pre. 


Fa 
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»orlionals, as the first is to the third, so is any triangle upon tho first 
to a similar, and similarly described triangle upon the second. 


PROP. XX. THEOR. 


Similar polygons may be divided into the same number of similar tri- 
anglés, having the same ratio to one another tha( the polygons have ; 
and the.polygons have to'one another the duplicate ratio of that which 
their homologous sides have. | 


Let ABCDE, FGHKL be similar polygons, and let AB be the ho- 
mologous side to FG: the polygons ABCDE, FGHKL may be divided 
into the same number of similar triangles, whereof each has to each 
ihe same ratio which the polygons have ; and the polygon ABCDE has 
to the polygon FGHKL a ratio duplicate of that which the side AB 
hus to the side EG. : 

Join BE, EC, GL, LH : and because the polygon ABCDE is simi- 

Jar to the polygon FGHKL, the angle BAE is equal to the angle GET, 
. (def. 1. 6.), and BA: AE :: GF: FL (def. 1. 6.); wherefore, be- 
cause the triangles ABE, FGL have an angle in one equal to an an- 
gle in the other, and their sides about these equal angtes proportion- 
als, the triangle ABE is-equianglar (6. 6.), and therefore similar, to 
the triangle FGL (4. 6.): wherefore the angle ABE is equal to the 
angle FGL: and, because the polygons are similar, the whole angle 
ABC is equal (def. 1. 6.) to the whole angle FGH; therefore the re- 
maining angle EBC is equal to the remaining angle LGH: now be- 
cause the triangles ABE, FGL are similar, : 
| EB : BA :: LG : GF ; and also because 
the polygons are similar, AB: BC :: FG: GH (def. 1. 6.) ; there- 
fore, ex æquali (22. 5.); EB : BC :: LG : GH; that is, the sides 
about the equal angles EBC, LGH are proportionals ; therefore 
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(6. 6.) the triangle EBC is equiangular to the triangle LGH, and si- 
fnilar to it (4. 6.). For the same reason, the triangle ECD is like- 
wise similar to the triangle LHK; therefore the similar polygons 
EM F(GHKL are divided into the same number of similer tti- 
angles. 
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Also these triangles have, each to each, the same ratio which the 
polygons have to one another, the antecedents being ABE, EBC, 
ECD, and the consequents FGL, LGH, LHK : und the polygon 
ABCDE has to the polygon FGHKL the duplicate ratio of that which 
the side AB has to the homologous side EG. . 

Because tho triangle ABE is similar to the triangle FGL, ABE has 
to FGL the duplicate ratio (19. 6.) of that which the side BE has to 
the side GL: for the saine reason, the triangle BEC has to GLH the 
duplicate-ratio of that which BE has to GL: therefore, as the trian- 
cle ABE to tho triangle FGL, so (11. 5.) is the triangle BHT to the 
triangle GLH. Again, because the triangle EBC is similar to the 
triangle LGH, EBC has to LGH the duplicate ratio of that which the 
side EC has to the side LH : for the same reason, the triangle ECD 
has to tho triangle LHK, the duplicate ratio of that which EC has to 
LH : therefore, as the triangle ESC to the triangle LGH, so is (11. 5.) 
the trianglo. LCD to the triangle LHX: but it has been proved, that 
the triangle EBC is likewise to the triangle LGH, as the triangle A BIZ 
to the triangle FGL. Therefore, as the triangle ABE is to tho tri- 
angle FGL, so is the triangle ILBC-to the triangle LGH, and the tri- 
angle ECD to the triangle LHK : and. therefore, as one of the an- 
tecedents to one of the consequente, so are all the antecedents to all 
the consequents (12..5.). Wherefore, as the triangle ABE to tho tri 
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angle FGL, so is the polygon ABCDE to the polygon FGHKL: bet 
the triangle ABE has to the triangle FGL, the duplicate ratio of that 
which the side AB has to the homologous side FG.  'herefore alao 
the polygon ABCDE has to tho polygon FGHKL the duplicate ratio 
of that which AB has to the homologous sido FG. Wherefore simi- 
lar polygons, &c. Q. E. D. 

Con. 1. In like manner it may be proved, that similar figures af 
four sides, or of any number of sides, are one to another in the dupli- 
cate ratio of their homologous sides ; and the same has already been 
proved of triangles: therefore, universally similar rectilineal figures 
are to one another in the duplicate ratio of their homologous sides. 

Con. 2. And if to AB, FG, two of the homologous sidea, a third 
proportional M be taken, AB has (def. 11. 5.) to M the duplicate ra- 
tio of that which AB has to FG : but the four sided figure, or poly- 
von, upon AB has to the four-sided figure, or polvgon, upon FG like- 
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wise the duplicate ratio of that which AB has to iG: therefore, as 
AB is to M, so is the figure upon AB to the figure upon FG, which 
was also proved in triangles (Cor. 19. 6.). Therefore, universally, 
it is manifest, that if three straight lines be proportionals, as the first 
i8 to the third, so is any rectilineal figure upon the first, to a similar, 
and similarly described rectilineal figure upon the second. 

Cox. 3. Because all squares are similar figures, the ratio of any two 
squares to one another is the same with the duplicate ratio of their 
sides; and hence, also, any two similar rectilineal figures are to one 
another as the squares of their homologous sides. 


PROP. XXI. THEOR. 


Rectilineal figures which are similar to the same rectilsneal figure, are 
also similar 10 one another. 


Let each of the rectilincal figures A, B be similar to the rectilineal 
figure C: The figure A is similar to the figure D. 

Because A is similar to C, they are equiangular, and also have their 
sides about the equal angles proportionals (def. 1. 6.). Again, because 
B is similar to C, they are rong td and have their sides about the 

equal angles proportionals (def. 1 : therefore tho figures A, BP, 
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are each of them equiangular to C, and have the sides about tho equai 
angles of each of them, and of €, proportionals. Wherefore the rec- 
tilincal figures A and B are equiangular (1. Ax. 1.), and have their 
sides about the equal angles E (11. 5.). | Therefore A ts 
similar (def. 1. 6.) to B. Q. E 


PROP. XXIL THEOR. 


if four straight haes be proportionals, the simitar vrcctiineal figures 
similarly described upon. them shall also be proportionuls ; and if the 
similar rectilineal figures similosly described upon four streicht lines 
Le proportionales, those straight dines shall be proportzonals. 


Let the four siraight lines, AB, CD, EF,GH beo proportionals, vi. 
AB to CD, as EF to GH, and upon AB, CD let the similar rectilineal 
Sgures KAB, LCD be similarly described : and upon EF, GE the 
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similar reotilineal figures MI, NH, in like manner: ihe rectilinea; 
figure KAB is to LCD, as MF to NH. 
To AB, CD take n third proportional (11. 6.) X; and to EF, GH, 
a third proportional O; and because 
KB : CD :: EF : GH, and 
CD:X :: GH : (11. 5.) O, ex equali (22. 5.) 
AB:X:: EF:0. But 
AB : X (2. Cor. 20. 6.) :: KAB: LCD; and 
EF : O :: (2. Cor. 20. 6.) MF : NH ; therefore 
KAB : LCD (2. Cor. 20. 6.) :: MF : NH. | | 
And if the figure KAB be to the figure LCD, as the figure MF to 
the figaro NH, AB is to CD, as EF to GH. 
Make (12. 6.) as AB to CD, so EF to PR, and upon PR describe 
(18. 6.) the rectilineal figure SR similar, and similarly situated to et- 
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ther of the figures MF, NH: then, because that as AB to CD, so is 
EF to PR, and upon AB, CD are described the similar and similarly 
situated rectilineals KAB, LCD, and upon EF, PR, in like manner, 
the similar rectilineals MF,SR; KAB is to LCD, as MF to SR: but 
by the hypothesis, KAB is to LCD, as MF to NH; and thercfore the 
rectilineal MF having the same ratio to each of the two NH, SR, these 
two are equal (9. 5.) to one another: they are also similar, and simi- 
larly situated ; therefore GH is equal to PR : and because as AB to 
CD, so is EF to PR, and becauso PR is equal to GH, AB is to CD, as 
EF to GH. If therefore four straight lines, &c. Q. E. D. 


PROP. XXII. THEOR. 


Eguiangular parallelograms have to one another the ratio which ts com 
pounded of the ratios of their sides. | 


Let AC, CF be equiangular parallelograms having the angle BCD 
equal to the angle ECG; tho ratio of the parallelogram AC to the 
parallelogram CI’, is the same with the ratio which is compounded cf 
the ratios of their sides. 
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Let BC, CG be placed in a straight line; therefore DC and CE are 
also in a straight line (14. 1.); complote the parallelogram DG: and, 
taking any straight line K, make (12. 6.) as BC to CG, so K toL: 
and as DC to CE, so make (12. 6.) L to M: therefore the ratios of K 
to L, and L to M. are the same with the ratios of tho sides, viz. of 
BC to CG, and of DC to CE. - But the ratio of K to M, is that which 
is said to be compounded (def. 10. 5.) of the ratios of K to L, and L 
to M; wherefore also K has to M the | EX 





ratto compounded of the ratios of the A. D H 
sides of the parallelograms. Now, | 
because a8.BC to CG, so is the paral- 


Jelogram AC to the parallelogram CH 

(1. 6.); and as BC to CG, so is K B. 
toL; therefore K is (11. 5.) to L, 

as the parallelogram AC to the pa- 
rallelogram CH: again, because as 
DC to CE, so is the parallelogram CH 

to the parallelogram CF: nud as DC 

to CE, sa is L to M; therefore L is 

(11. 5.) to M, as tho parallelogram KL M. E E 
CH to the parallelogram CF : there- ^ | 

fore, since it has been proved, that as K to L, so is the parallelogram 
AC to the parallelogram CH; and as L to M, so the parailelegram 
CH to the parallelogram CF; ex mquali (22. 5.), K is to M, as the 
parallelogram AC to the parallelogram CF; but K has to M the ratio 
which is compounded of the ratios of the sides; therefore also the 
parallelogram AC has to the parallelogram CF the ratio which is com- 
pounded of the ratios of the sides. Wherefore equiangular parallel. 
ograms, &c. Q. E.D. 


PROP. XXIV. THEOR. 






The parallelograms about the diameter of any parallelogram, are simts 
lar to the whole, and to one another. 


Let ABCD be a parallelogram, of which the djamoter is AC ; and 
£G, HK the parallelograms about the diameter: the parallelograms 
EG, HK are similar, both to the whole parallelogram ABCD, and to 
one another. | 

Because DC, GF are parallels, the angie ADC is equal (29. 1.) to 
the angle AGF : for the same reason, because BC, EF are parallels, 
the angle ABC is equal to the angle AEF: and each of the angles 
BCD, EFG is equal to the opposite angle DAB (34. 1.), and therefore 
are equal to one another, wherefore tho parallelograms ABCD, AEFG 
are equiangular. And becauso the angle ABC is oqual to the angle 
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AEF, and the angle BAC common to the 
two triangles BAC, EAF, they are equian- 
gular to. one another; therefore (4. 6.) as 
AB to BC, so is AE to EF ; and because 
the opposite sides of parallelograms are 
equal to one another (34. 1.), AB is (7. 5.) 

to AD, as AE to AG; and DC to CB, as 
GF to FE; and also CD to DA, aa FG to 
GA: therefore the sides of the parallelo- J) C 
grams ABCD, AEFG about the equal an- 

gles are proportionals ; and they are therefore similar to one another 
(def. 1. 6.): for the aame reason, the parallelogram ABCD is similaz 
to the parallelogram FHCK. Wherefore each of the parallelograms, 
GE, KH is similar to DB: but rectilineal figures which are asimilar 
to the same rectilineal figure, are also similar to one another (21. 6.) ; 


therefore the parallelogram GE is similar to KH. Wherefore tho 
parallelograms, &c. Q. E. D. 


PROP. XXV. PROB. 





To describe a rectilineal figure which shall be similar to one, and egna? 
£o another given rectilineal figure. 


Let ABC bo the given rectilineal figure, to which the figure to bo 
deseribed is required to be similar, and D that to which it must bo 
equal  Itis required to describe a rectilineal figure similar to ABC, 
and equal to D. 

Upon the straight line BC describe (cor. 45.1.) the parallelogram BE 
equal to the figure ABC ; also upon CE describe (cor. 45. 1.) the paral- 
lelogram CM equal to D, and having the angle FCE equal to the angle 
CBL : therefore BC andCF are in a straight line (29. 1. 14. 1.), as alse 
LE and EM ; between BC and CF find (13. 6.) a mean proportional 
(3H, and upon GII describe (18. 0.) tho rectilineal figure KGH simi. 
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iar, aud similarly situated, to the figure ABC. And because BC ist 
GH as GH to CF, and if three straipht lines be proportionals, as the first 
is to the third, so is (2, Coz. 29. 6.) the figure upon the first to the si: 
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milar and similarly described figure upon the second; therefore as 
BC to CF, so is the figure ABC to the figure KGH : but as BC to CF, 
so is-(1. 6.) the parallelogram BE to the parallelogram KF: therefore 
as the figure ABC is to the figure KGH, so is the parallelogram BE to 
the parallelogram EF (11. 5.) : but the rectilineal figure ABC is equal 
to the parallelogram BE ; therefore the rectilineal figure KGH is equal 
(14. 5.) to the parallelogram EF: but EF is equal to the figure D; 
wherefore also KGH is equal to D; and it is similar te ABC. There- 
fore the rectilineal figure KGH has been described similar to the figure 
ABC, and equal to D.. Which was to be done. 


PROP. XXVI. THEOR. 


if two similar parallelograms have a common angle, and be similarly 
situated, they are about the same diameter. 


Let the parallelograms ABCD, AEFG be similar and similarly situ- 
ated, and have the angle DAB cotnamon; ABCD and AEFG are about 
" samo diameter. 

or, if not, let, if possible, the parallel- 
ogram BD have its diameter AHC in a dif- A. G D 
ferent straight line from AF, the diameter 
of thè parallelogram EG, and let GF meet K 
AHC in H; and through H draw HK pa- E 
rallel to AD or BC; therefore the paral- 
lelograms ABCD, AKHG being about the 
same diameter, are similar to one another 
(24. 6.): wherefore, às DÀ to AB, so is B 
(def. 1. 6.).GA to AK; but because ABCD | 
atid AEFG are similar parallelograms, as DÀ is to AB, so id GÀ to 
AE; therefore (11. 5.) as GA to AE, so GAto AK; wherefore GA 
has the same ratio to each of tho straight lines AE, AK; drid €onsé- 
quently AK is equal (9. 5.) to AE, the less to the greater, which is im- 
possible ; therefore ABCD and AKHG are not about the same dia- 
meter; wherefore ABCD and AEFG must be about the same dia- 
meter. "Thereforc, if two similar, &c.  Q. E. D. 


PROP. XXVII. THEOR. 





Of all the rectangles contained by the seg nents of a given straight line, 
the gréatesi is the square which ts described on half the line. | 


Let AB be a given straight line, which is bisected in C; and let D 
be any point ia it, the square on AC is à 2 2 
greater than the rectangle AD, DB. A C D B 

For, since the straight line AB is divided in two equal parts in C, 
and into two unequal parts in D, tko. rectangle contained by AD and 
DB, together with the square of CD, is equal to the square of AC 
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(5. 2.). The square of AC is therefore greater than thc recfanglo 
AD.DB. Therefore, &c. Q. E D. 


PROP. XXVII. PROB. 


‘fo divide a given straight line, so thal the rectangle contained by ats segs 
ments may be equal to a given space ; but that space must not bs 
greater than the square of half the given line. 


Let AB be the given straight line, and let the square upon the 
fiven straight line C be .the space to which the rectangle contained 
by the segments of AB must be equal, and this square, by the deter- 
mination, is not greater than that upon half the straight lino AB. 

Bisect AB in D, and if the square upon AD be equal to the square 
upon C, the thing required is done: eBut if it be not equal to it, AD 
must be greater than C, according 
to the determination: Uraw DE at-. 
right angles to AB, and make it 
equal to C: produce ED to F, so 
that EF be equal to A D or DB, and 
froin the centre E, at the distance 
EF, describe a circle meeting AB 
in G. Join EG ; and because AB 
js divided equally in D, and une- | 
e AG.GB -- DG* — (5. 2) DB? = EG*. But (47. 1.j 

D'-DG?^—EG?; therefoto. AG.GB-+-DG’=ED?+ DG’, and tak- 
ing away DG^; AG.GB-—ED?, Now ED-— C, therefore the rectan- 
gle AG.GB is equal to the square of C : and tho given line AB is 
divided in G, so that the rectangle contained by the segments AG, 


GB is equalto the square upon the given straight line C. Which was 
to bé done. 





PROP. XXIX. PROB. 


To produce a given straight line, so that the rectangle contained by the 
segments between the extremities of the given line, and the point to 
which 1428 produced, may be equal to a piven space. 


_ Let AB be the given straight line; and let the square upon the given 
Btraight line C be the space to which the rectangle under the segments 
of 2s ER must be equal. ! 

Bisect in D, and draw BE at right angles to it, so that BE be 
Squal to ©; and having joined DE, from the centre D at the distanze 
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DE uéóscribe a circla meeting AB 
roduced in G. And because AB is 
isected in D, and produced to G, 

(6.2.) AG.GB+-DB?=DG*= DE’, 

But (47. i.) DE? = DB? + BE’, 
therefore AG.GB + DB? = DB?4+ 

BE? and AG.GB=BE*. Now, BE p A 4 

<=C; wherefore the straight line AB FA. D b6 

is produced to G, so that tho rectan- CONES C 

gle contained by the segments AG, 

GB of the line produced, is equal to the square of. C. Which. was 

to be done. 





PROP. XXX. PROB. 


To cut a given straight line n extreme and mean ratia. 


Let AB be the given straight line; it is required to cut it in extreme 
and mean ratio. 

Upon AB describe (48. 1.) the square BC, and produce CA to D, 
80 that the rectangle CD.DA may be equal to the square CB (29. 6.). 
Take AE equal to AD, and complete the rectangle DF under DC and 
AE, or under DC and DA. Then, because 
the rectangle CD.DA is equal to the square 
CB, the rectangle DE is equal to CB. Take 
away the common part. CE from each, and 
the remainder FB is equal to the remainder 
DE. But FB is the rectangle contained by 
FE and EB, thatis, by AB and BE; and DE 
is the square upon AE; therefore AE is a 
mean proportional between AB and BE (17. 
6.), or AB isto AE as AE to ED. But AB 
is greater than AU; whereíore AE is great- 
er than EB (14. 5.): ''herefore the straight 
line AB is cut in extreme and mean ratio in 
15 (def. 3. 6.). Which was to be done. 





Other wise. 


Let AB bo the given straight line ; it is required to cutit in extreme 
and mean ratio. 

Divide AB in the point C, so that the rectangle contained by AB. 
BC be equal to the square of AC (11. 2.): é 
Then because the rectangle AB.BC is equal A C B 
to the square of AC, as BA to AC, so is AC 
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to CB (17. 6.) ; Therefore AB is cut in extreme and mean ralio in C 
(def. 8. 6.). Which was to bo done. 


PROP. XXXI. THEOR. 


in right angled triangles, the rectilineal figure described upon the side 
opposite to the right angle, is equal to the simelar, and.similarly de- 
scribed figures upon the sides containing the right angle. 


Let ABC be a right angled triangle, having the right angle BAC : 
The rectilineal figure described upon BC is equal to the similar, and 
similarly described figures upon BA, AC. 

Draw the perpendicular AD; therefore, because in the right an- 
gled triangle ABC, AD is drawn from the right angle at A perpendi- 
cular to the base BC, the triangles ABD, ADC are similar to the 
whole triangle ABC, and to one another (8. 6.), and because the tri- 
angle ABU is similar to ADB, as CB to BA, so is BA to BD (4. 6.); 
and because these three straight lines are proportionals, as the first to 
the third, so is the figure upon the first to the similar, and similarly 
described figure upon the second (2. Cor. 20. 6.): Therefore, aa CB 
to BD, so is the figure upon CB to 
the similar and simjlarly described 
figure upon BA: and inversely 
(B. 5.), as DB to BC, so is the fi- 
gure upon BA to that upon BC ; 
for the same reasonas DC to CB, 
so is the figure upon CA to that 
upon CB. Wherefore, as BD and 

C together to BC, so are the fi- 
gures upon BA and on AC, toge- 
ther, to the figure upon BC (24. 5.); therefore the figures on BA, and 
on AC, are together equal to that on BC ; and they are similar figures. 
Wherefore, in right angled triangles, &c. Q. E. D. 





PROP. XXXII. THEOR. 


If two triangles, which have two sides of ihe one proportional to two 
sides of the other, be joined at one angle, so as to have their homolo- 
gous sides parallel to one another ; their remaining sides shall be £n 


a straight line. 


Let ABC, DCE be two triangles which have two sides BA, AC 
proportional to the two CD, DE, viz. BA te AC, as CD to DE ; and 
let AB be parallel to DC, and AC to DE; BC and CE are in a straight 


line. 
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Because AB is parallel to DC, and the straight line AC meets them, 
the alternate angles BAC, ACD are equal (29. 1.); for the same 
reason, the anglo CDE is equal to the angle ACD; wherefore also 
BAC is equal to CDE: And because the triangles ABC, DCE havo 
one angle at A equal to one at D, A 
and the sides about these angles | 
proportionala, viz. BA to AC, as D 
CD. to DE, the triancle-ABC is 
equiangular (6. 6.) to DCE : 

Therefore the angle ABC is e- 

qual to the angle DCE: And the 

angle BAC was proved to be . 

equal to ACD: Therefore the B 

whole angle ACE is equa! to the two angles ABC, BAC; add the 
common angle ACB, then the angles ACE, ACB are equal to the an- 
gles ABC, BAC, ACB: But ABC, BAC, ACB are equal to two right 
angles (32. 1.); therefore also the angles ACE, ACB are equal to 
two right angles: And since at the point C, in the straight line AC, 
the two straight lines BC, CE, which are on the opposite sides of it, 
make the adjacent angles ACE, ACB equal to two right angles ; there- 
fore (14. 1.) BC and CE are in a straight line.  Whereforo, if two 
triangles, &c. Q. B. D. | 


PROP. XXXIII. THEOR, 


in equal circles, angles, whether at the centres or circumferences, have 
the same ratio which the arches, on which they stand, have to one ane 
other: So also have the seciors. | 


Let ABC, DEF bo equal circles; and at their centres the angles 
BGC, EHF, and the angles BAC, EDF at their circumferences; as 
the arch B€ to the arch EF, so is the angle BGC to the angle EHF, 
and the angle BAC to the angle EDF : aud also the sector BGC to 
the sector EHF. | : 

Take any number of arches CK, KL, each equal to BC, and an 
number whatever FM, MN each equalto EF; and join GK, GL, HM, 
HN. Because the arches BC, CK, KL are all equal, the angles BGC, 
CGK, KGL are also. all equal (27. 3.): Therefore, what multiple 
soever the arch BL is of the arch BC, the same multiple is the anglo 
BGL of the angle BGC: For the same reason, whatever multiple the 
arch EN is of the arch EF, the same multiple is the angle EHN of the 
_— EHF. But if the arch BL, be equal to the arch EN, the anglo 
BG.L is. also equal (27. 3.) to the angle. EHN ; or ifthe arch BL be 
greater than EN, likewise the angle BGL is greater than EHN : and 
if less, less: There being then four magnitudes, the two arches, BC, 
EF, and the two angles BGC. EHF, and of the arch BC, and of the 
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engle BGC; havo been taken any equimultiples whatever, viz. the arci 
BL, and the angle BGL; and of tho arch EF, and of the angle EHF, 
any equimultiples whatever, viz. the arch EN, and the angle EHN : 
And ‘it-has: been proved, that if the arch BL be greater than EN, the 
angle BGL is greater than EHN ; and if equal, equal ; and if less, 
less: As therefore, the arch BC to the arch EF, so (def. 5...5.) is the 
angle BGC fo the angle EHF: But as the angle BGC is to the angle 
EHF, so 1s (15. 5.) the angle BAC.to the angle EDF, for each is dou- 
ble of each (20. 3.) : 'l'herefore, as the circumference BC is to EF, 
so is the angle BGC to the angle EHP, and the angle BAC to the an- 
gle EDF. | 





Also, as the arch BC to EF, so is the sector BGC to the sector 
EHF. Join BC, CK, and in the.arches BC,.CK take any points X, 
QO, and join BX, XC, CO, OK: Then, because in the triangles GBC, 
GCK, the two sides BG, GC are equal to the two CG, GK, and also 
contain equal angles; the base BC is equal (4. 1.) to the base CK, 
and-the triangle GBC to the triangle GCK: And because the arch 
BC is equal to the arch CK, the remaining part of tho whole circum- 
ference of the circle ABC is equal to the remaining part of the whole 
circumference of the same circle: Wherefore the angle BXC is 
equal to the angle COK (27. 3.) ; and the segment BXC is therefore 
similar :to tho segment COK (def. 9. 3.) ; and they are upon equal 
straight lines BC, K: But similar segments of circles upon equa! 
straight lines are equal (24..3.) to one another: Therefore the seg- 
ment BXC is equal to the segment COK: And the triangle BGC is 
equal to the triangle CGK ; therefore the whole, the sector BGC is 
equal to'the whole, the sector CGK : For the same reason, the sec- 
tor KGL is equal to each of the sectors BGC, CGK ; and in the same 
manner, the sectors EHF, FHM, MHN may be proved equal to oro 
another: Therefore; what multiple soever the arch BL 1s of the arch 
BC, the same multiple is the sector BGL of the sector BGC. Fa 
the samo rcason, whataver multiple the arch EN is of EF, the 
same multiple is the sector EHIN of tho sector ENF: Now if the 
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andif the arch BL be greater than EN, the sector BGL is greater than 
the sector EHN ; and if less, less: Since, then, there are four mage 
nitudes, the two arches BC, EF, and the two sectors BGC, EHF, and 
of the arch BC, and sector BGC, the arch BL and the sector BGL are 
any equimulfiples whatever; and of the arch EF, and sector EHF, 
the arch EW and sector EHN, are any equimultiples whatever; and it 
has been proved, that if the arch BL be greater than EN, the sector 
BGL, is greater than tho sector EHN ; if equal, equal; and if less, 
less; therefore (def. 5. 5.), as the arch BC isto the arch EF, so is the 
sector BGC to the sector EHF. Wherefore, in equal circles, &c. 
Q. E. D. 
PROP. B. THEOR. 


If an angle of a triangle be bisected by a straight line, which likewisa 
cuts the base; the rectangle contained by the sides of the trangle is 
equal to the rectangle contained by the segments of the base, together 
with the square of the straight ine bisecting the angle. ` 


Let ABC be a triangle, and let the angle BAC be bisected by the 
straight line AD; the rectangle BA.AC is equal to the rectangle 
BD.DC, together with the square of AD. 


Describe the circle (5. 4.) ACB about A 
the triangle, and produce AD to the cir- 
cumference in E, and join EC. Then, — 
because the angle BAD is equal to the an- | 
gle CAE,andthe angle ABI) to the angle B/ T C 


(21. 3.) AEC, for they are in the same 
segment; the triangles ABD, AEC are 
oquiangular to one another: Therefore 
BA:AD::EA:(4.6.) AC, and conse- ^N 
quently, BA. AC — (16. 6.) AD.AE — 
ED.DA (3. 2.)23-DA* But ED.DA= 
BD.DC, therefore BA. AC—BD.DC-4- 

DA’, Wherefore, if an angle, oh Q. E. D. 


T: 


T ELEMENT: 


PROF. C. THEOR. 


Jj. from any angle of a triangle a straight line be drawn perpendicular 
to the base; the rectangle contained by the sides of the triangle 1s 
equal to the rectangle contained by the perpendicular, and the diame- 
ter of the circle described about the triangle. 


Let ABC be a trianglo, and AD the perpendicular from the angle 
A to the base BC; the rectangle BA.AC is equal to the rectangle 
contained by AD and the diameter of the circle described about the 
triangle. 

Describe (5. 4.) the circle ACB about 
the triangle, and draw its diameter AE, 
and join EC: Because the right angle 
BDA is equal (3. 3.) to the angle ECA 
in a semicircle, and the angle ABD to 
the angle AEC, in the same segment 
(21. 3.); the triangles ABD, ÁEC are 
equiangular: Therefore, as (4. 6.) BA 
to AD, so is EA to AC: and conse- 
quently the rectangle BA.AC is equal 
(16. 6.) to the rectangle EA.AD. If, 
thereforo, from an angle, &c. Q. E. D. 


PROP. D. THEOR. 


The veciangle contained by the diagonals of a quadrilateral inscribed 
tn a circle, 13 equal to both the rectangles, contained by tts opposite. 
sédes. 

Let ABCD bo any quadrilateral inscribed in a circle, and let AC, 
BD be drawn; the rectangle AC.BD is equal to the two rectangles 
AB.CD, and AD.BC, 

Make the angle ABE equal to the angle DBC; add to each of these 
the common angle EBD, then the angle ABD is equal to the angle 
EBC: And the angle BDA is equal to (21. 3.) the angle BCE, be- 
cause they are in the same segment ; 
therefore the triangle ABD is equian- 
gular to the triangle BCE. Wherefore 
(4. 6.), BC : CE :: BD : DA, and con- 
sequently (16. 6.) BC.DA=BD.CE. 
Again; because the angle ABE is equal 
to the angle DBC, and the angle (21. 3.) 
BAEtotheangle BDO,thetriangle ABE 
is equiangular to the triangle. BCD ; 
therefore BA : AE :: BD : D€, and 
BA.DC—BD.AE: But it was shewn 
that BC. DA=BD.CE; wherefore BC. 
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DA+-BA.DC=BD.CE+BD.AE=BD.AC (t.2.). Thatis, the ree- 
tangle contained by BD and AC, is equal to the rectangles contained 
by AB, CD, and AD, BC. Therefore the rectanyle, &c. Q. E. D. 


PROP. E. THEOR. 


if an arch of a circle be bisected, and from the extremities of the arci, 
and from the point of bisection, straight lines be drawn tu any point 
an the ctreumference, the sum of the two lines drawn from the exire- 
miiies of the arch will have to the line drawn from the point of ti- 
section, the same ratio which the straight line subtending the arch hes 
to the strarght line subtending half the arch. 


Let ABD be a circle, of which AB is an arch bisected in ©. and 
from À, C; and B to D, any point whatever in the circumference, Ict 
AD, CD, BD be drawn; the sum of the two lines AD and DB has 
to DC the same ratio thet BA has to : 

AC. | 

For since ACBD is a quadrilateral 
inscribed in a circle, of which the di- 
agonals are AB and CD, AD.CB+ 
DS.AC (D. 6.)—AB.CD : but AD. 

CB + DB.AC=AD.AC + DB.AC, 

because CB=AC.~ Therefore AD. 

AC+DB.AC, that is (1. 2.), (AD+ 

DB) AC=AB.CD. And because the AN 
"4 





———— o Toa 


sides of equal rectangles are recipro- | 2 
cally proportional ; 14. 6.), AD-- DB : — 
DC:: AB: AC. Whereforo, &e. x 

Q. E. D. | 


PROP. F. THEOR. 


Jf two points be taken in the diameter of a circle, such that the reetan- 
gle contained by the segments intercepted between them and the cen- 
tre of the circle be equal to the square of the radius: and if from 
these points two straight lines be drawn to any pownt whatsoever in 
the circumference of the circle, the ratio of these lines will be the 
same with the ratio of the segments intercepted between the two first. 
mentioned points and the circumference af the circle. 


Let ABC be a circle, of which the centre is D, and ia DPA produc- 
ed, let the points E and F be such that the rectangle ED, DF is equal 
to the square of AD ; from E and F to any point B in the circumfer- 
ence, let EB, FD be drawn; FB : BE :: FA : AE. | 

Join BD, and because the rectanglo FD, DE is cqual to the square 
of AD, that is, of DB, FD : DB :: DB : DE (17 6.). 

The two triangles, FDB, BDE have therefore tho sides proportion- 
al that are about the common angle D; therefore they aro equiangu- 
lar (6. 6.), the angle DEB being equal to the angle DB, and DBE to 
DEB. Now since the sides abont these equal angles are also propor- 
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tional (4. 6.), FB : BD :: BE : ED, and alternately (16. 5.), FB : 
BE :: BD: ED, or FB: BE:: AD: DE. But because FD : DA 
:: DA: DE, by division (17. 5.), FA: DA:: AE: ED, and alter- 
nately (11. 5.) FA: AE :: DA: ED. Now it has becn shewn that 
FB: BE:: AD: DE, therefore FB: BE:: FA: AE. Therefore, 
&c. Q. E. D. | 

Con. If AB be drawn, because FB : BE :: FA : AE, tho angle 
FBE is bisected (3. 6.) by AB. . Also, since FD : DC :: DC : DE, 
by composition (18. 5.), FC : DC :: CE : ED, and since it has been 
shewn that FA : AD (DO) :: AE : ED, therefore, ex æquo, FA : 
AE::FC:CE. But FB: BE:: FA: AE, therefore, FB : BE :: 
FC : CE (11. 5.); so that if FB be produced to G, and if BC be 
drawn, the angle EBG is bisected by the line BC (A 6.). 


PROP. G. THEOR. 


lf from the extremity of the diameter of a circle a straight line he-drawn 
in the circle, and if ether within the circle or produced without st, it 
meet a line perpendicular to the sasne diameter, the rectangle contatn- 
ed by the straight line drawn in the circle, and the segment of tt, inter- 
ceptcd between the extremity of the diameter and the perpendicular, 
ts equal to the rectangle contained by the diameter, and the segment 
of tt cut off by the perpendicular. 


Let ABO be a circle, of which AC is a diameter, let DE be per- 
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nendicular to the diameter AC, and let AB meet DE in F' ; the rect- 
angle BA.AF is equal to the rectangle CA. AD. Join BC, and be- 
cause ABC is an angle in a semicircle, it is a right angle (31. 3.) : 
Now, the angle ADF is also a right angle (Hyp.); and the anglo 
BAC is either the same with. DAF, or vertical to it; therefore the 
triangles ABC, ADF are equiangular,and BA: AC :; AD: AF (4.6.); 
therefore also the rectangle BA.AF, contained by the extremes, is 
equal to the rectangle AC. AD contained by the means (16. 6.). If 
therefore, &c. Q. E. D. 


PROP. H. THEOR. 


The perpendiculars drawn from the three angles of any triangle to the 
opposite sides intersect one another in the same point. 


Let ABC be a triangle, BD and CE two perpendiculars intersect- 
ing one another in F: Let AF be joined, and produced if necessary, 
let it meet BL in G, AG is perpendicular to BC. 

Join DE, and about the triangle AEF let a circle be described, 
AEF: then, because AEF is a right angle, the circle described about 
the triangle AEF will hove AF for 
its diameter (31. 3.). In the A. 
same manner, the circle describ- 
ed about the triangle ADF has 
AF for its diameter; therefore 
the points A, E, F and D are in 
tho circumference of the same 
circle.. But because the angle 
EFB is equal to the angle DFC 
(15. 1.), and also the angle BEF 
tothe angle CDF, being both right 
angles, the triangles BEF, and 
CDF:. are equiangular, and there- 
fore BF : EF :: CF:FD(4.6.), 
or alternately (16. 5.) BF : FC 
:; EF: FD. Since, then, the sides about the equal angles BFC, 
EFD are proportionals, the triangles BFC, EFD are also equiangular 
(6. 6.); wherefore the angle FCB is equal to the angle EDF. But 
EDF is equal to EAF, because they are angles in the same segment 
(21. 3.) ; therefore the angle EAF is equal to the angle FCG: Now, 
the angles AFE, CFG are also equal, because they are vertical an- 
gles; therefore tho remaining angles ALF, FGC are also equal (32. 1.): 
But AEF is a right angle, therefoye FGC is a right angle, and AG is 
perpéndicular to BC. Q. E. D. | : 

Con. The triangle ADE is similar to the triangle ABC. For the 
two triangles BAD, CAE having the angles at D and E right angles, 
and the angle at A common, are equiangular, and therefore BA: AD ;: 
CA : AE, and alternately BA: CA :; AD: AE; therefore the two 
triangles BAC, DAE, have the angle at A common, and the sides about 
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that angle proportionals, therefore they are equiangular (6. 6.) and 
similar. 
Hence the rectangles BA.AE, CA.AD are equal. 


PROP. K. THEOR. 


If from any angle of a triangle.a perpendicular be drawn to the opposite 
side or base: the rectangle contained by the sum and difference of the 
other twn sides, is egual to the rectangle contained by the sum and dif- 
e of the seg ments, tnto which-the base is divided by the perpen- 

:cular. 


Let ABC be a triangle, AD a perpendicular drawn from the angle 
A on the base BC, so that BD, DC are the segments of the base; 
(AC-++ AB) (AC ~ AB)=(CD+DB) (CD— DB). 


E 


| NL 
— 
E 


From A as a centre with the radius AC, the greater of the two 
sides, describe the circle CFG : produce AB to meet the circumfer- 
ence in E and F, and CB to meot it in G. Then because AF=AC, 
BF = AB-- AC, the sum of the sides; and since AE=AC, BE==AC, 
— AB= the difference of the sides. Algo, because AD drawn from 
the centre cuts GC at right angles, it bisects it; therefore, when the 
perpendicular falla within the triangle, BG=DG— DB=DC— DB= 
the difference of the segments of the base, and BC=BD+DC= the 
sum of the segments. But when AD falls without the triangle, BG = 
DG+DB=CD+DB= the sum of the segments of the base, and BC 
=CD— DB= the difference of the segments of the base. Now, in 
both cases, because B is the intersection of the two lines IE, GC, 
drawn in the circle, LR ; that is. as hae been shewn, 
(AC-++ AB) (AC—AB)=(CD+DB) (CD—DB). Therefore, &c. 
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BOOK I. 
OF THE QUADRATURE OF THE CIRCLE, 


ie A 0-2. 


DEFINITIONS, 
J. 


A Cuorp of an arch of a circle is the straight line joining the extremi- 
ties of the arch ; or the straight line which subtends the arch. 


II. 


The perimeter of any figure is the length of the line or lines, by which 
it is bounded. * 


The area of any figure is the space contained within it. 
AXIOM. 


The least line that can be drawn between two points, 188 straight lite ; 
and if two figures have the same straight line for their base, that 
which is contained within the other, if its bounding line or lines be 
mot any where convex toward the base, has the least perimeter. 

. Con: 1. Hence the perimeter of any polygon inscribed in a circle 

is less than the circumference of the circle. 

^ Con. 2. If from a point two straight lines be drawn touching a cir- 

ele, these two lines are together greater than tho arch intercepted be- 

tween them; and hence the perimeter of any polygon described about 

a circle is greater than the circumference of the pireler 
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PROP. í. THEOK. 


df from the greater of two unequal magnitudes there be taken away its 
half, and from the remainder its half; and so on; There will at 
length remain a magnitude less than the least of the proposed maga 
netudes. 


Let AB and C be two unequal magnitudes, of which AB is the 
greater. If from AB there be taken away its half, D 
and from the remainder its half, and so on; there A 
shall at length remain a magnitude less than C. | 

For C may be multipled so as, at length, to be- 
come greater than AB. Let DE, therefore, be a K. 
multiple of Ç, which is greater than AB, and let 
it contain the parts DF, FG, GE, each equal to 
C. From AB take BH equal to its half, and from H 
the remainder AH, take HK equal to its half, and 
So on, until there be as many divisions in AB as G 
there are iù DE ; And let the divisions in AB be 
AK, KH, HB. And because DE is greater than 
AB, and EG taken from DE is not greater than 
ats half, but BH taken from AB is equal to its 
half; therefore the remainder GD is greater than B C E 
the remainder HA. Again, because GD is great- 
er than HA, and GF is not greater than the half of GD, but HK ig 
equal to the half of HA; therefore, the remainder FD is greater than 
the remainder AK. And FD is equal to C, therefore C is greater 
than AK ; that is, AK isless.than C. Q. E. D. 








PROP. II. THEOR. 


Equilateral polygons, of the same number of sides, inscribed in circles, 
are similar, and are to one another-as the squares of the drameters of 


the circles, 


Let ABCDEF and GHIKLM be two equilateral polygons of the 
same number of sides inscribed in the circles ABD, and GHK; 
ABCDEF and GHIKLM are similar, and are to one another as the 
squares of the diameters of the circles ABD, GHK. 

Find N and O the centres of the circles, join AN and BN, as also 
GO and HO, and produce AN end GO till they meet the circumfer- 


ences in D and K. 
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Because the straight lines AB, BC, CD, DE, EF, FA, are all equal, 
the arches AB, BC, CD, DE, EF, FA are also equal (28. 3.). For 
the same reason, the arches GH, HI, TK, KL, LM, MG are all equal, 
and they are equal in number to the others; therefore, whatever 
part the arch AB is of the whole circumference, ABD, the same is 
the arch GH of the circumference GHK. But the angle ANB is the 
same part of four right angles, that the arch AB is of the circumfer- 
ence ABD (33. 6.); and the angle GOH is the same part of four 
right angles that the arch GH is of the circumference GHK (33. 6,) 
therefore the angles ANB, GOH are each of them the same part of 
four right angles, and therefore they are equal to one another. Tho 
isosceles triangles ANB, GOH are therefore equiangular (6. 6.), and 
the angle ABN equal to the angle GHO; in the same manner, by 
joining NC, OI, it may be proved that the angles NBC, OHI are 


B C Ht 
M 
G | K 
— \ O 
M —"7T 


E 


2 
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equal to one another, and to the angle ABN. Therefore the whole 
angle ABC is equal to the whole GHI; and the same may be proved 
of the angles BCD, HIK, and of the rest. Therefore, the polygons 
ABCDEF and GHIKLM are equiangular to one another; and since 
they are equilateral, the sides about the equal angles are proportion- 
als; the polygon ABCD is therefore similar to the polygon GHIKLM 
(def. 1. 6.). And because similar polygons gre as the squares of 
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their homologous sides (20. G.\, the polygon ABCDEF is to the po- 
lygon GHIKLM as the square of AB to the square of GH ; but be- 
cause the triangles ANB, GOW are equiangular, the square of AB is 
to the square of GH as the square of AN to the square of GQ (4. 6.), 
or as four times the square of AN to four times the square (15. 5.) 
of GO, that is, as the square of AD to the square of GK (2. Cor. 8. 2.). 
Therefore also, the polygon ABCDEF is to the polygon GHIKLM as 
the square of AD to the square of GK; and they have also been 
phewn to be similar. Therefore, &c. Q. E. D. 

Cor. Every equilateral polygon inscribed in a circle is also equi- 
angular: For the isosceles triangles, which have thetr common vertcx 
in the centre, are all equal and similar ; therefore, the angles at their 
bases are all equal, and the angles of the polygon are therefore alsc 
equal. : 


PROP. HI. TIIEOR. 


The side of any equilateral polygon inscribed tn a circle being given, to 
find the side of a polygon of the same number of sides described about 
the circle. 


Let ABCDEF be an equilateral polygon iascribed in the circle ABD ; 
itis required .to fiad the side of an equilateral polygon of the samo 
number of sides described about the circle. | 
" Find G the centre of the circle; join GA, GB, bisect the arch AB 
in H; and through H draw KHL touching the circle in H, and meet- 
ae ee n GB produced in K and L; KL is the side of the polygon 
required. 

Produce GF to N, so that GN may be equal to GL; join KN, and 
from G draw GM at right angles to KN, join also HG. 

Because the arch AB is bisected in H, the angle AGH is equal to 
the angle BGH (27. 3.); and 
because KL touches the circle 


L 
3 

in H,the angles LHG,KHG are LN C 
right angles (16. 3.); therefore, iT 74 NN 
there are two angles of the tri- 
angle HGK, eaual to two an- | | 
gles of the triangle HGL, each / 
to each. But the aide GH is K Y 
common to these istanglea : \\ | 
therefore they are equal (26. 

J.), and GL is equal to GK. ME ! 
Again, in the E KGL, SS 
, because is equal to — 

GL; and also . XE eer A 
the angle LGK equal to the an- 


gle KGN; therefore the base KL is equal to the base KN (4. 1.). 
ut becauge the triangle KGN is isosceles, the angle GKN is equal 
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to ihe angle GNK, and the angles GMK, GMN are both right angles 
by construction ; wherefare, the triangles GMK, GMN have two an- 
gles of the one equal to two angles of the other, and they have also 
the side GM common, thetefore they aro equal (26. 1.), and the side 
KM is equal to the side MN, so that KN is bisected in M. But KN is 
equal to KL, aud therefore their halves KM and KEI are also equal. 
Wherefore, in the triangles GKH, GKM, the two sides GK and KH 
are equal to the two GK and KM, each to each; and the angles GKH, 
GKM, are also equal, therefore GM is equal to GH (4. 1.) ; wliore- 
fore, the point M is in the circumference of the circle; nnd because 
KMG is a right angle, KM touches thecircle. And in the same man- 
ner, by joining the centre and the other angular points of the inscribed 
polygon, an equilateral polygon may be described about the circle, the 
sides of which will each be equal to KL, and will be equal in number 
to the sides of the inscribed polygon. ‘Therefore, KL is the side of 
an equilateral polygon, described about the circle, of the same num- 
ber of aides with the inscribed polygon ABCDEF ; which was to bo 
found. ! 

Cor. 1. Because GL, GK, GN, and the other straight lines drawn 
from the centre G to the angular points of the polygon described about 
the circle ABD are all equal ; if a circle be described from the centre 
G, with the distance GK, the polygon will be inscribed in that circle ; 
and therefore, it is similar to the polygon ABCDEF (2. 1.). 

Con. 2. It is evident that AB, a side of the inscribed polygon is to 
KL, a side of the circumscribed, as the perpendicular from G upon 
AB, to tho perpendicular from G upon KL, that is, to the radius of the 
circle; therefore also, because magnitudes havé the same ratio with 
their oquimultiples (15. 5.), the perimeter of the inscribed polygon is 
to the perimeter of the circumscribed, as the perpendicular from the 
centre, on a sido of the inscribed polygon, to the radius of the circle. 


PROP. IV. THEOR. 


A circle being given, two similar polygons may be found, the one de- 
scribed about the circle, and the other inscribed in it, which shall dif- 
| fer from one another by a space less than any given space. 


' Let ABC be the given circle, and the square of D any given space : 

& polygon may be inscribed in the circle ABC, and a similar polygon 
descnibed about it, so that the difference between them shall be less 
than the square of D. 

In the circle ABC apply the straight line AE equal to D, and let A B 
be a fourth part of the circumference of the circle. From the cira 
cumferonce AB take away its half, and from tho remainder its half, and 
so on till the circumference AF is found less than the circumference 
AE (1. 1. Sup.). Find the centre G; draw the diameter AC, as also 
the straight lines AF and FG; and having bisected the circumference 


166 SUPPLEMENT TO THE ELEMENTS 


AF in K, join KG, and draw HL touching the circle in K, and meet- 
ing GA and GF produced in H and L; join CF. 

ecause the isoscles triangles HGL and AGF have the common an- 
gle AGF, they are equiangular (6. 6.), and the angles GHK, GAF are 
therefore equal to ono another. But the angle GKH, CFA are also 
equal, for they are right angles; therefore the triangles HGK, ACF, 
are likewise equiangular (32. 1. 

And because the arch AF was found by taking from the arch AB its 
half, and from that remainder its half, and ao on, AF will be contained 
a certain number of times, exactly, in the arch AB, and therefore it 
will also be contained a certain number of times, exactly, in the whole 
circumference, ABC ; and the straight line AF is therefore the side of 
an equilateral polygon inscribed in the circle ABC. Wherefore also, 
HL is the side of an equilateral polygon, of the same number of sides, 
described about ABC (3. 1. Sup.). Let the polygon described about 
the circle be called M, and the polygon inscribed be called N ; then, 





E 


because these polygons are similar (Cor. 3. 1.) they are asthe squates 
of the homologous sides HL and AF (Sup. 3. Cor. 20. 6.), that is, be- 
cause the triangles HLG, AFG are similar, as the square of HG to 
the square of AG, that is of GK. But the triangles HGK, ACF have 
been proved to be similar, and therefore the square of AC is to the 
square of CF as the polygon M to the polygon N ; and, by conversion, 
the square of AC is to its excess above the squares of CF, that is, to the 
square of AF (47. 1 ), as the polygon M to its excess above the poly- 
gon N. But the square of AC, that is, the square described about 
the circle ABC is greater than the equilateral polygon of eight sides 
described about the circle, because it contains that polygon ; and, for 
the same reason, the polygon of eight sides is greater than the poly- 
gon of sixteen, and so on; therefore, the square of AC is greater 
than any polygon described about the circle by the continual bisection 
of the arch AB; it is therefore greater than the polygon M. Now, it 
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has been demonstrated, that the square of AC is to the square of AT 
as the polygon M to the difference of the polygons; therefore, since 
the square of AC is greater than M, the square of AF is greater than 
the difference of the polygons (14. 5.). The difference of the poly- 
gons is therefore less than the square of AF; but AF is less than D; 
therefore, the difference of the polygons is less than the square of D; 
that is, than the given space. "Therefore, &c. Q. E. D. 

Con. 1. Because the polygons M snd.N .43i;8e« &-u on6 another 
more than éither of them ditlers from the circle, the difference between 
each of them and the circle is less than the given space, viz. the square 
of D. And therefore, however small any given space may be, a poly- 
gon may be inscribed in thecircle, and another described about it, ench of 
thich shall differ from the circle by a space less than the given space. 


Cor. 2. The space B which is greater than any polygon that cau 
be inscribed in the circle A, and less than any polygon that can be 
described about it, is equal to the circle A. If not, let them be une- 
qual; and first, let B exceed A by the space C. Then, because the 
polygons described about the circle A are all greater than B, by hy- 
pothesis; and because B is greater than A by the space C, therefore 
no polygon can be deacribed about the circle A, but what must exceed 
it by a space greater than C, which is absurd. In the same manner, 
if B be less than A by the space C, it is shewn that no polygon can 
be inscribed in the circle A, but what is less than A by a space greater 
than C, which is also absurd. Therefore, A and B are not unequal, 
that is, they are equal to one another. 


PROP. Y. THEOR. 


The area of any circle is equal to the rectangle contained by the semz- 
diameter, and a straight line equal to half the circumference. 


Let ABC be a circle of which the centre is D, and the diameter 
AC; if in AC produced theré be taken AH equal to half the circum- 


ference, the area of the circle is equal to the rectangle contained by 
DA and AH. 
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Let AB bo the side of any cquilateral polygon inscribed in the cir- 
cle ABEC; bisect the circumference AB in G, and through G draw 
EGF touching the circle, end meeting DÀ produced in E, and DE 





produced in F; EF will bo the side of an equilateral polygon de- 
scribed about the circle ABU (3. 1. Sup.). In AC produced tako 
AK equal to half tho perimeter of the polygon whose sido is AB; 
and AL equal to half the perimeter of the polygon whose side is EF. 
Then AK will be less, and AL greater than the straight line AH 
(Ax. 1. Sup.). Now, because in the triangle EDF, DG is drawn 
perpendicular to the base, the triangle EDF is equal to the rectangle 
contained by DG and the half of EF (41. 1.) ; and as the same is true 
of all the other equal triangles having their vertices in D, which make 
up the polygon described about tho circle; therefore, the whole poly: 
gon 1s equal to the rectangle contained by DG and AL, half the peri- 
meter of the polygon (1. 2.), or by DA and AL. But AL ia greater 
than AH, therefore the rectangle DA. AL is greater than the rectangle 
DA.AH ; tlie rectangle DA. AH is therefore less than the rectangle 
DA.AL, that is, than any polygon described about the circle ABC. 
Again, the triangle ADB is equal tothe rectangle contained by DM 
the perpendicular, and one half of the base AD, and it is therefore 
less than tho rectangle contained by DG, or DA, and the half of AB. 


qc m. P e Vd — 


 K HL 





| / P 
` E Fa e à 
é "d 
« 


OF GEOMETRY. BOOK. 105 


And as the same is true of all the other triangles having their verti- 
ces in D, which make up the inscribed polygon, therefore the whole 
of the inscribed polygon is less than the rectangle contained by DA, 
and AK half the perimeter of the polygon. Now, the rectangle 
DA.AK is lesa than DA.AH ; much more, therefare, is the polygon 
whose side is AB less than DA. AH ; and the rectangle DA.AH is 
therefore greater than any polygon inscribed in the circle ABC. But 
the same rectangle DA. AH has been proved to be less than any poly- 
gon described about the circle ABC ; therefore, the rectangle DA. AH 
is equal to the circle ABC (2. Cor. 4. 1. Sup.) Now, DA is the se- 
midiameter of the circle ABC, and AII the half of its circumference. 
'Thereforo, &c. Q. E. D. 

Con. 1. Because DA : AH :: DA?: DA.AH (1. 6.), and because 
by this proposition, DA. AH —the nrea of the circle, of which DÀ is 
the radius: therefore, as the radius of any circle to the semicircum- 
ference, oras the diameter to the whole circumference, so is the 
square of the radius to the area of the circle. | 

Con. 2. Hence a polygon may be described about a circle, the e. 
nmeter of which shall exceed the circumference of the circle by a 
line that is less than any given line. Let NO be the giver line. Take 
in NO the part NP less than its half, and less also than AD, and leta 
polygon be described about the circle ABC, so that its excess above 
ABC may be less than the square of NP (1. Cor. 4. 1. Sup.). Let 
the side of this polygon be EF. And since, as has been proved, the 
circle is equal to ihe rectangle DA.AH, and the polygon to the rect- 
angle DA. AL, the excess of the polygon above the circle is. equal to 
the rectanyle DA. HL ; therefore tho rectangle DA.HL is less than. 
the square of NP; and therefore, since DA is greater than NP, HL, 
is less than NP, and twice HL less than twice NP, wherefore, muck 
more is twice HL less than NO. But HL is the difference between 
half the perimeter of the polygon whose side is EF, and half the cir- 
euniference of the circle ; therefore, twice HL is the difference be- 
tween the whole perimeter of the polygon and the whole circumfer- 
ence of the circle (5. 5.). The difference, therefore, between the 
perimeter of the polygon and the circumfcrence of the circle is legs 
than tlie giyen line NO. | 
— Con. 3. Hence also, a polygon may be inscribed in a circle, such 
that the excess of the circumference above the perimeter of the poly: 
gon may be less than any given line. "This is proved like the pre; 
ceding. 

PROP. VI. THEOR. 


The areas of circles arc (o one another in the duplicate ratio, ov as thg 
squares of their diameters. 


Let ABD and GH], be two circles, of which the diameters-are. AD 
and GL: tho circle ABD is to tha circlo GHL as tbe square of AD 


to the square of GL. : 
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Let ABCDEF and GHKLMN he two equilateral polygons of the 
såmeẹ number of sides inscribed in the circles ABD, GHL; and let Q 


B C 





be such a space that the square of AD is to the square of GL as the 
circle ABD to the space Q. Because the polygons ABCDEF and 
GHKLMN are equilateral and of the same number of sides, they are 
similar (2. 1. Sup.), and their areas are as the squares of the diame» 
ters of the circles in which they are inscribed. Therefore AD? : 
GL? :: polygon ABCDEF : polygon GHKLMN ; but AD? ;: GL?:: 
circle ABD : Q; andtherefore, ABCDEF : GHKLM :: circle ABD: 
Q. Now, circle ABD 7 ABCDEF; therefore Q 7 GHKLMN 
(1 : 5.5, that is, Q is greater than any polygon inscribed in the circle 
GHL. 


In the same manner it is demonstrated, that Q is less than any poly- 
gon described about the circle GHL; wherefore the space Q is equal 
to the circlo GHL (2. Cor. 4. 1. Sup.). Now, by hypothesis. the 
circle ABD is to the space Q as the square of AD to the square of 
GL; therefore the circle ABD is to the circle GHL as the square of 
AD to the square of GL. Therefore, &c.  Q. E. D. 


Con. 1. Hence the circumferences of circles are to one another as 
their diameters. 
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. Let the straight lino X be equal to half the circumference of the 
circle ABD, and the straight line Y to half the circumference of the 


X 


Y 





— ee Map — 


circle GHL: And because the rectangles AO.X and GP Y are equal 
to the circles ABD and GHL, (5. 1. Sup.) ; therefore AO.X : GP?.Y 
*: AD? : GL? :; AQ? : GP", and ulternately, AO.X : AO? :: GI.Y 
: GP?; whence, because rectangles that have equal altitudes are as 
iheir bases (1. 6.), X : AO :; Y : GP, and again alternately, X ; Y 
** AO : GP ; wherefore, taking the doubles af each, the circuinfer- 
ence ABD is to the circumference GHL as the diameter AL) to the 
diameter GL. 

Cor. 2. The circle that is described upon the side of a right an- 
gled triangle opposite to the right angle, is equal to the two circles 
described on the other two sides. For the circle described upon SR 
is to the circle described upon RT as the syuare of SR io the square 
of RT; and the circle described upon TS is to the circle described 
upon RT as the square of ST to the square of RT. Wherefore, 
the circles described on SR and 
on ST are to the circle describ- & 
ed on RT as the squares of SR 
and of ST to the square of RT 
(24. 5.). Butthe squares of RS 
and of ST are equal to the 
square of RT (47. 1.); there- 
fore the circles described on RS R T 
and ST are equal to the circle 
described on RT. 


PROP. VH. THEOR. 


i qutiangular parallelograus.ere to one another as the products of the 
nuinbers proportional to ther sides. 


Let AC and DF be two equiangular parallelograms, and let M, N, 
P and Q be four numbers, such that AB: BC :: M: N; AB:DE :: 
M : P; and AB : EF :: M : Q, and therefore ex :&quali, BC : EF ;: 
N. : Q. The parallelogram AC isto the parallelogram DF as MN to 
PQ. 
Let NP be the product of N into P, and the ratio of MN- to PQ 
will be compounded of the ratios (def. 10. 5.) of MN to NP, and of 
NP to PQ. But the ratio of MN to NP is the same with that of M 
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io P (15. 5.), because MN and NP are equimultiplés of M and F ; 
and for.the same reason, the ratio of NP to PQ is the same with that 
of N to Q: therefore the ratio of MN to PQ is compounded of the 
ratios of M to P, and of N to Q. Now, the ratio of M to P is the 
ame with that of the side AB to the side DE (by Hyp.) ; and the 
ratio of N to Q the same with that of the side BC to the side EF. 
Therefore, the ratio of MN {o PQ is compounded of the ratios of 
AB to DE, and of BC to EF. And the ratio of the parallelogram AC 
io the parallelogram DF is compounded of the same ratios (23. 6.) ; 
therefore, the parallelogram AC is to the parallelogram DF as MN, 
the product of the fumbers M and N, to PQ, the product of the 
numbers P and Q. "Therefore, &c. Q. E. D. 

. Cok. 1. Hence, if GH be to KL as the nuniber M to the number 
¥ ; the square desciibed on GH 

will be to the square described on G 
KL as MM, the square of the nuni- 

ber M to NN, the square of the number N. 

Cor, 2. If A, B, C, D, &c, are any lines, and m, zi, 7, s, &c. riuta- 
bers proportional to them; viz. A:B::m:n,A:C::m:r, A: 
D::m:s, &c.; and if the rectangle contained by any two of the 
lines be equal to the square of a third line, the product of the num- 
bers, proportional to the first. two, will be equal to the square of the 
— proportional to the third ; that is, if A.C—B?, mXr=2 Xfi, 
Or 





AK & 


For by this Prop. A.C : B? :: mx: »?; but A.C— B5 therefore 
mXr-n. Nearly in the same way it may be demonstrated, that 
whatever is the relation between the rectangles contained by these 
lines, there is the same between the products of the numbers propore 
tional to them. 

So also conversely if :»» and r be numbers proportional to the lines 
À ánd C ; if also A.C—D*, and if a number n be found anch, that n? 
—mr, then À : B :: in:».  Forlot A: B ::m :q, then since, m, 9, 
* are proportional te A, B, and C, and A.C—B*; therefore, as has 
just been proved, j—m; but z^—9Xr, by hypothesis, therefore 
n =q, and n=gq; wherefore A: B:: 2 : 2. 


SCHOLIUM. 


Iri order to have. numbers proportional to any set of magnitudes of 
the same kiad, suppose one of them to be divided ipto any number, m 
A equal parts, and let H ho ono of those parts. Let H be found » 
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times in the magnitude B, » timesin C;s timesin D, &c., then itis evi- 
dent that the numbers 3, n, r, s are proportional to the magnitudes A, 
B, € and D. When therefore it is said in any of the following pro- 
. positions, that a line as À — a number fn, it is understood that A =m 
Xx H, or that A is equal: to tho given magnitude HI multipled by m, 
and the same is understood of the other magnitudes, 3, C, D, and 
their proportional numbers, H being the common measure of all 
the magnitudes. This common measure is omitted for the sake of 
brevity in the arithmetical expression; but is always implied, when 
a line,-or other geometrical magnitude, is said to be equal to a number. 
Also, when there are fractions in the number to which the magnitude 
is called equal; it is meant that the common measure H is farther sub- 
divided into such parts ás the numerical fraction indicates. Thus, if 
A=360.375, it is meant that there is a certain magnitude H, such that 
Ax-360 X H-4- 5 X H, or that A is equal to 360 times H, together 
with 375 of the thousandth parts of FI. And the same is true in all 
other cases,’ where numbers are used to express the relations of geo- 
$nétrical magnitudes. 


PROP. VIII. THEOR. 


The perpendicular drawn from the centre of a circle on the chord of any 
arch s à mean proportional between half the radius and the line made 
of the radius and the perpendicular drawn from the centre on the 
chord of double that arch: And the chord of the arch 7s a mean pro- 
portional between the diameter and a line which is the difference be- 
tween the radius and the aforesaid perpendicular from the centre. 


Let ADB be a circle, of which the centre is C ; DBE any arch, 
and DB the half of it; let the chords DE, DB be drawn; as also CF 
and CG at right angles to DE and DB: if CF be produced it will 
meet the circumference in B: let it meet it again in A, and let AC be 
bisected in H; CG is a mean proportional between AH and AF ; and 


D 






G 
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BD a mean proportional between AB, and BF, the excess of the ra- 
dius above CF. 

Join AD; and because ADB is aright angle, being an angle in a 
semicircle ; and because CGB is also a right angle, the triangles ABD, 
CBG are equiangular, and, AB: AD :: BC: CG (4. 6.), or alter- 
nately, AB: BC :: AD: CG; and therefore, because AB is double 
of BC, AD is double of CG, and the square of AD therefore equal to 
four times the square of CG. 

But, because ADB isa right angled triangle, and DE. a perpendicu- 
lar on AB, AD is a mean proporti:nal between AB and AF (8. 6.), 
and AD?=AB.AF (17, 6.), or since AB is =4AH, AD°=4AH. AF. 
Therefore also, because 4C G*zAD?, 4CG^—4AH.AF, and CG?^— 
AH.AF; wherefore CG is a mean proportional between AH and AF, 
that is, between half the radius and the line made up of the radius, 
and the perpendicular on the chord of twice the arch BD. | 

Again, it is evident, that BD is a mean proportional between AB 
and BF (8. 6.), that is, between the diameter and the excess of the 
radius above the perpendicular, on the chord of twice the arch DB. 
Therefore, &c. Q. E. D. 


PROP. IX. THEOR.* 


The circumference of a circle exceeds three times the diameter, by a line 
less than ten of the parta, of which the diameter contains seventy, but 
greater than ten of the parts whereuf the diameter contains seventy-one. 


Let ABD be a circle, of which the centre is C, and the diameter 
AB; the circumference is greater than three times AB, by a line less 


10 I 10 
than zy 9 yp of AC, but greater than Ji of AC. 


In the circle ABD apply the straight line BD equal to the radius 
D 


—* Fa this proposition, the character -+ placed after a number, signifies that something is 
to be added to it; and the character —. on the other hand, signifies that something is to bé 


taken away from it. 
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BC: Draw DF perpendicular to BC, and let it mect the circumfer- 
ence again in E; draw also CG perpendicular to BD: produce BC 
to A, bisect AC in H, and join CD. 

It is evident, that the arches BD, BE are cach of them one-sixth 
of the circumference (Cor. 15. 4.), and that therefore the arch DBE 
ig one third of the circumference. Wherefore,"the line (8. 1. Sup.) 
CG is a mean proportional between AH, half the radius, and the line 
AF. Now because the sides BD, DC, of the triangle BDC are equal, 
the angles DCF, DBF are also.equal; and the angles DFC, DFB 
being equal, and the side DF common to the triangles DBF, DCF, tho 
base. BF is equal to the hase CF, and BC is bisected in F. 

Therefore, if AC or BC=1000, AH=500, €CF=500, AF=1500, 
and CG being a mean proportional between AH and AF, CG?=(17. 
6.) AH.AF=500 X 1500750000; wherefore CG—866.0254-,, be- 
cause (866.0254)? is lessthan 750000. Hence also, AC-4- CG —1866. 
0254--. 

Now, as CG is the perpendicular drawn from the centre C, on the 
chord of one-sixth of the circumference, if P = the perpendicular 
from C on the chord of one-twelfth of the circumference, P will be a 
mean proportional between AH (8. 1. Sup.) and AC- CG, and P’ = 
AH (AC +- CG)=500 X(1866.0254--)=933012.7 +. Therefore, 
P= 965.9258-++-, because (965.9258)? is less than 933012.7. Hence 
also, AC-+ P=1965.9258-F. 

Again, if Q = the perpendicular drawn from C on the chord of one 
twenty-fourth of the circumference, Q will be a mean proportional 
between AH and AC + P, and Q°= AH (AC-+-P)=500/ 1965.9258--) 
—982962.9 -- ; and therefore Q-—991.4449-1-, because (991.4449)? 
is less than 982962.9. "Therefore also AC -1-Q—1991.4449-1-. 

In like manner, if S be the perpendicular. from C on the chord of 
one forty-eighth of the circumference, S? — AH (AC + Q) = 500 
(1991.4449-4-)=995722.45 -+ ; and S=997.8589-4, because (997. 
8589)? is less than 995722.45. Hence also, AC-+S=1997.8589-. 

Lastly, if 'T be the perpendicular from C on the chord of one nine- 
ty-sixth of the circumference, T°= AH (AC 4-8) —500 (1997.8589 
+-) = 998929.45 +, and T = 999.46458-+-. Thus T, the perpen- 
dicular on tho chord of one ninety-sixth of the circumference, is 
greater than 999.46458 of those parts of which the radius contains 
1000. 

But by the last proposition, the chord of one ninety-sixth part of 
the circumference is a mean proportional between tho diameter and 
the excess of the radius above S, the perpendicular from the centre 
on the chord of one forty-eighth of the circumference. Therefore, 
the square of the chord of one ninety-sixth of the circumference = 
AB (AC -S) = 2000 X (2.1411 —.) = 4282.2—; and therofore the 
chord itself 2265.4386 — , because (65.4386) is greater than 4282,2, 
Now, the chord of one ninty-sixth of the circumference, or the side 
of an equilateral polvgon of ninefy-six sides inscribed in the circle, 
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being 65.4386—, the perimeter of that polygon will be = (65.4386 
—)96 = 6282. 1056—. 
Let the perimeter of the circumscribed polygon of the same num- 
ber of sides, be M, then (2 Cor. 2. 1. Sup.) T : AC :: 6282.1056— 
: M, that is, (since T —999.46458---, as already shewn), 

999.46458 -+ : 1000 :: 6282.1056— : M ; if then IN be 
such, that 999.46458 : 1000 ** 6282.1056— : N ; ex Equo per- 
iurb. 999.464584- : 999.46458 :: N : M; and, since the first is 
greater than the second, the third is greater than the fourth, or N is 
greater than M. 

Now, if a fourth proportional be found to 999.46458, 1000 and 
6282.1056 viz. 6285.461—, then, 
because, 999.46458 : 1000 :: 6282.1056 : 6285.461—, 
and as before, 999.46458 : 1000 * 6282.1056— : N; 
therefore, 6282.1056 : 6282.1056— :: 6285.461 — N, and as the first 
of these proportionals is greater than the second, the third, viz. 6285, 


D 





461— is greater than N, the fourth, — Dut N was proved to be greater 
than M; much more, therefore, is 6285.461 greater than M, the peri- 
meter of a polygon of ninety-six sides circumscribed about the circle ; 
that ja, the perimeter of that polygon is less than 6285.461; now, 
the circumference of the circle is less than the perimeter of the 
polygon; much more, therefore, is it less than 6285.461; where- 
fore the circumference of a circle is less than 6285.461 of those parts 
of which the radius contains 1000. ‘The circumference, therefore, 
has to the dinmeter a Jess ratio (8. 5.) than 6285.461 has to 2000, or 
than 3142.7305 has to 1000: but the ratio of 22 to 7 is greater than 
the ratio of 3142.7305 tọ 1000, thereforo the circumference has & 
less ratio to the diameter than 22 has to 7, er the circumference is 
tess than 22 of the parts of which the diameter contains 7. 


OF GEOMETRY. BOOK I. 17 


it remains to demonstrate, that the part by which tho circumference 
exceeds the diameter is greater than = of the diameter. 


It was before shewn, that CG? = 750000 ; wherefore CG == 866. 
02545—, because (866.02515)' is greater than 750000; therefore 
AC+ CG=1868.02545—. 

Now, P being, as before, the perpendicular from the centre on 
the chord of one twelfth of the circumference, P? = AH (AC--CG) 
=600 X (1866.02545)—==933012.73— ; and P=965.92685—, he- 
cause (965.92585)’ is greater than 633012.73. Hence also, AC- P 
—:1965.92585 —. 

Noxt, as Q=the perpendicular drawn from the centre on the chord 
of one twenty-fourth of tbe circumference, Q? — AH (AC -P) — 
500. X (1965.92585 —)=982962.93— ; and Q = 991.44495—., be- 
cause (991.44495) is greater than 982962.98. Hence also, AC+Q 
== 1991.44495—. 

in like manner, as S is the perpendicular fram C on tbe chord of 
one forty-eighth of the circumferenco, S*—c AH (AC-4-Q)—8500(1581. 
44495 —) — 995722.475—, and S = (997.85895 — ) because (997. 
85895)? is greater than 996722.475. 

But the square of the chord of the ninety-sixth part of the circum- 
ference = AB (AC—S) = 2000 (2.141054) = 4282.1-}, and the 
chord itself = 65.4377 -- because (65.4377)* is less than 4282. I + 
Now the chord of one ninety-sixth part of the circumference being 
=65.4377-+, the perimeter of a polygon of ninety-six sides inscrib- 
ed in the circle— (65.4377?-1-) 96—6289.0194-. But the circumfer- 
ence of the circle is greater than the perimeter of tho inscribed 
polygon; therefore the circumference is greater than 6282.019, of 
those parts of which tho radius contains 1000; or than 3141.009 of 
the parts of which the radius contains 500, or the diameter contains 


I 
1000. Now, 3141.009 has to 1000 n greater ratio than 3-l- a to 1; 
therefore the circumference of the circle has a greater ratio to the 
diameter than 34- 71 has to 1 ; thatis, the excess of the circumference 


above three times the diameter is greater than ten of those parts of 
which the diameter contains 71; and it has already been shewn to be 
lesa than ten of those of which the diamcter contains 70. Therefore, 
&c. Q.E.D. 

Con. 1. Hence the diameter of a circle being given, the circumfer- 
ence may be found nearly, by making as 7 to 22, so the given diame- 
ter to a fourth proportional, which will be greater than the circumfer- 


ence. Andifas 1 to3-+ 7» or a8 71 to 223, so the given. diameter 
to a fousth proportional, this will be nearly equal to the circumference, 
but will be less than it. 


Z 
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1 IU. '3 
Con. 2. Because the difference between — and — is —-, there- 


7 4k SOT 
fore the lines found by these proportions difier by cds of the diame- 


ter. Therefore the difference of either of them from the circumfer- 
ence must be less than the 497th part of the diameter. 

Con. 3. As 7 to 22, so the square of tho radius to the area of the 
circle nearly. 

For it has been shewn, that (1. Cor. 5. 1. Sup.) the diameter of a 
circle is to its circumference as the square of the radius to the area of 
the circle ; but the diameter is to the circumference nearly as 7 to 22, 
therefore the square of the radius is to the area of the circle nearly in 
that same ratio. 


SCHOLIUM. 


It is evident that the method employed in this proposition, tor find- 
ing the limits of the ratio of the circumference of the diameter, may 
be carried to a greater degree of exactness, by finding the perimeter 
of an inscribed and of a circumscribed polygon of a greater number 
of sides than 96. ‘The manner in which the perimeters of such po- 
lygons approach nearer to ono another, as the number of their sides 
increases, may be seen from the following Table, which is construct- 
ed on the principles explained in the foregoing Proposition, and in 
which the radius is supposed = f. 


NO. of Sides | Perimeter of the | Perimeter of the ; 
orte Poly inscribed Poly- | circumscribed | 





| gon. | gon. Polygon | 
~e | 6.000000  , 6.892083— 
| 12 0.211657 4- 6.430781—  : 
24. 6.265257-- 6.319320— | 
48 6.278700-- 6.209 173—. 
96 6.282063-1- 6.985430— | 
192 | 6.282904+ | 6.283747— 
384 6.2831154- 6.283327-— 
| 768 6.283167-+ 6.283221. 





6.283184+ | 6.983188— ` 


1536 6.983180-- 6.983195— | 
6.283185-- 6.283186— 


} 
? 





The part that is wanting in tho numbers of the second column, tu 
make up the entire perimeter of any of the inscribed polygons, is 
less than unit in the sixth decimal place; and in like manner, the 
part by which the numbers in the last column exceed the perimeter 
of any of the circumscribed polygons is less than a upit in the sixth 
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2 1 | ; 
decima] place, that is than [oram of the radius. Also, as the num- 


bers in the second column are less than the perimeters of the in- 
scribed polygons, they are each of them less than the circumference, 
of tho circle: and for tho same reason, each of those in the third 
column is greater than the circumference. But when the arch of 


ó of the circumference is bisected ten times, the number of sides in 
the polygon is 6144, and the numbers in the Table differ from one 


| l : 
another only by 1000000 Part of the radius, and therefore the peri- 


meters of the polygons differ by less than that quantity ; and conse- 
quently the circumference of the circle, which is greater than the 
least, and less than the greatest of these numbers, is determined with- 
in less than the millioneth part of the radius. 

Hence also, if R be the radius of any circle, the circumference is 
greater than R X6.283185, or than 2R X3.141592, but less than 2R 
3 3.141593 ; and these numbers differ from one another only by a 
millioneth part of the radius. So also R?-+-3.141592 is less, and R? 
X 3.141893 greater than the arca of the circle; and these numbers 
differ from one another only by a millioneth part of the square of the 
radius. 

In this way, also, the circumference and the area of tho circle may 
be found still nearer to the truth; but neither by this, nor by any other 
method yet known to geometers, can they be exactly determined, 
though the errors of both may be reduced to a less quantity than any 
that can be assigned. 


ELEMENTS 


OF 


GEOMETRY. 





SUPPLEMENT. 


BOOK 1. 
OF THE INTERSECTION OF PLANES. 


DEFINITIONS. 


1. 


A sTRAIGHT line is porpendicular or at right angles fo a plane, wher: 
it makes right angles with every straight line which it meets m that 
plane. 

II. 

A plane is perpendicular to a plane, when the straight lines drawn in 
one of the planes perpendicular to the common section of the two 
planes, are perpendicular to the other plane. 


III. 


The inclination of a straight line to a plane is the acute angle contain- 
ed by that straight line, and another drawn from the point in which: 
the first line meets the plane, to the point in which a perpendicular 
to the plane, drawn from any point of the first line, meets the same 
plane. 

IV. 


The angle made by two planes which eut one another, is the angle 
contained by two straight lines drawn from any, the same point in 
the line of their common section, at right angles to that line, the 
one, in the ono plane, and the other, in the other. Of the two ad- 
jacent angles made by two lines drawn in this manner, that which 
28 acute 18 also called the inclination of the planes to one another. 
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V. 


‘Two planes are said to have the same, or a like inclination to one an- 
other, which two other planes have, when the angles of inclination 
above defined are equal to one another. 


VI. 


À straight line is said to be parallel to a plane, when it does not meet 
the plane, though produced ever so far. 


VII. 


Planes aro said to be parallelto one another, which do not meet, though: 
produced ever so far. * 


A solid angle is an angle made by the meeting of more than two plane 
angles, which are not in the same plane in ono point. 


PROP. I. THEOR. 
One nart of a straight line cannot be in a plane and another part about it. 


If it be possible, let AB, part of the straight line ABC, be in the plane, 
and the part BC above it: and since 
the straight line AB is in the plane, it 
can be produced in thet plane (2. Post. 


Y 
1.) ; let it be produced to D: Then —— 
ABC and ABD are two straight lines, TO T ANNE 
and they have the common segment | A. B D 
V i 


AB, which is impossible (Cor. def. 3. 


OE En ABC is not a straight lino. Wherefore one part, &e. 


PROP. II. THEOR. 


Any three straight lines which meet one another, not in the same point, 
are in one plane. 


Let the three straight linos AB, CD, CB meet one another in the 
points B, C and E ; AB, CD, CB arein one 
plane. A 

Let any plane pass through the straight 
line EB, and let the plane bo turned about 
EB, produced, if necessary, until. it pass 
through the point C: Then, because the 
points E, C are in this plane, the straight 
line EC is in it (def. 5. 1.) : for the same 
reason, the straight line BC is in the same; 
and, by the hypothesis, EB is in it; there- 
forè the throe straight linos EC, CB, BE are 
in one plane : but the whole of the lines DC, 
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AB, and BC produced, are in the same plane with the parts of ther: 
EC, EB, BC (1. 2. Sup.). Therefore AB, CD, CB, are all in one 
plane. Wherefore, &c. Q. E. D. 

Con. It is manifest, that any two straight lines which cut one an- 
other are in one plane: Also, that any three points whatever are in 
onc plane. 


PROP. III. THEOR. 


If two planes cut one another, their common section is a straight line: 


Let two planes AB, BC cut one ano- 
ther, and let B and D be two points in the 
line ot their common section. From B to 
D draw the straight line BD ; and because 
the points B and D are in the plane AB, 
the straight line DD is in that plane (def. 
5. 1.): for the same reason it is in the 
plane CB ; the straight line BD is there- D A 
fore common to the planes AB and BC, or 


it is the common section of these planes. "Therefore, &c. Q. E. D. 
PROP. IV. THEOR. 

If a straight line stand at right angles to each of two straight lines in 

the point of their intersection, it will also be at right angles to the 


plane in which these lines are. 


Let the straight line AB stand at right angles to each of the straight 
lines EF, CD in A, the point of their intersection: AB is also at right 
angles to the plane passing through EF, CD. 

Through A draw any line AG in the B 
plane in which are EF and CD; let G | 
be any point in that line; draw GH pa- | 
rallel to AD ; and make HE=HA, join 
FG; and when produced let it meet 
CA in D; join BD, BG, BF. Because 
GH is parallel to AD, and FH=HA: C T 
therefore FG —GD,so that the line DF 
is bisected in G. And because BAD is — A 
a right angle, BD?=AB?++ AD*(47. 1.); —— 
and for the same reason, BF? = AB?-- A — 

AF?, therefore BD?+- BF? = 2AB + 

AD?--AF?; and because DF is bisect- * D 

ed in G (A. 2.), AD! -4+ AFP?7=2AG?-+- 

2GF?, therefore BD*-}+- BF? = 2AB? + 2AG74-. 2GF But BD'-F 
BF? = (A. 2.) 2BG -- 2GF*, therefore 2BG? +- 2GF? = 2AB? + 
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2AG* + 2GF*; and taken 2GF? from both, 2BG* = 2AB? -]- 2AG^, 
or BG^—AB'*4-AG?; whence BAG (48. 1.) is a right angle. Now 
AG is afy straight line drawn in the plane of the lines AD, AF ; and 
when a straight line is at right angles to any straight line which it 
meets with in a plane, it is at right angles to the plane itself (def. 1. 
2. E AB is therefore at right angles to the plane of the lines 
AF . Therefore, &o. .Q. E. D. 


PROP. Y. THEOR. 


If three straight lines meet all in one point, and a straight line stand at 
right angles to each of them in that point: these three strazeght lines 
are in one and the same plane. 


Let the straight line AB stand at right angles to each of tie straight 
lines BC, BD, BE, in B, the point where they meet; BC, BD, BE 
are in one and the same plane. 

If not, let BD and BE, if possible, be in onc plane, and BC be 
above it; and let a plane pass through AD, BC, the common section 
of which with the plane, in which BD and BE are, shall be a straight 
(3. 2. Sup.) line; let this be BF: therefore the three straight lines 
AB, BC, BF are all in one plane, viz. that which passes through AD, 
BC ; and because AB stands at right angles to each of the straight lines 
BD, BE, it is alao at right angles (4. 2. Sup.) to the plane passing 
through them; and therefore makes right 
angles with every straight line meeting it in A, 
that plane ; but BF which is in that plane 
meots it ; therefore the angle ABF isa right | 
angle; but the angle ABC, by the hypothe- 
sia is also a right anglo; therefore tho an- G 
gle ABF is equal totheangle ABC, and they 
are both in the same plane, which is impos- T 
sible: therefore the straight line BC is not 
above the plano in which are BD and BE: B Dp 
Wherefore the three straight lines BC, BD, 

BE aroin one and tho same plane. There- 
fore, if tbree straight lines, &c. Q. E. D. E 


PROP. VI. THEOR. 


Two straight lines which are at right angles to the same plane, are pa- 
ratlel to one another. 


Lot the straight lines AB, CD be ai right angles to the same plane 
BDE; AB is parallel! to CD. 
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Let them.meet the plane in the points B, D. Draw DE at right 
angles to DB, in the plane BDE, aud let E be ^ 
any point in it: Join AE, AD, EB. Because 1 
ABE is a right angle, AB: +- BE? = (47. 1.) 
AE®*, and because BDE is a right angle, BE? == 
BD?+-DE*: therefore AB? s BD? + DE? = 
AL’; now, AB} BD?=AD*", because ABD is 
a right angle, J— AD?-+- DE*= AE? and 
ADE istherefore a (48. 1.) rigbt angle. There- B D 
fore ED is perpendicular to the three lines BD, 
DA, DC, whence these lines are in one plane 
{5. 2. Sup.). But AB is in the plane in which 
are BD, DA, because any three straight lines, NM 
which meet one another, aro in one plane (2. i 
2. Sup.): Therefore AB, BD, DC are in one plane; and each of 
the angles ABD, BDC is a- right angle; therefore AB is parallel 
(28. 1.) to CD. "Wherefore, if two straight lines, &c. Q. E. D. 


PROP. YII. THEOR. 


Jf two straight lines be parallel, and one of them at right angles to a 
plane ; the other ts also as right angles to the same plane. 


Let AB, CD be two parallel sfraight lines, and let one of them AB 
be at right anples to a plane; the 8 
other CD is at right angles to the [o N 
same plane. 

For, if CD be not perpendicu- 
iar to the plane to which AB is per- 
pendicular, let DG be perpendicu- 


A 
lar to it. Then (6.2. Sup.) DG is 
parallel to AB: DG and DC thero- 1$... — 
fore are both parallel to AB, and \ 
are drawn through the same point B D \ 
D, which is impossible (11. Ax. 1.) E 
Therefore, &c. Q. E. D. 


PROP. VHI. THEOR. 


Two straight linos which are cach of them parallel to the same straight 
line, though not both in the same plane with it, are parallel to one an- 
other. 


Let AB, CD be each of them parallel to EF, and not in the same 
plane with it; AB shall be rm to CD. 

In EF take any point G, from which draw, in the plane passing 
through EF, AB, the strat ht line GH at right anglea to EF ; and ir 
the plane passing ; through EF, CD, draw GK at right angles to the 
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samo EF. And because EF is perpendicular both to GH and GK, it 
1s perpendicular (4. 2. Sup.) to the plane HGK passing through 
them :: and EF .is parallel to AB ; therefore AB: is at right angles 
(7. 2. Sup.) to the plane HGK. 


For the same reason, CD is —J o 
likewise at right angles to the 
plane HGK. Therefore AB, 
CD are each of them at right 


angles to the plane HGK. But E E 
if two straight lines are at right 
angles to the same plane, they C D 


are parallei (6. 2. Sup.) to one K 
another. Therefore AB'is pa- 
rallel;td CD. Wheėrefore two straight lines, &c. Q. E. D. 


PROP. IX. THEOR. 


If two straight lines meeting one another be parallel to two others that 
meet one another, though not in the same plane with the first two ; the 
first two and the other two shall contain equal angles. | 


Let the two straight lines AB, BC which meet one another be pa- 
rallel to the two straight lines DE, EF that meet one another, and 
are not in the same plane with AB, BC. ‘The 
angle ABC is equal to the angle DEF. 

Take BA, BC, ED, EF all equal to. one 
another; and join AD, CF, BE, AC, DF: ( — 
Because BA is equal and parallel to ED, there- | 
fore AD is (33. 1.) beth equal and parallel to 
BE... ;Forthe same reason, CF is equal and 
parallel to BE. Therefore AD and CF are 
each of them equal and parallel to. BE. But 
straight lines that are parallel to the same T 
straight line, though not in the same plane 
with it, are parallel (8. 2. Sup.) to one ano- 
ther. Therefore AD is parallel to CF; and ! | 
it is equal to it, and AC, DF join them towards D 3 
the same parts; and therefore (33 1 ) AC is equal and parallel to 
DF. And because AB, BC are equal to DE, EF, and the base AG 
tó.the.base DF ; the angle ABC is equal (8. .) to the angle DEF. 
Therefore, if two straight lines, &c. Q. E. D. 


PROP. X. PROB. 


10 draw a straight line perpendicular to a plane, from a given point 
above it. 
Let A be the given point above the plane BH, it is required to draw 
from the poift A a straight line perpendicular to the plane BH. 
A 2 
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In the.plane draw any straight line BC, and from the point A draw 
(12..4,) AY perpendicular to BC. If then AD be also perpendicu- 
lar to the plaue. BH, the thing required is already done; but if it 
be not, from the point D draw A 
(11. t.), in the plane BH, the E 
straight line DE at right angles to N 
BC; and from the point A draw 
AF perpendicular to DE; and V 
through F draw (31. 1.) GH pa- s 
rallel to BC : and because BC is 
at right angles to ED, and DA, 
BC is at right angles (4. 2. Sup.) TH 
to the plane passing through ED, 

DA. And GH js parallel to BC ; but if two straight lines be parallel; 
one of which is at right afgles to a plane, the other shall be at right 
(7. 2. Sup.) angles to-the same plane ; wherefore GH is at right an- 
gles to the plane through ED, DA, and is perpendicular (def. m Sup.) 
to every straight line meeting it in that plane. But AF, which is in 
the plane through ED, DA, meets it: Therefore GH is perpendicu- 
lar to AF, and consequently AF ie perpendicular to GH ; and AF is 
also: perpendicular to DE: Therefore AF is perpendicular to each of 
the: straight lines GH, DE. But if a straight line stands at right an- 
gles to each of two straight lines in the point of their intersection, it 
is also at right angles to the.plane passing through them (4. %. Sup.). 
And the plane passing through ED, GH is the plane BH ; therefore 
AF is perpendicular to the plane BH ; so that, from the given point 
A, above the plane BH, the straight line AF is drawn perpendicular 
to that plane. Which was to be done. 

. Con. If it be required from a point C in a plane to. erect a per- 
pendicular to that plane, take a point A above the plane, and draw 
AF perpendicular to the plane; then, if from C aline be drawn pa- 
rallel to AF, it will be the perpendicular required; for being parallel 
to AF it will be perpendicular to the same plane to which AF is per- 
pendicular (7. 2. Sup.). 


E. 





PROP. XI. THEOR. 


From the same point in a plane, there cannot be two straight lines uz 
right angles to the plane, upon the same side of it: And there can be 
but one perpendicular to a plane from a point above it. 


For, if it be possible, let the two straight lines AC, AB be at right 
angles to a given plane from the same point A in the plane, and upon 
the same .side of it; and let a plane pass through BA, AC; the coms 
mon section of this plane with the given plane is a straight (3. 2. Sup.) 
line passing through A: Let DAE be their common section: There- 
fore the straight lines AB, AC, DAE are in one plane: And because 
GA is at right angles to the given plane, it makes right angles with 
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avery atraight line meeting it in that plane. 

But DAE, which is in that plane, meets B C 
CA: therefore CAE is a right angle. For 
the same reason BAE is a right angle. 
Wherefore the angle CAE is equal to the 
angle BAE ; and they are in one plane, 
which is impossible. . Also, from a point 
above a plane, there can be but one per- 
pendicular to that plane ; for if there could | R 
be two, they would be parallel (6. 2. Sup.) to one another, which is 
absurd. Therefore, from the same point, &c. Q. E. D. 


PROP. XII. THEOR. 





Planes.to which the same straight line is perpendicular, are parallel to 
one Unother. 


Let the straight line AB be perpendicular to each of the planes CD, 
EF: these planes are parallel to one another. 
If net, they must meet one another when produced, and their.com- 
mon section must be a straight. line GH, in G 
which take any point K, and join AK, BK: 
"Then, because AB is perpendicular to the 
plane EF, it is perpendicular (def. 1. 2. Sup.) 
to the straight lino BK which is in that plane, 
and therefore ABK is a right angle. For the 
dame reason, BAK is a right angle; where- 
fore the two angles ABK, BAK of the trian- 
vle ABK are equal to two right angles, which 
is impossible (17. 1.) : Therefore the planes 
CD, EF, though produced, do not meet one 
^ 
Nb 





another ; that is, they are parallel (def. 7. 2. 
Sup.). Therefore planes, &c. Q. E. D. 


PROP. XIII. THEOR. 


If two straight lines meeting one ancther, be parallel to two Straight lines 
‘which aleo meet one another, but are not in the same plane with the 
first two: the plane which passes through the first two 1s parallel to 
the plane passing through the others. 


Let AB, BC, two straight lines meeting one another, be parallel to 
DE, EF that meet ane another, but are nat. in the same plane with 
AB, BC: The planes through AB, BC, and DE, EF shall not meet, 
though produced. | 

Brom the point B draw BG perpendicular (10. 2. Sup.) to the plane 
which passes through DE, EF, and let it meet that plane in G; and 
through G draw GH parallel to ED (31. 1.); and G parallel to EF : 
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And because BG is perpendicular to the plane through DE, EF; tt 
must make right angles with 
every straight line meeting 
it in that plane (t. def. 2. 

Sup. ). But the straight fines B ^ € 
GH, GK, in that plane meet 

it: Therefore each of the C 

angles BGH, BGK isa right 

anvle: And because BA is 
parallel (8. 2. Sup.) to GH | 

for each of thein is paral- —, D 

fol to DE), the angles GBA, A H 
BGH are together equal 

(29. 1.) to two right angles: And BGH is a right angle ; therefore 
also GB A isa right angle, and GB perpendicular to BA: For the sare 
reason, GB is perpeudic 'ular to BC :. Since, therefore, the straight 
line GB stands at right angles to the two straight lines BA, BC, that 
cut one another in B; GB is perpendicular (4. 2. Sup.) to the plane 
through BA, BC: And it is perpendicular to the plane through DE, 
EF; therefore. BG is perpendicular to each of the planes through 
AB, BC, and DE, EF: But planes to which the same straight line is 
perpendicular, are parallel (12. 2. Sup.) to one another: Therefore 
the plane through AB, BO, is parallel to the plane through DE, EF. 
Wherefore, if two straight lines, &c. Q. E. D. 


Con. It follows from this demonstration, that if a straight line meét 
two parallel planes, and be perpendicular to one of them, it must b^ 
berpendicular to the other also. 


PROP, XIV. THEOR. 


Jf two parallel planes be cut by another plane, their common sections 
with wt are parallels. 


Let the parallel planes AB, CD be cut by the plane EFHG, and le: 
their common sections with 
it be EF, GH; EF is paral- 
lel to GH. 

For the straight lines EẸ 
and GH are in the same 
plane, viz EFHG which cuts 
the planes AB and CD; and 
they do not meet though pro- 
duced; forthe planes in which 
they are:do not meet ; there- 
fore EF'and GH are parallel 
(def. 30. 1.). Q. E. D. 
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PROP. XV. THEOR. 


If two purallel pianes be cut by a: third plane, they have the same incli- 
nation to that plane. 


Let AB and CD be two parallel planes, and EH a third plane cut- 
ting tham : The planes AB and CD ure equally inclined to EH. 
Let the straighi fines EF and GH be the commen section of the 
lane EH with the two planes AB and CD ; and from K, any point in 
EF, draw in the plane EH the striight line KM at right angles to EF, 
and let it meet GH in L; draw alsa KN at right angles to EF in the 
plane åB: and through the straight lines KM, KN, let a plane be 
made to pass, cutting the plane CD in the line LO. And because EF 
and GH are the common sections of the plane EH with the two pa- 
rallel planes AB and CD, EF is parallel ts GH (14. 2. Sup.). But 
EF is at right angles to the plane that passes through KN and KM 
(4. 2. Sup.), because it is at right angles to the lines KM and KN: 


E G 
NC 
K i M 


No 
HX 


therefore GH is also at right angles to the same plane (7. 2, Sup.5, 
and it is therefore at right angles to the lines LM, LO which it meets 
in that plane. Theréfore, since LM and LO are at right angles to 
LG, the common section of the two planes’ CD and EH, the angle 
OLM ia’ the inclination of the plane CD to the plane EH i 4. def. 2, 
Sup.). For the same reason the angle MEN is the inclination of the 
plane AB to the plane EH. But because KN and LO are parallel, 
being the common sections of the parallel planes AB and CD with a 
third plane, the interior angle NAM is equal tv the exterior angle 
OLM (29. 1.) ; that is, the inclination of the plane AB to the plane 
EH, is equal to the tnclination of the plane CD to the same plane 
EH. Therefore &c. Q. E. D 


b 
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PROP. XVI. THEOR. 


If two straight lines be cut by parallel planes, they must be cut in the 
same rutio. 


Let the straight lines AB, CD be cut by the parallel planes GH, KL, 
MN, in the points A, E, B ; C, F, D: As AE is to EB, so is CF to 
FD 


Join AC, BD, AD, and let AD meet the plane KL in the point X ; 

and join EX, XF: Because the two 
parallel planes KL, MN are cut by the H 

lane EBDX, the common sections 
EX, BD, are parallel (14. 2. Sup.). / 
For the same reason, because the a 
two parallel planes GH, KL are cut 
by the plane AXFC, the common sec- 
tions AC, XF are parallel: And be- 
cause EX is parallel to BD, a sido / 





of the triangle ABD, as AE to ED, 
sois (2. 6.) AX to XD. Again, be- K 
cause XF is parallel A. ,a side at the 
triangle ADC,as AX to XD, so is CF 
to FD: and it was proved that AX 
isto XD, as Al to EB: Therefore 
(11.5.),as AE to EB,sois CF to FD. 
Wherefore, if two straight lines, &c. | 
Q. E. D. M— — 


PROP. XVII. THEOR. 








Jf a. straight line be at right angles to a plane, every plane which passes 
through that line is at right angles tu the first mentioned plane. 


Let the straizht line AB be at right angles to a plane CK; every 
plane which passes through AB is at right angles to the plane CK. 
. Letany plane D* pass through AB, and let CE be the common sec- 
tion of the planes DE, CK ; take any point F in CE, from which draw 
FG in the plane DE at right angles tø CE: And because AB is perpen- 
dicular to the plane CK, therefore D G A E 
it is also perpendicular to every 
straight line meeting it in that plane 
(1. def. 2. Sup.); and conse- 
quantly it is perpendicular to CE: 
Wherefore ABF is a right angle; 
But GFB is likewise a right angle ; 
therefore AB is parallel (28. 1.) 
to FG. And AB isat right angles | 
to the plane CK: therefore FG is C KF B TT 
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also at right angles to the same plano (7. 2. Sup.) But one plane is 
at right angles to another plane when the straight lines drawn in one 
of the planes, at right angles to their common section, are also at 
right angles to the other plane (def. 2. 2.) ; and any straight line FG. 
in the plane DE, which is at right angles to CE, the common section 
of the planes, hns been proved to be perpendicular to the other plane 
CK; therefore the plane DE is at right angles to the plane CK. In 
like manner, it may be proved that all the planes which pass through 


AC are at right angles to the plane CK. Therefore, if a straight line, 
&c. Q. E. D 


PROP. XVIII. THEOR. 


If two planes‘cutting oneanother be each of them perpendicular to a third 
plane, their common section ts perpendicular to the same plane. 


Let.the two planes AB, BC be each of them perpendicular to a third 
plane, and BD be the common section of the first two; BD is perpen- 
dicular to the. plane ADC. 

From D in the plane ADC, draw DE perpendicular to. AD, and DF 
to DC. Because DE is perpendicular to AD, the common section of 
the planes AB-and ADC; and. because the 8 
plana: AB is at right angles to ADC, DE is I 
at right angles to the plane AB: (def.. 2. 2. — 
‘Sup.), and therefore also:to the straight line 
BD in that plane (def. 1.2. Sup.). For the 
same reason, DF is at right angles to DB. 

Since BD is therefore at right angles to both 
the lines DE and DF, it is at right angles to 
the: plane. in which. DE and DF are, that is, 
to the plane ADE (4. 2. Sup.). Wherefore, 
D 


&c. Q. E X 


A F b G 
PROP. XIX. THEOR. 


Teo straight lines not in the same plane being given in position, to draw 
a straight line perpendicular to them both. 


Let AB and CD be the given lines, which are not in the same plane; 
it is required to draw a straight line which shall be perpendicular both 
to AB and CD. 

In AB take any point E, and through E draw EF parallel:to CD, and 
let EG be drawn perpendicular to the plane which passes through EB, 
BF (10.2. Sup.). Through AB and EG let a plane pass, viz. GK. 
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and let this plane meet CD in H; from H draw HK perpendicular to 
AB; and HK is the line required. Through H, draw HG parallel to 
AB. 

Then, since HK and GE, which are in the same plane, are both at 
right angles to the straight line AB, they are parallel to one another. 
And.because.the lines HG, HD are parallel to the lines EB, EF, each 
to each, the plane GHD ts parallel to the plane (13. 2. Sup.’ BEF ; and 
therefore EG, which is perpendicular to the plane BEF, is -perpendi- 
cular also to the plane (Cor. 13. 2. Sup.) GHD. Therefore HK, 
which is parallel to (rE, is also perpendicular to the plane GHD (7. 
2. Sup.), and it is therefore perpendicular to HD (def. 1. 2. Sup.), 
which is in that plane, and it is also perpendicular to AB; therefore 
HK is drawn perpendicular tu the two given lines, AB and CD. 
Which was to be done. 


PROP. XX. THEOR. 


Jf a solid angle be contained by three plane angles, any two of these 
angles are greater than the third. 


Let the solid angle at A ba contained by the three plane angles 
BAC, CAD, DAB. Any two of them are greater than thé third. | 
If the angles BAC, CAD, DAB be.all equal, it is evident that any 
two of them are greater than the third. But if they are not, let BAC 
be that angle which is not less than either of the other two, and is 
greater than one of them, DAB: and at the D 
point A in the straight line AB, make in the | 
plane which passes through BA, AC, the 
angle BAE equal (23. 1.) tothe angle DAB; 
and make AE equal to. AD. and through 
E draw BEC cutting AD, AC in the points 
B, C, and join DB, DC. Aud because DA 
is equal to AE, and AB is common to the C 
two:triangles ABD, ABE, and also the an- 
gle DAB equal to the angle EAB; therefore the base DB is equa? 
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E 1.) to the base BE. And because BD, DC are greater (20. 1.) than 
B, and one of them BD has been proyed equal to BE, a part of CB. 
therefore the other DC is greater than the remaining part EC. And 
because DÀ is equal to AE, and AC common, but the base DC greater 
than the base EC ; therefore the angle DAC is greater (25. 1.) than 
the angle EAC ; and, by the construction, the angle DAB is equal to 
theangle BAE; wherefore the angles DAB, DAC are together great 
er than BAE, EAC, that is, than the angle BAC. But BAC is not 
less than either of the angles DAB, DAC; therefore BAC, with either 
of:them, is, greater than the other. Wherefore, if a solid angle, &c, 


Q. E. D. 
PROP. XXI. THEOR. 


The piane angles which contain any solid angle are together less than 
four right angles. | 


Let A bea solid angle contained by any number of plane angles BAC, 
RAR, DAE, EAF, FAB; these together are less than four right an- 

es. 

Let the planes which contain the solid angie at À be eut by another 
plane, and let the section of them by that plane be the rectilineal figure 
BCDEF. And because the solid angle at B is contained by three plane 
angles CBA, ABF, FBC, of which any aS 
two are preater (20. 2. Sup.) than the A 
third, the angles CBA, ABF are grcat- 
er than the angle FBC: For the same 
reason, the two plane angles at each of , 
the points C, D, E, F, viz. the angles B 
which are at the bases of the triangles 
having the common vertex A, are great- 
er than the third angle at the same point, 
which is one of the angles of the figure (C 
BCDEF : therefore all the angles at the 
bases of the triangles are together great- F 
er than all the angles of the figure : and D | 
because all the angles of tho triangles are together equal to twice as 
many right anglea as there are triangles (32. 1 ) ; that is, as there are 
sides in the figure BCDEF ; and because all the angles of the figure, 
Jogether with four right angles, are likewise equal to twice as many 
right angles as there are sides in the Ggure (cor. 1. 32. l.); therefore 
all the angles of the triangles are equal to all the angles of the rectili- 
neal figure, together with four right angles. But all the angles at the 
bases of the trianvlos arc greater than all the angles of the rectilineal, 
as has been proved. Wherefore, tho remaining angles of the trian- 
gies, viz. those at the vertex, which contain the solid angle at A, arg 
Jess than four right angles. derent every solid angle, &c. Q. E. D; 

a, 
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Otherwise. 


Let the sum of all the angles at the basos of the triangles =S; tho 
sum of. all the angles of the rectilineal figure BCDEF =Z; the sum 
of the plane angles at A =X, and let R = a right angle. 

Then, because S+-X=twice (32. 1.) as many right angles as there 
gre triangles, or as there are sides of the rectilineal figure BCDEF, 
and as Z4-4R is also equal to twice as many right angles as there are 
sides of the same figure; therefore S--X —Z--4R. But because of 
the three plane — which contain a solid angle, any two are great- 
er than the third, S723; and therefore X 7 4R ; that is, the sum of 
the plane angles which contain the solid angie at A is less than four 
right angles. Q. E. D. 


SCHOLIUM. 


It is evident, that when any of the angles of the figure BCDEF is 
exterior, like the angle at D, in 
thé annexed figure, the reasoning 
in the above proposition does not 
hold, because the solid angles at 
the base are not all contained by 
plane angles, of which two belong 
to the triangular planes, having 
their common vertexin A, and the 
third is an interior angle of the 
rectilineal figure, or base. There- B C 
fore, it cannot be concluded that 
S is necessarily greater than Z. This proposition, therefore, is sub- 


tete a limitation, which is farther explained in the notes on thie 
ook. 
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OF THE COMPARISON OF SOLIDS. 


DEFINITIONS. 


E. 
A Sorin is that which has. length, breadth, and thickness. 


II. 


Similar solid figures are such as are contained by the same number of 
similar planes similarly situated, and having like inclinations to one 


another. 
TH, 


A pyramid is a solid figure contained by planes that are constituted be- 
twixt one plane and a point above it in which they meet. 
IV. 


A prism is a solid figure contained by plane figures, of which two that 
are opposite are equal, similar, and parallel to one another; and the 


others are parallelograms. 
V 


A parallelopiped is a solid figure contained by six quadrilateral figures, 
whereof every opposite two are parallel. 
Vi. 
A cube is a solid figure contained by six equal squares. 
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VIL 


A sphere is a solid figure described by the revolution of a semicircle 
about a diameter, which remains unmoved. 


Vill. 


The axis of a sphere is: the fixed straight line about which the semi- 
circle revolves, 


IX. 
'The centre of a sphere is the samo with that of the semicircle. 


X. 


The diameter of a sphere is any straight line which passes through 
the centre, and is terminated both ways by the superficies of the 
sphere. 


XI. 


A cone is a solid figure described by the revolution of a right angled 
triangle about one of the sides containing the right angle, which 
side remains fixed. 


AIT. 


The axis of a cone is the fixed straight line about which the triangte 
revolves. 


XIIT. 
The base of a core is the circle described by that side, containing 
the right angle, which revolves. 
XIV. 


A cylinder is a solid figure described by the revolution of a right an- 
gied parallelogram abeut one of its sides, which remains ‘fixed. 


XV. 


The axis of a cylinder is the fixed straight line about which the pa- 
rallelogram revolves. 


XVI. 
The bases of a cylinder are the circles described by the two revolv- 
ing opposite sides of the parallelogram. 
A VII. 


Similar cones and cylinders are those which have their axes, and the 
diameters of their bases proportionals. 
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PROP. ]. THEOR. 


If two solids be contained by the samenumher of equal and similar planes 
similarly situated, ond if the inclination of any two c«ntiguous planes. 
én the one solid be the same with the inclination of the two equal, and 
similarly situated planes in the other, the solids themselves are equa! 
and similar. 


Let AG and KQ be two solids contained by the same number of 
equal and similar planes, similarly situated so that the plane AC is si- 
milar and equal to the plane KM, the plane AF to the plane KP ; BG 
to LQ, GD to QN, DE to NO, and FH to PR. Let also the incli- 
nation of the plane AF to the plane AC be the same with that of the 
plane KP to the plane KM, and so of the rest; the solid KQ is equal 
and similar to the solid AG. 

Let the solid KQ he applied to the solid AG, so that the bases KM 





A. B 
and AC, which are equal and similar, may coincide (8. Ax. }.), the 
point N coinciding with the point D, K with A, L with B, and so on. 
And because the plane KM coincides with the plane AC, and, by hy- 
pothesis, the inclination of KR to KM is the same with tho inclination 
of AH to AC, the plane KR will be upon the plane AH, and will coin- 
cide with it, because they are similar and equal (8. Ax. 1.), and be- 
cause:their equal sides KN and AD coincide. And in the same man- 
ner it is shewn that the other planes of the solid KQ coincide with the 
other planes of the solid AG, each with each: wherefore the solids 


KQ and AG do wholly coincide, and are equal and similar to one at- 
other. Therefore, &c. Q. E. D. 


PROP. I. THEOR. 


If a solid be contained by six planes, two and two of which are parallel, 
the opposite planes are similar and equal parallelograms. 


Let the solid CDGEH be contained by the parallel planes AC, GI ; 
BG, CE; FB, AE: its opposite planes are similar and equal paral- 
lelograms. 


Because the two parallel planes BG, CF, are cut by the plane AC 
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their common sections AB, CD are parallel (14. 2. Sup.). Again, 
because the two parallel planes BF, AE are cut by the plane AC, 
their common sections AD, BC are parallel (14. 2. Sup.): and AB is 
parallel to CD; therefore AC isa parallelogram. In like manner, it 
n proved that each of the figures B H 
CE, FG, GB, DF, AE isa parallelogram: — 
join AH. DF; and because AB is parallel A 

to DC, and BH to CF; the two straight G 

lines AB, BH, which meet one another, 

are parallel to DC and CF, which meet 
one another; wherefore, though the first HB 
two are not in the same plane with the 

other two, they centain equal angles (9.2. D E 
Sup.); the angle ABH is therefore equal to the angle DCF. And 
because AB, BH, are equal to DC, CF, and the angle ABH equal to 
the angle DCF; therefore the base AH is equal (4. 1.) to the base 
DF, and the triangle ABH to the triangle DCF: For the same reason, 
the triangle AGH is equal to the triangle DEF: and therefore the 
parallelogram BG is equal and similar to the parallelogram CE. In 
the samo manner, it may be proved, that the parallelogram AC is equal 
and similar to the parallelogram GF, and the parallelogram AE to BI’. 
Therefore, if a solid, &c. Q. E. D. 


PROP. IH. THEOR. 


If a solid parallelopiped be cut bya plane parallel to two of its opposite 
planes, it will be divided into two solids, which will be to one another 
as the bases. 


Let the solid parallelopiped AB''D be cut by the plane EV, which 
is parallel to the opposite planes AR, HD, and divides the whole into 
the solids ABFV, EGCD ; as the base AEFY to the base EHCF, so 
is tho solid ABFY to the solid EGCD. 

Produce AH both ways, and take any number of straight lines HM, 
MN, each equal to EH, and any number AK, KL each equal to HA, 
and complete the parallelograms LO, KY, HQ, M3, and the golids LP. 
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KR, HU, MT; then, because the straight lines LK, KA, AE are all 
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equal, and also the straight lines KO, AY; EF which make equal an- 
gles with LK, KA, AE, the parallelograms LO, KY, AF are equal and 
similar (36. 1. & def. 1. 6.): and likewise the parallelograms KX, 
KB, AG; as also (2. 3. Sup.) the parallelograms LZ, KP, AR, be- 
cause they arc opposite planes. For the same reason, the parallel- 
ograms EC, HQ, MS are equal (36. 1. & def. 1. 6.) ; and the paral- 
lelograms HG, HI, IN, as also (2. 3. Sup.) HD, MU, NT ; therefore 
three planes of the solid LP, are equal and similar to three planea 
of the solid KR, as also to three plunes of the solid AV : but the three 
planes opposite to these three are equal and similar to them (2. 3. Sup.) 
in the several solids ; therefore the solids LP, KR, AV are contained 
by equal and similar planes. And because the planes LZ, KP, AR 
are parallel, and are cut by the plane XV, the inclination of LZ to XP 
is equal to that of KP to PB ; or of AR to BV (15. 2. Sup.) and the 
:sáàme.jsdrue of the other contiguous planes, therefore the solids LP, 
KR, and AV, are-equal to one another (1. 3. Sup.). For the same 
reason, the three solids ED, HU, MT are equal to one another ; there- 
fore what multiple soever the base LF is of tho base AF, the: same 
multiple is the solid LV of the solid AV ; for the same reason, what- 
ever multiple the base NF is of the base HY, the same multiple is 
the solid NY of the solid ED : And if the baso LF be equal to the 
base NF, the solid LV is equal (1. 3. Sup.) to the solid NV ; and if 
the base LF be greater than the base NF, the solid LV is greater than 
the solid NY : and ifless, less. Since then there are four magnitudes, 
viz. the two bases AF, FH, and the two solids AV, ED, and of the 
base AF and solid AV, the base LF and solid LV are any equimultiples 
whatever ; and of the base FH and solid ED, the base FN and solid 
NY are any equimultiples whatever ; and it has been proved, that if 
the base LF is greater than the base FN, the solid LV is greater than 
the solid NV ; and if equal, equal; and if Jess, less: Therefore (def. 
5. 6.), as the base AF is to the base FH, so is the solid AV to ‘the 
solid ED. Wherefore, if a solid, &c. Q. E. D. 


Con. Because the parallelogram AF is to the paralielogram FH as 
TC to FC (1. 6.), therefore the solid AV is to the solid ED as YF to 
!' v. 


PROP. IV. THEOR. 


if a solid parallelopiped be cut by a plane passing trough the diagonals 
of two of the opposite planes, it will be cut into two equal prisms. 


Lot AB be a solid parallelopiped, and DE, CE the diagonals of the 
opposite-parallelograms AH, GB, viz. those which are drawn betwixt 
the equal angles in each ; and becauso CD, FE are each of them pa- 
rallel to GA, though not in the same plano with it, CD, FE aro pa- 
rallel (8. 2. Sup.) ; wherefore the dingonals CF, DF are in the plane 
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in which tho parallels are, and are them- 
selves parallels (14. 9. Sup.) : the plane 
CDEF cutsthe solid AB into two equal parts, 

Because the triunzle CGF is equal (34. 


1.) to the triangle CBF, and the triangle G 
DAE to DHE; and sinco the parallelogram 
CA is equal (2. 3. Sup.) and similar to the 
opposite one BE; and the parallelogram GE 
to CH : therefore the planes which contain 
the prisms CAE, CBE, are equaland similar, 
A E 


B 
H 


oach to each; and they are also equally in- 
clined to ono another, because the planes y 
AC, EB are parallel, as also AF and BD, and they are cut by the plane 
CE (15. 2. Sup.). Therefore the prism CAE is equal to the prism 
CBE (1. 3. Sup.), and the solid AB is cut into two equal prisms by 
the plane CDEF. Q. E. D. | 

N. B. The insisting straight lines of a parallelopiped, mentioned 
in the following propositions, are the sides of the parallelograms be- 
twixt the base and the plane parallel to it. 


PROP. Y. THEOR, 


Solid parallelopipeds upon the same base, and of the same altitude, the in- 
sisting straight lines of which are terminated in the same straight lines 
in the plane opposite to the base, are equal to one another. 


Let the solid parallelopipeds AH, AK, be upon the samo base AB, 
and of the same altitude, and let their insisting straight lines AF, AG, 
LM, LN, bo terminated in the same straight line FN, and let the in- 
sisting lines CD, CE, BH, BK be terminated in the same straight line 
DK; the solid AH is equal to the solid AK. 

Because CH, CK aro parallelograms, CB is equal (34. 1.) to each 
of the opposite sides DH, EK: wherefore DH is equal to EK: add, 
or take away the common part HE ; then DE is equalto HK: Where- 
fore also the trianglo CDE is equal (38. 1.) to the triangle BHK: and 
the parallelogram DG is equal (36. i-) to the parallelogram HN. For 
the same reason, the triangle AFG is equal to the triangle LMN, and 
the parallelogram CF is equal (2. 3. Sup.) to the parallelogram BM, 
and CG to BN ; for they are opposite. ‘Therefore the planes which 
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Contain the priam. DAG aro similar and cqual to those which contain 
the prism HLN, each to each; and the contiguous planes are also 
equally inclined to one another (15. 2. Sup.), because that the paral- 
lel planes AD and LH, as also AE and LK, are cut by the same plane 
DN: therefore the prisms DAG, HLN are equal (1. 3. Sup.). If 
therefore the prism LNH be taken from the solid, of which the base 
is the parallelogram AB, and FDKN the plane opposite to the base ; 
and if from this same solid there be taken the prism AGD, the remain- 
ing solid, viz. the parallelopiped AJS is equal to the remaining paral- 
lelopiped AK, ‘Therefore solid parallelopipeds, &c. Q. E. D. 


PROP. VI. THEOR. 


Solid paralleloptpeds upon the same base, and of the same altitude, the in- 
sisting straight lines of which are not terminated in the same straight 
lines in the plane opposite to the base, are equal to one another. 


Let the parallelopipeds CM, CN, be upon the same base AB, and of 
the same altitude, but their insisting straight lines AF, AG, LM, LN, 
CD, CE, BH, BK, not terminated in the same straight lines; the solids 
CM, CN are equal to one another. 

Produce FD, MH, and NG, KE, and let them meet one another in 


— 
— è 


the points O, P, Q, R ; and join AO, LP, BQ, CR. Bocause the planes 
(def. 5. 3. Sup.), LBHM and ACDF are parallel, and because the 
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A 
plane LBH M is that in which are the parallels LB, MHPQ (def. 5. 3, 
Sup. ), and in which also is the figure BLPQ; and because the plane 
ACDEF is thatin which are the parallels AC, FDOR, and in which also 
ia the figures CAOR ; therefore the figures BLPQ, CAOR, are in pa- 
rallel planes. In like manner, because the planes ALNG and CBKE 
are parallel, and the plane ALNG is that in which are thé parallels AL, 
OPGN, and in which also is the figure ALPO ; and the plane CBK E 


is that in which are the parallels ry. RQEK, and in which also is the 
€ 
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figure CBQR ; therefore the figures ALPO, CBQR are in parailei 
planes. But the planes ACBL, ORQP are also parallel; therefore 
the solid CP is a parallelopiped. Now the solid parallelopiped CM is 
equal (5. 2. Sup.) to the-solid parallelopiped CP; because they are 
upon tue same base, and their insisting straight lines AF, AO, CD, 
CR; LM, LP, BH, BQ are terminated in the same straight lines FR, 
MQ: and the solid CP is equal (2. 2. Sup.) to the solid CN; for they 
are upon the same base ACBL, and their insisting straight lines AQ, 
AG, LP, LN; CR, CE, BQ, BK are terminated in the same straight 
lines: ON, RK; Therefore the solid CM is equal to the solid CN, 
Wherefore solid parallelopipeds, &c. Q. E. D. 


PROP. VII. THEOR. 


Solid parallelopipeds which are upon eguul bases, and of the same altr- 
tude, are equal io one another. 


Let the solid parallelopipeds, AE, CF, be upon equal bases AB, CD, 
and be of the same altitude; the solid AE is equal to the solid CF. 
. Case 1. Let-the insisting straight lines be at right angles to the bases 
AB, CD, and let the bases be placed in the same plane, and so as that 
the sides CL, LB, be in a straight line; therefore the straight line LM, 
which is at right angles to the plane in which the bases are, in the 
point L, is conmon (1i. 2. Sup.) to the two solids AE, CF ; let the 
other insisting lines of the solids be AG, HK, BE; DF, OP, CN: and 
first, let the angle ALB be equal to the angle & LD ; theu AL, LD are 
in astraight line (14. 1.). Produce OD, HB, and let them meet in Q 
and complete the solid parallelopiped LR, the base of which is the pa- 
rallelogram LQ, and of which LM ia one of its insisting straight lines : 
therefore, because the parallelogram AB is equa! to CD, as the base 
AB is to the base LQ. so is (7. 5.) the base CD to the same LQ: and 
because the solid parallelopiped AR is eut by the plane LMEB, which 
18 parallel to the opposite planes AK, DR; as the base AB is to the 
F 
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base LQ, so is (3. 3. Sup.) the solid AE to the solid LR: fur the same 
reason because the solid parallelopiped CR is cut by the plane LMFD, 
which ts parallel to the opposite planes CP, BR: as the base CD to 
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the base LQ; so is the solid CF to the solid LR; but as the base AB 
to the base LQ, so the baso CD to the base LQ, as has been proved : 
therefore as the solid AE to the solid LR, sois the solid CF to the solid 
LR; and therefore the solid AE is equal (9. 5.) to the solid CF. 

But let the solid parallelopipeds, SE, CF be upon equal bases SB, 
CD, and be of the same altitude, and let their insisting straight lines be 
at right angles to the bases; and place the bases SB, C D in the same 
plane, ao that CL, LB be in a straight line; and let the angles SLB, 
CLD bo unequal ; the solid SE is also in this case equal to the solid 
CF. Produce DL, TS until they meet in A, and from B draw BH 
parallel to DA; and let HB, OD preduced meet in Q, and complete 
the solids AE, LR: therefore the solid AE, of which the base is the 
parallelogram LE, and AK tha plane opposite to it, is equal (5. 3. Sup.) 
to the solid SE, of which the base is LE, and SX the plane opposite; 
for they are upon the same base LE, and of the same altitudo, and 
their insisting straight lines, viz. LA, LS, BH, BT; MG, MU, EK, 
EX, are in the same straight lines AT, GX: and because the parallel- 

ram AB is equal (35. 1.) to SB. for they are upon the same base 
LB, nad between the same parallels LB. AT ; and because the base 
SB ia equal to the base CD: therefore the base AB is equal to the 
base CD; but the angle ALB is equal to the angle CLD: therefore, 
by the first case, the solid AE is equal to the.solid CF ; but the solid 
AE ‘ia equal to the solid SE, as was demonstrated; therefore the solid 
SE is aqual to the solid CF. 

Case 2. If the insisting straight ines AG, HK, BE, LM; CN, RS, 





A. H 


DF, OP, be not at right angles to the bases AB, CD; in this case 
likewise thu solid AE is equal to the solid CF. Because solid paral- 
lelopipeds on the same base, and of the same aititude, are equal 
(6. 3. Sup.), if two solid parallelopipeds be constituted on the bases 
AB and CD of the same altitude with the solida AE and CF, and with 
their insisting lines perpendicular to their bases, they will be equal 
to the solids AE and CF; and, by the first case of this proposition, 
they will be equal to one another; wherefore, the solids AE and CF 
are also equal. Wherefore, solid parallelopipeds, &c. Q. E. D. 
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PROP. Vili. THEOR. 


Solid parallelopipeds which huve the same altrtúde, are to one another 
as their bases. 


Let AB, CD be solid parallelopipeds of the same altitude: they 
are to one another as their bases; that is, as the base AE to the base 
CF, so is the solid AB to the solid CD. 

To the straight line FG apply the parallelogram FH equal (Cor. 
45. 1.) to AE, so that the angle FGH be equa] to the angle LCG ; 





and complete the solid parallelopiped GK upon the base FH, one of 
whose insisting lines is FD, whereby the solids CD, GK must be of 
the same altitude. "Therefore the solid AB is equal (7. 3. Sup.) to 
the solid GK, because they are upon equal bases AE, FH, and are of 
the same altitude: and because the solid parallelopiped CK is cut by 
the plane DG which is parallel to its opposite planes, the base HF is 
(3. 3. Sup.) to the base FC, as the solid HD to the solid DC: But 
the base HE is equal to the base AE, and the’ solid GK to the solid 
AB: therefore, asthe base AE to the base CF, so is the solid AB to 
the solid CD. Wherefore solid parallelopipeds, &c. Q. E. D. 


Cor. 1. From this it is manifest, that prisms upon triangular bases, 
and of the same altitude, are to one another as their bases. Lot the 
priams BNM, DPG, the bases of which are the triangles AEM, CFG, 
have the same altitude ; complete the parallelograms AE, CF; and the 
solid parallelopipeds AB, CD, in the first of which let AN, and in the 
other let CP bo one of the insisting lines. And because the solid pa- 
rallelopipeds AB, CD have the same altitude, they are to one another 
as the base AE is to the base CF’; wherefore the prisms, which aro 
their halves (4. 8. Sup.) are to one another, as the base AE to the 
base CF; that is, as the triangle AEM to the triangle CFG. 


Cor. 2. Also a prism and a parallelopiped, which have the same al- 
titude, are to one another as their bases; that is; the prism BNM is 
to the parallelopiped CD as the triangle AEM to the parallelogram 
LG. Forby the last Cor. the prism BNM is to the prism DPG aa the 
tridngle AME to the triangle CGF, and therefore the prism BNM is to 
twice the prism DPG as the triangle AME to twice the triangle OGI 
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(4. D.); that is, the prism BNM is to the parallelopiped CD as the 
triangle AME to the parallelogram LG. 


PROP. IX. THEOR. 


Solid parallelopipeds ave to one another 4n the vatio that ts compounded 
of the ratios of the creas of their bases, and of their altitudes. 


Let AF and GO be two solid parallelopipeds, of which the bases 
are the parallelograms AC and GK, and the altitudes, the perpendicu- 
lars let fall on the planes of these bases from any point in the opposite 
planes EF and MO ; the solid AF is to the solid GO in a ratio com- 
pounded of the xatios of the base AC to the base GK, and of the per- 
pendicular on AC, to the perpendicular on GK. * 

Caso !. When the insisting lines are perpendicular to the bases AC 
and GK, or when the solids aro upright. 

In GM, one of the insisting lines of the solid GO, take GQ equal to 
AE, ono of tho insisting lines of the solid AF, and through Q let a 
plane pass parallel to the plane GK, meeting the other insisting lines 





A 
of the solid GO in the points R, S and T. It is evident that GS ia à 
solid parallelopiped (def. 5. 3. Sup.), and that it has the same altitude 
with AF, viz. GQ or AE. Now the solid AF is to the solid GO in a 
ratio compounded of the ratios of the solid AF to the solid GS (def. 10. 
3.), and of the solid GS to the solid GO; but the ratio of the solid 
AF to the solid GS, is the same with that of the base AC to the base 
GK (8. 3. Sup.), because their altitudes AE and GQ are equal; and 
the ratio of the solid GS to the solid GO, is the same with that of G@ 
to GM (3. 2. Sup.) ; therefore, the ratio which is compounded of the 
ratios of the solid AF to the-solid GS, and of the solid GS to the solid 
GO, is the samo with the ratio which is compounded of the ratios of 
the base AC to the base GK, and of the altitude AE to the altitude GM 
(F. 5b.). - But the ratio of the solid AF to the solid GO, is that which 
3 compounded of the ratios of AF to GS, and of GS to GO ; therefore 
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the ratio of the solid AF to the solid GO is compounded of the vations of 
the base AC to the base GX, and of the altituda AE to the altitude GM. 

Caso 2. When the insisting lincs are not perpendicular to the bases. 

Let the parallelograms AC and GK he the bases as before, and let 
AE and GM be the altitudes of two parallelopipeds Y and Z on these 
bases. Then, if the upright parallelopipeds AF and GO be constitut- 
ed on the bases AC and GK; with the altitudes AE and GM, they will 
be equal to the parallelopipeds Y and Z (7. 3. Sup.). Now, the solids 
AF and GO, by the first case, are in the ratio compounded of tho ratios 
of the bases’ AC and GK, and of the altitudes AE and GM ; thereforo 
also the solids Y and Z have to onc another a ratio that is compounded 
of the same ratios. Therefore, &c. Q. E. D. 


Con. 1. Hence, two straight lines may be found having the same ra- 
tio with the two parallelopipeds AF aod GO. ‘To AB, one of the sides 
of the parallelogram. AU, apply the parallelogram BV equal to GK, 
having an angle equal to the angle BAD (44. 1.); and as AE to GM, so 
let AV be to AX (12. 6.*, then AD is to AX ae the solid AF to the 
selid GO.. For the ratio of AD to AX is compounded of the ratios 
(def. 10. 5.) of AD to AV, and of AV to AX ; but the ratio of AD to 
AV is the same with that of the pnralleiogram AC to the parallelogram 
BV (1. 6.) or GK; and tho ratio of AV to AX is the same with that 
of AE to GM ; therefore the ratio of AD to AX is compounded of the 
ratios of AC to GK, and of AE to GM (E. 5.). But the ratio of the 
solid AF to the aolid GO is compounded of the same ratios; there- 
fore. as AD to AX, so is the solid AF to the solid GO. 


Con. 2. If AF and GO are two parallelopipeds, and if to AB, to the 
perpendicular from A upon DC, and to the altitude af the parallelo- 
piped AF, the numbers L, M, N be proportional: andif to AB, to GH, 
to the perpendicular from G on LK, and to the altitude of the parallelo- 
piped GQ, the numbers L, /, m, n be proportional; the solid AF is to 
the solid GO as LX MXN to lXm Xun. 

For it may be proved, as in tho 7th of the Ist of the Sup. that LX 
MXN is to LX mm Xn in the ratio compounded of the ratio of LXM 
to 1X m, and of the ratio of IN to n. Now the ratio of LM to 1X m 
is that of the area of the parallelogram AC to that of the parallelo- 
gram GK ; and the ratio of N to x is the ratio of the altitudes of the 
parallelopipeds, by hypothesis, therefore, the ratio of LXMXN to 
I X m Xn is compounded of the ratio of the areas of the bases, and of 
the ratio of the altitudes of the parallelopipeds AF and GO ; and the 
ratio of the parallelopipeds themselves is shewn, in this proposition, 
to be compounded of the same ratios; therefore it is the same with 
that of the product LX M XN to the product LX m Xn. 


Cor. 3.. Henco all prisms are to one another in the ratio com- 
pounded of the ratios of their bases, and of their altitudes. For every 
prism is equal tó a parallelopiped of the same altitude with it, and of 
an equal base (2. Cor. 8. 3. Sup.). 


OF GEOMETRY. BOOK III. 207 
PROP. X. THEOR. 


Solid parallelupipeds, «hich have their bases and altitudes reciprocally 
proportional, are equal ; and purallelopipeds which are equal, have 
their bases and altitudes reciprocally proportional. 


Let AG and KQ be two solid parallelopipeds, of which the bases are 
AC and KM, and the altitudes AE and KO. and let AC be to KM as 
KO to AE ; the solids AG and KQ are equal. 

As the base AC to the base KM, so let the straight line KO be to 
the straight line S. Then, since AC is to KM as KO to S, and also 
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by hypothesis, AC to KM as KO to AE, KO has the same ratio to S 
that it has to AE (11. 5.) ; wherefore AF is equal to S (9. 5.). But 
the solid AG is to the solid KQ, in the ratio compounded of the ratios 
of AE to KO, and of AC to KM (9. 3. Sup.), that is, in the ratio com- 
pounded of the ratios of AE to KO, and of KO to S. And the ratico 
of AE to S is also compounded of the same ratios (def. 10. 5.3; therc- 
fore, the solid AG has to the solid KQ the same ratio that AE has to 
E But AE, was proved to be equal to. S, therefore AG is equal to 

Q. 

Again, if the solids AG and KQ be equal, the base AC is to the base 
KM as the altitude KO to the altitude AE. Take 8, so that AC may 
be to KM as KO to 8, and it will be shewn, as was dane above, that 
the solid-AG isto the solid KQ as AE to S ; now, the solid AG is, by 
hypothesis, equal to the solid KQ: therefore, AE is equal to S; but, 
by construction, AC is to KM, as KO is to 8 ; therefore, AC is to KM 
as KO to AE. Therefore, &c. Q. E. D. 

Con. Inthe same manner, itmay be demonstrated, that equal prisms 
have their bases and altitudes reciprocally proportional, and converacly. 


PROP. IX. THEOR. 
Stmilar solid parallelopineds are to one another in the triplicate ratio 
of thetr homologous sides. 


Let AG, KQ be two similar parallelopipeds, of which AB and KL 
are two homologous sides; tho ratio of the solid AG to the solid KQ 
1s triplicate of the ratio of AB to KL. 
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Because the solids are similar, the parallelograms AF, KB are simi- 
lar (def. 2. 3. Sup.), as also the parallelograms AH, KR; therefore, 
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the ratios of AB to KL, of AE to KO, and of AD to EN are all equa: 
(dof. 1. 6.). But the ratio of the solid AG to the solid KQ is com- 
pounded of the ratios of AC to KM, and of AE to KO. Now, the 
ratio of AC to KM, because they are equiangular parallelograms, is 
compounded (23. 6.) of the ratios of AB to KL, and of AD to KN. 
Wherefore, the ratio of AG to KQ is compounded of the three ratios 
of AB to KL, AD to KN, and AE to KO; and the three ratios have 
already been proved to be equal; therefore, the ratio that is come 
pounded of them, viz. the ratio of the solid AG to the solid KQ, is 
triplicate of any of them (def. 12. 5.): it is therefore triplicate of the 
QE 2 AB to KL. Therefore, similar solid parallelopipeds, &c. 





Con. 1. If aos AB to KL, so KL to m, and as KL to m, soia m ton, 
1ihen AB ie to n as the solid AG to the solid KQ. For the ratio of AB 
to n is triplicato of the ratio of AB to KL (def. 19. 5.), and is therefore 
equal to that of the solid AG to tbe solid KQ. 

Con. 2. As cubes are similar solids, therefore the cube on AB is to 
the cube on KL, in the triplicate ratio of AB to KL, that is in the same 
ratio with the solid AG, to the solid KQ. Similar solid parallelopipeds 
are therefore to one another as the cubes on their homalogous sides. 

Con. 3. In the same manner it is proved, that similar prisins are to 
one another in the triplicate ratio, or in the ratio of the cubes of their 
homologous sides. 


PROP. XU. THEOR. 


if two triangular pyramids, which have equal bases and altitudes, be 
cut by planes that are parallel to the bases, and at equal distanees 
from them, the sections are equal to one another. 


Let ABCD and EFGH be two pyramds, having equal bases BDE 
and FGH, and equal altitudes, viz. the perpendiculars AQ, and ES, 
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drawn from À and E upon the planes DDC and FGH : and let them 
be cut by planes parallel to BDC and FGH, and at equal altitudes QR 
and ST above those planes, and let the sections be the triangles KLM, 
NOP; KLM and NOP are equa! to one another. 

Because tbe plane ABD cuts the pa:allel planes BDC, KLM, the 
common sections BD and KM are yarallel (14. 2. Sup). For thesame 
reason, DC and ML are parallel. Since therefore KM and ML are 
parallel to BD and DC, each to each. though not in the same plane 
with them, the angle KML is equal to the angle BDC (9. 2. Sup.). In 
like manner the other angles of these triangles are proved to be equal; 
therefore, the triangles are equiangular, and consequently similar; and 
the same is true of the triangles NOP, FGH. 

Now, since the straight lines ARQ, AKB meet the parallel planes 
BDC and KML, they are cut by them proportionally (16. 2. Sup.). or 
QR : RA :: DK: KA ; and AQ: AR :: AD: AK (18. 5.), for the 
same reason, ES : ET :: EF . IN ; therelore AB : AK :: EI: EN, 
because AQ is equal to ES, and AR to ET. — Again, because the triane 
gles ABC, AKL are similar, 

AB: AK *: BC: KL ; and for the same reason 

EF: EN :: FG ; NO; therefore, 

BC : KL :: FG: NO. Aud, when four straight lines are pro. 
portionals, the .similar figures described on them are also proportion- 
als (22. 6.) ; therefore the triangle BCD is to the triangle KLM as the 
triangle FGH to the triangle NOP; but the triangles BDC, FGH are 
equal; therefore, the triangle IX LM is also equal to the triangle NOP 
(1.5.). "Therefore, &c. Q. E. D. 

Con. 1. Because it has been shewn that thetriangle KLM is similar 
to the base BCL); therefore, any section of a triangular pyramid pa- 
rallel to the base, is a triangle similar to the base. And in the same 
manner it is shewn, that tho sections parallel to the base of a polygon. 
al pyramid are similar to the base. 

Con. 2. Hence also, in — — of equal bases and alis 
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tudes, the sections parallel to the bases, and at equal distances from 
them, are equal to one another. 


PROP. XIII. THEOR. 


Al series of prisms of the same altitude may be circumscribed about any 
pyramid, such that the sum of the prisms shall exceed the pyramid by 
a solid less than any given solid. 


Let ABCD be a pyramid, and Z* a given solid ; a series of prisms 
having all the same altitude, may be circumscribed about the pyramid 
ABCD, so that their sum shall exceed ABCD, by a solid less than Z. 

Let Z be equal to a prism standing on the same base with the py- 
ramid, viz. the triangle BCD, and v 
having for its altitude the perpendi- 
cular drawn from a certain point E in 
the line AC uponthe plane BCD. It 
is evident, that CE multiplied by a 
certain number m will be greater than 
Aü; divido CA into as many equal 
parts as there are units in m, and let 
these be CF, FG, GH, H A, each of 
which will be less than CE. Through 
each of the points F, G, H let planes 
be made to pass parallel to the plane ‘ 
BCD, making with the sides of the 
pyramid the sections FPQ, GRS, / 

B 








HTU, which will be all similar to one 
another, and to the base BCD (1.cor. 
12. 3. Sup.). From the point B 
draw in thoplane of the triangle ABC, 
the straight line BK parallel to CE 
meeting FP produced in K. In like C 

manner, from D draw DL parallel to 

CF, meeting FQ inL: Join KL, and it is plain, that the solid KBCDLE 
is a prism (def. 4. 3. Sup.}. By the same construction, let the prisms 
PM, RO, TV be described. Also, let the straight line IP, which is in 
the plane of the triangle ABC be produced till it meet BC inh; and 
let the line MQ, be produced till it meet DC in g: Join hg; then 
hC gQFP is a prism, and is equal to the prism PM (1.+'or. 8. 3. Sup.). 
In the same manner is described the prisin MS equal to the prism RO, 
and the prism qU equal to the prism TV. The sum, therefore, of all 
the inscribed prisms hQ, mS, and qU is equal to the sum of the prisms 
PM, RO and TV, that is, to the sum of all the circumscribed prisms 
except the prism BL; wherefore, BL is the excess of the prism cir- 
cumscribed about the pyramid ABCD above the prisms inscribed with 


Wi 
a 


c 





es, EDO 8095200000000 





* The Solid Z is not represented ìn the figure of this, or the follcwing Proposition. 
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in it. But the prism BL is less than the prism which has the triangle 
BCD for its base, and for its altitude the perpendicular from E upon 
the plane BCD; and the prism which has BCD (or its base, and the per- 
pendicular from E for its altitude, is by hypothesis equal to the given 
solid Z; therefore, the excess of the circumscribed, abovo the inscribed 
prisms,'is less than the given solid Z. . But the excess of the circum- 
scribed prisms above the inscribed is greater than their excess above 
the pyramid ABCD, because ABCD is greater than the sum of the in- 
soribed prisms. Much more, therefore, is the excess of the circum- 
scribed prisms above the pyramid, less than the solid Z. A series of 
prisms of the same altitude has therefore been circurnscribed about 
Lx ED AES exceeding it by a solid less than the given solid 


PROP. XIV. THEOR. 


Pyramids that have equal bases and altitudes are equal to one another, 


Let ABCD, EFGH. be two pyramids that have equal bases BCD, 
FGH, and also equal altitudes, viz. the perpendiculars drawn from the 
vertices A and E upon the planes, BCD, FGH: The pyramid ABCD 
is equal to the pyramid EFGH. 

If they are not equal, let the pyramid EFGH exceed. the pyramid 
ABCD by the solid Z. Then, a series of prisms of the same altitude 





may be described about the pyramid ABCD that shall exceed it, by a 
solid less than Z (13. 3. Sup.); let these be the prisms that have for 
their bases the triangles BCD, NQL, ORI, PSM. Divide EH into 
the same number of equal parts into which AD is divided, viz. HT, 
TU, UV, VE, and through the points T, U and V, let the sections 
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TZW,UzX, V5Y be made parailel to the base FGH. The section 
NQL is equal to the section WZT (12.3. Sup.) ; as also ORI to AAU, 
and PSM to YV; and therefore also the prisms that stand upon the 
equal sections are equal (1. Cor. 8. 3. Sup.), that is, the prism which 
stands on the base BCD, and which is between the planes BCD and 
NQL, is equal to the orism which stands on the base FG H, and which 
is between the planes FGH. and WZT ; and so of the rest, because 
they have the same altitude: wherefore, the sum of all the prisms 
described about the pyramid ABCD is equal to the sum of all those 
described about the pyramid EFGH. But the excess of the prisms 
deacribed about the pyramid ABCD above the pyramid ABCD is less 
than Z (13. 3. Sup.) ; aad therefore, the excess of the prism describ- 
ed about the pyramid EFGH above the pyramid ABCD is also less 
than Z. But the excess of the pyramid EFGH above the pyramid 
ABCD is equal to Z, by hypothesis therefore, the pyramid EFGHI 
exceeds the pyramid ABCD, more than the prisms described about 
EFGH exceed the same pyramid ABCD. The pyramid EFGH is 
thereforo greater than the sum of the prisms described about it, which 
is impossible. The pyramids ABCD, EFGHI, therefore, are not un- 
equal, that is, they arg- equal to one another. Therefore, pyramids, 


&e. Q. E.D. 
PROP XV. THIOR. 


Every prism having a triangular base may be divided into three pyra- 
mids that have triangular bases, and that are equal to another. 


Let there be a prism of which the base is the triangle ABC, and 
let DEF be the triangle opposite the base : The prism ABCDEF may 
be divided into three equal pyramids having triangular bases. 

Join XE, EC, CD ; and because ABED isa parallelogram, of which 
AE is tho diameter, the triangle ADE is equal (34. 1.) to the triangle 
ABE: therefore the pyramid of which the 
base is the triangle ADE, and vertex the X 
point C, ts equal (14. 3. Sup.) to the pyra- F 
mid, of which the base is the triangle ABE, 
and vertex the point C. But the pyramid 
of which the base is the triangle ABE, and 
vertexthe point C, thatis, the pyramid ABCE 
is equal to the pyramid DEFC (14. 3. Sup.), 
for they have equal bases, viz. the triangles 
ABC, DEF, and the same altitude, viz. the 
altitude of the prism ABCDEF. Therefore 
the three pyramida ADEC, ABEÇ, DFEC 
are equal to one another. But the pyra- 
mids ADEC, ABEC, DFEC mako up the 
whole prism ABCDEF ; therefore, tho prism 
ABCDEF is divided into threo equal pyra- 
gnids. Wherefore, &c. Q. E. D. 
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Con. 1. From this it is manifest, that every pyramid is the third 
part of a prism which has the same baso, and the samo altitude with it ; 
for if the base of the prism be any other figure than a triangle, it may 
bo divided into prisms having triangular bases. 

Cor. 2. Pyramids of equal altitudes are to one another as their 
bases ; because the prisms upon the same bases, and of tho same alti- 
tude, are (1. Cor, 38. Sup.) to one another as their bases. 


PROP. XVI. THEOR. 


If from any point in the circumference of the base of a cylinder, a strarght 
line be drawn perpendicular to the plane of the base, it will be wholly 
an the cylindric superficies. 


Let ABCD bo a cylinder of which the base is the circle AEB, DFC 
the circle opposite to the base, and GH tho axis ; from E, any point 
in the circumference AEB, let EF be drawn perpend:cular to the plane 
of the circle AEB: the straight line EF is in the superficies of the 
cylinder. | 

Let F be the point in which EF meets tho 
plane DFC opposite to thə base; join EG D 
and FH ; and let AGHD be tho rectangle 
(14. def. 3. Sup.) by the revolution of which 
the cylinder ABCD is described. 

Now, because GH is at right angles to GA, 
the straight line, which by its revolution de- | 
scribes the circle AED, it is at right angles to | 
all the straight lines in the plane of that cir- 
cle which meet it in G, and it is therefore 
at right angles to the plane of the circle 
AEB. But EF isatright anvles to the samo 
plane; therefore, EF and GH are parallel | 2G B 
(6. 2. Sup.) and in the same plane. And pale ee 
since the plane through GH and EF cuts the E 
parallel planes AEB, DFC, in the straight lines EG and FH, EG is 
parallel to FH (14. 2. Sup.). The figure EGHF is therefore a paral- 
lelogram, and it has the angle EGH a right angle, therefore it is a rect- 
angle, and is equal to the rectangle AH, because EG is equal to AG. 
Therefore, when in the revolution of the rectangle AH, the straight 
line AG coincides with EG the two rectangles AH and EH will coin- 
cide, and the straight line AD will coincide with the stroizht line EP. 
But AD is always in the superficies of the cylinder, for it describes 
that superficies ; therefore, EF is also ın the superficies of the ceylin- 
der. Therefore, &c. Q. E. D. 
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PROP. XVI. THEOR. 


A cylinder and a parallelopiped having equal bases and altitudes, ere 
equal tu one another. 


Let ABCD be a cylinder, and EF a parallelopiped having equal 
bases, viz. the cirele AGB and the parallelogram EH, and having also 
equal altitudes ; the cylinder ABCD is equal to the parallelopiped EBF.. 


: IV 
v — C 
— e. m 





5 


1f not, let them be unequal; and first, let the cylinder be leas than 
the parallelopiped EE; and from the parallelopiped EF let there be 
cut off a part EQ by a plane PQ parallel to NF, equal to the cylinder 
ABCD. Inthe circle AGB inscribe the polygon AGKBLM< that shall 
differ from thé circle by a space less than the parallelogram PH (Cor. 
1. 4. 1. Sup.), and cut off from the parallelograin EH, a part OR equal 
to the polygon AGK BLM. ‘The point R will fall between P and N. 
On the polygon AGK BLM let an upright prism AGBCD be constituted 
of the same altitude with the cylinder, which will therefore be less 
than the cylinder, because it is within it (16. 3. Sup.); and if through 
the point R a plane RS parallelto IN F be made to pass, it will cut off the 
parallelopiped ES equal (2. Cor. 8. 3. Sup.) to the prism AGBC, be- 
cause its baso is equal to that of the prism, and its altitude is the same. 
But the prism AGBC is less than the cylinder ABCD. and the cylinder 
ABCD is equal to tho parallelopiped EQ, by hypothesis; therefore; 
ES is less than EQ, and it is also greater, which is impossible. The 
cylinder ABCD, tnerefore, is not less than tho parallelopiped EF; 
and in the same manner, it may be shewn not to be greater than EF. 
Therefore they ore equal. Q. E. D, 
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PROP. XVIII. THEOR. 


If a cone and cylinder have the same base and the same altitude, the 
cone 1s the third part of the cylinder. 


Let the cone ABCD, and the cylinder BF KG bave the same base, 
viz. the circle BCD, and the samo altitude, viz. the perpendicular 
from the point A upon the plane BCD, the cone ABCD is the third 
part of the cylinder BFKG. ! 

If not, let the cone ABCD be the third part of another cylinder 
LMNO, having the same altitude with the cylinder BFKG, but let the 


bases. BCD and LIM be unequal; and first, let BCD be greater than 
LIM. 





‘Then, because the circle BCD is. greater than the circle LIM, a 
polygon may be inscribed in BCD, that shall differ from it less than 
LIM does (4. 1. Sup.). and which, therefore, will be greater than 
LIM. Let this be the polygon BECFD ; and upon BECF D, let there 
be constituted the pyramid ABECFD, and the prism BCFRHG. 

Because the polygon BECFD is greater than the circle LIM, the 
prism BCFKHG, ts greater than the cylinder LMNO, for they have 
the same altitude, but the prism has the greater base. But the pyra- 
mid ABECFD is the third part of the prism (15. 2. Sup.) BOF KHG, 
therefore it is greater than the third part of the cylinder LMNO. 
Now, the cone ABECFD is, by hypothesis, the third part of the cy- 
linder LMNO, therefore, the pyramid ABECI'D is greater than the 
cone ABCD, and it is also less, because it is inscribed in the cone, 
which is impossible. Therefore, the cone ABCD is not less than the 
third part of the cylinder BF KG: And in the same manner, by circum- 
scribing a polygon about the circle BCD, it may be shewn that the 
cone ABCD is not greater than the third part of the cylinder BFKG : 
therefore, it is equal to the third part of that cylinder, Q. E.D. 
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PROP. XIX. THEOR. 


I7 a hemisphere and a cone have equal bases and altitudes, a series of 
cylinders ma be inscribed in the hemisphere, and another series may 
be described about the cone, having all the same altitudes with one an- 
other, and such that their sum shall differ from the sum of the hemis- 
phere, and the cone, bu a solid less than any given solid. 


Let ADB be a semicirclo, of which the centre is C, and let CD be 
at right angles to AB; let DB and DÀ be squares described on DC, 
draw CE, and let the figure thus constructed revolve about DC: then, 
the sector BCD, which is the half of the semicircle ADB, will de- 
scribe a hemisphere having € for its centre (7. def. 3. Sup.), and the 
triangle CDE will describe a cone, having its vertex to C, and having 
for its base the circle (11. def. 3. Sup.) described by DE, equal to 
that described by BC, which is the base of the hemisphere. Let W 
he any given solid. A series of cylinders may be inscribed in the 
hemisphere ADB, and another described about the cone ECI, so that 
their sum shall differ from the sum of the hemisphere and the cone, 
by a solid less than the solid W. 

Upon the base of the hemisphere let a cylindef be constituted 
equal to W, and let its altitude be ~X. Divide CD into such a num- 
ber of equal parts, that each of them shall be less than CX ; let these 
be CH, HG, GF, and FD. "Through the points F, G, H, draw 
FN, GO, HP parallel! to CB, meeting the circle in the points K, L 
and M ; and the straight line CE in the points Q, R and S. From 
the points K, L, M draw Kf, Lg, Mh perpendicular to GO, HP and 
CB; and from Q, R, and S, draw Qq, Rr, Sa, perpendicular to the 
same lines. Itis evident, that the figure being thus constructed, if the 
whole revolve abaut CP, the rectangles Ff, Gg, Hh will describe cy- 
linders (14. def 3. Sup.) that will be circumscribed by the hemi- 
sphero BDA ; and the rectangles DN, Fq. Gr, Ha, will also describe 
cylinders that will circumscribe the cone ICE. Now, it may be de- 
monstrated, as was done of the prisms inscribed in a pyramid (13. 3. 
Sup.), that the sum of all the cylinders described within the hemis- 
phore,; is oxceeded by the hemisphere by a solid less than the cylinder 
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generated by the rectangle HIB, that is, by a solid less than W, for the 
cylinder generated by HB is less than W. In the same manner, it 
may be demonstrated, that the sum of the cylinders circumscribing 
the cone ICE is greater than.the cone by a solid less than the cylindeř 
generated by the rectangle DN, thatis, by a solid less than W. There- 
fore, since the sum of the cylinders inscribed in the hemisphere, 
together with a solid less than W, is equal to the hemisphere; and, 
since the sum of the cylinders described about the cone is equal to 
the cone together with a solid less thàn W ; adding equals to equals, 
the sum óf all these cylinders, together with a solid less than W, is 
equal to the sum of the hemisphere and the cone together with a 
solid less than W. ‘Therefore, the difference between the whole of 
the cylinders and the sum of the hemisphere and the cone, is equal 
tò the difference of two solids, which are each of them less than W 3 
but this difference must also be less than W, therefore the difference 
between the two series of cylinders and the sum of the hemisphere 
and cone is less than tbe given solid W. Q. E. D. 


PROP, XX. 


The same things being supposed as in the last proposition, tie suin of all 
the cylinders inscribed in the hemisphere, and described about the 
cone, is egual to a cylinder, having the same buse and altitude with 
the hemisphere. 


Let the figure. DCB be constructed as before, and supposed to rés 
volve about CD ; the cylinders inscribed in the hemisphere, that is, 
the cylinders described by the revolution of the rectangles Hh, Gg, FF, 
together with those described about the cone, that is, the cylinders 
described by the revolution of the rectangles Hs, Gr, Fg, and DN are 
equal to the cylinder described by the revolution of the rectangle 


Let L be the point in which GO meets the circle ADB, then, because 
CGL is a right angle if CL be joined, the circles described with the 
distances CG and GL are equal to tho circle described with the dis- 
tance.CL (2. Cor. 6. 1. Sup.) or GO; now, CG is equal to GR, be- 
cause CI) is equal to DE, and therefore also, the circles described with 
the distances GR and GL are together equal to the circle described 
with the distance GO, that is, the circles described by the tevolution 
of GR'and GL about the point G, aro together equal to the circle 
described by. the revolution of GO about-the same point G ; therefore 
also, the cylinders that stand upon the two first of these circles having 
the common altitudes GH, are equal to the cylinder which stands on 
the remaining circle, and which has the same altitude GH. The cy- 
linders described by the revolution of the rectangles Gg, and Gr are 
therefore equal to the cylinder described by the rectangle GP. And 
as the same may be shown of all the rest, therefore the cylinders de» 
ecribed by the rectangles Ith, Gg, Ff, and by the rectangles Ha, Gr, 


-^ 
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Fq, DN, are together equal to the cylinder described by DB, that 1s, 
to the gU having the same base and altitude with the hemisphere. 


Q. E. 
PROP. XXI. 


Every sphere is two-thirds of the circumscribing cylinder. 


Let the figure be constructed as in the two last propositions, and if 
the hemisphere described by BDC be not equal to two-thirde of the 
cylinder described by BD, let it be greater by the solid W. Then, 
as the cone described by CDE is one-third of the cylinder (18. 3. Sup.) 
described by BD, the cone and the hemisphere together will exceed 





A. 


the cylinder by W. But that cylinder is equal to the sum of all the 
cylinders described by the rectangles Hh, Gg, Ff, Hs, Gr, Fq, DN 
(20. 3. Sup.); therefore the hemisphere and the cone added together 
exceed the sum of all these cylinders by the given solid W, which 
is absurd ; for it has been shown (19. 3. Sup.), that the hemisphere 
and the cone together differ from the sum of the cylinders by a solid 
less than W. he hemisphere is therefore equal to two-thirds of the 
cylinder described by the rectangle BD; and therefore the whole 
sphere is equal to two-thirds of the cylinder described by twice the 


TED BD, that is, to two-thirds of the circumscribing cylinder. 


END OF THE SUPPLEMENT TO THE ELEMENTS. 
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TRIGONOMETRY is the application of Arithmetic to Geomeiry : or, 
more precisely, it is the application of number to express the relations 
of the sides and angles. of triangles to one another, 1t therefore ne- 
cessarily supposes the elementary operations of arithmetic to be un- 
derstood, and it borrows from that science several of the signs or 
characters which peculiarly belong to it. ‘Thus, the product of two 
numbers A and B, is either denoted by A.B or AXB; and the pro- 
ducts of two or more into one, or into more than one, as of A--B into 
C, or of A+B into C+D, are expressed thus: (A+B), C, (A+B) 
(C+D), or sometimes thus, A+B xX C, and A+B x C+D, 

The quotient of one number A, divided by another B, is written 


thus, "ut 
D 


The sign ,/is used to signify the square root: Thus,/ M is the 
Square root of M, or itis a number which, if multiplied into itself, will 


produce M. So also, 47 M? -+ N’ is the square root of M? -- N?, &c. 
The elements of Plane Trigonometry, as laid down here, are divided 
{nto three sections: the first explains the principles ; the second de- 
livers the rules of calculation; the third contains the construction of 
trigonometrical tables, together with the investigation of some theo- 
rems,-useful for extending trigonometry te the solution of the more 


difficult problems. 





SECTION I. 


— — 


LEMMA I. 


Jin angle at the centre of a circle is to four right angles as the arch on 
which it stands ts to tho whole circumference. 


Let ABC be an angle at the centre of the circle ACF, standing on 


the circumference AC : the angle ABC is to four right angles as the 
arch AC to the whole circumference ACF. 
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Produce AB till it moet the circle in E, and draw DBF perpondicu- 
lar to AE. 

'Then, because ABC, ABD are 
two angles at the centre of the circle 
ACF, the angle ABC is to the angle 
ABDasthearch AC to thearch AD, 

(33. $0 and therefore also, the 
angle ABC isto fourtimes the angle — £5 
ABD as the arch AC to four times 

the arch AD (4. 5.). 

But ABD is a right angle, and 
therefore four times the arch AD 13 
equal to the whole circumference 
ACF; therefore, the angle ABC is 
to four right angles as the arch AC to the whole circumference ACF. 

Cor. Equal angles at the centres of different circles stand on arch- 
os which have the same ratio to their circumferences. For, if the 
angle ABC, at the centre of the circles, ACE, GHK, stand on the 
arches AC, GH, AC is to the whole circumference of the circle ACE, 
as the angle ABC to four right angles; and the arch HG is to the 
whole circumference of the circle GHK in tho same ratio. There- 
fore, &c. 





DEFINITIONS. 


I. 


Ir two straight lines intersect one another in the centre of a circle, the 
arch of the circumference intercepted between them is called the 
Measure of the angle which they contain. Thus the arch AC is the 
measure of the angle ABC. 

II. 

Xf the circumference of a circle be divided into 360 equal parts, each 
of these parts is called a Degrec; ond if a degree be divided into 
60 equal parts, each of these is called a minute; and if a Minute be 
divided into 6U equal parts, each of them is called a Second, and so 
on. And as many degrees, minutes, seconds, &c. as are in any arch, 
so many degrees, minutes, seconds, &c. are said to be in the angle 
measured by that arch. 


Con. 1. Any arch is to the whole circumference of which it is a 
part, as the number of degrees. and parts of a degree contained in it 
is to the number 360. And any angle is to four right angles as the 
number of degrees and parts of a degree in the arch, which is the 
measure of that angle, is to 360. 


PLANE TRIGONOMETRY. 223 


Cor. 2. Hence also, the arches which measure the same angle, 
whatever be the radii with which they are described, contuin the same 
number of degrees, and parts of a degree. For the number of degrees 
and parta of a degree contained in each of these arches bas the samo 
ratio to the number 360, that the angle which they measure has to 
four right angles (Cor. Lem. 1.). 

The degrees, minutes, seconds, &c. contained in any arch or angle, 
are usually written as in this example, 49°. 36’, 24". 42"; that is, 
49 degrees, 36 minutes, 24 seconds, and 42 thirds. 


IH. 
T wo angles, which are together equal to two right angles, or two 


arches which are together equal to a semicircle, are called the Sup- 
plements of one another. 
IY. 


A straight line CD drawn through C, one of the extremities of the 
arch AC, perpendicular to the di- 
ameter passing through the other H K 
extremity A, is called the Sine of 
the arch AC, or of the angle ABC, 
of which AC is the measure. Fe 





Cor..t. The sine of a quadrant, or 


of a right angle, is equal to the ra- E 
dius. 

Con. 2, 'The sine of an arch is half Lot 
the chord of twice that arch : this 


is evident by producing the sino I 
of any arch till it cut the circum- 
ference. 


—— 





B 
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V. 

The segment DA of the diameter passing through A, one extremity of 
the arch AC, between the sine CD and the point A, is called the 
Versed sine of the arch AC, or of the angle ABU. 

VI. 

A straight line AE touching the circle at A, one extremity of the arch 

AC, and meeting the diameter BC, which passes through C the 


other extremity, is called the Tangent of the arch AC, or of the angle 
ABC. 


Cor. The tangent of half a right angle is equal to the radius. 
Vil. 


Tho straight lino BE, between the centre and tho extremity of the 
tangent AK is called the Secant of the arch AC, or of the angle ABC. 


Con. to Def. 4, 6, 77, the sine, tangent and secant of any angle ABC, 
aro likewise the sine, tangent, and secant of its supplements CBF. 
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Ii is manifest, from Def. 4. that CD is the sine of the angle CBF. 
Let CB be produced till it meet the circle again in I; and it is also 
manifest, that AE is the tangent, and BE the secant, of the angle 
ABI, or CBF, from Def. 6, 7. 

Cor. to Def. 4, 5,6, 7. ‘The sine, versed sine, tangent, and secant of an 
arch, which is the measure of any 
given angle ABC, is to the sine, 
versed sine, tangent and secant, of 
any other arch which is the mea- 
sure of the same angle. as the 
radius of the first arch is to the 
tadius of the second. 





Let AC, MN be measures of the an- J 
gle ABC, according to Def. 1. ; H OM. D 
CB the sine, DA the versed sine. AE the tangent, and B E the se” 
cant of the arch AC, according to Def. 4, 5,6,7; NO the sine, OM 
the versed sine, MP the tangent, and BP the secant of the arch MN, 
according to the same definitions. Since CD, NO, AE, MP are pa- 
rallel, CD : NO ::rad. CB : rad. NB, and AE : MP':: rad. AB : rad. 
BM, also BE: BP ** AB: BM ; likewise because BC : DD:: BN: 
BO, that is, BÀ : DD :: BM : BO, by conversion and alternation, 
AD : MO :: AB: MB. Hence the corollary is manifest. And there- 
fore, if tables be constructed, exhibiting in numbers the sines, tan- 
gents, secants, and versed sines of certain angles to a piven radius, 
they will exhibit the ratios of the sines, tagents, &c. of the same 
angles to any radius whatsoever. 


In such tables, which are called ‘Trigcnomeirical Tables, the radius is 
either supposed !, or some number in the series 10, 100, 1000, &c. 
The use and construction of these tables are about to be explained. 


VHI. 


The difference between any anglo and a right angle, or between any 
arch and a quadrant, is called 
the Complement of that angle, or à 
of that arch. Thus, if BH be | 
perpendicular to AB, the angle ai 
CBH is the complement of the 
angle ABC, and the arch HC | 
the complemeat of AC; also p | A. 
the complement of the obtuse b D 
angle FBC is the anglo IIBC, 
its excess above aright angle ; 
and the complement of the arch I 
FC is HC. T 
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IX. 


'T he sine, tangent, or secant of the complement of any angle is cailed 
the Cosine, Cotongent, or Cosccant of that angle. ‘Thus, let CL, or 
DB, which is equal to CL, be the sine of the angle CBH; HK the 
tangent, and BK the secant of the same angle: CL or BI) is the co- 
sine, HK the cotangent, and BK the cosecant of the angle ABC: 


Corn. 1. The radius is a mean proportional between the tangent and 
the cotangent of any angle ABC ; that is, tan. ABC Xcot. ABC= 
R’. 


For, since- HK, BA are parallel, the angles HKB, ABC aro equal, 
and KHB, BAE are right angles; therefore the triangles BAK, 
KHB are similar, and therefore AE is to AB, as BH or BA to HK. 


Con. 2. The radius is a mean proportional between the cosine and 
secant of any angle ABC; or 
cos. ABC Xsec. ABC=R?. 


Since CD, AE are parallel, BD is to BC or BA, as BA to BE. 
PROP. I. 


In a right angled plane triangle, as the hypotenuse to either of the 
sides, so the radius to the sine of the angle opposite to that side ; and 
a5 etther of the sides 1s to the other side, so 1s the radius to the tang ent 
of the angle opposite to that side. 


Let ABC be a right angled plane triangle, of which BC is the hy- 
potenuse. From the centre C, with any radius CD, describe the areh 
DE ; draw DF at right angles to CE, aud from E draw EG touching 
the circle in E, and meetinz CB in G ; DF is the sine, and EG the 
tangent. of the arch DE, or of the angle C. 

The two triangles DFC, BAC are equiangular, because the angles 
NEC, BAC are right angles, and * 
the angle at Ciscommon. There- 
fore, CB: BA :: CD: DF ; but ps 
CD is the radius, and DF the D G. 
sine ef the angle C, (Del. 4.) ; 
ee CB: BA :: R: sin. 


Also, because EG touches the 
circle in E, CEG is a right angle, * 
and therefore equal to the angle FE À 
BAC; and since the angle at C is common to the triangles CBA, 
CGE, these triangles are equiangular, wherefore CA: AB :: CE : 
EG ; but CE is the radius, and EG the tangent of the angle C ; there- 
fore, CA: AB :: R : tan C. 

Con. 1. As the radius to the secant of the angle C, so the side 
adjacent to that angle to the —— For CG is tha secant of 
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tho angie G (def. 7.), and the triangles CGH, CBA being equiangular, 
CA:CB:: CE: CG, that is, CA: CB:: R: sec. C. 


Cor. 2. If the analogies in this proposition, and in the above co- 
rollary be arithmetically expressed. making the radius = 1, they give 


sin. C =g tan. C = Bec C — Also, since sin. C = cos B, 
AB 
because B is the complement of C, cos. B = FG) and for the same rea-. 
AC 


son, cos. C = BG: 


Cor. 3. In every triangle, if a perpendicular be drawn from any 
of the angles on the opposite side, the seg- 
ments of that side are to one another as A. 
the tangents of the parts into which the 
opposite angle is divided by tho perpendi- 
cular. For, if in the triangle ABC, AD 
be drawn perpendicular to the base BC, 
each of the triangles CAD, ABD being 
right angled, AD: DC :: R: tan. CAD, D t 
and Ai}: DB:: R:tan. DAB; therefore, 
ex equo, DC : DB:: tan. CAD: tan. BAD. 


SCHOLIUM. 


The proposition, just demonstrated, is most easily remembered, by 
stating it thus: If-io a right angled triangle the hypotenuse be made 
the radius, the sides become the sines- of the opposite angles; and if 
one of the sides be made the radius, the other side becomes the tan- 
cent of the opposite angle, and the hypotenuse the secant of it. 


PROP. II. 


The sides of a plune triangle are to one another us the sines of the op- 
posite angles. 


From A any angle in the triangle ABC, A 
let AD he drawn perpendicular to BC. 
And because the triangle ABD is right 
angled at D, AB: AD :: R: sin. B; and 
for the same reason, AC: AD:: R: 
sin..C, aud inversely, AD : AC :: sin. 
C : R: therefere, ex æquo taversely, 
AB : AC :: sin. C : sin. B. Inthe same 
manner it may be demonstrated, that AB : B 
BC ::sin. C: sin. A. "Therefore, &c.. 7? 
Q. E. D. 





~~ NI 
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PROP. HI. 


The sum of the sines of any two arches of a circle, is to the difference 
of their stnex, «s the tangrnt of half the sum of the arches to the tan- 
gent of half their difference. 


Let AB, AC be two archesof a circle ABCD; let E.be the centre, 
and AEG the diameter which passes through À; sin. AC--sin; AB : 
sin. AU — sin. AB :: tan, J (AC-- AB) : tan. à (AC— AB. 

Draw BF parallel to AG, meeting the circle again in F. Draw BH 
and CL perpendicular to A$, and they will bha the sines of the arches 
AB and AC ; produce CL till it meet the circle again in D; join DF, 
FC, DE, EB, EC, DB. 

Now, since EL from the centre is perpendicular to CD, it bisects 
the line CD in Land the arch CAD 


(C 
in A: DL is therefore equal to pum N Y 
LB, or to the sine of the arch AC ; — — — B 
B 
Li 


T 
and BH or LK being the sine of ÁN 
AB, DK is the sum of the sines \ 
of the arches AC and AB, and CK \ 
is the difference of their sines ; O th AA 
DAB also is the sum of the arch- H 
es AC and AB, because AD is 
equal to AC, and BC is their dif- 
ference. Now, in the triangle 
DFC, because FK is perpendicu- * 
lar to DC, (3. cor. 1.) DK : KC. 
:: tan. DEK : tan. CFK ; but tan. DF K=tan. } are. BD, because the 
angle DFK (20. 3.; is the half of DES, and is therefore measured by 
half the arch DB. For the same reason, tan. CF K=tan. 3 arc. BO ; 
and consequently, DK : KC :: tan. 1 arc. BD : tan. 1 arc. BC. But 
DK is the sum of the sines of the arches AB and AC ; and KC is thc 
difference of the sines; also BD is the sum of the arches B end 
AC, and BC the difference of those arches. Therefore, &c. Q. E. D. 


Cor. J. Because EL is the cosine of AC, and EH of AB, FK is 
the sum of theso cosines, and KB their difference; for FK — 1 FB+- 
EL=EH+EL, and KB=LH=—EH-—EL. Now, FK: KB :: tan. 
FDK : tan. BDK: and tan. DF K=cotan. FDK, because DF K is tho 
complement of FDK ; therefore, FK : KB ::cotan. DFK : tan. BDK, 
that is, FK : KB :: cotan. } arc. DB : tan. J arc. BC. ‘The sum of 
the cosines of two arches is therefore to the difference of the same 
cosines as the cotangent of half the sum of the arches to the tangent 
of half their difference. 


Con. 2. In the right angled triangle FKD, FK: KD:: R: tan. 
DFK : Now FK-cos. AB--cos. AC, KD=sin, AB+sin. AC, and 
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fan. DFK = tan. } (AB + AC), therefore cos. AB-++cos. AC : sin. 
AB + sin. AC :: R : tan 4 (AB + AC). | 

In the same manner, by help of the triangle FICC, it may be shown 
that cos. AB-1-cos. AC : sin. AC —sin. AB :: R : tan. ; (AC— AD). 

Con. 3. If the two arches AB and AC be together equal to 90°, 
the tangent of half their sum, that is, of 45°, is equal to the radius. 
And the arch BC being the excess of DC above DB, or above 90°, 
the half of the arch BC will be equal to the excess of the half of DC 
above the half of DB, that.is, to the excess of AC above 45°; there- 
fore, when the sum of two arches is 90°, the sum of the sines of those 
firches is to their difference as the radius to the tangent of the difference 
between cither of them and 45*. 


PROP. IV. 


The sum of any two sides of a triangle is to their difference, as the tan- 
gent of half the sum of the angles opnosite to thosè stdes, to the tan- 
gent of kulf their diference. 


, Let ABC be any plane triangle; 

CAÀ-- AB : CÀ - AB :: tan ? (B4-C) : tan; $ (B—- C*. 
For (2.) CA : AB :: sin. B : sin. C; 

and therefore (E. 5.) 

CA -- AB : CA—AL :: sin. B-4-sin. € : sin. B— sin. C. 
But, by the last, sin. B---sin. C : sin. B—sin. C : : 

tan. 1 (B--C) : tau. 1 (B— C); therefore also, (11. 5.* 
BIO CA —AÀB :: tan 2? (B4-CY : tan. 2 (B— C. 


A 





B C 
‘Otherwise, without the 3d. 
_ Let ABC be a triangle ; the sum of AB and AC any two sides, is to 


the difference of AB and AC as the tangent of half the sum of the an: 
gies ACE and ABC, to the tangent of half their difference; ° 
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About the centre A with the radius AB, the greater of the two sides, 
describe a circle meeting BC produced in D, and AC produced in E 
E F. a DA, EB, FB; and draw FG parallel to CB, meetmg 

in G. 


+ 


E — —— x Ny 
I ^ 
ES 


Because the exterior angle EAB is equal to the two interior ABC, 
ACB, (32. 1.): and the angle EFB, at the circumference is equal to 
half the angle EAB at the centre (20. 3.) : therefore EFB is half the 
sum of the angles opposite to the sides AB and AC. 

Again, the exterior angle ACB is equal to the two interior CAD, 
ADC, and therefore CAD is the difierence of the angles ACB, ADC, 
that is, of ACB, ABC, for ABC is equal to ADC. Wherefore also 
DBF, which is the half of CAD, or BEG, which is equal to DBF, is 
half the difference of the angles opposite to the sides AB, AC. 

Now because the angle FBE in a semicircle is a right angle, BE is 
the tangent of the angle EFB, and BG the tangent of the anglo BFG 
to the radius FB; and BE is therefore to BG as the tangent of half 
the sum of the angles ACB, ABC to the tangent of half their differ- 
ence. Also CE is the sum of the sides of the triangle ABC, and CI’ 
their difference ; and because BC is parallel to FG, CE : CF :: BE 
: BG, (2. 6.) that is, the sum of the two sides of the triangle ABC is 
to their difference as the tangent of half. the sum of the angles oppa- 
site to those aides to the tangent of half their difference. Q. E. D 


PROP. V. THEOR. 


If a perpendicular be drawn from any angle of a triangle to the oppo- 
sile side, or base; the sum of the segments of the base is to the sum 
of the other two sides of the triangle as the difference of those sides 
to the difference of the segments of the base. 


For (K. 6.), the rectangle under the sum and difference of the seg- 
tnénts of the base is equal to the rectanglo under the sum and differ. 
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ence of the sides, and therefore (16. 6.) the sum of the segments of 
the base is to the sum of the sides as the difference of the sides to the 
difference of the segments of the base. Q, E. D. 


PROP. VI. THEOR. 


In any triangle, twice the rectangle contained by any two sides is to the 
difference between the sum of the squares of those sides, und the square 
of the base, as the radius to the cosine of the angle included by the two 
sides. 


Let ABC be any trianglo, 24 B.DC is AX. 
to tho difference between AB?4- BC? and 
AC? as radius to cos. D. 
From A draw AD perpendicular to 
DC, aud (12. and 13. 2.) the difference 
between the sum of the squares of AB 


and BC, and the square on AC is equal 
to 2BC. BD. ' ^ 
But BC.BA : BC.BD :: BA : BD :: B D È 


R : cos, B, therefore also 2BC.BA : 
®BC.BD ::R: cos. 5. Now 2BC.BD js the difference between AB’ 
+BC? and AC’, therefore twice 
the rectangle AB.BC is to the dif- A 
ference between Ai%*-- BC*, and 
AC’ as radius to the cosine of B. 
Wherefore, &c.  Q. E. D. 

Cor. Ifthe radius=1, BD=BA 
cos. B,(1.),and 2BC.BA x cos. 
B=2BC.B5D, and therefore when 
Bisacute,2BC.BA Xcos.B = 6C? 
-FBA?— AC?, and adding AC? to : 
both ; AC? 4-2 cos. DX BC.BA— 5 C D 
BC?+-8A?; and taking 2. cos. BX BC.BA from both, AC°=BC?—~2 
cos. BX BC.BA+BA*. Wherefore AC=,,/ (BC?—2 cos. BX BC. 
BA -- BA’). 

If B isan obtuse angle, it is shown in the same way that AC= 
sf (BC?+-2 cos. BxBC.BA -- BA^. 

PROP. VIL. 


Pour times the rectangle coniained by any two sides of à triangle, is to 
the rectangle contained by two straight lines, of which one is the base 
or third side of the triangle increased by the difference of the two sides, 
and the other the base diminished by the difference of the sume sides, 
as the square of the radius to the square of the sine of half the angle 
included between the two sides of the triangle. 


Let ABC be a triangle of which BC is the base, and AB the greater 
of the two sides; 4AB.AC : (BC+-(AB-AC)) X(BC —(AB —AC)): 
R?: (sin. + BAC)’. 
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Produce the sido AC to D, so that AD=AB; join BD, and draw 
A 


H. 
G C 


B E X^ 


AE, CF at right angles to it; from the contre C with the radius CD 
describe the semicircle GDH, cutting BD in K, BC in G, and meet- 
ing BC produced in H. 

It is plain that CD is the difference of the sides, and therofore that 
BH is the base increased. and BG the base diminished by the differ- 
ence of the sides; it is also evident, because the triangle BAD ia isos- 
celes, that DE is the half of BD, and DF is the half of DK, wherefore 
DE— DF =the half of BD— DK, (6. 5 ) that is, EF=4 BK. And be- 
cause AE is drawn parallel to CF, a side of the triangle CFD, AC : 
AD :: EF : ED, (2. 6.) ; and rectangles of the same altitude being ag 
their bases AC. AD : AD? :: EF. ED : ED’, (i. 6.), and therefore 
4AC.AD: AD?:: 4EF.ED : ED‘, or alternately, 4AC. AD : 4EF.ED 
:: AD? : ED*. | 

But aiince4EF —? BR,4EF.ED-—9?BR.UD-—2?ED.BK-DB.BK 
HB.BG ; therefore, 4AC. AD : DD.BEK :: AD? : ED. Now AD: 
ED :: R : sin. EAC- ain. 1 BAC (1. Trig.) and AD? : ED? :: RP: 
(sin. } BAC): therefore, (11. 5.) 4AC.AD : HB.BG:: R? : (sin. 4 
BAC)’, or sinco AB=AD, 4AC.AB : HB.BG:: R?: (sin } BAC)A 
Now.4AC.AB is four times the rectangle contained by the sides of 
the triangle; HB.BG is that contained by BC4-(AB— AU) and BC — 
(AB—AC). Therefore, Xe. Q. E. D. 


Cor. Hence 2 v AC.AD: ,/ HB.BG :: R: sin. 4 BAC. 
PROP. VIII. 


Four times the rectangle contained by any two sides of. a triangle, is to 
the rectangle contained by two straight lines, of which one is the sum 
of those sides increased by the base of the triangle, and the other the 
sum of the same sides diminished by the base, as the square of the rar 


dius to the square of the cosine of half the ungle included between the 
two sides of the triangle. 


Let ABC be a triangle, of which BC is the base, and AB the great- 
er of the other two sides, 4AB,AC : (AB+AC-- BC) (AB+AC - BC) 
:: R? : (cos. 4 BACY. 

From the centre C, with the radius CB, describe the circle BLM, 
meeting AC, produced, in L and M. Produce AL to N, so that AN 
=AB; let AD=AB;.draw AE perpendicular to BD; join BN, ang 
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let it meet the circle again in P ; let CO be perpendicular to BN ; aad 
let it meet AE in R. 

It is evident that MN=AB-+AC-+-BC: and that LN=AB+-AC 
—BU. Now, because BD is bisected in E, (3. 2.) and DN in A, BN 
iS parallel to AE, and is therefore perpendicular to BD, and the tri- 
—— DAE, DNB are equiangular; wherefore, since DN = 2AD, 
BN —2AE, and BP—2BO —2RE ; also PN—2AR. | 

But because the triangles ARC and. AED are equiangular, AC : 
AD:: AR: AE, and because rectangles of the same altitude aro as 





v 


their bases, (1. 6.), AC. AD : AD?:: AR.AE : AE’, and alternately 
AC.AD : AR.AE :: AD? : AE’, and 4AC.AD : AAR.AE :: AD: 
AE, DBut4AR.AE—2AR x ?AE — NP.NB—MN.NL; therefore 
4AC. AD: MN.NL:: AU?^: AE? But AD: AE:: R :cos. DAE 
(1) = cos. 1 (BAC): Whorefore 24AC. AD : MN.NL :: E? : (cos.] 
BAC)§, 

Now 4AC.AD is four times the rectangle under the sides AC and 
AB, (for AD= AB), and MN.NL is the rectangle under the sum of 
the sides increased by the base, and the sum of the sides diminished 
by the base. "Therefore, &c. Q. E. D. 

Cor. 1. Hence 2 ,/ AC.AB:,/MN.NL:: R: cos. + BAC. 

Cor. 2. Since by Prop. 7. 4AC.AB : (BC + (AB—AC)) (BC — 
(AB — BC)) :: f : (sin. } BAC)?; and as has been now proved 
4AC.AB:(AB--AC+ BC) (AB+AC—BC):: R?: (cos. 3 BAC): 
therefore ex sequo, (AB+-AC+BC) (AB-+-AC— BC) : (BC + (AB 
—AC)) (BC —(AB —AO€)) :: (cos. } BACY : (sin. } BAC). But 
the cosine of any arch is to tho sine, as the radius to the tangent of 
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the same arch ; therefore, (AB-I-AC4-BC) (AB4-AC — BC» ; BC- 
(AB—AC)) (BC - (AB—AC)) :: R?: (tan 4 BACY; and’ u 

V (AB--ACT- BC) (AB--AC - BO) : 

/ (BC+AB—AC) (BU--(AB —AC)) :: KR : tan} BAC, 


— — — — ⸗ 


— — — 





LEMMA II. 


If there be two uncqual snagnitudes, haif their difference added to halj’ 
their sum 18 equal to the greater; and half their difference taken from 
half their sum 1s equal to the less. 


Let AB and BC be two unequal magnitudes, of which AB is the 
greater; suppose AC bisected in D, 
and AE equal to BC: | It is manifest. A E D B C 
that AC is the sum, and EB the differ- 
ence of the magnitudes. And because AC is bisected in D, AD is 
equal to Du: but AE is also equal to BC, therefore DE is equal to DB, 
and DE or. DB is half the difference of the magnitudes. But AB is 
equal to BD and DA, that is; to half the difference added to half tho 
sum; and BC is equal to the excess of DC, half the sum above DB, 
half the difference. Therefore, &c. Q. E. D. 





Con. Hence, if the sum and the difference of two magnitudes be 
given, the magnitudes themselves may be found ; for to half the sum 
add half the difference, and it will give the greater: from half the sum 
subtract half the difference, and it will give the legs. 


SECTION IL. 


OF THE RULES OF TRIGONOMETRICAL 
CALCULATION. 


''ug GrzNERAL PnosrEM which 'Trigonometry proposes to resolve 
js: In any plane triangle, of the three sides and the three angles, any 
three being given, und one of these three being o side, to find any of the 


other three. 


Tho things here said to be given are understood to be expressed 
by their numerical values: the angles, in degrees, minutes, &e. + and 
the sides in feet, or any other oe measure. 

8 
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The reason of tho restriction in this problem to those cases in 
which at least one side is given, is evident from this, that by the an- 
les alone being given, the magnitudes of the sides are not determined. 
Tii merabie triangles, equiangular to one another, may exist, without 
the sides of any one of them being equal to those of any other; though 
the ratios of their sides to one another will be the same in them.all, 
(4. 6.). If. therefore, only the three angles are given, nothing can 
be determined of the triangle but the ratios of the sides, which may 
be found by trigonometry, as being the same with the ratios of the 
gines of the opposite angles. 
For the conveniency of calculaton, it is usual to divide the gene- 
ra! problem into two; according as the triangle has, or has not, one of 
its angles a right angle. 


PROB. I. 


In a right angled triangle, of the three stdez, and three angles, any two 
being given, besides the right angle, and one of those two being a side, 
3t is required to find the other three. 


It is evident, that when one of the acute angles of a right angled tri- 
angle is given, the other is given, being the complement of the former 
to a right angle; it is also evident that the sine of any of the acute an- 
gles is the cosine of the other. 

This problem admits of several cases, and the solutions, or rules for 
calculation, which all depend on the firat Proposition, may be conve- 
niently exhibited in the form of a table; where the first column con- 
tains the things given ; the second, the things required; and the third, 
the rules or propositions by which they are found. 





GIVEN. 80UG HT. SOLUTION. 








AC. |R:sinB:-:: CBRB : AC. | 
hypotenuse and) 4p’ IR:cosB:: CB: ABI 2 


















































angle. 
AC and C, doses o 
side and one of I RID >R:: AC: BC. 3 
the acute angles. : : tan € ?:: AC: AB.| 4 
CB and BA, - 2b a 
the hypotenuse a “te I T * R : sin C.| 5 
and a side. : : cos C :: CB: AG. 6 
AC and AB, C. JAC : AB et R. tan C. * 
the two sides. CB. iCosC:R:: AC: CB | 8 
———— M — mi a 
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B 


A 


Remarks on the Solutions tn the table. 


In the second case, when AC and C are givon to find the-hypote. 
nuse BC, a solution may also bo obtained by help of the secant, for 
CA: CB :: R : sec. C. ; if, therefore, this proportion be made R: 
sec. C :: AC : CB, CB will be found. 

Ia the third caso, when the hypotenuse BC and the side AB are 
given to find AC, this may be done either as directed in the Table, 
or by the 47th of the first; for since AC? — BC? — BA? AC = 
VBC* — BA? This value of AC will be easy to calculate by loga- 
rithms, if the quantity BC— BA? be separated into two multipliers, 
which may be done ; because (Cor, 5. 2.), BC?'-— BA? — (BC-4-BA) 
(BC—BA.). Therefore AC=,/ (BC+BA) (BC —BA). 

When AC and AB are given, BC may be found from the 47th,.as 
in the preceding instance, for D. ;/—,/ BA*-AC*. But BA*-+ AC? 
cannot be separated into two multipliers ; and therefore, when BA 
and AC are large numbers, this rule is inconvenient for computation 
by logarithms. It is best in such cases to seek first for the tangent of 
C, by the analogy in the Table, AC : AB :: R : tan. C; but if © it- 
self ia not required, it is sufficient, having found tan. C by this pro- 
portion, to take from the Trigonometric Tables the cosine that cor- 
responds to tan...C, and then to compute OB from the proportion cos. 
C:R:; AC: CB. 


PROBLEM IL. 


In an oblique angled triangle, of the three sides and three angles, any 
three being given, and. one of these three being a side, it às required 
to find the other three. 


This problem has Tour cases, in each of which the solution depends 
on some of the foregoing propositions. 


CASE I. 


Two angles À and B, and one side AB, of a triangle ABC, being 
given, to find the other sides. 
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SOLUTION. 


Because the angles A and B are given, C is also given, being tho 
supplement of A+B; and, (2.) 

Sin. C : ain. À :: AB : BC ; also, 

Sin. C t sin. B : : AB : AC. 


A 


B C 
CASE Il. 


—. Two sides AB and AC, and.the angle B opposite to ono of them, 
being given, to. find the other angles À and. C, and also the other side 
BC. 


SOLUTION: 


The angle C is found from this proportion, AC : AB:: sin B: sin 
C. Also, A=180°—B—C; and theb, sin. B : sin A :: AC : CB, by 
Case 1. 

In this che, the angle C may hàve two. values ; for its sine being 
found by the proportion above, the angle belonging to that sine may 
either.bé that which is found in the tables, or it may bo the. supple- 
ment of it, (Cor. def, 4.). This ambiguity, however, does not arise 
from any defect im the solution, bot from a circumstance essential to 
the problem, viz. that whenever AC is Jess than AB, there are two 
triangles which have the sides AB, AC, and the angle at B of the 
same magnitude in each, but which are nevertheless unequal, tho 
angle opposite to AB in the one, being the supplement of that which 
1a opposite to it in the other. "Ihe truth cf this appears by describing 
from the centre A with the radius AC, an arch intersecting BC in € 


A. 
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and C'; then, if AC and AC bo drawn, it is evident that tho triangles 
ABC, ABC' have the side AB and the angle at B common, and the 
sides AC and AC' equal, but have not the remaining side of the one 
equal to the remaining side.of the other, that is, BC to BC, nor their 
other angles equal, viz. BC'A to BCA, nor BAC’ to BAC. But in 
these triangles the angles ACB, ACB are the supplements of ono 
another. For the triangle CAC’ is isosceles, and the angle ACC’== 
the AC'C, and therefore, AC'B, which is the supplement of AC'C, is 
also the supplement of ACC' or ACD ; and these two angles, ACB, 
AC'B are the angles found by the computation above. 

From these two angles, tbe two angles BAC, BAC’ will be found : 
the. angle BAC is the supplement of the two angles ACB, ABC, 
(32. 1.), and therefore its sine is the samo with the sine of the sum of 
ABC and ACB. But BAC is the difference of the angles ACB, 
ABC : for it is the difference of the angles ACC and ABC, becanse 
AC'C, that is, ACC ìs equal to the sum of the angles ABC, BAC’, 
(32. 1.).  ''herefore, to find BC, having found C, make sin C : sin 
(C--B) :: AB : BC ; and again, sin € : sin (C—B) :: AB : BC. 

Thus, when AB is greater than ÁC, and C consequently greater than 
B, there are two triangles which satisfy the conditions of the question. 
But when AC is greater than AB, the intersections C and C’ fall on 
opposite sides of B, so that the two triangles have not the same angle 
at B common to them, and the solution ceases to be ambiguous, the 
angle required being necessarily less than B, and therefore an acute 
angle. 


CASE III. 


Two sides AB and AC, and tke angle A; between them, being giver: 
to find the other angles B and C, and also the side BC. 


EOLUTION: 


. First, make AB 1- AC : AB — AC :: tan 1 (C4-B) : tan $1 (C — B.). 
Then, since 4 (C4-B) and 4 (C-— B) are both given; D and C may bo 
found. For B=} (C+B)+4(C—B,) and C—1 (C--B) —1 (C— B). 
(Lem. 2.). 

To find BC. 


Having found B, make sin B : sin À :: AC : BC. 

But BC may also be found without seeking for the angle B and C ; 
for BC=,/AB?- 2 coa AX AB.AC+AC%, Prop. 6. 

This method of finding BC is extremely useful in many geometri- 
cal investigations, but it is not very well adapted. for computation by 
logarithms, because the quantity under the radical sign cannot- be se- 
parated into simple multipliers. - Therefore, when. AB and AC are 
expressed by large numbers, the other solution, by finding the angles, 
and then computing BC, is preferable. | 
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CASE IV. 


i ae sides AB, BC, AC, being given, to find the angles 
9 7) we 


SOLUTION I. 


Take F such that BC : BA--AC :: BA~—AC : F, then F is either 
the sum or the difference of BD, DC, the segments of the base, (5.). 
If F be greater than BC, F is the sum, and BC the difference of BD, 
DO ; but, if F be less than BC, BC is the sum, and F the difference 
of BD and DC. In either case, the aum of BB and DC, and their 
difference being given, BD and DC are found. (Lem. 2.) 

Then, (1.) CA: CD :: R :cos. C; and BA: BD :: R:cos. B; 
wherefore C and B are given, ond consequently A. 


4 A 
Qu FÉ j 
oO D C D 


B D 


BOILUTION 11. 


Let D be the difference of the sides AB, AC. Then (Cor. 7.) 
9 4 AB.AC : V (BC+D) (BC - D) :: R: sin 4 BAC. 


SOLUTION III. 


Let S be the sum of the sides BA and AC. Then (1 Cor. 8.) 
2 AB.AC : ./ (StBC) (S—BC):: R : cos 4 BAC. 


SOLUTION 1V. 


S and D retaining the significations above, (2 Cor. 8.; 
V/ (S3-BC) (S- BC) : /(BC4-D) (BC - D) :: R : tan } BAC. 


It may be observed of these four solutions, that the first has the 
advantage of being easily remembered, but that the others are rather 
more expeditious in calculation. The second solution is preferable to 
the third, when the angle sought is less than a right angle ; on the 
other hand, the third is preferable to the second, when the angle 
sought is greater than a right angle; and in extremo cases, that is, 
when the angle sought is very acute or very obtuse, this distinction 
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às very material to bc considered. The reason is, that the sines of an- 

gles, which are nearly = 90°, or the cosines of angles, which are 
nearly — 0, vary very little for a considerable variation in the corres- 
ponding angles, as may be seen from looking into the tables of sines 
and cosines. ‘The consequence of this is, that when the sine or co- 
sine of such an angle is given, (that is, a sine or cosine nearly equal 
to the radius,) the angle itself cannot be very accurately found. If, 
for instance, the natural sine .9998500 is given, it will be immediately 
perceived from the tables, that the arch corresponding is between 89°, 
and 89$, 1' ; but it cannot be found true to seconds, because the sines 
of 89° and of 892, 1', differ only by 50 (in the two last places,) where- 
as the arches themselves differ by 60 seconds. ‘Two arches, there- 
fore, that differ by 1", or even by more than 1", have the same sine in 
the tables, if they fall in the last degree of the quadrant. 

The fourth solution. which finds the angle from its tangent, is not 
liable to this objection ; nevertheless, when an arch approaches very 
near to 90, the variations of the tangents become excessive, and are 
too irregular to allow. the proportional parts to be found with exact- 
ness, so that when the angle sought is extremely obtuse, and its half 
of consequence very near to 90, the third solution is the best. 

It may always be known, whether the angle sought is greater or 
less than a right angle by the square of the side opposite to it being 
greater or less than the squares of the other two sides. 


a SE GSS a a — 


SECTION IIJ. 


CONSTRUCTION OF TRIGONOMETRICAL TABLES. 


In all the calculations .performed-by the preceding rules, tables of 
sines and tangents are necessarily employed, the construction of which 
remains to be explained. 

The tables usually contain the sines, &c. to every minute of the 
quadrant from 1’ to 90°, and the first thing required to be done, is to 
compute the sine of 1’, or of the least arch in the tables. 


1. If ADB be a circle, of which the centre is C, DB any arch of 
that circle, and the arch DBE double of DB; and if the chords DE, 
DB be drawn, and also the perpendiculars to them from C, viz. CF, 
CG, it has been demonstrated, (8. 1. Sup.) that CG is a mean propor- 
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tional between AH, half the radius, and AF, the line made up of the ra- 
dius and the perpendicular CF. Now CF is the cosine of the arch BD, 
and CG the cosine of the half of BD ; whence the cosine of the half of 
any arch BD, of a circle of which the radius = 1, is a mean propor- 
tional between 4 and 14-cos BD. Or, for the greater generality, 
supposing A = any arch, cos 4 À is & mean proportional between 2 
and 1-+cos A, and therefore (cos } A)?==} (1-+cos A) or cos } A= 


4/ + (1+cos A). 


2. From this theorem, (which is the same that is demonstrated 
(9. 1. Sup.), only that it is here expressed trigonometrically), it is 
evident, that if the cosine of any arch be given, the cosine of half 
that arch may be found. Let BD, therefore, be equal to 60°, so that 
the. chord BD = radius, then the cosine or perpendicular CF was 
shown (9. 1. Sup.) to be =4, and therefore cos. } BD, or cos 309— 
iG) —/i-—. In the same manner, cos 159— 
af } (1-+cos 30%), and cos 7°, 30'=,/ $ (1-I-cos 159), &c. In this. 
way the cosine of 3°, 45’, of 1°, 52’, 30”, and so on, will be comput- 
ed, till after twelve bisections of tho arch of 60°, the cosine of 52". 
44”, 93'". 45,.is found. But from the cosine of an arch its sine may 
be found, for if from the square of the radius, that is, from 1, the 
square of the cosine be taken away, the remainder is the square of the 
sine, and its square yoot is the sine itself. Thus the aine of 52”. 44'". 
03"". 45,. i8 found. 


3. But it is manifest, that the sines of very small arches are to ope 
another nearly as the arches themselves. For it has been, shown 
that the number of the sides of an equilateral polygon inscribed in a 
circle may be so great, that the perimeter of the polygon and the cit 
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cumierence of tho circle may differ by a line less than any given line, 
or, which is the same, may be nearly to one another in the ratio of 
equality. Therefore their like parts will also be nearly in the ratio 
of equality, so that the side of the polygon will be to the arch which 
it subtends nearly in the ratio of equality; and therefore, half the 
side of the polygon to half the arch subtended by it, that is to say, 
the sine of any very small arch will be to the arch itself, nearly in 
the ratio of equality.. Therefore, if two arches are both very small, 
the first will be to the second as the sine of the first to the sine of 
the second. Hence, from the sine of 52’. 44". 03°". 45,. being found, 
the sine of 1' becomes known ; for; as 52". 44". 03°". 45,, to 1, 80 
ia the sine of the former arch to the sino of the latter. Thus the sine 
of 1' is found—0.0002908882. 


4. The sine 1' being thus found, the sines of ?', oi 5', or of any 
number of minutes, may be found by tbe following proposition. 


THEOREM. 


Let AB, AC, AD be three such arches, that BC the difference of 
the first and second is equal to CD the difference of the second and 
third: the radius is to the cosine of the common difference BC as the 
sine of AC, the middle arch, to haif the sum of the sines of AB and 
AD, the extreme_arches. 

Draw CE to the centre: leot BF, CG, aad Dit perpendie:t r to 
AE, be tho sines of the arches AB, AC, AD. Join BD. sna fet i 
meet CE in I; draw IK perpendicular to AE, also BL and IM per- 


pendicular to DH. Then, because the T 
arch BD is bisected in C, EC is at right AUT 
angles to BD, and bisects if in 1; also —— | 

BI is the sine, and ET the cosina of BO Tv — 
or CD. And, since B D is bisected in 1, LA \ : 


and IM is parallel to BE, (2. 6.), LD is ? 
also bisected in M. Now BF is equal to 2 
HL, therefore, BT -DH =DH 4-H L= 
l 


DL--2LH -2,M -+ 2LH =2MH or | 
9KI: and therefore IK is half ihe sum | 
of BE and DH. But becauso the tri- AT Gh Hn E 
angles CGE, IKE are equiangular, Ch: 77" | 
EI :: €G : IK, and it hnas been shown that El —cos BC, nrd 1i — 
(DF--DH); therefore E: cos BC :: sin AC :2\sin AB -F sin AD), 
Q. E. D. 
Con. Hence, if the point B coincide with À, | 
R : cos. BC : : sin. BC : b sin. BD, that is, the vadius 13 io the cosine 
of any arch, as the sine of the arch is to half the sine of twico the 
arch; or if any arch=A, } sin. 2A=sin. AXcos. A, of sin, 2A=2 
sin. AXcos, A. | i 
''hercfore also, sin 2/zx2' sia l'X cos 1 5 so that from the sine ane 


soso of one minute tke sine of : is found. 
Tf h 
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Again, 3 , 9, 3, being three such arches that the difference between 
the first and second is tho same as between the second and third, 
R: eos 1' *: sin 2: 2 (sin i'+sin 3), or sin 1'--sin 3—2 cos 1'4- 
gin 2’, and taking sin 1’ from both, sin 3=2 cos l' Xsin. 2' -- sin 1. 

In like manner, sin 4'—2' cos 1' X sin 3'—sin 2, 

sin 5'=2' cos l'Xsin 4 —sin 3, 
sin 6'—2' cos 1' X siu 5'— sin 4', &c. 

'Thus a table containing the sines for every minute of the quadrant 
may be computed ; and as the multiplier, cos 1^ remains always the 
same, the calculation is easy. 

For computing the sines of arches that differ by more than 1’, the 
method is the same. Let A, A+B, A+2B bo three such arches, 
then, by this theorem, R : cos B :: ein (A+B): 3 (sin A+ sin (A+ 
2B)); and therefore making the radius 1, 
sin A-+sin (A-+-2B)=2 cos B xsin (A+B), 

or sin (A+2B)=2 cos B Xsin (A-+B)—sin A. 

By means of these theorems, a table of the sines, and consequently 
also of the cosines, of arches of any number of degrees and minutes, 
sin A 
3 cos A’ 
the table of tangents is computed by dividing the sine of any arch by 
the cosine of the same arch. When the tangenis have been found in 
this manner as far as 45°, the tangents for the other half of the quad- 
rant may be found more easily by another rule. For the tangent of 
an arch above 45° being the co-tangent of an arch as much under 
45°; and the radius being a mean proportional between the tangent 
and co-tangent of any arch, (1 Cor. def. 92, it follows, if the differ- 
ence between any arch and 45" be called D, that tan (45^ — D) : 1 :: 


1: tan (45°+ D), so theat tan (45°-4-D)= 


from O to 90, may be constructed. Then, because tan A= 





tan (45^ — Dy 
Lastly, the secants are calculated from (Cor. 9. def, 9.) where it is 
shown that the radius is a mean proportional between the cosine and 


the secant of any arch, so that if A be any arch, sec A 





cos A' 

Tho versed sines are found by. subtracting the cosines from the ra- 
dius. 

5. The preceding Theorem is one of four, waich, when arithmeti- 
cally expressed, are frequently used in the application of trigonome- 
try to the solution of problems. 

Imo, If in the last Theorem, tho arch AC=A, the arch BC=B, 
and the radius EC=1, then AD—A-L D, and AD zs A— BD ; and by 
what has just been demonstrated, 

1:co8 B :: sia À : 3 sin (A4- B) 4-1 sin (A — D), 
and therefore 
sin AXcos B =} sin (A+B) + 1 (A—B). 

2do, Because BI’, LK, DH are parallel, the straight lines BD and 

EH are cut proportionally, and therefore FH. the difference of the 
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straight lines FE and HE, ia bisected in K; and therefore, as was 
shown in the last Theorem, KE is half the sum of FE and HE, that 18, 
of the cosines of the arches AB and AD. But because of the simi- 
lar triangles EGC, EKI, EC: El :: GE: EX; now, GE is the cosine 
of AC, therefore, | 
K : cos BC :: cos AC : 1 cos AD +4 cos AB, 
or 1 : cos B :: cos A : } cos (A+B) +4 cos (A-B); 
and therefore, 
cos A X cos B=} cos E + 4 cos (å — B); 

Sito, Again, the triangles IDM, CEG are equiangular, for tho wr- 
gles KIM, EID are equal, being each vf them right angles, and there- 
fore, taking away the angle LIM, the angle DIM is equal to the angle 
EIK, that is, to the angle ECG; and the angles DMI, CGE are also 
equal, being both right angles, and therefore the triangles IDM, CGE 
have the sides about their equal angles proportionals, and conse- 
quently, EC : CG :: DI : IM ; now, IM is half the difference of the 
cosines FE and EH, therefore, 

R : sin AC :: sin BÉ: 1 cos AB— 1 cos AD, 

or 1: sin À :: sin B : $ cos (A-B)—1 cos (A- B); 

and also, 
sin A Xsin B=} cos (A--B) —} cos (A+B). 

Ato, Lastly, in the same triangles ECG, DIM, EC : EG :: ID: 
DM ; now, DM is half the difference ofthe sines DH and BE, thore- 
fore, 

R : cos AC :: sin BC : 4 sin AD—4 sin AB, 
orl:cos À:: sin B: 4 sin (A+B) -4 sin (A+B); 
and therefore, 
cos AXsin B=} sin (A4-B)—4 sin (A—B). 

6. If therefore A and B be aby two arches whatsoever, the radiüs 
being supposed 1; 

I. sin AXcos B=! ain (A+B)-+3 sin (À — B). 

IL. cos A Xcos B —2 cos (A - B)--1 cos (A4-B). 
III. sin À Xain Bz i cos (A — B) —1 cos PA B. 
ÍV. cos À Xsin B—£ sin (A 3-B)—1 sin (A — DB). 
From these fonr Theorems are also deduced other four. 


For adding the first-and fourth together, 
sin A Xcos B-+cos A Xsin B=sin ( \-+B). 
Also, by taking tho fourth from the first 
sin A Xcos B —cos Asin B—sin (A — D). 
Aguin, adding the second and third, 
cos AXcos B-+-sin A Xsin B=cos (A—B) ; 
And, lastly, subtracting the third from the second, 
cos À Xcos B —sin A Xsin B=¢0s (A+B). 
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7. Again, siuce by the first of the above theorems, 
sin Axcos B=!sin(A+B)--sin(A— B),if A+ B=8, and A — B=D, 
S--D — 
then (Lem. 2.) Ac =, arid B= 
S—D 
2 


: whercforesin 








9 o X COS 





= l sin S4-4 sin D. But as S and D may bo any arches what- 


over, to preserve the former notation, they may be called A and B, 
which also express any. arches whatever: thus, 
À — B ! : 
cin — X cos =y ==1 sin A-+} sin D, or 
TB A—B 
= * cos - z gin Á-f- sin B. 


E 7 


2 sin 





in the same manner, from Theor. 2 is derived, 
zak 
9 cos ES xeos? =ces B-|-cos A. From the 3d, 


2 sint x sin =eos B-~cos A; and from the 4th, 


"E xsin =sin A—sin B. 


In all these Theorems, the arch 5 is supposed less than A. 

8. Theorems of the same kind with respect to the tangents of 
arches may be deduced from the preceding. Because tho tangent of 
any arch is equal to the sine of the arch divided by tts cosine, 

A+B) = 22 (ATS), Butit has just been shown, that 
tan ( j) = coa (AFB) ut it has just been shown, tha 
sin (A+B) = sin AXcus B-+-cos_A Xsin B, and that 
cos (A-+-B) = cos AXcos B—asin A Xsin B; therefore tan (A+B) 
sin AXcos B-+cos A Xsin B 


re er EB and dividing both the numerator and 


denominator of this fraction by cos A X cos B, tan (A + B) = 


tan A +tan B tan A tan D 
-—— —— —. In like manner, tan (A- B)=—-—.——_- 
i tan AXtan B 


9. If the theorem demonstrated in Prop. 3. be expressed in the 
same manner with those above, it gives 
sin A--sin & tan 2 (A+B) 
sin A~sin B tan? (A—B) 
Also by Cor. 1, to the 3d, 
cos A--cos B cot 1 (A+B) 


cas À —cosB tan 4 (A-B) 


2 cos 
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And by Cor. 2, to the same proposition, 








sin A + sin B_ tan } (A-1-B) ark R here su iu 
cos ÀA--cos D "cR 770 0r since s here supposed = 
, sin A+sin B e 
23 cos A-I-cos B — tan 2 (A4- B). 


10. In all the preceding theorems, Wi, the radius 1s supposed = 1, 
because in this way the vropositions are most concisely expressed, 
and are also most readily applied to trigonometrical circulation. But 
if it be required to enunciate -any of them geometrically, the multi- 
plier R, which has disappeared, by being made = 1, must be restored, 
and it will always be evidont from inspection in what terms this multi- 
plier is wanting. Thus, Theor. 1, 2 sin A Xcos B = sin (4-4- B)4- 
sin (A—B), is a true proposition, taken arithmetically ; but taken 
geometrically, is absurd, unless we supply the radius as a multiplier 
of the terms on tha right hand of the sino of equality. It then be- 
comes 2 sin À x cos D—H (sin (A-i- B) H- sin (A — B)) ; or twice the 
rectangle under the sine of A, and the cosine of B equal to the rect- 
angle under the radius, and the suin of the sines of A+B and' A -- B. 

In general, the number of linear multipliers, that is, of lines whose 
numerical values are multiplied together, must be the same in every 
term, otherwise we will compare unlike magnitudes with one another. 

The propositions in this section arc uscful in many of the higher 
branches of the Mathematics, and are tho foundation of what ig eall- 
ed the Arithmetic of sines. 


ELEMENTS 
OF 


SPHERICAL 


TRIGONOMETRY. 


PROP. I. 


if a sphere be cut by a plane through the centre, the section is a circle, 
having the same centre with the sphere, and equal to the circle by the 
revolution of which the sphere wus described. 


For all the straight lines drawn from the centre to the superficies 
of the sphere are equal to the radius of the generating semicircle, 
(Def. 7. 3. Sup.). Therefore the common section of the splieri- 
cal superficies, and of a plane passing through its centre, is a line, 
lying in one plane, and having all its points equally distant from tho 
centre of the sphere ; therefore it is the circumference of a circle, 
(Def. 11. 1.), having for its centre the centre of the sphere, and for 
its radius the radius of the sphere, that is, of the semicircle by which 
the sphere has been described. It is equal, therefore, to tho circle, 
of which that semicircle was a part. Q. E. D. 


DEFINITIONS. 


I. 


Any circle, which is a section of a sphere by a plane through its 
centre, is called a great circle of the sphere. 


Con. All great circles of a sphere are equal; and any two of them 
bisect ene another. 

They are all equal, having all the samo radii, as has just been shown ; 
and any two of them bisect one another, for as they have the same 
centre, their common section is a diameter of both, and therefore bi- 
sects both. 
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Il. 


Tho pole of a great circle of a sphere is a point in the superficies of 
the sphere, from which all straight lines drawn to tho circumference 
of the circle are equal. 


III. 


A spherical angle is an angle on the superficies of a sphere, confain- 
ed by the arches of two great circles which intersect one another ; 
and is the same with the inclination of the planes of these great ctr» 
cles. 

IV. 


À spherical triangle is a figure, upon the superficies of a sphere, com- 
prehended by three arches of three great circles, each of which is 
less than a semicircle. 


PROP. IT. 


The arch of a great circle, between the pole ond the circumference of 
another great circle, 1s à quadrant. 


Let ABC be a great circle, and D its pole; if DC, an arch of a 
great circle, pass through D, and meet ABC in C, the arch DC is a 
quadrant. 

Let the circle, of which CD is an arch, meet ABC again in A, end 
Jet AC be the common section of the 
planes of these great circles, which 
will pass through E, the centre of the 
sphere: Join DA, DC.  Bocausc 
AD--DO,(Def. 2.), 4nd equalstroicht 
lines, in the same circle, cut off equal 
arches, (28. 3.) the arch AD = the 
arch DC; but ADC is a scmicircle, 
therefore the arches AD, DC are 
each of them quadrants. Q. E. D. 


Cor. 1. If DE be drawn, the angle AED jis a right angle; and DE; 
being therefore at right angles to every line it meets with in the plane 
of the circle ABC, is at right angles to that plane, (4. 2. Sup.). There. 
fore the straight line drawn from the pole of any great circle to the 
centre of tho sphere is at right angles to the plane of that circle ; and, 
conversely, a straight line drawn from the centre of the sphere perpen- 
dicular to the plane of any greater circle, roeets the superficies of the 
sphere in the pole of that circle. 

Con. 2. The circle ABC has two poles, one on each sido of ifs 
plane, which are the extremities of a diameter of the sphere perpen- 
dicular to the plano ABC ; and no other points hut these two can he 
soles of the circle ABE. 
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PROP, Hi. 


If the pole of a great circle be the same with the intersection of other Lac 
great circles: the arch of the first- mentioned circle intercepted between 
the other two, is the measure of the spherical angle which the same two 
circles make with one-another. 


Let the great circles BA, CA. on the superficies of a sphere, of 
which the centre is D, intersect one another in A, and let BC be an 
arch of another great circle, of which the pole is A; BC is the mea- 
sure of the spherical angle DAC. 

Join AD, DB, DC; since A is the pole of 
BC, AB, AC are quadrants, (2.), and the an- 
gles ADB, ADC are right angles: therefore 
(4. def. 2 Sup.), the angle C D5 ts the inclina- 


tion of the planes of the circles AB, AC, and 
is (def. 3.) equal to. the spherical angle BAC ; 
but the arch BC measures the anglo BDC, > 


therefore it also measures the spherical angle B 
BAC.* Q. E. D. 

Con. If two arches of great circles, AB and AC, which intersect 
one another in A, be each of them quadrants, A will be the pole of 
the great circle which passes through E and C the extremities of 
thoso arches. For since the arches AB and. AC are quadrants, the 
angles ADB, ADC are right angles, and AD is therefore perpendicu- 
lar to the plane BDC, that is, to the plane of the great circle which 
passes through B and C. ‘The point A is therefore (Cor, 1. 2.) the 
pole of the great circle which passes through B and C. 


PROP. Vi. 


Jf the planes of two great circles of a sphere be at right angles to one 
another, the circumference of each of the circles passes through the 
poles of the other ; and if the circumference of one great. circle pass 
through the poles of enother, the planes of these cercles are at right 


an gles. 


Let ACBD, AEBF bo two greal circles, the planes of which aro 
right angles to one another. the poles of tho eircle AEBF are in tho 
circumference ACBD, and the poles of the circle ACBD in the cir- 
cumference AE. BF. 

From G the centre of the sphere, draw GC in the plane ACBD 
perpendicular to AB. Then because GC in the plano ACBD, at 
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# When in any reference no mention is made of a Book, or of the Plane Trigonometry. 
‘he Spherical Trigonometry is meant. 
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wight angles to the plane A EBF, C 


is at right angles to the common 

section of the two planes, it is 

(Def. 2. 2, Sup.) also at right an- 

gles to the plane A EBF, and there- 

fore (Cor. 1. 2.) € is the pole of ' 

the circle AEBF ; and if CG be A. B 
produced to D, D is the other pole 

of the circle AEBF. E 

In thesame manner, by drawing 
G E in the plane AEBF, perpen- 
dicular to AB, and producing it to 
£F, it has shown that E and F are D 
the polea-of the circle ACBD. Therefore, the poles of each of these 
circles are in the circumference of the other. 

Again, If C be one of the poles of the circle AEBF, the great 
circle ACBD which passes through C, .is at right angles to the circle 
AEBNF. For, CG being drawn from the pole to the centre of the 
circle AEBF, is at right angles (Cor. 1. 2.) to the plane of that cir- 
cle; and therefore, every plane passing through CG (17. 2. Sup.) is 
at right angles to the plane AE BF; now, the plane ACBD passes 
through CG. ‘Therefore, &c. Q. E. D. 

Con; 1. If of two great circles, the first passes through the poles 
of the second, the second also passes through the poles of the first. 
For, if the first passes through the poles of the second, the plane of 
the first must be at right angles to the plane of the second, by the 
second part of this proposition ; and therefore, by the first part of it, 
the circumference of each passes through the poles of the other. 

Con. 2. All greater circies that have a common diameter have their 
poles in the circumference of a circle, the plane of which is perpen- 
dicular to that diameter. 


PROP. V. 


In isosceles spherical triangles the angles at the base ave equal. 


Let ABC be a spherical triangle, having the side AB equal to the 
side AC ; the spherical angles ABC and ACB are equal. 

Lot C be the centro of the sphere; A. 
join DB, DC, DA, and from A onthe K 
straight lines DB, DC, draw tho perpen- 
diculars AE, AF ; and from the points 
E and F draw iin the plane DBC the 
straight lines EG, FG perpendicular to 
DB and DC, meeting one another in G: 
Join AG. 

Because DE is at right angles to each 
of the straight lines AE, EG, it is at + 
right angles to the plane AEG, ee * 
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passes through AE, EG (4. 2. Sup.); and therefore, every plate 
that passes through DE is at right angles to the plane AEG (17. 2. 
Sup.) ; wherefore, the plane DBC is at right angles to the plano 
AEG. For tho same reason, the plane DBC is at right angles to the 

ane AFG, and therefore AG, the common section of the planes 
AFG, AEG is at right anglos (18. 2. Sup.) to the plane DBC, and the 
angles AGE, AGF are consequently right angles. . 

But since the arch AB is equal to the arch AC, the angle ADB is 
equal to the angle ADC. Therefore the triangles ADE, ADF, havo 
the angles EDA, FDA, equal, as also the angles AE D, AFD, whichare 
right angles; and they have the side AD common, therefore the ‘other 
sides are equal, viz. AE to AF, (26. 1.), and DE to DF. Again, be- 
cause the angles AGE, AGF are right angles, the squares on AG and 
GE are equal to the square of AE ; and the squares of AG and GF to 
the square of AF. But the squares of AE and AF are equal, thero- 
fore the squares of AG and GE are equal to the squares of AG and 
GF, and taking away the common square of AG, the remaining squares 
of GE and GF are equal, and GE is therefore equal to GF. Where- 
fore, in the triangles AFG, AEG, the side GF is equal to the side GE; 
and AF has been proved to be equal to AE, and the base AG is com- 
mon; therefore, the angle AFG is equal to the angle AEG (8: 1.): 
But the angle AFG is the angle which the plane ADC makes with the 
plane DBC (4. def. 2. Sup.) because FA and FG, which are drawn in 
these planes, are at right angles to DF, the common section of. thé 
planes. The angle AFG (3. def.) is therefore equal to the spherical 
angle ACB ; and, for the same reason, the angle AEG is equal to the 
spherical angle ABC. But tho angles AFG, AEG are equal. . There- 
fore the spherical angles ACB, ABC are also equal. Q. E. D. 


PROP. VI. 


If the angles at the base of a spherical triangle be equal, the triangle is 
?s0sceles. 


Lct ABC be a spherical triangle having the angles ABC, ACB equal 
to one another; the sides AC and AB are also equal. 

Let D be the centre of the sphere; join DB, DC, DA, and from A 
on the straight lines DB, DC, draw the perpendiculars AE, AF * and 
from the points È and F, draw in the 
plane DBC the straight lines | G, FG A, 
perpendicular to DB and DC, meeting 
one another in G; join AG. 

Then, it may be proved, as was done 
in the last proposition, that AG isat 
right angles to the plane BCD. and that 
therefore the angles AGF, AGE are 
right angles, and also that the angles 
AFG, AEG are equal to the anples D 
which the planes DAC, DAB make -D E b 





SPHERICAL TRIGONOMETRY. 251 


with the plane DBC. But because the spherical angles ACB, ABC 
are equal. the angles which the planes DAC, DAB make with the 
plane DBC are equal, (3. def.) and therefore the angles AFG, AEG 
are also equal. The triangles AGE, AGF have therefore two angles 
of the one equal to two angles of the other, and they have also the 
side AG common. wherefore they are equal, and the side AF is equal 
to the side AE. | A | 

Again, because the triangles ADF, ADE are right angled at F and 
E, the squares of DF and FA are equal to the square of DA, that 
is, to the squares of DE and DA; now, the square of AF is equal to 
the square ot. AE, therefore the square of DF is equal to the square of 
DE, and the side DF to the side DE. Therefore, in the triangles 
DAF, DAE. because DF is equal to DE and DA common, and also 
AF equal to AE, the angle ADF is equal to the angle ADE ; there- 
fore algo the arches AC and AB, which are the measures of the angles 
ADF and ADE, are equal to one another; and the triangle ABC is 
isosceles. Q. E. D. 


PROP. VII. 


Jay two sides of a spherical triangle are greater than the third. 


Let ABC be a spherical triangle, any two sides AB, BC are great 
er than the third side AC. 

- Let D be the centre of the sphere; C 
join DA, DB, DC. 

The solid angle at D is contained 
by three plane angles ADB, ADC, 
BDC; any two of which, ADB, 
BDC are greater (20. 2. Sup.) 
than the third ADC; and therefore 
any two of the arches AB, AC, BC, 
which measure these angles, as 
AB and BC, must also be greater 
than the third AC. Q. E. D. 


PROP. VIII. 


The three sides of a spherical triangle ave less than the circumference 
of a great circle. 


Let ABC be a spherical triangle às before, the three sides AB, BE, 
AC are less than the circumference of a great circle. 

Let D be the centre of the sphere: The solid angle at D is con- 
tained by three plane angles BDA, BDC, ADC, which together are 
less than four right angles (21. 2. Sup.) therefore the sides AB, BC, 
AC, which are the measures of these angles, are together less than 
four quadrants described with the radius AD, that is, than the circurt* 


ference of a great circle. Q. E. D. 
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PROP. iX. 


Ín a spkerical triangle the greater angle ts opposite to the greater side ý 
and conversely. 


Let ABC be a spherical triangle, the greater angle A is opposed to 
the greater side BC. 
Let the angle BAD be made A 
equal to the angle B, and then 
BD, DA will be equal, (6.), and 
therefore AD, DC are equal to 
BC; but AD, DC. are greater 
than AC (7.), therefore BC is 
greater than AC, that is,the great- 
er angle A is opposite to the D 
greater side BC. ‘Theconverse C 
is demonstrated as Prop. 19. 1. 
Elem. Q. E, D. 


PROP. X. 


Jccording as the sum of two of the sides of a spherical triangle, ts great. 
er than a semicircle, equal to it, or less, each of the interior angles 
at the base is greater than the exterior and opposite angle at the base, 
equal to 1t, or less ; and also the sum of the two interzor angles at the 


base greater than two right angles, equal to two right angles, or less 
than two right angles: 


Let ABC be a spherical triangle, of which the sides are AB and 
BC; produce any of the two sides as AB, and the base AC, till they 
meet again in D ; then, the arch ABD is a semicircle, and the spheri- 
cal angles at A and D are equal, because each of them is the inchina- 
tion of the circle ABD to the circle ACD. 

1. If AB, BC be equal to B 
a semicircle, that is, ta AD, 

BC will be equal to BD, and 

therefore (5.) the anyle D, 

or the angle A will be equal A: D 
to the angle BCD, that is, the 

interior angle at the hase 

equal to the exterior and op- C 

posite. 


2. If AB, BC together be greater than a semicircle, that is, greviter 
than ABD, BC will be greater than BD ; and therefore (9.), the an- 
gle D, that is, the angle A, is greater than the angle BOD. 

3. In the same manner it is shown, if AB, BC together be less than 
a semicircle, that the angle A is less than the angle BCD: 
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Now, since the angles BCD, BCA are equal to two right angles, if 
the angle A be greater than BCD, A and ACB together will be great- 
er than two right angles. If A be equal to BCD, A and ACB toge- 
ther, will be equal: to two right angles; and if A be less than BCD, 
A and ACB will be less than two right angles. Q. E. D. 


PROP. XI. 


If the angular points of a spherical triangle be made the poles of. three 
great circles, these three circles by their intersections will form a tri- 
angle, which is saad to be supplemental to the former ; and the two 
triangles are such, that the sides of -the one are the supplements of 
the arches which measure the angles of the other. 


Let ABC bo a spherical triangle ; and from the points A, B, and C 
as poles, let the great circles FE, ED, DF be described, intersecting 
one another in F, D and E; the sides of the triangle F ED are the 
supplements of the measures of the angles À, B, C, viz. FE of the 
angle BAC, DE of the ansle ABC, and DF of the angle ACB: And 
again, AC is the supplement of the angle DFE, AB of the angle 

ED, and BC of the angle EDF. 

Let AB produced meet DE, EF in 
G, M; let AC meet FD, FE in K, L; 
and let BC meet FD, DE in N, H. 

Since A is the pole of FE, and the 
circle AC passes through A, EF will 
sass through the pole of AC (1. Cor. 4.) 
and since AC passes through C, the 
pole of FD, FD will pass through the 
pole of AC; therefore the pole of AC 
js in the point F, in which the arches 
DF, EF intersect each other. In the 
same manner, D is the pole of BC. and 
£ the pole of AB. 

And since EF, E are the poles of AL, AM, the arches FL and EM 
(2.) are quadrants, and FI, EM together, that ìs, FE and ML toge- 
ther, are equal to a semicircle. But since A is the polo of ML, ML 
is the measure of the angle BAC (3.), consequently FE is the sup- 
plement of the measure of the anglo BAC. In the samo manner, 
Ei DF are the supplements of the measures of the angles, ABC, 

Since likewise CN, BH are quadrants, CN and BH together, that 
is, NH and BC together, are equal to a semicircle; and since D isg 
the pole of NH, NH is the measure of the angle FDE, therefore the 
measure of the angle FDE is the supplement of the side BC. Inthe 
same manner, it is shown that the measures of the angles DEF, EFD 
E e supplements of the sides AB, AC in the triangle ABC. 
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PROP. XII. 


The three angles of a spherical triangle are greater than two, and less 
than six, right angles. 


The measures of the angles A, B, C, in the triangle ABC, together 
with the three sides of the supplomental triangle DEF, are (11.) 
equal to three semicircles ; but the three sides of the triangle FDE, 
are (8.) less than two semicircles; therefore the measures of the 
angles A, 8, C are greater than a semicircle ; and hence tho angles 
A, B, © are greater tban two right angles. 

Avd because the interior angles of any triangle, together with the 
exterior, are equal to six right angles, the interior alone ara less thar 
six right angles. Q. E. D. 


PROP. XIII. 


If to the circumference of a great circle, from a point, in the surfacé 
of the sphere, which is not the pole of that circle, arches of great 
circles be drawn; the greatest of these arches is thut which passes 
through the pole of the first-menttoned circle, and the supplement of 
$t 23 the least ; ant of the other arches, that which is nearer to the 
greatest is greater than that which is more remoute, 


Let ADB be the circumference of a great circle, of which the 
pole is H, and let C be any other point; through C and H let thé 
semicircle ACB be drawn meeting the circle ADB in A and B; and 
let the arches CD, CE, CF also be described. From € draw CG 
perpendicular to AB, and then, because the circle AHCB which 
passes through H, the pole of the circle ADB, is at tight angles fo 
ADB, CG is perpendicular to the plane ADB. Join GD, GE, GI, 
CA, CD, CE, CF, CB. 

Because AB is the diameter of H C 
the circle ADB, and G à point in 
it, which is not the centre, (for X Zl 
the centre is in the point where 
the perpendicular from H meets ( | \ 





AB), therefore AG, the part of 

the diameter in which the centre | R 
is, is the greatest, (7. 3.), and GB A a 5 LZ 
the least of all the straight lines a1 

that can be drawn from G to the D Duos F 
circumference ; and GD, which is 

nearer to AB, is greater than GE, which is more remote. But the 
triangles CGA, CGD are right angled at G, and therefore AC*= 
AG?+-GC?, and DC? = DG? 4- GC*; but AG*+GC’?7 DG*+ GC’; 
because AG-7DG; therefore AC?7DC*, and AC7DC. And be- 
cause the chord AC is greater than the chord DC, the arch AC f$ 
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weater than the arch DC. In the same manner, since GD is greater 
than GE, and GE than GF, it is shown that CD is greater than CE, 
and CE than CF. Whorefore also the arch CD is greater than the 
arch CE, and the arch GE greater than the arch CF, and CF than CB, 
that is, of all the archos of greater circles drawn from C to the circum- 
ference of the circle ADB, AC which passes through the pole H, is 
the greatest, and CB its supplement is the least ; and of the others, 
that which is nearer to AC the greatest, is greater than that which ts 
more remote. Q. E. D. 


PROP. XIV. 


h: @ right angled spherical triangle, the sides contasning the right angle 
are of the same affectzon with the angles opposite to them, that ts, if 
the sides be greater or less than quadrants, the opposite angles wil? 
be greater or less than right angles, and conversely. 


Let ABC be a spherical triangle, right angled at A, any side AB will 
be of the same affection with the opposite angle ACB. 

Produce the arches AC, AB, till they meet again in D, and bisect 
ADinE. Then ACD, ABD are semicircles, and AE an arch of 90°. 
Also, because CAB is by hypothesis a right angle, the plane of the 
circle ABD is perpendicular 1 
io the plene of the circle e 
ACD, 'sothat the pole of 
ACD is in ABD, (cor. |. 
4.), andis therefore the point 
E. Let EC be an arch of 
a great circle passing through 
E and C. 

Then because E is the 
pole of the circle ACD, EC 
is a (2.) quadrant, and the 
plane of the circle EC (4.) 
is at right angles to the plane 
of the circle ACD, that ts, 
the spherical angle ACE is a 
right angle; and therefore, 
when AB is less than AE, 
the angle ACB, being less 
than ACE, is less than a B 
right angle. But. when AB E 
is greater than A E, the angle 
ACB is greater than ACE, or than a right angle. In the same way 
may the converse be demonstrated. ‘Therefore, &c. Q. E. D. 
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PROP. XV. 


Jf the two sides of a right angled spherical triangle about the right an- 
gle be of the same affection, the hypotenuse will be less than a quad- 
rant; and if they be of different affection, the hypotenuse will be 
greater than a quadrant. 


Let ABC be a right angled spherical triangle ; according as the two 
sides AB, AC are of the same or of different affection, the hypote- 
nyse BC will be less, or greater than a quadrant. 

The construction of the last proposition remaining, bisect the se- 
micircle ACD in G, then AG will be an arch of 90°, and G will be 
the pole of the circle ABD. 


1. Let AB, AC be each less than 90°. Then, because C is a point 
on the surface of the sphere, which is not the pole of the circle ABD, 
the arch CGD, which passes through G the pole of ABD is greater 
than CE, (13.), and CE greater than CB. But CE is a quadrant, as 
was before shown, therefore CB is less than a quadrant. Thus also 
it is proved of the right angled triangle CDB, (right angled at D), in 
which each of the sides CD, DB is greater than a quadrant, that the 
hypotenuse BC is less than a quadrant. 


2. Let AC be less, and AB greater than 90°.  'Then because CD 
falls between CGD and CE, it is greater (13.) than CE, that is, than 
a quadrant. Q. E. D. 


Con. 1. Hence conversely, if the hypotenuse of a right angled tri- 
angle be greater or less than a quadrant, the sides will be of different 
or the samo affection. 


Con. 2. Since (14.) the oblique angles of a right angled spherical 
triangle have the same affection with the opposite sides, therefore, ac- 
cording as the hypotenuse is greater or less than a quadrant, the ob. 
lique angles will be of different, or of the same affection. 


Con. 3. Because the sides are of the same affection with the oppo- 
site angles, therefore when an angle and the side adjacent are of the 
same affection, the hypotenuse is less than a quadrant: and conversely. 


PROP. XVI. 


in any spherical triangle, tf the perpendicular upon the base fromthe op- 
posite angle fall within the triangle, the angles at the base ure of the 
same affection ; and if the perpendicular fall without the triangle, the 
angles at the buse arc of different affection. 


Let ABO bo a spherical triangle, and let the arch GD be drawn 
from © pernendicular to the base AB. 
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i. Let CD fall within the triangle; then, since ADC, BDC are 


right angled spherical triangles, the angles A, B must each be of the 
same affection with CD, (14). 


; CU 


D \ 
A B D  :A 


2. Let CD fall without the triangle; then (14.) the angle B is of 
the same affection with CD ; and the angle CAD is of the same affec- 
(ion with CD ; therefore the angle CAD and B are of the same af- 
BI n the angle CAB and B are therefore of different affections. 

Con. Hence, if the angles A and D be of the same affection, the 
perpendicular will fall within the base; for if it did not, A and B would 
be of different affection. And if the angles A and B bo of different 
afiection, the perpendicular will fall without the triangle ; for, if it did 
not, the angles A and B would be of the same affection, contrary to 
the supposition. 


PROP. XVIL 


if to the base of a spherical triangle a perpendicular be drawn from the 
opposite angle, which either falis within the triangle, or is the nearest 
of the two that fall without ; the least of the segments of the base is 
adjacent to the least of the sides of the triangle, or to the greatest, ac- 
cording as the sum of the sides 1s less or greater than a semicircle. 


Let ABEF bo a great circle of a sphere, EI its polo, and GHD any 
circle passing through H, which therefore is perpendicular to the cir- 
cle ABEF. Let A and B betwo points in the circle ABEF, on oppo- 
site sides of the point D, and let 
D be nearer to A than to B, and 
let C be any point in the circle 
GHD between H and D. Through B 
the points A andC, B and C, let fF 
the arches AC and BC be drawn, | 
and let them be produced till they in 
meet the circle AB EF in the points Hu D 
E and F, then the arches ACE, 

BCF are semicircles. Also ACB, | lA 

ACF, CFE, ECB, are four spheri- 

cal triangles contained by arches T 

of the same circles, and having the a a oh 

same perpendiculars CD and CG. : 
K k 
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1. Now because CE is nearer te the arch CHG than CB is, CB is 
greater than CB, and therefore CE and CA are greater than CB anc 
CA, wherefore CB and CA are less than a semicircle ; but because 
AD, is by supposition less than DB, AC is also less than CB, (13.), 
and therefore in this case, viz. when the perpendicular falls within 
the triangle, and when the sum of the sides is less than a semicircle, 
the last segment is adjacent to the least side. 

2. Again, in the triangle FCA the two sides FC and CA are less 
than a semicircle ; for since AC is jess than CB, AC and CF are less 
than BC and CF. Also, AC is less than CF, because it is more re- 
mote from CHG than CF is ; therefore in this case also, viz. when 
the perpendicular falls without the triangle, and when the sum of the 
sides is less than a semicircle, the least segment of the base AD is 
adjacent to the least side. 

3. But in the triangle FCE the two sides FC and CE are greater 
than a semicircle ; for, since FC is greater than CA, FC and CE are 
greater than AC and CE. And because AC is less than CB, EC ts 
greater. than CF, and EC is therefore nearer to the perpendicular 
CHG than CF is, wherefore EG is the least segment of the base, and 
is adjacent to the greater side. 

4. In the triangle ECB the two sides EC, CB are greater than a 
semicircle ; for, since by supposition CB is greater than CA, EC and 
CB are greater than EC and CA. Also, EC is greater than CB, 
wherefore in this case, also, the least segment of the base EG is ad- 
jacent to the greatest side of the triangle. "Therefore, when the 
sum of the sides is greater than a semicircle, the least segment of 
the base is adjacent to the greatest side, whether the perpendicular 
fall within or without the triangle: and it has been shown, that when 
the sum of the sides is less than a semicircle, the lcast segment of the 
base is adjacent to the least of the sides, whether the perpendicular 
fall within or without the triangle. Wherefore, &e. Q. E. D. 


PROP. XVIII. 


In right angled spherical triangles, the sine of etther of the sides about 
the right angle, 1s to the radius of the sphere, as the tangent of the 
remaning side zs to the tangent of the angle opposite to that side. 


Let ABC be a triangle, having the right angle at A; and let AB be 
either of the sides, the sine of the side AB will be to the radius, as 
the tangent of the other side AC to the tangent of the angle ABC, 
opposite to AC... Let D be the centre of the sphere ; join AD, BD, 
CD, and let AF be drawn perpendicular to BD, which therefore will 
be the sine of the arch AB, and from the point F, let there be drawn 
in the plane BDC the straight line FE at right angles to BD, meet- 
img DC in E, and let AE be joined. Since therefore the straight 
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line DE is at right angles to both FA E 
and FE, it will also be at right angles 
to the plane AEF (4. 9. Sup.); where- ‘ 
fore the plane ABD, which passes C 
through DF, is perpendicular to the 
plane AEF (17. 2. Sup.), and the 
plane AEF perpendicular to ABD: 
But the plane ACD or AED, is also 
perpendicular to the same ABD, be- A 
cause the spherical angle BAC is a 
right angle: Therefore A È, the com- 
mon section ofthe planes A ED, A EF, T 
is at right angles to the plane ABD, B 
(18. 2. Sup.), and EAF, EAD are 
right angles. "Therefore AE is the tangent of the arch AC; and in 
the rectilineal triangle AEF, having a right angle at A, AF is to the 
radius as Aff to the tangent of the angle AFF, (1. Pl. Tr.); but AF 
is the sine of the arch AB, and AE the tangent of the arch AC ; and 
the angle AE E is the inclination of the planes CBD, ABD, (4. def. 2. 
Sup. ), or is equal to the spherical angle ABC: Therefore the sine of 
the arch AB is to the radius as the tangent of the arch AC to the tan- 
gent of the opposite angle ABC. Q. E. D. 

Con. Since by this proposition, sin AB : R :: tan AC : tan ABC ; 
and because R : cot ABC :: tan ABC: R (1. Cor. def. 9, Pl. 'Tr.) by 
equality, sin AB : cot ABC :: tan AC: R. 


PROP. XIX. 


in right angled spherical triangles the sine of the hypotenuse is to the ra- 
dius as the sine of either side is to the stne of the angle opposite to 
that sede. 


Let the triangle ABC be right angled at A, and let AC be either of 
the sides ; the sine of the hypotenuse BC will be to the radius as the 
sine of the arch AC is to the sine of the angle ABC. 
= Let D be the centre of the sphere, and let CE be drawn perpendi- 
cular to DB, which will thercfore be the sine of the hypotenuse BC, 
and from the point E let there be 
drawn in the plane AB Dthe straight 
line EF perpendicular to DB, and 
let CF be joined: then CF will be 
at right angles to the plane ABD, 
because as was shown of EA in the 
preceding proposition, it isthe com- 
mon section of two planes DCF, 
ECF, each perpendicular to the 
plane A DB. — Y cic 
are right angles, an 8 the sine 
of the arch ‘AC; and in the triaugle CFE having the right angle CFE: 
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CE is to the radius, as CF to the sine of the angle CEF (1. PI. 'Tr. ;. 
But, since CE, FE are at right angles to DEB, which is the common 
section of the planes CBD, ABD, the angle CEF is equal to the incli- 
nation of these planes, (4. def. 2. Sup.), that is, to the spherical angle 
ABC. Therefore the sine of the hypotenuse CB, is to the radius, as 
the sine of the side À J to the sinc of the opposite anyle ABC. Q.E.D. 


PROP. XX. 


In right angled srhercial triangles, the cosine of the hypotenuse ds to the 
radius as the cotangent of either of the angles is to the tangent of the 
remaining angle. 


Let ABC be a spherical triangle, having a right angle at A, the co- 
sine of the hypotenuse BC is to the radius as the cotangent of the an- 
gle ABC to the tangent of the angle ACB. 

Describe the circle DE, of which B is the pole, and let it meet AC 
in F, and the circle BC in E ; and since the circle BD passes through 


T 


Fe 


D 


a A 
ihe pole B, of the circle DF, DF must pass through the pole of BD, 
(4.). And since AC is perpendicular to BD, the plane of the circle 
AC is perpendicular to the plane of the circle BAD, and therefora 
AC must also (4.) pass through the pole of BAD; wherefore, the 
pole of the circle BAD ia in the point F, where the circles AC, DE, 
intersect. The arches FA, FD are therefore quadrants, and likewise 
the arches BD, BE. ‘Therefore, in the triangle CEF, right angled 
at the point E, CE is the complement of BC, the hypotenuse of: the 
trianglé ABC; EF is the complement of the arch KD, the measure 
of the angle ABC, and FC, the hypotenuse of the triangle CEF, is the 
complement of AC, and the arch AD, which is the measure of the 

angle CFE, is the complement of AB. 
But (18.) in the triangle CEF, sin CE : R : : tan EF : tan ECF, 
OED. the triangle ACB, cos BC : R:: cot ABC : tan ACB. 
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Cox. Because cos BC: R:: cot ABC: tan ACB, and (Cor. 1. def. 
9. Pl. Tr.) cot ACB : R:: R: tan ACB, ex wquo, cot ACB : cos BC 
:: R: cot ABC. 


PROP. XXI. 


In right angled spherical triangies, the cosine of an anglers te the radius 
as the tangent of the side adjacent to that angle is to the tangent of the 
hypotenuse. 


The same construction remaining; In the triangle CEF, sin FE : 
R:: tan CE: tan CFE (38.) ; but sin EF =cos ABC ; tan CE=cot 
BC, and tan CFE = cot AB, therefore cos ABC : R:: cot BC : cot 
AB. Now, because (Cor. t. def. 9, Pl. Tr.) cot BC: R :: R: tan 
BC, and cot AB: R:: R : tan AB, by equality inversely, cot BC : 
cot AB ;: tan AB: tan BC; therefore (11. 5.) cos ABC: R:: tan 
AB : tan BC. "Therefore, &c. Q. E. D. 


M 


BPB- 





Cor. 1. From the demonstration it is manifest, that the tangents of 
any two arches AB, BC are reciprocally proportional to their cotan- 
gents. 

Con. 2. Because cos ABC :R :: tan AD : tan BC, and R : cos 
BC : : ian BC : R, by equality, cos ABC : cot BC :: tan AB: R. 
That is, the cosine of any of the oblique angles is to the cotangent 


of the hypotenuse, as the tangent of the side adjacent to the angle is to 
the radius. 


PROP. XXII. 


In right angled spherical triangles, the cosine of either of the sides is 
to the radius, as the cosine of the hypotenuse is to the cosine of the 
other sede. 


‘She same construction remaining: In the triangle CEF, sin CF : 
R : : sin CE : sin CFE, (19.); but sin CF — cos CÀ, sin CE-cos 
BC, and sin CFE=cos AB; therefore cos CA: R:: cos BC: cos 
AB. Q. E D. 
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PROP. XXIII. 


In right angled spherical triangles, the cosine of either of the sides is to 
the radius, as the cusine of the angle opposite to that side is to the sine 
of the other angle. 


The same construction remaining: In the triangle CEF, sin CF : 
R:: sin EF: sin ECF, (19.); but sin CF = cos CA, sin EF=cos 
ABC, and sin ECF =sin BCA: therefore, cos CA: R:: cos ABC : 
sin BCA. Q. E. D. 


PROP. XXIV. 


In spherical triangles, whether right angled or oblique angled, the sines 
of the sides are proportional to the sines of the angles opposite to them. 


First, Let ABC be a right angled triangle, having a right angle at 
À 5 therefore, (19. ) the sine of the hypotenuso BC is to the radius, 
(or thesine of the right angle at A), C 
as the sine of the side AC to tho 
sine of the angle B. And, in like 
manner, the sine of BC is to the | 
sine of the angle A, as the sine of B 
AB to the sine of the angle C; 
wherefore (11. 5.) the sine of the 
side AC is to the sine of the angle 
B, as the sine of AB to the sine of A 
the angle C. 

Secondly, Let ABC be an oblique angled triangle, the sine of any 
of the sides BC will be to the sine of any of the other two AC, as the 
side of the angle A opposite to BC, is to the sine of the angle B op- 
posite to AC. Through the potat C, let there be drawa an arch of a 
great circle CD perpendicular to AB; and in the right angled trian- 


C C 
Z5 NC we 
A. b pO 


cle BCD, sin BC : R:: sin CD: sin B, (19.); and in the triangle 
ADC, sin AC: R:; sin CD: sin A; wherefore, by equality inverse- 
ly, sin BC: sin AC :: sin A : sin B. In the same manner, it may 
be proved that sin BC : sin AB : ; sin A : sin C, &e. Therefore, &c. 


Q. E. D 
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PROP. XXY. 


in oblique angled spherical triangles, a perpendicular arch being drawn 

from any of the angles upon the opposite side, the costnes of the angles 

at the base are proportional to the sines of the segments of the vertical 
angle. 


Let ABC be a triangle, and the arch CD perpendicular to the base 
BA; the cosine of the angle B will be to the cosine of the angle A, 
as the sine of the angle BCD to the sine of the angle ACD. 

For having drawn CD perpendicular to AB, in the right angled 
triangle BCD, (23.) cos CD: R:: cos B: sin DCB; and in the right 
angled triangle ACD, cos CD: R:: cos A: sin ACD; therefore 
(11. 5.) cos B : sin DCB :: cos A : sin ACD, and alternately, cos B 
:cosA::sinBCD:sn ACD. Q. E. D. 


PROP. XXVI. 


The same things remaining, the cosines of the sides BC, CA, are propor- 
tronal to the cosines of BD, DA, the segments of the base. 


For in the triangle BCD, (22.), cos BC : cos BD :: cos DC: R, 
and in the triangle ACD, cos AC : cos AD :: cos DC :._R; therefore 
(11. 5.) cos BC: cos BD :: cos AC: cos AD, and alternately, cos 
BC : cos AC :: cos BD : cos AD. Q. E. D. 


PROP. XXVII. 


The same construction remaining, the sines of BD, DA the segments y 
the base are reciprocally proportional to the tangents of B and J, 
the angles at the base. 


In the triangle BCD, (18.), sin BD: R:: tan DC: tan B; and in 


the triangle ACD, sin AD: R :: tan DC: tan A ; therefore, by equal: 
ity inversely, sin BD : sin AD :: tan A : tan B. Q. E. D. 


C C 
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PROP. XXVIII. 


The same construction remaining, the cosines of the segments of the ver- 
tical angle are reciprocally proportional to the tangents of the sides. 


Because (21.), cos BCD : R :: tan CD : tan BC, and also cos 
ACD : R :: tan CD : tan AC, by equality inversely, cos BCD : cos 
ACD ::tan AC: tan BC. Q. E. D. 


PROP. XXIX. 


If from an angle of a spherical triangle there be drawn a perpendicu- 
lar to the oppostte side, or base, the rectangle contained by the tan- 
gents of half the sum, and of half the difference of the segments of 
the base is equal to the rectangle contained by the tangents of half the 
sum, and of half the difference of the two sides of the triangle. 


Let ABC be a spherical triangle, and let the arch CD be drawn 
from the angle C at right angles to the base AD, tan 1 (m-1-2) xtan £ 
(m—)—1 tan (a4-5) X4 tan (a—5). 

Let BC=a, AC=5; DD=m, AD=n. Because (26.) cos a: cos 
b :: cos m : cos n, (E. 5.) cos a-]-b: cos a —cos b :: cos m--cos n : 
cosm=cosn. But(1. Cor. 3. PI. Trig.), cos a+ cos b : cos a —cos b 
** cot } (a+b) : tan ] (a—b), and also, cos m+cos n : cos m—cos 2 
** cot } (m+n) : tan} (m—n). Therefore, (11. 5.) cot } (a+b): 
tan J (a— 5) 3: cot $ (m+n): tani (m—n). And because rectan- 
gles of the same altitude are as their bases, tan 1 (a--5) x; cot ! 
(a4 -5) : tan 1 (a 43-5) X tan 2 (a —5) 2: tan 2 (m-++n)X cot f (m+n) 
: tan 1 (nXn)--tan 1(m—n). Now the first and third terms of this 
proportion are equal, being each equal to the square of the radius, 
(1. Cor. Pl. Trig ), therefore the remaining two are equal, (9. 5.) or 
tan 2 (m-++n) X tan £ (m—n)= tan 1 (a4-5) X tan * (a—5); that is, 
tan $ (BD4-AD) X tan * (BD —AD) — tan 1 (BC--AC) X tan X 
(BC—AC). Q. E. D. 


Con. 1. Because the sides of equal rectangles are reciprocally pro- 
portional, tan  (BD-+AD): tan (BC+ AC) :: tan + (BC—AC) : 
tan 1 (BD ~- AD). 


Con. 2. Since, when the perpeudicular CD falls within the trian- 
gle, BD--AD = AB, the base; and when CD falls without theo trian- 
gle BD — A D= AB, therefore in the first case, the proportion in the 
last corollary becomes tan } (AB) : tan 1 (BC -t- AC) :: tan + 
(BC— AC) : tan} (BD —AD); and in tho second case, it becomes by 
inversion and alternation, tan } (AB) : tan 4 (BC -+ AC) :: tan £ 
{BC—AC): tan £ (BD-+-AD). - i 
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SCHOLIUM. 


Tux preceding proposition, which is very useful in spherical trigo- 
nometry, may be easily remembered from its analogy to the propósi- 
tion in plane trigonometry, that the rectangle under half the sum, 
abd half tho difference of the sides of a plane triangle, is equal to the 
rectangle under half the sum, and half the difference of the segments 
of the base. See (K. 6.), also 4th Case Pl. ‘Tr. We are indebted 
to Napizr for this and the two following theorems, which are so well 
adapted to calculation by Logarithms, that they must be considered az 
three of the most yaluable propositions in Trigonometry. 


PROP. XXX. 


if a perpendicular be drawn from an angle of u spherical triungle to the 
opposite side or base, the sine of the sum of the angles at the base is to 
the aine of their difference as the tangent of half the base to the tangent 
of half the difference of its segments, when the perpendicular falls with- 
in ; but as the co-tangent of half the base fo the co-tangent of half the 
aum of the segments, tehen the perpendicular falls without the trzan- 
gle: And the sine of tke sum of the two sides is to the sine of their 
difference as the erie dae half the angle contained by the sides, 
to the tangent of half the difference of the angles which the perpendi- 
cular makes with the same sides, when it falls within, or to the tan- 
gent of half the sum of these angles, when zt falls without the triangle. 


It ABC be a spherical triangle, and AD a perpendicular to the basc 
BC, sin (C-+B): sin (C—B):: tan} BC: tan } (BD—DC), when 
AD falls within the triangle ; but sin (C--B) : sin (C— B) : : cot 7 
BC :.cot 4 (BD4-DO), when AC falls without. And again, 


i exo 


AN. 





B C at C 
B 

sin (AB-+-AC) : sin (AB—AC) :: cot } BAC: tan } (BAD - CAD), 
when AD falls within : but when AD falls without the triangle, 
sin (AB--AC): sin(AB— AC) :: cot 1 BAC: tan } (BAD+CAD). 

or in the triangle BAC (27.), tan B : tan C : : sin CD : sin BD, 
and therefore (E, 5.), tan C-I-tan B : tan C —tan B :: sin BD-T-sin 
CD : sin BD -asin CD. Now, (by the annexed Lemma) tan C-+tan 
B : tan C—tan B:: sin (C+B): sin (C—B), and sin BD-+-sin CD : 
sin BD —sin CD :: tan} (BD-+CD) : tan 1 (BD — CD), (7. Pl. Trig.), 
therefore, because ratios which are equal to the same ratio are equa 
to one another (11. 0.) sin (C--B) : sin(U - B) : : tan 3 (BD-FCD): 
tan 4 (BD --CD). 


ÅA. 
— 
— N 
Zid x 
| 
| C 
D M" C 


B 


Now when AD is within the triangle, BD-+--CD=BC, and therefore 
sin (C-4- B) : sin (C — B) : : tan į BC : tan3 (BD—CD). And again 
when AD is without the triangle, BD — CD—BC, and therefore. sin 
(C- B) : ein (C —- B) :: tin y (BD--CD): tan 1. BC, or because the 
tangents of any two-arches are reciprocally as their co-tangents, in 
(C-4- B) : sin (C — B) :: cot 4 BC : cot 4 (BD--CD). | 
The second part of the proposition is next to be demonstrated: Be- 
cause (28.) tan AB : tan AC :: cos CAD : cos BAD, tan AB--tan 
AC:tànAB tan AC ::cosCAD+cos BAD : cos CAD—cos BAD. 
But (Lemma) tan AB--tan AC: tan AB—tan AC:: sin (AB+AC): 
sin (AD— AC), and (1. cor. 3. Pl. Trig.) cos CAD-1-cos BAD : cos 
CAD -cos BAD ::cot i (BAD+CAD): tani (BAD—CAD). There- 
fore (11. 5.) sia (AB 3- AC) : sin (AB. .- AC) :: cot 4 (BAD4-CAD): 
tanL(BAD- CAD). Now, when AD is within the triangle, BAD-- 
CAD-—BAC, and therefore sin (AB-I- AC) : sin (AB—AC) : : cot 4 
BAC : tàn 1 (BAD -— CAD). | 
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But if AD be without the triangle, BAD—CAD=BAC, and there- 
fore sin (AB+ AC) : sin (AB— AC) :: 
cot 3 (BAD 4-CAD) : tan 4 BAC ; or because 
cot. (BAD-t-CAD) : tan 4 BAC ::cot 1 BAC : 
tan } BADLCADY sin (AB 4- AC) : sin (AB— AC):: cot} BAC: 
tan à (BAD-I-CAD). herefore, &c. Q. E. D, 


LEMMA. 


The sum of tha tangents of any two arches, is to the difference of theiv 
tangents, as the sine of the sum of the arches, to the sine of their dif- 


ference. 


Let A and B be two are®s, tan A -+ tan B: tan A -tan B :: sin 
(A-FB).: (A— B). 2 «4 
sin sin 


and theref- dividing all by cos A cos B, — A T cos B 


aa (A +B) "ww oru 
— that is, because — tan A, tan A--tan B 
= (A + 5B) In the same manner it is proved that tan A — tan B 


— cos A Xcos B 


sin (A — B 
ae. Therefore tan A -+ tan B : tan A—tan B :: sin 
(A+B): sin(A—B). Q.E.D. 


PROP. XXXI. 


The sine of half the sum of any two angles of a spherical triangle ts to 
the sine of half their difference, as the tangent of half the side adjacent 
to these ungles is to the tangent of half the difference of the sides op- 
posite to them ; and the cosine of half the sum of the same angles ts to 
the cosine of half their difference, as the tangent of half the side ad- 
jacent to them, to the tangent of half the sum of the sides opposite. 


Let C-+-B=2S, C -B=2D, the base BC=2B, and the difference 
of the segments of the base, or BD —CD=2X. Then, because (30.) 
siti (C--B) : sin (C - B):: tan $ BC : tan y (BD— CD), sin 25 : sia 
9D ::1an B :tan X. Now, sin 2S=sin (S-+S)=2 sin S X cos 8, 
(Sect. HI. cor. Pl. Tr.). In the same manner, sin 2Dzz2 sin D X 
eos D. "Thorefore sin S X cos 8: sin D X cos D :: tan B : tan X. 
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A AN. 
Ps 
C B D C 

Again, in the spherical tiangle ABC it has been proved, that sin 
C-+asin B: sin C—sin B:: sin AB+sin AC : sin AB—sin AC, and 
since sin C+sin 5=2 sin 5 (C+-B)-+cos } (C—B), (Sect. ili. 7. 
Pl. Tr.)=2 sin SXcos D; and sin C ~sin B=2 cos 3 (C-+-B) x sin 
4 (C—B) — 2 cos SXsin D. Therefore 2 sin Sx cos D: 2cos 8X 
sin D :: sin AB 4- sin AC: sin AB~sin AC. But (3. Pl. Tr.) sin 
AB-Fsin AC : sin AB —sin AC::tan $ (AB AC) : ian 3(AB-- AC) :; 
fan =: tan A, X being equal to 4, (AB--AC) a.a A to 1 (AB — AC). 
Therefore sin SXcos D: cos S Xsin D:: tan Zi: ua A. Since then 
tan X_sin D Xcos D tan A cos S Xsin D bea ioi 
tan B sin S X cos S?" (an X sin SxcosD' ^ TU 

tan X. tan A. (sin D*Xcos SXcos D. (sin Dp 
tan B^ tan X (sin Syxcos S8Xcos D (sin S)? 
at von (fat (BD—DC)_ tani (AB+-AC) ,, ,. tan tan 
Sut COn y (ABAC) tang BO ' "una ianB' 

a or tan X tanZXtanA uci tan X tan ^ (en A23 
" 97 tanB - tan B tang (tan B)?’ 
But fan A (tan A)? _ (sin Dy? and tan Á 
tan B tan E (sin 8)?’ (tan B)? (sin Sy" tan B 

sin D 


=> —., or sin : sin D:: tan B : tan A, that is, sin (C-++B) : sin 


(C —B) :: tan } BC: tan 1 (AB—AC); which is the first part of tho 
proposition. 


quals by equals, 





tanX tana (sin DY? 





whence 





tanA cos S x sin D or inVercel tan 2 sinSXcosD | 
tan = sin SXcos D’ y tan A cos Sx sin D i 





Again, since 











3.  tanX sin DXcos-D Lao. (n 
and since ani ain Gikeos 8i therefore by multiplication, P x 
tan E (cos Dy | 
jan A (cos SY" 

on tan X an =Xtan A 
But it was already shown that = SE 
y tan B (ian BY! wherefore alse 


ian X, tan = (tan zy 
tan B` tana (tanp — 
| tan X. tan £ (cos Dy 
Now, ——~ X —— =i 
bon B^ tàn A (cos Sy" as has just been shown. 


' s DY _ (tan 2)? D 
Therefore (£08 DY _, (tan BY cos D fan — — —. 
(cos S^ (tanBy and consequently UE rs REL: 
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S : cos D :: tan B : tan X, that is, cos (C-F-D) : cos (C— B) : : tan à 
BC; tan 1 (C +B); which is the second part of the proposition. 
Therefore, &c Q. E. D. | | 

Con. 1. By applying this proposition to the triangle supplemental. 
tó AB (It. 4.), and by considering, tliat the sine of half the sum or 
half the difference of the supplements of two arches, ia the same with 
the sine of half the sum or half the difference of the arches them- 
Selves: atid ‘that the same is true of the cosines, and of the tangents 
of half the sum or half the difference of the supplements of two 
arches : but that the tangent of half the supplement of an arch is the 
same with the cotangent of half the arch itself; it will follow, that the 
sine of half the sum of any two sides of a spherical triangle, is to the 
sine of half their difference as the cotangent of half the angle contain- 
ed between them, to the tangent of half the difference of the angles 
Opposite to them: and also that the cosine of half the sum of these sides, 
is to the cosine of half their difference, as the cotangent of half the 
angle contained between them, to the tangent of half the sum of the 
angles opposite to them. 


Con. 2. If therefore A, B, C be the three angles of a spherical tri- 
tingle, a, 5b, c the sides opposite to them, 


I. sin 1 (A--B) : sin 1 (A —B) ::tan 1c : tan 1 (a —- b). 
Il. cos j (&4A-B) : cos 3 (A— B) :: tant c : tan 2 (a4-b). 
IH. sin 1 (ad-5) : sin 4 (a—5) :: tan 4 € : tan 1 (A— B). 


IV. cos} (a+b) : cos 4 (a—5) :: tan X C : tan } (A+B). 
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PROBLEM i. 


In a right angled spherical triangle, of the three sides and three ungles, 
any two being given, besides the right angle, to find the other, three. 


‘This problem has sixteen cases, the solutions of which are con- 
tained in the following table, where ABC is any spherical triangle 
tight angled at A. 


Í 
GIVEN. SOUGIIT. ] 






























































SOLUTION. 
| AC.. |R: sin BC :: sin B : sin AC, (19). l 
BC and B. | AB. |R:cos B ::tan BC: tan AB, (21).| 2 
C. IR : cos BC :: tan B: cotC, (20). 3 
AB. |R: sin AC::tanC: tan AB, (18). 4 
AC and C. BC. |cos C: R :: tan AC :tan BC, (21).] 5 
B. |R:cos AC :: sin C :cos D, (23) 6 
AB. itan B: tan AC :: R: sin AB, (1S). 7 
AC and B. BC. jain B: sin AC :: R : sin BC, (19)| 8 
C cos AC : cos B:: R: sin C, (23)] 9 














cos AC: cos BC:: R: cos AB, (22).| 10- 
sin BC: sin AC :: R: sin B, (19).| 11 
tan BC : tan AC :: R: cos C, (21).; 12 


























R:cos AB::cos AC: cos BC, (22).| 18 
in AB: R:: tan AC: tan B, (18). 14 
sim AC : K :: tan AB : tan C, (18).] 14 




















AB. jsin B: cos C0 ::R:cos AB, (23). 15 
B and C. AC. {sin C:cosB::R:cos AC, (23).) 15 
_| BC. |tanB: cot C:: R: cos BC, (20). 16 


B 


/\ 


ge | 
ue. | x P 
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‘TABLE for determining the affections of the Sides and Angles found 
by the preceding rules. | 


=a 


AC and B of the same affection, (14). 1 
-If BC 290°, AB and B of the same affection, otherwise dif- 
ferent, | (Cor. 15). | 2 
If BC Z 90°, C and B of tho same affection, otherwise dif- 
ferent, (15.) 3 
AB and C are of the same affection, (14. 4 
If AC and C are of the samo affection, BC Z 90^ ; otherwise 
BCZ 90°, (Cor. 16.) ) 5! 
B and AC are of the same affection, (14.) | 6 
Ambiguous. "7 
Ambiguous. 8 
Ambiguous. 9 
When BC 790°, AB and AC of the same; otherwise of 
different affection, (15.) | 10 
AC and B of the same affection, (14.) | HI 
When BC / 90°, AC and C of the same; otherwise of dif- 
ferent affection, (Cor. 15.) | 12 

















BC Z90°, when AB and AC are of the same affection, 
(1. Cor. 15.) | 13 




















B and AC of the same affection, (14.) | 14 
U and AB of the samo affection, (14.) | 14 
AB and C of the same affection, (14.) | 15 
AC and B of the same affection, (14.) | 15 
When B and C are of tho same affection, BC Z 90°, other- 
wise, BC 7 90", (15.) | 16 


The cases marked ambiguous are those in which the thing sought 
has two values, and may either be equal to a certain angle, or to the 
supplement of that angle. Of these there are three, in all of which 
the things wiven are a side, and the angle opposite to it; and accord. 
ingly, it is easy to show, that two right angled spherical triangles may 
always be found, that have a side and the angle opposite to it the same 
in both, but of which the remaining sides, and the remaining angle of 
the one, are the supplements of tho remaining sides and the remaining 
angle of the other, each of each. 

Through tho affection of the arch or angle found may in all the other 
casos be determined by the rules in tho second of ihe preceding tables. 
it is of use to remark, that all these rules execpt two, may he reduc- 
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ed to one, viz. that when the thing found by the rules in the first table 2s 
either a tangent or a cosine ; and when, of the tangents or cosines-em+ 
ployed in the computation of it, one only belongs to an obtuse angle, the 
angle required 1s also obtuse. 

'T bus, in the 15th case, when cos AB is found, if C be an obtuse an- 

le, because of cos C, AB must bo obtuse; and in case 16, if either 
b or C be obtuse, BC is greater than 90°, but if B and C are either 
both acute, or both obtuse, BC is less than 90°. 

It is evident, that this rule does not apply when that which is found 
i8 the sine of an. arch ; and.this, besides the three ambiguous cases, 
happens: also in other two, viz. the Ist and 11th. Tho ambiguity ts 
obviated, in these two cases, by this rule, that the sides of a spherical 
right angled triangle are of the same affection with the opposite angles. 

Two rules are therefore sufficient to remove the ambiguity in all 
the cases of the right angled trianglo, in which it can possibly be re- 
moved. 
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ft may be useful to express the same solutions as in the annexed 
table. et A be at the right angle as in the figure, and let the side 
opposite to it be a; let b be the side opposite to B, and c tho side op- 
posite to C. 








































































































GIVEN. 80UGHT. | SOLUTION. 
— ——| ——— | 
b. sin ó = sina X sin B. 
aand B. c, tan c — tan a X cos B. 
C. cot C = cos a X tan B. 
C. tan c = sin b X tan C. 
band C.! a. | ia Anos 
cos C 
B. cos B = cos b X sin C. 
. tan 5 
c sin c — — —. 
tan B 
: in & 
| 5 and B. G. gin 4 — —— 
sin B 
os B 
C sin © == s 
s b 
: COS a 
C; sin c — 
cos b 
: ! in 5 
B. = en 2 
a and 5. sin B — 
tan 5 
C. COS C — — —. 
tuu à 
| a. / cos a = cos b X cos c. 
| tan b 
b and C. B. tan B — E a 14 
tan c 
: C -———. 
C ran ain 6 14 
cos C 
d eR 15 
C. cos c —J 
os B 
—— 15 
Band C.| b co - | 
cot C 
— : 16 
! | a. cos a 7 —b 
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PROBLEM If. 


in any oblique angled spherical triangle, of the three sides and thre: 
angles, any three being given, it is reguired to find the other three. 


In this ‘Table, the references (e. 4.), (c. 5.), &c. are to the cases 
in the preceding Table, (16.), (27.), &c. to the propositions in Sphe- 
rical Trigonometry. 


| GIVEN. sQuanr. SOLUTION. 
~] — — à; | 
j Let fall the perpendicular CD from 
i the unknown angle, not requir- 
| ed, on AB. `. 
One of the} R : cos À :: tan AC: tan AD, 
(c. 2.) s therefore BD is known, 
otherangles| ^ and sin BD : sin AD :: tan A :- 
tan B, (27.); B and A are of 
B. the same or different affection, 
Two sides according as AB is greater’ or 
less than BD, (16.). 
AB, AC, |——--——|——————————————— 
Let fall the perpendicular CD from 
and the in- one of the unknown angles on 
the side AB. 
d|cluded angle| The third | R : cos A :: tan AC : tan AD, 
| (c. 2.) ; therefore BD is known, 





- 











A. side and cos AD : cos BD :. cos 
| AC: cas BC, (26.); according 
BC. as the segments AD and DB 


are of the same or different af- 
fection, AC and EB +ill be 

| of the same or different affec- 
tion. 


< ea eer el oe Oe ee —— u————" 
* 
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TABLE continued. 
Gux ux. _ gover. J BOLUTION. | —— 
From C tho extremity of AC near 
the side sought, let fall the per- | 
em pendicular CD on AB. 
The side |: cos AC ;: tan A: cot ACD, 
| (e.3.); therefore BCD is known; 
BC. and cos BCD: cos ACD ::; tan; 
| : AC i: tan BC, (78.). BCi is Jess: 
Two angles, | . | or greater than 90° , according! 
ub cuc. | as the angles A and BCD are’ 
{A and ACB, _| of the same, or different affec- 
: ! tion. | i 














and EA 


Let fall the perpendieuizi ob! from: 
. , AC, | one of the given angles on the 
LT | opposite side AB. 
Rhe side be- |f: cos AC *: ien À : cot AC D; 
: The third {| (e. 3-); erota the angle BC 
tween them. 5 is given, and sin Aw: sia d 
angle ** cos A : cos B, (25.); B 
nnd A are of tho same or dif- 
4 - B. ferent affection, according as 
| CD (alls within or without the 
triangle, that is, according as 
| ACB is greater or less than 
| ACD, (18) 
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TABLE continued. 


— 











GIVER SOUGHT SOLUTION. 




















The angle |Sin BC : sin AC :: sin A: sin B, 
B (24.) The affection of B is ani- 
biguous, unless it can be deter- 
mine: by this rule, that accord- 
ing as AC + BC is greater or 
less than 180°, A+ B is gum 
or less than 180", (10.) 


opposite to 


meee . 




















From ACB the angle sought draw 
CD perpendicular to AB; then! 
| R.cos AC :: tan A: cot ACD, 
A contained by| (c. *.); and tan B:' : tan AC : 
i cos ACD : cos BCD, (28. ) ACD. 
+ BCD = ACB, and ACB isi 
AC and BC. ambiguous, because of the ambi 
guous sign -+ or —, 


andan angle, 













The angle 
ACB 











Let fall the perpendicular CD from 
the angle C, contained by the 
given sides, upon the side AB. 
Ñ: cos A :: tan AC : tan AD, 

| (c. 2.) § cos AC m BC :: cos 

: cos BD, (26.) 

AB=AD >B gc mw AB 

is ambipuous. 


The third 


Sud 





side 
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, — — — — 
(av — 
I 


Two angles 
A, B, 
aüd à side 
AC 


opposite to 


B. 





The three 





sides, 


AB, AC, 





l 1 1 


and 


BC. 


— 


| one of them, |——————— 





— 


TABLE continued. 


ey, —— 
— — 


SOUGHT, 









SOLUTION. . 























The side [Sin B: sin A ::sin AC. sin BC, 


BC (24.) ; the affection of BC is un- 
opposite certain, except when it can ho de- 
to the termined hy this rule, that accord- 
other ing as A+B is greater or less than 
given an- 18507", AC 4- BC is also greater. or 
gle À. less than 180^, (10.). 


EE Ee eee SESS eee EE — 





From the unkaown angle C, draw 
CD perpendicular to AB; then 
R:cos A :: tan AC: tan AD, 
(c. 2.); tan B: tam Ai: sin AD: 


to th sin B BD is ambiguous ; "— 
M D therefore AB = AD + BD may 
I have four values, some of which 


will be excluded by this condition, 
that AB must be less than 180*. 





From the angle required, C, draw 
CD perpendicular to AB. 
R : cos AC ::tan À : cot ACD, 
(c. 3.), cos À : cos B :: sin ACD; 
sin BCD, (25.). The affection 
of BCD is uncertain, and there-| . 
fore ACB = ACD + BCD, has 
four values, some of which may 
be excluded by the condition, that 
ACB is less than 180°. 











The third 
angle 


ACB. 


From C one of the angles not re- 
quired, draw CD perpendicular to 
AB. Find an arch E such that 
tan 1 AB: tan J (AC-1- BO) : : tan 
3 (AC— BC) : tan 1 E; then, if 
AB be greater than. E, ABD is the 
sum, and It the difference of AD 
and DB ; but if AB be less than 
E, Eis the sum aud AB the diffe-! 
rence of AD, DD, (29.). In eoi- 
ther case, AD and DB ate known, 
and tan AC: tan AD :: R :cos A. 


One of the 


angles 


A. | 


E eee 9010000000000 
— 
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'l'ABLE continued. 


GIVEN. SOUGHT. EOLUTION. 











Suppose the supplementa of the 
three given angles, A, D, C, to 
be, a, b, c, and to be the sides 

The three | One of thej of a spherical triangle. Find, 

by the last case, the angle of} 


21| angles sides this triangle, opposite to the 
side a, and it will be the sup- 
A, B, C. BC. pleinent of the side of the given 


triangle opposite to the angle 
A, that is, of BC, (11.); and 
therefore BC is found. 

In the foregoing table, the rules are’given for ascertaining the af- 
fection of the arch or angle found, whenever it can be done: Most of 
these rules are contained in this ono rule, which is of general appli- 
cation, viz. that when the thing found is either a tangent or a cosine, and 
of the tangents or cosines employed in the computatzon of st, either one 
or three belong to obtuse angles, the angle fond is also abtuse. This 
rule is particularly to be attended to in cases 5, and 7, where il removes 
part of the ambiguity. 

It may ne secassary to remark with respect to the | ith case, that 
the seginents of the base computed there are those cut off by the near- 
est perpendicular ; and also, that when the sum of the sides is loss 
than :80°, the least segment is adjacent to the least side of the trian- 
gle: otherwise to the greatest, (17.). 
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The last table may also be conveniently expressed in ihe following 
manner, denoting the side opposite to the angle A, by a, to B by ù, 
and to C by c; and also the segments of the base, or of opposite an- 
gle, by z and y. 



























































GIVEN., SOLUTION. 
; Find z, so that 3 
Two sides tan «=tan 6Xcos A; then! 
1 | 5 and c, and tl . 8in zx tan A 
the angle sin (c — x) 
between Find x, as above, 
2 them A. then cos a=-—— xs EE 
COS X 
Find z, so that 
Apgies cot z=cos 6bXtan A: then) 
A and C tan 4æ tau bxcos 
cos (c—z) | 
and Im 
|4 Find 2, as above, | 
side b. | cos A Xsin (c--z) | 
then cos B— Es J 
sin 6 Xsin À 
b aum sina ` 
Find z, 80 that 
6 Sides C cot z—cos b Xtan A: thon 
a and 6 cos C= 22t — 
tan à 
— Find x, so that 
7| angle A. tan x—-tan5 X cos À ; and find]. 
| 4, so that 
C * — axXcoa x 
| | 


cos b 
| ' camry. 


NN te ra — 
A a eee §=S Se. ee DE ee ee ee ÇA a co 


SERES III 
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TABLE continued. 


2 0 MS 





— B. uanHR WEED 63 nw COLE ed 


BOLUTION. 














Sin b Xsin À A 
sin B- 


Find «x, so that 


tan «==tan bx cos À ; nnd y, 80 
Tho angles | that 
o à 








| ain zX tan À 
.91 Aand B Sin y= aB 





| and the 


gide b. 














Se 


Cru Ye 
| 





Find z, so that 
cot z=cos b Xian A; and also y, 
so that 





| sin x xXcos B 
i sin |== — —— ee i 











m CX HEY. 


€(——————— nd — ——— 





* fain nbxsine — € 
| or cos } A— .A/sin #2 Xain (38 (48—=4.) 
: /sin b x sin c 











Let A+-B+CacS, 
_vVcos $ 3 Xcos (f S-A) 
| —— 











se À, D, €. a 
| orcosinz- „costis 1$-. -. B) cor cos(S— aC) 
| | /sin n Bxsin € 
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APPENDIX 
o 


SPHERICAL 


TRIGONOMETRY. 


CONTAINING 


NAPIER’S RULES OF THE CIRCULAR PARTS. 


eee eee A — — — — — ee — — — 


Tue rule of the Circular Parts, invented by Napier, is of grea: 
use in Spherical Trigonometry, by reducing all the theorems em. 
ployed in the solution of right angled triangles to two. These twe 
are not new propositions, but are merely enunciations, which, by helt 
of a particular arrangement and classification of the parts of a triangle. 
include al] the six propositions, with their corollaries, which have beer 
demonstrated above from the 18th to the 23d inclusive. "They are 
perhaps the happiest example of artificial memory that is known. 


DEFINITIONS. 
i. 


İf iù a spherical triangle, we sot aside the right angie, and conside: 
only the five remaining parts of the triangle, viz. the three sides 
and the two oblique angles, then the two sides which contain the 
right angle, and the complements of the other three, namely, of the 
two angles and the hypotenuse, are called the Circular Parts, 

Thus, in the triangle ABC right angled at A, the circular parts are 
AC, AB with the complements of B, BC, and C. ‘These parts ara 
called circular; because, when they are named in the natural order 
of their succession, they go round the triangle. 

II. 

When of the five circular parts any one is taken, for the middle pari, 
then of the remaining four, the two which are immediately adjacent 
to it, on the right and left, are called the adjacent parts; and thc 
other two, each of which is separuted from the middle by an adjacent 
part, are called opposite parts. 

n 
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Thus in the right angled triangle ABC, A, being the right angle, AC 
AB, 90°—B, 90°— BC, 90’'—C, are the circular parts, by Def. 1. ; 
and if any one as AC be reckoned the middle part, then AB and 90° 
—C, which are contiguous to it on different sides, are called adjacent 
parts; and 90"— B, 90" —BC are the opposite parts. In like manner 


B 


fin een 
À. 


it AB is taken for the middle part, AC and 909— Js are the adjacent 
parts: 90°— BC, and 90°-—-C are the opposite. Orif 909— BC be the 
middle part, 909—B, 90?—-C are adjacent; AC and AB opposite, &c. 

This arrangement being made, the rule of the circular part is con- 
tained in the following 


PROPOSITION. 


In a right angled spherical triangle, the rectangle under the radius and 
the sine of the middle part, is eç ual to the rectangle under the tangents 


of the adjucent parts ; or to the rectangle under the cosines of the 
opposite parts. 


The truth of the two theorems included in this enunciation may be 
easily proved. by taking each of the five circular parts in succession 
for the middle part, when the gencral proposition will be found to co- 
incide with some one of the analogies in the table alread, given for 
the resolution of the cases of right angled spherical tnangles. ‘Thus, 
in the triangle ABC, if the complement of the hypotenuse BC be tak- 
en as the middle part, 90?—B, and 909— C, are the adjacent parts, 
AB and AC the opposite. Then the general rule gives these two the- 
orems, R Xcos BC=cot B Xcot C; and R Xcos BC=cos AB Xcos 
AC. The former of these coincides with the cor. to the 20th; and 
the latter with the 22d. 

To apply the foregoing general proposition, to resolve any case of 
a right angled spherical triangle, consider which of the three quanti- 
ties named (the two things given and the one required) must be made 
the middle term, in order that the other two may be equidistant from 
it, that is, may be both adjacent, or both opposite ; then one or other 
of the two theorems contained in the above enunciation will give the 
value of the thing required. 

Suppose, for example, that AB and BC are given, to find C ; it is 
avident that if AB be made the middle part, BO and C are the oppo- 
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site parts, and therefore R Xsin AB=sin C Xsin BC, for sin Cz:cos 
(90 —OC), and cos (90°—BC)=sin BC, and consequently 
da Cun sin AB 
sin BC’ 

Again, suppose that BC and C are given to find AC ; it is obvious 
that € is in the middle between the adjacent parts AC and oe 


therefore R Xcos C=tan AC Xcot BC, or tan AC= ^H J 04 


tan BC : because, as has been shown above, E =tan BU. 
cot BC 

In the same way may ail the other cases be resolved. One or two 
trials will always lead to the knowledge of the part which in any given 
case is to be assumed as the middle part; and a little practice will 
make it easy. even without such trials, to judge at once which of them 
is to be so assumed. It may be useful for the learner to range the 
names of the five circular parts of the triangle round the circumfe- 
rence of a circle, at equal distances from one another, by which means 
the middle part will be immediately determined 

Besides the rule of the cireular parts, Napier derived from the last 
of the three theorems ascribed to him abr ‘Ve, (schol. 28. ) the solutions 
of all the cases of oblique angled triangles These solutions are as 
follows: A, B, C, denoting the three triangles of a spherical triangle, 
and a, 5, c, the sides opposite to them. 


I. 


Given two sides b, c, and the angle A between them. 
To find the angles B and C. 
sin 3 (5— c) 
tan} (B—C)=cot } Å X- sin 1 bec) (31.) cor. 1 
cos 1 (bc) 
tan 4 (B--C)-cot 2 — (bec) (31.) cor. 1. 
To find the third side a, 
sin B : sin À :: sin b: sin a. 


II. 


Given the two sides 5, c, and the angle B opposite to one of them. 
To find C, and the angle opposite to the other side. 
sin b : sine z2 Sin B : sin C. 
To find the contained angle A. 


b-1-c) 
eot X A--tan J (B— -OX A B (31.) cor. 1. 
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To find the third side a. 
Sin B : sin À :: ein 5 : sin a. 
III. 
Givéd two angles A and P, and the side c between them. 
To find the other two sides a, 5. 
sin 1 (A B) 
sin 1 (A4-B) 


cos 1 (A — B) 
*an A (5 -|-a) <= tan ts CX oo 31 (ALB) (31.5 





(3i.) 


tan 4 (b—a) = tan 4 cX 


To find the third angle C. 
sin a: sin c :* sin A: sin C. 
IV. 
Given two angles A aad B, and the side a, opposite to one of them. 
To find 6, the side opposite to the other. 
sin A: sin B<: sin a: sin b. 
To find c, the side between the given angles. 


sin 1 (A4- B) 
L cil {a an Eug NS 


To find the third angle C. 
gin dad: sine ss sin A: gin C. 


The other two cases, when the three sides are given to find the aii- 
gles, or when the three angles are given tu find the vides, are resolved 
by the 29th, (the first of Napren’s Propositiona,) in the same way as 
in the table already given for the case of the oblique angled triangle. 


| "There is a solution of the case of the three sides being given, which 
it is often very convenient to use, and which is set down here, though 
the proposition on which it depends has not heen demonstrated. 
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Let a, b, c, be the three given sides, to find the angle 4, contained 
between 5, and c. 


If Rad. = 1, and e +b 4 c= s, 
Eb EO A 
— d pao) 5 OF, 
,/sin b X sin c 
V sin (15s X 8n i (s—a) 


sf sin ó X sine 


sin i À-— 


eos 3 ÅA = 


In like manner, if the three angles, A; B, C are given to find c, the 
side between À and B. 


sin i c = y cot LEX co (iama) s- 
fain B X sin € 
cos (A 8— B) X cos (1 S—C) 

cos ic a V 099 (5 5. B) X cos (3 5—0) 
x Asin B x sin C 

These theorems, on account of the facility with which Logarithms 
are applied to them, are the most convenient of any for resolving the 
two cases to which they refer. When A isa very obtuse angle, the 
second theorem, which gives the value of the cosine of its half, is to 
be used ; otherwise the first theorem, giving the value of the sine of 
its half.is preferable. The same is to be observed with respect to 
the side c, the reason of which was explained, Plane Trig. Schol. 


END OF SPHERICAL TRIGONOMETRY. 
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NOTES 


ON THE 


ELEMENTS. 


NOTES 


FIRST BOOK OF THE ELEMENTS. 


DEFINITIONS. 
L. 


in the definitions a few changes have been made, of which it is nie- 
cessary to give some account. One of these changes respects 
the first definition, that of a point, which Euclid has said to be, * That 
which has no parts, or which has no magnitude. Now, it has been 
objected to this definition, that it contains only a negative, and that it is 
not convertible, as every good definition ought certainly to be. That 
it is not convertible is evident, for though every point is unextended, or 
without magnitude, yet every thing unextended or without magnitude, 
is not a point. To this it is impossible to reply, and therefore it be- 
comes necessary to change the definition altogether, which is accord- 
ingly done here, a point being defined to be, that which has position but 
not magnitude. Mere tho affirmative part includes all that is es- 
sential to a point, and the negative part excludes every thing that is 
not essential to it. Iam indebted for this definition to a friend, by 
whose judicious and learned remarks I have often profited. 








1I. 


After the second definition. Euclid has introduced the following, 
t tho extremities of a line are points.” | 
— Now,this is certainly not a definition, but an inference from the do- 
finitions of a point.and of a line. "That which terminates a line can 
have. no breadth, as the line in which it is has none; and it can have no 
length,.as it would not then be a termination, but a part of that which 
it is supposed to terminate. The termination of a line can therefore 
have no magnitude, and having necessarily position, it isa point. But 
as it is plain, that in all this we are drawing a consequence from two 
definitions already laid down, and not giving a new definition, I have 
taken the liberty of putting it down asa corollary to the second defi- 
nition, and have added, that the antersectzons of one line with another 

“0 
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are points, as this affords a good illustration of the nature of a poiius, 
and is an inference exactly of the same kind with the preceding. The 
same thing nearly has been done with the fourth definition where that 
which Euclid gave as a separate definition, is made a corollary to the 
fourth, because it ia in fact an inference deduced from comparing the 
definitions of a superficies and a line. 

As it is impossible to explain the relation of a superficies, a lino 
and a point to one another, and to the solid in which they all originate, 
better than Dr. Simson has done, I shall here add, with, very littlo 
change, the illustration given by that excellent Geometer. 

‘ Ít is necessary to consider a solid, that is, a magnitude which has 
length, breadth, and thickness, in order to understand aright the defi- 
nitions of a point, line and superficies ; for these all arise from a solid, 
and exiat in it; The boundary, òr boundaries which contain a solid, 
are called superficies, or the boundary which is common to two solids 
which are contiguous, or which divides one solid into two contiguous 
parts, ia called a superficies; Thus, if BCGF be one of the boundaries 
which contain the solid ABCDEFGH, ar which is the common boun- 
dary of this solid, and the solid BK LCF NMG, and is therefore in the 
one as well as the other solid, it is called a superficies, and has no 
thickneas ; For if it have any, this thickness must either be a part of 
the thickness of the solid AG, or the solid BM, or a part of the thick- 
ness of each of them. lt cannot be a part of the thickness of the solid 
BM ; because, if this solid be removed from the solid AG, the superfi- - 
Cies BCG F; the boundary of the solid AG, remains still the same as i£ 
was. Nor can it be a part of the thickness of the solid AG: because 
if this be removed from the aolid-BM, the superficies BCGF, the baun- 
dary of the solid BM, does nevertheless remain ; therefore the super- 
ficies BCGF has no thickness, but only length and breadth. 

‘¢ The boundary of a superficies is called a line; ora line is the com- 
mon boundary of two superficies that are contiguous, or it is that which 
divides one superficies into two contiguous parts: Thus, if BC be one 
of the boundaries which contain the superficies ABC D, or which is the. 
common boundary of this superficies, and af the superficies, KBCL,, 
which is contiguous to it, thia boundary BC is called a line. and has no 
breadth ;- For, if it have any, this must he part either of the breadth 
of the superficies ABCD or of 
the superficies KBCL, or part of H G M. 
each of them. ft is not part of 
the breadth of the superficies 
KBCL; for if this superficies E 
be removed from the superficies B 
ABCD, the line BC which is the 
boundary of the superficies ABC D 
remains the same as it was. Nor j 7 ia 
can the breadth that BC is sup- ^ 
posed to- have, be a part of the 
breadth of. the superficies ABCD : E 
because, if this be removed from A. 
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thé superficies KBCL, the line BC, which is the boundary of the su- 
perficies KBCL, does nevertheless remain: "Therefore the lino BC 
has no breadth. And because the line BC is in a superficies, and that 
a superficies has no thickness, as was shown ; therefore a line has nei. 
ther breadth nor thickness, but only length. 

‘The boundary of a line is called a point, or a point is a common 
boundary or extremity of two lines that are contizuous: Thus, if B 
be the extremity of the line AB, or the common extremity of the two 
lines AB, KB, this extremity is called a point, aud has no length: For 
if it have any, this length must ei- B (+ 
ther be part of the length of the 
line AB, or of the line KB. Itis 
not part of tho length of KB; for 
if the line KB be removed (rom E 
AB, the point B, which is the ex- 
tremity of the line AB, remains 
the same ns it was; Nor is it part 
of the length of the line AB ; for SC 7 ha 
if AB be removed from the line 
IB, the point B, which is the ex- : 
tremity of the line KB, does ne- — — 
vertheless remain: Therefore the * 
point B has no length: And because a point is in a line, and a linc 
has neither breadth nor thickness, therefore a point has no length, 
breadth, nor thickness. And inthis manner the definitions of a point, 
line, and superficies are to be understood.” 


{i 











IIT. 

Euclid has defined a straight line to bea line which (as we transiate 
it) “lies evenly between its extreme points.” ‘This definition is ob- 
viously faulty, the word evenly standing as much in need of an expla. 
nation as the word straight, which it 1s intended to define. In the 
original, however, it must. be confessed, that this inaccuracy is at least 
less striking than in our translation; for the word which we render 
evenly is s£i6s, equally, and is accordingly translated ex equo, and equa- 
liter by. Commandine and Gregory. The definition, therefore, is, that 
a straight line is one which lies equally between its extreme points : 
and if by this we understand a line that lies between its extreme puints 
go as to bo related exactly alike to the space on the one side of it. and 
to the space on the other, we have a definition that is perhaps a little 
too metaphysical, but which cettainly contains in it the essential cha- 
racter of a straight line. That Euclid took the definition in this senso 
however, is not certain, because he has not attempted to deduce from 
it any property whatsoever of a straight line; and indeed, it should 
seem not easy to do so, without omploying some reasonings of a more 
metaphysical kind than he has any where admitted into hrs Elements. 
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'To supply the defects of his definition, he has therefore introduced 
the Axiom, that two straight lines cannot inclose a space; on which 
Axiom it is, and not on his definition of a straight line, that his de- 
monstrations are founded. As this manner of proceeding is cer- 
tainly not so regular and scientific as that of Inying down a definition, 
from which the properties of the thing defined may be logically de- 
duced, I have substituted another definition of a straight line in the 
room of Euclid's. This definition of a straight line was suggested by 
a remark of Boscovich, who, in his Notes on the philosophical Poem 
of Professor Stay, says, ** Rectam lineam recte congruere totam toti 
*t in infinitum productum si bina puncta unius binis alterius congruant, 
* patet ex ipsa admodum clara rectitudinis idea quam habemus." 
(Supplementum in lib. 3. $ 550.) Now, that which Mr. Boscovich 
would consider as an inference from our idea of straightness, seems it- 
self to be the essence of that idea, and to afford the best criterion for 
judging whether any given line be straight or not. On this principle 
we have given the definition above, If there be two lines which cannot 
coincide in two points, without coinciding altogether, each of them is 
called a straight line. 

This definition was otherwise expressed in the two former editions : 
it was said, that lines are straight lines which cannot coincide in part, 
without coinciding altogether. ‘This was liable to an objection, viz. 
that it defined straight dines, but nut a straight dine ; and though this in 
truth is but a mere cavil, it is better to leave no room for it. The de- 
finition in the form now given is also more simple. 

From the same definition, the proposition which Euclid gives as an 
Axiom, that two straight lines cannot inclose a space, follows as a ne- 
cessary consequence. For, if two lines inclose a space, they must 
intersect one another in two points, and yet, in the intermediate part, 
must not coincide ; and therefore by the definition they are not straight 
lines. It follows in the same way, that two straight lines cannot have 
a common segment, or cannot coincide in part, without coinciding al- 
together. 

After laying down the definition of a straight line, as in the first 
Edition, I was favoured by Dr. Reid of Glasgow with tho perusal of 
a MS. containg many excellent observations on the frst Book of Eu- 
clid; such as might be oxpected from a philosopher distinguished for 
the accuracy aa well as the extent of his knowledge. He there-de- 
fined a straight line nearly as has been done here, viz. “A straight 
«€ line is that which cannot meet another straight line in more points 
“than one, otherwise they perfectly coincide, and are one and the 
“ same.” Dr. Reid also contends, that this must have been Euclid’s 
own definition; because, in the first proposition of the eleventh Buok 
that author argues, ‘‘that two straight lines cannot have a common seg- 
* ment, for this reason, that a straight line does not meet a straight 
‘line in more points than one, otherwise they coincide.” Whether 
this amounts to a proof of the definition above having been actually 
Euclid's, I will not take upon me to decide : but it is certainly a proof 
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that the writings of that goometer ought long sinco to have suggested 
thia definition to his commentators; and it reminds me, that 1 might 
have learned from these writings what I have acknowledged above to 
be derived from a remoter source. 

There is another characteristic, and obvious property of straight 
lines, by which I have often thought that they might be very conve- 
niently defined, viz. that the position of the whole of a straight line 
is determined by the position of two of its points, in so much that, when 
two points of a straight line continue fixed, the line itself cannot change 
its position. It might therefore be said, that @ strazght line 2s one in 
which, if the position of two points be determined, the position of the 
whole line ts determined. But this definition, though it amount in fact 
to the same thing with that already given, is rather more abstract, and 
not so easily made the foundation of reasoning. I therefore thought 
it best to lay it aside, and to adopt the definition given in tho text. 


v2 


The definition of a plane is given from Dr. Simson, Euclid's being 
liable to the same objections with his definition of a straight line; for, 
he says, that a plane superficies ia one which “lies evenly between 
‘its extreme lines.” The defects of this definition are completely re- 
moved in. that which Dr. Simson has given. Another definition differ- 
ent from both might have been adopted, viz. That those superficies 
are called plane, which are such, that if three points of the one coin- 
cide with three points of the other, the whole of the one must coin- 
cide with the whole of the other. This definition, as it resembles 
that of a straight line, already given, might, perhaps, have been in- 
troduced with some advantage ; but as the purposes of demonstration 
cannot be better answered than by that in the text, it has been thougbt 
best to make no farther alteration. 


VI. 

In Euclid, the general definition of a plane angle is placed beforo 
that of a rectilineal angle, and is meant to comprehend those angles 
which are formed by the meeting of the other lines than straight 
lines. A plane angle is said to be ** the inclination of two lines to 
s one another which meet together, but are- not in the same direc- 
‘ tion.” This definition is omitted here, because that the angles form- 
ed by the meeting of curve lines, though they may become. the sub- 
ject of geometrical investigation, certainly do not belong to the Ele- 
ments; for the angles that must first be considered are those made 
by the intersection of straight lines with one another. The -angles 
formed by the contact or intersection of a straight line and a circle, 
or of two circles, or two curvea of any kind with one another, could 
produce nothing but perplexity to beginners, and cannot possibly be 
understood till the properties of rectilineal. angles have been fully 
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explained. On this ground, I am of opinion, that in an elementary 
treatise, it may fairly be omitted. Whatever is not useful. should, 
in explaining the elements of a science, be kept out of sight altoge- 
ther; for, if it does not assist the progress of the understanding, it 
will certainly retard it. 








AXIOMS. 


_ Amonce the Axioms there have been made only two alterations. 
The 10th Axiom in Euclid is, that ** two straight lines cannot inclose 
' a space ;? which, having become a corollary to our definition of à 
straight line, ceases of course to be ranked with self-evident propo- 
sitions. It is therefore removed from among the Axioms, and that 
which was before the 11th is accounted the 10th. 

The 12th Axiom of Euclid is, that ** if a straight line meets two 
* straight lines, so as to make the two interior angles on tho samo 
* side of it taken together less than two right angles, these straight 
‘lines being continually produced, shall at length meet upon that 
“ side on which are the angles which are less than two right angles.” 
Instead of this proposition, which, though true, is by no means self- 
evident ; another that appeared more obvious, and better entitled to 
be accounted an Axiom, has been introduced, viz. ** that two straight 
« lines, which intersect one anothcr, cannot be both parallel to tho 
“ same straight line.” On this subject, however, a fuller explanation 
is necessary, for which see the note on the ?9th Prop. 


PROP. IV. and VII. D. I. 


The fourth and eighth propositions of the first book are the foun- 
dation of all that follows with respect to the comparison of triangles. 
‘hey are demonstrated by what is called the method of suprapasition, 
that is, by laying the one triangle upon the other, and proving that 
they must coincide. To this some objections have been made, as if 
it were ungeometrical to suppose ono figure to be removed from its 
place and applied to another figure. “The laying,” says Mr. Thomas 
Simson ìa his Elements, “of one figure upon another, whatever evi- 
« dence it may afiord, is a mechanical consideralion, and depends on 
‘no postulate.” It is not clear what Mr. Simson meant here by 
the word mechanical : but he probably intended only to say, that the 
method of supraposition involves the idea of motion, which belongs 
rather to mechanics than geometry; for I think it is impossible that 
such a Geometer as he was could mean to assert, that the evidenco 
derived from this method is Itke that which arises from the use of 
instruments, and of the same kind with what is furnished by experi- 
ence and observation. The demonstrations of the fourth and eighth, 
as they are given by Euclid, are as certainly a process of pure rea- 
soning, depending solely on the idea of equality, as established in tho 
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8th Axiom, as any thing in geometry. But, if still the removal of tho 
triangle from its place be considered as creating a difficulty, and as 
inelezant, because it involves an idea, that of motion, not essential to 
geometry, this defect may bo entirely remedied, provided that, to 
Iuclid's three postulates, we be allowed to add the following, viz, 
That if there be two equal straight lines, and if any figure whatsoever 
be constituted on the one, a figure every way equal to it may be constitut- 
ed on the other. ‘Thus if AB and DE be two equal straight lines, and 
ABC a triangle on the base AB, a triangle DEF every way equal to 
ABC may be supposed to be constituted on DE as a base. By this it 
is not meant to assert that the method of describing the triangle DEF 
is actually known, but merely that the triangle DEF may be conceiv- 
ed to exist in all respects equal to the triangle ABC. Now, there is 
no truth whatsoever that is better entitled than this to be ranked amo 
the Postulates or Axioms of geometry ; for the straight lines AB and 
DE being every way equal, there can be nothing belonging to the one 
that may not also belong to the other. 

On the strength of this postulate the fourth Proposition is thus de- 
monstrated. 

if ABC, DEF be two triangles, such that the two sides AB and AC 
of the oné are equal to the two ED, DF of the other, and the angle 
BAC, contained by the sides AB, AC of the one, equal to the anglo 
EDF, contained by the sides ED, DF of the other; the triangles ABC 
aiid EDF are every way equal. 

* D 
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__On AB let a triangle be constituted every way equal to the triangle 
DEF ; thon if this triangle coincido with the triangle ABC, it is eyi- 
dent that the proposition is true, for it is equal to DEF by hypothesis, 
and to ABC, because it coincides with it; wherefore ABC, DEF are 
equal to one another. But if it does not coincide with ABC, let it 
have the position ABG ; and first suppose G notto fall on AC; then 
the angle BAG is not equal to the angle BAC. But the angle BAG is 
equal to the angle EDF, therefore EDF and ABC are not equal, and 
they are also equal by hypothesis, which is impossible. Therefore 
the point G must fall upon AC; now, if it fall upon AC but not at C, 
then AG is not equal to AC; but AG is equal to DF, therefore DE 
and AC are not equal, and they are also equal by supposition, which 
iS impossible. Therefore G must coincide with C, and the trianale 
AGB with tho triangle ACB. But AGB is every way equal to DEF. 
therefore, ACB and DEF are also every way equal, Q. È, D. 
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By help of the same postulate, the 5th may also be very easily de- 
mostrated. 

Let ABC be an isosceles triangle, in which AB, AC are the equal 
sides; the angle ABC, AUB opposite to these sides are also equal. 

Draw the straight line EF equal to BC, and suppose that on EF tho 
triangle DEF is constituted every way equal to the triangle ABC, that 
is, having. DE -equal to AB, DF to AC, tho angle EDF to the angle 
BAG, the angle ACB to the angle DFE, &o. 


A. 


7% i 


T because DE is m. to AB, and e is equal to x DE is 
equal to AC; and for the same reason, DF is equal to AB. dad be. 
cause DF is ‘equal to AB, DE to AC, and the angle FDE to the angle 
BAC, the angle ABC is equal to the angle DFE, (4. 1.). But the 
angle ACB is also, by hypothesis, equal to the angle DFE: therefore 
the angles ABC, ACB aro equalto one another. Q. E. D. 


Thus also, the 8th proposition may be demonstrated independently 
of the 7th. 

Let ABC, DEF be two triangles, of which the sides AB, AC are 
equal to the sides DE, DF each to each, and also the base BC to the 
base EF; the angle BAC is to equal the angle EDF, 


A. 
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“On BC, which is equal to EF, and on the side of it opposite to the 
triangle ABC, let a triangle BGC be constituted every way equal to the 
triangle DEF, that is, having GB equal to DE, GC to DF, the anglo 
BGC to the angle EDF, &e.: join AG. 

Because GB and AB are each equal, by hypothesis, to DE, AB and 
GB are equal to one another, and the triangle ABG is isosceles. 
Wherefore also (5. 1.) the angle BAG is-equa! fo the angle BGA. In 
the same way, it is shown that AC is equal to GC, and the angle CAG 
to the angle CGA. ‘Therefore adding equals to equals, the two angles 
BAG, CAG together are equal to the two angles BGA, CGA together, 
that is, the whole angle BAC to the whole BGC. But the angle BGC 
is, by hypothesis, equal to the angle EDF, therefore also the angle 
AC is equal to the angle EDF. Q. E. D. | 

Such demonstrations, it must, however, be acknowledged, trespass 
against a rule which Euclid has uniformly adhered to throughout the 
Elements, except where ho wes forced by necessity to depart from it ; 
This rule is, that nothing is ever supposed to be done, the manner of 
daing which has not been already taught, so that the construction is 
derived either directly from the three postulates laid down in the be- 
ginning,.or from problems already reduced to those postulates. Now, 
this rule is not essential to geometrical demonstration, where, for the 
purpose of discovering the propertics of figures, we are certainly at 
liberty to suppose any figure to be constructed, or any line to be drawn, 
the existence of which does not involve an impossibility. ‘lhe only 
usc, therefore, of Euclid's rule is to guard against the introduction of 
impossible hypotheses, or the taking fur granted that a thing may exist 
which in fact implies a contradiction ; from such. suppositions, false 
conclusions might, no doubt, be deduced, and the rule is therefore 
useful in as much as it angwers the purpose of excluding them. But 
the foregoing postulatum could never lead to suppose the actual exis- 
tence of any thing that is impossible ; for it only assumes the existence 
of a figure equal and similar to one already existing, but in a different 
part of space from it, or having one of its sides in an assigned position. 
As there is no impossibility in the existence of one of these figures, it 
is evident that there can be none in the existence of tho other, 


PROP. YH. 
Dr. Simson has vory properly changed the enunciation of- this pro- 


position, which, as it stands in the original, is considerably embarras. 
sed and obscure. His enunciation, with very little vuriation, 1s retain. 


ed here. 
PROP. XXI. 


Ít is. essential to the truth of this proposition, that the straight lines 
drawn to the point within the triangle bo drawn from the two extremi- 
mities of the base ; for, if they be drawn from other points of the base, 
their sum may exceed the sum of the sides of the triangle in any ratio 
shat is Jess than that of two to m This is demonstrated by Pappus 
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a 


Alexandriaus.in the 3d Book of his Mathematical Collectzons, but the 
demonstration is of a kind that does not belong to this place. If itbe 
required simply to show, that in certain cases the sum of the two lines 
drawn to the point within the triangle may exceed the sum of the sides 
of the triangle, the demonstration is easy, and is given nearly as follows 
by Pappus, and also by Proclus, in the 4th Book of his Commentary 
on Euclid. 

Let ABC be a triangle, having the angle at A a right angle : let D 
be any point in AB ; join CD, then CD will be greater than AC, be- 
caüse in the triangle ACD the angle CAD is greater than the angle 
ADC. From DC cut off DE equaltoAC; 
bisect CE in F, and join BF; BF and 
FD are greater than BC and CA. 

Because CF is equal to FE, CF and 
FB are equal to EF and FB, but CF 
and FB are greater than BC, therefore 
EF and FB are greater than BC. To 
EF and FB add EB, and to BC add AC, A D Be 
which is equal to ED by construction, 
and BF aud FD will be greater than BC and CA. Q. E. D. 

it is evident, that if the angle BAC be obtuse, the same reasoning 
may be applied. | 

This proposition is a sufficient vindication of Euclid for having de- 
monstrated the 21at proposition, which some affect to consider as self- 
evident; for it proves, that the circumstance on which the truth of 
that proposition depends is not obvious, nor that which at first sight 
it is supposed to be, viz. that of the one triangle being included within 
the other. For this reason I cannot agree with M. Clairaut, that Eu- 
clid demonstrated this proposition only to avoid the cavils of the So- 
phists. But I must, at the same time, observe, that what the French 
Geometer has said on the subject has certainly been misunderstood, 
and, in one respect, unjustly censured by Dr. Simson. ` The exact 
translation of his words is as follows: “If Euclid has taken the trou- 
** ble to demonstrate, that a triangle included within another has the 
** aum of its sides less than the sum of the sides of the triangle in 
“which itis included. we are not to be surprised. That geometer 
** had £o do with those obstinate Sophists, who made a point of refus- 
* ing their assent to the most evident truths," &c. (Elemens de Geo- 
metrie par M. Clairaut. Pref.) 

Dr. Simson supposes M. Clairaut to mean, by the proposition 
which he enunciatea here, that when one triangle is included in an- 
other, the sum of the two sides of tho included triangle is necessaril y 


less than the sum of the two sides of th triangle in which it is 


included, whether they be on the same base or not. Now this is not 


only not Kuclid’s proposition, as Dr. Simson remarks, but it is not truc, 
and 13 directly contrary to what has just been demonstrated from Pro- 
clus. But the fact seems to be, that M. Clairaut's meaning is entirely 
different, and that he intends to speak not of two of the sides of a tri- 
angle, but of all the three; so that his proposition i5, ** that when one 
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‘* triangle is included within another, the sum of all the three sides of 
“‘ the included triangle is luss than the sum of all the three sides of the 
*t other," and this is without doubt true, though I think by no means 
self-evident. It must be acknowledged also, that it is not exactly 
Euclid’s proposition, which, however, it comprehends under it, and is 
the general theorem, of which the other is only a particular case. 
Therefore, though M. Clairaut may be blamed for maintaining that to 
be an Axiom which requires demonstration, yet ho is not to be accus- 
od of mistakiag a false proposition for a true one. 


PROP. XXII. 


Thomas Simpson in his Elements has objected to Euclid's demon- 
stration of this proposition, because it contains no proof, that the two 
circles made use of in the construction of the Problem must cut one 
another; and Dr. Simson, on the other hand, always unwilling to ac- 
knowledgo the smallest blemish in the works of Euclid, contends, that 
the demonstration is perfect. The truth, however, certainly is, that 
the demonatration admits of some improvement; for the limitation 
that is made in the enunciation of any Problem ought always ta be 
shown to be necessarily connected with the construction of it, and this 
is what Euclid has neglected to do in the present instance. ‘The de- 
fect may easily be supplied, and Dr. Simson himself has done it in. 
effect in his note on this proposition, though he denies it to be neces- 
gary. 

Bocatiee that of the three straight lines DF, FG, GH, any two are 
greater than the third, by hypothesis, FD is less than FG and GH, that 
is, than FH, and therefore the circle described from the centre F, with 
the distance FÐ must meet the line FE between F and H ; and, for 





tha like reason, the circle described from the centre G at the distance 
GH, must meet DG between D and G, and therefore, the one of these 
circles cannot be wholly within the other." Neither can the one be 
wholly without the other, because DF and GH are greater than FG; 
the two circles must therefore intersect ene another. 


Aut NOTES. 
PROP, XXVII. and XAVÍII. 


EvcriD has been guilty of a slight inaccuracy in the cnunciations ot 
these propositions. by omitting the condition, that tho two straigh: 
lines on which the third line falls, making the alternate angles, Nc. 
equal, must be in the samo plano, without which they cannot he pa- 
tallel, as is evident from the definition of parallel lines. The only edi- 
tor, I believe, who has remarked this omission, is M. py Forx Duc DE 
CawpaLLE, in his translation of the Elements published in 1566. 
How it has escaped the notice of subsequent commentators 1s not ea- 
dily explained, unlesa because they thought it of litle importance to 
correct &n error by which nobody was likely to be misled. 


PROP. XXIX. 


The subject of parallel lines is ono of the most ditlicult in the Elce 
ments of Geometry. It has accordingly been treated of ina great va- 
tiety of different ways, of which, perhaps, there is none that can be 
said to have given entire satisfaction. The difficulty consists in con- 
verting the 27th and 28th of Euclid, or in demonstrating, that parallei 
straight fines, or such as do not mect one another, when they meet a 
third line, make the alternate angles with it equal, or, which comes to 
the same, nre equally inclined to tt, and make the exterior angle equal 
to the interior and opposite. In order 1o demonstrate this proposition, 
Euclid assumed itas an Axiom, that ** ifa straight line meet two straight 
* lines, so as to make the interior angles on the same side of it less 
* than two right angles, these straight lines being continually produc- 
* ed, will at length meet on the side on which the angles are that nro 
‘less thantwo right angles.” ‘This proposition, however, is not self- 
evident, and ought the less to be received without proof, that, as Pro- 
clus has observed, the converso of it is a proposition that confessedly 
requires to be demonstrated. For the converse of it is, that two 
straight lines which meet one anuther make the interior angles, with 
any third line, less than two right angles ; or, in other words, that the 
two interior angles of any trianyle nre less than two right angles, which 
iS the 17th of the First Book of the. Elements : and it should seem. 
that a proposition can never rightly be taken for an Axiom, of which 
the converse requires a demonstration. 

The methods by which Geometers have attempted to remove this 
blemish from the elements are of three kinds. 1. By a new definition 
of parallel lines. | 2. By introducing a new Axiom concerning paral- 
lel lines, more obvious than Euclid’s. 3. By reasoning merely from 
the definition of parallels, and the properties of lines already demon- 
strated, without tho assumption of any new Axiom. 


1. One of the definitions that has been substituted for Euclid's 18, 
that straight Ines are parallel, which preserve always the same dia- 
tance frem ono another, by the word distance being understood, a per: 
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sendicular drawn to ono of tho lines from any point whatever in tho 
other. If these perpendiculars bo every where of the same length, the 
straight lines are called parallel. This is the definition given by 
Wolfius, by Boscovich, and by Thomas Simpson, in the first edition of 
his Elements. It is however a faulty definition, for it conceals an 
Axiom in it, and takes for granted a property of straight lines. that 
ought either to be laid down as self-evident, or demonstrated, if possi- 
ble, as a Theorem. Thus, if from the three points A, B, and € of 
the straigh: lino AC, perpendiculars AD, BE, CF be drawn all equal 
to one another, it is implied in the defini- D E F 
tion, that the points D, E and F are in the 

same straight line, which, though it be 

true, it was not the business of the defini- 

tion to inform us of. Two perpendiculars, 

ns AD and CF, are alone sufficient to de- A B € 
termine the position of the straight line DE, and therefore the defni- 
tion ought to be, ‘ that two straight lines are parallel, when there dre 
** two points in the one, from which the perpendiculars drawn to the 
“ other are equal, and on the same side of it.” 

This ts the definition. of parallels which M. D'Alembert seems to 
prefer to all others ; but he acknowledges, and very justly, that it still 
remains a matter of difficulty to demonstrate, that all the perpondicu- 
lars drawn from the one of these lines to the other are equal. (Ency- 
clopedie, Art. Parallele.) | 

Another definition that has been given of parallels 3s, that they are 
lines which make equal angles with a third line, toward the same parts, 
or such as make the exterior angle equal to the interior and opposite. 
Varignon, Bezout, and several other mathematicians, have adopted 
this definition, which, it must be acknowledged, is a perfectly good 
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one, if it be understood by it, that the two lines called parallel, are 
such as make equal angles with a certain third line, but not with any 
lino that falls upon them. It romains, therefore, to be demonstrated, 
That if AB and CD make equal angles with GH, they will do so also 
with any other line whatsoever. The definition, therefore, must be 
thus understood, That parallel lines are suchas’ make equal angles. 
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with a certain third line, or, more simply, lines which are perpendicu- 
lar to a given line. It must then be proved, 1. ‘That straight lines 
which are equally inclined to a certuin line or perpendicular to a cer- 
tain line, must be equally inclined to all the other lines that fall upon 
them ; and also, 2. That two straight lines which do not meet when 
produced, must make equal-augles with any third line that meets them. 

The demonstration of the first of these propositions is not at all fa- 
cilitated by the new definition, unless it be previously shown, that all 
the angles of a triangle ore equal to two right angles. 

The second proposition would hardly be necessary if the new defi- 
nition were employed; for when ıt is required to draw a lihe that 
shall not meet a given line, this is done by drawinga line that shali 
have the same inclination to a third line that the first or given line has. 
It is known that lines so drawn cannot meet. It would no doubt be 
an acvantage to have a definition that is not founded on a condition 
purely negative. 

2. Aa to the Mathematicians who have rejected Euclid’a Axiom, and 
introduced another in its place, it is not necessary that much should 
be said. Clavius is one of the first in this class: the Axiom he eas- 
sumes is, “ ‘That a line of which the points are all equidistant from a 
“í certain straight line in the same plane with it. is itself a staight line.” 
This proposition he does not, however, assume altogether, as he gives 
a kind of metaphysical proof of it, by which he endeavours to connect 
rt with Kuctid’s definition of a straight tine, with which proof at the 
same time ho seems not very well satisfied. His reasoning, after thts 
proposition is granted (though it ought not to be granted as an Axiom), 
is logical and conclusive, but is prolix and operose, so as to leave x 
strong suspicion that:the road pursued is by no means the shortest 
possible. 

The method pursued by Simson, in his Notes in the First Book of 
Euclid, is not very differont from that of Clavius. He assumes this 
Axiom, ‘* That a straight line cannot first come nearer to another 
4i straight line, and then go farther from it without meeting it." 
(Notes, &c. English Edition.) By coming nearer is understcod, con- 
formably to a previous definition,. the diminution of tbe perpendiculars 
drawn from the one iine to the other. Tiis, Axiom is more readily 
assented to than that of Clavius, from which, liowever, it is not very 
different: but t is not very happily expressed, as the idea not merely of 
motion, but of time, seems to be involved in the notion of first coming 
nearer, and then going farther off. ifven if this inaccuracy Is passed 
over, the reasoning of Simson, like that of Clavius, is prohx, and cvi- 
dently a circuitous method of coming at the truth. 

Thomas Simpson, in the second edition of his Elemonts, has pre- 
sented this Axiom ina simpler form. ‘If two points in a straight 
“line afo posited at unequal distances from another straight | line 
« in the same plane, those two lines being indefinitely produced on the 
‘t gide of the least distance will meet one another." 

By help of this Axiom it is casy to proye, that if two straight lines 
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AB, CD are parallel, the perpendiculars to the one, terminaled by the 
other, are all equal, and are also porpendicular to both the paraliels. 
That they are equal is evident, otherwise the lines would meet by 
the Axiom. That they are perpendicular to both, is demonstrated 
thus ; 

tf AC and BD. which are perpendicular to AB, and equal to one 
another, be not also perpendicular to Ç D 
CD, from € let CE be drawn at right an- 
2glos to BD. Then, because AB and CE 
are both perpendicular to BD, they are 
parallel, and therefore the perpendiculars 
ACand BEare equal. ButACisequaito A! B 
BD, (by hypothesis,) therefore BE and BD are equal, which is impes- 
sible ; BD is therefore ot right angles to CD. 

Hence the proposition, that '* if a straight line fall on two parallel 
«ines, ít makes the alternate angles equal," is easily derived. Let 
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FH and GE be perpendicular to CD, then they will be parallel to one 
another, and also at right anglea to AB, and therefore FG and HE are 
equal to one another, by the last preposition. Wherefore in the tri- 
angles EFG, EFH, the sides HE and EF are equal to the sides GF 
and FE, each to each, and also the third side HF to the third side EG, 
therefore the angle HEF is equal to the angle EFG, and they are al- 
ternate angles. Q. E. D. 

This method of treating the doctrine of parallel lines is extremely 
plain and concise, and is perhaps as good as any that can be followed, 
when a new Axiom is assumed. In the toxt above, J have, however, 
followed a different method, employing as an Axiom, “ That two 
“t straight lines, which cut one another, cannot be both parallel to the 
“same straight line.” This Axiom has been assumed by others, par- 
ticularly by tiem in his very useful little tract, entitled Rudiments 
of Mathematics. 

It is a proposition readily enough admitted as self-evident, and leads 
to the demonstration of Euclid’s 29th Proposition, even with morc 
brevity than Simson’s. _ 

3. All the methods above enumerated leave the mind somewhat dis- 
satisfied, as we naturally expect to discover the properties of parallel 
linos, as we do those of other geometric quantities, by comparing tho 
definition of those lines, with the properties of straight lincs alreadv 
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known. The ‘most ancient writer who appears to have attempted (o 
do this is Ptolemy the astronomer, who wrote a treatiso expressly on 
the subject of Parallel Lines. Proclus has preserved some account 
of this work in the Fourth Book of his commentaries: and it is curi- 
ous to observe in it an argument founded on the principle which is 
known to the moderns by the name of the suffieient reason. 

To prove, that if two parallel straight lines, AB and CD be cut by 
a third line EF, in G and H, the two interior angles AGH, CHG will 


E 





be. equal to two right angles, Ptolemy reasons thus: If the angies 
AGH, CHG be not equal to two right angles, let them, if possible; be 
greater than two right angles: then, because the lines AG and CH 
are not more paraliel than the lines BG and DH, the angles BGH, 
DHG are also greater than two right angles. ‘Therefore, the four 
angles AGH, CHG, BGH, DHG are greater than four right angles ; 
and they are also equal to four right angles, which is absurd. In the 
same manner it is shown, that the angles AGH, CHG cannot be Jess 
than two right angles. "Therefore they arc equal to two right angles. 
‘But this reasoning is certainly inconclusive. For why are we to 
suppose that the interior angles which the parallels make with the 
line cutting them, are either in every case greater than two right an- 
gles, or in evory case less than two right angles? For any thing that 
we are yet supposed to know, they may be sometimes greater than 
two right angles, ad sometimes less, aud therefore we are not enti- 
tled to conclude, because tho angles AGE, CIIG are greater than two 
right anyles, that therefore the angles BGH, DHG are also necessa- 
rily greater than two right angles. It may safcly be asserted, therc- 
fore, that Ptolemy has not suecceded in his attempt to demonstrate the 
properties of parallel lines without the assistance of a new Axio. 
Another attempt to demonstrate the same proposition without thc 
assistance of a new Axiom has been made by a modern geometer, 
Franceschini, Professor of Mathematics in tho University of Bologna, 
in an essay, which ho entitles, La Teoria delle parallele rigorosamente 
dimonstrata, printed in his Opuscoli Mathematici, at Bassano in 178". 
The difficulty is there reduced to a proposition nearly the same 
with this. Phot if BE make an acute angle with BD, and if DE be 
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perpendicular to BD at any 
point, BE and DE, if produc- 
ed will meet. To demonstrate 
this, it is supposed, that BO, 
BC are two parts taken in BE, 
of which BC is greater than 
BO, and that the perpendicu- 
lars ON, CLaredrawn to BD; 
then ahull BL bo greater than 
BN. For, if not, that is, ifthe 
perpendicularC L falls either at 
N,or between Band N, asat l; 
in.the first of these cases the angle CNB is equal to the angle ONB, 
because they are both right angles, which is impossible ; and, in the 
second, the two angles CEFN, CNF of the triangle CNF, exceed two 
right angles. Therefore, adds our author, since, as BC increases, 
BL also increases, and since BC may be increased without limit, so BL 
may become greater than any given line, and therefore may be great- 
er than BD; wherefore, since the perpendiculars to BD from points 
Q'R p. meet BC, tho perpeudicular from D necessarily meets it. 

Now it will be found, on examination, that this reasoning is no more 
conclusive. than the preceding. For, unless it be proved, that what. 
ever multiplo BC is of BO, the same is BL of BN, the indefinite in- 
crease of BC does not necessarily imply the indefinite increase of 
BU, or that BL may be made to exceed BD. On the contrary, BL may 
always increase, and yet may do so in such a manner as never to ex- 
ceed BD: In order that the demonstration should be conclusive, it 
would be necessary to. show, that when BC increases by a part equal 
to BO, BL increases always by a part equalto BN ; but to do this will 
be found to require the knowledge of those very properties of paral- 
lel lines that we are seeking to demonstrate. 

Lecenpre, in his Elements of Geometry, a work entitled to the 
highest praise, for elegance and accuracy, has delivered the doctrine 
of parallel lines without any new Axiom. He has done this in two 
different ways, one in the text, and the other in tho notes. In the 
former he has endeavoured to prove, independently of the doctrine of 
parallel lines, that all the angles of a triangle arc equal to two right 
angles; from which proposition, when it is once established, it is not 
d'fficult to deduce every thing with respect to parallels. | But, though 
his demonstration of the property of triangles just mentioned ts quite 
logical and conclusive, yot it has the fault of being long and indirect, 
proving first, that the throe angles of a triangle cannot be greater than 
two right angles, next, that they cannot be less, and doing both by 
reasonings abundantly subtle, and not of a kind readily apprehendad 
by those who are only beginning to study the Mathematics. 

The demonsiration which be has piven in the notes Is extremely un 
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genious, and proceeds on this-very simple and undeniable Axiom, tiat 
we cannot compare an angle and a line, as to magnitude, or cannot have 
an equation of any sort between them. This truth is involved in the 
distinction between homogeneous and heterogeneous quantities, (Euc. 
v. def. 4,), which has long been received in Geometry, but led only to 
nepative consequences, till it fell into the hands of Legendre. The 
proposition which he deduces from it is, that if two angles of one tri- 
angie be equal to two angles of another, the third angles of these trian- 
gles are also equal. For, it is evident, that when two angles of a tri- 
angle are given, and also the side between them, the third angle is there- 
by determined; so that if A and B be any two angles of a triangle, P 
the side interjacent, and C the third angle, C is determined, as to its 
mapnitude, by A, Band P; and, besides these, there is no other quan- 
tity whatevér which can affect the magnitude of C. This is pl in, be- 
cause if A, B and P are given, the triangle can be constructed, all the 
triangles in which A, B and P are the same, being equal to one another. 

But of the quantities by which C is determined, P cannot be one; 
for if it were, then C must bea funcion of the quantities A, B, P; 
that is to say, the value of C can be expressed by some combination of 
the quantities A, Band P. An equation, therefore, may exist between 
the quantities A, B, C, and P; a d consequently the value of P is 
Gqual to some combination, that is, to some function of the quantities A, 
B and C ; but this isimpossible, P being aline, and A, B, C being angles; 
so that no function of the first of these quantities can be equal to any 
function of the other three. The angle C must therefore be deter- 
mined by the angles A and B alone, without. any regard to the magni- 
tude of P, the side interjacent. Hence in all triangles that have two 
angles in one equal to two in another, each to each, the third angles 
are also equal. 

Now, this being demonstrated, it is easy to prove that the three an- 
gles of any triangle are equal to two right angles. i 

Let ABC be a triangle right angled at À, draw AD perpendicular to 
BC. The triangles ABD, ABC have the 
angles BAC, BDA right angles, and the 
angle B common to both; therefore by 
what has iust been proved, their third an- 
gles BAD, BCA are also equal. Inthe same 
way ‘tis shown, that CAD is equal to CBA: 
therefore the two angles BAD, CAD are > 
equal to the two BCA, CBA; but BAD D C 
-CAD ix equal to a right angle, therefore the angles BCA, CBA are 
together equal to a right angle, and consequently the three angles of 
the right angled triangle ABC are equal to two right angles. 

_And since it is proved that the oblique angles of every tight angled 
triangle are equal to two right angles, an^ since every triangle may be 
divided Into two right angled triangles, the four oblique angles of 
which are. equa! to the three angles of the triangle, therefore the three 
angles of every triangle are equal to two right angles. ` Q. E, D, 


—— 
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_ Though this method of treating the subject is strictly demonstrative, 
yet. as the reasoning in the first of the two preceding demonstrations 
is not perhaps sufficiently simply to be apprehended by those. just en- 
tering on mathematical studies, I shall submit to the reader another 
method, not liable to the same objection, which I. know, from experi- 
ence, to be of use in explaining the Elements. It proceeds, like that 
of the French Geometer, by demonstrating, in the first place, that the 
angles of any triangle are together equal to two right angles, and dedu-: 
cing from thence, that two lines, which make with a third line the inte- 
rior angles. less than two right angles, must nicer if produced. The 
reasoning used to demonstrate the first of these propositions may be 
objected to by some as involving the idea of motion, and the transfer- 
ence of a line from one place to another. This, however, is no more 
than Euclid has dore himself on some occasions: and when it furnish- 
es so short a road to the truth as in the present instance, and does not 
impair the evidence of the conclusion, it seems to be in no respect 
inconsistent with tbe utmost rigour of demonstration. Itis of im- 
portance in explaining the Elements of Science, to connect truths 
by the shortest chain possible ; and till that is done, we can never 
consider them as being placed in their natural order. The reason- 
ing in the first of the following propositions is so simple, that it 
seems hardly susceptible of abbreviation, and it has the advantage 
of connecting immediately two truths so much alike, that one might 
conclude, even from the bare enunciations, that toy are but different 
cases of the same general theorem, viz. That all the angles about a 
point, and all the exterior angles of any rectilineal figure, are constantly 
of the same magnitude, and equal to four right angles 


DEFINITION. 


C2 


Ir, while one extremity of a straight line re- 
mains fixed at A, the line itself turns about that 
point. from the position AB to the position AC, it 
is said to describe the angle BAC contained by 
the line AB aad AC. ! B 


Con. If a line turn about a point from the position AC till it come 
into the position AB again, it describes angles which are together equal 
to four right angles. This is evident from the second Cor. to the 15th. 


PROP. I. 


All the exterior angles of any rectilineal figure are together equal 
to four right angles. 

1. Let the rectilineal figure be the triangle ABC, of which the ex- 
terior:angles are DCA, FAB, GBC ; these angles are together equat 
to four right angles. 
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Let the line CD, piaced in the direction óf BC produced, turi: 
about the point C till it coincide with CE, a part of the side CA, and 
have described the exterior angle DCE or DCA. Let it then bo cat- 
ried along the line CA, till it T 
be in the positioh- AF, that is, 
in the direction of CA produc- 
ed, and the point A remaining 
fixed, let it turn about A till it 
describe the angle FAB, and 
coincide with a part of the line 
AB. Let it next bo carried 
along AB till it come into the 
position BG, and by turning 
about B, let it describe the an- E 
gle GBC, so as to coincide 
with a partof BC. -Lastly, | 
Let it be carried along BC till B — ——— Nou 
it coincide with CD, ita first v 
position. Then, because the 
line CD has turned about one 
of .its extremities till it has 
come into the position CD again, it has by the corollary to the above de- 
finition described angles which are together equal to fotr right angles ; 
but the angles which it has described are the threo exterior angles of 
the triangle ABC, therefore the exterior angles of the triangle ABC 
gre equal to four nght angles. 

2, if the frectilineal figure have any number of sides, the proposi- 
tion is demonstrated just as in the case of atriangle. ‘Therefore all 
the exterior angles of any rectilineal figure are together equal to four 
tight angles. Q. E. D. 

Cor. 1. Hence, all the interior angles of any triangle are equal to 
two right angles. For all the angles of the triangle, both exterior and 
interior, are equal to six right angles, and the exterior being equal to 
fout right angles, the interior are equal to two right angles. - 

Cor. 2. An exterior angle of any triangle is equal to the two inte- 
rior and-opposite, or the angle DCA is equal to the angles CAB, ABC. 
For the arigles CAB, ABC, BCA are equal to two right angles; and 
the dngles ACD; ACB are also (12. 1.) equal to two right angles ; 
therefore the three angles CAB, ABC, BCA are equal to the two 


ACD, ACB; and taking ACB from both, the angle ACD is equal to 
the two angles CAB, ABC. 


Cor. 3. The intorior angles of any rectilineal figure are equal to 
twice as many right angles as the figure has sides, wanting four. For 
all the angles exterior and interior are equal to twice as many right 
angles as the figure has sides ; but the exterior are equal to four right 
angles; therefore the interior are equal to twice a8 many right angles 
as the figure has sides, wanting four. 
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PROP. II. 


T'wo straight lines, which make with a third line the interior angles 
on the same side of ii less than two right angles, will meet on that side, 
if produced far enough. 

Let the straight lines AB; CD, make with AC-the twoangles BAC, 
PCA less than two right angles; AB and CD. will meet if. produced 
toward B and D. 

In AB take AF=AC; join CF, produce BA to H, and through © 
draw CE, making the angle ACE equal to the angle CAH. 

Because AC is equtil to AF, the angles AFC, ACF are also equal (5. 
1.); but the exterior angle HAC is equal to the two interior and op- 
posite angles ACF, AFC, and therefore it is double of either of them, 
as of ACF. Now ACE is equal to HAC by construction, therefore 
ACE is double of ACF, and is bisécted by the line CF. In the same 
manner, if FG be taken equal to FC, and if CG be drawn, it may be 
shown that CG bisects the angle ACEH, and so on continually. . But if 
from a magnitude, as the angle ACE, there be taken its half, and from 
the remainder FCE its half FCG, and from the remainder GCE its half, 
&c.a remainder will at length be found less than the given angle DCE.” 


C E 


D 
H A F C | K 

Let GCEbe the angle, whose half ECKisless than DCE.thena straight 
line CK is found, which falls between CD and CE, but nevertheless 
meets the line AB in K. Therefore CD, if produced, must meet AB 
in a point between G and K. Therefore, &c. Q. E. D. j 

"This demonstration is indirect ; but this proposition, if tho definition 
of parallels were changed, as suggested at p. 302, would not be necos- 
sary ; and the proof, that lines equally inclined to any one linc must bé 
go to every line, would follow directly from the angles «fa triangle be- 


ing equal to two right angles. The doctrine of parallel lines would ir 
this manner be freed from all difficulty. 


PROP. ITE. 29. 1. Euclid. 


| If á straight line fall on two parallel straight lines, it makes the al- 
ternate angles equal to one another; the exterior equal to the interior 





* Prop. 1.3. Sup. The reference to this proposition involves nothing inconsistent with 
good reasoning, as the demonstration of it does not depend on any thine thet has fane 
before, so that it may be introduced in any part of the Elements. ` 3 
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and opposite on the same side ; and likewise the two interior angles, 
on the same side equal to two right angles. 
Let the straight line EF fall 


on the parallel straight lines E 
AB, CD ; the alternate angles 
AGH, GHD are equal, the 





exterior angle EGB is equal A . B 
to the intertor and opposite 

GHD: and the two interior N. 

angles BGH, GHD are equal _ 

to two right ángles. UC H D 
.. Forif AGH be aot equal to 

GHD, let it be greater, then T 


adding BG Hto both, theangles 
AGH, HGB aro greater than the angles DHG, HGB. But AGH, 
HGB are equal to two right angles, (13.) , therefore BGH, GHD are 
less than two right angles, and therefore the lines AB, CD will meet, 
by the last proposition, if produced toward B and D. But they do not 
meet, for they are parailel by hypothests, and therefore the angles 
AGH, GHD are not unequal, that is, they are equal to one another. 
Now the angle AGH is equal to EGB, because these are vertical, 
and it bas also been shown to be equal to GHD, therefore EGB and 
GHD are equal. Lastly, to each of the equal angles EGB, GHD add 
the angle BGH, then the two EGB, BGH are equal to the two DHG, 
BGH. But EGB, BGH arc equal to two right angles, (13. 1.), there- 
M GHD are also equal to two right angles. — "Therefore, &c. 
Q. E. D. 


The following proposition is placed here, because it is more con- 
nected with the First Book than with any other. Itis useful for ex- 
plaining the nature of Hadley’s sextant ; and, though involved in the 
explanations usually given of that instrument, it has not, I believe, been 
hitherto considered as a distinct Geometric Proposition, though very 
well entitled to be so on account of it simplicity and elegance, as well 


às its utility. 
THEOREM. 


If an exterior angle of a triangle be bisected, and also one of the 
interior and opposite, the angle contained by the bisecting lines is 
equal to half the other interior and opposite angle of the triangle. 

Let the exterior angle ACD of the triangle ABC be bisected by the 
straight line CE, and the interior and opposite ABC by the straight 
line BE, the angle BEC is equal to half the angle BAC. 

The lines CE, BE will meet; for since the angle ACD is greater than 
ABC, tho half of ACD is greater than the half of ABC, thàát is, ECD 
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is gfeater than EBC ; 

add ECB to both and, 

the two angles ECD, A 
ECB are greater than 
EBC, ECB. But ECD, 
ECB are equal to two 
right angles; therefore 
Td EBC. are less 
than two right angles, 
and thereíóre the fines B C D 
CE, BE must meet on | 

—* same side of BC on which the triangle ABC is. Let them meet 
in E. 

Because DCE is the exterior angle of the triangle BCE, it is equal 
to the two angles CBE, BEC, and therefore twice the angle DCB, that 
is, the angle DCA is equal to twice the angles CBE, and BEC. But 
twice the angles CBE is equal to the angle ABC, therefore the angle 
DAC is equal to the angle ABC, together with twico the angle BEC; 
and the same angle DCA being the exterior angle of the triangle ABC, 
is equal to the two angles ABC, CAB, wherefore the two angles ABC, 
CAB are equal to ABC and twice BEC. Therefore, taking away 
ABC from both, there remains the angle CAB equal to twice the angle 
BEC, or BEC equal to the half of BAC. Therefore, &c. Q. E. D, 


t] 
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BOOK Il. 


Tae Demonstrations of this Book are no otherwise changed than by 
introducing into them some characters similar to those of Algebra, 
which is always of great uso where the reasoning turns on the addition 
or subtraction of rectangles. To Euclid’s demonstrations, others are 
sometimes added, serving to deduce the propositions from the fourth, 
witnout the assistance of a diagram. 


PROP. A and B, 


These Theorems are added on account of their great use in geo. 
metry, and their close connection with the other propositions which are 
the subject of this Book. Prop. A isan extension of the 9th and 19th. 


BOOK IR. 


DEFINITIONS. 


Tue definition which Euclid makes the first of this Book is that of 
equal circles, which he defines to be “those of which the diameters 
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*are equal This is rejected from among tle definitions, as being 
a Theorem, the truth of which is proved by supposing the circles ap- 
plied to onc another, so that their centres may coincide, for the wholc 
of the one must then coincide with the whole of the other. ‘The con- 
verae, viz. That circles which are equal havo equal diameters, is prov- 
ed in the same way. 

Tho definition of the angle of a segment is also omitted, because 1i: 
does not relate to a rectilineal angle, but to one understood to be con- 
tained between a straight line and a portion of the circumference of & 
circle. In like manner, no notice is taken in the 16th proposition of 
the angle comprehended between the semicircle and the diameter, 
which is said by Euclid to be greater than an acute rectilineal angle. 
The reason for these omissions has already been assigned in the notes 
on the fifth definition of the first Book. 


PROP. XX. 


It has been remarked of this demonstration, that it takes for grant. 
.ed, that if two magnitudes be double of two others, each of each, tho 
sum or difference of the first two is double of tho sum or difference 
of the other two, which are two cases of the Ist and 5th of the 5th 
Book. The justness of this remark cannot be denied; and though the 
cases of the Propositions here referred to are the simplest of any, ye£ 
the truth of them ought not in strictness to be assumed without proof. 
The proof is easily given. Let Aand B, C and D be four magnitudes, 
such that A=2C, and B=zD; then A+B=2(C+D). For sinco 
A=C+C, and B=D-+D, adding equals to equals, A+-B=(C+D) 
-+(C+D)==2(C+D). So also, if A be greater than B, and therefore 
€ greater than D, since A=C-+C, and B=D-+-D, taking equals from 
‘equals A—B=(C — D)+(C— D), thatis, A - B—2(C —D). 


Tae subject of proportion has been treated so diflerently by those 
who have written on elementary geometry, and the method which 
Euclid has followed has been so often, and so inconsiderately censur- 
ed, that in theso notes it will not perhaps be niore necessary to account 
for the changes that I have made, than for those that I have not made. 
The changes aro but few, and relate to the language, not to the es. 
sence of the demonstrations; they will be explained after some of the 
definitions have been particularly considered. 


DEF. Hi. 


The definition of ratio given here has been greatly extolled by somo 
authors; but whatever value it may have in the eyes of a metaphysi- 
cian, it has but littlo in those of the geometer, becauso nothing concern- 
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ing the properties of ratios, can be deduced from it. Dr. Barrow has 
very judiciously remarked concerning it, ‘“ that Euclid had probably 
“* no other design in making this definition, than to give a general sum- 
** mary idea of ratio to beginners, by premising this metaphysical defi- 
** nition to the more accurate definitions of ratios that are equal to one 
“‘ another, or one of which is greater or less than the other; I call 
“* it a metaphysical, for it is not properly a mathematical definition, 
“t since nothing in mathematics depends on it, or is deduced, nor, as I 
** judge, can be deduced, from it."  (Barrow's Lectures. Lect. 3.). 
Dr. Simson thinks the definition has been added by some unskilful edi- 
tor ; but there is no ground for that supposition, other than what ari- 
Ses from the definition being of no use. We may, however, well 
enough imagine, that a certain idea of' order and method induced Eu- 
clid to give some general definition of ratio before he used the term 
in the definition of equal ratios. | 


DEF. IV. 


This definition is a little altered in tbe expression ; Euclid hae it, 
that ** magnitudes are said to have a ratio to one auother, when the 
* Jess can be multiplied so as to exceed the greater.” 


DEF. Y. 


One of the chief obstacles to the ready understanding of the 5th 
Book of Euclid, is the difficulty that most people find of reconciling the 
adea of proportion which they have already acquired, with the account 
of it that is given in this definition. Our first ideas of proportion, o: 
of proportionality, are got by trying to compare together the magni. 
tude of external bodies ; and though they be at first abundantly vague 
and incorrect, they are usually rendered tolerably precise by the 
study of arithmetic.; from which we learn to calf four numbers pro. 
nortionals, when they are such that the quotient which arises from di. 
viding the first by the second, (according to the common rule for divi- 
sion), is the same with the quotient that arises from dividing the third 
by the fourth. 

Now, as the operation of arithmetica] division 1s applicable as rea. 
daily ta any two magnitudes of the same kind, as to two numbers, the 
notion of proportion thus obtained may be considered as perfectly 
general. For, in arithmetic, after finding how often the divisor is 
contained in tho dividend, we multiply the remainder by 106, or 100, 
or 1000, or any power, as it is called, of 10, and proceed to inquire 
how oft the divisor ig contained in this new dividend ; and, if there 
be any remainder, we go oùto multiply it by 10, 100, &c. as before, 
and to divide the product by the original divisor, ard so ob, the divi- 
sion sometimes terminating when no remainder is left; and sometimes 
going on ad infinitum, in consequence of a reinainder being left at eack 
operation. Now, this process moy easily be imitated with any twe 
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magnitudes À and 1$, providing they be of the same kind, or such tha: 
the one can he multiplied so as to exceed the other. For, suppose 
that B is the least of the two , take B out of A as oft as it can be foung, 
and let the quotient be noted, and also the remainder, if there be any ; 
multiply this remainder by 1u, or 100, &c. so as to exceed B, and let 
B be taken out of the quantity produced by this multiplication as oft 
as it can be found ; let the quotient be noted, and also the remain- 
der, if there be any. Proceod with this remainder as before, and so 
on continually ; and it is evident, that we have an operation that is 
applicable to all magnitudes whatsoever, and that may be performed 
with respect to any two lines, any two plane figures, or any two solids, 
We. 

Now, when we have two magnitudes and two others, and find that 
ihe first divided by the second, according to this method, gives the ve- 
ry same series of quotients that the third does when divided by the 
fourth, wo say of these magnitudes, as we did of the numbers above 
described, that the first ia to the second as tho third to the fourth. 
‘There are only two more circumstances necessary to be considered, 
iQ order to bring us precisely to Euclid’s definition. 

First, It is known from arithmetic, that the multiplication of the 
successive remainders each of them by 10, is equivalent to multiply. 
ing the quantity to be divided by the product of all those tens ; sc 
ihat multiplying, for instance, the first remainder by 10, the second by 
10, and the third by 10, is tho same thing, with respect to the quo- 
tient, as if the quantity to be divided had been at first multiplied by 
100"; ond therefore. our standard of the proportionality of numberz 
may be exprossed thus: If the first multiplied any number of times 
‘by 10, and then divided by the second, gives the same quotient as 
when the third is multiplied as often by 10, and then divided by tha 
fourth, the four magnitudes are proportionals. 

Ayain, it is evident, that there is no necessity in these. multiplica- 
tions for confining ourselves to 10, or the powers of 10. and that we 
do so, in arithmetic, only for the conveniency of the decimal notation ; 
we may therefore use any multipliers whatsoever, providing we usc 
the same in both cases. Hence, we have this definition of propor- 
tionals, When there are four magnitudes, and any multiple whatsoever 
of the first, when divided by the second, gives the same quotient with 
the like multiple of the third, when divided by the fourth, the four 
magnitudes are proportionals, or the first has the same ratio to the se- 
cond that the third has to the fourth. 

We are now arrived very nearly at Euclid’s definition; for, let A, 
B. C, D be four proportionals, according to the definition just given, 
and m any number ; and let the multiple of A by m, that is mA, be 
divided by B ; and first, let the quotient be the number n exactly, then 
also, when mC is divided by D, the quotient will be 2 exactly. But, 
wher mA divided by B gives n for the quotient, mA=nB by the nature 


of division, so that when mA —aB, mC-2nD, which iso 
*a* ^ > E ' s eo Q t id a 
ditions of Ruelid’a definition. ne of the con 
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Apain, when mA is divided by B, let the division not be exactly 
performed, but lot n be a whole number less than the exact quotient. 
then nB Z mA, or mA 727B; and, for the samereason, nC 72D, which 
is another of the conditions of Euclid’s definition. 

Lastly, when mA is divided by B, let n be a whole number greater 
than the exact quotient, then mA ZnB, and because z is also greater 
than the quotient of mC divided -by D, (which is the same with the 
other quotient), therefore mC ZaD. 

Therefore, untiing all these three conditions, we call A, B, C, D, 
proportionals, when they are such, that if mA 72B, mC 72D; if mA 
=nB, MC =nD; and f mÀ Z nB, mC ZaD, mand n being any num- 
bers whatsoever Now, this is exactiy the criterion of proportionality 
established by Euclid in the 5th definition. and is derived here by 
generalizing the common and-most familiar idea of proportion. 

Ít appears from this, that the condition of nA containing B, whether 

with or without a remainder, as often as mC contains D, with or with- 
out a remainder, and of this being the case whatever value be assigned 
to the number m, includes in it all the three conditions that are men- 
tioned in Euclid’s definition ; and hence, that definition may be ex- 
pressed a little more simply by saying, that four wiagnitudes are pro. 
portionals, when any multiple of the first contains the second, with or 
‘without remainder,) as oft as the same multiple of the third contains the 
fourth. But, though this definition is certainly, in the expression, 
mote simple than Euclid’s, it 13 not, as will be found on trial, so easily 
applied to the purpose of demonstration. ‘The three conditions which 
Euclid brings together in his definition, though they somewhat embar- 
rass the expression of it, have the advantage of rendering the demon- 
strations more simple than they would otherwise be, by avoiding all 
discussion about the magnitude of the remainder left, after B is taken 
out of mA as oft as it can be found. All thc attempts, indeed, that have 
been made to demonstrate the properties of proportionala rigorously, 
by means of other definitions than Euclid's, only serve te evince the 
excellence of the method followed by the Greek Geometer, and his’ 
singular address in the application of it. 

The great objection to the other methods is, that if they are meant 
to be rigorous, they require two demonstrations to every proposition, 
one when the division of mA into parts equal to B can be exactly per. 
formed, the other when it cannot be exactly performed whatever value 
be assigned to m, or when A and B are what ts called incommensura- 
ble; and this last case will generally be found to require an indirect 
demonstration, or a reductio ad absurdum. 

- M. D'Alembert, speaking of the doctrine of proportion, in a dis- 
course that contains many excellent observations, but in which he has 
overlooked Euclid’s manner of treating this subject entirely, has the 
following remark: ** On ne peut déraontrer que de cette maniére, 
c (la réduction à absurde,) la plupart des propositions qui rezardent 
«4 leg incommensurables. L'idée de l'infini entre au moins implicite- 
5 mens dans la notion de ces sortes de quantités: et comme nous n'at 
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*€ vous qu'une idée negative de l'infini, on ne peut demontrer direcis 
“ment, et a priori, tout ce qui concerne P'infini mathématique. 
(Encyclopédie, mot Géométrie.) 

This remark sets in a strong and just light the difficulty of demon- 
strating the propositions that regard the proportion of incommensura- 
ble magnitudes, without having recourse to the reductio ad absurdum : 
but it is aurprismg, that M. D'Alembert, a. geometer no less learned 
than profound, should havé neglected to make mention of Euclid's me- 
thod, the only one in which the difficulty he states is compictely over- 
come. It is overcome by the introduction of the idea of indefinitude, (1f 
I may be permitted to use the word), instead of the idea of infinity ; for 
m and 2, the multipliers employed, are supposed to be indefinite, or to ad- 
mit of all possible values, and it is by the skilful use of this condition that 
the necessity of indirect demonstrations is avoided. In the whole of ge- 
ometry, I know not that any bappier invention 1s to be found ; and it is 
wortliy remarking, that Euclid appears in another of his works to have 
availed himself of the idea of indefinitude with the same success, viz. 
in his books of Porisms, which have been restored by Dr. Simson, 
and in which the whole analysis turned on that idea, as I have shown | 
at length in the Thigd Volume of the Transactions of the Royal So- 
ciety of Edinburgh. The investigations of these propositions were 
founded entirely on the principle of certain magnitudes admitting of 
innumerable values; and the methods of reasoning concerning them 
seem to have been extremely similar to those employed in the fifth of 
the Elements. It is curious to remark this analogy between the dif- 
fet&tit works of the same author; and to consider, that the skill, in 
the conduct of this very refined and ingenious artifice, acquired in 
treating the properties of proportionals, may have enabled Euclid to 
succeed so well in treating the still more difficult subject of Porisms. 

Viewing in this light E uclid's manner of treating proportion, f hag 
ho desire to change any thing in the principle of his demonstrations. 
¥ have only sought to improve the language of them, by introducing 
. à concise mode of expression, of the same nature with that which we 
use in arithmetic, and in algebra. Ordinary language conveys the 
ideas of the different operations süpposed to be performed in these de. 
monstrations 80 slowly, and breaks them down into se many parta, that 
they make not a sufficient impression on the understanding. This in- 
deed will generally happen when the things treated of are not repre- 
sented to the senses by Diagrams, as they cannot be when we reason 
concerning magnitude in general, as in this part of the Elements. 
Here we ought certainly to adopt the language of arithmetic or alge- 
bra. which, by its shortness, and the rapidity with which it places ob- 
jects before us, makes up in the best manner possible for being merely 
a conventional language, and using symbols that have no resemblanco 
to the things expressed by them. Such a language, therefore, I havo 
endeavoured to introduce here; and i am convinced, that if it shall 
be found an improvement, it is the only one of which the fifth of Eu- 
cid will admit. In other respects I have followed Dr. Simson’s edt 
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tion, to the accuracy of which it would be dificult to make any addi- 
tion. 

In one thing I must observe, that the doctrine of proportion, as laid 
down here, is meant to be move general than in Euclid’s Elements. Tt 
is .intended to include the properties of proportional numbers as well 
as of all magnitudes. Euclid has not this design, for he has given a 
definition of proportional numbers in the seventh Book. very different 
from that of proportional magnitudes in the fifth; and it is not easy to 
justify the logic of this manner of proceeding ; for we can never speak 
of two numbers and two magnitudes both having the same ratios, un- 
less the word ratto have in both cases the same signification. All tho 
propositions about proportionals here given are therefore understood 
to be applicable to numbers; and accordingly, in the eighth Bool, 
the proposition that proves equiangular patallelograms to be in a ra- 
tio compounded of the ratios of the numbers proportional to their sides, 
is demonstrated by help of the propositions of the fifth Book. 

On account of this, the word quantity, rather than magnitude, ought 
in strictness to have been used in the enunciation of these propositions, 
because we employ the word Quantity to denote not only things ex- 
tended, to which alone we give the name of Magnitude, but also num- 
bers. It will be sufficient, however, to remark, that all the proposi- 
tions respecting the ratios of magnitudes relate equally to all things of 
which multiples can be taken, that is, to all that is usually expressed 
by the word Quantity in its most extended signification, taking care al- 
ways to observe, that ratio takes place only among like quantities. 


(See Def. 4.] 
DEF. X 


The definition of compound ratio was first given accurately by Dr. 
Simson ; for, though Euclid used the term, he did so withour defining 
it. I have placed ‘this definition before those of duplicate and trzpli« 
cate ratio, as it is in fact more general, and as the relation of all the 
three definitions is best seen when they are ranged in this order. f£ 
is then plain, that two equal ratios compound a ratio duplicate of either 
of them; three equal ratios, a ratio triplicate of either of them, &e. 

It was justly observed by Dr. Simson, that the expression, compuund 
vatso, is intreduced merely to prevent circumlocution, and for the sake 
principally of enunciating those propositions with conciseness that 
are demonstrated by reasoning ex «quo, that is, by reasoning from the 
22d or 25d of this Book. This will be evident to any one “who con- 
siders carefully the Prop. F.-of this, or the 24d of the 6th Book. 

An objection which naturally occurs to the use of the term campound 
ratio, arises from its not being evident how the ratios described in 
the definition determine in any way the ratio which they are said 
to compound, since the magnitudes compounding them are assumed 
at pleasure. It may be of use for removing this difficulty, to state 
the matter as follows: if there be any number of ratios (among mag- 
nitudes of the same kind) such that the consequent of any of them is 
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the antecedent of that which immediately follows, the first of the ån- 
tecedents has to the last of tho consequents a ratio which evidently 
depends on the intermediate ratios, because if they are determined, 
it is determined also ; and this dependence of one ratio on all the other 
ratios, is expressed by saying that it is compounded of them. Thus, 
if ABCD 
pobtEE 


ratio T or of A to E, is said to be compounded of the ratios A &c. 


be any series of ratios, such as described above, the 


The ratio ^ ia evidently determined by the ratios NS &zc. because 
if each of the latter is fixed and invariable, the former cannot change. 
The exact nature of this dependence, and how the one thing is deter- 
mined by the other, it is not the business of the definition to explain, 
but merely to give a name to a relation which it may be of importance 
to consider more attentively. 
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BOOK Vi. 
DEFINITION II. 


Tus definition is changed.from that of reciprocal figures, which was 
of no use, to one that corresponds to the language used in the 14th and 
15th propositions, and in other parts of geometry. 


PROP. XXVII, XXVIII, XXIX. 


As considerable liberty has been taken with these propositions, it 
ts necessary that the reasons for doing so should be explained. In the 
first place, when the enunciations are translated literally from the 
Greek, they sound very harshly, and are, in fact, extremely obscure. 
The phrase of applying to a straight line, a parallelogram deficient, o1 
exceoding by another parallelogram, is so elliptical, and so little analo. 
sous to ordinary language, that there could bo no doubt of the proprie- 
ty of at least changing the enunciations. 

It next occurred, that the Problems themselves in the 28th and ?9tli 
propositions are proposed in a more general form than 1s necessary in 
an elementary work, and that, therefore, to take those cases of them: 
that are the most useful, as they happen to be the most simple, must 
be the best way of accommodating them to the capacity of the learner. 
The problem which Euclid proposes in the 28th is, ‘ ‘To a given 
«€ straight line to apply a parallelogram equa! to a given rectilinea! 
« figure, and deficient by a parallelogram similar to a given parallelo. 
¢¢ oram;” which may be more intelligibly enunciated thus: ‘ To cut 
«a given line, so that the parallelogram which has in it a given angle, 
a and is contained under one of the segments of the given line, and a 
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‘S styaight line which has a given ratio to the other segment, may be 
* equal to a given space ;" instead of which problem 1 have substitut- 
ed this other; “To divide a given straight line so that the rectangle 
‘(under its segments may be equal to a given space.” In the actual 
solution of problems, the greater generality of the former proposition 
is an advantage more apparent than real, and is fully compensated by 
the simplicity of tho latter, to which it is always easily reducible. 

The same may be said of the 29th, which Euclid enunciates thus : 
“Toa given straight line to apply a purallelogram equal to a given 
‘‘ rectilineal figure exceeding by a parallelogram similar te a given pa- 
4 rallelogram." This might be proposed otherwise: “To produce a 
¢¢ given line, so that the parallelogram having in it a given angle, and 
“ contained by the whole line produced, and a straight line that has v. 
‘¢ piven ratio to the part produced, may be equal to a given rectilineni 
* fieure," Instead of this, is given the following problem, more sim- 
plo, and, as was observed in the former instance, very little less gene- 
ral. <“ To produce a given strarght line, so that the rectangle contain. 
“ ed by the segmenta, between the extremities of tho given line, and 
tt the point to which it is produced, may be equal to a given space.” 


PROP. À, B, C, &c. 


Nino propositions are added tà this Book on account of their utility 
and their connection with this part of the Elements. The first four 
of them are in Dr. Simson’s edition, and among these Prop. À is given 
immediately after the third, being, in fact, a second case of that pro- 
pou and capable of being included with it, in one enunciation. 
2rop. D. is remarkable for being a theorem of Ptolemy the Astrono- 
mer, in his Msyary Suvragig, and tho foundation of the construction of 
his trigonometrical tables. Prop. E is the simplest case of the for- 
mer; itis also useful tn trigonometry, and, under another form, was 
the 97th, or, in some editions, the 94th of Euclid’a Data. The pro- 
positions F and G are very useful properties of the circle, and are 
taken from the Locz Planzof Apollonius. Prop. H is a very remark- 
able property of the triangle; and K is a proposition which, though it 
has been hitherto considered as belonging particularly to trigonome- 
try, is so often of use in other parts of the mathematics, that it may 
bo properly ranked among the elementary theorems of Geometry. 
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SUPPLEMENT. 


BOOK I. 


PROP. V. and VI, &c. 


Tue demonstrations of the 5th and 6th proposiüons require the 
smethod of exhaustions, that is to say, they prove a certain pros 
perty to belong to tho circle, because it belongs to the rectilineal fi- 
gures inscribed in it, or described about it according to a certain law, 
in the case when those figures approach to the circles so nearly as not 
to fall short of it, or to exceed it by any assignable difference. — This 
principle is general, and is the only oue by which we can possibly 
compare curvilineal with rectilineal spaces, or the length of curve 
lines with the length of straight lines, whether we follow the methods 
of the ancient or of the modern geometers.— Tt i5 therefore a. great 
injustice to the latter methods to represent them as standing on a foun- 
dation less secure than the former: they stand in reality on the same, 
and the only difference is, that the application of the principle, com- 
mon to them both, is more general and oxpeditious in the one case 
tham in the other. ‘fhis idontity of principle, and affinity of the 
methods used in the elementary and the higher mathematics, it seems 
the more necessary to observe, that some learned mathematicians have 
appeared not to be sufficiently aware of it, and have even endeavoured 
to demonstrate the contrary. An instance of this is to be met with 
in the preface of the valuable edition of the works of Archimedes, 
lately printed at Oxford. In that preface, Torelli, the learned com- 
mentator, whose labours have done so much to clucidate the writings 
of the Greek Geometer, but who is so unwilling to acknowledge tho 
merit of the modern analysis, undertakes to prove, that it is impossible, 
from the relation which the rectilineal figures inscribed in, and cir- 
cumscribed about, a2 given curve, have to one another, to conclude 
any thing concerning tho properties of the curvilineal space itself, 
except in certain circumstances which he has not precisely describe. 
With this view be attempts to show, that if we are to reason from the 
velation which certain reetilinea! figures belonging to the circle have 
‘o one another, notwithstanding that those figures may approach so 
near to the circular spaces within which they ure inscribed, a3 not to 
differ from them by any assignable magnitude, wo shall be led inte 
error, and shall seem to prove, ibat the circle rs to the square of its 
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diameter exactly as 3 to 4. Now, as this is a conclusion which the 
discoveries of Archimedes himself prove so clearly to be false, To- 
relli argues, that the principle from which it is deduced must be false 
also; and iu this he would no doubt be right, if bis former conclu- 
sion had been fairly drawn. But the truth 1s, that a very gross para- 
logism is to be found in that part of his reasoning, where he makes 
a transition from the ratios of the small rectangles, inscribed in the 
circular spaces, to the ratios of the sums of those rectangles, or of 
the whole rectilineal figures. In doing this, he takes for granted & 
proposition, which, it is wonderful, that one who had studied geome- 
try in the school of Archimedes, should for a moment have supposed 
to be true. The proposition is this: If A, B, C, D, E, F, be any 
number of magnitudes, and a, 5, c, d, e, f, as many others; and If 

A:B::a:b, | 

C:D::c:d, à 

E: E::o:f, then tho sum of A, C and E will be to the sum of I3, 
D and F, as the sum of o, c and e, to the sum of 5, d and f, or À -t- 
C E:B--D-rFF::a-bc-Hre:b--d4-f. Now, this proposition, 
which Torelli supposes to be perfectly goneral, is not true, except in 
two cases, viz. either first, when À : C :: a : c, and 

A: E::a:e¢3 and consequently, 
D:D ::5: d, and | 
B:F::b:f;or,secondly, when all 
the ratios of À to D, C to D, I5 to F, &c. are equal to one another. 
To demonstrate this, let us suppose that thore are four magnitudes, 
and four others, | 
| thus A: B:: @: 8, and 
C : D ::c: d, then we cannot have 
A3-C: Bd- D ::ad-6e:b-T d, unless either, À : C:: o:c, and B: 
D::b:d;or A: C€::b:d,and consequently a :5 :: c: d. 

Take a magnitude K, such that a:.¢:: A: K, and another L, such 
that b: d:: B: L ; and suppose it true, that A-FC :; — ————— — 
B--D::a4-c : b4-d. Then, because by inversion ; K, A, p i 
K:A::¢: a, and, by hypothesis, A: B::a: 6, and le ty 9) d. | 
alsoB: L:: 8: d,ex xquo, K : L::6e: d; and con- 
acquently, K : L:: C : D. 

Again, because À : € :: a : c, by addition, 

A+-K : K :: a--e: c; and, for the same reason, 
B+: L::b+d: d, or, by inversion, 
L:B+L::d:4+d. And, since it has been shown, 
that K: L::e: ds; therefore ex sequo, | 
A+K, K, L, B3-L,| 
la-Fe, €, d, bd. 
A-rFK : B+L:: a+c: 6+d3 but by hypothesis, 
A+C :B+D:: a-+c: 5+d, therefore 
A-F-K : A--C :: B--L: B4-D. 


Ss 
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Now. first, let K and C be supposed equal. then it is evident, that I. 
and D are also equal; and therefore, since by construction a : € :: 
A: K, we have also a:¢:: A : C ; and, for the samo reason, b : d : : 
B : D, and these analogies from the first of the two conditions, of which 
one is affirmed above to be always essential to the truth of Torelli’s 
proposition. 

Next, if K be greater than C, then since 

A--K : A--C :: B4 L : B4 D, by division, 
A+K:K-C::B+L:UL-D._ But, as was shown 
K:L::C: D, by conversion and alternation, 
K-C: K:: L=D: L, therefore, ex equo, 
A+K:K:: B+L: L, and lastly, by division, 
A:K::B: L,or A: B:: K: L, that is, 
A:B::C:D. | 

Wherefore, in this case the ratio of A to B is equal to that of € to 
D, and consequently, the ratio of a to b equal to that of c to d. The 
same may he shown, if K is less than € ; therefore in every case there 
are conditions necessary to the truth of Torelli’s proposition, which 
he does not take into account, and which, as is easily shown, do not 
belong to the magnitudes to which he applies it. 

{n consequence of this, the conclusion which he meant to establish 
respecting the circle, falls entirely to the ground, and with it the gene- 
ral inference aimed against the modern analysis. 

It will not, I hope, be imagined, that I have taken notice of these 
circumstances with any design to lessen the reputation of the learned 
Italian, who has in so many respects deserved well of the mathemati- 
cal sciences, or to detract from the value of a posthumous work, which 
by its elegance and correciness, does so much honour to the English 
editors. But I would warn the student against that narrow spirit which 
seeks to insinuate itself even into the abstractiona of geometry, and 
would persuade us, that elegance. nay truth ilself, are possessed ex- 
clusively by the ancient methods of demonstration. ‘The high tone 
in which Torelli censures the modern mathematics is imposing, as it 
ia assumed by one who had studied the writings of Archimedes with 
uncommon diligence. His errors are on that account the more dan- 
gerous, and require to be the more carefully pointed out. 


PROP. IX. 


This enunciation ts the same with that of the third of tho Dimensio 
Circuli of Archimedes ; but the demonstration is different, though it 
proceeds, like that of the Greek Gcometer, by the continual bisection 
of the 6th part of the circumference. 

The limits of the circumference are thus a-signed ; and the method 
of bringing it about, notwithstanding many quantities are neglected in 
the arithmetical operations, that the errors shall in one case be all on 
the side of defect, and in another all on the side of excess, (in which I 
havo followed Archimedes.) deserves particularly to be observed, as 
afford ipg a good introduction to the general methods of approximation. 
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BOOK iL 
DEF. VHI. and PROP. XX. 


SoLip angles, which are defined here in the same inanner as in 
Euclid, are magnitudes of a very peculiar kind, and are particularly 
to be remarked for not admitting of that accurate comparison, one with 
another, which is common in the other subjects of geometrical inves- 
tigation. It cannot, for example, bo said of one solid angle, that it is 
the half, or the double of another solid angle; nor did any geemeter 
ever think of proposing the problem of bisecting a given solid angle. 
In a word, no multiple or sub- multiple of such an angle can be taken, 
and we have no way of expounding, even in the simplest cases, the 
ratio which one of them bears to another. 

in this respect, therefore, a solid angle differs from every other mag- 
nitude that is the subject of mathetnatical reasoning, all of which have 
this common property, that multiples and sub- multiples of them may 
be found. 1t i: not our business here to inquire into the reason of 
this anomaly, but it is plain, that on account of it, our knowledge of 
the nature and the properties of such angles can never be very far 
extended, and that our reasonings concerning them must be chiefly 
confined to the relations of the plane angles, by which they are con- 
tained. One of the most remarkable of those relations is that which is 
demonstrated in the 21st of this Book, and which is, that all the plane 
angles which contain any solid angle must together be less than four 
right angles. This proposition is the 21st of the 11th of Euclid. 

This proposition, however, is subject to a restriction in certain 
cases, which, I believe, was first observed by M. le Sage of Geneva, in 
a communication to the Academy of Sciences of Paris in 1756. When 
the section of the pyramid formed by the planes that contain the so- 
lid angle is a figure that has none of its angles exterior, such as a tri- 
angle, a parallelogram, &c. the truth of the proposition just enunciat. 
ed cannot be questioned. But, when the aforesaid section is a figure 
like that which is annexed, viz. | 
ABCD, having some angles. such A. 
as BDC, exterior. or, as they aro 
sometimes called, re-entering angleg, 
the proposition is not necessarily X 
true; and it is plain, that in such 
cases the demonstration which we D 
have given, and which is the same 
with Euclid's, wil! no longer apply. 

Indeed,it were easy to show, that on $ 
bases of this kind, by multiplying C 
the number of sides, solid augles may be formed, such that the plane 
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angles which contain them shall exceed four right angles by any guan- 
tity assigned. An illustration of this from the properties of the sphere 
ia perhaps the simplest of all others. Suppose that on the surface 
of a hemisphere there is described a figure bounded by any number of 
arches of great circles making angles with one another, on opposite 
sides alternately, the plane angles at the centre of the sphere that 
stand on these arches may evidently exceed four right angles, and tha? 
too, by multiplying and extending the arches in any assigned ralio. 
Now, these plane angles contain a solid angle at the centre of the 
sphere, according to the definition of a solid angle. 

We are to undersland the proposition in the text, therefore, to be 
true only of those solid angles ia. which. the inclination of the plane 
angles are all the same way, or all directed toward the interior of tho 
figure. To distinguish this class of solid angles from that to which the 
proposition does not apply, it is perbaps best to make use of this cri- 
terion, that they aro such, that when any two points whatsoever are 
taken in the planes that contain the solid angle, the straight line, join- 
ing those points, falls wholly within the solid angle: or thus, they are 
such, that a straight line cannot meet the planes which contain them 
in more than two points. | It is thus, too, that I would distinguish a 
plane figure that has none of its angles exterior, by saying, that it is & 
rectilineal figuré, such that a straight line cannot meet the boundary 
of it in more then two points. __ | 

We, therefore, distinguish solid angles info two species; one in 
which the bounding planes can be intersected by a straight line only 
m two points ; and another where the bounding planes may be inter- 
sected by a straight line in more than two points: to the first of these 
the proposition in the text applies, to the second it does not. 

. Whether Euclid meant entirely to exelude the consideration of 
figures of the latter kind, in all that he has said of solids, and of solid an- 
sles, itis not now easy to determine: itis certain, that his definitions in- 
volve no such exclusion; and asthe introduction of any limitation 
would considerably embarrass these definitions, and render them diffi- 
cult to be understood by a beginner, I have left it ovt, rescrving to this 
ylace a fuller oxplanation of the difficulty. I cannot conelude this note 
without remarking, with the historian of the Academy, that it is ex- 
tremely singular, that not ore of all those who had read or explained 
Euclid before M. le Sage, appears to have been sensible of this mistake. 
( Memoires de P Acad. des Sciences 1'756, Hist. p. TT.) A circumstance 
that renders this still more singular is, that another mistake of Euclid 
on the same subject, and perhaps of all other geometers, escaped M. 
le Sage also, and was first discovered by Dr. Simson, as will presently 
appear. 


PROP. IV. 


,This very elegant demonstration is from Legendre, and is much ea: 
$ier than that of Euclid. 
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‘The demonstration given here of the 6th is also greatly simpler than 
that of Euclid. Tt has even an advantage that does not belong to Le- 
gendre’s, that of requiring no particular construction or determination 
of any-ọne of the lines, but reasoning from properties common to 
every part of them. This simplification, when it can be introduced, 
which, however, does not appear to be always possible, is, perhaps, 
the greatest improvement that can be mado on an elementary demor- 
stration. 


PROP. XIX. 


The problem contained in this proposition, of drawing a straight 
line perpendicular to two straight lines not in the same plane, ts cer- 
tainly to be accounted elementary, although not given in any book of 
clementary goometry that I know of before that of Legendre. The 
solution given here is more simple than his, or than any other that X 
have yet met with: it also leads more easily, if it be required, to a 
trigonometrical computation. 





BOOK III. 
DEF. II. and PROP. I. 


Tuess relate to similar and equal solids, a subject on which mistakes 
have prevailed not unlike to that which has just been mentioned. The 
equality of solids, it is natural to expect, must be proved like the 
equality of plane figures, by showing that they may be made to coin- 
cide, or to occupy the same space. Bat, though it be true that all 
solids which can be shown to coincide arc equal and similar, yet it does 
not hold conversely, that all solids which are equal and similar can be 
made to coincide. Though this assertion may appear somewhat pa. 
radoxical, yet the proof of it is extremely simple. 

Let ABC be an isosceles triangle, of which the equal sides are AB 
and AC; from A draw AE perpendicular to the base BC, and BC will 
be bisected in E. From E draw ED per- D 
pendicular to the plane ABC, and from D, 
any point in it, draw DA, DB, DC to tho 
three angles of the triangle ABC. The 
pyramid DABC ia divided into two pyra- 
mids DABE, DACE, which, though their 
equality will not be disputed, cannot be 
go applied to one another as to coincide. 
For, though the triangles ABE, ACE are 
equal, BE being equal to CE, EA common 
to both, and the angles AEB, AEC equal, I 
hecause they are-right angles, yet if these 
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two triangles be applied to one another, so as to coincide, the solid 
DACE will nevertheless, as is evident, fall without the solid DABE, 
for the two solids will be on the opposite sides of the plane ABE. 
In the same way, though all the planes of the pyramid DABE may 
easily be shown to be equal to those of the pyramid DACE, each to 
each; yet will the pyramids themselves never coincide, though the 
oqual planos be applied to one another, because they are on the op- 
posite sides of those planes. 

It may be said. then, on what ground do we conclude the pyramids 
to be equal? The answer is, because their construction is entirely 
the same, and the conditions that determine the magnitude of the one 
identical with those that determine the magnitude of the other. For 
the magnitude of the pyramid DABE is determined by the magnitude 
of the triangle ABE, the length of the line ED, and the position of 
ED, in respect of the plane ABE ; three circumstances that are pre- 
cisely the same in the two pyramids, so that there is nothing that can 
determine one of them to be greater than another. | 

This reasoning appears perfectly conclusive and satisfactory ; and 
it seems also very certain, that there is no other principle equally 
simple, on which the relation of the solids DABE, DACE to one an- 
Other can be determined. Neither is this a case that occurs rarely ; 
it is one, that in the comparison of magnitudes having three dimen- 
sions, presents itself continually; for, though two plane figures that 
are equal and similar can always be made to coincide, yet, with ro- 
gard. to solids that aro equal and similar, if they have not a certain 
similarity in their position, there will be found just as many cases in 
which they cannot, as in which they can coincide. Even figures de- 
scribed on surfaces, if they are not plane surfaces, may be equal and 
similar without the possibility of coinciding. Thus, in the figure de. 
scribed on the surface of a sphere, called a spherical triangle, if we 
suppose it to be isosceles, and a perpendicular to bo drawn from the 
vertex on the base, it will not be doubted, that itis thus divided into 
two right angled spherical triangles equa] and similar to one another, 
aod which, nevertheless, cannot be so Jaid on one another as to agree. 
The same holds in innumerable other instances, and therefore it is 
evident, that a principle, more general and fundamental than that of the 
equality of coinciding figures, ought to be introduced into Geometry. 
What this principle is has also appeared very clearly in the course of 
these remarks; and it is indeed no other than the principle so cele- 
brated in the philosophy of Leibnitz, under the name of THE auUFFI- 
CIENT REASON. For it was shown, that the pyramids DABE and DACE 
are concluded to be equal, because each of them is determined to be 
of a certain magnitude, rather than of any other, by conditions that 
are the same in both, so that there is no reason for the one being 
greater than the other. ‘This Axiom may be rendered general by 
saying, That things of which the magnitude is determined by condi- 
tions that are exactly the same, are equal to one another ; or, it might 
be expressed thus; Two magnitudes A and B are equal, when there 
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is no reason that A should exceed 3, rather than that B should exceed 
A. Either of these will serve as the fundamental principle for com- 
paring geometrical magnitudes of every kind ; they wi!l apply in those 
cases where the coincidence of magnitudes-with one another has no 
place ; and they will apply with great readiness to the cases in which 
a coincidence may take place, such as in the 4th, the 8th, or the 26th 
of the Firat Book of the Elements. 

The only objection to this Axiom is, that it is somewhat of a meta- 
physical kind, and belongs to the doctrine of the sufficient reason, which 
is looked on with a suspicious eye by some philosophers. But this ie 
no solid objection ; for such reasoning may be applied with the great. 
est safety to those objects with the nature of which we are perfectly 
acquainted, and of which we have complete definitions, as in pure 
mathematics. Ina physical questions, the same principle cannot bo 
applied with equal safety, because in such cases we have seldom a 
complete definition of the thing we reason about, or one that includes 
ali its properties. Thus, when Archimedes proved the spherical 
figure of the earth, by reasoning on a principle of this sort, he was 
led to a false conclusion, because he knew nothing of the rotation of 
the earth on its axis, which places the particles of that body, though at 
equal distances from the centre, in. circumstauces very different from 
one another. But, concerning those things that are the creatures of 
the mind altogether, like the objects of mathematical investigation, 
there can be no danger of being misled by the principle of the auffi- 
cient reason, which at the same time furnishes us with the only single 
Axiom, by help of which we can compare together geometrical quan- 
tities, whether they be of one, of two, or of three dimensions. 

Legendre in his Elements has made the same remark that has been 
just stated, that there are solids and other Geometric Magnitudes, 
which, though similar and equal, cannot be brought to coincide with 
one another, and he has distinguished them by the name of Symmetri- 
cal Magnitudes. He has also given a very satisfactory and ingenious 
demonstration of the equality of certain solids of that sort, though not 
so concise as the nature of a simple and elementary truth would seem 
to require, and consequently not such as to render the axiom propos- 
ed above altogether unnecessary. 

But a circumstanco for which I cannot very well account is, that 
Legendre, and after him Lacroix, ascribe to Simson the first mention 
of such solids as we are here considaring. Now I must be permitted 
to say, that no remark to this purpose is to be found in any of the wri- 
tings of Simson, which have come to my knowledge. He has indeed 
made an observation concerning the Geometry of Solids, which was 
both new and important, viz. that solids may have the condition 
which Euclid thought sufficient to determine their quality, and may 
nevertheless be unequal; whereas the observation made here is, that 
solids may be equal and similar, and may yet want the condition of be- 
ing able to coincide with one another. These propositjons are widely 
different ; and how so accurate a writer as Legendre should have mis- 


329 NOTES. SUPPL. BOOK Uil. 


taken the one for the other, is not easy to be explained. It must be 
observed, that he does not seem in the least aware of the observation 
which Simson has really made. Perhaps having himself made the re- 
mark we now speak of, and on looking slightly iato Simson, having 
found a limitation of the usual description of equal solids, ho had with- 
out much inquiry, set it down as the same with his own notion; and 
so, with a great deal of cundour, and some precipitation, he has ascrib- 
ed to Simson a discovery which really belonged to himself. ‘This at 
least seems to be the most probable solution of the difficulty. 

I have entered into a fuller discussion of Legendre’s mistake than 
I should otherwise have done, from having suid in the first edition of 
these cloments, in 1'795, that I believed the non-coincidence of similar 
and equal solids in certain circumstunces, was then made for the first 
time. ‘his itis evident would havo been a pretension as ridiculous 
as ill-founded, if the samo observalion had been made in a book like 
Simson’s, which in this country was in every body’s hands, and which 
I had myself professcdly studied with attention. As I have not seen 
any edition of Legendre's Elements earlier than that published in 1202, 
I am ignorant whether he or I was the first in making the remark here 
referred to. ‘That circumstance is, however, immaterial; for fam not 
interested about the originality of the remark, though very much inter- 
ested to show that J] had no intention of appropriating to myself a dis- 
covery made by another- | 

Another observation on the subject of those solids, which, with Le- 
gendre we shali call Symmetrical, has occurred to me, which I did 
not at first think of, viz. that Euclid himself certainly had these solids 
in view when he formed his definition (as he very improperly calls it) 
of equal and similar solids. Ho says that those solids are equal and 
similar, which are contained under the same nuinber of equal and simi- 
lar planes. But this is nottrue, as Dr. Simson has shown ina passage 
just about to be quoted, because two solids may easily be asaigned, 
bounded by the same number of cqual and similar planes, which are 
obviously unequal, the ono being contained within the other. Simson 
observes, that Euclid needed only to have added, that the equal and 
similar planes must be similarly situated, to have made his description 
oxact. Now, it is true, that this addition would have made it exact in 
one respect, but would have rendered it imperfect in another ; for 
though all tho solids having the conditions here enumerated, are equal 
and similar, many others are equal and similar which have not those 
conditions, that is, though bounded by the same equal number of similar 
planes, those planes are not similarly situated. ‘Thesymmetrical solids 
have not their equal and similar planes similarly situated, but in an order 
and position directly contrary. Euclid, it is probable, was aware of 
this, and by seeking to render the description of equal and similar so- 
lids so general, as to comprehend solids of both kinds, has stript it of 
an essential condition, so that solids obviously unequal are included 
in it, and bas also been led into a very illogical proceeding, that of 
defining the equality of solids, instead of proving it, as if he had beer: 
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at liberty to fix a new idea to the word equal every timo that he applied 
it to a new kind of magnitude. The nature of the difficulty he had to 
contend with, will perhaps be the more readily admitted as an apolo- 
gy for this error, when it ia considered that Simson, who had studied 
the matter so carefully, as to set Euclid right in one particular was 
himself wrong in another, and has treated of equal and similar solids, 
so as to exclude the symmetrical altogether, to which indeed he seems 
not to have at all adverted. 

I must, therefore, again repeat. that I do not think that this matter 
can be treated in a way quite simple and elementary, and at the same 
time general, without introducing the principle of the sufficient reason. 
as stated above. It may then be demonstrated, that similar and equal 
solids are those contained by the same number of equal and similar 
planes, either with similar or contrary situations. If the word contra 
ry is properly understood, this description seems to be quite general. 

Simson's remark, that solids may be unequal, though contained by 
the same number of equal and similar planes, extends also to solid 
angles which may be unequal, though contained by the same number 
af equal plane angles These remarks he published in the first edi- 
tion of his Euclid in 1756, the very same year that M. le Sage commu- 
nicated to the Academy of Sciences the observation on the subject of 
solid angles, mentioned in a former note; and, it is singular, that these 
two geometers, without any communication with one another, should 
almost at the same time have made two diecovéries very nearly con- 
nected, yet neither of them comprehending the whole truth, so that 
each is tmperfect without the other. 

Dr. Simson has shown the truth of his remark, by the following 
reasoning. 

* Let there be any plane rectilineal figure as the triangle ABC, and 
from a point D within it, draw the straight line DE at right angles to 
the plane ABC; in DE take DE, DF equal to one another, upon the 
opposite sides of the plane, and let G be any point in EF ; join DA, 
DB, DC; EA, EB, EC; FA, FB, FC; GA, GB, GE: Because the 
straight line EDF is at right angles to the plane ABC, it makes right 
angles with DA, DB, DC, which it meets in that plane; and in the 
triangles EDB, FDB, ED and DB are equal to FD and DB, each to 
each, and they contain right angles: therefore the base EB is equai 
to the base FB ; in the same manner EA is equal to FA, and EC to 
FC: and in the triangles EBA, FBA, EB, BA are equal to FB, BA, 
and the base EA is equal to the base FA; wherefore the angle BBA 
is equat to the angle VBA, and the triangle EBA equal to the triangle 
FBA, and the other angles equal to the other angles ; therefore th<-se 
triangles are similar: In the same manner the triangle EBE is amiar 
fo the triangle FBC, and the triangle BAC to FAC; therefore there are 
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two solid figures, each of which is contained by six triangles, one oi 





them by three triangles, the common vertex of which is the point G, 
and their bases the straight lines AB, BC, CA and by three other tri- 
angles tbe common vertex of which is the point E, and their bases the 
same lines AB, BC, CA. ‘The other solid is contained by the same 
three triangles, the common vertex of which is G, and their bases 
AB, BC, CA; and by three other triangles, of which the common 
vertex is the point EF, and their bases the same straight lines AB, BC, 
CA: Now, the three triangles GAB, GBC, GCA are common to both 
solids; and the three others EAR, ERC, ECA, of the first solid have 
been shown to be equal and similar to the three others FAB, FBC, 
FCA of the other solid, each to each; therefore, these two solids are 
contained by the same number of equal and similar planes: But that 
they are not equal is manifest, because the first of them is contained in 
the other: Therefore it is not universally true, that solids are equal 
which are contained by the same number of equal and similar planes.” 

Cor. From this it appears, that two unequal solid angles may be 
contained by the same number of equal plane angles.” 

* For the solid angle at B, which is contained-by the four plane 
angles EBA, EBC, GBA, GBC is not equal to the solid angle at the 
same point B; which is contained by the four plane angles FBA, FBC, 
GBA, GBC; for the last contains the other: And each of them is 
contained by four plane angles, which are equal to one another, each 
to each, or are the self-same, as has been proved: And indeed, there 
tray be innumerable solid angles all unequal to one another, which 
aro sach of them contained by plane angles that are equal to one ano»: 
other, exch to each: It is likewise manifest, that the before-mention- 
ed solids aia not similar, since their solid angles are not all equal.” 
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PLANE TRIGONOMETRY. 


DEFINITIONS, &c. 


TRIGONOMETRY is defined in the text to be the application of 
Number to express the relations of the sides and angles of tri- 
angles. It depends, therefore, on the 47th of the first of Euclid, and 
on the 7th of the first of the Supplement, the two propositions which 
do most immediately connect together the sciences of Arithmetic and 
Geometry. 

The sine of an angle is defined above in the usual way, viz. the 
perpendicular drawn from one extremity of the arch, which measures 
the angle on the radius passing through the other; but in strictness 
the sine is not the perpendicular itself, but the ratio of that perpen- 
dicular to the radius, for it is this ratio which remains constant, while 
the angle continues the same, though the radius vary. It might be 
convenient, therefore, to define the sine to be the quotient which 
arises from dividing the perpendicular just described by the radius of 
the circle. 

So also, if one of the sides of aright angled triangle about tho right 
angle be divided by the other, the quotient is the tangent of the angle 
opposite to the first-mentioned side, &c. But though this is certainly 
the rigorous way of conceiving the sines, tangents, &c. of angles, 
which are in reality not magnitudes, but the ratios of magnitudes ; 
yet as this idea is a little more abstract than the common one, and 
would also involve some change in the language of trigonometry, at 
the same time that 1t would in the end lead to nothing that is not attain- 
ed by making the radius equal to unity, I have adhered to the com- 
mon method, though I have thought it right to point out that which 
should in strictness be pursued. EE 

A proposition is left out in the Plane. Trigonometry, which the 
astronomers mako use of in order, when two sides of a triangle, and 
the angle contained by them, aro given, to find the angles at the base, 
without making uso of the sum or difference of the sides, which, im 
some cases, when only the Logarithms of the sides are given, cannot 


be conveniently found. 


392 NOTES. PL. TRIGONOMETRY. 
THEOREM. 


if, as the greater-of any two sides of a triangle to the less, so the radius 
to the tangent of a certain angle; then anil the radius be to the tan- 
gent of the difference between that angle «nd half a right angle, as the 
tangent of half the sum of the angles, at the base of the triangle to the 
tongent of half their difference. 


Let ABC be a triangle, the sides of which are BC and CA, and the 
base åB, and let BC be greater than 
CA. Let DC be drawn at right Ü 
angles to BC, and equal to AC; 
join BD, and because (Prop. 1.) 
in the right angled triangle BCD, 

BC: CD :: R: tan CBD, CBD is 

the angle of which the tangent is D 

to the radius as CD to BC, that is, 

as CA to BC, or as the least of the 

two sides of the triangle to the A. n 
greatest. 

But BC--CD : BC —-CD :: tan? (CDB+CBD): 
tan 1 (CDB — CBD) (Prop. 5.) ; 
and also, BC--CÀ : BC—CAÀ :;; tani (CAB+CBA) : 
tan 3 (CAB — CBA). "Therefore, since CD-—CA, 
tan 4 (CDB--CBD) : tan 1 (CDB—CBD) :: 
tan 4 (CAB+CBA) : tan} (CAB—CBA). But because tho 
angles CDBR+ CBD= 90", tani (CDB+4+ CBD: 
tan 4 (CDB —CBD :; & : tan (45' - CBD), (2 Cor. Prop. 3.) ; 
therefore. R : tan (45°— CBD) :: tan } (CAB-+CBA) : 
tan } (CAB - CBA); and CBD was already shown to be such an angle 
that BC: CA :: Retan CBD. Therefore,&c. Q. E. D. 

Con. If BC, CA, and the angle C are given to find the angies A and 
B; find an angle E such, that BC: CA :: R: tan E; then R: 
tan (45°-—-E.) :; tan $ (A-+-B): tan} (A~B). "Thus 1 (À - B) is 
I and 1 (À4- B) being given, A and B are each of them known, 

em. 2. 

In reading the elements of Plane Trigonometry, it may be of use 
to observe, that the first five propositions contain all the rules abso- 
lutely necessary for solving the different cases of plane triangles. 
The learner, when he studies Trigonometry for the first time, may sa- 


tisfy himself with these propositions, but should by no means neglect 
ihe others in a subsequent perusal. 


PROP. VII. and VIII. 


i have changed the demonstration which 1 gave of these proposi- 
tions in the first edition, for two others considerably simpler and moro 
concise, given me by Mr. Jaroine, teacher of the. Mathematica ip 


Edinburgti, formerly one of my pupils, to whose ingenuity and skill X 
am very glad to bear this public testimonv. 
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SPHERICAL 


TRIGONOME'TH Y. 


PROP. V. 


Tue anglies-at the base of an isosceles spherical triangle are’ sym- 
gvetrical magnitudes, not admitting of being laid on one another, nor 
of coinciding, notwithstanding their equality. it might be consider- 
ed as a sufficient proof that they are equal, to observe that they are 
each determined to be of a certain magnitude rather than any other, by 
conditions which are precisely the same, so that there is no reason why 
one of them should be greater than another. For the sake of those 
to whom this reasoning may not prove satisfactory, the demonstration 
in the text is given, which is strictly geometrical. 


For the demonstrations of the two propositions that are given in the 
end of the Appendix to the Spherical Trigonometry, see Elementa 
Sphericorum, Theor. ¢6. apud Wolfii Opera Math. tom. iii.; Trigo- 
nometrie par Cagnoli, § 463; Trigonometrie Spherique par Mauduit, 


§ 165. 
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INTRODUCTION. 


pe —sFeHE arts and fciences have become fo extenfive, 
| # that to facilitate their acquirement is of as 
much importance as to extend their boundaries. 





Illuftration, if it does not fhorten the time of 
ftudy, will at leaft make it more agreeable. Tuis WorK 
has a greater aim than mere illuftration; we do not intro- 
duce colours for the purpofe of entertainment, or to amule 
by certain combinations of tint and form, but to affift the 
mind in its refearches after truth, to increafe the facilities 
of inftruction, and to diffufe permanent knowledge. If we 
wanted authorities to prove the importance and ufefulnefs 
of geometry, we might quote every philofopher fince the 
days of Plato. Among the Greeks, in ancient, as in the 
{chool of Peftalozzi and others in recent times, geometry 
was adopted as the beft gymnaftic of the mind. In fact, 
Euclid’s Elements have become, by common confent, the 
bafis of mathematical fcience all over the civilized globe. 
But this will not appear extraordinary, 1f we confider that 
this fublime fcience is not only better calculated than any 
other to call forth the fpirit of inquiry, to elevate the mind, 
and to ftrengthen the reafoning faculties, but alío it forms 
the beft introduction to moft of the ufeful and important 
vocations of human life. Arithmetic, land-furveying, men- 
furation, engineering, navigation, mechanics, hydroftatics, 
pneumatics, optics, phyfical aftronomy, &c. are all depen- 
dent on the propofitions of geometry. 


Vill INTRODUCTION. 


Much however depends on the firft communication of 
any fcience to a learner, though the beft and moft eafy 
methods are feldom adopted. Propofitions are placed be- 
fore a ftudent, who though having a fufficient underftand- 
ing, is told juft as much about them on entering at the 
very threfhold of the fciencc, as gives him a prepoffeffion 
moft unfavourable to his future ftudy of this delightful 
fubject ; or “ the formalities and paraphernalia of rigour are 
fo oftentatioufly put forward, as almoft to hide the reality. 
Endlefs and perplexing repetitions, which do not confer 
greater exactitude on the reafoning, render the demonftra- 
tions involved and obfcure, and conceal from the view of 
the ftudent the confecution of evidence.” Thus an aver- 
fion is created in the mind of the pupil, and a fubject fo 
calculated to improve the reafoning powers, and give the 
habit of clofe thinking, is degraded by a dry and rigid 
courfe of inftruction into an uninterefting exercife of the 
memory. To raife the curiofity, and to awaken the liftlefs 
and dormant powers of younger minds íhould be the aim 
of every teacher; but where examples of excellence are 
wanting, the attempts to attain it are but few, while emi- 
nence excites attention and produces imitation. The object 
of this Work is to introduce a method of teaching geome- 
try, which has been much approved of by many fcientific 
men in this country, as well as in France and America. 
The plan here adopted forcibly appeals to the eye, the moft 
fenfitive and the moft comprehenfive of our external organs, 
and its pre-eminence to imprint it. fubject on the mind is 
fupported by the incontrovertible maxim exprefled in the 
well known words of Horace :— 

Segnius irritant animos demtffa per aurem 
Quam que funt oculis fubjecta fidelibus. 


A feebler imprefs through the ear is made, 
‘Than what is by the faithful eye conveyed. 
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All language confifts of reprefentative figns, and thofe 
figns are the beft which effect their purpofes with the 
greateft precifion and difpatch. Such for all common pur- 
pofes are the audible figns called words, which are {till 
confidered as audible, whether addreffed immediately to the 
ear, or through the medium of letters to the eye. Geo- 
metrical diagrams are not figns, but the materials of geo- 
metrical {cience, the object of which is to fhow the relative 
quantities of their parts by a procefs of reafoning called 
Demonftration. This reafoning has been generally carried 
on by words, letters, and black or uncoloured diagrams ; 
but as the ufe of coloured fymbols, figns, and diagrams in 
the linear arts and íciences, renders the procefs of reafon- 
ing more precife, and the attainment more expeditious, they 
have been in this inftance accordingly adopted. 

Such is the expedition of this enticing mode of commu- 
nicating knowledge, that the Elements of Euclid can be 
acquired in lefs than one third the time ufually employed, 
and the retention by the memory is much more permanent; 
thefe facts have been afcertained by numerous experiments 
made by the inventor, and feveral others who have adopted 
his plans. The particulars of which are few and obvious; 
the letters annexed to points, lines, or other parts of a dia- 
gram are in fact but arbitrary names, and reprefent them in 
the demonftration ; inftead of thefe, the parts being differ- 
ently coloured, are made p 
to name themfelves, for 
their forms in correfpond- 
ing colours represent them 
in the demonftration. 





In order to give a bet- 
ter ideaof this fyftem, and A 
of the advantages gained by its adoption, let us take a right 
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angled triangle, and exprefs fome of its properties both by 
colours and the method generally employed. 


Some of the properties of the right angled triangle ABC, 
expreffed by tbe method generally employed. 


1. The angle BAC, together with the angles BCA and 
ABC are equal to two right angles, or twice the angle ABC. 

2. The angle CAB added to the angle ACB will be equal 
to the angle ABC. 

3. The angle ABC is greater than either of the angles 
BAC or BCA. 

4. The angle BCA or the angle CAB is lefs than the 
angle ABC. i 

5. If from the angle ABC, there be taken the angle 
BAC, the remainder will be equal to the angle ACB. 


6. The fquare of AC is equal to the fum of the {quares 
of AB and BC. 


The fame properties expreffed by colouring the different parts. 


a & A -.& -D 


That is, the red angle added to the yellow angle added to 
the blue angle, equal twice the yellow angle, equal two 


right angles. 


2. a.A- 


Or in words, the red angle added to the blue angle, equal 
the yellow angle. 


»-A.-AÀ. 


The yellow angle is greater than either the red or blue 
angle. 


^ 


se 
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Either the red or blue angle is lefs than the yellow angle. 


— E minus Mi = 


In other terms, the yellow angle made lefs by the blue angle 
equal the red angle. 








6. ee —— — M — 
That is, the ſquare of the yellow line is equal to the ſum 
of the ſquares of the blue and red lines. 


In oral demonftrations we gain with colours this impor- 
tant advantage, the eye and the ear can be addreffed at the 
fame moment, fo that for teaching geometry, and other 
linear arts and fciences, in claffes, the fyftem is the beft ever 
propofed, this is apparent from the examples juft given. 

Whence it is evident that a reference from the text to 
the diagram is more rapid and fure, by giving the forms 
and colours of the parts, or by naming the parts and their 
colours, than naming the parts and letters on the diagram. 
Befides the fuperior fimplicity, this fyftem is likewife con- 
{picuous for concentration, and wholly excludes the injuri- 
ous though prevalent practice of allowing the ftudent to 
commit the demonttration to memory; until reafon, and fact, 
and proof only make impreffions on the underftanding. 

Again, when lecturing on the principles or properties of 
figures, if we mention the colour of the part or parts re- 
ferred to, as in faying, the red angle, the blue line, or lines, 
&c. the part or parts thus named will be immediately feen 
by all in the clafs at the fame inftant; not fo if we fay the 
angle ABC, the triangle PFQ, the figure EGKt, and fo on; 
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for the letters muft be traced one by one before the ftudents 
arrange in their minds the particular magnitude referred to, 
which often occafions confufion and error, as well as lofs of 
time. Alfo if the parts which are given as equal, have the 
fame colours in any diagram, the mind will not wander 
from the object before it ; that is, íuch an arrangement pre- 
fents an ocular demonftration of the parts to be proved 
equal, and the learner retains the data throughout the whole 
of the reafoning. But whatever may be the advantages of 
the prefent plan, if it be not fubítituted for, it can always 
be made a powerful auxiliary to the other methods, for the 
purpofe of introduction, or of a more fpeedy reminifcence, 
or of more permanent retention by the memory. 

The experience of all who have formed fyítems to im- 
preís facts on the underítanding, agree in proving that 
coloured reprefentations, as pictures, cuts, diagrams, &c. are 
more eafily fixed in the mind than mere fentences un- 
marked by any peculiarity. Curious as it may appear, 
poets feem to be aware of this fact more than mathema- 
ticlans ; many modern poets allude to this vifible fyftem of 
communicating knowledge, one of them has thus exprefled 


himfelf : 
Sounds which addrefs the ear are loft and die 
In one fhort hour, but thefe which ftrike the eye, 
Live long upon the mind, the faithful fight 
Engraves the knowledge with a beam of light. 

This perhaps may be reckoned the only improvement 
which plain geometry has received fince the days of Euclid, 
and if there were any geometers of note before that time, 
Euclid's fuccefs has quite eclipfed their memory, and even 
occafioned all good things of that kind to be aífigned to 
him; like /Efop among the writers of Fables. It may 
alfo be worthy of remark, as tangible diagrams afford the 
only medium through which geometry and other linear 
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arts and fciences can be taught to the blind, this vifible fys- 
tem is no lefs adapted to the exigencies of the deaf and 
dumb. 

Care muft be taken to fhow that colour has nothing to 
do with the lines, angles, or magnitudes, except merely to 
name them. A mathematical line, which is length with- 
out breadth, cannot poffefs colour, yet the junction of two 
colours on the fame plane gives a good idea of what is 
meant by a mathematical line; recollect we are {peaking 
familiarly, fuch a junétion is to be underftood and not the 
colour, when we fay the black line, the red line or lines, &c. 

Colours and coloured diagrams may at firft appear a 
clumfy method to convey proper notions of the properties 
and parts of mathematical figures and magnitudes, how- 
ever they will be found to afford a means more refined and 
extenfive than any that has been hitherto propofed. 

We fhall here define a point, a line, and a turface, and 
demonfítrate a propofition in order to fhow the truth of this 
affertion. 

A point is that which has pofition, but not magnitude ; 
or a point is pofition only, abítracted from the confideration 
of length, breadth, and thicknefs. Perhaps the follow- 
ing defcription is better calculated to explain the nature of 
a mathematical point to thofe who have not peace the 
idea, than the above {pecious definition. 

Let three colours meet and cover a 
portion of the paper, where they meet 
is not blue, nor is it yellow, nor is it 
red, as it occupies no portion of the 
plane, for if it did, it would belong 
to the blue, the red, or the yellow 
part; yet it exifts, and has pofition 
without magnitude, fo that with a little reflection, this junc- 
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tion of three colours on a plane, gives a good idea of a 
mathematical point. 

A line is length without breadth. With the affiftance 
of colours, nearly in the fame manner as before, an idea of 
a line may be thus given :— 

Let two colours meet and cover a portion of the paper; 
where they meet is not red, nor is it 
blue; therefore the junction occu- 
pies no portion of the plane, and 
therefore it cannot have breadth, but 
only length: from which we can 
readily form an idea of what is meant by a mathematical 
line. For the purpofe of illu(tration, one colour differing 
from the colour of the paper, or plane upon which it is 
drawn, would have been fufficient; hence in future, 1f we 
fay the red line, the blue line, or lines, &c. it is the junc- 
tions with the plane upon which they are drawn are to be 
underítood. 

Surface is that which has length and breadth without 
thicknefs. 





When we confider a folid body 
(PQ), we perceive at once that it 
has three dimenfions, namely :— 
length, breadth, and thicknefs ; 
fuppofe one part of this folid (PS) 
to be red, and the other part (QR) 
yellow, and that the colours be 
diftin& without commingling, the 
blue furface (RS) which feparates 
thefe parts, or which is the fame 
thing, that which divides the folid 
without lofs of material, muft be 


without thicknefs, and only poffeffes length and breadth ; 
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this plainly appears from reaſoning, ſimilar to that juſt em- 
ployed in defining, or rather defcribing a point and a line. 

The propofition which we have felected to elucidate the 
manner in which the principles are applied, is the fifth of 
the firft Book. 


In an ifofceles triangle ABC, the 
internal angles at the bafe ABC, 
ACB are equal, and when the fides 
AB, AC are produced, the exter- 
nal angles at the bafe BCE, CBD 
are alfo equal. 

Produce ===.. and l——— 





Draw So and — — — 


— 





= uns and A common : 


E. A-A 


and h^ == « (B. 1. piaz 


Again in JA m i \ 
a — a. 
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(D. 1. pray 





y 
a. 
A. 


Q. E. D. 


By annexing Letters to the Diagram. 


Ler the equal fides AB and AC be produced through the 
extremities BC, of the third fide, and in the produced part 
BD of either, let any point D be affumed, and from the 
other let AE be cut off equal to AD (B. ı. pr. 3). Let 
the points E and D, fo taken in the produced fides, be con- 
nected by ftraight lines DC and BE with the alternate ex- 
tremities of the third fide of the triangle. 

In the triangles DAC and EAB the fides DA and AC 
are refpectively equal to EA and AB, and the included 
angle A is common to both triangles. Hence (B. 1. pr. 4.) 
the line DC is equal to BE, the angle ADC to the angle 
AEB, and the angle ACD to the angle ABE ; if from 
the equal lines AD and AE the equal fides AB and AC 
be taken, the remainders BD and CE will be equal. Hence 
in the triangles BDC and CEB, the fides BD and DC are 
refpectively equal to CE and EB, and the angles D and E 
included by thofe fides are alfo equal. Hence (B. 1. pr. 4.) 
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the angles DBC and ECB, which are thoſe included by 
the third fide BC and the productions of the equal fides 
AB and AC are equal. Alfo the angles DCB and EBC 
are equal if thofe equals be taken from the angles DCA 
and EBA before proved equal, the remainders, which are 
the angles ABC and ACB oppofite to the equal fides, will 
be equal. 


Therefore in an tfofceles triangle, &c. 
OE NDA 


Our object in this place being to introduce the fyftem 
rather than to teach any particular fet of propofitions, we 
have therefore felected the foregoing out of the regular 
courfe. For fchools and other public places of inftruction, 
dyed chalks will anfwer to defcribe diagrams, &c. for private 
ufe coloured pencils will be found very convenient. 

We are happy to find that the Elements of Mathematics 
now forms a confiderable part of every found female edu- 
cation, therefore we call the attention of thofe interefted 
or engaged in the education of ladies to this very attractive 
mode of communicating knowledge, and to the fucceeding 
work for its future developement. 

We fhall for the prefent conclude by obferving, as the 
fenfes of fight and hearing can be fo forcibly and inftanta- 
neously addrefled alike with one thoufand as with one, the 
million might be taught geometry and other branches of 
mathematics with great eafe, this would advance the pur- 
pofe of education more than any thing that sg be named, 
for it would teach the people how to think, and not what 
to think ; it is in this particular the great error of education 
originates. 
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THE ELEMENTS OF EUCLID. 
BOOK I. 


DEFINITIONS. 


l. 
A point is that which has no parts. 


IT. 
A Zine is length without breadth. 


IH. 


The extremities of a line are points. 


liy. 


A ftraight or right line is that which lies evenly between 


its extremities. 
V. 


A furface is that which has length and breadth only. 
valk 
The extremities of a furface are lines. 
VIL. 


A plane furface is that which lies evenly between its ex- 


tremities. 
VIII. 


A plane angle is the inclination of two lines to one ano- 
ther, in a plane, which meet together, but are not in the 
fame direction. 

IX. 
A plane rectilinear angle is the inclina- 
tion of two ftraight lines to one another, 
which meet together, but are not in the 





fame ftraight line. 
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X 


When one ftraight line ftanding on ano- 
ther ftraight line makes the adjacent angles 
equal, each of thefe angles is called a right AN 
angle, and each of thefe lines is faid to be 
perpendicular to the other. 
XIII. 


A term or boundary is the extremity of any thing. 


XI. 
An obtufe angle is an angle greater 
than a right angle. 





XII. 
An acute angle is an angle lefs than a 


right angle. 





XIV. 
A figure is a furface enclofed on all fides by a line or lines. 


XV. 

A circle is a plane figure, bounded 
by one continued line, called its cir- 
cumference or periphery; and hav- 
ing a certain point within it, from 
which all ftraight lines drawn to its 
circumference are equal. 


XVI. 


This point (from which the equal lines are drawn) is 
called the centre of the circle. 


XX BOOK I. DEFINITIONS. 


XVII. 
A diameter of a circle isa ftraight line drawn 
through the centre, terminated both Ways 
in the circumference. 


XVIII. 
/ Y A femicircle is the figure contained by the 
s : diameter, and the part of the circle cut off 


by the diameter. 


hm 
"M XIX. 
/ À fegment of a circle is a figure contained 
: « bya ftraight line, and the part of the cir- 
* . X cumference which it cuts off. 
*enaeo*" 


XX. 
A figure contained by ftraight lines only, is called a recti- 


linear figure. 
XXI. 


A triangle is a rectilinear figure included by three fides. 


XXII. 

A quadrilateral figure is one which is bounded 
by four fides. The ftraight lines ——— 
and === connecting the vertices of the 
oppofite angles of a quadrilateral figure, are 
called its diagonals. 


XXIII. 
A polygon is a re&ilinear figure bounded by more than 
four fides. 


pU — — 
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XXIV. 
A triangle whofe three fides are equal, is 
faid to be equilateral. 
XXV. 
A triangle which has only two fides equal 
is called an ifofceles triangle. 


> 


XXVI. 


A fcalene triangle is one which has no two fides equal. 


XXVII. 
A right angled triangle is that which 
has a right angle. 
XXVIII. 


An obtufe angled triangle is that which 
has an obtufe angle. 


NA 


XXIX. 
An acute angled triangle is that which 
has three acute angles. 


N 


XXX. 
Of four-fided figures, a fquare is that which 
has all its fides equal, and all its angles right 


angles. 
XXXI. 


A rhombus is that which has all its fides 
equal, but its angles are not right angles. 


XXXII. 


An oblong is that which has all its 
angles right angles, but has not all its 
fides equal. 


y 


2 


im © 
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XXXIII. 
A rhomboid is that which has its op- 
pofite fides equal to one another, 
but all its fides are not equal, nor its 


angles right angles. 
XXXIV. 


All other quadrilateral figures are called trapeziums. 
XXXV. 

Parallel ftraight lines are fuch as are in 
the fame plane, and which being pro- 
duced continually in both directions, 

would never meet. 


POSTULATES. 
I. 
Let it be granted that a ftraight line may be drawn from 


any one point to any other point. 


II. 
Let it be granted that a finite ftraight line may be pro- 
duced to any length in a ftraight line. 
III. 


Let it be granted that a circle may be defcribed with any 
centre at any diftance from that centre. 


AXIOMS. 
I. 


Magnitudes which are equal to the fame are equal to 


each other. 
II. 


If equals be added to equals the fums will be equal. 
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IH. 
If equals be taken away from equals the remainders will 


be equal. 
IV. 


If equals be added to unequals the fums will be un- 


equal. 
V. 


If equals be taken away from unequals the remainders 


will be unequal. 
V]. 


The doubles of the fame or equal magnitudes are equal. 


VH. 
The halves of the fame or equal magnitudes are equal. 


VIII. 
Magnitudes which coincide with one another, or exactly 
fill the fame fpace, are equal. 


IX. 
The whole is greater than its part. 


X. 
Two ftraight lines cannot include a fpace. 


XI. 
All right angles are equal. 


XII. 





If two ftraight lines ( ) meet a third 
{traight line (; ) fo as to make the two interior 


angles 4 and B on the fame fide lefs than 
two right angles, thefe two ftraight lines will meet if 
they be produced on that fide on which the angles 
are lefs than two right angles. 
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The twelfth axiom may be exprefled in any of the fol- 
lowing ways: 

1. Two diverging ftraight lines cannot be both parallel 
to the fame ftraight line. 

2. If a ftraight line interfect one of the two parallel 
ftraight lines it muft alfo interfect the other. 

3. Only one ftraight line can be drawn through a given 
point, parallel to a given ftraight line. 

Geometry has for its principal objects the expofition and 
explanation of the properties of figure, and figure is defined 
to be the relation which fubfifts between the boundaries of 
fpace. Space or magnitude is of three kinds, /mear, fuper- 
ficial, and ſolid. 

Angles might properly be confiderec as a fourth fpecies 
of magnitude. Angular magnitude evidently confifts of 
parts, and muft therefore be admitted to be a fpecies ot 
quantity The ftudent muft not fuppofe that the magni- 
tude of an angle is affected by the length 


A 


of the ftraight lines which include it, and 
of whofe mutual] divergence it is the mea- 
fure. The vertex of an angle is the point 
where the fides or the /egs of the angle 
meet, as A. 

An angle is often defignated by a fingle letter when its 
legs are the only lines which meet to- 
gether at its vertex. Thus the red and 





blue lines form the yellow angle, which 
in other fyftems would be called the 
angle A. But when more than two 
lines meet in the fame point, it was ne- 
ceffary by former methods, in order to 
avoid confufion, to employ three letters 
to defignate an angle about that point, 
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the letter which marked the vertex of the angle being 
always placed in the middle. Thus the black and red lines 
meeting together at C, form the blue angle, and has been 
ufually denominated the angle FCD or DCF The lines 
FC and CD are the legs of the angle; the point C is its 
vertex. In like manner the black angle would be defignated 
the angle DCB or BCD. The red and blue angles added 
together, or the angle HCF added to FCD, make the angle 
HCD; and fo of other angles. 

When the legs of an angle are produced or prolonged 
beyond its vertex, the angles made by them on both fides 
of the vertex are faid to be vertically oppoftte to each other : 
Thus the red and yellow angles are faid to be vertically 
oppofite angles. 

Superpofition is the procefs by which one magnitude may 
be conceived to be placed upon another, fo as exactly to 
cover it, or fo that every part of each fhall exactly coin- 
cide. 

A line is faid to be produced, when it is extended, pro- 
longed, or has its length increafed, and the increafe of 
length which it receives is called its produced part, or its 
produ€tion. 

The entire length of the line or lines which enclofe a 
figure, is called its perimeter. The firft fix books of Euclid 
treat of plain figures only. A line drawn from the centre 
of a circle to-its circumference, is called a radius. The 
lines which include a figure are called its /ides. That fide 
of a right angled triangle, which is oppofite to the right 
angle, is called the Aypotenufe. An oblong is defined in the 
fecond book, and called a re&azg/e. All the lines which 
are confidered in the firft fix books of the Elements are 
fuppofed to be in the fame plane. 

The //raigAt-edge and compaffes are the only inftruments, 


C 
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the ufe of which is permitted in Euclid, or plain Geometry. 
To declare this reftri&tion 1s the object of the po/ffulates. 

The Axioms of geometry are certain general propofitions, 
the truth of which is taken to be felf-evident and incapable 
of being eftablifhed by demontftration. 

Propofitions are thofe refults which are obtained in geo- 
metry by a procefs of reafoning. There are two {fpecies of 
propofitions in geometry, problems and theorems. 

A Problem is a propofition in which fomething is pro- 
pofed to be done ; as a line to be drawn under fome given 
conditions, a circle to be defcribed, fome figure to be con- 
ftructed, &c. 

The /o/ution of the problem confifts in fhowing how the 
thing required may be done by the aid of the rule or ftraight- 
edge and compafies. 

The demonftration confifts in proving that the procefs in- 
dicated in the folution really attains the required end. 

A Theorem is a propofition in which the truth of fome 
principle is afferted. This principle muft be deduced from 
the axioms and definitions, or other truths previously and 
independently eftablifhed. To fhow this is the object of 
demonttration. 

A Problem is analogous to a poftulate. 

A Theorem refembles an axiom. 

A Poftulate is a problem, the folution of which is affumed. 

An Axiom is a theorem, the truth of which is granted 
without demonftration. 

A Corollary is an inference deduced immediately from a 
propofition. 

A Scholium is a note or obfervation on a propofition not 
containing an inference of fufficient importance to entitle it 
to the name of a corollary. 

A Lemma is a propofition merely introduced for the pur- 
pofe of eftablifhing fome more important propofition. 
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SYMBOLS AND ABBREVIATIONS. 


,". exprefles the word therefore. 

EE ........ becaufe. 

equal, ‘This fign of equality may 
be read egual to, or 1s equal to, or are equa! to; but 
any difcrepancy in regard to the introduction of the 
auxiliary verbs 7s, are, &c. cannot affect the geometri- 
cal rigour. 

st means the fame as if the words ‘ not equal’ were written. 

[^ fignifies greater than. 

EN . /efr than. 

im . .. . Mot greater than. 

p . not lefs than. 

++ is read p/us (more), the fign of addition ; when interpofed 
between two or more magnitudes, fignifies their fum. 

— is read minus (/efs), fignifies fubtraction; and when 
placed between two quantities denotes that the latter 
is to be taken from the former. 

XX this fign exprefles the product of two or more numbers 
when placed between them in arithmetic and algebra ; 
but in geometry it is generally ufed to exprefs a rect- 
angle, when placed between ** two ftraight lines which 
contain one of its right angles." A recfang/e may alfo 
be reprefented by placing a point between two of its 
conterminous fides. 

$23 2 exprefies an analogy or proportion ; thus, if A, B, C 

and D, reprefent four magnitudes, and A has to 
B the fame ratio that C has to D, the propofition 
is thus briefly written, 
Luo: 
EN 


SIME 


oA mc 
num 


This equality or famenefs of ratio 1s read, 
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as A is to B, fois C to D; 
or A ıs to B, as C is to D. 
| ar parallel to. 
. perpendicular to. 


angle. 


. right angle. 


D^ 1 


two right an gles, 


AN or N briefly defignates a font. 


[—. =, or 3] fignifies greater, equal, or lefs than. 
The. fquare defcribed on a line is concifely written thus, 


In the fame manner twice the íquare of, is exprefled by 





2 
def. fignifies definition. 
pos: <. 
AX: 
J hypothefis. It may be neceflary here to re- 


mark, that the Aypothefis is the condition affumed or 
taken for granted. Thus, the hypothefis of the pro- 
pofition given in the Introduction, is that the triangle 
is ifofceles, or that its legs are equal. 

GO. Se confiruélion. The confiruétion is the change 
made in the original figure, by drawing lines, making 
angles, defcribing circles, &c. in order to adapt it to 
the argument of the demonftration or the folution of 
the problem. The conditions under which thefe 
changes are made, are as indisputable as thofe con- 
tained in the hypothefis. For inftance, if we make 
an angle equal to a given angle, thefe two angles are 
equal by conftruction. 

CE. HD Quod erat demonfirandum. 

Which was to be demonítrated. 
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Faults to be corrected before reading this Volume. 


PaGE 13, line g, for def. 7 read def. 10. 

4.5, laft line, for pr. I9 read pr. 29. 

£4, line 4 from the bottom, for black and red line read blue 
and red line. 

59, line 4, for add black line fquared read add blue line 
{quared. 

60, line 17, for red line multiplied by red and yellow line 
read red line multiplied by red, blue, and yellow line. 

mo wine 11, for def. 7 read def. 10. 

81, line 10, for take black line read take blue line. 

105, line 11, for yellow black angle add blue angle equal red 
angle read yellow black angle add blue angle add red 
angle. 

129, laft line, for circle read triangle. 

141, line r, for Draw black line read Draw blue line. 


196, line 3, before the yellow magnitude infert M. 





Sel ees 25 uem — 





Euclid. 


BOOK I. 
PROPOSITION I. PROBLEM. 


E MN a given finite 
a ftraight Ime (——) 





Gai) to defcribe an equila- 


teral triangle. 


Defcribe and 


(poftulate 3.); draw &«- and —*— (poft. 1.). 


then will / N be equilateral. 


For === = -——. (def. 15.); 
and — —— —— (def. 15.), 


e, c T — (axiom. I.); 
and therefore /N is the equilateral triangle required. 
O.E D: 


2 BOOK I. PROP. II. PROB. 


RGR ROM a given point (——e ), 
K Q ; i to draw a flraight line egual 
“YWA o a given finite ftraight 


9A Aa. line ( — ). 





Draw e-------- - (poft. 1.), defcribe 


/IN (pr. 1.), produce (poft. 


2.), aciemibe C) (poft. 3.), and 


(poft. 3.); produce ——— (poft. 2.), then 





*^ 


For 


= js the line required. 








— — — — (def. 15.), 





and 


— — (conít.), 2 ————— m — 


(ax. 3.) DUC de T 





EA eT drawn from the given point ( =a ) 


is equal the given line === , \ 


Q. E. D 














BOOK. PROP IILI. PROB. 3 
CROM the greater 
E dd two given firaight 
lines, to cut of a part egual to 
the lefs ( em). 


D raw — — — 


-——— (pr. 2.); defcribe 


(poft. 3 .), then. —— — ———— 





For 


— (def. 15.), 
ne wr (Conit.) 


? 


. —— — (2X. |.). 


QUE. D. 
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To F two triangles 

9 Sy 2 have two fides 

| 2x of the one 

| | refpectively 
equal to two fides of the 





other, ( — [0 = 


and —— [0 —— ) and 


the angles ( A and A ) 


contained by thofe equal 
fides alfo equal; then their bafes or their fides (—7 and 


— are alfo equal: and the remaining and their remain- 





ing angles oppofite to equal fides are refpectively equal 


4 — and — : and the triangles are 
( g 


equal in every refpedt. 


Let the two triangles be conceived, to be fo placed, that 


the vertex of the one of the equal angles, A or A ; 


fhall fall upon that of the other, and .————— to coincide 


with ——, then will — Coincide with we if ap- 





will coincide with ; 


plied: confequently 





or two ftraight lines will enclofe a fpace, which is impoffible 


(ax. 10), therefore e——— — ; > = p 


and £P — 6. and as the triangles A "A 


coincide, when applied, they are equal in every reípect. 
Q. E. D. 





BOOK I. PROP. V. THEOR. 5 


T — N any ifofceles triangle 
: d Ve VAN if the equal fides 


CAN RZ produced, the external 
— at the bafe are equal, and the 
internal angles at the bafe are alfo 
equal. 











Produce s and 
aoo take 
— * E DE 





draw ——— and ——— 





Then in p- ^ we have, 


! conn to 


both, and === == == (hyp.) .*. e = £s. . 
= and B = 4, rom. 


E a and \\ we have — —¶ — Ó— 


D = A o — = —.. «. 
[N = VN a wW = ai (pr. 4.) but 


a A... 4 


Q. E. D. 














6 BOOK I. PROP. VI. THEOR. 


zm | Y 5 two angles ( A and Y 


Hb — — are equal, the fides ( — 





ANd womensse’ oppofite to them are alfa 


egual. 


For if the fides be not equal, let one 
of them ex be greater than the 


other — and from it cut off 





— ee (pr. 3.), draw 


Then in A and / -—— — 
(conft.) A = A (hyp.) and ————- common, 


*. the triangles are equal (pr. 4.) a part equal to the whole, 


which is abfurd; ,*, neither of the fides ——2*-— or 


————— is greater than the other, .*. hence they are 


equal 


Q. EUD. 


BOOK I. PROP. VII. THEOR. - 


pee N the fame bafe (e—), and on 
F ERNA Y the fame fide of it there cannot be two 
A WE 9 Al triangles having their conterminous 








DAAE des (wm and ^ 
— an a£ both extremities of. 
the baje, equal to each other. 


When two triangles ftand on the fame bafe, 
and on the fame fide of it, the vertex of the one 
(hall either fall outfide of the other triangle, or 


within it; or, laftly, on one of its fides. 


If it be poffible let the two triangles be con- 


mn] 


\ then 
D: 


= 
ftructed fo that | ri 


draw =s. mmm and, 








which is abfurd, 





but ( V-W | 


therefore the two triangles cannot have their conterminous 


fides equal at both extremities of the bafe. 
OTE D: 


8 BOOK I. PROP. VII. THEOR. 


IL (wo triangles 
A Sy ) have two fides 
LS We of the one refpec- 
Br nal tively equal to 
two fides of the other 





( = n 
and 
and alfo their bafes (== 
= mem), egual; then the 


angles Q and ^ 


contained by their equal fides 
are alfo equal. 





— ——, 





If the equal baſes — and — be conceived 
to be placed one upon the other, fo that the triangles fhall 
lie at the fame fide of them, and that the equal fides 








terminous, the vertex of the one mutt fall on the vertex 
of the other; for to fuppofe them not coincident would 


contradict the laft propofition. 


Therefore the fides ===. an@_ gs Deine 


cident with == ne 


“Ae à 


BOOK I. PROP. IX. PROB. 





Take 


ow -——— —., upon which 


defcribe V (oemi); 


draw  c-— — OX] $ 





— — (pr. 3.) 


Becaufe TENEIS ë o (conſt.) 
and — — common to the two triangles 


and == — (conſt.), 


“Aah we 


Q. E. D. 


10 BOOK I. PROP: X* (PROB 






ora piel O LIRE a given finite firaight 


line (=-=). 


Conftruct / \ 





sss SSRIS RYSES Es Vom dE. d (pr. Tale 
draw ——, making 4 - b | pr. 9.). 
Then === = scenes by (pr. dd 





for NEU 


(conft.) 4 = D» 


and == common to the two triangles. 





Therefore the given line is bifected. 


Q. E. D. 


BOOK I. PROP. XI. PROB. I1 


mpsuROM a grven 
ead pont (——). 
8 p in a given 
——— ftraight line 
) fo draw 








a perpendicular. 





Take any point (e—««» ) in the given line, 


= = (pr. 3.) 





cut off 


conftruct /N (pero, 


and it fhall be perpendicular to 





draw 


the given line. 











For = (conft.) 
o (conft.) 


and === common to the two triangles. 


Therefore d- ® (pr. 8.) 


S. == Lr (def. 10.). 


Q. E. D. 





H2 BOOK I. PROP. XII. PROB. 


EE draw a 


Fa Du : ftraight line 








AS PENA perpendicular 
a . e . . 
m indefinite firai ght line 
SU (— ) from a grven 
2455908020234 


(point AN ) without. 


With the given point AN as centre, at one fide of the 


capable of extending to 


the other fide, defcribe w ; 


Make — —— (pr. 10.) 


line, and any diftance 








draw 


EE — and ——. 





then — — —. 


For (pr. 8.) ince —Ó— z —————— (conft.) 
— 5 common to both, 


and === LLLI (def. 15.) 


oe m -D , and 


¢ om—— Ó m —-——-—- #@£& } (def. 102): 


Q. E. D. 


BOOK I. PROP. XIII. THEOR. 13 












NGGESENSIHEN a flraight line 
CASTS ) franding 
| D v B] upon another firaight 

mS Jine ( ) 
makes angles with it; they are 
either two right angles or together 
equal to two right angles. 











If a be .L tO < then, 


iR » Ñ - Cl (def. 7.), 


But if. ———— be not .L, t0. ————, 


draw e—— D ——— s (pr. r1.) 


4. MD... 
&.Bh-P.A 
A. m 6. PA... 
-E A-LO 





SE: D). 


14 BOOK I. PROP. XIV. THEOR. 


7 —— F zwo Atraight lines 
; 3 | e meeting a third firaight 
me p (uÁ), at the 

Jame point, and at oppofite fides of 


it, make with it adjacent angles 


lat and A, equal tà 


two right angles; thefe flramght 
lines lie in one continuous ftraight 


line. 












AB 


For, if poffible let. ——— , and not «=m, 





be the continuation of. e———— 


-AAD 


but by the hypothefis ^. A — Al 
“ae A. (ax. 3.); which is abfurd (ax. 9.). 


—— — , is not the continuation of —————-, and 


the like may be demonftrated of any other ftraight line 


is the continuation 





except — — 
of e 


Q. E. D. 


BOOK I. PROP. XV. THEOR. 15 


A A Y ACRI F zwo right lines (=== 


TEE? v and c) interfeél one 





S| another, the vertical an- 


gles p and 4 CE 
and udis are equal. 


PT 
«45 -/1^ 
*-4 


In the fame manner it may be {hown that 


-e 














Q. E. D. 


16 BOOK I. PROP. XVI. THBOR. 


ntl ode gle Gi 
is redit. the external 





* 


ange ( WN) i 
greater than either of the 
internal remote angles 


p aE 


Make ——— z— ------ (pr. ro.). 





Draw 





and produce it until 


em mm m um mu m ———Ó draw we ———. 


2.2 


(contts prs 15 MN me. rs (pr. 4.) 
, v - &. 


In like manner it can be fhown, that if — 


be prcduced, L N Z A. and therefore 
v which is = uU is A. 


Q. E. D. 








BOOK I. PROP. XVII. THEOR. 17 





Eozupe sm NY two angles of a tri- 


: M ood angle EN are to- 


gether lefs than two right angles. 





Produce === | then will 


A.T- NO 


But v = S (pr. 16.) 
iS ge zs A = E 


and in the fame manner it may be fhown that any other 








two angles of the triangle taken together are lefs than two 


right angles. 
QI D. 


18 BOOK I. PROP. XVIII. THEOR. 


PARSON any triangle — 
Ed » if one fide «m be 
! V "d greater than another 
—— — , the angle op- 
" te to the greater fi ^ de 1s greater 
than the angle oppofite to the lefs. 


Qc 


ae ——— (pr. M draw -—— , 


Then will A — a (preasa 
t A [- 5 (pr. tem) 
Aa L- ^ and much more 


I LE 











Make 








BOOK I. PROP. XIX. THEOR. 19 


gma in any triangle LN. 


RE — one angle A be greater 
than another a the fide 


which 1s oppofite to the greater 











angle, is greater than the fide ==—mmmmm= 


oppofite the lefs. 


If ————— be not greater than. ——— then muft 


= or T = 


[f == = 
A — (pr. 5-)3 


which is contrary to the hypothefis. 





HH — then 








is not lefs than &——— ; for if it were, 


y = fry (pr. 18.) 


which is contrary to the hypothefis: 





— —F 





Q. E. D. 


20 BOOK I. PROPWAXM. THEO. 


: 7 £ 1 E , hb 2m 


3 d) frian gle p. Ww 
oo Wie — 


taken together are greater than the 


third fide (e). 





Produce —— o and 
make < armea me o CODEDUEEEEEEEEEUENENENES (pr. 25 


draw — 











Then becaufe —------ (conft.), 
« . á (pr. 5.) 
^. i= 4 (ax. 9.) 
e, ----- [2 e—— (pr. 19.) 
and .°, —— d ——— L . 





Q.E.D 


BOOK I. PROP. XXI. THEOR. 2i 


DW Veg within a triangle 
CANI i A 
firaight lines be * 
TT—— 2 


drawn to the extremities of one fide 
(ME... ), thefe lines muft be toge- 
ther lefs than the other two fides, but 
mujt contain a greater angle. 





Produce z———— , 
od 4 — — Cc —Ó o — 
add amadan tO Cach, 


— — — L L——-- -- ....-. (ax. 4.) 


In the fame manner it may be fhown that 
— EOS + uum ons C —_ a) + cane aay 5 cs 
mpm e -|- et E — — — — a 


which was to be proved. 


Again Å L å (pre 16.), 
and alfo & = é 91:086.) 


Q. E. D. 


22 BOOK I. PROP. XXII. THEOR. 


EE VEN three right 
t —X — memeaeanuee 
n BER qd : lines f eannan 





~ two greater than 
the third, to conftrud? a tri- 
angle whofe fides fhall be re- 
Jpectively equal to the given 


lines. 





Affume T 2e (pr. 3.). 


Draw = see 
| (proa 


and — —— aanpapnp 








With and m_ as radii, 


defcribe Or ‘Or (poft. 3.); 


draw —ER..-- —, 


For — — 


— € € m mamuam a > (conft.) 


and ->na ee — —a — — — "munus = 


Q. E. D. 


BOOK I. PROP. XXIII. PROB. 23 


b grven ftraight line (m), 






Bw zo make an angle equal to a 


Er ds 


given rectilineal angle ( À T 





Draw —————- between any two points 


in the legs of the given angle. 


Conftruct Re^ (PeZ 








fo that —— eee 


and ie 


Then = P fpr. 8.). 


Q. E. D. 


24 BOOK I. PROP. XIV. THER. 


» — ~ G F two triang les 
yp have two fides of 
^ ea the one refpec- 
Br tively equal to 
two i des of the other ( 


£o and es "m up pump m 


£0 ———— ), and gu 












the angles ( 3 ) contain- 
ed by the equal fides be 


greater than the other e the fide ( — ) which is 
oppofite to the greater angle 1s greater than the fide ( —— — ) 


which is oppofite to the lefs angle. 


Make /N = A (prazo 


and —— € 0 — —— (pr. a Ji 
draw esmnomaotsmem and eee sm 


Becaufe ——— m --—----— (ax. 1. — conſt.) 


-Å -= Fe 
ow Wa N. j 
. Wo D. 


— [ID snee... (pr. 10.) 


but asssoonate Z — — (pr. 4.) 


. — — —. 


e 9 


Q. E. D. 








BOOK I. PROP. XXV. THEOR. 25 


pee F two triangles 
(owe a) have two fides 
oo and 
— — — —) of the 
one refpectively equal to two 
fides ( and ) 
of the other, but their bafes 
unequal, the angle fubtended 
by the greater bafe (mmummumm) 
of the one, muft be greater 
than the angle fubtended by 














the lefs bafe (= ) of the other. 








A a 4. 1s not equal to A 


for if A == A then 


then 











=—= (pr. 4.) 
which is contrary to the hypothefis ; 


A is not lefs than A 
for A -j A 


- ——— (pr. 24). 


which is alfo contrary to the hypothefis : 


„À -å 


26 BOOK I. PROP. XXFI. THEOR. 


Case I. 


pee I two triangles 

Wd) have two angles 

| of the one re- 
ectively equal 
to two angles of the other, 


( P = P and 
Case II. sa = A... 


of the one equal to a fide of 
the other fimilarly placed 
with refpect to the equal 
angles, the remaining fides 
and angles are refpectively 
equal to one another. 








CASE I. 
which lie between 





Let — — and 


the equal angles be equal, 
then 





For if it be poſſible, let one of them — be 
greater than the other; 


make — — — — o draw n o 


In SA and I we have 
— =—, A= &,— =— : 


2. A = A (pr. 4.) 


BOOK I. PROP. XXVI. THEOR. 27 


but if. — P (hyp-) 
and therefore A — A which 1s abfurd ; 


hence neither of the fides ———99— and 9e js 


greater than the other; and ,*. they are equal; 


S.— — , and "d = e (pr. 4-). 


CASE II. 








Again, let. e—— , which lie oppofite 


the equal angles À. and A.. If it be poffible, let 


— 9 € i — — o, then take — — 





draw «mammas , 


Then in /N and A wehave —— — —, 


E —.AÀ-A 
. À = A (pr. 4.) 
but ^. = bis (hyp-) 

5 A = rN which is abfurd (pr. 16.). 


Oor — is 








Conſequently, neither of the ſides 
greater than the other, hence they muft be equal. It 
follows (by pr. 4.) that the triangles are equal in all 
refpects. 

(us D. 


28 BOOK I. PROP. XXVH. TIBBOR. 


mS F a frraight line 
KA O ILS) mec 


"| ing two other 





NO. frraight — lines, 





(—— and \ makes 


with them the alternate 


angles ( a and 7 
lo 7 and du. ) equal, thefe two firaight lines 


are parallel. 





If. ———— be not parallel to ————— they íhall meet 


when produced. 
If it be poffible, let thofe lines be not parallel, but meet 
when produced; then the external angle Y is greater 


than a. (pr. 16), but they are alfo equal (hyp.), which 
is abfurd : in the fame manner it may be fhown that they 


cannot meet on the other fide; ,*. they are parallel. 


Q. E. D. 


BOOK I. PROP. XXVIIL THEOR. 29 


SOS F a ffraight Ine 
US — ) cut- 

à ting two other 
— ſtraight lines 
and Jj 
makes the external equal to 


the internal and oppofite 





( 








angle, at the fame fide of 


the cutting line (namely, 


Å-A 








or 
[3 = i. or if it makes the two internal angles 


at the fame fide "S and Yy or A and ul 


together equal to two right angles, thofe two firaight lines 


are parallel. 


Firft, Fw = A. then A -W.. m^), 


A-Y. 


Secondly, if A + Ww. 


— 7 


w -V -Nes 
.A.W- WW. es 


.A- V 


. — || — (r. 27.) 


Q. E. D. 


30 BOOK I. PROP. XXIX. THOR 


E STRAIGHT Zine 
is fa) (mmm) falling on 
Ad BAW) two parallel ftraight 


bd [mes (.———— and 





), makes the alternate 
angles equal to one another ; and 
alfo the external equal to the in- 
ternal and oppofite angle on the 
fame fide; and the two internal 
angles on the fame fide together 
equal to two right angles. 


For if the alternate nges W and A be not equal, 
, making v . A (pr Zaye 


Therefore smmmemensan || (pr. 27.) and there- 





draw 








fore two ftraight lines which interfect are parallel to the 
fame ftraight line, which 1s impoffible (ax. 12). 


Hence the alternate angles T" and A are not 


unequal, that is, they are equal: " = A (Orro 
* d», = A , the external angle equal to the inter- 


nal and oppofite on the fame fide: if be added to 


both, then A E g- 
(pr. Mn 


That is to fay, the two internal angles at the fame fide of 
the cutting line are equal to two right angles. 


Q. E. D. 





Beek I PROP. XXX. THEOR. 


peer DRAIGHT Zines ( —— 






3 Nee $| which are parallel to the 





AO Jame firaight line ( ===), 


are parallel to one another. 


Let 








interfect | | : 


Then, A ES A = A pr. 29.), 
.A-A 


Ex d (pr. 27.) 


Q. E. D. 


31 





32 BOOK I. PROP. XXXI. PROB: 


AROM a given 
No Cai 73 to 


dac drow a Straight 





line parallel to a given 


ftraight line ( Ji 








from the point y to any point L 


in —— , 
make W = A (pr. 230 


then ——--- || — (pr. 27.). 





Draw 


Q. E. D. 


BOOK I. PROP. XXXII. THEOR. 33 





— zi F any fide ( ) 
NUI of a triangle be pro- 


Sy Ut v) duced, the external 





angle ( 


) 25 equal 





to the fum of the two internal and 


oppofite angles ( a and A ), 


and the three internal angles of 
every triangle taken together are 
equal to two right angles. 





Through the point / \ draw 
gee (PF 31-)- 


a = A 
A-V 
Gg 


and therefore 


8.4.4 | 


(pr. 13.) 


(pr. 29.); 





fax, 20); 








34 BOOK I. PROP. XXXIII. THEOR. 


E 4 and ————) which join 
| the adjacent extremities of 
) two equal and parallel flraight 
and — ) are 


themfelves equal and parallel. 








lines (— 





£888PRRROOBBBRBOODBEBZ 


Draw 





the diagonal. 





(hyp) 


wy = a (pr. 29.) 


and — common to the two triangles; 


S. —— — MM, na = b (pr. 4.) 


and ,;Q —— |]  —— (pr. 27.). 


Q. E. D. 


BOOK I. PROP. XXXIV. THEOR. a5 






eee — HE oppoft fe fides and an gles of 





- 


E - 


Therefore the oppofite fides and angles of the m 


5*72«444259 ce 


are equal in every refpect (pr. 4,), the diagonal divides 
the parallelogram into two equal parts. 


Q. E. D. 


36 BOOK I. PROP. XXXF. THEOR. 


aCIARALLELOGRAMS 
WAI on the fame bafe, and 
AY Ra A between the Jame paral- 
l, are (in area) equal. 





On account of the parallels, 


= . (pr. 29.) 
2 v as 29.) 


and == —— — (pr. 34.) 


But, v = Ww (pr. 8) 
A P d 





, 











D. 


wu 
A 


3 


BOOK I. PROP. XXXVI. THEOR. 37 





SN ARALLELO- 


GRAMS 


w 
b and a on 


equal bafes, and between the 


fame parallels, are equal. 





and momoa, 








Draw 


— — = , by (pr. 34, and hyp.); 


SS = and || —— ; 


ao m d and ll -"--————mmum (pr. p.) 





And therefore is a parallelogram : 


but 1 E £- B. SE.) 
S ` — 4 (ax. 12). 
Q 


Oo D. 


38 | BOOK I. PROP. XXXVII. THEOR. 





EESZHERIANGLES 





on the fame bafe (o) 
and between the fame paral- 





lels are egual. 


Draw --...... [| ——— " Gi ai 


Prades — ee 


V... V are parallelograms 


on the fame bafe, and between the fame parallels, 


and therefore equal. (pr. 35.) 


twice À 
twice A 


Ag 


(pr. 34.) 





BOOK I. PROP. XXXVIII. THEOR. 30 











1 and A on 


egual bajes and between s» 


the Jame parallels are equal. 


Draw @@eeoeoe a |I — 


and wemweeeone I — — 


| PESI): 





twice 


twice b- 





40 BOOK I. PROP. XXXIX. THEOR. 


x | QUAL triangles > 


and on the Jame bafè 
(ue) 777 07 the fame fide of it, are 
between the Jame parallels. 





[f =, Which joins the vertices 
of the triangles, be not || =—————, 


draw ————— || —— (pr. 31:.), 














meeting ------- A 
Draw : 
Becaufe (conft.) 
a. _ E (pr- 37-): 
but ha. - A (hyp.) ; 
as A_A a part equal to the whole, 





which is abfurd. 
S. 00054 —: and in the fame 


manner it cau be demonftrated, that no other line except 








= aS Lae is I . . Sas S E C I 


3 . € * 


Q. E. D. 


BOOK I. PROP. XL. THEOR. 41 


| T AN ) QUAL trian- 
| At gles 


( — 
on equal bafes, and on the 
fame fide, are between the 
fame parallels. 








If — — which joins the vertices of triangles 


be not ll — — — , 
draw — I — —— (vIr. 31.), 


meeting -————mmu =, 





Draw 
T ———M (conft.) 





Becaufe 


A e À but A = b 
ie b = À a part equal to the whole, 


which is abfurd.. 


: and in the fame manner it 








s Re H 
can be demonftrated, that no other line except 





Q. E. D. 


Eds ll — .—0 


42 BOOK I. PROP. XLI. THEOR. 





and a triangle 
the fame bafe and between 
the fame parallels ——---- and 
, the parallelogram ts double 


are upon 











the triangle. 





Draw the diagonal ; 


Then b = K (pr. 37-) 
wu. == twice wx | (pr. 34.) 
— x = twice 4l 
M 10. E. D. 





BOOK I. PROP. XLII. THEOR. 43 






mm O confrud a 
Vi dM parallelogram 


ZW equal to a grven 


triangle À. hav- 


ing an angle egual to a given 


rectilinear angle a . 


Make = senna (pr. 10.) 








Draw 





Make a — 4 qme 


Draw y ll p — J 






m BOOK I. PROP. XLIII. THEOR. 








ism PRAHE complements 


of 
the parallelograms which are about 
the diagonal of a parallelogram are 
equal. 


BOOK I. PROP. XLIV. PROB. 45 


REPRO a given 
F E NS. ſtraight line 
ag Nal (——) na- 
— ply a parallelo- 


gram equal to a given tri- 














angle ( \, and 





having an angle equal to 
a given rectilinear angle 





and having one of its fides «92-2 conterminous 
with and in continuation of ===» , 
Produce —— till it meets. ———— || -====—= 
Craw ems produce it tillit meets = = =» æ» continued; 
draw «see || — meeting — 


produced, and produce =semssswe, 


T = AY (Pr 43.) 
t E. M (conft.) 


vs AN p ; and 
V- -A (pr.19. and contt.) 


Q. E. D. 











A- 





46 BOOK I. PROP. XLV. PROB. 


zey) O confiruct a parallelogram equal 
MH! fo a given rectilinear figure 





) and having an 





angle equal to a given reéhlinear angle 
(Mf) 


Draw 


the rectilinear figure into triangles. 


Conftru& g- — 
." having E = E (pr 42 
tO —— apply NE - 4 
having m — r qu 44.) 
tO apply g E » 
raving M = M oaa 


uS 


EN. a parallelogram. (prs. 29, 14, 30.) 


having, M = " j 
T 





and ————— dividing 


















Q. E. D. 


BOOK I. PROP. XLVI. PROB. 47 


| — 325 — PON a given firaight line 
Cap i ) to confiru&b a 














Draw JL and z2 e 
(pr. 11. and 3.) 
Draw || , and meet- 








ing ————— drawn [| ===, 


» = aright angle (conft.) 


d- D- = a right angle (pr. 29.), 


and a remaining fides and angles muft 


be equal, (pr. 34.) 


| 
is a fquare. (def. 27.) 
OFE D. 








(conft.) 





and ,* 





48 BOOK I. PROP. XLVII. THEOR. 


— N a right angled triangle 


| | QE / “a the Square on the 


Aypotenufe ——— is equal to 
the fum of the fquares of the fides, ( 


and e=). 








On 


, — and — — 





deſcribe ſquares, (pr. 46.) 





Draw ecuuucesau ll n m s uS a (pr. 2 


alío draw. ——— and —. 


To each add 2m . R. a 


‘Se 


Again, becaufe ==» |] — € 











BOOK I. PROP. XLVII. THEOR. 49 


y = twice M. 
and 8 == twice w 


Q- 





In the fame manner it may be fhown 


that 9 = : 


hence 





ee 
m 


50 BOOK I. PROP. XLVIII. THEOR. 


Rone cee the fquare 
) Raval of one fide 
—— “a triangle 1s 


equal to the fquares of the 











& —- £0 Ji des —— 

e ), the angle 

À 4 \ fubtended by that 
M uon accom oa E 15 a right angle. 


Draw samesmmen |) lIl——— and Z— oe———J— (prs.t1.3.) 


and draw eecnnnee= alfo. 





O (conft.) 
— —— — € - —- — —— 


ea namams” + — — Se = E ——— S 


but == erms eam o ° + — ^ ee (pr. 47:3 





and — Lo l^ * (hyp.) 


A- d. (pr. 9.) 
confequently ® is a right angle. 


Q. E. D. 





BOOK II. 


DEFINITION I. 


e eei RECTANGLE or a 
ag NAE d right angled parallelo- 





ETa gram is faid to be con- 
tained by any two of its adjacent 


or conterminous fides. 





Thus: the right angled parallelogram | is faid to 


be contained by the fides ——— and ———— $ 


or it may be briefly defignated by 





If the adjacent fides areequal;i. c. C——— — 
then 











which 1s the expreffion 
for the rectangle under — — and 





is a ſquare, and 


2 


—-——— 0| —- 0p — — —— 


is equal to f : 


—— 9 Q[  ——————— 


52 BOOK II. DEFINITIONS. 


DEFINITION II. 


GN RUN a parallelogram, 
Paced tv the figure compofed 





A» S S98 of one ot the paral- 
lelograms about the diagonal, 
together with the two comple- 


ments, ts called a Gnomon. 





Thus 





called Gnomons. 


BOOK II. PROP. I. PROB. 53 


EBs a 5 by two firaight lines, 
SEI one of which is divided 





E ato any number of parts, 





is egual to the fum of the rectangles : m 
contained by the undivided line, and the e —— 7 the 
divided line. 


Draw 





La and — (prs. 2.3 Bais 
complete the parallelograms, that is to fay, 





= 0 os (| —— | 

i - a ee 1 Br 31. B.) 
ars T P^ 
J 


E! 


54 BOOK Il. PROP. Il. THBOR. 


gomme EF 5 firaight line be divided 
Me] [aed] into any two parts menama =, 
S | the fquare of the whole line 
Poet Al] js equal to the fum of the 
rectangles contained by the whole line and 
each of its parts. 





eee —— 
$ o 
—— — t — 
— 


— —· — 


Deſcribe a (B. 1. praca 


parallel to 2222-7 (B. 1. pr. 31) 





Draw 








E ——Á310 


Q. E. D. 


BOOK II. PROP. III. THEOR. 55 


pamper a ffraight line be di- 
—36 i vided into any two parts 
SN | M ur —  [/J]e rectangle 
Sie contained 4 the whole 
line E: either of its parts, is equal to 
the fquare of that part, together with 
the rectangle under the parts. 





Deícribe E (PAO BT) 
Complete E (pr. oum T. 


"M B a. F , but 
EP — — — — and 
BU . 8 


3 
e — gg ETE, ZæZZæ —— + am——«-—em?.a o — 8 
"v o — — e 


In a fimilar manner it may be readily íhown 
that c-— Q0 — 0 —— ~ + c——— — — 


Q. E. D 


56 BOOK II. PROP. IV. THEOR. 


EF a ftraight line be divided 
S ) into any two parts =——= =, 
sal the Jquare of the whole line 
ieam] js equal to the fquares of the 
parts, together with twice the rectangle 


contained by the parts. 





] 
1 nwa 828283 — — > — 
— 


twice — 8 CS y 





Defcribe e (prO 


draw NE) 4 n ini (poft. [25 


od | — PP i (pa TB. 1.) 


4 = y ^ (pr. ;, B. 128 
4 = 4 pre 20 BI 
„A-A 


BOOK II. PROP. IV. THEOR. 57 


sumy (prs. 6,29, 34. B.1.) y is a f{quare == «m». 


For the fame reafons V! s hare = m= 


* — — (nr. 43, b. 1.) 
E ^N m- g 


S. — — — — 4 — + 





M 
í 


twice — —64 Oo — 


Q. E. D. 


58 BOOK II. PROP. V. PROB. 


RAF a firaght 
HM) Maral Aine be divided 











at) iO fwo egual 
| parts and alfo —— 
into two unequal parts, 








— the rectangle contained by 
the — parts, together with the fquare of the line between 
the points of fection, is egual to the fquare of half that line 


o o 
c 9 —THEEERBEENS 7-5 amem ~ — o O 7 — O O C 
— — ES 





Defcribe (pr. 46, B. 1.), draw —— and 





ps 





BOOK II. PROP. V. THEOR. 59 


.. 


and a — —— (conſt.) 
Beto. 2) "Jg - 


. — —— — * 





oom ie (cor. pr. 4. B. 2/5) 





2 —— 2 
one Hi mam 


Q. E. D. 


60 BOOK II. PROP. VI. THEOR. 


GEESE a fraight line be 
] Hu —— 
mdi and produced to any 





Bc point —— , 
the reétangle contained by the 
whole line fo tncreafed, and the 
part produced, together with the 
Square of half the line, 1s equal 
to the fquare of the Ime made up 
} of the half, andthe produced part. 





— — — — ———. 





Deſcribe (pr. 46, B. 1.), draw =_e 
SwiÀE- 
and XE LILILILILIES![1" oO |] c—— ——— — (pr. 31, B. r3 
escas |l ——— -———" 


B. .m. e (prs. SG DE 


— 


(comm, B. 27) 


ot N —— ` 
am. — ee 


— — — P — 7 





Q. ED 


BOOK II. PROP. VII. THEOR. 61 


pagers a firaight ime be divided 
ie ) into any E00 parts emm, 
e ^ the fquares of the whole line 
=A) and one of the parts are 





equal to twice the rectangle contained by ES 
the whole line and that part, together 
with the [quare of the other parts. 


2 T umm 
—— — — — — 
? 
2 m — — —— 





Deſcribe Sa O, worl) 


Draw — M—— (pott. (m 


o 
—— —«aummu T 


and — ll — — (pr. jl» B. r.). 
| - f IDE cB... 
add a — — to both, (cor. 4, B. 2.) 


——— (cor. 4, B. 2.) 


-— I-B-— — 





'"nnwumausEEHRÜUEN3S3SANN! 


usnwasszmumdunssuunms:s 


and any one of its parts, is equal to 
four times the rectangle contained by 
the whole line, and that part together 
with the fquare of the other part. 


62 BOOK Il. PROP: VII. BEEOR. 


a 

a 

> 

5 foe cent @ ftraight line be divided 
m ere } ^ 

: Ey ("0 any two parts 
a f f ` 
à — — E 





: the fum of the whole line 


A 4€ d — 


? 


Produce ————— and make — zz — 


Conftruc (pr. 40; 15905 )o 


draw I , 


— — 


(pr EB. 1.) 


— 


BOOK Il. PROP. LX. THEOR. 63 







Abi S? line be divided 


) VE into two equal * 






acti parts —_— oo 
and alfo into two unequal 
POTS m —— . the 
Jquares of the unequal 
parts are together double 
the [quares of half the line, 
and of the — between the points of fection. 


2 9 o 
0 —— — 7 - 
^T — ene 2 + — — e 


Make — m Co ty and —— Sue (Ol — S -— 





Draw mu"weopmOMBmEEENEN and POIIDTTTI—BbBLL LLLI 5 


=u || memes, eee || eee, and draw = , 


a - 
a 


(oi br m half a rignt angle. 
(Con pri32 BA TI:) 


(Pree r) = halfa right angle. 
- (cor pra, BT.) 
| = a right angle. 
Pe ODI 


hence -me — em a menean - —— — — 


(piss —— 














— * + es ig Or ~ —ñ— 
— — — ( ———— MR ——— — 
| 
d (pr. 47, B. 1.) 
L auns : mmm ~” — — 


64 BOOK II. PROP. X. THEOR. 


pee a flraight line 
NI be bi- 
j M feed and pro- 
mel) duced to any point 
— —— , he fquares of the 
© whole produced line, and of 
the produced part, are toge- 
© ther double of the fquares of 
* the half line, and of the line 
: made up of the half and pro- 
duced part. 








Make exe and = to ——- or ———, 


draw — — 111512 and — — —— ia AR 





draw = alío. 


(pr. 5, B. 1.) zm half a right 
(COR DIO. D. 


(pr. 5, B. 1.) zz half a right amaii 
(COT. pr» 225 D^ 


e^. a == a righteangle 
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A-&-> -V-4- 


half a right angle (prs. 5, 32, 29, 34, B.1.), 





and — — ——— N mm oo LI 
— A prs- GSA BA) Henceiby (pr. a ori) 
—3Qq o9 —: 

T E — == > = 
JToeA—-—-—-—-! m2 e 


o 
- 


.—— — — 22 — 42 — *. 


Q. E. D. 


66 BOOK [I.~ PROPOAT. Pes. 


peers O divide a given firaight line vows 
x rd MS. in fuch a manner, that the rectangle 
A Jp EN à contained by the whole line and one 
ESSA: of its parts may be egual to the 
= e of the other. 





e 
A 





Deícribe (pr. 46, BEI 
make == Z= ===...» (pr. 10, HE 


draw — — — 





take e———— T €e—— (pr. 3, B. 1.), 


ont == deko. y (pr. 40, Borm 


Produce eea=mannamcaanme == (poft. 2.). 
— 


9 
2 ~ — — — ^ 
— — -e E c -n S —_ E I m + 





Then, d 6, B. 2.) eevee —ÀM e 


o Eae e — e 93 4 : Oft, 





BOOK II. PROP. XII. THEOR. 67 






SERN any obtufe angled 
i HA) [S D) triangle, the fquare 
E 9 VW T of the fide fubtend- 
intimi iyo the obtufe angle 
exceeds the fum of the fquares 
of the fides containing the ob- 
tufe angle, by twice the rec- 
tangle contained by either of 
thefe fides and the produced parts 
of the fame from the obtufe 
angle to the perpendicular let 
fall on it from the oppofite acute 
angle. 





— [ —— dL by 


^  ——ÓsmmQ € - -——— -—— 


By pra. B. 2. 
— — he ma SLILLLLL i — · assum? 


add —— ? to both 





— 4 ———————— } 2 


— — (pr. 47, B. 1.) 


=e ee? 4 ome m. 


u 
^ 
— 





a. ” (pr. 47, B. 1.). Therefore, 
2 e. eummuutmaNm -[- ee of 


— — Á 2. 
|: hence — ? IM. — 





by 2 s women ge oe um ue um 


j l 
Q. E. D. 


68 BOOK II. PROP. XIII. THEOR. 


FIRST, SECOND: 


Ir. | NU angle, the 

Ww) UE ne Square of the 

SS E Jide fubtend- 

ing an acute angle, 1s 

lefs than the fum of the 
— — »amauaazt /Quares Of t/ie Ade ERE 
taining that angle, by twice the rectangle contained by either 
of thefe fides, and the part of it intercepted between the foot of 
the perpendicular let fall on it from the oppofite angle, and the 
angular point of the acute angle. 





FIRST. 


2 — x oc M + dE by 2: Um mE Gn o -— e 


SECOND: 


— a ee + == ° DY 2o =m o m a 


Firft, fuppofe the perpendicular to fall within the 
triangle, then (pr. 7, B. 2.) 
— E — — —— -+ agen 3 
add to each —^ then, 


-mnn + —Ó( 4- — — 2 — — ————— 


A dence P 


2 2 a 
— Hm" Sw o — — — 2 e mnnn y a =| — 
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and E inscio E ~ -- — m ~ by 


2 ¢ — m 9 —À, 


Next fuppofe the perpendicular to fall without the 


triangle, (Hemp 5. 2.) 


9 


— — + — =~ 0 ¢ ——— Eu mao © n E snaa”, 


add to each @==* then 


u o 0 
- o V - — 
— + — — — — — — ———⏑ — 


-p s H ĀM I (pr. 47, B. 1.), 
— + m 777 2 o -— A map o —À— + ——— 


* 2 =) — = mmm * by 2° 9 — M 


Q. E. D. 


70 BOOK II. PROP. XIV. PROB. 


page a O draw a right line of 
nou RUE wich the fquare fhall be 


BS LN equal to a given reéti- 





a EAR linear fg y 


To draw 





Juch that, 








until eaaasgia CCTVTG— 


produce es 


— >; 
take esie Z> — (pr. T0; DS 


Deícribe (potae ni 


and produce 
2 


—— or 





to meet it: draw —————, 





— e TII —— + resensie” 


(pr. 5; Ix 22) 
but — — — T Saisie (pr. 47, B. Laie 
— —— — — — ceoossum, 


e.. — — "Num" * ceo AREA , and 


Q. E. D. 





BOOK IIl. 


DEFINITIONS. 
I. 
QUAL circles are thofe whofe diameters are 


equal. 





LI. 
A right line is said to touch a circle 
when it meets the circle, and being 


produced does not cut it. 


III. 


Circles are faid to touch one an- 
other which meet but do not cut 


one another. 





IV. 


Right lines are faid to be equally 
diftant from the centre of a circle 
when the perpendiculars drawn to 


them from the centre are equal. 


DEFINITIONS. 


V. 


And the ftraight line on which the greater perpendi- 


cular falls is faid to be farther from the centre. 





-— 
D 


esit, 
* 








VI. 


A fegment of a circle is the figure contained 
by a ftraight line and the part of the circum- 


ference it cuts off. 


VII. 


An angle in a fegment is the angle con- 
tained by two ftraight lines drawn from any 
point in the circumference of the fegment 
to the extremities of the ftraight line which 


is the bafe of the fegment. 


VIII. 


An angle is faid to ftand on the part of 
the circumference, or the arch, intercepted 


between the right lines that contain the angle. 


IX. 


A fe&tor of a circle is the figure contained 


by two radii and the arch between them. 





— —ÜÓ mda — 


DEFINITIONS. 73 


x 
are thofe which contain 





equal angles. 


Circles which have the fame centre are 


called concentric circles. 





74 BOOK III. PROP. I. PROB. 


peer” O find the centre of a given 


circle C3 : 


Draw within the circle any ftraight 
line ———2---, make e— Z «ursan, 
draw —— — 3; 
bifect , and the point of 

bifection is the centre. 


For, if it be poffible, let any other 


point as the point of concourfe of. —mM— , — — 











and «sessessass be the centre. 


*?"w99*459999729afr 
* 


Becaufe in and ^o S 
= S 
(epee YF $ 


I= ===-~=— (hyp. and B. 1, def. 15.) 





SIrrr m (conít.) and smanuasa= common, 


- = wy (B. 1r, pr. 8.), and are therefore! mein 
angles; a = (| (conft.) VW — * (ax nm 


which is abfurd; therefore the aílumed point is not the 
centre of the circle; and in the fame manner it can be 
proved that no other point which is not on is 
the centre, therefore the centre is in 
therefore the point where ————— 3s bifected is the 








, and 


certre. 


Q. E. D. 





BOOK III. PROP. II. THEOR. 75 


[SUAM STRAIGHT /ine (——) 


GPR) joining two points in the 





woes] circumference of a circle | 


E a lies wholly within the circle. 
Find the centre «(C OPR Dr T.5 


from the centre draw &——— toany point in —, 





meeting the circumference from the centre ; 


Then = A DL. Dr. 5.) 
but f. C Wo c A Ba. pr r6.) 


E RET Dp 





but 








an —— zx] — JAiIPLLILI. 


. 
> 


.'. every point In —- lies within the circle. 


Q. E. D. 





76 BOOK III. PROP. III. THEOR. 





m ERE F a ft Fai g At / 1A£€ ( — — 
drawn through the centre of a 


circle CJ bifecisachord 


( 5) aotch. does not. pafs through 
the centre, it is perpendicular to it; or, 
tf perpendicular to tt, it bifects it. 








and — to the centre of the circle. 


In — and IN 


— MAL —— . — COMMON, and 


— — — he se * A — ra» (B. I; pr. 8.) 


and ,*. dL oc—-- (D. 1 rd EE 
Again let ——— .L lI — 


Then in — D 


A = eom 


Draw 














BOOK III. PROP. IV. THEOR. 77 


page= ina circle two firaight lines 
RA KI cut one another, which do 

W PE not both pafs through the 
See centre, they do not bifect one 





another. 


If one of the lines pafs through the 
centre, it is evident that it cannot be 
bife&ted by the other, which does not 
pafs through the centre. 





But if neither of the lines &——— or ————— 
país through the centre, draw -saassea= 


from the centre to their interfection. 


If RR be bifected, 2--. 2 .L to it (B. 3. pr. 3.) 


nD = N and if 


bifected, -— oe m m m “* 


.» = N 
aeos 


equal to the whole, which 1s abfurd : 


be 











(oes. pr. 3.) 


and MEC o 





do not bifect one another. 





78 BOOK III. PROP: V. THEOR. 


Ud two circles O | 


interject, they have not the 





Jame centre. 


Suppofe it pofiible that two interfecting circles have a 
common centre; from fuch fuppofed centre draw —— 
to the interfe&ing point, and em—:2225»- meeting 


the circumferences of the circles. 


Then —— (B. def 19 








and = = (B, 1. def. 15.) 


— D ERE . a part 
equal to the whole, which is abfurd: 


.". circles fuppofed to interfecét in any point cannot 


have the fame centre. 


Q. E. D. 


BOOK III. PROP. VI. THEOR. 79 


INS. [5 A F zwo circles O) touch 


Wied) one another internally, they 





have not the fame centre. 





For, if it be poflible, let both circles have the fame 





centre; from fuch a fuppofed centre draw 


cutting both circles, and === to the point of contact. 


Then ———-— zz es--e- (B. r. def. 15.) 
and — Zm «eee (D, 1. def. 1,5.) 


Quom = — — e a part 


equal to the whole, which is abſurd; 
therefore the aſſumed point is not the centre of both cir- 
cles; and in the ſame manner it can be demonſtrated that 


no other point is. 


Q. E. D. 


80 BOOK MI. PROP. VII. THEOR. 


FIGURE I. 





ITY CRET from any point within a circle 


which is not the centre, lines — 


= 
= 
s 
a 
. 
a 
a 
- 
- 
. 
a 
s 
a 
a 
s 
r 


are drawn to the circumference; the greateft of thofe 
lines ts that (unuae) which paffes through the centre, 
and the leafl is the remaining part (—— ) of the 
diameter. 


Of the others, that ( 


FIGURE Il. the line pafing through the centre, is greater than that 


( 





) which is nearer to 








) which 1s more remote. 





Fig. 2. The two lines (sere, aia ) 
| which make equal angles with that paffimg through the 
centre, on oppofite fides of it, are equal to each other; and 
‘there cannot be drawn a third line equal to them, from 
the fame point to the circumference. 





FIGURE I. 


To the centre of the circle draw - ----- and 777777; 


then 2-222222 ZZ ..... «2» (B. 1. def. 15.) 





— — — dL... [7 (B.1. pr. 289 

in like manner 2222» may be fhewn to be greater than 

——— , or any other line drawn from the fame point 
to the circumference. Again, by (B. 1. pr. 20.) 


— p ——EDE-e----—4—— 





take e—— from both; .*. C ll— (ax) 





and in like manner it may be fhewn that is lefs 





Been iif, PROP. VIL. THEOR. 81 


than any other line drawn from the ſame point to the cir- 


cumference. Again, in 





—— — common, ? E »: and vm eme Y E 


(B.i1. pr. 24.) and ==. 





as [zm c —-— | = 
may in like manner be proved greater than any other line 
drawn from the fame point to the circumference more 


remote from — a a m JR | 


FIGURE II. 
Dt « - » then EEE Che oe Se if not 
take «=. — dray mtn, ho 


common, 








saree (B. 1: prio) 





a part equal to the whole, which is abfurd : 
— — 9 and no other line is equal to 
—— drawn from the fame point to the circumfer- 
ence; for if it were nearer to the one pafling through the 
centre it would be greater, and if it were more remote it 


would be lefs. 
OE: D: 


M 


02 BOOK II. PRORBCVIII. “TEAR. 


The original text of this propofition is here divided into 
three parts. 


I. 


— x F fron a point without a circle, ftraight 
— amnpmamn ] 


| are drawn to the ctr- 





lines < 





| i e. 
cumference ; of thofe falling upon the concave circum- 


ference the greateft is that (—memanes) which paffes 
through the centre, and the [ine (—9) which is 


) 





nearer the greateft is greater than that ( 
which is more remote. 





Draw wenncasess 30d seseeceene to tbe centre. 


Then, ——4--- which paffes through the centre, is 


greateft; for fince ssesemes= SS seccace , if 





be added to both, —-emewcane == — e eee; 
but C (B. 1. pr. 20.) ,", ——-»-- is greater 


than any other line drawn from the fame point to the 





concave circumference. 


"asumsos "m Lo »—— 


Again in and 


est 





BOOM TT. PROP. VIII. THEOR. 


gnd == common, but Ó - dr 


m [T B r: prea; 
and in like manner 








other line more remote from cmmmmmmmssecesis, 


II. 


Of thofe lines falling on the convex circumference the 
leaft is that (saemmeane) which being produced would 
pafs through the centre, and the line which is nearer to 
the leaf is lefs than that which is more remote. 





For, fince 


eee O =m (B.r.pr.20.) 


and Am — — —— , 


4. mmm - [CI e-2—-e- (ax. c.) 


And again, fince «emmm» of. ee [T 
— e nenen E pet. ), 


and — — — 


og tere 77] ----9-. — And fo of others. 


III. 


Alfo the lines making equal angles with that which 
paffes through the centre are equal, whether failing on 
the concave or convex circumference ; and no third line 
can be drawn equal to them from the fame point to the 
circumference. 


For if «=== — [i meon, but making 4 = b: 


make -—_ se Bee Ec ee wammim a and draw "M PE ON NH oce : 


93 


may be fhewn [CZ than any 


it. 


". 
TT 
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Then in ) and — 
s 


WC have er aA ONES JURO Za —— 


v 
aq 
ir 
.- 
. 





and ——— common, and alfo h = á. 


ata = (B. T. pr. 


— 





but —— 


. 2ſ -j, which is abſurd. 





ruvas sees IS NOt ST 522258 area . nor to any part 
of IESIN m— ^ deu ona ia lS not C — — — — — — 
Neither is evviit»veunus r- scat tam , they are. 


VOZ to each other. 


And any other line drawn from the fame point to the 
circumference muft lie at the fame fide with one of thete 
lines, and be more or leís remote than it from the line paff- 


ing through the centre, and cannot therefore be equal to it. 


Q. E. D. 


BOOK III. PROP. IX. THEOR. 8 


ly 





more than two equal firaight lines 


E ;— ) 





can be drawn to the circumference, that Y 


point muft be the centre of the circle. 


For, if it be fuppofed that the point N 


in which more than two equal ftraight 





lines meet is not the centre, fome other 
point ==.. muft be; join thefe two points by —————, 


and produce it both ways to the circumference. 


Then fince more than two equal ftraight lines are drawn 
from a point which is not the centre, to the circumference, 


two of them at leaft muft lie at the fame fide of the diameter 


— — ^. .$ and fince from a point MN a which is 
not the centre, {traight lines are drawn to the circumference; 


the greateft is em ***, which pafles through the centre : 














and which is nearer to smmm ses, p 
which is more remote (B. 3. pr. 8.); 
but = (hyp.) which is abfurd. 


The fame may be demonftrated of any other point, dif- 


ferent from ÁN , Which muft be the centre of the circle, 


Q. E. D. 


86 BOOR IIL PROP X. 1HBOR 


Y (ios ANE circle C) canno, interject another 


In more points than two. 


J 





For, if it be poffible, let it interfect in three points ; 


trom the centre of draw ———w 


and —— to the points of interfection ; 





(Bid, ders ws 


but as the circles interfect, they have not the fame 


centre ( Boo» Np SE 


,", the affumed point is not the centre of , and 


QoS momen, Á— ad 9 are drawn 


from a point not the centre, they are not equal (B. 3. 
prs. 7,8); but it was fhewn before that they were equal, 
which is abfurd; the circles therefore do not interfect in 


three points. 


Q. E. D. 


BOOK III. PROP. XI. THEOR. 87 


Um VUE two circles QO ge 
oN) Vee [3 touch one another 


internally, the right line joining their 
centres, being produced, fhall pafs through 
a point of contact. 








For, if it be poffible, let 





join their centres, and produce it both 


ways; from a point of contact draw 


— tO the centre of O , and from the fame point 
of contact draw ««essssec to the centre of i ) 


Becaufe in À. —— — — —  '—a de XAJILIILID 


(EaP) 


and --»-9--.. TL ———-.--—— as they are radii of 


S 


og DOOR TII. PROP. XI. CREBEWIR. 











but  —E— Da + E u——— amans — , take 
away which is common, 
and — pr ----- ; 
but — — 22 — Se. ee 
becaufe they are radii of C3 ; 
and ,', --—99-—- [T -e—— a part greater than the 


whole, which is abfurd. 


The centres are not therefore fo placed, that a line 
joining them can pafs through any point but a point of 


contact. 


Q. E. D. 


BOOK II. PROP. XII. THEOR. 59 


RE KR F two circles C) and 


Noa touch one ano- 


ther externally, the ftraight line 
— [0172118 Piel centres, 


paffes through the point of contact. 





If it be poffible, let 


join the centres, and 





not pafs through a point of conta&; then from a point of 





contact draw """""" == and to the centres. 


Becaufe -— ——— = + I————— n =o mae 
Boo 


and — m --—---- (B.r.def.r5.), 





and ———— = apre dct 15 





Ss — — + — C 
than the whole, which is abfurd. 


. a part greater 


The centres are not therefore fo placed, that the line 
joining them can pafs through any point but the point of 


contact. 


Q. E. D. 


go BOOK III. PROP. XIII. THEOR. 


FIGURE I. FIGURE II. 


© —— NE circle can- 


ONG | zot touch ano- 






Dr AA ther, either 


EREJET EKIRI LFY TT 


externally or 


internally, in more points 


than one. 


FIGURE III. 


Frig. 1. For, if it be poſſible, let 


4 and C) touch one 


another internally in two points ; 


draw 





joining their cen- 





tres, and produce it until it país 


through one of the points of contact (B. 3. pr. 11.); 





drav = 10 : 





But ---22-- c (B. 1. det as 


oe If — — be added to both, 


— — ar —— 





but e LI (B. r. detis 


: but 








(B. 1. pees 
which is abfurd. 
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Fig.2. But if the points of contac be the extremities 
of the right line joining the centres, this ftraight line muft 
be bifected in two different points for the two centres; be- 


caufe it is the diameter of both circles, which is abfurd. 


Fig.3. Next, if it be poffible, let 3 and O 


touch external in two points; draw ——-:----. joining 
the centres of the circles, and pafling through one of the 
points of contact, and draw ———— and == , 
= ab oet Ts.); 


and =aamum zo — — (B, 1. def. 15.): 








A Gam — + sa — — — 4 but 





d- -e oee C eoms e oa (B. I. pr. 20.), 
which is abfurd. 


There is therefore no cafe in which two circles can 


touch one another in two points. 


DIE D. 


62 BOOK III. PROP. XIV. THEOR. 


— QUAL ftraight lines() 
4] infcribed in a circle are e- 
, VU; \ qually diflant from the centre ; 
fA ond alfo ,ftraight lines equally 
dı " from the centre are equal. 





From the centre of draw 
on am mx a al tO mmm aser and mm A 
d c eere ^ join — — and — — . 





Then —— zz half ===» (B. 3. pr. 3.) 


and —— —2— 2BG6GB. 3. pr. 3.) 


{ince — . — — (hyp.) 








PIE que 9 
and ——— — (B. 1. def. — 


but fince y È a right angle 


” (B. 1. pr — — ——— 
? for the 





o o 
EE, ~~ —— E 
m mmm + 





‘ 9 
and -— ^ — "wamapuwwab + ze 


fame realon, 
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e "snwusesas- 


mwummHIBCy»«" , 


Alfo, if the lines 


TI TS D ——LEIIEILL be 


equally diftant from the centre; that is to fay, if the per- 


pendiculars »e»*«»2« and .........- be given equal, then 


For, as in the preceding cafe, 
— ^ Eme — 


— a —. = oe 
but s"onecsogas : 


E n. and the doubles of thefe 


— ADU —— m.» are alfo equal. 


Q. E. D. 


94 BOOK III. PROP. XV. THEOR. 


FIGURE I. 


pupscsgm EHE dumeter is the greateft ftraight 
mud RA line ina circle: and, of all others, 
that which is neareft to the centre 1s 





—— greater than the more remote. 


FIGURE I. 





The diameter ———«—- is [— any line : 


and go: owe Pom 





For draw 




















Again, the line which is nearer the centre is greater 
than the one more remote. 
Fir, let the given lines be ===- and «a=... 
which are at the fame fide of the centre and do 


not interfect ; 





97. 





5 
draw ? 
a 
4 


) m 
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but 4, ^ = «. 


[2 ------ (B. 1. pr. 24.) 





FIGURE II. FIGURE II. 


Let the given lines be and -— 





which either are at different fides of the centre, 


or interfect; from the centre draw  ......-.... 


make see. = -= sem, ANd 


draw C ÁO á B LIP s 





Since ——— and ————— are equally diítant from 
the centre, —— — — (B. SED Id); 


but — 7— 





CEDE o. pr. rs.) 
2n — — 000) Ç — . 


Q. E. D. 


96 DOOR TIT. PROPIA) I. “Tag. 







ecc: A 
— oe i line — 
drawn 
eee, from the 
extremity of the diame- 
ter — of a circle 
perpendicular to it falls 
without the circle. 
And tf any firaight 
line RE 
drawn from a point 
within that perpendi- 
cular to the point of contact, it cuts the circle. 





PART I 


If it be poffible, let 
again, be L 


a which meets the circle 











, and draw : 


^ 


Then, becaufe 


^ — + (B. i. praca 


and ,*, each of these angles is acute. (B. rp 


but 4 = N (hyp.), which is abfurd, therefore 





? 


the circle again. 
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PART I: 


and let «wmeameam be 





Let IM —À3 be of 
drawn from a point 2 m between === and the 


circle, which, if it be poffible, does not cut the circle. 


Becaufe A — N ) 


ae. p. is an acute angle; fuppofe 


SSO BOF BFR ELIAS L eee ee drawn from the centre of the 
circle, it muft fall at the fide of F- the acute angle. 


IX D which is fuppofed to be a right angle, is [= D. 


a e — L -anonamassuusus a 


, 
but esemecses = F 
and ,'. eesssese [— eue», a part greater than 
the whole, which is abfurd. Therefore the point does 
not fall outfide the circle, and therefore the ftraight line 


ssersoerese Cuts the circle. 


Q. E. D. 


98 BOOK III. PROP. XVII. THEOR. 


SEO draw a tangent to a given 


circle from a 





given point, either in or outhde of its 
circumference. 
If the given point be in the cir- 


cumference, as at | a it is plain that 


the ftraight line — L sausasumnue 





the radius, will be the required tan- 


gent (B. 3. pr. 16.) But if the given point 4 be 


outfide of the circumference, draw ==...» 





from it to the centre, cutting ; and 


draw TIIITTIIT .L unen mney defcribe 


concentric with radius — —. 


then — will be the tangent required. 


BOOK III. PROP. XVII. THEOR. go 


For i 1n ior MM and PM 


«Balca a um — —, RA. common, 


and egsmuugaaasa E n" ? 
MB. pr. 43) 7 A = a right angle, 


ee is a tangent to 


Q. E. D. 


100 , BOOK III. PROP. XVIII. THEOR. 


— a right line serecseswe- be 
fe in a tangent to a circle, the 
RK — firatght line — drawn 
rin. from the centre to the 
i point WF of contact, is perpendicular to tt. 





For, if it be poffible, 


let — 00 | be Ja *»»73722)955, 


then becaufe Á | \. 
F Is acute (B. 1: prm 


(B. 1. prorok 


but TERN — — 


4 
*, 
LIITIPTETETITFIIITTT| — 





and. — [T = a part greater than 


the whole, which is abfurd. 


d MESE is not al ---.2..-..: and in the fame man- 
ner it can be demonítrated, that no other line except 


— j S perpendicular to seswsscen, 


Q. E. D. 


mOg@pe dT PROP: XIX. THEOR. IOI 


a [N i be a tangent to a circle, 

Y Hu ie {race ie Ss 
SA |e perpendicular fo i 
fro ‘om point of the contact, paffes through 


the centre of the circle. 





For, if it be poffible, let the centre 


be without and draw 





^ 
"eese rasse from the fuppofed centre 


to the point of contact. 


Becauſe L 


(B. Empr. 18.) 


^ — N , à right angle; 
& E A (hyp.), and ,* & — A 


a part equal to the whole, which is abfurd. 








Therefore the affumed point is not the centre; and in 
the fame manner it can be demonitrated, that no other 


Point without — — aue Ís the centre. 


Q. E. D. 


102 BOOK III. PROP. XX. THEOR. 


FIGURE I 


PRHE angle at the centre of a circle, is double 
rd ERES re angle at the circumference, when they 
P 3 EN f : have the fame part of the circumference for 
DA) their bafe. 





FIGURE I. 





Let the centre of the circle be on 


a fide of 4. 


Becaufe  e—À —— 


Á = P 


But b — A I «, 
Or 4 == twice å (Bil. pr. 32). 


FIGURE II. 








FIGURE II. 


Let the centre be within 4 , the angle at the 
circumference; draw === from the angular 


point through the centre of the circle; 


— = P ao A — 4, 


becaufe of the equality of the fides (B. 1. pr. 5). 
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Hence 0 4 44 4 44 * wie & . 


APER À 


b-5.5. 
= wie $. 





FIGURE III. 


FIGURE III. 


Let the centre be without " and 


draw : the diameter. 


Becaufe v = twice od and 


v- twice W (cafe 1.); 


es A = twice V. 








104 BOOK III. PROPMXXI. “EEG. 


FIGURE I. 


em mur os. 4 ioo. 


Uum Jemment of a circle are equal. 





FIGURE I. 


Let the fegment be greater than a femicircle, and 





to the centre. 





and 


<> ZZ twice b or twice: == 4 


Ab. c prop 


e- Å. 





draw 





FIGURE II. 
FIGURE II. 


Let the fegment be a femicircle, or tefs thanka 


femicircle, draw ——9——- the diameter, alfo draw 


«Y . 4 ni D = b (cafe 1.) 
.%& -H 





Q. E. D. 


BOOK III. PROP. XXII. THEOR. 105 





7 3 S. HE oppofte angles E 
SSS and y 9 ¢ and 


feribed in a. circle, are together equal to 








of any quadrilateral figure in- 


two right angles. 


Draw SEE — and — OMBRE 





the diagonals; and becaufe angles in 


the fame fegment are equal V. b. 
aW 2 «Y, 
add y to both. 
0.9» - 9». -v- 


two right angles (B. 1. pr. 32.). In like manner it may 


be fhown that, 


9 i v - Cl. 





TD. 


106 BOOR TT. PROP. MMII, “MHGOR. 


Cc PON the fame 
7 DA z firaight line, 
aes € and upon the 
< fame fide of it, 


two fimilar fegments of cir- 





cles cannot be confirucied 


which do not coincide. 
- 


For if it be poffible, let two fimilar fegments 


Ch and E ON be conftructed ; 


draw any right line — cutting both the fegments, 


draw Bui iR and Tg 


Becaufe the fegments are fimilar, 


9 = À (B. 3. defi ro 
but d. - 4 (B. 1. pr. 16.) 


which is abfurd : therefore no point in either of 
the fegments falls without the other, and 
therefore the fegments coincide. 


Q. E. D. 


BOOK III. PROP. XXIV. THEOR. 107 


(EAS IMILAR 
Segment S$ 





llli. . i 
cles upon equal ftraight 


[ines (em and ——— ) 





are each equal to the other. 


For, if Za. be fo applied to — 
that ————— may fallon =, the extremities of 


and 





may be on the extremities 


E CX at the fame fide as pU " 


bee NN 
> 








becaufe 


. 
7 








muſt wholly coincide with 
and the ſimilar ſegments being then upon the ſame 
ftraight line and at the fame fide of it, muſt 
alío coincide (B. 3. pr. 23.), and 
are therefore equal. 


Q. E. D. 


108 BOOK IMI. PROP. XXV. PROB. 


wee SEGMENT of a circle 
A Se being given, to defcribe the 


td bea) circle of which it is the 


sot -— segment. 


From any point in the fegment 


bifect 








draw and 





them, and from the points of bifection 
draw — — -L (Opec 
and emm Sj — À—Ó € 


where they meet is the centre of the circle. 


Becaufe terminated in the circle is bifećted 


it paffes through the 


perpendicularly by —, 


centre (B. 3. pr. 1.), likewiſe — — paſſes through 
the centre, therefore the centre is in the interſection of 


theſe perpendiculars. 


Q. E. D. 


BOOK III. PROP. XXFI. THEOR. 109 


CA RIIN equal circles C) and (3 A 
SeA] Che arcs & ^P r — on which 


ftand equal angles, whether at the centre or circum- 





ference, are equal. 


Firft, let PS — a at the centre, 


draw — — and macemseus . 


Then fince O = a, 
a and EE. ux have 








A = 4 (Bopo); 


a Ne a giemmanian 5,4, def. 10,) ; 


they are alfo equal (B. 3. pr. 24.) 


110 BOORMJIIL. PROPNXCFVT. WEERESIR: 


If therefore the equal fegments be taken from the 


equal circles, the remaining fegments will be equal ; 


hence ww = W (ame gaye 
and wf, NILUM =e 


But if the given equal angles be at the circumference, 
it is evident that the angles at the centre, being double 
of thofe at the circumference, are alfo equal, and there- 


fore the arcs on which they ftand are equal. 


Q. E. D. 





BOONTII. PROP. XXVII. THEOR. 111 





the angles A and A which fland upon equal 


arches are equal, whether they be at the centres or at 





the circumferences. 


For if it be poffible, let one of them 


à be greater than the other A 





and make 
°° "€: ET — Kc (B. 3: pr. 26.) " P rase s euREÉ 


but bu — — (hyp.) 
= = — a part equal 
to the whole, which is abfurd ; .*. neither angle 


is greater than the other, and 


ae they are equal. 


112 BOOKR@EYT. PROP. XXVII THEOR: 


PYN equal circles and 





equal Chord; — , cut off equal 


arches. 


From the centres of the equal circles, 


draw ——— € CU EET MN NUR and —— e -550828« coomy 


and becaufe "us C) 





alío — c a —' senesne ane "e 


- 


— — — 


Q. E. D. 


BOOK III. PROP. XXIX. THEOR. 113 


and 








the chords and sss... ess whith fub- 





tend equal arcs are equal. 


If the equal arcs be femicircles the propofition is 
evident. But if not, 


let msm —Á and *memsasmmm , «cmosuusu 


? 9 


be drawn to the centres ; 


becaufe "^ = See” (hyp.) 


and ^^ — o o. vy 


but C and SS  wagmgumumw and -"-a-muteeew 
EC —ÓÉ—— 27^ — quangaaamum (B. r: pr. 204 
but thefe are the chords fubtending 


the equal arcs. 


O 
cj 
J 


114 BOOK III. PROP. XXX. PROB. 









ea, =O bifeci a given 
ta, i 
». "te, 
+, + 
arc die 
z 


Draw ma a301 | 


e? 
» 
5 Lj 
""vepepscecanot t 


BRPhAGAbEROOSRUEON make —— .—  samammamaw, 


draw 





Jo -———, and it bifects the arc. 


Draw ew-aaecsnotam and - 





= ---2-2-- (conft.), 





is common, 


and eu = a (conit.) 


S. re m M (B. pr. 4.) 


"d N m — eB. 5. pr. 28.) 


and therefore the given arc is bifected. 





Q. E. D. 





BOOK III. PROP. XXXI. THEOR. 11 


FIGURE T 


RN a circle the angle in a Jfemicircle 1s a right 
k 2) angle, the angle tn a fegment greater than a 
(C9 Jemictrcle is acute, and the angle in a feg- 

ex pent lefs than a femicircle 1s obtufe. 





FIGURE I. 


The angle Y in a femicircle is a right angle. 





A = & x» a. = “ MUI. pr. 5.) 
> -- A - D = ihe haf of two 


right angles == a right angle. (B.1. pr. 32.) 


Draw 


FIGURE II. FIGURE II. 
The angle A in a fegment greater than a femi- 


circle 1s acute. 





the diameter, and .———— 


e. b = aright angle 
de A is acute. 


Draw 
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FIGURE III. 


FIGURE III. The angle A in a fegment lefs than femi- 


circle is obtufe. 


Take in the oppofite circumference any point, to 





which draw === and sea 


s P a ‘O -AM 


(B. 3 p22) 


" —] (1 (part 2.), 
owe + is obtufe. 





Q. E. D. 


BOOK II. PROP. XXXII. THEOR. piz 


Dueb a right line — 





ET [WP] Ze a tangent to a circle, 
NS) Uf v and from the point of con- 
—— roba right line 

be drawn cutting the circle, the angle 


A made by this line with the tangent 


15 equal to the angle bm in the alter- 


ate fegment of the circle. 





If the chord fhould pafs through the centre, it is evi- 


dent the angles are equal, for each of them is a right angle. 
EN Nr. 16, 31.) 


But if not, draw L ——— from the 
point of contact, it muft pafs through the centre of the 
mmmle, (5. 3. pr. 19.) 


5 Y = (1 (B. 3. pr. 31.) 
b zs y = (Cl = y (B. 1. pr. 32.) 
n. D = A . 
asin (M = CD =D -+O 


(559359188622. ) 


e" (Y I b , (ax.), which is the angle in 


the alternate fegment. 





Q. E. D. 


118 BOOK II. PROP. XXXIII. PROB. 


Pees) N a given firaight line —m— 
y "ee d À V to defcribe a fegment of a 
K IN: a) À circle that fhall contain an 

— B angle equal to a grven angle 


i 


If the given angle be a right angle, 
bife&t the given line, and defcribe a 
femicircle on it, this will evidently 


contain a right angle. (B. 3 SPMI? 1.) 





If the given angle be acute or ob- 


tufe, make with the given line, at its extremity, 


A — A, iawn = 1 


make v — y , deícribe CF 


as radius, 








with = OF 


for they are equal. 


Is a tangent to E (B. 3. pr nam 


— divides the circle into two fegments 


capable of containing angles equal to 


[ y and A which were made refpectively equal 
to (7 and ZA (DWS. pr. 529 


Q. E. D. 


BOOK Ill. PROP. XXXIV. PROB. 119 


pupesegumO cut of from a given cir- 


cle a fegment 





which fhall contain an angle equal to a 


given angle ^" . 


Draw (ES DEIZ: ); 








a tangent to the circle at any point ; 


at the point of contact make 
e£ = a the given angle ; 


and contains an angle == the given angle. 





Becaule = —— is a tangent, 


and —— Cuts it, the 


angle in J = m SPR RT), 
bet E com 


Q. E. D. 


120 BOOK III. PROP. XXXF. THEOR. 


FIGURE I. 


K ^X e F zwo chords — I tn a circle 





ery) inter fect each other, the — contained 
iss | hy /Ae fegments of the one ts equal to the 
— contained by the fegments of the other. 


FIGURE I. 
If the given right lines pafs through the centre, they are 





bifected in the point of interfection, hence the rectangles 
under their fegments are the fquares of their halves, and 
are therefore equal. 


FIGURE II. 
FIGURE II. 


Let «summ =-= país through the centre, and 


and —— 





cua u»nen TOU: draw 








Then x "——— =) come 
EE 
OT ——— É ra OE numine ees ? cm cassie t 
— - ——- m LL íi om xX 
waneneee (B. 2. pr. 5.). 
FIGURE III. FIGURE III. 


Let neither of the given lines pafs through the 
centre, draw through their interfection a diameter 





and «s... X — * x 
eavess (Part. 2.), 
alſo —22 asa x — — — x 


masteses (Part. 2.) ; 


- —— À' X sessen TT ee x e 


Q. E. D. 








BOOK III. PROP. XXXVI. THEOR. 121 


SRF from a point without a FIGURE I. 
WU [uM circle two ftraight lines be 


] VAT drawn to it, one of which 








1s a tangent to 
the circle, and the other m— —— 
cuts it; the rectangle under the whole 
cutting line =m and the 
external fegment ===== is equal to 
the fquare of the tangent ===. , 





FIGURE I. 
Let — — paſs through the centre ; 
draw «e from the centre to the point of contact; 
— 2 — MINUS SEDI. 425, 
or — * Lo qmninus cccovee z 
eS — ve — X ajos 





FIGURE II. 
I =" do not 


pafs through the centre, draw 


LLTETTITT. and ccoenae 


Then :-s5—— x — 


[zs 2 


minus Saeeneca 2 








iuo pr. 6), that 1s, 


c — XxXx — — — mins — , 


S. t oM — — (B. 3. pr. r8). 


E Ip 
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EU from a point outfide of a 

WA circle foo ftraight lines be 

ere! drawn, the one m --- 
utm cutting the circle, the 
other meeting it, and if 
the rectangle contained by the whole 
cutting ling —ee and its ex- 
ternal fegment  ------« be equal to 
the quare of the line meeting the circle, 
the latte — iS a tangent to 








the circle. 





Draw from the given point 
——— , à tangent to the circle, and draw from the 


centre meees@eaeave ^ and — P — 


RE LIÉ —— a a-—À X wese vase (B. 3° pr. 36.) 
but MEG EAD : —  A——— umo ám x ""onwman = (hyp.), 
o 7 — 
and ,', ———— — i 

Then in : AF 
XV and — — —X — m RR —⏑—— and ——— — 


and = 1$ common, 


3 p — a (B. 1. proue 
but @ = D a right angle (B. 3. pr. 18.), 
y = DN a right angle, 


and ,°, === isa tangent to the circle (B. 3. pr. 16.). 
Q. E. D 








BOOK IV. 


DEFINITIONS. 
I. 


— RECTILINEAR figure is 


ee — 
M PA vg 


Æ faid to be infcribed in another, 
OE wee when all the angular points 





Bi Dan of the infcribed figure are on 
‘ite fides of the figure in which it is faid 
to be infcribed. 





II. 


A ricure is faid to be defcribed about another figure, when 
all the fides of the circumfcribed figure pafs through the 
angular points of the other figure. 


III. 


A RECTILINEAR figure is faid to be 
infcribed in a circle, when the vertex 
of each angle of the figure is in the 
circumference of the circle. 





IV. 


A RECTILINEAR figure is faid to be czr- 
cumfcribed about a circle, when each of 
its fides is a tangent to the circle. 





124 BOOK IV. DEFINITIONS. 


b 


A CIRCLE is faid to be infcribed in 
a rectilinear figure, when each fide 
of the figure is a tangent to the 
circle. 





VI. 


A CIRCLE is faid to be circum- 
Jeribed about a rectilinear figure, 
when the circumference paffes 
through the vertex of each 


angle of the figure. 


v is circum AR 


VII. 





A STRAIGHT line is faid to be zn/cribed in 
a circle, when its extremities are in the 
circumference. 


The Fourth Book of the Elements is devoted to the folution of 
problems, chiefly relating to the infcription and circum/crip- 
tion of regular polygons and circles. 


A regular polygon is one whofe angles and fides are equal. 





BOOK. BROP. I. PROB. nS 





mE to place a ftraight line, 
egualtoagiven firaight line (wmm ), 
not greater than the diameter of the 


circle. 





Draw ee , the diameter of ( ) 


and if ««=e:+= =m = ee, then 


the problem is folved. 








But if -.—-.— — be not equal to. ———— , 
ce (hyp.) 
make ssecerrs o= (B. 1. pr. 3.) with 
-m.a mam as radius, 


defcribe b cutting (> and 


draw; ————— , which is the line required. 


For — d TIYX esce: —— aE SE Se — 


(bei. def. 1s. contt.) 
Q. E. D. 


126 BOOK IV. PROP. II. PROB. 


PSN a given circle 


e- 


Scribe a triangle equiangular 


to a given triangle. 





To any point of the given circle draw , à tangent 


(B. 3. pr. 17.) ; and at the point of contact 


make A — y (B. 1- pr. 239 
and in like manner a = v. and 


Becaufe A = Y (conit.) 
and A = vg E 5. pr.^32-) 
one VW = . alfo 
V = €, for the fame reafon. 
oe v = v (B. Tepr. 3297 


and therefore the triangle infcribed in the circle is equi- 





angular to the given one. 


Q. E. D. 
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aks BOUT a given 


EAN ZAN: 
td, bea hea) circle C) to 


circumfcribe a triangle equi- 






angular to a given triangle. 








Produce any fide , of the given triangle both 


ways; from the centre of the given circle draw 


any radius. 
Make em = ke (B. IE pr. 23.) 
and y = B: 


At the extremities of the three radii, draw. —— , 


? 


Pa n circle (B. 37 pr. 17) 


The four angles of , taken together, are 


equal to four right angles. (B. 1. pr. 22%) 
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but * and e^ are right angles (conft.) 


. o A + n == CIN . two right angles 
but A^ = (Ts (B. I. pr. 139) 


and ^ - a (conft.) 


ande. *, 40 = A p 
In the fame manner it can be demonftrated that 
C - O; 
one 4 = A (D. 19890532.) 


and therefore the triangle circumfcribed about the given 


circle is equiangular to the given triangle. 


Q. E. D. 
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Jeribe a circle. 


Bifect P and A 


(B. I. pr. 9 ) by @esagsreneseo 


and rerea A 


9 


from the point where thefe lines 
meet draw emmamma, === 
and =ssas refpećtively per- 


pendicular to 








ese and a 


9 





common, ee 7579555500 SS á aguesses: (B. Ls pr. 4 and 26.) 


In like manner, it may be fhown alío 
that ssmsosnonsean T" weamace con 


— g 


eo mm SS ā “^maincoan —— eureseceoo= 3 


hence with any one of thefe lines as radius, defcribe 


C) and it will pafs through the extremities of the 


other two; and the fides of the given triangle, being per- 
pendicular to the three radii at their extremities, touch the 
circle (B. 3. pr. 16.), which is therefore infcribed in the 
given circle. 


S Qi I I 
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BOOK IV. "EROP. V~ PROL. 


FA kaval O defcribe a circle about a given triangle. 





and = 


euscese> (B. 1. pr. 10.) 
From the points of bifection draw 
sispusedasm L and refpec- 


tively (B. r. pr. r1.), and from their point of 
concourfe draw —_—_:ms, cssssecezes and 


and 











and defcribe a circle with any one of them, and 
it will be the circle required. 





m*msawenas SS eee (confl.), 





common, 
> — à (cont); 
oa — — 7" — am man aac mat (B. te pr. 42) 


In like manner it may be fhown that 


ee EILIT) —— ee Lou — — 3 and 


therefore a circle defcribed from the concourfe of 
thefe three lines with any one of them as a radius 
will circumfcribe the given triangle. 


Q. E. D. 
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BOOK IV. PROP. VI. PROB. 


1v i) N a grven circle C3 to 


$a 2i mfcribe a fquare. 





Draw the two diameters of the 


circle „L. to each other, and draw 





9 3 


is a {quare. 


Bor ince e and e are, each of them, in 


a femicircle, they are right angles (B. 3. pr. 31), 
SQ — || — (B. I. pr. 28): 
and in like manner ———— [|] ————— 


And becaufe Á i (conft.), and 


covinsesase — ‘Muasennuae ae ones (B. I. def. — 
— — (ome pr. 4); 
and fince the adjacent fides and angles of the parallelo- 











gram are equal, they are all equal (B. 1. pr. 34); 


i » infcribed in the given circle, is a 


duds. 
N 
Q; E. D. 


{quare. 
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B UN m — * 
to circumferibe 
à 
ü 
E 
a 
a 
B 
a 
" ! | 
ag iueeeenoc hme = Draw two diameters of the given 


circle perpendicular to each other, 
and through their extremities draw 





tangents to the circle ; 


and m is a fquarc. 
4 . 1. ooo 
alfo \ (| (conít.) 











V. — ——— * in the fame manner it can 
be — that &—— i—ν . and alío 
that and d || -—————-- ; 





alon | is a parallelogram, and 
becaufe 4. ». v. " A 


they are all right angles (B. r. pr. 34): 


it is alfo evident that —————, 





, 
and ===- are equal. 


(o o —" o 


.* | | is a {quare. 


Q. E. D. 


BOOK IV. PROP. VIII. PROB. mn 





d m Ueribe a circle in a 


Balm Siven /guare. 








Make S ; 


and — C CR STTES Eee 


draw ecat 5 a) eee JI Smesne n es 


and ce dii Gd a aum M m || usera — — 


CE pr. 31) 


oe Ei is a parallelogram ; 


and ſinee —. — (hyp.) 


.. tai is equilateral (B. 1. pr. 34.) 


In like manner, it can be {hown that 


B = B are equilateral parallelograms ; 
aa — ————— — WELL u——-——35 


and therefore if a circle ba defcribed from the concouríe 
of thefe lines with any one of them as radius, it will be 


infcribed in the given fquare. (B. 3. pr. 16.) 
Q. E. D. 
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PLES O defcribe a circle about a 





M SA "n rg 
T COM Mn E Ma M 
rs 4 — " 
— APO 4 C. 1 
p z^ à UM * e 
— he HOEM q r 
* —— uare 
par " Prud 
a cr M TA LIIS 
à —— E ae 
d b a e 
6 14b. Ea ae * 
wr M rhe a 





Draw the diagonals ———---.-. 
other ; then, 


rca WY and b. have 


their fides equal, and the bafe 


esmassa Common to both, 


= b Bor. pr. 8), 
is bifected : in like manner it can be fhown 


that ^ is bifected ; 


- - 
hence b = y their halves, 


SQ.o— LI SUP. 1. pr. Ow 





Or 














and in like manner it can be proved that 


— — — 
Sl lal mumEP2?mOGEU "-—mmamuwmuw a 
— — — 


If from the confluence of thefe lines with any one of 
them as radius, a circle be defcribed, it will circumfcribe 


the given fquare. 
Q. ERD 


BOOL IV. PROP. X. PROB. m 









2573 E s triangle, in which — of | k 

A ENE the angles at the bafe fhail 

Lees be double of the vertical R A | 
ae i 


ae o 


angle. 





Take any ftraight line —-- 


and divide it fo that 


1 } 
X o0 
- La Se X 83335 — —  — —— ~ 


(DEINDE II 


With ===.. as radius, defcribe and place 


in it from the extremity of the radius, —— zz ——— , 


(B-24. prm; draw "e, 


Then BN is the required triangle. 


For, draw  -——— and defcribe 


O about ZI (BE 4 pris.) 


—— Since — L GR WR x EIDTITTT c —— ` 


S. cM is a tangent to Oe. apr. 37.) 


a á * ZN ue 2), 
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add € to each, 
A + « = n + «. 
but dg + A Or 4- A . B. 1. PiE 





ſince — — (D. 1. pr. 5.) 
confequently A - ES 4 « — A 
(B. Lap 2m 


e. 0 Se — — — (B. | pr. 6.) 


— =~ (conft.) 


ZN = g (5. 1. pr aoe 


4-4« = B= A+ 
qd ms (1168 AN: and confequently each angle at 


the bafe is double of the vertical angle. 





Q. E. D. 









to infcribe an equilateral and equi- 


angular pentagon. 


Conftruct an ifofceles triangle, in 
which each of the angles at the bafe 
fhall be double of the angle at the 


vertex, and infcribe in the given 


circle a triangle A equiangular to it; (B. 4. pr. 2.) 
Bifect A and uL iy 1 pie 9.) 


draw s ; and "TELLLL E 








Becaufe each of the angles 


p : y à A. a. and € are equal, 


the arcs upon which they ftand are equal, (B. 3. pr. 26.) 
and s, €e—— — — , — — and 
«seessee= which {ubtend thefe arcs are equal (B. 3. pr. 29.) 
and ,*, the pentagon is equilateral, it is alfo equiangular, 


as each of its angles ftand upon equal arcs. (B. 3. pr. 27). 
O ESD: 


138 BOOK IV. PROP. XII. PROB. 


Page O defcribe an equilateral 
Wm hA and equiangular penta- 
B SS WM gon about a given circle 





Draw five tangents through the 
vertices of the angles of any regular 


pentagon infcribed in the given 


circle © (B. 3. prm 


Thefe five tangents will form the required pentagon. 


Draw — t o 





(Bot: prani 


common ; 








GORNNEEREBERMBEM "O ceeererns and 


ae = A and r- 4 (B. 1. prae 
zm uh == twice A . and v = twice 4. 


In the fame manner it can be demonftrated that 


A! - twice A. and b = twice b. 
v = b (B3 prea 
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uer halves 4 = b. alfo (| = LN. and 


-aaxmaszms» COMMONS; 


oe -Ñ and —— = ———, 


— ina = =. twice =~ 9 
In the fame manner it can be demonttrated 
that qu © = 770 -— twice — — 


but — == === 


In the fame manner it can be demonftrated that the 
other fides are equal, and therefore the pentagon is equi- 


lateral, it is alfo equiangular, for 


— 
M E twice ^ and IP Y — twice A. 
and therefore y — A. 


4 Á = \A. in the fame manner it can be 


demonttrated that the other angles of the defcribed 





pentagon are equal. 


Sup 


14.0 BOOK IFS PROPFXIII. PROB: 


be eO mferibe a. circle in a 
| EVA) given eguiangular and 
Ri equilateral pentagon. 





r^ 


be a given equiangular 
— m pentagon; it is re- 
quired to infcribe a circle in it. 


Make v= A. and A-V 
(B. E 


pr. 9.) 





Draw ecaa s wa onse 





á . ""m"ammoe , "ec. 


Becauíe  «—- — t P- A. 


—— Common to the two triangles 


VA 


— — — 006090299940 and P- a» (Be | pr. 4.) 
And becaufe $ = "Á — twice 
e UICE Ww. hence 9 is bifected by ————. 


In like manner it may be demonftrated that 1S 


bifected by <ereereees, and that the remaining angle of 


the polygon is bifected in a fimilar manner. 
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Draw —— ; &c. perpendicular to the 


fides of the pentagon. 





a 
zr 


Then in the two triangles and 


we have V = A. (conft.), 
and " — a = aright angle; 


m 24. (B. r. pr. 26.) 





common, 


In the fame way it may be fhown that the five perpen- 
diculars on the fides of the pentagon are equal to one 


another. 


Defcribe © with any one of the perpendicu- 


lars as radius, and it will be the infcribed circle required. 
For if it does not touch the fides of the pentagon, but cut 
them, then a line drawn from the extremity at right angles 
to the diameter of a circle will fall within the circle, which 


has been fhown to be abfurd. (B. 3. pr. 16.) 


Q. E. D. 
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epee PEO defcribe a circle about a 
NUS RA given equilateral and egui- 





angular pentagon. 





“SQ ee eae Beeansaezea —— 





Wwe es = 


c 









by eespueseaam and "-i-sswooeu 


from the point of fection, E 


and eee, 





3 


S" "s 
` 9 


and se.» common, 


P A. 


S. — T (B. 1. pr. 4). 





In like manner it may be proved that 


veseesosow SS MSS e — — and 


therefore 95995» =e e— TT aaoprporsiss Z 


Therefore if a circle be defcribed from the point where 
thefe five lines meet, with any one of them 
as a radius, it will circumícribe 


the given pentagon. 
OSE: 
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PEPEO infcribe an equilateral and equian- 


mS ROME gular hexagon in a given circle 


(7 


From any point in the circumference of 


the given circle defcribe EJ patling 


through its centre, and draw the diameters 
— | me m mema and n. draw 


coneucus=, ~~" =e g Saco menee 9 &c. and the 
required hexagon is infcribed in the given 








circle. 








Since pafles through the centres 


of the circles, are equilateral 


triangles, hence * EE ir = one-third of two right 


(Be Capi 2s 


=D = Q x cress or CIN 


(B. 1. pr. 32), and the angles vertically oppofite to thefe 





are all equal to one another (B. r. pr. 15), and ftand on 
equal arches (B. 3. pr. 26), which are fubtended by equal 
chords (B. 3. pr. 29) ; and fince each of the angles of the 
hexagon is double of the angle of an equilateral triangle, 
it is alfo equiangular. oO) a 
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i eB) infcribe an equilateral and 
R equiangular quindecagon in 


Pe PORE) a given circle. 





Let ———— and LLL be 
the fides of an equilateral pentagon 


D infcribed in the given circle, and 





EN / the fide of an inscribed equi- 
“So ee lateral triangle. 


The arc fubtended by i —* f 
{ -— 3 — 2 
t 


and aa iE j 


of the whole 


circumference. 





The arc fubtended by | 


i | of the whole 


circumference. 





Their difference Z2 47 


.. the arc fubtended by -------. z— ~> difference of 


the whole circumference. 


Hence if ftraight lines equal to «amsssses= be placed in the 
circle (B. 4. pr. 1), an equilateral and equiangular quin- 
decagon will be thus infcribed in the circle. 

Q. E. D. 





—— Be MUI 8E : 


BOOK V. 


DEFINITIONS. 


I. 


| zzg LESS magnitude is faid to be an aliquot part or 
STA ER fubmultiple of a greater magnitude, when the 





AI RARI lefs meafures the greater; that is, when the 
aakh) Jef; is contained a certain number of times ex- 
actly in the greater. 


II. 


A GREATER magnitude is faid to be a multiple of a lefs, 
when the greater is meafured by the lefs; that is, when 
the greater contains the lefs a certain number of times 
exactly. 


III. 


Ratio is the relation which one quantity bears to another 
of the fame kind, with refpect to magnitude. 


IV. 


MAGNITUDES are faid to have a ratio to one another, when 
they are of the fame kind; and the one which is not the 
greater can be multiplied fo as to exceed the other. 


The other definitions will be given throughout the book 
where their aid ts frf required, 
U 


146 
AXIOMS. 


E E ne I. 
Y e a i QUIMULTIPLES or equifubmultiples of the 


a Weve fame, or of equal magnitudes, are equal. 





If A = B, then 
twice A == twice B, that is, 
21 = B.: 
3 A DE 
4 A = 4 B; 
&c. &c. 
and Ł¿ of A = 4 of B; 
tof A zm 4 of B; 
Ze AC 


II. 
A MULTIPLE of a greater magnitude is greater than the fame 
multiple of a lefs. 
Let A E B, then 

2 AGCA. 

3A[23 B; 

4 A EEB; 

OC were 


JII. 


THAT magnitude, of which a multiple is greater than the 
fame multiple of another, is greater than the other. 


Let 2 A [7 2 B, then 
AC B; 

or, let 3 A CZ 3 B, then 
ALC B; 

or, let #7 A EZ m B, then 
ACB. 
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mesma any number of magnitudes be equimultiples of as 
i sp many others, each of each: what multiple soever 

E VE any one of the firfl is of 11s part, the fame multiple 

husin SA /Dall of the firfl magnitudes taken together be of all 
the cwn taken together. 


Let (CQC)C) CQ) be the fame multiple of (7), 
tha: WU WW TW iof P. 
erates DOOD OO Es of Q. 


Then is evident that 


20000 | 
Dp UU . i the fame multiple of 4 -" 
QOOQQ o 


which that C)CYOY OO is fQ; 

becaufe there are as many magnitudes 
MO. e 
dl. 
[0090900 - lo 


as there are in OQ OOOO = Q. 





The fame demonftration holds in any number of mag- 


nitudes,, which has here been applied to three. 


.". If any number of magnitudes, &c. 
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mmm | the firft magnitude be the fame multiple of the 
RA KII fecond that the third is of the fourth, and the fifth 
E| the Jame multiple of the fecond that the fixth is of 
SAN IT fourth, then fhall the firft, together with the 
"n be the fame multiple of the fecond that the third, together 
with the fixth, ts of the fourth. 





Let @ @@, the firt, be the fame multiple of @, 
the fecond, that OG ©, the third, is of ©, the fourth; 
and let @ @ @ @, the fifth, be the fame multiple of @, 


the fecond, tht OOGO, the fixth, is of ©, the 
fourth. 


| 000 | the firft and 
10000 
fifth together, is the fame multiple of @), the fecond, 


a | OOO | 
OOOO) 


the fame multiple of ©), the fourth; becaufe there are as 


| eee | _ 
LIII SRM 


[OOO lL aw. 


Then it is evident, dadil 


the third and fixth together, is of 


many magnitudes in 


© as there are 


"looooj 9 


"V If the firft magnitude, &c. 


BOOK V. PROP. IJ. THEOR. 149 


FRR F the firf of four magnitudes be the fame multiple 
S iy) of the fecond that the third is of the fourth, and 
WS) VES if any equimultiples whatever of the firft and third 
imd be taken, thofe fhall be equimultiples ; one of the 
fécond, and the otber of the fourth. 





The First. The Second. 
T3 
RN 





be the fame multiple of m 








The Third. The Fourth. 
which * 4 | is of . 
PLI 
BREE | 
take > the fame multiple of 
| anne P" 


FTIIT] " 
| 
4 


L 





— 





which is of 


2" 


d 


o 
o 





eoo 
9990 


999 
eoo 


Then 1t 1s evident, 


EEEE 

TEE 
> is the fame multiple of 

EEEN | ple of I 


| EEHEHE 
`~ E 








The Second. 
that + 





TI BOOK V. PROP. III. THEOR. 
The Fourth. 


is of $ ; 


ra | 
WO > contains Bg 
NU M 





E ($1 e. 


The fame reafoning is applicable in all cafes. 


.". If the firít four, &c. 
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DEFINITION V. 


Four magnitudes, @, W, ©, GY, are faid to be propor- 
tionals when every equimultiple of the firft and third be 
taken, and every equimultiple of the fecond and fourth, as, 


of the firft oe of the third 49 4 
Cee 
QOCA 
00000 
eoeoc000 
&c. 
of the fecond MINI 
Sa W 
RIEN N 
BENNEN 
NENNEN 
c. 











Then taking every pair of equimultiples of the firft and 
third, and every pair of equimultiples of the fecond and 
fourth, 

















(ee C= 
eo © = i 
f: 00 C = EEE 
ee c= Eee 
(00 7— =" 3 SEEREERR 
9 07-»a3wu9 
¢@ OC =°7° 73 UU 
then will < &¢ C. = or J PPYP 
¢@ =C =r PPVPP 
*90-—»423wW99999 
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That is, if twice the firft be greater, equal, or lefs than 
twice the fecond, twice the third will be greater, equal, or 
lefs than twice the fourth; or, if twice the firft be greater, 
equal, or lefs than three times the fecond, twice the third 
will be greater, equal, or lefs than three times the fourth, 
and so on, as above expreffed. 


a 
e 
% 
I 





— 
"- 





eee 
eece 
annn 
Wd 
LI LI LI LI LI 
H 

Sa 
"NEN 
"LI 


ey 
2 


Or 
Or 





then 


will A 









Or 





— 
a 
—] 
— 
22 


*9999 
OOOO 
noann 
We 
aa 
ade 
idae 





Or 


— 


9999 


R 
C 
e 
i 


In other terms, if three times the firft be greater, equal, 
or lefs than twice the fecond, three times the third will be 
greater, equal, or lefs than twice the fourth; or, if three 
times the firft be greater, equal, or lefs than three times the 
fecond, then will three times the third be greater, equal, or 
lefs than three times the fourth; or if three times the firft 
be greater, equal, or lefs than four times the fecond, then 
will three times the third be greater, equal, or lefs than four 
times the fourth, and so on. Again, 


Or 
or 





Or 


-1 NH 
-NNN 
3 MEN 
— Sn 
2 HEN 
& 


D 





or 


° BG 


or 


kod 


Or 


w 








Or 


Or 


o 


eevee 
noonn 
Hd 
LLL LLLI LI 
«44444 


Or 





And so on, with any other equimultiples of the four 
magnitudes, taken in the fame manner. 


Euclid expreffes this definition as follows :— 


The firít of four magnitudes is faid to have the fame 
ratio to the fecond, which the third has to the fourth, 
when any equimultiples whatíoever of the firft and third 
being taken, and any equimultiples whatíoever of the 
fecond and fourth ; if the multiple of the firft be lefs than 
that of the fecond, the multiple of the third is alío lefs than 
that of the fourth; or, it the multiple of the firft be equal 
to that of the fecond, the multiple of the third is alfo equal 
to that of the fourth; or, ir the multiple of the firft be 
greater than that of the fecond, the multiple of the third 
Is alfo greater than that of the fourth. 


In future we fhall exprefs this definition generally, thus : 


IfM @C, =o Jz, 
when M @ C, =or 3z ® 


X 
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Then we infer that @, the firft, has the fame ratio 


to P, the fecond, which *, the third, has to W the 
fourth: exprefled in the fucceeding demonftrations thus : 


0:89: 9:9; 
or thus, 8:98 —- 9:9; 
4 
or thus, p = y : 
as @ isto B, so is 4 to J.” 
And if 8 : I :: @ : BW we thall infer if 
M © C, = or JJ z $, then will 
M9 C, z0r 3z 9. 
That is, if the firft be to the fecond, as the third is to the 
fourth; then if M times the firft be greater than, equal to, 
or lefs than z; times the fecond, then fhall M times the 


third be greater than, equal to, or lefs than m times the 
fourth, in which M and m are not to be confidered parti- 


and is read, 


cular multiples, but every pair of multiples whatever ; 
nor are fuch marks as @, GW, |, &c. to be confidered 


any more than reprefentatives of geometrical magnitudes. 


The ftudent fhould thoroughly underftand this definition 
before proceeding further. 
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Pee the firft of four magnitudes have the fame ratio to 

a) Miia) the fecond, which the third has to the fourth, then 

| es any equimultiples whatever of the firft and third 

all have the fame ratio to any equimultiples of 

the Au. and fourth; viz., the equimultiple of the firft fhall 

have the fame ratio to that of the fecond, which the equi- 
multiple of the third has to that of the fourth. 





Let @ : Bi ::@ : B, then; @ 2 m::30 KA F 
every equimultiple of 3 @ and 3 È are equimultiples of 
@ and Q , and every equimultiple of 2 JJ and 2 ®, are 
equimultiples of Bi and UJ (B. 5, pr. 3.) 


That is, M times 3 @ and M times 3 ® are equimulti- 
ples of @ and @, and » times 2 lg and » 2 ®@ are equi- 
multiples of 2 Jf and 2 9; bc C: go :: © ; & 
map); «. if M 3 O0 L, =, or ZJ 7 2 W. then 

M3 $C, =, o D m2 WW (def. 5.) 

and therefore 3 0 :2 gc: ; $ :: W (def. 5.) 


The fame reafoning holds good if any other equimul- 
tiple of the firft and third be taken, any other equimultiple 
of the fecond and fourth. 


^. If the firft four magnitudes, &c. 
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pps) one magnitude be the fame multiple of another, 
(C9) C which a magnitude taken from the firfl is of a mag- 
à By ire, nitude taken from the other, the remainder fhall be 
—— fame multiple of the remainder, that the whole 
n m the whole. 






Q A 
et S 
O 


and (7) == M' m, 
Q 


J^ QQ minus g = M $ minus M’ g, 
y 


S == M (= minus kh. 
Td (jm f ) 


O =Ma. 
na n M' 


. If one magnitude, &c. 
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PEA two magnitudes be equimultiples of two others, 
; Sais) and if equimultiples of thefe be taken from the firft 


WT) two, the remainders are either equal to thefe others, 





fee) or eguimultiples of them. 


Q 
Let OO = Me; and oe) = MT a; 
e, 
os 
then (OC minus v a = 
Q 


M' g minus x @ = (M’ minus 7) a, 


and UU minus 77 4 zz M' 4 minus 7 4 = 


(M’ minus #)a. 


Hence, (M’ minus 77) w and (M’ minus w’) à are equi- 
multiples of = anda , and equal to m anda, 


when M' minus z zz 1. 


Jn I£ two magnitudes be equimultiples, &c. 
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PERF the fir/f of the four magnitudes has rhe Jame ratio 
i et ) to the fecond which the third has to the fourth, 
SC 9 A then if the firft be greater than the fecond, the 
o) third is alfo greater than the fourth ; and 1f equal, 
equal; tf lefs, lefs. 





Let @: n:: "e : $ ; therefore, by the fifth defini- 
tion, if & e C I, ^» vi gy ceo; 
but if 6 C If, i» o0 c BN 
and GPC OG, 

and ce GCS. 


Similarly, if 2 z—, Oni B. then will J - 
or _] Aa : 


.". If the firft of four, &c. 


DEFINITION XIV. 


GEOMETRICIANs make ufe of the technical term ** Inver- 
tendo," by inverfion, when there are four proportionals, 
and it is inferred, that the fecond is to the firft as the fourth 
to the third. 


Let A: B:: C:D, then, by * invertendo” it is tmtemnem 
B: heap C. 
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A * F four magnitudes are proportionals, they are prc- 


Vio portionals alfo when taken inverfely. 





Ley: O::8:¢, 
then, inverfely, UG) : y :: o : B. 


If M g xz (J, then M H Iu 
by the fifth definition. 


Let M @ Om VU, that is, r DOM ®, 
M MUn2»4,o,^590 CME: 
< ifm OEM, then will; 9 CC M Bl. 


In the fame manner it may be fhown, 
that if; (UL) =o IM Y, 
then will ® =, o IM E ,; 
and therefore, by the fifth definition, we infer 


that O: Wu: 9 : Bi. 


.". If four magnitudes, &c. 
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3 3 eon F zhe firft be the fame multiple of the fecond, or the 


T feat) Jame part of it, that the third is of the fourth; 
NY) Veal the fir/t is to the fecond, as the third is to the 
uren. 





Ler 
Ff 


that o¢ 
+o 


QUEM....99. 

Th ag 9; * 
take Hs Wi +o 7A : 
k M 9e. o4 a: 
vel 
EN 


that > > is of @ (according to the hypothefis) ; 


++ 


and M a is taken the fame multiple A 
that M 22 is of oo 
> *€ 


.'. (according to the third propofition), 


EE. ; 
M is the fame multiple of 
*» é P + 


that 64 
h M $o ‘a. 





the firft, be the fame multiple of @, the fecond, 





the third, is of a, the fourth. 


becaufe is the fame multiple of @ 
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Therefore, if M — be of @ a greater multiple than 


m @ is, then M 20 is a greater. multiple of @ than 


m @ is: that is, if M VE be greater than »; @, then 


au 
M ** will be greater than 7» @: in the fame manner 
$4 5 . 


it can be fhewn, if M Fu be equal 7 @, then 
EE 


M 34 will be equal » @. 






And, generally, if M. E or @ 


then M E? wibe G S Or mal 72 e: 


"V by the fifth definition, 


EE a.. 9. 
ge 9 60 $ 


Next, let @ be the fame part of Bie 
wa 





$$ 
that @ is of $4 


In this cafe alfo HE.. a. 99 
© un e$ 
For, becaufe 
» 
+è 


is the fame part of va that LN is of 
è P e 1 
s 


, 


* 
4 
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is the fame multiple of @ | 


LET 

therefore 
o. 
that > 4 is of dà. 
es^" 


Therefore, by the preceding cafe, 


EE. o?’ a. 





EE = 4o 
...88.4,.99 | 
ande ©: gp A oo 


by propofition B. 


.". If the firft be the fame multiple, &c. 
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— F zhe firft be to the fecond as the third to the fourth, 

Nis) GY ond te fir be a multiple, or a part of the 

— ſecond; the third ts the fame multiple, or the Jame 
e part of the fourth. 





i29 3.99. 
ee "7449. 


and firft, let e be a multiple Bl; 
ee 


€ 4 fhall be the fame multiple of y. 


o¢ 
First. Second, Third. Fourth. 
e $+ 
" 
ee " $$ " 


J QQ 
momo 


aKe J — B 
ii on = Ge 





Whatever multiple e isof MI 
EE 


OO 
the fame multiple of Mm. 
OO P E , 


then, becaufe .% ¢ : 
o. B'$4 


and of the fecond and fourth, we have taken equimultiples, 


E ; therefore (B. c. pr. 4}; 


take 
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e : J * *9. OY but (conft.) 
eoe ^») 9 oo j 


e_o a. nfo MB 
eo 7an 7579.6 — 656 


and QQ is the fame multiple of & 


OO 


that fo 1S of gl. 
e 9 


Next, lect Bl : oe ou {e 


and alfo a part of P ; 
zit T 


then WJ (hall be the fame part 0 
 . 
9 


Inverfely (B. 5.), D 9 


eo "^ '9* 


but is a part of e 
B: PY 


is a multiple of Bi; 


*9 


,". by the preceding cate, $9 is the fame multiple of gj | 


*9 


that is, QW is the fame part fe $ 


that is, 


that is of e f 
Eoo 


. If the firft be to the tecond, &c. 
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(Pore QUAL magnitudes have the fame ratio to the fame 





ae iP 3 magnitude, and the fame has the fame ratio to equal 


bey Sce FE magnitudes. 


Le @ = f and any other magnitude ; 
then : H=% : H: E: ®© =E: 6. 
Becaufe @ = $, 

ME =M; 
<. fM @ C, = or I z W. then 


M $C, =o» N, 
and .'. @ : E = € : I (B. ;5. def. 5). 


From the foregoing reafoning it is evident that, 
if m W C, = or J M @, then 
A Te 
<. E: 0 =E: (B. ;.def. 5). 


«s Equal magnitudes, &c. 
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DEFINITION VII. 


Ww of the equimultiples of four magnitudes (taken as in 
the fifth definition), the multiple of the firft is greater than 
that of the fecond, but the multiple of the third 1s not 
greater than the multiple of the fourth; then the firft is 
taid to have to the fecond a greater ratio than the third 
magnitude has to the fourth: and, on the contrary, the 
third is faid to have to the fourth a lefs ratio than the firft 
has to the fecond. 

If, among the equimultiples of four magnitudes, com- 
pared as in the fifth definition, we fhould find 


eo000 —C EONS, bu 
$0000 =o 3 PVPPP, if we houd 


find any particular multiple M' of the firft and third, and 
a particular multiple m’ of the fecond and fourth, fuch, 
that M’ times the firft is LZ »/ times the fecond, but M’ 
times the third is not © »/ times the fourth, 7. e. zz or 
—] » times the fourth; then the firft is faid to have to 
the fecond a greater ratio than the third has to the fourth; 
or the third has to the fourth, under fuch circumftances, a 
lefs ratio than the firft has to the fecond: although feveral 
other equimultiples may tend to fhow that the four mag- 
nitudes are proportionals. 
This definition will in future be expreffed thus :— 


IFM GC v UC, but M’ =o 37 e@, 
thn BW: OCH: @. 


In the above general expreffion, M’ and m' are to be 
confidered particular multiples, not like the multiples M 
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and a introduced in the fifth definition, which are in that 
definition confidered to be every pair of multiples that can 
be taken. It muft alfo be here obferved, that V , UO), Ig 
and the like fymbols are to be confidered merely the repre- 
fentatives of geometrical magnitudes. 

In a partial arithmetical way, this may be fet forth as 


? 


follows: 


Let us take the four numbers, §, 7, 10, and 9. 





Second. | Third. | Fourth. 





Llp 


"s 








& | " | 
i6 I4. 20 18 
24 21I 30 2I 
12 28 4o 36 
49 35 ae 45 | 
50 49 7O 63 | 
64 56 So T 
2 63 go 81 
80 70 [OO go 
85 77 [IO 99 
96 94. [ED 108 
104 91 130 H7 | 
112 99 110 126 
&c. &c. &c &c. | 


EE — — . 9 X | 


Among the above multiples we find :6 L7 14 and 2 
© :89: that is, twice the firít is greater than twice the 
fecond, and twice the third is greater than twice the fourth; 
and 16 ZJ 21 and20 TZ] 27; that is, twice the firft is lefs 
than three times the fecond, and twice the third is lefs than 
three times the fourth; and among the fame multiples we 
can find 72 L7 56 andgo L7 72: that is, 9 times the firft 
is greater than 8 times the fecond, and ọ times the third is 
greater than 8 times the fourth. Many other equimul- 
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tiples might be selected, which would tend to fhow that 
the numbers 8, 7, 10, 9, were proportionals, but they are 
not, for we can find a multiple of the firft [7 a multiple of 
the fecond, but the fame multiple of the third that has been 
taken of the firt not LZ the fame multiple of the fourth 
which has been taken of the fecond ; for inftance, 9 times 
the firftis [7 10 times the fecond, but 9 times the third is 
not [7 1o times the fourth, that is, 72 LZ 70, but oo 
not LZ 5o, or 8 times the firft we find LZ 9 times the 
fecond, but 8 times the third is not greater than 9 times 
the fourth, that is, 64 [2 63, but So is not [2 8:. When 
any fuch multiples as thefe can be found, the firft (8) is 
faid to have to the fecond (7) a greater ratio than the third 
(10) has to the fourth (9), and on the contrary the third 
(10) is faid to have to the fourth (5) a lefs ratio than the 
firit (3) has to the fecond (7). 
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ene | unequal magnitudes the greater has a greater 
: À Y ratio to the fame than the lefs has: and the fame 
. 9 4 magnitude has a greater ratio to the lefs than it 
B88) has to the greater. 





A 
Let Bl and F be two unequal magnitudes, 
and @ any other. 


A 
We fhall firft prove that ll which is the greater of the 
two unequal magnitudes, has a greater ratio to @ than M, 
the lefs, has to & ; 


A 
tati M: e rz 9:9; 


take M' B. m @, M’ W, and s x 
fuch, that M' 4 and M fg fhall be each [7 & ; 
alío take 5 @ the leaft multiple of @, 
which will make # @ [7 M ag—"w n: 


se M F is not -—E P 


A 
but M go iD v eu. for, 
as". is the firft multiple which firft becomes [7 M : 


than (z minus 1) & or» € minus @ is not C M gr, 
and @ is not [7 M' 4, 
SU S minus @ + @ mtb IME +M; 
that is, 5 € muft be C1 .M" E à 
es IM * is 2 m’ @ ; but it has been fhown above that 


Z 
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M' BB isnotEz» @ , therefore, by the feventh definition, 
A 
W has to @ a greater ratio than Er » 


Next we fhall prove that @ has a greater ratio to WJ, the 


A 
lefs, than 1t has to W, the greater ; 
A 
or @:NCO:m. 
A 
Take» (8, M' I, @, and M’ B. 


the fame as in the firft cafe, fuch, that 

M' 4 and M' ii will be each [7 G, and » @ the leaft 
multiple of @, which firft becomes greater 
than M' gy =M E. 
SO. minus G is nt E M W, 
and @ is not [7 M' 1 ; confequently 
" € mins 9 4-0 5M H-M as: 
A 

v n0 is OIM G@, and .*. by the feventh definition, 


A 
@ has to BE a greater ratio than @ has to gg. 


"S. Of unequal magnitudes, &c. 


The contrivance employed in this propofition for finding 
among the multiples taken, as in the fifth definition, a mul- 
tiple of the firft greater than the multiple of the fecond, but 
the fame multiple of the third which has been taken of the 
firft, not greater than the fame multiple of the fourth which 
has been taken of the fecond, may be illuftrated numerically 
as follows :— 

The number 9 has a greater ratio to 7 than ^ has to 7: 


that is, 9 : 7 [Z^ jr or, 8 4- 1: 2 EZ? *7 
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The multiple of 1, which firft becomes greater than 7, 
is 8 times, therefore we may multiply the firft and third 
by 8, 9, 10, or any other greater number; in this cafe, let 
us multiply the firft and third by 8, and we have ©4-/ 8 
and 64: again, the firft multiple of 7 which becomes 
greater than 64 is IO times; then, by multiplying the 
fecond and fourth by 10, we fhall have 7o and 7o; then, 


arranging thefe multiples, we have— 


8 times 10 times 8 times 10 times 
the first. the second. the third. the fourth. 
64-]- 9 7o 64 70 


Confequently 64 -]- 8, or 72, is greater than 7o, but^« 
is not greater than 7o, .*. by the feventh definition, 9 has a 
greater ratio to 7 than 5 has to 7. 


The above is merely illuftrative of the foregoing demon- 
ftration, for this property could be fhown of thefe or other 
numbers very readily in the following manner; becaufe, if 
an antecedent contains its confequent a greater number of 
times than another antecedent contains its confequent, or 
when a fraction 1s formed of an antecedent for the nu- 
merator, and its confequent for the denominator be greater 
than another fraction which 1s formed of another antece- 
dent for the numerator and its confequent for the denomi- 
nator, the ratio of the firft antecedent to its confequent is 
greater than the ratio of the laft antecedent to its confe- 
quent. 


Thus, the number 9 has a greater ratio to 7, than 8 has 
8 
to 7, for E is greater than z 


Again, I7 : 19 is a greater ratio than 13 : 15, becaufe 


LEN 15 985 . 3 14 2 13 X 19 LL. 247 T 

i977 ig xs asp 29d ES a = ee hence it is 
. 255 . 247 - 17 . 

evident that 33, IS greater than zB c gg I8 greater than 
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l s 
2, and, according to what has been above fhown, 17 has 
J 


to 19 a greater ratio than 13 has to r5. 


So that the general terms upon which a greater, equal, 
or lefs ratio exifts are as follows :— 


A c : , 
— be greater than —, A is faid to have to B a greater 


ratio than C has to D; if = be equal to =, then A has to 


B the fame ratio which C has to D; and if = be lefs than 


= A is faid to have to B a lefs ratio than C has to D. 


The ftudent fhould underftand all up to this propofition 
perfectly before proceeding further, in order fully to com- 
prehend the following propofitions of this book. We there- 
fore ftrongly recommend the learner to commence again, 
and read up to this flowly, and carefully reafon at each ftep, 
as he proceeds, particularly guarding againft the mifchiev- 
ous fyftem of depending wholly on the memory. By fol- 
lowing thefe inftructions, he will find that the parts which 
ufually prefent confiderable difficulties will prefent no difh- 
culties whatever, in profecuting the ftudy of this important 
book. 
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“J 
Cro 


Pe AGNITUDES wiich have the fame ratio to the 
7 iva fame magnitude are equal to one another; and 
p ^ a NI thofe to which the fame magnitude has the fame 
beamed) 9/19 are equal to one another. 


Le : 8:9: then —9. 
Por if not let $ -— then will 


€: "re: B (B. 5. pr. 8), 
which is abfurd according to the hypothefis. 


we € is not [7 e. 
In the fame manner it may be fhown, that 
Q 5»trL— 34. 
Again, let J: @ :: IB: di cen vill @ = @. 


For (invert.) @ : B :: e : E, 
therefore, by the firft cafe, 4 =@. 






.'. Magnitudes which have the fame ratio, &c. 


This may be fhown otherwife, as follows :— 

Let A: Bzz À:C, then B zz C, for, as the fraction 
— the fraction =; and the numerator of one equal to the 
numerator of the other, therefore the denominator of thefe 
fractions are equal, that is B zz C. 


C 


mei Bo ASC: A, Bec. For, as > = a 


B muft zz C. 
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yupeepEHAT magnitude which has a greater ratio than 
— RE another has unto the fame magnitude, is the greater 
A ET a of the two: and that magnitude to which the fame 
—— has a greater ratio than it has unto another mag- 
nitude, 1s the lefs of the two. 





"2 HM Nw EE POM Ew 
For if not, let ga or 3 & ; 
then, y: l — e : BB (B. ». pr. 7) or 
Uu: 9 2 e : 9 (B. ;. pr. 8) and (invert.), 
which is abfurd according to the hypothefis. 
V Ny snot or 3 and 
< P mtb C È. 
Again, let E: OCH: y. 
then, @ —1 q. 
For if not, @ muft be E or = ®, 
then M : & I WW: BW (B. 5. pr. 8) and (invert.) ; 
or i: @ = 3: V (B. 5 pr.7), whichis abfurd (hyp.); 
. O is not Dor ts”, 
d.*. @ mut be 3 9. 


e That magnitude which has, &c. 
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Po y 
Li er» 






2M E ATIOS that are the fame to the fame ratio, are the 
CR ON x Jame to each other. 


dne 


Lt9:l8 — 08: and & : Y = 1:0, 
then wil $ : E = 1:0. 


For if M ¢ [2,29 or Zhw M, 
then M @ [75,25 xJ ng, 
and if M @ Lol], 
ten M a C S, or zv e, (B. 5. def. 5); 
~ifM$ Oso Dew B,Mi.l, sore, 
and .*. (B. 5. def.5)@ : I, —a:e. 


X Ratios that are the fame, &c. 
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PRF any number of magnitudes be proportionals, as 
Med) Mapa ove of the antecedents is to its confequent, fo fhall 
Ea all the antecedents taken together be to all the 





ANM. — confequents. 


Let E : O =0:6= 9%: Y=.: 2 
then will gi: e — 
BHO --HR6,TOo-9 4 He 


For if M W CE » Q, ten M (UU [zZ » (5, 
and M ^ [-^»79MeL-» sv, 
allo M a [Ej ane. (Bays. defo 
Therefore, if M Ul C z @, then will 
MB MOM $ M eM aL 
or M (B + U -+ ^ -- o + a) be greater 
than @ tn OtpuD+turv+ue, 
— +t +2) 


In the fame way it may be fhown, if M times one of the 
antecedents be equal to or lefs than a times one of the con- 
fequents, M times all the antecedents taken together, will 
be equal to or lefs than » times all the confequents taken 
together. "Therefore, by the fifth definition, as one of the 
antecedents is to its confequent, fo are all the antecedents 
taken together to all the confequents taken together. 


. If any number of magnitudes, &c. 





BOOK V. PROP. XIII. THEOR. 177 


EEEF the firft has to the fecond the fame ratio which 
ie) Sy ) the third has to the fourth, but the third to the 
aN) VE J fourth a greater ratio than the fifth has to the 
cee fixth ; the firft foall alfo have to the fecond a greater 
ratio than the fifth to the fxth. 


let W:(— WM: 9$.» ¢CO:@, 
then  : OU 7 Ó: e. 


For, becaufe ll: 9 CO: @, there are fome mul- 


tiples (M’ and m’') of JJ and ©, and of © and o. 
fach that M" BLZ v *, 


but M' (y not [C 5» @, by the feventh definition. 





Let thefe multiples be taken, and take the fame multiples 
of NJ 2nd (7. 
ENB s. def 5. nt VJ LE, —Per cz 7; 

then will M WC, = o Ir È, 

but M’ LC v & (conftruction) ; 
Melo, 

but M’ <> is not LZ m’ @& (conftruction) ; 

and therefore by the feventh definition, 

g:Ooro:oe. 


*.. If the firft has to the fecond, &c. 
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ESF rhe fr/] has the fame ratio to the fecond which the 
; Fu ] And third has to the fourth; then, tf the firfl be greater 
> SAY me: than the third, the fecond [ball be greater than the 
Beetle) forth; and if equal, equal; and if lefs, lefs. 





Let  : OU :: B: $, and firft fuppofe 
P C N,tdhen wil) C €. 


For  :U C E : U (B. ;. pr. 8), and by the 
hypothefis, gi : ()— 9; 
^. 1:9 c BM:U(G. pr. 13), 
^4 LIU (B. ;^pr.1o), or: OTE — 


Secondly, let gy = W, then wil U = e. 


Fr: 0 =E : We) (B. So peer 
and  : (0 — Bl > @ (hyp.); 
"E: U= X: $ (B. 5. pr. 1), 
and .°. O'S ep 
Thirdly, if g — BB, then will CO 2 4 ; 
becaufe F C @ and V :4 cs 
^ $ C O, by the firft cafe, 
that is, U c3 4. 


.*. If the firft has the fame ratio, &c. 
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P NO » AGNITUDES dave the fame ratio to one another 


Ea S| which their equimultiples have. 





Let Q9 and L3 be two magnitudes; 
then, 68: «B. :: Ww @:M @. 
Fr 6:8 —0:m 
—0:95 
—0:959 
^0:B8::40:4 BW. (B. ;. pr. :2). 


And as the fame reafoning 1s generally applicable, we have 


o UE: MOME. 


"^. Magnitudes have the fame ratio, &c. 
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DEFINITION XIII. 


Tur technical term permutando, or alternando, by permu- 
tation or alternately, is ufed when there are four propor- 
tionals, and it is inferred that the firft has the fame ratio to 
the third which the fecond has to the fourth; or that the 
ürít is to the third as the fecond is to the fourth: as is 
ihown in the following propofition :— 


Let @:O:: 6: Bb. 


by ** permutando" or ** alternando 


inferred @ : | :: + : B. 


>) 


it 1S 


It may be neceflfary here to remark that the magnitudes 
©, ©, W, H, mutt be homogeneous, that is, of the 
fame nature or fimilitude of kind; we muft therefore, in 
fuch cafes, compare lines with lines, furfaces with furfaces, 
folids with folids, &c. Hence the ftudent will readily 
perceive that a line and a furface, a furface and a folid, or 
other heterogenous magnitudes, can never ftand in the re- 
lation of antecedent and confequent. 
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BO | C F four magnitudes of the fame kind be proportionals, 


Fs T they are alfo proportionals when taken alternately. 





Le 9: O:: 9: @ thr 8 SU: - 


Fo M :MQ:: W:U (B. 5. pr. 15), 
and M @:M C):: Mh: @ (hyp.) and (B. 5. pr. 11); 
alfom (jim @:: n : @ (B. 5. pr. 35); 
~~ MEMO: ma BH: m ~& (B. 5. pr. 14), 
and ..ifM OC, = or gaz B, 
then will M (Jp, 2 ora € Gees pr. 14); 
therefore, by the fifth definition, 


Uy: 8: UU: €. 


.". If four magnitudes of the fame kind, &c. 
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DEFINITION XVI. 


Divipenbo, by divifion, when there are four proportionals, 
and it is inferred, that the excefs of the firít above the fecond 


is to the fecond, as the excefs of the third above the fourth, 
is to the fourth. 


Le@n = B: °C :95 
by ** dividendo " it 1s inferred 
À minus B : B :: C minus D : D. 


According to the above, A is fuppofed to be greater than 
B, and C greater than D ; if this be not the cafe, but to 
have B greater than A, and D greater than C, B and D 
can be made to ftand as antecedents, and A and C as 
confequents, by ** invertion " 


Be A.*2D Ge 
then, by **dividendo," we infer 


B minus À : À :: D minusC :C. 
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Pegg! magnitudes, taken jointly, be proportionals, they 
NIS [S jn. Shall alfo be proportionals when taken feparately : 
| X k A that is, 1 if two. magnitudes together have to one of 
met rop the Jame ratio which two others have to one 
f m the remaining one of the firft two fhall have to the other 
the Jame ratio which the remaining one of the laft two has to the 


other of thefe. 





Le  --U:U: 8-9: 9, 
then will :(U :: W: €. 

Take M VW C 7 U to each add M Ç, 
then we have M OBW+MOC2~O+MO0, 
or M (W -- UJ) t (« 43- M) U: 
but becu F+- (0:0 :: B 4 € : @ (hyp.), 
and M (W -- C) E G4 M) UO ; 

"e M (E + 9) c (v 4- M) (B. 5. def. 5); 
^-^MEBT-Me€U»5»$9--M€; 
“MM com @, by taking M @ from both fides: 
that is, when M W (om UJ, then M B 2» €. 


In the fame manner it may be proved, that if 
M W —or-» OC, then will M B zs or zo @ ; 
d, 8:0: e: @ (B. 5. def. 5). 


.. If magnitudes taken jointly, &c. 
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DEFINITION XV. 


Tur term componendo, by compofition, is ufed when there 
are four proportionals; and it is inferred that the firft toge- 
ther with the fecond is to the fecond as the third together 
with the fourth is to the fourth. 


Lettae B. «d D: 
then, by the term ** componendo," it is inferred that 


A+ B:B::( -D:D. 


By ‘‘invertion” B and D may become the firft and third, 
A and © the fecond and fourth, as 


B see ID a 
then, by ** componendo," we infer that 


B4j-A:A:: D4- C:«. 
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meee magnitudes, taken separately, be proportionals, 
hie) N PI they fhall alfo be proportionals when taken jointly : 
EN UE. that is, if the firft be to the fecond as the third is 
Peeled] — — — fourth, the firft and fecond together fhall be 
to the fecond as the third and fourth together is to the fourth. 





Let uU : (0: 83 : e. 
thn W+O:0::B + $: @; 
for if not, let BW +OU:U::8 + @: @, 
fuppofing G not — @; 
SW:O: BE: O GB. 5 pr. 17); 
but V: :: B : € (hyp.; 
18:09 :8:4 (5... p.11); 
“. @= 9 (B. ;. pr. 9) 
which is contrary to the fuppofition ; 
2 @ is not unequal to @ ; 
that is @ = @; 
- 94+0:0::84+¢: >. 


,". If magnitudes, taken feparately, &c. 
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E 


vem E a sole magnitude be toa whole, as a magnitude 
R raken from the frf, is to a magnitude taken from 
v4 the other ; the remainder fhall be to the remainder, 


Arcade as the whole to the whole. 
Let @+O0:8+¢6:: 9:8, 
then will UO: ® :wW --U:N +ô, 
Fr 9 +U: :: W + ô: H akter), 
* CO: B:: © : ER (divid.), 
again U) : @ :: @ : gb (alter), 
bu B+O0:8 + 6:: 9: yp); 
therefore J: © :: +O: + 4 
(B. e pu. 





.". If a whole magnitude be to a whole, &c. 


DEFINITION XVII. 


Tur term ** convertendo," by converfion, is made ufe of 
by geometricians, when there are four proportionals, and 
it is inferred, that the firft is to its excefs above the fecond, 
as the third is to its excefs above the fourth. See the fol- 


lowing propofition :— 
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peus four magnitudes be proportionals, they are alfo 

F 2: proportionals by converfion: that 1, the firft 1s to 
AY Ve its excefs above the fecond, as the third to its ex- 
erster d cefs above the fourth. 





Lt @O:O:MO: 4, 
then fhll @O:@:: BO: OF, 


Becaufe @O: 0:8 @: @; 
therefore S : © :: W : $ (divid.), 
<. O:0 :: $: H (c) 
00:0 :B85):B (npo). 


.*. If four magnitudes, &c. 


DEFINITION XVIII. 


* Ex equali" (fc. diftantià), or ex equo, from equality of 
diftance: when there is any number of magnitudes more 
than two, and as many others, fuch that they are propor- 
tionals when taken two and two of each rank, and it is 
inferred that the firft is to the laft of the firft rank of mag- 
nitudes, as the firft is to the laft of the others: ‘of this 
there are the two following kinds, which arife from the 
different order in which the magnitudes are taken, two 
and two.” 
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DEFINITION XIX. 


* Ex equali," from equality. This term is ufed fimply by | 
itfelf, when the firít magnitude is to the fecond of the firft 

rank, as the firít to the fecond of the other rank; and as 

the fecond is to the third of the firft rank, fo is the fecond 

to the third of the other; and fo on in order: and the in- 
ference is as mentioned in the preceding definition; whence 

this is called ordinate proportion. It is demonftrated in 

Book 5. prazz 


Thus, if there be two ranks of magnitudes, 
A»; B, C,T, E, Fi themit rank, 
and L, M, N, O, P, C, the fecond, 
fuch that A: B:: L: M, B: Gt MEE 
C:D:: N:O, D: E::O- PITE CPOSMM 
we infer by the term “ex equali" that 
A P EO 
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DEFINITION XX. 


* Ex aequali in proportione perturbatà feu inordinatá," 
from equality in perturbate, or diforderly proportion. This 
term is ufed when the firft magnitude is to the fecond of 
the firft rank as the laft but one is to the laft of the fecond 
rank ; and as the fecond is to the third of the firft rank, fo 
is the laft but two to the laft but one of the fecond rank ; 
and as the third is to the fourth of the firft rank, fo is the 
third from the laft to the laft but two of the fecond rank : 
and fo on in a crofs order: and the inference is in the 18th 
definition. It is demonftrated in B. 5. pr. 23. 


Thus, if there be two ranks of magnitudes, 
A,B,C D. E E; the firit rank, 
and L, M, N, O,P,Q, the fecond, 
inch that A :B;:P :Q, B: C :: O: P, 
BEEN NO, DE SMENSE:F::L:M; 
the term “ex equali in proportione perturbatà feu inordi- 


natà" infers that 


Ac Ee Ne O0. 
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ee ea there be three magnitudes, and other three, which, 
> Kn taken two and two, have the fame ratio; then, if 
3 ?/ W 7 hrf be greater than the third, the fourth fhall 
a /, greater than the fixth ; and if equal, equal; 


and if de n lefs. 






Lec YW, D, m, be the firft three magnitudes, 
and $, ©, @ , be the other three, 
fuch that W :(0 ::49 : O,4 0:8 :: o :e. 
Then, if Cc, =, or ZJ, then will * [2m 
or —] 6. 
From the hypothefis, by alternando, we have 
w:9 :0:o, 
and (UU: OO : IN: 08; 
BF: :: ME: @ CB. 5. pr. 11); 
rO eS m. then will ^ = 
orc] @ (B. 5. pr. 14). 


e If there be three magnitudes, &c. 
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mage there be three magnitudes, and other three which 
| mS) [S D) have the fame ratio, taken two and two, but in a 
A M Y» a crofs order ; then tf the firft magnitude be greater 
PreMed) hy the third, the fourth fhall be greater than the 
fixth ; and if equal, equal; and if lefs, lefs. 





Let FH, @, Bl, be the firft three magnitudes, 
and @, ©, @, the other three, 
fuch that  : 4 ::© :@, and @: @:: @: oO. 


Then, if ® C, —. or Z2 B, then 
will € CL, =, 2 @. 


Firf, let W be C E : 
then, becaufe @ is any other magnitude, 
WV: @ (BB: @ (8. 5. pr. 8); 
but (>: @:: BW: & (hyp); 

.-O: @Ce : @ GB. pr. 13); 
and becaufe @ : MH ::@ : © (hyp.); 
.i:&à :0»:9$ (inv), 
and it was fhown that (5 : 6 CH: À, 
mo uw O59. p.12: 


192 BOOK V. PROP. XXI. THEOR. 
“.@2 ¢, 
that is $ C 9. 
Secondly, let W = W ; then hal @ = o. 
For becaufe W = E, 
F: A=B :Å (B 5. pr. 7); 
but Wy : a=. : @ (hyp.). 
and gj: a= e @ (hyp. and inv.), 
oe Bcc @ (B. 5. pr. 11), 
Oo = @® (Bos pee: 
Next, let $ be 7] Bj, then ^ fhall be 23 & ; 
fr E C P, 
and it has been fhown that i : 4 = OF œ, 
and @: 9. —9: e 
. by the firft cafe @ is $. 
that is 2 9. 
.". If there be three, &c. 
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pessum E there be any number of magnitudes, and as many 

i 7) : others, which, taken two and two in order, have 

, rs the fame ratio; the firft fhall have to the lafl of 
jedem jo firf magnitudes the fame ratio which the firj 
F p others has to the laft of the Jame. 


N.B.— This is ufually cited by the words “ex equali," or 


€ ox equo." 





Firft, let there be magnitudes  , 4 , 2, 
and as many others & , (5. CO, 


fuch that 
9:90o:$:o0. 
and 4 : B :: 5:0; 
then fhall Qg /-8:49:0. 
Let thefe magnitudes, as well as any equimultiples 


whatever of the antecedents and confequents of the ratios, 


{tand as follows :— 


9.9.5,9.0.9. 


and 
M@™.@,NEMO.7O,NQG@, 
becauſe - @:: O:O; 
Meir mi: M $$ im, (B. 5. p. 4). 
For the fame reafon 
M@: NE zZO:N@; 


and becaufe there are three magnitudes, 
ele 
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MP, no NB, 
and other three, M @, ™ ANG, 
which, taken two and two, have the fame ratio ; 
< F FMB C = rN E 
then wil M $ G. =, or TN @, by (B. 5. pr. 20); 
and .. @ : 8:: $ : O (def. 5). 


Next, let there be four magnitudes, W, @, n.d, 
and other four, (>, @, =, á, 
which, taken two and two, have the fame ratio, 
that is to fay, Bi: Oi: DH: ®, 
@:8::@: =, 
and i}: @ :: mm: a, 
then fhall @ : A Ot ; 
for, becaufe W, @, W, are three magnitudes, 
and ©), @, =, other three, 


which, taken two and two, have the fame ratio; 
therefore, by the foregoing cafe, W : B :o:m, 
but W: 9 :: m: ; 
therefore again, by the firft cafe, Mg : È.: QA; 


and fo on, whatever the number of magnitudes be. 


.. If there be any number, &c. 
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Due there be any number of magnitudes, and as many 
Lome n others, which, taken two and two in a crofs order, 
Qk —* have the fame ratio; the firft fhall have to the laft 
Brett of the firfl magnitudes the fame ratio which the 
fj of the others has to the laft of the fame. 


N.B.—This is ufually cited by the words ‘ex equal in 





)) 


proportione perturbata go or “* ex EGUO perturbato.” 


Firft, let there be three magnitudes, W, C), W. 
and other three, e, (5,0; 


which, taken two and two in a crofs order, 


have the fame ratio; 
that is, YB: Os: O:®, 
ad): Ma :: 9: 
then fhàl 8:9 :: 0 : 9. 


Let thefe magnitudes and their reípective equimultiples 


be arranged as follows :— 
wO,WN. 4.0.0. 
M™,MO,“OM @,”6,7@, 
then W: M NB: MC XB.ss. pr. 15); 
and for the fame reafon 
(0:0 :v0O:».9; 
but W :(J :: CS : e (hyp.): 
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_Me:MO:: 0: @ (B. s. pr. 11); 
and becaufe (U) : Bl :: $ : Ó (hyp.), 


. MU: Hh :: @: «© (5. s- pie 
then, becaufe there are three magnitudes, 
M@e,MUO,» M. 
and other three, M @, 7 ©, » @, 


which, taken two and two in a crofs order, have 


the fame ratio; 
~ therefore, if M W C, =, or Zla NH, 
then will M e L, =, o 1m O B.S Tn 
andr. Y : W :: $ : @ (B. 5. def. 5). 
Next let there be four magnitudes, 


y, Cg B. e, 
and other four, ©, &, m, A, 


which, when taken two and two in a crofs order, have 
€ 


the fame ratio; namely, 
9 :U:: mca, 
OO: :: ©: m, 
and HM: @::O: @, 
then fhall W : & :: OO: A. 


For, becaufe W, (UJ, Bl are three magnitudes, 
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and €, mp, A, other three, 


which, taken two and two in a crofs order, have 


the fame ratio, 


therefore, by the firft cafe, WJ : H::060.A, 


but I: 6 :0: 0. 
therefore again, by the firft cafe,  : 4$ :: 09: A; 


and fo on, whatever be the number of fuch magnitudes. 


.. If there be any number, &c. 
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eS F the firft has to the fecond the fame ratio which 
| NUI rhe third has to the fourth, and the fifth to the 
| | fecond the fame which the fixth has to the fourth, 

etl) 7/10 firft and fifth. together fball have to the fecond 
the fame ratio which the third and fixth together have to the 
fourth. 





First. Second. Third. Fourth. 
v U E e 
Fifth. Sixth. 


© e 
Let gu : 0: B3: @, : 
and (4:U :: 9: 4. | 
thn  4- 06:U:: B+ @: @. | 
For (3:U :: e: 9 (hyp.). 
and (J :  :: 4 : GH (hyp.) and (invert.), 
OO: Be: 0: B (B. ;. pr. 22); 


and, becaufe thefe magnitudes are proportionals, they are 


proportionals when taken jointly, 


~~ Fto: oO: O+ HB: OCB. s. pr. 18), 
but 3: QU :: 6: @ (hyp.), 


^W -rOo:U:: ed B: @ (. 5. pr. 22). 


"^. If the frit, &c. 
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X eS F four magnitudes of the fame kind are propor- 


X y tionals, the greateft and leaft of them together are 
BQ) ge) greater than the other two together. 


Let four magnitudes, W + U, gi-- ^, UU, and ¢, 


of the fame kind, be proportionals, that is to fay, 
+0: mt+O20:4, 
and let @ -+ UL) be the greateft of the four, and coníe- 
quently by pr..A and 14 of Book 5, 4 is the leaft; 


then will B+ O+ ^ bez E ^ -TU: 
becaufe g --U : gaH- 9 :: OU: ©, 
^^: 8: w-rU: gc @ 0. pr. 19). 
but qu --U C gd $ (hbyp). 


^ WU C gg (P. 5. pr. ^); 
to each of thefe add UF) + ©, 
~“9+tOU+¢ec g+O+ ¢. 


.. If four magnitudes, &c. 
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DEFINITION X 


WueEn three magnitudes are proportionals, the firft is faid 
to have to the third the duplicate ratio of that which it has 
to the fecond. 


For example, if A, |’, C, be continued proportionals, 
that is, A : E :: B : C, A is faid to have toC the dupli- 
cate ratio of A : B ; 


A A 
or — = the fquare of —. 


This property will be more readily feen of the quantities 
ar, rada orar Er: SUR 


and i = r = the quar of —_ =e 
4 i j 


or ofa, rar’; 


for * — == the {guare — — 


DEFINITION XI. 

Wuen four magnitudes are continual proportionals, the 
firft is faid to have to the fourth the triplicate ratio of that 
which it has to the fecond; and fo on, quadruplicate, &c. 
increafing the denomination ftill by unity, in any number 
of proportionals. 

For example, let A, P, C, D, be four continued propor- 
tionals, that is, A: B ::B :C :: C: D; Aus faidgtom 
to D, the triplicate ratio of À to !' ; 


A A 
or = = the cube of =. 
LJ A 
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This definition will be better underftood, and applied to 
a greater number of magnitudes than four that are con- 
tinued proportionals, as follows :— 


Leta;^,-5' ,4,, 4, be four magnitudes in continued pro- 
Enon, that issa? cart iar? iar iar ta 


| 
a? 


x ar 
then — zz »? zz the cube of — zr. 
a ar 


Or, let ar, ar*, ar’, ar’, ar, a, be fix magnitudes in pro- 
portion, that is 


ED Pe ar anm am arar: ar:a, 


3 | 5 
. ar : ar 

then the ratio — = 7’ = the fifth power of = y. 
a ar 


Or, let a, ar, ar’, ar’, ar*, be five magnitudes in continued 


' a l a 
roportion; then —; zz — zz the fourth power of — zz -. 
pos i art r* P ar F 


DEFINITION A. 


To know a compound ratio :— 

When there are any number of magnitudes of the fame 
kind, the firft is faid to have to the laft of them the ratio 
compounded of the ratio which the firft has to the fecond, 
and of the ratio which the fecond has to the third, and of 
the ratio which the third has to the fourth ; and fo on, unto 
the laft magnitude. 


Eu mpl, if A, B,C, D, m — — 


be four magnitudes of the fame ABCD 
kind, the firft A is faid to have to peepee yi kK I, 
the lat D the ratio compounded MON 


of the ratio of A to B, and of the 
ratio of B to C, and of the ratio ofC to D ; or, the ratio of 
DD 
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A to D is fatd to be compounded of the ratios of A to B, 
BE tome, and toD. 

And if A has to B the fame ratio which } has to F, and 
B to C the fame ratio that G has to H, and C to D the 
fame that K has to L; then by this definition, \ is said to 
have to D the ratio compounded of ratios which are the 
fame with the ratiosof E to F, G toH, andK toL. And 
the fame thing is to be underítood when it is more briefly 
exprefled by faying, ^ has to D the ratio compounded of 
the ratios of E to F, G to H, and K to L. 

In like manner, the fame things being fuppofed; if V1 
has to N the fame ratio which ^ has to D, then for fhort- 
nefs fake, Ví is faid to have to N the ratio compounded of 
the ratios of E to F, G to H, and K to L. 


This definition may be better underftood from an arith- 
metical or algebraical illuftration ; for, in fact, a ratio com- 
pounded of feveral other ratios, 1s nothing more than a 
ratio which has for its antecedent the continued product of 
all the antecedents of the ratios compounded, and for its 
confequent the continued product of all the confequents of 
the ratios compounded. 


Thus, the ratio compounded of the ratios of 
252 ee bee OS Wg Sy 
X4X6X2:3 X 7 < 

or the ratio of 96 : 1155, or 22 Ng 0 


is the ratio of 2 


And of the magnitudes A, B, C, D, E, F, of the fame 
kind, A : F is the ratio compounded of the ratios of 
A:B, B: C, C+ Dy D: FE) Fea 
fo AXBXCXDXE:BXCXDXEXF, 


4 f C NK Ui F ^ : ` 
or —————— = z or the ratio of À : F. 
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|dATIOS which are compounded of the fame ratios 


Then the ratio which is compounded of the ratios of 
EE BG, C:D, D: E, or the ratio of A: E, is the 
fame as the ratio compounded of the ratios of F : G, 
G:H,H:k, K:L, or the ratio of F: L. 


Es 
© 
Et 


OQ|m- mU? mim mio oli» 


— 


v 


m|c olo olv wv» 


Dp 
= 
os 
| 


w a 


one <p XE 


| 
XIX 
LQ 
XIX 
p 
XIX 
na 


F 
p^ 
or the ratio of A: F is the fame as the ratio of F: L. 


mi d> 


anda’. 


The fame may be demonftrated of any number of ratios 
ío circumftanced. 


Next, let A: B:: K: L, 
Beco: A: K, 
GD- G: H, 
DES: E:CG. 
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Then the ratio which is compounded of the ratios of 
A:B, B:C, C:D, D: E, or the ratio of À : E; SEE 
fame as the ratio compounded of the ratios of .. :L, !1:1, 
G:H,F:G,or the ratio of F :L. 


A " 
x 
QUOTE? 
CNET 
Dono" e 
F 
and — as | ms 
T (, 


— AXBXa XD w kk X Lx ae 
“" BXUEXDXE™ LU XEXE 
A 
and o. ze. 
or the ratio of A : E is the fame as the ratio of F : L. 





e*s Ratios which are compounded, &c. 
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pee feveral ratios be the fame to feveral ratios, each 
NI) to cach, the ratio which is compounded of ratios 
j^ E which are the Jame to the firft ratios, each to each, 
=) hall be the fame to the ratio compounded of ratios 
which are the fame to the other ratios, each to each. 








mee CPD EF GH PO R-S T 
EL" c4 ef yp £ — Y 


items 2: 2:6] andA?:B::P:Q} @td:: Ve Ww 
em :: cid CED: OR ead: NUM Y 
— P RES A o Y 
md GrH :: 9:7 bien Mee Ass Y 
then hoT SV a 
P m M a V 
For 5 = 5 -—— T^ ee 
Wo enc NA eu c x NN 
REpF TR 
GA T DNE" 
MEE rry mm ee? 
MUCH UE. i Lu E 
Tm Tee ae Os 
NE. BXQXNOUM — yocWwx vxa 
oR S WXXXYX 2? 
and sak. - = >, 


DEM pec. 


.". If feveral ratios, &c. 


206 BOOK P. BROP-^H. THER: 


SR F a ratio which 15 compounded of feveral ratios be 
Ml the fame to a ratio which 1s compounded of feveral 
other ratios ; and if one of the firft rattos, or the 
ratio which is compounded of feveral of them, be 
the fame to one of the laft ratios, or to the ratio which 1s com- 
pounded of feveral of them ; then the remaining ratio of the firft, 


or, if there be more than one, the ratto compounded of the re- 





matning ratios, fhall be the fame to the remaining ratio of the 
lafi, or, of there be more than one, to the ratio compounded of thefe 


remain g ratios. 


ABCDEFGH 
PQRSTX 





Let X :B, B:C, C:D, D:E, E: E; E SC 
be the firt ratios, and P: Q Q:R, R:5, 32 Tee 
the other ratios; alfo, let A :H, which is compounded of 
the firít ratios, be the fame as the ratio of P : X, which is 
the ratio compounded of the other ratios; and, let the 
ratio of A : E, which is compounded of the ratios of A : B, 
B:C, C:D, D:E, be the fame as the ratio of P:R, 
which is compounded of the ratios P : Q, Q: R. 


Then the ratio which is compounded of the remaining 
firft ratios, that is, the ratio compounded of the ratios 
E:F, F:G, G:H, that is, the ratio of E:H, fhall be 
the fame as the ratio of R: X, which is compounded of 
the ratios of R:5, S:T, T: X, the remamino Sonans 


ratios. 








Z7 
mor <x DX EXE XXG me PXOXRXSXT 
E XDXE ECOEEOSGOCHOUTT D x RN x 
meen XU XD EXUPX Gree XO ny Bees XB 
Mex px: SX FxOoxXn = x X Bae’ 


AGRO Dea x OC 
and ED DOR cO R? 





cue D o0 n 
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e 
. 
xb 


"S dfaratio which, &c. 
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pea there be any number of ratios, and any number of 
Ie] [SUA other ratios, Juch that the ratio which is com- 
ONY) Vite, pounded of ratios, which are the fame to the firf 


ratios, each to each, ts the fame to the ratio which 





is compounded of ratios, which are the Jame, each to each, to 
the laft ratios—and if one of the firft ratios, or the ratio which 
1s compounded of ratios, which are the fame to feveral of the 
firft ratios, each to each, be the fame to one of the laft ratios, 
or to the ratio which ts compounded of ratios, which are the 
fame, each to each, to feveral of the laft ratios—then the re- 
maining ratio of the firft; or, if there be more than one, the 
ratto which is compounded of ratios, which are the fame, each 
to each, to the remaining ratios of the firft, fhall be the fame 
to the remaining ratio of the laft; or, of there be more than 
one, ta the ratio which is compounded of ratios, which are the 
Jame, each to each, ta thefe remaining ratios. 


h km ns 
AB, CD, EF, GH, KL, MN, a 7 EE 
| OP, QRS TT, Voy Seer, hkimnp 
| a bcd ee vee 


Let A:B, C:D, E:F, G:H, K:rL, MN ibe 
firft ratios, and O :P, Q:R, 5:7, V :W V 
other ratios; 


—- 


and let . A : BS» 
( D —— PO 
BF ae 
G:-HSZ i 7, 
K:L s 
M:N = 
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Then, by the definition of a compound ratio, the ratio 
DIS T is compounded of the ratios of 4:5, 1 :c cid» dies 
cif fig which are the fame asthe ratioof A: B, C: D> 
E:F, G:H, K:L, M:N, each to each. 


Aion pim 2E 
Q R = kel, 
QUUM me Luv5 
Mo Amm 27271, 
XY == on:f. 


Then will the ratio of 4:p be the ratio compounded of 
the ratios of 4:4, &:1, l:m, m:n, n:p, which are the 
fame as the ratios of 0 :P, Q:R.S:T,V:W,X Y, 
each to each. 


ee by the hypothefis 2:5 — 4:5. 


Alfo, let the ratio which is compounded of the ratios of 
Smee =), two of the firit ratios (or the ratios of ;:;, 
IB x ,.:5 andC:D Zz4:,) be the fame as the 
ratio of a:d, which is compounded of the ratios of a: b, 
b:c, c:d, which are the fame as the ratios of 0 :P, 
E m. 5:T. three of the other ratios. 


And let the ratios of h:s, which is compounded of the 
ratios of h:k, k:m, m:n, n:s, which are the fame as 
the remaining firit ratios, namely, E:F, G:H, K:L; 
M :N ; alfo, let the ratio of e: g, be that which is com- 
pounded of the ratios e: f, f: g, which are the fame, each 
to each, to the remaining other ratios, namely, V :\W, 
X :Y. Then the ratio of h:s fhall be the fame as the 
mimorote: 2; orh:s = e:g. 


For 4X XE XG XK XM —— 4X 4X cX 4X Xy 
EESDOXF XHOSBONN ~ bX cX dK eX FX yg’ 
EE 
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and OX OX SX WK X —. &2XxXRX 1 XK mie 
PX RX IX WX Y — AX XmX n yN 
by the compofition of the ratios ; 


eo axXbtbxXcecxnrdxKeXf — Y 
MENS Ud Xe XJA — 














or 2X2? CK OE OG fF eee Xk X~ 2 
bX dXeXfXg — kXlXm n Xp’ 
but 22t = AXC Æ OXE S æm Oxi — AXES 
LX: BXD PXRXT  bXcxd T FER 
0€ Nd Xe y. WW 
Dt dXX Xu ax 
^ ? € € l k r1 ` 
And CN Core eae DX xm Kn (hy p.), 


dxXeXJyxz kom 








"m xn ACD 
and - Scr emn (hvp.), 


hxkxmxnu.r 
S 


e 
5 


*. If there be any number, &c. 





*.* Algebraical and Arithmetical expositions of the Fifth Book of Euclid are given in 
lyrne's Doctrine of Proportion; published by Wruttams and Co. London. 1841. 





PEARS 
eG anu UN oe 


BOOK VI. 
DEFINITIONS. 


I. 
— ECTILINEAR 
s —— i 






(d Re" | figures are faid to 


be fimilar, when 


Pee 


— they have their ſe- 


veral angles equal, each to each, 
and the ſides about the ‘"" 7 
angles proportional. 

II. 


Two fides of one figure are faid to be reciprocally propor- 





tional to two fides of another figure when one of the fides 
of the firft is to the fecond, as the remaining fide of the 
fecond is to the remaining fide of the firft. 


III. 
A STRAIGHT line is faid to be cut in extreme and mean 
ratio, when the whole is to the greater fegment, as the 


greater fegment is to the lefs. 


IV. 


Tue altitude of any figure is the straight line drawn from 
its vertex perpendicular to its bafe, or the bafe produced. 





a 
I 
1 
t 
t 
i 
t 
1 
I 
t 
! 4 
4 
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pepe PARI ANGLES 
aA PRR and parallelo- 
A 3 iS R| grams having the 
ON ae fame altitude are 
to one another as their bafes. 


Let the triangles Í and Å 


have a common vertex, and 





their bafes —— 7 and == 


in the fame itraight line. 


Produce e—————— both ways, take fucceffively on 
— produced lines equal to it; and on &——— pro- 
duced lines succeffively equal to it; and draw lines from 


the common vertex to their extremities. 





The triangles thus formed are all equal 


to one another, fince their bafes are equal. (B. 1. pr. 38.) 





and its bafe are refpectively equi- 





multiples of and the baíe ———— , 
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In like manner and its bafe are reípec- 





tively equimultiples of and the bafe ===", 


^. If mor 6 times fm = or Sj 7 or § times 





then m or 6 times = or TJ Zor 5 times , 
m and z ftand for every multiple taken as in the fifth 
definition of the Fifth Book. Although we have only 
fhown that this property exifts when z equal 6, and z 
equal c, yet it 1s evident that the property holds good for 


every multiple value that may be given to m, and to z. 


dà So — — (B. 5. def. 5.) 


Parallelograms having the fame altitude are the doubles 
of the triangles, on their bafes, and are proportional to 
them (Part 1), and hence their doubles, the parallelograms, 
Meas their bales. (B. 5. pr. 15.) 


Q. E. D. 


s” 
ks 


ee 
e 
* 
a 
e 
e 








"P om us um qo up Us Gm een ee» w 
e 
e 


fides, or thofe fides produced, into pro- 
portional fegments. 











And if any ftraight line 
divide the fides of a triangle, or thofe 
fides produced, into proportional feg- 
ments, it 1s parallel to the remaining 


fid emnoancumum — 






ome eee ew Nese 





ae BOOK VI. PROP. II. THEOR. 
a ; % 
. T EX ACD F a flramgAt line 
i e * 6 CS. 
t k * X | Rura be drawn parallel to any 
v ee ee YA Vs fide «enesamvenuu of a frj- 
2 / s Beee angle, it fhall cut the other 





PART I. 
Let l| ----.2—-. then fhall 
> &e5snecsumE e. 755/9957" > «aeméumME, J 
Draw — and =. | 
and Pd — d (B. 1. pr. 19208 
— 5 * 
"a Pad : to dr i * E pr.7); but 
See * 
VA LN eo —À à LÀ (B. 6. pissin 
: ^ 
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PARTITI. 


og o $  ww"tesesunw" °>’ comes "--- >; "—NMNSE"ER"ET, 


then — — {| --——n-—— | 


Let the fame conftruction remain, 


beu Lo ree ii| / : 


n 
and ommum © suecteseuss © © E = s 
but ——— : Ssessisissi(hyp:), 


. | 7 K . a s ^ Ppr TT.) 
: ^ D 
* L^ - M (B. 5. pr. 9); 


but they are on the fame bafe ssaensem . and at the 
fame fide of it, and 


— — ll "-samccucem (B. 1. pr. 30): 


Q. E. D. 


216 
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RIGHT ze ( —— ) 


€ x A À e bifecting the angle of a 


SIN ) triangle, divides the op- 
tool dal he pofte fide into fegments 
(——. --------) proportional 
to the conterminous fides ( 





3 








And if a firaight line ( ) 
drawn from any angie of a triangle 
divide the oppoftte fide — 


— — 


proportional to the conterminous ſides ( , —, — ), 





it bifects the angle. 


Er 
. to meet «—..... T 





Draw -——"-m» || 


then, d = € (B.1. prn 
"s b = d. vat D =N, WN = 


(B. 1. prom 





and becaufe —— [| e, 
MEETITITITETIS , mmm — 


(B. 5. pr. 7). 
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PART II. 


Let the fame conftruction remain, 





(D. T ND. 2); 


and 





but EE SRE EEES eS | ——— (hyp.) 


(Doer ri). 


and ree iii ii) 


(B. 5. pr. 9), 


EW 4. Bar pie bU INE 
ll missas mam, b — " 


"T PI. 
na —W and « — b. 
bifects D. 


Q. E. D. 





ande. 
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— 


and i 2 ) the fides 
about the equal angles are pro- 
portional, and the fides which are 
oppofite to the equal angles are 


homologous. 





Let the equiangular triangles be fo placed that two fides 


—— 9 Oppofite to equal angles c and 


— may be conterminous, and in the ſame ſtraight line; 
and that the triangles lying at the ſame ſide of that ſtraight 


line, may have the equal angles not conterminous, 


i. 6 p oppofite to 40 , and A to A 








Draw <emcesena» and ' Then, becaufe 
A - A. — — 080 
and for a like reafon, ccscescsnn. — 


À E — J is a parallelogram. 


But 


CD isjeie 2 
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and fince ———= $e (B. 1. pr. 34), 
2 SLILLLLLLLLEM and by 


alternation, «=m $ 


(bcr 16): 


In like manner it may be fhown, that 


oa 2 18121888 R43 





cee = mee eeacseus 
E 


and by alternation, that 


[ESS imo Sa szeaeceseuin = ewmasaaaan, 


but it has been already proved that 
> mannan souas 5 unosnos won, 


and therefore, ex equali, 


(Bas. pr. 22), 
therefore the fides about the equal angles are proportional, 
and thofe which are oppofite to the equal angles 


are homologous. 


Q. E. D. 
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PRS F zwo triangles have their fides propor- 


tional ( ^a mam > esecasesu= 





( wmetsccsees 3 


D o ) (hey are equtangular, 


4nd the equal angles are fubtended by the homolo- 
gous fides. 


From the extremities of —— 9 draw 


and caccaces =, making 


We A. 
YW — Á (B. 1. pr 2E 


and confequently V = á (B. 1:9 pr 


and fince the triangles are equiangular, 
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Therefore, the two triangles having a common bafe 


, and their fides equal, have alfo equal angles op- 





pofite to equal fides, 1. e. 


A — »— n — . ER 


But = A (conit.) 
and. t A = A. for the fame 


reafon n Á and 
confequently b = 4 (Boara); 


and therefore the triangles are equiangular, and it is evi- 











dent that the homologous fides fubtend the equal angles. 


Q. E. D. 


BOOK FI. PROP. VI. THEO. 
—* 
F two triangles ( $ 









& 
& 
1 
4 
i 
a 
T 


| À 
Ji angle of the one, equa! to one 
; k gle ( ) of q 
S € 

4 

e 
a e 
e e 


; angle Ir. of the other, and the fides 


; 
about the equal angles proportional, the 
$ triangles Shall be equiangular, and have 
thofe angles equal which the homologous 
fides fubtend. 


From the extremities of 





n 


, one of the fides 
of 2) , about f^ draw 


e*w-"a"agettiae? 


; making 


v A ...9— A: then W 4 
(Brie pie E 





pr. 32), and two triangles being equiangular, 








(Doo oE 
but sscamasstneos ; "-"macsces Se rl. —— S MM RR (hyp.) 
(B. T DES et) 
and confequently cesce:es 





(B. 5. pr. 9); 
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= E 
E BN — NV in every refpect. 


DEN nr. 4). 


But wy — A (conft.), 
andas ÆA — À: and 


fince alfo f^ = Á . 
A Ex 4 (B. rapran 
and .*. : * and are equiangular, with 


c 
ES 
"amma ET 07 


their equal angles oppofite to homologous fides. 


Q. E. D. 
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“sat ) Aave one angle in 


each equal LA equal to E ), the 


fides about two other angles proportional 


( —— > = $1 sevcenee $ e), 


EY Y x 
a 
= 
i aennna meme 
ae 


o 
3 


and each of the remaining angles ( À 


and A ) either lefs or not lefs than a 
right angle, the triangles are equiangular, and thofe angles 
are equal about which the fides are proportional. 


Firft let it be affumed that the angles À and A 


are each lefs than a right angle: then if it be fuppofed 


that É and a contained by the proportional fides, 


are not equal, let É be the greater, and make 


A-D. 
Becaufe 4 = 4 (hyp.), and A = e (conft.) 
oe LÀ = A (B. 1. proe 
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but €— : — — — — TITITITT- e "mu (hyp.) 





J 


= ——— (B. 5. pr. 9), 


-— o. 5). 


But E is lefs than a right angle (hyp.) 


^D e is lefs than a right angle; and .'*. A muft 


be greater than a right angle (B. 1. pr. 13), but it has been 


proved = A and therefore lefs than a right angle, 


which is abfurd. e% L and A are not unequal; 
.". they are equal, and fince 4 = IA (hyp.) 


: e = À (B. 1. pr. 32), and therefore the tri- 


angles are equiangular. 


But if Ê and A be aflumed to be each not lefs 


than a right angle, it may be proved as before, that the 
triangles are equiangular, and have the fides about the 


equal angles proportional. (B. 6. pr. 4). 
OL E. D. 


GG 
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possem N a right angled 


triangle 


a perpendicular ( ) 
be drawn from the right angle 
to the oppofite fide, the triangles 


(a d ; b ) on each fide of it are fimilar to the whole 


triangle and to each other. 


Becaufe 4 — a (B. 1. ax. 11), am 
P common to tih. and d. 
f. = i QD. 1. pr. S20 
ate Pp 1 and ud are equiangular; and 


confequently have their fides about the equal angles pro- 











portional (B. 6. pr. 4), and are therefore fimilar (B. 6. 
dei. 1): 


In like manner it may be proved that b is milar to 


P N s but A has been fhewn to be fimilar 
to 1, . . Ww are 


fimilar to the whole and to each other. 


Q. E. D. 
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NN 2 ROM a given ft raig At line (=. oun) 
23 kw to cut off any required part. 





From either extremity of the 


given line draw ———eeee making any 


k 


angle with ———**-*-- 3 and produce 
-— fill the whole produced line 
ae ccs) Mane contains — — AS often 48 


—————w» contains the required part. 


Draw — . and draw 








- PPT nee CASH CPR eRe 





— || | 
is the required part Of — e = «= me, 
Or fNCe ««ancnetas= ll — — 
TTTIIIIIT e E — MÀ , -""0m»mmmm 


(B. 6. pr. 2), and by compofition (B. 5. pr. 18) 


* 
3 





ete as ae a -—— 2 28 000-08 4 
2 , 
but — — 00€ contains — — c often 


as —— 52» contains the required part (conft.) 


, 


nents Ce Cequircd part. 


OSBED. 
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PEEEOZIPEIO divide a firaight 
d 2 E /ne( 
Pie bee) fimilarly to a 
E) given divided line 





=) 


d LI nol EH t 
UD A " B 
ho. 5 m 

M Ji v d "a 

x. y » d CT) E 

E^ Q A Se 

tes. e h H 

TOI 5 P M 
D * 2 m 
ane ut * »? 


- 





(——— ) 


From either extremity of 


the given line 


draw meoecesoecgeonm»smuibaosóciosv: 


making any angle; take 
EE — 


ecreauecauaes equal to —— 
re(pectively (B. 1.) pie 


, and draw =m=samaasa and 

















draw 
ee I! to it. 
Since — — are T ; 
(B. 0. Tp 2); 
or — : T : (conft.), 
and ain eucuucnea S ev-ssmiamaem 
(B-6api 2 
: Ip — ; (conft.), 
and .*, the given line — js divided 


eaan 
— 
e 


fimilarly to === 


QE D 
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S43 O find a third proportional 
to two given ftraight lines 


— and — 





F 
a 
a 
r 
8 
a 
a 
a 
a 
a 
a 
a 
a 
a 
a 
s 
a 
8 
a 
a 
a 
a 
= 
» 


At either extremity of the given 
am wey oss — 


draw 





line 
making an angle; take 


wunmumunpae: — —— 9 and 


te rmm mrs SEs > 
make «neamene —. 
amndad aW <ccacunane I] ———— $ 





(Bele pr sl.) 


——— is the third proportional 
and — — 


to 





EEEEEICEE t AE UU 0) R9 m m n 





Hordince -—— T MEM Vu: 


(B G pr?) 





but 











OME. D. 
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M VE! portional to three 





ERO LORE given lines 








Draw 


and — — making any angle; 


take EL SN 


and | ——— 
alio =m. E 
daw ———, 
and £4. || —————; 
(B. rem 


is the fourth proportional. 





On account of the parallels, 





(D. 6- prop 


but m [T (cont); 


pe@erl. PROP. XIII. PROB. 2T 






pug O find a mean propor- 
WE ROSA tional between two given 
ES /lraight Ime: 
— 

f e y 6 bp n9 a oe a 2-8 BET FIELLAAR —— ! 


l -"mmeuwtcedsesseeaur 





Draw any ftraight line 


? 





make — — — - wmm um mox 


and odi ao 58 biſect 





and from the point of biſection as a centre, and half the 


line as a radius, defcribe a femicircle Í " 


draw ae UE L ° 








is the mean proportional required. 


Draw ——— —— — and Seesteer eum o 


Since E is a right angle (B. 5. pr. 41), 


and _ iS | from it upon the oppofite fide, 
S. 0 e isa mean proportional between 
d and AU — À (B. 6. pr. 8), 


and .°, between =smenunne and (comiti. 


Q. E. D 
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I. 
PRE QUAL parallelograms 


and Wu . 


which have one angle in each equal, 





have the fides about the equal angles 
reciprocally proportional 


(— — : — —. 





II. 


And parallelograms which have one angle in each equal, 
and the fides about them reciprocally proportional, are equal. 


Let 


and — —, be ſo placed that — —— 








and ; and 





and = may be continued right lines. It is evi- 


dent that they may affume this pofition. (B. 1. prs. 15, 14, 
I5.) 





Complete M 


-T ~ 


"s A A os A} ( D: X5 p M 
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a5. ODIT.) 











The fame conítruction remaining : 


jw. Moers 


AY 


"n WV — Xe 5. pr. 9). 
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I. 
sowsmmOUAL, triangles, which have 
Me ava ome angle in each equal 





N = 2; 25 — «4: have the 


fides about the egual angles reciprocally 
proporttonal 


( — — : — 





: — 





II. 


And two triangles which have an angle of the one equal to 
an angle of the other, and the fides about the equal angles reci- 
frocally proportional, are equal. 


I. 


Let the triangles be fo placed that the equal angles 


* and 4 may be vertically oppoíite, that is to fav, 


fo that ——— | and ————- may be in the fame 
ftraight line. Whence alfo 
be in the fame ftraight line. (B. 1. pr. 14.) 


and — —— muſt 





Draw . then 


OX (B. 6. pru 


4s Y (5. 77) 


(B. 6 Ppr 
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0B. STPI.) 


II. 


Let the fame conftruction remain, and 


pw 





(DemOe pr. 1) 








> — , (hyp-) 


JR 
y. e s. pr. 9. 


Q. E. D. 
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t3 
fad 
ON 


PART I. 
EEF four fraight lines be proportional 
ak V the rectangle ( 


by the extremes, ts equal to the rectangle 





D———À ), 


X menu) contained 








(— K osseuse ) contained by the means. 


PART II. 

And if the reéf- 
angle contained by 
the extremes be equal 
to the rectangle con- 
tained by the means, 
the four ftraight lines 


TITTPTITTETIIIITITLIILL are proportional. 


FOOTER teaa9 ua mam mna 





PART I. 
From the extremities of ===- qand =m» draw 


and | to them and Z counsecceuen 








and seasewse= ref{pectively: complete the parallelograms 


m- 


And fince, 


—— àloeeesmane D cmn nmn (hyp.) 


(conft.) 








(B. 6. pr. TAi 
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m ne 
=I 


that is, the rectangle contained by the extremes, equal to 
the rectangle contained by the means. 


PART II. 


Let the fame conftruction remain; becaufe 











ES es —— 
A — 





and atl X "sasssemsimm | 
MEO pst). 
But ame “88 8ee00n8 . 
T ----2-- (conft.) 
(B. 5. pr. 7). 


iO 
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PART I 
Trea three flraight lines be pro- 
| portional ( "m 





—S rectangle under the extremes 
1S equal to the Jquare of the mean. 


PART II. 
And if the reclangle under the ex- 


| tremes be equal to the fquare of the mean, 
| the three firaight lines are proportional. 





| 


Aílüme —— = — an 





nce ——— — > m e — — 
ee 
ee 


then : 





— XC — — — — — 


(B. 6. pr. 10): 


But — — — 


- 
^ 


. — x ——— — — 4( 





*; therefore, if the three ftraight lines are 


proportional, the rectangle contained by the extremes is 
equal to the {quare of the mean. 


or — 

















PART II. 
Affume m onem DENN 
X n Lm 00——————5 X — $ 
(B. 6. pr. 16), and 
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SQN 2 given flraight [ine (e) 
F ERANA Y zo conftruct a reétilinear figure 


UNE fimilar toa given one ( » ) 


and fimilarly placed. 





Refolve the given figure into triangles by 


uns the lines zz------ andae s «d d 


At the extremities of ——— make 


a =A na VM: 


again at the extremities of CÓ. make «9 — < 


and « = €: in like manner make 
v = \ / and » = >. 


Then » 1s fimilar to es 


It is evident from the conftruétion and ( ar that 





the figures are — and ſince the triangles 


b. equiangular; thenby (B. 6. pr. 4), 





and — — = — —— s — — — —VVV—— 
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Again, becaute «v and «X are equiangular, 


— 2 a... - °° è asusesessate — ng 
. ə 5 


', ex «quali, 


SEE eee 


NES. pr. 225) 


In like manner it may be fhown that the remaining fides 


of the two figures are proportional. 


ig, OYB 0 def. ak) 


l . , i 
is fimilar to 


and fimilarly fituated ; and on the given line ° 


Q. E. D. 








O e ee, —AAm-— 568 P — 
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e SIMILAR tran- 
ny 


) are to one 








and 
another in the duplicate ratto 


of thetr homologous fides. 


Let A and A be equal angles, and suena =.mrn 


and homologous fides of the fimilar triangles 


A. A and On ««e— the greater 


of thefe lines take s=asss a third proportional, fo that 








Se fo ee — 23 — — " MEETS rA, 


draw eniesouat av, 





UD OPE) 





ors. pir, alt, 


but cco © ES ©. enue oo cree sen (cont), 


S ———— —À ü mmsumum 2 aco ya z eo — * conſe⸗ 


[I 


242 BOOK VI. PROP. XIX. THEOR. 


quently A -— 4 for they have the fides about 
the equal angles 4 and 4 — proportional 





AAAA 
- À —— 





that is to fay, the triangles are to one another in the dupli- 
cate ratio of their homologous fides 


——— All] s» sss mmnm — (B: 5. def. 1195 


Qon o 
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ee IMILAR  poly- 

| A ce a gons may be di- 

STES vided into the 

A fame number of 
fimilar triangles, each fimilar 
pair of which are propor- 
tional to the polygons; and 
the polygons are to each other 
in the duplicate ratto of their 
homologous fides. 





Draw ————- and 
asmensees, and 
and ---------- > refolving 
the polygons into triangles. 


Then becaufe the polygons 


are fimilar, M- a 


and emmpmmmmm "-aeauugutafe 





t p m M fimilar, and " «i 


(B. 6. pr. 6); 


but a zz = becaufe they are angles of fimilar poly- 


gons; therefore the remainders A and A are equal ; 


hence econmmnoamus s evanencus e "—---« m > 79.440 000m x 


on account of the fimilar triangles, 
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and eacssese - 1 
on account of the fimilar polygons, 





i aucceceaces E — ae seeceucuums — 


ex æquali (B. 5. pr. 22), and as theſe proportional ſides 


contain equal] angles, the on M =i fp 


are fimilar (B. 6. pr. 6). 





In like manner it may be fhown that the 


triangles v and v are fimilar. 


Bu -- 1s to End in the duplicate ratio of 





«mmammmume (O aaccseosa (B. 6. Pr. 19), and 
SD 1S » in like manner, in the duplicate 
ratio of msuumiaasam ((Ó -——-2-m22 ; 





Again P is J in the duplicate ratio of 
— too — —, aS Is to WV. 
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» 
WV. 


and as one of the antecedents is to one of the confequents, 


to 








the duplicate ratio of 


7 








fo is the fum of all the antecedents to the fum of all the 
confequents ; that is to fay, the fimilar triangles have to one 


another the fame ratio as the polygons (B. 5. pr. 12). 


Bu O iS to "n abf in the pe. ratio of 


wx is P in the duplicate 


ratio of - eee) to =o eee 








Q. E. D 


246 BOORVT. PROP. THOR. 


RECTILINEAR figures 





which are fimilar to the fame figure ( D 


are fimilar alfo to each other. 


Since Da. and > are fimi- 


lar, they are equiangular, and have the 





fides about the equal angles proportional 
(B. 6. def. 1); and fince the figures 


> and b. are alfo fimilar, they 


are equiangular, and have the fides about the equal angles 


proportional; therefore i. and > are alfo 


equiangular, and have the fides about the equal angles pro- 





portional (B. 5. pr. 11), and are therefore fimuilar. 


Q. E. D. 
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PAR ar 
pommel four fraight lines be pro- 
& i forttonal (om > «= 
ANT) des s; — — ), the scovencoere 





AN Jimilar veétilinear figures 
fim milar 5 described on them are alfo pro- 
portional. 

PART II. 

And if four funiar reétilinear 
figures, fimilarly defcribed on four 
firaight lines, be proportional, the 
Jiraight lines are alfo proportional. 





PART I. 
Take ---.------ a third proportional to a— 
and ———— , and sees a third proportional 


NOT O. pr.11)5 





[O ———— and 


—-Q wNoe mense 2 d esses (conft.) 


c auali, 





E 6. pr. 26) 


and e my c. mame © concanasscs ° 
? 
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^A. 9.0 


(Bos pr. t1). 


PART II. 


Let the fame conftruétion remain: 


AAt © 


So e do iH Doct (conft.) 








and ,^. memm à —— e — e 


ND) 
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RESEENIQUIANGULAR parallel- 


ograms 7 ji and 


— PUN ) are to one another 
in a ratio compounded of the ratios of 
their fides. 





Let two of the fides mo. and 
ess» about the equal angles be placed 
fo that they may form one ftraight 





line. 


Since v + PF — CIN. 
and b = v (hyp.), 
À -59-05. 


and ,;', ————— and &——— form one ftraight line 


(B. 1. pre 


complete E . 
Since AZ g g Co CEE o onl ree 


ab xo vu 
"7S — ER pr. i), 
B .. to A a ratio compounded of the ratios of 


— — ÍO Sunnat and of — [0 








K K CE. D. 


250  BOOKVI. PROP. XXIV. THEOR. 


EN any parallelogram ( P A4 


ww] Neal the parallelograms ( P 


and P ) which are about 


the diagonal are fimilar to the whole, and 








to each other. 


As J ! and P have a 


common angle they are equiangular; 





but becaule — — — 


Pp EU — are fimilar (B. 6. pr. 4), 


a se S 2 
— — sh asperes -— a Mg Dm e 
* ee o 9 


and the remaining oppofite fides are equal to thofe, 


— Ll and o .. the fides about the equal 


angles proportional, and are therefore fimilar. 


In the fame manner it can be demonfítrated that the | 


parallelograms j / and J are fimilar. 


Since, therefore, each of the parallelograms 


p 
P and P is fimilar to , they are fimilar 


to each other. 





Q. E. D. 
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A € 


28 O defcribe a rectilinear figure, 
— ROSA which fhall be fimilar to a given 


AS NI reétilinear figure ( uh. ), and 
equal to another À Jj 


Upon assume deferibe a — aa. 
and UPON mee defcribe a — a. 
and having [r E yF (B. 1. pr. 45), and then 


s and *e»es» will lie in the fame ftraight line 


(io. I. prs. 205 145 





Between and sems... find a mean proportional 





eee. G. pr. 13), and upon 


defcribe 4h. » fimilar to 4b. ; 


and fimilarly fituated. 


Then a, E e. 
For fince 4 and aa. are fimilar, and 


^! — 4° °° mms è OTRO OSES (contt.), 


EE. MEE o i em 


(B. 6. pr. 20) ; 
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but mE, . 4 ii = i 2£2----— (B. 6. pram 
z^ ub. : b :: E . AMICT 
but P N = ce (conft.), 
and ,*, A ES = (B. S pr rE 
and 4 e ES (conft.); confequently, 
at which is fimilar to A is alo = a. 


Q. E. D. 
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pxemewE naar and  Jumüarly 
| WU  pofited parallelograms 


ALA 


have a common angle, they are about 


the fame diagonal. 
For, if poffible,]et qaem, 


be the diagonal of JA .. 


draw === || — (B. 1. pr. 31). 


Since — L7 . about the fame 


diagonal 44V, , and have A common, 
they are fimilar (B. 6. pr. 24); 





(hyp.), 


but 


— «see coe (B. 5. pr. Du 


which 1s abfurd. 


S -———-Ó is not the diagonal of LT 


in the fame manner it can be demonftrated that no other 





Sd 2, 


line ts except 


Q. E. D. 


254 BOOK VI. PROPRXAV TT. “TEX. 


—— S all the rectangles 
y —* À Y contained by the 
Bed RRR ket ft ra ight Ine, the 
greateft is the fquare which ts 
deferibed on half the Ime. 





Let —— — — be the 





given line, — and — — unequal ſegments, 


and ===- 


then ^u = a. = 


For it has been demonftrated already (B. 2. pr. 5), that 





and ——— equal fegments ; 


the fquare of half the line is equal to the rectangle con- 
tained by any unequal fegments together with the fquare 
of the part intermediate between the middle point and the 
point of unequal fection. The fquare defcribed on half the 
line exceeds therefore the rectangle contained by any un- 


equal fegments of the line. 


Q. ETD 
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pauexemO divide a given 
ud Ru fraight line 





— c- by its segments 





may be equal to a GIVEN ATCA, mrsasnens 


Seueseucweaeanen om’ see Pe aases 


not exceeding the fquare of 
half the line. 


Let the given area be — e" —A 


Biſect 





veomonmon Or 


9 


make n —E—E — ; 
and if — — — — 


^ 


the problem is folved. 


But if a 2 = conse Banpo» i then 
muft :*^——-—-—— [7  ccccvses = (hyp.). 
Draw — — al- Donn NER — umm 3 


make ———— Magnam 9 SS oem OD smas mamas © 


With em—.---- as radius defcribe a circle cutting the 


given line; draw ————. 


Then Damp bé c——X o8 fe ee + —= esscunes € 


(B. 2. pr. 5.) = —— *, 


But —— — — — — ` 


— 
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"o X e of 
= S — 


from both, take ——____— =, 











and aan an X 





But 





wee srne m^ (conit.), 


and ,', 9» —ÁÁ emo is fo divided 
that seran X ee T n —— ee 





Q. E. D. 
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O produce a given firaight 
line ( mM 27e), fo 
mt that the rectangle con- 
Dude md) tained by the fegments 
— the extremities of the given 
line and the point to which it ts pro- 
duced, may be equal to a given area, 
« - —— — 0 0777 -————— a à 
i. e. equal to the [quare orn. em, 


DOC 
2a 
ey weer 











Make —— = ---, and 


draw vive uw ee a URN al eeseses8e UP [Qu 


9 
9 





draw : and 





with the radius , deferbe a circle 


T - produced. 





meeting 


Then — > cee M .e-..--- = 


scone omens * (B. 2. pr. 6. 2 ————— *, 


— uw a MÀ x < + ITIRITITTT ig = 
metanenewe - v IITTTTTP a E 
from both take JIPPTITT 5 

and EEE Scenes se — XxX ——— - "seunesann“ 9 


but S2eeneners = — —— 


S. ctun ==> the given area. 


Q. E. D. 
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— O cut a given finite Straight line (=m s»... ) 
d ROMA in extreme and mean ratio. 


On ———2.:--- deícribe the fquare d 


(B. 1. pr. 46); and produce «m.m , {O that 








— X — — en ? 
' (D eupr-29)- 
take E F 
and draw === |) — y 
i MECtnNg es |] eens (BL 1. pr. 31). 


= ee X sacri 


i" and if from both thefe equals 
be taken the common part $ S 


m" which is the fquare of. ——— , 


Then 





and is ,*, m 





will be ==; P which is "o jase ee X ase aem Ha wae ; 


that IS E, -— o c—M n] 1 1 0 3 0 D x oe me E ; 


© -———— Ù?’ — | m omo 
ee SE | e se » > 


and =s». is divided in extreme and mean ratio. 


(B. 6. def. 3). 
Q. E. D. 
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EIC EQ ac C ICICIDA ACTOR RORCIOS 


PERF aeny Jmular  recfilinear 
e figures be fimilarly defcribed 
Vgl on the fides of a right an- 


gled triangle ( rV. ), the figure 


defcribed on the fide ( *——) fy h- 
tending the right angle is equal to the 
Jum of tbe figures on the other fides. 





From the right angle draw e——— — perpendicular 
tO saemar Q (cm MÀ 


then 5 gH 5 7 eene U5U, > ——————— 4% ° uae © 


(B. 6. pg. 


(DIS pr. 20) 


but eS 2 kna s. 552041 EAD å > ewaneers sore 


(0. pico). 


Hence "nanmumm + ee METTI 


am. 7v. MAN 
fe es | 


but IITIPTTITY 


T ES — 





sammam e 
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A JE two triangles ( Zi and 


A DA D ^. have two fides pro- 
bo, SE) | portional, —— 
HE - S mssessseaso ), and be fo placed 
at an angle that the homologous fides are pa- 








eaaa“ 
rallel, the remaining fides ( ————— and e ) form 


oue right line. 


SINCE —— | — 


å- V epe 


and alío fince 


"-AÁ: (B. 1. pr. 29); 
4 4. and fince 


7 m m w -— » wp 


— : s> sommas (hyp.), 


the — are ieee "m 6. pr den 


„A-A: 
w -F, 


" 4-+9.A-4+4-+A-= 
(i> (B. i. pr. 32), and a*s ===- and ~s«swsss- 


lie in the fame ftraight line (B. 1. pr. 14). 
Q. E. D. 
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ne Mew whether at the centre or circumference, are 





AANI oy the fame ratio to one another as the arcs 


on which they ftand d : i --— 1098 0); 
Jo alfo are fectors. 


Take in the circumference of O any number 


of arcs see, mmm , &c. cach => * , and alfo in 


the circumference of ö take any number of 


ArCS 'r»sssrse BESLLLLL 3 &c. each —— 5 le yy dco a draw the 





radii to the extremities of the equal arcs. 


Then fince the arcs e—, —, C, &c. are all equal, 


the angles 4. y. b. ee areanocqual( B. 3. pr. 27) ; 
x A is the fame multiple of 4 which the arc 


m is of =s > and in the fame manner 4 


is the ſame multiple of 4. which the arc aaa, 


is of the arc «mom. 


^ 
B 
"TTPEEPTLL 
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Thenm'it is evident B oap 27); 


if A (or 1f z times 4 L., ==) PN 
(or z times P) 


then "wu (Or times ~=) O, =, I 





sost? (OT 72 (IMCS «sean Qua 


$ínaqua 


E 4. T. "-—A $ en g (B. 5. def. c), OrmTie 


angles at the centre are as the arcs on which they ftand ; 
but the angles at the circumference being halves of the 
angles at the centre (B. 3. pr. 20) are in the fame ratio 
(B. 5. pr. 15), and therefore are as the arcs on which they 
ftand. 


It 1s evident, that fectors in equal circles, and on equal 
arcs are equal (B. 1. pr. 4; B. 3. prs. 24, 27; 2000 
Hence, if the fectors be fubftituted for the angles in the 
above demonttration, the fecond part of the propofition will 
be eftablifhed, that is, in equal circles the fectors have the 


fame ratio to one another as the arcs on which they ftand. 


Q. E. D. 
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m — — Fr he E ght l 77 CT weuen i 
Wy?) yy bifecting an external * 
Die) onple 4 of the tri- 
ae 
eamabposbbpEe TIPP 





meet the oppoftte 


fide ( ) produced, that whole produced fide (———ems*"*), 

and its external fegment (+s=eeee) will be proportional to the 
fides (e - and eee), wAIch contain the angle 
adjacent to the external bifected angle. 





For if Ress m— ee be drawn T SLLLLILLLLE 


then p — | > ip 29); 
— «. (hyp.), 
— v. E 1-Dpro20)5 


and EL seers Or 














and = 2 i >, ee 8 sete enews 
(B. 5apr. 7): 
But alfo, 


IN. pr. 2); 


and therefore 





OD MER I 


© 
g 
- 
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SQF an angle of a triangle be bi- 
" rà] S Jetted by a ftraight line, which 
359) Wed Jewife cuts the bafe ; the rec- 
Beales] rangle contained by the fides of 
the triangle is equal to the rectangle con- 
| tained by the fegments of the bafe, together 
with the Square of the firaight line which 
— bifeéts the angle. 





e drawn, making 


Let === ^b 
4 ES b. then fhall 





About — deſcribe C) (B. 4. pr. $), 


produce ——~==== to meet the circle, and draw s«===ss==, 


Since 4 = A (hyp.), 
and À = p (B. 3. prom 


J 


etwas and A are equiangular (B. 1. pr. 32); 


f 


c 
»" 
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— < = XR — — 
(B. 6. pr. 16.) 
=Œ -nonsens MC manm — * 
(Bm2. DISMISS: 
Beerens - X — -----—-- X —— 
(errs Pees) ; 


D aaam È a LED 4 — -]- 





Q. E. D. 


MM 
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pag from any angle of a triangle a 
M « i) ftraight line be drawn perpendi- 
‘ à Va cular to the bafe; the rectangle 
Dese] contaed by the fides of the tri- 
| angle is equal to the rectangle contained by 
the perpendicular and the diameter of the 
circle defcribed about the triangle. 





M ad 
et 
* 
` 
* 
.* 





499 "53323494429 


draw Y"»"e&masieac lo -e—:; ^3 


{hall ds ess dmm S x eee m om eer uae X the 


diameter of the defcribed circle. 


Deífcribe cal (B. 4. pr. 5), draw its diameter 


—., and draw -e , then becaufe 


d = A (conft. and B. 3. pro oii 
mi 2x S POF. ae 
MS 


N 
e is equiangular to (B. 6. pr aE 


4 
e 9 — 4 oso(e1100112 








and e, "EDT" X 





2. 


(B. 6. pr. 16). 
Q. E. D. 
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ZHE rectangle contained by the 
PO ERA diagonals of aquadrilateral figure 
4 EN R infcribed in a circle, 1s equal to 
ERR both the rectangles contained by 
its oppofite fides. 


Let i / be any quadrilateral 















figure infcribed in ; and draw 


12a r and — eS then 


— Xx — — —j DE a. ej o X eomm, 


Make A = Ez foot pi), 
D b =P: A, = (> 


"DET pr. 215 


. * °° QUEUE ü — 
— — REND —i— — stotin nune 
. € t ee a 


(aoe pr. 4); 


and ... — — * 





X eunggeus 
(Bao. pr. 16); again, 


becaufe A — v (conít.), 
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and Y = Ww (Brip. 21): 


(B O: PAN. 
and ,°, ‘eesecees > eT Ge 


(D. Oo pr TOUS 
but, from above, 


a xX —— Oo x 5 





— SC es | Steere X — OK ewww ewe 


(B72) tee 
Q. EBD 


THE END. 


s- 
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PREFACE TO THE THIRD EDITION. - n c 


| of Ge 

SOME time after the publication of an Octavo Edition of'Euclid's 
Elements with Geometrical Exercises, &c., designed for the use of 
Academical Students; at the request of some schoolmasters of emi- 
nence, a duodecimo Edition of the Six Books was put forth on the 
same plan for the use of Schools. Soon after its appearance, Pro- 
fessor Christie, the Secretary of the Royal Society, in the Preface to 
his Treatise on Descriptive Geometry for the use of the Royal Military 
Academy, was pleased to notice these works in the following terms :— 
* When the greater Portion of this Part of the Course was printed, 
and had for some time been in use in the Academy, a new Edition of 
Euclid's Elements, by Mr. Robert Potts, M.A., of Trinity College, 
Cambridge, which is likely to supersede most others, to the extent, at 
least, of the Six Books, was published. From the manner of arrang- 
ing the Demonstrations, this edition has the advantages of the 
symbolical form, and it is at the same time free from the manifold 
objections to which that form is open. "The duodecimo edition of this 
Work, comprising only the first Six Books of Euclid, with Deductions 
from them, having been introduced at this Institution as a text-book, 
now renders any other Treatise on Plane Geometry unnecessary in 
our course of Mathematics.” 

For the very favourable reception which both Editions have met 
with, the Editor’s grateful acknowledgements are due. It has been his 
desire in putting forth a revised Edition of the School Euclid, to render 
the work in some degree more worthy of the favour which the former 
editions have received. In the present Edition several errors and 
oversights have been corrected and some additions made to the notes: 
the questions on each book have been considerably augmented and a 
better arrangement of the Geometrical Exercises has been attempted: 
and lastly, some hints and remarks on them have been given to assist 
the learner. The additions made to the present Edition amount to 
more than fifty pages, and, it is hoped, that they will render the work 
more useful to the learner. 

And here an occasion may be taken to quote the opinions of some 
able men respecting the use and importance of the Mathematical 
Sciences. 

On the subject of Education in its most extensive sense, an ancient 
writer “directs the aspirant after excellence to commence with the 
Science of Moral Culture; to proceed next to Logic; next to Mathe- 
matics; next to Physics; and lastly, to Theology.” Another writer 
on Education would place Mathematics before Logic, which (he 
remarks) “seems the preferable course : for by practising itself in the 
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former, the mind becomes stored with distinctions; the faculties of 
constancy and firmness are established; and its rule is always to dis- 
tinguish between cavilling and investigation—between close reasoning 
and cross reasoning ; for the contrary of all which habits, those are for 
the most part noted, who apply themselves to Logic without studying 
in some department of Mathematics ; taking noise and wrangling for 
proficiency, and thinking refutation accomplished by the instancing 
ofa doubt. This will explain the inscription placed by Plato over the 
door of his house: ‘ Whoso knows not Geometry, let him not enter 
here.” On the precedence of Moral Culture, however, to all the other 


Sciences, the acknowledgement is general, and the agreement entire.” I 


The same writer recommends the study of the Mathematics, for the 
cure of “compound ignorance.” “Of this,” he proceeds to say, “ the 
essence is opinion not agreeable to fact; and it necessarily involves 
another opinion, namely, that we are already possessed of knowledge. 
So that besides not knowing, we know not that we know not; and 
hence its designation of compound ignorance. In like manner, as of 
many chronic complaints and established maladies, no cure can be 
effected by physicians of the body: of this, no cure can be effected by 
physicians of the mind : for witha pre-supposal of knowledge in our 
own regard, the pursuit and acquirement of further knowledge is not 
to belooked for. The approximate cure, and one from which in the 
main much benefit may be anticipated, is to engage the patient in the 
study of measures (Geometry, computation, &c.); for in such pursuits 
the true and the false are separated by the clearest interval, and no 
room is left for the intrusions of fancy. From these the mind may 
discover the delight of certainty; and when, on returning to his own 
opinions, it finds in them no such sort of repose and gratification, it 
may discover their erroneous character, its ignorance may become 
simple, and a capacity for the acquirement of truth and virtue be 
obtained.” 

Lord Bacon, the founder of Inductive Philosophy, was not insen- 
sible of the high importance of the Mathematical Sciences, as appears 
in the following passage from his work on * The Advancement of 
Learning.” 

“The Mathematics are either pure or mixed. To the pure Mathe- 
matics are those sciences belonging which handle quantity determinate, 
merely severed from any axioms of natural philosophy; and these are 
two, Geometry, and Arithmetic; the one handling quantity continued, 
and the other dissevered. Mixed hath for subject some axioms or 
parts of natural philosophy, and considereth quantity determined, as it 
is auxiliary and incident unto them. For many parts of nature can 
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neither be invented with sufficient subtlety, nor demonstrated with 
sufficient perspicuity, nor accommodated unto use with sufficient 
dexterity, without the aid and intervening of the Mathematics: of 
which sort are perspective, music, astronomy, cosmography, archi- 
tecture, enginery, and divers others. 

“In the Mathematics I can report no deficience, except it be that 
men do not sufficiently understand the excellent use of the pure 
Mathematics, in that they do remedy and cure many defects in the 
wit and faculties intellectual. For, if the wit be dull, they sharpen it; 
if too wandering, they fix it; if too inherent in the sense, they abstract 
it. So that as tennis is a game of no use in itself, but of great use in 
respect that it maketh a quick eye, and a body ready to put itself into 
all postures; so in the Mathematics, that use which is collateral and 
intervenient, is no less worthy than that which is principal and 
intended. And as for the mixed Mathematics, I may only make this 
prediction, that there cannot fail to be more kinds of them, as nature 
grows further disclosed.” 

How truly has this prediction been fulfilled in the subsequent 
advancement of the Mixed Sciences, and in the applications of the 
pure Mathematics to Natural Philosophy! 

Dr. Whewell, in his “Thoughts on the Study of Mathematics,” 
has maintained, that mathematical studies judiciously pursued, form 
one of the most effective means of developing and cultivating the 
reason: and that “the object of a liberal education is to develope the 
whole mental system of man;—to make his speculative inferences 
coincide with his practical convictions ;—to enable him to render a 
reason for the belief that is in him, and not to leave him in the con- 
dition of Solomon’s sluggard, who is wiser in his own conceit than 
seven men that can render a reason." And in his more recent work 
entitled, * Of a Liberal Education, &c." he has more fully shewn the 
importance of Geometry as one of the most effectual instruments 
of intellectual education. In page 55 he thus proceeds :—“ But 
besides the value of Mathematical Studies in Education, as a perfect 
example and complete exercise of demonstrative reasoning; Mathe- 
matical Truths have this additional recommendation, that they have 
always been referred to, by each successive generation of thoughtful 
and cultivated men, as examples of truth and of demonstration; and 
have thus become standard points of reference, among cultivated men, 
whenever they speak of truth, knowledge, or proof. Thus Mathe- 
matics has not only a disciplinal but an historical interest. This is 
peculiarly the case with those portions of Mathematics which we have 
mentioned. We find geometrical proof adduced in illustration of the 
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nature of reasoning, in the earliest speculations on this subject, the 
Dialogues of Plato; we find geometrical proof one of the main sub- 
jects of discussion in some of the most recent of such speculations, as 
those of Dugald Stewart and his contemporaries. The recollection 
of the truths of Elementary Geometry has, in all ages, given a meaning 
and a reality to the best attempts to explain man’s power of arriving 
at truth. Other branches of Mathematics have, in like manner, 
become recognized examples, among educated men, of man’s powers 
of attaining truth.” 

Dr. Pemberton, in the preface to his view of Sir Isaac Newton’s 
Discoveries, makes mention of the circumstance, “that Newton used 
to speak with regret of his mistake, at the beginning of his Mathe- 
matical Studies, in having applied himself to the works of Descartes 
and other Algebraical writers, before he had considered the Elements 
of Euclid with the attention they deserve.” | 

To these we may subjoin the opinion of Mr. John Stuart Mill, | 
which he has recorded in his invaluable System of Logic, (Vol. 11. 
p. 180) in the following terms. “The value of Mathematical instruc- ` 
tion as a preparation for those more difficult investigations (physiology, 
society, government, &c.) consists in the applicability not of its doc- 
trines, but of its method. Mathematics will ever remain the most — 
perfect type of the Deductive Method in general; and the applications ` 
of Mathematics to the simpler branches of physics, furnish the only 
school in which philosophers can effectually learn the most difficult 
and important portion of their art, the employment of the laws of 
simpler phenomena for explaining and predicting those of the more 
complex. These grounds are quite sufficient for deeming mathemati- 
cal training an indispensable basis of real scientific education, and 
regarding, with Plato, one who is d'yswuérpnros, as wanting in one of 
the most essential qualifications for the successful cultivation of the 
higher branches of philosophy." 

In addition to these authorities it may be remarked, that the new 
Regulations which were confirmed by a Grace of the Senate on the 
11th of May, 1846, assign to Geometry and to Geometrical methods, 
amore important place in the Examinations both for Honors and 
for the Ordinary Degree in this University. 

TRINITY COLLEGE, R. P. 
March 1, 1850. 

This Edition (the fifth), has been augmented by upwards of forty 

pages of additional Notes, Questions and Geometrical Exercises. 
TRINITY COLLEGE, R. P. 
November 5, 1889. 
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PART. I. 


An Account of the Aids afforded to poor Students, 


the encouragements offered to diligent Students, and 

the rewards conferred on successful Students, in the Uni- 
versity of Cambridge; to which is prefixed a Collection 
of Maxims, Aphorisms, &c. Designed for the Use of 
Learners. By Roserr Ports, M.A., Trinity College. 
Fcap. 8vo., pp. 570, price 5s. 6d. 
* It was not a bad idea to prefix to the many encouragements afforded io students 
in the University of Cambridge, a selection of maxims drawn from the writings of 


men who have shown that learning is to be judged by its fruits in social and 
individual life.” — The Literary Churchman. 


* A work like this was much wanted."— Clerical Journal. á 
** The book altogether is one of merit and value."—Guardian. 


Zw The several parts of this book are most interesting and instructive.’’—Lducational 
imes. 


* No doubt many will thank Mr. Potts for the very valuable information he has 
afforded in this laborious compilation.” —Critic. 


'" A vast amount of information is compressed into a small compass, at the cost 
evidently of great labour and pains. The Aphorisms which form a prefix of 174 
pages, may suggest useful reflections to earnest students.”— The Patriot. 


Joun W. Parker, Son, & Bourn, West Strand, London. 


PART II. 


Containing an Account (1) of the recent changes in the 
Statutes made under the powers of the Act (19 and 20 Viet. 
cap. 88): (2) Of the Minor Scholarships instituted ana 
open to the competition of Students before Residence: (3) 
Of the Course of Collegiate and University Studies ai 


Cambridge. Price 2s. 6d. 


EUCLID'S 
ELEMENTS OF GEOMETRY. 


——— — - 


BOOK I. 
DEFINITIONS. 


I. 
A POINT is that which has no parts, or which has no magnitude. 
II. 
A line is length without breadth. 
III. 
The extremities of a line are points. 
IV. 
A straight line is that which lies evenly between its extreme points. 
V. 
A superficies is that which has only length and breadth. 
VI. 
The extremities of a superficies are lines. 
VII. 


A plane superficies is that in which any two points being taken, the 
straight line between them lies wholly in that superficies. 


VIII. 


A plane angle is the inclination of two lines to each other in a 
plane, which meet together, but are not in the same direction. 


IX. 


A plane rectilineal angle is the inclination of two straight lines to 
one another, which meet together, but are not in the same straight line. 
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N.B. Ifthere be only one angle at a point, it may be expressed by 
a letter placed at that point, as the angle nt E: but when several angles 
are at one point B, either of them is expressed by three letters, of which 
the letter that is at the vertex of the angle, that 1s, at the point in which 
the straight lines that contain the angle meet one another, is put between 
the other two letters, and one of these two is somewhere upon one of 
these straight lines, and the other upon the other line. Thus the angle 
which is contained by the straight lines AB, CB, is named the angle 
ABC, or CBA; that which is contained by AB, DB, is named the angle 
ABD, or DBA; and that which is contained by DB, CB, is called the 
angle DBC, or CBD. 


X. 


When a straight line standing on another straight line, makes the 
adjacent angles equal to one another, each of these angles is called a 
right angle; and the straight line which stands on the other is called 
a perpendicular to it. 


XI. 
An obtuse angle is that which is greater than a right angle. 


XII. 
An acute angle is that which is less tban a right angle. 


* 
^x 
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XIII. 
A term or boundary is the extremity of any thing. 


XIV. 
A figure is that which is enclosed by one or more boundaries. 
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XV. 


A circle is a plane figure contained by one line, which is called the 
circumference, and is such that all straight lines drawn from a certain 
point within the figure to the circumference, are equal to one another. 


* MN 
Xv 

XVI. 
And this point is called the center of the circle. 


XVII. 


A diameter of a circle is a straight line drawn through the center, 
and terminated both ways by the circumference. 





/ \ 
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XVIII. 


A semicircle is the figure contained by a diameter and the part of 
the circumference cut off by the diameter. 


XIX. 
The center of a semicircle is the same with that of the circle. 


XX. 
Rectilineal figures are those which are contained by straight lines. 


XXI. 
Trilateral figures, or triangles, by three straight lines. 


XXII. 
Quadrilateral, by four straight lines. 


XXIII. 
Multilateral figures, or polygons, by more than four straight lines. 
B? 
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XXIV. 
Of three-sided figures, an equilateral triangle is that which has 
three equal sides. 3 
/ X 
f A 
/ K 
— 
/ 





XXVI. 
A scalene triangle is that which has three unequal sides 


p * 


XXVII. 


A right-angled triangle is that which has a right angle 
* 
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XXVIII. 
An obtuse-angled triangle is that which has an obtuse angle 


t. 
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XXIX. 
An acute-angled triangle is that which has three acute angles 


ZA 


XXX. 
Of quadrilateral or four-sided figures, a square has all its sides equal 


and all its angles right angles. 
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XXXI. 
An oblong is that which has all its angles right angles, but has not 


all its sides equal. 


XXXII. 
A rhombus has all its sides equal, but its angles are not right angles. 


s 


XXXIII. 


A rhomboid has its opposite sides equal to each other, but all its 
sides are not equal, nor its angles right angles. 


a) 
XXXIV. 
All other four-sided figures besides these, are called Trapeziums. 
XXXV. 


Parallel straight lines are such as are in the same plane, and which 
being produced ever so far both ways, do not meet. 





A. 


A paralielogram is a four-sided figure, of which the opposite sides 
are parallel: and the diameter, or the diagonal is the straight line 
joining two of its opposite angles. 


POSTULATES, 


I. 
LET it be granted that a straight line may be drawn from any one 
point to any other point. 
II. 
That a terminated straight line may be produced to any length in 
a straight line. 
III. 


And that a circle may be described from any center, at any distance 
from that center. 
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AXIOMS. 
I. 
THINGS which are equal to the same thing are equal to one another. 


II. 
If equals be added to equals, the wholes are equal. 


III. 
If equals be taken from equals, the remainders are equal. 


IV. 


If equals be added to unequals, the wholes are unequal. 


V. 
If equals be taken from unequals, the remainders are unequal. 


VI. 
Things which are double of the same, are equal to one em 


VII. 
Things which are halves of the same, are equal to one another. 


VIII. ° 
Magnitudes which coincide with one another, that is, which exactly 
fill the same space, are equal to one another. 
IX. 
The whole is greater than its part. 


X. 


Two straight lines cannot enclose a space. 


XI. 
All right angles are equal to one another. 


XII. 


Ifa straight line meets two straight lines, so as to make the two 
interior angles on the same side of it taken together less than two 
right angles; these straight lines being continually produced, shall at 
length meet upon that side on which are the angles which are less than 
two right angles. 


BOOK I. PROP. I, II. T 


PROPOSITION I. PROBLEM. 
To describe an equilateral triangle upon a given finite straight line, 


Let AB be the given straight line. 
It is required to describe an equilateral triangle upon 42. 





P the e A, at the distance AJB, describe the circle BCD; 
post. 3. 
from the center P, at the distance B.A, describe the circle ACE; 
and from C, one of the points in which the circles cut one another, 
draw the straight lines CA, CB to the points 4, B. (post. 1.) 
Then 4BC shall be an equilateral triangle. 
Because the point A is the center of the circle BCD, 
therefore AC is equal to AB; (def. 15.) 
and because the point B is the center of the circle 4 CE, 
therefore BC is equal to AB; 
but it has been proved that AC is equal to AB; 
therefore 4C, BC are each of them equal to 4B; 
but things which are equal to the same thing are equal to one another ; 
therefore 4C is equal to BC; (ax. 1.) 
wherefore 4B, BC, CA are equal to one another: 
and the triangle ABC is therefore equilateral, 
and it is described upon the given straight line 4 B. 
Which was required to be done. 


PROPOSITION II. PROBLEM. 
From a given point, to draw a straight line egual to a given straight line. 


Let A be the given point, and BC the given straight line. 
It is required to draw from the point 4, a straight line equal to BC. 





From the point 4 to P draw the straight line 4B; (post. 1.) 
upon AB describe the equilateral triangle 4 BD, (1. 1.) 
and produce the straight lines DA, DB to E and F; (post. 2.) 
from the center B, at the distance BO, describe the circle CGH, 
(post. 3.) cutting DF in the point G: 
and from the center D, at the distance DCG, describe the circle GAL, 
cutting 4E in the point L. 
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Then the straight line 4Z shall be equal to BC. 
Because the point B is the center of the circle CGH, 
therefore BC is equal to BG; (def. 15.) 
and because D is the center of the circle GKL, 
therefore DZ is equal to DG, 
and DA, DB parts of them are equal; (1. 1.) 
therefore the remainder .4 L is equal to the remainder BG; (ax. 3.) 
but it has been shewn that BC is equal to BG, 
wherefore AL and BC are each of them equal to BG; 
and things that are equal to the same thing are equal to one another; 
therefore the straight line AZ is equal to BC. (ax. 1.) 
Wherefore from the given point 4, a straight line 4 L has been drawn 
equal to the given straight line B C. Which was to be done. 


PROPOSITION III. PROBLEM, 
From the greater of two given straight lines to cut off a part equal to the less. 


Let AB and C be the two given straight lines, of which .4.B is the 
greater. 


It is required to cut off from A B the greater, a part equalto C, the less. 


‘We 
E eh a, 
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From the point 4 draw the straight line 4D equal to C; (t. 2.) 
and from the center A, at the distance AD, describe the circle DEF 
(post. 3.) cutting 4B in the point £. 
Then 4 £& shall be equal to C. 
Because 4 is the center of the circle DEF, 
therefore AE is equal to 4D; (def. 15.) 
but the straight line Cis equal to 4D; (constr.) 
whence AE and C are each of them equal to 4D; 
wherefore the straight line 4 £ is equal to C. (ax. 1.) 
And therefore from AB the greater of two straight lines, a part AE 
has been cut off equal to C, the less. Which was to be done. 





PROPOSITION IV. THEOREM. 


If two triangles have two sides of the one equal to two sides of the other, 
each to each, and have likewise the angles contained by those sides equal to 
each other; they shall likewise have their bases or third sides equal, and 
the two triangles shall be equal, and their other angles shall be equal, each 
to each, viz. those to which the equal sides are opposite. 


Let ABC, DEF be two triangles, which have the two sides 4B, 
AC equal to the two sides DE, DF, each to each, viz. 4 B to DE, and 
AC to DF, and the included angle BAC equal to the included angle 
EDF. » 
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Then shall the base BC be equal to the base .EF; and the triangle 
ABC to the triangle DEF; and the other angles to which the equal 
sides are opposite shall be equal, each to each, viz. the angle ABC to 
the angle DEF, and the angle ACB to the angle DFE. 

A D 
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For, if the triangle 4 B C be applied to the triangle DEF, 
so that the point 44 may be on D, and the straight line AB on DE; 
then the point B shall coincide with the point £, 
because 4B is equal to DE; 
and AB coinciding with DE, 
the straight line 4 C shall fall on DF, 
because the angle BAC is equal to the angle EDF; ~ 
therefore also the point C shall coincide with the point F, 
because 4 Cis equal to DF; 
but the point B was shewn to coincide with the point E; 
wherefore the base BC shall coincide with the base EF; 
because the point B coinciding with FE, and C with F, 
if the base B C do not coincide with the base EF, the two straight lines 
BC and EF would enclose a space, which is impossible. (ax. 10.) 
Therefore the base BC does coincide with EF, and is equal to it; 
and the whole triangle 4£BC coincides with the whole triangle 
DEF, and is equal to it; 
also the remaining angles of one triangle coincide with the remain- 
ing angles of the other, and are equal to them, 
viz. the angle ABC to the angle DEF, 
and the angle 4CB to DFE. 
Therefore, if two triangles have two sides of the one equal to two 
sides, &c. Which was to be demonstrated. 


PROPOSITION V. THEOREM. 


The angles at the base of an isosceles triangle are equal to each other; 
and if the equal sides be produced, the angles on the other side of the base 
&hall be equal. 


Let .4.B C be an isosceles triangle of which the side 4B is equal to AC, 
and let the equal sides 44 D, AC be produced to D and E. 
Then the angle ABC shall be equal to the angle ACB, 
and the angle DBC to the angle ECB. 

In BD take any point F; 
from AZ the greater, cut off AG equal to 4F the less, (1. 3.) 

and join FC, GB. j 
Because AF is equal to 4G, (constr.) and AB to AC; (hyp.) 
the two sides F4, A C' are equal to the two GA, AB, each to each; 
and they contain the angle 7.4 G common to the two triangles 
AFC, AGB; >» 


BS 
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therefore the base FC is equal to the base &B, (1. 4.) 
and the triangle AFC is equal to the triangle 4GB, 
also the remaining angles of the one are equal to the remaining angles 
of the other, each to each, to which the equal sides are opposite; 
viz. the angle 4 CF to the angle ABG, 
and the angle AFC to the angle AGB. 
And because the whole AF is equal to the whole AG, 
of which the parts 4B, AC, are equal; 
therefore the remainder BF is equal to the remainder CG; (ax. 3.) 
and FC has been proved to be equal to GB; 
hence, because the two sides BF, FC are equal to the two CG, GB, 
each to each; 
and the angle BFC has been proved to be equal to the angle CGB, 
also the base B C is common to the two triangles BFC, CGB; 
wherefore these triangles are equal, (I. 4.) 
and their remaining angles, each to each, to which the equal sides 
are opposite ; 
therefore the angle FBC is equal to the angle GCB, | 
and the angle BCF to the angle CBG. .. 
And, since it has been demonstrated, i 
that the whole angle 44 B G is equal to the whole 4 CF, 
the parts of which, the angles CBG, BCF are also equal; 
therefore the remaining angle 4 B Cisequa! totheremaining angle 4CB, 
which are the angles at the base of the triangle ABC; 
and it has also been proved, | 
that the angle FBC is equal to the angle GCB, 
which are the angles upon the other side of the base. | 
Therefore the angles at the base, &c. Q.E.D. 
Cor. Hence an equilateral triangle is also equiangular. 


PROPOSITION VI. THEOREM. 


If two angles of a triangle be equal to each other ; the sides also which 
subtend, or are opposite to, the equal angles, shall be equal to one another. 


Let .4 B C be a triangle having the angle 4 B C' equal to the angle 4 CB. 


Then the side 4B shall be equal to the side 4 C. | 
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For, if 4B be not equal to AC, 
one of them is greater than the other. 
If possible, let 44 P be greater than AC; 
and from BA cut off BD equal to CA the less, (1. 3.) and join DC. 
Then, in the triangles DBC, ABC, 
because DB is equal to AC, and BC is common to both triangles, 
the two sides DB, BC are equal to the two sides 4 C, CD, each to each ; 
and the angle DBC is equal to the angle 4CB; (hyp.) 
therefore the base ID C is equal to the base 44 D, (1. 4.) 
and the triangle DBC is equal to the triangle 4.5 C, 
the less equal to the greater, which is absurd. (ax. 9.) 
Therefore .4.B is not unequal to 4 C, that is, 4B is equal to AC. 
Wherefore, if two angles, &c. Q.E.D. 
Cor. Hence an equiangular triangle is also equilateral. 


PROPOSITION VII. THEOREM. 

Upon the same base, and on the same side of it, there cannot be two 
triangles that have their sides which are terminated in one extremity of the 
base, equal to one another, and likewise those which are terminated in the 
other extremity. 

If it be possible, on the same base .4 P, and upon the same side of 
it, let there be two triangles 4 CB, ADB, which have their sides CA, 
DA, terminated in the extremity of the base, equal to one another, 
and likewise their sides CB, DB, that are terminated in B. 


cD 
NN 
ARN 
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A 
Join CD. 
First. When the vertex of each of the triangles is without the 
other triangle. 
Because 44 C is equal to AD in the triangle 4 CD, 
therefore the angle 4 DC is equal to the angle ACD; (1. 5.) 
but the angle ACD is greater than the angle BCD; (ax. 9.) 
therefore also the angle 4 DC is greater than BCD; 
much more therefore is the angle BDC greater than BCD. 
Again, because the side 2 C'is equal to BD in the triangle BCD, (hyp.) 
therefore the angle BDC is equal to the angle BCD; (1. ^ 
but the angle BDC was proved greater than the angle BCD, 
hence the angle BDC is both equal to, and greater than the angle BCD; 
which is impossible. 
Secondly. Let the vertex D of the triangle ADB fall within the 
triangle ACB. 


i 
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Produce AC to E, and AD to F, and join CD. 
Then because 4 C is equal to AD in the triangle 4 CD, 
therefore the angles ECD, FDC upon the other side of the base CD, 
are equal to one another; (I. 5. 
but the angle ECD is greater than the angle BCD; (ax. 9.) 
therefore also the angle FDC is greater than the angle BCD; 
much more then is the angle BDC greater than the angle BCD. 
Again, because BC is equal to BD in the triangle BCD, 
therefore the angle BDC is equal to the angle BCD, E 5.) 
but the angle BDC has been proved greater than BCD 
wherefore the angle BDC is both equal to, and greater than the 
angle BCD; which is impossible. 
Thirdly. The case in which the vertex of one triangle is upon a 
side of the other, needs no demonstration. 
Therefore, upon the same base and on the same side of it, &c. Q.E.D. 


PROPOSITION VIII. THEOREM. 


Tf two triangles have two sides of the one equal to two sides of the other, 
each to each, and have likewise their bases equal; the angle which is con- 
tained by the two sides of the one shall be equal to the angle contained by the 
two sides equal to them, of the other. 


Let ABC, DEF be two triangles, having the two sides AB, AC, 
equal to the two sides DE, DF, each to cach, viz. AB to DE, and 
AC to DF, and also the base BC equal to the base EF. 

A DG 





Then the angle BAC shall be equal to the angle EDF. 
For, if the triangle 4 B C be applied to DEF, 
so that the point B be on Æ, and the straight line BC on EF; 
then because BC is equal to EF, (hyp.) 
therefore the point C shall coincide with the point F; 
wherefore BC coinciding with EF, 
BA and AC shall coincide with ED, DF; 
for, if the base BC coincide with the base ZF, but the sides BA, AC, 
do not coincide with the sides LD, DJF, but have a different situation 
as EG, GF: 
then, upon the same base, and upon the same side of it, there can 
be two triangles which have their sides which are terminated in one 
extremity of the base, equal to one another, and likewise those sides 
which are terminated in the other extremity; but this isimpossible. (I. 7.) 
Therefore, if the base BC coincide with the base EF, 
the sides BA, AC cannot but coincide with the sides ED, DF; 
wherefore likewise the angle BAC coincides with the angle EDF, and 
is equal to it. (ax. 8.) ; 
Therefore 1f two triangles have two sides, &c. Q.E.D. | 
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PROPOSITION IX. PROBLEM. 


To bisect a given rectilineal angle, that is, to divide it into two equal 
angles. 
Let BAC be the given rectilineal angle. 
It is required to bisect it. 
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In 4B take any point D; 
from AC cut off 4E equal to AD, (1. 3.) and join DE; 
on the side of DE remote from 4, 
describe the equilateral triangle DEF (1. 1), and join AF. 
Then the straight line 4 F shall bisect the angle BAC. 
Because 4D is equal to 4£, (constr.) 

and 4 F'is common to the two triangles DAF, LAF; 

the two sides D.A, AF, are equal to the two sides L.A, AF, each to each; 
and the base DF is equal to the base /F: (constr.) 
therefore the angle DAF is equal to the angle EAF. (1. 8.) 

Wherefore the angle BAC is bisected by the straight line AF. Q.E.F. 


PROPOSITION X. PROBLEM, 


To bisect a given finite straight line, that is, to divide it into two equal 
parts. 
Let .4 B be the given straight line. 
It is required to divide 44 B into two equal parts. 
Upon AB describe the equilateral triangle ABC; (1. 1.) 


+ 


and bisect the angle 4 CD by the straight line CD meeting .4 B in the 
point D. (1. 9.) 
Then 4B shall be cut into two equal parts in the point D. 
Because AC is equal to CB, (constr.) 
and CD is common to the two triangles ACD, BCD; 
the two sides AC, CD are equal to the two BC, CD, each to each; 
and the angle 44 CD is equal to BCD; (constr.) 

therefore the base 4D is equal to the base BD. (I. 4.) 
Wherefore the straight line AB is divided into two equal parts in the 
point D. Q.E.F. 
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PROPOSITION XI. PROBLEM. 
, To draw a straight line at right angles to a given straight line, from a 
given point in the same. 

Let AB be the given straight line, and Ca given point in it. 

It is required to draw a straight line from the point C at right 
angles to AB. 

F 
E AG 
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In 4C take any point D, and make CE equal to CD; (1. 3.) 
upon DE describe the equilateral triangle DEF (1. 1), and join CF. 
Then CF drawn from the point C,shall be at right angles to 4B. 
Because DC is equal to EC, and #C'is common to the two triangles 
DCF, ECF; 
the two sides DC, CF are equal to the two sides EC, CF, each to each; 
and the base DF is equal to the base EF; (constr.) 
therefore the angle DCF is equal to the angle ECF: (1. 8.) 
and these two angles are adjacent angles. 

But when the two adjacent angles which one straight line makes 
with another straight line, are equal to one another, each of them is 
called a right angle: (def. 10.) 

therefore each of the angles DCF, ECF is a right angle. 

Wherefore from the given point C, in the given straight line 4B, 
FC has been drawn at right angles to 4B. Q.E.F. 

Cor. By help of this problem, it may be demonstrated that two 
straight lines cannot have a common segment. 

if it be possible, let the segment AB be common to the two straight 
lines ABC, ABD. 

E 
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From the point B, draw BE at right angles to 4B; (1. 11.) 
then because 4 D C is a straight line, 
therefore the angle 4 BE is equal to the angle EBC, (def. 10.) 
Similarly, because .4 BD is a straight line, 
therefore the angle 4 BE is equal to the angle EBD; 
but the angle 4 BE is equal to the angle EBC, 
wherefore the angle EBD is equal to the angle EBC, (ax. 1.) 
the less equal to the greater angle, which is impossible. 
Therefore two straight lines cannot have a common segment. 


PROPOSITION XII. PROBLEM. 


To draw a straight line perpendicular to a given straight line of un- 
limited length, from a given point without it. 
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Let 4B be the given straight line, which may be produced any 
length both ways, and let C be a point without it. 

It is required to draw a straight line perpendicular to .4B from the 
point C. 


Upon the other side of 4B take any point D, 
and from the center C, at the distance C.D, describe the circle EGF 
meeting 4 D, produced if necessary, in F and G: (post. 3.) 
bisect F'G in H (1. 10.), and join CH. 

Then the straight line CH drawn from the given point C, shall be 

perpendicular to the given straight line A B. 
Join FC, and CCG. 
Because FH is equal to HG, (constr.) 
and HC is common to the triangles FHC, GHC; 
the two sides FH, HC, are equal to the two GH, HC, each to each; 
and the base CF is equal to the base CG’; (def. 15.) 
therefore the angle FHC is equal to the angle GHC; (I. 8.) 
and these are adjacent angles. 

But when a straight line standing on another straight line, makes 
the adjacent angles equal to one another, each of them is a right angle, 
and the straight line which stands upon the other is called a perpen- 
dicular to it. (def. 10.) 

Therefore from the given point C, a perpendicular CH has been 
drawn to the given straight line 4B.  Q.E.F. 


PROPOSITION XIII, THEOREM. 


The angles which one straight line makes with another upon one side of 
it, are either two right angles, or are together equal to two right angles. 


Let the straight line 4B make with CD, upon one side of it, the 
angles CBA, ABD. 
Then these shall be either two right angles, 
or, shall be together, equal to two right angles. 
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For if the angle CBA be equal to the angle 44 B D, 
each of them is a right angle. (def. 10.) 
But if the angle CBA be not equal to the angle ABD, 
from the point B draw BE at right angles to CD. (1. 11.) 
Then the angles CBE, EBD are two right angles. (def. 10.) 
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And because the angle CBE is equal to the angles CBA, ABE, 
add the angle .E B D to each of these equals; 
therefore the angles ChE, EBD are equal to the three angles CBA, 
ABE, EBD. (ax. 2.) 
Again, because the angle DBA is equal to the two angles DBE, EBA, 
add to each of these equals the angle 4 BC; 
therefore the angles DBA, ABC are equal to the three angles DBZ, 
EBA, ABC. 
But the angles CBE, EBD have been proved equal to the same 
three angles ; 
and things which are equal to the same thing are equal to one another ; 
therefore the angles CBE, EBD are equal to the angles DBA, ABC; 
but the angles CBE, EBD are two right angles; 
therefore e DBA, AB Care together equal to two right angles. 
ax. 1. 
Wherefore, when a straight line, &c. Q.E.D. 


PROPOSITION XIV. THEOREM. 


If at a point tn a straight line, two other straight lines, upon the opposite 
sides of tt, make the adjacent angles together equal to two right angles ; then 
these two straight lines shall be in one and the same straight line, 


At the point B in the straight line 44 B, let the two straight lines 
BC, BD upon the opposite sides of 4B, make the adjacent angles 
ABC, ABD together equal to two right angles. 

Then BD shall be in the same straight line with BC. 


For, if BD be not in the same straight line with BC, 
if possible, let B.E be in the same straight line with it. 

Then because 4B meets the straight line CBE; 
therefore E adjacent angles CBA, ABE are equal to two right angles ; 

1. 13, 
but the angles CBA, ABD are equal to two right angles; (hyp.) 
therefore the angles CBA, 4 BE are equal to the angles CBA, ABD: 
ion. i, 
— from these equals the common angle CBA, 
therefore the remaining angle ABE is equal to the remaining angle 
ABD; (ax. 3.) 
the less angle equal to the greater, which is impossible: 
therefore BE is not in the same straight line with BC, 

And in the same manner it may be demonstrated, that no other 
can be in the same straight line with it but BD, which therefore is in 
the same straight line with BC. 

Wherefore, if at a point, &c. Q.E.D. 
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PROPOSITION XV. THEOREM, 


If two straight lines cut one another, the vertical, or opposite angles 
shall be equal. 


Let the two straight lines 4B, CD cut one another in the point E. 
Then the angle AEC shall be equal to the angle DEB, and the 
angle CEB to the angle 4 ED. 
C 


— 
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Because the straight line 4.E makes with CD at the point Æ, the 
adjacent angles CEA, AED; 
these angles are together equal to two right angles. (1. 13.) 
Again, because the straight line DH makes with AB at the point £, 
the adjacent angles A ED, DEB; 
these angles also are equal to two right angles; 
but the T CEA, AED have been shewn to be equal to two right 
angles ; 
wherefore the angles CEA, 4 ED are equal to the angles 4Z.D, DEB; 
take away from each the common angle 4 ED, 
and ds remaining angle CEA is equal to the remaining angle DEB. 
ax. 3. ^ 
In the same manner it may be demonstrated, that the angle CEB 
is equal to the angle 4 E D. 
Therefore, if two straight lines cut one another, &c. Q.E.D. 
Con. 1. From this it is manifest, that, if two straight lines eut each 
other, the angles which they make at the point where they cut, are 
together equal to four right angles. 
Con. 2. And consequently that all the angles made by any num- 
ber n lines meeting in one point, are together equal to four right 
angles. 








PROPOSITION XVI. THEOREM. 


If one side of a triangle be produced, the exterior angle is greater than 
either of the interior opposite angles. 

Let ABC be a triangle, and let the side BC be produced to D. 
. Then the exterior angle 4CD shall be greater than either of the 
interior opposite angles CBA or BAC. 





Bisect 4C in £, (1. 10.) and join BE; 
produce BE to F, making EF equal to BE, (1. 3.) and join FC. 
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Because .4.E is equal to EC, and B.E to EF; (constr.) 
the two sides AE, EB are equal to the two CE, EF, each to each, in 
the triangles ABE, CFE; 
and the angle 4 £3 is equal to the angle CEF, 
because they are opposite vertical angles; (I. 19.) 
therefore the base 4 is equal to the base CF, (I. 4.) 
and the triangle AEB to the triangle CEF, 
and the remaining angles of one triangle to the remaining angles of 
the other, each to each, to which the equal sides are opposite ; 
wherefore the angle BAE is equal to the angle ECF; 
but the angle ECD or ACD is greater than the angle ECF; 
therefore the angle ACD is greater than the angle BAF or BAC. 
In the same manner, if the side BC be bisected, and AC be pro- 
duced to G; it may be demonstrated that the angle BCG, that is, the, 
angle 4CD, (1. 15.) is greater than the angle 4 BC. 
Therefore, if one side of a triangle, &c. Q.E.D. 


PROPOSITION XVII. THEOREM. 
Any two angles of a triangle are together less than two right angles. 


Let .4 B C be any triangle. 
Then any two of its angles together shall be less than two right angles. 
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Produce any side BC to D. 
Then because 4 CD is the exterior angle of the triangle ABC; 
therefore the angle 4 CD is greater than the interior and opposite angle 
ABC; (1. 16.) 
to each of these unequals add the angle 4 CD; 
therefore the angles 4 CD, A CB are greater than the angles ABC, 4 
ACB; 
but the angles 4CD, ACB are equal to two right angles; (1. 13.) 
therefore the angles 4 2C, ACB are less than two right angles. 
In like manner it may be demonstrated, P 7 
that the angles B.AC, ACB are less than two right angles, 
as also the angles CAB, ABC. 
Therefore any two angles of a triangle, &c. Q.E.D. 


PROPOSITION XVIII. THEOREM, 
The greater side of every triangle is opposite to the greater angle, 


Let ABC be a triangle, of which the side 44 C is greater than the 
side 4 B. 
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Then the angle 4BC shall be greater than the angle 4 CB. 
A 
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Since the side 4 C’is greater than the side 4B, (hyp.) 
make 4D equal to AB, (1. 3.) and join BD. 
Then, because 4D is equal to 44 B, in the triangle 4 BD, 
therefore the angle 4 BD is equal to the angle ADB, (1. 5.) 
but because the side CD of the triangle BDC’ is produced to 4, 
therefore the exterior angle ADB is greater than the interior and 
opposite angle DCB; (1. 16.) 
but the angle ADB has been proved equal to the angle 4BD, 
therefore the angle ABD is greater than the angle DCB; 
wherefore much more is the angle 24 B C greater than the angle 4CB. 
Therefore the greater side, &c. Q.E.D. 


PROPOSITION XIX. THEOREM. 


The greater angle of every triangle is subtended by the greater side, or, 
has the greater side opposite to it. 


Let ABC be a triangle of which the angle 4 BC is greater than the 
angle BCA. 
Then the side AC shall be greater than the side 4B. 


* 


For, if .4 C be not greater than AB, 
A C must either be equal to, or less than 4B; 
if A4 C were equal to .4 B, 
then the angle 4.B C would be equal to the angle ACB; (1. 5.) 
but it is not equal; (hyp.) 
therefore the side AC is not equal to 4B. 
Again, if AC were less than AB, 
then the angle .4 2 C would be less than the angle 4CB;; (1. 18.) 
but it is not less, (hyp.) 
therefore the side 44 C is not less than AB; 
and AC has been shewn to be not equal to 4B; 
therefore 4C is greater than 4B. 
Wherefore the greater angle, &c. Q.E.D. 





PROPOSITION XX. THEOREM. 
Any two sides of a triangle are together greater than the third side. 
Let ABC be a triangle. 


Then any two sides of it together shall be greater than the third side, 
viz. the sides BA, AC greater than the side BC; 
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AB, BC greater than AC; 
and BC, CA greater than AB. 


Produce the side BA to the point D, 
make AD equal to AC, (1. 3.) and join DC 
Then because .4 D is equal to AC, (constr.) 
therefore the angle 4 CD is equal to the angle ADC; (I. 5.) 
but the angle BCD is greater than the angle ACD; (ax. 9. 
therefore also the angle BCD is greater than the angle 4.DC. 
And because in the triangle DBC, 
the angle BCD is greater than the angle BDC, 
and that the greater angle is subtended by the greater side; (I. 19.) 
therefore the side DB is greater than the side BC; 
but DB is equal to B.A and AC, 
therefore the sides B.A and AC are greater than BC. 
In the same manner it may be demonstrated, 
that the sides 4B, BC are greater than CA; 
also that BC, CA are greater than .4B. 
Therefore any two sides, &c. Q.E.D. 


PROPOSITION XXI. THEOREM. 


If from the ends of a side of a triangle, there be drawn two straight 
lines to a point within the triangle; these shali be less than the other two 
sides of the triangle, but shall contain a greater angle. 


Let ABC be a triangle, and from the points B, C, the ends of the 
side BC, let the two straight lines BD, CD be drawn to a point D 
within the triangle. 

Then BD and DC shall be less than BA and AC the other two 
sides of the triangle, 

but shall contain an angle BDC greater than the angle BAC. 
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Produce BD to meet the side .4 C' in E. 
Because two sides of a triangle are greater than the third side, (1. 20.) 
therefore the two sides BA, AF of the triangle ABE are greater 
than BE; 
to each of these unequals add .EC; 
therefore the sides B.A, AC are greater than B.E, EC. (ax. 4.) 
Again, because the two sides CE, ED of the triangle CED are 
greater than DC; (I. 20.) 
add DB to each of these unequals ; 
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therefore the sides CE, EB are greater than CD, DB. (ax. 4.) 
But it has been shewn that BA, AC are greater than BE, EC; 
much more then are BA, AC greater than BD, DC. 

Again, because the exterior angle of a triangle is greater than the 
interior and opposite angle; (1. 16.) 
therefore the exterior angle BDC of the triangle CD is greater 
than the interior and opposite angle CED; 
for the same reason, the exterior angle CED of the triangle ABE 
is greater than the interior and opposite angle BAC; 
and it has been demonstrated, 
that the angle BDC is greater than the angle CEB; 
much more therefore is the angle BDC greater than the angle BAC. 
Therefore, if from the ends of the side, &c. Q.E.D. 


PROPOSITION XXII. PROBLEM, 


To make a triangle of which the sides shall be equal to three given 
straight lines, but any two whatever of these must be greater than the third. 


Let 4, DB, C be the three given straight lines, 
of which any two whatever are greater than the third, (r. 20.) 
namely, .4 and B greater than C; 
A and C greater than B; 
and B and C greater than 4. 
It is required to make a triangle of which the sides shall be equal 
to 4, B, C, each to each. x 
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Take a straight line DE terminated at the point D, but unlimited 
towards E, 
make DF equal to 4, FG equal to B, and GH equal to C; (1. 3.) 
from the center F, at the distance FD, describe the circle DKL; 
ost 3. 
(p ze center G, at the distance GH, describe the circle HLK; 
from .K where the circles cut each other,draw KJ, KG to the points 





Then the triangle K FG shall have its sides equal to the three 
straight lines 4, B, C. 
Because the point F is the center of the circle DKL, 
. therefore .F.D is equal to FA; (def. 15.) 
but FD is equal to the straight line £; 
therefore FK is equal to A. 
Again, because G is the center of the circle HKL; 
therefore GH is equal to GK, (def. 15.) 
but GH is equal to C; 
therefore also GK is equal to C; (ax. 1.) 
and FG is equal to B; 
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therefore the three straight lines KF, FG, GK, are respectively 
equal to the three, 4, B, C: 

and therefore the triangle KFG has its three sides KF, FG, GK, 
equal to the three given straight lines 4, B, C. Q.E.F. 


PROPOSITION XXIII. PROBLEM. 


At a given point in a given straight line, to make a rectilineal angle 
equal to a given rectilineal angle, 


Let AB be the given straight line, and £ the given point in it, 
and DCE the given rectilineal angle. 
It is required, at the given point 4 in the given straight line 4 B, to 
make an angle that shall be equal to the given rectilineal angle DCE. 
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In CD, CE, take any points D, E, and join DE; 
on AB, make the triangle 4 FG, the sides of which shall be equal 
to the three straight lines CD, DE, EC, so that AF be equal to 
CD, AG to CE, and FG to DE. (1. 22.) 
Then the angle F.4G shall be equal to the angle DCE. 
Because 74, .4 G are equal to DC, CE, each to each, 
and the base F'G is equal to the base DE; 
therefore the angle F4 G is equal to the angle DCE. (1. 8.) 
Wherefore, at the given point 4 in the given straight line 4B, the 
angle F4 G is made equal to the given rectilineal angle DCE. Q.E.F. 


PROPOSITION XXIV. THEOREM, 


If two triangles have two sides of the one equal to two sides of the other, 
each to each, but the angle contained by the two sides of one of them greater 
than the angle contained by the two sides equal to them, of the other ; the 
base of that which has the greater angle, shall be greater than the base 
of the other. i 


Let ABC, DEF be two triangles, which have the two sides 4 B, 
AC, equal to the two DE, DF, each to each, namely, 42 equal to 
DE, and A Cto DF; but the angle BA C greater than the angi EDF. 

Then the base BC shall be greater than the base EF. 


A 
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Of the two sides DE, DF, let DE be not greater than DF, 
at the point D, in the line DZ, and on the same side of it as DF, 
make the angle EDG equal to the angle BAC; (1. 23.) 
make DG equal to DF or AC, (1. 3.) and join EG, GF. 
Then, because DEF is equal to 4B, and DG to AC, 
the two sides DE, DG are equal to the two AB, AC, each to each, 
and the angle “DG is equal to the angle BAC; 

therefore the base EG is equal to the base BC. (1. 4.) 

And because DG is equal to DF in the triangle DFG, 
therefore the angle DFG is equal to the angle DGF’; (1. 5. 
but the angle DGF is greater than the angle EGF; (ax. 9. 

therefore the angle DFG is also greater than the angle EGF; 
much more therefore is the angle EFG greater than the angle EGF. 
And because in the triangle EFG, the angle EFG is greater than 
the angle EGF, 
and that the greater angle is subtended by the greater side; (1. 19.) 
therefore the side EG is greater than the side EF; 
but EG was proved equal to BC; 
therefore BC is greater than BL. 
‘Wherefore, if two triangles, &c. Q.E.D. 


PROPOSITION XXV. THEOREM. 


If two triangles have two sides of the one equal to two sides of the other, 
each to each, but the base of one greater than the base of the other; the 
angle contained by the sides of the one which has the greater base, shall be 
greater than the angle contained by the sides, equal to them, of the other. 


Let ABC, DEF be two triangles which have the two sides 4B, AC, 
equal to the two sides DE, DF, each to each, namely, 4B equal to 
DE, and AC to DF; but the base BC greater than the base EF. 

Then the angle BAC shall be greater than the angle EDF. 
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For, if the angle BAC be not greater than the angle EDF, 
it must either be equal to it, or less than it. 
If the angle BAC were equal to the angle EDF, 
then the base BC would be equal to the base EF; (1. 4.) 
but it is not equal, (hyp.) 
therefore the angle BAC is not equal to the angle EDF. 
Again, if the angle BAC were less than the angle ZDF, 
then the base BC would be less than the base LF; (1. 24.) 
but it is not less, (hyp.) 
therefore the angle BAC is not less than the angle EDF; 
ndithas been shewn, that theangle B.4 Cis notequaltotheangle LDL ; 
therefore the angle BAC is greater than the angle EDI. 
Wherefore, if two triangles, &e. Q.E.D. 
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PROPOSITION XXVI. THEOREM, 


If two triangles have two angles of the one equal to two angles of the 
other, each to each, and one side equal to one side, viz. either the sides adja- 
cent to the equal angles in each, or the sides opposite to them; then shall the 
other sides be equal, each to each, and also the third angle of the one equal 
to the third angle of the other. 


Let ABC, DEF be two triangles which have the angles 4 BC, 
BCA, equal to the angles DEF, EFD, each to each, namely, ABC 
to DEF, and BCA to EFD; also one side equal to one side. 

First, let those sides be equal which are adjacent to the angles that 
are equal in the two triangles, namely, BC to EF. 

Then the other sides shall be equal, each to each, namely, 4B to 
DE, and A Cto DF, and the third angle BAC to the third angle EDF, 
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For, if 44 D be not equal to D E, 
one of them must be greater than the other. 
If possible, let 4B be greater than DE, 
make BG equal to ED, (1. 3.) and join GC. 
Then in the two triangles GBC, DEF, 
because GB is equal to DE, and BC to EF, (hyp.) 
the two sides GB, BC are equal to the two DE, EF, each to each; 
and the angle GBC is equal to the angle DEF; 
therefore the base G'C'is equal to the base DF, (1. 4.) / 
and the triangle GBC to the triangle DEF, | 
and the other angles to the other angles, each to each, to whie 
the equal sides are opposite ; 
therefore the angle G'CB is equal to the angle DFE; 
but the angle 4 CB is, by the hypothesis, equal to the angle DFE; 
wherefore also the angle GCB is equal to the angle ACB; (ax. 1.) 
the less angle equal to the greater, which is impossible ; | 
therefore AB is not unequal to DE, 
that is, 4B is equal to DE. 
Hence, in the triangles ABC, DEF; 
because 4B is equal to D£, and BC to EF, (hyp.) 
and the angle 4 BC is equal to the angle DEF’; (hyp.) 
therefore the base 44 C' is equal to the base DF, (1. 4.) 
and the third angle BAC to the third angle EDF. 
Secondly, let the sides which are opposite to one of the equal angle 
in each triangle be equal to one another, namely, 4B equal to DE. 
Then in this case likewise the other sides shall be equal, 4C to D 
and BC to EF, and also the third angle BA C to the third angle ED 
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For if BC be not equal to EF, 
one of them must be greater than the other. 
If possible, let BC be greater than EF; 
make BH equal to EF, (1. 3.) and join AH. 
Then in the two triangles 4.BH, DEF, 
because .4 B is equal to DE, and BH to EF, 
and the angle 4 BH to the angle DEF; (hyp.) 
therefore the base .4 H is equal to the base DJ’, (1. 4.) 
and the triangle ABH to the triangle DEF, 
and the other angles to the other angles, each to each, to which the 
equal sides are opposite ; 
therefore the angle BHA is equal to the angle EFD; 
but the angle EFD is equal to the angle GCA; (hyp.) 
therefore the angle BA is equal to the angle BCA, (ax. 1.) 
that is, the exterior angle BHA of the triangle 4 HC, is 
equal to its interior and opposite angle BCA; 
which is impossible; (I. 16.) 
wherefore BC is not unequal to EF, 
that is, BC is equal to EF. 
Hence, in the triangles 4 2C, DEF; 
because 4B is equal to DE, and BC to EF, (hyp.) 
and the included angle 4 BCis equal tothe includedangle DEF; (hyp.) 
therefore the base 4C is equal to the base DF, (I. 4.) 
and the third angle Z4 C to the third angle EDF. 
Wherefore, if two triangles, &c. Q.E.D. 


PROPOSITION XXVII. THEOREM. 


If a straight line falling on two other straight lines, make the alternate 
angies equal to each other ; these two straight lines shall be parallel, 


Let the straight line EF, which falls upon the two straight lines 
AB, CD, make the alternate angles AEF, EFD, equal to one another. 
Then AB shall be parallel to CD. 
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For, if AB be not parallel to CD, 
then AB and CD being produced will meet, either towards 4 and C, 
or towards B and D. 
Let AB, CD be produced and meet, if possible, towards B and D, 
in the point G, * 
then GEF is a triangle. 
C 
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And because a side GE of the triangle GEF is produced to A, — 
therefore its exterior angle .4.EF is greater than the interior and 
opposite angle EFG ; (1. 16.) 

but the angle A EF is equal to the angle EFG; (hyp.) 

therefore the angle AEF is greater than, and.equal to, the angle 
EFG; which is impossible. 
Therefore AB, CD being produced, do not meet towards B, D. 
In like manner, it may be demonstrated, that they do not meet 
when produced towards 4, C. | 
But those straight lines in the same plane, which meet neither way, 
though produced ever so far, are parallel to one another; (def. 85.) - 
therefore 4B is parallel to CD. / 
Wherefore, if a straight line, &c. Q.E.D. 










PROPOSITION XXVIII. THEOREM, 


If a straight line falling upon two other straight lines, make the exterto 
angle equal to the interior and opposite upon the same side of the line ; 
make the interior angles upon the same side together equal to two righ 
angles ; the two straight lines shall be parallel to one another, 


Let the straight line EF, which falls upon the two straight line 
AB, CD, make the exterior angle EGB equal to the interior an 
opposite angle GHD, upon the same side of the line EF; or mak 
the two interior angles BGH, GHD on the same side togethe 
equal to two right angles. 

Then 4B shall be parallel to CD. 
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Because the angle EGB is equal to the angle GHD, (hyp.) 
and the angle EGB is equal to the angle AGH, (1. 15.) 
therefore the angle 4A GH is equal to the angle GHD; (ax. 1.) 
and they are alternate angles, 
therefore AB is parallel to CD. (1. 27.) 
Again, because the angles BGH, GHD are together equal to tw 
right angles, (hyp. 
and that the angles AGH, BGH are also together equal to tw 
right angles; (1. 13.) 
therefore the angles 4G H, BGH are equal to the angles BG 
GHD; (ax. 1.) 
take away from these equals, the common angle BGH; 
therefore the remaining angle AGH is equal to the remaining angl 
GHD; (ax. 3.) 
and they are alternate angles; 
therefore AZ is parallel to CD. (1. 27.) 
Wherefore. if a straight line, &c. Q.E.D. 
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PROPOSITION XXIX. THEOREM, 


Tf a straight line fall upon two parallel straight lines, tt makes the alter- 
nate angles equal to one another ; and the exterior angle equal to the interior 
and opposite upon the same side; and likewise the two interior angles upon 
the same side together equal to two right angles. 


Let the straight line EF fall upon the parallel straight lines 42, CD. 
Then the alternate angles 4 GH, GHD shall be equal to one another ; 
the exterior angle EG B shall be equal to the interior and opposite 
angle GHD upon the same side of the line EF; 
and the two interior angles BGH, GHD upon the same side of EF 
shall be together equal to two right angles. 


2 


First. For, if the angle AGH be not equal to the alternate angle 
GHD, one of them must be greater than the other; 
if possible, let AGH be greater than GHD, 
then because the angle AGH is greater than the angle GHD, 
add to each of these unequals the angle BGH; 
therefore the angles AGH, BGH are greater than the angles BGH, 
\ GHD; (ax. 4.) 
but the angles 4GH, BGZH are equal to two right angles; (1. 13.) 
therefore the angles BGH, GHD are less than two right angles ; 
_ but those straight lines, which with another straight line falling upon 
them, make the two interior angles on the same side less than two 
right angles, will meet together if continually produced; (ax. 12.) 
therefore the straight lines 4B, CD, if produced far enough, will 
meet towards B, D; 
but they never meet, since they are parallel by the hypothesis; 
therefore the angle AGH is not unequal to the angle GHD, 
that is, the angle 4 G.H is equal to the alternate angle GHD. 
Secondly, because the angle AGH is equal to the angle EG B, (1. 15.) 
and the angle AGH is equal to the angle GHD, 
therefore the exterior angle EGB is equal to the interior and opposite 
angle GHD, on the same side of the line. 
Thirdly. Because the angle EGB is equal to the angle GHD, 
add to each of them the angle BGH; 
Lente the angles EGB, BGH are equal to the angles B GH, GHD; 
ax 
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but EGB, BGH are equal to two right angles; (t. 13.) 

therefore also the two interior angles BGH, GHD on the same side 
of the line are equal to two right angles. (ax. 1.) 

Wherefore, if a straight line, &c. Q.E.D. 
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PROPOSITION XXX. THEOREM. 


Straight lines which are parallel to the same straight line are parallel to 
each other. 


Let the straight lines AB, CD, be each of them parallel to EF. 
Then shall AB be also parallel to CD. 
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Let the straight line GHK cut 4B, EF, CD. 
k Then because GHK cuts the parallel straight lines 4B, EF, in 
pM: 
thereforethe angle AGH is equal to the alternate angle GHF. (1. 29.) 
Again, because GHK cuts the parallel straight lines EF, CD, in 
H, K, 
therefore the exterior angle GHF is equal to the interior angle HKD 
and it was shewn that the angle 4GJZ is equal to the angle GHF; 
therefore the angle A G&H is equal to the angle GAD; 
and these are alternate angles; 
therefore AZ is parallel to CD. (1. 27.) 
Wherefore, straight lines which are parallel, &c. Q.E.D. 


PROPOSITION XXXI. PROBLEM. 


To draw a straight line through a given point parallel to a given straight 
line. 


Let A be the given point, and BC the given straight line. | 
It is required to draw, through the point .4, a straight line paralle 

to the straight line BC. 
E At # 


B D C 
In the line BC take any point D, and join AD; 
at the point 4 in the straight line 4D, 
make the angle DAF equal to the angle 4 DC, (I. 23.) on the opp 
site side of AD; 
and produce the straight line £4 to F. 
Then EF shall be parallel to BC. - 
Because the straight line 4D meets the two straight lines EF, B 
and makes the alternate angles EA D, ADC, equal to one another, 
therefore E is parallel to BC. (1. 27.) 
Wherefore, through the given point 4, has been drawn a straigh 
line EAF parallel to the given straight line BC. Q.E.F. 
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PROPOSITION XXXII. THEOREM, 


If a side of any triangle be produced, the exterior angle is equal to the 
two interior and opposite angles; and the three interior angles of every 
triangle are together equal to two right angles. 


Let 4 BC be a triangie, and let one of its sides B Cbe produced to D. 

Then the exterior angle 4CD shall be equal to the two interior 
and opposite angles CAB, ABC: 

and the three interior angles ABC, BCA, CAB shall be equal to 
two right angles. 


Tas 


Through the point C draw CE parallel to the side B.4. (1, 31.) 
Then because CE is parallel to B.A, and .4 C meets them, 
therefore the angle ACE is equal to the alternate angle BAC. (1. 29.) 
Again, because C is parallel to 4 B, and .B.D falls upon them, 

therefore the exterior angle ECD is equal to the interior and op- 
posite angle 4 BC; (1. 29.) 
but the angle ACE was shewn to be equal to the angle BAC; 
therefore the whole exterior angle 4 CD is equal to the two interior 
and opposite angles CAB, ABC: (ax. 2.) 
Again, because the angle 4 CD is equal to the two angles ABC, BAC, 
to each of these equals add the angle 4 CB, 
therefore the angles 4 CD and ACB are equal to the three angles 
ABC, BAC, and ACB. (ax. 2.) 
but the angles 4 CD, ACB are equal to two right angles, (1. 13.) 
therefore also the angles ABC, BAC, ACB are equal to two right 
angles. (ax. 1.) ' 
Wherefore, if a side of any triangle be produced, &c. Q.ED. 
|». Con. 1l. All the interior angles of any rectilineal figure together 
| with four right angles, are equal to twice as many right angles as the 
| figure has sides. 
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For any rectilineal figure 4 BCDE can be divided into as many 
triangles as the figure has sides, by drawing straight lines from a point 
F within the figure to each of its angles. 

* Then, because the three interior angles of a triangle are equal to 

two right angles, and there are as many triangles as the figure has sides, 

therefore all the angles of these triangles are equal to twice as many 
right angles as the figure has sides ; 

but the same angles of these triangles are equal to the interior angles 

of the figure together with the angles at the point F: 
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and the angles at the point F, which is the common vertex of all 
the triangles, are equal to four right angles, (1. 15. Cor. 2.) 
therefore the same angles of these triangles are equal to the angles 
of the figure together with four right angles ; 
but it has been proved that the angles of the triangles are equal to 
twice as many right angles as the figure has sides ; 
therefore all the angles of the figure together with four right angles, 
are equal to twice as many right angles as the figure has sides. 
Cor. 2. All the exterior angles of any rectilineal figure, made by 
producing the sides successively in the same direction, are together 
equal to four right angles. 
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Since every interior angle 44 B C with its adjacent exterior angle 
ABD, is equal to two right angles, (i. 13.) 

therefore all the interiorangles, together with all the exterior angles, 
are equal to twice as many right angles as the figure has sides ; 

but it has been proved by the foregoing corollary, that all the in 
terior angles together with four right angles are equal to twice as many 
right angles as the figure has sides ; 

therefore all the interior angles together with all the exterior angle 
are equal to all the interior angles and four right angles, (ax. 1.) 

take from these equals all the interior angles, 

therefore all the exterior angles of the figure are equal to four right 

angles. (ax. 3.) 


PROPOSITION XXXIII. THEOREM. 


The straight lines which join the extremities of two equal and paralle 
straight lines towards the same parts, are also themselves equal and parallel, 


Let AB, CD be equal and parallel straight lines, 
and joined towards the same parts by the straight lines 4 C, B D. 
Then 4C, BD shall be equal and parallel. 
A B 


AA 


C D 
Join BC 
Then because A B is parallel to CD, and BC meets them, 
therefore the angle 4BC is equal to the alternate angle B CD ; (1. 29.)8 
and because 4 B is equal to CD, and B C common to the two triangle: 
ABC, DCB; the two sides 4 B, B C, are equal to the two DC, CB, eacl 
to each, and the angle 4 BC' was proved to be equal to the angle BCD 
therefore the base 4 C' is equal to the base BD, (1. 4.) 
and the triangle 4 B C to the triangle BCD, 
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and the other angles to the other angles, each to each, to which the 
equal sides are opposite ; 
therefore the angle ACB is equal to the angle CBD. 

And because the straight line BC meets the two straight lines 4C, 
BD, and makes the alternate angles 4 CB, CBD equal to one another ; 
therefore .4 C is parallel to BD; (1. 27.) 
and AC was shewn to be equal to BD. 

Therefore, straight lines which, &c. Q.E.D. 


PROPOSITION XXXIV. THEOREM, 


The opposite sides and angles of a parallelogram are equal to one another, 
and the diameter bisects it, that is, divides it into two equal parts. 


Let ACDB be a parallelogram, of which BC is a diameter. 
Then the opposite sides and angles of the figure shall be equal to 
one another; and the diameter BC shall bisect it. 


A B 
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Because 4B is parallel to CD, and BC meets them, 
therefore the angle 4 BC is equal to the alternate angle BCD. (1. 29.) 
And because .4 C' is parallel to BD, and BC meets them, I 
therefore the angle ACB is equal to the alternate angle CBD. (1. 29.) 
Hence in the two triangles ABC, CBD, 
because the two angles 4BC, BC4 in the one, are equal to the two 
angles BCD, CBD in the other, each to each; 
and one side BC, which is adjacent to their equal angles, common to 
the two triangles; 
therefore their other sides are equal, each to each, and the third angle 
of the one to the third angle of the other, b 26.) 
namely, the side 4B to the side CD, and AC to BD, and the angle 
BAC to the angle BDC. 
And because the angle 4 BC is equal to the angle BCD, 
and the angle CBD to the angle ACB, 
therefore the whole angle 4 BD is equal to the whole angle ACD; 
ax. 2. 
vw the angle BAC has been shewn to be equal to BDC; 
therefore the opposite sides and angles of a parallelogram are equal to 
one another. 
Also the diameter BC bisects it. 
For since AB is equal to CD, and BC common, the two sides AB, 
BC, are equal to the two DC, CB, each to each, 
and the angle 4 BC has been proved to be equal to the angle BCD; 
therefore the triangle 4 BC is equal to the triangle BCD; (1.4.) and 
the diameter BC divides the parallelogram 4 CDB into two equal parts. 
Q.E.D. 
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PROPOSITION XXXV. THEOREM. 


Parallelograms upon the same base, and between the same parallels, are: 
equal to one another. 


Let the parallelograms 4 BCD, EBCF be upon the same base BC, 
and between the same parallels 4 F, BC. 


Then the parallelogram 4 B CD shall be equal to the parallelogram 
EBCF. s = 
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If the sides 4.D, DF of the parallelograms 4B er DB CF, opposite? 
to the base BC, be terminated in the same point D 
then it is plain that each of the parallelograms is doulla of the triangle 
BDC; (1. 34.) 
and therefore the parallelogram .4 BCD is equal to the parallelogram) 
DBCF. (ax. 6.) 
But if the sides 4 D, EF, opposite to the base BC, be not termi- 
nated in the same point; 
Then, because ABCD is a parallelogram, i 
therefore AD is equal to BC; (1. 34.) | 
and for a similar reason, EF is equal to BC; 
wherefore AD is equal to EF; (ax. 1.) 
and DE is common; 3 
therefore the whole, or the remainder .4 E, is equal to the whole, o 
the remainder DF ; (ax. 2 or 3.) 
and AB is equal to DC; (1. 24.) 
hence in the triangles EAB, FDC, J 
because FD is equal to EA, and DC to AB, f 
and the exterior angle FDC is equal to the interior and opposite angl 
EAB ; (1. 29.) 
therefore the base FC is equal to the base FB, (1. 4.) 
and the triangle FDC is equal to the triangle DTI 
From the trapezium 4 BCF take the triangle FDC, 
and from the same trapezium take the triangle EAB, 
and the remainders are equal, (ax. 3.) 
therefore the parallelogram 4A BCD isequalto the parallelogram.E B CF. 
Therefore, parallelograms upon the same, &c. Q.E.D. 







PROPOSITION XXXVI. THEOREM, 


Parallelograms upon equal bases and between the same parallels, are 
equal to one another, | 
Let A4BCD, EFGH be parallelograms upon equal bases BC, FG; 
and between the same parallels 4H, BG. 


Then the parallelogram 4 BCD shall be equal to the parallelogran 
EFGH. 
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Join BE, CH. 
Then because BC is equal to FG, (hyp.) and FG to EH, (1. 34.) 
therefore BC is equal to HH; (ax. 1.) 
and these lines are parallels, and joined towards the same parts by the 
straight lines BE, CH; 
but straight lines which join the extremities of equal and parallel 
straight lines towards the same parts, are themselves equal and parallel ; 
I. 33. 
i i therefore BE, CH are both equal and parallel; 
wherefore EBCH is a parallelogram. (def. A.) 
And because the parallelograms 4BCD, EBCH, are upon the 
same base BC, and between the same parallels BC, AH; 
therefore the parallelogram ABCD is equal to the parallelogram 
EBCH. (i. 35.) 
For the same reason, the parallelogram EFGH is equal to the 
parallelogram EBCH; 
therefore the parallelogram 4BCD is equal to the parallelogram 
EFGH. (ax. 1.) 
Therefore, parallelograms upon equal, &c. Q.E.D. 


PROPOSITION XXXVII. THEOREM. 


Triangles upon the same base and between the same parallels, are equal to 
ne another. 


Let the triangles ABC, DBC be upon the same base BO, 
and between the same parallels 4D, BC. 
Then the triangle .4 BC shall be equal to the triangle DBC. 
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Produce AD both ways to the points E, F; 
through B draw BE parallel to CA, (1. 31.) 
and through C draw CF parallel to BD. 
Then each of the figures EBCA, DBCF is a parallelogram ; 
ind BCA is equal to DBCF, (1. 35.) because they are upon the 
same base BC, and between the same parallels BC, EF. 
And because the diameter 4P bisects the parallelogram EB C'A, 
erefore the triangle ABC is half of the parallelogram EB CA; (1. 34.) 
also because the diameter DC bisects the parallelogram DB CF, 
therefore the triangle DBC is half of the parallelogram DBCF, 
but the halves of equal things are equal ; (ax. 7.) 


therefore the triangle 4 BC is equal to the triangle DBC. 
Wherefore, triangles, &c. Q.E.D. 
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PROPOSITION XXXVIII. THEOREM. 


Triangles upon equal bases and between the same parallels, are eq 
to one another. 


Let the triangles 4BC, DEF be upon equal bases BC, EF, a 
between the same parallels BF, 4D. 
Then the triangle 4B C shall be equal to the triangle DEF. 


Produce .4 D both ways to the points G, 77; 
through B draw BG parallel to CA, (1. 31.) 
and through F draw FH parallel to ED. 
Then each of the figures GBCA, DEFH is a parallelogram ; 
and they are equal to one another, (1. 36.) 
because they are upon equal bases BC, EF, 
and between the same parallels BF, GH. 
And because the diameter 4B bisects the parallelogram GBC4A, 
therefore the triangle 4 PC is the half of the parallelogram GBC 
I. 34. 
E because the diameter DF bisects the parallelogram DEFH, 
therefore the triangle DEF is the half of the parallelogram DEFI 
but the halves of equal things are equal; (ax. 7.) 
therefore the triangle 4 BC is equal to the triangle DEF. 
Wherefore, triangles upon equal bases, &c. Q.E.D. 








PROPOSITION XXXIX. THEOREM. 


Equal triangles upon the same base and upon the same side of it, 
between the same parallels, 


Let the equal triangles 4 2C, DBC be upon the same base B 
and upon the same side of it. 
Then the triangles 422 C, D C shall be between the same parallels 
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Join AD; then AD shall be parallel to BC. 
For if AD be not parallel to BC, 
if possible, through the point 4, draw 4 parallel to BC, (1. 31 
meeting BD, or BD produced, in Æ, and join EC. 
Then the triangle 4B Cis equal to the triangle EBC, (1. 37.) 
because they are upon the same base BC, 
and between the same parallels BC, AE: 
but the triangle 44 B C is equal to the triangle DBC; (hyp.) 
therefore the triangle DBC is equal to the triangle LBC, 
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the greater triangle equal to the less, which is impossible: 
therefore AZ is not parallel to BC. 
In the same manner it can be demonstrated, 
that no other line drawn from A but 4D is parallel to BC; 
AD is therefore parallel to BC. 
Wherefore, equal triangles upon, &c. Q.E.D. 


PROPOSITION XL, THEOREM, 


Equal triangles upon equal bases in the same straight line, and towards 
the same paris, are between the same parallels, 


Let the equal triangles ABC, DEF be upon equal bases BC, EF, 
in the same straight line BF, and towards the same parts. 
Then they shall be between the same parallels, 
A D 
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Join AD; then AD shall be parallel to BF. 
For if 4D be not parallel to BF, 
if possible, through 4 draw AG parallel to BF, (I. 31.) 
meeting ED, or ED produced in G, and join GF. 
Then the triangle 4BC is equal to the triangle GEF, (1. 88.) 
because they are upon equal bases BC, EF, 
and between the same parallels BF, AG; 
but the triangle 4 BC is equal to the triangle DEF’; (hyp.) 
therefore the triangle DEF is equal to the triangle GEF, (ax. 1.) 
the greater triangle equal to the less, which 1s impossible: 
therefore AG is not parallel to BF. 
And in the same manner it can be demonstrated, 
that there is no other line drawn from parallel to it but 4D; 
AD is therefore parallel to BF. 
Wherefore, equal triangles upon, &c. Q.E.D. 


PROPOSITION XLI. THEOREM. 
If a parallelogram and a triangle be upon the same base, and between 
the same parallels ; the parallelogram shail be double of the triangle. 
Let the parallelogram 4 DCD, and the triangle LBC be upon the 
same base BC, and between the same parallels BC, AE. 
Then the parallelogram 4B CD shall be double of the triangle EBC. 
A D E 





Join AC. 
Then the triangle 4ZBC is equal to the triangle EBC, (1. 37.) 
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because they are upon the same base BC, and between the sam 
parallels BC, AL. 

But the parallelogram ABCD is double of the triangle ABC, 
because the diameter 4 C bisects it; (1. 34.) 
wherefore 4 BCD is also double of the triangle EBC. 
Therefore, if a parallelogram and a triangle, &c. Q.E.D. 


PROPOSITION XLII. PROBLEM, 


To describe a parallelogram that shall be equal to a given triangle, an 
have one of its angles equal to a given rectilineal angle, 


Let ABC be the given triangle, and D the given rectilineal angle 

It is required to describe a parallelogram that shall be equal to th 

given triangle 4 BC, and have one of its angles equal to D. 
A T m 
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B E C 
Bisect BC in E, (1. 10.) and join A E; 
at the point Æ in the straight line £C, 
make the angle CEF equal to the angle D; (1. 23.) 
through C draw CG parallel to EF, and through 4 draw AF 
parallel to BC, (1. 31.) meeting EF in F, and CG in G. 
Then the figure CE FG is a parallelogram. (def. A.) 
And because the triangles ABE, AEC are on the equal bases B 
ÆC, and between the same parallels BC, AG; 
they are therefore equal to one another; (1. 38.) 
and the triangle 4 BC is double of the triangle AEC; 
but the parallelogram F'ECG is double of the triangle AEC, (1. 41 
because they are upon the same base EC, and between the sam 
parallels EC, AG; 
therefore the parallelogram FECG is equal to the triangle 44 B C, (ax. 6. 
and it has one of its angles CEF equal to the given angle D. 
Wherefore, a parallelogram FECG has been described equal to th 
given triangle 4 B C, and having one of its angles CEP equal to th 
given angle D. Q.E.F. 


PROPOSITION XLII, THEOREM. 


The complements of the parallelograms, which are about the diamet 
of any paralielogram, are equal to one another. 


Let ABCD be a parallelogram, of which the diameter is 4C: an 
HT, GF the parallelograms about 4 C, that ts, through which A Cpasses 
also BK, KD the other parallelograms which make up the who 
figure ABCD, which are therefore called the complements. 
Then the complement BE shall be equal to the complement KD. 
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Because ABCD is a parallelogram, and 4 C its diameter, 
therefore the triangle 4A BC is equal to the triangle ADC. (1. 34.) 

Again, because EKHA is a parallelogram, and 4K its diameter, 

therefore the triangle AEK is equal to the triangle AHK; (1. 34.) 
and for the same reason, the triangle KG Cis equal to the triangle KFC. 

Wherefore the two triangles 42K, KGC are equal to the two 
triangles AHK, KFC, (ax. 2.) 
but the whole triangle ABC is equal to the whole triangle ADC; 
therefore the remaining complement BK is equal to the remaining 


complement AD. (ax. 3.) 
Whberefore the complements, &c. Q.E.D. 


PROPOSITION XLV. PROBLEM. 

To a given straight line to apply a parallelogram, which shall be equal 
to a given triangle, and have one of its angles equal to a given rectilineal 
angle. Y 

Let AB be the given straight line, and C the given triangle, and D 
the given rectilineal angle. 

It is required to apply to the straight line AB, a parallelogram 
equal to the triangle C, and having an angle equal to the angle D. 
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Make the parallelogram BEFG equal to the triangle C, 
and having the angle EBG equal to the angle D, (1. 42.) 
so that BE be in the same straight line with 4B; 
produce F'G to H, 
through 4 draw AH parallel to BG or EF, (1. 31.) and join HB. 
Then because the straight line HF falls upon the parallels 4H, EF, 
therefore the angles AHF, HFE are together equal to two right 
angles; (1. 29.) 
wherefore the angles BHF, HFE are less than two right angles: 
but straight lines which with another straight line, make the two 
| interior angles upon the same side less than two right angles, do meet 
if produced far enough: (ax. 12.) 
| therefore HB, FE shall meet if produced; 
let them be produced and meet in K, 
through K draw KL parallel to EA or FH, 
and produce HA, GB to meet KL in the points L, JL. 
Then HLKF is a parallelogram, of which the diameter is HK; 
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and AG, ME, are the parallelograms about HK; 
also Lb, BF are the complements; 
therefore the complement ZB is equal to the complement BF; (1. 43.) 
but the complement BF is equal to the triangle C; (constr.) 
wherefore LB is equal to the triangle C. 
And because the angle GBE is equal to the angle ABM, (1. 15.) 
and likewise to the angle D; (constr.) 
therefore the angle 44 B.M is equal to the angle D. (ax. 1.) 
Therefore to the given straight line 4 B, the parallelogram LB has 
been applied, equal to the triangle C, and having the angle ABM 
equal to the given angle D. Q.E.F. 


PROPOSITION XLV. PROBLEM, 


To describe a parallelogram equal to a given rectilineal figure, and 
having an angle equal to a given rectilineal angle, 
Let ABCD be the given rectilineal figure, and E the given recti- 
lineal angle. 
It is required to describe a parallelogram that shall be equal to the 
figure ABCD, and having an angle equal to the given angle Æ. 
D Fo "C SE 





Describe the parallelogram FH equal to the triangle ADB, and 
having the angle FKH equal to the angle E; (t. 42.) 
to the straight line GH, apply the parallelogram GM equal to the 
triangle us having the angle GHM equal to the angle £E. 
I. 44, 

Then he figure KML shall be the parallelogram required. 
Because each of the angles FKR, GHM, is equal to the angle E, 
therefore the angle FKH is equal to the angle GHM; 
add to each of these equals the angle KG; 
therefore the angles FKH, KHG are equal to the angles KHG, GHM; 
but FKH, KHG are equal to two right angles; (1. 29.) 
therefore also KHG, GHM are equal to two right angles; 

and because at the point H, in the straight line GH, the two 
straight lines KH, HM, upon the opposite sides of it, make the ad- 
jacent angles KHG, GHM equal to two right angles, 
therefore HK is in the same straight line with HM. (1. 14.) 
And because the line HG meets the parallels KM, FG, 
therefore the angle MHG is equal to the alternate angle HGF; (1. 29.) 
add to each of these equals the angle HGL; 
therefore the angles HG, HG TL are equal to the angles HGF, HGL; 
but the angles MHG, HGL are equal to two right angles; (I. 29.) 
therefore also the angles HGF, HGL are equal to two rignt angles, 
and therefore FG is in the same straight line with GL. (I. 14.) 
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And because KF is parallel to HG, and HG to ML, 
therefore KF is parallel to M ; (1. 30.) 
and FZ has been proved parallel to KM, 
wherefore the figure FKML is a parallelogram ; 
and since the parallelogram HF is equal to the triangle 4 BD, 
and the parallelogram GJ to the triangle BDC; 
therefore the whole parallelogram KFLZM is equal to the whole 
rectilineal figure 4 BCD. 

Therefore the parallelogram KFZM has been described equal to 
the given rectilineal figure 4 BCD, having the angle FKM equaÌ to 
the given angle E. Q. B. F. 

Cor. From this it is manifest how, to a given straight line, to apply 
a parallelogram, which shall have an angle equal to a given rectilineal 
angle, and shall be equal to a given rectilineal figure ; viz. by applying 
to the given straight line a parallelogram equal to the first triangle 
A B D, (1. 44.) and having an angle equal to the given angle. 


PROPOSITION XLVI. PROBLEM. 
To describe a, square upon @ given straight line, 
Let AB be the given straight line. 

C 


D 


As B 
It is required to describe a square upon 4B. 
From the point 4 draw AC at right angles to 4B; (1. 11.) 
make 4D equal to 4B; (I. 3.) 
through the point D draw DE parallel to 44 B ; (1. 31.) 
and through B, draw BE parallel to 4D, meeting DE in E; 
therefore 4 BED is a parallelogram ; 
whence AB is equal to DE, and AD to BE; (1. 34.) 
but 44 D is equal to AB, 
therefore the four lines 4B, BE, ED, DA are equal to one another, 
and the parallelogram 4 BED is equilateral. 
It has likewise all its angles right angles; 
since AD meets the parallels 4B, DE, 
therefore the angles BAD, ADE are equal to two right angles ; (1. 29.) 
but BAD is a right angle; (constr.) 
therefore also ADF is a right angle. 

But the opposite angles of parallelograms are equal; (I. 34.) 
therefore each of the opposite angles 4 B.E, B ED is a right angle; 
wherefore the figure 4 BED is rectangular, 
and it has been proved to be equilateral ; 
therefore the figure 4 BED is a square, (def. 30.) 
and it is described upon the given straight line 4B.  Q.E.F. 
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Cor. Hence, every parallelogram that has one ofits anglesa right 
angle, has all its angles right angles. 


PROPOSITION XLVII. THEOREM. 


In any right-angled triangle, the square which is described upon the side 
subtending the right angle, is equal to the squares described upon the sides 
which contain the right angle. 


Let ABC be a right-angled triangle, having the right angle BAC. 
Then the square described upon the side LC, shall be equal to the 
squares described upon BA, AC. 





On BC describe the square BDEC, (1. 46.) 
and on B.A, AC the squares GB, HC; 
through A draw AL parallel to BD or CE; (1. 81.) 
and join 4D, FC. 
Then because the angle BAC is a right angle, (hyp.) 
and that the angle BAG is a right angle, (def. 30.) 
the two straight lines 44 C, 4G upon the opposite sides of AZ, make 
with it at the point 4, the adjacent angles equal to two right angles; 
therefore CA is in the same straight line with 4G. (1. 14.) 
For the same reason, B.A and AZ are in the same straight line. 
And because the angle DBC is equal to the angle FBA, 
each of them being a right angle, 
add to each of these equals the angle ABC, 
therefore the whole angle 4 BD is equal to the whole angle FBC. (ax.2.) 
And because the two sides 4B, BD, are equal to the two sides 7/5, 
BC, each to each, and the included angle 4 BD is equal to the included 
angle FBC, 
therefore the base 44 D is equal to the base FC, (1. 4.) 
and the triangle 4 BD to the triangle FBC. 
Now the parallelogram BZ is double of the triangle ABD, (1. 41.) 
because they are upon the same base BD, and between the same 
parallels BD, AL; 
also the square GB is double of the triangle FBC, 
because these also are upon the same base D, and between the 
same parallels FB, GC. 

But the doubles of equals are equal to one another; (ax. 6.) 
therefore the parallelogram LZ is equal to the square GB. 
Similarly, by joining A£, BK, it can be proved, 
that the parallelogram CZ is equal to the square HIC. 


BOOK l. PROP. XLVILI. 4l 


Therefore the whole square BDEC is equal to the two squares GB, 
mC; (ax. 2.) ) 
and the square PD EC is described upon the straight line BC, 
and the squares GB, HC, upon 4B, AC: 
therefore the square upon the side BC, is equal to the squares upon 
the sides 4B, AC. 
Therefore, in any right-angled triangle, &c. Q.E.D. 


PROPOSITION XLVIII, THEOREM. 


If the square described upon one of the sides of a triangle, be equal to 
the squares described upon the other two sides of it; the angle contained by 
these two sides is a right angle. 


Let the square described upon BC, one of the sides of the triangle 
ABC, be equal to the squares upon the other two sides, 4B, AC. 
Then the angle LAC shall be a right angle. 





B C 
From the point 4 draw 4D at right angles to 4C, (1. 11.) 
make 4D equal to AB, and join DC. 
Then, because 4D is equal to 4B, 
the square on 4D is equal to the square on 42; 
to each of these equals add the square on 4C; 
therefore the squares on .4 D, A Care equal to the squares on 4 B, AC: 
but the squares on 4D, 4 C are equal to the square on DC; (I. 47.) 
because the angle DAC is a right angle; 
and the square on BC; by hypothesis, is equal to the squares on B.4,4C; 
therefore the square on DC is equal to the square on BC; 
and therefore the side DC is equal to the side BC. 
And because the side 4D is equal to the side 4B, 
and AC is common to the two triangles DAC, BAC; 
the two sides DA, AC, are equal to the two BA, AC, each to each; 
and the base DC has been proved to be equal to the base BC; 
therefore the angle DAC ıs equal to the angle B.4 C (1. 8.) 
but DA Cis a right angle; 
therefore also BAC is a right angle. 
Therefore, if the square described upon, &c. Q.E.D. 
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ON THE DEFINITIONS. 


GEOMETRY is one of the most perfect of the deductive Sciences, and | 
seems to rest on the simplest inductions from experience and observation, © 

Lhe first principles of Geometry are therefore in this view consistent 
hypotheses founded on facts cognizable by the senses, and it is a subject 
of primary importance to draw a distinction between the conception of 
things and the things themselves. These hypotheses do not involve any 
property contrary to the real nature of the things, and consequently cannot 
be regarded as arbitrary, but in certain respects, agree with the concep- 
tions which the things themselves suggest to the mind through the 
medium of the senses. The essential detinitions of Geometry therefore 
being inductions from observation and experience, rest ultimately on the 
evidence of the senses. 

It is by experience we become acquainted with the existence of indi- 
vidual forms of magnitudes; but by the mental process of abstraction, 
which begins with a particular instance, and proceeds to the general 
idea of all objects of the same kind, we attain to the general conception 
of those forms which come under the same general idea. 

The essential definitions of Geometry express generalized conceptions 
of real existences in their most perfect ideal forms: the laws and appear- 
ances of nature, and the operations of the human intellect being sup- 
posed uniform and consistent. 

But in cases where the subject falls under the class of simple ideas, 
the terms of the definitions so called, are no more than merely equivalen 
expressions. The simple idea described by a proper term or terms, does 
not in fact admit of definition properly so called. The definitions i 
Euclid’s Elements may be divided into two classes, those which merel 
explain the meaning of the terms employed, and those, which, besides 
explaining the meaning of the terms, suppose the existence of the things 
described in the definitions. 

Definitions in Geometry cannot be of such a form as to explain th 
nature and properties of the figures defined : itis sufficient that they give 
marks whereby the thing defined may be distinguished from every other 
of the same kind. It will at once be obvious, that the definitions of 
Geometry, one of the pure sciences, being abstractions of space, are not 
like the definitions in any one of the physical sciences. The discovery 
of any new physical facts may render necessary some alteration or modi- 
fication in the definitions of the latter. 

Def. 1. Simson has adopted Theon's definition of a point. Enclid's 
definition i8, eu£iov £ctw ob pépos ovdev, “ A point is that, of which there 
is no part," or which cannot be parted or divided, as it is explained by 
Proclus. The Greek term onpetov, literally means, a visible sign or mark 
on a surface, in other words, a physical point. The English term point, 
means the sharp end of any thing, or a mark made by it. The word 
point comes from the Latin punctum, through the French word point. 
Neither of these terms, in its literal sense, appears to give a very exact 
notion of what is to be understood by a point in Geometry. Euclid's 
definition of a point merely expresses a negative property, which excludes 
the proper and literal meaning of the Greek term, as applied to denote a 
physical point, or a mark which is visible to the senses. ! 

Pythagoras defined a point to be uova 8£civ £xovaa, ** a monad having 
position." By uniting the positive idea of position, with the negative 
idea of defect of magnitude, the conception of a point in Geometry may 
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be rendered perhaps more intelligible. A point is defined to be that 
which has no magnitude, but position only. 

Def. 1. Every visible line has both length and breadth, and it is im- 
possible to draw any line whatever which shall have no breadth. The 
definition requires the conception of the length only of the line to be 
considered, abstracted from, and independently of, all idea of its breadth. 

Def. 111. This definition renders more intelligible the exact meaning 
of the definition of a point: and we may add, that, in the Elements, 
Euclid supposes that the intersection of two lines is a point, and that two 
dines can intersect each other in one point only. 

Def. rv. The straight line or right line is a term so clear and intel- 
ligible as to be incapable of becoming more so by formal definition. 
Euclid’s definition is Ev@eta ypappr £aiv, tyris &£E toov rois ip’ iavris 
onueiors Keitrat, wherein he states it to lie evenly, or equally, or upon an 
equality («E cov) between its extremities, and which Proclus explains as 
being stretched between its extremities, j ¢r a@xpwv TeTamevn. 

If the line be conceived to be drawn on a plane surface, the words 
#& tcov may mean, that no part of the line which is called a straight line 
deviates either from one side or the other of the direction which is fixed 
by the extremities of the line; and thus it may be distinguished from a 
curved line, which does not lie, in this sense, evenly between its extreme 
points, Ifthe line be conceived to be drawn in space, the words ££ tcov, 
must be understood to apply to every direction on every side of the line 
between its extremities, 

Every straight line situated in a plane, is considered to have two sides ; 
and when the direction of a line is known, the line is said to be given in 
position; also, when the length is known or can be found, it is said to be 
given in magnitude. 

From the definition of a straight line, it follows, that two points fix a 

straight line in position, which is the foundation of the first and second 
postulates. Hence straight lines which are proved tocoincideintwoormore 
points, are called, “one and the same straight line," Prop. 14, Book 1, 
or, which is the same thing, that “two straight lines cannot have a 
common segment,” as Simson shews in his Corollary to Prop. 11, Book 1. 

The following definition of straight lines has also been proposed. 
* Straight lines are those which, if they coincide in any two points, coin- 
cide as far asthey are produced." But this is rather a criterion of straight 
lines, and analogous to the eleventh axiom, which states that, “all right 
angles are equal to one another,” and suggests that all straight lines may 
be made to coincide wholly, ifthe lines be equal; or partially, if the lines 
be of unequal lengths. <A definition should properly be restricted to the 
description of the thing defined, as it exists, independently of any com- 
parison of its properties or of tacitly assuming the existence of axioms. 

Def. vir. Euclid's definition of a plane surface is "Emimedos éripa- 
veid otiw Aris Ee (oov ais ep’ £avri]e svOsíais xsirat, ** À plane surface is 
that which lies evenly or equally with the straight lines in it;" instead 
of which Simson has given the definition which was originally proposed 
by Hero the Elder. A plane superficies may be supposed to be situated 
in any position, and to be continued in every direction to any extent. 

Def. vir. Simson remarks that this definition seems to include the 

‘ingles formed by two curved lines, or a curve and a straight line, as well 
I that formed by two straight lines. 

Angles made by straight lines only, are treated of in Elementary 

| Geometry. 
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Def. rx. It is of the highest importance to attain a clear conception 
of an angle, and of the sum and difference of two angles. The literal 
meaning of the term angulus suggests the Geometrical conception of an 
angle, which may be regarded as formed by the divergence of two straight 
lines from a point. In the definition of an angle, the magnitude of the 
angle is independent of the lengths of the two lines by which it is 
included; their mutual divergence from the point at which they meet, is 
the criterion of the magnitude of an angle, as it is pointed out in the 
succeeding definitions. The point at which the two lines meet is called 
the angular point or the vertex of the angle, and must not be confounded 
with the magnitude of the angle itself. ‘The right angle is fixed in mag- 
nitude, and, on this account, it is made the standard with which all 
other angles are compared. 

Two straight lines which actually intersect one another, or which 
when produced would intersect, are said to be inclined to one another, 
and the inclination of the ‘two lines is determined by the angle which 
they make with one another, 

Def. x. It may be here observed that in the Elements, Euclid always 
assumes that when one line is perpendicular to another line, the latter is 
also perpendicular to the former; and always calls a right angle, óp01j 
ywvias but a straight line, svÜcta ypauur. 

Def, xix, This has been restored from Proclus, as it seems to have a 
meaning in the construction of Prop. 14, Book 11; the first case of Prop. 
33, Book 111, and Prop. 13, Book v1. The definition of the segment of a 
circle is not once alluded to in Book 1, and is not required before the dis- 
cussion of the properties of the circle in Book m1. Proclus remarks on 
this definition: ‘‘ Hence you may collect that the center has three places: 
for it is either within the figure, as in the circle; or in its perimeter, as 
in the semicircle; or without the figure, as in certain conie lines.” 

Def. xx:v-xxix. Triangles are divided into three classes, by reference 
to the relations of their sides; and into three other classes, by reference 
to their angles. A further classification may be made by considering 
both the relation of the sides and angles in each triangle. 

In Simson’s definition of the isosceles triangle, the word on/y must be 
omitted, as in the Cor. Prop. 5, Book 1, an isosceles triangle may be 
equilateral, and an equilateral triangle is considered isosceles in Prop. 16, 
Book tv. Objection has been made to the definition of an acute-angled 
triangle. It is said that it cannot be admitted as a definition, that all the 
three angles of a triangle are acute, which is supposed in Def, 29. It 
may be replied, that the definitions of the three kinds of angles point out 
and seem to supply a foundation for a similar distinction of triangles. 

Def. xxx-xxxiv. The definitions of quadrilateral figures are liable to 
objection. All of them, except the trapezium, fall under the general 
idea of a parallelogram; but as Euclid defined parallel straight lines 
after he had defined four-sided figures, no other arrangement could be 
adopted than the one he has followed; and for which there appeared to 
him, without doubt, some probable reasons, Sir Henry Savile, in his 
Seventh Lecture, remarks on some of the definitions of Euclid, ** Nec 
dissimulandum aliquot harum in manibus exiguum esse usum in Geo- 
metria.”” A few verbal emendations have been made in some of them, 

A square is a four-sided plane figure having all its sides equal, and 
one angle a right angle: because it is proved in Prop, 46, Book 1, thatif a 
parallelogram have one angle a right angle, all its angles are right 
angles. 
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An oblong, in the same manner, may be defined as a plane figure of 
four sides, having only its opposite sides equal, and one of its angles a 
right angle. 

A rhomboid is a four-sided plane figure having only its opposite sides 
equal to one another and its angles not right angles. 

Sometimes an irregular four-sided figure which has two sides parallel, 
is called a trapezoid. 

Def. xxxv. It is possible for two right lines never to meet when pro- 
duced, and not be parallel. 

Def. A. The term parallelogram literally implies a figure formed by 
parallel straight lines, and may consist of four, six, eight, or any even 
number of sides, where every two of the opposite sides are parallel to one 
another. In the Elements, however, the term is restricted to four-sided 
figures, and includes the four species of figures named in the Definitions 
XXX—XXXIII. 

The synthetic method is followed by Euclid not only in the demon- 
strations of the propositions, but also in laying down the definitions. He 
commences with the simplest abstractions, defining a point, a line, an 
angle, a superficies. and their different varieties. This mode of proceed- 
ing involves the difficulty, almost insurmountable, of detining satisfac- 
torily the elementary abstractions of Geometry. It has been observed, 
that it is necessary to consider a solil, that is, a magnitude which has 
length, breadth, and thickness, in order to understand aright the defini- 
tions of a pomt, a line, and a superficies. A solid or volume considered 
apart from its physical properties, suggests the idea of the surfaces by 
which it is bounded: a surface, the idea of the line or lines which form 
its boundaries: and a finite line, the points which form its extremities. 
A solid is therefore bounded by surfaces ; a surface is bounded by lines; 
and a line is terminated by two points, <A point marks position only: a 
line has one dimension, length only, and defines distance: a superficies 
has two dimensions, length and breadth, and defines extension: and a 
solid has three dimensions, length, breadth, and thickness, and defines 
some portion of space. 

It may also be remarked that two points are sufficient to determine 
the position of a straight line, and three points not in the same straight 
line, are necessary to fix the position of a plane. 


ON THE POSTULATES. 


Tue definitions assume the possible existence of straight lines and 
circles, and the postulates predicate the possibility of drawing and of 
producing straight lines, and of describing circles. ‘The postulates form 
the principles of construction assumed in the Elements ; and are, in fact, 
problems, the possibility of which is admitted to be self-evident, and to 
require no proof, 

It must, however, be carefully remarked, that the third postulate only 
admits that when any line is given in position and magnitude, a circle 
may be described from either extremity of the line as a center, and with 
a radius equal to the length of the line, as in Euc. r, 1l. It does not 
admit the description of a circle with any other point as a center than 
lone of the extremities of the given line. 

Euc. 1. 2, shews how, from any given point, to draw a straight line 
equal to another straight line which is given in magnitude and position. 
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ON THE AXIOMS. 


AXIoms are usually defined to be self-evident truths, which cannot be 
rendered more evident by demonstration; in other words, the axioms of 
Geometry are theorems, the truth of which is admitted without proof. 
It is by experience we first become acquainted with the different forms 
of geometrical magnitudes, and the axioms, or the fundamental ideas of 
their equality or inequality appear to rest on the same basis, The con- 
ception of the truth of the axioms does not appear to be more removed 
from experience than the conception of the definitions, 

These axioms, or first principles of demonstration, are such theorems 
as cannot be resolved into simpler theorems, and no theorem ought to be 
admitted as a first principle of reasoning which is capable of being de- 
monstrated. An axiom, and (when it is convertible) its converse, should 
both be of such a nature as that neither of them should require a formal 
demonstration. 

The first and most simple idea, derived from experience is, that every 
magnitude fills a certain space, and that several magnitudes may succes- 
sively fill the same space. 

All the knowledge we have of magnitude is purely relative, and the 
most simple relations are those of equality and inequality. In the com- 
parison of magnitudes, some are considered as given or known, and the 
unknown are compared with the known, and conclusions are syntheti- 
cally deduced with respect to the equality or inequality of the magnitudes 
under consideration. In this manner we form our idea of equality, 
which is thus formally stated in the eighth axiom: ** Magnitudes which 
coincide with one another, that is, which exactly fill the same space, are 
equal to one another.”’ 

Every specific definition is referred to this universal principle. With 
regard toa few more general definitions which do not furnish an equality, 
it will be found that some hypothesis is always made reducing them t 
that principle, before any theory is built upon them. As for example, 
the definition of a straight line is to be referred to the tenth axiom ; th 
definition of a right angle to the eleventh axiom; and the definition o 
parallel straight lines to the twelfth axiom. 

The eighth axiom is called the principle of superposition, or, the 
mental process by which one Geometrical magnitude may be conceived 
to be placed on another, so as exactly to coincide with it, in the parts 
which are made the subject of comparison. Thus, if one straight line be 
conceived to be placed upon another, so that their extremities are coin- 
cident, the two straight lines are equal. If the directions of two lines 
which inciude one angle, coincide with the directions of the two lines 
which contain another angle, where the points, from which the angles 
diverge, coincide, then the two angles are equal: the lengths of the lines 
not affecting in any way the magnitudes of the angles. When one plane 
figure is conceived to be placed upon another, so that the boundaries of 
one exactly coincide with the boundaries of the other, then the two 
plane figures are equal. It may also be remarked, that the converse of 
this proposition is not universally true, namely, that when two magni- 
tudes are equal, they coincide with one another: since two magnitudes 
may be equal in area, as two parallelograms or two triangles, Euc, 1. 35, 
37; but their boundaries may not be equal: and, consequently, by 
superposition, the figures could not exactly coincide: all such figures, 
however, having equal areas, by a different arrangement of their parts, 
may be made to coincide exactly. 
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This axiom is the criterion of Geometrical equality, and is essentially 
different from the criterion of Arithmetical equality. Two geometrical 
magnitudes are equal, when they coincide or may be made to coincide : 
two abstract numbers are equal, when they contain the same aggregate 
of units; and two concrete numbers are equal, when they contain the 

same number of units of the same kind of magnitude. It is at once ob- 

vious, that Arithmetical representations of Geometrical magnitudes are 
not admissible in Euclid’s criterion of Geometrical Equality, as he has not 
fixed the unit of magnitude of either the straight line, the angle, or the 
superficies. Perhaps Euclid intended that the first seven axioms should 
be applicable to numbers as well as to Geometrical magnitudes, and this 
is in accordance with the words of Proclus, who calls the axioms, common 
notions, not peculiar to the subject of Geometry. 

Several of the axioms may be generally exemplified thus: 


Axiom ı. lfthestraight line 4B be equal A B 
to the straight line CD; and if the straight c D 
line EF be also equal to the straight line CD; E F 


then the straight line AB is equal to the 
straight line EF. 

Axiom 1. Iftheline AB beequal totheline A B C D 
CD; and if the line EF be also equal to the 
line GH; then the sum of the lines AB and EF E F a H 
is equal to the sum of the lines CD and GH. 

Axiom 111. If the line AB be equal to the 4^ B C D 
line CD ; and ifthe line EF be also equal to the 
line GH; then the difference of AB and EF, E E x» H 
is equal to the difference of CD and GH. 

Axiom ry, admits of being exemplified under the two following forms: 

l. Ifthe line AB be equal to the line CD; A B C D 
and if the line EF be greater than the line GH; ~~ 
then thesum ofthe lines ABand EF is greater E 
than the sum of the lines CD and GH, 

2. Ifthe line AB be equal to the line CD; A B C 
and if the line EF be less than the line GH; ~~ 
then the sum of the lines AB and EF is less E F G n 
than the sum of the lines CD and GH, 

Axiom v. also admits of two forms of exemplification, 

l. Ifthe line AB be equal to the line CD ; A B C D 
and if the line EF be greater than the line GH ; 
then the difference of the lines 4B and EF is E F G n 
greater than the difference of CD and GH. 

2. Ifthe line AB be equal to the line CD; A z c Dd 
and if the line EF be less than the line GH; 
then the difference of the lines AB and EF is E F G H 
less thanthe difference of the lines CD and GH. 

The axiom, ‘If unequals be taken from equals, the remainders are 
unequal,’ may be exemplified in the same manner, 
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Axiom vi. Iftheline AB be double ofthe A B 
line CD ; and if the line EF be also double of C D 
the line CD; E F 


then the line AB is equal to the line EF, 
Axiom vil. If the line 4B be thehalfof A B 
the line CD; and if the line EF be also the C D 
half of the line CD; B E 
then the line AB is equal to the line EF. 








48 EUCLID’S ELEMENTS. 


It may be observed that when equal magnitudes are taken from ur- 
equal magnitudes, the greater remainder exceeds the less remainder by 
as much as the greater of the unequal magnitudes exceeds the less. 

If unequals be taken from unequals, the remainders are not always 
unequal; they may be equal: also if unequals be added to unequals the 
wholes are not always unequal, they may also be equal. 

Axiom Ix. The whole is greater than its part, and conversely, the 
part is less than the whole. This axiom appears to assert the contrary 
of the eighth axiom, namely, that two magnitudes, of which one is 
greater than the other, cannot be made to coincide with one another. 

Axiom x. The property of straight lines expressed by the tenth 
axiom, namely, ‘that two straight lines cannot enclose a space," is ob- 
viously implied in the definition of straight lines; for if they enclosed a 
space, they could not coincide between their extreme points, when the 
two lines are equal. 

Axiom xr. This axiom has been asserted to be a demonstrable theo- 
rem, As an angle is a species of magnitude, this axiom is only a parti- 
cular application of the eighth axiom to right angles. 

Axiom x11, See the notes on Prop. xxix, Book 1, 


ON THE PROPOSITIONS. 


WHENEVER a judgment is formally expressed, there must be some- 
thing respecting which the judgment is expressed, and something else 
which constitutes the judgment. The former is called the subject of the 
proposition, and the latter, the predicate, which may be anything which 
can be affirmed or denied respecting the subject, 

The propositions in Euclid’s Elements of Geometry may be divided 
into two classes, problems and theorems. A proposition, as the term 
imports, is something proposed ; it is a problem, when some Geometrical 
construction is required to be effected: and it is a theorem when some Geo- 
metrical property is to be demonstrated. Every proposition is natu- 
rally divided into two parts; a problem consists of the data, or things 
given; and the guesita, or things required: a theorem, consists of the 
subject or hypothesis, and the conclusion, or predicate. Hence the distinction 
between a problem and a theorem is this, that a problem consists of the 
data and the quesita, and requires solution: and a theorem consists of 
the hypothesis and the predicate, and requires demonstration. 

All propositions are affirmative or negative; that is, they either assert 
some property, as Euc, 1. 4, or deny the existence of some property, as 
Euc. 1. 7; and every proposition which is affirmatively stated has a con- 
tradictory corresponding proposition. Ifthe affirmative be proved to be 
true, the contradictory is false. 

All propositions may be viewed as (1) universally affirmative, or uni- 
versally negative ; (2) as particularly affirmative, or particularly negative. 

The connected course of reasoning by which any Geometrical truth is 
established is called a demonstration. It is called a direct demonstration 
when the predicate of the proposition is inferred directly from the pre- 
misses, as the conclusion of a series of successive deductions. The de- 
monstration is called indirect, when the conclusion shows that the intro- 
duction of any other supposition contrary to the hypothesis stated in the 
proposition, necessarily leads to an absurdity. 

It has been remarked by Pascal, that ** Geometry is almost the only 
subjeet as to which we find truths wherein all men agree; and one cause 
of this is, that Geometers alone regard the true laws of demonstration.” 
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These are enumerated by himaseightin number. ‘1. To define nothing 
which cannot be expressed in clearer terms than those in which it is 
already expressed. 2, To leave no obscure or equivocal terms undefined. 
3. To employ in the definition no terms not already known. 4. To 
omit nothing in the principles from which we argue, unless we are sure 
itis granted. 5. To lay down no axiom which is not perfectly evident. 
6, To demonstrate nothing which is as clear already as we can make it, 
7. To prove every thing in the least doubtful by means of self-evident 
axioms, or of propositions already demonstrated. 8. To substitute 
mentally the definition instead of the thing defined." Of these rules, he 
says, ‘‘the first, fourth and sixth are not absolutely necessary to avoid 
error, but the other five are indispensable; and though they may be found 
in books of logic, none but the Geometers have paid any regard to them.” 

The course pursued in the demonstrations of the propositions in 
Euclid’s Elements of Geometry, is always to refer directly to some ex- 
pressed principle, to leave nothing to be inferred from vague expressions, 
and to make every step of the demonstrations the object of the under- 
standing. 

It has been maintained by some philosophers, that a genuine defini- 
tion contains some property or properties which can form a basis for 
demonstration, and that the science of Geometry is deduced from the 
definitions, and that on them alone the demonstrations depend. Others 
have maintained that a definition explains only the meaning of a term, 
and does not embrace the nature and properties of the thing defined. 

If the propositions usually called postulates and axioms are either 
tacitly assumed or expressly stated in the definitions; in this view, de- 
monstrations may be said to be legitimately founded on definitions. If, 
on the other hand, a definition is simply an explanation of the meaning 
of a term, whether abstract or concrete, by such marks as may prevent a 
misconception of the thing defined ; it will be at once obvious that some 
constructive and theoretic principles must be assumed, besides the defini- 

tions to form the ground of Jegitimate demonstration. These principles 
we conceive to be the postulates and axioms. The postulates describe 
constructions which may be admitted as possible by direct appeal to our 
experience; and the axioms assert general theoretic truths so simple 
and self-evident as to require no proof, but to be admitted as the assumed 
first principles of demonstration. Under this view all Geometrical 
reasonings proceed upon the admission of the hypotheses assumed in 
the definitions, and the unquestioned possibility of the postulates, and 
the truth of the axioms. 

Deductive reasoning is generally delivered in the form of anenthymeme, 
or an argument wherein one enunciation is not expressed, but is readily 
supplied by the reader: and it may be observed, that although this is the 
ordinary mode of speaking and writing, it is not in the strictly syllogistic 
form; as either the major or the minor premiss only is formally stated 
before the conclusion: Thus in Euc, 1. 1, 

Because the point 4 is the center of the circle BCD; 
therefore the straight line 4B is equal to the straight line 4C, 

The premiss here omitted, is: all straight lines drawn from the center 
of a circle to the circumference are equal. 

In a similar way may be supplied the reserved premiss in every enthy- 
meme. The conclusion of two enthymemes may form the major and minor 
premiss of a third syllogism, and so on, and thus any process of reasoning 
is reduced to the strictly syllogistic form, And in this way it is shewn 
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that the genera] theorems of Geometry are demonstrated by means of 
syllogisms founded on the axioms and definitions. 

Every syllogism consists of three propositions, of which, two are called 
the premisses, and the third, the conclusion. These propositions contain 
three terms, the subject and predicate of the conclusion, and the middle 
term which connects the predicate and the conclusion together. The 
subject of the conclusion is called the minor, and the predicate of the con- 
clusion is called the major term, of the syllogism. The major term appears 
in one premiss, and the minor term in the other, with the middle term, 
which is in both premisses. That premiss which contains the middle 
term and the major term, is called the major premiss; and that which 
contains the middle term and the minor term, is called the minor premiss 
ofthe syllogism, Asan example, we may take the syllogism in the demon- 
stration of Prop. 1, Book 1, wherein it will be seen that the middle term is 
the subject of the major premiss and the predicate of the minor. 

Major premiss: because the straight line 4 Bis equaltothestraight line 4C; 

= premiss : and, because the straight line BC is equal to the straight 
ine 4B; 

Conclusion : therefore the straight line BC is equal to the straight line 4C. 

Here, BC is the subject, and 4C the predicate of the conclusion. 

BC is the subject, and 48 the predicate of the minor premiss. 
AB is the subject, and 4C the predicate of the major premiss. 

Also, AC is the major term, BC the minor term, and AB the middle term 
of the syllogism. 

In this syllogism, it may be remarked that the definition of a straight 
Hine is assumed, and the definition of the Geometrical equality of two 
straight lines; also that a general theoretic truth, or axiom, forms the 
ground of the conclusion. And further, though it be impossible to make 
any point, mark or sign (onuciov) which has not both length and breadth, 
and any line which has not both length and breadth ; the demonstrations 
in Geometry do not on this account become invalid, For they are pursued 
on the hypothesis that the point has no parts, but position only: and the 
line has length only, but no breadth or thickness: also that the surface 
has length and breadth only, but no thickness: and all the conclusions 
at which we arrive are independent of every other consideration. 

The truth of the conclusion in the syllogism depends upon the truth 
of the premisses. Ifthe premisses, or only one of them be not true, the 
conclusion is false. The conclusion is said £o follow from the premisses; 
whereas, in truth, it is contained in the premisses. The expression must 
be understood of the mind apprehending in succession, the truth of 
the premisses, and subsequent to that, the truth of the conclusion ; 
so that the conclusion follows from the premisses in order of time 
as far as reference is made to the mind’s apprehension of the whole 
argument, 

Every proposition, when complete, may be divided into six parts, as 
Proclus has pointed out in his commentary. 

l. he proposition, or general enunciation, which states in general terms 
the conditions of the problem or theorem. 

2. The exposition, or particular enunciation, which exhibits the subject 
of the proposition in particular terms as a fact, and refers it to some 
diagram described. 

3. The determination contains the predicate in particular terms, as it 
is pointed out in the diagram, and directs attention to the demonstration, 
by pronouncing the thing sought, 
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4. The construction applies the postulates to prepare the diagram for 
the demonstration. 

5. The demonstration is the connexion of syllogisms, which prove the 
truth or falsehood of the theorem, the possibility or impossibility of the 
problem, in that particular case exhibited in the diagram. 

6. The conclusion is merely the repetition of the general enunciation, 
wherein the predicate is asserted as a demonstrated truth. 

Prop. 1. In the first two Books, the circle is employed as a me- 
chanical instrument, in the same manner as the straight line, and the use 
made of it rests entirely on the third postulate. No properties of the 
circle are discussed in these books beyond the definition and the third 
postulate. When two circles are described, one of which has its center in 
the circumference of the other, the two circles being each of them partly 
within and partly without the other, their circumferences must intersect 
each other in two points; and it is obvious from the two circles cutting 
each other, in two points, one on each side of the given line, that two 
equilateral triangles may be formed on the given line. 

Prop. 1r. When the given point is neither in the line, nor in the line 
produced, this problem admits of eight different lines being drawn from 
the given point in different directions, every one of which is a solution 
of the problem. For, 1. The given line has two extremities, to each of 
which a line may be drawn from the given point. 2, The equilateral 
triangle may be described on either side of this line. 3. And theside 
BD of the equilateral triangle ABD may be produced either way. 

But when the given point lies either in the line or in the line pro- 
duced, the distinction which arises from joining the two ends of the line 
with the given point, no longer exists, and there are only four cases of 
the problem. 

The construction of this problem assumes a neater form, by first de- 
scribing the circle CGH with center B and radius BC, and producing DB 
the side of the equilateral triangle DBA to meet the circumference in G: 
next, with center D and radius DG, describing the circle GAZ, and then 
producing DA to meet the circumference in L, 

By a similar construction the less of two given straight lines may be 
roduced, so that the less together with the part produced may be equal 
o the greater. 

Prop. 1. This problem admits of two solutions, and it is left unde- 
ermined from which end of the greater line the part is to be cut off. 

By means of this problem, a straight line may be found equal to the 
sum or the difference of two given lines. 
| Prop. 1v. This forms the first case of equal triangles, two other cases 
ire proved in Prop. vinr. and Prop. xxvi. 

The term dase is obviously taken from the idea of a building, and the 
ame may be said of the term altitude. In Geometry, however, these 
erms are not restricted to one particular position of a figure, as in the 
ase of a building, but may be in any position whatever. 

Prop. v. Proclus has given, in his commentary, à proof for the 
quality of the angles at the base, without producing the equal sides. 
Phe construction tollows the same order, taking in AB one side of 
he isosceles triangle ABC, a point D and cutting of from AC a part 
M E equal to 4D, and then joining CD and BE. 

A corollary is a theorem which results from the demonstration of 
proposition. 

Prop. vr is the converse of one part of Prop. v. One proposition 
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is defined to be the converse of another when the hvpothesis of the 
former becomes the predicate of the latter ; and vice versa. 

There is besides this, another kind of conversion, when a theorem 
has several hypotheses and one predicate; by assuming the predicate 
and one, or more than one of the hypotheses, some one of the hypotheses 
may be inferred as the predicate of the converse. In this manner, 
Prop. vir. is the converse of Prop. iv. It may here be observed 
that converse theorems are not universally true: as for instance, the) 
following direct proposition is universally true; **If two triangles have 
their three sides respectively equal, the three angles of each shall be 
respectively equal." But the converse is not universally true; namely 
‘If two triangles have the three angles in each respectively equal 
the three sides are respectively equal." Converse theorems require 
in some instances, the consideration of other conditions than thos 
which enter into the proof of the direct theorem. Converse and contrary 
propositions are by no means to be confounded ; the contrery proposition 
denies what is asserted, or asserts what is denied, in the direct pro 
position, but the subject and predicate in each are the same. A contrary 
proposition is a completely contradictory proposition, and the distinctior 
consists in this—that two contrary propositions may both be false, but 
of two contradictory propositions, one of them must be true, and th 
other false. It may here be remarked, that one of the most commor 
intellectual mistakes of learners, is to imagine that the denial of 
proposition is a legitimate ground for affirming the contrary as true: 
whereas the rules of sound reasoning allow that the affirmation of ¢ 
poyre as true, only affords a ground for the denial of the contrary 
as false, 

Prop. vi. is the first instance of indirect demonstrations, and they 
are more suited for the proof of converse propositions. All those pro 
positions which are demonstrated ex absurdo, are properly analytica 
demonstrations, according to the Greek notion of analysis, which firs 
supposed the thing required, to be done, or to be true, and then shewe 
the consistency or inconsistency of this construction or hypothesi 
with truths admitted or already demonstrated. 

In indirect demonstrations, where hypotheses are made which at 
not true and contrary to the truth stated in the proposition, it seem 
desirable that a form of expression should be employed different fron 
that in which the hypotheses are true. In all cases therefore, whethe 
noted by Euclid or not, the words if possible have been introduced 
or some such qualifying expression, as in Euc. 1. 6, so as not to leave 
upon the mind of the learner, the impression that the hypothesi 
which contradicts the proposition, is really true. 

Prop. viz. When the three sides of one triangle are shewn ti 
coincide with the three sides of any other, the equality of the triangle 
is at once obvious. This, however, is not stated at the conclusion Q 
Prop. vur. or of Prop. xxvi. For the equality of the areas of tw 
coincident triangles, reference is always made by Euclid to Prop. Iv. 

A direct demonstration may be given of this proposition, and Prop 
vir. may be dispensed with altogether. 

Let the triangles ABC, DEF be so placed that the base BC maj 
coincide with the base EF, and the vertices A, D may be on opposit 
sides of EF. Join AD. Then because EAD is an isosceles triangle 
the angle EAD is equal to the angle EDA; and because CDA is 
isosceles triangle, the angle CAD is equal to the angle CDA. Hene 
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the angle EAF is equal to the angle EDF, (ax. 2 or 3): or the angle 
BDC is equal to the angle EDF. i 

Prop.ix. If BA, AC be in the same straight line. This problem 
then becomes the same as Prob. xr, which may be regarded as drawing 
a line which bisects an angle equal to two right angles. i 

If FA be produced in the fig. Prop. 9, it bisects the angle which 
is the defect of the angle BAC from four right angles. 

By means of this problem, any angle may be divided into four, 
eight, sixteen, &c. equal angles. lå 

Prop. x. A finite straight line may, by this problem, be divided 
| into four, eight, sixteen, &c. equal parts. 

Prop. xı. When the point is at the extremity of the line; by 
the second postulate the line may be produced, and then the construction 
applies. See note on Euc. itr. 31. 

The distance between two points is the straight line which joins 
the points; but the distance between a point and a straight line, is 
Ae shortest line which can be drawn from the point to the line. 

From this Prop. it follows that only one perpendicular can be drawn 
from a given point to a given line; and this perpendicular may be 
shewn to be less than any other line which ean be drawn from the 
given point to the given line: and of the rest, the line which is nearer 
to the perpendicular is less than one more remote from it: also only 
two equal straight lines can be drawn from the same point to the line, 
one on each side of the perpendicular or the least. This property 
is analogous to Euc. 11. 7, 8. 

The corollary to this proposition is not in the Greek text, but 
was added by Simson. who states that it **is necessary to Prop. 1, 
Book xr., and otherwise." 

Prop. xtr. The third postulate requires that the line CD should 
be drawn before the circle can be described with the center C, and 
radius CD. 

Prop. xrv. is the converse of Prop. x11. ‘‘ Upon the opposite sides 
of it.”” Ifthese words were omitted, it is possible for two lines to make 
with a third, two angles, which together are equal to two right angles, in 
such a manner that the two lines shall not be in the same straight line. 

The line BE may be supposed to fall above, as in Euclid’s figure, 
or below the line BD, and the demonstration is the same in form, 

Prop. xv. is the development of the definition of an angle. If the lines 
at the angular point be produced, the produced lines have the same incli- 
nation to one another as the original lines, but in a different position. 

The converse of this Proposition is not proved by Euclid, namely :— 
If the vertical angles made by four straight lines at the same point 
be respectively equal to each other, each pair of opposite lines shall 
be in the same straight line, 

Prop. XVII, appears to be only a corollary to the preceding pro- 
position, and it seems to be introduced to explain Axiom xu, of which 
itis the converse. The exact truth respecting the angles of a triangle 
is proved in Prop. xxxn. 

Prop. xvin. It may here be remarked, for the purpose of guarding 
the student against a very common mistake, that in this proposition 
and in the converse of it, the hypothesis is stated before the predicate. 

Prop. xIx. is the converse of Prop. xviir. It may be remarked, 
that Prop. xīx. bears the same relation to Prop. xvir., as Prop. vi. 
does to Prop. v. 
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Prop. xx. The following corollary arises from this proposition :— 

A straight line is the shortest distance between two points. For 
the straight line BC is always less than BA and AC, however near 
the point .4 may be to the line BC. 

It may be easily shewn from this proposition, that the difference 
of any two sides of a triangle is less than the third side. 

Prop. xx11. When the sum of two of the lines is equal to, and 
when it is less than, the third line; let the diagrams be described, 
and they will exhibit the impossibility implied by the restriction laid 
down in the Proposition, 

The same remark may be made here, as was made under the first 
Proposition, namely :—if one circle lies partly within and partly without 
another circle, the circumferences of the circles intersect each other 
in two points. 

Prop. xx111. CD might be taken equal to CE, and the construction 
effected by means of an isosceles triangle. It would, however, be less 
general than Euclid’s, but is more convenient in practice. 

Prop. xxiv. Simson makes the angle EDG at D in the line ED 
the side which is not the greater of the two ED, DF; otherwise, three 
different cases would arise, as may be seen by forming the different 
figures. The point G might fall below or upon the base EF produced 
as well as above it, Prop. xxiv. and Prop. xxv. bear to each other 
the same relation as Prop. 1v, and Prop. vri, 

Prop. xxvr. This forms the third case of the equality of two tri- 
angles. Every triangle has three sides and three angles, and when 
any three of one triangle are given equal to any three of another, the 
triangles may be proved to be equal to one another, whenever th 
three magnitudes given in the hypothesis are independent of one another, 
Prop. Iv. contains the first case, when the hypothesis consists of two 
sides and the included angle of each triangle. Prop. vir. contains 
the second, when the hypothesis consists of the three sides of each 
triangle, Prop. xxvi. contains the third, when the hypothesis consists 
of two angles, and one side either adjacent to the equal angles, or 
opposite to one of the equal angles in each triangle. There is another 
case, not proved by Euclid, when the hypothesis consists of two sides 
and one angle in each triangle, but these not the angles included by 
the two given sides in each triangle. This case however is only true 
under a certain restriction, thus ; 

If two triangles have two sides of one of them equal to two sides of the 
other, each to each, and have also the angles opposite to one of the equal sides 
in each triangle, equal to one another, and if the angles opposite to the other 
equal sides be both acute, or both obtuse angles; then shall the third sides 
be equal in each triangle, as also the remaining angles of the one to the 
remaining angles of the other. 

Let ABC, DEF be two triangles which have the sides 4B, 4C equal 
to the two sides DE, DF, each to each, and the angle ABC equal to the 
augle DEF: then, ifthe angles ACB, DEF, be both acute, or both obtuse 
angles, the third side BC shall be equal to the third side EF, and also 
the angle BCA to the angle EFD, and the angle BAC to the angle EDP. 

First. Let the angles 4CB, DFE opposite to the equal sides AB, 
DE, be both acute angles. 

If BC be not equal to EF, let BC be the greater, and from BC, cut off 
BG equal to EF, and join AG. 

Then in the triangles ABG, DEF, Euc. 1. 4. 4G is equal to DF, 
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and the angle AGB to DFE. But since AC is equal to DF, AG is equal 
| to AC: and therefore the angle 4CG is equal to the angle AGC, which 
| ds also an acute angle. But because AGC, AGB are together equal 
to two right angles, and that AGC is an acute angle, AGB must be 

an obtuse angle; which is absurd. Wherefore, BC is not unequal 
to EF, that is, BC is equal to EF, and also the remaining angles of 
one triangle to the remaining angles of the other. 

Secondly. Let the angles ACB, DFE, be both obtuse angles. By 
proceeding in a similar way, it may be shewn that BC cannot be 
otherwise than equal to EF. 

If ACB, DFE be both right angles: the case falls under Euc. r. 26. 

Prop. xxvir. Alternate angles are defined to be the two angles 
which two straight lines make with another at its extremities, but upon 
opposite sides of it. 

When a straight line intersects two other straight lines, two pairs of 
alternate angles are formed by the lines at their intersections, as in the 
figure, BEF, EFC are alternate angles as well as the angles AEF, EFD. 

Prop. xxvi. One angle is called ** the exterior angle," and another 
“ the interior and opposite angle," when they are formed on the same 
side of a straight line which falls upon or intersects two other straight 
lines. It is also obvious that on each side of the line, there will be two 
exterior and two interior and opposite angles. The exterior angle EGB 
has the angle GHD for its corresponding interior and opposite angle: 
also the exterior angle FHD has the angle HGB for its interior and 
opposite angle. 

Prop. xxix is the converse of Prop. XXVII and Prop. XXVIII. swe 

As the definition of parallel straight lines simply describes them 
by a statement of the negative property, that they never meet; it is 
necessary that some positive property of parallel lines should be assumed 
as an axiom, on which reasonings on such lines may be founded. 

Euclid has assumed the statement in the twelfth axiom, which has 
been objected to, as not being self-evident. A stronger objection 
appears to be, that the converse of it forms Euc. 1. 17; for both the 
assumed axiom and its converse, should be so obvious as not to require 
formal demonstration. 

Simson has attempted to overcome the objection, not by any improved 
definition and axiom respecting parallel lines; but, by considering Euclid’s 
twelfth axiom to be a theorem, and for its proof, assuming two definitions 
and one axiom, and then demonstrating five subsidiary Propositions. 

Instead of Euclid’s twelfth axiom, the following has been proposed 
as a more simple property for the foundation of reasonings on parallel 
lines; namely, ‘If a straight line fall on two parallel straight lines, 
the alternate angles are equal to one another." In whatever this may 
exceed Euclid's definition in simplicity, it is liable to a similar objection, 
being the converse of Euc. 1. 27. 

Professor Playfair has adopted in his Elements of Geometry, that 
“ Two straight lines which intersect one another cannot be both parallel 
to the same straight line.” This apparently more simple axiom follows 
as a direct inference from Euc. 1. 30. 

But one of the least objectionable of all the definitions which have 
been proposed on this subject, appears to be that which simply expresses 
the conception of equidistance. It may be formally stated thus: 
* Parallel lines are such as lie in the same plane, and which neither 
recede from, nor approach to, each other," This includes the con- 
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ception stated by Euclid, that parallel lines never meet. Dr. Wallis” 
observes on this subject, ** Parallelismus et zequidistantia vel idem sunt, 
vel certe se mutuo comitantur."' 

As an additional reason for this definition being preferred, it may 
be remarked that the meaning of the terms ypuppal mapddAndror, suggests 
the exact idea of such lines. 

An account of thirty methods which have been proposed at different ` 
times for avoiding the difficulty in the twelfth axiom, will be 
found in the appendix to Colonel Thompson's ‘‘ Geometry without 
Axioms.'' 

Prop. xxx. In the diagram, the two lines AB and CD are placed 
one on each side of the line EF: the proposition may also be proved | 
when both 4B and CD are on the same side of EF. 

Prop. xxxii From this proposition, it is obvious that if one angle | 
ofa triangle be equal to the sum of the other two angles, that angle 
is a right angle, as is shewn in Euc. 111, 31, and that each of the angles 
of an equilateral triangle, is equal to two thirds of a right angle, as 
it is shewn in Euc. tv. 15. Also, if one angle of an isosceles triangle | 
be a right angle, then each of the equal angles is half a right angle, as ^ 
in Euc. 1:1. 9. 

The three angles of a triangle may be shewn to be equal to two 
right angles without producing a side of the triangle, by drawing through 
any angle of the triangle a line parallel to the opposite side, as Proclus 
has remarked in his Commentary on this proposition. It is manifest 
from this proposition, that the third angle of a triangle is not inde- 
pendent of the sum of the other two; but is known if the sum of any 
two is known. Cor. 1 may be also proved by drawing lines from any 
one of the angles of the figure to the other angles. If any of the 
sides of the figure bend inwards and torm what are called re-entering 
angles, the enunciation of these two corollaries will require some 
modification, As Euclid gives no definition of re-entering angles, it 
may fairly be concluded, he did not intend to enter into the proofs 
of the properties of figures which contain such angles. 

Prop. xxxii. The words “towards the same parts” are a necessary 
restriction: for if they were omitted, it would be doubtful whether 
the extremities A, C, and B, D were to be joined by the lines AC and 
BD; or the extremities 4, D, and B, C, by the lines AD and BC. 

Prop. xxxiv. If the other diameter be drawn, it may be shewn 
that the diameters of a parallelogram bisect each other, as well as bisect 
the area of the parallelogram. If the parallelogram be right angled, 
the diagonals are equal; ifthe parallelogram be a square or a rhombus, 
the diagonals bisect each other at right angles. The converse of this 
Prop., namely, ** If the opposite sides or opposite angles of a quadrilateral 
figure be equal, the opposite sides shall also be parallel; that is, the 
figure shall be a parallelogram,” is not proved by Euclid. 

Prop. xxxv. The latter part of the demonstration is not expressed 
very intelligibly. Simson, who altered the demonstration, seems in fact 
to consider two trapeziums of the same form and magnitude, and from 
one of them, to take the triangle ABE; and from the other, the tri- 
angle DCF; and then the remainders are equal by the third axiom: 
that is, the parallelogram ABCD is equal to the parallelogram EBCF. 
Otherwise, the triangle, whose base is DE, (fig. 2.) is taken twice from 
the trapezium, which would appear to be impossible, if the sense in 
which Euclid applies the third axiom, is to be retained here, 
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It may be observed, that the two parallelograms exhibited in fig. 2 
partially lie on one another, and that the triangle whose base is BC is a 
common part of them, but that the triangle whose base is DE is entirely 
without both the parallelograms. After having proved the triangle ABE 
equal to the triangle DCF, if we take from these equals (fig. 2.) the 
triangle whose base is DE, and to each of the remainders add the 
triangle whose base is BC, then the parallelogram ABCD is equal to 
the parallelogram EBCF. In fig. 3, the equality of the parallelograms 
ABCD, EBCF, is shewn by adding the figure EBCD to each otf the 
triangles ABE, DCF. 

In this proposition, the word equal assumes a new meaning, and is no 
longer restricted to mean coincidence in all the parts of two figures. 

Prop. xxxvi. In this proposition, it is to be understood that the 
bases of the two triangles are in the same straight line. If in the 
diagram the point E coincide with C, and D with A, then the angle 
of one triangle is supplemental to the other. Hence the following 
property :—If two triangles have two sides of the one respectively equal 
to two sides of the other, and the contained angles supplemental, the 
two triangles are equal. 

A distinction ought to be made between equal triangles and equivalent 
triangles, the former including those whose sides and angles mutually 
coincide, the latter those whose areas only are equivalent. 

Prop. xxxix. If the vertices of all the equal triangles which can be 
deseribed upon the same base, or upon the equal bases as in Prop. 40, 
be joined, the line thus formed will be a straight line, and is called the 
locus of the vertices of equal triangles upon the same base, or upon 
equal bases. 

A locus in plane Geometry is a straight line or a plane curve, every 
point of which and none else satisfies a certain condition. With the 
exception of the straight line and the circle, the two most simple loci; 
all other loci, perhaps including also the Conic Sections, may be more 
readily and effectually investigated algebraically by means of their 
rectangular or polar equations. 

Prop. xut. The converse of this proposition is not proved by Euclid; 
viz. If a parallelogram is double of a triangle, and they have the same base, 
or equal bases upon the same straight line, and towards the same parts, 
they shall be between the same parallels. Also, it may easily be shewn 
that if two equal triangles are between the same parallels; they are either 
upon the same base, or upon equal bases. 

Prop. xt1v. A parallelogram described on a straight line is said to 
be applied to that line. 

Prop. xiv. The problem is solved only for a rectilineal figure of four 
sides. If the given rectilineal figure have more than four sides, it may 
be divided into triangles by drawing straight lines from any angle of the 
figure to the opposite angles, and then a parallelogram equal to the third 
‘triangle can be applied to LM, and having an angle equal to E: and 
50 on for all the triangles of which the rectilineal figure is composed. 

Prop. xtv1. The square being considered as an equilateral rectangle, 
its area or surface may be expressed numerically if the number of lineal 
a in a side of the square be given, as is shewn in the note on Prop. 1., 

ook 11. 

The student will not fail to remark the analogy which exists between 
the area of a square and the product of two equal numbers ; and between 
the side of a square and the square root of a number, There is, however, 
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this distinction to be observed ; it is always possible to find the product 
of two equal numbers, (or £o find the square of a number, as it is usually 
called,) and to describe a square on a given line; but conversely, though 
the side of a given square is known from the figure itself, the exact 
number of units in the side of a square of given area, can only be found 
exactly, in such cases where the given number isa square number. For 
example, if the area of a square contain 9 square units, then the square 
root of 9 or 3, indicates the number of lineal units in the side of that 
square. Again, if the area of a square contain 12 square units, the side 
of the square is greater than 3, but less than 4 lineal units, and there is 
no number which will exactly express the side of that square: an approxi- 
mation to the true length, however, may be obtained to any assigned 
degree of accuracy. 

Prop. xtvu. Ina right-angled triangle, the side opposite to the right 
angle is called the hypotenuse, and the other two sides, the base and. 
perpendicular, according to their position. 

In the diagram the three squares are described on the owter sides of 
the triangle ABC. The Proposition may also be demonstrated (1) when 
the three squares are described upon the inner sides of the triangle: (2) 
when one square is described on the outer side and the other two squares 
on the inner sides of the triangle: (3) when one square is described on the 
inner side and the other two squares on the outer sides of the triangle. 

As one instance of the third case. Ifthe square BE on the hypote- 
nuse be described on the inner side of BC and the squares BG, HC on 
the outer sides of AB, AC; the point D falls on the side FG (Euclid's 
fig.) of the square BG, and KH produced meets CE in E, Let LA meet 
BCin M. Join DA; then the square GB and the oblong LB are each 
double of the triangle DAB, (Euc. 1. 41.); and similarly by joining EA, 
the square HC and oblong ZC are each double of the triangle EAC, 
Whence it follows that the squares on the sides AB, AC are togethe 
equal to the square on the hypotenuse BC. 

By this proposition may be found a square equal to the sum of any give 
squares, or equal to any multiple of a given square: or equal to the 
difference of two given squares, 

The truth of this proposition may be exhibited to the eye in some 
particular instances. As in the case of that right-angled triangle whose 
three sides are 3, 4, and 5 units respectively. If through the points o 
division of two contiguous sides of each of the squares upon the sides, line 
be drawn parallel to the sides (see the notes on Book 11.), it will be ob 
vious, that the squares will be divided into 9, 16 and 28 small squares, 
each of the same magnitude; and that the number of the small squares 
into which the squares on the perpendicular and base are divided is equa 
to the number into which the square on the hypotenuse is divided. | 

Prop. xLvirt is the converse.of Prop. xtvui. In this Prop. is assume 
the Corollary that ‘the squares described upon two equal lines are 
equal," and the converse, which properly ought to have been appendec 
to Prop. xrvi. 

The First Book of Euclid's Elements, it has been seen, is conversant 
with the construction and properties of rectilineal figures. It first lays 
down the definitions which limit the subjects of discussion in the First 
Book, next the three postulates, which restrict the instruments by which 
the constructions in Plane Geometry are effected ; 4nd thirdly, the twelve 
axioms, which express the principles by which a comparison is made 
between the ideas of the things defined. 
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This Book may be divided into three parts. The first part treats of 
the origin and properties of triangles, both with respect to their sides and 
angles; and the comparison of these mutually, both with regard to equality 
and inequality. ‘The second part treats of the properties of parallel lines 
and of parallelograms. The third part exhibits the connection of the 
properties of triangles and parallelograms, and the equality of the squares 
on the base and perpendicular of a right-angled triangle to the square 
on the hypotenuse. 

When the propositions of the First Book have been read with the 
notes, the student is recommended to use different letters in the diagrams, 
and where it is possible, diagrams of a form somewhat different from those 
exhibited in the text, for the purpose of testing the accuracy of his know- 
ledge of the demonstrations. And further, when he has become suffici- 
ently familiar with the method of geometrical reasoning, he may dis- 
pense with the aid of letters altogether, and acquire the power of express- 
ing in general terms the process of reasoning in the demonstration of any 
proposition. Also, he is advised to answer the following questions 
before he attempts to apply the principles of the First Book to the so- 
lution of Problems and the demonstration of Theorems. 


QUESTIONS ON BOOK I. 


1. What is the name of the Science of which Euclid gives the Ele- 
ments? What is meant by Solid Geometry? Is there any distinction 
between Plane Geometry, and the Geometry of Planes? 

2. Define the term magnitude, and specify the different kinds of 
magnitude considered in Geometry. What dimensions of space belong 
to figures treated of in the first six Books of Euclid? 

3. Give Euclid's definition of a *''straight line." What does he 
really use as his test of rectilinearity, and where does he first employ it? 
What objections have been made to it, and what substitute has been 
proposed as an available definition? How many points are necessary to 
fix the position of a straight line in a plane? When is one straight 
line said to cut, and when to meet another ? 

4. What positive property has a Geometrical point? From the 

: definition of a straight line, shew that the intersection of two lines is a 
point. 

5. Give Euclid's definition of a plane rectilineal angle. What are 
the limits of the angles considered in Geometry? Does Euclid consider 

| angles greater than two right angles ? 

6. When is a straight line said to be drawn at right angles, and when 
perpendicular, to à given straight line? 

7. Define a triangle; shew how many kinds of triangles there are ac- 
cording to the variation both of the angles, and of the sides. 

8. What is Euclid's definition of a circle? Point out the assumption 
involved in your definition. Is any axiom implied in it? Shew that 
in this as in all other definitions, some geometrical fact is assumed as 
somehow previously known, 

9. Define the quadrilateral figures mentioned by Euclid. 

10. Describe briefly the use and foundation of definitions, axioms, 
and postulates: give illustrations by an instance of each. 

lj. What objection may be made to the method and order in which 
Euclid has laid down the elementary abstractions of the Science of Geo- 
metry? What other method has been suggested ? 
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12, What distinctions may be made between definitions in the 
Science of Geometry and in the Physical Sciences ? 

13. What is necessary to constitute an exact definition? Are defini- 
tions propositions? Are they arbitrary? Are they convertible? Does 
a Mathematical definition admit of proof on the principles of the Science) 
to which it relates? i 

14. Enumerate the principles of construction assumed by Euclid. | 

15. Of what instruments may the use be considered to meet approxi- | 
mately the demands of Euclid’s postulates? Why only approximately ? 

16. '* A circle may be described from any center, with any straight 
line as radius.” How does this postulate differ from Euclid’s, and) 
which of his problems is assumed in it? 

17. What principles in the Physical Sciences correspond to axioms 
in Geometry ? 

18, Enumerate Euclid's twelve axioms and point out those which 
have special reference to Geometry. State the converse of those which 
admit of being so expressed. 

19, What two tests of equality are assumed by Euclid? Is the 
assumption of the principle of superposition (ax. 8.), essential to all 
Geometrical reasoning? Is it correct to say, that it is “an appeal, 
though of the most familiar sort, to external observation” ? | 

20. Could any, and if any, which of the axioms of Euclid be turned 
into definitions ; and with what advantages or disadvantages ? 

21, Define the terms, Problem, Postulate, Axiom and Theore 
Are any of Euclid’s axioms improperly so called? 

22. Of what two parts does the enunciation of a Problem, and of à 
Theorem consist? Distinguish them in Euc, 1. 4, 5, 18, 19. 

23. When is a problem said to be indeterminate? Give an example 

24. When is one proposition said to be the cenverse or reciprocal o 
another? Give examples. Are converse propositions universally true 
If not, under what circumstances are they necessarily true? Why is i 
necessary to demonstrate converse propositions? How are they proved 

25. Explain the meaning of the word proposition. Distinguish betwee 
converse and contrary propositions, and give examples. 

26. State the grounds as to whether Geometrical reasonings depene 
for their conclusiveness upon axioms or definitions. 

27. Explain the meaning of enthymeme and syllogism. How is th 
enthymeme made to assume the form of the syllogism? Give examples 

28. What constitutesa demonstration ? Statethe lawsof demonstratio 

29. What are the principle parts, in the entire process of establishin 
a proposition ? 

30. Distinguish between a direct and indirect demonstration. 

31. What is meant by the term synthesis, and what, by the ter 
analysis? Which of these modes of reasoning does Euclid adopt in hi 
Elements of Geometry? 

32. In what sense is it true that the conclusions of Geometry ar 
necessary truths? 

33. Enunciate those Geometrical detinitions which are used in th 
proof of the propositions of the First Book. 

34, Ifin Euclid 1. 1, an equal triangle be described on the other sid 
of the given line, what figure will the two triangles form ? | 

35. In the diagram, Euclid 1. 2, if DB a side of the equilateral tr 
angle DAB be produced both ways and cut the circle whose center is . 
and radius BC in two points G and H; shew that either of the dis 
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tances DG, DII may be taken as the radius of the second circle; and 
give the proof in each case. 

86. Explain how the propositions Euc. 1, 2, 3, are rendered necessary 
by the restriction imposed by the third postulate. Is it necessary for 
-the proof, that the triangle described in Euc. 1. 2, should be equilateral? 
* Could we, at this stage of the subject, describe an isosceles triangle on a 
given base? 

37. State how Euc. 1. 2, may be extended to the following problem; 
“From a given point to draw a straight line in a given direction equal to 
a given straight line.”’ 

38. How would you cut off from a straight line unlimited in both 
directions, a length equal to a given straight line ? 

39. In the proof of Euclid 1. 4, how much depends upon Definition, 
how much upon Axiom? 

40. Draw the figure for the third case of Euc. 1. 7, and state why it 
needs no demonstration. 

41, In the construction Euclid 1. 9, is it indifferent in all cases on 
which side of the joining line the equilateral triangle is described ? 

42, Shew how a given straight line may be bisected by Euc. 1. 1. 

43, In what cases do the lines which bisect the interior angles of 
plane triangles, also bisect one, or more than one of the corresponding 
opposite sides of the triangles? 

44, **Two straight lines cannot have a common segment." Has this 
corollary been tacitly assumed in any preceding proposition ? 

45. In Euc. r. 12, must the given line necessarily be **of unlimited 
length” ? 

46. Shew that (fig. Euc. t. 11) every point without the perpendi- 
cular drawn from the middle point of every straight line DE, is at unequal 
distances from the extremities D, E of that line. 

47. From what proposition may it be inferred that a straight line is 
the shortest distance between two points ? 

48, Enunciate the propositions you employ in the proof of Euc. 1. 16. 

49, Is it essential to the truth of Euc. 1. 21, that the two straight 
lines be drawn from the extremities of the base? 

60, In the diagram, Euc. 1. 21, by how much does the greater angle 
BDC exceed the less BAC? 

ől. To form a triangle with three straight lines, any two of them 
must be greater than the third: is a similar limitation necessary with 
respect to the three angles? 

52. Is it possible to form a triangle with three lines whose lengths are 
1, 2, 3 units : or one with three lines whose lengths are 1, 2» 4 3/8 

53. Is it possible to construct a triangle whose angles shall be as the 
numbers 1, 2,3? Prove or disprove your answer. 

64. What is the reason of the limitation in the construction of Euc. 
1, 24, viz. **that DE is that side which is not greater than the other ?"' 

69. Quote the first proposition in which the equality of two areas 
which cannot be superposed on each other is considered, 

56. Is the following proposition universally true? “If two plane 
triangles have three elements of the one respectively equal to three 
elements of the other, the triangles are equal in every respect."  Enu- 
merate all the cases in which this equality is proved in the First Book. 
What case is omitted ? 

57. What parts of a triangle must be given in order that the triangle 
may be described ? 
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58. State the converse of the second case of Euc,. 1. 26? Under 
what limitations is it true? Prove the proposition so limited ? 

59. Shew that the angle contained between the perpendiculars drawn 
to two given straight lines which meet each other, is equal to the angle 
contained by the lines themselves. 

60. Are two triangles necessarily equal in all respects, where aside and 
two angles of the one are equal to a side and two angles of the other, 
each to each? 

61. Illustrate fully the difference between analytical and synthetical 
proofs. What propositions in Euclid are demonstrated analytically ? 

62. Can it be properly predicated of any two straight lines that they 
never meet if indefinitely produced either way, antecedently to our know- 
ledge of some other property of such lines, which makes the property 
first predicated of them a necessary conclusion from it ? 

63. Enunciate Euclid’s definition and axiom relating to parallel 
straight lines; and state in what Props. of Book t. they are used. 

64. What proposition is the converse to the twelfth axiom of the 
First Book? What other two propositions are complementary to these? 

65. If lines being produced ever so far do not meet; can they be 
otherwise than parallel? Ifso, under what circumstances ? 

66. Define adjacent angles, opposite angles, vertical angles, and alternate 
angles; and give examples from the First Book of Euclid. 

67. Can you suggest anything to justify the assumption in the 
twelfth axiom upon which the proof of Euc. 1. 29, depends ? 

68. What objections have been urged against the definition and the 
doctrine of parallel straight lines as laid down by Euclid? Where does 
the difficulty originate? What other assumptions have been suggested 
and for what reasons ? 

69. Assuming as an axiom that two straight lines which cut one 
another cannot both be parallel to the samestraight line; deduce Euclid's 
twelfth axiom as a corollary of Euc. 1, 29. 

70. From Euc. 1. 27, shew that the distance between two parallel 
straight lines is constant ? 

71. Iftwo straight lines be not parallel, shew that all straight lines 
falling on them, make alternate angles, which differ by the same angle. 

72. Taking as the definition of parallel straight lines that they are 
equally inclined to the same straight line towards the same parts; prove 
that ‘being produced ever so far both ways they do not meet?” Prove 
also Euclid’s axiom 12, by means of the same definition. 

13. Whatis meant by ezterior and interior angles ? Point out examples, 

74. Can the three angles of a triangle be proved equal to two right 
angles without producing a side of the triangle? 

75. Shew how the corners of a triangular piece of paper may be 
turned down, so as to exhibit to the eye that the three angles of a 
triangle are equal to two right angles. 

76. Explain the meaning of the term corollary. Enunciate the two 
corollaries appended to Euc. 1. 32, and give another proof of the first. 
What other corollaries may be deduced from this proposition? 

77. Shew that the two lines which bisect the exterior and interior 
angles of a triangle, as well as those which bisect any two interior 
angles of a parallelogram, contain a right angle. 

78. The opposite sides and angles of a parallelogram are equal to 
one another, and the diameters bisect it. State and prove the converse 
of this proposition. Also shew that a quadrilateral figure, is a paral- 
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lelogram, when its diagor.als bisect each other: and when its diagonals 
divide it into four triangles, which are equal, two and two, viz. those 
which have the same vertical angles. 

79. If two straight lines join the extremities of two parallel straight 
lines, but not towards the same parts, when are the joining lines equal, 
and when are they unequal? 

80. If either diameter of a four-sided figure divide it into two equal 
triangles, is the figure necessarily a parallelogram? Prove your answer. 

81. Shew how to divide one of the parallelograms in Euc. 1. 35, 
by straight lines so that the parts when properly arranged shall make 
up the other parallelogram. 

82. Distinguish between equal triangles and equivalent triangles, and 
give examples from the First Book of Euclid. 

83. What is meant by the locus of a point? Adduce instances of 
loci from the first Book of Euclid. 

84. How is it shewn that equal triangles upon the same base or 
equal bases have equal altitudes, whether they are situated on the same 
or opposite sides of the same straight line? 

85. In Euc. 1. 37, 38, if the triangles are not towards the same parts, 
shew that the straight line joining the vertices of the triangles is 
bisected by the line containing the bases. 

86. If the complements (fig. Euc. 1. 43) be squares, determine their 
relation to the whole parallelogram. 

87. Whatis meant by a parallelogram being applied to a straight line? 

88. Is the proof of Euc. 1. 45, perfectly general? 

$9. Define a square without including superfluous conditions, and 
explain the mode of constructing a square upon a given straight line 
in conformity with such a definition. 

90. The sum of the angles of a square is equal to four right angles. 
Is the converse true? If not, why? 

91. Conceiving a square to be a figure bounded by four equal straight 
lines not necessarily in the same plane, what condition respecting the 
angles is necessary to complete the definition ? 

92. In Euclid r. 47, why is it necessary to prove that one side of 
each square described upon each of the sides containing the right angle, 
should be in the same straight line with the other side of the triangle? 

93. On what assumption is an analogy shewn to exist between the 
product of two equal numbers and the surface of a square? 

94. Is the triangle whose sides are 3, 4, 5 right-angled, or not? 

95, Can the side and diagonal of a square be represented simul- 
taneously by any finite numbers? 

96, By means of Euc. r. 47, the square roots of the natural numbers, 
1, 2, 3, 4, &c. may be represented by straight lines. 

97. If the square on the hypotenuse in the fig. Euc. 1. 47, be 
described on the other side of it: shew from the diagram how the 
squares on the two sides of the triangle may be made to cover exactly 
the square on the hypotenuse. 

98. If Euclid 1, 2, be assumed, enunciate the form in which Euc. 1. 47 
may be expressed. 

99. Classify all the properties of triangles and parallelograms, proved 
in the First Book of Euclid. 

100. Mention any propositions in Book 1. which are included in more 
general ones which follow. 
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ON THE ANCIENT GEOMETRICAL ANALYSIS. 


SYNTHESIS, or the method of composition, is a mode of reasoning which 
begins with something given, and ends with something required, either 
to be done or to be proved. "This may be termed a direct process, as it 
leads from principles to consequences. 

Analysis, or the method of resolution, is the reverse of synthesis, 
and thus it may be considered an indirect process, a method of reason- 
ing from consequences to principles. 

The synthetic method is pursued by Euclid in his Elements of 
Geometry. He commences with certain assumed principles, and pro- 
ceeds to the solution of problems and the demonstration of theorems 
by undeniable and successive inferences from them. 

The Geometrical Analysis was a process employed by the ancient 
Geometers, both for the discovery of the solution of problems and for 
the investigation of the truth of theorems. In the analysis of a prob- 
lem, the quesita, or what is required to be done, is supposed to have 
been effected, and the consequences are traced by a series of geometri- 
cal constructions and reasonings, till at length they terminate in the 
data of the problem, or in some previously demonstrated or admitted 
truth, whence the direct solution of the problem is deduced. 

In the Synthesis of a problem, however, the last consequence of the 
analysis is assumed as the first step of the process, and by proceeding 
in a contrary order through the several steps of the analysis until the 
process terminate in the quesita, the solution of the problem is effected. 

But if, in the analysis, we arrive at a consequence which contra- 
dicts any truth demonstrated in the Elements, or which is inconsistent 
with the data of the problem, the problem must be impossible: and 
further, if in certain relations of the given magnitudes the construction 
be possible, while in other relations it is impossible, the discovery 
of these relations will become a necessary part of the solution of the 
problem. 

In the analysis of a theorem, the question to be determined, is, 
whether by the application of the geometrical truths proved in the 
Elements, the predicate is consistent with the hypothesis. This point 
is ascertained by assuming the predicate to be true, and by deducing 
the successive consequences of this assumption combined with proved 
geometrical truths, till they terminate in the hypothesis of the theorem 
or some demonstrated truth. The theorem will be proved synthetically 
by retracing, in order, the steps of the investigation pursued in the 
analysis, till they terminate in the predicate, which was assumed 
in the analysis. This process will constitute the demonstration of the 
theorem. 

If the assumption of the truth of the predicate in the analysis lead 
to some consequence which is inconsistent with any demonstrated 
truth, the false conclusion thus arrived at, indicates the falsehood of 
the predicate; and by reversing the process of the analysis, it may 
be demonstrated, that the theorem cannot be true. 

It may here be remarked, that the geometrical analysis is more 
extensively useful in discovering the solution of problems than for in- 
vestigating the demonstration of theorems. 
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From the nature of the subject, it must be at once obvious, that no 
general rules can be prescribed, which will be found applicable in all 
cases, and infallibly lead to the solution of every problem. The con- 
ditions of problems must suggest what constructions may be possible; 
and the consequences which follow from these constructions and the 
assumed solution, will shew the possibility or impossibility of arriving 
at some known property consistent with the data of the problem. 

Though the data of a problem may be given in magnitude and 
position, certain ambiguities will arise, if they are not properly re- 
stricted. Two points may be considered as situated on the same side, 
or one on each side of a given line; and there may be two lines drawn 
from a given point making equal angles with a line given in position; 
and to avoid ambiguity, it must be stated on which side of the line 
the angle is to be formed. 

A problem is said to be determinate when, with the prescribed con- 
ditions, it admits of one definite solution ; the same construction which 
may be made on the other side of any given line, not being considered 
a different solution: and a problem is said to be indeterminate when it 
admits of more than one definite solution. This latter circumstance 
arises from the data not absolutely fixing, but merely restricting the 
queesita, leaving certain points or lines not fixed in one position only. 
The number of given conditions may be insufficient for a single deter- 
minate solution; or relations may subsist among some of the given 
conditions from which one or more of the remaining given conditions 
may be deduced. 

If the base of a right-angled triangle be given, and also the differ- 
ence of the squares on the hypotenuse and perpendicular, the triangle 
is indeterminate. For though apparently here are three things given, 
the right angle, the base, and the difference of the squares on the 
hypotenuse and perpendicular, it is obvious that these three apparent 
conditions are in fact reducible to two: for since in a right-angled tri- 
angle, the sum of the squares on the base and on the perpendicular, 
is equal to the square on the hypotenuse, it follows that the differ- 
ence of the squares on the hypotenuse and perpendicular, is equal to 
the square on the base of the triangle, and therefore the base is known 
from the difference of the squares on the hypotenuse and perpendicular 
being known. The conditions therefore are insufficient to determine 
a right-angled triangle; an indefinite number of triangles may be 
found with the prescribed conditions, whose vertices will lie in the line 
which is perpendicular to the base. 

If a problem relate to the determination of a single point, and the 
data be sufficient to determine the position of that point, the problem 
is determinate: but if one or more of the conditions be omitted, the 
data which remain may be sufficient for the determination of more 
than one point, each of which satisfies the conditions of the problem; 
in that case, the problem is indeterminate: and in general, such points 
are found to be situated in some line, and hence such line is called the 
locus of the point which satisfies the conditions of the problem. 

If any two given points 4 and B (fig. Euc. Iv. 5.) be joined by 
a straight line AB, and this line be bisected in D, then if a perpen- 
dicular be drawn from the point of bisection, it is manifest that a circle 
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described with any point in the perpendicular as a center, and a radius 
equal to its distance from one of the given points, will pass through 
the other point, and the perpendicular will be the locus of all the 
circles which can be described passing through the two given points. 

Again, if a third point C be taken, but not in the same straight line 
with the other two, and this point be joined with the first point 4; 
then the perpendicular drawn from the bisection Æ of this line will be 
the locus of the centers of all circles which pass through the first and 
third points 4 and C. But the perpendicular at the bisection of the 
first and second points 4 and B is the locus of the centers of circles 
which pass through these two points. Hence the intersection F of 
these two perpendiculars, will be the center of a circle which passes 
through the three points and is called the intersection of the two loci. 
Sometimes this method of solving geometrical problems may be pur- 
sued with advantage, by constructing the locus of every two points 
separately, which are given in the conditions of the problem. In the 
Geometrical Exercises which follow, only those local problems are 
given where the locus is either a straight line or a circle. 

Whenever the quesitum is a point, the problem on being rendered 
indeterminate, becomes a locus, whether the deficient datum be of the 
essential or of the accidental kind. When the quesitum is a straight 
line or a circle, (which were the only two loci admitted into the ancient 
Elementary Geometry) the problem may admit of an accidentally in- 
determinate case; but will not invariably or even very frequently do so. 
This will be the case, when the line or circle shall be so far arbitrary 
in its position, as depends upon the deficiency of a single condition to 
fix 3t perfectly ;—that is, (for instance) one point in the line, or two 
points in the circle, may be determined from the given conditions, but 
the remaining one is indeterminate from the accidental relations among 
the data of the problem. 

Determinate Problems become indeterminate by the merging of 
some one datum in the results of the remaining ones. This may arise 
in three different ways; first, from the coincidence of two points; 
secondly, from that of two straight lines; and thirdly, from that 
of two circles. "These, further, are the only three ways in which this 
accidental coincidence of data can produce this indeterminateness ; that 
is, in other words, convert the problem into a Porism. 

In the original Greek of Euclid’s Elements, the corollaries to the 
propositions are called porisms (wop:cuara); but this scarcely explains 
the nature of portsms, as it is manifest that they are different from 
simple deductions from the demonstrations of propositions. Some 
analogy, however, we may suppose them to have to the porisms or 
corollaries in the Elements. Pappus (Coll. Math. Lib. vir. pref.) in- 
forms us that Euclid wrote three books on Porisms. He defines “a 
porism to be something between a problem and a theorem, or that in 
which something is proposed to be investigated.” Dr. Simson, to whom 
is due the merit of having restored the porisms of Euclid, gives the fol- 
lowing definition of that class of propositions: **Porisma est propositio - 
in qua proponitur demonstrare rem aliquam, vel plures datas esse, cui, 
vel quibus, ut et cuilibet ex rebus innumeris, non quidem, datis, sed 
qu& ad ea que data sunt eandem habent relationem, convenire osten- 
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dendum est affectionem quandam communem in propositione descrip- 
tam." That is, “ A Porism is a proposition in which it is proposed to 
demonstrate that some one thing, or more things than one, are given, to 
which, as also to each of innumerable other things, not given indeed, 
but which have the same relation to those which are given, it is to be 
shewn that there belongs some common aflection described in the 
proposition." Professor Dugald Stewart defines a porism to be “A 
proposition affirming the possibility of finding one or more of the con- 
ditions of an indeterminate theorem." Professor Playfair in a paper 
(from which the following account is taken) on Porisms, printed 1n the 
‘Transactions of the Royal Society of Edinburgh, for the year 1792, 
defines a porism to be “ A proposition affirming the possibility of find- 
ing such conditions as will render a certain problem indeterminate or 
capable of innumerable solutions.” 

It may without much difficulty be perceived that this definition 
represents a porism as almost the same as an indeterminate problem. 
There is a large class of indeterminate problems which are, in general, 
loci, and satisfy certain defined conditions. Every indeterminate 
problem containing a locus may be made to assume the form of a 
porism, but not the converse. Porisms are of a more general nature 
than indeterminate problems which involve a locus. 

The ancient geometers appear to have undertaken the solution of 
problems with a scrupulous and minute attention, which would 
scarcely allow any of the collateral truths to escape their observation. 
They never considered a problem as solved till they had distinguished 
all its varieties, and evolved separately every different case that could 
occur, carefully distinguishing whatever change might arise in the 
construction from any change that was supposed to take place among 
the magnitudes which were given. This cautious method of proceed- 
Ing soon led them to see that there were circumstances in which the 
solution of a problem would cease to be possible; and this always 
happened when one of the conditions of the data was inconsistent with 
the rest. Such instances would occur in the simplest problems; but 
in the analysis of more complex problems, they must have remarked 
that their constructions failed, for a reason directly contrary to that 
assigned. Instances would be found where the lines, which, by their 
intersection, were to determine the thing sought, instead of intersecting 
one another, as they did in general, or of not meeting at all, would 
coincide with one another entirely, and consequently leave the question 
unresolved. The confusion thus arising would soon be cleared up, by 
observing, that a problem before determined by the intersection of two 
lines, would now become capable of an indefinite number of solutions. 
This was soon perceived to arise from one of the conditions of the pro- 
blem involving another, or from two parts of the data becoming one, 
so that there was not left a sufficient number of independent conditions 
to confine the problem to a single solution, or any determinate number 
of solutions. It was not difficult afterwards to perceive, that these 
eases of problems formed very curious propositions, of an indeter- 
minate nature between problems and theorems, and that they ad- 
mitted of being enunciated separately. It was to such propositions 
so enunciated that the ancient geometers gave the name of Por?sms. 

Besides, it will be found, that some problems are possible within 
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certain limits, and that certain magnitudes increase while others de- 
crease within those limits; and aíter having reached a certain value, 
the former begin to decrease, while the latter increase. This cireum- 
stance gives rise to questions of maxima and minima, or the greatest 
and least values which certain magnitudes may admit of in indeter- 
minate problems. 

In the following collection of problems and theorems, most will be 
found to be of so simple a character, (being almost obvious deductions 


from propositions in the Elements) as scarcely to admit of the prin- ` 


ciple of the Geometrical Analysis being applied, in their solution. 

It must however be recollected that a clear and exact knowledge 
of the first principles of Geometry must necessarily precede any in- 
telligent application of them. Indistinctness or defectiveness of un- 
derstanding with respect to these, will be a perpetual source of error 
and confusion. The learner is therefore recommended to understand 
the principles of the Science, and their connexion, fully, before he 
attempt any applications of them. The following directions may 
assist him in his proceedings. 


ANALYSIS OF THEOREMS. 


1. Assume that the Theorem is true. 

2. Proceed to examine any consequences that result from this 
admission, by the aid of other truths respecting the diagram, which 
have been already proved. 

9. Examine whether any of these consequences are already known 
to be true, or to be false. 

4. Ifanyone of them be false, we have arrived at a reductio ad ab- 
surdum, which proves that the theorem itself is false, as in Euc. I. 29. 

5. Ifnone of the consequences so deduced be known to be either 
true or false, proceed to deduce other consequences from all or any of 
these, as in (2). 

6. Examine these results, and proceed as in (3) and (4); and if 
still without any conclusive indications of the truth or falsehood of 
the alleged theorem, proceed still further, until such are obtained. 


ANALYSIS OF PROBLEMS. 


1. In general, any given problem will be found to depend on 
several problems and theorems, and these ultimately on some problem 
or theorem in Euclid. 

2. Describe the diagram as directed in the enunciation, and sup- 
pose the solution of the problem effected. 

3. Examine the relations of the lines, angles, triangles, &c. in 
the diagram, and find the dependence of the assumed solution on some 
theorem or problem in the Elements. 

4. Ifsuch cannot be found, draw other lines parallel or perpen- 
dicular as the case may require, join given points, or points assumed 
in the solution, and describe circles if need be: and then proceed to 
trace the dependence of the assumed solution on some theorem or 
problem in Euclid. 

5. Let not the first unsuccessful attempts at the solution of a 
Problem be considered as of no value; such attempts have been found 
to lead to the discovery of other theorems and problems. 


GEOMETRICAL EXERCISES ON BOOK I. 


PROPOSITION I. PROBLEM. 
To trisect a given straight line. 


ANALYSIS. Let AB be the given straight line, and suppose it 
divided into three equal parts in the points D, E. 
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On DE describe an equilateral triangle DEF, 
then DF is equal to 4D, and FE to EB. 
On 4B describe an equilateral triangle ABC, 
and join AF, FB. 
Then because 4D is equal to DF, 
therefore the angle AFD is equal to the angle DAF, 
and the two angles DAF, DFA are double of one of them DAF. 
But the angle FDE is equal to the angles DAF, DFA, 
and the angle FDE is equal to DAC, each being an angle of an 
equilateral triangle ; 
therefore the angle DAC is double the angle DAF; 
wherefore the angle DAC is bisected by 4 F. 
Also because the angle F4 C is equal to the angle FAD, 
and the angle FAD to DFA; 
therefore the angle CA F'is equal to the alternate angle 44 FD: 
and consequently FD is parallel to 4 C. 

Synthesis. Upon 4 2 describe an equilateral triangle 4 B C, 
bisect the angles at 44 and B by the straight lines 4 F, BF, meeting in F; 
through F draw FD parallel to 4 C, and FE parallel to BC. 
Then 4 B is trisected in the points D, E. 

For since AC'is parallel to FD and F.A meets them, 
therefore the alternate angles FA C, AFD are equal; 
but the angle FAD is equal to the angle F40, 
hence the angle DAF is equal to the angle AFD, 
and therefore DF is equal to DA. 

But the angle FDE is equal to the angle CAB, 
and FED to CBA; (1. 29.) 

therefore the remaining angle DFE is equal to the remaining angle 
ACB. 
Hence the three sides of the triangle DFE are equal to one another, 
and DF has been shewn to be equal to DA, 
therefore AD, DE, EP are equal to one another. 

Hence the following theorem. 

If the angles at the base of an equilateral triangle be bisected by 
two lines which meet at a point within the triangle; the two lines 
drawn from this point parallel to the sides of the triangle, divide the 
base into three equal parts. 
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Note. There is another method whereby a line may be divided 
into three equal parts :—by drawing from one extremity of the given 
line, another making an acute angle with it, and taking three equal 
distances from the extremity, then joining the extremities, and through 
the other two points of division, drawing lines parallel to this line 
through the other two points of division, and to the given line; the 
three triangles thus formed are equal in all respects. This may be 
extended for any number of parts, and is a particular case of Euc. VI. 10. 


PROPOSITION II, THEOREM, 


If two opposite sides of a parallelogram be bisected, and two lines be drawn 
from the points of bisection to the opposite angles, these two lines trisect 
the diagonal, 


Let ABCD be a parallelogram of which the diagonal is AC. 
Let AB be bisected in Æ, and DC in F, 
also let DE, FB be joined cutting the diagonal in G, H. 
Then 4C is trisected in the points G, H. 
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Through Æ draw EX parallel to 44 C and meeting FB in K. 
Then because EB is the half of AB, and DF the half of DC; 
therefore EB is equal to DF; 

and these equal and parallel straight lines are joined towards the 
same parts by DE and FB; 
therefore DE and FB are equal and parallel. (1. 33.) 
And because AEB meets the parallels EK, 40, 
therefore the exterior angle BEX is equal to the interior angle FAG. 
For a similar reason, the angle EBK is equal to the angle AEG. 
Hence in the triangles 4 EG, .E B K, there are the two angles GAE, 
AEG in the one, equal to the two angles KEB, EBK in the other, 
and one side adjacent to the equal angles in each triangle, namely 4E 
equal to EB; 





therefore 4G is equal to FX, (1. 26.) 
but EK is equal to GH, (1. 34.) therefore 4G is equal to GH. 
By a similar process, it may be shewn that GH is equal to HC. 
Hence AG, GH, HC are equal to one another, 
and therefore 4 C is trisected in the points G, H. 
It may also be proved that BF is trisected in H and K. 


PROPOSITION III, PROBLEM, 
Draw through a given point, between two straight lines not parallel, a 
straight line which shail be bisected in that point, 
Analysis. Let BC, BD be the two lines meeting in B, and let 4 
be the given point between them. 
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Suppose the line EAF drawn through 4, so that EA is equal to AF; 
D 


B H E QC 
through A draw AG parallel to BC, and GH parallel to EF. 
Then 4 GHE is a parallelogram, wherefore 4£Z is equal to GH, 
but EA is equal to 4 F by hypothesis; therefore GH is equal to AF. 
Hence in the triangles BHG, GAF, 
the angles HBG, AGF are equal, as also BGH, GFA, (1. 29.) 
also the side GH is equal to AF; 
whence the other parts of the triangles are equal, (1. 26.) 
therefore BG is equal to GF, 
Synthesis. Through the given point 4, draw AG parallel to BC; 
on GD, take GF equal to GB; 
then Fis a second point in the required line: 
join the points F, 4, and produce Z4 to meet BC in E; 
then the line FE is bisected in the point A; 
draw G.H parallel to 4AE. 

Then in the triangles BGH, GFA, the side BG is equal to GF, 
and the angles GBH, BGH are respectively equal to FGA, GFA; 
wherefore GH is equal to AF, (I. 26.) 
but GZ is equal to AE, (1. 34.) 
therefore 4 is equal to AF, or EF' is bisected in 4. 


PROPOSITION IV. PROBLEM. 


From two given points on the same side of a straight line given in posi- 
tion, draw two straight lines which shall meet in that line, and make equal 
angles with 3t; also prove, that the sum of these two lines is less than the 
sum of any other two lines drawn to any other point in the line. 


Analysis. Let A, B be the two given points, and CD the given line. 
Suppose G the required point in the line, such that 4G and BG 
being joined, the angle 4G C' is equal to the angle BGD. 
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Draw AF perpendicular to CD and meeting BG produced in E. 
Then, because the angle BGD is equal to AGF, (hyp.) 
and also to the vertical angle FGE, (1. 15.) 
therefore the angle 4 GF is equal to the angle EGF; 
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also the right angle AFG is equal to the right angle EFG, 
and the side FG is common to the two triangles AFG, EFG, 
therefore 4G is equal to £G, and AF to FE. 
Hence the point E being known, the point G is determined by the 
intersection of CD and BE. 
Synthesis. From 4 draw AF perpendicular to CD, and produce 
it to E, making FE equal to AF, and join BE cutting CD in G. 
Join also 4 G. 
Then AG and BG make equal angles with CD. 

For since AF is equal to FÉ, and FG is common to the two 
triangles AGF, EGF, and the included angles AFG, EFG are equal; 
therefore the base AG is equal to the base EG, 
and the angle AGF to the angle FGF; 
but the angle EGF is equal to the vertical angle BG D, 

therefore the angle AGF is equal to the angle BGD; 
that is, the straight lines AG ind BG make equal angles with 
the straight line CD. 
Also the sum of the lines 44 G, GB is a minimum. 

For take any other point Z in CD, and join EH, HB, AH. 
Then since any two sides of a triangle are greater than the third side, 
therefore EH, HB are greater than EB in the triangle EHB. 
But EG is equal to 4G, and EH to AH; 

therefore A H, HB are greater than AG, GB. 
That is, 4G, GB are less than any other two lines which can be 
drawn from 4, B, to any other point H in the line CD. 
By means of this Proposition may be found the shortest path from: 
one given point to another, subject to the condition, that it shall 
meet two given lines. | 


PROPOSITION V. PROBLEM. 


Given one angle, a side opposite to it, and the sum of the other two sides, 
construct the triangle. 

Analysis. Suppose BAC the triangle required, having BC equal 
to the given side, BAC equal to the given angle opposite to BC, also” 
BD equal to the sum of the other two sides. | 

D 
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Join DC. s 
Then since the two sides B.A, AC are equal to BD, by taking BA 
from these equals, the remainder 4 C is equal to the remainder 4 D. 
Hence the triangle .4 CD is isosceles, and therefore the angle 4 DC 
is equal to the angle 44 CD. 
But the exterior angle BAC of the triangle ADC is equal to the 
two interior and opposite angles ACD and ADC: 1 
Wherefore the angle BAC is double the angle BDC, and BDC is d 
the half of the angle BAC. 
Hence the synthesis. 
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At the point D in BD, make the angle BDC equal to half the 
given angle, 
and from B the cther extremity of BD, draw BC equal to the 
given side, and meeting DC in C, 
at C in CD make the angle DCA equal to the angle CDA, so 
that CA may meet BD in the point A. 
Then the triangle 4 2 C shall have the required conditions. 


PROPOSITION VI. PROBLEM. 
To bisect a triangle by a line drawn from a given point in one of the sides. 


Analysis. Let 4BDC be the given triangle, and D the given point 
in the side AD. 





Suppose DF the line drawn from D which bisects the triangle; 
therefore the triangle DBF is half of the triangle 4 BC. 
Bisect B C in £, and join 4 E, DE, AF, 
then the triangle 44 D.E is half of the triangle ABC: 
hence the triangle 4 BE is equal to the triangle DBF; 
take away from these equals the triangle DBL, 
therefore the remainder .4 D E is equal to the remainder DEF. 
But ADE, DEF are equal triangles upon the same base DE, and 
on the same side of it, 
they are therefore between the same parallels, (1. 39.) 
that is, 42’ is parallel to DE, 
therefore the point F is determined. 
Synthesis. Bisect the base BC in E, join DE, 
from A, draw .4 F parallel to DE, and join DF. 
Then because DE is parallel to AF, 
therefore the triangle 4DE is equal to the triangle DEF'; (1. 37.) 
to each of these equals, add the triangle DDE, 
therefore the whole triangle 4 BE is equal to the whole DBF, 
but ABE is half of the whole triangle ABC; 
therefore DBF is also half of the triangle ABC. 


PROPOSITION VII. THEOREM. 


If from a point without a parallelogram lines be drawn to the extremities 
of two adjacent sides, and of the diagonal which they include; of the tri- 
angles thus formed, that, whose base is the diagonal, is equal to the sum of 
the other two, 


Let A BCD bea parallelogram of which A C is one of the diagonals, 
and X P be any point without it: and let AP, PC, BP, PD be 
joined. 

Then the triangles APD, APB are together equivalent to the tri- 
angle APC. 


E 
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Draw PGE parallel to AD or B C, and meeting 4B in G, and DC 
in E; and join DG, GC. 
Then the triangles CBP, CBG are equal: (1. 37.) 
and taking the common part CBH from each, 
the remainders PHB, CHG are equal. 
Again, the triangles DAP, DAG are equal; (I. 37.) 
also the triangles DAG, AGC are equal, being on the same base 
AG, and between the same parallels 4G, DC: 
therefore the triangle DAP is equal to the triangle AGC: 
but the triangle PHB is equal to the triangle CHG, 
wherefore the triangles PHB, DAP are equal to 4GC, CHG, or 
ACH, add to these equals the triangle 4 PH, 
therefore the triangles 4 PH, PHB, DAP are equal to APH, ACH, 
that is, the triangles 4PL, DAP are together equal to the triangle 
PA 
















If the point P be within the parallelogram, then the difference of 
the triangles 4 PB, LAP may be proved to be equal to the triangle 
PAC. 


i 


8. Describe an isosceles triangle upon a given base and having 
each of the sides double of the base, without using any proposition of 
the Elements subsequent to the first three. If the base and sides be 
given, what condition must be fulfilled with regard to the magnitude 
of each of the equal sides in order that an isosceles triangle may be 
constructed ? 

9. In the fig. Euc. 1.5. If FC and BG meetin H, then prove 
that 4 H bisects the angle BAC. 

10. In the fig. Euc. 1. 5. If the angle FDG be equal to the angle 
ABC, and BG, CF, intersect in O; the angle BOF is equal to twice 
the angle BAC. 

11. From the extremities of the base of anisosceles triangle straight 
lines are drawn perpendicular to the sides, the angles made by them 
with the base are each equa! to half the vertical angle. 

12. A line drawn bisecting the angle contained by the two equal 
sides of an isosceles triangle, bisects the third side at right angles. 

13. Ifastraight line drawn bisecting the vertical angle of a tri- 
angle also bisect the base, the triangle is isosceles. 
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14. Given two points one on each side of a given straight line; 
. find a point in the line such that the angle contained by two lines 
drawn to the given points may be bisected by the given line. 
15. In the fig. Euc. 1. 5, let 7 and G be the points in the sides 
AB and AC produced, and let lines FH and GK be drawn perpen- 
dicular and equal to FC and G&B respectively: also if BH, CK, or 
these lines produced meet in O; prove that BH is cqual to CK, and 
BO to CO. 
16. From every point of a given straight line, the straight lines 

"drawn to each of two given points on opposite sides of the line are 

equal: prove that the line joining the given points will cut the given 
line at right angles. 
_ 17. If A be the vertex of an isosceles triangle A BC, and BA be 
produced so that 4D is equal to BA, and DC be drawn; shew thai 
BCD is a right angle. 

18. The straight line EDF, drawn at right angles to BC the base 
of an isosceles triangle ABC, cuts the side AB in D, and CA pro- 
duced in E; shew that AED is an isosceles triangle. 

19. In the fig. Euc. 1. 1, if ABP be produced both ways to meet 
the circles in D and E, and from C, CD and CE be drawn; the figure 
CDE is an isosceles triangle having each of the angles at the base, 
equal to one fourth of the angle at the vertex of the triangle. 

20. From a given point, draw two straight lines making equal 
angles with two given straight lines intersecting one another. 

21. From a given point to draw a straight line to a given straight 

Une, that shall be bisected by another given straight line. 

22. Place a straight line of given length between two given 
straight lines which meet, so that it shall be equally inclined to each 
of them. 

23. To determine that point in a straight line from which the 
straight lines drawn to two other given points shall be equal, pro- 
vided the line joining the two given points is not perpendicular to the 
given line. 

24. Ina given straight line to find a point equally distant from 
two given straight lines. In what case is this impossible ? 

_ 25. Ifa line intercepted between the extremity of the base of an 
isosceles triangle, and the opposite side (produced if necessary) be 
equal to a side of the triangle, the angle formed by this line and the 
base produced, is equal to three times either of the equal angles of the 
triangle. 

. 26. In the base BC of an isosceles triangle 4 BC, take a point D, 
and in CA take CE equal to CD, let ED produced meet A B produced 
in P, then 3.42 F'=2 right angles + AFE, or=4 right angles + AFE. 

27. If from the base to the opposite sides of an isosceles triangle, 
three straight lines be drawn, making equal angles with the base, viz. 
one from its extremity, the other two from any other point in it, these 
two shall be together equal to the first. 

28. A straight line 1s drawn, terminated by one of the sides of an 
isosceles triangle, and by the other side produced, and bisected by 
the base; prove that the straight lines, thus intercepted between the 
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vertex of the isosceles triangle, and this straight line, are together 
equal to the two equal sides of the triangle. 

29. Ina triangle, if the lines bisecting the angles at the base be 
equal, the triangle is isosceles, and the angle contained by the bisect- 
ing lines is equal to an exterior angle at the base of the triangle. 

30. Ina triangle, if lines be equal when drawn from the extremi- 
ties of the base, (1) perpendicular to the sides, (2) bisecting the sides, 
(3) making equal angles with the sides; the triangle is isosceles: 
and then these lines which respectively join the intersections of the 
sides, are parallel to the base. 
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31. ABC isa triangle right-angled at B, and having the angle Æ 
double the angle C; shew that the side BC is less than double the 
side 4B. 

32. If one angle of a triangle be equal to the sum of the other 
two, the greatest side is double of the distance of its middle point from 
the opposite angle. 

33. If from the right angle of a right-angled triangle, two straight 
lines be drawn, one perpendicular to the base, and the other bisecting 
it, they will contain an angle equal to the difference of the two acute 
angles of the triangle. 

34. Ifthe vertical angle CAB ofa triangle ABC be bisected by 
AD, to which the perpendiculars CE, BF are drawn from the remain: 
ing angles: bisect the base BC in G, join GE, GF, and prove thes 
lines equal to each other. 

35. ‘The difference of the angles at the base of any triangle, i 
double the angle contained by a line drawn from the vertex perpen 
dicular to the base, and another bisecting the angle at the vertex. 

36. If one angle at the base of a triangle be double of the other 
the less side is equal to the sum or difference of the segments of thi 
base made by the perpendicular from the vertex, according as th 
angle is greater or less than a right angle. 

37. If two exterior angles of a triangle be bisected, and from th 
point of intersection of the bisecting lines, a line be drawn to the op 
posite angle of the triangle, it will bisect that angle. i 

38. From the vertex of a scalene triangle draw a right line t 
the base, which shall exceed the less side as much as it is exceede: 
by the greater. 

39. Divide a right angle into three equal angles. 

40. One of the acute angles of a right-angled triangle is thre 
times as great as the other; trisect the smaller of these. 

41. Prove that the sum of the distances of any point withi 
a triangle from the three angles is greater than half the perimete 
of the triangle. 

42. The perimeter of an isosceles triangle is less than that of an 
other equal triangle upon the same base. J 

43. If from the angles of a triangle 4 BC, straight lines ADJ 
BDF, CDG be drawn through a point D to the opposite sides; 
prove that the sides of the triangle are together greater than the thre 
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lines drawn to the point D, and less than twice the same, but greater 
than two-thirds of the lines drawn through the point to the opposite 
sides. 

44. In a plane triangle an anyle is right, acute or obtuse, ac- 
eording as the line joining the vertex of the angle with the middle 
point of the opposite side is equal to, greater or less than balf of 
that side. 

45. If the straight line 4D bisect the angle 4 of the triangle 
ABC, and BDE be drawn perpendicular to 4D and meeting AC or 
AC produced in Æ, shew that BD - DE. 

46. The side BC of a triangle ABC is produced to a point D. 
The angle ACB is bisected by a line CE which meets AB in E. 
A line is drawn through Æ parallel to BC and meeting AC in F, 
and the line bisecting the exterior angle ACD, in G. Shew that 
EF is equal to FG. 

47. The sides AB, AC, of a triangle are bisected in D and E 
respectively, and B E, CD, are produced until EF= EB, and GD= DC; 
shew that the line GF passes through 4. 

48. In a triangle ABC, AD being drawn perpendicular to the 
straight line BD which bisects the angle B, shew that a line drawn 
from D parallel to B C will bisect .4 C. 

49. If the sides of a triangle be trisected and lines be drawn 
through the points of section adjacent to each angle so as to form 
another triangle, this shall be in all respects equal to the first 
triangle. 

50. Between two given straight lines it is required to draw a 
straight line which shall be equal to one given straight line, and - 
parallel to another. 

51. If from the vertical angle of a triangle three straight lines be 
drawn, one bisecting the angle, another bisecting the base, and the 
third perpendicular to the base, the first is always intermediate in 
magnitude and position to the other two. 

52. In the base of a triangle, find the point from which, lines 
drawn parallel to the sides of the triangle and limited by them, are equal. 

93. In the base of a triangle, to find a point from which if two 
lines be drawn, (1) perpendicular, (2) parallel, to the two sides of the 
triangle, their sum shall be equal to a given line. 


III. 


54. In the figure of Euc. 1. 1, the given line is produced to meet 
either of the circles in P; shew that P and the points of intersection 
af the circles, are the angular points of an equilateral triangle. 

55. Ifeach of the equal angles of an isosceles triangle be one- 
fourth of the third angle, and from one of them a line be drawn 
at right angles to the base meeting the opposite side produced; then 
will the part produced, the perpendicular, and the remaining side, 
form an equilateral triangle. 

56. In the figure Euc. 1. 1, if the sides CA, CB of the equilateral 
triangle ABC be produced to meet the circles in F, G, respectively, 
and if C’ be the point in which the circles cut one another on the 
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other side of AB: prove the points F, C', G to be in the same straight 
line; and the figure CFG to be an equilateral triangle. 

57. ABC is a triangle and the exterior angles at B and € 
are bisected by lines BD, CD respectively, meeting in D: shew 
that the angle BDC and half the angle BAC make up a right 
angle. 

E If the exterior angle of a triangle be bisected, and the angles 
of the triangle made by the bisectors be bisected, and so on, the 
triangles so formed will tend to become eventually equilateral. 

99. Ifin the three sides 4B, BC, CA of an equilateral triangle 
ABC, distances AL, BF, CG be taken, each equal to a third of 
one of the sides, and the points 4 F, G be respectively joined 
(1) with each other, (2) with the opposite angles: shew that the two 
triangles so formed, are equilateral triangles. 


IV. 


60. Describe a right-angled triangle upon a given base, having 
given also the perpendicular from the right angle upon the hy- 
potenuse. 

61. Given one side of a right-angled triangle, and the difference 
between the hypotenuse and the sum of the other two sides, to con 
struct the triangle. 

62. Construct an isosceles right-angled triangle, having giver 
(1) the sum of the hypotenuse and one side; (2) their difference. 

63. Describe a right-angled triangle of which the hypotenuse 
and the difference between the other two sides are given. 

64. Given the base of an isosceles triangle, and the sum or dif- 
ference of a side and the perpendicular from the vertex on the base. 
Construct the triangle. 

65. Make an isosceles triangle of given altitude whose sides shall 
us through two given points and have its base on a given straight 
ine. 

66. Construct an equilateral triangle, having given the length of 
the perpendicular drawn from one of the angles on the opposite side. 

67. Having given the straight lines which bisect the angles at the 
base of an equilateral triangle, determine a side of the triangle. 

68. Having given two sides and an angle of a triangle, construct 
the triangle, distinguishing the different cases. 

69. Having given the base of a triangle, the difference of the sides, 
and the difference of the angles at the base; to describe the triangle. 

70. Given the perimeter and the angles of a triangle, to con- 
struct it. 

71. Having given the base of a triangle, and half the sum and 
half the difference of the angles at the base ; to construct the triangle 

72. Having given two lines, which are not parallel, and a point 
between them; Lm a triangle having two of its angles in the 
respective lines, and the third at the given point; and such that the 
sides shall be equally inclined to the lines which they meet. 

73. Construct a triangle, having given the three lines drawn from 
the angles to bisect the sides opposite. 
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74, Given one of the angles at the base of a triangle, the base 
itself, and the sum of the two remaining sides, to construct the tri- 
angle. 

“75. Given the base, an angle adjacent to the base, and the dif- 
ference of the sides of a triangle, to construct it. 

16. Given one angle, a side opposite to it, and the difference of 
the other two sides; to construct the triangle. 

Ti. Given the base and the sum of the two other sides of a 
triangle, construct it so that the line which bisects the vertical 
angle shall be parallel to a given line. 


V. 


78. From a given point without a given straight line, to draw a line 
making an angle with the given line equal to a given rectilineal angle. 

19. Through a given point .4, draw a straight line 4 BC meeting 
two given parallel straight lines in B and C, such that BC may be 
equal to a given straight line. 

80. Ifthe line joining two parallel lines be bisected, all the lines 
drawn through the point of bisection and terminated by the parallel 
lines are also bisected in that point. 

81. Three given straight lines issue from a point: draw another 
straight line cutting them so that the two segments of it intercepted 
between them may be equal to one another. 

82. AB, AC are two straight lines, B and C given points in the 
same; JD D is drawn perpendicular to 4 C, and D perpendicular to 
AB; in like manner CF'is drawn perpendicular to AB, and FG to 
AC. Shew that EG is parallel to BC. 

83. ABC isa right-angled triangle, and the sides 4C, AB are 
produced to D and F'; bisect FBC and BOD by the lines BE, CE, 
and from Æ let fall the perpendiculars EF, ED. Prove (without 
assuming any properties of parallels) that 4DEF is a square. 

84. Two pairs of equal straight lines being given, shew how to 
construct with them the greatest parallelogram. 

85. With two given lines as diagonals describe a parallelogram 
which shall have an angle equal to a given angle. Within what 
limits must the given angle lie? 

86. Having given one of the diagonals of a parallelogram, the 
sum of the two adjacent sides and the angle between them, construct 
the parallelogram. 

87. One of the diagonals of a parallelogram being given, and the 
angle which it makes with one of the sides, complete the parallelo- 
gram, so that the other diagonal may be parallel to a given line. 

88. ABCD, A’'BCD’ are two parallelograms whose corres- 
ponding sides are equal, but the angle 4 is greater than the angle 
A’, prove that the diameter ÆC is less than 4’C’, but BD greater 
than BD’. 

89. Ifin the diagonal of a parallelogram any two points equi- 
distant from its extremities be joined with the opposite angles, a 
figure will be formed which is also a parallelogram. 

90. From each angle of a parallelogram a line is drawn making 
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the same angle towards the same parts with an adjacent side, taken 
always in the same order ; shew that these lines form another parallelo- 
gram similar to the original one. 

91. Along the sides of a parallelogram taken in order, measure 
A4 A'  BB'- CC - DI/: the figure A’B’C’D' will be a parallelogram. 

92. On the sides 44D, BC, CD, DA, of a parallelogram, set off 
AF, BF, CG, DH, equal to each other, and join AF, BG, CH, DE: 
these lines form a parallelogram, and the difference of the angles 
AFB, BGC, equals the difference of any two proximate angles of the 
two parallelograms. 

93. OB, OC are two straight lines at right angles to each other, 
through any point P any two straight lines are drawn intersecting 
OB, OC, in B, B’, C, C’, respectively. If D and D' be the middle 
points of BL and CC’, shew that the angle BPD’ is equal to the 
angle DOD’. 

94. ABCD isa parallelogram of which the angle Cis opposite to 
the angle 4. If through A any straight line be drawn, then the dis- 
tance of C' is equal to the sum or difference of the distances of B and 
of D from that straight line, according as it lies without or within the 
parallelogram. 

95. Upon stretching two chains AC, BD, across a field ABCD, 
I find that BD and AC make equal angles with DC, and that AC 
makes the same angle with 4D that BD does with BC; hence prove 
that 44 B is parallel to C'D. 

96. To find a point in the side or side produced of any parallelo- 
gram, such that the angle it makes with the line joining the point 
and one extremity of the opposite side, may be bisected by the line 
joining it with the other extremity. 

97. When the corner of the leaf of a book 1s turned down a second 
time, so that the lines of folding are parallel and equidistant, the space 
in the second fold is equal to three times that in the first. 


VI. 


98. Ifthe points of bisection of the sides of a triangle be joined, 
the triangle so formed shall be one-fourth of the given triangle. 

99. Ifin the triangle .4BC, BC be bisected in D, AD joined 
and bisected in Æ, BE joined and bisected in F, and CF joined and 
bisected in G; then the triangle EFG will be equal to one-eighth of 
the triangle ABC. 

100. Shew that the areas of the two equilateral triangles in 
Prob. 59, p. 78, are respectively, one-third and one-seventh of the area 
of the original triangle. 

101. To describe a triangle equal to a given triangle, (1) when 
the base, (2) when the altitude of the required triangle 1s given. 

102. To describe a triangle equal to the sum or difference of two 
given triangles. 

103. Upon a given base describe an isosceles triangle equal to a 
given triangle. 

104. Describe a right-angled triangle equal to a given triangle 
ABC. 

105. "Toa given straight line apply a triangle which shall be equal 
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to a given parallelogram and have one of its angles equal to a given 
rectilineal angle. 

106. Transform a given rectilineal figure into a triangle whose 
vertex shall be in a given angle of the figure, and whose base shall be 
in one of the sides. 

107. Divide a triangle by two straight lines into three parts which 
when properly arranged shall form a parallelogram whose angles are 
of a given magnitude. 

108. Shew that a scalene triangle cannot be divided into two 
parts which will coincide. 

109. If two sides of a triangle be given, the triangle will be 
greatest when they contain a right angle. 

110. Ofall triangles having the same vertical angle, and whose 
bases pass through a given point, the least is that whose base is bisected 
in the given point. 

111. Of all triangles having the same base and the same perimeter, 
that is the greatest which has the two undetermined sides equal. 

112. Divide a triangle into three equal parts, (1) by lines drawn 
from a point in one of the sides: (2) by lines drawn from the angles 
to a point within the triangle: (3) by lines drawn from a given point 
within the triangle. In how many ways can the third case be done? 

113. Divide an equilateral triangle into nine equa! parts. 

114. Bisect a parallelogram, (1) by a line drawn from a point in 
one of its sides: (2) by a line drawn from a given point within or 
without it: (3) by a line perpendicular to one of the sides: (4) by a 
line drawn parallel to a given line. 

115. From a given point in one side produced ofa parallelogram, 
draw a straight line which shall divide the parallelogram into two 
equal parts. 

116. To trisect a parallelogram by lines drawn (1) from a given 
point in one of its sides, (2) from one of its angular points. 


VII. 


117. To describe a rhombus which shall be equal to any given 
quadrilateral figure. ' 

118. Describe a parallelogram which shall be equal in area and 
perimeter to a given triangle. 

119. Finda point in the diagonal of a square produced, from which 
ifa straight line be drawn parallel to any side of the square, and 
meeting another side produced, it will form together with the pro- 
duced diagonal and produced side, a triangle equal to the square. 

120. Iffrom any point within a parallelogram, straight lines be 
drawn to the angles, the parallelogram shall be divided into four tri- 
angles, of which each two opposite are together equal to one-half of 
the parallelogram. 

121. If ABCD be a parallelogram, and Æ any point in the dia- 
gonal 4C, or AC produced; shew that the triangles EBC, EDC, are 
equal, as also the triangles EBA and EBD. 

122. ABCD is a parallelogram, draw DFG meeting BC in F, 


Ed 


=~ 
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and 4 B produced in G'; join AF, CG; then will the triangles 4 BF, 
CFG be equal to one another. 

123. ABCD isa parallelogram, Æ the point of intersection of its 
diagonals, and K any point in AD. If KB, KC be joined, shew that 
the figure BK EC is one-fourth of the parallelogram. 

124. Let ABCD be a parallelogram, and O any point within it, 
through O draw lines parallel to the sides of 4BCD, and join OA, 
OC; prove that the difference of the parallelograms DO, BO is twice 
the triangle OAC. 

125. The diagonals 4C, BD of a parallelogram intersect in O, and 
P is a point within the triangle 4 02 ; prove that the difference of the 
triangles 4 P DB, CPD is equal to the sum of the triangles 4 PC, BPD. 

1:6. If K be the common angular point of the parallelograms 
about the diameter 4 C (fig. Euc. 1. 43.) and BD be the other dia- 
meter, the difference of these parallelograms is equal to twice the 
triangle BAD. 

127. The perimeter of a square is less than that of any other paral- 
lelogram of equal area. 

128. Shew that of all equiangular parallelograms of equal peri- 
meters, that which is equilateral is the greatest. 

129. Prove that the perimeter of an isosceles triangle is greater 
than that of an equal right-angled parallelogram of the same altitude. 


VIII. 


130. If a quadrilateral figure is bisected by one diagonal, the 
second diagonal is bisected by the first. 

131. Iftwo opposite angles of a quadrilateral figure are equal, 
shew that the angles between opposite sides produced are equal. 

132. Prove that the sides of any four-sided rectilinear figure are 
together greater than the two diagonals. 

133. The sum of the diagonals of a trapezium is less than the sum 
of any four lines which can be drawn to the four angles, from any 
point within the figure, except their intersection. 

134. The longest side of a given quadrilateral is opposite to the 
shortest; shew that the angles adjacent to the shortest side are together 
greater than the sum of the angles adjacent to the longest side. 

135. Give any two points in the opposite sides of a trapezium, in- 
scribe in it a parallelogram having two of its angles at these points. 

136. Shew that in every quadrilateral plane figure, two parallelo- 
grams can be described upon two opposite sides as diagonals, such 
that the other two diagonals shall be in the same straight line and equal. 

137. Describe a quadrilateral figure whose sides shall be equal to 
four given straight lines. What limitation is necessary ? 

138. If the sides of a quadrilateral figure be bisected and the 
points of bisection Joined, the included figure is a parallelogram, and 
equal in area to half the original figure. 

139. A trapezium is such, that the perpendiculars let fall on a 
diagonal from the opposite angles are equal. Divide the trapezium 
into four equal triangles, by straight lines drawn to the angles from a 
oint within it. 
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140. Iftwo opposite sides of a trapezium be parallel to one another, 

| the straight line joining their bisections, bisects the trapezium. 

141. If of the four triangles into which the diagonals divide a 
trapezium, any two opposite ones are equal, the trapezium has two of 
its opposite sides parallel. 

142. If two sides of a quadrilateral are parallel but not equal, 
and the other two sides are equal but not parallel, the opposite angles 
of the quadrilateral are together equal to two right angles: and 
conversely. 

143. If two sides of a quadrilateral be parallel, and the line joining 
the middle points of the diagonals be produced to meet the other 
sides; the line so produced will be equal to half the sum of the 
parallel sides, and the line between the points of bisection equal to 
half their difference. 

144. To bisect a trapezium, (1) by a line drawn from one of its 
angular points: (2) by a line drawn from a given point in one side. 

145. To divide a square into four equal portions by lines drawn 
from any point in one of its sides. 

146. It is impossible to divide a quadrilateral figure (except it be 
a parallelogram) into equal triangles by lines drawn from a point 
within it to its four corners. 


IX. 


147. Ifthe greater of the acute angles of a right-angled triangle, 
be double the other, the square on the greater side is three times the 
square on the other. 

148. Upon a given straight line construct a right-angled triangle 
such that the square onthe other side may be equal to seven times 
the square on the given line. 

149. Iffrom the vertex of a plane triangle, a perpendicular fall 
upon the base or the base produced, the difference of the squares on 
- sides is equal to the difference of the squares on the segments of 
the base. 

150. Iffrom the middle point of one of the sides of a right-angled 
triangle, a perpendicular be drawn to the hypotenuse, the difference 
of the squares on the segments into which itis divided, is equal to the 
square on the other side. 

151. Ifa straight line be drawn from one of the acute angles of a 
right-angled triangle, bisecting the opposite side, the square upon that 
line is less than the square upon the hypotenuse by three times the 
square upon half the line bisected. 

152. Ifthe sum of the squares on the three sides of a triangle be 
equalto eight times the square on the line drawn from the vertex 
to the point of bisection of the base, then the vertical angle is a 
right angle. 

153. If a line be drawn parallel to the hypotenuse of a right- 
angled triangle, and each of the acute angles be joined with the 
points where this line intersects the sides respectively opposite to 
them, the squares on the joining lines are together equal to the 
squares on the hypotenuse and on the line drawn parallel to it. 
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154. Let ACB, ADB be two right-angled triangles having a. 
common hypotenuse 48, join CD, and on CD produced both ways 
draw perpendiculars 4E, BF. Shew that CE*« CF*- DE*& DF?.. © 

155. If perpendiculars 4D, BE, CF drawn from the angles on: 
the opposite sides of a triangle intersect in G, the squares on .4B, 
BC, and CA, are together three times the squares on 4G, BG, 
and CG. | 

156. If ABC be a triangle of which the angle Æ is a right 
angle; and BE, CF be drawn bisecting the opposite sides re- 
spectively: shew that four times the sum of the squares on BE 
and CF is equal to five times the square on BC. 

157. If ABC be an isosceles triangle, and CD be drawn per- 
pendieular to 4B; the sum of the squares on the three sides is 


equal to 
AD*+2.BD*+3.CD*. 

158. The sum of the squares described upon the sides of a rhombus 
is equal to the squares described on its diameters. 

159. <A point is taken within a square, and straight lines drawn 
from it to the angular points of the square, and perpendicular to the 
sides; the squares on the first are double the sum of the squares on 
the last. Shew that these sums are least when the point is in the 
center of the square. 

160. In the figure Euc. I. 47, 

(a) Shew that the diagonals F4, AX of the squares on AB, AC, 
lie in the same straight line. 

(b If DF, EK be joined, the sum of the angles st the bases 
of the triangles BFD, CEK is equal to one right angle. 

(c) If BG and CH be joined, those lines will be parallel. 

(d) If perpendiculars be let fall from Fand K on BC produced, 
the parts produced will be equal; and the perpendiculars together 
will be equal to BC. 

(e) Join GH, KE, FD, and prove that each of the triangles so 
formed, equals the given triangle 44 B C. 

(f) The sum of the squares on GH, KE, and FD will be equal 
to six times the square on the hypotenuse. 

(g) The difference of the squares on AB, AC, is equal to the 
difference of the squares on AD, AE. 

161. The area of any two parallelograms described on the two 
sides of a triangle, is equal to that of a parallelogram on the base, 
whose side is equal and parallel to the line drawn from the vertex of 
the triangle, to the intersection of the two sides of the former paral- 
lelograms produced to meet. 

162. If one angle of a triangle be a right angle, and another 
equal to two-thirds of a right angle, prove from the First Book of 
Euclid, that the equilateral triangle described on the hypotenuse, 
is equal to the sum of the equilateral triangles described upon the 
sides which contain the right angle. 
















BOOK II. 


DEFINITIONS. 


I. 


EvERY right-angled parallelogram is called a rectangle, and is said 
to be contained by any two of the straight lines which contain one of 
the right angles. 


II. 


In every parallelogram, any of the parallelograms about a diameter 
together with the two complements, is called a gnomon. 





* 'Thus the parallelogram HG together with the complements 4F, FC, 
is the gnomon, which is more briefty expressed by the letters AGK, or 
EHC, which are at the opposite angles of the parallelograms which make 
the gnomon.” 


PROPOSITION I. THEOREM. 


If there be two straight lines, one of which is divided into any number 
of parts ; the rectangle contained by the two straight lines, is equal to the 
rectangles contained by the undivided line, and the several parts of the 
divided line. 


Let 4 and BC be two straight lines; 
and let BC be divided into any parts BD, DE, EO, in the points D, £. 
Then the rectangle contained by the straight lines 4 and BC, shall 
be equal to the rectangle contained by 4 and BD, together with that 
contained by 4 and DE, and that contained by 4 and £C. 
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From the point B, draw BF at right angles to BC, (1. 11.) 
and make BG equal to 4; (1. 3. 
through G draw GZ parallel to BC, (1. 31.) 
and through D, E, C, draw DK, EL, CH parallel to BG, meeting 
GH in K, L, H. 
Then the rectangle BH is equal to the rectangles BK, DL, EH. 
And BH is contained by A and BC, 
for it is contained by GB, BC, and GB is equal to 4: 
and the rectangle BX is contained by 4, BD, 
for it is contained by GB, BD, of which GB is equal to 4: 
also DZ is contained by 4, DE, 
because DAK, that is, BG, (1. 34.) is equal to A; 
and in like manner the rectangle EH is contained by 4, EC: 
therefore the rectangle contained by A, BO, is equal to the several 
rectangles contained by 4, BD, and by 4, DE, and by 4, EC. 
Wherefore, if there be two straight lines, &c. Q.E.D. 





PROPOSITION II. THEOREM, 


Ifa straight line be divided into any two parts, the rectangles contained 
by the whole and each of the parts, are together equal to the square on the 
whole line, 

Let the straight line 4B be divided into any two parts in the point C. 

Then the rectangle contained by 42, BC, together with that con- 
tained by AB, AC, shall be equal to the square on 4D. 

A C B 


D FE 
Upon AB describe the square A DEB, (1. 46.) and through C drcw 
CF parallel to 4D or BE, (1. 31.) meeting DE in F. 
Then 4 £ is equal to the rectangles AF, CE. 
And AF is the square on AB; 
and 4 Fis the rectangle contained by BA, AC; 
for it is contained by DA, AC, of which DA is equal to AB: 
and CE is contained by 4B, BC, 
for BE is equal to AB: 
therefore the rectangle contained by 4B, AC, together with the 


rectangle 4 D, BC is equal to the square on AB. 
If therefore a straight line, &c. Q.E.D. 
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PROPOSITION III. THEOREM. 


If a straight line be divided into any two parts, the rectangle contained by 
the whole and one of the parts, is equal to the rectangle contained by the two 
ports, together with the square on the aforesaid part, 


Let the straight line 4B be divided into any two parts in the point C. 
Then the rectangle 4B, BC, shall be equi to the rectangle 
AC, CB, together with the square on BC. 


" A C B 


F D E 


Upun BC describe the square CD EB, (1. 46.) and produce .ED to F, 
through 4 draw 4AF parallel to CD or BE, (1. 31.) meeting E Fin F. 
Then the rectangle AE is equal to the rectangles AD, CE. 

And A E is the rectangle contained by 4B, BC, 
for it is contained by 4 B, DE, of which BE ìs equal to BC: 
and 4D is contained by 4C, CB, for CD is equal to CB: 
and CE is the square on BC: 
therefore the rectangle 4B, BC, is equal to the rectangle 4C, CB, 

together with the square on BC. 
If therefore a straight line be divided, &c. Q.E.D. 


PROPOSITION IV. THEOREM. 


If a straight line be divided into any two parts, the square on the whole 
line is equal to the squares on the two parts, together with twice the rectangie 
contained by the parts. 


Let the straight line 4 2 be divided into any.two parts in C. 
Then the square on 4B shall be equal to the squares on 44 C; and 
CB, together with twice the rectangle contained by 4C, CB. 








A CB 
cl4| 
D F E 


Upon AB describe the square 4 DEB, (1. 46.) join BD, 
through C draw CGF parallel to 4D or BE, (1. 31.) meeting BD 
in Gand DE in fF’; 
and through G draw ZZG K parallel to 4 B or DE, meeting AD in 
H, and BE in K; 
Then, because CF is parallel to 4D and BD falls upon them, 
therefore the exterior angle BGC is equal to the interior and opposite 
angle BDA; (I. 29.) 
but the angle BDA is equal to the angle DBA, (1. 5.) 
because B.A is equal to 44 D, being sides of a square ; 
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wherefore the angle BGC is equal to the angle DBA or GBO; 
and therefore the side BC is equal to the side CG; (I. 6.) 
but BC is equal also to GK, and CG to BK; (1. 34.) 
wherefore the figure CG KB is equilateral. 
It is likewise rectangular ; 
for, since CG is parallel to BK, and BC meets them, 
therefore the angles KBC, BCG are equal to two right angles ; (1. 29. 
| but the angle ABC is a right angle; (def. 30. constr.) 
wherefore BCG is a right angle: 
and therefore also the angles CGK, GKB, opposite to these, are righ 
angles; (I. 34.) 
wherefore CG'KB is rectangular : 
but it is also equilateral, as was demonstrated ; 
wherefore it is a square, and it is upon the side CB. 
For the same reason HF is a square, 
and it is upon the side HG, which is equal to AC. (1. 34.) 
Therefore the figures HF, CK, are the squares on AC, CB. 
And because the complement 4G is equal to the complement GZ, 
I, 43. 
( i that .4G is the rectangle contained by AC, CB, 
for GC is equal to CB; 
therefore GE is also equal to the rectangle 4C, CB; 
wherefore 4G, GE are equal to twice the rectangle 4C, CB; 
and HF, CK are the squares on AC, CB; 
wherefore the four figures HF, CK, AG, GE, are equal to th 
squares on 44 C, CB, and twice the rectangle 4 C, CB: 
but HF, CK, AG, GE make up the whole figure 4 DEB, whic 
is the square on AB; 
therefore the square on 4 B is equal to the squares on AC, CB, an 
twice the rectangle AC, CB. 
Wherefore, if a straight line be divided, &c. Q.E.D. 


Cor. From the demonstration, it is manifest, that the parallelo 
grams about the diameter of a square, are likewise squares. 


PROPOSITION V. THEOREM. 


If a straight line be divided into two equal parts, and also into two 
unequal parts ; the rectangle contained by the unequal parts, together wit 
the square on the line between the points of section, ts equal to the square on 
half the line. 

Let the straight line 4B be divided into two equal parts in th 
point C, and into two unequal parts in the point D. 

Then the rectangle 4 D, DB, together wıth the square on CD, shall 
be equal to the square on CB. 

A C D B 


[ xu E 
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E GE 
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Upon CB describe the square CE FB, (1. 46.) join BE, 
through D draw DHG parallel to CE or BF, (1.31.) meeting DE 
in H, and EF in G, 
and through H draw KIM parallel to CB or EF, meeting CE 
in L, and BF in A; 
also through 4 draw AX parallel to CZ or BM, meeting MLK in K. 
Then because the complement CH is equal to the complement ZF, 
(1. 43.) to each of these equals add DM; 
therefore the whole CJ is equal to the whole DF; 
but because the line 4 C is equal to CB, 
therefore 4L is equal to CM, (1. 36.) 
therefore also .4.L is equal to DF, 
to each of these equals add CZ, 
and therefore the whole 4 # is equal to DF and CH: 
but A His the rectangle contained by 4D, DB, for Dis equal to DB; 
and DF together with CH is the gnomon CMG ; 
therefore the gnomon CMG is equal to the rectangle 4D, DB: 
to each of these equals add LG, which is equal to the square on 
CD; (11. 4. Cor.) 
therefore the gnomon CHG, together with LG, is equal to the 
rectangle AD, DB, together with the square on CD: 
but the gnomon CMG and LG make up the whole figure CE F'B, 
which is the square on CB; 
therefore the rectangle 4D, DB, together with the square on CD 
is equal to the square on CB. 
Wherefore, if a straight line, &c. Q.E.D. 
Cor. From this proposition it is manifest, that the difference of 
the squares on two unequal lines 4C, CD, is equal to the rectangle 
contained by their sum 4D and their difierence DB. 


PROPOSITION VI. THEOREM, 


+ Ifa straight line be bisected, and produced to any point; the rectangle 
contained by the whole line thus produced, and the part of it produced, 
together with the square on half the line bisected, is equal to the square on 
the straight line which is made up of the half and the part produced. 


Let the straight line 4B be bisected in C, and produced to the point D. 
Then the rectangle 4D, DB, together with the square on CB, shall 
be equal to the square on CD. 
A c R D 


J nZ 
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E G F 
Upon CD describe the square CE FD, (1. 46.) and join DE, 
through B draw BHG parallel to CZ or DF, (1. 31.) meeting DE 
in H, and EF in G; 
through H draw KLM parallel to AD or EF, meeting DF in 
M, and CE in L; 
and through 4 draw 4X parallel to CL or DM, meeting ML Kin K. 





h M 
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Then because the line 4 C is equal to CB, 
therefore the rectangle 4 Z is equal to the rectangle CH, (1. 36.) 
but CH is equal to HF; (I. 43.) 
therefore AL is equal to HF; 
to each of these equals add CM; 
therefore the whole 4M is equal to the gnomon CMG: 
but AM is the rectangle contained by 4D, DB, 
for DM is equal to DB: (11. 4. Cor.) 
therefore the gnomon CMG is equal to the rectangle AD, DB: 
to each of these equals add ZG which is equal to the square on CB; 
therefore the rectangle 4D, DB, together with the square on CB, is 
equal to the gnomon CMG, and the figure LG; 
but the gnomon CMG and LG make up the whole figure CEFD, 
which is the square on CD; 
therefore the rectangle 4D, DB, together with the square on CD, 
is equal to the square on CD. 
Wherefore, if a straight line, &c. Q.E.D. 


PROPOSITION VII. THEOREM. 

Uf a straight line be divided into any two parts, the squares on the whole 
line, and on one of the parts, are equal to twice the rectangle contained by 
the whole and that part, together with the square on the other part, 

Let the straight line .4 B be divided into any two parts in the point C. 

Then the squares on AB, BC shall be equal to twice the rectangle 
AB, BC, together with the square on .4 C. 





Upon 4B describe the square A DEB, (1. 46.) and join BD; 
through C draw CF parallel to 4D or BE (1. 31.) meeting BDin 
G,and DE in F; 
through G draw HGK parallel to 4B or DE, meeting AD in H, 
and BE in K. 
Then because AG is equal to GE, (I. 43.) 
add to each of them CK; 
therefore the whole AK is equal to the whole CE; 
and therefore 4K, CE, are double of AK: 
but AK, CE, are the gnomon AKF and the square CK; 
therefore the gnomon AKF and the square CK are double of AK: 
but twice the rectangle 4B, BC, is double of AK, 
for BK is equal to BC; (11. 4. Cor.) 
therefore the gnomon 4 KF and the square C4, are equal to twice the 
rectangle AB, BC; 
to each of these equals add HF, which is equal to the square on 4 C, 
therefore the gnomon AKF, and the squares CK, HF, are equal to 
twice the rectangle 4B, BO, and the square on 4C; 
but the gnomon AKF, together with the squares CK, HF, make 
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up the whole figure 44£.D.EB and CX, which are the squares on 4B 
and BC; 
therefore the squares on .4 B and 2 Care equal to twice the rectangle 
AB, BC, together with the square on AC, 
Wherefore, if a straight line, &c. Q.E.D. 


PROPOSITION VIII. THEOREM. 


If a straight line be divided into any two parts, four times the rectangle 
contained by the whole line, and one of the parts, together with the square on 
the other part, is equal to the square on the straight line, which is made up 
of the whole and that part, 


Let the straight line 4 B be divided into any two parts in the point C. 
Then four times the rectangle 43, BC, together with the square on 
AC, shall be equal to the square on the straight line made up of AB 
and BC together. 
A C BD 
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E H L F 


Produce 4B to D, so that BD be equal to CB, (1. 3.) 
upon .4 D describe the square 4 EFD, (1. 46.) and join DE, 
through B, C, draw BL, CH parallel to AE or DF, and cutting DE 
in the points K, P respectively, and meeting EF in L, H; 
through K, P, draw MGKN, XPRO parallel to AD or EF. 
Then because CB is equal to BD, CB to GK, and BD to KN; 
therefore GK is equal to KN; 
for the same reason, PL is equal to RO; 
and because CB is equal to BD, and GK to KN, 
therefore the rectangle CK is equal to BN, and GR to RN; (1. 36.) 
but CK is equal to RN, (1. 43.) 
because they are the,complements of the parallelogram COQ; 
therefore also BN is equal to GR; 
and the four rectangles BN, CK, GR, RN, are equal to one another, 
and so are quadruple of one of them CK. 
Again, because C’B is equal to BD, and BD to BK, that is, to CA; 
and because CB is equal to GA, that is, to GP; 
therefore CG is equal to GP. 
And because CG‘ is equal to GP, and PR to LO, 
therefore the rectangle 4G is equal to AP, and PL to RF; 
but the rectangle M.P is equal to P.L, (1. 43.) 
because they are the complements of the parallelogram JIZZ: 
wherefore also 4G is equal to RF: 
therefore the four rectangles AG, MP, PL, RF, are equal to one 
another, and so are quadruple of one of them 4G. 
And it was demonstrated, that the four CK, BN, GR, and RN, are 
quadruple of CK: 
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therefore the eight rectangles which contain the gnomon 4 OH, are 
quadruple of 4 K. 
And because 4X is the rectangle contained by 4B, BC, 
for BE is equal to BC; 
therefore four times the rectangle AB, BC is quadruple of AK: 
but the gnomon 4 OH was demonstrated to be quadruple of AK; 
therefore four times therectangle A B, BCis equal to the gnomon 4 OH; 
to each of these equals add XH, which is equal to the square on AC; 
therefore four times the rectangle 4B, BC, together with the square 
on AC, is equal to the gnomon AOH and the square XH; 
but the gnomon 4 OH and XH make up the figure AEFD, which is 
the square on 4D; 
therefore four times the rectangle 4B, BC together with the square 
on AC, is equal to the square on AD, that is, on AB and BC added 
together in one straight line. 
Wherefore, if a straight line, &e, Q.E.D. 


PROPOSITION IX. THEOREM. 


Ifa straight line be divided into two equal, and also into two unequal 
parts; the squares on the two unequal parts are together double of the square 
on half the line, and of the square on the line between the points of section. 


Let the straight line 4 B be divided into two equal parts in the point 
C, and into two unequal parts in the point D. 

Then the squares on AD, DB together, shall be double of the 
squares on AC, CD. 





From the point C draw CE at right angles to 4B, (1. 11.) 
make CE equal to AC or CB, (1. 3.) and join EA, BB; 
through D draw DF parallel to CE, meeting £B in F, (1. 31.) 
through F draw FG parallel to BA, and join AF. 

Then, because AC is equal to CE, 
therefore the angle AEC is equal to the angle BAC; (I. 8.) 
and because 4 CE is a right angle, 
therefore the two other angles AEC, EAC ofthe triangle are together 

equal to a right angle; (1. 32.) 
and since they are equal to one another ; 
therefore each of them is half a right angle. 
For the same reason, each ofthe angles CEB, EB C'is halfa right angle; 

and therefore the whole AFB is a right angle. 

And because the angle GEF is half a right angle, 

and EGF a right angle, 
for it is equal to the interior and opposite angle ECB, (1. 29.) 
therefore the remaining angle EFG is half a right angle; 
wherefore the angle GEF is equal to the angle EFG, 

and the side G.F equal to the side .EG. (I. 6.) 
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Again, because the angle at B is half a right angle, 
and FDB a right angle, 
for it is equal to the interior and opposite angle ECS, (t. 29.) 
therefore the remaining angle 5 /'D is half a right angle; 
wherefore the angle at B is equal to the angle BID, 
and the side DF equal to the side DB. (1. 6.) 
And because 4C is equal to CE, 
the square on .4 C is equal to the square on CE; 
therefore the squares on 4C, CE are double of the square on 4 C; 
but the square on AE is equal to the squares on 4C, CE, (1. 47.) 
because 4CE is a right angle; 
therefore the square on 4 ZL is double of the square on 4C. 
Again, because FG is equal to GF, 
the square on £G is equal to the square on GF; 
therefore the squares on £G, GF are double of the square on G 7^ 
but the square on EF is equal to the squares on EG, GF; (1. 47.) 
therefore the square on .EF'is double of the square on GP’; 
and GF'is equal to CD; (1. 34.) 
therefore the square on -EF is double of the square on CD; 
but the square on 4 F is double of the square on 4C; 
therefore the squares on 4 #, EF are double of the squares on 4C, CD: 
but the square on 4 F is equal to the squares on .4.E, EF, 
because AZ Fis a right angle: (I. 47.) 
therefore the square on 41s double of the squares on AC, C 
but the squares on 4D, DF are equal to the square on AF; 
because the angle ADF is a right angle; (1. 47.) 
therefore the squares on 4 D, DF are double of the squares on -4 C, CD; 
and DF is equal to DB; 
therefore the squares on 4D, DB are double of the squares on AC, CD. 
If therefore a straight line be divided, &c. Q.E.D. 


PROPOSITION X. THEOREM. 


If a straight line be bisected, and produced to any point, the square on 
the whole line thus produced, and the square on the part of it produced, re 
together double of the square on half the line bisected, and of the square on 
the line made up of the half and the part produced, 


Let the straight line 42 be bisected in C, and produced to the 
point D. 


Then the squares on 4D, DB, shall be double of the squares on 
AC, CD. 


" 





From the point C draw CE at right angles to AB, (1. 11.) 
make CE equal to 4C or CB, (1. 3.) and join 4E, EB; 
through Æ draw EF parallel to 4B, (1. 31.) 
and through D draw DF parallel to CE, meeting EF in F. 


94 EUCLID’S ELEMENTS. 


Then because the straight line EF meets the parallels CE, FD, 
therefore the angles CEF, EF'D are equal to two right angles ; (1. 29.) 
and therefore the angles BEF, EFD are less than two right angles. 
But straight lines, which with another straight line make the in- 
terior angles upon the same side ofa line, less than two right angles, 
will meet if produced far enough; (1. ax. 12.) 
therefore EB, FD will meet, if produced towards B, D; 
let them be produced and meet in G, and join 4G. 
Then, because 4 Cis equal to CE, 
therefore the angle CEA is equal to the angle EAC; (1. 5.) 
and the angle ACE is a right angle; 
therefore each of the angles CE4, EAC is half a right angle. (1. 32.) 
For the same reason, 
each of the angles CEB, EBC is half a right angle; 
therefore the whole AEB is a right angle. 
And because EBC is half a right angle, 
therefore DBG is also half a right angle, (1. 15.) 
for they are vertically opposite ; 
but BDG is a right angle, 
because it is equal to the alternate angle DCE; (1. 29.) 
therefore the remaining angle DGB is half a right angle; 
and is therefore equal to the angle DBG; 
wherefore also the side BD is equal to the side DG. (1. 6.) 
Again, because EGF is half a right angle, and the angle at Fis a 
right angle, being equal to the opposite angle ECD, (1. 34.) 
therefore the remaining angle FEG is half a right angle, 
and therefore equal to the angle EGF’; 
wherefore also the side GF is equal to the side FE. (1. 6.) 
And because EC is equal to C4; 
the square on EC is equal to the square on C4; 
therefore the squares on EC, CA are double of the square on Cd; 
but the square on EA is equal to the squares on EC, CA; (I. 47.) 
therefore the square on EA is double of the square on AC. 
Again, because GF is equal to FE, 
the square on GF is equal to the square on FE; 
therefore the squares on G&F, FE are double of the square on FE; 
but the square on EG is equal to the squares on GF, FE; (1. 47.) 
therefore the square on £G is double of the square on FE; 
and FE is equal to CD; * 34.) 
wherefore the square on EG is double of the square on CD; 
but it was demonstrated, 
that the square on EA is double of the square on AC; 
therefore the squares on £4, EG are double of the squares on 4 C, CD; 
but the square on ÆG is equal to the squares on EA, EG; (1. 47.) 
therefore the square on 4G is double of the squares on AC, CD: 
but the squares on 4D, DG are equal to the square on 4G; 
therefore the squares on 4D, DG are double of the squares on AC, CD; 
but DG is equal to DB; 
therefore the squares on 44 D, D B are double of the squares on 44 C, CD. 
Wherefore, if a straight line, &c. Q.E.D. 
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PROPOSITION XI. PROBLEM. 


To divide a given straight line into two parts, so that the rectangle con- 
tained by the whole and one of the parts, shall be equal to the square on 
the other part. 

Let AB be the given straight line. 

It is required to divide 4B into two parts, so that the rectangle 
contained by the whole line and one of the parts, shall be equal 
to the square on the other part. 

E G 
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Upon 4B describe the square 4 CD B ; (1. 40.) 
bisect AC in £, (1. 10.) and join BE, 
produce C44 to F, and make EF equalto EB, (r. 3.) 
upon 4AF describe the square Z'GHLA. (1. 46.) 
Then AZ shall be divided in H, so that the rectangle 4B, BH is 
equal to the square on 4H. 
Produce GH to meet CD in K. 

Then because the straight line 4 C'is bisected in £, and produced to F, 
therefore the rectangle CF, FA together with the square on AE, 
is equal to the square on EF’; (I1. 6.) 

but EF is equal to EB; 
therefore the rectangle CF, F'A together with the square on AE, is 
equal to the square on EB; 
but the squares on BA, AF are equal to the square on EB, (1. 47.) 
because the angle EAB is a right angle; 
therefore the rectangle CF, F4, together with the square on AF, 
is equal to the squares on BA, AL; 
take away the square on 4£, which is common to both; 
therefore the rectangle contained by CF, FA is equal to the square 
on BA. 
But the figure FK is the rectangle contained by CF, F4, 
for FA is equal to FG; 
and AD is the square on 4AB; 
therefore the figure FA is equal to AD; 
take away the common part AK, 
therefore the remainder FH is equal to the remainder HD; 
but HD is the rectangle contained by AB, BH, 
for AB is equal to BD; 
and FH is the square on 4H; 
therefore the rectangle 4B, BH, is equal to the square on AH. 
Wherefore the straight line ÆB is divided in H, so that the 
rectangle 4B, BH is equal to the square on AH. Q.E.F. 
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PROPOSITION XII, THEOREM. 


In obtuse-angled triangles, if a perpendicular be drawn from either of 
the acute angles to the opposite side produced, the square on the side sub 
tending the obtuse angle, is greater than the squares on the sides containing 
the obtuse angle, by twice the rectangle contained by the side upon which, 
when produced, the perpendicular falls, and the straight line intercepted 
without the triangle between the perpendicular and the obtuse angle. 


Let ABC be an obtuse-angled triangle, having the obtuse angle 
ACB, and from the point 4, let AD be drawn perpendicular to BC 
produced. 

Then the square on 24 B shall be greater than the squares on 4C; 
CB, by twice the rectangle BC, CD. 





m — 
Because the straight line BD is divided into two parts in the point C, 
therefore the square on BD is equal to the squares on BC, CD, 
and twice the rectangle BC, CD; (11. 4.) 
to each of these equals add the square on DA; 
therefore the squares on BD, DA are equal to the squares on BC, 
CD, DA, and twice the rectangle BC, CD; 
but the square on BA is equal to the squares on BD, DA, (I. 47.) 
because the angle at D is a right angle; 
and the square on CA is equal to the squares on CD, DA; 
therefore the square on BA is equal to the squares on BC, CA, and 
twice the rectangle BC, CD; 
that is, the square on BA is greater than the squares on BC, CA, by 
twice the rectangle BC, CD. 
Therefore in obtuse-angled triangles, &c. Q.E.D. 


PROPOSITION XIII, THEOREM. 

In every triangle, the square on the side subtending either of the acute 
angles, is less than the squares on the sides containing that angle, by twice 
the rectangle contained by either of these sides, and the straight line inter 
cepted between the acute angle and the perpendicular let fall upon it from 
the opposite angle. 
Let ABC be any triangle, and the angle at B one of its acute 
angles, and upon BC, one of the sides containing it, let fall the 
perpendicular AD from the opposite angle. (1. 12.) 
Then the square on 44 C opposite to the angle B, shall be less than 
the squares on CB, BA, by twice the rectangle CB, BD. 

A 
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First, let .4 D fall within the triangle 4 BC. 
Then because the straight line CD is divided into two parts in D, 
the squares on CB, BD are equal to twice the rectangle contained by 
CL, BD, and the square on DC; (11. 7 
to each of these equals add the square on 4D; 
therefore the squares on CB, BD, DA, are equal to twice the 
rectangle CB, BD, and the squares on 4D, DC; 
but the square on 4B is equal to the squares on BD, DA, (I. 47.) 
because the angle BDA is a right angle; 
and the square on 24 C is equal to the squares on AD, DC; 
therefore the squares on CB, BA are equal to the square on AC, 
and twice the rectangle CB, BD: 
that is, the square on 4C alone is less than the squares on CB, BA, 
by twice the rectangle CB, BD. 
Secondly, let 4D fall without the triangle 4.5 C. 
A 


B C D 
Then, because the angle at D is a right angle, 
the angle 4 CB is greater than a right angle; (1. 16.) 
and therefore the square on 4B is equal to the squares on AC, CB, 
and twice the rectangle BC, CD; (11. 12.) 
to each of these equals add the square on BC; 
therefore the squares on 4B, BC are equal to the square on AC, 
twice the square on BC, and twice the rectangle BC, CD; 
but because £D is divided into two parts in C, 
therefore the rectangle DB, BC is equal to the rectangle BC, CD, 
and the square on BC; (11. 3.) 
k and the doubles of these are equal ; 
that is, twice the rectangle DB, BC is equal to twice the rectangle 
BC, CD and twice the square on BC: 
tuerefore the squares on 42, BC are equal to the square on AC, 
and twice the rectangle DB, BC: 
wherefore the square on 4 C alone is less than the squares on 4B, BC; 
by twice the rectangle DB, BC. 
Lastiy, let the side 44 C be perpendicular to BC. 
A 


B i8 
Then BC is the straight line between the perpendicular and the 
acute angle at B; 
and it is manifest, that the squares on 4B, BC, are equal to the 
square on AC, and twice the square on BC. (1. 47.) 
Therefore in any triangle, &c. Q.E.D. 
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PROPOSITION XIV. PROBLEM. 
To describe a square that shall be equal to a qiven rectilineal figure. 


Let A be the given rectilineal figure. 
It is required to describe a square that shall be equal to A. 


— et 
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Describe the rectangular parallelogram BCDE equal to the recti- 
lineal figure 4. (1. 45.) 
Then, if the sides of it, B.E, ED, are equal to one another, 
it is a square, and what was required is now done. 
But if B.E, ED, are not equal, 
produce one of them BE to F, and make ZF equal to ED, 
bisect BF'in G; (1. 10.) 
from the center G, at the distance GB, or GF, describe the semicircle 
? 
and produce D E to meet the circumference in H. 
The square described upon £H shall be equal to the given recti- 
lineal figure 4. 


Join GH. 

Then because the straight line BF is divided into two equal parts 
in the point G, and into two unequal parts in the point Æ; 

therefore the rectangle B.E, EF, together with the square on EG, 

is equal to the square on GF; (11. 5.) 
but GF is equal to GH; (def. 15.) 
therefore the rectangle BE, EF, together with the square on EG, is 
equal to the square on GH; 

but the squares on HE, EG are equal to the square on GH; (1. 474 

therefore the rectangle B.E, EF, together with the square on EG, 

is equal to the squares on HE, EG;’ 
take away the square on EG, which is common to both ; 

therefore the rectangle BE, EF is equal to the square on HE. 

But the rectangle contained by BL, LF is the parallelogram BD, 
because EF is equal to ED; 

therefore BD is equal to the square on LH; 
but BD is equal to the rectilineal figure 44; (constr.) 

therefore the square on ZH is equal to the rectilineal figure 4. 

Wherefore a square has been made equal to the given rectilineal 
figure 4, namely, the square described upon HH.  Q.E.F. 








NOTES TO BOOK II. 


In Book 1, Geometrical magnitudes of the same kind, lines, angles 
and surfaces, more particularly triangles and parallelograms, are com- 
pared, either as being absolutely equal, or unequal to one another. 

In Book rr, the properties of right-angled parallelograms, but without 
reference to their magnitudes, are demonstrated, and an important 
extension is made of Euc. 1i. 47, to acute-angled and obtuse-angled 
triangles. Euclid has given no definition of a rectangular paralielogram 
or rectangle: probably, because the Greek expression 7apgaAAgAoypapnuov 
oployuriov, or opPoyaviov simply, is a definition of the figure. In English, 
the term rectangle, formed from rectus angulus, ought to be defined before 
its properties are demonstrated. A rectangle may be defined to be a 
parallelogram having one angle a right-angle, or a right angled paral- 
lelogram ; and a square is a rectangle having all its sides equal. 

As the squares in Euclid's demonstrations are squares described or 
supposed to be described on straight lines, the expression ‘‘the square 
on AB,” is a more appropriate abbreviation for “the square described on 
the line AB,’ than “the square of AB." The latter expression more 
fitly expresses the arithmetical or algebraical equivalent for the square 
on the line AB. 

In Euc. 1. 35, it may be seen that there may be an indefinite number 
of parallelograms on the same base and between the same parallels whose 
areas are always equal to one another; but that one of them has ali its 
angles right angles, and the length ofits boundary less than the boundary 
of any other parallelogram upon the same base and between the same 
parallels. The area of this rectangular parallelogram is therefore de- 
termined by the two lines which contain one of its right angles. Hence 
it is stated in Def. 1, that every right-angled parallelogram is said to be 
contained by any two of the straight lines which contain one of the right 
angles. No distinction is made in Book ir, between equality and identity, 
as the rectangle may be said to be contained by two lines which are 
equal respectively to the two which contain one right angle of the figure. 
i may be remarked that the rectangle itself is bounded by four straight 
ines. 

It is of primary importance to discriminate the Geometrical conception 
of a rectangle from the Arithmetical or Algebraical representation of it. 
The subject of Geometry is magnitude not number, and therefore it would 
be a departure from strict reasoning on space, to substitute in Geometrical 
demonstrations, the Arithmetical or Algebraical representation of a rect- 
angle for the rectangle itself. It is however, absolutely necessary that 
the connexion of number and magnitude be clearly understood, as far 
as regards the representation of lines and areas. 

All lines are measured by lines, and all surfaces by surfaces. Some 
one line of definite length is arbitrarily assumed as the linear unit, and 
the length of every other line is represented by the number of linear 
units, contained in it. The square is the figure assumed for the measure 
of surfaces. The square unit or the unit of area is assumed to be that 
square, the side of which is one unit in length, and the magnitude of 
every surface is represented by the number of square units contained 
in it. But here it may be remarked, that the properties of rectangles 
and squares in the Second Book of Euclid are proved independently 
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of the consideration, whether the sides of the rectangles can be repre- 
sented by any multiples of the same linear unit. If, however, the 
sides of rectangles are supposed to be divisible into an exact number 
of linear units, à numerical representation for the area of a rectangle 
may be deduced. 

On two lines at right angles to each other, take 4B equal to 4, and 
AD equal to 3 linear units. 

Complete the rectangle ABCD, and through the points of division of 
AB, AD, draw EL, FM, GN parallel to AD; and HP, KQ parallel to 
AB respectively, 
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Then the whole rectangle 4C is divided into squares, all equal to each 
other. 

And AC is equal to the sum of the rectangles 4Z, EM, FN, GC; (11. 1.) 
also these rectangles are equal to one another, (1. 36.) 
therefore the whole 4C is equal to four times one of them AL. 

Again, the rectangle JZ is equal to the rectangles EH, HR, RD, 
and these rectangles, by construction, are squares described upon the 
equal lines 4H, HK, KD, and are equal to one another. 

Therefore the rectangle 4Z is equal to 3 times the square on 4H, 

but the whole rectangle .4C is equal to 4 times the rectangle AL, 

therefore the rectangle ACis 4 x 3 times the square on AH, or 12 
square units : 

that is, the product of the two numbers which express the number of 
linear units in the two sides, will give the number of square units in the 
rectangle, and therefore will be an arithmetical representation of its area, 

And generally, if 4B, 4D, instead of 4 and 3, consisted of a and 5 
linear units respectively, it may be shewn in a similar manner, that the 
area of the rectangle AC would contain ad square units ; and therefore the 
product ab is a proper representation for the area of the rectangle AC. 

Hence, it follows, that the term rectangle in Geometry corresponds to 
the term product in Arithmetic and Algebra, and that a similar com- 
parison may be made between the products of the two numbers which 
represent the sides of rectangles, as between the areas of the rectangles 
themselves. This forms the basis of what are called Arithmetical or 
Algebraical proofs of Geometrical properties. 

If the two sides of the rectangle be equal, or if b be equal to a, 
the figure is a square, and the area is represented by aa or a*. 

Also, since a triangle is equal to the half of a parallelogram of the 
same base and altitude ; 

Therefore the area of a triangle will be represented by half the rect- 
angle which has the same base and altitude as the triangle: in other 
words, if the length of the base be « units, and the altitude be 6 units ; 

Then the area of the triangle is algebraically represented by $a. 

The demonstrations of the first eight propositions, exemplify the 
obvious axiom, that, **the whole area of every figure in each case, is 
equal to all the parts of it taken together." 

Def. 2, The parallelogram EK together with the complements AF 
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FC, is also a gnomon, as well as the parallelogram HG together with the 
same complements. 

Prop. 1. For the sake of brevity of expression, “the rectangle con- 
tained by the straight lines 4B, BC,” is called “the rectangle 48, BC;" 
and sometimes “the rectangle 4 BC.” 

To this proposition may be added the corollary; If two straight lines 
be divided into any number of parts, the rectangle contained by the two 
straight lines, is equal to the rectangles contained by the several parts of 
one line and the several parts of the other respectively. 

The method of reasoning on the properties of rectangles, by means of 
the products which indicate the number of square units contained in their 
areas,is foreign to Euclid’s ideas of rectangles, as discussed in his Second 
Book, which have no reference to any particular unit of length or measure 
of surface, 

Prop. 1. The figures BH, BK, DL, EH are rectangles, as may 
readily be shewn. For, by the parallels, the angle CEL is equal to EDK; 
and the angle EDK is equal to BDG (Euc. 1. 29.). But EDG is a right 
angle. Hence one of the angles in each of the figures BH, BK, DL, EH 
is a right angle, and therefore (Euc. 1. 46, Cor.) these figures are 
rectangular. 

Prop.1. Algebraically. (fig. Prop. 1.) 

Let the line BC contain a linear units, and the line A, b linear units ot 
the same length. 

Also suppose the parts BD, DE, EC to contain m, n, p linear units 
respectively. 

Then a 2 m -- n 4- p, 


multiply these equals by 5, 
therefore ab = bm + bn + bp. 


That is, the product of two numbers, one of which is divided into any 
number of parts, is equal to the sum of the products of the undivided 
number, and the several parts of the other ; 

or, if the Geometrical interpretation of the products be restored, 

The number of square units expressed by the product ad, is equal 
to * number of square units expressed by the sum of the products dm, 
on, Op. 

Prop. 11.  Algebraically. (fig. Prop. 11.) 

Let 4B contain a linear units, and AC, CB, m and n linear units 
respectively, 

Then m+n=a, 
multiply these equals by a, 
therefore am + an = a’. 


That is, if a number be divided into any two parts, the sum of the 
products of the whole and each of the parts is equal to the square of the 
whole number 

Prop. rr. Algebraically. (fig. Prop. 111.) 

Let AB contain o linear units, and let BC contain m, and AC, n linear 
units. 

Then a=m+n, 
multiply these equals by m, 
therefore ma = m? + mn. 

That is, if a number be divided into any two parts, the product of 
the whole number and one of the parts, is equal te the square of that 
part, and the product of the two parts. 


102 EUCLID’S ELEMENTS. 


Prop. rv. might have been deduced from the two preceding propo- 
sitions ; but Euclid has preferred the method of exhibiting, in the de- 
monstrations of the second book, the equality of the spaces compared. 

In the corollary to Prop, xtvi. Book I, it is stated that a parallelogram 
which has one right angle, has all its angles right angles. By applying 
this corollary, the demonstration of Prop. Iv. may be considerably 
shortened. 

If the two parts of the line be equal, then the square on the whole 
line is equal to four times the square on half the line. 

Also, if a line be divided into any three parts, the square on the whole 
line is equal to the squares on the three parts, and twice the rectangles 
contained by every two parts. 

Prop. iv. Algebraically. (fig. Prop. rv.) 

Let the line 48 contain a linear units, and the parts of it 4C and BC, 
m and n linear units respectively. 


Then a=m+n, 
squaring these equals, ,', a? — (m -- ny, 
or a? = më 4- 2mn 4+ n*, 

That is, if a number be divided into any two parts, the square of the 
number is equal to the squares of the two parts together with twice the 
produet of the two parts. 

From Euc. 11. 4, may be deduced a proof of Euc. 1r. 47. In the fig. 
take DL on DE, and EM on EB, each equal to BC, and join CH, HL, 
LM, MC. Then the figure HLMC is a square, and the four triangles 
CAH, HDL, LEM, MBC are equal to one another, and together are equal 
‘tu the two rectangles AG, GE. é 

Now AG, GE, FH, CK are together equal to the whole figure ADEB; 
and HLMC, with the four triangles CAH, HDL, LEB, MBC also make 
up the whole figure ADEB; , 

Hence AG, GE, FH, CK are equal to HLMC together with the four 
triangles : 

but AG, GE are equal to the four triangles. 
wherefore FH, CK are equal to HLMC, 
that is, the squares on AC, AH are together equal to the square on CH. 

Prop. v. It must be kept in mind, that the sum of two straight lines 
in Geometry, means the straight line formed by joining the two lines 
together, so that both may be in the same straight line. 

The following simple properties respecting the equal and unequal 
division of a line are worthy of being remembered. 

I Since AB = 2BC 2 2(BD 4- DC) =2BD +2DC. (fig. Prop. v.) 

and 4B= AD + DB; 
“, 2CD+2DB= AD + DB, 
and by subtracting 2DB from these equals, 
E 2CD — AD sn DB, 

That is, if a line 4B be divided into two equal parts in C, and into two 
unequal parts in D, the part CD of the line between the points of section 
is equal to half the difference of the unequal parts 4D and DB. 

II. Pere AD = AC + CD, the sum of the unequal parts, (fig. Prop. v.) 

and DB = AC — CD their difference, 
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Hence by adding these equals together, 
S, D + DB= 2AC, 
or the sum and difference of two lines AC, CD, are together equal to 
twice the greater line. 
And the halves of these equals are equal, 
4A 244D 4 $. DB — AC, 
or, half the sum of two unequal lines AC, CD added to half their diffe- 
rence is equal to the greater line AC, 

III. Again, since AD = AC + CD, and DB = AC — CD, 
by subtracting these equals, 

^4 ÁD — DB = 2CD, 
or, the difference between the sum and difference of two unequal lines is 
equal to twice the less line. 

And the halves of these equals are equal, 

2.$.A4D —$.DB —- CD, 
or, half the difference of two lines subtracted from half their sum is equal 
to the less of the two lines. 

IV. Since AC ~ CD = DB the difference, 

2, AC=CD + DB, 
and adding CD the less to each of these equals, 
“, 4C + CD =2CD + DB, 
or, the sum of two unequal lines is equal to twice the less line together 
with the difference between the lines. 
Prop. v. Algebraically. 
Let AB contain 2a linear units, 
its half BC will contain a linear units. 

And let CD the line between the points of section contain m linear units. 
Then AD the greater of the two unequal parts, contains a+ m linear units ; 
and DB the less contains a — m units. 

Also m is half the difference of a + m anda =m; 

“, (@+m) (a—m) =a —m’, 
to each of these equals add m’*; 
< la+ m) (a.m ma, 

That is, if a number be divided into two equal parts, and also into two 
unequal parts, the product of the unequal parts together with the square 
of half their difference, is equal to the square of half the number. 

Bearing in mind that AC, CD are respectively half the sum and half 
the difference of the two lines AD, DB; the corollary to this proposition 
may be expressed in the following form: ** The rectangle contained by 
two straight lines is equal to the difference on the squares of half their 
sum and half their difference.” 

The rectangle contained by AD and DB, and the square on BC are 
each bounded by the same extent of line, but the spaces enclosed differ 
by the square on CD. 

A given straightline is said to be produced when it has its length increased 
in either direction, and the increase it receives, is called the part produced. 

If a point be taken in a line or ina line produced, the line is said to 
be divided internally or externally, and the distances of the point from 
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the ends of the line are called the internal or external segments of the 
line, according as the point of section is in the line or the line produced. 


Prop. vi. Algebraically. 

Let AB contain 2c linear units, then its half BC contains a units; and 
let BD contain m units. 

Then AD contains 2a + m units, 
and .", (2a + m) m = 2am + m’?; 
to each of these equals add a’, 

“. 2a 4+ m) m+ a? = a? 4. 2am + ni, 
But a? + 2am + n? = (a + m)’, 

“. (2a+4+m)m+a = (a+ m)?*, 

That is, If a number be divided into two equal numbers, and another 
number be added to the whole and to one of the parts; the product of 
the whole number thus increased and the other number, together with the 
square of half the given number, is equal to the square of the number 
which is made up of half the given number increased. 

The algebraical results of Prop. v. and Prop. v1. are identical, as it is 
obvious that the difference of a + m and a — m in Prop. v. is equal to the 
difference of 2a + m and m in Prop. v1, and one algebraical result ex- 
presses the truth of both propositions. 

This arises from the two ways in which the difference between two 
unequal lines may be represented geometrically, when they are in the 
same direction. 

In the diagram (fig. to Prop. v.), the difference DB of the two unequal 
lines AC and CD is exhibited by producing the less line CD, and making 
CB equal to AC the greater. d 

Then the part produced DB is the difference between AC and CD, 

for AC is equal to CB, and taking CD from each, 
the difference of AC and CD is equal to the difference of CB and CD. 

In the diagram (fig. to Prop. vi.), the difference DB of the two un- 
equal lines CD ànd CA is exhibited by cutting off from CD the greater, 
a part CB equal to CA the less. 

Prop. vit. Either of the two parts AC, CB of the line AB may be 
taken: and it is equally true, that the squares on AB and AC are equal 
to twice the rectangle AB, AC, together with the square on BC, 

Prop. vi. Algebraically. 

Let AB contain a linear units, and let the parts AC and CB contain m 
and n linear units respectively, 

Thena=m+n; 
squaring these equals, 
,, a3 — m3 -- 2mn Hn, 
add x? to each of these equals, 
7 a% 4 pn? — m? 4 Imn 4+ 2n?3, 
But 2mn + 2n* = 2 (m+ n) n = 2an, 
Ya +n? =m? + 2an. 

That is, If a number be divided into any two parts, thesquaresof the 
whole number and of one ofthe parts,areequal to twice the product of the 
whole number and that part, together with the square of the other part. 

Prop. vit. Asin Prop. vir. either part of the line may be taken, 
and itis also true in this Proposition, that four times the rectangle con- 
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tained by 4B, AC together with the square on BC, is equal to the square 
on the straight line made up of AB and AC together 

The truth of this proposition may be deduced from Euc. 11. 4 and 7. 

For the square on AD (fig. Prop. 8.) is equal to the squares on 4B, 
BD, and twice the rectangle AB, LD; (Euc. 1. 4.) or the squares on 
AB, BC, and twice the rectangle AB, BC, because BC is equal to DD: 
and the squares on AB, BC are equal to twice the rectangle AB, BC with 
the square on AC: (Euc. 11. 7.) therefore the square on AD is equal to 
four times the rectangle AB, BC together with the square on AC. 

Prop. vir.  Algebraically. 

Let the whole line AB contain a linear units of which the parts AC, 
CB contain m, n units respectively. 


Then m + n =a, 
and subtracting or taking n from each, 
"m»-a-—n, 
squaring these equals, 
,. m? — a* — 2an +n’, 
and adding 4an to each of these equals, 
^. 4an -- m? — a? -- 2an 4 v*?, 
But a* -- 2an + n* = (a +n)’, 
“, 4an + m* = (a+ n)*, 
That is, If a number be divided into any two parts, four times the pro- 
duct of the whole number and one of the parts, together with the square 


of the other part, is equal to the square of the number made of the whole 
and the part first taken. 

Prop. vii. may be put under the following form: The square on the 
sum of two lines exceeds the square on their difference, by four times the 
rectangle contained by the lines. 


Prop. ix. The demonstration of this proposition may be deduced 
from Euc. 11. 4 and 7. 

For (Euc. 11. 4.) the square on AD is equal to the squares on AC, CD 
and twice the rectangle AC, CD; (fig. Prop. 9.) and adding the square 
on DB to each, therefore the squares on 4D, DB are equal to the squares 
on AC, CD and twice the rectangle AC, CD together with the square on 
DB; or to the squares on BC, CD and twice the rectangle BC, CD with 
the square on DB, because BC is equal to 4C. 

But the squares on BC, CD are equal to twice the rectangle BC, CD, 
with the square on DB.  (Euc. tt. 7.) 

Wherefore the squares on AD, DB are equal to twice the squares on 
BC and CD. 


Prop. rx.  Algebraically. 
Let AB contain 2a linear units, its half AC or BC will contain a units; 
and let CD the line between the points of section contain m units. 


Also AD the greater of the two unequal parts contains a -- m units, 
and DB the less contains a — m units. 
Then (a + m)*? = a? + 2am + m’, 
and (a — m)* — a? — 2am -- m*, 
Hence by adding these equals, 
$. (a + m)* 4 (a — m)* z 2a? + 2m’, 


F5 
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That is, If a number be divided into two equal parts, and also into two 
unequal parts, the sum of the squares of the two unequal parts is equal 
to twice the square of half the number itself, and twice the square of 
half the difference of the unequal parts. 

The proof of Prop. x. may be deduced from Euc, 11, 4, 7, as Prop. 1x. 

Prop. x. Algebraically. 

Let the line 42 contain 2a linear units, of which its half AC or CB 
will contain a units ; 

and let BD contain m units. 

Then the whole line and the part produced will contain 2a + m units, 
and half the line and the part produced will contain a + m units, 
/. (2a 4- m)? = 4a? + 4am + m?, 
add m? to each of these equals, 

,. (2a -- m)? -- m? — 4a? + 4am 4- 2m*, 

Again, (a -- m)* — a? -- 2am 4 m, 
add a? to each of these equals, 

s (a + mM? + a? = 2a? + 2am t m?, 
and doubling these equals, 

,". 2 (a -- m)* 4- 2a? — 4a? + tam + 2m’. 

But (2a + mY + m? = 4a? + 4am -- 2m*. 

Hence *. (2a + m)? + mê = 2a? -- 2 (a -- m)*. 

That is, If a number be divided into two equal parts, and the whole 
number and one of the parts be increased by the addition of another num- 
ber, the squares of the whole number thus increased, and of the number 
by which it is increased, are equal to double the squares of half the num- 
ber, and of half the number increased. 

The algebraical results of Prop. rx, and Prop. x, are identical, (the 
enunciations of the two Props. arising, as in Prop. v, and Prop. vi, from 
the two ways of exhibiting the difference between two lines); and both 
may be included under the following proposition: The square on the 
sum of two lines and the square on their difference, are together equal to 
double the sum of the squares on the two lines. 

Prop. xr. Two series of lines, one series decreasing and the other 
series increasing in magnitude, and each line divided in the same man- 
ner may be found by means of this proposition, 

(1) To find the decreasing series. 

In the fig. Euc. 1, 11, 4B = AH + BH, 
and since AB. BH = 4H’, ;, (AH - BH). BH — AH, 
<. BH* 2 AH* — AH. BH — AH.(4H — BH). 
If now in H.4, HL be taken equal to BH, 
then HZ? — AH (AH — HL), or AH. AL — HI? : 
that is, AH is divided in L, so that the rectangle contained by the whole 
line AH and one part, is equal to the square on the other part HL. By a 
similar process, //L may be so divided ; and so on, by always taking from 
the greater part of the divided line, a part equal to the less, 
(2) To find the increasing series. 
From the fig. it is obvious that CF. FA = CA’, 
Hence CF is divided in 4, in the same manner as AB is divided in H, 
by adding AF a line equal to the greater segment, to the given line CA 
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or AB. And by successively adding to the last line thus divided, its 
greater segment, a series of lines increasing in magnitude may be found 
similarly divided to 4B. 

It may also be shewn that the squares on the whole line and on the less 
Segment are equal to three times the square on the greater segment. 
(Euc. x11. 4.) 

To solve Prop. x1, algebraically, or to find the point H in AB such 
that the rectangle contained by the whole line 4B and the part HB shall 
be equal to the square on the other part 4H. 

Let 48 contain a linear units, and 4H one of the unknown parts con- 
tain z units, 

then the other part HB contains @ — x units. 


And .,a(a@—2) = 2’, by the problem, 
or z* + az = aè, a quadratic equation. 


*avy5—a 
Whence z £z ———;——: 


The former of these values of z determines the point H. 


So that m AE 





. 4B = AH, one part, 


— 48 
2 
It may be observed, that the parts 4H and HB cannot be numerically 
expressed by any rational number. Approximation to their true values 
in terms of 4B, may be made to any required degree of accuracy, by ex- 
tending the extraction of the square root of 5 to any number of decimals. 
V6 41 


uU 
= 


$9 to 


and a — =a — AH = . 4B = HB, the other part. 





To ascertain the meaning of the other result z = — 


In the equation a (a — z) = 2°, 
for z write — z, then a(a +2) =2’, 
which when translated into words gives the following problem. 

To find the length to which a given line must be produced so that the 
rectangle contained by the given line and the line made up of the given line 
and the part produced, may be equal to the square on the part produced. 

Or, the problem may also be expressed as follows: 

To find two lines having a given difference, such that the rectangle con- 
tained by the difference and one of them may be equal to the square on 
the other. . 

It may here be remarked, that Prop. xr. Book 11, affords a simple 
Geometrical construction for a quadratic equation. 

Prop. xit. Algebraically. 

Assuming the truth of Euc. 1. 47. 

Let BC, CA, AB contain a, b, c linear units respectively, 
and let CD, DA, contain m, n units, 
then BD contains a + m units, 
And therefore, c* — (a + m)* + n®, from the right-angled triangle ABD, 
also & = m? + r from ACD; 
s Č — D* m (a t my — m? 
= a* + 2am + mm? — nt 
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= a? — 2am, 
s. $É = b+ a? 4- 2am, 
that is, c is greater than 4? + a? by 2am. 
Prop. xm1, Case 1. may be proved more simply as follows. 
Since BD is divided into two parts in the point D, 
therefore the squares on CB, BD are equal to twice the rectangle con 
tained by CB, BD and the square on CD; (11. 7.) 
add the square on AD to each of these equals ; 
therefore the squares on CB, BD, DA are equal to twice the rectang] 
CB, BD, and the squares on CD and DA, 
but the squares on BD, DA are equal to the square on 4B, (x. 47.) 
and the squares on CD, DA are equal to the square on AC, 
therefore the squares on CB, BA are equal to the square on AC, an 
twice the rectangle CB, BD. That is, &c. 
Prop. xix. Algebraically. 
Let BC, CA, AB contain respectively a, 5, c linear units, and let B 
and AD aiso contain m and n units. 
Case 1. Then DC contains a — m units. 
Therefore c* = n? + m? from the right-angled triangle ABD, 
and 6% =n? + (a — m)* from ADC; 
S65 — B® = m* — (a —m)? 
= m? — a? + 2am — m? 
= — a’ + 2am, 
S0? 4 c? — D* 2am, 
or 67 + 2am = a? + c3, 
that is, bis less than a? + œ by 2am. 
Case 11. DC = m — a units, 
e È =m + n? from the right-angled triangle 4BD, 
and }* = (m—a)* +n? from 4CD, 
“.c — b? = m* — (m— a)’, 
= m — m? + 2am — a’ 
= 2am — D 
e^ a? + 08 — D? 4 2am, 
or 5? + 2am = a* + 8, 
that is, d* is less than a* + c* by 2am, 
Case 111, Here m is equal to a. 
And 6? + a* = c?, from the right-angled triangle ABC, 
Add to each of these equals a’, 
”, 6 + 2a% = c? + a’, 
that is, 5* is less than c* -- a* by 2a’, or 2aa. 


These two propositions, Euc. r1. 12, 13, with Euc. r. 47, exhibit th 
relations which subsist between the sidesof an obtuse-angled, an aeute 
angled, and right-angled triangle respectively. 
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NOTE ON THE ABBREVIATIONS AND ALGEBRAICAL 
SYMBOLS EMPLOYED IN GEOMETRY. 


THE ancient Geometry of the Greeks admitted no symbols besides the 
diagrams and ordinary language. In later times, after symbols of opera- 
tion had been devised by writers on Algebra, they were very soon adopted 
and employed on account of their brevity and convenience, in writings 
purely geometrical. Dr. Barrow was one of the first who introduced 
algebraical symbols into the language of Elementary Geometry, and dis- 
tinctly states in the preface to his Euclid, that his object is ‘‘ to content 
the desires of those who are delighted more with symbolical than verbal 
demonstrations."  Asalgebraical symbols are employed in almost all 
works on the mathematics, whether geometrical or not, it seems proper 
in this place to give some brief account of the marks which may be re- 
garded as the alphabet of symbolical language. 

Themark — was first used by Robert Recorde, in his treatise on Algebra 
entitled, ‘‘ The Whetstone of Witte,’’ 1557. Heremarks; '** And to avoide 
the tediouse repetition of these woordes : ts egualle to: I will sette as I 
doe often in woorke use, a paire of paralleles, or Gemowe lines of one 
lengthe, thus: =, bicause noe 2 thynges can be more equalle.”’ It was 
employed by him as simply affirming the equality of two numerical or 
algebraical expressions. Geometrical equality is not exactly the same 
as numerical equality, and when this symbol is used in geometrical reason- 
ings, it must be understood as having reference to pure geometrical 
equality. 

The signs of relative magnitude, > meaning, és greater than, and. «€, is 
less than, were first introduced into algebra by Thomas Harriot, in his 
‘Artis Ánalyticz Praxis," which was published after his death in 1631. 

Thesigns -- and — were firstemployed by Michael Stifel, in his **Arith- 
metica Integra,’’ which was published in 1544, The sign + was employed 
by him for the word pilus, and the sign —, for the word minus. These 
signs were used by Stifel strictly as the arithmetical or algebraical signs 
of addition and subtraction. 

The sign of multiplication x was first introduced by Oughtred in his 
“Clavis Mathematica," which was published in 1631. In algebraical 
multiplication he either connects the letters which form the factors of a 
product by the sign x, or writes them as words without any sign or mark 
between them, as had been done before by Harriot, who first introduced 
the small letters to designate known and unknown quantities. However 
concise and convenient the notation AB x BC or AB.BC may be in 
practice for ** the rectangle contained by the lines AB and BC’’ ; the student 
is cautioned against the use of it, in the early part of his geometrical 
studies, as its use is likely to occasion a misapprehension of Euclid’s 
meaning, by confounding the idea of Geometrical equality with that of 
Arithmetical equality. Later writers on Geometry who employed the 
Latin language, explained the notation AB x BC, by “AB ductum in 
BC"; that is, if the line AB be carried along the line BC in a normal 
position to it, until it come to the end C, it will then form with BC, the 
rectangle contained by 4B and BC. Dr. Barrow sometimes expresses 
** the rectangle contained by AB and BC” by “the rectangle ABC." 

Michael Stifel was the first who introduced integral exponents to 
denote the powers of algebraical symbols of quantity, for which he em- 
ployed capitalletters. Vieta afterwards used the vowels to denote known, 
and the consonants, unknown quantities, but used words to designate the 
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powers. Simon Stevin, in his treatise on Algebra, which was published 
in 1605, improved the notation of Stifel, by placing the figures that in- 
dicated the powers within small circles. Peter Ramus adopted the 
initial letters 7, g, c, bg of latus, quadratus, cubus, biquadratus, as the nota- 
tion of the first four powers. Harriot exhibited the different powers of 
algebraical symbols by repeating the symbol, two, three, four, &c. times, 
according to the order of the power. Descartes restored the numerical 
exponents of powers, placing them at the right of the numbers, or symbols 
of quantity, as at the present time. Dr. Barrow employed the notation 
ABg, for “the square on the line AB," in his edition of Euclid. The 
notations A B*, 4 B?, for ** the square and cube on the line whose extremities 
are 4 and B," as wellas AB x BC, for **the rectangle contained by AB 
and BC," are used as abbreviations in almost all works on the Mathe- 
nera though not wholly consistent with the algebraical notations a* 
and aè. 

The symbol 4/, being originally the initial letter of the word radiz, was 
first used by Stifel to denote the square root of the number, or of the 
symbol, before which it is placed. 

The Hindus, in their treatises on Algebra, indicated the ratio of two 
numbers, or of two algebraical symbols, by placing one above the other, 
without any line of separation. The line was first introduced by the Ara- 
bians, from whom it passed to the Italians, and from them to the rest of 
Europe. This notation has been employed for the expression of geome- 
trical ratios by almost all writers on the Mathematics, on account of its 
great convenience. Oughtred first used points to indicate proportion ; 
thus, 2 :5::c: d, means that a bears the same proportion to b, as e does to d. 


QUESTIONS ON BOOK Il. 


l. Is rectangle the same as rectus angulus? Explain the distinction, 
and give the corresponding Greek terms. 

2. What is meant by the sum of two, or more than two straight lines 
in Geometry ? 

3. Is there any difference between the straight lines by which a rect- 
angle is said £o be contained, and those by which $£ ts bounded? 

4. Define a gnomon, How many gnomons appear from the same con- 
struction in the same rectangle? Find the difference between them. 

5. What axiom is assumed in proving the first eight propositions of 
the Second Book of Euclid? j 

6. Of equal squares and equal rectangles, which must necessarily coin- 
cide ? r 

7. How may a rectangle be dissected so as to form an equivalent 
rectangle of any proposed length ? 

8. When the adjacent sides of a rectangle are commensurable, the arca 
of the rectangle is properly represented by the product of the number of 
units in two adjacent sides of the rectangle. Illustrate this by considering 
the case when the two adjacent sides contain 3 and 4 units respectively, 
and distinguish between the units ofthe factors and the unitsofthe product. 
Shew generally that a rectangle whose adjacent sides arerepresented by the 
integers a and b, is represented by ab. Also shew, that in the same sense, 


b ( a b 
the rectangle is represented by Z, if the sides be represented by it iad 
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9. Why may not Algebraical or Arithmetical proofs be substituted (as 
being shorter) for the demonstrations of the Propositions in the Second 
Book of Euclid? 

10. In what sense is the area of a triangle said to be equal to half the 
product of its base and its altitude? What two propositions of Euclid 
may be adduced to prove it? 

11, How do you shew that the area ofa rhombus is equal to half the 
rectangle contained by the diagonals? 

12, How may a rule be deduced for finding a numerical expression 
for the area of any parallelogram, when two adjacent sides are given? 

13. The area of a trapezium which has two of its sides parallel is equal 
to that of a rectangle contained by its altitude and half the sum of its 
parallel sides. What propositions of the First and Second Books of Euclid 
are employed to prove this? Of what service is the above in the men- 
suration of fields with irregular borders? 

14. From what propositions of Euclid may be deduced the following 
rule for finding the area of any quadrilateral figure :—‘* Multiply the sum 
of the perpendiculars drawn from opposite angles of the figure upon the 
diagonal joining the other two angles, and take half the product.”’ 

15. In Euclid, 11. 3, where must be the point of division of the line, so 
that the rectangle contained by the two parts may be a maximum? Ex- 
emplify in the case where the line is 12 inches long. 

16. How may the demonstration of Euclid 1. 4, be legitimately short- 
ened? Give the Algebraical proof, and state on what suppositions it can 
be regarded as a proof, 

17. Shew that the proof of Euc. 11. 4, can be deduced from the two 
previous propositions without any geometrical construction. 

18. Shew that if the two complements be together equal to the two 
squares, the given line is bisected. 

19. Ifthe line AB, as in Euc. tr. 4, be divided into any three parts, 
enunciate and prove the analogous proposition. 

20. Prove geometrically that if a straight line be trisected, the square 
on the whole line equals nine times the square on a third part of it. 

21, Deduce from Euc. ir. 4, a proof of Euc. 1. 47. 

22. lfa straight line bedivided into two parts, when 1s the rectangle 
contained by the parts, the greatest possible? and when is the sum of the 
squares of the parts, the least possible? 

23. Shew that if a line be divided into two equal parts and into two 
unequal parts; the part of the line between the points of section is equal 
to half the difference of the unequal parts. 

24, If half the sum of two unequal lines be increased by half their 
difference, the sum will be equal to the greater line: and if the sum of 
two lines be diminished by half their difference, the remainder will be 
equal to the less line. 

25. Explain what is meant by the internal and external segments of a 
line; and show that the sum of the external segments of a line or the 
difference of the internal segments is double the distance between the 
points of section and bisection of the line. 

26. Shew how Eue. u. 6, may be deduced immediately from the 
preceding Proposition. 

27. Prove Geometrically that the squares on the sum and difference 
of two lines are equal to twice the squares on the lines themselves. 

28. A given rectangle is divided by two straight lines into four rect- 
angles. Given the areas of the two which have not common sides: find 
the areas of the other two. 
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29. In how many ways may the difference of two lines be exhibited? 
Enunciate the propositions in Book 11. which depend on that circumstance. 

30. How may a series of lines be found similarly divided to the line 
AB in Euc. rr. 11? 

31. Divide Algebraically a given line (a) into two parts, such that 
the rectangle contained by the whole and one part may be equal to the 
square of the other part. Deduce Euclid’s construction from one so- 
lution, and explain the other. 

32. Given the lesser segment of a line, divided as in Euc. 11. 11, 
find the greater. 

33. Knunciate the Arithmetical theorems expressed by the following 
Algebraical formule, 


(a + b} = a® + 2ab + b: a? — b? = (a+b) (a— b): (a—b)? = a? — 2ab + bF, 
and state the corresponding Geometrical propositions. 

94, Shew that the first of the Algebraical propositions, 

(a + z) (a — z) + z2* = a°: (a 4+ 2)? 4 (a — TY = 2a? + 22%, 
is equivalent to the two propositions v. and vi., and the second of them, 
to the two propositions 1x. and x. of the Second Book of Euclid. 

35. Prove Euc. 11. 12, when the perpendicular BE is drawn from 
B on AC produced to F, and shew that the rectangle BC, CD is equal 
to the rectangle AC, CE. 

86. Include the first two cases of Euc. 11. 13, in one proof, 

37. In the second case of Euc. 11, 13, draw a perpendicular CE from 
the obtuse angle C upon the side AB, and prove that the square on AB 
is equal to the rectangle AB, AE together with the rectangle BC, BD. 

38. Enunciate Euc. 1. 13, and give an Algebraical or Arithmetical 
proof of it. 

39. The sides of a triangle are as 3, 4, 5. Determine whether the 
angles between 3, 4; 4,5; and 3, 5; respectively are greater than, equal 
to, or less than, a right angle. 

40. Two sides of a triangle are 4 and 5 inches in length, if the 
third side be 6,8 inches, the triangle is acute-angled, but if it be 6;4 
inches, the triangle is obtuse-angled. 

41. A triangle has its sides 7, 8, 9 units respectively; a strip of 
breadth 2 units being taken off all round from the triangle, find the 
area of the remainder. 

49. If the original figure, Euc. 11. 14, were a right-angled triangle, 
whose sides were represented by 8 and 9, what number would represent 
the side of a square of the same area? Shew that the perimeter of the 
square is less than the perimeter of the triangle, 

43. If the sides of a rectangle are 8 feet and 2 feet, what is the side 
of the equivalent square? 

44, *' All plane rectilineal figures admit of quadrature.” Point out 
the succession of steps by which Euclid establishes the truth of this 
proposition. 

45, Explain the construction (without proof) for making a square 
equal to a plane polygon. 

46. Shew from Euc. rr. 14,that any algebraical surd as 4/a can be 
represented by a line, if the unit be a line. 

47. Could any of the propositions of the Second Book be made co- 
rollaries to other propositions, with advantage? Point outany such pro- 
positions, and give your reasons for the alterations you would make. 
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PROPOSITION I. PROBLEM, 


Divide a given straight line into two parts. such, that their rectangle may 
be equal to a given square; and determine the greatest square which the 
rectangle can equal. 

Let AB be the given straight line, and let Jf be the side of the 
given square. 

It is required to divide the line 4B into two parts, so that the 
rectangle contained by them may be equal to the square on Ji. 

D E 
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Bisect 4 B in C, with center C, and radius C/A or CB, describe the 
semicircle ADB. 


At the point B draw BE at right angles to 4B and equal to M. 
Through £, draw ED parallel to 4B and cutting the semicircle 


in D; 
and draw DF parallel to EB meeting AB in F. 
Then 4B is divided in F, so that the rectangle AF, FB is equal 
to the square on M. (11. 14.) 
The square will be the greatest, when ED touches the semicircle, 
or when J is equal to half of the given line 4B. 





PROPOSITION II, THEOREM. 


The square on the excess of cne straight line above another is less than the 
squares on the two lines by twice their rectangle. 


Let AB, BC be the two straight lines, whose difference is 4 C. 
Then the square on 4 C is less than the squares on 4B and BC by 
twice the rectangle contained by AB and BC. 
A Q E 





D FE 
Constructing as in Prop. 4. Book 11. 
Because the complement AG is equal to GE, 
add to each CK, 
therefore the whole 4 is equal to the whole CE; 
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and AK, CE together are double of 4K; 
but AK, CE are the gnomon AKF and CK, 
and AK is the rectangle contained by 4B, BC; 
therefore the gnomon .4 X F and CK, 
are equal to twice the rectangle 4B, BC, 
but AE, CK are equal to the squares on .4 2, BC, 
taking the former equals from these equals, 
therefore the difference of 4 E and the gnomon 4 KP is equal to 
ja eel between the squares on 4 B, BC, and twice the rectangle 
but the difference 4# and the gnomon AKF'is the figure HF 
which is equal to the square on AC. 
Wherefore the square on AC is equal to the difference between the 
equares on AB, BC, and twice the rectangle 4B, BC. 


PROPOSITION HI. THEOREM, 


In any triangle the squares on the two sides are together double of the 
squares on half the base and on the straight line joining its bisection with the 
opposite angle. 


Let ABC be a triangle, and 4D the line drawn from the vertex 4 
to the bisection D of the base BC. 


A 
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From 4 draw AE perpendicular to BC. 
Then, in the obtuse-angled triangle 4BD, (u. 12.); 

the square on AB exceeds the squares on 4D, DB, by twice the 

rectangle BD, DE: 

and in the acute-angled triangle ADOC, (11. 13.); 

the square on 4C is less than the squares on AD, DC, by twice 

the rectangle CD, DE: 

wherefore, since the rectangle BD, DE is equal to the rectangle CD, 

DE; it follows that the squares on 4B, AC are double of the 
squares on 4D, DB. 





PROPOSITION IV. THEOREM. 


If straight lines be drawn from each angle of a triangle bisecting the 
opposite sides, four times the sum of the squares on these lines is equal to 
three times the sum of the squares on the sides of the triangle. 


Let ABC be any triangle, and let 4D, BE, CF be drawn from 
A, B, C, to D, E, F, the bisections of the opposite sides of the tri- 
angle: draw 4G perpendicular to BC. 
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Then the square on 4B is equal to the squares on BD, DA together 
with twice the rectangle BD, DG, (11. 12.) 
and the square on 4C’is equal to the squares on CD, DA dimi- 
nished by twice the rectangle CD, DG; (11. 13.) 
therefore the squares on 4B, AC are equal to twice the square on 
BD, and twice the square on A.D; for DC is equal to BD: 
and twice the squares on 4B, AC are equai to the square on BC, 
and four times the square on 4D: for BC is twice BD. 
Similarly, twice the squares on 4B, BC are equal to the square on 
4 C, and four times the square on DE: 
also twice the squares on B C, CA are equal to the square on 4B, 
and four times the square on 7C: 
hence, by adding these equals, 
four times the squares on 4B, AC, BC are equal to four times the 
squares on AD, BE, CF together with thesquares on AB, AC, BC: 
and taking the squares on 4 B, AC, BC from these equals, 
therefore three times the squares on 4B, AC, BC are equal to four 
times the squares on AD, BL, CF. 


LAW 
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PROPOSITION V. THEOREM. 


The sum of the perpendiculars let fall from any point within an equila- 
teral triangle, will be equal to the perpendicular let fall from one of its 
angles upon the opposite side. Is this proposition true when the point is in 
one of the sides of the triangle? In what manner mus! the proposition be 
enunciated when the point is without the triangle? 


Let 4 BC be an equilateral triangle, and P any point within it: 
and from P letfall PD, PE, PF perpendicularson the sides 4 B, BC, 
CA respectively, also from A let fall 4G perpendicular on the base BC. 
Then 44 G is equal to the sum of PD, PE, PF. 


A 
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From P draw PA, PB, PC to the angles A, B, C. 
Then the triangle ABC is equa: to the three triangles PAB, PBC, 


PCA. 
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But since every rectangle is double of a triangle of the same base 

and altitude, (1. 41.) 
therefore the rectangle 4G, BC, is equal to the three rectangles 

AB, PD; AC, PFand BC, PE. | 

Whence the line 4G is equal to the sum of the lines PD, PE, PF. 
If the point P fall on one side of the triangle, or coincide with Æ: 

then the triangle 4 BC is equal to the two triangles 4PC, BPA: 

whence AG is equal to the sum of the two perpendiculars PD, PF. 
If the point P fall without the base BC of the triangle: 

then the triangle 4 BC is equal to the difference between the sum 
of the two triangles 4 PC, BPA, and the triangle PCB. 

Whence ÆG is equal to the difference between the sum of PD, 
PF, and PE. 




















I. 


6. Ifthe straight line AB be divided into two unequal parts in 
D, and into two unequal parts in Æ, the rectangle contained by AE, 
EB, will be greater or less than the rectangle contained by 4D, DB, 
according as £ is nearer to, or further from, the middle point of 4 D, 
than D. 

7. Produce a given straight line in such a manner that the square 
on the whole line thus produced, shall be equal to twice the square on 
the given line. 

8. If AB be the line so divided in the points Cand D, (fig. Euc. 
11.5.) shew that 4B*=4.CD*+4.AD.DB. 

9. Divide a straight line into two parts, such that the sum of their 
squares may be the least possible. 

10. Divide a line into two parts, such that the sum of their 
squares shall be double the square on another line. 

11. Shew that the difference between the squares on the two un 
equal parts (fig. Euc. II. 9.) is equal to twice the rectangle contained 
by the whole line, and the part between the points of section. 

12. Shew how in all the possible cases, a straight line may be 
geometrically divided into two such parts, that the sum of their squares 
shall be equal to a given square. 

13. Divide a given straight line into two parts, such that the 
squares on the whole line and on one of the parts shall be equal to twice 
the square on the other part. 

14. Any rectangle is the half of the rectangle contained by the 
diameters of the squares on its two sides. 

15. Ifa straight line be divided into two equal and into two un 
equal parts, the squares on the two unequal parts are equal to twice 
the rectangle contained by the two unequal parts, together with four 
times the square on the line between the points of section. 

16. Ifthe points C, D be equidistant from the extremities of the 
straight line 4 B, shew that the squares constructed on 4D and AC, 
exceed twice the rectangle 4C, AD by the square constructed on CD. 

17. lfany point be taken in the plane of a parallelogram from 
which perpendieulars are let fall on the diagonal, and on the sides 
which include it, the rectangle of the diagonal and the perpendicular 
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on it, is equal to the sum or difference of the rectangles of the sides 
and the perpendiculars on them. 

18. ABCD is a rectangular parallelogram, of which A, C are 
opposite angles, E any point in BC, F any point in CD. Prove that 
twice the area of the triangle 4.EF together with the rectangle 5.5, 
DF is equal to the parallelogram AC. 


II. 


19. Shew how to produce a given line, so that the rectangle con- 
tained by the whole line thus produced, and the produced part, shall be 
equal to the square (1) on the given line (2) on the part produced. 

20. Ifin the figure Euc. 11. 11, we join BF and CH, and produce 
CH to meet BF in L, CL is perpendicular to BL. 

21. Ifa line be divided, as in Euc. 11. 11, the squares on the whole 
line and one of the parts are together three times the square on the 
other part. 

22. Ifin the fig. Euc. 11. 11, the points F, D be joined cutting 
AHB, GHK in f, d respectively; then shall Ff- Dd. 


III. 


23. Iffrom the three angles of a triangle, lines be drawn to the 
points of bisection of the opposite sides, the squares on the distances 
between the angles and the common intersection, are together one-third 
of the squares on the sides of the triangle. 

24. ABC is a triangle of which the angle at C is obtuse, and the 
angle at B is half a right angle: D is the middle point of 4B, and CL 
is drawn perpendicular to 4 B. Shew that the square on 4 C is double 
of the squares on AD and DE. 

25. Ifan angle of a triangle be two-thirds of two right angles, 
shew that the square on the side subtending that angle is equalto the 
squares on the sides containing it, together with the rectangle con- 
tained by those sides. 

26. 'The square described on a straight line drawn from one of 
the angles at the base of a triangle to the middle point of the opposite 
side, is equal to the sum or difference of the square on half the side 
bisected, and the rectangle contained between the base and that part of 
it, or of it produced, which is intercepted between the same angle and 
a perpendicular drawn from the vertex. 

27. ABC is a triangle of which the angle at C'is obtuse, and the 
angle at B is half a right angle: D is the middle point of AB, and 
CE is drawn perpendicular to AB. Shew that the square on AC is 
double of the squares on AD and DE. 

28. Produce one side of a scalene triangle, so that the rectangle 
under it and the produced part may be equal to the difference of the 
squares on the other two sides. 

29. Given the base of any triangle, the area, and the line bisecting 
the base, construct the triangle. 
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IV. 


30. Shew that the square on the hypotenuse of a right-angled 
triangle, is equal to four times the area of the triangle together with 
the square on the difference of the sides. 

31. In the triangle ABC, if AD be the perpendicular let fall 
upon the side BC; then the square on AC together with the rectangle 
contained by BC, BD is equal to the square on AB together with 
the rectangle CB, CD. 

32. ABC isa triangle, right angled at C, and CD is the perpen- 
dicular let fall from C upon 4B; if HK is equal to the sum of the 
sides 44 C, CB,and LM to the sum of AB, CD, shew that the square 
on HK together with the square on CD is equal to the square on LM, 

33. ABC isa triangle having the angle at B a right angle: it is 
required to find in 4B a point P such that the square on 4C may 
exceed the squares on 4P and PC by half the square on AB. 

34. Ina right-angled triangle, the square on that side which is the 
greater of the two sides containing the right angle, is equal to the 
rectangle by the sum and difference of the other sides. 

35. The hypotenuse .42 of a right-angled triangle ABC is tri- 
sected in the points .D, E; prove that if CD, CE be joined, the sum 
of the squares on the sides of the triangle CD.E is equal to two-thirds 
of the square on AJB. 

36. From the hypotenuse of a right-angled triangle portions are 
cut off equal to the adjacent sides: shew that the square on the middle 
segment is equivalent to twice the rectangle under the extreme 
segments. 


V. 


37. Prove that the square on any straight line drawn from the 
vertex of an isosceles triangle to the base, is less than the square on a | 
side of the triangle by the rectangle contained by the segments of the 
base: and conversely. 

38. If from one of the equal angles of an isosceles triangle a per- 
pendicular be drawn to the opposite side, the rectangle contained by 
that side and the segment of it intercepted between the perpendicular | 
and base, is equal to the half of the square described upon the base. 

39. Ifin an isosceles triangle a perpendicular be let fall from one | 
of the equal angles to the opposite side, the square on the perpendicu- - 
lar is equal to the square on the line intercepted between the other 
equal angle and the perpendicular, together with twice the rectangle - 
contained by the segments of that side. 

40. The square on the base of an isosceles triangle whose vertical 
angle is a right angle, is equal to four times the area of the triangle. 

41. Describe an isosceles obtuse-angled triangle, such that the 
square on the side subtending the obtuse angle may be three times the 
square on either of the sides containing the obtuse angle. 

42. If AB, one of the sides of an isosceles triangle 4 BC be pro- 
duced beyond the base to D, so that BD= AB, shew that 


CD*= AB‘ +2. BC. 
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43. If ABC be an isosceles triangle, and DE be drawn parallel 
to the base BC, and EB be joined; prove that BH? = BCx DE - CE”. 

44. If ABC be an isosceles triangle of which the angles at B and 
C are each double of 4; then the square on 4 C is equal to the square 
on BC together with the rectangle contained by 4C and BC. 


VI. 


45. Shew that in a parallelogram the squares on the diagonals are 
equal to the sum of the squares on all the sides. 

46. If ABCD be any rectangle, A and C being opposite angles, 
and O any point either within or without the rectangle: 

OA*+ OC*®= OB*+ OD*. 

47. In any quadrilateral figure, the sum of the squares on the 
diagonals together with four times the square on the line joining their 
middle points, is equal to the sum of the squares on all the sides. 

48. In any trapezium, if the opposite sides be bisected, the sum 
of the squares on the other two sides, together with the squares on the 
diagonals, is equal to the sum of the squares on the bisected sides, 
together with four times the square on the line joining the points of 
bisection. 

49. The squares on the diagonals of a trapezium are together 
double the squares on the two lines joining the bisections of the 
opposite sides. 

50. In any trapezium two of whose sides are parallel, the squares 
on the diagonals are together equal to the squares on its two sides which 
are not parallel, and twice the rectangle contained by the sides which 
are parallel. 

91. If the two sides of a trapezium be parallel, shew that its 
area is equal to that of arectangle contained by its altitude and half 
the sum of the parallel sides. 

52. Ifa trapezium have two sides parallel, and the other two equal, 
shew that the rectangle contained by the two parallel sides, together 
with the square on one of the other sides, will be equal to the square 
on the straight line joining two opposite angles of the trapezium. 

99. If squares be described on the sides of any triangle and the 
angular points of the squares be joined; the sum of the squares on the 
sides of the hexagonal figure thus formed is equal to four times the 
sum of the squares on the sides of the triangle. 


VII. 


94. Find the side of a square equal to a given equilateral triangle. 

99. Find a square which shall be equal to the sum of two given 
rectilineal figures. 

96. "To divide a given straight line so that the rectangle under its 
segments may be equal to agiven rectangle. 

91. Construct a rectangle equal to a given square and having the 
difference of its sides equal to a given straight line. 

58. Shew how to describe a rectangle equal to a given square, and 
having one of its sides equal to a given straight line. 
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DEFINITIONS. 
I. 


EQUAL circles are those of which the diameters are equal, or from 
the centers of which the straight lines to the circumferences are 
equal. 

This is not a definition, but a theorem, the truth of which isevident; for, 
if the circles be applied to one another, so that their centers coincide, the 
E must likewise coincide, since the straight lines from the centers are 
equal. 





II. 


A straight line is said to touch a circle when it meets the circle, 
and being produced does not cut it. 
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IIT. 


Circles are said to touch one another, which meet, but do not cut 
one another. 


IV: 


Straight lines are said to be equally distant from the center of a 
circle, when the perpendiculars drawn to them from the center are 


equal. 
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And the straight line on which the greater perpendicular falls, is 
said to be further from the center. 


VI. 


A segment of a circle is the figure contained by a straight line, and. 
the arc or the part of the circumference which it cuts off. 


ue 
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VII. 


The angle of a segment is that which is contained by a straight 
line and a part of the circumference. 


VIII. 


An angle in a segment is any angle contained by two straight lines 
drawn from any point in the arc of the segment, to the extremities of 
the straight line which is the base of the segment. 


IX. 


An angle is said to insist or stand upon the part of the circum- 
ference intercepted between the straight lines that contain the angle. 


X. 


A sector of a circle is the figure contained by two straight lines 
drawn from the center and the are between them. 


XI. 


Similar segments of circles are those in which the angles are equal. 
or which contain equal angles. 
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PROPOSITION I. PROBLEM. 
To find the center of a given circle. 


Let ABC be the given circle: it is required to find its center. 
C 
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Draw within it any straight line 4B to meet tue circumference in 
A, B; and bisect AB in D; (1. 10.) from the point D draw DC at 
right angles to 4B, (I. 11.) meeting the circumference in C, produce 
CD to E to meet the circumference again in Æ, and bisect CE in F. 

Then the point F shall be the center of the circle 4 BC. 
For, if it be not, if possible, let G be the center, and join G4, GD, GB. 
Then, because DA is equal to DB, (constr.} 
and DG common to the two triangles ADG, BDG, 
the two sides 4D, DG, are equal to the two BD, DG, each to each; 
and the base G4 is equal to the base GB, (1. def. 13.) 
because they are drawn from the center G: 
therefore the angle A DG is equal to the angle GDB: (1. 8.) 
but when a straight line standing upon another straight line makes 
the adjacent angles equal to one another, each of the angles is a right 
angle; (I. def. 10.) 
therefore the angle GDB is a right angle: 
but FDB is likewise a right angle; —— 
wherefore the angle FDB is equal to the angle GDB, (ax. 1.) 
the greater angle equal to the less, which is impossible ; 
therefore G is not the center of the circle 4 BC. 

In the same manner it can be shewn that no other point out of the 

line CE is the center ; 
and since CE is bisected in F, 
any other point in CE divides CE into unequal parts, and cannot 
be the center. 
Therefore no point but F'is the center of the circle ABC. 
Which was to be found. 

Cor. From this it is manifest, that if in a circle a straight line 
bisects another at right angles, the center of the circle is in the line 
which bisects the other. 





PROPOSITION II. THEOREM. 


If any two points be taken in the circumference of a circle, the straight 
line which joins them shall fall within the circle. | 


Let ABC be a circle, and A, B any two points in the circumference. 
Then the straight line drawn from A to B shall fall within the circle. 
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For if 4B do not fall within the circle, 
let it fall, if possible, without the circle as AEB; 
find D the center of the circle ABC, (111. 1.) and join DA, DB; 
in the circumference 44 D take any point F, 
join DF, and produce it to meet 4B in E. 
Then, because D.4 is equal to DB, (1. def. 15.) 
therefore the angle DBA is equal to the angle DAB; (1. 5.) 
and because 4E, a side of the triangle DAZ, is produced to B, 
the exterior angle DEB is greater than the interior and opposite 
angle DAE; (I. 16.) 
but DA. E was proved to be equal to the angle DBE; 
therefore the angle DEB is greater than the angle DBE; 
but to the greater angle the greater side is opposite, (I. 19.) 
therefore DB is greater than DE: 
but DB is equal to DF; (1. def. 15.) 
wherefore DF is greater than DE, 
the less than the greater, which is impossible; 
therefore the straight line drawn from 4 to B does not fall without 
the circle. 
In the same manner, it may be demonstrated that it does not fall 
upon the circumference ; 
therefore it falls within it. 
Wherefore, if any two points, &c. Q.E.D. 


PROPOSITION III. THEOREM. 

If a straight line drawn through the center of a circle bisect a straight 
line in tt which does not pass through the center, it shall cut it at right 
angles: and conversely, if it cut it at right angles, it shall bisect it. 

Let ABC be a circle; and let CD, a straight line drawn through 
the center, bisect any straight line 4B, which does not pass through 
the center, in the point F. 

Then CD shall cut 4B at right angles. 
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Take Æ the center of the circle, (111. 1.) and join E4, EB. 
Then, because AF is equal to FB, (hyp.) 
and FE common to the two triangles AFE, DFE, 
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to each; 
and the base £4 is equal to the base EB; (1. def. 15.) 
therefore the angle AFE is equal to the angle BFE; (1. 8.) 
but when a straight line standing upon another straight line makes 
the adjacent angles equal to one another, 
each of them is a right angle; (1. def. 10.) 
therefore each of the angles AFE, BFE, is a right angle : 
wherefore the straight line CD, drawn through the center, bisecting 
another 4B that does not pass through the center, cuts the same at 
right angles. 
Conversely, let CD cut 4B at right angles. 
Then CD shall also bisect 4 B, that is, AF shall be equal to FB. 
The same construction being made, 
because, .£B, E, from the center are equal to one another, 
(1. def. 15.) 
therefore the angle E.4 F is equal to the angle EB; (1. 5.) | 
and the right angle 4 FE is equal to the right angle B.FE ; (1. def. 10.) 
therefore, in the two triangles, EAF, EBF, 
there are two angles in the one equal to two angles in the other, each 
to each ; 
and the side .EF, which is opposite to one of the equal angles in each, 
is common to both; 
therefore the other sides are equal; (1. 26.) 
therefore AF is equal to FB. 
Wherefore, if a straight line, &c. Q.E.D. 
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there are $wo sides in the one equal to two sides in the other, each 
l 


PROPOSITION IV. THEOREM. | 


If in a circle two straight lines cut one another, which do not both pass 
through the center, they do not bisect each other. 


Let ABCD bea circle, and 4C, BD two straight lines in it which 
cut one another in the point E, and do not both pass through the center. 
Then AC, BD, shall not bisect one another. 


Cc , 
For, if it be possible, let A E be equal to EC, and BE to ED. 
If one of the lines pass through the center, 
itis plain that it cannot be bisected by the other which does not 
pass through the center: 
but if neither of them pass through the center, 
find F the center of the circle, (111. 1.) and join EF. 
Then because FZ, a straight line drawn through the center, bisects 
another 4 C which does not pass through the center, (hyp.) 
therefore FE cuts 4C at right angles: (III. 3.) 
wherefore FEA is a right angle. 
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Again, because the straight line FEZ bisects the straight line BD 
which does not pass through the center, (hyp.) 
therefore FE cuts BD at right angles: (III. 3.) 
wherefore FEB is a right angle: 
but FEA was shewn to be a right angle ; 
therefore the angle FEA is equal to the angle FEB, (ax. 1.) 
the less equal to the greater, which is impossible : 
therefore 4C, BD do not bisect one another. 
Wherefore, if in a circle, &c. Q.E.D. 


PROPOSITION V. THEOREM. 
If two circles cut one another, they shall not have the same center. 


Let the two circles 4 BC, CDG, cut one another in the points B, C. 
They shall not have the same center. 





If possible, let Æ be the center of the two circles; join EC, 
and draw any straight line E FG meeting the circumferences in Fand G. 
And because Æ is the center of the circle ABC, 
therefore ZF is equal to EC: (1. def. 15.) 
again, because Æ is the center of the circle CDG, 
therefore EG is equal to EC: (1. def. 15.) 
but EF was shewn to be equal to EC; 
therefore EF is equal to EG, (ax. 1.) 
the less line equal to the greater, which is impossible. 
Therefore .E is not the center of the circles ABC, CDG. 
Wherefore, if two circles, &c. Q.E.D. 


PROPOSITION VI. THEOREM. 


If one circle touch another internally, they shall not have the same center. 


Let the circle CDE touch the circle 44 B C internally in the point C. 
They shall not have the same center. 


If possible, let F be the center of the two circles: join FC, 
anddraw any straight line FEB, meeting the circumferences in E and B. 
And because F is the center of the circle 4 BC, 

FB is equal to FC; (1. def. 15.) 
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also, because Fis the center of the circle CDE, 
FE is equal to FC: (1. def. 15.) 
but FB was shewn to be equal to FC; 
therefore FE is equal to FB, (ax. 1.) 
the less line equal to the greater, which is impossible : 
therefore F is not the center of the circles ABC, CDL. 
Therefore, if two circles, &c. Q.E.D. 


PROPOSITION VII. THEOREM. 


If any point be taken in the diameter of a circle which is not the center, 
of all the straight lines which can be drawn from it to the circumference, 
the greatest is that in which the center is, and the other part of that 
diameter is the least; and, of the rest, that which is nearer to the 
line which passes through the center is always greater than one more remote : 
and from the same point there can be drawn only two equal straight lines 
to the circumference one upon each side of the diameter, 


Let ABCD be a circle, and AD its diameter, in which let any point 

F be taken which is not the center: 
let the center be E. 

Then, of all the straight lines £D, F'C, FG &c. that can be drawn 

from F to the circumference, 
F.A, that in which the center is, shall be the greatest, 
and FD, the other part of the diameter 4 D, shall be the least: 
and of the rest, FB, the nearer to 74, shall be greater than FC 
the more remote, and FC greater than FG. 





Join BE, CE, GE. 
Because two sides of a triangle are greater than the third side, (1. 20.) 
therefore BE, EF are greater than BF: 
but AE is equal to BE; (1. def. 15.) 
therefore 4E, EF, that is, 4F is greater than BF. 
Again, because BE is equal to CE, 
and FE common to the triangles BEF, CEF, 
the two sides BE, EF are equal to the two CE, EF, each to each ; 
but the angle BEF is greater than the angle CEF; (ax. 9.) 
therefore the base BF is greater than the base CF. (1. 24.) 
For the same reason CF'is greater than GF. 
Again, because GF, FE are greater than EG, (1. 20.) 
and EG is equal to ED; 
therefore GF, FE are greater than ED: 
take away the common part FE, 
and the remainder GF is greater than the remainder FD. (ax. ð.) 





BOOK. III. PROP. VIII. 127 


Therefore, FA is the greatest, 
and FD the least of all the straight lines from F to the circumference ; 
and BF is greater than CF, and CF than GF. 

Also, there can be drawn only two equal straight lines from the 
point F to the circumference, one upon each side of the diameter. 

At the point Æ, in the straight line EF, make the angle FEH 
equal to the angle FEG, (1. 23.) and join FH. 

Then, because GE is equal to EH, (1. def. 15.) 
and EF common to the two triangles GEF, HEF; 
the two sides GE, EF are equal to the two HE, EF, each to each; 
and the angle GEF is equal to the angle HEF; (constr.) 
therefore the base F'G 1s equal to the base FH: (1. 4.) 
but, besides FH, no other straight line can be drawn from F to the 
circumference equal to FG : 
for, if possible, let it be FK: 
and because FK is equal to FG, and FG to FH, 
therefore FK is equal to FH; (ax. 1.) 

that is, a line nearer to that which passes through the center, is equal 

to one which is more remote; 

which has been proved to be impossible. 
Therefore, if any point be taken, &c. Q.E.D. 


PROPOSITION VIII. THEOREM, 


If any point be taken without a circle, and straight lines be drawn from 
it to the circumference, whereof one passes through the center; of those 
which fall upon the concave part of the circumference, the greatest is that 
which passes through the center ; and of the rest, that which is nearer to the 
one passing through the center ts always greater than one more remote: but 
of those which fall upon the conver part of the circumference, the least is 
that between the point without the circle and the diameter; and of the rest, 
that which is nearer to the least ts always less than one more remote; and 
only two equal straight lines can be drawn from the same point to the circum- 
ference, one upon each side of the line which passes through the center, 


Let ABC be a circle, and D any point without it, from which let 
the straight lines DA, DE, DF, DC be drawn to the circumference, 
whereof DA passes through the center. 
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Of those which fall upon the concave part of the circumference 
AEFC, the greatest shall be D.A, which passes through the center; 
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and any line nearer to it shall be greater than one more remote, 

viz. DE shall be greater than DF, and DF greater than DC; 
but of those which fall upon the convex part of the circumference HL KG, 

the least shall be DG between the point D and the diameter 4G; 
and any line nearer to it shall be less than one more remote, 
viz. DK less than DL, and DL less than DH. 
Take M the center of the circle 4 B C, (rtr. 1.) 
and join M E, MF, MC, MK, ML, MH. 
And because 4 M is equal to ME, 
add MD to each of these equals, 
therefore AD is equal to EM, MD: (ax. 2.) 
but EM, MD are greater than ED; T 20.) 
therefore also £D is greater than ED. 

Again, because ME is equal to MF, and MD common to the tri- 
angles EMD, FMD; EM, MD, are equal to FM, MD, each to each; 
but the angle EMD is greater than the angle FMD; (ax. 9.) 
therefore the base .E.D 1s greater than the base FD. (1. 24.) 

In like manner it may be shewn that FD is greater than CD. 
Therefore DA is the greatest; 
and DE greater than DF, and DF greater than DC. 

And, because MK, KD are greater than MD, (1. 20.) 
and MK is equal to MG, (1. def. 15.) 
the remainder KD is greater than the remainder GD, (ax. 5.) 
that is, GD is less than KD: 

and because MLD is a triangle, and from the points M, D, the 
extremities of its side MDP, the straight lines MA, DK are drawn to 
the point K within the triangle, 

therefore MK, KD are less than ML, LD: (1. 21.) 
but MK is equal to ML; (1. def. 15.) 
therefore, the remainder DK is less than the remainder DL. (ax. 5.) 
In like manner it may be shewn, that DZ is less than DH. 
Therefore, DG is the least, and DK less than DZ, and DZ less 
than DH. 

Also, there can be drawn only two equal straight lines from the 
point D to the circumference, one upon each side of the line which 
passes through the center. 

At the point M, in the straight line MD, 
make the angle DMB equal to the angle DMK, (1. 23.) and join DB. 

And because MK is equal to MB, and MD common to the tri- 

angles KMD, BMD, 
the two sides KM, MD are equal to the two BM, MD, each to each; 

and the angle KMD is equal to the angle BMD ; (constr.) 
therefore the base DK is equal to the base DB: (I. 4.) 
but, besides DB, no straight line equal to DK can be drawn from D 
to the circumference, 
for, if possible, let it be DN; 
and because DK is equal to DN, and also to DB, 
therefore DB is equal to DN; 
that is, a line nearer to the least is equal to one more remote, 
which has been proved to be impossible. 
If therefore, any point, &e. Q. E. D. 
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PROPOSITION IX. THEOREM. 


If a point be taken within a circle, from which there fall more than 
two equal straight lines to the circumference, that point is the center of the 
circle. 


Let the point Dbe taken within thecircle.4 B C,from which to the circum- 
ference there fall more than two equal straight lines, viz. DA, DB, DC. 
Then the point D shal! be the center of the circle. 


D a 


For, if not, let E, if possible, be the center: 
join DE, and produce it to meet the circumference in F, G; 
then FG is a diameter of the circle ABO: (1. def. 17.) 
and because in FG, the diameter of the circle ABC, there is taken 
the point D, which is not the center, 
therefore DG is the greatest line drawn from it to the cireumference, 
and DC is greater than DB, and DB greater than DA: (HI. 7.) 
but these lines are likewise equal, (hyp.) which is impossible: 
therefore E is not the center of the circle 4 B C. 
In like manner it may be demonstrated, 
that no other point but D is the center; 
D therefore is the center. 
Wherefore, if a point be taken, &c. Q.E.D. 


PROPOSITION X. THEOREM, 
One circumference of a circle cannot cut another in more than two points. 


If it be possible, let the circumference 4 B C cut the circumference 
DEF in more than two points, viz. in D, G, F. 





Take the center K of the circle 4 BC, (111. 1.) and join AB, KG, KF. 
Then because K is the center of the circle ABC, 

therefore KB, KG, KF are all equal to each other: (1. def. 15.) 

and because within the circle DEF there is taken the point K, from 

which to the circumference D EF fall more than two equal straight 
lines KB, KG, KF; 

therefore the point Æ is the center of the circle DEF: (111. 9.) 

but K is also the center of the circle 4 BC; (constr.) 


GO 
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therefore the same point is the center of two circles that cut one 
another, which is impossible. (III. 3.) 
Therefore, one circumference of a circle cannot cut another in more 
than two points. Q.E.D. 


PROPOSITION XI. THEOREM. 


If one cirele touch another internally in any point, the straight line 
which joins their centers being produced, shall pass through that point of 
contact. 


Let the circle ADE touch the circle ABC internally in the point 4; 
and let P be the center of the circle 44 B C, and. G the center of the 
circle ADE; i 
then the straight line which joins the centers F, G, being produced, 
shall pass through the point 4. 





For, if FG produced do not pass through the point 4, 
let it fall otherwise, if possible, as FGDH, and join AF, AG. 
Then, because two sides of a triangle are together greater than the 
third side, (r. 20.) 
therefore FG, GA are greater than F.A: 
but F4 is equal to ZH ; (1. def. 15.) 
therefore FG, GA are greater than FH: 
take away from these unequals the common part FG; 
therefore the remainder 4 G is greater than the remainder GHA; (ax. ð.) 
but 4G is equal to GD; (1. def. 15.) 
therefore GD is greater than GH, 
the less than the greater, which is impossible. 
Therefore the straight line which joins the points F, G, being produced, 
cannot fall otherwise than upon the point .4, 
that is, it must pass through it. 
Therefore, if one circle, &c. Q.E.D. 


PROPOSITION XII. THEOREM, 


If two circles touch each other externally in any point, the straight line 
which joins their centers, shall pass through that point of contact. 


Let the two circles 4 BC, ADE, touch each other externally in the 
point A ; 
and let F be the center of the circle ABC, and G the center of ADE. 
Then the straight line which joins the points F, G, shall pass through 
the point of contact A. 
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If not, let it pass otherwise, if possible, as FC DG, and join F.A, AG. 
And because JF is the center of the circle ABO, 
FA is equal to FC: 
also, because G is the center of the circle ADE, 
GA is equal to GD: 
therefore F4, AG are equal to FC, DG ; (ax. 2.) 
wherefore the whole FG is greater than F4, AG: 
but FG is less than F4, AG; (1. 20.) which is impossible: 
therefore the straight line which joins the points F, G, cannot pass 
otherwise than through 4 the point of contact, 
that is, F'G must pass through the point A. 
Therefore, if two circles, &c. Q.E.D. 


PROPOSITION XIII. THEOREM. 


One circle cannot touch another in more points than in one, whether it 
touches it on the inside or outside. 
For, if it be possible, let the circle HBF touch the circle ABC in 
more points than in one. 
and first on the inside, in the points B, D. 


B a A 





Join BD, and draw GH bisecting BD at right angles. (1. 11.) 
Because the points B, D are in the circumferences of each of the circles, 
therefore the straight line BD falls within each of them; (111. 2.) 

therefore their centers are in the straight line GH which bisects BD 
at right angles; (111. 1. Cor.) 
therefore GH passes through the point of contact: (11. 11.) 
but it does not pass through it, 
because the points B, D are without the straight line GH; 
which is absurd: 
therefore one circle cannot touch another on the inside in more points 
than in one. 
Nor can two circles touch one another on the outside in more than 
in one point. 
For, if it be possible, 
let the circle 4 CK touch the circle 4 BC in the points 4, C; 
join 4 C. 
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— 
C 
Because the two points 4, Care in the circumference of the circie 
ACK, 
therefore the straight line 4 C which joins them, falls within the circle 
ACK: (Ii. 2.) 
but the circle 4CK is without the circle 4BC; (hyp.) 
therefore the straight line 4C is without this last circle: 
but, because the points 4, C are in the circumference of the circle 4 BC. 
the straight line 4C must be within the same circle, (111. 2.) 
which is absurd; 
therefore one circle cannot touch another on the outside in more than 
1n one point : 
and it has been shewn, that they cannot touch on the inside in more 
points than in one, 
Therefore, one circle, &c. Q.E.D. 


PROPOSITION XIV. THEOREM, 


Equal straight lines in a circle are equally distant from the center ; 
and conversely, those which are equally distant from the center, are equal 
to one another, 


Let the straight lines 4B, CD, in the circle ABDC, be equal to 
one another. 
Then AB and CD shall be equally distant from the center. 
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Take Æ the center of the circle ABDC, (11. 1.) 
from E draw EF, EG perpendiculars to 4B, CD, (1. 12.) and join 
EA, EC. 
Then, because the straight line EF passing through the center, 
cuts AB, which does not pass through the center, at right angles; 
EF bisects AB in the point F: (111. 3.) 
therefore AF is equal to FB, and AB double of AF. 
For the same reason CD is double of CG@: 
but .4 B is equal to CD: (hyp.) 
therefore AF is equal to CG. (ax. 7.) 
And because AEF is equal to EC, (I. def. 15.) 
the square on AF is equal to the square on EC: 
but the squares on AF, FE are equal to the square on 44 E, (I. 47.) 
because the angle AFF is a right angle; 
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and for the same reason, the squares on EG, GC are equal to the 
square on EC; 
therefore the squares on AF, FE are equal to the squares on CG, 
GE: (ax. 1.) 
but the square on AF is equal to the square on CG, 
because 4 Fis equal to CG; 
therefore the remaining square on EF is equal to the remaining 
square on EG, (ax. 3.) 
and the straight line EF is therefore equal to EG: 
but straight lines in a circle are said to be equally distant from the 
center, when the perpendiculars drawn to them from the center are 
equal: (rrr. def. 4.) 
therefore 4B, CD are equally distant from the,center. 
Conversely, let the straight lines 4B, CD be equally distant from 
the center, (III. def. 4.) 
that is, let FE be equal to EG; 
then AB shall be equal to CD. 
For the same construction being made, 
it may, as before, be demonstrated, 
that 4B is double of AF, and CD double of CG, 
and that the squares on FE, AF are equal to the squares on EG, GC: 
but the square on FF is equal to the square on EG, 
because FF is equal to FG;  (hyp.) 
therefore the remaining square on AF is equal to the remaining square 
on CG: (ax. 3. 
and the straight line 4 F' is therefore equal to CG: 
but AB was shewn to be double of AF, and CD double of CG; 
wherefore 4B is equal to CD. (ax. 6.) 
Therefore equal straight lines, &c. Q.E.D. 


PROPOSITION XV. THEOREM. 


The diameter is the greatest straight line in a circle; and of the vest, 
that which ts nearer to the center is always greater than one more remote: 
and conversely the greater is nearer to the center than the less. 


Let ABCD bea circle, of which the diameter is 4D, and the center £ ; 
and let BC be nearer to the center than FG. 
Then .4.D shall be greater than any straight line BC, which is nota 
diameter, and BC shall be greater than FG. 


A 
E | 
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From £ draw EH, perpendicular to BC, and EK to FG, (1. 12.) 
and join ED, EC, EF. 
And because AE is equal to ED, and ED to EC, (1. def. 15.) 
therefore AD is equal to EB, HC: (ax. 2. 
but EP, EC are greater than BC; (1. 203 
wherefore also AD is greater than BC. 
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And, because BC is nearer to the center than FG, (hyp.) 
therefore £H is less than EK: (111. def. 5.) 
but, as was demonstrated in the preceding proposition, 
BC is double of BHA, and FG double of FK, 
and the squares on EH, HB are equal to the squares on EK, KF: 
but the square on EH is less than the square on EK, 
because EZ is less than EK ; 
therefore the square on BH is greater than the square on FK, 
and the straight line BH greater than PK, 
and therefore BC is greater than FG. 
Next, let BC be greater than FG; 
then BC shall be nearer to the center than FG, that is, the same con- 
struction being made, EH shall be less than EK. (111. def. 5.) 
Because BC is greater than FG, 
BH likewise is greater than KF: 
and the squares on BH, HE are equal to the squares on FA, KE, 
of which the square on BH is greater than the square on FK, 
because BH is greater than FK: 
therefore the square on .EH is less than the square on EK, 
and the straight line EH less than EK: 
and therefore BC is nearer to the center than FG. (111. def. 5.) 
' Wherefore the diameter, &c. Q.E.D. 


PROPOSITION XVI. THEOREM. 


The straight line drawn at right angles to the diameter of a circle, from 
the extremity of it, falls without the circle ; and no straight line can be drawn 
from the extremity between that straight line and the circumference, so as not 
to cut the circle: or, which is the same thing, no straight line can make so 
great an acute angle with the diameter at its extremity, or so small an angle 
with the straight line which is at right angles to 1t, as not to cut the circle. 


Let ABC be a circle, the center of which is D, and the diameter 4B. 
Then the straight line drawn at right angles to AB from its ex- 
tremity 44, shall fall without the circle. 
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Neb. 

For, if it does not, let it fall, if possible, within the circle, as AC; 
and draw DC to the point C, where it meets the circumference. 
And because DA is equal to DC, (1. def. 15.) 
the angle DAC is equal to the angle ACD: (I. 5.) 
but DAC is a right angle; (hyp.) 
therefore ACD is a right angle; 
and therefore the angles DAC, ACD are equal to two right angles; 
which is impossible: (1. 17. 
therefore the straight line drawn from 4 at right angles to BA, does 

not fall within the circle. 
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In the same manner it may be demonstrated, 
that it does not fall upon the circumference ; 
therefore it must fali without the circle, as AE. 
Also, between the straight line 44.E and the circumference, no straight 
line can be drawn from the point 4A which does not cut the circle. 
For, if possible, let AF fall between them, 


FE 
G 
i 
(fr 
—— 
and from the point D, let DG be drawn perpendicular to AF, (I. 12.) 
and let it meet the circumference in H. 
And because 4 GD is a right angle, 
and DAG less than a right angle, (I. 17.) 
therefore DA is greater than DG: (1. 19.) 
but DA is equal to DH; (I. def. 15.) 
therefore DH is greater than DG, 
the less than the greater, which is impossible : 
therefore no straight line can be drawn from the point 4, between 
AF and the circumference, which does not cut the circle: 

or, which amounts to the same thing, however great an acute angle 
a straight line makes with the diameter at the point 4, or however 
small an angle it makes with ££, the circumference must pass be- 
tween that straight line and the perpendicular AE. Q.E.D. 

Cor. From this it is manifest, that the straight line which is 
drawn at right angles to the diameter of a circle from the extremity 
of it touches the circle; (rir. def. 2.) and that it touches it only in one 
point, because, if it did meet the circle in two, it would fall within it. 
(111. 2.) ‘Also, it is evident, that there can be but one straight line 
which touches the circle in the same point.” 


PROPOSITION XVII. PROBLEM. 
To draw a straight line from a given point, either without or in the cir- 
cumference, which shall touch a given circle. 
First, let 4 be a given point without the given circle BCD; 
it is required to draw a straight line from .4 which shall touch the circle. 


De 





Find the center E of the circle, (111. 1.) and join AEF; 
and from the center .E, at the distance EA, describe the circle 4 FG ; 
from the point D draw DF at right angles to A, (1. 11.) meeting 
the circumference of the circle 4 FG in F; 
and join EDF, AB. 
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Then AB shall touch the circle BCD in the point B. 

Because E is the eenter of the circles BCD, AFG, (1. def. 15.) 
therefore EA is equal to EF, and ED to EB; 
therefore the two sides AE, EB, are equal to the two FE, ED, 
each to each: 
and they contain the angle at E common to the two triangles AEB, 
FED; 
therefore the base DF is equal to the base 4B, (I. 4.) 
and the triangle FED to the triangle AFB, 
and the other angles to the other angles: 
therefore the angle EBA is equal to the angle EDF: 
but EDF is a right angle, o 
wherefore EBA is a right angle: (ax. 1.) 
and EB is drawn from the center: 
but a straight line drawn from the extremity of a diameter, at right 
angles to it, touches the circle: (111. 16. Cor.) 
therefore APB touches the circle; 
and it is drawn from the given point 4. 
Secondly, if the given point be in the circumference of the circle, 
as the point D, 
draw IDE to the center E, and DF at right angles to DE: 
then DF touches the circle. (111.16. Cor.) Q.E.*. 


PROPOSITION XVIII. THEOREM. 


If a straight line touch a circle, the straight line drawn from the center to 
the point of contact, shall be perpendicular to the line touching the circle. 


Let the straight line DE touch the circle ABC in the point C; 
take the center F, and draw the straight line FC. (11r. 1.) 
Then FC shall be perpendicular to DE. 





D C GE 
If FC be not perpendicular to DE; from the point F, if possible, 
let FBG be drawn perpendicular to DE. 
And because FGC is a right angle, 
therefore GCF is an acute angle; (1. 17.) 
and to the greater angle the greater side is opposite: (1. 19.) 
therefore FC is greater than FG : 
but FC is equal to FB; (1. def. 15.) 
therefore FB is greater than FG, 
the less than the greater, which is impossible: 
therefore FG is not perpendicular to DE. 
In the same manner it may be shewn, 
that no other line is perpendicular to DE besides FC, 
that is, FC is perpendicular to DE. 
Therefore, if a straight line, &c. Q.E.D. 
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PROPOSITION XIX. THEOREM. 


If a straight line touch a circle, and from the point of contact a straight 
line be drawn at right angles to the touching line, the center of the circle shall 
be in that line. 

Let the straight line DZ touch the circle 4 BC in C, 
and from C let CA be drawn at right angles to DE. 
Then the center of the circle shall be in Cd. 

A 
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For, if not, let F be the center, if possible, and join CF. 
Because DE touches the circle ABOC, 
and FC is drawn from the center to the point of contact, 
therefore FC is perpendicular to DE; (111. 18.) 
therefore F'CE is a right angle: 
but A CE is also a right angle; (hyp.) 
therefore the angle FCE is equal to the angle ACE, (ax. 1.) 
the less to the greater, which is impossible: 
therefore J’ is not the center of the circle 4 D C. 
In the same manner it may be shewn, 
that no other point which is not in CA, is the center; 
that is, the center of the circle is in CA. 
Therefore, if a straight line, &c. Q.E.D. 


PROPOSITION XX. THEOREM. 


The angle at the center of a. circle is double of the angle at the circumfer- 
ence upon the same base, that is, upon the same part of the circumference. 


Let ABC be a circle, and BEC an angle at the center, and BAC 
an angle at the circumference, which have BC the same part of the 


circumference for their base. 
Then the angle BEC shall be double of the angle BAC. 


— ^í A 
Ip |) 
Ay 
C 
Join AZ, and produce it to F. 
First, let the center of the circle be within the angle BAC. 
Because FA is equal to EB, 
therefore the angle HBA is equal to the angle EAB; (1. 5.) 


therefore the angles EAB, EBA are double of the angle LAB: 
but the angle BEF is equal to the angles EAB, EBA; (1. 32.) 
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therefore also the angle BEF is double of the angle EAB: 
for the same reason, the angle FEC is double of the angle ZAC: 
therefore the whole angle BEC is double of the whole angle BAC. 
Secondly, let the center of the circle be without the angle BAC. 


— a 


f B 7A 
SCIT 
BC 


It may be demonstrated, as in the first case, 
that the angle FEC is double of the angle FAC, 
and that FE D, a part of the first, is double of 7:4 B, a part of the other; 
therefore the remaining angle BEC is double of the remaining 
angle BAC. 
Therefore the angle at the center, &c. Q.E.D. 


PROPOSITION XXI. THEOREM. 
The angles in the same segment of a circle are equal to one another, 


Let ABCD be a circle, 
and BAD, BED angles in the same segment BAED. 
Then the angles BAD, BED shall be equal to one another. 
First, let the segment BAED be greater than a semicircle. , 


Take F, the center of the circle 4 BCD, (11. 1.) and join BF, FD 
Because the angle BFD is at the center, and the angle BAD a! 
the circumference, and that they have the same part of the circum: 
ference, viz. the arc BCD for their base; 
therefore the angle BED is double of the angle BAD: (111. 20.) 
for the same reason the angle BFD is double of the angle BED: 
therefore the angle BAD is equal to the angle BED. (ax. 7.) 
Next, let the segment BAED be not greater than a semicircle. 


AE 
B, T — ) 
F : 
A 
C 
Draw AF to the center, and produce it to C, and join CE. 
Because AC is a diameter of the circle, 


therefore the segment BADC is greater than a semicircle ; 
and the angles in it DAC, BEC are equal, by the first case: 
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for the same reason, because CBED is greater than a semicircle, 
the angles CAD, CED, are equal: 
therefore the whole angle BAD is equal to the whole angle B ED. (ax. 2.) 
Wherefore the angles in the same segment, &c. Q. E.D. 


PROPOSITION XXII, THEOREM. 


The opposite angles of any quadrilateral figure inscribed in & circle, ave 
together equal to two right angles. 


Let 4 BCD be a quadrilateral figure in the circle 4 BCD. 
Then any two of its opposite angles shall together be equal to two 


right angles. 
e 
N 
LX 
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Join AC, BD. 
And because the three angles of every triangle are equal to two 
right angles, (1. 32.) 
the three angles of the triangle C'AB, viz. the angles CAB, ABC, 
BCA, are equal to two right angles: 
but the angle CA B is equal to the angle CDB, (111. 21.) 
because they are in the same segment CDAB; 
and the angle 4 CB is equal to the angle 4 DB, 
because they are in the same segment ADCB: 
therefore the two angles CAB, ACB are together equal to the whole 
angle ADC: (ax. 2.) 
to each of these equals add the angle ABC; 
therefore the three angles ABC, CAB, BCA are equal to the two 
angies ABC, ADC: (ax. 2.) 
but ABC, CAB, BCA, are equal to two right angles; 
therefore also the angles ABC, ADC are equal to two right angles, 
In the same manner, the angles BAD, DCB, may be shewn to be 
equal to two right angles. 
Therefore, the opposite angles, &c. Q.E.D. 


PROPOSITION XXIII. THEOREM. 


Upon the same straight line, and upon the same side of it, there cannot 
be two similar segments of circles, not coinciding with one another. 

If it be possible, upon the same straight line 4B, and upon the 
same side of it, let there be two similar segments of circles, 4 CB, 
ADB, not coinciding with one another. 

D 


A 


li 
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Then, because the circumference ACB cuts the circumference A DB | 
in the two points 4, B, they cannot cut one another in any 
other point: (III. 10.) 
therefore one of the segments must fall within the other : 

let ACB fall within 4D: 
draw the straight line BCD, and join CA, DA. 

Because the segment 4 CB is similar to the segment 4DB, (hyp.) 
and that similar segments of circles contain equal angles ; (111. def. 11.) 
therefore the angle ACB is equal to the angle ADB, 
the exterior angle to the interior, which is impossible. (1. 16.) 

Therefore, there cannot be two similar segments of circles upon the 

same side of the'same line, which do not coincide. Q.E.D. 


PROPOSITION XXIV. THEOREM. 
Similar segments of circles upon egual straight lines, are equal to one another. 


Let AEB, CFD be similar segments of circles upon the equal 
straight lines .4 D, CD. 
Then the segment AEB shall be equal to the segment CFD. 
E 


For if the segment AEB be applied to the segment CFD, 
so that the point 4 may be on C, and the straight line 4B upon CD, 
then the point B shall coincide with the point D, 
because AB is equal to CD: 
therefore, the straight line 48 coinciding with CD, 
the segment AEB must coincide with the segment CFD, (111. 23.) 
and therefore is equal to it. (I. ax. 8.) 
Wherefore similar segments, &c. Q.E.D. 


PROPOSITION XXV. PROBLEM. 


A segment of a circle being given, to describe the circle of which it is the 
segment, 





Let ABC be the given segment of a circle. 
It is required to describe the circle of which it is the segment. 
Bisect 4C in D, (r 10.) and from the point D draw DB at right 
angles to 4 C, (1. 11.) and join AB. 
First, let the angles 4BD, BAD be equal to one another : 


then the straight line DA is equal to DB, (1. 6.) and therefore, to DC; 
and because the three straight lines DA, DB, DC are all equal, 
therefore D is the center of the circle. (111. 9.) 
From the center D, at the distance of any of the three DA, DB, 
DC, describe a circle; 
this shall pass through the other points; 
and the circle of which ABC is a segment has been described : 
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and because the center D is in AC, the segment ABC is a semicircle. 
But if the angles ABD, BAD are not equal to one another: 
B 


B 
AES — (/ | e) 
£ AN 


A 
at the point .4, in the straight line 4 B, 
make the angle BAE equal to the angle A BD, (1. 23.) 
and produce BD, if necessary, to meet AF in E, and join EC. 
Because the angle ABE is equal to the angle BAE, 
therefore the straight line #4 is equalto EB: (1. 6.) 

and because 4D is equal to DC, and DE common to the triangles 
ADE, CDE, 
the two sides AD, DE, are equal to the two CD, DE, each to each; 

and the angle 4DE is equal to the angle CDE. 
for each of them is a right angle; (constr.) 
therefore the base EA is equal to the base EC: (1. 4.) 
but EA was shewn to be equal to EB: 
wherefore also EB is equal to EC: (ax. 1.) 
and therefore the three straight lines HA, EB, EC are equal to one 
another : 
wherefore E is the center of the circle. (111. 9.) 

From the center E, at the distance of any of the three EA, EB, 

EC, describe a circle; 
this shall pass through the other points; 
and the circle of which ABC is a segment, is described. 

And it is evident, that if the angle 4 BD be greater than the angle 
BAD, the center E falls without the segment AB C, which therefore 
is less than a semicircle : 

but if the angle 4 BD be less than BAD, the center E falls within 
the segment 4 BC, which is therefore greater than a semicircle. 

Wherefore a segment of a circle being given, the circle is described 
of which it is a segment. Q.E.F. 


PROPOSITION XXVI. THEOREM, 


In equal circles, equal angles stand upon equal arcs, whether the angles be ` 
at the centers or circumferences. 


Let ABC, DEF be equal circles, 
and let the angles BGC, EHF at their centers, 
and BAC, EDF at their circumferences be equal to each other. 
Then the are BKC shall be equal to the arc ELF. 
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Join BC, EF. 
And because the circles 4d BC, DEF are equal, 
the straight lines drawn from their centers are equal: (111. def. 1.) 
therefore the two sides BG, GC, are equal to the two HA, HF, each 
to each: 
and the angle at G is equal to the angle at H; (hyp.) 
therefore the base BC is equal to the base EF. (I. 4.) 

And because the angle at 4 is equal to the angle at D, (hyp.) 
the segment B.C is similar to the segment EDF: (u1. def. 11.) 
and they are upon equal straight lines BC, EF: 

but similar segments of circles upon equal straight lines, are equal to 

one another, (III. 24.) 

therefore the segment BAC is equal to the segment EDF: 
but the whole circle 4 BC is equal to the whole DEF; (hyp.) 

therefore the remaining segment BAC is equal to the remaining seg- 
ment ELF, (1. ax. 3.) 
and the arc BKC to the are ELF. 
Wherefore, in equal circles, &c. Q.E.D. 


PROPOSITION XXVII. THEOREM. 


In equal circles, the angles which stand upon equal ares, are equal to one 
another, whether they be at the centers or circumferences, 


Let ABC, DEF be equal circles, 
and let the angles BGC, EHF at their centers, 
and the angles BAC, ED. at their circumferences, 
stand upon the equal arcs BC, EF. 
Then the angle BGC shall be equal to the angle EHF, 
and the angle BAC to the angle EDF. 


I~ (AN 
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If the angle BGC be equal to the angle EHF, 
it is im that the angle BAC is also equal to EDF. (11. 20. and 
I. 0. 
But, if not, one of them must be greater than the other: 
if possible, let the angle BGC be greater than EHF, 
and at the point G, in the straight line BG, 
make the angle BG equal to the angle EZ. (r. 23.) 
Then because the angle BGK is equal to the angle EHF, 
and that equal angles stand upon equal ares, when they are at the 
centers; (SII. 26.) 
therefore the are BK is equal to the are EF: 
but the are .EP' is equal to the arc BC; (hyp.) 
therefore also the arc B X is eqnal to the arc £C, 
the less equal to the greater, which is impossible: (I. ax. 1.) 
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therefore the angle BGC is not unequal to the angle EHF; 
that is, it is equal to it: 
but the angle at A is half of the angle BGC, (111. 20.) 
and the angle at D, half of the angle EHF; 
therefore the angle at 4 is equal to the angle at D. (1. ax. 7.) 
Wherefore, in equal circles, &c. Q.E.D. 


PROPOSITION XXVIII. THEOREM. 


In equal circles, equal straight lines cut off equal arcs, the greater equal 
to the greater, and the less to the less. 


Let ABC, DEF be equal circles, 
and BC, EF equal straight lines in them, which cut off the two greater 
arcs BAC, EDF, and the two less BGC, EHF., 
Then the greater arc BAC shall be equal to the greater EDF, 
and the less are BGC to the less EHF. 


— w 


Take K, Z, thecenters of the circles, (m1. 1.) and join BK, KC, EL, LF. 
Because the circles ABC, DEF are equal, 
the straight lines from their centers are equal: (111. def. 1.) 
therefore BK, KC are equal to EL, LF, each to each: 
and the base BC is equal to the base EF, in the triangles BCK, EFL; 
therefore the angle BKC is equal to the angle HLF’: (1. 8.) 
but equal angles stand upon equal arcs, when they are at the 
centers: (III. 26. 
therefore the arc BGC is equal to the arc EHF: 
but the whole circumference .4 BC is equal to the whole EDF; (hyp.) 
therefore the remaining part of the circumference, 
viz. the arc BAC, is equal to the remaining part EDF. (1. ax. 3.) 
Therefore, in equal circles, &e. Q.E.D. 


PROPOSITION XXIX. THEOREM. 
In equal circles, equal arcs are subtended by egual straight lines. 


Let ABC, DEF be equal circles, 
and let the ares DG C, EHF also be equal, 
and joined by the straight lines BC, EF. 
Then the straight line BC shall be equal to the straight line EF. 
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Take X, L, (111. 1.) thecenters ofthe circles, and join BK, KC, EL, LF. 
Because the arc BGC is equal to the are EHF, 
therefore the angle BKC is equal to the angle ELF: (11. 27.) 
and because the circles ABC, DEF, are equal, 
the straight lines from their centers are equal; (II. def. 1.) 
therefore BK, KC, are equal to LL, LF, each to each: 
and they contain equal angles in the triangles BCK, EFL; 
therefore the base BC is equal to the base LF. (1. 4.) 
Therefore, in equal circles, &c. Q.E.D. 


PROPOSITION XXX. PROBLEM. 
To bisect a given arc, that is, to divide it into two equal parts. 


Let ADB be the given arc: 


it is required to bisect it. 
D 

> 
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Join AF, and bisect it in C; (1. 10.) 
from the point C draw CD at right angles to AB. (1. 11.) 
Then the arc ADB shall be bisected in the point P. 
Join AD, DB. 
And because 4C is equal to CB, 
and CD common to the triangles 4 CD, BCD, 
the two sides 4C, CD are equal to the two BC, CD, each to each; 
and the angle ACD is equal to the angle BCD, 
because each of them is a right angle: 
therefore the base 4D is equal to the base BD. (1. 4.) 
But equal straight lines cut off equal arcs, (III. 28.) 
the greater arc equal to the greater, and the less arc to the less; 
and the arcs AD, DB are each of them less than a semicircle; 
because DC, if produced, passes through the center: (111. 1. Cor.) 
therefore the arc 4D is equal to the are DB. 
Therefore the given arc ADB is bisected in D. Q.E.F. 


PROPOSITION XXXI. THEOREM. 


In a circle, the angle in a semicircle is a right angle; but the angle in a 
segment greater than a semicircle is less than a right angle; and the angle 
in a segment less than a semicircle is greater than a right angle. 


Let ABCD be a cirele, of which the diameter is BC, and center E, 
and let CA be drawn, dividing the circle into the segments 4 B C, 4 DC. 
Join BA, AD, DC. 

Then the angle in the semicircle BAC shall be a right angle; 
and the angle in the segment ABC, which is greater than a semicircle, 
shall be less than a right angle; 
and the angle in the segment 4D C, which is less than a semicircle, 
shall be greater than a right angle. 
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Join AE, and produce BA to F. 
First, because ÆB is equal to EA, (i. def. 15.) 
the angle HAD is equal to EBA; (I. à.) 
also, because EA is equal to EC, 
the angle ECA is equal to EAC; 
wherefore the whole angle BAC is equal to the two angles EBA, 
ECA; (1. ax. 2.) 
but 74 C, the exterior angle of the triangle 44 B C, is equal to the two 
angles EBA, ECA; (1. 32.) 
therefore the angle BAC is equal to the angle PAC; (ax. 1.) 
and therefore each of them is a right angle: (I. def. 10.) 
wherefore the angle BAC in a semicircle is a right angle. 
Secondly, because the two angles ABC, BAC of the triangle 
ABC are together less than two right angles, (1. 17.) 
and that BAC has been proved to be a right angle; 
therefore 44 B C must be less than a right angle: 
and therefore the angle in a segment ABC greater than a semicircle, 
is less than a right angle. 

And lastly, because 4 BCD is a quadrilateral figure in a circle, 
any two of its opposite angles are equal to two right angles: (Itt. 22.) 
therefore the angles 4 BC, ADC, are equal to two right angles: 
and ABC has been proved to be less than a right angle; 
wherefore the other 4 DC is greater than a right ange. 
Therefore, in a circle the angle in a semicircle is a right angle ; &c. Q.E.D. 

Cor. From this it is manifest, that if one angle of a triangle be 
equal to the other two, it is a right angle: because the angle adjacent 
to it is equal to the same two; (1. 32.) and when the adjacent angles 
are equal, they are right angles. (1. def. 10.) 


PROPOSITION XXXII. THEOREM. 


If a straight line touch a circle, and from the point of contact a straight 
line be drawn meeting the circle; the angles which this line makes with the 
line touching the circle shall be equal to the angles which are in the alter- 
nate segments of the circle, 


Let the straight line ZF touch the circle ABCD in B, 
and from the point P let the straight line BD be drawn, meeting 
the circumference in D, and dividing it into the segments DCB, DAB, 
of which DCB is less than, and DAB greater than a semcircle. 
Then the angles which BD makes with the touching line EF, 
shall be equal to the angles in the alternate segments of the circle; 
that is, the angle DBF shall be equal to the angle which is in the 
segment DAB, 


H 


1 
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and the angle DB E shall be equal to the angle in the alternate 
segment DCB. 





From the point B draw 2.4 at right angles to EF, (1.11.) meeting 
the circumference in A ; 
take any point C' in the arc DB, and join 4 D, DC, C7. 
Because the straight line EF touches the circle ABCD in the 
point B, 
and BA is drawn at right angles to the touching line from the 
point of contact B, 
the center of the circle isin BA: (111. 19.) 
therefore the angle 4 DB in a semicircle is a right angle: (111. 31.) 
and consequently the other two angles BAD, ABD, are equal to 
aright angle; (1. 32.) 
but 4 BF is likewise a right angle; (constr.) 
therefore the angle 4 BF is equal to the angles B.4D, 4 BD: (1.ax.1.) 
take from these equals the common angle ABD: 
therefore the remaining angle D B F'is equaltotheangle BA D, (1.ax.3.) 
which is in BDA, the alternate segment of the circle. 
And because 4 BCD is a quadrilateral figure in a circle, 
the opposite angles BAD, BCD are equal to two right angles: (111. 22.) 
but the angles DBF, DBE are likewise equal to two right angles; 


(I. 13. 
i AM the angles DBF, DBE are equal to the angles BAD, 
BCD, (1. ax. 1.) 
and DBF has been proved equal to BAD; 
therefore the remaining angle DBE is equal to the angle BCD in 
BDC, the alternate segment of the circle. (I. ax. 2.) 
Wherefore, if a straight line, &c. Q.E.D. 


PROPOSITION XXXIII. PROBLEM. 


Upon a given straight line to describe a segment of a circle, which shall 
contain an angle equal to a given rectilineal angle, 


Let AB be the given straight line, 
and the angle C the given rectilineal angle. 
It is required to describe upon the given straight line 4 B, a segment 
of a circle, which shall contain an angle equal to the angle C. 
First, let the angle C be a right angle. 
H 
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Bisect 44 B in F, (1. 10.) 
and from the center F, at the distance FB, describe the semicircle 4.H 5, 
and draw AH, BH to any point H in the circumference. 
Therefore the angle AHB in a semicircle is equal to the right 
angle C. (11r. 31.) 
But if the angle C be not a right angle: 


H H 
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at the point .4, in the straight line 4B, 
make the angle BAD equal to the angle C, (I. 23.) 
and from the point 4 draw AE at right angles to 4D; (1. 11.) 
bisect 4AB in F, (1. 10.) 
and from 7' draw FG at right angles to 4 B, (1. 11.) and join GB. 
Because 44.F is equal to FB, and FG common to the triangles 
AFG, BFG, 
the two sides AF, FG are equal to the two BF, FG, each to each, 
and the angle AFG is equal to the angle BF'G; (1. def. 10.) 
therefore the base AG is equal to the base GB; (1. 4.) 
and the circle described from the center G, at the distance GA, 
shall pass through the point B: 
| let this be the circle 4HB. | 
The segment 4HB shall contain an angle equal to the given rec- 
tilineal angle C. 
Because from the point 4 the extremity of the diameter 4 £, 
AD is drawn at right angles to 4 E, 
therefore 44 D touches the circle: (111. 16. Cor.) 
and because 44 B, drawn from the point of contact .4, cuts the circle, 
the angle DAB is equal to the angle in the alternate segment 
AHB: (111. 32.) 
but the angle DAB is equal to the angle C; (constr.) 
therefore the angle C is equal to the angle in the segment 4HB. 
Wherefore, upon the given straight line 4B, the segment 4HB 
of a circle is described, which contains an angle equal to the given 
angle C. Q.E.F. 


PROPOSITION XXXIV. PROBLEM. 
From a given circle to cut off a segment, which shall contain an angle 
equal to a given rectilineal angle. 


Let ABC be the given circle, and D the given rectilineal angle. 
It is required to cut off from the circle .4BC a segment that shall 
contain an angle equal to the given angle D. 


H2 
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HS 


Draw the straight line EF touching the circle ABC in any point B, 
my. 17. 
and at the point B, in the straight line BF, 
make the angle FBC equal to the angle D. (I. 23.) 
im the segment BAC shall contain an angle equal to the given 
angle D. 
P Because the straight line EF touches the circle ABC, 
and BC is drawn from the point of contact B, 
therefore the angle FBC is equal to the angle in the alternate 
segment BAC of the circle: (111. 32.) 
but the angle FBC is equal to the angle D; (constr.) 
therefore the angle in the segment BAC is equal to the angle 
T) Mam.) 
Wherefore from the given circle ABC, the segment BAC is cut 
off, containing an angle equal to the given angle D. Q.E.F. 


PROPOSITION XXXV. THEOREM. 


If two straight lines cut one another within a cirele, the rectangle contained 
by the segments of one of them, is equal to the rectangle contained by the 
segments of the other. 

Let the two straight lines 4C, BD, cut one another in the point 
E, within the circle A BCD. 

Then the rectangle contained by AZ, EC shall be equal to the 
rectangle contained by BL, ED. 


‘> 2 


First, if AC, BD pass each of them through the center, so that # 
is the center: 
it is evident that since 4 E, EC, BE, ED, being all equal, (1. def. 15.) 
therefore the rectangle AE, EC is equal to the rectangle BE, ED. 
Secondly, let one of them BD pass through the center, and cut the 
other 4 C, which does not pass through the center, at right angles, in 
the point £. 


; 


i 
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Then, if BD be bisected in F, 
F is the center of the circle 4 BCD. 
Join AF, 
Because BD which passes through the center, cuts the straight 
line 44 C, which does not pass through the center, at right angles in Æ, 
therefore AF is equal to EC: (m. 3.) 
and because the straight line BD is cut into two equal parts in the 
point P, and into two unequal parts in the point Æ, 
therefore the rectangle BE, ED, together with the square on EF, 
is equal to the square on F'B; (II. 5.) 
that is, to the square on FA: 
but the squares on AL, EF, are equal to the square on F.A: (1. 47.) 
therefore the rectangle B.E, ED, together with the square on BF, 
is equal to the squares on AF, EPF: (t. ax. 1.) 
take away the common square on EF, 
and the remaining rectangle BE, ED is equal to the remaining 
square on 4 EZ; (I. ax. 3.) 
that is, to the rectangle AE, EC. 
Thirdly, let B.D, which passes through the center, cut the other 4 C, 
which does not pass through the center, in Æ, but not at right angles. 





Then, as before, if B.D be bisected in F, 
F is the center of the circle. 
Join AF, and from F' draw FG perpendicular to AC; (1. 12.) 
therefore 4G is equal to GC; (111. 3.) 
wherefore the rectangle AE, EC, together with the square on EG, 
is equal to the square on AG': (11. 5.) 
to each of these equals add the square on GF; 
therefore the rectangle 4 E, EC, together with the squares on EG, 
GF, is equa! to the squares on AG, GF; (1. ax. 2.) 
but the squares on EG, GF, are equal to the square on EF; (1. 47.) 
and the squares on 4 G, GF are equal to the square on AF: 
therefore the rectangle 44 E, EC, together with the square on EF, 
is equal to the square on AF; 
that is, to the square on FB: 
but the square on FB is equal to the rectangle B.E, ED, together 
with the square on EF; (11. 5.) 
therefore the rectangle 4 E, EC, together with the square on EF, 
is equal to the rectangle BE, ED, together with the square on 
er. (1. ax. 1.) 
take away the common square on EF, 
and the remaining rectangle AL, EC, is therefore equal to the re- 
maining rectangle DE, ED. (ax. 3.) 
Lastly, let neither of the straight lines AC, BD pass through the 
center. 
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Take the center F, (rrr. 1.) 
and through E the intersection of the straight lines 4C, DB, 
draw the diameter G.EFH. 
And because the rectangle AE, EC is equal, as has been shewn, 
to the rectangle GE, EH; 
and for the same reason, the rectangle BE, ED is equal to the 
same rectangle GE, EH; 
therefore the rectangle AE, EC is equal to the rectangle B.E, ED. 
(1. ax. 1. 
W herefore, if two straight lines, &c. Q.E.D. 


PROPOSITION XXXVI. THEOREM, 


If from any point without a circle two straight lines be drawn, one of 
which cuts the circle, and the other touches it; the rectangle contained by 
the whole line which cuts the circle, and the part of it without the circle, 
shall be equal to the square on the line which touches it. 


Let D be any point without the circle 4 BC, 
and let DCA, DB be two straight lines drawn from it, 
of which DCA cuts the circle, and DB touches the same. 
Then the rectangle AD, DC shall be equal to the square on DB. 
Either DCA passes through the center, or it does not: 
first, let it pass through the center £. 





Join £B, 
therefore the angle EBD is a right angle. (111. 18.) 

And because the straight line 4 C is bisected in E, and produced 

to the point D, 
therefore therectangle 4D, DC, together with the square on ÆC; is 
equal to the square on ED: (iI. 6.) 
but CE is equal to EB; 

therefore the rectangle 4D, DC, together with the square on £B, 

is equal to the square on ED: 
but the square on ÆD is equal to the squares on EB, BD, (1. 47.) 
because £ BD is a right angle: 

therefore the rectangle AD, DC, together with the square on EB, 

is equal to the squares on EB, BD: (ax. 1.) 
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take away the common square on EB; 
therefore the remaining rectangle 4D, DC is equal to the square 
on the tangent DB. (ax. 3.) 
Next, if DCA does not pass through the center of the circle 4 BC. 





Take Æ the center of the circle, (Irr. 1.) 
draw EF perpendicular to 4C, (1. 12.) and join EB, EC, ED. 
Because the straight line EF, which passes through the center, 
cuts the straight line 4C, which does not pass through the center, at 
right angles; it also bisects 4 C, (III. 3.) 
therefore AF is equal to FC; 
and because the straight line 4C is bisected in F, and produced to D, 
the rectangle 4D, DC, together with the square on FC, 
is equal to the square on FD: (ir. 0.) 
to each of these equals add the square on FE; 
therefore the rectangle 4D, DC, together with the squares on CF, FE, 
is equal to the squares on DF, FE: (I. ax. 2.) 
but the square on ED is equal to the squares on DF, FE, (1. 47.) 
because EFD isa right angle; 
and for the same reason, 
the square on EC is equal to the squares on CF, FE; 
therefore the rectangle 4D, DC, together with the square on EC, 
is equal to the square on ED: (ax. 1.) 
but CE is equal to EB; 
therefore the rectangle 4D, DC, together with the square on EB, 
is equal to the square on ED: 
but the squares on EB, BD, are equal to the square on ED, (1. 47.) 
because EBD is a right angle: 
therefore the rectangle 42), DC, together with the square on EB, 
is equal to the squares on EB, BD; 
take away the common square on EB; 
and the remaining rectangle 4D, DC is equal to the square 
on DB. (1. ax. 3.) 
Wherefore, if from any point, &c. Q.E.D. 
Cor. If from any point without a circle, there be drawn two straight 
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lines cutting it, as 4B, AC, the rectangles contained by the whole 
lines and the parts of them without the circle, are equal to one 
another, viz. the rectangle BA, AL, to the rectangle Cd, AF: for 
each of them is equal to the square on the straight line 4D, which 
touches the circle. 


PROPOSITION XXXVII. THEOREM. 


If from a point without a circle there be drawn two straight lines, one of 
which cuts the circle, and the other meets it ; if the rectangle contained by the 
whole line which cuts the circle, and the part of it without the circle, be equal to 
the square on the line which meets it, the line which meets, shall touch the circle. 

Let any point D be taken without the circle ABC, 
and from it let two straight lines DCA and DB be drawn, of which 
DCA cuts the circle in the points C, A, and DB meets it in 
the point B. 
If the rectangle 4D, DC be equal to the square on DB; 
then DB shall touch the circle. 


AN 
af A 
T 


Draw the straight line DE, touching the circle 4 2 C, in the point 
E; (m. Wia 


o 


find F, the center of the circle, (tit. 1.) | 

and join FL, FB, FD. 

Then FED isa right angle: (rr. 18.) 
and because DE touches the circle 4 2 C, and DCA cuts it, 

therefore the rectangle 4D, DCis equal to the square on DE: (111. 36.) 
but the rectangle 4D, DC, is, by hypothesis, | 

equal to the square on DB: 
therefore the square on DE is equal to the square on DB; (1. ax. 1.) | 
and the straight line DZ equal to the straight line DB: | 
and FE is equal to FB; (1. def. 15.) 


wherefore DF, EF are equal to DB, BF, each to each ; 
and the base FD is common to the two triangles DEF, DBF; 
therefore the angle DEF is equal to the angle DBF: (I. 8.) 
but DEF was shewn to be a right angle; 
therefore also DBF is a right angle: (1. ax. 1.) 
and BF, if produced, is a diameter; 
and the straight line which is drawn at right angles to a diameter, 
from the extremity of it, touches the circle; (111. 16. Cor.) 
therefore DB touches the circle ABC. 
Wherefore, if from a point, &c. Q.E.D. 


NOTES TO BOOK III 


In the Third Book of the Elements are demonstrated the most 
elementary properties of the circle, assuming all the properties of figures 
demonstrated in the First and Second Books. 

It may be worthy of remark, that the word circle will be found some- 
times taken to mean the surface included within the circumference, and 
sometimes the circumference itself. Euclid has employed the word (7ep:- 
(pepeta) periphery, both for the whole, and for a part of the circumference 
of a circle. Ifthe word circumference were restricted to mean the whole 
circumference, and the word arc to mean a part of it, ambiguity might 
be avoided when speaking of the circumference of a circle, where only 
a part of it is the subject under consideration. A circle is said to 
be given in position, when the position of its center is known, and 
in magnitude, when its radius is known. 

Def. 1. And it may be added, or of which the circumferences are 
equal. And conversely: if two circles be equal, their diameters and 
radii are equal; as also their circumferences. 

Def. 1. states the criterion of equal circles. Simson calls it a theorem ; 
and Euclid seems to have considered it as one of those theorems, or 
axioms, which might be admitted as a basis for reasoning on the equality 
of circles, 

Def, 11. There seems to be tacitly assumed in this definition, that a 
straight line, when it meets a circle and does not touch it, must necessarily, 
when produced, cut the circle. 

A straight line which touches a circle, is called a tangent to the circle; 
and a straight line which cuts a circle is called a secant. 

Def. tv. The distance of a straight line from the center of a circle 
is the distance of a point from a straight line, which has been already 
explained in note to Prop. xt. page 53. 

» Def. v1. x. Anare ofa circle is any portion of the circumference ; 
and a chord is the straight line joining the extremities of an arc. Every 
chord except a diameter divides a circle into two unequal segments, 
one greater than, and the other less than a semicircle. And in the same 
manner, two radii drawn from the center to the circumference, divide 
the circle into two unequal sectors, which become equal when the two 
radii are in the same straight line. As Euclid, however, does not notice 
re-entering angles, a sector of the circle seems necessarily restricted 
to the figure which is less than a semicircle. A quadrant is a sector 
whose radii are perpendicular to one another, and which contains a fourth 
part of the circle. 

Def. vit. No use is made of this definition in the Elements. 

Def. xr, The definition of similar segments of circles as employed in 
the Third Book is restricted to such segments as are also equal. Props. 
XXIII. and xxiv. are the only two instances, in which reference is made 
to similar segments of circles. 

Prop.r. **Lines drawn ina circle," always mean in Euclid, such 
lines only as are terminated at their extremities by the cireumference. 

If the point G bein the diameter CE, but not coinciding with the 
point F, the demonstration given in the text does not hold good. At 
the same time, it is obvious that G cannot be the centre of the circle, 
because GC is not equal to GE. 


H 5 
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Indirect demonstrations are more frequently employed in the Third 
Book than in the First Book of the Elements, Of the demonstrations 
of the forty-eight propositions of the First Book, nine are indirect: but 
of the thirty-seven of the Third Book, no less than fifteen are indirect 
demonstrations. The indirect is, in general, less readily appreciated 
by the learner, than the direct form of demonstration. The indirect form, 
however, is equally satisfactory, as it excludes every assumed hypothesis 
as false, except that which is made in the enunciation of the proposition. 
It may be here remarked that Euclid employs three methods of de- 
monstrating converse propositions. First, by indirect demonstrations as 
in Bue. 1.6: ru. 1, &e. Secondly, by shewing that neither side of a 
possible alternative can be true, and thence inferring the truth of the 
proposition, as in Euc, 1.19, 25. Thirdly, by means of a construction, 
thereby avoiding the indirect mode of demonstration, as in Euc. 1. 47: 
fil. 3/7. 

Prop. ir. In this proposition, the circumference of a circle is proved 
to be essentially different from a straight line, by shewing that every 
straight line joining any two points in the arc falls entirely within the 
circle, and can neither coincide with any part of the circumference, nor 
meet it except in the two assumed points. It excludes the idea of the 
circumference of a circle being flexible, or capable under any circum- 
stances, of admitting the possibility of the line falling outside the circle, 

If the line could fall partly within and partly without the circle, the 
circumference of the circle would intersect the line at some point between 
its extremities, and any part without the circle has been shewn to be 
impossible, and the part within the circle is in accordance with the 
enunciation of the Proposition. If the line could fall upon the cir- 
cumference and coincide with it, it would follow that a straight line 
coincides with a curved line. 

From this proposition follows the corollary, that ‘‘a straight line 
cannot cut the circumference of a circle in more points than two.” 

Commandine’s direct demonstration of Prop. 11. depends on the fol- 
lowing axiom, “If a point be taken nearer to the center of a circle than 
the circumference, that point falls within the circle.” Y 

Take any point E in AB, and join D4, DE, DB. (fig. Euc. 111, 2.) 

Then because D4 is equal to DB in the triangle DAB; 
therefore the angle DAB is equal to the angle DB4; (1. 5.) 
but since the side AE of the triangle DAE is produced to B, 
therefore the exterior angle DEB is greater than the interior and opposite 
angle DAE; (1. 16.) 
but the angle DAE is equal to the angle DBE, 
therefore the angle DEB 1s greater than the angle DBE. 
And in every triangle, the greater side is subtended by the greater angle; 
therefore the side DB is greater than the side DE; 
but DB from the center meets the circumference of the circle, 
therefore DE does not meet it, 
Wherefore the point Z falls within the circle: 
and E is any point in the straight line AB: 
therefore the straight line AB falls within the circle. 

Prop. vir. and Prop. virt. exhibit the same property ; in the former, 
the point is taken in the diameter, and in the latter, in the diameter 
produced. 

Pror. vin. An arc of a circle is said to be convex or concave with 
respect to a point, according as the straight lines drawn from the point 
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meet the outside or inside of the circular arc: and the two points found 
in the circumference of a circle by two straight lines drawn from a given 
point to touch the circle, divide the circumference into two portions, one 
of which is convex and the other concave, with respect to the given point. 

Prop. 1x. This appears to follow as a Corollary from Euc, 111, 7. 

Prop. xr. and Prop. xit. In the enunciation it is not asserted that 
the contact of two circles is confined to a single point. The meaning 
appears to be, that supposing two circles to touch each other in any 
point, the straight line which joins their centers being produced, shall 
pass through that point in which the circles touch each other. In 
Prop. xım. it is proved that a circle cannot touch another in more points 
than one, by assuming two points of contact, and proving that this is 
impossible. 

Prop. xir, The following is Euclid’s demonstration of the case, in 
which one circle touches another on the inside. 

If possible, let the circle EBF touch the circle 4BC on the inside, 
in more points than in one point, namely in the points B, D. (fig. Euc. 
mr. 13.) Let P be the center of the circle ABC, and Q the center of EBF. 
Join P, Q; then PQ produced shall pass through the points of contact B, D. 
For since P is the center of the circle ABC, PB is equal to PD, but PB 
is greater than QD, much more then is QB greater than QD. Again, 
since the point Q is the center of the circle EBF, QB is equal to QD; but 
QB has been shewn to be greater than QD, which is impossible. One circle 
therefore cannot touchanotheron theinsidein more points thanin one point. 

Prop. xvi. may be demonstrated directly by assuming the following 
axiom; “Ifa point be taken further from the center of a circle than the 
circumference, that point falls without the circle.”’ 

If one circle touch another, either internally or externally, the two 
circles can have, at the point of contact, only one common tangent. 

Prop. xvi. When the given point is without the circumference of 
the given circle, it is obvious that two equal tangents may be drawn 
from the given point to touch the circle, as may be seen from the diagram 
to Frop. VIII. 

The best practical method of drawing a tangent to a circle from a given 
point without the circumference, is the following: join the given point 
and the center of the circle, upon this line describe a semicircle cutting 
the given circle, then the line drawn from the given point to the inter- 
section will be the tangent required, 

Circles are called concentric circles when they have the same center. 

Prop. xvit1. appears to be nothing more than the converse to Prop. 
XVI., because a tangent to any point of a circumference of a circle is a 
straight line at right angles at the extremity of the diameter which meets 
the circumference in that point. 

Prop. xx. This proposition is proved by Euclid only in the case in 
which the angle at the circumference is less than a right angle, and the 
demonstration is free from objection, If, however, the angle at the cir- 
cumference be a right angle, the angle at the center disappears, by the 
two straight lines from the center to the extremities of the are becoming 
one straight line. And, if the angle at the circumference be an obtuse 
angle, the angle formed by the two lines from thecenter, does not stand 
on the same arc, but upon the are which the assumed arc wants of the 
whole circumference. 

If Euclid's definition of an angle be strictly observed, Prop. xx. is 
geometrically true, only when the angle at the center is less than two 
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right angles. If, however, the defect of an angle from four right angles 
may be regarded as an angle, the proposition is universally true, as may 
be proved by drawing a line from the angle in the circumference through 
the center, and thus forming two angles at the center, in Euclid's strict 
sense of the term. 

In the first case, it is assumed that, if there be four magnitudes, such 
that the first is double of the second, and the third double of the fourth, 
then the first and third together shall be double of the second and fourth 
together: also in the second case, that if one magnitude be double of 
another, and a part taken from the first be double of a part taken from 
the second, the remainder of the first shall be double the remainder of 
the second, which is, in fact, a particular case of Prop. v. Book v. 

Prop. xxr. Hence, the locus of the vertices of all triangles upon the 
same base, and which have the same vertical angle, is a circular arc. 

Prop. xxrr. The converse of this Proposition, namely: If the oppo- 
site angles of a quadrilateral figure be equal to two right angles, a circle 
can be described about it, is not proved by Euclid. 

It is obvious from the demonstration of this proposition, that if any 
side of the inscribed figure be produced, the exterior angle is equal 
to the opposite angle of the figure. 

Prop. xxr. Itis obvious from this proposition that of two circular 
segments upon the same base, the larger is that which contains the 
smaller angle. 

Prop. xxv. The three cases of this proposition may be reduced to one, 
by drawing any two contiguous chords to the given are, bisecting them, 
and from the points of bisection drawing perpendiculars. The point in 
which they meet will be the center of the circle. This problem is equi- 
valent to that of finding a point equally distant from three given points. 

Props. xxvi—xx1x. The properties predicated in these four proposi- 
tions with respect to egual circles, are also true when predicated of 
the same circle, 

Prop. xxx1i. suggests a method of drawing a line at right angles to 
another when, the given point is at the extremity of the givenline. And 
that if the diameter of a circle be one of the equal sides of an isosceles 
triangle, the base is bisected by the circumference. 

Prop. xxxv. The most general case of this Proposition might have 
been first demonstrated, and the other more simple cases deduced from it. 
But this is not Euclid’s method. He always commences with the more 
simple case and proceeds to the more difficult afterwards. The following 
process is the reverse of Euclid’s method. 

Assuming the construction in the last fig. to Euc. 111. 35. Join FA, FD, 
and draw FK perpendicular to AC, and FL perpendicular to BD. 
Then (Euc. 11. 6.) the rectangle AE, EC with square on EK is equal to 
the square on AK: add to these equals the square on FA: therefore the 
rectangle AE, EC, with the squares on ER, FK, is equal to the squares 
on AK, FK. But the squares on EK, FK are equal to the square on EF, 
and the squares on AK, FK are equal to the square on AF. Hence the 
rectangle AE, EC, with the square on EF is equal to the square on AF. 

In a similar way may be shewn, that the rectangle BE, ED with the 
square on EF is equal to the square on FD. And the square on FD is 
equal to the square on 4D. Wherefore the rectangle 4E, EC with the 
square on E 7'is equal to the rectangle BE, ED with the square on EF. 
Take from these equals the square on EF, and the rectangle AE, EC 
is equal to the rectangle BE, ED. 
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The other more simple cases may easily be deduced from this genera. 
case. 

The converse is not proved by Euclid ; namely,—If two straight lines 
intersect one another, so that the rectangle contained by the parts of 
one is equal to the rectangle contained by the parts of the other; then 
a circle may be described passing through the extremities of the two 
lines. Or, in other words:—If the diagonals of a quadrilateral figure 
intersect one another, so that the rectangle contained by the segments 
of one of them is equal to the rectangle contained by the segments of the 
other; then a circle may be described about the quadrilateral. 

Prop. xxxvt. The converse of the corollary to this proposition may 
be thus stated :—If there be two straight lines, such that, when pro- 
duced to meet, the rectangle contained by one of the lines produced, and 
the part produced, be equal to the rectangle contained by the other 
line produced and the part produced; then a circle can be described 
passing through the extremities of the two straight lines. Or, If two 
opposite sides of a quadrilateral figure be produced to meet, and the 
rectangle contained by one of the sides produced and the part produced, 
be equal to the rectangle contained by the other side produced and the 
E produced; then a circle may be described about the quadrilateral 

gure. 

Prop. xxxvit, The demonstration of this theorem may be made 
shorter by a reference to the note on Euclid tir. Def. 2: for if DB meet 
the circle in B and do not touch it at that point, the line must, when 
produced, eut the circle in two points. 

Itis a cireumstance worthy of notice, that in this proposition, as well 
as in Prop. xuv. Book 1. Euclid departs from the ordinary ez absurdo 
mode of proof of converse propositions. 


QUESTIONS ON DOOK III. 


1. Dertnez accurately the terms radius, arc, circumference, chord, secant. 

2. How does a sector differ in form from a segment of a circle? Are 
they in any case coincident? 

3. What is Euclid’s criterion of the equality of two circles? What 
is meant by a given circle? How many points are necessary to deter- 
mine the magnitude and position of a circle? 

4, When are segments of circles said to be similar? Enunciate the 
propositions of the Third Book of Euclid, in which this definition is em- 
ployed. Isit employed in a restricted or general form ? 

5. In how many points can a circle be cut by a straight line and by 
another circle ? 

6. When are straight lines equally distant from the center ofa circle? 

7. Shew the necessity of an indirect demonstration in Euc. r1. 1. 
| 8. Find the centre of a given circle without bisecting any straight 

ine. 

9. Shew that if the circumference of one of two equal circles pass 
through the center of the other, the portions of the two circles, each of 
which lies without the circumference of the other circle, are equal. 

10. Ifa straight line passing through the center of a circle bisect a 
straight line in it, it shall cut it at right angles. Point out the excep- 
tion; and shew thatif a straight line bisect the arc and base of a segment 
of a circle, it will, when produced, pass through the center, 
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11. Ifany point be taken within a circle, and a right line be drawn 
from it to the circumference, how many lines can generally be drawn 
equal to it? Draw them. 

12. Find the shortest distance between a circle and a given straight 
line without it. 

18. Shew that a circle can only have one center, stating the axioms 
upon which your proof depends. 

14. Why would not the demonstration of Euc. m1. 9, hold good, if 
there were only two such equal straight lines ? 

16. Two parallel chords in a circle are respectively six and eight inches 
in length, and one inch apart; how many inches is the diameterin length ? 

16. Which is the greater chord in a circle whose diameter is 10 inches ; 
that whose length is ő inches, or that whose distance from the center is 
4 inches? 

17. What is the locus of the middle points of all equal straight lines 
in a circle ? 

18. The radius of a circle BCDGF, (fig. Euc. 111. 15.) whose center 
is E, is equal to five inches. The distance of the line FG from the center 
is four inches, and the distance of the line BC from the center is three 
inches, required the lengths of the lines FG, BC. 

19. Ifthe chord of an arc be twelve inches long, and be divided into 
two segments of eight and four inches by another chord: what is the 
length of the latter chord, if one of its segments be two inches? 

20. What is the radius of that circle of which the chords of an are 
and of double the arc are five and eight inches respectively ? 

21. Ifthe chord of an arc of a circle whose diameter is 8} inches, 
be five inches, what is the length of the chord of double the are of the 
same circle? 

22. State when a straight line is said to touch a circle, and shew 
from your definition that a straight line cannot be drawn to touch a circle 
from a point within it. 

23. Can more circles than one touch a straight line in the same 
point? 

24. Shew from the construction, Euc. 111. 17, that éwo equal straight 
lines, and only two, can be drawn touching a given circle from a given 
point without it: and one, and only one, from a point in the cir- 
cumference, 

25, What is the locus of the centers of all the circles which touch 
a straight line in a given point? 

26. How may a tangent be drawn at a given pointin the circum- 
ference of a circle, without knowing the center? 

27. Ina circle place two chords of given length at right angles to, 
each other. 

28. From Euc. 11. 19, shew how many circles equal to a given 
circle may be drawn to touch a straight line in the same point. 

29. Enunciate Euc. 111. 20. Is this true, when the base is greater 
than a semicircle? Ifso, why has Euclid omitted this case? 

30. The angle at the center of a circle is double of that at the circum- 
ference. How will it appear hence that the angle in a semicircle is aright 
angle? 

‘31. What conditions are essential to the possibility of the inscription 
and circumscription of a circle in and about a quadrilateral figure ? 

32. What conditions are requisite in order that a parallelogram may 
be inscribed in acircle? Are there any analogous conditions requisite 
that a parallelogram may be described about a circle? 

33. Define the angle in a segment of a circle, and the angle on a seg- 
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ment; and shew that in the same circle, they are together equal to two 
right angles. 

34, State and prove the converse of Euc, 111. 22. 

35. All circles which pass through two given points have their centers 
in a certain straight line. 

36. Describe the circle of which a given segment is a part. Give 
Euclid's more simple method of solving the same problem independently 
of the magnitude of the given segment. 

37. Inthe same circle equal straight lines cut off equal circumfer- 
ences, If these straight lines have any point common to one another, it 
must not be in the circumference. Is the enunciation given complete? 

38. Enunciate Euc. 11. 31, and deduce the proof of it from Euc., 311. 20, 

39. What is the locus of the vertices of all right-angled triangles which 
can be described upon the same hypotenuse ? 

40, How may a perpendicular be drawn to a given straight line from 
one of its extremities without producing the line? 

41, Ifthe angle in a semicircle be a right angle; what is the angle 
in a quadrant ? 

42. The sum of the squares of any two lines drawn from any point 
in a semicircle to the extremity of the diameter is constant. Express 
that constant in terms of the radius. 

43, Inthe demonstration of Euc. 111. 30, it is stated that ‘* equal 
straight lines cut off equal circumferences, the greater equal to the greater, 
and the less to the less ;"" explain by reference to the diagram the meaning 
of this statement. 

44. How many circles may be described so as to pass through one, 
two, and three given points? In what case is it impossible for a circle 
to pass through three given points? 

45. Compare the circumference of the segment (Eue. rr. 33.) with 
the whole circumference when the angle contained in it is a right angle 
and a half. 

46. Include the four cases of Euc. 111. 35, in one general proof. 

47. Enunciate the propositions which are converse to Props. 32, 35 
of Book 111. 

48. Ifthe position of the center of a circle be known with respect 
to a given point outside a circle, and the distance of the circumference to 
the point be ten inches: what is the length of the diameter of the circle, 
if a tangent drawn from the given point be fifteen inches ? 

49, Iftwo straight lines be drawn from a point without a circle, and 
be both terminated by the concave part of the circumference, and if 
one of the lines pass through the center, and a portion of the other 
line intercepted by the circle, be equal to the radius: find the diameter 
of the circle, if the two lines meet the convex part of the circumference, 
a, b, units respectively from the given point. 

60. Upon what propositions depends the demonstration of Eue. IL 
35? Is any extension made of this proposition in the Third Book? 

61. What conditions must be fulfilled that a circle may pass through 
four given points? 

52. Why is it considered necessary to demonstrate all the separate 
cases of Euc. 111. 35, 36, geometrically, which are comprehended in one 
formula, when expressed by Algebraic symbols ? 

53. Enunciate the converse propositions of the Third Book of Euclid 
which are not demonstrated ez absurdo: and state the three methods 
which Euclid employs in the demonstration of converse propositions in 
the First and Third Books of the Elements. 


GEOMETRICAL EXERCISES ON BOOK III. 


PROPOSITION I, THEOREM, 


If AB, CD be chords of a circle at right angles to each other, prove that the 
sum of the arcs AC, BD is equal to the sum of the ares AD. BC. 


Draw the diameter FGH parallel to 4B, and cutting CD in H. 
D 
Mp Ee 
MN 
{ E i 


G 








Then the arcs FDG and FCG are each half the circumference. 
Also since CD is bisected in the point H, 
the arc FD is equal to the are FC, 
and the arc FD is equal to the ares F4, AD, of which, AF is 
equal to BG, 
therefore the arcs 4D, BG are equal to the arc FC; 
add to each CG, 
therefore the arcs AD, BC are equal to the arcs FC, CG, which make 
up the half circumference. 
Hence also the arcs AC, DB are equal to half the circumference. 
Wherefore the arcs 4D, BC are equal to the arcs AC, DB. 


PROPOSITION II. PROBLEM. 


The diameter of a circle having been produced to a given point, it is required 
to find in the part produced a point, from which if a tangent be drawn to the 
circle, it shall be equal to the segment of the part produced, that is, between the 
given point and the point found. 


Analysis. Let AEB be a circle whose center is C, and whose dia- 
meter 4B is produced to the given point D. 

Suppose that G is the point required, such that the segment GD 
is equal to the tangent GE drawn from G to touch the circle in Æ. 





Join DE and produce it to meet the circumference again in F; 
join also CE and CF. 
Then in the triangle GDE, because G.D is equal to G E, 
therefore the angle GED is equal to the angle GDL; 
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and because CE is equal to CF, 
the angle CEF is equal to the angle CFE; 
therefore the angles CEF, G.ED are equal to the angles CFE 
GDE: 
but since GE is a tangent at E, 
therefore the angle CEG is a right angle, (111. 18.) 
hence the angles CEF, GEF are equal to a right angle, 
and — the angles CFE, EDG are also equal toa right 
angle, 
wherefore the remaining angle FCD ofthe triangle CFD is a right 
angle, 
~ and therefore CF is perpendicular to 4D. 
Synthesis. From the center C, draw CF perpendicular to AD 
meeting the circumference of the circle in F: 
join DF cutting the circumference in £, 
join also CE, and at E draw EG perpendicular to CE and inter- 
secting BD in G. 
Then G will be the point required. 
For in the triangle CFD, since FCD is a right angle, the angles 
CFD, CDF are together equal to a right angle ; 
also since CEG is a right angle, 
therefore the angles CEF, GED are together equal to a right 
angle; 
pus the angles CEF, GED are equal to the angles CFD, 
CDF; 
but because CE is equal to CF, 
the angle CEF is equal to the angle CFD, 
wherefore the remaining angle GED is equal to the remaining 
angle CDF, 
and the side GD is equal to the side GE of the triangle EGD, 
therefore the point G is determined according to the required 
conditions. 


PROPOSITION ITI. THEOREM. 


If a chord of a circle be produced till the part produced be equal to the 
radius, and if from its extremity a line be drawn through the center and 
meeting the convex and concave circumferences, the convex is one-third of the 
concave circumference. 


Let AB any chord be produced to C, so that BC is equal to the 


radius of the circle: 
bf e 
? e t 
Ff 
G 


E\ à 
d 
and let CE be drawn from C through the center D, and meeting 


the convex circumference in F, and the concave in Æ. 
Then the arc BF' is nne-third of the arc 4AE, 
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Draw EG parallel to 4B, and join DB, DG. 
Since the angle DEG is equal to the angle DGE; (1. 5.) 
and the angle GDF is equal to the angles DEG, DGE; (1. 32.) 
therefore the angle GDC is double of the angle DEG. 
But the angle BDC is equal to the angle BOD, (1. 5.) 
and the angle CEG is equal to the alternate angle ACE ; (1. 29.) 
therefore the angle GDC is double of the angle CDB, 
add to these equals the angle CDB, 
therefore the whole angle GDB is treble of the angle CDB, 
but the angles GDB, CUB at the center D, are subtended by the 
arcs BF, BG, of which BG is equal to AL. 
Wherefore the circumference AZ is treble of the circumference 
BF, and BF is one-third of AE. 
Hence may be solved the following problem: 
AE, BF are two arcs of a circle intercepted between a chord and 
a given diameter. Determine the position of the chord, so that one 
are shall be triple of the other. 


PROPOSITION IV. THEOREM. 


AB, AC aad ED are tangents to the circle CFB; at whatever point 
between C and B the tangent EFD is drawn, the three sides of the triangle 
AED are equal to twice AB or twice AC: also the angle subtended by the 
tangent EFD aż the center of the circle, is a constant quantity. 


Take G the center of the circle, and join GB, GE, GF, GD, GC. 
Then £B is equal to EF, and DC to DF; (ur. 37.) 


therefore E D is equal to EB and DC; 
to each of these add AE, AD, 
wherefore 4D, AE, ED are equal to AB, AC; 
and AB is' equal to AC, 
therefore AD, AE, ED are equal to twice AB, or twice AC; 
or the perimeter of the triangle AED is a constant quantity. 
Again, the angle EGF is half of the angle B GF, 
and the angle DGF is half of the angle CGF, 
therefore the angle DGE is half of the angle CGB, 
or the angle subtended by the tangent ED at G, is half of the angle 
contained between the two radii which meet the circle at the points 
where the two tangents 4B, AC meet the circle. 


PROPOSITION V. PROBLEM. 


Given the base, the vertical angle, and the perpendicular in a plane triangle, 
to construct it. 
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Upon the given base 4B describe a segment of a circle containing 
an angle equal to the given angle. (rr. 33.) 


eo NR 
Mu | 

LAN 

A n 


At the point B draw BC perpendicular to AB, and equal to the 
altitude of the triangle. (I. 11, 3.) 

Through C, draw CDE parallel to 4B, and meeting the circum- 
ference in D and E. (1. 31.) 

Join DA, DB; also EA, EB; 
then EAB or DAB is the triangle required. 

It is also manifest, that if CDF touch the circle, there will be only 
n irianele which can be constructed on the base 4B with the given 
altitude. 


PROPOSITION VI. THEOREM. 


If two chords of a circle intersect each other at right angles either within or 
without the circle, the sum of the squares described upon the four segments, is 
equal to the square described upon the diameter. 


Let the chords 4B, CD intersect at right angles in £. 


AS 


No 


SS 
QJ 


Draw the diameter A F, and join 4C, AD, CF, DB. 
Then the angle 4CF in a semicircle is a right angle, (11. 31.) 
and equal to the angle AED: ' 
also the angle ADC is equal to the angle AFC. (m1. 21.) 
Hence in the triangles 4 DE, AFC, there are two angles in the one 
respectively equal to two angles in the other, 
consequently, the third angle CAF is equal to the third angle 
DAB; 
therefore the are DB is equal to the are CF, (111. 26.) 
and therefore also the chord DB is equal to the chord CF. (11. 29.) 
Because A EC is a right-angled triangle, 
the squares on 4 E, EC are equal to the square on 44 C; (1. 47.) 
similarly, the squares on DE, EB are equal to the square on DB; 
therefore the squares on AL, EC, DE, EB, are equal to the squares 
on . 4C, DD; 
but DB was proved equal to FC, 
and the squares on AC, FC are equal to the square on AF, 


K 


/ 
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wherefore the squares on A E, EC, DE, EB, are equal to the square 
on AF, the diameter of the circle. 

When the chords meet without the circle, the property is proved 
in a similar manner. 


I. 


7. THROUGH a given point within a circle, to draw a chord which 
shall be bisected in that point, and prove it to be the least. 

8. To draw that diameter of a given circle which shall pass at a 
given distance from a given point. 

9. Find the locus of the middle points of any system of parallel 
chords in a circle. 

10. The two straight lines which join the opposite extremities of 
two parallel chords, intersect in a point in that diameter which is 
perpendicular to the chords. 

11. The straight lines joining towards the same parts, the extre- 
mities of any two lines in a circle equally distant from the center, are 
parallel to each other. 

12. .4, B, C, A', B', C are points on the circumference of a circle ; 
if the lines 4 B, AC be respectively parallel to 4’B’, A'C’, shew that 
BC" is parallel to BC. l 

13. Two chords of a circle being given in position and magnitude, 
describe the circle. 

14. Two circles are drawn, one lying within the other; prove that 
no chord to the outer circle can be bisected in the point in which it 
touches the inner, unless the circles are concentric, or the chord be 
perpendicular to the common diameter. Ifthe circles have the same 
center, shew that every chord which touches the inner circle is bisected 
in the point of contact. 

15. Draw a chord in a circle, so that it may be double of its per- 
pendicular distance from the center. 

16. Thearcs intercepted between any two parallel chords in a circle 
are equal. 

17. Ifany pbint P be taken in the plane of a circle, and PA, 
PB, PC,..be drawn to any number of points 4, B, C,..situated 
symmetrically in the circumference, the sum of PA, PJL,..is least 
when P is at the center of the circle. 


II. 


18. The sum of the arcs subtending the vertical angles made by 
any two chords that intersect, is the same, as long as the angle of inter- 
section is the same. 

19. From a point without a circle two straight lines are drawn 
cutting the convex and concave circumferences, and also respectively 
parallel to two radii of the circle. Prove that the difference of the 
concave and convex ares intercepted by the cutting lines, is equal to 
twice the arc intercepted by the radii. 

20. Ina circle with center O, any two chords, 4B, CD are drawn 


: 
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cutting in E, and O4, OB, OC, OD are joined; prove that the angles 
AO0OC+ BOD=2.AEC, and AOD+ BOC=2.AED. 

21. If from any point without a circle, lines be drawn cutting the 
circle and making equal angles with the longest line, they will cut off 
equal segments. | 

22. lfthe corresponding extremities of two intersecting chords of 
a circle be joined, the triangles thus formed will be equiangular. 

23. "Through a given point within or without a circle, it is required 
to draw a straight line cutting off a segment containing a given angle. 

24. If on two lines containing an angle, segments of circles be 
described containing angles equal to it, the lines produced will touch 
the segments. 

20. Any segment of a circle being described on the base of a tri- 
angle; to describe on the other sides segments similar to that on the 
base. 

26. Ifan arc of a circle be divided into three equal parts by three 
straight lines drawn from one extremity of the arc, the angle con- 
tained by two of the straight lines is bisected by the third. 

27. If the chord of a given circular segment be produced to a 
fixed point, describe upon it when so produced a segment of a circle 
which shall be similar to the given segment, and shew that the two 
segments have a common tangent. 

28. 1f 4D, CE be drawn perpendicular to the sides BC, AB of 
the triangle ABC, and DE be joined, prove that the angles ADE, 
and ACE are equal to each other. 

29. lffrom any point in a circular arc, perpendiculars be let fall 
on its bounding radu, the distance of their feet is invariable. 


MI. 


30. Ifboth tangents be drawn, (fs, Euc. 1. 17.) and the points 
of contact joined by a straight line which cuts £A in H, and on HA 
as diameter a circle be described, the lines drawn through Æ to touch 
this circle will meet it on the circumference of the given circle. 

31. Draw, (1) perpendicular, (2) parallel to a given line, a line 
touching a given circle. 

32. lfiwo straight lines intersect, the centers of all circles that 
we be inscribed between them, lie in two lines at right angles to each 
other. 

33. Draw two tangents to a given circle, which shall contain an 
angle equal to a given rectilineal angle. 

34. Describe a circle with a given radius touching a given line, and 
so that the tangents drawn to it from two given points in this line 
may be parallel, and shew that if the radius vary, the locus of the 
centers of the circles so described is a circle. 

35. Determine the distance of a point from the center of a given 
cirele, so that if tangents be drawn from it to the circle, the concave 
part of the circumference may be double of the convex. 

36. Ina chord of a circle produced, it is required to find a point, 
from which if a straight line be drawn touching the circle, the line so 
drawn shall be equal to a given straight line. 
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37. Find a point without a given circle, such that the sum of the 
two lines drawn from it touching the circle. shall be equal to the line 
drawn from it through the center to meet the circle. 

38. If from a point without a circle two tangents be drawn; the 
straight line which joins the points of contact will be bisected at right 
angles by a line drawn from the center to the point without the circle. 

39. If tangents be drawn at the extremities of any two diameters 
of a circle, and produced to intersect one another; the straight lines 
joining the opposite points of intersection will both pass through 
the center. 

40. If from any point without a circle two lines be drawn touching 
the circle, and from the extremities of any diameter, lines be drawn to 
the point of contact cutting each other within the circle, the line drawn 
from the points without the circle to the point of intersection, shall be 
perpendicular to the diameter. 

41. Ifany chord of a circle be produced equally both ways, and 
tangents to the circle be drawn on opposite sides of it from its extre- 
mities, the line joining the points of contact bisects the given chord. 

42. AB isa chord, and 4D isa tangent to a circle at A. DPQ 
any secant parallel to 4B meeting the circle in P and Q. Shew that 
the triangle PAD is equiangular with the triangle QAB. 

43. If from any point in the circumference of a circle a chord and 
tangent be drawn, the perpendiculars dropped upon them from the 
middle point of the subtended arc, are equal to one another. 


IV. 


44. In a given straight line to find a point at which two other 
straight lines being drawn to two given points, shall contain a right 
angle. Shew that if the distance between the two given points be 
greater than the sum of their distances from the given line, there will 
be two such points; if equal, there may be only one; if less, the 
problem may be impossible. 

45. Find the point in a given straight line at which the tangents 
to a given circle will contain the greatest angle. 

46. Of all straight lines which can be drawn from two given points 
to meet in the convex circumference of a given circle, the sum of those 
two will be the least, which make equal angles with the tangent at the 
point of concourse. 

47. DF is a straight line touching a circle, and terminated by 
AD, BF, the tangents at the extremities of the diameter 4B, shew 
that the angle which D/’subtends at the center is a right angle. 

48. Iftangents 4m, Bn be drawn at the extremities of the dia- 
meter of a semicircle, and any line in mPn crossing them and touching 
the circle in P, and if AN, B.M be joined intersecting in O and cutting 
the semicircle in Æ and F; shew that O, P, and the point of intersec- 
tion of the tangents at E and F, are in the same straight line. 

49. Jffrom a point P without a circle, any straight line be drawn 
cutting the circumference in 4 and B, shew that the straight lines 
joining the points .4 and 2 with the bisection of the chord of contact 
of the tangents from P, make equal angles with that chord. 
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V. 


50. Describe a circle which shall pass through a given point and 
which shall touch a given straight line in a given point. 

51. Draw a straight line which shall touch a given circle, and 
make a given angle with a given straight line. 

52. Describe a circle the circumference of which shall pass through 
a given point and touch a given circle in a given point. 

53. Describe a circle with a given center, such that the circle so 
described and a given circle may touch one another internally. 

54. Describe the circles which shall pass through a given point 
and touch two given straight lines. 

55. Describe a circle with a given center, cutting a given circle in 
the extremities of a diameter. 

56. Describe a circle which shall have its center in a Pm straight 
line, touch another given line, and pass through a fixed point in the 
first given line. 

57. The center of a given circle is equidistant from two given 
straight lines; to describe another circle which shall touch the two 
straight lines and shall cut off from the given circle a segment con- 
taining an angle equal to a given rectilineal angle. 


VI. 


58. Ifany two circles, the centers of which are given, intersect 
each other, the greatest line which can be drawn through either point 
of intersection and terminated by the circles, is independent of the 
diameters of the circles. 

59. ‘Two equal circles intersect, the lines joining the points in 
which any straight line through one of the points of section, which 
meets the circles with the other point of section, are equal. 

60. Draw through one of the points in which any two circles cut 
one another, a straight line which shall be terminated by their circum- 
ferences and bisected in their point of section. 

61. Describe two circles with given radii which shall cut each 
“aa and have the line between the points of section equal to a given 
ine. 

62. Two cirzles cut each other, and from the points of intersection 
straight lines are drawn parallel to one another, the portions inter- 
cepted by the circumferences are equal. 

63. ACB, ADB are two segments of circles on the same base 
AJB, take any point Cin the segment ACB; join AC, BC, and pro- 
duce them to meet the segment ADB in D and Æ respectively: shew 
that the arc DE is constant. 

64. ADB, ACB, are the arcs of two equal circles cutting one 
another in the straight line 4B, draw the chord ACD cutting the 
inner circumference in C and the outer in D, such that AD and DB 
together may be double of 4C and CB together. 

65. If from two fixed points in the circumference of a circle, 
straight lines be drawn intercepting a given are and meeting without 
the circle, the locus of their intersections is a circle. 
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66. IPftwo circles intersect, the common chord produced bisects 
the common tangent. 

67. Shew that, if two circles cut each other, and from any point 
in the straight line produced, which joins their intersections, two tan- 
gents be drawn, one to each circle, they shall be equal to one another. 

68. ‘Iwo circles intersect in the points 4 and B; through A and 
B any two straight lines CAD, EBF, are drawn cutting the circles in 
the points C, D, E, F; prove that CE is parallel to DF. 

69. Two equal circles are drawn intersecting in the points 4 and 
D, a third circle is drawn with center 4 and any radius not greater 
than 4B intersecting the former circles in D and C. Shew that the 
three points, B, C, D lie in one and the same straight line. 

70. Iftwo circles cut each other, the straight line joining their 
centers will bisect their common chord at right angles. 

71. Two circles cut one another; if through a point of intersection 
a straight line is drawn bisecting the angle between the diameters at 
that point, this line cuts off similar segments in the two circles. 

72. ACB, APB are two equal circles, the center of APB being 
on the circumference of ACB, AB being the common chord, if any 
chord 4C of ACB be produced to cut APB in P, the triangle PBC 
is equilateral. 


VII. 


73. If two circles touch each other externally, and two parallel 
lines be drawn, so touching the circles in points £ and B respectively 
that neither circle is cut, then a straight line .4B will pass through 
the point of contact of the circles. 

14. A common tangent is drawn to two circles which touch each 
other externally; if a circle be described on that part of it which lies 
between the points of contact, as diameter, this circle will pass through 
the point of contact of the two circles, and will touch the line which 
joins their centers. 

79. lftwo circles touch each other externally or internally, and 
parallel diameters be drawn, the straight line joining the extremities 
of these diameters will pass through the point of contact. 

76. Iftwo circles touch each other internally, and any circle be 
described touching both, prove that the sum of the distances of its 
center from the centers of the two given circles will be invariable. 

77. If two circles touch each other, any straight line passing 
through the point of contact, cuts off similar parts of their circumfe- 
rences. 

18. Two circles touch each other externally, the diameter of one 
being double of the diameter of the other; through the point of con- 
tact any line is drawn to meet the circumferences of both ; shew that 
the part of the line which lies in the larger circle is double of that in 
the smaller. 

79. Ifa circle roll within another of twice its size, any point in 
its circumference will trace out a diameter of the first. 

80. With a given radius, to describe a circle touching two given 
circles. 
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81. Two equal circles touch one another externally, and through 
the point of contact chords are drawn, one to each circle, at right 
angles to each; prove that the straight line joining the other extre- 
mities of these chords is equal and parallel to the straight line joining 
the centres of the circles. 

82. ‘Two circles can be described, each of which shall touch a 
given circle, and pass through two given points outside the circle; 
shew that the angles which the two given points subtend at the two 
points of contact, are one greater and the other less than that which 
they subtend at any other point in the given circle. 


VIII. 


83. Draw a straight line which shall touch two given circles; 
(1) on the same side ; (2) on the alternate sides. 

84. Iftwo circles do not touch each other, and a segment of the 
line joining their centers be intercepted between the convex circum- 
ferences, any circle whose diameter is not less than that segment may 
be so placed as to touch both the circles. 

85. Given two circles: it is required to find a point from which 
tangents may be drawn to each, equal to two given straight lines. 

86. Two circles are traced on a plane; draw a straight line 
cutting them in such a manner that the chords intercepted within the 
circles shall have given lengths. 

87. Draw a straight line which shall touch one of two given circles 
and cut off a given segment from the other. Of how many solutions 
does this problem admit? 

88. If from the point where a common tangent to two circles 
meets the line joining their centers, any line be drawn cutting the 
circles, it will cut off similar segments. 

89. To find a point P, so that tangents drawn from it to the out- 
sides of two equal circles which touch each other, may contain an angle 
equal to a given angle. 

90. Describe a circle which shall touch a given straight line at a 
given point, and bisect the circumference of a given circle. 

91. A circle is described to pass through a given point and cut a 
given circle orthogonally, shew that the locus of the center is a certain 
straight line. 

92. Through two given points to describe a circle bisecting the 
circumference of a given circle. 

93. Describe a circle through a given point, and touching a given 
straight line, so that the chord joining the given point and point of 
contact, may cut off a segment containing a given angle. 

94. To describe a circle through two given points to cut a straight 
line given in position, so that a diameter of the circle drawn through 
the point of intersection, shall make a given angle with the line. 

95. Describe a circle which shall pass through two given points 
and cut a given circle, so that the chord of intersection may be of a 
given length. 


I 
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IX. 


96. The circumference of one circle is wholly within that of an- 
other. Find the greatest and the least straight lines that can be drawn 
touching the former and terminated by the latter. 

97. Draw a straight line through two concentric circles, so that the 
chord terminated by the exterior circumference may be double that 
terminated by the interior. What is the least value of the radius of 
the interior circle for which the problem is possible ? 

98. Ifa straight line be drawn cutting any number of concentric 
circles, shew that the segments so cut off are not similar. 

99. Iffrom any point in the circumference of the exterior of two 
concentric circles, two straight lines be drawn touching the interior 
and meeting the exterior; the distance between the points of contact 
will be half that between the points of intersection. 

100. Shew that all equal straight lines in a circle will be touched 
by another circle. 

101. Through a given point draw a straight line so that the part 
intercepted by the circumference of a circle, shall be equal to a given 
straight line not greater than the diameter. 

102. Two circles are described about the same center, draw a chord 
to the outer circle, which shall be divided into three equal parts by the 
inner one. How is the possibility of the problem limited ? 

103. Find a point without a given circle from which if two tan- 
gents be drawn to it, they shall contain an angle equal to a given 
angle, and shew that the locus of this point is a circle concentric with 
the given circle. 

104, Draw two concentric circles such that those chords of the 
outer circle which touch the inner, may be equal to its diameter. 

105. Find a point in a given straight line from which the tangent 
drawn to a given circle, is of given length. 

106. Ifauy number of chords be drawn in the inner of two con- 
centric circles, from the same point 4 in its circumference, and each 
of the chords be then produced beyond A to the circumference of the 
outer circle, the rectangle contained by the whole line so produced 
and the part of it produced, shall be constant for all the cases. 


X. 


107. The circles described on the sides of any triangle as diameters 
will intersect in the sides, or sides produced, of the triangle. 

108. The circles which are described upon the sides of a right- 
angled triangle as diameters, meet the hypotenuse in the same point; 
and the line drawn from the point of intersection to the center of either 
of the circles will be a tangent to the other circle. 

109. Ifon the sides of a triangle circular arcs be described contain- 
ing angles whose sum is equal to two right angles, the triangle formed 
by the lines joining their centers, has its angles equal to those in the 
segments. 

110. The perpendiculars let fall from the three angles of any tri- 
angle upon the opposite sides, intersect each other in the same point. 

111. If 4D, CE be drawn perpendicular to the sides BC, AD of 
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the triangle 4 BC, prove that the rectangle contained by BC and BD, 
is equal to the rectangle contained by Bd and BE. 

112. The lines which bisect the vertical angles ofall triangles on the 
same base and with the same vertical angie, all intersect in one point. 

113. Of all triangles on the same base and between the same 
parallels, the isosceles has the greatest vertical angle. 

114. It is required within an isosceles triangle to find a point such, 
that its distance from one of the equal angles may be double its dis- 
tance from the vertical angle. J 

115. To find within an acute-angled triangle, a point from which, 
if straight lines be drawn to the three angles of the triangle, they shall 
make equal angles with each other. 

116. A flag-statf of a given height is erected on a tower whose 
height is also given: at what point on the horizon will the flag-statt 
appear under the greatest possible angle? 

117. A ladder is gradually raised against a wall; find the locus of 
its middle point. 

118. ‘The triangle formed by the chord of a circle (produced 
or not), the tangent at its extremity, and any line perpendicular 
to the diameter through its other extremity, will be isosceles. 

119. AD, BE are perpendiculars from the angles 4A and B 
on the opposite sides of a triangle, BF’ perpendicular to ED or ED 
produced; shew that the angle FBD = EBA. 


XI. 


120. If three equal circles have a common point of intersection 
prove that a straight line joining any two of the points of intersectior., 
will be perpendicular to the straight line joining the other two points 
of intersection. 

121. Two equal circles cut one another, and a third circle touches 
each of these two equal circles externally; the straight line which joms 
the points of section will, if produced, pass through the center of the 
third circle. 

122. A number of circles touch each other at the same point, and a 
straight line is drawn from it cutting them: the straight lines joining 
each point of intersection with the center of the circle will be all parallel. 

123. If three circles intersect one another, two and two, the three 
chords joining the points of intersection shall all pass through one 

oint. 
: 124. Ifthree circles touch each other externally, and the three 
common tangents be drawn, these tangents shall intersect in a point 
equidistant from the points of contact of the circles. 

125. If two equal circles intersect one another in A and B, and 
from one of the points of intersection as a center, a circle be described 
which shall cut both of the equal circles, then will the other point of 
intersection, and the two points in which the third circle cuts the 
other two on the same side of .4 D, be in the same straight line. 


XIL 


. 126. Given the base, the vertical angle, and the difference of the 
sides, to construct the triangle. 


12 
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127. Describe a triangle, having given the vertical angle, and 
the segments of the base made by a line bisecting the vertical angle. 

128. Given the perpendicular height, the vertical angle and the 
sum of the sides, to construct the triangle. 

129. Construct a triangle in which the vertical angle and the 
difference of the two angles at the base shall be respectively equal to 
me given angles, and whose base shall be equal to a given straight 
ine. 

130. Given the vertical angle, the difference of the two sides con- 
taining it, and the difference of the segments of the base made by a 
perpendicular from the vertex; construct the triangle. 

131. Given the vertical angle, and the lengths of two lines drawn 
from the extremities of the base to the points of bisection of the sides, 
to construct the triangle. 

132. Given the base, and vertical angle, to find the triangle whose 
area is a maximum. 

133. Given the base, the altitude, and the sum of the two re- 
maining sides; construct the triangle. 

134. Describe a triangle of given base, area, and vertical angle. 

135. Given the base and vertical angle of a triangle, find the 
locus of the intersection of perpendiculars to the sides from the ex- 
tremities of the base. 


XIII. 


136. Shew that the perpendiculars to the sides of a quadrilateral 
inscribed in a circle from their middle points intersect in a fixed point. 

137. The lines bisecting any angle of a quadrilateral figure in- 
scribed in a circle, and the opposite exterior angle, meet in the cir- 
cumference of the circle. 

138. Iftwo opposite sides of a quadrilateral figure inscribed in a 
circle be equal, prove that the other two are parallel. 

139. The angles subtended at the center of a circle by any two 
opposite sides of a quadrilateral figure circumscribed about it, are 
together equal to two right angles. 

140. Four circles are described so that each may touch internally 
three of the sides of a quadrilateral figure, or one side and the ad- 
jacent sides produced ; shew that the centers of these four circles will 
all lie in the circumference of a circle. 

141. One side of a trapezium capable of being inscribed in a given 
circle is given, the sum of the remaining three sides is given; and also 
one of the angles opposite to the given side: construct it. 

142. Ifthe sides of a quadrilateral figure inscribed in a circle be 
produced to meet, and from each of the points of intersection a 
straight line be drawn, touching the circle, the squares of these tan- 
gents are together equal to the square of the straight line joining the 
points of intersection. 

143. If a quadrilateral figure be described about a circle, the 
sums of the opposite sides are equal; and each sum equal to half the 
perimeter of the figure. 

144. A quadrilateral ABCD is inscribed in a circle, BC and DC 
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are produced to meet 4D and AB produced in Æ and F. The angles 
ABCand ADC are together equal to AFC, 4EB, and twice the 
angle BAC. 

145. Ifthe hypotenuse 4B of a right-angled triangle 4BC be 
bisected in D, and LDF drawn perpendicular to AB, and DE, DF 
eut off each equal to DA, and CE, CF joined, prove that the last two 
lines will bisect the angle at Cand its supplement respectively. 

146. ABCD is a quadrilateral figure inscribed in a circle. 
Through its angular points tangents are drawn so as to form another 
quadrilateral figure FBLCHDEA circumscribed about the circle. 
Find the relation which exists between the angles of the exterior and 
the angles of the interior figure. 

147. The angle contained by the tangents drawn at the extremi- 
ties of any chord in a circle is equal to the difference of the angles in 
segments made by the chord: and also equal to twice the angle con- 
tained by the same chord and a diameter drawn from either of its 
extremities. 

148. If ABCD be a quadrilateral figure, and the lines AB, AC, 
AD be equal, shew that the angle BAD is double of CBD and CDB 
together. 

149. Shew that the four lines which bisect the interior angles of 
a quadrilateral figure, form by their iatersections, a quadrilateral figure 
which can_be inscribed in a circle. 

150. In a quadrilateral figure ABCD is inscribed a second 
quadrilateral by joining the middle points of its adjacent sides; a 
third is similarly inscribed in the second, and so on. Shew that each 
of the series of quadrilaterals will be capable of being inscribed in a 
circle if the first three are so. Shew also that two at least of the 
opposite sides of 4 BCD must be equal, and that the two squares upon 
these sides are together equal to the sum of the squares upon the 
other two. 


XIV. 


151. If from any point in the diameter of a semicircle, there be 
drawn two straight lines to the circumference, one to the bisection of 
the circumference, the other at right angles to the diameter, the 
squares upon these two lines are together double of the square upon 
the semi-diameter. i 

152. If from any point in the diameter of a circle, straight lines 
be drawn to the extremities of a parallel chord, the squares on these 
lines are together equal to the squares on the segments into which the 
diameter is divided. 

183. From a given point without a circle, at a distance from the 
circumference of the circle not greater than its diameter, draw a 
straight line to the concave circumference which shall be bisected by 
the convex circumference. 

154. If any two chords be drawn in a circle perpendicular to 
each other, the sum of their squares is equal to twice the square on 
the diameter diminished by four times the square on the line joining 
the center with their point of intersection. 
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155. Two points are taken in the diameter of a circle at any 
equal distances from the center; through one of these draw any chord, 
and join its extremities and the other point. The triangle so formed 
has the sum of the squares of its sides invariable. 

156. If chords drawn from any fixed point in the circumference 
of a circle, be cut by another chord which is parallel to the tangent 
at that point, the rectangle contained by each chord, and the part of 
it intercepted between the given point and the given chord, is constant. 

187. If AB bea chord of a circle inclined by half a right angle to 
the tangent at 4, and AC, AD be any two chords equally inclined to 
AD, AC* 4 AD! 22..A D*. 

188. Achord POQ cuts the diameter of a circle in Q, in an angle 
equal to half a right angle; PO? + OQ =2 (rad. F. 

159. Let ACDB be a semicircle whose diameter is 48; and 
AD, BC any two chords intersecting in P; prove that 


AB=DA.AP+CB.BP. 


160. If ABDC be any parallelogram, and if a circle be described 
passing through the point 4, and cutting the sides 4B, AC, and the 
diagonal 4D, in the points F, G, H respectively, shew that 

AB.AF+ AC. AG=AD.AH. 


161. Produce a given straight line, so that the rectangle under the 
given line, and the whole line produced, may equal the square of the 
part produced. 

162. If A bea point within a circle, BC the diameter, and through 
A, AD be drawn perpendicular to the diameter, and BAF meeting 
the circumference in #, then BA. BE= BC. BD. 

163. The diameter ACD of a circle, whose center is C, is pro- 
duced to P, determine a point F in the line 4 P such that the rectangle 
PF.PC may be equal to the rectangle PD. PA. 

164. To produce a given straight line, so that the rectangle con- 
tained by the whole line thus produced, and the part of it produced, 
shall be equal to a given square. 

165. ‘Two straight lines stand at right angles to each other, one of 
which passes through the center of a given circle, and from any point 
in the other, tangents are drawn to the circle. Prove that the chord 
joining the points of contact cuts the first line in the same point, what- 
ever be the point in the second from which the tangents are drawn. 

166. A, B, C, D, are four points in order in a straight line, find 
a point E between B and C, such that 4LE..EB - .ED..EC, by a 
geometrical construction. 

167. If any two circles touch each other in the point O, and lines 
be drawn through O at right angles to each other, the one line cutting 
the circles in P, P", the other in. Q, Q'; and if the line joining the 
centers of the circles cut them in 4, 4’; then 


PP? + UOC = AA 


BOOK IV. 


DEFINITIONS. 


I. 


A RECTILINEAL figure is said to be inscribed in another rectilineal 
figure, when all the angular points of the inscribed figure are upon 
the sides of the figure in which it is inscribed, each upon each. 


O 


II. 


In like manner, a figure is said to be described about another figure, 
when all the sides of the circumscribed figure pass through the angular 
points of the figure about which it is described, each through each. 


III. 


A rectilineal figure is said to be inscribed in a circle, when all the 
angular points of the inscribed figure are upon the circumference of 


the circle. 
Jh 
E 


IV. 


A rectilineal figure is said to be described about a circle, when each 
side of the circumscribed figure touches the circumference of the circle 


V. 
In like manner, a circle is said to be inscribed in a rectilineal figure, 
when the circumference of the circle touches each side of the figure. 


VI. 

A circle is said to be described about a rectilineal figure, when the 
circumference of the circle passes through all the angular points of 
the figure about which it is described. 

—, 


O 
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VII. 


A straight line is said to be placed in a circle, when the extremities 
of it are in the circumference of the circle. 


PROPOSITION I, PROBLEM. 


In a given circle to place a straight line, equal to a given straight line 
which is not greater than the diameter of the circle. 


Let ABC be the given circle, and D the given straight line, not 
greater than the diameter of the circle. 
It is required to place in the circle 44 B C' a straight line equal to D. 





Draw BC the diameter of the circle 4 5 C. 
Then, if BC is equal to D, the thing required is done; 
for in the circle ABC a straight line BC is placed equal to D. 
But, if it is not, BC is greater than D; (hyp.) 
make CE equal to D, (1. 3.) 
and from the center C, at the distance CE, describe the circle AEF, 
and join C4. 
Then CA shall be equal to D. 
Because C is the center of the circle A EF, 
therefore CA is equal to CE: (1. def. 15.) 
but CE is equal to D; (constr.) 
therefore D is equal to CA. (ax. 1.) 
Wherefore in the circle 4 BC, a straight line CA is placed equal to 
the given straight line D, which is not greater than the diameter of the 
circle. Q.E.F. 


PROPOSITION II. PROBLEM. 
In a given circle to inscribe a triangle equiangular to a given triangle. 


Let ABC be the given circle, and DEF the given triangle. 
It is required to inscribe in the circle ABC a triangle equiangular 
_to the triangle DEF. 


GA 





Draw the straight line GAH touching the circle in the point A, (111. 17.) 
and at the point 4, in the straight line 4H, 
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make the angle HAC equal to the angle DEF; (1. 23.) 
and at the point 4, in the straight line 4G, 
make the angle GAB equal to the angle DFE; 
and join BC: then ABC shall be the triangle required. 
Because Z4 G touches the circle ABC, 
and AC is drawn from the point of contact, 
therefore the angle HAC is equal to the angle ABC in the alternate 
segment of the circle: (III. 32.) 
but HAC is equal to the angle DEF; (constr.) 
therefore also the angle 4 BC is equal to DEF: (ax. 1.) 
for the same reason, the angle 44 CB is equal to the angle DFE: 
therefore the remaining angle BAC is equal to the remaining angle 
EDF: (1. 32. and ax. 3.) 
wherefore the triangle 42C is equiangular to the triangle DEF, 
and it is inscribed in the circle ABC. Q.E.F. 


PROPOSITION ITI. PROBLEM. 
About a given circle to describe a triangle equiangular to a given triangle. 
Let ABC be the given circle, and DEF the given triangle. 


It is required to describe a triangle about the circle ABC equian- 
gular to the triangle DEF. 





Produce EF both ways to the points G, H; 
find the center K of the circle 4 BC, (111. 1.) 
and from it draw any straight line KB; 
at the point K in the straight line KB, 
make the angle BKA equal to the angle DEG, (I. 23.) 
andthe angle BKC equal to the angle DFH; 
and through the points 4, B, C, draw the straight lines LAM, MBN, 
NCL, touching the circle ABC. (111. 17.) 
Then ZMN shall be the triangle required. 

Because LM, MN, NL touch the circle ABC in the points 4, B, 

C, to which from the center are drawn K4, AB, KC, 
tkerefore the angles at the points 4, B, C are right angles: (111. 18.) 
and because the four angles of the quadrilateral figure AMBK are 

equal to four right angles, 
for it can be divided into two triangles; 
and that two of them KAM, KBM are right angles, 
im E other two AKB, AMB are equal to two right angles: 
ax. à.) 
but the ij^ DEG, DEF arelikewise equal to two right angles; 
(1. 13. 


Lo 
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therefore the angles 4 KB, 4 MB are equal to the angles DEG, DEF; 
ax. l. 
of which AKB is equal to DEG; (constr.) 
wherefore the remaining angle AMB is equal to the remaining angle 
DEF. (ax. 3.) 
In like manner, the angle LNM may be demonstrated to be equal 
to DFE; 
and therefore the remaining angle MLN is equal to the remaining 
angle EDF: (1. 32 and ax. 8.) 
therefore the triangle LMN is equiangular to the triangle DEF: 
and itis described about the circle ABC. Q.E.F. 


PROPOSITION IV. PROBLEM. 
To inscribe a circle in a given triangle. 


Let the given triangle be 4 BC. 
It is required to inscribe a circle in ARC 





Bisect the angles ABC, BCA by the straight lines BD, CD meeting 
one another in the point 2, (1. 9. 
from which draw DE, DF, DG perpendiculars to 4B, BC, CA. (1.12.) 
And because the angle EBD is equal to the angle FBD, 
for the angle ABC is bisected by BD, 
and that the right angle BED is equal to the right angle BFD; (ax.11.) 
therefore the two triangles EBD, FBD have two angles of the one 
equal to two angles of the other, each to each; 
and the side BD, which is opposite to one of the equal angles in each, 
is common to both; 
therefore their other sides are equal; (1. 26.) 
wherefore DE is equal to DF: 
for the same reason, DG is equal to DF: 
therefore DE is equal to DG: (ax. 1.) 
therefore the three straight lines DE, DF, DG are equal to one 
another ; 
and the circle described from the center D, at the distance of any 
of them, will pass through the extremities of the other two, and 
touch the straight lines 4B, BC, CA, 
because the angles at the points E, F, G are right angles, 
and the straight line which is drawn from the extremity of a diameter 
at right angles to it, touches the circle: (III. 16.) 
therefore the straight lines 4B, BC, C/A do each of them touch the 
circle, 
and therefore the circle HFG is inscribed in the triangle ABC. Q.E.F. 
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PROPOSITION V. PROBLEM. 
To describe a circle about a given triangle. 


Let the given triangle be ABC. 
It is required to describe a circle about ABC. 


A A A 


Bisect 4B, AC in the points D, .E, (1. 10.) 
and from these points draw DF, EF at right angles to 4B, 4 C ; (1.11.) 
DF, EF produced meet one another: 
for, if they do not meet, they are parallel, 
wherefore 44 B, AC, which are at right angles to them, are parallel ; 
which is absurd : 
let them meet in F, and join F4; 
also, if the point .F be not in BC, join BF, CF. 
Then, because AD is equal to DB, and DF common, and at right 
` angles to AB, 
therefore the base Af’ is equal to the base FB. (1. 4.) 
In like manner, it may be shewn that CF is equal to F4; 
and therefore BF is equal to FC; (ax. 1.) 
and FA, FB, FC are equal to one another: 

wherefore the circle described from the center F, at the distance of 
one of them, will pass through the extremities of the other two, and 
be described about the triangle ABC. Q.E.F. 

Cor.—And it is manifest, that when the center of the circle falls 
within the triangle, each of its angles is less than a right angle, (III. 31.) 
each of them being in a segment greater than a semicircle; but, when 
the center is in one of the sides of the triangle, the angle opposite to 
this side, being in a semicircle, (III. 31.) is a right angle; and, if the 
center falls without the triangle, the angle opposite to the side beyond 
which it is, being in a segment less than a semicircle, (III. 31.) is greater 
than a right angle: therefore, conversely, if the given triangle be 
acute-angled, the center of the circle falls within it; if it be a right- 
angled triangle, the center is in the side opposite to the right angle; 
and if it be an obtuse-angled triangle, the center falls without the tri- 
angle, beyond the side opposite to the obtuse angle. 


PROPOSITION VI. PROBLEM. 


To inscribe @ square in a given circle. 


Let ABCD be the given circle. 
It is required to inscribe a square in ABCD. 
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Draw the diameters, 4 C, BD, at right angles to one another, (111. 1. 


and I. 11.) 
and join 4B, BC, CD, DA. 
The figure ABCD shall be the square required. 
Because BE is equal to ED, for £ is the center, and that £4 is 
common, and at right angles to BD; 
the base BA is equal to the base 4D: (1. 4.) 
and, for the same reason, BC, CD are each of them equal to BA, 
or AD; 
therefore the quadrilateral figure 4 BCD is equilateral. 
It is also rectangular; 
for the straight line BD being the diameter of the circle 4 BCD. 
BAD is a semicircle; 
wherefore the angle BAD is a right angle: (111. 31.) 
for the same reason, each of the angles 4BC, BCD, CDA is a right 
angle: 
therefore the quadrilateral figure 4 BCD is rectangular: 
and it has been shewn to be equilateral, 
therefore it is a square: (1. def. 30.) 
and it is inscribed in the circle ABCD.  Q.E.F. 


PROPOSITION VII. PROBLEM. 
To describe a square about a given circle. 


Let ABCD be the given circle. 
It is required to describe a square about it. 
G A F 


E 
B D 


H C K 


Draw two diameters 4C, BD of the circle 4 BCD, at right angles 
to one another, 
and through the points 4, B, C, D, draw FG, GH, HK, KF touch- 
ing the circle. (Iir. 17.) 
The figure GJZ K P shall be the square required. 
Because F'G touches the circle 4.B CD, and .E£A 1s drawn from the 
center E to the point of contact 4, 
therefore the angles at A are right angles: (111. 18.) 
for the same reason, the angles at the points B, C, D are right angles; 
and because the angle AEB is a right angle, as likewise is BBG, 
therefore GH is parallel to 4C: (1. 28.) 
for the same reason 4C is parallel to FK: 
and in like manner GF, HK may each of them be demonstrated to 
be parallel to BED: 
therefore the figures GK, GC, AK, FB, BK are parallelograms; 
and therefore GF is equal to HK, and GH to FK: (1. 84.) 
and because 4 C is equal to BD, and that 4 C is equal to each of the 
two G.H, FK; 
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and BD to each of the two GF, HK: 

GH, FK are each of them equal to GF, or HK; 
therefore the quadrilateral figure FG HK is equilateral. 
It is also rectangular; 
for GBA being a parallelogram, and AFB a right angle, 
therefore AGB is likewise a right angle: (1. 34.) 
and in the same manner it may be shewn that the angles at H, K, F, 

are right angles : 
therefore the quadrilateral figure FGHK is rectangular : 
and it was demonstrated to be equilateral; 
therefore it is a square ; A def. 30.) 
and it is described about the circle 4B CD. Q.E.F. 


PROPOSITION VIII. PROBLEM. 


To inscribe a circle in a given square, 


Let ABCD be the given square. 
It is required to inscribe a circle in ABCD. 


A E D 


a 
KIA 


Bisect each of the sides AB, AD in the points F, E, (1. 10.) 
and through .E draw .EH parallel to 4B or DC, (1. 31.) 
and through F draw F'K parallel to 4D or BC: 
therefore each of the figures AK, KB, AH, HD, AG, GC, BG, GD 
is a right-angled parallelogram ; 
and their opposite sides are equal: (1. 34.) 
and because 4D is equal to 4B, (1. def. 30.) 
and that 4/ is the half of 4D, and AF the half of AB, 
: therefore 4E is equal to 4F; (ax. 7.) 
wherefore the sides opposite to these are equal, viz. FG to GE: 
in the same manner it may be demonstrated that GH, GK are each 
of them equal to FG or GE: 
the four straight lines GE, GF, GH, GK are equal to one 
another ; 
and the circle described from the center G at the distance of one of 
them, will pass through the extremities of the other three, and touch 
the straight lines 4B, BC, CD, DA; 
because the angles at the points .E, .F, H, K, are right angles, (1. 29.) 
and that the straight line which is drawn from the extremity of a 
diameter, at right angles to it, touches the circle: que 16. Cor.) 
therefore each of the straight lines 4B, BC, CD, DA touches the circle, 
which therefore is inscribed in the square ABCD,  Q.E.F. 
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PROPOSITION IX. PROBLEM. 
To describe a circle about a given square. 


Let ABCD be the given square. 
It is required to describe a circle about ABCD. 


f D 
5c 


Join AC, BD, cutting one another in E: 
and because DA is equal to 4B, and 4C common to the triangles 
DAC, BAC, (1. def. 30.) 
the two sides DA, AC are equal to the two BA, AC, each to each ; 
and the base DC is equal to the base BC; 
wherefore the angle D.4 C is equal to the angle BAC; (1. 8.) 
and the angle DAB is bisected by the straight line 4C: 
in the same manner it may be demonstrated that the angles 4 BC, 
BCD, CDA are severally bisected by the straight lines BD, AC: 
— because the angle DAB is equal to the angle ABC, 
I. def. 30. 
and oe the es EAB isthe half of DAB,and EBA the half of ABC; 
therefore the angle £.4B is equal to the angle EBA ; (ax. 7.) 
wherefore the side ZA is equal to the side EB: (1. 6 
in the same manner it may be demonstrated, that the straight lines 
EC, ED are each of them equal to FA or EB: 
pues the four straight lines £4, EB, EC, ED are equal to one 
another ; 
and the circle described from the center Æ, at the distance of one 
of them, will pass through the extremities of the other three, and be 
described about the square ABCD. Q.E.F. 


PROPOSITION X. PROBLEM. 


To describe an isosceles triangle, having each of the angles at the base 
double of the third angle. 


Take any straight line 4B, and divide it in the point C, (11. 11.) 
so that the rectangle 4B, BC may be equal to the square on C45 
and from the center 4, at the distance AJ, describe the circle BDL, 
in which place the straight line BD equal to AC, which is not greater 

than the diameter of the circle BDE; (IV. 1.) 
and join DA. 
Then the triangle ABD shall be such as is required, 
that is, each of the angles 4 B D, .4 DB shall be double of the angle 
D 


BAD. 

Join DC, and about the triangle ADC describe the circle 4 CD. (1v. 5.) 
And because the rectangle 4B, BC is equal to the square on AC, 
and that 4 Cis equal to BD, (constr.) 
the rectangle 4B, BC is equal to the square on BD: (ax. 1.) 

and because from the point B, without the circle 44 CD, two straight 
lines BCA, BD are drawn to the circumference, one of which cuts, and 
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the other meets the circle, and that the rectangle 4B, BC, contained 
by the whole of the cutting line, and the part of it without the circle, 
is equal to the square on LD which meets it ; 
therefore the straight line BD touches the circle 4 CD: (tI. 37.) 
and because BD touches the circle, and DC is drawn from the 
point of contact D, 
the angle BDC is equal to the angle DAC in the alternate segment 
of the circle: (III. 32.) 
to each of these add the angle CDA; 
therefore the whole angle BDA is equal to the two angles CDA, 
DAC: (ax. 2.) 
but the exterior angle BCD is equal to the angles CDA, DAC;; (I. 32.) 
therefore also BDA is equal to BCD: (ax. 1.) 
but BDA is equal to the angle CBD, (r. 5.) 
because the side 4D is equal to the side AB; 
therefore CBD, or DBA, is equal to BCD; (ax. 1.) 
and consequently the three angles BDA, DB4, BCD are equal to 
one another : 
and because the angle DBC is equal to the angle BCD, 
the side BD is equal to the side DC: (1. 6.) 
but BD was made equal to CA; 
therefore also CA is equal to CD, (ax. 1.) 
and the angle CDA equal to the angle DAC; (1. 5.) 
therefore the angles CDA, DAC together, are double of the angle 
DAC: 
but BCD is equal to the angles CDA, DAC;; (I. 32.) 
therefore also BCD is double of DAC: 
and BCD was proved to be equal to each of the angles BDA, DBA; 
therefore each of the angles BDA, DBA is double of the angle D4 B. 
Wherefore an isosceles triangle ABD has been described, having 
each of the angles at the base double of the third angle. Q.E.F. 


PROPOSITION XI. PROBLEM. 
To inscribe an equilateral and equiangular pentagon in a given circle, 


Let ABCDE be the given circle. 
It is required to inscribe an equilateral and equiangular pentagon 
in the circle ABCDE., 
Describe an isosceles triangle ZG H, having each*of the angles at 
G, H double of the angle at F; (1v. 10.) 
and in the circle 4BODE inscribe the triangle ACD equiangular 
to the triangle FGH, (1v. 2.) 
so that the angle C.4.D may be equal to the angle at .F, 
and each of the angles 44 CD, C.D.A equal to the angle at G or H; 


184 EUCLID’S ELEMENTS. 


wherefore each of the angles ACD, CDA is double of the angle CAD. 
Bisect the angles 4CD, CDA by the straight lines CE, DB; (1. 9.) 
and join AB, BC, DE, EA. 


— 


Then ABCDE shall be the pentagon required. 
Because each of the angles ACD, CDA is double of CAD, 
and that they are bisected by the straight lines CE, DB; 
therefore the five angles DAC, ACE, ECD, CDB, BDA are 
equal to one another: 
but equal angles stand upon equal circumferences; (III. 26.) 
therefore the five circumterences 4B, BC, CD, DE, EA are equal 
to one another: 
and equal circumferences are subtended by equal straight lines ; (111. 29.) 
therefore the five straight lines 4B, BC, CD, DE, EA are equal 
to one another. 
Wherefore the pentagon ABCDE is equilateral. 
It is also equiangular: 
for, because the circumference 4B is equal to the circumference DL, 
if to each be added BCD, 
the whole ABCD is equal to the whole EDCB: (ax. 2.) 
but the angle .4£D stands on the circumference ABCD; 
and the angle BAL on the circumference EDCB ; 
therefore the angle BALE is equal to the angle AED: (111. 27.) 
for the same reason, each of the angles ABC, BCD, CDE is equal 
to the angle BAF, or AED: 
therefore the pentagon ABCDE is equiangular ; 
and it has been shewn that it is equilateral : 
wherefore, in the given circle, an equilateral and equiangular pentagon 
has been described. Q.E.F. 


PROPOSITION XII. PROBLEM. 


To describe an equilateral and equiangular pentagon about a given circle. 


Let ABCDE be the given circle. 
Tt is required to describe an equilateral and equiangular pentagon 
about the circle ABCDE. 
Let the angular points of a pentagon, inscribed in the circle, by the 
last proposition, be in the points 4, B, C, D, E, 
so that the circumferences 4B, BC, CD, DE, EA are equal; (rv. 11.) 
and through the points 4, D, C, D, E draw GH, HK, KL, Lil, 
MG touching the circle; (111. 17.) 
the figure GH AZM shall be the pentagon required. 
Jake the center F, and join FB, FK, FC, FL, FD. 
And because the straight line KZ touches the circle A4BCDE in 
the point C, to which FC is drawn from the center F, 
FC is perpendicular to KZ, (111. 18.) 


BOOK IV. PROP. XII. 185 


therefore each of the angles at Cis a right angle: 
for the same reason, the angles at the points B, D are right angles: 





and because FCK is a right angle, 
the square on FK is equal to the squares on C, CK: (1. 47.) 
for the same reason, the square on FK is equal to the squares on 
FB, BK: 
therefore the squares on FC, CK are equal to the squares on FB, 
BK ; (ax. 1.) 
of which the square on FC is equal to the square on ZB; 
therefore the remaining square on CK is equal to the remaining square 
on BK, (ax. 3.) and the straight line CK equal to BK: 
and because FB is equal to FC, and FK common to the triangles 
BFK, CFK, 
the two BF, FK are equal to the two CF, FK, each to each: 
and the base BK was proved equal to the base KC: 
therefore the angle BFK is equal to the angle KFC, (1. 8.) 
and the angle BKF to FKC: (1. 4.) 
wherefore the angle BFC is double of the angle KFC, 
and BKC double of FKC: 
for the same reason, the angle CFD is double of the angle CFL, 
and CLD double of CLF: 
and because the circumference BC is equal to the circumference CD, 
the angle BFC is equal to the angle CFD; (111. 27.) 
and BFC is double of the angle KFC, 
and CFD double of CFL; 
therefore the angle KFC is equa! to the angle CFL: (ax. 7.) 
and the right angle FCK is equal to the right angle FCL; 
therefore, in the two triangles FAC, FLC, there are two angles of the 
one equal to two angles of the other, each to each; 
and the side FC which is adjacent to the equal angles in each, is com- 
mon to both ; 
therefore the other sides are equal to the other sides, and the third 
angle to the third angle: (1. 26.) 
therefore the straight line KC is equal to CL, and the angle KC 
to the angle FLC: 
and because KC'is equal to CL, 
KL is double of KC. 
In the same manner it may be shewn that HX is double of BK: 
and because BK is equal to KC, as was demonstrated, 
and that KZ is double of KC, and HK double of BK, 
therefore HK is equal to AL: (ax. 6. 


) 
in like manner it may be shewn that GH, GM, ML are each of them 
equal to HK, or KL: 
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therefore the pentagon GZZK LM is equilateral. 
It is also equiangular : 
for, since the angle PK C is equal to the angle FLO, 
and that the angle ZZ K L 1s double of the angle FA C, 
and ALM double of FLO, as was before demonstrated ; 
therefore the angle HKL is equal to KLM: (ax. 6.) 
and in like manner it may be shewn, 
that each of the angles KHG, HGM, GML is equal to the angle 
HKL or KLM: 
therefore the five angles GHK, HKL, KLM, LMG, MGH being 
equal to one another, 
the pentagon GHKLM is equiangular : 
and it is equilateral, as was demonstrated ; 
and it is described about the circle ABCDE.  Q.E.F. 


PROPOSITION XIII. PROBLEM. 
To inscribe a circle in a given equilateral and equiangular pentagon. 


Let ABCDE be the given equilateral and equiangular pentagon. 
It is required to inscribe a circle in the pentagon ABCDE. 


A 
AS 
AN WAON 
BAN —* 
l7 L 
C K D 


Bisect the angles BCD, CDE by the straight lines CF, DF, (1. 9.) 
and from the point F, in which they meet, draw the straight lines FP, 
FA, FE: 
therefore since BC is equal to CD, (hyp.) 
and CF common to the triangles BCF, DCF, 
the two sides BC, CF are equal to the two DC, CF, each to each ; 
and the angle B CF is equal to the angle DCF; (constr.) 
therefore the base BF is equal to the base FD, (I. 4.) 
and the other angles to the other angles, to which the equal sides are 
opposite : 
therefore the angle CBF is equal to the angle CDF: 
and because the angle CDE is double of CDF, 
and that CDE is equal to CBA, and CDF to CBF; 
CBA is also double of the angle CBF; 
therefore the angle ABF is equal to the angle CBF; 
wherefore the angle ABC is bisected by the straight line BF: 
in the same manner it may be demonstrated, 
that the angles BAE, A ED, are bisected by the straight lines 4 F, FE. 
From the point F, draw FG, FH, FK, FL, FM perpendiculars to 
the straight lines 4B, BC, CD, DE, EA: (1. 12.) 
and because the angle HCF is equal to KCF, and the right angle 
FHC equal to the right angle FKC; 
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therefore in the triangles FHC, FKC, there are two angles of the one 
equal to two angles of the other, each to each; 
and the side FC, which is opposite to one of the equal angles in each, 
is common to both ; 
therefore the other sides are equal, each to each; (I. 26.) 
wherefore the perpendicular FH is equal to the perpendicular FK: 
in the same manner it may be demonstrated, that FL, FM, FG are 
each of them equal to FH, or FK: 
therefore the five straight lines FG, FH, FK, FL, FM are equal 
to one another : 
wherefore the circle described from the center F, at the distance of 
one of these five, will pass through the extremities of the other four, 
and touch the straight lines 4B, BC, CD, DH, EA, 
because the angles at the points G, H, K, L, M are right angles, 
and that a straight line drawn from the extremity of the diameter of 
a circle at right angles to it, touches the circle; (111. 16. 
therefore each of the straight lines 4B, BC, CD, DE, E.A touches 
the circle: 
wherefore it is inscribed in the pentagon ABCDE.  Q.E.F. 


PROPOSITION XIV. PROBLEM. 
To describe a circle about a given equilateral and equiangular pentagon, 


Let ABCDE be the given equilateral and equiangular pentagon. 
It is required to. describe a circle about ABCD#. 


A 


B 
VAY 
J 
oD 
Bisect the angles BCD, CDE by the straight lines CF, FD, (1. 9.) 
and from the point F, in which they meet, draw the straight lines FB, 
FA, FE, to the points B, 4, E. 
It may be demonstrated, in the same manner as the preceding pro- 
position, 
that the angles CB4, BAE, AED are bisected by the straight lines 
FB, FA, FE. 
And because the angle BCD is equal to the angle CDE, 
and that FCD is the half of the angle BCD, 
and CDF the half of CDE; 
therefore the angle FCD is equal to FDO; (ax. 7.) 
wherefore the side CF is equal to the side FD: (1. 6.) 
in like manner it may be demonstrated, 
that FB, FA, FE, are each of them equal to FC or FD: 
therefore the five straight lines F4, FBD, FC, FD, FE, are equal to 
one another; 
and the circle described from the center F, at the distance of one of 
them, will pass through the extremities of the other four, and be de- 
scribed about the equilateral and equiangular pentagon 4 BCDE. 
Q. EK. Yr. 
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PROPOSITION XV. PROBLEM, 
To inscribe an equilateral and equiangular hexagon in a given circle. 


Let ABCDEF be the given circle. 
It is required to inscribe an equilateral and equiangular hexagon in it. 


jJ MB 
PK) 
LZ e 
—* 





Find the center G of the circle ABCDEF, 
and draw the diameter AGD; (111. 1.) 
and from D, as a center, at the distance DG, describe the circle EG CH, 
join EG, CG, and produce them to the points B, F; 
and join 4D, BC, CD, DE, EF, FA: 
the hexagon ABCDEF shall be equilateral and equiangular. 
Because G is the center of the circle ABCDEF, 
GE is equal to GD: 
and because D is the center of the circle EGCH, 
DE is equal to DG: 
wherefore GE is equal to ED, (ax. 1.) 
and the triangle EGD is equilateral ; 
and therefore its three angles EGD, GDE, DEG, are equal to one 
another: (I. 5. Cor.) 
but the three angles of a triangle are equal to two right angles; (1. 32.) 
therefore the angle EGD ìs the third part of two right angles: 
in the same manner it may be demonstrated, 
that the angle DGC is also the third part of two right angles: 
and because the straight line GC makes with .EB the adjacent angles 
EGC, CGB equal to two right angles; (1. 13.) 
the remaining angle CGB is the third part of two right angles: 
therefore the angles EGD, DGC, CGB are equal to one another: 
and a A are equal the vertical opposite angles BGA, AGF, FGE: 
I. 10. * 
therefore the six angles EGD, DGC, CGB, BGA, AGF, FGE, 
are equal to one another : 
but equal angles stand upon equal circumferences; (rm. 26.) 
therefore the six circumferences AB, BO, CD, DE, EF, F.A are equal 
to one another: 
Ru — are subtended by equal straight lines: 
III. 29. 
therefore the six straight lines are equal to one another, 
and the hexagon A BCDEF is equilateral. 
It is also equiangular: 
for, since the circumference 4 is equal to E D, 
to each of these equals add the circumference ABCD; 
therefore the whole circumference FABCD is equal to the whole 
EDCBA: 
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and the angle FED stands upon the cireumference F4 B CD, 
and the angle 44 FE upon EDCBA ; 
therefore the angle AFE is equal to FED: (111. 27.) 
in the same manner it may be demonstrated, 
that the other angles of the hexagon ABCDEF are each of them 
equal to the angle AFE or FED: therefore the hexagon is equi- 
angular; and it is equilateral, as was shewn; 
and it is inscribed in the given circle ABCDEF. Q.E.F. 

Cor.—From this it is manifest, that the side of the hexagon is 
equal to the straight line from the center, that is, to the semi-diameter 
of the circle. 

And if through the points 4, B, C, D, E, F there be drawn straight 
lines touching the circle, an equilateral and equiangular hexagon will 
be described about it, which may be dembnstrated from what has been 
said of the pentagon: and likewise a circle may be inscribed in a given 
equilateral and equiangular hexagon, and circumscribed about it, by a 
method like to that used for the pentagon. 


PROPOSITION XVI. PROBLEM. 
To inscribe an equilateral and equiangular quindecagon in a given circle, 
Let 4 BCD be the given circle. 


It is required to inscribe an equilateral and equiangular quindeca- 
gon in the circle 4 BCD, 


Let.4 Che the side of an equilateral triangle inscribed inthe circle, (1v.2.) 
and A B the side of an equilateral and equiangular pentagon inscribed 
in the same; (Iv. 11.) 
therefore, of such equal parts as the whole circumference 4BCDF 
contains fifteen, 
the circumference 4 BC, being the third part of the whole, contains five ; 
and the circumference .4.B, which is the fifth part of the whole, con- 
tains three; 
therefore BC, their difference, contains two of the same parts: 
bisect BC in #; (111. 30.) 
therefore B E, EC are, each of them, the fifteenth part of the whole 
circumference ABCD: 
therefore if the straight lines B.E, EC be drawn, and straight lines 
equal to them be placed round in the whole circle, (Iv. 1.) an equi- 
lateral and equiangular quindecagon will be inscribed in it. Q.E.F. 
And in the same manner as was done in the pentagon, if through 
the points of division made by inscribing the quindecagon, straight 
lines be drawn touching the circle, an equilateral and equiangular 
quindecagon will be described about it: and likewise, as in the pen- 
tagon, a circle may be inscribed in a given equilateral and equiangular 
quindecagon, and circumscribed about it, 
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Tue Fourth Book of the Elements contains some particular cases of 


four general problems on the inscription and the circumscription of tri- 
angles and regular figures in and about circles. Euclid has not given 
any instance of the inscription or circumscription of rectilineal figures 
in and about other rectilineal figures. 

Any rectilineal figure, of five sides and angles, is called a pentagon ; 
of seven sides and angles, a heptagon; of eight sides and angles, an octa- 
gon; of nine sides and angles, a nonagon; of ten sides and angles, a 
cecagon; of eleven sides and angles, an undecagon; of twelve sides and 
angles, a duodecagon; of fifteen sides and angles, a quindecagon, &c. 

These figures are included under the general name of polygons; and 
are called equilateral, when their sides are equal; and equiangular, when 
their angles are equal; also when both their sides and angles are equal, 
they are called regular polygons. 

Prop. 11. An objection has been raised to the construction of this 
problem. It is said that in this and other instances of a similar kind, 
the lines which touch the circle at 4, B, and C, should be proved to meet 
one another. This may be done by joining 4B, and then since the angles 
KAM, KBM are equal to two right angles (111. 18.), therefore the angles 
BAM, ABM are less than two right angles, and consequently (ax. 12.), 
AM and BM must meet one another, when produced farenough. Similarly, 
it may be shewn that AZ and CL, as also CN and BN meet one another, 

Prop. v. isthe same as ** To describe a circle passing through three 
given points, provided that they are not in the same straight line." 

The corollary to this proposition appears to have been already de- 
monstrated in Prop. 31. Book rii. 

It is obvious that the square described about a circle is equal to 
double the square inscribed in the same circle. Also that the circum- 
scribed square is equal to the square onthe diameter, or four times the 
square on the radius of the circle. 

Prop. vu. It is manifest that a square is the only right-angled paral- 
lelogram which can be circumscribed about a circle, but that both a 
rectangle and a square may be inscribed in a circle. 


/ 


Prop. x. By means of this proposition, a right angle may be divided. 


into five equal parts. 

Reference has already been made to the distinction between analysis 
and synthesis, and that all Euclid's direct demonstrations are synthetic, 
properly so called, There is however a single exception in Prop. 16, 
Book iv, where the analysis only is given of the Problem. The two 
methods are so connected in all processes of reasoning, that it is very 
difficult to separate one from the other, and to assert that this process is 
really synthetic, and that is really analytic. In every operation performed 
in the construction of a problem, there must be in the mind a knowledge 
of some properties of the figure which suggest the steps to be taken in 
the construction of it. Let any Problem be selected from Euclid, and at 
each step of the operation, let the question be asked, ** Why that step 
is taken ?" It will be found that it is because of some known property 


of the required figure. As an example will make the subject more clear 


to the learner, the Analysis of Euc. rv. 10, is taken from the “Analysis of 
Problems” in the larger edition of the Euclid, and to which the learner 
is referred for more complete information. 

In Euc, ry. 10, there are five operations specified in the construc- 
tion :— 

(1) Take any straight line AB, 
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(2) Divide the line AZ in C, so that the rectangle AB, BC, may be 
equal to the square on AC. 

(3) Describe the circle BDE with center 4 and radius AB, 

(4) Place the line BD in that circle, equal to the line AC. 

(5) Join the points A, D. 

Why should either of these operations be performed rather than any 
others? And what will enable us to forsee that the result of them will 
be such a triangle as was required? ‘The demonstration affixed to it by 
Euclid does undoubtedly prove that these operations must, in conjunction, 
produce such a triangle: but we are furnished in the Elements with no 
obvious reason for the adoption of these steps, unless we suppose them 
accidental. To suppose that all the constructions, even the simpler ones, 
are the result of accident only, would be supposing more than could be 
shewn to be admissible. No construction of the problem could have 
been devised without a previous knowledge of some of the properties of 
the figure. In fact, in directing the figure to be constructed, we assume 
the possibility ofits existence; and we study the properties of such a 
figure on the hypothesis of its actual existence. It is this study of the 
properties of the figure that constitutes the Analysis of the problem. 

Let then the existence of a triangle BAD be admitted, which has each 
of the angles ABD, ADB double of the angle BAD, in order to ascertain 
any properties it may possess which would assist in the construction of 
such a triangle. 

Then, since the angle ADB is double of BAD, if we draw a line DC 
to bisect ADB and meet AB in C, the angle ADC will be equal to CAD; 
and hence (Euc. 1. 6.) the sides 4C, CD are equal to one another. 

Again, since we have three points A, C, D, not in the same straight 
line, let us examine the effect of describing a circle through them: that 
is, describe the circle ACD about the triangle 4CD. (Euc. 1v. 5.) 

Then, since the angle ADB has been bisected by DC, and since ADB 
is double of D4B, the angle CDR is equal to the angle DAC in the alter- 
nate segment of the circle; the line BD therefore coincides with a tangent 
to the circle at D. (Converse of Euc. 111. 32.) 

Whence it follows, that the rectangle contained by AB, BC, is equal 
to the square on BD. (Euc. 111. 36.) 

But the angle BCD is equal to the two interior opposite angles CAD, 
CDA; or since these are equal to each another, &CD is the double of 
CAD, that is, of BAD. And since 4BD is also double of BAD, by the 
conditions of the triangle, the angles BCD, CBD are equal, and BD is 
equal to DC, that is, to 4C. 

It has been proved that the rectangle AB, BC, is equal to the square 
on BD; and hence the point C in AB, found by the intersection of the 
bisecting line DC, is such, that the rectangle 4B, BC is equal to the 
square on AC.  (Euc. 11. 11.) 

Finally, since the triangle ABD is isosceles, having each of the angles 
ABD, ADB double of the same angle, the sides AB, AD are equal, and 
hence the points B, D, are in the circumference of the circle described 
about A with the radius AB. And since the magnitude of the triangle 
is not specified, the line AB may be of any length whatever. 

From this ** Analysis of the problem," which obviously is nothing 
more than an examination of the properties of such a figure supposed to 
exist already, it will be at once apparent, why those steps which are 
prescribed by Euclid for its construction, were adopted. 

The line AB is taken of any length, because the problem does not 
prescribe any specific magnitude to any of the sides of the triangle. 
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The circle BDE is described about A with the distance AB, because 
the triangle is to be isosceles, having AB for one side, and therefore the 
other extremity of the base is in the circumference of that circle. 

The line AB is divided in C, so that the rectangle 4B, BC shall be 
equal to the square on AC, because the base of the triangle must be equal 
to the segment AC. 

And the Jine 4D is drawn, because it completes the triangle, two of 
whose sides, AB, BD are already drawn. 

Whenever we have reduced the construction to depend upon problems 
which have been already constructed, our analysis may be terminated; 
as was the case where, in the preceding example, we arrived at the 
division of the line AB in C; this problem having been already con- 
structed as the eleventh of the second book. 

Prop. xv1. The are subtending a side of the quindecagon, may be 
found by placing in the circle from the same point, two lines respectively 
equal to the sides of the regular hexagon and pentagon. 

The centers of the inscribed and circumscribed circles of any regular 
polygon are coincident. 

Besides the circumscription and inscription of triangles and regular 
polygons about and in circles, some very important problems are solved 
in the constructions respecting the division of the circumferences of 
circles into equal parts. 

By inscribing an equilateral triangle, a square, a pentagon, a hex- 
agon, &c. in a circle, the circumference is divided into three, four, five, 
six, &c. equal parts. In Prop. 26, Book 111, it has been shewn that equal 
angles at the centers of equal circles, and therefore at the center of the 
same circle, subtend equal ares; by bisecting the angles at the center, 
the arcs which are subtended by them are also bisected, and hence, a 
sixth, eighth, tenth, twelfth, &c. part of the circumference of a circle — 
may be found. 

If the right angle be considered as divided into 90 degrees, each degree © 
into 60 minutes, and each minute into 60 seconds, and so on, according 
to the sexagesimal division of a degree; by the aid of the first corollary © 
to Prop. 32, Book 1, may be found the numerical magnitude of an interior - 
angle of any regular polygon whatever. 

Let 0 denote the magnitude of one of the interior angles of a regular 
polygon of n sides, 

then 50 is the sum of all the interior angles. 

But all the interior angles of any rectilineal figure together with four 

right angles, are equal to twice as many right angles as the figure has sides, 





that is, if v be assumed to designate two right angles, : 
<. nO + Wr = nT, 
and nð = nr — Ia = (n — 2). 7, 
(n — 2* 
e Ü = a oF, 
n | 


the magnitude of an interior angle of a regular polygon of n sides. 
By taking n = 8, 4, ó, 6, &c. may be found the magnitude in terms of 
two right angles, of an interior angle of any regular polygon whatever. 
Pythagoras was the first, as Proclus informs us in his commentary, — 
who discovered that a multiple of the angles of three regular figures only, 
namely, the trigon, the square, and the hexagon, can fill up space round 
a point in a plane. ' 


It has been shewn that the interior angle of any regular polygon of nc 
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sides in terms of two right angles, is expressed by the equation 
n— 2 


0 = 





47, 
^" 


Let 0s denote the magnitude of the interior angle of a regular figure 
of three sides, in which case, » = 3. 


r — 2 





Then fs = gm = = one third of two right angles, 
east Bs 
and 60, = 2%, 


that is, six angles, each equal to the interior angle of an equilateral tri- 
angle, are equal to four right angles, and therefore six equilateral triangles 
may be placed so as completely to fill up the space round the point at 
which they meet in a plane, 

In a similar way, it may be shewn that four squares and three hexagons 
may be placed so as completely to fill up the space round a point. 

Also it will appear from the results deduced, that no other regular 
figures besides these three, can be made to fill up the space round a point; 
for any multiple of the interior angles of any other regular polygon, will 
be found to be in excess above, or in defect from four right angles. 

The equilateral triangle or trigon, the square or tetragon, the penta- 
gon, and the hexagon, were the only regular polygons known to the 
Greeks, capable of being inscribed in circles, besides those which may 
be derived from them. 

M, Gauss in his Disquisitiones Arithmeticz, has extended the number 
by shewing that in general, a regular polygon of 2" + 1 sides is capable 
of being inscribed in a circle by means of straight lines and circles, in 
those cases in which 2” + 1 is a prime number. 

The case in which z = 4, in 2" + 1, was proposed by Mr. Lowry of the 
Royal Military College, to be answered in the seventeenth number of 
Leybourn’s Mathematical Repository, in the following form :— 

Required a geometrical demonstration of the following method of 
constructing a regular polygon of seventeen sides in a circle. 

Draw the radius CO at right angles to the diameter AB; on OC and 
OB, take OQ equal to the half, and OD equal to the eighth part of the 
radius; make DE and DF each equal to DQ, and EG and FH respectively 
equal to EQ and FQ; take OK a mean proportional between OH and 
OQ, and through K, draw KM parallel to AB, meeting the semicircle 
described on OG in M, draw MN parallel to OC cutting the given circle 
in N, the are AN is the seventeenth part of the whole circumference. 

A demonstration of the truth of this construction has been given by 
Mr. Lowry himself, and will be found in the fourth volume of Leybourn’s 
Repository. The demonstration including the two lemmas occupies 
more than eight pages, and is by no means of an elementary character, 


QUESTIONS ON BOOK IV. 


1. Wuar is the general object of the Fourth Book of Euclid? 

2, What consideration renders necessary the first proposition of the 
Fourth Book of Euclid? 

3. When is a circle said to be inscribed within, and circumscribed 
about a rectilineal figure? 


194 EUCLID’S ELEMENTS. 


4, When is one rectilineal figure said to be inscribed in, and circum- 
scribed about another rectilineal figure ? 

5. Modify the construction of Euc. rv. 4, so that the circle may 
touch one side of the triangle and the other two sides produced. 

6. The sides of a triangle are 5, 6, 7 units respectively, find the radii 
of the inscribed and circumscribed circle. 

7. Give the constructions by which the centers of circles described 
about, and inscribed in triangles are found. In what triangles will they 
coincide ? 

8. How is it shown that the radius of the circle inscribed in an 
equilateral triangle is half the radius described about the same triangle ? 

9. The equilateral triangle inscribed in a circie is one-fourth of the 
equilateral triangle circumscribed about the same circle. 

10. What relation subsists between the square inscribed in, and the 
square circumscribed about the same circle ? 

11. Enunciate Euc. 11, 22: and extend this property to any inscribed 
polygon having an even number of sides. 

12. Trisect a quadrantal are of a circle, and show that every are 


which is an =. th part of a quadrantal arc may be trisected geometrically ; 
m and » being whole numbers: 

13. Ifone side of a quadrilateral figure inscribed in a circle be pro- 
duced, the exterior angle is equal to the interior and opposite angle of the 
figure. Is this property true of any inscribed polygon haying an even 
number of sides? 

14. In what parallelograms can circles be inscribed ? 

15. Give the analysis and synthesis of the problem: to describe 
an isosceles triangle, having each of the angles at the base double of 
the third angle? 

16, Shew that in the figure Euc. 1v. 10, there are two triangles pos- 
sessing the required property. 

17. How is it made to appear that the line BD is the side of a regular 
decagon inscribed in the larger circle, and the side of a regular pentagon 
inscribed in the smaller circle? fig. Euc. 1v. 10. 

18. In the construction of Euc. iv. 3, Euclid has omitted to shew 
that the tangents drawn through the points A and B will meet in some 
point M. How may this be shewn? 

19. Shew that if the points of intersection of the circles in Euclid’s 
figure, Book 1v. Prop. 10, be joined with the vertex of the triangle and 
with each other, another triangle will be formed equiangular and equal 
to the former. 

20. Divide a right angle into five equal parts. How may an isosceles 
triangle be described upon a given base, having each angle at the base 
one-third of the angle at the vertex? 

21. What regular figures may be inscribed in a circle by the help of 
Euc. tv. 10? 

22, What is Euclid’s definition of a regular pentagon? Would the 
stellated figure, which is formed by joining the alternate angles of a 
regular pentagon, as described in the Fourth Book, satisiy this definition * 

23. Shew that each of the interior angles of a regular pentagon in- 
seribed in a circle, is equal to three-fifths of two right angles. 

24, Iftwo sides not adjacent, of a regular pentagon, be produced to 
meet: what is the magnitude of the angle contained at the point where 
they meet? 

25. Is there any method more direct than Euclid’s for inscribing 
a regular pentagon in a circle? 
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26. In what sense is a regular hexagon also a parallelogram? Would 
the same observation apply to all regular figures with an even number of 
sides ? 

27. Why has Euclid not shewn how to inscribe an equilateral triangle 
in a circle, before he requires the use of it in Prop. 16, Book tv.? 

28. An equilateral triangle is inscribed in a circle by joining the first, 
third, and fifth angles of the inscribed hexagon. 

29. Ifthe sides of a hexagon be produced to meet, the angles formed 
by these lines will be equal to four right angles, 

30. Shew that the area of an equilateral triangle inscribed in a circle 
is one-half of a regular hexagon inscribed in the same circle. 

31. Ifa side of an equilateral triangle be six inches: what is the 
radius of the inscribed circle? 

32. Find the area of a regular hexagon inscribed in a circle whose 
diameter is twelve inches. What is the difference between the inscribed 
and the circumscribed hexagon ? 

33. Which is the greater, the difference between the side of the square 
and the side of the regular hexagon inscribed in a circle whose radius is 
unity; or the difference between the side of the equilateral triangle and 
the side of the regular pentagon inscribed in the same circle? 

54. The regular hexagon inscribed in a circle, is three-fourths of the 
regular circumscribed hexagon. 

85. Arethe interior angles of an octagon equal to twelve right angles? 

36. What figure is formed by the production of the alternate sides of 
a regular octagon ? 

37. How many square inches are in the area of a regular octagon 
whose side is eight inches? 

38. Ifan irregular octagon be capable of having a circle described 
about it, shew that the sums of the angles taken alternately are equal. 

39. Find an algebraical formula for the number of degrees contained 
by an interior angle of a regular polygon of 2 sides. 

40. What are the three regular figures which can be used in paving 
a plane area? Shew that no other regular figures but these will fill up 
the space round a point in a plane. 

41. Into what number of equal parts may a right angle be divided 
geometrically? What connection has the solution of this problem with 
the possibility of inscribing regular figures in circles ? 

42. Assuming the demonstrations in Euc. 1v, shew that any equila- 
teral figure of 3.2", 4.2", 6.2", or 15.2" sides may be inscribed in a 
circle, when » is any of the numbers, 0, 1, 2, 3, &c. 

43. With a pair of compasses only, shew how to divide the circum- 
ference of a given circle into twenty-four equal parts. 

44, Shew that if any polygon inscribed in a circle be equilateral, it 
must also be equiangular. Is the converse true? 

45. Shew that if the circumference of a circle pass through three 
angular points of a regular polygon, it will pass through all of them. 

46. Similar polygons are always equiangular: is the converse of this 
proposition true? 

47. What are the limits to the Geometrical inscription of regular 
figures in circles? What does Geometrical mean when used in this way? 

48. What is the difficulty of inscribing geometrically an equilateral 
and equiangular undecagon in acircle? Why is the solution of this pro- 
blem said to be beyond the limits of plane geometry? Why is itso difficult 
to prove that the geometrical solution of such problems is impossible? 
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GEOMETRICAL EXERCISES ON BOOK IV. 


PROPOSITION I. THEOREM, 


If an equilateral triangle be inscribed in a circle, the square on the side 
of the triangle is triple of the square on the radius, or on the side of ihe 
regular hexagon inscribed in the same circle. 


Let 4 BD be an equilateral triangle inscribed in the circle ABD, 


of which the center is C. 
A 
BS D 
NI 


Join BC, and produce BC to meet the circumference in E, also 
join ALE. 
And because 4 BD is an equilateral triangle inscribed in the circle; 
therefore AED is one-third of the whole circumference, 
and therefore .4 # is one-sixth of the circumference, 
and consequently, the straight line 4 £ is the side of a regular hexagon 
(Iv. 15.), and is equal to EC. 
And because D E is double of EC or A E, 
therefore the square on BE is quadruple of the square on AE, 
but the square on BE is equal to the squares on 4B, AE; 
therefore the squares on 43, AE are quadruple of the square on AF, 
and taking from these equals the square on 4 £, 
therefore the square on .4. is triple of the square on AE. 


PROPOSITION II. PROBLEM. 


To describe a circle which shall touch a straight line given in position, and 
pass through two given points. 
Analysis. Let 4B be the given straight line, and C, D the two 
given points. 
Suppose the circle required whieh passes through the points C, D 
to egach the line 4B in the point Æ. 
A E Es 2 





Join C, D, and produce DC to meet AB in F, 
and let the circle be described having the center L, 
join also LE, and draw LH perpendicular to CD. 
Then CD is bisected in H, and LE is perpendicular to AB. 
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Also, since from the point F without the circle, are drawn two 
straight lines, one of which FE touches the circle, and the other FDC 
cuts it; the rectangle contained by FC, FD, is equal to the square on 
FE. (tt. 36.) 

Synthesis. Join C, D, and produce CD to meet 4B in F, 
take the point E in FB, such that the square on FE, shall be equal 
to the rectangle FD, FC. 
Bisect CD in H, and draw HK perpendicular to CD; 
then HK passes through the center. (11I. 1, Cor. 1.) 
At E draw EG perpendicular to FB, 
then EG passes through the center, (111. 19.) 
consequently Z, the point of intersection of these two lines, is 
the center of the circle. 

It is also manifest, that another circle may be described passing 
through C, D, and touching the line 4B on the other side of the 
point F; and this circle will be equal to, greater than, or less than the 
other circle, according as the angle CFB is equal to, greater than, or 
less than the angle CFA. 


PROPOSITION III. PROBLEM, 


Inscribe a circle in a given sector of a circle, 


Analysis. Let CAB be the given sector, and let the required circle 
whose center is O, touch the radii in P, Q, and the are of the sector 
in D 





Join OP, OQ, these lines are equal to one another. 
Join also CO. 
Then in the triangles CPO, CQO, the two sides PC, CO, are equal 
to QC, CO, and the base OP is equal to the base OQ; 
therefore the angle PCO is equal to the angle QCO; 
and the angle ACB is bisected by CO: 
also CO produced will bisect the are 4B in D. (tit. 26.) 
If a tangent EDF be drawn to touch the are 4B in D; 
and C44, CB be produced to meet it in £, F: 
the inscription of the circle in the sector is reduced to the inscrip- 
tion of a circle in a triangle. (Iv. 4.) 


PROPOSITION IV. PROBLEM. 


ABCD is a rectangular parallelogram. Required to draw EG, FG 
parallel to AD, DOC, so that the rectangle EF may be equal to the figure 
EMD, anc EB equal to FD. 


Analysis. Let EG, FG be drawn, as required, bisecting the rect- 
angle 4BCD. 
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Draw the diagonal BD cutting EG in H and FG in K. 
Then Æ D also bisects the rectangle ABCD; 
and therefore the area of the triangle KGH is equal to that of the 
two triangles EHB, FKD. 





Draw GL perpendicular to BD, and join GB, 
also produce F'G to M, and EG to N. 
If the triangle LGH be supposed to be equal to the triangle EZ B, 
by adding ZG B to each, 
the triangles LGB, GEB are equal, and they are upon the same 
base G B, and on the same side of it; 
therefore they are between the same parallels, 
that is, if Z, E were joined, LE would be parallel to GB; 

and if a semicircle were described on GB as a diameter, it would 
= through the points .£, L; for the angles at E, L are right 
angles: 

P also LE would be a chord parallel to the diameter GB; 
"ue y the arcs intercepted between the parallels LE, GB are 
equal, 
and consequently the chords E B, LG are also equal; 
but EB is equal to G.M, and GM to GN; 

wherefore LG, GM, GN, are equal to one another; 

hence G is the center of the circle inscribed in the triangle BDC. 
Synthesis. Draw the diagonal BD. 

Find G the center of the circle inscribed in the triangle BDC; 
through G draw EGN parallel to BC, and FKM parallel to AB. 
Then EG and FG bisect the rectangle 4 BCD. 

Draw GZ perpendicular to the diagonal BD. 

In the triangles GLH, EHB, the angles GLH, HEB are equal, 
each being a right angle, and the vertical angles LG, EH D, also the 
side LG is equal to the side LB; 

therefore the triangle L HG is equal to the triangle FAB. 

Similarly, it may be proved, that the triangle GZ is equal to the 

triangle KFD, 

therefore the whole triangle KG ZZ is equal to the two triangles 

EHB, KFD; 
and consequently EG, FG bisect the rectangle ADCD. 
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I. 

1. IN a given circle, place a straight line equal and parallel to a 
given straight line not greater than the diameter of the circle. 

2. ‘Trisect a given circle by dividing it into three equal sectors. 

3. The centers of the circle inscribed in, and circumscribed about 
an equilateral triangle coincide; and the diameter of one is twice the 
diameter of the other. 

4. Ifa line be drawn from the vertex of an equilateral triangle, 
perpendicular to the base, and intersecting a line drawn from either of 
the angles at the base perpendicular to the opposite side; the distance 
from the vertex to the point of intersection, shall be equal to the radius 
of the circumscribing circle. 

5. If an equilateral triangle be inscribed in a circle, and a straight 
line be drawn from the vertical angle to meet the circumference, it 
will be equal to the sum or difference of the straight lines drawn from 
the extremities of the base to the point where the line meets the cir- 
cumference, according as the line does or does not eut the base. 

6. The perpendicular from the vertex on the base of an equi- 
lateral triangle, is equal to the side of an equilateral triangle inscribed 
in a circle whose diameter is the base. Required proof. 

7. If an equilateral triangle be inscribed in a circle, and the 
adjacent arcs cut off by two of its sides be bisected, the line joining 
the points of bisection shall be trisected by the sides. 

8. If an equilateral triangle be inscribed in a circle, any of its 
sides will cut off one-fourth part of the diameter drawn through the 
opposite angle. 

The perimeter of an equilateral triangle inscribed in a circle is 
greater than the perimeter of any other isosceles triangle inscribed in 
the same circle. 

10. If any two consecutive sides of a hexagon inscribed in a circle 
be respectively parallel to their opposite sides, the remaining sides are 
parallel to each other. 

11. Prove that the area of a regular hexagon is greater than that 
of an equilateral triangle of the same perimeter. 

12. If two equilateral triangles be inscribed in a circle so as to 
have the sides of one parallel to the sides of the other, the figure 
common to both will be a regular hexagon, whose area and perimeter 
will be equal to the remainder of the area and perimeter of the two 
triangles. 

13. Determine the distance between the opposite sides of an equi- 
lateral and equiangular hexagon inscribed in a circle. 

14. Inscribe a regular hexagon in a given equilateral triangle. 

15. To inscribe a regular duodecagon in a given circle, and shew 
that its area is equal to the square of the side of an equilateral triangle 
inscribed in the circle. E 

I 


16. Describe a circle touching three straight lines. 

17. Any number of triangles having the same base and the same 
vertical angle, will be circumscribed by one circle. 

18. Find a point in a triangle from which two straight lines 
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drawn to the extremities of the base shall contain an angle equal to 
twice the vertical angle of the triangle. Within what limitations is 
this possible ? 

19. Given the base of a triangle, and the point from which the 
perpendiculars on its three sides are equal; construct the triangle. 
To what limitation is the position of this point subject in order that 
the triangle may lie on the same side of the base? 

20. From any point JD in the radius C44 of a given circle whose 
center is C, a straight line is drawn at right angles to CA meeting the 
circumference in J; the circle described round the triangle CBD 
touches the given circle in D. 

2]. Ifa circle be described about a triangle ABC, and perpen- 
diculars be let fall from the angular points .4, B, C, on the opposite 
sides, and produced to meet the circle in D, E, F, respectively, the 
circumferences EF, FD, DE, are bisected in the points 4, B, C. 

22. Iffrom the angles of a triangle, lines be drawn to the points 
where the inscribed circle touches the sides ; these lines shall intersect 
in the same point. 

29. The straight line which bisects any angle of a triangle in- 
scribed in a circle, cuts the circumference in a point which is equi- 
distant from the extremities of the side opposite to the bisected angle, 
and from the center of a circle inscribed in the triangle. 

24. Let three perpendiculars from the angles of a triangle ABO 
on the opposite sides meet in P, a circle described so as to pass through 
P and any two of the points 4, B, C, is equal to the circumscribing 
circle of the triangle. 

25. If perpendiculars 4a, Bb, Ce be drawn from the angular 
points of a triangle ABC upon the opposite sides, shew that they will 
bisect the angles of the triangle abc, and thence prove that the peri- 
meter of abc will be less than that of any other triangle which can 
be inseribed in ABC. 

26. Find the least triangle which can be circumscribed about a 
given circle. 

27. If ABC bea plane triangle, GCF its circumscribing circle, 
and GEF a diameter perpendicular to the base 4B, then if CF be 
joined, the angle G FC is equal to half the ditlerence of the angles at 
the base of the triangle. 

28. The line joining the centers of the inscribed and circumscribed 
circles of a triangle, subtends at any one of the angular points an angle 
equal to the semi-difference of the other two angles. 

III. 

29. The locus of the centers of the circles, which are inscribed 
in all right-angled triangles on the same hypotenuse, is the quadrant 
described on the hypotenuse. 

30. The center of the circle which touches the two semicircles 
described on the sides of a right-angled triangle is the middle point of 
the hypotenuse. 

91. Ifa circle be inscribed in a right-angled triangle, the excess 
of the sides containing the right angle above the hypotenuse is equal 
to the diameter of the inscribed circle. 
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32. Having given the hypotenuse of a right-angled triangle, and 
the radius of the inscribed circle, to construct the triangle. 

33. ABC isa triangle inscribed in a circle, the line joining the 
middle points of the arcs 4B, AC, will cut off equal portions of the 
two contiguous sides measured from the angle 4. 


IV. 


34. Having given the vertical angle of a triangle, and the radii of 
the inscribed and circumscribed circles, to construct the triangle. 

35. Given the base and vertical angle of a triangle, and also the 
radius of the inscribed circle, required to construct it. 

36. Given the three angles of a triangle, and the radius of the 
inscribed circle, to construct the triangle. 

37. If the base and vertical angle of a plane triangle be given, 
prove that the locus of the centers of the inscribed circle is a circle, 
and find its position and magnitude. 


V. 


38. In a given triangle inscribe a parallelogram which shall be 
equal to one-half the triangle. Is there any limit to the number of 
such parallelograms ? 

39. Ina given triangle to inscribe a triangle, the sides of which 
shall be parallel to the sides of a given triangle. 

40. If any number of parallelograms be inscribed in a given 
parallelogram, the diameters of all the figures shall cut one another 
in the same point. 

41. A square is inscribed in another, the difference of the areas 
is twice the rectangle contained by the segments of the side which 
are made at the angular point of the inscribed square. 

42. Inscribe an equilateral triangle in a square, g) When the 
vertex of the triangle is in an angle of the square. (2) When the ver- 
tex of the triangle is in the point of bisection of a side of the square. 

43. On a given straight line describe an equilateral and equi- 
angular octagon, 

VI. 


44, Inscribe a circle in a rhombus. 

45. Having given the distances of the centers of two equal circles 
which cut one another, inscribe a square in the space included between 
the two circumferences. 

46. The square inscribed in a circle is equal to half the square 
described about the same circle. 

A E The square is greater than any oblong inscribed in the same 
circle. 

48. A circle having a square inscribed in it being given, to find a 
circle in which a regular octagon of a perimeter equal to that of the 
square, may be inscribed. 

49. Describe a circle about a figure formed by constructing an 
equilateral triangle upon the base of an isosceles triangle, the vertical 
angle of which is four times the angle at the base. 

50. A regular octagon inscribed in a circle is equal to the rectangle 
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contained by the sides of the squares inscribed in, and circumscribed 
about the circle. 

51. Ifin any circle the side of an inscribed hexagon be produced 
till it becomes equal to the side of an inscribed square, a tangent 
drawn from the extremity, without the circle, shall be equal to the 
side of an inscribed octagon. 


VII. 


92. To describe a circle which shall touch a given circle in a given 
point, and also a given straight line. 

93. Describe a circle touching a given straight line, and also two 
given circles. 

54. Describe a circle which shall touch a given circle, and each of 
two given straight lines. 

00. "Two points are given, one in each of two given circles; describe 
a circle passing through both points and touching one of the circles. 

06. Describe a circle touching a straight line in a given point, and 
also touching a given circle. When the line cuts the given circle, 
shew that your construction will enable you to obtain six circles 
touching the given circle and the given line, but not necessarily in the 
given point. 

91. Describe a circle which shall touch two sides and pass through 
one angle of a given square. 

98. If two circles touch each other externally, describe a circle 
which shall touch one of them ina given point, and also touch the 
other. In what case does this become impossible? 

59. Describe three circles touching each other and having their 
centers at three given points. In how many different ways may this 
be done? 

VIII. 


60. Let two straight lines be drawn from any point within a circle 
to the circumference: describe a circle, which shall touch them both, 
and the arc between them. 

61. In a given triangle having inscribed a circle, inseribe another 
circle in the space thus intercepted at one of the angles. 

62. Let 4B, AC, be the bounding radii of a quadrant; complete 
the square 4 BDC and draw the diagonal 4D; then the part of the 
diagonal without the quadrant will be equal to the radius of a circle 
inscribed in the quadrant. 

63. If on one of the bounding radii of a quadrant, a semicircle be 
described, and on the other, another semicircle be described, so as to 
touch the former and the quadrantal arc; find the center of the circle 
inscribed in the figure bounded by the three curves. 

64. Ina given segment of a circle inscribe an isosceles triangle, 
such that its vertex may be in the middle of the chord, and the base 
and perpendicular together equal to a given line. 

66. Inscribe three circles in an isosceles triangle touching each 
other, and each of them touching two of the three sides of the triangle. 


IX. 
66. In the fig. Prop. 10, Book Iv, shew that the base BD is the 


ce 
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side of a regular decagon inscribed in the larger circle, and the side of 
a regular pentagon inscribed in the smaller circle. 

67. In the fig. Prop. 10, Book Iv, produce DC to meet the circle 
in F, and draw BF; then the angle 4 B.F shall be equal to three times 
the angle BFD. 

68. If the alternate angles of a regular pentagon be joined, the 
figure formed by the intersection of the joining lines will itself be a 
regular pentagon. 

69. If ABCDE be any pentagon inscribed in a circle, and A C, 
BD, CE, DA, EB be joined, then are the angles ABE, BCA, CDB, 
DEC, EAD, together equal to two right angles. 

70. A watch-ribbon is folded up into a flat knot of five edges, shew 
that the sides of the knot form an equilateral pentagon. 

71. If from the extremities of the side of a regular pentagon 
inscribed in a circle, straight lines be drawn to the middle of the arc 
subtended by the adjacent side, their difference is equal to the radius; 
the sum of their squares to three times the square of the radius; and 
the rectangle contained by them is equal to the square of the radius. 

72. Inscribe a regular pentagon in a given square so that four 
angles of the pentagon may touch respectively the four sides of the 
square. 

73. Inscribe a regular decagon in a given circle. 

74, The square described upon the side of a regular pentagon in 
a circle, is equal to the square onthe side of a regular hexagon, together 
with the square upon the side of a regular decagon in the same circle. 


X. 


76. Ina given circle inscribe three equal circles touching each 
other and the given circle. 

76. Shew that if two circles be inseribed in a third to touch one 
another, the tangents of the points of contact will all meet in the same 

oint. 

; 77. If there be three concentric circles, whose radii are 1,2,3; 
determine how many circles may be described round the interior one, 
having their centers in the circumference of the circle, whose radius is 
2, and touching the interior and exterior circles, and each other. 

78. Shew that nine equal circles may be placed in contact, so that 
a square whose side is three times the diameter of one of them will 
circumscribe them. 


XI. 


79. Produce the sides of a given beptagon both ways, till they 
— forming seven triangles; required the sum of their vertical 
angles. 

"80. To convert a given regular polygon into another which shall 
have the same perimeter, but double the number of sides. 

81. In any polygon of an even number of sides, inscribed in a 
circle, the sum of the Ist, 3rd, 5th, &c. angles is equal to the sum of 
the 2nd, 4th, 6th, &c. 

82. Of all polygons having equal perimeters, and the same number 
of sides, the equilateral polygon has the greatest area. 


BOOK V. 


DEFINITIONS. 


I. 


A LESS magnitude is said to be a part of a greater magnitude, when 
the less measures the greater; that is, ‘when the less is contained a 
certain number of times exactly in the greater.’ 


II. 


A greater magnitude is said to be a multiple of a less, when the 
greater is measured by the less, that is, * when the greater contains the 
less a certain number of times exactly.’ 


III. 


* Ratio is a mutual relation of two magnitudes of the same kind to 
one another, in respect of quantity.” 


IV. 


Magnitudes are said to have a ratio to one another, when the less 
can be multiplied so as to exceed the other. 


V. 


The first of four magnitudes is said to have the same ratio to the 
second, which the third has to the fourth, when any equimultiples 
whatsoever of the first and third being taken, and any equimultiples 
whatsoever of the second and fourth ; 1f the multiple ofthe first be less 
than that of the second, the multiple of the third is also less than that 
of the fourth: or, if the multiple of the first be equal to that of the 
second, the multiple of the third is also equal to that of the fourth: or, 
if the multiple of the first be greater than that of the second, the mul- 
tiple of the third is also greater than that of the fourth. 


VI. 
Magnitudes which have the same ratio are called proportionals. 


N.B. ‘When four magnitudes are proportionals, it is usually ex- 
pressed by saying, the first is to the second, as the third to the fourth.’ 


VII. 

When of the equimultiples of four magnitudes (taken as in the 
fifth definition), the multiple of the first is greater than that of the 
second, but the multiple of the third is not greater than the multiple 
of the fourth; then the first is said to have to the second a greater 
ratio than the third magnitude has to the fourth : and, on the contrary, 
the third is said to have to the fourth a less ratio than the first has to 
the second. 


VIII. 
** Analogy, or proportion, is the similitude of ratios." 
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IX. 
Proportion consists in three terms at least. 


X. 


When three magnitudes are proportionals, the first 1s said to have 
to the third, the duplicate ratio of that which it has to the second. 


a. 


When four magnitudes are continual proportionals, the first is said 
to have to the fourth, the triplicate ratio of that which it has to the 
second, and so on, quadruplicate, &c., increasing the denomination 
still by unity, in any number of proportionals. 

Definition A, to wit, of compound ratio. 

When there are any number of magnitudes of the same kind, the 
first is said to have to the last of them the ratio compounded of the 
ratio which the first has to the second, and of the ratio which the 
second has to the third, and of the ratio which the third has to the 
fourth, and so on unto the last magnitude. 


For example, if 4, B, C, D be four magnitudes of the same kind, the first 
A. is said to have to the last D, the ratio compounded of the ratio of Æ to B, 
and of the ratio of B to C, and of the ratio of C to D; or, the ratio of 4 to 
D is said to be compounded of the ratios of Æ to B, B to C, and C to D. 

And if 4 has to B the same ratio which E has to P; and B to C the 
same ratio that G has to H; and C to D the same that K has to L; then, 
by this definition, Æ is said to have to D the ratio compounded of ratios 
which are the same with the ratios of E to F, G to H, and K to L. And the 
same thing is to be understood when it is more briefly expressed by saying, 
A has to D the ratio compounded of the ratios of Z to #, G to H, and K to L. 

In like manner, the same things being supposed, if M has to JN the same 
ratio which Æ has to D; then, for shortness’ sake, M is said to have to N 
the ratio compounded of the ratios of E to F, G to H, and K to L. 


XII. 
In proportionals, the antecedent terms are called homologous to 
one another, as also the consequents to one another. 


‘Geometers make use of the following technical words, to signify certain 
ways of changing either the order or magnitude of proportionals, so that 
they continue still to be proportionals.’ 


XIII. 


Permutando, or alternando by permutation, or alternately. This 
word is used when there are four proportionales, and it is inferred that 
the first has the same ratio to the third which the second has to the 
fourth ; or that the first is to the third as the second to the fourth: 
as is shewn in Prop. xvi. of this Fifth Book. 


XIV. 


4 Irvertendo, by inversion ; when there are four proportionals, and 
it 1s inferred, that the second is to the first, as the fourth to the third. 
Prop. B. Book v. 
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^ XV 
Componendo, by composition; when there are four proportionals, 
and it is inferred that the first together with the second, is to the 
second, as the third together with the fourth, is to the fourth. Prop. 
18, Book v. 
XVI. 


Dividendo, by division; when there are four proportionals, and it is 
inferred, that the excess of the first above the second, is to the second, 
as the excess of the third above the fourth, is to the fourth. Prop. 17, 


Book v. 
XVII. 


_Convertendo, by conversion ; when there are four proportionals, and 
it is inferred, that the first is to its excess above the second, as the 
third to its excess above the fourth. Prop. E. Book v. 


XVIII. 


Ex swquali (sc. distantiá), or ex sequo, from equality of distance: 
when there is any number of magnitudes more than two, and as many 
others such that they are proportionals when taken two and two of 
each rank, and it is inferred, that the first is to the last of the first rank 
of magnitudes, as the first is to the last of the others: * Of this there 
are the two following kinds, which arise from the different order in 
which the magnitudes are taken, two and two.' 


XIX. 


Ex squali, from equality. "This term is used simply by itself, when 
the first magnitude is to the second of the first rank, as the first to the 
second of the other rank; and as the second is to the third of the first 
rank, so is the second to the third of the other; and so on in order: and 
the inference is as mentioned in the preceding definition; whence this 
is called ordinate proportion. It is demonstrated in Prop, 22, Book v. 


XX. 


Ex eequali in proportione perturbatá seu inordinatá, from equality 
in perturbate or disorderly proportion*. This term is used when the 
first magnitude is to the second of the first rank, as the last but one is 
to the last of the second rank; and as the second is to the third of the 
first rank, so is the last but two to the last but one of the second rank: 
and as the third is to the fourth of the first rank, so is the third from 
the last to the last but two of the second rank; and so on in a cross 
order: and the inference is as in the 18th definition. It is demon- 
strated in Prop. 23, Book v. 


AXIOMS. 
I. 


EQUIMULTIPLES of the same, or of equal magnitudes, are equal to 
one another. 
II. 


Those magnitudes, of which the same or equal magnitudes are 
equimultiples, are equal to one another. 
* Prop. 4. Lib. rr. Archimedis de sphaera et cylindro. 
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II 


A multiple of a greater magnitude is greater than the same mul- 
tiple of a less. 


IV. 


That magnitude, of which a multiple is greater than the same 
multiple of another, is greater than that other magnitude. 


PROPOSITION I. THEOREM. 


If any number of magnitudes be equimultiples of as many, each of each : what 
multiple soever any one of them is of its part, the same multiple shali all the 
first magnitudes be of all the other, 


Let any number of magnitudes 4B, CD be equimultiples of as 
-many others Æ, F, each of each. 

Then whatsoever multiple 4 B is of E, 
the same multiple shall 4B and CD together be of E and F together. 


A G B C H D 





E— °F 
Because AB is the same multiple of E that CD is of F, 
as many magnitudes as there are in AB equal to E, so many are 
there in CD equal to F. 
Divide .4 B into magnitudes equal to E, viz. AG, GB; 
and CD into CH, HD, equal each of them to F'; 
therefore the number of the magnitudes CH, HD shall be equal to 
the number of the others AG, GL; 
and because 4G is equal to E, and CH to F, 

therefore A G and CH together are equal to .E and F together: (I.ax. 2.) 

for the same reason, because GB is equal to E, and HD to F; 

GB and HD together are equal to # and F together: 

wherefore as many magnitudes as there are in AB equal to E, 

so many are there in 4B, CD together, equal to Æ and F together: 
therefore, whatsoever multiple -4B is of E, 

the same multiple is 4B and CD together, of E and F together. 

Therefore, if any magnitudes, how many soever, be equimultiples 
of as many, each of each; whatsoever multiple any one of them is 
of its part, the same multiple shall all the first magnitudes be of all 
the others: ‘For the same demonstration holds in any number of 
magnitudes, which was here applied to two? Q.E.D. 


PROPOSITION IL THEOREM, 


If the first magnitude be the same multiple of the second that the third is of 
the fourth, and the fifth the same multiple of the second that the sixth is of the 
fourth; then shall the first together with the fifth be the same multiple of the 
second, that the third together with the sixth is of the fourth, 


Let 44 B the first be the same multiple of C the second, that DE 
the third is of F the fourth: 
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and BG the fifth the same multiple of C the second, that EZ the 
sixth is of F the fourth. 

Then shall 4G, the first together with the fifth, be the same mul- 
tiple of C the second, that DH, the third together with the sixth, is 
of F the fourth. 

A B G D E H 


C— F—— 


Because AD is the same multiple of C that DE is of F; 
there are as many magnitudes in 44 B equal to C, as there are in DE 
equal to F. 
in like manner, as many as there arein BG equal to C, so many are 
there in EH equal to F: 
therefore as many as there are in the whole 4G equal to C, 
so many are there in the whole DH equal to F: 
therefore AG is the same multiple of C that DH is of F; 
that is, 4G, the first and fifth together, is the same multiple of the 
second C, 
that DH, the third and sixth together, is of the fourth F. 
If therefore, the first be the same multiple, &c. Q.E.D. 
Cor. From this it is plain, that if any number of magnitudes 4B, 
BG, GH be multiples of another C; 
and as many DE, EK, KL be the same multiples of F, each of each: 
then the whole of the first, viz. 4H, is the same multiple of C, 
that the whole of the last, viz. DZ, is of F. 
A B G H D E K L 


c— F—- 





PROPOSITION III. THEOREM. 


If the first be the same multiple of the second, which the third is of the fourth : 
and if of the first and third there be taken equimultiples; these shall be equi- 
multiples, the one of the second, and the other of the fourth. 


Let A the first be the same multiple of B the second, that C the 
third is of D the fourth: 
and of A, C let equimultiples EF, GH be taken. 
Then EF shall be the same multiple of B, that GH is of D. 











ES ap di F b .L B 
A C 
B—— D—- 


Because EF is the same multiple of A, that GH is of C, 
there are as many aie in EF equal to A, as there are in GH 
equal to C: 
let EF be divided into the magnitudes EK, KF, each equal to 4; 
and GH into GL, LH, each equal to C: 
therefore the number of the magnitudes EK, KF shall be equal to 
the number of the others GL, LH; 


| 
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and because 4 is the same multiple of B, that C is of D, 
and that EK is equal to 4, and GZ equal to €: 
therefore EK is the same multiple of B, that ŒL is of D: 
for the same reason, KF is the same multiple of B, that LH is of D: 
and so, if there be more parts in EF, GH, equal to A, C: 
therefore, because the first EK is the same multiple of the second 2, 
which the third GZ is of the fourth D, 
and that the fifth A’ is the same multiple of the second B, which the 
sixth LA is of the fourth D; 
EF the first, together with the fifth, is the same multiple of the second 
B, (Y. 2.) 
which UH the third, together with the sixth, is of the fourth D. 
1f, therefore, the first, &c. Q.E.D. 


PROPOSITION IV. THEOREM. 


If the first of four magnitudes has the same ratio to the second which the 
third has to the fourth; then any equimultiples whatever of the first and third 
shall have the same ratio lo any equimultiples of the second and fourth, viz, * the 
equimultiple of the first shall have the same ratio to that of the second, which the 
equimultiple of the third has to that of the fourth.’ 


Let A the first have to B the second, the same ratio which the third 
C has to the fourth D; 
and of 44 and C'let there be taken any equimultiples whatever E, F; 
and of B and .D any equimultiples whatever G, ZZ. 
Then Æ shall have the same ratio to G, which F has to H. 











K M 

E G 
A—— B——- 
= D-— 
F H 

L N 


Take of Ẹ and F any equimultiples whatever A, Z, 
and of G, Z1 any equimultiples whatever M, N: 
then because Æ is the same multiple of A, that Fis of C; 
and of .E and P have been taken equimultiples K, L; 
therefore K is the same multiple of A, that IL is of C': (v. 3.) 
for the same reason, M is the same multiple of B, that N is of D. 
And because, as 4 is to P, so is Cto D, (hyp.) 
and of A and C have been taken certain equimultiples K, L, 
and of D and D have been taken certain equimultiples M, N; 
therefore if K be greater than M, L is greater than N; 
and if equal, equal; if less, less: (v. def. 5.) 
but K, L are any equimultiples whatever of E, F, (constr.) 
and M, N any whatever of G, H; 
therefore as E is to G, so is F'to H. (v. def. 5.) 
Therefore, if the first, &c. Q.E.D. 
Cor. Likewise, if the first has the same ratio to the second, which 
the third has to the fourth, then also any equimultiples whatever of 
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the first and third shall have the same ratio to the second and fourth; 
and in like manner, the first and the third shall have the same ratio to 
any equimultiples whatever of the second and fourth. 
Let A the first have to B the second the same ratio which the 
third C has to the fourth D. 
and of 4 and C let E and F’be any equimultiples whatever. 
Then Æ shall be to B as F to D. 
Take of E, F any equimultiples whatever, K, L, 
and of B, D any equimultiples whatever G, H: 
then it may be demonstrated, as before, that K is the same multiple 
of A, that Z is of C: 
and because 4 is to D, as C'is to D, (hyp.) 
and of A and C certain equimultiples have been taken viz., K and £; 
and of B and D certain equimultiples G, H; 
therefore, if K be greater than G, Z is greater than H; 
and if equal, equal ; if less, less: (v. def. 5.) 
but K, Z are any equimultiples whatever of .E, F, (constr.) 
and G, H any whatever of B, D; 
therefore as Æ is to B, so is F to D. (v. def. 5.) 
And in the same way the other case is demonstrated. 


PROPOSITION V. THEOREM. 


If one magnitude be the same multiple of another, which a magnitude taken 
from the first is of a magnitude taken from the other; the remainder shall be the 
same multiple of the remainder, that the whole is of the whole. 


Let the magnitude 4B be the same multiple of CD, that 4E taken 
from the first, is of CF taken from the other. 
The remainder XB shall be the same multiple of the remainder 
FD, that the whole 4B is of the whole CD. 


G A E B 
3 


G. VF «qu 
' 





Take .4 G the same multiple of FD, that AE is of CF: 
therefore AE is the same multiple of CF, that EG is of CD: (v. 1.) 
but AE, by the hypothesis, is the same multiple of CF, that 4B is 
of CD; 
therefore EG is the same multiple of CD that AŻ is of CD; 
wherefore EG is equal to 4B: (V. ax. 1.) 
take from each of them the common magnitude 4E; 
and the remainder 4G is equal to the remainder E P. 
Wherefore, since AF is the same multiple of CF, that AG is of FD, 
(constr. 
and that .4G has been proved equal to FB; 
therefore 4 E is the same multiple of CF, that EB is of FD: 
but AZ is the same multiple of CF that AB is of CD: (hyp.) 
therefore EB is the same multiple of FD, that AB is of CD. 
Therefore, if one magnitude, &c. Q.E.D. 
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PROPOSITION VI. THEOREM. 


If two magnitudes be equimultiples of two others, and if equimultiples of 
these be taken from the first two; the remainders are either equal to these others, 
or equimultiples of them. 


Let the two magnitudes AB, CD be equimultiples of the two E, F, 
and let AG, CH taken from the first two be equimultiples of the 
same E, F. 
Then the remainders GB, HD shall be either equal to E, F, or 
equimultiples of them. 


A G B E-—- 
4 
m C,H .D F— 
t d 


First, let GB be equal to #: 
HD shall be equal to F. 
Make CK equal to F: 
and because 4G is the same multiple of E, that CH is of F: (hyp.) 
and that GB is equal to E, and CK to F; 
therefore 4B is the same multiple of Æ, that KH is of F: 
but 4B, by the hypothesis, is the same multiple of £, that CD is of F; 
therefore KH is the same multiple of F, that CD is of F: 
wherefore KH is equal to CD: (v. ax. 1.) 
take away the common magnitude CH, 
then the remainder KC is equal to the remainder HD: 
but KC is equal to F: (constr.) 
therefore HD is equal to F. 
Next let GB be a multiple of E. 
Then HD shall be the same multiple of F. 
A G B E — 


K C H D F— 


Make CK the same multiple of F, that GB is of E: 
and because 4 G is the same multiple of .E, that CH is of F: (hyp.) 
and GB the same multiple of E, that CK is of F; , 
therefore 4B is the same multiple of E, that KH is of P: (v. 2.) 
but AB is the same multiple of Æ, that CD is of F; (hyp.) 
therefore KH is the same multiple of F, that CD is of F; 
wherefore KH is equal to CD: (v. ax. 1.) 
take away CH from both; 
therefore the remainder KC is equal to the remainder HD: 
and because GB is the same multiple of E, that KC is of F, (constr.) 
and that AKC is equal to HD; 
therefore HD is the same multiple of F, that GB is of E. 
. If, therefore, two magnitudes, &c. Q.E.D. 
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PROPOSITION A. THEOREM. 


If the first of four magnitudes has the same ratio to the second, which the 
third has to the fourth ; then, if the first be greater than the second, the third 
is also greater than the fourth ; and if equal, equal; if less, less. 


Take any equimultiples of each of them, as the doubles of each : 
then, by def. 5th of this book, if the double of the first be greater 
than the double of the second, the double of the third is greater than 
the double of the fourth: 
but if the first be greater than the second, 
the double of the first is greater than the double of the second; 
wherefore also the double of the third is greater than the double of 
the fourth; 
therefore the third is greater than the fourth: 
in like manner if the first be equal to the second, or less than it, 
the third can be proved to be equal to the fourth, or less than it. 
Therefore, if the first, &c. Q.E.D. 


PROPOSITION B. THEOREM. 


Jf four magnitudes are proportionals, they are proportionals also when 
taken inversely. 


Let A be to B, as C is to D. 

Then also inversely, P shall be to 4, as D to C. 
A— i. nate C D 
G p——— — — F————— 
Take of B and D any equimultiples whatever Z and F; 

and of A and C any equimultiples whatever G and ZZ. 
First, let E be greater than G, then G is less than Æ: 
and because 4 is to B, as C'is to D, (hyp.) 

and of 4 and C;, the first and third, G and H are equimultiples ; 
and of B and D, the second and fourth, .E and 7 are equimultiples; 
and that G is less than Æ, therefore H is less than F; (v. def. 5.) 

that is, F is greater than H; 
if, therefore, E be greater than G, 
F is greater than H; 
in like manner, if E be equal to G, 
F may be shewn to be equal to H; 
and if less, less ; 
but .£, F, are any equimultiples whatever of B and D, (constr.) 
and G, H any whatever of 4 and C; 
therefore, as B is to 44, so is D to C. (v. def. 5.) 
Therefore, if four magnitudes, &c, Q.E.D. 


PROPOSITION C. THEOREM, 


If the first be the same multiple of the second, or the same part of it, that 
the third is of the fourth; the first ts to the second, as the third is to the 
fourth. 











Let the first .4 be the same multiple of the second B, 
that the third C' is of the fourth D. 
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Then 4 shall be to Bas Cis to D. 
im B —— D—— 
E = G FE E — 
Take of A and Cany equimultiples whatever E and F; 
and of B and D any equimultiples whatever Œ and H. 
Then, because A is the same multiple of B that Cis of D; (hyp.) 
and that Æ is the same multiple of A, that Pis of C; (constr.) 
therefore Æ is the same multiple of D, that F'is of D; (v. 3.) 
that is, Z and Fare equimultiples of B and D: 
but G and Z are equimultiples of B and D; (constr.) 
therefore, if E be a greater multiple of B than G is of B, 
F is a greater multiple of D than H is of D; 
that is, if E be greater than G, 
F is greater than H: 
in like manner, if Z be equal to G, or less than it, 
F may be shewn to be equal to .H, or less than it, 
but #, F are equimultiples, any whatever, of 4, C'; (constr.) 
and G, H any equimultiples whatever of B, D; 
therefore 4 is to B,as Cisto D. (v. def. 5.) 
Next, let the first Æ be the same part of the second B, that the 
third C is of the fourth D. 
Then A shall be to B, as Cis to D. 
A B — c—— D- 
For since A is the same part of B that C is of D, 
therefore B is the same multiple of A, that D is of C: 
wherefore, by the preceding case, B is to A, as D is to C; 
and therefore inversely, Æ is to B, as Cis to D. (v. B.) 
Therefore, if the first be the same multiple, &c. Q.E.D. 











PROPOSITION D. THEOREM, 


If the first be to the second as the third to the fourth, and if the first be a 
multiple, or a part of the second ; the third is the same multiple, or the same 
part of the fourth. 


Let A be to B as Cisto D: 
and first, let 4 be a multiple of B. 
Then C shall be the same multiple of D. 
— UB / C 
--——— F 
Take E equal to A, 
a multiple 4 or £ is of B, make F the same multiple 
of D: 
then, because 4 is to B, as Cis to D ; (hyp.) 
and of B the second, and D the fourth, equimultiples have been 
taken, Æ and F; 
therefore 4 is to E, as C to F: (v. 4. Cor.) 
but 4 is equal to E, (constr.) 
therefore C is equal to F: (v. A.) 








~ De s 





— — 
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and F is the same multiple of D, that .4 is of B; (constr.) 
therefore C' is the same multiple of D, that A is of B. 
Next, let A the first be a part of P the second. 
Then C the third shall be the same part of D the fourth. 
Because A is to B, as Cis to D; (hyp.) 
then, inversely, B is to A, as D to C: (V. B.) 
A B — 0—— D 
but A is a part of D, therefore D is a multiple of 4: (hyp.) 
therefore, by the preceding case, D is the same multiple of C; 
that is, C' is the same part of D, that .4 is of D. 
Therefore, if the first, &c. Q.E.D. 








PROPOSITION VII. THEOREM. 


Equal magnitudes have the same ratio to the same magnitude : and the same 
has the same ratio to equal magnitudes. 


Let 4 and B be equal magnitudes, and C any other. 
Then .4 and B shall each of them have the same ratio to C: 
and C shall have the same ratio to each of the magnitudes 4 and B. 
A — — 
D E-——————— F. 
Take of 4 and B any equimultiples whatever D and E, 
and of C any multiple whatever F. 
Then, because D is the same multiple of A, that E is of D, (constr.) 
and that 4 is equal to B: (hyp.) 
therefore D is equal to £; (v. ax. 1.) 
therefore, if D be greater than F, E is greater than F; 
and if equal, equal; if less, less: 
but D, E are any equimultiples of A, B, (constr.) 
and F is any multiple of C; 
therefore, as < is to C, so is B to C. (v. def. 5.) 
Likewise C shall have the same ratio to 4, that it has to B. 
For having made the same construction, 
D may in like manner be shewn to be equal to E; 
therefore, if F be greater than D, 
it is likewise greater than Æ; 
and if equal, equal; if less, less; 
but Fis any eel whatever of C, 
and D, E are any equimultiples whatever of A, B; 
therefore, Cis to 4 as Cis to B. (v. def. 5.) 
Therefore, equal magnitudes, &c. Q.E.D. 











PROPOSITION VIII. THEOREM, 


Of two unequal magnitudes, the greater has a greater ratio to any other 
magnitude than the less has : and the same magnilude has a greater ratio to the 
less of two other magnitudes, than it has to the greater. 


Let AB, BC be two unequal magnitudes, of which 4B is the greater, 
and let D be any other magnitude. 
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Then A BP shall have a greater ratio to D than BC has to D: 
and D shall have a greater ratio to BC than it has to AB. 














Fig. 1. Fig. 2. Fig. 3. 
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If the magnitude which is not the greater of the two 4C, CB, be 
not less than D. 
take EF, FG, the doubles of AC, CB, (as in fig. 1.) 
but if that which is not the greater of the two AC, CB, be less than D. 
(as in fig. 2 and 3.) this magnitude can be multiplied, so as to 
become greater than .D, whether it be 4C, or CB. 
Let it be multiplied until it become greater than D, 
and let the other be multiplied as often; 
and let EF be the multiple thus taken of 4.C, 
and FG the same multiple of CB: 
therefore EF and FG are each of them greater than D: 
and in every one of the cases, 
take H the double of D, K its triple, and so on, 
till the multiple of D be that which first becomes greater than FG: 
let Z be that multiple of D which is first greater than FG, 
and K the multiple of D which is next less than Z. 
Then because L is the multiple of D, which is the first that becomes 
greater than FG, 
the next preceding multiple K is not greater than FG; 
that is, F'G is not less than K: 
and since EF is the same multiple of 4 C, that FG is of CB; (constr.) 
therefore FG is the same multiple of CB, that EG is of AB; (v. 1.) 
that is, HG and FG are equimultiples of 4B and CB; 
and since it was shewn, that FG is not less than K, 
and, by the construction, /f'is greater than D; 
therefore the whole ÆG is greater than K and D together: 
but K together with D is equal to L; (constr.) 
therefore EG is greater than L; 
but FG is not greater than Z: (constr.) 
and EG, FG were proved to be equimultiples of 4B, BC; 
and Z is a multiple of D; (constr.) 
therefore 4B has to Da greater ratio than BC has to D. (v. def. 7.) 
Also D shall have to B C a greater ratio than it has to 4B. 
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For having made the same construction, 
it may be shewn in like manner, that Z is greater than FG, 
but that it is not greater than EG: 
and L is a multiple of D; (constr.) 
and FG, EG were proved to be equimultiples of CB, AB: 
therefore D has to CB a greater ratio than it has to 4B. (v. def. 7.) 
Wherefore, of two unequal magnitudes, &c. Q.E.D. 


PROPOSITION IX. THEOREM. 


Magnitudes which have the same ratio to the same magnitude are equal to 
one another: and those to which the same magnitude has the same ratio are 
equal to one another. 


Let, A, B have each of them the same ratio to C. 
Then A shall be equal to B. 


A— De — 
C—— F 
B— E 





For, if they are not equal, one of them must be greater than the other: 
let .4 be the greater: 
then, by what was shewn in the preceding proposition, 
there are some equimultiples of 4 and B, and some multiple of C, such, 
that the multiple of 4 is greater than the multiple of C, 
but the multiple of B is not greater than that of C, 
let these multiples be taken; 
and let D, E be the equimultiples of 4, B, 
and F the multiple of C, 
such that D may be greater than F, but E not greater than F. 
Then, because 4 is to Cas B is to C, (hyp.) 
and of 4, B, are taken equimultiples, D, E, 
and of Cis taken a multiple F; 
and that D is greater than F; l 
therefore Æ is also greater than F: (v. def. 5.) 
but E is not greater than .F; (constr.) which is impossible : 
therefore 4 and B are not unequal ; that is, they are equal. 
Next, let C have the same ratio to each of the magnitudes 4 and B. 
Then A shall be equal to B. l 
For, if they are not equal, one of them must be greater than the other: 
let A be the greater: 
therefore, as was shewn in Prop. VIII. 
there is some multiple F of C, 
and some equimultiples .É and D,of B and 4 such, 
that Fis greater than £, but not greater than D: 
and because C' is to B, as C is to 4, (hyp.) 
and that F the multiple of the first, is greater than Æ the multiple of 
the second ; 
therefore the multiple of the third, is greater than D the multiple 
of the fourth : (V. def. 9.) 
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but F is not greater than .D (hyp.) ; which is impossible : 
therefore A is equal to B. 
Wherefore, magnitudes which, &c. Q.E.D. 


PROPOSITION X. THEOREM. 


That magnitude which has a greater ratio than another has unto the 
same magnitude, is the greater of the two; and that magnitude to which the 


same has a greater ratio than it has unto another magnitude, is the less 
of the two, 


Let A have to Ca greater ratio than B has to C; 
then .4 shall be greater than B. 
Aa — 3 a 
C F 
B—- E 
For, because 4 has a greater ratio to C, than D has to C, 
there are some equimultiples of 4A and 2, 
and some multiple of Csuch, (v. def. 7.) 
that the multiple of 4 is greater than the multiple of C, 
but the multiple of B is not greater than it: 
let them be taken ; 
and let D, E be the equimultiples of 4, B, and F the multiple of C; 
such, that D is greater than F, but Æ is not greater than F: 
1 therefore D is greater than Æ: 
and, because D and # are equimultiples of 4 and B, 
and that D is greater than E; 
therefore 4 is greater than B. (v. ax. 4.) 
Next, let C have a greater ratio to B than it has to 4 
Then 2 shall be less than 4. 
For there is some multiple F of C, (v. def. 7.) 
and some equimultiples E and D of B and A, such 
that Fis greater than £E, but not greater than D: 
therefore Æ is less than D: 
and because E and D are equimultiples of B and 4, 
and that Æ is less than D, 
therefore B is iess than 4. (V. ax. 4.) 
Therefore, that magnitude, &c. Q.E.D. 








PROPOSITION XI. THEOREM. 
Ratios that are the same to the same ratio, are the same to one another. 


Let A be to B as Cis to D; 
and as C to D, so let Æ be to F. 
Then A shall be to B, as Æ to F. 














G — h —— K 
A C E 
B— D—— F——— 
L———— M———— N 


Take of .4, C, E, any equimultiples wnatever G, H, K; 
L 
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and of B, D, F any equimultiples whatever L, M, N. 
Therefore, since 4 is to B as C to D, 
and G, H are taken equimultiples of 4, C, 
and L, M, of B, D; 
if G be greater than L, H is greater than M; 
and if equal, equal; and if less, less. (v. def. 5.) 
Again, because C is to D, as Æ is to F, 
and H, K are taken equimultiples of C, .E; 
and M, N, of D, F; 
if H be greater than M, K is greater than N; 
and if equal, equal; and if less, less: 
but if G be greater than L, 
it has been shewn that / is greater than Jf; 
and if equal, equal; and if less, less: 
therefore, if Œ be greater than L, 

K is greater than N; and if equal, equal; and if less, less : 
and G, K are any equimultiples whatever of 4, E; 
and L, N any whatever of D, F; 
therefore, as 4 is to B, so is Æ to F. (v. def. 5.) 

Wherefore, ratios that, &c. Q.E.D. 


PROPOSITION XII. THEOREM. 


If any number of magnitudes be proportionals, as one of the antecedents 
ís to ils consequent, so shall all the antecedents taken together be to all the 
consequents. 

Let any number of magnitudes 4, P, C, D, E, F, be proportionals : 
that is, as 4 is to B, so C to D, and E to F. 
Then as 4 is to B, so shall 4, C, E together, be to B, D, F together. 


G H 











K 
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Take of .4, C, E any equimultiples whatever G, H, K; 
and of B, D, F any equimultiples whatever, L, M, N. 
Then, because 4 is to P, as C' is to D, and as .E to E; 
and that G, H, K are equimultiples of 4, C, E, 
and L, M, N, equimultiples of B, D, F; 
therefore, if G be greater than L, 
-H is greater than M, and K greater than N; 
and if equal, equal; and if less, less: (v. def. 5.) 
wherefore if G be greater than L, 
then G, H, K together, are greater than L, M, N together; 
and if equal, equal; and if less, less : 
but G, and G, H, K together, are any equimultiples of 4, and 44, C, 
E together; 
because if there be any number of magnitudes equimultiples of 
as many, each of each, whatever multiple one of them is of its part, 
the same multiple is the whole of the whole: (v. 1.) 
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for the same reason L, and L, M, N are any equimultiples of B, and 
B,D, F: 
therefore as Á is to B, so are 4, C, .E together to B, D, F together. 
(V. def. 5.) 
Wherefore, if any number, &c. Q.E.D. 


PROPOSITION XIII. THEOREM. 


If the first has to the second the same ratio which the third has to the 
fourth, but the third to the fourth, a greater ratio than the fifth has to the 
sixih ; the first shall also have to the second a greater ratio than the fifth 
has to the sixth. 


Let A the first have the same ratio to P the second, which C the 
third has to D the fourth, but C the third a greater ratio to .D the 
fourth, than Æ the fifth has to F the sixth. 

Then also the first 4 shall have to the second B, a greater ratio 

than the fifth E has to the sixth F. 
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Because C has a greater ratio to D, than £E to F, 
there are some equimultiples of C and £, and some of D and F, such 
that the multiple of Cis greater than the multiple of D, but the mul- 
tiple of E is not greater than the multiple of F: (v. def. 7.) 
let these be taken, 
and let G, ZZ be equimultiples of C, E, 
and K, L equimultiples of D, F, such that G may be greater than K, 
but H not greater than L: 
and whatever multiple G' is of C, take M the same multiple of 4; 
and whatever multiple K is of D, take N the same multiple of B: 
then, because 44 is to B, as Č to D, (hyp.) 
and of A and C, M and G are equimultiples; 
and of B and D, N and K are equimultiples ; 
therefore, if M be greater than N, G is greater than K; 
and if equal, equal; and if less, less: (v. def. õ.) 
but G is greater than K; (constr.) 
therefore M is greater than N: 
but H is not greater than L: (constr.) 
and M, H are equimultiples of 4, E; 
and JV, L equimultiples of B, F; 
Therefore 4 has a greater ratio to B, than E has to F. (v. def. 7.) 
Wherefore, if the first, &e. Q.E.D. 

Cor. And if the first have a greater ratio to the second, than the 
third has to the fourth, but the third the same ratio to the fourth, 
which the fifth has to the sixth; it may be demonstrated, in like 
manner, that the first has a greater ratio to the second, than the fifth 
has to the sixth. 
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PROPOSITION XIV. THEOREM. 


If the first has the same ratio to the second which the third has to the fourth ; 
then, if the first be greater than the third, the second shall be greater than the 
fourth; and if equal, equal ; and if less, less. 


Let the first .4 have the same ratio to the second B which the 
third C has to the fourth 2. 
If .A be greater than C, D shall be greater than .D. (fig. 1.) 
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Because A is greater than C, and B is any other magnitude, 
A has to B a greater ratio than C has to B: (v. 8.) 
but, as 4 is to D, sois C to D; (hyp. 
therefore also C has to Da greater ratio than C' has to B: (v. 13.) 
but of two magnitudes, that to which the same has the greater ratio, 
is the less: (v. 10.) a 
therefore D is less than B; 
that is, B is greater than D. 
Secondly, if 4 be equal to C, (fig, 2.) 
then B shall be equal to D. 
For 4 is to B, as C, that is, Æ to D: 
therefore B is equal to D. (v. 9.) 
Thirdly, if 4 be less than C, (fig. 3.) 
then B shall be less than D. 
For C' is greater than 4; 
and because C'is to D, as .4 is to D, 
therefore D is greater than B, by the first case; 
that is, B is less than D. 
Therefore, if the first, &c. Q.E.D. 


PROPOSITION XV. THEOREM. 


Magnitudes have the same ratio to one another which their equimultiples 
have. 


Let 4B be the same multiple of C, that DE is of F. 
Then C shall be to #, as AB is to DE. 


A G H B DK LE 
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Because AB is the same multiple of C that DE is of Ey 
there are as many magnitudes in 4B equal to C, as there are in DE 


equal to F: 
let AB be divided into magnitudes, each equal to C, viz. AG, GH, HB; 
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and DE into magnitudes, each equal to F, viz. DK, KL, LE: 
then the number of the first 4G, GH, HB, is equal to the number 
of the last DA, KL, LE: 
and because 4G, GH, HB are all equal, 
and that DK, KL, LL, are also equal to one another; 
therefore AG is to DK, as GH to KL, and as HB to LE: (v. 7.) 
but as one of the antecedents is to its consequent, so are all the 
antecedents together to all the consequents together, (v. 12.) 
wherefore, as 4G is to DK, so is AB to DE: 
but 4G is equal to Cand DK to F: 
therefore, as Cis to J, so is AB to DE. 
Therefore, magnitudes, &c. Q.E.D. 


PROPOSITION XVI. THEOREM. 


If four magnitudes of the same kind be proportionals, they shall also be 
proportionals when taken alternately. 


Let 4, D, C, D be four magnitudes of the same kind, which are 
proportionals, viz. as 4 to B, so C to D. 
They shall also be proportionals when taken alternately : 
that is, 4 shall be to C, as B to D. 
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Take of A and B any equimultiples whatever E and F: 
and of C and D take any equimultiples whatever G and H. 
And because Æ is the same multiple of 4, that 7 is of B, 

and that magnitudes have the same ratio to one another which 

their equimultiples have; (V. 15.) 

therefore A is to B, as Æ is to F: 
but as £ is to B so is Cto D; (hyp.) 
wherefore as C' is to D, so is .E to F': (v. 11.) 
again, because G', Z7 ave equimultiples of C, D, 
therefore as C is to D, so is G to H: (v. 16.) 
but it was proved that as C'is to D, so is E to F; 
therefore, as Æ is to F, so is Œ to H. (v. 11.) 
But when four magnitudes are proportionals, if the first be greater 
than-the third, the second is greater than the fourth : 
and if equal, equal; if less, less; (v. 14.) 
* therefore, if E be greater than G, F likewise is greater than H; 
and if equal, equal; if less, less: 
and E, F are any equimultiples whatever of 4,B; (constr.) 
and G, H any whatever of C, D: 
therefore Æ is to C, as B to D. (v. def. 5.) 
If then four magnitudes, &c. Q.E.D. 
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PROPOSITION XVII. THEOREM. 


If magnitudes, taken jointly, be proportionals, they shall also be pro- 
portionals when taken separalely : that ts, if two magnitudes together have 
to one of them, the same ratio which two others have to one of these, the 
remaining one of the first two shall have to the other the same ratio which 
the remaining one of the last two has to the other of these. 


Let AB, BE, CD, DF be the magnitudes, taken jointly which 
are proportionals ; 
that is, as AB to BE, so let CD be to DF. 
Then they shall also be proportionals taken separately, 
viz. as AF to EB, so shall CF be to FD. 
G H K X L M N P 


$ 
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Take of AF, EB, CF, FD any equimultiples whatever GH, HK, 
LM, MN: 
and again, of EB, FD take any equimultiples whatever KX, VP. 
Then because GH is the same multiple of AE, that HK is of EB, 
therefore GH is the same multiple of A E, that GX is of AB ; (v. 1.) 
but GZ is the same multiple of AE, that LM is of CF: 
therefore GK is the same multiple of 4B, that LM is of CF. 
Again, because LM is the same multiple of CF, that MN is of FD; 
therefore LM is the same multiple of CF, that LN is of CD: (v. 1.) 
but LM was shewn to be the same multiple of CF, that GK is of AB; 
therefore GK is the same multiple of 4 B, that LN is of CD; 
that is, GK, ZN are equimultiples of 4B, CD. 

Next, because HK is the same multiple of EB, that MN is of FD; 
and that KX is also the same multiple of EB, that NP is of FD; 
therefore HX is the same multiple of ED, that MP is of FD. (v. 2.) 
And because AB is to BE, as CD is to DF, (hyp.) 
and that of 4B and CD, GK and LN are equimuitiples, 
and of EB and FD, HX and MP are equimu!tiples ; 
therefore if GK be greater than HX, then LN is greater than MP; 

and if equal, equal; and if less, less: (v. def. 5.) 
but if GHZ be greater than AX, 
then, by adding the common part HK to both, 
GK is greater than HX; (I. ax. 4.) 
wherefore also LN is greater than MP; 
and by taking away MN from both, 
LM is greater than NP: (1. ax. 5.) 
therefore, if GH be greater than KX, 
LM is greater than NP. 
In like manner it may be demonstrated, 
that if GH be equal to KX, 
LM is equal to NP; and if less, less: 
but GH, LM are any equimultiples whatever of AE, CF, (constr.) 
and KX, NP are any whatever of EB, FD: 
therefore, as ÆAE is to EB, so is CF to FD. (v. def. 5.) 
If then magnitudes, &e. Q.E.D. 
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PROPOSITION XVIII. THEOREM, 


If magnitudes, taken separately, be proportionals, they shall also be 
proportionals when taken jointly: that is, if the first be to the second, as 
the third to the fourth, the first and second together shall be to the second, 
as the third and fourth together to the fourth. 


Let AF, EB, CF, FD be proportionals ; 
that is, as dE to EB, so let CF be to FD. 
Then they shall also be proportionals when taken jointly ; 
that is, as 4D to B.E, so shall CD beto DEF. . 
G K OH L NPM 
A EB € FD 
Take of AB, B.E, CD, DF any equimultiples whatever GH, HK, 
LM, MN; 
and again, of BE, DF take any equimultiples whatever KO, VP: 
and because AO, NP are equimultiples of BE, DF; 
and that KH, NM are likewise equimultiples of BL, DF; 
therefore if KO, the multiple of BL, be greater than KH, which 
is a multiple of the same BL, 
then NP, the multiple of DF, is also greater than NM, the mul- 
tiple of the same DF’; 
and if KO be equal to KH, © 
NP is equal to N3; and if less, less. 
First, let KO be not greater than KH; 
therefore VP is not greater than NM: 
and because GH, HK, are equimultiples of AB, BE, 
and that AB is greater than BE, 
therefore GH is greater than ZK ; (v. ax, 3.) 
but KO is not greater than KH; 
therefore GHZ is greater than KO. 
In like manner it may be shewn, that LM is greater than VP. 
Therefore, if KO be not greater than KH, 
then GH, the multiple of 4B, is always greater than KO, the 
multiple of BE; 
and likewise LM, the multiple of CD, is greater than NP, the 
multiple of DF. 
Next, let KO be greater than KH; 
therefore, as has been shewn, VP is greater than NM. 
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And because the whole GH is the same multiple of the whole 
AB, that HK is of BE, 
therefore the remainder GK is the same multiple of the remainder 
AE that GiZ is of AB, (v. 5.) 
which is the same that LM is of CD. 
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In like manner, because LM is the same multiple of CD, that MN 
is of DE, 
therefore the remainder LN is the same multiple of the remainder 
CF, that the whole LM is of the whole CD: (v. à.) 
but it was shewn that LM is the same multiple of CD, that GK 
is of AE; 
therefore GX is the same multiple of A E, that LN is of CF; 
that is, G.K, LN are equimultiples of 4. E, CF. 
And because KO, NP are equimultiples of B.E, DF, 
therefore, if from KO, NP there be taken KH, NM, which are 
likewise equimultiples of BE, DF, 
the remainders HO, MP are either equal to B.E, DF, or equi- 
multiples of them. (v. 6.) 
First, let HO, MP be equal to BE, DF: 
then because 4 £ is to .EB, as CF to FD, (hyp.) 
and that GK, LN are equimultiples of 4 E, CF; 
therefore GK isto EB, as LN to FD: (v. 4. Cor.) 
but HO is equal to EB, and MP to FD; 
wherefore GK is to HO, as LN to MP; 
therefore if GK be greater than HO, LN is greater than MP; (V. A.) 
and if equal, equal; and if less, less. 
But let ZO, MP be equimultiples of EB, FD. 
Then because .4.E is to EB, as CFto FD,  (hyp.) 


G K H QO L NM P 
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and that of 4#, CF are taken equimultiples GA, LN; 
and of EB, FD, the equimultiples HO, MP; 
if GK be greater than HO, LN is greater than MP; 
and if equal, equal; and if less, less; (v. def. 5) 
which was likewise shewn in the preceding case. 
But if GH be greater than KO, 
taking KH from both, GK is greater than HO; (I. ax. 6.) 
wherefore also ZN is greater than MP; 
and consequently adding NJ to both, 
IM is greater than VP: (I. ax. 4.) 
therefore, if GH be greater than KO, 
LM is greater than VP. 
In like manner it may be shewn, that if GH be equal to KO, 
IM is equal to NP; and if less, less. 
And in the case in which KO is not greater than AZ, 
it has been shewn that GH is always greater than KO, 
and likewise LM greater than NP: 
but GH, LM are any equimultiples whatever of 4B, CD, (constr.) 
and KO, NP are any whatever of D. E, DF; 
therefore, as AB is to BE, so is CD to DF. (v. def. 5.) 
If then magnitudes, &c. Q.E.D. 
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PROPOSITION XIX. THEOREM. 


If a whole magnitude be to a whole, as a magnitude taken from the first 
is to a magnitude taken from the other; the remainder shall be to the 
remainder as the whole to the whole. 


Let the whole 4B be to the whole CD, as 4 F a magnitude taken 
from 4B is to CF'a magnitude taken from CD. 
Then the remainder .£ P shall be to the remainder FD, as the whole 
AB to the whole CD. 


A E B 
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Because 4B is to CD, as AE to CF: 
therefore alternately, B.A is to 4. E, as DC to CF: (v. 16.) 
and because if magnitudes taken jointly be proportionals, they are 
also proportionals, when taken separately; (v. 17.) 
therefore, as BE is to L.A, so is DF to FC; 
and alternately, as BE is to DF, so is EA to FC: 
but, as 4# to CF, so, by the hypothesis, is dB to CD; 
therefore also BE the remainder is to the remainder DJ’, as the whole 
AB to the whole CD. (v. 11. 
Wherefore, if the whole, &c. Q.E.D. 

Cor.—If the whole be to the whole, as a magnitude taken from 
the first is to a magnitude taken from the other; the remainder shall 
likewise be to the remainder, as the magnitude taken from the first 
to that taken from the other. The demonstration is contained in the 
preceding. 


PROPOSITION E, THEOREM. 


If four magnitudes be proportionals, they are also proportionals by con- 
version ; that is, the first is to its excess above the second, as the third to its 
excess above the fourth. 


Let AB be to BE, as CD to DF. 
Then BA shall be to AE, as DC to CF. 


A E B 
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Because AB is to BE, as CD to DF, 
therefore by division, 4.E is to EB, as CF to FD; (v. 17.) 
and by inversion, BE is to EA, as DF isto CF; (V. B.) 
wherefore, by composition, BA is to AE, as DC is to CF. (v. 18.) 
If therefore four, &c, Q.E.D. 
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PROPOSITION XX. THEOREM. 


If there be three magnitudes, and other three, which, taken two and two, have 
the same ratio; then if the first be greater than the third, the fourth shall be 
greater than the sixth ; and if equal, equal; and if less, less. 


Let A, B, C be three magnitudes, and D, E, F other three, which 
takeu two and two have the same ratio, 
viz. as Á is to B, so is D to E; 
and as B to O, so is E to F. 
If .A be greater than C, D shall be greater than F; 
and if equal, equal; and if less, less. 
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Because A is greater than C, and B is any other magnitude, 
and that the greater has to the same magnitude a greater ratio than 
the less has to it; (v. 8.) 
therefore 4 has to B a greater ratio than C has to B: 
but as D is to .E, so is 4 to B; (hyp.) 
therefore D has to E a greater ratio than C to B: (v. 19.) 
and because B is to C, as £ to F, 
by inversion, C is to B, as F'is to E: (V. B.) 
and D was shewn to have to Z a greater ratio than C to B: 
therefore D has to E a greater ratio than F to E: (v. 13. Cor.) 
but the magnitude which has a greater ratio than another to the same 
magnitude, is the greater of the two; (v. 10.) 
therefore D is greater than F. 
Secondly, let 4 be equal to C. 

















Then D shall be equal to F. 
A B C 
D E—— F 


Because A and Care equal to one another, 
A is to B, as C'is to B: (v. 7.) 
but 4 is to B, as D to E; (hyp.) 
and Cis to B, as Fto E; (hyp.) 
wherefore D is to E, as F to E; (v. 11. and v. B.) 
and therefore D is equal to F. (v. 9.) 
Next, let 4 be less than C. 
Then D shall be less than F. 
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For C is greater than £; 
and as was shewn in the first case, C is to B, as F to E, 
and in like manner, B is to 4, as E to D; 
therefore F'is greater than D, by the first case; 
that is, D is less than F. 
Therefore, if there be three, &c. Q.E.D. 
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PROPOSITION XXI. THEOREM. 


If there be three magnitudes, and other three, which have the same ratio 
taken two and two, but in a cross order; then if the first magnitude be 
greater than the third, the fourth shall be greater than the sizth; and if 
egual, egual; and if less, less. 


Let A, B, C be three magnitudes, and D, #, F other three, which 
have the same ratio, taken two and two, but in a cross order, 
viz. as Á is to D so is Æ to F, 
and as B is to C, so is D to E. 
If A be greater than C, D shall be greater than F; 
and if equal, equal; and if less, less. 
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Because 4 is greater than C, and B is any other magnitude, 
A has to B a greater ratio than Chas to B: (v. 8.) 
but as E to F, so is 4 to B; (hyp.) 
therefore Æ has to F a greater ratio than C to B: (v. 13.) 
and because B is to C, as D to E; (hyp.) 
by inversion, C is to D, as E to D: 
and E was shewn to have to F a greater ratio than C has to B; 
therefore E has to fa greater ratio than Æ has to D: (v. 13. Cor.) 
but the magnitude to which the same has a greater ratio than it has 
to another, is the less of the two : (v. 10.) 
therefore F'is less than D; 
that is, D is greater than F. 
Secondly, Let 4 be equal to C; 
D shall be equal to F. 


A B—— C 
D E F 


Because 44 and C are equal, 
Á is to B, as Cis to B: (v. 7.) 
but A is to B, as E to F; (byp.) 
and C is to D, as E to D; 
wherefore £E is to F, as E to D; (v. 11.) 
and therefore D is equal to F. (v. 9.) 
Next, let 4 be less than C: 
D shall be less than F. 
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For C is greater than A; 
and as was shewn, C is to B, as E to D, 
and in like manner B is to 4, as F to E; 
therefore F is greater than D, by case first; 
that is, D is less than F. 
Therefore, if there be three, &c. Q.E.D. 
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PROPOSITION XXII. THEOREM. 


If there be any number of magnitudes, and as many others, which taken 
two and two in order, have the same ratio ; the first shall have to the last of 
the first magnitudes, the same ratio which the first has to the last of the 
others. N.B. ‘This is usually cited by the words “ex æquali,” or “ex 
æquo. 


First, let there be three magnitudes 4, B, C, and as many others 
D, E, F, which taken two and two ın order, have the same ratio, 
that is, such that 44 is to B, as D to E; 
and as DJ is to C, so is E to F. 
Then .4 shall be to C, as .D to F. 
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Take of 4 and D any equimultiples whatever G and H; 
and of B and # any equimultiples whatever K and L; 
and of C and F any whatever M and N: 
then because 4 is to B, as D to E, 
and that G, H are equimultiples of 4, D, 
and A, £ equimultiples of B, £; 
therefore as G is to K, so is H to L: (v. 4.) 
for the same reason, K is to M as L to N: 
and because there are three magnitudes G, K, M, and other three 
H, L, N, which two and two, have the same ratio; 
therefore if G be greater than M, H is greater than JV; 
and if equal, equal; and if less, less; (v. 20.) 
but G, H are any equimultiples whatever of A, D, 
and Df, N are any equimultiples whatever of C, F; (constr.) 
therefore, as Æ is to O, so is D to F. (Vv. def. 5) 
Next, let there be four magnitudes 4, B, C, D, 
and other four E, F, G, H, which two and two have the same ratio, 
viz. as Á is to B, so is Æ to F; | 
and as D to C, sf F to G; 
and as C to D, so G to H. 
Then 4 shall be to D, as E to H. 
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Because 4, P, C are three magnitudes, and #, F, G other three, 
which taken two and two, have the same ratio; 
therefore by the foregoing case, 4 is to C, as E to G: 
but Cis to D, as G is to H; 
wherefore again, by the first case 4 is to D, as Eto H: 
and so on, whatever be the number of magnitudes. 
Therefore, if there be any number, &c. Q.E.D. 
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PROPOSITION XXIII. THEOREM. 


If there be any number of magnitudes, and as many others, which 
taken two and two in a cross order, have the same ratio; the first shall have 
to the last of the first magnitudes the same ratio which the first has to the 
last of the others. N.B. This is usually cited by the words ‘ex equali 


A^. 


in proportione perturbatà;'" or **ex equo perturbato."' 


First, let there be three magnitudes 4A, D, C, and other three D, 
E, F, which taken two and two in a cross order have the same ratio, 
that is, such that 4 is to B, as E to F; 
and as B is to C, so is D to Æ. 

Then 4 shall be to C, as D to F. 
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Take of 4, B, D any equimultiples whatever G, H, K; 
and of C, E, F any equimultiples whatever L, M, N: 

and because G, H are equimultiples of 4, B, 

and that magnitudes have the same ratio which their equimultiples 
have; (v. 15.) 
therefore as 4 is to BP, so is G to H: 
and for the same reason, as Æ is to F, so is M to N: 
but as A is to B, so is E to F; (hyp.) 
therefore as Gis to H, so is M to N: (v. 11.) 
and because as B is to C, so is D to E, (hyp. 
and that 77, A are equimultiples of B, D, and L, M of C, E; 
therefore as H is to L, so is K to M: (v. 4.) 
and it has been shewn that G is to H, as Wto N: 
therefore, because there are three magnitudes G, 77, L, and other 
three K, M, N, which have the same ratio taken two and two in a 
cross order; 
if G be greater than .L, K is greater than N: 
and if equal, equal; and if less, less: (v. 21.) 
but G, K are any equimultiples whatever of 4, D; (constr.) 
and L, N any whatever of C, F; 
therefore as 44 is to C, so is D to F. (v. def. 5.) 

Next, let there be four magnitudes 4, B, C, D, and other four Z, 
F, G, H, which taken two and two in a cross order have the same 
ratio, 

viz. Á to B, as G to H; 
B to Cas Fto G; 
and Cto D, as Eto F. 
Then 4 shall be to D, as E to H. 
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Because A, B, Care three magnitudes, and F, G, H other three, 
which taken two and two in a cross order, have the same ratio ; 
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by the first case, 4 is to C,as F to H; 
but C is to D, as E is to F; 
wherefore again, by the first case, Æ is to D, as E to H; 
and so on, whatever be the number of magnitudes. 
Therefore, if there be any number, &c. Q.E.D. 


PROPOSITION XXIV. THEOREM. 


If the first has to the second the same ratio which the third has to the fourth ; 
and the fifth to the second the same ratio which the sixth has to the fourth; the 
first and fifth together shall have to the second, the same ratio which the third 
and sixth together have to the fourth. 


Let AB the first have to C the second the same ratio which DE 
the third has to F the fourth ; 

and let BG the fifth have to C the second the same ratio which 

EH the sixth has to F' the fourth. 

Then 4G, the first and fifth together, shall have to C the second, 
the same ratio which DAH, the third and sixth together, has to F the 
fourth. 

A B G D E H 


— F— 


Because BG is to C, as EH to F; 
by inversion, C is to BG, as F to EH: (v. B.) 
and because, as AB is to C, so is DE to F; (hyp.) 
and as C to BG, so is F to EH; 
ex æquali, AB is to BG, as DE to EH: (V. 22.) 
and because these magnitudes are proportionals when taken separately, 
they are likewise proportionals when taken jointly; (v. 18.) 
therefore as ÆG is to GB, so is DH to HE: 
but as G.B to C, sois HE to F: (hyp) 
therefore, ex equali, as 4G is to C, so is DH to F. (v. 22.) 
Wherefore, if the first, &c. Q.E.D. 

Cor. 1.—If the same hypothesis be made as in the proposition, the 
excess of the first and fifth shall be to the second, as the excess of the 
third and sixth to the fourth. The demonstration of this is the same 
with that of the proposition, if division be used instead of composition. 

CoR. 2.—The proposition holds true of two ranks of magnitudes, 
whatever be their number, of which each of the first rank has to the 
second magnitude the same ratio that the corresponding one of the 
second rank has to a fourth magnitude: as is manifest. 


PROPOSITION XXV. THEOREM, 


If four magnitudes of the same kind are proportionals, the greatest and 
least of them together are greater than the other two together. 


Let the four magnitudes 44 B, CD, E, F be proportionals, 
viz. A B to OD, as E to F; 
and let AB be the greatest of them, and consequently F the least. 
(V. 14. and A.) 
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Then 4B together with F shall be greater than CD together with Æ. 
A G B C un 


E T 


Take 4G equal to E, and CH equal to F. 
Then because as 4B is to CD, so is E to F, 
and that AG is equal to #, and CH equal to F, 
therefore 4B is to CD, as AG to CH : (v. 11, and 7.) 
and because 4B the whole, is to the whole CD, as AG is to CH, 
likewise the remainder GB is to the remainder HD, as the whole AB 
is to the whole CD: (v. 19.) 
but 4B is greater than CD; (hyp.) 
therefore GB is greater than HD; (V. A.) 
and because 4G‘ is equal to E, and CH to F; 
AG and F together are equal to CH and E together: (I. ax. 2.) 
therefore if to the unequal magnitudes GB, HD, of which GB is 
the greater, there be added equal magnitudes, viz. to GB the two 4G 
and F, and CH and E to HD; 
AB and F together are greater than CD and E. (1. ax. 4.) 
Therefore, if four magnitudes, &c. Q.E.D. 








PROPOSITION F. THEOREM. 
Ratios which are compounded of the same ratios, are the same to one another. 


Let A be to B, as D to E; and BD to C, as E to FF. 
Then the ratio which is compounded of the ratios of 4 to B, and B 
to C, 
which, by the definition of compound ratio, is the ratio of 4 to C, 
shall be the same with the ratio of D to F, which, by the same 
definition, is compounded of the ratios of D to E, and E to F. 





A.B.C 
D.E.F 











Because there are three magnitudes 4, B, C, and three others D, E, F, 
which, taken two and two, in order, have the same ratio; 
ex equali, 4 isto C, as D to F. (v. 22.) 
Next, let 4 be to B, as E to F, and B to C, as D to E: 
A.B.C 
D.E.F | 





therefore, ez equali in proportione perturbata, (v. 23.) 
A ìs to C, as D to F; 
that is, the ratio of 4 to C, which is compounded of the ratios of 
A to B, and B to C, is the same with the ratio of D to F, which is 
compounded of the ratios of D to E, and .E to F. 
And in like manner the proposition may be demonstrated, what- 
ever be the number of ratios in either case. 
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PROPOSITION G. THEOREM. 


If several ratios be the same to several ratios, each to each; the ratio 
which is compounded of ratios which are the same to the first ratios, each 
to each, shall be the same to the ratio compounded of ratios which are the 
same to the other ratios, each to each. 


Let 4 be to B, as E to F; and C to D, as G to H: 
and let 4 be to B, as K to L; and C to D, as L to M. 
Then the ratio of K to M, 
by the definition of compound ratio, is compounded of the ratios 
of K to L, and L to M, which are the same with the ratios of 4 to B 
and C to D. 
Again, as E to F, so let N be to O; and as G to H, so let O be to P. 
Then the ratio of N to P is compounded of the ratios of N to O, 
E O to P, which are the same with the ratios of .E to F, and G to 
and it is to be shewn that the ratio of K to MZ, is the same with 
the ratio of N to P; 
or that K is to M, as N to P. 


A.B.C. D. K.L.M 
BoR. G Ha Nae 
Because K is to L, as (A to B, that is, as E to F, that is, as) .N to O: 
and as L to M, so is (C to D, and so is G to H, and so is) O to P: 
ex equali, K is to Jf, as N to P. (v. 22.) 


Therefore, if several ratios, &c. Q.E.D. 


PROPOSITION H. THEOREM. 


If a ratio which is compounded of several ratios be the same to a ratio which 
is compounded of several other ratios; and if one of the first ratios, or the 
ratio which is compounded of several of them, be the same to one of the last 
ratios, or to the ratio which is compounded of several of them; then the re- 
maining ratio of the first, or, if there be more than one, the ratio compounded 
of the remaining ratios, shall be the same to the remaining ratio of the last, 
or, if there be more than one, to the ratio compounded of these remaining ratios. 


Let the first ratios be those of A to B, B to C, C to D, D to #, and 

E to F; 
and let the other ratios be those of G to H, H to K, K to L, and 
Lto M: 

also, let the ratio of 4 to F, which is compounded of the first ratios, 
be the same with the ratio of G to 74, which is compounded of the 
other ratios ; n 

and besides, let the ratio of 4 to D, which is compounded of the 
ratios of Æ to B, B to C, C to D, be the same with the ratio of G to 
K, which is compounded of the ratios of G to H, and H to K. 

Then the ratio compounded of the remaining first ratios, to wit, of 
the ratios of D to E, and E to F, which compounded ratio is the ratio 


c 
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of D to F, shall be the same with the ratio of K to M, which is com- 
pounded of the remaining ratios of K to L, and L to M of the other 
ratios. 


A.B.C.D.E.F 
G.H.K.L.M 








Because, by the hypothesis, 4 is to D, as G to K, 
by inversion, D is to 4, as K to G; (V. B.) 
and as Á is to F,sois Gto M; (hyp.) 
therefore, ex equali, D is to F, as K to M. (v. 22.) 
If, therefore, a ratio which is, &c. Q. E.D. 


PROPOSITION K. THEOREM. 


If there be any number of ratios, and any number of other ratios, such, that 
the ratio which is compounded of ratios which are the same to the first ratios, 
each to each, is the same to the ratio which is compounded of ratios which 
are the same, each to each, to the last ratios ; and if one of the first ratios, or the 
ratio which is compounded of ratios which are the same to several of the first 
ratios, each to each, be the same to one of the last ratios, or to the ratio which 
is compounded of ratios which are the same, each to each, to several of the last 
ratios; then the remaining ratio of the first, or, if there be more than one, 
the ratio which is compounded of ratios which are the same each to each to 
the remaining ratios of the first, shall be the same to the remaining ratio of the 
last, or, if there be more than one, to the ratio which is compounded of ratios 
which are the same each to each to these remaining ratios. 


Let the ratios of £ to B, C to D, E to F, be the first ratios: 
and the ratios of Gto H, K to L, M to N, O to P, Q to R, be the 
other ratios : 
and let A be to B, as S to T; and C to D, as T' to V; and E to F, 
as V to X: 
therefore, by the definition of compound ratio, the ratio of S to X is 
compounded of the ratios of S to 7, Tto V, and V to X, which are 
the same to the ratios of A to B, C to D, E to F: each to each. 
Also, as G to H, so let Y be to Z; and K to L, as Z toa; 
AM to N, asa tob; Oto P, asb toc; and Qto #, asctod: 
therefore, by the same definition, the ratio of Y to d is compour.ded 
of the ratios of F to Z, Z to a, a to b, b to c, and c to d, which are the 
same, each to each, to the ratios of G to H, K to L, M to N, O to P, 
and Q to R: 
therefore, by the hypothesis, S is to X, as Y to d. 
Also, let the ratio of 4 to D, that is, the ratio of S to 7, which is 
one of the first ratios, be the same to the ratio of e to g, which is com- 
, pounded of the ratios of e to f, and f to g, which, by the hypothesis, 
are the same to the ratios of Gto H, and K to L, two of the other 
ratios; 
and let the ratio of A to / be that which is compounded of the ratios 
of k to k, and k to l, which are the same to the remaining first ratios, 
viz. of C to D, and E to F; 


234 EUCLID’S ELEMENTS. 


also, let the ratio of m to p, be that which is compounded of the 
ratios of » to n, n to o, and o to p, which are the same, each to each, 
to the remaining other ratios, viz. of M to N, O to P, and Q to R, 
Then the ratio of A to / shall be the same to the ratio of m to p; or 
^ shall be to /, as m to p. 


h, k, ]. 
A, B; C,1D; E, F. ; 1, V, NS 
G, H; E, 5; M, N5 O, P; Q, R. ; 2, 8, b, c, d. 
e, f, g. In, D, 0, p 


Because e is to f, as (G to H, that is, as) Y to Z; 
and fis to g, as (K to L, that is, as) Z to a; 
therefore, ex æquali, e is to g, as Y to a: (v. 22. 
and by the hypothesis, .4 is to D, that is, S to 7, aseto g; 
wherefore S is to 7, as Y to a; (V. 11.) 
and by inversion, T'is to S, as a to F: (v. B.) 
but S is to X, as Y to D; (hyp.) 
therefore, ex æquali, T is to X, as a to d: 
also, because + is to k, as (C to D, that is, as) T' to V; (hyp.) 
and E is to Zas (E to F, that is, as) V to X; 
therefore, ex zquali, h is to /, as T to X: 
in like manner, it may be demonstrated, that m is to p, as a to d; 
and it has been shewn, that T is to X, as a to d; 
therefore À is to /, as m to p. (V. 11.) Q.E.D. 
The propositions G and .K are usually, for the sake of brevity, ex- 
ressed in the same terms with propositions Fand H: and therefore 
it was proper to shew the true meaning of them when they are so 
expressed ; especially since they are very frequently made use of by 
geometers, 


NOTES TO BOOK V. 


In the first four Books of the Elements are considered, only the 
absolute equality and inéquality of Geometrical magnitudes. The Fifth 
Book contains an exposition of the principles whereby a more definite 
comparison may be instituted of the relation of magnitudes, besides their 
simple equality or inequality. i 

The doctrine of Proportion is one of the most important in the whole 
course of mathematical truths, and it appears probable that if the subject 
were read simultaneously in the Algebraical and Geometrical form, the 
investigations of the properties, under both aspects, would mutually 
assist each other, and both become equally comprehensible; also their 
distinct characters would be more easily perceived. 

Def. t, 1. In the first Four Books the word part is used in the same 
sense as we find it in the ninth axiom, ‘The whole is greater than its 
part :'" where the word part means any portion whatever of any whole 
magnitude: but in the Fifth Book, the word part is restricted to mean 
that portion of magnitude which is contained an exact number of times 
in the whole. For instance, if any straight line be taken two, three, four, 
or any number of times another straight line, by Euc. 1. 5; the less line 
is called a part, or rather a submultiple of the greater line ; and the greater, 
a multiple of the less line. The multiple is composed of a repetition of 
the same magnitude, and these definitions suppose that the multiple may 
be divided into its parts, any one of which is a measure of the multiple. 
And it is also obvious that when there are two magnitudes, one of which 
is a multiple of the other, the two magnitudes must be of the same kind, 
that is, they must be two lines, two angles, two surfaces, or two solids : 
thus, a triangle is doubled, trebled, &c., by doubling, trebling, &c. the 
base, and completing the figure. The same may be said of a parallelo- 
gram. Angles, arcs, and sectors of equal circles may be doubled, trebled, 
or any multiples found by Prop. xxvi—xxtx, Book 111. 

Two magnitudes are said to be commensurable when a third magnitude 
of the same kind can be found which will measure both of them; and 
this third magnitude is called their common measure: and when it is the 
greatest magnitude which will measure both of them, it is called the 
greatest common measure of the two magnitudes: also when two magni- 
tudes of the same kind have no common measure, they are said to be 
incommensurable. The same terms are also applied to numbers. 

Unity has no magnitude, properly so called, but may represent that 
portion of every kind of magnitude which is assumed as the measure of 
all magnitudes of the same kind. The composition of unities cannot pro- 
duce Geometrical magnitude; three units are more in number than one 
unit, but still as much different from magnitude as unity itself. Numbers 
may be considered as quantities, for we consider every thing that can be 
exactly measured, as a quantity. 

Unity is a common measure of all rational! numbers, and all numerical 
reasonings proceed upon the hypothesis that the unit is the same through- 
out the whole of any particular process. Euclid has not fixed the magni- 
tude of any unit of length, nor made reference to any unit of measure of 
lines, surfaces, or volumes. Hence arises an essential difference between 
number and magnitude; unity, being invariable, measures all rational 
numbers ; but though any quantity be assumed as the unit of magnitude, 
it is impossible to assert that this assumed unit will measure all other 
magnitudes of the same kind. 
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All whole numbers therefore are commensurable; for unity is their 
common measure 7 also all rational fractions proper or improper, are com- 
mensurable; for any such fractions may be reduced to other equivalent 
fractions having one common denominator, and that fraction whose de- 
nominator is the common denominator, and whose numerator is unity, 
will measure any one of the fractions. Two magnitudes having a common 
measure can be represented by two numbers which express the number of 
times the common measure is contained in both the magnitudes. 

But two incommensurable magnitudes cannot be exactly represented by 
any two whole numbers or fractions whatever ; as, for instance, the side 
of a square is incommensurable to the diagonal of the square. For, it may 
be shewn numerically, that if the side ot the square contain one unit of 
length, the diagonal contains more than one, but less than two units of 
length. If the side be divided into 10 units, the diagonal contains more 
than 14, but less than 15 such units, Also if the side contain 100 units, 
the diagonal contains more than 141, but less than 142such units. It is 
also obvious, that as the side is successively divided into a greater number 
of equal parts, the error in the magnitude of the diagonal will be diminished 
continually, but never can be entirely exhausted ; and therefore into what- 
ever number of equal parts the side of a square be divided, the diagonal 
will never contain an exact number of such parts. Thus the diagonal and 
side of a square having no common measure, cannot be exactly repre- 
sented by any two numbers. 

The term equimultiple in Geometry is to be understood of magnitudes 
of the same kind, or of different kinds, taken an equal number of times, and 
implies only a division of the magnitudes into the same number of equal 
parts. Thus, if two given lines are trebled, the trebles of the lines are 
equimultiples of the two lines: aud if a given line and a given triangle be 
trebled, the trebles of the gine and triangle are equimultiples of the line 
and triangle: as (vr. l. fig.) the straight line HC and the triangle 4HC 
are equimultiples of the line BC and the triangle ABC: and in the same 
manner, (vr. 33. fig.) the are EN and the angle EHN are equimultiples of 
the are EF and the angle EHF. 

Def. 1n.  Aoyos écTi do peyebov dpoyevay Å kard myàióTyTa mpos 
@\AnXa mord extas, By this definition of ratio is to be understood the con- 
ception of the mutual relation of two magnitudes of the same kind, as two 
straight lines, two angles, two surfaces, or two solids. To prevent any 
misconception, Def. 1v. lays down the criterion, whereby it may be known 
what kinds of magnitudes can have a ratio to one another; namely, 
Aoyov éxew mpos @AAnva peyéedn A€yerat, d duvatat wod\daTAaotafoueva 
adAAijAwy umepexerv. | ** Magnitudes are said to have a ratio to one another, 
which, when they are multiplied, can exceed one another ;"" in other words, 
the magnitudes which are capable of mutual comparison must be of the 
same kind. ‘The former of the two terms is called the antecedent ; and the 
latter, the consequent of the ratio. If the antecedent and consequent are 
equal, the ratio is called a ratio of equality ; butifthe antecedent be greater 
or less than the consequent, the ratio is called a ratio of greater or of less 
inequality. Care must be taken not to confound the expressions ‘ratio 
of equality’’,and ‘‘ equality of ratio;" the former is applied to the terms 
ofaratio when they, the antecedent and consequent, are equal to one 
another, but the latter, to two or more ratios, when they are equal, 

Arithmetical ratio has been defined to be the relation which one number 
bears to another with respect to guotity; the comparison being made by 
considering what multiple, part or parts, one number is of the other. 
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l An arithmetical ratio, therefore, is represented by the quotient which 
arises from dividing the antecedent by the consequent of the ratio ; or by 
the fraction which has the antecedent for its numerator and the consequent 
for its denominator. Hence it will at once be obvious that the properties 
of arithmetical ratios will be made to depend on the properties of fractions, 

It must ever be borne in mind that the subject of Geometry is not 
number, but the magnitude of lines, angles, surfaces, and solids ; and its 
object is to demonstrate their properties by a comparison of their absolute 
and relative magnitudes., 

Also, in Geometry, multiplication is only a repeated addition of the same 
magnitude ; and division is only a repeated subtraction, or the taking of a 
less magnitude successively from a greater, until there be either no re- 
mainder, or a remainder legg than the magnitude which is successively 
subtracted. 

The Geometrical ratio of any two given magnitudes of the same kind 
will obviously be represented by the magnitudes themselves; thus, the 
ratio of two lines is represented by the lengths of the lines themselves; 
and, inthe same manner, the ratio of two angles, two surfaces, or two 
solids, will be properly represented by the magnitudes themselves, 

In the definition of ratio as given by Euclid, all reference to a third 
magnitude of the same geometrical species, by means of which, to compare 
the two, whose ratio is the subject of conception, has been carefully 
avoided. The ratio of the two magnitudes is their relation one to the other, 
without the intervention of any standard unit whatever, and all the pro- 
positions demonstrated in the Fifth Book respecting the equality or ine- 
quality of two or more ratios, are demonstrated independently of any know- 
ledge of the exact numerical measures of the ratios; and their generality 
includes all ratios, whatever distinctions may be made, as to the terms of 
them being commensurable or incommensurable. 

In measuring any magnitude, it is obvious that a magnitude of the 
same kind must be used ; but the ratio of two magnitudes may be measured 
by every thing which has the property of quantity. Two straight lines 
will measure the ratio of two triangles, or parallelograms (vi. 1. fig.) : and 
two triangles, or two parallelograms will measure the ratio of two straight 
lines. It would manifestly be absurd to speak of the line as measuring 
the triangle, or the triangle measuring the line. (See notes on Book 11.) 

The ratio of any two quantities depends on their relative and not their 
absolute magnitudes; and it is possible for the absolute magnitude of two 
quantities to be changed, and their relative magnitude to continue the 
same as before; and thus, the same ratio may subsist between two given 
magnitudes, and any other two of the same kind. 

In this method of measuring Geometrical ratios, the measures of the 
ratios are the same in number as the magnitudesthemselves. It has how- 
ever two advantages; first, it enables us to pass from one kind of magni- 
tude to another, and thus, independently of any numerical measure, to 
institute a comparison between such magnitudes as cannot be directly 
compared with one another: and secondly, the ratio of two magnitudes 
of the same kind may be measured by two straight lines, which form a 
simpler measure of ratios than any other kind of magnitude. 

But the simplest method of all would be, to express the measure of the 
ratio of two magnitudes by one; but this cannot be done, unless the two 
magnitudes are commensurable, If two lines AB, CD, one of which AB 
contains 12 units of any length, and the other CD contains 4 units of the 
same length ; then the ratio of the line AB to the line CD, is the same as the 
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ratio of the number 12 to 4, Thus, two numbers may represent the ratio 
of two lines when the lines are commensurable. In the same manner, two 
numbers may represent the ratio of two angles, two surfaces, or two solids. 

Thus, the ratio of any two magnitudes of the same kind may be ex- 
pressed by two numbers, when the magnitudes are commensurable. By 
this means, the consideration of the ratio of two magnitudes is changed to 
the consideration of the ratio of two numbers, and when one number is 
divided by the other, the quotient will be a single number, or a fraction, 
which will be a measure of the ratio of the two numbers, and therefore of 
the two quantities. If 12 be divided by 4, the quotient is 3, which mea- 
sures the ratio of the two numbers 12 and 4. Again, if besides the ratio 
of the lines 4 B and CD which contain 12 and 4 units respectively, we con- 
sider two other lines EF and GH which contain 9 and 3 units respectively ; 
it is obvious that the ratio of the line EF to GH is the same as the ratio 
of the number 9 to the number 3. And the measure of the ratio of 9 to 
3is 3. That is, the numbers 9 and 3 have the same ratio as the numbers 
12 and 4. 

But this is a numerical measure of ratio, and can only be applied strictly 
when the antecedent and consequent are to one another as one number to 
another, 

And generally, if the two lines 4B, CD contain a and ò units respec- 
tively, and g be the quotient which indicates the number of times the 
number 6 is contained in a, then g is the measure of the ratio of the two 
numbers a and b: and if EF and GH contain e and d units, and the number 
d be contained çq times in c: the number a has to b the same ratio as the 
number c has to d. 

This is the numerical definition of proportion, which is thus expressed 
in Euclid's Elements, Book vit, definition 20. ** Four numbers are pro- 
portionals when the first is the same multiple of the second, or the same 
part or parts of it, as the third is of the fourth." . This definition of the 
proportion of four numbers, leads at once to an equation : 


3 ; ` a 
for, since a contains b, q times; P744 
i | ; c 
and since c contains d, g times ; j^ 


therefore - : which is the fundamental equation upon which all the 


reasonings on the proportion of numbers depend. 

If four numbers be proportionals, the product of the extremes is equal 
to the product of the means. 

For if a, b, c, d be proportionals, or a : 6 :: c : d. 


Then ; = =; 
Multiply these equals by 5d, 
~ abd cbd 
—— 


or, ad = be, 
that is, the product of the extremes is equal to the product of the means. 
And conversely, If the product of the two extremes be equal to the 
product of the two means, the four numbers are proportionals. 
For if a, b, c, d, be four quantities, 
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| such that ad = be, 


" then dividing these equals by bd, therefore - - $, 
and a:5::c:d, 
- or the first number has the same ratio to the second, as the third has to 
the fourth. 

If c = b, then ad = bf; and conversely if ad = b?: then ; = +: 

These results are analogous to Props. 16 and 17 of the Sixth Book. 

Sometimes a proportion is defined to be the equality of two ratios. 

Def. viri declares the meaning of the term analogy or proportion. The 
ratio of two lines, two angles, two surfaces or two solids, means nothing 
more than their relative magnitude in contradistinction to their absolute 
magnitudes ; and asimilitude or likeness of ratios implies, at least, the two 
ratios of the four magnitudes which constitute the analogy or proportion, 

Def. rx states that a proportion consists in three terms at least; the 
meaning of which is, that the second magnitude is repeated, being made 
the consequent of the first, and the antecedent of the second ratio. It is 
also obvious that when a proportion consists of three magnitudes, all three 
are of the same kind. Def. v1 appears only to be a further explanation 
of what is implied in Def. vir. 

Def. v. Proportion having been defined to be the similitude of ratios, 
or more properly, the equality or identity of ratios, the fifth definition lays 
down a criterion by which two ratios may be known to be equal, or four 
magnitudes proportionals, without involving any inquiry respecting the 
four quantities, whether the antecedents of the ratios contain or are con- 
tained in their consequents exaetly ; or whether there are any magnitudes 
which measure the terms of the two ratios. "The criterion only requires, 
that the relation of the equimultiples expressed should hold good. not 
merely for any particular multiples, as the doubles or trebles, but for any 
multiples whatever, whether large or small. 

This criterion of proportion may be applied to all Geometrical magni- 
tudes which can be multiplied, that is, to all which can be doubled, trebled, 
quadrupled, &c. Butit must be borne in mind, that this criterion does 
not exhibit a definite measure for either of the two ratios which constitute 
the proportion, but only, an undetermined measure for the sameness or 
equality of the two ratios. The nature of the proportion of Geometrical 
magnitudes neither requires nor admits of a numerical measure of either 
of the two ratios, for this would be to suppose that all magnitudes are 
commensurable, Though we know not the definite measure of either of 
the ratios, further than that they are both equal, and one may be taken as 
the measure of the other, yet particular conclusions may be arrived at by 
this method : for by the test of proportionality here laid down, it can be 
proved that one magnitudes greater than, equal to, or less than another: 
that a third proportional can be found to two, and a fourth proportional 
to three straight lines, also that a mean proportional can be found be- 
tween two straight lines: and further, that which is here stated of 
straight lines may be extended to other Geometrical magnitudes. 

The fifth definition is that ofequal ratios. The definition of ratio itself 
(defs. 3, 4) contains no criterion by which one ratio may be known to be 
equal to another ratio: analogous to that by which one magnitude is 
known to be equal to another magnitude (Euc. 1. Ax. 8). The preceding 
definitions (3, 4) only restrict the conception of ratio within certain limits, 
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but lay down no test for comparison, or the deduction of properties. All 
Euclid’s reasonings were to turn upon this comparison of ratios, and 
hence it was competent to lay down a criterion of equality and inequality 
of two ratios between two pairs of magnitudes. In short, his effective de- 
finition is a definition of proportionals. 

The precision with which this definition is expressed, considering the 
number of conditions involved in it, is remarkable. Like all complete 
definitions the terms (the subject and predicate) are convertible: that is, 

(a) Iffour magnitudes be proportionals, and any equimultiples be 
taken as prescribed, they shall have the specified relations with respect 
to ''greater, greater," &c. 

(b) If of four magnitudes, two and two of the same Geometrical 
Species, it can be shewn that the prescribed equimultiples being taken, 
the conditions under which those magnitudes exist, must be such as to 
fulfil the criterion ‘‘ greater, greater, &c."; then these four magnitudes 
shall be proportionals. 

It may be remarked, that the cases in which the second part of the 
criterion (** equal, equal”) can be fulfilled, are comparatively few: namely 
those in. which the given magnitudes, whose ratio is under consideration, 
are both exact multiples of some third magnitude—or those which are 
called commensurable. When this, however, is fulfilled, the other two will 
be fulfilled as a consequence of this. When this is not the case, or the 
magnitudes are incommensurable, the other two criteria determine the pro- 
portionality. However, when no hypothesis respecting commensur- 
ability is involved, the contemporaneous existence of the three cases 
(** greater, greater; equal, equal; less, less’’) must be deduced from the 
hypothetical conditions under which the magnitudes exist, to render the 
criterion valid. 

With respect to this test or criterion of the proportionality of four 
magnitudes, it has been objected, that it is utterly impossible to make 
trial of adi the possible equimultiples of the first and third magnitudes, 
and also of the second and fourth, It may be replied, that the point in 
question is not determined by making such trials, but by shewing from 
the nature of the magnitudes, that whatever be the multipliers, if the 
multiple of the first exceeds the multiple of the second magnitude, the 
multiple of the third wi exceed the multiple of the fourth magnitude, 
and if equal, will be equal; and if less, wili be less, in any case which 
may be taken. 

The Arithmetical definition of proportion in Book vir, Def. 20, even 
if it were equally general with the Geometrical definition in Book v, Def. 
5, is by no means universally applicable to the subject of Geometrical 
magnitudes. The Geometrical criterion is founded on multiplication, 
which is always possible. When the magnitudes are commensurable, the 
multiples of the first and second may be equal or unequal; but when the 
magnitudes are incommensurable, any multiples whatever of the first and 
second must be unequal; but the Arithmetical criterion of proportion is 
founded on division, which is not always possible. Euclid has not shewn 
in Book v, how to take any part of a line or other magnitude, or that the 
two terms of a ratio have a common measure, and therefore the numerical 
definition could not be strictly applied, even in the limited way in which 
it may be applied. 

Number and Magnitude do not correspond in all their relations; and 
hence the distinction between Geometrical ratio and Arithmetical ratio; 
the former is a comparision kata wyAikéTyTa, according to quantity, but 
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the latter, according to quotity. The former gives an undetermined, 
though definite measure, in magnitudes; but the latter attempts to 
give the exact value in numbers, 

The fifth book exhibits no method whereby two magnitudes may be 
determined to be commensurable, and the Geometrical conclusions de- 
duced from the multiples of magnitudes are too general to furnish a 
numerical measure of ratios, being all independent of the commensura- 
bility or incommensurability of the magnitudes themselves. 

It is the numerical ratio of two magnitudes which will more certainly 
discover whether they are commensurable or incommensurable, and 
hence, recourse must be had to the forms and properties of numbers. 
All numbers and fractions are either rational or irrational, It has been 
seen that rational numbers and fractions can express the ratios of Geo- 
metrical magnitudes, when they are commensurable. Similar relations 
cf incommensurable magnitudes may be expressed by irrational numbers, 
1f the Algebraical expressions for such numbers may be assumed and 
employed in the same manner as rational numbers. The irrational 
expressions being considered the exact and definite, though undeter- 
mined, values of the ratios, to which a series of rational numbers may 
successively approximate, 

Though two incommensurable magnitudes have not an assignablenume- 
rical ratio to one another, yet they have a certain definite ratio to one 
another, and two other magnitudes may have the same ratio as the first 
two: and it will be found, that, when reference is made to the numerical 
value of the ratios of four incommensurable magnitudes, the same irra- 
tional number appears in the two ratios. 

The sides and diagonals of squares can be shewn to be proportionals, 
and though the ratio of the side to the diagonal is represented Geome- 
trically by the two lines which form the side and the diagonal, there is 
no rational number or fraction which will measure exactly their ratio. 

If the side of a square contain «a units, the ratio of the diagonal to the 
side is numerically as 4/2 to 1; and if the side of another square contain 
b units, the ratio of the diagonal to the side will be found to be in the 
ratio of /2 10 1. Again, the two parts of any number of lines which 
may be divided in extreme and mean ratio will be found to be respectively 
in the ratio of the irrational number 4/5—1 to 3— 4/5. Also, the 
ratios of the diagonals of cubes to the diagonals of one of the faces will 
be found to be in the irrational or incommensurate ratio of / 3 toy 2. 

Thus it will be found that the ratios of all incommensurabie magni- 
tudes which are proportionals do involve the same irrational numbers, 
and these may be used as the numerical measures of ratios in the same 
manner as rational numbers and fractions. 

It is not however to such enquiries, nor to the ratios of magnitudes 
when expressed as rational or irrational numbers, that Euclid’s doctrine 
of proportion is legitimately directed. There is no enquiry into what a 
ratio is in numbers, but whether in diagrams formed according to assigned 
conditions, the ratios between certain parts of the one are the same as 
the ratios between corresponding parts of the other. Thus, with respect 
to any two squares, the question that properly belongs to pure Geometry 
ist—whether the diagonals of two squares have the same ratio as the 
sides of the squares? Or whether the side of one square has to its 
diagonal, the same ratio as the side of the other square has to its diagonal ? 
Or again, whether in Euc. vr. 2, when BC and DE are parallel, the line 
DD has to the line DA, the same ratio that the line (E has to the line 
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AE? "There is no purpose on the part of Euclid, to assign either of these 
ratios in numbers: but only to prove that their universal sameness is 
inevitably a consequence of the original conditions according to which 
the diagrams were constituted. ‘There is, consequently, no introduction 
of the idea of incommensurables: and indeed, with such an object as 
Euclid had in view, the simple mention of them would have been at least 
irrelevant and superfluous. lfhowever it be attempted to apply numeri- 
eal considerations to pure geometrical investigations, incommensurables 
will soon be apparent, and difficulties will arise which were not foreseen. 
Euclid, however, effects his demonstrations without creating this arti- 
ficial difficulty, or even recognising its existence. Had he assumed a 
standard unit of length, he would have involved the subject in numeri- 
cal considerations; and entailed upon the subject of Geometry the 
almost insuperable difficulties which attach to all such methods. 

It cannot, however, be too strongly or too frequently impressed upon 
the learner’s mind, that all Euclid’s reasonings are independent of the 
numerical expositions of the magnitudes concerned, That the enquiry 
as to what numerical function any magnitude is of another, belongs not 
to Pure Geometry, but to another Science. ‘The consideration of any 
intermediate standard unit does not enter into pure Geometry; into 
Algebraic Geometry it essentially enters, and indeed constitutes the funda- 
mental idea, ‘The former is wholly free from numerical considerations ; 
the latter is entirely dependent upon them. 

Def. vii is analogous to Def, 5, and lays down the criterion whereby 
the ratio of two magnitudes of the same kind may be known to be greater 
or less than the ratio of two other magnitudes of the same kind. 

Def. x1 includes Def. x. as three magnitudes may be continued pro- 
portionals, as well as four or more than four. In continued proportionals, 
all the terms except the first and last, are made successively the consc- 
quent of one ratio, and the antecedent of the next; whereas in other 
proportionals this is not the case. 

A series of numbers or Algebraical quantities in continued proportion, 
is called a Geometrical progression, from the analogy they bear to a series 
of Geometricul magnitudes in continued proportion. 

Def. 4, The term compound ratio was devised for the purpose of 
avoiding cireumlocution, and no difficulty can arise in the use of it, if 
its exact meaning be strictly attended to. 

With respect to the Geometrieal measures of compound ratios, three 
straight lines may measure the ratio of four, as in Prop. 23, Book vi. 
For K to L measures the ratio of BC to CG, and L to M measures the 
ratio of DC to CE; and the ratio of K to Mis that which is said to be 
compounded of the ratios of K to L, and L to M, which is the same as the 
ratio which is compounded of the ratios of the sides of the parallelograms. 

Both duplicate and triplicate ratio are species of compound ratio. 

Duplicate ratio is a ratio compounded of two equal ratios; and in the 
case of three magnitudes which are continued proportionals, means the 
ratio of the first to a third proportional to the first and second. 

Triplicate ratio, in the same manner, is à ratio compounded of three 
equal ratios; and in the case of four magnitudes which are continued 
proportionals, the triplicate ratio of the first to the second means the 
ratio of the first to a fourth proportional to the first, second, and third 
magnitudes. Instances of the composition of three ratios, and of tripli- 
cate ratio, will be found in the eleventh and twelfth books. 

The product of the fractions which represent or measure the ratios 
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of numbers, corresponds to the composition of Geometrical ratios of 
magnitudes. 

It has been shewn that the ratio of two numbers is represented by a 
fraction whereof the numerator is the antecedent, and the denominator 
the consequent of the ratio; and if the antecedents of two ratios be 
multiplied together, as also the consequents, the new ratio thus formed 

‘is said to be compounded of these two ratios; and in the same manner, 
if there be more than two, It is also obvious, that the ratio compounded 
of two equal ratios is equal to the ratio of the squares of one of the ante- 
cedents to its consequent; also when there are three equal ratios, the 
ratio compounded of the three ratios is equal to the ratio of the cubes of 
any one of the antecedents to its consequent. And further, it may be 
observed, that when several numbers are continued proportionals, the 
ratio of the first to the last is equal to the ratio of the product of all the 
antecedents to the product of all the consequents, 

It may be here remarked, that, though the constructions of the pro- 
positions in Book v are exhibited by straight lines, the enunciations are 
expressed of magnitude in general, and are equally true of angles, 
triangles, parallelograms, arcs, sectors, &c. 

The two following azioms may be added to the four Euclid has given. 

Ax. ő. A part ofa greater magnitude is greater than the same part 
of a less magnitude. 

Ax. 6, That magnitude of which any part is greater than the same 
part of another, is greater than that other magnitude, 

The learner must not forget that the capital letters, used generally by 
Euclid in the demonstrations of the fifth Book, represent the magnitudes, 
not any numerical or Algebraical measures of them : sometimes however 
the magnitude of a line is represented in the usual way by two letters 
which are placed at the extremities of the line. 

Prop. rı. Algebraiecally. 

Let each of the magnitudes 4, B, C, &c. be equimultiples of as many 

a, 5, c, &o. 
that is, let A = m times a = ma, 
B = m times b = mb, 
C = m times c - me, &c. 
First, if there be two magnitudes equimultiples of two others, 
Then A + B = ma + mb = m (a + b) = m times (a + b), 
Hence 4 + B is the same multiple of (a -- 5), as A is of a, or B of 5. 
Secondly, if there be three magnitudes equimultiples of three others, 
then 4 -- D 4- C - ma -4- mb -- me — m (a 5 -- c) 
= m times (a + b + c), 
Hence A + B + Cis the same multiple of (a + b 4- c); 
as 4 is of a, B of b, and C of c. 


Similarly, if there were four, or any number of magnitudes. 
Therefore, if any number of magnitudes be equimultiples of as many, 
each of each; what multiple soever, any one is of its part, the same 
multiple shall the first magnitudes be of all the other. 


Prop.x. Algebraically. 
Let 4, the first magnitude, be the same multiple of a, the second, 
as A, the third, is of a, the fourth; and 4, the fifth the same multiple 
fa, the second, as A, the sixth, is of a1 the fourth, 
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That is, let A, = m times a, = m«,, 
4, =m times a, = Ma; 
A, =ntimes a, = na,, 
A,=otimes a, = nay 
Then by addition, A, + A, = may + na, = (m+n) a= (m+n) times a 
and 4s + 4, = Mma, + na, = (m+n) a, = (m+n) times a, 
Therefore A, + A, is the same multiple of a,, as 4, + 4, is of a,. 
That is, if the first magnitude be the same multiple of the second, a 
the third is of the fourth, &e. 
Con, Ifthere be any number of magnitudes 4,, 4,, Ay, &c. multiple 
of another a, such that 4, = ma, 4, = na, dg = pa, &c. 
And as many others B,, Bs, B,, &c. the same multiples of another 
such that B, = mb, B, = nb, Bs = pb, &c. 
Then by addition, A, + 4, + Ma + &c. = ma + na + pe + &c. 
— (m -- n -- p -- &c.) a — (m -- n 4 p 4- &e.) times a: 
and Bı + B,-- B, 4- &c, — mb -- nb 4- pb -- &c, — (m -- n 4: p -- &e.) b 
= (m +n +p 4- &c.) times b: 
that is A, + A, + d; + &c, is the same multiple ofa that 
B, + B, + B, + &c. is of b, 
Prop. 111. Algebraically. 
Let A, the first magnitude, be the same multiple ofa, the second, 
as A, the third, is of a, the fourth, 
that is, let 4, = m times a, = May 
and As = m times Qq} = Ma, 
If these equals be each taken a times, 
then nA, = mna, = mn times ü,» 
and nA, = mna, = Mn times ay 


or 2.A,, NA; each contain a,, a, respectively mn times. 
Wherefore /,, nA, the equimultiples of the first and third, ar 
respectively equimultiples of a, and a,, the second and fourth, 
Prop. 1v. Algebraically. 
Let A,, @, 43, @, be proportionals according to the Algebraic 
definition ; 






that is, let A, : a, :: 4g: a, 


A A 
then — - 23, 


"o uy 


multiply these equals by - , ^ and a being any integers, 


> 


: id, m 4, 


neos wa 





Or m4, : na, :; má, : na. 

That is, if the first of four magnitudes has the same ratio to th 
second which the third has to the fourth ; then any equimultiples what 
ever of the first and third shall have the same ratio to any equimultiple 
of the second and fourth. 
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The Corollary is contained in the proposition itself : 
for if n be unity, then m4, 3 a, 3: MAg: ai 
and if m be unity, also 4, : nag :: 4s : na,. 
Prop. v. Algebraically. 
Let 4, be the same multiple of a;, 
that 44, a part of 4, is of a, a part of a. 
Then 4, — 4, is the same multiple of a, — e, as 4, is of a,: 


For let 4, = m times a, = ma,, 
and As = m times az = ma,, 
then 4, — 4, — ma, — ma, z m (a, — 4,) — m times (a, — a5), 
that is 4, — 4, is the the same multiple of (a, — @,) as 4, is of a,. 
Prop. vri. Algebraically. 
Let 4,, 4, be equimultiples respectively of a,, a, two others, 
that is, let A, = m times a, = mo), 
A, = m times a, = maz, 
Also if B, a part of 4, — n times a, = nay, 
and B, a part of 44, — n times a, = na,. 
Then by taking equals from equals, 
. 4, — B, = ma, — na, = (m—7n) a, = (m — n) times a, 
A, — By = ma, — na, = (m — n) a, = (m — n) times a,: 
that is, the remainders A, — B,, A, — B, are equimultiples of a;, a;, 
respectively. 
And if m — n = 1, then 4, — B, —a, and 4, — B,=4a,: 
or the remainders are equal to @,, a, respectively. 
Prop. A. Algebraically. 
Let Aj, 2, 45, a, be proportionals, 
or Á, € ag i? Ay È ay 
then Aya in 
(o ay 
i 


. * A . A . * 
And since the fraction PE equal to - the following relations 
4 


anly can subsist between 4, and a,; and between 4, and a,. 


First, if A} be greater than aṣ; then A, is also greater than a: 
Secondly, if A, be equal to a,; then 4, is also equal to a,: 
Thirdly, if A, be less than a,; then As is also less than a,: 


Otherwise, the fraction a could not be equal to the fraction a . 
3 ' 
Prop. B. Algebraiecally. 
Let .4,, a,, 4, @, be proportionals, 
on 47:0, $0. Dao 
Then shall a,: 4,::@,: A,. 
For since A, : @ :: Ag: ay, 
: Ai Ar 


b. ^ 
UM a. 
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and if 1 be divided by each of these equals, 


A 4 
+—=1+—, 
e, 
o ^ 
A, 4s" 


and therefore a, : A, :: a, : 4s. 

Prop. c. *'Thisis frequently made use of by geometers, and is necessary 
to the óth and 6th Propositions of the 10th Book. Clavius, in his notes: 
subjoined to the 8th def. of Book 5, demonstrates it only in numbers, by: 
help of some of the propositions of the 7th Book ; in order to demonstrate 
the property contained in tne 5th definition of the 5th Book, when applied 
to numbers, from the property of proportionals contained in the 20th def. 
of the 7th Book: and most ofthe commentators judge it difficult to prove 
that four magnitudes which are proportionals according to the 20th def. 
of the 7th Book, are also proportionals according to the 5th def. of the 
5th Book. But this is easily made out as follows : 

First, if 4, B, C, D, be four magnitudes, such that A is the same 
multiple, or the same part of B, which C is of D: 

Then A, B, C, D, are proportionals: 
this is demonstrated in proposition (c). 
Secondly, if AB contain the same parts of CD that EF does of GH; 
in this case likewise AB is to CD, as EF to GH. 
A B E F 
C K D G L H 
Let CK be a part of CD, and GL the same part of GH; 

and let AB be the same multiple of CK, that EF is of GL: 

therefore, by Prop. c, of Book v, AB is to CK, as EF to GL: 

and CD, GH, are equimultiples of CK, GL, the second and fourth ; 

wherefore, by Cor. Prop. 4, Book v, AB is to CD, as EF to GH. 
And if four magnitudes be proportionals according to the 5th def. of Book v, 
they are also proportionals according to the 20th def. of Book vit. 
First, if A be to B, as C to D; 
then if 4 be any multiple or part of B, C is the same multiple or 
part of D, by Prop. p, Book v. 
Next, if AB be to CD, as EF to GH: 
then if AB contain any part of CD, EF contains the same part of GH: 
A B E F 
M 
C "M5 G b ON 
for let CK be a part of CD, and GL the same part of GH, 
and let 4B bea multiple of CK: 
EF is the same multiple of GL: 
take M the same multiple of GL that 4B is of CK; 
therefore, by Prop. c, Book v, 4B is to CK, as M to GL: 
and CD, GH, are equimultiples of CK, GL; 
wherefore, by Cor. Prop. 4, Book v, AB is to CD, as M to GH. 
And, by the hypothesis, AB is to CD, as EF to GH; 
therefore M is equal to EF by Prop. 9, Book v, i 
and consequently, EF is the same multiple of GL that 4B is of CK. 
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This is the method by which Simson shews that the Geometrical 
definition of proportion is a consequence of the Arithmetical definition, 
and conversely, 


. 0G . 
It may however be shewn by employing the equation — E , and taking 


d 
ma, mc any equimultiples of a and c the first and third, and nd, nd any 
equimultiples of ò and d the second and fourth. 

And conversely, it may be shewn ez absurdo, that if four quantities 
are proportionals according to the fifth definition of the fifth book of 
Euclid, they are also proportionals according to the Algebraical definition. 

The student must however bear in mind, that the Algebraical defini- 
nition is not equally applicable to the Geometrical demonstrations con- 
tained in the sixth, eleventh, and twelfth Books of Euclid, where the 
Geometrical definition is employed. It has been before remarked, that Geo- 
metry is thescience of magnitude and not of number ; and though a sum and 
a difference of two magnitudes can be represented Geometrically, as well 
as a multiple of any given magnitude, there is no method in Geometry 
whereby the quotient of two magnitudes of the same kind can be ex- 
pressed. The idea of a quotient is entirely foreign to the principles of 
the Fifth Book, as are also any distinctions of magnitudes as being com- 
mensurable or incommensurable. As Euclid in Books v11—x has treated 
of the properties of proportion according to the Arithmetical definition 
and of their application to Geometrical magnitudes; there can be no 
doubt that his intention was to exclude all reference to numerical mea- 
sures and quotients in his treatment of the doctrine of proportion in the 
Fifth Book ; and in his applications of that doctrine in the sixth, eleventh 
and twelfth books of the Elements. 

Prop, C. Algebraically. 
Let A,, a, Ay, a, be four magnitudes. 
First let A, = ma, and 4, = ma,: 


Then. A, 3 a, 3: As $64. 





. f, 
For since 4, — ma,, ,, m — —; 
a 
2 
and 4,- ma, ", m — —; 
ei 
A A 
Hence — z —3, 
ünd 44 1.0, €? A, 1.04. 
I I 
Secondly. Let A, = —a,, and 4,2 — a,: 
a "n m 
m A I A 1 
Ihen, as bofore, — = —, and =H = =; 
ft, » 4 ng 
1 A 
A1 
Henee — = —” 


and A; 3 a, :: Ay: a. 
Prop. D. Algebraically. 
Let A), a, Ag, a, be proportionals, 
or 4,:0,:: 4,12, 
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First let A, be a multiple of a,, or A, = m times a, = ma,. 
Then shall 4, = ma, 
For since 4,: a, :: Ag: @y 


" "UN 
LES] s al, 
but since A, = ma,, 
ma A 4 
un — 3, or m=—, 
az a as 


and 4, ma,. 
Therefore the third A, is the same multiple of a, the fourth. 


1 
Secondly. If A, = : a,, then shall A, = 5, 


y A A 
For since —! = —3; 
az 


a4 
1 A 1 
and A; = -— ds, s = X. 
2 
A 
, O22 -,and A,- -a: 
a m m 


wherefore, the third A, is the same part of the fourth ay. 
Prop. vir. is so obvious that it may be considered axiomatic. Also 
Prop. viri. and Prop. 1x. are so simple and obvious, as not to require 


algebraical proof. 
Prop. x. Algebraically. 
Let A, have a greater ratio to a, than A, has to a. 
Then A, > A,. 
A, 


For the ratio of A, to a is represented by a? 


and the ratio of A, to a is represented by a d 


and since di > As : 
a a 
It follows that A, > A, 


Secondly. Let a have to A, a greater ratio than a has to .4,. 
Then A, < A). 


For the ratio of a : A, is represented by 1 , 
, 


and the ratio of a: A, is represented by A , 
4y 


dsi a g a 
and since —- — 
A, A 1 


dividing these unequals by a, 
| i3 
* s A, > A,” 
and multiplying these unequals by A,. Ay 
e. A, > As, 
or A, < Ap 
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Prop. xı. Algebraically. 
Let the ratio of 4, : e, be the same as the ratio of 4, : a,, 
and the ratio of 4, : a, be tke same as the ratio of 4, : a,. 


Then the ratio of 4, : a, shall be the same as the ratio of A; : a, 
For since 4; : à :: 44:44, 


1. 44] x 43 
— 
and since 43: @,:: As: dy, 
Ad 4, 
“* Lu i 
Wace e 
a, a; 


and <A, : @ 33 4,3 a 
Prop. xit. Algebraically. 
Let Aj, @,, As, a, 4,. @, be proportionals, 
so that 4d1:85:: 43:0, :: A, 16, 
Then shall 4, : a4 :: 4, + A3 + 4, : a} + a4 4 ay. 


For since 44:05 :: ds 10, :2 4, : ay 


4, 4, A, 
i» e. « Oy as i 
ad, oido; 
And‘. ze a, » vs Aa, = 0,4, 
A A 
= — Il, f+ A186 = (44d, 


a. a6 
also Al, = QA; 
Hence A, (a, + a + a) = a, (A; + As + A,), by addition, 
and dividing these equals by a, (a5 4- &4 4- a;), 
4, _A,+ As + 4s, 
and A,:a,::Ay+ As + Agia, + agt ao 

Prop. xi. Algebraically. 

Let Ais ay, Ag Qy A4,, a4, be six magnitudes, such that A, : 45:: Ag: m 
but that the ratio of 4, : a, is greater than the ratio of 4, : «,. 
Then the ratio of A, : a, shall be greater than the ratio of 4, : a,. 


A A 
For since A, : a,:: Ay: % Ue sn 
. A A 
but since A, : a, > Ag 14, .. — 2 —. 
a ae 
A A 
Hence — > —. 
ag Ms 


That is, the ratio of A,: a,is greater than the ratio of 4, : a,. 
Prop. xiv. Algebraically. 
Let A,, as, Ag, a4, be proportionals, 
Then if 4, » 4, then a, » a, and if equal, equal; and if less, less. 
Forsince 4, : a4 :: 43 : a4, 


. 41 _ As 
is dé; 4 


Mō 
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Multiply these equals by 7; 
Ay Go E 


>.. A, = ho 
and because these fractions are always equal, 
if A, be > A, then a, must be greater than ay 
for if a, were not greater than ad, 


the fraction —* could not be equal to 2i ; 
a, A, 
which would be contrary to the hypothesis. 
In the same manner, 
if A, be = A, then a, must be equal to ay 
and if A; be < Ay a, must be less than a4. 
Hence, therefore. if &c. 
Prop, xv. Algebraically. 
Let A., a, be any magnitudes of the same kind, 
Then Aj: agii mA : ma, 
mA, and ma, being any ORGA of A, and a. 


A 
For A = 
Pes a 
and since the numerator and denominator of a fraction may be mul- 
tiplied by the same number without altering the value of the fraction. 
å mA, 
** d = Mig 
and A) $ ag: mA,: may. 
Prop. xvi. n 
Let Aj, a, A,, a be four magnitudes of the same kind, which are 
proportionals, 
d. a, As ee 
Then these shall be proportionals when taken alternately, that is, 
pup Big mom 
For since 41:25 :: A4 :a4, 


A A 
"honos — 7 


Multiply these equals by 3 1 
3 
Ar % 


ie sat 
and AM A a 2 a4. 
Prop, xvit. Algebraically. 
Let A, + a» ua As + a4, a be proportionals, 
then Ais ay» A, a, shall be proportionals. 
For since 4) + 25:025 :: 44 -F 04104, 

. A, Ts Ag+ %, 
93 84 

or Ay +1 = * +1, 
tg ls 


* 
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and taking 1 from each of these equals, 
au ty” 
and A; 3 @2 3: Ag G4. 
Prop. xvrir, is the converse of Prop. xvir. 
The following is Euclid's indirect demonstration. 
Let AE, EB, CF, FD be proportionals, 
that is, as AE to EB, so let CF be to FD: 
then these shall be proportionals also when taken jointly : 
that is, as 4B to BE, so shall CD be to DF. 
A E B 
Cy PQN 


For if the ratio of AB to BE be not the same as the ratio of CD to DF; 
the ratio of AB to BE is either greater than, or less than the ratio of 
CD to DF. 
First, let AB have to BE a less ratio than CD has to DF; 
and let DQ be taken so that AB has to BE the same ratio as CD to DQ: 
and since magnitudes when taken jointly are proportionals, 
they are also proportionals when taken separately ; (v. 17.) 
therefore AE has to EB the same ratio as CQ to QD; 
but, by the hypothesis, AE has to EB the same ratio as CF to FD; 
therefore the ratio of CQ to QD is the same as the ratio of CF to FD. (v.11.) 
And when four magnitudes are proportional, if the first be greater than 
the second, the third is greater than the fourth ; and ifequal, equal; and 
ifless, less; (v. 14.) but CQ is less than CF, 
therefore QD is less than FD; which is absurd. 
Wherefore the ratio of AB to BE is not less than the ratio of CD to DF; 
that is, AB has the same ratio to BE as CD has to DF. 
Secondly. By a similar mode of reasoning, it may likewise be shewn, 
that 4B has the same ratio to BE as CD has to DF, if 4B be assumed to 
have to BE a greater ratio than CD has to DF. 
Prop. xvi, Algebraically. 
Let Aie dg 3: As: a, 
Then 4, + @,:@,:: 4g + Q: ay 
For since 4; : a, :: 43: a4, 


— 
>. a, a, , 
and adding 1 to each of these equals ; 
A A 
OE 348 8 T, 
Ast. @ Ax + a 
or, E a * 


and A, + @,:@,:: A,+ a4: a. 
Prop. xix. Algebraically. 
Let the whole 4, have the same ratio to the whole A,, 
as a; taken from the first, is to a, taken from the second, 
that is, let 4, : 44 :: a4: a,. 
Then A; — @ : 4,— 85 1: Ar: Ap. 


A 
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For since 41 : A, 3: a è ay 


A, 8, 
es Moe d. 


Multiplying these equals by A, 
1 
A, xo a Ag . 





4 a, 9 —— h^ P3 $ 
or ^ = " 
G1 a 

and subtracting 1 from each of these equals, 
* a, 3 , 
or, A, = % „f pau 
p^ az 
and multiplying these equals b 9 


. — — 
> = 


A, & 
bu A, = a, 
* A, — € A, 


TW A, — a, A; a 
Cor. Af 4,5. 1790, dg 
Then 4,—2a,: 4,— 3:1: 4, täy is found proved in the preceding 
process. 
Prop. E. Algebraically. 
Let A, 2 @, 2: Ag? @& 5 
: ThenshallA,:4,—203,:: 4,: 4, — a4. 
For since 4,:0,:: £y $ ay 
A,_ A, 
m i." 
subtracting 1 from each of these equals, 
A, A 


a, O; 


A, . 44 — 03 — a d. 





te 
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LN Ag 
A, — a A, — a, 
and Ai: * A, — 05: oe Az: A, ~ a, 
Prop. xx. Algebraically. 
Let A A» A be three magnitudes, and @, a, a3, other three, 
such that Ai s v. 1204103 
and A, : A; + iy? 
if A, > A then shall Qi 2 Ay 
and if equal, equal; and if less, less, 
i A a 
Since 4,:4,::0, 105, .'. m e 
A, € 
b 


- 


also since 4, : 44 :: 0, 105, ,*, — —— 
A, a 








or 


3 
and multiplying these equals, 
x re or 209 


"A m^ a 
A, G 
whee, 


A, 
and since the fraction A, is equal to i 


az’ 
and that A, > Ag: 
It follows that a, is > 93. 
In the same way it may be shewn 
that if 4, = A5 then a, — a4; and if A, be < A;, then a, € as. 
Prop.xxr. Algebraically. 
Let A), A» Az be three magnitudes, 
and a, a» as three others, 
such that A,: A, * M Qs, 


and Anns Az 2* 
If A, > A,, then shall a, > az, and if ped "di; and if less, less. 
A 
For since A; $ A $i My: aa, e me. 
A, ag 
As- & 


and since 4, : 44 :: 44:1 09, se = =. 
43 0, 


Multiplying these equals, 
45 4 Se 


at^ d ap Be 


: NS C. a 
and since the fraction ds equal to x s 
3 


3 
and that 4, » 4}. 
It follows that also a, > ay. 


Similarly, it may be shewn, that if A, = A, then a, = 43; 
and if A; < A}, also Py < a3. 
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Prop. xxm.  Algebraically. 
Let A Az A, be three magnitudes, 
and da, @, a, other three, 
such that 4, : 4, :: 04:05, 
and <A, ; Az i: dy? ay 
Then shall A, : 4; :: a, : 25. 


For since 4,:4,::a,:a, .'. 4 ac 


A, a,’ 
and since 44, : 5 :: a3: as, ,', a - 2. 
3 3 


Multiply these equals, 
A A 
a, Cou me... "73 


and A, : A3:: a, : a. 
Next if there be four magnitudes, and other four such, that 
zi > Ag 3: at th, 
> Ag i: Qg i azs 
F A4 1:103 5 04. 
Then shall A, : 4, :: a, : a. 


: A, @ 
For since A,: Agi: ay è ay ss Co 
Az % 
Ag: Ay tt ay t sy, “A, ED 
A, g 
Ast Aa ita td So. 
3 i Mi 


Multiplying these equals, 
A, 45 S aie e 
x — X X X es 


"4d Ag Ag 00 0 4 
Ay 0 
"Tt 
and 4,: Ay: a: ay, 
and similarly, if there were more than four magnitudes, 
Prop. xxin. Algebraically. 
Let A; An A; be three magnitudes, 
and a), a4, a; other three, 
such that 4, : 45 :: 44 : a4, 
and 4A, :.44 :: 04 : 05. 
| Then shall A, : Ag :: a: i 


For since A, : Agi! G3 Gg ds 


or 


2-5 
Az d. 
A, a, 
and since 4; : 5 :: a, : 65, ^ zi 
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Multiplying these equals, 
4i 5. 0. 


.. x x 
4; A3 20? 4 


or A ur 
Asz p a, 


ang At’: Ag?: @, 2 04 
If there were four magnitudes, and other four, 
such that A, : Ay i: a: a, 
Ay: Ag? Gy: a, 
4A, : 44 :: 04 : 0S. 
Then shall also 4, : 4, :: 04 : a4. 


; A 
Forsince d, : A, $: ag i 04  ,". T. 2 
A, Aa 
A, : Ag 23 dat ayy — — 
4 a 
A,: Agiiaqia 7, =, 
2 4 1 A, 4 


Multiplying these equals, 
A, As As _ % mm 


EE — X — zm o 


=" A, A; d, Q4 Qs n 


A, e. 
or — =— 
As a,’ 


* A, : A, $2012: 04 
and similarly, if there be more than four magnitudes. 

Prop. xxiv. Algebraically. 

Let 41:25 11.45: a4, 

and A, : a, :: 4,50, 

Then shall A, + 45:45 5: 45 -- A, : ay. 

Ay _ Ay 
ay 24 
A Ari 


and since A,;:@,::A,iay .°. — 
fe 46 


Divide the former by the latter of these equals, 
w a 0, a 
A, a, da wy 


For since A, : a, 3: Aziaqy, s 


a 
spay 2 
-* A, a A, , 
adding 1 to each of these equals, 
. A, hdi A, 
“* A, + l= A, + l, 


AtA +A 
or HHA SE, 
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Me A 
and — = —!, 
a, 9, 


Multiply these equals together, 
Aide M AtA ds 


UA A, e» A, ay : 
Or 4, t4. ds EET 
Q^ a 


and ,, A; + A, è ag ii Az + Ag t 0. 
Cor. 1. Similarly may be shewn, that 
A, — Asi ati As — Ao: ay. 
Prop. xxv. Algebraically. 
Let A, : @ 3: As: ay, 
and let A, be the greatest, and consequently a, the least. 
Then shall A, + a, > @ + Á 
Since A; : @ 3: Ag: ay, 


A As 
s ma 
Multiply these equals by T ; 
^ 
A UE 


a or 
subtract 1 from each of these equals, 


4 FT x 1 ~- EIF 
Ag @, l, 
or 4T IUS 
4; ay 
Multiplying these equals by ca , 
* 
444 
2* a, 5 à, — a, , 
A 
but — = 4s j 
ruf s —— —⏑— 
s. a, - d, Qo ? 


but A, > @, '.' A; is the greatest of the four magnitudes, 
“. also A, — A; > a, — ay 
add A, + a, to each of these equals, 
o. Ay + ay >a + Az. 


**'The whole of the process in the Fifth Book is purely logical, that is, 
the whole of the results are virtually contained in the definitions, in the 
manner and sense in which metaphysicians (certain of them) imagine all 
the results of mathematics to be contained in their dcfinitions and hypo- 
theses. No assumption is made to determine the truth of any conse- 
quence of this definition, which takes for granted more about number or 
magnitude than is necessary to understand the definition itself, The 
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latter being once understood, its results are deduced by inspection—of 
itself only, without the necessity of looking at any thing else. Hence, 
a great distinction between the fifth and the preceding books presents 
itself, The first four are a series of propositions, resting on different fun- 
damental assumptions; that is, about different kinds of magnitudes, 
The fifth is a definition and its developement; and ifthe analogy by which 
names have been given in the preceding Books had been attended to, the 
propositions of that Book would have been called corollaries of the defini- 
ton,  — Connexion of Number and Magnitude, by Professor De Morgan, p.56. 

The Fifth Book of the Elements as a portion of Euclid’s System of 
Geometry ought to be retained, as the doctrine contains some of the most 
important characteristics of an effective instrument of intellectual Educa- 
tion. This opinion is favoured by Dr, Barrow in the following expressive 
terms: ‘‘ There is nothing in the whole body of the Elements of a more 
subtile invention, nothing more solidly established, or more accurately 
handled than the doctrine of proportionals,”’ 


QUESTIONS ON BOOK V. 


1. ExPLAIN and exemplify the meaning of the terms, multiple, sub- 
multiple, equimultiple. 

2. What operations in Geometry and Arithmetic are analogous? 

3. What are the different meanings of the term measure in Geometry ? 
When are Geometrical magnitudes said to have a common measure? 

4, When are magnitudes said to have, and not to have, a ratio to one 
another? What restriction does this impose upon the magnitudes in 
regard to their species? 

5. When are magnitudes said to be commensurable or incommensur- 
able to each other? Do the definitions and theorems of Book v, include 
incommensurable quantities ? 

6. Whatis meant by the term geometrical ratio? How isit represented ? 

7. Why does Euclid give no independent definition of ratio ? 

8. What sort of quantities are excluded from Euclid’s idea of ratio, 
and how does his idea of ratio differ from the Algebraic definition? 

9. How is a ratio represented Algebraically? Is there any distinction 
between the terms, a ratio of equality, and equality of ratio? 

10. In what manner are ratios, in Geometry, distinguished from each 
other as equal, greater, or less than one another? "What objection is 
there to the use of an independent definition (properly so called) of ratio 
in a system of Geometry? 

ll. Point out the distinction between the geometrical and algebraical 
methods of treating the subject of proportion. 

12, What is the geometrical definition of proportion? Whence arises 
the necessity of such a definition as this? 

13. Shew the necessity of the qualification “ any whatever’’ in Euclid's 
definition of proportion. 

14, Must magnitudes that are proportional be all of the same kind ? 

15. To what objection has Euc. v. def, 5, been considered liable ? 

16. Point out the connexion between the more obviqus definition of 
proportion and that given by Euclid, and illustrate clearly the nature of 
the advantage obtained by which he was induced to adopt it. 

17. Why may not Euclid's definition of proportion be superseded in 
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a system of Geometry by the following: ** Four quantities are propor- 
tionals, when the first is the same multiple of the second, or the same 
part of it, that the third is of the fourth ?” 

18. Point out the defect of the following definition: ** Four magni- 
tudes are proportional when equimultiples may be taken of the first and 
the third, and also of the second and fourth, such that the muitiples of 
the first and second are equal, and also those of the third and fourth." 

19, Apply Euclid’s definition of proportion, to shew that if four quan- 
tities be proportional, and if the first and the third be divided into the 
same arbitrary number of equal parts, then the second and fourth willeither 
be equimultiples of those parts, or will lie between the same two suc- 
cessive multiples of them. 

20. The Geometrical definition of proportion is a consequence of the 
Algebraical definition ; and conversely. 

21. What Geometrical test has Euclid given to ascertain that four 
quantities are not proportionals? What is the Algebraical test? 

22. Shew in the manner of Euclid, that theratio of 15 to 17 is greater 
than that of 11 to 13. 

23. How far may the tifth definition of the fifth Book be regarded as 
an axiom? Is it convertible? 

24. Def. 9, Book v. ‘‘ Proportion consists of three terms at least.” 
How is this to be understood ? 

25. Define duplicate ratio. How does it appear from Euclid that the 
duplicate ratio of two magnitudes is the same as that of their squares? 

26, When is a ratio compounded of any number of ratios? What is 
the ratio which is compounded of the ratios of 2 to 5, 3 to 4, and 6 to 6? 

27. By what process is a ratio found equal to the composition of two 
or more given ratios? Give an example, where straight lines are the 
magnitudes which express the given ratios. 

28. What limitation is there to the alternation of a Geometrical pro- 
portion ? 

29, Explain the construction and sense of the phrases, ez equali, 
and ez equali tn proportione perturbata, used in proportions, 

30. Exemplify the meaning ofthe word Aomologous as it is used in 
the Fifth Book of the Elements. 

31. Why, in Euclid v. 11, is it necessary to prove that ratios which 
are the same with the same ratio, are the same with one another? 

32. Apply the Geometrical criterion to ascertain, whether the four 
lines of 3, 5, 6, 10 units are proportionals. 

33. Prove by taking equimultiples according to Euclid's definition, 
that the magnitudes 4, 5, 7, 9, are not proportionals. 

34. Give the Algebraical proofs of Props. 17 and 18, ofthe Fifth Book. 

35. What is necessary to constitute an exact definition? In the de- 
monstration ` of Euc. v. 18, is it legitimate to assume the converse of the 
fifth definition of that Book? Does a mathematical definition admit of 
proof on the principles of the science to which it relates ? 

36. Explain why the properties proved in Book v, by means of straight 
lines, are true of any concrete magnitudes. 

37, Enunciate Euc. v. 8, and illustrate it by numerical examples. 

38. Prove Algebraically Euc. v. 25. 

39. Shew that when four magnitudes are proportionals, they cannot, 
when equally increased or equally diminished by any other magnitude, 
continue to be proportionals. 

40, What grounds are there for the opinion that Euclid intended to 
exclude the idea of numerical measures of ratios in his Fifth Book. 

41, What is the object of the Fifth Book of Euclid's Elements? 


BOOK VI. 


DEFINITIONS. 
I. 


SIMILAR rectilineal figures are those which have their several 
angles equal, each to each, and the sides about the equal angles pro- 
portionals. 


II. 


“ Reciprocal figures, viz. triangles and parallelograms, are such as 
have their sides about two of their angles proportionals in such a 
manner, that a side of the first figure is to a side of the other, as the 
remaining side of the other is to the remaining side of the first." 


IH. 
A straight line is said to be cut in extreme and mean ratio, when 
the whole 1s to the greater segment, as the greater segment is to the 
less. 


IV. 


The altitude of any figure is the straight line drawn from its vertex 


perpendicular to the base. 
A 
" / 


PROPOSITION I. THEOREM. 


Triangles and parallelograms of the same altitude are one to the other as 
their bases, 


Let the triangles ABC, ACD, and the parallelograms EC, CF, 
have the same altitude, 
Vin as page pdioulas drawn from the point 4 to BD or BD pro- 
uced. 
As the base BC is to the base CD, so shall the triangle 4 BC be to 
the triangle ACD, 
and the parallelogram £C to the parallelogram CF. 





uw“ — 
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HGBC D hA L 


Produce BD both ways to the points H, L, 
and take any number of straight lines BG, GH, each equal to the 
base BC; (1. 3.) 
and DK, KL, any number of them, each equal to the base CD; 
and join AG, AH, AK, AL. 
Then, because CB, BG, GH, are all equal, 
the triangles AHG, AGB, ABO, are all equal : (1. 38.) 
therefore, whatever multiple the base HC is of the base BC, 
the same multiple is the triangle AHC of the triangle ABC: 
for the same reason whatever multiple the base LC is of the base CD, 
the same multiple is the triangle ALC of the triangle ADC: 
and if the base HC be equal to the base CL, 
the triangle 4 HC is also equal to the triangle ALC: (I. 38.) 
and if the base HC be greater than the base CZ, 
likewise the triangle 4 HC is greater than the triangle ALC; 
and if less, less ; 
therefore since there are four magnitudes, 
viz. the two bases BC, CD, and the two triangles ABC, ACD; 
aud of the base BC, and the triangle 4 BC, the first and third, any 
equimultiples whatever have been taken, 
viz. the base HC and the triangle AHC; 
and of the base CD and the triangle ACD, the second and fourth, 
have been taken any equimultiples whatever, 
viz. the base CZ and the triangle ALC; 
and since it has been shewn, that, if the base HC be greater than 
the base CL, 
the triangle 4 H C is greater than the triangle ALC; 
and if equal, equal; and if less, less; 
therefore, as the base BC is to the base CD, so is the triangle 4 BC 
to the triangle 4CD. (v. def. 5.) 
And because the parallelogram CE is double of the triangle ABC, 
I. 41.) 
— the parallelogram CF double of the triangle 4 CD, 
and that magnitudes have the same ratio which their equimultiples 
have; (v. 16. 
as the triangle 4 B C is to the triangle 4 CD, so is the parallelogram 
EC to the parallelogram CF; 
and because it has been shewn, that, as the base BC is to the base 
CD, so is the triangle ABC to the triangle ACD; 
and as the triangle 4 BC is to the triangle 4 CD, so is the paralle- 
logram EC to the parallelogram CF; 
therefore, as the base BC is to the base CD, so is the parallelogram 
EC to the parallelogram CF. (v. 11.) 
Wherefore, triangles, &c. Q.E.D. 
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Con. From this it is plain, that triangles and parallelograms that 
have equal altitudes, are to one another as their bases. 

Let the figures be placed so as to have their bases in the same 
straight line; and having drawn perpendiculars from the vertices of 
the triangles to the bases, the straight line which joins the vertices is 
parallel to that in which their bases are, (I. 33.) because the perpen- 
diculars are both equal and parallel to oneanother. (1.28.) Then, if 
the same construction be made as in the proposition, the demonstration 
will be the same. i 


PROPOSITION II. THEOREM. 


If a straight line be drawn parallel to one of the sides of a triangle, 
at shall cut the other sides, or these produced, proportionally: and conversely, 
if the sides, or the sides produced, be cut proportionally, the straight line 
which joins the points of section shall be parallel to the remaining siae of the 
triangle, 


Let DZ be drawn parallel to BC, one of the sides of the triangle ABC. 
Then BD shall be to DA, as CE to EA. 





Join BE, CD. 

Then the triangle BDE is equal to the triangle CDE, (I. 37.) 

because they are on the same base DZ, and between the same 

parallels DE, BC; 
but 4 DF is another triangle ; 

and equal magnitudes have the same ratio to the same magnitude; 

yat 

aM as the triangle BDZ is to the triangle ADE, so is the 

triangle CDE to the triangle ADE: 
but as the triangle BDF to the triangle ADE, so is BD to DA, (VI. 1.) 
because, having the same altitude, viz. the perpendicular drawn 
from the point E to AB, they are to one another as their bases; 
and for the same reason, as the triangle CDE to the triangle ADE, 
so is CE to EA: 
therefore, as BD to DA, so is CE to EA. (v. 11.) 

Next, let the sides 4B, AC of the triangle ABC, or these sides 
produced, be cut proportionally in the points D, E, that is, so that 
BD may be to DA as CE to LA, and join DE. 

Then DZ shall be parallel to BC 
The same construction being made, 
because as BD to DA, so is CE to EA; 
and as BD to DA, so is the triangle BDE to the triangle 4 DE; (v1. 1.) 
and as CE to EA, so is the triangle CDE to the triangle ADE; 
therefore the triangle DDE is to the triangle ADE, as the triangle 
CDE to the triangle ADE; (v. 11.) 
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that is. the triangles BDE, CDE have the same ratio to the triangle 
ADE: 


therefore the triangle BDE is equal to the triangle CDE: (v. 9.) 
and they are on the same base DL: 
but equal triangles on the same base and on the same side of it, are 
between the same parallels ; (1. 39.) 
therefore DE is parallel to BC. 
Wherefore, if a straight line, &c. Q.E.D. 
. 


PROPOSITION III. THEOREM. 


If the angle of a triangle be divided into two equal angles, by a straight 
line which also cuts the base; the segments of the base shall have the same 
ratio which the other sides of the triangle have to one another : and con- 
versely, tf the segments of the base have the same ratio which the other sides 
of the triangle have to one another ; the straight line drawn From the vertex to 
the point of section, divides the vertical angle into two equal angles, 


Let ABC be a triangle, and let the angle BAC be divided into two 
equal angles by the straight line 4D. 
Then BD shall be to DC, as BA to AC. 


E 





Through the point C draw CE parallel to DA, (t. 31.) 
and let B.A produced meet CZ in E. | 
Because the straight line 4 C meets the parallels 4D, EC, 
the angle ACE is equal to the alternate angle CAD: (I. 29.) 
but CAD, by the hypothesis, is equal to the angle BAD; 
wherefore BAD is equal to the angle ACE. (ax. 1.) 
Again, because the straight line BAEZ meets the parallels 4D, EC, 
the outward angle B.4D is equal to the inward and opposite angle 
AEC: (1. 29.) 
but the angle A CE has been proved equal to the angle BAD; 
therefore also 4 CE is equal to the angle 4 EC, (ax. 1.) 
and consequently, the side 4 Z is equal to the side AC: (1. 6.) 
and because 4D is drawn parallel to ZC, one of the sides of the tri- 
angle BCE, 
therefore BD is to DC, as BA to AE: (VI. 2.) 
but AE is equal to AC; 
therefore, as BD to DC, so is BA to AC. (v. T.) 
Next, let BD be to DC, as BA to AC, and join 4D. 
Then the angle BAC shall be divided into two equal angles by the 
straight line AD. d 
The same construction being made ; 
because, as BD to DC, so is BA to AC; 
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and as BD to DC, so is BA to 4 E, because 44 D is parallel to EC; 
VI. 2.) 
therefore BA is to AC, as BA to AF: (Vv. 11.) 
consequently 4 C is equal to AE, (V. 9.) 
and therefore the angle AEC is equal to the angle ACE: (1. 5.) 
but the angle 4£C is equal to the outward and opposite angle BAD; 
and the angle ACE is equal to the alternate angle CAD: (1. 29.) 
wherefore also the angle BAD is equal to the angle CAD; (ax. 1.) 
that is, the angle BAC is cut into two equal angles by the straight 
line 4D. 
Therefore, if the angle, &c. Q.E.D. 


PROPOSITION A, THEOREM, 


If the outward angle of a triangle made by producing one of its sides, 
be divided into two equal angles, by a straight line, which also cuts the base 
produced ; the segments between the dividing line and the extremities of the 
base, have the same ratio which the other sides of the triangle have to one 
another: and conversely, if the segments of the base produced have the same 
ratio which the other sides of the triangle have ; the straight line drawn from 
the vertex to the point of section divides the outward angle of the triangle 
into two equal angles. 


Let ABC be a triangle, and let one of its sides BA be produced to E; 
and let the outward angle CAE be divided into two equal angles by 
the straight line AD which meets the base produced in D. 
Then BD shall be to DC, as BA to AC. 


E 
A 
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B C D 
Through C draw CF parallel to 4D: (1. 31.) 
and because the straight line 4 C meets the parallels 4D, FC, 
the angle 44 CF is equal to the alternate angle CAD: (1. 29.) 
but CAD is equal to the angle DAE; (hyp.) 
therefore also DAE is equal to the angle ACF. (ax. 1.) 
Again, because the straight line Z4 E meets the parallels 4D, FC, 
the outward angle DA is equal to the inward and opposite angle 
CFA: (1. 29.) 
but the angle 4 CF has been proved equal to the angle DAE; 
therefore also the angle 4 CF is equal to the angle CFA; (ax. 1.) 
and consequently the side 4 F is equal to the side AC: (1. 6.) 
and because .4 D is parallel to FC, a side of the triangle BCK, 
therefore BD is to DC, as BA to AF: (VI. 2.) 
but AF is equal to 4 C; 
therefore, as BD is to DC, so is BA to AC. (v. 7.) 
Next, let BD be to DC, as BA to AC, and join 4D. 
The angle C.A D, shall be equal to the angle DAE. 
The same construction being made, 
because BD is to DC, as BA to AC; 
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and that BD is also to DO, as BA to AF; (v1. 2.) 
therefore BA is to 4C, as BA to AF: (v. 11.) 
wherefore 4C is equal to AF, (v. 9.) 
and the angle AFC equal to the angle ACF: (1. 5.) 
but the angle 4F'C is equal to the outward angle EAD, (1. 29.) 
and the angle ACF to the alternate angle CAD; 
therefore also 4 D is equal to the angle CAD. (ax. 1.) 
Wherefore, if the outward, &c. Q.E.D. 


PROPOSITION IV, THEOREM. 


The sides ahout the equal angles of equiangular triangles are proportionals ; 
and those which are opposite to the equal angles are homologous sides, that is, 
are the antecedents or consequents of the ratios. 


Let ABC, DCE be equiangular triangles. having the angle ABC 
equal to the angle DCE, and the angle 4CB to the angle DEC; and 
consequently the angle BAC equal to the angle CDE. (1. 32.) 

The sides about the equal angles of the triangles ABC, DCE shall 

be proportionals ; 

and those shall be the homologous sides which are opposite to the 

equal angles. 
F 
A 


n 


B C. 
Let the triangle DCE be placed, so that its side CE may be con- 
tiguous to BC, and in the same straight line with it. (1 22.) 
Then, because the angle BCA is equal to the angle CED, (hyp.) 
add to each the angle 4 BC; 
therefore the two angles 4 BC, BCA are equal to the two angles 
ABC, CED: (ax. 2.) 
but the an T: ABC, BCA are together less than two right angles ; 
(er. qu. 
therefore the angles 4 BC, CED are also less than two right angles: 
wherefore BA, ED if produced will meet: (I. ax. 12.) 
let them be produced and meet in the point F: 
then because the angle 4BC is equal to the angle DCE, (hyp.) 
BF is parallel to CD; (1. 28.) 
and because the angle 4 CB is equal to the angle DEC, 
AC is parallel to FE: (1. 28.) 
therefore FA CD is a parallelogram ; 
and consequently 4 F is equal to CD, and 4C to FD: (1. 34.) 
and because 4 C'is parallel to FE, one ofthe sides of the triangle FB E, | 
DA is to AF, as BC to CE: (V1. 2.) | 
but AF is equal to CD; 
therefore, as BA to CD, so is BC to CE: (Vv. 7.) 
and alternately, as 4B to BC, so is DC to CE; (v. 16.) 


tO 
©> 
Ce 


BOOK VI. PROP. IV, V. 


again, because CD is parallel to BF, 
as BC to CE, so is FD to DE: (VI. 2.) 
but .F.D is equal to 4C; 
therefore, as BC to CE, sois 4C to DE; (v. 7.) 
and alternately, as BC to CA, so CE to ED: (v. 16.) 
therefore, because it has been proved that 4B is to BC,as DC to CE, 

and as BC to CA, so CE to ED, 

ex equali, BA isto AC, as CD to DE. (v. 22.) 
Therefore the sides, &c. Q.E.D. 


PROPOSITION V. THEOREM. 


If the sides of two triangles, about each of their angles, be proportionals, 
the triangles shall be equiangular ; and the equal angles shall be those which 
are opposite to the homologous sides, 


Let the triangles 4BC, DEF have their sides proportionals, 
so that 4B isto BC, as DE to EF; 
and BC to CA, as EF to FD; 
and consequently, ex equali, B.4 to 4C, as ED to DF. 

Then the triangle 4 BC shall be equiangular to the triangle DEF, 
and the angles which are opposite to the homologous sides shall be 
equal, viz. the angle 4BC equal to the angle DEF, and BCA to 
EFD, and also BAC to EDF. 


A D 
—— G 
At the points E, F, in the straight line EF, make the angle FEG 
equal to the angle ABC, and the angle EFG equal to BCA: (1. 23.) 
wherefore the remaining angle EGF, is equal to the remaining 
angle BAC, (1. 32.) 
and the triangle GEF is therefore equiangular to the triangle ABC: 
consequently they have their sides opposite to the equal angles pro- 
portional: (vr. 4.) 
wheretore, as 4 B to BC, sois GE to EF; 
but as 4B to BC, so is DE to EF; (hyp.) 
therefore as DE to EF, so GE to EF; (v. 11.) 
that is, DE and GE have the same ratio to EF, 
and consequently are equal. (v. 9.) 
For the same reason, DF'is equal to FG: 
and because, in the triangles DEF, GEF, DE is equal to EG, and 
EF is common, 
the two sides DE, EF are equal to the two GE, EF, each to each; 
and the base DF is equal to the base GF’; 
therefore the angle DEF is equal to the angle GEF, (1. 8.) 
land the other angles to the other angles which are subtended by the 
equal sides; (1. 4.) 
EX s angle DFE is equal to the angle GFE, and EDF to 


N 


-— 
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and because the angle DEF is equal to the angle GEF, 
and GEF equal to the angle 4B C; (constr.) 
therefore the angle 4 BC is equal to the angle DEF: (ax. 1.) 
for the same reason, the angle .4CB is equal to the angle DF F, 
and the angle at 4 equal to the angle at D: 
therefore the triangle 4 BC is equiangular to the triangle DEF. 
Wherefore, if the sides, &e. Q.E.D. 


PROPOSITION VI. THEOREM, 


If two triangles have one angle of the one equal to one angle of the other, 
and the sides about the equal angles proportionals, the triangles shall be 
equiangular, and shall have ihose angles equal which are opposite to the 
homologous sides, 


Let the triangles 4 BC, DE Fhave the angle BA Cin the one equal 
to the angle EDF in the other, and the sides about those angles pro- 
portionals ; that is, BA to AC, as ED to DF. 

Then the triangles 4 BC, DE F'shall be equiangular, and shall have 
the angle ABC equal to the angle DEF, and ACB to DFE. 
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At the points D, F, in the straight line DF, make the angle FDG 
equal to either of the angles BAC, EDF; (I. 23.) 
and the angle DFG equal to the angle ACB: 
wee the remaining angle at B is equal to the remaining angle 
at G: (I. 32.) 
and consequently the triangle DG Fis equiangular to the triangle A BC; 
therefore as B.A to AC, so is GD to DF: (V1. 4.) 
but, by the hypothesis, as B.A to 4C,so is ED to DF; 
therefore as ED to DF, so is GD to DF; (v. 11.) 
wherefore ED is equal to DG; (v. 9.) 
and DF is common to the two triangles EDF, GDF: 
therefore the two sides ED, DF are equal to the two sides GD, DF, 
each to each ; 
and the angle EDF is equal to the angle GDF’; (constr.) 
wherefore the base EJ is equal to the base FG, (1. 4.) 
and the triangle EDF to the triangle GDF, 
and the remaining angles to the remaining angles, each to each, 
which are subtended by the equal sides: 
therefore the angle DFG is equal to the angle DFE, 
and the angle at G to the angle at £; 
but the angle DFG is equal to the angle ACB; (constr.) 
therefore the angle 4 CB is equal to the angle DFE; (ax. 1.) 
and the angle BAC is equal to the angle EDF: (hyp.) 
wherefore also the remaining angle at B is equal to the remaining 
angle at .£; (1. 32.) 
therefore the triangle 4 B C is equiangular to the triangle DEF. 
Wherefore, if two triangles, &c. Q.E.D. 


— 
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PROPOSITION VII. THEOREM. 


If two triangles have one angle of the one equal to one angle of the other, 
and the sides about two other angles proportionals; then, if euch of the 
remaining angles be either less, or not less, than a right angle, or if one of 
them be a right angle; the triangles shall be equiangular, and shall have those 


- angles equal about which the sides are proportionals. 


Let the two triangles 4 BC, DEF have one angle in the one equal 
to one angle in the other, 
viz. the angle BAC tothe angle EDF, and the sides about two other 
angles 4 BC, DEF proportionals, 
so that 4B 1s to DC, as DE to EF; 
and in the first case, let each of the remaining angles at C, F be less 
than a right angle. 
The triangle 4 5 C shall be equiangular to the triangle DEF, 
viz. the angle ABC shall be equal to the angle DEF, 
and the remaining angle at C equal to the remaining angle at 7. 


A 


i C 


For if the angles ABC, DEF be not equal, 
one of them must be greater than the other: 
let ABC be the greater, 
and at the point B, in the straight line AB, 
make the angle 4 BG equal to the angle DEF;; (1. 23.) 
and because the angle at 44 is equal to the angle at D, (hyp.) 
and the angle ABG to the angle DEF; 
the Etim angle AGB is equal to the remaining angle DFE: 
I. 32. 
therefore the triangle 4 B G is equiangular to the triangle DEF: 
wherefore as 44.B is to DG, sois DEto EF: (vi. 4.) 
but as DE to EF, so, by hypothesis, is 4B to BC; 
therefore as 4 B to BC, so is .4 B to BG : (v. 11.) 
and because 4B has the same ratio to each of the lines BC, BG, 
BC is equal to BG; (v. 9.) 
and therefore the angle BGC is equal to the angle BOG : (1. õ.) 
but the angle BCG is, by hypothesis, less than a right angle; 
therefore also the angle BGC is less than a right angle; 
and therefore the adjacent angle 44 G.B must be greater than a right 
angle; (I. 13.) 
but it was proved that the angle AGB is equal to the angle at 7; 
therefore the angle at Fis greater than a right angle; 
but, by the hypothesis, it is less than a right angle; which is absurd. 
Therefore the angles ABC, DEF are not unequal, 
that is, they are equal : 
and the angle at A is equal to the angle at D: (hyp.) 
wherefore the remaining angle at Cis equal to the remaining angle at 
F: (1. 32.) 
therefore the triangle 4B C'is equiangular to the triangle DEF. 


N2 
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Next, let each of the angles at C, F be not less than a right angle. 
Then the triangle 4 BC shall also in this case be equiangular to the 
triangle DEF. 


1 | D 
Fo G Li 
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The same construction being made, 
it may be proved in like manner that BC is equal to BG, 
and therefore the angle at C equal to the angle BGC: 

but the angle at C'is not less than a right angle; (hyp.) 

therefore the angle BGC is not less than a right di 

wherefore two angles of the triangle BGC are together not less than 

two right angles: 
which is impossible; (I. 17.) 

and therefore the triangle ABC may be proved to be equiangular to 
the triangle DEF, as in the first case. 

Lastly, let one of the angles at C, F, viz. the angle at C, be a right 

angle: in this case likewise the triangle 4B C shall be equiangular 


to the triangle DEF. 
A A D 
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For, if they be not equiangular, 
at the point B in the straight line AB make the angle ABG equal 
to the angle DEF; 
then it may be proved, as in the first case, that BG is equal to BC: 
and therefore the angle BCG equal to the angle BGC: (I. 5.) 
but the angle BCG is a right angle, (hyp.) 
therefore the angle BGC is also a right angle; (ax. 1.) 
whence two of the angles of the triangle BGC are together not less 
than two right angles; 
which is impossible: (I. 17.) 
therefore the triangle 4 B C is equiangular to the triangle DEF. 
Wherefore, if two triangles, &c. Q.E.D. 


PROPOSITION VIII. THEOREM. 


In a right-angled triangle, if a perpendicular be drawn from the right- 
angle to the base; the triangles on each side of it are similar to the whole 
triangle, and to one another, 


Let ABC be a right angled-triangle, having the right angle BAC; 
and from the point 4 let 4D be drawn perpendicular to the base BC. 

Then the triangles 4B D, ADC shall be similar to the whole tri- 
angle ABC, and to one another. 
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Because the angle BAC is equal to the angle ADB, each of them 
being a right angle, (ax. 11.) 
and that the angle at B is common to the two triangles ABC, ABD: 

the remaining angle .4 CB is equal to the remaining angle BAD; 

(1. 32.) 

therefore the triangle .4 BC is equiangular to the triangle ABD, 

and the sides about their equal angles are proportionals ; (VI. 4.) 
wherefore the triangles are similar: (VI. def. 1.) 

in the like manner it may be demonstrated, that the triangle 4 DC 

is equiangular and similar to the triangle ABC. 

And the triangles 4 BD, 4 CD, being both equiangular and similar 
to 4 BC, are equiangular and similar to each other. 

Thereiore, in a right-angled, &c. Q.E.D. 

Con. From this it is manifest, that the perpendicular drawn from 
the right angle of a right-angled triangle to the base, is a mean propor- 
tional between the segments of the base; and also that each of the 
sides is a mean proportional between the base, and the segment of it 
adjacent to thatside: because in the triangles BDA, ADC; BD isto 
DA, as DA to DC; (VI. 4.) 
and in the triangles ABC, DBA; BCisto BA, as BA to BD: (v1.4.) 
and in the triangles 4 BC, ACD; BC isto Cd,as CA to CD. (V14.) 


PROPOSITION IX. PROBLEM. 


From a given straight line to cut off any part required. 


Let 4B be the given straight line. 
It is required to cut off any part from it. 





From the point 4 draw a straight line 4 C, making any angle with 4B; 
and in 4C take any point D, 
and take 4 C the same multiple of 4D, that 4B is of the part 
which is to be cut off from it; 
join BC, and draw DE parallel to CB. 
Then .4£ shall be the part required to be cut off. 
Because ED is parallel to BC, one of the sides of the triangle ABC, 
as CD is to DA, so is BE to EA; (VI. 2.) 
and by composition, C4 is to AD, as BA to AE: (v. 18.) 


wD 
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but CA is a multiple of 4D; (constr.) 
therefore BA is the same multiple of 4 E: (v. D.) 
whatever part therefore 4D is of AC, AE is the same part of A B: 
wherefore, from the straight line AB the part required is eut off. 
Q. E.F. 
PROPOSITION X. PROBLEM. 
To divide a given straight line similarly to a given divided straight line, 
that is, into parts that shall have the same ratios to one another which the 
parts of the divided given straight line have. 


Let AB be the straight line given to be divided, and 4C the divided 


line. 
It is required to divide 4B similarly to 4C. 


K Cc 
Let AC be divided in the points D, E; 
and let 4 D, AC be placed so as to contain any angle, and join BC, 
and through the points D, E draw DF, EG parallels to BC. (1. 31.) 
Then 4B shall be divided in the points 7, G, similarly to AC. 
Tnrough D draw DHK parallel to AB: 
therefore each of the figures, FH, HIB is a parallelogram ; 
wherefore DH is equal to FG, and HK to GB: (1. 34.) 
m HE is parallel to KC, one of the sides of the triangle 
AC, 
as CE to ED, so is KH to HD: (v1. 2.) 
but KH is equal to BG, and HD to GF; 
therefore, as CE is to ED, sois BG to GF: (v. 7.) 
again, because JD is parallel to GE, one of the sides of the triangle 
AGE, 
as ED ìs to DA, so is GF to FA: (V1. 2.) 
therefore, as has been proved, as CE is to ED, so is BG to GF, 
and as ED is to DA, so is GF to FA: 
therefore the given straight line 4B is divided similarly to 4C. Q.E.F. 


PROPOSITION XI. PROBLEM, 
To find a third proportional to two given straight lines, 


Let AB, AC be the two given straight lines. 
It is required to find a third proportional to 4B, AC. 


alo 


l 
D E 


Let 4B, AC be placed so as to contain any angle: 
produce 42, 4C to the points D, E; 


= 





Bme 
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and make BD equal to AC; 
join BC, and through D, draw DE parallel to BC. (I. 31.) 
Then CE shall be a third proportional to 4B and AC. 
Because BC is parallel to DE, a side of the triangle 4 DE, 
AB isto BD, as AC to CE: (vi. 2.) 
but BD is equal to AC; 
therefore as AB is to AC, so is AC to CE. (Vv. 7.) 
Wherefore, to the two given straight lines 4B, AC, a third pro- 
portional C# is found. Q.E.F. 


PROPOSITION XII. PROBLEM. 
To find a fourth proportional to three given straight lines, 


Let A, B, C' be the three given straight lines. 
It is required to find a fourth proportional to .4, B, C. 
Take two straight lines DE, DF, containing any angle EDF’: 
and upon these make DG equal to A, GE equal to B, and DH equal 
to C; (1. 3.) 











E E 
join GH, and through E draw EF parallel to it. (1. 31.) 

Then HF shall be the fourth proportional to 4, B, C. 
Because GH is parallel to EF, one of the sides of the triangle DEF, 
DG is to GE, as DH to HF; (vr. 2.) 
but DG is equal to 4, GE to B, and DH to C; 
therefore, as 4 is to B, so is C to HF. (v. 7.) 
Wherefore to the three given straight lines 4, JD, C, a fourth 

proportional HF is found. Q. E.F. 


PROPOSITION XIII. PROBLEM. 
To find a mean proportional between two given straight lines, 


Let AB, BC be the two given straight lines. 
It is required to find a mean proportional between them. 


CN 


mc 
Place 4B, BC in a straight line, and upon AC describe the semi- 
. eircle ADC, 
and from the point B draw BD at right angles to AC. (1. 11.) 
Then BD shall be a mean proportional between 4B and BC. 
Join AD, DC. 
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And because the angle 4 DC in a semicircle is a right angle, (111. 31.) 
and because in the right-angled triangle 4 DC, BD is drawn from 
the right angle perpendicular to the hase, 
DB is a mean proportional between 4B, BC the segments of the 
base: (VI. 8. Cor.) 
therefore between the two given straight lines 4B, BC, a mean 
proportional DB is found.  Q.E.F. 


PROPOSITION XIV. THEOREM. 


Equal parallelograms, which have one angle of the one equal to one 
angle of the other, have their sides about the equal angles reciprocally pro- 
portional: and conversely, parallelograms that have one angle of the one 
equal to one angle of the other, and their sides about the equal angles reci- 
procally proportional, are equal to one another. 


Let 4B, B C be equal parallelograms, which have the angles at B 
equal. 
The sides of the parallelograms 4B, BC about the equal angles, 
shall be reciprocally proportional ; 
that is, DB shall be to BE, as GB to BF. 
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Let the sides DB, BE be placed in the same straight line; 
wherefore also FB, BG are in one straight line: (1. 14.) 
complete the parallelogram FE. 
And because the parallelogram 4B is equal to BC, and that FE 
is another parallelogram, 
AB is to FE, as BC to FE: (v. 7.) 
but as 4B to FE so is the base DB to BE, (vi. 1.) 
and as BC to FE, so is the base GB to BF; 
therefore, as DB to BE, so is GB to BF. (v. 11.) 
Wherefore, the sides of the parallelograms AB, BC about their 
equal angles are reciprocally proportional. 
Next, let the sides about the equal angles be reciprocally proportional, 
viz. as DB to BE, so GB to BF: 
the parallelogram 4B shall be equal to the parallelogram BC. 
Because, as DB to BE, sois GB to BF; 
and as DB to BE, so is the parallelogram 4B to the parallelogram 
FE; (vi. 1.) 
and as GB to BF, so is the parallelogram BC to the parallelogram FL ; 
therefore as AB to FE, so BC to FE: (V. 11.) 
therefore the parallelogram 4AB is equal to the parallelogram BC. 
v. 9.) 
Therefore equal parallelograms, &c. Q.E.D. 
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PROPOSITION XV. THEOREM, 


Equal triangles which have one angle of the one equal to one angle of 
the other, have their sides about the equal angles reciprocally proportional : 
and conversely, triangles which have one angle in the one equal to one angle 
in the other, and their sides about the equal angles reciprocally proportional, 
are equal to one another. 


Let ABC, ADE be equal triangles, which have the angle BAC 
equal to the angle DALE. 
Then the sides about the equal angles of the triangles shall be re- 
ciprocally proportional ; 
that is, CA shall be to 4D, as £.A to AB. 


i D 
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Let the triangles be placed so that their sides CA, AD be in one 
straight line; 
wherefore also EA and AB are in one straight line; (1. 14.) 
and join BD. 
Because the triangle 4 B C is equal to the triangle ADE, 
and that .4 B.D is another triangle ; 
therefore as the triangle CAB, is to the triangle BAD, so is the 
triangle AED to the triangle DAB; (v. 7.) 
but as the triangle CAB to the triangle BAD, so is the base C/A 
to the base 4D, (vi. 1.) 
and as the triangle EAD to the triangle DAB, so is the base EA 
to the base 4B; (vi. 1.) 
therefore as CA to AD, so is FA to AB: (v. 11.) 
wherefore the sides of the triangles 4 BC, ADE, about the equal 
angles are reciprocally proportional. 
Next, let the sides of the triangles 4 BC, ADE about the equal 
angles be reciprocally proportional, 
viz. CA to AD as EA to AB. 
Then the triangle 4 BC shall be equal to the triangle 4 DE. 
Join BD as before. 
Then because, as CA to AD, so is EA to AB; (hyp.) 
and as 4 to AD, so is the triangle ABC to the triangle BAD: 
(VI. 1. 
and as ho to AB, so is the triangle EAD to the triangle BAD; 
vI. 1. 
—* as the triangle BAC to the triangle BAD, so is the tri- 
angle EAD to the triangle BAD; (v. 11.) 
that is, the triangles BAC, EAD have the same ratio to the tri- 
angle BAD: 
wherefore the triangle ABC is equal to the triangle ADE. (v. 9.) 
Therefore, equal triangles, &c. Q.E.D. 


N 
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PROPOSITION XVI. THEOREM. 


If four straight lines be proportionals, the rectangle contained by the 
extremes is equal to the rectangle contatned by the means: and conversely, 
if the rectangle contained by the extremes be equal to the rectangle con- 
tained by the means, the four straight lines are proportionals, 


Let the four straight lines 4B, CD, E, F be proportionals, 
viz. as .4 D to CD, so E to F. 
The rectangle contained by AB, F, shall be equal to the rectangle 


contained by CD, £. 
G H 
m 
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Es ms A, C draw AG, CH at right angles to AB, CD: 
t. 1i, 
and make 4G equal to F, and CH equal to £; (1. 3.) 
and complete the parallelograms BG, DH. (1. 31.) 
Because, as 4B to CD, so is E to F; 
and that .E is equal to CH, and F to AG; 
AB is to CD as CH to AG: (V. 1.) 
therefore the sides of the parallelograms BG, DH about the equal 
angles are reciprocally proportional; 
but parallelograms which have their sides about equal angles reci- 
procally proportional, are equal to one another; (VI. 14.) 
therefore the parallelogram BG is equal to the parallelogram DH: 
but the parallelogram BG is contained by the straight lines AB, F; 
because AG is equal to F; 
and the parallelogram DZ is contained by CD and E; 
because CH is equal to E; 
therefore the rectangle contained by the straight lines 4B, F, is 
equal to that which is contained by CD and E. 
And if the rectangle contained by the straight lines 4B, F, be 
equal to that which is contained by CD, £; 
these four lines shall be proportional, 
viz. AB shall be to CD, as Æ to F. 
The same construction being made, 
because the rectangle contained by the straight lines 4B, F, is 
equal to that which is contained by CD, E, 
and that the rectangle BG is contained by AB, F; 
because 4 G is equal to F; 
and the rectangle DH by CD, E; because CH is equal to E; 
therefore the parallelogram BG is equal to the parallelogram DH; 
(ax. 1.) 
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and they are equiangular: 
but the sides about the equal angles of equal parallelograms are 


reciprocally proportional: (vi. 14.) 
wherefore, as 4B to CD, so is CH to AG. 
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But CH is equal to E, and AG to F; 
therefore as AB isto CD,sois Eto F. (Vv. 7.) 
Wherefore, if four, &c. Q.E.D. 


PROPOSITION XVII. THEOREM. 


If three straight lines be proportionals, the rectangle contained by the 
extremes is equal to the square on the mean ; and conversely, if the rectangle 
contained by the extremes be equal to the square on the mean, the three 
straight lines are proportionals, 


Let the three straight lines 4, B, C be proportionals, 
viz. as Á to B, so B to C. 
The rectangle contained by 4, C shall be equal to the square on B. 
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Take D equal to B. 
And because as 4 to B, so B to C, and that B is equal to D; 
A is to B,as Dto C: (v. 7.) 
but if four straight lines be proportionals, the rectangle contained 
by the extremes is equal to that which is contained by the means; 
(VI. 16. 
—* the rectangle contained by 4, C is equal to that con- 
tained by B, D: 
but the rectangle contained by D, D, is the square on B, 
because B is equal to D: 
therefore the rectangle contained by A, C, is equal to the square on B. 
And if the rectangle contained by 4, C, be equal to the square on B, 
then A shall be to B, as B to C. 
The same construction being made, 

because the rectangle contained by A, Cis equal to the square on B, 

and the square on B is equal to the rectangle contained by B, D, 

because B is equal to D; 
therefore the rectangle contained by 4, C, is equal to that contained 
by D, D: 

but if the rectangle contained by the extremes be equal to that con- 

tained by the means, the four straight lines are proportionals : (VI. 106.) 
therefore A is to B, as D to C 
but B is equal to D; 
wherefore, as 4 to B, so B to C. 
Therefore, if three straight lines, &c. Q.E.D. 








PROPOSITION XVIII, PROBLEM, 


Upon a given straight line to describe a rectilineal figure similar, and 
similarly situated, to a given rectilineal figure, 


Let AB be the given straight line, and CDEF the given rectilineal 
figure of four sides. 
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It is required upon the given straight line 4 B to describe a rectili- 
neal figure similar, and similarly situated, to CDF, 


G H 
— [ \ r= 
[N [S ps 
 -—— x 
Join DF, and at the points 4, B in the straight line 4B, make the 
angle BAG equal to the angle at C, (1. 23.) 
and the angle ABG equal to the angle CDF; 
therefore the remaining angle 4 G&B is equal to the remaining angle 
CFD: (1. 32 and ax. 3.) 
therefore the triangle FOD is equiangular to the triangle GAB. 
Again, at the points G, B, in the straight line GB, make the angle 
BGH equal to the angle DFE, (1. 23.) 
and the angle GBH equal to FDE; 
therefore the remaining angle GHB is equal to the remaining angle 


and the triangle FDE equiangular to the triangle GBH: 
then, because the angle 4GB is equal to the angle CFD, and BGH 
to DFE, 
the whole angle 4 GH is equal to the whole angle CFE; (ax. 2.) 
for the same reason, the angle ABH is equal to the angle CDE: 
also the angle at 4 is equal to the angle at C, (constr.) 
and the angle GHB to FED: 
therefore the rectilineal figure 4BHG is equiangular to CDEF: 
likewise these figures have their sides about the equal angles pro- 
portionals ; 
because the triangles G.AB, FCD being equiangular, 
BA is to AG, as CD to CF; (vi. 4.) 
and because AG is to GB, as CF'to FD; 
and as GB is to GH, so is FD to FE, 
by reason of the equiangular triangles BGH, DFE, 
therefore, ex equali, 4G is to GH, as CF to FE. (v. 22.) 

1n dus same manner it may be proved that 4B is to BH, as CD 

to : 
and G&H isto HB, as FE to ED. (VI. 4.) 

Wherefore, because the rectilineal figures ABHG, CDEF are 

equiangular, 
and have their sides about the equal angles proportionals, 
they are similar to one another. (VI. def. 1.) 

Next, let it be required to describe upon a given straight line AB, 
a rectilineal figure similar, and similarly situated, to the rectilineal 
figure CDK EF of five sides. 

Join D E, and upon the given straight line 4B describe the rectili- 
neal figure 4BHG similar, and similarly situated, to the quadrilateral 
figure CDEF, by the former case: 

and at the points B, H, in the straight line BH, make the angle 

HBL equal to the angle EDK, 
and the angle BHL equal to the angle DEK; 
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therefore the remaining angle at Z is equal to the remaining angle 
at K. (1. 32, and ax. 3.) 
And because the figures 4 BHG, CDEF are similar, 
the angle GHB is equal to the angle FED: (vi. def. 1.) 
and BAL is equal to DEK; 
wherefore the whole angle GHAL is equal to the whole angle FEK: 
for the same reason the angle ABL is equal to the angle CDK: 
therefore the five-sided figures A4GHLB, CFEKD are equiangular : 
and because the figures AGHB, CFED are similar, 
GH is to HB, as FE to ED; (vt. def. 1.) 
but as ZB to HL, so is ED to EK; (vi. 4.) 
therefore, ex æquali, GH is to HZ, as FE to EK: (Vv. 22.) 
for the same reason, Æ B is to BL, as CD to DK: 
and BL is to LH, as DK to KE, (vi. 4.) 
because the triangles BLH, DKE are equiangular: 
pe because the five-sided figures 4 GJLL B, CF.EK D are equi- 
angular, 
and have their sides about the equal angles proportionals, 
they are similar to one another. 
ln the same manner a rectilineal figure of six sides may be described 
upon a given straight line similar to one given, and so on.  Q. E.F. 


PROPOSITION XIX. THEOREM. 


Similar triangles are to one another in the duplicate ratio of their homo- 
logous sides, 


Let ABC, DEF be similar triangles, having the angle B equal to 


the angle E, 
and let 4B be to BC, as DE to EF, 
so that the side BC may be homologous to EF. (v. def. 12.) 
Then the triangle 4 BC shall have to the triangle DEF the dupli- 
cate ratio of that which BC has to EF. 
D 


A A 


Take BG a third proportional to BC, EF, (v1. 11.) 
so that BC may be to LF, as EF to BG, and join GA. 
Then, because as AB to BC, so DE to EF; 
alternately, AB is to DE, as BC to EF: (v. 16.) 
but as BC to EF, so is EF to BG ; (constr.) 
therefore, as AB to DE, so is EF to BG: (v. 11.) 
therefore the sides of the triangles ABG, DEF, which are about the 
equal angles, are reciprocally proportional: 
but triangles, which have the sides about two equal angles recipro- 
cally proportional, are equal to one another: (vi. 15.) 
therefore the triangle 4G is equal to the triangle DEF: 
and because as BC is to EF, so EF to BG; 
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and that if three straight lines be proportionals, the first is said to 
agao * the go the duplicate ratio of that which it has to the second: 
(v. det. 10. 
therefore BC has to BG the duplicate ratio of that which B Chasto EF: 
but as BCis toB G, so is the triangle 4B Cto the triangle.4 BG ; (v1.1.) 
therefore the triangle ABC has to the triangle .4 8G, the duplicate 
ratio of that which BC has to EF: 
but the triangle 4 BG is equal to the triangle DEF; 
therefore also the triangle 4 BC has to the triangle DEF, the dupli- 
cate ratio of that which BC has to EF. 
Therefore similar triangles, &c. Q. E.D, 
Cor. From this it is manifest, that if three straight lines be pro- 
portionals, as the first is to the third, so is any triangle upon the first, 
to a similar and similarly described triangle upon the second. 


PROPOSITION XX. THEOREM. 


Similar polygons may be divided into the same number of similar tri- 
angles, having the same ratio to one another that the polygons have; and the 
polygons have to one another the duplicate ratio of that which their homo- 
logous sides have. 


Let ABCDE, FGHKL be similar polygons and let 4B be the 
side homologous to FG: 
the polygons ABCDE, FGHKL may be divided into the same 
number of similar triangles, whereof each shall have to each the same 
ratio which the polygons have ; 
and the polygon ABCDE shall have to the polygon FGZ KL the 
duplicate ratio of that which the side AB has to the side FG. 
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Join BE, EC, GL, LH. 
And because the polygon 4 BCDE is similar to the polygon FGHEL, 
the angle LAE is equal to the angle G.FL, (vi. def. 1.) 
and BA is to AE, as GF to FL: (vi. def. 1.) 
therefore, because the triangles ABE, FGL have an angle in one, 
equal to an angle in the other, and their sides about these equal angles 
proportionals, 
the triangle ABE is equiangular to the triangle FGL: (VI. 6.) 
and therefore similar to it; (VI. 4.) 
wherefore the angle ABE is equal to the angle FGL: 
and, because the polygons are similar, | 
the whole angle 4 BC is equal tothe whole angle FGH; (v1. def. 1.) 
therefore the remaining angle EBC is equal to the remaining angle 
LGH: (1. 32. and ax. 3.) 
and because the triangles ABE, FGL are similar, 
EB isto BA,as LGto GF; (VI. 4.) 
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and also, because the polygons are similar, 
AB is to BC, as FG to GH; (vi. def. 1.) 
therefore, ex æquali, EB is to BC, as LG to GH; (v. 22.) 
that is, the sides about the equal angles EBC, LG Hare proportionals ; 
therefore, the triangle EBC is equiangular to the triangle LGH, 
(vi. 6.) and similar to it; (VI. 4.) 

for the same reason, the triangle E CD likewise is similar to the tri- 

angle LHK: 

theretore the similar polygons 44 BCDE, FG H KL are divided into 

the same number of similar triangles. 
Also these triangles shall have, each to each, the same ratio which 
the polygons have to one another, 

the antecedents being ABE, EBC, ECD, and the consequents 

FGL, LGH, LHK: 

and the polygon ABCDE shall have to the polygon FGHKL the 
duplicate ratio of that which the side 4B has to the homologous 
side FG. Because the triangle AZZ is similar to the triangle FGL, 

ABE hasto FGL, the duplicate ratio ofthat which the side BE has 

to the side GL: (vi. 19.) 

for the same reason, the triangle BEC has to GLH the duplicate 

ratio of that which BE has to GL: 

therefore, as the triangle ABE is to the triangle FGL, so is the 

triangle BEC to the triangle GLH. (v. 11.) 

Again, because the triangle ÆBC is similar to the triangle LGH, 

EB C hasto LGH, the duplicate ratio of that which the side EC has 

to the side LH: 

for the same reason, the triangle ECD has to the triangle LHK, the 

duplicate ratio of that which ÆC has to LH: 
therefore, as the triangle EBC is to the triangle LGH, so is the tri- 
angle ECD to the triangle LHK: (v. 11.) 
but it has been proved, 
that the triangle EBC is likewise to the triangle LGH, as the tri- 
angle ABE to the triangle FGL: 
therefore, as the triangle 4 BF to the triangle FG L, so 1s the triangle 
EBD Ctothe triangle LG H, and the triangle ECD to the triangle LHK: 
and therefore, as one of the antecedents is to one of the consequents, 
so are all the antecedents to all the consequents: (v. 12.) 
that is, as the triangle ABE to the triangle FGL, so is the polygon 
ABCDE to the polygon FGHKL: 
but the triangle ABE has to the triangle FGL, the duplicate ratio of 

that which the side 4B has to the homologous side FG; (v1. 19.) 
therefore also the polygon 4BCDE has to the polygon FGZZ KL the 

duplicate ratio of that which 4B has to the homologous side FG. 

Wherefore, similar polygons, &c. Q. E. D. 

Cor. 1. In like manner it may be proved, that similar four-sided 
figures, or of any number of sides, are one to another in the duplicate 
ratio of their homologous sides: and it has already been proved in tri- 
angles : (ra 19.) therefore, universallv, similar rectilineal figures are to 
one another in the duplicate ratio of their homologous sides. 

Con.2. Andifto .4 B, FG, two of the homologous sides, a third 
proportional M be taken, (VI. 11.) 
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AB has to M the duplicate ratio of that which 4B has to FG: 
(v. def. 10.) 
but the four-sided figure or polygon upon AB, has to the four- 
sided figure or polygon upon FG likewise the duplicate ratio of that 
which 4B has to F'G: (vI. 20. Cor. 1.) 
therefore, as 4B is to M, so is the figure upon AB to the figure 
upon FG: (v. 11.) 
which was also proved in triangles: (v1. 19. Cor.) 
therefore, universally, it is manifest, that if three straight lines be 
proportionals, as the first is to the third, so is any rectilineal figure 
upon the first, toa similar and similarly described rectilineal figure 
upon the second. 


PROPOSITION XXI, THEOREM. 


Rectilineal figures which are similar to the same rectilineal figure, are 
also similar to one another. 


Let each of the rectilineal figures .4, B be similar to the rectilineal 
figure C. 
The figure 4 shall be similar to the figure B. 


heavy sateen 


Because J is similar to C, 
they are equiangular, and also have their sides about the equal 
angles proportional : (VI. def. 1.) 
again, because B is similar to C, 
they are equiangular, and have their sides about the equal angles 
proportionals : (V1. def. 1.) 
therefore the figures .4, B are each of them equiangular to C, and 
have the sides about the equal angles of each of them and of C pro- 
portionals. 
Wherefore the rectilineal figures 4 and B are equiangular, 
(I. ax. 1.) and have their sides about the equal angles proportionals: 
v. 11. 
à; therefore 4 is similar to B. (vi. def. 1.) 
Therefore, rectilineal figures, &c. Q.E.D. 


PROPOSITION XXII. THEOREM. 


If four straight lines be proportionals, the similar rectilineal figures 
similarly described upon them shall also be proportionals : and conversely, 
if the similar rectilineal figures similarly described upon four straight lines 
be proportionals, those straight lines shall be proportionals. 


Let the four straight lines 4B, CD, EF, GH be proportionals, 
viz. ÁB to CD, as EF to GH; 
and upon 4B, CD let the similar rectilineal figures K.AB, LCD be 
similarly described ; 
and upon EF, GH the similar rectilineal figures MF, N.H, in like 
manner : 


the rectilineal figure KAB shall be to LOD, as MF to NH. 
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To AB, CD take a third proportional X; (vI. 11.) 
and to EF, GH a third proportional O: 
and because 4B is to CD as EF to GH, 
therefore CD is to X, as GH to O; (v. 11.) 
wherefore, ex æquali, as AB to X, so EF to O: (v. 22.) 
but as 4B to X, so is the rectilineal figure KAB to the rectilineal 
figure LCD, 
and as EF to O, so is the rectilineal figure MF to the rectilineal 
figure N.H: (vr. 20. Cor. 2.) 
therefore, as KAB to LCD, so is MF to NH. (v. 11.) 
And if the rectilineal figure KA B be to LCD, as MF to NH; 
the straight line 4B shall be to CD, as EF to GH. 
Make as 4B to CD, so EF to PR, (VI. 12.) 
and upon PR describe the rectilineal figure SA similar and simi- 
larly situated to either of the figures MF, N.H: (vi. 18.) 
then, because as 44D to CD, sois EF to PR, 
and that upon 4B, CD are described the similar and similarly 
situated rectilineals KAB, LCD, 
and upon LF, PR, in like manner, the similar rectilineals MF, SR; 
therefore KAB is to LOD, as MF to SR: 
but by the hypothesis K4 B is to LCD, as MF to NH; 
and therefore the rectilineal MF having the same ratio to each of the 
two NA, SR, 
these are equal to one another; (v. 9.) 
they are also similar, and similiarly situated ; 
therefore GH is equal to PR: 
and because as 4B to CD, so is EF to PR, 
and that PER is equal to GH; 
AB is to CD, as EF to GH. (v. 1.) 
If therefore, four straight lines, &c. Q.E.D. 


PROPOSITION XXIII. THEOREM. 


Equiangular parallelograms have to one another the ratio which ts 
compounded of the ratios of their sides, 


Let 44 C, CF be equiangular parallelograms, having the angle BCD 
equal to the angle ECG. 

Then the ratio of the parallelogram AC to the parallelogram CF, 
shall be the same with the ratio which is compounded of the ratios of 
their sides. 
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Let BC, CG be placed in a straight line; 
therefore DC and CE are also in a straight line; (1. 14.) 
and complete the parallelogram DG; 
and taking any straight line K, 
make as BC to CG, so K to L; (vt. 12.) 
and as DC to CE, so make L to M; (VI. 12.) 
therefore, the ratios of K to L, and L to M, are the same with the 
ratios of the sides, 
viz. of BC to CG, and DC to CE: 
but the ratio of K to M is that which is said to be compounded of 
the ratios of K to L, and L to M; (v. def. A.) 
therefore K has to M the ratio compounded of the ratios of the sides: 
and because as BC to CG, so is the parallelogram 4 C to the paral- 
lelogram CH; (vi. 1.) 
but as BC to CG, so is K to L; 
therefore K is to Z, as the parallelogram 4C to the parallelogram 
CH: (v. 11.) 
again, because as DC to CE, so is the parallelogram CH to the 
parallelogram CF; 
but as DC to CE, sois L to M; 
wherefore L is to M, as the parallelogram CZ to the parallelogram 
CF; (v. 11.) 
therefore since it has been proved, 
that as K to L, so is the parallelogram 4C to the parallelogram CH; 
and as L to M, so is the parallelogram CH to the parallelogram CF; 
ex æquali, K is to M, as the parallelogram 4C to the parallelogram 
CF: (v..239) 
but K i to Df the ratio which is compounded of the ratios of the 
sides; 
therefore also the parallelogram 4C has to the parallelogram CF, 
the ratio which is compounded of the ratios of the sides. 
Wherefore, equiangular parallelograms, &c. Q.E.D. 


PROPOSITION XXIV. THEOREM, 


Parallelograms about the diameter of any parallelogram, are similar to 
the whole, and to one another. 


Let ABCD be a parallelogram, of which the diameter is AC; 
and .EG, H K parallelograms about the diameter. 
The parallelograms .EG, 42K shall be similar both to the whole 
parallelogram AB CD, and to one another. 
A E B 
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Because DC, GF are parallels, 
the angle 4.DC is equal to the angle AGF: (I. 29.) 
for the same reason, because BC, HF are parallels, 
the angle 4 BC is equal to the angle AEF: 


| 
H 
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and each of the angles BCD, EFG is equal to the opposite angle 
DAB, (1. 34.) 
and therefore they are equal to one another: 
wherefore the parallelograms ABCD, AEFG, are equiangular : 
and because the angle 4 BC is equal to the angle 4 EF, 
and the angle BAC common to the two triangles BAC, EAF, 
they are equiangular to one another ; 
therefore as AB to BC, so is AE to EF: (Vi. 4.) 
and because the opposite sides of parallelograms are equal to one 
another, (I. 34.) 
AB isto AD as AE to AG; (v. 7.) 
and DC to CD, as GF to FE; 
and also CD to DA, as FG to GA: 
therefore the sides of the parallelograms ABCD, ALFG about the 
equal angles are proportionals ; 
and they are therefore similar to one another; (VI. def. 1.) 
for the same reason, the parallelogram ABCD is similar to the 
parallelogram FHCK: 
wherefore each of the parallelograms GE, KH is similar to DB: 
but rectilineal figures which are similar to the same rectilineal figure, 
are also similar to one another: (VI. 21.) 
therefore the parallelogram GZ is similar to KH. 
Wherefore, parallelograms, &e, Q.E.D. 


PROPOSITION XXV. PROBLEM, 


To describe a rectilineal figure which shall be similar to one, and equal 
to another given rectilincal figure. 


Let ABC be the given rectilineal figure, to which the figure to be 
described is required to be similar, and D that to which it must be 
equal. 

It is required to describe a rectilineal figure similar to ABC, and 


equal to D. 
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Upon the straight line BC describe the parallelogram GE equal to 

the figure ABC; (1. 45. Cor.) 

also upon CE describe the parallelogram Cf equal to D, (1. 45. Cor.) 
and having the angle F'CE equal to the angle CBL: 
therefore BC and CF are in a straight line, as also LE and EM: 
(I. 29. and r. 14.) 
between BC and CF find a mean proportional GH, (vr. 13.) 

and upon GH describe the rectilineal figure KGH similar and simi- 

larly situated to the figure ABC. (vi. 18.) 

Because BC is to GH as GH to CF, 
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and that if three straight lines be proportionals, as the first ís to: 
the third, so is the figure upon the first to the similar and similarly) 
described figure upon the second; (vt. 20. Cor. 2.) 
therefore, as B C to CF, so is the rectilineal figure 4BC to KGH: 
but as BC to A so is the parallelogram BE to the parallelogram: 
EF; (v1.1. 
— as the rectilineal figure ABC is to KGH, so is the paral-- 
lelogram BE to the parallelocram EF: (v. 11.) 
and the ET figure ABC is equal to the parallelogram BE; 
constr. 
— the rectilineal figure KGH is equal to the parallelogram: 
EF; (v. 14.) 
but EF is equal to the figure D; (constr.) 
wherefore also K GT is equal to D: and it is similar to A4 DC. 
Therefore the rectilineal figure A GZ has been described similar to 
the figure 4 BC, and equal to D. Q.E.F. 


PROPOSITION XXVI. THEOREM. 


If two similar purallelograms have a common angle, and be similarly, 
situated ; they are about the same diameter. 


Let the parallelograms ABCD, AEFG be similar and similarly) 
situated, and have the angle DAB common. 
ABCD and AEFG shall be about the same diameter. 
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For if not, let, if possible, the parallelogram BD have its diameter 
AHC in a different straight line from AF, the diameter of the paral- 


lelogram EG, 
and let GF meet AHC in H; 
and through H draw HK parallel to AD or BC; 
therefore the parallelograms 4 BCD, AKHG being about the same 
diameter, they are similar to one another; (VI. 24.) 
wherefore as DA to 44 D, so is G.4 to AK: (VI. def. 1.) 
but because 44 D C.D and .A.E.FG are similar parallelograms, (hyp.) 
as DA is to AB, so is GA to AE; 
therefore as GA to AE, so GA to AK; (v. 11.) 
that is, G.A has the same ratio to each of the straight lines 4E, AK; 
and consequently AK is equal to AE, (V. Y 
the less equal to the greater, which is impossible : 
therefore ABCD and AKHG are not about the same diameter : 
wherefore ABCD and AEFG must be about the same diameter. 
Therefore, if two similar, &c. Q.E.D. 
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PROPOSITION XXVII. THEOREM. 


Of all parallelograms applied to the same straight line, and deficient by 
paruilelograms, similar and similarly situated to that which is described 
upon the half of the line ; that which is applied to the half, and is similar 
to its defect, is the greatest. 


Let AB be a straight line divided into two equal parts in C; 

and let the parallelogram 4D be applied to the half 44 C, which is 
therefore deficient from the parallelogram upon the whole line 42 by 
the parallelogram CE upon the other half CB: 

of all the parallelograms applied to any other parts of AB, and 
deficient by parallelograms that are similar and similarly situated to 
CE, AD shall be the greatest. 

Let AF be any paralleiogram applied to 4K, any other part of 4B 
than the half, so as to be deficient from the parallelogram upon the 
whole line 4B by the parallelogram KZ similar and similarly situ- 
ated to CE: 


= 


A CK B 


AD shall be greater than 4 F. 
First, let 4 K the base of AF, be greater than 4C the half of AB: 
and because CZ is similar to the parallelogram HK, (hyp.) 
they are about the same diameter: (vr. 26.) 
draw their diameter DB, and complete the scheme: 
then, because the parallelogram CF is equal to FE, (1. 43.) 
add AZT to both: 
therefore the whole CZ is equal to the whole KF: 
but CH is equal to CG, (1. 36.) 
because the base 44 C is equal to the base CB; 
therefore CG' is equal to KE: (ax. 1.) 
to each of these equals add CF; 
then the whole 4F'is equal to the gnomon CHL: (ax. 2.) 
therefore CE, or the parallelogram 4D is greater than the paral- 
lelogram 4 F. 
Next, let 4 the base of AF be less than AC: 
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then, the same construction being made, because BC is equal to CA, 
therefore HM is equal to MG; (1. 34.] 
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prom = parallelogram DH is equal to the parallelogram DG; 
(1. 96. 

wherefore DH is greater than LG: 

but DH is equal to DK; (1. 43.) 
therefore DK is greater than LG: 
to each of these add AZ; 
then the whole 4 D is greater than the whole 4 F. 
Therefore, of all parallelograms applied, &c. Q.E.D. 


PROPOSITION XXVIII. PROBLEM. 


To a given straight line to apply a purallelogram equal to æ given 
rectilineal fi jure, and deficient by a parallelogram similar to a given paral- 
lelogram: but the given rectilineal figure to which the parallelogram to be 
applied is to be equal, must not be greater than the parallelogram applied to 
half of the given line, having its defeat similar to the defect of that which is 
to be applied ; that is, to the given parallelogram. 


Let 44 B be the given straight line, and C'the given rectilineal figure, 
to which the parallelogram to be applied is required to be equal, which 
figure must not be greater (VI. 27.) than the parallelogram applied to 
the half of the line, having its defect from that upon the whole line 
similar to the defect of that which is to be applied ; 

and let D be the parallelogram to which this defect is required to be 
similar. 

It is required to apply a parallelogram to the straight line AB, 
which shall be equal to the figure C, and be deficient from the paral- 
lelogram upon the whole line by a parallelogram similar to D. 

Divide AB into two equal parts in the point Æ, (1. 10.) 
and upon EB describe the parallelogram EBFG similar and simi- 
larly situated to D, (vr. 18.) 
and complete the parallelogram 44 G, which must either be equal to 
C, or greater than it, by the determination. 
If AG be equal to C, then what was required is already done: 
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for, upon the straight line 4 B, the parallelogram 4 G is applied equal; 
to the figure C, and deficient by the parallelogram EF similar to D. 
But, if 4G be not equal to C, it is greater than it: 
and EF is equal to 4G; (I. 36.) . 
therefore E also is greater than C. | 
Make the parallelogram KZALN equal to the excess of EF above 
C, and similar and similarly situated to D: (VI. 28.) 
then, since D is similar to EF, (constr.) j 
therefore also KM is similar to .EF, (v1. 21.) 
let K L be the homologous side to EG, and LM to GF: 
and because .EF' is equal to C and & M together, 
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EF is greater than KM; 
therefore the straight line EG is greater than KZL, and GF than LM: 
make GX equal to LK, and GO equal to LM, (1. 3.) 
and complete the parallelogram XGOP: (1. 31.) 
therefore XO is equal and similar to KM: 
but KM is similar to EF; 
wherefore also XO is similar to £F; 
and therefore XO and EF are about the same diameter: (VI. 26.) 
let GPB be their diameter and complete the scheme. 
Then, because Z' is equal to C and KM together, 
and XO a part of the one is equal to KM a part of the other, 
the remainder, viz. the gnomon .£ EO, is equal to the remainder C: 
(ax. 3.) 

and because OF is equal to XS, by adding SR to each, (I. 43.) 

the whole OB is equal to the whole AB: 

but XB is equal to TE, because the base AZ is equal to the base 

EB; (1. 36.) 
wherefore also TF is equal to OB: (ax. 1.) 
add XS to each, then the whole 7’S is equal to the whole, viz. to 
the gnomon ERO: 
but it has been proved that the gnomon ERO is equal to C; 
and therefore also TY is equal to C. 

Wherefore the parallelogram 7'S, equal to the given rectilineal 
figure C, is applied to the given straight line 4B, deficient by the 
parallelogram SR, similar to the given one P, because SE is similar 
to EF. (VI. 24.) Q.E.F. 


PROPOSITION XXIX. PROBLEM. 


To a given straight line to apply a parallelogram equal to a given recti- 
lineal figure, exceeding by a parallelogram similar to another given. 


Let AB be the given straight line, and C the given rectilineal figure 
to which the parallelogram to be applied is required to be equal, and D 
the parallelogram to which the excess of the one to be applied above 
that upon the given line is required to be similar. 
It is required to apply a parallelogram to the given straight line 
AB which shall be equal to the figure C, exceeding by a parallelogram 
similar to D. 


D} P LM K H 











Divide 4B into two equal parts in the point £, (1. 10.) and upon 
EB describe the parallelogram EZ similar and similarly situated to 
D: (v1. 18.) 

and make the parallelogram GH equal to EZ and C together, and 

similar and similarly situated to D: (v1. 25.) 
wherefore GZ is similar to EL: (VI. 21.) 
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let KH be the side homologous to FL, and AG to FE: 
and because the parallelogram GH is greater than EL, 
therefore the side KH is greater than FL, 
and KG than FE: 
produce FL and FE, and make FLM equal to KH, and FEN to KG, 
and complete the parallelogram ALN: 
MN is therefore equal and similar to GH: 
but GH is similar to EL; 
wherefore ALN is similar to EL; 
and consequently EL and MN are about the same diameter: (V1. 26.) ; 
draw their diameter FX, and complete the scheme. 
Therefore, since GH is equal to EL and C together, 
and that GHZ is equal to MN; 
MN is equal to EZ and C: 
take away the common part EL; 
then the remainder, viz. the gnomon NOL, is equal to ©. 
And because 4F is equal to EB, 
the parallelogram AN is equal to the parallelogram WB, (1. 36.) 
that is, to BM: (1. 43.) 
add VO to each; 
therefore the whole, viz. the parallelogram 4X, is equal to the 
gnomon NOL: 
but the gnomon NOL is equal to C; 
therefore also 4X is equal to C. 

Wherefore to the straight line 42 there is applied the parallelo- 
gram .4.X equal to the given rectilineal figure C, exceeding by the 
parallelogram PO, which is similar to D, because PO is similar to 
EL. (VI. 24.) Q.E.F. 


PROPOSITION XXX. PROBLEM. 
To cui a given straight line in extreme and mean ratio. 
Let AB be the given straight line. 


It is required to cut it in extreme and mean ratio. 
P 





Upon 4B describe the square BC, (1. 46.) 
and to AC apply the parallelogram CD, equal to BC, exceeding by 
the figure 44D similar to C: (vi. 29.) 
then, since BC is a square, 
therefore also 4D is a square: 
and because BC is equal to CD,_ 
by taking the common part CE from each, 
the remainder BF' is equal to the remainder 4D: 
and these figures are equiangular, 


Fr 


BOOK VI. PROP. XXX, XXXI. 289 


therefore their sides about the equal angles are reciprocally propor- 
tional: (vi. 14.) 
therefore, as FE to ED, so AE to EB: 
but FE is equal to AC, (1. 34) that is, to AB; (def. 30.) 
and £D is equal to 4£; 
therefore as BA to AE, so is AE to EB: 
but 4 JJ is greater than dL; 
wherefore 4 £# is greater than BB: (v. 14.) 
therefore the straight line A.B is cut in extreme and mean ratio in 
E. (vi. def. 3.) Q.E.F. 
Otherwise, 
Let AB be the given straight line. 
It is required to cut it in extreme and mean ratio. 
2S. .5 ui 
Divide AB in the point C, so that the rectangle contained by 4B, 
BC, may be equal to the square on 4C. (11. 11.) 
Then, because the rectangle AB, BC is equal to the square on 44 C; 
as BA to AC, sois AC to CB: (vi. 17.) 
therefore 4B is cut in extreme and mean ratio in C. (VI. def. 3.) 
Q.E.F. 


PROPOSITION XXXI. THEOREM, 


In vight-angled triangles, the rectilineal Rgure described upon the side op- 
posite to the right angle, is equal to the similar and similarly described figures 
upon the sides containing the right angle. 


Let ABC be a right-angled triangle, having the right angle BAC. 
The rectilineal figure described upon BC shall be equal to the 
similar and similarly described figures upon BA, AC. 


A 
x — 
“im 
2 
Draw the perpendicular 4D: (r. 12.) 
therefore, because in the right-angled triangle 4 BC, 
AD is drawn from the right angle at 44 perpendicular to the base BC, 
the triangles 48D, ADC are similar to the whole triangle 445 C, 
and to one another: (vi. 8.) 
and because the triangle 44.5 C is similar to 4 DB, 
as CB to BA, so is BA to DD: (vt. 4.) 
and because these three straight lines are proportionals, 
s the first is to the third, so is the figure upon the first to the similar 
and similarly described figure upon the second: (VI. 20. Cor. 2.) 
therefore as CB to BD, so is the figure upon CB to the similar and 
similarly described figure upon BA: 
and inversely, as DB to BC, so is the figure upon BA to that upon 
BC: (V. B.) 








o 
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for the same reason, as DC to CB, so is the figure upon CA to that 
upon CB: 

therefore as BD and DC together to BC, so are the figures upon 
BA, AC to that upon BC: (v. 24.) 

but BD and DC together are equal to BC; 

therefore the figure described on BC is equal to the similar and 

similarly described figures on B.A, AC. (v. A.) 
Wherefore, in right-angled triangles, &c. Q.E.D. 


PROPOSITION XXXII. THEOREM. 


If two triangles which have two sides of the one proportional to two sides 
of the other, be joined at one angle, so as to have their homologous sides 
parallel to one another ; the remaining sides shall be in a straight line. 


Let ABC, DCE be two triangles which have the two sides B.A, 
AC proportional to the two CD, DE, 
viz. BA to AC, as CD to DE; 
and let 44 B be parallel to DC, and AC to DE. 


A 
I es 
Hu C E 


Then BC and CE shall be in a straight line. 
Because 4B is parallel to DC, and the straight line 4C meets them, 
the alternate angles BAC, ACD are equal ; (1. 29.) 
for the same reason, the angle CD E is equal to the angle ACD; 
wherefore also BAC is equal to CDE: (ax. 1.) 
and because the triangles 4 BC, DCE have one angle at A equal to 
one at D, and the sides about these angles proportionals, 
viz. BA to AC, as CD to DE, 
the triangle 4 BC is equiangular to DCE: (vt. 6.) 
therefore the angle ABC is equal to the angle DCE: 
and the angle B4 C was proved to be equal to ACD; 
therefore the whole angle 44 CE is equal to the two angles ABC, 
BAC: (ax. 2.) 
add to each of these equals the common angle 4 CB, 
then the angles A CE, A CB are equal to the angles ABC, BAC, ACB: 
but ABC, BAC, ACB are equal to two right angles: (1. 32.) 
therefore also the angles 4 CE, ACB are equal to two right angles: 
and since at the point C, in the straight line 4C, the two straight 
lines BC, CE, which are on the opposite sides of it, make the adjacent 
angles ACE, ACB equal to two right angles ; 
therefore B C and C are in a straight line. (1. 14.) 
Wherefore, if two triangles, &c. Q.E.D. 
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PROPOSITION XXXIII. THEOREM. 


In equal circles, angles, whether at the centers or circumferences, have 
the same ratio which the circumferences on which they stand have to one 
another : so also have the sectors. 


Let ABC, DEF be equal circles; and at their centers the angles 
BGC, EHF, and the angles BAC, EDF, at their circumferences. 
As the circumference BC to the circumference EF, so shall the 
angle BGC be to the angle EHF, and the angle BAC to the 
angle EDF; 
and also the sector BGC to the sector EHF. 





Take any number of circumferences CK, KL, each equal to BC, 
and any number whatever FM, MN, each equal to EF: 
and join GK, GL, HM, HN. 
Because the circumferences BC, CK, KZ are all equal, 
the angles BGC, CGK, KGL are also all equal: (III. 27.) 
therefore what multiple soever the circumference BL is of the cir- 
ED BC, the same multiple is the angle BGL of the angle 
| forthe same reason, whatever multiple the circumference EN is of 
the circumference ZF, the same multiple is the angle EHN of the 
angle FHF: 
and if the circumference BZ be equal to the circumference EN, 
the angle 2G Z is also equal to the angle EZN ; (111. 23.) 
and if the circumference BL be greater than EN, 
likewise the angle BGL is greater than EHN; and if less, less: 
therefore, since there are four magnitudes, the two circumferences 
BC, EF, and the two angles BGC, EHF; and that of the circum- 
ference BC, and of the angle BGC, have been taken any equimultiples 
whatever, viz. the circumference BL, and the angle BGL ; and of the 
circumference FF, and of the angle EHF, any equimultiples what- 
ever, viz. the circumference EN, and the angle FHN: 
and since it has been proved, that if the circumference BL be greater 
than EN; 
the angle BGL is greater than EHN; 
and if equal, equal; and if less, less ; 
therefore as the circumference BC to the circumference EF, so is the 
| angle BGC to the angle EHF: (v. def. 5.) 
but as the angle BGC is to the angle EHF; so is the angle BAC to 
the angle EDF: (v. 15.) 
| for each is double of each ; (111. 20.) 
therefore, as the circumference BC is to EF, so is the angle D GC to 
the angle EHF, and the angle BAC to the angle EDF. 


02 
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Also, as the circumference BC to EF, so shall the sector BGC be 


to the sector LHF. 
A N D — 
6 | x 
Y ff 
/ vi HNA 
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Join BC, CK, and in the circumferences, BO, CK, take any points 
A, O, and join BX, XC, CO, OK. 
Then, because in the triangles GBC, GCK, 
the two sides BG, GC are equal to the two CG, GK each to each, 
and that they contain equal angles ; 
the hase BC is equal to the base CK, (I. 4.) 
and the triangle GBC to the triangle GCK: 
and because the circumference BC is equal to the circumference CA, 
the remaining part of the whole circumference of the circle 4 £C, is 
equalto the remaining part of the whole circumference of the same 
circle: (ax. 3. 
therefore the angle BXC is equal to the angle COK; (It. 27.) 
and the segment BXC is therefore similar to the segment COK; 
(111. def. 11.) 
and they are upon equal straight lines, BC, CK: 
but similar segments of circles upon equal straight lines, are equal 
to one another: (III. 24. 
therefore the segment BXC is equal to the segment COK: 
and the triangle D GC was proved to be equal to the triangle CGK; 
therefore the whole, the sector BGC, is equal to the whole, the 
sector CGK: X 
for the same reason, the sector KGL is equal to each of the sectors 
BGC, CGK: 
in the same manner, the sectors EHF, FHM, MHN may be 
proved equal to one another: 
therefore, what multiple soever the circumference BL is of the cireum- 
ference BC, the same multiple is the sector BG of the sector BGC; 
and for the same reason, whatever multiple the circumference LV 
is of EF, the same multiple is the sector EHN of the sector 
EHF: 
and if the circumference BL be equal to EN, the sector BGL is 
equal to the sector EHN; 
and ił the circumference BL be greater than EN, the sector BGL 
is greater than the sector EHN ; 
and if less, less ; 
since, then, there are four magnitudes, the two circumferences BC, 
EF, and the two sectors BGC, LHF, and that of the circumference 
BC, and sector BGC, the circumference BL and sector BGL are any 
equimultiples whatever; and of the circumference EF, and sector 
EL, the circumference EN, and sector EHN are any equimultiples 
whatever ; 
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and since it has been proved, that if the circumference BL be greater 
than EW, the sector BGL is greater than the sector LHN ; 
and if equal, equal; and if less, less: 
therefore, as the circumference BC is to the circumference EF, so 
is the sector DG C to the sector EH. (v. def. 5.) 
Wherefore, in equal circles, &c. Q.E.D. 


PROPOSITION B. THEOREM. 


If an angle of a triangle be bisected by a straight line which likewise cuts 
the base ; the rectangle contained by the sides of the triangle is equal to the 
rectangle contained by the segments of the base, together with the square on 
the straight line which bisects the angle. 


Let ABC be a triangle, and let the angle BAC be bisected by the 
straight line 4D. 
The rectangle B.A, AC shall be equal to the rectangle BD, DC, 
together with the square on 4D. 
A 
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Describe the circle ACB about the triangle, (IV. 5.) 
and produce AD to the circumference in E, and join £C. 
Then because the angle BAD is equal to the angle CAE, (hyp.) 
and the angle 4BD to the angle 4EC, (111. 21.) 
for they are in the same segment ; 
the triangles 4 BD, AEC are equiangular to one another: (I. 32.) 
therefore as BA to AD, so is EA to AC; (VI. 4.) 
and consequently the rectangle B.A, AC is equal to the rectangle £4; 
21D, : (vr. 16.) 
that M the rectangle ED, DA, together with the square on AD; 
(11. 3.) 
but the rectangle E D, D.A is equal to the rectangle BD, DC; (II. 35.) 
therefore the rectangle B.A, AC is equal to the rectangle DD, DC, 
together with the square on 4D. 
Wherefore, if an angle, &c. Q.E.D. 


PROPOSITION C. THEOREM. 


If from any angle of a triangle, a straight line be drawn perpendicular to 
the base; the rectangle contained by the sides of the triangle is equal to the 
rectangle contained by the perpendicular and the diameter of the circle de- 
scribed, about the triangle. 


Let ABC be a triangle, and 4D the perpendicular from the angle 
A to the base BC. 

The rectangle BA, 4 C'shall be equal to the rectangle contained by 
4 D and the diameter of the circle described about the triangle. 
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b 
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E 
Describe the circle 4 CB about the triangle, (rv. 5.) and draw its 
diameter AE, and join EC. 
Because the right angle BDA is equal to the angle ECA in a 
semicircle, (III. 31.) 
and the angle 4 B.D equal to the angle .4 EC in the same segment; 
(11r. 21.) the triangles 4 B.D, A.EC are equiangular: 
therefore as BA to AD, so is EA to AC; (VI. 4.) 
and consequently the rectangle BA, AC is equal to the rectangle £4, 
AD. (vi. 16.) Iftherefore from any angle, &c. Q.E.D. 


PROPOSITION D. THEOREM. 


The rectangle contained by the diagonals of a quadrilateral figure inscribed 
in a circle, is equal to both the rectangles contained by its opposite sides. 


Let ABCD be any quadrilateral figure inscribed in a circle, and 
join 4C, BD. 
The rectangle contained by 4C, BD shall be equal to the two 
rectangles contained by 4B, CD, and by 4D, BC. 
Make the angle ABE equal to the angle DBC: (1. 23.) 
add to each of these equals the common angle EBD, 
then the angle ABD is equal to the angle LBC: 
and the angle BDA is equal to the angle BCE, because they are 
in the same segment: (HI. 21.) 
therefore the triangle 4 BD is equiangular to the triangle BCE: 
wherefore, as BC is to CE, so is BD to DA; (VI. 4.) 


— 
^E | 
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and consequently the rectangle BC, AD is equal to the rectangle 
BD, CE: (vi. 16.) 
again, because the angle 4 BE is equal to the angle DBC, and the 
angle BAE to the angle BDC, (111. 21.) 
the triangle 4 BE is equiangular to the triangle BCD: 
therefore as BA to AE, so is BD to DC; 
wherefore the rectangle BA, DC is equal to the rectangle BD, AL: 
but the rectangle BC, AD has been shewn to be equal 
to the rectangle BD, CE; 
therefore the whole rectangle 4C, BD is equal to the rectangle 
AB, DC, together with the rectangle 4D, BC. (11. 1.) 
Therefore the rectangle, &c. Q. E. D. 





This is a Lemma of Cl. Ptolemæus, in page 9 of his MeyaAn Zóvra£. 


NOTES TO BOOK VI. 


In this Book, the theory of proportion exhibited in the Fifth Book, is 
applied to the comparison of the sides and areas of plane rectilineal figures, 
both of those which are similar, and of those which are not similar. 

Def.1. In defining similar triangles, one condition is sufficient, namely, 
that similar triangles are those which have their three angles respectively 
equal; asin Prop. 4, Book v1, it is proved that the sides about the equal 
angles of equiangular triangles are proportionals, But in defining similar 
figures of more than three sides, both of the conditions stated in Def. 1, 
are requisite, as it is obvious, for instance, in the case of a square and a 
rectangle, which have their angles respectively equal, but have not their 
sides about their equal angles proportionals. 

The following definition has been proposed: ‘Similar rectilineal 
figures of mure than three sides, are those which may be divided into the 
same number of similar triangles." This definition would, if adopted, 
require the omission of a part of Prop. 20, Book vi. 

Def. ur. To this definition may be added the following : 

A straight line is said to be divided harmonically, when it is divided 
into three parts, such that the whole line is to one of the extreme segments, 
as the other extreme segment is to the middle part. Three lines are in 
harmonical proportion, when the first is to the third, as the difference be- 
tween the first and second, is to the difference between the second and 
third ; and the second is called a harmonic mean between the first and third. 

The expression ‘harmonical proportion’ is derived from the following 
fact in the Science of Acoustics, that three musical strings of the same 
material, thickness and tension, when divided in the manner stated in the 
definition, or numerically as 6, 4, and 3, produce a certain musical note, 
its fifth, and its octave. 

Def. rv. The term altitude, as applied to the same triangles and paral- 
lelograms, will be different according to the sides which may be assumed 
as the base, unless they are equilateral. 

Prop. 1. In the same manner may be proved, that triangles and paral- 
lelograms upon equal bases, are to one another as their altitudes. 

Prop. a. When the triangle ABC is isosceles, the line which bisects 
the exterior angle at the vertex is parallel to the base. In all other cases, 
if the line which bisects the angle BAC cut the base BC in the point G, 
then the straight line BD is harmonically divided in the points G, C. 


For BG is to GC as BA is to AC; (vr. 3.) 
and BD is to DC as BA is to AC, (vt. 4.) 
therefore BD is to DC as BG is to GC, 
but BG = BD — DG, and GC = GD - DC. 
Wherefore BD is to DC as BD — DG is to GD — DC. 
Hence BD, DG, DC, are in harmonical proportion. 


Prop. tv is the first case of similar triangles, and corresponds to the 
third case of equal triangles, Prop. 26, Book r. 
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Sometimes the sides opposite to the equal angles in two equiangular: 
triangles, are called the corresponding sides, and these are said to be pro- 
portional, which is simply taking the proportion in Euclid alternately. 

The term homologous (oudX\oyos), has reference to the places the sides 
of the triangles have in the ratios, and in one sense, homologous sides may 
be considered as corresponding sides. The homologous sides of any two 
similar rectilineal figures will be found to be those which are adjacent to 
two equal angles in each figure. 

Prop. v, the converse of Prop. tv, is the second case of similar triangles, 
and corresponds to Prop. 8, Book 1, the second case of equal triangles. 

Prop. vi is the third case of similar triangles, and corresponds to Prop. 
4, Book 1, the first case of equal triangles. 

The property of similar triangles, and that contained in Prop. 47, Book 
I, are the most important theorems in Geometry. 

Prop. vir is the fourth case of similar triangles, and corresponds to the 
fourth case of equal triangles demonstrated in the note to Prop. 26, Book r. 

Prop. 1x. The learner here must not forget the different meanings of 
the word part, as employed in the Elements. The word here has the 
same meaning as in Euc, v. def. 1. 

It may be remarked, that this proposition is a more simple case of the 
next, namely, Prop. x. 

Prop. xr. This proposition is that particular case of Prop. x11, in which 
the second and third terms of the proportion are equal. These two 
problems exhibit the same results by a Geometrical construction, as are 
obtained by numerical multiplication and division. 

Prop. xur. The difference in the two propositions Euc. 1, 14, and 
Euc. vi. 13, is this: in the Second Book, the problem is, to make a rect- 
angular figure or square equal in area to an irregular rectilinear figure, 
in which the idea of ratio is not introduced. In the Prop. in the Sixth 
Book, the problem relates to ratios only, and it requires to divide a line 
into two parts, so that the ratio of the whole line to the greater segment 
may be the same as the ratio of the greater segment to the less. 

The result in this proposition obtained by a Geometrical construction, 
is analogous to that which is obtained by the multiplication of two 
numbers, and the extraction of the square root of the product. 

It may be observed, that half the sum of AB and BC is called the 
Arithmetic mean between these lines; also that BD is called the Geo- 
metric mean between the same lines. 

To find two mean proportionals between two given lines is impossible 
by the straight line and circle. Pappus has given several solutions of 
this problem in Book 111, of his Mathematical Collections ; and Eutocius 
has given, in his Commentary on the Sphere and Cylinder of Archimedes, 
ten different methods of solving this problem. 

Prop. xiv depends on the same principle as Prop. xv, and both may 
easily be demonstrated from one diagram. Join DF, FE, EG in the fig. 
to Prop. xiv, and the figure to Prop, xv is formed. We may add, that 
there does not appear any reason why the properties of the triangle and 
parallelogram should be here separated, and not in the first proposition of 
the Sixth Book. 

Prop. xv holds goou wnen one angie of one triangle is equal to the 
defect from what the corresponding angle in the other wants of two right 
angles. 

This theorem will perhaps be more distinctly comprehended by the 
learner, if he will bear in mind, that four magnitudes are reciprocally 
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proportional, when the ratio compounded of these ratios is a ratio of 
equality. 
Prop. xvir is only a particular case of Prop. xvi, and more properly, 
might appear as a corollary : and both are cases of Prop. xrv. 
Algebraically, Let AB, CD, E, F, contain a, b, c, d units respectively, 


Then, since a, b, c, d are proportionals, ,', 


Multiply these equals by dd, .*, ad = be, 
or, the product of the extremes is equal to the product of the means. 
And conversely, If the product of the extremes be equal to the pro- 
duct of the means, 
or ad = be, 


then, dividing these equals by dd, .". eM. 


or the ratio of the first to the second number, is equal to the ratio of the 
third to the fourth. 


Similarly may be shewn, that if = = ; then ad=0*. 
And conversely, if ad=5*; then - i 


Prop. xvin. Similar figures are said to be similarly situated, when 
their homologous sides are parallel, as when the figures are situated on 
the same straight line, or on parallel lines: but when similar figures are 
situated on the sides of a triangle, the similar figures are said to be similarly 
situated when the homologous sides of each figure have the same re- 
lative position with respect to one another ; that is if the bases on which 
the similar figures stand, were placed parallel to one another, the re- 
maining sides of the figures, if similarly situated, would also be parallel 
to one another. 

Prop. xx. It may easily be shewn, that the perimeters of similar 
polygons, are proportional to their homologous sides. 

Prop. xxr. This proposition must be so understood as to include all 
rectilineal figures whatsoever, which require for the conditions of simila- 
rity another condition than is required for the similarity of triangles. 
See note on Euc. vi. Def. 1. 

Prop. xxi. The doctrine of compound ratio, including duplicate and 
triplicate ratio, in the form in which it was propounded and practised by 
the ancient Geometers, has been almost wholly superseded. However 
satisfactory for the purposes of exact reasoning the method of expressing 
the ratio of two surtaces, or of two solids by two straight lines, may be in 
itself, it has not been found to be the form best suited for the direct ap- 
plication of the results of Geometry. Almost all modern writers on Geo- 
metry and its applications to every branch of the Mathematical Sciences, 
have adopted the algebraical notation of a quotient AB: BC; or ofa 


fraction 5 ; for expressing the ratio of two lines 4B, BC: as well as that 
of a product AB x BC, or AB. BC, for the expression of a rectangle. 
The want of a concise and expressive method of notation to indicate the 
proportion of Geometrical Magnitudes in a form suited for the direct ap- 
plication of the results, has doubtless favoured the introduction of Alge- 
braical symbols into the language of Geometry. It must be admitted, 
however, that such notations in the language of pure Geometry are liable 
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to very serious objections, chiefly on the ground that pure Geometry does 
not admit the Arithmetical or Algebraical idea of a product or a quotient 
into its reasonings. On the other hand, it may be urged, that it is not 
the employment of symbols which renders a process of reasoning pecu- 
liarly Geometrical or Algebraical, but the ideas which are expressed by 
them. Ifsymbols beemployed in Geometrical reasonings, and be under- 
stood to express the magnitudes themselves and the conception of their Geo- 
metrical ratio, and not any measures, or numerical values of them, there 
would not appear to be any very great objections to their use, provided 
that the notations employed were such as are not likely to lead to mis- 
conception. It is, however, desirable, for the sake of avoiding confusion 
of ideas in reasoning on the properties of number and of magnitude, that 
the language and notations employed both in Geometry and Algebra 
should be rigidly defined and strictly adhered to, in all cases. At the 
commencement of his Geometrical studies, the student is recommended 
not to employ the symbols of Algebra in Geometrical demonstrations. 
How far it may be necessary or advisable to employ them when he fully 
understands the nature of the subject, is a question on which some diffe- 
rence of opinion exists. 

Prop. xxv. There does not appear any sufficient reason why this pro- 
position is placed between Prop. xxiv. and Prop. xxvi. 

Prop. xxvir. 'To understand this and the three following proposi- 
tions more easily, it is to be observed : 

1, ‘That a parallelogram is said to be applied to a straight line, when 
it is described upon it as one of its sides. Ex. gr. the parallelogram 4C 
is said to be applied to the straight line 4B. 

2. Buta parallelogram AE is said to be applied to a straight line 
AB, deficient by a parallelogram, when 4D the base of AE is less than 
4 B, and therefore 4E is less than the parallelogram 4C described upon 
AB in the same angle, and between the same parallels, by the parallelo- 
gram DC; and DC is therefore called the defect of AE. 

3. And a parallelogram 4G is said to be applied to a straight line 
AB, exceeding by a parallelogram, when #F the base of AG is greater 
than AB, and therefore AG exceeds AC the parallelogram described 
upon 4B in the same angle, and between the same parallels, by the 
parallelogram BG.’’—Simson. 

Both among Euclid’s Theorems and Problems, cases oceur in which 
the hypotheses of the one, and the data or quesita of the other, are 
restricted within certain limits as to magnitude and position, The 
determination of these limits constitutes the doctrine of Maxima and 
Minima. Thus:—The theorem Eue. vi. 27 is a case of the maximum 
value which a figure fulfilling the other conditions can have; and the 
succeeding proposition is a problem involving this fact among the 
conditions as a part of the data, in truth, perfectly analogous to Euc. 1. 
20, 22; wherein the limit of possible diminution of the sum of the two 
sides of a triangle described upon a given base, is the magnitude of 
the base itself; the limit of the side of a square which shall be equal to 
the rectangle of the two parts into which a given line may be divided, 
is half the line, as it appears from Euc. 11. 5:—the greatest line that can 
be drawn from a given point within a circle, to the circumference, 
Euc. rrr. 7, is the line which passes through the center of the circle; 
and the least line which can be so drawn from the same point, is the part 
produced, of the greatest line between the given point and the circum- 
ference. Euc. 11. 8, also affords another instance of a maximum and a 
minimum when the given point is outside the given circle. 
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Prop. xxx1. This proposition is the general case of Prop. 47, Book 1, 
for any similar rectilineal figure described on the sides of a right-angled 
triangle. The demonstration, however, here given is wholly independent 
of Euc. 1. 47. 

Prop. xxx111. In the demonstration of this important proposition, 
angles greater than two right angles are employed, in accordance with 
the criterion of proportionality laid down in Euc. v. def. 6. 

This proposition forms the basis of the assumption of arcs of circles 
for the measures of angles at their centers. One magnitude may be as- 
sumed as the measure of another magnitude of a different kind, when the 
two are so connected, that any variation in them takes place simultane- 
ously, and in the same direct proportion. This being the case with 
angles at the center of a circle, and the arcs subtended by them; the 
arcs of circles can be assumed as the measures of the angles they subtend 
at the center of the circle. 

Prop. B. The converse of this proposition does not hold good when 
the triangle is isosceles. 
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1, Dustrnavisu between similar figures and equal figures, 

2. What is the distinction between homologoys sides, and equal sides 
in Geometrical figures? 

8. Whatis the number of conditions requisite to determine similarity 
of figures? Is the number of conditions in Euclid’s definition of similar 
figures greater than what is necessary? Propose a definition of similar 
figures which includes no superfluous condition. 

4, Explain how Euclid makes use of the definition of proportion in 
Euc. v1. 1. 

5. Prove that triangles on the same base are to one another as their 
altitudes. 

6. If two triangles of the same altitude have their bases unequal, 
and if one of them be divided into »n equal parts, and if the other contain 
^ of those parts ; prove that the triangles have the same numerical relation 
as their bases. Why is this Proposition less general than Euc. vr. 1? 

7. Are triangles which have one angle of one equal to one angle of 
another, and the sides about two other angles proportionals, necessarily 
similar ? 

8. What are the conditions, considered by Euclid, under which two 
triangles are similar to each other? 

9. Apply Euc. vi. 2, to trisect the diagonal of a parallelogram. 

10. When are three lines said to be in harmonical proportion? If 
both the interior and exterior angles at the vertex of a triangle (Euc. vr. 
8, A.) be bisected by lines which meet the base, and the base produced,in 
D, G; the segments BG, GD, GC of the base shall be in Harmonical pro- 
portion. 

11. Ifthe angles at the base of the triangle in the figure Euc. v1. 4, 
be equal to each other, how is the proposition modified ? 

12. Under what circumstances will the bisecting line in the fig. Euc. 
vi. A, meet the base on the side of the angle bisected? Shew that there 
is an indeterminate case. 
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13. State some of the uses to which Euc. vr. 4, may be applied. 

14. Apply Euc. vi. 4, to prove that the rectangle contained by the 
segments of any chord passing through a given point within a circle is 
constant. 

15. Point out clearly the difference in the proofs ofthe two latter cases 
in Eue, v1. 7. 

16. From the corollary of Euc. vr. 8, deduce a proof of Euc. 1. 47. 

17. Shew how the last two properties stated in Euc. vr. 8. Cor. may 
be deduced from Euc. 1. 47 ; 11. 25 v1. 17. 

18. Given the «th part of a straight line, find by a Geometrical con- 
struction, the (2 + 1)th part. 

19. Define what is meant by à mean proportional between two given 
lines: and find a mean proportional between the lines whose lengths are 
4 and 9 units respectively. Is the method you employ suggested by any 
Propositions in any of the first four books? 

20. Determine a third proportional to two lines of 0 and 7 units : and 
a fourth proportional to three lines of 5, 7, 9, units. 

21. Finda straight line which shall have to a given straight line, the 


ratio of 1 to 4/5. 

22. Define reciprocalfigures. Enunciate the propositions proved re- 
specting such figures in the Sixth Book. 

23. Give the corollary, Euc. vr. 8, and prove thence that the Arith- 
metic mean is greater than the Geometric between the same extremes. 

24. If two equal triangles have two angles together equal to two 
right angles, the sides about those angles are reciprocally proportional. 

25. Give Algebraical proofs of Prop. 16 and 17 of Book vi. 

26. Enunciate and prove the converse of Euc. vi. 15. 

27. Explain what is meant by saying, that “similar triangles arein the 
duplicate ratio of their homologous sides." 

28. Whatare the data which determine triangles both in species and 
magnitude? How are those data expressed in Geometry ? 

29. If the ratio of the homologous sides of two triangles be as 1 to 
4, what is the ratio of the triangles? And if the ratio of the triangles be 
as 1 to 4, what is the ratio of the homologous sides? 

30. Shew that one of the triangles in the figure, Euc. rv. 10, is a mean 
proportional between the other two. 

3l. What is the algebraical interpretation of Euc. vr. 19? 

32. From your definition of Proportion, prove that the diagonals of 
à square are in the same proportion as their sides. 

33. What propositions does Euclid prove respecting similar polygons ? 

34, Theparallelograms about the diameter of a parallelogram are similar 
to the whole and to one another. Shew when they aré equal, 

35. Prove Algebraically, that the areas (1) of similar triangles and (2) 
of similar parallelograms are proportional to the squares of their homo- 
logous sides. 

96. How is it shewn that equiangular parallelograms have to one 
another the ratio which is compounded of the ratios of their bases and al- 
titudes ? 

37. To find two lines which shall have to each other, the ratio com- 
pounded of the ratios of the lines A to B, and C to D. 

38. State the force of the condition ‘similarly described ;" and shew 
that, on a given straight line, there may be described as many polygons 
of different magnitudes, similar to a given polygon, as there are sides of 
different lengths in the polygon. 
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39. Describe a triangle similar to a given triangle, and having its 
area double that of the given triangle. 

40. ‘The three sides of a triangle are 7, 8, 9 units respectively; deter- 
mine the length of the lines which meeting the base, and the base produced, 
bisect the interior angle opposite to the greatest side of the triangle, 
and the adjacent exterior angle. 

41. ‘The three sides of a triangle are 3, 4, 6 inches respectively ; find 
the lengths of the external segments of the sides determined by the lines 
which bisect the exterior angles of the triangle. 

42. What are the segments into which the hypotenuse of a right- 
angled triangle is divided by a perpendicular drawn from the right angle, 
if the sides containing it are @ and 3a units respectively ? 

43, If the three sides of a triangle be 3, 4, 5 units respectively: what 
are the parts into which they are divided by the lines which bisect the 
angles opposite to them ? 

44, Ifthe homologous sides of two triangles be as 3 to 4, and the area 
of one triangle be known to contain 100 square units; how many square 
units are contained in the area of the other triangle? 

45. Prove that if BD be taken in AB produced (fig. Euc. vi. 30) 
equal to the greater segment AC, then 4D is divided in extreme and 
mean ratio in the point B. 

Shew also, that in the series 1, 1, 2, 3, 6, 8, &c. in which each term is 
the sum of the two preceding terms, the last two terms perpetually ap- 
proach to the proportion of the segments of a line divided in extreme and 
mean ratio. Find a general expression (free from surds) for the »th term 
of this series. 

46. The parts of a line divided in extreme and mean ratio are incom- 
mensurable with each other. 

47. Shewthatin Euclid’s figure (Euc. 11. 11.) four other lines, besides 
the given line, are divided in the required manner. 

48. Enunciate Euc. v1. 31. What theorem of a previous book is in- 
cluded in this proposition ? 

49, What is the superior limit, as to magnitude, of the angle at the 
cireumference in Euc. vi. 33? Shew that the proof may be extended by 
withdrawing the usually supposed restriction as to angular magnitude; 
and then deduce, as acorollary, the proposition respecting the magnitudes 
of angles in segments greater than, equal to, or less than a semicircle. 

50. The sides of a triangle inscribed in a circle are a, 5, c, units respec- 
tively: find by Euc. vr. c, the radius of the circumscribing circle. 

61. Enunciate the converse of Euc. vi. p. 

52. Shew independently that Euc. vri. p, is true when the quadri- 
lateral figure is rectangular. 

63. Shew that the rectangles contained by the opposite sides ofa 
quadrilateral figure which does not admit of having a cirele described 
about it, are together greater than the rectangle contained by the diagonals. 

64. What different conditions may be stated as essential to the possi- 
bility of the inscription and circumscription ofa circle in and about a 
quadrilateral figure ? 

55. Point out those propositions in the Sixth Book in which Euclid’s 
definition of proportion is directly applied. 

56. Explain briefly the advantages gained by the application of 
analysis to the solution of Geometrical Problems. 

67. ln what cases are triangles proved to be equa! in Euclid, and in 
what cases are they proved to be similar? 
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PROPOSITION I. PROBLEM, 
To inscribe a square in a given triangle, 


Analysis. Let ABC be the given triangle, of which the base BO, 
and the perpendicular 4D are given. 





b H D K C 
Let F'G.H K be the required inscribed square. 
Then BHG, BDA are similar triangles, 
and GH is to GB, as AD is to AB, 
but G&F is equal to GH; 
therefore GF is to GB, as AD is to AB. 
Let BF be joined and produced to meet a line drawn from A pa- 
rallel to the base BC in the point E. 
Then the triangles BGF, BAE are similar, 
and A E is to AB, as GF is to GB, 
but GFis to GB, as AD is to AB; 
wherefore 4 E is to 4B, as AD is to AB; 
hence 4 £ is equal to AD. 
Synthesis. Through the vertex 4, draw AZ parallel to BC the 
base of the triangle, 
make AE equal to 4D, 
join EB cutting AC in F, 
through F, draw FG parallel to BC, and FK parallel to 4D; 
also through G draw GH parallel to AD. 
Then GHKF is the square required. S 
The different cases may be considered when the triangle is equi- 
lateral, scalene, or isosceles, and when each side is taken as the base. 


PROPOSITION II. THEOREM. 
If from the extremities of any diameter of a given circle, perpendiculars 
be drawn to any chord of the circle, they shall meet the chord, or the chord 
produced in two points which are equidistant from the center. 


First, let the chord CD intersect the diameter AB in L, but not 
at right angles; and from 4, B, let AE, BF be drawn perpendicular 
to CD. Then the points F, E are equidistant from the center of the 
chord CD. 

Join EB, and from Z the center of the circle, draw IG perpendi- 
eular to CD, and produce it to meet EB in H. 
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Then IG bisects CD in G; (11. 2.) 
and IG, AE being both perpendicular to CD, are parallel. (1. 29.) 
Therefore BI is to BH, as JA isto HE; (VI. 2.) 
and BH isto FG, as HE isto GE; 
therefore BI is to FG, as [A is to GE; 
but BI is equal to IA; 
therefore FG is equal to GE. 
It is also manifest that DE is equal to CF. 
When the chord does not intersect the diameter, the perpendicu- 
lars intersect the chord produced. 


PROPOSITION III. THEOREM. 


If two diagonals of a regular pentagon be drawn to cut one another, the 
greater segments will be egual to the side of the pentagon, and the diagonals 
toill cut one another in extreme and mean ratio. - 

Let the diagonals 4C, B.E be drawn from the extremities of the 
side AB of the regular pentagon ABCDE, and intersect each other 
in the point H. 

Then BE and AC are cut in extreme and mean ratio in H, and 
the greater segment of each is equal to the side of the pentagon. 

Let the circle 4 BCDE be described about the pentagon. (Iv. 14.) 

E EA, AB are equal to AB, BC, and they contain equal 

angles; 
therefore the base EB is equal to the base .4 C, (1. 4.) 
and the triangle EAB is equal to the triangle CBA, 

and the remaining angles will be equal to the remaining angles, 

each to each, to which the equal sides are opposite. 
D 


MA Xx 


I 
—D 
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Therefore the angle BAC is equal to the angle ABE; 
and the angle 4 H.E is double of the angle BAH, (1. 32.) 
but the angle EAC is also double of the angle BAC, (vI. 33.) 
therefore the angle HALE is equal to 4 HE, 
and consequently H/F is equal to EA, (1. 6.) or to AB. 
And because BA is equal to AZ, 
the angle ABE is equal to the angle AEB; 


— 
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but the angle ABE has been proved equal to BAH: 
therefore the angle BEA is equal to the angle BAH: 
and ABE is common to the two triangles ABE, ABH; 
therefore the remaining angle BAE is equal to the remaining 
angle AHB ; 
and consequently the triangles 4 B E, ABH are equiangular; 
therefore EB is to BA, as AB to BH: but BA is equal to EH, 
therefore EB is to EHA, as EH is to BH, 
but BE is greater than EH; therefore EH is greater than HB; 
therefore BE has been cut in extreme and mean ratio in H. 
Similarly, it may be shewn, that 4C has also been cut in extreme 
and mean ratio in #, and that the greater segment of it CH is equal 
to the side of the pentagon. 


PROPOSITION IV, PROBLEM. 
Divide a given are of a circle into two parts which shall have their chords 


£n a given ratio. 


Analysis. Let 4, B be the two given points in the circumference 
of the circle, and C the point required to be found, such that when the 
chords 44 C and B C axe joined, the lines 4 C and BC shall have to one 
another the ratio of E to F. 





Draw CD touching the circle in C; 
join 4B and produce it to meet CD in D. 
Since the angle BAC is equal to the angle BCD, (i111. 32.) 
and the angle CDB is common to the two triangles DBC, DAC; 
therefore the third angle CBD in one, is equal to the third angle 
DCA in the other, and the triangles are similar, 
therefore AD is to DC, as DC is to DB; (vI. 4.) 
hence also the square on 4D is to the square on DC as AD is to 
BD. (vi. 20. Cor.) 
ut 4D is to AC, as DC is to CB, (vi. 4.) 
and AD is to DC, as AC to CB, (v. 16.) 
also the square on 24 D is to the square on DC, as the square on AC 
is to the square on CB; 
but the square on 4D is to the square on DC, as AD is to DB: 
wherefore the square on 4C is to the square on CB, as 4D is to BD; 
but Æ C is to CB, as E is to F, (constr.) 
therefore 4D is to DB as the square on £ is to the square on F. 
Hence the ratio of AD to DB is given, 
and 4B is given in magnitude, because the points.4, B in the cir- 
cumference of the circle are given. 
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Wherefore also the ratio of 4D to AB is given, and also the mag- 
nitude of 4D. 
Synthesis. Join AB and produce it to D, so that AD shall be to 
BD, as the square on £ to the square on F. 

From D draw DC to touch the circle in ©, and join CB, CA. 
Since 4D is to DB, as the square on .Z is to the square on 7, (constr.) 
and AD is to DB, as the square on AC is to the square on BC; 
therefore the square on 4 C is to the square on BC, as the square on 

E is to the square on £F, 
and AC is to BC, as E is to F. 


PROPOSITION V. PROBLEM. 


A, B, C are given points, It is required to draw through any other point 
in the same plane with A, B, and C, a straight line, such that the sum of its 
distances from two of the given points, may be equal to its distance from the 
third. 


Analysis. Suppose F' the point required, such that the line XFH 
being drawn through any other point X, and 4D, BE, CH perpen- 
diculars on XF'H, the sum of BF and CH is equal to AD. 
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Join AB, BC, CA, then ABC is a triangle. 
Draw AG to bisect the base BC in G, and draw GK perpendicular 
to EF. 
Then since BC is bisected in G, 
the sum of the perpendiculars CH, BE is double of GK; 
but CH and BE are equal to AD, (hyp.) 
therefore 4D must be double of GK; 
but since 4D is parallel to GK, 
the triangles ADF, GKF are similar, 
therefore 4 D is to AF, as GK is to GF; 
but 4D is double of GK, therefore AF is double of GF; 
and consequently, GF is one-third of AG the line drawn from the 
vertex of the triangle to the bisection of the base. 
But AG is a line given in magnitude and position, 
therefore the point F' is determined. 

Synthesis. Join 4B, AC, BC, and bisect the base BC of the tri- 
angle ABC in G; join 4G and take GF equal to one-third of GA; 
the line drawn through X and F will be the line required. 

It is also obvious, that while the relative position of the points .4, 
D, C, remains the same, the point F remains the same, wherever the 
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point X may be. The point X may therefore coincide with the point 
F, and when this is the case, the position of the line FX is left un- 
determined. Hence the following porism. 

A triangle being given in position, a point in it may be found, 
such, that any straight line whatever being drawn through that point, 
the perpendiculars drawn to this straight line from the two angles of 
the triangle, which are on one side of it, will be together equal to the 
perpendicular that is drawn to the same line from the angle on the 
other side of it. 


I, 


6. TRIANGLES and parallelograms of unequal altitudes are to each 
other in the ratio compounded of the ratios of their bases and altitudes, 

7. If ACB, ADB be two triangles upon the same base 4B, and 
between the same parallels, and if through the point in which two of 
the sides (or two of the sides produced) intersect two straight lines be 
drawn parallel to the other two sides so as to meet the base AB (or 
AB produced) in points Hand F. Prove that 4E = BF. 

8. Inthe base AC of a triangle ABC take any point D; bisect 
AD, DC, AB, BC, in E, F, G, H respectively : shew that EG is 
equal to HF. 

9. Construct an isosceles triangle equal to a given scalene triangle 
and having an equal vertical angle with it. 

10. If, in similar triangles, from any two equal angles to the 
opposite sides, two straight lines be drawn making equal angles with 
the homologous sides, these straight lines will have the same ratio as 
the sides on which they fall, and will also divide those sides propor- 
tionally. 

TM Any three lines being drawn making equal angles with the 
three sides of any triangle towards the same parts, and meeting one 
another, will form a triangle similar to the original triangle. 

12. BD, CD are perpendicular to the sides 4B, AC of a triangle 
ABC,and CE is drawn perpendicular to AD, meeting 4B in £: 
shew that the triangles ABC, ACE are similar. 

13. In any triangle, if a perpendicular be let fall upon the base 
from the vertical angle, the base will be to the sum of the sides, as the 
difference of the sides to the difference or sum of the segments of the 
base made by the perpendicular, according as it falls within or with- 
out the triangle. 

14. If triangles AEF, ABC have a common angle 4, triangle 
ABC: triangle AEF:: AB.AC: AE. AF. 

15. If one side of a triangle be produced, and the other shortened 
by equal quantities, the line joining the points of section will be di- 
vided by the base in the inverse ratio of the sides. 


II. 


16. Find two arithmetic means between two given straight lines. 
17. To divide a given line in harmonical proportion. 
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18. To find, by a geometrical construction, an arithmetic, 
geometric, and harmonic mean between two given lines. 

19. Prove geometrically, that an arithmetic mean between two 
quantities, is greater than a geometric mean. Also having given the 
sum of two lines, and the excess of their arithmetic above their 
geometric mean, find by a construction the lines themselves. 

20. If through the point of bisection of the base of a triangle any 
line be drawn, intersecting one side of the triangle, the other produced, 
and a line drawn parallel to the base from the vertex, this line shall 
be cut harmonically. 

21. Ifa given straight line 4B be divided into any two parts in 
the point C, it is required to produce it, so that the whole line 
produced may be harmonically divided in Cand B. 

22. If from a point without a circle there be drawn three straight 
lines, two of which touch the circle, and the other cuts it, the line 
which cuts the circle will be divided harmonically by the convex 
circumference, and the chord which joins the points of contact. 


II. 


23. Shew geometrically that the diagonal and side of a square are 
incommensurable. 

24. Ifa straight line be divided in two given points, determine a 
third point, such that its distances from the extremities, may be 
proportional to its distances from the given points. 

25. Determine two straight lines, such that the sum of their 
squares may equal a given square, and their rectangle equal given 
rectangle. 

26. Draw a straight line such that the perpendiculars let fall 
from any point in it on two given lines may be in a given ratio. 

27. If diverging lines cut a straight line, so that the whole is to 
one extreme, as the other extreme is to the middle part, they will 
intersect every other intercepted line in the same ratio. 

28. It is required to cut off a part of a given line so that the part 
eut off may be a mean proportional between the remainder and 
another given line. 

29, Itis required to divide a given finite straight line into two 
parts, the squares of which shall have a given ratio to each other. 


IV. 


30. From the vertex ofa triangle to the base, to draw a straight 
line which shall be an arithmetic mean between the sides containing 
the vertical angle. 

31. From the obtuse angle of a triangle, it is required to draw a 
line to the base, which shall be a mean proportional between the 
segments of the base. How many answers does this question admit 
of ? 

32. To drawa line from the vertex of a triangle to the base, which 
shall be a mean proportional between the whole base and one segment. 

33. If the perpendicular in a right-angled triangle divide the 
hypotenuse in extreme and mean ratio, the less side is equal to the 
alternate segment. 
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34. From the vertex of any triangle 4BC, draw a straight line 
meeting the base produced in D, so that the rectangle DB. DU=AD*. 

385. ‘To find a point P in the base BC ofa triangle produced, so 
that PD being drawn parallel to 4 C, and meeting A B produced to D, 
AC: CP: CP PD. 

36. Ifthe triangle ABC has the angle at C a right angle, and 
from C a perpendicular be dropped on the opposite side intersecting 
itin D, then AD: DB:: AC: CP. 

37. In any right-angled triangle, one side is to the other, as the 
excess of the hypotenuse above the second, to the line cut off from the 
first between the right angle and the line bisecting the opposite angle. 

38. If on the two sides of a right-angled triangle squares be 
described, the lines joining the acute angles of the triangle and the 
opposite angles of the squares, will cut off equal segments from the 
sides; and each of these equal segments will be a mean proportional 
between the remaining segments. 

39. In any right-angled triangle ABC, (whose hypotenuse is 4B) 
bisect the angle 4 by AD meeting CB in D, and prove that 

24C*: AC* - CI? :: BC:CD. 

40. On two given straight lines similar triangles are described. 
Required to find a third, on which, if a triangle similar to them be) 
described, its area shall equal the difference of their areas. 

41. Inthe triangle dBC, AC=2.BC. If CD, CE respectively 
bisect the angle C, and the exterior angle formed by producing AC; 
prove that the triangles CBD, ACD, ABC, CDE, have their areas as 
1, 2, 3, 4. 

€ 


49. Itisrequired to bisect any triangle (1) bya line drawn parallel, 
(2) by a line drawn perpendicular, to the base. 

43. To divide a given triangle into two parts, having a given ratio 
to one another, by a straight line drawn parallel to one of its sides. 

44. Find three points in the sides of a triangle, such that, they 
being joined, the triangle shall be divided into four equal triangles. 

45. From a given point in the side of a triangle, to draw lines to 
the sides which shall divide the triangle into any number of equal parts. 

46. Any two triangles being given, to draw a straight line parallel 
to a side of the greater, which shall cut off a triangle equal to the less. 


VI. 


47. The rectangle contained by two lines is a mean proportional 
between their squares. 

48. Describe a rectangular parallelogram which shall be equal to 
a given square, and have its sides in a given ratio. 

49. If from any two points within or without a parallelogram, 
straight lines be drawn perpendicular to each of two adjacent sides 
and intersecting each other, they form a parallelogram similar to the 
former. 

50. Itis required to cut off from a rectangle a similar rectangle 
which shall be any required part of it. 


| 


| 
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51. If from one angle 4 ofa parallelogram a straight line be drawn 
cutting the diagonal in Æ and the sides in P, Q, shew that 


AE - PE. EQ. 
52. The diagonals of a trapezium, two of whose sides are parallel, 
cut one another in the same ratio. 


VII. 


53. In a given circle place a straight line parallel to a given 
straight line, and having a given ratio to it; the ratio not being 
greater than that of the diameter to the given line in the circle. 

64. In a given circle place a straight line, cutting two radii which 
are perpendicular to each other, 3n such a "manner, that the line itself 
may be trisected. 

55. ABP is a diameter, and P any point in the circumference of a 
circle; 4P and BP are joined and produced if necessary ; if from any 
point C of AB, a perpendicular be drawn to 4B meeting 4 P and BP 
in points D and Æ respectively, and the circumference of the circle 
in a point F, shew that CD is a third proportional of CE and CF. 

96. If from the extremity of a diameter of a circle tangents be 
drawn, any other tangent to the circle terminated by them is so 
divided at its point of contact, that the radius of the circle is a mean 
proportional between its segments. 

97. From a given point without a circle, it is required to draw a 
straight line to the concave circumference, which shall be divided in a 
given ratio at the point where it intersects the convex circumference. 

98. From what point in a circle must a tangent be drawn, so that 
à perpendicular on it from a given point in the circumference may be 
cut by the circle in a given ratio? 

509. Through a given point within a given circle, to draw a 
straight line such that the parts of it intercepted between that point 
and the circumference, may have a given ratio. 

60. Let the two diameters 4B, CD, of the circle A DBC be at 
right angles to each other, draw any chord LF, join CE, CF, meeting 
AB in Gand H; prove that the triangles CGH and CEF are similar. 

61. A circle, a straight line, and a point being given in position, 
required a point in the line, such that a line drawn from it to the 
given point may be equal to a line drawn from it touching the circle. 
What must be the relation among the data, that the problem may 
become porismatic, 1. c. admit of innumerable solutions ? 


VIII. 


62. Prove that there may be two, but not more than two, similar 
triangles in the same segment of a circle. 

63, Ifasin Euclid vr. 3, the vertical angle BAC of the triangle 
BAC be bisected by 4D, and BA be produced to meet CE drawn 
parallel to AD in Æ; shew that 4D will be a tangent to the circle 
described about the triangle 774 C. 

64. Ifatriangle be inscribed in a circle, and from its vertex, lines 
be drawn parallel to the tangents at the extremities of its base, they 
will cut off similar triangles. 


310 GEOMETRICAL EXERCISES 


65. If from any point in the circumference of a circle perpen- 
diculars be drawn to the sides, or sides produced, of an inscribed tri- 
angle; shew that the three points of intersection will be in the same 
straight line. 

66. Ifthrough the middle point of any chord of a circle, two chords 
be drawn, the lines joining their extremities shall intersect the first 
chord at equal distances from its extremities. 

67. If astraight line be divided into any two parts, to find the 
locus of the point in which these parts subtend equal angles. 

68. Ifthe line bisecting the vertical angle of a triangle be divided 
into parts which are to one another as the base to the sum of the sides, 
the point of division is the center of the inscribed circle. 

69. The rectangle contained by the sides of any triangle is to the 
rectangle by the radii of the inscribed and circumscribed circles, as 
twice the perimeter is to the base. 

10. Shew that the locus of the vertices of all the triangles construct- 
ed upon a given base, and having their sides in a given ratio, is a circle. 

71. If from the extremities of the base of a triangle, perpen- 
diculars be let fall on the opposite sides, and likewise straight lines 
drawn to bisect the same, the intersection of the perpendiculars, that 
of the bisecting lines, and the center of the circumscribing circle, will 
be in the same straight line. 


IX. 


72. Ifa tangent to two circles be drawn cutting the straight line 
which joins their centers, the chords are parallel which join the points 
of contact, and the points where the line through the centers cuts the 
circumferences. 

73. If through the vertex, and the extremities of the base of a 
triangle, two circles be described, intersecting one another in the base 
or its continuation, their diameters are proportional to the sides of the 
triangle. 

14. If two circles touch each other externally and also touch a 
straight line, the part of the line between the points of contact is a 
mean proportional between the diameters of the circles. 

75. If from the centers of each of two circles exterior to one 
another, tangents be drawn to the other circles, so as to cut one another, 
the rectangles of the segments are equal. 

76. Ifa circle be inscribed in a right-angled triangle and another 
be described touching the side opposite to the right angle and the 
produced parts of the other sides, shew that the rectangle under the 
radii is equal to the triangle, and the sum of the radii equal to the sum 
of the sides which contain the right angle. 

711. lf a perpendicular be drawn from the right angle to the hy- 
potenuse of a right-angled triangle, and circles be inscribed within the 
two smaller triangles into which the given triangle is divided, their 
diameters will be to each other as the sides containing the right angle. 


X. 
78. Describe a circle passing through two given points and touch- 
ing a given circle. 
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79. Describe a circle which shall pass through a given point and 
touch a given straight line and a given circle. 

80. Through a given point draw a circle touching two given 
circles. 

81. Describe a circle to touch two given right lines and such that 
a tangent drawn to it from a given point, may be equal to a given line. 

82. Describe a circle which shall have its center in a given line, 
and shall touch a circle and a straight line given in position. 


XI. 


83. Given the perimeter of a right-angled triangle, it is required 
to construct it, (1) If the sides are in arithmetical progression. (2) If 
the sides are in geometrical progression. 

84, Given the vertical angle, the perpendicular drawn from it to 
the base, and the ratio of the segments of the base made by it, to 
construct the triangle. 

85. Apply (VI. C.) to construct a triangle; having given the 
vertical angle, the radius of the inscribed circle, and the rectangle 
contained by the straight lines drawn from the center of the circle to 
the angles at the base. 

86. Describe a triangle with a given vertical angle, so that the 
line which bisects the base shall be equal to a given line, and the 
angle which the bisecting line makes with the base shall be equal to 
a given angle. 

87. Given the base, the ratio of the sides containing the vertical 
angle, and the distance of the vertex from a given point in the base; 
to construct the triangle. 

88. Given the vertical angle and the base of a triangle, and also 
a line drawn from either of the angles, cutting the opposite side in a 
given ratio, to construct the triangle. 

89. Upon the given base 4B construct a triangle having its sides 
in a given ratio and its vertex situated in the given indefinite line CD. 
90. Describe an equilateral triangle equal to a given triangle. 

91. Given the hypotenuse of a right-angled triangle, and the side 
of an inscribed square. Required the two sides of the triangle. 

92, To make a triangle, which shall be equal to a given triangle, 
and have two of its sides equal to two given straight lines; and shew 
that if the rectangle contained by the two straight lines be less than 
twice the given triangle, the problem is impossible. 

XII. 

93. Given the sides of a quadrilateral figure inscribed in a circle, 
to find the ratio of its diagonals. 

94. The diagonals 4C, BD, of a trapezium inscribed in a circle, 
cut each other at right angles in the point E; 

the rectangle 4 B..BC': the rectangle 4D. DC :: BE: ED. 


XIII. 


95. In any triangle, inscribe a triangle similar to a given triangle. 

96. Of the two squares which can be inscribed in a right-angled 
triangle, which is the greater ? 

97. From the vertex of an isosceles triangle two straight lines 
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drawn to the opposite angles of the square described on the base, cut 
the diagonals of the square in E and F; prove that the line EF is 
parallel to the base. 

98. Inscribe a square in a segment of a circle. 

99. Inscribe a square in a sector ofa circle, so that the angular: 
points shall be one on each radius, and the other two in the circum- 
ference. 

100. Inscribe a square in a given equilateral and equiangular: 
pentagon. 

101. Inscribe a parallelogram in a given triangle similar to ai 
given parallelogram. 

102. If any rectangle be inscribed in a given triangle, required the 
locus of the point of intersection of its diagonals. 

103. Inscribe the greatest parallelogram in a given semicircle. 

104. Ina given rectangle inscribe another, whose sides shall bear 
to each other a given ratio. | 

105. Ina given segment of a circle to inscribe a similar segment. 

106. The square inscribed in a circle is to the square inscribed in) 
the semicircle :: 5: 2. 

107. Ifa nore be inscribed in a right-angled triangle of which 
one side coincides with the hypotenuse ofthe triangle, the extremities: 
of that side divide the base into three segments that are continued | 
proportionals. 

108. The square inscribed in a semicircle is to the square inscribed 
in a quadrant of the same circle :: 8: 5. 

109. Shew that if a triangle inscribed in a circle be isosceles, 
having each of its sides double the base, the squares described upon the 
radius of the circle and one of the sides of the triangle, shall be to each 
other in the ratio of 4: 15. 

110. APB is a quadrant, SPT a straight line touching it at 
P, PM perpendicular to CA; prove that triangle SCT: triangle 
ACD :: triangle 4 CB : triangle CMP. 

111. Ifthrough any point in the arc of a quadrant whose radius 
is £t, two circles be drawn touching the bounding radii of the quadrant, 
and r, r' be the radii of these circles : shew that rr’= R. 

112. If R he the radius of the circle inscribed in a right-angled 
triangle 4 BC, right-angled at 4; and a perpendicular be let fall from 
A on the hypotenuse BC, and if r, r’ be the radii of the circles in- 
scribed in the triangles ADB, ACD : prove that»? 4 r° = I. 


XIV. 


113. Ifin a given equilateral and equiangular hexagon another 
be inscribed, to determine its ratio to the given one. 

114. A regular hexagon inscribed in a circle is a mean propor- 
tional between an inscribed and circumscribed equilateral triangle. 

115. The area of the inscribed pentagon, isto the area of the 
circumscribing pentagon, as the square of the radius of the circle 
inscribed within the greater pentagon, is to the square of the radius 
of the circle circumscribing it. 

116. The diameter of a circle is a mean proportional between the 
sides of an equilateral triangle and hexagon which are described about 
that circle. i 
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8. This is a particular case of Euc. 1. 22. The triangle however may 
be described by means of Euc. 1.1. Let AB be the given base, produce 
AB both ways to meet the circles in D, E (fig. Euc. r. 1.) ; with center A, 
and radius A E, describe a circle, and with center B and radius BD, de- 
scribe another circle cutting the former in G, Join GA, GB. 

9. Apply Euc.1. 6, 8. 

10. This is proved by Euc.1. 32, 13, 5. 

ll. Let fall also a perpendicular from the vertex on the base. 

12. Apply Euc. r. 4. 

13. Let CAB be the triangle (fig. Euc. 1, 10.) CD the line bisecting 
the angle ACD and the base AB. Produce CD, and make DE equal to 
CD, and join AE. Then CB may be proved equal to AE, also AE to AC. 

i4. Let AB be the given line, and C, D the given points. From C 
draw CE perpendicular to AB, and produce it making EF equal to CE, 
join FD, and produce it to meet the given line in G, which will be the 
point required. 

15. Make the construction as the enunciation directs, then by Euc. 
I. i, BH is proved equal to CK: and by Eue. 1, 12, 6, OB is shewn 
to be equal to OC. | 

16. Let C, D be the two given points one on each side of the given line 
AB, such that lines CE, DE drawn to aay point E in the liue are always 
equal, Join CD cutting AB in F, then FC is also equal to FD. Then by 
Euc. 1. 8. 

17. The angle BCD may be shewn to be equal to the sum of the 
angles ABC, ADC. 

18. The angles ADE, AED may be each proved to be equal to the 
complements of the angles at the base of the triangle. 

19, The angles CAB, CBA, being equal, the angles CAD, CBE are 
equal, Euc. 1. 13. Then, by Euc. r. 4, CD is proved to be equal to CE. 
And by Euc. r. 5, 32, the angle at the vertex is shewn to be four times 
either of the angles at the base. 

20. Let AD, CD be two straight lines intersecting each other in 
E, and let P be the given point, within the angle AED. Draw EF 
bisecting the angle AED, and through P draw PGH parallel to EF, 
and cutting ED, EB in G, H. Then EG is equal to EH. And by 
bisecting the angle DEB and drawing through P a line parallel to this 
line, another solution is obtained, It will be found that the two lines 
are at right angles to each other, 

21. Let the two given straight lines meet in A, and let P be the 
given point. Let PQR be the line required, meeting the lines AQ, AR 
in Q and R, so that PQ is equal to QR. Through P draw PS parallel 
to AR and join RS. Then APSR is a parallelogram and AS, PR the 
diagonals. Hence the construction. 

22. Let the two straight lines AB, AC meet in A. In AB take 
any point D, and from AC cut off AE equal to AD, and join DE. On 
DE, or DE produced, take DF equal to the given line, and through 
F draw FG parallel to AB meeting AC in G, and through G draw GH 
parallel to DE meeting AB in H. Then GH is the line required. 


P 
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23. The two given points may be both on the same side, or one point 
may be on each side of the line. If the point required in the line be supposed 
to be found, and lines be drawn joining this point and the given points, 
an isosceles triangle is formed, and if a perpendicular be drawn on the 
base from the point in the line: the construction is obvious, 

24. The problem is simply this—to find a point in one side of a: 
triangle from which the perpendiculars drawn to the other two sides 
shall be equal. If all the positions of these lines be considered, it will 
readily be seen in what case the problem is impossible. 

25. If the isosceles triangle be obtuse-angled, by Euc. 1. 5, 32, the: 
truth will be made evident. If the triangle be acute-angled, the enun- 
ciation of the proposition requires some modification. 

26. Construct the figure and apply Euc. r. 5, 32, 15. 

If the isosceles triangle have its vertical angle less than two-thirds of! 
a right-angle, the line ED produced, meets AB produced towards the 
base, and then 3. AEF = 4 right angles + AFE. If the vertical angle be 
greater than two-thirds ofa right angle, ED produced meets AB produced: 
towards the vertex, then 3. AEF = 2 right angles + AFE. 

27. Let ABC be an isosceles triangle, and from any point D in the) 
base BC, and the extremity B, let three lines DE, DF, BG be drawn to: 
the sides and making equal angles with the base, Produce ED and make 
DH equal to DF and join BH. 

28. In the isosceles triangle ABC, let the line DFE which meets: 
the side AC in D and AB produced in E, be bisected by the base 
in the point E. Then DC may be shewn to be equal to BE. 

29. Iftwo equal straight lines be drawn terminated by two lines 
which meet in a point, they will cut off triangles of equal area. Hence: 
the two triangles have a common vertical angle and their areas and bases: 
equal. By Euc. 1. 32it is shewn that the angle contained by the bisecting: 
lines is equal to the exterior angle at the base. 

30. (1) When the two lines are drawn perpendicular to the sides; 
apply Euc. 1. 26, 4. (2) The equal Hnes which bisect the sides of the 
triangle may be shewn to make equal angles with the sides. (3) When the 
two lines make equal angles with the sides; apply Euc. 1. 26, 4. 

31. At C make the angle BCD equal to the angle ACB, and produce» 
AB to meet CD in D. 7 

32. By bisecting the hypotenuse, and drawing a line from the vertex 
to the point of bisection, it may be shewn that this line forms with the 
shorter side and half the hypotenuse an isosceles triangle. 

33. Let ABC be atriangle, having the right angle at A, and the angle - 
at C greater than the angle at B, also let AD be perpendicular to the base, 
and AE be the line drawn to E the bisection of the base. Then AE may 
be proved equal to BE or EC independently of Euc. 11. 31. 

34. Produce EG, FG to meet the perpendiculars CE, BF, produced: 
if necessary. ‘The demonstration is obvious. 

35. If the given triangle have both of the angles at the base, acute" 
angles; the difference of the angles at the base is at once obvious from» 
Euc. 1. 32. If one of the angles at the base be obtuse, does the property 
hold good ? 

36. Let ABC bea triangle having the angle ACB double of the angle 
ABC, and let the perpendicular AD be drawn to the base BC. Take DH. 
equal to DC and join AE. Then AE may be proved to be equal to EB.» 

If ACB be an obtuse angle, then AC is equal to the sum of the seg-" 
ments of the base, made by the perpendicular from the vertex A. n 

387. Let the sides AB, AC of any triangle ABC be produced, the ex«. 
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terior angles bisected by two lines which meet in D, and let AD be joined, 
then AD bisects the angle BAC. For draw DE perpendicular on BC, 
also DF, DG perpendiculars on AB, AC produced, if necessary. Then DF 
may be proved equal to DG, and the squares on DF, DA are equal tothe 
squares on DG, GA, of which thesquareon FD is equal tothe square on DG; 
hence AF is equal to AG, and Euc. 1. 8, theangle BAC is bisected by AD. 
38. The line required will be found to be equal to half the sum 
| Of the two sides of the triangle. 
L— 39. Apply Euc. r. 1, 9. 

40. 'lhe angle to be trisected is one-fourth of a right angle. If an 
equilateral triangle be described on one of the sides of a triangle which 
contains the given angle, and a line be drawn to bisect that angle of the 
equilateral triangle which is at the given angle, the angle contained 
between this line and the other side of the triangle will be one-twelfth 
ot a right angle, or equal to one-third of the given angle. 

It may be remarked, generally, that any angle which is the half, fourth, 
eighth, &c. part of a right angle, may be trisected by Plane Geometry. 

41. Apply Euc. 1. 20. 

42, Let ABC, DBC betwo equal triangles on the same base, of which 
ABC isisosceles, fig. Euc. 1.37, By producing AB and making AG equal 
to AB or AC, and joining GD, the perimeter of the triangle ABC may be 
shewn to be less than the perimeter of the triangle DBC, 

43. Apply Euc. 1. 20. 

44. For the first case, see Theo. 32, p. 76: for the other two cases, 
| apply Euc. 1. 19. 

45, This is obvious from Euc. 1. 26. 

E or Euc. 1, 29, 6, FC may be shewn equal to each of the lines 

47. Join GA and AF, and prove GA and AF to be in the same 
straight line, : 
|. 48. Let the straight line drawn through D parallel to BC meet 
[the side AB in E, and AC in F. Then in the triangle EBD, EB is 
equal to ED, by Euc. 1. 29, 6. Also, in the triangle EAD, the angle 
EAD may be shewn equal to the angle EDA, whence EA is equal 
to ED, and therefore AB is bisected in E. In a similar way it may 
{be shewn, by bisecting the angle C, that AC is bisected in F. Or 
ithe bisection of AC in F may be proved when AB is shewn to be 
fbisected in E. , 
| 49. The triangle formed will be found to have its sides respectively 
parallel to the sides of the original triangle. 

60. Ifa line equal to the given line be drawn from the point where 
sithe two lines meet, and parallel to the other given line; a parallelogram 
ay be formed, and the construction effected. 

51. Let ABC be the triangle; AD perpendicular to BC, AE drawn 
the bisection of BC, and AF bisecting the angle BAC. Produce AD) 
giBnd make DA’ equal to AD: join FA’, EA’, 
sf 62. If the point in the base be supposed to be determined, and lines 
qgirawn from it parallel to the sides, it will be found to be in the line which 
Pisects the vertical angle of the triangle. 

63. Let ABC be the triangle, at C draw CD perpendicular to CB and 
equal to the sum of the required lines, through D draw DE parallel to CB 
jgneeting AC in E, and draw EF parallel to DC, meeting BC in F. Then 
iF is equal to DC. Next produce CB, making CG equal to CE, and join 

SG cutting AB in H. From H draw HK perpendicular to EAC, and 
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HL perpendicular to BC. Then HK and HL together are equal to DC, 
The proof depends on Theorem 27, p. 75. 

904. Let C' be the intersection of the circles on the other side of the: 
base, and join AC’, BC. Then the angles CBA, C’BA being equal, the 
angles CBP, C'BP are also equal, Euc. 1. 13: next by Euc, 1. 4, CP, PC’ 
are proved equal; lastly prove CC’ to be equal to CP or PC’. 

55. In the fig. Euc. 1. 1, produce AB both ways to meet the circles) 
in D and E, join CD, CE, then CDE is an isosceles triangle, having cach) 
of the angles at the base one-fourth of the angle at the vertex. At E 
draw EG perpendicular to DB and meeting DC produced in G. Then; 
CEG is an equilateral triangle. 

56. Join CC’, and shew that the angles CC’F, CC’G are equal to two: 
right angles; also that the line FC'G is equal to the diameter. 

57. Construct the figure and by Euc. r. 32. If the angle BAC be 
a right angle, then the angle BDC is half a right angle. 

58. Let the lines which bisect the three exterior angles of the tri-. 
angle ABC form a new triangle A'B'C. Then each of the angles at. 
A’, B’, C may be shewn to be equal to half of the angles at A and B,, 
B and C, C and A respectively. And it will be found that half the 
sums of every two of three unequal numbers whose sum is constant, , 
have less differences than the three numbers themselves. 

59. The first case may be shewn by Euc. 1. 4: and the second by 
Euc. 1. 32, 6, 15. 

60. At D any point in a line EF, draw DC perpendicular to EF and: 
equal to the given perpendicular on the hypotenuse. "With centre C and? 
radius equal to the given base describe a circle cutting EF in B. At C 
draw CA perpendicular to CB and meeting EF in A. Then ABC is the 
triangle required. 

61. Let ABC be the required triangle having the angle ACB a right 
angle. In BC produced, take CE equal to AC, and with center B and) 
radius BA describe a circular are cutting CE in D, and join AD. "Then; 
DE is the difference between the sum of the two sides AC, CB and the- 
hypotenuse AB; also one side AC the perpendicular is given. Hence 
the construction. On any line EB take EC equal to the given side, ED” 
equal to the given difference. At C, draw CA perpendicular to CB, and 
equal to EC, join AD, at Ain AD make the angle DAB equal to ADB 
and let AB meet EB in B. Then ABC is the triangle required. 

62. (1) Let ABC be the triangle required, having ACB the right 
angle. Produce AB to D making AD equal to AC or CB : then BD is 
the sum of the sides. Join DC: then the angle ADC is one-fourth of 
right angle, and DBC is one-half of a right angle. Hence to construct: 
at B in BD make the angle DBM equal to half a right angle, and at 
the angle BDC equal to one-fourth of a right angle, and let DC meet B? 
in C. At C draw CA at right angles to BC meeting BD in A: and AB 
is the triangle required. 

(2) Let ABC be the triangle, C the right angle: from AB cut o 
AD equal to AC; then BD is the difference of the hypotenuse and on 
side. Join CD; then the angles ACD, ADC are equal, and each is ha 
the supplement of DAC, which is half a right angle. Hence the con 
struction. 

63. Take any straight line terminated at A. Make AB equal t 
the difference of the sides, and AC equal to the hypotenuse. At 
make the angle CBD equal to half a right angle, and with center 
and radius AC describe a circle cutting BD in D: join AD, and dra 
DE perpendicular to AC. Then ADE is the requiredtriangle. 













| 
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61. Let DC the given base be bisected in D. At D draw DE at 
right angles to BC and equal to the sum of one side of the triangle 
and the perpendicular from the vertex on the base: join DB, and at D 
in BE make the angle EBA equal to the angle BED, and let BA meet 
DE in A: join AC, and ABC is the isosceles triangle. 

65. This construction may be effected by means of Prob. 4, p. 71. 

66. The perpendicular from the vertex on the base of an equilateral 
triangle bisects the angle at the vertex, which is two-thirds of one right 
angle. i 

87. Let ABC be the equilateral triangle of which a side is required 
to be found, having given BD, CD the lines bisecting the angles at B, C. 
Since the angles DBC, DCB are equal, each being one-third of a right 
angle, the sides BD, DC are equal, and BDC is an isosceles triangle 
having the angle at the vertex the supplement of a third of two right 
angles. Hence the side BC may be found. 

68. Let the given angle be taken, (1) as the included angle between 
the given sides; and (2) as the opposite angle to one of the given sides. 
In the latter case, an ambiguity will arise if the angle be an acute angle, 
and opposite to the less of the two given sides. 

69. Let ABC be the required triangle, BC the given base, CD the 
given difference of the sides AB, AC: join BD, then DBC by Euc. t. 18, 
can be shewn to be half the difference of the angles at the base, and AB 
is equal to AD. Hence at B in the given base BC, make the angle CBD 
equal to half the difference of the angles at the base. On CB take CE 
equal to the difference of the sides, and with center C and radius CE, 
describe a circle cutting BD in D: join CD and produce it to A, making 
DA equal to DB. Then ABC is the triangle required. 

70. On the line which is equal to the perimeter of the required tri- 
angle describe a triangle having its angles equal to the given angles. 
Then bisect the angles at the base ; and trom the point where these lines 
meet, draw lines parallel to the sides and meeting the base. 

71. Let ABO be the required triangle, BC the given base, and the 
side AB greater than AC. Make AD equal to AC, and draw CD. 
Then the angle BCD may be shewn to be equal to half the difference, 
and the angle DCA equal to half the sum of the angles at the base. 
Hence ABC, ACB the angles at the base of the triangle are known. 

72. Let the two given lines meet in A, and let B be the given point. 

If BC, BD be supposed to be drawn making equal angles with AC, 
and if AD and DC bejoined, BCD is the triangle required, and the figure 
ACBD may be shewn to be a parallelogram. Whence the construction. 

73. It can be shewn that lines drawn from the angles of a triangle ta 
bisect the opposite sides, intersect each other at a point whichis two- 
thirds of their lengths from the angular points from which they are drawn. 
Let ABC be the triangle required, AD, BE, CF the given lines from the 
angles drawn to the bisections of the opposite sides and intersecting in G. 
Produce GD, making DH equal to DG, and join BH, CH: the figure 
GBHC is a parallelogram. Hence the construction. 

74. Let ABC (fig. to Euc. 1. 20.) be the required triangle, having 
the base BC equal to the given base, the angle ABC equal to the given 
angle, and the two sides BA, AC together equal to the given line BD. 
Join DC, then since AD is equal to AC, the triangle ACD is isosceles, 
and therefore the angle ADC is equal to the angle ACD. Hence the 
construction. 

75, Let ABC be the required triangle (fig. to Euc. r. 18), having the 
angie ACB equal to the given angle, and the base BC equal to the given 
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line, also CD equal to the difference of the two sides AB, AC. If BD 
be joined, then ABD is an isosceles triangle. Hence the synthesis, 
Does this construction hold good in all cases? 

76. Let ABC be the required triangle, (fig. Euc. 1. 18), of which the 
side BC is given and the angle BAC, also CD the difference between the 
sides AB, AC. Join BD; then AB is equal to AD, because CD is their 
difference, and the triangle ABD is isosceles, whence the angle ABD is 
equal to the angle ADB; and since BAD and twice the angle ABD 
are equal to two right angles, it follows that ABD is half the supplement 
of the given angle BAC. Hence the construction of the triangle. 

77. Let AB be the given base: at A draw the line AD to which 
the line bisecting the vertical angle is to be parallel. At B draw BE 
parallel to AD; from A draw AE equal to the given sum of the two 
sides to meet BE in E. At B make the angle EBC equal to the angle 
BEA, and draw CF parallel to AD. "Then ACB is the triangle required. 

78. Take any point in the given line, and apply Euc. x. 23, 31. 

79. Onone ofthe parallel lines take EF equal to the given line, and 
with center E and radius EF describe a circle cutting the other in G. 
Join EG, and through A draw ABC parallel to EG, 

80. This will appear from Euc. 1. 29, 14, 26. 

81. Let AB, AC, AD, be the three lines. Take any point E in AC, 
and on EC make EF equal to EA. through F draw FG parallel to AB, 
join GE and produce it to meet AB in H. Then GE is equal to GH. 

82. Apply Euc. r. 32, 29. 

82. From E draw EG perpendicular on the base of the triangle, 
then ED and EF may each be proved equal to EG, and the figure shewn 
to be equilateral. Three of the angles of the figure are right angles. 

84, The greatest parallelogram which can be constructed with given 
sides can be proved to be rectangular. 

85. Let AB be one of the diagonals: at A in AB make the angle 
BAC less than the required angle, and at A in AC make the angle CAD 
equal to the required angle. Bisect AB in E and with center E and 
radius equal to half the other diagonal describe a circle cutting AC, AD 
in P, G. Join FB, BG: then AFBG is the parallelogram required. 

86. This problem is the same as the following; having given the 
base of a triangle, the vertical angle and the sum of the sides, to construct 
the triangle. ‘This triangle is one halt of the required parallelogram. 

87. Draw a line AB equal to the given diagonal, and at the point A 
make an angle BAC equal to the given angle. Bisect AB in D, and 
through D draw a line parallel to the given line and meeting AC in C. 
This will be the position of the other diagonal. Through B draw BE 
parallel to CA, meeting CD produced in E; join AE, and BC, Then 
ACBE is the parallelogram required. 

88. Construct the figures and by Euc. 1. 24. 

89. By Euc. r. 4, the opposite sides may be proved to be equal. 

90. Let ABCD be the given parallelogram; construct the other 
parallelogram A‘B'C’D’ by drawing the lines required, also the dia- 
gonals AC, AC’, and shew that the triangles ABC, ABC’ are equi- 
angular. 

91. A'D'and B'C' may be proved to be parallel. 

92. Apply Euc. r. 29, 32. 

93. The points D, D’, are the intersections of the diagonals of two 
rectangles: if the rectangles be completed, and the lines OD, OD’ be 
produced, they will be the other two diagonals, 

94. Let the line drawn from A fall without the parallelogram, and 
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let CC', BB', DD', be the perpendiculars from C, B, D, on the line drawn 
from A ; from B draw BE parallel to AC', and the truth is manifest. 
Next, let the line from A be drawn so as to fall within the parallelogram. 

95. Let the diagonals intersect in E. In the triangles DCB, CDA, 
two angles in each are respectively equal and one side DE: wherefore 
the diagonals DB, AC are equal: also since DE, EC are equal, it follows 
that EA, EB are equal. Hence DEC, AEB are two isosceles triangles 
having their vertical angles equal, wherefore the angles at their bases 
are equal respectively, and therefore the angle CDB is equal to DBA. 

96, (1) By supposing the point P found in the side AB of the paral- 
lelogram ABCD, such that the angle contained by AP, PC may be bisected 
by the line PD; CP may be proved equal to CD; hence the solution. 

(2) By supposing the point P found in the side AB produced, so that 
PD may bisect the angle contained by ABP and PC; it may be shewn 
that the side AB must be produced, so that BP is equal to BD. 

97. This may be shewn by Euc. r. 35. 

98, Let D, E, F be the bisections of the sides AB, BC, CA of the 
triangle ABC: draw DE, EF, FD; the triangle DEF is one-fourth of the 
triangle ABC. The triangles DBE, FBE are equal, each being one-fourth 
of the triangle ABC: DF is therefore parallel to BE, and DBEF is a 
parallelogram of which DE is a diagonal. 

99. ‘This may be proved by applying Euc.:. 38. 

100. Apply Euc. r. 37, 38. 

101. Onany side BC of the given triangle ABC, take BD equal tothe 
given base ; join AD, through C draw CE parallel to AD, meeting BA pro- 
duced if necessary in E, join ED; then BDE is the triangle required. 
By a process somewhat similar the triangle may be formed when the al- 
titude 18 given. 

102, Apply the preceding problem (101) to make a triangle equal to 
one of the given triangles and of the same altitude as the other given tri- 
angle. Then the sum or difference can be readily found. 

108, First construct a triangle on the given base equal to the given 
triangle; next form an isosceles triangle on the same base equal to this 
triangle. 

104. Through A draw AD parallel to BC the base of the triangle ; 
from B draw BD at right angles to BC to meet AD and join DC. 

105. Make a triangle equal to the given parallelogram upon the 
given line, and then a triangle equal to this triangle, having an angle 
equal to the given angle. 

106. If the figure ABCD be one of four sides; join the opposite 
angles A, C of the figure, through D draw DE parallel to AC meeting 
BC produced ín E, join AE:—the triangle ABE is equal to the four- 
sided figure ABCD. ‘ 

If the figure ABCDE be one of five sides, produce the base both ways, 
and the figure may be transformed into a triangle, by two constructions 
similar to that employed for a figure of four sides. If the figure consists 
of six, seven, or any number of sides, the same process must be repeated, 

107. Draw two lines from the bisection of the base parallel to the 
two sides of the triangle. 

108. This may be shewn ex absurdo. 

109. Onthe same base AB, and on the same side of it, let two triangles 
ABC, ABD be constructed, having the side BD equal to BC, the angle 
ABC aright angle, but the angle ABD nota right angle; then the triangle 
ABC is greater than ABD, whether the angle ABD be acute or obtuse. 

110. Let ABC be a triangle whose vertical angle is A, and whose 
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base BC is bisected in D: let any line EDG be drawn through D, meet- 
ing AC the greater side in G and AB produced in E, and forming a triangle 
AEG having the same vertical angle A. Draw BH parallel to AC, and 
the triangles BDH, GDC are equal. Hue. 1. 26. 

111. Let two triangles be constructed on the same base with equal 
perimeters, of which one is isosceles. Through the vertex of that which 
is not isosceles draw a line parallel to the base, and intersecting the 
perpendicular drawn from the vertex of the isosceles triangle upon the 
common base. Join this point of intersection and the extremities of the base. 

112. (1) DF bisects the triangle ABC (fig. Prop. 6, p. 73.) On each 
side of the point F in the line BC, take FG, FH, each equal to one-third 
of BF, the lines DG, DH shall trisect the triangle. Or, 

Let ABC be any triangle, D the given point in BC. "Trisect BC in E, 
F. Join AD, and draw EG, FH parallel to AD. Join DG, DH; these 
lines trisect the triangle. Draw AE, AF and the proof is manifest. 

(2) Let ABC be any triangle; trisect the base BC in D, E, and join 
AD, AE. From D, E, draw DP, EP parallel to AB, AC and meeting 
in P. Join AP, BP, CP; these three lines trisect the triangle. 

(3) Let P be the given point within the triangle ABC. Trisect the 
base BC in D, E. From the vertex A draw AD, AE, AP. Join PD, 
draw AG parallel to PD and join PG. 'Then BGPA is one-third of the 
triangle. The problem may be solved by trisecting either of the other 
two sides and making a similar construction. 

113. 'The base may be divided into nine equal parts, and lines may 
be drawn from the vertex to the points of division. Or, the sides of the 
triangle may be trisected, and the points of trisection joined. 

114. It is proved, Euc. 1. 34, that each of the diagonals of a parallelo- 
gram bisects the figure, and it may be shewn that they also bisect each 
other. It is hence manifest that any straight, line, whatever may he its 
position, which bisects a parallelogram, must pass through the intersec- 
tion of the diagonals. 

115. See the remark on the preceding problem 114. 

116. Trisect the side AB in E, F, and draw EG, FH parallel to AD 
or BC, meeting DC in G and H. If the given- point P be in EF, the two 
lines drawn from P through the bisections of EG and FH will trisect the 
parallelogram. If P be in FB, a line from P through the bisection of 
FH will cut off one-third of the parallelogram, and the remaining trape- 
zium is to be bisected by a line from P, one of its angles. If P coincide 
with E or F, the solution is obvious. 

117. Construct a right-angled parallelogram by Euc. 1. 44, equal to 
the given quadrilateral figure, and from one of the angles, draw a line 
to meet the opposite side and equal to the base of the rectangle, and a 
line from the adjacent angle parallel to this line will complete the rhombus. 

118. Bisect BC in D, and through the vertex A, draw AE parallel to 
BC, with center D and radius equal to half the sum of AB, AC, describe 
a circle cutting AE in E. 

119. Produce one side of the square till ib becomes equal to the di- 
agonal, the line drawn from the extremity of this produced side and pa- 
rallel to the adjacent side of the square, and meeting the diagonal producd, 
determines the point required. 

120. Let fall upon the diagonal perpendiculars from the opposite angles 
of the parallelogram. These perpendiculars are equal, and each pair of 
triangles is situated on different sides of the same base and has equal al- 
titudes. If the point be not on the diagonal, draw through the given 
point, a line parallel to a side of the parallelogram, 
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121. One case is included in Theo. 120. The other case, when the 
point is in the diagonal produced, is obvious from the same principle. 

122. The triangles DCF, ABF may be proved to be equal to half 
of the parallelogram by Euc. 1. 41. 

123. Apply Euc. r. 41, 38. 

124. lfa line be drawn parallel to AD through the point of intersec- 
tion of the diagonal, and the line drawn through O parallel to AB; then 
by Euc. 1. 43, 41, the truth of the theorem is manifest. 

125. It may be remarked that parallelograms are divided into pairs 
of equal triangles by the diagonals, and therefore by taking the triangle 
ABD equal to the triangle ABC, the property may be easily shewn. 

126. The triangle ABD is one half ‘of the parallelogram ABCD, 
Fuc. 1. 34. And the triangle DKC is one half of the parallelogram 
CDHG, Euc. 1. 41, also for the same reason the triangle AKB is one 
half of the parallelogram AHGB: therefore the two triangles DKC, 
A KB are together one half of the whole parallelogram ABCD. Hence 
the two triangles DKC, AKB are equal to the triangle ABD: take from 
these equals the equal parts which are common, therefore the triangle 
CKF is equal to the triangles AHK, KBD: wherefore also taking AHK 
from these equals, then the difference of the triangles CKF, AHK is 
equal to the triangle KBC: and the doubles of these are equal, or the 
difference of the parallelograms CFKG, AHKE is equal to twice the 
triangle KBD. 

127. First prove that the perimeter of a square is less than the peri- 
meter of an equal rectangle: next, that the perimeter of the rectangle is 
less than the perimeter of any other equal parallelogram. 

128. This may be proved by shewing that the area of the isosceles 
triangle is greater than the area of any other triangle which has the same 
vertical angle, and the sum of the sides containing that angle is equal to 
the sum of the equal sides of the isosceles triangle. 

129. Let ABC be an isosceles triangle (fig. Euc. x. 42), AE perpen- 
dicular to the base BC, and AECG the equivalent rectangle. Then AC 
is greater than AE, &c. 

130. Let the diagonal AC bisect the quadrilateral figure ABCD. 
Bisect AC in E, join BE, ED, and prove BE, ED in the same straight 
line and equal to one another. 

131. Apply Euc. 1. 15. 

132. Apply Euc. 1. 20. . 

133. This may be shewn by Euc. r. 20, 

134. Let AB be the longest and CD the shortest side of the rectangular 
figure. Produce AD, BC to meetin E. Then by Euc. r. 32. 

135. Let ABCD be the quadrilateral figure, and E, F, two points in 
the opposite sides AB, CD, join EF and bisect it in G; and through 
G draw a straight hne HGK terminated by the sides AD, BC; and 
bisected in the point G. Then EF, HK are the diagonals of the required 
parallelogram. 

136, After constructing the figure, the proof offers no difficulty. 

137. If any line be assumed as a diagonal, if the four given lines 
taken two and two be always greater than this diagonal, a four-sided 
figure may be constructed having the assumed line as one of its diagonals : 
and it may be shewn that when the quadrilateral is possible, the sum 
of every three given sides is greater than the fourth. 

138. Draw the two diagonals, then four triangles are formed, two on 
one side of each diagonal. ‘Then two of the lines drawn through the points 
of bisection of two sides may be proved parallel to one diagonal, and two 
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parallel to the other diagonal, in the same way as Theo. 97, supra. The 
other property is manifest from the relation of the areas of the triangles 
made by the lines drawn through the bisections of the sides. 

139. It is sufficient to suggest, that triangles on equal bases, and of 
equal altitudes, are equal. | 

140. Let the side AB be parallel to CD, and let AB be bisected in E | 
and CD in F, and let EF be drawn. Join AF, BF, then Euc. 1. 38, 

141. Let BCED be a trapezium of which DC, BE are the diagonals! 
intersecting each other in G. If the triangle DBG be equal to the triangle 
EGC, the side DE may be proved parallel to the side BC, by Euc. 1. 39. 

142. Let ABCD be the quadrilateral figure having the sides AB, 
CD, parallel to one another, and AD, BC equal. Through B draw BE 
parallel to AD, then ABED is a parallelogram. 

143. Let ABCD be the quadrilateral having the side AB parallel 
to CD. Let E, F be the points of bisection of the diagonals BD, AC, 
and join EF and produce it to meet the sides AD, BC in G and H. 
Through H draw LHK parallel to DA meeting DC in L and AB pro- 
duced in K. Then BK is half the ditference ot DC and AB. / 

144. (1) Reduce the trapezium ABCD to a triangle BAE by Prob. 
106, supra, and bisect the triangle BAE by a line AF from the vertex. 
If F fall without BC, through F draw FG parallel to AC or DE, and 
join AG. 

: Or thus. Draw the diagonals AC, BD : bisect BD in E, and join AE, 
EC. Draw FEG parallel to AC the other diagonal, meeting AD in F, 
and DC in G. AG being joined, bisects the trapezium. 

(2) Let E be the given point in the side AD. Join EB. Bisect the 
quadrilateral EBCD by EF. Make the triangle EFG equal to the tri- 
angle EAB, on the same side of EF as the triangle EAB. Bisect the tri- 
angle EFG by EH. EH bisects the figure, 

145, Ifa straight line be drawn from the given point through the in- 
tersection of the diagonals and meeting the opposite side of the square ; 
the problem is then reduced to the bisection of a trapezium by a line drawn 
from one of its angles. 

146. If the four sides of the figure be of different lengths, the truth of 
the theorem may be shewn. If, however, two adjacent sides of the figure 
be equal to one another, as also the other two, the lines drawn from the 
angles to the bisection of the longer diagonal, will be found to divide the 
trapezium into four triangles which are equal in area to one another. 
Euc. 1. 38. 

147. Apply Euc. t. 47, observing that the shortest side is one haif 
of the longest. 

148. Find by Euc. r. 47, a line the square on which shall be seven 
times the square on the given line. Then the triangle which has these 
two lines containing the right angle shall be the triangle required, 

149. Apply Euc. 1. 47. 

150. Let the base BC be bisected in D, and DE be drawn perpendicu- 
lar to the hypotenuse AC, Join AD: then Euc. r. 47. 

151. Construct the figure, and the truth is obvious from Euc. 1. 47. 

152. See Theo, 32, p. 76, and apply Euc. 1. 47. 

153. Draw the lines required and apply Euc. 1, 47. 

154. Apply Euc. 1. 47. 

158. Apply Euc. 1. 47. 

166 Apply Euc. 1. 47, observing that the square on any line is four 
times the square on half the line. 
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157. Apply Euc. 1. 47, to express the squares of the three sides in 
terms of the squares on the perpendiculars and on the segments of AB. 

158. By Euc. 1.47. bearing in mind that the square described on any 
line is four times the square described upon half the line. 

159. The former part is at once manifest by Euc. 1. 47. Let the dia- 
gonals of the square be drawn, and the given point be supposed to coincide 
with the intersection of the diagonals, the minimum is obvious. Find its 
value in terms of the side. 

160. (a) This is obvious from Euc. 1, 138, 

(b) Apply Euc. r. 32, 29, 

(c) Apply Euc. 1. 5, 29. 

(d) Let AL meet the base BC in P, and let the perpendiculars from 
F, K meet BC produced in M and N respectively ; then the triangles 
APB, FMB may be proved to be equalin all respects, as also APC, CKN. 

(e) Let fall DQ perpendicular on FB produced. Then the triangle 
DQB may be proved equal to each of the triangles ABC, DBF ; whence 
the triangle DBF is equal to the triangle ABC. 

Perhaps however the better method is to prove at once that the tri- 
angles ABC, FBD are equal, by shewing that they have two sides equal 
in each triangle, and the included angles, one the supplement of the other. 

(f) If DQ be drawn perpendicular on FB produced, FQ may be 
proved to be bisected in the point B, and DQ equal to AC. Then the 
square on FD is found by the right-angled triangle FQD. Similarly, the 
square on K Eis found, and the sum of the squares on FD, EK, GH willbe 
found to be six times the square on the hypotenuse. 

(gy) Through A draw PAQ parallel to BC and meeting DB, EC 

. produced in P, Q. Then by the right angled triangles. 

161. Let any parallelograms be described on any two sides AB, AC 
| of a triangle ABC, and the sides parallel to AB, AC be produced to meet 
ina point P. Join PA. Then on either side of the base BC, let a paral- 
, lelogram be described having two sides equal and parallel to AP. Pro- 
| duce AP and it will divide the parallelogram on BC into two parts re- 
spectively equal to the parallelograms on the sides.  Euc. r. 35, 36. 


: 162. Let the equilateral triangles ABD, BCE, CAF be described on 
AB, BC, CA, the sides of the triangle ABC having the right angle at A. 
Join DC, AK: then the triangles DBC, ABE are equal. Next draw 
DG perpendicular to AB and join CG: then the triangles BDG, DAG, 
DGC are equal to one another. Also draw AH, EK perpendicular to 
| BC; the triangles EKH, EKA are equal. Whence may be shewn that 
the triangle ABD is equal to the triangle BHE, and in a similar way may 
be shewn that CAF is equal to CHE. 
The restriction is unnecessary: it only brings AD, AE into the same 
line. 
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6. See the figure Euc. rr. 5. 

7. This Problem is equivalent to the following: construct an isosceles 
right-angled triangle, having given one ofthe sides which contains the 
right angle. 

8. Construct the square on AB, and the property is obvious, 


334 GEOMETRICAL EXERCISES, &C. 


9. The sum of the squares on the two parts of any line is least 
when the two parts are equal. 

10. Aline may be found the square on which is double the square 
on the given line, The problem is then reduced to:—having given the 
hypotenuse and the sum of the sides of a right-angled triangle, con- 
struct the triangle. E 

11. "This follows from Euc. r1. 5, Cor. 

12. 'This problem is, in other words, Given the sum of two lines and 
the sum of their squares, to find thelines. Let AB be the given straight 
line, at B draw BC at right angles to AB, bisect the angle ABC by BD. 
On AB take AE equal to the side of the given square, and with center A 
and radius AE describe a circle cutting BD in D, from D draw DF per- 
pendicular to AB, the line AB is divided in F as was required. 

13. Let AB be the given line. Produce AB to C making BC equal 
to three times the square on AB. From BA cut off BD equal to BC; 
then D is the point of section such that the squares on AB and BD are 
double of the square on AD. > 

14, In the fig. Euc. 1. 7. Join BF, and draw FL perpendicular on 
GD. Half the rectangle DB, BG, may be proved equal to the rectangle 
AB, BC, 

Or, join KA, CD, KD, CK. Then CK is perpendicular to BD. And 
the triangles CBD, KBD are each equal to the triangle ABK. Hence, 
twice the triangle ABK is equal to the figure CBKD; but twice the 
triangle ABK is equal to the rectangle AB, BC; and the figure CBKD 
is equal to half the rectangle DB, CK, the diagonals of the squares on 
AB, BC. Wherefore, &c. 

15. The difference between the two unequal parts may be shewn to 
be equal to twice the line between the points of section. 

16. This proposition is only another form of stating Euc. 11. 7. 

17. Inthe figure, ‘Theo. 7, p. 74, draw PQ, PR, PS perpendiculars on 
AB, AD, AC respectively: then since the triangle PAC is equal to the 
two triangles PAB, PAD, it follows that the rectangle contained by 
PS, AC, is equal to the sum of the rectangles PQ, AB, and PR, AD. 
When is the rectangle PS, AC equal to the difference of the other two 
rectangles ? 

18. Through E draw EG parallel to AB, and through F, draw FHK 
parallel to BC and cutting EG in H. Then the area of the rectangle is 
made up of the areas of tour triangles; whence it may be readily shewn 
that twice the area of the triangle AFE, and the figure AGHK is equal to 
the area ABCD. 

19. Apply Euc. 1r. 11. 

20, The vertical angles at L may be proved to be equal, and each of 
them a right angle. 

21. Apply Euc. 11. 4, 11. 1. 47. 

22, Produce FG, DB to meetin L, and draw the other diagonal 
LHC, which passes through H, because the complements AG, BK are 
equal. Then LH may be shewn to be equal to Ff, and to Dd. 

23. The common intersection of the three lines divides each into two 
parts, one of which is double of the other, and this point is the vertex of 
three triangles which have lines drawn from it to the bisection of the 
bases. Apply Euc, 1. 12, 13. 

24, Apply Theorem 3, p. 114, and Ene. 1. 47. 

25, ‘his will be found to be that particular case of Euc. 1m. 12, in 
which the distance of the obtuse angle from the foot of the perpendicular, 
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. halfof the side subtended by the right angle made by the perpendicular 
id the base produced. 

26. (1) Let the triangle be acute-angled, (Euc. 11. 13, fig. 1.) 
™ Let AC be bisected in E, and BE be joined; also EF be drawn per- 
pendicular to BC. EF is equal to FC. Then the square on BE may be 
proved to be equal to the square on BC and the rectangle BD, BC. 

(2) Ifthe triangle be obtuse-angled, the perpendicular EF falls witAin 
or without the base according as the bisecting line is drawn from the obtuse 
or the acute angle at the base. 

27. This may be shewn from theorem 3. p. 114. 

28. Let the perpendicular AD be drawn trom A on the base BC. It 
may be shewn that the base BC must be produced to a point E, such 
that CE is equal to the difference of the segments of the base made by 
the perpendicular. 

29. Since the base and area are given, the altitude of the triangle is 
known. Hence the problem is reduced to ;—Given the base and altitude 
of a triangle, and the line drawn from the vertex to the bisection of the 
base, construct the triangle. 

30. This follows immediately from Euc. I. 47. 

31. Apply Euc. 1. 13. 

32. The truth of this property depends on the fact that the rectangle 
contained by AC, CB is cqual to that contained by AB, CD. 

33. Let P the required point in the base AB be supposed to be known. 
Join CP. It may then be shewn that the property stated in the Prob- 
lem is contained in Theorem 3. p. 114. 

34. ‘This may be shewn from Euc. 1. 47; i1. 5. Cor. 

35. From C let fall CF perpendicular on AB. Then ACE is an ob- 
tuse-angled, and BEC an acute-angled triangle. Apply Euc. 11. 12,18, 
and "Y Euc. 1. 47, the squares on AC and CD are equal to the square 
on AB. 

36. Apply Euc. r. 47, 11. 4; and the note p. 102, on Euc. ir. 4. 

37. Draw a perpendicular from the vertex to the base, and apply 
Eue. 1. 47; n. ő, Cor. Enunciate and prove the proposition when the 
straight line drawn from the vertex meets the base produced. 

88. This follows directly from Euc. 11. 13, Case 1. 

39. The truth of this proposition may beshewn from Euc. I, 47; 11. 4. 

40. Let the square on the base of the isosceles triangle be described. 
Draw the diagonals of the square, and the proof is obvious. 

4l. Let ABC be the triangle required, such that the square on AB 
is three times the square on AC or BC. Produce BC and draw AD per- 
pendicular to BC. Then by Euc. 11. 12, CD may be shewn to be equal 
to one half of BC. Hence the construction. 

42. Apply Euc. rr. 12, and Theorem 38, p. 118. 

43. Draw EF parallel to AB and meeting the base in F ; draw also 
EG perpendicular to the base. Then by Euc. 1. 47; 11. 5, Cor. 

44. Bisect the angle B by BD meeting the opposite side in D, and 
draw BE perpendicular to AC. ‘Then by Euc. 1. 473 11. 5, Cor. 

45. This follows directly from Theorem 3, p. 114. 

46. Draw the diagonals intersecting each other in P, and join OP. 
By Theo. 3, p. 114. 

47. Draw from any two opposite angles, straight lines to meet in the 
bisection of the diagonal joining the other angles. ‘hen by Euc, rr. 12, 13. 

48. Draw two lines from the point of bisection of either of the bi- 
sected sides to the extremities of the opposite side; and three triangles 
will be formed, two on one of the bisected sides and one on the other, in 
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each of which is a line drawn from the vertex to the bisection of the base. 
Then by Theo. 3, p, 114. 

49. Ifthe extremities of the two lines which bisect the opposite sides 
of the trapezium be joined, the figure formed is a parallelogram which 
has its sides respectively parallel to, and equal to, half the diagonals of 
the trapezium. ‘The sum of the squares on the two diagonals of the tra- 
pezium may be easily shewn to be equal to the sum of the squares on 
the four sides of the parallelogram. 

60. Draw perpendiculars from the extremities of one of the parallel 
sides, meeting the other side produced, if necessary. "Then from the four 
right-angled triangles thus formed, may be shewn the truth of the pro- 

osition, 

F 51. Let AD be parallel to BC in the figure ABCD. Draw the diagonal 
AC, then the sum of the triangles ABC, ADC may be shewn to be equal to 
the rectangle contained by the altitude and half the sum of AD and BC. 

52. Let ABCD be the trapezium, having the sides AB, CD, parallel, 
E BC equal. Join AC and draw AE perpendicular to DC, Then 

uc. II. 13. 

” 53. Let ABC be any triangle; AHKB, AGFC, BDEC, the squares 
upon their sides; EF, GH, KL the lines joining the angles of the squares. 
Produce GA, KB, EC, and draw HN, DQ, FR perpendiculars upon them 
respectively: also draw AP, BM, CS perpendiculars on the sides of the 
triangle. Then AN may be proved to be equal to AM; CR to CP; and 
BQ to BS ; and by Euc. 1r. 12, 13. 

54. Convert the triangle into a rectangle, then Euc. rr. 14. 

55. Finda rectangle equal to the two figures, and apply Euc. rr. 14. 

56. Find the side of a square which shall be equal to the given 
rectangle. See Prob. 1. p. 113. 

57. On any line PQ take AB equal to the given difference of the 
sides of the rectangle, at A draw AC at right angles to AB, and equal to 
the side of the given square; bisect AB in O and join OC; with center 
O and radius OC describe a semicircle meeting PQ in D and E. Then 
the lines AD, AE have AB for their difference, and the rectangle con- 
tained by them is equal to the square on AC, 

68. Apply Euc. rr. 14. 
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7. Euc. rrr. 3, suggests the construction. 

8. The given point may be either within or without the circle. Find 
the center of the circle, and join the given point and the center, and upon 
this line describe a semicircle, a line equal to the given distance may be 
drawn from the given point to meet the arc of the semicircle. When 
the Ies is without the circle, the given distance may meet the diameter 
produced. 

9. This may be easily shewn to be a straight line passing through 
the center of the circle. 

10. The two chords form by their intersections the sides of two isos- 
celes triangles, of which the parallel chords in the circle are the bases. 
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11. The angles in equal segments are equal, and by Euc.1. 29. If 
the chords are equally distant from the center, the lines intersect the 
diameter in the center of the circle. 

12, Construct the figure and the arc BC may be proved equal to the 
are BC’. 

18. The point determined by the lines drawn from the bisections of 
the chords and at right angles to them respectively, will be the center of 
the required circle. 

14. Construct the figures: the proof offers no difficulty. 

15. From the centre C of the circle, draw CA, CB at right angles to 
each other meeting the circumference ; join AB, and draw CD perpendicular 
to AB. 

16. Join the extremities of the chords, then Euc. 1. 27; 111. 28. 

17. Take the center O, and join AP, AO, &c. and apply Euc. r. 20. 

18. Draw any straight line intersecting two parallel chords and meet- 
ing the circumference. 

19. Produce the radii to meet the circumference. 

20. Join AD, and the first equality follows directly from Euc, 111. 
20, 1. 32. Also by joining AC, the secohd equality may be proved in a 
similar way. If however the line AD do not fall on the same side of the 
center O as E, it will be found that the difference, not the sum of the two 
angles, is equal to 2. AED. See note to Euc. 1x. 20, p. 155. 

21, Let DKE, DBO (fig. Euc. 111. 8) be two lines equally inclined 
to DA, then KE may be proved to be equal to BO, and the segments cut 
off by equal straight lines in the same circle, as well as in equal circles, 
are equal to one another. 

22. Apply Euc, 1. 15, and rrr. 21. 

23. This is thesame as Euc. 111, 34, with the condition, that the line 
must pass through a given point. 

24, Let the segments AHB, AKC be externally described on the 
given lines AB, AC, to contain angles equal to BAC. Then by the con- 
verse to Euc. 111. 32, AB touches the circle AKC, and AC the circle AHB. 

25. Let ABC be a triangle of which the base or longest side is BC, 
and let a segment of a circle be described on BC. Produce BA, CA to 
meet the arc of the segment in D, E, and join BD, CE. If circles be de- 
scribed about the triangles ABD, ACE, the sides AB, AC shall cut off 
segments similar to the segment described upon the base BC. 

26. This is obvious from the note to Euc. ut. 26, p. 156. 

27. Thesegment must be described on the opposite side of the pro- 
Quced chord. By converse of Euc. 11r. 32. 

28. Ifa circle be described upon the side AC as a diameter, the cir- 
cumference will pass through the points D, E. Then Euc. m1, 21. 

29. Let AB, AC be the bounding radii, and D any point in the are 
BC, and DE, DF, perpendiculars from D on AB, AC. The circle de- 
scribed on AD will always be of the same magnitude, and the angle EAF 
in it, is constant:—whence the arc EDF is constant, and therefore its 
chord EF. 

30. Construct the figure, and let the circle with center O, described 
on AH asa diameter, intersect the given circle in P, Q, join OP, PE, and 
prove EP at right angles to OP. 

31. Ifthe tangent be required to be perpendicular to a given line: 
draw the diameter parallel to this line, and the tangent drawn at the ex- 
tremity of this diameter will be perpendicular to the given line. 

32. The straight line which joins the center and passes through the 
intersection of two tangents to a circle, bisects the angle eantained by 
the tangents. 
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33. Draw two radii containing an angle equal to the supplement of 
the given angle; the tangents drawn at the extremities of these radii will 
contain the given angle, 

34. Since the circle is to touch two parallel lines drawn from two 
given points in a third line, the radius of the circle is determined by the 
distance between the two given points. 

39. It is sufficient to suggest that the angle between a chord and a 
tangent is equal to the angle in the alternate segment of the circle. Euc. 
III. 32. 

36. Let AB be the given chord of the circle whose center is O. Draw 
DE touching the circle at any point E and equal to the given line; join 
DO, and with center O and radius DO describe a circle: produce the 
chord AB to meet the circumference of this circle in F: then F is the 
point required. 

97. Let D be the point required in the diameter BA produced, such 
that the tangent DP is half of DB. Join CP, C being the eenter. Then 
CPD is a right-angled triangle, having the sum of the base PC and hypo- 
tenuse CD double of the perpendicular PD. 

38. If BE intersect DF in K (fig. Euc. 111. 37). Join FB, FE, then 
by means of the triangles, BE is shewn to be bisected in K at right angles. 

39. Let AB, CD be any two diameters of a circle, O the center, and 
let the tangents at their extremities form the quadrilateral figure EFGHI. 
Join EO, OF, then EO and OF may be proved to be in the same straight 
line, and similarly HO, OK. 

NoTtE.— This Proposition is equally true if AB, CD be any two chords 
whatever. It then becomes equivalent to the following proposition :— 
The diagonals of the circumscribed and inscribed quadrilaterals, intersect 
in the same point, the points of contact of the former being the angles of 
the latter figure. 

40. Let C be the point without the circle from which the tangents 
CA, CB are drawn, and let DE be any diameter, also let AK, BD be 
joined, intersecting in P, then if CP be joined and produced to meet DE 
in G: CG is perpendicular to DE. Join DA, EB, and produce them to 
meet in F. 

Then the angles DAE, EBD being angles in a semicircle, are right 
angles; or DB, EA are drawn perpendicular to the sides of the triangle 
DEF: whence the line drawn trom F through P is perpendicular to the 
third side DE. 

41, Let the chord AB, of which P is its middle point, be produced 
both ways to C, D, so that AC is equal to BD. From C, D, draw the 
tangents to the circle forming the tangential quadrilateral CKDR, the 
points of contact of the sides, being E, H, F, G. Let O be the center of 
the circle. Join EH, GF, CO, GO, FO, DO. Then EH and GF may 
be proved each parallel to CI), they are therefore parallel to one another. 
Whence is proved that both EF and DG bisect AB. 

42. This is obvious from Euc. 1. 29, and the note to 111. 22. p. 156. 

43. From any point A in the circumference, let any chord AB and 
tangent AC be drawn. Bisect the arc AB in D, and from D draw DE, 
DC perpendiculars on the chord AB and tangent AC. Join AD, the 
triangles ADE, ADC may be shewn to be equal. 

44, Let A, B, be the given points. Join AB, and upon it describe a 
segment of a circle which shall contain an angle equal to the given angle. 
If the circle cut the given line, there will be two points; if it only touch’ 
the line, there will be one ; and if it neither eut nor touch the line, the 
problem is impossible. 
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45. It may be shewn that the point required is determined by a per- 
pendicular drawn from the center of the circle on the given line. 

46. Let two lines AP, BP be drawn from the given points A, B, 
making equal angles with the tangent to the circle at the point of contact 
P, take any other point Q in the convex circumference, and join QA, 
QB: then by Prob. 4, p. 71, and Euc. t. ?1. 

47. Let C be the center of the circle, and E the point of contact of 
DF with the circle. Join DC, CE, CF. 

48. Let the tangents at E, F meet in a point R. Produce RE, RF 
to meet the diameter AB produced in S, T. Then RST is a triangle, 
and the quadrilateral RFOE may be circumscribed by a circle, and RPO 
may be proved to be one of the diagonals. 

49. Let C be the middle point of the chord of contact : produce AC, 
BC to meet the circumference in B', A', and join AA’, BB’. 

50. Let A be the given point, and B the given point in the given line 
CD. At B draw BE at right angles to CD, join AB and bisect it in F, 
and from F draw FE perpendicular to AB and meeting BE in E. E is 
the center of the required circle. 

öl. Let O be the center of the given circle. Draw OA perpendicular 
to the given straight line; at O in OA make the angle AOP equal to the 
given angle, produce PO to meet the circumference again in Q. ‘Then P, 
Q are two points from which tangents may be drawn fulfilling the re- 
quired condition. 

52. Let C be the center of the given circle, B the given point in the 
circumference, and A the other given point through which the required 
circle is to be made to pass. Join CB, the center of the circle is a point 
in CB produced. The center itself may be found in three ways. 

53,  Euc. rr. 11 suggests the construction. 

54. Let AB, AC be the two given lines which meet at A, and let D 
be the given point. Bisect the angle BAC by AE, the center of the circle 
isin AE. Through D draw DF perpendicular to AE, and produce DF 
to G, making FG equal to FD. "l'hen DG is a chord of the circle, and 
the circle which passes through D and touches AB, will also pass through 
Gand touch AC. . 

55. As the center is given, the line joining this point and center of 
the given circle, is perpendicular to that diameter, through the extremi- 
ties of which the required circle is to pass. 

56. Let AB be the given line and D the given point in it, through 
which the circle is required to pass, and AC the line which the circle is 
to touch, From D draw DE perpendicular to AB and meeting AC in C. 
Suppose O a point in AD to be the centre of the required circle, Draw 
OE perpendicular to AC, and join OC, then it may be shown that CO 
bisects the angle ACD. 

57. Let the given circle be described. Draw a line through the 
center and intersection of the two lines. Next draw a chord perpendi- 
cular to this line, cutting off a segment containing the given angle. The 
circle described passing through one extremity of the chord and touch- 
ing one of the straight lines, shall also pass through the other extremity 
of the chord and touch the other line. 

58. The line drawn through the point of intersection of the two 

| circles parallel to the line which joins their centers, may be shewn to be 

double of the line which joins their centers, and greater than any other 

| straight line drawn through the same point and terminated by the cir- 

|eumterences. 'lhe greatest line therefore depends on the distance be- 
, tween the centers ot the two circles, 
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69. Apply Euc. ri. 27. 1. 6, 

60. Let two unequal circles eut one another, and let the line ABC 
drawn through B, one of the points of intersection, be the line required, 
such that AB is equal to BC. Join O, O’ the centers of the circles, and 
draw OP, O’P’ perpendiculars on ABC, then PB is equal to BP’; through 
O' draw O D parallel to PP' ; then ODO’ is a right-angled triangle, and 
a semicircle described on OO’ as a diameter will pass through the point 
D. Hence the synthesis. Ifthe line ABC be supposed to move round 
the point B and its extremities A, C to be in the extremities of the two 
circles, it is manifest that ABC admits of a maximum. 

61. Suppose the thing done, then it will appear that the line joining 
the points of intersection of the two circles is bisected at right angles by 
the line joining the centers of the circles. Since the radii are known, 
the centers of the two circles may be determined. 

62. Let the circles intersect in A, B; and let CAD, EBF be any 
parallels passing through A, B and intercepted by the circles. Join 
CE, AB, DF. ‘Then the figure CEFD may be proved to be a parallelo- 
gram. Whence CAD is equal to EBF. 

63. Complete the circle whose segment is ADB; AHB being the 
other part. Then since the angle ACB is constant, being in a given 
segment, the sum of the ares DE and AHB is constant. But AHB is 
given, hence ED is also given and therefore constant., 

64. From A suppose ACD drawn, so that when BD, BC are joined, 
AD and DB shall together be double of AC and CB together. Then 
the angles ACD, ADB are supplementary, and hence the angles BCD, 
BDC are equal, and the triangle BCD is isosceles. Also the angles 
BCD, BDC are given, hence the triangle BDC is given in species. 

Again AD -- DB — 2. AC 4- 2. BC, or CD = AC + BC. 

Whence, make the triangle ódc having its angles at d, c equal to that 
in the segment BDA; and make ca = cd ~ eb, and join ad, At A make 
the angle BAD equal to dad, and AD is the line required. 

65. The line drawn from the point of intersection of the two lines 
to the center of the given circle may be shewn to be constant, and the 
center of the given circle is a fixed point. 

66. This is at once obvious from Euc. 111. 36, 

67. This follows directly from Euc. 111. 36. 

68. Each of the lines CE, DF may be proved parallel to the common 
chord AB. 

69. By constructing the figure and joining AC and AD, by Euc. 
111. 27, it may be proved that the line BC falls on BD, 

70. By constructing the figure and applying Euc 1, 8, 4, the truth 
is manifest. 

71. The bisecting line is a common chord to the two circles; join the 
other extremities of the chord and the diameter in each circle, and the 
angles in the two segments may be proved to be equal. 

72. Apply Eue. 111. 27; 1. 32, 6. 

73. Draw a common tangent at C the point of contact of the circles, 
and prove AC and CB to be in the same straight line. 

74, Let A, B, be the centers, and C the point of contact of the two 
circles; D, E the points of contact of the circles with the common tangent 
DE, and CF a tangent common to the two circles at C, meeting DF in E. 
Join DC, CE. Then DF, FC, FE may be shewn to be equal, and FC 
to be at right angles to AB. 

75. The line must be drawn to the extremities of the diameters which 
are on opposite sides of the line joining the centers. 
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76. The sum of the distances of the center of the third circle from 
the centers of the two given circles, is equal to the sum of the radii of 
the given circles, which is constant. 

77. Let the circles touch at C either externally or internally, and 
their diameters AC, BC through the point of contact will either coincide 
or be in the same straight line. CDE any line through C will cut off 
similar segments from the two circles. For joining AD, BE, the angles 
iu the segments DAC, EBC are proved to be equal, 

The remaining segments are also similar, since they contain angles 
which are supplementary to the angles DAC, EBC. 

78. Let the line which joins the centers of the two circles be pro- 
duced to meet the circumferences, and let the extremities of this line 
and any other line from the point of contact be joined. From the center 
of the larger circle draw perpendiculars on the sides of the right-angled 
triangle inscribed within it. 

79. In general, the locus of a point in the circumference of a circle 
which rolls within the circumference of another, is a curve called the 
Hypocycloid ; but to this there is one exception, in which the radius of 
one of the circles is double that of the other: in this case, the locus is 
& straight line, as may be easily shewn from the figure. 

80. Let A, B be the centers of the circles. Draw AB cutting the 
circumferences in C, D. On AB take CE, DF each equal to the radius 
of the required circle: the two circles described with centers A, B, and 
radii AE, BF, respectively, will cut one another, and the point of inter- 
section will be the center of the required circle. 

81. Apply Euc. rrr. 31. 

82. Apply Euc. r1. 21. 

83. (1) When the tangent is on the same side of the two circles. 
Join C, C their centers, and on CC describe a semicircle., "With center 
C' and radius equal to the difference ofthe radii of the two circles, describe 
another circle cutting the semicircle in D: join DC’ and produce it to 
meet the circumference of the given circle in B. Through C draw CA 
parallel to DB and join BA; this line touches the two circles. 

(2) When the tangent is on the alternate sides. Having joined C, 
C' ; on CC describe a semicircle; with center C, and radius equal to the 
sum of the radii of the two circles describe another circle cutting the 
semicircle in D, join CD cutting the circumference in A, through C 
draw CB parallel to CA and join AB. 

84. The possibility isobvious. The point of bisection of the segment 
intercepted between the convex circumferences will be the center of one 
of the circles: and the center of a second circle will be found to be the 
point of intersection of two circles described from the centers of the 
given circles with their radii increased by the radius of the second circle. 
The line passing through the centers of these two circles will be the locus 
of the centers of all the circles which touch the two given circles. 

85. At any points P, R in the circumferences of the circles, whose 
centers are A, B, draw PQ, RS, tangents equal to the given lines, and 
join AQ, BS. These being made the sides of a triangle of which AB 
is the base, the vertex of the triangle is the point required, 

86. In each circle draw a chord of the given length, describe circles 
concentric with the given circles touching these chords, and then draw 
a straight line touching these circles. 

87. Within one of the circles draw a chord cutting off a segment 
equal to the given segment, and describe a concentric circle touching 
the chord: then draw a straight line touching this latter circle and the 
other given circle, 
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88. The tangent may intersect the line joining the centers, or the line 
produced. Prove that the angle in the segment of one circle is equal to 
the angle in the corresponding segment of the other circle. 

89. Join the centers A, B; at C the point of contact draw a tangent, 
and at A draw AF cutting the tangent in F, and making with CF an 
angle equal to one-fourth of the given angle. From F draw tangents 
to the circles. 

90. Let C be the center of the given circle, and D the given point in 
the given line AB. At D draw any line DE at right angles to AB, then 
the center of the circle required is in the line AE. Through C drawa 
diameter FG parallel to DE, the circle described passing through the 
points E, F, G will be the cirele required. 

91. Apply Euc. rrr. 18. 

92. Let A, D, be the two given points, and C the center of the given 
circle. Join AC, and at C draw the diameter DCE perpendicular to AC, 
and through the points A, D, E describe a circle, and produce AC to 
meet the circumference in F. Bisect AF in G, and AB in H, and draw 
GK, HK, perpendiculars to AF, AB respectively and intersecting in K. 
Then K is the center of the circle which passes through the points A, B, 
and bisects the circumference of the circle whose center is C. 

93. Let D be the given point and EF the given straight line. (fig. 
Euc. r1. 32.) Draw DB to make the angle DBF equal to that contained 
in the alternate segment. Draw BA at right angles to EF, and DA at 
right angles to DB and meeting BA in A. Then AB is the diameter of 
the circle. 

94. Let A, B be the given points, and CD the given line. From E 
the middle of the line AB, draw EM perpendicular to AB, meeting CD 
in M, and draw MA. In EM take any point F; draw FH to make the 
given angle with CD; and draw FG equal to FH, and meeting MA 
produced in G, Through A draw AP parallel to FG, and CPK parallel 
to FH. Then P is the center, and C the third defining point of the 
circle required: and AP may be proved equal to CP by means of the 
triangles GMF, AMP; and HMF, CMP, Euc. vi. 2. Also CPK the 
diameter makes with CD the angle KCD equal to FHD, that is, to the 
given angle. 

95. Let A, B be the two given points, join AB and bisect AB in C, 
and draw CD perpendicular to AB, then the center of the required circle 
will be in CD. From O the center of the given circle draw CFG parallel 
to CD, and meeting the circle in F and AB produced in G. At F draw 
a chord FF’ equal to the given chord. ‘Then the circle which passes 
through the points at B and F, passes also through F’, 

96. Let the straight line joining the centers of the two circles be 
produced both ways to meet the circumference of the exterior circle, 

97. Let A bethe common center of two circles, and BCDE the chord 
such that BE is double of CD. From A, B draw AF, BG perpendicular 
to BE. Join AC, and produce it to meet BG in G. Then AC may be 
shewn to be equal to CG, and the angle CBG being a right angle, is the 
angle in the semicircle described on CG as its diameter. 

98. The lines joining the common center and the extremities of the 
chords of the circles, may be shewn to contain unequal angles, and the 
angles at the centers of the circles are double the angles at the circum- 
ferences, it follows that the segments containing these unequal angles 
are not similar. 

99, Let AB, AC be the straight lines drawn from A, a point in 
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the outer circle to touch the inner circle in the points D, E, and meet 
the outer circle again at B, C. Join BC, DE. Prove BC double of DE. 

Let O be the center, and draw the common diameter AOG inter- 
secting BC in F, and join EF. Then the figure DBFE may be proved 
to be a parallelogram. 

100. ‘This appears from Euc, r11:. 14. 

101. The given point may be either within or without the circle. 
Draw a chord in the circle equal to the given chord, and describe a 
concentric circle touching the chord, and through the given point draw 
a line touching this latter circle. 

102. ‘lhe diameter of the inner circle must not be less than one-third 
of the diameter of the exterior circle. 

108. Suppose AD, DB to bethe tangents to the circle AEB contain- 
ing the given angle. Draw DC to the center C and join CA, CB. 
Then the triangles ACD, BCD are always equal: DC bisects the given 
angle at D and the angle ACB. The angles CAB, CBD, being right 
angles, are constant, and the angles ADC, BDC are constant, as also the 
angles ACD, BUD; also AC, CB the radii of the given circle. Hence 
the locus of D is a circle whose center is C and radius CD. 

104. Let C be the center of the inner circle; draw any radius CD, 
at D draw a tangent CE equal to CD, joih CE, and with center C and 
radius CE describe a circle and produce ED to meet the circle again in F. 

105. Take C the center of the given circle, and draw any radius CD, 
at D draw DE perpendicular to DC and equal to the length of the re- 
quired tangent; with center C and radius CE describe a circle. 

106. ‘This is manifest from Euc, in. 36. 

107. Let AB, AC be the sides of a triangle ABC. From A draw 
the perpendicular AD on the opposite side, or opposite side produced, 
The semicircles described on AB, BC both pass through D. Euc. m1. 31. 

108, Let A be the right angle of the triangle ABC, the first property 
follows from the preceding Theorem 107. Let DE, DF be drawn to E, 
F the centers of the circles on AB, AC and join EF. Then ED may 
be proved to be perpendicular to the radius DF of the circle on AC at 
the point D. 

109. Let ABC be a triangle, and let the ares be described on the 
sides externally containing angles, whose sum is equal to two right angles. 
It is obvious that the sum of the angles in the remaining segments is 
equal to four right angles. ‘These arcs may be shewn to intersect each 
other in one point D. Leta, b, c be the centers of the circles on BC, 
AC, AB. Join ad, be, ca; Ab, £C, Ca; aB, Be, cA; 5D, eD, aD. Then 
the angle eba may be proved equal to one-half of the angle A2C, 
Similarly, the other two angles of abe. 

110. It may be remarked. that generally, the mode of proof by which, 
in pure geometry, three lines must, under specified conditions, pass 
through the same point, is that by reductio ad absurdum. This will for 
the most part require the converse theorem to be first proved or taken 
for granted. 

The converse theorem in this instance is, ''If two perpendiculars 
drawn from two angles of a triangle upon the opposite sides, intersect 
in à point, the line drawn from the third angle through this point 
will be perpendicular to the third side.” 

The proof will be formally thus: Let EHD be the triangle, AC, 
BD two perpendiculars intersecting in F. If the third perpendicular 
EG do not pass through F, let it take some other position as EH; and 
through F draw EFG to meet AD in G. Then it has been proved that 
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EG is perpendicular to AD: whence the two angles EHG, EGH of the 
triangle EGH are equal to two right angles :—which is absurd. 

111, The circle described on AB as a diameter will pass through 
E and D. Then Euc. 111. 36. 

112. Since all the triangles are on the same base and have equal 
vertical angles, these angles are in the same segment of a given circle. 

The lines bisecting the vertical angles may be shewn to pass through 
the extremity of that diameter which bisects the base. 

1183. Let AC be the common base of the triangles, ABC the isosceles 
triangle, and ADC any other triangle on the same base AC and be- 
tween the same parallels AC, BD. Describe a circle about ABC, and 
let it cut AD in E and join EC. Then, Euc. 1. 17, 1. 21. 

114. Let ABC be the given isosceles triangle having the vertical 
angle at C, and let FG be any given line. Required to find a point P 
in FG such that the distance PA shall be double of PC. Divide AC 
in D so that AD is double of DC, produce AC to Eand make AE double 
of AC, On DE describe a circle cutting FG in P, then PA is double 
of PC. 'lhis is found by shewing that AP* — 4.PC*, 

115. On any two sides of the triangle, describe segments of circles 
each containing an angle equal to two-thirds of a right angle, the point 
of intersection of the arcs within the triangle will be the point required, 
such that three lines drawn from it to the angles of the triangle shall 
contain equal angles.  Euc. tr. 22. 

116. Let A be the base of the tower, AB its altitude BC the height 
of the flagstaff, AD a horizontal line drawn from A. Ifa circle be des- 
cribed passing through the points B, C, and touching the line AD in 
the point E: E will be the point required. Give the analysis. 

117. Ifthe ladder be supposed to be raised in a vertical plane, the 
locus of the middle point may be shewn to be a quadrantal are of which 
the radius is half the length of the ladder. 

118. The line drawn perpendicular to the diameter from the other 
extremity of the tangent is parallel to the tangent drawn at the extremity 
of the diameter. 

119, Apply Euc. 11, 21. 

120. Let A, B, C, be the centers of the three equal circles, and let 
them intersect one another in the point D : and let the circles whose 
centers are A, B intersect each other again in E ; the circles whose cen- 
ters are B, C in F ; and the circles whose centers are C, A in G. Then 
FG is perpendicular to DE; DG to FC; and DF to GE. Since the 
circles are equal, and all pass through the same point D, the centers A, 
D, C are in a circle about D whose radius is the same as the radius of 
the given circles. Join AB, BC, CA ; then these will be perpendicular 
to the chords DE, DF, DG. Again, the figures DAGC, DBFC, are 
equilateral, and hence FG is parallel to AB; that is, perpendicular to 
DE. Similarly for the other two cases. 

121. Let E be the center of the circle which touches the two equal 
circles whose centers are A, B. Join AE, BE which pass through the 
points of contact F, G. Whence AE is equal to EB. Also CD the 
common chord bisects AB at right angles, and therefore the perpen- 
dicular from E on AB coincides with CD. 

122, Let three circles touch each other at the point A, and from A 
let a line ABCD be drawn cutting the circumferences in B, C, D. Let 
O, O’, O” be the centers of the circles, join BO, CO’, DO”, these lines 
are parallel to one another. Euc. 1. 6. 28. 

123. Proceed as in Theorem 110, supra. 
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124. The three tangents will be found to be perpendicular to the 
sides of the triangle formed by joining the centers of the three circles. 

125. With center A and any radius less than the radius of either of 
the equal circles, describe the third circle intersecting them in C and D. 
Join BC, CD, and prove BC and CD to be in the same straight line. 

126. Let ABC be the triangle required; BC the given base, BD the 
given difference of the sides, and BAC the given vertical angle. Join 
CD and draw AM perpendicular to CD. Then MAD is half the vertical 
angle and AMD a right angle: the angle BDC is therefore given, and 
hence D is a point in the arc of a given segment on BC. Also since BD 
is given, the point D is given, and therefore the sides BA, AC are given. 
Hence the synthesis. 

127. Let ABC be the required triangle, AD the line bisecting the 
vertical angle and dividing the base BC into the segments BD, DC. 
About the triangle ABC describe a circle and produce AD to meet the 
circumference in E, then the arcs BE, EC are equal. 

128. Analysis. Let ABC be the triangle, and let the circle ABC be 
described about it : draw AF to bisect the vertical angle BAC and meet 
the circle in F, make AV equal to AC, and draw CV to meet the circle 
in T ; join TB and TF, cutting AB in D; draw the diameter FS cutting 
BC in R, DR cutting AF in E; join AS, and draw AK, AH perpen- 
dicular to FS and BC. Then shew that AD is half the sum, and DB 
half the difference of the sides AB, AC. Next, that the point F in which 
AF meets the circumscribing circle is given, also the point E where DE 
meets AF is given, The points A, K, R, E are in a circle, Euc, i1. 22. 

Hence, KF.FR — AF.FE, a given rectangle; and the segment KR, 
which is equal to the perpendicular AH, being given, RF itself is given. 
Whence the construction. 

129. On AB the given base describe a circle such that the segment 
AEB shall contain an angle equal to the given vertical angle of the tri- 
angle. Draw the diameter EMD cutting AB in M at right angles. At 
D in ED, make the angle EDC equal to half the given difference of the 
| angles at the base, and let DC meet the circumference ofthe circle in C. 
Join CA, CB; ABC is the triangle required. For, make CF equal to 
CB, and join FB cutting CD in G. 

130, Let ABC be the triangle, AD the perpendicular or BC. With 

| center A, and AC the less side as radius, describe a circle eutting the 
base BC in E, and the longer side AB in G, and BA produced in F, and 
join AE, EG, FC. ‘Then the angle GFC being half the given angle, 
BAC is given, and the angle BEG equal to GFC is also given, Like- 
wise BE the difference of the segments of the base, and BG the difference 
of the sides, are given by the problem. Wherefore the triangle BEG is 
given (with two solutions). Again, the angle EGB being given, the 
angle AGE, and hence its equal AEG is given ; and hence the vertex A 
is given, and likewise the line AE equal to AC the shortest side is given. 
Hence the construction. 

131, Let ABC be the triangle, D, E the bisections of the sides AC, 
AB. Join CE, BD intersecting in F. Bisect BD in G and join EG. Then 
EF, one-third of EC is given, and BG one-half of BD is also given. 
Now EG is parallel to AC ; and the angle BAC being given, its equal 
opposite angle BEG is also given. Whence the segment of the circle 
containing the angle BEG is also given. Hence F is a given point, and 
FE a given line, whence E is in the circumference of the given circle 
about F whose radius is FE, Wherefore E being in two given circles, it 
is itself their given intersection. 
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132. Of all triangles on the same base and having equal vertical 
angles, that triangle will be the greatest whose perpendicular from the 
vertex on the base is a maximum, and the greatest perpendicular is that 
which bisects the base. Whence the triangle is isosceles. 

133. Let AB be the given base and ABC the sum of the other two 
sides; at B draw BD at right angles to AB and equal to the given alti- 
tude, produce BD to E making DE equal to BD. With center A and 
with radius AC describe the circle CFG, draw FO at right angles to BE 
and find in it the center O of the circle which passes through B and H 
and touches the former circle in the point F. The centers A, O being 
joined and the line produced, will pass through F. Join OB. Then 
AOB is the triangle required. 

184. Since the area and bases of the triangle are given, the altitude 
is given. Hence the problem is—given: the base, the vertical angle and 
the altitude, describe the triangle. 

135. Apply Euc. in. 27. 

136. The fixed point may be proved to be the center of the circle. 

137. Let the line which bisects any angle BAD of the quadrilateral, 
meet the circumference in E, Join EC, and prove that the angle made by 
producing DC is bisected by EC. 

138. Draw the diagonals of the quadrilateral, and by Euc. 111. 21,1. 29. 

139. From the center draw lines to the angles: then Huc, 11. 27. 

140. The centers of the four circles are determined by the intersec- 
tion of the lines which bisect the four angles of the given quadrilateral. 
Join these four points, and the opposite angles of the quadrilateral so 
formed are respectively equal to two right angles. 

141. Let ABCD bethe required trapezium inscribed in the given circle 
(fig. Euc. 111. 22.) of which AB is given, also the sum of the remaining 
three sides and the angle ADC. Since the angle ADC is given, the 
opposite angle ABC is known, and therefore the point C and the side 
BC. Produce AD and make DE equal to DC and join EC. Since the 
sum of AD, DC, CB is given, and DC is known, therefore the sum of 
AD, DC is given, and likewise AC, and the angle ADC. Also the angle 
DEC being half of the angle ADC is given. Whence the segment of the 
circle which ‘contains AEC is given, also AE is given, and hence the 
point E, and consequently the point D. Whence the construction. 

142. Let ADBC be the inscribed quadrilateral ; let AC, BD pro- 
duced meet in O, and AB, CD produced meet in P, also let the tangents 
from O, P meet the circles in K, H respectively. Join OP, and about 
the triangle PAC describe a circle cutting PO in Gand join AG. Then 
A, B, G, O may be shewn to be points in the circumference of a circle. 
Whence the sum of the squares on OH and PK may be found by Euoc. 
111. 36, and shewn to be equal to the square on OP. 

143. This will be manifest from the equality of the two tangents 
drawn to a circle from the same point. 

144. Apply Euc. 11. 22. 

145. A circle can be described about the figure AECDY. 

146. Apply Buc. 111. 22, 32. 

147. Apply Euc. 111. 21, 22, 32. 

148. Apply Euc. 111. 20, and the angle BAD will be found to be 
double of the angles CBD and CDB together. 

149. Let ABCD be the given quadrilateral figure, and let the angles 
at A, B, C, D be bisected by four lines, so that the lines which bisect the 
angles A and B, B and C, C and D, D and A, meet in the points a, b, c, d, 
respectively. Prove thab the angies at a and c, or ab b and d, are to- 
gether equal to two right angles. 
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150. Apply Euc. rr, 22, 

151. Join the center of the circle with the other extremity of the line 
perpendicular to the diameter. 

152. Let AB be a chord parallel to the diameter FG of the circle, 
fic. Theo. 1, p. 160, and H any point in the diameter. Let HA and HB 
be joined. Bisect FG in O, draw OL perpendicular to FG cutting AB 
in K, and join HK, HL, OA. Then the square on HA and HF may be 
proved equal to the squares on FH, HG by Theo. 3, p. 114 ; Euc. 1. 47; 
Buc. 11. 9, 

153. Let A be the given point (fig. Euc. it. 36, Cor.) and suppose 
AFC meeting the circle in F, C, to be bisected in F, and let AD bea 
tangent drawn from À. Then 2. AF*— AF. AC — AD'*, but AD is 

given, hence also AF is given. To construct. Draw the tangent AD. 
On AD describe a semicircle AGD, bisect it in G; with center A and 
radius AG, describe a circle cutting the given circle in F. Join AF and 
produce it to meet the circumference again in C. 

154. Let the chords AB, CD intersect each other in E at right 
angles. Find F the center, and draw the diameters HEFG, AFK and 
join AC, CK, BD. Then by Euc. 11. 4. 5; n1. 35. 

158. Let E, F be the points in the diameter AB equidistant from the 
center O; CED any chord; draw OG perpendicular to CED, and join 
FG, OC. Thesum of the squares on DF and FC may be shewn to be 
equal to twice the square on FE and the rectangle contained by AE, EB 
by Euc. r. 47 ; 11. à ; i11. 36. 

156. Let the chords AB, AC be drawn from the point A, and let a 
chord FG parallel to the tangent at A be drawn intersecting the chords 
AB, AC in D and E, and join BC. "Then the opposite angles of the 
quadrilateral BDEC are equal to two right angles, and a circle would 
circumscribe the figure. Hence by Euc. 1. 36. 

1657. Let the lines be drawn as directed in the enunciation. Draw 
the diameter AE and join CE, DE, BE; then AC*+AD?* and 2, AB’ 
may be each shewn to be equal to the square on the diameter. 

158. Let QOP cut the diameter AB in O. From C the center draw 
CH perpendicular to QP. Then CH is equal to OH, and by Eue. 11. 9, 
the ipee on PO, OQ are readily shewn to be equal to twice the square 
on CP. 

159. From P draw PQ perpendicular on AB meeting it in Q. Join 
AC, CD, DB. Then circles would circumscribe the quadrilaterals ACPQ 
and DDPQ, and then by Eue. 11. 36. 

160. Describe the figure according to the enunciation; draw AE the 
diameter of the circle, and let P be the intersection of the diagonals of the 
parallelogram. Draw EB, EP, EC, EF, EG, EH. Since AE is a 
diameter of the circle, the angles at F, G, H, are right angles, and EF, 
EG, EH are perpendiculars from the vertex upon the bases of the tri- 
angles EAB, EAC, EAP. Whence by Euc. 11, 13, and theorem 3, page 
114, the truth of the property may be shewn. 

161. If FA be the given line (fig. Euc. 11. 11), and if FA be produced 
to C ; AC is the part produced which satisfies the required conditions. 

162. Let AD meet the cirele in G, H, and join BG, GC. Then BGC 
is a right-angled triangle and GD is perpendicular to the hypotenuse, 
and the rectangles may be each shewn to be equal to the square on BG. 
Fuc. ur. 35; wm. 53 1.47. Or, if EC be joined, the quadrilateral 
figure ADCE may becircumscribed by acircle. Euc. 111. 31, 22, 36, Cor. 

163. On PC describe a semicircle cutting the given one in E, and 
draw EF perpendicuiar to AD; then F is the point required. 


Q 
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164. Let AB be the given straight line. Bisect AB in C and on AB 
as a diameter describe a circle ; ard at any point D in the circumference, 
draw a tangent DE equal to a side of the given square; join DC, EO, 
and with center C and radius CE describe a circle cutting AB produced 
in F, From F draw FG to touch the circle whose center is C in 
the point G. 1 

160. Let AD, DF be two lines at right angles to each other, O the 
centre of the circle BFQ; A any point in AD from which tangents AB, 
AC are drawn; then the chord BC shall always cut FD in the same 
point P, wherever the point A is taken in AD, Join AP; then BAC is. 
an isosceles triangle, 
and FD. DE + AD? = AB? = BP. PC + AP? = BP. PC + AD* + DP*, 

wherefore BP. PC = FD . DE — DP’. 
The point P, therefore, is independent of the position of the point A ; and 
is consequently the same for all positions of A in the line AD. 

166. The point E will be found to be that point in BC, from which 
two tangents to the circles described on AB and CD as diameters, are 
equal, Euc. irr. 36. 

167. If AQ, A'P' be produced to meet, these lines with AA’ form a 
right-angled triangle, then Euc. r. 47. 
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1. Let AB be the given line. Draw through C the center of the 
given circle the diameter DCE. Bisect AB in F and join FC. Through 
A, B draw AG, BH parallel to FC and meeting the diameter in G, H : 
at G, H draw GK, HL perpendicular to DE and meeting the circumfer- 
ence in the points K, L ; join KL; then KL is equal and parallel to AB. 

2. Trisect the circumference and join the center with the points of 
trisection. 

3. See Euc. rv. 4, 5. 

4. Let a line be drawn from the third angle to the point of intersee- 
tion of the two lines; and the three distances of this point from the angles 
may be shewn to be equal. 

5, Let the line AD drawn from the vertex A of the equilateral tri- 
angle, cut the base BC, and meet the circumference of the circle in D. 
Let DB, DC be joined: AD is equal to DB and DC. If on DA, DE be 
taken equal to DB, and BE be joined; BDE may be proved to be an 
equilateral triangle, also the triangle ABE may be proved equal to the 
triangle CBD. 

The other case is when the life does not cut the base. 

6. Leta circle be described upon the base of the equilateral triangle, 
and let an equilateral triangle be inscribed in the circle. Draw a diameter 
from one of the vertices of the inscribed triangle, and join the other ex- 
tremity of the diameter with one of the other extremities of the sides of 
the inscribed triangle. The side of the inscribed triangle may then Le 
proved to be equal to the perpendicular in the other triangle. 

7. The line joining the points of bisection, is parallel to the base of 
the triangle and therefore cuts off an equilateral triangle from the given 
triangle. By Euc, 111, 21; 1. 6, the truth of the theorem may be shewn. 

8. Leta diameter be drawn from any angle of an equilateral tri- 
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angle inscribed in a circle to meet the circumference. It may be proved 
that the radius is bisected by the opposite side of the triangle. 

9, Let ABC be an equilateral triangle inscribed in a circle, and let 
ABC’ be an isosceles triangle inscribed in the same circle, having the 
same vertex A. Draw the diameter AD intersecting BC in E, and BC’ 
in E', and let B'C' fall below BC. Then AB, BE, and AB’, B'E’, are 
respectively the semi-perimeters of the triangles. Draw B’F perpendi- 
cular to BC, and cut off AH equal to AB, and join BH. If BF can be 
proved to be greater than B’H, the perimeter of ABC is greater than the 
perimeter of AB'C', Next let BC’ fall above BC. 
| 10. The angles contained in the two segments of the circle, may be 
hewn to be equal, then by joining the extremities of the arcs, the two 
emaining sides may be shewn to be parallel. 

11. It may be shewn that four equal and equilateral triangles wiil 
form an equilateral triangle of the same perimeter as the hexagon, which 
is formed by six equal and equilateral triangles. 

12. Let the figure be constructed. By drawing the diagonals of the 
hexagon, the proof is obvious. 

13. By Euc. r. 47, the perpendicular distance from the center of the 
'"irele upon the side of the inscribed hexagon may be found. 

14. The alternate sides of the hexagon will fall upon the sides of the 
[riangle, and each side will be found to be equal to one-third of the side 
Xf the equilateral triangle. 

15. A regular duodecagon may be inscribed in a circle by means of 
the equilateral triangle and square, or by means of the hexagon. The 
area of the duodecagon is three times thesquare on the radius of the circle, 
which is the square on the side of an equilateral triangle inscribed in the 
same circle. ‘Theorem 1, p. 196. 

16. In general, three straight lines when produced will meet and 
form a triangle, except when all three are parallel or two parallel are 
tersected by the third. This Problem includes Euc. tv. 5, and all the 
pases which arise from producing the sides of the triangle. The circles 
lescribed touching a side of a triangle and the other two sides produced, 
ire called the escribed circles. 

17. This is manifest from Euc. rrr. 21. 
18. The point required is the center of the circle which circumscribes 
he triangle. See the notes on Euc. 111, 20, p. 155. 

19. Ifthe perpendiculars meet the three sides of the triangle, the 
joint is within the triangle, Euc. 1v. 4. Ifthe perpendiculars meet the 
ise and the two sides produced, the point is the center of the escribed 
irele. 

20. This is manifest from Euc. tmm, 11, 18. 

21. The base BC is intersected by the perpendicular AD, and the 
ide AC is intersected by the perpendicular BE. From Theorem 1, p. 
160; the are AF is proved equal to AE, or the are FE is bisected in A. 
n the same manner the arcs FD, DE, may be shewn to be bisected in BC. 
22. Let ABC bea triangle, and let D, E be the points where the in- 

cribed circle touches the sides AB, AC. Draw BE, CD intersecting 
fach other in O. Join AO, and produce it to meet BC in F. Then Fis 
he point where the inscribed circle touches the third side BC. If F be 
iot the point of contact, let some other point G be the point of contact. 
fhrough D draw DH parallel to AC, and DK parallel to BC. By the 
imilar triangles, CG may be proved equal to CF, or G the point of con- 
et coincides with F, the point where the line drawn from A through O 
neets BC, 

Q2 
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23. In the figure, Euc. 1v.5, Let AF bisect the angle at A, and be 
produced to meet the circumference in G. Join GB, GC and find the 
center H of the circleinscribed in the triangle ABC. The lines GH, GB,, 
GC are equal to one another. 

24. Let ABC be any triangle inscribed in a circle, and let the per- 
pendiculars AD, BE, CF intersect in G. Produce AD to meet the cir- 
cumference in H, and join BH, CH. Then the triangle BHC may be 
shewn to be equal in all respects to the triangle BGC, and the circle) 
which circumscribes one of the triangles will also cireumseribe the other. . 
Similarly may be shewn by producing BE and CF, &c. 

25. First. Prove that the perpendiculars Aa, Bb, Ce pass through 
the same point O, as Theo. 112, p.171. Secondly. That the triangles) 
Acb, Bea, Cab are equiangular to ABC. Euc. 11. 21, Thirdly. That the 
angles of the triangle abc are bisected by the perpendiculars; and lastly, 
by means of Prob. 4, p. 71, that ab + be + ca is a minimum. 

26. The equilateral triangle can be proved to be the least triangle: 
which can be circumscribed about a circle. 

27. Through C draw CH parallel to AB and join AH. Then HAC 
the difference of the angles at the base is equal to the angle HFC.  Euc. 
111. 21, and HFC is bisected by FG. 

28. Let PF, G, (figure, Euc.1v. 5,) be the centers ofthe circumscribed | 
and inscribed circles ; join GF, GA, then the angle GAF which is equal to 
the difference of the angles GAD, FAD, may be shewn to be equal to 
half the difference of the angles ABC and ACB. 

29. This Theorem may be stated more generally, as follows : 

Let AB be the base of a triangle, AEB the locus of the vertex ; D the 
bisection of the remaining arc ADB of the circumscribing circle; then the 
locus of the center of the inscribed circle is another circle whose center is 
D and radius DB. For join CD: then P the center of the inscribed © 
circle isin CD. Join AP, PB; then these lines bisect the angles CAB, 
CBA, and DB, DP, DA may be proved to be equal to one another. 

30. Let ABC bea triangle, having C aright angle, and upon AC, BC, 
let semicircles be described: bisect the hypotenuse in D, and let fall DE, 
DF perpendiculars on AC, BC respectively, and produce them to meet 
the circumferences of the semicircles in P, Q; then DP may be proved 
to be equal to DQ. 

31. Let the angle BAC be a right angle, fig. Euc. 1v. 4. Join AD. 
Then Euc. 111, 17, note p. 155. 

32, Suppose the triangle constructed, then it may be shewn that the 
difference between the hypotenuse and the sum of the two sides is equal 
to the diameter of the inscribed circle. 

33. Let P, Q bethe middle points of the ares AB, AC, and iet PQ 
be joined, cutting AB, AC in DE ; then AD is equal to AE. Find the 
center O and join OP, QO. 

34. With the given radius of the circumscribed circle, describe a 
circle. Draw BC cutting off the segment BAC containing an angle 
equal to the given vertical angle. Bisect BC in D, and draw the diame- 
ter EDF: join FB, and with center F and radius FB describe a circle: 
this will be the locus of the centers of the inscribed circle (see Theorem 
33, supra.) On DE take DG equal to the given radius of the inscribed 
circle, and through G draw GH parallel to BC, and meeting the locus of 
the centers in H. H is the center of the inscribed circle. 

35. This may readily be effected in almost a similar way to the pre- 
ceding Problem. | 

36. With the given radius describe a circle, then by Euc. 111, 34. 
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37. Let ABC be a triangle on the given base BC and having its ver- 
tical angle A equal to the given angle. Then since the angle at A is 
constant, A is a pointin the arc of asegment of a circle deseribed on BC. 
Let D be the center of the circle inscribed in the triangle ABC. Join 
DA, DB, DC: then the angles at B, C, A, are bisected. Euc. 1v. 4. 
Also since the angles of each of the triangles ABC, DBC are equal to two 
right angles, it follows that the angle BDC is equal to the angle A and 
half the sum of the angles B and C. But the sum of the angles B and C 
can be found, because A is given. Hence the angle BDC is known, and 
therefore D is the locus of the vertex of a triangle described on the base 
BC and having its vertical angle at D double of the angle at A. 

38. Suppose the parallelogram to be rectangular and inscribed in the 
given triangle and to be equal in area to half the triangle: it may be 
shewn that the parallelogram is equal to half the altitude of the triangle, 
and that there is a restriction to the magnitude of the angle which two 
adjacent sides of the parallelogram make with one another. 

99. Let ABC be the given triangle, and A'B'C' the other triangle, to 
the sides of which the inscribed triangle is required to be parallel. 
Through any point a in AB draw ad parallel to A'B’ one side of the given 
triangle and through a, b draw ae, be respectively parallel to AC, BC. 
Join Ac and produce it to meet BC in D; through D draw DE, DF, 
parallel to ca, cb, respectively, and join EF. Then DEF is the triangle 
required. 

40. ‘This point will be found to be the intersection of the diagonals 
of the given parallelogram. 

41. The difference of the two squares is obviously the sum of the four 
triangles at the corners of the exterior square. 

42, (1) Let ABCD be the given square: join AC, at A in AC, 
E. a angles CAE, CAF, each equal to one-third of aright angle, and 
join EF. 

(2) Bisect AB any side in P, and draw PQ parallel to AD or BC, 
then at P make the angles as in the former case. 

43, Each of the interior angles of a regular octagon may be shewn to 
be equal to three-fourths of two right angles, and the exterior angles 
made by producing the sides, are each equal to one fourth of two right 
angles, or one-half of a right angle. 

44, Let the diagonals of the rhombus be drawn; the center of the 
inscribed circle may be shewn to be the point of their intersection. 

45. Let ABCD be the required square. Join O, O’ the centers of the 
circles and draw the diagonal AEC cutting OO' in:E. Then E is the 
middle point of OO’ and the angle AEO is half a right angle. 

46. let. the squares be inscribed in, and circumscribed about a circle, 
and let the diameters be drawn, the relation of the two squares is manifest. 

47. Let one of the diagonals of the square be drawn, then the isos- 
celes right-angled triangle which is half the square, may be proved to be 
greater than any other right-angled triangle upon the same hypotenuse, 

48. Take half of the side of the square inscribed in the given cirele, 
this will be equal to a side of the required octagon. At the extremities 
on the same side of this line make two angles each equal to three-fourths 
of two right angles, bisect these angles by two straight lines, the point 
at which they meet will be the center of the circle which circumscribes 
the octagon, and either of the bisecting lines is the radius of the circle. 

49. First shew the possibility of a circle circumscribing such a figure, 


_and then determine the center of the circle. 


50. By constructing the figures and drawing lines from the center of 
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the cirele to the angles of the octagon, the areas of the eight triangles 
may be easily shewn to be equal to eight times the rectangle contained 
by the radius of the circle, and half the side of the inscribed square. 

51. Let AB, AC, AD, bethesides ofasquare, a regular hexagon and 
an octagon respectively inscribed in the circle whose center is O. Pro- 
duce AC to E making AE equal to AB; from E draw EF touching the 
circle in F, and prove EF to be equal to AD. 

52. Let the circle required touch the given circle in P, and the given 
line in Q. Let C be the center of the given circle and C that of the re- 
quired circle. Join CC’, CQ, QP; and let QP produced meet the given 
circle in R, join RC and produce it to meet the given linein V. Then 
RCV is perpendicular to VQ. Hence the construction, 

53. Let A, B be the centers of the given circles and CD the given 
straight line. On the side of CD opposite to that on which the circles: 
are situated, draw a line EF parallel to CD at a distance equal to the 
radius of the smaller circle. From A the center of the larger circle de- 
scribe a concentric circle GH with radius equal to the difference of the: 
radii of the two circles. Then the center of the circle touching the 
circle GH, the line EF, and passing through the center of the smaller: 
circle B, may be shewn to be the center of the circle which touches the: 
circles whose centers are A, B, and the line CD. 

51. Let AD, CD be the two lines given in position and E the center: 
of the given circle. Draw two lines FG, HI parallel to AB, CD respec- 
tively and externalto them. Describe a circle passing through E and 
touching FG, HI. Join the centers E, O, and with center O and radius: 
equal to the difference of the radii of these circles describe a circle; this: 
will be the circle required. 

5d. Let the circle ACF having the center G, be the required circle: 
touching the given circle whose center is B, in the point A, and cutting! 
the other given circle in the point C. Join BG, and through A draw a! 
line perpendicular to BG; then this line is a common tangent to the 
circles whose centers are B, G. Join AC, GC. Hence the construction. 

56. Let C be the given point in the given straight line AB, and D 
the center of the given circle. Through C draw a line CE perpendicular 
to AB; onthe other side of AB, take CE equal to the radius of the given 
circle. Draw ED, and at D make the angle EDF equal to the angle 
DEC, and produce EC to meet DF. This gives the construction for one 
case, when the given line does not cut or touch the other circle, 

57. ‘This is a particular case of the general problem; To describe a 
circle passing through a given point and touching two straight lines 
given in position. 

Let A be the given point between the two given lines which when 
produced meet in the point B. Bisect the angle at B by BD and through 
A draw AD perpendicular to BD and produce it to meet the two given 
lines in C, E. ‘Take DF equal to DA, and on CB take CG such that the 
rectangle contained by CF, CA is equal to the square on CG. The circle 
described through the points F, A, G, will be the circle required. De- 
duce the particular case when the given lines are at right angles to one 
another, and the given point in the line which bisects the angle at B. If 
the lines are parallel, when is the solution possible? 

58. Let A, B, be the centers of the given circles, which touch 
externally in E; and let C be the given point in that whose center is B. 
Make CD equal to AE and draw AD; make the angle DAG equal to 
the angle ADG: then G is the center of the circle required, and GC 
its radius, 
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59. Ifthe three points be such as when joined by straight lines a 
triangle is formed; the points at which the inscribed circle touches the 
sides of the triangle, are the points at which the three circles touch one 
another. Euc. iv. 4. Different cases arise from the relative position 
of the three points. 

60. Bisect the angie contained by the two lines at the point where 
the bisecting line meets the cireumference, draw a tangent to the circle 
and produce the two straight lines to meet it. In this triangle inseribe 
a circle, 

61. From the given angle draw aline through the center of the circle, 
and at the point where the line intersects the circumference, draw a 
tangent to the circle, meeting two sides of the triangle. The circle 
inscribed within this triangle will be the circle required. 

62. Let the diagonal AD cut the arc in P, and let O be the center of 
the inscribed circle. Draw OQ perpendicular to AB. Draw PE a 
tangent at P meeting AB produced in E: then BE is equaltoPD. Join 
PQ, PB. Then AB may be proved equal to QE. Hence AQ is equal 
to BE or DP. 

63. Suppose the center of the required circle to be found, let fall 
two perpendiculars from this point upon the radii of the quadrant, 
and join the center of the circle with the center of the quadrant and 
produce the line to meet the arc of the quadrant. If three tangents be 
drawn at the three points thus determined in the two semicircles and 
the are of the quadrant, they form a right-angled triangle which 
circumscribes the required circle, 

64. Let AB be the base of the given segment, C its middle point. 
Let DCE be the required triangle having the sum of the base DE and 
perpendicular CF equal to the given line. Produce CF to H making 
FH equalto DE. Join HD and produce it, if necessary, to meet AB 
E in K. Then CK is double of DF. Draw DL perpendicular 
to CK. 

65. From the vertex of the isosceles triangle let fall a perpendicular 
on the base. Then, in each of the triangles so formed, inscribe a circle, 
Euc. tv. 4; next inscribe a circle so as to touch the two cireles and the 
two equal sides of the triangle. This gives one solution: the problem 
is indeterminate. 

66. If BD be shewn to subtend an arc of the larger circle equal to 
one-tenth of the whole circumference :—then BD is aside of the decagon 
in the larger circle. And if the triangle ABD can be shewn to be 
inscriptible in the smaller circle, BD will be the side of the inscribed 
pentagon. 

67. It may be shewn that the angles ABF, BFD stand on two ares, 
one of which is three times as large as the other. 

68. It may be proved that the diagonals bisect the angles of the 
pentagon, and the five-sided figure formed by their intersection, may be 
shewn to be both equiangular and equilateral. 

69. The figure ABCDE isan irregular pentagon inscribed in a circle ; 
it may be shewn that the five angles at the circumference stand upon 
arcs whose sum is equal to the whole circumference of the circle; Euc. 
IM. 20, 

70. Ifa side CD (figure, Euc. rv. 11) of a regular pentagon be 
produced to K, the exterior angle ADK of the inscribed quadrilateral 
figure ABCD is equal to the angle ABC, one of the interior angles of the 
pentagon. From this a construction may be made for the method of 
folding the ribbon. 
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71. In the figure, Euc. tv. 10, let DC be produced to meet the circum- 
ference in F, and join FB. Then FB is the side of a regular pentagon 
inscribed in the larger circle, D is the middle of the are subtended by 
the adjacent side of the pentagon. Then the difference of FD and BD 
is equal to the radius AB, Next, it may be shewn, that FD is divided 
in the same manner in C as AB, and by Euc. 1, 4, 11, the squares on 
FD and DB are three times the square on AB, and the rectangle of FD 
and DB is equal to the square on AB. 

72. If one of the diagonals be drawn, this line with three sides of the 
pentagon forms a quadrilateral figure of which three consecutive sides 
are equal. The problem is reduced to the inscription of a quadrilateral 
in a square. 

73. This may be deduced from Euc. 1v. 11. 

74. The angle at À the center of the circle (fig. Euc, 1v. 10.) is one- 
tenth of four right angles, the arc BD is therefore one-tenth of the 
circumference, and the chord BD is the side of a regular decagon 
inscribed in the larger circle. Produce DC to meet the circumference 
in F and join BF, then BF is the side of the inscribed pentagon, and AB 
is the side of the inscribed hexagon. Join FA. Then FCA may be 
proved to be an isosceles triangle and FB is a line drawn from the 
vertex meeting the base produced. If a perpendicular be drawn from 
F on BC, the difference of the squares on FB, FC may be shewn to be 
eee the rectangle AB, BC, (Euc. 1. 47; 11. 5. Cor.); or the square 
on AC, 

75. Divide the circle into three equal sectors, and draw tangents to 
the middle points of the ares, the problem is then reduced to the 
inscription of a circle in a triangle. 

76. Let the inscribed circles whose centers are A, B touch each 
uther in G, and the circle whose center is C, in the points D, E; join 
A, D; A, E; at D, draw DF perpendicular to DA, and EF to EB, 
meeting in F. Let F, G be joined, and FG be proved to touch the two 
circles in G whose centers are A and B. 

77. The problem is the same as to find how many equal circles may 
be placed round a circle of the same radius, touching this circle and 
each other. ‘The number is six. 

78. This is obvious from Euce. tv. 7, the side of a square circum- 
scribing a circle being equal to the diameter of the circle. 

79. Each of the vertical angles of the triangles so formed, may be 
proved to be equal to the difference between the exterior and interior 
angle of the heptagon. 

80. Every regular polygon can be divided into equal isosceles tri- 
angles by drawing lines from the center of the inscribed or circumscribed 
circle to the angular points of the figure, and the number of triangles 
will be equal to the number of sides of the polygon. If a perpendicular 
FG be let fall from F (figure, Euc. 1v. 14) the center on the base CD of 
FCD, one of these triangles, and if GF be produced to H till FH be 
equal to FG, and HC, HD be joined, an isosceles triangle is formed, 
such that the angle at H is half the angle at F. Bisect HC, HD in K, 
L, and join KL; then the triangle HKL may be placed round the 
vertex H, twice as many times as the triangle CFD round the vertex F. 

81. The sum ofthe arcs on which stand the 1st, 3rd, óth, &c. angles, 
is equal to the sum of the arcs on which stand the 2nd, 4th, sth, &c. 
angles, 

82. The proof of this property depends on the fact, that an isosceles 
triangle has a greater area than any scalene triangle of the same perimeter. 
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6. Ixthe figure Euc. vr. 23, let the parallelograms be supposed to be 
rectangular. 

Then the rectangle AC : the rectangle DG :: BC : CG, Euc. vr. 1. 

and the rectangle DG : the rectangle CF :: CD : EC, 

whence the rectangle AC : the rectangle CF :: BC.CD : CG. EC. 

In a similar way it may be shewn that the ratio of any two parallelo- 
grams is as the ratio compounded of the ratios oftheir bases and altitudes 

7. let two sides intersect in O, through O draw POQ parallel to 
the base AB. "Then by similar triangles, PO may be proved equal to 
OQ: and POFA, QOED, are parallelograms: whence AE is equal 
to FB. 

8. Apply Euc. vi. 4, v. 7. 

9. Let ABC be ascalene triangle, having the vertical angle A, and 
suppose ADE an equivalent isosceles triangle, of which the side AD is 
equal to AE. ‘Then Eue. vi. 15, 16, AC.AB = AD.AB, or AD? 
Hence AD is a mean proportional between AC, AB.  Euc. vt. 8. 

10. The lines drawn making equal angles with homologous sides, 
divide the triangles into two corresponding pairs of equiangular triangles; 
by Euc. vi. 4, the proportions are evident. 

ll. By constructing the figure, the angles of the two triangles may 
easily be shewn to be respectively equal. 

12. A circle may be described about the four-sided figure ABDC. 
By Euc. r. 13; Euc. mi, 21, 22, The triangles ABC, ACE may be 
shewn to be equiangular. 

13. Apply Euc. 1. 48; 1. 5. Cor., vr. 16. 

14, This property follows as a corollary to Euc. vi. 23: for the two 
triangles are respectively the halves of the parallelograms, and are 
therefore in the ratio compounded of the ratios of the sides which contain 
the same or equal angles; and this ratio is the same as the ratio of the 
rectangles by the sides. 

15. Let ABC be the given triangle, and let the line EGF cut the 
base BC in G. Join AG, Then by Euc. vi. 1, and the preceding 
theorem (14,) it may be proved that AC is to AB as GE is to GF. 

16. The two means and the two extremes form an arithmetic series 
of four lines whose successive differences are equal ; the difference therefore 
between the first and the fourth, or the extremes, is treble the difference 
between the first and the second. 

17. This may be effected in different ways, one of which is the 
following. At one extremity A of the given line AB draw AC making 
any acute angle with AB and join BC; at any point D in BC draw DEF 

arallel to AC cutting AB in E and such that EF is equal to ED, draw 
C cutting AB in G. Then AB is harmonically divided in E, G. 

18. In the figure Euc. v1.13, If E be the middle point of AC; then 
AE or EC is the arithmetic mean, and DB is the geometric mean, between 
AB and BC. If DE be joined and BF be drawn perpendicular on DE; 
then DIF may be proved to be the harmonic mean between AB and BC. 

19. In the fig. Euc. v1.13. DB is the geometric mean between AB 
and BC, and if AC be bisected in E, AE or EC is the Arithmetic mean. 

The next is the same as—To find the segments of the hypotenuse of a 
right-angled triangle made by a perpendicular from the right angle, 
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having given the difference between half the hypotenuse and the 
perpendicular. 

20. Let the line DF drawn from D the bisection of the base of the 
triangle ABC, meet AB in E, and CA produced in F. Also let AG 
drawn parallel to BC from the vertex A, meet DF in G. Then by means 
of the similar triangles; DF, FE, FG, may be shewn to be in harmonic 
progression. 

21. Ifa triangle be constructed on AB so that the vertical angle is 
bisected by the line drawn to the point C. By Euc. vi. A, the point 
required may be determined. 

22. Let DB, DE, DCA be the three straight lines, fig. Euc. 11. 37; 
let the points of contact B, E be joined by the straight line BC cutting 
DA in G. Then BDE is an isosceles triangle, and DG is a line from the 
vertex to a point G in the base. And two values of the square of BD 
may be found, one from Theo. 37, p. 118: Euc. 1n. 35; ri, 2; and 
another from Euc, ur. 86; 11.1. From these may be deduced, that 
the rectangle DC, GA, is equal to the rectangle AD, CG. Whence 
the, &c. 

28. Let ABCD be a square and AC its diagonal. On AC take AE 
equal to the side BC or AB: join BE and at E draw EF perpendicular 
to AC and meeting BC in F. Then EC, the difference between the 
diagonal AC and the side AB of the square, is less than AB; and CE, 
EF, FB may be proved to be equal to one another: also CE, EF are the 
adjacent sides of a square whose diagonal is FC. On FC take FG equal 
to CH and join EG. Then, as in the first square, the difference CG 
between the diagonal FC and the side EC or EF, is less than the side EC. 
Hence EC, the difference between the diagonal and the side of the given 
square, is contained twice in the side BC with a remainder CG: and CG 
is the difference between the side CE and the diagonal CF of another 
square. By proceeding in a similar way, CG, the difference between the 
diagonal CF and the side CE, is contained twice in the side CE with a 
remainder: and the same relations may be shewn to exist between the 
difference of the diagonal and the side of every square of the series which 
is so constructed. Hence, therefore, as the difference of the side and 
diagonal of every square of the series is contained twice in the side with 
a remainder, it follows that there is noline which exactly measures the 
side and the diagonal of a square. 

24. Let the given line AB be divided in C, D. On AD describe a 
semicircle, and on CB describe another semicircle intersecting the former 
in P; draw PE perpendicular to AB; then E is the point required. 

25. Let AB be equal toa side of the given square. On AB describe 
a semicircle; at A draw AC perpendicular to AB and equal to a fourth 
proportional to AB and the two sides of the given rectangle. Draw CD 
parallel to AB meeting the circumference in D. Join AD, BD, which 
are the required lines. 

26. Let the two given lines meet when produced in A. At A draw 
AD perpendicular to AB, and AE to AC, and such that AD is to AE in 
the given ratio. Through D, E, draw DF, EF, respectively parallel to 
AB, AC and meeting each other in F. Join AF and produce it, and 
the perpendiculars drawn from any point of this line on the two given 
lines will always be in the given ratio. 

27. The angles made by the four lines at the point of their divergence, 
remain constant. See Note on Euc. vi. À, p. 295. 

28. Let AB be the given line from which it is required to cut off a 
part BC such that BC shall be a mean proportional between the 
remainder AC and another given line. Produce AB to D, making BD 
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equal to the other given line. On AD describe a semicircle, at B draw 
BE perpendicular to AD. Bisect BD in O, and with center O and 
radius OB describe a semicircle, join OE cutting the semicircle on BD 
in F, at F draw FC perpendicular to OE and meeting AB in C. C is 
the point of division, such that BC is a mean proportional between 
AC and BD. 

29. Find two squares in the given ratio, and if BF be the given line 
(figure, Euc. vr. 4), draw BE at right angles to BF, and take BC, CE 
respectively equal to the sides of the squares which are in the given ratio. 
Join EF, and draw CA parallel to EF: then BF is divided in A as 
required. 

30. Produce one side of the triangle through the vertex and make 
the part produced equal to the other side. Bisect this line, and with 
the vertex of the triangle as center and radius equal to half the sum of 
the sides, describe a circle cutting the base ef the triangle. 

31. Ifa circle be described about the given triangle, and another 
circle upon the radius drawn from the vertex of the triangle to the center 
of the circle, as a diameter, this circle will cut the base in two points, and 
give two solutions of the problem. Give the Analysis. 

32. This Problem is analogous to the preceding. 

33. Apply Euc. vi. 8, Cor. ; 17. 

34. Describe a circle about the triangle, and draw the diameter 
through the vertex A, draw a line touching the circle at A, and meeting 
the base BC produced in D. Then AD shall be a mean proportional 
between DC and DB.  Euc. rir. 36. 

35. In BC produced take CE a third proportional to BC and AC; 
on CE describe a circle, the center being O ; draw the tangent EF at 
E equal to AC; draw FO cutting the circle in T and T'; and lastly 
draw tangents at T, T’ meeting BC in P and P’, These points fulful the 
conditions of the problem. 

By combining the proportion in the construction with that from the 
similar triangles ABC, DBP, and Euc. rrr. 36, 37: it may be proved 
that CA. PD — CP*. The demonstration is similar for P’D’. 

36. This property may be immediately deduced from Euce. vr. 8, Cor. 

37. Let ABC be the triangle, right-angled at C, and let AE on AB 
be equal to AC, also let the line bisecting the angle A, meet BC in D. 
Join DE. Then the triangles ACD, AED are equal, and the triangles 
ACB, DEB equiangular. 

38. The segments cut off from the sides are to be measured from the 
right angle, and by similar triangles are proved to be equal; also by 
similar triangles, either of them is proved to be a mean proportional 
between the remaining segments of the two sides. 

39. First prove AC?:AD?:: BC: 2. BD: then2. AC*: AD?:: BC: BD, 
whence 2.AC* — AD*; AD*:: BC ~ BD: BD, 

and since 2, AC? — AD? = 2. AC? — (AC? + DC?) = AC* — CD’, 
the property is immediately deduced. 

40. The construction is suggested by Euc. 1. 47, and Euc. vr. 31. 

41. See Note Euc. vi. A. p. 295. The bases of the triangles CBD, 
ACD, ABC, CDE may be shewn to be respectively equal to DB, 2.BD, 
3.BD, 4.BD. 

42. (1) Let ABC be the triangle which is to be bisected by a line 
drawn parallel to the base BC. Describe a semicircle on AB, from the 
center D draw DE perpendicular to AB meeting the circumference in 
E, join EA, and with center A and radius AE describe a circle cutting 
AB in F, the line drawn fron F parallel to BC, bisects the triangle. The 
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proof depends on Eue. vi. 19; 20, Cor. 2. (2) Let ABC be the triangle, 
BC being the base. Draw AD at right angles to BA meeting the base 
produced in D. Bisect BC in E, and on ED describe a semicircle, from 
B draw BP to touch the semicircle in P. From BA eut off BF equal 
to BP, and from F draw FG perpendicular to BC. ‘The line IG bisects 
the triangle. Then it may be proved that BFG: BAD:: BE: BD, 
and that BAD : BAC :: BD: BC; whence it follows that BFG : BAC 
:: BE: BC or as 1: 2. 

43. Let ABC be the given triangle which is to be divided into two 
parts having a given ratio, by a line parallel to BC. Describe a semi- 
circle on AB and divide AB in D in the given ratio; at D draw DE 
perpendicular to AB and meeting the circumference in E; with center 
A and radius AE describe a circle cutting AB in F: the line drawn 
through F parallel to BC is the line required. In the same manner 
a triangle may be divided into three or more parts having any given ratio 
to one another by lines drawn parallel to one of the sides of the triangle. 

44. Let these points be taken, one on each side, and straight lines be 
drawn to them; it may then be proved that these points severally bisect 
the sides of the triangle. 

45. Let ABC be any triangle and D be the given point in BC, from 
which lines are to be drawn which shall divide the triangle into any 
number (suppose five) equal parts. Divide BC into five equal parts in 
E, F, G, H, and draw AE, AF, AG, AH, AD, and through E, F, G, H 
draw EL, FM, GN, HO parallel to AD, and join DL, DM, DN, DO; 
these lines divide the triangle into five equal parts. 

By a similar process, a triangle may be divided into any number of 
parts which have a given ratio to one another. 

46. Let ABC be the larger, abe the smaller triangle, it is required to 
draw a line DE parallel to AC cutting off the triangle DBE equal to the 
triangle adc. On BC take BG equal to dc, and on BG describe the 
triangle BGH equal to the triangle abe. Draw HK parallel to BC, join 
KG; then the triangle BGK is equal to the triangle ade. On BA, BC 
take BD to BE in the ratio of BA to BC, and such that the rectangle 
contained by BD, BE shall be equal to the rectangle contained by BK, 
BG. Join DE, then DE is parallel to AC, and the triangle BDE is 
equal to abc. 

47. Let ABCD be any rectangle, contained by AB, BC, 

Then AB? : AB. BC :: AB : BC, 
and AB. BC : BC' :: AB : BC, 
whence AD? : AB. BC :: AB. BC : BC?, 
or the rectangle contained by two adjacent sides of a rectangle, is a mean 
proportional between their squares. 

48. Inastraight line at any point A, make Ae equal to Ad in the 
given ratio. At A draw AB perpendicular to cAd, and equal to a side 
of the given square, On ed describe a semicircle cutting AB in b; and 
join bc, bd; from B draw BC parallel to bc, and BD parallel to òd: then 
AC, AD are the adjacent sides of the rectangie. For, CA is to AD 
as cA to Ad, Euc. vi, 2; and CA.AD = AB’, CBD being a right-angled 
triangle. 

49. From one of the given points two straight lines are to be drawn 
perpendicular, one to each of any two adjacent sides of the parallelogram ; 
and from the other point, two lines perpendicular in the same manner to 
each of the two remaining sides. When these four lines are drawn to 
intersect one another, the figure so formed may be shewn to be equi- 
angular to the given parallelogram, 
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50. Itis manifest that this is the general case of Prop. 4, p. 197. 

If the rectangle to be cut off be two-thirds ofthe given rectangle ABCD. 

Produce BC to E so that BE may be equal to a side of that square 
which is equal to the rectangle required to be cut off; in this case, equal 
to two-thirds of the rectangle ABCD. On AB take AF equal to AD or 
BC; bisect FB in G, and with center G and radius GE, describe a 
semicircle meeting AB, and AB produced, in H and K. On CB take 
CL equal to AH and draw HM, LM parallel to the sides, and HBLM 
is two-thirds of the rectangle ABCD. 

51. Let ABCD be the parallelogram, and CD be cut in P and BC 
produced in Q. By means of the similar triangles formed, the property 
may be proved. 

52. ‘The intersection of the diagonals is the common vertex of two 
triangles which have the parallel sides of the trapezium for their bases. 

53. Let AB be the given straight line, and C the center of the given 
circle; through C draw the diameter DCE perpendicular to AB. Place 

‘in the circle a line FG which has to AB the given ratio; bisect FG in 
H, join CH, and on the diameter DCE, take CK, CL each equal to 
CH; either of the lines drawn through K, L, and parallel to AB is 
the line required. 

54. Let C bethe center ofthe circle, CA, CB two radii at right angles 
to each other; and let DEFG be the line required which is trisected in 
the points E, F. Draw CG perpendicular to DH and produce it to meet 
the circumference in K; draw a tangent to the circle at K: draw CG, 
and produce CB, CG to meet the tangent in L, M, then MK may be 
shewn to be treble of LK. 

55. The triangles ACD, BCE are similar, and CF is a mean propor- 
tional between AC and CB. 

56. Let any tangent to the circle at E be terminated by AD, BC 
tangents at the extremity of the diameter AB. Take O the center of the 
circle and join OC, OD, OE; then ODC is a right-angled triangle and 
OE is the perpendicular from the right angle upon the hypotenuse. 

57. This problem only differs from problem 49, infra, in having the 
given point without the given circle. 

88. Let A be the given point in the circumference of the circle, C its 
center. Draw the diameter ACB, and produce AB to D, taking AB to 
BD in the given ratio: from D draw a line to touch the circle in E, 
which is the point required. From A draw AF perpendicular to DE, 
and cutting the circle in G. 

69. Let A be the given point within the circle whose center is C, and 
let BAD be the line required, so that BA is to AD in the given ratio. 
Join AC and produce it to meet the circumference in E, F. Then EF 
is a diameter, Draw BG, DH perpendicular on EF: then the triangles 
BGA, DHA are equiangular. Hence the construction. 

60. Through E one extremity of the chord EF, let a line be drawn 
parallel to one diameter, and intersecting the other. Then the three 
angles of the two triangles may be shewn to be respectively equal to one 
another. 

61. Let AD be that diameter of the given circle which when produced 
is perpendicular to the given line CD, and let it meet that linein C ; and 
let P be the given point: it is required to find D in CD, so that DB 
may be equal to the tangent DF. Make BC: CQ:: CQ: CA, and join 
PQ; bisect PQ in E, and draw ED perpendicular to PQ meeting CD in 
D; then Disthe point required. Let O be the center of the circle, draw 
the tangent DF; and join OF, OD, QD, PD. Then QD may be shewn 
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to be equal to DF and to DP. When P coincides with Q, any point D' 
in CD tulfils the conditions of the problem; that is, there are innume- 
rable solutions, 

62. It may be proved that the vertices of the two triangles which are: 
similar in the same segment of a circle, are in the extremities of a chord! 
parallel to the chord of the given segment. 

63. For let the circle be described about the triangle EAC, then by; 
the converse to Euc. 111. 32 ; the truth of the proposition is manifest. 

64. Let the figure be constructed, and the similarity of the two tri-. 
angles will be at once obvious from Euc r1. 32. ; Euc. r. 29. 

65. In the are AB (fig. Euc. 1v. 2) let any point K be taken, andi 
from K let KL, KM, KN be drawn perpendicular to AB, AC, BC respec-- 
tively, produced if necessary, also let LM, LN be joined, then MLN may: 
be shewn to be a straight line. Draw AK, BK, CK, and by Euc. 11. 31,, 
22, 21 ; Euc. 1. 14. 

66. Let AB a chord in a circle be bisected in C, and DE, FG two! 
chords drawn through C; also let their extremities DG, FE be joined! 
intersecting CB in H, and AC in K; then AK is equal to HB. Through: 
H draw MHL parallel to EF meeting FG in M, and DE produced in L.. 
Then by means of the equiangular triangles, HC may be proved to be: 
equal to CK, and hence AK is equal to HB. 

67. Let A, B be the two given points, and let P be a point in the: 
locus so that PA, PB being joined, PA is to PB in the given ratio. Join: 
AB and divide it in C in the given ratio, and join PC. Then PC bisects: 
the angle APB. Euc. vi. 3, Again, in AB produced, take AD to AB! 
in the given ratio, join PD and produce AP to E, then PD bisects the 
angle BPE, Euc. vr, A. Whence CPD is a right angle, and the point P" 
lies in the circumference of a circle whose diameter is CD. 

68. Let ABC be a triangle, and let the line AD bisecting the vertical 
angle A be divided in E, so that BC: BA--AC :: AE: ED. By Euc. 
vi. 3, may be deduced BC: BA+AC:: AC: AD. Whence may be 
proved that CE bisects the angle ACD, and by Euc. tv. 4, that E is the 
center of the inscribed circle. 

69. By means of Euc. 1v. 4, and Euc. vr. C. this theorem may be 
shewn to be true. 

70. Divide the given base BC in D, so that BD may be to DC in the 
ratio of the sides. At B, D draw BB’, DD’ perpendicular to BC and 
equal to BD, DC respectively. Join B'D' and produce it to meet BC 
produced in O. With center O and radius OD, describe a circle, From 
A any point in the circumference join AB, AC, AO. Prove that AB is 
to AC as BD to DC. Or thus. If ABC be one of the triangles. Divide 
the base BC in D so that BA is to AC as BD to DC. Produce BC and 
take DO to OC as BA to AC: then O is the center of the circle. 

71. Let ABC be any triangle, and from A, B let the perpendiculars 
AD, BE on the opposite sides intersect in P : and let AF, BG drawn to 
F, G the bisections of the opposite sides, intersect in Q. Also let FR, 
GR be drawn perpendicular to BC, AC, and meet in R: then R is the 
center of the circumscribed circle. Join PQ, QR; these are in the 
same line. 

Join FG, and by the equiangular triangles, GRF, APB, AP is 
proved double of FR. And AQ is double of QF, and the alternate 
angles PAQ, QFR are equal. Hence the triangles APQ, RFQ are 
equiangular. 

72. Let C, C' be the centers of the two circles, and let CC’ the line 
joining the centers intersect the common tangent PP' in T. Let the 
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ine joining the centers cut the circles in Q, Q’, and let PQ, P'Q' be 
joined ; then PQ is parallel to P’Q’. Join CP, C'P', and then the angle 
QPT may be proved to be equal to the alternate angle Q'P'T. 

73. Let ABC be the triangle, and BC its base; let the circles AFB, 
AFC be described intersecting the base in the point F, and their 
diameters AD, AE, be drawn; then DA : AE :: BA : AC. For join 
DB, DF, EF, EC, the triangles DAB, EAC may be proved to be similar. 

74, Ifthe extremities of the diameters of the two circles be joined 

y two straight lines, these lines may be proved to intersect at the 
point of contact of the two circles; and the two right-angled triangles 
thus formed may be shewn to be similar by Euc, 111. 34, 

75. This follows directly from the similar triangles. 

76. Let the figure be constructed as in Theorem 4, p. 162, the tri- 
angle EAD being right-angled at A, and let the circle inseribed in the 
triangle ADE touch AD, AE, DE in the points K, L, M respectively. 
Then AK is equal to AL, each being equal to the radius of the inscribed 
circle. Also AB is equal to GC, and AB is half the perimeter of the tri- 
angle AED. 

Also if GA be joined, the triangle ADE is obviously equal to the 
difference of AGDE and the triangle GDE, and this difference may be 

roved equal to the rectangle contained by the radii of the other two 
circles. 

77. From the centers of the two circles let straight lines be drawn 
to the extremities of the sides which are opposite to the right angles 
in each triangle, and to the points where the circles touch these sides. 
Euc. vr. 4. 

78. Let A, B be the two given points, and C a point in the circum- 
ference of the given circle. Let a circle be described through the points 
A, B, C and cutting the circle in another point D, Join CD, AB, and 
produce them to meet in E. Let EF be drawn touching the given 
circle in F; the circle described through the points A, B, F, will be 
the circle required. Joining AD and CB, by Euc. nr. 21, the tri- 
angles CEB, AED are equiangular, and by Euc. vr. 4, 16, 11. 36, 37, 
the given circle and the required circle each touch the line EF in the 
pen point, and therefore touch one another. When does this solution 
fail ? 

Various cases will arise according to the relative position of the two 
points and the circle. 

79. Let A be the given point, BC the given straight line, and D the 
center of the given circle. Through D draw CD perpendicular to BC, 
meeting the circumference in E, F. Join AF, and take FG to the 
diameter FE, as FC is to FA. The circle described passing through the 
two points À, G and touching the line BC in B is the circle required. 
Let H be the center of this circle; join HB, and BF cutting the 
circumference of the given circle in K, and join EK. Then the tri- 
angles FBC, FKE being equiangular, by Euc. vi. 4, 16, and the con- 
struction, K is proved to be a point in the circumference of the circle 
passing through the points A, G, B. And if DK, KH be joined, DKH 
may be proved to be a straight line:— the straight line which joins the 
centers of the two circles, and passes through a common point in their 
cireumferences. 

80. Let A be the given point, B, C the centers of the two given 
cireles. Let a line drawn through B, C meet the circumferences of 
the circles in G, F; E, D, respectively. In GD produced, take the 
point H, so that BH is to CH. as the radius of the circle whose center 
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is B to the radius of the circle whose center is C. Join AH, and tal 
KH to DH as GH to AH. Through A, K describe a circle ALK toucl 
ing the circle whose center is B, in L. Then M may be proved to be 
point in the circumference of the circle whose center is C. For by joi 
ing HL and producing it to meet the circumference of the cirele who 
center is B in N; and joining BN, BL, and drawing CO parallel to B] 
and CM parallel to BN, the line HN is proved to cut the circumfere 

of the circle whose center is B in M, O; and CO, CM are radii. B 
joining GL, DM, M may be proved to be a point in the cireumferen« 
of the cirele ALK, And by producing BL, CM to meet in P, P i$ 
proved to be the center of ALK, and BP joining the centers of the tv 
circles passes through L the point of contact. Hence also is shewn th 
PMC passes through M, the point where the circles whose centers are 
and C touch each other. | 

Note. Ifthe given point bein the circumference of one of the circle 
the construction may be more simply effected thus: 

Let A be in the circumference of the circle whose center is B. Join 
BA, and in AB produced, if necessary, take AD equal to the radius of th 
circle whose center is C; join DC, and at C make the angle DCE equal 
the angle CDE, the point E determined by the intersection of DA pr 
duced and CE, is the center of the circle. 

81. Let AB, AC be the given lines and P the given point. Then 
O be the center of the required circle touching AB, AC, in R, S, the ling 
AO will bisect the given angle BAC. Let the tangent from P meet th 
circle in Q, and draw OQ, OS, OP, AP. Then there are given AP ang 
the angle OAP. Also since OQP isa right angle, we have OP*— Qt 
= OP*— OS? = PQ’ a given magnitude. Moreover the right-angled tri$ 
angle AOS is given in species, or OS to OA is a given ratio. When 
in the triangle AOP there is given, the angle AOP, the side A 
and the excess of OP* above the square of a line having a give 
ratio to OA, to determine OA. Whence the construction is obvious. 

82. Let the two given lines AB, BD meet in B, and let C be the ceng 
ter of the given circle, and let the required circle touch the line AB, az 
have its center in BD. Draw CFE perpendicular to HB intersecting tl 
circumference of the given circle in F, and produce CE, making EE 
equal to the radius CF. Through G draw GK parallel to AB, and 
meeting DB in K. Join CK, and through B, draw BL parallel to KC 
meeting the circumference of the circle whose center is © in L; joing 
CL and produce CL to meet BD in O. Then O is the center of th 
circle required. Draw OM perpendicular to AB, and produce EC | 
meet BD in N. ‘Then by the similar triangles, OL may be prov 
equal to OM. 

88. (1) Inevery right-angled triangle when its three sides are im 
Arithmetical progression, they may be shewn to be as the numbers 5, $ 
3. On the given line AC describe a triangle having its sides AC, AI 
DC in this proportion, bisect the angles at A, C by AE, CE meeting in - 
and through E draw EF, EG parallel to AD, DC meeting in F and G. T 

(2) Let AC be the sum of the sides of the triangle, tig. Euc. vi. 1 
Upon AC describe a triangle ADC whose sides shall be in continu 
proportion. Bisect the angles at A and C by two lines meeting | 
E. From E draw EF, EG parallel to DA, DC respectively. | 

84. Describe a circle with any radius, and draw within it thestraig. 
line MN cutting off a segment containing an angle equal to the giv 
angle, Euc. 11. 34. Divide MN in the given ratio in P, and at P dre 
PA perpendicular to MN and meeting the circumference in A. Jo 
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AM, AN, and on AP or AP produced, take AD equal to the given per- 
pendicular, and through D draw BC parallel to MN meeting AM, AN, 
or these lines produced. Then ABC shall be the triangle required, 

85. Let PAQ be the given angle, bisect the angle A by AB, in 
AB find D the center of the inscribed circle, and draw DC perpen- 
dicular to AP. In DB take DE such that the rectangle DE, DC is 
equal to the given rectangle. Describe a circle on DE as diameter 
meeting AP in F, G; and AQ in F’, G’. Join FG’, and AFG’ will 
be the triangle. Draw DH perpendicular to FG’ and join GD. 
By Euc. vi. C, the rectangle FD, DG’ is equal to the rectangle ED, 
DK or CD, DE. 

86. On any base BC describe a segment of a circle BAC containing 
an angle equal to the given angle. From D the middle point of BC draw 
DA to make the given angle ADC with the base. Produce AD to E so 
that AE is equal to the given bisecting line, and through E draw FG 
parallel to BC. Join AB, AC and produce them to meet FG in F and G. 

87. Employ Theorem 70, p. 310, and the construction becomes 
obvious. 

88. Let AB be the given base, ACB the segment containing the 
vertical angle; draw the diameter AB of the circle, and divide it in E, 
in the given ratio; on AE as a diameter, describe a circle AFE; and with 
center B and a radius equal to the given line, describe a circle cutting 
AFE in F. Then AF being drawn and produced to meet the circum- 
scribing circle in C, and CB being joined, ABC is the triangle required. 
For AF is to FC in the given ratio. 

89. The line CD is not necessarily parallel to AB. Divide the base 
AB in C, so that AC is to CB in the ratio of the sides of the triangle. 

Then if a point E in CD ean be determined such that when AE, CE, 
EB, are joined, the angle AEB is bisected by CE, the problem is solved. 

90. Let ABC be any triangle having the base BC. On the same 
base describe an isosceles triangle DBC equal to the given triangle. 
Bisect BC in E, and join DE, also upon BC describe an equilateral 
triangle. On FD, FD, take EG to EH. as EF to FB: also take EK 
equal to EH and join GH, GK; then GHK is an equilateral triangle 
equal to the triangle ABC. 

91. Let ABC be the required triangle, BC the hypotenuse, and 
FHKG the inscribed square : the side HK being on BC. Then BC may 
be proved to be divided in H and K, so that HK is a mean proportional 
between BH and KC. 

92. Let ABC be the given triangle. On BC take BD equal to one 
of the given lines, through A draw AE parallel to BC. From B draw 
BE to meet AE in E, and such that BE ìs a fourth proportional to BC, 
BD, and the other given line. Join EC, produce BE to F, making BF 
equal to the other given line, and join FD: then FBD is the triangle 
required. 

93. By means of Euc. vi. C, the ratio of the diagonals AC to BD 
may be found to be as AD. AD -- BC.CD to AB.BE+AD.DC, 
figure, Euc. vi. D. 

91. This property follows directly from Euc. vr. C. 

95. Let ADC be any triangle, and DEF the given triangle to which 
the inscribed triangle is required to be similar. Draw any line de 
terminated by AB, AC, and on de towards AC describe the triangle def 
similar to DEF, join Bf, and produce it to meet AC in F. Through F 
draw FD' parallel to f4, F'E' parallel to fe, and join D'E', then the 
triangle D EF" i3 similar to DEF. 
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96. The square inscribed in a right-angled triangle which has on 
of its sides coinciding with the hypotenuse, may be shewn to be less thar 
that which has two of its sides coinciding with the base and perpendicular 

97. Let BCDE be the square on the side BC of the isosceles triangl 
ABC. Then by Euc. vr. 2, FG is proved parallel to ED or BC. 

98. Let AB be the base of the segment ABD, fig. Euc. im. 30; 
Bisect AB in C, take any point E in AC and make CF equal to CE: 
upon EF describe a square EFGH : from C draw CG and produce it t 
meet the arc of the segment in K. / 

99. Take two points on the radii equidistant from the center, and) 
on the line joining these points, describe a square; the lines drawn from» 
the center through the opposite angles of the square to meet the circular) 
arc, will determine two points of the square inscribed in the sector. | 

100. Let ABCDE be the given pentagon. On AB, AE take equal” 
distances AF, AG, join FG, and on FG describe a square FGKH.. 
Join AH and produce it to meet a side of the pentagon in L. Draw? 
LM parallel to FH meeting AE in M. Then LM is a side of the 
inscribed square. 

101. Let ABC be the given triangle. Draw AD making with the 
base BC an angle equal to one of the given angles of the parallelogram. 
Draw AE parallel to BC and take AD to AE in the given ratio of the 
sides. Join BE cutting AC in F. | 

102. The locus of the intersections of the diagonals of all the 
rectangles inscribed in a scalene triangle, is a straight line drawn from the 
bisection of the base to the bisection of the shorter side of the triangle. 

103. This parallelogram is one half of the square in the circle. . 

104. Analysis. Let ABCD be the given rectangle, and EFGH that. 
to be constructed. Then the diagonals of EFGH are equal and bisect: 
each other in P the center of the given rectangle. About EPF describe 
a circle meeting BD in K, and join KE, KF. Then since the rectangle 
EFGH is given in species, the angle EPF formed by its diagonals is” 
given; and hence also the opposite angle EKF of the inscribed quadri- 
lateral PEKF is given. Also since KP bisects that angle, the angle 
PKE is given, and its supplement BKEis given. And in the same way, 
KF is parallel to another given line; and hence EF is parallel to a third 
given line. Again, the angle EPF ofthe isosceles triangle EPF is given; 
and hence the quadrilateral EPFK is given in species. | 

105. In the figure Euc. rit. 80; from C draw CE, CF making with. 
CD, the angles DCE, DCF each equal to the angle CDA or CDB, and- 
meeting the arc ADB in E and F. Join EF, the segment of the circle 
described upon EF and which passes through C, will be similar to ADB. 

106. The square inscribed in the circle may be shewn to be equal to 
twice the square on the radius; and five times the square inscribed in 
the semicircle to four times the square on the radius. 

107. The three triangles formed by three sides of the square with 
segments of the sides of the given triangie, may be proved to be simular. 
Whence by Euc. vi. 4, the truth of the property. 

108. By constructing the figure, it may be shewn that twice the 
square inscribed in the quadrant is equal to the square on the radius, 
and that five times the square inscribed in the semicircle is equal to four 
times the square on the radius. Whence it follows that, &c. 

109, By Euc. 1. 47, and Eue. vi. 4, it may be shewn, that four times 
the square on the radius is equal to fifteen times the square on one of the 
equal sides of the triangle. 

110. Constructing the figure, the right-angled triangles SCT, ACB 
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may be proved to have a certain ratio, and the triangles ACB, CPM in 
the same way, may be proved to have the same ratio. 

111. Let BA, AC be the bounding radii, and D a point in the are of 
a quadrant. Bisect BAC by AB, and draw through D, the line HDGP 
Ee to AE at G, and meeting AB, AC, produced in H, P. 

rom H draw HM to touch the circle of which BC is a quadrantal arc; 
produce AH, making HL equal to HM, also on HA, take HK equal to 
HM. Then K, L, are the points of contact of two circles through D 
which touch the bounding radii, AB, AC. 

Join DA. Then, since BAC is a right angle, AK is equal to the 
radius of the circle which touches BA, BC in K, K’; and similarly, AL 
is the radius of the circle which touches them in L, L'. Also, HAP 
being an isosceles triangle, and AD drawn to the base, AD* is shewn 
to be equal to AK. KL. . Euc. m1. 36; 11. 5, Cor. 

112. Let E, F, G be the centers of the circles inscribed in the triangles 
ABC, ADB, ACD. Draw EH, FK, GL perpendiculars on BC, BA, AC 
respectively, and join CE, EB; BF, FA; CG, GA. Then the relation 
between R, r, r’, or EH, FK, GL may be found from the similar triangles, 
and the property of right-angled triangles, 

113, The two hexagons consist each of six equilateral triangles, and 
the ratio of the hexagons is the same as the ratio of their equilateral 
triangles. 

114. The area of the inscribed equilateral triangle may be proved to 
be equal to half of the inscribed hexagon, and the circumscribed triangle 
equal to four times the inscribed triangle. 

115. The pentagons are similar figures, and can be divided into the 
same number of similar triangles. Euc. vi. 19. 
| 116. Let the sides AB, BC, CA of the equilateral triangle ABC touch 

the circle in the points D, E, F, respectively. Draw AE cutting the 
circumference in G; and take O the center of the circle and draw OD: 
draw also HGK touching the circle in G. The property may then be 
shewn by the similar triangles AHG, AOD. 
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PREFACE. 


IN offering to students and teachers a new edition of 
the Elements of Euclid, it will be proper to give some ac- 
count of the plan on which it has been arranged, and of the 
advantages which it hopes to present. 

Geometry may be considered to form the real founda- 

tion of mathematical instruction. It is true that some 
acquaintance with Arithmetic and Algebra usually precedes 
the study of Geometry; but in the former subjects a begin- 
ner spends much of his time in gaining a practical facility 
in the application of rules to examples, while in the latter 
subject he is wholly occupied in exercising his reasoning 
faculties. 
In England the text-book of Geometry consists of the 
Elements of Euclid; for nearly every official programme of 
instruction or examination explicitly includes some portion 
of this work. Numerous attempts have been made to find 
^an appropriate substitute for the Elements of Euclid ; but 

such attempts, fortunately, have hitherto been made in 
| vain. The advantages attending a common standard of 
reference in such an important subject, can hardly be over- 
estimated ; and it is extremely improbable, if Euclid were 
once abandoned, that any agreement would exist as to the 
author who should replace him. It cannot be denied that 
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defects and difficulties occur in the Elements of Euclid, and 
that these become moro obvious as we examine the work 
more closely; but probably during such examination tho 
conviction will grow deeper that these defects and diffi- 
culties are due in a great measure to the nature of the 
subject itself, and to the place which it occupies in a course 
of education; and it may be readily believed that an equally 
minute criticism of any other work on Geometry would 
reveal more and graver blemishes., 

Of all the editions of Euclid that of Robert Simson has 
been the most extensively uscd in England, and the pre- 
sent edition substantially reproduces Simson’s; but his 
translation has been carefully compared with the original, 
and some alterations have been made, which it is hoped 
will be found to be improvements. These alterations, how- 
ever, are of no great importance; most of them have been 
introduced with the view of rendering the language more 
uniform, by constantly using the same words when the 
same meaning is to be expressed. 

As the Elements of Euclid are usually placed in the 
hands of young students, it is important to exhibit the work 
in such a form as will assist them in overcoming the diffi- 
culties which they experience on their first introduction to 
processes of continuous argument. No method appears to 
be so useful as that of breaking up the demonstrations into 
their constituent parts; this was strongly recommended 
by Professor De Morgan more than thirty years ago as a 
suitable exercise for students, and the plan has been adopt- 
ed more or less closely in some modern editions. An ex- 
cellent example of this method of exhibiting the Elements 
of Euclid will be found in an edition in quarto, published 
at the IIague, in the French language, in 1762. Two per- 
sons are named in tho title-page as concerned in the work, 
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Koenig and Blassiere. This edition has served as the 
model for that which is now offered to the student: some 
slight modifications have necessarily been made, owing to 
the difference in the size of the pages. 

It will be perceived then, that in the present edition 
each distinct assertion in the argument begins a new line; 
and at the ends of the lines are placed the necessary refer- 
ences to the preceding principles on which the assertions 
depend. Moreover, the longer propositions are distributed 
into subordinate parts, which are distinguished by breaks 
at the beginning of the lines. 

This edition contains all the propositions which are 
usually read in the Universities, After the text will be 
found a selection of notes; these are intended to indicate 
and explain the principal difficulties which have been 
noticed in the Elements of Euclid, and to supply the most 
important inferences which can be drawn from the propo- 
sitions. The notes relate to Geometry exclusively; they 
do not introduce developments involving Arithmetic and 
Algebra, because these latter subjects are always studied 
in special works, and because Geometry alone presents suf- 
ficient matter to occupy the attention of early students. 
After some hesitation on the point, all remarks relating to 
Logic have also been excluded. Although the study of 
Logic appears to be reviving in this country, and may 
eventually obtain a more assured position than it now 
holds in a course of liberal education, yet at present few 
persons take up Logic before Geometry; and it seems 
therefore premature to devote space to a subject which will 
be altogether unsuitable to the majority of those who use a 
work like the present. 

After the notes will be found an Appendix, consisting of 
propositions supplemental to those in the Elements of 
Euclid; it is hoped that a judicious choice has been mado 
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from the abundant materials which exist for such an Ap- 
pendix. ‘The propositions selected are worthy of notice on 
various grounds; some for their simplicity, some for their 
value as geometrical facts, and some as being problems 
which may naturally suggest themsclves, but of which the 
solutions are not very obvious. 

The work finishes with a collection of exercises. Geo- 
metrical deductions afford a most valuable discipline for a 
student of mathematics, especially in the earlier period of 
his course; the numerous departments of analysis which 
subsequently demand his attention will leave him but little 
time then for pure Geometry. It seems however that the 
habits of mind which the study of pure Geometry tends to 
form, furnish an advantageous corrective for some of the 
evils resulting from an exclusive devotion to Analysis, and 
it is therefore desirable to engage the attention of begin- 
ners with geomctrical exercises. 

Many persons whose duties have rendered them familiar 
with the examination of large numbers of students in 
elementary mathematics have noticed with regret the 
frequent failures in geometrical deductions. Several col- 
lections of exercises already exist, but the gencral com- 
plaint is that they are too difficult. Those in the present 
volume may be divided into two parts; the first part con- 
tains 440 exercises, which it is hoped will not be found 
beyond the power of early students ; the second part consists 
of the remainder, which may be reserved for practice at a 
later stage. These exercises have been principally selected 
from College and University examination papers, and have 
been tested by long experience with pupils. It will be seen 
that they are distributed into sections aecording to the 
propositions in the Elements of Euclid on which they chiefly 
depend. As far as possible they are arranged in order of 
difficulty, but it must sometimes happen, as is the case 
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in the Elements of Euclid, that one example prepares 
the way for a set of others which are much easier than 
itself. It should be observed that the exercises relate to 
pure Geometry; all examples which would find a more 
suitable place in works on Trigonometry or Algebraical 
Geometry have been carefully rejected. 

It only remains to advert to the mechanical execution 
of the volume, to which great attention has been devoted. 
The figures will be found to be unusually large and dis- 
tinct, and they have been repeated when necessary, so that 
they always occur in immediate connexion with the corre- 
sponding text. The type and paper have been chosen so 
as to render the volume as clear and attractive as possible. 
The design of the editor and of the publishers has been to 
produce a practically useful edition of the Elements of 
Euclid, at a moderate cost ; and they trust that the design 
has been fairly realised. 

Any suggestions or corrections relating to the work 
will be most thankfully received. 


I. TODHUNTER. 


Sr JouN's COLLEGE, 
October 1862. 
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INTRODUCTORY REMARKS. 


THE subject of Plane Geometry is here presented to the 
student arranged in six books, and each book is subdivided 
into propositions. The propositions are of two kinds, pro- 
blems and theorems. Ina problem something is required 
to be done; in a theorem some new principle is asserted to 
be true. 

A proposition consists of various parts. We have first 
the general enunciation of the problem or theorem; as for 
example, Yo describe an equilateral triangle on a given 
finite straight line, or Any two angles of a triangle are 
together less than two right angles. After the general 
enunciation follows the discussion of the proposition. First, 


the enunciation is repeated and applied to the particular 


figure which is to be considered; as for example, Let AB 
be the given straight line: 4t is required to describe an 


` equilateral triangle on AB. The construction then usually 


foHows, which states the necessary straight lines and circles 
which must be drawn in order to constitute the solution of 


_ the problem, or to furnish assistance in the demonstration 


of the theorem. Lastly, we have the demonstration itself, 
which shews that the problem has been solved, or that the 
theorem is true. 

Sometimes, however, no construction is required ; and 
sometimes the construction and demonstration are com- 
bined. 
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The demonstration is & process of reasoning in which 
we draw inferences from results already obtained. These 
results consist partly of truths established in former propo- 
sitions, or admitted as obvious in commencing the subject, 
and partly of truths which follow from the construction 
that has been made, or which are given in the supposition 
of the proposition itself. The word hypothesis is used in 
the same sense as supposition. 

To assist the student in following the steps of the 
reasoning, references are given to the results already ob- 
tained which are required in the demonstration. Thus I. 5 
indicates that we appeal to the result established in the 
fifth proposition of the First Book; Constr. is sometimes 
used as an abbreviation of Construction, and Hyp. as an 
abbreviation of Hypothesis. 

It is usual to place the letters Q.E.r. at the end of the 
discussion of a problem, and the letters Q.E.D. at the end of 
the discussion of à theorem.  Q.E.r. is an abbreviation for 
quod erat faciendum, that is, which was to be done; and 
Q.E.D. is an abbreviation for quod erat demonstrandum, 
that is, which was to be proved. 


EUCLIDS ELEMENTS. 


BOOK J. 


DEFINITIONS. 
1. A PoINT is that which has no parts, or which has no 
magnitude. 
2. A line is length without breadth. 
3. The extremities of a line are points, 


4, A straight line is that which lies evenly between 
its extreme points. 


5. A superficies is that which has only length and 
breadth. 


6. The extremities of a superficies are lines. 


7. A plane superficies is that in which any two pointe 
being taken, the straight line between them lies wholly in 
that superficies. 


8. A plane angle is the inclination of two lines to one 
another in a plane, which meet together, but are not in the 
same direction. 

A? 1 
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9. A plane rectilineal angle is the inclination of two 
straight lines to one another, which meet together, but are 
** -not in the same straight line. 


- *-' Note. "When several angles are at ene point B, any 
- -ono.of them is expressed by three letters, of which the 
^^ 1 deber which js aj che vertex of the angle, that is, at the 
`" "point at which the straight lines that contain the angle 
meet one another, is put between the other two letters, 
and one of these two letters is somewhere on one of 
those straight lines, and the other letter on the other 
straight line. Thus, the angle which is contained by the 


d 


EZ 


straight lines 4 B, CB is named the angle ABC, or CBA ; 
the angle which is contained by the straight lines 4B, DB 
is named the angle ABD, or DBA; and the angle which 
is contained by the straight lines DB, CB is named the 
angle DBC, or CBD; but if there be only one angle at a 


point, it may be expressed by a letter placed at that point; 
as the angle at £F. 








10. When a straight line standing 
on another straight line, makes the adja- 
cent angles equal to one another, each of 
the angles is called a right angle; and 
the straight line which stands on the 
other is called a perpendicular to it. 


1]. An obtuse angle is that which p 


is greater than a right anglo. 


12. An acute angle is that which 
is less than a right angle. 


DEFINITIONS. à 
13. A term or boundary is the extremity of any thing. 


/ 14, A figure is that which is enclosed by one or more 

boundaries. 

| 

: 15. A circle is a plane figure 
contained by one line, which is 
called the circumference, and is 
such, that all straight lines drawn 
from a certain point within the 
figure to the circumference are 
equal to one another : 


16. And this point is called the centre of the circle. 

17. A diameter of a circle is a straight line drawn 
through the centre, and terminated both ways by the cir- 
cumference. 

[A radius of a circle is a straight line drawn from the 
centre to the circumference, | 

18. A semicircle is the figure contained by a diameter 
and the part of the circumference cut off by the diameter. 


19. A segment of a circle is the figure contained by a 
_ straight line and the circumference which it cuts off. 
20. Rectilineal figures are those which are contained 
by straight lines: 
21. Trilateral figures, or triangles, by three straight 
| lines: 
22. Quadrilateral figures by four straight lines: 
23. Multilateral figures, or polygons, by mcre than 
four straight lines. 
24, Of three-sided figures, / 


An equilateral triangle is that which / 
has three equal sides: / 
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25. <An isosceles triangle is that 
which has two sides equal: 


26. A scalene triangle is that 
which has three unequal sides : 


27. A right-angled triangle is that 
which has a right angle: 
[The side opposite to the right 
angle in a right-angled triangle is fre- 
quently called the hypotenuse.] 


28. An obtuse-angled triangle is 
that which has an obtuse angle : 


29. An acute-angled triangle ig 
that which has three acute angles. 


Of four-sided figures, 


30. A square is that which has 
all its sides equal, and all its angles 
right angles ; 


31. An oblong is that which has 
all its angles right angles, but not all 
its sides equal : 


32. A rhombus is that which has 
all its sides equal, but its angles are 
not right angles: 


eres 


* 


robb 


~ 





DEFINITIONS. 5 
33. A rhomboid is that which has — 
its opposite sides equal to one another, / / 
but all its sides are not equal, nor its p ⸗ 
angles right angles : / ⸗ 


34. All other four-sided figures besides these are 
. called trapeziums. 


35. Parallel straight lines are such 


48 are in the same plane, and which 
| being produced ever so far both ways 
| 











do not meet. 


Note. The terms oblong and rhomboid are not often 
used, Practically the following definitions are used. Any 
four-sided figure is called a quadrilateral. A line joining 
two opposite angles of a quadrilateral is called a diagonal. 
A quadrilateral which has its opposite sides parallel is 
called a parallelogram. The words square and rhombus 
are used in the sense defined by Euclid ; and the word 

rectangle is used instead of the word oblong. 








Some writers propose to restrict the word trapezium 
to a quadrilateral which has two of its sides parallel ; and 
‘it would certainly be convenient if this restriction were 
universally adopted. | 


POSTULATES. 


Let it be granted, 


. 1l. That a straight line may be drawn from any one 
point to any other point : 


2. That a terminated straight Fine may be produced to 
any length in a straight line: 


3. And that a circle may be described from any centre, 
mt any distance from that centre. 


6 EUCLID'S ELEMENTS. ] 


AXIOMS. 


1. Things which are equal to the same thing are equal 
to one another. 


2. Ifequals be added to equals the wholes are equal, 


3. Ifequals be taken from equals the remainders are 
equal. 


4. If equals be added to unequals the wholes aro 
unequal. 


5. If equals be taken from unequals the remainders 
are unequal, 


6. Things which are double of the same thing are 
equal to one another. 


7. Things which are halves of the same thing are 
equal to one another. | 


8. Magnitudes which coincide with one another, that 
is, which exactly fill the same space, are equal to one 
another. 


9. The whole is greater than its part. 
10. Two straight lines cannot enclose a space. 
11. All right angles are equal to one another. 


19. If a straight line meet two straight lines, so as to 
make the two interior angles on the same side of it taken 
together less than two right angles, these straight lines, 
being continually produced, shall at length meet on that 
side on which are the angles which are less than two right 
angles. 





PROPOSITION 1. PROBLEM. 
To describe an equilateral triangle on a given finite 
straight line. 


Let AB be the given straight line: it is required to 
describe an equilateral triangle on 4AB. 


VS 
— 
d 


From the centre A, at the distance AR, describe the 


circle BCD. [Postulate 3. 
From the centre B, at the distance BA, describe the 
circle ACE. [Postulate 3. 


From the point C, at which the circles cut one another, draw 
the straight lines CA and CB to the points A and B. [Post. 1. 


ABC shall be an equilateral triangle. 
Because the point A is the centre of the circle BCD, 


AC is equal to AZ. [Definition 15. 
And because the point B is the centre of the circle ACE, 
BC is equal to BA. [ Definition 15. 


But it has been shewn that CA is equal to 4B; 
therefore CA and CB are each of them equal to AB. 


But things which are equal to the same thing are equal to 
one another. [Axiom 1. 


Therefore CA is equal to CB. 

Therefore CA, AB, BC are equal to one another. 
Wherefore the triangle ABC is equilateral,  [Def. 24. 

and it is described on the given straight line AD.  Q.E.F. 


8 EUCLID'S ELEMENTS. 


PROPOSITION 2. PROBLEM. 
From a given point to draw a straight line equal to a 
given straight line. 

Let A be the given point, and BC the given straight 
line: it is required to draw from the point A a straight 
line equal to BC. 

From the point A to Bdraw E 
the straight line AB; — [Post. 1. "s M TS 
and on it describe the equi- / ^ 
lateral trianglo DA 22, [IL 1, 
and produce the straight lines 
DA, DB to E and F. [Post. 2. 
From the centre B, at the dis- 
tance BC, describe the circle 
CGH, meeting DF'at G. [Post. 3. 
From the centre D, at tho dis- 
tance DG, describe the circle 
G K L, meeting DE at L. [Post. 3. 
AZ shall be equal to BC. 

Because the point B is the centre of the circle CGH, 





BC is equal to BG. [ Definition 15. 
And because the point D is the centre of the circle GAZ, 
DL is equal to DG ; [Definition 15. 
and DA, DB parts of them are equal ; [ Definition 24. 
therefore the remainder AZ is equal to the remainder 

[Axiom 3. 


But it has been shewn that BC is equal to BG ; 
therefore AZ and BC are each of them equal to BG. 


But things which are equal to the same thing are equal to 
one another. [Axiom 1. 


Therefore AZ is equal to BC. 
Wherefore from the given point A a straight line AL 
has been drawn equal to the given straight line BC. Q.E.F. 
PROPOSITION 3. PROBLEM. 


From the greater of two given straight lines to cut off 
a part equal to the less. 


Let AB and C be the two given straight lines, of which 
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AB is the greater: it is required to cut off from AB, tho 
greater, a part equal to C the less. 

From the point A draw 
the straight line AD equal an DD 


to C; fee: / —8 
and from the centre A, at / \ 
the distance AD, describe E LU E n 
the circle DEF meeting 4B \ / 
X at E. [Postulate 3. MN E 


AE shall be equal to C. 
Because the point A is the centre of the circle DEF, 


A E is equal to 4D. [Definition 15. 
But C is equal to AD. [Construction. 
Therefore AE and C are each of them equal to 4D. 

Therefore 4 E is equal to C. [Axiom 1. 


_ Wherefore from AB the greater of two given straight 
lines a part AE has been cut off equal to C the less. Q.E.F. 


PROPOSITION 4. THEOREM. 


Jf two triangles have two sides of the one equal to two 
sides of the other, each to each, and have also the angles 
contained by those sides equal to one another, they shall 
also have their bases or third sides equal; and the two 
triangles shall be equal, and their other angles shall be 
equal, each to each, namely those to which the equal sides 
are opposite. 


Let A BC, DEF be two triangles which have the two sides 
A B, AC equal to the two sides DE, DF, each to each, namely, 
AB to DE, and AC to 


DF, and the angle BAC A D 
equal to the angle EDF: / X \ 
the base C shall be equal | N 
to the base EF, and the | 


triangle ABC to the tri- | | 

angle DEF, and the other / & D 
angles shall be equal,each — 4j— ———— t — * 
to each, to which the equal . 

sides are opposite, namely, the angle ABC to the angle 
DEF, and the angle ACB to the angle DFE. 


\ 
\ 
> 





o. 
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For if the triangle A BC be applied to the triangle DEF, 
so that the point 4 may be on the point D, and the 
straight line AB on the 


straight line DE, tho D 
point B will coincide with \ 
the point E, because 4B \ bs 
is equal to DE. — [Hyp. \ 


And, AB coinciding with 


N " 
DE, AC will fall on DF, | : 
because the angle BAC © E b 


is equal to the angle EDF. [7 ypothesis, 
Therefore also the point C will coincide with the point F, 
because AC is equal to DF. [ Hypothesis. 


But the point B was shewn to coincide with the point Æ, 
therefore the base BC will coincide with the base EF; 
because, B coinciding with Æ and C with F, if the base BC 
does not coincide with the base EF, two straight lines will 
enclose a space ; which is impossible. [Axiom 10. 
Therefore the base BC coincides with the base EF, and is 
equal to it. [Axiom 8. 
Therefore the whole triangle 4 BC coincides with the whole 
triangle DEF, and is equal to it. [Axiom 8. 
And the other angles of the one coincide with the other 
angles of the other, and are equal to them, namely, the 
angle ABC to the angle DEF, and the angle ACB to tho 
angle DFE. 


Wherefore, if two triangles &c. Q.E.D. 


PROPOSITION 5. THEOREM. 


The angles at the base of an isosceles triangle are equal 
to one another; and if the equal sides be produced the 
angles on the other side of the base shall be equal to one 
another. 


Let ABC be an isosceles triangle, having the side AB 
equal to the side AC, and let the straight lines 4B, AC 
be produced to D and E: the angle ABC shall be equal to 
the angle ACB, and the angle CBD to the angle BCE. 

In BD take any point F, 
and from 4 £ the greater cutoff 4G equal to A F the less, [1.3. 
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and join F'O, GB. 
Because A is equal to AG, [Constr. 
and AB to AC, [ Hypothesis. 


the two sides 7.4, 4 C' are equal to the 
two sides GA, AB, each to each; and 
they contain the angle FAG common 
to the two triangles AFC, AGB; 


therefore the base FC is equal to the 
base GB, and the triangle AFC to 
the triangle AGB, and the remaining 
angles of the one to the remaining / A 

angles of the other, each to each, to. D E 

which the equal sides are opposite, 

namely the angle AC to the angle ABG, and the anglo 

[T. 





AFC to the angle AGB. 

And because the whole AF is equal to the whole id 
of which the parts 4B, AC are equal, [ Hypothesis. 
the remainder BF is equal to the remainder CG. [Axiom 3. 
And FC was shewn to be equal to GB; 
therefore the two sides BF, FC are sim to the two sides 
CG, GB, each to each; 
and the angle BFC was — to be equal to the angle CGB ; 
therefore the triangles BFC, CGB are equal, and their 
other angles are equal, each to each, to which the equal 


sides are opposite, namely the angle FBC to the angle 
GCB, and the angle BCF to the angle CBG. B. 4. 
And since it has been shewn that the whole angle 4 2G 
is equal to the whole angle ACF, 
and that the parts of these, the angles CBG, BCF are also 
equal ; 
therefore the remaining angle 4 BC is equal to the remain- 
ing angle ACB, which are the angles at the base of the 
triangle ABC. [Axiom 3. 
And it has also been shewn that the angle FBC is 
equal to the angle GCB, which are the angles on the other 
side of the base. 
Wherefore, the angles &e. Q.E.D. 


Corollary. Hence every equilateral triangle is also 
equiangular, 


- 
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PROPOSITION 6. THEOREM. 

If two angles of a triangle be equal to one another, the 
sides also which subtend, or are oppo- 
site to, the equal angles, shall be equal 
to one another. ^ ' 

Let ABC be a triangle, having the T. EN 
angle A BC equal to the angle ACB: the / 4 
side AC shall be equal to the side AB. / M 


For if AC be not equal to 4 B, one / Y 
of them must be greater than the other. g 
Let AB be the greater, and from it 
cut off DB equal to AC the less, LI. 3, 
and join DC. 
Then, because in the triangles DBC, ACB, 
DB is equal to AC, [ Construction. 
and BC is common to both, 
the two sides DB, BC are equal to the two sides AC, CB, 
each to each ; 
and the angle DBC is equal to the angle 4C ; [Hypothesis, 
therefore the base DC is equal to the base 4, and the 
triangle DBC is equal to the triangle ACB, [I. 4. 
the less to the greater; which is absurd. [Axiom 9. 
Therefore 4 2B is not unequal to 4C, that is, it is equal to it. 
Wherefore, f t—to angles &c. Q.E.D. 
Corollary. Hence every equiangular triangle is also 
equilateral. 
PROPOSITION 7. THEOREM. 
On the same base, and on the same side of tt, there can- 
not be two triangles having their : 
sides which are terminated at one — 
extremity of the base equal to one | NJ 
another, and likewise those which / XN 
are terminated at the other ex- rJ 1 
tremity equal to one another. / P4 N 
If it be possible, on the same fy N\ 
base AB, and on the same side of — j/ 
it, let there be two triangles ACB, A 


ADB, having their sides CA, DA, 
which are terminated at the extremity A of the base, equal 
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to one another, and likewise their sides CB, DB, which are 
terminated at B equal to one another. 

Join CD. Inthe case in which the vertex of each tri- 
angle is without the other triangle ; 
because AC is equal to AD, [Hypothesis. 
the angle ACD is equal to the angle ADC. [I. 5. 
But the angle ACD is greater than the angle BCD, [Azx. 9. 
therefore the angle ADC is also greater than the angle 
BCD ; 
E" more then is the angle BDC groater than the angle 


Again, because BC is equal to BD, [Hypoth esis, 
the angle BDC is equal to the angle BCD. [1. 5. 
But it has been shewn to be greater; which is impossible. 
But if one of the vertices as E 
D, be within the other triangle Soe 
ACB, produce AC, AD to E, F. Ci y 
Then because AC is equal to / y 
AD, in the triangle ACD, [Hyp. JY 
the angles ECD, FDC, on the / / NN 
other side of the base CD, are // SN 
equal to one another. [I. 5. A 
But the angle ECD is greater A B 
than the angle BCD, [Axiom 9. 


an the angle FDC is also greater than the angle 
each more then is the angle BDC greater than the angle 
Again, because BC is equal to BD, [Hypothesis. 
the angle BDC is equal to the angle BCD. [I. 5. 
But it has been shewn to be greater ; which is impossible. 

The case in which the vertex of one triangle is on a side 
of the other needs no demonstration. 

Wherefore, on the same base &c. — Q.E.D. 

PROPOSITION 8. THEOREM. 
Jf two triangles have two sides of the one equal to two 

sides of the other, each to each, and have likewise their 


Oe 
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bases equal, the angle which is contained by the two sides 
of the one shall be equal to the angle which is contained by 
the two sides, equal to them, of the other. 


Let ABC, DEF be two triangles, having the two sides 
AB, AC equal to the two sides DE, DF, each to each, 
namely AB to DE, and AC to DF, and also the base BC 
equal to the base ZF’: the angle 2AC shall be equal to tho 
angle EDF. 





fee re 


For if the triangle ABC be applied to the triangle DEF, 
80 that the point Z may be on the point Æ, and the straight 
line BC on the straight line EZ, the point C will also coin- 
cide with the point F, because BC is equal to EF. [Hyp. 
Therefore, BC coinciding with EF, BA and AC will coin- 
cide with £D and DF. 

For if the base BC coincides with the base EF, but the 
sides BA, CA do not coincide with the sides ED, FD, but 
have a different situation as EG, FG ; then on the same 
base and on the same side of it there will be two triangles 
having their sides which are terminated at one extremity 
of the base equal to one another, and likewise their sides 
which are terminated at the other extremity. / 


But this is impossible. IT X 


Therefore since the base BC coincides with the base EF, 
the sides BA, AC must coincide with the sides ED, DF, 
Therefore also the angle BAC coincides with the angle 
EDF, and is equal to it. [Axiom 8. 


Wherefore, if teo triangles &c. Q.E.D. 


PROPOSITION 9. PROBLEM. 


To bisect a given rectilineal angle, that is to divide it / 
énto two equal angles. 
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Let BAC be the given rectilineal 
angle: it is required to biseot it. 

Take any point D in AB, and 
from AC cut off AZ equal to 
AD; [I. 3. 
join DE, and on DE, on the side 
remote from A, describe the equi- 





lateral triangle DEF. [i 
— Join AZ. The straight line AF shall bisect the angle BAC. 
Because AD is equal to AE, [Construction. 


and AF’ is common to the two triangles DAF, EAF, 

the two sides DA, AF are equal to the two sides £A, AF, 

each to each; 

and the base DF’ is equal to the base EF’; — [Definition 924. 

therefore the angle DAF is equal to the angle EAF. [I. 8. 
Wherefore the given rectilineal angle BAC is bisected 

by the straight line AF. Q.E.F. 


PROPOSITION 10. PROBLEM, 
| To bisect a given finite straight line, that is to divide it 
into two equal parts. 

Let AB be the given straight 
line ; it is required to divide it into 
two equal parts. 

Describe on it an equilateral 
triangle 4 BC, Hri 
and bisect the angle ACB by the 
 -— line CD, meeting 4B at 

I 





E [1. 9. 
AB shall be cut into two equal parts at the point D. 
Because AC is equal to CB, [Definition 24, 


and CD is common to the two triangles ACD, BCD, 


the two sides AC, CD are equal to the two sides BC, CD, 
each to each ; 


and the angle ACD is equal to the angle BCD; — [Constr. 
therefore the base AD is equal to the base DB. [I. 4. 


Wherefore the given straight line AB is divided into 
two equal parts at the point D. Q.E.F. 
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PROPOSITION 11. PROBLEM. 


To draw a straight line at right angles to a given 
straight line, from a given F 
point in the same. 
Let AB be the given / 
straight line, and C the given j 
point in it: it is required to 
draw from the point C a Y. 
straight line at right angles 
to AB. i 
Take any point D in AC, and make CE equal to CD. [I. 3 
On DE describe the equilateral triangle DFE, [£. 1, 
and join CF. 
The straight line CF drawn from the given point C shail 
be at right angles to the given straight line 4 ZB. i 


Because DC is equal to CE, [Construction. 
and CF is common to the two triangles DCF, ECF; 
the two sides DC, CF are equal to the two sides EC, CF, 





D 


- each to each ; 


and the base DF'is equal to the base FF’; [Definition 24, 
therefore the angle DCF is equal to the angle ECF;; [1. 8. 
and they are adjacent angles. 
But when a straight line, standing on another straight 
line, makes the adjacent angles equal to one another, each 
of the angles is called a right angle ; [ Definition 10. 
therefore cach of the angles DCF, ECF is a right angle. 
Wherefore from the given point C in the given straight 
line AB, CF has been drawn at right angles to AB. Q.E.F. 
Corollary. By the help of this problem it may be shewn 
that two straight lines cannot 
have a common segment. E 
If it be possible, let the 
two straight lines 4 BC, ABD 
have the segment AB com- 


mon to both of them. — 


From the point B draw gi 
BE at right angles to AB. S 


Then, because ABC is a straight line, [Hypothesis. 
the angle CBE is equal to the angle .EB.4. —— [Definition 10. 
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Also, because ABD is a straight line, [Hypothesis. 

the angle DBZ is equal to the angle EBA. 

"Therefore the angle DBE is equal to the angle CBE, [Az. 1. 

the less to the greater; which is impossible. [Axiom 9: 
Wherefore two straight lines cannot have a common 


PROPOSITION 12. PROBLEM. 


To draw a straight line perpendicular to a given 
straight line of an unlimited length, from a given point 
without it. 

Let AB be the given straight line, which may be pro- 
duced to any length both ways, and let C be the given point 
without it: it is required to draw from the point C a 
straight line perpendicular to AB. 


Take any point D on C 
the other side of AJ, and 
from the centre C, at the 
distance CD, describe the 
circle EGF, meeting AB at 
F and G. [Postulate 3. 
Bisect FG at H, [I. 10. 
and join CH. 

The straight line CH drawn from the given point C 
shall be perpendicular to the given straight line 4 B. 

Join CF, CG. 
|| Because ZH is equal to ZG, [Construction. 
and HC is common to the two triangles FHC, GHC; 
the two sides FH, HC are equal to the two sides GH, HC, 
each to each ; 
and the base CF is equal to the base CG; [Definition 15. 
therefore the angle CHF is equal to the angle CHG ; [I. 8. 
and they are adjacent angles. 
put when a straight line, standing on another straight line, 
makes the adjacent angles equal to one another, each of the 
angles is called a right angle, and the straight line which 
stands on the other is called a perpendicular to it. [Def. 10. 
Wherefore a perpendicular CH has been drawn to 
the given straight line AB from the given point C with- 
oul tt. — Q.E.F. 
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PROPOSITION 13. THEOREM. 


The angles which one straight line makes with anothe 
straight line on one side of it, either are two right angles, 
or are together equal to two right angles. 

Let the straight line 42 make with the straight line 
CD, on one side of it, the angles CBA, ABD: these either 
are two right angles, or are together equal to two right 
angles 





A E 
A 
/ 
D n C p n. EM 
For if the angle CBA is equal to the angle ABD, each 
of them i is à E i angle. | (Definition 10 i 


; 
therefore the angles CB E, EB Dare two right angles. ie a 
Now the angle CBE is equal to the two angles CBA, ABE; | 
to each of these equals add the angle EBD ; 


therefore the angles CBE, EBD are equal to the threo 
angles CBDA, ABE, EBD. [Axtom 2, 
uw the augle DBA is equal to the two angles DBE, 
to each of these equals add the angle ABC; | 
therefore the angles DBA, ABC are equal to the three” 
angles DBE, EBA, ABC. [Axiom 2, 
But the angles CBE, EBD have been shewn to be equal | 
to the same three angles, 
Therefore the angles CBE, EBD are equal to the angles 
DBA, ABC. [Axiom 1. 
But CBE, EBD are two right angles; 
therefore DBA, ABC are together equal to two right 
angles. I 
Wherefore, the angles &c. — 0.E.D. 
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PROPOSITION 14, THEOREM. 


If, ata point in a straight line, two other straight lines, 
on the opposite sides of it, make the adjacent angles toge- 
ther equal to two right angles, these two straight lines 
shall be in one and the same straight line. 


At the point B in the straight line AB, let the two 
straight lines BC, BD, on the opposite sides of 4B, make 
the adjacent angles ABC, ABD together equal to two 
right angles: BD shall be in the same straight line with CB. 

For if BD be not in A 
the same straight line with 
CB, \et BE be in the same | 
straight line with it. | 
Then because the straight 
line 4AB makes with the | 
straight line CBE, on one 


side of it, the angles 4 BC, —ñ — — 


ABE, these angles are to- 





| gether equal to two right angles. [I. 18. 
But the angles ABC, ABD are also together equal to two 
right angles. [ Hypothesis. 


Therefore the angles 4BC, ABE are equal to the angles 
ABC, ABD. 


From each of these equals take away the common angle 
ABC, and the remaining angle ABE is equal to the remain- 
ing angle 4 BD, [Axiom 3. 
the less to the greater; which is impossible. 

Therefore BE is not in the same straight line with CB. 


. And in the same manner it may be shewn that no other 
can be in the same straight line with it but BD; 


therefore BD is in the same straight line with CB. 
Wherefore, f a? a point &c. Q.E.D. 





PROPOSITION 15. THEOREM. 


_ Jf two straight lines cut one another, the vertical, or 
opposite, angles shall be equal. 
2—2 
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‘Let the two straight lines AB, CD cut one another at 
tho point Æ; tho angle AEC shall be equal to the angle 
DEB, and the angle CEB 


to the angle AED. US | 

Because the straight line ~~ 
A E makes with the straight A EM n 
line CD the angles CEA, = 
AED, these angles are toge- D 


ther equal to two right angles. [I. 13. 
Again, because the straight line DE makes with the straight 
line AB the angles AED, DED, these also are together 
equal to two right angles. [I. 13. 
But the angles CEA, AED have been shewn to be toge- 
ther equal to two right angles. 
Therefore the angles CEA, AED are equal to the angles 
AED, DEB. 
From each of these equals take away the common angle 
AED, and the remaining angle CEA is equal to the ro- 
maining angle DEB, [Axiom 3. 
In the same manner it may be shewn that the anglo 
CEB is cqual to the angle AED. 
Wherefore, tf two straight lines &c. Q.E.D. 
Corollary 1. From this it is manifest that, if two straight 
lines cut one‘ another, the angles which they make at the 
point where they cut, are together equal to four rightangles, 
Corollary 2. And consequently, that all the angles made 
by any number of straight lines meeting at one point, are 
together equal to four right angles. 


PROPOSITION 16. THEOREM. 
If one side of a triangle be produced, the exterior angle 
shall be greater than either of the interior opposite angles. 

Let ABC be a triangle, and let one side BC be pro- 
duced to D: the exterior angle ACD shall be greater than 
either of the interior opposite angles CBA, BAC. 

Bisect AC at £, [T. 10, 
join BZ and produce it to F, making ZF equal to £B,[1. 3. 
and join FC. 

Because AE is equal to EC, and BE to EF;  [Cons*r. 


the two sides AZ, EB are equal to the two sides CE, EF, 
each to each ; 
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ba the angle 4 E B is equal to the angle CEF, 
Es they are opposite ver- 
tical angles ; [I. 15. 
therefore the triangle AEB 
is equal to the triangle CEF, 
and the remaining angles to 
the remaining angles, each to 
each, to which the equal sides 
are opposite ; [I. 4. 
therefore the angle BAF is 
equal to the angle ECF. 
But the angle ECD is greater \ 
than the angle ECF. [Aziom 9. G 
Therefore the angle ACD is greater than the angle BA E. 
In the same manner if BC be bisected, and the side AC 
be produced to G, it may be shewn that the angle BCG, 
thatis the angle ACD, is greater than the angle ABC. [I. 15. 
Wherefore, if one side &c. Q.E.D. 








PROPOSITION 17. THEOREM. 


Any two angles of a triangle are together less than two 
right angles. 










Let ABC be a triangle: any two of its angles aro 
together less than two right angles. á 

Produce BC to D. 7 

Then because 4 C Dis the exte- p 
rior angle of the triangle ABC, it », 
is greater than the interior oppo- 
site angle ABC. Bil- L6. 
To each oftheseaddtheangle4CB 4... — — 
^ 
Therefore the angles 4CD, ACB : 
are greater than the angles 4 BC, ACD. 
ut the angles ACD, ACB are together equal to two right 
ngles. LE. d 
Therefore the angles ABC, ACB are together less than 
wo right angles. 


In the same manner it may be shewn that the angles 
BAC, ACB, as also the angles CAB, ABC, are together 
ess than two right angles. 


Wherefore, any two angles &c. Q.E.D. 
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PROPOSITION 18. THEOREM. 


The greater side of every triangle has the greater 
angle opposite to it. 

Let ABC be a triangle, of which the side 4C is greater - 
than the side 47 : the angle 4C is also greater than the - 

angle ACB, 

Because AC is greater than 
AB, make AD equal to AB, [I. 3. 
and join BD. 

Then, because A DB is the ex- 
terior angle of the triangle BDC, 
it is greater than the interior op- 
posite angle DCB. [I. 16. 


But the angle 4 DB is equal to the angle 4 BD, [I. 5. 
because the side AD is equal to the side 4B. [Constr. 


rcc the angle ABD is also greater than the angle 
ACB 


Much more then is the angle 420 greater than the angle 
ACB. [Axiom 9. 





Wherefore, the greater side &c. Q.E.D. 


PROPOSITION 19, THEOREM. 
The greater angle of every triangle is subtended by the , 
greater side, or has the greater side opposite to it, 


Let ABC be a triangle, of which the angle ABC is © 
greater than the angle 4CB : the side AC is also greater ` 
than the side 4B. 


For if not, AC must be either 
equal to AB or less than AB. 


I 
But AC is not equal to AB, | 
for then the angle ABC would 
be equal to the angle ACB; [I.5. 


but it is not; [ Hypothesis, 
therefore AC is not equal to 4B. : 
Neither is AC less than 4 B, | 

for then the angle ABC would be less than the angle - 
ACB; (1.18. | 
but it is not ; (Hypothesis, | 
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"therefore AC is not less than AB. 
And it has been shewn that AC is not equal to AB. 
Therefore AC is greater than AB. 
Wherefore, the greater angle &c. Q.E.D. 


PROPOSITION 20. THEOREM. 


Any two sides of a triangle are together greater than 


— the third side. 


Let ABC be a triangle: any two sides of it are together 
greater than the third side; 


namely, 2A, AC greater than — 
BC; and AB, BC greater than — 
AC; and BC, CA greater than _ M. 
| AB. e NE 
Produce BA to D, B C 
making AD equal to AC, [x 
and join DC. 
Then, because AD is equal to AC, [Construction. 
the angle 4 DC is equal to the angle ACD. LI. 5. 


But the angle BCD is greater than the angle ACD. [Az. 9. 
Therefore the angle BCD is greater than the angle BDC. 
And because the angle BCD of the triangle BCD is 
greater than its angle BDC, and that the greater angle is 
subtended by the greater side; i. 1. 
therefore the side BD is greater than the side BC. 
But BD is equal to BA and AC. 
Therefore BA, AC are greater than BC. 
In the same manner it may be shewn that 4B, BC are 
greater than AC, and BC, CA greater than AB. 
Wherefore, any two sides &c. — Q.E.D. 


PROPOSITION 21. THEOREM. 


If from the ends of the side of a triangle there be drawn 
two straight lines to a point within the triangle, these 
shall be less than the other two sides of the triangle, but 
‘shall contain a greater angle. 
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Let ABC be a triangle, and from the points B, C, 
ihe ends of the side BC, 
let the two straight lines A 
BD, CD be drawn to the NE 
point D within the triangle: YN 
BD, DC shall be less FF LN 
than the other two sides / Pi R 


BA, AC of the triangle, 8 
but shall contain an angle — 2 
BDC greater than the B 


angle BAC. 

Produce BD to meet AC at E, 

Because two sides of a triangle are greater than the 
third side, the two sides BA, AE of the triangle 4 BE are 
greater than the side BE. [I. 20. 
To each of these add EC. 

Therefore BA, AC are greater than BE, EC. 

Again; the two sides CE, ED of the triangle CED are 
greater than the third side CD. [I. 20. 
To each of these add DB. 

Therefore CE, EB are greater than CD, DB. 

But it has been shewn that #4, AC are greater than 





3 3 


much more then are BA, AC greater than BD, DC. 


Again, because the exterior anglo of any triangle is 
greater than the interior opposite angle, the exterior 
angle BDC of the triangle CDE is greater than the angle 
CED. [T. 16. 
For the same reason, the exterior angle CEB of the tri- 
angle ABE is greater than the angle BAL. 
But it has been shewn that the angle BDC is greater than 
the angle CEB; 
much more then is the angle BDC greater than the angle 
BAC. 

Wherefore, 4f from the ends &c. Q.E.D. 
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PROPOSITION 22. PROBLEM, 


To make a triangle of which the sides shall be equal to 
three given straight lines, but any two whatever of these 
must be greater than the third. 


Let 4, H, C be the three given straight lines, of which 
ny two whatever are greater than the third; namely, 
A and B greater than C; A and C greater than B; and 
B and C greater than A : it is required to make a triangle 
of which the sides shall be equal to 4, B, C, each to each. 


Take a straight line — 


* 





DE terminated at the FN ~*~ 

point D, but unlimited y — 

owards Æ, and make / L INN 

DF equal to 4, FG E A 
equal to B, and GH | NEUEN", 

equal to C. [I. 3. \. — 

From the centre PF, ` os 

t the distance FD, — * Do E 
escribe the circle R 


KL. [Post. 3. 
From the centre G, at the distance GH, describe the circle 
HLK, cutting the former circle at A. 
Join KF, KG. The triangle KFG shall have its sides 
equal to the three straight lines 4, B, C. 
- Because the point, 7 is the centre of the circle DKL, 


FD is equal to FK. [ Definition 15. 
But FD is equal to A. [Construction. 
Therefore FK is equal to A. [Axiom 1. 
gain, because the point G is the centre of the circle HLK, 
GH is equal to GK. [ Definition 15. 
ut GH is equal to C. [Construction. 
herefore GX is equal to C. [Axiom 1. 
nd FG is equal to B. [Construction. 


Therefore the three straight lines A, FG, GK are equal, 
the three ‘A, B, C. 
Wherefore the triangle KFG has its three sides 
KF, FG, GK equal to the three given straight lines 
Á, B,C. QEF. 
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PROPOSITION 23. PROBLEM. 


At a given point in a given straight line, to make a 
rectilineal angle equal to a given rectilineal angle. 


Let AB be the given straight line, and A the given 
point in it, and DCE the given rectilineal angle; it is 
required to make at the given point 4,in the given straight 
line AZ, an angle equal to the given rectilincal angle 
DCE. 

In CD, CE take any 
points D, E, and join DE. / r 
Make the triangle AFG the j / 
sides of which shall be equal f 
to the three straight lines / 

CD, DE, EC;sothat AF — ^ 
shall be equal to CD, AG to b ae 
CE, and FG to DE. (I. 22. A 


The angle FAG shall be li 
equal to the angle DCE. 


Because FA, AG are equal to DC, CE, each to each, 
and the base FG equal to the base DE; [Construction. - 
therefore the angle FAG is equal to the angle DCE. [I. 8. 


Wherefore at the given point A in the given straight 
line AB, the angle FAG has been made equal to the given 
rectilineal angle DCE.  Q.&.F. 


PROPOSITION 24. THEOREM. 


If two triangles hare two sides of the one equal to tue 
sides of the other, each to each, but the angle contained by 
the two sides of one of them greater than the angle con- 
tained by the two sides equal to them, of the other, the base 
of that which has the greater angle shall be greater than 
the base of the other. 


Let ABC, DEF be two triangles, which have the two 
sides AB, AC, equal to the two sides DE, DF, each to 
each, namely, 4B to DE, and AC to DF, but the angle 
BAC greater than the anglo EDF: the base BC shall be. 
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greater than the base D 
EF. 


Of the two sides NW 
DE, DF, let DE be ViR 
the side which is not 





greater than theother. Pe re : * 
the pee D in Y | N Ni 
the straight line DE ^ EV - G 
make the angle £DG P e | — 
equal to the angle , 
BAC, [Ik 23. 
and make DG equal to AC or DF, [I. 3. 
and join EG, GF. 

Because AB is equal to DE, [Hypothesis. 
and 4C to DG; [Construction. 


the two sides BA, AC are equal to the two sides ED, DG, 
each to each ; 


and the dil BAC is equal to the angle EDG; — [Constr. 


therefore the base BC is equal to the base EG. [I. 4. 
And because DG is equal to DF, [Construction. 
the angle DGS is equal to the angle DFG. [I. 5. 


But the angle DG is greater than the angle EGF. [Aa.9. 
Therefore the angle DFG is greater than the angle EGF. 


Much more then is the angle HFG greater than the angle 
EGF. [Axiom 9. 


And because the angle EFG of the triangle EFG is 
greater than its angle ZG F, and that the greater angle is 
subtended by the greater side, [I. 19. 


therefore the side EG is greater than the side EF. 
But EG was shewn to be equal to BC; 
therefore BC is greater than EF. 

Wherefore, Zf two triangles &c. Q.E.D. 


PROPOSITION 25. THEOREM. 


If two triangles have two sides of the one equal to tun 
sides of the other, each to each, but the base of the one 
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greater than the base of the other, the angle contained by 
the sides of that which has the greater base, shall be 
greater than the angle contained by the sides equal to 
them, of the other. 

Let ABC, DEF be two triangles, which have the two 
sides AB, AC equal to the two sides DE, DF, each to 
each, namely, 42 to DE, and AC to DF, but the base 
BC greater than the base EF: tho angle BAC shall 
be greater than the angle 
EDF. 


For if not, the angle 
BAC must be either equal \ [o 


to the angle EDF or less X | 

than the angle EDF. NN SN 

But the angle BAC is not A | 2 

equal to the angle EDF, B CĈ E 

for then the base BC 

would be equal to the base LF; [T. 4. 

but it is not ; [/Typothesis, 

therefore the angle BAC is not equal to the angle EDF. 

Neither is the angle BAC less than the angle EDF, 

for then the base BC would be less than the base E; (I. 24. 

but it is not ; [Mypothesis, 

therefore the angle BAC is not less than the angle EDF. 

And it has been shewn that the angle BAC is not equal 

to the angle £D F. 

Therefore the angle BAC is greater than the angle EDF. 
Wherefore, if two triangles &e. Q.E.D. 


PROPOSITION 26. THEOREM., 


Jf two triangles have two angles of the one egual to to 
angles of the other, cach to each, and one side equal to 
one side, namely, either the sides adjacent to the equal 
angles, or sides which are opposite to equal angles in each, 
then shali the other sides be egual, each to each, and also 
n third angle of the one equal to the third angle of the 
other. 


Let ABC, DEF be two triangles, which have the 
angles ABC, BCA equal to tho angles DEF, EFD, each 
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_ to each, namely, ABC to DEF, and BCA to EFD; and 

let them have also one side equal to one side ; and first let 
those sides be equal which are adjacent to the equal angles 
in the two triangles, namely, BC to EF: the other sides 
shall be equal, each to each, namely, AB to DE, and 
AC to DF, and the third 
angle BAC equal to the 
third angle EDF. 

For if AB be not 
equal to DE, one of them 
must be greater than the 
other. Let AB be the 
greater, and make BG 





- equal to DE, l2 
and join GC. 
Then because GZ is equal to DE, [Construction, 
and BC to EF; [Mypothesis. 


the two sides GB, BC aro equal to the two sides DE, EF, 
each to each ; 


and the angle GBC is egual to the angle DEF ; [Hypothesis 


therefore the triangle GBC is equal to the triangle DEF, 
and the other angles to the other angles, each to each, to 
which the equal sides are opposite ; [I. 4. 


therefore the angle GCB is equal to the angle DFE. 

But the angle DFE is equal to the angle ACB. [Hypothesis 
Therefore the angle GC is equal to the angle ACB, [Az. 1. 
the less to the greater; which is impossible, 

Therefore AB is not unequal to DE, 

that is, it is equal to it ; 

and AC is equal to EF; [Wypothesis. 


therefore the two sides 4B, BC are equal to the two sides 
DE, EF, each to each ; 
and the angle ABC is equal to the angle DEF; [Hypothesis. 


therefore the base AC is equal to the base DF, and the 
third angle BAC to the third angle EDF. [I. 4. 
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Next, let sides which are opposite to equal angles in 
each triangle be equal to one another, namely. AZ to 
DE: likewise in this case the other sides shall be equal, 
cach to each, namely, BC to EF, and AC to DF, and 
also the third angle BAC equal to the third angle EDF. 


For if BC bo not 
equal to E F, one of them 
must be greater than 
the other. 

Let BC be the greater, 
and make BH equal to 






EF, [i. $. N 
and join AH. G 

Then because BH is equal to EF, [Construction, 
and 4B to DE; [ZIypothesis, 


the two sides A B, BH are equal to the two sides DE, EF, 
each to each ; 
and the angle A BH is equal to the angle DEF ; [Hypothesis. 


therefore the triangle ABH is equal to the triangle DEF, 
and the other angles to the other angles, each to each, to 
which the equal sides are opposite ; [I. 4. 


therefore the angle BHA is equal to the angle EFD. 
But the angle ÆFD is equal to the angle BCA. [Hypothesis. 
Therefore the angle BHA is equal to the angle BCA; [Ax.1. 
that is, the exterior angle BHA of the triangle AHC is 
equal to its interior opposite angle BCA ; l 
which is impossible. [I. 16. 
Therefore BC is not unequal to EF, 
that is, it is equal to it ; 
and AB is equal to DE; [ Hypothesis. | 
therefore the two sides AB, BC are equal to the two sides ` 
DE, EF, each to each ; I 
and the angle 4C is equal to the angle DEF ; [Hypothesis. - 
therefore the base AC is equal to the base DF, and the 
third angle BAC to the third angle EDF. [I. 4. 
Wherefore, if taro triangles &c. Q.E.D. 
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PROPOSITION 27. THEOREM. 


Jf a straight line falling on two other straight lines, 
make the alternate angles equal to one another, the two 
| straight lines shall be parallel to one another. 


Let the straight line ZF, which falls on the two straight 
lines AB, CD, “make the alternate angles AEF, EFD 
equal to one another : 4B shall be parallel to CD. 


For if not, AB and CD, being oe will meet 
either towards B, D or towards A,C. Let them be pro- 
duced and meet towards B, D at the point G., 


Therefore GEF is a triangle, and its exterior angle AEF 
is greater than the interior opposite angle EFG'; [I. 16. 


But the angle A EF is also equal to theangle EFG ; [Hyp. 
which is impossible. 


Therefore 4B and CD being produced, do not meet to- 
' wards B, D. 


In the same manner, it may be shewn that they do not 
meet towards A, C. 


But those sah lines which being produced ever so far 
both ways do not meet, are parallel. [ Definition 35. 


Therefore AB is parallel to CD. 
Wherefore, if a straight line &e. Q.E.D. 


PROPOSITION 28. THEOREM. 


If a straight line falling on two other straight lines, 

make the exterior angle equal to the interior and opposite 
angle on the same side of the line, or make the interior 
| angles on the same side together equal to two right angles, 
"the two straight lines shall be parallel to one another. 
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straight lines AZ, CD, make the exterior angle EGB 
equal to the interior and opposite angle GHD on the same 
side, or make the interior angles oh the same side BGH, © 
GHD together equal to two right angles: AB shall be 
parallel to CD. 


Because the angle EGB is E 
equal to the angle CHD, [ Hyp. \ 
andthe angle EG Bisalsoequal 4.  *6 a 
to the angle AGH, [I. 15. ^ 


Let tho straight lino JF, which falls on the T 


therefore the angle AGH ia \ T 

equaltothe angle GHD; [4x.. Cin D 

and they are alternate angles; 

therefore AB is parallel to F 

CD. [1. 27. 
Again; because the angles BGH, GHD are together 

equal to two rigħt angles, [ Hypothesis. 

and the angles AGA, BGH aro also together equal to two 

right angles, [1. 13. 


therefore the angles d4GH, BGA are equal to the angles 
BGH, GHD. 

Takeaway the commonangle BGH ; therefore the remaining 
angle AGA is equal to the remaining angle GHD; [Aziom 3. 


and they are alternate angles; 
therefore A B is parallel to CD. [1. 27. 
Wherefore, if a straight line &e. Q.E.D. 


PROPOSITION 29. THEOREM. 


Jf a straight line fall on two parallel straight lines, 
it makes the alternate angles equal to one another, and 
the exterior angle equal to the interior and opposite angle 
on the same side; and also the two interior angles on 
the same side together equal to two right angles. 


Let the straight line ÆF fall on the two parallel 
straight lines 4B, CD: the alternate angles AGH,GHD 
shall be equal to one another, and the exterior angle 
EGB shall be equal to the interior and opposite angle 
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on the same side, GHD, and the two interior angles on 
| the same side, BGH, GHD, shall be together equal to two 
right angles. 

For if the angle AGA be E 
not equal to the angle GHD, ) 
one of them must be greater . 
han the other; let the angle A ON B 
AGI be the greater. N 


Then the angle AGH is greater — — 
han the angle GHD; \ 
‘to cach of them add the angle `F 


BGH ; 
Boretore the angles AGH, BGH are greater than the 
tangles BGH, GHD. 
But the angles AGH, BGH arc together equal to two 
right angles ; ; [1. 13. 
therefore the angles BGH, GHD are together less than 
two right angles. 
E if a straight line meet two straight lines, so as to 

ake the two interior angles on the same side of it, taken 
together, less than two right angles, these straight lines 
| being continually produced, shall at length meet on that 
| side on which are the angles which are less than two 
| right angles. [Axiom 12. 
Therefore the straight lines AB, CD, if continually pro- 
| duced, will meet. 
But they never meet, since they are parallel by hypothesis. 
Therefore the angle 4G77 is not unequal to the angle 
GHD; that is, it is equal to it. 
But the angle AGH is equal to the angle EG DB. [I. 15, 
Therefore the angle EGB is equal to the angle GHD. [Az. 1. 
Add to each of these the angle BGH. 
E o TN angles EGB, BGH are equal to the angles 
BGI [Axiom 2 
But d T EGB, BGH are together equal to two 
right angles. [I. 13. 
i 8 the angles BGH, GHD are together equal to 
two right angles. [ Axiom 1. 
Wherefore, {f a straight line &c. — Q.E.D. 

8 
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PROPOSITION 30. THEOREM. 


Straight lines which are parallel to the same straight 
line are parallel to each other. - 


Let AB, CD be each of them parallel to EF: AB 
shall be parallel to CD. 

Let the straight lneGHA 
eut AB, EF, CD. 

Then, because GHK cuts y 
the parallel straight lines AB, A (. 
EF, the angle AGH is equal o 
to the angle GHF. FI. 29. - "/ 
Again, because GK cuts ™ / 
the parallel straight lines EF, — ( K/ 
CD, the angle GHF is equal / 
to the angle GA D.  [I.29. 


And it was shewn that the / 
angle AGK is equal to the angle GHF. 


Therefore the angle 4G K is equal to the angle GE D; [Az. 1. 

and they are alternate angles į 

therefore AB is parallel to CD. [T. 27. 
Wherefore, stratght lines &c. — Q.E.D. 









PROPOSÍTION 31. PROBLEM. 


To draw a straight line through a given point parallel 
to a given straight line. 


Let A be the given poitit, and BC the given straight 
line : it is required to draw a straight line through the 
point A parallel to the straight line BC. 


In BC take any point p 
D, and join 42D ; at the 
oint A in the straight 
ine AD, make the angle 
DAE equal to the angle ss i 


and produce the straight line EA to F. 
EF shall be parallel to BC. 
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Because the straight line AD, which meets the two 
straight lines BC, EF, makes the alternate angles EAD, 
ADC equal to one another, [Construction. 
EF is parallel to BC. n. o^ 
Wherefore the straight line EAF is drawn through the 

icen point A, parallel to thegiven straight line BC. Q.x.r. 























PROPOSITION 82. THEOREM. 


If a side of any triangle be produced, the exterior 
angle is equal to the two interior and opposite angles ; 
nd the three interior angles of every triangle are toge- 
ther equal to two right angles. 


Let ABC be a triangle, and let one of its sides BC 
be produced to D: the exterior angle ACD shall be equal 
to the two interior and cpposite angles CAB, ABC; and 
the three interior angles of the triangle, namely, 4 BC, 
BCA, CAB shall be equal to two right angles. 


Through the point Cdraw A z 
CE parallel to AB. [{I. 31. Qu r 
.. Then, because 4 B is par- "T. X Ps 
allel to CZ, and AC falls on .— et 
them, tho alternate anygles B  — | Q( m 


Again, because AB is parallel to CE, and BD falls on 
them, the exterior angle ECD is equal to the interior and 
)pposite angle ABC. [1. 29. 


j 

therefore the whole exterior angle ACY is equal to the 
wo interior and opposite angles CAB, ABC. [Axiom 2. 
To each of these equals add the angle ACB ; 

herefore the angles ACD, ACB are equal to the three 
angles CBA, BAC, ACB. [Axiom 2. 


Pherefore also the angles CBA, BAC, ACB are together 
qual to two right angles. [Axiom 1. 


Wherefore, if a side of any triangle &c. Q.E.D. 
3—2 
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COROLLARY 1. All the interior angles of any recti- 
lineal figure, together with four right angles, are equal to 
twice as many right angles as the figure has sides. 


For any rectilineal figure ABCDE can be divided into 
as many triangles as the figure has sides, by drawing 
straight lines from a point F within the figure to each of 
its angles. 

And by the preceding proposition, n 
all the angles of these triangles are p ~n. 
equal to twice as many right angles “~~ — X ™ «0 | 


as there are triangles, that is, as tho ` 

figure has sides. \ fis 1 
And the same angles are equal to the \ / V a 
interior angles of the figure, together V h^ / 


with the angles at the point F, which ^ 
is the common vertex of the triangles, i 
that is, together with four right angles. [I. 15. Corollary 2. 
Therefore all the interior angles of the figure, together with. 
four right angles, are equal to twice as many right angles 
as the figure has sides. 


COROLLARY 2. All the exterior angles of any recti- 
lineal figure are together equal to four right angles. 


Because every interior angle 
ABC, with its adjacent exterior X — 


angle ABD, is equal to two e — 
right angles; [I. 13. 3 
therefore all the interior angles 

of the figure, together with all \ 

its exterior angles, are equal to D B 


twice as many right angles as 
the figure has sides. 


But, by the foregoing Corollary all the interior angles of th 
figure, together with four right angles, are equal to twic 
as many right angles as the figure has sides. 
Therefore all the interior angles of the figure, together witl 
all its exterior angles, are equal to all the interior angles 
the figure, together with four right angles. 


Therefore all the exterior angles are equal to four rigl 
angles. 


BOOK I. 33, 34. 31 





PROPOSITION 33. THEOREM. 


The straight lines which join the extremities of two 
equal and parallel straight lines towards the same parts, 
are also themselves equal and parallel. 


Let AB and CD be equal and parallel straight lines, 
‘and let them be joined towards the same parts by the 
straight lines AC and BD: AC and BD shall be equal 
and parallel. 


Join BC. 2 : 

Then because 445 is par- Ced d 
allel to CD, [Hypothesis, \ ACE \ 
and BC meets them, — Á 
the alternate angles ABC, a 
BCD are equal. [I. 29. : 

‘And because AB is equal to CD, [Zypothesis. 


and BC is common to the two triangles ABC, DCB; 
the two sides AB, BC are equal to the two sides DC, CB, 
each to each ; 
and the anglo ABC was shewn to be equal to the angle 
BCD; 
therefore the base AC is equal to the base BD, and the 
triangle ABC to the triangle BCD, and the other angles 
to the other angles, each to each, to which the equal sides 
are opposite ; [I. 4. 
therefore the angle ACB is equal to the angle CBD. 
And because the straight line BC meets the two straight 
lines AC, BD, ard makes the alternate angles ACB, CBD 
equal to one another, AC is parallel to BD. IL. 34. 
And it was shewn to be equal to it. 
Whercfore, the straight lines &c. Q.E.D. 


PROPOSITION 34. THEOREM. 


The opposite sides and angles of a paralleloyram are 
equal to one another, and the diameter bisects the par- 
allelogram, that is, divides it into two equal parts. 


| Note. A parallelogram is a four-sided figure of which the 
| opposite sides are parallel; and a diameter is the straight line 
_ joining two of its opposite angles. 
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Let ACDB be a parallelogram, of which BC is a 
diameter ; the opposite sides and angles of the figure shall 
be equal to one another, and the diameter BC shall bis | 
sect it. 


Because AB is parallel 
to CD, and BC meets them, 
the alternate angles ABC, 
BCD are equal to one an- 





other. [I. 29, 

And because AC is parallel | 
to BD, and BC meets them, í 
the alternate angles ACB, CBD aro equal to ono 
another. [I 29, | 
Therefore the two triangles ABO, BCD have two angles | 


ABC, BOA in the one, equal to two angles DCB, CBD in- 
the other, each to cach, and one side BC is common to tho 
two triangles, which is adjacent to their equal angles; y 


therefore their other sides are equal, cach to each, and 
the third angle of the one to the third angle of the other, 
namely, the side AB equal to the sido CD, and the side 
AC equal to the side BD, and the angle BAC equal to the © 
angle CDB. [I. 24. 

And because the angle 4 2€ is equal to tho angle BCD, 
and the angle CBD to the angle ACB, | 
the whole angle A BD is equal to the wholeangle 4CD. [Az.2. 
And the angle BAC has been shewn to be oqual to the | 
angle CDB. | 
Therefore the opposite sides and angles of a parallelogram 
are equal to one another. | 

Also the diameter bisects the parallelogram, 
For AB being equal to CD, and BC common, 
the two sides AZ, BO are equal to the two sides DC, € B — 
each to each ; | 
and the angle ABO has been shewn to be equal to the 
angle BCD ; 
therefore the triangle.A BCis equal to the triangle BCD, [L. 4, 
and the diameter BC divides the parallelogram 4AODB 
into two equal parts. 

Wherefore, the opposite sides &c. — Q.E.D. 
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PROPOSITION 35. THEOREM. 


Parallelograms on the same base, and between the same 
parallels, are equal to one another. 


Let the parallelograms ABCD, EBCF be on the same 
base BC, and between the same parallels AF, BC: the paral- 
lelogram 4 CD shall be equal to the parallelogram EBCF. 


If the sides AD, DF of 
the parallelograms ABCD, 
DBCF, opposite to the base 
BC, be terminated at the samo 
point 2, it is plain that each of 





the parallelograms is double of C 
the triangle BDC; [I. 34. 
and they are therefore equal to one another. [Axiom 6. 


But if the sides 42; EF, opposite to the base BC 
of the parallelo- 


grams ABCD, 7 E... 
EBCF be not / 

terminated at 

the same point, 

then, because - ‘ ^ 


ABCD is a par- 

allelogram AD is equal to BO; [I. 34. 
for the same reason FF is equal to BC; 

therefore AD is equal to EF; [Axiom 1, 


therefore the whole, or the remainder, AZ is equal to the 
whole, or the remainder, D. [Axioms 2, 3. 


And AB is equal to DC; [I. 34, 


therefore the two sides L.A, AP aye equal to the two sides 
FD, DC each to each; 


nd the exterior angle FDC is equal to the interior and 

















opposite angle LAB ; [I, 29. 
therefore the triangle LAB is equal to the triangle 
FDC. [I. 4. 


Take the triangle (DC from the trapezium ABCF, 
and from the same trapezium take the triangle EAB, 
and the remainders are equal ; [Axiom 3. 
that is, the parallelogram ABCD is equal to the parallelo- 
gram EBCF. 

Wherefore, parallelograms on the same base &e. Q.E.D. 
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PROPOSITION 36, THEOREM. 
Parallelograms on equal bases, and between the same 
parallels, are equal to one another. I 

Let ABCD, EFGH be parallelograms on equal - 
BC, FG, and between tho same parallels AH, BG: the 
parallelogram ABCD shall be equal to the parallelogram | 
EFG H. ' 

Join BE, CH. 

Then, because BC 
is equal to FG, [Hyp. 
and FG to £H, [I. 34. 
BC is equal to 
EH; [Axiom 1. ; 
and they aro parallels, [ Hypothesis. 
and joined towards the same parts by the straight lines © 
BE, CH. | 
But straight lines which join the extremities of equal and 
parallel straight lines towards the same parts are them- 





selves equal and parallel. [I. 39 
Therefore BE, CH are both equal and parallel. 
Therefore EBCH is a parallelogram. [ Definition. 


And it is equal to ABCD, because they are on the same 
base BC, and between the same parallels BC, AH.  [I. 35. 


For the same reason the parallelogram EFGH is equal 
to the same E BCH. | 


Therefore the parallelogram 4 BCD is equal to the par- 
allelogram EFGH. [Axiom 1. 


Wherefore, parallelograms &c. Q.E.D. 


PROPOSITION 37. THEOREM. 


Triangles on the same base, and between the same par. 
allels, are equal. 


Let the triangles ABC, œ D F 
D BC be on the same base : \ i Z 
BC, aud between tLe same ix \ ⸗ 
parallels AD, BC: the tri- Nm f 64 
angle ABC shall be equal \ ff x / 


to the triangle DBC. Vv 
Produce 4D both ways B C 
to the points £, ^; [Post. 2. 


<<<. °°: | 
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through B draw BE parallel to CA, and through C draw 
CF parallel to BD. [T. 31, 
Then each of the figures EBCA, DBCF is a parallelo- 
gram; [ Definition. 
and EBCA is equal to DBCF, because they are on the same 
base C, and between the same parallels BC, EF. [I 85. 
_ And the triangle 4 BC's half of the parallelogram EBCA, 
because the diameter 4B bisects the parallelogram ; [I. 34. 
and the triangle DBC is half of the parallelogram DBCF, 
because the diameter DC bisects the parallelogram. [I. 34. 
"But the halves of equal things are equal. [Axiom 1. 
Therefore the triangle ABC is equal to the triangle DBC, 
Wherefore, triangles &c. Q.E.D. 


PROPOSITION 38. THEOREM. 


Triangles on equal bases, and between the same par- 
allels, are equal to one another. 
Let the triangles ABC, DEF be on equal bases BC, 
EF, and between the same parallels BF, AD: the triangle 
ABC shall be equal to the triangle DEF. 











Produce AD both 
ways to the points ¢ A D H 
G, H ; "| f \ / 


through B draw BG he l 
parallel to C4, and 


through Z draw FH | / | / NJ 


 parallelto E. [1. 31. É iv a: 


Then each of the 
figures GBCA, DEFH is a parallelogram. [ Definition. 


And they are equal to one another because they are on 
equal bases BC, EF, and between the same parallels 
BF, GH. [I. 36. 


And the triangle ABC is half of the parallelogram GBCA, 
because the diameter A B bisects the parallelogram ; [I. 34. 


and the triangle DEF is half of the parallelogram DEFH, 
because the diameter DF bisects the parallelogram. 


But the halves of equal things are equal. [Axiom 7. 
Therefore the triangle ABC is equal to the triangle DEF. 
Wherefore, triangles &c. Q.E.D. 
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PROPOSITION 39. THEOREM. 


Equal triangles on the same base, and on the same 
side of it, are beticeen the same parallels. 
Let the equal triangles ABC, DBC be on the same 


base BC, and on the same side of it: they shall be be- 
tween the same parallels. 


Join AD, A 
AD shall be parallel to BC. E ^ 
E. 


E E 
For if it is not, through A draw V 
AE parallel to BC, meeting BD —— 
at E. [FOL M 


⸗ ~ Y 
and join EC. Y J— 


Then the triangle ABC is equal to the triangle EBC, 
because they are on the same base BC, and between the © 
same parallels BC, AL. I. 37. 


But the triangle ABC is equal to the triangle DBC. [Hyp. 
Therefore also the triangle DBC is equal to the triangle © 
EBC, [Axiom 1. 
the greater to the less; which is impossible. 
Therefore AE is not parallel to BC. 


In the same manner it can be shewn, that no other 
straight line through A but AD is parallel to BC; 


therefore AD is parallel to BC. 
Wherefore, equal triangles &e. Q.E.D. 






PROPOSITION 40. THEOREM, j 


Equal triangles, on equal bases, in the same straight line, 
and on the same side of it, are between the same parallels. ^ 


Let the equal triangles ABC, DEF be on equal bases 
BC, EF, in the same straight line BF, and on the same 
side of it: they shall be betwecn the same parallels. 

Join AD. A D 
A D shall be parallel to BF. 

For if itis not, through A 
draw AG parallel to BF, | 
meeting £D at G — [L31. / 
and join GF. ` 
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Then the triangle ABC is equal to the triangle GEF, 

because they are on equal bases BC, EF, and between 
the same parallels, [I. 38. 
But the triangle ABC is equal to the triangle DEF. [Hyp. 


Therefore also the triangle DEF is equal to the triangle 
[Axiom 1, 

















the greater to the Jess; which is jmpossible. 
Therefore AG is not parallel to BL, 

In the same manner it can be shewn that no other 
straight line through 4 but 4D is parallel to BF ; 
therefore AD is parallel to BF, 

Wherefore, equal triangles &c. Q.E.D. 


PROPOSITION 41. THEOREM. 


and between the same parallels, the parallelogram shall be 


Jf a parallelogram and a triangle be on the same base 
louble of the triangle. 


Let the parallelogram ABCD and the triangle EBC be 
n the same base BC, and between the same parallels 
BC, AE: the parallelogram ABCD shall be double of tho 
triangle EBC. 
E Jon AC. 
- Then the triangle ABO 
is equal to the triangle EBC, 
because they are on the samó 
base BC, and between the same 
parallels BO, A E. mos. 
But the parallelogram ABCD 
is double of the triangle ABC, 
because the diameter AC bisects the parallelogram, [J. 34. 
Therefore A parallelogram ABCD is also double of the 


triangle EB 
Wherefore, if a parallelogram &c. Q.E.D. 
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PROPOSITION 42. PROBLEM. 











To describe a parallelogram that shall be equal toa 
given triangle, and have one of its angles equal to a given 
rectilineal angle. 


Let ABC be the given triangle, and D the given recti- 
lineal angle: it is required to describe a parallelogram that 
shall be equal to the given triangle 4 BC, and have one of 
its angles equal to D. 

Bisect BC at E : [1. 10. 
join AE, and at the point 
E, in the straight line EC, 
maketheangle CE F' equal 
to D; [1. 23. 
through 4 draw AFG 
parallel to EC, and through 
C draw CG parallel to 
EF. [I. 31. 


Therefore FECG is a parallelogram. [ Definition. 
And, because BE is equal to EC, [Construction. 


the triangle ABE is equal to the triangle AEC, because 
they are on cqual bases BE, EC, and between the same 
parallels BC, AG. [I. 38. 


Therefore the triangle ABC is double of the triangle 4 EC: 


But the parallelogram FECG is aiso double of the triangle 
A EC, because they are on the same base EC, and betweer 
the same parallels EC, AG. [I. 41. 





; [Axiom 6. 
and it has one of its angles CEF equal to the given angle 
D. [Construction 


Wherefore a parallelogram FECG has been describe 
equal to the given triangle ABC, and having one of it 
angles CEF equal to the given angle D. QEF. 


=. - 1 
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PROPOSITION 43. THEOREM. 


The complements of the parallelograms which are about 
the diameter of any parallelogram, are equal to one 
another. 


Let ABCD bea parallelogram, of which the diameter 
is AC; and EH, GF parallelograms about AC, that is, 
through which AC passes ; and BKE, KD the other paral- 
lelograms which make up the whole figure 4BCD, and 
which are therefore called the complements: the comple- 
ment BK shall be equal to the complement KD. 


Because ABCD is a 
parallelogram, and AC’ its 


A - 
diameter, the triangle 4 BC [oL MI 
is equal to the triangle UK 
DC. 


rt ` 
ADC. [I. 34. Ne : 
Again, because AEKH is Na 


| 
| 


— 


a parallelogram, and AA 
its diameter, the triangle 
AEK is equal to the triangle B G 
AHK. [I. 34. 
For the same reason the triangle AGC is equal to the 
triangle AFC. 
Therefore, because the triangle AEK is equal to the tri- 
angle AHK, and the triangle KGC to the triangle KFC ; 
the triangle 4 EK together with the triangle AGC is equal 
to the triangle.4 HX together with the triangle KFC. [Azx.2. 
But the whole triangle 4 BC was shewn to be equal to tho 
whole triangle 4 DC. 


Therefore the remainder, the complement BK, is equal to 
the remainder, the complement AD. [Axiom 3. 


Wherefore, the complements &e. Q.E.D. | 





a 





PROPOSITION 44. PROBLEM. 


To a given straight line to apply a parallelogram, 
which shall be equal to a given triangle, and have one 
of tts angles equal to a given rectilineal angle. 
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Let AB be the given straight line, and C the given 
triangle, and D the given rectilineal angle: it is required 
to apply to the straight line 4B a parallelogram equal to 
the triangle C, and having an angle equal to D. 





Make the parallelogram BEFGE equal to the triangle 
C, and having the angle EBG equal to tlie angle D, so 
that BE may be in the same straight line with 1B; [I. 42. 
produce FG to H; 
through 4 draw AZ parallel to BG or EF, [L 31. 
aud join HB. 

Then, because the straight linc HF falls on the parallels 
AH, EF, the angles AHF, HFE are together equal to 
two right angles. | [I. 29. 
Therefore the angles BHF, FE are together less than 
iwo right angles, 

But straight lines which with another straight line make the 
interior angles on the same side together less than two right 
angles will meet on that side, if pitoduced far enough. [ Az. 12. 
Therefore HB and FE will meet if produced ; 

let them meet at A. 

Through A draw KZ parallel to HA or FH; [1. 31 
and produce HA, GB tothe points L, M. - 

Then Z2LEF is a parallelogram, of which the diameter 
is HK; and AG, ME are parallelograms about HA; and 
LB, BF are the complements. 

Therefore ZB is equal to BF. [I. 43. 
But BF is equal to the triangle C. [Construction. 
Therefore ZB is equal to the triangle C [Axiom 1. 


A NW SCOTT 
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And because the angleG BE isequaltotheangle A BAZ, [1.15. 
and likewise to the angle D; (Construction. 
the angle 4 BWM is equal to the angle D. [Axiom 1. 


Wherefore to the given straight line AB the parallelo- 
gram LB is applied, equal to the triangle C, and having 
7T angle ABM equal to the angle D.  Q.x.r. 

l 















PROPOSITION 45. PROBLEM. 


To describe a parallelogram equal to a given rectilineal 
f gure, and having an angle equal to a given rectilineal 
a Jg e. 

Let ABCD be the given rectilineal figure, and E the 
| given rectilineal angle: it is required to describe a par- 
allelogram equal to .4 BCD, and having an angle equal to Æ, 


is md 


H C K H M 


Join DB, and describe the parallelogram FH equal to 
the triangle ADB, and having the angle FAH equal to the 
angle Æ; [I. 42. 


and to the straight line GH apply the parallelogram GM 
equal to the triangle DBC, and having the angle GHM 
qual to the angle Æ. [L. 44. 


e figure FK MZ shall be the parallelogram required. 


Because the angle Æ is equal to each of the angles FAH, 
’ | Construction. 


the angle FKH is equal to the angle GHM. [Agiom 1. 


k HG, GHM. [Axiom 2. 
But FKH, KHG aretogetherequaltotworightangles;[I.29. 
therefore K HG,G HM are together equal to two right angles. 
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‘ f f j 
Se I . oeu 


H C x” 2 M 

And because at the point H in the straight line GH, the 7 
two straight lines XH, HM, on the opposite sides of it, 
make the adjacent angles together equal to two right angles, © 
KH is in the same straight line with HM. [I. 14. 
And because the straight line HG meets the parallels 
KM, FG, the alternate angles MHG, HGF are equal. [I. 29. 
Add to each of these equals the angle HGL ; 
therefore tho angles MHG, HG L, are equal to the angles 
HGF, HGL. [Axiom 2. 
But MHG, HG Lare together equal to two right angles; [1. 29, 
therefore HGF, HGL are together equal to two right angles. 
Therefore FG is in the same straight line with GZ. [I. 14.— 
And because A Z^ is parallel to ZG, and HG to M L, [Constr 
KF is parallel to MZ; [1. 30 
and AM, FL are parallels ; [Construction | 
therefore KFLM is a parallelogram. [ Definition, 
And because the triangle ABD is equal to the parallelo: 
gram HF, [Construction 
and the triangle DBC to the parallelogram G.M ; [Constr 
the whole rectilineal figure ABCD is equal to the whol 
parallelogram KFLM. [Axiom 2 
Wherefore, the parallelogram KFLM has been de 
scribed equal to the given. rectilineal figure ABCD, and 
having the angle FK M equal to the given angle E.  Q.E.3 
ConoLLARY. From this it is manifest, how to a give 
straight line, to apply a parallelogram, which shall have a 
angle equal to a given rectilineal angle, and shall be equa 
to a given rectilineal figure; namely, by applying to th 
given straight line a parallelogram equal to the first tri 
angle ABD, and having an angle equal to the given E 


p Le 




























and so on. 
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PROPOSITION 46. PROBLEM. 


























To describe a square on a given straight line. 


Let AB be the given straight line: it is required to 
escribe a square on A B, 

From the point 4 draw AC 
at right angles to AB; [I-H. 
and make 4 D equal to 4 D ; [1.3. 


hrough D draw DE parallel to D 
B; and through B draw BE 
parallel to 4D. mn. an. 


ADEB shall be a square. 


For ADEB is by construction 
a parallelogram ; 


‘therefore AB is equal to. DE, ^ B 
and 4D to BE. [T. 34. 


But AB is equal to AD. [Construction. 

Therefore the four straight lines BA, AD, DE, EB are 

equal to one another, and the parallelogram ADEB is 

equilateral. [Axiom 1. 
Likewise all its angles are right angles. 


For since the straight line AD meets the parallels AB, 
DE, the angles BAD, ADE are together equal to two 
right angles ; [I. 29. 


but BAD is a right angle ; [Construction. 
herefore also ADE is a right angle. [Axiom 3. 
But the opposite angles of parallelograms are equal. [I. 34. 
Therefore each of the opposite angles ABE, BED is a 
ight angle. [Axiom L 
herefore the figure ADEB is rectangular ; 

nd it has been shewn to be equilateral, 

therefore tt is a square. [Definition 30. 
nd it is described on the given straight line AB. Q.E.F. 


C 


COROLLARY. From the demonstration it is manifest that 
very parallelogram which has one right angle has all its 
angles right angles, 

4 
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PROPOSITION 47. THEOREM. 


In any right-angled triangle, the square which is de 
scribed on the side subtending the right angle is equal to 
the squares described on the sides which contain the righ 
angle. 

Let ABC be a right-angled triangle, having the righ 
angle BAC: the square described on tho side BC shall 
equal to the squares described on the sides BA, AC. 

On BC describe 
the square BDEC, 
and on BA, AC de- 
scribe the squares 
GB, HC; [I. 46. 
through 4 draw AL 
parallel to BD or 
CE; [1. 81. 
and join AD, FC. 

Then, because the 
angle BAC is a right 
angle, [ Hypothesis. 
and that the angle 
BAG is also a right 
angle, [Definition 30. 
the two straight lines AC, AG, on the opposite sides 
A B, make with it at the point 4 the adjacent angles equi 
to two right angles ; 
therefore CA is in the same straight line with AG. [I.1 
For the same reason, AB and AH are in the same straigh 
line. 

Now the angle D BC is equal to the angle FBA, for eac 
of them is a right angle. [Axiom 1 
Add to cach the angle ABC. 
Therefore the whole angle DBA is equal to the whole angl 
FBC. [Axiom 
And because the two sides '4 2, BD are equal to the ty 
sides PB, BC, each to cach ; [ Definition 8 
and the angle DBA is equal to the angle FBC; 
therefore the triangle ABD is equal to the triang 
FBC, 4 (i. 
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Now the parallelogram BZ is double of the triangle 
ABD, because they are on the same base BD, and between 
the same parallels BD, AL. [I. 41. 
And the square GB is double of the triangle FBC, because 
they are on the same base JB, and between the same 
parallels FB, GC. [I. 41. 
But the doubles of equals are equal to one another. [Az. 6. 
Therefore the parallelogram BZ is equal to the square GB. 

In the same manner, by joining AE, BK, it can be 
shewn, that the parallelogram CZ is equal to the square CH. 
Therefore the whole square BDEC is equal to the two 
squares GB, HC. [Axiom 2. 
And the square BDECis described on BC, and the squares 
GB, HC on BA, AC. 

Therefore the square described on the side BC is equal to 
the squares described on the sides B.A, AC. 


Wherefore, in any right-angled triangle &c. Q.E.D. 















PROPOSITION 48. THEOREM. 


If the square described on one of the sides of a tri- 
angle be equal to the squares described on the other two 
sides of it, the angle contained by these two sides is a 
right angle. 


Let the square described on BC, one of the sides of 
the triangle ABC, be equal to the squares described on 
the ae sides BA, AC: the angle BAC shall be a right 
angle. 

From the point 4 draw AD at 
right angles to AC; fE, FT. 
and make AD equal to BA; [I. 3. / 
and join DC. AL 
© Then because DA is equal to » * 





BA, the square on DA is equal to 
the square on BA. 


To each of these add the square 

on AC. 

Therefore the squares on D.A, AC are equal to the squares 

on BA, AC. [Axiom 2. 
4—2 


HN, e 
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But because the angla DAC is a right angle, [Construction, 
the square on DC is equal to the squares on DA, AC. [I. 47. 
And, by hypothesis, the square on BC is equal to the squares | 
on BA, 4e 

Therefore the squareon DC isequal to the square on BC [Az.1, 
Therefore also the side DC is equal to the sido BC. 


And because the side DA js equal 
to the side AB; [Constr, 


and thse side AC is common to tho 
iwo triangles DAC, BAC ; 


the two sides DA, AC are equal to 
the two sides BA, AC, each to each; 


and the base DC has been shewn te 
be equal to the base BC; 


therefore the angle DAC is equal to the angle BAC. [E 8 

But DAC is a right angle ; ion, 

therefore also BAC is a right angle. 
Wherefore, ¿f the square &c. Q,E.D, 


BOOK 1I. 


DEFINITIONS. 


_i. Every right-angled parallelogram, or rectangle, is 
said to be contained by any two of the straight lines which 
contain one of the right angles, 

2. In every parallelogram, any of the parallelogram: 


about a diameter, together with the two complements, i 
called a Gnomon, 
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Thus the parallelogram ZG, 
together with the complements 
AF, FC,is the gnomon, which is 
more briefly expressed by the let- 
ters AGK, or LHC, which are at 
the opposite angles of the parallelo- 
grams which make the gnomon. 





PROPOSITION 1. THEOREM. 


If there be two straight lines, oue of which is divided 
into any number of parts, the rectangle contained by the 
two straight lines is equal to the rectangles contained by 
ihe tndicided line, and the several parts of the divided line. 


Let A and BC be two straight lines; and let BC be 
divided into any number of parts at the points D, E: the 
rectangle contained by the straight lines 4, BC, shall be 
equal to the rectangle contained by A, BD, together with 
that contained by A, DE, and that contained by 4, £C. 

From the point B draw BL 
at right angles to BC; —[L11. B Ie. wit 


and make BG equal to 4; [L 3. 
through G draw G parallel 
to BC; and through D, E, C 
draw DK, EL, CH, parallel ¢ 
to BG. (I. 31. 
Then the rectangle 7277 
is equal to the rectangles 
DK, DL, EH. 
But BH is contained by A, BC, for it is contained by 
GB, BC, and GB is equal to A. [Construction, 
And SK is contained by A, BD, for it is contained by 
GB, BD, and GB is equal to 4 ; 
and DL is contained by A, DE, because DK is equal to 
BG, which is equal to A ; [L 34. 
and in like manner Z/7 is contained by 4, EC. 
| Therefore the rectangle contained by 4, BC is equal to the 
rectangles contained by 4, BD, and by A, DE, and by A, EC. 
Wherefore, {f there be two straight lines &e, Q.E.D. 





I 
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PROPOSITION 2. THEOREM. 


If a straight line be divided into any two parts, the 
rectangles contained by the whole and each of the parts, 
are together equal to the square on the whole line. 


Let the straight line 4B be divided into any two parts 
at the point C: the rectangle contained by AB, BO, toge- 
ther with the rectangle AB, 4C, shall be equal to the 
square on A B. 

[Note. To avoid repeating the word 
contained too frequently, the rectangle 
contained by two straight lines AB, AC 
is sometimes simply called the rectangle 
AB, AC.] 

On AB describe the square 
ADEB ; [I. 46. 
and through C draw CF parallel 
to ADor BE. [1.31. 

Then AZ is equal to the rectangles AF, CE. 

But A E is the square on AB. 

And AF is the rectangle contained by BA, AC, for it is 
contained by D.A, AC, of which DA is equal to BA ; 

and CE is contained by AB, BC, for BE is equal to AB. 
Thercfore the rectangle 4B, AC, together with the rect- 
angle AB, BC, is equal to the square on AB. 


Wherefore, 7f a straight line &c. Q.E.D. 





D 


PROPOSITION 3. THEOREM. 


If a straight line be divided into any two parts, the 
rectangle contained by the whole and one of the parts, is 
equal to the rectangle contained by the two parts, together 
with the square on the aforesaid part. 


Let the straight line AB be divided into any two parts 
at the point C: the rectangle AB, BC shall be equal to 
the rectangle AC, CB, together with the square on BC. 
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On BC describe the square CDEB; [1. 46, 
roduce EZ D to F, and through A A 
raw A F'parallelto CD or BE. [I. 31. | 

Then the rectangle AF is equal | | 

to the rectangles 4D, CE. | 

But 4 is the rectangle contained | 

by AB, BC, for it is contained / 

by mo, DL, of which BE is equal j-——L—. . — 
to BC; 





F D E 


and AD is contained by AC, CB, for CD is eaual to CB; 
and CE is the square on BC. 
Therefore the rectangle 4B, BC is equal to the rectangle 
AC, CB, together with the square on BC. 

Wherefore, if a straight line &. Q.E.D. 


PROPOSITION 4. THEOREM. 

Jf a straight line be divided into any two parts, the 

square on the whole line is equal to the squares on the two 
parts, together with twice the rectangle contained by the 
fro parts. 
_ Let the straight line AB be divided into any two parts 
at the point C: the square on AB shall be equal to the 
squares on AC, CB, together with twice the rectangle con- 
tained by AC, CB. 

On AB describe the square 
ADEB; [Í. 46. 


A C 3 

join BD; through C draw CGF | | ' 

arallel to 4.D or B E, and through G. ,, Gl” K 
raw //K parallel to AB or DE. [1.31. H p 

| Then, because CF’ is parallel 


to AD, and BD falls on them, 
the exterior angle CGB is equal 
to the interior and opposite an- D E yE 
gle ADB; [I. 29. 

but the angle 4 DB is equal to the angle ABD, [f. 5. 
because BA is equal to AD, being sides of a square ; 
therefore the angle CGB is equal to the angle CBG; [Az. 1. 
and therefore the side CG is equal to the side CB. [I. 6. 


But CB is also equal to GK, and CG to BK ; [I. 24. 
therefore the figure CG.K B is equilateral. 
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It is likewise rectangular. For since CG is parallel to 
BK, and CB meets them, the angles KBC, GCB are toge- 
ther equal to two right angles, [I. 29: 


But ABC is a right angle. [I. Definition 30. 
Therefore GCB is a right angle. [Axiom 3. 
And therefore also the angles CGK, GKB opposite to 
these are right angles. [I. 34. and Aziom 1. 


Therefore CGKB is rectangular ; 
and it has been shewn to be equi- 
lateral; therefore it isa square, and 
it is on the side CB. H 
For the same reason HF is also a 
square, and it is on the side HG, 
which is equal to AC. [I. 34. 
Therefore HF, CK are the squares 
on AC, CB. 

And because the complement AG is equal to the com- 
plement GE ; [T. 43. 
and that AG is the rectangle contained by AC, CB, for 
CG is equal to CB ; 
therefore GE is also equal to the rectangle AC, CB. [Az. 1. 
Therefore AG, GE are equal to twice the rectangle AC, CB. 
And H/F, CK are the squares on AC, CB. 

Therefore the four figures HF, CK, AG, GE are equal to 
the squares on AC, CB, together with twice the rectangle 
AC, CB. 
But HF, CK, AG, GE make up the whole figure 4 DEB, 
which is the square on AB. 
Therefore the square on AB is equal to the squares on 
AC, CB, together with twice the rectangle AC, CB. 
Wherefore, fa straight line &. Q.E.D. 
ConoLLARy, From the demonstration it is manifest, 


that parallellograms about the diameter of a square are 
likewise squares. 


D 


PROPOSITION 5. THEOREM. 


If a straight line be divided into two equal parts and. 
also into two unequal parts, the rectangle contained by the 
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unequal parts, together with the square on the line between 
the points of section, is equal to the square on half the line. 


Let the straight line AB be divided into two equal 
parts at the point C, and into two unequal parts at the 
point D: the rectangle 4D, DB, together with the square 
on CD, shall be equal to the square on CZ. 

On CB describe the 
square CEFB; [I. 46. i C DB 


join BE; through D draw 
DHG parallel to CE or BF; K 
through H draw KLM paral- 
lelto CB or HF; and through 





A draw AX parallel to CZ X Oo F 
or DM. [Loi 
Then the complement CH is equal to the complement 
P; [I. 43. 
to eacli of these add DM ; therefore the whole CM is equal 
to the whole DF. [Axiom 2. 
But CM is equal to AZ, [I. 36. 
‘because AC is equal to CB. [Hypothesis. 
Therefore also AZ is equal to DF, [Axiom 1. 
To each of these add C'H; therefore the whole A /7is equal 
to DF and CH. [Axiom 2. 
But A/Z is the rectangle contained by 4D, DB, for D/T is 
equal to DB; [II. 4, Corollary. 


and D7 together with C77 is the gnomon CMG ; 
therefore the gnomon CMG isequal to the rectangle A D,DB. 
To each of these add ZG, which is equal to the square on 
, LII. 4, Corollary, and I. 34. 

Therefore the gnomon CMG, together with ZG, is equal to 
therectangle 4 D,DB, together with the square on CD. [4Ax.2. 
But the gnomon CMG and LG make up the whole figure 
"CEFB, which is the square on CB, 
Therefore the rectangle AD, DB, together with the square 
on CD, is equal to the square on CB. 

Wherefore, if a straight line &c. Q.E.D. 

From this proposition it is manifest that the difference of 
the squares on two unequal straight lines 4C, CD, is equal 
to the rectangle contained by their sum and difference. 
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PROPOSITION 6. THEOREM. 


If a straight line be bisected, and produced to any 
point, the rectangle contained by the whole line thus pro- 
duced, and the part of it produced, together with tha 
square on half the line bisected, is equal to the square on 
the straight line which is made up of the half and the. 
part produced, 


Let the straight line AB be bisected at the point O, 
and produced to the point D: the rectangle AD, DB, 
together with the square on CB, shall be equal to the 


square on CD. A C b 


On CD describe the | A 
square CEFD; [I. 46. __ HA | 


join DE; through B draw K 
BHG parallel to CE or 
DF; through H draw 
KEIM parallel to AD or 








EF; and through A draw E G MI 
AK parallel to CZ or DM. [r 398 
Then, because AC is equal to CB, [ZIypoth esis. 
the rectangle AZ is equal to the rectangle CH; [I. 90] 
but CH is equal to HF; [I. 43. 
therefore also AZ is equal to HF. [Axiom 1. 


To each of these add CM ; 
therefore the whole Æ M is equal to the gnomon CMG. [Az.2. 
But AM is the rectangle contained by AD, DB, 


for DM is equal to DB. [1]. 4, Corollary. 
Therefore the rectangle AD, DB is equal to the gnomon 
CMG. [Axiom 1. 


To each of these add ZG, which is equal to the square on 
CB. [II. 4, Corollary, and I. 84. 
Therefore the rectangle AD, DB, together with the square 
on CB, is equal to the gnomon CMG and the figure LG. 
But the gnomon CMG and LG make up the whole figure 
CEFD, which is the square on CD. 
Therefore the rectangle 4 D, D B, together with the square 
on CB, is equal to the square on CD. 
Wherefore, (fa straight line &c. Q.€.p. 
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PROPOSITION 7. THEOREM. 


Jf a straight line be divided into any two parts, the 
squares on the whole line, and on one of the parts, are 
E to twice the rectangle contained by the whole and 
that part, together with the square on the other part. 


Let the straight line AB be divided into any two 
parts at the point C: the squares on AB, BC shall be 
qual to twice the rectangle AB, BC, together with the 
quare on AC. 
- On AB describe the square 
ADEB, and construct the figure 
as in the preceding propositions. 
Then AG is equal to GE; [I. 43. 
to each of these add CK; 
therefore the whole AX is equal to 
the whole CE; 


therefore AK, CE are double of 
AK. 









But AK, CE are the gnomon AKF, together with the 

square CK ; 

therefore the gnomon AKF, together with the square CK, 

is double of AK. 

But twice the rectangle AB, BC is double of AK, 

for BK is equal to BC. [II. 4, Corollary. 

Therefore the gnomon A KF, together with the square CK, 

is equal to twice the rectangle 4B, BC. 

To each of these equals add HF, which is equal to tho 

square on AC. [II. 4, Corollary, and I. 34, 

Therefore the gnomon AKF, together with the squares 

CK, IF, is equal to twice the rectangle AB, BC, together 

with the square on AC. 

But the gnomon AKF together with the squares CK, HF, 

make up the whole figure ADEB and CK, which are the 

squares on AB and BC. 

Therefore the squares on AB, BC, are equal to twice the 

rectangle AB, BC, together with the square on AC. 
Wherefore, if a straight line &ce. Q.E.D. 
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PROPOSITION 8& THEOREM. 


If a straight line be divided into any two parts, fou 
times the rectangle contained by the whole line and one a 
the parts, together with the square on the other part, i 
equal to the square on the straight line which ie made ug 
of the whole and that part. 


Let the straight line AB be divided into any two part 
at the point C: tour times the rectangle 42, BC, togethe 
with the square on AC, shall be equal to the square on th 
straight line made up of AB and BC together. 

Produce AB to D, so 
that BD may be equal A 
to CB; [Post. 2. and I. 3. 
on AD describe the square 
AEFD; 
and construct two figures 
such as in the preceding 
propositions. 


Then, because Cf is equal É 
to BD, [Construction. 
and that CB is equal to GK, and BD to KN, 
therefore GX is equal to AN. [Axiom 1 


For the same reason P R is equal to RO. 


And because CB is equal to BD, and GK to KN, the rect 
angle CK is equal to the rectangle BN, and the rectangl 
GR to the rectangle RN. [E 36 


But CK is cqual to RN, because they are tho complement 
of the parallelogram CO; [i. 48 
therefore also BN is equal to GR. [Axiom 1 
Therefore the four rectangles BN, CK, GR, RN are equa 


to one another, and so the four are quadruple of one o 
them CK. 


Again, because CB is equal to BD, 
and that BD is equal to BA, 
that is to CG, 
and that CB is equal to GK, 
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that is to GP; [II, 4, Corollary, 
therefore CG is equal to GP. [Axiom 1, 


And because CG is equal to GP, and PR to RO, tho 
rectangle AG is equal to the rectangle MP, and the rect- 


angle PZ to the rectangle AL’, [E. 36. 
But MP is equal to PZ, because they are the complements 
of the parallelogram ML ; [I. 43. 
therefore also AG is equal to RF. [Axiom 1, 


Therefore the four rectangles AG, MP, PL, RF are equal 
to one another, and so the four are quadruple of one of 
them AG, | 

And it was shewn that the four CK, BN, GR and RN 
are quadruple of CK ;' therefore the eight rectangles 
which make up the gnomon AOH are quadruple of AK. 


And because AX is the rectangle contained by 4B, BC, 
for BK is equal to BC; 

therefore four times the rectangle AB, BC is quadruple 
of AK. 

But the gnomon AOH was shewn to be quadruple 
of AK, 


Therefore four times the rectangle 4B, BC is equal to the 
gnomon 4AO//. [Axiom 1, 
To each of these add XH, which is equal to the square on 
AC. [II. 4, Corollary, and I. 34, 
Therefore four times the rectangle 42, BC, together with 
the square on AC, is equal to the gnomon AOH and the 
square XH. 

But the gnomon AOA and tho square XH make up the 
figure AL FD, which is the square on 4D. 


Therefore four times the rectangle 4 B, BC, together with 
the square on AC, is equal to the square on AD, that is to 
the square on the line made of AB and BC together. 


Wherefore, ¿f a straight line &e. Q.E.D. 
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PROPOSITION 9. THEOREM. 


If a straight line be divided into two equal, and also 
into two unequal parts, the squares on the two unequa 
parts are together double of the square on half the line 
and of the square on the line between the points of section. 


Let the straight ine AB be divided into two equal 
parts at the point C, and into two unequal parts at the | 
point D: the squares on AD, DB shall be together double ~ 
of the squares on 4C, CD. 


From the point C, draw 
CE at right angles to AB, [I. 11. 
and make it equal to AC or . 
CB, [1. 3. 
and join EA, EB; through 
D draw DF parallel to CE, and A 
through F draw FG parallel 
to BA ; [i£ gi. 
and join AF. 

Then, because AC is equal to CE, [Construction. 
the angle ZAC is equal to the angle AEC. [I. 5 
And because the angle AC is a right angle, [Construction 
the two other angles 4 EC, EAC are together equal to one 
right angle ; [I. 32. 
and they are equal to one another; 
therefore each of them is half a right angle. 
For the same reason each of the angles CEB, EBC is half 
a right angle. 

Therefore the whole angle A EB is a right angle. 

And because the angle GEF is half a right angle, and 
the angle EGF a right angle, for it is equal to the interio 
and opposite angle ECB; (1. 29 
therefore the remaining angle EG is half a right angle. 
Therefore the angle GEF is equal to the angle HFG, and 
the side ZG is equal to the side GF. [I. 6. 
Again, because the angle at. B is half a right angle, and the 
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angle FDB a right angle, for it is equal to the interior and 
opposite angle ECB ; [I. 29. 
therefore the remaining angle BFD is half a right angle, 
Therefore the angle at B is equal to the angle BFD, 
land the side DF is equal to the side DB. [I. 6. 
And because AC is equal to CE, [Construction. 
| the square on AC is equal to the square on CE ; 

hherefore the squares on AC, CE are double of the square 






| But the square on AF is equal to the squares on AC, CE, 
| because the angle ACE is a right angle; n 
| therefore the square on AZ is double of the square on AC. 
Again, because EG is equal to GF, { Construction. 
the square on EG is equal to the square on GF’; 
therefore the squares on LG, GF are double of the square 
Jon GP. 

But the square on EF is equal to the squares on LG, GF, 
| because the angle HGF is a right angle ; [I. 47. 
therefore the square on EF is double of the square on GF, 
And GF is equal to CD ; [I. 34. 
therefore the square on EZ Z' is double of the square on CD. 
i But it has been shewn that the square on AZ is also 
double of the square on AC. 
Therefore the squares on AH, KF are double of the 
squares on AC, CD. 

But the square on £F is equal to the squares on AE, 
EF, because the angle AEF is a right angle. PE 47. 
Therefore the square on AF' is double of the squares on 
AC, CD. 

But the squares on 4D, DF are equal to the square on 
AF, because the angle ADF is a right angle. [I. 47. 
Therefore the squares on AD, DE are double of the 
squares on AC, CD, 

And DF is equal to DB; 

therefore the squares on AD, DB are double of the 
squares on AC, CD. 

Wherefore, if a straight line &c, Q.E.D, 
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PROPOSITION 10, THEOREM, 

Jf a straight line be bisected, and produced to am 
point, the square on the «hole line thus produced, an 
the square on the part of it produced, are together doubl 
of the square on half the line bisected and of the square 
on the line made up of the half and the part produced. 
Let the straight hno AB be bisected at C, and pro 
duced to D: the squares on AD, DB shall bo togethei 
double of the squares on 4C, CD. 
From the point Cdraw CE at right angles to 4 2, [T, 1 
and make it equal to AC 

I. 


or CB; : 
and SM EB; through 
E draw EF parallel to 
AB, and through D draw C 


DF parallel to CZ. [I. 31, A^ 
Then because the straight 

line Z Fmeetsthe parallels 

EC, FD, the angles CEF, EFD are together equal to twi 
right angles ; ; [1. 29 
and therefore the angles BEF, EFD are together les 
than two right angles. 
Therefore the straight lines EB, FD will meet, if produced 
towards B, D, [Axiom 13 
Let them meet at G, and join AG. 

Then because AC is equal to CZ, 
the angle CE A is equal to the angle ZAC; 
and the angle ACE is a right angle ; à 
therefore each of the angles CEA, EAC is half a righ 
angle. II. 32 
For the same reason each of tho angles CEB, EBC is hal 
a right angle. 

Therefore the angle AFB is a right angle, 

And beeauso the angie EBC is half a right angle 
the angle DG is also half a right angle, for they are verti 
cally opposite ; : [I 15 
but the angle BDG is a right angle, because it is equal t 
the alternate angle DCE ; [I. 28 
therefore the remaining angle DG Bishalf aright angle, [1.32 


BOOK II, 10. 65 
























and is therefore equal to the angle DBG; 

therefore also the side BD is equal to the side DG. [I. 6. 
Again, because the angle EG is half a right angle, 
and the angle at F a right angle, for it is equal to the 
opposite angle HCD ; [T. 34, 
therefore the remaining angle PEG ishalf aright angle, [I. 32. 
and is therefore equal to the angle EGF ; 

therefore also the side GF is equal to the side FE. '[I. 6. 
- And because ÆC is equal to CA, the square on EC is 
qual to the square on CA ; 

herefore the squares on €, CA are double of the square 
a CA. 


Jut thesquareon.Z Zisequal tothesquares on EC, C. A. [I. 47. 
Therefore the square on 4 £ is double of the square on AC, 
Again, because GF is equal to FE, the square on GF is 
ual to the square on FE; 

mere the squares on GF, FE are double of the square 
in FE. 

Butthesquare on EG is equalto the squares on GF, F'E.[1.47. 
therefore the square on EG is double of the square on FZ. 
And FE is equal to CD; [I. 34. 
therefore the square on EG is double of the square on CD. 
But it has been shewn that the square on AE is double 
f the square on AC. 

Therefore the squares on AZ, EG are double of the 
quares on AC, CD. 

E" the square on AG is equal to the squares am m. 


herefore the square on AG is double of the squares on 
HC, CD 
Hut the squares on 4D, DG are equal to the et on 
G i N: 


therefore the squares on AD, DG are double of the 
juares on 4C, CD. 

nd DG is equal to DB; 

erefore the squares on AD, DB are double of the squares 


z 


Wherefore, if a straight line &c. Q.E.D. 
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PROPOSITION 11. PROBLEM. 


To divide a given straight line into two parts, so tha 
the rectangle contained by the whole and one of the part 
may be equal to the square on the other part. 


Let AB be the given straight line: it is required 
divide it into two parts, so that the rectangle contained b; 
the whole and one of the parts may be equal to the square 
on the other part. 

On AB describe the square 

DC; [(. 46. 
bisect AC at E; fT. 10. 
join BE; produce CA to F, and 
make EF equalto EP;  [I.3. 
and on AF describe the square 
AFGH. [1. 46. 
AB shall be divided at H so 
that the rectangle AB, BH is 
equal to the square on AH, 

Produce GH to K. 

Then, because the straight line 
AC is bisected at Æ, and pro- 
duced to F, the rectangle CF, FA, together with th 
square on AE, is equal to the square on EF. {II. ¢ 
But EF is equal to EB. [Constructior 
Therefore the rectangle CF, FA, together with the squa 
on AE, is equal to the square on ZB. 
But the square on #B is equal to the squares on AZ, AL 
because the angle FAB is a right angle. [I. 4 
Therefore the rectangle CF, FA, together with the squar 
on A E, is equal to the squares on AZ, AB. . 
Take away the square on AZ, which is common to both 
therefore the remainder, the rectangle CF, FA, is equal t 
the square on A B. [Axiom 3 
But the figure FK is the rectangle contained by CF, F. 
for FG is equal to FA ; 

and AD is the square on AB; 

therefore FK is equal to 4 D. 

Take away the common part AK, and the remainder F 
is equal to the remainder //D. [Axiom i 


Cc 
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But HD is the rectangle contained by AB, BH, for AB is 
equal to BD ; 

and ZH is the square on AH; 

therefore the rectangle 4B, Bis equal tothe squareon AH. 


Wherefore the straight line AB is divided at H, so that 
the rectangle AB, BH is equal to the square on AH. Q.x.F. 

























PROPOSITION 12. THEOREM. 


In obtuse-angled triangles, if a perpendicular be drawn 
from either of the acute angles to the opposite side pro- 
luced, the square on the side subtending the obtuse angle is 
reater than the squares on the sides containing the obtuse 
ngle, by twice the rectangle contained by the side on 
which, when produced, the perpendicular falls, and the 
straight line intercepted without the triangle, between the 
perpendicular and the obtuse angle. 

Let ABC be an obtuse-angled triangle, having the 
)btuse angle 4 C3, and from the point 4 let 4 D be drawn 
gerpendicular to BC produced; the square on AB shall be 
wreater than the squares on AC, CB, by twice the rectangle 
- Because the straight line 
BD is divided into two parts 
t the point C, the square on 
BD is equal to the squares on 
3C, CD, and twice the rectangle 
BC, CD. [II. 4. 
o each of these equals add the 
quare on D A. 

[herefore the squares on B.D, DA are equal to the squares on 
BC, CD, DA, and twice the rectangle BC, CD. [Axiom 2. 
ut the square on BA is equal to the squares on BD, DA, 
ecause the angle at D is a right angle; [I. 47. 
nd thesquareon C'A is equal tothe squareson CD,DA. [I. 47. 
herefore the square on BA is equal to the squares on 
BC, CA, and twice the rectangle BC, CD; 
hat is, the square on BA is greater than the squares on 
3C, CA by twice the rectangle BC, CD. 
Vherefore, 22 obtuse-angled triangles &c, — Q.E.p. 

5—2 
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PROPOSITION 13. THEOREM. 


In every triangle, the square on the side subtending 
an acute angle, is less than the squares on the sides con- 
taining that angle, by twice the rectangle contained by 
either of these sides, and the straight line intercepted 
between the perpendicular let fall on it from the opposite 
angle, and the acute angle. 


Let ABC be any triangle, and the angle at B an acute 
angle; and on BC one of the sides containing it, let fall 
the perpendicular AD from the opposite angle: the square 
on AC, opposite to the angle #, shall be less than the 
squares on CB, BA, by twice the rectangle CB, BD. 


First, let AD fall within the 
triangle ABC. 


Then, because the straight line A 
CB is divided into two parts s | 
at the point D, the squares on 
CB, BD are equal to twice the f 
rectangle contained by CB, BD / 
and the square on CD.  [II. 7. å 
— "XXE 


To each of these equals add the 6 
square on DA. 


Therefore the squares on CB, BD, DA are equal to twice 
the rectangle C8, BD and the squares on CD, D A. [Ax. 2. 
But the square on 4B is equal to the squares on BD, DA, 
because the angle BDA is a right angle ; [I. 47. 
and the squareon AC is equal tothe squares on CD, D A. [T.47. 
Therefore the squares on CB, BA are equal to the square 
on AC and twice the rectangle CB, BD; 

that is, the square on AC alone is less than the squares on 
CB, BA by twice the rectangle CB, BD. i 





Secondly, let AD fall without 
the triangle ABC. 
Then because the angle at D is 
a right angle, [Construction. 
the angle ACB is greater than 
a right angle ; [I. 16. ú 





T 
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and therefore the square on AB is equal to the squares 
on AC, CB, and twice the rectangle BC, CD. [1I. 12, 
To each of these equals add the square on BC. 

Therefore the squares on AB, BC are equal to the square 
on AC, and twice the square on BC, and twice the rect- 
angle BC, CD. [Axiom 2. 
But because BD is divided into two parts at C, the rect- 
angle DB, BC is equal to the rectangle BC, CD and the 
square on BC; PHI. 90 
and the doubles of these are equal, 


that is, twice the rectangle DB, BC is equal to twice the 
rectangle BC, CD and twice the square on BC. 


| Therefore the squares on AB, BC are equal to the square 


on AC, and twice the rectangle DB, BC; 
that is, the square on AC alone is less than the squares on 


' AB, BC by twice the rectangle DB, BC. 


Lastly, let the side 4C be perpendicular A 
to BC. A 
Then BC is the straight line between the " 
| perpendicular and the acute angle at 2; J 





and it is manifest, that the squares on P. 
AB, BC are equal to the square on AC, / 
and twice the square on BC. [I. 47 and Az, 2. B C 


Wherefore, in every triangle &c. Q.E.D. 
PROPOSITION 14. PROBLEM. 
To describe a square that shall be equal to a given recti- 





lineal figure. 


Let A be the given rectilineal figure: it is required to 
describe a square that shall be equal to A. 


Describe the rect- 
angular parallelogram — 
BCD Eequaltotherec- — 
tilineal figure A. [I.45. / 


Then if the sides of it, 


BE, ED are equal to A B L 
one another, it is a , , 
square, and what was TA 


required is now done. 
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But if they are not equal, produce one of them BE to F, 
make EF equal 

to ED, [I. 3. ^ 
and bisect BF / | 
at G; [I. 10. / \ 
from the centre F4 4.3 
G, at the distance \ 2 
GB, or GF, de- 
scribo the semi- v 
circle BHF, and 

produce DE to H. 

The square described on Z7 shall be equal to the given 
rectilineal figure 4. 

Join GH. Then, because the straight line BF is divided 
into two equal parts at the point G, and into two unequal 
parts at the point Æ, the rectangle BE, EF, together with 
the square on GÆ, is equal to the square on GF, [II. 5. 
But GF is equal to GH. 

Therefore the rectangle BE, EF, together with the square 
on GE, is equal to the square on GH. 

But the square on G/7is equal tothe squareson GE, LA|[I.47. 
therefore the rectangle B.E, EF, together with the square 
on GE, is equal to the squares on GE, EH. 

Take away the square on GE, which is common to both ; 


therefore the rectangle BE, EF is equal to the square on 
EH. 





i [Aæiom 3. 
But the rectangle contained by BE, EF is the parallelo- 
gram BD, 
because EF is equal to ED. [Construction, 
Therefore BD is equal to the square on ZH. 

But BD is equal to the rectilineal figure A. — [Constructzon. 
Therefore the square on ÆH is equal to the rectilineal 
figure A. 

Wherefore a square has been made equal to the given 
rectilineal figure A, namely, the square described on 
EH. QEF. 





BOOK III. 


DEFINITIONS. 


1. EQqvar circles are those of which the diameters are 
equal, or from the centres of which the straight lines to 
the circumferences are equal. 


This is not a definition, but a theorem, the truth of 
which is evident; for, if the circles be applied to one 
another, so that their centres coincide, the circles must 
likewise coincide, since the straight lines from the centres 
are equal. 


2. A straight line is 
said to touch a circle, — 
when it meets the circle, Pa "x 
and being produced does 


not cut it. | IER. M 


3. Circles are said | į J 
to touch one another, — 
which meet but do not "SN ⸗ 


cut one another. 


4, Straight lines are said to 
be equally distant from the centre — — 
of a circle, when the perpendicu- » / — 
larsdrawntothem from the centre EL A 
are equal. —— v 
5. And the straight line on | / 
which the greater perpendicular y | J 
ms is said to be farther from the — ⸗ 
centre. 
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6. A segment ofa circle is the 
figure contained by a straight lino — 


and the circumference it cuts off. S r 
7. Theangleof a segment is that —— 

which is contained by the straight 

line and the circumference. 
8. An angle in a segment is 


the angle contained by two straight K-z 

lines drawn from any point in the 

circumference of the segment to 

the extremities of the straight line 
2 


which is the base of the segment. 


9. And an angle is said to in- 
sist or stand on the circumference 
intercepted between the straight 
lines which contain the angle. 


10. A sector of a circle is the 

figure contained by two straight 

lines drawn from the centre, and 
the circumference between them. —* b 
NV 


11. Similar segments of e 
circles are those in which f nN : 
theanglesare equal, or which / p \ Á p \ 
contain equal angles, ML] 

[Note. In the following propositions, whenever the expression 
*' straight lines from the centre,” or “drawn from the centre,” 


occurs, it is to be understood that the lines are drawn to the cir- 
cumference. 


Any portion of the circumference is called an arc.] 


PROPOSITION 1. PROBLEM. 
To find the centre of a given circle. 


Let ABC be the given circle: it is required to find its 
contre. 
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Draw within it any straight 
line AB, and bisect AB 
nt [T. 187 
from the point D draw DC 
at right angles to AB; [L 11. 
produce CD to meet the cir- 
cumference at Æ, and bisect 





CE at F. [I. 10. 
The point F shall be the centre 
of tho circle 4 5C. 


For if F be not the centre, 
if possible, let G be the centre ; and join GA, GD, GB. 


Then, because DA is equal to DB, [Construction. 
and DG is common to the two triangles 4 DG, BDG ; 


the two sides 4D, DG are equal to the two sides BD, DG, 
each to each ; 


and the base GA is equal to the base GB, because they are 
drawn from the centre G ; [I. Definition 15, 


therefore the angle 4.DG. is equal to the angle BDG. [I. 8. 
But when a straight line, standing on another straight line, 
makes the adjacent angles equal to one another, each of 
the angles is called a right angle ; [I. Definition 10. 
therefore the angle BDG is a right angle. 
But the angle BDF is also a right angle. [Construction, 
Therefore the angle BDG is equal to the angle BDF, [4x.11. 
the less to the greater ; which is impossible. 
Therefore G is not the centre of the circle ABC, 

In the same manner it may be shewn that no other point 
out of the line CE is thc centre ; 
and since CE is bisected at F, any other point in CE 
divides it into unequal parts, and cannot be the centre. 
Therefore no point but Zis the centre ; 
that is, F is the centre of the circle ABC: 
which was to be found. 

CoRoLLARY. From this it is manifest, that if in a circle 


a straight line bisect another at right angles, the centre of 
the circle is in the straight line which bisects the other, 
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PROPOSITION 2, THEOREM. 

If any two points be taken in the circumference of a 
circle, the straight line which joins them shall fall within 
the circle. 

Let ABC be a circle, and 4 and B any two points in 
the circumference: the straight line drawn from A to B 
shall fall within the circle. 


For if it do not, let it fall, if 

'ossible, without, as AE. c 
Find D the centre of the circlo rai 

ABC; [III. 1. / 


and join DA, DB; in the arc | D 
AB take any point F, join DF, 

and produce it to meet the | ' 
straight line AB at Æ. Ne — 


Then, because DA is equal A 
to DB, [I. Definition 15. 


the angle DAZ is equal to the angle DBA. [I. 5. 


And because AF, a side of the triangle DAE, is pro- 
duced to B, the exterior angle DEB is greater than the 
interior opposite angle DAL. [I. 16. 


But the angle DA E wasshewnto beequal tothe angle DBE; 
therefore the angle DEB is greater than the angle DBE. 
But the greater angle is subtended by the greater side ; [I. 19. 
- therefore DZ is greater than DE. 

But DB is equal to DF; [I. Definition 15. 
therefore DF is greater than DZ, the less than the greater ; 
which is impossible. 

Therefore the straight lino drawn from A to B does not 
fall without the circle. 


In the same manner it may be shewn that it does not 
fall on the circumference. 


Therefore it falls within the circle, 
Wherefore, if any two points &c. Q.E.D. 


PROPOSITION 3. THEOREM. 


If a straight line drawn through the centre of a circle, 
bisect a straight line in it which does not pass through the 
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centre, it shall cut it at right angles; and if it cut it at 
right angles it shali bisect it. 


Let ABC be a circle; and let CD, a straight line drawn 
through the centre, bisect any straight line 4B, whieh does 
not pass through the centre, at the point F: CD shall cut 
AB at right angles. T 

Take Æ the centre of the — Si 
circle ; andjoin £A, E B. [111.1. 

Then, because AF is equal 
to FB, [ Hypothesis. 
and FE is common to the two 
triangles AFE, BYE ; 
the two sides AF, FE are 
equal to the two sides BF, FE, 
each to each ; 
and the base WA is equal to the base EB; [I. Def. 15. 
therefore the angle A FE is equal to the angle BFE. [I. 8. 
But when a straight line, standing on another straight line, 
makes the adjacent angles equal to one another, each of 
the angles is called a right angle ; [I. Definition 10. 
therefore each of the angles AFE, BFE is a right angle. 
Therefore the straight line CD, drawn through the centre, 
bisecting another AB which does not pass through the 
centre, also cuts it at right angles. 


But let CD cut AB at right angles: CD shall also 
bisect AB; that is, AF shall be equal to FB. 

The same construction being made, because EA, EB, 
drawn from the centre, are equal to one another, [1. Def. 15. 
the angle FAF is equal to the angle EBF. LE 
And the right angle 4 FE is equal to the right angle BFE. 


Therefore in the two triangles EAF, EBF, there are two 
angles in the one equal to two angles in the other, each to 
each ; 


and the side EF, which is opposite to one of the equal 
angles in each, is common to both ; 
therefore their other sides are equal ; [I. 26. 
therefore AF is equal to FB, 

Wherefore, (fa straight line &e. Q.E.D. 





76 EUCLID'S ELEMENTS. 


PROPOSITION 4. THEOREM. 

If in a circle two straight lines cut one another, achich 

do not both pass through the centre, they do not bisect one 
another. 

Let ABCD be a circle, and AC, BP two straight lines 
in it, which cut one another at the point E, and do not both 
pass through the centre: AC, BD shall not bisect one 
another. 

If one of the straight lines — 
pass through the centre it is plain * > 
that it cannot be bisected by N 
the other which does not pass 


F 
through the centre. Ap — 
— 


But if neither of them pass 
through the centre, if possible, n 
let AE be equal to EC, and BE 

equal to ED. 


Take Z the centre of the circle [III. 1. 
aud join EF. 
Then, because FE, a straight line drawn through the 


centre, bisects another straight line AC which does not pass 
through the centre ; [Hypothesis. 


FE cuts AC at right angles; [III. 3. 
therefore the angle FEA is a right angle. 


Again, because the straight line FZ bisects the straight 
line BD, which does not pass through the centre, — [/fyp. 


FE cuts BD at right angles ; [III. 3. 
therefore the angle FEB is a right angle. 
But the angle FEA was shewn to be a right angle ; 
therefore the angle FEA is equal to the angle ZEB, [Ax. 11. 
the less to the greater; which is impossible. 
Therefore AC, BD do not bisect each other. 

Wherefore, in a circle &c. Q.E.D. 





PROPOSITION 5. THEOREM, 


If two circles cut one another, they shall not have the 
same centre, 





o circles ABC, CDG cut ono another at the 
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points B, C: they shall not have the same centre. 

For, if it be possible, let Æ 
be their centre ; join EC, and 
draw any straight line EFG 
meeting the circumferences at 
F and G 

Then, because Æ is the cen- 
tre of the circle ABC, EC is 
equal to EF. [I. Definition 15, 


Again, because Æ is the centre 
of the circle CDG, EC is equal 





to EG. [I. Definition 15. 
But EC was shewn to be equal to HF; 
therefore E is equal to EG, [Axiom 1. 


the less to the greater; which is impossible. 
Therefore Æ is not the centre of the circles ABO, CDG. 
Wherefore, {f two circles &c. Q.E.D, 


PROPOSITION 6. THEOREM. 


If two circles touch one another internally, they shalt 
not have the same centre. 


Let the two circles A BC, CDE touch one another inter- 
nally at the point C: they shall not have the same centre, 


For, if it be possible, let 
F be their centre; join FC, 
and draw any straight line 
FEB, meeting the circum- 
ferences at E and B. 

Then, because 7 is the 
centre of the circle ABC, 
FC is equal to F7. [1. Def. i5. 


Again, because F is the 
centre of the circle CDE, 





FC is equal to FE. [I. Definition 15. 
But FC was shewn to be equalto FP; 
therefore FE is equal to FB, [Axiom 1. 


the less to the greater; which is impossible. 
Therefore F is not the centre of the circles ABC, CDE. 
Wherefore, if two circles &c. Q.E.D. 
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PROPOSITION 7. THEOREM. 


If any point be taken in the diameter of a circle which 
ts not the centre, of all the straight lines which can be 
drawn from this point to the circumference, the greatest 
is that in which the centre is, and the other part of the 
diameter is the least; and, of any others, that which is 
nearer to the straight line which passes through the centre, 
is always greater than one more remote; and from the 
same point there can be drawn to the circumference two 
straight lines, and only two, which are equal to one ano- 
ther, one on each side « of the shortest line. 


Let ABCD bea circle and AP its diameter, in which 
let any point F be taken which is not the centre ; let E be 
the centre: of all the straight lines FB, FC, FG, &c. that 
can be drawn from F to the circumference, FA, whic 
passes through Æ, shall be the greatest, and FD, the other 
part of the diameter AD, shall be the least ; and of the 
others FB shall be greater than FC, and FC than FG, 


Join BE, CE, GE. 
Then, because any two sides 


of a triangle are greater than the : 
third side, [I. 20. Cf } 


therefore BE, EF are greater / 

than BF. . 
But BE is equal to A E ; [I. Def.15. Y / 
therefore AF, EF are greater SK 





than BF, 
that is, AF is greater than BF. 


Again, because BE is equal to CE, [I. Definition 15. 
and EF is common to the two triangles BEF, CEF; 


the two sides BE, EF arc equal to the two sides CE, EF, 
each to each ; 


but the angle BEF is greater than the angle CEF ; 
therefore the base F'B is greater than the base FC. [I. 24. 


In the same manner it may be shewn that FC is greater 
than FG. 


Again, because GF, FE are greater than EG, — [I. 20. 


—H 
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and that ÆG is equal to ED; [I. Definition 15. 
therefore GF, FE are greater than ED. 


Take away the common part FE, and the remainder GF is 
greater than the remainder FD. 


Therefore ZA. is the greatest, and FD the least of all 
the straight lines from F to the circumference ; and FB is 
greater than FC, and FC than FG. 


Also, there can be drawn two equal straight lines from 
the point F to the circumference, one on each side of the 
shortest line FD. 


For, at the point .E, in the straight line #F, make the 
angle FEH equal to the angle FEG, [I. 23. 


and join FH. 

Then, because ZG is equal to EZ, [I. Definition 15. 
and £F is common to the two triangles GEF, HEF; 
the two sides EG, EF are equal to the two sides EH, EF, 
each to each ; 
and the angle GFF is equal to the angle HEF; — [Constr. 
therefore the base FG is equal to the base FH. [I. 4. 


But, besides FH, no other straight line can be drawn 
from F to the circumference, equal to F'G. 


For, if it be possible, let FE be equal to FG. 


Then, because FX is equal to FG, [Hypothesis. 
and FH is also equal to FG, 
therefore FH is equal to FK ; [Axiom 1. 


that is, a line nearer to that which passes through the 
centre is equal to a line which is more remote ; 


which is impossible by what has been already shewn. 
Wherefore, {f any point be taken &c. Q.E.D. 


PROPOSITION 8. THECREM. 


If any point be taken without a circle, and straight 
lines be drawn from it to the circumference, one of which 
passes through the centre; of those which fall on the con- 
cave circumference, the greatest is that which passes 
through the centre, and of the rest, that which is nearer 
to the one passing through the centre is always greater 
than one more remote; but of those which fall on the 
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convex circumference, the least is that between the point 
without the circle and the d iameter ; and of the rest, that 
which is nearer to the least is always less than one more 
remote ; and from the same point there can be drawn to 
the circumference two straight lines, and only tico, which 
are equal to one another, one on cach side of the shortest line, 


Let ABC be a circle, and D any point without it, and 
from D let the straight lines DA, DE, DF, DC be drawn 
to thecircumference, of which DA passes through the centre; 
of those which fall on the concave circumference A EFC, the 
greatest shall be DA which passes through the centre, and 
the nearer to it shall be greater than the more remote, 
namely, DE greater than DF, and DF greater than DC; 
but of those which fall on the convex circumference GA’ LH, 
the least shall be DG between the point D and the dia- 
meter AG, and the nearer to it shall be less than the more 
remote, namely, DK less than DZ, and DZ less than DH, 


Take M, the centre of the 


circle ABC, [III. 1. ; 
and join ME, MF, MC, MH, I 
ML, MK. / 


Then, because any two sides 
of a triangle are greater than 








the third side, [I. 20. /Ll 
therefore EM, MD are greater Ay 
than ED. Hn NA 


\ 
NY 


^N 
d» 





Dut £ Mis equal to 4 M ;[I. Def.15. ff 
therefore AM, MD are greater ci 
than ED, V / 
that is, AD is greater than ED. 

Again, because EM is equal Cd f 


to FM, g~ 


and MDis common to the two 
triangles EMD, FMD; 


the two sides M, M D are equal to the two sides FM, MD, 
each to each ; 


but the adno EMD is greater than the angle FMD ; 
therefore the base £D is greater than the base FD. [I. 24. 


In the same manner it may be shewn that FD is 
greater than CD, 


— — AEN a ene ee 
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Therefore DA is the greatest, and DE greater than DF, 
and DF greater than DC. 

Again, because WK, KD are greater than MD, [I. 20. 
and MK is equal to MG, [I. Definition 15. 
the remainder KD is greater than the remainder GD, 
that is, GD is less than KD. 

And because MLD is a triangle, and from the points 
M, D, the extremities of its side MD, the straight lines 
MK, DK are drawn to the point A within the triangle, 
therefore MK, KD are less than MZ, LD; BL. Ric 
and MK is equal to ML ; [I. Definition 15. 
therefore the remainder AD is less than the remainder LD. 


In the same manner it may be shewn that ZD is less 
than AD. 
Therefore DG is the least, and DX less than DZ, and DL 
less than DH. 


Also, there can be drawn two equal straight lines from 
pe point D to the circumference, one on each side of the 
east line. 


For, at the point M, in the straight line MD, make the 
angle DMB equal to the angle DMK, [I. 23. 
and join DB. 

Then, because MK is equal to MB, 
and MD is common to the two triangles KMD, BMD ; 


the two sides XM, MD are equal to the two sides BM, MD, 
each to each ; 


, and the angle DM K is equal to the angle DMB ; [Constr. 
therefore the base DK is equal to the base DB. [I. 4. 


But, besides DB, no other straight line can be drawn 
from D to the circumference, equal to DA. 


For, if it be possible, let DV be equal to DK. 
Then, because DW is equal to DK, 
and DB is also equal to DK, 
therefore DB is equal to DN; [Axiom 1. 
that is, a line nearer to the least is equal to one which is 
more remote ; 
which is impossible by what has been already shewn. 
Wherefore, 7f any point be taken &. Q.E.D. 
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PROPOSITION 9. THEOREM. 


Jf a point be taken within a circle, from which there 
Jall more than two equal straight lines to the circum- 
J'erence, that point is the centre of the circle. 

Let the point D be taken within the circle ABC, from 
which to the circumference there fall more than two equal 
straight lines, namely D4, DB, DC: the point D shall be 
the centre of the circle. 


For, if not, let E be the centre ; 
join D E and produce it both ways to 
meet the circumference at F and G ; ENEO DC 


then FG is a diameter of the circle. 

Then, because in FG, a diameter * / 
of the circle ABC, the point D is : 
taken, which is not the centre, DG A - 
is the greatest straight line from D 
to the circumference, and DC is greater than DB, and 
DB greater than DA; (Ill. 7. 
but they are likewise equal, by hypothesis ; 
which is impossible. 
Therefore Æ is not the centre of the circle 4 BC. 

In the same manner it may be shewn that any other 
point than D is not the centre ; 
therefore D is the centre of the circle ABC. 

Wherefore, if a point be taken &. Q.E.D. 


PROPOSITION 10. THEOREM. 


One circumference of a circle cannot cut another at 
more ihan two points. 

If it be possible, let the circumference ABC cut the 
circumference DEF at more 
than two points, namely, at the 


points B, G, F. I E 
Take A, the centre of the 
circle ABC, pili. ai 


and join KB, KG, KF. \ 
Then, because KA is the G 
centre of the circle ABC, 





Ld 
— 
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therefore KB, KG, K Fare all equal to each other. [I. Def.15. 
And because within the circle DEF, the point K is taken, 
from which to the circumference DEF fall more than two 
equal straight lines KB, KG, KF, therefore K is the 
centre of the circle DEF. [TII. 9. 
But K is also the centre of the circle ABC. [Construction. 
Therefore the same point is the centre of two circles 
which cut one another ; 

which is impossible. [I1I. 5. 

Wherefore, one circumference &e. Q.E.D. 


PROPOSITION 11. THEOREM. 

Jf two circles touch one another internally, the straight 
line which joins their centres, being produced, shall pass 
through the point of contact. 

Let the two circles ABC, A DE touch one another inter- 
nally at the point A; and let F be the centre of the circle 
ABC, and G the centre of the circle ADE: the straight 
line which joins the centres F, G, being produced, shall 
pass through the point A. 

For, if not, let it pass otherwise, 
if possible, as FGDH, and join 
Al’, AG. 

Then, because AG, GF are 
greater than AF, m g: 
and AF is equal to HF, [I. Def. 15. 
therefore AG, GF, are greater 
than ZF. 

Take away the common part GF; 
therefore the remainder AG is greater than the remainder 
AG. 





But AG is equal to DG. [I. Definition 15. 
Therefore DG is greater than HG, theless than the greater ; 
which is impossible. 
Therefore the straight line which joins the points F, G, 
being produced, cannot pass otherwise than through the 
point A, 
that is, it must pass through A. 

Wherefore, ¢f two circles &c. Q.E.D. 
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PROPOSITION 12. THEOREM. 


Jf two circles touch one another externally, the straight 
line which joins their centres shall pass through the point 
of contact. 

Let the two circles ABC, ADE touch one another ex- 
ternally at the point A; and let F be the centre of the 
circle ABC, and G the centre of the circle ADE: the 
straight line which j Joins the points F, G, shall pass through 
the point 4. 

For, if not, let it 
pass otherwise, if pos- 
sible, as FCDG, and 
join FA, AG. 


Then, because Fi is 
the centre of the cir- 
cle ABC, FA is equal 
to FC;  [L Def. 15. 


and because G is the 
centre of the circle ADE, GA is equal to GD; 


therefore FA, AG are equal to FC, DG. [Axiom 2. 
Therefore the whole FG is greater than FA, AG. 
But FG is also less than F.A, 4G ; [T. 20, 
which is impossible. 
Therefore the straight line which joins the points F, G, 
cannot pass otherwise than through the point 4, 
that is, it must pass through A. 

Wherefore, {f two circles &c. Q.E.D. 





PROPOSITION 13. THEOREM. 


One circle cannot touch another at more points than 
one, whether it touches it on the inside or outside. 


For, if it be possible, let the circle EBL touch the 
circle ABC at more points than one; and first on the 
inside, at the points B, D. Join BD, and draw GH bisect- 
ing BD at right angles. [1.10 ae 

Then, because the two points B, D are in the circum- 
ference of each of the circles, the straight line BD falls 
within each of them ; [IH. 2. 
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und therefore the centre of each circle is in the straight 
line GH which bisects BD at right angles; [III. 1, Corol. 


therefore GH passes through the point of contact. [III. 11. 


But GH does not pass through the point of contact, be- 
cause the points B, D are out of the line GH; 


which is absurd. 


Therefore one circle cannot touch another on the inside at 
more points than one. 


Nor can one circle touch an- a —x 
other on the outside at more \ 
points than one. | ] 

For, if it be possible, let the — 
circle ACK touch the circle 4 BC X 
at the points 4, C. Join AC. f 


Then, because the two points 
A, C are in the circumference of Y 
the circle ACK, the straight line n 
AC which joius them, falls within M 
the circle ACK ; [ITI. 2. ——" 
but the circle ‘ACK is without the circle 4 3C; (Hypothesis. 
therefore the straight line 4C is without the circle 4 5C. 
But because the two points A, C are in the circumference 
of the circle 4BC, the straight line AC falls within the 
circle ABC; [III. 2. 
which is absurd. 
Therefore one circle cannot touch another on the outside 
at more points than one. 
= And it has been shewn that one circle cannot touch 
another on the inside at more points than one. 
Wherefore, ove circle &c. — Q.E.D. 
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PROPOSITION 14. THEOREM. 


Equal straight lines in a circle are equally distant from 
the centre: and those which are equally distant from the 
centre are equal to one another. 


Let the straight lines AB, CD in tho circle 4 BDC, be 
equal to one another: they shall bo equally distant from 
the centre. 


Take .E, the centre of the X" 
circle ABDC; [EN 12 A 
and from E draw EF, EG per- \ / E 
pendiculars to 42, CD; [L 12. JN, 
and join EA, EC. OE 


Then, because the straight 
line ZF, passing through the 
centre, cuts the straight line AB, B~ 
which does not pass through the 
centre, at right angles, ìt also bisects it; [III. 3. 
therefore AF is equal to FB, and AB is double of AF. 


For the like reason CD is double of CG. 


But AB is equal to CD; [i ypothesis, 
therefore AF is equal to CG. [Axiom 7. 
And because AE is equal to CE, [I. Definition 15. 


the square on AZ is equal to the square on CE. 


But the squares on AF, FE are equal to the square on AZ, 
because the angle AFE isa right angle; [I. 4T. 


and for the like reason the squares on CG, GE are equal to 
the square on C£; 


therefore the squares on AF, FE are equal to the squares 
on CG, GE. [Axiom 1. 


But the square on AF’ is equal to the square on CG, 
because AF’ is equal to CG; 


therefore the remaining square on ZZ is equal to the re- 
maining square on GE; [Axiom 3. 


and therefore the straight line EZ" js equal to the straight 
line EG 


But straight lines in a circle are said to be equally distant 


“ea i 
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from the centre, when the perpendiculars drawn to them 
from the centre are equal ; [III. Definition 4. 


therefore 4B, CD are equally distant from the centre. 
Next, let the straight lines AB, CD be equally distant 


from the centre, that is, let EF be equal to EG: AB shall 
be equal to CD. 


For, the same construction being made, it may be 
shewn, as before, that AB is double of 4F, and CD double 
of CG, and that the squares on EF, FA are equal to the 
squares on EG, GC; 


but the square on ÆF is equal to the square on EG, 


because ZF is equal to EG; [Hypothesis. 
therefore the remaining square on FA is equal to the re- 
maining square on GC, [Axiom 3. 


and therefore the straight line AF is equal to the straight 
line CG. 


p, * was shewn to be double of AF, and CD double 
of CG. 
Therefore AB is equal to CD. [Axiom 6. 


Wherefore, equal straight lines &. Q.E.D. 


PROPOSITION 15. THEOREM. 

Lhe diameter is the greatest straight line in a circle; 
and, of all others, that which is nearer to the centre ts 
always greater than one more remote; and the greater 
is nearer to the centre than the less. 


Let ABCD be a circle, of which AD is a diameter, and 
E the centre; and let BC be nearer to the centre than FG : 
AD shall be greater than 
any straight line BC which 
isnota diameter, and BC shall 
be greater than FG. 


From the centre E draw 
EH, EK perpendiculars to 
BC, FG, [L 12. 


and join EB, EC, EF. 


Then, because 4 Z is equal 
io D E, and EDto EC,[I. Def.15. 


therefore AD is equal to BE, EC; 
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but BA, EC are greater than BC; [I. 20. 
therefore also AD is greater than BC. 

And, because BC is nearer to AB 
the centre than FG, [Hypothesis. F 
EH is less than EK. [ITI. Def. 5. / / \ 
Now it may be shewn, as in the ; — 
preceding proposition, that BC lS, 
is double of BH, and FG double | 





of FK, and that the squares on G ` / 
EH, H B areequal tothe squares — c 
on EK, KF. 


But the square on EZ is less than the square on EK, 
because £77 is less than EK ; 

therefore the square on HB is greater than the square 
on KF; 

and therefore the straight line BH is greater than the 
straight line FX ; 

and therefore BC is greater than FG. 


Next, let BC be greater than FG: BC shall be nearer 
to the centre than FG, that is, the same construction 
being made, ZH shall be less than EK. 

For, because BC is greater than FG, BH is greater 
than FK. 

But the squares on BH, HE are equal to the squares on 
FK, KE; 

and the square on BH is greater than the square on FK, 
because BH is greater than FK ; 

therefore the square on HE is less than the square on KE; 
and therefore the straight line £ is less than the straight 
line EK. 

Wherefore, the diameter &e. Q.E.D. 


PROPOSITION 16. THEOREM. 


The straight line drawn at right angles to the diameter 
of a circle from the extremity of it, falls without the 
circle; and no straight line can be drawn from the 
extremity, between that straight line and the circumfer- 
ence, 80 as not to cut the circle. 
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Let ABC be a circle, of which D is the centre and 
AB a diameter: the straight line drawn at right angles tọ 
AB, from its extremity A, shall fall without the circle. 

For, if not, let it fall, if pos- UE 
sible, within the circle, as AC, 25 N 
and draw DC to the point C, / te 
where it meets the circumference. p t ) A 


Then, because DA is equal to / 


— 
ch 
a 


DC, [I. Definition 15. X 

the angle DAC is equal to the ——— 

angle DCA. [I. 5. 

But the angle DAC is a right angle; [ Hypothesis. 


therefore the angle DCA is a right angle; 

and therefore the angles DAC, DCA are equal to two 
right angles; which is impossible. [1. 1$ 
Therefore the straight line drawn from A at right angles to 
AB does not fall within the circle. 


And in the same manner it may be shewn that it does 
not fall on the circumference, 


Therefore it must fall without the circle, as AZ. 


Also between the straight line 4 E and the cireumfer- 
ence, no straight line can be drawn from the point A, which 
does not cut the circle, 


For, if possible, let 4 7" be between 


them; and from the centre D draw T 
. DG perpendicular to 47; Fb. 9t — lc 

let DG meet the circumference at H.  / Fo 
Then, because the angle DGA isa [ * 

right angle, [Construction Bi — —]^ 

the angle DAG is less than a right M / 

angle; prm Z 

therefore DA is greater than DG.. [L.19. rN 

But DA is equal to DH; [I. Definition 15. 


therefore 2H is greater than DG, the less than the greater ; 
which is impossible. 


Therefore no straight line can be drawn from the point 
A between AZ and the circumference, so as not to cut the 
circle. 
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Wherefore, the straight line &c. Q.E.D. 

ConoLLAny. From this it is manifest, that the straight 
line which is drawn at right angles to the diameter of a 
circle from the extremity of it, touches the circle ; [III. Def.2. 
and that it touches the circle at one point only, 
because if it did meet the circle at two points it would fall 
within it. [ill. 2. 
Also it is evident, that there can be but one straight line 
which touches the circle at the same point. 


PROPOSITION 17. PROBLEM. 


To draw a straight line from a given point, either 
without or in the circumference, which shall touch a given 
circle. 

First, let the given point A be without the given circle 
BCD: it is required to draw from A a straight line, which 
shall touch the given circle. 

Take Æ, the centre of the 


circle, [III. I. —— — 
and join A £ cutting the circum- ⸗ -aa A 
ference of the given circle at D; py: / 
and from the centre E, at the G (t piu 
distance £A, describe the circle | 5 
AFG; from the point D draw E. 
DF at right angles to £A , [I. 11. Wa c 
and join EF cutting the circum- cat 


ference of the given circle at B; 
join AB. AB shall touch the circle BCD. 

For, because E is the centre of the circle AFG, EA is 
equal to EF. [I. Definition 15. 
And because Æ is the centre of the circle BCD, EB is 
equal to ED. [I. Definition 15. 
Therefore the two sides AE, ZB are equal to the two sides 
FE, ED, each to each; 
angle at E is common to the two triangles A EZ, 
therefore the triangle AEB is equal to the triangle FED, 
and the other angles to the other angles, each to each, to 
which the equal sides are opposite ; [I 4. 
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therefore the angle A BE is equal to the angle FDE. 
But the angle FD is a right angle; [Construction. 
therefore the angle ABE is a right angle. [Axiom 1. 
And #B is drawn from the centre; but the straight line 
drawn at right angles to a diameter of a circle, from the 
extremity of it, touches the circle; III. 16, Corollary. 
therefore AP touches the circle. 
And AB is drawn from the given point A.  Q.x.F. 

But if the given point be in the circumference of the 
circle, as the point D, draw DE to the centre Æ, and DF at 
right angles to DE; then DF touches the cirele. [III. 16, Cor. 


PROPOSITION 18. THEOREM. 
If a straight line touch a circle the straight line drawn 


JSrom the centre to the point of contact shall be perpen- 
dicular to the line touching the circle. 


Let the straight line DZ touch the circle ABC at the 
poiut C; take F, the centre of the circle 4 BC, and draw 
the straight line FC: FC shall be perpendicular to DE. 

For if not, let FG be drawn from the point F' perpen- 
dicular to DE, meeting the cir- 
cumference at B. 

Then, because FGC isa right 
angle, | Hypothesis. 
FCG is an acute angle; [I. 17. 
and the greater angle of every 
triangle is subtended by the 
greater side; [I. 19. 
therefore FCis greater than FG. 
But FC is equal to FB; [I. Definition 15. 
therefore FB is greater than FG, the less than the greater; 
which is impossible. 

Therefore FG is not perpendicular to DE, 

In the same manner it may be shewn that no other 
straight line from # is perpendicular to DEH, but FC; 
therefore FC is perpendicular to DE. 


Wherefore, if a straight line &c. Q.E.D. 





- —í oon mRNA 
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PROPOSITION 19. THEOREM. 

If a straight tine touch a circle, and from the point of 
contact a straight line be drawn at right angles to the 
touching line, the centre of the circle shall be in that line. 

Let the straight line DE touch the circle ABC at C, 
and from C let CA be drawn at right angles to DE: the 
centre of the circle shall be in CA. 

For, if not, if possible, let 7 be 
the centre, and join CF. P 
Then, because DE touches the circle — /^ 
A BC, and FC is drawn from the | r 
centre to the point of contact, FO B 
is perpendicular to DE; [MI48. / 
Übirotordt e afdlo PCT Iso vihtimglé, / | 4 
Dut the angle ACE is also a right p—À——4 
angle; [Construction 
therefore the angle FCE is equal to the angle ACE, [Ax. 11. 
the less to the greater; which is impossible. 

Therefore F is not the centre of the circle 4 BC. 

In the same manner it may be shewn that no other point 

out of CA is the centre ; therefore the centre is in CA. 


Wherefore, if a str — line &c. Q.E.D. 


PROPOSITION 20. THEOREM. 

The angle at the centre of a circle is double of the angle 
at the circumference on the same base, that is, on the same 
arc. 

Let ABC be a circle, and BEC an angle at the centre, 
and BAC an angle at the circumference, which have the 
same arc, BC, for their base; the angle BEC shall be 
double of tho anglo BAC. 

Join AE, and produce it to F. 

First let the centre of the circle 
be within the angle BAC. 

Then, because EA is equal to 
EB, the angle EAB is equal to the 
angle HBA; [I. 5. 
therefore the angles FAB, EBA 
are double of the angle £4 B. 
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But the angle BE F'is equal to the angles HA B, EBA; (1.32. 
therefore the angle BEF is double of the angle ZAR, 

For the same reason the angle FEC is double of the 
angle EAC. 

Therefore the whole angle BEC is double of the whole 
angle BAC. 

Next, let the centre of the circle 
be without the angle BAC. 

Then it may be shewn, as inthe first 
case, that the angle FEC is double of 
the angle F40, and that the angle 
FEB,a part of the first,is double of 
the angle FAB, a part of the other; 
therefore the remaining angle BEC is 
double of the remaining angle BAC. 

Wherefore, the angle at the centre &c. QED, 





PROPOSITION 21. THEOREM, 


The angles in the same segment of a circle are equal to 
one another. 

Let ABCD bea circle, and BAD, BED angles in the 
same segment BAED: the angles BAD, BED shall be 
equal to one another. 

Take F the centre of the circle 

BCD. [II. 1. 

First let the segment BAED be 
greater than a semicircle. 

Join BF, DF. 

Then, because the angle BFD is 
at the centre, and the angle BAD is 
at the circumference, and that they 
have the same arc for their base, 
namely, BCD; 
therefore the angle BF'D is double of theangle B.A D.[111.20. 
ET a same reason the angle BFD is double of the angle 

ED. 





Therefore the angle BAD is equal to the angle BED. [Ax. 7. 
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Next, let the segment BAED be not greater than a 
semicircle. 

Draw AF to the centre, and pro- A E 
duce it to meet the circumference at — * 
C, and join CE. ZA 

Then the segment BAEC is 
greater than a semicircle, and there- 
fore the angles BAC, BEC im it, are 


equal, by the first case. Soo 
For the same reason, because the — 
segment CAED is greater than a 

semicircle, the angles CAD, CED are equal. 


Therefore the whole angle BAD is equal to the whole 
angle BED. [Axiom 2. 


Wherefore, the angles in the same segment &c. — Q.E.D. 










PROPOSITION 22. THEOREM. 


The opposite angles of any quadrilateral figure in- 
scribed in a circle are together equal to two right angles. 


Let ABCD be a quadrilateral figure inscribed in the 
circle ABCD: any two of its opposite angles shall be toge- 
ther equal to two right angles. 






Join AC, BD. D— c 
Then, because the three angles f A Nowe 
of every triangle are together f ^ Ss 
equal to two right angles, [I. 32. ae 
the three angles of the triangle | i Ja 
CAB, namely, CAB, ACB, ABC ^ 
are together equal to two right b ‘= 
angles. — 
But the angle CAB is equal to the angle CDB, because 
they are in the same segment CDAB; [EL 1. 2S 


and the angle ACB is equal to the angle ADB, because 
they are in the same segment 4DCB; 

therefore the two angles CAB, ACB are together equal 
to the whole angle 4 DC. [Axiom 2. 


To each of these equals add the angle ABC; 


ee eee eee 
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therefore the three angles CAB, ACB, ABC, are equal to 
the two angles ABC, ADC. 
But the angles CAB, ACB, ABC are together equal to 
two right angles ; [I. 32. 
therefore also the angles ABC, ADC are together equal to 
two right angles, 
In the same manner it may be shewn that the angles 
BAD, BCD are together equal to two right angles. 
Wherefore, the opposite angles &c. Q.E.D. 


PROPOSITION 23. THZOREM. 


On the same straight line, and on the same side of it, 
there cannot be two similar segments of cireles, not. coin- 
ciding with one another. 


If it be possible, on the same straight line AB, and on 
the same side of it, let there be two similar segments of 
circles ACB, ADB, not coinciding with one another. 

Then, because Le circle ACB n 
cuts the circle ADB at the two } 
points 4, B, they cannot cut one — 
another at any other point; [II1.10. s e^ 
therefore one of the segments l 3 
must fall within the other; let 
ACB fall within ADB; draw the 
straight line BCD, and join AC, AD. 

Then, because ACB, ADB are, by hypothesis, similar 
segments of circles, and that similar segments of circles 
contain equal angles, [III. Definition 11. 
therefore the angle ACB is equal to the angle ADB; 
that is, the exterior angle of the triangle ACD is equal to 
the interior and opposite angle; 
which is impossible. [L. 16. 


Wherefore, o» the same straigAt line &c. Q.E.D. 


n 
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PROPOSITION 24. THEOREM. 


Similar segments of circles on equal straight lines are 
equal to one another. 

Let AEB, CFD be similar segments of circles on the 
equal straight lines A B, CD: the segment AEB shall be 
equal to the segment CFD. 

For if the segment E. 


AEB be applied to ae 
the segment CFD, - 
so that the point A — ay fs 
may be on the point 
C, and the straight line AB on the straight line CD, the 
point B will coincide with the point Ď, because AB is 
equal to CD, 
Therefore, the straight line AB coinciding with the straight 
line CD, the segment AE must coincide with the seg- 
ment CFD; [III. 23. 
and is therefore equal to it. 

Wherefore, similar segments &c. Q.E.D. 


PROPOSITION 25. PROBLEM, 
A segment of a circle being given, to describe the circle 
of which it rs a segment. 


Let ABC bo the givensegment of a circle: it is required 
to describe the circle of which it is a segment. 





Bisect 4C at D ; [1. 10. 
from the point D draw DB at right angles to 4C; [I 11. 
and join AB. 

First, let the angles 4 B D, BAD, be equal to one another. 


Then DB is equal to DA ; [I. 6. 
but DA is equal to DC; [Construction. 
therefore D Z3 is equal to DC. [Axiom 1. 


7 
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Therefore the three straight lines D.4, DB, DC are allequal ; 
and therefore D is the centre of the circle. [III. 9, 
From the centre D, at the distance of any of the three 
DA, DB, DC, describe a circle; this will pass through 
the other points, and the circle of which ABC is a segment 
is described. 
And because the centre D is in AC, the segment ABC 
is a semicircle. . 
Next, let the angles ABD, BAD be not equal to one 
another. 
At the point 4, in the straight hne 4B, make the angle 
BAE equal to the angle ABD ; [1. 23. 
produce BD, if necessary, to meet AE at E, and join EC. 
Then, because the angle BAE is equal to the angle 


È, [Construction. 
EA is equal to EB. [I. 6. 
And because 4D is equal to CD, (Construction. 


and DE is common to the two triangles ADE, CDE; 


the two sides AD, DE are equal to the two sides CD, DE, 
each to each; 
and the angle ADE is equal to the angle CDE, for each of 











them is a right angle ; [ Construction. 

therefore the base EA is equal to the base EC. [I. 4. 
: But #A was shewn to be equal to EB; 

therefore ZB is equal to EC. [Axiom 1. 

Therefore the three straight lines £A, EB, EC'are all equal ; 

and therefore Æ is the centre of the circle. (III. 9. 


From the centre Æ, at the distance of any of the three 
EA, EBD, EC, describe a circle; this will pass through the 
other points, and the circle of which ABC is a segment is 
described. 

' And it is evident, that if the angle ABD be greater 
than the angle BAD, the centre Æ falls without the seg- 
ment ABC, which is therefore less than a semicircle ; but 
if the angle ABD be less than the angle BAD, the centre 

falls within the segment 4 BC, which is therefore greater 
‘than a semicircle. 

Wherefore, a segment of a circle being given, the circle 
as been described of which it is a segment. — Q.E.F. 
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PROPOSITION 26. THEOREM. 


In equal circles, equal angles stand on equal arcs, 
whether they be at the centres or circumferences. | | 


Let ABC, DEF be equal circles ; and let BGC, EHF 
be equal angles in them at their centres, and BAC, EDF | 
cqual angles at their circumferences: the are BAC shall 
be equal to the arc EL. / 





WZ 


/ * > cf 
M e 
Ko 


Join BC, EF. 
Then, because the circles ABC, DEF are equal, [Hyp. 
the straight lines from their ventres are equal; [ITI. Def. 1. 


therefore the two sides BG, GC are equal to the two sides 
EH, HF, each to cach ; 


and the angle at G is equal to the angle at 77 ; [Hypothesis. 
therefore the base BC is equal to the base EF. [T. 4. 

And because the angleat 4 isequalto the angle at D[ Hyp. 
thesegment JA Cissimilar tothe serment ED F; [1IL. Def.11. 
and they are on equal straight lines 2C, EF. 


But similar segments of circles on equal straight lines are 
equal to one another; [IIT. 24. 


therefore the segment BAC is equal to the segment EDF, 


But the whole circle ABC is equal to the whole cirel 
F; [Hypothesis 


therefore the remaining segment BAC is equal to the re- 
maining segment ELF ; [Axiom 


therefore the are BKC is equal to the are ELF. 
Wherefore, in equal circies &c. QED. 


ib. 


2. 
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PROPOSITION 27. THEOREM. 


In equal circles, the angles which stand on equal arcs 
are equal to one another, whether they be at the centres or 
circumferences, 


Let ABC, DEF be equal circles, and let the angles 
BGC, EHF at their centres, and the angles BAC, EDF 
at their circumferences, stand on equal arcs BC, EF: the 
angle BGC shall be equal to the angle EF, and the angle 
BAC equal to the angle EDF. 





If the angle BGC be equal to the angle EHF, it is 
manifest that the angle BAC is also equal to the angle 
EDF. [III. 20, Axiom 7. 
But, if not, one of them must be the greater. Let BGC be 
the greater, and at the point G,in the straight line BG, 
make the angle BGK equal to the angle FHL. [I. 23. 

Then, because the angle BGK is equal to the angle EHF, 
and that in equal circles equal angles stand on equal ares, 


when they are at the centres, [I1I. 26. 
therefore the arc BK is equal to the arc EF. 
But the are EF is equal to the are BC; [Hypothesis, 


therefore the arc BK is equal to the are BC, — [Axiom 1. 
the less to the greater; which is impossible. 


Therefore the angle BGC is not unequal to the angle EHF, 
that is, it is equal to it. 


And the angle at A is half of the angle BGC, and the ' 
angle at D is half of the angle EHF; (III. 20. 


therefore the angle at A is equal to the angle at D. [A4a. 7. 


Wherefore, in equal circles &c. Q.E.D. s 
—2 
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PROPOSITION 28. THEOREM. 


In equal circles, equal straight lines cut off equal ares, 
nd greater equal to the greater, and the less equal to the 
e838, 


Let ABC, DEF be equal circles, and BC, EF equal 
straight lines in them, which cut off the two greater arcs 
BAU, EDF, and the two less arcs BGC, EHF: the 
greater arc BAC shall be equal to the greater arc EDF, 
and the less are BGC equal to the less arc EHF. 


A D 
"T ! } p 
K [c 
— — 
o da 
Take E, L, the centres of the circles, (LT 
and join BK, AC, EL, LF. 
Then, because the circles are equal, [Hypothesis. 


the straight lines from their centres are equal; [III. Def. 1. 


therefore the two sides BK, KC are equal to the two sides 
EL, LF, each to each ; 


and the base BC is equal to the base EF’; [JTypothesis. 
therefore the angle BAC is equal to the angle EL. [I. 8. 


Dut in equal circles equal angles stand on equal ares, when 
they are at the centres, [IDE 26; 


therefore the arc BGC is equal to the are LHF. 


But the circumference 4 BGC is equal to the circum- 
ference DEHF; [JI ypothesis. 


therefore the remaining arc BAC is equal to the remaining 
arc EDF. [Axiom 3. 


eae equal circles &. QED. 





| 
: 
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PROPOSITION 29; THEOREM. 


In equal circles, equal wrzs Grs subiended- bg equa! 
straight lines. 


Let ABC, DEF be equal circles, and let BGC, FHF 
be equal arcs in them, and join BC, EF: the straight line 
SC shall be equal to the straight line FF. 





Take K, Z, the centres of the circles, pire 1. 
and join BK, KC, EL, LF, 

Then, because the arc BGC is equal to the arc 
EHF, [ Hypothesis. 
the angle BKC is equal to the angle ELF. [IT 28 


And because the circles 4 2C, DEF are equal, [Zypothesis. 
the straight lines from their centres are equal; [III. Def. 1. 


therefore tho two sides AK, AC are equal to the two sides 
EL, LF, each to each ; 


and they contain equal angles; 
therefore the base BC is equal to the base EF. [T. 4, 
Wherefore, in equal circles &e. Q.E.D. 


PROPOSITION 30. PROBLEM. 


To bisect a given arc, that is, to divide it into two equal 
parts. 
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Let ADB be the given arc: it is required to bisect it. 
i Join AB; 
bijeetjtob C 5. : (1.10: 
fróm thé poiht C draw CD at 
right angles to AB meeting 
the are at D. [I. 11. 


The arc A DB shall be bisected 
at the point D. 


Join AD, DB. 
Then, because AC is equal to CB, [Construction. 
and CD is common to the two triangles ACD, BCD; 


the two sides AC, CD are equal to the two sides BC, CD, 
cach to each ; 


and the angle ACD is equal to the angle BCD, because 
cach of them is a right angle ; [ Construction. 


therefore the base AD is equal to the base BD. [I. 4. 


But equal straight lines cut off equal arcs, the greater 
equal to the greater, and the less equal to the less ; [III. 28. 


and each of the arcs AD, DB is less than a semi-circum- 
ference, because DC, if produced, is a diameter ; [ILI. 1. Cor. 


therefore the arc 4D is equal to the arc DB. 





Wherefore the given arc is bisected at D.  Q.E.F. 


PROPOSITION 31. THEOREM. 


In a circle the angle in a semicircle is a right angle; 
but the angle in a segment greater than a semicircle is less 
than a right angle; and the angle in a segment less than 
a semicircle is greater than a right angle. 


Let ABCD be a circle, of which BC isa diameter 
and E the centre; and draw CA, dividing the circle into 
the segments ABC, ADC, and join BA, AD, DC: the 
angle in the semicircle BAC shall be a right angle; but 
the angle in the segment ABC, which is greater than a 


) 
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semicircle, shall be less than a y 
right angle; and the angle in 
the segment ADC, which is less 
than a semicircle, shall be greater 


WL 
than a right angle. | d TAD 
Join A E,and produce BA to F, [/ \ 
[2 220 A l C 


Then, because E.A is equal to B k 
EB, [I. Definition 15. 
the angle EAB is equal to the 
angle HBA; [I. 5. 


and, because EA is equal to EC, 
the angle ZAC is equal to the angle ECA; 


therefore the whole angle BAC is equal to the two angles, 





ABC, ACB. [Axiom 2. 
But F'AC,the exterior angle of the triangle ABC, is equal 
to the two angles ABC, ACB; [I. 32. 
therefore the angle BAC is equal to the angle ZAC, [Aa. 1. 
and therefore each of them is a right angle. [T. Def. 10. 


Therefore the angle in a semicircle BAC is a right angle. 

And because the two angles ABC, BAC, of the triangle 
ABC, are together less than two right angles, BE. 17 
and that BAC has been shewn to be a right angle, 
therefore the angle ABC is less than a right angle. 
Therefore the angle in a segment ABC, greater than a 
semicircle, is less than a right angle. 


And because A BCD is a quadrilateral figure in a circle, 
any two of its opposite angles are together equal to two 
right angles; [III. 22. 
therefore the angles ABC, ADC are together equal to two 
right angles. 

But the angle ABC has been shewn to be less than a right 
angle; 
therefore the angle 4 DC is greater than a right angle. 
Therefore the angle in a segment Æ DC, less than a semi- 
circle, is greater than a right angle. 

+ Wherefore, the angle &e. Q.E.D, 
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COROLLARY. From the demonstration it is manifest 
that if one angle of a triangle be equal to the other two, it 
is a right angle. 

For the angle adjacent to it is equal ‘to the samo two 


angles ; [L 2m 
and when the adjacent angles are equal, they are right 
angles. [I. Definition 10. 


PROPOSITION 32. THEOREM. 


Jf a straight line touch a circle, and from the point of 
contact a straight line be drawn cutting the circle, the 
angles which this line makes with the line touching the 
circle shall be equal to the angles which are in the alternate 
segments of the circle. 

Let the straight line EF’ touch the circle ABCD at 
the point B, and from the point B let the straight line BD 
be drawn, cutting the circle: the angles which BD makes 
with the touching line £F, shall be equal to the angles in 
the alternate segments of the circle; that is, the angle 
DBF shall be equal to the angle in the segment BAD, 
and the angle DBE shall be equal to the angle in the seg- 
ment BCD. 


From the point B draw BA 
at right angles to EF, [I. 11. 


and take any point C in the. 
n BD, and join AD, DC, 
B. 


Then, because the straight 
line LF touches the circle 
ABCD at the point B, [Hyp. 
and BA is drawn at right 
angles to the touching line 





from the point of contact B, [ Construction. 
therefore the centre of the circle is in BA. (III. 19. 
Therefore the angle ADJ, being in a semicircle, is a right 
angle. [III. 81. 
Therefore the other two angles BAD, ABD aro equal to a 
right angle. [I. 32. 


But ALF is also a right angle. [Consiruction. 
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Therefore the angle ABF is equal to the angles BAD, 
ABD. 
From each of these equals take away the common angle 
ABD; 
therefore the remaining angle DBF is equal to the remain- 
ing angle BAD, [Axiom 3. 
which is in the alternate segment of the circle. 

And because 4 BCD is a quadrilateral figure in a circle, 
the opposite angles BAD, BUD are together equal to two 


right angles. [III. 22. 
But the angles DBF, DBE are together equal to two 
right angles, [I. 183 


Therefore the angles DBF, DBE are together equal to the 
angles BAD, BUD. 
El. angle DBF has been shewn equal to the angle 
therefore the remaining angle DBE is equal to the re- 
maining angle BCD, [Axiom 3. 
which is in the alternate segment of the circle. 

Wherefore, if a straight line &c. Q.E.D. 


PROPOSITION 38. PROBLEM. 


On a given straight line to describe a segment of a 
circle, containing an angle equal to a given rectilineal 
angle. 


Let AB be the given straight lino, and C the given 
rectilineal angle: it is required to describe, on the given 
straight line 4 B, a segment of a circle containing an angle 
equal to the angle C. 


First, let the angle C —— Jf 


bea right angle. C 2 E AN 
Bisect AB at F, [L 10. / —— \\ 
and from the centre F, at y v 
the distance FB, describo A b i 
the semicircle AHB. 

Then the angle AHB 
in a semicircle is equal to the right angle C. [III. 31. 
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But if the angle C be 
not a right angle, at the 
point A, in the straight line 
AD, make the angle BAD 
equal to the angle C;[I. 23. 
from the point 4, draw 4E 
at right angles to 4.D;[I.11. 
bisect AB at F; [I. 10. 
from the point F, draw FG 
at right angles to A B; [I. 11. 


and join GB. 
Then, becauso 4 is 
equal to BF, { Const. 


and FG is common to the 
two triangles A FG, BFG; 


the two sides AF, F'G are 
equal to the two sides 
BF, FG, each to each ; 


and the angle AFG is 
equal to the angle BFG ; [I. Definition 10, 


therefore the base AG is equal to the base BG; [I. 4. 


and therefore the circle described from the centre G, at the 
distance GA, will pass through the point B. 


Let this circle be described; and let it be AHB. 


The segment AHB shall contain an angle equal to the 
given rectilineal angle C. 


Because from the point 4, the extremity of the diameter 
AE, AD is drawn at right angles to AZ, [Construction. 


therefore AD touches the circle, [III 16. Corollary. 


And because AZ is drawn from the point of contact A, 
the angle DAB is equal to the angle in the alternate 








segment AHDB. [III 32. 
But the angle DAB is equal to the angle C. [Constr. 
Therefore the angle in the segment AHB is equal to the 
angle C. l [Axiom 1. 


Wherefore, on the given straight line AB, the segment 
AHB of a circle has been described, containing an angle 
equal to the given angle C. Q.E.F. 
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PROPOSITION 34. PROBLEM. 


From a given circle to cut off a segment containing an 
angle equal to a given rectilineal angle. 


Let ABC be the given circle, and P the given recti- 
lineal angle: it is required to cut off from the circle ABC 
a segment containing an angle equal to the angle D. 


Draw the straight 
line EF touching the 
circle ABC at the 
point B; BEBE. 17. 
and at the point B,in the 
straight line BF, make 
the angle FBC equal 
to the angle D. [I. 23. 





Thesegment BAC shall 
contain an angle equal 
to the angle D. 

Because the straight line £7 touches the circle ABO, 
and BC is drawn from the point of contact B, [Constr. 
therefore the angle FBC is equal to the angle in the 
alternate segment BAC of the circle. [III. 32. 


But the angle FBC is equal to the angle D. — [Construction. 


Therefore the angle in the segment BAC is equal to the 
angle D. [Axiom 1. 


Wherefore, from the given circle ABO, the segment 
BAC has been cut of, containing an angle equal to the 
given angle D. Q.E.F. 


PROPOSITION 35. THEOREM. 


If two straight lines cut one another within a circle, 
the rectangle contained by the segments of one of them 
shall be equal to the rectangle contained by the segments 
of the other. 
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Let the two straight lines 4C, BD cut one another at 
the point E, within the circle ABCD: the rectangle con- 
tained by A E, EC shall be equal to 


iherectangle contained by BE, ED. — 
If ACand BD both passthrough i er 
the centre, so that E is the centre, nb. S 
it is evident, since EA, EP, EC, b aai 
ED are all equal, that the rect- i Y 


angle A E, EC is equal to the rect- 
angle BE; ED. 


But let one of them, BD, pass through the centre, and 
cut the other 4C, which does not pass through the centre, 
at right angles, at the point Æ. 
Then, if BD be bisected at F, F 
is the centre of the circle ABCD; 
join AF. 

Then, because the straight 
line BD which passes through 
the centre, cuts the straight line 
AC, which does not pass through 
the centre, at right angles at the 
point .£, [ Hypothesis. 
AE is equal to EC. [IĦI. 3. 


And because the straight line BD is divided into two 
equal parts at the point F, and into two unequal parts at 
the point Æ, the rectangle BE, ED, together with the 
square on EF, is equal to the square on FB, [II. 5. 
that is, to the square on AF, 


But the square on A Fis equal tothe squares on AE, EF.M.47. 


Therefore the rectangle BE, ED, together with the squaro 
on EF, is equal to the squares on AE, EF. [Axiom 1. 
Take away the common square on EF; 

then the remaining rectangle BE, ED, is equal to the 


remaining square on A E, 
that is, to the rectangle AZ, EC. 


Next, let BD, which passes through the centre, cut 
the other AC, which does not pass through the centre, 
at the point #, but not at right angles, Then, if BD 
be bisected at F, F is the centro of the circle ABCD; 
join AF, and from F draw FG perpendicular to AC. [I. 12. 
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Then AG is equal to GC; [IIL 3. 
therefore the rectangle AZ, EC, 
_ together with the square on ZG, is 
equal to the square on 4G. (II. 5. 
To each of these equals add the 
square on GF’; 
then the rectangle AZ, EC, to- M 
gether with the squares on EG, Pd JB 
GF, is equal to the squares on — 
F. [Axiom 2, 





H ? 
But the squares on ZG, GF are equal to the square on 
“kT 5 
and the squares on AG, GF are equal to the square on 
[I. 47. 
Therefore the rectangle AE, EC, together with the square 
—on ZF, is equal to the square on AF, 


that is, to the square on FB. 
But the square on FB is equal to the rectangle BE, ED, 
` together with the square on EF. [II. 5. 
Therefore the rectangle AE, EC, together with the square 
on EF, is equal to the rectangle BE, ED, together with 
\ the square on EF. 
Take away the common square on EF’; 
then the remaining rectangle AE, ZC is equal to the 
remaining rectangle BE, ED. [Axiom 3. 
Lastly, let neither of the straight lines AC, BD pass 
through the centre. 








i Take the centre F, [MIL 1. ge v 
and through Æ, the intersection i S 
of the straight lines AC, BD, yD 
| draw the diameter GEFH. P /) 
Then, as has been shewn, E, 
the rectangle GE, EH is equal A / SZ 9 
to the rectangle AZ, EC, and oe 


also to the rectangle BE, ED; 


_ therefore the rectangle 4 Z, EC i 
is equal to the rectangle BE, ED. » [Axiom 1. 


Wherefore, {f two straight lines &e. Q.E.D. 
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PROPOSITION 36. THEOREM. 


If from any point without a circle two straight line 
be drawn, one of which cuts the circle, and the other 
touches it; the rectangle contained by the whole line which 
cuts the circle, and the part of it without the circle, shall” 
be equal to the square on the line which touches it. 


Let D be any point without the circle ABC, and let 
DCA, DB be two straight lines drawn from it, of which 
DCA cuts the circle and DB touches it: the rectangle 
A D, DC shall be equal to the square on DB. 


First, let DCA pass through 
the centre E, and join £B. 
Then #BD isa right angle. {III 18. 
And because the straight line AC 
is bisected at .E, and produced to 
D, the rectangle 4 D, DC together 
with the square on EC is equal to 
the square on ED. [LI. 6. 
But EC is equal to EB; 
therefore the rectangle AD, DC 
together with the square on £B is 
equal to the square on ED. 


But the squareon E D is equal to the 
squares on LB, BD, because EBD is a right angle. {I. 47. 


Therefore the rectangle AD, DC, together with the square 
on EJ is equal to the squares on EB, BD. 


Take away the common square on EB; 


then the remaining rectangle 4D, DC is equal to the 
square on DB. [Axiom 3. 

Next let DCA not pass through the centre of the circle 
ABC; take the centre Z; [LLL. dd 
from E draw EF perpendicular to AC; [T. 2j 
and join ZB, EC, ED. i 

Then, because the straight line EF which passes throug! 


the centre, cuts the straight line 4C, which does not pas 
through the centre, at right angles, it also bisects it; [III.3. 


therefore A F is equal to FC. 
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And because the straight line AC is bisected at F, and 
produced to D, the rectangle AD, DC, together with the 
square on FC, is equal to the square on FD. [1I. 6. 
To each of these equals add the square on FE. 

Therefore the rectangle 4D, DC 
together with the squares on 
CF, FE, is equal to the squares 

on DF, FL. [Axiom 2. 

But the squares on CF, FE are 

equal to the square on CE, be- 

cause CFE isa right angle; [I. 47. 

and the squares on DF, FE are 
' equal to the square on DE. 
Therefore the rectangle AD, DC, 
' together with the square on CZ, 

is equal to the square on DE. ~~ SS 

But CE is equal to BE; 
|. therefore the rectangle 4 D, DC, together with the square 

on LE, is equal to the square on DE. 

But the square on DE is equal to the squares on DB, 
BE, because EBD is a right angle. [L. 47. 
Therefore the rectangle AD, DO, together with the square 

on BE, is equal to the squares on DB, BE. 

. Take away the common square on BE; 

then the remaining rectangle 4D, DC is equal to the 
square on DB. [Axiom 3. 


Wherefore, if from any point &c. Q.E.D. 





















COROLLARY. If from any point 
without a circle, there be drawn 
two straight lines cutting it, as 
AB, AC, the rectangles contained 
by the whole lines and the parts 
of them without the circles are 
equal to one another; namely, the 
rectangle BA, AE is equal to the 
rectangle CA, AF’; for each of 
them is equal to the square on the 
straight line 4D, which touches 
‘the circle. 
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PROPOSITION 37. THEOREM. 


Jf from any point without a circle there be drawn two 
straight lines, one of which cuts the circle, and the other 
meets it, and vf the rectangle contained by the whole line 
which cuts the circle, and the part of tt without the circle, 
be equal to the square on the line which meets the circle, 
the line which meets the circle shall touch it. 

Let any point D be taken without the circle ABC, 
and from ıt let two straight lines DCA, DB be drawn,- 
of which DCA cuts the circle, and DB meets it; and let 
the rectangle AD, DC be equal to the square on DB: - 
DB shall touch the circle. u 

Draw the straight line DE, 
touching the circle ABC; [1II. 17. 
find F the centre, [HL 1. 
and join FB, FD, FE. / 

Then the angle FED is a LS 
right angle. [III. 18, n^ 
And because DE touches the | ~ 


circle ABC, and DCA cuts it, ML f 
the rectangle AD, DC is equal ' 

to the square on DE.  [III. 36. ) | 

But the rectangle AD, DC is NC , 
equal to the square on DB. [ Hyp. A 
Thereforethesquareon D Eisequaltothesquarc on.D 7 ;(Az.1. 
teens the straight line DE is equal to the straight line 





And EF is equal to BF; MEL n 


therefore the two sides DE, EF are equal to the two sides 
DB, BF each to each ; 


and the base DF is common to the twotriangles DEF, DBFE; | 
therefore the angle DEF is equal to the angle DBF. [L 8. 1 
But DEF is a right angle ; [Construction. 
therefore also DBF is a right angle. 


And BF, if produced, is a diameter; and the straight line | 
which is drawn at right angles to a diameter from the 
extremity of it touches the circle ; [III. 16. Corollary. 
therefore DB touches the circle ABC. 


Wherefore, ¢from a point &c. Q.E.D. 


BOOK IV. 


DEFINITIONS. 


1, A RECTILINEAL figure is said 
to be inscribed in another rectilineal 
figure, when all the angles of the in- 
scribed figure are on the sides of the 
m in which it is inscribed, each on 
each. 


2. In like manner, a figure is said 
to be described about another figure, 
when all the sides of the circumscribed 
figure pass through the angular points 
of the figure about which it is de- 
scribed, each through each. 


3. <A rectilineal figure is said to 
be inscribed in a circle, when all the 
angles of the inscribed figure are on 
the circumference of the circle. 


4. A rectilineal figure is said to be 
described about a circle, When each 
side of the circumscribed figure touches 
the circumference of the circle. 


' 5. In like manner, a circle is said 

to be inscribed in a rectilineal figure, 
hen the circumference of the circle 
uches each side of the figure. 
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6. Acircle is said to be described 


about a rectilineal figure, when the cir- / 1 
cumference of the circle passes through 
all the angular points of the figure about 
which it is described. 
‘~~, ee 


7. A straight line is said to be 
placed in a circle, when the extremities 
of it are in the circumference of the 
circle. 


PROPOSITION 1. PROBLEM. 


In a given circle, to place a straight line, equal to a 
givon straight line, which is not greater than the diameter 
of the circle. 


Let ABC be the given circle, and D the given straight 
line, not greater than the diameter of the circle: it is 
— to place in the circle ABC, a straight line equal 
to D. 

Draw BC, a diameter of 
the circle ABC. 

Then, if BC is equal to D, : 
the thing required is done ; for o mE 
in the circle ABC, a straight 
line is placed equal to D. 
But, if it is not, BC is greater 
than D. [ Hypothesis, 
Make CE equal to D, [I. 33 
and from the centre C, at the distance CZ, describe the 
circle A EF, and join CA. 

Then, because C is the centre of the circle AZ. 
CA is equal to CE; [I. Definition 15 
but CE is equal to D; [Construction 
therefore CA is equal to D. [Axiom 1. 

Wherefore, in the circle ABC, a straight line CA i 
placed equal to the given straight line D, which is n 
greater than the diameter of the circle. | Q.E.F. 
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PROPOSITION 2. PROBLEM. 


In a given circle, to inscribe a triangle equiangular to 
a given triangle. 

Let ABC be the given circle, and DEF the given 
triangle: it is required to inscribe in the circle ABC a 
triangle equiangular to the triangle DEF. 


Draw the straight 
line GAZ touching G. 
the circle at the point 


— 


4; Bui I7. T DE 

at the point A, in the D * T NN H 
straight line 4H, make ^ f oath 

the angle 774 C equal to "d N LA 








theangle DEZ;[L23. E ELS C 

and, at the point 4, in ae * 

the straight line AG, = 

' make the angle GAB 

equal to the angle DFE; 

and join BC. ABC shall be the triangle required. 
Because GAH touches the circle ABC, and AC is 


drawn from the point of contact A, [Construction. 
therefore the angle 7744€ is equal to the angle 4 BC in the 
alternate segment of the circle. [IIE 92 


But the angle HAC is equal to the angle DEF. X [Constr. 

Therefore the angle ABC is equal to the angle DEF. [4z. 1. 
For the same reason the angle ACB is equal to the 

angle DFE. 

Therefore the remaining angle BAC is equal to the re- 

maining angle EDF. [I. 82, Axioms 11 and 3. 
Wherefore the triangle ABC is equiangular to the tri- 

angle DEF, and tt is inscribed in the circle ABC.  Q.E.v. 


PROPOSITION 3, PROBLEM, 


About a given cirele, to describe a triangle equiangular 
to a given triangle. 
8—2 
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Let ABC be the given circle, and DEF the given tri- 
angle : it is required to describe a triangle about the circle 
A BC, equiangular to the triangle DEF. 


Pu EF both n 
ways to the points N D 
/ N ^ 


G, H; iake K the | d 


H 


centre of the circle 
DC; [III. 1. 


EN A N 
from A draw any | » “ae F 
radius KB; N- — 

at the point K, in ^ | | 

the straight line K 5, | Ada ae 

maketheangle AK 4 ——.— —31—— —— — 

equal to the angle 

DEG, and the angle BKC equal to the angle DFH; [E 23. 


and through the points A, B, C, draw the straight lines 
LAM, MBN, NCE, touching the circle ABC. _—_[{IIl. 17. 


LMN shall be the triangle required. 

Because LM, MN, NZ touch the circle ABC at the 
points A, B, C, [Construction. 
to which from the centre are drawn KA, KB, KC, 
thereforetheangles atthepoints.A,Z,Carerightangles.[ITT.18. 
And because the four angles of the quadrilateral figure 
AMBK are together equal to four right angles, 
for it can be divided into two triangles, 
and that two of them KAM, KBM are right angles, 
therefore the other two AKB, AMB are together equal 
to two right angles. [Axiom 3. 
But the angles DEG, DEF are together cqual to two 
right angles. [I. 13. 
Therefore the angles AKB, AMB are equal to the angles 
DEG, DEF; 
of which the angle A XB is equal to the angle DEG ; [Constr. 
therefore the remaining angle AMB is cqual to the re- 
maining angle DEF’. [Axiom 3. 

In the same manner the angle LNM may be shewn to be — 
equal to the angle DFE., 


Therefore the remaining angle MLN is equal to the 
remaining angle EDF. [I. 32, Azioms 11 and 8 





f 
i 
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Wherefore the triangle LMN is equiangular to the tri- 
angle DEF, and it is described about the circle A BC. Q.x.r. 


PROPOSITION 4. PROBLEM, 
To inscribe a circle in a given triangle. 


Let 4 BC be the given triangle: it is required to inscribe 
a circle in the triangle 4 BC. 

Bisect the angles ABC, ACB, 
by the straight lines BD, CD, A 
meeting one another at the point IN 
D; [I. 9. i 
and from D draw DE, DF, DG per- 
pendieulars to 4.5, BC, C A. [T. 12. 

Then, because the angle EBD 
is equal to the angle FBD, for 
the angle ABC is bisected by 
BD, { Construction. 
and that the right angle BED is ; 
equal to the right angle BFD; [datom 11. 
therefore the two triangles EBD, FBD have two angles 
of the one equal to two angles of the other, each to each; 
and the side BD, which is opposite to one of the equal 
angles in each, is common to both; 
therefore their other sides are equal ; [I. 26. 
therefore DE is equal to DF. 

For the same reason DG is equal to DF. 
Therefore DE is equal to DG. [Aztom 1. 


Therefore the three straight lines DE, DF, DG ate equal 


d 





! to one another, and the circle described from the centre D, 


at the distance of any one of them, will pass through the 
extremities of the other two; 

and it will touch the straight lines 42, BC, CA, because 
the angles at the points E, F, Œ are right angles, and the 
straight line which is drawn from the extremity of a dia- 
meter, at right angles to it, touches the circle. [III. 16. Cor. 
Therefore the straight lines 4B, BC, CA do each of them 
touch the circle, and therefore the circle is inscribed in the 
triangle ABC. 


Wherefore a circle has been inscribed in the given 
triangle. Q.E.F. 
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PROPOSITION 5. PROBLEM. 
To describe a circle about a given triangle. 


Let ABC bo the given triangle: it is required to de- 
scribe a circle about ABC. 


—— A 7. “=, 

/ A N "f \ NE \ 
Dé | AE f —⸗ 
& PN — j^ 
t j 

c : * 


as —À 
Bisect AB, AC at the points D, E; 
from these points draw DF, EF, at right angles to 
AB, AC; I1. 0. 
DF, EF, produced, will meet one another ; 
for if they do not meet they aro parallel, 
therefore AB, AC, which are at right angles to them are 
parallel ; which is absurd: 
let them meet at F, and join FA; also if the point F be 
not in BC, join BF, CF. 

Then, because 4D is equal to BD, [Construction. 
and DF is common, and at right angles to AB, 
therefore the base FA is equal to the base FB. [I. 4, 
In the same manner it may be shewn that FC is equal to FA. 
Therefore ZZ is equal to FC; [Axiom 1. 
aud ZA, FB, FC are equal to one another. 
Therefore the circle described from the centre F, at the 
distance of any one of them, will pass through the extre- 
mities of the other two, and will be described about the 
triangle ABC. I 

Wherefore a circle has been described about the 
given triangle. QE.F. 

ComoLLARY. And it is manifest, that when the centr 
of the circle falls within the triangle, each of its angles 1 
less than a right angle, each of them being in a segmen 
greater than a semicircle ; and when the centre is in on 
of the sides of the triangle, the angle opposite to this side 
being in a semicircle, is a right angle; and when the centre 
l i 


B 
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falls without the triangle, the angle opposite to the side 
beyond which it is, being in a segment less than a semi- 
circle, is greater than a right angle. DID WE 

Therefore, conversely, if the given triangle be acute- 
angled, the centre of the circle falls within it; if it be a 
right-angled triangle, the centre is in the side opposite to 
the right angle; and if it be an obtuse-angled triangle, the 
centre falls without the triangle, beyond the side opposite 
to the obtuse anglo. 


PROPOSITION 6. PROBLEM. 
To inscribe a square in a given circle. 
Let ABCD be the given circle: it is required to in- 


scribe a square in ABCD. 

Draw two diameters AC, BD 
of the circle 4 BCD, at right an- 
gles to one another ; [III. 1, I. 11. 
and join AB, BC, CD, DA. 
The figure ABCD shall be the 
square required. 

Because BE is equal to DE, 
for E is the centre; 
and that “A is commen, and at 
right angles to BD; 
therefore the base BA is equal to the base DA. FT. 4, 
And for the same reason BC, DC are each of them equal 
to BA, or DA. 

Therefore the quadrilateral figure 4 BCD is equilateral. 

It is also rectangular, 

For the straight line BD being a diameter of the circle 
ABCD, BAD is a semicircle; [ Construction. - 
therefore tho angle BAD is a right angle. [III. 31. 
For the same reason each of the angles ABC, BCD, CDA 
is a right angle; 
therefore the quadrilateral figure 4 BCD is rectangular. 

And it has been shewn to be equilateral ; therefore it is 
a square. 


_ Wherefore @ square has been inscribed in the given 
circle. Q.E.F. 
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PROPOSITION 7. PROBLEM. 
To describe a square about a given circle. 
Let ABCD be the given circle: it is required to 


describe a square about it. 


Draw two diameters AC, BD 
of the circle ABCD, at right an- 
gles to one another; [III. 1, I. 11. 
and through the points A, B, C, D, 
draw FG, GH, HK, AF touching 
the circle. [ELT 17. 


The figure GHKF shall bo tho 
square required. 


Because FG touches the circle ABCD, and FA is drawn 
from the centre Æ to the point of contact A, [Construction. 


therefore the angles at A are right angles. [III. 18. 


For the same reason the angles at the points 2, C, D aro 
right angles. 


And because the angle AFB is a right angle, [Construction. 
and also the angle EG is a right angle, 

therefore GH is parallel to AC. [I. 28. 
For the same reason AC is parallel to FA. > 


In the same manner it may be shewn that each of the 
lines GF, ZX is parallel to BD. 


Therefore the figures GK, GC, CF, FB, BK are parallelo- 
grams; 


and therefore GF is equal to HK, and GH to FK. [I. 34. 
And because AC is equal to BD, 
and that AC is equal to each of the two GH, IK, 
and that BD is equal to cach of the two GF, HK, 
therefore GH, FK arc each of them equal to GF, or HK; 
therefore the quadrilateral figure FG/K is equilateral. 
It is also rectangular. 
For since A £BG is a parallelogram, and AEB aright angle, 
therefore AGB is also a right angle. [1. 34. 


In the same manner it may bo shewn that the angles at 
I1, K, F arc right angles; 
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therefore the quadrilateral figure FGHK is rectangular. 
_ And it has been shewn to be equilateral; therefore it 
is a square. 

Wherefore a square has been described about the given 
circle. Q.E.F. 


PROPOSITION 8. PROBLEM. 
To inscribe a circle in a given square. 

Let ABCD be the given square: it is required to in- 
scribe a circle in ABCD. 

Bisect each of the sides AB, 
AD at the points Fj #; [IL 10. 
through # draw EH parallel to 
AB or DC, and through F draw 
FK parallel to AD or BC. [I. 31. 

Then each of the figures 4K, 
KB, AH, HD, AG, GU, BG, GD 
is a right-angled parallelogram ; 





and their opposite sides are equal. [I. 34. 
And because AD is equal to AB, [I. Definition 30. 
and that AZ is half of 4D, and AF half of 43, — [Constr. 


therefore AZ is equal to AF. [Axiom 7. 
Therefore the sides opposite to these are equal, namely, 
FG equal to GE. [I. 34 

In the same manner it may be shewn that the straight 
lines GH, GK are each of them equal to FG or GE. 
Therefore the four straight lines GE, GF, GH, GK aro 
equal to one another, and the circle described from the 
centre G, at the distance of any one of them, will pass 
' through the extremities of the other three ; 
and it will touch the straight lines 4B, BC, CD, DA, 
because the angles at the points E, F, H, K are right 
angles, and the straight line which is drawn from the 
extremity of a diameter, at right angles to it, touches 
the circle. [III. 16. Corollary. 

Therefore the straight lines 4B, BC, CD, DA do each 
of them touch the circle. 

Wherefore a circle has been inscribed in the given 
square. Q.E.F. 





re — m 
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PROPOSITION 9. PROBLEM. 
To describe a circle about a given square. 
Let ABCD be the given square: it is required to 


describe a circle about ABCD, 


Join AC, ‘BD, cutting one an- 
other at Æ. 

Then, because AB is equal to 

3 


and AC is common to the two tri- 
angles BAC, DAC; 


the two sides B.A, AC are equal to 
the two sides DA, AC each to each; 


and the base BC is equal to the base DC; 
therefore the angle BAC is equal to the angle DAC, [I. 8. 
and the angle BAD is bisected by the straight line AC. 


In the same manner it may be shewn that the angles 
ABC, BCD, CDA are severally bisected by the straight 
lines BD, AC. 


Then, because the angle DA B is equal to the angle ABC, 
and that the angle FAB is half the angle DAD, 
and the angle EBA is half the angle ABC, 





therefore the angle EAB is equal to the angle 34A ; [Az. 7. | 


and therefore the side EA is equal to the side ED.  [I. 6. 

In the same manner it may be shewn that the straight 
lines EC, ED are each of them equal to EA or EB. 
Wherefore the four straight lines EA, EB, EC, ED are 
equal to one another, and the circle described from the 
centre Æ, at the distance of any one of them, will pass 
through the extremities of the other three, and will be 
described about the square 4 BCD. 

Wherefore a circle has been described about the given 
square, QE.F. 


PROPOSITION 10. PROBLEM. 


To describe an isosceles triangle, having each of the 


angles at the base double of the third angle. 
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Take any straight line 
AB, and divide it at the 
point C, so that the rectan- 
gle AB, BC may be equal 
to the square on AC; [II.11. 


from the centre A, at the 
distance AB, describe the 

circle BDE, in which place 

the straight line BD equal \ 
to AC, which is not greater J 
than the diameter of the d 
circle BDE; ID Ve. De 
and join DA. The triangle 
ABD shall be such as is re- 
quired; that is, each of the angles ABD, ADB shall be 
double of the third angle BAD. 


Join DC; and about the triangle ACD describe the 





circle ACD. [IV. 5. 

Then, because the rectangle 4B, BC is equal to the 
square on AC, [Construction. 
and that AC is equal to BD, [Construction. 


therefore the rectangle AB, BC is equal to the square 
on BD. 


And, because from the point B, without the circle ACD, 
two straight lines BCA, BD are drawn to the circumference, 
one of which cuts the circle, and the other meets it, 


and that the rectangle AB, BC, contained by the whole of 

the cutting line, and the part of it without the circle, is 

equal to the square on ZD which meets it; 

therefore the straight line BD touches the circle 4 CD. [I11.37. 
And, because ZD touches the circle ACD, and DC is 

drawn from the point of contact D, 

therefore the angle BDC is equal to the angle DAC in the 

alternate segment of the circle. [I1I. 82, 

To each of these add the angle CDA; 

therefore the whole angle BDA is equal to the two angles 

CDA, DAC. [Axiam 2. 


But the exterior angle BCD is equal to the angles CDA 
DAC. [I. 32. 
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Therefore the angle BDA is E 
equaltotheangle C D. [Az.1. — 
But the angle BDA is equal OM 
to the angle DBA, [I. 5. 
because 4D isequalto 4B. — | : 
Therefore each of the angles — | —— 
BDA, DBA, is equal to the AN | | 
angle BCD. [Axiom 6. / \ A : 

VA 

J 5 i 


And, because the angle ’ y | 
DBC is equal to the angle & ~\ 4 


BCD, the side DB is equal M 
to the side DC; [I. 6. Bia d 

but DB was made equal to CA ; 

therefore CA is equal to CD, [Axton : 
and therefore the angle CA D is equal to the angle CD A. [1.7 


Therefore the angles CAD, CDA are together doubl 
the angle CAD. 


But the angle BCD is equal to the angles CAD, CDAM. 
Therefore the angle BCD is double of the angle CAD. 
And the angle BCD has been shewn to be equal to eath 
of the angles BDA, DBA; 
therefore each of the angles BDA, DBA is double of the 
angle BAD. 

Wherefore an isosceles triangle has been described, / 
having each of the angies at the base double of the third 
angle. Q.E.F. 













PROPOSITION 11. PROBLEM. è 


To inscribe an equilateral and equiangular pentagon 
in a giren circle. 


Let ABCDE be the given circle: it is required to 
inscribe an equilateral and equiangular pentagon in th 
circle ABCDE. 

Describe an isosceles triangle, FGH, having each 
the angles at G, H, double of the angle at 7’; [IV. 10. 
in the circle ABCDE, inscribe the triangle ACD, equian- 
gular to the triangle FGH, so that the angle CAD may 
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be equal to the angle at F, and each of the angles ACD, 


4 0€ equal to the angle at G or H; [1V. 2. 
$ . therefore each of 

" — angles 4C D, A DC is e. 

do«cle of the angle CA D ; p — —— 
bisect the angles ACD, 


— \ J 
lins CE, DB;  [L9. | | ST — 
and’ join AB, BC, AE, | YUESZS / 
ED \ \ PLY 

G ris — — 
pentagon requircd. 1 os 
For because each of 
"d that they are bisected by the straight lines CE, DB, 
‘erefore the five angles ADB, BDC, CAD, DCE, ECA 


ADC by the straight \ By AE 
ABCDE shall be tho 
t-e angles ACD, ADC is double of the angle CAD, 

| gqual to one another, 


















equal angles stand on equal arcs; [III. 26. 
| eéfore tho five arcs 4B, BC, CD, DE, EA are equal to 
another. 


And equal arcs aresubtended by equal straight lines ; [ITT. 29. 


therefore the five straight lines 4B, BC, CD, DE, EA are 
equal to one another ; 


and therefore the pentagon 4BCDE is equilateral. 
It is also equiangular. 


or, the arc .4 B is equal to the are DE; 
each of these add the arc BCD; 


erefore the whole arc ABCD is equal to the whole 
c BCDE. [Axiom 2. 


And the angle AED stands on the arc ABCD, and the 
gle BAE on the arc BCDE. 


erefore the angle AZD is equal to the angle BA £. {111.27. 


For the same reason each of the angles ABC, BCD, 
WDE is equal to the angle AED or BAE; 


erefore the pentagon 4 BCDE is equiangular. 
nd it has been shewn to be equilateral. 


Wherefore an equilateral and equiangular pentagon 
been inscribed in the given circle. Q.E.F, 


126 EUCLID'S ELEMENTS. | 


PROPOSITION 12. PROBLEM. 


To describe an equilateral and equiangular pentagon 
about a given circle, 


Let ABCDE be the given circle: it is required to 
describe an equilateral and equiangular pentagon about 
the circle A BCDE, C 

Let the angles of a pen- Tem 
tagon, inscribed in the circle, A "E 
by the last proposition, bo n Ww 
at the points 4, 2, C, D, E, f 
so that the arcs AB, BC, | —7N 
CD, DE, EA are equal ; B / Jb 
and through the points A, \/ 
B, C, D, E, draw GH, HK, —— — 

KL, 'L M, MG, touching the i 
circle. [III: 17. 
The figure GHZK LM shall be the pentagon required. 

Take the centre F, and join FB, FK, FC, FL, FD, 
Then, because the straight line KZ touches the circle 
ABCDE at the point C to which FC is drawn from the 
centre, 
therefore FC is perpendicular to KZ, [III. 18. 
therefore each of the angles at C is a right angle. 

For the same reason the angles at the points B, D are 
right angles. 

And because the angle FCK is a ie angle, the square | 
on FK is equal to the squares on FC, CK. [L. 47. | 
For the same reason the square on FK i is equal to the 
squares on FB, BK. 

Therefore the squares on FC, CK are equal to the squares 
on FB, BK; [Axiom 1. 
of which the square on FC is equal to the square on FB; 
therefore the remaining square on CK is equal to th 
remaining square on BK, [Axiom 


and therefore the straight line CK is equal to the straigh 
line BK. 
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And because FB is equal to FC, 
and FK is common to the two triangles BFK, CFK , 


the two sides BF, FK are equal to the two sides CF, FK, 
each to each; 


and the base BK was shewn equal to the base CK ; 
therefore the angle BFK is equal to the angle CFK, [I. 8. 
and the angle BAF to the angle CAF. [I. 4. 
Therefore the angle BFC is double of the angle CFK, 
and the angle BAC is double of the angle CAF. 
For the same reason the angle CFD is double of the 
angle CFL, and the angle CL D is double of the angle CLF’. 
And because the are BC is equal to the are CD, 
the angle BFC is equal to the angle CFD; [IIL, 90 
and the angle BFC is double of the angle C/K, and tho 
angle CFD is double of the angle CF'Z; 
: therefore the angle CFK is equal to the angle CFL. [Az.7. 
And the right angle FOK is equal to the right angle FCL. 
Therefore in the two triangles FCK, FCL, there are two 


| of the one equal to two angles of the other, each to 
each ; 


and the side FC, which is adjacent to the equal angles in 
each, is common to both; 


therefore their other sides are equal, each to each, and the 
third angle of the one equal to the third angle of the other; 


therefore the straight line CA is equal to the straight line 
CL, and the angle FEC to the angle FLC. [I. 26. 


And because CK is equal to CL, LK is double of CK. 


In the same manner it may be shewn that HK is 
ouble of BE. 


And because BK is equal to CK, as was shewn, 
rd-that HK is double of BK, and LK double of CK, 
herefore /7K is equal to LK. [Axiom 6. 


In the same manner it may be shewn that GH, 
M, ML are each of them equal to HK or LK; 


erefore the pentagon GH ALM is equilateral. 
It is also equiangular. 
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For, since the angle PKC is equal to the angle FLAC, 
and that the angle HAZ is double G 
of the angle FAC, and the angle A“ ™ 
KLM double of the angle FLC, — F 
as was shewn, m 7 
therefore the angle HAZL is equa] | Y VM 
to the angle AL M. [Axiom 6, — 
In the same manner it may bo B 
shewn that each of the angles 
KHG, HGM, GML is equal to 
the angle MAKEL or KLM ; 
therefore the pentagon GHALZM is equiangular, 
And it has been shewn to be equilateral. 
Wherefore an equilateral and equiangular pentagon 
has been described about the given circle. Q.E.F. 





PROPOSITION 13. PROBLEM. 


To inscribe a circle in a given equilateral and equi- 
angular pentagon. 

Let ABCDE be the given equilateral and equiangular | 
pentagon: it is required to inscribe a circle in the pen- 
tagon ABCDE. 

Bisect the angles BCD, 
CDE by the straight lines 
CEF, DF; [I. 9. 
and from the point F, at 
which they meet, draw the 
straight lines FB, FA, FE. 

Then, because BC is equal 
to DC, [Hypothesis, 
and CF is common to the two 
triangles BCF, DCF; 
the two sides BC, CF are 
equal to the two sides DC, CF, 
each to each; 
and the angle BCF' is equal to the angle DCF; [C 
therefore the base BF is equal to the base DF, and 








BOOK IV. 13. 129 


other angles to the other angles to which the equal sides 
are opposite ; [I. 4. 
therefore the angle CBF is equal to the angle CDF. 
And because the angle CDF is double of the angle 
CDF, and that the angle CD is equal to the angle CBA, 
_ and the angle CDF is equal to the angle CBF, 
therefore the angle CBA is double of the angle CBF; 
therefore the angle, ABF is equal to the angle CBF; 
therefore the angle 4 BC is bisected by the straight line BZF. 


In the same manner it may be shewn that the angles 
BAE, AED are bisected by the straight lines AF, EF. 


From the point F draw FG, FH, FK, FL, FM perpen- 
diculars to the straight lines AB, BC, CD, DE, EA. [1. 12. 
Then, because the angle FCH is equal to the angle 
FCK, 
‘and the right angle FHC equal to the right angle FXC; 

herefore in the two triangles FHC, FAC, there are two 

ingles of the one equal to two angles of the other, each to 

each ; 

and the side FC, which is opposite to one of the equal 

angles in each, is common to both ; 

therefore their other sides are equal, each to each, and 

therefore the perpendicular FH is equal to the perpen- 

dicular FK. [I. 95 
In the same manner it may be shewn that FL, FM, FG 


3 


are each of them egual to FH or FK. 

Therefore the five straight lines FG, FH, FK, FL, FM are 
equal to one another, and the circle described from the 
centre F, at the distance of any one of them will pass 
through the extremities of the other four; 

land it will touch the straight lines 42, BC, CD, DE, EA, 
because the angles at the points G, H, K, L, M are right 
ngles, [Construction. 
nd the straight line drawn from the extremity of a dia-: 
meter, at right angles to it, touches the circle ; [IH. 16. 
'herefore each of the straight lines 4 B, BC, CD, DE, EA 
ouches the circle. 


Wherefore a circle has been inscribed in the given 
iquilateral and equiangular pentagon. — Q.E.F. 




















9 
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PROPOSITION 14. PROBLEM. 


To describe a circle about a gtven equilateral and equi- 
angular pentagon. 


Let ABCDE be the given equilateral and equiangular 
pentagon: it is required to describe a circle about it. 


Bisect the angles BCD, CDE 
by the straight lines CF, DF; [1.9. 


and from the point F, at which 
they meet, draw the straight lines 
FB, FA, FE. 

Then it may be shewn, as in 
the preceding proposition, that 
the angles CBA, BAE, AED aro 
ow. by the straight lines BF, 











? 
And, because the angle BCD is equal to the angle CDE, 
and that the angle FCD is half of the angle BCD, 
and the angle FDC is half of the angle CDE, 
therefore the angle FOD is equal to the angle FDC; [Ax.7 
therefore the side FC is equal to the side FD. [I. 6. 

In the same manner it may be shewn that FB, F4, FHN 
are cach of them equal to FC or FD; 
therefore the five straight lines FA, FB, FC, FD, FE are 
equal to one another, and the circle described from the 
ceutre F, at the distanco of any one of them, will pass 
through the extremities of the other four, and will be des, 
scribed about the equilateral and equiangular pentago 
ABCDE. 

Wherefore a circle has been described about the give 
equilateral and equiangular pentagon. Q.E.F. 


| 


PROPOSITION 15. PROBLEM. 


To inscribe an equilateral and equiangular hexagon 
in a given circle. f | 

Let ABCDEF be tho given circle: it is requin 1 9 
scribe an equilateral and equiangular hexagon in 14 
Find the centre G of the circle ABCDEF, HH 
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and draw the diameter AGD; 


from the centre D, at the dis- 
tance DG, describe the circle 


join HG, CG,and produce them 

to thepoints B, F and join AB, 

BC, CD, DE, EF, FA. 

The hexagon ABCDEF shall 

be equilateral and equianeular. 
For, because G is the centre 

uf the circle ABCDEF, GE is 

equal to GD; 

and because D is the centre 


* the circle EGCH, DE is 
equal to DG; 


“ierefore GE is equal to DE, [Axiom 1, 
a: the triangle LGD is equilateral ; 


therefore the three angles EGD, GDE, DEG are equal to 
one another. [I. 5. Corollary. 


But the throo angles of a triangle are together qm to 
wo right angles; 


E the angle EGD is the third part of two right 
ngles. 














In the same manner it may be shewn, that the angle 
IGC is the third part of two right angles. 


And because the straight line GC makes with the 


Biruight line E7 the adjacent angles EGC, CGB together 
qual to two right angles, Ti. 13. 


erefore the remaining angle CGB is the third part of two 
Bght angles; 


gere the angles EGD, DGO, CGB are equal to one 
other. 


And to these are equal the vertical opposite eigi 
GA, AGF, FGE. 


erefore the six angles EGD, DGC, CGB, BEA, — 
TE are equal to one another, 
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But equal angles stand on equal ares; [TIT. 26. 


therefore the six arcs AB, BC, CD, DE, EF, FA are 
equal to one another. 


And equal arcs are subtended by equal straight lines ; [I11.29. 


therefore the six straight lines are equal to one another, 
and the hexagon is equilateral. , 


It is also equiangular. 


For, the arc AF is equal to 
the arc ED; 


to each of these add the 
are ABCD ; 


therefore the whole are 
FABCD is equal to the 
whole arc ABCDE; 


and the angle FED stands 
on the are FABCD, 


and the angle A FZ stands 
on the arc ABCDE; 


therefore the angle FED is 
equal to the angle A FE. 


In the same manner it may be shewn that the other 
angles of the hexagon ABCDEF are each of them equal 
to the angle AFE or FED, | 
therefore the hexagon is equiangular. 


And it has been shewn to be equilateral ; and it is inscribed 
in the circle ABCDEF. 


Wherefore an equilateral and equiangular hexagon | 
has been inscribed in the given circle. Q.E.F. 


ConoLLARY. From this it is manifest that the side of 
the hexagon is equal to the straight line from the centre, 
that is, to the semidiameter of the circle. | 

Also, if through the points 4, £, C, D, E, F, there be 
drawn straight lines touching the circle, an equilateral and 
equiangular hexagon will be described about the circl 
as may be shewn from what was said of the pentagon; an 
a circle may be inscribed in a given equilateral and equ 
angular hexagon, and circumscribed about it, by a method 
like that used for the pentagon. 













Ah 
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PROPOSITION 16. PROBLEM. 


To inscribe an equilateral and equiangular quindecagon 
in a given circle. 


Let ABCD be the given circle: it is required to in- 
scribe an equilateral and equiangular quindecagon in the 
circle ABCD. 


Let AC be the side of an 
equilateral triangle inscribed 
in the circle; Love. 2) 


and let AB be the side of an 
equilateral and equiangular 
pentagon inscribed in the 
circle. [IV. LL 

Then, of such equa! parts 
as the whole circumference 
ABCDF contains fifteen, the arc 4 BC, which is the third 
part of the whole, contains five, and the arc 4B, which is 
the fifth part of the whole, contains three ; 


therefore their difference, the arc BC, contains two of the 
same parts. 


. Bisect the are BC at E; [III. 30. 


therefore each of the ares BE, EC is the fifteenth part of 
the whole circumference ABCDEF. 


Therefore if the straight lines BE, EC be drawn, and 
straight lines equal to them be placed round in the whole 
circle, [IV. 1. 
an equilateral and equiangular quindecagon will be in- 
scribed in it. Q.E.F. 


And, in the same manner as was done for the pentagon, 
if through the points of division made by inscribing the 
quindecagon, straight lines be drawn touching the circle, 
an equilateral and equiangular quindecagon will be de- 
scribed about it; and also, as for the pentagon, a circle 
may be inscribed in a given equilateral and equiangular 
quindecagon, and circumscribed about it. 





BOOK V. 
DEFINITIONS. 


l. A LESS magnitude is said to be a part of a greater 
magnitude, when the less measures tho greater; that is, 
when the less is contained a certain number of times ex- | 
actly in tho greater. 


2. A greater magnitude is said to be a multiple of a - 
less, when the greater is measured by the less; that is, 
when the greater contains the less a certain number of 
times exactly. 


I 
3. Ratio is à mutual relation of two magnitudes of tho 
same kind to one another in respect of quantity. 


4. Magnitudes are said to have a ratio to one another, 
when the less can be multiplied so as to exceed the other. 


5. "The first of four magnitudes is said to have the 
same ratio to the second, that the third has to the fourth, 
when any equimultiples whatever of the first and the third 
being taken, and any equimultiples whatever of the second 
and the fourth, if the multiple of the first be less than that 
of the second, the multiple of the third is also less than that 
of the fourth, and if the multiple of the first be equal to. 
that of the second, the multiple of the third is also equal to^ 
that of the fourth, and if the multiple of the first be greater 
than that of the second, the multiple of the third is also! | 
greater than that of the fourth. 


6. Magnitudes which have the same ratio are called | 
proportionals. I 
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When four magnitudes are proportionals it 1s usually 
expressed by saying, the first is to the second as the third 
is to the fourth. 

7. When of the equimultiples of four magnitudes, taken 
as in the fifth definition, the multiple of the first is greater 
than the multiple of the second, but the multiple of the 
third is not greater than the multiple of the fourth, then 
the first is said to have to the second a greater ratio than 
the third has to the fourth; and the third is said to havo 
to the fourth a less ratio than the first has to the second. 


8. Analogy, or proportion, is the similitudo of ratios, 
9. Proportion consists in three terms at least. 


10. When three magnitudes are proportionals, the first 
is said to have to the third the duplicate ratio of that 
which it has to the second. 


[The second magnitude is said to be a mean propor- 
tional between the first and the third. | 


11. When four magnitudes are continued proportionals, 
the first-is said to have to the fourth, the triplicate ratio of 
that which it has to the second, and so on, quadruplicate, 
&oc. increasing the denomination still by unity, in any uum- 
ber of proportionals, 


Definition of compound ratio. When there are any 
number of magnitudes of the same kind, the first is said to 
have to the last of them, the ratio which is compounded of 
the ratio which the first has to the second, and of the ratio 
which the second has to the third, and of the ratio which 
the third has to the fourth, and so on unto the last mag- 
nitude. 


For example, if 4, B, C, D be four magnitudes of the 
same kind, the first A is said to have to the last D, the 
ratio compounded of the ratio of A to B, and of the ratio 
of B to C, and of the ratio of C to D; or, the ratio of 4 to 
J) is said to be compounded of the ratios of A to B, B to 
C, and C to D. 


And if A has to B the same ratio that Æ has to F; 
and B to C the same ratio that G has to H; and C to D 
the same ratio that K has to £; then, by this definition, 
A is said to have to D the ratio compounded of ratios which 
are the same with the ratios of Æ to F, G to H, and K to L. 
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And the same thing is to be understood when it is more 
briefly expressed by saying, A has to D the ratio com- 
pounded of the ratios of Æ to F, G to H, and X to&L, 


In like manner, the same things being supposed, if AT 
has to NV the same ratio that A has to D; then, for the 
sake of shortness, AZ is said to have to JV the ratio com- 
pounded of the ratios of Æ to F, G to H, and K to L. 


12. In proportionals, the antecedent terms are said to 
be homologous to ono another; as also the consequents to 
one another. F 


Geometers make use of the following technical words, 
to signify certain ways of changing either the order or the 
magnitude of proportionals, so that they continue still to be 
proportionals. 


13. Permutando, or alternando, by permutation or 
alternately; when there are four proportionals, and it is 
inferred that the first is to the third, as the second is to 
the fourth. V. 16. 


14. Invertendo, by inversion; when there are four 
proportionals, and it is inferred, that the second is to the 
first as the fourth is to the third. V. B. 


15. Componendo, by composition ; when there are four 
proportionals, and it is inferred, that the first together 
with the second, is to the second, as the third together 
with the fourth, is to the fourth. V. 18. 


16. Dividendo, by division; when there are four pro- 
portionals, and it is inferred, that the excess of the first 
above the second, is to the second, as the excess of the 
third above the fourth, is to the fourth, V. 17. 


17. Convertendo, by conversion; when there are four 
proportionals, and it is inferred, that the first is to its 
excess above the second, as the third is to its excess above 
the fourth. V. E 


18. Ex equali distantia, or ex equo, from equality of 
distance; when there is any number of magnitudes more 
than two, and as many others, such that they are propor- 
tionals when taken two and two of each rank, and it is 
inferred, that the first is to the last of the first rank of 
magnitudes, as the first is to the last of the others. 
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Of this there are the two following kinds, which arise 
from the different order in which the magnitudes are taken, 
two ancPtwo. 


19. Ex equali. "This term is used simply by itself, 
when the first magnitude is to the second of the first rank, 
as the first is to the second of the other rank; and the 
second is to the third of the first rank, as the second is to 
the third of the other; and so on in order; and the inference 
is that mentioned in the preceding definition. V. 22. 


20. Ex wequali in proportione perturbata seu inordinata, 
from equality in perturbate or disorderly proportion. This 
term is used when the first magnitude is to the second of 

he first rank, as the last but one is to the last of the second 
rank ; and the second is to the third of the first rank, as the 
last but two is to the last but one of the second rank ; and 
the third is to the fourth of the first rank, as the last but 
three is to the last but two of the second rank ; and so on 
in a erogs order ; and the inference is that mentioned in the 
eighteenth definition. V. 23. 


AXIOMS, 


l. Equimultiples of the same, or of equal magnitudes, 
are equal to one another. 


2. Those magnitudes, of which the same or equal mag- 
nitudes are equimultiples, are equal to one another. 


3. A multiple of a greater magnitude is greater than 
the same multiple of a less. 


4, That magnitude, of which a multiple is greater than 
the same multiple of another, is greater than that other 
magnitude, 
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PROPOSITION 1. THEOREM. 


Lf any number of magnitudes be equimultiples of as 
many, each of each; whatever multiple any one of them is 
of its part, the same multiple shall all the first magni- 
tudes be of all the other. 


Let any number of magnitudes 4B, CD be equimul- 
tiples of as many others E, PF, each of each: whatever 
multiple 47 is of E, the same multiple shall 42 and CD 
together, be of E and F together. 


For, because AB is the same multiple of Æ, that CD is 
of F, as many magnitudes as there are in 
AB equal to E, so many are there in CD A 
equal to F. 
Divide AB into the magnitudes AG, GB, G | 
each equal to E; and CP into the magni- E 
tudes CH, HD, cach equal to F. 


Therefore the number of the magnitudes 
CH, HD, will be equal to the number of 
the magnitudes AG, GB. 

And, because AG is equal to E, and 
CH equal to F, therefore 4G aud C// wW p 
together are equal to E aud F together; 
and because GB is equal to E, and HD 
equal to F, therefore GB and HD together 
are equal to E and F together. [Axiom 2. 


Therefore as many magnitudes as there are in AB equal to 
E, so many are there in AB and CD together equal to E 
and F together. 

Therefore whatever multiple 4 2? is of E, the same multiple 
is AB and CD together, of Zand F together. 


Wherefore, if any number of magnitudes &c. Q.E.D. 


a uv 





PROPOSITION 2. THEOREM. 


If the first be the same multiple of the second that the 
third is of the fourth, and the fifth the same multiple of 
the second that the sixth is of the fourth; the first toge- 
ther with the fifth shall be the same multiple of the second, 
that the third together with the sixth ds of the fourth. 


BOOK V. 2, 3. 139 


Let AB the first be the same multiple of C the second, 
that DZ the third is of F the fourth, and let BG the fifth 
be the same multiple of C the second, that HH the sixth 
is of F the fourth: AG, the first together with the fifth, 
shall be the same multiple of C the second, that DH, the 
third together with the sixth, is of F the fourth. 

For, because AB is the same multiple of C that DE 
is of F, as many magnitudes as 
there are in AB equal to C, so 
many are there in DE equal to F. D 


For the same reason, as many ^ 
magnitudes as there are in BG 


equal to C, so many are there in E 

EH equal to F. B 

Therefore as many magnitudes 

as there are in the whole AG 

equal to C,so many are therein g c H d 


the whole DH equal to 7. 
Therefore AG is the same multi- 
ple of C that DH i3 of F. 
Wherefore, if the first be the D 
same multiple &c. Q.E.D. 


COROLLARV. From this it is E 
plain, that if any number of mag- 3 
nitudes AB, BG, GH be multi- 
ples of another C; and as many 
DE, EK, KL be the same mul- G 
tiples of F, each of each; then 
the wholo of the first, namely, 
AH, is the same multiple of C, | 
that the whole of the last, namely, H'C TO 
DL, is of F. 


PROPOSITION 3. THEOREM. 


If the first be the same multiple of the second that the 
third is of the fourth, and if of the first and the third 
there be taken equimultiples, these shall be equimultiples, 
the one of the second, and the cther of the fourth. 
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Let A the first be the sume multiple of B the second, 
that C the third is of D the fourth; and of A and C le 
the equimultiples EZ and G/7 be taken: £F shall be 
the same multiple of B that G// is of D. 

For, because EF is the same multiple of A that GH is 
of C, [ Hypothesis. 
as many magnitudes as 
there are in EF equal et 
to A, so many are there "> 
in GH equal to C. = 
Divide EF into the E 


magnitudes EK, KF, k 1 

each equal to 4; and i 
GH into the magni- | 
tudes GL, LH, each i 
equal to C. 

Therefore the number of ^ ae 3 X 


themagnitudes HA, AF, 
will be equal to the number of the magnitudes GL, LH. 


And because A is the same multiple of B that C 
of D, [Hypothesi 


and that EK is equal to A, and GZ is equal to C; [Const 
therefore EK is the same multiple of B that GZ is of D. 
For the same reason KF is the same multiple of B th: 
LH is of D. 
Therefore because EK the first is the same multi 
of B the second, that GZ the third is of D the fourth, 
and that KF the fifth is the same multiple of B the secc 
that LH the sixth is of P the fourth; 
EF the first together with the fifth, is the same multiple 
of B the second, that GH the third together with the 
gixth, is of D the fourth. [V. 2. 
In the same manner, if there be more Dex in EF equal 
to A and in GH equal to O, it may be shewn that EF is 
the same multiple of B that GH is of D. [V. 2, Cor. 


Wherefore, if the first &c. Q.E.D. 
PROPOSITION 4. THEOREM. 


If the first have the same ratio to the second that the 
third has to the fourth, and if there be taken any equi- 
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multiples whatever of the first and the third, and also 
any equimultiples whatever of the second and the fourth, 
then the multiple of the first shall have the same ratio to 
the multiple of the second, that the multiple of the third 
has to the multiple of the fourth, 


Let A the first have to B the second, the same ratio 
“+ C the third has to D the fourth; and of A and C let 
re be taken any equimultiples whatever £ and F, and 
B and D any equimultiples whatever G and H: Æ shall 
ve the same ratio to G that #” has to Æ. 
Take of E and F any equi- 
jultiples whatever K and JL, 
d of G and H any equimul- 
s whatever 77 and N. 
Then, because E is the same 
nultiple of A that 7'is of C, 
ud of Æ and F have been taken 
quimultiples A and Z; | 
therefore K is the same mul- K 
L 
| 





Sas 
= = 
zz 


ple of A that L is of C. [V. 3. 


*" For the same reason, M is the 
same multiple of B that N is of D. 


is And because A is to B as C 
is to D, [ Hypothesis, 
‘ad of A and C have been taken 

ertain equimultiples K and Z, 
adl of B and D have been taken 
vertain equimultiples M and JV; 
therefore if A be greater than 
<M, L is greater than N; and if 
equal, equal; and if less, less. [V. Definition 5. 


But K and Z are any equimultiples whatever of E and F, 
and M and N are any equimultiples whatever of G and H; 
therefore E is to G as F is to H. [ V. Definition 5. 


Wherefore, {f the first &c. Q.E.D. 


COROLLARY. Also if the first have the same ratio to 
the second that the third has to the fourth, then any equi- 
multiples whatever of the first and third shall have the 
same ratio to the second and fourth; and the first and 
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third shall have the same ratio to any equimultiples what- 
ever of the second and fourth. 

Let A the first havo the same ratio to B the second, 
that C the third has to D the fourth; and of A and € let 
there be taken any equimultiples whatever E and F: E 
shall be to B as F is to D. 

Take of E and F any equimultiples whatever Æ and Z, 
and of B and D any equimultiples whatever G and Z. 

Then it may be shewn, as before, that Æ is the same 
multiple of A that Z is of C. 


And because A is to B as C is to D, _-Lypothesis, 


and of A and C have been taken certain equ‘ wultiples A 
and Z, and of B and D have been taken certain equimul- 
tiples G and 77; 

therefore if A be greater than G, Z is greater than Z/; and 
if equal, equal; and if less, less. [V. Definition 5. 
But A and Z are any equimultiples whatever of E and F, 
and G and // are any equimultiples whatever of Band D, 


therefore Æ is to B as F is to D. [V. Definition 5. 
In the same way the other case may be demonstrated. 


PROPOSITION 5. THEOREM. 


Jf one magnitude be the same multiple of another that 
a magnitude taken from the first is of a magnitude taken 
rom the other, the remainder shall be the same multiple 
of the remainder that the whole is of the whole. 


Let AB be the same multiple of CD, that AZ taken 
from the first, is of CF taken from the other: the remain- 
der £7 shall be the same multiple of the remainder FD, 
that the whole 4. is of the whole CD. 

Take AG the same multiple of FD, that AE is of CF; 
therefore AÆ is the samo multiple of CF that ÆG is 
of CD. [V. ly 
But AE is the same multiple of CF that AB is of CD; 
therefore EG is the same multiple of CD that AB is - 
of CD; 
therefore EG is equal to AZ. [V. Axiom 1. 
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From each of these take the common 
magnitude AX; then the remainder AG 
is equal to the remainder £7. 


Then, because A # is the same multiple 
of CF that AG is of FD, [ Construction, 
and that AG is equal to LA; 
therefore AZ is the same multiple of CF’ 
that EP is of FD. 

But AF is the same multiple of CF’ that 
AB is of CD; [ Hypothesis, 
therefore EB is the same multiple of F 
FD that AB is of CD. 


Wherefore, ifonemagnitude&c., Q.E.D. B 


2 


c 


c 


PROPOSITION 6. THEOREM. 

If two magnitudes be equimultiples of two others, and 
if equimultiples of these be taken from the first two, the 
remainders shall be either equal to these others, or equi- 
multiples of them. 

Let the two magnitudes AB, CD be equimultiples of 
the two Æ, F; and let AG, CH, taken from the first two, 
be equimultiples of the same Æ, F: the remainders GB, 
HD shall be either equal to Z, F, or equimultiples of them. 

First, let GB be equal to E: HD shall be equal to F. 
Make CX equal to F. 

Then, because AG is the same mul- ^ x 
tiple of E that CH is of F, [/Iyp. 
and that GB is equal to Æ, and C 


| CK is equal to F'; 


l 


thercfore AB is the same multi- G 
ple of E that KH is of F, ‘| H 

But AB is the same multiple | 
of E that CD is of F’; [Hypothesis. BODE F 
therefore A77 is the same multiple of F that CD is of F; 
therefore XZ is equal to CD. [V. Axiom 1. 
! From each of these take the common magnitude CZ ; 
then the remainder CK is equal to the remainder HD, 
But CK is equal to F; [Construction. 
therefore HD is equal to F. 
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Next let GB be a multiplo of Æ: HD shall be the 
same multiple of 7. 


Make CK the same multiple K 
of F that GB is of E. 


Then, because AG is the same A 
multiple of # that CH is of 
F, [Hypothesis. 
and GB is the same multiple 
of E that CK is of F; [Constr. Gl oy 
therefore AB is the same mul- 
tiple of Æ that XH is of F. [V.2. | 
But AB is the same multi- BDE 1 r 
ple of E that CDis of F ; [Hyp. / 
therefore K 77 is the same multipie of # that CD is of P; 
therefore KH is equal to CD. [V. Axiom 1. 
From each of these take the common magnitude CH ; 
then the remainder CK is equal to the remainder HAD. 
And because CK is the same multiple of F that GB is 
of E, - [Construction. 
and that CX is equal to HD; 
therefore HD is the same multiple of F that GB is of E. 


Wherefore, if two magnitudes &c. Q.E.D. 


M mmm — 





PROPOSITION A. THEOREM. 


If the first of four magnitudes have the same ratio to 
the second that the third has to the fourth, then, if the first 
be greater than the second, the third shall also be greater 
than the fourth, and if equal equal, and if less less. 


Take any equimultiples of each of them, as the doubles | 
of each. 
Then if the double of the first be greater than the double 
of the second, the double of the third is greater than the 
double of the fourth. [V. Definition 5. 
^ut if the first be greater than the second, the double of 
the first is greater than the double of the second; 
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therefore the double of the third is greater than the double 
of the fourth, 


and therefore the third is greater than the fourth. 


In the same manner, if the first be equal to the second, 
r less than it, the third may be shewn to be equal to the 
ourth, or less than it. 


Wherefore, if the first &c. Q.E.D. 


















4 
Bn PROPOSITION B. THEOREM. 


| If four magnitudes be proportionals, they shall also be 
proportionals when taken inversely. 


Let A be to B as C is to D: then also, inversely, B 
shall be to 4 as D is to C. 


Take of B and D any equimul- 
tiples whatever Æ and F; 
and of A and C any equimultiples 
whatever G and Z. 
Hirst, let Æ be greater than G, then 
7 is less than Æ. 
hen, because Æ is to B as C is 
1 : [ Hypothesis. 
md of A and C the first and third, 
» and 7/ are equimultiples; 


md of B and D tho second and 
purth, # and F are equimultiples ; 


Bid that G is less than Æ; 1 
jerefore ZZ is lessthan F;[V.Defoó. ^ - 

iat is, F is greater than 77. " 

lierefore, if Æ be greater than G, F is greater than 77. 

| In the same manner, if Æ be equal to G, F may be 
wn to be equal to H ; and if less, less. 

| But Æ and F are any equimultiples whatever of 2 
1 D, and G and # are any equimultiples whatever of A 
Hnc; [Construction, 

refore B is to A as D is to C. [V. Definition 5. 


Wherefore, Zf.four magnitudes &c. Q.E.D. 
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' PROPOSITION C. THEOREM. 


If the first be the same multiple of the second, or the 
same part of it, that the third is of the fourth, the first 
shall be to the second as the third is to the fourth. 


First, let A be the same multiple of B that C is of D: 
A shall be to B as C is to D. 

Take of A and C any equimultiples 
whatever Æ and F; and of B and D any 
equimultiples whatever G and H. 

Then, because A is the same multiple 
of B that C is of D; [ Hypothesis. 
and that Æ is the same multiple of A that 
Fis of C ; [Construction. A 
therefore E is the same multiple of B 
that F is of D; [V. 3. 
thatis, Hand Fare equimultiplesof Band D. 

But G and A are equimultiples of B 
and D; [Construction. 
therefore if Æ be a greater multiple of 
B than G is of B, F is a greater multi- 
ple of D than H is of D; 
that is, if Æ be greater than G, F is 
greater than H. 

In the same manner, if E be equal to 
(t, FE may be shewn to be equal to 7 ; and 
if less, less. 

But £ and F are any equimultiples 


whatever of A and C, and G and # are any equimultipl 
whatever of B and D; 


therefore A is to B as C is to D. [V. Definition 


Next, let A be the same part of B that C is of 
A shall be to B as Cis to D. 


For, since A is the same part of B 
that C is of D, 


therefore B is the same multiple of A 
that D is of C; 


therefore, by the preceding case, B is to 
Aas D is to C ; A B 


therefore, inversely, A is to B as C is to D. 
Wherefore, {f the first &c. Q.E.D. 















— 
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PROPOSITION D, THEOREM. 


Tf the first be to the second as the third is to the fourth, 
and if the first be a multiple, or a part, of the second, the 
third shall be the same multiple, or the same part, of the 
fourth. 

Let A be to B as Cis to D. 
And first, let A be a multiple of B: 
C shall be the same multiple of D. 

Take Æ equal to 4; and what- 
ever multiple 4 or # is of B, make 
F' the same multiple of D. 

Then, because A is to B as C 
is to D, Į Hypothesis. 
and of B the second and D the 
fourth have been taken equimultiples 
E and F^; [ Construction. 
therefore A is to # as C is to 
F. [V. 4, Corollary. 

But A is equal to #; [Construction. 
therefore C is equal to F. [V. A. 

And F is the same multiple of 
D that A is of B; [Construction. 
therefore C is the same multiple of D that A is of B. 

Next, let A be a part of B: Cshall be the same part of D. 








> 
He 
Q 
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For, because A is to B as Cis to D; [Hypothesis. 
therefore, inversely, B is to A as D is to C. [V. Be 
But A is a part of B; [ Hypothesis. 


that is, B is a multiple of 4; 
therefore, by the preceding case, D is the same multiple of C; 
that is, Cis the same part of D that A is of B. 

Wherefore, if the first &e. Q.E.D. 


PROPOSITION 7. THEOREM. 
Equal magnitudes have the same ratio to the same 


! magnitude; and ihe same has the same ratio to equal 


magnitudes. 
: 10—2 
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Let A and B be equal magnitudes, and C any other 
magnitude: each of the magnitudes 4 and # shall have 
the same ratio to C; and C shall have the same ratio to 
each of the magnitudes A and B. 

Take of A and B any equimultiples 
whatever D and £; and of C any mul- 
tiple whatever 7. 

Then, because D is the same mul- 
tiple of A that E is of D, [Construction. 





and that 4 is equal to 2; [Hypothesis. 
therefore D is equal to E. [V. Axiom 1. P2 
Therefore if D be greater than F, E is E B | 





greater than F; and if equal, equal; 
and if less, less. 


But D and £ are any equimultiples 
whatever of 4 and 2, and 7 is any 
multiple whatever of C;  [Construction. 
therefore A is to Cas B is to C. [V. Def.5. 

Also C shall have the same ratio to A that it has to B. 
For the same construction being made, it may be shewn, 
as before, that D is equal to Æ. 


Therefore if # be greater than D, F is greater than Æ; 
and if equal, equal; and if less, less. 

But F is any multiple whatever of C, and D and Æ aro 
any equimultiples whatever of 4 and B; [ Construction, 
therefore C is to A as C is to B. [V. Definition 5. 

Wherefore, egual magnitudes &e. Q.E.D. 





PROPOSITION 8. THEOREM. 


Of unequal magnitudes, the greater has a greater 
ratio to the same than the less has; and the same mag- 
nitude has a greater ratio to the less than it has to the 
greater. 


Let AB and BC be unequal magnitudes, of which AB 
is the greater; and let D be any other magnitude what- 
ever: AJ shall have a greater ratio to D than BC has 
to D; and D shall have a greater ratio to BC than it 


has to Ab 


P 
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If the magnitude which is not the greater of the two 
AC, CB, be not less than D, take EF, FG. the doubles of 


AC, CB (Figure 1). 

But if that which is not the 
greater of the two AC, CB, be 
less than D (Figures 2 and 3), 
this magnitude can be multiplied, 
so as to become greater than D, 
whether it be AC or CB. 

Let it be multiplied until it be- 
comes greater than D, and let the 
other be multiplied as often. 

Let EF be the multiple thus taken 
of AC, and FG the same multiple 
of CB; 


| therefore EF and FG are each 


€— — 


of them greater than 2. 


And in all the cases, take H 
the double of D, K its triple, 
and so on, until the multiple 
of D taken is the first which 


E Fig. 1, 





Fig.2, Fig. 3. 


is greater than FG. Let L be E 


that multiple of D, namely, 
the first which is greater 
than FG; and let X be the 
multiple of D which is next 
less than Z. 


Then, because Z is the first 
multipleof D which isgreater 
than FG, [Construction. 


the next preceding multiple 
K is not greater than 7G; 


that is, FG is not less than X. 
And because EF is the same 


multiple of AC that FG is 


of CB, [Construction. 





A. F A 

C 

G B 4 

Iq G 
|*x? 


therefore ZG is the same multiple of AB that FG is 


of CB; 


. * 


that is, EG and FG are equimultiples of 42 and CB. 


OO _ — 
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And it was shewn that FG is not less than K, 
and EF is greater than D; [Construction. 
therefore the whole EG is greater than K and D together. 
But A and D together are equal to L; [Construction, 
therefore EG is greater than L. 
But FG is not greater than Z. 


And EG and FG were shewn to be equi- 
multiples of AB and BC; 


and Z isa multiple of D. —— [Construction. 


Therefore AB has to D a greater ratio 
than BC has to D. [V. Definition 7. 


Also, D shall have to BC a greater 
ratio than it has to 4B. 


For, the same construction being made, LK j 


> 


it may be shewn, that Z is greater than 
FG but not greater than EG. 


And Z is à multiple of D, — [Construction. 


and EG and FG were shewn to be equi- 
multiples of AB and CB. 


Therefore D has to BC a greater ratio than it has 
to AB. [V. Definition 7. 


Wherefore, of unequal magnitudes &c. Q.E.D. 


PROPOSITION 9 THEOREM. 


Magnitudes which have the same ratio to the same 
magnitude, are equal to one another ; and those to which 
the same magnitude has the same ratio, are equal to one 
another. 


First, let A and B have the same ratio to C: A shall 
be equal to B. 


For, if A is not equal to B, one of them must be greater 
than the other; let A be the greater. i 


Then, by what was shewn in Proposition 8, there ar 





— 
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some equimultiples of A and B, and 
some multiple of C, such that the 
multiple of 44 is greater than the 
multiple of C, but the multiple of 
JB is not greater than the multiple 


of C. al 
Let such multiples be taken; and 
let D and Z be the equimultiples c F 


of A and P, and F the multiple 
of C; so that D is greater than 
F, but Æ is not greater than F. B 


Then, because 4 is to Cas B is E 
to C; and of A and B are taken 
equimultiples D and Æ, and of C 
is taken a multiple F; 
and that D is greater than F; [Construction. 
therefore E is also greater than F. [V. Definition 5. 
But Æ is not greater than F; [Construction. 


which is impossible. 

Therefore A and B are not unequal; that is, they are 
equal. 

Next, let C have the same ratio to A and B: A shall 
be equal to B. 

For, if A is not equal to B, one of them must be greater 
than the other; let Æ be the greater. 

Then, by what was shewn in Proposition 8, there is 
some multiple F of C, and some equimultiples Æ and D of 
B and A, such that # is greater than Æ, but not greater 
than P. 


And, because C is to B as C is to A, [ Hypothesis. 
and that 7 the multiple of the first is greater than E the 
multiple of the second, [Construction. 
therefore F the multiple of the third is greater than D 
the multiple of the fourth. [V. Definition 5. 

But F is not greater than D ; [Construction. 


which is impossible. 

Therefore A and B are not unequal; that is, they are 
equal. 

Wherefore, magnitudes which &c. Q.E.D. 
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PROPOSITION 10. THEOREM. 


That magnitude which has a greater ratio than another 
has to the same magnitude is the greater of the two; and 
that magnitude to which the same has a greater ratio than 
it has to another magnitude is the less of the two. 


First, let A have to C a greater 
ratio than Z has to C: A shall be 
greater than B. 
For, because A has a greater ratio al 
to C than B has to C, there are some 
equimultiples of 4 and B, and some 
multiple of C, such that the multiple c| 
of A is greater than the multiple of C; 
but the multiple of B is not greater 
than the multiple of C. [V. Def. 7. B 
Let such multiples be taken; and 
let D and £E be the equimultiples of 
A and B, and F the multiple of C; 
so that D is greater than £F, but E 
is not greater than F; 


therefore D is greater than Æ. 


And because D and £ are equimultipies of A and B, and 
that D is greater than Æ, 


therefore 4 is greater than B. [V. Axiom 4. 


Next, let C have to B a greater ratio than it has to 4: 
B shall be less than A. l 


For there is some multiple F of C, and some equi- 
multiples Æ and D of B and A, such that F is greater 
than Æ, but not greater than D; [V. Definition 7. 


therefore Æ is less than D. 


And because E and D are equimultiples of B and A, and 
that Æ is less than D, 


therefore B is less than A. [V. Axiom 4. 
Wherefore, that magnitude &c. Q.E.D. 
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PROPOSITION 11. THEOREM. 


Ratios that are the same to the same ratio, are the same 
to one another. 


Let A be to B as C is to D, and let C be to D as E is 
to F: A shall be to B as Æ is to F. 














G—— E~ K 

A Cc E 
—— D rF— 
L-————— M————— N 





Take of 4, C, E any equimultiples whatever G, H, ; 
and of 2, D, # any equimultiples whatever Z, M, N. 


Then, because Æ is to B as Cis to D, [Hypothesis. 
and that G and #H are equimultiples of Æ and C, and Z 
and M are equimultiples of B and D; { Construction. 
therefore if G be greater than Z, H is greater than M; 
and if equal, equal ; and if less, less. [V. Definition 5. 

Again, because C is to D as E is to F, [Hypothesis. 
and that Æ and K are equimultiples of C and E, and M 
and JV are equimultiples of D and F'; [Construction. 
therefore if H be greater than M, K is greater than N; 
and if equal, equal; and if less, less, [V. Definition 5. 


But it has been shewn that if Œ be greater than Z, H 
is greater than M ; and if equal, equal ; and if less, less. 


Therefore if G be greater than Z, K is greater than JV; 
and if equal, equal ; and if less, less. 


And G and K are any equimultiples whatever of A and £, 
and ZL and X are any equimultiples whatever of £ and F. 
Therefore Æ is to B as Æ is to F. [V. Definition 5. 


Wherefore, ratios that are the same &e. Q.E.D. 
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PROPOSITION 12. THEOREM. 


If any number of magnitudes be proportionals, as one 
of the antecedents is to its consequent, so shall all the ante- 
cedents be to all the consequents. 

Let any number of magnitudes A, B, C, D, E, F be 
proportionals ; namely, as 4 is to B, so let C be to D, and 
E to F: as A is to D, so shall A, C, E together be to 
D, D, F together. 








G H K 
A—— C——— E 
BE D——— F 
L-————— —— M N 


Take of 4, C, E any equimultiples whatever G, H, K; 
and of 5, D, F any equimultiples whatever Z, M, N. 

Then, because Æ is to B as C is to D and as Æ is to F, 
and that G, H, K are equimultiples of A, C, E, and L, M,N 
equimultiples of B, D, F; [Construction. 
therefore if G be greater than Z, H is greater than M, 
and A is greater than JV ; and if equal, equal ; and if less, 
less. [V. Definition 5. 
Therefore, if G be greater than Z, then G, H, K together 
are greater than Z, M, N together ; and if equal, equal; 
and if less, less. 

But G, and G, H, K together, are any equimultiples 
whatever of A, and A, C, E together; [V. 1. 
and Z, and Z, M, N together are any equimultiples what- 
ever of B, and B, D, F together. [V. 1. 

Therefore as A is to B, so are A, C, E together to 
B, D, F together. [V. Definition 5. 

Wherefore, {f any number &c. Q.F.D. 


PROPOSITION 13. THEOREM. 


If the first have the same ratio to the second which the 
third has to the fourth, but the third to the fourth a greater 


fr 


—— 


| 
| 
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ratio than the fifth to the sixth, the first shall have to the 
second a greater ratio than the fifth has to the sixth. 


Let A the first have the same ratio to B the second 
that C the third has to D the fourth, but C the third a 
greater ratio to D the fourth than Æ the fifth to F the 
sixth: A the first shall have to B the second a greater 
ratio than Æ the fifth has to F the sixth. 








M G H 

—— c—— E——— 

B == F 

N: K: J 


For, because C has a greater ratio to D than Æ has to F, 
there are some equimultiples of C and Æ, and some equi- 
multiples of D and F, such that the multiple of C is greater 
than the multiple of D, but the multiple of Æ is not greater 
than the multiple of F. [V. Definition 7. 


Let such multiples be taken, and let G and H be the equi- 
multiples of C and £, and K and Z the equimultiples of 
D and F; 

so that G is greater than KX, but 77 is not greater than Z. 
And whatever multiple G is of C, take M the same mul- 
tiple of 4; and whatever multiple .& is of D, take JN the 
same multiple of P. 


Then, because Æ is to B as Cis to D, [Hypothesis. 
and M and G are equimultiples of A and C, and N and 
K are equimultiples of 6 and D; [Construction, 
therefore if M be greater than N, G is greater than K ; 
and if equal, equal; and if less, less. [V. Definition 5. 
But G is greater than K ; [Construction. 
therefore M is greater than N. 

But H is not greater than Z; [Construction. 
and M and Z are equimultiples of A and #, and N and £ 
are equimultiples of B and F; [ Construction. 


therefore Æ has a greater ratio to B than Æ has to & 
Wherefore, {f the first &c. Q.E.D. 
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COROLLARY. And if the first have a greater ratio to 
the second than tho third has to the fourth, but the third 
the same ratio to the fourth that tho fifth has to the sixth, 
it may be shewn, in the same manner, that the first has a 
greater ratio to the second than the fifth has to the sixth. 


PROPOSITION 14. THEOREM. 


Jf the first have the same ratio to the second that the 
third has to the fourth, then 4f the first be greater than 
the third the second shall be greater than the fourth; and 
of equal, equal; and if less, less. 


Let A the first have the same ratio to B the second 
that C tho third has to D the fourth: if 4 be greater than 
a D shall be greater than D; if equal, equal; and if less, 
ess, 

1 2 3 


[ULL TU] 


A BC D A BC D ABC 


First, let A be greater than C: B shall be greater than D. 
For, because A is greater than C, [Hypothesis, 
and B is any other magnitude; 
therefore A has to 77 a greater ratio than C has to B. [V.8. 
But A is to B as Cis to D. [Hypothesis. 
Therefore C has to D a greater ratio than C has to B. [V. 13. 


But of two magnitudes, that to which the same has the 
greater ratio is the less. [V. 10. 


Therefore D is less than B; that is, B is greater than D. 
Secondly, let 4 be equal to C: 7? shall be equal to D. 

For, A is to D as C, that is 4, is to D. [ Hypothesis. 

Therefore B is equal to D. [V. 9. 
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Thirdly, let A be less than C: B shall be less than D. 
For, C is greater than A. 
Aud because C is to D as A is to D; [ Hypothesis, 
aud C is greater than A; 
therefore, by the first case, D is greater than B; 
that is, B is less than D. 

Wherefore, ifthe first &c. Q.E.D. 


PROPOSITION 15. THEOREM. 


Magnitudes have the same ratio to one another that 
their equimultiples have. 


Let AB be the same multiple of C that DE is of F: 
C shall be to F' as AB is to DE. 

For, because AB is the same multiple of C that D is 
of F, [Hypothesis. 


therefore as many magnitudes as A 
there are in AB equal to C, so 
many are there in DE equal to F. 


Divide AB into the magnitudes G f 
AG, GH, HB, each equal to C; K 


and DE into the magnitudes H 
DK, KL, LE, each equal to F. 


Therefore the number of the mag- 
nitudes AG, GH, HB will be equal BC E 
to the number of the magnitudes 
DK, KL, LE. 

And because AG, GH, HB are all equal; [Construction. 
and that DK, KL, LE are also all equal; 


therefore AG is to DK as GH is to KZ, and as HB is 
to LE. [Vv 


But as one of the antecedents is to its consequent, so are 
all the antecedents to all the consequents. [V. 12 


Therefore as 4G is to DK sois AB to DE. 

But AG is equal to C, and DK is equal to F. 

Therefore as C is to F s0 is 4B to DE. 
Wherefore, magnitudes &c. Q.E.D. 


2 





no o o TRE 
158 EUCLIDS ELEMENTS. 


PROPOSITION 16. THEOREM. 


If four magnitudes of the same kind be proportionals, 
they shall also be proportionals when taken alternately. 


Let A, D, C, D he four magnitudes of the same kind | 
which are proportionals; namely, as A is to B so let C be 
to D: they shall also be proportionals when taken alter- 
nately, that is, A shall be to Cas B is to D. 
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Take of A and P any equimultiples whatever Æ and F, 
and of C and D any equimultiples whatever G and Z7. 

Then, because E is the same multiple of A that F is of 
B, and that magnitudes have the same ratio to one another 







that their equimultiples have ; [V. 15. 

therefore 4 is to D as Æ is to F. 

But .4 is to B as C is to D. [Zypothesis. 

Therefore C is to D as Eis to F. [V. 1. 
Again, because G and #/ are equimultiples of C and D, 

therefore C is to D as G is to H. [V. 15. 

But it was shewn that C is to D as £ is to F. 

Therefore # is to F as G is to H. [V. 11. 


But when four magnitudes are proportionals, if the 
first be greater than the third, the second is greater than 
the fourth; and if equal, equal; and if less, less. [V. 14. 
Therefore if Æ be greater than G, F is greater than 77; 
and if equal, equal; and if less, less. 

But # and F are any equimultiples whatever of A and 
DB, and G and # are any equimultiples whatever of C 
and D. [Construction. 
Therefore A is to Cas B is to D. [V. Definition 5. 


Wherefore, 7f four magnitudes &c. — Q.E.D. I 
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PROPOSITION 17. THEOREM. 


If magnitudes, taken jointly, be proportionals, they 
shall also be proportionals when taken separately; that 
is, if two magnitudes taken together have to one of them 
the same ratio which two others have to one of these, the 
remaining one of the first two shall have to the other the 
same ratio which the remaining one of the last two has to 
the other of these. 


Let AB, BE, CD, DF be the magnitudes which, taken 
| jointly, are proportionals; that is, let AB be to BE as CD 
is to DF: they shall also be proportionals when taken 

separately; that is, AE shall be to LB as CF is to FD. 
Take of A E, EB, CF, FD any 
equimultiples whatever GH, HK, X 
M, ; i 
and, again, of EB, FD take any j 
equimultiples whatever KX, NP. | 
Then, because GH is the same K 
multiple of 4E that HK isof EB; N 
therefore GH is the same multiple H 
of AE that GK is of AB. [V.1. 
But GH is the same multiple of 
AE that LM is of CF, { Constr. Y 
therefore G.K 1s the same multiple 
of AB that LM is of CF. 

Again, because LM is the same 
multiple of CF that MN is of FD, [Construction. 
therefore ZM is the same multiple of CF that ZN is 
of CD. V.1 


But LM was shewn to be the same multiple of OF that 
GK is of 4B. 


Therefore GK is the same multiple of AB that LN is 
of CD; 


that is, GK and LN are equimultiples of AB and CD. 
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Again, because ZA is the same multiple of EB that 
MN is of FD, and that AX is the same multiple of EB 
that VP is of FD, [Construction. 
therefore ZX is the same multiple 
of EB that MP is of FD; [V. 2. x 
that is, 77/.X and MP are equimulti- 
ples of EB and FD. P 

And because AB isto BE as CD 
is to DF, [JIypothesis. K 
and that GK and LN are equimul- 
tiples of AB and CD, and HX and N 
M P are equimultiples of ZB and Hoa 
FD, p M 
thereforeif G.A begreaterthan Z X, F 
LNisgreaterthanM P ;andifequal, 
equal; and if less, less. [V. Def. 5. 
But if GH be greater than KX, G A EB 
then, by adding the common mag- 
nitude ZIK to both, GK is greater 
than HX ; 
therefore also ZN is greater than MP; 
and, by taking away the common magnitude MN from 
both, ZM is greater than AP. 

Thus if GH be greater than KX, LM is greater than NP. 

In like manner it may be shewn that, if GH be equal 
to KX, LM is equal to NP ; and if less, less. 

But GH and LM are any equimultiples whatever of 
AE and CF, and KX and NFP are any equimultiples 
whatever of £B and FD; [Construction. 
therefore AE is to EB as CF is to FD.  [V. Definition 5. 

Wherefore, 2f four magnitudes &c. Q.E.D. 





PROPOSITION 18. THEOREM. 


If magnitudes, taken separately, be proportionals, they 
shall also be proportionals when taken jointly; that is, of 
the first be to the second as the third to the fourth, the 
first and second together shall be to the second as the third 
and fourth together to the fourth, 


— 
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Let AE, EB, CF, FD be proportionals ; that is, let 
AE be to EB as CF isto FD: they shall also be propor- 
tionals when taken jointly; that is, 42 shall be to BE as 
CD is to DF. 


Take of AB, BE, CD, DF any equimultiples whatever 
GH, HK, LM, MN; 
and, again, of BE, DF take any equimultiples whatever 
KO, NP. 
Then, because KO and WP are equimultiples of BE 


and DF, and that KH and NJ are also equimultiples of 
BE and DF; [Construetion. 


therefore if KO, the multiple of BH, be greater than KA, 
which is a multiple of the same BEF, then VP the multiple 
of DF is also greater than VM the multiple of the same 
DF; and if KO be equal to KH, NP is equal to NM; 
and if less, less. 


First, let KO be not greater than KH; 
therefore VP is not greater than NM. 
And because GH and HK l 
are equimultiples of AB 
and BE, [Construction. 
and that ABZ is greater 
than BE, M 
therefore GH is greater 
than HK; — [V. A«iom 3. K 
but AO is not greater N 
than KH; [ Hypothesis. 
therefore GH is greater B 
than KO. E 
In like manner it may 
be shewn that ZM is 
greater than NP. G A cC L 


Thus if KO be not greater 


| than AZ, then GH, the multiple of AP, is always greater 
|| than KO, the multiple of BZ; 


-and likewise ZM, the multiple of CD, is greater than NP, 


the multiple of DF. 
11 


— 
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Next, let AO bo greater than KH; 
therefore, as has been shewn, VP is greater than WAL 
And because the whole GH is tho same multiple of the 


whole AB that HK is of BE, [Construction. 
therefore the remainder GA is the same multiple of the 
remainder AE that GH is of AB; [V. 5. 
which is the same that LM is of CD. [Construction. 


In like manner, because the whole LAM is the same 
multiple of the whole CD that MN is of DF, [Construction. 


therefore the remainder ZN is the same multiple of the 
remainder CF that LM is of CD. [V. 5. 


But it was shewn that M is the same multiple of CD that 
GE is of AE. 


Therefore GK is the same multiple of AZ that LN is 
of CF; 


that is, GK and LN are equimultiples of AF and OF. 


And because AO and NP are equimultiples of BZ and 
DF; [ Construction. 


therefore, if from AO and NP there be taken KH and 
NM, w hich are also equimultiples of BE and DF, [Constr. 


the remainders HO and MP are either equal to BE and 
DF, or are equimultiples of them. [V. 6, 


Suppose that HO and ATP 0 
are equal to BE and DL, 
Then, because AF is to EB Ir 
as CF isto FD,  [Hypothesis. 
and that GK and ZN are 
equimultiples of 4 £ and CF; K 
therefore GK is to EB as LN 
is to FD. [V. 4, Cor. 
But HO is equal to BE, and 
MP is equil to DF; [I yp. 
therefore G&A is to H O as LAN G — A 1 
is to MP. 


* 
— Xx" 


du 
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Therefore if GK be greater than HO, LN is greater than 
MP ; and if equal, equal; and if less, less. [V. 4. 


Again, suppose that HO and MP are equimultiples 
of EB and FD. 

Then, because AF is to EB 

as CF is to FD; [Hypothesis. 

and that GA and LN are 


equimultiples of 4 E and CF, H P 
and HO and MP are equi- | 
multiples of EB and FD; M 


therefore if GK be greater K n 
than HO, LN is greater than 
MP ; and if equal, equal ; and E 
ifless,less;  [V. Definition 5. 
which was likewise shewn on | 
the preceding supposition. G A C I 


But if GH be greater than KO, then by taking the com- 
mon magnitude KH from both, GK is greater than HO; 
therefore also ZN is greater than MP ; 


and, by adding the common magnitude WM to both, LM 
is greater than VP. 


Thus if GH be greater than KO, LM is greater than VP. 


In like manner it may be shewn, that if GH be equal 
to KO, LM is equal to NP; and if less, less. 


"Wo 


And in the case in which KO is not greater than KA, 
it has been shewn that GH is always greater than X O, 
and also LM greater than NP. 


But GH and LM are any equimultiples whatever of AB 
and CD, and KO and WP are any equimultiples whatever 
of BE and DF, [ Construction. 


therefore AB is to BE as CD is to DF.  [V. Definition 5. 
Wherefore, if magnitudes &c. Q.E.D. 


11—2 
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PROPOSITION 19. THEOREM. 


If a whole magnitude be to a whole as a magnitude 
taken from the first is to a magnitude taken from the 
other, the remainder shall be to the remainder as the 
whole is to the whole. 


Let the whole 4B be to the whole CD as AE, a mag- 
nitude taken from AB, is to CF, a magnitude taken from 
CD: the remainder EB shall be to the remainder FD as 
the whole AB is to the whole CD. 


For, because AB is to CD as AE is to 


CF, [Hypothesis. 
therefore, alternately, AB is to AF as 
CD is to CF. [V. 16. E 


And if magnitudes taken jointly be pro- 


portionals, they are also proportionals F 
when taken separately; [V. a7. 
therefore EB isto AE as FD is to CF; 
therefore, alternately, EB is to FD as B D 
AE is to CF. [V. 16. 


But 4AE is to CF as AB isto CD; [Hyp. 
therefore E D isto FD as A Disto CD. [V.11. 
Wherefore, if a whole &c. Q.E.D. 


COROLLARY. If the whole be to the whole as a mag- 
nitude taken from the first is to a magnitude taken from 
the other, the remainder shall be to the remainder as the 
magnitude taken from the first is to the magnitude taken 
from the other. The demonstration is contained in the 
preceding. 


PROPOSITION £. THEOREM. 


Lf four magnitudes be proportionals, they shall also be 
proportionals by conversion ; that is, the first shall be to 
ats excess above the second as the third is to its excess above 
the fourth. 


Let AB beto BE as CD is to DF: AB shall be to 
A E as CD is to CF: 
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For, because AB is to BE as CD is A 
to DF; [ Hypothesis. 
therefore, by division, AZ is to HB as 
| CF is to FD; evs. Wi: E 
and, by inversion, ÆB is to AE as FD F 
is to CF. py. 2 
Therefore, by composition, 4B is to AE 
as CD is to CF. [V. 18. 


Wherefore, iffour magnitudes &c. Q.E.D. 


PROPOSITION 20. THEOREM. 


Jf there be three magnitudes, and other three, which 
have the same ratio, taken two and two, then, tf the first 
be greater than the third, the fourth shall be greater than 
the sixth ; and if equal, equal; and if less, less. 

Let A, B, C be three magnitudes, and D, Æ, F other 
three, which have the same ratio taken two and two; that 
is, let Æ be to B as D is to Æ, and let B be to C as E is 
to F: if A be greater than C, D shall be greater than F'; 
and if equal, equal; and if less, less. 

First, let A be greater than C: D 
shall be greater than 7. 

For, because A is greater than C,and B 

is any other magnitude, | 

therefore A has to B a greater ratio than 
C has to B. [V. 8. 
But A is to B as D is to E; [Hypothesis. 
therefore D has to # a greater ratio than 
C has to B. [V. 13. 
And because B is to C as Æ is to F, [Hyp. 
therefore, by inversion, C is to B as F is 
to £. LP. 
And it was shewn that D has to E a 
greater ratio than C has to B; 

therefore D has to # a greater ratio than 
F hasto E; [V. 13, Cor. 
therefore D is greater than F, [ve Iv: 


o» 
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Secondly, let Æ be equal to C: D shall 
be equal to F. 








For, because A is equal to C, and B is any | 
other magnitude, A BG 
therefore 4 is to 7 as Cisto B.  [V. 7. 

Bat A is to B as D is to E, [Hypothesis DE F 
and Cis to B as Fis to £, [Myp. V. B. | 


therefore Disto Has Fisto#; [V. 11. 
and therefore D is equal to F. [V.9. 


Lastly, let A be less than C: D shall 
be less than F. 
For C is greater than A; 
and, as was shewn in the first case, C is to 
Bas Fisto £; 


and, in the same manner, B is to A as Eis A B 
to D; 





therefore, by the first case, P is greater — D E 
than D; | 
that is, D is less than F. 


Wherefore, if there be three &c. Q.E.D. 


PROPOSITION 21. THEOREM. 


If there be three magnitudes, and other three, which 
have the same ratio, taken two and two, but in a cross 
order, then if the first be greater than the third, the 
Jourth shall be greater than the sixth; and if equal, 
equal ; and if less, less. 


Let A, B, C be three magnitudes, and D, F, F other 
three, which havo the same ratio, taken two and two, but 
in a cross order; that is, let 4 be to B as E is to F, and 
let B be to C as D is to E: if A be greater than €, D 
hal be greater than F; and if equal, equal; and if less, 
ess, 


First, let A be greater than C: D shall be greater 
than F. 
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For, because A is greater than C, 
and B is any other magnitude, 


therefore A has to B a greater ratio 
than C has to B. [V. 8. 


But A isto B as Æ is to F'; [Hypothesis. 


therefore Æ has to F a greater ratio 
than C has to B. 


And becauso B is to C as D is 


to E, [T ypothesis. 
therefore, by inversion, C is to B as 
E isto D. [V. 7. 


And it was shewn that Æ has to F a 
greater ratio than C has to B; 


therefore Æ has to F a greater ratio 
than Æ has to D; [V. 13, Cor. 


therefore Fis less than D; [V. 10. 
that is, D is greater than F. 


Secondly, let 4 be equal to C: D 
shall be equal to F. 


For, because A is equal to C, and B 
is any other magnitude, 


therefore Á is to D as C is to B. [V. 7. 
But A is to Bas Eisto F;  [Hyp. 
and C is to B as Æ is to D ; [Hyp. V. B. 
therefore Æ is to F as E isto D; [V.11. 
and. therefore D is equal to F. [V.9. 


Lastly, let A be less than C: D 
shall be less than Z. 


For Cis greater than A; 

and, as was shewn in the first case, 
C is to B as Æ is to D; 

and, in the same manner, B is to A as 
Fisto E; 

therefore, by the first case, F is greater 
than D; 

that is, D is less than F. 


Wherefore, if there be three &e. Q.E.D. 
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PROPOSITION 22. THEOREM, 


If there be any number of magnitudes, and as many 
others, which have the same ratio, taken two and two in 
order, the first shall have to the last of the first mag- 
nitudes the same ratio which the first of the others has 
to the last. 


[This proposition is usually cited by the words ex equalz, } 


First, let there be three magnitudes 4, B, C, and other 
three D, E, F, which have the same ratio, taken two and 
two in order; that is, let 4 be to Bas D is to E, and let B 
be to C as Æ is to F: A shall be to Cas Dis to F. 

Take of A and PD any equi- 
multiples whatever G and 77; 
and of B and E any equimul- 
tiples whatever K and L; 
and of C and F any equimul- B D 
tiples whatever M and N. 

Then, because A is to B as D G KM H 
is to Æ; [Hypothesis. 

and that G and # are equi- 

multiples of A and D, 


and A and Z equimultiples of 





i1 
L N 


B and E; [Construction. | 
therefore G is to K as H is to 
L. [Ve a 


For the same reason, K is to M as L is to N. 


And because there are three magnitudes G, K, M, and 
other three H, L, N, which have the same ratio taken two 
and two, 


therefore if G be greater than M, H is greater than JV; 
and if equal, equal; and if less, less. [ V. 20, 


But G and H are any equimultiples whatever of A and D, 
and JM and W are any equimultiples whatever of C and F. 


Therefore A is to C as D is to F. [V. Definition 5. 
Next, let there be four magnitudes, 4, B, C, D, and 


CES a 
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other four E, F, G, H, which have the 
same ratio taken two and two in order ; 
namely, let Æ be to B as # is to F, and 
B to C as F is to G, and C to D as 
G isto H: A shall be to Das E isto A. 


For, because 4, B, C are three magnitudes, and Æ, F, G 
other three, which have the same ratio, taken two and two 


a5, CD 
Dr H E 








in order, [Hypothesis. 
therefore, by the first case, 4 is to C as E is to G. 
But Cis to Das Gis to A; [ Hypothesis. 


therefore also, by the first case, 4 is to D as E is to H. 
And so on, whatever be the number of magnitudes. 
Wherefore, Zf there be any number &c. — Q.E.D. 


PROPOSITION 23. THEOREM. 


If there be any number of magnitudes, and as many 
others, which have the same ratio, taken two and two in 
a cross order, the first shall have to the last of the first 
magnitudes the same ratio which the first of the others 
has to the last. 


First, let there be three magnitudes, 4, B, C, and other 
three D, E, F, which have the same ratio, taken two and 
two in a cross order; namely, let A be to B as Æ is to F, 
and B to Cas D is to £: A shall be to C as D is to F. 

Take of A, B, D any 
equimultiples whatever G, 
H, K ; and of C, E, F any 
equimultiples whatever L, 

M, N. A D D' E 
Then because G and # are 
equimultiples of A and B, 

and that magnitudes have 
the same ratio which their 
equimultiples have; [V. 15. 
therefore 4 is to B as G is 
to H. | 


| 
And, for the same reason, | l 











F 
G XM L K M N 


| KE isto Fas M is to N. 
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But A is to B as E is to 

A [Z ypothesis. 
Therefore G is to 77 as M 
is to N. [VT 

And because B is to C 
as D isto E, [Hypothesis. 
and that // and A’ aro G H L K MN 
equimultiples of B and D, 
and Z and Af are equimul- 
tiples of C and E; [Constr. 
therefore H is to Z as K 
is to M. [V. 4. 

And it has been shewn 
that G is to H as M is 
to N. 

Then since there are three magnitudes G, Z, L, and 
other three A, M, N, which have the same ratio, taken two 
and two in a cross order; 
therefore if G be greater than Z, K is greater than JV; and 
if equal, equal ; and if less, less. [V. 21. 
But G and X are any equimultiples whatever of A and D, 
and L and N are any equimultiples whatever of C and F; 
therefore A is to C as D is to F [V. Definition 5. 

Next, let there be four magnitudes 
A, B,C, D, and other four E, F, G, H, 
which have the same ratio, taken two A. B. 
and two in a cross order ; namely, let E. TF. 
A boto B as G is to H, and B to C 
as F is to G, and C to D as E is to F: 

A shall be to Das Fis to H. 

For, because A, B, C are three magnitudes, and F, G, A 
other threc, which have the same ratio, taken two and two 
in a cross order ; [/Typothesis, 
therefore, by the first case, A is to C as F is to H. 

But C is to D as Æ is to F; [JIypothesis. 
therefore also, by the first case, A is to DD as E is to H. 
And so on, whatever be the number of magnitudes, 


Wherefore, 4f there be any number &c. Q.E.D. 


C. D. 
G. H. 
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PROPOSITION 24. THEOREM. 


Jf the first have to the second the same ratio which the 
third has to the fourth, and the fifth have to the second 
the same ratio which the sixth has to the fourth, then the 
jirst and fifth together shall have to the second the same 
ratio which the third and sixth together hace to the fourth. 


Let A7 the first have to C the second the same ratio 
which DZ the third has to #’ the fourth; and let BG the 
fifth have to C the second the same ratio which ÆH the 
sixth has to F the fourth : AG, the first and fifth together, 
shall have to C the second the same ratio which DH, the 
third and sixth together, has to F the fourth. 


For, because BG is to C as EH 


is to F, [Hypothesis. | G 
therefore, by inversion, C is to BG 

as Fis to EH. [V. B. H 
And because AB is to C as DE is 

to F, [Hypothesis, B 


and C is to BG as Fis to EH ; 


therefore, ex æquali, AB is to BG 
as DE is to EH. [W^ 29, | 


And, because these magnitudes are 

proportionals, they are also propor- A O D F 

tionals when taken jointly; [V. 18. 

therefore AG is to BG as DH is to EH. 

But BG is to C as EH is to F; [Hypothesis. 

therefore, ex equali, AG is to Cas DH is to F. [V20 
Wherefore, if the first &c. Q.E.D. 


CoRroLLARY 1. If the same hypothesis be made as in 
the proposition, the excess of the first and fifth shall be to 
the second as the excess of the third and sixth is to the 
fourth. The demonstration of this is the same as that of 
the proposition, if division be used instead of composition. 


COROLLARY 2. The proposition holds true of two ranks 
of magnitudes, whatever be their number, of which each of 
the first rank has to the second magnitude the same ratio 
that the corresponding one of tho second rank has to the 

fourth magnitude; as is manifest. 
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PROPOSITION 25. THEOREM. 


If four magnitudes of the same kind be proportionals, 
the greatest and least of them together shall be greater 
than the other two together. 


Let the four magnitudes 42, CD, E, F be propor- 
tionals ; namely, let 4B be to CD as E is to F; and let 
AB be the greatest of them, and consequently #' the 
least: [V. A, V. 14, 
AB and F together shall be greater than CD and Æ 
together. 


Take AG equal to Æ, and n 
CH equal to F. | 
Then, because AB is to CD as G 
E is to F, [ Hypothesis. 2 


and that AG is equal to £, and 
CH equal to F; = [Construction. 
therefore AB is to CD as AG 
is to CH. [V.T VN. 
And because the whole 4B is to A C ES 
the whole CD as AG is to CH; 

therefore the remainder GB is to the remainder HD as 


the whole AB is to the whole CD. [V. 19. 
But AB is greater than CD; [ Hypothesis. 
therefore BG is greater than DH. [V. 4. 


And because 44 G is equal to E and CH7 equal to P, [Constr. 
therefore AG and F together are equal to CH and E 
together. 

And if to the unequal magnitudes BG, DH, of which 
BG is the greater, there be added equal magnitudes, 
namely, AG and F to BG, and CH and E to DH, then 
AB and F together are greater than CD and Æ together. 

Wherefore, if Jour magnitudes &c. QED. 
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DEFINITIONS. 


1l. SrMILAR rectilineal 
figures are those which $ 
have their several angles ae 9 
equal, each to each, and t 3 | 
the sides about the equal pop 
, angles proportionals. 


2. Reciprocal figures, namely, triangles and parallelo- 
grams, are such as have their sides about two of their 
angles proportionals in such a manner, that a side of the 
first figure is to a side of the other, as the remaining side 
of this other is to the remaining side of the first. 


3. A straight line is said to be cut in extreme and 
mean ratio, when the whole is to the greater segment as 
the greater segment is to the less. 


: 4. The altitude of any figure is 
the straight line drawn from its ver- 
_tex perpendicular to the base. 
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PROPOSITION 1. THEOREM. 


Triangles and parallelograms of the same altitude are 
to one another as their bases. 


Let the triangles ABC, ACD, and the parallelograms 
EC, CF have the same altitude, namely, the perpendicular 
drawn from the point 4 to BD: as the base BC is to the 
base CD, 80 shall the triangle ABC be to the triangle ACD, 
and the parallelogram ÆC to the parallelogram CF. 


Produce BD both 


ways; E 


take any number of 
straight lines BG, GI, 
each equal to BC, and 
any number of straight 


lines DK, KL, each Eo j 





* 


equal to CD; [1.3 K àB o D 4 


and join AG, A4, AK, 
AL: 


Then, because CB, BG, GII are all equal, [Construction, | 


the triangles ABC, AGB, AHG are all equal. [I. 38. 


Therefore whatever multiple the base HC is of the baso 
BC, the same multiple is the triangle AHC of tho tri- 
angle ABC. 


For the same reason, whatever multiple the base CZ is of 
the base CD, the same multiple is the triangle ACL of 
the triangle ACD. 


And if the base HC be equal to the base CZ, the triangle 
AHC is equal to the triangle ACL; and if the base HC 
be greater than the base CZ, the triangle AHC is greater 
than the triangle ACZ; and if less, less. [I. 38. 


Therefore, since there are four magnitudes, namely, the 
two bases BC, CD, and the two triangles ABC, ACD; 
and of the base BC, and the triangle AAC, the first and 
the third, any equimultiples whatever have been taken, 
namely, the base ÆC and the triangle AHC; and of tho 
base CD and the triangle ACD, the second and the fourth, 
any equimultiples whatever have been taken, namely, the 
base CZ and the triangle ACL ; 


| 
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and since it has been shewn that if the base HO be greater 
than the base CZ, the triangle AHC is greater than tho 
triangle ACL; and if equal, equal; and if less, less ; 


therefore as the base BC is to the base CD, so is the 
triangle ABC to the triangle ACD. [V. Definition 5. 


And, because the parallelogram CE is double of the 
triangle ABC, and the parallelogram CZ’ is double of the 


triangle ACD; [I. 41. 
and that magnitudes have the same ratio which their equi- 
multiples have ; [V. 15. 


therefore the parallelogram ZC is to the parallelogram CF 
as the triangle .4 BC is to the triangle ACD. 


But it has been shewn that the triangle ABC is to the 
triangle ACD as the base BC is to the base CD; 


therefore the parallelogram ZC is to the parallelogram CF 
as the base BC is to the base CD, B 


Wherefore, triangles &. QE.D. 


COROLLARY. From this it is plain that triangles and 
parallelograms which have equal altitudes, are to one an- 
other as their bases. 


For, let the figures be placed so as to have their bases 
in the same straight line, and to be on the same side of it; 
and having drawn perpendiculars from the vertices of the 
triangles to the bases, the straight lino whieh joins the ver- 


tices is parallel to that in which their bases are; [I. 33. 
because the perpendiculars are both cqual and parallel to 
one another. [1.,88. 


Then, if the same construction be made as in tho pro- 
position, the demonstration will be the same. 


PROPOSITION 2. THEOREM. 


If a straight line be drawn parallel te one of the sides 
of a triangle, it shall cut the other sides, or those sides 
produced, proportionally; and if the sides, or the sides 
produced, be cut proportionally, the straight line which 
joins the points of section, shall be parallel to the re- 
maining side of the triangle. 
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Let DE be drawn parallel to BC, one of the sides of 
the triangle ABC: BD shall be to DA as CE is to EA. 





Join BE, CD. 
Then the triangle BDZ is equal to the triangle CDE, 
because they are on the same base DE and between the 
same parallels DE, BC. LI. 37. 
And ADE is another triangle; 
and equal magnitudes have the same ratio to the same 
magnitude ; E. 
therefore the triangle 2 DE is to the triangle 4 DE as the 
triangle CDE is to the triangle ADE. 

But the trianglo BDE is to the triangle ADE as BD 
is to DA; 


because the triangles have the same altitude, namely, the 
perpendicular drawn from Æ to AJB, and therefore they are 
to one another as their bases. [VI. 1. 


For the same reason the triangle CDE is to the triangle 
ADE as CE is to EA. 


Therefore BD is to DA as CE is to EA. (V, "Tu 


Next, let BD be to DA as CE is to EA, and join DE: 
DE shall be parallel to BC. 


For, the same construction being made, 


because BD is to DA as CE is to EA, [Hypothesis 
and as BD is to DA, so is the triangle BDE to the 
triangle ADE, [VI. 1. 


and as CE is to HA so is the triangle CDE to tho triangle 
ADE; LY dh 
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therefore the triangle BDZ is to the triangle ADE as the 
triangle CDE is to the triangle ADE; [V. 11. 


that is, the triangles BDE and CDE have the same ratio 
_to the triangle ADE. 


Therefore the triangle BDF is equal to the triangle 
CDE. [V. 9. 


And these triangles are on the same base DE and on the 
same side of it; 

but equal triangles on the same base, and on the same side 
of it, are between the same parallels; 


therefore DE is parallel to BC. 
Wherefore, if a straight line &c. Q.E.D. 


PROPOSITION 3. THEOREM. 


If the vertical angle of a triangle be bisected by a straight 
line which also cuts the base, the segments of the base shall 
have the same ratio which the other sides of the triangle 
have to one another ; and if the segments of the base have 
the same ratio which the other sides of the triangle have to 
one another, the straight line drawn from the vertex to the 
point af section shall bisect the vertical angle. 


Let ABC be a triangle, and let the angle BAC be 
bisected by the straight line AD, which meets the base at 
D: BD shall be to DC as BA is to AC. 

Through C draw CE 
parallel to DA,  [I. 31. 


and let BA produced ae 
meet CE at E. — / 

Then, because the e, 
straight line AC meets pe / 
the parallels 4D, EC, TL / 
the angle ACE is equal — | 
to the alternate angle a > ee ie 

[T 29, 


Bt we angle CA D is, by hypothesis, equal to the angle 


. therefore the angle BAD is equal to the angle ACE. [A. 1. 
12 


OO o M CREE 
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Again, because the straight line BAF meets the parallels 
AD, EC, the exteriot angle BAD is equal to the interior 
and ‘opposite angle AEC; [I. 29. 
but the angle BAD has 

been shewn equal to the 

angle ACE ; 


E 
therefore the angle ACE 
is equal to the angle y 
AEC; [Axiom I, “4 
and therefore AC is — / 
— f | / 


equal to AZ. [I. 6. 

And, because AD is 
parallel to EC, [Constr. 
one of the sides of the 
triangle BCE, 


therefore BD is to DC as BA is to AE; [VI. 2. 


but AZ is equal to AC; 
therefore BD is to DC as BA is to AC. [V. 7. 


Next, let BD be to DC as BA is to AC, and join AD: 


the angle BAC shall be bisected by the straight line AD, 
For, let the same construction be made. 


Then BD is to DC as BA is to AC; [ Hypothesis. 
and BD isto DC as BA is to AE, [VI. 2. 
because A D is parallel to EC; [Construction. 
therefore BA is to AC as BA isto AE; [V. 11. 
therefore AC is equal to AE; [V. 9. 


and therefore the angle 4 EC is equal tothe angle 4 C E. (1.5. 


But the angle A #Cis equal to the exterior angle BA D; [1.29. 


mid the augle ACE is equal to the alternateangle C A.D ; [1.29. 


therefore the angle 5.4 D is equal to the angle CA D; [Az. 1. 
that is, the angle BAC is bisected by the straight line 4D. 
Wherefore, if the vertical angle &c. Q.E.D. 





» 
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E 


PROPOSITION A. THEOREM. 
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If the exterior angle of a triangle, made by producing 
one of its sides, be bisected by a straight line which also 
cuts the base produced, the segments between the dividing 
straight line and the extremities of the base shall have the 
same ratio which the other sides of the triangle have to 
one another; and if the segments of the base produced 
have the same ratio which the other sides of the triangle 
have to one another, the straight line drawn from the 
vertex to the point of section shall bisect the exterior angle 
of the triangle. 


Let ABC be a triangle, and let one of its sides BA be 
produced to Æ; and let the exterior angle CAE be 
bisected by the straight line AZ which meets the base 
produced at D: BD shall be to DC as BA is to AC, 


| Through € draw CF 
- parallel to 4D, LL, $1, E 
meeting AB at & 

Then, because the : IN 
straight line AC meets E MCN 
the parallels 4D, FC, the ntm UN / ^ 
angle ACF is equal to the — * 


alternateangle C A D;[1.29. É C D 
2 the angle CAD is, by hypothesis, equal to the angle 
DAE; 


? 


: therefore the angle D.A4 E is equal to the angle ACF, [Az. 1. 


Again, because the straight line FAE meets the parallels 
AD, FC, the exterior angle DAE is equal to the interior 
and opposite angle AFC ; - Hu29 


but the angle DAE has been shewn equal to the angle ACF; 
therefore the angle ACF is equal to the angle 4 FC; [A«. 1. 


and therefore AC is equal to AF. LG 
And, because AD is paralled to FC, [Construction, 

one of the sides of the triangle BCF; 

therefore BD is to DC as BA is to AF; (VI. 2. 

but AF is equal to AC; 

therefore GD is to DC as BA is to AC. (vez. 


12—2 
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Next, let BD be to DC 
as BA is to AC; and join 
AD: the exterior me — 
CAE shall be bisected by - 
the pe T —* F: r — 

or, let the sam - - 
, — A 
C D 


struction be made. 
Then BD is to DC as BA f 


is to AC; { Hypothesis. 

and BD isto DC as BA isto AF; [VI. 2. 
therefore BA is to AC as BA isto AF: [Vidi 
therefore AC is equal to AF, [V. 9. 


and therefore the angle 4C 'is equal to the angle AFC. [1.5. 
But the angle 4 FC is equal to the exterior angle DAE ; [1. 29. 
andthoangle 4 C7'isequaltothe alternate angle CA D ; [1. 29. 
therefore the angle CA D is equal to the angle DAE; [Az. 1. 
that is, the angle CAE is bisected by tho straight line AD. 
Wherefore, 2f the exterior angle &c. Q.E.D. 


PROPOSITION 4. THEOREM. 


The sides about the equal angles of triangles which ave 
equiangular to one another are proportionals; and those 
which are opposite to the equal angles are homologous sides, 
that is, are the antecedents or the consequents of the ratios. 


Letthotriangle 4.2 C bc equiangular to the triangle DCE, 
having the angle ABC equal to the angle DCE, and the angle 
ACB equal to the angle DEC, and consequently the angle 
BAC cqualtotheangle CDE: thesidesabout the equal angles 
of the triangles A BC, DCE, | 
shall be proportionals ; and 
those shall be the homolo- 
gous sides, which are oppo- 
site to the equal angles. 

Let the triangle DCE 
be placed so that its side CE 
may be contiguous to BC, 
and in the same straight 
line with it. m (1, 22. 


ey 
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Then the angle BCA is equal to the angle CED; [Hyp. 


add to each the angle ABC; 
therefore the two angles 4 DC, BCA are equal to the two 


angles A BC, CED; [Axiom 2. 
but the angles ABC, BCA are together less than two 
right angles; [I. 17. 


therefore the angles ABC, CED are together less than 
two right angles ; 
therefore 5.4 and ED, if produced, will meet. [Axiom 12. 
Let them be produced and meet at the point F. 

Then, because the angle ABC is equal to the angle 


i [ Hypothesis. 
BF is parallel to CD; [I. 28. 
and because the angle ACB is equal to the angle DEC, [Hyp. 
AC is parallel to FE. [I. 28. 


Therefore FACD is a parallelogram ; 

and therefore 4 F isequalto C D,and ACisequal to FD. [1. 34. 
And, because 4C is parallel to ZZ, one of the sides of 

the triangle FBE, 


therefore BA is to AF as BC is to CE; [VL 2. 
but AF is equal to CD; 
therefore BA is to CD as BC is to CE; VT. 


and, alternately, 4 Bis to BC as DC is to CE. [V. 16. 
Again, because CD is parallel to BF, 


therefore BC is to CE as FD is to DE; [VI. 2, 
but FD is equal to AC; 
therefore BC is to CE as AC is to DE; [V. 7. 


and, alternately, BC is to CA as CE is to ED. [V. 16. 
Then, because it has been shewn that AB is to BC as DC 
is to CE, and that DC is to CA as CE is to ED; 
therefore, ex squali, BA is to AC as CD 1s to DEL. [V. 22. 
Wherefore, the sides &c. Q.E.D. 
PROPOSITION 5. THEOREM. 


If the sides of two triangles, about each of their angles, 
be proportionals, the triangles shall be equiangular to ono 
another, and shall have thoseangles equal which are opposite 
to the homologous sides. 
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Let the triangles ABC, DEF have their sides propor- 
tional, so that 4 B is to BC as DE is to EF; and BC to 
CA as EF is to FD; and, consequently, ex squali, BA 
to AC as ED is to DF: the triangle ABC shall be equian- 
gular to the triangle DEF, and they shall have those angles 
equal which are opposite to the homologous sides, n 
the angle ABC equal to the angle DEF, and the angle 
BCA equal to the angle EFD, and tho angle BAC equal to 
the angle EDF, 

At the point Æ, in the 
straight line EF, mako the A 
angle FEG equal to the angle A 

⸗ 
⸗ | 


D 


A BC; and at the point F, in 

the straight line HF, make the 

angle EFG equal to the angle f 

BCA; [I. 23. 

therefore the remaining anglo 

EGF is equal to the remain- 

ing angle BAC. | 
Therefore the triangle ABC is equiangular to the triangle 


and therefore they have their sides opposite to the equal 


angles proportionals ; (VI. 4. 
therefore AB is to BC as GE is to EF. 

But AB isto BC as DE isto EF: { Hypothesis. 
therefore DE is to EF as GE is to EF ; [V. 11. 
therefore DE is equal to GE. [V. 


For the same reason, DF is equal to GF. 


Then, because in the two triangles DEF, GEF, 
DE is equal to GE, and EF is common ; 


the two sides D E, EF are equal to the two sides GZ, EF, 
each to each ; 


and the base DF is equal to the base GF’; 
therefore the angle DEF is equal to the angle GEF, [I. 8. 


and the other angles to the other angles, each to each, to 
which the equal sides are opposite. Lf. 4. 


therefore the angle DFE is equal to the angle GFE, and 
the angle FDP agui to the angle EGF. 
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And, because the angle D E is equal to the angle GEF, 
and the angle GEF is equal to the angle ABC, [Constr, 


therefore the angle ABC is equal to the angle DEF. [Ax. 1. 


For the same reason, the angle ACB is equal to the angle 
DFE, and the angle at A is equal to the angle at D. 


Therefore the triangle ABC is equiangular to the triangle 
DEF. 


Wherefore, if the sides &c. Q.E.D. 


PROPOSITION 6. THEOREM. 


If two triangles have one angle of the one equal to one 
angle of the other, and the sides about the equal angles 
proportionals, the triangles shall be eguiangular to one 
another, and shall have those angles equal which are op- 
posite to the homologous sides. 


Let the triangles 4 BC, DEF have the angle BAC in 
the one, equal to the angle EDF in the other, and the 
sides about those angles proportionals, namely, BA to AC 
as ED isto DF: the triangle ABC shall be equiangular to 
the triangle DEF, and shall have the angle ABC equal to 
the angle DEF, and the angle 4 CB equal to the angle DFE. 


At the point D, in the A 
straight line DF, make the N 
angle FDG equal to either | : 
of the angles BAC, EDF, | \ 
and at the point Z, in the v 
straight S 65 mapp 3 
the angle DFG equal to \ 
the angle ACB; {L 23. B Ü 
therefore the remaining angle at G is equal to the remain- 
ing angle at B. 
Therefore the triangle 4 BC is equiangular to the triangle 
DGF; 





therefore BA is to AC as GD is to DF. [VI. 4. 
But BA is to AC as ED is to DF; [Hypothesis 
therefore ED is to DF'as GD is to DF; CV. dub. 


therefore ED is equal to GD. [V. 9. 
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And DF is common to the two triangles EDF, GDF; 
therefore the two sides ED, DF are equal to the two sides 
GD, DF, each to each; 
and the angle EDF is equal 
to the angle GDF’; [Constr. 


A 
therefore the base Z is D 
equal to the base GF, and 
the triangle EDF to the x 
triangle GDF, and the re- 
maining angles to the re- 
B E F 


maining angles, each to each, 

to which the equal sides are 

opposite ; [I. 4. 
therefore the angle DFG is equal to the angle DFE, and 
the angle at G is equal to the angle at E. 

But the angle DG is equal to the angle ACB; [Constr. 
therefore the angle ACB is equal to the angle DFE. [Az.1, 
And the angle BAC is equal tothe angle EDF; [Hypothesis, 
therefore the remaining angle at B is equal to the remain- 
ing angle at E. 

Therefore the triangle 4 7C is equiangular to the triangle 
DEF. 


W hercfore, 2f two triangles &c. Q.E.D. 


PROPOSITION 7. THEOREM. 


Jf two triangles have one angle of the one equal to one 
angle of the other, and the sides about two other angles 
proportionals ; then, 4f each of the remaining angles be 
either less, or not less, than a right angle, or if one of 
them be a right angle, the triangles shall be equiangular 
to one another, and shall have those angles equal about 
which the sides are proportionals. 


Let the triangles ABC, DEF have one angle of the 
one equal to one angle of the other, namely, the angle 
BAC equal to the angle EDF, and the sides about two 
other angles ABC, DEF, proportionals, so that AB is to 

Cas DE is to EF; and, first, let cach of the remaining 
angles at C and F be less than a right angle: the triangle 
ABC shall be equiangular to the triangle DEF, and shall 

. E 
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have the angle ABC equal to the angle DEF, and tho 

angle at C equal to the angle at 7. 
For, if the angles A BC, 

DEF be not equal, one of 

them must be greater than 

the other. 

Let ABC be the greater, 

and at the point B, in the 

straight line 4 B, make the 

angle ABG equal to the angle DEF. (1. 2% 


Then, because the angle at A is equal to the angle at D, [Hyp. 
and the angle 4G is equal to the angle DEF, — [Constr. 


therefore the remaining angle AGB is equal to the re- 
maining angle DFE; 

therefore the triangle ABG is equiangular to the triangle 
DEF. 





Therefore AB is to BG as DE is to EF. [VI. 4. 
But AB is to BC as DE is to EF; [Hypothesis. 
therefore A B is to BC as AB is to BG; MTR 
therefore BC is equal to BG ; [V. 9. 


and therefore the angle BCG is equal to the angle BGC. [I. 5. 
But the angle BCG is less than aright angle; = [Hyp. 
therefore the angle BGC is less than a right angle; 
and therefore the adjacent angle AGB must be greater 
than à right angle. I. ie 
But the angle AGB was shewn to be equal to the angle 
at PF; 
therefore the angle at F is greater than a right angle. 
But the angle at F is less than a right angle; [Hypothesis. 
which is absurd. 
Therefore the angles ABC and DEF are not unequal ; 
that is, they are equal. 
And the angle at 4 is equal to the angle at D; [Mypothesis. 
therefore the remaining angle at C is equal to the remain- 
ing angle at F’; 
therefore tho triangle 43€ is equiangular to tho trianglo 
DEF. 


» o 
EJ "1 


186 EUCLID'S ELEMENTS. / 


Next, let each of the angles at C and F be not less 
than a right angle: the triangle ABC shall be equiangular 
to the triangle DEF. 

For, the same con- 
struction being made, 
it may be shewn in the 
same manner, that BC 
is equal to BG ; 
therefore the angle 
BCG is equal to the 
angle BGC. LI. 5. 
But the angle BCG is not less than a right angle; — [Zyp. 
therefore the angle BGC is not less than a right angle; 
that is, two angles of the triangle BCG are together not 
less than two right angles; which is impossible. [F. 
Therefore the triangle 4 BC may be shewn to be equi- 
angular to the triangle DEF, as in the first case. 

Lastly, let one of the angles at C and F be a right 
angle, namely, the angle at C: the triangle ABC shall be 
equiangular to the triangle DEF. 

For, if the triangle 4 BC 
be not equiangular to the 
triangle DEF, at the point 
B, in the straight line 4B, 
make the angle ABG equal 
to the angle DEF. [I. 23. 
. Then it may be shewn, as 

in the first case, that BC 
is equal to BG ; 
therefore the angle BCG is 
equaltotheangle BGC. [1.5. 
But the angle BCG is a 
right angle: Nypothesis. 
therefore the angle BGC 
is a right angle; 
that is, two angles of the triangle BCG are together equal 
to two right angles; which is impossible, (J. 1% 
Therefore the triangle ABC is equiangular to the triangle 
DEF. 


Wherefore, if taco triangles &c. Q.E.D. 
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PROPOSITION 8. THEOREM. 


In a right-angled triangle, {f a perpendicular be drawn 
from the right angle to the base, the triangles on each side 
of it are similar to the whole triangle, and to one another. 


Let ABC be a right-angled triangle, having the right 
angle BAC; and from the point A, let 4 D be drawn per- 
pendicular to the base BC: the triangles DBA, DAC 
shall be similar to the whole triangle ABC, and to one 
another. 


For, the angle BAC is equal A 
to the angle BDA, each of them ^h 
being a right angle,  [4ziom 11. — 
and the angle at Z is common to P 
the two triangles ABC, DBA; —— 
therefore the remaining angle B D 


- ACB is equal to the remaining 
angle DAB. 


Therefore the triangle A BC is equiangular to the triangle 
DBA, and the sides about their equal angles are propor- 
tionals ; [VI. 4. 


therefore the triangles are similar. [VI. Definition 1. 
In the same manner it may be shewn that the triangle 
DAC is similar to the triangle ABC. 


And the triangles DBA, DAC being both similar to the 
triangle AAC, are similar to each other. 


Wherefore, in a right-angled triangle &e. Q.E.D. 


CoRoLLARY. From this it is manifest, that the perpen- 
dicular drawn from the right angle of a right-angled 
triangle to the base, is a mean proportional between the 
segments of the base, and also that each of the sides is a 
mean proportional between the base and the segment of 
the base adjacent to that side. 


For, in the triangles DBA, DAC, 


BD isto DA as DA isto DC; [VI. 4. 
and in the triangles ABC, DBA, 
BC isto BA as BA isto BD; [VI. 4. 


and in the triangles A BC, DAC, 
BC is to CA as CA is to CD. [VI. 4. 
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PROPOSITION 9. PROBLEM. 
From a given straight line to cut of any part required. 


Let AB be the given straight line: A 

it is required to cut off any part from it. N 
From the point A draw a straight 

line AG, making any angle with 4B; 

in 4G take any point D, and take AC the 

same multiple of AD, that AB is of the 

part which is to be cut off from it ; join 

BC, and draw DE parallel toit. AE 


shall be the part required to be cut off. QN 
For, because ED is parallel to BC, [Construction. 

one of the sides of the triangle A BC, 

therefore CD is to DA as BE is to EA; [VI. 2. 

and, by composition, CA is to AD as BA is to AE. [V. 18. 

But CA is a multiple of AD; [Construction. 

therefore BA is the same multiple of AZ; [V. D. 


that is, whatever part AD is of AC, AZ is the same part 
of AB. 


Wherefore, from the given straight line AB, the part 
required has been cut off. Q.E.F. 


PROPOSITION 10. PROBLEM, 


To divide a given straight line similarly to a given 
divided straight line, that ts, into parts which shall have 
the same ratios to one another, that the parts of the given 
divided straight line have. 

Let AB be the straight line given to be divided, and 
AC the given divided straight line: it is required to divide 
AB similarly to AC. 

Let AC bo divided at the points “4 
D, E; and let AB, AC be placed 
so as to contain any angle, and join — 4, D 
BC; through tho point D, draw DF i i 
parallel to BC, and through the point | 
E draw EG parallel to BC.  [1. 31. 


AB shall be divided at the points B 
F, G, similarly to AC. 
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Through D draw DHK parallel to AB. EL 
Then each of the figures FH, HB is a parallelogram ; 
therefore DH is equal to FG, and HK is equal to GB. [1.34. 


Then, because ZZZ is parallel to A'C, [Construction. 
one of the sides of the triangle DKC, 

therefore AH is to HD as CH is to ED. [VI. 2. 
But KZ is equal to BG, and HD is equal to GF; 
therefore BG is to GF as CE is to ED. TV ay, 


Again, because FD is parallel to GE, [Construction. 
one of the sides of the triangle AGE, 
therefore GF is to FA as ED is to DA. [v1.2 
And it has been shewn that BG is to GF as CE is to ED. 


Therefore BG is to GF as CE is to ED, and GF is to FA 
as ED is to DA. 


Wherefore the given straight line AB ts divided simi- 
larly to the given divided straight line AC.  Q.E.F. 


PROPOSITION 11. PROBLEM. 
To find a third proportional to two given straight lines. 


Let AB, AC be the two given straight lines: it is re- 
quired to find a third proportional to AB, AC. 
Let AB, AC be placed so A 
as to contain any angle; produce 
AB,’*AC, to the points D, E; and 
make BD cqualto 4C;  [I.3. 
join BC, and through D draw DE 


parallel to BC. Br am \ 
CE shall be a third proportional — — 
to AB, AC. 

For, because BC is parallel to DL, [Construciion, 
one of the sides of the triangle ADE, 
therefore AB is to BD as AC is to CE; [VIL € 
but BD is equal to AC; (Construction, 
therefore AB is to AC as AC is to CF. [V. 


Wherefore £o the two given straight lines AD, AC, a 
third proportional CE is found. Q.E.F. 


= H— UN 
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PROPOSITION 12. PROBLEM. 


5 To find a fourth proportional to three given straight 
ines. 


Let 4, D, C be the three given straight lines: it is 
required to find a fourth proportional to A, B, C. 


Take two straight lines, 


DE, DF, containing any an- D c uM 
gle EDF; and E ry D / Y " 

DG equal to A / equal to x 

B, and DH equal to €; [I. 3. / X -— — 


join GH, and through Æ draw G/ Nar 


EF parallel to G7. —— [I. 31. / Xm 
HF shall be a fourth propor- — 
tional to A, B, C. E 


For, because GH is parallel to EF, [Construction. 
one of the sides of the triangle DEF, 
therefore DG is to GE as DH is to HF. [VI. 2. 
But DG is equal to A, GE is equal to B, and DH is 
equal to € ; [ Construction. 
therefore A is to B as C is to HF. FA 


Wherefore to the three given straight lines A, B, C, a 
fourth proportional HF i3 found. | Q.E.F. 


PROPOSITION 13. PROBLEM. 


To find a mean proportional between two given straight 
lines. 
Let AB, BC be the two given straight lines: it is 
required to find a mean proportional between them. 


Place A B, BC in a straight 
line, and on AC describe the 
semicircle ADC; from the 
point B draw BD at right 
angles to AC. [I. 11. 


BD shall be a mean propor- 
tional between AB and BC. 
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I 


Join AD, DC. 
Then, the angle ADC, being in a semicircle, is a right 
angle ; [TII. 31. 


and because in the right-angled triangle ADC, DB is 
drawn from the right angle perpendicular to the base, 
therefore DZ is a mean proportional between AB, BC, 
the segments of the base. [VI. 8, Corollary. 

Wherefore, between the two given straight lines. AB, 
BC, a mean proportional DB is found. QEF. 


PROPOSITION 14. THEOREM. 


Equal parallelograms which have one angle of the one 
equal to one angle of the other, have their sides about the 
equal angles reciprocally proportional; and parallelo- 
grams which have one angle of the one equal to one angle 
of the other, and their sides about the equal angles reci- 
procally proportional, are equal to one another. 


Let 48, BC be equal parallelograms, which have the 
angle FBD equal to the angle EBG: the sides of the 
parallelograms about the equal angles shall be reciprocally 
proportional, that is, DB shall be to BE as GB is to BF. 


Let the parallelograms be A K 
placed, so that the sides DB, — — 


BE may be in the same \ \ | p 
straight line; D ; 
therefore also FB, BG are in 

one straight line. [E I 
Complete the parallelogram G U 
FE. 

Then, because the parallelogram 442 is equal to the 
parallelogram BC, | Hypothesis. 
and that JE is another parallelogram, 
therefore AB is to FE as BC is to FE. [Vie 


But AB is to FE as the base DB is to the base BF, [VI. 1. 
and BC is to FE as the base GB is to the base BF; [VL L 
thercfore DB is to BE as GB is to BF, [V. 11. 
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Next, let the angle FBD be equal to the angle HBG, 
and let the sides about the equal angles be reciprocally 
proportional, namely, DB 
to BE as GB is to BF: 
the parallelogram AJ shall 
be equal to the parallelo- 
gram BC. 

For, let the same con- 
struction be made. 

Then, because DB is to BE 
as GB is to BF, [ Hypothesis, 
and that DB is to BE as the parallelogram AB is to the 
parallelogram FZ, [VI. 1. 


and that GB is to BF as the parallelogram BC is to the 
parallelogram FZ; [VI. 1. 


therefore the parallelogram 4 2 is to the parallelogram FE 
as the parallelogram BC is to the parallelogram FE; [V.11. 
therefore the parallelogram AB is equal to the parallelo- 
gram BC. [V. 9. 
Wherefore, equal parallelograms &c. Q.E.D. 





PROPOSITION 15. THEOREM. 


Equal triangles which have one angle of the one equal 
to one angle of the other, have their sides about the equal 
angles reciprocally proportional; and triangles which 
have one angle of the one equal to one angle of the other, 
and their sides about the equal angles reciprocally pro- 
portional, are equal to one another. 


Let ABC, ADE be equal D 
triangles, which have the angle 
BAC equal to the angle DAF: 
the sides of the triangles about 
the equal angles shall be reci- 
procally proportional ; that is, CA 
shall be to 4 Das FA is to AB. 


Let the triangles be placed so € 
that the sides CA, AD may be 
in the same straight line, 
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therefore also ZA, AB are in one straight line; [I. 14. 
join BD. 

Then, because the triangle ABC is equal to the trian- 
gle ADE, [ Hypothesis. 
and that 4 BD is another triangle, 
therefore the triangle ALC is to the triangle ABD as the 


triangle ADE is to the triangle ABD. [V. 7. 
But the triangle ABC is to the triangle ABD as the base 
CA is to the base 4D, pu 
and the triangle 4 D is to the triangle ABD as the base 
LA is to the base AB; [VI. 1. 
therefore C4 is to AD as ZA is to AB. [V. 11. 


Next, let tho angle BAC be equal to the angle DAZ, 
and let the sides about the equal angles be reciprocally 
proportional, namely, CA to AD as ÆA is to AB: the 
triangle ABC shall be equal to the triangle ADE. 

For, let the same construction be made. 

Then, because CA isto dD as BA isto AB, [Aypothesis, 
and that CA is to AD as the triangle ABC is to the 
triangle ABD, [VI. 1. 
and that £4 is to AB as the triangle ADE is to the 
triangle ABD, [VI. 1. 
therefore the triangle ABC is to the triangle ABD as the 
triangle A DZ is to the triangle ABD; rv. TÉ 
therefore the triangle 4 B Cisequalto the triangle 4 D E. [V. 9. 

Wherefore, egual triangles &c. Q.E.D. 


PROPOSITION 16. THEOREM, 


If four straight lines be proportionals, the rectangle 
contained by the extremes is equal to the rectangle con- 
tained by the means; and if the rectangle contained by 
the’ extremes be equal to the rectangle contained by the 
means, the four straight lines are proportionals. 

13 
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Let the four straight lines AB, CD, E, F, be propor- 
tionals, namely, let AB be to CD as E is to F: the rect- 
angle contained by AB and F shall be equal to the rect- 
angle contained by CD and £. 


From the points A, 
C, draw AG, CH at right 


angles to 4 7, CD ; [I. 11. — — 
make AG equal to F,and y ——— H 
CH equal to E;  [1.3. G 


and complete the paral- 
lelograms BG, DH. [1.31. 


Then, because AB is 
to CD as Eis to F, [Hyp. 


and that Æ is equal to B C D 
CH, and F is equal to 

AG, [Construction. 

therefore AB is to CD as CH is to AG; [Vika 


that is, the sides of the parallelograms BG, DH about the 
equal angles are reciprocally proportional ; 

therefore the parallelogram BG is equal to the parallelo- - 
gram DIT. [VI. 14. 
But the parallelogram BG is contained by the straight 
lines AB and F, because AG is equal to F; — [Construction. 
and the parallelogram DH is contained by the straight 
lines CD and £, because CH is equal to E; 


therefore the rectangle contained by AB and F is equal 
to the rectangle contained by CD and £. 


Next, let the rectangle contained by AB and F be 
equal to the rectangle contained by CD and Æ: these four 
straight lines shall be proportional, namely, AZ shall be 
to CD as E is to F. 

For, let the same construction be made. 


Then, because the rectangle contained by AB and F is equal 


to the rectangle contained by CD and £, [IIypothesis. 
and that the rectangle BG is contained by AB and F, 
because AG is equal to F, (Construction. — 


and that the rectangle DH is contained by CD and E, 
because CH is equal to Æ, (Construction. 
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therefore the parallelogram BG is equal to the paral- 
lelogram DH. [Axiom 1. 
And these parallelograms are equiangular to one another; 
therefore the sides about the equal angles are reciprocally 
proportional ; [VI. 14. 
therefore AB is to CD as CH is to AG. 

But CH is equal to E, and AG is equal to F; [Constr. 
therefore 44 B is to CD as E is to F. p u 

Wherefore, {f four straight lines &c. Q.E.D. 


PROPOSITION 17. THEOREM. 


If three siraight lines be proportionals, the rectangle 
contained by the extremes is equal to the square on the 
mean; and if the rectangle contained by the extremes be 
equal to the square on the mean, the three straight lines 
are proportionals. 


Let the three straight lines A, B, C be proportionals, 
namely, let 4 be to B as B is to C: the rectangle contained 
by A and C shall be equal to the square on B. 


Take D equal to B. 











Then, because A is to : T 
Das Bisto C, Myp. | B 
and that Bis equal to D, n 
therefore A is to B as D 0—— 


is to C. DX 2. 


But if four straight lines 
beproportionals, therect- n 
angle contained by the c 
extremes is equal to the A 24 
rectangle contained by d B 
the means; [VL 16. 
therefore the rectangle contained by A and C is equal to 
the rectangle contained by B and D. 
But the rectangle contained by B and D is the square on B, 
because B is equal to D; [Constriction. 
therefore the rectangle contained by A and C is equal to 
the square on B, 

13—2 
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Next, let tho rectangle contained by A and C be equal 
to the square on B: A shall be to B as B is to C. 


For, let the same construction be made. 











Then, because the rectan- A 

gle contained by A and C 

is equal to the square on B 

B, [4 ypoth ess. D 
and that the square on B — 


is equal to the rectangle 


contained by B and D, 

because B is equal to 

D, [Construction. | ae D 
iherefore the rectangle a n 
contained by A and C is 


equal to the rectangle contained by B and D. 


But if the rectangle contained by the extremes be equal 
to the rectangle contained by the means, the four straight 


lines are proportionals ; [VI. 16. 
therefore A is to B as D is to C. 

But B is equal to D; [Construction. 
Therefore A is to B as B is to C. [Veti 


Wherefore, if three straight lines &c. Q.E.D. 


PROPOSITION 18. PROBLEM. 


On a given straight line to describe a rectilineal figure 
similar and similarly situated to a given rectilineal figure. 


Let AB be the given straight line, and CDEF the 
given rectilineal figure of four sides: itis required to de- 
Bcribe on the given straight line AZ, a rectilineal figure, 
similar and similarly situated to CDEF. 


Join DF; at the 
point A, in the straight H 
line AB, make the 
angle BAG equal to 
the angle DCF; and at 
the point B, in the 
straight line A B,make 
the angle ABG equal 
totheangleC DF J[I.23. 
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therefore the remaining angle AGB is equal to the remain- 
ing angle CFD, 
and the triangle AGB is equiangular to the triangle CFD. 
Again, at the point B, in the straight line BG, make the 
angle GBH equal to the angle FDE; and at the point G, 
in the straight line BG, make the angle BGH equal to 
the angle DFE ; [I. 23. 
therefore the remaining angle BHG is equal to the re- 
maining angle DEF, 
and the triangle BHG is equiangular to the triangle DAF. 
Then, because the angle AG B is equal to the angle CFD, 
and the angle BGH equal to the angle DFE; [Construction. 
therefore the whole angle AGH is equal to the whole 
angle CFE, [Axiom 2. 
For the same reason the angle ABH is equal to the 
angle CDE, 
And the angle BAG is equal to the angle DCF, and the 
angle BHG is equal to the angle DEF. 
Therefore the rectilineal figure ABHG is equiangular to 
the rectilineal figure CDEF. 


Also these figures have their sides about the equal 
angles proportionals, 
For, because the triangle 3. AG is equiangular to the triangle 
DCF, therefore BA is to AG as DC is to CF. [VI. 4. 
And, for the same reason, AG is to GB as CF is to FD, 
and BG is to GH as DF is to FE; 
therefore, ex cequali, AG is to GH as CF is to FE. [V. 22. 
In the same manner it may be shewn that AB is to BH 
as CD is to DE. 
And GH is to HB as FE is to ED. [VI. 4. 
Therefore, the rectilineal figures 4BHG and CDEF 
are equiangular to one another, and have their sides about 
the equal angles proportionals ; 


therefore they are similar to one another. [VI. Definition 1. 


Next, let it be required to describe on the given straight 
line 4B, a rectilineal figure, similar, and similarly situated, 
to the rectilineal figure CDK EF of five sides, 
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Join DE, and on the given straight line AB describe, 
as in the former case, the rectilineal figure 4 BHG, similar, 
and similarly situated to the rectilineal figure CDEF of 
four sides. At the point 
D, in the straight line 
BH, make the angle 


H 
HBL equal to tho an- o — N 
gle EDA; and at the 
point H, in the straight A | 
line BH, make the an- ⸗ 
gle BHL equal to the A D 


angle DEK;  [I. 23. 
therefore the remaining angle at Z is equal to the remain- 
ing angle at K. 

Then, because the figures ABHG, CDEF are similar, 
the angle ABH is equal to the angle CDE; [VL Def. 1. 
and the angle HBZ is equal to the angle EDK; — [Constr, 
therefore the whole angle ABL is equal to the whole 
angle CDE. [Axiom 2. 
For the same reason the whole angle GHL is equal to the 
whole angle FEK. 

Therefore the five-sided figures ABLHG and CDK EF are 
equiangular to one another. 

And, because the figures A BHG and CDEF are similar, 
therefore AB isto BH as CD isto DE; [VI. Definition 1. 
but BH is to BL as DE isto DK; [VI. 4. 
therefore, ex æquali, AB is to BL as CD is to DK. [V. 22. 
For the same reason, GH is to HZ as FE is to EK. 


And BL is to LH as DK is to KE. [VI. 4. 
Therefore, the five-sided figures 4B LHG and CDKEF 

are equiangular to one another, and have their sides about 

the equal angles proportionals ; 

therefore they are similar to one another. [VI. Definition 1. 
In the same manner a rectilineal figure of six sides 

may be described on a given straight line, similar and 

similarly situated to a given rectilineal figure of six sides ; 

and Bo on. Q.E.F. 
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Similar triangles are to one another in the duplicate 
ratio of their homologous sides. 


Let ABC and DEF be similar triangles, having the 
angle B equal to the angle Æ, and let AB be to BC as DE 
is to EF, so that the 


side BC is homolo- A 

gous to the side EF: ^ D 

the triangle ABC “| JAN 

shall be to the tri- D \ 
| f 

C 


angle DEF in the 
E F 


duplicate ratio of BC É G 
to EF. 


Take BG a third proportional to BC and EF, so that 
BC may be to EF as EF is to BG; [VI. 11. 
and join AG. 

Then, because AB isto BCas DE isto EF,  [Hypothesis. 
therefore, alternately, AB is to DE as BC is to EF; [V. 16. 
but BC is to EF as EF is to BG; [ Construction. 
therefore AB is to DE as EF is to BG; [V. 11. 


that is, the sides of the triangles ABG and DEF, about 
their equal angles, are reciprocally proportional ; 


but triangles which have their sides about two equal angles 
reciprocally proportional are equal to one another, [VI. 15. 


therefore the triangle ABG is equal to the triangle DEF. 
And, because BC is to EF as EF is to BG, 
therefore BC has to BG the duplicate ratio of that which 


BC has to EF. [V. Definition 10. 
But the triangle ABC is to the triangle ABG as BC is 
to BG; VE È 


therefore the triangle ABC has to the triangle ABG the 
duplicate ratio of that which BC has to EF. 


But the triangle A BG was shewn equal to the triangle DEF; 


therefore the triangle ABC has to the triangle DEF the 
duplicate ratio of that which BC has to EF. [V. 5 


Wherefore, similar triangles &c. Q.E.D. 
COROLLARY. From this it is manifest, that if three 
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straight lines be proportionals, as the first is to tho third, 
so is any triangle described on the first to a similar and 
similarly described triangle on the second. 


PROPOSITION 20. THEOREM. 


Similar polygons may be divided into the same number 
of similar triangles, having the same ratio to one another 
that the polygons have; and the polygons are to one 
another in the duplicate ratio of their homologous sides. 


Let ABCDE, FGHKL be similar polygons, and let 
AB be the side homologous to the side FG : the polygons 
ABCDE, FGHKL may be divided into the same number 
of similar triangles, of which each shall have to each tho 
same ratio which the polygons have; and the polygon 
ABCDE shall be to the polygon FG HAT in the duplicate 
ratio of AB to FG. 


Join BE, EC, GL, LH. 
Then, because the polygon ABCDE is similar to the poly- 


gon FGHKL, [ Hypothesis. 
the angle BAF is equal to the angle GFZ, and BA is 
to AE as GF is to FL. [VI. Definition 1. 


And, because the triangles 4 BE and FGL have one angle 
of the one equal to one angle of the other, and the sides 





D z T: K H 


about these equal angles proportionals, 


therefore the triangle ABE is equiangular to the triangle 
FGL, [VI. 6. 


and therefore these triangles are similar ; [VI. 4. 
therefore the angle ABZ is equal to the angle FGL. 
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But, because the potygons are similar, [Hypothesis, 
therefore the whole angle A BC is equal to the whole angle 
FGH; [VI. Definition 1. 
therefore the remaining angle EBC is equal to the remain- 
ing angle LGA. [Axiom 3, 
And, because the triangles ABE and FGL are similar, 
therefore £ BJ is to BA as LG is to GF; 

and also, because the polygons are similar, [Hypothesas, 
therefore AB is to BCas FG isto GH; [VI. Definition 1. 
therefore, ex cequali, FB is to BC'as LG is to GH; [V. 22. 
that is, the sides about the equal angles EBC and LGH 
are proportionals ; 

therefore the triangle ZAC is equiangular to the triangle 
LGH ; [VI. 6. 


and therefore these triangles are similar. [VI. 4. 


For the same reason the triangle ECD is similar to the 
triangle LHK. 

Therefore the similar polygons ABCDE, FGHKL may be 
divided into the same number of similar triangles, 


Also these triangles shall have, each to each, the same 
ratio which the polygons have, the antecedents being 4 BE, 
EBC, ECD, and the consequents FGL, LGH, LHK ; and 
the polygon ABCDE shall be to the polygon FGHK L in 
the duplicate ratio of AB to FG. 


For, because the triangle ABE is similar to the tri- 
angle FGL, 
therefore ABE is to FGL in the duplicate ratio of EB 
to LG. [VI. 19. 


For the same reason the triangle EBC is to the triangle 
LGH in the duplicate ratio of EB to LG. 


Therefore the triangle 4 BE is to the triangle FGL as the 
triangle ÆBC is to the triangle LGH. [V. 11, 


Again, because the triangle LAC is similar to the tri- 
angle LGH, - 
therefore EBC is to LGH in the duplicate ratio of EC 

to LH. [VE 19. 
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For the same reason the triangle ECD is to tho triangle 
LIK in the duplicate ratio of LC to LH. 

Therefore the triangle LBC is to the triangle LGH as the 
triangle ECD is to the triangle LHE. [V. 11. 
But it has been shewn that the triangle EBC is to the tri- 
angle LGH as the triangle ABE is to the triangle FGL. 
Therefore as the triangle ABE is to the triangle FGL, so 
is the triangle EBC to the triangle LGH, and the triangle 
ECD to the triangle LHK ; [V. 11. 
and therefore as one of the antecedents is to its consequent 
so are all the antecedents to all the consequents; [V. 12. 
that is, as the triangle ABE is to the triangle FGL so is 
the polygon ABCDE to the polygon FGHKL. 

But the triangle ABE is to the triangle FG in the 
duplicate ratio of the side AB to the homologous side 
TG; [VI. 19. 
therefore the polygon ABCDE is to the polygon FGHKL 
oe mm ratio of the side AB to the homologous 
side FG. 


Wherefore, similar polygons &e. Q.E.D. 


COROLLARY 1. In like manner it may be shewn that 
similar four-sided figures, or figures of any number of sides, 
are to one another in the duplicate ratio of their homo- 
logous sides; and it has already been shewn for triangles; 
therefore universally, similar rectilineal figures are to one 
another in the duplicate ratio of their homologous sides. 


COROLLARY 2. Ifto ABand FG, two of the homologous 
sides, a third proportional M be taken, [VI. 11. 


A 
ee M F 
I ~ 


AE 


* 


5 ^ / 


then AB has to M the duplicate ratio of that which 4B 
has to FG. [V. Definition 10. 
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But any rectilineal figure described on AJ is to the similar 
and similarly described rectilineal figure on FG in the 


duplicate ratio of AB to FG, [Corollary 1. 
Therefore as 473 is to M, so is the figure on AB to the 
figure on FG; [V. 11. 


and this was shewn before for triangles. [VI. 19, Corollary. 
Wherefore, universally, if three straight lines be propor- 
tionals, as the first is to the third, so is any rectilineal 
figure described on the first to a similar and similarly 
described rectilineal figure on the second. 


PROPOSITION 21. THEOREM. 


Rectilineal figures which are sumilar to the same recti- 
lineal figure, are also similar to each other. 

Let each of the rectilineal figures A and B be similar 
to the rectilineal figure C: the figure 4 shall be similar 
to the figure B. 

For, because A is 


similar to C, [Hyp. 

A is equiangular to ^ AN 

J and * C y AA ER I /^ 
their sides about the / N ^ 
equal angles propor- * e.t / BN 


tionals, [VI. Def. 1. 

Again, because B is 

similar to C, — [Hyp. 

B is equiangular to C, and B and C have their sides about 
the equal angles proportionals. [VI. Definition 1. 
Therefore the figures A and B are each of them equian- 
gular to C, and have the sides about the equal angles of 
each of them and of C proportionals. 


Therefore A is equiangular to B, [Axiom 1. 
and 4 and B have their sides about the equal angles pro- 
portionals ; [V. E 


therefore the figure 4 is similar to the figure Z. [VI. Def. 1. 
Wherefore, rectilineal figures &c. Q.E.D. 
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PROPOSITION 22. THEOREM. 


If four straight lines be proportionals, the similar rec- 
tilineal figures similarly described on them shall also be 
proportionals ; and if the similar rectilineal figures simi- 
larly described on four straight lines be pruportionals, 
those straight lines shall be proportionals. 


Let the four straight lines AB, CD, EF, GH be pro- 
portionals, namely, AB to CD as EF is to GH; and on AB, 
CD let the similar rectilineal figures KAB, LOD be simi- 
larly described ; and on ZF, GH let the similar rectilineal 
figures MF, NH be similarly described: the figure KAB 
shall be to the figure LCD as the figure MF’ is to the 
figure NA. 





M 

i N 8 
E CE o 
E F t H P E 


To AB and CD take a third proportional X, and to EF 


and GH a third proportional QO. [VI 

Then, because AB is to CD as EF is to GH, [Hypothesis 
and AB isto CD as CD is to X; (Construction. 
and EF is to GH as GH is to O; [Construction. 
therefore CD is to X as GH is to O. [V. 11. 


And AB is to CD as EF is to GH; 
therefore, ex æquali, 4B is to X as EF is to O. — [V. 22. 
But as AB is to X, so is the rectilineal figure KAB to 


the rectilineal figure LCD ; [VI. 20, Corollary 2. 
and as EF is to O, so is the rectilineal figure M to the 
rectilineal figure NWH ; [VI. 20, Corollary 2. 


ier 
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therefore the figure KAB is to the figure LCD as the 
fivure MF is to the figure NH. [V. 11. 


Next, let the figure KAB be to the similar figure LCD 
as the figure M^ is to the similar figure NWH: AB shall 
be to CD as EF is to GH. 

Make as A47 is to CD so EF to PR: [VI. 12. 


and on PA describe the rectilineal figure SZ, similar and 
similarly situated to either of the figures M PF, NZI. [VI. 18. 


Then, because AÁB is to CD as EF is to PR, 


and that on 48, CD are described the similar and simi- 
larly situated rectilineal figures & 45, LCD, 


and on EF, PF the similar and similarly situated recti- 
lineal figures M F, SZ; 


therefore, by the former part of this proposition, KAB is 
to LCD as MF is to SR. 


But, by hypothesis, XAB is to LCD as MF is to NH; 


therefore MF is to SR as MF is to NH; [V. 11. 
therefore SR is equal to VA. [V. 9. 
But the figures SR and NZ are similar and similarly 
situated, [Construction. 


therefore F R is equal to GH. 

And because 4B is to CD as EF is to PR, 

and that PR is equal to GH; 

therefore AB is to CD as EF is to GH. [V. 7. 
Wherefore, ¢f four straight lines &c. Q.E.D. 


PROPOSITION 23. THEOREM. 


Parallelograms which are equiangular to one another 
have to one another the ratio which is compounded of 
the ratios of their sides. 
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Let the parallelogram AC be equiangular to the paral- 
lelogram CF, having the angle BCD equal to the angle 
ECG : the parallelogram AC shall have to the parallelo- 
gram CF the ratio which is compounded of the ratios of 
their sides. 


Let BC and CG be placed in 


a straight line; l A D H 
therefore DC and CE are also in 
a straight line; [L 14. 


take any straight line A, and 
make K to Z as BC is to CG, and 
Lto M as DC is to CE; [VI. 12. 
then the ratios of K to Z and 
of L to M are the same with the 
ratios of the sides, namely, of BC 
to CG and of DC to CE. 


But the ratio of K to M is that which is said to be com- 
pounded of the ratios of A to L and of L to M; [V. Def. A. 


therefore K has to M the ratio which is compounded of 
the ratios of the sides. 


Now the parallelogram AC is to the parallelogram CH 
[VI. 


\ 
| IM 
complete the parallelogram DG ; n C G 
| \ 
KLux fe 


as BC is to CG ; WE 
but BC is to CG as K is to L; [Construction. 
therefore the parallelogram AC is to the parallelogram 
CH as K is to L. [V. 11. 
Again, the parallelogram CH is to the parallelogram C. 

as DC is to CE; [VI. 1. 
but DC is to CE as L is to M; [Construction. 
therefore the parallelogram CH is to the parallelogram 
CF as L is to M. [V. 11. 


Then, since it has been shewn that the parallelogram AC 
is to the parallelogram CH as K is to L, 

and that the parallelogram CH is to the parallelogram CF 
as L is to M, 

therefore, ex zequali, the parallelogram AC is to the paral- 
lelogram CF as K is to M. [V 82; 


But AK has to M the ratio which is compounded of the 
ratios of the sides; 
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therefore also the parallelogram AC has to the parallelo- . 
- E the ratio which is compounded of the ratios of 
the sides. 


Wherefore, parallelograms &c. Q.E.D. 


PROPOSITION 24. THEOREM. 


Parallelograms about the diameter of any parallelo- 
gram are similar to the whole parallelogram and to one 
another. 


Let ABCD be a parallelogram, of which AC is a 
diameter; and let EG and HK be parallelograms about 
the diameter: the parallelograms EG and HK shall be 
similar both to the whole parallelogram and to one another. 


For, because DC and 
GF are parallels, A E n 
the angle ADC is equal / Ne / 
to the angle AGF. [I. 29. C. \/ it 
And because ZCand EF / J x 
are parallels, / N 
the angle 4 BC is equal [LL XX 
to the angle A EF. [I. 29. D K t 


And each of the angles 
BCD and EFG is equal to the opposite angle BA D, [I 34. 


and therefore they are equal to one another. 


Therefore the parallelograms ABCD and AEFG are equi- 
angular to one another. 


And because the angle ABC is equal to the angle 
AEF, and the angle BAC is common to the two triangles 
BAC and EAF, 


therefore these triangles are equiangular to one another; 


and therefore AB is to BC as AE is to EF. [VI. 4. 
And the opposite sides of parallelograms are equal to one 
another; LL. 348 


therefore AB is to AD as AE is to AG, 
and DC is to CB as GF is to FE, 
and CD is to DA as FG is to GA. m 
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Therefore the sides of the parallelograms ABCD and 
AEFG about their equal angles are proportional, 
and the parallelograms are therefore similar to one an- 


other. [VI. Definition 1. 
For the same reason tho A E B 

parallelogram ABCD is C 

similar tothe parallelogram / A. / [ 

FHCK. G- —9 

Therefore each of the pa- f 

rallelograms EG and HE / 

is similar to BD; ye 

therefore theparallelogram 

EG is similar to the parallelogram AK. [VI 21. 


Wherefore, parallelograms &c. Q.E.D. 


PROPOSITION 25. PROBLEM. 


To describe a rectilineal figure which shall be similar 
to one given rectilineal figure and equal to another given 
rectilineal figure. 


Let ABC be the given rectilineal figure to which the 
figure to be described is to be similar, and D that to which 
it is to be equal: it is required to describe a rectilineal 
figure similar to ABC and equal to D. 


[ 5. owe 


^ 
EE 1. F /\ 


L E M 


On the straight line BC describe the parallelogram BE 
equal to the figure 4 BC. 
On the straight line CZ describe the parallelogram CM 
equal to D, and having the angle FCE equal to the 
angle CBL; [I. 45, Corollary. 
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therefore BC and CF will be in one straight line, and LE 
and EM will be in one straight line. 

Between BC and CF find a mean proportional GH, [VI. 13. 
and on GH describe the rectilineal figure AGH, similar and 
similarly situated to the rectilineal figure ABC. [VI.18. 
KGH shall be the rectilineal figure required. 

For, because BC is to GH as GH is to CF, [Construction. 
and that if three straight lines be proportionals, as the first 
is to the third so is any figure on the first to a similar and 
similarly described figure on the second, [VI. 20, Cor a 
therefore as BC is to CF so is the figure ABC to the 
figure KGH. 

But as BC is to CF so is the parallelogram BE to the 


parallelogram CM ; [VE 
therefore the figure ABC is to the figure KGH as the pa- 
rallelogram BÆ is to the parallelogram CM. [V. 19 


And the figure ABC is equal to the parallelogram BE ; 

therefore the rectilineal figure KGH is equal to the paral- 
lelogram CM. [V. 14. 
But the parallelogram CM is equal to the figure D ; [Constr. 
therefore the figure KGH is equal to the figure D, [Axiom 1. 
and it is similar to the figure ABC. [Construction. 


Wherefore the rectilineal figure KGH has been de- 
scribed similar to the figure ABC, and equal to D. 9.£.F. 


PROPOSITION 26. THEOREM. 


If two similar parallelograms have a common angle, 
and be similarly situated, they are about the same diameter. 


Let the parallelograms 4 ACD, 
A EFG be similar and similarly si- 
tuated, and have the common angle 
BAD: ABCD and AEFG shall 
be about the same diameter. 

For, if not, let, if possible, the 
parallelogram BD have its diame- 
ter AHC in a different straight 
line from AF, the diameter of the 
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parallelogram EG; let GF 
meet AHC at 77, and through 
H draw HAK parallel to AD or 
BC. [I. 31. 


Then the parallelograms 
ABCD and A K HG are about 
the same diameter, and are 
therefore similar to one an- 
other ; [VI. 24. 
therefore DA is to AB as GA is to AK. 


But because ABCD and AEFG are similar parallelo- 





grams, [A ypothesia, 
therefore DA is to AB as GA isto AE.  [VI. Definition 1. 
Therefore GA is to AK as GA is to AE, L yoda, 


that is, GA has the same ratio to each of the straight lines 
A K and AE, 

and therefore AK is equal to A E, [Val 
the less to the greater; which is impossible. 


Therefore the parallelograms ABCD and AEFG must 
have their diameters in the same straight line, that is, they 
are about the same diameter. 


Wherefore, 7f two similar parallelograms &c. Q.E.D. 


PROPOSITION 30. PROBLEM. 


To cut a given straight line in extreme and mean ratio. 


Let 4B be the given straight line: it is required to cut 
it in extreme and mean ratio. 

Divide AB at the point C, so 
that the rectangle contained by - 


AB, BC may be equal to the square x x 
on AC. [If. 11. 

Then, because the rectangle AB, BC is equal to the 
square on AC, [Construction. 
therefore AB is to AC as AC is to CB. [VI. 17. 

Wherefore AB ts cut in extreme and mean ratio at 
the point C. Q.E.r. [VI. Definition 3. 


——' —— 


i 
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PROPOSITION 31. THEOREM. 


In any right-angled triangle, any rectilineal figure de- 
scribed on the side subtending the right angle is equal to 
the similar and similarly described figures on the sides 
containing the right angle. 


Let ABC be a right-angled triangle, having the right 
angle BAC: the rectilineal figure described on BC shall 
be equal to the similar and similarly described figures on 
BA and CA. 

Draw the perpendicular 

[I. 18. afr Pre 

Then, because in the right- A s 
angled triaugle ABC, AD 
is drawn from the right 
angle at A, perpendicular 
to the base BC, the triangles 
ABD, CAD are similar to 
the whole triaugle CB.A,and 
to one another. [VI. 8. 
eo the triangle CBA is similar to the triangle 
ABD, 

therefore CB is to BA as BA is to BD. [VI. Def. 1. 
And when three straight lines are proportionals, as the 
first is to the third so is the figure described on the first 
to the similar and similarly described figure on the 
second ; [VI. 20, Corollary 2. 
therefore as CB is to BD so is the figure described on CB 
to the similar and similarly described figure on BA; 

and inversely, as BD is to BC so is the figure described 
on BA to that described on CB. [V. B. 

In the same manner, as CD is to CB so is the figure 
described on CA to the similar figure described on CB. 
Therefore as BD and CD together are to CB so are the 
figures described on BA and CA together to the figure 
described on CB. [V. 24. 
But BD and CD together are equal to CB; 
therefore the figure described on BC is equal to the similar 
and similarly described figures on BA and CA. [V. 4. 

Wherefore, in any right-angled triangle &e. Q.E.D. 


— 
ee 
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PROPOSITION 32. THEOREM. 


If two triangles, which have two sides of the one pro- 
portional to two sides of the other, be joined at one angle 
so as to have their homologous sides parallel to one another, 
the remaining sides shall be in a straight line. 


Let ABC and DCE be two triangles, which have the 
two sides BA, AC proportional to the two sides CD, DE, 
namely, BA to AC as CD is to DE; and let AB be 

arallel to DC and AC parallel to DA: BC and CE shalh 
* in one straight line. 


For, because A B is parallel A 


to DC, [Hypothesis. "XL 

and AC meets them, \ p 

the alternate angles BAC, a î 

ACD are equal; [I. 29. Eos | 

for the same reason the angles M 

ACD, CDE are equal; 2 C h 


therefore the angle BAC is equal to the angle CDE. [Az. 1. 


And because the triangles ABC, DCE have the angle at 
A equal to the angle at D, and the sides about these angles 
proportionals, namely, B.A to AC as CD isto DE, [Hyp. 
therefore the triangle .4 BC is equiangular to the triangle 
DCE; [V I. 6. 
therefore the angle ABC is equal to the angle DCE. 
And the angle BAC was shewn equal to the angle ACD; 
therefore the whole angle ACE is equal to the two angles 
ABC and BAC. [Axiom 2. 
Add the angle ACB to each of these equals; 
then the angles ACE and ACB are together equal to the 
angles ABC, BAC, ACB. 
But the angles ABC, BAC, ACB are together equal to 
two right angles; [T. 32. 
therefore the angles ACE and ACB are together equal to 
two right angles. 

And since at the point C, in the straight line AC, the 
two straight lines BO, CE which are on the opposite sides 
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of it, make the adjacent angles ACE, ACB together equal 

to two right angles, 

therefore BC and CE are in one straight line. [I. 14. 
Wherefore, Zf two triangles &c. Q.E.D. 


PROPOSITION 33. THEOREM. 


In equal circles, angles, whether at the centres or at the 
circumferences, have the same ratio which the arcs on 
which they stand have to one another; so also have the 
sectors. 


Let ALC and DEF be equal circles, and let BGC and 
EHF be angles at their centres, and BAC and EDF 
angles at their circumferences: as the arc BC is to the are 
EF so shall the angle BGC be to the angle EHF, and the 
angle BAC to the angle EDF;; and so also shall the sector 
BGC be to the sector EHF. 


E " — 


—— — * 
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Take any number of arcs CK, KZ, each equal to BC, 
and also any number of arcs FM, MN each equal to EF; 
and join GK, GL, HM, HN. 

Then, because the ares BC, CK, KZ, are all equal, [Constr. 
the angles BGC, CGK, KGL are also all equal; [II. 27. 
and therefore whatever multiple the arc BZ is of the arc 
eet same multiple is the angle BGZ of the angle 


For the same reason, whatever multiple the are EN is of 
the arc EF, the same multiple is the angle .EZZN of the 
angle EHF. 
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And if tho arc BZ be equal to the are EN, the angle BGL 
is equal to the angle FN; [IEL 27. 


and if the are BL be greater than the arc EN, the angle 
BGL is greater than the angle EHN ; and if less, less. 

Therefore since there are four magnitudes, the two 
arcs BC, EF, and the two angles BGC, AHF; 





and that of tlie are BC and of tho angle BGC have been 
taken any equimultiples whatever, namely, the are BL and 
the angle BGL; 

and of the arc #F' and of the angle EHF have been taken 
any equimultiples whatever, namely, the arc ÆN and the 
angle ZHN ; 

and since it has been shewn that if the are BZ be greater 
than the arc EN, the angle BGZ is greater than the angle 
EHN ; and if equal, equal; and if less, less; 

therefore as the arc BC is to the arc EF, so is the angle 


BGC to the angle FEAF. [V. Definition 5. 

But as the angle BGC is to the angle EHF, so is the 
angle BAC to the angle EDF, [V. 15. 
for each is double of each; [TII. 20. 


therefore, as the arc BC is to the arc EF so is the angle 
oe to the angle EHF, and the angle BAC to the angle 


Also as the arc BC is to the arc EF, so shall the sector 
BGC be to the sector EHF. 

Join BC, CK, and in the ares BC, CK take any points 
X, O, and join BX, XC, OO, OK. 
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Then, because in the triangles BGC, CGK, the two 
sides BG, GC are equal to the two sides CG, GK, each to 
each ; 


and that they contain equal angles ; fib. 27. 
therefore the base BC is equal to the base CK, and the 
triangle BGC is equal to the triangle CGK. [L 4. 


PEU 
— 





And because the arc BC is equal to the arc CK, [Constr. 
the remaining part when BC is taken from the circum- 
ference is equal to the remaining part when CK is taken 
from the circumference ; 
therefore the angle B X C is equal to the angle COX. [IIT. 27. 
Therefore the segment BXC is similar to the segment 

Fr [IlI. Definition ll. 
and they are on equal straight lines BC, CK. 
But similar segments of circles on equal straight lines are 
equal to one another ; [III. 24. 
therefore the segment BXC is equal to the segment CO X. 

And the triangle BGC was shewn to be equal to the 
triangle CGK ; 
therefore the whole, the sector BGC, is equal to the whole, 
the sector CGK. [Axiom &. 
For the same reason the sector KGL is equal to each of 
the sectors BGC, CGK. 

In the same manner the sectors FHF, FHM, MHN may 
be shewn to be equal to one another. 


Therefore whatever multiple the arc BZ is of the arc 
ae Lie same multiple is the sector BGL of the sector 
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and for the same reason whatever multiple the are EN is 
of the arc EF, the same multiple is the sector EAN of the 
sector EHF. 

And if the are BL be equal to the arc EN, the sector 
BGL is equal to the sector EHN ; 


and if the are BL be greater than the arc ÆN. the sector 
BGL is greater than the sector EHN ; and if less, less. 


Therefore, since there are four magnitudes, the two 
arcs BC, EF, and the two sectors BGC, EHF; 


A F NGL D : BN 
/ ^ X 
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and that of the arc BC and of the sector BGC have been 
taken any equimultiples whatever, namely, the are BZ and 
the sector BGL ; 

and of the are EF and of the sector EHF have been taken 
any equimultiples whatever, namely, the arc ZN and the 
sector EHN ; 

and since it has been shewn that if the are BL be greater 
than the arce ÆN, the sector BGL is greater than the 
sector EZZN ; and if equal, equal; and if less, less ; 
therefore as the arc BC is to the arc EF, so is the sector 
BGC to the sector FHF. [V. Definition 5, 


Wherefore, in equal circles &c. Q.E.D. 
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PROPOSITION B. THEOREM. 


If the vertical angle of a triangle be bisected by a straight 
line which likewise cuts the base, the rectangle contained 
by the sides of the triangle is equal to the rectangle con- 
tained by the segments of the base, together with the square 
on the straight line which bisects the angle. 


Let ABC be a triangle, and let the angle BAC be 
bisected by the straight line AD: the rectangle BA, AC 
shall be equal to the rectangle BD, DC,together with the 
square on AD. 

Describe the circle ACB 
about the triangle, [IV. 5. 
and produce AD to meet the 
circumference at £, 
and join EC. 

Then, because the angle 
BAD is equal to the angle 
EAC, [ Hypothesis. 


and the angle ABD is equal to 
the angle A EC, for they are in 
the same segment of the circle, [III. 21, 


ae the triangle BAD is equiangular to the triangle 
EAC. 





Therefore BA is to AD as EA is to AC; [VI. 4. 
therefore the rectangle B.A, AC is equal to the rectangle 
EA, AD, [VI. 16. 
that is, to the rectangle £D, D A, together with the square 
on AD. [II. 3. 

But the rectangle ED, DA is equal to the rectangle 
BD, DC; 3 [1IT. 35. 


therefore the rectangle BA, AC is equal to th e 
BD, DC, together with the square Bm o. P 


Wherefore, if the vertical angle &c. Q.E.D. 
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PROPOSITION C. THEOREM. 


Jf from the vertical angle of a triangle a straight line 
be drawn perpendicular to the base, the rectangle contained 
by the sides of the triangle 1s equal to the rectangle con- 
tained by the perpendicular and the diameter of the circle 
described about the triangle. 


Let ABC be a triangle, and let AD be the perpen- 
dicular from the angle A to the base BC: the rectangle 
BA, AC shall be equal to the rectangle contained by AD 
and the diameter of the circle described about the triangle. 

Describe the circle ACB 
about the triangle; {[IV. 5. 
draw the diameter 4 F, and 
join EC. 

Then, because the right 
angle BDA is equal to the 
angle ECA in a semi- 
circle ; (ITI. 31. 
and the angle ABD is equal 
to the angle AEC, for they 
are in the same segment of 
the circle ; [III. 21. 
therefore the triangle ABD is equiangular to the triangle 
AEC. 

Therefore BA is to AD as EA is to AC; [VI: 4. 
therefore tho rectangle BA, AC is equal to the rectangle 
EA, AD. “VI. 16, 


Wherefore, {ffrom the vertical angle &c. QE.D. 





PROPOSITION D. THEOREM. 


The rectangle contained by the diagonals of a quadri- 
lateral figure inscribed in a circle is equal to both the 
rectangles contained by its opposite sides. 
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Let ABCD be any quadrilateral figure inscribed in 
a circle, and join AC, BD: the rectangle contained by 
AC, BD shall be equal to the two rectangles contained by 
AB, CD and by AD, BC. 

Make the angle 4 BE equal to the angle DBC; (I. 23, 
add to each of these 
equals the angle EBD, 
then the angle ABD 
is equal to the angle 
EBC. [Axiom 2. 
And the angle BDA is 
equaltotheangle BCE, for 
they are in the same seg- 
ment of the cirele ; [II1.21. 
therefore the triangle 
A BDis equiangular to the 





triangle EBC. 

Therefore 4D is to DB 

as EC is to CB; [VT. 4. 

therefore the rectangle 4D, CB is equal to the rectangle 

DB, EC. [VI. 16. 
Again, because the angle ABE is equal to the angle 

DBC, [Construction. 

and the angle BAEZ is equal to the angle BDC, for they 

are in the same segment of the circle ; (TIT. 20 


therefore the triangle ABEL is equiangular to the triangle 
DBO 


Therefore BA is to AF as BD is to DC; [VI. 4. 
therefore the rectangle BA, DC is equal to the rectangle 
AE, BD. [VI. 16. 


But the rectangle AD, CB has been shewn equal to 
the rectangle DB, EC; 


therefore the rectangles 4D, CB and BA, DC are together 
equal to the rectangles BD, EC and BD, AE; 


that is, to the rectangle BD, AC. (IT. 1. 
Wherefore, the rectangle contained &c. QED. 


BOOK XI. 
DEFINITIONS. 


l. <A soLip is that which has length, breadth, and 
thickness. 


2. That which bounds a solid is a superficies. 


3. A straight line is perpendicular, or at right angles, 
to a plane, when it makes right angles with every straight 
line meeting it in that plane. 


4. A plane is perpendicular to a plane, when the 
straight lines drawn in one of the planes perpendicular to 
che common section of the two planes, are perpendicular 
to the other plane. 


5. The inclination of a straight line to a plane is the 
acute angle contained by that straight line, and another 
drawn from the point at which the first line meets the 
plane to the point at which a perpendicular to the plane 
drawn from any point of the first line above the plane, 
meets the same plane. 


6. The inclination of a plane to a plane is the acute 
angle contained by two straight lines drawn from any the 
same point of their common section at right angles to it, 
one in one plane, and the other in the other plane. 


7. Two planes are said to have the same or a like 
inclination to one another, which two other planes have, 
when the said angles of inclination are equal to one 
another. 


8. Parallel planes are such as do not meet one another 
though produced. 


4 
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9. A solid angle is that which is made by more than 
two plane angles, which are not in the same plane, meeting 
at one point. 


10. Equal and similar solid figures are such as are 
contained by similar planes equal in number and magni- 
tude. [See the Notes.] 


li. Similar solid figures are such as have all their solid 
angles equal, each to each, and are contained by the same 
number of similar planes. 


12. A pyramid is a solid figure contained by planes 
which are constructed between one plane and one point 
above it at which they meet. 


13. A prism is a solid figure contained by plane figures, 
of which two that are opposite are equal, similar, and par- 
allel to one another ; and the others are parallelograms. 


14, A sphere is a solid figure described by the revolu- 
tion of a semicircle about its diameter, which remains 
fixed. 


15. The axis of a sphere is the fixed straight line 
about which the semicircle revolves. 


16. The centre of a sphere is the same with that of the 
semicircle. 


17. The diameter of a sphere is any straight line which 
passes through the centre, and is terminated both ways by 
the superficies of the sphere. 


18. A cone is a solid figure described by the revolution 
of a right-angled triangle about one of the sides containing 
the right angle, which side remains fixed. 


If the fixed side be equal to the other side containing 
the right angle, the cone is called a right-angled cone; 
if it be less than the other side, an obtuse-angled cone; 
and if greater, an acute-angled cone. 


19. The axis of a cone is the fixed straight line about 
which the triangle revolves. 
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20. The base of a cone is the circle described by that 
side containing the right angle which revolves. 


21. A cylinder is a solid figure described by the revo- 
lution of a right-angled parallelogram about one of its sides 
which remains fixed. 


22. The axis of a cylinder is the fixed straight line 
about which the parallelogram revolves. 


23. The bases of a cylinder are the circles described 
by the two revolving opposite sides of the parallelogram. 


24, Similar cones and cylinders are those which have 
their axes and the diameters of their bases proportionals. 


25. A cube is a solid figure contained by six equal 
squares. 


26. <A tetrahedron is a solid figure contained by four 
equal and equilateral triangles. 


27. An octahedron is a solid figure contained by eight 
equal and equilateral triangles. 


28. A dodecahedron is a solid figure contained by 
twelve equal pentagons which are equilateral and equi- 
angular. 


29. An icosahedron is a solid figure contained by 
twenty equal and equilateral triangles. 


A. A parallelepiped is a solid figure contained by six 
quadrilateral figures, of which every opposite two are 
parallel. 


PROPOSITION 1. THEOREM, 


One part of a straight line cannot be in a plane, and 
another part without tt. J 


If it be possible, let AB, part of the straight line | 
A BC, be in a plane, and the part BC without it. 
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Then since the straight 
line 44 2 is in the plane, it can P 
be produced in that plane; E s 
let it be produced to D; and M 2 = ; 
let any plane pass through the N 
straight line.4 D,and beturned > 
about until it pass through the point C. 
Then, because the points B and C are in this plane, the 
straight line BC is in it. [I. Definition 7. 
Therefore there are two straight lines ABC, ABD in the 
same plane, that have a common segment AB; 
but this is impossible. [I. 11, Corollary. 
Wherefore, one part of a straight line &c, — Q.E.D. 


PROPOSITION 2. THEOREM. 


Two straight lines which cut one another are in one 
plane; and three straight lines which meet one another 
are in one plane. 


Let the two straight lines 42, CD cut one another at 
E: AB and CD shall be in one plane; and the three 
straight lines EC, CB, B.E which meet one another, shall 
be in one plane. 

Let any plane pass through the A. D 
straight line £7, and let the plane 
be turned about ZZ, produced if 
necessary , until it pass through the 


point C. 
Then, because the points £ / 
and C are in this plane, the straight / 
line.EC is init; [I. Definition 7. 
: / \ 
for the same reason, the straight 
line BC is in the same plane; C n 


and, by hypothesis, EP is in it. 
EE the three straight lines EC, CB, BE are in one 
plane. 
But AB and CD are in the plane in which HB and EC 
are ; [XI. 1. 
therefore AB and CD are in one plane. 

Wherefore, two straight lines &c. Q.E.D. 
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PROPOSITION 3. THEOREM. 


If two planes cut one another their common section 
is a straight line. 


Let two planes AB, BC cut one another, and let BD 
bo their common section: BD shall be a straight line. 

If it be not, from B to D, draw 
in the plane AB the straight line 
BED, and in the plane BC the 
straight line BED. [Postulate 1. 
Then the two straight lines BED, 
BFD have the same extremities, 
and therefore include a space be- 
tween them ; 
but this is impossible. [Axiom 10. 
Therefore BD, the common section of the planes AZ and 
BC cannot but be a straight line. 

Wherefore, if two planes &c. Q.E.D. 





PROPOSITION 4. THEOREM. 


Jf a straight line stand at right angles to each of two 
straight lines at the point of their intersection, tt shall 
also be at right angles to the plane which passes through 
them, that is, to the plane in which they are. d 


Let the straight line E7' stand at right angles to each 
of the straight lines A B, CD, at E, 
the point of their intersection: EF 
shall also be at right angles to the 
plane passing through 4B, CD. 

Take the straight lines 4 E, EB, 
CE, ED, all equal to one another ; 
join AD, CB; through E draw in 
the plane in which are AB, CD, 
any straight line cutting AD at G, 
and CB at H: and from any point 
F in EF draw FA, FG, FD, FC, 
FH, FB. 
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Then, because the two sides AX, ED are equal to the 
two sides B E, EC, each to each, [Construction. 
and that they contain equal angles AFD, BEC; [I. 15. 
therefore the base AD is equal to the base BC, and the 
angle DAF is equal to the angle EBC. [I. 4. 
And the angle AEG is equal to the angle BEH; — [I. 15. 


therefore the triangles AEG, BEH have two angles of the 
one equal to two angles of the other, each to each; 


and the sides FA, EB adjacent to the equal angles are 
equal to one another; [Construction. 


therefore EG is equal to EH, and AG is equal to 
BH. [I. 26. 


Aud because EA is equal to EB, [Construction. 
and E is common and at right angles to them, [Hupothesis. 
therefore the base AF is equal to the base BF. [I. 4. 
For the same reason CF is equal to DF. 

And since it has been shewn that the two sides DA, 
AF are equal to the two sides CB, BF, each to each, 
and that the base DF is equal to the base CF’; 
therefore the angle DA F is equal to the angle CBF. [I. 8. 


Again, since it has been shewn that the two sides FA, 
AG are equal to the two sides FB, BH, each to each, 


and that the angle FAG is equal to the angie FBH,; 
therefore the base FG is equal to the base FH. [re 


Lastly, since it has been shewn that GÆ is equal to HA, 
and EF is common to the two triangles FEG, FEH , 


and the base F'G has been shewn equal to the base FH; 

therefore the angle FFG is equal to the angle FEH. [I 8. 

Therefore each of these angles is a right angle. [T. Defin. 10. 
In like manner it may be shewn that ZF makes right 

angles with every straight line which meets it in the plane 

passing through 4B, CD. 

Therefore ZF is at right angles to the plane in which are 
5 [XI Definition 3. 


Wherefore, {f a straight line &c. Q.E.D. 
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PROPOSITION 5. THEOREM. 


Jf three straight lines meet all at one point, and a 
straight line stand at right angles to each of them at that 
point, the three straight lines shall be in one and the same 
plane. 

Let the straight line AB stand at right angles to each 
of the straight lines BC, BD, BE, at B the point where 
they meet: BC, BD, BE shall be in one and the same 
plane. 

For, if not, let, if possible, 
BD and BE be in one plane, 
and BC without it ; leta plane 
pass through AB and BC; 
the common section of this 
plane with the plane in which 
are BD and BE is a straight 
line ; [XI. 3. 
let this straight line be BF. 
Then the three straight lines 


AB, BC, BF are all in one plane, namely, the plane which 
passes through 4B and BC. 
And because AB stands at right angles to each of the 
- straight lines BD, BE, [ Hypothesis. 
therefore it is at right angles to the plane passing through . 
them ; [XI. 4... 
therefore it makes right angles with every straight line 
meeting it in that plane. [XI. Definition 3. 
But BF' meets it, and is in that plane; 
therefore the angle A BF is a right angle. 
But the angle ABC is, by hypothesis, a right angle; | 
therefore the angle 4 7C is equal to theangle 4 BF; [Az. 11, 
and they are in one plane; which is impossible. [Axiom 9. 
Therefore the straight line BC is not without the plane in 
which are BD and BE, 
therefore the three straight lines BC, BD, BE are in one 
and the same plane. i 
Wherefore, 2f three straight lincs &c. Q.E.D. 





- dm 
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PROPOSITION 6. THEOREM. 


If two straight lines be at right angles to the same plane, 
they shall be parallel to one another. 
Let the straight lines 4 B, CD be at right angles to the 
same plane: AZ shall be parallel to CD. 
Let them meet the plane at the 
points B, D; join BD; and in the plane 
draw DE at right angles to BD; [1.11. 
make DE equal to AB; [l3 
and join BE, AL, AD. 

Then, because AB is perpendicular 
to the plane, [Hypothesis. 
it makes right angles with every straight 
line meeting it in that plane. [XI. Def. 3. 

But BD and BE meet AB, and are 
in that plane, 
therefore cach of the angles ABD, ABE is a right angle. 
For the same reason each of the angles CDB, CDE is a 
right angle. 

And because AB is equal to ED, [ Construction. 
and BD is common to the two triangles ABD, EDB, 
the two sides 4B, BD are equal to the two sides ED, DB, 
each to each ; 
and the angle ABD is equal to the angle EDB, each of 





them being a right angle; [Axiom 11. 
therefore the base AD is equal to the base EB. [P. 4, 
Again, because AJB is equal to ED, [Construction. 


and it has been shewn that BE is equal to DA; 


therefore the two sides AB, BE are equal to the two sides 
ED, DA, each to each; 


and the base AZ is common to the two triangles A BE, 
EDA; | 

therefore the angle A BZ is equal to the angle EDA. [J. 8. 
But the angle ABZ is a right angle, 

therefore the angle EDA is a right angle, 

that is, ED is at right angles to AD. 
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But ED is also at right angles 
to each of the two BD, CD; 


therefore £D is at right angles to 
each of the three straight lines 2D, 
AD, CD, at the point at which 
they meet ; 


therefore these three straight lines 
are all in the same plane. [XI. 5. 


But AZ is in the plane in which 
are BD, DA; XT. "9. 


therefore AB, BD, CD are in one plane. 

And each of the angles ABD, CDB is a right angle; 

therefore .42 is parallel to CD. [I. £8. 
Wherefore, if two straight lines &c. Q.E.D. 





PROPOSITION 7. "THEOREM. 


If two straight lines be parallel, the straight line drawn 
Jrom any point in one to any point in the other, is in the 
same plane with the parallels. 


Let AB, CD be parallel straight lines, and take any 
point E in one and any point F in the other: the straight 
line which joins Æ and Z shall be in the same plane with 
the parallels. 

For, if not, let it be, if pos- 
sible, without the plane, as A s i c 
£G F;andinthe planed BC D, Non 
in which the parallels are, à 
draw the straight lineo EHF 1 Y 


from Æ to F. x 
Then, since EGF is also a C F D 


straight line, [Hypothesis, 
the two straight lines EGF, EHF include a space between 
them; which is impossible. i [Axiom 10. 


Therefore the straight line joining the points Æ and F is 
not without the plane in which the parallels AB, CD are; 


therefore it is in that plane. 
Wherefore, ¢/f tio straight lines &c. Q.E.D. 
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PROPOSITION 8 THEOREM, 


Jf two straight lines be parallel, and one of them be at 
right angles to a plane, the other also shall be at right 
angles to the same plane. 


Let AB, CD be two parallel straight lines; and let one 
of them AB be at right angles to a plane: the other CD 
shall be at right angles to the same plane. 

Let AB, CD meet the plane 
at the points B, D; join BD; 
therefore AB, CD, BD are in 
one plane. ee 
In the plane to which AB is at 
right angles, draw DE at right 
angles to BD ; Bl. 1]. 
make DEequalto 45D;  [I.3. 
and join BE, AE, AD. 


Then, because .4 D is at right 
angles to the plane, [Hypothesis, 
it makes right angles with every straight line meeting it 
in that plane; [XI. Definition 3. 
therefore each of the angles ABD, ABE is a right angle. 
And because the straight line BD meets the parallel 
straight lines AB, CD, 
the angles ABD, CDB are together equal to two right 
angles. [I. 29. 
But the angle ABD is a right angle, [Hypothesis 
therefore the angle CDB is a right angle ; 
that is, CD is at right angles to BD. 

And because AB is equal to ED, [Construction. 
and BD is common to the two triangles ABD, EDB, 
the two sides AL, BD are equal to the two sides LD, DB, 
each to each ; 
and the angle ABD is equal to the angle EDB, cach of 





them being 2 right angle; Awe TE 
therefore the base AD is equal to the base ZB. [I. 4. 
Again, because AB is equal to E D, [Construction. 


and BE has been shewn equal to DA, 
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the two sides AB, BE are equal to the two sides ED, D A, 
each to each ; 

and the base AE is common to the two 
triangles ABE, EDA; 

therefore the angle ABE is equal to 
the angle A DE. [I. 8. 


But the angle ABE is a right angle; 


therefore the angle 4 DE isa right angle; x ) 
that is, ED is at right angles to AD. NY 





But E Disatrightanglesto 2D, [Const. 5 
therefore £D is at right angles to the E 
plane which passes through BD, DA, [XI. 4. 
and therefore makes right angles with every straight line 
meeting it in that plane. [XI. Definition 3. 


But CD is in the plane passing through BD, DA, because 
all three are in the plane in which are the parallels 4B, CD; 


therefore ED is at right angles to CD, 
and therefore CD is at right angles to ED. 
But CD was shewn to be at right angles to BD; 


therefore CD is at right angles to the two straight lines 
BD, ED, at the point of their intersection D, 


and is therefore at right angles to the plane passing 
through BD, ED, [XI. 4. 


that is, to the plane to which 4425 is at right angles. 
Wherefore, 7f tzco straight lines &c. Q.E.D. 
PROPOSITION 9. THEOREM. | 


Two straight lines which are each of them parallel to 
the same straight line, and not in the same plane with it, 
are parallel to one another, 

Let AB and CD be each of them parallel to EF, and 
not in the same plane with it: 


AB shall be parallel to CD. A H 
In EF take any point G; in 





ye? um E wh EF Nd 
an , draw from G the straight E A —k 
line GA at right angles to EF; L 


and in the plane passing through 
EF and CD, draw from G the Am. D 
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straight line GA at right angles to EF. [ITI. 

Then, because E is at right angles to GH and 
GK, [Construction. 
EF is at right angles to the plane HGK passing through 
them. [XI. 4. 
And ZF is parallel to AB; [ Hypothesis. 


therefore AB is at right angles to the plane HGE. [XIT. 8. 
For the same reason CD is at right angles to the plane 
HGK. E 


Therefore AB and CD are both at right angles to the 
plane HGE. 


Therefore AB is parallel to CD. [XI. 6. 
Wherefore, if two straight lines &e. Q.E.D. 


PROPOSITION 10. THEOREM. 


If two straight lines meeting one another be parallel to 
two others that meet one another, and are not in the same 
plane with the first. two, the first two and the other two 
shall contain equal angles. 


Let the two straight lines AB, BC, which meet one an- 
other, be parallel to the two straight lines DE, EF, which 
meet one another, and are not in the same plane with 
AB, BC: the angle ABC shall be equal to the angle DEF. 


Take BA, BC, ED, EF all equal to 
one another, and join AD, BE, CF, n 
AC, DF. Sic 

Then, because AB is equal and ,/ | 
parallel to DE, T 
therefore AD is equal and parallel to 
BE. [i 33. 
For the same reason, CF is equal 
and parallel to BE. 


Therefore AD and CF are each of 
them equal and parallel to BE. 


Therefore .4 D is parallel to CF, [XL A 
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and AD is also equal to 


CF. [Axiom 1. 
Therefore AC is equal and 
parallel to DF. [1. 33. A 


And because AB, BC 
are equal to DE, EF, each 
to each, 
and the base AC is equal to 
the base DF, 7 
therefore the angle ABC is D 
equal to the angle DEF. [I. 8. 

Wherefore, if two straight lines &c. Q.E.D. 


PROPOSITION 11. PROBLEM. 


To draw a straight line perpendicular to a given plane, 
Jrom a given point without it. 


Let 4 be the given point without the plane BH: it is 
required to draw from the point A a straight line perpen- 
dicular to the plane BH. 

Draw any straight line 
BC in the plane BH, and 
from the point 4 draw AD 
perpendicular to BC. [T. 12. 
Then if 4D be also perpen- 
dicular to the plane BH, 
the thing required is done. 
But, if not, from the point 
D draw, in the plane BH, 
the straight line DE at 
right angles to BC,  [T. 11. 
and from the point 4A draw AF perpendicular to DZ. [I. 12. 
AF shall be perpendicular to the plane BH. 

Through F draw GH parallel to BO. [L 31. 
Then, because BC is at right angles to ED and DA, [Constr. 


BC is at right angles to the plane passing through ED 
[XI. 4. 





and DA. 
And GH is parallel to BC; (Construction, 


— - 
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therefore GH is at right angles to the plane m" 
through ED and DA; [XI 


therefore GH makes ruis angles with every straight ae 
meeting it in that plane. [XI. Definition 3. 
But AF meets it, and is in the plane passing through £D 
and DA; 

therefore GH is at right angles to AF, 

and therefore AF is at right angles to GH. 

But AF is also at right angles to DE; [Construction. 
therefore AF is at right angles to each of the straight 
lines GH and DE at the point of their intersection ; 
therefore AF is perpendicular to the plane passing through 
GH and DE, that is, to the plane BH. [XI. 4. 


Wherefore, from the given point A, without the plane 
BAH, the straight line AF has been drawn perpendicular 
to the plane. Q.E.F. 


PROPOSITION 12. PROBLEM. 


To erect a straight line at right angles to a given plane, 
Jrom a given point in the plane. 


Let A be the given point in the given plane: it is re- 
quired to erect a straight line from the point A, at right 
angles to the plane. 

From any point B without the 
plane, draw BC cq to 
the plane ; [XI M B 
and from the point A aka AD 
parallel to BC, [I. 31. 

AD shall be the straight line re- | 
quired. 

For, because AD and BC are Aw 
two parallel straight lines, [Constr. ——— d 
and that one of them BC is at 
right angles to the given plane, [Construction. 


the other A Dis also at right angles to the given plane. [XI. 8. 


Wherefore a straight line has been erected at right an. 
gles to a given plane, from a given point in it. QEF. 
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PROPOSITION 13. THEOREM. 


From the same point in a given plane, there cannot be 
two straight lines at right angles to the plane, on the same 
side of it; and there can be but one perpendicular to a 
plane from a point without the plane. 


For, if it be possible, let the two straight lines AB, AC 
be at right angles to a given plane, from the same point 4 
in the plane, and on the same side of it. 


Let a plane pass through B c 
BA, AC; A / 
the common section of this ow 
with the given plane is a LV. 
straight line ; [XI. 3. D y 


let this straight linebe DAE. 

Then the three straight lines AB, AC, DAE are 
all in one plane. 
And because CA is at right angles to the plane, [Hypothesis 


it makes right angles with every straight line meeting it 
in the plane. [XI. Definition 3. 


But DAZ meets CA, and is in that plane; 

therefore the angle CAZ is a right angle. 

For the same reason the angle BAZ is a right angle. 

Therefore the angle C4 E is equal to the angle A4 E ; [Az.11. 

and they are in one plane; 

which is impossible. [Axiom 9. 
Also, from a point without the plano, there can be but 

one perpendicular to the plane. 


For if there could be two, they would be parallel to one 
another, [X1. 6. 


which is absurd. 
Wherefore, from the same point &c. Q.E.D, 
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PROPOSITION 14. THEOREM. 


Planes to which the same straight line ts perpendicular 
are parallel to one another. 


Let the straight line AB be perpendicular to each of 
the planes CD and EF’: these planes shall be parallel to 
one another. 

For, if not, they will meet one 
another when produced ; 
let them meet, then their com- c^ 

| mon section will be a straight 

| line ; 
let GH be this straight line; in 
it take any point A, and joir 
AK, BR. 

|* Then, because 4B is perpen | 
dicular to the plane EF,  [Hyp. ; 
it is perpendicular to the straight 
line BK which is in that 
plane; [XI. Definition 8. 
therefore the angle ABK is a right angle. 
For the same reason the angle BAK is a right angle. 
Therefore the two angles ABK, BAK of the triangle 
ABK are equal to two right angles; 
which.is impossible. IT. 17. 
Therefore the planes CD and EF, though produced, do 
not meet one another ; 
that is, they are parallel. [XI. Definition 8. 

Wherefore. planes &. Q.E.D. 








PROPOSITION 15. THEOREM. 


Lf two straight lines which meet one another, be parallel 
to two other straight lines which meet one another, but 
are not in the same plane with the first two, the plane pass- 
ww gouges these is parallel to the plane passing through 
the others. 
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Let AB, BC, two straight lines which meet one another, 
be parallel to two other straight lines DE, EF, which meet 
one another, but are not in the same plane with AB, BC: 
the plane passing through 4B, BC, shall be parallel to the 
plane passing through DE, EF. 


` From the point B draw BG 
erpendicular to the plane pass- 
ing through DE, EF, [XL 11. 
and let it meet that plane at G ; 
through G draw ŒH parallel to 
E D,and G K parallelto EF. [L.31. 
Then, because BG is per- 
pendicular to the plane passing 
through DE, EF, (Construction. 


it makes right angles with every straight line meeting it 
in that plane ; [XI. Definition 3. 


but the straight lines GH and GX meet it, and are in that 
plane ; 


ese each of the angles BGH and BGK is a right 
angle. 





Now because BA is parallel to ED, { Hypothesis, 
and GH is parallel to ED, [Construction. 
therefore BA is parallel to G77; (XI. 9. 


therefore the angles ABG and BGH are together equal 
to two right angles. [1. 29. 


And the angle BGH has been shewn to be a right angle; 
therefore the angle ABG is a right angle. 
For the same reason the angle CBG is a right angle. 


Then, because the straight line GB stands at right 
angles to the two straight lines BA, BO, at their point of 
intersection B, 


therefore GB is perpendicular to the plane passing through 
BA, BC. [XL 4 


And GB is also perpendicular to the plane passing through 
DE, EF. [Cons'ruction, 


_m=€— m 0 a 


therefore K is in the plane 
AB i 
A 
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But planes to which the same straight line is perpendicular 
are parallel to one another ; [XI. 14. 


therefore the plane passing through AB, BC is parallel to 
the plane passing through DE, EF. 


Wherefore, if two straight lines &c. QED, 


PROPOSITION 16. THEOREM, 


If two parallel planes be cut by another plane, their 
common sections with it are parallel. 


Let the parallel planes AB, CD be cut by the plane 
EFHG, and let their common sections with it be ZZ, 
GH: EF shall be parallel to GH. 


For if not, EF and GH, being produced, will meet 
either towards F, H, or towards Æ, G. Let them be pro- 
duced and meet towards F, H at the point K. 


Then, since ZFK is in the 
plane AB, every point in EFK K 
l.1 


is in that plane ; [x E N 
E | 
T 






y * . ™~, 
For the same reason A is in 


the plane CD. 

Therefore the planes 4 B, CD, * 
being produced, meet one an- EMI 
other. 

But they do not meet, since they are parallel by hypothesis. 
Therefore EF and GH, being produced, do not meet to- 
wards F, H. 


In the same manner it may be shewn that they do not 
meet towards £, G. 


But straight lines which are in the same plane, and which 
being produced ever so far both ways do not meet arc 
parallel ; 


therefore ZF is parallel to GA. 
Wherefore, 7f two parallel planes &. QED. 
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PROPOSITION 17. THEOREM. 


If two straight lines be cut by parallel planes, they 
shall be cut in the same ratio, 


Let the straight lines AB and CD be cut by the pa- 
rallel planes GH, KL, MN, at the points A, E, B, and 
C, F, D: AE shall be to £B as CF is to FD. 

Join AC, BD, AD; let 
AD meet the plane AZ 
at the point X; and join 
EX, XF. 

Then, because the two 
parallel planes KZ, MN are 
cut by the plane EBDX, 
the common sections EX, 
BD are parallel; [XI. 16. 
and because the two pa- 
rallel planes GH, KZ are * 
cut by the plane AXFO, / E / 
ihe common sections AC, M 
Xf are parallel.  [XI. 16. 

And, because EX is parallel to BD, a side of the 
triangle 4 BD, 
therefore AE is to EB as AX ijs to X D. [VI. 2. 
Again, because XF is parallel to AC, a side of the triangle 
ADC 





, 


therefore AX is to XD as CF is to FD. [VI. 2. 

And it was shewn that 4.X is to X D as AE is to EB; 

therefore AZ is to EB as CF is to FD. [VA 
Wherefore, tf two straight lines &c. Q.E.D. 


PROPOSITION 18. THEOREM. 


If a straight line be at right angles to a plane, every 
plane which passes through it shall be at right angles to 
that plane. d 

Let the straight line AJ be at right angles to the. 
plane CK: every plane which passes through AB shall be 
at right angles to the plane CA. 





<== 
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Let any plane DE 
pass through 4B, and 
let CE be the common 
section of the planes 
DE, CK; [XI. 3. 
take any point F in 
CE, from which draw 





FG, in the plane DE, 
at right angles to 
[I. 11. 

Then, because AB is at right angles to the plane 

CK, [ Hypothesis. 

| therefore it makes right angles with every straight line 

| meeting it in that plane ; [XI. Definition 3. 


but CB meets it, and is in that plane; 

therefore the angle ABF is a right angle. 

But the angle GFB is also a right angle ; [Construction. 
therefore FG is parallel to AB. [F. 28, 
And AB is at right angles to the plane CK ; — [Hypothesis. 
therefore FG is also at right angles to the same plane. [XI.8. 


But one plane is at right angles to another plane, when 
the straight lines drawn in one of the planes at right 
angles to their common section, are also at right angles to 
the other plane ; [XI. Definition 4. 


and it has been shewn that any straight line FG drawn in 
the plane DE, at right angles to CE, the common section 
of the planes, is at right angles to the other plane CK ; 
therefore the plane DZ is at right angles to the plane CX. 

In the same manner it may be shewn that any other 
plane which passes through AB is at right angles to the 
plane CK. 


Wherefore, ¿f a straight line &e. Q.E.D. 


PROPOSITION 19. THEOREM. 


If two planes which cut one another be each of them 
perpendicular to athird plane, their common section shall 
be perpendicular to the same plane. 
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Let the two planes B.A, BC be each of them perpen- 
dicular to a third plane, and let BD be the common section 
of the planes BA, BC: BD shall be perpendicular to the 
third plane. 

For, if not, from the point D, 
draw in the plane BA, the straight 
line DE at right angles to AD, 
the common section of the plano 
DA with the third plane; [I. 11. 
and from the point D, draw in tho 
plane BC, the straight line DF at 
right angles to CD, the common 
section of the plane BC with the 





third plane. [I. I1. x 

Then, because the plane BA is 
perpendicular to the third plane, [JTypothesis. 
and DE is drawn in the plane BA at right angles to AD 
their common section ; { Construction, 


therefore D Eis perpendicular to the third plane. [XI. Def. 4. 
In the same manner it may be shewn that DF is per- 
pendicular to the third plane. 


Therefore from the point D two straight lines are at 
right angles to the third plane, on the same side of it; 
which is impossible. [XI. 13. 


Therefore from the point D, there cannot be any straight 

line at right angles to the third plane, except BD the com- 

mon section of the planes BA, BC; 

therefore BD is perpendicular to the third plane. 
Wherefore, Zf' two planes &c. Q.E.D. 


PROPOSITION 20. THEOREM. 


If a solid angle be contained by three plane angles, any 
two of them are together greater than the third. 

Let the solid angle at A be contained by the three 
plane angles BAC, CAD, DAB: any two of them shall be 
together greater than the third. 

If the angles BAC, CAD, DAB be all equal, it is 
evident that any two of them are greater than the third. 
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If they are not all equal, let 
LAC be that angle which is not 
less than either of the other two, and 
is greater than one of them, BAD. 


At the point 4, in the straight line 
BA, make, in the plane which passes 
through BA, AC, the angle BAE 
equal to the angle BAD; [I. 23. 


make AF equal to AD; [L 3. 
through E draw BEC cutting AB, AC at the points B, C; 
and join DB, DC. 

Then, because 4 D is equal to AE, [Construction. 
and AB is common to the two triangles BAD, BAE, 


the two sides BA, AD are equal to the two sides 5.4, AE, 
each to each; 


and the angle BAD is equal to the angle BAH; [Constr, 
therefore the base BD is equal to the base BE. [L. 4. 
And because BD, DC are together greater than 
[T. 20. 

3 


and one of them BD has been shewn equal to BE a part 
of BC, 


therefore the other DC is greater than the remaining 
part EC. 


And because AD is equal to AZ, [Construction. 
and AC is common to the two triangles DAC, EAC, 
but the base DC is greater than the base ZC; 
therefore the angle DAC is greater than the angle 
EAC. [E 25; 
And, by construction, the angle BAD is equal to the 
angle BAE; 
therefore the angles BAD, DAC are together greater 
than the angles BALE, EAC, that is, than the angle BAC. 
But the angle BAC is not less than either of the angles 
BAD, DAC; 
therefore the angle BAC together with either of the other 
angles is greater than the third. 


Wherefore, if a solid angle &c. Q.E.D. 
16 


TOO l DEREN 
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PROPOSITION 21. THEOREM. 


Every solid angle is contained by plane angles, which 
are togethcr less than four right angles. 

First let the solid angle at 4 be contained by three 
plane angles BAC, CAD, DAB: these three shall be 
together less than four right angles. 

In the straight lines AB, AC, AD 
take any points B, C, D, and join BC, 
CD, DB. 

Then, because the solid angle at 
DB is contained by the three plane 
angles CBA, ABD, DBC, any two 
of them are together greater than the 
third, [XI. 20. 
therefore the angles CBA, ABD aro 
together greater than the angle DBC. 
For the same reason, the angles BCA, ACD are together 
greater than the angle DCB, 
and the angles CDA, ADB are together greater than the 
angle BDC. 

Therefore the six angles CBA, ABD, BCA, ACD, CDA, 
ADB are together greater than the three angles DBC, 
DCB, BDC; 

but the three angles DBC, DCB, BDC are together equal 
to two right angles. au 
Therefore the six angles CBA, ABD, BCA, ACD, CDA, 
ADB are together greater than two right angles. 

And, because the three angles of each of the triangles 
ABC, ACD, ADB are together equal to two right 
angles, [I. 32. 





therefore the nine angles of these triangles, namely, tho ` 
angles CBA, BAC, ACB, ACD, CDA, CAD, ADD, 


DBA, DAB are equal to six right angles ; 
and of these, the six angles CBA, ACB, ACD, CDA, 
ADB, DBA are greater than two right angles, 


therefore the remaining three angles BAC, CAD, DAB, 
which contain the solid angle at A, are together less thi: 
four right angles, 


í 
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Next, let the solid angle at 4 be contained by any 
number of plane angles BAC, CAD, DAE, EAF, FAB.: 
these shall be together less than four right angles. 


Let the planes in which the an- 
gles are, be cut by a plane, and let 
the common sections of it with those 
planes be BC, CD, DE, EF, FB. 

Then, because the solid angle at 
B is contained by the three plane 
angles CBA, ABF, FBC, any two 
of them are together greater than 
the third, [XI. 20. 
therefore the angles CBA, ABF 
are together greater than the angle 
FBC. 





For the same reason, at each of the points C, D, E, F, the 
two plane angles which are at the bases of the triangles 
having the common vertex A, are together greater than 
the third angle at the same point, which is one of the 
angles of the polygon BCDEF. 


Therefore all the angles at the bases of the triangles are 
together greater than all the angles of the polygon. 

Now all the angles of the triangles are together equal 
to twice as many right angles as there are triangles, that 
is, 23 there are sides in the polygon BCDEF, (Tonge 
and all the angles of the polygon, together with four right 
angles, are also equal to twice as many right angles as 
there are sides in the polygon; [I. 82, Corollary 1. 
therefore all the angles of the triangles are equal to all the 
angles of the polygon, together with four right angles. [42. 1. 

But it has been shewn that all the angles at the bases 
of the triangles are together greater than all the angles of 
the polygon ; 
therefore the remaining angles of the triangles, namely, 
those at the vertex, which contain the solid angle at A, are 
together less than four right angles. 


Wherefore, every solid angle &c. Q.E.D. 


16—2 


BOOK XII. 
LEMMA. 


If from the greater of two unequal magnitudes there 
be taken more than its half, and from the remainder 
more than its half, and so on, there shall at length re- 
main a magnitude less than the smaller of the proposed 
magnitudes. 

Let AB and C be two unequal magnitudes, of which 
AB is the greater: if from AZ there be taken more than 
its half, and from the remainder more than its half, and so 
on, there shall at length remain a magnitude less than C. 

For C may be multiplied so as at length D 
to become greater than AB. A 

F 
H 


Let it be so multiplied, and let DE its 
multiple be greater than AB, and let DE 
be divided into DF, FG, GE, each equal 
to C. 


From AB take BH, greater than its 
half, and from the remainder AH take HK 
greater than its half, and so on, until there 
be as many divisions in 47 as in DE ; and 


let the divisions in 4B be AK, KH, HB, p E 

and the divisions in DE be DF, FG, GE. 
Then, because DE is greater than AB; 

and that EG taken from DÆ is not greater than its half; 


but BH taken from 4B is greater than its half; 
n2 ihe remainder DG is greater than the remainder 
ALL, 
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Again, because DG is greater than 47; 


and that GF is not greater than the half of DG, but HX 
is greater than the half of 47 ; 


therefore the remainder DF is greater than the remainder 


But QF is equal to C; 
therefore C is greater than AK; 
that is, AK is less than C. Q.E.D. 


And if only the halves be taken away, the same thing may 
in the same way be demonstrated. 


PROPOSITION 1. THEOREM. 
Similar polygons inscribed in circles are to one another 
as the squares on their diameters. 

Let ABCDE, FGHKL be two circles, and in them 
the similar polygons ABCDE, FGHKL; and let BM, 
GN be the diameters of the circles: the polygon 4BCDE 
shall be to the polygon FGHXKZ as the square on BM is 

to the square on GM. 


— 4 
f x 


o> Nae 


H^———7K 


i 










Join AM, BE, FN, GL. 
Then, because the polygons are similar, 
therefore the angle BAZ is equal to the angle GFL, 


and BA isto AE as GF is to FL. [VI. Definition 1. 
Therefore the triangle BAF is equiangular to the triangle 
GFL; [V1. 6. 


therefore the angle AEB is equal to the angle FLG. 


But the angle AEB is equal to the angle AMB, and the 
angle FLG is equal to the angle FNG ; [ITI. 21. 


therefore the anglo AMB is equal to the angle FNG, 
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And the angle BAM is equal to the angle GFN, for 
each of them is a right angle. (ILi. 381. 





Therefore the remaining angles in the triangles AMB, 
FN F are equal, and the triangles are equiangular to one 
another ; 


therefore BA is to BM as GF is to GN, [VI. 4. 


and, alternately, BA is to GF as BM is to GN; [V.16. | 


therefore the duplicate ratio of BA to GF is the same as 
the duplicate ratio of BM to GN. [V. Definition 10, V. 22. 
But the polygon ABCDE is to the polygon FGHKL 
in the duplicate ratio of BA to GF; [VI. 20. 
and the square on BM is to the square on GN in the du- 
plicate ratio of 2M to GN ; [VI. 20. 
therefore the polygon A BCDE is to the polygon FGHKL 
as the square on BM is to the square on GN. [V. aa 
Wherefore, similar polygons &c. Q.E.D. 


PROPOSITION 2. THEOREM. 


Circles are tio one another as the squares om their 
diameters. 


Let ABCD, EFGH he two circles, and BD, FA their 
diameters: the circle ABCD shall be to the circle FGH 
as the square on BD is to the square on FH. 

For, if not, the square on BD must be to the square on 
FH as the circle ABCD is to some space either less 
than the circle EFG, or greater than it. 

First, if possible, let it be as the circle ABCD is toa 
apace S less than the circle EFGH. 


Sa. 
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In the circle EFGH inscribe the square EFGZ. — (IV. 6. 
This square shall be greater than half of the circle FFG HZ. 


Sh 


A N —— 
E——RERE ek 2 


N , / j SON nel . Á N, 


Q — A/P * Ee 
C 


— 


p". 2 


» 
» 


For the square Z FG 7 is half of the square which can 
be formed by drawing straight lines to touch the circle at 
the points £, P, G, H ; 
and the square thus formed is greater than the circle; 


oe aa the square EF'GH is greater than half of the 
circle. 


Bisect the arcs EF, FG, GH, HE at the points K, 
LAM, N; 
and join EK, KF, FL, LG, GM, MH, HN, NE. Then 
each of the triangles EKF, FLG, GMH, HNE shall 
be — than half of the segment of the circle in which 
it stands. 


For the triangle EKF is half of the parallelogram 
which can be formed by drawing a straight line to touch the 
circle at K, and parallel straight lines through Æ and F, 


and the parallelogram thus formed is greater than the 
segment Z'EK ; thercfore the triangle £A F' is greater than 
half of the segment. 
And similarly for the other triangles. 
Therefore the sum of all these triangles is together greater 
than half of the sum of the segments of the cirele in which 
they stand. 

Again, bisect EK, K F, &e. and form triangles as before; 


then the sum of these triangles is greater than half of the 
sum of the segments of the circle in which they stand, 
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If this process be continued, and the triangles be sup- 
posed to be taken away, there will at length remain seg- 
ments of circles which are together less than the excess of 
up circle EZGH above the space S, by the preceding 

emma. 


Let then the segments EK, AF, FL, LG, GM, MH, 


HN, NE be those which remain, and which are together 
less than the excoss of the circle above S; 


therefore the rest of the circle, namely the polygon 
EKFLGMHN, is greater than the space S, 

In the circle. A BCD describe the polygon AX BOCP DR 
similar to the polygon EKFLGMHN. 

Then the polygon AXBOCPDR is to the polygon 
EKFLGMEN as the square on BD is to the square on 
FH, [XII 1. 
that is, as the circle 4 BCD is to the space S. [Ayp., V. 11. 
But the polygon 4XBOCPDR is less than the circle 
ABCD in which it is inscribed, 
therefore the polygon EKFLGMHN is less than the 
space S; [V. 14. 
but it is also greater, as has been shewn ; 
which is impossible. 

Therefore the square on BP is not to the square on 


FH as the circle ABCD is to any space less than the 
circle EFGH. 


In the same way it may be shewn that the square on 


FH is not to the square on BD as the circle EFGH is to 
any space less than the circle ABCD. 


Nor is the square on BD to the square on FH as 
= ae ABCD is to any space greater than the circle 


For, if possible, let it be as the circle ABCD is to a space 
T greater than the circle EF'GH. 

Then, inversely, the square on FH is to the square on BD 
as the space T'is to the circle ABCD. 


But as the space T is to the circle ABCD so is the circle 
EFGH to some space, which must be less than the circle 
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ABCD, because, by hypothesis, the space 7' is greater 
than the circle EF GH. [ V. 14. 





Therefore the square on FH is to the square on BD as 
the circle EF'GH is to some space less than the circle 
ABCD; 

which has been shewn to be impossible. 

Therefore the square on BD is not to the square on FH 
as we circle ABCD is to any space greater than the circle 
EFGH. 


And it has been shewn that the square on BD is not 
to the square on FH as the circle ABCD is to any space 
less than the circle EFGH. 

Therefore the square on BD is to the square on FH as the 
circle ABCD is to the circle EFGA, 


Wherefore, circles &. Q.E.D. 


NOTES ON EUCLID’S ELEMENTS. 


'TRE article Eucleides in Dr Smith's Dictionary of Greek and 
Roman Biography was written by Professor De Morgan ; it 
contains an account of the works of Euclid, and of the various 
editions of them which have been published. To that article we | 
refer the student who desires full information on these subjects. — 
Perhaps the only work of importance relating to Euclid which 
has been published since the date of that article is à work on the 
Porisms of Euclid by Chasles; Paris, 1860. 

Euclid appears to have lived in the time of the first Ptolemy, 
B.C, 323—283, and to have been the founder of the Alexandrian 
mathematical school. The work on Geometry known as The 
Llements of Euclid consists of thirteen books; two other books 
have sometimes been added, of which it is supposed that Hypsicles 
was the author. Besides the Elements, Euclid was the author of 
other works, some of which have been preserved and some lost. 

We will now mention the three editions which are the most 
valuable for those who wish to read the Elements of Euclidin the | 
original Greek. 

(1) The Oxford edition in folio, published in 1703 by David 
Gregory, under the title EUxAelóov rà awióueva. ‘“ Asan edition 
of the whole of Euclid's works, this stands alone, there being no 
other in Greek." De Morgan. 

(2) Euclidis Elementorum Libri sex priores...edidit Joannes 
Gulielmus Camerer. This edition was published at Berlin in two 
volumes octavo, the first volume in 1824 and the second in 1825. 
Jt contains the first six books of the Elements in Greek with a 
Latin Translation, and very good notes which form a mathema- © 
tical commentary on the subject. 

(3) Euclidis Elementa ez optimis libris in usum tironum 
Græce edita ab Ernesto Ferdinando August, This edition was 
published at Berlin in two volumes octavo, the first volume in 
1826 and the second in 1829. It contains the thirteen books of 
the Elements in Greek, with a collection of various readings. 









NOTES ON EUCLID'S ELEMENTS. 201 


A third volume, which was to have contained the remaining 
works of Euclid, never appeared. ‘*'To the scholar who wants 
one edition of the Elements we should decidedly recommend this, 
as bringing together all that has been done fur the text of 
Euclid’s greatest work.” De Morgan. 

An edition of the whole of Euclid’s works in the original has 
long been promised by Teubner the well-known German publisher, 
ug one of his series of compact editions of Greek and Latin 
authors; but we believe there is no hope of its early appearance. 

Robert Simson's edition of the Elements of Euclid, which 
we have in substance adopted in the present work, differs con- 
siderably from the original. The English reader may ascertain 
the contents of the original by consulting the work entitled The 
‘ilements of Euclid with dissertations...by James Williamson. 
This work consists of two volumes quarto; the first volume was 
published at Oxford m 1781, and the second at London in 1788. 
Williamson gives a close translation of the thirteen books of the 
Elements into English, and he indicates by the use of Italics the 
words which are not in the original but which are required by 
our language. 

Among the numerous works which contain notes on the 
Elements of Euclid we will mention four by which we have been 
aided in drawing up the selection given in this volume. 

An Examination of the first six Books of Euclid's Elements by 
William Austin...Oxford, 1781. 

Euclid's Elements of Plane Geometry with copious notes...by 
John Walker. London, 1827. 

The first six books of the Elements of Euclid with a Commen- 
tary...by Dionysius Lardner, fourth edition. London, 1834. 

Short supplementary remarks on the first six Books of Euclid’s 
Elements, by Professor De Morgan, in the Companion to the 
Almanac for 1849. 

We may also notice the following works: 

Geometry, Plane, Solid, and Spherical,... London 1830; this 
forms part of the Library of Useful Knowledge. 

Théorémes et Problèmes de Géométrie Eleméntaire par Eugène 
Catalan...Troisième édition. Paris, 1858. 

For. the History of Geometry the student is referred to 
Montucla’s Histoire des Mathématiques, and to Chasles’s Aperçu 
historique sur l'origine et. (e devéloppement des Méthodes en. Géo- 
meirie... 
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THE FIRST BOOK. 


Definitions. The first seven definitions have given rise to con- 
siderable discussion, on which however we do not propose to enter. 
Such a discussion would consist mainly of two subjects, both of 
which are unsuitable to an elementary work, namely, an exami- 
nation of the origin and nature of some of our elementary ideas, 
and a comparison of the original text of Euclid with the substitu- 
tions for it proposed by Simson and other editors. For the former 
subject the student may hereafter consult Whewell’s History of 
Scientific Ideas and Mill’s Logic, and for the latter the notes in 
Camerer’s edition of the Elements of Euclid. 

We will only observe that the ideas which correspond to the 
words point, line, and surface, do not admit of such definitions as 
will really supply the ideas to a person who is destitute of them. 
The so-called definitions may be regarded as cautions or restric- 
tions. Thus a point is not to be supposed to have any size, but 
only position; a line is not to be supposed to have any breadth or 
thickness, but only length; a surface is not to be supposed to have 
any thickness, but only length and breadth. 

The eighth definition seems intended to include the cases in 
which an angle is formed by the meeting of two curved lines, or 
of a straight line and a curved line; this definition however is of 
no importance, as the only angles ever considered are such as are 
formed by straight lines. The definition of a plane rectilineal 
angle is important; the beginner must carefully observe that no 
change is made in an angle by prolonging the lines which form 
it, away from the angular point. 

Some writers object to such definitions as those of an equi- 
lateral triangle, or of a square, in which the existence of the 
object defined is assumed when it ought to be demonstrated. They 
would present them in such a form as the following: if there be 
a triangle having three equal sides, let it be called an equilateral 
triangle. 

Moreover, some of the definitions are introduced prematurely. 
Thus, for example, take the definitions of a right-angled triangle 
and an obtuse-angled triangle ; it is not shewn until I. 17, that 
a triangle cannot have both a right angle and an obtuse angle, 
and so cannot be at the same time right-angled and obtuse- 
angled. And before Axiom 11 has been given, it is conceivable 
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that the same angle may be greater than one right angle, and 
less than another right angle, that is, obtuse and acute at the 
same time. 

The definition of a square assumes more than is necessary. 
For if a four-sided figure have all its sides equal and one angle a 
right angle, it may be shewn that all its angles are right angles; 
or if a four-sided figure have all its angles egual, it may be shewn 
that they are all right angles. 

Postulates. The postulates state what processes we assume 
that we can effect, namely, that we can draw a straight line 
between two given points, that we can produce a straight line to 
any length, and that we can describe a circle from a given centre 
with a given distance as radius. It is sometimes stated that the 
postulates amount to requiring the use of a ruler and compasses. 
It must however be observed that the ruler is not supposed to 
be a graduated ruler, so that we cannot use it to measure off 
assigned lengths. And we do not require the compasses for any 
other process than describing a circle from a given point with a 
given distance as radius; in other words, the compasses may be 
supposed to close of themselves, as soon as one of their points is 
removed from the paper. 

Axioms. The axioms are caled in the original Common 
Notions. It is supposed by some writers that Euclid intended 
his postulates to include all demands which are peculiarly geo- 
metrical, and his common notions to include only such notions 
as are applicable to all kinds of magnitude as well as to space 
magnitudes. Accordingly, these writers remove the last three 
axioms from their place and put them among the postulates ; 
and this transposition is supported by some manuscripts and 
some versions of the Elements. 

The fourth axiom is sometimes referred to in editions of 
Euclid when in reality more is required than this axiom ex- 
presses. Euclid says, that if 4 and B be unequal, and C and D 
equal, the sum of A and C is unequal to the sum of B and D. 
What Euclid often requires is something more, namely, that if 
A be greater than B, and C and D be equal, the sum of A and 
C is greater than the sum of B and D. Such an axiom as this is 
required, for example, in I. 17. A similar remark applies to the 
fifth axiom. 

In the eighth axiom the words “that is, which exactly fill 
the same space,” have been introduced without the authority of 
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the original Greek. They are objectionable, because linea and 
angles ure magnitudes to which the axiom may be applied, but 
they cannot be suid to fill space. 

On the method of superposition we may refer to papers by 
Professor Kelland in the Transactions of the Royal Society of 
Edinburgh, Vols. XXI. and XXIII 

The eleventh axiom is not required before I. 14, and the 
twelfth axiom is not required before I. 29 ; we shall not consider 
these axioms until we arrive at the propositions in which they are 
respectively required for the first time. 


The first book is chiefiy devoted to the properties of triangles 
and parallelograms. 

We may observe that Euclid himself does not distinguish 
between problems and theorems except by using at the end of 
the investigation phrases which correspond to Q.E.F. and Q.E.D. 
respectively. 

I. 2. This problem admits of eight cases in its figure. For 
it will be found that the given point may be joined with either 
end of the given straight line, then the equilateral triangle may 
be described on either side of the straight line which is drawn, 
and the sides of the equilateral triangle which are produced may be 
produced through either extremity. These various cases may be 
left for the exercise of the student, as they present no difficulty. 

There will not however always be eight different straight lines 
obtained which solve the problem. For example, if the point A 
falls on BC produced, some of the solutions obtained coincide; 
this depends on the fact which follows from I. 32, that the angles 
of all equilateral triangles are equal. 

I. 5. ‘Join FC.” Custom seems to allow this singular ex- 
pression as an abbreviation for “draw the straight line FC,” or 
for “join F to C by the straight line FC.” 

In comparing the triangles BFC, CGB, the words ‘and the 
base BC is common to the two triangles BFC, CGB” are usually 
inserted, with the authority of the original. As however these 
words are of no use, and tend to perplex a beginner, we have 
followed the example of some editors and omitted them. 

A corollary to a proposition is an inference which may be 
deduced immediately from that proposition. Many of the corol- 
laries in the Elements are not in the original text, but intro- 
duced by the editors, 
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It has been suggested to demonstrate I. 5 by superposition. 
Conceive the isosceles triangle 4 BC to be taken up, and then re- 
placed so that AB falls on the old position of AC, and AC falls 
on the old position of AB. Thus, in the manner of I. 4, we can 
shew that the angle 4 BC is equal to the angle ACB. 

I. 6 is the converse of part of I. 5. One proposition is said to 
be the converse of another when the conclusion of each is the 
hypothesis of the other. Thus in I. 5 the hypothesis is the 
equality of the sides, and one conclusion is the equality of the 
angles; in I. 6 the hypothesis is the equality of the angles 
and the conclusion is the equality of the sides, When there is 
more than one hypothesis or more than one conclusion to a pro- 
position, we can form more than one converse proposition. For 
example, as another converse of I. 5 we have the following: if 
the angles formed by the base of a triangle and the sides pro- 
duced be equal, the sides of the triangle are equal; this pro- 
position is true and will serve as an exercise for the student. 

The converse of a true proposition is not necessarily true; 
the student however will see, as he proceeds, that Euclid shews 
that the converses of many geometrical propositions are true. 

I. 6 is an example of the indirect mode of demonstration, in 
which a result is established by shewing that some absurdity 
follows from supposing the required result to be untrue. Hence 
this mode of demonstration is called the reductio ad absurdum. 
Indirect demonstrations are often less esteemed than direct de- 
monstrations ; they are said to shew that a theorem is true rather 
than to shew why it is true. Euclid uses the reductio ad absur- 
dum chiefly when he is demonstrating the converse of some 
former theorem; see I. 14, 19, 25, 40. 

Some remarks on indirect demonstration by Professor Syl- 
vester, Professor De Morgan, and Dr Adamson will be found in 
the volumes of the Philosophical Magazine for 1852 and 1853. 


I. 6 is not required by Euclid before he reaches TI. 4; so that 
I.6 might be removed from its present place and demonstrated 
hereafter in other ways if we please. For example, I. 6 might be 
placed after I. 18 and demonstrated thus. Let the angle ABC be 
equal to the angle ACB: then the side AB shall be equal to the 
side AC. Forif not, one of them must be greater than the other; 
suppose AB greater than AC. Then the angle ACB iy greater 
than the angle ABC, by J. 18. But this is impossible, because 
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the angle ACB is equal to the angle A BC, by hypothesis. Or 
I. 6 might be placed after I. 26 and demonstrated thus. Bisect the 
angle BAC by a straight line meeting the base at D. Then the 
triangles ABD and ACD are equal in all respects, by I. 26. 

I. 7 is only required in order to lead to 1. 8. The two might 
be superseded by another demonstration of I. 8, which has been 
recommended by many writers. 

Let ABC, DEF be two triangles, having the sides AB, AC 
equal to the sides DE, DF, each to each, and the base BC 
equal to the base ZF’: the angle BAC shall be equal tothe angle 
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For, let the triangle DEF be applied to the triangle ABO, 
so that the bases may coincide, the equal sides be conterminous, 
and the vertices fall on opposite sides of the base. Let GBC 
represent the triangle DEF thus applied, so that @ corresponds 
to D. Join AG. Since, by hypothesis, BA is equal to BG, the 
angle BAG is equal to the angle BGA, by I. 5. In the same 
manner the angle CAG is equal to the angle CGA. Therefore 
the whole angle BAC is equal to the whole angle BGC, that is, 
to the angle EDF. 

There are two other cases; for the straight line AG may pass 
through B or C, orit may fall outside BC: these cases may be 
treated in the same manner as that which we have considered. 

I.8. It may be observed that the two triangles in I. 8 are 
equal in all respects; Euclid however does not assert more than 
the equality of the angles opposite to the bases, and when he 
requires more than this result he obtains it by using I. 4. 

I. 9. Here the equilateral triangle DEF is to be described 
on the side remote from A, because if it were described on the 
same side, its vertex, PF, might coincide with A, and then the 
construction would fail, 
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I. 11. The corollary was added by Simson. It is liable to 
serious objection. For we do not know how the perpendicular 
BE is to be drawn. If we are to use I. 11 we must produce 4 B, 
and then we must assume that there is only one way of pro- 
ducing AB, for otherwise we shall not know that there is 
only one perpendicular; and thus we assume what we have to 
demonstrate. 

Simson’s corollary might come after I, 13 and be demon- 
strated thus. If possible let the two straight lines ABC, ABD 
have the segment AB common to both. From the point B draw 
any straight line BE. Then the angles 4 BE and EBC are equal 
to two right angles, by I. 13, and the angles ABE and EBD are 
also equal to two right angles, by I. r3. Therefore the an- 
gles ABE and EBC are equal to the angles ABE and EBD. 
Therefore the angle E BC is equal to the angle EBD; which is 
absurd. 

Butif the question whether two straight lines can have acom- 
mon segment is to be considered at all in the Elements, it might 
occur at an earlier place than Simson has assigned to it. For 
example, in the figure to I. 5, if two straight lines could have a 
common segment A B, and then separate at JJ, we should obtain 
two different angles formed on the other side of BC by these 
produced parts, and each of them would be equal to the angle 
BCG. The opinion has been maintained that even in I. r, it is 
tacitly assumed that the straight lines 4C and BC cannot have a 
common segment at C where they meet; see Camerer's Euclid, 
pages 30 and 36. 

Simson never formally refers to his corollary until XI. 1. 
The corollary should be omitted, and the tenth axiom should 
be extended so as to amount to the following; if two straight 
lines coincide in two points they must coincide both beyond and 
between those points. 

I. 12. Here the straight line is said to be of unlimited length, 
in order that we may ensure that it shall meet the circle. 

Euclid distinguishes between the terms at right angles and 
perpendicular, He uses the term at right angles when the straight 
line is drawn from a point im another, as in I. 11; and he uses 
the term perpendicular when the straight line is drawn from a 
point without another, as in I. 12. This distinction however 
is often disregarded by modern writers. 

I. 14. Here Euclid first requires his eleventh axiom. For 
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in the demonstration we have the angles A BC and A BE equal to 
two right angles, and also the angles ABC and ABD equal to 
two right angles; and then the former two right angles are equal 
to the latter two right angles by the aid of the eleventh 
axiom. Many modern editions of Euclid however refer only to 
the first axiom, as if that alone were sufficient; a similar remark 
applies to the demonstrations of J. 15, and I. 24. In these cases 
we have omitted the reference purposely, in order to avoid per- 
plexing a beginner; but when his attention is thus drawn to the 
circumstance he will see that the first and eleventh axioms are 
both used. 

We may observe that errors, in the references with respect to 
the eleventh axiom, occur in other places in many modern edi- 
tions of Euclid. Thus for example in ITI. 1, at the step “ there- 
fore the angle FDB is equal to the angle GDB," a reference is 
given to the first axiom instead of to the eleventh. 

There seems no objection on Euclid’s principles to the fol- 
lowing demonstration of his eleventh axiom. 

Let AB be at right angles to DAC at the point A, and EF 
at right angles to HEG at the point E: then shall the angles BAC 
and FEG be equal. 





Take any length A C, and make A D, EH, EG all equal to AC. 
Now apply HEG to DAC, so that JH may'be on D, and HG on 
DC, and B and F on the same side of DC; then @ will coincide 
with C, and E with A. Also EP shall coincide with A; for if 
not, suppose, if possible, that it takes a different position as AX. 
Then the angle DA K is equal to the angle HEF, and the angle 
CAK to the angle GEF; but the angles HEF and GEF are equal, 
hy hypothesis; therefore the angles DA'K and CAK are equal. 
But the angles DAB and CAB are also equal, by hypothesis ; 
and the angle CAB is greater than the angle CAK; there- 
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fore the angle DAB is greater than the angle CAK. Much 
more then is the angle DAK greater than the angle CAK. But 
the angle DAK was shewn to be equal to the angle CAK; 
which is absurd. Therefore EF must coincide with AB; and 
therefore the angle PEG coincides with the angle BAC, and is 
equal to it. 

I. 18, I. rg. In order to assist the student in remembering 
which of these two propositions is demonstrated directly and which 
indirectly, it may be observed that the order is similar to that 
in I. 5 and I. 6. 

I. 20. '*Proclus, in his commentary, relates, that the Epi- 
cureans derided Prop. 20, as being manifest even to asses, and 
needing no demonstration; and his answer is, that though the 
truth of it be manifest to our senses, yet it is science which 
must give the reason why two sides of a triangle are greater 
than the third: but the right answer to this objection against 
this and the 21st, and some other plain propositions, is, that the 
number of axioms ought not to be increased without neces- 
sity, as it must be if these propositions be not demonstrated." 
Simson. 

I. 21. Here it must be carefully observed that the two 
straight lines are to be drawn from the ends of the side of the 
triangle. If this condition be omitted the two straight lines will 
not necessarily be less than two sides of the triangle. 

I. 22. Some authors blame Euclid because he does not 
demonstrate that the two circles made use of in the construction 
of this problem must cut one another: but this is very plain from 
the determination he has given, namely, that any two of the 
straight lines DF, FG, GH, must be greater than the third. 
For who is so dull, though only beginning to learn the Elements, 
as not to perceive that the circle described from the centre F, at 
the distance FD, must meet FH betwixt F and H, because FD 
is less than FH; and that for the like reason, the circle de- 
scribed from the centre G, at the distance GH...must meet 
DG betwixt D and G; and that these circles must meet one 
another, because JD and GJ are together greater than FG?’ 
Simson. 

The condition that B and C are greater than A, ensures that 
the circle described from the centre G shall not fall entirely 
within the circle described from the centre F; the condition that 
A and B are greater than C, ensures that the circle described 
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from the centre F shall not fall entirely within the circle de- 
scribed from the centre G; the condition that A and C are 
greater than B, ensures that one of these circles shall not fall 
entirely without the other. Hence the circles must meet. Itis 
easy to see this as Simson says, but there is something arbi- 
trary in Euclid’s selection of what is to be demonstrated and what 
is to be scen, and Simson’s language suggests that he was really 
conscious of this. 


I, 24. In the construction, the condition that DE is to be 
the side which is not greater than the other, was added by 
Simson; unless this condition be added there will be three cases 
to consider, for F may fall on EG, or above EG, or below EG. It 
may be objected that even if Simson’s condition be added, it 
ought to be shewn that F will fall below EG. Simson accordingly 
says “‘...it is very easy to perceive, that DG@ being equal to DF, 
the point G is in the circumference of a circle described from the 
centre D at the distance DF, and must be in that part of it 
which is above the straight line EF, because DG falls above DF, 
the angle E DG being greater than the angle EDF.” Or we may 
shew it in the following manner. Let H denote the point of 
intersection of DF and EG. Then, the angle DG is greater 
than the angle DEG, by I. 16; the angle DEG is not less than 
the angle DGE, by I. 19; therefore the angle DHG is greater 
than the angle DGH. Therefore DH is less than DG, by I. 20. 
Therefore DH is less than DF. 

If Simson’s condition be omitted, we shall have two other 
cases to consider besides that in Euclid. If F falls on EG, it is 
obvious that EF isless than EG. If F falls above EG, the sum 
of DF and EF is less than the sum of DG and EG, by I. 21; and 
therefore EF is less than EG. 


I. 26. It will appear after I. 32 that two triangles which 
have two angles of the one equal to two angles of the other, each 
io each, have also their third angles equal. Hence we are able 
to include the two cases of I. 26 in one enunciation thus; if two 
triangles have all the angles of the one respectively equal to all the 
angles of the other, each to each, and have also a side of the one, 
opposite to any angle, equal to the side opposite to the equal angle. 
in the other, the triangles shall Le equal in all respects. 


The first twenty-six propositions constitute a distinct section - 
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of the first Book of the Zlements. The principal results are 
those contained in Propositions 4, 8, and 26; in each of these 
Propositions it is shewn that two triangles which agree in three 
respects agree entirely. There are two other cases which will 
naturally occur to a student to consider besides those in Euclid; 
namely, (1) when two triangles have the three angles of the one 
respectively equal to the three angles of the other, (2) when two 
triangles have two sides of the one equal to two sides of the other, 
each to each, and an angle opposite to one side of one triangle 
equal to the angle opposite to the equal side of the other triangle. 
In the first of these two cases the student will easily see, after 
reading I. 29, that the two triangles are not necessarily equal. 
In the second case also the triangles are not necessarily equal, 
as may be shewn by an example; in the figure of I. 11, suppose 
the straight line FB drawn; then in the two triangles FBE, 
FBD, the side FB and the angle FBC are common, and the side 
FE is equal to the side FD, but the triangles are not equal in 
all respects. In certain cases, however, the triangles will be 
equal in all respects, as will be seen from a proposition which 
we shall now demonstrate. 

If two triangles have two sides of the one equal to two sides of 
the other, each to each, and the angles opposite to a pair of equal 
sides equal; then if the angles opposite to the other pair of equal 
sides be both acute, or both obtuse, or if one of them be a right 
angle, the two triangles are equal in all respects. 

Let ABC and DEF be 
two triangles; let AB be A 
equal to DE, and BC equal 
to HF, and the angle A —— 
equal to the angle D. e 

First, suppose the angles 
C and F acute angles. 

If the angle B be equal to the angle Z, the triangles A BC, 
DEF are equal in all respects, by I. 4. If the angle B be not 
equal to the angle Æ, one of them must be greater than the 
other; suppose the angle B greater than the angle Æ, and make 
the angle ABG equal to the angle Z. Then the triangles A BG, 
DEF are equal in all respects, by I. 26; therefore BG is equal 
to EF, and the angle BGA is equal to the angle EFD. But the 
angle FFD is acute, by hypothesis; therefore the angle BGA is 
acute. Therefore the angle BGC is obtuse, by I. 13. But it has 
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been shewn that BG is equal to 
EF; and EF is equal to BC, 
by hypothesis; therefore BG is 


equal to BC. Therefore the an- A 

gle BGC is equal to the angle I 
BCG, by I. 5; and the angle 

BCG is acute, by hypothesis; ¢ É 


therefore theangle BGC is acute, 

But BGC was shewn to be ob- 

tuse; which is absurd. Therefore the angles ABC, DEF are 
not unequal; that is, they are equal. Therefore the triangles 
ABC, DEF are equal in all respects, by I. 4. 


Next, suppose the angles at € and P obtuse angles, 
The demonstration is similar to the above. 


Lastly, suppose one of the angles a right angle, namely, the 
angle C. If the angle B be not equal to the angle E, make the 
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angle ABG equal to the angle Z. Then it may be shewn, as 
before, that BG is equal to BC, and therefore the angle BGC is 
equal to the angle BCG, that is, equal to a right angle. There- 
fore two angles of the triangle BGC are equal to two right 
angles ; which is impossible, by I. 17. Therefore the angles ABC 
and DEF are not unequal; that is, they are equal. Therefore 
the triangles ABC, DEF are equal in all respects, by I. 4. 

If the angles 4 and D are both right angles, or both obtuse, 
the angles C and F must be both acute, by I. 17. If AB is less 
than BC, and DE less than EF, the angles at C and F must be 
both acute, by I. 18 and I. 17. 


The propositions from I. 27 to I. 34 inclusive may be said 
to constitute the second section of the first Book of the Elements. 
They relate to the theory of parallel straight lines. In I. 29 Euclid 
uses for the first time his twelfth axiom. The theory of parallel 
straight lines has always been considered the great difficulty 
of elementary geometry, and many attempts have been made 
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to overcome this difficulty in a better way than Euclid has done. 
We shall not give an account of these attempts. The student who 
wishes to examine them may consult Camerer’s Euclid, Ger- 
gonne's Annales de Mathématiques, Volumes xv and xvI, the 
work by Colonel Perronet Thompson entitled Geometry without 
Axioms, the article Parallels in the English Cyclopedia, a me- 
moir by Professor Baden Powell in the second volume of the 
Memoirs of the Ashmolean Society, an article by M. Bouniakofsky 
in the Bulletin de l'Académie Impériale, Volume v, St Péters- 
bourg, 1863, articles in the volumes of the Philosophical 
Magazine for 1856 and 1857, and a dissertation entitled Sur 
un point de Vhistoire de la Géométrie chez les Grecs...... par 
A. J. H. Vincent, Paris, 1857. 

Speaking generally it may be said that the methods which 
differ substantially from Euclid’s involve, in the first place an 
axiom as difficult as his, and then an intricate series of proposi- 
tions; while in Euclid’s method after the axiom is once admitted 
the remaining process is simple and clear. 

One modification of Euclid’s axiom has been proposed, which 
appears to diminish the difficulty of the subject. This consists 
in assuming instead of Euclid’s axiom the following; two inter- 
secting straight lines cannot be both parallel to a third straight line, 
The propositions in the Elements are then demonstrated as in 
Euclid up to I. 28, inclusive. Then, in I. 29, we proceed with 
Euclid up to the words, ‘‘therefore the angles BGH, GHD are 
less than two right angles.” We then infer that BGH and GHD 
must meet: because if a straight line be drawn through G so as to 
make the interior angles together equal to two right angles this 
straight line will be parallel to CD, by I. 28; and, by our axiom, 
there cannot be two parallels to C D, both passing through G. 

This form of making the necessary assumption has been 
recommended by various eminent mathematicians, among whom 
may be mentioned Playfair and De Morgan. By postponing 
the consideration of the axiom until it is wanted, that is, until 
after I. 28, and then presenting it in the form here given, the 
theory of parallel straight lines appears to be treated iu the easiest 
manner that has hitherto been proposed. 

I. 30. Here we may in the same way shew that if AB and 
EF are each of them parallel to CD, they are parallel to each 
other. It has been said that the case considered in the text is 
80 obvious as to need no demonstration; for if AB and CD can 
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never meet EF, which lies between them, they cannot meet one 
another. 

I. 32. The corollaries to I. 32 were added by Simson. In 
the second corollary it ought to be stated what is meant by an 
exterior angle of a rectilineal figure. At each angular point let 
one of the sides meeting at that point be produced; then the 
exterior angle at that point is the angle contained between this 
produced part and the side which is not produced. Either of 
the sides inay be produced, for the two angles which can thus be 
obtained are equal, by I. 15. 

The rectilineal figures to which Eu- p 
clid confines himself are those in which gx 
the angles all face inwards; we may Te 
here however notice another class of 
figures. In the accompanying diagram 
the angle AFC faces. outwards, and it is 
an angle less than two right angles; this A 
angle however is not one of the interior 
angles of the figure AEDCF. We may consider the corre 
sponding interior angle to be the excess of four right angles 
above the angle AFC; such an angle, greater than two right 
angler, is called a re-entrant angle. 

The first of the corollaries to I. 32 is true for a figure which 
has a re-entrant angle or re-entrant angles; but the second 
is not. 

I. 32. If two triangles have two angles of the one equal to 
two angles of the other each to each they shall also have their 
third angles equal. This is a very important result, which is 
often required in the Elements. The student should notice how 
this result is established on Euclid’s principles. By Axioms 11 
and 2 one pair of right angles is equal to any other pair of right 
angles. Then, by I. 32, the three angles of one triangle are 
together equal to the three angles of any other triangle. ‘Then, 
by Axiom 2, the sum of the two angles of one triangle is equal to 
the sum of the two equal angles of the other; and then, by Axiom 3, 
the third angles are equal. 

After I, 32 we can draw a straight line at right angles to 
a given straight line from its extremity, without producing the 
given straight line, 

Let AB be the given straight line. It is required to draw 
from A a straight line at right angles to AB. 


- 
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On 4B describe the equilateral triangle D 
ABC. Produce BC to D, so that CD may be 
equal to CB. Join A.D. Then AD shall beat 
right angles to A B. For, the angle CA D is a 
equal to the angle CDA, and the angle CAB 
is equal to the angle CBA, by I. 5. There- 
fore the angle BAD is equal to the two 
angles ABD, BDA, by Axiom 2. Therefore 
the angle BA D is a right angle, by I. 32. 





The propositions from I. 35 to I. 48 inclusive may be said 
to constitute the third section of the first Book of the Elements. 
They relate to equality of area in figures which are not neces- 
sarily identical in form. 

I. 35. Here Simson has altered the demonstration given by 
Euclid, because, as he says, there would be three cases to con- 
sider in following Euclid’s method. Simson however uses the 
third Axiom in a peculiar manner, when he first takes a triangle 
from a trapezium, and then another triangle from the same 
trapezium, and infers that the remainders are equal. If the 
demonstration is to be conducted strictly after Euclid’s manner, 
three cases must be made, by dividing the latter part of the 
demonstration into two. In the left-hand figure we may suppose 
the point of intersection of BE and DC to be denoted by G. 
Then, the triangle ABE is equal to the triangle DOF; take 
away the triangle DGE from each; then the figure A BGD is 
equal to the figure EGCF ; add the triangle GBC to each; then 
the parallelogram ABCD is equal to the parallelogram FBCF. 
In the right-hand figure we have the triangle AEB equal to the 
triangle DFC; add the figure BEDC to each; then the parallel- 
ogram ABCD is equal to the parallelogram £ BOF. 

The equality of the parallelograms in I. 35 is an equality of 
area, and not an identity of figure. Legendre proposed to use 
the word equivalent to express the equality of area, and to restrict 
the word equal to the case in which magnitudes admit of super- 
position and coincidence, This distinction, however, has not 
been generally adopted, probably because there are few eases in 
which any ambiguity can arise; in such cases we may say es- 
pecially, equal in area, to prevent misconception. 

Cresswell, in his Z'reatise of Geometry, has given a demon- 
stration of I, 35 which shews that the parallelograms may be 
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divided into pairs of pieces admitting of superposition and coin- 
cidence; sve also his Preface, page x. 

I. 38. An important case of I. 38 is that in which the tri- 
angles are on equal bases and have a common vertex. 

I. 40. We may demonstrate I. 40 without adopting the in- 
direct method. Join BD, CD. The triangles DBC and DEF 
are equal, by I. 38; the triangles A BC and DEF are equal, by 
hypothesis; therefore the triangles DBC and A BC are equal, by 
the first Axiom. Therefore AD is parallel to BC, by I. 39. 
Philosophical Magazine, October 1850. 

I. 44. In I. 44, Euclid does not shew that AH and FG 
will meet. **Icannot help being of opinion that the construc- 
tion would have been more in Euclid's manner if he had made 
GII equal to BA and then joining ZA had proved that ZA was 
parallel to GB by the tbirty-third proposition." Wiliamson. 

L 47. Tradition ascribed the discovery of I. 47 to Pytha- 
goras. Many demonstrations have been given of this cele- 
brated proposition; the following is one of the most interesting. 

Let ABCD, AEFG be any 
two squares, placed so that 
their bases may join and form 
one straight line. Take GH 
and EK each equal to A B, and 
join HC, CK, KF, FH. 

Then it may be shewn that 
the triangle HAC is equal in 
all respects to the triangle PLA, 
and the triangle KDC to the 
triangle FGH. Therefore the 
two squares are together equiva- 
lent to the figure CKFH. It 
may then be shewn, with the aid of I, 32, that the figure CKFH 
is a square. And the side CH is the hypotenuse of a right-angled 
triangle of which the sides CB, BH aro equal to the sides of the 
two given squares. This demonstration requires no proposition 
of Euclid after I. 32, and it shews how two given squares may 
be cut into pieces which will fit together so as to form a third 
square. Quarterly Journal of Mathematics, Vol. 1. : 

A large number of demonstrations of this proposition are col- $ 
lected in a dissertation by Joh. Jos. Ign. Hoffmann, entitled Der 
bythagorische Lehrsatz...,Zweyte.,,Ausgabe, Mainz. 1821. 
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THE SECOND BOOK. 


THE second book is devoted to the investigation of relations 
between the rectangles contained by straight lines divided into 
segments in various ways. 

When a straight line is divided into two parts, each part is 
called a segment by Euclid. It is found convenient to extend the 
meaning of the word segment, and to lay down the following defi- 
nition. When a point is taken in a straight line, or in the 
straight line produced, the distances of the point from the ends of 
the straight line are called segments of the straight line. When 
it is necessary to distinguish them, such segments are called in- 
ternal or external, according as the point is in the straight line, 
or in the straight line produced. 

The student cannot fail to notice that there is an analogy 
between the first ten propositions of this book and some element- 
ary facts in Arithmetic and Algebra. 

Let ABCD represent a rectangle which is 4 inches long and 
3 inches broad. Then, by draw- 
ing straight lines parallel to D C 
the sides, the figure may be 
divided into r2 squares, each 
square being described on a 
side which represents an inch 
in length. A square described 
on a side measuring an inch is 
called, for shortness, a square 
inch, Thus if a rectangle is A B 
4 inches long and 3 inches 
broad it may be divided into 12 square inches; this is expressed 
by saying, that its area is equal to 12 square inches, or, more 
briefly, that it contains 12 square inches. And a similar result 
is easily seen to hold in all similar cases. Suppose, for example, 
that a rectangle is 12 feet long and 7 feet broad; then ita 
area is equal to 12 times 7 square feet, that is to 84 square feet; 
this may be expressed briefly in common language thus; if a 
rectangle measures 12 feet by 7 it contains 84 square feet. It 
must be carefully observed that the sides of the rectangle are 
supposed to be measured by the same unit of length. Thus if a 
rectangle is a yard in length, and a foot and a half in breadth, we 
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must express each of these dimensions in terms of the same unit; 
we may say that the rectangle measures 36 inches by 18 inches, 
and contains 36 times 18 square inches, that is, 648 square inches. 

Thus universally, if one side of a rectangle contain a unit of 
length an exact number of times, and if an adjacent side of the 
rectangle also contain the same unit of length an exact number of 
times, the product of these numbers will be the number of square 
units contained in the rectangle. 

Next suppose we have a square, and let its side be 5 inches in 
length. Then, by our rule, the area of the square is 5 times 
5 square inches, that is 25 square inches. Now the number 
25 is called in Arithmetic the square of the number 5. And 
universally, if a straight line contain a unit of length an exact 
number of times, the area of the square described on the straight 
line is denoted by the square of the number which denotes the 
length of the straight line. 

Thus we see that there is in general a connexion between the 
product of two numbers and the rectangle contained by two 
straight lines, and in particular a connexion between the square of 
a number and the square on a straight line; and in consequence 
of this connexion the first ten propositions in Euclid's Second 
Book correspond to propositions in Arithmetic and Algebra. 

The student will perceive that we speak of the square de- 
scribed on a straight line, when we refer to the geometrical figure, 
and of the square of a number when we refer to Arithmetic. The 
editors of Euclid generally use the words “‘square described 
upon” in I. 47 and I. 48, and afterwards speak of the square of 
a straight line. Euclid himself retains throughout the same form 
of expression, and we have imitated him. 

Some editors of Euclid have added Arithmetical or Alge- 
braica] demonstrations of the propositions in the second book, 
founded on the connexion we have explained. We have thought 
it unnecessary to do this, because the student who is acquainted 
with the elements of Arithmetic and Algebra will find no diffi- 
culty in supplying such demonstrations himself, so far as they 
are usually given. We say so far as they are usually given, 
because these demonstrations usually imply that the sides of 
rectangles can always be expressed exactly in terms of some unit 
of length; whereas the student will find hereafter that this is not 
the case, owing to the existence of what are technically called 
incommensurable magnitudes, We do not enter on this subject, 
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as it would lead us too far from Euclid’s Elements of Geometry, 
with which we are here occupied. 

The first ten propositions in the second book of Euclid may 
be arranged and enunciated in various ways; we will briefly 
indicate this, but we do not consider it of any importance to dis- 
tract the attention of a beginner with these diversities. 

TI. 2 and IT, 3 are particular cases of H. rt. 

II. 4 is very important; the following particular case of it 
should be noticed ; the square described on a straight line made up 
of two equal straight lines ts equal to four times the square described 
on one of the two equal straight lines. 

II. 5 and JI.% may be included in one enunciation thus; the 
rectangle under the sum and difference of two straight lines is equal 
to the difference of the squares described on those straight lines; 
or thus, the rectangle contained by two straight lines together with 
the square described on half their difference, is equal to the square 
described on half their sum. 

II. 7 may be enunciated thus; the square described on q 
straight line which is the diference of two other straight lines is less 
than the sum of the squares described on those straight lines by 
twice the rectangle contained by those straight lines. Then from this 
and II. 4, and the second Axiom, we infer that the square described 
on the sum of two straight lines, and the square described on 
their difference, are together double of the sum of the squares 
described on the straight lines ; and this enunciation includes both 
II. 9 and II. 1o, so that the demonstrations given of these pro- 
positions by Euclid might be superseded. 

II:8 coincides with the second form of enunciation which we 
have given to II. 5 and IT. 6, bearing in mind the particular case 
of II. 4 which we have noticed. 

II. 1r. When the student is acquainted with the elements of 
Algebra he should notice that II. 11 gives a geometrical con- 
struction for the solution of a particular quadratic equation. 

II. 12, II. 13. These are interesting in connexion with I. 47; 
and, as the student may see hereafter, they are of great import- 
ance in Trigonometry; they are however not required in any of 
the parts of Euclid's Elements which are usually read. The 
converse of I. 47 is proved in I. 48; and we can easily shew that 
converses of IT. 12 and II. 13 are true. 

Take the following, which is the converse of II. 12; if the 
square described on one side of a triangle be greater than the sum 
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of the squares described on the other two sides, the angle opposite 
to the first side is obtuse, 

For the angle cannot be a right angle, since the square de- 
scribed on the first side would then be equal to the sum of the 
squares described on the other two sides, by I. 47; and the angle 
cannot be acute, since the square described on the first side 
would then be less than the sum of the squares described on the 
other two sides, by II. 13; therefore the angle must be obtuse. 

Similarly we may demonstrate the following, which is the con- 
verse of II. 13; if the square described on one side of a triangle 
be less than the sum of the squares described on the other two sides, 
the angle opposite to the first side 18 acute, ` 

IL 13 Euclid enunciates II. 13 thus; in acute-angled tri- 
angles, &c.; and he gives only the first case in the demonstration. 
But, as Simson observes, the proposition holds for any triangle; 
and accordingly Simson supplies the second and third cases. It 
las, however, been often noticed that the same demonstration is 
applicable to the first and second cases; and it would be a great 
improvement as to brevity and clearness to take these two cases 
together. Then the whole demonstration will be as follows. , 

Let ABC be any triangle, and the angle at B one of ite 
acute angles; and, if AC be not perpendicular to BC, let fall on 
BOC, produced if necessary, the perpendicular AD from the 
opposite angle: the square on AC opposite to the angle B, shall 
be less than the squares on CB, BA, by twice the rectangle 
CB, BD. 


A A 
\ 
X 
\ 
D e B C D 


First, suppose AC not perpendicular to BC. 

The squares on CB, BD are equal to twice the rectangle 
CB, BD, together with the square on CD. (T. F. 
To each of these equals add the square on DA. 

Therefore the squares on CB, BD, DA are equal to twice the 
rectangle CB, BD, together with the squares on CD, DA. 
But the square on A B is equal to the squares on BD, DA, 
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and the square on AC is equal to the squares on CD, DA, 
because the angle BDA is a right angle. [I. 47; 
Therefore the squares on CB, BA are equal to the square on AC, 
together with twice the rectangle CB, BD; 
that is, the square on AC alone is less than the squares on 
CB, BA, by twice the rectangle CB, BD. 
Next, suppose AC’ perpendicular to BC. A 
Then BC is the straight line intercepted be- 
tween the perpendicular and the acute angle 
at B. 
And the square on 4B is equal to the squares 
on AC, CB. [L. 47. 
Therefore the square on AC is less than the 
squares on AB, BC, by twice the square on BC. U 
II. 14. This is not required in any of the parts of Euclid's 
Elements which are usually read; it is included in VI. 22. 


THE THIRD BOOK. 


THE third book of the Elements is devoted to properties of 
circles. 

Different opinions have been held as to what is, or should be, 
included in the third definition of the third book. One opinion 
is that the definition only means that the circles do not cut in 
the neighbourhood of the point of contact, and that it must be 
shewn that they do not cut elsewhere. Another opinion is that 
the definition means that the circles do not cut at all; and this 
seems the correct opinion. The definition may therefore be pre- 
sented more distinctly thus. Two circles are said to touch inter- 
nally when their circumferences have one or more common 
points, and when every point in one circle is within the other 
circle, except the common point or points. Two circles are said 
to touch externally when their circumferences have one or more 
common points, and when every point in each circle is without 
the other circle, except the common point or points. It is then 
shewn in the third Book that the circumferences of two circles 
which touch can have only one common point. 

A straight line which touches'a circle is often called a tan- 
gent to the circle, or briefly, a tangent. 

It is very convenient to have a word to denote a portion of 
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the boundary of a circle, and accordingly we use the word are. 
Euclid himself uses circumference both for the whole boundary 
and for a portion of it. 

III. r. In the construction, DC is said to be produced to 
E; this assumes that D is within the circle, which Euclid demon- 
strates in IIT. 2. 

III. 3. This consists of two parts, each of which is tbe con- 
verse of the other; and the whole proposition is the converse of 
the corollary in III. r. 

III. 5 and III. 6 should have been taken together. They 
amount to this, if the circumferences of two circles meet at a point 
they cannot have the same centre, so that circles which have the 
same centre and one point in their circumferences common, must 
coincide altogether. It would seem as if Euclid had made three 
cases, one in which the circles cut, one in which they touch 
internally, and one in which they touch externally, and had then 
omitted the last case as evident. 

III. 7, III. 8. Itis observed by Professor De Morgan that 
in III. 7 it is assumed that the angle FEB is greater than the 
angle FEC, the hypothesis being only that the angle DFB is 
greater than the angle DFC; and that in III. 8 it is assumed 
that A falls within the triangle DLM, and E without the triangle 
DMF. He intimates that these assumptions may be established 
by means of the following two propositions which may be given 
in order after I. 21. 

The perpendicular is the shortest straight line which can be 
drawn from a given point to a given straight line; and of others 
that which is nearer to the perpendicular is less than the more 
remote, and the converse; and not more than two equal straight 
lines can be drawn from the given point to the given straight line, 
one on each side of the perpendicular. 

Every straight line drawn from the vertex of a triangle to the 
base is less than the greater of the two sides, or than either of them 
if they be equal. 

The following proposition is analogous to III. 7 and III. 8. 

Jf any point be taken on the circumference of a circle, of all 
the straight lines which can be drawn from it to the circumference, 
the greatest is that in which the centre is; and of any others, that 
which is nearer to the straight line which passes through the centre 
is always greater than one more remote; and from the same point 
there com be drawn to the circumference two siraight lines, and 
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only two, which are equal to one another, one on each side of the 
greatest line. 

The first two parts of this proposition are contained in 
III. 15; all three parts might be demonstrated in the manner of 
III. 7, and they should be demonstrated, for the third part is 
really required, as we shall see in the note on III. 10. 

III. 9. The point E might be supposed to fall within the 
angle ADC. It cannot then be shewn that DC is greater 
than DP, and DB greater than DA, but only that either DC 
or DA is less than DE; this however is sufficient for establish- 
ing the proposition. 

Euclid has given two demonstrations of III. 9, of which 
Simson has chosen the second.  Euclid's other demonstration is 
as follows. Join D with the middle point of the straight line 
AB; then it may be shewn that this straight line is at right 
angles to AB; and therefore the centre of the circle must lie in 
this straight line, by III. 1, Corollary. In the same manner it 
may be shewn that the centre of the circle must lie in the 
straight line which joins D with the middle point of the straight 
line BC. The centre of the circle must therefore be at D, 
because two straight lines cannot have more than one common 
point. 

III. ro. Euclid has given two demonstrations of III. ro, of 
which Simson has chosen the second. —Euclid's first demonstra- 
tion resembles his first demonstration of III. 9. He shews that 
the centre of each circle is on the straight line which joins K 
with the middle point of the straight line BG, and also on the 
straight line which joins A with the middle point of the straight 
line BH; therefore K must be the centre of each circle. 

The demonstration which Simson has chosen requires some 
additions to make it complete, For the point K might be sup- 
posed to fall without the circle DEF, or on its circumference, or 
within it; and of these three suppositions Euclid only considers 
the last. If the point A be supposed to fall without the circle 
DEF we obtain a contradiction of III. 8; which is absurd. If 
the point X be supposed to fall on the circumference of the circle 
DEF we obtain a contradiction of the proposition which we 
have enunciated at the end of the note on III. 7 and III. 8; 
which is absurd, 

What is demonstrated in III. ro is that the circumferences of 
two circles cannot have more than two common points; there is 
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nothing in the demonstratiou which assumes that the circles cut one 
another, but the enunciation refers to this case only because 
it is shewn in IIE. 13 that if two circles touch one another, 
their circumferences cannot have more than one common 
point. 

IIL rr, IIL. 12. The enunciations as given by Simson and 
others speak of the point of contact; it is however not shewn 
until III. 13 that there is only one point of contact. It should 
be observed that the demonstration in III. 11 will hold even if 
D and H be supposed to coincide, and that the demonstration 
in III. 12 will hold even if C and D be supposed to coincide. 
We may combine III. 11 and III. 12 in one enunciation thus. 

If two circles touch one another their circumferences cannot 
have a common point out of the direction of the straight line which 
joins the centres. 

III. 11 may be deduced from III. 7. For GH is the least 
line that can be drawn from G to the circumference of the circle 
whose centre is F, by IIT. 7. Therefore GH is less than GA, 
that is, less than GD; which is absurd. Similarly III. 12 may 
be deduced from III. 8. 

III. 13. Simson observes, ‘‘ As it is much easier to imagine 
that two circles inay touch one another within in more points 
than one, upon the same side, than upon opposite sides, the 
figure of that case ought not to have been omitted; but the 
construction in the Greek text would not have suited with this 
figure so well, because the centres of the circles must have been 
placed near to the circumferences; on which account another 
construction and demonstration is given, which is the same with 
the second part of that which Campanus has translated from the 
Arabic, where, without any reason, the demonstration is divided 
into two parts.” 

It would not be obvious from this note which figure Simson 
himself supplied, because it is uncertain what he means by the 
'game side" and ‘opposite sides.” It is the left-hand figure 
in the first part of the demonstration. Euclid, however, seems 
to be quite correct in omitting this figure, because he has shewn 
in III. 11 that if two circles touch internally there cannot be a 
point of contact out of the direction of the straight line which. 
joins the centres. Thus, in order to shew that there is only one 
point of contact, it is sufficient to put the second supposed point 
of contact on the direction of the straight line which joins the 
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centres. Accordingly in his own demonstration Euclid con- 
fines himself to the right-hand figure; and he shews that this 
case cannot exist, because the straight line BD would be a 
diameter of both circles, and would therefore be bisected at two 
different points; which is absurd. 

Euclid might have used a similar method for the second part 
of the proposition; for as there cannot be a point of contact out 
of the straight line joining the centres, it is obviously impossible 
that there can be a second point of contact when the circles 
touch externally. It is easy to see this; but Euclid preferred a 
method in which there is more formal reasoning. 

We may observe that Euclid’s mode of dealing with the 
contact of circles has often been censured by commentators, but 
apparently not always with good reason. For example, Walker 
gives another demonstration of III. 13; and says that Euelid's 
is worth nothing, and that Simson fails; for it is not proved that 
two circles which touch cannot have any are common to both 
circumferences. But it is shewn in III. ro that this is impos- 
sible; Walker appears to have supposed that ITT. 10 is limited to 
the case of circles which cut. See the note on ITI. ro. 

III. 17. It is obvious from the construction in ITI. 17 that 
two straight lines can be drawn from a given external point to 
touch a given circle; and these two straight lines are equal in 
length and equally inclined to the straight line which joins the 
given external point with the centre of the given circle. 

After reading YII. 3: the student will see that the problem 
in ITI. 17 may be solved in another way, as follows: describe a 
circle on A£ as diameter; then the points of intersection of this 
circle with the given circle will be the points of contact of the 
two straight lines which can be drawn from A to touch the given 
circle. 

IJI. 18. It does not appear that III. 18 adds anything 
to what we have already obtained in IIT. 16. For in III. 16 it 
is shewn, that there is only one straight line which touches a 
given circle at a given point, and that the angle between this 
straight line and the radius drawn to the point of contact is a 
right angle. 

III. 20. There are two assumptions in the demonstration of 
III. 20. Suppose that A is double of B and C double of D; 
then in the first part it is assumed that the sum of A and C is 
double of the sum of B and D, and in the second part it is as- 
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sumed that the difference of A and C is double of the difference 
of Band D. "The former assumption is a particular case of V. 1, 
and the latter is a particular case of V. 5. 

An important extension may be given to III. 20 by intro- 
ducing angles greater than two right angles. For, in the first 
figure, suppose we draw the straight lines BF and CF, Then, 
the angle BEA is double of the angle BFA, and the angle CEA 
is double of the angle CfA; therefore the sum of the angles 
BEA and CEA is double of the angle BFC. The sum of the 
angles BEA and CHA is greater than two right angles ; we will 
call the sum, the re-entrant angle BEC. Thus the re-entrant 
angle BEC is double of the angle BFC. (See note on I. 32). 
If this extension be used some of the demonstrations in the third 
book may be abbreviated. Thus III. 21 may be demonstrated 
without making two cases; III. 22 will follow immediately from 
the fact that the sum of the angles at the centre is equal to four 
right angles; and III. 31 will follow immediately from III. 20. 

III. 21. In III. 21 Euclid himself has given only the first 
case; the second case has been added by Simson and others, 
In either of the figures of III. 21 if a point be taken on the same 
side of BD) as A, the angle contained by the straight lines which 
join this point to the extremities of BD is greater or less than the 
angle BAD, according as the point is within or without the angle 
BAD; this follows from I. 21. 

We shall have occasion to refer to IV. 5 in some of the 
remaining notes to the third Book ; and the student is accord- 
ingly recommended to read that proposition at the present 
stage. 

The following proposition is very important. Jf any number 
of triangles be constructed on the same base and on the same side 
of it, with equal vertical angles, the vertices will all lie on the cir- 
cumference of a segment of a circle. 

For take any one of these triangles, and describe a circle 
round it, by-IV. 5; then the vertex of any other of the triangles 
must be on the circumference of the segment containing the 
assumed vertex, since, by the former part of this note, the vertex 
cannot be without the circle or within the circle. 

III. 22. The converse of III. 22 is true and very im- 
portant; namely, tf two opposite angles of a quadrilateral be 
together equal to two right angles, a circle may be circumscribed 
about the quadrilateral. For, let ABCD denote the quadrila- 


EUCLID'S ELEMENTS. 211 


teral. Describe a circle round the triangle ABC, by IV. 5. 
Take any point Æ, on the circumference of the segment cut off 
by AC, and on the same side of AC as D is. Then, the angles 
at B and £ are together equal to two right angles, by IIT. 22; 
and the angles at P and D are together equal to two right 
angles, by hypothesis. Therefore the angle at E is equal to the 
angle at D. Therefore, by the preceding note D is on the cir- 
cumference of the same segment as L. 

IIT. 32. The converse of III. 32 is true and important; 
namely, if a straight line meet a circle, and from the point of 
meeting a straight line be drawn cutting the circle, and the angle 
between the two straight lines be equal to the angle in the alternate 
segment of the circle, the straight line which meets the circle shall 
touch the circle. 

This may be demonstrated indirectly. For, if possible, sup- 
pose that the straight line which meets the circle does not touch 
it. Draw through the point of meeting a straight line to touch 
the circle. Then, by III. 32 and the hypothesis, it will follow 
that two different straight lines pass through the same point, and 
make the same angle, on the same side, with a third straight 
line which also passes through that point; but this is impos- 
sible. 

III. 35, III. 36. The following proposition constitutes a 
large part of the demonstrations of III. 35 and IIT. 36. If any 
point be taken in the base, or the base produced, of an isosceles 
triangle, the rectangle contained by the segments of the base is 
equal to the difference of the square on the straight line joining 
this point to the vertex and the square on the side of the triangle. 

This proposition is in fact demonstrated by Euclid, without 
using any property of the circle; if it were enunciated and de- 
monstrated before III. 35 and III. 36 the demonstrations of 
these two propositions might be shortened and simplified. 

The following converse of III. 35 and the Corollary of ITI, 36 
may be noticed. If two straight lines AB, CD intersect at O, and 
the rectangle AO, OB be equal to the rectangle CO, OD, the circum- 
ference of a circle will pass through the four points A, B, C, D. 

For a circle may be described round the triangle ABC, by 
IV. 5; and then it may be shewn indirectly, by the aid of 
JII. 35 or the Corollary of III. 36 that the circumference of this 
circle will also pass through D. 
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THE FOURTH BOOK. 


THE fourth Book of the Elements consists entirely of problems. 
The first five propositions relate to triangles of any kind; the 
remaining propositions relate to polygons which have all their 
sides equal and all their angles equal. A polygon which has all its 
sides equal and all its angles equal is called a regular polygon. 

IV. 4. By a process similar to that in IV. 4 we can describe 
a circle which shall touch one side of a triangle and the other 
two sides produced. Suppose, for example, that we wish to 
describe a circle which shall touch the side BC, and the sides 
AB and AC produced: bisect the angle between AB produced 
and BC, and bisect the angle between AC produced and BC; 
then the point at which the bisecting straight lines meet will be the 
centre of the required circle. The demonstration will be similar 
to that in IV. 4. 

A circle which touches one side of a triangle and the other 
two sides produced, is called an escribed circle of the triangle. 

We can also describe a triangle equiangular to a given tri- 
angle, and such that one of its sides and the other two sides 
produced shall touch a given circle. For, in the figure of IV. 3 
suppose AK produced to meet the circle again; and at the point 
of intersection draw a straight line touching the circle; this straight 
line with parta of NB and NC, will form a triangle, which will 
be equiangular to the triangle M LN, and therefore equiangular to 
the triangle EDF; and one of the sides of this triangle, and the 
other two sides produced, will touch the given circle. 

IV. 5. Simson introduced into the demonstration of IV. 5 
the part which shews that DF and EF will meet. It has also 
been proposed to shew this in the following way: join DE; then 
the angles EDF and DEF are together less than the angles 
ADF and AEF, that is, they are together less than two right 
angles; and therefore DF and EF will meet, by Axiom 12. 
This assumes that A DE and AFD are acute angles ; it may how- 
ever be easily shewn that DE is parallel to BC, so that the 
triangle A.DE is equiangular to the triangle ABC; and we must 
therefore select the two sides AB and AC such that ABC and 
ACB may be acute angles. 

IV. 1o. The vertical angle of the triangle in IV. 1o is 
easily seen to be the fifth part of two right angles; and as it 


EUCLID'S ELEMENTS. 279 


may be Lisected, we can thus divide a right angle geometrically 
into five equal parts. 1 

It follows from what is given in the fourth Book of the 
Elements that the circumference of a circle can be divided into 
3, 6, 12, 24,.... equal parts; and also into 4, 8, 16, 32,.... 
equal parts ; and also into 5, 10, 20, 40,.... equal parts; and 
Siso into. r$, 30, 60, 120, ...—..... equal parts. Hence alse 
regular polygons having as many sides as any of these numbers 
may be inscribed in a circle, or described about a circle. This 
however does not enable us to describe a regular polygon of any 
assigned number of sides ; for example, we do not know how to 
describe geometrically a regular polygon of 7 sides. 

It was first demonstrated by Gauss in 1801, in his Disgui- 
sitiones Arithmetice, that it is possible to describe geometrically 
a regular polygon of 2"+ 1 sides, provided 2”+ 1 be a prime num- 
ber; the demonstration is not of an elementary character. As 
an example, it follows that a regular polygon of r7 sides can be 
described geometrically ; this example is discussed in Catalan’s 
Théorémes et Problémes de Géométrie Elémentaire. 

For an approximate construction of a regular heptagon see 
the Philosophical Magazine for February and for April, 1864. 


THE FIFTH BOOK. 


Tue fifth Book of the Elements is on Proportion. Much 
has been written respecting Euclid’s treatment of this subject; 
besides: the Commentaries on the Elements to which we have 
already referred, the student may consult the articles Ratio and 
Proportion in the English Cyclopedia, and the tract on the 
Connexion of Number and Magnitude by Professor De Morgan. 

The fifth Book relates not merely to length and space, but to 
any kind of magnitude of which we can form multiples. 

V. Def. 1. The word part is used in two senses in Geometry. 
Sometimes the word denotes any magnitude which is less than 
another of the same kind, as in the axiom, the whole is greater 
than its part. In this sense the word has been used up to the 
present point, but in the fifth Book Euclid confines the word to 
a more restricted sense. This restricted sense agrees with that 
which is given in Arithmetic and Algebra to the term aliquot 
part, or to the term submultiple, 
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V. Def. 3. Simson considers that the definitions 3 and 8 are 
* not, Euclid's, but added by some unskilful editor.” Other com- 
mentators also have rejected these definitions as useless. "The 
last word of the third definition should be qwuantuplicity, not 
quantity; so that the definition indicates that ratio refers to the 
number of times which one magnitude contains another. See De 
Morgan's Differential and. Integral Calculus, page 18. 

V. Def. 4. This definition amounts to saying that the quan- 
tities must be of the same kind. 

V. Def. 5. The fifth definition is the foundation of Euclid’s 
doctrine of proportion. The student will find in works on Alge- 
bra a comparison of Euclid’s definition of proportion with the 
simpler definitions which are employed in Arithmetic and Algebra. 
Euclid’s definition is applicable to encommensurable quantities, as 
well as to commensurable quantities. 

We should recommend the student to read the first propo- 
sition of the sixth Book immediately after the fifth definition of 
the fifth Book; he will there see how Euclid applies his defi- 
nition, and will thus obtain a better notion of ita meaning and im- 
portance. 

Compound Ratio. The definition of compound ratio was 
supplied by Simson. The Greek text does not give any defini- 
tion of compound ratio here, but gives one as the fifth definition 
of the sixth Book, which Simson rejects as absurd and useless. 

V. Defs. 18, 19, 20. The definitions 18, 19, 20 are not pre- 
sented by Simson precisely as they stand in the original. The 
last sentence in definition 18 was supplied by Simson, Euclid 
does not connect definitions 19 and 20 with definition 18. In 
19 he defines ordinate proportion, and in 20 he defines perturbate 
proportion. Nothing would be lost if Euclid’s definition 18 were 
entirely omitted, and the term ex equali never employed. Euclid 
employs such a term in the enunciations of V. 20, 21, 22, 23; 
but it seems quite useless, and is accordingly neglected by Simson 
and others in their translations. 

The axioms given after the definitions of the fifth Book are 
notin Euclid; they were supplied by Simson. 


The propositions of the fifth Book might be divided into four 
sections. Propositions 1 to 6 relate to the properties of equi- 
multiples. Propositions 7 to to and 13 and 14 connect the 
notion of the ratio of magnitudes with the ordinary notions of 
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greater, equal, and less. Propositions 11, 12, 15 and 16 may be 
considered as introduced to shew that, if four quantities of the 
same kind be proportionals they will also be proportionals when 
taken alternately. The remaining propositions shew that mag- 
nitudes are proportional by composition, by division, and ex cquo. 

In this division of the fifth Book propositions 13 and 14 are 
supposed to be placed immediately after proposition 10; and 
they might be taken in this order without any change in Euclid's 
demonstrations. 

The propositions headed 4, B, C, D, E were supplied by 
Simson. 

V. 1,2,3, 5, 6. These are simple propositions of Arithmetic, 
though they are here expressed in terms which make them ap- 
pear less familiar than they really are. For example, V. ır 
*' states no more than that ten acres and ten roods make ten times 
as much as one acre and one rood.” De Morgan. 

In V. 5 Simson has substituted another construction for that 
given by Euclid, because Euclid's construction assumes that we 
can divide a given straight line into any assigned number of 
equal parts, and this problem is not solved until VI. 9. 

V. 18. This demonstration is Simson’s. We will give here 
Euclid’s demonstration. 

Let AZ be to EB as CF is to FD: AB shall A 
be to BE as CD is to DF. 

For, if not, AB will be to BE as CD is to some C 
magnitude less than D, or greater than DF. E 

First, suppose that AB is to BE as CD is to 
DG, which is less than DF. 

Then, because AB is to BE as CD is to DG, G 
therefore A E is to EB as OG is to GD. [V. 15. 

But AE is to EB as CF is to FD, [ Hypothesis. B D 
therefore CG is to GD as CF is to FD. [V a 

But CG is greater than CF; [ Hypothesis. 
therefore GD is greater than FD. [V. 14. 
But G&D is less than FD ; which is impossible. 

In the same manner it may be shewn that AB is not to BE 
as CD is to a magnitude greater than DF. 
Therefore A B is to BE as CD is to DF. 

The objection urged by Simson against Euclid’s demonstra- 
tion is that ‘‘it depends upon this hypothesis, that to any three 
magnitudes, two of which, at least, are of the same kind, there 
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may be a fourth proportional: . .. . . . Euclid does not d«mon- 
strate it, nor does he shew how to find the fourth proportional, 
before the 12th Proposition of the 6th Book. . . . . " 

The following demonstration is given by Austin in his Zxamt. 
nation of the first six books of Euclid's Elements. 


Let AE be to EB as CF is to FD: AP shall 


be to BE as CD is to DF. A 

For, because AE is to EB as CF is to FD, 
therefore, alternately, AF is to CF as EB is e 
to FD. [V. 16. E 


And as one of the antecedents is to its con- 
sequent so is the sum of the antecedents to the 


sum of the consequents ; [ety 
therefore as EB is to FD so are AE and EB 
together to CF and FD together, G 


that is, A B is to CD as EB is to FD. 
Therefore, alternately, AB is to EB as CD is to FD, [V. 16. 

V.25. The first step in the demonstration of this proposition 
is “take AG equal to E and CH equal to F”; and here a refer- 
ence is sometimes given to I. 3. But the magnitudes in the 
proposition are not necessarily straight lines, so that this refer- 
ence to I. 3 should not be given; it must however be assumed 
that we can perform on the magnitudes considered, an operation 
similar to that which is performed on straight lines in I. 3. Since 
the fifth Book of the Elements treats of magnitudes generally, 
and not merely of lengths, areas, and angles, there is no reference 
made in it to any proposition of the first four Books. 

Simson adds four propositions relating to compound ratio, 
which he distinguishes by the letters F, G, H, K ; it seems how- 


ever unnecessary to reproduce them as they are now rarely read 
and never required. 


THE SIXTH BOOK. 


THE sixth Book of the Elements consists of the application of 
the theory of proportion to establish properties of geometrical 
figures. 

VI. Def. x. For an important remark bearing on the first 
definition, see the note on VI. s. 

VI. Def. 2. The second definition is useless, for Euclid 
makes no mention of reciprocal figures, 
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VI. Def. 4. The fourth definition is strictly only applicable 
to a triangle, because no other figure has a point which can be 
exclusively called its vertex. The altitude of a parallelogram is 
the perpendicular drawn to the base frem any point in the op- 
posite side. 

VI.2. Theenunciation of this important proposition is open 
to objection, for the manner in which the sides may be cut is not 
sufficiently limited. Suppose, for example, that AD is double of 
DB, and CE double of FA; the sides are then cut proportionally, 
for each side is divided into two parts, one of which is double of 
the other; but DZ iis not parallel to BC. It should therefore 
be stated in the enunciation that the segments terminated at the 
vertex of the triangle are to be homologous terms in the ratios, that 
is, ave to be the antecedents or the consequents of the ratios. 

It will be observed that there are three figures corresponding 
to three cases which may exist; for the straight line drawn pa- 
rallel to one side may cut the other sides, or may cut the other 
sides when they are produced through the extremities of the base, 
or may cut the other sides when they are produced through the 
vertex, In all these cases the triangles which are shewn to be 
equal have their vertices at the extremities of the base of the 
given triangle, and have for their common base the straight line 
which is, either by hypothesis or by demonstration, parallel to 
the base of the triangle. The triangle with which these two 
triangles are compared has the same base as they have, and has 
its vertex coinciding with the vertex of the given triangle. 

VI. A. This proposition was supplied by Simson. 

VY. 4. We have preferred to adept the term “triangles 
which are equiangular to one another," instead of ‘‘ equiangular 
triangles,” when the words are used in the sense they bear in 
this proposition. Euclid himself does not use the term eguian- 
gular triangle in the sense in which the modern editors use it in 
the Corollary to I. 5, so that he is not prevented from using the 
term in the sense it bears in the enunciation of VI. 4.and else- 
where; but modern editors, having already employed the term in 
one sense ought to keep to that sense. In the demonstrations, 
where Euclid uses such language as “the triangle ABC is equi- 
angular to the triangle DEF,” the modern editors sometimes 
adopt it, and sometimes change it to ‘‘the triangles ABC and 
DEF are equiangular.” 

In VI. 4 the manner in which the two triangles are to be 
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placed is very imperfectly described ; their bases are to be in the 
same straight line and contiguous, their vertices are to be on the 
same side of the base, and each of the two angles which have a 
common vertex is to be equal to the remote angle of the other 
triangle. 

By superposition we might deduce VI. 4 immediately from 
VI. 3, 

VI. s. The hypothesis in VI. 5 involves more than is di- 
rectly asserted ; the enunciation should be, “‘if the sides of two 
triangles, taken in order, about each of their angles..... $ 
that is, some restriction equivalent to the words taken in order 
should be introduced. It is quite possible that there should be 
two triangles ABC, DEF, such that AB is to BC as DE is to 
EF, and BC to CA as DF isto ED, and therefore, by V. 23, 
AB to AC as DF is to EF ; in this case the sides of the triangles 
about each of their angles are proportionals, but not in the same 
order, and the triangles are not necessarily equiangular to one 
another. For a numerical illustration we may suppose the sides 
of one triangle to be 3, 4 and 5 feet respectively, and those of 
another to be 12, 15 and 20 feet respectively. Walker. 

Each of the two propositions VI. 4 and VI. 5 is the converse 
of the other. They shew that if two triangles have either of the 
two properties involved in the definition of similar figures they 
will have the other also. This is a special property of triangles. 
In other figures either of the properties may exist alone. For 
example, any rectangle and a square have their angles equal, but 
not their sides proportional; while a square and any rhombus 
have their sides proportional, but not their angles equal. 

VI. 7. In VI. 7 the enunciation is imperfect ; it should be, 
“if two triangles have one angle of the one equal to one angle of 
the other, and the sides about two other angles proportionals, so 
that the sides subtending the equal angles are homologous; then if 
each .. ... " "The imperfection is of the same nature as that 
which is pointed out in the note on VI. 5. Walker. 

The proposition might be conveniently broken up and the 
essential part of it presented thus: if two triangles have two sides 
of the one proportional to two sides of the other, and the angles 
opposite to one pair of homologous sides equal, the angles which are 
opposite to the other pair of homologous sides shall either be equal, 
or be together equal to two right angles. 

For, the angles included by the proportional sides must be 
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either equal or unequal. If they are equal, then since the tri- 
angles have two angles of the one equal to two angles of the 
other, each to each, they are equiangular to one another. We 
have therefore only to consider the case in which the angles in- 
cluded by the proportional sides are unequal. 

Let the triangles ABC, DEF have the angle at A equal to 
the angle at D, and AB to BC as DE is to EF, but the angle 
ABC not equal to the angle DEF: the angles ACB and DFE 
shall be together equal to two right angles. 

For, one of the angles A BC, 
DEF must be greater than 


the other; suppose ABC the A 

greater; and make the angle D 
A BG equal to the angle DEF. 

Then it may be shewn, as in É 


VI. 7, that BG is equal to 

BC, and the angle BGA equal to the angle EFD. 

Therefore the angles ACB and DFE are together equal to the 
angles BGC and AGB, that is, to two right angles. 

Then the results enunciated in VI. 7 will readily follow. For 
if the angles ACB and DFE are both greater than a right angle, 
or both less than aright angle, or if one of them be a right 
angle, they must be equal. 

VI. 8. In the demonstration of VI. 8, as given by Simson, 
it is inferred that two triangles which are similar to a third 
triangle are similar to each other; this is a particular case of 
VI. 21, which the student should consult, in order to see the 
validity of the inference. 

VI.g. The word part is here used in the restricted sense of 
the first definition of the fifth Book, VI. 9 is a particular case 
of VI. 1o. 

VI. 10. The most important case of this proposition is that 
in which a straight line is to be divided either internally or ex- 
ternally into two parts which shall be in a given ratio. 

The case in which the straight line is to be divided internally 
is given in the text; suppose, for example, that the given ratio is 
that of AE to EC; then AB is divided at G in the given ratio. 

Suppose, however, that AB is to be divided externally in a 
given ratio; that is, suppose that AB is to be produced so that 
the whole straight line made up of AJ and the part produced 
may be to the part produced in a given ratio. Let the given ratio 
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be that of AC to CE. Join EB; through C draw a straight line 
parallel to E B; then this straight line will meet AB, produced 
through P, at the required point. 

VI. 11. This is a particular case of VI. 12. 

VI. 14. The following is a full exhibition of the steps which 
lead to the result that FB and BG are in one straight line. 

The angle DBF is equal to the angle GBE; ( Hypothesis. 
add to each the angle FBE; 
therefore the angles DBF, FBE are together equal to the angles 


GBE, FBE. [Axiom 2. 
But the angles DBF, FBE are together equal to two right 
angles; [E mg 
therefore the angles GBE, FBE are together equal to two right 
angles; [Axiom 1. 
therefore FB and BG are in one straight line. [ Devt de. 


VI. 15. This may be inferred from VI. r4, since a triangle 
is half of a parallelogram. with the same base and altitude. 

It is not difficult to establish a third proposition conversely 
connected with the two involved in VI. 14, and a third prope- 
sition similarly conversely connected. with the two involved in 
VI. 15. These propositions are the following. 

Equal parallelograms which have their sides reciprocally pro- 
portional, have their angles equal, each to each. 

Equal triangles which have the sides about a pair of angles 
reciprocally proportional, have those angles equal or together equal 
to two right angles. 

We will take the latter proposition. 

Let ABC, ADE be equal triangles; and let CA be to AD 
as AE is to AB: either the angle BAC shall be equal to the 
angle DAE, or the angles BAC and DAE shall be together equal 
to two right angles. 

[The student can construct the figure for himself.] 

Place the triangles 80 that CA and A D may be in one straight 
line; then if ZA and A BJ are in one straight line the angle BAC 
is equal to the angle DA E, [E 
If EA and AB are not in one straight line, produce BA through 
A to F, so that AF may be equal to AE; join DF and EF. 

Then because CA is to AD as AE is to AB, [ Hypothesis. 
and AF is equal to AE, [ Construction. 
therefore CA is to AD as AF is to AB. [V. 9, V. rr. 
Therefore the triangle DA F is equal to the triangle BAC. [ VI. 15. 
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But the triangle DAZ is equal to the triangle BAC. [ Hypothesis. 
Therefore the triangle DAF is equal to the triangle DAF. [Az. 1. 
Therefore EF is parallel to A D. [I. 39. 

Suppose now that the angle DA E is greater than the angle 

DAF. 
Then the angle CAF is equal to the angle AEF, [I. 29. 
and therefore the angle CAE is equal to the angle A FE, [I 5. 
and therefore the angle CA Æ is equal to the angle BAC. II. 29. 
Therefore the angles BAC and DAE are together equal to two 
right angles, 

Similarly the proposition may be demonstrated if the angle 
DAE is less than the angle DAF, 

VI. 16. This is a particular case of VI. 14. 

VI. 17. This is à particular case of VI. 16. 

VI.22. There is a step in the second part of VI. 22 which 
requires examination. After it has been shewn that the figure 
SE is equal to the similar and similarly situated figure NH, it 
is added “therefore PR is equal to GH.” In the Greek text 
reference is here made to a lemma which follows the proposition. 
The word lemma is occasionally used in mathematics to denote 
an auxiliary proposition. From the unusual circumstance of a 
reference to something following, Simson probably concluded 
that the lemma could not be Euclid’s, and accordingly he takes 
no notice of it. 

The following is the substance of the lemma, 

If PR be not equal to GH, one of them must be greater than 
the other; suppose PR greater than GH. 

Thon, because SR and NH are similar figures, PR is to PS 


as GH is to GN. [ VI. Definition 1. 
But PR is greater than GH, [Hypothesis, 
therefore PS is greater than GN. [V. 14. 
Therefore the triangle APS is greater than the triangle 
HGN. [I. 4, Axiom 9. 
But, because SR and NH are similar figures, the triangle RPS is 
equal to the triangle HGN; [VI. 20, 


which is impossible. 
Therefore PR is equal to, GE, 

VI. 23. In the figure of VI. 23 suppose BDand GE drawn, 
Then the triangle BCD is to the triangle GOE as the parallelo- 
gram AC is to the parallelogram CF. Hence the result may be 
extended to triangles, and we have the following theorem,, 
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triangles which have one angle of the one equal to one angle of the 
other, have to one another the ratio which is compounded of the 
ratios of their sides. 

Then VI. 19 is an immediate consequence of this theorem. 
For let ABC and DEF be similar triangles, so that AB is to BC 
as DE is to EF; and therefore, alternately, AB is to DE as BC 
isto EF, Then, by the theorem, the triangle ABC has to the 
triangle DEF the ratio which is compounded of the ratios of AB 
to DE and of BC to EF, that is, the ratio which is compounded 
of the ratios of BC to EF and of BC to EF. And, from the 
definitions of duplicate ratio and of compound ratio, it follows 
that the ratio compounded of the ratios of BC to EF and of BC 
to EF is the duplicate ratio of BC to EF. 

VI. 25. It will be easy for the student to exhibit in detail 
the process of shewing that BC and CF are in one straight line, 
and also LE and EM ; the process is exactly the same as that in 
I. 45, by which it is shewn that A7/ and HY are in one straight 
line, and also FG and GL. 

It seems that VI. 25 is out of place, since it separates pro- 
positions so closely connected as VI. 24 and VI. 26. We may 
enunciate VI. 25 in familiar language thus: to make a figure 
which shall have the form of one figure and the size of another. 

VI. 26. This proposition is the converse of VI. 24; it 
might be extended to the case of two similar and similarly 
situated parallelograms which have a pair of angles vertically 
opposite. 

We have omitted in the sixth Book Propositions 27, 28, 29, 
and the first solution which Euclid gives of Proposition 30, as they 
appear now to be never required, and have been condemned as 
useless by various modern commentators; see Austin, Walker, 
and Lardner, Some idea of the nature of these propositions may 
be obtained from the following statement of the problem pro- 
posed by Euclid in VI. 29. AB is a given straight line; it haa 
to be produced through B to a point O, and a parallelogram 
described on AO subject to the following conditions; the paral- 
lelogram is to be equal to a given rectilineal figure, and the 
parallelogram on the base BO which can be cut off by a 
straight line through B is to be similar to a given parallelo- 
gram. 

VI. 32. This proposition seems of no use. Moreover the 
enunciation is imperfect. For suppose £D to be produced 


EUCLIDS ELEMENTS, 289 


through D to a point F, such that DF is equal to DFE; and 
join CF. Then the triangle CDF will satisfy all the conditions 
in Euclid’s enunciation, as well as the triangle CDE; but CF 
and CB are notin one straight line. It should be stated that 
the bases must lie on corresponding sides of both the parallels; 
the bases CF and BC do not lie on corresponding sides of the 
parallels AB and DC, and so the triangle CDF would not 
fulfil all the conditions, and worfld therefore be excluded. 
_ VI. 33. In VI. 33 Euclid implicitly gives up the restriction, 
which he seems to have adopted hitherto, that no angle is to be 
considered greater than two right angles. For in the demon- 
stration the angle BGL may be any multiple whatever of the 
angle BGC, and so may be greater than any number of right 
angles. 

VI. B, C, D. These propositions were introduced by 
Simson. The important proposition VI. D occurs in the Meyaky 
Zvrais of Ptolemy. 


THE ELEVENTH BOOK. 


IN addition to the first six Books of the Elements it is usual 
to read part of the eleventh Book. For an account of the 
contents of the other Books of the Elements the student is 
referred to the article Zucleides in Dr Smith's Dictionary of 
Greek and Roman Biography, and to the article Irrational Quan- 
tities in the English Cyclopedia. We may state briefly that 
Books VII, VIII, IX treat on Arithmetic, Book X on Irra- 
tional Quantities, and Books XI, XIT on Solid Geometry. 

XI. Def. 10. This definition is omitted by Simson, and 
justly, because, as he shews, it is not true that solid figures 
contained by the same number of similar and equal plane figures 
are equal to one another. For, conceive two pyramids, which 
have their bases similar and equal, but have different altitudes. 
Suppose one of these bases applied exactly on the other; then if 
the vertices be put on opposite sides of the base a certain solid is 
formed, and if the vertices be put on the same side of the base 
another solid is formed. The two solids thus formed are con- 
tained by the same number of similar and equal plane figures, 
but they are not equal. 

It will be observed that in this example one of the solids has 
a re-entrant solid angle; see page 264. It is however true that 
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two convex solid figures are equal if they are contained by equal 
plane figures similarly arranged; see Catalan’s Théorémes et 
Problémes de Géométrie Elémentaire. This result was first demon- 
strated by Cauchy, who turned his attention to the point at the 
request of Legendre and Malus; see the Journal de l'Ecole 
Polytechnique, Cahier 16. 

XI. Def. 26. The word tetrahedron is now often used to 
denote a solid bounded by any four triangular faces, that is, a 
pyramid on a triangular base; and when the tetrahedron is to 
be such as Euclid defines, it is called a regular tetrahedron. 

Two other definitions may conveniently be added. 

A straight line is said to be parallel to a plane when they do 
not meet if produced. 

The angle made by two straight lines which do not meet is 
the angle contained by two straight lines parallel to them, drawn 
through any point. 

XI. 21. In XI. 21 the first case only is given in the ori- 
ginal. In the second case a certain condition must be intro- 
duced, or the proposition will not be true; the polygon BCDEF 
must have no re-entrant angle. See note on I. 32. 

The propositions in Euclid on Solid Geometry which are 
now not read, contain some very important results respecting the 
volumes of solids. We will state these results, as they are 
often of use; the demonstrations of them are now usually 
given as examples of the Integral Calculus. 

We have already explained in the notes to the second Book 
how the area of a figure is measured by the number of square 
inches or square feet which it contains. In a similar manner the 
volume of a solid is measured by the number of cubic inches or 
cubic feet which it contains; a cubic inch is a cube in which each 
of the faces is a square inch, and a cubic foot is similarly 
defined. 

The volume of a prism is found by multiplying the number 
of square inches in its base by the number of inches in its, 
altitude; the volume is thus expressed in cubic inches. Or we 
may multiply the number of square feet in the base by the 
number of feet in the altitude; the volume is thus expressed in 
cubic feet. By the base of a prism is meant either of the two: 
equal, similar, and. parallel figures of X1. Definition 13; and the 
altitude of the prism is the perpendicular distance between these 
two planes, f 
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The rule for the volume of a prism involves the fact that 
prisma on equal bases and between the same parallels are equal in 
volume. 

A parallelepiped is a particular case of a prism. The volume 
of a pyramid is one third of the volume of a prism on the same 
base and having the same altitude. 

For an account of what are called the jive regular solids the 
student is referred to the chapter on Polyhedrons in the Treatise 
on Spherical Trigonometry. 


THE TWELFTH BOOK. 


Two propositions are given from the twelfth Book, as they 
are very important, and are required in the Univereity Examina- 
tions. The Lemma is the first proposition of the tenth Book, 
and is required in the demonstration of the second proposition of 
the twelfth Book, 
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APPENDIX. 


Tuis Appendix consists of a collection of important pro- 
positions which will be found useful, both as affording 
geometrical exercises, and as exhibiting results which are 
often required in mathematical investigations, The student 
will have no difficulty in drawing for himself the requisite 
figures in the cases where they are not given. 


l. The sum of the squares on the sides of a triangle 
is equal to twice the square on half the base, together with 
twice the square on the straight line which joins the vertex 
to the middle point of the base. 


Let ABC bea triangle; and let D be the middle point 
of the base AZ. Draw CE perpendicular to the base 


c 





A B A E 


meeting it at Æ; then E may be either in AB or in AB 
produced. 

First, let Æ coincide with D; then the proposition 
follows immediately from I. 47. 


Next, let Æ not coincide with D; then of the two 
angles ADC and BDC, one must be obtuse and one acute. 
Suppose the angle ADC obtuse. Then, by II. 12, the 
square on 4C is equal to the squares on AD, DC, toge- 
ther with twice the rectangle AD, DE; and, by II. 13, the 
square on BC together with twice the rectangle BD, DE is 
equal to the squares on BD, DC. Therefore, by Axiom 2, 
the squares on AC, BC, together with twice the rectangle 
BD, DE are equal to the squares on 4 D, DB, and twice 
the square on DO, together with twice the rectangle 
AD, DE. But AD is equal to DB. Therefore the squares 
on AC, BC are equal to twice the squares on AD, DC. 
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9. If two chords intersect within a circle, the angle 
which they include is measured by half the sum of the in- 
tercepted arcs. 


Let the chords AB and CD of a circle intersect at E; 
join AD. 
The angle AEC is equal to the 
angles ADE, and DAE, by 
I. 32; that is, to the angles 
standing on the arcs AC and 
BD, Thus the angle AEC is 
equal to an angle at the cir- 
cumference of the circle stand- 
ing on the sum of the arcs AC 
and BD; and is therefore equal 
to an angle at the centre of the 
circle standing on half the sum of these arcs. 

Similarly the angle CEB is measured by half the sum 
of the arcs CB and AD. 





3. If two chords produced intersect without a circle, 
the angle which they include is measured by half the 
difference of the intercepted arcs. 

Let the chords 4B and CD of a circle, produced, in- 
tersect at E; join AD. 

The angle A DC is equal to the angles EAD and AED, 
by I. 32. Thus the angle 4 EC is equal to the difference 
of the angles ADC and BAD; that is, to an angle at the 
circumference of the circle standing on an arc which is the 





difference of AC and BD; and is therefore equal to an 
angle at the centre of the circle standing on half the differ- 
ence of these arcs, 
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4. To draw a straight line which shall touch two 
given circles. 

Let A be the centre of the greater circle, and B the 
centre of the less circle. With centre A, and radius equal 
to the difference of the radii of the given circles, describe 
a circle; from B draw a straight line touching the circle 


- — c 
pL Wo 
9 . / ^ m 


CUSER* — 
\ S, | J A 


so described at C. Join AC and produce it to meet the 
circumference at D. Draw the radius BE parallel to AD, 
and on the same side of AB; and join DE. Then DE shall 
touch both circles, 


See I. 33, I. 29, and III. 16 Corollary. 


Since two straight lines can be drawn from B to touch 
the described circle, two solutions can be obtained ; and the 
two straight lines which are thus drawn to touch the two 
given circles can be shewn to meet 4 B, produced through 
D, at the same point. The construction is applicable when 
each of the given circles is without the other, and also 
when they intersect, 


When each of the given circles is without the other we 
can obtain two other solutions. For, describe a circle with 
A as a centre and radius equal to the sum of tho radii of 
the given circles; and continue as before, except that BE 
and AD will now be on opposite sides of AB. The two 
straight lines which are thus drawn to touch the two given 
circles can be shewn to intersect AB at the same point. 


* 
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5. To describe a circle which shall pass through three 
given points not in the same straight line. 


This is solved in Euclid IV. 5, 


6. To describe a circle which shall pass through two 
given points on the same side of a given straight line, and 
touch that straight line. 

Let A and B be the given points; join AB and pro~ 
duce it to meet the given straight line at C. Make a 
square equal to the rectangle C4, CB (II. 14), and on the 





given straight line take CE equal to a side of this square. 
Describe a circle through 4, B, E (5); this will be the 
circle required (11I. 37). 

Since Æ can be taken on either side of C, there are two 
solutions. 


The construction fails if AB is parallel to the given 
straight line. In this case bisect 4B at D, and draw DC 
at right angles to 4B, meeting the given straight line at C. 
‘Then describe a circle through A, B, C. 


7. To describe a circle which shall pass through a 
given point and touch two given straight lines. 


Let A be the given point; produce the given straight 
lines to meet at B, and join AB. Through B draw a 
straight line, bisecting that angle included by the given 
straight lines within which 4 lies; and in this bisecting 
straight line take any point C. From C draw a perpendicular 
on one of the given straight lines, meeting it at D; with 
centre C, and radius CD, describe a circle, meeting AB, 
produced if necessary, at Æ. Join CE; and through A draw 
a straight line parallel to CE, meeting BC, produced if f 
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necessary, at 7. The circle described from the centre Z; 
with radius ZA, will touch the given straight lines. 


For, draw a perpendicular from F on the straight line 
BD, meeting it at G. Then CE is to FA as BC is to BF, 
and CD is to FG as BC is to BF (VI. 4, V. 16). There- 
fore CE is to FA as CD is to FG (V. 11). Therefore 
CE is to CD as FA is to FG (V. 16). But CE is equal 
to CD; therefore FA is equal to FG (V. A). 


If A is on the straight line BC we determine Æ as 
before; then join £D, and draw a straight line through A 
parallel to £D meeting BD produced if necessary at G; 
from G draw a straight line at right angles to BG, and the 
point-of intersection of this straight line with BC, produced 
if necessary, is the required centre. 

As the circle described from the centre C, with the 
radius CD, will meet AB at two points, there are two 
solutions. 

If A is on one of the given straight lines, draw from 
A a straight line at right angles to this given straight 
line; the point of intersection of this straight line with 
either of the two straight lines which bisect the angles 
made by the given straight lines may be taken for the 
centre of the required circle. 


If the two given straight lines are parallel, instead of 
drawing a straight line BC to bisect the angle between 
them, we must draw it parallel to them, and equidistant 
from them. 
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8. To describe a circle which shall touch three 
given straight lines, not more than two of which are 
parallel, 


Proceed as in Euclid IV. 4. If the given straight lines 
form a triangle, four circles can be described, namely, one 
as in Euclid, and three others each touching one side of 
the triangle and the other two sides produced. If two 
of the given straight lines are parallel, two circles can be 
described, namely, one on each side of the third given 
straight line. 


9. To describe a circle which shall touch a given 
circle, and touch a given straight line at a given point. 


Let A be the given point in the given straight line, 
and C be the centre of the given circle. Through C draw 
a straight line perpendicular to the given straight line, 





and meeting the circumference of the circle at B and D, 
of which D is the more remote from the given straight 
line. Join AY, meeting the circumference of the circle at 
E. From A draw a straight line at right angles to the 
given straight line, meeting CE produced at F. Then F shall 
be the centre of the required circle, and 74 its radius. 


For the angle AE is equal to the angle CED (I. 15); 
and the angle HAF is equal to the angle CDE (I. 29); 
therefore the angle AEF is equal to the angle EAF; 
therefore AF is equal to EF (I. 6). 
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In a similar manner another solution may be obtained 
by joining 4B. 1f the given straight line falls without the 
given circle, the circle obtained by the first solution touches 
the given circle externally, and the circle obtained by, the 
second solution touches the given circle internally. If the 
given straight line cuts the given circle, both the circles 
obtained touch the given circle externally. 


10. To describe a circle which shall pass through two 
given points and touch a given circle. 


Let A and B be the given points. Take any point C 
on the circumference of the given circle, and describe a 
circle through A, B, C. If this described circle touches 
the given circle, it is the required circle. But if not, let D 





be the other point of intersection of the two circles. Let 
A B and CD be produced to meet at E; from E draw a 
straight line touching the given circle at F. Then a circle 
described through 4, B, F shall be the required circle. 
See III. 35 and III. 37. 


There are two solutions, because two straight lines can 
be drawn from Z to touch the given circle. 


If the straight line which bisects AB at right angles 
passes through the centre of the given circle, the con- 
struction fails, for AB and CD are parallel. In this case 
F must be determined by drawing a straight line parallel 
to AB so as to touch the given circle. 
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1l. To describe a circle which shall touch two given 
straight lines and a given circle. 


Draw two straight lines parallel to the given straight 
lines, at à distance from them equal to the radius of tho 
given circle, and on the sides of them remote from the 
centre of the given circle. Describe a circle touching the 
straight lines thus drawn, and passing through the centre 
of the given circle (7). A circle having the same centro as 
the circle thus described, and a radius equal to the excess 
of its radius over that of the given circle, will be the re- 
quired circle. 


Two solutions will be obtained, because there are two 
solutions of the problem in 7; the circles thus obtained 
touch the given circle externally. 


We may obtain two circles which touch the given circle 
internally, by drawing the straight lines parallel to the given 
straight lines on the sides of them adjacent to the centre 
of the given circle. 


19. To describe a circle which shall pass through a 
given point and touch a given straight line and a given 
circle, 


We will suppose the given point and the given straight 
line without the circle; other cases of the problem may be 
ireated in a similar manner. 


Let A be the given point, and B the centre of the 
given circle. From B draw a perpendicular to the given 
straight line, meeting it at C, and meeting the circum- 
ference of the given circle at D and Z, so that D is be- 
tween B and C. Join EA and determine a point Fin LA, 
produced if necessary, such that the rectangle EA, EF 
may be equal to the rectangle EC, ED; this can be done 
by describing a circle through A, C, D, which will meet 
EA at the required point (II. 36, Corollary). Describe a 
circle to pass through A and / and touch the given straight 
line (6); this shall be the required circle. 


APPENDIX. 301 


For, let the circle thus described touch the given 
straight line at G; join EG meeting the given circle at M, 





and join DH. Then the triangles EHD and ECG are 
similar; and therefore the rectangle EC, ED is equal to 
the rectangle EG, EH (III. 31, VI. 4, VI. 16. Thus the 
rectangle HA, EF is equal to the rectangle EH, EG; and 
therefore H is on the circumference of the described 
circle (III. 36, Corollary). Take K the centre of the 
described circle; join AG, KH, and BH. Then it may 
be shewn that the angles KHG and EHB are equal 
(I. 29, I. 5). Therefore KHB is a straight line; and 
therefore the described circle touches the given circle. 


Two solutions will be obtained, because there are two 
solutions of the problem in 6; the circles thus described 
touch the given circle externally. 


By joining DA instead of EA we can obtain two solu- 
tions in which the circles described touch the given eircle 
internally. 
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13. To describe a circle which shall touch a given 
straight line and two given circles. 


Let A be the centro of the larger circle and B the 
centre of the smaller circle. Draw a straight line parallel 
to the given straight linc, at a distance from it equal to tho 
radius of the smaller circle, and on the side of it remote 
from A. Describe a circle with 44 as centre, and radius 
equal to the difference of the radii of the given circles. 
Describe a circle which shall pass through B, touch exter- 
nally the circle just described, and also touch the straight 
line which has been drawn parallel to the given straight 
line (12). Then a circle having the same centre as the 
second described circle, and a radius equal to the excess 
of its radius over the radius of the smaller given circle, ` 
will be the required circle. / 


Two solutions will be obtained, because there are two 
solutions of the problem in 12 ; the circles thus described 
touch the given circles externally. 


We may obtain in a similar manner circles which touch 
the given circles internally, and also circles which touch 
one of the given circles internally and the other exter- 
nally. 


14. Let A be the centre of a circle, and B the centre. © 
of a larger circle; let a straight line be drawn touching 
the former circle at C and the latter circle at D, and 
meeting AB produced through A at T. From T draw 
any straight line meeting the smaller circle at K and L, | 
and the larger circle at M. and N ; so that the five letters 
T, K, L, M, N are in this order. Then the straight lines 
AK, KC, CL, LA shall be respectively parallel to the 
straight lines BM, MD, DN, NB; and the rectangle 
TK, TN shall be equal to the rectangle TL, TM, and 
equal to the rectangle TC, TD. 


Join AC, BD. Then the triangles TAC and TBD are — 
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equiangular ; and therefore 7A is to 7B as AC is to BD 
(VI. 4, V. 16), that is, as AX is to BM, 





Therefore the triangles ZAK and TBM are similar 
(VI. 7); therefore the angle TAK is equal to the angle 
TBM ; and therefore AK is parallel to BM. Similarly 
AL is parallel to BN. And because AK is parallel to 
BM and AC parallel to BD, the angle CAK is equal 
to the angle DBM; and therefore the angle CLK is equal 
to the angle DN (III. 20); and therefore CZ is parallel 
to DN. Similarly CK is parallel to DM. 


Now TM isto TD as TD is to TN. (III. 37, VI. 16); 
and TM is to TD as TK is to TC (VI. 4); therefore TA 
is to TC as TD is to TN; and therefore the rectangle 
TK, TN is equal to the rectangle TC, TD. Similarly the 
rectangle TL, TM is equal to the rectangle TC, TD. 


If each of the given circles is without the other we 
may suppose the straight line which touches both circles 
to meet AB at T between A and B, and the above results 
will all hold, provided we interchange the letters K and L; 
so that the five letters are now to be in the following 
order, L, K, T, M, N. 


The point T is called a centre of similitude of the two 
circles. 
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15. To describe a circle which shall pass through a 
given point and touch two given circles. 


Let A be the centre of the smaller circle and B tho 
centre of the larger circle; and let Æ be the given point. 





Draw a straight line touching the former circle at C and 
ihe latter at D, and meeting the straight line 4B, pro- 
duced through 4, at 7. Join TE and divide it at. 7" so 
that the rectangle TE, TF may be equal to the rectangle ` 
TC, TD. Then describe a circle to pass through E and F 
and touch either of the given circles (10); this shall be the 
required circle. 
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For suppose that the circle is described so as to touch 
the smaller given circle; let G be the point of contact; we 
have then to shew that the described circle will also 
touch the larger given circle. Join TG, and produce it 
to meet the larger given circle at H. Then the rectangle 
TG, TIT is equal to the rectangle 7C, T'D (14); therefore 
the rectangle TG, TH is equal to the rectangle TE, TF; 
and therefore the described circle passes through H. 


Let O be the centre of this circle, so that OGA is a 
straight line; we have to shew that OHB is a straight 
line, 


Let TG intersect the smaller circle again at Æ; then 
AK is parallel to BH (14); therefore the angle AKT is 
equal to the angle BHG ; and the angle AKG is equal to tho 
angle AG K, which is equal to the angle OGH, which is 
equal to the angle OHG. Therefore the angles BHG and 
OHG together are equal to AKT and AKG together; 
- is, to two right angles. Therefore OHB is a straight 
ine. 


Two solutions will be obtained, because there are two 
solutions of the problem in 10. Also, if each of the given 
circles is without the other, two other solutions can be 
obtained by taking for T the point between A and B 
where a straight line touching the two given circles meets 
AB. The various solutions correspond to the cireum- 
stance that the contact of circles may be external or 
internal, 


16. Zo describe a circle which shall touch three given 
circles. 


Let A be the centre of that circle which is not greater 
than either of the other circles; let B and C be the centres 
of the other circles. With centre B, and radius equal to 
the excess of the radius of the circle with centre 4 over 
the radius of the circle with centre A, describe a circle. 
Also with centre C, and radius equal to the excess of the 
radius of the circle with centre C over the radius of the 
circle with centre A, describe a circle. Describe a cirele 
to touch externally these two described circles and to pass 
through A (15). Then a-circle having the same centre as 
the last described circle, and having a radius equal to 


20 


h 


the excess of its radius over the radius of the circle with 
centre A, will touch externally the three given circles. 


In a similar way we may describe a circle touching 
internally the three given circles, or touching one of them 
externally and the two others internally, or touching one of 
them internally and the two others externally. 
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17. In a given indefinite straight line it is required 
to find a point such that the sum of its distances from 
two given points on the same side of the straight line 
shall be the least possible. 





cec aum. 


Let A and B be the two given points. From A draw 
a perpendicular to the given straight lino meeting it at C; 
and produce AC to D so that CD may be equal to AC. 
Join DB meeting the given straight line at # Then Æ 
shall be the required point. | 


For, let P be any other point in the given straight line. 
Then, because AC is equal to DC, and EC is common to | 
the two triangles ACEH, DCE; and that the right angle ! 
ACE is equal to the right angle DCZ; therefore AZ is 
equal to DE. Similarly, AF is equal to DF. And the 
sum of DF and FB is greater than BD (I. 20): therefore? 
the sum of AF and FB is greater than BD; that is, the 
sum of AF and FB is greater than the sum of DE and 
EB; therefore the sum of AF and FB is greater than 
the sum of AE and EB. 
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18. The perimeter of an isosceles triangle is less than 
that of any other triangle of equal area standing on the 
same base. 

Lot ABC be an isosceles 
triangle; AQC any other tri- 
angle equal in area and stand- 
ing on the same base A C. 

Join BQ; then BQ is paral- 
lel to AC (1. 39). 


And it will follow from 17 
that the sum of AQ and QC 
is greater than the sum of AB 
and BC. 


19. If a polygon be not equilateral a polygon may be 
Sound of the same number of sides, and equal in area, but 
having a less perimeter. 








For, let CD, DE be two adjacent unequal sides of 
the polygon. Join CE. Through D draw a straight line 
parallel to CE. Bisect CE at L; from L draw a straight 
line at right angles to CE meeting the straight line drawn 
through D at K. Then by removing from the given poly- 
gon the triangle CDE and applying the triangle CKE, 
we obtain a polygon having the same number of sides 
as the given polygon, and equal to it in area, but having 
a less perimeter (18). i 

20—2 
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20. A and B are two given points on the same side of 
a given straight line, and AB produced meets the given 
straight line at C; of all points in the given straight line 
on each side of C, it is required to determine that at 
which AB eubtends the greatest angle. 


Describe a circle to pass through A and B, and to 
touch the given straight line on that side of C which is to 
be considered (6). Let D be the point of contact: D 
shall be the required point. 





For, take any other point E in the given straight line, 
on the same side of C as D is; draw EA, EBD; then one 
atleast of these straight lines will cut the circumference 
ADB. 


Suppose that BE cuts the circumference at F'; join AF. 
Then the angle 4 FB is equal to the angle ADB (III. 21); 
and the angle 4 FP is greater than the angle .4 E (I. 16); 
therefore the angle ADB is greater than the angle AEB. 


21. A and B are two given points within a circle; 
and AB is drawn and produced both ways so as to divide 
the whole circumference into two arcs; it is required to 
determine the point in each of these arcs at which AB 
&ubtends the greatest angle. 
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Describe a circle to pass through A and B and to touch 
the circumference considered (10): the point of contact 
will be the required point. The demonstration is similar 
to that in the preceding proposition. 


22. A and B are two given points without a given 
circle; it is required to determine the points on the cir- 
cumference of the given circle at which AB subtends the 
greatest and least angles. 


Suppose that neither 4B nor AB produced cuts the 
given circle. | 


Describe two circles to pass through A and B, and to 
touch the given circle (10): the point of contact of the 
circle which touches the given circle externally will be the 
point where the angle is greatest, and the point of contact 
of the circle which touches the given circle internally will 
be the point where the angle is least. The demonstration 
is similar to that in 20. 


If AB cuts the given circle, both the circles obtained 
by 10 touch the given circle internally ; in this case the 
angle subtended by 4B at a point of contact is less than 
the angle subtended at any other point of the circumference 
of the given circle which is on the same side of AB. Here 
the angle is greatest at the points where AB cuts the 
circle, and is there equal to two right angles. 


If AB produced cuts the given circle, both the circles 
obtained by 10 touch the given circle externally ; in this 
case the angle subtended by AB at a point of contact is 
greater than the angle subtended at any other point of 
the circumference of the given circle which is on the 
same side of AB. Here the angle is least at the points 
where AB produced cuts the circle, and is there zero. 


310 APPENDIX. 


23. If there be four magnitudes such that the first is 
to the second as the third is to the fourth; then shall the 
Jirst together with the second be to the excess of the first 
above the second as the third together with the fourth is to 
the excess of the third above the fourth. 


For, the first together with the second is to the second 
as the third together with the fourth is to the fourth (V. 18). 
Therefore, alternately, the first together with the second is 
to the third together with the fourth as the second is to 
the fourth (V. 16). 

Similarly, by V. 17 and V. 16, the excess of the first 

above the second is to the excess of the third above the 
fourth as the second is to the fourth. 
Therefore, by V. 11, the first together with the second is 
to the excess of the first above the second as the third 
together with the fourth is to the excess of the third above 
the fourth. 


. 94. The straight lines drawn at right angles to the 
sides of a triangle from the points of bisection of the sides 
meet at the same point. 


Let ABC be a triangle; bisect BC at D, and bisect CA 
at E; from D draw a straight line at right angles to BC, 


+ . 


and from Æ draw a straight line at right angles to CA P 





let these straight lines meet at G: we have then to shew 
that the straight line which bisects AB at right angles 
also passes through G. From the triangles BDG and 
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CDG we can shew that BG is equal to CG; and from the 
triangles CHG and AEG we can shew that CG is equal to 
AG; therefore BG is equal to AG. Then if we draw a 
straight line from G to the middle point of AB we 
can shew that this straight line is at right angles to AB: 
that is, the line which bisects 442 at right angles passes 
through G. 


25. The straight lines drawn from the angles of a 
triangle to the points of bisection of the opposite sides 
meet at the same point. 


Let ABC be a triangle; bisect BC at D, bisect CA at 
E, and bisect AB at F; join BE and CF meeting at G; 


x 
y i 
he ee 


p<" Sg 


B 





join 4G and GD: then AG and GD shall lie in a straight 
line. 


The triangle BEA is equal to the triangle BEC, and 
the triangle GEA is equal to the triangle GEC (1. 38); 
therefore, by the third Axiom, the triangle BGA is equal 
to the triangle BGC. 


Similarly, the triangle CGA is equal to the triangle CGB. 


Therefore the triangle BGA is equal to the triangle CGA. 
And the triangle BGD is equal to the triangle CGD (1.38); 
therefore the triangles BGA and BGD together are equal 
to the triangles CGA and CGD together. Therefore the. 
triangles BGA and BGD together are equal to half the. 
triangle ABC. ‘Therefore G must fall on the straight lino 
AD; that is, AG and GD lie in a straight line. 
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.26. The straight lines which bisect the angles of a 
triangle meet at the same point. 


Let ABC be a triangle; bisect the angles at B and O 





by straight lines meeting at G; join AG: then AG shall | 
bisect the angle at A. 


( 
From G draw GD perpendicular to BC, GE perpen- 
dicular to CA, and GF perpendicular to AB. 


From the triangles BGF and BGD we ean shew that 
GF is equal to GD; and from the triangles CGE and i 
CGD we'can shew that GE is equal to GD; therefore GF í 
is equal to GE. Then from the triangles AFG and AEG 
à E. m shew that the angle FAG is equal to the angle ` 


The theorem may also be demonstrated thus. Produce 
AG to meet BC at H. Then AB is to BH as AG is to 
GH, and AC is to CH as AG is to GH (VI. 3); there- 
fore AB isto BH as AC isto CH (V. 11); therefore 4B 
is to AC as BH is to CH (V. 16); therefore the straight - 
line 4H bisects the angle at A (VI. 3). | 


27. Let two sides of a triangle be produced through - 
the base; then the straight lines which bisect the two 
exterior angles thus formed, and the straight line which i 
bisects the vertical angle of the triangle, meet at the same ` 
point. 


This may be shewn like 26: if we adopt the second 
method we shall have to use VI. A. 
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28. The perpendiculars drawn from the angles of a 
triangle on the opposite sides meet at the same point. 


Let ABC be a triangle; and first suppose that it is not 
obtuse angled. From B draw BE perpendicular to CA; 





from C draw CF perpendicular to AB; let these perpen- 
dieulars meet at G ; join AG, and produce it to meet BC 
at D: then AD shall be perpendicular to BC. 


For a circle will go round A EGF (Note on ITI. 22); there- 
fore the angle FAG is equal to the angle ZEG (III. 22). 
And a circle will go round BCEF (ILI. 31, Note on III. 21); 
therefore the angle FEB is equal to the angle FCB. 
Therefore the angle BAD is equal to the angle BCF. And 
the angle at Bis common to the two triangles BAD and 
BCF: Therefore the third angle BDA is equal to the 
third angle BFC (Note on I. 32). But the angle BFC is 
à right angle, by construction ; therefore the angle BDA is 
a right angle. 


In the same way the theorem may be demonstrated 
when the triangle is obtuse angled. Or this case may be 
deduced from what has been already shewn. For suppose 
the angle at A obtuse, and let the perpendicular from B 
on the opposite side meet that side produced at E, and let 
the perpendicular from C on the opposite side meet that 
side produced at FP; and let BE and CF be produced to 
meet at G. Then in the triangle BCG the perpendiculars 
BF and CE meet at A; therefore by the former case the 
straight line GA produced will be perpendicular to BC. 
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29. If from any point in the circumference of the 
circle described round a triangle perrendiculars be drain 
to the sides of the triangle, the three points of intersection 
are in the same straight line. 


Let ABC be a triangle, P any point on the circum- | 
ference of the circumscribing circle; from P draw PD, 


Ta m" 
C N 


SS Se 





PE, PF perpendiculars to the sides BC, CA, AB respec- 
tively: D, E, F shall be in the same straight line. 


[We will suppose that P is on the arc cut off by AB, on 
the opposite side from C, and that E is on CA produced 
through A; the demonstration will only have to be slightly 
modified for any other figure. ] | 


A circle will go round PAF (Note on ITT. 22); there- 
fore the angle PFE is equal to the angle PAE (III. 21). 
But the angles PAF and PAC are together equal to two 
right angles (I. 13); and the angles PAC and PBC are 
together equal to two right angles (III. 22). Therefore 
the angle PAL is equal to the angle PBC; therefore the 
angle PFE is equal to the angle PBC. 


Again, a circle will go round PFDB (Note on III. 21); 
therefore the angles PF'D and PBD are together equal 
to two right angles (III. 22). But the angle PBD has 
been shewn equal to the angle PFE. Therefore the angles 
PFD ond PFE are together equal to two right angles. 
Therefore EF and FD are in the same straight line, 


= 


— —— — — 


i 
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30. ABC is a triangle, and O is the point of inter- 
section of the perpendiculars from A, B, C on the opposite 
sides of the triangle: the circle which passes through the 
middle points of OA, OB, OC will pass through the feet 
of the perpendiculars and through the middle points of 
the sides of the triangle. 

Let D, E, F be the middle points of OA, OB, OC 
respectively; let G be the foot of the perpendicular from 
A on BC, and H the middle point of BC. 


A 





Then OBG is a right-angled triangle and Æ is the 
middle point of the hypotenuse OB; therefore EG is equal 
to EO; therefore the angle EGO is equal to the angle 
LOG. Similarly, the angle FGO is equal to the angle 
FOG. Therefore the anglo FGE is equal to the angle 
FOE. But the angles FOE and BAC are together equal 
to two right angles; therefore the angles FGE and BAC 
are together equal to two right angles. And the angle BAC 
is equal to the angle EDF’, because ED, DF are parallel 
to BA, AC (VI. 2). Therefore the angles FGE and EDF 
are together equal to two right angles. Hence G is on the 
circumference of the circle which passes through D, £, F 
(Note on III. 292). 


Again, FH is parallel to OB, and EA parallel to OC; 
therefore the angle EHF is equal to the angle EGF. 
Therefore 77 is also on the circumference of the circle. 
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Similarly, the two points in each of the other sides of 
the triangle ABC may be shewn to be on the circum- 
ference of the circle. 

The circle which is thus shewn to pass through these 
nine points may be called the Nine points circle: it has 
some curious properties, of which we will now give two. 

The radius of the Nine points circle is half of the 
radius of the circle described round the original triangle. 

For the triangle DEF has its sides respectively halves 
of the sides of the triangle ABC, so that the triangles are 
similar. líenee the radius of the circle described round 


DEF is half of the radius of the circle described round 


A DC. 

If S be the centre of the circle described round the 
triangle ABC, the centre of the Nine points circle is the 
middle point of SO. 

For HS is at right angles to BC, and therefore parallel 
to GO. Hence the straight line which bisects ZG at right 
angles must bisect SO. And H and G are on the circum- 
ference of the Nine points circle, so that the straight line 
which bisects HG at right angles must pass through the 
centre of the Nine points circle. Similarly, from the other 


sides of the triangle ABC two other straight lines can be ` 


obtained, which pass through the centre of tho Nine points 
circle and also bisect SO. Hence the centre of the Nino 
points circle must coincide with the middle point of SO. 
We may state that the Nine points circle of any triangle 
touches the inscribed circle and the escribed circles of the 
triangle: a demonstration of this theorem will be found 











in the Plane Trigonometry, Chapter xxiv. For the history | 


of the theorem see the Nouvelles Annales de Mathéma- 
tiques for 1863, page 562. 


31. Lftwo straight lines bisecting two angles of a tri- 
angle and terminated at the opposite sides be equal, the 
biseeted angles shall be equal. 


Let ABC be a triangle; let the straight line BD bisect 
the angle at B, and be terminated at the side AC; and 
let the straight line CZ bisect the angle at C, and be ter- 
minated at the side AB; and let the straight line BD he 
equal to the straight line CE; then the angle at B shall bo 
equal to the angle at C. 





n 
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For, let BD and CE meet at O; then if the angle OBC 
be not equal to the angle OCB, one of them must be 
greater than the other; let the angle OBC be the greater. 
Then, because CB and BD are equal to BC and CL, each 
to each; but the angle CBD is greater than the angle 
BCE; therefore CD is greater than BE (I. 24). 

On the other side of the base BC make the triangle 
BCF equal to the triangle CBE, so that BF may be equal 
to CE, and CF equal to BE (1. 22); and join DF. 

Then because BF is equal to BD, the-angle BFD is 
equal to the angle BDF. And.the angle OCD is, by hy- 
pothesis, less than the angle OB E ; and the angle COD is 
equal to the angle BOE; therefore the angle ODC is 
greater than the angle OEB (I. 32), and therefore the 
angle ODC is greater than the angle BFC. 

Hence, by taking away the equal angles BDF and 
BFD, the angle FDC is greater than the angle DFC; 
and thercfore CF is greater than CD (I. 19); therefore BE 
js greater than CD. 

But it was shewn that CD is greater than BE; which 
is absurd. 


Therefore the angles OBC and OCB are not unequal, 
that is, they are equal; and therefore the angle ABC is 


_ equal to the angle ACB, 


[For the history of this theorem see Ladys and Gen- 
tleman's Diary for 1859, page 88.] 
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32. Ifa quadrilateral figure does not admit of having 
a circle described round it, the sum of the rectangles con- 
tained by the opposite sides is greater than the rectangle 
contained by the diagonals. 


Let ABCD be a quadrilateral figure which does not 
admit of having a circle described round it; then the rect- 
angle AB, DC, together with the rectangle BC, AD, shall 
be greater than the rectangle AC, BD. 













For, make the angle ABE equal to the angle DBC, 
and the angle BAF equal to the angle BDC; then the 
triangle ALF is similar to the triangle BDC (V1. 4);_ 
therefore A B is to AE as DB is to DC; and therefore the 
rectangle AB, DC is equal to the rectangle AZ, DB. 


Join ÆC. Then, since the angle ABE is equal to the 
angle DBC, the angle CBE is equal to the angle DBA. 
And because the triangles ABE and DBC are similar, AB 
is to DB as BE is to BC; therefore the triangles ABD 
and EBC are similar (VI. 6); therefore CB is to CE as 
DB is to DA; and therefore the rectangle CB, DA is 
equal to the rectangle CZ, DB. 


Therefore the rectangle AB, DC, together with the 
rectangle BC, AD is equal to the rectangle AE, BD 
together with the rectangle CE, BD; that is, equal to the 
rectangle contained by BD and the sum of AE and £C. 
But the sum of 47 and EC is greater than AC (1. 20); 
therefore the rectangle AB, DC, together with the rect 
angle BC, AD is greater than the rectangle AC, BD, 
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33. If the rectangle contained by the diagonals of a 
quadrilateral be equal to the sum of the rectangles con- 
tuined by the opposite sides, a circle can be described round 
the quadrilateral. 

This is the converse of VI. D; it can be demonstrated 
indirectly with the aid of 32. 


34. lt is required to find a potnt in a given straight 
line, such that the rectangle contained by its distances from 
two given points in the straight line may be equal to the 
rectangle contained by its distances from two other given 
points in the straight line. 


Let A, B, C, D be four given points in the same 
straight line: it is required to find a point in the straight 





line, such that the rectangle contained by its distances 
from A and B may be equal to the rectangle contained by 
its distances from C and D. 


On AD describe any triangle 4ZD; and on CB de- 
scribe a similar triangle CFB, so that CF is parallel to 
A E, and BF to DE; join EF, and let it meet the given 
straight line at O, Then O shall be the required point. 


For, OE is to OA as OF is to OC (VI. 4); therefore 
OE is to OF as OA is to OC (V. 16). Similarly OZ is to 
OF as OD isto OB. Therefore OA is to OC as OD is to 
OB (V. 11). Therefore the rectangle OA, OZ is equal to 
the rectangle OC, OD. 
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The figure will vary slightly according to the situation 
of the four given points, but corresponding to an assigned 


situation there will be only ore point such as is required. ` 
For suppose there could be such a point P, besides tho ` 
point O which is determined by the construction given ` 


above ; and that the points are in the order 4, C, D, B, O, P. 
Join PZ, and let it meet CF, produced at G; join BG. 
Then the rectangle P4, P7 is, by hypothesis, equal to the 
rectangle PC, PD; and therefore PA is to PC as PD is 
to PB. But PA isto PC as PE is to PG (VI. 2); there- 
fore PD is to PB as PL is to PG (V. 11); therefore BG 
is parallel to DL. 

But, by the construction, BY is parallel to ED; there- 
fore BG and BF are themselves parallel (I. 30); which is 
absurd. Therefore P is not such a point as is required. 


ON GEOMETRICAL ANALYSIS. 


35. The substantives analysis and synthesis, and the 
corresponding adjectives analytical and synthetical, are of 
frequent occurrence in mathematics. In general analysis 
means decomposition, or the separating a whole into its 
parts, and synthesis means composition, or making a whole 
out of its parts. In Geometry however these words are 
used in a more special sense. In synthesis we begin with 


7 — 


results already established, and end with some new result; - 


thus, by the aid of theorems already demonstrated, and 
problems already solved, we demonstrate some new theo- 
rem, or solve some new problem. In analysis we begin 
witn assuming the truth of some theorem or the solution of 
some problem, and we deduce from the assumption con- 
sequences which we can compare with results already esta- 
blished, and thus test the validity of our assumption. 


36. The propositions in Euclid's Elements are all ex- 
hibited synthetically; the student is only employed in ex- 
amining the soundness of the reasoning by which each 
successive addition is made to the collection of geometrical 
iruths already obtained; and there is no hint given as to 
the manner in which the propositions were originally dis- 
covered. Some of the constructions and demonstrations 
appear rather artificial, and we are thus naturally induced 
to enquire whether any ‘rules can be discovered by which 
we may be guided easily and naturally to the investigation 
of new propositions, 
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37. Geometrical analysis has sometimes been described 
m language which might lead to the expectation that 
directions could be given which would, enable a student 
to proceed to the demonstration of any proposed theorem, 
or the solution of any proposed problem, with confidence of 
success; but no such directions can be given. We will 
state the exact extent of these directions. Suppose that a 
new theorem is proposed for investigation, or a new 
problem for trial. Assume the truth of the theorem or the 
solution of the problem, and deduce consequences from 
this assumption combined with results which have been 
already established. If a consequence can be deduced 
which contradicts some result already established, this 
amounts to a demonstration that our assumption is inad- 
missible ; that is, the theorem is not true, or the problem 
cannot be solved. If a consequence can be deduced which 
coincides with some result already established, we cannot 
say that the assumption is inadmissible ; and it may happen 
that by starting from the consequence which we deduced, 
and retracing our steps, we can succeed in giving a syn- 
thetical demonstration of the theorem, or solution of the 
problem. These directions however are very vague, be- 
cause no certain rule can be prescribed by which we are to 
combine our assumption with results already established ; 
and moreover no test exists by which we can ascertain 
whether a valid consequence which we have drawn from 
an assumption will enable us to establish the assumption 
itself, That a proposition may be false and yet furnish 
consequences which are true, can be seen from a simple 
example. Suppose a thcorem were proposed for investi- 
gation in the following words; one angle of a triangle is to 
another as the side opposite to the first angle is to the side 
opposite to the other. If this be assumed to be true we 
can immediately deduce Euclid’s result in I. 19; but from 
Euclid’s result in I. 19 we cannot retrace our steps and 
establish the proposed theorem, and in fact the proposed 
theorem is false. 


Thus the only definite statement in the directions 
respecting Geometrical analysis is, that if a consequence 
can be deduced from an assumed proposition which con- 
tradicts a result already established, that assumed propo- 


sition must be false, 
21 
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38. We may mention, in particular, that a consequence 
would contradict results already established, if we could 
shew that it would lead to the solution of a problem 
already givon up as impossible. Thero are three famous 
problems which are now admitted to be beyond the power 
of Geometry ; namely, to find a straight line equal in length 
to tho circumference of a given circle, to trisect any given 
angle, and to find two mean proportionals between two 
given straight lines. The grounds on which the geometrical 
solution of these problems is admitted to be impossible 
cannot be explained without a knowledge of the higher 
parts of mathematics; the student of the Elements may 
however be content with the fact that innumerable attempts 
have been made to obtain solutions, and that these attempts 
have been made in vain, 


Tho first of these problems is usually referred to as 
tho Quadrature of the Circle. For the history of it the 
student should consult the article in the English Cyclo- 
pedia under that head, and also a series of papers in the 
Athenwum for 1863 and subsequent years, entitled a 
Budget of Paradoxes, by Professor De Morgan. | 

For approximate solutions of the problem we mii 
refer to Davies's edition of Hutton’s Course of Mathe- 
matics, Vol. 1. page 400, the Lady’s and Gentleman’s | 
Diary for 1855, page 86, and tho Philosophical Magazine 
for April, 1862. | 

The third of the three problems is often referred to as 
the Duplication of the Cube. See the note on VI. 13 in 
Lardner's Euclid, and a dissertation by ©. H. Biering en- 
titled Mistoria Problematis Cubi Duplicandi...Hauniæ, 
1844. 


_We will now give some examples of Geometrical ana- 
ysis. 















39. From two given points it is required to draw t 
the same point in a given straight line, two straight line 
equally inclined to the given straight line. 


Let A and B be the given points, and CD the given 
straight line, 


Suppose AZ and EB to be the two straight lin 
equally inclined to CD. Draw BF perpendicular to CZ 
and produce AF and BF to meet at G. Then the angl 


, 


p" 
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BED is equal to the angle AEC, by hypothesis; and the 
angle 4 £C is equal to the angle DEG (1. 15). Hence the 





triangles BEF and GEF are equal in all respects (I. 26); 
therefore F'G is equal to FB. 


This result shews how we may synthetically solve the 
problem. Draw BF perpendicular to CD, and produce 
it to G, so that FG may be equal to FB; then join AG, 
and AG will intersect CD at the required point. 


40. To divide a given straight line into two parts 
| such that the difference of the squares on the parts may be 
. equal to a given square. 

Let E be the given straight 
ine, and suppose C the required 
point. s A o B 

Then the difference of the 
squares on AC and BC is to be equal to a given square. 
But the difference of the squares on AC and BC is equal 
to the rectangle contained by their sum and difference ; 
therefore this rectangle must be equal to the given square. 
Hence we have the following synthetical solution. On 4B 
describe a rectangle equal to the given square (I. 45); then 
the difference of AC and CB will be equal to the side 
of the rectangle adjacent to AB, and is therefore known. 
And the sum of dC and CB is known. Thus AC and CB 
are known. 


It is obvious that the given square must not exceed the 
square on 4 5, in order that the problem may be possible. 

There arc two positions of C, if it is not specified which 
of the two segments AC and CB is to be greater than the 
other; but only one position, if it is specified. 





21—32 
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In like manner we may solve the problem, to produce 
a given straight line so that the square on the whole 
straight line made up of the given straight line and the 
part produced, may exceed. the square on. the part pro- 
duced by a given square, which is not less than the square 
on the given straight line. 


The two problems may be combined in one enunciation 
thus, to diride a given straight line internally or exter- 
nally so that the difference of the squares on the segments 
may be equal to a given square. 


4l. To find a point in the circumference of a given 
segment of a circle, so that the straight lines which join 
the potnt to the extremities of the straight line on which 
the segment stands may be together equal to a given 
straight line. ' 





Let ACB be the circumference of the given segment, 
and suppose C the required point, so that the sum of AC 
and CB is equal to a given straight line. 

Produce AC to D so that CD may be equal to CB; 
and join DZ. 


Then AD is equal to the given straight line. And the 
angle ACB is equal to the sum of the angles CDB and 
CBD (I. 32), that is, to twice the angle CDB (I. 5). There- 
fore the angle 4 DB is half of the angle in the given seg 
ment. Hence we have the following synthetical solution. 
Describe on AZ a segment of a circle containing an angle 
equal to half the angle in the given segment. With A as 
centre, and a radius equal to the given straight line 
describe a circle. Join A with a point of intersection of 
this circle and the segment which has been described ; this | 
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joining straight line will cut the circumference of the 
given segment at a point which solves the problem. 


The given straight line must exceed AB and it must 
not exceed a certain straight line which we will now deter- . 
mine. Suppose the circumference of the given segment 
bisected at Æ: join 4E, and produce it to meet the cir- 
eumference of the described segment at FL Then AZ is 
equal to £D (HI. 28), and EZ is equal to EF for the 
same reason that CZ is equal to CD. Thus HA, KB, EF 
are all equal; and therefore X is the centre of the circle 
of which ADB is a segment (III. 9. Hence AF is the 
longest straight line which can be drawn from A to the cir- 
cumference of the described segment; so that the given 
straight line must not exceed twice AZ, 


42. To describe an isosceles triangle having each of 
the angles at the base double of the third angle. 


This problem is solved in IV. 10; we may suppose the 
solution to have been discovered by such an analysis as the 
following. 


Suppose the triangle 42D such a 
‘triangle as is required, so that each of 
the angles at B and D is double of the 
angle at A. 


Bisect the angle at D by the straight 
line DC. Then the angle ADC is equal 
to the angle at 4; therefore C4 is p ——p 

equal ta CD. The angle CBD is equal 

to the angle ADB, by hypothesis ; the angle CDB is equal 
to the angle at 4A; therefore the third angle BCD is equal 
to the third angle ABD (I. 32). Therefore BD is equal 
to CD (1. 6); and therefore BD is equal to AC. 


Since the angle BDC is equal to the angle at A, the 
straight line BD will touch at D the circle described 
round the triangle 4CD (Note on III. 32). Therefore the 
rectangle AB, BC is equal to the square on BD (III. 36). 
Therefore the rectangle AB, BC is equal to the square 
on AC. 


ao AB is divided at C in the manner required 
n il. ll. 


Hence the synthetical solution of the problem is evident. 


| 
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43. To inscribe a square in a given triangle. 


Lot ABC be the 
given triangle, and 
suppose DEFG the 
required square, 


Draw AH perpen- 
dicular to BC, and 
A K parallel to BC; 
and let BF produc- 
ed meet AK at A. 


Then BG is to GF 
as BA isto AK, and BG isto GD as BA isto AH (VI. A 
But GF is equal to GD, by hypothesis. 
Therefore BA is to AK as BA is to AH (V.7, V. 11) 
Therefore AH is equal to AK (V. 7). 

Hence we have the following synthetical solution. Draw 
AK parallel to BC, and equal to AH; and join BA. Then 
BK meets AC at one of the corners of the required square 
and the solution can he completed. 


44, Through a given point between teco given straigh 
lines, tt is required to draw a straight line, such that th 
rectangle contained by the parts between the given point an 
the given straight lines may be equal to a given rectangle. 

Let P be the given point, 
and AB and AC the given 
straight lines ; suppose 17 PN 
the required straight line, so 
that the rectangle MP, PN 
is equa] to a given rectangle. 

Produce AP to Q, so that 
the rectangle AP, PQ may X 
be equal to the given rect- A M 
angle. Then the rectangle 
MP, PN is equal to the 
rectangle AP, PQ. Therefore a circle will go roun 
AMQN (Note on III. 35). Therefore the angle PNQ 
equal to the angle PAM (IL. 21). 

Hence we have the following synthetical solution. Pr 
duce AP to Q, so that the rectangle AP, PQ may I 
equal to the given rectangle; describe on PQ a segmer 
of a circle containing an angle equal to. the angle PAM 
join P with a point of intersection of this circle and 4C 
the straight line thus drawn solves the problem. 












4 
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45. Ina given circle it is required to inscribe a tri- 
angle so that two sides may pass through two given points, 
and the third side be parallel to a given straight line, 





Let A and B be the given points, and CD the given 
straight line. Suppose PAN to be the required triangle 
inscribed in the given circle. 


Draw NE parallel to AB; join EM, and produco it if 
necessary to meet AB at F. 


If the point F were known the problem might be con- 
sidered solved. For ENM is a known angle, and therefore 
the chord EM is known in magnitude, And then, since 7 
is a known point, and EM is a known magnitude, the posi- 
tion of M becomes known. 


We have then only to shew how F is to be determined. 
The angle MEN is equal to the angle MFA (I. 29). The 
angle MEN is equal to the angle MPN (III, 21) Hence 
MAF and BAP are similar triangles (VI. 4). Therefore 
MA isto AF as BA is to AP. Therefore the rectangle 
MA, AP is equal to the rectangle BA, AF' (VI. 16). But 
since A is a given point the rectangle MA, AP is known; 
and AZ) is known; thus AF is determined. 
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46. In a given circle it is required to inscribe a tri- 
angle so that the sides may pass through three given 
points, 

Let A, B, C be the three given points. Suppose PMN 
to be the required triangle inscribed in the given circle, 






P 





Draw NE parallel to AB, and determine the point F 
asin the preceding problem. We shall then have to de- 
scribe in the given circle a triangle EMN so that two of 
its sides may pass through given points, F and C, and tho 
third side be parallel to a given straight line AB. This 
can be done by the preceding problem. 


This example and the preceding are taken from the 
work of Catalan already cited. The present problem is 
sometimes called Castilion’s and sometimes Cramer’s; the 
history of the general researches to which it has given rise 
will be found in a series of papers in the Mathematician, 
Vol. 111, by the late T. 8. Davies, 


ON LOCI 


47. A locus consists of all the points which satisfy cor- 
tain conditions and of those points alone. 'Thus, for exam- — 
ple, the locus of the points which are at a given distance 
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from a given point is the surface of the sphere described 
from the given point as centre, with the given distance as 
radius; for all the points on this surface, and no other 
points, are at the given distance from the given point. If 
we restrict ourselves to all the points in a fixed plane which 
are at a given distance from a given point, the locus is the 
circumference of the circle described from the given point 
as centre, with the given distance as radius. Im future we 
shall restrict ourselves to loci which are situated in a fixed 
plane, and which are properly called plane loci. 


Several of the propositions in Euclid furnish good exam- 
ples of loci. ‘Thus the locus of the vertices of all triangles 
which are on the same base and on the same side of it, and 
which have the same area, is a straight line parallel to the 
base; this is shewn in I. 37 and I. 39. 


Again, the locus of the vertices of all triangles which 
are on the same base and on the same side of it, and which 
have the same vertical angle, is à segment of a circle dc- 
scribed on the base; for it is shewn in III. 21, that all the 

oints thus determined satisfy the assigned conditions, and 
it is easily shewn that no other points do. 


We will now give some examples, In each example wo 
ought to shew not only that all the points which we indi- 
cate as the locus do fulfil the assigned conditions, but that 
no other points do. ‘This second part however we leave to 
the student in all the examples except the last two; in 
these, which are more difficult, we have given the complete 
investigation. 


48. Required the locus of points which are equidis- 
tant from two given points. 


Let A and B be the two given points; join AB; and 
draw a straight line through the middle point of AB at 
right angles to 4B; then it may be easily shewn that this 
straight line is the required locus. 


49. Required the locus of the vertices of all triangles 
on a given base AB, such that the square on the side ter- 
minated at A may exceed the square on the side termi- 
nated at B, by a given square. 


Suppose C to denote a point on the required locus; from 
C draw a perpendicular on the given base, meeting it, pro- 


330 APPENDIX. 


duced if necessary, at D. Then the square on AC is equal 
to the squares on AD and CY, and the square on BU is 
equal to the squares on BD and CD (1. 47); therefore the 
square on AC exceeds the square on BC by as much as the 
square on 4D exceeds the square on BD. Hence Disa 
fixed point either in 42 or in AB produced through B (40). 
And the required locus is the straight line drawn through 
D, at right angles to AL. 


50. Required the locus of a point such that the straight 
Ay durum Jrom it to touch two given circles may be 
equal, 

Let A be the centre of the greater circle, B the centre 
of a smaller circle; and let P denote any point on the re- 
quired locus. Since the straight lines drawn from P to 
touch the given circles aro equal, the squares on these 
straight lines are equal. But the squares on PA and PB 
exceed these equal squares by the squares on the radii of 
the respective circles. Hence the square on PA exceeds © 
the square on PJ, by a known square, namely a square © 
equal to the excess of the square on the radius of the circle © 
of which 4 is the centre over the square on the radius of © 
the circle of which B is the centre. Hence, the required 
locus is a certain straight line which is at right angles to 
AB (49). 

Ju straight line is called the radical axis of the two 
ircles. $ 

If the given circles intersect, it follows from III. 36, 
that the straight line which is the locus coincides with the 
produced parts of the common chord of the two circles. 


51. Required the locus of the middle points of all 
the chords of a circle which pass through a fixed point. 


Let A be the centre of tho given circle; B tho fixed 


A * * 


) 


fe <= 


I — 
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point; let any chord of the circle be drawn so that, pro- 
duced if necessary, it may pass through Z. Let P be the 
middle point of this chord, so that P is a point on the re- 
quired locus. 

The straight line 4P is at right angles to the chord of 
which P is the middle point (III. 3); therefore P is on the 
circumference of a circle of which A# is a diameter. 
Hence if B be within the given circle the locus is the cir- 
cumference of the circle described on AB as diameter; if 
B be without the given circle the locus is that part of the 
circumference of the circle described on AB as diameter, 
which is within the given circle. 


59. Osa fixed point from which any straight line 
is drawn meeting a fixed straight line at P; in OP a 
point Q is taken such that OQ is to OP in a fixed ratio: 
determine the locus of Q. 


We shal! shew that the locus of Q is a straight line. 


For draw a perpendicular from O on the fixed straight 
line, meeting it at C; in OC take a point D such that OD 


| is to OC in the fixed ratio; draw from O any straight line 


OP meeting the fixed straight line at P, and in OP take a 
point Q such that OQ is to OP in the fixed ratio; join 





QD. The triangles ODQ and OCP are similar (VI. 6); 
therefore the angle O.DQ is equal to the angle OCP, and is 
therefore a right angle. Hence Q lies in the straight lino 


- drawn through 2 at right angles to OD, 
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53. O is a fixed point from which any straight line 
ts drawn meeting the circumference of a fixed circle at P; 
in OP a point Q is taken such that OQ is to OP in a fixed 
ratio: determine the locus of Q. 


We shall show that the locus is the circumferenco of a 
circle. 


— 


— — 


— 


A 


For let C be the centre of the fixed circle; in OC take | 
a point D such that OD is to OC in the fixed ratio, and 
draw any radius CP of the fixed circle; draw DQ parallel 
to CP meeting OP, produced if necessary, at Q. Then the 
triangles OCP and ODQ are similar (VI. 4), and therefore 
OQ is to OP as OD is to OC, that is, in the fixed ratio. 
Therefore Q is a point on the locus. And DQ is to CP 
in the fixed ratio, so that DQ is of constant length. Hence 
the locus is the circumference of a circle of which D is the 
centre, 


54. There are four given points A, D, C, D in a 
straight line; required the locus of a point at which AB 
and CD subtend equal angles. 

Find a point O in the straight line, such that the rect- 
angle OA, OD may be equal to the rectangle OB, OC (34), 
and take OK such that the square on OK may be equal to 
either of these rectangles (II. 14): the circumference of tho 
circle described from OQ as centre, with radius OX, shall be 
the required locus. 


(We will take the case in which the points are in the 
following order, O, 4, D, C, D 


3 L] 


For let P be any point on the circumference of this 
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circle. Describe a circle round PAD, and also a circle 





round PBC; then OP touches each of these circles (IIT. 37); 
therefore the angle OPA is equal to the angle PDA, 
and the angle OPB is equal to the angle PCB (III. 32). 
But the angle OPB is equal to the angles OPA and APB 
together, and the angle PCB is equal to the angles CPD 

and PDA together (1. 32). Therefore the angles OPA 
and APB together are equal to the angles CPD and 

_ PDA together; and the angle OPA has been shewn equal 
to the angle PDA; therefore the angle APB is equal to 
the angle CP D. 


We have thus shewn that any point on the circumference of 
the circle satisfies the assigned conditions; we shall now 
shew that any point which satisfies the assigned conditions 
is on the circumference of the circle. 


For take any point Q which satisfies the required con- 
ditions. Describe a circle round QA D, and also a circle 
round QBC. These circles will touch the same straight 
line at Q; for tho angles AQB and CQD are equal, and 
the converse of ITI. 32 is true. Let this straight line which 
touches both circles at Q be drawn; and let it meet the 
straight line containing the four given points at Æ. Then 
the rectangle RA, RD is equal to the rectangle RB, RC; 
for each is egual to the square on ZQ (III. 36). Therefore 
R must coincide with O (34); and therefore RQ must be 
equal to OA. Thus Q must be on the circumference of the 
circle of which O is the ceritre, and OX the radius. 
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55. Required the locus of the vertices of all the tri- 
angles ABC which stand on a given base AB, and have 
the side AC to the side BC in a constant ratto. 


If the sides AC and BC are to be equal, the locus is 
a 
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the straight line which bisects 47 at right angles. We 
will suppose that the ratio is greater than a ratio of equal- 
ity; so that AC is to be the greater side. 

Divide AB at D so that AD is to DB in the given ratio 
(VI. 10); and produce AB to E, so that AE is to EB in 
the given ratio. Let P be any point in the required locus; 
join PD and PE. Then PD bisects the angle AP B, and 
PE bisects the angle between BP and AP produced. 
Therefore the angle DP E is a right angle. Therefore P is 
on the circumference of a circle described on DE as dia- 
meter. 

We have thus shewn that any point which satisfies the 
assigned conditions is on the circumference of the circle 
described on DE as diameter; we shall now shew that any 
point on the circumference of this circle satisfies the as- 
signed conditions. 

Let Q be any point on the circumference of this circle, 
QA shall be to QZ in the assigned ratio. For, take O the 
centre of the circle; and join QO. Then, by construction, 
AE isto EB as AD is to DB, and therefore, alternately, 
AE is to AD as EB is to DB; therefore the sum of AZ 
and AJ is to their difference as the sum of £7 and DB is 
to their difference (23); that is, twice 4O is to twice DO as 
twice DO is to twice BO; therefore AO is to DO as DO is 
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to BO; that is, AO is to OQ as QO isto OB. Therefore 
the triangles 40Q and QOB are similar triangles (VI. 6); 
and therefore AQ is to QB as QO is to BO. This shews 
that the ratio of AQ to B@ is constant; we have still to 
shew that this ratio is the same as the assigned ratio. 


We have already shewn that AO is to DO as DO is to 
BO; therefore, the difference of AO and DO is to DO as 
the difference of DO and BO is to BO (V.17); that is, 
AD isto DO as BD is to BO; therefore AD is to BD as 
DO is to BO; that is, AD is to DB as QO is to BO. 
This shews that the ratio of QO to BO is the same as the 
assigned ratio, 


ON MODERN GEOMETRY. 


56. We have hitherto restricted ourselves' tò Euclid’s 
Elements, and propositions which can be demonstrated 
by strict adherence to Euclid's methods. In modern times 
various other methods have been introduced, and have 
led to numerous and important results. These methods 
may be called semi-geometrical, as they are not confined 
within the limits of the ancient pure geometry; in fact 
the power of the modern methods is obtained chiefly by 
combining arithmetic and algebra with geometry. The 
student who desires to cultivate this part of mathematics 
may consult Townsend’s Chapters on the Modern Geo- 
metry of the Point, Line, and Circle. 


We will give as specimens some important theorems, 
taken from what is called the theory of transversals, 


Any line, straight or curved, which cuts a system of 
other lines is called a transversal ; in the examples which 
we shall give, the lines will be straight lines, and the sys- 
tem will consist of three straight lines forming a triangle. 


We will give a brief enunciation of the theorem which 
we are about to prove, for the sake of assisting the memory 
in retaining the result; but the enunciation will not be 
fully comprehended until the demonstration is completed. 


-— 
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57. If a straight line cut the sides, or the sides pro- 
duced, of a triangle, the product of three segments in 
order is equal to the product of the other three segments. 


Let ABC be a triangle, and let a straight line be drawn 
cutting the side BC at D, the side CA at Æ, and the sido 
AB produced through B at F. Then BD and DC aro 
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called segments of the side BC, and CE and EA are called 
segments of the side CA, and also AF and FB are called 
segments of the side AB. . 

Through 4 draw a straight line parallel to BC, meeting 
DF produced at 77. 

Then the triangles CED and £A7ZI are equiangular to one 
another; therefore AŽ is to CD as AFE is to EC (VI. 4). 
Therefore the rectangle 4H, EC is equal to the rectangle 
CD, AE (VI. 16). 

Again, the triangles FAH and FBD are equiangular to 
onc another ; therefore AH is to BD as FA is to FB (VL. 4). 
Therefore the rectangle 4477, FB is equal to the rectangle 
BD, FA (V1. 16). 

Now suppose the straight lines represented by numbers 

in the manner explained in the notes to the second Book of 
ihe Elements. We have then two results which we can ex- 
press arithmetically : namely, the product AH. EC is equal € 
to the product CD. AE ; and the product AH.FB is equal 
to the product BD. FA. 
Therefore, by the principles of arithmetic, the product 
AH. EC. BD.FA is equal to the product A HM. FB.CD.AE, 
and therefore, by the principles of arithinetic, the product 
BD.CE. AF is equal to the product DC. EA. FB. 

This is the result intended by the enunciation given 
above. Each product is made by three segments, one from 
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every side of the triangle : and the two segments which ter- 
minated at any angular point of the triangle are never in the 
same product. Thus if we begin one product with the seg- 
ment 5D, the other segment of the side BC, namely DC, 
occurs in the other product; then the segment CE occurs 
in the first product, so that the two segments CD and CE, 
which terminate at C, do not occur in the samo product; 
and so on. 

The student should for exercise draw another figure 
for the case in which the transversal meets adi the sides 
produced, and obtain the same result. 


58. Conversely, it may be shewn by an indirect proof 
that if the product BD.CE.AF be equal to the product 
DC. EA.FB, the three points D, E, F lie in the same 
straight lino. 


59. If three straight lines be drawn through the 
angular points of a triangle to tha opposite sides, and 
meet at the same point, the product of three segments in 
order is equal to the product of the other three segments. 

Let ABC be a triangle. From the angular points to 
the opposite sides let the straight lines 40.D, BOE, COF 
be drawn, which meet at the point O: the product 
AF.BD.CE shall be equal to the product FB. DC. EA. 

For the triangle ABD is cut by the transversal FOC, 
and therefore by the theorem in 57 the following products 
are equal, AF. BC. DO, and FB.CD.OA, 





Again, the triangle ACD is cut by tho transversal 
EOB, and therefore by the theorem in 57 the following 
products are equal, 40. DB.CE and OD. BC. EA. 

22 
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Thereforo, by tho principles of arithmetic, the following 
products are equal, 4F.5C. DO. 40.DB.CE and 
FB.CD.0A.0D. BC. EA. Therefore the following 





products aro equal, AF. BD.CE and FB.DC. EA. 


We have supposed the point O to be within tho triangle; 
if O be without the triangle two of the points D, E, F will 
fall on the sides produced. 





60. Conversely, it may be shewn by an indirect proof 
that if the product AF. BD . CE be equal to the product 
FB. DC. EA, the three straight lines 4D, BE, CF meet 
at the same point. t 


61. We may remark that in geometrical problems the 
following terms sometimes occur, used in the same sense as 
in arithmetic; namely arithmetical progression, geometri- 
cal progression, and harmonical progression. A proposi- 
tion respecting harmonical progression, which deserve 
notice, will now be given. 


62. Let ABC be a triangle; let theangle A be bisecte 
by a straight line which meets BC at D, and let the ex 
terior angle at A be bisected by a straight line which meet 
BC, produced through C, at EB: then BD, BC, BE shal 
be in, harinonicat progression. 
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For BD isto DC as BA is to AC (VI. 9); and BE is 
to EC as BA isto AC (VI. A), Therefore BD is to DC 
as BE isto EC(V.11). Therefore BD is to BE as DC is 
to EC(V.16) ‘Thus of the three straight lines BD, BC, 
BE, the first is to the third as the excess of the second 
over the first is to the excess of the third over the second. 
Therefore BD, BC, BE are in harmonical progression, 


This result is sometimes expressed by saying that DE 
is divided harmonically at D and C. 


22—2 


EXERCISES IN EUCLID. 


I. 1to 15. 


1. On agiven straight line describe an isosceles tri- 
magic having each of the sides equal to a given straight 
inc. * 

2. In the figure of I. 2 if the diameter of the smaller 
circle is the radius of the larger, shew where the given 
point and the vertex of the constructed triangle will be 
situated. 

3. If two straight lines bisect each other at right an- 
gles, any point in eithér of them is equidistant from the 
extremities of the other. 

4. If the angles ABC and ACB at the base of an 
isosceles triangle be bisected by the straight lines BD, 
CD, shew that DBC will be an isosceles triangle. 

5. BAC is a triangle having the angle B double of the 
angle A. If BD bisects the angle B and meets AC at D, 
shew that BD is equal to AD. - 

6. In the figure of I. 5 if FC and BG meet at H 
shew that FH and GH are equal. 

7. In the figure of I. 5 if #C and BG meet at Z, 
shew that AH bisects the angle BAC. 

8. The sides AB, AD ofa quadrilateral ABCD are 
equal, and the diagonal AC bisects the angle BAD: shew 
that the sides CB and CD are equal, and that the diagonal 
AC bisects the angle BCD. 

9. ACB, ADB are two triangles on the same side o 
AB, such that AC is equal to BD, and AD is equal t 
BC, and AD and BC intersect at O: shew that the tri 
angle AOB is isosceles. 

10. ‘The opposite angles of a rhombus are equal. 
' 1l. A diagonal of a rhombus bisects each of the angles 
through which it passes. 
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12. If two isosceles triangles are on the same base the 
straight line joining their vertices, or that straight line 
produced, will bisect the base at right angles. 
= 13. Find a point in a given straight line such that its 
distances from two given points may be equal. 

14, ‘Through two given points on opposite sides of a 
given straight line draw two straight lines which shall meet 
in that given straight line, and include an angle bisected 
by that given straight line. 

15. A given angle BAC is bisected; if CA is produced 
to G and the angle BAG bisected, the two bisecting lines 
are at right angles. 

16. If four straight lines meet at a point so that the 
opposite angles are equal, these straight lines are two and 
two in the same straight line, 


I. 16 to 26. 


17. ABC is a triangle and the angle Æ is bisected by 
a straight line which meets BC at D; shew that BA is 
greater than BD, and CA greater than CD. 

18. In the figure of I. 17 shew that ABC and ACB 
are together less than two right angles, by joining A to any 
point in BC. 

19. ABCD is a quadrilateral ot which AD is the 
longest side and BC the shortest; shew that the angle 
ABC is greater than the angle ADC, and the angle BCD 
greater than the angle BAD. 

20. If a straight line be drawn through A one of the 
angular points of a square, cutting one of the opposite sides, 
and meeting the other produced at F, shew that AF is 
greater than the diagonal of the square. 

21, The perpendicular is the shortest straight line 
that can be drawn from a given point to a given straight 
line; and of others, that which is nearer to the perpen- 
dicular is less than the more remote; and two, and only 
two, equal straight lines can be drawn from the given point 
to the given straight line, one on each side of the perpen- 
dicular., 

22. The sum of the distances of any point from the 
three angles of a triangle is greater than half the sum of 
the sides of the triangle. 
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23. The four sides of any quadrilateral aro togethe 
greater than the two diagonals together. 
24. The two sides of a triangle are together greater 
than twice the straight line drawn from the vertex to the 
middle point of the base. 
25. If one angle of a triangle is equal to the sum of 
the other two, the triangle can be divided into two isosceles 
triangles, 
26. If the angle Cof a triangle is equal to tho sum 
of the angles A and B, the side AB is equal to twice the 
straight line joining C to the middle point of AB. 

27. Construct a triangle, having given the base, one oi 
the angles at the base, and the sum of the sides, 

28. The perpendiculars let fall on two sides of a tri 
angle from any point in the straight line bisecting the anglo 
between them are equal to each other. 

29. In a given straight line find a point such that the 
perpendiculars drawn from it to two given straight line 
shall be equal. 

30. Through a given point draw a straight line suck 
that the perpendiculars on it from two given points may be 
on opposite sides of it and equal to each other. 

31. A straight line bisects the angle 4 of a triangle) 
ABC; from Ba perpendicular is drawn to this bisecting 
straight line, meeting it at D, and BD is produced to meci 
AC or AC produced at #: shew that BY is equal to DE 

32. AB, AC are any two straight lines meeting at A 
through any point P draw a straight line meeting themat Z 
and F, such that AE may be equal to AF. 

33. Two right-angled triangles have their hypotenusei 
equal, and a side of one equal to a side of the other: shev 
that they are equal in all respects. 


I. 27 to 31. 


34. Any straight line parallel to the base of an iso 
sceles triangle makes equal angles with the sides. | 
35. If two straight lines A and B are respective 
parallel to two others C and D, shew that the inclination ¢ 
A to B is equal to that of C to D. 
36. A straight line is drawn terminated by two parallel 
straight linces; through its middle point any straight line i 
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drawn and terminated by the parallel straight lines. Shew 
that the second straight lineis bisected at the middle point 
of the first. 

37. If through any point equidistant from two parallel 
straight lines, two straight lines be drawn cutting the pa- 
rallel straight lines, they will intercept equal portions of 
these parallel straight lines. 

38. Ifthe straight line bisecting the exterior angle of 
a triangle be parallel to the base, shew that the triangle is 
isosceles, 

39. Find a point B in a given straight line CD, such 
that if 4B be drawn to B from a given point A, the angle 
ABC will be equal to a given angle. 

40. Ifa straight line be drawn bisecting one of the 
angles of a triangle to mect the opposite side, the straight 
lines drawn from the point of section parallel to the other 
sides, and terminated by these sides, will be equal. 

41. he side BC of a triangle ABC is produced to a 
point D; the angle ACB is bisected by the straight line 
CE which meets AB at E. A straight line is drawn 
through # parallel to BC, meeting AC at F, and the 
straight line bisecting the exterior angle ACD at G. Shew 
that LF is equal to FG. 

42, AB is the hypotenuse of a right-angled triangle 
ABC: find a point D in AB such that DB may be equal 
to the perpendicular from D on AC. 

43. ABC is an isosceles triangle: find points D, # in 
the equal sides AS, AC such that BD, DE, EC may all 
be equal. 

44, A straight line drawn at right angles to BC 
the base of an isosceles triangle ABC cuts the side AB at 
D and CA produced at Æ; shew that AED is an isosceles 
triangle. 


I. 39. 


45. From the extremities of the base of an isosceles 
iriangle straight lines are drawn perpendicular to the sides; 
shew that the angles made by them with the base are each 
equal to half the vertical angle. 

46. On the sides of any triangle ABC equilateral trê 
angles BOD, CAE, ABF are described, all external: shew 
that the straight lines AD, BE, CF are all equal, 
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47. What is the magnitude of an angle of a regular | 
octagon ? 

‘ 43%. Through two given points draw two straight lines 
forming with a straight line given in position an equilateral 
triangle. 

49. If the straight lines bisecting the angles at the 
base of an isosceles triangle be produced to meet, they will 
contain an angle equal to an exterior angle of the triangle. 

50. A is the vertex of an isosceles triangle ABC, and 
BA is produced to D, so that AD is equal to BA; and 
DC is drawn: shew that BCD is a right angle. 

51. ABC is a triangle, and the exterior angles at B 
and C’ are bisected by the straight lines 2D, CD respec- 
tively, meeting at D: shew that the angle BDC together 
with half the angle BAC make up a right angle. 

52. Shew that any angle of a triangle is obtuse, right, 
or acute, according as it is greater than, equal to, or less 
than the other two angles of the triangle taken together. 

53. Construct an isosceles triangle having the vertical 
angle four times each of the angles at the base. 

54, In the triangle ABC the side BC is bisected at Æ 
and 4B at G; AE is produced to 7 so that EF is equal 
to AE, and CG is produced to A so that GH is equal to 
CG: shew that FB and HB are in one straight line. 

55. Construct an isosceles triangle which shall have 
one-third of each angle at the base equal to half the vertical 
angle. 

56. AB, AC are two straight lines given in position: 
it is required to find in them two points P and Q, such 
that, PR being joined, AP and PQ may together be equal 
to a given straight line, and may contain an angle equal to 
a given angle. 

57. Straight lines are drawn through the extremities of 
the base of an isosceles triangle, making angles with it on 
the side remote from the vertex, each equal to one-third of 
one of the equal angles of the triangle and meeting the 
sides produced: shew that three of the triangles thus 
formed are isosceles. 

58. AEB, CED are two straight lines intersecting at 
E ; straight lines AC, DB are drawn forming two triangles 
ACE, BED; the angles ACE, DBE are bisected by the 
straight lines CF, BF, meeting at F. Shew that the angle 
CFB is equal to half the sum of the angles EAC, EDB. 

Y 
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59, The straight line joining the middle point of the 
hypotenuse of a right-angled triangle to the right angle is 
equal to half the hypotenuse. 

60. From the angle A of a triangle ABC a perpen- 
dicular is drawn to the opposite side, meeting it, produced 
if necessary, at D; from the angle Ba perpendicular is 
drawn to the opposite side, meeting it, produced if neces- 
sary, at Æ: shew that the straight lines which join D and 
E to the middle point of AB are equal. | 

61. From the angles at the base of a triangle perpen- 
diculars are drawn to the opposite sides, produced if neces- 
sary : shew that the straight line joining the points of inter- 
section will be bisected by a perpendicular drawn to it from 
the middle point of the base. 

62. In the figure of I. 1, if C and A be.the points of 
intersection of the circles, and AB be produced to meet 
one of the circles at A, shew that CHA is an equilateral 
triangle. 

63. The straight lines bisecting the angles at the base 
of an isosceles triangle mect the sides at D and Æ: shew 
that DF is parallel to the base. 

64. AB, AC are two given straight lines, and P is a 
given point in the former: it is required to draw through 
P a straight line to meet AC at Q, so that the angle APQ 
may be three times the angle AQP. 

65. Construct a right-angled triangle, having given the 
hypotentse and the sum of the sides. 

66. Construct a right-angled triangle, having given the 
hypotenuse and the difference of the sides. 

67. Construct a right-angled triangle, having given the 
hypotenuse and the perpendicular from the right angle 
on it. 

68. Construct a right-angled triangle, having given the 
perimeter and an angle. 

69. Trisect a right angle. 

70. Trisect a given finite straight line. 

71. From a given point it is required to draw to two 
parallel straight lines, two equal straight lines at right 
angles to each other. 

72. Describe a triangle of given perimeter, haying its 
angles equal to those of a given triangle. ~ 
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I. 33,34 


73. If a quadrilateral have two of its opposite sides) 
parallel, and the two others equal but not parallel, any twe 
of its opposite angles are together equal to two right 
angles. 

74. If a straight lino which joins the extremities of two) 
equal straight lines, not parallel, make the angles on th 
same side of it equal to cach other, the straight line which 
joins the other extremities will bo parallel to the first. 

75. No two straight lines drawn from the extremities? 
of the base of a triangle to the opposite sides can possibly 
bisect each other. 

76. Ifthe opposite sides of a quadrilateral are equal ii 
is 2 paraliclogram. Hi 

77. Ifthe opposite angles of a quadrilateral are equa 
it is a parallelogram. 

78. The diagonals of a parallelogram bisect each other 

79. If the diagonals of a quadrilateral bisect each other 
it is a parallelogram., 

80. If the straight line joining two opposite angles o! 
a parallelogram bisect the angles the four sides of the p 
rallelogram are equal. | 

81. Draw a straight line through a given point sucl 
that the part of it intercepted between two given parallel 
straight lines may be of given length. 

82. Straight lines bisecting two adjacent angles of í 
parallelogram intersect at right angles. 

83. Straight lines bisecting two opposite angles of í 
parallelogram are either parallel or coincident. 

84. If the diagonals of a parallelogram are equal all i 
angles are equal. 

85. Find a point such that the perpendiculars lct fall 
from it on two given straight lines shall be respectively 
equal to two given straight lines. How many such point 
are there? 

86. It is required to draw a straight line which shal 
be equal to one straight line and parallel to another, and b 
terminated by two given straight lines. 
, 87. On the sides AB, BC, and CD of a parallelograr 
ABCD three equilateral triangles are described, that o 
BC towards the same parts as the parallelogram, and thos 
on AB, CY towards the opposite parts: shew that 
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distances of tho vertices of the triangles on AB, CD from 
that on BC are respectively equal to the two diagonals of 
the parallelogram. 

88. Ifthe angle between two adjacent sides of a paral. 
lelogram be increased, while their lengths do not alter, tho 
diagonal through their point of intersection will diminish. 

89. A, B,C are three points in a straight line, such 
that 4B is equal to BC: shew that the sum of the perpen- 
diculars from A and C on any straight line which does not 
pass between A and C is double the perpendicular from B 
on the same straight line. 

90. If straight lines be drawn from the angles of any 
parallelogram perpendicular to any straight line which is 
outside the parallelogram, the sum of those from one pair 
of opposite angles is equal to the sum of those from the 
other pair of opposite angles. 

91. Ifa six-sided plane rectilineal figure have its op- 
posite sides equal and parallel, the three straight lines join- 
ing the opposite angles will meet at a point. 

92. AB, AC are two given straight lines; through a 
given point Æ between them it is required to draw a straight 
line GEH such that the intercepted portion GH shall be 
bisected at the point Æ. 

93. Inscribe a rhombus within a given parallelogram, 
so that one of the angular points of the rhombus may be at 
a given point ìn a side of the parallelogram. 

94. ABCD is a parallelogram, and £, F, the middle 
points of AV and BC rospectively ; shew that DE and DF 
will trisect the diagonal AC. 


I 35 to 45. 


95. ABCD is a quadrilateral having BC parallel to 
AD; shew that its area is the same as that of the parallelo- 
gram which can be formed by drawing through the middle 
point of DC a straight line parallel to AB. 

96. ABCD. is a quadrilateral having BC parallel to 
AD, E is the middle point of DC’; shew that the triangle 
AEB is half the quadrilateral. À 

97. Shew that any straight line passing through the 
middle point of the diameter of a parallelogram and termi- 
nated by two opposite sides, bisects tho parallelogram. 


— 
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98. Bisect a parallelogram by a straight line drawn 
through a given point within it. 

99. Construct a rhombus equal to a given parallelo- 
gram. 

100. If two triangles have two sides of the one equal 
to two sides of the other, each to each, and the sum of the 
two angles contained by these sides equal to two right an- 
gles, the triangles are equal in area. 

101. A straight line is drawn bisecting a parallelogram 
ABCD and meeting AD at E and BC at F: shew that 
the triangles EBF and CED are equal. 

102. Shew that the four triangles into which a paral- 
lelogram is divided by its diagonals are equal in area. 

103. Two straight lines AB and CD intersect at Æ, 
and tho triangle AEC is equal to the triangle BED: shew 
that BC is parallel to AD. 

104. ABCD isa parallelogram; from any point P in 
the diagonal ZD the straight lines PA, PC are drawn. 
Shew that the triangles PAB and PCB are equal. 

105. If a triangle is described having two of its sides 
equal to the diagonals of any quadrilateral, and the in- 
cluded angle equal to either of the angles between these 
diagonals, then the area of the triangle is equal to the area 
of the quadrilateral. 

106. The straight linc which joins the middle points of 
two sides of any triangle is parallel to the base. 

107. Straight lines joining the middle points of ad- 
jacent sides of a quadrilateral form a parallelogram. 

108. D, E are the middle points of the sides AB, AC 
of a triangle, and CD, BE intersect at F: shew that the 
triangle BFC is equal to the quadrilateral A DFE. 

109. The straight line which bisects two sides of any 
triangle is half the base. 

110. In the base AC of a triangle take any point D; 
bisect AD, DC, AB, BC at the points £, F, G, H respec- 
tively: shew that ZG is equal and parallel to 777. 

111. Given the middle points of the sides of a triangle, 
construct the triangle. 

112, If the middle points of any two sides of a triangle 
be joined, the triangle so cut off is one quarter of the whole. 

113. The sides AB, AC of a given triangle ABC are 
bisected at the points Æ, F; a perpendicular is drawn from 
A to the opposite side, meeting it at D. Shew that tho 
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angle FDE is equal to the angle BAC. Shew also that 
AFDE is half the triangle ABC. 

114. Two triangles of equal area stand on the same 
base and on opposite sides: shew that the straight line 
joining their vertices is bisected by the base or the base 
produced. 

115. Three parallelograms which are equal in all re- 
spects are placed with their equal bases in the same straight 
line and contiguous; the extremities of the base of the first 
are joined with the extremities of tho side opposite to the 
base of the third, towards the same parts: shew that the 
portion of the new parallelogram cut off by the second is 
one half the area of any one of them. 

116. ABCD is a parallelogram ; from D draw any 
straight line DFG mecting BC at F and AB produced at 
G; draw AF and CG: shew that the triangles ABF, 
CFG are equal. 

117. ABC isa given triangle: construct a triangle of 
equal area, having for its base a given straight line AD, 
coinciding in position with 42. 

. 11& ABC isa given triangle: construct a triangle of 
‘equal area, having its vertex at a given point in BC and its 
‘base in the same straight line as AB. 

— 119. ABCD is a given quadrilateral: construct ano- 
ther quadrilateral of equal area having AB for one side, 
and for another a straight line drawn through agiven point 
in CD parallel to 4B. 

120. ABCD is a quadrilateral: construct a trianglo 
whose base shall be in the same straight line as A B, vertex 
at a given point P in CD, and area equal to that of the 
given quadrilateral. 

121. ABC is a given triangle: construct a triangle of 
equal area, having its base in the same straight line as 4B, 
and its vertex in a given straight line parallel to AB. 

122. Bisect a given triangle by a straight line drawn 
through a given pointin a side. 

123. Bisect a given quadrilateral by a straight line 
drawn through a given angular point. 

124. If through the point O within a parallelogram 
ABCD two straight lines are drawn parallel to the sides, 
and the parallelograms OB and OD are equal, the point O 
is in the diagonal AC. 
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I. 46 to 48. 


125. On the sides AC, BC of a triangle ABC, squares | 
ACDE, BCFH are described: shew that the straight 
lines AF and BD are equal. 

126. The square on the side subtending an acuto an- 
gle of a triangle is less than the squares on the sides 
containing the acute angle. 

127. The square on the side subtending an obtuse an- 
gle of a triangle is greater than tho squares on the sides” 
containing the obtuse angle, 

128. If tho square on one side of a triangle be less” 
than the squares on the other two sides, the angle contained” 
by these sides is an acute angle; if greater, an obtuso 
angle. D 
“199. A straight line is drawn parallel to the hypotenuse 
of a right-angled triangle, and each of the acute angles is” 
joined with the points where this straight line intersects” 
the sides respectively opposite to them: shew that tho” 
squares on the joining straight lines are together equal to” 
tho pum on the hypotenuse and the square on the sio 
line drawn parallel to it. 

130. If any point P be joined to A, B, O, D, the an 
gular points of a rectangle, the squares on PA and PC ar 
together equal to the squares on PB and PD. 

131. Ina right-angled triangle if the square on one o 
the sides containing the right angle be three times th 
Bquare on the other, and from the right angle two straight 
lines be drawn, one to bisect the opposite side, and th 
other perpendicular to that side, these straight lines divid 
the right angle into three equal parts. 

132. If ABC be a triangle whose angle A is a righ 
angle, and BH, CF be drawn bisecting the opposite side 
respectively, shew that four times the sum of the square 
on BE and CF is equal to five times the square on BC. 

133. On the hypotenuse BOC, and the sides CA, AB o 
p right-angled triangle ABC, squares BDEC, AF, an 
AG are described: shew that the squares on DG and E 
are together equal to five times the square on BC. 
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II. 1 to 11. 


134. A straight line is divided into two parts; shew 
that if twice the rectangle of the parts is equal to the sum 
of the squares described on the parts, the straight line is 
bisected. 

135. Divide a given straight line into two parts such 
that ES rectangle contained by them shall be the greatest 
possible. 

136. Construct a rectangle equal to the difference of 
two given squares. 

137. Divide a given straight line into two parts such 
that the sum of tho squares on the two parts may be the 
least possible. 

138. Shew that the square on the sum of two straight 
lines together with the square on their difference is double 
the squares on the two straight lines. 

139. Divide a given straight line into two parts such 
that the sum of their squares shall be equal to a given 
square. 

140. Divide a given straight line into two parts such 
that the square on one of them may be double the square 
on the other. 

141. In the figure of II. 11 if CH be produced to meet 
BF at L, shew that CL is at right angles to BF. 

142, In the figure of II. 11 if BE and CH mect at O, 
shew that AO is at right angles to CZ, 

143. Shew that in a straight line divided as in II. 11 
the rectangle contained by the sum and difference of the 
parts is equal to the rectangle contained by the parts, 


II. 12 to 14, 


144. The square on the base of an isosceles triangle is 
equal to twice the rectangle contained by either side and 
by the straight line intercepted between the perpendicular 
let fall on it from the opposite angle and the extremity of 
the base. 

145. In any triangle the sum of the squares on the 
sides is equal to twice the square on half the base together 
with twice the square on the straight line drawn from tho 
vertex to the middle point of tho base. 
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146. ABC isa triangle having the sides AB and A 
equal; if AB is produced beyond the base to D so that 
BD is equal to AB, shew that the square on CD is equal 
to - square on AB, together with twico the square 
on BC. 


147. The sum of the squares on the sides of à paral- 7 


lelogram is equal to the sum of tho squares on tho 
diagonals. 

148. The base of a triangle is given and is bisected by 
the centre of a given circle: if the vertex be at any point 


of the circumference, shew that the sum of the squares on © 


the two sides of the triangle is invariable. 

149. In any quadrilateral the squares on the diagonals 
are together mel to twice the sum of the squares on the 
straight lines joining the middle points of opposite sides. 


150. Ifa circle be deseribed round the point of inter- 7 


section of the diameters of a parallelogram as a centre, 
shew that tho sum of the squares on the straight lines 
drawn from any point in its circumference to the four an- 
gular points of the parallelogram is constant. 

151. The squares on the sides of a quadrilateral are 
together greater than the squares on its diagonals by four 


times the square on tho straight line joining the middle © 


points of its diagonals. 

152. In AZ the diameter of a circle take two points C 
and D equally distant from the centre, and from any point 
E in the circumference draw EC, ED: shew that the 
squares on EC and ED are together equal to tho squares 
on AC and AD. 

153. In BC the base of a triangle take D such that 
the squares on AB and BD are together equal to the 
squares on AC’ and CD, then the middle point of AD will 
be equally distant from B and C. 

154. The square on any straight line drawn from the 
vertex of an isosceles triangle to the base is less than the 
square on a side of the triangle by the reetangle contained 
by the segments of the base. 

155. A square BDEC is described on the hypotenuse 
BC of a right-angled triangle ABC: shew that the squares 
on DA and AC are together equal to the squares on ZA 
and AZ. 

156. ABC is a triangle in which C is a right angle, 
aud DE is drawn from a point D in AC perpendicular to 
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AB: shew that the rectangle AB, ALF is equal to tho 
rectangle AC, AD. 
157. Ifa straight line be drawn through one of the 
angles of an equilateral triangle to meet the opposite side 
produced, so that the rectangle contained by the whole 
straight line thus produced and the part of it produced is 
equal to the square on the side of the triangle, shew that 
the square on the straight line so drawn will be double the 
square on a side of the triangle. 

158. Ina triangle whose vertical angle is a right angle 
a straight lino is drawn from the vertex perpendicular 
to the base: shew that the square on this perpendicular is 
gral to the rectangle contained by the segments of the 

ase. 

159. Inatriangle whose vertical angle is a right angle 
a straight line is drawn from the vertex perpendicular to 
the base: shew that the square on either of the sides adja- 
cent to the right angle is equal to the rectangle contained 
by the base and the segment of it adjacent to that side. 

160. Ina triangle ABC the angles B and C are acute: 
if Æ and F be the points where perpendiculars from tho 
opposite angles meet the sides AC, AB, shew that the 
square on BC is equal to the rectangle 4 B, BF, together 
with the rectangle AC, CE. 
161, Divide a given straight line into two parts so that 
the rectangle contained by them may be equal to the square 
described on a given straight line which is less than half 
the straight line to be divided. 

























III. 1to 15. 


162. Describe a circle with a given centro cutting a 
given circle at the extremities of a diameter, 

163. Shew that the straight lines drawn at right angles 
to the sides of a quadrilateral inscribed in a circle from 
their middle points intersect at a fixed point. 

164. If two circles cut each other, any two parallel 
straight lines drawn through the points of section to cut 
the circles are equal. | 
165. Two circles whose centres are A and # intersect 
t C; through C two chords DCE and FCG are drawn 
qually inclined to AB and termimated by the circles; 
ew that DE and FG are equal. 
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166. Through either of the points of intersection « 
two given circles draw the greatest possible straight lin 
terminated both ways by the two circumferences. 

167. If from any point in the diameter of a circel 
straight lines are drawn to the extremities of a paralle 
chord, the squares on these straight lines are together equa 
to the squares on the segments into which the diameter i 
divided. 

168. A and B are two fixed points without a circl 
PQ; it is required to find a point P in the circumfer 
ence, so that the sum of the squares described on AP and 
BP may be the least possible. 

169. If in any two given cirċles which touch one an 
other, there be drawn two parallel diameters, an extremity 
of cach diameter, and the point of contact, shall lie in th 
same straight line. 

170. A circle is described on the radius of anothe! 
circle as diameter, and two chords of the larger circle ar 
drawn, one through the centre of the less at right angles t« 
the common diameter, and the other at right angles to the 
first through the point where it cuts the less cirele. She 
that these two chords have the segments of the one equa 
to the segments of the other, each to each. 

171. Through a given point within a circle draw the 
shortest chord. 

172. O is the centre of a circle, P is any point in it 
circumference, PN a perpendicular on a fixed diameter 
shew that the straight line which bisects the angle OPA 
always passes through one or the other of two fixed points 

173. Three circles touch one another externally at thi 
points A, B, C; from A, the straight lines AB, AC ar 
produced to cut the circle BC at D and Æ: shew that DJ 
is a diameter of BC, and is parallel to the straight lin 
joining the centres of the other circles. 

174. Circles are deseribed on the sides of a quad 
lateral as diameters: shew that the common chord of an 
adjacent two is parallel to the common chord of the othe 
two. 

175. Describe a circle which shall touch a given cirel 
have its centre in a given straight line, and pass through : 
given point in the given straight line. 
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III. 16 to 19. 


176. Shew that two tangents can be drawn to a circle 

E" E given external point, and that they are of equal 
ength. 
- 177. Draw parallel to a given straight line a straight 
line to touch a given circle. 

178. Draw M to a given straight line a 
straight line to touch a given circle. 

179. Inthe diameter of a circle produced, determine 
a point so that the tangent drawn from it to the circum- 
ference shall be of given length. 

180. Two circles have the same centre: shew that all 
chords of the outer circle which touch the inner circle are 
equal. A 

181, Through a given point draw a straight line so that 
the part intercepted by the circumference of a given circle 
shall be equal to a given straight line not greater than the 
diameter. 

182. Two tangents are drawn to a circle at the oppo- 
site extremities of a diameter, and cut off from a third 
tangent a portion AB: if C be the centre of the circle 
shew that ACB is a right angle. 

183. Describe a circle that shall have a given radius 
and touch a given circle and a given straight line. 

184. A circle is drawn to touch a given circle and a 
given straight line. Shew that the points of contact are 
always in the same straight line with a fixed point in the 
circumference of the given circle. 

185. Draw a straight line to touch each of two given 
eircles, 

186. Draw a straight line to touch one given circle so 
that the part of it contained by another given circle shall 
be equal to a given straight line not greater than the dia- 
meter of the latter circle. 

187. Draw a straight line cutting two given circles so 
that the chords intercepted within the circles shall have 
given lengths. 

188. A quadrilateral is described so that its sides 
touch a circle: shew that two of its sides are together 
equal to the other two sides. 

189. Shew that no parallelogram cau be described 
about a circle except a rhombus, 

23—2 
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190. ABD, ACE are two straight lines touching : 
circle at B and C, and if DE be joined DE is equal to BD 
and CE together: shew that DE touches tho circle. 

191. If a quadrilateral be described about a circle th 
angles subtended at the centre of the circle by any twe 
opposite sides of the figure aro together equal to twa 
right angles. 

192. ‘Two radii of a circle at right angles to each other 
when produced are cut by a straight line which touches the 
circle: shew that the tangents drawn from the points of? 
section are parallel to each other. 

193. A straight line is drawn touching two circles: 
shew that the chords are parallel which join the points of 
contact and the points where the straight line through the 
centres meets the circumferences, 

194. If two circles can be described so that each 
touches the other and three of the sides of a quadrilateral 
figure, then the difference between the sums of the opposite 
sides is double the common tangent drawn across the quad. 
rilateral. 

195. AB is the diameter and C the centre of a semi- 
circle: shew that O the centre of any circle inscribed in 
the semicircle is equidistant from C and from the tangent 
to the semicircle parallel to AB. 

196. If from any point without a circle straight line 
be drawn touching it, the angle contained by the tangent: 
is double the angle contained by the straight line joining 
the points of contact and the diameter drawn through on 
of them. 

197. A quadrilateral is bounded by the diameter of 2 
circle, the tangents at its extremities, and a third tangent 
ghew that its area 1s equal to half that of the rectangle con- 
tained by the diameter and the side opposite to it. 

198. Ifa quadrilateral, having two of its sides parallel. 
be described about a circle, a straight line drawn through 
the centre of the circle, parallel to either of the two paral 
lel sides, and terminated by the other two sides, shall hc 
equal to a fourth part of the perimeter of the figure. 

199. A serics of cjrcles touch a fixed straight line a 
a fixed point: shew that the tangents at the points where 
they cut a parallel fixed straight line all touch a fixed circle 

200. Of all straight lines which can be drawn from two 
given points to mect in the convex circumference of ay 


zu — — 
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given circle, the sum of the two is least which make equal 
angles with the tangent at the point of concourse. 
201. C is the centre of a given circle, CA a radius, B 
a point on a radius at right angles to CA ;-join AB and 
produce it to meet the circle again at D, and let the tan- 
gent at D meet CB produced at E: shew that BDE is an 
isosceles triangle. 2 
202. Let the diameter BA of a circle be produced to 
P, so that AP equals the radius; through A draw the 
tangent AED, and from P draw PEC touching the circle 
at C and meeting the former tangent at E; join 2C and 
roduce it to meet AED at D; then will the triangle 
EC be equilateral. 


III. 20 to 22. 


203. Two tangents AB, AC are drawn to a circle; 
D is any point on the circumference outside of the triangle 
ABC: shew that the sum of the angles 4 BD and ACD 

is constant. 
| 204. P, Q are any points in the circumferences of two 
segments described on the same straight line AB, and on 
the same side of it; the angles PAQ, PBR are bisected 
by the straight lines 4R, BR meeting at &: shew that the 
angle AEB is constant, 

205. Two segments of a circle are on the same base 
AB, and Pis any point in the circumference of one of the 
segments; the straight lines APD, BPC are drawn meet- 
ing the circumference of the other segment at D and C; 
AC and BD are drawn intersecting at Q. Shew that the 
angle AQB is constant. 

206. APB isa fixed chord passing through P a point 
of intersection of two circles AQP, PBR; and QPR is 
any other chord of the circles passing through P: shew 
that AQ and RB when produced meet at a constant 
angle. 

207. AOB is a triangle; C and D are points in BO 
and AO respectively, such that the angle ODC is equal to 
the angle OBA: shew that a circle may be described 
round the quadrilateral 4 BCD. 
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208. .ABCD is a quadrilateral inscribed in a circle, a 
the sides AB, CD when produced meet at O; shew tha 
the triangles AOC, BOD are equiangular. 

209. Shew that no parallelogram except a rectangl 
can be inscribed in a circle. 

210. <A triangle is inscribed in a circle: show that the 
sum of tho angles in the three segments exterior to tho 
triangle is equal to four right angles. 

211. <A quadrilateral is inscribed in a circle: shew 
that the sum of the angles in the four segments of the cirelo 
exterior to the quadrilateral is equal to six right angles. 

212. Divide a circle into two parts so that the angle 
contained in one segment shall be equal to twice the angle 
contained in the other. 

213. Divide a circle into two parts so that the angle 
contained in one segment shall be equal to five times tho 
angle contained in the other. 

214. If the angle eontained by any side of a quadri- 
lateral and the adjacent side produced, be equal to the 
opposite angle of the quadrilateral, shew that any side of 
the quadrilateral will subtend equal angles at the opposite 
angles of the quadrilateral. 

215. If any two consecutive sides of a hexagon inscribed 
in a circle be respectively parallel to their opposite sides, 
the remaining sides are parallel to cach other. 

216. A, B, C, D arc four points taken in order on the 
circumference of a circlo; the straight lines AB, CD pro- 
duced intersect at P, and AD, BC at Q: shew that the 
straight lines which respectively bisect the angles APC, 
AQC are perpendicular to each other. 

217. Ifa quadrilateral be inscribed in a circle, and a 

straight line be drawn making equal angles with one pair 
of opposite sides, it will make equal angles with the other 
jair. 
218. A quadrilateral can have one circle inscribed in 
it and another circumscribed about it: shew that the 
straight lines joining the opposite points of contact of the 
inscribed circle are perpendicular to each other. 


III. 23 to 30. 


219. The straight lines joining the extremities of the 
chords of two equal arcs of a circle, towards the same parts 
are parallel to each other, 
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920. The straight lines in a circle which join the ex- 
tremities of two parallel chords are equal to cach other. 

221. ARB is a common chord of two circles; through C 
any point of one circumference straight lines CAD, CBE 
are drawn terminated by the other circumference: shew 
that the arc DÆ is invariable. 

222. ‘Through a point C in the circumference of a circle 
two straight lines ACB, DCE are drawn cutting the circle 
at Band E: shew that the straight line which bisects the 
angles ACE, DCB meets the circle at a point equidistant 
from 2 and £. 

223. The straight lines bisecting any angle of a quadri- 
lateral inscribed in a circle and the opposite exterior angle, 
meet in the circumference of the circle. 

224. AB is a diameter of a circle, and D is a given 
point on the circumference, such that the arc DB is less 
than half the are DA: draw a chord DE on one side of 
A.B so that the arc ZA may be three times the arc BD. 

225. From A and B two of the angular points of a 
triangle ABC, straight lines are drawn so as to meet the 
opposite sides at P and Q in given equal angles: shew 
that the straight line joining P and Q will be of the samo 
length in all triangles on the samo base AB, and having 
vertical angles equal to C. 

226. lIftwo equal circles cut each other, and if through 
one of the points of intersection a straight line be drawn 
terminated by the circles, the straight lines joining its 
extremities with the other point of intersection are equal. 

227, OA, OB, OC are three chords of a circle; the 
angle AOB is equal to the angle BOC, and OA is nearer 
to the centre than OB. From Ø a perpendicular is drawn 
on OA, meeting it at P, and a perpendicular on OC pro- 
duced, meeting it at Q: shew that AP is equal to CQ. 

228. AB is a given finite straight line; through 
A two indefinite straight lines are drawn equally inclined 
to AB; any circle passing through Æ and Æ meets these 
straight lines at Z and M. Shew that if AB be between 
AL and AM the sum of AZ and AJ is constant; if AB 
be not between AZ and AM the difference of AZ and AM 
is constant. 

229. AOB and COD are diameters of a circle at right 
angles to each other; Z is a point in the arc AC, and 
EFG is a chord meeting COD at F, and drawn in such a 
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direction that ZF is equal to the radius. Shew that the 
arc BG is equal to three times the are AF. 

230. The straight lines which bisect the vertical angles 
of all triangles on the same base and on the same side of 
it, and having equal vertical angles, all intersect at the 
same point. 

231. If two circles touch each other internally, any 
chord of the greater circle which touches the less shall 
be divided at the point of its contact into segments which 
zum equal angles at the point of contact of the two 
circles, 


TII. er 


232. Right-angled triangles are described on the samo 
hypotenuse: shew that the angular points opposite the 7 
hypotenuse all lie on a circle described on the hypotenuse 
as diameter. 

233. The circles described on the equal sides of an 
isosceles triangle as diameters, will intersect at the middle 
point of the base. 

234. The greatest rectangle which can be inscribed in 
a circle is a square. 

235. The hypotenuse AB of a right-angled triangle 
ABC is bisected at D, and EDF is drawn at right angles 
to AB, and DE and DF are cut off cach equal to DA; 
CE and CF are joined: shew that the last two straight 
lines will bisect the angle C and its supplement respec- 7 
tively. 

236. On the side AB of any triangle A BC as diameter 
a circle.is described; HF is a diameter parallel to BC; 
shew that the straight lines 2B and FB bisect the interior 
and exterior angles at B. 

237. If AD, CE be drawn perpendicular to the sides 
BC, AB of a triangle ABC, and DE be joined, shew that 
the angles A DE and ACE are equal to each other. 

238. If two circles ABC, ABD intersect at A and B, 
and AC, AD be two diameters, shew that the straight 
line CD will pass through B. 

239. If O be the centre of a circle and OA a radius 
and a circle be described on OA as diameter, the circum- 
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ference of this circle will bisect any chord drawn through 
it from 4 to meet the exterior circle. 

240. Describe a circle touching a given straight line at 
a given point, such that the tangents drawn to it from two 
given points in the straight line may be parallel. 

241. Describe a circle with a given radius touching a 
given straight line, such that the tangents drawn to it 
from two given points in the straight line may be parallel. 


242. If from the angles at the base of any triangle 
perpendiculars are drawn to the opposite sides, produced 
if necessary, the straight line joining the points of inter- 
section will be bisected by a perpendicular drawn to it from 
the centre of the base. 

243. AD isa diameter of a circle; B and Care points 
on the circumference on the same side of AD; a perpen- 
dicular from D on BC produced through C, meets it at Z: 
shew that the square on 4D is greater than the sum of the 
squares on 4B, BC, CD, by twice the rectangle BC, CL. 


244. AÁB is the diameter of a semicircle, P is a point 
on the circumference, PM is perpendicular to ABD; on 
AM, BM as diameters two semicircles are described, and 
AP, BP meet these latter circumferences at Q, 2: shew 
that QE will be a common tangent to them. 


245. AB, AC are two straight lines, B and C are given 
points in the same; BD is drawn perpendicular to AC, 
_and DE£ perpendicular to AZ; in like manner CF is drawn 
| perpendicular to AB, and FG to AC. Shew that EG is 
| parallel to BC. 

246. Two circles intersect at the points 4 and B, from 
which are drawn chords to a point Cin one of the circum- 
ferences, and these chords, produced if necessary, cut the 
| other circumference at D and Æ: shew that the straight 
line DE cuts at right angles that diameter of the circle 
ABC which passes through C. 

247. If squares be described on the sides and hy- 
potenuse of a right-angled triangle, the straight line joining 
the intersection of the diagonals of the latter square with 
the right angle is perpendicular to the straight line joining 
the intersections of the diagonals of the two former. 

248. C is the centre of a given circle, CA a straight 
| line less than the radius; find the point of the circum- 
-ference at which CA subtends the greatest angle. 
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249. AB is the diameter of a semicircle, D and E are 
any two points in its circumference. Shew that if the 
chords joining A and B with D and Æ cach way intersect 
at Fand G, then FG produced is at right angles to AB. 


250. Two equal circles touch one another externally, 
and through the point of contact chords are drawn, ono 
to each circle, at right angles to each other: shew that 
the straight line joining the other extremities of these 
chords is equal and parallel to the straight line joining tho 
centres of the circles. 


251. A circle is described on the shorter diagonal of a 
rhombus as a diameter, and cuts the sides; and the points 
of intersection are joined crosswise with the extremities of 
that diagonal: shew that the parallelogram thus formed 
is a rhombus with angles equal to those of the first. 


252. If two chords of a circle meet at a right angle - 
within or without a circle, the squares on their segments 
are together equal to the squares on the diameter. 


III. 32 to 34. 


253. B is a point in the circumference of a circle, whose 
centre is C; PA, a tangent at any point P, meets CB 
produced at A, and PP is drawn perpendicular to CB: 
shew that the straight line PB bisects the angle APD. 


254. If two circles touch each other, any straight line 
drawn through the point of contact will cut off similar seg- 
ments. 


255. AB is any chord, and AD is a tangent to a circle 
at A. DPQ is any straight line parallel to AB, meeting 
the circumference at P and Q. Shew that the triangle 
PAD is equiangular to the triangle QA B. 

256. Two circles ABDH, ABG, intersect each othe 
at the points A, B; from B a straight line BD is drawn in 
the one to touch the other; and from A any chord wha 
ever is drawn cutting the circles at G and H: shew tha 
BG is parallel to DH. 

. 257. Two circles intersect at A and B. At A th 
tangents AC, AD are drawn to each circle and terminate 


" 
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by the circumference of the other. If CB, BD be joined, 
shew that 4B or AB produced, if necessary, bisects the 
angle CBD. 

258. Two circles intersect at Æ and B, and through 
P any point in the circumference of one of them the 
chords PA and PB are drawn to cut the other circle at 
Cand D: shew that CD is parallel to the tangent at P. 


259. If from any point in the circumference of a circle 
a chord and tangent be drawn, the perpendiculars dropped 
on them from the middle point of the subtended are are 
equal to one another. 


260. AZ is any chord of a circle, P any point on the 
circumference of the circle; P is a perpendicular on AB 
and is produced to meet the circle at Q; and AN is drawn 
perpendicular to the tangent at P: shew that the triangle 
NAM is equiangular to the triangle PAQ. 


261. Two diameters AOB, COD of a circle are at 
right angles to each other; P is a point in the circum- 
ference; the tangent at P meets COD produced at Q, 
and AP, BP meet the same line at R, S respectively: 
shew that 2Q is equal to SQ 

262. Construct a triangle, having given the base, the 
'vertical angle, and tbe point in the base on which the per- 
pendicular falls. 

963. Construct a triangle, having given the base, the 
vertical angle, and the altitude. 

264, Construct a triangle, having given the base, the 
vertical angle, and the length of the straight line drawn 
from the vertex to the middle point of the base. 


265. Having given the base and the vertical angle of a 
triangle, shew that the triangle will be greatest when it is 
isosceles. 

266. From a given point A without a circle whose 
centre is O draw a straight line cutting the circle at the 
points B and C, so that the area BOC may be the greatest 

ossible. 
F 267. Two straight lines containing a constant angle 
always pass through two fixed points, their position being 
otherwise unrestricted: shew that the straight line bisect- 
ing the angle always passes through one or other of two 
fixed points. 4 
268. Given one angle of a triangle, the side opposite 
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it, and the sum of the other two sides, construct the 
triangle. 


III. 35 to 37. 


269. If two circles cut one another, the tangents drawn 
to the two circles from any point in the common chord 
produced are equal. 


270. Two circles intersect at A and B: shew that AB 
produced bisects their common tangent. 


271. If AD, CE are drawn perpendicular to the sides 
BC, AB of a triangle ABC, shew that the rectangle con- 
tained by BC and BD is equal to the rectangle contained 
by BA and BE. 


272. If through any point in the common chord of two” 
circles which intersect one another, thero be drawn any two 
other chords, one in each circle, their four extremities shall 
all lie in the circumference of a circle. 


273. From a given point as centre describe a circle 
cutting a given straight line in two points, so that the rect- 
angle contained by their distances from a fixed point in the 
straight line may be equal to a given square. ? 

274. Two circles ABCD, EBCF, having the common 
tangents AE and DF, cut one another at 2B and C, andy 
the chord BC is produced to cut the tangents at G and 77; 
shew that the square on G/{ exceeds the square on AZ o 
DF by the square on BC. 


275. A series of circles intersect cach other, and are 
such that the tangents to them from a fixed point are 
equal: shew that the straight lines joining the two points] 
of intersection of cach pair will pass through this point. 

276. ABCisaright-angled triangle ; from any point? 
D in the hypotenuse BC a straight line is drawn at right 
angles to BC, meeting CA at E and BA produced at F: 
shew that the square on DF is equal to the difference o: 
the rectangles BD, DC and AF, EC; and that the square 
on DF is equal to the sum of tho rectangles BD, DC and 
AF, FB. 

277. It is required to find a point in the straight line? 
which touches a circle at the end of a given diameter, such 
that when a straight line is drawn from this point to the 
other extremity of the diameter, the rectangle containec 
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by the part of it without the circle and the part within tho 
circle may be equal toa given square not greater than that 
on tho diameter. 


IV. 1 to 4. 


978. In IV. 3 shew that tho straight lincs drawn 
through A and ZB to touch the cirele will meet. 

279. In IV. 4 shew that the straight lines which bisect 
the angles B and C will meet. 

280. In IV.-4 show that the straight line DA will 
bisect the angle at A. 

281. If the circle inscribed in a triangle ABC touch 
the sides AB, AC at the points D, E, and a straight line 
bo drawn from A to the centre of the circle meeting the 
circumference at G, shew that the point G is the centre of 
the circle inscribed in the triangle ADE. 

282. Shew that the straight lines joining tho centres of 
the circles touching one sidc of a triangle and the others 
produced, pass through the angular points of the triangle. 

283. A circle touches the side BC of a triangle ABO 
ond the other two sides produced: shew that the distance 
between the points of contact of the side BC with this 
circle and with the inscribed circle, is equal to the differ- 
ence between the sides AB and AC. 

284. A circle is inscribed in a triangle ABC, and a 
triangle is cut off at each angle by a tangent to the circle. 
Shew that the sides of the three triangles so cut off are 
together equal to the sides of ABC. 

285. Dis the centre of the circle inscribed in a tri- 
angle BAC, and AD is produced to meet the straight line 
drawn through B at right angles to BD at Q: shew that O 
is the centre of the circle which touches the side BC and 
the sides AB, AC produced. 

286. Three circles are described, each of which touches 
one side of a triangle ABC, and the other two sides pro- 
duced. If D be the point of contact of the side 2C, E that 
of AC, and F that of AB, shew that 4E is equal to BD, 
AF to CE, and CD to AF. 

287. Describe a circle which shall touch a given circle 
and two given straight lines which themselves touch the 
‘given circlo. 
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988. If the three points be joined in which the circlo 
inscribed in a triangle mects the sides, shew that the ree 
sulting triangle is acute angled. 3 

289. Two opposite sides of a quadrilateral aro toge- 
ther equal to the other two, and each of tho angles is less 
than two right angles. Shew that a circle can bo inscribed 
in the quadrilateral. 

290. Two circles ZPL, KPM, that touch each other 
externally, have the common tangents 77K, LM ; HL and 
KM being joined, shew that a cirelo may be inscribed in 
tho quadrilateral AEM ZL. 

291. Straight lines are drawn from the angles of a 
triangle to the centres of the opposite eseribed circles: 
shew that these straight lines intersect at the centre of the 
inscribed cirele. 

292. Two sides of a triangle whose perimeter is con- 
stant aro given in position: shew that the third side 
always touches a certain circle. 

293. Given the base, the vertical] angle, and the radius 
of the inscribed circle of a triangle, construct it. 


IV. 5 to 9. 


294. In IV. 5 shew that the perpendicular from F on 
BC will bisect BC. 

295. If DE be drawn parallel to the base BC of a 
triangle ABC, shew that the circles described about the 
triangles 4 BC and A DE have a common tangent. 

296. If the inscribed and circumscribed circles of a 
triangle be concentric, shew that the triangle must be 
equilateral. 

297. Shew that if the straight line joining the centres 
of the inscribed and circumscribed circles of a triangle 
passes through one of its angular points, the triangle is 
isosceles. 

298. The common chord of two circles is produced to 
any point P; PA touches one of the circles at A, PBC is 
any chord of the other. Shew that the circle which passes 
through A, #8, and C touches the circle to which 274 is 
a tangent. 

299. A quadrilateral ABCD is inscribed in a circle, 
and AD, BC are produced to meet at Æ: shew that the 
circle described about the triangle HCD will have the 
tangent at Æ parallel to AB. 
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300. Describe a circle which shall touch a given straight 
line, and pass through two given points. 


301. Describe a circle which shall pass through two 
given points and cut off from a given straight line a chord 
of given length. 


302. Describe a circle which shall have its centre ina 
given straight lino, and eut off from two given straight 
lines chords of equal given length. 

303. Two triangles have equal bases and equal vertical 
angles: shew that the radius of the circumscribing circle 
of one triangle is equal to that of the other. 


301. Describe a circle which shall pass through two 
given points, so that the tangent drawn to it from another 
given point may be of a given length. 

305. C is the centre of a circle; CA, CB are two 
radii at right angles; from B any chord BP? is drawn 
mutting CA at N: a circle being described round ANP, 
shew that it will be touched by BA. 
| 306. AB and CD are parallel straight lines, and the 
straight lines which join their extremities intersect at Æ: 
shew that the circles described round the triangles ABE, 
CDE touch one another. 


307. Find the centre ofa circle cutting off three equal 
'ehords from the sides of a triangle. 


308. If O be the centre of the circle inscribed in the 
triangle ABC, and AO be produced to meet the cireum- 
scribed circle at F, shew that FB, FO, and FC are all 
equal. 

E 309. The opposite sides of a quadrilateral inscribed in 
a circle are produced to meet at P and Q, and about the 
triangles so formed without the quadrilateral, circles are 
described meeting again at A: shew that P, R, Q are in 
one straight line. 

310. The angle ACB of any triangle is bisected, and 
the base AB is bisected at right angles, by straight lines 
which intersect at D: shew that the angles ACB, ADB 
‘are together equal to two right angles. 

311. ACDB is a semicircle, AB being the diameter, 
and the two chords AD, BC intersect at E: shew that if 
'& circle be described round CD Z it will cut the former at 
right angles. 
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312, The diagonals of a given quadrilateral ABC 
intersect at O: shew that the centres of tho circles do- 
scribed about the triangles 0.432, OBC, OCD, ODA, will 
lie in the angular points of a pa: allelogram. i 


313. <A circle is described round the triangle ABC; 
the tangent at C mects AB produced at 2D; the circle 
whose centre is D and radius DC cuts AB at E: shew 
that ÆC bisects the angle ACB. 


314. AB, AC are two straight lines given in position; 
BC is a straight linc of given length ; D, Æ are the middlo 
points of AB, AC; DF, EF arc drawn at right angles ta 
AB, AC respectively. Shew that AF will be constant for 
all positions of BC. 


315. <A circle is described about an isosceles triangle 
ABC in which AB is equal to AC; from A a straight 
line is drawn meeting the base at D and the circle at 7:— 
shew that the circle which passes through B, D, and Æ, 
touches AB. 


| 

316. AC is a chord of a given circle; B and D aro 
two given points in the chord, both within or both without 
the circle: ifa circle be described to pass through B and 
JD, and touch the given circle, shew that AB and CD 
subtend equal angles at the point of contact, 


317. A and B are two points within a circle: find th 
point P in the circumference such that if PAH, PBK bo 
drawn meeting the circle at H and K, the chord HK sh 
be the greatest possible. 


318. The centre of a given circle is equidistant from 
two given straight lines : describe another circle which shall 
touch theso two straight lines and shall cut off from the 
aren circle a segment containing an angle equal to a given 
angle. 

319. O is the centre of the circle circumscribing a 
triangle ABC; D, E, F the feet of the perpendiculars from 
A, B, C on the opposite sides: shew that 0.4, OB, OC aro 
respectively perpendicular to BF, FD, DE. 


320. If from any point in the circumference of a given 
circle straight lines be drawn to the four angular points 
of an inscribed square, the sum of the squares on the four 
straight lines is double the square on the diamcter, 
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321. Shew that no rectangle except a square can be 
described about a circle. 

322. Describe a circle about a given rectangle. 

323. If tangents be drawn through the extremities of 
two diameters of a circle the parallelogram thus formed 
will be a rhombus, 


IW ol 


. 824. Shew that the angle ACD in the figure of IV. 10 
is equal to three times the angle at the vertex of the 
triangle. 

325. Shew that in the figure of IV. 10 there are two 
triangles which possess the required property: shew that 
there is also an isosceles triangle whose equal angles are 
each one third part of the third angle. 

326. Shew that the base of the triangle in IV. 10 is 
equal to the side of a regular pentagon inscribed in the 
smaller circle of the figure. 

327. Ona given straight line as base describe an isos- 
celes triangle having the third angle treble of each of the 
angles at the base. 

328. In the figure of IV. 10 suppose the two circles to 
cut again at E: then DE is equal to DC. 

329. If A be the vertex and BD the base of the con- 
structed triangle in LV. 10, D being one of the two points 
of intersection of the two circles employed in the construc- 
tion, and Æ the other, and AE be drawn meeting BD pro- 
duced at G, shew that GAB is another isosceles triangle 
of the same kind. 

330. In the figure of IV, 10 if the two equal chords 
of the smaller circle be produced to cut the larger, and 
these points of section be joined, another triangle will be 
formed having the property required by the proposition, 

331. In the figure of IV. 10 suppose the two circles to 
cut again at E; join AE, CE, and produce AL, BD to 
meet at G: then CDG E is a parallelogram. 

332. Shew that the smaller of the two circles employed 
in the figure of IV. 10 is equal to the circle described 
round the required triangle. z 
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333. In tho figure of IV.10 if 4# be tho diameter of 
the smaller circle, DF is equal to a radius of the cirel 
which circumscribes tho triangle BCD, 


IV. 11 to16. 


334. Tho straight lines which connect the angular 
points of a regular pentagon which are not adjacent inter- 
sect at the angular points of another regular pentagon. 


335. ABCDE is a regular pentagon; join AC and) 
BE, and let BE meet AC at F; shew that AC is equal to 
the sum of 4B and BF. 


336. Shew that each of the triangles made by joining: 
the extremities of adjoining sides of a regular pentagon is: 
less than a third and greater than a fourth of the whole 
area of the pentagon. 


337. Shew how to derive a regular hexagon from an 
equilateral triangle inscribed in a circle, and from the con- 
struction shew that the side of the hexagon equals the 
radius of the circle, and that the hexagon is double of the 
triangle. 

338. Ina given circle inscribe a triangle whose angles | 
arc as the numbers 2, 5, 8. 


339. If ABCDEF is a regular hexagon, and AC, BD, 
CE, DF, EA, FB be joined, another hexagon is formed | 
whose area is one third of that of the former. 


. 340. Any equilateral figure which is inscribed in af 
circle is also equiangular. 


VI. 1,2. 


341. Shew that one of the triangles in the figuro o 
IV. 10 is a mean proportional between the other two. 


342. Through 2D, any point in the base of a triangl 
ABC, straight lines DEZ, DP are drawn parallel to th 
sides A B, AC, and meeting the sides at Æ, F: shew tha 
the triangle AEF-is a mean proportional between the tri 
angles FBD, EDC. 
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343. Perpendiculars are drawn from any point within 
an equilateral triangle on the three sides: shew that their » 
sum is invariable. 

344. Find a point within a triangle such that if straight 
lines be drawn from it to the three angular points the tri- 
angle will be divided into three equal triangles. 

345. From a point Æ in the common base of two tri- 
angles ACB, ADB, straight lines are drawn parallel to 
AC, AD, meeting BC, BD at F, G: shew that FG is par- 
allel to CD. 

346. From any point in the base of a triangle straight 
lines are drawn parallel to the sides: shew that the inter- 
section of the diagonals of every parallelogram so formed 
lies in a certain straight line. 

347. In a triangle ABC a straight line AD is drawn 
perpendicular to the straight line BD which bisects the 
angle B: shew that a straight line drawn from D parallel 
to BC will bisect AC. 

348. ABC is a triangle; any straight line parallel to 
BC meets A4 B at D and AC at E; join DE and CD meet- 
ing at F: shew that the triangle 4DF is equal to the 
triangle ALF. 

349. ABC is a triangle; any straight line parallel to 
BC meets AB at D and AC at E; join BE and CD meet- 
ing at F: shew that if AF be produced it will bisect BC. 

350. If two sides of a quadrilateral figure be parallel 
to each other, any straight line drawn parallel to them will 
p the other sides, or those sides produced, proportion- 
ally. 

"351. ABC is a triangle ; it is required to draw from 
a given- point Pin the side AB, or AB produced, a straight 
line to 4C, or AC produced, so that it may be bisected by 


VL 3, A. 


352. The side BC of a triangle ABC is bisected at D. 
and the angles ADB, ADC are bisected by the straight 
lines DE, DF, mecting AB, AC at E, F respectively: 
shew that ZF is parallel to BC. 

353. AB is a diameter of a circle, CD is a chord at 
right angles to it, and Z is any point in CD ; 4E and BE 

24—23 
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are drawn and produced to cut the circle at F and G: 
shew that the quadrilateral CF DG has any two of its. 
adjacent sides in the same ratio as the remaining two. | 

354. Apply VI.3 to solve the problem of the trisec- 
tion of a finite straight line. 

355. In the circumference of the circle of which 4B is 
a diameter, take any point P; and draw PC, PD on 
opposite sides of AP, and equally inclined to it, meeting 
AB at Cand D: shew that AC is to BC as AD is to BD. 

356. AB isa straight line, and D is any point in it: 
determine & point P in AZ produced sguch that PA is to 
PB as DA is to DB. 

357. From the same point A straight lines are drawn 
making the angles BAC, CAD, DAE each equal to half a 
right angle, and they are cut by a straight line BCDE, 
which makes BA an isosceles triangle: shew that BC or 
DE is a mean proportional between BE and CD. 

358. The angle A of a triangle ALC is bisected by 
AD which cuts the base at D, and O is the middle point ` 
of BC: shew that OD bears the same ratio to OB that the 
difference of the sides bears to their sum. 

359. AD and AE bisect the interior and exterior 
angles at A of a triangle ABC, and meet the base at 
D and E; and O is the middle point of BC: shew that ~ 
OB is a mean proportional between OD and OE. 

360. Three points D, E, F in the sides of a triangle 
ABC being joined form a second triangle, such that any 
two sides make equal angles with the side of the former at 
which they meet: shew that AD, BE, CF are at right 
angles to BC, CA, AB respectively. 


VI. 4to6. 


361. If two triangles be on equal bases and between 
the same parallels, any straight line parallel to their bases 
will eut off equal areas from the two triangles. 

362. AB and CD are two parallel straight lines; Æ i 
the middle point of CD; AC and BE meet at F, and A 
and BD meet at G : shew that FG is parallel to AB. 

363. A, B, Care three fixed points in a straight line 
any straight line is drawn through C; shew that the pe 
pendiculars on it from A and B are in a constant ratio. 
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364, Ifthe perpendiculars from two fixed points ona 
straight line passing between them be in a given ratio, the 
straight line must pass through a third fixed point. 

365. Find a straight line such that the perpendiculars 
on jit from three given points shall he in a given ratio to 
each other. 

366. Through a given point draw a straight line, so 
that the parts of it intercepted between that point and 
perpendiculars drawn to the straight line from two other 
given points may have a given ratio. 

367. A tangent to a circle at the point A intersects 
two parallel tangents at B, C, the points of contact of 
which with the circle are D, Æ respectively; and BE, CD 
intersect at F; shew that AF is parallel to the tangents 
BD, CE. 

368. P and Q are fixed points; AB and CD are fixed 
parallel straight lines; any straight line is drawn from P 
to meet AB at M, and a straight line is drawn from Q 
parallel to PM meeting CD at N: shew that the ratio of 
PM to QN is constant, and thence shew that the straight 
line through M and V passes through a fixed point. 

369. Shew that the diagonals of a quadrilateral, two 
of whose sides are parallel and one of them double of the 
other, cut one another at a point of trisection. 

370. A_and B are two points on the circumference of a 
circle of which C' is the centio ; draw tangents at A and B 
meeting at T; ad from A draw AN perpendicular to 
CB: shew that BT is to BC as BN is to NA. 

371. In the sides AB, AC of a triangle ABC are 
taken two points D, Æ, such that BD is equal to CE; 
DE, BC are produced to meet at F: shew that AB is to 
AC as EF is to DF. 

372. If through the vertex and the extremities of the 
base of a triangle two circles be described intersecting 
each other in the base or base producod, their diameters 
are proportional to the sides of the triangle. 

373. Find a point the perpendiculars from which on 
the sides of a given triangle shall be in a given ratio. 

374. On AB, AC, two adjacent sides of a rectangle, 
two similar triangles are constructed, and perpendiculars 
are drawn to 4/73, AC from the angles which they subtend, 
intersecting at the point P. If 4B, AC be homologous 
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sides, shew that P is in all cases in ono of tho diagonals o 
the rectangle. 

375. ln tho figure of I. 43 shew that if EG and FL 
be produced they will meet on AC produced. 

376. APB and CQD are parallel straight lines, and 
AP is to PB as DQ is to QC: shew that the straight 
lines PQ, AC, BD, produced if necessary, will meet at a 
point: shew also that the straight lines PQ, AD, BC, pro- 
duced if necessary, will mect at a point. 

377. ACB is a triangle, and the side AC is produced 
io D so that. CD is equal to AC, and 2D is joined: if any 
straight line drawn parallel to 42 cuts the sides AC, CL, 
and from the points of section straight lines be drawn 
parallel to DB, shew that these straight lines will meet 
AB at points equidistant from its extremities. 

378. Ifa circle be described touching externally two 
given circles, the straight line passing through the points 
of contact will intersect the straight line passing through 
the centres of the given circles at a fixed point. 

379. D is the middle point of the side BC of à tri- 
angle ABC, and P is any point in AD; through P the 
straight lines BPEL, CPF are drawn mecting the other 
sides at E, F: shew that HV is parallel to BC. 

380. AB is the diameter of a circle, Æ the middle 
point of the radius OB ; on AZ, EB as diameters circles 
are described ; PQL is à common tangent meeting th 
circles at P and Q, and AB produced at L: shew tha 
BL is equal to the radius of the smaller circle. 

381. ABCDE is a regular pentagon, and AD, B 
intersect at O: shew that a side of the pentagon is a mea 
proportional between 40 and AD. 

382. ABCD is a parallelogram; P and Q are points 
in a straight line parallel to AB; PA and QB meet a 
R, 45 PD and QC meet at S; shew that ZS is paralle 
to A 


383. A and B are two given points; AC and BD are 
perpendicular to a given straight line CD; AD and B 
intersect at Z, and &F is perpendicular to CD: shew tha 
AF and BF make equal angles with CD. 

384. From the angular points of a parallelogram A BC. 
perpendiculars are drawn on the diagonals mecting them 
E, F, G, H respectively: shew that LFG is a parallel 
gram similar to ABCD. 
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385. If ata given point two circles intersect, and their 
centres lic on two fixed straight lines which pass through 
that point, shew that whatever be the magnitude of the 
circles their common tangents will always mect in one of 
two fixed straight lines which pass through the given point, 


VIL 7 to 18 


386. If two circles touch each other, and also touch 
a given straight line, the part of the straight line between 
the points of contact is a mean proportional between tho 
diameters of the circles. 

387. Divide a given arc of a cirele into two parts, so 
that the chords of these parts shall be to each other ina 
given ratio. 

388. Ina given triangle draw a straight line parallel 
to one of the sides, so that it may be a mean proportional 
between the segments of the base. 

389. ABC is a triangle, and a perpendicular is drawn 
from A to the opposite side, meeting ìt at D between B 
_ and C: shew that if 4D is a mean proportional between 
BD and CD the angle BAC is a right angle, 

390. ABC is a triangle. and a perpendicular is drawn 
from A on the opposite side, meeting it at D between 
B and C: shew that if BA isa mean proportional between 
BD and BC, the angle BAC is a right angle. 

391. C is the centre of a circle, and A any point within 
it; CA is produced through A to a point B such that tho 
radius is à mean proportional between CA and CB: shew 
that if 7 be any point on the circumference, the angles 
CPA and CBP are equal. 

392. O is a fixed point in a given straight line 0.4, 
and a circle of given radius moves so as always to be 
touched by 0.4; a tangent OP is drawn from O to tho 
circle, and in OP produced PQ is taken a third propor- 
tional to OP and the radius: shew that as the circle 
moves along OA, the point Q will move in a straight 
line. 

393. Two given parallel straight lines touch a circlo, 
and SPT is another tangent cutting the two former tan- 
gents at S and 7, and meeting the circle at P: shew 
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that the rectangle SP, PT is constant for all positions 
of P. 

394. Find a point in a side of a triangle, from which 
two straight lines drawn, one to the opposite angle, and the 
other parallel to the base, shall cut otf towards the vertex 
and towards the base, equal triangles. 

395. ACB is a triangle having a right angle at C; from 
A a straight line is drawn at right angles to AB, cutting 
BC produced at E; from B a straight line is drawn at 
right angles to AB, cutting AC produced at D: shew that 
the triangle ECD is equal to the triangle ACB. 

396. The straight line bisecting the angle ABC of 
the triangle ABC meets the straight lines drawn through 
A and C, parallel to BC and AB respectively, at Z and F: 
shew that the triangles CBE, ABF are equal. 


397. Shew that the diagonals of any quadrilateral 
figure inscribed in a circle divide the quadrilateral into 
four triangles which are similar two and two; and deduce 
the theorem of III. 35. 

398. .4B, CD are any two chords of a circle passing 
through a point O; E is any chord parallel to OB; join 
CE, DF meeting AB at the points G and H, and DE, CF 
meeting AB at the points Æ and Z : shew that the rect- 
angle OG, OH is equal to the rectangle OK, OL. 


399. ABCD is a quadrilateral in a circle; the straight 
lines CE, DE which bisect the angles ACB, ADB cut BD 
and AC at F and G respectively : shew that EF is to LG 
as ED is to EC. 


400. From an angle of a triangle two straight lines are 
drawn, one to any point in the side opposite to the angle, 
and the other to the circumference of the circumscribing 
circle, so as to cut from it a segment containing an angle 
equal to the angle contained by the first drawn line and 
the side which it meets: shew that the rectangle con- 
tained by the sides of the triangle is equal to the rectangle 
contained hy the straight lines thus drawn. 

401, The vertical angle C of a triangle is bisected by a 
straight line which meets the base at D, and is produced 
to a point Æ, such that the rectangle contained by CD and 
CE 1s equal to the rectangle contained by AC and CB: 
shew that if the base and vertical angle be given, the posi- 
tion of Æ is invariable, 
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402. A square is inscribed in a right-angled triangle 
ABC, one side DE of the square coinciding with the hypo- 
tenuse A of the triangle: shew that the area of the 
square is equal to the rectangle AD, BE. 

403. ABCD is a parallelogram; from B a straight 
line is drawn cutting the diagonal AC at F, the side DC 
at G, and the side AD produced at Æ: shew that the 
rectangle LF, FG is equal to the square on BF. 

404. Ifa straight line drawn from the vertex of an 
isosceles triangle to the base, be produced to meet the 
circumference of a circle described about the triangle, 
the rectangle contained by the whole line so produced, 
and the part of it between the vertex and the base shall 
be equal to the square on either of the equal sides of the 
triangle. 

405. Two straight lines are drawn from a point A to 
touch a circle of which the centre is Æ; the points of con- 
tact are joined by a straight line which cuts EA at H; and 
on HA as diameter a circle is described: shew that the 
straight lines drawn through Æ to touch this circle will 
meet it on the circumference of tho given circle. 


VI. 19 to D, 


406. An isosceles triangle is described having each 
of the angles at the base double of the third angle: if the 
angles at the base be bisected, and the points where the 
lines bisecting them meet the opposite sides be joined, 
the trianglo will be divided into two parts in the proportion 
of the base ta the side of tho triangle. 

407. Any regular polygon inscribed in a circle is a 
mean proportional between the inscribed and circumscribed 
regular polygons of half the number of sides. 

408. In the figure of VI. 24 shew that EG and AH 
are parallel. 

409. Divide a triangle into two equal parts by a 
straight line at right angles to one of the sides. 

410. If two isosceles triangles are to one another in 
the duplicate ratio of their bases, shew that the triangles 
are similar. 
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411. Through a given point draw a chord in a given 
circle so that it shall be divided at the point in a given 
ratio. 

412. From a point without a circle draw a straight 
line cutting the circle, so that the two segments shall be 
equal to each other. 

413. In the figure of II. 11 shew that four other} 
straight lines, besides the given straight line are divided] 
in the required manner. 

414. Construct a triangle, having given tho base, the 
vertical angle, and the rectangle contained by the sides. 

415. <A circle is described round an equilateral triangle, 
and from any point in the circumference straight lines 
are drawn to the angular points of the triangle: shew 
that one of these straight lines is equal to the other two 
together, | 

416. From the extremities 4, C of the base of an 
isosceles triangle ABC, straight line$ are drawn at right” 
angles to AB, AC respectively, and intersecting at D: 
shew that the rectangle BC, AD is double of the rectangle” 

, DB. 

417. ABC is an isosceles triangle, the side AB being 
equal to AC; Fis the middle point of BC; on any straight: 
line through ÆA perpendiculars FG and CE are drawn: 
shew that the rectangle AC, EF is equal to the sum of the 
rectangles FC, EG and FA, FG. 


XI. 1 to 12, 


418. Shew that equal straight lines drawn from a give 
point to a given plane are equally inclined to the plane. 

419. If two straight lines in one plane be equally in 
clined to another plane, they will be equally inclined to th 
common section of these planes. 

420. From a point A a perpendicular is drawn to 
plane meeting it at B; from B a perpendicular is draw 
on a straight line in the plane mecting it at C: shew tha 
AC is perpendicular to the straight line in the plane. 

491. ABC is a triangle; the perpendiculars from 
and Z on the opposite sides meet at D; through D à 
straight line is drawn perpendicular to the plane of th 
triangle, and Æ is any point in this straight linc: shew tha 
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the straight line joining E to any angular point of tho tri- 
angle is at right angles to the straight, line drawn through 
ps angular point parallel to the opposite side of the tri- 
angle. 

. 422. Straight lines are drawn from two given points 
without a given plane meeting each other in that plane; 
find when their sum is the least possible. 

423. Three straight lines not in the same plane meet 
at a point, and a plane cuts these straight lines at equal 
distances from the point of intersection: shew that the 
perpendicular from that point on the plane will meet it at 
the centre of the circle described about the triangle formed 
by the portion of the plane intercepted by the planes pass- 
ing through the straight lines. 

424. Give a geometrical construction for drawing a 
straight line which shall be equally inclined to three 
straight lines meeting at a point. 

495. From a point £ draw EC, ED perpendicular to 
two planes CAB, DAB which intersect in AB, and from 
D draw DF perpendicular to the plane CAB meeting it at 
F: shew that the straight line CF, produced if necessary, 
is perpendicular to AB. 

426. Perpendiculars are drawn froma point to a plane, 
and to a straight line in that plane: shew that the straight 
line joining the feet of the perpendiculars is perpendicular 
to the former straight line, 


XI. 13 to 21. 


427. BCD isthe common base of two pyramids, whose 
vertices A and Æ lie in a plane passing through BC; and 
AB, AC are respectively perpendicular to the faces BED, 
CED: shew that one of the angles at ÆA together with the 
angles at Æ make up four right angles. 

428. Within the area of a given trianglo is inscribed 
another triangle: shew that the sum of the angles sub- 
tended by the sides of the interior triangle at any point 
not in the plane of the triangles is less than the sum of tho 
angles subtended at the same point by the sides of the ex- 
terior angle. 

429. From the extremitics of tho two parallel straight 
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lines AB, CD parallel straight lines Aa, Bb, Cc, Dd are 
drawn meeting a plane at a, 5, c,d: show that AB is to 
CD as ab to ed. 

430. Shew that the perpendicular drawn from the ver- 
tex of a regular tetrahedron on the opposite face is threo 
times that drawn from its own foot on any of the other faces. 


431. A triangular pyramid stands on an equilateral 
baso and the angles at the vertex aro right angles: shew 
that the sum of tho perpendiculars on the faces from any 
point of the base is constant. 


432. Three straight lines not in the same plane inter- 
sect at a point, and through their point of intersection 
another straight line is drawn within the solid angle formed 
by them: shew that the angles which this straight line 
makes with the first threo are together less than the sum, 
but greater than half the sum, of the angles which the first 
three make with each other. 


433. Three straight lines which do not all lie in one 
plane, are cut in the same ratio by three planes, two of which 
are parallel: shew that the third will be parallel to the 
other two, if its intersections with the three straight lines 
are not all in the same straight line. 


434. Draw two parallel planes, one through one straight 
line, and the other through another straight line which does 
not meet the former. 

435. If two planes which are not parallel be cut by two 

arallel planes, the lines of section of the first two by the 
ast two will contain equal angles. 

436. From a point 4 in one of two planes are drawn 
A B at right angles to the first plane, and AC perpendicular 
to the second plane, and meeting the second plane at B,C; 
shew that BC is perpendicular to the lino of intersection of 
the two planes, 

437. Polygons formed by cutting a prism by parallel 
planes are equal. 

438. Polygons formed by cutting a pyramid by parallel 
planes are similar. 

439. The straight line PBbp cuts two parallel planes 
at B, b, and the points P, p are equidistant from the planes; 
P Aa, pcC are other straight lines drawn from P, p to cut 
the planes: shew that the triangles 477C, abc are equal. 


440. Perpendiculars AZ, BF are drawn to a plano 
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from two points A, B above it; a plane is drawn through 
4 perpendicular to AB: shew that its line of intersection 
with the given plane is perpendicular to EF, 


I. 1 to 48. 


441. ABC isa triangle, and P is any point within it: 


_ shew that the sum of PA, PB, PC is less than the sum of 


. the sides of the triangle. 


442. From the centres A and B of two circles paralle: 
radii AP, BQ are drawn; the straight line PQ meets the 
circumferences again at # and S': shew that 4 is parallel 
to BS, 

443. If any point be taken within a parallelogram the 
sum of the triangles formed by joining the point with the 
extremities of a pair of opposite sides is half the parallelo- 
gram. 

444. If a quadrilateral figure be bisected by one dia- 
gonal the second diagonal is bisected by the first. 

445. Any quadrilateral figure which is bisected by 
both of its diagonals is a parallelogram. 

446. In the figure of I. 5 if the equal sides of the tri- 
angle be produced upwards through the vertex, instead of 
downwards through the base, a demonstration of I. 15 may 
be obtained without assuming any proposition beyond I. 5. 

447. Ais a given point, and B is a given point in a 
given straight line: it is required to draw from A to the 


_ given straight line, a straight line AP, such that the sum 


of AP and PB may be equal to a given length. 
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448, Shew that by superposition the first case of I. 26 
may be immediately demonstrated, and also the second 
case with the aid of I. 16. ^ 

449. A straight line is drawn terminated by one of the’ 
sides of an isosceles triangle, and by the other side pro- 
duced, and bisected by the base: shew that the straight 
lines thus intercepted between the vertex of the isosceles 
triangle and this straight line, are together equal to the: 
two equal sides of the triangle. 

450. "Through the middle point M of the base BC of a 
triangle a straight line DAME is drawn, so as to cut off 
equal parts from the sides AB, AC, produced if necessary: 
shew that BD is equal to CE. 

451. Ofall parallelograms which can be formed with 
diameters of given lengths the rhombus is the greatest. 

452. Shew from I. 18 and I. 32 that if the hypote- 
nuse BC of a right-angled triangle ABC be bisected at D, 
then AD, BD, CD are all equal. 

453. If two equal straight lines intersect each other 
any where at right angles, the quadrilateral formed by 
joining their extremities is equal to half the square on 
either straight line. 

454. Inscribe a parallelogram in a given triangle, in 
such a manner that its diagonals shall interseet at a given 
point within the triangle. 

455. Construct a triangle of given areca, and having two 
of its sides of given lengths, 

456. Construct a triangle, having given the base, the 
difference of the sides, and the difference of the angles at 
the base. 

457. AB, AC are two given straight lines: it is re- 
quired to find in AB a point P, such that if PQ be drawn 
perpendicular to AC, the sum of AP and AQ may be equal 
to a given straight line. 

458. The distance of the vertex of a triangle from tho 
bisection of its base, is equal to, greater than, or less than 
half of the base, according as the vertical angle is a right, 
an acute, or an obtuse angle. 

459. If in the sides of a given square, at equal distances 
from the four angular points, four other points be taken, 
one on each side, the figure contained by the straight lines 
which join them, shall also be a square. 





EXERCISES IN EUCLID. 383 


460. On a given straight lino as base, construct a tri- 
angle, having given the difference of the sides and a point 
through which one of the sides is to pass. 


461. ABC is a triangle in which BA is greater than 
CA ; the angle 4 is bisected by a straight line which meets 
BC at D; shew that BD is greater than CD. 


462. If one angle of a triangle be triple another the 
triangle may be divided into two isosceles triangles. 


463. If onc angle of a triangle be double another, an 
isosceles triangle may be added to it so as to form toge- 
ther with it a single 1sosceles triangle. 


464. Let one of the equal sides of an isosceles triangle 
be bisected at D, and let it also be doubled by being pro- 
duced through the extremity of the base to Æ, then the 
, distance of the other extremity of the base from Æ is double 
its distance from D. 


465. Determine the locus of a point whose distance 
from one given point is double its distance from another 
' given point. 

466. A straight line 42 is bisected at C, and on 4C 
and CB as diagonals any two parallelograms 4 DCE and 

CFBG are described; let the parallelogram whose adja- 
eent sides are CD and CF bo completed, and also that 
whose adjacent sides are CE and CG : shew that the diago- 
nals of these latter parallelograms are in the same straight 
line. 


467. ABCD isa rectangle of which A, C are opposite 
angles; Æ is any point in DC and F is any point in CD: 
shew that twice the area of the triangle AEF, together 
with the rectangle BL, DE is equal to the rectangle 
ABCD. 


468. ABC, DBC are two triangles on the same base, 
and ABC has the side AB equal to the side AC; a circle 
passing through C and P has its centre & on CA, produced 
if necessary; a circle passing through B and D has its 
centre F on BA, produced if necessary: shew that the 
quadrilateral 4 E DF has the sum of two of its sides equal 
to the sum of the other two. 


469. Two straight lines 4B, AC are given in position: 
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it is required to find in 4B a point P, such that a perpen- 
dicular being drawn from it to AC, the straight line AP 
may exceed this perpendicular by a proposed length. 

470. Shew that the opposite sides of any equiangular 
hexagon are parallel,and that any two sides which are adjacent 
are together equal to the two to which they are parallel. 

471. From D and £, the corners of the square BDEC 
described on the hypotenuse BC of a right-angled triangle 
ABC, perpendiculars DM, EN are let fall on AC, AB 
respectively: shew that AM is equal to AB, and AN 
equal to AC. 

472. AB and AC are two given straight lines, and 
P is a given point: it is required to draw through P a 
straight line which shall form with AB and AC the least 
possible triangle. 

473. ABC is a triangle in which C is a right angle: 
shew how to drawa straight line parallel to a given straight 
line, so as to be terminated by CA and CB, and bisected 
by AB. 

474. ABC is an isosceles triangle having the angle at 
B four times either of the other angles; AB is produced 
to D so that BD is equal to twice AB, and CD is joined: 
shew that the triangles ACD and ABC are equiangular to 
one another. 


475. Through a point K within a parallelogram ABCD ` 


straight lines are drawn parallel to the sides: shew that 
the difference of the parallelograms of which KA and AC 
are diagonals is equal to twice the triangle BAD. 


476. Construct a right-angled triangle, having given 
one side and the difference between the other side and the 
hypotenuse. 

471. The straight lines AD, BE bisecting the sides 
BC, AC of a triangle intersect at G: shew that AG is 
double of GD. 


478. DBAC is a right-angled triangle; one straight line 
is drawn bisecting the right angle A, and another bisecting 


the base BC at right angles ; these straight lines intersect 


at E: if D be the middle point of BC, shew that DE is 
equal to DA. 


479. On AC the diagonal of a square ABCP, a rhom- 
bus AEFC is described of the same area as the square, 


= 


dns. 
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aud having its acute angle at 4: if AF be joined, shew 
that the angle BAC is divided into three equal angles. 

480. AB, AC are two fixed straight lines at right 
angles ; D is any point in AB, and Æ is any point in AC; 
on DE as diagonal a half square is described with its 
vertex at G: shew that the locus of G is the straight line 
which bisects the angle BAC. 

481. Shew that a square is greater than any other par- 
allelogram of the same perimeter. 

4S2, Inscribe a square of given magnitude in a given 
square, 

483. ABC is a triangle; AD is a third of AB, and 
AE is a third of AC; CD and BE intersect at F: shew 
that the triangle BFC is half the triangle BAC, and that 
the quadrilateral 4 DF is equal to either of the triangles 
CFE or BDF. 

484. ABC is a triangle, having the angle C a right 
- angle; the angle A is bisected by a straight line which 
| meets AC at D, and the angle B is bisected by a straight 
line which mects AC at E; AD and BE intersect at O: 
shew that the triangle AOB is half the quadrilateral 
| ABDE. 
| 485. Shew that a scalene triangle cannot be divided 
by a straight line into two parts which will coincide. 
| 486. ABCD, ACED are parallelograms on equal bases 
BC, CE, and between the same parallels AD, BE; the 
| straight lines BD and AE intersect at F: shew that BF 
is equal to twice DF. 

487: Parallelograms 4 FGC, CBKH are described on 
AC, BC outside the triangle ABC; FG and KH meet at 
Z; ZC is joined, and through 4 and Z straight lines AD 
and BE are drawn, both parallel to ZC, and meeting FG 
and KH at D and £ respectively: shew that the figure 
ADEB is a parallelogram, and that it is equal to the sum 
'of the parallelograms FC, CK. E 

! 488. lf a quadrilateral have two of its sides parallel 
shew that the straight line drawn parallel to these sides 
| through the intersection of the diagonals is bisected at that 
point. 
P 489. Two triangles are on equal bases and between 
the same parallels : shew that the sides of the triangles in- 
tercept equal lengths of any straight line which is paraliel 
ko their bases. 

f i 25 

i 
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490. In a right-angled triangle, right-angled at A, if 
the side AC be double of the side AB, the angle B is more 
than double of the angle C. 

491. Trisect a parallelogram by straight lines drawn 
through one of its angular points, 

492, AHK is an equilateral triangle; ABCD is a 
rhombus, a side of which is equal to a side of the triangle, 
and the sides BC and CD of which pass through 77 and 
K respectively: shew that the angle A of the rhombus is 
ten-ninths of a right angle. 

493. Trisect a given triangle by straight lines drawn 
from a given point in one of its sides. 


494. In the figure of I. 35 if two diagonals be drawn 
to the two parallelograms respectively, one from each ex- 
tremity of the base, and the intersection of the diagonals be 
joined with the intersection of the sides (or sides produced) 
T n. figure, shew that the joining straight line will bisect 

e base. 


IL 1to 14. 


495. Produce one side of a given triangle so that the 
rectangle contained by this side and the produced part 
may be equal to the difference of the squares on the other 
two sides. 

496. Produce a given straight line so that the sum of 
the squares on the given straight line and on the part 
produced may be equal to twice the rectangle contained by 
= whole straight line thus produced and the part pro- 

uced. 

497. Produce a given straight lino so that the sum of 
the squares on the given straight line and on the whole 
straight line thus produced may be equal to twice the 
rectangle contained by the whole straight line thus pro- 
duced and the part produced. 

498. Produce a given straight line so that the rectangle 
contained by the whole straight line thus produced and the 
part produced may be equal to the square on the given 
straight line. 

499. Describe an isosceles obtuse-angled triangle such 
that the square on the largest side may be equal to three 
times the square on either of the equal sides. 

500. Find the obtuse angle of a triangle when the 


f 
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square on the side opposite to the obtuse angle is grcater 
than the sum of the squares on the sides containing it, by 
the rectangle of the sides. 

501. Construct a rectangle equal to a given square 
when the sum of two adjacent sides of the rectangle is 
equal to a given quantity. 

502. Construct a rectangle equal to a given square 
when the difference of two adjacent sides of the rectangle 
is equal to a given quantity. 

503. The least square which can be inscribed in a 
given square is that which is half of the given square. 

504. Divide agiven straight line into two parts so that 
ihe squares on the whole line and on one of the parts 
may be together double of the square on the other part. 

505. ‘Two rectangles have equal areas and equal peri- 
meters: shew that they are equal in all respects. 

506. ABCD is a rectangle; P is a point such that 
the sum of PA and PC is equal to the sum of PB and 
PD: shew that the locus of P consists of the two straight 
E" through the centre of the rectangle parallel to its 
sides, 


LII? 1566.37. 


507. Describe a circle which shall pass through a given 
point and touch a given straight line at a given point. 

508. Describe a circle which shall pass through a given 
point and touch a given circle at a given point. 

509. Describe a circle which shall touch a given circle 
at a given point and touch a given straight line. 

510. AD, BE are perpendiculars from the angles 
A and B of a triangle on the opposite sides; BZ is per- 
pendieular to £D or ED produced: shew that the angle 
FBD is equal to the angle EBA. 

511. If ABC be a triangle, and BE, CF the perpen- 
diculars from the angles on the opposite sides, and A the 
middle point of the third side, shew that the angles FEK, 
EFK are cach equal to A. 

512. AB is a diameter of a circle; AC and AD aro 
two chords meeting the tangent at B at E and F re- 
spectively; shew that the angles FCE and FDE are 


equal. 253 
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513. Shew that the four straight lines bisecting the 
angles of any quadrilateral form a quadrilateral which can 
be inscribed in a circle. 

514, Find the shortest distance between two circles 
which do not meet. 

515. Two circles cut one another at a point A: it is 
required to draw through A a straight line so that the 
extreme length of it intercepted by the two circles may be 
equal to that of a given straight line. 

516, Ifa polygon of an even number of sides be in- 
scribed in a circle, the sum of the alternate angles together 
with two right angles is equal to as many right angles 
as the figure has sides. 


517. Draw from a given point in the circumference of a 
circle, a chord which shall be bisected by its point of inter- 
section with a given chord of the circle. 


518. When an equilateral polygon is described about 
a circle it must necessarily be equiangular if the number 
of sides be odd, but not otherwise. 


519. AB is the diameter of a circle whose centre is C, 
and DCE is a sector having the arc DE constant; join 
ALE, BD intersecting at P; shew that the angle AP B is 
constant. 

520. Ifany number of triangles on the same base BC, 
and on the same side of it have their vertical angles equal, 
and perpendiculars, intersecting at D, be drawn from B 
and C on the opposite sides, find the locus of D ; and shew 
that all the straight lines which bisect the angle BDC 
pass through the same point. 

521. Let O and C be any fixed points on the circum- 
ference of a circle, and OA any chord; then if AC be 
joined and produced to B, so that OB is equal to OA, 
the locus of B is an equal circle. 

522. From any point P im the diagonal BD of a 
parallelogram ABCD, straight lines PE, PF, PG, PH 
are drawn perpendicular to the sides AB, BC, CD, DA: 
shew that /F is parallel to GH. 

523. Through any fixed point of a chord of a circle 
other chords are drawn; shew that the straight lines from 
the middle point of the first chord to the middle points of 
the others will meet them all at the same angle. 


524. ABC is a straight line, divided at any point B 
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into two parts; ADB and CDB are similar segments of 
circles, having the common chord BD; CD and AD are 
produced to meet the circumferences at F and Æ respec- 
tively, and AF, CE, BF, BE are joined: shew that ABF 
= CBE are isosceles triangles, equiangular to one an- 
other. 

525. If the centres of two circles which touch cach 
other externally be fixed, the common tangent of those 
circles will touch another circle of which the straight line 
joining the fixed centres is the diameter. 

526. A isa given point: it is required to draw from 
A two straight lines which shall contain a given angle and 
intercept on a given straight line a part of given length. 

527. <A straight line and two circles are given: find 
the point in the straight line from which the tangents 
drawn to the circles are of equal length. 

528. Ina circle two chords of given length are drawn 
so as not to intersect, and one of them is fixed in position ; 
the opposite extremities of the chords are joined by 
straight lines intersecting within the circle: shew that the 
locus of the point of intersection will be a portion of the 
circumference of a circle, passing through the extremities 
of the fixed chord. 

529. A and B are the centres of two circles which 
touch internally at C, and also touch a third circle, whose 
centre is D, externally and internally respectively at 
E and F: shew that the angle ADB is double of the 
angle ECF. 

530. C is the centre of a circle, and CP is a perpen- 
dicular on a chord APB: shew that the sum of CP and 
AP is greatest when CP is equal to AP. 

531. AB, BC, CD are three adjacent sides of any 
polygon inscribed in a circle; the arcs AB, BC, CD are 
bisected at Z, M, N; and LA cuts BA, BC respectively 
at P and Q: shew that BPQ is an isosceles triangle; and 
that the angles ABC, BCD are together double of the 
angle LMN. 

532. In the circumference of a given circle determine 
a point so situated that if chords be drawn to it from 
the extremities of a given chord of the circle their differ- 
ence shall be equal to a given straight line less than the 
given chord. 

533. Construct a triangle, having given the sum of the 
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sides, the difference of the segments of the base made by 
the perpendicular from tho vertex, and the difference of 
the base angles. 

534. On a straight line AB as base, and on tho 
same side of it are described two segments of circles; 
P is any point in the circumferonce of one of the seg- 
ments, and the straight line BP cuts tho circumference of 
the other segment at Q: shew that the angle PAQ is 
equal to the angle between the tangents at A. 


535. AKL is a fixed straight line cutting à given 
circle at A and ZL; APR, AKS are two other straight 
lines making equal angles with AKZ, and cutting the 
circle at P, Q and R, S: shew that whatever be the posi- 
tion of APQ and ALS, the straight line joming the mid- 
dle points of PQ and £S always remains parallel to itself. 


* 536. If about a quadrilateral another quadrilateral 
can be described such that every two of its adjacent sides 
are equally inclined to that side of the former quadrilateral 
which meets them beth, then a circle may be described 
about the former quadrilateral. 


537. Two circles touch one another internally at the 
point A: it is required to draw from A a straight line 
such that the part of it between the circles may be equal 
to a given straight line, which is not greater than tho 
difference between the diameters of the circles. 


538. ABCD is a parallelogram; AE is at right angles 
to AB, and CE is at right angles to CB: shew that ED, if 
produced, will cut AC at right angles. 

539. From each angular point of a triangle a perpen- 
dicular is let fall on the opposite side: shew that the rect- 
angles contained by the segments into which each perpen- 
dicular is divided by the point of intersection of the three 
are equal to cach other. 

540. The two angles at the base of a triangle are 
bisected by two straight lines on which perpendiculars are 
drawn from the vertex: shew that the straight line which 
passes through the feet of these perpendiculars will be 
parallel to the base and will bisect the sides. 

541. Ina given circle inscribe a rectangle equal to a 
given rectilineal figure. 

549. In an acute-angled triangle ABC perpendiculars 
AD, BE are let fall on. 2C, CA respectively; circles 
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described on AC, BC as diameters meet BE, AD respec- 
tively at F, G and H, K: shew that F, G, H, K lie on the 
circumference of a circle. 

543. Two diameters in a circle are at right angles; 
from their extremities four parallel straight lines are 
drawn; shew that they divide the circumference into four 
equal parts. 

544. E isthe middle point of a semicircular arc AEB, 
and CDE is any chord cutting the diameter at D, and the 
circle at C: shew that the square on CZ is twice the quad- 
rilateral A EBC. 

545. AB isa fixed chord of a circle, AC is a move- 
able chord of the same circle; a parallelogram is described 
of which AZ and AC are adjacent sides: find the locus of 
the middle points of the diagonals of the parallelogram. 


546. AB is a fixed chord of a circle, AC is a moveable 
chord of the same circle; a parallelogram is described of 
which AB and AC are adjacent sides: determine the 
greatest possible length of the diagonal drawn through A. 


547. If two equal circles be placed at such a distance 
apart that the tangent drawn to either of them from the 
centre of the other is equal to a diameter, shew that they 
will have a common tangent equal to the radius, 

548. Find a point in a given circle from which if two 
tangents be drawn to an equal circle, given in position, the 
chord joining the points of contact is equal to the chord 
of the first circle formed by joining the points of inter- 
section of the two tangents produced; and determine the 
limit to the possibility of the problem. . 

549. AB is a diameter of a circle, and AF is any 
chord; C is any point in AB, and through C a straight 
line is drawn at right angles to AB, meeting AF, pro- 
duced if necessary at G, and meeting the circumference at 
D: shew that the rectangle FA, 4G, and the rectangle 
BA, AC, and the square on AD are all equal. 

550. Construct a triangle, having given the base, the 
vertical angle, and the length of the straight line drawn 
from the vertex to the base bisecting the vertical angle. 

551. .4, D, C are three given points in the circumfer- 
ence of a given circle: find a point P such that if 4P, 
BP, CP meet the circumference at D, E, F respectively, 
the ares DE, EF may be equal to given arcs. 


—— V 
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552. Find the point in the circumference of a given 
circle, the sum of whose distances from two given straight 
lines at right angles to each other, which do not cut the 
circle, is the greatest or least possible. 


553. On the sides of a triangle segments of a circle aro 
described internally, each containing an angle equal to the 
excess of two right angles above the opposite angle of the 
triangle: shew that the radii of the circles are equal, that 
the circles all pass through one point, and that their chords 
of intersection are respectively perpendicular to the oppo- 
site sides of the triangle. 


IV. 1 to 16. 


554. From the angles of a triangle ABC perpendi- 
culars are drawn to the opposite sides meeting them a£ 
D, E, F respectively; shew that DE and DF are equally 
inclined to AD. 


555. The pvints of contact of the inscribed circle 
of a triangle are joined; and from the angular points of 
the triangle so formed perpendiculars are drawn to the 
opposite sides: shew that the triangle of which the feet of 
these perpendiculars are the angular points has its sides 
parallel to the sides of the original triangle. 


556. Construct a triangle having given an angle and 
the radii of the inscribed and circumscribed circles. 


557. Triangles are constructed on the same base with 
equal vertical angles; shew that the locus of the centres of 
the escribed circles, cach of which touches one of the sides 
externally and the other side and base produced, is an 
are of a circle, the centre of which is on the circumference 
of the circle circumscribing the triangles, 


558. From the angular points A, B, C of a triangle 
perpendiculars are drawn on the opposite sides, and ter- 
minated at the points D, E, F on the eircumference of the 
circumscribing circle: if Z be the point of intersection of 
the perpendiculars, shew that LD, LE, LF are bisected 
by the sides of tho trianglo, 
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559. ABODE is a regular pentagon; join 4C and BD 
intersecting at O : shew that 4O is equal to DO, and that 
the rectangle AC, CO is equal to the square on BC. 

560. <A straight line PQ of given length moves so that 
its ends are always on two fixed straight lines CP, CQ; 
straight lines from P and Q at right angles to CP and CQ 
respectively intersect at Æ ; perpendiculars from P and Q 
on CQ and CP respectively intersect at S: shew that the 
E of Rand S are circles having their common centre 
at C. 

561. Right-angled triangles are described on the same 
hypotenuse ; shew that the locus of the centres of the in- 
scribed circles is a quarter of the circumference ofa circle 
of which the common hypotenuse is a chord. 

562. On a given straight line 4B any triangle ACB is 
described; the sides AC, BC are bisected and straight 
lines drawn at right angles to them through the points of 
bisection to intersect at a point D; find the locus of D. 

563. Construct a triangle, having given its base, one of 
the angles at the base, and the distance between the centre 
of the inscribed circle and the centre of the circle touching 
the base and the sides produced. 

564, Describe acircle which shall touch a given straight 
line at a given point, and bisect the circumference of a 
given circle. 

565. Describe a circle which shall pass through a given 
point and bisect the circumferences of two given circles, 

566. Within a given circle inscribo three equal circles, 
touching one another and the given circle. 

567. Ifthe radius of a circle be cut as in II. 11, the 
greater segment will be the side of a regular decagon in- 
scribed in the circle. 

568. If the radius of a circle be cut as in II. 11, the 
square on its greater segment, together with the square on 
the radius, is equal to the square on the side of a regular 
pentagon inscribed in the circle. 

569. From the vertex of a triangle draw a straight 
line to the base so that the square on the straight line may 
be equal to the rectangle contained by the segments of the 
base. 

570. Four straight lines are drawn in a plane forming 
four triangles; shew that the circumscribing circles of 
these triangles all pass through a common point. 
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571. Tho perpendiculars from the angles A and B of a 
triangle on the opposite sides meet at D; the circles de- 
scribed round ADC and DBC cut AB or A produced at 
the points Æ and /’: shew that AF is equal to BF. 


572. The four circles each of which passes through the 
centres of three of the four circles touching the sides of a 
triangle are equal to one another. 


573. Four circles are described so that each may 
touch internally three of the sides of a quadrilateral: shew 
that a circle'may be described so as to pass through the 
centres of the four circles. 


574. A circle is described round the triangle ABC, 
and from any point P of its circumference perpendiculars 
are drawn to BC, CA, AB, which meet the circle again at 
D, E, F: shew that the triangles ABC and DEF are equal 
in all respects, and that the straight lines AD, BE, CF are 
parallel. 


575. With any point in the circumference of a given 
circle as centre, describe another circle, cutting the former 
at A and #; from # draw in the described circle a chord 
BD equal to its radius, and join AD, cutting the given 
circle at Q: shew that QD is equal to the radius of the 
given circle. 


576. A point is taken without a square, such that 
straight lines being drawn to the angular points of the 
square, the angle contained by the two extreme straight 
lines is divided into three equal parts by the other two 
straight lines: shew that the locus of the point is the cir- 
cumference of the circle circumscribing the square. 


* 577. Circles are inscribed in the two triangles formed 
by drawing a perpendicular from an angle of a triangle on 
the opposite side ; and analogous circles are described in 
relation to the two other like perpendiculars: shew that 
the sum of the diameters of the six circles together with 
the sum of the sides of the original triangle is equal to 
twice the sum of these perpendiculars. 


578. Three concentric circles are drawn in the same 
plane: draw a straight line, such that one of its segments 
between the inner and outer circumference may be bisectec 
at one of the points at which the straight linc meets the 
middle circumference. 
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VI. 1toD. 


579. AB is a diameter, and P any point in the circum- 
ference of a circle; AP and BP are joined and produced 
if necessary; from any point C in AB a straight line is 
drawn at right angles to AB meeting AP at D and BP 
at E, and the circumference of the circle at F: shew that 
CD is a third proportional to CE and CF. 

580. A, B, Care three points in a straight line, and D 
a point at which 4B and BC subtend equal angles: shew 
that the locus of D is the circumference of a circle. 

581. Ifa straight line be drawn from one corner of a 
square cutting off one-fourth from the diagonal it will cut 
off one-third from a side. Also if straight lines be drawn 
similarly from the other corners so as to form a square, this 
square will be two-fifths of the original square. 

582. The sides AB, AC of a given triangle ABC are 
produced to any points D, E, so that DE is parallel to BC. 
The straight line DÆ is divided at F so that DF is to FE 
e BD is to CE: shew that the locus of Fis a straight 
ine. 

583. A, DB, C are three points in order in a straight 
line: find a point P in the straight line so that PB may be 
a mean proportional between PA and PC. 

584. A, B are two fixed points on the circumference 
of a given circle, and P is a moveable point on the cireum- 
ference; on P7 is taken a point D such that PD is to 
PA in a constant ratio, and on PA is taken a point Æ 
such that PE is to PB in the same ratio: shew that DE 
always touches a fixed circle. 

585. ABC is an isosceles triangle, the angle at A being 
four times either of the others: shew that if BC be bisected 
at D and #, the triangle ADE is equilateral. 

586. Perpendiculars are let fall from two opposite 
angles of a rectangle on a diagonal: shew that they will 
divide the diagonal into equal parts, if the square on one 
side of the rectangle be double that on the other. 

587. <A straight line 447? is divided into any two parts 
at C, and on the whole straight line and on the two parts 
of it equilateral triangles ADB, ACE, BCF are de- 
scribed, the two latter being on the same side of the straight 
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line, and the former on the opposite side; G, 77, K are tho 
centres of the circles — in these triangles: shew 
that the angles AGH, BGK are respectively equal to the 
angles ADC, BDO, and that GH is equal to GE. 

588. On the two sides of a right-angled triangle squares 
are described: shew that the straight lines joining the 
acute angles of the triangle and the opposite angles of the 
squares cut off equal segments from the sides, and that 
each of these equal segments is a mean proportional be- 
tween the remaining segments. 

589. ‘Two straight lines and a point between them are 
given in position: draw two straight lines from the given 
point to terminate in the given straight lines, so that they 
shall contain a given angle and have a given ratio. 

590. With a point A in the circumference of a circle 
ABC as centre, a circle PBC is described cutting the 
former circle at the points B and C; any chord AD of the 
former meets the common chord BC at Æ, and the circum- 
ference of the other circle at O: shew that the angles 
EPO and DPO are equal for all positions of P. 

591. APEC, ABF are triangles on the same base in the 
ratio of two to one; AF’ and BF produced meet the sides 
at D and E; in FJ a part FG is cut off equal to FF, and 
P is bisected at O: shew that BO is to BE as DF is to 


592. A is the centre of a circle, and another cirele 
passes through A and cuts the former at B and C; AD is 
a chord of the latter circle meeting BC at E, and from D 
are drawn DF and DG tangents to the former circle: shew 
that G, E, F lie on one straight line. 

593. In AB, AC, two sides of a triangle, are taken 
points D, E; AB, AC are produced to F, G such that BE 
is equal to A D, and CG equal to AE; BG, CF are joined 
mecting at #7: shew that the triangle Z"7/G is equal to tho 
triangles BHC, ADE together. 

594. In any triangle ABC if BD be taken equal to 
one-fourth of BC, and CE one-fourth of AC, the straight 
line drawn from C through the intersection of BE and 
AD will divide AB into two parts, which are in the ratio of 
hine to one. 

595. Any rectilineal figure is inscribed in a circle: 
shew that by bisecting the arcs and drawing tangents to 
the points of bisection parallel to the sides of the recti- 
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lineal figure, we can form a similar rectilineal figure cir- 
cumscribing the circle. 

596. Find a mean proportional between two similar 
right-angled triangles which have one of the sides contain- 
ing the right angle common. 

597. In the sides 4C, BC of a triangle ABC points 
D and Æ are taken, such that CD and CE are respectively 
the third parts of AC and BC; BD and AEF are drawn 
intersecting at O: shew that HO and DO are respectively 
the fourth parts of AF and BD. 

598. CA, CB are diameters of two circles which touch 
each other externally at C; a chord AD of the former 
circle, when produced, touches the latter at Æ, while a 
chord BF of the latter, when produced, touches the former 
at G: shew that the rectangle contained by 4D and BF 
is four times that contained by DF and FG. 


599. Two circles intersect at A, and BAC is drawn 
meeting them at B and C; with B, C as centres are de- 
scribed two circles each of which intersects one of the 
former at right angles: shew that these circles and the 
circle whose diameter is BC meet at a point. 


600. ABCDEF is a regular hexagon: shew that BF 
divides AD in the ratio of one to three. 

601. ABC, DEF are triangles, having the angle A equal 
to the angle D; and AB is equal to DF: shew that the 
areas of the triangles are as 4C to DE. 


602, If M, N be the points at which the inscribed and 
an escribed circle touch the side AC of a triangle 4 BC; 
shew that if BAZ be produced to cut the escribed circle 
again at P, then NP is a diameter. 

603. The angle A of a triangle ABC is a right angle, 
and D is the foot of the perpendicular from A on BC; 
DM, DN are perpendiculars on AB, AC: shew that the 
angles DMC, BNC are equal. 

604. If from the point of bisection of any given are of 
a circle two straight lines be drawn, cutting the chord of 
the arc and the circumference, the four points of intersec- 
tion shall also lie in the circumference of a circle. 

605. The side 4B of a triangle ABC is touched by the 
inscribed circle at D, and by the escribed circle at Z: 
shew that the rectangle contained by the radii is equal to 
the rectangle AD, DB and to the rectangle AZ, EL. 
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606. Shew that the locus of the middle points of 
straight lines parallel to the base of a triangle and termi- 
nated by its sides is a straight lino. 

607. A parallelogram is inscribed in a triangle, having 
one side on the base of the triangle, and the adjacent sides 
parallel to a fixed direction: shew that the locus of the 
intersection of the diagonals of the parallelogram is a 
straight line bisecting the base of the triangle. 

608. On a given straight line AZB as hypotenuse a 
right-angled triangle is described; and from A and B 
straight lines are drawn to bisect the opposite sides: shew 
that the locus of their intersection is a circle. 

609. From a given point outside two given circles 
which do not meet, draw a straight line such that the por- 
tions of it intercepted by each circle shall be respectively 
proportional to their radii. 

610. In a given triangle inscribe a rhombus which 
shall have one of its angular points coincident with a point 
in the base, and a side on that base. 

611. ASC is a triangle having a right angle at C; 
ADDE is the square described on the hypotenuse; /, G, H 
are the points of intersection of the diagonals of the squares 
on the hypotenuse and sides: shew that the angles DCE, 
GFH are together equal to a right angle. 


MISCELLANEOUS. 


612. O is a fixed point from which any straight line is 
drawn meeting a fixed straight line at P; in OP a point 
Q is taken such that the rectangle OP, OQ is constant: 
shew that the locus of Q is the circumference of a cirele. 

613. O is a fixed point on the circumference of a circle, 
from which any straight line is drawn meeting the cireum- 
terence at P; in OP a point Q is taken such that the 
rectangle OP, OQ is constant: shew that the locus of Q is 
a straight line. 

614. The opposite sides of a quadrilateral inscribed in 
a circle when produced meet at P and Q: shew that the 
square on PQR is equal to the sum of the squares on tho 
tangents from 7? and Q to tho circle. 


i »» 
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615. ABCD is a quadrilateral inscribed in a circle; 
the opposite sides AB and DC are produced to mect at F; 
and the opposite sides BC and AD at #: shew that the 
circle described on ##’ as diameter cuts the circle ABCD 
at right angles. 

616. From the vertex of a right-angled triangle a 
perpendicular is drawn on the hypotenuse, and from the 
foot of this perpendicular another is drawn on each side of 
the triangle: shew that the area of the triangle of which 
these two latter perpendiculars are two of the sides cannot 
be greater than one-fourth of the area of the original 
triangle. 

617. If the extremities of two intersecting straight 
lines be joined so as to form two vertically opposite tri- 
angles, the figure made by connecting the points of bisec- 
tion of the given straight lines, will be a parallelogram 
equal in arca to half the difference of the triangles, 


618. AB, AC are two tangents to a circle, touching it 
at Band C; Jis any point in the straight line which 
joins the middle points of AB and AC; shew that AL is 
equal to the tangent drawn from Z to the circle. 


619. AB, AC are two tangents to a circle; PQ is 
a chord of the circle which, produced if necessary, meets 
the straight line joining the middle points of AB, AC at 
R; shew that the angles RAP, AQR are equal to one 
another. 


620. Shew that the four circles cach of which passes 
through the middle points of the sides of one of the four 
triangles formed by two adjacent sides and a diagonal of 
any quadrilateral all intersect at a point. 


621. Perpendiculars are drawn from any point on the 
three straight lines which bisect the angles of an equi- 
lateral triangle: shew that one of them is equal to the sum 
of the other two. 

622. Two circles intersect at A and B, and CBD is 
drawn through B perpendicular to 4B to meet the circles ; 
through A a straight line is drawn bisecting either tho 
interior or exterior angle between AC and AD, and meet- 
ing the circumferences at Æ and F: shew that the tangents 
to the circumferences at # and F will intersect in AB pro- 
duced. 

623. Divide a triangle by two straight lines into three 
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ogram whose angles are of E magnitude. 

624. ABCD is a parallelogram, and P is any point: 
shew that the triangle PAC is equal to the difference 
of the triangles PAB and PAD, if P is within the angle 
BAD or that which is vertically opposite to it; and that | 
the triangle PAC is equal to the sum of the triangles PAB 
and PAD, if P has any other position. 

625. Two circles cut each other, and a straight line 
ABCDE is drawn, which meets one circlo at A and D, 
the other at B and Æ, and their common chord at C: 
shew that the square on BD is to the square on 4 E as the 
rectangle BC, CD is to the rectangle AC, CE. 


cen. which, when properly arranged, shall form a paralle- 
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PREFACE. 


THE student is recommended to go through this treatise in the 
following order :— 


First, to master the ‘Preliminary Algebra,’ and not to go further 
until he finds that, when covering up the right-hand column and 
setting himself any question in the left-hand column, he can at once 
work out (not merely supply from memory) the required answer. 


Secondly, taking the Algebraical Enunciation which stands at the 
top of the right-hand column in each Proposition, to learn to supply 
the proof which follows it. To do this, he should cover the rest of 
the right-hand column, and try to work out the proof for himself, 
with the help of the directions in the left-hand column. As every 
step of the work has been already done in the ‘ Préliminary Algebra,’ 
this ought to be possible without any reference to the right-hand 
column: but if any difficulty should occur, there will usually be found 
& marginal reference to the ‘ Preliminary Algebra,’ and it will be 
better to turn back to the section referred to, and so refresh the 
memory, than to look at the right-hand column, which should only 
be uncovered, when the proof has been written out, as a test of the 
correctness of the work. 


Thirdly, to practise himself in working out the same proofs, without 
the help of the directions in the left-hand column, from the: Alge- 
braical Enunciations only. These are given by themselves at p. 49. 


vi PREFACE. 


Fourthly, taking the Enunciation printed in small type in each 
Proposition, and covering up all below it, to learn to express it alge- 
braically, as given in the first sentence of the right-hand eolumn. 

Fifthly, taking the Enunciation printed in large type in each Pro- 
position, and covering up all below it, to learn to repeat it with the 
addition of algebraical symbols for the magnitudes, as given in the 
small-type Enunciation. 


Sixthly, to learn Euclid’s Definitions and Axioms, given at p. 53. 
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PRELIMINARY ALGEBRA, 


1. Given a; 
multiply it by m . 


divide it by », by a, and by ab 
dividelbyit. . . . . 
dividexbyit. . . . . 


2. Multiply by m, both with and 
without a bracket, 
a+b 
a—b 
at+l 
ü-l 3.3 
atb+ct+de , 
3. Divide by ^ both with and 


without & vinculum, 
a+b 


a—b 
a+b+e+de, 
4. Divide by b, both with and 
without & vinculum, 


a+b 


a—b 


B 


b 
pt 
* 
~| ma 
* f * 


ala alm alta 


m. (a--5), ma 4- mb. 
m. (a—b), ma—mb. 
m.(a+1), ma+m. 
m.(a—1), ma—m. 
m . (8. 4- b -- c 4- &o.), 


ma 4 mb 4- mc 4- €c. 
pe 
n n n 
a—b a b 


— 
N n N n 

a+b a 

ee 

a—b a 

go~ 
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5. Resolve into factors, 
matmb . . . . + | m. (a+b). 


ma—mb . . . . .| m.(a—b). 
matna . . . « «| (m+n).a. 
maá—na . . . « «| (m—n).a. 
macte .... .[|(m41).a. 
ma—a ... . .|(m—l).a. 
ma+mb+me+dée.. . | m. (abe dc). 


matnatratde . .| (m+n+r+ée.).a. 


6.-Reduce 1 to a fraction with 


denominator 6 . a 
2, 
Given a; what process will con- 

vert it into 
ma multiply by m. 
= divide by a. . 
n 
1 « « «| divide by a. 
; . . .| divide by ab. 
: divide 1 by it. 


divide æ by it. 


AIR 
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3. 
1. Given z; 
multiply by m, and by 6 . Ts a. 
divide b dbya. .| 2, l, 
vide Dy n», and Dy S 
i m bim a 
multiply by — and by adm 
add, and subtract, — - oa ee 
b b b 
add, and subtract, 1 . . eo : — 
divide 1 by it b 
a 
2. Given s+". subtract 1 T 
3. Multiply together 
a b vt y a 
$ vr z 
4. Reduce to their simplest 
forms— 
a m a ma ma Lm 1 a 
a) anal pb) aa qom ee 
pane. ma— a m+1, m—1 
a a 
ma + mb + me + €c. * 
at+b+c+de. : 
ma ma, — mb m in 
ma—a'  a-b ` mal ~ 
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T. 


‘a 


1. Given ; multiply by 


ES 


b 
and 
2. Given F = k; 

multiply by m, and by b . 
add 1. 


subtract 1 
divide 1 by each side . 


8. Given HULI clear of 
fractions (by multiplying 


both sides of FE k by b, 


and of oak by d) 


‘a 
4. Given p717;7 = b0=k: 


clear of fractions . 
_  §a_ b? — 
5. Giv m multiply by « 


6. Given E = z ; multiply by ab 


7. Given = = mE; : 
divide by s. 
divide by x and multiply 


by ab 





a=bk, exdk. 


a=bk, e=xdk, e=fh, dc. 
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FLIT multiply by 
m, and byb .... . wom, a b. 


8. Given 


9. Given e multiply by vw | a5. 


10. Given E c P '; multiplybyab ba. 


11. Given 2: 


b 
—— 


divide by v and SERES 
by ab i 


8. 


: ta b?’ 
. Given -=-—; what process 
voc 


will prove ‘a=b’. 


€ > 
re what process 


will prove ‘b=a@’. . 


. Given 


3 > 1; what proceas 
will prove ‘a>b’. 


. Given 


: ‘a. b? 
. Given —>-; what process 
x a 


will prove ‘a>b’. 


TP what process 


will prove ‘b>a’. 


. Given 


E > ; ; what process 


will prove ‘b>a’. 


. Given 


alr 
V 
e 


ba. 


multiply by a. 
divide by x and multiply by ab. 
multiply by b. 


multiply by a. 


multiply by ab. 


divide by x and multiply by ab. 
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9. 


ta c’ 
1. Given — 


multiply by m . 

dividebyn . . . . . 

multiply by "5, and by ° 
n c 

add 1 . 

subtract 1 

divide 1 by each side . 


2. Given — = erd' 


b a’ 
subtract 1 . 

à € A a B b E 
— PU? OU. 
multiply correspon — 

together . 

; cA b B a 
4. Given ys Ug! 

multiply — sides 

together . : E 


E: 
il 
e| = 


It 


ei Šla 
&|8 le 


a 
+ 
e 
o 
+ 
A 





e 





multiply corresponding sides 
together. . . . . : 


6. Given 


multiply ——— aides 
together. . . . 
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R pe 


et fja 
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a. 
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N| h 
MW 
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10. 


1. Given Fess ; what process 





will prove 
TA = = multiply by m. 
a c 
5 x divide by ^. 
ma me ; m 
bU multiply by a 
a b ; b 
273 multiply by a 
d 
as" = “as add 1. 
et = * subtract 1. 
b d 
<=> * | divide 1 by each side. 
2. Given ur c what 
b d 
process will prove <= = subtract 1. 
] «A a B b’. 
3. Given BTR O73 
what process will prove 
‘ ? 
5 —2o..... .|multiply corresponding sides 
s together. 
F cA b B a. 
4. Given Ery gTr? 


2l . « » « « . | the same. 


PRELIMINARY ALGEBRA. 11 





z 
process will prove ; 5 =^ multiply corresponding sides 
together. 
_ ʻA B 
6. Given —— c^. 
X b YY _a@ 
r^ Zi wht 


— -— —— 


11. 


-}, Given 3 es 


6--6-4-6-4- ec. 
w prove STAFF io. 


Equate to k, and clear of 
fractions . . .'. .] Let each = k; 
.., Clearing of fractions, a=bk, 
e=dk, ezzfk, &o.; 
20 se 50064640. ——— GT 06H64 do.  bk--dk 
simplify So GterebAe _ bk+dk+ fet de. 
b+d+ftde, C b+d+ftde. b+d4+f+ ke. 
ELO Td EF do) 
b+d+f+ ke, 
mk; 
atcteébéc a 
b+d+f+dée. p 


as 
m 





thence deduce conclusion . 
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11 (continued). 
2. Given ini ; 
— 
to prove —7 5 mS 
Equate to &, and clear of 
fractions . . . . .| Leteach — K; 
., Clearing of fractions, a==bk, c=dk; 
. wes 46 a—c bk—dk _*(6—d) _ 
sim xni ou - 
Piy za bd oa be 
thence deduce conclusion. |. 975 2. 
, b—d b 
3. Givn 2-25; 
b d! 
a c 
to prove SRL 
Equate to k, and clear of 
fractions . . . . . | Let each = $; 
.., Clearing of fractions, a=bk, c==dk; 
— a a bk _ k 
simpli gog > a-b iee ELT 
e € k 
——— e > œ *« e d — — — 2 — 3 
eed UC ve-d - di-d  k—1! 
thence deduce conclusion . — 
a—b  c— 
4. Given ' — 5, and a5; 
. Ulven bod ? 
to prove c>d. 
6. 2) Prove P» 0.5.52] e», 
SQ, $08 by b, Pli 
thence prove 5>] . | .*., substituting, S >1 


8. 3) thence prove conclusion . | .., x8 by d, c>d 
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s ‘a c 4 
5. Given -=-, and a>c; 


b d 
to prove b 2d. 
6. 2) Prove >s >.. |° 426, 
“2, +8 by 5, PI 
e. 6 „o e. c 
thence prove ag o Nee substituting, i^i 
8. 6) thence prove conclusion . | .., 4-58 by c and xs by bd, 
b»d. 
12. 


1. When is a less magnitude said 
to be a part, or measure, 

of a greater? . . . . . | A less magnitude is said to be a 

part, or measure, of a greater 

magnitude, when the less mea- 

sures the greater ; that is, when 

the less is contained a certain 

number of times exactly in the 


greater. 


2. When is a greater magnitude 
said to be a multiple of a 
les? . . . . . . . .| A greater magnitude is said to be 
a multiple of a less, when the 
greater is measured by the less, 
that is, when the greater con- 
tains the less a certain number 
of times exactly. 


14 
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3. If a magnitude be multiplied, 
what is the new magnitude 
called with regard to the old, 
in the following cases— 

(a) When the multiplier is 
& whole number . 

(8) When it is & fraction 
whose numerator is 1 


O) When it is any other 
fraction . 


4. If two or more magnitudes be 
multiplied by the same whole 
number, what are the new 
magnitudes called with re- 
gard to the old ? 


13. 
Express algebraically 
1. ‘A is five times a’ 
2. ‘A is a multiple of a’ 
8. ‘A is a multiple of a, and B is 
a multiple of b° . . , 
4. *A is the same multiple of a 
as B is of b’. 
5. ‘A, B are equimultiples of a, b’ 
6. ‘A, B, C, £o. are t 
of a, b, c, £e’? 


7. ‘A, B, C, £c., are multiples of 
X; and a, b, c, £c., are the 
same multiples ofz' . . . 


(a) À multiple. 
(8) -A part, or measure. 


(y) A fraction. 


Equimultiples. 
A= 5a. 

A=ma. 

A=ma, B=nb. 
A=ma, B=mb. 
the same. 


A=ma, B=mb, C=me, &c. 


A=mX, B=nX, C=rX, ke. ; 
a=mu, b=nx, ez, ke. 
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8. ‘a is the same multiple of b as 
cis of d; and e is the same 
multiple of b ag fis of d' -. | a=mb, c=md; 


e=nb, f=nd. 

9. *a, c are equimultiples of b, d ; 

and e, f are also equimultiples 

ofb,d'. . . . . . .| thesame. 

14. 

1. When is & magnitude said to 

be a common measure of 

two or more others? . . . | When it measures each of them. 
2. When are magnitudes said to 

be commensurable? . . | When they have a common mea- 

sure. 


3. If a magnitude be said to be 
represented by a number, 
what is to be understood? . | First, that & measure of it has 
' been agreed on; secondly, that 
the number denotes what mul- 
tiple it is of that measure. 
4. If two or more magnitudes be 
said to be represented by 
numbers, what is to be un- 
derstood? . . . . . .| First, that they are commensu- 
rable; secondly, that a common 
measure of them has been agreed 
on; thirdly, that the numbers 
denote what multiples they are 
of that common measure. 


5. Give the algebraical definition 
ofratio . . . . . . .| The ratio of one magnitude to 
another is the number denoting 
what multiple, part, or fraction, 
the one is of the other. 
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6. When are four magnitudes called 
proportionale? . . . . | Four magnitudes are called pro- 
portionals, when the first has 
the same ratio to the second as 


the third has to the fourth, 
7. When are any number of mag- EE. 
nitudes called proportion- | ` 
als! . . . .. . .| Ány number of magnitudes are 
called proportionals, when the 


ratio of the first to the second, 
of the third to the fourth, of 
the fifth to the sixth, and so 
on, are all the same. 


15. 
Express algebraically 
1. *a has the same ratio to b as 
chastod’ ......{[a@:b::e:d, 


2. ‘a, o have the same ratio to 
bd’... .. « « «| the same. 


. *aistobascistod? . . . | the same. 


e» 9 


* a, b, c, d are proportionals' . | the same. 
5. *a, b, c, d, e, f, £c. are propor- | 
ton]! . . . . . . .[a:b::e:id:ze:if:: de. 
6. povero vicio iae 
chastod! . . . . . | @:b>c:d. 


7. * A, D, C and a, b, c have the 
same ratio, taken two and 
two’... ... ..,{A4:Bi:a:b, and B:C::b:e, 


8. * A, D, C and a, b, c have the 
same ratio, taken two and 
twoinacrosorder' . . .| 4:B::b:co sand B:C ::a 
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9. <4, B, C, &c., X, Y, Z, and 


a, b, c, &c., v, y, z, have the 
same ratio, taken two and 
two' 


10. *4, B, C, £c, X, Y, Z, and 


11. 


a, b, c, &c., a, y 5 have the 
same ratio, taken two and 


two in a cross order’. . 


‘Two ranks of magnitudes, 
A, B, C, £c., and a, b, c, £c., 
are such that each of the first 
rank has to X the same ratio 
as the corresponding one of 
the second rank has to x’ 


16. 


1. If two commensurable magni- 


tudes be represented by the 
numbers a, 6, what is the 
ratio of the first to the 
second? . . . . . 


2. Prove your answer . . . . 


A:B::a:b B:C::b:o, &e, 
A:Y::wm:y, Y:2::y:«. 
A:B::y:z, BiC::m:y,&c. 
X:YV::b:¢ Y:Z::a:b 
JJ 
O:X::oc:a, de. 

2 

s 


The common measure is ; of the 


second. Hence the first, being 
a times the common measure, 


is ; of the second; that is, 
the ratio of the first to the 


socond is 5. 
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8, Given a:b::¢:d; 


express in words . 


express more fully, by 
giving meaning of 
phrase ‘is to’ . . 

express yet more fully, 
by giving meaning of 
‘ratio’? . . . 


what are a, b, c, d, called ? 


4. Given :a:5::c6:d 5; 
deduce an equation 


5. Given 
Sa:bs:e:d::e:f:: de.’ 
deduce equations . . . 


6. Given ‘a:b>¢:d’; 
deduce an inequality . . 


— 
b d’ 
deduce a proportion . 


7. Given 


‘a 
b 
deduce & disproportion . 


+ 


] e? 
8. Gtven >=; 
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a ìs to b as c is to d. 


a bas the same ratio to b as c has 
to d. 


a is the same multiple, part, or 
fraction of b, as c is of d. 


Proportionals, 
a c 

b d 

a c e 
Sap 
ass 

b d 
a:b::e:d. 
a:b»c:d. 


THE PROPOSITIONS OF EUCLID, 
BOOK V. 


[The Student is recommended to take the Propositions in the follow- 
ing order. 
$1. 1, 5, 3, 2 (without Corollary}, 6, Corollary of 2. 
$ 2. C, D, 15. 
$ 8. r1, 13. 
$ 4. 7, 9, 8, 10. 
$ 5. 16, B, 18, 17, 17*, E, 12, 19, 24, 22, 23. 
§ 6. 4. 
§ 7. A, 14, 20, 21, 25.] 


Prop. I. 


If any number of magnitudes be equimultiples of as 
many: whatever multiple any one of them is of its 
part, the same multiple are all the first magnitudes of 
all the others. 


[If any number of — (4, B, C, &c.) be equimultiples of as 
many (a, b, e, &c.), each of each ; then, whatever multiple any one of 
them (4) is of its part (a), the same multiple are all the first magni- 
tudes (A + B+C + c.) of all the others (a 4- b 4- c -- £c.) ]. 

Express enunciation. | Let. 4—ma, B mb, C— mc, &o.; 
then shall 
(4 B C4 $c) m.(a 4-5 4 c 4c). 


Simplify terms of con- 
clusion . . . .| Now A B-K C go — ma-p mb 4 me+ Se. 
—1m.(a-- 6-4 c4 4c.) 
Q. E. D. 


C2 
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Prop. II. 


If the first magnitude be the same multiple of the 
second as the third is of the fourth, and if the fifth 
be the same multiple of the second as the sixth is of 
the fourth; the first and fifth together are the same 
multiple of the second as the third and sixth together 
are of the fourth. 


[If the first magnitude (a) be the same multiple of the second (5) as 
the third (c) ia of the fourth (d), and if the fifth (e) be the same multiple 
of the second (b) as the sixth (/) is of the fourth (d) ; then the first 
and fifth together (a +e) are the same multiple of the second (b) as 
the third and sixth together (¢+/) are of the fourth (d).] 


Express enunciation. | Let amb, and c=md, 
e=nb, and f=nd; 
then shall 
(a+e), (c +f) be equimultiples of 2, d. 
Simplify terms of con- 
clusion . . . .| Now ap e- mb 4- nó — (m 4- n).5, 
c+f=md+nd=(m+n).d. 
Q. E. D. 


CoROLLARY. 


The Proposition holds true of two ranks of magni- 
tudes, of which each of the first rank is the same 
multiple of a single magnitude as each of the second 
rank is of another single magnitude. 


[This Corollary is usually stated as follows. | 


If any number of magnitudes (4, B, C, £c.) be mul- 
tiples of another (X), and as many others (o, 5, c, &c.) 
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the same multiples of (x) : all the first (A + B+C+ &c.) 
are the same multiple of (X) as all the others 
(a+b+c+dc.) are of (x). 


Express enunciation . | Let 4=mX, and a=mz, 
B=nX, and d=nz, 
C=rX, and c=rz2, 
Be., 
then conclusion shall follow. 
Simplify terms of con- 
clusion . . . .| Now 
A+ B4+C+ Se.=mX4+2X+4+7rX+ Se. 
i =(m+n +r +&e.). X, 
a3. 6 c je mz nz M ro 34 óc. 
=(m+n+r+ Se.) . 2. 
Q. E. D. 


Prop. ITI. 


If the first be the same multiple of the second as the 
third is of the fourth, and if of the first and the third 
there be taken equimultiples: these are equimultiples 
of the second and the fourth. 


[If the first (a) be the same multiple of the second (b) as the third 
(c) is of the fourth (d), and if of the first (a) and the third (c) there be 
iaken equimultiples (4, C): these are equimultiples of the second (6) 
and the fourth (d).] 


Express enunciation. | Let a=mb, and c=md, 
A=na, and C=nc; 
then shall 4, C, be equimultiples of 2, d. 

Simplify terms of con- 
clusion . . . . | Now A=naz=nmb, 
C=nc=nmd. 


Q. E. D. 
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Prop. IV. 


If the first have to the second the same ratio as the 
third has to the fourth: any equimultiples of the first 
and third have the same ratio to any equimultiples of 
the second and fourth, viz. “the multiple of the first 
has to the multiple of the second the same ratio as the 
multiple of the third has to the multiple of the fourth.” 


[Lf the first (a) have to the second (b) the same ratio as the third (c) 
has to the fourth (d): &ny equimultiples (4, C) of the first and third 
have the same ratio to any equimultiples (B, D) of the second and 
fourth, viz., “the multiple (4) of the first has to the multiple (B) of 
the second the same ratio as the multiple (C) of the third has to the 
multiple (D) of the fourth."] 

Express enunciation. | Let a:5::0:d, 
and let 4=ma, and C= me, 
B=nė, and D-nd; 
then shall 4: B :: C: D. 
Simplify terms of 
equation required 


: A m C me 
for conclusion. . Now g= eD ad 
Taking given propor- 

im oa a et ee Ree Oa, 
a c 

deduce equation . ^ 7g 
thence deduce 

"a m | mma omo 
mb nd | | " x" by n nb nd’ 
thence deduce equa- 

tion required, for 4 C 
conclusion . . | ^, substituting, 7 — 7 ] 
thence deduce con- 

clusion . . .| 2. £:B::C:D. 


Q. E. D. 
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CoROLLARY 1. 


With the same data: the multiple of the first has 
the same ratio to the second as the multiple of the 
third has to the fourth. 


[With the same data: the multiple (4) of the first has the same 
ratio to the second (5) as the multiple (C ) of the third has to the 
fourth (d).] 


Express conclusion . | — then shall 4 :5::C:d. 
Simplify terms of 
equation required A 
for at ° . è o Now T 
Taking given propor- 





deduce equation 
thence deduce 
We e y | ae MM by 


& d 
thence deduce equa- 

tion required for 

conclusion . .| .*., substituting, 
thence deduce con- 


cdusiow. . . .| c. d:5::€:d. 


C 


be 


Q. E. D. 
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COROLLARY 2. 


With the same da£a.: the first has the same ratio to 
the multiple of the second as the third has to the mul- 
tiple of the fourth. 


[With the same data : the first (a) has the same ratio to the multiple 
(B) of the second as the third (c) has to the multiple (D) of the fourth.] 


Express conclusion — (hen shall a : B ::c: D. 
Simplify terms of 
equation required Now 2 = 2 e e 
for vt e 9 7 c8 Q B” nb’ D x 
T'aking given propor- 
tion . . . €. a:6::e:4, 
deduce equation z= 
thence deduce 
wh und e e * 95 * by 2, nb na’ 
thence deduce equa- 
tion required for ae 
conclusion . . | <., substituting, "iL 
thence deduce con- 
clusion . . . |z. a:B::e:D. 
Q. E. D. 
Pror. V. 


If one magnitude be the same multiple of another, 
as a magnitude taken from the first is of a magnitude 
taken from the other : the remainder is the same mul- 
tiple of the remainder as the whole is of the whole. 


[If one magnitude (4) be the same multiple of another (a), a8 a 
magnitude (B) taken from the first is of a magnitude (b) taken from 
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the other: the remainder (A — B) is the same multiple of the remainder 
(a—b) as the whole (4) is of the whole (a).] 


Express enunciation | Let A=ma, and B=mb; 
then shall (4—B)=m. (a—4). 


Simplify terms of con- 
cluston . . . . Now 4— B=ma—méb 
=m .(a—b). 
Q. E. D. 
Prop. VI. 


If two magnitudes be equimultiples of two others, 
and if equimultiples of these be taken from the first 
two: the remainders are either equal to these others 
or equimultiples of them. 


[If two magnitudes (a, b) be equimultiples of two others (c, d), and 
if (e, /), equimultiples of these (c, d), be taken from the first two (a, b), 
the remainders (a—e, b—f) are either equal to these others (c, d) or 
equimultiples of them.] 


Express enunciation | Let a=mb, and c=md, 


e-z n5, and f=nd ; 
then shall (a— e), (c— f) be either equal to, 
or equimultiples of 4 and d. 
Simplify terms of con- 
clusion . . . . | Now a—e=mb—nb=(m—n) . b, 
c—f=md—nd=(m—n) .d. 
Thence deduce conclu- 
sion . . . . .] then, if (m—n)=1, a—e =ù, 
and c—f=d; 
if not, they are equimultiples of 4, d. 


Q. E. D. 


[N.B. This Proposition is identical with Prop. IT, excepting that 
where one has the sign +, the other has the sign —.] 
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Prop. A. 


If the first have to the second the same ratio as the 
third has to the fourth: then, if the first be greater 
than the second, the third is greater than the fourth ; 
if equal, equal ; if less, less. 


{If the first (a) have to the second (b) the same ratio as the third (c) 
has to the fourth (d): then, if the first be greater than the second, the 
third is greater than the fourth ; if equal, equal ; if less, lesa. | 


Empress enunciation, 
with first hypothesis | Let a :b::c:d, and let a>b; 


then shall c» 4. 
Taking given propor- | 
tion . 1. . | - a:6::e:4, 
16.4) deduce equation .| ~». PT 


Taking gen ine- 
quality . . . .|'* @>6, 
11.4) deduce conclusion . e, RM yb zl; 
A, substituting, $ >l; 
“5 x8 byd, c>d. 


Similarly, if a=b, c=d; 
and if a« à, c « d. 
Q. E. D. 


PROPOSITION VI. 27 


Prop. B. (Jnvertendo.) 


If four magnitudes be proportionals: they are also 
proportionals when taken inversely. 


[If four magnitudes (a, b, c, d) be proportionals: they are also pro- 
portionals when taken inversely (8, a, d, c).] 
Express enunciation | Let a3:5::0:d; 
then shall 6: a@::d:c. 


Taking given propor- 
tion . . 2 a a:6b::ec:d, 
: a ec 
10, x) thence deduce equa- 
tion required for b d 
conclusion . . “+, m8 1 by each, = =~; 
thence deduce con- 
clusion . . . |. O:a::d:e. 
Q. E. D. 
Pnor. C. 


If the first be the same multiple or part of the second 
as the third is of the fourth: the first is to the second 
as the third to the fourth. 


Repeat enunciation, 
with full algebrat- 
cal meaning . . | If the first be the same multiple or part 
of the second as the third is of the 
fourth ; then the first 1s the same mul- 
tiple, part, or fraction, of the second, as 
the third is of the fourth. 


Quod est tautologicum. 
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Pror. D. 


If the first be to the second as the third to the fourth : 
then, if the first be a multiple or part of the second, the 
third is the same multiple or part of the fourth. 

Repeat enunciation, | If the first be the same multiple, part, or 
with full algebrai- fraction, of the second, as the third is 
cal meaning. of the fourth, and if the first be a mul- 

tiple or part of the second; then the 
third is the same multiple or part of 
the fourth. 


Quod est tautologicum. 
Prop. VII. 


Equal magnitudes have the same ratio to any other. 
And any other has the same ratio to them. 


[Equal magnitudes (a, b) have the same ratio to any other (x). And 
any other (x) has the same ratio to them. ] 


Parr 1. 
Eopress first enuncia- 
tion . . . . .] Let a=ġ; then shall a : z ::; ò: æ. 
Taking given equation | *:. az, 
6.1) deduce equation re- 
quired for conc x- 
$08 . . . . «X eve y +" by @,- =~; 
thence deduce con- 
clusion . . .|.. a:2::10:a. Q. E. D. 
Part 2. 
Express second enun- 
ciation . . . .| Let a=ġ; then shall z: a :: z: b. 
Taking givenequation | °° a=6, 
6.1) deduce equation re- 
quired for conclu- — 
sion. . Q0. | un, 2-28 @ by each, 757 


thence deduce con- 
clusion . . .| <. #@2a@::@:6. Q. E. D. 





[Of two unequal magnitudes (a, b) the greater (a) has a greater 
ratio to any other (x) than the lesser (b) has. And any other (x) has 
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Prop. VIII. 


Of two unequal magnitudes the greater has a greater 
ratio to any other than the lesser has. And any other has 
a greater ratio to the lesser than it has to the greater. 


a greater ratio to the lesser (5) than it has to the greater (a).] 


Parr 1. 


Express first enuncia- 


tion . 

Taking given ine- 
quality . . . . 
6.2) deduce equation re- 
quired for con- 

clusion 
thence deduce con- 

clusion 


Let a4»; then shalla : 222 : z. 


a b, 


a 
^5 = 18 by ac 


a:2>6:2. 


Parr 2. 


Express second enun- 
— 

Taking given inequa- 
lity . . . .. 
6.2) deduce equation re- 
quired for con- 

clusion 
thence deduce con- 


clusion . . 


i: 
= 


Q. E. D. 


Let 225; then shall 2: à» : a. 


eve a>d, 


wey 8 by ab and x8 by a, 3 >=; 


2:5»2:a. 


Q. E. D. 
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Prop. IX. 


Magnitudes, which have the same ratio to any other, 
are equal. And magnitudes, to which any other has 
the same ratio, are equal. 


[Magnitudes (a, b), which have the same ratio to any other (æ), are 
equal. And magnitudes (a, b), to which any other (z) has the same 


ratio, are equal. | 
Part 1. 
Express first enuncia- 
tion . . . . .| Leta:æ@::ġ:æ; then shall a=b. 
Taking given propor- 
tion . . . . . a:m::b:a, 
deduce equation — 
a 2’ 
8.1) thence deduce con- 
clusion . . .| <., x8 by æ, a=b. 
Q. E. D. 
Part 2. 
Express second enun- 
ciation . . . .| Again, let 2:a::2:6; then shall a=d. 
Taking given propor- 
tion. 2 ww, @:a::0@:6, 
deduce equation = 53 
8.2) thence deduce con- 
clusion . . . | .., +28 by wand x by ad, b=a. 
Q. E. D. 
Prop. X. 


Of magnitudes, which have unequal ratios to any 
other, that one, which has the greater ratio, is the 
greater. And of magnitudes, to which any other has 
unequal ratios, that one, to which it has the greater 
ratio, is the lesser. 
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[Of magnitudes (a, b), which have unequal ratios to any other (æ), 
that one (a), which has the greater ratio, is the greater. And of 
magnitudes (a, b), to which any other (x) has unequal ratios, that one 
(6), to which it has the greater ratio, is the lesser.] 


Parr 1, 
Express first enuncia- 
tion . . . . . | Leta: 2>6:2; then shall a >å, 
Taking given dispro- 
portion . . . . | @:@>6: 2, 
a 4b 


deduce inequality . | .". 20) 
8.4) thence deduce con- 


clusion . . .|., xn by z, a». 
Q. E. D. 
Part 2. 
Express second enun- 
ciation . . . .| Agam, let z:ó»2:2; then shall «a. 
Taking given dispro- 
porion . . .. v: b>: a, 
deduce inequality . | ~. ; > = 5 
8.6) thence deduce con- 
clusion . . .| s., —8 by sand xs by ba, add. 
Q. E. D. 
Prop. XI. 


Ratios, that are equal to the same ratio, are equal to 
one another. 


Show that this needs 
no demonstration . | This is an instance of the Axiom “ Things, 
that are equal to the same, are equal to 
one another.” | 
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Prop. XII. 


If any number of magnitudes be proportionals: as 
one of the antecedents is to its consequent, so are all 
the antecedents to all the consequents. 


[If any damn her of magnitudes (a, b, c, d, e, f, &c.) be proportionals : 
as one of the antecedents (a) is to its consequent (b), so are all the 
antecedents (a -- c «- e - 4c.) to all the consequente (b 4- d - f - &c.).] 


Express enunciation. | Lek a :5::0:d::6:::4o.; then shall 
(a4-c4- e3- $c.) : 64+d4+f4 Se.) ::a: 6. 


Taking given propor- 
tion . — a:bi:e:d::e:f:: ge, 
deduce equations .| .*. 3 
11.1) thence deduce equa- 
tion required for 
conclusion . . | let each=s; 

*., Clearing of fractions, a= bk, e= dk, §c. ; 
ate+e+5e. _ bk+dk+fk+he, 
b+d+f+§e b+d+f+§e. 

LL ER d EF Se.) 
b+d+f+ Se. 
zm; 
atctebóe a4. 
b+d+f+ge. b? 
thence deduce con- 


clusion . . . |. atepet+he.:b4+d+f+he. ::4: 6. 
Q. E. D. 
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Prop. XIII. 


If the first have to the second the same ratio as the 
third has to the fourth, but the third to the fourth a 
greater ratio than the fifth has to the sixth: then the 
first has to the second a greater ratio than the fifth has 
to the sixth. 


Show that this needs 
no demonstration . | This is an instance of the general state- 
ment “If the first of three things be 
equal to the second, but the second 
greater than the third; the first is 
greater than the third :” which is axio- 
matic. 


CoROLLARY. 
If the first have to the second a greater ratio than 
the third to the fourth, but the third to the fourth the 


same ratio as the fifth has to Oe sixth : the same con- 
clusion roA: 


Show that this needs 
no demonstration . | This is an instance of the general state- 
ment “If the first of three things be 
greater than the second, but the second 
equal to the third; the first is greater 
than the third:” which is axiomatic. 
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Prop. XIV. 


If the first have to the second the same ratio as the 
third has to the fourth: then, if the first be greater 
than the third, the second is greater than the fourth ; 
if equal, equal ; if less, less. 


[If the first (a) have to the second (b) the same ratio as the third (c) 
has to the fourth (d) : then, if the first (a) be greater than the third 
(c), the second (b) is greater than the fourth (d); if equal, equal ; if 
leas, less. ] 


Express enunciation 
with, first hypothesis | Let a:5::0:d, and a»6; 


then shall >d. 
T'aking given propor- 
tion o... e. a:b::c:d, 
deduce equation 5 = 5 
Taking given inequa- 
lity . . . . .| Again, '- ac, 
11.5) deduce conclusion . | ."., 06 by 8, 5 > 53 


.., substituting, 5 > 53 
SQ, 2-238 by e and. x 18 by d, 0» d. 
Similarly, if a=c, d=d; 


and if a<c, b<d. 
. Q. E. D. 
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Prop. XV. 


Magnitudes have to each other the same ratio as their 
equimultiples have. 


[Magnitudes (a, 5) have to each other the same ratio as their 
equimultiples (A, B) have.] 


Express enunciation. | Let 4—ma, and Bm; 
then shall à : 0 :: A : B. 


Simplify terms of 

—— reguired N 4 ma a. 
for conclusion . wg a p 
thence deduce con- 

clusion . . .| @:6::4:B. 


Q. E. D. 


Paor. XVI. (Alternando.) 


If four magnitudes of the same kind be proportionals : 
they are also proportionals when taken alternately. 

[If four magnitudes of the same kind (a, b, c, d) be proportionals : 
they are also proportionals when taken alternately (a, c, 5, d).] 
Express enunciation. | Let a:6::¢:4; 

then shall a : c ::5:d. 
Taking given propor- 
tion . 0... . | a:5::0:d, 
deduce equati VLL 
equation . | .". Fae 
10.1) thence deduce equa- 


tion required for ae 

conclusion . ; x16 by — 5 = qi 

thence deduce con- l 
clusion . . .|-. a:ec::5:d. Q. E. D. 


10. 2) 
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PRop. XVII. 


If four magnitudes, taken jointly, be proportionals : 
they are. also proportionals when taken separately. 
That is—If two magnitudes together have to one of 
them the same ratio as two others together have to 
one of them : the remaining one of the first two has to 
the other the same ratio as the remaining one of the 
last two has to the other. 


[If two magnitudes together (a+b) have to one of them (b) the 
game ratio as two others together {¢ +d) have to one of them (d).: the 
remaining one of the first two (a) has to the other (b) the same ratio 
as the remaining one of the last two (c) has to the other (d).] 


Fsprese enunciation . Let a45:5::ed:d; 
then shall 2:65 ::c:d. 





Taking given propor- | 
don . . . v 44M5:06::0d:d, © < 
d = b d 
deduce equation | sat =; 
thence deduce equa- 
tion required for a ud 
conclusion . `. | <., subtracting 1, 1g =a) 
thence deduce con- p^ 
clusion . . .|.. a:0::0:d. 


Q. E. D. 


PROPOSITION XVII. | 9T 


Prop. XVIL* (Dividendo.) 
(Stated according to Definition XVI) 


If four magnitudes be proportionals: the excess of 
the first above the second is to the second as the excess 
of the third above the fourth is to the fourth. 


[If four magnitudes (a, 5, c, d) be proportionals : the excess of the 
first above the second (a— 5) is to the second (D) as the excess of the 
third above the fourth (c— d) is to the fourth (d).] 


Express enunciation .| Leta:6::¢:d; 

then shall a—6 : 6 ::c—d : d. 
IM E : 
on . . v. °° 


t6::e:d, | 


deduce equation = 4; 

10.1) thence deduce egua- 
tion required for Woche cus 
conclusion e * ^5 — “f= a? 
thence dgduce con- 
clusion . . .| .. a—5:65::ce—d:d. 


~A A 
AlS 


Q. E. D. 


[N.B. This Proposition is identical with Prop. XVIII, excepting 
that where one has the sign +, the other has the sign —.] 
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Pror. XVIII. (Componendo.) 


If four magnitudes, taken separately, be propor- 
tionals : they are also proportionals when taken jointly. 
That is—If the first be to the second as the third is 
to the fourth: the first and second together are to the 
second as the third and fourth together are to the 
fourth. 


[If the first (a) be to the second (6) as the third (c) is to the fourth 
(d): the first and second together (a+b) are to the second (b) as the 
third and fourth together (c+ d) are to the fourth (d).], 


Express enunciation. | Let a:6::¢:4; 
then shall 4--6:5 ::c--d :d. 

Taking given propor- | 

on . . . ew «. v a8:5::0:d, 


deduce equation . | .". "y 


f0. 1) thence deduce equa- 
tion required for 





conclusion . . | .'., adding 1, — 

thence deduce con-: 

clusion . . .|.% @+6:6::e+d:d., e 
Prop. XIX. 


If one magnitude be to another as a magnitude taken 
from the first is to a magnitude taken from the other : 
the remainder is to the remainder as the whole is to 
the whole, 
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{If one magnitude (a) be to another (b) as a magnitude (c) taken 
from the first is to a magnitude (d) taken from the other: the re- 
mainder (a—c) is to the remainder (6—d) as the whole (a) is to the 
whole (5).] 


Express enunciation . | Leba :5::0:d; 
then shall a—c:ó—4d ::a:6. 
Taking given propor- 
tion »« ew . . f° 62 Oss 2d, 
deduce equation . | .-. TET 
11.2) thence deduce egua- 
tion required for 
conclusion . .| let each 4; | 
*., clearing of fractions, a=bk, c=dk ; 


Page y yea e 
a—c a 
ó—d 9’ 
thence deduce con- f 
clusion . . .| 2. @—e:6—d::4:6, 
Q. E. D. 
. COROLLARY. 


With the same data: the remainder is to the re- 
mainder as the magnitude taken from the first is to 
the magnitude taken from the other. 


[With the same data: the remainder (a—c) is to the remainder 


(b — d) as the magnitude (c) taken from the first is to the magnitude 
(d) taken. from the other.] 


The Demonstration is the same as in the Proposition, 


11. 3) 
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Pror. E. (Convertendo.) 


If four magnitudes be proportionals : they are also 
proportionals by conversion ; that is, the first is to its 
excess above the second as ‘the third is to its excess 
above the fourth. 


[If four magnitudes (a, b, c, d) be proportionals: they are also pro- 


portionals by conversion (a, a—5, c, c—d); that is, the first (a) is to | 


its excess above the second gs as the third (c) is to its excess above 
the fourth (c— d).] 


Express enunciation . | Leta: à — 
| then shall 4: a—d::¢: e—d. 


Taking given propor- 
tion .. .. .| 7 8:65::0:d, 
; c 
thence deduce equa-. 
tion required for 
conclusion . . | let each —4, 
., Clearing of fractions, a= dk, c= dk ; 
a vb _ k 
“Gb bk-b k-i’ 
nd — dk 2 k 
and S22 T dk—d Lat 
: & . e 
—— c—d? 
thence deduce con- . 
clusion. . .| &:G8—b::0:c—d. 


Q. E. D. 
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Prop. XX. 


If there be three magnitudes and other three, which, 
taken two and two, have the same ratio: then, if the - 
first be greater than the third, the fourth is greater 
than the sixth; if equal, equal; if less, less. 


[If there be three magnitudes (4, B, C) and other three (a, b, c), 
which, taken two and two, have the same ratio: then, if the first (4) 
be greater than the third (C), the fourth (a) is greater than the sixth 
(c) ; if equal, equal ; if less, less.] 


Express enunciation 
with first hypothesis | Let A: B::a: b, 
B:0::5:06; 
and let 4C; then shall 2» c. 


Taking given propor- 
tions. . ww 1 d: B::a:band B:0€::6:c, 
. . 4 a B b, 
deduce equations. | .". gj and | = 33 
10. 3) thence deduce | 
4 es = . .|.., x8 corresponding sides together, 
c A a 
C c 
Taking given inequa- 
lity . .. . .| Now: 4»C, 


11. 4) deduce conclusion . | ."., --»£& by C, Fol; 


^., substituting, 25] : 
s, x" byc 2e. 
Similarly, if 4=C, a=c; 


and if 4<C, a<c. 
Q. E. D. 
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Pror. XXI. 


If there be three magnitudes and other three, which, 
taken two and two in a cross order, have the same 
ratio: then, if the first be greater than the third, the 
fourth is greater than the sixth; if equal, equal; if 
less, less. | 

[If there be three magnitudes (4, B, C) and other three (a, b, c), 
which, taken two and two in a cross order, have the same ratio: then, 
if the first (A) be greater than the third (C), the fourth (a) is greater 
than the sixth (c) ; if equal, equal ; if less, less. | 
Express enunciation 

with first hypothesis | Let A: B::b:c, 


B:C::a:b; 
and let 4>C; then shall a>c. 
Taking given propor- 
tions. .. .. | 06 4d: Bs: bse, and B: C:: 4:64, 


deduce equations. . | .'. Sa, and 5 = $; 


10.4) thence deduce 


4... .., X6 corresponding sides together, 
C € A a 
Taking given inequa- M m 
lity . . . . .| Now,:- A>C, 


11.4) deduce conclusion .| .°., -~-08 by C, ai ; 
“+, substituting, = > 1; 


SQ, X28 by c, a>c. 


Similarly, if 4=C, a=c; 
and if 4« C, a«c. 
Q. E. D. 
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Pror. XXII.. 


If there be any number of magnitudes, and as many 
others which, taken two and two, have the same ratio : 
the first of the first rank shall have to the last the 
same ratio as the first of the second rank has to the 
last. 


[If there be any number of magnitudes (4, B, C, &e., X, Y, Z), 
and as many others (a, b, c, éc., æ, y, z) which, taken two and two, 
have the same ratio: the first of the first rank (4) shall have to the 
last (Z) the same ratio as the first of the second rank (a) has to the 


Express enunciation. | Let 4: B::a:b, 
B:0::5:06, 
e., 
X:Y::2:7, 
Y:Z::y:z; 
then shall 4 : Z::a:z 
Taking given propor- 
tions . oe A:B::4:6, fe, —— 
. 4 a B b X æ Y y, 
deduce equations e . B 3’ T pior y D 
10.5) thence deduce 
— .'., x8 corresponding sides together, 
Z Z A a 
Z7; 
thence deduce con- 
clusion . . .| ^ A: 4::@:2. 


Q. E. D. 
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Pror. XXIII. 


_ If there be any number of magnitudes, and as many 
others which, taken two and two in a cross order, have 
the same ratio: the first of the first rank shall have 
to the last the same ratio as the first of the second 
rank has to the last. 


[If there be any number of magnitudes (4, B, C, &c., X, Y, Z), 
and as many others (a, b, c, éc., v, y, z) which, taken two and two 
in a cross order, have the same ratio: the first of the first rank (4) 
shall have to the last (Z) the same ratio as the first of the second 


rank (a) has to the last (2). | 
Express enunciation. | Let 4: B:: 7: z, 
B:iC::27y, 
e.s 
X:Y::6:e, 
Y:2::a:5; 
then shall 4: Z::a: 2 
Taking given propor- 
tions. . . . . A: Bi:y: 2, §e, 
muy wt dou et 
deduce equations . PHD G77 oe FA. FF? 
10. 6) thence deduce 
— » x8 corresponding sides together, 
Z 2 4 a 
Z^"; 
thence deduce con- 
clusion . . |e A: Zt:asz 


Q. E. D. 
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Pror. XXIV. 


If the first have to the second the same ratio as 
the third has to the fourth; and the fifth the same 
ratio to the second as the sixth has to the fourth: 
then the first and fifth together shall have the same 
ratio to the second as the third and sixth together 
have to the fourth. 


[1f the first (a) have to the second (b) the same ratio as the third 
(c) has to the fourth (d); and the fifth (v) the same ratio to the 
second (b) as the sixth (f) has to the fourth (d): then the first and 
fifth together (a+) shall have the same ratio to the second (b) as the 
third and sixth together (c+/) have to the fourth (d).] 


Express enunciation . | Let @:6::¢: d, 
a Bb fs ds P 
then shall a 4-e : 0 :: e4-': d. 


Taking given propor- | 
tions . . . . . @:6::e:d,ande:6b::f:.d, 
a c J: 
deduce equations ; Fp and 3 => 
thence deduce equa- 
tion required for | ` 
conclusion . . | .*., adding corresponding sides, 
a+ée ctf, 
| b` d’ 
thence deduce con- 
clusion . . «| a+e:b::c4f:d. 


Q.E.D. 
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CoROLLARY 1. 


With the same data; the excess of the first above 
the fifth shall have the same ratio to the second as 
the excess of the third above the sixth has to the 


fourth. 


[With the game data: the excess of the first above the fifth (a— e) 
shall have the same ratio to the second (b) as the excess of the third 


above the sixth (c —f) has to the fourth (d).] 


Express enunciation . : e 
eib:ifid; 


Taking given propor- 
&on8 . . . . . a:b::c:d, and e:6::f: 4d, 
deduce equatuns . =p and £4; 
thence deduce equa- 
tion required for 
conclusion . .| .., subtracting corresponding sides, 
4—e  c—f. 
à d^ 
thence deduce con- 
clusion . . . | a—6e:bi:e—f:d. 
Q. E. D. 


[N.B. This is identical with the Proposition, excepting that where 
one has the sign +-, the other has the sign —.] 
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COROLLARY 2, 


The Proposition holds true of two ranks of magni- 
tudes, of which each of the first rank has to a single 
magnitude the same ratio as each of the second rank 
has to another single magnitude. 


[The Proposition holds true of two ranks of magnitudes (4, 2, C, 
&c., and a, b, c, &c.), of which each of thes first rank has to a single 
magnitude (X) the same ratio as each of the second rank has to another 


single magnitude (2). 


Express enunciation. | Let 4:X::4: 2, 
B:X::b:2, 
C32 3:03, 


then shall 
(44+ B+ C+ Se.) :X:: (@+b40e+4§e.) : z. 


tions 5 we ee ~ A: X::0: 8, §e., 
A a B b C 
deduce equations paa op 1724€ 
thence deduce equa- 
tion required for 
j *., adding corresponding sides, 
At Bt+C+ Ge. _atbser§e.. 
ee ca Sp eee a sey ee 
thence deduce con- S 
clusion . . .| "(4t Ba C $0): X (abb e 40):o. 


Q. E. D. 
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Pror. XXV. 


. If four magnitudes of the same kind be propor- 
tionals: the greatest and least together are greater 
than the other two together. 


Obtain a proportion 
in which the greatest 
^ stands fest . . .| Taking that ratio first whieh contains the 
«greatest magnitude, and inverting if 
necessary, we obtain a proportion in 
which the greatest stands first. 
Name magnitudes, 
pointing out which |. | 3 ie 
is greatest . . . | Let magnitudes, so arranged, be named 
a, b, c, d, of which a is greatest. 
Express data . . .| Leta:ó::e:d; 


Prove that * d' is least | *-. a>d .. edd; [V. 4. 
: and * a»c .. 92d; 20 [V. 14. 
^. d is least. 
Express conclusion . ; Then shalla+d > b+c. 
Taking given propor- E 
tim .. . . .| v a:6::6:d, 
deduce 
a:a—b::ci:c—d | .%., convertendo, @:a—8.::6:¢—d; [V. £. 
thence deduce 
a—b»c—d. .|then, ^ ae, .- a—b cd; [V. 14. 
thence deduce con- 
clusion E EE adding (5 -- d), 84 d»5.-.c. 


 QED. 


THE ENUNCIATIONS, 


SYSTEMATICALLY ARRANGED. 


6 1. From given Equimultiples to prove others. 


DATA. QU.ESITA. 
1, A=ma, B=mb, C=me, Se. | (A+B+C+Gc.)= 
9 .(a--5--c-- 4c). 
5. A=ma, B= mò - . l| A—B-n.(a—b). 
8. a=mb, and M 


A imulti 
22 anos , C are equimultiples of à, d 


2. az mb, and c— md . . «| @+e), (e+/) are equimultiples 
ez nb, and f=nd of à, d. 


6. Same data . . . . . .| (a—e), (e—/) are equal to, or 
equimultiples of, 2, d. 


B=nX, and b=nz 
CzrX, and c— rz 


je 


(4L Ba C 40),(a b t c o.) 


2. Cor. A42 mX, and az moz 
| are equimultiples of X, c. 
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§ 2. From given Equimultiples to prove Proportions : 
and, vice versá. 


DATA. QUÆSITA. 


C. First is same multiple or 
part of second as third 


is of fourth . . . . | first is to second as third to 
fourth. 
D. First is to second as third to 
fourth, and first is multi- 
ple or part of second. . | third is same multiple or part 
of fourth. 
15. A=ma, and B=mb. ~ -1a:b6:: 4: B. 


§ 3. From given Proportions (and Disproportions) to 
prove others involving the same Ratios. 


11. Ratios equal to the same 
‘ratio . . . . . . | are equal to one another. 
18. Ratio of. first to second 
equals ratio of third to 
fourth, but ratio of third 
to fourth is greater than 
ratio of fifth to sixth . | ratio of first to second is greater 


than ratio of fifth to sixth. 
Cor. Ratio of first to second 


is greater than ratio of 
third to fourth, but ratio 
of third to fourth equals 
ratio of fifth to sixth . | same concluston. 
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§4. From given Equations (or Inequalities) to prove 
Proportions (or Disproportions): and vice versa. 


DATA. QU.ESITA. 
7. (1) a=b a:2::0:m 
(2 do. . . . . . .| e:2a::2:6. 
9. (1) a:2::05:2. . . .| a=b. 
(2) 2:a::2:5. . . .| do. 


8.(1) a» . . . . . .|a:a»05:a. 
(32 do. . . . . . .|o:0»2«:a. 
10. (2) a:z»5:2 . . . .|a»6. 
(2) 2:50»2:a . . . .| do. 


4 5. From given Proportions to prove others involving 


new Ratis. 
16. a:5::e:d'. . . . .|a:e ::5:d (alternando). 
B. do. 0r s «| b:a2:d:¢ (invertendo). 


18. do. eoe eoe S | 60 :Ó iie d :d(componendo) 
17. atb:b::e+-d:d . .| a:b::0¢e:d (dividendo). 
17*.a:60::c:d. . . . .| a—bibiice—d:; d (ditto). 


E. ~ @:a—b::¢e:c—d (convertendo). 
19. a:b: ze — de P i n a:b, 
19. :6::¢: A os &—-6:b—d::a:8, 


Cor. do. 2.5.5. .La—e:b—d::c:d. 


24. a:b::e:d 
d :5:: : d. 
ande:3::f:d SUP e T 


Cor. (1) do. 0. s. .[8—6:0::0—fzd, 
Cor. (2) 4: X::a:a@ 
BeX::b:¢@ 
Dou ace (A+ B+ C43): Xs: (04540480) 0 
ác. 
22. 4: B::a:b 
B:C::b:¢ 
$c. 2. .]4d5:2::a:2. 
X:Y::-o:y 
Y:2::y:z 


EJ 
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DATA. QU.XSITA, 
28. 4: B::y:z 
B:0::z:y 
ge. A:Z::a:2. 
X:7T::5:c 
¥:Z::a:6 


§ 6. From a given Proportion, combined with Equi- 
multiples, to prove Proportions involving new Ratios. 


4. a:b::e:da 
A=ma, and cane} 


A:B::C0:D. 
B=nb, and D=nd 
Cor. (1) do. 2 .14:5::€:d. 
Cor, (2) do. a:B::c: D. 


9 7. From given Proportions, combined, with, Equations 
(or Inequalities), to prove Equations (or Inequalities), 
A, a:65::c:d ! 

and a >= or <ò 
14.  a:b::c:d 
and a> = or «c 


, . | e¢>zor <a, 


. .| d>= or <d., 


B:C::b:¢ 
A>=or<C 
— 


20. 4: B::a:b 
} e G»zzor-«c. 


B:C::a:6 
A>=or<C 
25. That four magnitudes are 
proportionals, and that 
one is greatest and one 
least: . . . . . .| greatest and least together are 
greater than other two. 


e 
same conclusion. 


THE DEFINITIONS. 


I. 


A less magnitude is said to be a part of a greater 
when the less measures the greater ; that is, ‘when the 
less 1s contained a certain number of times exactly in 
the greater.’ 

II. 


A greater magnitude is said to be a multiple of a 
less, when the greater is measured by the less, that is 
‘when the greater contains the less a certain number 
of times exactly.’ 

Euclid always means, by ‘a certain number of 
times,’ ‘more than once’: but, in Algebra, ‘one’ is 
considered as a number, so that a magnitude is a 
multiple of itself, and also a part of itself. 


III. 


‘Ratio is a mutual relation of two magnitudes of 
the same kind to one another, in respect of quantity’ . 


This is too vague to-be of any practical use. 
Euclid explains more clearly what he means by 
‘ratio, when he comes to define ‘identity of ratio’ 
in Def. V. That Definition is applicable to in- 
commensurable, as well as to commensurable, mag- 
nitudes: whereas the Algebraical Definition of 
‘ratio,’ and so of ‘identity of ratio,’ is applicable to 
commensurable magnitudes only. 
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IV. 


Magnitudes are said to have & ratio to one an- 
other, when the less can be multiplied so as to exceed 
the other. ' 

Euclid probably meant, by this Definition, to 
exclude infinite magnitudes. 


V. 


The first of four magnitudes is said to have the 
same ratio to the second, which the third has 
to the fourth, when any equimultiples whatsoever of 
the first and third being taken, and any equimultiples 
whatsoever of the second and fourth ; if the multiple of 
the first be less than that of the second, the multiple 
of the third is also less than that of the fourth: or, 
if the multiple of the first be equal to that of the 
second, the multiple of the third is also equal to that 
of the fourth : or, if the multiple of the first be greater 
than that of the second, the multiple of the third is 
also greater than that of the fourth. 


The Algebraical Definition answering to this 
would be ‘The first of four magnitudes is said 
to have the same ratio to the second which the 
third has to the fourth, when the first is the same 
multiple, part, or fraction of the second which the 
third is of the fourth’: but such a Definition 
would be quite superfluous, as it may be easily 
deduced from the Algebraical Definition of ‘ratio.’ 

This Definition is discussed in the Appendix. 
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VI. 


Magnitudes which have the same ratio are called 


proportionals. 
This Definition is also true in Algebra. 


VII. 
(To be omitted.) 

When of the equimultiples of four magnitudes, taken 
as in the fifth definition, the multiple of the first is 
greater than the multiple of the second, but the multi- 
ple of the third is not greater than the multiple of the 
fourth, then the first is said to have to the second a 
greater ratio than the third has to the fourth ; and the 
third is said to have to the fourth a less ratio than the 
first has to the second. 


VIII. 


< Analogy, or proportion, is the similitude of 
ratio.’ 
This might be expressed, equally well, as ‘the 
equality of ratio,’ or ‘the identity of ratio.’ 
IX * 
Proportion consiste in three terms at least. 


This is an Áxiom. 


X. 


When three magnitudes are proportionals, the first 
is said to have to the third, the duplicate ratio of that 
which it has to the second. 
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XI. 


When four magnitudes are continual proportional, 
the first is said to have to the fourth, the triplicate 
ratio of that which it has to the second, and so on, 
quadruplicate, &c. increasing the denomination still by 
unity, in any number of proportionals. 


A, 

When there are any number of magnitudes of the 
same kind, the first is said to have to the last of them 
the ratio compounded of the ratio which the first 
has to the second, and of the ratio which the second 
has to the third, and of the ratio which the third has 
to the fourth, and so on unto the last magnitude. 


XII. 


In proportionals, the antecedent terms are called 
homologous to one another, as also the consequents. 


XIII. 


Alternando. This word is used when there are four 
proportionals, and it is inferred that the first is to the 
third as the second to the fourth. (Prop. xvi.) 


XIV. 
Invertendo; when there are four proportionals, an 
it is inferred, that the second is to the first, as th 
fourth to the third. (Pror. B.) 


DEFINITIONS. 57 


XV. 


Componendo; when there are four proportionals, 
and it is inferred that the first together with the second, 
is to the second, as the third together with the fourth, 
is to the fourth. (Pror. xvni.) 


XVI. 


Dividendo; when there are four proportionals, and it 
is inferred, that the excess of the first above the second, 
is to the second, as the excess of the third above the 
fourth, is to the fourth. (Prop. xvi.) 


XVII. : 


Convertendo; when there are four proportionals, 
and it is inferred, that the first is to its excess above 
the second, as the third to its excess above the fourth. 
(Pror. E.) 


XVIII. 


Ex æquali; when there is any number of magnitudes 
more than two, and as many others such that they are 
proportionals when taken two and two of each rank, 
and it is inferred, that the first is to the last of the 
first rank of magnitudes, as the first is to the last of 
the others : * Of this there are the two following kinds, 
which arise from the different order in which the mag- 
nitudes are taken, two and two.’ 
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XIX. 


Ex equali in proportione directa; this term is 
used when the first magnitude is to the second of the first 
rank, as the first to the second of the other rank; and 
the second is to the third of the first rank, as the second 
to the third of the other; and so on in order: and the 
inference is as mentioned in the preceding definition. 
(PRor. xxi.) 


XX. 


Ex æquali in proportione perturbata seu inordi- 
nata; this term is used when the first magnitude is to 
the second of the first rank, as the last but one is to the 
last of the second rank ; and the second is to the third 
of the first rank, as the last but two to the last but one 
of the second rank: and the third is to the fourth of 
the first rank, as the last but three to the last but 
two of the second rank; and so on in a cross order: 
and the inference is as in the 18th definition. (Prop. 
XXIII.) 


THE AXIOMS. 


I, 


Equimultiples of the same, or of equal magnitudes, 
are equal to one another. 


II. 


Those magnitudes, of which the same or equal mag- 
nitudes are equimultiples, are equal to one another. 


III. 


A multiple of a greater magnitude is greater than 
the same multiple of a less. 


IV. 


That magnitude, of which a multiple is greater than 
the same multiple of Bonn is greater than that other 
magnitude. 


APPENDIX. 


EvoLr»'s Definition of Proportion is not used in the Fifth Book, 
when proved algebraically, since this method of Proof applies to com- 
mensurable Magnitudes only, for which a much simpler Definition is 
sufficient : but it is required for Prop. I of the Sixth Book, on which 
the rest of that Book depends, so that some explanation of it may fitly 
be given here. 

The Student should pay particular attention to the word * «ohatso- 
ever.” Four magnitudes are said to be Proportionals, not merely 
when “any equimultiples” fulfil certain conditions (in which case one 
successful instance would be enough to justify the use of the name, in 
spite of many unsuccessful instances being found), but when “any 
whatsoever” fulfil them (in which case alJ instances must be successful 
to justify the use of the name, and a single unsuccessful instance 
would be enough to destroy our right to use it), To take an illus- 
tration from Chemistry, a drug might fairly be called ** dangerous to 
life,” if any instance could be found of a person having died from 
swallowing it, but it could not be called “ certainly fatal to life,” unless 
it could be shown that any person whatsoever, who swallowed it, must 
die in consequence; and a single proved case of a person having 
survived it would destroy our right to use the name. 

In other words, before we have a right to call certain Magnitudes 
* Proportionals" in Euclid's sense of the word, we must first have 
proved what is called in Logic “a Universal Proposition" (whose 
typical form is “All A are B”); that is, we must have proved that 
all equimultiples of these Magnitudes fulfil certain conditions. 

Now a Universal Proposition may be proved by two totally distinct 
methods. One may be defined as “the enumeration of all instances,” 
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the other as “the establishment of a general law.” Before explaining 
these phrases aa applied to Euclid’s Definition, let us illustrate them 
by examples from another subject. 

Suppose we wish to establish the Universal Proposition that ‘ All 
English Queens who have reigned since the Conquest have had the 
letter ‘A’ in their names.” This may be proved true by enumerating 
all the names, and pointing out that cach fulfils the condition stated. 
But, inasmuch as the circumstance is merely an accident as to each 
name, no “ general law” can be shown to exist. In this case, then, 
we are restricted to the first method of proof. 

Next, suppose the Proposition to be “ All English Queens who have 
reigned since the Conquest have been of royal descent.” In this case 
we have a choice of methods: we may either enumerate all the names, 
giving the genealogy of each : or we may show that, by the principles 
of our Constitution, such royal descent is essential to a Queen. In 
many cases of this kind, it would be quite a matter for consideration, 
which method to employ : sometimes the one would be found the more 
convenient, sometimes the other. 

Thirdly, suppose the Proposition to be “ All English Queens, who 
have reigned since the Conquest, or who ever will reign, have had, or 
will have, weight.” In this case, since some of the instances referred 
to do not yet exist, so that no evidence, concerning them individually, 
can be given, we are restricted to the use of the second method : that 
is, we can only prove the Proposition by showing that all English 
Queens, past, present, and future, are necessarily human beings; and 
that human beings, by a law of Nature, have weight. 

Now which of these two methods does Euclid mean us to employ, 
when he tells us, before we can use the name “Proportionals” of 
certain Magnitudes, to prove the Universal Proposition that “all 
equimultiples" fulfil certain conditions ? 

The number of equimultiples we may take of the magnitudes is 
infinite: hence “the enumeration of all instances” is impossible in this 
case, and the only method left us is “the establishment of a general 
law.” 

To take the actual instance in which the Definition is used by 
Euclid—Prop. I of the Sixth Book. Euclid wishes to show that if 
two Triangles be of the same altitude, the two bases and the two 
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Triangles constitute four “Proportionala.” To do this, out of the 
infinite number of possible equimultiples of the first and third, he 
chooses a single instance ; and out of the infinite number of possible 
equimultiples of the second and fourth, he also chooses a single in- 
stance. He does not assume it to be enough for his purpose to show 
that, in this particular pair of instances, the test of * 1f greater, greater ; 
if equal, equal; if less, less” is fulfilled. The essence of his argument 
consists in showing that what is true in the particular instances 
chosen would also, from the nature of the case, be true in every other 
conceivable instance which could be taken. 

This part of the proof depends on two theorems—first, Prop. 
XXXVII of the First Book, namely “Triangles on equal bases, and 
between the same parallels, are equal" ; secondly, on an easy deduction 
from this (which is not explicitly stated by Euclid, and so is often 
overlooked), namely, “Triangles between the same parallels, but on 
unequal bases, are unequal, that which is on the greater base being the 
greater.” Both Prop. XXXVII and this deduction from it are clearly 
of universal applicability. Hence Euclid’s proof of the Universal 
Proposition, that * all equimultiples" fulfil the requisite conditions, is 
complete, and his conclusion, that the original four Magnitudes are 
* Proportionals," is legitimate. 


THE END. 
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PREFACE. 


This edition of the Elements of Euclid, undertaken at the request of the prin- 
cipals of some of the leading Colleges and Schools of Ireland, is intended to 
supply a want much felt by teachers at the present day—the production of a 
work which, while giving the unrivalled original in all its integrity, would also 
contain the modern conceptions and developments of the portion of Geometry 
over which the Elements extend. A cursory examination of the work will show 
that the Editor has gone much further in this latter direction than any of his 
predecessors, for it will be found to contain, not only more actual matter than 
is given in any of theirs with which he is acquainted, but also much of a special 
character, which is not given, so far as he is aware, in any former work on the 
subject. The great extension of geometrical methods in recent times has made 
such a work a necessity for the student, to enable him not only to read with ad- 
vantage, but even to understand those mathematical writings of modern times 
which require an accurate knowledge of Elementary Geometry, and to which it 
is in reality the best introduction. 

In compiling his work the Editor has received invaluable assistance from the 
late Rev. Professor Townsend, S.F.T.C.D. The book was rewritten and con- 
siderably altered in accordance with his suggestions, and to that distinguished 
Geometer it is largely indebted for whatever merit it possesses. 

The Questions for Examination in the early part of the First Book are in- 
tended as specimens, which the teacher ought to follow through the entire work. 
Every person who has had experience in tuition knows well the importance of 
such examinations in teaching Elementary Geometry. 

The Exercises, of which there are over eight hundred, have been all selected 
with great care. Those in the body of each Book are intended as applications of 
Euclid's Propositions. They are for the most part of an elementary character, 
and may be regarded as common property, nearly every one of them having 
appeared already in previous collections. The Exercises at the end of each 
Book are more advanced; several are due to the late Professor Townsend, some 
are original, and a large number have been taken from two important French 
works—CATALAN’S Théorèmes et Problèmes de Géométrie Elémentaire, and 
the Traité de Géométrie, by ROUCHÉ and DE COMBEROUSSE. 

The second edition has been thoroughly revised and greatly enlarged. The 
new matter includes several alternative proofs, important examination questions 
on each of the books, an explanation of the ratio of incommensurable quantities, 
the first twenty-one propositions of Book XI., and an Appendix on the properties 
of the Prism, Pyramids, Cylinder, Sphere, and Cone. 

The present Edition has been very carefully read throughout, and it is hoped 
that few misprints have escaped detection. 

The Editor is glad to find from the rapid sale of former editions (each 3000 
copies) of his Book, and its general adoption in schools, that it is likely to 


accomplish the double object with which it was written, viz. to supply students 
with a Manual that will impart a thorough knowledge of the immortal work 
of the great Greek Geometer, and introduce them, at the same time, to some 
of the most important conceptions and developments of the Geometry of the 
present day. 


JOHN CASEY. 


86, SOUTH CIRCULAR-ROAD, DUBLIN. 
November, 1885. 
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THE ELEMENTS OF EUCLID. 





INTRODUCTION. 


Geometry is the Science of figured Space. Figured Space is of one, two, or three 
dimensions, according as it consists of lines, surfaces, or solids. The boundaries 
of solids are surfaces; of surfaces, lines; and of lines, points. ‘Thus it is the 
province of Geometry to investigate the properties of solids, of surfaces, and 
of the figures described on surfaces. The simplest of all surfaces is the plane, 
and that department of Geometry which is occupied with the lines and curves 
drawn on a plane is called Plane Geometry; that which demonstrates the prop- 
erties of solids, of curved surfaces, and the figures described on curved surfaces, 
is Geometry of Three Dimensions. The simplest lines that can be drawn on a 
plane are the right line and circle, and the study of the properties of the point, 
the right line, and the circle, is the introduction to Geometry, of which it forms 
an extensive and important department. This is the part of Geometry on which 
the oldest Mathematical Book in existence, namely, Euclid’s Elements, is writ- 
ten, and is the subject of the present volume. The conic sections and other 
curves that can be described on a plane form special branches, and complete 
the divisions of this, the most comprehensive of all the Sciences. The student 
will find in Chasles’ Apercu Historique a valuable history of the origin and the 
development of the methods of Geometry. 





In the following work, when figures are not drawn, the student should con- 
struct them from the given directions. The Propositions of Euclid will be printed 
in larger type, and will be referred to by Roman numerals enclosed in brackets. 
Thus |III. xxxir.| will denote the 32nd Proposition of the 3rd Book. The num- 
ber of the Book will be given only when different from that under which the 
reference occurs. The general and the particular enunciation of every Propo- 
sition will be given in one. By omitting the letters enclosed in parentheses we 
have the general enunciation, and by reading them, the particular. The anno- 
tations will be printed in smaller type. The following symbols will be used in 
them:— 


Circle will be denoted by © 
‘Triangle s A 
Parallelogram 3 [3 
Parallel lines " | 
Perpendicular E fe 
In addition to these we shall employ the usual symbols +, —, &c. of Algebra, 
and also the sign of congruence, namely =. This symbol has been introduced 


by the illustrious Gauss. 


BOOK I. 


THEORY OF ANGLES, TRIANGLES, PARALLEL LINES, AND 
PARALLELOGRAMS. 





DEFINITIONS. 


THE POINT. 


I. A point is that which has position but not dimensions. 

A geometrical magnitude which has three dimensions, that is, length, breadth, and thick- 
ness, is a solid; that which has two dimensions, such as length and breadth, is a surface; and 
that which has but one dimension is a line. But a point is neither a solid, nor a surface, nor 
a line; hence it has no dimensions—that is, it has neither length, breadth, nor thickness. 


THE LINE. 


i. A line is length without breadth. 

A line is space of one dimension. If it had any breadth, no matter how small, it would 
be space of two dimensions; and if in addition it had any thickness it would be space of three 
dimensions; hence a line has neither breadth nor thickness. 


III. The intersections of lines and their extremities are points. 


Iv. A line which lies evenly between its extreme 4 B 
points is called a straight or right line, such as AB. 

If a point move without changing its direction it will describe a right line. The direction in 
which a point moves in called its “sense.” If the moving point continually changes its direction 
it will describe a curve; hence it follows that only one right line can be drawn between two 
points. The following Illustration is due to Professor Henrici:— If we suspend a weight by a 
string, the string becomes stretched, and we say it is straight, by which we mean to express 
that it has assumed a peculiar definite shape. If we mentally abstract from this string all 
thickness, we obtain the notion of the simplest of all lines, which we call a straight line." 


THE PLANE. 


V. A surface is that which has length and breadth. 
A surface is space of two dimensions. It has no thickness, for if it had any, however small, 
it would be space of three dimensions. 


VI. When a surface is such that the right line joining any two arbitrary 


points in it lies wholly in the surface, it is called a plane. 
A plane is perfectly flat and even, like the surface of still water, or of a smooth floor.— 
NEWCOMB. 


FIGURES. 


vil. Any combination of points, of lines, or of points and lines in a plane, is 
called a plane figure. If a figure be formed of points only it is called a stigmatic 
figure; and if of right lines only, a rectilineal figure. 

vill. Points which lie on the same right line are called collinear points. A 
figure formed of collinear points is called a row of points. 


THE ANGLE. 


Ix. The inclination of two right lines extending out from one point in different 
directions is called a rectilineal angle. 


X. The two lines are called the legs, and the point the vertex of the angle. 
A light line drawn from the vertex and turning about it Cc 
in the plane of the angle, from the position of coincidence 
with one leg to that of coincidence with the other, is said to 
turn through the angle, and the angle is the greater as the 
quantity of turning is the greater. Again, since the line may 
turn from one position to the other in either of two ways, 
two angles are formed by two lines drawn from a point. 
Thus if AB, AC be the legs, a line may turn from the 
position AB to the position AC in the two ways indicated 
by the arrows. The smaller of the angles thus formed is to be 
understood as the angle contained by the lines. The larger, 
called a re-entrant angle, seldom occurs in the “Elements.” 


XI. Designation of Angles.—A particular angle in a figure is denoted by 
three letters, as BAC’, of which the middle one, A, is at the vertex, and the 
other two along the legs. The angle is then read BAC. 


E 


— — B — 7 ^A B A 


XI. The angle formed by joining two or more angles together is called 
their sum. Thus the sum of the two angles ABC, PQR is the angle AB’R, 
formed by applying the side QP to the side BC, C 
so that the vertex Q shall fall on the vertex B, 
and the side QR on the opposite side of BC 
from BA. 

XIII. When the sum of two angles BAC, 

CAD is such that the legs BA, AD form one D A B 
right line, they are called supplements of each 
other. 


Hence, when one line stands on another, the two angles which it makes on the same side 
of that on which it stands are supplements of each other. 


XIV. When one line stands on another, and S 
makes the adjacent angles at both sides of itself 
equal, each of the angles is called a right angle, 
and the line which stands on the other is called a 
D A B 


perpendicular to it. 
Hence a right angle is equal to its supplement. 


xv. An acute angle is one which is less than 


a right angle, as A. 
NS 
A B 


XVI. An obtuse angle is one which is greater than a right angle, as BAC. 
The supplement of an acute angle is obtuse, and conversely, the supplement of an obtuse 
angle is acute. 


XVII. When the sum of two angles is a right angle, C 
each is called the complement of the other. Thus, if D 
the angle BAC be right, the angles BAD, DAC are 
complements of each other. 
CONCURRENT LINES. 
A B 


XVIII. Three or more right lines passing through 
the same point are called concurrent lines. 

XIX. A system of more than three concurrent lines is called a pencil of lines. 
Each line of a pencil is called a ray, and the common point through which the 
rays pass is called the vertez. 





A 


THE TRIANGLE. 


xx. A triangle is a figure formed by three right lines joined end to end. The 
three lines are called its szdes. 

XXI. A triangle whose three sides are unequal is said to be scalene, as A; 
a triangle having two sides equal, to be isosceles, as B; and and having all its 
sides equal, to be equilateral, as C. 


AAN 


XXII. A right-angled triangle is one that has one of its angles a right angle, 
as D. ‘The side which subtends the right angle is called the hypotenuse. 


XXIII. An obtuse-angled triangle is one that has one of its angles obtuse, as 
E. 
XXIV. An acute-angled triangle is one that has its three angles acute, as F. 


xxv. An exterior angle of a triangle is one that is formed by any side and 


the continuation of another side. 
Hence a triangle has six exterior angles; and also each exterior angle is the supplement of 
the adjacent interior angle. 


THE POLYGON. 


XXVI. A rectilineal figure bounded by more than three right lines is usually 
called a polygon. 

XXVII. A polygon is said to be convex when it has no re-entrant angle. 

XXVIII. A polygon of four sides is called a quadrilateral. 

XXIX. A quadrilateral whose four sides are equal is called a lozenge. 

XXX. A lozenge which has a right angle is called a square. 

XXXI. A polygon which has five sides is called a pentagon; one which has six 
sides, a hexagon, and so on. 


THE CIRCLE. 


XXXII. A circle is a plane figure formed by a curved D 
line called the circumference, and is such that all right 
lines drawn from a certain point within the figure to the 
circumference are equal to one another. This point is 

A 

called the centre. 

XXXIII. A radius of a circle is any right line drawn 
from the centre to the circumference, such as C D. 

XXXIV. A diameter of a circle is a right line drawn through the centre and 


terminated both ways by the circumference, such as AB. 

From the definition of a circle it follows at once that the path of a movable point in a 
plane which remains at a constant distance from a fixed point is a circle; also that any point 
P in the plane is inside, outside, or on the circumference of a circle according as its distance 
from the centre is less than, greater than, or equal to, the radius. 


POSTULATES. 


Let it be granted that— 


I. A right line may be drawn from any one point to any other point. 
When we consider a straight line contained between two fixed points which are its ends, 
such a portion is called a finite straight line. 


II. A terminated right line may be produced to any length in a right line. 


Every right line may extend without limit in either direction or in both. It is in these 
cases called an indefinite line. By this postulate a finite right line may be supposed to be 
produced, whenever we please, into an indefinite right line. 

III. A circle may be described from any centre, and with any distance from 
that centre as radius. 

If there be two points A and B, and if with any instruments, 
such as a ruler and pen, we draw a line from A to B, this will ——— LB 
evidently have some irregularities, and also some breadth and 
thickness. Hence it will not be a geometrical line no matter how nearly it may approach to 
one. This is the reason that Euclid postulates the drawing of a right line from one point to 
another. For if it could be accurately done there would be no need for his asking us to let it be 
granted. Similar observations apply to the other postulates. It is also worthy of remark that 
Euclid never takes for granted the doing of anything for which a geometrical construction, 
founded on other problems or on the foregoing postulates, can be given. 


AXIOMS. 


I. Things which are equal to the same, or to equals, are equal to each other. 

Thus, if there be three things, and if the first, and the second, be each equal to the third, 
we infer by this axiom that the first is equal to the second. This axiom relates to all kinds of 
magnitude. The same is true of Axioms I1., I1., IV., V., VI., VIL., IX.; but VIII., X., XI., XII., are 
strictly geometrical. 

II. If equals be added to equals the sums will be equal. 

III. If equals be taken from equals the remainders will be equal. 

IV. If equals be added to unequals the sums will be unequal. 

v. If equals be taken from unequals the remainders will be unequal. 

vI. The doubles of equal magnitudes are equal. 

vil. The halves of equal magnitudes are equal. 

vill. Magnitudes that can be made to coincide are equal. 

The placing of one geometrical magnitude on another, such as a line on a line, a triangle 
on a triangle, or a circle on a circle, &c., is called superposition. The superposition employed 
in Geometry is only mental, that is, we conceive one magnitude placed on the other; and 
then, if we can prove that they coincide, we infer, by the present axiom, that they are equal. 
Superposition involves the following principle, of which, without explicitly stating it, Euclid 
makes frequent use:—“Any figure may be transferred from one position to another without 
change of form or size.” 


IX. The whole is greater than its part. 
This axiom is included in the following, which is a fuller statement:— 


1x’. The whole is equal to the sum of all its parts. 


X. Two right lines cannot enclose a space. 

This is equivalent to the statement, “If two right lines have two points common to both, 
they coincide in direction,” that is, they form but one line, and this holds true even when one 
of the points is at infinity. 


xI. All right angles are equal to one another. 

'This can be proved as follows:—Let there be two right lines AB, C D, and two perpendic- 
ulars to them, namely, EF’, GH, then if AB, CD be made to coincide by superposition, so 
that the point E will coincide with G; then since a right angle is equal to its supplement, the 
line EF must coincide with GH. Hence the angle AEF is equal to CGH. 

XII. If two right lines (AB, CD) meet a third line (AC), so as to make the 
sum of the two interior angles (DAC, ACD) on the same side less than two 
right angles, these lines being produced shall meet at some finite distance. 





This axiom is the converse of Prop. XVII., Book I. 
EXPLANATION OF TERMS. 


Azxioms.— "Elements of human reason," according to DUGALD STEWART, are 
certain general propositions, the truths of which are self-evident, and which are 
so fundamental, that they cannot be inferred from any propositions which are 
more elementary; in other words, they are incapable of demonstration. “That 
two sides of a triangle are greater than the third” is, perhaps, self-evident; but 
it is not an axiom, inasmuch as it can be inferred by demonstration from other 
propositions; but we can give no proof of the proposition that “things which are 
equal to the same are equal to one another,” and, being self-evident, it is an 
axiom. 

Propositions which are not axioms are properties of figures obtained by pro- 
cesses of reasoning. They are divided into theorems and problems. 

A Theorem is the formal statement of a property that may be demonstrated 
from known propositions. These propositions may themselves be theorems or 
axioms. A theorem consists of two parts, the hypothesis, or that which is as- 
sumed, and the conclusion, or that which is asserted to follow therefrom. ‘Thus, 
in the typical theorem, 





If X is Y, then Z is W, (1.) 


the hypothesis is that X is Y , and the conclusion is that Z is W. 

Converse Theorems.—Iwo theorems are said to be converse, each of the 
other, when the hypothesis of either is the conclusion of the other. Thus the 
converse of the theorem (I.) is— 


If Z is W, then X is Y. (II.) 


From the two theorems (I.) and (II.) we may infer two others, called their 
contrapositives. Thus the contrapositive 


of (1.) is, If Z is not W, then X is not Y; (IIT. ) 
of (11.) is, If X is not Y, then Z is not W. (IV. ) 


The theorem (1V.) is called the obverse of (1.), and (rrr.) the obverse of (II.). 
A Problem is a proposition in which something is proposed to be done, such 
as a line to be drawn, or a figure to be constructed, under some given conditions. 
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The Solution of a problem is the method of construction which accomplishes 
the required end. 

The Demonstration is the proof, in the case of a theorem, that the conclusion 
follows from the hypothesis; and in the case of a problem, that the construction 
accomplishes the object proposed. 

The Enunciation of a problem consists of two parts, namely, the data, or 
things supposed to be given, and the quaesita, or things required to be done. 

Postulates are the elements of geometrical construction, and occupy the same 
relation with respect to problems as axioms do to theorems. 

A Corollary is an inference or deduction from a proposition. 

A Lemma is an auxiliary proposition required in the demonstration of a 
principal proposition. 

A Secant or Transversal is a line which cuts a system of lines, a circle, or 
any other geometrical figure. 

Congruent figures are those that can be made to coincide by superposi- 
tion. They agree in shape and size, but differ in position. Hence it follows, 
by Axiom VIII., that corresponding parts or portions of congruent figures are 
congruent, and that congruent figures are equal in every respect. 

Rule of Identity.—Under this name the following principle will be sometimes 
referred to:—“If there is but one X and one Y, then, from the fact that X is 
Y, it necessarily follows that Y is X."—SYLLABUS. 


PROP. I.—PROBLEM. 


On a given finite right line (AB) to construct an equilateral triangle. 


Sol.—With A as centre, and AB 
as radius, describe the circle BCD 
(Post. 11.). With B as centre, and BA 
as radius, describe the circle AC' E, cut- 
ting the former circle in C. Join CA, 
CB (Post. r.). Then ABC is the equi- 
lateral triangle required. 

Dem.—Because A is the centre of 
the circle BCD, AC is equal to AB 
(Def. xxx1I.). Again, because B is the 
centre of the circle ACE, BC is equal to BA. Hence we have proved. 





AC — AB, 
and BC = AB. 


But things which are equal to the same are equal to one another (Axiom I.); 
therefore AC is equal to BC; therefore the three lines AB, BC, CA are equal 
to one another. Hence the triangle ABC is equilateral (Def. XX1.); and it is 
described on the given line AB, which was required to be done. 


Questions for Examination. 


1. What is the datum in this proposition? 

2. What is the quaesitum? 

3. What is a finite right line? 

4. What is the opposite of finite? 

5. In what part of the construction is the third postulate quoted? and for what purpose? 
Where is the first postulate quoted? 

6. Where is the first axiom quoted? 

7. What use is made of the definition of a circle? What is a circle? 

8. What is an equilateral triangle? 


Exercises. 


The following exercises are to be solved when the pupil has mastered the First Book:— 

1. If the lines AF, BF be joined, the figure AC BF is a lozenge. 

2. If AB be produced to D and E, the triangles CDF and CEF are equilateral. 

3. If CA, CB be produced to meet the circles again in G and H, the points G, F, H are 
collinear, and the triangle GC'H is equilateral. 

A. If CF be joined, CF? = 3AB?. 

5. Describe a circle in the space AC B, bounded by the line AB and the two circles. 


PROP. II.—PROBLEM. 


From a given point (A) to draw a right line equal to a given finite right line 


(BC). 


Sol.—Join AB (Post. I.); on AB de- 
scribe the equilateral triangle ABD [r.]. 
With B as centre, and BC as radius, de- 
scribe the circle ECH (Post rmr.). Pro- 
duce DB to meet the circle ECH in E 
(Post. rr.). With D as centre, and DE as 
radius, describe the circle E FG (Post. rir. ). 
Produce DA to meet this circle in F. AF 
is equal to BC. 

Dem.—Because [D is the centre of 
the circle EFG, DF is equal to DE 
(Def. xxxi.) And because DAB is an 
equilateral triangle, DA is equal to DB 
(Def. xxr.). Hence we have 





DF = DE, 
and DA = DB; 


and taking the latter from the former, the remainder AF’ is equal to the remain- 
der BE (Axiom t11.). Again, because B is the centre of the circle ECH, BC is 
equal to BE; and we have proved that AF is equal to BE; and things which 
are equal to the same thing are equal to one another (Axiom I.). Hence AF 


is equal to BC. Therefore from the given point A the line AF has been drawn 
equal to BC. 


It is usual with commentators on Euclid to say that he allows the use of the rule and 
compass. Were such the case this Proposition would have been unnecessary. The fact is, 
Euclid’s object was to teach Theoretical and not Practical Geometry, and the only things 
he postulates are the drawing of right lines and the describing of circles. If he allowed the 
mechanical use of the rule and compass he could give methods of solving many problems that 
go beyond the limits of the “geometry of the point, line, and circle.” —See Notes D, F at the 
end of this work. 


Exercises. 


1. Solve the problem when the point A is in the line BC itself. 
2. Inflect from a given point A to a given line BC a line equal to a given line. State the 
number of solutions. 


PROP. III.—PROBLEM. 


From the greater (AB) of two given right lines to cut off a part equal to (C) 
the less. 


Sol.—From A, one of the extremities of F 
AB, draw the right line AD equal to C [u.l]; 
and with A as centre, and AD as radius, de- 
scribe the circle EDF (Post. rr.) cutting AB 
in E. AE shall be equal to C. 
Dem.—Because A is the centre of the circle E B 
EDF, AE is equal to AD (Def. Xxxt.), and 
C is equal to AD (const.); and things which 
are equal to the same are equal to one another 
(Axiom I.); therefore AE is equal to C. Where- 
fore from AB, the greater of the two given lines, a part, AE, has been out off 
equal to C, the less. 


Questions for Examination. 


1. What previous problem is employed in the solution of this? 

2. What postulate? 

3. What axiom in the demonstration? 

4. Show how to produce the less of two given lines until the whole produced line becomes 
equal to the greater. 


PROP. IV.—THEOREM. 


If two triangles (BAC, EDF) have two sides (BA, AC) of one equal re- 
spectively to two sides (ED, DF) of the other, and have also the angles (A, D) 
included by those sides equal, the triangles shall be equal 1n every respect—that 
is, their bases or third sides (BC, EF) shall be equal, and the angles (B, C) 
at the base of ome shall be respectively equal to the angles (E, F) at the base of 
the other; namely, those shall be equal to which the equal sides are opposite. 
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Dem.—Let us conceive the triangle 
BAC to be applied to EDF’, so that the 
point A shall coincide with D, and the 
line AB with DE, and that the point C 
shall be on the same side of DE as F; 
then because AB is equal to DE, the 
point B shall coincide with E. Again, B CE F 
because the angle BAC is equal to the 
angle EDF’, the line AC’ shall coincide with DF’; and since AC is equal to DF 
(hyp.), the point C shall coincide with F; and we have proved that the point B 
coincides with E. Hence two points of the line BC coincide with two points of 
the line EF; and since two right lines cannot enclose a space, BC’ must coincide 
with EF. Hence the triangles agree in every respect; therefore BC is equal to 
EF, the angle B is equal to the angle E, the angle C to the angle F, and the 
triangle BAC to the triangle EDF. 


Questions for Examination. 


1. How many parts in the hypothesis of this Proposition? Ans. Three. Name them. 

2. How many in the conclusion? Name them. 

3. What technical term is applied to figures which agree in everything but position? Ans. 
They are said to be congruent. 

4. What is meant by superposition? 

5. What axiom is made use of in superposition? 

6. How many parts in a triangle? Ans. Six; namely, three sides and three angles. 

7. When it is required to prove that two triangles are congruent, how many parts of one 
must be given equal to corresponding parts of the other? Ans. In general, any three except 
the three angles. This will be established in Props. VIII. and XXVI., taken along with Iv. 

8. What property of two lines having two common points is quoted in this Proposition? 
They must coincide. 


Exercises. 


1. The line that bisects the vertical angle of an isosceles triangle bisects the base perpen- 
dicularly. 

2. If two adjacent sides of a quadrilateral be equal, and the diagonal bisects the angle 
between them, their other sides are equal. 

3. If two lines be at right angles, and if each bisect the other, then any point in either is 
equally distant from the extremities of the other. 

4. If equilateral triangles be described on the sides of any triangle, the distances between 
the vertices of the original triangle and the opposite vertices of the equilateral triangles are 
equal. (This Proposition should be proved after the student has read Prop. XXXII.) 


PROP. V.—THEOREM. 


The angles (ABC, ACB) at the base (BC) of an isosceles triangle are equal 
to one another, and if the equal sides (AB, AC) be produced, the external angles 
(DEC, ECB) below the base shall be equal. 
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Dem.—In BD take any point F, and from 
AE, the greater, cut off AG equal to AF fmi]. 
Join BG, CF (Post. 1.). Because AF is equal to 
AG (const.), and AC is equal to AB (hyp.), the 
two triangles FAC, GAB have the sides FA, 
AC in one respectively equal to the sides GA, 
AB in the other; and the included angle A is 
common to both triangles. Hence |Iv.] the base 
FC is equal to GB, the angle AFC is equal to 
AGB, and the angle ACF is equal to the angle 
ABG. 

Again, because AF is equal to AG (const.), 
and AB to AC (hyp.), the remainder, BF, is equal to CG (Axiom III); and we 
have proved that FC is equal to GB, and the angle BFC equal to the angle 
CGB. Hence the two triangles BFC, CGB have the two sides BF, FC in one 
equal to the two sides CG, GB in the other; and the angle BFC contained 
by the two sides of one equal to the angle CGB contained by the two sides 
of the other. Therefore |Iv.| these triangles have the angle FBC equal to the 
angle GCB, and these are the angles below the base. Also the angle FCB equal 
to GBC; but the whole angle FCA has been proved equal to the whole angle 
GBA. Hence the remaining angle ACB is equal to the remaining angle ABC, 
and these are the angles at the base. 


Observation.— The great difficulty which be- 
ginners find in this Proposition is due to the fact A 
that the two triangles ACF, ABG overlap each 
other. ‘The teacher should make these triangles sep- 
arate, as in the annexed diagram, and point out the 
corresponding parts thus:— 


AF = AG, 
AC — AB; 
angle FAC — angle GAB. 





A. 





Hence [Iv.], angle ACF = angle ABG. 
and angle AFC = angle AGB. 


The student should also be shown how to apply one of the triangles to the other, so as to 

bring them into coincidence. Similar Illustrations may be given of the triangles BFC, CGB. 
The following is a very easy proof of this Proposition. 

Conceive the A AC B to be turned, without alteration, round A. 

the line AC, until it falls on the other side. Let ACD be its 

new position; then the angle ADC of the displaced triangle D 

is evidently equal to the angle ABC, with which it originally 

coincided. Again, the two As BAC, CAD have the sides 

BA, AC of one respectively equal to the sides AC’, AD of 

the other, and the included angles equal; therefore [Iv.] the 

angle AC B opposite to the side AB is equal to the angle 

ADC opposite to the side AC; but the angle ADC is equal B C 

to ABC; therefore ACB is equal to ABC. 


Cor.—Every equilateral triangle is equiangular. 
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DEF.—A line in any figure, such as AC in the preceding diagram, which is 
such that, by folding the plane of the figure round it, one part of the diagram 
will coincide with the other, is called an AXIS OF SYMMETRY of the figure. 


Exercises. 


1. Prove that the angles at the base are equal without producing the sides. Also by 
producing the sides through the vertex. 

2. Prove that the line joining the point A to the intersection of the lines CF and BG is 
an axis of symmetry of the figure. 

3. If two isosceles triangles be on the same base, and be either at the same or at opposite 
sides of it, the line joining their vertices is an axis of symmetry of the figure formed by them. 

4. Show how to prove this Proposition by assuming as an axiom that every angle has a 
bisector. 

5. Each diagonal of a lozenge is an axis of symmetry of the lozenge. 

6. If three points be taken on the sides of an equilateral triangle, namely, one on each side, 
at equal distances from the angles, the lines joining them form a new equilateral triangle. 


PROP. VI.—THEOREM. 


If two angles (B, C) of a triangle be equal, the sides (AC, AB) opposite to 
them are also equal. 


Dem.—If AB, AC are not equal, one must be greater A 
than the other. Suppose AB is the greater, and that the 
part BD is equal to AC. Join CD (Post. 1.). Then the D 
two triangles DBC, ACB have BD equal to AC, and BC 
common to both. Therefore the two sides DB, BC in one 
are equal to the two sides AC, CB in the other; and the 
angle DBC in one is equal to the angle ACB in the other 
(hyp). Therefore |Iv.| the triangle DBC is equal to the B c 
triangle AC B—the less to the greater, which is absurd; hence AC, AB are not 
unequal, that 1s, they are equal. 


Questions for Examination. 


. What is the hypothesis in this Proposition? 

. What Proposition is this the converse of? 

. What is the obverse of this Proposition? 

. What is the obverse of Prop. v.? 

. What is meant by an indirect proof? 

. How does Euclid generally prove converse Propositions? 
. What false assumption is made in the demonstration? 

. What does this assumption lead to? 
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PROP. VII—THEOREM. 


If two triangles (ACB, ADB) on the same base (AB) and on the same side 
of it have one pair of conterminous sides (AC, AD) equal to one another, the 
other pair of conterminous sides (BC, BD) must be unequal. 
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Dem.—1. Let the vertex of each triangle be without 
the other. Join CD. Then because AD is equal to AC ` 
(hyp.), the triangle AC D is isosceles; therefore [v.] the AG 
angle AC D is equal to the angle ADC; but ADC is greater 
than BDC (Axiom Ix.); therefore ACD is greater than 
BDC: much, more is BCD greater than BDC. Now if the 
side BD were equal to BC, the angle BCD would be equal 


to BDC |v.]; but it has been proved to be greater. Hence Á B 
BD is not equal to BC. 

2. Let the vertex of one triangle ADB E 
fall within the other triangle ACB. Pro- 7 


duce the sides AC, AD to E and F. 
Then because AC is equal to AD (hyp.), 
the triangle AC'D is isosceles, and |[v.| 
the external angles ECD, FDC at the 
other side of the base CD are equal; but 
ECD is greater than BCD (Axiom IX.). 
Therefore FDC is greater than BCD: 
much more is BDC greater than BC'D; A B 
but if BC were equal to BD, the angle BDC would be equal to BCD |v.]; 
therefore BC cannot be equal to BD. 

3. If the vertex D of the second triangle fall on the line BC, it is evident 
that BC and BD are unequal. 





Questions for Examination. 


1. What use is made of Prop. vir.? Ans. As a lemma to Prop. VIII. 

2. In the demonstration of Prop. vir. the contrapositive of Prop. V. occurs; show where. 

3. Show that two circles can intersect each other only in one point on the same side of 
the line joining their centres, and hence that two circles cannot have more than two points of 
intersection. 


PROP. VIII.—THEOREM. 


If two triangles (ABC, DEF) have A D 
two sides (AB, AC) of one respectively G 
equal to two sides (DE, DF) of the 
other, and have also the base (BC) of 
one equal to the base (EF) of the other; 
then the two triangles shall be equal, and 
the angles of one shall be respectively 
equal to the angles of the other—namely, B C E E 
those shall be equal to which the equal sides are opposite. 


Dem.—Let the triangle ABC be applied to DEF, so that the point B will 
coincide with E, and the line BC with the line EF; then because BC is equal 
to EF, the point C shall coincide with F. Then if the vertex A fall on the same 


14 


side of EF as the vertex D, the point A must coincide with D; for if not, let 
it take a different position G; then we have EG equal to BA, and BA is equal 
to ED (hyp.). Hence (Axiom 1.) EG is equal to ED: in like manner, FG is 
equal to FD, and this is impossible [vi1.]. Hence the point A must coincide with 
D, and the triangle ABC agrees in every respect with the triangle DEF’; and 
therefore the three angles of one are respectively equal to the three angles of the 
other—namely, A to D, B to E, and C to F, and the two triangles are equal. 

This Proposition is the converse of IV., and is the second case of the con- 
eruence of triangles in the Elements. 


A D 


G 


Philo’s Proof.—Let the equal bases be applied as in the foregoing proof, but let the vertices 
be on the opposite sides; then let BGC be the position which EDF takes. Join AG. Then 
because BG = BA, the angle BAG = BGA. In like manner the angle CAG = CGA. Hence 
the whole angle BAC’ = BGC; but BGC’ = EDF therefore BAC = EDF. 


PROP. IX.—PROBLEM. 
To bisect a given rectilineal angle (BAC). 


Sol.—In AB take any point D, and cut off 
um.| AE equal to AD. Join DE (Post. 1.), and 
upon it, on the side remote from A, describe the 
equilateral triangle DEF |1.| Join AF. AF bisects 
the given angle BAC. 

Dem.—The triangles DAF, EAF have the 
side AD equal to AE (const.) and AF common; 
therefore the two sides DA, AF’ are respectively 
equal to HA, AF’, and the base DF is equal to 
the base EF, because they are the sides of an 
equilateral triangle (Def. xx1.). Therefore [virr.] 
the angle DAF is equal to the angle EAF; hence 
the angle BAC is bisected by the line AF’. B 

Cor.—The line AF is an axis of symmetry of the figure. 
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Questions for Examination. 


1. Why does Euclid describe the equilateral triangle on the side remote from A? 
2. In what case would the construction fail, if the equilateral triangle were described on 
the other side of DE? 


Exercises. 


1. Prove this Proposition without using Prop. VIII. 

2. Prove that AF is perpendicular to DE. 

3. Prove that any point in AF is equally distant from the points D and E. 
4. Prove that any point in AF is equally distant from the lines AB, AC. 


PROP. X.—PROBLEM. 
To bisect a given finite right line (AB). 


Sol.—Upon AB describe an equilateral triangle 


ACB [1.]. Bisect the angle AC B by the line CD [Ix.|, X 

meeting AB in D, then ABD is bisected in D. fis 
Dem.—The two triangles ACD, BCD, have the fry 

side AC equal to BC, being the sides of an equilateral i 5 x 

triangle, and CDD common. Therefore the two sides f 1 X 

AC, CD in one are equal to the two sides BC, CD E X 

in the other; and the angle AC D is equal to the angle 7 


BCD (const.). Therefore the base AD is equal to the 
base DB [Iv.]. Hence AB is bisected in D. 


Exercises. 


1. Show how to bisect a finite right line by describing two circles. 
2. Every point equally distant from the points A, B is in the line CD. 


PROP. XI.—PROBLEM. 


From a given point (C) in 
a given right line (AB) to draw 
a right line perpendicular to the 
given line. 


Sol.—In AC take any point 
D, and make CE equal to CD 
[ir.]. Upon DE describe an equi- 
lateral triangle DFE |r.]]. Join A 
CF. Then CF shall be at right angles to AB. 

Dem.—The two triangles DCF, ECF have CD equal to CE (const.) and 
CF common; therefore the two sides CD, CF in one are respectively equal 
to the two sides CE, CF in the other, and the base DF is equal to the base 
EF, being the sides of an equilateral triangle (Def. xxI.); therefore |Vrmr.] the 
angle DCE is equal to the angle ECF, and they are adjacent angles. Therefore 
(Def. X111.) each of them is a right angle, and CF is perpendicular to AB at the 
point C. 
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Exercises. 


1. The diagonals of a lozenge bisect each other perpendicularly. 

2. Prove Prop. XI. without using Prop. VIII. 

3. Erect a line at right angles to a given line at one of its extremities without producing 
the line. 

4. Find a point in a given line that shall be equally distant from two given points. 

5. Find a point in a given line such that, if it be joined to two given points on opposite 
sides of the line, the angle formed by the joining lines shall be bisected by the given line. 

6. Find a point that shall be equidistant from three given points. 


PROP. XII.—PROBLEM. 


To draw a perpendicular to a given indefinite right line (AB) from a given 
point (C) without it. 


Sol.— lake any point D on the 
other side of AB, and describe 
(Post. 111.) a circle, with C as cen- 
tre, and CD as radius, meeting AB 
in the points F and G. Bisect FG 
in H [x.]. Join CH (Post. 1.). CH 
shall be at right angles to AB. 

Dem.—Join CF, CG. Then the D 
two triangles FHC, GHC have FH equal to GH (const.), and HC com- 
mon; and the base CF equal to the base CG, being radii of the circle FDG 
(Def. xxxir.). Therefore the angle CHF is equal to the angle CHG [vur], 
and, being adjacent angles, they are right angles (Def. x1n1.). Therefore CH is 
perpendicular to AB. 





Exercises. 


1. Prove that the circle cannot meet AB in more than two points. 

2. If one angle of a triangle be equal to the sum of the other two, the triangle can be 
divided into the sum of two isosceles triangles, and the base is equal to twice the line from its 
middle point to the opposite angle. 


PROP. XIII.—THEOREM. 


The adjacent angles (ABC, ABD) which one right line (AB) standing on 
another (CD) makes with it are either both right angles, or their sum is equal 
to two right angles. 
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Cc B D c B D 
Fig. 1. Fig. 2. 


Dem.—If AB is perpendicular to ČD, as in fig. 1, the angles ABC, ABD 
are right angles. If not, draw BE perpendicular to CD [x1.]. Now the angle 
CBA is equal to the sum of the two angles CBE, EBA (Def. xr). Hence, 
adding the angle ABD, the sum of the angles CBA, ABD is equal to the sum 
of the three angles CBE, EBA, ABD. In like manner, the sum of the angles 
CBE, EBD is equal to the sum of the three angles CBE, EBA, ABD. And 
things which are equal to the same are equal to one another. Therefore the sum 
of the angles CBA, ABD is equal to the sum of the angles CBE, EBD; but 
CBE, EBD are right angles; therefore the sum of the angles (BA, ABD is 
two right angles. 


Or thus: Denote the angle EBA by 0; then evidently 


the angle CBA = right angle + 6; 
the angle ABD = right angle — 6; 
therefore CBA + ABD = two right angles. 


Cor. 1.—The sum of two supplemental angles is two right angles. 

Cor. 2.—Two right lines cannot have a common segment. 

Cor. 3.—The bisector of any angle bisects the corresponding re-entrant angle. 

Cor. 4.—The bisectors of two supplemental angles are at right angles to each 
other. 

Cor. 5.—The angle EBA is half the difference of the angles CBA, ABD. 


PROP. XIV.—THEOREM. 


If at a point (B) in a right line (BA) two A 
other right lines (CB, BD) on opposite sides 
make the adjacent angles (CBA, ABD) to- 
gether equal to two right angles, these two 
right lines form one continuous line. 


Dem.—If BD be not the continuation of E 
C'B, let BE be its continuation. Now, since 
C'BE is aright line, and BA stands on it, the 
sum of the angles CBA, ABE is two right c B D 
angles (XIII.); and the sum of the angles CBA, ABD is two right angles (hyp.); 
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therefore the sum of the angles CBA, ABE is equal to the sum of the angles 
CBA, ABD. Reject the angle CBA, which is common, and we have the angle 
ABE equal to the angle AB D—that is, a part equal to the whole—which is 
absurd. Hence BD must be in the same right line with CB. 


PROP. XV.—THEOREM. 


If two right lines (AB, CD) intersect one another, the opposite angles are 
equal (CEA = DEB, and BEC = AED). 


Dem.—Because the line AE stands on CD, 


the sum of the angles CEA, AED is two right A C 
angles [x1II.|; and because the line CE stands on 

AB, the sum of the angles BEC, CEA is two E 

right angles; therefore the sum of the angles CEA, 

AED is equal to the sum of the angles BEC, E 


CEA. Reject the angle CEA, which is common, 
and we have the angle AED equal to BEC. In D 
like manner, the angle CEA is equal to DEB. 
The foregoing proof may be briefly given, by saying that opposite angles are 
equal because they have a common supplement. 


Questions for Examination on Props. XII, XIV., XV. 


. What problem is required in Euclid's proof of Prop. xrim.? 

. What theorem? Ans. No theorem, only the axioms. 

. If two lines intersect, how many pairs of supplemental angles do they make? 
. What relation does Prop. Xiv. bear to Prop. XIII.? 

. What three lines in Prop. XIV. are concurrent? 

. What caution is required in the enunciation of Prop. XIv.? 

. State the converse of Prop. xv. Prove it. 

. What is the subject of Props. XIII., XIv., Xv.? Ans. Angles at a point. 


CONDOOB WN — 


PROP. XVI.—THEOREM. 


If any side (BC) of a triangle (ABC) be pro- 
duced, the exterior angle (AC D) is greater than ei- 
ther of the interior non-adjacent angles. 


Dem.—Bisect AC in E [x.]. Join BE (Post. I.). 
Produce it, and from the produced part cut off EF 
equal to BE [ur]. Join CF. Now because EC is 
equal to E A (const.), and EF is equal to EB, the 
triangles CEF, AEB have the sides CE, EF in one 
equal to the sides AE, EB in the other; and the 
angle CEF equal to AEB [xv.]. Therefore |Iv.] the G 
angle ECF is equal to EAB; but the angle ACD is greater than EC F; therefore 
the angle ACD is greater than EAB. 
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In like manner it may be shown, if the side AC be produced, that the exterior 
angle BCG is greater than the angle ABC; but BCG is equal to ACD |xv.]. 
Hence AC D is greater than ABC. Therefore AC D is greater than either of the 
interior non-adjacent angles A or B of the triangle ABC. 

Cor. 1.—The sum of the three interior angles of the triangle BC F is equal 
to the sum of the three interior angles of the triangle ABC. 

Cor. 2.—The area of BCF is equal to the area of ABC. 

Cor. 3.—The lines BA and CF, if produced, cannot meet at any finite 
distance. For, if they met at any finite point X, the triangle CAX would have 
an exterior angle BAC equal to the interior angle AC X. 


PROP. XVII.— THEOREM. 


Any two angles (B, C) of a triangle (ABC) are together less than two right 
angles. 


Dem.—Produce BC to D; then the exterior angle A 
ACD is greater than ABC [xvI.]: to each add the 
angle AC B, and we have the sum of the angles AC D, 
AC B greater than the sum of the angles ABC, AC B; 
but the sum of the angles ACD, ACB is two right 
angles |xrtI.|. Therefore the sum of the angles ABC, 
ACB is less than two right angles. B C D 
In like manner we may show that the sum of the angles A, B, or of the 
angles A, C, is less than two right angles. 
Cor. 1.—Every triangle must have at least two acute angles. 
Cor. 2.—1f two angles of a triangle be unequal, the lesser must be acute. 


Exercise. 


Prove Prop. XVII. without producing a side. 


PROP. XVIII.—THEOREM. 


If in any triangle (ABC) one side (AC) be greater than another (AB), the 
angle opposite to the greater side is grater than the angle opposite to the less. 


Dem.—From AC' cut off AD equal to AB A 
im]. Join BD (Post. r.). Now since AB is equal 
to AD, the triangle ABD is isosceles; there- 
fore [v.] the angle ADB is equal to ABD; but 
the angle ADB is greater than the angle ACB D 
XVI.]; therefore ABD is greater than ACB. 
Much more is the angle ABC greater than the © B 
angle AC B. 
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Or thus: From A as centre, with the lesser 
side AB as radius, describe the circle BED, 
cutting BC in E. Join AE. Now since AB is 
equal to AE, the angle AEB is equal to ABE; 
but AEB is greater than AC B (xVI.); therefore 
ABE is greater than AC B. 





Exercises. 


1. If in the second method the circle cut the line CB produced through B, prove the 
Proposition. 

2. This Proposition may be proved by producing the less side. 

3. If two of the opposite sides of a quadrilateral be respectively the greatest and least, the 
angles adjacent to the least are greater than their opposite angles. 

4. In any triangle, the perpendicular from the vertex opposite the side which is not less 
than either of the remaining sides falls within the triangle. 


PROP. XIX.—THEOREM. 


If one angle (B) of a triangle (ABC) be greater than another angle (C), the 
side (AC) which it opposite to the greater angle is greater than the side (AB) 
which 1s opposite to the less. 


Dem.—If AC be not greater than ABD, it must A 
be either equal to it or less than it. Let us examine 
each case:— 


1. If AC’ were equal to AB, the triangle AC B 
would be isosceles, and then the angle B would 
be equal to C [v.|; but it is not by hypothesis; 
therefore AB is not equal to AC. 

2. If AC were less than AB, the angle B would c B 
be less than the angle C [xvni]; but it is not by hypothesis; therefore AC is 
not less than AB; and since AC is neither equal to AB nor less than it, it must 
be greater. 


Exercises. 


1. Prove this Proposition by a direct demonstration. 

2. A line from the vertex of an isosceles triangle to any point in the base is less than either 
of the equal sides, but greater if the point be in the base produced. 

3. Three equal lines could not be drawn from the same point to the same line. 

4. The perpendicular is the least line which can be drawn from a given point to a given 
line; and of all others that may be drawn to it, that which is nearest to the perpendicular is 
less than any one more remote. 

5. If in the fig., Prop. xv1., AB be the greatest side of the A ABC, BF is the greatest 
side of the A FBC, and the angle BFC is less than half the angle ABC. 

6. If ABC be à A^ having AB not greater than AC, a line AG, drawn from A to any point 
G in BC, is less than AC. For the angle ACB [xvui] is not greater than ABC; but AGC 
[XVI.] is greater than ABC; therefore AGC is greater than ACG. Hence AC is greater than 
AG. 
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PROP. XX.—THEOREM. 


The sum of any two sides (BA, AC) of a triangle (ABC) is greater than the 
third. 


Dem.—Produce BA to D (Post. I1.), 
and make AD equal to AC [u1.]. Join CD. 
Then because AD is equal to AC, the angle 
ACD is equal to ADC (v.); therefore the 
angle BCD is greater than the angle BDC; 
hence the side BD opposite to the greater 
angle is greater than BC opposite to the 
less |XIX.|]. Again, since AC is equal to AD, 
adding BA to both, we have the sum of the 
sides BA, AC equal to BD. Therefore the 


sum of BA, AC is greater than BC. B E C 

Or thus: Bisect the angle BAC by AE [ix.] Then the angle BEA is greater than EAC; 
but EAC = EAB (const.); therefore the angle BEA is greater than EAB. Hence AB is 
greater than BE [xix.]. In like manner AC is greater than EC. Therefore the sum of BA, 
AC is greater than BC. 





Exercises. 





1. In any triangle, the difference between any two sides is less than the third. 

2. If any point within a triangle be joined to its angular points, the sum of the joining 
lines is greater than its semiperimeter. 

3. If through the extremities of the base of a triangle, whose sides are unequal, lines 
be drawn to any point in the bisector of the vertical angle, their difference is less than the 
difference of the sides. 

4. If the lines be drawn to any point in the bisector of the external vertical angle, their 
sum is greater than the sum of the sides. 

5. Any side of any polygon is less than the sum of the remaining sides. 

6. The perimeter of any triangle is greater than that of any inscribed triangle, and less 
than that of any circumscribed triangle. 

7. The perimeter of any polygon is greater than that of any inscribed, and less than that 
of any circumscribed, polygon of the same number of sides. 

8. The perimeter of a quadrilateral is greater than the sum of its diagonals. 

Def.—A line drawn from any angle of a triangle to the middle point of the opposite side 
is called a median of the triangle. 

9. The sum of the three medians of a triangle is less than its perimeter. 

10. The sum of the diagonals of a quadrilateral is less than the sum of the lines which can 
be drawn to its angular points from any point except the intersection of the diagonals. 


PROP. XXI.—THEOREM. 


If two lines (BD, CD) be drawn to a point (D) within a triangle from the 
extremities of its base (BC), their sum is less than the sum of the remaining 
sides (BA, CA), but they contain a greater angle. 
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Dem.—1. Produce BD (Post. II.) to meet 
AC in E. Then, in the triangle BAE, the sum 
of the sides BA, AEF is greater than the side BE 
Ixx.|: to each add EC, and we have the sum 
of BA, AC greater than the sum of BE, EC. 
Again, the sum of the sides DE, EC of the tri- 
angle DEC is greater than DC: to each add BD, | 
and we get the sum of BE, EC greater than the B C 
sum of BD, DC; but it has been proved that the sum of BA, AC is greater 
than the sum of BE, EC. Therefore much more is the sum of BA, AC greater 
than the sum of BD, DC. 

2. The external angle BDC of the triangle DEC is greater than the internal 
angle BEC [Xv1.], and the angle BEC, for a like reason, is greater than BAC. 
Therefore much more is BDC greater than BAC. 

Part 2 may be proved without producing either of the sides BD, DC’. Thus: 
join AD and produce it to meet BC in F; then the angle BDF is greater than 
the angle BAF [xvr., and FDC is greater than FAC. Therefore the whole 
angle BDC is greater than BAC. 





Exercises. M 


1. The sum of the lines drawn from any point N 
within a triangle to its angular points is less than the 
perimeter. (Compare Ex. 2, last Prop.) 
2. If a convex polygonal line ABCD lie within 
a convex polygonal line AMND terminating in the 
same extremities, the length of the former is less than 
that of the latter. 


A D 
PROP. XXII.—PROBLEM. 


To construct a triangle whose three sides shall be respectively equal to three 
given lines (A, B, C), the sum of every two of which is greater than the third. 


Sol.—Take any right line DE, terminated at D, but unlimited towards EF, 
and cut off [rr.] DF equal to A, FG equal to B, and GH equal to C. With F 
as centre, and FD as radius, describe the circle X DL (Post. 111.); and with G 
as centre, and GA as radius, describe the circle KH L, intersecting the former 
circle in K. Join KF, KG. KFG is the triangle required. 
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Dem.—Since F is the centre of the circle KDL, FK is equal to FD; but 
FD is equal to A (const.); therefore (Axiom I.) FK is equal to A. In like 
manner GK is equal to C, and FG is equal to B (const.) Hence the three sides 
of the triangle KFG are respectively equal to the three lines A, D, C. 


Questions for Examination. 


1. What is the reason for stating in the enunciation that the sum of every two of the given 
lines must be greater than the third? 

2. Prove that when that condition is fulfilled the two circles must intersect. 

3. Under what conditions would the circles not intersect? 

4. If the sum of two of the lines were equal to the third, would the circles meet? Prove 
that they would not intersect. 


PROP. XXIII.. PROBLEM. 


At a given point (A) in a given right line (AB) to make an angle equal to a 
given rectilineal angle (DEF). 


C 





A B E D 


Sol.—In the sides ED, EF of the given angle take any arbitrary points D 
and F. Join DF, and construct [XXII] the triangle BAC, whose sides, taken in 
order, shall be equal to those of DE PF—namely, AB equal to ED, AC equal to 
EF, and CB equal to FD; then the angle BAC will [vit.] be equal to DEF. 
Hence it is the required angle. 
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Exercises. 


1. Construct a triangle, being given two sides and the angle between them. 

2. Construct a triangle, being given two angles and the side between them. 

3. Construct a triangle, being given two sides and the angle opposite to one of them. 

4. Construct a triangle, being given the base, one of the angles at the base, and the sum 
or difference of the sides. 

5. Given two points, one of which is in a given line, it is required to find another point in 
the given line, such that the sum or difference of its distances from the former points may be 
given. Show that two such points may be found in each case. 


PROP. XXIV.—THEOREM. 


If two triangles (ABC, DEF) have two sides (AB, AC) of one respectively 
equal to two sides (DE, DF) of the other, but the contained angle (BAC) of 
one greater than the contained angle (EDF) of the other, the base of that which 
has the greater angle is greater than the base of the other. 


Dem.—Of the two sides AB, 
AC, let AB be the one which is not 
the greater, and with it make the 
angle BAG equal to EDF |xxir.]. 
Then because AB is not greater 
than AC, AG is less than AC [XIx., 
Exer. 6]. Produce AG to H, and 
make AH equal to DF or AC [1m.]. 
Join BH, CH. 

In the triangles BAH, EDF’, we 
have AB equal to DE (hyp.), AH F 
equal to DF (const.), and the angle 
BAH equal to the angle EDF (const.); therefore the base [Iv.] BH is equal to 
EF. Again, because AH is equal to AC (const.), the triangle ACH. is isosceles; 
therefore the angle AC'H is equal to AHC [v.|; but ACA is greater than BCH; 
therefore AH C is greater than BC'H: much more is the angle BHC greater than 
BCH, and the greater angle is subtended by the greater side [XIx.|. Therefore 
BC is greater than BH; but BH has been proved to be equal to EF; therefore 
BC is greater than EF. 

The concluding part of this Proposition may be proved without joining C'H, thus:— 

BG + GH > BH [xx.], 
AG + GC > AC [xx.]; 





therefore BC + AH > BH + AC; 
but AH = AC (const.); 
therefore BC is > BH. 


Or thus: Bisect the angle CAH by AO. Join OH. Now in the As CAO, HAO we have 
the sides CA, AO in one equal to the sides AH, AO in the other, and the contained angles 
equal; therefore the base OC is equal to the base OH [Iv.]: to each add BO, and we have BC 
equal to the sum of BO, OH; but the sum of BO, OH is greater than BH [xx.]. Therefore 
BC is greater than BH, that is, greater than EF. 
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Exercises. 


1. Prove this Proposition by making the angle ABH to the left of AB. 
2. Prove that the angle BCA is greater than EFD. 


PROP. XXV.—THEOREM. 


If two triangles (ABC, DEF) have two sides (AB, AC) of one respectively 
equal to two sides (DE, DF) of the other, but the base (BC) of one greater 
than the base (EF) of the other, the angle (A) contained by the sides of that 
which has the greater base is greater them the angle (D) contained by the sides 
of the other. 


Dem.—TIf the angle A be not A D 
greater than D, it must be either 
equal to it or less than it. We 
shall examine each case:— 

1l. If A were equal to D, the 
triangles ABC, DEF would have 
the two sides AB, AC of one re- 
spectively equal to the two sides p CE 
DE, DF ofthe other, and the an- 
gle A contained by the two sides F 
of one equal to the angle D contained by the two sides of the other. Hence [Iv.] 
BC would be equal to EF; but BC is, by hypothesis, greater than EF; hence 
the angle A is not equal to the angle D. 

2. If A were less than D, then D would be greater than A, and the triangles 
DEF, ABC would have the two sides DE, DF of one respectively equal to the 
two sides AB, AC of the other, and the angle D contained by the two sides of 
one greater than the angle A contained by the two sides of the other. Hence 
[XxIV.| E-F would be greater than BC; but EF (hyp.) is not greater than BC. 
Therefore A is not less than D, and we have proved that it is not equal to it; 
therefore it must be greater. 

Or thus, directly: Construct 
the triangle ACG, whose three 
sides AG, GC, CA shall be re- 
spectively equal to the three sides 
DE, EF, FD of the triangle 
DEF [xxi]. Join BG. Then 
because BC is greater than EF, : 
BC is greater than CG. Hence B H C E 
xviir.| the angle BGC is greater 
than GBC; and make (xxi) F 
the angle BGH equal to GBH, and join AH. Then [v1.| BH is equal to 
GH. Therefore the triangles ABH, AGH have the sides AB, AH of one equal 
to the sides AG, AH of the other, and the base BH equal to GH. Therefore 
|virr.] the angle BAH is equal to GAH. Hence the angle BAC is greater than 
CAG, and therefore greater than EDF. 
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Exercise. 


Demonstrate this Proposition directly by cutting off from BC a part equal to EF. 


PROP. XXVI.—THEOREM. 


If two triangles (ABC, DEF) have two angles (B, C) of one equal respec- 
tively to two angles (E, F) of the other, and a side of ome equal to a side 
similarly placed with respect to the equal angles of the other, the triangles are 
equal in every respect. 


Dem.—This Proposition breaks up into two according as the sides given to 
be equal are the sides adjacent to the equal angles, namely BC and EF, or 
those opposite equal angles. 

1. Let the equal sides be BC and EF; 
then if DE be not equal to AB, suppose GE 


A D 

to be equal to it. Join GF’; then the triangles G 

ABC, GEF have the sides AB, BC of one 

respectively equal to the sides GE, EF of the 

other, and the angle ABC equal to the angle 

GEF (hyp.); therefore [Iv.] the angle AC B is 

equal to the angle GFE; but the angle ACB 
B C E F 


is (hyp.) equal to DFE; hence GFE is equal 

to DFE—a part equal to the whole, which is absurd; therefore AB and DE are 
not unequal, that is, they are equal. Consequently the triangles ABC, DEF 
have the sides AB, BC of one respectively equal to the sides DE, EF of the 
other; and the contained angles ABC and DEF equal; therefore |Iv.| AC is 
equal to DF, and the angle BAC is equal to the angle EDF. 


2. Let the sides given to be equal be A 
BC is equal to EF, and AC to DF. If 
BC be not equal to EF, suppose BG to 
be equal to it. Join AG. Then the trian- 
gles ABG, DEF have the two sides AB, 
BG of one respectively equal to the two 
ABG equal to the angle DEF; therefore R GC E F 
Iv. the angle AGB is equal to DFE; but the angle ACB is equal to DFE 
(hyp.). Hence (Axiom 1.) the angle AGB is equal to AC'B, that is, the exterior 
angle of the triangle AC'G is equal to the interior and non-adjacent angle, which 
[XVI.] is impossible. Hence BC must be equal to EF, and the same as in 1, AC 


AB and DE; it is required to prove that D 
sides DE, EF ofthe other, and the angle N N 
is equal to DF, and the angle BAC is equal to the angle EDF. 


This Proposition, together with Iv. and VIII., includes all the cases of the congruence of 
two triangles. Part I. may be proved immediately by superposition. For it is evident if ABC 
be applied to DEF, so that the point B shall coincide with E, and the line BC with EF, 
since BC is equal to EF, the point C shall coincide with F; and since the angles D, C are 
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respectively equal to the angles E, F, the lines BA, CA shall coincide with ED and FD. 
Hence the triangles are congruent. 


DEF.—]If every point on a geometrical figure satisfies an assigned condition, 
that figure is called the locus of the point satisfying the condition. Thus, for 
example, a circle is the locus of a point whose distance from the centre is equal 
to its radius. 


Exercises. 


1. The extremities of the base of an isosceles triangle are equally distant from any point 
in the perpendicular from the vertical angle on the base. 

2. If the line which bisects the vertical angle of a triangle also bisects the base, the triangle 
is isosceles. 

3. The locus of a point which is equally distant from two fixed lines is the pair of lines 
which bisect the angles made by the fixed lines. 

4. In a given right line find a point such that the perpendiculars from it on two given lines 
may be equal. State also the number of solutions. 

5. If two right-angled triangles have equal hypotenuses, and an acute angle of one equal 
to an acute angle of the other, they are congruent. 

6. If two right-angled triangles have equal hypotenuses, and a side of one equal to a side 
of the other, they are congruent. 

7. The bisectors of the three internal angles of a triangle are concurrent. 

8. The bisectors of two external angles and the bisector of the third internal angle are 
concurrent. 

9. Through a given point draw a right line, such that perpendiculars on it from two given 
points on opposite sides may be equal to each other. 

10. Through a given point draw a right line intersecting two given lines, and forming an 
isosceles triangle with them. 


PARALLEL LINES. 


DEF. 1.—If two right lines in the same plane be such that, when produced 
indefinitely, they do not meet at any finite distance, they are said to be PARAL- 
LEL. 

DEF. 11.—A parallelogram is a quadrilateral, both pairs of whose opposite 
sides are parallel. 

DEF. 11.—The right line joining either pair of opposite angles of a quadri- 
lateral is called a diagonal. 

DEF. IV.—If both pairs of opposite sides of a quadrilateral be produced to 
meet, the right line joining their points of intersection is called its third diagonal. 

DEF. v.—A quadrilateral which has one pair of opposite sides parallel is 
called a trapezium. 

DEF. viI.—If from the extremities of one right 
line perpendiculars be drawn to another, the inter- 
cept between their feet is called the projection of the 
first line on the second. 

DEF. vil—When a right line intersects two 
other right lines in two distinct points it makes 
with them eight angles, which have received spe- 
cial names in relation to one another. Thus, in the 


wai Or 
eo 
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figure—1, 2; 7, 8 are called exterior angles; 3, 4; 5, 6, interior angles. Again, 
4; 6; 3, 5 are called alternate angles; lastly, 1, 5; 2, 6; 3, 8; 4, 7 are called 
corresponding angles. 


PROP. XXVII.—THEOREM. 


If a right line (EF) intersecting two right lines (AB, CD) makes the alternate 
angles (AEF, EFD) equal to each other, these lines are parallel. 


Dem.—If AB and C D are not paral- 
lel they must meet, if produced, at some 
finite distance: if possible let them meet 
in G; then the figure EGF is a triangle, 
and the angle AEF is an exterior angle, 
and EFD a non-adjacent interior angle. 
Hence [xv1.] AEF is greater than EF D; 
but it is also equal to it (hyp.), that is, both equal and greater, which is absurd. 
Hence AB and CD are parallel. 





Or thus: Bisect EF in O; turn the whole figure round O as a centre, so that 
EF shall fall on itself; then because OF = OF, the point E shall fall on F; and 
because the angle AEF is equal to the angle EFD, the line EA will occupy 
the place of FD, and the line FD the place of EA; therefore the lines AB, CD 
interchange places, and the figure is symmetrical with respect to the point O. 
Hence, if AB, CD meet on one side of O, they must also meet on the other 
side; but two right lines cannot enclose a space (Axiom X.); therefore they do 
not meet at either side. Hence they are parallel. 





PROP. XXVIII.—THEOREM. 


If a right line (EF) intersecting two right lines (AB, CD) makes the exterior 
angle (EGB) equal to its corresponding interior angle (GHD), or makes two 
interior angles (BGH, GHD) on the same side equal to two right angles, the 
two right lines are parallel. 


Dem.—1. Since the lines AB, EF inter- 
sect, the angle AGH is equal to EGB XV.; 
but EGB is equal to GHD (hyp.); therefore 
AGH is equal to GH D, and they are alternate 
angles. Hence [xxvil.| AB is parallel to CD. 

2. Since AGH and BGH are adjacent an- 
gles, their sum is equal to two right angles 
IxiII.]; but the sum of BGH and GHD is two F 
right angles (hyp.); therefore rejecting the angle BGH we have AGH equal 
GHD, and they are alternate angles; therefore AB is parallel to CD [Xxvit.]. 
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PROP. XXIX.—THEOREM. 


If a right line (EF) intersect two parallel right lines (AB, CD), it makes— 
1. the alternate angles (AGH,GH D) equal to one another; 2. the exterior angle 
(EGB) equal to the corresponding interior angle (GH D); 3. the two interior 
angles (BGH, GHD) on the same side equal to two right angles. 


Dem.—If the angle AGH be not equal to E 
GH D, one must be greater than the other. Let A G B 
AGH be the greater; to each add BGH, and 
we have the sum of the angles AGH, BGH 
greater than the sum of the angles BGH, 
GH D; but the sum of AGH, BGH is two right C H D 
angles; therefore the sum of BGH, GHD is 
less than two right angles, and therefore (Ax- 
iom XII.) the lines AB, C D, if produced, will meet at some finite distance: but 
since they are parallel (hyp.) they cannot meet at any finite distance. Hence 
the angle AGH is not unequal to GH D—that is, it 1s equal to it. 

2. Since the angle EGB is equal to AGH [xv.|, and GHD is equal to AGH 
(1), EGB is equal to GHD (Axiom 1.). 

3. Since AGH is equal to GH D (1), add HGB to each, and we have the sum 
of the angles AGH, HGB equal to the sum of the angles GHD, HGB; but the 
sum of the angles AGH, HGB |xir.| is two right angles; therefore the sum of 
the angles BGH, GHD is two right angles. 


Exercises. 


1. Demonstrate both parts of Prop. xxvii. without using Prop. XXVII. 

2. The parts of all perpendiculars to two parallel lines intercepted between them are equal. 

3. If ACD, BCD be adjacent angles, any parallel to AB will meet the bisectors of these 
angles in points equally distant from where it meets C D. 

4. If through the middle point O of any right line terminated by two parallel right lines 
any other secant be drawn, the intercept on this line made by the parallels is bisected in O. 

5. Two right lines passing through a point equidistant from two parallels intercept equal 
portions on the parallels. 

6. The perimeter of the parallelogram, formed by drawing parallels to two sides of an 
equilateral triangle from any point in the third side, is equal to twice the side. 

7. If the opposite sides of a hexagon be equal and parallel, its diagonals are concurrent. 

8. If two intersecting right lines be respectively parallel to two others, the angle between 
the former is equal to the angle between the latter. For if AB, AC be respectively parallel to 
DE, DF, and if AC, DE meet in G, the angles A, D are each equal to G [xxix |]. 





PROP. XXX.—THEOREM. 


If two right lines (AB, CD) be parallel to the same right line (EF), they are 
parallel to one another. 
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Dem.—Draw any secant GHK. Then since 
AB and EF are parallel, the angle AGA is equal 
to GHF |xxix.|. In like manner the angle GH F 
is equal to HKD |xxix.]. Therefore the angle 
AGK is equal to the angle GAD (Axiom 1.). 
Hence |xxvir.] AB is parallel to CD. 






PROP. XXXI.—PROBLEM. 
Through a given point (C) to draw a right line parallel to a given right line. 





Sol.—Take any point D in AB. Join CD C E 
(Post. I.), and make the angle DC E equal to the I 
angle ADC [xxu.]. The line CE is parallel to ‘ 
AB [xxvii]. $ 
. 
Exercises. A D B 


1. Given the altitude of a triangle and the base angles, construct it. 

2. From a given point draw to a given line a line making with it an angle equal to a given 
angle. Show that there will be two solutions. 

3. Prove the following construction for trisecting a given line AB:—On AB describe an 
equilateral A ABC. Bisect the angles A, B by the lines AD, BD, meeting in D; through D 
draw parallels to AC, BC, meeting AB in E, F: E, F are the points of trisection of AB. 

4. Inscribe a square in a given equilateral triangle, having its base on a given side of the 
triangle. 

5. Draw a line parallel to the base of a triangle so that it may be—1. equal to the intercept 
it makes on one of the sides from the extremity of the base; 2. equal to the sum of the two 
intercepts on the sides from the extremities of the base; 3. equal to their difference. Show 
that there are two solutions in each case. 

6. Through two given points in two parallel lines draw two lines forming a lozenge with 
the given parallels. 

7. Between two lines given in position place a line of given length which shall be parallel 
to a given line. Show that there are two solutions. 


PROP. XXXII.—THEOREM. 


If any side (AB) of a triangle (ABC) be 
produced (to D), the external angle (CBD) 
is equal to the sum of the two internal non- 
adjacent angles (A, C), and the sum of the 
three internal angles is equal to two right an- 
gles. 





Dem.—Draw BE parallel to AC [Xxx1.]. 
Now since BC intersects the parallels BE, A B D 
AC, the alternate angles EBC, ACB are 
equal |XXIX.]. Again, since AB intersects the parallels BE, AC, the angle 
EBD is equal to BAC [xxi1x.|; hence the whole angle C BD is equal to the sum 
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of the two angles ACB, BAC: to each of these add the angle ABC and we 
have the sum of CBD, ABC equal to the sum of the three angles ACB, BAC, 
ABC: but the sum of CBD, ABC is two right angles [xulI.]; hence the sum of 
the three angles ACB, BAC, ABC is two right angles. 

Cor. 1.—If a right-angled triangle be isosceles, each base angle is half a right 
angle. 

Cor. 2.—1f two triangles have two angles in one respectively equal to two 
angles in the other, their remaining angles are equal. 

Cor. 3.—Since a quadrilateral can be divided into two triangles, the sum of 
its angles is equal to four right angles. 

Cor. 4.—If a figure of n sides be divided into triangles by drawing diagonals 
from any one of its angles there will be (n — 2) triangles; hence the sum of its 
angles is equal 2(n — 2) right angles. 

Cor. 5.—1f all the sides of any convex polygon be produced, the sum of the 
external angles is equal to four right angles. 

Cor. 6.—Each angle of an equilateral triangle is two-thirds of a right angle. 

Cor. 7.—If one angle of a triangle be equal to the sum of the other two, it 
is a right angle. 

Cor. 8.—Every right-angled triangle can be divided into two isosceles trian- 
gles by a line drawn from the right angle to the hypotenuse. 


Exercises. 


1. ‘Trisect a right angle. 

2. Any angle of a triangle is obtuse, right, or acute, according as the opposite side is 
greater than, equal to, or less than, twice the median drawn from that angle. 

3. If the sides of a polygon of n sides be produced, the sum of the angles between each 
alternate pair is equal to 2(n — 4) right angles. 

4. If the line which bisects the external vertical angle be parallel to the base, the triangle 
is isosceles. 

5. If two right-angled As ABC, ABD be on the same hypotenuse AB, and the vertices 
C and D be joined, the pair of angles subtended by any side of the quadrilateral thus formed 
are equal. 

6. The three perpendiculars of a triangle are concurrent. 

7. The bisectors of two adjacent angles of a parallelogram are at right angles. 

8. The bisectors of the external angles of a quadrilateral form a circumscribed quadrilat- 
eral, the sum of whose opposite angles is equal to two right angles. 

9. If the three sides of one triangle be respectively perpendicular to those of another 
triangle, the triangles are equiangular. 

10. Construct a right-angled triangle, being given the hypotenuse and the sum or difference 
of the sides. 

11. The angles made with the base of an isosceles triangle by perpendiculars from its 
extremities on the equal sides are each equal to half the vertical angle. 

12. The angle included between the internal bisector of one base angle of a triangle and 
the external bisector of the other base angle is equal to half the vertical angle. 

13. In the construction of Prop. XVIII. prove that the angle DBC is equal to half the 
difference of the base angles. 

14. If A, B, C denote the angles of a A, prove that 5(A + B), I(B +C), z(C + A) will 
be the angles of a A formed by any side and the bisectors of the external angles between that 
side and the other sides produced. 
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PROP. XXXIII.—THEOREM. 


The right lines (AC, BD) which join the adjacent extremities of two equal and 
parallel right lines (AB, CD) are equal and parallel. 


Dem.—Join BC’. Now since AB is paral- 
lel to CD, and BC intersects them, the an- A B 
gle ABC is equal to the alternate angle DCB 
IXxIx.]. Again, since AB is equal to CD, and 
BC common, the triangles ABC’, DCB have 
the sides AB, BC in one respectively equal to 
the sides DC, CB in the other, and the angles 
ABC, DCB contained by those sides equal; C D 
therefore |IV.] the base AC is equal to the base 
BD, and the angle AC B is equal to the angle CBD; but these are alternate 
angles; hence [xxvil.] AC is parallel to BD, and it has been proved equal to it. 
Therefore AC is both equal and parallel to BD. 


Exercises. 


1. If two right lines AB, BC be respectively equal and parallel to two other right lines 
DE, EF, the right line AC joining the extremities of the former pair is equal to the right line 
DF joining the extremities of the latter. 

2. Right lines that are equal and parallel have equal projections on any other right line; 
and conversely, parallel right lines that have equal projections on another right line are equal. 

3. Equal right lines that have equal projections on another right line are parallel. 

4. The right lines which join transversely the extremities of two equal and parallel right 
lines bisect each other. 


PROP. XXXIV.. THEOREM. 


The opposite sides (AB, CD; AC, BD) and the opposite angles (A, D; 
B, C) of a parallelogram are equal to one another, and either diagonal bisects 
the parallelogram. 


Dem.—Join BC. Since AB is parallel to A B 
CD, and BC intersects them, the angle ABC 
is equal to the angle BCD [xXIX.]. Again, 
since BC intersects the parallels AC, BD, the 
angle ACB is equal to the angle CBD; hence 
the triangles ABC, DCB have the two angles 
ABC, ACB in one respectively equal to the 
two angles BCD, CBD in the other, and the C D 
side BC common. Therefore |xxvt.| AB is equal to CD, and AC to BD; the 
angle BAC to the angle BDC, and the triangle ABC to the triangle BDC. 
Again, because the angle ACB is equal to CBD, and DCB equal to ABC, 
the whole angle ACD is equal to the whole angle ABD. 
Cor. 1.—If one angle of a parallelogram be a right angle, all its angles are 
right angles. 
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Cor. 2.—1f two adjacent sides of a parallelogram be equal, it is a lozenge. 

Cor. 3.—If both pairs of opposite sides of a quadrilateral be equal, it is a 
parallelogram. 

Cor. 4.—If both pairs of opposite angles of a quadrilateral be equal, it is a 
parallelogram. 

Cor. 5.—If the diagonals of a quadrilateral bisect each other, it is a paral- 
lelogram. 

Cor. 6.—1f both diagonals of a quadrilateral bisect the quadrilateral, it is a 
parallelogram. 

Cor. 1.—1f the adjacent sides of a parallelogram be equal, its diagonals bisect 
its angles. 

Cor. 8.—1f the adjacent sides of a parallelogram be equal, its diagonals 
intersect at right angles. 

Cor. 9.—In a right-angled parallelogram the diagonals are equal. 

Cor. 10.—If the diagonals of a parallelogram be perpendicular to each other, 
it is a lozenge. 

Cor. 11.—If a diagonal of a parallelogram bisect the angles whose vertices 
it joins, the parallelogram is a lozenge. 


Exercises. 


1. The diagonals of a parallelogram bisect each other. 

2. If the diagonals of a parallelogram be equal, all its angles are right angles. 

3. Divide a right line into any number of equal parts. 

4. The right lines joining the adjacent extremities of two unequal parallel right lines will 
meet, if produced, on the side of the shorter parallel. 

5. If two opposite sides of a quadrilateral be parallel but not equal, and the other pair 
equal but not parallel, its opposite angles are supplemental. 

6. Construct a triangle, being given the middle points of its three sides. 

7. The area of a quadrilateral is equal to the area of a triangle, having two sides equal to 
its diagonals, and the contained angle equal to that between the diagonals. 


PROP. XXXV.—THEOREM. 


Parallelograms on the same base (BC) and between the same parallels are 
equal. 


Dem.—1. Let the sides AD, DF A D F 
of the parallelograms AC, BF op- 
posite to the common base BC ter- 
minate in the same point D, then 
[XXXIV.| each parallelogram is dou- 
ble of the triangle BCD. Hence they 
are equal to one another. 
2. Let the sides AD, EF (figures B C 
(a), (8)) opposite to BC not terminate in the same point. 
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A. E D F A. D E F 
B C B C 

Then because ABC'D is a parallelogram, AD is equal to BC [xxxIv.]; and 
since BCEF is a parallelogram, E-F' is equal to BC; therefore (see fig. (o) 
take away ED, and in fig. (8) add ED, and we have in each case AE equal to 
DF, and BA is equal to C'D [xxxiv.]. Hence the triangles BAE, CDF have 
the two sides BA, AE in one respectively equal to the two sides CD, DF in 
the other, and the angle BAE [xx1x.] equal to the angle CDF; hence [Iv.] the 
triangle BAE is equal to the triangle CDF’; and taking each of these triangles 
in succession from the quadrilateral B AF'C, there will remain the parallelogram 
BCFE equal to the parallelogram BCDA. 

Or thus: The triangles ABE, DCF have |xxxiV.| the sides AB, BE in 
one respectively equal to the sides DC, CF in the other, and the angle ABE 
equal to the angle DCF [xx1x., Ex. 8]. Hence the triangle ABE is equal to the 
triangle DCF; and, taking each away from the quadrilateral BAF'C, there will 
remain the parallelogram BCFE equal to the parallelogram BCDA. 

Observation.—By the second method of proof the subdivision of the demonstration into 
cases is avoided. It is easy to see that either of the two parallelograms ABC D, EBCF can be 
divided into parts and rearranged so as to make it congruent with the other. This Proposition 
affords the first instance in the Elements in which equality which is not congruence occurs. 


This equality is expressed algebraically by the symbol =, while congruence is denoted by =, 
called also the symbol of identity. Figures that are congruent are said to be identically equal. 


PROP. XXXVI.—THEOREM. 


Parallelograms (BD, FH) on equal bases (BC, FG) and between the same 
parallels are equal. 


Dem.—Join BE, CH. Now 


since FH is a parallelogram, FG A D E H 
is equal to EH [xxxiv.|; but BC P 

is equal to FG (hyp.); therefore 

BC is equal to EH (Axiom 1.). 

Hence BE, CH, which join their ra 

adjacent extremities, are equal 

and parallel; therefore BH isa B C F G 


parallelogram. Again, since the parallelograms BD, BH are on the same base 
BC, and between the same parallels BC, AH, they are equal [xxxv.]. In like 
manner, since the parallelograms HB, HF are on the same base EH, and be- 
tween the same parallels EH, BG, they are equal. Hence BD and FH are each 
equal to BH. Therefore (Axiom 1.) BD is equal to FH. 
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Exercise.—Prove this Proposition without joining B E, CH. 


PROP. XXXVII.—THEOREM. 


Triangles (ABC, DBC) on the same base (BC) and between the same 
parallels (AD, BC) are equal. 


Dem.—Produce AD both 
Ways. Draw BE parallel to 
AC, and CF parallel to BD 
[xxxI.] Then the figures AE BC, 
DBCF are parallelograms; and 
since they are on the same base 
BC, and between the same par- 
allels BC, EF they are equal B C 
IXXxV.]. Again, the triangle ABC is half the parallelogram AE BC [xxxiv.], 
because the diagonal AB bisects it. In like manner the triangle DBC’ is half 
the parallelogram DBC F, because the diagonal DC bisects it, and halves of 
equal things are equal (Axiom VII.). Therefore the triangle ABC is equal to the 
triangle DBC. 





Exercises. 


1. If two equal triangles be on the same base, but on opposite sides, the right line joining 
their vertices is bisected by the base. 

2. Construct a triangle equal in area to a given quadrilateral figure. 

3. Construct a triangle equal in area to a given rectilineal figure. 

4. Construct a lozenge equal to a given parallelogram, and having a given side of the 
parallelogram for base. 

5. Given the base and the area of a triangle, find the locus of the vertex. 

6. If through a point O, in the production of the diagonal AC of a parallelogram ABCD, 
any right line be drawn cutting the sides AB, BC in the points E, F, and ED, FD be joined, 
the triangle EF'D is less than half the parallelogram. 


PROP. XXXVIII.—THEOREM. 


T'wo triangles on equal bases and between the same parallels are equal. 


Dem.—By a construction similar to the last, we see that the triangles are 
the halves of parallelograms, on equal bases, and between the same parallels. 
Hence they are the halves of equal parallelograms [XXxVI.]. Therefore they are 
equal to one another. 


Exercises. 
1. Every median of a triangle bisects the triangle. 


2. If two triangles have two sides of one respectively equal to two sides of the other, and 
the contained angles supplemental, their areas are equal. 
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3. If the base of a triangle be divided into any number of equal parts, right lines drawn 
from the vertex to the points of division will divide the whole triangle into as many equal 
parts. 

4. Right lines from any point in the diagonal of a parallelogram to the angular points 
through which the diagonal does not pass, and the diagonal, divide the parallelogram into 
four triangles which are equal, two by two. 

5. If one diagonal of a quadrilateral bisects the other, it also bisects the quadrilateral, and 
conversely. 

6. If two As ABC, ABD be on the same base AB, and between the same parallels, and 
if a parallel to AB meet the sides AC, BC in the point E, F; and the sides AD, BD in the 
point G, H; then EF — GH. 

7. If instead of triangles on the same base we have triangles on equal bases and between 
the same parallels, the intercepts made by the sides of the triangles on any parallel to the 
bases are equal. 

8. If the middle points of any two sides of a triangle be joined, the triangle so formed with 
the two half sides is one-fourth of the whole. 

9. The triangle whose vertices are the middle points of two sides, and any point in the 
base of another triangle, is one-fourth of that triangle. 

10. Bisect a given triangle by a right line drawn from a given point in one of the sides. 

11. Trisect a given triangle by three right lines drawn from a given point within it. 

12. Prove that any right line through the intersection of the diagonals of a parallelogram 
bisects the parallelogram. 

13. The triangle formed by joining the middle point of one of the non-parallel sides of a 
trapezium to the extremities of the opposite side is equal to half the trapezium. 





PROP. XXXIX.—THEOREM. 


Equal triangles (BAC, BDC) on the same base (BC) and on the same side of 
it are between the same parallels. 


Dem.—Join AD. Then if AD be not par- 
allel to BC, let AE be parallel to it, and let 
it cut BD in E. Join EC. Now since the tri- 
angles BEC, B AC are on the same base BC, 
and between the same parallels BC, AE, they 
are equal |XxxVII. but the triangle B AC is 
equal to the triangle BDC (hyp.). Therefore 
(Axiom I.) the triangle BEC is equal to the 
triangle BDC—that is, a part equal to the whole which is absurd. Hence AD 
must be parallel to BC. 





PROP. XL.— THEOREM. 


Equal triangles (ABC, DEF) on equal bases (BC, EF) which form parts 
of the same right line, and on the same side of the line, are between the same 
parallels. 


of 


Dem.—Join AD. If AD be not 
parallel to BF, let AG be parallel 
to it. Join GF. Now since the tri- 
angles GEF and ABC are on equal 
bases BC, EF, and between the same 
parallels BF, AG, they are equal 
[xxxvu.]; but the triangle DEF is B C E F 
equal to the triangle ABC (hyp.). Hence GEF is equal to DEF (Axiom 1.)— 
that is, a part equal to the whole, which is absurd. Therefore AD must be 
parallel to BF. 


DEF.— The altitude of a triangle is the perpendicular from the vertex on the 
base. 


Exercises. 





1. Triangles and parallelograms of equal bases and altitudes are respectively equal. 

2. The right line joining the middle points of two sides of a triangle is parallel to the 
third; for the medians from the extremities of the base to these points will each bisect the 
original triangle. Hence the two triangles whose base is the third side and whose vertices are 
the points of bisection are equal. 

3. The parallel to any side of a triangle through the middle point of another bisects the 
third. 

4. The lines of connexion of the middle points of the sides of a triangle divide it into four 
congruent triangles. 

5. The line of connexion of the middle points of two sides of a triangle is equal to half the 
third side. 

6. The middle points of the four sides of a convex quadrilateral, taken in order, are the 
angular points of a parallelogram whose area is equal to half the area of the quadrilateral. 

7. The sum of the two parallel sides of a trapezium is double the line joining the middle 
points of the two remaining sides. 

8. The parallelogram formed by the line of connexion of the middle points of two sides of 
a triangle, and any pair of parallels drawn through the same points to meet the third side, is 
equal to half the triangle. 

9. The right line joining the middle points of opposite sides of a quadrilateral, and the 
right line joining the middle points of its diagonals, are concurrent. 


PROP. XLI.—THEOREM. 


If a parallelogram (ABCD) and a triangle (EBC) be on the same base (BC) 
and between the same parallels, the parallelogram is double of the triangle. 


Dem.—Join AC. The parallelogram 4 D E 
ABCD is double of the triangle ABC [xxxIv.|; 
but the triangle ABC is equal to the trian- P 


gle EBC [xxxvil.]. Therefore the parallelogram 
ABCD is double of the triangle EBC. 
Cor. 1.—If a triangle and a parallelogram 
have equal altitudes, and if the base of the tri- 
angle be double of the base of the parallelogram, B C 
the areas are equal. 


38 


Cor. 2.—The sum of the triangles whose bases are two opposite sides of 
a parallelogram, and which have any point between these sides as a common 
vertex, is equal to half the parallelogram. 


PROP. XLII.—PROBLEM. 


To construct a parallelogram equal to a given triangle (ABC), and having an 
angle equal to a given angle (D). 


C F G 


M 


A. E B 


Sol.—Bisect AB in E. Join EC. Make the angle BEF |xxim.| equal to D. 
Draw CG parallel to AB |xxx1.], and BG parallel to EF. EG is a parallelogram 
fulfilling the required conditions. 

Dem.—Because AE is equal to EB (const.), the triangle AEC is equal 
to the triangle EBC |xxxvrmi.]|, therefore the triangle ABC is double of the 
triangle EBC’; but the parallelogram EG is also double of the triangle EBC’ 
[XLI.], because they are on the same base EB, and between the same parallels 
EB and CG. Therefore the parallelogram EG is equal to the triangle ABC, 
and it has (const.) the angle BEF equal to D. Hence EG is a parallelogram 
fulfilling the required conditions. 


PROP. XLIII.— THEOREM. 
The parallels (EF, GH) through any A H D 


point (K) in one of the diagonals (AC) of 
a parallelogram divide it into four parallelo- 
grams, of which the two (BK, KD) through E F 


which the diagonal does not pass, and which 
are called the COMPLEMENTS of the other 
two, are equal. 


Dem.—Because the diagonal bisects the B G Cc 
parallelograms AC, AK, KC we have [xxxiIV.] the triangle ADC equal to the 
triangle ABC, the triangle AH K equal to AEK, and the triangle KFC equal 
to the triangle KGC. Hence, subtracting the sums of the two last equalities 
from the first, we get the parallelogram DK equal to the parallelogram KB. 

Cor. 1.—If through a point K within a parallelogram ABCD lines drawn 
parallel to the sides make the parallelograms DK, KB equal, K is a point in 
the diagonal AC. 

Cor. 2.—The parallelogram BH is equal to AF’, and BF to HC. 


Cor. 2. supplies an easy demonstration of a fundamental Proposition in Statics. 
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Exercises. 


1. If EF, GH be parallels to the adja- 





cent sides of a parallelogram ABC'D, the di- A. G B. —u 
agonals EH, GF of two of the four (Js into f 

which they divide it and one of the diagonals E ——MA ik 
of ABCD are concurrent. , 
Dem.—Let EH, GF meet in M; ` 

D L—— — — REX... -AM--------.-.-- iL 


through M draw MP, MJ parallel to AB, 
BC. Produce AD, GH, BC to meet MP, 
and AB, EF, DC to meet MJ. Now the 
complement OF = FJ: to each add the 
CI FL, and we get the figure OFL = O CJ. 
Again, the complement PH = HK [X tI]: aeua aa a NM 
to each add the (J) OC, and we get the o M 
CJ PC = figure OFL. Hence the CLI PC = CJ. Therefore they are about the same di- 
agonal [XLII., Cor. 1]. Hence AC produced will pass through M. 

2. The middle points of the three diagonals AC, BD, EF of a quadrilateral ABCD are 
collinear. 
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waererreseve te 
SE Boum o um um ow um m m modom 








Dem.—Complete the L AEBG. Draw DH, CI parallel to AG, BG. Join IH, and 
produce; then AB, CD, IH are concurrent (Ex. 1); therefore JH will pass through F. Join 
EI, EH. Now |xr., Ex. 2, 3] the middle points of EI, EH, EF are collinear, but [XxxIVv., 
Ex. 1] the middle points of EI, EH are the middle points of AC, BD. Hence the middle 
points of AC, BD, EF are collinear. 


PROP. XLIV.—PROBLEM. 


To a given, right line (AB) to apply a parallelogram which shall be equal to 
a given triangle (C), and have one of its angles equal to a given angle (D). 
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M 


A L 


Sol.—Construct the parallelogram BE FG [XL11.| equal to the given triangle 
C, and having the angle B equal to the given angle D, and so that its side BE 
shall be in the same right line with AB. Through A draw AH parallel to BG 
[XXXI.], and produce F'G to meet it in H. Join HB. Then because HA and FE 
are parallels, and HF intersects them, the sum of the angles AH F, HFE is two 
right angles [XXIX.]; therefore the sum of the angles BHF, HFE is less than 
two right angles; and therefore (Axiom XII.) the lines HB, FE, if produced, 
will meet as at K. Through K draw KL parallel to AB [xXXI.], and produce 
HA and GB to meet it in the points L and M. Then AM is a parallelogram 
fulfilling the required conditions. 

Dem.—The parallelogram AM is equal to GE [xiu]; but GE is equal to 
the triangle C (const.); therefore AM is equal to the triangle C. Again, the 
angle ABM is equal to EBG |xv.], and EBG is equal to D (const.); therefore 
the angle AB M is equal to D; and AM is constructed on the given line; therefore 
it is the parallelogram required. 


PROP. XLV.—PROBLEM. 


To construct a parallelogram equal to a given rectilineal figure (ABC D), and 
having an angle equal to a given rectilineal angle (X). 


B F G I 


A D E H K 


Sol.—Join BD. Construct a parallelogram EG [XLu.] equal to the triangle 
ABD, and having the angle E equal to the given angle X; and to the right line 
GH apply the parallelogram HJ equal to the triangle BC D, and having the 
angle GHK equal to X [XLIV.], and so on for additional triangles if there be 
any. Then EI is a parallelogram fulfilling the required conditions. 


A] 


Dem.—Because the angles GH kK, F EH are each equal to X (const.), they 
are equal to one another: to each add the angle GH E, and we have the sum 
of the angles GHK, GHE equal to the sum of the angles FEH, GHE; but 
since HG is parallel to EF, and EH intersects them, the sum of FEH, GHE 
is two right angles [xxIx.]. Hence the sum of GHK, GHE is two right angles; 
therefore EH, HK are in the same right line [XIv.]. 

Again, because GH intersects the parallels FG, EK, the alternate angles 
FGH, GHK are equal [XXIX.|: to each add the angle HGI, and we have the 
sum of the angles FGH, HGI equal to the sum of the angles GH K, HGI; but 
since GI is parallel to HK, and GH intersects them, the sum of the angles 
GH K, HGI is equal to two right angles [xxIx.]. Hence the sum of the angles 
FGH, HGI is two right angles; therefore FG and GI are in the same right line 
[XIV.|. 

Again, because EG and HI are parallelograms, EF’ and KI are each parallel 
to GH; hence [xxx.| EF is parallel to KJ, and the opposite sides EK and FT 
are parallel; therefore EI is a parallelogram; and because the parallelogram EG 
(const.) is equal to the triangle ABD, and HI to the triangle BCD, the whole 
parallelogram EJ is equal to the rectilineal figure ABC D, and it has the angle 
E equal to the given angle X. Hence EI is a parallelogram fulfilling the required 
conditions. 

It would simplify Problems XLIV., XLV., if they were stated as the constructing of rectan- 


gles, and in this special form they would be better understood by the student, since rectangles 
are the simplest areas to which others are referred. 


Exercises. 


1. Construct a rectangle equal to the sum of two or any number of rectilineal figures. 
2. Construct a rectangle equal to the difference of two given figures. 


PROP. XLVI.—PROBLEM. 


On a given right line (AB) to describe a square. 


Sol.—Erect AD at right angles to AB [x1], and make — p c 
it equal to AB [rr.]. Through D draw DC parallel to AB 
[XXx1.], and through B draw BC parallel to AD; then 
AC is the square required. 
Dem.— Because AC is a parallelogram, AB is equal 
to CD [xxxIv.|; but AB is equal to AD (const.); there- 
fore AD is equal to C D, and AD is equal to BC [xxxiv]. 
Hence the four sides are equal; therefore AC is a lozenge, A B 
and the angle A is a right angle. Therefore AC is a 
square (Def. XXx.). 
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Exercises. 


1. The squares on equal lines are equal; and, conversely, the sides of equal squares are 
equal. 

2. The parallelograms about the diagonal of a square are squares. 

3. If on the four sides of a square, or on the sides produced, points be taken equidistant 
from the four angles, they will be the angular points of another square, and similarly for a 
regular pentagon, hexagon, &c. 

4. Divide a given square into five equal parts; namely, four right-angled triangles, and a 
square. 


PROP. XLVII.—THEOREM. 


In a right-angled triangle (ABC) the square on the hypotenuse (AB) is equal 
to the sum of the squares on the other two sides (AC, BC). 


Dem.—On the sides AB, BC, H 
CA describe squares |XLVI.]. Draw 
CL parallel to AG. Join CG, BK. 
Then because the angle AC B is right 
(hyp.), and ACH is right, being the K 
angle of a square, the sum of the an- 
gles ACB, ACH is two right angles; 
therefore BC, CH are in the same 
right line [xtv.]. In like manner AC, A 
C D are in the same right line. Again, 
because BAG is the angle of a square 
it is a right angle: in like manner 
CAK is a right angle. Hence BAG 
is equal to CAK: to each add BAC, 
and we get the angle CAG equal to G L F 
KAB. Again, since BG and CK are squares, BA is equal to AG, and C A to 
AK. Hence the two triangles CAG, K AB have the sides CA, AG in one respec- 
tively equal to the sides IK A, AB in the other, and the contained angles C AG, 
K AB also equal. Therefore |Iv.] the triangles are equal; but the parallelogram 
AL is double of the triangle C AG |xrL1.], because they are on the same base AG, 
and between the same parallels AG and CL. In like manner the parallelogram 
AH is double of the triangle kK AB, because they are on the same base AK, and 
between the same parallels AK and BH; and since doubles of equal things are 
equal (Axiom VI.), the parallelogram AL is equal to AH. In like manner it can 
be proved that the parallelogram BL is equal to BD. Hence the whole square 
AF is equal to the sum of the two squares AH and BD. 
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Or thus: Let all the squares be made in reversed di- 
rections. Join CG, BK, and through C draw OL parallel 
to AG. Now, taking the ZBAC from the right Zs BAG, 
CAK, the remaining Zs CAG, BAK are equal. Hence the 
As CAG, BAK have the side CA = AK, and AG = AB, 
and the ZC AG — BAK ; therefore [Iv.] they are equal; and 
since [XLI.] the (Js AL, AH are respectively the doubles of 
these triangles, they are equal. In like manner the CJs BL, 
BD are equal; hence the whole square AF is equal to the 
sum of the two squares AH, BD. 

This proof is shorter than the usual one, since it is not 
necessary to prove that AC, CD are in one right line. In a 
similar way the Proposition may be proved by taking any of 
the eight figures formed by turning the squares in all possible 
directions. Another simplification of the proof would be got K 
by considering that the point A is such that one of the As CAG, BAK can be turned round 
it in its own plane until it coincides with the other; and hence that they are congruent. 





Exercises. 


. The square on AC is equal to the rectangle AB . AO, and the square on BC — AB . BO. 
. The square on CO = AO.OB. 

sAC*=BC*=A0-= BO". 

. Find a line whose square shall be equal to the sum of two given squares. 

5. Given the base of a triangle and the difference of the squares of its sides, the locus of 
its vertex is a right line perpendicular to the base. 

6. The transverse lines BK, CG are perpendicular to each other. 

7. If EG be joined, its square is equal to AC? + 4BC?. 

8. The square described on the sum of the sides of a right-angled triangle exceeds the 
square on the hypotenuse by four times the area of the triangle (see fig., XLVI., Ex. 3). More 
generally, if the vertical angle of a triangle be equal to the angle of a regular polygon of n 
sides, then the regular polygon of n sides, described on a line equal to the sum of its sides, 
exceeds the area of the regular polygon of n sides described on the base by n times the area 
of the triangle. 

9. If AC and BK intersect in P, and through P a line be drawn parallel to BC’, meeting 
AB in Q; then CP is equal to PQ. 

10. Each of the triangles AGK and BEF, formed by joining adjacent corners of the 
squares, is equal to the right-angled triangle ABC. 

11. Find a line whose square shall be equal to the difference of the squares on two lines. 

12. The square on the difference of the sides AC, CB is less than the square on the 
hypotenuse by four times the area of the triangle. 

13. If AE be joined, the lines AE, BK, CL, are concurrent. 

14. In an equilateral triangle, three times the square on any side is equal to four times the 
square on the perpendicular to it from the opposite vertex. 

15. On BE, a part of the side BC of a square ABC D, is described the square BEFG, 
having its side BG in the continuation of AB; it is required to divide the figure AGFEC D 
into three parts which will form a square. 

16. Four times the sum of the squares on the medians which bisect the sides of a right- 
angled triangle is equal to five times the square on the hypotenuse. 

17. If perpendiculars be let fall on the sides of a polygon from any point, dividing each 
side into two segments, the sum of the squares on one set of alternate segments is equal to 
the sum of the squares on the remaining set. 

18. The sum of the squares on lines drawn from any point to one pair of opposite angles 
of a rectangle is equal to the sum of the squares on the lines from the same point to the 
remaining pair. 

19. Divide the hypotenuse of a right-angled triangle into two parts, such that the difference 
between their squares shall be equal to the square on one of the sides. 
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20. From the extremities of the base of a triangle perpendiculars are let fall on the opposite 
sides; prove that the sum of the rectangles contained by the sides and their lower segments is 
equal to the square on the base. 


PROP. XLVIII.—THEOREM. 


If the square on one side (AB) of a triangle be equal to the sum of the squares 
on the remaining sides (AC, CB), the angle (C) opposite to that side is a right 
angle. 


Dem.—Erect CD at right angles to CB [x1.|, and 
make CD equal to CA |111.]. Join BD. Then because 
AC is equal to C D, the square on AC is equal to the 
square on CD: to each add the square on CB, and 
we have the sum of the squares on AC, C B equal 
to the sum of the squares on CD, CB; but the sum 
of the squares on AC, CB is equal to the square on 
AB (hyp.), and the sum of the squares on CD, CB 
is equal to the square on BD [xtvu.]. Therefore the 
square on AB is equal to the square on BD. Hence AB is equal to BD [XLVL., 
Ex. 1]. Again, because AC’ is equal to CD (const.), and CB common to the 
two triangles ACB, DCB, and the base AB equal to the base DB, the angle 
ACB is equal to the angle DC B; but the angle DC'B is a right angle (const.). 
Hence the angle ACB is a right angle. 





The foregoing proof forms an exception to Euclid's 
demonstrations of converse propositions, for it is direct. 
The following is an indirect proof:—If C B be not at right 
angles to AC, let CD be perpendicular to it. Make CD = 
CB. Join AD. Then, as before, it can be proved that AD 
is equal to AB, and CD is equal to CB (const.). This is 
contrary to Prop. vil. Hence the angle ACB is a right 
angle. 





Questions for Examination on Book l. 


1. What is Geometry? 

2. What is geometric magnitude? Ans. That which has extension in space. 

3. Name the primary concepts of geometry. Ans. Points, lines, surfaces, and solids. 

4. How may lines be divided? Ans. Into straight and curved. 

5. How is a straight line generated? Ans. By the motion of a point which has the same 
direction throughout. 

6. How is a curved line generated? Ans. By the motion of a point which continually 
changes its direction. 

7. How may surfaces be divided? Ans. Into planes and curved surfaces. 

8. How may a plane surface be generated. Ans. By the motion of a right line which crosses 
another right line, and moves along it without changing its direction. 

9. Why has a point no dimensions? 

10. Why has a line neither breadth nor thickness? 

11. How many dimensions has a surface? 

12. What is Plane Geometry? 
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13. What portion of plane geometry forms the subject of the “First Six Books of Euclid’s 
Elements”? Ans. The geometry of the point, line, and circle. 

14. What is the subject-matter of Book I.? 

15. How many conditions are necessary to fix the position of a point in a plane? Ans. Two; 
for it must be the intersection of two lines, straight or curved. 

16. Give examples taken from Book I. 

17. In order to construct a line, how many conditions must be given? Ans. Two; as, for 
instance, two points through which it must pass; or one point through which it must pass and 
a line to which it must be parallel or perpendicular, &c. 

18. What problems on the drawing of lines occur in Book I.? Ans. II., IX., XI., XIL., XXIII., 
XXXI., in each of which, except Problem 2, there are two conditions. The direction in Problem 
2 is indeterminate. 

19. How many conditions are required in order to describe a circle? Ans. Three; as, for 
instance, the position of the centre (which depends on two conditions) and the length of the 
radius (compare Post. III.). 

20. How is a proposition proved indirectly? Ans. By proving that its contradictory is false. 

21. What is meant by the obverse of a proposition? 

22. What propositions in Book I. are the obverse respectively of Propositions IV., V., VI., 
XXVII.? 

23. What proposition is an instance of the rule of identity? 

24. What are congruent figures? 

25. What other name is applied to them? Ans. They are said to be identically equal. 

26. Mention all the instances of equality which are not congruence that occur in Book I. 

27. What is the difference between the symbols denoting congruence and identity? 

28. Classify the properties of triangles and parallelograms proved in Book I. 

29. What proposition is the converse of Prop. XXvI., Part I.? 

30. Define adjacent, exterior, interior, alternate angles respectively. 

31. What is meant by the projection of one line on another? 

32. What are meant by the medians of a triangle? 

33. What is meant by the third diagonal of a quadrilateral? 

34. Mention some propositions in Book I. which are particular cases of more general ones 
that follow. 

35. What is the sum of all the exterior angles of any rectilineal figure equal to? 

36. How many conditions must be given in order to construct a triangle? Ans. Three; 
such as the three sides, or two sides and an angle, &c. 





Exercises on Book I. 


1. Any triangle is equal to the fourth part of that which is formed by drawing through 
each vertex a line parallel to its opposite side. 

2. The three perpendiculars of the first triangle in question 1 are the perpendiculars at 
the middle points of the sides of the second triangle. 

3. Through a given point draw a line so that the portion intercepted by the legs of a given 
angle may be bisected in the point. 

4. The three medians of a triangle are concurrent. 

5. The medians of a triangle divide each other in the ratio of 2: 1. 

6. Construct a triangle, being given two sides and the median of the third side. 

7. In every triangle the sum of the medians is less than the perimeter, and greater than 
three-fourths of the perimeter. 

8. Construct a triangle, being given a side and the two medians of the remaining sides. 

9. Construct a triangle, being given the three medians. 

10. The angle included between the perpendicular from the vertical angle of a triangle 
on the base, and the bisector of the vertical angle, is equal to half the difference of the base 
angles. 

11. Find in two parallels two points which shall be equidistant from a given point, and 
whose line of connexion shall be parallel to a given line. 

12. Construct a parallelogram, being given two diagonals and a side. 
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13. The smallest median of a triangle corresponds to the greatest side. 

14. Find in two parallels two points subtending a right angle at a given point and equally 
distant from it. 

15. The sum of the distances of any point in the base of an isosceles triangle from the 
equal sides is equal to the distance of either extremity of the base from the opposite side. 

16. The three perpendiculars at the middle points of the sides of a triangle are concurrent. 
Hence prove that perpendiculars from the vertices on the opposite sides are concurrent [see 
Ex 

17. Inscribe a lozenge in a triangle having for an angle one angle of the triangle. 

18. Inscribe a square in a triangle having its base on a side of the triangle. 

19. Find the locus of a point, the sum or the difference of whose distance from two fixed 
lines is equal to a given length. 

20. The sum of the perpendiculars from any point in the interior of an equilateral triangle 
is equal to the perpendicular from any vertex on the opposite side. 

21. The distance of the foot of the perpendicular from either extremity of the base of a 
triangle on the bisector of the vertical angle, from the middle point of the base, is equal to 
half the difference of the sides. 

22. In the same case, if the bisector of the external vertical angle be taken, the distance 
will be equal to half the sum of the sides. 

23. Find a point in one of the sides of a triangle such that the sum of the intercepts made 
by the other sides, on parallels drawn from the same point to these sides, may be equal to a 
given length. 

24. If two angles have their legs respectively parallel, their bisectors are either parallel or 
perpendicular. 

25. If lines be drawn from the extremities of the base of a triangle to the feet of perpen- 
diculars let fall from the same points on either bisector of the vertical angle, these lines meet 
on the other bisector of the vertical angle. 

26. The perpendiculars of a triangle are the bisectors of the angles of the triangle whose 
vertices are the feet of these perpendiculars. 

27. Inscribe in a given triangle a parallelogram whose diagonals shall intersect in a given 
point. 

28. Construct a quadrilateral, the four sides being given in magnitude, and the middle 
points of two opposite sides being given in position. 

29. The bases of two or more triangles having a common vertex are given, both in mag- 
nitude and position, and the sum of the areas is given; prove that the locus of the vertex is a 
right line. 

30. If the sum of the perpendiculars let fall from a given point on the sides of a given 
rectilineal figure be given, the locus of the point is a right line. 

31. ABC is an isosceles triangle whose equal sides are AB, AC; B’C” is any secant cutting 
the equal sides in B’, C’, so that AB’ + AC’ = AB+ AC: prove that B’C” is greater than 
BC. 

32. A, B are two given points, and P is a point in a given line L; prove that the difference 
of AP and PB is a maximum when L bisects the angle APB; and that their sum is a minimum 
if it bisects the supplement. 

33. Bisect a quadrilateral by a right line drawn from one of its angular points. 

34. AD and BC are two parallel lines cut obliquely by AB, and perpendicularly by AC; 
and between these lines we draw BED, cutting AC in E, such that ED — 2AB; prove that 
the angle DBC is one-third of ABC. 

35. If O be the point of concurrence of the bisectors of the angles of the triangle ABC, 
and if AO produced meet BC in D, and from O, OE be drawn perpendicular to BC; prove 
that the angle BOD is equal to the angle COE. 

36. If the exterior angles of a triangle be bisected, the three external triangles formed on 
the sides of the original triangle are equiangular. 

37. The angle made by the bisectors of two consecutive angles of a convex quadrilateral 
is equal to half the sum of the remaining angles; and the angle made by the bisectors of two 
opposite angles is equal to half the difference of the two other angles. 
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38. If in the construction of the figure, Proposition XLVII., EF’, KG be joined, 
EF? + KG? =5AB?. 


39. Given the middle points of the sides of a convex polygon of an odd number of sides, 
construct the polygon. 

AO. Trisect a quadrilateral by lines drawn from one of its angles. 

41. Given the base of a triangle in magnitude and position and the sum of the sides; prove 
that the perpendicular at either extremity of the base to the adjacent side, and the external 
bisector of the vertical angle, meet on a given line perpendicular to the base. 

42. The bisectors of the angles of a convex quadrilateral form a quadrilateral whose op- 
posite angles are supplemental. If the first quadrilateral be a parallelogram, the second is a 
rectangle; if the first be a rectangle, the second is a square. 

43. The middle points of the sides AB, BC, CA ofa triangle are respectively D, E, F; DG 
is drawn parallel to BF to meet EF’; prove that the sides of the triangle DCG are respectively 
equal to the three medians of the triangle ABC. 

44, Find the path of a billiard ball started from a given point which, after being reflected 
from the four sides of the table, will pass through another given point. 

45. If two lines bisecting two angles of a triangle and terminated by the opposite sides be 
equal, the triangle is isosceles. 

46. State and prove the Proposition corresponding to Exercise 41, when the base and 
difference of the sides are given. 

47. If a square be inscribed in a triangle, the rectangle under its side and the sum of the 
base and altitude is equal to twice the area of the triangle. 

48. If AB, AC be equal sides of an isosceles triangle, and if BD be a perpendicular on 
AC; prove that BC? = 2AC . CD. 

49. The sum of the equilateral triangles described on the legs of a right-angled triangle is 
equal to the equilateral triangle described on the hypotenuse. 

50. Given the base of a triangle, the difference of the base angles, and the sum or difference 
of the sides; construct it. 

51. Given the base of a triangle, the median that bisects the base, and the area; construct 
it. 

52. If the diagonals AC, BD of a quadrilateral ABCD intersect in E, and be bisected in 
the points F, G, then 


4 A EFG = (AEB + ECD) — (AED + EBC). 


53. If squares be described on the sides of any triangle, the lines of connexion of the adja- 
cent corners are respectively—(1) the doubles of the medians of the triangle; (2) perpendicular 
to them. 
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BOOK IL. 
THEORY OF RECTANGLES 


Every Proposition in the Second Book has either a square or a rectangle in 
its enunciation. Before commencing it the student should read the following 
preliminary explanations: by their assistance it will be seen that this Book, 
which is usually considered difficult, will be rendered not only easy, but almost 
intuitively evident. 


1. As the linear unit is that by which we express all linear measures, so the square unit is 
that to which all superficial measures are referred. Again, as there are different linear units 
in use, such as in this country, inches, feet, yards, miles, &c., and in France, metres, and their 
multiples or sub-multiples, so different square units are employed. 

2. A square unit is the square described on a line whose length is the linear unit. Thus 
a square inch is the square described on a line whose length is an inch; a square foot is the 
square described on a line whose length is a foot, &c. 

3. If we take a linear foot, describe a square on it, divide two adjacent sides each into 
twelve equal parts, and draw parallels to the sides, we evidently divide the square foot into 
square inches; and as there will manifestly be 12 rectangular parallelograms, each containing 
12 square inches, the square foot contains 144 square inches. 

In the same manner it can be shown that a square yard contains 9 square feet; and so in 
general the square described on any line contains n? times the square described on the n^ 
part of the line. Thus, as a simple case, the square on a line is four times the square on its 
half. On account of this property the second power of a quantity is called its square; and, 
conversely, the square on a line AB is expressed symbolically by AB?. 

4. If a rectangular parallelogram be such that two adjacent sides contain respectively m 
and n linear units, by dividing one side into m and the other into n equal parts, and drawing 
parallels to the sides, the whole area is evidently divided into mn square units. Hence the area 
of the parallelogram is found by multiplying its length by its breadth, and this explains why 
we say (see Def. Iv.) a rectangle is contained by any two adjacent sides; for if we multiply the 
length of one by the length of the other we have the area. Thus, if AB, AD be two adjacent 
sides of a rectangle, the rectangle is expressed by AB. AD. 





DEFINITIONS. 


I If a point C be taken in a line AB, the A C B 
parts AC, C B are called segments, and C a point 
of division. 

II. If C be taken in the line AB produced, A B c 
AC, CB are still called the segments of the — — — — 
line AB; but C is called a point of external division. 

III. A parallelogram whose angles are right angles is called a rectangle. 

Iv. A rectangle is said to be contained by D C 
any two adjacent sides. Thus the rectangle 
ABCD is said to be contained by AB, AD, or 
by AB, BC, &c. 

V. The rectangle contained by two sepa- 
rate lines such as AB and CD is the parallel- A B 
ogram formed by erecting a perpendicular to 





49 


AB, at A, equal to CD, and drawing parallels: 
the area of the rectangle will be AB.CD. 


A B C D 
VI. In any parallelogram the figure which A E B 
is composed of either of the parallelograms 
about a diagonal and the two complements P 
G 


[see I., XLIII] is called a gnomon. Thus, if we o Rh 
take away either of the parallelograms AO, 

OC from the parallelogram AC’, the remain- 

der is called a gnomon. 


PROP. I.—THEOREM. 


If there be two lines (A, BC), one of which is divided into any number of 
parts (BD, DE, EC), the rectangle contained by the two lines (A, BC), is 
equal to the sum of the rectangles contained by the undivided line (A) and the 
several parts of the divided line. 


Dem.—Erect BF at right an- 
gles to BC |L, xr] and make it 
equal to A. Complete the parallel- 
ogram BK (Def. v.). Through D, 
E draw DG, EH parallel to BF. A 
Because the angles at 5, D, E are 
right angles, each of the quadrilat- 
erals BG, DH, EK is a rectangle. B D E C 
Again, since A is equal to BF (const.), the rectangle contained by A and BC 
is the rectangle contained by BF and BC (Def. v.); but BK is the rectangle 
contained by BF and BC. Hence the rectangle contained by A and BC is BK. 
In like manner the rectangle contained by A and BD is BG. Again, since A is 
equal to BF (const.), and BF is equal to DG |I. xxxiv.], A is equal to DG. 
Hence the rectangle contained by A and DE is the figure DH (Def. v.). In like 
manner the rectangle contained by A and EC is the figure EK. Hence we have 
the following identities:— 


Rectangle contained by A and BD = BG. 
A „ DE= DH. 
A „ EC=ZEK. 
x ^ A , BC=BK. 


But BK is equal to the sum of BG, DH, EK (L, Axiom IX.). Therefore the 
rectangle contained by A and BC is equal to the sum of the rectangles contained 
by A and BD, A and DE, A and EC. 


If we denote the lines BD, DE, EC by a, b, c, the Proposition asserts that the rectangle 
contained by A, and a + b + c is equal to the sum of the rectangles contained by A and a, A 


F G H K 
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and b, A and c, or, as it may be written, A(a + b + c) = Aa + Ab + Ac. This corresponds to 
the distributive law in multiplication, and shows that rectangles in Geometry, and products 
in Arithmetic and Algebra, are subject to the same rules. 


Illustration.—Suppose A to be 6 inches; BD, 5 inches; DE, 4 inches; EC, 3 inches; then 
BC will be 12 inches; and the rectangles will have the following values:— 


Rectangle A. BC — 6 x 12 = 72 square inches. 
m A.BD=6x 5=30 F 
A.DE=6x 4=24 " 

s A.EC=6x 3=18 s: 


Now the sum of the three last rectangles, viz. 30, 24, 18, is 72. Hence the rectangle 
A.BC— A. BD-4-A.DE-- A. EC. 


The Second Book is occupied with the relations between the segments of a 
line divided in various ways. All these can be proved in the most simple man- 
ner by Algebraic Multiplication. We recommend the student to make himself 
acquainted with the proofs by this method as well as with those of Euclid. He 
will thus better understand the meaning of each Proposition. 


Cor. 1.—The rectangle contained by a line and the difference of two others 
is equal to the difference of the rectangles contained by the line and each of the 
others. 

Cor. 2.—The area of a triangle is equal to half the rectangle contained by its 
base and perpendicular. 


Dem.—From the vertex C let fall the per- 


E C F 
pendicular CD. Draw EF parallel to AB, and 
AE, BF each parallel to CD. Then AF is the 
rectangle contained by AB and BF; but BF is 
equal to CD. Hence AF = AB. CD; but [I. XLI. 
the triangle ABC is = half the parallelogram AF’. 
Therefore the triangle ABC is = SAB .C D. A D B 


PROP. II.—THEOREM. 


If a line (AB) be divided into any two parts (at C), the square om the whole 
line is equal to the sum of the rectangles contained by the whole and each of the 
segments (AC, CB). 


Dem.—On ABP describe the square ABDF Ą C B 
|. XLvr], and through C draw CE parallel to AF 
|l. xxxr.]J. Now, since AB is equal to AF, the rectan- 
gle contained by AB and AC is equal to the rectangle 
contained by AF and AC; but AE is the rectangle 
contained by AF and AC. Hence the rectangle con- 
tained by AB and AC is equal to AE. In like manner 
the rectangle contained by AB and CB is equal to the 
figure CD. Therefore the sum of the two rectangles 


AB.AC, AB.CB is equal to the square on AB. F E D 
Or thus: AB = AC + CB, 
and AB = AB. 


Hence, multiplying, we get AB? = AB. AC + AB.CB. 
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This Proposition is the particular case of I. when the divided and undivided lines are 
equal, hence it does not require a separate Demonstration. 


PROP. III.—THEOREM. 


If a line (AB) be divided into two segments (at C), the rectangle contained 
by the whole line and either segment (C B) is equal to the square on that segment 
together with the rectangle contained by the segments. 


Dem.—On BC describe the square BUDE 
lI. x;vr.]. Through A draw AF parallel to CD: 
produce ED to meet AF in F. Now since CB 
is equal to CD, the rectangle contained by AC, 
C B is equal to the rectangle contained by AC, 
C D; but the rectangle contained by AC, CD is 
the figure AD. Hence the rectangle AC . CB is equal to the figure AD, and the 
square on CB is the figure CE. Hence the rectangle AC . C B, together with 
the square on C B, is equal to the figure AF. 

Again, since CB is equal to BE, the rectangle AB.CB is equal to the 
rectangle AB. BE; but the rectangle AB. BE is equal to the figure AE. Hence 
the rectangle AB.C’B is equal to the figure AE. And since things which are 


equal to the same are equal to one another, the rectangle AC . C B, together with 
the square on C B, is equal to the rectangle AB .C' B. 


F D E 


Or thus: AB = AC + CB, 
CB = CB. 
Hence AB.CB = AC.CB + CB?. 


Prop. Ill. is the particular case of Prop. 1., when the undivided line is equal to a segment 
of the divided line. 


PROP. IV.—THEOREM. 


If a line (AB) be divided into any two parts (at C), the square om the whole 
line is equal to the sum of the squares on the parts (AC, CB), together with 
twice their rectangle. 


Dem.—On AB describe à square ABDE. Join 
EB; through C draw CF parallel to AE, intersecting A C B 
BE in G; and through G draw HI parallel to AB. 

Now since AF is equal to AB, the angle ABE 
is equal to AEB [I. v.]; but since BE intersects the H I 
parallels AE, CF, the angle AEB is equal to CGB 
|. xx1x.]. Hence the angle C BG is equal to CGB, 
and therefore [I. v1.] CG is equal to CB; but CG is 
equal to BJ and CB to GI. Hence the figure CBIG E D 
is a lozenge, and the angle CBI is right. Hence (L, Def. XXX.) it is a square. 
In like manner the figure EFGH is a square. 


IN 
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Again, since CB is equal to CG, the rectangle AC’.C’B is equal to the 
rectangle AC.CG; but AC.CG is the figure AG (Def. Iv.). Therefore the 
rectangle AC’.C'B is equal to the figure AG. Now the figures AG, GD are 
equal |I. XLIII], being the complements about the diagonal of the parallelogram 
AD. Hence the parallelograms AG, GD are together equal to twice the rectangle 
AC .CB. Again, the figure H F is the square on HG, and HG is equal to AC. 
Therefore HF is equal to the square on AC, and CT is the square on C B; but 
the whole figure AD, which is the square on AB, is the sum of the four figures 
HF, CI, AG, GD. Therefore the square on AB is equal to the sum of the 
squares on AC, C B, and twice the rectangle AC . C B. 


Or thus: On AB describe the square ABDE, and cut off 


AH, EG, DF each equal to CB. Join CF, FG, GH, HC. Now A C B 
the four As ACH, CBF, FDG, GEH are evidently equal; 

therefore their sum is equal to four times the AAC H; but the 

AACH is half the rectangle AC . AH (1. Cor. 2)—that is, equal 

to half the rectangle AC .CB. Therefore the sum of the four H F 


triangles is equal to 2AC . CB. 

Again, the figure CF'GH is a square |I. XLvr., Cor. 3], and 
equal to AC? + AH? [I. xLvu.]|—that is, equal to AC? + CB?. 
Hence the whole figure ABDE = AC? + CB? +2AC.CB. 


Or thus: AB=AC+CB. 
Squaring, we get AB? =AC? +2AC.CB+ CB’. 


Cor. 1.— The parallelograms about the diagonal of a square are squares. 

Cor. 2.—The square on a line is equal to four D 
times the square on its half. 

For let AB = 2AC, then AB? — 4AC*. 

This Cor. may be proved by the First Book 
thus: Erect CD at right angles to AB, and make 
CD — AC or CB. Join AD, DB. 


A C B 
Then AD? = AC? + CD? = 2AC? 
In like manner, DB? = 2CB?’; 
therefore AD? + DB? = 2AC? + 2CB? = 4AC”. 


But since the angle ADB is right, AD? + DB? = AB?; 
therefore AB? = AAC". 


Cor. 3.—If a line be divided into any number of parts, the square on the 
whole is equal to the sum of the squares on all the parts, together with twice the 
sum of the rectangles contained by the several distinct pairs of parts. 
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Exercises. 


1. Prove Proposition Iv. by using Propositions IJ. and III. 

2. If from the vertical angle of a right-angled triangle a perpendicular be let fall on the 
hypotenuse, its square is equal to the rectangle contained by the segments of the hypotenuse. 

3. From the hypotenuse of a right-angled triangle portions are cut off equal to the adjacent 
sides; prove that the square on the middle segment is equal to twice the rectangle contained 
by the extreme segments. 

4. In any right-angled triangle the square on the sum of the hypotenuse and perpendicular, 
from the right angle on the hypotenuse, exceeds the square on the sum of the sides by the 
square on the perpendicular. 

5. The square on the perimeter of a right-angled triangle is equal to twice the rectangle 
contained by the sum of the hypotenuse and one side, and the sum of the hypotenuse and the 
other side. 


PROP. V.—THEOREM. 


If a line (AB) be divided into two equal parts (at C), and also into two 
unequal parts (at D), the rectangle (AD . DB) contained by the unequal parts, 
together with the square on the part (CD) between the points of section, is equal 
to the square on half the line. 


Dem.—On CB describe the square F C E 
CBEF |I. xtv1.]. Join BF. Through D 
draw DG parallel to CF, meeting BF in 


H. Through H draw KM parallel to AB, K L M 
and through A draw AK parallel to ČL 
IL XxxBL 

The parallelogram C'M is equal to DE A C D B 


I. xui., Cor. 2]; but AL is equal to CM |I. xxxvr.], because they are on equal 
bases AC, CB, and between the same parallels; therefore AL is equal to DE: 
to each add CH, and we get the parallelogram AH equal to the gnomon CMG; 
but AH is equal to the rectangle AD . DH, and therefore equal to the rectangle 
AD. DB, since DH is equal to DB [Iv., Cor. 1]; therefore the rectangle AD. DB 
is equal to the gnomon CMG, and the square on CD is equal to the figure LG. 
Hence the rectangle AD . DB, together with the square on CD, is equal to the 
whole figure C B EF —that is, to the square on C B. 


Or thus: AD = AC + CD = BC +CD; 
DB = BC — CD; 
therefore AD.BD =(BC+CD)(BC — CD) = BC? — C D°. 
Hence AD.BD+CD? = BC?. 


Cor. 1.—The rectangle AD . DB is the rectangle contained by the sum of the 
lines AC, C D and their difference; and we have proved it equal to the difference 
between the square on AC and the square on CD. Hence the difference of the 
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squares on two lines 1s equal to the rectangle contained by their sum and their 
difference. 

Cor. 2.—The perimeter of the rectangle AH is equal to 2AB, and is therefore 
independent of the position of the point D on the line AB; and the area of the 
same rectangle is less than the square on half the line by the square on the 
segment between D and the middle point of the line; therefore, when D is the 
middle point, the rectangle will have the maximum area. Hence, of all rectangles 
having the same perimeter, the square has the greatest area. 


Exercises. 


1. Divide a given line so that the rectangle contained by its parts may have a maximum 
area. 

2. Divide a given line so that the rectangle contained by its segments may be equal to a 
given square, not exceeding the square on half the given line. 

3. The rectangle contained by the sum and the difference of two sides of a triangle is equal 
to the rectangle contained by the base and the difference of the segments of the base, made 
by the perpendicular from the vertex. 

4. The difference of the sides of a triangle is less than the difference of the segments of 
the base, made by the perpendicular from the vertex. 

5. The difference between the square on one of the equal sides of an isosceles triangle, and 
the square on any line drawn from the vertex to a point in the base, is equal to the rectangle 
contained by the segments of the base. 

6. The square on either side of a right-angled triangle is equal to the rectangle contained 
by the sum and the difference of the hypotenuse and the other side. 





PROP. VI.—THEOREM. 


If a line (AB) be bisected (at C), and divided externally in any point (D), 
the rectangle (AD . BD) contained by the segments made by the external point, 
together with the square on half the line, is equal to the square on the segment 
between the middle point and the point of external division. 


Dem.—On CD describe the square E G F 
CDFE |I. x1vr.], and join DE; through 
B draw BHG parallel to CE |I. xxxt1.], 
meeting DE in H; through H draw KLM 
parallel to AD; and through A draw AK K L M 
parallel to CL. Then because AC is equal 
to CB, the rectangle AL is equal to CH 
|I. XXXVI.|; but the complements CH, HF D 
are equal [I. xrim.|; therefore AL is equal A C B 
to HF. To each of these equals add CM and LG, and we get AM and LG 
equal to the square CDF'E; but AM is equal to the rectangle AD. DM, and 
therefore equal to the rectangle AD. DB, since DB is equal to DM; also LG 
is equal to the square on CB, and CDF E is the square on CD. Hence the 
rectangle AD . DB, together with the square on C B, it equal to the square on 
CD. 
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Or thus:— 


Dem.—On CB describe the square 
CBEF |l. xwvr]. Join BF. Through D 
draw DG parallel to CF, meeting FB pro- 
duced in H. Through H draw KM parallel 
to AB. Through A draw AK parallel A to 
CL |I. xxxr.]. 

The parallelogram CM is equal to DE 
I. xLimI.]; but AL is equal to CM |I. XXXVI.], 
because they are on equal bases AC’, CB, and 
between the same parallels; therefore AL is equal to DE. To each add CH, and 
we get the parallelogram AH equal to the gnomon CMG; but AH is equal 
to the rectangle AD .DH, and therefore equal to the rectangle AD. DB, since 
DH is equal to DB {iIv., Cor. 1]; therefore the rectangle AD. DB is equal to 
the gnomon CMG, and the square on CB is the figure CE. Therefore the 
rectangle AD . DB, together with the square on C B, is equal to the whole figure 
LHGF —that is, equal to the square on LH or to the square on C D. 





Or thus: AD — AC -CD-—- CD CB; 
BD = CD — CB. 
Hence AD.DB —(CD--CB(CD-CB)-CD^ — CB*5; 
therefore AD.DB + CB? = CD’. 
Exercises. 


1. Show that Proposition vI. is reduced to Proposition v. by producing the line in the 
opposite direction. 

2. Divide a given line externally, so that the rectangle contained by its segments may be 
equal to the square on a given line. 

3. Given the difference of two lines and the rectangle contained by them; find the lines. 

4. The rectangle contained by any two lines is equal to the square on half the sum, minus 
the square on half the difference. 

5. Given the sum or the difference of two lines and the difference of their squares; find the 
lines. 

6. If from the vertex C of an isosceles triangle a line CD be drawn to any point in the 
base produced, prove that CD? — CB? = AD. DB. 

7. Give a common enunciation which will include Propositions Vv. and VI. 


PROP. VII.—THEOREM. 


If a right line (AB) be divided into any two parts (at C), the sum of the 
squares on the whole line (AB) and either segment (C B) is equal to twice the 
rectangle (2AB .C B) contained by the whole line and that segment, together 
with the square on the other segment. 
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Dem.—On AB describe the square ABDE. Join 


BE. Through C draw CG parallel to AE, intersecting 
BE in F. Through F draw H K parallel to AB. 
Now the square AD is equal to the three figures AK, H K 


FD, and GH: to each add the square CK, and we have 

the sum of the squares AD, CK equal to the sum of the [TX 
three figures Ak, CD, GH; but CD is equal to AK; 

therefore the sum of the squares AD, CK is equal to A. C B 
twice the figure AK, together with the figure GH. Now AK is the rectangle 
AB.BK; but BK is equal to BC; therefore AK is equal to the rectangle 
AB.BC, and AD is the square on AB; CK the square on CB; and GH is the 
square on HF’, and therefore equal to the square on AC. Hence the sum of the 


squares on AB and BC is equal to twice the rectangle AB . BC, together with 
the square on AC. 


Or thus: On AC describe the square AC DE. Produce H 
the sides CD, DE, EA, and make each produced part 
equal to CB. Join BF, FG, GH, HB. Then the figure 
BFGH is a square |I. Xivr., Ex. 3], and it is equal to the 
square on AC, together with the four equal triangles HAB, 
BCF, FDG, GEH. Now [I. xtvu.], the figure BFGH is 
equal to the sum of the squares on AB, AH —that is, equal 
to the sum of the squares on AB, BC’; and the sum of the 
four triangles is equal to twice the rectangle AB. BC, for 


each triangle is equal to half the rectangle AB. BC’. Hence G 
the sum of the squares on AB, BC is equal to twice the 
rectangle AB. BC, together with the square on AC. 





Or thus: AC = AB — BC; F 
therefore AC? = AB* —2AB.BC + BC’; 
therefore AC? +2AB.BC = AB? + BC’. 


Comparison of IV. and VII. 
By Iv., square on sum = sum of squares + twice rectangle. 
By VII., square on difference = sum of squares-twice rectangle. 


Cors. from IV. and VII. 

1. Square on the sum, the sum of the squares, and the square on the difference 
of any two lines, are in arithmetical progression. 

2. Square on the sum + square on the difference of any two lines = twice 
the sum of the squares on the lines (Props. Ix. and x.). 

3. The square on the sum — the square on the difference of any two lines = 
four times the rectangle under lines (Prop. VIII.). 


PROP. VIII.-THEOREM. 


If a line (AB) be divided into two parts (at C), the square on the sum of the 
whole line (AB) and either segment (BC) is equal to four times the rectangle 
contained by the whole line (AB) and that segment, together with the square on 
the other segment (AC). 


of 
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Dem.—Produce AB to D. Make BD equal to A C B 
BC. On AD describe the square AEFD |I. xivi.]. M K 
Join DE. Through C, B draw CH, BL parallel to WA 
AE |L xxxr], and through K, I draw MN, PO P 
parallel to AD. 

Since CO is the square on CDD, and CK the 
square on CB, and CB is the half of CD, CO is 
equal to four times CK |[Iv., Cor. 1]. Again, since E HL F 
CG, GI are the sides of equal squares, they are equal [I. XLvI., Cor. 1]. Hence 
the parallelogram AG is equal to MI |I. xxxvi.]. In like manner IL is equal 
to JF; but MI is equal to IL |l. xrrr.). Therefore the four figures AG, MI, 
IL, JF are all equal; hence their sum is equal to four times AG; and the square 
CO has been proved to be equal to four times CK. Hence the gnomon AOH is 
equal to four times the rectangle A€ —that is, equal to four times the rectangle 
AB . BC, since BC is equal to BK. 

Again, the figure PH is the square on PI, and therefore equal to the square 
on AC. Hence the whole figure AF, that is, the square on AD, is equal to four 
times the rectangle AB . BC, together with the square on AC. 


MES 
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Or thus: Produce BA to D, and make AD — BC. On DB D A C B 
describe the square DBEF. Cut off BG, EI, FL each equal to 
BC. Through A and I draw lines parallel to DF’, and through fw, ae 
G and L, lines parallel to AB. G 


Now it is evident that the four rectangles. AG, GI, IL, 
LA are all equal; but AG is the rectangle AB. BG or AB. BC. 
Therefore the sum of the four rectangles is equal to 4AB. BC. 
Again, the figure NP is evidently equal to the square on AC. L 


Hence the whole figure, which is the square on BD, or the el 
square on the sum of AB and BC, is equal to 4AB.BC + AC?. 
Or thus: AB + BC = AC + 2BC; F I E 
therefore (AB + BC)? = AC? + 4AC.CB + 4BC? 
= AC? + 4(AC +CB).CB 
= AC? +4AB.BC. 


Direct sequence from V. or VI. 

Since by v. or VI. the rectangle contained by any two lines is = the square 
on half their sum — the square on half their difference; therefore four times the 
rectangle contained by any two lines = the square on their sum — the square 
on their difference. 

Direct sequence of VIII. from Iv. and VII. 

By Iv., the square on the sum = the sum of the squares + twice the rectangle. 

By vir., the square on the difference = the sum of the squares — twice the 
rectangle. Therefore, by subtraction, the square on the sum — the square on 
the difference = four times the rectangle. 
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Exercises. 


1. In the figure [I. x;vir.] if EF, GK be joined, prove EF? — CO? = (AB 4- BO)*. 
2. Prove GK? — EF? — 3AB(AO — BO). 
3.1 Given the difference of two lines = R, and their rectangle = 4R?; find the lines. 


PROP. IX.—THEOREM. 


If a line (AB) be bisected (at C) and divided into two unequal parts (at D), 
the sum of the squares on the unequal parts (AD, DB) is double the sum of the 
squares on half the line (AC), and on the segment (CD) between the points of 
section. 


Dem.— Erect CE at right angles to AB, E 

and make it equal to AC or CB. Join AE, 
EB. Draw DF parallel to CE, and FG 
parallel to CD. Join AF. F 

Because AČ is equal to CE, and the an- 
gle ACE is right, the angle CEA is half 
a right angle. In like manner the angles 
CEB, CBE are half right angles; therefore 
the whole angle AEF is right. Again, be- A c D B 
cause GF is parallel to CB, and CE intersects them, the angle EGF is equal to 
ECB; but ECB is right (const.); therefore EGF is right; and GEF has been 
proved to be half a right angle; therefore the angle GFE is half a right angle |I. 
XXXIL|. Therefore [I. v1.| GE is equal to GF. In like manner FD is equal to 
DB. 

Again, since AC is equal to CE, AC? is equal to CE’; but AE? is equal to 
AC? + CE? [I. xtvit.]. Therefore AE? is equal to 2AC?. In like manner EF? is 
equal to 2GF? or 2C D?. Therefore AE? + EF? is equal to 2AC? 4- 2C D?; but 
AE? + EF? is equal to AF? |I. x;vir.]. Therefore AF? is equal to 2AC* 4-2C D?. 

Again, since DF is equal to DB, DF? is equal to DB?: to each add AD^", 
and we get AD? + DF? equal to AD? + DB?; but AD? + DF? is equal to 
AF?; therefore AF? is equal to AD? + DB?; and we have proved AF? equal to 
2AC? +2CD?. Therefore AD? + DB? is equal to 2AC* + 2C'D?. 


Or thus: AD = AC + CD; DB = AC — CD. 
Square and add, and we get AD? + DB? = 2AC? +2CD?. 


lEx. 3 occurs in the solution of the problem of the inscription of a regular polygon of 
seventeen sides in a circle. See note C. 
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Exercises. 


1. The sum of the squares on the segments of a line of given length is a minimum when 
it is bisected. 

2. Divide a given line internally, so that the sum of the squares on the parts may be equal 
to a given square, and state the limitation to its possibility. 

3. If a line AB be bisected in C and divided unequally in D, 


AD? + DB? =2AD.DB+44CD?. 


4. Twice the square on the line joining any point in the hypotenuse of a right-angled 
isosceles triangle to the vertex is equal to the sum of the squares on the segments of the 
hypotenuse. 

5. If a line be divided into any number of parts, the continued product of all the parts is 
a maximum, and the sum of their squares is a minimum when all the parts are equal. 


PROP. X.—THEOREM. 


If a line (AB) be bisected (at C) and divided externally (at D), the sum of 
the squares om the segments (AD, DB) made by the external point is equal to 
twice the square on half the line, and twice the square on the segment between 
the points of section. 


Dem.—Erect CE at right an- E 
gles to AB, and make it equal to 
AC or CB. Join AE, EB. Draw 
DF parallel to CE, and produce 
EB. Now since DF is parallel to 
EC, the angle BDF is = to BCE 
|. xxix], and [I. xv.] the angle 


D 
DBF is = to EBC; but the sum of A 
the angles BCE, EBC is less than 
two right angles [I. xvit.]; therefore ie. 
the sum of the angles BDF, DBF G F 
is less than two right angles, and therefore |I., Axiom xir.| the lines EB, DF, 
if produced, will meet. Let them meet in F. Through F draw FG parallel to 
AB, and produce EC to meet it in G. Join AF. 

Because AC is equal to CE, and the angle ACE is right, the angle CEA is 
half a right angle. In like manner the angles CEB, CBE are half right angles; 
therefore the whole angle AEF is right. Again, because GF is parallel to CB, 
and GE intersects them, the angle EGF is equal to ECB JI. xxix.|; but ECB 
is right (const.); therefore EGF is right, and GEF has been proved to be half 
a right angle; therefore |I. xxxir.] GFE is half a right angle, and therefore |I. 
VI] GE is equal to GF. In like manner FD is equal to DB. 

Again, since AC is equal to CE, AC" is equal to CE?; but AE? is equal to 
AC? + CE? [I. xiv11.]; therefore AE? is equal to 2AC?. In like manner EF? is 
equal to 2GF? or 2C D?; therefore AE? + EF? is equal to 2AC? + 2CD?; but 
AE? + EF? is equal to AF? |I. x;vir.]. Therefore AF? is equal to 2AC? 4-2C D?. 

Again, since DF is equal to DB, DF? is equal to DB?: to each add AD^", 
and we get AD? + DF? equal to AD? + DB?; but AD? + DF? is equal to 
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AF": therefore AF? is equal to AD? + DB?; and AF? has been proved equal 
to 2AC? -- 2C D?. Therefore AD? -- DB? is equal to 2AC? -- 2C D*. 


Or thus: AD = CD + AC, 
BD = CD — AC. 


Square and add, and we get AD? + BD? = 2CD? + 2AC?. 

The following enunciations include Propositions Ix. and X.:— 

1. The square on the sum of any two lines plus the square on their difference 
equal twice the sum of their squares. 

2. The sum of the squares on any two lines it equal to twice the square on 
half the sum plus twice the square on half the difference of the lines. 

3. If a line be cut into two unequal parts, and also into two equal parts, the 
sum of the squares on the two unequal parts exceeds the sum of the squares on 
the two equal parts by the sum of the squares of the two differences between the 
equal and unequal parts. 


Exercises 


1. Given the sum or the difference of any two lines, and the sum of their squares; find the 
lines. 

2. The sum of the squares on two sides AC, C B of a triangle is equal to twice the square 
on half the base AB, and twice the square on the median which bisects AB. 

3. If the base of a triangle be given both in magnitude and position, and the sum of the 
squares on the sides in magnitude, the locus of the vertex is a circle. 

4. If in the A ABC a point D in the base BC be such that 

BA? + BD? = CA? + CD?; 


prove that the middle point of AD is equally distant from B and C. 
5. The sum of the squares on the sides of a parallelogram is equal to the sum of the squares 
on its diagonals. 


PROP. XI.. PROBLEM. 


To divide a given finite line (AB) into two segments E n 
(in H), so that the rectangle (AB . BH) contained by the 
whole line and one segment may be equal to the square 
on the other segment. 


Sol.—On AB describe the square ABDC |I. XLvI.]. 
Bisect AC in E. Join BE. Produce EA to F, and make 
EF equal to EB. On AF describe the square AFGH. 
H is the point required. 
Dem.—Produce GH to K. Then because CA is 
bisected in FÆ, and divided externally in F, the rectangle 
CF’. AF’, together with the square on EA, is equal to QC K D 
the square on EF |vr.|]; but EF is equal to EB (const.); 
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therefore the rectangle CF . AF, together with E A?, is equal to EB?——that is 
II. xLvir.] equal to EA? 4- AB?. Rejecting EA?, which is common, we get the 
rectangle CF. AF equal to AB?. Again, since AF is equal to FG, being the 
sides of a square, the rectangle CF. AF is equal to CF .FG-—that is, to the 
figure CG; and AB? is equal to the figure AD; therefore CG is equal to AD. 
Reject the part AK, which is common, and we get the figure FH equal to the 
figure HD; but HD is equal to the rectangle AB. BH, because BD is equal to 
AB, and FH is the square on AH. Therefore the rectangle AB.BH is equal to 
the square on AH. 

DEF.—A line divided as in this Proposition is said to be divided in *extreme 
and mean ratio." 

Cor. 1.—The line CF is divided in “extreme and mean ratio” at A. 

Cor. 2.—l]f from the greater segment C'A of CF we take a segment equal to 
AF, it is evident that CA will be divided into parts respectively equal to AH, 
H B. Hence, if a line be divided in extreme and mean ratio, the greater segment 
will be cut in the same manner by taking on it a part equal to the less; and the 
less will be similarly divided by taking on it a part equal to the difference, and 
so on, &c. 

Cor. 3.—Let AB be divided in “extreme 
and mean ratio” in C’, then it is evident (Cor. 
2) that AC is greater than CB. Cut off CD — 
CB; then (Cor. 2) AC is cut in “extreme and mean ratio" at D, and CD is 
greater than AD. Next, cut off DE equal to AD, and in the same manner we 
have DE greater than EC, and so on. Now since CD is greater than AD, it 
is evident that CD is not à common measure of AC and CB, and therefore 
not a common measure of AB and AC. In like manner AD is not a common 
measure of AC and C D, and therefore not a common measure of AB and AC. 
Hence, no matter how far we proceed we cannot arrive at any remainder which 
will be a common measure of AB and AC. Hence, the parts of a line divided in 
“extreme and mean ratio” are incommensurable. 








A D EC B 


Exercises. 


1. Cut a line externally in *extreme and mean ratio." 

2. The difference between the squares on the segments of a line divided in “extreme and 
mean ratio” is equal to their rectangle. 

3. In a right-angled triangle, if the square on one side be equal to the rectangle contained 
by the hypotenuse and the other side, the hypotenuse is cut in “extreme and mean ratio” by 
the perpendicular on it from the right angle. 

4. If AB be cut in “extreme and mean ratio” at C, prove that 


(D AB* sS BO* SAC. 
(2) (AB + BC)* « 5AC?. 


5. The three lines joining the pairs of points G, B; F, D; A, K, in the construction of 
Proposition XI., are parallel. 

6. If CH intersect BE in O, AO is perpendicular to CH. 

7. If CH be produced, it meets BF at right angles. 

8. ABC is aright-angled triangle having AB = 2AC: if AH be made equal to the difference 
between BC and AC, AB is divided in “extreme and mean ratio” at H. 
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PROP. XII.—THEOREM. 


In an obtuse-angled triangle (ABC), the square on the side (AB) subtending 
the obtuse angle exceeds the sum of the squares on the sides (BC, C'A) contain- 
ing the obtuse angle, by twice the rectangle contained by either of them (BC), 
and its continuation (CD) to meet a perpendicular (AD) on it from the opposite 
angle. 


Dem.—Because BD is divided into two 


parts in C, we have A 
BD? = BC? - CD? -2BC .CD [vv] 

and AD? — AD*. 

Hence, adding, since [I. xLvul.] BD? + AD? = 

AB’, and CD? + AD? = CA’, we get B C D 


AB? — BC? - CA? -2BC .CD. 


Therefore AB? is greater than BC? -- CA? by 2BC .CD. 


The foregoing proof differs from Euclid’s only in 
the use of symbols. I have found by experience that 
pupils more readily understand it than any other 
method. 


Or thus: By the First Book: Describe squares 
on the three sides. Draw AE, BF, CG perpendic- 
ular to the sides of the squares. Then it can be 
proved exactly as in the demonstration of |I. XLVII], 
that the rectangle BG is equal to BE, AG to AF, 
and CE to CF. Hence the sum of the two squares 
on AC, CB is less than the square on AB by twice 
the rectangle CE; that is, by twice the rectangle 
BC.CD. 

Cor. 1.—If perpendiculars from A and B to the 
opposite sides meet them in H and D, the rectangle 
AC.CH is equal to the rectangle BC . CD. 





Exercises. 


1. If the angle AC'B of a triangle be equal to twice the angle of an equilateral triangle, 
AB? = BC? + CA? + BC.CA. 

2. ABCD is a quadrilateral whose opposite angles B and D are right, and AD, BC 
produced meet in E; prove AE.DE= BE.CE. 

3. ABC is a right-angled triangle, and BD is a perpendicular on the hypotenuse AC; 
Prove AB.DC = BD.BC. 

A. If a line AB be divided in C so that AC? = 2C B?; prove that AB? 4- BC? — 2AB . AC. 

5. If AB be the diameter of a semicircle, find a point C in AB such that, joining C to a fixed 
point D in the circumference, and erecting a perpendicular CE meeting the circumference in 
E, CE? — CD? may be equal to a given square. 

6. If the square of a line CD, drawn from the angle C of an equilateral triangle ABC to 
a point D in the side AB produced, be equal to 2AB?; prove that AD is cut in “extreme and 
mean ratio" at B. 
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PROP. XIII.—THEOREM. 


In any triangle (ABC), the square on any side subtending an acute angle (C) 
is less than the sum of the squares on the sides containing that angle, by twice 
the rectangle (BC, CD) contained by either of them (BC) and the intercept 
(CD) between the acute angle and the foot of the perpendicular on it from the 
opposite angle. 


Dem.—Because BC is divided into two seg- A 
ments in D, 


BC? - CD* = BD? +2BC.CD [vi]; 


and AD? — AD*. 

Hence, adding, since C D B 
CD? + AD? = AC? [L. xtv11], 

and BD? + AD? = AB’, 

we get BC? + AC? 2 AB? -2BC .CD. 


Therefore AB? is less than BC? -- AC? by 2BC .CD. 





G 


Or thus: Describe squares on the sides. Draw AE, BF, CG perpendicular 
to the sides; then, as in the demonstration of |I. XLVII], the rectangle BG is 
equal to BE; AG to AF, and CE to CF. Hence the sum of the squares on AC, 
C'B exceeds the square on AB by twice CE —that is, by 2DBC . CD. 


Observation.—By comparing the proofs of the pairs of Props. Iv. and VII.; V. and VI.; 
IX. and X.; XII. and XIII., it will be seen that they are virtually identical. In order to render 
this identity more apparent, we have made some slight alterations in the usual proofs. The 
pairs of Propositions thus grouped are considered in Modern Geometry not as distinct, but 
each pair is regarded as one Proposition. 
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Exercises. 


1. If the angle C of the A ACB be equal to an angle of an equilateral A, AB? = 
ACG? 4) BCs =AC. BC. 

2. The sum of the squares on the diagonals of a quadrilateral, together with four times 
the square on the line joining their middle points, is equal to the sum of the squares on its 
sides. 

3. Find a point C in a given line AB produced, so that AC? + BC? = 2AC. BC. 


PROP. XIV.—PROBLEM. 


To construct a square equal to a given rectilineal figure (X). 


G 


D C 


Sol.—Construct |I. XLv.] the rectangle AC equal to X. Then, if the adjacent 
sides AB, BC be equal, AC’ is a square, and the problem is solved; if not, 
produce AB to E, and make BE equal to BC; bisect AE in F; with F as 
centre and FE as radius, describe the semicircle AGE; produce CB to meet it 
in G. The square described on BG will be equal to X. 

Dem.—Join FG. Then because AE is divided equally in F’ and unequally 
in B, the rectangle AB . BE, together with FB? is equal to FE? |v.], that is, 
to FG?; but FG? is equal to FB? + BG? [I. xtvu.]. Therefore the rectangle 
AB.BE+FB? is equal to FB?+ BG?. Reject FB’, which is common, and we 
have the rectangle AB. BE = BG?; but since BE is equal to BC, the rectangle 
AB. BE is equal to the figure AC. Therefore BG? is equal to the figure AC, 
and therefore equal to the given rectilineal figure (X). 

Cor.—The square on the perpendicular from any point in a semicircle on the 
diameter is equal to the rectangle contained by the segments of the diameter. 


Exercises. 
1. Given the difference of the squares on two lines and their rectangle; find the lines. 


2. Divide a given line, so that the rectangle contained by another given line and one 
segment may be equal to the square on the other segment. 
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Questions for Examination on Book II. 


1. What is the subject-matter of Book II.? Ans. Theory of rectangles. 

2. What is a rectangle? A gnomon? 

3. What is a square inch? A square foot? A square perch? A square mile? Ans. The 
square described on a line whose length is an inch, a foot, a perch, &c. 

4. What is the difference between linear and superficial measurement? Ans. Linear mea- 
surement has but one dimension; superficial has two. 

5. When is a line said to be divided internally? When externally? 

6. How is the area of a rectangle found? 

7. How is a line divided so that the rectangle contained by its segments may be a maxi- 
mum? 

8. How is the area of a parallelogram found? 

9. What is the altitude of a parallelogram whose base is 65 metres and area 1430 square 
metres? 

10. How is a line divided when the sum of the squares on its segments is a minimum? 

11. The area of a rectangle is 108.60 square metres and its perimeter is 48.20 linear metres; 
find its dimensions. 

12. What Proposition in Book II. expresses the distributive law of multiplication? 

13. On what proposition is the rule for extracting the square root founded? 

14. Compare I. XLVII. and II. x. and XIII. 

15. If the sides of a triangle be expressed by z? -- 1, x? — 1, and 2z linear units, respectively; 
prove that it is right-angled. 

16. How would you construct a square whose area would be exactly an acre? Give a 
solution by I. XLVII. 

17. What is meant by incommensurable lines? Give an example from Book II. 

18. Prove that a side and the diagonal of a square are incommensurable. 

19. The diagonals of a lozenge are 16 and 30 metres respectively; find the length of a side. 

20. The diagonal of a rectangle is 4.25 perches, and its area is 7.50 square perches; what 
are its dimensions? 

21. The three sides of a triangle are 8, 11, 15; prove that it has an obtuse angle. 

22. The sides of a triangle are 13, 14, 15; find the lengths of its medians; also the lengths 
of its perpendiculars, and prove that all its angles are acute. 

23. If the sides of a triangle be expressed by m? + n?, m 
respectively; prove that it is right-angled. 

24. If on each side of a square containing 5.29 square perches we measure from the corners 
respectively a distance of 1.5 linear perches; find the area of the square formed by joining the 
points thus found. 





? — n?, and 2mn linear units, 


Exercises on Book Il. 


1. The squares on the diagonals of a quadrilateral are together double the sum of the 
squares on the lines joining the middle points of opposite sides. 

2. If the medians of a triangle intersect in O, AB? + BC? + CA? — 3(O4? -OB? -OC?). 

3. Through a given point O draw three lines OA, OB, OC of given lengths, such that 
their extremities may be collinear, and that AB = BC. 

4. If in any quadrilateral two opposite sides be bisected, the sum of the squares on the 
other two sides, together with the sum of the squares on the diagonals, is equal to the sum of 
the squares on the bisected sides, together with four times the square on the line joining the 
points of bisection. 

5. If squares be described on the sides of any triangle, the sum of the squares on the lines 
joining the adjacent corners is equal to three times the sum of the squares on the sides of the 
triangle. 

6. Divide a given line into two parts, so that the rectangle contained by the whole and 
one segment may be equal to any multiple of the square on the other segment. 

T. If P be any point in the diameter AB of a semicircle, and CD any parallel chord, then 





CP? + Pp? = AP? + PB?. 


66 


8. If A, B, C, D be four collinear points taken in order, 
AB.CD+BC.AD= AC .BD. 


9. Three times the sum of the squares on the sides of any pentagon exceeds the sum of the 
squares on its diagonals, by four times the sum of the squares on the lines joining the middle 
points of the diagonals. 

10. In any triangle, three times the sum of the squares on the sides is equal to four times 
the sum of the squares on the medians. 

11. If perpendiculars be drawn from the angular points of a square to any line, the sum of 
the squares on the perpendiculars from one pair of opposite angles exceeds twice the rectangle 
of the perpendiculars from the other pair by the area of the square. 

12. If the base AB of a triangle be divided in D, so that mAD = nBD, then 


mAC? + nBC? = mAD? +nDB? + (m+n)CD*. 
13. If the point D be taken in AB produced, so that mAD = nDB, then 
mAC? — nBC? = mAD* — nDB? + (m—n)CD?. 


14. Given the base of a triangle in magnitude and position, and the sum or the difference 
of m times the square on one side and n times the square on the other side, in magnitude, 
the locus of the vertex is a circle. 

15. Any rectangle is equal to half the rectangle contained by the diagonals of squares 
described on its adjacent sides. 

16. If A, B, C. &c., be any number of fixed points, and P a variable point, find the locus 
of P, if AP? + BP? + CP?+ &c., be given in magnitude. 

17. If the area of a rectangle be given, its perimeter is a minimum when it is a square. 

18. If a transversal cut in the points A, C, B three lines issuing from a point D, prove 
that 

BC . AD? + AC . BD? — AB .CD? = AB. BC .CA. 


19. Upon the segments AC, CB of a line AB equilateral triangles are described: prove that 
if D, D’ be the centres of circles described about these triangles, 6DD'? = AB? + AC? +C Bĉ?. 


20. If a, b, p denote the sides of a right-angled triangle about the right angle, and the 
1 1 
perpendicular from the right angle on the hypotenuse, — 52 Sing 
a p 
21. If, upon the greater segment AB of a line AC, divided in extreme and mean ratio, an 
equilateral triangle AB D be described, and CD joined, CD? — 2AB?. 
22. If a variable line, whose extremities rest on the circumferences of two given concentric 


circles, subtend a right angle at any fixed point, the locus of its middle point is a circle. 
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BOOK IIL. 
THEORY OF THE CIRCLE 





DEFINITIONS. 


I. Equal circles are those whose radii are equal. 


This is a theorem, and not a definition. For if two circles have equal radii, they are 
evidently congruent figures, and therefore equal. From this way of proving this theorem 
Props. XXVI.-XXIX. follow as immediate inferences. 


II. À chord of a circle is the line joining two points in its circumference. 


If the chord be produced both ways, the whole line is called a secant, and each of the 
parts into which a secant divides the circumference is called an arc—the greater the major 
conjugate arc, and the lesser the minor conjugate arc.—NEWCOMB. 





III. À right line is said to touch a circle when 
it meets the circle, and, being produced both 
ways, does not cut it; the line is called a tangent 
to the circle, and the point where it touches it 
the point of contact. 

In Modern Geometry a curve is considered as made 
up of an infinite number of points, which are placed in 
order along the curve, and then the secant through two 
consecutive points is a tangent. Euclid's definition for a 
tangent is quite inadequate for any curve but the circle, 


and those derived from it by projection (the conic sections); and even for these the modern 
definition is better. 


Iv. Circles are said to touch one an- 
other when they meet, but do not inter- 
sect. There are two species of contact:— 
1. When each circle is external to the 
other. 

2. When one is inside the other. 


The following is the modern definition of 
curve-contact:— When two curves have two, 
three, four, &c., consecutive points common, 
they have contact of the first, second, third, €$c., orders. 

v. A segment of a circle is a figure bounded by a chord and one of the arcs 
into which it divides the circumference. 

VI. Chords are said to be equally distant from the centre when the perpen- 
diculars drawn to them from the centre are equal. 

VII. The angle contained by two lines, drawn from any point in the circum- 
ference of a segment to the extremities of its chord, is called an angle in the 
segment. 
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vill. The angle of a segment is the angle contained between its chord and 
the tangent at either extremity. 

A theorem is tacitly assumed in this Definition, namely, that the angles which the chord 
makes with the tangent at its extremities are equal. We shall prove this further on. 

Ix. An angle in a segment is said to stand on its conjugate arc. 

X. Similar segments of circles are those that contain 
equal angles. 

xI. A sector of a circle is formed of two radii and 
the arc included between them. 

To a pair of radii may belong either of the two conjugate arcs 
into which their ends divide the circle-—NEWCOMB. 

XII. Concentric circles are those that have the same centre. 

XIII. Points which lie on the circumference of a circle are said to be concyclic. 

XIV. A cyclic quadrilateral is one which is inscribed in a circle. 

Xv. It will be proper to give here an explanation of the extended meaning of 
the word angle in Modern Geometry. This extension is necessary in Trigonom- 
etry, in Mechanics—in fact, in every application of Geometry, and has been 
partly given in I. Def. Ix. 


Thus, if a line OA revolve about the point O, as in figures 1, 2, 3, 4, until 
it comes into the position OB, the amount of the rotation from OA to OB is 
called an angle. From the diagrams we see that in fig. 1 it is less than two right 
angles; in fig. 2 it is equal to two right angles; in fig. 3 greater than two right 
angles, but less than four; and in fig. 4 it is greater than four right angles. The 
arrow-heads denote the direction or sense, as it is technically termed, in which 
the line OA turns. It is usual to call the direction indicated in the above figures 
positive, and the opposite negative. A line such as OA, which turns about a 
fixed point, is called a ray, and then we have the following definition:— 

XVI. A ray which turns in the sense opposite to the hands of a watch describes 
a positive angle, and one which turns in the same direction as the hands, a 
negative angle. 


PROP. I.—PROBLEM. 
To find the centre of a given circle (ADB). 


69 


Sol.—Take any two points A, B in the circumfer- 
ence. Join AB. Bisect it in C. Erect CD at right 
angles to AB. Produce DC to meet the circle again 
in E. Bisect DE in F. Then F is the centre. 

Dem.—If possible, let any other point G be the 
centre. Join GA, GC, GB. Then in the triangles 
ACG, BCG we have AC’ equal to CB (const.), CG A B 
common, and the base GA equal to GB, because they C7 
are drawn from G, which is, by hypothesis, the centre, E 
to the circumference. Hence [I. vut.] the angle ACG is equal to the adjacent 
angle BCG, and therefore |l. Def. xri. each is a right angle; but the angle 
ACD is right (const.); therefore ACD is equal to ACG—a part equal to the 
whole—which is absurd. Hence no point can be the centre which is not in the 
line DE. Therefore F, the middle point of DE, must be the centre. 

The foregoing proof may be abridged as follows:— 
Because ED bisects ABD at right angles, every point equally distant from, the 
points A, B must lie in ED |I. x. Ex. 2); but the centre is equally distant from 
A and Db; hence the centre must be in ED; and since it must be equally distant 
from E and D, it must be the middle point of DE. 

Cor. 1.—The line which bisects any chord of a circle perpendicularly passes 
through the centre of the circle. 

Cor. 2.—The locus of the centres of the circles which pass through two fixed 
points is the line bisecting at right angles that connecting the two points. 

Cor. 3.—1f A, B, C be three points in the circumference of a circle, the lines 
bisecting perpendicularly the chords AB, BC intersect in the centre. 





PROP. II.—THEOREM. 


If any two points (A, B) be taken in the circumference of a circle—1. The 
segment (AB) of the indefinite line through these points which lies between them 
falls within the circle. 2. The remaining parts of the line are without the circle. 


Dem.—1. Let C be the centre. Take any 
point D in AB. Join CA, CD,C B. Now the 
angle ADC is |L xvr.] greater than ABC; 
but the angle ABC is equal to CAB |I. v.], 
because the triangle CAB is isosceles; there- 
fore the angle ADC is greater than CAD. 
Hence AC is greater than CD [I. XIx.]; there- 
fore CD is less than the radius of the circle, 
consequently the point D must be within the 
circle (note on I. Def. XXIII. ). 

In the same manner every other point between A and B lies within the circle. 





2. Take any point E in AB produced either way. Join CE. Then the angle 
ABC is greater than AEC |I. xv1.]; therefore CAB is greater than AEC. Hence 
CE is greater than CA, and the point E is without the circle. 
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We have added the second part of this Proposition. The indirect proof given of the first 
part in several editions of Euclid is very inelegant; it is one of those absurd things which give 
many students a dislike to Geometry. 


Cor. 1.—Three collinear points cannot be concyclic. 
Cor. 2.—A line cannot meet a circle in more than two points. 


Cor. 3.—The circumference of a circle is everywhere concave towards the 
centre. 


PROP. III.-THEOREM. 


If a line (AB) passing through the centre of a circle bisect a chord (CD), 
which does not pass through the centre, it cuts it at right angles. 2. If it cuts it 
at right angles, it bisects it. 


Dem.—1. Let O be the centre of the circle. A 
Join OC, OD. Then the triangles CEO, DEO 
have CE equal to ED (hyp.), EO common, and 
OC equal to OD, because they are radii of the 
circle; hence |I. vrrr.] the angle CEO is equal to 
DEO, and they are adjacent angles. Therefore [I. 
Def. xil] each is a right angle. Hence AB cuts 
CD at right angles. 

2. The same construction being made: because 
OC is equal to OD, the angle OC D is equal to B 
ODC |I. v.], and CEO is equal to DEO (hyp.), because each is right. Therefore 
the triangles CEO, DEO have two angles in one respectively equal to two angles 
in the other, and the side EO common. Hence |I. xxvr.] the side CE is equal 
to ED. Therefore CD is bisected in E. 





2. May be proved as follows:— 
OC? — OE?-- EC? [I. xivir.], and OD? = OE? + ED”: 
but OC? =OD?. », OE? + EC? = OE? + ED*. 
Hence EC? = ED’, and EC = ED. 





Observation.—The three theorems, namely, Cor. 1., Prop. I., and Parts 1, 2, of Prop. III., 
are so related, that any one being proved directly, the other two follow by the Rule of Identity. 


Cor. 1.—The line which bisects perpendicularly one of two parallel chords 
of a circle bisects the other perpendicularly. 

Cor. 2.—The locus of the middle points of a system of parallel chords of a 
circle is the diameter of the circle perpendicular to them all. 

Cor. 3.—If a line intersect two concentric circles, its intercepts between the 
circles are equal. 

Cor. 4.—The line joining the centres of two intersecting circles bisects their 
common chord perpendicularly. 
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Exercises. 


1. If a chord of a circle subtend a right angle at a given point, the locus of its middle point 
is a circle. 

2. Every circle passing through a given point, and having its centre on a given line, passes 
through another given point. 

3. Draw a chord in a given circle which shall subtend a right angle at a given point, and 
be parallel to a given line. 


PROP. IV.—THEOREM. 


Two chords of a circle (AB, CD) which are not both diameters cannot bisect 
each other, though either may bisect the other. 





Dem.—Let O be the centre. Let AB, CD in- 
tersect in E; then since AB, CD are not both di- 
ameters, join OE. If possible let AE be equal to 
EB, and CE equal to ED. Now, since OE pass- 
ing through the centre bisects AB, which does not 
pass through the centre, it is at right angles to it; 
therefore the angle AFO is right. In like manner 
the angle CEO is right. Hence AEO is equal to 
CEO—that is, a part equal to the whole—which 
is absurd. Therefore AB and CD do not bisect each other. 

Cor.—If two chords of a circle bisect each other, they are both diameters. 





PROP. V.—THEOREM. 


If two circles (ABC, ABD) cut one another in any point (A), they are not 
concentric. 


Dem.—If possible let them have a common 
centre at O. Join OA, and draw any other line 
OD, cutting the circles in C and D respectively. 
Then because O is the centre of the circle ABC, 
OA is equal to OC. Again, because O is the centre 
of the circle ABD, OA is equal to OD. Hence OC 
is equal to OD—a part equal to the whole—which 
is absurd. Therefore the circles are not concentric. 





Exercises. 


1. If two non-concentric circles intersect in one point, they must intersect in another point. 
For, let O, O’ be the centres, A the point of intersection; from A let fall the |. AC on the line 
OO’. Produce AC to B, making BC = C'A: then B is another point of intersection. 

2. Two circles cannot have three points in common without wholly coinciding. 
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PROP. VI.—THEOREM. 


If one circle (ABC) touch another circle (ADE) 
internally in any point (A), it is not concentric with 
at. 

Dem.—If possible let the circles be concentric, 
and let O be the centre of each. Join OA, and draw 
any other line OD, cutting the circles in the points 
B, D respectively. Then because O is the centre of 
each circle (hyp.), OB and OD are each equal to 
OA; therefore OB is equal to OD, which is impos- 
sible. Hence the circles cannot have the same centre. 








PROP. VII.—THEOREM. 


If from any point (P) within a circle, which is not the centre, lines (PA, PB, 
PC, &c.), one of which passes through the centre, be drawn to the circumference, 
then—1. The greatest is the line (PA) which passes through the centre. 2. The 
production (PE) of this in the opposite direction is the least. 3. Of the others, 
that which is nearest to the line through the centre is greater than every one more 
remote. 4. Any two lines making equal angles with the diameter on opposite 
sides are equal. 5. More than two equal right lines cannot be drawn from the 
given point (P) to the circumference. 


Dem.—1. Let O be the centre. Join OB. Now since O is the centre, OA is 
equal to OB: to each add OP, and we have AP equal to the sum of OB, OP; 
but the sum of OB, OP is greater than PB |I. Xx.]J. Therefore PA is greater 
than PB. 

2. Join OD. Then |I. Xx.| the sum of OP, 
PD is greater than OD; but OD is equal to OE 
|l. Def. xxx.]. Therefore the sum of OP, PD is 
greater than OE. Reject OP, which is common, 
and we have PD greater than PE. 

3. Join OC; then two triangles POB, POC 
have the side OB equal to OC |I. Def. xxx.], 
and OP common; but the angle POB is greater 
than POC; therefore |I. Xxiv.| the base PB is 
greater than PC. In like manner PC is greater 
than PD. 

4. Make at the centre O the angle POF equal 
to POD. Join PF. Then the triangles POD, POF have the two sides OP, 
OD in one respectively equal to the sides OP, OF in the other, and the angle 
POD equal to the angle POF; hence PD is equal to PF [I. Iv.], and the angle 
OPD equal to the angle OPF. Therefore PD and PF make equal angles with 
the diameter. 
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5. A third line cannot be drawn from P equal to either of the equal lines 
PD, PF. If possible let PG be equal to PD, then PG is equal to PF'—that is, 
the line which is nearest to the one through the centre is equal to the one which 
is more remote, which is impossible. Hence three equal lines cannot be drawn 
from P to the circumference. 

Cor. 1.—If two equal lines PD, PF be drawn from a point P to the circum- 
ference of a circle, the diameter through P bisects the angle DPF formed by 
these lines. 

Cor. 2.—1f P be the common centre of circles whose radii are PA, PB, PC, 
&c., then—1. The circle whose radius is the maximum line (PA) lies outside 
the circle ADE, and touches it in A [Def. Iv.]. 2. The circle whose radius is 
the minimum line (PE) lies inside the circle ADE, and touches it in E. 3. A 
circle having any of the remaining lines (PD) as radius cuts ADE in two points 
(D, F). 

Observation.—Proposition VII. affords a good illustration of the following important defini- 
tion (see Sequel to Euclid, p. 13):—If a geometrical magnitude varies its position continuously 
according to any law, and if it retains the same value throughout, it is said to be a constant, 
such as the radius of a circle revolving round the centre; but if it goes on increasing for some 
time, and then begins to decrease, it is said to be a maximum at the end of the increase. 
Thus, in the foregoing figure, PA, supposed to revolve round P and meet the circle, is a 
maximum. Again, if it decreases for some time, and then begins to increase, it is a minimum 


at the commencement of the increase. Thus PE, supposed as before to revolve round P and 
meet the circle, is a minimum. Proposition VIII. will give other illustrations. 


PROP. VIII.—THEOREM. 


If from any point (P) outside a cir- 
cle, lines (PA, PB, PC, &c.) be drawn 
to the concave circumference, then— 
1. The maximum is that which passes 
through the centre. 2. Of the others, 
that which is nearer to the one through 
the centre is greater than the one more 
remote. Again, if lines be drawn to 
the convex circumference—8. The min- 
imum is that whose production passes 
through the centre. 4. Of the oth- 
ers, that which is nearer to the min- 
imum. is less than one more remote. 
5. From the given point (P) there can be 
drawn two equal lines to the concave or 
the convex circumference, both of which 
make equal angles with the line passing 
through the centre. 6. More than two 
equal lines cannot be drawn from the given point (P) to either circumference. 


Dem.—1. Let O be the centre. Join OB. Now since O is the centre, OA is 
equal to OB: to each add OP, and we have AP equal to the sum of OB, OP; 





14 


but the sum of OB, OP is greater than BP |I. xx.]. Therefore AP is greater 
than BP. 

2. Join OC, OD. The two triangles BOP, COP have the side OB equal 
to OC, and OP common, and the angle BOP greater than COP; therefore the 
base BP is greater than CP |I. XxIV.]. In like manner CP is greater than DP, 
&c. 

3. Join OF. Now in the triangle OFP the sum of the sides OF, FP is 
greater than OP |I. xx.|; but OF is equal to OE |I. Def. xxx.]. Reject them, 
and FP will remain greater than EP. 

4. Join OG, OH. The two triangles GOP, FOP have two sides GO, OP in 
one respectively equal to two sides FO, OP in the other; but the angle GOP 
is greater than FOP; therefore |I. xxiv.] the base GP is greater than FP. In 
like manner H P is greater than GP. 

5. Make the angle POI equal POF |I. xxi]. Join 7P. Now the triangles 
IOP, FOP have two sides JO, OP in one respectively equal to two sides FO, 
OP in the other, and the angle JOP equal to FOP (const.); therefore [I. Iv.| 
IP is equal to FP. 

6. A third line cannot be drawn from P equal to either of the lines IP, FP. 
For if possible let Pk be equal to PF’; then PK is equal to PJ—that is, one 
which is nearer to the minimum equal to one more remote—which 1s impossible. 

Cor. 1.—1f PI be produced to meet the circle again in L, PL is equal to 
PB. 

Cor. 2.—1f two equal lines be drawn from P to either the convex or concave 
circumference, the diameter through P bisects the angle between them, and the 
parts of them intercepted by the circle are equal. 

Cor. 3.—If P be the common centre of circles whose radii are lines drawn 
from P to the circumference of H DE, then—1. The circle whose radius is the 
minimum line (PE) has contact of the first kind with ADE [Def. Iv.]. 2. The 
circle whose radius is the maximum line (PA) has contact of the second kind. 
3. A circle having any of the remaining lines (PF) as radius intersects H DE in 
two points (F, I). 


PROP. IX.—THEOREM. 


A point (P) within a circle (ABC), from which 
more than two equal lines (PA, PB, PC, &c.) can 
be drawn to the circumference, is the centre. 


Dem.—If P be not the centre, let O be the cen- 
tre. Join OP, and produce it to meet the circle in D 
and E; then DE is the diameter, and P is a point in 
it which is not the centre: therefore |VrI.] only two 
equal lines can be drawn from P to the circumfer- 
ence; but three equal lines are drawn (hyp.), which 
is absurd. Hence P must be the centre. 
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Or thus: Since the lines AP, BP are equal, the line bisecting the angle APB [vul. Cor. 1] 
must pass through the centre: in like manner the line bisecting the angle BPC’ must pass 
through the centre. Hence the point of intersection of these bisectors, that is, the point P, 
must be the centre. 


PROP. X.—THEOREM. 


If two circles have more than two points common, they must coincide. 


Dem.—Let X be one of the circles; and if 
possible let another circle Y have three points, A, 
B,C, in common with X, without coinciding with 
it. Find P, the centre of X. Join PA, PB, PC. | 
Then since P is the centre of X, the three lines Á 
PA, PB, PC are equal to one another. 

Again, since Y is a circle and P a point, from 
which three equal lines PA, PB, PC can be 
drawn to its circumference, P must be the cen- 
tre of Y. Hence X and Y are concentric, which B 
[v.] is impossible. 

Cor.—Two circles not coinciding cannot have more than two points common. 
Compare I., Axiom X., that two right lines not coinciding cannot have more than 
one point common. 


Y 





PROP. XI.—THEOREM. 


If one circle (CPD) touch another circle (APB) internally at any point P, the 
line joining the centres must pass through that point. 


Dem.—Let O be the centre of APB. Join OP. 
I say the centre of the smaller circle is in the line 
OP. If not, let it be in any other position such as 
E. Join OE, EP, and produce OE through E to 
meet the circles in the points C, A. Now since E isa 
point in the diameter of the larger circle between the 
centre and A, EA isless than EP |vrr. 2]; but EP is 
equal to EC (hyp.), being radii of the smaller circle. 
Hence EA is less than EC; which is impossible; 
consequently the centre of the smaller circle must B 
be in the line OP. Let it be H; then we see that the line joining the centres 
passes through the point P. 

Or thus: Since EP is a line drawn from a point within the circle APB to 
the circumference, but not forming part of the diameter through EF, the circle 
whose centre is E and radius EP cuts [vil., Cor. 2} APB in P, but it touches 
it (hyp.) also in P, which is impossible. Hence the centre of the smaller circle 
CPD must be in the line OP. 
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PROP. XII.—THEOREM. 


If two circles (PCF, PDE) have external contact at any point P, the line 
joining their centres must pass through that point. 


Dem.—Let A be the centre of one of 
the circles. Join AP, and produce it to 
meet the second circle again in E. I say 
the centre of the second circle is in the line 
PE. If not, let it be elsewhere, as at BD. 
Join AB, intersecting the circles in C and 
D, and join BP. Now since A is the centre 
of the circle PCF, AP is equal to AC; and since B is the centre of the circle 
PDE, BP is equal to BD. Hence the sum of the lines AP, BP is equal to 
the sum of the lines AC, DB; but AB is greater than the sum of AC and DB; 
therefore AB is greater than the sum of AP, PB—that is, one side of a triangle 
greater than the sum of the other two—which |l. Xx.| is impossible. Hence the 
centre of the second circle must be in the line PE. Let it be G, and we see that 
the line through the centres passes through the point P. 

Or thus: Since BP is a line drawn from a point without the circle PCF 
to its circumference, and when produced does not pass through the centre, the 
circle whose centre is B and radius BP must cut the circle PCF in P |vrr., 
Cor. 3]; but it touches it (hyp.) also in P, which is impossible. Hence the centre 
of the second circle must be in the line PE. 





Observation.—Propositions XI, XIIL., may both be included in one enunciation as follows:— 
“If two circles touch each other at any point, the centres and that point are collinear.” And this 
latter Proposition is a limiting case of the theorem given in Proposition lI., Cor. 4, that “The 
line joining the centres of two intersecting circles bisects the common chord perpendicularly.” 


A 
V 


C 





D 


Suppose the circle whose centre is O and one of the points of intersection A to remain 
fixed, while the second circle turns round that point in such a manner that the second point 
of intersection B becomes ultimately consecutive to A; then, since the line OO’ always bisects 
AB, we see that when B ultimately becomes consecutive to A, the line OO’ passes through 
A. In consequence of the motion, the common chord will become in the limit a tangent to 
each circle, as in the second diagram.—COMBEROUSSE, Géométrie Plane, page 5T. 

Cor. 1.—If two circles touch each other, their point of contact is the union of two points 
of intersection. Hence a contact counts for two intersections. 
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Cor. 2.—If two circles touch each other at any point, they 
cannot have any other common point. For, since two circles 
cannot have more than two points common [x.], and that the 
point of contact is equivalent to two common points, circles that 
touch cannot have any other point common. The following is a 
formal proof of this Proposition:—Let O, O' be the centres of 
the two circles, A the point of contact, and let O' lie between O 
and A; take any other point B in the circumference of O. Join 
O'B; then [vu.] O'B is greater than O'A; therefore the point C 
is outside the circumference of the smaller circle. Hence B cannot be common to both circles. 
In like manner, they cannot have any other common point but A. 





PROP. XIII. —THEOREM. 


Two circles cannot have double contact, that it, cannot touch each other in two 
points. 


Dem.—1. If possible let two circles touch each 
other at two points A and B. Now since the two 
circles touch each other in A, the line joining their 
centres passes through A [x1.]. In like manner, 
it passes through B. Hence the centres and the 
points A, B are in one right line; therefore AB isa 
diameter of each circle. Hence, if AB be bisected 
in E, E must be the centre of each circle—that is, 
the circles are concentric—which [v.| is impossi- 


ble. 











2. If two circles touched each other externally in two distinct points, then 
[XII.] the line joining the centres should pass through each point, which is 
impossible. 

Or thus: Draw a line bisecting AB at right angles. Then this line [I., Cor. 1] 
must pass through the centre of each circle, and therefore [XI. XII.] must pass 
through each point of contact, which is impossible. Hence two circles cannot 
have double contact. 


This Proposition is an immediate inference from the theorem |xit., Cor. 1], that a point 
of contact counts for two intersections, for then two contacts would be equivalent to four 
intersections; but there cannot be more than two intersections [x.]. It also follows from 
Prop. Xxir., Cor. 2, that if two circles touch each other in a point A, they cannot have any 
other point common; hence they cannot touch again in B. 


Exercises. 


1. If a variable circle touch two fixed circles externally, the difference of the distances of 
its centre from the centres of the fixed circles is equal to the difference or the sum of their 
radii, according as the contacts are of the same or of opposite species (Def. Iv.). 

2. If à variable circle be touched by one of two fixed circles internally, and touch the 
other fixed circle either externally or internally, the sum of the distances of its centre from 
the centres of the fixed circles is equal to the sum or the difference of their radii, according as 
the contact with the second circle is of the first or second kind. 

3. If through the point of contact of two touching circles any secant be drawn cutting the 
circles again in two points, the radii drawn to these points are parallel. 
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4. If two diameters of two touching circles be parallel, the lines from the point of contact 
to the extremities of one diameter pass through the extremities of the other. 


PROP. XIV.—THEOREM. 


In equal circles—1. equal chords (AB, CD) are equally distant from the 
centre. 2. chords which are equally distant from the centre are equal. 


Dem.—1. Let O be the centre. Draw the per- 
pendiculars OF, OF. Join AO, CO. Then because 
AB is a chord in a circle, and OE is drawn from 
the centre cutting it at right angles, it bisects it 
li1I.]; therefore AE is the half of AB. In like man- 
ner, CF is the half of CD; but AB is equal to 
CD (hyp.). Therefore AE is equal to CF |L, Ax- 
iom VII]. And because E is a right angle, AO? is 
equal to AE? -- EO?. In like manner, CO? is equal 
to CF? + FO?; but AO? is equal to CO?. Therefore 
AE? + EO? is equal to CF? + FO?; and AE? has been proved equal to CF”. 
Hence EO? is equal to FO?; therefore EO is equal to FO. Hence AB, CD are 
(Def. vr.) equally distant from the centre. 

2. Let EO be equal to FO, it is required to prove AB equal to CD. The same 
construction being made, we have, as before, AE? + EO? equal to CF? + FO?; 
but EO? is equal to FO? (hyp.). Hence AE? is equal to CF?, and AE is equal 
to CF; but AB is double of AE, and CD double of CF. Therefore AB is equal 
to CD. 





Exercise. 


If a chord of given length slide round a fixed circle—1. the locus of its middle point is a 
circle; 2. the locus of any point fixed in the chord is a circle. 


PROP. XV.—THEOREM. 


The diameter (AB) is the greatest chord in a circle; and of the others, the 
chord (C D) which is nearer to the centre is greater than (EF) one more remote, 
and the greater is nearer to the centre than the less. 


Dem.—1. Join OC, OD, OE, and draw the 
perpendiculars OG, OH; then because O is the 
centre, OA is equal to OC |L., Def. xxxiI.), and 
OB is equal to OD. Hence AB is equal to the 
sum of OC and OD; but the sum of OC, OD is 
greater than CD |I. xx.]. Therefore AB is greater 
than CD. 

2. Because the chord CD is nearer to the cen- 
tre than EF, OG is less than OH; and since the 
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triangles OGC, OHE are right-angled, we have OC? = OG? + GC”, and 
OE? = OH? + HE?; therefore OG? + GC? = OH? + HE’; but OG? is less 
than OH?; therefore GC? is greater than HE’, and GC is greater than HE, 
but CD and EF are the doubles of GC and HE. Hence CD is greater than 
EF. 

3. Let CD be greater than EF, it is required to prove that OG is less than 
OH. 

As before, we have OG? + GC? equal to OH? -- H E?; but CG? is greater 
than EH^?; therefore OG? is less than OH?. Hence OG is less than OH. 


Exercises. 


1. The shortest chord which can be drawn through a given point within a circle is the 
perpendicular to the diameter which passes through that point. 

2. Through a given point, within or without a given circle, draw a chord of length equal 
to that of a given chord. 

3. Through one of the points of intersection of two circles draw a secant—1. the sum of 
whose segments intercepted by the circles shall be a maximum; 2. which shall be of any length 
less than that of the maximum. 

4. Three circles touch each other externally at A, B, C; the chords AB, AC of two of them 
are produced to meet the third again in the points D and E; prove that DE is a diameter of 
the third circle, and parallel to the line joining the centres of the others. 


PROP. XVI.—THEOREM. 


1. The perpendicular (BI) to the diameter (AB) of a circle at its extremity 
(B) touches the circle at that point. 2. Any other line (BH) through the same 
point cuts the circle. 


Dem.—1. Take any point J, and join it to 
the centre C. Then because the angle CBI is a 
right angle, CI? is equal to CB?+BI? [I. xivu.]; 
therefore CI? is greater than CB’. Hence CI 
is greater than C B, and the point J [note on L., 
Def. Xxx1I.] is without the circle. Inlike manner, A B 
every other point in BI, except D, is without the 
circle. Hence, since BI meets the circle at B, but 
does not cut it, it must touch tt. 

2. To prove that BH, which is not perpen- H 
dicular to AB, cuts the circle. Draw CG perpendicular to HB. Now BC? is 
equal to CG? + GB?. Therefore BC? is greater than CG?, and BC is greater 
than CG. Hence [note on I., Def. xxxitr.| the point G must be within the circle, 
and consequently the line BG produced must meet the circle again, and must 
therefore cut 3t. 

This Proposition may be proved as follows: 

At every point on a circle the tangent is perpendicular to the radius. 
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Let P and Q be two consecutive points on the cir- 
cumference. Join CP, CQ, PQ; produce PQ both 
ways. Now since P and Q are consecutive points, PQ 
is a tangent (Def. 11.). Again, the sum of the three 
angles of the triangle C'PQ is equal to two right angles; 
but the angle C is infinitely small, and the others are R 
equal. Hence each of them is a right angle. Therefore 
the tangent 1s perpendicular to the diameter. 

Or thus: A tangent is a limiting position of a secant, namely, when the 
secant moves out until the two points of intersection with the circle become 
consecutive; but the line through the centre which bisects the part of the secant 
within the circle [lI.] is perpendicular to it. Hence, in the limit the tangent is 
perpendicular to the line from the centre to the point of contact. 

Or again: The angle CPR is always equal to CQS; hence, when P and 
Q come together each is a right angle, and the tangent is perpendicular to the 
radius. 


NE. 


Exercises. 


1. If two circles be concentric, all chords of the greater which touch the lesser are equal. 

2. Draw a parallel to a given line to touch a given circle. 

3. Draw a perpendicular to a given line to touch a given circle. 

4. Describe a circle having its centre at a given point—1. and touching a given line; 2. and 
touching a given circle. How many solutions of this case? 

5. Describe a circle of given radius that shall touch two given lines. How many solutions? 

6. Find the locus of the centres of a system of circles touching two given lines. 

7. Describe a circle of given radius that shall touch a given circle and a given line, or that 
shall touch two given circles. 


PROP. XVII.—PROBLEM. 


From a given point (P) without a given circle (BC D) to draw a tangent to the 
circle. 





Fig. 2. 


Sl 


Sol.—Let O (fig. 1) be the centre of the given circle. Join OP, cutting the 
circumference in C. With O as centre, and OP as radius, describe the circle 
APE. Erect CA at right angles to OP. Join OA, intersecting the circle BCD 
in B. Join BP; it will be the tangent required. 

Dem.—Since O is the centre of the two circles, we have OA equal to OP, 
and OC equal to OB. Hence the two triangles AOC, POB have the sides 
OA, OC in one respectively equal to the sides OP, OB in the other, and the 
contained angle common to both. Hence |I. Iv.] the angle OCA is equal to 
OBP; but OCA is a right angle (const.); therefore OBP is a right angle, and 
Ixvr.] PB touches the circle at B. 

Cor.—lf AC (fig. 2) be produced to E, OE joined, cutting the circle BCD 
in D, and the line DP drawn, DP will be another tangent from P. 


Exercises. 


1. The two tangents PB, PD (fig. 2) are equal to one another, because the square of each 
is equal to the square of OP minus the square of the radius. 

2. If two circles be concentric, all tangents to the inner from points on the outer are equal. 

3. If a quadrilateral be circumscribed to a circle, the sum of one pair of opposite sides is 
equal to the sum of the other pair. 

4. If a parallelogram be circumscribed to a circle it must be a lozenge, and its diagonals 
intersect in the centre. 

5. If BD be joined, intersecting OP in F, OP is perpendicular to BD. 

6. The locus of the intersection of two equal tangents to two circles is a right line (called 
the radical axis of the two circles). 

7. Find a point such that tangents from it to three given circles shall be equal. (This point 
is called the radical centre of the three circles.) 

8. The rectangle OF . OP is equal to the square of the radius. 

DEF. Two points, such as F and P, the rectangle of whose distances OF, OP from the 
centre is equal to the square of the radius, are called inverse points with respect to the circle. 

9. The intercept made on a variable tangent by two fixed tangents subtends a constant 
angle at the centre. 

10. Draw a common tangent to two circles. Hence, show how to draw a line cutting two 
circles, so that the intercepted chords shall be of given lengths. 


PROP. XVIII.—THEOREM 


If a line (CD) touch a circle, the line (OC) from the centre to the point of 
contact is perpendicular to it. 


Dem.—If not, suppose another line OG 
drawn from the centre to be perpendicular to 
CD. Let OG cut the circle in F. Then because 
the angle OGC is right (hyp.) the angle OCG 
|. xvir. must be acute. Therefore [I. xIx.| 
OC is greater than OG; but OC isequaltoOF B 
[I. Def. XXXII]; therefore OF is greater than 
OG—that is, a part greater than the whole, 
which is impossible. Hence OC must be per- 
pendicular to CD. i C G D 
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Or thus: Since the perpendicular must be the shortest line from O to CD, and OC is 


evidently the shortest line; therefore OC must be perpendicular to C D. 


PROP. XIX.—THEOREM. 


If a line (AB) be a tangent to a circle, the line (AC) drawn at right angles to 
it from the point of contact passes through the centre. 


If the centre be not in AC, let O be the 
centre. Join AO. Then because AB touches the 
circle, and OA is drawn from the centre to the 
point of contact, OA is at right angles to AB 
[XVUI.]; therefore the angle OAB is right, and 
the angle CAB is right (hyp.); therefore OAB 
is equal to CAB—a part equal to the whole, 
which is impossible. Hence the centre must be 
in the line AC. 

Cor.—1f a number of circles touch the same 
line at the same point, the locus of their centres 
is the perpendicular to the line at the point. 


C 


A. B 


Observation.—Propositions XVI., XVIII., XIX., are so related that any two can be inferred 


from the third by the “Rule of Identity.” Hence it would, in strict logic, be sufficient to prove 


any one of the three, and the others would follow. Again, these three theorems are limiting 


cases of Proposition I., Cor. 1., and Parts 1, 2, of Proposition 11., namely, when the points in 


which the chord cuts the circle become consecutive. 


PROP. XX.—THEOREM. 


The angle (AOB) at the centre (O) of a circle is double the angle (ACB) at 
the circumference standing on the same arc. 





Dem.—Join CO, and produce it to E. Then because OA is equal to OC, 
the angle ACO is equal to OAC; but the angle AOE is equal to the sum of the 
two angles OAC, ACO. Hence the angle AOE is double the angle ACO. In like 
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manner the angle EOB is double the angle OC'B. Hence (by adding in figs. (œ), 
(8), and subtracting in (y)), the angle AOB is double of the angle ACB. 


Cor.—If AOB be a straight line, ACB will be a right angle—that is, the 
angle in a semicircle is a right angle (compare XXXI.). 


PROP. XXI.—THEOREM. 
The angles (ACB, ADB) in the same segment of a circle are equal. 





Dem.—Let O be the centre. Join OA, OB. Then the angle AOB is double 
of the angle AC B [xx.], and also double of the angle ADB. Therefore the angle 
ACB is equal to the angle ADB. 

The following is the proof of the second part—that is, when the arc AB 
is not greater than a semicircle, without using angles greater than two right 
angles:— 

Let O be the centre. Join CO, and produce C 
it to meet the circle again in E. Join DE. Now 
since O is the centre, the segment AC E is greater 
than a semicircle; hence, by the first case, fig. (a), 
the angle ACE is equal to ADE. In like manner Af 
the angle ECB is equal to EDB. Hence the whole 
angle ACB is equal to the whole angle ADB. 

Cor. 1.—If two triangles ACB, ADB on the 
same base AB, and on the same side of it, have 
equal vertical angles, the four points A, C, D, B are concyclic. E 

Cor. 2.—1f A, B be two fixed points, and if C varies its position in such a 
way that the angle AC B retains the same value throughout, the locus of C is a 
circle. 

In other words— Given the base of a triangle and the vertical angle, the locus 
of the vertex is a circle. 
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Exercises. 


1. Given the base of a triangle and the vertical angle, find the locus— 
(1) of the intersection of its perpendiculars; 
(2) of the intersection of the internal bisectors of its base angles; 
(3) of the intersection of the external bisectors of the base angles; 
(4) of the intersection of the external bisector of one base angle and the internal bisector 
of the other. 
2. If the sum of the squares of two lines be given, their sum is a maximum when the lines 
are equal. 
3. Of all triangles having the same base and vertical angle, the sum of the sides of an 
isosceles triangle is a maximum. 
4. Of all triangles inscribed in a circle, the equilateral triangle has the maximum perimeter. 
5. Of all concyclic figures having a given number of sides, the area is a maximum when 
the sides are equal. 


PROP. XXII.—THEOREM. 


The sum of the opposite angles of a quadrilateral (ABCD) inscribed in a circle 
is two right angles. 


B 





Fig. 1. Fig. 2. 


Dem.—Join AC, BD. The angle ABD is equal to AC D, being in the same 
segment ABC D |xxI.|; and the angle DBC is equal to DAC, because they are 
in the same segment DABC. Hence the whole angle ABC is equal to the sum 
of the two angles ACD, DAC. To each add the angle CDA, and we have the 
sum of the two angles ABC’, CDA equal to the sum of the three angles AC D, 
DAC, C DA of the triangle AC D; but the sum of the three angles of a triangle 
is equal to two right angles |I. xxxit.]. Therefore the sum of ABC, CDA is two 
right angles. 

Or thus: Let O be the centre of the circle. Join OA, OC (see fig. 2). Now 
the angle AOC is double of CDA [xx.], and the angle COA is double of ABC. 
Hence the sum of the angles [I. Def. Ix., note] AOC, COA is double of the sum 
of the angles CDA, ABC; but the sum of two angles AOC, COA is four right 
angles. Therefore the sum of the angles CDA, ABC 1s two right angles. 

Or again: Let O be the centre (fig. 2). Jon OA, OB OC, OD. Then the 
four triangles AOB, BOC, COD, DOA are each isosceles. Hence the angle 
OAB is equal to the angle OBA, and the angle OAD equal to the angle ODA; 
therefore the angle BAD is equal to the sum of the angles OBA, ODA. In like 
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manner the angle BC D is equal to the sum of the angles OBC, ODC. Hence 
the sum of the two angles BAD, BCD is equal to the sum of the two angles 
ABC, ADC, and hence each sum is two right angles. 

Cor.—lIf a parallelogram be inscribed in a circle it is a rectangle. 


Exercises. 


1. If the opposite angles of a quadrilateral be supplemental, it is cyclic. 

2. If a figure of six sides be inscribed in a circle, the sum of any three alternate angles is 
four right angles. 

3. A line which makes equal angles with one pair of opposite sides of a cyclic quadrilateral, 
makes equal angles with the remaining pair and with the diagonals. 

4. If two opposite sides of a cyclic quadrilateral be produced to meet, and a perpendicular 
be let fall on the bisector of the angle between them from the point of intersection of the 
diagonals, this perpendicular will bisect the angle between the diagonals. 

5. If two pairs of opposite sides of a cyclic hexagon be respectively parallel to each other, 
the remaining pair of sides are also parallel. 

6. If two circles intersect in the points A, B, and any two lines ACD, BFE, be drawn 
through A and B, cutting one of the circles in the points C, E, and the other in the points 
D, F, the line CE is parallel to DF. 

7. If equilateral triangles be described on the sides of any triangle, the lines joining the 
vertices of the original triangle to the opposite vertices of the equilateral triangles are concur- 
rent. 

8. In the same case prove that the centres of the circles described about the equilateral 
triangles form another equilateral triangle. 

9. If a quadrilateral be described about a circle, the angles at the centre subtended by the 
opposite sides are supplemental. 

10. The perpendiculars of a triangle are concurrent. 

11. If a variable tangent meets two parallel tangents it subtends a right angle at the centre. 

12. The feet of the perpendiculars let fall on the sides of a triangle from any point in the 
circumference of the circumscribed circle are collinear (SIMSON). 

DEF.— The line of collinearity is called Simson’s line. 

13. If a hexagon be circumscribed about a circle, the sum of the angles subtended at the 
centre by any three alternate sides is equal to two right angles. 





PROP. XXIII — THEOREM. 


Two similar segments of circles which do not coincide cannot be constructed 
on the same chord (AB), and on the same side of that chord. 


Dem.—If possible, let ACB, ADB, be C 
two similar segments constructed on the a 
same side of AB. ‘Take any point D in the — WN 
inner one. Join AD, and produce it to meet j P alid." 
the outer one in C. Join BC, BD. Then A B 
since the segments are similar, the angle ADB is equal to ACB (Def. x.), 
which is impossible |I. xvt.]. Hence two similar segments not coinciding cannot 
be described on the same chord and on the same side of it. 
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PROP. XXIV.—THEOREM. 


Similar segments of circles (AEB, CFD) on equal chords (AB, CD) are 
equal to one another. 


A. B C D 


Dem.—Since the lines are equal, if AB be applied to C D, so that the point 
A will coincide with C, and the line AB with CD, the point B shall coincide 
with D; and because the segments are similar, they must coincide |xxrII.]. Hence 
they are equal. 


This demonstration may be stated as follows:—Since the chords are equal, they are con- 
gruent; and therefore the segments, being similar, must be congruent. 





PROP. XXV.—PROBLEM. 


An arc (ABC) of a circle being given, it is required to describe the whole circle. 


Sol.—Take any three points A, DB, C in the arc. Join AB, BC. Bisect AB 
in D, and BC in E. Erect DF, EF at right angles to AB, BC; then F, the 
point of intersection, will be the centre of the circle. 

Dem.—Because DF bisects the chord AB and B 
is perpendicular to it, it passes through the centre 
II., Cor. 1]. In like manner EF passes through the 
centre. Hence the point F must be the centre; and 
the circle described from F as centre, with FA as 
radius, will be the circle required. F 

A C 
PROP. XXVI.—THEOREM. 


ga 


The four Propositions XXVI.-XXIX. are so like in their enunciations that students fre- 
quently substitute one for another. The following scheme will assist in remembering them:— 


In Proposition XXVI. are given angles —, to prove arcs =, 
s XXVII. " arcs =, " angles —, 
» XXVIII . , chords =, - arcS =, 
" XXIX. " arcs = » chords =; 


RI 


so that Proposition XXVII. is the converse of XXVI., and XXIX. of XXVIII. 


In equal circles (ACB, DFE), equal angles at the centres (AOB, DHE) or at 
the circumferences (ACB, DFE) stand upon equal arcs. 
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one respectively equal to the sides 
DH, HE in the other, and the G 
angle AOB equal to DHE (hyp.). 
Therefore |I. Iv.] the base AB is equal to DE. 

Again, since the angles ACB, DFE are [xx.] the halves of the equal angles 
AOB, DH E, they are equal |l. Axiom vir.]. Therefore (Def. x.) the segments 
ACB, DFE are similar, and their chords AB, DE have been proved equal; 
therefore |XXIV.] the segments are equal. And taking these equals from the 
whole circles, which are equal (hyp.), the remaining segments AGB, DK E are 
equal. Hence the arcs AGB, DKE are equal. 

2. The demonstration of this case is included in the foregoing. 

Cor. 1.—If the opposite angles of a cyclic quadrilateral be equal, one of its 
diagonals must be a diameter of the circumscribed circle. 

Cor. 2.—Parallel chords in a circle intercept equal arcs. 

Cor. 3.—If two chords intersect at any point within a circle, the sum of 
the opposite arcs which they intercept is equal to the arc which parallel chords 
intersecting on the circumference intercept. 2. If they intersect without the 
circle, the difference of the arcs they intercept is equal to the arc which parallel 
chords intersecting on the circumference intercept. 

Cor. 4.—If two chords intersect at right angles, the sum of the opposite arcs 
which they intercept on the circle is a semicircle. 


Dem.—1. Suppose the angles X E 
at the centres to be given equal. 
Now because the circles are equal 
their radii are equal (Def. 1.). 
Therefore the two triangles AOB, Du 
DH E have the sides AO, OB in AN A D (5 
K 


PROP. XXVII.—THEOREM. 


In equal circles (ACB, DFE), angles at the centres (AOB, DHE), or at 
the circumferences (ACB, DFE), which stand on equal arcs (AB, DE), are 
equal. 


Dem.—If possible let one of C F 
them, such as AOB, be greater 
than the other, DH E; and sup- 
pose a part such as AOL to be 
equal to DHE. Then since the 
circles are equal, and the angles 
AOL, DHE at the centres are 
equal (hyp.), the arc AL is equal 
to DE [xxvi.]; but AB is equal K 
to DE (hyp.). Hence AL is equal to AB—that is, a part equal to the whole, 
which is absurd. Therefore the angle AOB is equal to DH E. 
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2. The angles at the circumference, being the halves of the central angles, are 
therefore equal. 


PROP. XXVIII.—THEOREM. 


In equal circles (ACB, DFE), 
equal chords (AB, DE) di- C F 
vide the circumferences into arcs, 
which are equal each to each— 
that 1s, the lesser to the lesser, 
and the greater to the greater. 


Dem.—If the equal chords be A D 

diameters, the Proposition is evi- 

dent. If not, let O, H be the cen- G K 

tres. Join AO, OB, DH, HE; then because the circles are equal their radii are 
equal (Def. r.). Hence the two triangles AOB, DHE have the sides AO, OB 
in one respectively equal to the sides DH, HE in the other, and the base AB 
is equal to DE (hyp.). Therefore [I. virr.] the angle AOB is equal to DHE. 
Hence the arc AGB is equal to DK E |xxvi.|; and since the whole circumference 
AG BC is equal to the whole circumference DK EF, the remaining arc AC B is 
equal to the remaining arc DFE. 


Exercises. 


1. The line joining the feet of perpendiculars from any point in the circumference of a 
circle, on two diameters given in position, is given in magnitude. 

2. If a line of given length slide between two lines given in position, the locus of the 
intersection of perpendiculars to the given lines at its extremities is a circle. (This is the 
converse of 1.) 


PROP. XXIX.—THEOREM. 


In equal circles (ACB, DFE), equal arcs (AGB, DCK) are subtended by 
equal chords. 


Dem.—Let O, H be the centres (see last fig.). Join AO, OB, DH, HE; 
then because the circles are equal, the angles AOB, DHE at the centres, which 
stand on the equal arcs AGB, DK E, are equal |xxvit.|. Again, because the 
triangles AOB, DH E have the two sides AO, OB in one respectively equal to 
the two sides DH, HE in the other, and the angle AO B equal to the angle 
DH E, the base AD of one is equal to the base DE of the other. 


Observation.—Since the two circles in the four last Propositions are equal, they are con- 
gruent figures, and the truth of the Propositions is evident by superposition. 
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PROP. XXX.—PROBLEM. 
To bisect a given arc ACB. 


Sol.—Draw the chord AB; bisect it in D; erect DC at right angles to AB, 
meeting the arc in C; then the arc is bisected in C. 

Dem.—Join AC, BC. Then the triangles C 
ADC, BDC have the side AD equal to DB 
(const.), and DC common to both, and the an- 
gle ADC equal to the angle BDC, each being 
right. Hence the base AC is equal to the base 
BC. Therefore |xxvri.| the arc AC is equal to A 
the arc BC. Hence the arc AB is bisected in C. 


Exercises. 


1. ABCD is a semicircle whose diameter is AD; the chord BC produced meets AD 
produced in E: prove that if CE is equal to the radius, the arc AB is equal to three times 
CD. 

2. The internal and the external bisectors of the vertical angle of a triangle inscribed in a 
circle meet the circumference again in points equidistant from the extremities of the base. 

3. If from A, one of the points of intersection of two given circles, two chords ACD, AC’ D’ 
be drawn, cutting the circles in the points C, D; C’, D’, the triangles BCD, BC’ D’, formed 
by joining these to the second point B of intersection of the circles, are equiangular. 

4. If the vertical angle AC' B of a triangle inscribed in a circle be bisected by a line CD, 
which meets the circle again in D, and from D perpendiculars DE, DF be drawn to the sides, 
one of which must be produced: prove that EA is equal to BF, and hence show that CE is 
equal to half the sum of AC, BC. 


PROP. XXXI.—THEOREM. 


In a circle—(1). The angle in a semicircle is a right angle. (2). The angle 
in a segment greater than a semicircle is an acute angle. (3). The angle in a 
segment less than a semicircle is an obtuse angle. 


Dem.—(1). Let AB be the diameter, C 
any point in the semicircle. Join AC’, CB. 
The angle AC B is a right angle. 

For let O be the centre. Join OC, and 
produce AC to F. Then because AO is equal 
to OC, the angle ACO is equal to the an- 
gle OAC. In like manner, the angle OC B is 
equal to CBO. Hence the angle ACB is equal 
to the sum of the two angles BAC’, CBA; but 
I. xxx1I.] the angle FCB is equal to the sum 
of the two interior angles BAC’, CBA of the 
triangle ABC. Hence the angle AC B is equal 
to its adjacent angle FCB, and therefore it 
is a right angle |I. Def. xrir.]. 
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(2). Let the arc ACE be greater than a semicircle. Join CE. Then the angle 
ACE is evidently less than AC B; but AC B is right; therefore ACE is acute. 

(3). Let the arc ACD be less than a semicircle; then evidently, from (1), the 
angle AC D is obtuse. 

Cor. 1.—If a parallelogram be inscribed in a circle, its diagonals intersect at 
the centre of the circle. 

Cor. 2.—Find the centre of a circle by means of a carpenter’s square. 

Cor. 3.—From a point outside a circle draw two tangents to the circle. 


PROP. XXXII.—THEOREM. 


If a line (EF) be a tangent to a circle, and from the point of contact (A) 
a chord (AC) be drawn cutting the circle, the angles made by this line with 
the tangent are respectively equal to the angles in the alternate segments of the 
circle. 


Dem.—(1). If the chord passes through B 
the centre, the Proposition is evident, for the 
angles are right angles; but if not, from the 
point of contact A draw AB at right angles C 
to the tangent. Join BC. Then because EF 
is a tangent to the circle, and AB is drawn 
from the point of contact perpendicular to 
EF, AB passes through this centre |XIX.]. 

Therefore the angle AC B is right [xxxi]. D 
Hence the sum of the two remaining angles 

ABC, CAB is one right angle; but the angle E A F 
BAF is right (const.); therefore the sum of the angles ABC, BAC is equal to 
BAF. Reject BAC, which is common, and we get the angle ABC’ equal to the 
angle FAC. 

(2). Take any point D in the arc AC. It is required to prove that the angle 
C AE is equal to CDA. 

Since the quadrilateral ABC D is cyclic, the 
sum of the opposite angles ABC’, CDA is two 
right angles |xxir.|, and therefore equal to the 
sum of the angles FAC, CAE; but the angles 


ABC, FAC are equal (1). Reject them, and we G C 
get the angle CDA equal to CAE. 

Or thus: Take any point G in the semi- 
circle AGB. Join AG, GB, GC. ‘Then the D 


angle AGB = FAB, each being right, and 

CGB = CAB |xxr]. Therefore the remain- 

ing angle AGC = FAC. Again, join BD, CD. 

The angle BDA = BAE, each being right, and E A F 
CDB = CAB |{xx1.|. Hence the angle CDA = CAE.—LARDNER. 
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Or by the method of limits, see l'OWNSEND'S 
Modern Geometry, vol. i., page 14. 

The angle B AC is equal to BDC [xx1.]. Now 
let the point B move until it becomes consecutive 
to A; then AB will be a tangent, and BD will 
coincide with AD, and the angle BDC with ADC. X 
Hence, if AX be a tangent at A, AC any chord, B 
the angle which the tangent makes with the chord A 
as equal to the angle in the alternate segment. 


Exercises. 


1. If two circles touch, any line drawn through the point of contact will cut off similar 
segments. 

2. If two circles touch, and any two lines be drawn through the point of contact, cutting 
both circles again, the chord connecting their points of intersection with one circle is parallel 
to the chord connecting their points of intersection with the other circle. 

3. AC B is an arc of a circle, CE a tangent at C, meeting the chord AB produced in £, 
and AD a perpendicular to AB in D: prove, if DE be bisected in C, that the arc AC — 2C B. 

4. If two circles touch at a point A, and ABC be a chord through A, meeting the circles 
in B and C: prove that the tangents at B and C are parallel to each other, and that when one 
circle is within the other, the tangent at B meets the outer circle in two points equidistant 
from C. 

5. If two circles touch externally, their common tangent at either side subtends a right 
angle at the point of contact, and its square is equal to the rectangle contained by their 
diameters. 


PROP. XXXIIL.. PROBLEM. 


On a given right line (AB) to describe a segment of a circle which shall 
contain an angle equal to a given rectilineal angle (X). 


Sol.—If X be a right angle, describe a semicircle on the given line, and the 
thing required is done; for the angle in a semicircle is a right angle. 


C C 
B B 
Z ETA 
A E E A 


If not, make with the given line AB the angle BAE equal to X. Erect AC 
at right angles to AE, and BC at right angles to AB. On AC as diameter 
describe a circle: it will be the circle required. 
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Dem.—tThe circle on AC as diameter passes through B, since the angle 
ABC is right [xxx1.] and touches AE, since the angle CAE is right [Xvt1.]. 
Therefore the angle BAE |xxxit.] is equal to the angle in the alternate segment; 
but the angle BAF is equal to the angle X (const.). Therefore the angle X is 
equal to the angle in the segment described on AB. 


Exercises. 


1. Construct a triangle, being given base, vertical angle, and any of the following data:—1. 
Perpendicular. 2. The sum or difference of the sides. 3. Sum or difference of the squares of 
the sides. 4. Side of the inscribed square on the base. 5. The median that bisects the base. 

2. If lines be drawn from a fixed point to all the points of the circumference of a given 
circle, the locus of all their points of bisection is a circle. 

3. Given the base and vertical angle of a triangle, find the locus of the middle point of the 
line joining the vertices of equilateral triangles described on the sides. 

4. In the same case, find the loci of the angular points of a square described on one of the 
sides. 


PROP. XXXIV.—PROBLEM. 


To cut off from a given circle (ABC) a segment which shall contain an angle 
equal to a given angle (X). 


Sol.—Take any point A in the circumfer- B 
ence. Draw the tangent AD, and make the 
angle DAC equal to the given angle X. AC 
will cut off the required segment. 

Dem.— lake any point DB in the alter- 
nate segment. Join BA, BC. Then the angle 
DAC is equal to ABC |xxxr.|; but DAC X 
is equal to X (const.). Therefore the angle 
ABC is equal to X. 


PROP. XXXV.—THEOREM. 


If two chords (AB, CD) of a circle intersect in a point (E) within the circle, 
the rectangles (AE.EB, CE.ED) contained by the segments are equal. 


Dem.—1. If the point of intersection be the C 
centre, each rectangle is equal to the square of the 
radius. Hence they are equal. 
2. Let one of the chords AB pass through the 
centre O, and cut the other chord C D, which does A B 
not pass through the centre, at right angles. Join 
OC. Now because AB passes through the centre, 
and cuts the other chord CD, which does not pass 
through the centre at right angles, it bisects it |III.]. 
Again, because AB is divided equally in O and unequally in E, the rectangle 
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AE.EB, together with OE?, is equal to OB?—that is, to OC? [IL v.]; but 
OC? is equal to OE? + EC? |I. xivir.] Therefore 


AE.EB -- OE? — OE? 4- EC?. 


Reject OE?, which is common, and we have AE. EB — EC?; but CE? is equal 
to the rectangle CE.ED, since CE is equal to ED. Therefore the rectangle 
AE.EB is equal to the rectangle CE . ED. 

3. Let AB pass through the centre, and cut C D, 
which does not pass through the centre obliquely. 
Let O be the centre. Draw OF perpendicular to 
CD JI. x1.]. Join OC, OD. Then, since CD is cut at 
right angles by OF’, which passes through the centre, 
it is bisected in F [111.], and divided unequally in E. 
Hence C 





CE.ED+ FE? = FD? III. v.], 
and OF? = OF”. 


Hence, adding, since FE? + OF? = OE? [I. xtvir.], and FD? + OF? = OD?, 
we get 
CE.ED+OE* =OD or OB’. 


Again, since AB is bisected in O and divided unequally in Æ, 


AE.EB + OE? = OB? III. v]. 


Therefore CE.ED+OE* = AE.EB+OE?. 
Hence CE.ED= AE.EB. 
4. Let neither chord pass through the centre. F 


Through the point E, where they intersect, draw 
the diameter FG. Then by 3, the rectangle FE .EG 
is equal to the rectangle AE. EB, and also to the 
rectangle CE. ED. Hence the rectangle AE. EB is 
equal to the rectangle CE .ED. A D 

Cor. 1.—If a chord of a circle be divided in any 
point within the circle, the rectangle contained by 
its segments is equal to the difference between the C 
square of the radius and the square of the line drawn G B 
from the centre to the point of section. 

Cor. 2.—1f the rectangle contained by the segments of one of two intersecting 
lines be equal to the rectangle contained by the segments of the other, the four 
extremities are concyclic. 

Cor. 3.—If two triangles be equiangular, the rectangle contained by the non- 
corresponding sides about any two equal angles are equal. 
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Let ABO, DCO be the equiangular triangles, and 
let them be placed so that the equal angles at O may 
be vertically opposite, and that the non-corresponding 
sides AO, CO may be in one line; then the non- 
corresponding sides BO, OD shall be in one line. Now, 
since the angle ABD is equal to AC D, the points A, D, 
C, D are concyclic |xxr., Cor. 1]. Hence the rectangle 
AO . OC is equal to the rectangle BO.OD |xxxv.]. 





Exercises. 


1. In any triangle, the rectangle contained by two sides is equal to the rectangle contained 
by the perpendicular on the third side and the diameter of the circumscribed circle. 

Def.— The supplement of an arc is the difference between it and a semicircle. 

2. The rectangle contained by the chord of an arc and the chord of its supplement is equal 
to the rectangle contained by the radius and the chord of twice the supplement. 

3. If the base of a triangle be given, and the sum of the sides, the rectangle contained by 
the perpendiculars from the extremities of the base on the external bisector of the vertical 
angle is given. 

4. If the base and the difference of the sides be given, the rectangle contained by the 
perpendiculars from the extremities of the base on the internal bisector is given. 

5. Through one of the points of intersection of two circles draw a secant, so that the 
rectangle contained by the intercepted chords may be given, or a maximum. 

6. If the sum of two arcs, AC, CB of a circle 
be less than a semicircle, the rectangle AC . CB con- 
tained by their chords is equal to the rectangle con- 
tained by the radius, and the excess of the chord of 
the supplement of their difference above the chord of 
the supplement of their sum.—CATALAN. 

Dem.—Draw DE, the diameter which is perpen- 
dicular to AB, and draw the chords CF, BG paral- 
lel to DE. Now it is evident that the difference be- 
tween the arcs AC, CB is equal to 2C D, and therefore 
— CD-- EF. Hence the arc CBF is the supplement of 
the difference, and CF is the chord of that supplement. 
Again, since the angle ABG is right, the arc ABG is a 
semicircle. Hence BG is the supplement of the sum of 
the arcs AC, CB; therefore the line BG is the chord of 
the supplement of the sum. Now (Ex. 1), the rectangle 
AC .CB is equal to the rectangle contained by the diameter and CT, and therefore equal to 
the rectangle contained by the radius and 2CT; but the difference between CF and BG is 
evidently equal to 2CT. Hence the rectangle AC .C' B is equal to the rectangle contained by 
the radius and the difference between the chords CF, BG. 

7. If we join AF, BF we find, as before, the rectangle AF’. F'B equal to the rectangle 
contained by the radius and 2F'J—that is, equal to the rectangle contained by the radius 
and the sum of CF and BG. Hence—lIf the sum of two arcs of a circle be greater than a 
semicircle, the rectangle contained by their chords 1s equal to the rectangle contained by the 
radius, and the sum of the chords of the supplements of their sum and their difference. 

8. Through a given point draw a transversal cutting two lines given in position, so that 
the rectangle contained by the segments intercepted between it and the line may be given. 
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PROP. XXXVI.—THEOREM. 


If from any point (P) without a circle two lines be drawn to it, one of which 
(PT) is a tangent, and the other (PA) a secant, the rectangle (AP, BP) con- 
tained by the segments of the secant is equal to the square of the tangent. 


Dem.—1. Let PA pass through the 
centre O. Join OT. Then because AB 
is bisected in O and divided externally 
in P, the rectangle AP . BP + OB? is 
equal to OP? [II. v1.]. But since PT is a 
tangent, and OT drawn from the centre A 
to the point of contact, the angle OTP is 
right [xvrrr.]. Hence OT? + PT? is equal 
to OP?. 





Therefore AP.BP+ OB? = OT? + PT’; 
but OB? = OT’. 
Hence the rectangle AP.BP = PT’. 


2. If AB does not pass through the 
centre O, let fall the perpendicular OC 
on AB. Join OT, OB, OP. Then be- 
cause OC, a line through the centre, 
cuts AB, which does not pass through 
the centre at right angles, it bisects it 
[ur.]. Hence, since AB is bisected in C 
and divided externally in P, the rect- 
angle 





AP . BP + CB? = CP? [II wi); 
and OC? = OC’. 


Hence, adding, since CB? + OC? = OB? |I. xivir.], and CP? + OC? = OP", 
we get 


rectangle AP.BP+OB? = OP?: 
but OT? + PT? — OP? [L xtvu]. 
Therefore AP.BP+OB?=OT? + PT’: 


and rejecting the equals OB? and OT", we have the rectangle 


AP.BP — PT*. 


The two Propositions XXXV., XXXVI., may be included in one enunciation, as follows:— The 
rectangle AP . BP contained by the segments of any chord of a given circle passing through 
a fixed point P, either within or without the circle, is constant. For let O be the centre: join 
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OA, OB, OP. Then OAB is an isosceles triangle, and OP is a line drawn from its vertex to a 
point P in the base, or base produced. Then the rectangle AP. BP is equal to the difference 
of the squares of OB and OP, and is therefore constant. 


Cor. 1.—If two lines AB, CD produced meet in P, and if the rectangle 
AP.BP = CP.DP, the points A, B, C, D are concyclic (compare XXXV., 
Cor. 2). 

Cor. 2.—Tangents to two circles from any point in their common chord are 
equal (compare XVII., Ex. 6). 

Cor. 3.—The common chords of any three intersecting circles are concurrent 
(compare XVII., Ex. 7). 


Exercise. 


If from the vertex A of a A ABC, AD be drawn, meeting CB produced in D, and making 
the angle BAD — ACB, prove DB. DC — DA?. 


PROP. XXXVII.—THEOREM. 


If the rectangle (AP . BP) contained by the segments of a secant, drawn from 
any point (P) without a circle, be equal to the square of a line (PT) drawn from 
the same point to meet the circle, the line which meets the circle is a tangent. 


Dem.—From P draw PQ touch- 
ing the circle [xvrr.]. Let O be the 
centre. Join OP, OQ, OT. Now 
the rectangle AP . BP is equal to the 
square on PT (hyp.), and equal to 
the square on PQ |xxxvr.|. Hence 
PT? is equal to PQ?, and therefore 
PT is equal to PQ. Again, the tri- 
angles OTP, OQP have the side OT 
equal OQ, T'P equal QP, and the Q 
base OP common; hence |I. virr.] the angle OT'P is equal to OQP; but OQP is 
a right angle, since PQ is a tangent [XvIII.]; hence OT'P is right, and therefore 
Ixvr.| PT is a tangent. 





Exercises. 


1. Describe a circle passing through two given points, and fulfilling either of the following 
conditions: 1, touching a given line; 2, touching a given circle. 

2. Describe a circle through a given point, and touching two given lines; or touching a 
given file and a given circle. 

3. Describe a circle passing through a given point, having its centre on a given line and 
touching a given circle. 

4. Describe a circle through two given points, and intercepting a given arc on a given 
circle. 

5. A, B, C, D are four collinear points, and EF is a common tangent to the circles 
described upon AB, C D as diameters: prove that the triangles AEB, C'F'D are equiangular. 

6. The diameter of the circle inscribed in a right-angled triangle is equal to half the sum of 
the diameters of the circles touching the hypotenuse, the perpendicular from the right angle 
of the hypotenuse, and the circle described about the right-angled triangle. 
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Questions for Examination on Book III. 


. What is the subject-matter of Book III.? 
. Define equal circles. 
. What is the difference between a chord and a secant? 
. When does a secant become a tangent? 
. What is the difference between a segment of a circle and a sector? 
. What is meant by an angle in a segment? 
7. If an arc of a circle be one-sixth of the whole circumference, what is the magnitude of 
the angle in it? 
8. What are linear segments? 
9. What is meant by an angle standing on a segment? 
10. What are concyclic points? 
11. What is a cyclic quadrilateral? 
12. How many intersections can a line and a circle have? 
13. What does the line become when the points of intersection become consecutive? 
14. How many points of intersection can two circles have? 
15. What is the reason that if two circles touch they cannot have any other common point? 
16. Give one enunciation that will include Propositions XI., XII. of Book III. 
17. What Proposition is this a limiting case of? 
18. Explain the extended meaning of the word angle. 
19. What is Euclid’s limit of an angle? 
20. State the relations between Propositions XVI., XVIII., XIX. 
21. What Propositions are these limiting cases of? 
22. How many common tangents can two circles have? 
23. What is the magnitude of the rectangle of the segments of a chord drawn through a 
point 3.65 metres distant from the centre of a circle whose radius is 4.25 metres? 
24. The radii of two circles are 4.25 and 1.75 feet respectively, and the distance between 
their centres 6.5 feet; find the lengths of their direct and their transverse common tangents. 
25. If a point be h feet outside the circumference of a circle whose diameter is 7920 miles, 








O04; 0h rnm 





prove that the length of the tangent drawn from it to the circle is 4/ — miles. 





26. Two parallel chords of a circle are 12 perches and 16 perches respectively, and their 
distance asunder is 2 perches; find the length of the diameter. 

27. What is the locus of the centres of all circles touching a given circle in a given point? 

28. What is the condition that must be fulfilled that four points may be concyclic? 

29. If the angle in a segment of a circle be a right angle and a-half, what part of the whole 
circumference is it? 

30. Mention the converse Propositions of Book III. which are proved directly. 

31. What is the locus of the middle points of equal chords in a circle? 

32. The radii of two circles are 6 and 8, and the distance between their centres 10; find 
the length of their common chord. 

33. If a figure of any even number of sides be inscribed in a circle, prove that the sum of 
one set of alternate angles is equal to the sum of the remaining angles. 


Exercises on Book III. 


1. If two chords of a circle intersect at right angles, the sum of the squares on their 
segments is equal to the square on the diameter. 

2. If a chord of a given circle subtend a right angle at a fixed point, the rectangle of the 
perpendiculars on it from the fixed point and from the centre of the given circle is constant. 
Also the sum of the squares of perpendiculars on it from two other fixed points (which may 
be found) is constant. 

3. If through either of the points of intersection of two equal circles any line be drawn 
meeting them again in two points, these points are equally distant from the other intersection 
of the circles. 
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4. Draw a tangent to a given circle so that the triangle formed by it and two fixed tangents 
to the circle shall be—1, a maximum; 2, a minimum. 

5. If through the points of intersection A, B of two circles any two lines ACD, BEF be 
drawn parallel to each other, and meeting the circles again in C, D, E, F; then CD — EF. 

6. In every triangle the bisector of the greatest angle is the least of the three bisectors of 
the angles. 

7. The circles whose diameters are the four sides of any cyclic quadrilateral intersect again 
in four concyclic points. 

8. The four angular points of a cyclic quadrilateral determine four triangles whose ortho- 
centres (the intersections of their perpendiculars) form an equal quadrilateral. 

9. If through one of the points of intersection of two circles we draw two common chords, 
the lines joining the extremities of these chords make a given angle with each other. 

10. The square on the perpendicular from any point in the circumference of a circle, on 
the chord of contact of two tangents, is equal to the rectangle of the perpendiculars from the 
same point on the tangents. 

11. Find a point in the circumference of a given circle, the sum of the squares on whose 
distances from two given points may be a maximum or a minimum. 

12. Four circles are described on the sides of a quadrilateral as diameters. ‘The common 
chord of any two on adjacent sides is parallel to the common chord of the remaining two. 

13. The rectangle contained by the perpendiculars from any point in a circle, on the diag- 
onals of an inscribed quadrilateral, is equal to the rectangle contained by the perpendiculars 
from the same point on either pair of opposite sides. 

14. The rectangle contained by the sides of a triangle is greater than the square on the 
internal bisector of the vertical angle, by the rectangle contained by the segments of the base. 

15. If through A, one of the points of intersection of two circles, we draw any line ABC, 
cutting the circles again in D and C^, the tangents at B and C intersect at a given angle. 

16. If a chord of a given circle pass through a given point, the locus of the intersection of 
tangents at its extremities is a right line. 

17. The rectangle contained by the distances of the point where the internal bisector of the 
vertical angle meets the base, and the point where the perpendicular from the vertex meets 
it from the middle point of the base, is equal to the square on half the difference of the sides. 

18. State and prove the Proposition analogous to 17 for the external bisector of the vertical 
angle. 

19. The square on the external diagonal of a cyclic quadrilateral is equal to the sum of 
the squares on the tangents from its extremities to the circumscribed circle. 

20. If a variable circle touch a given circle and a given line, the chord of contact passes 
through a given point. 

21. If A, B, C be three points in the circumference of a circle, and D, E the middle points 
of the arcs AB, AC; then if the line DE intersect the chords AB, AC in the points F, G, AF 
is equal to AG. 

22. Given two circles, O, O'; then if any secant cut O in the points B, C, and O' in the 
points B’, C’, and another secant cuts them in the points D, E; D', E' respectively; the four 
chords BD, CE, B'D', C'E’ form a cyclic quadrilateral. 

23. If a cyclic quadrilateral be such that a circle can be inscribed in it, the lines joining 
the points of contact are perpendicular to each other. 

24. If through the point of intersection of the diagonals of a cyclic quadrilateral the 
minimum chord be drawn, that point will bisect the part of the chord between the opposite 
sides of the quadrilateral. 

25. Given the base of a triangle, the vertical angle, and either the internal or the external 
bisector at the vertical angle; construct it. 

26. If through the middle point A of a given arc BAC we draw any chord AD, cutting 
BC in E, the rectangle AD . AE is constant. 

27. The four circles circumscribing the four triangles formed by any four lines pass through 
a common point. 

28. If X, Y, Z be any three points on the three sides of a triangle ABC, the three circles 
about the triangles YAZ, ZBX, XCY pass through a common point. 
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29. If the position of the common point in the last question be given, the three angles of 
the triangle X Y Z are given, and conversely. 

30. Place a given triangle so that its three sides shall pass through three given points. 

31. Place a given triangle so that its three vertices shall lie on three given lines. 

32. Construct the greatest triangle equiangular to a given one whose sides shall pass 
through three given points. 

33. Construct the least triangle equiangular to a given one whose vertices shall lie on three 
given lines. 

34. Construct the greatest triangle equiangular to a given one whose sides shall touch 
three given circles. 

35. If two sides of a given triangle pass through fixed points, the third touches a fixed 
circle. 

36. If two sides of a given triangle touch fixed circles, the third touches a fixed circle. 

37. Construct an equilateral triangle having its vertex at a given point, and the extremities 
of its base on a given circle. 

38. Construct an equilateral triangle having its vertex at a given point, and the extremities 
of its base on two given circles. 

39. Place a given triangle so that its three sides shall touch three given circles. 

40. Circumscribe a square about a given quadrilateral. 

41. Inscribe a square in a given quadrilateral. 

42. Describe circles—(1) orthogonal (cutting at right angles) to a given circle and passing 
through two given points; (2) orthogonal to two others, and passing through a given point; 
(3) orthogonal to three others. 

43. If from the extremities of a diameter AB of a semicircle two chords AD, BE be drawn, 
meeting in C, AC. AD 4- BC. BE — AB?. 

44. If ABCD be a cyclic quadrilateral, and if we describe any circle passing through the 
points A and B, another through B and C, a third through C and D, and a fourth through 
D and A; these circles intersect successively in four other points EF, F, G, H, forming another 
cyclic quadrilateral. 

45. If ABC’ be an equilateral triangle, what is the locus of the point M, if MA — MB + 
MC? 

46. In a triangle, given the sum or the difference of two sides and the angle formed by 
these sides both in magnitude and position, the locus of the centre of the circumscribed circle 
is a right line. 

AT. Describe a circle—(1) through two given points which shall bisect the circumference 
of a given circle; (2) through one given point which shall bisect the circumference of two given 
circles. 

48. Find the locus of the centre of a circle which bisects the circumferences of two given 
circles. 

49. Describe a circle which shall bisect the circumferences of three given circles. 

50. AB is à diameter of a circle; AC, AD are two chords meeting the tangent at B in the 
points E, F respectively: prove that the points C, D, E, F are concyclic. 

51. CD is a perpendicular from any point C in a semicircle on the diameter AB; EFG is 
a circle touching DB in E, CD in F, and the semicircle in G; prove—(1) that the points A, 
F, G are collinear; (2) that AC = AE. 

52. Being given an obtuse-angled triangle, draw from the obtuse angle to the opposite 
side a line whose square shall be equal to the rectangle contained by the segments into which 
it divides the opposite side. 

53. O is a point outside a circle whose centre is E; two perpendicular lines passing through 
O intercept chords AB, CD on the circle; then AB? + CD? + 40E? = 8R?. 

54. The sum of the squares on the sides of a triangle is equal to twice the sum of the 
rectangles contained by each perpendicular and the portion of it comprised between the cor- 
responding vertex and the orthocentre; also equal to 12R? minus the sum of the squares of 
the distances of the orthocentre from the vertices. 


55. If two circles touch in C, and if D be any point outside the circles at which their radii 
through C subtend equal angles, if DE, DF be tangent from D, DE.DF — DC?^. 
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BOOK IV. 


INSCRIPTION AND CIRCUMSCRIPTION OF TRIANGLES 
AND OF REGULAR POLYGONS IN AND ABOUT CIRCLES 





DEFINITIONS. 


I. If two rectilineal figures be so related that the angular points of one lie 
on the sides of the other—1, the former is said to be inscribed in the latter; 2, 
the latter is said to be described about the former. 

i. A rectilineal figure is said to be inscribed in a circle when its angular 
points are on the circumference. Reciprocally, a rectilineal figure is said to be 
circumscribed to a circle when each side touches the circle. 

II. A circle is said to be inscribed in a rectilineal figure when it touches 
each side of the figure. Reciprocally, a circle is said to be circumscribed to a 
rectilineal figure when it passes through each angular point of the figure. 

Iv. A rectilineal figure which is both equilateral and equiangular is said to 
be regular. 

Observation.—The following summary of the contents of the Fourth Book will assist the 
student in remembering it:— 

1. It contains sixteen Propositions, of which four relate to triangles, four to squares, four 
to pentagons, and four miscellaneous Propositions. 

2. Of the four Propositions occupied with triangles— 

(a) One is to inscribe a triangle in a circle. 

(3) Its reciprocal, to describe a triangle about a circle. 

(^y) To inscribe a circle in a triangle. 

(ô) Its reciprocal, to describe a circle about a triangle. 

3. If we substitute in (a), (8), (y), (6) squares for triangles, and pentagons for triangles, 


we have the problems for squares and pentagons respectively. 
4. Every Proposition in the fourth Book is a problem. 


PROP. I.—PROBLEM. 


In a given circle (ABC) to place a chord equal to a given line (D) not greater 
than the diameter. 


Sol.—Draw any diameter AC of 
the circle; then, if AC be equal to 
D, the thing required is done; if not, 
from AC cut off the part AE equal 
to D [I. 11.]; and with A as centre D 
and AF as radius, describe the cir- 
cle EBF, cutting the circle ABC in 
the points B, F. Join AB. Then 
AB is the chord required. 
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Dem.—Because A is the centre of the circle EBF, AB is equal to AE 
I. Def. xxxir.|; but AF is equal to D (const.); therefore AB is equal to D. 


PROP. II.—PROBLEM. 


In a given circle (ABC) to inscribe a triangle equiangular to a given triangle 
(DEF). 


Sol.—Take any point A in the cir- 
cumference, and at it draw the tan- 
gent GH; then make the angle H AC B C 
equal to E, and GAB equal to F 


|. xxur] Join BC. ABC is a tri- E s 
angle fulfilling the required conditions. 

Dem.—The angle F is equal to 
HAC (const.), and HAC is equal to G X H D 


the angle ABC in the alternate seg- 
ment [III. xxxir.. Hence the angle E is equal to ABC. In like manner the 
angle F is equal to AC B. Therefore [I. xxxit.| the remaining angle D is equal 
to BAC. Hence the triangle ABC inscribed in the given circle is equiangular to 
DEF. 


PROP. III.—PROBLEM. 


About a given circle (ABC) to describe a triangle equiangular to a given 
triangle (DEF). 


Sol.—Produce any side DE of the given triangle both ways to G and H, 
and from the centre O of the circle draw any radius OA; make the angle AOB 
equal to GEF |I. xxir.], and the angle AOC equal to H DF. At the points A, 
B, C draw the tangents LM, MN, NL to the given circle. LMN is a triangle 
fulfilling the required conditions. 
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Dem.—Because AM touches the circle at A, the angle OAM is right. In 
like manner, the angle MBO is right; but the sum of the four angles of the 
quadrilateral OAM B is equal to four right angles. Therefore the sum of the 
two remaining angles AOB, AM B is two right angles; and |I. xrr.| the sum 
of the two angles GEF, FED is two right angles. Therefore the sum of AOB, 
AM B is equal to the sum of GEF, FED; but AOB is equal to GEF (const.). 
Hence AM B is equal to FED. In like manner, ALC is equal to EDF’; therefore 
|I. XxxII.] the remaining angle BNC is equal to DFE. Hence the triangle LM N 
is equiangular to DEF. 


PROP. IV.— PROBLEM. 


To inscribe a circle in a given triangle (ABC). 


Sol.—Bisect any two angles A, B of the given triangle by the lines AO, BO; 
then O, their point of intersection, 1s the centre of the required circle. 

Dem.—From O let fall the perpendiculars C 
OD, OE, OF on the sides of the triangle. Now, 
in the triangles OAE, OAF the angle OAE is 
equal to OAF (const.), and the angle AEO equal 
to AFO, because each is right, and the side OA 
common. Hence |[L xxvr.] the side OE is equal 
to OF. In like manner OD is equal to OF’; there- 
fore the three lines OD, OE, OF are all equal. 
And the circle described with O as centre and 
OD as radius will pass through the points E, F; 
and since the angles D, E, F are right, it will 
III. xvr.] touch the three sides of the triangle ABC; and therefore the circle 
DEF is inscribed in the triangle ABC. 





Exercises. 


1. If the points O, C be joined, the angle C 
is bisected. Hence “the bisectors of the angles 
of a triangle are concurrent? (compare I. XXVI., 
Ex. 7). 

2. If the sides BC, CA, AB of the triangle 
ABC be denoted by a, b, c, and half their sum by 
s, the distances of the vertices A, B, C of the tri- 
angle from the points of contact of the inscribed 
circle are respectively s — a, s — b, s— c. 

3. If the external angles of the triangle ABC 
be bisected as in the annexed diagram, the three 
angular points O', O", O"", of the triangle 
formed by the three bisectors will be the centres 
of three circles, each touching one side externally, 
and the other two produced. These three cir- 
cles are called the escribed circles of the triangle 
ABC. 

4. The distances of the vertices A, 5, C from 
the points of contact of the escribed circle which 
touches AB externally are s — b, s — a, s. 
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5. The centre of the inscribed circle, the centre of each escribed circle, and two of the 
angular points of the triangle, are concyclic. Also any two of the escribed centres are concyclic 
with the corresponding two of the angular points of the triangle. 

6. Of the four points O, O', O", O"". any one is the orthocentre of the triangle formed 
by the remaining three. 

T. The three triangles BCO', CAO", ABO" are equiangular. 

8. The rectangle CO . CO"" — ab; AO. AO' = bc; BO. BO” = ca. 

9. Since the whole triangle ABC is made up of the three triangles AOB, BOC, COA, we 
see that the rectangle contained by the sum of the three sides, and the radius of the inscribed 
circle, is equal to twice the area of the triangle. Hence, if r denote the radius of the inscribed 
circle, rs — area of the triangle. 

10. If r’ denote the radius of the escribed circle which touches the side a externally, it 
may be shown in like manner that r'(s — a) = area of the triangle. 

ll. rr’ =s—b.s—c. 

12. Square of area — s.s—a.s— b.s — c. 

13. Square of area = r.r.r” .r”. 

14. If the triangle ABC be right-angled, having the angle C right, 





/ // AAA 
pese eu mb p a e A ES: 


15. Given the base of a triangle, the vertical angle, and the radius of the inscribed, or any 
of the escribed circles: construct it. 


PROP. V.—PROBLEM. 


To describe a circle about a given triangle (ABC). 


Sol.—Bisect any two sides BC, AC in the points 
D, E. Erect DO, EO at right angles to BC, CA; 
then O, the point of intersection of the perpendicu- 
lars, 1s the centre of the required circle. 

Dem.—Join OA, OB, OC. The triangles BDO, 
CDO have the side BD equal CD (const.), and DO 
common, and the angle BDO equal to the angle 
CDO, because each is right. Hence |I. Iv.] BO is 
equal to OC. In like manner AO is equal to OC. 
Therefore the three lines AO, BO, CO are equal, 
and the circle described with O as centre, and OA as radius, will pass through 
the points A, B, C, and be described about the triangle ABC. 

Cor. 1.—Since the perpendicular from O on AB bisects it |IIL. 11.], we 
see that the perpendiculars at the middle points of the sides of a triangle are 
concurrent. 

DErF.— The circle ABC is called the circumcircle, its radius the circumra- 
dius, and its centre the circumcentre of the triangle. 





Exercises. 


1. The three perpendiculars of a triangle (ABC) are concurrent. 
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GAF = GCB [III. xx1.]; hence OAF = OCD, and FOA = 

DOC; hence OFA = ODC; but OFA is right, hence ODC is 

right. In like manner, if BO be joined to meet AC in E, BE 

will be perpendicular to AC. Hence the three perpendiculars G 

pass through O, and are concurrent. This Proposition may be proved simply as follows:— 

Draw parallels to the sides of the original tri- 
angle ABC through its vertices, forming a new 
triangle A'B'C" described about ABC; then the 
three perpendiculars at the middle points of the 
sides of A'B'C" are concurrent [V. Cor. 1], and 
these are evidently the perpendiculars from the 
vertices on the opposite sides of the triangle ABC 
(compare Ex. 16, Book I.). 

Def.— The point O is called the orthocentre of 
the triangle ABC. 

2. The three rectangles OA.OP, OB.OQ, 
OC .OR are equal. c 

Def.— The circle round O as centre, the 
square of whose radius is equal OA.OP = OB.OQ = OC .OR, is called the polar circle 
of the triangle ABC. 

Observation.—If the orthocentre of the triangle ABC be within the triangle, the rectangles 
OA.OP, OB.OQ, OC .OR are negative, because the lines OA.OP, &c., are measured in 
opposite directions, and have contrary signs; hence the polar circle is imaginary; but it is real 
when the point O is without the triangle—that is, when the triangle has an obtuse angle. 

3. If the perpendiculars of a triangle be produced to meet the circumscribed circle, the 
intercepts between the orthocentre and the circle are bisected by the sides of the triangle. 

4. The point of bisection (J) of the line (OP) 
joining the orthocentre (O) to the circumference (P) 
of any triangle is equally distant from the feet of the 
perpendiculars, from the middle points of the sides, 
and from the middle points of the distances of the 
vertices from the orthocentre. 

Dem.—Draw the perpendicular PH; then, 
since OF, PH are perpendiculars on AB, and OP is 
bisected in I, it is easy to see that JH = IF. Again, 
since OP, OG are bisected in I, F; IF = 5PG— 
that is, IF = I the radius. Hence the distance of T 
from the foot of each perpendicular, and from the 
middle point of each side, is — i the radius. In like 


manner, if OC be bisected in K, then IK = I the 
radius. Hence we have the following theorem:— T'he 
nine points made up of the feet of the perpendicu- 
lars, the middle points of the sides, and the middle points of the lines from the vertices to 
the orthocentre, are concyclic. 

Def.— The circle through these nine points is called the “nine points circle” of the trian- 


Dem.—Describe a circle about the triangle. Let fall the e 
perpendicular CF. Produce CF to meet the circle in G. Make 
FO — FG. Join AG, AO. Produce AO to meet BC in D. 
Then the triangles GF A, OF A have the sides GF, FA in one 
equal to the sides OF, FA in the other, and the contained 
angles equal. Hence [I. Iv.] the angle GAF equal OAF; but 
AU 








gle. 

5. The circumcircle of a triangle is the “nine points circle” of each of the four triangles 
formed by joining the centres of the inscribed and escribed circles. 

6. The distances between the vertices of a triangle and its orthocentre are respectively the 
doubles of the perpendiculars from the circumcentre on the sides. 

7. The radius of the “nine points circle” of a triangle is equal to half its circumradius. 
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PROP. VI.—PROBLEM. 


In a given circle (ABC D) to inscribe a square. 


Sol.—Draw any two diameters AC, BD at B 
right angles to each other. Join AB, BC, CD, 
DA. ABCD is a square. 

Dem.—Let O be the centre. Then the 
four angles at O, being right angles, are equal. C 
Hence the arcs on which they stand are equal A. | 
III. xxvr.|, and hence the four chords are equal 
|III. xxix.]. Therefore the figure ABCD is equi- 
lateral. 

Again, because AC is a diameter, the angle D 
ABC is right |III. xxxr.]. In like manner the remaining angles are right. Hence 
ABCD is a square. 


PROP. VII.—PROBLEM. 
About a given circle (ABC D) to describe a square. 


Sol.— Through the centre O draw any two diameters at right angles to each 
other, and draw at the points A, B, C, D the lines HE, EF, FG, GH touching 
the circle. EF'GH is a square. 

Dem.—Because AE touches the circle at A, 
the angle E AO is right [III. xvrir.|, and therefore 


E B F 
equal to BOC, which is right (const.). Hence AE 
is parallel to OB. In like manner EB is parallel 
to AO; and since AO is equal to OB, the figure 
AOBE is a lozenge, and the angle AOB is right; A C 
hence AO BE is a square. In like manner each of | 
the figures BC, CD, DA is a square. Hence the 
whole figure is a square. 

D 


Cor.—The circumscribed square is double of H 
the inscribed square. 


G 


PROP. VIII.—PROBLEM. 


In a. given square (ABC D) to inscribe a circle. 


Sol.—Bisect (see last diagram) two adjacent sides EH, EF in the points A, 
B, and through A, B draw the lines AC, BD, respectively parallel to EF, EH; 
then O, the point of intersection of these parallels, is the centre of the required 
circle. 

Dem.—Because AOBE is a parallelogram, its opposite sides are equal; 
therefore AO is equal to EB; but EB is half the side of the given square; 
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therefore AO is equal to half the side of the given square; and so in like manner 
is each of the lines OB, OC, OD; therefore the four lines OA, OB, OC, OD 
are all equal; and since they are perpendicular to the sides of the given square, 
the circle described with O as centre, and OA as radius, will be inscribed in the 
square. 


PROP. IX.—PROBLEM. 
About a given square (ABC D) to describe a circle. 


Sol.—Draw the diagonals AC’, BD intersecting in O (see diagram to Propo- 
sition VI.). O is the centre of the required circle. 

Dem.—Since ABC' is an isosceles triangle, and the angle B is right, each 
of the other angles is half a right angle; therefore BAO is half a right angle. 
In like manner ABO is half a right angle; hence the angle BAO equal ABO; 
therefore |I. vr.| AO is equal to OB. In like manner OB is equal to OC, and 
OC to OD. Hence the circle described, with O as centre and OA as radius, will 
pass through the points B, C, D, and be described about the square. 


PROP. X.—PROBLEM. 


To construct an isosceles triangle having each base angle double the vertical 
angle. 


Sol.—Take any line AB. Divide it in C, 
so that the rectangle AB . BC shall be equal to 
AC? JII. x1.]. With A as centre, and AB as 
radius, describe the circle BDE, and in it place 
the chord BD equal to AC [1.]. Join AD. ADB 
is a triangle fulfilling the required. conditions. 

Dem.—Join CD. About the triangle ACD 
describe the circle CDE |v.). Then, because 
the rectangle AB . BC is equal to AC? (const.), 
and that AC is equal to BD (const.); therefore 
the rectangle AB. BC is equal to BD?. Hence D 
III. xxxir.] BD touches the circle ACD. Hence the angle BDC is equal to the 
angle A in the alternate segment |III. xxxir.]. To each add CDA, and we have 
the angle BDA equal to the sum of the angles CDA and A; but the exterior 
angle BCD of the triangle ACD is equal to the sum of the angles CDA and 
A. Hence the angle BDA is equal to BCD; but since AB is equal to AD, the 
angle BDA is equal to ABD; therefore the angle CBD is equal to BCD. Hence 
I. vr.] BD is equal to CD; but BD is equal to AC (const.); therefore AC is 
equal to C D, and therefore |I. v.] the angle CDA is equal to A; but BDA has 
been proved to be equal to the sum of CDA and A. Hence BDA is double of 
A. Hence each of the base angles of the triangle ABD is double of the vertical 
angle. 
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Exercises. 


1. Prove that ACD is an isosceles triangle whose vertical angle is equal to three times 
each of the base angles. 

2. Prove that BD is the side of a regular decagon inscribed in the circle BDE. 

3. If DB, DE, EF be consecutive sides of a regular decagon inscribed in a circle, prove 
BF — BD = radius of circle. 

4. If E be the second point of intersection of the circle ACD with BDE, DE is equal to 
DB; and if AE, BE, CE, DE be joined, each of the triangles ACE, ADE is congruent with 
ABD. 

5. AC is the side of a regular pentagon inscribed in the circle ACD, and EB the side of 
a regular pentagon inscribed in the circle BDE. 

6. Since ACE is an isosceles triangle, EB? — EA? = AB. BC—that is = BD?; therefore 
EB? — BD? = EA?—that is, the square of the side of a pentagon inscribed in a circle exceeds 
the square of the side of the decagon inscribed in the same circle by the square of the radius. 


PROP. XI.—PROBLEM. 


To inscribe a regular pentagon in a given circle (ABCDE). 


Sol.—Construct an isosceles triangle [x.], D 
having each base angle double the vertical an- 
gle, and inscribe in the given circle a triangle 
ABD equiangular to it. Bisect the angles DAB, 
ABD by the lines AC, BE. Join EA, ED, DC, E C 
CB; then the figure ABC DE is a regular pen- 
tagon. 
Dem.—Because each of the base angles 
BAD, ABD is double of the angle ADB, and 
the lines AC, BE bisect them, the five angles 
BAC, CAD, ADB, DBE, EBA are all equal; A B 
therefore the arcs on which they stand are equal; and therefore the five chords, 
AB, BC, CD, DE, EA are equal. Hence the figure ABCDE is equilateral. 
Again, because the arcs AB, DE are equal, adding the arc BC'D to both, 
the arc ABCD is equal to the arc BC DE, and therefore [III. xxvir.] the angles 
AED, BAE, which stand on them, are equal. In the same manner it can be 
proved that all the angles are equal; therefore the figure ABC DE is equiangular. 
Hence it is a regular pentagon. 





Exercises. 


1. The figure formed by the five diagonals of a regular pentagon is another regular pen- 
tagon. 

2. If the alternate sides of a regular pentagon be produced to meet, the five points of 
meeting form another regular pentagon. 

3. Every two consecutive diagonals of a regular pentagon divide each other in extreme 
and mean ratio. 

4. Being given a side of a regular pentagon, construct it. 

5. Divide a right angle into five equal parts. 
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PROP. XII.—PROBLEM. 
To describe a regular pentagon about a given circle (ABCDE). 


Sol.—Let the five points A, B, C, D, E on the circle be the vertices of any 
inscribed regular pentagon: at these points draw tangents FG, GH, HI, IJ, 
JF: the figure FGHIJ is a circumscribed regular pentagon. 

Dem.—Let O be the centre of the cir- 
cle. Join OE, OA, OB. Now, because the 
angles A, E of the quadrilateral AOE F are 
right angles |III. xvrir.], the sum of the two 
remaining angles AOE, AFE is two right an- 
gles. In like manner the sum of the angles 
AOB, AGB is two right angles; therefore the 
sum of AOE, AFE is equal to the sum of 
AOB, AGB; but the angles AOE, AOB are 
equal, because they stand on equal arcs AE, 
AB [III xxvi]. Hence the angle AFE is 
equal to AGB. In like manner the remaining 
angles of the figure FGHIJ are equal. Therefore it is equiangular. 

Again, join OF, OG. Now the triangles EOF, AOF have the sides AF, FE 
equal [III. xvii., Ex. 1|, and FO common, and the base AO equal to the base 
EO. Hence the angle AFO is equal to EFO |I. vri.|. Therefore the angle AFO 
is half the angle AF E. In like manner AGO is half the angle AGB; but AF E 
has been proved equal to AGB; hence AFO is equal to AGO, and FP AO is equal 
to GAO, each being right, and AO common to the two triangles FAO, GAO; 
hence |I. Xxv1.] the side AF is equal to AG; therefore GF is double AF. In like 
manner JF is double EF; but AF is equal to EF; hence GF is equal to JF. 
In like manner the remaining sides are equal; therefore the figure FGHIJ is 
equilateral, and it has been proved equiangular. Hence it is a regular pentagon. 





This Proposition is a particular case of the following general theorem, of which the proof 
is the same as the foregoing:— 

“If tangents be drawn to a circle, at the angular points of an inscribed polygon of any 
number of sides, they will form a regular polygon of the same number of sides circumscribed 
to the circle.” 


PROP. XIII.—PROBLEM. 
To inscribe a circle in a regular pentagon (ABC DE). 


Sol.—Bisect two adjacent angles A, B by the lines AO, BO; then O, the 
point of intersection of the bisectors, is the centre of the required circle. 

Dem.—Join CO, and let fall perpendiculars from O on the five sides of the 
pentagon. Now the triangles ABO, C BO have the side AB equal to BC (hyp.), 
and BO common, and the angle ABO equal to CBO (const.). Hence the angle 
B AO is equal to BCO |L 1v.|; but BAO is half BAE (const.). Therefore BCO 
is half BC D, and therefore CO bisects the angle BC D. In like manner it may 
be proved that DO bisects the angle D, and EO the angle E. 
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Again, the triangles BOF’, BOG have the 
angle F equal to G, each being right; and 
OBF equal to OBG, because OB bisects the 
angle ABC (const.), and OB common; hence 
|I. xxvi.] OF is equal to OG. In like manner 
all the perpendiculars from O on the sides of 
the pentagon are equal; hence the circle whose 
centre is O, and radius OF’, will touch all the 
sides of the pentagon, and will therefore be in- 
scribed in it. 

In the same manner a circle may be in- 
scribed in any regular polygon. 





PROP. XIV.—PROBLEM. 
To describe a circle about a regular pentagon (ABCDE). 


Sol.—Bisect two adjacent angles A, B by the lines AO, BO. Then O, the 
point of intersection of the bisectors, is the centre of the required circle. 

Dem.—Join OC, OD, OE. Then the triangles D 
ABO, CBO have the side AB equal to BC (hyp.), 
BO common, and the angle ABO equal to CBO 
(const.). Hence the angle BAO is equal to BCO 
I. tv.]; but the angle BAE is equal to BCD (hyp.); 
and since BAO is half BAE (const.), BCO is half 
BCD. Hence CO bisects the angle BC D. In like 
manner it may be proved that DO bisects CDE, 
and EO the angle DEA. Again, because the angle 
EAB is equal to ABC, their halves are equal. Hence B A 
OAB is equal to OBA; therefore |I. vr.] OA is equal to OB. In like manner the 
lines OC, OD, OE are equal to one another and to OA. Therefore the circle 
described with O as centre, and OA as radius, will pass through the points B, 
C, D, E, and be described about the pentagon. 

In the same manner a circle may be described about any regular polygon. 


C3 


Propositions XIII., XIV. are particular cases of the following theorem:— 
“A regular polygon of any number of sides has one circle inscribed in it, and another 


described about it, and both circles are concentric.” 


PROP. XV.—PROBLEM. 
In a given circle (ABCDEF) to inscribe a regular hexagon. 


Sol.—Take any point A in the circumference, and join it to O, the centre 
of the given circle; then with A as centre, and AO as radius, describe the circle 
OBF, intersecting the given circle in the points B, F. Join OB, OF, and 
produce AO, BO, FO to meet the given circle again in the points D, E, C. 
Join AB, BC, CD, DE, EF, FA; ABCDEF is the required hexagon. 
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Dem.—FEach of the triangles AOB, 
AOF is equilateral (see Dem., I. 1.). 
Hence the angles AOB, AOF are each 
one-third of two right angles; therefore 
EOF is one-third of two right angles. 
Again, the angles BOC, COD, DOE are 
[I. xv.] respectively equal to the angles 
EOF, FOA, AOB. Therefore the six an- E 
gles at the centre are equal, because each is one-third of two right angles. There- 
fore the six chords are equal |III. xx1x.]. Hence the hexagon is equilateral. 

Again, since the arc AF’ is equal to ED, to each add the arc ABC D; then 
the whole arc FABCD is equal to ABC DE; therefore the angles DEF, EFA 
which stand on these arcs are equal |III. xxvit.]. In the same manner it may be 
shown that the other angles of the hexagon are equal. Hence it is equiangular, 
and is therefore a regular hexagon inscribed in the circle. 

Cor. 1.—The side of a regular hexagon inscribed in a circle is equal to the 
radius. 

Cor. 2.—If three alternate angles of a hexagon be joined, they form an 
inscribed equilateral triangle. 





Exercises. 


1. The area of a regular hexagon inscribed in a circle is equal to twice the area of an 
equilateral triangle inscribed in the circle; and the square of the side of the triangle is three 
times the square of the side of the hexagon. 

2. If the diameter of a circle be produced to C until the produced part is equal to the 
radius, the two tangents from C and their chord of contact form an equilateral triangle. 

3. The area of a regular hexagon inscribed in a circle is half the area of an equilateral 
triangle, and three-fourths of the area of a regular hexagon circumscribed to the circle. 


PROP. XVI.—PROBLEM. 


To inscribe a regular polygon of fifteen sides in a given circle. 


Sol.—Inscribe a regular pentagon ABCDE in the circle [x1.], and also an 
equilateral triangle AGH [11.]. Join CG. CG is a side of the required polygon. 
Dem.—Since ABC'DE is a regular pentagon, A 
the arc ABC is 2ths of the circumference; and since 
AGH is an equilateral triangle, the arc ABG is ird 
of the circumference. Hence the arc GC, which is 
the difference between these two arcs, is equal to 
2ths c ird, Or ith of the entire circumference; and 
therefore, if chords equal to GC |1.] be placed round 
the circle, we shall have a regular polygon of fifteen © 
sides, or quindecagon, inscribed in it. C D 
Scholium.—Until the year 1801 no regular polygon could be described by constructions 


employing the line and circle only, except those discussed in this Book, and those obtained 
from them by the continued bisection of the arcs of which their sides are the chords; but in 
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that year the celebrated Gauss proved that if 2” + 1 be a prime number, regular polygons of 
2” + 1 sides are inscriptable by elementary geometry. For the case n = 4, which is the only 
figure of this class except the pentagon for which a construction has been given, see Note at 
the end of this work. 


Questions for Examination on Book IV. 


. What is the subject-matter of Book IV.? 

. When is one rectilineal figure said to be inscribed in another? 
. When circumscribed? 

. When is a circle said to be inscribed in a rectilineal figure? 

. When circumscribed about it? 

6. What is meant by reciprocal propositions? Ans. In reciprocal propositions, to every 
line in one there corresponds a point in the other; and, conversely, to every point in one there 
corresponds a line in the other. 

7. Give instances of reciprocal propositions in Book IV. 

8. What is a regular polygon? 

9. What figures can be inscribed in, and circumscribed about, a circle by means of 
Book IV.? 

10. What regular polygons has Gauss proved to be inscriptable by the line and circle? 

11. What is meant by escribed circles? 

12. How many circles can be described to touch three lines forming a triangle? 

13. What is the centroid of a triangle? 

14. What is the orthocentre? 

15. What is the circumcentre? 

16. What is the polar circle? 

17. When is the polar circle imaginary? 

18. What is the “nine-points circle”? 

19. Why is it so called? 

20. Name the special nine points through which it passes. 

21. What three regular figures can be used in filling up the space round a point? Ans. 
Equilateral triangles, squares, and hexagons. 

22. If the sides of a triangle be 13, 14, 15, what are the values of the radii of its inscribed 
and escribed circles? 

23. What is the radius of the circumscribed circle? 

24. What is the radius of its nine-points circle? 

25. What is the distance between the centres of its inscribed and circumscribed circles? 

26. If r be the radius of a circle, what is the area of its inscribed equilateral triangle?—of its 
inscribed square?—its inscribed pentagon?—its inscribed hexagon’?—its inscribed octagon?— 
its inscribed decagon? 

27. With the same hypothesis, find the sides of the same regular figures. 


OUR IP. FH 


Exercises on Book IV. 


1. If a circumscribed polygon be regular, the corresponding inscribed polygon is also 
regular, and conversely. 

2. If a circumscribed triangle be isosceles, the corresponding inscribed triangle is isosceles, 
and conversely. 

3. If the two isosceles triangles in Ex. 2 have equal vertical angles, they are both equilateral. 

4. Divide an angle of an equilateral triangle into five equal parts. 

5. Inscribe a circle in a sector of a given circle. 

6. The line DE is parallel to the base BC of the triangle ABC: prove that the circles 
described about the triangles ABC, ADE touch at A. 

7. The diagonals of a cyclic quadrilateral intersect in E: prove that the tangent at E to 
the circle about the triangle ABE is parallel to C D. 

8. Inscribe a regular octagon in a given square. 
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9. A line of given length slides between two given lines: find the locus of the intersection 
of perpendiculars from its extremities to the given lines. 

10. If the perpendicular to any side of a triangle at its middle point meet the internal and 
external bisectors of the opposite angle in the points D and E; prove that D, E are points on 
the circumscribed circle. 

11. Through a given point P draw a chord of a circle so that the intercept EF may subtend 
a given angle X. 

12. In a given circle inscribe a triangle having two sides passing through two given points, 
and the third parallel to a given line. 

13. Given four points, no three of which are collinear; describe a circle which shall be 
equidistant from them. 

14. In a given circle inscribe a triangle whose three sides shall pass through three given 
points. 

15. Construct a triangle, being given— 


1. The radius of the inscribed circle, the vertical angle, and the perpendicular from 
the vertical angle on the base. 


2. The base, the sum or difference of the other sides, and the radius of the inscribed 
circle, or of one of the escribed circles. 


3. The centres of the escribed circles. 


16. If F be the middle point of the base of a triangle, DE the diameter of the circumscribed 
circle which passes through F', and L the point where a parallel to the base through the vertex 
meets DE: prove DL.FE is equal to the square of half the sum, and DF . LE equal to the 
square of half the difference of the two remaining sides. 

17. If from any point within a regular polygon of n sides perpendiculars be let fall on the 
sides, their sum is equal to n times the radius of the inscribed circle. 

18. The sum of the perpendiculars let fall from the angular points of a regular polygon of 
n sides on any line is equal to n times the perpendicular from the centre of the polygon on 
the same line. 

19. If R denotes the radius of the circle circumscribed about a triangle ABC, r, r’, 
r”, r” the radii of its inscribed and escribed circles, 6, 6’, 6’’ the perpendiculars from its 
circumcentre on the sides; p, p’, u” the segments of these perpendiculars between the sides 
and circumference of the circumscribed circle, we have the relations— 


r'+r” +r” =4R+r, (1) 
pd Ru E2H-g (2) 
ô+ e +e = Rr. (3) 


The relation (3) supposes that the circumcentre is inside the triangle. 

20. Through a point D, taken on the side BC of a triangle ABC, is drawn a transversal 
EDF, and circles described about the triangles DBF, ECD. The locus of their second point 
of intersection is a circle. 

21. In every quadrilateral circumscribed about a circle, the middle points of its diagonals 
and the centre of the circle are collinear. 

22. Find on a given line a point P, the sum or difference of whose distances from two 
given points may be given. 

23. Find a point such that, if perpendiculars be let fall from it on four given lines, their 
feet may be collinear. 

24. The line joining the orthocentre of a triangle to any point P, in the circumference of 
its circumscribed circle, is bisected by the line of collinearity of perpendiculars from P on the 
sides of the triangle. 

25. The orthocentres of the four triangles formed by any four lines are collinear. 

26. If a semicircle and its diameter be touched by any circle, either internally or externally, 
twice the rectangle contained by the radius of the semicircle, and the radius of the tangential 
circle, is equal to the rectangle contained by the segments of any secant to the semicircle, 
through the point of contact of the diameter and touching circle. 
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27. If p, p’ be the radii of two circles, touching each other at the centre of the inscribed 
circle of a triangle, and each touching the circumscribed circle, prove 


1 1 2 


D pT AS 
and state and prove corresponding theorems for the escribed circles. 

28. If from any point in the circumference of the circle, circumscribed about a regular 
polygon of n sides, lines be drawn to its angular points, the sum of their squares is equal to 
2n times the square of the radius. 

29. In the same case, if the lines be drawn from any point in the circumference of the 
inscribed circle, prove that the sum of their squares is equal to n times the sum of the squares 
of the radii of the inscribed and the circumscribed circles. 

30. State the corresponding theorem for the sum of the squares of the lines drawn from 
any point in the circumference of any concentric circle. 

31. If from any point in the circumference of any concentric circle perpendiculars be let 
fall on all the sides of any regular polygon, the sum of their squares is constant. 


on 
32. For the inscribed circle, the constant is equal to d times the square of the radius. 


33. For the circumscribed circle, the constant is equal to n times the square of the radius 
of the inscribed circle, together with In times the square of the radius of the circumscribed 
circle. 

34. If the circumference of a circle whose radius is R be divided into seventeen equal parts, 
and AO be the diameter drawn from one of the points of division (A), and if p1, p2...... ps 
denote the chords from O to the points of division, A1, A2...... Ag on one side of AO, then 


pip2paps = R*; and p3ps5pep7 = R*.—CATALAN. 


Dem.—Let the supplemental chords corresponding to p1, p2, &c., be denoted by 71, ra, 
&c.; then |III. xxxv. Ex. 2], we have 


piri = Rro, 


p2r2 = Rra, 

para = Rrg, 

psrs = Rri, 
Hence P1P2p4p8 = R^. 


And it may be proved in the same manner that 


pipapapapspeprpa — RP. 
Therefore papspepT — RÊ. 


35. If from the middle point of the line joining any two of four concyclic points a perpen- 
dicular be let fall on the line joining the remaining two, the six perpendiculars thus obtained 
are concurrent. 

36. The greater the number of sides of a regular polygon circumscribed about a given 
circle, the less will be its perimeter. 

37. The area of any regular polygon of more than four sides circumscribed about a circle 
is less than the square of the diameter. 

38. Four concyclic points taken three by three determine four triangles, the centres of 
whose nine-points circles are concyclic. 

39. If two sides of a triangle be given in position, and if their included angle be equal to 
an angle of an equilateral triangle, the locus of the centre of its nine-points circle is a right 
line. 

40. If, in the hypothesis and notation of Ex. 34, a, @ denote any two suffixes whose sum 
is less than 8, and of which a is the greater, 


paps = R(pa—g t+ Pats): 
For instance, 194 = R(p3+ ps) [II]. xxxv., Ex. 7]. 
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In the same case, if the suffixes be greater than 8, 


Pa -PB = R(Pa-6 — P17-a-8). 


For instance,  papo — R(pe — pz) |lII. xxxv., Ex. 6]. 

41. Two lines are given in position: draw a transversal through a given point, forming 
with the given lines a triangle of given perimeter. 

42. Given the vertical angle and perimeter of a triangle, construct it with either of the 
following data: 1. The bisector of the vertical angle; 2. the perpendicular from the vertical 
angle on the base; 3. the radius of the inscribed circle. 

43. In a given circle inscribe a triangle so that two sides may pass through two given 
points, and that the third side may be a maximum or a minimum. 

44. If s be the semiperimeter of a triangle, r', r", r"', the radii of its escribed circles, 





yl pl! ait ll lll a p!!! yl 2 s^. 

45. The feet of the perpendiculars from the extremities of the base on either bisector of 
the vertical angle, the middle point of the base, and the foot of the perpendicular from the 
vertical angle on the base, are concyclic. 

46. Given the base of a triangle and the vertical angle; find the locus of the centre of the 
circle passing through the centres of the escribed circles. 

47. The perpendiculars from the centres of the escribed circles of a triangle on the corre- 
sponding sides are concurrent. 

48. If AB be the diameter of a circle, and PQ any chord cutting AB in O, and if the lines 
AP, AQ intersect the perpendicular to AB at O, in D and E respectively, the points A, B, 
D, E are concyclic. 

49. If the sides of a triangle be in arithmetical progression, and if R, r be the radii of 
the circumscribed and inscribed circles; then 6Rr is equal to the rectangle contained by the 
greatest and least sides. 

50. Inscribe in a given circle a triangle having its three sides parallel to three given lines. 

51. If the sides AB, BC, &c., of a regular pentagon be bisected in the points A’, B', C", 
D’, E’, and if the two pairs of alternate sides, BC, AE; AB, DE, meet in the points A”, E”, 
respectively, prove 


A A" AE" — A A' AE! — pentagon A'B'C'D'E'. 


52. In a circle, prove that an equilateral inscribed polygon is regular, and also an equilateral 
circumscribed polygon, if the number of sides be odd. 

53. Prove also that an equiangular circumscribed polygon is regular, and an equiangular 
inscribed polygon, if the number of sides be odd. 

54. The sum of the perpendiculars drawn to the sides of an equiangular polygon from any 
point inside the figure is constant. 

55. Express the sides of a triangle in terms of the radii of its escribed circles. 
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BOOK V. 
THEORY OF PROPORTION 





DEFINITIONS. 


Introduction.—Every proposition in the theories of ratio and proportion is 
true for all descriptions of magnitude. Hence it follows that the proper treatment 
is the Algebraic. It is, at all events, the easiest and the most satisfactory. 
Euclid’s proofs of the propositions, in the Theory of Proportion, possess at 
present none but a historical interest, as no student reads them now. But 
although his demonstrations are abandoned, his propositions are quoted by 
every writer, and his nomenclature is universally adopted. For these reasons 
it appears to us that the best method is to state Euclid’s definitions, explain 
them, or prove them when necessary, for some are theorems under the guise of 
definitions, and then supply simple algebraic proofs of his propositions. 

I. A less magnitude is said to be a part or submultiple of a greater magnitude, 
when the less measures the greater—that is, when the less is contained a certain 
number of times exactly in the greater. 

II. A greater magnitude is said to be a multiple of a less when the greater 
is measured by the less—that is, when the greater contains the less a certain 
number of times exactly. 

II. Ratio is the mutual relation of two magnitudes of the same kind with 
respect to quantity. 

Iv. Magnitudes are said to have a ratio to one another when the less can be 
multiplied so as to exceed the greater. 

These definitions require explanation, especially Def. I1I., which has the fault 
of conveying no precise meaning—being, in fact, unintelligible. 

The following annotations will make them explicit:— 


1. If an integer be divided into any number A C D E B 
of equal parts, one, or the sum of any number of oo 
these parts, is called a fraction. Thus, if the line AB represent the integer, and if it be divided 
into four equal parts in the points C, D, E, then AC is ii AD, 2, AE, 3. Thus, a fraction 
is denoted by two numbers parted by a horizontal line; the lower, called the denominator, 
denotes the number of equal parts into which the integer is divided; and the upper, called 
the numerator, denotes the number of these equal parts which are taken. Hence it follows, 
that if the numerator be less than the denominator, the fraction is less than unity. If the 
numerator be equal to the denominator, the fraction is equal to unity; and if greater than the 
denominator, it is greater than unity. It is evident that a fraction is an abstract quantity—that 
is, that its value is independent of the nature of the integer which is divided. 

2. If we divide each of the equal parts AC, CD, DE, EB into two equal parts, the whole, 
AB, will be divided into eight equal parts; and we see that AC — i AD — 5 AE — $, 
AB = Š, Now, we saw in 1, that AE = 3 of the integer, and we have just shown that it is 


equal to 2. Hence i = 8. but ŝ would be got from i by multiplying its terms (numerator 
and denominator) by 2. Hence we infer generally that multiplying the terms of any fraction 


by 2 does not alter its value. In like manner it may be shown that multiplying the terms of 
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a fraction by any whole number does not alter its value. Hence it follows conversely, that 
dividing the terms of a fraction by a whole number does not alter the value. Hence we have 
the following important and fundamental theorem:—Two transformations can be made on 
any fraction without changing its value; namely, its terms can be either multiplied or divided 
by any whole number, and in either case the value of the new fraction is equal to the value 
of the original one. 

3. If we take any number, such as 3, and multiply it by any whole number, the product is 
called a multiple of 3. Thus 6, 9, 12, 15, &c., are multiples of 3; but 10, 13, 17, &c., are not, 
because the multiplication of 3 by any whole number will not produce them. Conversely, 3 is 
a submultiple, or measure, or part of 6, 9, 12, 15, &c., because it is contained in each of these 
without a remainder; but not of 10, 13, 17, &c., because in each case it leaves a remainder. 

4. If we consider two magnitudes of the same A B 
kind, such as two lines AB, CD, and if we sup- —€————— 
pose that AB is equal to 3 of CD, it is evident, if 
AB be divided into 3 equal parts, and CD into 4 
equal parts, that one of the parts into which AB C D 
is divided is equal to one of the parts into which paaa! 
CD is divided. And as there are 3 parts in AB, and 4 in CD, we express this relation by 
saying that AD has to C D the ratio of 3 to 4; and we denote it thus, 3 : 4. Hence the ratio 


3 : 4 expresses the same idea as the fraction 3. In fact, both are different ways of expressing 
and writing the same thing. When written 3 : 4 it is called a ratio, and when i a fraction. 


In the same manner it can be shown that every ratio whose terms are commensurable can be 
converted into a fraction; and, conversely, every fraction can be turned into a ratio. 


From this explanation we see that the ratio of any two commensurable magnitudes is 
the same as the ratio of the numerical quantities which denote these magnitudes. Thus, the 
ratio of two commensurable lines is the ratio of the numbers which express their lengths, 
measured with the same unit. And this may be extended to the case where the lines are 
incommensurable. Thus, if a be the side and b the diagonal of a square, the ratio of a : b is 

a 1 
* Or v5: 

When two quantities are incommensurable, such as the diagonal and the side of a square, 
although their ratio is not equal to that of any two commensurable numbers, yet a series 
of pairs of fractions can be found whose difference is continually diminishing, and which 
ultimately becomes indefinitely small; such that the ratio of the incommensurable quantities 
is greater than one, and less than the other fraction of each pair. These fractions are called 
convergents. By their means we can approximate as nearly as we please to the exact value of 
the ratio. In the case of the diagonal and the side of a square, the following are the pairs of 
convergents:— 





14.15. 141 142 3 1414 1415. 
10° 10° 100' 100’ 1000' 1000 
and the ratio is intermediate to each pair. It is evident we may continue the series as far as we 


m 


m 
please. Now if we denote the first of any of the foregoing pairs of fractions by —, the second 
n 








: med ; — m 
will be ; and in general, in the case of two incommensurable quantities, two fractions — 
n 

and can always be found, where n can be made as large as we please, one of which is less 


n 
and the other greater than the true value of the ratio. For let a and b be the incommensurable 
quantities; then, evidently, we cannot find two multiples na, mb, such that na — mb. In 
this case, take any multiple of a, such as na, then this quantity must lie between some two 


na 
consecutive multiples of b, such as mb, and (m -- 1)b; therefore — is greater than unity, and 
m 


a m m 4-1 
less than unity. Hence — lies between — and = 


ee Now, since the difference 
(m + 1)b b n n 








m 1 i , 
between — and namely, — becomes small as n increases, we see that the difference 
n 


n n 
between the ratio of two incommensurable quantities and that of two commensurable numbers 
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"n and n can be made as small as we please. Hence, ultimately, the ratio of incommensurable 
quantities may be regarded as the limit of the ratio of commensurable quantities. 

5. The two terms of a ratio are called the antecedent and the consequent. These correspond 
to the numerator and the denominator of a fraction. Hence we have the following definition:— 
“A ratio is the fraction got by making the antecedent the numerator and the consequent the 
denominator.” 

6. The reciprocal of a ratio is the ratio obtained by interchanging the antecedent and the 
consequent. Thus, 4: 3 is the reciprocal of the ratio 3 : 4. Hence we have the following 
theorem:— The product of a ratio and its reciprocal is unity.” 

T. If we multiply any two numbers, as 5 and 7, by any number such as 4, the products 20, 
28 are called equimultiples of 5 and 7. In like manner, 10 and 15 are equimultiples of 2 and 
3, and 18 and 30 of 3 and 5, &c. 


V. The first of four magnitudes has to the second the same ratio which 
the third has to the fourth, when any equimultiples whatsoever of the first and 
third being taken, and any equimultiples whatsoever of the second and fourth, 
if£, according as the multiple of the first is greater than, equal to, or less than 
the multiple of the second, the multiple of the third is greater than, equal to, 
or less than the multiple of the fourth. 

VI. Magnitudes which have the same ratio are called proportionals. When 
four magnitudes are proportionals, it is usually expressed by saying, “The first 
is to the second as the third is to the fourth.” 

vill. Analogy or proportion is the similitude of ratios. 


We have given the foregoing definitions in the order of Euclid, as given by Simson, Lardner, 
and others;? but it is evidently an inverted order; for VI. vl. are definitions of proportion, 
and v. is only a test of proportion, and is not a definition but a theorem, and one which, 
instead of being taken for granted, requires proof. The following explanations will give the 
student clear conceptions of their meaning:— 

1. If we take two ratios, such as 6: 9 and 10: 15, which are each equal to the same thing 
(in this example each is equal to 2), they are equal to one another (I. Axiom I.). Then we 
may write it thus— 





62 9= 1015. 

This would be the most intelligible way, but it is not the usual one, which is as follows:— 
6:9:: 10: 15. In this form it is called a proportion. Hence a proportion consists of two 
ratios which are asserted by it to be equal. Its four terms consist of two antecedents and two 
consequents. The lst and 3rd terms are the antecedents, and the 2nd and 4th the consequents. 
Also the first and last terms are called the extremes, and the two middle terms the means. 

2. Since a proportion consists of two equal ratios, and each ratio can be written as a 
fraction, whenever we have a proportion such as 


a:b::c:d, 
we can write it in the form of two equal fractions. Thus: 
a c 
b d 


Conversely, an equation between two fractions can be put into a proportion. By means of 
these simple principles all the various properties of proportion can be proved in the most 
direct and easy manner. 

3. If we take the proportion a : b :: c : d, and multiply the first and third terms, each by 
m, and second and fourth, each by n, we get the four multiples, ma, nb, mc, nd; and we want 
to prove that if ma is greater than nb, mc is greater than nd; if equal, equal; and if less, less. 


Dem.—Since a:b::c:d, 
we have — 
b d 


2Except that VIII. is put before VIIL., because it relates, as v. and VI., to the equality of 
ratios, whereas VII. is a test of their inequality. 
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m 
Hence, multiplying each by — we get 
n 


ma MC 


nb | nd. 
ma mc ma 
Now, it is evident that if B is greater than unity, m is greater than unity; but if — is 
n n n 
mc 
greater than unity, ma is greater than nb; and if —— is greater than unity, mc is greater than 


nd. In like manner, if ma be equal to nb, mc is equal to nd; and if less, less. 

The foregoing is an easy proof of the converse of the theorem which is contained in Euclid’s 
celebrated Fifth Definition. 

Next, to prove Euclid’s theorem—that if, according as the multiple of the first of four 
magnitudes is greater than, equal to, or less than the multiple of the second, the multiple of 
the third is greater than, equal to, or less than the multiple of the fourth; the ratio of the first 
to the second is equal to the ratio of the third to the fourth. 

Dem.—Let, a, b, c, d be the four magnitudes. First suppose that a and b are commen- 
surable, then it is evident that we can take multiples na, mb, such that na = mb. Hence, by 
hypothesis, nc = md. Thus, 





na nc 
— -1,—-1 
mb md 
G- 6 
therefore —-=-, 
b d 
Next, suppose a and b are incommensurable. ‘Then, as in a recent note, we can find two 
na na 
numbers m and n, such that —— is greater than unity, but ————— less than unity. Hence 
mb (m 4- 1)b 
a m m+ 1 na 
— lies between — and = Now, since by hypothesis, when —— is greater than unity, 
n n m 
nc na C 
—— is greater than unity; and when —————— is less than unity, —————— is less than unity. 
md (rn 4- 1)b (rn 4- 1)d 


m --1 





: Q m 
Hence, since b lies between — and 


C 
1G lies between the same quantities. ‘Therefore 
n 





a C 
the difference between b and d is less than —; and since n may be as large as we please, the 
n 


difference is nothing; therefore 
a c 


b d 
vil. When of the multiples of four magnitudes (taken as in Def. v.) the 
multiple of the first is greater than that of the second, but the multiple of the 
third not greater than that of the fourth, the first has to the second a greater 


ratio than the third has to the fourth. 


This, instead of being a definition, is a theorem. We have altered the last clause from 
that given in Simson’s Euclid, which runs thus:—“The first is sazd to have to the second a 
greater ratio than the third has to the fourth.” This is misleading, as it implies that it is, 
by convention, that the first ratio is greater than the second, whereas, in fact, such is not 
the case; for it follows from the hypothesis that the first ratio is greater than the second; and 
if it did not, it could not be made so by definition. We have made a similar change in the 
enunciation of the Fifth Definition. 

Let a, b, c, d be the four magnitudes, and m and n the multiples taken, it is required 
to prove, that if ma be greater than nb, but mc not greater than nd, that the ratio a : b is 
greater than the ratio c : d. 


Dem.—Since ma is greater than nb, but mc not greater than nd, it is evident that 
ma. mc 
— is greater than —; 
nb nd 


a C 
therefore b is greater than d 


that is, the ratio a : b is greater than the ratio c : d. 
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Ix. Proportion consists of three terms at least. 


This has the same fault as some of the others—it is not a definition, but an inference. It 
occurs when the means in a proportion are equal, so that, in fact, there are four terms. As 


an illustration, let us take the numbers 4, 6, 9. Here the ratio of 4 : 6 is 2, and the ratio of 
6:9 is 2, so that 4, 6, 9 are continued proportionals; but, in reality, there are four terms, for 


the full proportion is 4:6::6: 9. 

X. When three magnitudes are continual proportionals, the first is said to 
have to the third the duplicate ratio of that which it has to the second. 

XI. When four magnitudes are continual proportionals, the first is said to 
have to the fourth the triplicate ratio of that which it has to the second. 

XII. When there is any number of magnitudes of the same kind greater than 
two, the first is said to have to the last the ratio compounded of the ratios of 
the first to the second, of the second to the third, of the third to the fourth, &c. 


We have placed these definitions in a group; but their order is inverted, and, as we shall 
see, Def. XII. is a theorem, and x. and XI. are only inferences from it. 

1. If we have two ratios, such as 5 : 7 and 3 : 4, and if we convert each ratio into a fraction, 
and multiply these fractions together, we get a result which is called the ratio compounded of 
the two ratios; viz. in this example it is 2. or 15 : 28. It is evident we get the same result if 
we multiply the two antecedents together for a new antecedent, and the two consequents for 
a new consequent. Hence we have the following definition:— * The ratio compounded of any 
number of ratios it the ratio of the product of all the antecedents to the product of all the 
consequents." 

2. To prove the theorem contained in Def. XII. 

Let the magnitudes be a, b, c, d. Then the ratio of 


lst : 2nd = = 
b 
b 
2nd : 3rd = -, 
C 
3rd : 4th = Å. 
d 
Hence the ratio compounded of the ratio of 1st : 2nd, of 2nd : 3rd, of 3rd : 4th 
b 
— 2"* 2 Z = ratio of 1st : 4th. 
bcd d 


3. If three magnitudes be proportional, the ratio of the 1st : 3rd is equal to the square of 
the ratio of the 1st : 2nd. For the ratio of the 1st : 3rd is compounded of the ratio of the 1st : 
2nd, and of the ratio of the 2nd : 3rd; and since these ratios are equal, the ratio compounded 
of them will be equal to the square of one of them. 

Or thus: Let the proportionals be a, b, c, that is, let a : b :: b: c; hence we have 


b a 

c b 
And multiplying each by 2 we get 

a a? 

c b2’ 


ora:c:: a? : b2—that is, 1st : 3rd :: square of 1st : square of 2nd. Now, the ratio of 1st : 3rd 
is, by Def. x., the duplicate ratio of 1st : 2nd. Hence the duplicate ratio of two magnitudes 
means the square of their ratio, or, what is the same thing, the ratio of their squares (see 
Book VI. xx.). 

4. If four magnitudes be continual proportionals, the ratio of 1st : 4th is equal to the cube 
of the ratio of 1st : 2nd. This may be proved exactly like 3. Hence we see that what Euclid 
calls triplicate ratio of two magnitudes is the ratio of their cubes, or the cube of their ratio. 
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We also see that there is no necessity to introduce extraneous magnitudes for the purpose 
of defining duplicate and triplicate ratios, as Euclid does. In fact, the definitions by squares 
and cubes are more explicit. 


XIII. In proportionals, the antecedent terms are called homologous to one 
another; as also the consequents to one another. 


If one proportion be given, from it an indefinite number of other proportions can be 
inferred, and a great part of the theory of proportion consists in proving the truth of these 
derived proportions. Geometers make use of certain technical terms to denote the most 
important of these processes. We shall indicate these terms by including them in parentheses 
in connexion with the Propositions to which they refer. They are useful as indicating, by one 
word, the whole enunciation of a theorem. 


Every Proposition in the Fifth Book is a Theorem. 


PROP. I.—THEOREM. 


If any number of magnitudes of the same kind (a, b, c, &c.), be equimultiples 
of as many others (a’, b’, dc, &c.), then the sum of the first magnitudes (a + b+ 
c, &c.) shall be the same multiple of the sum of the second which any magnitude 
of the first system is of the corresponding magnitude of the second system. 


Dem.—Let m denote the multiple which the magnitudes of the first system 
are of those of the second system. 


Then we have a= ma’ (hyp.), 
b= mv’, 
c — mc. 
&c., &c. 


Hence, by addition, 
(a -- b -- c 4- &c.) 2 m(a' +b +e, &c.). 


PROP. II.—THEOREM. 


If two magnitudes of the same kind (a, b) be the same multiples of another 
(c) which two corresponding magnitudes (a/, b) are of another (c'), then the 
sum of the two first 1s the same multiple of their submultiple which the sum of 
their corresponding magnitudes is of their submultiple. 


Dem.—Let m and n be the multiples which a and b are of c. 


Then we have 
a — mc and a — mc, 


b=nc and b =ne. 
Therefore 
(a -- b) 2 (m +n)c, and (a +b) = (m +n). 


Hence a + b is the same multiple of c that a’ + b’ is of c’. 
This Proposition is evidently true for any number of multiples. 
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PROP. III.—THEOREM. 


If two magnitudes (a, b) be equimultiples of two others (a’, 0); then any 
equimultiples of the first magnitudes (a, b) will be also equimultiples of the second 
magnitudes (a’, b’). 


Dem.—Let m denote the multiples which a, b are of a’, b’; then we have 
a=ma, b=mb’. 
Hence, multiplying each equation by n, we get 
na = mna’, nb= mnb. 


Hence, na, nb are equimultiples of a’, b’. 


PROP. IV.—THEOREM. 


If four magnitudes be proportional, and if any equimultiples of the first and 
third be taken, and any other equimultiples of the second and fourth; then the 
multiple of the first : the multiple of the second :: the multiple of the third : the 
multiple of the fourth. 

Let a: 6::c: d; then ma: nb:: mc: nd. 

Dem.—We have a:b::c:d (hyp.); 


therefore — 


m 
Hence, multiplying each fraction by —, we get 
n 


ma mc 
nb nd’ 
therefore rna : nb :: mc: nd. 


PROP. V.—THEOREM. 


If two magnitudes of the same kind (a, b) be the same multiples of another 
(c) which two corresponding magnitudes (a/, b) are of another (c'), then the 
difference of the two first is the same multiple of their submultiple (c), which the 
difference of their corresponding magnitudes is of their submultiple (c’) (compare 
Proposition It.). 


Dem.—Let m and n be the multiples which a and b are of c. 
Then we have a= me, anda’ = mec, 
b= nc, and b = nc. 


Therefore (a — b) = (m — n)c, and (a’ — b') 2 (m — n)c'. Hence a — b is the 
same multiple of c that a’ — b’ is of c'. 
Cor.—lf a —b—c, a'—b'—c*5 forifa—b=c,m—-—n=1. 
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PROP. VI.—THEOREM. 


If a magnitude (a) be the same multiple of another (b), which a magnitude 
(a) taken from the first is of a magnitude (b^) taken from the second, the re- 
mainder is the same multiple of the remainder that the whole is of the whole 
(compare Proposition 1. ). 


Dem.—Let m denote the multiples which the magnitudes a, a’ are of b, b’; 
then we have 


a = mb, 
a = mb. 
Hence (a — a^) 2 m(b — V). 


Prop. A.—THEOREM (SIMSON). 


If two ratios be equal, then according as the antecedent of the first ratio is 
greater than, equal to, or less than its consequent, the antecedent of the second 
ratio 1s greater than, equal to, or less than its consequent. 

Dem.—Let a:b::c:d; 
then — 

a — C 
and if a be greater than b, z is greater than unity; therefore d is greater than 


unity, and c is greater than d. 
In like manner, if a be equal to b, c is equal to d, and if less, less. 


Prop. B.—THEOREM (SIMSON). 


If two ratios are equal their reciprocals are equal (invertendo). 


Let a:b::c:d, then b:a:: d:c. 
Dem.—Since oc Disco 
a c 
th — 
en — 
a C 
theref Lee SSS 
erefore ; 7? 
b d 
Or En 
a Cc 
Hence bro 9d. 
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Prop. C.— THEOREM (SIMSON). 


If the first of four magnitudes be the same multiple of the second which the 
third is of the fourth, the first is to the second as the third is to the fourth. 


Let a = mb, c — md; then a: b :: c:d. 
Dem.—Since a = mb, we have — m. 
In like manner, 7 = m; therefore z = i 

Hence Qu Dao UI 


Prop. D.—THEOREM (SIMSON). 


If the first be to the second as to the third is to the fourth, and if the first 
be a multiple or submultiple of the second, the third is the same multiple or 
submultiple of the fourth. 


1l. Let a : b :: c: d, and let a be à multiple of b, then c is the same multiple 
of d. 


a 
Dem.—Let a = mb, then — — m; 


but , n E 2 — — m, and c — md. 

2. Let a = —, then — —; 
n b n 

1 

therefore — —, 

d n 

d 

Hence C — —. 

n 


PROP. VII.—THEOREM. 


1. Equal magnitudes have equal ratios to the same magnitude. 
2. The same magnitude has equal ratios to equal magnitudes. 


Let a and b be equal magnitudes, and c any other magnitude. 


Then 1. G2C226 


d. c:a:0c:6 


Dem.—Since a — b, dividing each by c, we have 


therefore dcs os 
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Again, since a — b, dividing c by each, we have 


Qo um 
a b 
therefore CHG Cz): 


Observation.—2 follows at once from 1 by Proposition B. 


PROP. VIII.—THEOREM. 


1. Of two unequal magnitudes, the greater has a greater ratio to any third 
magnitude than the less has; 2. any third magnitude has a greater ratio to the 
less of two unequal magnitudes than it has to the greater. 


1. Let a be greater than 6, and let c be any other magnitude of the same 
kind, then the ratio a : c is greater than the ratio 5 : c. 
Dem.—Since a is greater than b, dividing each by c, 


a, b 
— is greater than -; 
C C 


therefore the ratio a : c is greater than the ratio b : c. 

2. To prove that the ratio c : b is greater than the ratio c : a. 

Dem.—Since b is less than a, the quotient which is the result of dividing 
any magnitude by b is greater than the quotient which is got by dividing the 
same magnitude by a; 


C C 
therefore 5 is greater than -. 
a 


Hence the ratio c: b is greater than the ratio c : a. 


PROP. IX.—THEOREM. 


Magnitudes which have equal ratios to the same magnitude are equal to one 
another; 2. magnitudes to which the same magnitude has equal ratios are equal 
to one another. 


1l. If a : c :: 6: c, to prove a — b. 


Dem.—Since G60. ce. 
a b 
Q^" € 


Hence, multiplying each by c, we get a — b. 


2. If c: a :: c: b, to prove a — b. 


Dem.—Since Clic oO. 
by inversion, GCL Us: 
therefore ges b. [1]. 
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PROP. X.—THEOREM. 


Of two unequal magnitudes, that which has the greater ratio to any third is 
the greater of the two; and that to which any third has the greater ratio is the 
less of the two. 


1. If the ratio a: c be greater than the ratio b: c, to prove a greater than b. 
Dem.—Since the ratio a : c is greater than the ratio b : c, 
a. b 
— is greater than -. 
C C 
Hence, multiplying each by c, we get a greater than b. 
2. If the ratio c : b is greater than the ratio c : a, to prove b is less than a. 


Dem.—Since the ratio c : b is greater than the ratio c : a, 


es C 
- is greater than -. 
b a 


C C 
Hence ] — - isless than 1 — -, 
b a 
b. a 
that is, - is less than -. 
C C 
Hence, multiplying each by c, we get 


b less than a. 


PROP. XI.—THEOREM. 


Ratios that are equal to the same ratio are equal to one another. 


Leta:b:e:f,andc:d::e: f, to provea:b::c:d. 


Dem.—Since G20 es 7. 
a € 
b f 
In like manner, - = n 
Hence n B < |I., Axiom 1|, 
and G2 05-20: 
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PROP. XII.—THEOREM. 


If any number of ratios be equal to one another, any one of these equal 
ratios is equal to the ratio of the sum of all the antecedents to the sum of all the 
consequents. 


Let the ratios a: b, c: d, e: f, be all equal to one another; it is required to 
prove that any of these ratios is equal to the ratio a -- c - e: bd 4 ff. 
Dem.—By hypotheses, 


a ce 
b d f 
Since these fractions are all equal, let their common value be r; then we have 
a C e 
pc um p= 
therefore a = br, 
c= adr, 
e= fr; 
therefore a+c+e=(b+d+ fyr. 
Hence EEE — 
b+d+f 
a Qr CE 
therefore Im EEENI 
and a:b::a+e+te:b+d4f. 


Cor.—With the same hypotheses, if l, m, n be any three multipliers, a: b :: 
la+me+ne:lb+md+nf. 


PROP. XIII.—THEOREM. 


If two ratios are equal, and if one of them be greater than any third ratio, then 
the other 1s also greater than that third ratio. 


If a: b :: c: d, but the ratio of c : d greater than the ratio of e: f; then the 
ratio of a : b is greater than the ratio of e : f. 
Dem.—Since the ratio of c: d is greater than the ratio of e : f, 


C. € 
— is greater than 


d T 
Again, since a:b::e:d, 
a C 
b d 
a. e 
therefore z 8 greater than " 


or the ratio of a : b is greater than the ratio of e : f. 
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PROP. XIV.—THEOREM. 


If two ratios be equal, then, according as the antecedent of the first ratio is 
greater than, equal to, or less than the antecedent of the second, the consequent 
of the first is greater than, equal to, or less than the consequent of the second. 


Let a : b :: c: d; then if a be greater than c, b is greater than d; if equal, 
equal; if less, less. 


Dem.—Since peg ad 
a c 
h Doai 
we have pg 
oe b 
and multiplying each by - we get 
C 
N 
b c d c 
ji — 
c d 
therefore dics bed. 


Hence, Proposition [A], if a be greater than c, b is greater than d; if equal, equal; 
and if less, less. 


PROP. XV.—THEOREM. 


Magnitudes have the same ratio which all equimultiples of them have. 


Let a, b be two magnitudes, then the ratio a : b is equal to the ratio ma : mb. 
a ma 
Dem.—tThe ratio a : b — —, and the ratio of ma : mb = ——; but since the 


m 
value of a fraction is not altered by multiplying its numerator and denominator 
by the same number, 


a ma 
b mb’ 
therefore a:b::ma:mb. 


PROP. XVI—THEOREM. 


If four magnitudes of the same kind be proportionals they are also 
proportionals by alternation (alternando). 


Let a:b::c:d,thena:c::6:d. 
Dem.—Since abie id, 

a c 

b d 


b 
and multiplying each by -, we get 
C 


| 
J 810 


o~ 
e. 


- 


cie 
dac oe 


- 


Or 


O ala olo 


e 


therefore 


PROP. XVII.— THEOREM. 


If four magnitudes be proportional, the difference between the first and second 
: the second :: the difference between the third and fourth : the fourth (dividendo). 














Let a:b:c:d:thena—b:b:z:c—d:d; 
Dem.—Since ü bises, 
a c 
b d 
a C 
theref zoe eee 
erefore ; 7 
- E — 
b å cud 
therefore a—b:b::c—d:d. 
PROP. XVIII.—THEOREM. 
If four magnitudes be proportionals, the sum of the first and second : the 
second :: the sum of the third and fourth : the fourth (componendo). 
Let a:b::ce:d;thena+6:6::c+d:d. 
Dem.—Since a:b::c:d, 
— 
b d 
a C 
theref —~+]=-—+41 
eretore 5 + d ds 
a GAO, CAG. 
Ds uL 
therefore a+b:b::c+d:d. 
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PROP. XIX.—THEOREM. 


If a whole magnitude be to another whole at a magnitude taken from the 
first it to a magnitude taken from the second, the first remainder : the second 
remainder :: the first whole : the second whole. 


Let a: 6::c:d,c and d being less than a and b; 





then a—c:b—d::a:b. 
Dem.—Since a:b::c:d, 

then a:c::b:d [alternando], 
and c:a::d:b [invertendo]; 
therefore = E 

a b 
and RE E o 

a b 
T a—c b-d 

a — we 

Hence a—c:b—d::a: 6. 


Prop. E.—THEOREM (SIMSON). 


If four magnitudes be proportional, the first : its excess above the second :: the 
third : its excess above the fourth (convertendo). 


Let a:b:c:d;thena:a—b:c:c—d. 














Dem.—Since ü jos d. 
— 
b d 
therefore 7 ; I 7 d |Dem. of xvit.|, 
a a—b c c-—d 
therefore pe Aa ra 
or B oe 
a—b c-—d' 
therefore a:a—b::c:c—d. 


PROP. XX.—THEOREM. 
If there be two sets of three magnitudes, which taken two by two in direct 


order have equal ratios, then if the first of either set be greater than the third, 
the first of the other set is greater than the third; if equal, equal; and if less, less. 
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Let a, b, c; a’, b’, c' be the two sets of magnitudes, and let the ratio a : b = 
a' : b’, and b: c =b : Cc; then, if a be greater than, equal to, or less than c, a’ 
will be greater than, equal to, or less than c'. 


Dem.—Since d Dd SD. 
a a’ 
we have — 
b b’ 
! b vy 
In like manner, — 
C C 
a b d V 
Hence —~X-=—xX-, 
Ds ur OP ie 
a a’ 
or band 
C 


Therefore if a be greater than c, a' is greater than c'; if equal, equal; and if 
less, less. 


PROP. XXI.—THEOREM. 


If there be two sets of three magnitudes, which taken two by two in transverse 
order have equal ratios; then, if the first of either set be greater than the third, 
the first of the other set is greater than the third; if equal, equal; and if less, less. 


Let a, b, c; a/, U/, c' be the two sets of magnitudes, and let the ratio a : b — 
b’: c', and b: c=a’': b’. Then, if a be greater than, equal to, or less than c, a’ 
will be greater than, equal to, or less than c’. 


Dem.— Since ü bs re, 
a UV 
we have ce 
b c 
b / 
In like manner, — zs 
c b 
a a’ 
Hence, multiplying — 
Cc C 


Therefore, if a be greater than c, a! is greater than c'; if equal, equal; if less, 
less. 
PROP. XXII.— THEOREM. 
If there be two sets of magnitudes, which, taken two by two in direct order, 


have equal ratios, then the first : the last of the fist set :: the first : the last of 
the second set ( *ex aequali," or “ex aequo”). 
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Let a, b, c; a’, b', c' be the two sets of magnitudes, and if a: b:: a’: b’, and 


breab rC thena eTa ct: 


e 

> 
a 
— 


Dem.—Since 


~ 


a a 
we have -=— 
b Vv 
b V 
In like manner, - om. 
C C 
/ 
a a 
Hence, multiplying, Ei 
e. 9€ 
Therefore i65 3€. 


and similarly for any number of magnitudes in each set. 
Cor. 1.—1f the ratio 5 : c be equal to the ratio a : b, then a, b, c will be in 
continued proportion, and so will a’, b’, c’. Hence [Def. x11. Annotation 3], 


a? í a! a"? 
Qo qu Maa 
a a 
but — [XXII.| 
Cc € 
2 /[2 
a a 
Therefore i2 — p2 
Hence, if d. 245g. Db. 


a? : b? :: a : t? 


Or if four magnitudes be proportional, their squares are proportional. 
Cor. 2.—1f four magnitudes be proportional, their cubes are proportional. 


PROP. XXIII.—THEOREM. 


If there be two sets of magnitudes, which, taken two by two in transverse 
order, have equal ratios; then the first : the last of the first set :: the first : the 
last of the second set ( “ex aequo perturbato”). 


Let a, b, c; a’, b’, c' be the two sets of magnitudes, and let the ratio a : b = 


b-clandbteesw ec. 


Dem.—Since GUE Sup. 
a b 
we have — ——, 
D ue 
b d 
In like manner, — m, 
c V 
/ 
a a 
Hence, multiplying, - =; 
C C 
therefore Geog veo. 
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and similarly for any number of magnitudes in each set. 
This Proposition and the preceding one may be included in one enunciation, 
thus: “Ratios compounded of equal ratios are equal.” 


PROP. XXIV.—THEOREM. 


If two magnitudes of the same kind (a, b) have to a third magnitude (c) 
ratios equal to those which two other magnitudes (a’, b^) have to a third (c), 
then the sum (a + b) of the first two has the same ratio to their third (c) which 
the sum (a' 4- ^) of the other two magnitudes has to their third (c'). 








Dem.—Since GCA 6, 
/ 
a a 
we have =. 
C C 
b v 
In like manner, -c—— 
C C 
a+b a +b 
therefore, adding, a is 
C C 
Hence qp. Dupuis dpi. 


PROP. XXV.—THEOREM. 


If four magnitudes of the same kind be proportionals, the sum of the greatest 
and least is greater than the sum of the other two. 


Let a : b :: c : d; then, if a be the greatest, d will be the least |XIV. and AJ. 
It is required to prove that a + d is greater than b + c. 


Dem.—Since 03 bios. 


a:c::b:d [alternando]; 


therefore a:a—cb:b—d |E|.; 

but a is greater than 6 (hyp.), 

therefore a —cis greater than b — d [xrv.]. 
Hence a + d is greater than b + c. 


Questions for Examination on Book V. 


. What is the subject-matter of this book? 

. When is one magnitude said to be a multiple of another? 

. What is a submultiple or measure? 

What are equimultiples? 

. What is the ratio of two commensurable magnitudes? 

. What is meant by the ratio of incommensurable magnitudes? 
. Give an Illustration of the ratio of incommensurables. 

. What are the terms of a ratio called? 


0 -1O c0 ROO 
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9. What is a ratio of greater inequality? 

10. What is a ratio of lesser inequality? 

11. What is the product of two ratios called? Ans. The ratio compounded of these ratios. 

12. What is duplicate ratio? 

13. What is Euclid’s definition of duplicate ratio? 

14. Give another definition. 

15. Define triplicate ratio. 

16. What is proportion? Ans. equality of ratios. 

17. Give Euclid’s definition of proportion. 

18. How many ratios in a proportion? 

19. What are the Latin terms in use to denote some of the Propositions of Book V.? 

20. When is a line divided harmonically? 

21. When a line is divided harmonically, what are corresponding pairs of points called? 
Ans. Harmonic conjugates. 

22. What are reciprocal ratios? 

23. Give one enunciation that will include Propositions XXII., XXIII. of Book V. 


Exercises on Book V. 


DEF. I.—A ratio whose antecedent is greater than its consequent is called a ratio of greater 
inequality; and a ratio whose antecedent is less than its consequent, a ratio of lesser inequality. 

DEF. II.—A right line is said to be cut harmonically when it is divided internally and 
externally in any ratios that are equal in magnitude. 

1. A ratio of greater inequality is increased by diminishing its terms by the same quantity, 
and diminished by increasing its terms by the same quantity. 

2. A ratio of lesser inequality is diminished by diminishing its terms by the same quantity, 
and increased by increasing its terms by the same quantity. 

3. If four magnitudes be proportionals, the sum of the first and second is to their difference 
as the sum of the third and fourth is to their difference (componendo et dividendo). 

4. If two sets of four magnitudes be proportionals, and if we multiply corresponding terms 
together, the products are proportionals. 

5. If two sets of four magnitudes be proportionals, and if we divide corresponding terms, 
the quotients are proportionals. 

6. If four magnitudes be proportionals, their squares, cubes, &c., are proportionals. 

7. It two proportions have three terms of one respectively equal to three corresponding 
terms of the other, the remaining term of the first is equal to the remaining term of the second. 

8. If three magnitudes be continual proportionals, the first is to the third as the square 
of the difference between the first and second is to the square of the difference between the 
second and third. 

9. If a line AB, cut harmonically in C' and D, be bisected in O; prove OC, OB, OD are 
continual proportionals. 

10. In the same case, if O’ be the middle point of CD; prove OO? — OB? + O'D?. 

11. And AB(AC + AD) =2AC.AD, or e ES — EM 

AC | AD ns 

12. And CD(AD + BD) = 2AD.BD, or EM + ER —— 


BD AD CD 
13. And AB.CD — 2AD.CBb. 
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BOOK VI. 
APPLICATION OF THE THEORY OF PROPORTION 





DEFINITIONS. 


I. Similar Rectilineal Figures are those whose several angles are equal, each 
to each, and whose sides about the equal angles are proportional. 


Similar figures agree in shape; if they agree also in size, they are congruent. 

1. When the shape of a figure is given, it is said to be given in species. Thus a triangle 
whose angles are given is given in species. Hence similar figures are of the same species. 

2. When the size of a figure is given, it is said to be given in magnitude; for instance, a 
square whose side is of given length. 

3. When the place which a figure occupies is known, it is said to be given in position. 


II. À right line is said to be cut at a point in extreme and mean ratio when 
the whole line is to the greater segment as the greater segment is to the less. 

II. If three quantities of the same kind be in continued proportion, the 
middle term is called a mean proportional between the other two. 

Magnitudes in continued proportion are also said to be in geometrical pro- 
gression. 

Iv. If four quantities of the same kind be in continued proportion, the two 
middle terms are called two mean proportionals between the other two. 

v. The altitude of any figure is the length of the perpendicular from its 
highest point to its base. 

VI. Two corresponding angles of two figures have the sides about them 
reciprocally proportional, when a side of the first is to a side of the second as 
the remaining side of the second is to the remaining side of the first. 








This is evidently equivalent to saying that a side of the first is to a side of the second in 
the reciprocal ratio of the remaining side of the first to the remaining side of the second. 


PROP. I.—THEOREM. 


Triangles (ABC, ACD) and parallelograms (EC, CF) which have the same 
altitude are to one another as their bases (BC, CD). 


Dem.—Produce BD both E A F 
ways, and cut off any number of 
parts BG, GH, &c., each equal to 
CB, and any number DK, KL, 
each equal to CD. Join AG, AH, 
ABAN, H G B C D K L 
Now, since the several bases CB, BG, GH are all equal, the triangles AC B, 
ABG, AGH are also all equal |I. xxxvrri.|. Therefore the triangle ACH is the 
same multiple of AC B that the base CH is of the base CB. In like manner, 
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the triangle AC L is the same multiple of AC D that the base CL is of the base 
CD; and it is evident that |l. xxxvirm.| if the base HC be greater than CL, 
the triangle H AC is greater than CAL; if equal, equal; and if less, less. Now 
we have four magnitudes: the base BC is the first, the base CD the second, 
the triangle ABC the third, and the triangle ACD the fourth. We have taken 
equimultiples of the first and third, namely, the base CH, and the triangle 
ACH; also equimultiples of the second and fourth, namely, the base CL, and 
the triangle ACL; and we have proved that according as the multiple of the first 
is greater than, equal to, or less than the multiple of the second, the multiple 
of the third is greater than, equal to, or less than the multiple of the fourth. 
Hence |V. Def. v.| the base BC : CD :: the triangle ABC : ACD. 

2. The parallelogram EC is double of the triangle ABC |I. XxxIv.], and the 
parallelogram C'F is double of the triangle ACD. Hence [V. xv.] EC : CF :: 
the triangle ABC : ACD; but ABC : ACD :: BC : CD (Part L). Therefore 
|V. xr] EC : CF :: the base BC: CD. 


Or thus: Let A, A' denote the areas of the triangles ABC, ACD, respectively, and P 
their common altitude; then [II. 1., Cor. 1], 
A=4}4P.BC, A =4ŁP.CD. 
A BC 
Hence Lx OPA A BCC Dp: 
A’ CD 
In extending this proof to parallelograms we have only to use P instead of Lp. 


PROP. II.—THEOREM. 


If a line (DE) be parallel to a side (BC) of a triangle (ABC), it divides 
the remaining sides, measured from the opposite angle (A), proportionally; and, 
conversely, If two sides of a triangle, measured from an angle, be cut propor- 
tionally, the line joining the points of section is parallel to the third side. 


1. It is required to prove that AD: DB:: AE: EC. 

Dem.—Join BE, CD. The triangles BDE, CED 
are on the same base DE, and between the same par- 
allels BC, DE. Hence |I. xxxvir.] they are equal, and 
therefore |V. vir.] the triangle ADE : BDE :: ADE : 
CDE; 





but ADE: BDE:: AD: DB [1], 
and ADE: CDE:: AE: EC fi]. 
Hence AD : DB :: AE : EC. 


2. If AD: DB:: AE: EC, it is required to prove that DE is parallel to BC. 
Dem.—Let the same construction be made; 


then AD: DB:: the triangle ADE: BDE [1]. 
and AE : EC :: the triangle ADE: CDE [1]; 
but AD : DB :: AE : EC (hyp.). 
Hence ADE: BDE:: ADE: CDE. 
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Therefore [V. 1x.| the triangle BDE is equal to CDE, and they are on the same 
base DE, and on the same side of it; hence they are between the same parallels 
I. xxxIx.]. Therefore DE is parallel to BC. 


Observation.—The line DE may cut the sides A5, AC produced through B, C, or through 
the angle A; but evidently a separate figure for each of these cases is unnecessary. 


Exercise. 


If two lines be cut by three or more parallels, the intercepts on one are proportional to 


the corresponding intercepts on the other. 


PROP. III.—THEOREM. 


If a line (AD) bisect any angle (A) of a triangle (ABC), it divides the 
opposite side (BC) into segments proportional to the adjacent sides. Conversely, 
If the segments (BD, DC) into which a line (AD) drawn from any angle (A) 
of a triangle divides the opposite side be proportional to the adjacent sides, that 


line bisects the angle (A). 


Dem.—1. Through C draw C'E parallel to AD, 
to meet BA produced in E. Because BA meets the E 
parallels AD, EC, the angle BAD |I. xxIx.] is equal gf sg 
to AEC; and because AC’ meets the parallels AD, A : 
EC, the angle DAC is equal to AC E; but the angle ; 
BAD is equal to DAC (hyp.); therefore the angle : 
ACE is equal to AEC; therefore AEF is equal to AC’ i 

|I. v.]. Again, because AD is parallel to EC, one of B D C 

the sides of the triangle BEC, BD : DC :: BA : AE [rn.]; but AE has been 
proved equal to AC. Therefore BD : DC :: BA: AC. 

2. If BD: DC :: BA: AC, the angle BAC is bisected. 

Dem.—Let the same construction be made. 

Because AD is parallel to EC, BA: AE :: BD : DC [rn.|; but BD : DC :: 
BA : AC (hyp.). Therefore [V. xt] BA: AE :: BA : AC, and hence |V. 1x | 
AE is equal to AC; therefore the angle AEC is equal to ACE; but AEC is 
equal to BAD |I. xxix.], and ACE to DAC; hence BAD is equal to DAC, and 


the line AD bisects the angle BAC. 


Exercises. 


1. If the line AD bisect the external vertical angle 
CAE, BA: AC’:: BD: DC, and conversely. 

Dem.—Cut off AE = AC. Join ED. Then 
the triangles ACD, AED are evidently congruent; 
therefore the angle EDB is bisected; hence [111.] BA : 
AE :: BD: DE; or BA: AC :: BD: DC. 

2. Exercise 1 has been proved by quoting Propo- 
sition III. Prove it independently, and prove III. as B C D 


an inference from it. 
3. The internal and the external bisectors of the vertical angle of a triangle divide the 


base harmonically (see Definition, p. 191). 
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4. Any line intersecting the legs of any angle is cut harmonically by the internal and 
external bisectors of the angle. 

5. Any line intersecting the legs of a right angle is cut harmonically by any two lines 
through its vertex which make equal angles with either of its sides. 

6. If the base of a triangle be given in magnitude and position, and the ratio of the sides, 
the locus of the vertex is a circle which divides the base harmonically in the ratio of the sides. 

7. If a, b, c denote the sides of a triangle ABC, and D, D’ the points where the internal 
and external bisectors of A meet BC; prove 


2abc 
— 
DID = VENDUE 
8. In the same case, if E, E/, F, F’ be points similarly determined on the sides CA, AB, 
respectively; prove 





1 1 1 
DD! T EE’ T FEF" 
a? b? c? 
DD! * EE! "E FEF" 











= 0, 


= 0. 











and 


PROP. IV.—THEOREM. 


The sides about the equal angles of equiangular triangles (BAC, CDE) are 
proportional, and those which are opposite to the equal angles are homologous. 


Dem.—Let the sides BC, CE, which are op- m 
posite to the equal angles A and D, be conceived 
to be placed so as to form one continuous line, = 
the triangles being on the same side, and so that A 
the equal angles BCA, CED may not have a 
common vertex. 

Now, the sum of the angles ABC’, BCA is 
less than two right angles; but BC A is equal to g C E 
BED (hyp.). Therefore the sum of the angles ABE, BED is less than two 
right angles; hence |I., Axiom xII.] the lines AB, ED will meet if produced. 
Let them meet in F. Again, because the angle BC A is equal to BEF, the 
line CA |L. xxvii] is parallel to EF. In like manner, BF is parallel to C D; 
therefore the figure AC DF is a parallelogram; hence AC is equal to DF’, and 
CD is equal to AF. Now, because AC is parallel to FE, BA: AF :: BC: CE 
[11.]; but AF is equal to CD, therefore BA: CD :: BC : CE; hence |V. xvi; 
AB : BC :: DC : CE. Again, because CD is parallel to BF, BC: CE: FD: 
DE; but FD is equal to AC, therefore BC : CE :: AC : DE; hence |V. xVI.J 
BC : AC :: CE : DE. Therefore we have proved that AB : BC :: DC : CE, 
and that BC : CA :: CE : ED. Hence (ez aequali) AB : AC :: DC : DE. 
Therefore the sides about the equal angles are proportional. 


A 
4 
j 
` 





This Proposition may also be proved very simply by superposition. Thus (see fig., 
Prop. I.): let the two triangles be ABC, ADE; let the second triangle ADE be conceived to 
be placed on ABC, so that its two sides AD, AE may fall on the sides AB, AC; then, since the 
angle ADE is equal to ABC, the side DE is parallel to BC. Hence [n.] AD : DB :: AE : EC; 
hence AD : AB :: AE : AC, and |V. xvi] AD : AE :: AB : AC. Therefore the sides about 
the equal angles BAC, DAE are proportional, and similarly for the others. 
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It can be proved by this Proposition that two lines which meet at infinity are parallel. 
For, let J denote the point at infinity through which the two given lines pass, and draw any 
two parallels intersecting them in the points A, B; A’, B’; then the triangles AJB, A’IB’ are 
equiangular; therefore AJ : AB :: A'I : A'B'; but the first term of the proportion is equal 
to the third; therefore [V. xiv.] the second term AB is equal to the fourth A'B', and, being 
parallel to it, the lines AA’, BB’ |I. xxxri.] are parallel. 


Exercises. 


1. If two circles intercept equal chords AB, A’B’ on any secant, the tangents AT’, A'T to 
the circles at the points of intersection are to one another as the radii of the circles. 

2. If two circles intercept on any secant chords that have a given ratio, the tangents to 
the circles at the points of intersection have a given ratio, namely, the ratio compounded of 
the direct ratio of the radii and the inverse ratio of the chords. 

3. Being given a circle and a line, prove that a point may be found, such that the rectangle 
of the perpendiculars let fall on the line from the points of intersection of the circle with any 
chord through the point shall be given. 

4. AB is the diameter of a semicircle ADB; CD a perpendicular to AB; draw through A 
a chord AF of the semicircle meeting CD in E, so that the ratio CE : EF may be given. 


PROP. V.—THEOREM. 


If two triangles (ABC, DEF) have their sides proportional (BA : AC :: 
ED : DF; AC : CB :: DF : FE) they are equiangular, and those angles are 
equal which are subtended by the homologous sides. 


Dem.—At the points D, E make the 
angles E DG, DEG equal to the angles A, 
B of the triangle ABC. Then |I. xxxi | 
the triangles ABC, DEG are equiangular. 


C 


Therefore | BA: AC :: ED : DG [1v]; 
but BA: AC :: ED : DF (hyp.). 


aaa” 
^ 


Therefore DG is equal to DF. In like man- 
ner it may be proved that EG is equal to ` K 

EF. Hence the triangles EDF, EDG have vor 

the sides ED, DF in one equal to the sides —* 

ED, DG in the other, and the base EF G 

equal to the base EG. Hence |I. virr.] they are equiangular; but the triangle 
DEG is equiangular to ABC. Therefore the triangle DEF 1s equiangular to 
ABC. 

Observation.—In VI. Def. I. two conditions are laid down as necessary for the similitude 
of rectilineal figures. 1. The equality of angles; 2. The proportionality of sides. Now, from 
Propositions IV. and V., we see that if two triangles possess either condition, they also possess 
the other. Triangles are unique in this respect. In all other rectilineal figures one of the condi- 


tions may exist without the other. ‘Thus, two quadrilaterals may have their sides proportional 
without having equal angles, or vice versa. 


- 
^ 
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PROP. VI.—THEOREM. 


If two triangles (ABC, DEF) have one angle (A) in one equal to one angle 
(D) in the other, and the sides about these angles proportional (BA : AC :: 
ED : DF), the triangles are equiangular, and have those angles equal which are 
opposite to the homologous sides. 


Dem.—Make the same construction as in the last Proposition; then the 
triangles ABC, DEG are equiangular. 


Therefore BA: AC :: ED : DG [1v]; 
but BA: AC :: ED : DF (hyp.). 


Therefore DG is equal to DF’. Again, because the angle EDG is equal to BAC 
(const.), and BAC equal to EDF (hyp.), the angle EDG is equal to EDF; and 
it has been proved that DG is equal to DF, and DE is common; hence the 
triangles EDG and EDF are equiangular; but E DG is equiangular to B AC. 
Therefore EDF is equiangular to BAC. 


[It is easy to see, as in the case of Proposition IV., that an immediate proof of this 
Proposition can also be got from Proposition I1.]. 

Cor. 1.—1f the ratio of two sides of a triangle be given, and the angle between 
them, the triangle is given in species. 


PROP. VII.—THEOREM. 


If two triangles (ABC, DEF) have one angle (A) one equal to one angle 
(D) in the other, the sides about two other angles (B, E) proportional (AB : 
BC : DE : EF), and the remaining angles (C, F) of the same species (i. e. 
either both acute or both not acute), the triangles are similar. 


Dem.—If the angles B and EF are not 
A 
equal, one must be greater than the other. 
Suppose ABC to be the greater, and that D 
the part ABG is equal to DEF, then the 
triangles ABG, DEF have two angles in 
one equal to two angles in the other, and 
are |I. xxxir.] equiangular. G 


Therefore AB: BG:: DE: EF [Iv]; 
but AB : BC :: DE : EF (hyp.). 


B C E 


Therefore BG is equal to BC. Hence the angles BCG, BGC must be each acute 
|I. xvir.]; therefore AGB must be obtuse; hence DF E, which is equal to it, is 
obtuse; and it has been proved that ACB is acute; therefore the angles AC B, 
DFE are of different species; but (hyp.) they are of the same species, which 
is absurd. Hence the angles B and E are not unequal, that is, they are equal. 
Therefore the triangles are equiangular. 
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Cor. 1.—1f two triangles ABC’, DEF have two sides in one proportional to 
two sides in the other, AB : BC :: DE : EF, and the angles A, D opposite one 
pair of homologous sides equal, the angles C, F opposite the other are either 
equal or supplemental. This Proposition is nearly identical with VII. 

Cor. 2.—1f either of the angles C, F be right, the other must be right. 


PROP. VIII.—THEOREM. 


The triangles (ACD, BCD) into which a right-angled triangle (ACB) is 
divided, by the perpendicular (CD) from the right angle (C) on the hypotenuse, 
are similar to the whole and to one another. 


Dem.—Since the two triangles ADC, ACB have the angle A common, and 
the angles ADC’, AC B equal, each being right, they are |I. xxx11.] equiangular; 
hence |IV.] they are similar. In like manner it may be proved that BDC is 
similar to ABC. Hence ADC, CDB are each similar to ACD, and therefore 


they are similar to one another. 


Cor. 1.—The perpendicular C'D is a mean pro- C 
portional between the segments AD, DB of the hy- 
potenuse. 


For, since the triangles ADC, CDB are equian- 
gular, we have AD : DC :: DC : DB; hence DC is 
a mean proportional between AD, DB (Def. ni.). A D B 

Cor. 2.—BC is a mean proportional between AB, BD; and AC between 
AB, AD. 

Cor. 3.—The segments AD, DB are in the duplicate of AC : CB, or in other 
words, AD: DB :: AC? : CB?, 

Cor. 4.— BA: AD in the duplicate ratios of BA: AC’; and AB: BD in the 
duplicate ratio of AB : BC. 


PROP. IX.—PROBLEM. 


From a given right line (AB) to cut off any part required. (i.e. to cut off any 
required submultiple) 


Sol.—Let it be required, for instance, to cut off the fourth part. Draw AF, 
making any angle with AB, and in AF take any point C, and cut off (IL rir.) 
the parts CD, DE, EF each equal to AC’. Join BF’, and draw CG parallel to 
BF. AG is the fourth part of AB. 

Dem.—5ince CG is parallel to the side BF of 
the triangle ABF, AC : AF :: AG : AB [n.]; but 
AC is the fourth part of AF (const.). Hence AG is 
the fourth part of AB |V., D.]. In the same manner, 
any other required submultiple may be cut off. 

Proposition X., Book L, is a particular case of 
this Proposition. 
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PROP. X.—PROBLEM. 
To divide a given undivided line (AB) similarly to a given divided line (CD). 


Sol.—Draw AG, making any angle with 
AB, and cut off the parts AH, HT, IG re- 
spectively equal to the parts CE, EF, FD 
of the given divided line CD. Join BG, and 
draw Hk, IL, each parallel to BG. AB will 
be divided similarly to C D. A 

Dem.—Through AH draw HN parallel to 
AB, cutting JL in M. Now in the triangle C E F D 
ALI, HK is parallel to TL. Hence |rr.] AK : KL :: AH : HI, that is :: CE : 
EF (const.). Again, in the triangle HNG, MT is parallel to NG. Therefore 
u.) HM: MN :: HI: IG; but |l xxxiv.] HM is equal to KL, MN is 
equal to LB, HI is equal to EF, and IG is equal to FD (const.). Therefore 
KL: LB: EF: FD. Hence the line AB is divided similarly to the line CD. 





Exercises. 


1. To divide a given line AB internally or externally in the ratio of two given lines, m, n. 


C 





Sol.—Through A and B draw any two parallels AC and BD in opposite directions. Cut 
off AC = m, and BD = n, and join CD; the joining line will divide AB internally at E in the 
ratio of m:n. 

2. If BD’ be drawn in the same direction with AC, as denoted by the dotted line, then 
CD’ will cut AB externally at E' in the ratio of m : n. 

Cor.—The two points E, E/ divide AB harmonically. 

This problem is manifestly equivalent to the following:—Given the sum or difference of 
two lines and their ratio, to find the lines. 

3. Any line AE’, through the middle point B of the base DD’ of a triangle DC D', is cut 
harmonically by the sides of the triangle and a parallel to the base through the vertex. 

4. Given the sum of the squares on two lines and their ratio; find the lines. 

5. Given the difference of the squares on two lines and their ratio; find the lines. 

6. Given the base and ratio of the sides of a triangle; construct it when any of the following 
data is given:—1, the area; 2, the difference on the squares of the sides; 3, the sum of the 
squares on the sides; 4, the vertical angle; 5, the difference of the base angles. 
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PROP. XI.—PROBLEM. 
To find a third proportional to two given lines (X, Y). 


Sol.—Draw any two lines AC, AE making an angle. Cut off AB equal X, 
BC equal Y, and AD equal Y. Join BD, and draw ČCE parallel to BD, then 
DE is the third proportional required. 

Dem.—In the triangle CAE, 
BD is parallel to C E; therefore AB : 
BC : AD : DE [u.|; but AB is equal 
to X, and BC, AD each equal to Y. 
Therefore X : Y : Y : DE. Hence 
DE is a third proportional to X and 
Y 


x 





Another solution can be inferred from Proposition VIII. For if AD, DC in that Proposition 
be respectively equal to X and Y, then DB will be the third proportional. Or again, if in the 
diagram, Proposition vii., AD = X, and AC = Y, AB will be the third proportional. Hence 
may be inferred a method of continuing the proportion to any number of terms. 


Exercises. 


1. If AOQ be a triangle, having the 
side AQ) greater than AO; then if we cut off 
AB = AO, draw BB’ parallel to AO, cut 
off BC = BB’, &c., the series of lines AB, 
BC, CD, &c., are in continual proportion. 

2. AB— BC: AB:: AB: AQ. This is 
evident by drawing through B’ a parallel 
to AQ. 





PROP. XII.—PROBLEM. 
To find a fourth proportional to three given lines (X, Y, Z). 


Sol.—Draw any two lines AC, 
AF, making an angle; then cut off 


AB equal X, BC equal Y, AD X 
equal Z. Join BD, and draw CE Y 
parallel to BD. DE will be the z 


fourth proportional required. 

Dem.—Since BD is parallel to A B C 
CE, we have [t.] AB : BC :: AD: 

DE; therefore X : Y :: Z: DE. Hence DE is a fourth proportional to X, Y, 
Z. 

Or thus: 'Take two lines AD, BC intersecting 
in O. Make OA = X, OB = Y, OC = Z, and 
describe a circle through the points A, B, C [IV. v.] 
cutting AD in D. OD will be the fourth proportional 
required. 

The demonstration is evident from the similarity 
of the triangles AOB and COD. 
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PROP. XIII.—PROBLEM. 


To find a mean proportional between two given lines. (X, Y ). 


Sol.—Take on any line 





AC parts AB, BC respec- A X 
tively equal to X, Y. On AC 
describe a semicircle ADC. Y 





Erect BD at right angles to 

AC, meeting the semicircle 

in D. BD will be the mean A B C 
proportional required. 

Dem.—Join AD, DC. Since ADC is a semicircle, the angle ADC is right 
III. xxxr.). Hence, since ADC is a right-angled triangle, and BD a perpen- 
dicular from the right angle on the hypotenuse, BD is a mean proportional 
|Vir. Cor. 1| between AB, BC; that is, BD is a mean proportional between X 
and Y. 


Exercises. 


1. Another solution may be inferred from Proposition VIII., Cor. 2. 

2. If through any point within a circle the chord be drawn, which is bisected in that point, 
its half is a mean proportional between the segments of any other chord passing through the 
same point. 

3. The tangent to a circle from any external point is a mean proportional between the 
segments of any secant passing through the same point. 

4. If through the middle point C of any arc of a circle any secant be drawn cutting the 
chord of the arc in D, and the circle again in E, the chord of half the arc is a mean proportional 
between CD and CE. 

5. If a circle be described touching another circle internally and two parallel chords, the 
perpendicular from the centre of the former on the diameter of the latter, which bisects the 
chords, is a mean proportional between the two extremes of the three segments into which 
the diameter is divided by the chords. 

6. If a circle be described touching a semicircle and its diameter, the diameter of the circle 
is a harmonic mean between the segments into which the diameter of the semicircle is divided 
at the point of contact. 

7. State and prove the Proposition corresponding to Ex. 5, for external contact of the 
circles. 





PROP. XIV.—THEOREM. 


1. Equiangular parallelograms (AB, CD) 
which are equal in area have the sides about 
the equal angles reciprocally proportional— 
AC :CE:: GC: CB. 

2. Equiangular parallelograms which have 
the sides about the equal angles reciprocally 
proportional are equal in area. 


Dem.—Let AC, CE be so placed as to 
form one right line, and that the equal angles 
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ACB, ECG may be vertically opposite. Now, since the angle AC B is equal to 
ECG, to each add BCE, and we have the sum of the angles ACB, BCE equal 
to the sum of the angles ECG, BCE; but the sum of ACB, BCE is |I. x1u.| 
two right angles. Therefore the sum of ECG, BCE is two right angles. Hence 
I. xtv.] BC, CG form one right line. Complete the parallelogram BE. 

Again, since the parallelograms AB, C'D are equal (hyp.), 


AB:CF : CD:CF [V. vi]; 


but AB: CF :: AC: CE [L]; 
and CD:CF::GC:CB [rj 
therefore AC : CE: GC: CB; 


that is, the sides about the equal angles are reciprocally proportional. 
2. Let AC : CE :: GC : CB, to prove the parallelograms AB, C'D are equal. 
Dem.—Let the same construction be made, we have 


AB: CF : AC: CE [1.]; 


and CD:CF:GC:CB [L]; 

but AC : CE : GC: CB (hyp.). 
Therefore AB:CF:CD:CF. 

Hence AB=CD |V.1x.]; 


that is, the parallelograms are equal. 


Or thus: Join HE, BE, HD, BD. The LO HC = twice the A HBE, and the OI CD = 
twice the A BDE. Therefore the A HBE = BDE, and [I. xxx1x.] HD is parallel to BE. 
Hence 

HB: BF:: DE: EF; thatis, AC:CE::GC: CB. 

2. May be proved by reversing this demonstration. 


Another demonstration of this Proposition may be got by producing the lines HA and 
DG to meet in J. Then [I. xLNI.] the points I, C, F are collinear, and the Proposition is 
evident. 


PROP. XV.—THEOREM. 


1. Two triangles equal in area (ACB, DCE), 
which have one angle (C) in one equal to one angle 
(C) in the other, have the sides about these angles re- 
ciprocally proportional. 

2. Two triangles, which have one angle in one equal 
to one angle in the other, and the sides about these an- 
gles reciprocally proportional, are equal in area. 





Dem.—1. Let the equal angles be so placed as to 
be vertically opposite, and that AC’, CD may form one right line; then it may 
be demonstrated, as in the last Proposition, that BC, CE form one right line. 
Join BD. 
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Now since the triangles ACB, DCE are equal, 


ACB : BCD :: DCE: BCD |V. VIL]; 


but ACB : BCD :: AC : CD [1], 
and DCE : BCD :: EC : CB [L]. 
Therefore AC :CD :: EC : CB; 


that is, the sides about the equal angles are reciprocally proportional. 
2. If AC : CD :: EC : CB, to prove the triangle ACB equal to DCE. 
Dem.—Let the same construction be made, then we have 


AC : CD :: triangle ACB : BCD [.|, 
and EC : CB :: triangle DCE : BCD [1.|; 
but AC : CD :: EC: CB (hyp.). 


Therefore the triangle 
ACB: BCD:: DCE: BCD. 


Hence the triangle ACB = DCE |V. 1x.|—that is, the triangles are equal. 


This Proposition might have been appended as a Cor. to the preceding, since the triangles 
are the halves of equiangular parallelograms, or it may be proved by joining AE, and showing 
that it is parallel to BD. 


PROP. XVI.—THEOREM. 


1. If four right lines (AB, CD, E, F) be proportional, the rectangle (AB . F) 
contained by the extremes is equal to the rectangle (CD. E) contained by the 
means. 

2. If the rectangle contained by the extremes of four right lines be equal to 
the rectangle contained by the means, the four lines are proportional. 


Dem.—1. Erect AH, CTI at right 
angles to AB and CD, and equal 
to F and E respectively, and com- 
plete the rectangles. Then because 
AB:CD::E:F (hyp.),andthatE K G 
is equal to CT, and F to AH (const.), 
we have AB : CD : CI : AH. 

Hence the parallelograms AG, Ck 

are equiangular, and have the sides 

about their equal angles reciprocally proportional. Therefore they are [XIv.| 
equal; but since AH is equal to F’, AG is equal to the rectangle AB. F’. In like 
manner, CK is equal to the rectangle CD.E. Hence AB. F = CD.E; that 
is, the rectangle contained by the extremes is equal to the rectangle contained by 
the means. 


R F 
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2.1f AB.F =CD.E, to prove AB: CD: E: F. 

The same construction being made, because AB.F = CD.E, and that 
F is equal to AH, and E to CI, we have the parallelogram AG = CK; and 
since these parallelograms are equiangular, the sides about their equal angles 
are reciprocally proportional. Therefore 


AB:CD:: CI: AH; that is, AB: CD: E: F. 


Or thus: Place the four lines in a concurrent position so C 
that the extremes may form one continuous line, and the means B 
another. Let the four lines so placed be AO, BO, OD, OC. 
Join AB, CD. Then because AO : OB :: OD : OC, and the 
angle AOB — DOC, the triangles AOB, COD are equiangular. 
Hence the four points A, B, C, D are concyclic. Therefore 
III. xxxv.] AO.OC — BO.OD. D 


PROP. XVII.— THEOREM 


1. If three right lines (A, B, C) be proportional, the rectangle (A.C) con- 
tained by the extremes is equal to the square (B?) of the mean. 

2. If the rectangle contained by the extremes of three right lines be equal to 
the square of the mean, the three lines are proportional. 


Dem.—1. Assume a line D = B; then because A 
A:B: B:C, we have A: B :: D: C. Therefore 
xvr.] AC = BD; but BD = B?. Therefore AC = B 
B^; that is, the rectangle contained by the extremes D 
is equal to the square of the mean. 

2. The same construction being made, since © —— ~~ 
AC = B?, we have A.C = B.D; therefore A: B:: D: C; but D = B. Hence 
A:B::B:C; that is, the three lines are proportionals. 











This Proposition may be inferred as a Cor. to the last, which is one of the fundamental 
Propositions in Mathematics. 


Exercises. 


1. If a line CD bisect the vertical angle C of any triangle 
AC B, its square added to the rectangle AD.DB contained by 
the segments of the base is equal to the rectangle contained by 
the sides. 

Dem.—Describe a circle about the triangle, and produce 
CD to meet it in E; then it is easy to see that the triangles 
ACD, ECB are equiangular. Hence [iv.] AC: CD :: CE: CB; 
therefore AC.CB = CE.CD = CD? - CD.DE — CD? « 
AD.DB |I. xxxv |]. 

2. If the line CD’ bisect the external vertical angle of any tri- 
angle AC B, its square subtracted from the rectangle AD'.D'B 
is equal to AC. CB. 

3. The rectangle contained by the diameter of the circumscribed circle, and the radius of 
the inscribed circle of any triangle, is equal to the rectangle contained by the segments of any 
chord of the circumscribed circle passing through the centre of the inscribed. 
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Dem.—Let O be the centre of the inscribed circle. Join OB (see foregoing fig.); let fall 
the perpendicular OG, draw the diameter EF of the circumscribed circle. Now the angle 
ABE = ECB [III. xxvu.], and ABO = OBC; therefore EBO = sum of OCB, OBC = EOB. 
Hence EB = EO. Again, the triangles EBF, OGC are equiangular, because EF B, ECB 
are equal, and EBF, OGC are each right. Therefore, EF : EB :: OC : OG; therefore 
EF.OG=EB.OC = EO.OC. 

4. Ex. 3 may be extended to each of the escribed circles of the triangle AC B. 





5. The rectangle contained by two sides of a triangle is equal to the rectangle contained by 
the perpendicular and the diameter of the circumscribed circle. For, let CE be the diameter. 
Join AE. Then the triangles ACE, DCB are equiangular; hence AC : CE :: CD : CB; 
therefore AC.CB — CD.CE. 

6. If a circle passing through one of the angles A of a 
parallelogram ABC D intersect the two sides AB, AD again 
in the points E, G and the diagonal AC again in F; then 
AB.AE + AD.AG = AC. AF. 

Dem.—Join EF, FG, and make the angle ABH = 
AFE. Then the triangles ABH, AFE are equiangular. 
Therefore AB : AH :: AF : AE. Hence AB.AE — 
AF .AH. Again, it is easy to see that the triangles BCH, 
F'AG are equiangular; therefore BC : CH :: AF : AG; hence 
BC.AÀG — AF.CH, or AD.AG — AF.CH; but we have 
proved AB. AE — AF.AH. Hence AD.AG 4- AB. AE — 
AF .AC. 

7. If DE, DF be parallels to the sides of a triangle ABC 
from any point D in the base, then AB. AE + AC.AF = AD? + BD.DC. This is an easy 
deduction from 6. 

8. If through a point O within a triangle ABC 
parallels EF, GH, IK to the sides be drawn, the 
sum of the rectangles of their segments is equal 
to the rectangle contained by the segments of any 
chord of the circumscribing circle passing through 


O. 





Dem.—AO.AL = AB. AK + AC. AE. (6) 
But AO? = AG.AK + AH.AE—GO.OH. (7) 
Hence AO.OL=BG.AK+CH.AE+GO.OH, 
or AO.OL — EO.OF 4- IO.OK 4- GO.OH. 





9. The rectangle contained by the side of an inscribed 
square standing on the base of a triangle, and the sum of 
the base and altitude, is equal to twice the area of the triangle. 

10. The rectangle contained by the side of an escribed square standing on the base of a 
triangle, and the difference between the base and altitude, is equal to twice the area of the 
triangle. 
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11. If from any point P in the circumference of a circle a perpendicular be drawn to any 
chord, its square is equal to the rectangle contained by the perpendiculars from the extremities 
of the chord on the tangent at P. 

12. If O be the point of intersection of the diagonals of a cyclic quadrilateral ABCD, the 
four rectangles AB. BC’, BD.CD, CD.DA, DA.AB, are proportional to the four lines BO, 
CO, DO, AO. 

13. The sum of the rectangles of the opposite sides of a 
cyclic quadrilateral ABC D is equal to the rectangle contained 
by its diagonals. 

Dem.—Make the angle DAO = C'AB; then the triangles 
DAO, CAB are equiangular; therefore AD : DO :: AC : CB; 
therefore AD. BC -— AC.DO. Again, the triangles DAC, 
OADB are equiangular, and CD : AC :: BO : AB; therefore 
AC.CD — AC.BO. Hence AD. BC+AB.CD = AC. BD. 

14. If the quadrilateral ABC D is not cyclic, prove that the 
three rectangles AB.C'D, BC’. AD, AC’. BD are proportional 
to the three sides of a triangle which has an angle equal to 
the sum of a pair of opposite angles of the quadrilateral. 

15. Prove by using Theorem 11 that if perpendiculars be let fall on the sides and diagonals 
of a cyclic quadrilateral, from any point in the circumference of the circumscribed circle, the 
rectangle contained by the perpendiculars on the diagonals is equal to the rectangle contained 
by the perpendiculars on either pair of opposite sides. 

16. If AB be the diameter of a semicircle, and PA, PB chords from any point P in the 
circumference, and if a perpendicular to AB from any point C meet PA, PB in D and EF, 
and the semicircle in F, CF is à mean proportional between CD and C FE. 





PROP. XVIII.—PROBLEM. 


On a given right line (AB) to construct a rectilineal figure similar to a given 
one (CDEFG), and similarly placed as regards any side (CD) of the latter. 


DrEF.—Similar figures are said to be similarly described upon given right 
lines, when these lines are homologous sides of the figures. 


I 


D 


Sol.—Join C'E, CF, and construct a triangle ABH on AB equiangular to 
CDE, and similarly placed as regards C D; that is, make, the angle ABH equal 
to CDE, and BAH equal to DCE. In like manner construct the triangle H AI 


3This Proposition is known as Ptolemy’s theorem. 
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equiangular to ECF, and similarly placed, and lastly, the triangle JAJ equian- 
gular and similarly placed with FCG. Then ABHIJ is the figure required. 

Dem.—From the construction it is evident that the figures are equiangu- 
lar, and it is only required to prove that the sides about the equal angles 
are proportional. Now because the triangle ABH is equiangular to CDE, 
AB: BH :: CD: DE |tv.]; hence the sides about the equal angles B and D are 
proportional. Again, from the same triangles we have BH : HA :: DE : EC, 
and from the triangles IHA, FEC; HA: HI :: EC : EF; therefore (ex equali) 
BH: HI:: DE: EF; that is, the sides about the equal angles BHI, DEF are 
proportional, and so in like manner are the sides about the other equal angles. 
Hence (Def. 1.) the figures are similar. 


Observation.—In the foregoing construction, the line AB is homologous to CD, and it is 
evident that we may take AB to be homologous to any other side of the given figure CDEFG. 
Again, in each case, it the figure ABHIJ be turned round the line AB until it falls on the 
other side, it will still be similar to the figure CDEFG. Hence on a given line AB there can 
be constructed two figures each similar to a given figure CDEFG, and having the given line 
AB homologous to any given side CD of the given figure. 

The first of the figures thus constructed is said to be directly similar, and the second 
inversely similar to the given figure. These technical terms are due to Hamilton: see “Elements 
of Quaternions,” page 112. 


Cor. 1.—Twice as many polygons may be constructed on AB similar to a 
given polygon CDEFG as that figure has sides. 

Cor. 2.—1f the figure ABHIJ be applied to CDEFG so that the point A 
will coincide with C, and that the line AB may be placed along CD, then the 
points H, I, J will be respectively on the lines CE, CF, CG; also the sides BH, 
HI, IJ of the one polygon will be respectively parallel to their homologous sides 
DE, EF, FG of the other. 

Cor. 3.—If lines drawn from any point O in the plane of a figure to all 
its angular points be divided in the same ratio, the lines joining the points of 
division will form a new figure similar to, and having every side parallel to, the 
homologous side of the original. 


PROP. XIX.—THEOREM. 


Similar triangles (ABC, DEF) have their areas to one another in the 
duplicate ratio of their homologous sides. 


Dem.—Take BG a third propor- A 
tional to BC, EF [x1.]. Join AG. 
Then because the triangles ABC, D 
DEF are similar, AB : BC :: DE : 
EF; hence (alternately) AB : DE :: 
BC : EF; but BC : EF :: EF: BG 
(const.); therefore |V. xr| AB : 
DE :: EF : BG; hence the sides of 
the triangles ABG, DEF about the B G C E F 
equal angles B, E are reciprocally proportional; therefore the triangles are equal. 
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Again, since the lines BC, EF, BG are continual proportionals, BC : BG in the 
duplicate ratio of BC’: EF |V. Def. x.]; but BC : BG :: triangle ABC : ABG. 
Therefore ABC : ABG in the duplicate ratio of BC : EF; but it has been 
proved that the triangle ABG is equal to DEF. Therefore the triangle ABC is 
to the triangle DEF in the duplicate ratio of DC : EF. 

This is the first Proposition in Euclid in which the technical term “duplicate 
ratio” occurs. My experience with pupils is, that they find it very difficult to 
understand either Euclid’s proof or his definition. On this account I submit the 
following alternative proof, which, however, makes use of a new definition of the 
duplicate ratio of two lines, viz. the ratio of the squares (see Annotations on 
V. Def. x.) described on these lines. 

On AB and DE describe squares, and through C and F draw lines parallel 
to AB and DE, and complete the rectangles AJ, DN. 

Now, the triangles JAC, ODF are evidently equiangular. 


J C I 
0 F N 
A B D E 
L M 
G H 
Hence JA : AC : OD : DF [1v.]; 
but AC : AB :: DF : DE [tv]. 
Hence JA : AB :: OD : DE (ex equali); 
but AB = AG, and DE = DL; 
therefore JA : AG :: OD : DL. 
Again, JA :AG:: CAI: square AH [1], 
and OD:DL:: CDN: square DM [1]. 
Hence AI : AH : DN: DM; 
therefore AI : DN :: AH : DM |V. xvr.]; 
hence AABC : ADEF :: AB? : DE?. 
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Exercises. 


1. If one of two similar triangles has its sides 50 per cent. longer than the homologous 
sides of the other; what is the ratio of their areas? 

2. When the inscribed and circumscribed regular polygons of any common number of sides 
to a circle have more than four sides, the difference of their areas is less than the square of 
the side of the inscribed polygon. 


PROP. XX.—THEOREM. 


Similar polygons may be divided (1) into the same number of similar trian- 
gles; (2) the corresponding triangles have the same ratio to one another which 
the polygons have; (3) the polygons are to each other in the duplicate ratio of 
their homologous sides. 


Dem.—Let ABHIJ, CDEFG be the polygons, and let the sides AB, CD 
be homologous. Join AH, AI, CE, CF. 


I 


A B C D 


1. The triangles into which the polygons are divided are similar. For, since 
the polygons are similar, they are equiangular, and have the sides about their 
equal angles proportional |Def. r.]; hence the angle B is equal to D, and AB : 
BH : CD : DE; therefore [Vr.] the triangle ABH is equiangular to CDE; 
hence the angle BH A is equal to DEC; but BHI is equal to DEF (hyp.); 
therefore the angle AHI is equal to CEF. Again, because the polygons are 
similar, ZH : HB :: FE : ED; and since the triangles ABH, CDE are similar, 
HB:HA : ED : EC; hence (ex aequali) IH : HA :: FE : EC, and the angle 
IH A has been proved to be equal to the angle FEC; therefore the triangles 
IHA, FEC are equiangular. In the same manner it can be proved that the 
remaining triangles are equiangular. 

2. Since the triangle ABH is similar to CDE, we have [XIx.]. 


ABH : CDE in the duplicate ratio of AH : CE. 
In like manner, 


AHI: CEF in the duplicate ratio of AH : CE; 
hence ABH :CDE = AHI: CEF |V. xi]. 
Similarly, AHI:CEF=AIJ: CFG. 


152 


In these equal ratios, the triangles ABH, AHI, AIJ are the antecedents, and 
the triangles CDE, CEF, CFG the consequents, and [V. x11.| any one of these 
equal ratios is equal to the ratio of the sum of all the antecedents to the sum 
of all the consequents; therefore the triangle ABH : the triangle CDE :: the 
polygon ABHIJ : the polygon CDEFG. 

3. The triangle ABH : CDE in the duplicate ratio of AB : CD [XIx.]. 
Hence (2) the polygon ABHIJ : the polygon CDEFG in the duplicate ratio of 
AB: CD. 

Cor. 1.—The perimeters of similar polygons are to one another in the ratio 
of their homologous sides. 

Cor. 2.—As squares are similar polygons, therefore the duplicate ratio of 
two lines is equal to the ratio of the squares described on them (compare An- 
notations, V. Def. x.). 

Cor. 3.—Similar portions of similar figures bear the same ratio to each other 
as the wholes of the figures. 

Cor. 4.—Similar portions of the perimeters of similar figures are to each 
other in the ratio of the whole perimeters. 


Exercises. 


DEF. 1.— Homologous points in the planes of two similar figures are such, that 
lines drawn from them to the angular points of the two figures are proportional 
to the homologous sides of the two figures. 


1. If two figures be similar, to each 

point in the plane of one there will be a 

corresponding point in the plane of the D 

other. c 
Dem.—Let ABCD, A'B'C'D' be D 

the two figures, P a point in the plane 

of ABCD. Join AP, BP, and con- 

struct a triangle A' P'B' on A'B', sim- 

ilar to APB; then it is easy to see that 

lines from P’ to the angular points of 


A' B'C' D' are proportional to thelines A B AS B’ 
from P to the angular points of ABC D. 
2. If two figures be directly similar, and A : 


in the same plane, there is in the plane a spe- 
cial point which, regarded as belonging to ei- 
ther figure, is its own homologous point with 
respect to the other. For, let AB, A'B’ be 
two homologous sides of the figures, C their 
point of intersection. Through the two triads 
of points A, A', C; B, B', C describe two cir- 
cles intersecting again in the point O: O will 
be the point required. For it is evident that 
the triangles OAB, OA'B' are similar and 
that either may be turned round the point 
O, so that the two bases, AB, A'B', will be parallel. 


DEF. I1.—The point O is called the centre of similitude of the figures. It is 
also called their double point. 





3. Two regular polygons of n sides each have n centres of similitude. 
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4. If any number of similar triangles have their corresponding vertices lying on three given 
lines, they have a common centre of similitude. 

5. If two figures be directly similar, and have a pair of homologous sides parallel, every 
pair of homologous sides will be parallel. 


DEF. 11.—Two figures, such as those in 5, are said to be homothetic. 


6. If two figures be homothetic, the lines joining corresponding angular points are concur- 
rent, and the point of concurrence is the centre of similitude of the figures. 

7. If two polygons be directly similar, either may be turned round their centre of similitude 
until they become homothetic, and this may be done in two different ways. 

8. Two circles are similar figures. 

Dem.—Let O, O’ be 
their centres; let the angle 
AOB be indefinitely small, 
so that the arc AB may 
be regarded as a right line; 
make the angle A'O'B' 
equal to AO B; then the tri- 
angles AOB, A'O'B' are 
similar. 

Again, make the an- 
gle BOC indefinitely small, 
and make B'O'C" equal to 
it; the triangles BOC, B'O'C"' are similar. Proceeding in this way, we see that the circles can 
be divided into the same number of similar elementary triangles. Hence the circles are similar 
figures. 

9. Sectors of circles having equal central angles are similar figures. 

10. As any two points of two circles may be regarded as homologous, two circles have 
in consequence an infinite number of centres of similitude; their locus is the circle, whose 
diameter is the line joining the two points for which the two circles are homothetic. 

11. The areas of circles are to one another as the squares of their diameters. For they are 
to one another as the similar elementary triangles into which they are divided, and these are 
as the squares of the radii. 

12. The circumferences of circles are as their diameters (Cor. 1). 

13. The circumference of sectors having equal central angles are proportional to their radii. 
Hence if a, a’ denote the arcs of two sectors, which subtend equal angles at the centres, and 

a 


: : . 4a 
if r, r' be their radii, — — —. 








14. The area of a we equal to half the rectangle contained by the circumference and 
the radius. This is evident by dividing the circle into elementary triangles, as in Ex. 8. 

15. The area of a sector of a circle is equal to half the rectangle contained by the arc of 
the sector and the radius of the circle. 


PROP. XXI.—THEOREM. 


Rectilineal figures (A, B), which are similar to the same figure (C), are 
similar to one another. 


Dem.—Since the figures A and C are similar, they are equiangular, and 
have the sides about their equal angles proportional. In like manner B and 
C are equiangular, and have the sides about their equal angles proportional. 
Hence A and B are equiangular, and have the sides about their equal angles 
proportional. Therefore they are similar. 
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Cor.—Two similar rectilineal figures which are homothetic to a third are 
homothetic to one another. 


Exercise. 


If three similar rectilineal figures be homothetic, two by two, their three centres of simili- 
tudes are collinear. 


PROP. XXII—THEOREM. 


If four lines (AB, CD, EF, GH) be proportional, and any pair of similar 
rectilineal figures (ABK, CDL) be similarly described on the first and. second, 
and also any pair (EI, GJ) on the third and fourth, these figures are propor- 
tional. Conversely, if any rectilineal figure described om the first of four right 
lines: the similar and similarly described figure described on the second :: any 
rectilineal figure on the third : the similar and similarly described figure on the 
fourth, the four lines are proportional. 


P 
A B 
I 
|| 
E F 


Dem. 1.—ABK : CDL :: AB? : CD*. [xx.]; 


44 
C D 
N J 
G H 


and EI : GJ : EF? : GH? [xx], 
But since AB:CD:: EF : GH, 

AB?’ : CD? :: EF?” : GH? [V. xxi., Cor. 1]; 
therefore ABK : CDL: EI:GJ. 


If ABK : CDL: EI :GJ, AB: CD: EF :GH. 
Dem. 2.—ABK : CDL: AB^ : CD?  [xx.], 


and EI : GJ :: EF’ : GH? boar 
therefore AB? : CD? :: EF? : GH?. 
Hence AB:CD: EF: GH. 
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The enunciation of this Proposition is wrongly stated in Simson’s Euclid, 
and in those that copy it. As given in those works, the four figures should be 
similar. 


PROP. XXIII.—THEOREM. 


Equiangular parallelograms (AD, CG) are to each other as the rectangles 
contained by their sides about a pair of equal angles. 


Dem.—Let the two sides AB, BC' about the H D F 
equal angles ABD, C BG, be placed so as to form 
one right line; then it is evident, as in Prop. XIV., (x) 
that GB, BD form one right line. Complete the (v) 
parallelogram BF. Now, denoting the parallelo- C 
grams AB, BF, CG by X, Y, Z, respectively, we A B 
have— (2) 
X:Y : AB: BC. JL], 
YZ e BDB JL 
Hence XY:YZ:: AB.BD: BC.BG; 
or X:Zu AB.BD: BC.BG. 


Observation.—Since AB.BD : BC .BG is compounded of the two ratios AB : BC and 
BD : BG |V. Def. of compound ratio], the enunciation is the same as if we said, “in the ratio 
compounded of the ratios of the sides," which is Euclid's; but it is more easily understood as 
we have put it. 


Exercises. 


1. Triangles which have one angle of one equal or supplemental to one angle of the other, 
are to one another in the ratio of the rectangles of the sides about those angles. 

2. Two quadrilaterals whose diagonals intersect at equal angles are to one another in the 
ratio of the rectangles of the diagonals. 


PROP. XXIV.—THEOREM. 


In any parallelogram (AC), every two parallelograms (AF, FC) which are 
about a diagonal are similar to the whole and to one another. 


Dem.—Since the parallelograms AC, AF have a com- g C 
mon angle, they are equiangular [I. XxxIv.], and all that 
is required to be proved is, that the sides about the equal 
angles are proportional. Now, since the lines EF’, BC are 
parallel, the triangles AEF, ABC are equiangular; there- E 
fore [IV.] AE : EF :: AB : BC, and the other sides of the Wi 
parallelograms are equal to AE, EF; AB, BC: hence the 
sides about the equal angles are proportional; therefore the A G D 
parallelograms AF, AC are similar. In the same manner the parallelograms AF, 


FC are similar. 
Cor.—The parallelograms AF’, FC’, AC are, two by two, homothetic. 
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PROP. XXV.—PROBLEM. 


To describe a rectilineal figure equal to a given one (A), and similar to another 
given one (BCD). 


Sol.—On any side BC of the figure BC D describe the rectangle BE equal to 
BCD |I. x1v.], and on CE describe the rectangle EF equal to A. Between BC, 
CF find a mean proportional GH, and on it describe the figure GHI similar 
to BCD [xvii], so that BC and GH may be homologous sides. GHI is the 
figure required. 


D I 
c F 
B G H 
J E K 


Dem.—The three lines BC, GH, CF are in continued proportion; therefore 
BC : CF in the duplicate ratio of BC : GH |V. Def. x.|; and since the figures 
BCD, GHI are similar, BC D : GHI in the duplicate ratio of BC : GH |xx.|; 
also BC’: CF :: rectangle BE : rectangle EF. Hence rectangle BE : EF :: 
figure BCD : GHI; but the rectangle B E is equal to the figure BC D; therefore 
the rectangle EF is equal to the figure GHI; but EF is equal to A (const.). 
Therefore the figure GHI is equal to A, and it is similar to BC D. Hence it is 
the figure required. 


D 
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Or thus: Describe the squares FF Jk, LM NO equal to the figures BCD and A respec- 
tively |II. xiv.]; then find GH a fourth proportional to EF, LM, and BC [xr.]. On GH 
describe the rectilineal figure GHI similar to the figure BC D [xvu.], so that BC and GH 
may be homologous sides. GHI is the figure required. 

Dem.—Because EF : LM :: BC: GH (const.), the figure EF JK : LMNO:: BCD : 
GHI [xxu.]; but EF JK is equal to BCD (const.); therefore LM NO is equal to GHI; but 
LM NO is equal to A (const.). Therefore GHI is equal to A, and it is similar to BCD. 


PROP. XXVI.—THEOREM. 


If two similar and similarly situated parallelograms (AEFG, ABCD) have a 
common angle, they are about the same diagonal. 


Dem.—Draw the diagonals (see fig., Prop. xxiv.) AF, AC. Then because 
the parallelograms AE FG, ABC'D are similar figures, they can be divided into 
the same number of similar triangles |XX.]. Hence the triangle F AG is similar 
to CAD, and therefore the angle FAG is equal to the angle CAD. Hence the 
line AC must pass through the point F, and therefore the parallelograms are 
about the same diagonal. 


Observation.—Proposition XXVvI., being the converse of XXIV., has evidently been mis- 
placed. The following would be a simpler enunciation:— If two homothetic parallelograms 
have a common angle, they are about the same diagonal.” 


PROP. XX VII—PROBLEM. 


To inscribe in a given triangle (ABC) the maximum parallelogram having a 
common angle (B) with the triangle. 


Sol.—Bisect the side AC opposite to the angle D, at P : through P draw 
PE, PF parallel to the other sides of the triangle. BP is the parallelogram 
required. 

Dem.—Take any other point D in AC : A 
draw DG, DH parallel to the sides, and CK 
parallel to AB; produce EP, GD to meet CK 
in K and J, and produce HD to meet PK 


s "m— : 

Now, since AC is bisected in P, EK is G —— dy 
also bisected in P; hence [I. xxxvi.| the par- ari 
allelogram EO is equal to OK; therefore EO B F H C 
is greater than DK; but DK is equal to FD |I. xrim.]; hence EO is greater 
than FD. To each add BO, and we have the parallelogram BP greater than 
BD. Hence BP is the maximum parallelogram which can be inscribed in the 
given triangle. 

Cor. 1.—The maximum parallelogram exceeds any other parallelogram ab- 
out the same angle in the triangle, by the area of the similar parallelogram 
whose diagonal is the line between the middle point P of the opposite side and 
the point D, which is the corner of the other inscribed parallelogram. 


L 
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Cor. 2.—The parallelograms inscribed in a triangle, and having one angle 
common with it, are proportional to the rectangles contained by the segments 
of the sides of the triangle, made by the opposite corners of the parallelograms. 

Cor. 3.—The parallelogram AC : GH :: AC? : AD. DC. 


PROP. XXVIII.—PROBLEM. 


To inscribe in a given triangle (ABC) a parallelogram equal to a given rec- 
tilineal figure (X) not greater than the maximum inscribed parallelogram, and 
having an angle (B) common with the triangle. 


Sol.—Bisect the side AC opposite to B, at P. Draw PF, PE parallel to the 
sides AB, BC; then |xxvir. BP is the maximum parallelogram that can be 
inscribed in the triangle ABC; and if X be equal to it, the problem is solved. If 
not, produce EP, and draw CJ parallel to PF’; then describe the parallelogram 
KLMN |xxv.| equal to the difference between the figure PJC'F and X, and 
similar to PJCF, and so that the sides PJ and KL will be homologous; then 
cut off PI equal to KL; draw IH parallel to AB, cutting AC in D, and draw 
DG parallel to BC’. BD is the parallelogram required. 





Dem.—Since the parallelograms PC’, PD are about the same diagonal, they 
are similar [XxIv.]; but PC is similar to KPT (const.); therefore PD is similar 
to KN, and (const.) their homologous sides, PI and KL, are equal; hence |Xx.] 
PD is equal to KN. Now, PD is the difference between EF and GH |xxvrt. 
Cor. 1], and KN is (const.) the difference between PC and X; therefore the 
difference between PC and X is equal to the difference between EF’ and GH; 
but EF is equal to PC. Hence GH is equal to X. 


PROP. XXIX.—PROBLEM. 
To escribe to a, given triangle (ABC) a parallelogram equal to a given rec- 


tilineal figure (X), and having an angle common with an external angle (B) of 
the triangle. 
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Sol.—The construction is the same as the last, except that, instead of mak- 
ing the parallelogram KN equal to the excess of the parallelogram PC’ over the 
rectilineal figure X, we make it equal to their sum; and then make PJ equal to 
KL; draw IH parallel to AB, and the rest of the construction as before. 





Dem.—Now it can be proved, as in II. vr., that the parallelogram BD is 
equal to the gnomon OH J; that is, equal to the difference between the paral- 
lelograms PD and PC, or the difference (const.) between KN and PC; that is 
(const.), equal to X, and BD is escribed to the triangle ABC, and has an angle 
common with the external angle B. Hence the thing required is done. 


Observation.— The enunciations of the three foregoing Propositions have been altered, in 
order to express them in modern technical language. Some writers recommend the student to 
omit them—we think differently. In the form we have given them they are freed from their 
usual repulsive appearance. The constructions and demonstrations are Euclid’s, but slightly 
modified. 


PROP. XXX.—THEOREM. 


To divide a given line (AB) in “extreme and mean ratio.” 


Sol.—Divide AB in C, so that the rectangle AB. BC may be equal to the 
square on AC |II. x1.) Then C is the point required. 
Dem.-— Because the rectangle AB. BC is equal A C B 


to the square on AC, AB: AC :: AC: BC [xvii]. ~ort 4— 


Hence AB is cut in extreme and mean ratio in C |Def. r1.]. 


Exercises. 


1. If the three sides of a right-angled triangle be in continued proportion, the hypotenuse 
is divided in extreme and mean ratio by the perpendicular from the right angle on the hy- 
potenuse. 

2. In the same case the greater segment of the hypotenuse is equal to the least side of the 
triangle. 

3. The square on the diameter of the circle described about the triangle formed by the 
points F, H, D (see fig. II. x1.), is equal to six times the square on the line FD. 
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PROP. XXXI.—THEOREM. 


If any similar rectilineal figure be similarly described om the three sides of a 
right-angled triangle (ABC), the figure on the hypotenuse is equal to the sum of 
those described on the two other sides. 


Dem.—Draw the perpendicular CD |I. xir.]. Then because ABC is a right- 
angled triangle, and CD is drawn from the right angle perpendicular to the 
hypotenuse; BD : AD in the duplicate ratio of BA : AC |vrm. Cor. 4]. Again, 
because the figures described on BA, AC are similar, they are in the duplicate 
ratio of BA : AC [xx.]. Hence [V. x1] BA : AD :: figure described on BA : 
figure described on AC. In like manner, AB : BD :: figure described on AB : 
figure described on BC. Hence |V. xxiv.] AB : sum of AD and BD :: figure 
described on the line AB : sum of the figures described on the lines AC, BC; but 
AB is equal to the sum of AD and BD. Therefore |V. ^.| the figure described 
on the line AB is equal to the sum of the similar figures described on the lines 
AC and BC. 

Or thus: Let us denote the sides by 
a, b, c, and the figures by a, D, y; then 
because the figures are similar, we have 
[xx.] 











a:y:uao ic 
a a’ 
therefore ==> 
^ 
b? 
In like manner, B = 3) 
y c 
2 b? 
therefore — =* = 
^y C 


but a? + b? = c? [I. x;vir.]. Therefore a + 8 = y; that is, the sum of the figures 
on the sides is equal to the figure on the hypotenuse. 


Exercise. 


If semicircles be described on supplemental chords of a semicircle, the sum of the areas 
of the two crescents thus formed is equal to the area of the triangle whose sides are the 
supplemental chords and the diameter. 


PROP. XXXII.—THEOREM. 


If two triangles (ABC, CDE) which have two sides of one proportional to 
two sides of the other (AB : BC :: CD : DE), and the contained angles (B, D) 
equal, be joined at an angle (C), so as to have their homologous sides parallel, 
the remaining sides are in the same right line. 
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Dem.—Because the triangles ABC, CDE B 
have the angles B and D equal, and the sides 
about these angles proportional, viz., AB : 

BC : CD : DE, they are equiangular |VI.|; 
therefore the angle BAC is equal to DC E. To 
each add AC D, and we have the sum of the an- A C B 
gles BAC, ACD equal to the sum of DCE and 

AC D; but the sum of BAC, ACD is |I. xxIx.] two right angles; therefore the 
sum of DCE and ACD is two right angles. Hence |I. xiv.| AC, CE are in the 
same right line. 


PROP. XXXIII.-THEOREM. 


In equal circles, angles (BOC, EPF) at the centres or (BAC, EDF) at the 
circumferences have the same ratio to one another as the arcs (BC, EF) on 
which they stand, and so also have the sectors (BOC, EPF). 





Dem.—1. Take any number of arcs CG, GH in the first circle, each equal 
to BC. Join OG, OH, and in the second circle take any number of arcs FI, 
IJ, each equal to EF. Join IP, JP. Then because the arcs BC, CG, GH are 
all equal, the angles BOC’, COG, GOH, are all equal |IHI. xxvit.].. Therefore 
the arc BH and the angle BOH are equimultiples of the arc BC and the angle 
BOC. In like manner it may be proved that the arc EJ and the angle EPJ are 
equimultiples of the arc EF’ and the angle EPF. Again, since the circles are 
equal, it is evident that the angle BOH is greater than, equal to, or less than 
the angle EPJ, according as the arc BH is greater than, equal to, or less than 
the arc EJ. Now we have four magnitudes, namely, the arc BC, the arc EF, 
the angle BOC’, and the angle EPF; and we have taken equimultiples of the 
first and third, namely, the arc BH, the angle BOH, and other equimultiples 
of the second and fourth, namely, the arc EJ and the angle EPJ, and we have 
proved that, according as the multiple of the first is greater than, equal to, or 
less than the multiple of the second, the multiple of the third is greater than, 
equal to, or less than the multiple of the fourth. Hence |V. Def. v.) BC : EF 
the angle BOC : EPF. 
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Again, since the angle BAC is half the angle BOC |III. xx.], and EDF is 
half the angle EPF, 


BAC : EDF :: BOC : EPF [V. xv.]; 
but BOC: EPF :: BC: EF. 
Hence BAC: EDF: BC: EF |V. XI.]. 


2. The sector BOC : sector EPF :: BC : EF. 

Dem.—The same construction being made, since the arc BC is equal to CG, 
the angle BOC is equal to COG. Hence the sectors BOC’, COG are congruent 
(see Observation, Proposition XXIX., Book III.); therefore they are equal. In 
like manner the sectors COG, GOH are equal. Hence there are as many equal 
sectors as there are equal arcs; therefore the arc BH and the sector BOH are 
equimultiples of the arc BC and the sector BOC. In the same manner it may 
be proved that the arc EJ and the sector EPJ are equimultiples of the arc EF 
and the sector EPF; and it is evident, by superposition, that if the arc BH is 
greater than, equal to, or less than the arc EJ, the sector BOH is greater than, 
equal to, or less than the sector EPJ. Hence |V. Def. v.] the arc BC : EF :: 
sector BOC : sector EPF. 


The second part may be proved as follows:— 
Sector BOC — 5 rectangle contained by the arc BC, and the radius of the circle ABC 


[xx. Ex. 14] and sector EPF = i rectangle contained by the arc EF and the radius of the 
circle EDF’; and since the circles are equal, their radii are equal. Hence, sector BOC : sector 


EPF :: arc BC : arc EF. 


Questions for Examination on Book VI. 


. What is the subject-matter of Book VI.? Ans. Application of the theory of proportion. 
. What are similar rectilineal figures? 

What do similar figures agree in? 

. How many conditions are necessary to define similar triangles? 

How many to define similar rectilineal figures of more than three sides? 

. When is a figure said to be given in species? 

. When in magnitude? 

. When in position? 

9. What is a mean proportional between two lines? 

10. Define two mean proportionals. 

11. What is the altitude of a rectilineal figure? 

12. If two triangles have equal altitudes, how do their areas vary? 

13. How do these areas vary if they have equal bases but unequal altitudes? 

14. If both bases and altitudes differ, how do the areas vary? 

15. When are two lines divided proportionally? 

16. If in two lines divided proportionally a pair of homologous points coincide with their 
point of intersection, what property holds for the lines joining the other pairs of homologous 
points? 

17. Define reciprocal proportion. 

18. If two triangles have equal areas, prove that their perpendiculars are reciprocally 
proportional to the bases. 

19. What is meant by figures inversely similar? 

20. If two figures be inversely similar, how can they be changed into figures directly 
similar? 


0 -1O Ot OO ND 
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21. Give an example of two triangles inversely similar. Ans. If two lines passing through 
any point O outside a circle intersect it in pairs of points A, A’; B, B’, respectively, the 
triangles OAB, OA’ B’, are inversely similar. 

22. What point is it round which a figure can be turned so as to bring its sides into positions 
of parallelism with the sides of a similar rectilineal figure. Ans. The centre of similitude of 
the two figures. 

23. How many figures similar to a given rectilineal figure of sides can be described on a 
given line? 

24. How many centres of similitude can two regular polygons of n sides each have? Ans. 
n centres, which lie on a circle. 

25. What are homothetic figures? 

26. How do the areas of similar rectilineal figures vary? 

27. What proposition is XIX. a special case of? 

28. Define Philo’s line. 

29. How many centres of similitude have two circles? 


Exercises on Book VI. 


1. If in a fixed triangle we draw a variable parallel to the base, the locus of the points 
of intersection of the diagonals of the trapezium thus cut off from the triangle is the median 
that bisects the base. 

2. Find the locus of the point which divides in a given ratio the several lines drawn from 
a given point to the circumference of a given circle. 

3. Two lines AB, XY, are given in position: AB is divided in C in the ratio m : n, and 
parallels AA’, BB’, CC’, are drawn in any direction meeting XY in the points A’, B’, C’; 
prove 

(m 4- n)CC' 2 nAA' -- mBB'. 
4. Three concurrent lines from the vertices of a triangle ABC’ meet the opposite sides in 
A’, B’, C’; prove 
AB’.BC’.CA'=A'B.B'C.C'A. 
5. If a transversal meet the sides of a triangle ABC in the points A’, B’, C’; prove 
AB BC’. CA =A’ BB B'C1C A, 


6. If on a variable line AC’, drawn from a fixed point A to any point B in the circumference 
of a given circle, a point C be taken such that the rectangle AB. AC is constant, the locus of 
C is a circle. 

7. If D be the middle point of the base BC of a triangle ABC, E the foot of the perpen- 
dicular, L the point where the bisector of the angle A meets BC, H the point of contact of 
the inscribed circle with BC; prove DE. HL — HE.HD. 

8. In the same case, if K be the point of contact with BC of the escribed circle, which 
touches the other sides produced, LH . BK — BD.LE. 

9. If R, v, r', r", r"" be the radii of the circumscribed, the inscribed, and the escribed 
circles of a plane triangle, d, d', d", d"' the distances of the centre of the circumscribed circle 
from the centres of the others, then R? = d? + 2Rr = d’? — 2Rr’, &c. 

10. In the same case, 12R? — d? 4- d? 4- d"? 4- q""?. 

11. If p', p", p" denote the perpendiculars of a triangle, then 


1 de b i 
(1) pi + " + p — 
1 1 1 1 
(2) +t, ke: 
p” pu p! r! 
2 1 1 
(3) NT — ot oe — &c.; 
p T T 
2 1 1 
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12. In a given triangle inscribe another of given form, and having one of its angles at a 
given point in one of the sides of the original triangle. 

13. If a triangle of given form move so that its three sides pass through three fixed points, 
the locus of any point in its plane is a circle. 

14. The angle A and the area of a triangle ABC are given in magnitude: if the point A 
be fixed in position, and the point B move along a fixed line or circle, the locus of the point 
C is a circle. 

15. One of the vertices of a triangle of given form remains fixed; the locus of another is à 
right line or circle; find the locus of the third. 

16. Find the area of a triangle—(1) in terms of its medians; (2) in terms of its perpendic- 
ulars. 

17. If two circles touch externally, their common tangent is a mean proportional between 
their diameters. 

18. If there be given three parallel lines, and two fixed points A, B; then if the lines of 
connexion of A and B to any variable point in one of the parallels intersect the other parallels 
in the points C and D, E and F, respectively, CF and DE pass each through a fixed point. 

19. If a system of circles pass through two fixed points, any two secants passing through 
one of the points are cut proportionally by the circles. 

20. Find a point O in the plane of a triangle ABC’, such that the diameters of the three 
circles, about the triangles OAB, OBC, OCA, may be in the ratios of three given lines. 

21. ABCD is a cyclic quadrilateral: the lines AB, AD, and the point C, are given in 
position; find the locus of the point which divides BD in a given ratio. 

22. CA, CB are two tangents to a circle; BE is perpendicular to AD, the diameter through 
A; prove that CD bisects BE. 

23. If three lines from the vertices of a triangle ABC to any interior point O meet the 
opposite sides in the points A’, B’, C’; prove 

OA! OB OC’ 1 
AA BBY Cœ C 

24. If three concurrent lines OA, OB, OC be cut by two transversals in the two systems 

of points A, B, C; A', B', C', respectively: prove 
AB OC BC OA CA OB 
AB OC BC OA CA OB' 

25. The line joining the middle points of the diagonals of a quadrilateral circumscribed to 

a circle— 











(1) divides each pair of opposite sides into inversely proportional segments; 


(2) is divided by each pair of opposite lines into segments which, measured from the 
centre, are proportional to the sides; 


(3) is divided by both pairs of opposite sides into segments which, measured from 
either diagonal, have the same ratio to each other. 


26. If CD, C'D' be the internal and external bisectors of the angle C of the triangle AC B, 
the three rectangles AD. DB, AC.CB, AD. BD are proportional to the squares of AD, AC, 
AD'; and are—(1) in arithmetical progression if the difference of the base angles be equal to 
a right angle; (2) in geometrical progression if one base angle be right; (3) in harmonical 
progression if the sum of the base angles be equal to a right angle. 

27. If a variable circle touch two fixed circles, the chord of contact passes through a fixed 
point on the line connecting the centres of the fixed circles. 
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Dem.—Let O, O’ be the centres of the two fixed circles; O” the centre of the variable 
circle; A, B the points of contact. Let AB and OO! meet in C, and cut the fixed circles again 
in the points A’, B’ respectively. Join A’O, AO, BO’. Then AO, BO’ meet in O" [III. xr.]. 
Now, because the triangles OAA', O" AB are isosceles, the angle O” BA = O” AB = OA'A. 
Hence OA' is parallel to O'B; therefore OC : O'C :: OA’ : O'B; that is, in a given ratio. 
Hence C is a given point. 

28. If DD’ be the common tangent to the two circles, DD”? = AB'. A'B. 

29. If R denote the radius of O” and p, p’, the radii of O, O’, DD’? : AB? :: (R4p)(R+p’) : 
R?, the choice of sign depending on the nature of the contacts. This follows from 28. 

30. If four circles be tangential to a fifth, and if we denote by 12 the common tangent to 
the first and second, &c., then 


12,34 4 23. 14:5 13.24. 


31. The inscribed and escribed circles of any triangle are all touched by its nine-points 
circle. 

32. The four triangles which are determined by four points, taken three by three, are such 
that their nine-points circles have one common point. 

33. If a, b, c, d denote the four sides, and D, D’ the diagonals of a quadrilateral; prove 
that the sides of the triangle, formed by joining the feet of the perpendiculars from any of 
its angular points on the sides of the triangle formed by the three remaining points, are 
proportional to the three rectangles ac, bd, DD’. 

34. Prove the converse of Ptolemy’s theorem (see XVII., Ex. 13). 

35. Describe a circle which shall—(1) pass through a given point, and touch two given 
circles; (2) touch three given circles. 

36. If a variable circle touch two fixed circles, the tangent to it from their centre of 
similitude, through which the chord of contact passes (27), is of constant length. 

37. If the lines AD, BD’ (see fig., Ex. 27) be produced, they meet in a point on the 
circumference of O”, and the line O” P is perpendicular to DD’. 

38. If A, B be two fixed points on two lines given in position, and A’, B’ two variable 
points, such that the ratio AA’ : BB’ is constant, the locus of the point dividing A'B' in a 
given ratio is a right line. 

39. If a line EF divide proportionally two opposite sides of a quadrilateral, and a line 
GH the other sides, each of these is divided by the other in the same ratio as the sides which 
determine them. 

40. In a given circle inscribe a triangle, such that the triangle whose angular points are the 
feet of the perpendiculars from the extremities of the base on the bisector of the vertical angle, 
and the foot of the perpendicular from the vertical angle on the base, may be a maximum. 

41. In a circle, the point of intersection of the diagonals of any inscribed quadrilateral 
coincides with the point of intersection of the diagonals of the circumscribed quadrilateral, 
whose sides touch the circle at the angular points of the inscribed quadrilateral. 

42. ‘Through two given points describe a circle whose common chord with another given 
circle may be parallel to a given line, or pass through a given point. 

43. Being given the centre of a circle, describe it so as to cut the legs of a given angle 
along a chord parallel to a given line. 
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44. If concurrent lines drawn from the angles of a polygon of an odd number of sides 
divide the opposite sides each into two segments, the product of one set of alternate segments 
is equal to the product of the other set. 

45. If a triangle be described about a circle, the lines from the points of contact of its 
sides with the circle to the opposite angular points are concurrent. 

46. If a triangle be inscribed in a circle, the tangents to the circle at its three angular 
points meet the three opposite sides at three collinear points. 

47. ' The external bisectors of the angles of a triangle meet the opposite sides in three 
collinear points. 

48. Describe a circle touching a given line at a given point, and cutting a given circle at 
a given angle. 

DEF.—The centre of mean position of any number of points A, DB, C, D, &c., 1s a point 
which may be found as follows:—Bisect the line joining any two points A, 5, in G. Join G 
to a third point C; divide GC in H, so that GH — IGC. Join H to a fourth point D, and 


divide HD in K, so that HK = HD, and so on. The last point found will be the centre of 
mean position of the given points. 

49. The centre of mean position of the angular points of a regular polygon is the centre 
of figure of the polygon. 

50. The sum of the perpendiculars let fall from any system of points A, B, C, D, &c., 
whose number is n on any line L, is equal to n times the perpendicular from the centre of 
mean position on L. 

51. The sum of the squares of lines drawn from any system of points A, B, C, D, &c., to 
any point P, exceeds the sum of the squares of lines from the same points to their centre of 
mean position, O, by nOP?. 

52. If a point be taken within a triangle, so as to be the centre of mean position of the 
feet of the perpendiculars drawn from it to the sides of the triangle, the sum of the squares 
of the perpendiculars is a minimum. 

53. Construct a quadrilateral, being given two opposite angles, the diagonals, and the 
angle between the diagonals. 

54. A circle rolls inside another of double its diameter; find the locus of a fixed point in 
its circumference. 

55. Two points, C, D, in the circumference of a given circle are on the same side of a 
given diameter; find a point P in the circumference at the other side of the given diameter, 
AB, such that PC, PD may cut AB at equal distances from the centre. 

56. If the sides of any polygon be cut by a transversal, the product of one set of alternate 
segments is equal to the product of the remaining set. 

57. A transversal being drawn cutting the sides of a triangle, the lines from the angles 
of the triangle to the middle points of the segments of the transversal intercepted by those 
angles meet the opposite sides in collinear points. 

58. If lines be drawn from any point P to the angles of a triangle, the perpendiculars at 
P to these lines meet the opposite sides of the triangle in three collinear points. 

59. Divide a given semicircle into two parts by a perpendicular to the diameter, so that 
the radii of the circles inscribed in them may have a given ratio. 

60. From a point within a triangle perpendiculars are let fall on the sides; find the locus 
of the point, when the sum of the squares of the lines joining the feet of the perpendiculars is 
given. 

61. If a circle make given intercepts on two fixed lines, the rectangle contained by the 
perpendiculars from its centre on the bisectors of the angle formed by the lines is given. 

62. If the base and the difference of the base angles of a triangle be given, the rectangle 
contained by the perpendiculars from the vertex on two lines through the middle point of the 
base, parallel to the internal and external bisectors of the vertical angle, is constant. 

63. The rectangle contained by the perpendiculars from the extremities of the base of 
a triangle, on the internal bisector of the vertical angle, is equal to the rectangle contained 
by the external bisector and the perpendicular from the middle of the base on the internal 
bisector. 

64. State and prove the corresponding theorem for perpendiculars on the external bisector. 
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65. If R, R’ denote the radii of the circles inscribed in the triangles into which a right- 
angled triangle is divided by the perpendicular from the right angle on the hypotenuse; then, 
if c be the hypotenuse, and s the semiperimeter, R? + R/? = (s — c)?. 

66. If A, B, C, D be four collinear points, find a point O in the same line with them such 
that OA.OD = OB.OC. 

67. The four sides of a cyclic quadrilateral are given; construct it. 

68. Being given two circles, find the locus of a point such that tangents from it to the 
circles may have a given ratio. 

69. If four points A, B, C, D be collinear, find the locus of the point P at which AB and 
CD subtend equal angles. 

70. If a circle touch internally two sides, CA, CB, of a triangle and its circumscribed 
circle, the distance from C to the point of contact on either side is a fourth proportional to 
the semiperimeter, and C'A, CB. 

71. State and prove the corresponding theorem for a circle touching the circumscribed 
circle externally and two sides produced. 

72. Pascal’s Theorem.—If the opposite 
sides of an irregular hexagon ABC DEF in- 
scribed in a circle be produced till they meet, 
the three points of intersection G, H, I are 
collinear. 

Dem.—Join AD. Describe a circle 
about the triangle ADI, cutting the lines 
AF, CD produced, if necessary, in K and 
L. Join IK, KL, LI. Now, the angles K LG, 
FCG are each |III. xxr.] equal to the an- 
gle GAD. Hence they are equal. Therefore 
KL is parallel to CF. Similarly, LI is paral- 
lel to CH, and KI to FH; hence the trian- 
gles KLI, FCH are homothetic. Hence the 
lines joining corresponding vertices are con- 
current. Therefore the points 7, H, G are 
collinear. 

73. If two sides of a triangle circum- 
scribed to a given circle be given in posi- 
tion, but the third side variable, the circle 
described about the triangle touches a fixed 
circle. 

14. If two sides of a triangle be given in 
position, and if the area be given in mag- 
nitude, two points can be found, at each of 
which the base subtends a constant angle. 

15. If a, b, c, d denote the sides of a cyclic 
quadrilateral, and s its semiperimeter, prove 
its area = ,/(s — a)(s — b)(s — c)(s — d). 

16. If three concurrent lines from the angles of a triangle ABC meet the opposite side in 
the points A’, B’, C’, and the points A', B', C" be joined, forming a second triangle A' B'C", 


AJABC:AA' BG AB: BOCA 2AB BONOA 


L 





77. In the same case the diameter of the circle circumscribed about the triangle ABC = 
AB'.BC' .CA' divided by the area of A’ B’C’. 
78. If a quadrilateral be inscribed in one circle, and circumscribed to another, the square 
of its area is equal to the product of its four sides. 
79. If on the sides AB, AC of a triangle ABC we take two points D, E, and on their line 
of connexion F’, such that 
BD AE DF 
AD CE EF’ 
prove the triangle BFC — 2ADE. 
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80. If through the middle points of each of the two diagonals of a quadrilateral we draw 
a parallel to the other, the lines drawn from their points of intersection to the middle points 
of the sides divide the quadrilateral into four equal parts. 

81. CE, DF are perpendiculars to the diameter of a semicircle, and two circles are de- 
scribed touching CE, DE, and the semicircle, one internally and the other externally; the 
rectangle contained by the perpendiculars from their centres on AB is equal to CE. DF. 

82. If lines be drawn from any point in the circumference of a circle to the angular points 
of any inscribed regular polygon of an odd number of sides, the sums of the alternate lines 
are equal. 

83. If at the extremities of a chord drawn through a given point within a given circle 
tangents be drawn, the sum of the reciprocals of the perpendiculars from the point upon the 
tangents is constant. 

84. If a cyclic quadrilateral be such that three of its sides pass through three fixed collinear 
points, the fourth side passes through a fourth fixed point, collinear with the three given ones. 

85. If all the sides of a polygon be parallel to given lines, and if the loci of all the angles 
but one be right lines, the locus of the remaining angle is also a right line. 

86. If the vertical angle and the bisector of the vertical angle be given, the sum of the 
reciprocals of the containing sides is constant. 

87. If P, P’ denote the areas of two regular polygons of any common number of sides, 
inscribed and circumscribed to a circle, and II, II’ the areas of the corresponding polygons 
of double the number of sides; prove II is a geometric mean between P and P’, and II’ a 
harmonic mean between II and P’. 

88. The difference of the areas of the triangles formed by joining the centres of the circles 
described about the equilateral triangles constructed—(1) outwards; (2) inwards—on the sides 
of any triangle, is equal to the area of that triangle. 

89. In the same case, the sum of the squares of the sides of the two new triangles is equal 
to the sum of the squares of the sides of the original triangle. 

90. If R, r denote the radii of the circumscribed and inscribed circles to a regular polygon 
of any number of sides, R’, r’, corresponding radii to a regular polygon of the same area, and 
double the number of sides; prove 


R' =VJRr and rf = j TEED) 
9 2 * 


91. If the altitude of a triangle be equal to its base, the sum of the distances of the 
orthocentre from the base and from the middle point of the base is equal to half the base. 

92. In any triangle, the radius of the circumscribed circle is to the radius of the circle 
which is the locus of the vertex, when the base and the ratio of the sides are given, as the 
difference of the squares of the sides is to four times the area. 

93. Given the area of a parallelogram, one of its angles, and the difference between its 
diagonals; construct the parallelogram. 

94. If à variable circle touch two equal circles, one internally and the other externally, 
and perpendiculars be let fall from its centre on the transverse tangents to these circles, the 
rectangle of the intercepts between the feet of these perpendiculars and the intersection of the 
tangents is constant. 

95. Given the base of a triangle, the vertical angle, and the point in the base whose 
distance from the vertex is equal half the sum of the sides; construct the triangle. 

96. If the middle point of the base BC of an isosceles triangle ABC be the centre of à 
circle touching the equal sides, prove that any variable tangent to the circle will cut the sides 
in points D, E, such that the rectangle BD .CE will be constant. 

97. Inscribe in a given circle a trapezium, the sum of whose opposite parallel sides is given, 
and whose area is given. 

98. Inscribe in a given circle a polygon all whose sides pass through given points. 

99. If two circles X, Y be so related that a triangle may be inscribed in X and circum- 
scribed about Y, an infinite number of such triangles can be constructed. 

100. In the same case, the circle inscribed in the triangle formed by joining the points of 
contact on Y touches a given circle. 

101. And the circle described about the triangle formed by drawing tangents to X, at the 
angular points of the inscribed triangle, touches a given circle. 
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102. Find a point, the sum of whose distances from three given points may be a minimum. 

103. A line drawn through the intersection of two tangents to a circle is divided harmon- 
ically by the circle and the chord of contact. 

104. To construct a quadrilateral similar to a given one whose four sides shall pass through 
four given points. 

105. To construct a quadrilateral, similar to a given one, whose four vertices shall le on 
four given lines. 

106. Given the base of a triangle, the difference of the base angles, and the rectangle of 
the sides; construct the triangle. 

107. ABCD is a square, the side CD is bisected in E, and the line EF drawn, making 
the angle AEF = EAB; prove that EF divides the side BC in the ratio of 2 : 1. 

108. If any chord be drawn through a fixed point on a diameter of a circle, and its 
extremities joined to either end of the diameter, the joining lines cut off, on the tangent at 
the other end, portions whose rectangle is constant. 

109. If two circles touch, and through their point of contact two secants be drawn at 
right angles to each other, cutting the circles respectively in the points A, A’; B, B’; then 
AA’? + BB’? is constant. 

110. If two secants at right angles to each other, passing through one of the points of 
intersection of two circles, cut the circles again, and the line through their centres in the two 
systems of points a, b, c; a’, b’, c’ respectively, then ab: bc:: a’b’: b’c’. 

111. Two circles described to touch an ordinate of a semicircle, the semicircle itself, and 
the semicircles on the segments of the diameter, are equal to one another. 

112. If a chord of a given circle subtend a right angle at a given point, the locus of the 
intersection of the tangents at its extremities is a circle. 

113. The rectangle contained by the segments of the base of a triangle, made by the point 
of contact of the inscribed circle, is equal to the rectangle contained by the perpendiculars 
from the extremities of the base on the bisector of the vertical angle. 

114. If O be the centre of the inscribed circle of the triangle prove 

OA? OB? OC? 
+ sfe 
be ca ab 

115. State and prove the corresponding theorems for the centres of the escribed circles. 

116. Four points A, B, C, D are collinear; find a point P at which the segments AB, BC, 
C' D subtend equal angles. 

117. The product of the bisectors of the three angles of a triangle whose sides are a, b, c, 


= 











is 
Sabc.s.area 
(a+ b)(b+e)(e+a) 

118. In the same case the product of the alternate segments of the sides made by the 

bisectors of the angles is 
a? bc? 
(a+ b)(b+e)(c+a) 

119. If three of the six points in which a circle meets the sides of any triangle be such, 
that the lines joining them to the opposite vertices are concurrent, the same property is true 
of the three remaining points. 

120. If a triangle A’B’C” be inscribed in another ABC, prove 

AB’.BC’.CA'+A‘'B.B'C.C'A 
is equal twice the triangle A'B'C" multiplied by the diameter of the circle ABC. 

121. Construct a polygon of an odd number of sides, being given that the sides taken in 
order are divided in given ratios by fixed points. 

122. If the external diagonal of a quadrilateral inscribed in a given circle be a chord of 
another given circle, the locus of its middle point is a circle. 

123. If a chord of one circle be a tangent to another, the line connecting the middle point 
of each arc which it cuts off on the first, to its point of contact with the second, passes through 
a given point. 

124. From a point P in the plane of a given polygon perpendiculars are let fall on its sides; 
if the area of the polygon formed by joining the feet of the perpendiculars be given, the locus 
of P is a circle. 
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BOOK XI. 


THEORY OF PLANES, COPLANAR LINES, AND SOLID 
ANGLES 





DEFINITIONS. 


I. When two or more lines are in one plane they are said to be coplanar. 

II. The angle which one plane makes with another is called a dihedral angle. 

II. A solid angle is that which is made by more than two plane angles, in 
different planes, meeting in a point. 

IV. The point is called the vertez of the solid angle. 

V. If a solid angle be composed of three plane angles it is called a trihedral 
angle; if of four, a tetrahedral angle; and if of more than four, a polyhedral angle. 


PROP. I.—THEOREM. 


One part (AB) of a right line cannot be in a plane (X), and another part 
(BC) not in tt. 


Dem.—5ince AB is in the plane X, it 
can be produced in it [Bk. I. Post. I1.]; let 
it be produced to D. Then, if BC’ be not in 
X, let any other plane passing through A.D 
be turned round AD until it passes through 
the point C. Now, because the points B, 
C are in this second plane, the line BC |L, Def. vr.] is in it. Therefore the two 
right lines ABC, ABD lying in one plane have a common segment AB, which 
is impossible. Therefore, &c. 





PROP. II.—THEOREM. 


Two right lines (AB, CD) which intersect one 
another in any point (E) are coplanar, and so also A 
are any three right lines (EC, CB, BE) which 
form a triangle. 


Dem.—Let any plane pass through EB, and 
be turned round it until it passes through C. Then 
because the points E, C are in this plane, the right 
line EC is in it |L, Def. vr.]. For the same reason 
the line BC is in it. Therefore the lines EC, CB, © 
BE are coplanar; but AB and C D are two of these lines. Hence AB and CD 
are coplanar. 


B 
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PROP. III.—THEOREM. 


If two planes (AB, BC) cut one another, their common section (BD) is a 
right line. 


Dem.—If not from B to D, draw in the 
plane AB the right line BED, and in the plane 


[B 
BC the right line BFD. Then the right lines 
BED, BFD enclose a space, which [I., Ax- 
iom X.| is impossible. Therefore the common 
section BD of the two planes must be a right 
D A 


line. 


PROP. IV.—THEOREM. 


If a right line (EF) be perpendicular to each of two intersecting lines (AB, 


C D), it will be perpendicular to any line GH, which is both coplanar and con- 
current with them. 





B 


Dem.—Through any point G in GH draw a line BC intersecting AB, CD, 
and so as to be bisected in G; and join any point F in EF to B, G, C. Then, 
because EF is perpendicular to the lines EB, EC, we have 

BP*—JHBE- BP*S and Cr? = CE Er 
. BF? + CF? = BE? + CE? + 2EF*?. 

Again BE a-OF? =2BG + 2GF° [I Xx. Ex. 2], 
and BE? + CE? = 2BG? + 2GE?: 

* IBC? 49GF? =2BG* +2GH* 4 2EF*: 
GE? 5 GE? 4 EF?. 
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Hence the angle GEF is right, and EF is perpendicular to EG. 


DEF. vI.—A line such as EF, which is perpendicular to a system of concur- 
rent and coplanar lines, is said to be perpendicular to the plane of these lines, 
and is called a NORMAL to 3t. 

Cor. 1.—The normal is the least line that may be drawn from a given point 
to a given plane; and of all others that may be drawn to it, the lines of any 
system making equal angles with the normal are equal to each other. 

Cor. 2.—A perpendicular to each of two intersecting lines is normal to their 
plane. 


PROP. V.—THEOREM. 


If three concurrent lines (BC, BD, BE) have a 
common perpendicular (AB), they are coplanar. 


A 


Dem.—For if possible let BC be not coplanar with 
BD, BE, and let the plane of AB, BC’ intersect the 
plane of BD, BE in the line BF. Then |XI. nr. BF 
is a right line; and, since it is coplanar with BD, BE, 
which are each perpendicular to AB, it is [XLI. IV. 
perpendicular to AB. ‘Therefore the angle ABF is 
right; and the angle ABC is right (hyp.). Hence ABC 
is equal to ABF, which is impossible |I., Axiom IX.]. 
Therefore the lines BC, BD, BE are coplanar. 





PROP. VI.—THEOREM. 


If two right lines (AB, CD) be normals to the same plane (X), they shall be 
parallel to one another. 


Dem.—Let AB, CD meet the plane X at the points 
D, D. Join BD, and in the plane X draw DE at right 
angles to BD; take any point E in DE. Join BE, AE, 
AD. 'Then because AB is normal to X, the angle ABE 
is right. Therefore AE? = AB? + BE? = AB? + BD? + 
DE?; because the angle BDE is right. But AB? + 
BD? = AD?, because the angle ABD is right. Hence 
AE? = AD? + DE?. Therefore the angle ADE is right. 
I. xvu]. And since CD is normal to the plane X, 
DE is perpendicular to CD. Hence DE is a common 
perpendicular to the three concurrent lines CD, AD, 
BD. Therefore these lines are coplanar [XI. v.|. But AB is coplanar with AD, 
BD |XI. u.]. Therefore the lines AD, BD, CD are coplanar; and since the 
angles ABD, BDC are right, the line AB is parallel to CD [I. XXvul.]. 

DEF. vil.—If from every point in a given line normals be drawn to a given 
plane, the locus of their feet 1s called the projection of the given line on the 
plane. 
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Exercises. 
1. The projection of any line on a plane is a right line. 


2. The projection on either of two intersecting planes of a normal to the other plane is 
perpendicular to the line of intersection of the planes. 


PROP. VII.—THEOREM. 
Two parallel lines (AB, CD) and any line (EF) intersecting them are 


coplanar. 
Dem.—If possible let the intersecting E B 
line be out of the plane, as EGF. And in 
the plane, of the parallels draw |I. Post. 1I.| HG 


the right line ÆHF. Then we have two 

right lines EGF, EHF, enclosing a space, 

which |I. Axiom X.] is impossible. Hence c F D 
the two parallel right lines and the transversal are coplanar. 


Or thus: Since the points E, F are in the plane of the parallels, the line joining these 
points is in that plane |I. Def. vı]. 


PROP. VIII.—THEOREM. 


If one (AB) of two parallel right lines (AB, CD), be normal to a plane (X), 
the other line (CD) shall be normal to the same plane. 


Dem.—Let AB, CD meet the plane X in the 
points B, D. Join BD. Then the lines AB, BD, 
CD are coplanar. Now in the plane X, to which AB 
is normal, draw DE at right angles to BD. ‘Take any 
point E in DE, and join BE, AE, AD. 

Then because AB is normal to the plane X, it 
is perpendicular to the line BE in that plane |XI. 
Def. vr]. Hence the angle ABE is right; therefore 
AE? = AB? + BE? = AB? + BD? + DE? (because 
BDE is right (const.)) = AD? + DE? (because ABD 
is right (hyp.)). Therefore the angle ADE is right. E 
Hence DE is at right angles both to AD and BD. "Therefore |XI. rv.] DE 
is perpendicular to CD, which is coplanar and concurrent with AD and BD. 
Again, since AB and CD are parallel, the sum of the angles ABD, BDC is 
two right angles [I. XXIX.|; but ABD is right (hyp.); therefore BDC is right. 
Hence CD is perpendicular to the two lines DB, DE, and therefore |XI. 1v.] it 
is normal to their plane, that is, it is normal to X. 
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PROP. IX—THEOREM. 


Two right lines (AB, CD) which are each parallel to a third line (EF) are 
parallel to one another. 


Dem.—If the three lines be coplanar, the 


Proposition is evidently the same as I. Xxx. A. H B 
If they are not coplanar, from any point G in 
EF draw in the planes of EF, AB; EF, CD, x G F 


respectively, the lines GH, GK each perpen- 

dicular to EF |L. xi]. Then because EF is 

perpendicular to each of the lines GH, GK,it C K D 
is normal to their plane |XI. rv.]. And because AB is parallel to EF (hyp.), and 
EF is normal to the plane GHK, AB is normal to the plane GH K |XI. vrir.|. 
In like manner C D is normal to the plane HGK. Hence, since AB and CD are 
normals to the same plane, they are parallel to one another. 


PROP. X.—THEOREM. 


If two intersecting right lines (AB, BC) be respectively parallel to two other 
intersecting right lines (DE, EF), the angle (ABC) between the former is equal 
to the angle (DEF) between the latter. 


Dem.—If both pairs of lines be coplanar, the B 


proposition is the same as I. XXIX., Ex. 2. If not, 
take any points A, C in the lines AB, BC, and cut — 
of ED = BA, and EF = BC [Lm]. Join AD, A C 


BE, CF, AC, DF. Then because AB is equal 
and parallel to DE, AD is equal and parallel to 
BE |I. xxxtu]. In like manner CF is equal and 


parallel to BE. Hence [XI. 1x.] AD is equal and 
parallel to CF. Hence |I. xxxim.] AC is equal to 
DF. Therefore the triangles ABC’, DEF’, have D 


the three sides of one respectively equal to the three sides of the other. Herse 
II. vrrr.| £he angle ABC is equal to DEF. 

DEF. vi.. Two planes which meet are perpendicular to each other, when 
the right lines drawn in one of them perpendicular to their common section are 
normals to the other. 

DEF. Ix.— When two planes which meet are not perpendicular to each other, 
their inclination is the acute angle contained by two right lines drawn from any 
point of their common section at right angles to it—one in one plane, and the 
other 1n the other. 


Observation.—These definitions tacitly assume the result of Props. III. and x. of this book. 
On this account we have departed from the usual custom of placing them at the beginning of 
the book. We have altered the place of Definition VI. for a similar reason. 
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PROP. XI.—PROBLEM. 


To draw a normal to a given plane (BH) from a given point (A) not in it. 


Sol.—In the given plane BH draw any A 
line BC, and from A draw AD perpendic- 
ular to BC |I. xrt.|; then if AD be perpen- 
dicular to the plane, the thing required is G F H 
done. If not, from D draw DE in the plane 
BH at right angles to BC |I. xr.], and from 
A draw AF |I. xir.] perpendicular to DE. 

AF is normal to the plane BH. 

Dem.—Draw GH parallel to BC. B D | C 
Then because BC is perpendicular both to ED and DA, it is normal to the 
plane of ED, DA [XI. Iv.]; and since GH is parallel to BC, it is normal to the 
same plane |XI. vri.]. Hence AF is perpendicular to GH |XI. Def. vr.], and AF 
is perpendicular to DE (const.). Therefore AF is normal to the plane of GH 
and ED —that is, to the plane BH. 


PROP. XII.—PROBLEM. 


To draw a normal to a given plane from 
a given point (A) in the plane. D 


Sol.—From any point B not in the 
plane draw [XI. x1.} BC’ normal to it. If 
this line pass through A it is the normal 
required. If not, from A draw AD parallel 
to BC |I. xxxr]. Then because AD and 
BC are parallel, and BC is normal to the 
plane, AD is also normal to it |XI. virt.|, 
and it is drawn from the given point. Hence 
it is the required normal. 


PROP. XII. THEOREM. 


From the same point (A) there can be 
but one normal drawn to a given plane B C 
(X). 


Dem.—1. Let A be in the given plane, 
and if possible let AB, AC be both normals 
to it, on the same side. Now let the plane 
of BA, AC cut the given plane X in the 
line DE. Then because BA is a normal, D A E 
the angle B AE is right. In like manner CAE is right. Hence BAE = CAE, 
which is impossible. 
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2. If the point be above the plane, there can be but one normal; for, if there 
could be two, they would be parallel |XI. vr.| to one another, which is absurd. 
Therefore from the same point there can be drawn but one normal to a given 
plane. 


PROP. XIV.—THEOREM. 


Planes (CD, EF) which have a com- 
mon normal (AB) are parallel to each 
other. 


Dem.—If the planes be not parallel, 
they will meet when produced. Let them 
meet, their common section being the line 
GH, in which take any point K. Join 
AK, BK. Then because AB is normal 
to the plane CD, it is perpendicular to 
the line AK, which it meets in that plane 
|XI. Def. vr.]. Therefore the angle BAK 
is right. In like manner the angle ABK 
is right. Hence the plane triangle ABK 
has two right angles, which is impossi- 
ble. Therefore the planes CD, EF cannot 
meet—that is, they are parallel. 





Exercises. 


1. The angle between two planes is equal to the angle between two intersecting normals 
to these planes. 

2. If a line be parallel to each of two planes, the sections which any plane passing through 
it makes with them are parallel. 

3. If a line be parallel to each of two intersecting planes, it is parallel to their intersection. 

4. If two right lines be parallel, they are parallel to the common section of any two planes 
passing through them. 

5. If the intersections of several planes be parallel, the normals drawn to them from any 
point are coplanar. 


PROP. XV.—THEOREM. 


Two planes (AC, DF) are parallel, if two intersecting lines (AB, BC) on 
one of them be respectively parallel to two intersecting lines (DE, EF) on the 
other. 


Dem.—From B draw BG perpendicular to the plane DF [XI. x1.], and let 
it meet that plane in G. Through G draw GH parallel to ED, and GK to EF. 
Now, since GH is parallel to ED (const.), and AB to ED (hyp.), AB is parallel 
to GH [XI. Ix.]. Hence the sum of the angles ABG, BGH is two right angles 
|. xxix]; but BGH is right (const.); therefore ABG is right. In like manner 
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CBG is right. Hence BG is normal to the plane AC’ [XI. Def. vi.], and it is 
normal to DF (const.). Hence the planes AC, DF have a common normal BG; 
therefore they are parallel to one another. 


PROP. XVI.—THEOREM. 


If two parallel planes (AB, CD) 
be cut by a third plane (EF, HG), 
their common sections (EF, GH) 
with it are parallel. 


Dem.—If the lines EF, GH are 
not parallel, they must meet at some 
finite distance. Let them meet in K. 
Now since K is a point in the line 
EF, and EF is in the plane AB, K 
is in the plane AB. In like manner 
K is a point in the plane CD. Hence 
the planes AB, CD meet in K, which 
is impossible, since they are parallel. 
Therefore the lines EF, GH must be 
parallel. 





Exercises. 
1. Parallel planes intercept equal segments on parallel lines. 


2. Parallel lines intersecting the same plane make equal angles with it. 
3. A right line intersecting parallel planes makes equal angles with them. 


PROP. XVII.—THEOREM. 


If two parallel lines (AB, CD) be cut by three parallel planes (GH, KL, 
MN) in two triads of points (A, E, B; C, F, D), their segments between 
those points are proportional. 
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Dem.—Join AC, BD, AD. Let AD meet 
the plane KL in X. Join EX, XF. Then be- 
cause the parallel planes KL, MN are cut by 
the plane ABD in the lines £X, BD, these lines 
are parallel [XI. xvr.]. Hence 


AE : EB :: AX : XD [VL i1]. 
In like manner, 
AX :XD:: CF: FD. 
Therefore [V. XI.] 


AE: EB : CF: FD. 





PROP. XVIII.—THEOREM. 


If a right line (AB) be normal to a plane (CI), any plane (DE) passing 
through it shall be perpendicular to that plane. 


Dem.—Let CE be the common sec- 
tion of the planes DE, CI. From any D G A H 
point F in CE draw FG in the plane 
DE parallel to AB |I. xxxr.]. Then be- 
cause AB and FG are parallel, but AB 
is normal, to the plane CJ; hence FG is 
normal to it [XI. vut.]. Now since FG is 
parallel to AB, the angles ABF, BFG 
are equal to two right angles [I. xx1x.|; x B E 
but ABF is right (hyp.); therefore B FG is right—that is, F'G is perpendicular 
to CE. Hence every line in the plane DE, drawn perpendicular to the com- 
mon section of the planes DE, CT, is normal to the plane CI. Therefore [XI. 
Def. vir.| the planes DE, CI are perpendicular to each other. 


PROP. XIX.—THEOREM. B 


If two intersecting planes (AB, BC) be each 
perpendicular to a third plane (ADC), their com- 
mon section (BD) shall be normal to that plane. 


Dem.—If not, draw from D in the plane AB 
the line DE perpendicular to AD, the common sec- 
tion of the planes AB, ADC; and in the plane BC 


draw BF perpendicular to the common section DC 5 
of the planes BC, ADC. Then because the plane es 
AB is perpendicular to ADC, the line DE in AB 
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is normal to the plane ADC [XI. Def. vrir.|. In like 

manner DF is normal to it. Therefore from the point D there are two distinct 
normals to the plane ADC, which |XI. xiir.| is impossible. Hence BD must be 
normal to the plane ADC. 


Exercises. 


1. If three planes have a common line of intersection, the normals drawn to these planes 
from any point of that line are coplanar. 

2. If two intersecting planes be respectively perpendicular to two intersecting lines, the 
line of intersection of the former is normal to the plane of the latter. 

3. In the last case, show that the dihedral angle between the planes is equal to the 
rectilineal angle between the normals. 





PROP. XX.—THEOREM. 


The sum of any two plane angles (BAD, DAC) of a trihedral angle (A) is 
greater than the third (BAC). 


Dem.—If the third angle BAC be less D 
than or equal to either of the other angles 
the proposition is evident. If not, suppose 
it greater: take any point D in AD, and 
at the point A in the plane BAC’ make the 
angle BAE equal BAD |I. xxii.], and cut 
off AE equal AD. Through FE draw BC, nt SR N 
cutting AB, AC in the points B, C. Join. B E C 
DB, DC. 

Then the triangles BAD, BAE have the two sides BA, AD in one equal 
respectively to the two sides BA, AE in the other, and the angle BAD equal 
to BAE; therefore the third side BD is equal to BE. But the sum of the sides 
BD, DC is greater than BC; hence DC is greater than EC. Again, because 
the triangles DAC, EAC have the sides DA, AC respectively equal to the sides 
EA, AC in the other, but the base DC greater than EC; therefore |I. xxv.] the 
angle DAC is greater than EAC, but the angle DAB is equal to BAE (const.). 
Hence the sum of the angles BAD, DAC is greater than the angle BAC. 


PROP. XXI.—THEOREM. 


The sum of all the plane angles (BAC, 
CAD, &c.) forming any solid angle (A) is less 
than four right angles. 


A 


Dem.—Suppose for simplicity that the solid 
angle A is contained by five plane angles BAC, 
CAD, DAE, EAF, FAB; and let the planes of B P 
these angles be cut by another plane in the lines 
BC, CD, DE, EF, FB; then we have [XI. xx.], 
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ZLABC + ABF greater than FBC, 
ZAC B + ACD » BCD, &c. 


Hence, adding, we get the sum of the base angles of the five triangles BAC, 
CAD, &c., greater than the sum of the interior angles of the pentagon BCDEF 
—that is, greater than six right angles. But the sum of the base angles of the 
same triangles, together with the sum of the plane angles BAC, CAD, &c., 
forming the solid angle A, is equal to twice as many right angles as there are 
triangles BAC’, CAD, &c.—that is, equal to ten right angles. Hence the sum 
of the angles forming the solid angle is less than four right angles. 


Observation.— This Prop. may not hold if the polygonal base BCDEF contain re-entrant 
angles. 


Exercises on Book XI. 


1. Any face angle of a trihedral angle is less than the sum, but greater than the difference, 
of the supplements of the other two face angles. 

2. A solid angle cannot be formed of equal plane angles which are equal to the angles of 
a regular polygon of n sides, except in the case of n = 3, 4, or 5. 

3. Through one of two non-coplanar lines draw a plane parallel to the other. 

4. Draw a common perpendicular to two non-coplanar lines, and show that it is the 
shortest distance between them. 

5. If two of the plane angles of a tetrahedral angle be equal, the planes of these angles 
are equally inclined to the plane of the third angle, and conversely. If two of the planes of a 
trihedral angle be equally inclined to the third plane, the angles contained in those planes are 
equal. 

6. The three lines of intersection of three planes are either parallel or concurrent. 

7. If a trihedral angle O be formed by three right angles, and A, B, C be points along 
the edges, the orthocentre of the triangle ABC is the foot of the normal from O on the plane 
ABC. 

8. If through the vertex O of a trihedral angle O—ABC any line OD be drawn interior 
to the angle, the sum of the rectilineal angles DOA, DOB, DOC is less than the sum, but 
greater than half the sum, of the face angles of the trihedral. 

9. If on the edges of a trihedral angle O—ABC three equal lines OA, OB, OC be taken, 
each of these is greater than the radius of the circle described about the triangle ABC. 

10. Given the three angles of a trihedral angle, find, by a plane construction, the angles 
between the containing planes. 

11. If any plane P cut the four sides of a Gauche quadrilateral (a quadrilateral whose 
angular points are not coplanar) ABCD in four points, a, b, c, d, then the product of the four 
ratios 


Aa Bb Cc Dd 
aB' bC' cD' dA 
is plus unity, and conversely, if the product 


Aa Bb Cc Dd 1 
ab 0G ep aa 
the points a, b, c, d are coplanar. 

12. If in the last exercise the intersecting plane be parallel to any two sides of the quadri- 
lateral, it cuts the two remaining sides proportionally. 

DEF. X.—If at the vertex O of a trihedral angle O—ABC we draw normals OA’, OB’, 
OC’ to the faces OBC, OCA, OAB, respectively, in such a manner that OA’ will be on 
the same side of the plane OBC as OA, &c., the trihedral angle O—A’B’C" is called the 
supplementary of the trihedral angle O—ABC. 

13. If O—A' B'C" be the supplementary of O—ABC, prove that O—ABC is the supple- 
mentary of O—A’B’C’. 





181 


14. If two trihedral angles be supplementary, each dihedral angle of one is the supplement 
of the corresponding face angle of the other. 

15. Through a given point draw a right line which will meet two non-coplanar lines. 

16. Draw a right line parallel to a given line, which will meet two non-coplanar lines. 

17. Being given an angle AOB, the locus of all the points P of space, such that the sum 
of the projections of the line OP on OA and OB may be constant, is a plane. 


182 


APPENDIX. 
PRISM, PYRAMID, CYLINDER, SPHERE, AND CONE 





DEFINITIONS. 


I. A polyhedron is a solid figure contained by plane figures: if it be contained 
by four plane figures it is called a tetrahedron; by six, a hexahedron; by eight, 
an octahedron; by twelve, a dodecahedron; and if by twenty, an icosahedron. 

II. If the plane faces of a polyhedron be equal and similar rectilineal figures, 
it is called a regular polyhedron. 

III. A pyramid is a polyhedron of which all the faces but one meet in a point. 
This point is called the vertex; and the opposite face, the base. 

Iv. A prism is a polyhedron having a pair of parallel faces which are equal 
and similar rectilineal figures, and are called its ends. The others, called its szde 
faces, are parallelograms. 

v. A prism whose ends are perpendicular to its sides is called a right prism; 
any other is called an oblique prism. 

VI. The altitude of a pyramid is the length of the perpendicular drawn from 
its vertex to its base; and the altitude of a prism is the perpendicular distance 
between its ends. 

vil. A parallelopiped is a prism whose bases are parallelograms. A paral- 
lelopiped is evidently a hexahedron. 

vill. A cube is a rectangular parallelopiped, all whose sides are squares. 

Ix. A cylinder is a solid figure formed by the revolution of a rectangle about 
one of its sides, which remains fixed, and which is called its axis. The circles 
which terminate a cylinder are called its bases or ends. 

x. A cone is the solid figure described by the revolution of a right-angled 
triangle about one of the legs, which remains fixed, and which is called the azis. 
The other leg describes the base, which is a circle. 

XI. A sphere is the solid described by the revolution of a semicircle about 
a diameter, which remains fixed. The centre of the sphere is the centre of the 
generating semicircle. Any line passing through the centre of a sphere and 
terminated both ways by the surface is called a diameter. 


PROP. I.—THEOREM. 
Right prisms (ABCDE-FGHIJ, A'B'C'D'E'-F'G'H'I'J') which have ba- 


ses (ABCDE, A'B'C'D'E') that are equal and similar, and which have equal 
altitudes, are equal. 
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Dem.—Apply the bases to each 
other; then, since they are equal and 
similar figures, they will coincide— 
that is, the point A with A’, B with 
B’, &c. And since AF is equal to 
A' F'. and each is normal to its re- 
spective base, the: point F will co- 
incide with F”. In the same manner 
the points G, H, I, J will coincide 
respectively with the points G’, H’, 
I’, J’. Hence the prisms are equal in 
every respect. 

Cor. 1.—Right prisms which have equal bases (EF, EF") and equal altitudes 
are equal in volume. 


(> 
F 

Dem.—Since the bases are equal, but not similar, we can suppose one of 
them, EF, divided into parts A, B, C, and re-arranged so as to make them 
coincide with the other [IL. XXXV., note|; and since the prism on E'F" can be 
subdivided in the same manner by planes perpendicular to the base, the propo- 
sition is evident. 

Cor. 2.— The volumes of right prisms (X, Y) having equal bases are propor- 
tional to their altitudes. 

For, if the altitudes be in the ratio of m : n, X can be divided into m 
prisms of equal altitudes by planes parallel to the base; then these m prisms 
will be all equal. In like manner, Y can be divided into n equal prisms. Hence 
AY sm 

Cor. 3.—In right prisms of equal altitudes the volumes are to one another 
as the areas of their bases. This may be proved by dividing the bases into parts 
so that the subdivisions will be equal, and then the volumes proportional to the 
number of subdivisions in their respective bases, that is, to their areas. 


Cor. 4.—The volume of a rectangular parallelopiped is measured by the 
continued product of its three dimensions. 





PROP. II.—THEOREM. 


Parallelopipeds (ABCD-EFGH, ABCD-M NOP), having a common base 
(ABCD) and equal altitudes, are equal. 
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1°. Let the edges MN, EF be in one right line; then GH, OP must be in 
one right line. Now EF — MN, because each equal AB; therefore ME = NF; 
therefore the prisms AE M-DH P, and BFN-CGO, have their triangular bases 
AEM, BFN identically equal, and they have equal altitudes; hence they are 
equal; and supposing them taken away from the entire solid, the remaining 
parallelopipeds ABCD-EFGH, ABCD-M NOP are equal. 





2°. Let the edges EF, MN be in different lines; then produce ON, PM 
to meet the lines EF’ and GH produced in the points J, K, L, I. Then by 
1° the parallelopipeds ABC D-EFGH, ABC D-M NOP are each equal to the 
parallelopiped ABC D-IJ K L. Hence they an equal to one another. 

Cor.—The volume of any parallelopiped is equal to the product of its base 
and altitude. 


PROP. III.—THEOREM. 


A diagonal plane of a parallelopiped divides it into two prisms of equal volume. 
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1°. When the parallelopiped is rectangular the proposition is evident. 

2°. When it is any parallelopiped, ABC D-EFGH, the diagonal plane bi- 
sects it. 

Dem.—Through the vertices A, E let planes 
be drawn perpendicular to the edges and cutting 
them in the points J, J, K; L, M, N, respec- 
tively. Then |I. xxxIv.] we have IL = BF, be- 
cause each is equal to AE. Hence JB = LF. 
In like manner JC = MG. Hence the pyramid 
A-IJCB agrees in everything but position with 
E-LMGF;; hence it is equal to it in volume. To 
each add the solid ABC-LM E, and we have the 
prism AJJ—ELM equal to the prism ABC-EFG. 
In like manner AJK-EMN = ACD-EGH,; but 
(1?) the prism AIJ-ELM — AJK-EM N. Hence 
ABC-EFG = ACD-EGH. Therefore the diago- 
nal plane bisects the parallelopiped. 

Cor. 1.—The volume of a triangular prism is 
equal to the product of its base and altitude; be- 
cause it is half of a parallelopiped, which has a 
double base and equal altitude. 

Cor. 2.—The volume of any prism is equal to the product of its base and 
altitude; because it can be divided into triangular prisms. 





PROP. IV.—THEOREM. 


If a pyramid (O-ABC DE) be cut by any plane (abcde) parallel to the base, the 
section is similar to the base. 


Dem.—Because the plane AOB cuts the par- 
allel planes ABCDE, abcde, the sections AB, 
ab are parallel |XI. xvr|] In like manner BC, 
bc are parallel. Hence the angle ABC’ = abc 
|XI. x.]. In like manner the remaining angles of 
the polygon ABCDE are equal to the correspond- 
ing angles of abcde. Again, because ab is paral- 
lel to AB, the triangles ABO, abO are equiangu- 
lar. 


Hence AB: BO:: ab: bO. |VI. 1v.] 
In like manner BO : BC :: bO : bc; 
therefore AB : BC :: ab : bc. |Ex equali] 


In like manner BC : CD :: bc: cd, &c. 


Therefore the polygons ABCDE, abcde are 
equiangular, and have the sides about their equal angles proportional. Hence 
they are similar. 
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Cor. 1.—The edges and the altitude of the pyramid are similarly divided by 
the parallel plane. 

Cor. 2.—The areas of parallel sections are in the duplicate ratio of the dis- 
tances of their planes from the vertex. 

Cor. 3.—In any two pyramids, sections parallel to their bases, which divide 
their altitudes in the same ratio, are proportional to their bases. 


PROP. V.—THEOREM. 


Pyramids (P-ABCD, p-abc), having equal altitudes (PO, po) and bases 
(ABCD, abc) of equal areas, have equal volumes. 





Dem.—If they be not equal in volume, let abc be the base of the greater; 
and let ox be the altitude of a prism, with an equal base, and whose volume 
is equal to their difference; then let the equal altitudes PO, po be divided into 
such a number of equal parts, by planes parallel to the bases of the pyramids, 
that each part shall be less than ox. Then [Iv. Cor. 3] the sections made by 
these planes will be equal each to each. Now let prisms be constructed on these 
sections as bases and with the equal parts of the altitudes of the pyramids as 
altitudes, and let the prisms in P—ABC'D be constructed below the sections, 
and in p-abc, above. Then it is evident that the sum of the prisms in P-ABC'D 
is less than that pyramid, and the sum of those on the sections of p—abc greater 
than p-abc. ‘Therefore the difference between the pyramids is less than the 
difference between the sums of the prisms, that is, less than the lower prism in 
the pyramid p—abc; but the altitude of this prism is less than ox (const.). Hence 
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the difference between the pyramids is less than the prism whose base is equal 
to one of the equal bases, and whose altitude is equal to ox, and the difference 
is equal to this prism (hyp.), which is impossible. Therefore the volumes of the 
pyramids are equal. 

Cor. 1.— The volume of a triangular pyramid E- y 
ABC is one third the volume of the prism ABC- 
DEF, having the same base and altitude. 

For, draw the plane EAF, then the pyramids E- 
AFC, E-AFD are equal, having equal bases AF'C, 
AFD, and a common altitude; and the pyramids 
E-ABC, F-ABC are equal, having a common base 
and equal altitudes. Hence the pyramid E-—ABC is 
one of three equal pyramids into which the prism is 
divided. Therefore it is one third of the prism. A 

Cor. 2.— The volume of every pyramid is one- 
third of the volume of a prism having an equal base 
and altitude. B 

Because it may be divided into triangular pyramids by planes through the 
vertex and the diagonals of the base. 





PROP. VI.—THEOREM. 


The volume of a cylinder is equal to the product of the area of its base by its 
altitude 


Dem.—Let O be the centre of its circu- 
lar base; and take the angle AO B indefinitely 
small, so that the arc AB may be regarded as 
a right line. Then planes perpendicular to the 
base, and cutting it in the lines OA, OB, will 
be faces of a triangular prism, whose base will 
be the triangle AO B, and whose altitude will 
be the altitude of the cylinder. The volume 
of this prism will be equal to the area of the 
triangle AOB by the height of the cylinder. 
Hence, dividing the circle into elementary tri- 
angles, the cylinder will be equal to the sum of all the prisms, and therefore its 
volume will be equal to the area of the base multiplied by the altitude. 

Cor. 1.—1f r be the radius, and hf the height of the cylinder, 


P wc 


vol. of cylinder = «r?h. 


Cor. 2.—If ABCD be a rectangle; X a line 
in its plane parallel to the side AB; O the 
middle point of the rectangle; the volume of 


A B 





D 
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the solid described by the revolution of ABCD 
round X is equal to the area of ABCD mul- 
tiplied by the circumference of the circle de- 
scribed by O. 

Dem.—Produce the lines AD, BC to meet 
X in the points E, F. Then when the rectangle revolves round X, the rectangles 
ABFE, DCFE will describe cylinders whose bases will be circles having AE, 
DE as radii, and whose common altitude will be AB. Hence the difference be- 
tween the volumes of these cylinders will be equal to the differences between the 
areas of the bases multiplied by AB, that is = 7(AE? — DE?). AB. Therefore 
the volume described by ABCD 


— T.AB.(AE -- DE)(AE — DE); 
but AE + DE — 20G, and AE — DE — AD. 


Hence volume described by the rectangle ABC D 
=27.O0G.AB.AD. 
= rectangle ABC'D multiplied by the circumference of 
the circle described by its middle point O. 
Observation.—This Cor. is a simple case of Guldinus’s celebrated theorem. By its assis- 
tance we give in the two following corollaries original methods of finding the volumes of the 


cone and sphere, and it may be applied with equal facility to the solution of several other 
problems which are usually done by the Integral Calculus. 





Cor. 3.—The volume of a cone 1s one-third the volume of a cylinder having 
the same base and altitude. 
Dem.—Let ABCD be a rectangle 
D C 


whose diagonal is AC. The triangle ' 
ABC will describe a cone, and the rect- 
angle a cylinder by revolving round AB. K 
Take two points E, F infinitely near each 

other in AC’, and form two rectangles, : 

EH, EK, by drawing lines parallel to 

AD, AB. Now if O, O’ be the middle 

points of these rectangles, it is evident A GH B 

that, when the whole figure revolves round AB, the circumference of the circle 
described by O’ will ultimately be twice the circumference of the circle described 
by O; and since the parallelogram EK is equal to EH |I. xunr.), the solid de- 
scribed by EK (Cor. 1) will be equal to twice the solid described by EH. Hence, 
if AC be divided into an indefinite number of equal parts, and rectangles cor- 
responding to EH, EK be inscribed in the triangles ABC, ADC, the sum of 
the solids described by the rectangles in the triangle ADC is equal to twice the 
sum of the solids described by the rectangles in the triangle ABC’ —that is, the 
difference between the cylinder and cone is equal to twice the cone. Hence the 


cylinder is equal to three times the cone. 

Or thus: We may regard the cone and the cylinder as limiting cases of a pyramid and 
prism having the same base and altitude; and since (v. Cor. 2) the volume of a pyramid is 
one-third of the volume of a prism, having the same base and altitude, the volume of the cone 
is one-third of the volume of the cylinder. 
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Cor. 4.—If r be the radius of the base of a cone, and h its height, 


zr?h 





vol. of cone — 


Cor. 5.— The volume of a sphere is two-thirds of the volume of a circum- 
scribed cylinder. 





Dem.—Let AB be the diameter of the semicircle which describes the sphere; 
ABCD the rectangle which describes the cylinder. Take two points E, F indef- 
initely near each other in the semicircle. Join EF, which will be a tangent, and 
produce it to meet the diameter PQ perpendicular to AB in N. Let R be the 
centre. Join RE; draw EG, FH, NL parallel to AB; and EI, FK parallel to 
PQ; and produce to meet LN in M and L; and let O, O’ be the middle points 
of the rectangles EH, EK. 

Now the rectangle NG.GR = PG.GQ, because each is equal to GE?. 
Hence NG : GP :: GQ: GR, or ME: IE :: RP 4 RG : RG. Now, denoting 
the radii of the circles described by the points O, O' by p, p! respectively, we 
have ultimately p = GR and p' = ¿(RP + RG). Hence ME : IE :: 2p! : p; but 
ME : IE :: rectangle EL : rectangle EK :: |I. xu.] EA: EK; 


SEH:EK :2p': p; 
<. 2rp. EH = 2(2rp . EK). 


Hence the solid described by ÆH equal twice the solid described by EK. There- 
fore we infer, as in the last Cor., that the whole volume of the sphere is equal 
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to twice the difference between the cylinder and sphere. Therefore the sphere is 
two-thirds of the cylinder. 
Cor. 6.—1f r be the radius of a sphere, 





vol. — 


PROP. VII.—THEOREM. 


The surface of a sphere is equal to the convex surface of the circumscribed 
cylinder. 





Dem.—Let AB be the diameter of the semicircle which describes the sphere. 
Take two points, E, F’, indefinitely near each other in the semicircle. Join EF, 
and produce to meet the tangent CD parallel to AB in N. Draw EI, FK 
parallel to PQ. Produce EJ to meet AB in G. Let O be the centre. Join OL. 


Now we have FE: KI: EN:IN [V1.1]; 
but EN:IN : OE: EG, 


because the triangles ENI and OEG are similar. 


Hence FE: KI:: OE: EG; 
but OE = IG. 


Hence EF : IK :: IG : EG; and IG : EG :: circumference of circle described 
by the point I : circumference of circle described by the point E. Hence the 
rectangle contained by EF, and circumference of circle described by E is equal 
to the rectangle contained by JA, and circumference of circle described by J— 
that is, the portion of the spherical surface described by EF is equal to the 
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portion of the cylindrical surface described by JK. Hence it is evident, if planes 
be drawn perpendicular to the diameter AB—that the portions of cylindrical 
and spherical surface between any two of them are equal. Hence the whole 
spherical surface is equal to the cylindrical surface described by CD. 


Or thus: Conceive the whole surface of the sphere divided into an indefinitely great 
number of equal parts, then it is evident that each of these may be regarded as the base of 
a pyramid having the centre of the sphere as a common vertex. Therefore the volume of the 
sphere is equal to the whole area of the surface multiplied by one-third of the radius. Hence 
if S denote the surface, we have 


Arr? 
5 = n [vr., Cor. 6]; 
S — Anr?. 


S x 





therefore 


That is, the area of the surface of a sphere is equal four times the area of one of its great 


circles. 


Exercises. 


1. The convex surface of a cone is equal to half the rectangle contained by the circumference 
of the base and the slant height. 

2. The convex surface of a right cylinder is equal to the rectangle contained by the cir- 
cumference of the base and the altitude. 

3. If P be a point in the base ABC of a triangular pyramid O-ABC, and if parallels to 
the edges OA, OB, OC, through P, meet the faces in the points a, b, c, the sum of the ratios 


Pa Pb Pe: 
OA’ OB’ OC | 
4. The volume of the frustum of a cone, made by a plane parallel to the base, is equal to 
the sum of the three cones whose bases are the two ends of the frustum, and the circle whose 
diameter is a mean proportional between the end diameters, and whose common altitude is 
equal to one-third of the altitude of the frustum. 
5. If a point P be joined to the angular points A, B, C, D of a tetrahedron, and the 
joining lines, produced if necessary, meet the opposite faces in a, b, c, d, the sum of the ratios 


Pa Pb Pc Pd í 
Aa’ Bb Ce Dd 

6. The surface of a sphere is equal to the rectangle by its diameter, and the circumference 
of a great circle. 

7. The surface of a sphere is two thirds of the whole surface of its circumscribed cylinder. 

8. If the four diagonals of a quadrangular prism be concurrent, it is a parallelopiped. 

9. If the slant height of a right cone be equal to the diameter of its base, its total surface 
is to the surface of the inscribed sphere as 9 : 4. 

10. The middle points of two pairs of opposite edges of a triangular pyramid are coplanar, 
and form a parallelogram. 

11. If the four perpendiculars from the vertices on the opposite faces of a pyramid ABC D 
be concurrent, then 

AB? CD*-—BO*4J AD^ -QA 3 BD 

12. Every section of a sphere by a plane is a circle. 

13. The locus of the centres of parallel sections is a diameter of the sphere. 

14. If any number of lines in space pass through a fixed point, the feet of the perpendiculars 
on them from another fixed point are homospheric. 

15. Extend the property of Ex. 4 to the pyramid. 

16. The volume of the ring described by a circle which revolves round a line in its plane 
is equal to the area of the circle, multiplied by the circumference of the circle described by its 
centre. 
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17. Any plane bisecting two opposite edges of a tetrahedron bisects its volume. 

18. Planes which bisect the dihedral angles of a tetrahedron meet in a point. 

19. Planes which bisect perpendicularly the edges of a tetrahedron meet in a point. 

20. The volumes of two triangular pyramids, having a common solid angle, are proportional 
to the rectangles contained by the edges terminating in that angle. 

21. A plane bisecting a dihedral angle of a tetrahedron divides the opposite edge into 
portions proportional to the areas containing that edge. 

22. The volume of a sphere: the volume of the circumscribed cube as 7 : 6. 


h 
23. If h be the height, and p the radius of a segment of a sphere, its volume is = (h? --3p?). 
24. If h be the perpendicular distance between two parallel planes, which cut a sphere in 
h 
sections whose radii are o1, p2, the volume of the frustum is a fh? + 3(p7 + p3)}. 


25. If ô be the distance of a point P from the centre of a sphere whose radius is R, 
the sum of the squares of the six segments at three rectangular chords passing through P is 
= 6R? — 267. 

26. The volume of a sphere : the volume of an inscribed cube as 7 : 2. 

27. If O-ABC be a tetrahedron whose angles AOB, BOC, COA are right, the square of 
the area of the triangle ABC is equal to the sum of the squares of the three other triangular 
faces. 

28. In the same case, if p be the perpendicular from O on the face ABC, 


1 1 1 1 
+ + 


p? OA2 ' OB2 | OC?’ 
29. If h be the height of an eeronaut, and R the radius of the earth, the extent of surface 
2n R2 h 
R+h- 
30. If the four sides of a gauche quadrilateral touch a sphere, the points of contact are 
concyclic. 














visible = 
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NOTES. 


NOTE A. 
MODERN THEORY OF PARALLEL LINES. 


In every plane there is one special line called the line at infinity. The point where any 
other line in the plane cuts the line at infinity is called the point at infinity in that line. All 
other points in the line are called finite points. Two lines in the plane which meet the line 
at infinity in the same point are said to have the same direction, and two lines which meet 
it in different points to have different directions. Two lines which have the same direction 
cannot meet in any finite point [I. Axiom X.], and are parallel. Two lines which have different 
directions must intersect in some finite point, since, if produced, they meet the line at infinity 
in different points. This is a fundamental conception in Geometry, it is self-evident, and may 
be assumed as an Axiom (see Observations on the Axioms, Book I.). Hence we may infer the 
following general proposition:— “Any two lines in the same plane must meet in some point in 
that plane; that is—(1) at infinity, when the lines have the same direction; (2) in some finite 


point, when they have different directions.” —See PONCELET, Propriétés Projectives, page 52. 





NOTE B. 


LEGENDRE’S AND HAMILTON’S PROOFS OF EUCLID, I. XXXII. 


The discovery of the Proposition that “the sum of the three angles of a triangle is equal to 
two right angles” is attributed to Pythagoras. Until modern times no proof of it, independent 
of the theory of parallels, was known. We shall give here two demonstrations, each independent 
of that theory. These are due to two of the greatest mathematicians of modern times—one, 
the founder of the Theory of Elliptic Functions; the other, the discoverer of the Calculus of 
Quaternions. 





A C C C C? 


LEGENDRE'S PRoor.—Let ABC be a triangle, of which the side AC is the greatest. Bisect 
BC in D. Join AD. Then AD is less than AC |I. xix. Ex. 5]. Now, construct a new triangle 
AB'C', having the side AC’ = 2AD, and AB’ = AC. Again, bisect B’C’ in D’, and form 
another triangle AB’C”, having AC” = 2AD’, and AB” = AC’, &c. (1) The sum of the 
angles of the triangle ABC — the sum of the angles of AB'C" [I. xvi. Cor. 1| 2 the sum of the 
angles of AB" C" — the sum of the angles of AB"'C"", &c. (2) The angle B' AC' is less than 
half BAC; the angle B” AC” is less than half B' AC", and so on; hence the angle B(?) A(™) 
will ultimately become infinitely small. (3) The sum of the base angles of any triangle of the 
series is equal to the angle of the preceding triangle (see Dem. I. xvi.). Hence, if the annexed 
diagram represent the triangle AB * D C(^*1)., the sum of the base angles A and C(” +1) is 
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p +1) 


x Hore ee cn? 


equal to the angle BU? CV); and when n is indefinitely large, this angle is an infinitesimal; 
hence the point B(** will ultimately be in the line AC, and the angle AB t+) C(™+)) will 
become a straight angle |I. Def. x.], that is, it is equal to two right angles; but the sum of the 
angles of AB(°+)) C(™+1) ig equal to the sum of the angles ABC. Hence the sum of the three 
angles of ABC is equal to two right angles. 





HAMILTON'S QUATERNION PRoor.—Let ABC be the triangle. Produce BA to D, and 
make AD equal to AC. Produce CB to E, and make BE equal to BD; finally, produce AC 
to F, and make CF equal to CE. Denote the exterior angles thus formed by A’, B’, C’. Now 
let the leg AC of the angle A’ be turned round the point A through the angle A’; then the 
point C will coincide with D. Again, let the leg BD of the angle B’ be turned round the point 
B through the angle B’, until BD coincides with BE; then the point D will coincide with E. 
Lastly, let CE be turned round C, through the angle C”, until CE coincides with CF, and 
the point E with F. Now, it is evident that by these rotations the point C has been brought 
successively into the positions D, E, F; hence, by a motion of mere translation along the line 
FC, the line CA can be brought into its former position. Therefore it follows, since rotation 
is independent of translation, that the amount of the three rotations is equal to one complete 
revolution round the point A; therefore A’ + B’ + C’ = four right angles; but 


A+A’+B+B'+C4+C' =six right angles [I. x11.]; 
hence A + B +C = two right angles. 
Observation.—The foregoing demonstration is the most elementary that was ever given of 
this celebrated Proposition. I have reduced it to its simplest form, and without making any 
use of the language of Quaternions. The same method of proof will establish the more general 


Proposition, that the sum of the external angles of any convex rectilineal figure is equal to 
four right angles. 


Mr. Abbott, F.T.C.D., has informed me that this demonstration was first given by Playfair 
in 1826, so that Hamilton was anticipated. It has been objected to on the ground that, 
applied verbatim to a spherical triangle, it would lead to the conclusion that the sum of the 


angles is two right angles, which being wrong, proves that the method is not valid. A slight 





consideration will show that the cases are different. In the proof given in the text there are 
three motions of rotation, in each of which a point describes an arc of a circle, followed by 
a motion of translation, in which the same point describes a right line, and returns to its 


original position. On the surface of a sphere we should have, corresponding to these, three 
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motions of rotation, in each of which the point would describe an arc of a circle, followed by a 
motion of rotation about the centre of the sphere, in which the point should describe an arc 
of a great circle to return to its original position. Hence, the proof for a plane triangle cannot 


be applied to a spherical triangle. 





NOTE C. 


TO INSCRIBE A REGULAR POLYGON OF SEVENTEEN SIDES IN A CIRCLE. 


Analysis.—Let A be one of the angular points, AO the diameter, A1, A5, ... Ag the ver- 
tices at one side of AO. Produce OA3 to M, and OA» to P, making A3M = OAs, and 
A2P = OAg. Again, cut off AgN — OA;, and A1Q — OA4. Lastly, cut off OR = ON, and 
OS = OQ. Then we have |IV. Ex. 40], 


pips = R(p3 + ps) = R.OM, 
p2ps — R(pe — p7) = R.ON; 


but pipzpaps — RÀ [IV. Ex. 34]; 
therefore OM .ON =R? (1). 
In like manner, OP .OQ =R? (2). 





Again, OM .ON = (pa ^ ps)(po — pr) 
— pape 4 pspe — pap — pspr 
= R(p3 — ps) + R(p1 — pe) — R(p2 — pz) — R(p2 — ps) [IV. Ex. 40]. 
= R(OM — ON — OP + OQ) = R(MR — PS): 
MR — PS — R. 
Again, MR.PS — (OM —ON)(OP —OQ) 
= (p3 + p5 — po + p7)(p2 + ps — p1 + pa); 
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and performing the multiplication and substituting, we get 
4R(OM — ON — OP + OQ) = 4R’. 


Hence, the rectangle and the difference of the lines MR and PS being given, each is given; 
hence M R is given; but MR = OM — ON;; therefore OM — ON is given; and we have proved 
that the rectangle OM.ON = R?; therefore OM and ON are each given. In like manner, 
OP and OQ are each given. 
Again, 
po.py — R(p1 — p4) — R.OQ, and po — p7 = ON. 

Hence, since OQ and ON are each given, og and p7 are each given; therefore we can draw these 
chords, and we have the arc Ag Ay between their extremities given; that is, the seventeenth 
part of the circumference of a circle. Hence the problem is solved. 


The foregoing analysis is due to AMPERE: see CATALAN, Théorémes et Problémes de 
Géométrie Elémentaire. We have abridged and simplified AMPERE's solution. 


TO FIND TWO MEAN PROPORTIONALS BETWEEN TWO GIVEN LINES. 


The problem to find two mean proportionals is one of the most celebrated in Geometry 
on account of the importance which the ancients attached to it. It cannot be solved by the 
line and circle, but is very easy by Conic Sections. The following is a mechanical construction 
by the Ruler and Compass. 

Sol.—Let the extremes AB, BC be placed at right angles to each other; complete the 
rectangle ABC D, and describe a circle about it. Produce DA, DC, and let a graduated ruler 
be made to revolve round the point B, and so adjusted that BE shall be equal to GF’; then 
AF, CE are two mean proportionals between AB, BC. 





D 





Dem.—Since BE is equal to GF’, the rectangle BE.GE = BF'.GF. Therefore DE .CE 
= DF .AF; hence DE: DF :: AF’: CE; and by similar triangles, AB : AF :: DE : DF, and 
CE : CB :: DE : DF. Hence AB : AF :: AF : CE; and AF : CE :: CE : CB. Therefore 
AB, AF, CE, CB are continual proportions. Hence [VI. Def. iv.] AF, CE are two mean 
proportionals between AB and BC. 

The foregoing elegant construction is due to the ancient Geometer PHILO of BYZANTIUM. 
If we join DG it will be perpendicular to EF. The line EF is called Philo's Line; it possesses 
the remarkable property of being the minimum line through the point B between the fixed 
lines DE, DF. 

NEWTON’S CONSTRUCTION.—Let AB and L be the two given lines of which AB is the 
greater. Bisect AB in C. With A as centre and AC as radius, describe a circle, and in it 
place the chord CD equal to the second line L. Join BD, and draw by trial through A a line 
meeting BD, CD produced in the points E, F’, so that the intercept EF will be equal to the 
radius of the circle. DE and FA are the mean proportionals required. 
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Dem.—Join AD. Since the line BF cuts the sides of the A ACE, we have 
AB.CD.EF=CB.DE.FA; but EF =CB; 


CD FA 
therefore AB.CD= DE.FA, or — = —. 
DE AB 
Again, since the A ACD is isosceles, we have 
ED: EC = EA? = AC? = (FA +ACY = AC? 


= 2FA. AC + FA? = FA. AB + FA’. 


Hence ED(ED+CD) = FA(AB + FA), 
D AF 
or DE? — — FA.AB(1+ —}], 
DE AB 
therefore DE? = FA. AB, and we have AB.CD — DE.F A. 
Hence AB, DE, FA, CD are in continued proportion. 
NOTE E. 


ON PHILO’S LINE. 


I am indebted to Professor Galbraith for the following proof of the minimum property of 
Philo's Line. It is due to the late Professor Mac Cullagh:—Let AC’, C'B be two given lines, E 
a fixed point, CD a perpendicular on AB; it 1s required to prove, if AE is equal to DB, that 


AB is a minimum. 


Dem.—Through E draw EM parallel to BC; make EN = EM; produce AB until 
EP = AB. Through the points N, P draw NT, RP each parallel to AC, and through P draw 
PQ parallel to BC. It is easy to see from the figure that the parallelogram QR is equal to the 
parallelogram MF’, and is therefore given. Through P draw ST perpendicular to EP. Now, 
since AE = DB, BP is equal to DB; therefore PS = CD. Again, since OP = AD, PT is 
equal to CD; therefore PS = PT. Hence QR is the maximum parallelogram in the triangle 


SVT. 
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Again, if any other line A’ B be drawn through E, and produced to P’, so that EP’ = AP’, 
the point P’ must fall outside ST’, because the parallelogram Q’R’, corresponding to QR, will 
be equal to MF’, and therefore equal to QR. Hence the line EP’ is greater than EP, or A’ B’ 


is greater than AB. Hence AB is a minimum. 


NOTE F. 


ON THE TRISECTION OF AN ANGLE. 


The following mechanical method of trisecting an angle occurred to me several years ago. 
Apart from the interest belonging to the Problem, it is valuable to the student as a geometrical 
exercise:— 


To trisect a given angle AC'B. 
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Sol.—Erect C'D perpendicular to C A; bisect the angle BC D by CG, and make the angle 
ECI equal half a right angle; it is evident that CI will fall between CB and CA. Then, if 
we use a jointed ruler—that is two equal rulers connected by a pivot—and make CB equal to 
the length of one of these rulers, and, with C as centre and CB as radius, describe the circle 
BAM, cutting CT in I: at I draw the tangent IG, cutting CG in G. 

Then, since ICG is half a right angle, and CIG is right, IGC is half a right angle; therefore 
IC is equal to IG; but IC equal CB; therefore IG — C B—equal length of one of the two 
equal rulers. Hence, if the rulers be opened out at right angles, and placed so that the pivot 
will be at J, and one extremity at C, the other extremity at G; it is evident that the point B 
will be between the two rulers; then, while the extremity at C remains fixed, let the other be 
made to traverse the line GF’, until the edge of the second ruler passes through B: it is plain 
that the pivot moves along the circumference of the circle. Let CH, HF’, be the positions of 
the rulers when this happens; draw the line CH; the angle ACH is one-third of AC B. 


Dem.—Produce BC to M. Join HM. Erect BO at right angles to BM. Then, because 
CH = HF, the angle HCF = HFC, and the angle DCE = ECB (const.). Hence the angle 
HCD = HBC |I. xxxi], and the right angles ACD, CBO are equal; therefore the angle 
ACH is equal to H BO; that is |III. xxxirt.], equal to H M B, or to half the angle HCB. Hence 
ACH is one-third of AC B. 








NOTE G. 


ON THE QUADRATURE OF THE CIRCLE. 


Modern mathematicians denote the ratio of the circumference of a circle to its diameter by 
the symbol m. Hence, if r denote the radius, the circumference will be 277; and, since the area 
of a circle [VI. xx. Ex. 15] is equal to half the rectangle contained by the circumference and the 
radius, the area will be mr”. Hence, if the area be known, the value of m will be known; and, 
conversely, if the value of 7 be known, the area is known. On this account the determination 
of the value of 7 is called "the problem of the quadrature of the circle,” and is one of the most 
celebrated in Mathematics. It is now known that the value of m is incommensurable; that is, 
that it cannot be expressed as the ratio of any two whole numbers, and therefore that it can 
be found only approximately; but the approximation can be carried as far as we please, just as 
in extracting the square root we may proceed to as many decimal places as may be required. 
The simplest approximate value of v was found by Archimedes, namely, 22 : 7. This value is 
tolerably exact, and is the one used in ordinary calculations, except where great accuracy is 
required. The next to this in ascending order, viz. 355 : 113, found by Vieta, is correct to 
six places of decimals. It differs very little from the ratio 3.1416 : 1, given in our elementary 
books. 

Several expeditious methods, depending on the higher mathematics, are known for cal- 
culating the value of m. The following is an outline of a very simple elementary method for 
determining this important constant. It depends on a theorem which is at once inferred from 
VI. Ex. 87, namely “If a, A denote the reciprocals of the areas of any two polygons of the 
same number of sides inscribed and circumscribed to a circle; a’, A’ the corresponding quan- 
tities for polygons of twice the number; a’ is the geometric mean between a and A, and A’ the 
arithmetic mean between a’ and A.” Hence, if a and A be known, we can, by the processes of 
finding arithmetic and geometric means, find a’ and A’. In like manner, from a’, A’ we can 
find a’, A” related to a’, A’; as a’, A’ are toa, A. Therefore, proceeding in this manner until 
we arrive at values a), A(™) that will agree in as many decimal places as there are in the 
degree of accuracy we wish to attain; and since the area of a circle is intermediate between 
the reciprocals of a‘”) and A‘™, the area of the circle can be found to any required degree of 
approximation. 
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If for simplicity we take the radius of the circle to be unity, and commence with the 
inscribed and circumscribed squares, we have 


a S Åt =, 
’ = 9585533. A’ = .3017766. 
a’ = .3264853, A’ = 3141315; 


Q 
| 


These numbers are found thus: a’ is the geometric mean between a and A; that is, between 
.5 and .25, and A’ is the arithmetic mean between a’ and A, or between .3535533 and .25. 
Again, a” is the geometric mean between a’ and A’; and A” the arithmetic mean between 
a" and A’. Proceeding in this manner, we find a‘!3) = .3183099; A(@!3) = .3183099. Hence 
the area of a circle radius unity, correct to seven decimal places, is equal to the reciprocal of 
.3183099; that is, equal to 3.1415926; or the value of m correct to seven places of decimals 
is 3.1415926. The number 7 is of such fundamental importance in Geometry, that mathe- 
maticians have devoted great attention to its calculation. MR. SHANKS, an English computer, 
carried the calculation to 707 places of decimals. The following are the first 36 figures of his 
result:— 

3.141, 592, 653, 589, 793, 238, 462, 643, 383, 279, 502, 884. 


The result is here carried far beyond all the requirements of Mathematics. Ten decimals are 
sufficient to give the circumference of the earth to the fraction of an inch, and thirty decimals 
would give the circumference of the whole visible universe to a quantity imperceptible with 


the most powerful microscope. 
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CONCLUSION. 


In the foregoing ‘Treatise we have given the Elementary Geometry of the 
Point, the Line, and the Circle, and figures formed by combinations of these. 
But it is important to the student to remark, that points and lines, instead of 
being distinct from, are limiting cases of, circles; and points and planes limiting 
cases of spheres. Thus, a circle whose radius diminishes to zero becomes a 
point. If, on the contrary, the circle be continually enlarged, it may have its 
curvature so much diminished, that any portion of its circumference may be 
made to differ in as small a degree as we please from a right line, and become 
one when the radius becomes infinite. This happens when the centre, but not 
the circumference, goes to infinity. 
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EXTRACTS FROM CRITICAL NOTICES. 
«NATURE," April 17, 1884. 


“We have noticed ((Nature, vol. xxiv., p. 52; vol. xxvi, p. 219) two previous editions 
of this book, and are glad to find that our favourable opinion of it has been so convincingly 
indorsed by teachers and students in general. The novelty of this edition is a Supplement 
of Additional Propositions and Exercises. This contains an elegant mode of obtaining the 
circle tangential to three given circles by the methods of false positions, constructions for a 
quadrilateral, and a full account—for the first time in a text-book—of the Brocard, triplicate 
ratio, and (what the author proposes to call) the cosine circles. Dr. Casey has collected 


together very many properties of these circles, and, as usual with him, has added several 





beautiful results of his own. He has done excellent service in introducing the circles to the 
notice of English students....We only need say we hope that this edition may meet with as 


much acceptance as its predecessors, it deserves greater acceptance." 


THE "MATHEMATICAL MAGAZINE," ERIE, PENNSYLVANIA. 


^Dr. Casey, an eminent Professor of the Higher Mathematics and Mathematical Physics 
in the Catholic University of Ireland, has just brought out a second edition of his unique 
‘Sequel to the First Six Books of Euclid,’ in which he has contrived to arrange and to pack 
more geometrical gems than have appeared in any single text-book since the days of the 
self-taught Thomas Simpson. ‘The principles of Modern Geometry contained in the work 
are, in the present state of Science, indispensable in Pure and Applied Mathematics, and in 
Mathematical Physics; and it is important that the student should become early acquainted 
with them.’ 

^Eleven of the sixteen sections into which the work is divided exhibit most excellent 
specimens of geometrical reasoning and research. These will be found to furnish very neat 
models for systematic methods of study. The other five sections contain 261 choice problems 
for solution. Here the earnest student will find all that he needs to bring himself abreast 
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with the amazing developments that are being made almost daily in the vast regions of Pure 
and Applied Geometry. On pp. 152 and 153 there is an elegant solution of the celebrated 
Malfatti’s Problem. 


“As our space is limited, we earnestly advise every lover of the ‘Bright Seraphic Truth’ and 


every friend of the ‘Mathematical Magazine’ to procure this invaluable book without delay.” 


THE “SCHOOLMASTER.” 


“This book contains a large number of elementary geometrical propositions not given in 
Euclid, which are required by every student of Mathematics. Here are such propositions as 
that the three bisectors of the sides of a triangle are concurrent, needed in determining the 
position of the centre of gravity of a triangle; propositions in the circle needed in Practical 
Geometry and Mechanics; properties of the centres of similitudes, and the theories of inversion 
and reciprocations so useful in certain electrical questions. The proofs are always neat, and 


in many cases exceedingly elegant." 


THE “EDUCATIONAL TIMES." 


“We have certainly seen nowhere so good an introduction to Modern Geometry, or so 
copious a collection of those elementary propositions not given by Euclid, but which are 
absolutely indispensable for every student who intends to proceed to the study of the Higher 
Mathematics. The style and general get up of the book are, in every way, worthy of the 


‘Dublin University Press Series,’ to which it belongs.” 


THE “SCHOOL GUARDIAN.” 


“This book is a well-devised and useful work. It consists of propositions supplementary to 
those of the first six books of Euclid, and a series of carefully arranged exercises which follow 
each section. More than half the book is devoted to the Sixth Book of Euclid, the chapters 
on the ‘Theory of Inversion’ and on the ‘Poles and Polars’ being especially good. Its method 
skilfully combines the methods of old and modern Geometry; and a student well acquainted 
with its subject-matter would be fairly equipped with the geometrical knowledge he would 


require for the study of any branch of physical science.” 


THE “PRACTICAL TEACHER.” 


“Professor Casey’s aim has been to collect within reasonable compass all those proposi- 
tions of Modern Geometry to which reference is often made, but which are as yet embodied 
nowhere.... We can unreservedly give the highest praise to the matter of the book. In most 
cases the proofs are extraordinarily neat.... The notes to the Sixth Book are the most satis- 
factory. Feuerbach’s Theorem (the nine-points circle touches inscribed and escribed circles) 
is favoured with two or three proofs, all of which are elegant. Dr. Hart’s extension of it is 
extremely well proved.... We shall have given sufficient commendation to the book when we 
say, that the proofs of these (Malfatti’s Problem, and Miquel’s Theorem), and equally complex 
problems, which we used to shudder to attack, even by the powerful weapons of analysis, are 
easily and triumphantly accomplished by Pure Geometry. 
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“After showing what great results this book has accomplished in the minimum of space, it 
is almost superfluous to say more. Our author is almost alone in the field, and for the present 


need scarcely fear rivals.” 


THE “ACADEMY.” 


“Dr. Casey is an accomplished geometer, and this little book is worthy of his reputation. 
It is well adapted for use in the higher forms of our schools. It is a good introduction to 
the larger works of Chasles, Salmon, and Townsend. It contains both a text and numerous 


examples.” 


THE “JOURNAL OF EDUCATION.” 


“Dr. Casey’s ‘Sequel to Euclid’ will be found a most valuable work to any student who 
has thoroughly mastered Euclid, and imbibed a real taste for geometrical reasoning... .The 
higher methods of pure geometrical demonstration, which form by far the larger and more 
important portion, are admirable; the propositions are for the most part extremely well given, 


and will amply repay a careful perusal to advanced students.” 
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PREFACE. 


Frequent applications having been made to DR. CASEY requesting him to 
publish a ” Key” containing the Solutions of the Exercises in his ” Elements of 
Euclid,” but his professorial and other duties scarcely leaving him any time to 
devote to it, I undertook, under his direction, the task of preparing one. Every 
Solution was examined and approved of by him before writing it for publication, 
so that the work may be regarded as virtually his. 

The Exercises are a joint selection made by him and the late lamented Profes- 
sor Townsend, S.F.T.C.D., and form one of the finest collections ever published. 


JOSEPH B. CASEY. 


86, SOUTH CIRCULAR-ROAD, 
December 23, 1886. 
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ELEMENTS OF EUCLID, 


With Copious Annotations and Numerous Exercises. 


BY 


JOHN CASEY, LL.D., F.R.S., 


Fellow of the Royal University of Ireland; Vice-President, Royal Irish Academy; &c. 
&c. 


Dublin: Hodges, Figgis, & Co. London: Longmans, Green, & Co. 


OPINIONS OF THE WORK. 


The following are a few of the Opinions received by Dr. Casey on this 


Work:— 


“Teachers no longer need be at a loss when asked which of the numerous ‘Euclids’ they 
recommend to learners. Dr. Casey’s will, we presume, supersede all others.”—-THE DUBLIN 
EVENING MAIL. 


“Dr. Casey’s work is one of the best and most complete treatises on Elementary Ge- 
ometry we have seen. ‘The annotations on the several propositions are specially valuable to 
students.” THE NORTHERN WHIG. 


“His long and successful experience as a teacher has eminently qualified Dr. Casey for the 
task which he has undertaken.... We can unhesitatingly say that this is the best edition of 
Euclid that has been yet offered to the public." — THE FREEMAN'S JOURNAL. 


From the REv. R. TOWNSEND, F.T.C.D., &c. 


“T have no doubt whatever of the general adoption of your work through all the schools 
of Ireland immediately, and of England also before very long.” 


From GEORGE FRANCIS FITZGERALD, Esq., F.T.C.D. 


"Your work on Euclid seems admirable, and is a great improvement in most ways on 
its predecessors. It is a great thing to call the attention of students to the innumerable 
variations in statement and simple deductions from propositions....I should have preferred 
some modification of Euclid to a reproduction, but I suppose people cannot be got to agree 
to any.” 
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From H. J. COOKE, Esq., The Academy, Banbridge. 


”In the clearness, neatness, and variety of demonstrations, it is far superior to any text- 
book yet published, whilst the exercises are all that could be desired.” 


From JAMES A. POOLE, M.A., 29, Harcourt-street, Dublin. 


”'This work proves that Irish Scholars can produce Class-books which even the Head 
Masters of English Schools will feel it a duty to introduce into their establishments." 


From PROFESSOR LEEBODY, Magee College, Londonderry. 


"So far as I have had time to examine it, it seems to me a very valuable addition to 
our text-books of Elementary Geometry, and a most suitable introduction to the 'Sequel to 
Euclid,’ which I have found an admirable book for class teaching.” 


From MRS. BRYANT, F.C.P., Principal of the North London Collegiate School for Girls. 


”T am heartily glad to welcome this work as a substitute for the much less elegant text- 
books in vogue here. I have begun to use it already with some of my classes, and find that 
the arrangement of exercises after each proposition works admirably.” 


From the REv. J. E. REFFE, French College, Blackrock. 


"| am sure you will soon be obliged to prepare a Second Edition. I have ordered fifty 
copies more of the Euclid (this makes 250 copies for the French College). They all like the 
book here." 


From the NOTTINGHAM GUARDIAN. 


"'Lhe edition of the First Six Books of Euclid by Dr. John Casey is a particularly useful 
and able work....'I'he illustrative exercises and problems are exceedingly numerous, and have 
been selected with great care. Dr. Casey has done an undoubted service to teachers in 
preparing an edition of Euclid adapted to the development of the Geometry of the present 
day." 


From the LEEDS MERCURY. 


” There is a simplicity and neatness of style in the solution of the problems which will 
be of great assistance to the students in mastering them.... At the end of each proposition 
there is an examination paper upon it, with deductions and other propositions, by means 
of which the student is at once enabled to test himself whether he has fully grasped the 
principles involved.... Dr. Casey brings at once the student face to face with the difficulties 
to be encountered, and trains him, stage by stage, to solve them.” 


From the PRACTICAL TEACHER. 


”The preface states that this book ‘is intended to supply a want much felt by Teachers 
at the present day—the production of a work which, while giving the unrivalled original in all 
its integrity, would also contain the modern conceptions and developments of the portion of 
Geometry over which the elements extend.’ 

”'The book is all, and more than all, it professes to be.... The propositions suggested are 
such as will be found to have most important applications, and the methods of proof are both 
simple and elegant. We know no book which, within so moderate a compass, puts the student 
in possession of such valuable results. 

”'The exercises left for solution are such as will repay patient study, and those whose 
solution are given in the book itself will suggest the methods by which the others are to be 
demonstrated. We recommend everyone who wants good exercises in Geometry to get the 
book, and study it for themselves." 
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From the EDUCATIONAL TIMES. 


"'Lhe editor has been very happy in some of the changes he has made. The combination of 
the general and particular enunciations of each proposition into one is good; and the shortening 
of the proofs, by omitting the repetitions so common in Euclid, is another improvement. The 
use of the contra-positive of a proved theorem is introduced with advantage, in place of 
the reductio ad absurdum; while the alternative (or, in some cases, substituted) proofs are 
numerous, many of them being not only elegant but eminently suggestive. The notes at the 
end of the book are of great interest, and much of the matter is not easily accessible. The 
collection of exercises, ‘of which there are nearly eight hundred,’ is another feature which will 
commend the book to teachers. To sum up, we think that this work ought to be read by 
every teacher of Geometry; and we make bold to say that no one can study it without gaining 
valuable information, and still more valuable suggestions.” 


From the JOURNAL OF EDUCATION, Sept. 1, 1883. 


”In the text of the propositions, the author has adhered, in all but a few instances, to 
the substance of Euclid’s demonstrations, without, however, giving way to a slavish following 
of his occasional verbiage and redundance. The use of letters in brackets in the enunciations 
eludes the necessity of giving a second or particular enunciation, and can do no harm. Hints 
of other proofs are often given in small type at the end of a proposition, and, where necessary, 
short explanations. The definitions are also carefully annotated. The theory of proportion, 
Book V., is given in an algebraical form. This book has always appeared to us an exquisitely 
subtle example of Greek mathematical logic, but the subject can be made infinitely simpler 
and shorter by a little algebra, and naturally the more difficult method has yielded place to 
the less. It is not studied in schools, it is not asked for even in the Cambridge Tripos; a few 
years ago, it still survived in one of the College Examinations at St. John’s, but whether the 
reforming spirit which is dominant there has left it, we do not know. The book contains a 
very large body of riders and independent geometrical problems. ‘The simpler of these are 
given in immediate connexion with the propositions to which they naturally attach; the more 
difficult are given in collections at the end of each book. Some of these are solved in the book, 
and these include many well-known theorems, properties of orthocentre, of nine-point circle, 
&c. In every way this edition of Euclid is deserving of commendation. We would also express 
a hope that everyone who uses this book will afterwards read the same author’s ‘Sequel to 


Euclid,’ where he will find an excellent account of more modern Geometry.” 


NOW READY, Price 6s., 
A KEY to the EXERCISES in the ELEMENTS of EUCLID. 
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'TYPOGRAPHICAL ERRORS CORRECTED IN PROJECT GUTENBERG EDITION 


p. 28. “DEF. vilI—When a right line intersects ...” in original, amended 
to “DEF. VII” in sequence. 

p. 37. 12 “bisects the parallellogram” in original, amended to match every 
other occurrence as “parallelogram”. 

p. 53. “A ACH is half the rectangle AC. AH (I. Cor. 1)" in original. The 
reference is to Prop. I. of the current book and misnumbered, it should be (I. 
Cor. 2). 

p. 54. “The parallelogram CM is equal to DE |I. xun., Cor. 3];” in original, 
amended to “Cor. 2” following MS. correction: there is no Cor. 3. 

p. 56. “On C'B describe the square CBE F I. [xtv1.|.” in original, clearly 
meant to read |I. XLVI.]. 

p. 70. *The remainiug parts of the line" in original, obvious error amended 
to "remaining". 

p. 73. *that which is nearest to the line throuyh the centre" in original, 
obvious error amended to “through”. 

p. 78. “Then this line [I., Cor. 1]” in original. The reference is to Prop. I. of 
the current book, so it should be [I., Cor. 1]. 

p. 79. *OA is equal to OC |L, Def. xxir.|" in original. The reference should 
be |I., Def. xxxi |]. 

p. 84. “the four points A, C, D, B are concylic" in original, evidently in- 
tended is *concyclic". 

p. 87. as p. 78. 

p. 94. “Through tho point £” in original, obvious error amended to “the”. 

p. 95., p. 97. “the points A, B, C, D are concylic” in original, as p. 84. 


p. 97. *(Ex. 2.) ...or touchlng a given file and a given circle." in original, 
obvious error amended to “touching”. 

p. 98. “21. What is the locus of the middle points ...” in original, amended 
to “31.” in sequence. 

p. 99. In (21) “the if then line DE intersect the chords ...” in original, 


garbled phrase amended to “then if the”. 

p. 100. In (44) “these circle sintersect” in original, misplaced space amended 
to “these circles intersect”. 

p. 105. “4. The point of bisection (1) of the line (OP)” in original, from the 
diagram and following discussion this should be (J). 

p. 107. Prop. IX. “About a given circle (ABCD) to describe a circle.” in 
original, clearly this is nonsense and must mean “About a given square”. 

p. 110. “Then the traingles ABO, CBO” in original, obvious error amended 
to “triangles”. 

p. 115. In (52) “and also en equilateral circumscribed polygon” in original, 
wrong letter amended to “an”. 

p. 133. Heading “PROP. XXV.—PROBLEM.” in original, the preamble to 
this book says that every Proposition in it is a THEOREM and this one seems to 
be no exception, so amended. 
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p. 136. Reference "|I.|" is to Proposition I. of current book, amended to ^|r.|" 
(4 times). 

p. 137 sqq. Reference “[IT.]” is to Proposition II. of current book, amended 
to “|11.]” (4 times). 

p. 139. Prop V. header “subtended bg the homologous sides” in original, 
obvious error amended to “by”. 

p. 147. Reference “|X VI.]” corrected to “[XvI.]”. 

p. 150. “From the construction is is evident ...” 
amended to “it is”. 

p. 165. “20. Find a poiat O” in original, obvious error amended to “point”. 

p. 175. “the lines GH, GK each perpendiclar to EF” in original, obvious 
error amended to “perpendicular”. 

p. 186. “O” when associated with a lower case letter was wrongly printed as 
o, which is not defined. These have been corrected (3 times). 

p. 192. Reference *|VL, Cor. 6|? corrected to "[vr., Cor. 6|". 


in original, obvious error 
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PREFACE TO SECOND EDITION. 


Tug only new features, worth mentioning, in the second 
edition, are the substitution of words for the symbols 
introduced in the first edition, and one additional review— 
of Mr. Henrici, to whom, if it should appear to him that 
I have at all exceeded the limits of fair criticism, I beg to 
tender my sincerest apologies. 

Cb. D. 
Ch. Ch. 1885. 





PREFACE TO FIRST EDITION. 


' ridentem dicere verum 
Quid vetat?’ 

Tur objeet of this little book is to furnish evidence, 
first, that it 1s essential, for the purpose of teaching or 
examining in elementary Geometry, to employ one text- 
book only; secondly, that there are strong a priori reasons 
for retaining, in all its main features, and specially in its 
sequence and numbering of Propositions and in its treat- 
ment of Parallels, the Manual of Euclid; and thirdly, 
that no sufficient reasons have yet been shown for aban- 
doning it in favour of any one of the modern Manuals 
which have been offered as substitutes. 

It is presented in a dramatic form, partly because it 
seemed a better way of exhibiting in alternation the argu- 
ments on the two sides of the question; partly that I 
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might feel myself at liberty to treat it in a rather lighter 
style than would have suited an essay, and thus to make 
it a little less tedious and a little more acceptable to 
unscientific readers, 

In one respect this book is an experiment, and mav 
chance to prove a failure: I mean that I have not thought 
it necessary to maintain throughout the gravity of style 
which scientific writers usually affect, and which has some- 
how come to be regarded as an ‘inseparable accident’ of 
scientific teaching, I never could quite see the reason- 
ableness of this immemorial law: subjects there are, no 
doubt, which are in their essence too serious to admit of 
any lightness of treatment—but I cannot recognise Geo- 
metry as one of them. Nevertheless it will, I trust, be 
found that I have permitted myself à glimpse of the comie 
side of things only at fitting seasons, when the tired reader 
might well crave a moment’s breathing-space, and not on 
any occasion where if could endanger the continuity of 
a line of argument. 

Pitying friends have warned me of the fate upon which 
I am rushing: they have predicted that, in thus abandon- 
ing the dignity of a scientific writer, I shall alienate the 
sympathies of all true scientific readers, who will regard 
the book as a mere jeu @esprit, and will not trouble them- 
selves to look for any serious argument init. But it must 
be borne in mind that, if there is a Scylla before me, there 
is also a Charybdis—and that, in my fear of being read 
as a jest, I may incur the darker destiny of not being read 
at all. 

In furtherance of the great cause which I have at heart 
—the vindication of Euclid’s masterpiece—I am content to 
run some risk ; thinking 36 far better that the purchaser of 
this little book should read it, though it be with a smile, 
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than that, with the deepest conviction of its seriousness of 
purpose, he should leave it unopened on the shelf. 

To all the authors, who are here reviewed, I beg to 
tender my sincerest apologies, if I shall be found to have 
transgressed, in any instance, the limits of fair criticism, 
To Mr. Wilson especially such apology is due—partly 
because I have criticised his book at great length and 
with no sparing hand—partly because it may well be 
deemed an impertinence in one, whose line of study has 
been chiefly in the lower branches of Mathematics, to 
dare to pronounce any opinion at all on the work of a 
Senior Wrangler. Nor should I thus dare, if it entailed 
my following him up ‘yonder mountain height’ which Ze 
has sealed, but which 7 can only gaze at from a distance: 
it is only when he ceases ‘to move so near the heavens,’ 
and comes down into the lower regions of Elementary 
Geometry, which I have been teaching for nearly five- 
and-twenty years, that I feel sufficiently familiar with 
the matter in hand to venture to speak. 

Let me take this opportunity of expressing my grati- 
tude, first to Mr. Todhunter, for allowing me to quote 
ad libitum from the very interesting Essay on Elementary 
Geometry, which is included in his volume entitled ‘The 
Conflict of Studies, and other Essays on subjects connected 
with Education,’ and also to reproduce some of the beau- 
tiful diagrams from his edition of Euclid; secondly, to the 
Editor of the Atheneum, for giving me a similar per- 
mission with regard to a review of Mr. Wilson's Geometry, 
written by the late Professor De Morgan, which appeared 
in that journal, July 18, 1868. 





C LD: 
Ch. Ch. 1879. 
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ACT I. 


SCENE lI. 
‘Confusion worse confounded.’ 


| Serene it Pallona ofar dhas u Aes xS uM uEe d P. f "Bur um ja 73° 


BARRA EU 


Pade 201, 1.6, for i.e. >Z2 BAD read ie. £ HAD SU IE 


Min. So, my friend!  7Aats the way you prove I. 19, 
is it? Assuming I, 20? Cool, refreshingly cool! But 
stop a bit! Perhaps he doesn’t ‘declare to win’ on Euclid. 
Let’s see. Ah, just so! ‘Legendre,’ of course! Well, 
I suppose I must give him full marks for it: what’s the 
question worth ?—Wait a bit, though! Where’s his paper 
of yesterday? I’ve a very decided impression he was all 
for ‘Euclid’ then: and I know the paper had I. 20 in it. 

B 





pua |, 
ScENE I. 


‘Confusion worse confounded.’ 


[Scene, a College study. Time, midnight. Mrxos dis- 
covered seated between two gigantic piles of manuscripts. 
Ever and anon he takes a paper from one heap, reads it, 
makes an entry in a book, and with a weary sigh transfers 
it to the other heap. Tis hair, from much running of fingers 
through it, radiates in all directions, and surrounds his head 
like a halo of glory, or like the second Corollary of Euc. 
I. 32. Over one paper he ponders gloomily, and at length 
hreaks out in a passionate soliloquy. | 


Min. So, my friend! That's the way you prove I. 19, 
is it? Assuming I. 20? Cool, refreshingly cool! But 
stop a bit! Perhaps he doesn’t ‘declare to win’ on Euclid. 
Let’s see. Ah, just so! ‘Legendre,’ of course! Well, 
I suppose I must give him full marks for it: what’s the 
question worth ?—Wait a bit, though! Where’s his paper 
of yesterday? I’ve a very decided impression he was all 
for ‘Euclid’ then: and I know the paper had I. 20 in it. 

B 
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... Ah, here it is! ‘I think we do know the sweet 
Roman hand. Here's the Proposition, as large as life, 
and proved by I. 19. ‘Now, infidel, I have thee on the 
hip!’ You shall have such a sweet thin» to do in vivd- 
voce, my very dear friend! You shall have the two 
Propositions together, and take them in any order you 
hike. It’s my profound conviction that you don’t know 
how to prove either of them without the other. They’ll 
have to introduce each other, like Messrs. Pyke and Pluck. 
But what fearful confusion the whole subject is getting 
into! (Knocking heard.) Come in! 


Enter RHADAMANTHUS. 


Rhad. say! Are we bound to mark an answer that’s 
a clear logical fallacy ? 
Ain. Of course you are—with that peculiar mark which 


cricketers call ‘a duck’s egg,’ and thermometers ‘ zero.’ 
Jihad. Well, just listen to this proof of I. 29, 


Reads, 





‘Let EF meet the two parallel Lines 18, CD, in the 
points GH. The alternate angles AGH, GHD, shall be 
equal. 
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‘Tor AGI and EGE are equal because vertically oppo- 
site, and LGB is also equal to GZD (Definition 9); there- 
fore AG/ is equal to GHD; but these are alternate 
angles.’ 

Did you ever hear anything like that for calm assump- 
tion ? | 

Min, What does the miscreant mean by ‘ Definition 9’? 

fhad. Oh, that’s the grandest of all! You must listen 
to that bit too. There’s a reference at the foot of the page 
to ‘Cooley.’ So I hunted up Mr. Cooley among the heaps 
of Geometries they’ve sent me—(by the way, I wonder if 
they've sent you the full lot? Forty-five were left in my 
rooms to-day, and ten of them I'd never even heard of 
till to-day !)—well, as I was saying, I looked up Cooley, 
and here's the Definition. 


Reads. 


‘Right Lines are said to be parallel when they are 
equally and similarly inclined to the same right Line, or 
make equal angles with it towards the same side.’ 

Min, That is very soothing. So far as I can make 
it out, Mr. Cooley quietly assumes that a Pair of Lines, 
which make equal angles with oze Line, do so with aZ 
Lines. He might just as well say that a young lady, who 
was inclined to oze young man, was ‘equally and similarly 
inclined’ to al} young men! 

Rhad. She might ‘make equal angling’ with them all, 
anyhow. But, seriously, what are we to do with Cooley? 

Min. (thoughtfully) Well, if we had him in the Schools, 
I think we should pluck him. 

B 
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Rhad. But as to this answer ? 

Min, Oh, give it full marks! What have we to do 
with logie, or truth, or falsehood, or right, or wrong? 
‘We are but markers of a larger growth’—only that we 
have to mark foul strokes, which a respectable billiard- 
marker doesn’t do, as a general rule! 

Rhad, There’s one thing more I want you to look at. 
Here’s a man who puts ‘ Wilson’ at the top of his paper, 
and proves Euc. I. 32 from first principles, it seems to 
me, without using any other Theorem at all. 

Min. The thing sounds impossible. 


Rhad. So I should have said. Here’s the proof. 





‘Slide Z DBA along BF into position GAP, GA having 
same direction as DC (Ax. 9); similarly shde < BCE 
along AF into position GAC. Then the ext. s= CAF, 
FAG, GAC=one revolution=two straight Zs. But the 
ext. and int. Zs= 3 straight Zs. Therefore the int. Z s= 
one straight 4=2 right angles. Q.E.D? 

I'm not well up in ‘ Wilson’: but surely he doesn’t beg 
the whole question of Parallels in one axiom like this! 

Min. Well, no. There’s a Theorem and a Corollary. But 
this is a sharp man: he has seen that the Axiom does just 
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as well by itself. Did you ever see one of those conjurers 
bring a globe of live fish out of a pocket-handkerchief * 
That's the kind of thing we have in Modern Geometry. 
A man stands before you with nothing but an Axiom in 
his hands. He rolls up his sleeves. ‘Observe, gentlemen, 
I have nothing concealed. There is no deception!’ And 
the next moment you have a complete Theorem, Q. E. D. 
and all! 

Rhad. Well, so far as J can see, the proofs worth 
nothing. What am I to mark it? 

Min, Full marks: we must accept it. Why, my good 
fellow, I’m getting into that state of mind, I’m ready to 
mark any thing and any body. If the Ghost in Hamlet 
came up this minute and said ‘Mark me!’ I should say 
‘I will! Hand in your papers!’ 

Rad. Ah, it's all very well to chaff, but it’s enough 
to drive a man wild, to have to mark all this rubbish! 
Well, good night! I must get back to my work. — | Zz/£. 

Min. (indistinetly) Til just take forty winks, and— 


(Snores.) 


ACT I. 
SCENE ll. 


Oùx dya0dv modvKotpayin' eis koipavcs égTo, 
E's facies. 


[Minos sleeping: to him enter the Phantasm of Evcut. 
Minos opens his eyes and regards him with a blank and 
stony gaze, without betraying the slightest surprise or even 
interest. | 


9 r. A priori reasons for retaining 
Euclid's Manual. 


Fue. Now what is it you really require in a Manual 
of Geometry ? 

Min, Excuse me, but—with all respect to a shade whose 
name I have reverenced from early boyhood—is not that 
rather an abrupt way of starting a conversation? Remem- 
ber, we are twenty centuries apart in history, and con- 
sequently have never had a personal interview till now. 
Surely a few preliminary remarks— 
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Euc. Centuries are long, my good sir, but my time 
to-night is short: and I never was a man of many words. 
So kindly waive all ceremony and answer my question. 

Min. Well, so far as I can answer a question that comes 
upon me so suddenly, I should say—a book that will exer- 
cise the learner in habits of clear definite conception, and 
enable him to test the logical value of a scientific argument. 

Hue. You do not require, then, a complete repertory of 
Geometrical truth ? 

Min. Certainly not. It is the évépyera rather than the 
epyov that we need here. 

fue. And yet many of my Modern Rivals have thus 
attempted to improve upon me—by filling up what they 
took to be my omissions. 

Min. I doubt if they are much nearer to completeness 
themselves. 

Euc. I doubt it too. It is, I think, a friend of yours 
who has amused himself by tabulating the various Theorems 
which might be enunciated in the single subject of Pairs of 
Lines. How many did he make them out to he? 

Min. About two hundred and fifty, I believe. 

Luc, At that rate, there would probably be, within the 
limits of my First Book, about how many ? 

Min. A thousand, at least. 

Hue. What a popular school-book it will be! How 
boys will bless the name of the writer who first brings 
out the complete thousand ! 

Min. I think your Manual is fully long enough already 
for all possible purposes of teaching. It is not in the 
region of new matter that you need fear your Modern 
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Rivals: it is in quality, not in. quantity, that they claim 
to supersede you. Your methods of proof, so they assert, 
are antiquated, and worthless as compared with the new 
lights. 

Juec. It is to that very point that I now propose to 
address myself: and, as we are to diseuss this matter 
mainly with reference to the wants of beginners, we may 
as well limit our diseussion to the subject-matter of Books 
I and II. 

Min. lam quite of that opinion. 

Fc. The first point to settle is whether, for purposes of 
teaching and examining, you desire to have one fixed 
logical sequence of Propositions, or would allow the use 
of conflicting sequences, so that one candidate in an ex- 
amination might use X to prove F, and another use F to 
prove X—or even that the same candidate might offer 
both proofs, thus ‘arguing in a circle.’ 

Min, A very eminent Modern Rival of yours, Mr. Wilson. 
seems to think that no such fixed sequence is really neces- 
sary. He says (in his Preface, p. 10) ‘Geometry when 
treated as a science, treated inartificially, falls into a 
certain order from which there can be no very wide 
departure; and the manuals of Geometry will not differ 
from one another nearly so widely as the manuals of 
algebra or chemistry ; yet it is not difficult to examine 
in algebra and chemistry.’ 

Euc. Books may differ very ‘widely’ without differing 
in logical sequence—the only kind of difference which 
could bring two text-books into such hopeless collision 
that the one or the other would have to be abandoned. 
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Let me give you a few instances of conflicting logical 
sequences in Geometry. Legendre proves my Prop. 5 by 
Prop. o, 18 by 19, 19 by 20, 27 by 28, 29 by 32. Cuth- 
bertson proves 37 by 41. Reynolds proves 5 by 20. 
When Mr. Wilson has produced similarly conflicting se- 
quences in the manuals of algebra or chemistry, we may 
then compare the subjects: till then, his remark is quite 
irrelevant to the question. 

Mia. I do not think he will be able to do so: indeed 
there are very few logical chains a£ a// in those subjects— 
most of the Propositions being proved from first principles. 
I think I may grant at once that it is essential to have 
one definite logical sequence, however many manuals we 
employ: to use the words of another of your Rivals, 
Mr. Cuthbertson (Pref. p. viii), ‘enormous inconvenience 
would arise in conducting examinations with no recog- 
nised sequence of Propositions.’ This however applies to 
logical sequences only, such as your Props. 13, 15, 16, 
18, 19, 20, 21, which form a continuous chain. There 
are many Propositions whose place in a manual would be 
partly arbitrary. Your Prop. 8, for instance, 1s not wanted 
till we come to Prop. 48, so that it might occupy any 
intermediate position, without involving risk of circular 
argument. 

Euc. Now, in order to secure this uniform logical 
sequence, we should require to know, as to any particular 
Proposition, what other Propositions were its logical de- 
scendants, so that we might avoid using any of these 
in proving it? 

Min. Exactly so. 
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uc. We might of course give this information by 
attaching to each enunciation references to its logical 
descendants: but this would be a very cumbrous plan. 
A better way would be to give them in the form of 
a genealogy, but this would be very bulky if the enuncia- 
tions themselves were inserted: so that it would be de- 
sirable to have numbers to distinguish the enunciations. 
In that case (supposing my logical sequence to be adopted) 
the genealogy would stand thus :—(see Frontispiece). 

Min. Would it not be enough to publish an arranged 
list (which would be all the better if numbered also), and 
to enact that no Proposition should be used to prove any 
of its predecessors ? 

Fuc. That would hamper the writers of manuals very 
much more than the genealogy would. Suppose, for 
instance, that you adopted, in the list, the order of 
Theorems in my First Book, and that a writer wished 
to prove Prop. 8 by Prop. 47: this would not interfere 
with my logical sequence, and yet your list would bar him 
from doing so. 

Min. But we might place 8 close before 48, and he 
would then be free to do as you suggest. 

Flue. And suppose some other writer wished to prove 
24 by 8? 

Min. I see now that any single list must necessarily 
prevent many possible arrangements which would not 
conflict with the agreed-on logical sequence. And yet 
this is what the Committee of the Association for the 
Improvement of Geometrical Teaching have approved of, 
namely, ‘a standard sequence for examination purposes,’ 
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and what the Association have published in their ‘Sylla- 
bus of Plane Geometry.’ 

Hue. I think they have overlooked the fact that they 
are enacting many more sequences, as binding on writers, 
than the one logical sequence which they desire to sccure. 
Their ‘standard sequence’ would be fitly replaced by a 
‘standard genealogy.’ But in any case we are agreed 
that it is desirable to have, besides a standard logical 
sequence, a standard list of enunciations, numbered for 
reference ? 

Min, We are. 

fuc. The next point to settle is, what sequence and 
numbering to adopt. You will allow, I think, that there 
are strong a priori reasons for retaining my numbers. ‘The 
Propositions have been known by those numbers. for two 
thousand years; they have been referred to, probably, by 
hundreds of writers—in many cases by the numbers only, 
without the enunciations: and some of them, I. 5 and I. 47 
for instance—‘ the Asses’ Bridge’ and ‘the Windmill ’— 
are now historical characters, and their nicknames are 
‘familiar as household words.’ 

Min. Even if no better sequence than yours could be 
found, if might still be urged that a new set of numbers 
must be adopted, in order to introduce, in their proper 
places, some important Theorems which have been added 
to the subject since your time. 

Hue. That want, if it were proved to exist, might, 
I think, be easily provided for without discarding my 
system of numbers. If you wished, for instance, to insert 
two new Propositions between I. 13 and I. 14, 16 would be 
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far less inconvenient to call them 13 B and 13 C than 
to abandon the old numbers. 

Ain. I give up the objection. 

fue. You will allow then, I think, that my sequence 
and system of numbers should not be abandoned without 
good cause ? 

Min. Oh, certainty. And the onus probandi hes clearly 
on your Modern Rivals, and not on you. 

Luc. Unless, then, it should appear that one of my 
Modern Rivals, whose logical sequence is incompatible 
with mine, is so decidedly better in his treatment of really 
important topies, as to make it worth while to suffer all 
the inconvenience of a change of numbers, you would not 
recognise his demand to supersede my Manual? 

Min. On that point let me again quote Mr. Wilson. In 
his Preface, p. 15, he says, ‘In a few years I hope that our 
leading mathematicians will have published, perhaps in con- 
cert, one or more text-books of Geometry, not inferior, to 
say the least, to those of France, and that they will supersede 
Euclid by the sheer force of superior merit.’ 

Euc. And I should be quite content to be so superseded. 
‘A fair field and no favour? is all I ask. 


0 2. Method of procedure in examining 


Modern Rivals. 


Alin. You wish me then to compare your book with 
those of your Modern Rivals ? 
Hue. Yes. But, in doing this, I must bee you to bear 
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in mind that a Modern Rival will not have proved his 
ease 1f he only succeeds 1n showing 

(1) that certain Propositions might with advantage be 
omitted (for this a teacher would be free to do, so long 
as he left the logical sequence complete) ; 

or (2) that certain proofs might with advantage be 
changed for others (for these might be interpolated as 
‘alternative proofs’); 

or (3) that certain new Propositions are desirable (for 
these also might be interpolated, without altering the 
numbering of the existing Propositions). 

All these matters will need to be fully considered here- 
after, if you should decide that my Manual ought to be 
retained: but they do not constitute the evidence on which 
that decision should be based. 

Min. That, I think, you have satisfactorily proved. But 
what would you consider to be suthcient grounds for 
abandoning your Manual in favour of another? 

Fuc. Many grave charges have been brought against 
my Manual; but, of all these, there are only ¿wo which 
I regard as crucial in this matter. The first concerns 
my arrangement of Problems and Theorems: the second 
my treatment of Parallels. 

If it be agreed that Problems and Theorems ought to 
be treated separately, my system of numbering must of 
course be abandoned, and no reason will remain why my 
Manual should then be retained as a whole; which is the 
only point I am concerned with. This question you can, 
of course, settle on its own merits, without examining 
any of the new Manuals. 
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If, again, it be agreed that, in treating Parallels, some 
other method, essentially different from mine, ought to be 
adopted, I feel that, after so vital a change as that, in- 
volving (as no doubt it would) the abandonment of my 
sequence and system of numbering, the remainder of my 
Manual would not be worth fighting for, though portions 
of it might be embodied in the new Manual. To settle 
this question, you must, of course, examine one by one the 
new methods tnat have been proposed. 

Min. You would not even ask to have your Manual 
retained as an alternative for the new one? 

Fue. No. For I think it essential for purposes of teach- 
ing, that in treating this vital topic one uniform method 
should be adopted; and that this method should be the 
best possible (for it is almost inconceivable that two 
methods of treating it should be equally good). An 
alternative proof of a minor Proposition may fairly be 
inserted now and then as about equal in merit to the 
standard proof, and may make a desirable variety: but 
on this one vital point it seems essential that nothing 
but the best proof existing should be offered to the limited 
capacity of a learner. Vacuis committere venis nil nisi lene 
decet. 

Min. I agree with you that we ought to have one 
system only, and that the best, for treating the subject 
of Parallels. But would you have me limit my examina- 
tion of your ‘ Modern Rivals’ to this single topic? 

Euc. No. There are several other matters of so great 
importance, and admitting of so much variety of treat- 
ment, that it would be well to cxamine any method of 


Vt 
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dealing with them which differs much from mine—not 
with a view of substituting the new Manual for mine. 
but in order to make such changes in my proofs as may 
be thought desirable. There are other matters again, 
where changes have been suggested, which you ought 
to consider, but on general grounds, not by examining 
particular writers. 

Let me enumerate what I conceive should be the sub- 
jects of your enquiry, arranged in order of importance. 


(1) The combination, or separation, of Problems and 
Theorems. 

(2) The treatment of Pairs of Lines, especially Parallels, 
for which various new methods have been suggested. 
These may be classified as involving— 

(a) Infinite series : suggested by LEGENDRE. 

(8) Angles made with transversials : Coovry. 

(y) Equidistance : CUTHBERTSON. 

(0) Revolving Lines: HENRICI. 

(e) Direction: WirsoN, Prercr, WiLLock. 

(€) The substitution of ‘ Playfair’s Axiom’ for my 
Axiom 12. 


If your decision, on these two crucial questions, be 
given in my favour, we may take it as settled, I think, 
that my Manual ought to be retained as a whole: how 
far it should be modified to suit modern requirements will 
be matter for further consideration. 


(3) The principle of superposition. 
(4) The use of diagonals in Book H., 
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These two are general questions, and will not need the 
examination of partieular authors. 

Besides this, ıt will be well, in order that your en- 
quiry into the claims of my Modern Rivals may be as 
complete as possible, to review them one by one, with 
reference to their treatment of matters not already dis- 
cussed, especially :— 


(5) Right Lines. 
(6) Angles, including right angles. 
(7) Propositions of mine omitted. 
(8) Propositions of mine treated by a new method. 
(9) New Propositions. 
(10) And you may as well conclude, in each case, with a 
general survey of the book, as to style, &e. 


The following may be taken as a fairly complete cata- 
logue of the books to be examined :— 


T. Legendre. 8. Chauvenet. 

2. Cooley. 9. Loomis. 

3. Cuthbertson. IO. Morell. 

4. Henrict. 11. Reynolds. 

5. Wilson. 12. Wright. 

6. Pierce. I3. Wilson's * Syllabus - 
7. Willock. Manual. 


You should also examine the Syllabus, published by the 
Association for the Improvement of Geometrical Teach- 
ing, on which the last-named Manual is based. Not that 
it can be considered as a ‘ Rival’—in fact, it is not a 
text-book at all, but a mere list of enunciations—but 
because, first, it comes with an array of imposing names 
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to recommend it, and secondly, it discards my system of 
numbers, so that its adoption, as a standard for exami- 
nations, would seriously interfere with the retention of 
my Manual as the standard text-book. 

Now, of these questions, I shall be most happy to dis- 
cuss with you the general ones (I mean questions 1, 2 (¢), 
3, and 4) before we conclude this interview : but, when it 
comes to eritieising partieular authors, I must leave you 
to yourself, to deal with them as best you can. 

Min, It will be weary work to do it all alone. And 
yet I suppose you cannot, even with your supernatural 
powers, fetch me the authors themselves ? 

ue. I dare not. The living human race is so strangely 
prejudiced. There is nothing men object to so emphati- 
eally as being transferred by ghosts from place to place. 
I cannot say they are consistent in this matter: they 


are for ever ‘raising’ 


or ‘laying’ us poor ghosts—we 
cannot even haunt a garret without having the parish 
at our heels, bent on making us change our quarters: 
whereas if / were to venture to move one single small 
boy—say to lift him by the hair of his head over only 
two or three houses, and to set him down safe and sound 
in a neighbour’s garden—why, I give you my word, it 
would be the talk of the town for the next month! 

Alin. I can well believe it. But what can you do for 
me? Are their Doppelgänger available ? 

Euc. I fear not. The best thing I ean do is to send 
you the Phantasm of a German Professor, a great friend 
of mine. He has read all books, and is ready to defend 
any thesis, true or untrue. 
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Min, A charming companion! And his name? 

uc. Phantasms have no names—only numbers. You 
may call him ‘Herr Niemand, or, if you prefer it, 
* Number one - hundred - and - twenty - three - million-four 
hundred-and-fifty-six-thousand-seven-hundred-and-eighty- 
nine.’ 

Min. For constant use, I prefer ‘Herr Niemand. Let 
us now consider the question of the separation of Pro- 
blems and Theorems. 


$3. The combination, or separation, of 
Problems and Theorems. 


Euc. Y shall be glad to hear, first, the reasons given 
for separating them, and will then tell you » reasons for 
mixing them. 

Min. I understand that the Committee of the Associa- 
tion for the Improvement of Geometrical Teaching, in 
their Report on the Syllabus of the Association, consider 
the separation as ‘equivalent to the assertion of the 
principle that, while Problems are from their very nature 
dependent for the form, and even the possibility, of their 
solution on the arbitrary limitation of the instruments 
allowed to be used, Theorems, being truths involving no 
arbitrary element, ought to be exhibited in a form and 
sequence independent of such limitations.’ They add 
however that ‘it is probable that most teachers would 
prefer to introduce Problems, not as a separate section of 
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Geometry, but rather in connection with the Theorems 
with which they are essentially related.’ 

Luc. It seems rather a strange proposal, to print the 
Propositions in one order and read them in another. Dat 
a stronger objection to the proposal is that several of 
the Problems are Theorems as well—such as I. 46, for 
instance. 

Min. How is that a Theorem ? 

Lue. It proves that there is such a thing as a Square. 
The definition, of course, does not assert real existence: 
it is merely provisional. Now, if you omit I. 46, what 
right would you have, in I. 47, to say ‘draw a Square’? 
How would you know it to be possible ? 

Min. We could easily deduce that from I. 34. 

Euc. No doubt a Theorem might be introduced for that 
purpose: but it would be very like the Problem: you 
would have to say ‘7fa figure were drawn under such and 
such conditions, 1t would be a Square.’ Is it not quite as 
stmple to draw it ? 

Then again take I. 31, where it is required to draw 
a Parallel. Although it has been proved in I. 27 that 
such things as parallel Lines exist, that does not tell us 
that, for every Line and for every point without that 
Line, there exists a real Line, parallel to the given Line 
aud passing through the given point. And yet that 1s a fact 
essential to the proof of I. 32. 

Min. I must allow that I. 31 and I. 46 have a good 
claim to be retained in their places: and if two are to 
be retained, we may as well retain all. 

Luc. Another argument, for retaining the Problems 

Ca 
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where they are, is the importance of keeping the number- 
ing unchanged —a matter we have already discussed. 

But perhaps the strongest argument is that it saves 
you from ‘hypothetical constructions,’ the danger of 
which has been so clearly pointed out by Mr. Tod- 
hunter (see pp. 222, 241). 

Min. I think you have proved your case very satis- 
factorily. The next subject is ‘the treatment of Pairs of 
Lines.’ Would it not be well, before entering on this 
enquiry, to tabulate the Propositions that have been 
enunciated, whether as Axioms or Theorems, respecting 
them ? 

Eue. That will be an excellent plan. It will both give 
you a clear view of the field of your enquiry, and enable 
you to recognise at once any doubtful Axioms which you 
may meet with. 

Min. Will you then favour me with your views on this 
matter? 

Lue. Willingly. It is a subject which I need hardly say 
I considered very carefully before deciding what Definitions 
and Axioms to adopt. 


§ 4. Syllabus of propositions relating to 
Pairs of Lines. 


Let us begin with the simplest possible case, a Pair 
of infinite Lines whieh have two common points, and 
which therefore coincide wholly, and let us consider how 
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such a Pair may be defined, and what other properties 
it possesses. 

After that we will take a Pair of Lines which have 
a common point and a separate point (‘a separate point’ 
being one that lies on one of the Lines but not on the 
other), and which therefore have no other common point, 
and treat it in the same way. 

And in the third place we will take a Pair of Lines 
which have zo common point. 

And let us understand, by ‘the distanee between two 
points, the length of the right Line joining them; and, 
by ‘the distance of a point from a Line,’ the length of the 
perpendicular drawn, from the point, to the Line. 

Now the properties of a Pair of Lines may be ranged 
under four headings :— 


(1) as to common or separate points ; 

(2) as to the angles made with transversals ; 

(3) as to the equidistance, or otherwise, of points on the 
one from the other ; 

(4) as to direction. 


We might distinguish the first two classes, which I have 
mentioned, as ‘coincident’? and ‘intersecting’: and these 
names would serve very well if we were going to consider 
only infinite Lines; but, as all the relations of infinite 
Lines, with regard to angles made with transversals, 
equidistance of points, and direction, are equally true of 
finite portions of them, it will be well to use names which 
will include them also. And the names I would suggest 
are ‘coincidental ’ ‘ intersectional,’ and ‘ separational.’ 
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By ‘coincidental Lines,’ then, I shall mean Lines which 
either coincide or would do so if produced : and by ‘inter- 
sectional Lines’ I shall mean Lines which either intersect 
or would do so if produced; and, by ‘separational Lines,’ 
Lines which have no common point, however far produced. 

In the same way, when I speak of ‘Lines having a com- 
mon point, or of ‘Lines having two common points, I 
shall mean Lines which either have such points or would 
have them if produced. 

It will also save time and trouble to agree on the use 
of a certain conventional phrase respecting transversals. 

It admits of easy proof that, if a Pair of Lines make, 
with a certain transversal, either («) a pair of alternate 
angles equal, or (4) an exterior angle equal to the interior 
opposite angle on the same side of the transversal, or 
(c) a pair of interior angles on the same side of the trans- 
versal supplementary; they will make, with the same 
transversal, (7) each pair of alternate angles equal, and 
(e) every exterior angle equal to the interior opposite angle 
on the same side of the transversal, and (f) each pair of 
interior angles on the same side of the transversal sup- 
plementary. 

You will accept that as a simple Theorem, though with 
a somewhat lengthy enunciation ? 

Alin. Certainly. 

jue. The phrase I propose is as follows. When I speak 
of a Pair of Lines as ‘equally inclined to’ a transversal, 
I wish it to be understood that they fulfil some one of 
the three conditions (a), (4), (c), and therefore all the three 
conditions (4), (e), (f£). 
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Min. A most convenient abridgment. 

Fue. Similarly, it admits of easy proof that, if a Pair 
of Lines make, with a certain transversal, either (a) a pair 
of alternate angles unequal, or (4) an exterior angle un- 
equal to the interior opposite angle on the same side of 
the transversal, or (c) a pair of interior angles on the same 
side of the transversal not supplementary ; they will make, 
with the same transversal, (7) each pair of alternate angles 
unequal, and (e) every exterior angle unequal to the in- 
terior opposite angle on the same side of the transversal, 
and (f) each pair of interior angles on the same side 
of the transversal not supplementary. 

And when I speak of a Pair of Lines as ‘unequally 
inclined to’ a transversal, I wish it to be understood that 
they fulfil some one of the three conditions (a), (4), (c), 
and therefore all the three conditions (4), (e), ( f). 

Alin. Very well. 

uc. Now the Propositions relating to Pairs of Lines may 
be divided into two classes, the first covering the ground 
occupied by my Axiom 10 (‘two straight Lines cannot en- 
close a space’) and my Propositions I. 16, 17, 27, 28, 31; 
the second that occupied by my Axiom 12 and Propositions 
I. 29, 30, 32. Those in the first class are logical deductions 
from Axioms which have never been disputed: the second 
class has furnished, through all ages, a battle-field for rival 
mathematicians. That some one of the Propositions in this 
class must be assumed as an Axiom is agreed on all hands, 
and eaeh combatant in turn proclaims his own special 
favourite to be the one axiomatic truth of the series, m- 
sisting that all the rest ought to be proved as Theorems. 
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Let us now consider the properties of Pairs of Lines. 

Such pairs may be arranged in three distinct classes. 
I will take them separately, and enumerate, for each class, 
first the ‘subjects,’ and secondly the ‘predicates, of Pro- 
positions concerning it. 

Min. Let us make sure that we understand each other 
as to those two words. I presume that a ‘subject’ will 
include just so much ‘property’ as is needed to indicate 
the Pair of Lines referred to, 1.e. to serve as a sufficient 
Definition for them ? 

Fue, Exactly so. Now, if we are told that a certain Pair 
of Lines fulfil some one of the following conditions :— 


(1) they have two common points ; 


or (2) they have a common point, and are equally 
inclined to a certain transversal ; 


or (3) they have a common point, and one of them 
has two points on the same side of, and equidistant from, 
the other ; 


or (4) they have a common point and identical 
directions ; 


we may conclude that they fulfil a the following 
conditions :— 

(1) they are coincidental ; 

(2) they are equally inclined to any transversal ; 

(3) they are *equidistantial, 1.e. any two points on one 
are equidistant from the other ; 


(4) they have identical directions. 
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Min. You mean, by ‘conclude,’ that we may prove ouy 
conclusion ? 

Eue. Yes, wherever proof is needed. Conclusions (1) 
and (4) need none, and are usually stated as Axioms. 

Min. In subject (4), instead of *identieal directions,’ 
why not say ‘the same direction’ ? 

Eue. Because I want to keep clearly in view that there 
are £o Lines. 

Min. In predicate (2), you speak of ‘any transversal’: 
a little while ago, you spoke of ‘every exterior angle.’ 
Do you make any distinction between ‘any’ and ‘every’? 

Buc. Where the things spoken of are limited in number, 
I use ‘every’; where infinite, I use ‘any’ in order to 
bring the idea within the grasp of our finite intellects. 
For instance, you may talk of ‘every grain of sand in the 
world’: there are, no doubt, what country-folk would 
eall ‘a good few’ of them, but still the number is limited, 
and the mind can just grasp the idea. But if you tell 
me that ‘every cubic inch of Space contains eight cubic 
half-inches,’ my mind is unable to form a distimet con- 
ception of the subjeet of your Proposition: you would 
convey the same truth, and in a form I could grasp, by 
saying ‘any eubie inch. 

Min. The angles made with the transversal are a little 
bewildering when the Pair of Lines shrinks, as it does 
in this case, into ome Line. For instance, what becomes 
of the pair of interior angles on the same side of the 
transversal ? 

Luc. A diagram will make it clear. 
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By examining the second figure (in which, as you see, 








there are three points with double names) we find that the 
alternate angles AGF, LHD, have become verticat angles ; 
that the exterior and interior opposite angles ZG D, EHD, 
have become the same angle; and that the two interior 
angles BGF, DHE, have become adjacent angles. 

Min. That is quite clear. | 

Fue. Let us go on to the second class of Pairs of Lines. 

If we are told that a certain Pair of Lines fulfil some 
one of the following conditions :— 

(1) they have a eommon point and a separate point ; 

or (2) they have a common point, and are unequally 
inclined to a certam transversal ; 

or (3) they have a common point, and one of them has 
two points not-equidistant from the other ; 

or (4) they have a common point and different direc- 


tions; 


we may conclude that they fulfil 47 the foilowing con- 
ditions :— 

(1) they are separational ; 

(2) they are unequaily inclined to any transversal; 

(3) any two points on one, which are on the same side 
of the other, are not equidistant from 1t ; 


SSe] PAIRS OF LINES. 27 





(4) a point may be found on each, whose distance 
from the other shall exceed any assigned length ; 
(5) they have different directions. 


And thirdly, if we are told that a certain Pair of Lines 
fulfil some one of the following conditions :— 

(1) they have a separate point, and are equally inclined 
to a certain transversal ; 

or (2) they have a separate point, and one of them has 
two points on the same side of, and equidistant from, the 
other ; 


we may conclude that they are separational. 


Min. Why not use your own word ‘ parallel’ ? 

Hue. Because that word is not uniformly employed, by 
modern writers, ın one and the same sense. I would 
advise you, in discussing the works of my Modern Rivals, 
to disallow the use of the word ‘parallel’ altogether, and 
to oblige each writer to adopt a word which shall express 
lus own definition. 

Min. When you speak of two points on one Line, which 
are on the same side of the other, being ‘equidistant from 
it, do you include the ease of their lying ox the other 
Line ? 

Eue. Certainly. You may take them as lying on either 
side you hke, and at zero-distances. The only case 
excluded is, where both points are outside the other Line, 
and on opposite sides of it. 

Min. I understand you. 
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Eue. We shall find the Table of Propositions, which I now 
lay before you, very convenient to refer to. I have placed 
contranominal Propositions (i.e. Propositions of the form 
* All X is Y; ‘All not- Y is not-X’) in the same section. 


TABLE I. 


Containing twenty Propositions, of which some 
are undisputed Axioms, and the vest real 
and valid Theorems, deducible from undis- 
puted Axioms. 


[N.B. Those marked * have been proposed as Axioms. | 


*1. A Pair of Lines, which have two common points, 
are coincidental. 
or 
*. Two Lines cannot enclose a space. [ Bue. Ax. | 


2. (a) A Pair of Lines, which have a separate point, 
have not two common points. 

(b) A Pair of Lines, which have a common point | 

and a separate point, are intersectional. | 


| 

9. If there be given a Line and a point, it is possible | 
to draw a Line, through the given point, intersectional | 
with the given Line. | 


4. A Pair of intersectional Lines are unequally in- | 
elined to any transversal. 

Cor. 1. In either pair of alternate angles, that, | 
which is on the side, of the transversal, remote from the 
point of intersection, 1s the greater. BEE] 

Cor. 2. Every exterior angle, which is on the side, 


of the transversal, next to the point of intersection, is 
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greater than the interior opposite angle on the same 
side. [I. 16.] 
Cor. 3. The pair of interior angles, which are on 
the side, of the transversal, next to the point of inter- 
section, are together less than two right angles. |I. 17.] 
5. A Pair of Lines, which have a common point and 
are equally inclined to a certain transversal, are co- 
incidental. 
6. A Pair of Lines, which have a separate point and 
are equally inclined to a certain transversal, are separa- 


tional. J— 


7. If there be given a Line and a point without it, 
it is possible to draw a Line, through the given point, 
separational from the given Line. [T. 31.] 


8. A Pair of intersectional Lines are such that any 
two points on one, which are on the same side of the 
other, are not equidistant from it. 

Cor. That which is the more remote from the 
point of intersection has the greater distance. 


9. A Pair of Lines, which have a common point and 
of which one has two points on the same side of and 
equidistant from the other, are coincidental. 


10. A Pair of Lines, which have a separate point and 
of which one has two points on the same side of and 
equidistant from the other, are separational. 


11. Each of a Pair of intersectional Lines has, in each 
portion of it, a point whose distance from the other ex- 
ceeds any given length. 

or 
A. Pair of intersectional Lines diverge without limit. 


Qa 
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12. A Pair of Lines, which have two common points, 
have identical directions. 


*13. (a) A Pair of Lines, which have different direc- 
tions, have not two common points. 
(b) A Pair of Lines, which have a common point 
and different directions, are intersectional. 


*14, A Pair of intersectional Lines have different 


directions. 
*15. A Pair of Lines, which have a common point 
and identical direetions, are coincidental. 





*16. If there be given a Line and a point without it: 
|t is possible to draw a Line, through the given point, 
having a direction different from that of the given Line. 


17. A Line, which has a point in common with one 
of two coincidental Lines has a point in common with 
the other also. 


18. A Line, which has a point in common with one 
of two separational Lines, has a point separate from 
the other. 

*19. A Line, which has a point in common with one 
of two separational Lines and also a point in common 
with the other, is mtersectional with both. 


*20. If there be three Lines; the first a mght Line; 


the second, not assumed to be right, having a point 
separate from the first and being equidistantial from 
it; the third a right Line intersecting the first and 
diverging from it without limit on the side next 
to the second: the third is intersectional with the 
second, 
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Min. I sce that 2 (a) is the contranominal of 1. But 
where does 2 (4) come from ? 

Fue. It is got from 2 (a) by adding, to each term, the 
property ‘having a common point —just as 1f we were to 
deduce, from ‘all men are mortal,’ ‘all fat men are fat 
mortals.’ 

Min. You mean 5 to be contranominal to 4, I suppose. 
But ‘coincidental’ is not equivalent to ‘ non-inter- 
sectional.’ 

Luc. True: but I have added a new condition, viz. 
‘which have a common point,’ to the subject. Non- 
intersectional Lines, which have a common point, are 
coincidental, just as, in the next Proposition, non-inter- 
sectional Lines, which have a separate point, are sepa- 
rational, 

Min, 20 is rather a difficult enunciation to grasp. 


Ewc. A diagram will make it clear. As a matter of 
fact, No. 2 would be a right Line: but, as we have no 
right, ot present, to assume this, I have drawn it as a 
wavy line. 

Min. I can suggest two Contranominals which you 
have omitted: one, deducible from 18 (4), ‘Two Lines, 
which are not intersectional and which have different 
directions, have no common point, i.e. are separational’ ; 
the other, deducible from 15, ‘Two Lines, which have a 
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separate point and identical directions, have no common 
point, i.e. are separational.’ 

uc. They are vatid deductions, but in neither case do 
we know the ‘subject’ to be read. 

Min. The ‘contranominality "—if such a fearful word be 
allowable—of 17, 18, 19, seems obscure. 

Lue. I will do what I can to make it less so. 

Let us name the three Lines * 4, 5, C^ 

Then 17 may be read * A Line (C), which has a point in 
common with one (4) of two coincidental Lines (4, B), 
has a point in common with the other (B) also.’ 

From this we may deduce two Contranominals, 

The first is ‘If Æ, C, have a common point; and D, C, 
are separational: 4, B have a separate point. That is, 
‘a Line (4), which has a point in common with one (C) of 
two separational Lines (D, C), has a point separate from 
the other (BY : and thus we get 18. 

The other Contranominal is ‘If 4, C, have a common 
point; and 4, JD, have a common point; and JB, C, are 
separational: 4, D, are intersectional. That is, ‘A Line 
(4), which has a point in common with one (C) of two 
separational Lines (4, C), and also a point in common 
with the other (4), is intersectional with that other (B),’ 

But we may evidently interchange B and C without 
interfering with the argument, and thus prove that 4 is 
also mtersectional with C. — Hence 4 is intersectional with 
both: and thus we get 19. 

Min, That is quite clear. 

Euc. We will now go a little further into the subject of 
separational Lines, as to whieh Table I. has furnished us 


ee 
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with only three Propositions. There are, however, many 
other Propositions concerning them, which are fully ad- 
mitted to be ¢rue, though no one of them has yet been 
proved from undisputed Axioms: and we shall find that 
they are so related to one another that, if any one he 
granted as an Axiom, all the rest may be proved; but, 
unless some one be so granted, none can be proved. Two 
thousand years of controversy have not yet settled the 
knotty question whieh of them, if any, can be taken as 
axiomatic. 


If we are told that a certain Pair of Lines fulfil some 
one of the following conditions :— 

(1) they are separational ; 

(2) they have a separate point and are equally inclined 
to a certain transversal ; 

(3) they have a separate point, and one of them has 
two points on the same side of and equidistant from the 
other ; 


we may prove (though not without the help of some 
disputed Axiom) that they fulfil Zoth the following con- 
ditions :— 

(1) they are equally inclined to any transversal ; 

(2) they are equidistantial from each other. 


These Propositions, with the addition of my own I. 30, 
I. 32, and eertain others, I will now arrange in a tabular 
form, plaeing Contranominals in the same section. 


D 
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'TABLE II. 


Containing eighteen Propositions, of which no 
one is an undisputed Axiom, but all are real 
and valid Theorems, which, though not de- 
ducible from undisputed Axioms, are such 
that, of any one be admitted as an Axiom, | ~ 
the rest can be proved. 


[N.B. Those marked * have been, or parts of them 
have been, proposed as Axioms. 


l. A Pair of separational Limes are equally inclined 
to any transversal. [1-298 


*2. A Pair of Lines, which are unequally inclined to 
a certain transversal, are intersectional. [Eue. Ax. ] 


3. Through a given Point, without a given Line, 
a Line may be drawn such that the two Lines are 
equally inclined to any transversal. 


———— 


4. A Pair of Lines, which are equally inclined to 
a certain transversal, are so to any transversal. 





5. A Pair of Lines, which are unequally inclined to 
a certain transversal, are so to any transversal. 


6. A Pair of separational Lines are equidistantial 
from each other. 
*7, A Pair of Lines, of which one has two points on 
the same side of, and not equidistant from, the other, 
are intersectional. 
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*8. Through a given point, without a given Line, 
a Line may be drawn such that the two Lines are 
equidistantial from each other. 


9. A Pair of Lines, of which one has two points on 
the same side of, and equidistant from, the other, are 
equally inclined to any transversal. 


10. A Pair of Lines, which are unequally inclined to 
a certain transversal, are such that any two points on 
one, which are on the same side of the other, are not 
equidistant from it. 


11. A Pair of Lines, which are equally inclined to a 
certain transversal, are equidistantial from each other. 


12. A Pair of Lines, of which one has two points on 
the same side of, and not equidistant from, the other, 
are unequally inclined to any transversal. 


13. A Pair of Lines, of which one has two points on 
the same side of, and equidistant from, the other, are 
equidistantial from each other. 


14, A Pair of Lines, of which one has two points on 
the same side of, and not equidistant from, the other, 
are such that any two points on one, which are on the 
same side of the other, are not equidistant from it. 


15. (a) A Pair of Lines, which are separational from 
a third Line, are not intersectional with each other. 


(4) A Pair of Lines, which have a common point 


D 2 
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and are separational from a third Line, are coincidental 
with each other. 
or, 

If there be given a Line and a point without it, 
only one Line can be drawn, through the given point, 
separational from the given Line. 

(c) A Pair of Lines, which have a separate point 
and are separational from a third Line, are separational 


from each other. | [I. 30.] 
*16. (a) A Pair of intersectional Lines cannot both 
be separational from the same Line. 


(6) A Line, which is intersectional with one of two 
separational Lines, is intersectional with the other also. 


*17. A Line cannot recede from and then approach 
another ; nor can one approach and then recede from 
another while on the same side of it. 


18. (a) If a side of a Triangle be produced, the ex- 
terior angle is equal to each of the interior opposite 


angles. [132] 
(2) The angles of a Triangle are together equal to 
tivo right angles. [1.999] 


You will find it convenient to have the Propositions, 
that have been proposed as Axioms, repeated in a Table 
by themselves. 
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TABLE III. 


Containing five Propositions, taken from 
Table II, which have been proposed as Axioms. 


Evuciip’s Axiom. 

A Pair of Lines, which have a separate point and 
make, with a certain transversal, two interior angles 
on one side of it together less than two right angles, 
are intersectional on that side. 

[This is one ease of II. 2, with an additional 
statement as to the side of the transversal on which 
the Lines will meet. ] 


T. Simpson’s Axtost. 

A Pair of Lines, which have a separate point and of 
which one has two points on the same side of, and not 
equidistant from, the other, are intersectional. 

| This is II. 7.] 


CLAVIUS Axiom. 
Through a given Point, without a given Line, a Line 
may be drawn equidistantial from the given Line. 
[ This 1s part of II. 8.] 


PLAYFAIR’s AXIOM. 


A pair of intersectional Lines cannot both be separa- 
tional from the same Line. 
[This zs II. 16 (a).] 
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R. SrwPsON's Áxiow. 

A Line eannot recede from and then approach 
another: nor ean one approach and then recede from 
another while on the same side of it. 

[Tis 25 a] 


Mlin. In the predicate of 2, what right have you to say 
‘are intersectional’? ‘The true contradictory of ‘ separa- 
tional’ would be ‘have a common point.’ 

Euc. True: but we may assume as an Axiom ‘A Pair 
of coincidental Lines are equally inclined to any trans- 
versal.” This, combined with 1, gives ‘A Pair of not- 
intersectional Lines are equally inclined to any trans- 
versal,’ whose Contranominal is 2. 

Similarly, we may combine, with 6, the Axiom ‘A Pair 
of coincidental Lines are equidistantial from each other,’ 
and thus get a Theorem whose Contranominal is 7. 

Min. In classing 15 (a), (4), and (c) under one number, 
you mean, I suppose, that they are so related that, if any 
one of them be granted, the others may be deduced ? 

Due. Certainly. 

Min, I see that if (a) be given, (4) may be deduced by 
simply adding ‘having a common point’ to subject and 
predicate. And I see that (6) and (c) are Contranominals, 
so that, if either be given, the other follows. But I don’t 
see how, if (b) only were given, you would prove (a). 

Euc. You can prove (c) from it, as you say: and then, 
from (4) and (c) combined, you can prove (a) thus :— 

Any Pair of Lines, which are separational from a third 
Line, must belong to one or both of the two classes, * having 
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a common point, ‘having a separate point.’ Hence if we 
take these two classes together, we include any Pair that 
can be proposed. Thus we get the Theorem ‘dny Pair of 
Lines, which are separational from a third Line, are either 
coincidental or separational’; the predicate of which is 
equivalent to ‘are not intersectional.' 

Min. I see. And how are 16 (2) and. 16 (7) related to 15 ? 

Hue. Each of them is a Contranominal of 15 (a); and 
they are also contranominal to each other. 

Min, I should like to see that drawn out. 

Euc. Let ‘4, B, C’ be three Lines. Then 16 (a) may 
be written ‘A Pair of Lines (4, £), which are separational 
from a third Line (C), are not intersectional with each 
other.’ 

This yields three Contranominals. The first is ‘If A, 
5, are intersectional; it cannot be true that B, C, are 
separational, and also 4, C 1.e.°A Pair of intersectional 
Lines (4, B) cannot both be separational from a third Line 
(C)’: the second is ‘If 5, C are separational, and 4, B in- 
tersectional; then 4, C are not separational.’ i.e. ‘A Line 
(4) which is intersectional with one (B) of two separa- 
tional Lines (B, C), is not separational from the other (C)’: 
and the third proves a similar Theorem for B. 

AMin. Yes, but your conclusion zow is ‘A is not separa- 
tional from C’’: whereas 16 (4) says ‘is intersectional.’ 

Luc. That is so: but since A is intersectional with a 
Line (B) which is separational from C, it is axiomatic that 
it has a point separate from C, and so cannot be coinci- 
dental with it. Hence, its being ‘not separational from 
C" proves that it must be intersectional with it. 
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Min. I suppose I must take it on trust that any one of 
these 18 is sufficient logical basis for the other 17: I can 
hardly ask you to go through 306 demonstrations ! 

Fue. I can do it with 11. You will grant me that, when 
two Propositions are contranominal, so that each can be 
proved from the other, I may select either of the two for 
my series of proofs, but need not include doth ? 

Min. Certainly. 

Euc. Here are the proofs, which you ean read afterwards 
at your leisure. (See Appendix ITI.) 


0 5. Playfarr’s Axiom. 


Euc. The next general question to be discussed is the 
proposed substitution of Playfair’s Axiom for mine. With 
regard to mine, I am quite ready to admit that it is not 
axiomatic until Prop. 17 has been proved. What is an 
Axiom at one stage of our knowledge is often anything 
but an Axiom at an earlier stage. 

Min. The great question is whether it is axiomatic then. 

Luc. I am quite aware of that: and it is because this is 
not only the great question of the whole First Book, but 
also the crucial test by which my method, as compared 
with those of my ‘Modern Rivals,’ must stand or fall, 
that I entreat your patience in speaking of a matter which 
cannot possibly be dismissed in a few words. 

Min. Pray speak at whatever length you think necessary 
to so vital a point. 
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Euc. Let me remark in the first place—it is a minor 
matter, but yet one that must come in somewhere, and 
I do not want to break the thread of my argument—that 
we need, in any complete geometrical treatise, some prac- 
tical geometrical test by which we can prove that two 
given finite Lines will meet if produced. My Axiom 
serves this purpose—a secondary purpose it is true—but it 
is incumbent on any one, who proposes to do away with 
it, to provide some sufficient substitute. 

Min. I admit all that. 

Euc. Now, if the test I propose—that the two Lines 
make with a certain transversal two interior angles on the 
same side of it together less than two right angles—be 
objected to as not sufficiently simple, the question arises, 
what simpler test can be proposed ? 

Ain. The supporters of Playfair’s Axiom would of course 
reply ‘that one of the two Lines should cut a Line known 
to be parallel to the other.’ 

Fuc. Assuming that what is needed is a distinct con- 
ception of the geometrical relationship of the two Lines, 
whose future meeting we are asked to believe in, which 
picture, think you, is the more likely to yield us such 
a eoneeption— two finite Lines, both intersected by a 
transversal, and having a known angular relation to that 
transversal and so to each other—or two Lines ‘known to 
be parallel,’ that is two Lines of whose geometrical re- 
lationship, so far as our field of vision extends, we know 
absolutely nothing, but can only say that, in the far-away 
region of infinity, they do «o£ meet? 

Jin. In clearness of conception, your picture seems to 
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have the advantage. In fact, I could not form any mental 
picture a£ all of the relative position of two finite Lines, 
if all I knew about them was their never meeting however 
far produced: and it would be equally impossible to form 
any mental picture of the position which a Line, crossing 
one of them, would have relatively to the other. But, 
though your picture may be more easy to conceive, I doubt 
if it is enough so to constitute an axiom. 

Luc. Taken by itself, it may be, as you say, not entirely 
axiomatic. But I think I can put before you a few con- 
siderations which will make it more acceptable. 

Min. They will be well worth having. An absolute 
proof of it, from first principles, would be received, I can 
assure you, with absolute rapture, being an ignis fatuus 
that mathematicians have been chasing from your age 
down to our own. 

Duc. I know it. But I cannot help you. Some mysteri- 
ous flaw lies at the root of the subject. Probabilities are 
all I have to offer you. 

Now suppose you were assured, with regard to two 
finite Lines placed before you, that, when produced in a 
certain direction, one of them approached the other, that 
is, contained two points, of which the second was nearer, 
to the other Line, than the first, would you not think it 
probable—if not absolutely certain—that they would meet 
ab last? 

Min, Utilising—as I suppose you will allow me to do— 
my knowledge of the properties of asymptotes, I should say 
‘No. The mere fact of approach, granted as to two Lines, 
does zoé secure a future meeting.’ 
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Euc. But, if you look into the depths of your own con- 
sciousness—assuming such depths to exist—you will find, 
I believe, an eternal distinction maintained, in this respect, 
between straight and eurved Lines: so that Lines of the 
one kind must, if they approach, ultimately meet, whereas 
those of the other kind need not. 

Min. I will grant it, provisionally, if only to know what 
you are going to deduce from it. 

Eue. I will now ask you to consider this diagram. 


D E 


B C 


Suppose it given that the Lines BD, CH, make with BC 
two angles together less than two right angles. My 
object is to show that probably—if not certainly—they 
will meet, if produced towards D, Æ. 

Let BF be so drawn that the angles PBC, BCH, may 
be together equal to two right angles. 

Now, if any point in BD be nearer to CE than B is, 
what is required is proved, since BD approaches CE. 

But, if this be not so, then F (which is obviously further 
from CE than some point in BD is) must also be further 
from CE than B is; i.e. FB must approach EC; i.e. FB 
and ZC must ultimately meet, below BC, and so form a 
Triangle, whose angles at B and C will be (by my Prop. 17) 
less than two right angles. Hence the angles FBC, BCE, 
must be greater than two right angles, since the four angles 
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are (by my Prop. 13) equal to four right angles. But this 
is absurd, since they were made egual to two right angles. 

Hence P is nearer to CE than B is; i.e. BD approaches 
CE, and so will meet it if produced. 

Min. You certainly have made your Axiom a little more 
axiomatic. It is, I presume, an afterthought of yours: 
otherwise you would have made your Axiom deal with ap- 
proaching lines, and would then have proved your present 
Axiom as a Theorem. 

Duc. Excuse me. Whatever the habits of modern geo- 
metricians may be, in our day we always investigated a 
subject down to the very roots. No ‘afterthought’ was 
possible. You of the nineteenth century may ‘look before 
and after, if it so please you, so long as we have liberty to 
look at what is at our feet: you may. ‘sigh for what is 
not, and welcome, so long as we may chuckle at what ts! 

Min. Flippancy will not serve your turn. If you have 
no better reason than ¢hat— 

Fuc. I have a better reason. How could I have dealt 
with approaching Lines without first strictly defining ‘the 
distance of a point from a Line’? 

Min. Nohow, I grant you. 

Hue. Which would have entailed a definition of ‘the 
distance of a point from a point,’ 1.e. the length of the 
shortest path by which the one can pass to the other— 
which again would have entailed the comparison of all 
possible paths— which again would have entailed the 
estimation of the lengths of curved Lines— which again— 

Min. This is uncanny! It is whicheraft! 

Fuc. (preserves a disgusted silence). 
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Min. I bee your pardon. I grant that you have made 
out a very good case for your own Axiom, and but a bad 
one for Playfair’s. 

Euc. I will make it worse yet, before I have done. My 
next remark will be best explained with the help of 
a diagram. 


A 
Ep n 
C F D 


Let 46 and CD make, with EF, the two interior angles 
BEF, EFD, together less than two right angles. Now if 
through Æ we draw the Line GH such that the angles 
HEF, EFD may be equal to two right angles, it is easy 
to show (by Prop. 28) that GH and CD are ‘separational.’ 

Min, Certainly. 

fue. We see, then, that any Lines which have the 
property (let us call it ‘a’) of making, with a certain 
transversal, two interior angles together less than two 
right angles, have also the property (let us call xt * 87) 
that one of them intersects a Line which is separational 
from the other. 

Alin. I grant it. 

Eue. Now suppose you decline to grant my 12th Axiom, 
but are ready to grant Playfair’s Axiom, that two inter- 
sectional Lines cannot both be separational from the same 
Line: then you have in fact granted my Axiom. 

Min. Be good enough to prove that. 

Hue. Lines, which have property ‘a,’ have property 
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‘B? Lines, which have property ‘8, meet if produced ; 
for, if not, there would be two Lines both separational 
from the same Line, which is absurd. Hence Lines, 
which have property ‘a,’ meet if produced. 

Alin. I see now that those who grant Playfair’s Axiom 
have no right to object to yours: and yours is certainly 
the more simple one. 

Fuc. To make assurance doubly sure, let me give you 
two additional reasons for preferring my Axiom. 

In the first place, Playfair’s Axiom (or rather the Contra- 
nominal of it which I have been using, that ‘a Line which 
intersects one of two separational Lines will also meet the 
other’) does not tell us which way we are to expect the 
Lines to meet. But this is a very important matter in 
constructing a diagram. 

Min. We might obviate that objection by re-wording it 
thus :—* If a Line intersect one of two separational Lines, 
that portion of it which falls between them will, if pro- 
duced, meet the other.’ 

fue. We might: and therefore I lay little stress on 
that objection. í 

Huc. In the second place, Playfair’s Axiom asserts more 
than mine does: and all the additional assertion is super- 
fluous, and a needless strain on the faith of the learner. 

Min. J: do not see that in the least. 

Euc. It ig rather an obscure point, but I think I can 
make it clear. We know that all Pairs of Lines, which 
have property ʻa, have also property ‘B’; but we do 
not know as yet (till we have proved I. 29) that all, which 
have property ‘ 8,’ have also property ‘a.’ 
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Min. That is so. 

Luc. Then, for anything we know to the contrary, class 
‘B?’ may be larger than class fa? Hence, if you assert, 
anything of class ‘8,’ the logical effect is more extensive 
than if you assert it of class ‘a’: for you assert it, not 
only of that portion of class ‘8’ which is known to be 
included in class ‘a,’ but also of the unknown (but 
possibly existing) portion which is zo¢ so included. 

Min. I see that now, and consider it a real and very 
strong reason for preferring your axiom. 

But so far you have only answered Playfair. What do 
you say to the objection raised by Mr. Potts? ‘A stronger 
objection appears to be that the converse of it forms Euoc. I. 
17; for both the assumed Axiom and its converse should be 
so obvious as not to require formal demonstration.’ 

Hue. Why, I say that I deny the general law which 
he lays down. (It is, of course, the technical converse that 
he means, not the /ogical one. ‘All X is Y’ has for its 
technical converse ‘All F is X’; for its logical, ‘Some Y 
is X?) Let him try his law on the Axiom ‘All right 
angles are equal,’ and its technical converse ‘ All equal 
angles are right’! 

Min. I withdraw the objection. 


§ 6. The Principle of Superposition. 


Min. The next subject is the principle of ‘ superposition.’ 
You use it twice only (in Props. 4 and 8) in the First 
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Book: but the modern fancy is to use it on all possible 
occasions. ‘The Syllabus indicates (to use the words of 
the Committee) ‘the free use of this principle as desirable 
in many cases where Euclid prefers to keep it out of 
sight.’ 

Jue, Give me an instance of this modern method. 

Min. It 1s proposed to prove I. 5 by taking up the 
isosceles Triangle, turning it over, and then laying it down 
again upon itself. 

ue. Surely that has too much of the Irish Bull about 
it, and reminds one a little too vividly of the man who 
walked down his own throat, to deserve a place in a 
strictly philosophical treatise ? 

Ain. I suppose its defenders would say that it is con- 
celved to leave a trace of itself behind, and that the 
reversed Triangle 1s laid down upon the trace so left. 

Hue. That is, in fact, the same thine as conceiving that 
there are ¢wo coincident Triangles, and that one of them 
is taken up, turned over, and laid down upon the other. 
And what does their subsequent coincidence prove? Merely 
this: that the right-hand angle of the first 1s equal to the 
left-hand angle of the second, and vce versé. To make 
the proof complete, it is necessary to point out that, 
owing to the original coincidence of the Triangles, this 
same ‘left-hand angle of the second’ is a/so equal to the 
left-hand angle of the first: and then, and not till then, 
we may conclude that the base-angles of the first 
Triangle are equal. This is the full argument, strictly 
drawn out. The Modern books on Geometry often attain 
their much-vaunted brevity by the dangerous process of 
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omitting links in the chain; and some of the new proofs, 
which at first sight seem to be shorter than mine, are 
really longer when fully stated. In this particular case 
I think you will allow that I had good reason for not 
adopting the method of superposition ? 

Min. You had indeed. 

Hue. Mind, I do not object to that proof, if appended 
to mine as an alternative. It will do very well for more 
advanced students. But, for beginners, I think it much 
clearer to have two non-isosceles Triangles to deal with. 

Min. But your objection to laying a Triangle down 
upon itself does not apply to such a case as I. 24. 

Eue. It does not. Let us discuss that case also. The 
Moderns would, I suppose, take up the Triangle ABC, 
and apply it to DEF so that AB should coincide with 
DE? 

Min. Yes. 

Euc. Well, that would oblige you to say ‘and join C, in 
its new position, to Æ and F? The words ‘in its new 
position’ would be necessary, because you would now 
have £wo points in your diagram, both called ‘C? And 
you would also be obliged to give the points D and £ 
additional names, namely *4' and ‘B? All which would 
be very confusing for a beginner. You will allow, I think, 
that I was right here in constructing a new Triangle 
instead of transferring the old one? 

Jin. Cuthbertson evades that difficulty by re-naming 
the point C, and calling it ‘ Q.’ 

Hue. And do the points 4 and B take their names with 
them ? 
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Min. No. They adopt the names ‘D’ and ‘E. 

Euc. It is very hke making a new Triangle! 

Min. It is indeed. I think you have quite disposed of 
the claims of ‘superposition.’ The only remaining subject 
for discussion is the omission of the diagonals in Book II. 


§ 7. The omission of diagonals in Fuc. II. 


Euc. Let us test it on my Il. 4. We will go through 
my proof of it, and then the proof given by some writer 
who ignores the diagonal, supplying if necessary any of 
those gaps in argument which my Modern Rivals so often 
indulge in, and which give to their proofs a delusive air of 
neatness and brevity. 


‘Tf a Line be divided into any two parts, the square of the 
Line às equal to the squares of the two parts with twice 
their rectangle. 


A C B 
H C K 
D E E 


Let AB be divided at C. It is to be proved that square 
of AB is equal to squares of AC, CB, with twice rectangle 
of AC, CB. 

On AB describe Square ADEB; join BD; from C 
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draw CF parallel to AD or BE, cutting BD at G; and 
through G draw HK parallel to 4B or DE. 

* BD cuts Parallels 42, CF, 

. exterior angle CG.B zinterior opposite angle ADB. 


[I. 29 
also’. AD=AB, 
'. angle 4D B-—angle 45D; les 
-. angle CGB=angle ABD; 
ie Ga CB; BE 6 
bat BK= CG, and CK=CB; [I. 34 
^. CK is equilateral. 
also, *- angle CBK is right, 
‘ CK is rectangular ; [I 46-607 


^. CK 1s a Square. 

Similarly HF is a Square and=square of AC, for 
HG=AC. [ I. 34 

Also, *.: 4G, GE are equal, being complements, — |I. 43 

^. 4G and GE-twice AG ; 

=twice rectangle of 4C, CB. 

But these four figures make up AF. 

Therefore the square of AB &c. Q. E. D.’ 

That is just 128 words, counting from ‘On AB describe ’ 
down to the words ‘rectangle of 4C, CB” What author 
shall we turn to for a rival proof ? 

Min. I think Wilson will be best. 

Eue. Very well. Do the best you can for him. You 
may use all my references if you like, and if you can do 
so legitimately. 

Min. ‘Describe Square ADEB on AB. Through C 
draw CF parallel to 4D, meeting——’ 

E 2 
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Euc. You must insert ‘or BZ, to make the comparison 
fair. 

Min. Certainly. I will mark the necessary insertions 
by parentheses. ‘Through C draw CF parallel to 4D (or 
BE), meeting DE in F? 

Euc. You may omit those four words, as they do not 
occur in my proof. 

Min. Very well. ‘Cut off (from CF) CG=CB. Through 
G draw HK parallel to 4B (or DE). It is easily shewn 
that CK, HF are squares of CB, AC; and that AG, GE, 
are each of them rectangle of AC, CB.’ 

Eue. We can’t admit ‘it is easily shewn’! He is bound 
to give the proof. 

Min. I will do it for him as briefly as I ean. ‘+. CG— 
CB, and BK=CG, and GA=CB, .. CK is equilateral. It 
is also rectangular, since angle CBK is right. .-. CK is 
a Square.’ I’m afraid I mustn’t say ‘Similarly HF is a 
Square '? 

Fue. Certainly not: it requires a different proof. 

Min. ‘Because CPF=AD=AS, and CG, CB, parts of 
them, are equal, ... remainder G//—remainder 4C,— 1G. 
But HD=GF, and DF=HG; .. HF is equilateral. It is 
also rectangular, since angle HDF is right... HE isa 
Square, and=square of AC. Atso ÆG is rectangle of AC, 
CB. J fear I can’t assume GE to be equal to AG? 

Euc. I fear I cannot permit you to assume the truth 
of my I. 43. 

Min. ‘Also GE is rectangle of AC, Cb, since GF 
=AC,and GK=CB. .. AG and GEztwice rectangle of 
AC, CB 
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Fue. That will do. How many words do you make it? 

Min. 145. 

Eue. Then the omission of the diagonal, instead of short- 
ening the proof, has really lengthened it by seventeen 
words! Well! Has it any advantage in the way of neat- 
ness to atone for its greater leneth ? 

Min, Certainly not. It is quite unsymmetrical. I very 
much prefer your method of appealing to the beautiful 
Theorem of the equality of complements. 

Eue. Then that concludes our present interview: we will 
meet again when you have reviewed my Modern Rivals 
one by one. If you had any slow music handy, I would 
vanish to it: as it is 





(Vanishes without slow musie.) 


ACT IL 


Manuals which reject Buclid’s treatment 


of Parallels. 


SCENE I, 


‘E fumo dare lucem.’ 


| Minos sleeping. To him enter, first a cloud of tobacco- 
smoke ; secondly the bowl, and thirdly the stem, of a gigantic 
meerschaum ; fourthly the phautasm of HERR NIEMAND, 
carrying a pile of phantom-books, the works of Euclid’s 
Modern Rivals, phantastically bound.] 


Niemand. The first author we have to consider is 
M. Legendre, is it not? 

Minos. (aside) Not a single word of greeting! He 
plunges in medias res with a more fearful suddenness than 
Euclid himself! (Aloud) It is so, mein lieber Herr. 

Nie. No time to waste in civil speeches! It is for you 
to question, for me to answer. I have read M. Legendre’s 
book. Ach! It is beautiful! You shall find in it no 
flaw ! 

Min. I do not expect to do so. 


ACT HH. 


SCENE II. 


Treatment of Parallels by methods 
involving infinite series. 


LEGENDRE. 
‘Fine by degrees, and beautifully less.’ 


Nie. I lay before you ‘ Eléments de Géométrie’ by Mons. 
A. M. LEGENDRE, the r4th edition, 1860. 

Min. Let me begin by asking you (since I consider you 
and your client as one in this matter) how you define 
a straight Line. 

Vie. As ‘the shortest path from one point to another.’ 

Min. This does not seem to me to embody the primary 
idea which the word ‘straight’ raises in the mind. Is 
not the natural process of thought to realise first the 
notion of ‘a straight Line,’ and ¢hex to grasp the fact 
that it is the shortest path between two points? 
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Nie. That may be the natural process: but surely you 
will allow our Definition to be a legitimate one? 

Min. I think not: and I have the great authority of 
Kant to support me. In his ‘ Critique of Pure Reason,’ he 
says (I quote from Meiklejohn’s translation, in Bohn’s 
Philosophical Library, pp. 9, 10), ‘Mathematical judg- 
ments are always synthetical .. . ** A straight Line between 
two points is the shortest" 1s a synthetcal Proposition. 
For my conception of strarght contains no notion of guan- 
tity, but is merely qualitative. The conception of the 
shortest is therefore wholly an addition, and by no analysis 
can it be extracted from our conception of a straight Line.’ 

This may fairly be taken as a denial of the fitness of the 
Axiom to stand as a Definition. For all Definitions ought 
to be the expressions of analytical, not of synthetical, judg- 
ments: their predieates ought not to introduce anything 
which is not already included in the idea corresponding to 
the subject. Thus, if the idea of ‘shortest distance’ cannot 
be obtained by a mere analysis of the conception repre- 
sented by ‘straight Line,’ the Axiom ought not to be used 
as a Definition. 

Nie. We are not particular as to whether it be taken as 
a Definition or Axiom: either will answer our purpose. 

Min. Let us then at least banish it from the Definitions. 
And now for its claim to be regarded as an Aviom. It 
involves the assertion that a straight Line is shorter than 
any curved Line between the two points. Now the length 
of a curved Line is altogether too difficult a subject for 
a beginner to have to consider: 1t is moreover unnecessary 
that he should consider it at all, at least in the earlier 
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parts of Geometry : all he really needs 1s to grasp the fact 
that it is shorter than any óro£ez Line made up of straight 
Lines. 

Nie. That is true. 

Min. And all cases of broken Lines may be deduced 
from their simplest case, which is Euclid’s [. 20. 

Nie. Well, we will abate our claim and simply ask to 
have I. 20 granted us as an Axiom. 

Min. But it can be proved from your own Axioms: and 
it is à generally admitted principle that, at least in dealing 
with beginners, we ought not to take as axiomatic any 
Theorem which can be proved by the Axioms we already 
possess. 

Nie. For beginners we must admit that Euclid’s method 
of treating this point is the best. But you will allow ours 
to be a legitimate and elegant method for the advaneed 
student ? 

Min. Most certainly. The whole of your beautiful 
treatise is admirably fitted for advanced students: it is 
only from the beginner's point of view that I venture to 
criticise it at all. 

Your treatment of angles and right angles does not, 
I think, differ much from Euclid’s? 

Nie. Not much. We prove, instead of assuming, that 
all right angles are equal, deducing it from the Axiom 
that two right Lines cannot enclose a space. 

Min. 1 think some such proof a desirable interpolation. 

I will now ask you how you prove Euc. I. 29. 

Me. What preliminary Propositions will you grant us 
as proved ? 
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Min, Euclid’s series consists of Ax. 12, Props. 4, 5, 
7, 9, 13, 15, 16, 27, 28. I will grant you as much of 
that series as you have proved by methods not radically 
differing from his. 

Nie. That is, you grant us Props. 4, 13, and 15. Prop. 
16 is not in our treatise. The next we require is Prop. 6. 

Min. That you may take as proved. 

Nie. And, next to that, Prop. 20: ¢hat we assume as 
an Axiom, and from it, with the help of Prop. 6, we deduce 
Prop. 19. 

Blin, For our present purpose you may take Prop. 19 
as proved. 

Nie. From Props. 13 and 19 we deduce Prop. 32; and 
from that, Ax. 12; from which Prop. 29 follows at once. 

Min. Your proof of Prop. 32 is long, but beautiful. 
I need not, however, enter on a discussion of its merits. 
It is enough to say that what we require 1s a proof suited 
to the capacities of beginners, and that this Theorem of 
yours (Prop. xix, at p. 20) contains an infinite series of 
Triangles, an infinite series of angles, the terms of which 
continually decrease so as to be ultimately less than any 
assigned angle, and magnitudes which vanish simulta- 
neously. These considerations seem to me to settle the 
question. I fear that your proof of this Theorem, though 
a model of elegance and perspicuity as a study for the 
advanced student, is wholly unsuited to the requirements 
of a beginner. 

Nie. That we are not prepared to dispute. 

Min. It seems superfluous, after saying this, to ask 
what test for the meeting of Lines you have provided: 
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but we may as well have that stated, to complete the 
enquiry. 

Nie. We give Euclid’s 12th Axiom, which we prove 
from Prop. 32, using the principle of Euc. X. 1 (second 
part), that ‘if the greater of two unequal magnitudes be 
bisected, and if its half be bisected, and so on; a magni- 
tude will at length be reached less than the lesser of the 
two magnitudes.’ 

Min. That again is a mode of proof entirely unsuited to 
beginners, 

The general style of your admirable treatise I shall not 
attempt to discuss: it is one I would far rather take as 
a model to imitate than as a subject to criticise. 

I can only repeat, in conclusion, what I have already 
said, that your book, though well suited for advanced 
students, is not so for beginners. 

Nie. At this rate we shall make short work of the 
twelve Modern Rivals! 


ACT II. 


SCENE III. 


Treatment of Parallels by angles 


made with transversals. 


CooLEy. 


‘The verbal solemnity of a hollow logic.” 
CooLEY, Pref. p. 20. 


Nie. I have now the honour to lay before you ‘The 
Elements of Geometry, simplified and explained,’ by W. D. 
Cootzy, A.B., published in 1860. 

Min. Please to hand me the book for a moment. I wish 
to read you a few passages from the Preface. It is always 
satisfaetory —1is it not?—to know that a writer, who 
attempts to ‘simplify’ Euclid, begins his task in a be- 
coming spirit of humility, and with some reverenee for 
a name that the world has accepted as an authority for 
two thousand years. 

Nie. Truly. 
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MrNos reads. 


‘The Elements of Plane Geometry .. . are here pre- 
sented in the reduced compass of 36 Propositions, perfectly 
coherent, fully demonstrated, and reaching’ quite as far as 
the 173 Propositions contained in the first six books of 
Euclid.’ Modest, is it not ? 

Nie. A little high-flown, perhaps. Still, you know, if 
they really are ‘fully demonstrated '—— 

Min. If! ln page 4 of the Preface he talks of ‘ Huelid’s 
circumlocutory shifts’: in the same page he tells us that 
‘the doetrine of proportion, as propounded by Euclid, runs 
into prolixity though wanting in clearness’: and again, in 
the same page, he states that most of Euelid’s eg absurdo 
proofs ‘though containing little,’ yet ‘generally puzzle 
the young student, who can hardly comprehend why 
eratuitous absurdities should be so formally and solemnly 
dealt with. These Propositions therefore are omitted from 
our Book of Elements, and the Problems also, for the 
science of Geometry lies wholly in the Theorems. Thus 
simplified and freed from obstructions, the truths of 
Geometry may, it 1s boped, be easi learned, even by 
the youngest. But perhaps the grandest sentenee 1s at 
the end of the Preface. ‘Then as to those Propositions 
(the first and last of the 6th Book), in which, according 
to the same authority’ (he is alluding to the Manual of 
Euclid by Galbraith and Haughton), ‘ Euclid so beautifully 
illustrates his celebrated Definition, they appear to our 
eyes to exhibit only the verbal solemnity of a hollow logie, 
and to exemplify nothing but the formal applieation of 
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a nugatory principle.’ Now let us see, mein Herr, whether 
Mr. Cooley has done anything worthy of the writer of 
such ‘brave ’orts’ (as Shakespeare has it): and first let 
me ask how you define Parallel Lines. 


NIEMAND reads. 


‘Right Lines are said to be parallel when they are 
equally and similarly inclined to the same right Line, or 
make equal angles with it towards the same side.’ 

Min. That is to say, if we see a Pair of Lines eut by 
a certain transversal, and are told that they make equal 
angles with it, we say ‘these Lines are parallel’; and 
conversely, if we are told that a Pair of Lines are parallel, 
we say ‘then there is a transversal, somewhere, which 
makes equal angles with them’? 

Nie. Surely, surely. 

Min. But we have no means of finding it? We have 
no right to draw a transversal at random and say ‘this is 
the one which makes equal angles with the Pair’? 

Nie. Ahem! Ahem! Ahem! 

Min. You seem to have a bad cough. 

Nie. Let us go to the next subject. 

Min. Not till you have answered my question. Have 
we any means of finding the particular transversal which 
makes the equal angles ? 

Nie. I am sorry for my client, but, since you are so 
exigeant, I fear I must confess that we have so means of 
finding it. 

Min. Now for your proof of Euc. I. 32. 

Nie. You will allow us a preliminary Theorem ? 
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Min. As many as you like. 

Nie. Well, here is our Theorem 11. ‘ When two parallel 
straight Lines AB, CD, are cut by a third straight Line EF, 
they make with it the alternate angles AGH, GHD, equal; 
and also the two internal angles at the same side BGI, GHD 
equal to two right angles. 


E 


AER 
G B 


For AGH and EGB are equal because vertically opposite, 
and LGB is also equal to GHD (Definition); therefore—’ 

Min, There I must interrupt you. How do you know 
that LGB is equal to GHD? I grant you that, by the 
Definition, 4B and CD make equal angles with a certain 
transversal: but have you any ground for saying that EF 
is the transversal in question ? 

Nie. We have not. We surrender at discretion. You 
will permit us to march out with the honours of war ? 

Min. We grant it you of our royal grace. March him 
off the table, and bring on the next Rival. 


ACT Il. 


SCENE IV. 
Treatment of Parallels by equidistances. 


CUTHBERTSON. 


‘Thou art sọ near, and yet so far,’ 
Modern Song. 


Nie. I now lay before you ‘Euclidian Geometry, by 
Francis Cutupertson, M.A., late Fellow of C. C. C., Cam- 
bridge; Head Mathematical Master of the City of London 
School; published in 1874. 

Min. It will not be necessary to discuss with you a// the 
innovations of Mr, Cuthbertson’s book. The questions of 
the separation of Problems and Theorems, the use of super- 
position, and the omission of the diagonals in Book II, are 
general questions which I have considered by themselves. 
The only points, which you and I need consider, are the 
methods adopted in treating Right Lines, Angles, and 
Parallels, wherever those methods differ from Euclid’s. 

The first subject, then, is the Right Line. How do you 
define and test it? 
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Nie. As in Euclid. But we prove what Euclid has 
assumed as an Axiom, namely, that two right Lines cannot 
have a common segment. 

Min. l am glad to hear you assert that Euclid has 
assumed it ‘as an Axiom,’ for the interpolated and illogical 
corollary to ue. I. 11 has caused many to overlook the 
fact that he has assumed it as early as Prop. 4, if not 
in Prop.1. What is your proof? 


NIEMAND reads. 


* Two straight Lines cannot have a common segment.’ 





‘For if two straight Lines ABC, ABH could have a 
common segment 48; then the straight Line 45C might 
be turned about its extremity 4, towards the side on which 
BH is, so as to cut BA; and thus two straight Lines would 
enclose a space, which is impossible.’ 

Min. You assume that, before C crosses BH, the portions 
coinciding along AB will diverge. But, if ABI is a 
right Line, this will not happen till C has passed H. 

Nie. But you would then have one portion of the re- 
volving Line in motion, and another portion at rest. 

Min. Well, why not ? 

Nie. We may assume /Aa£ to be impossible; and that, 

F 
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if a Line revolves about its extremity, it all moves at 
once. : 

Min, Which, I take the liberty to think, is gwite as 
great an assumption as Euclid’s. I think the Axiom quite 
plain enough without any proof. 

Your treatment of angles, and right angles, 1s the same 
as Euclid's, I think ? 

Nie. Yes, except that we prove that ‘all mght angles 
are equal.’ 

Alin, Well, it ¿s capable of proof, and therefore had 
better not be retained as an Axiom. 

I must now ask you to give me your proof of Euc. I. 
Bo. 

Nie. We prove as far as I. 28 as in Euchd. In order 
to prove I. 29, we first prove, as a Corollary to Euc. I. 20, 
that ‘the shortest distance between two points is a straight 
Line.’ 

Min. What is your next step ? 

Nie, A Problem (Pr. F. p. 52) in which we prove the 
Theorem that, of all right Lines drawn from a point to a 
Line, the perpendieular is the least. 

Min, We will take that as proved. 

Nie. We then deduce that the perpendicular is the 
shortest path from a point to a Line. 

Next comes a Definition. ‘By the distance of a point 
from a straight Line is meant the shortest path from the 
point to the Line.’ 

Min. Have you anywhere defined the distance of one 
point from another ? 

Nie. No. 
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Min. We had better have that first. 

Nie. Very well. ‘The distance of one point from 
another is the shortest path from one to the other,’ 

Min. Might we not say ‘is the length of the nght Line 
joining them ?’ 

Nie, Yes, that is the same thing. 

Min, And similarly we may modify the Definition you 
gave just now. 

Nie. Certainly. ‘The distance of a point from a right 
Line 1s the length of the perpendicular let fall upon it from 
the given point.’ 

Min, What is your next step ? 


NIEMAND reads. 

P. 33. Ded. G. *If points be taken along one of the arms 
of an angle farther and farther from the vertex, their dis- 
tances from the other arm will at length be greater than 
any given straight line.’ 

In proving this we assume as an Axiom that the lesser 
of two magnitudes of the same kind can be multiplied so 
as to exceed the greater. 

Jin. I accept the Axiom and the proof. 


NIEMAND reads. 

P. 34. Ax. ‘If one right Line be drawn in the same 
Plane as another, it cannot first recede from and then 
approach to the other, neither ean it first approach to 
and then recede from the other on the same side of it.’ 

Min. Here, then, you assume, as axiomatic, one of the 
Propositions of Table II. After this, you ought to have 
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no further difficulty in proving Euc. I. 32 and all other 
properties of Parallels. How do you proceed ? 

Nie. We prove (p. 34. Lemma) that, if two Lines have 
a common perpendicular, each is equidistant from the 
other. 

Min. What then? 

Nie. Next, that any Line intersecting one of these will 
intersect the other (p. 35). 

Min. That, I think, depends on Deduction G, at p. 33? 

Nie. Yes. 

Ain. A short, but not very easy, Theorem; and one 
containing a somewhat intricate diagram. However, it 
proves the point. What is your next step ? 


NIEMAND reads. 


P. 34. Lemma. * Through a given point without a given 
straight Line one and only one straight Line can be drawn 
in the same Plane with the former, which shall never meet 
it. Also all the points in each of these straight Lines are 
equidistant from the other.’ 

Min. I accept all that. 

Nie. We then introduce Euclid’s definition of ‘ Parallels. 
It is of course now obvious that parallel Lines are equi- 
distant, and that equidistant Lines are parallel. 

Min. Certainly. 

Nie. We can now, with the help of Euc. I. 27, prove 
I. 29, and thence I. 32. 

Mi». No doubt. We see, then, that you propose, as 
a substitute for Euclid’s 12th Axiom, a new Definition, 
two new Axioms, and what virtually amounts to five 
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new Theorems. In point of ‘axiomaticity ’ I do not think 
there is much to choose between the two methods. But 
in point of brevity, clearness, and suitability to a beginner, 
I give the preference altogether to Euclid’s axiom. 

The next subject to consider is your practical test, if 
any, for two given Lines meeting when produced. 

Nie. One test is that one of the Lines should meet a 
Line parallel to the other. 

Min. Certainly: and that will suffice in such a ease as 
Eue. I. 44 (Pr. M. p. 60, in this book) though you omit 
to point out why the Lines may be assumed to meet. 
But what if the diagram does not contain ‘a Line parallel 
to the other’? Look at Pr. (4) p. 69, where we are told to 
make, at the ends of a Line, two angles which are together 
less than two right angles, and where it 1s assumed that the 
Lines, so drawn, will meet. That 1s, you assume the truth 
of Euclid’s 12th Axiom. And you do the same thing at 
Pp. 70, 123, 143, and 185. 

Nie. Euclid’s 12th Axiom is easily proved from our 
Theorems. 

Min. No doubt: but you have not done it, and the omis- 
sion makes a very serious hiatus in your argument. It is 
not a thing that beginners are at all likely to be able to 
supply for themselves. 

I have no adverse criticisms to make on the general 
style of the book, which seems clear and well written. 
Nor is it, necessary to discuss the claims of the book to 
supersede Euclid, since the writer makes no such claim, 
but has been careful (as he states in his preface) to avoid 
any arrangement incompatible with Euclid’s order. The 
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chief novelty in the book is the introduction of the 
principle of ‘equidistance,’ which does not seem to me a 
desirable feature in a book meant for beginners: otherwise 
it is little else than a modified version of Euclid. 


ACT Il. 


SCENE V. 
Treatment of Parallels by revolving Lines. 


HENRICI. 


‘In order that an aggregate of elements may be called a spread, it is necessary 
that they follow continuously.—HeEnrict’s Art of Dining, p. 12. 

Nie. I lay before you ‘ Elementary Geometry: Congruent 
Figures, by Oravus Hrxmircr Ph.D., F.R.S., Professor of 
Pure Mathematies in University College, London, 1579. 

Min, What is your Definition of a Line? 

Nie. ‘The boundary of a surface or of part of a sur- 
face is called a Line or a curve.’ (p. 5.) 

Min. Good— Line,’ I presume, meaning ‘right Line.’ 
But that throws us back upon ‘surface.’ Of course ¢hat 
is defined correctly ? 

Nie. Y will tell you in a moment. (He turns over 
a few pages) Yes, here it is. ‘A surface is the—’ (He 
gives a perceptible start, stops reading, and turns a few 
pages back) Yes, its all right. ‘That which bounds 
a solid and separates it from other parts of Space is 
called its surface.’ (p. 4.) 

Min. (aside) There is more here than meets the eye! 
(Aloud) You will be good enough to read that other De- 
finition of ‘surface.’ 


72 HENRICI. [Acr II. 





Nie. (innocently) What other Definition ? 

Min. No evasions, Sir! Read it at once! You know 
the one I mean. 

Nie. (desperately) It’s only this—‘A surface is the 
path of a moving curve.’ (p. 9.) Merely another way 
of looking at it, you know. 

Min. (contemptuously) Oh! Merely another way of 
looking at it, is it? Of course the curve preserves its 
shape as 16 moves? 

Nie. No doubt. 

Min. Now look here. Take this Jargonelle pear— 

Nie. Thank you very much. It 2s rather dry work— 

Min. Stop! Don’t eat it yet! Look at it. Would 
you call its curvature regular ? | - 

Nie. Certainly not: it bulges here and there, in all 
sorts of queer ways. 

Min. Well, now take this bit of wire: bend it into 
any curve you like, and then move it so that its path 
may coincide with the surface of the pear. 

Nie. (uneasily) I cannot do it. 

Min, Well, eat it, then.  7Za£ 1s possible, at all events. 
So! We start with a Definition which is simply ridi- 
eulous! Now for the distinction between ‘right Line’ 
and ‘curve ’— 

Nie. Here my elient’s meaning is not very clear, The 
first Definition I can find is that of a curve. He says 
(p. 6) ‘a point may be moved, and then it will deseribe 
a path. This path of a moving point is a curve.’ 

Min. Surely he does not mean that a point can never 
move straight? He must mean that there are two kinds 
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of curves, ‘curved curves, and ‘straight curves ’—as the 
Trish talk of ‘tay-tay’ and ‘coffee-tay.’ But, if so, he 
makes ‘ Line’ and ‘ curve’ synonymous. 

Nie. I have looked a little further on, and I find a 
description of a ‘Line,’ which seems to limit the word 
to dent Lines. He says (p. 7) ‘The notion of a Line may 
be obtained directly by considering a wire bent into 
any shape and abstracting all thickness from it.’ 

Min. So then a ‘ Line’ must be bent, though a ‘ curve’ 
need not be so? Your chent has clearly one merit— 
great originality of style! 

Nie. Here is another definition of ‘curve, which may 
be more to your taste. ‘A curve is a one-way spread, 
with points as elements,’ (p. 10.) 

Min. Too much like a dinner @ la Russe. I don’t like 
‘spread’ at all. 

Nie. He illustrates his use of ‘spread’ by applying it 
to other subjects. For instance, ‘a musical tone allows 
of variations which form a two-way spread, with dif- 
ferent degrees of intensity and of pitch as elements.’ 
(p. 12.) 

Min. That explains the phrase ‘too-tooing on a flute.’ 
How simple and intelhgible al] this must be to boys 
just beginning Geometry! But I am still waiting for 
a definition of ‘right Line.’ 

Nie. (after turning over several pages) I have found 
it at last—after passing over a good deal about ‘con- 
tinuity’ and ‘space’ and ‘congruence.’ We say (p. 17) 
* [f we suspend a weight by a string, the string becomes 
stretched ; and we say it is straight, 
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Alin. That will serve very well to give a notion of 
‘straight.’ For a working definition we require of course 
some practical test, such as ‘two straight Lines cannot 
enclose a space.’ 

Nie. We have that. At p. 20 we give you ‘ Axiom IV. 
Through two points always one, and only one, Line can 
be drawn. And at p. 18 we at last distinguish ‘ Line’ 
and ‘curve. ‘A straight Line will in future be called 
a Line simply. All other Lines will be called curved 
Lines, or curves. 

Afin. Better late than never: though it makes wild 
work of your former theory —in which you got the 
notion of ‘ Line’ from a bent wire, and of ‘curve’ from 
the path of a moving point. Now for the Definition of 
‘angle.’ 

Nie. (after turning the leaves backwards and forwards 
for some time, begins to read in an unsteady voice) ‘The 
part of a pencil of half-rays, described by a half-ray on 
turning about its end point from one position to another, 
is called an angle.’ (p. 47.) 

Min. So you reject the notion of ‘inclination’ (or 
rather ‘declination’)? Well! This zs an innovation! 
We must investigate 1t thoroughly. You mean by 
‘half-ray,’ I presume, what Euclid calls ‘a Line termi- 
nated in one direction but not m the other’? 

Nie. Certainly. 

Min. Now what is a ‘ pencil’? 

Nie. ‘The aggregate of all Lines in a plane which pass 
through a given point. (p. 38.) 

Min. Aha! And where will you get your angular 


pe, V.| ANGLES. 75 


magnitude, I should like to know? What kinds of 
magnitude is a Line capable of possessing ? 

Nie. Length only, of course. 

Min. Two Lines ? 

Nie. (uneasily) Length only. 

Min. À million? 

Nie. (more uneasily) Length only. 

Min, A pencil? 

Me. ( faintly) Spare me! 

Min. So much for the quality of your angular mag- 
nitude! Now for its quantity. What is the length of 
one of these half-rays? 

Nie. Infinite, of course, 

Min. And the aggregate length of all the half-rays 
in your ‘angle’ cannot well be less. Thus we may 
deduce a truly delightful definition of angular magni- 
tude. ‘As to quality, it is linear. As to quantity, it 
is infinite"! 

Nie. (writhes, but says nothing). 

Min. Will you not throw up your brief? 

Nie. Not yet: I must fight it out. 

Alin. Then we must review this marvellous book ‘to 
the bitter end.’ What have you to say about ‘right 
angles '? 

Nie. We have ‘angles of rotation’ and ‘angles of con- 
tinuation’ (p. 48); and the axiom ‘all angles of rotation 
are equal’ (p. 49) as a substitute for ‘all right angles 
are equal.’ 

Min. It is a practicable method, but not so suitable 
for beginners as Euclid’s. This matter I have already 


76 HENRICI. [Acr IT. 


discussed (see p. 74). And now for the subject of 
Parallels. 

Nie. We have Playfair’s Axiom (or rather its equi- 
valent) ‘Through a given point only one Line can be 
drawn parallel to a given Line’ (p. 68), but this we 
do not simply lay down as an Axiom. We lead up to 
it by two or three pages of reasoning. 

Min. This is most interesting! Let us examine the 
argument minutely. A logical proof of that Axiom 
would be perhaps the greatest advance ever made in the 
subject since the days of Euclid. 

Nie. ‘Two indefinite Lines in a Plane may intersect, 
as we have seen. We shall now consider the possibility 
of there being such Lines which do not intersect.’ (p. 65.) 

Min. That, of course, you can easily prove, without 
appealing to any disputable Axiom, It is simply Euce. I. 
27. Do you prove it 1n Euclid's way ? 

Nie. Not exactly. Our argument is quite different 
from Euclid’s: and we come to 4£wo conclusions — one 
being the real existence of Parallels, the other the equi- 
valent of Playfair’s Axiom. 

Min. I very much doubt your proving the first by 
any simpler method than Euclid's: and as to proving 
the second, by any method at all, without assuming 
some disputable Axiom, I defy you to do it! However, 
let us hear your argument. 

Nie. We take a Line, and a point without it: and from 
the point we draw two ‘half-rays’ intersecting the line. 
These half-rays we then turn about the point, in op- 
posite directions, until they cease to intersect the Line. 
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And then we proceed to consider where their ‘ produc- 
tions’ have got to. 

Min. Like ‘little Bo-peep,’ you are anxious about their 
‘fails’ in fact; taking their ‘heads’ to be the ends which 
at first intersected the given Line. 

Nie, We say that there are only three conceivable cases : 
one, where the /a2/s fall next to 
the given Line; another, where 
the heads fall next to it; the 
third, where the tail of each coin- 
cides with the head of the other. 

Jin. I admit all that. 

Nie. The first case we say is 





inadmissible because, if it were 
true, any Line through P, lying 
within the angle formed by the p 
head of one ray and the tail of 
the other, would cut the given 

Line both ways. 

Bin. A reductio ad absurdum, no doubt; but it only 
holds good on the supposition that you can draw Lines 
through P, so as to lie within that angle. But this sup- 
position requires a finite angle. If we suppose that, the 
moment one ray begins to revolve so as to bring its head 
nearer to the given line, it instantly coincides with the 
other ray, head with tail and tail with head, it will not 
then be possible to draw any such Line as you suggest: 
and then where is your reductio ad absurdum ? 

Nie. We do not seem to have noticed that case. 

Min. In point of fact, your three cases are really jive. 
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Before going any further let us have them all clearly 
stated. 

We assume, in all three figures, that the ray-heads, as 
drawn, do zoć intersect the given line; but that either 
of them would, if it began to revolve towards the given 
Line, instantly intersect it. In other words we assume 
that any half-ray, drawn from P in the dotted angular 
space, would intersect the given Line: but that any half- 
ray, drawn from P in the undotted angular space, as 
well as the two ray-heads which limit that angular space, 
would zo¢ intersect it. And as to the ray-tails, it is 
obvious that in fig. 1 they do intersect the given Line, 
but in figs. 2, 3, they do «o/ do so. 

Nie. That is all clear enough. 

Min. Then these are the five cases :— 

(a) Figure 1. The head of each ray must revolve 
downwards through a finite angle before it can coincide 
with the tail of the other ray. 

(8) Same figure. The head of each ray, on beginning 
to revolve downwards, izstantly coincides with the tail 
of the other ray. 

(y) Figure 2. The head of each ray must revolve up- 
wards through a finite angle before it can coincide with 
the tail of the other ray. 

(5) Same figure. The head of each ray, on beginning 
to revolve upwards, instantly coincides with the tail of 
the other ray. 

(c) Figure 3. 

These five eases suggest a few observations. 

In ease (a) a number of Lines may be drawn through 
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P, in the angular space contained between the head of 
one ray and the tail of the other: and all such Lines will 
intersect the given line doth ways. 

In case (8) this absurdity does not arise: all Lines, 
through P, intersect the given Line one way or the other: 
there is no instance of a Line intersecting it doth ways, 
nor of one wholly separate from it. 

In case (y) a number of Lines may be drawn as in case 
(a): and all such Lines will be wholly separate from the 
given Line. 

In case (6) the two rays themselves, as drawn in the 
figure, are wholly separate from the given Line: but no 
other such Line can be drawn through P. 

In ease (c) there is only one Line through P wholly 
separate from the given Line. 

Now let us hear what you make of these five cases. 

Nie. We exclude case (a), as I told you just now, 
by a reductio ad absurdum. Case (8) we have failed to 
notice. 

Min. True: but it can be excluded by Euc. I. 27: so 
that if you ean manage, by pure reasoning, from ordinary 
Axioms, and without assuming any disputable Axiom, to 
exclude cases (y) and (8), you will have achieved what 
ceometricians have been vainly trying to do for the last 
two thousand years! 

Nie. We go on thus. ‘But our Axioms are not suffi- 
cient to decide which of the remaining two eases actually 
does occur.’ (p. 67.) 

Min. Or rather ‘the remaining three cases.’ 

Nie. ‘In looking at the figures the reader will at once 
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feel that the third case’ (we mean your ‘case (e)’) ‘is the 
true one.’ 

Min. An appeal to sentiment! What if the reader 
doesn t feel it? 

Mie. ‘But this cannot be considered decisive ;’ 

Jin. It cannot. 

Nie. ‘for the two Lines may include a very small 
angle —' 

Min. Aye, or even a large one. 

Nie. ‘that is, they may very nearly coincide without 
actually doing so. Or it may be that sometimes the one, 
sometimes the other, happens, according as we take the 
point P at a smaller or greater distance from the Line.’ 

Min. That seems a fair statement of the difficulty. And 
now, how are you going to grapple with it? 

Nie. ‘The only way of settling this point is to make 
an assumption, and to see whether the consequences drawn 
from it do or do not agree with our experience.’ 

Min. If you find a consequence not agreeing with ex- 
perience, you may of course conclude that your assumption 
was false; but, if it does agree, what then ? 

Nie. Nothing, I fear, unless you can prove that this 
is the case with one assumption only, and that all other 
possible assumptions lead to absurd results. 

Min. Exactly so. If, then, you want to prove case (e), 
your logical course is to assume case (y) as true, and from 
that assumption to deduce some consequence which is 
evidently contrary to experience. And then to exclude 
case (ò) by a similar argument. Is that your method ? 

Nie. Well, hardly. We say ‘The assumption to be 
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made is, that the third case’ (i.e. case (e)) only happens, 
and this will give us a new axiom.’ (p. 67.) 

Min. You may assume it as an axiom, if you like. 
Then you will merely be in the same boat with Playfair. 
But if you are going to discuss the consequences of its 
being true, and get anything out of /Zat, look to your 
feet! There are pitfalls about! 

‘te. ‘In the second case’ (ie. ease (y)) ‘we should 
have to—' 

Min. Oho! Then it is case (y), after all, that you are 
provisionally assuming as true? 

Nie: Apparently so. 

Min. Well, goon. You are on the right track now. 

Nie. In this case we should have to turn the ray 
‘through a finite angle’ before its tail would cut the 
given Line: ‘or there would be an indefinite number of 
Lines through P which do not cut’ it. (p. 68.) 

Min. What do you mean by ‘or’? That one result 
would follow, ov the other, but not both ? 

Nie. We mean that the two results are equivalent. 

Min. ‘Then you should say ‘that is.) ‘Or’ is mislead- 
ing. However, I grant you that this consequence would 
follow, if case (y) were true. What then? Is there any 
obvious absurdity in such a consequence ? 

Nie. That we do not assert. We merely make the 
remark—and we now proceed to case (¢). 

Min, A weak and pointless remark: but let that pass. 
Do you omit case (ò)? 

Nie. We do. We proceed thus. ‘But in the third 
case (i.e. in ease («)) there would be only oze Line througn 
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P which does not cut’ the given Line. ‘As soon as we 
turn this Line about P it would meet it to the right or 
to the left.’ 

Min, Certainly, And what then? Do you expect me 
to admit that, because case (e) would lead to a conse- 
quence not obviously absurd, therefore it is ¢he case 
which always happens, to the exclusion of cases (y) 
and (6)? 

Nie. (hesitatingly) Well, 1 thmk that 2s what we expect. 
But we first deduce the real existence of Parallels. *' Thus 
we are led to the conclusion that there exist Lines in a 
Plane which, though both be unlimited, do not meet. 
Such Lines are called parallel? 

Min. Oh most lame and impotent conclusion! After all 
these magnificent Catherine-wheels of revolving half-rays, 
to deduce Euc. I. 27! And even ¢his wretched result you 
have no right to. Just consider what your argument has 
been. There are five conceivable cases, (a), (8), (y), (6), 
and (c). If (a) or (8) were true, xo Line could be drawn, 
through P, parallel to the given Line: if (y), many such 
Lines could be drawn: if (6), ¢wo such Lines: if (e), one 
such Line. Now what have you proved? Positively no- 
thing whatever but this—that case (a) would lead to an 
absurd result. You leave me perfectly free to range 
about among the other four cases, one of which, (£), 
denies the real existence of Parallels, which existence you 
tell me you have proved! And so, for the ‘long course 
of logical reasoning’ which you object to so much in 
Euclid, you substitute a short course cf z/logical reasoning ! 
But you deduce another conclusion, do you not ? 
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Nie. Yes, one other. ‘The assumption mentioned in 
§ 113’ (the assumption that case (e) is the only true one) 
‘may now be stated thus:—Axiom VI. Through a given 
point only one Line can be drawn parallel to a given Line’ 

Min. May it indeed? And why ‘now’ rather than three 
pages back? Is there a single word, in all this argument, 
whieh tends to show that case (e) is—I will not say cer- 
tainly true, but— even fairly probable ? 

Nie. (cautiously) I will not assert that there is. 

Min, In point of fact the odds are exactly three to one 
against it—since you have only excluded oze of the five 
eases, and the other four are, for anything we know to 
the contrary, equally probable. 

Nie. I will not dispute it. 

Min. Well! Then it only remains to say that your 
attempted proof of Playfair’s Axiom is an utter failure. 
Anything more hopelessly illogical I have zever met with, 
not even in Cooley—and that is saying a great deal! 

Nie. I confess I do not see my way to defending this 
proof. But even if we abandon the whole of it, we are 
no worse off than any other writer who assumes Play- 
fair’s Axiom. 

Alin. That I quite admit. 

Nie. And then, my client instructs me to plead, this 
Manual (anding it to Minos) being so distinetly better 
than Euclid’s in every other particular— 

Min. Gently, gently! You are anticipating. I have 
not yet had my general survey of the book. 

Nie. (refilling his pipe) Well, let us have it then. 

An. X wil begin with the general remark that the 

G 2 


84 HENRICI. [Acres 


first 151 pages of this book (the rest of 1t going beyond 
the limits of Euc. I, II) contain (excluding 7 pages on 
Logic and 22 pages of Exercises) 122 pages of text, 
which I presume the learner is expected to master. 

Nie. A great deal of that 1s merely explanatory. 

Min. True: but even omitting all that, we have, of 
Definitions, 80: and of Theorems, 145. And when the 
unfortunate learner has mastered all these—more than 
there are in Euclid's first six Books—-he finds he has 
learned no more Euclid than Props. 1 to 34! 

Nie. But he will have learned a good deal that is xot 
in Euclid. 

Ain, Undoubtedly: and it would have been easy to 
crowd in twice as many Theorems as Mr. Henrici has 
done, without passing Prop. 34. I believe the subject 
to be practically inexhaustible. But fancy having to 
master 145 Theorems before even hearing of so important 
à one as Prop. 47! ] 

Nie. If all the new matter is good, it is a poor objection 
to raise that there 1s too much of it. 

Min. You think the guantity unassailable? Well, let 
us test its qualify a little, then. 

The book begins with a page or two of very general 
considerations, ‘Time and Force, Kinetics and Kinematics, 
Chemistry and Biology, cross the stage in a grand but 
shadowy procession. Then when the pupil has been suf- 
ficiently crushed by the spectacle of how much there is 
to know, we allow him, little by little, to contract his 
view: till at last we condescend to contemplate so trifling 
an entity as Infinite Space. 


Sc. V.] TWO ‘ NON-SEQUITURS. 85 


And here I notice a singular mental process. ‘Two 
material bodies,’ we are told, ‘cannot occupy the same 
space. We are thus led to recognise a third property 
common to all bodies: every body has position.’ (p. 3.) 
The word ‘thus’ is what I want to call your special at- 
tention to: for I confess Z can see no such sequence of 
thought as it would seem to imply. Suppose bodies could 
occupy the same space: wouldn’t they have ‘position’ 
just as much as if they couldn't? Does an orange—to 
take the favourite logical entity—lose its position because 
another orange most uncivilly insists on permeating it 
and occupying the same portion of Space? But if not, 
what is the meaning of ‘thus’? As Artemus Ward would 
say, ‘why this thusness ?' 

Nie. I can’t say. 

Min. A little further on I find a ‘therefore’ which is 
equally shadowy. The writer’s logical ideas—in spite of 
his actually introducing a ‘ Digression on Logic’—are, 
I fear, a little vague. He says ‘if we bring different 





points together into the same position, they will never 
give us anything but a point; we never obtain any ex- 
tension. We cannot, therefore, say that Space 1s made 
up of points’ (p. 6). I venture to say that there is no 
such sequence as ‘therefore’ seems to imply: he has 
made the whole argument null and void by using the 
words ‘into the same position.’ 

Nie. I do not understand you. 

Min. I will put it in another way. The real reason 
why you cannot construct Space of points is that they 
have no size: if they Aad size you could do it. But, under 
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the eondition here laid down—of bringing them *together 
into the same position'—you make the thing impossible, 
whether they have size or not. 

I have often found 1t the best way for exhibiting the 
unsoundness of an argument, to make another exaetly 
like it, but leading to an absurd conclusion. I will try 
it here. You grant that a cubie foot can be made up of 
cubic inches ? 

Nie. Certainly. 

Min. Well, I will prove to you that it cannot; and 
I will do so by an argument just as good as Mr. Henrict’s. 
‘If we bring different cubic inches together into the same 
position they will never give us anything but a cubic 
inch; we never obtain any extension—’ 

Nie. That won’t do! You have the ‘extension’ of one 
cubic inch. 

Min. Yes, but you had that to begin with. You don’t 
‘obtain’ any extension by squeezing in other cubic inches, 
do you? 

Nic. No, I suppose not. 

Min. Then the argument is sound so far. And now 
comes my triumphant conclusion, à /a Henrici. * We 
cannot, therefore, say that a cubic foot is made up of cubic 
inches.’ 

Nie. I see your meaning now. I give up the words 
‘into the same position.’ 

Min. l haven't quite done with points yet. I find 
an assertion that they never jump. Do you think that 
arises from their having ‘position,’ which they feel might 
be compromised by such conduct? 


poy .| MOTION ‘PER SALTUM) 87 


Nie. I cannot tell without hearing the passage read. 

Min. It is this:—‘A point, in changing its position 
on & curve, passes, in moving from one position to 
another, through all intermediate positions. It does 
not move by jumps. (p. 12.) 

Nie. That is quite true. 

Min. Tel me, then—is every centre of gravity a point? 

Nie. Certainly. 

Min. Let us now consider the centre of gravity of 
a flea. Does 1t— 

Nie. (indignantly) Another word, and J shall vanish! I 
cannot waste a night on such trivialities. 

Min. Forgive me. I drop the flea. My next remark 
shall be serious. I wish to point out to you the il- 
logical tone of the book. I do not say that the in- 
stances I am going to give are crucial or fatal to the 
areument. But, however unimportant, and however 
easily corrected, they will, I think, justify me in asking 
‘Is a text-book, which contains such loosely reasoned 
arguments as these, to be trusted ?’ 

My first selection is § 52, p. 23. For brevity's sake 
I shall omit superfluous words. The passages in paren- 
theses are interpolations of my own. 

(see Henrici, p. 23.) 

‘If we conceive a Plane (and a point Æ chosen any- 
where in Space; then, either the Plane already passes 
through A, or) we may move it until a point on it 
comes to A, which has been chosen anywhere in Space. 
(If we now fix a second point JD; then, either the 
Plane already passes through B, or) if we keep 4 fixed 
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we may turn the Plane about it, until the Plane comes 
to pass also through B, likewise chosen arbitrarily in 
Space. (If we now fix a third point C; then, either 
the Plane already passes through C, or) we may still 
move the Plane, as only two points of it are fixed, by 
turning it about the Line joining them, until the Plane 
passes through OC, chosen arbitrarily, like 4d and J. 
Thus it appears that we may place a Plane so as to 
pass through three points, 4, B, C, chosen anywhere 
in Space.’ 

You accept that, interpolations and all? 

Nie. Certainly. 

Min. Omit the interpolations, and what do you say 
of it then? 

Nie. Yt remains true. The three successive movings 
do no harm, but they are not always necessary. 

Min. Would this statement be correct? ‘Three ** mov- 
ings” are generally necessary: but there are three ex- 
ceptions. If the Plane at first passes through 4, the 
first “moving” is unnecessary; if, after being made to 
pass through Æ, it be found to pass through .5 also, 


" is unnecessary; and if, after being 


the second “moving 
made to pass through 4 and B, it be found to pass 
through C also, the third * moving" is unnecessary '? 

Nie. Certainly. 

Min, You would not, on findmg some one ‘moving’ 
unnecessary, call it ‘an open question’ whether the 
result were attainable? 

Nie. What? When it is already attained? By no 
means. 
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Min. Now read this, at p. 23. 
(hands the book) 

‘But if C happens to lie on the Line joining Æ and 
B, then a Plane through 4 and B, which did not pass 
through C, could never be made to pass through C by 
being rotated about 4 and £; for if it did contain C 
In one position, it would contain it in all positions, as 
this point would remain fixed during rotation? What 
do you say to that? 

Nie. Well, it 1s his way of discussing your third ex- 
ception. Of course, when he talks of ‘a Plane through 
4 and B, which did not pass through C, he is de- 
scribing a nonentity: but it is all logical as an argu- 
ment, 

din. What kind of argument? 

Nie. (doubtfully) I should call it a—kind of—Reductio 
ad Absurdum. 

Jin. I don’t wonder at your hesitation. A thoughtful 
boy might read it thus:—‘then a Plane through 4 and 
B, whieh did not pass through C (but no such *Plane 
can exist!) could never be made to pass through C 
by being rotated about d and B (why, it needs no 
‘making’!); for if it did eontaim C in one position 
(which it does!), it would contain it in all positions 
(which also it does !)’ 

You and I can recognise the Reductio ad Absurdum— 
though so abnormal and hideous—which the writer in- 
tends. But what do you think would be the effect, on 
a thoughtful boy, of a course of such arguments, where 
he is expected to accept as data what he knows to be 
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absurd, and to recognise as an absurdity what he knows 
to be a necessary truth? 

Nie. At first, Mania: ultimately, Dementia. 

Min. Now read Mr. Henrici’s deduction from this 
fearful argument, at p. 24. 

* We ought, therefore, to limit the conclusion arrived 
at as follows:—' Through three points which do not lie 
in à Line we may always pass a Plane. Whether a Plane 
may be drawn through three points which do lie in 
a Line, remains for the moment an open question.’ 

Are you prepared to back that statement? Zs it an 
‘open question’? 

Nie. I cannot say that it is. 

Mia. Now here is a most curious bit of bad Logic. (reads) 

‘If two Planes have two points, A and D, in common, 
they must necessarily have more points in common. 
For, since each extends continuously without limit, a 
point moving in the one Plane through 4 or B will 
eross the other Plane at this point;’ (p. 25.) 

I pause to ask—will it necessarily do so? How if it 
moved along their Line of intersection ? 

Nie. That is an exception, I grant. 

Min. (reads) ‘hence one Plane will he partly on the 
one and partly on the other side of the second Plane. 
They must therefore intersect.’ 

Now the conclusion—that the Planes intersect—is un- 
doubtedly true, so long as we assume that, by ‘two 
planes,’ the writer means ‘two different Planes.’ But 
does it follow from the premisses? Have the words 
‘hence’ and ‘therefore’ any logical value? 
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Nie. I fear not. 

Min, At p. 74 I observe ‘If two Lines be each per- 
pendicular to a third, they will be parallel to one another.’ 
This is not true. They might be coincidental. The same 
mistake is made in p. 75. 

Now comes a wonderful specimen of slipshod writing. 
‘We understand by the angles of a Polygon those 
angles of which the part near the vertex hes within 
the Polygon.’ Does not this oblige us to contemplate 
an angle as consisting of zwo parts—one ‘near the ver- 
tex,’ the other further off? 

Nie. Undoubtedly. 

Min. And if either part were gone, the angle would 
be less? 

Nie. (uneasily) It would seem so. 

Min. And this might be effected by shortening the 
Lines, so that they would net reach beyond the region 
‘near the vertex’? 

Nie. I fear you have got us into a corner. Be merciful ! 

Alin. You mean that I have driven you into ‘that part 
of an angle which lies near the vertex Well, you may 
come out now. We will seek * fresh fields and pastures new.’ 

At pages 91 to 96 I find no less than forty-six theorems 
on Symmetry, arranged in two columns—one headed 
‘Axial Symmetry,’ the other ‘Central Symmetry.’ Here 
is à specimen pair, at p. 95. 


‘Corresponding Polygons ‘Corresponding Polygons 
= D | p D JS 
are congruent but of oppo- are coneruent and of like 
D pl D 


site sense.’ sense. 
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I hardly know which to pity most—the master who has 
to teach these Theorems, or the boy who has to learn 
them ! 

But I have neither the ‘one-way spread with moments 
as elements’ nor the ‘three-way spread with points as 
elements ' to— 

Nie. (gasping) What are you talking about ? 

Min. Excuse me. I fear i am getting demoralised. I 
meant to say—I have neither the time nor the space to 
criticise this book throughout. 

I will, however, try to sum up its faults in a general 
description. 

* Olla Podrida’ is perhaps the best name for 1t, its con- 
tents are so hopelessly jumbled together. Most of the 
Axioms, and all the Theorems, are without numbers, and, 
as there is no index, the difficulty of finding them when 
wanted is obvious: and none the less that they are 
imbedded in oceans of ‘padding.’ Dip into the book 
anywhere, and you find yourself in the midst of some 
discursive talk, which perhaps culminates in an Axiom. 
Then perhaps comes a Definition. Then comes a little 
more talk, which, after appealing to sentiment, or proba- 
bility, or some other motive degrading to Pure Mathe- 
matics, gradually becomes more and more logical, and at 
last warms into a regular proof—but of what? The 
reader has no warning as to what is to be proved. Un- 
suspectingly he glides on with the stream, till with a 
erash he is landed on an enunciation, and finds himself 
committed to an entire Theorem. This singular writer 
always reserves the enunciation for the end of the Propo- 
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sition, It may be prejudice, but I cannot help thinking 
that Euclid’s plan—of first clearly stating what he is 
going to prove and then proving it—is to be preferred to 
this conjurer’s trick of ‘forcing a card.’ 

The book is, I think, very hard for beginners to master: 
the majority of the new Theorems are much more fitted for 
‘exercises, than to be embodied in a text-book: and, to 
crown all, the ambitious attempt to construct a proof of 
Playfair’s Axiom is, as we have seen, a lamentable failure. 

I think I cannot better conclude my review of this book 
than by giving you, in two parallel columns, Euclid’s 
Props. I. 18, 19, and Mr. Henrici’s De substitute 
for them, at p. 107. 


(turn over.) 
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Evc.ip. 


The greater side of 
a Triangle is opposite 
to the greater angle. 


A 


B C 


Let ABC be a tri- 
angle having dC > 
AB: then shall the 
angle ABC be > the 
angle C. 

From AC eut off 
AD equal to AB; 
and draw BD. 

Then,’.. d4B= 4D, 
.. the angle 45D — 
the angle ADB; 

but the angele ADB 
is exterior to the Tri- 
angle BCD, and .-. 
< the angle C; 

.'. the angle 45D 
also » the angle C; 

much more is the 
angle ABC > the 
Q. E. D. 


angle C. 
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Let us now suppose a Triangle 
ABC, in which the bisector of the 
angle BAC is not an axis of sym- 
metry. Then the contra-positive 
form of the theorem of § 162 tells 
us that AB is not equal to AC, 
that the angle B is not equal to 
the angle C, and that the bisector 
AD of the angle 4 is not perpen- 
dicular to BC, and hence, that the 
two angles ADB and ADC are un- 
equal. Between these angles there 
exists the relation 

‘the angle dBC+the angle BDA 
= the angle C+ the angle CDA,’ 

for each sum makes with half 
the angle 4 an angle of continua- 
tion. Hence it follows that, if the 
angle ABC > the angle C, the 
angle BDA < the angle CDA. 


Be V.] 


The greater angle 
of a Triangle 1s oppo- 
site to the greater side. 


A 


B C 


Let ABC be a Tri- 
angle having the Z 
B > the angle C: 
then shall dC be > 
AB, 

For if not, it must 
be equal or less. 

It is not equal, for 
then the angle B 
would — the angle 
C. 

It is not less, for 
then the angle B 
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If we now fold the figure along 
AD, then AB will fall along AC; 
and B will fall between 4 and C if 
we suppose that AB is the shorter 
of the two unequal Lines 4B and 
AC, The line DB therefore takes 
the position DB within the angle 
ADC. But the angle ABD, which 
=the angle ABC, is exterior to 
the triangle DCB’, and .. > the 
angle C. 

Conversely, if the angle ADB < 
the angle ADC, the line DB will 
fall within the angle ADC, and .:. B 
will fall between 4 and C; that 1s, 
AB will be less than 4C. This 
always happens (see above) if the 
angle ABC > the angle C, for then 
the angle BDA < the angle ADC. 

Theorem. In every Triangle the 
side 18 the 


greater opposite to 


would < the angle C. | greater angle, and conversely, the 


mACE > AB. 
Q. E. D. 


greater angle 1s opposite to the greater 


| side. 


Now, if you could get some schoolmaster—one who had 


no bias whatever in favour of Euclid or of Henrici—to 
teach these two columns (one containing 169, the other 
282 words) to two ordinary boys of equal intelligence, or 
rather of equal stupidity, what result would you expect ? 
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Nie. (with a cunning smile) I don’t think I could find 
such a schoolmaster. 

Min. Ah, crafty man! You evade the question! I 
can't resist giving you just oze more tit-bit—the definition 
of a Square, at p. 123. 

‘A quadrilateral which is a kite, a symmetrical tra- 
pezium, and a parallelogram 1s a Square '! 

And now, farewell, Henrici! ‘Euclid, with all thy 
faults, I love thee still " Indeed I might say ‘with twice 
thy faults,’ or ‘with thrice thy faults,’ if the alternative be 
Henrici! (returns the book, which Niemand receives in solemn 
silence.) 


ACT IL. 


SCENE VI. 
Treatment of Parallels by direction. 


§ 1. WILSON. 


‘There is moreover a logic besides that of mere reasoning.’ 
WiLsox, Pref. p. xiii. 

Nie. You have made but short work of four of the five 
methods of treating Parallels. 

Min. We shall have all the more time to give to the 
somewhat intrieate subject of Direction. 

Nie. I lay on the table ‘Elementary Geometry; by 
J. M. Wirsox, M.A., late Fellow of St. John's College, 
Cambridge, late Mathematical Master of Rugby School, 
now Head Master of Clifton College. The second edition, 
1869. And I warn you to be careful how you criticise 
it, as it is already adopted in several schools. 

Min. Tant pis pour les écoles. So you and your client 
deliberately propose to supersede Euclid as a text-book ? 

H 
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Nie. * 1 am of opinion that the time 1s come for making 
an effort to supplant Euclid in our schools and universities.’ 
(Pref. p. xiv.) 

Min. It will be necessary, considering how great a 
change you are advocating, to examine your book very 
minutely and critically. 

Nie. With ail my heart. I hope you will show, in 
your review, ‘the spirit without the prejudices of a geo- 
metrician.’ (Pref. p. xv.) 

Min, We will begin with the Right Line. And first, 
let me ask, how do you define 1t? 

Nie. As ‘a Line which has the same direction at all 
parts of its length.’ (p. 3.) 

Ain. You do not, I think, make any practical use of 
that as a test, any more than Euclid does of the property 
of lying evenly as to points on it? 

Nie. No, we do not. 

Min. You construct and test it as in Euclid, I believe? 
And you have his Axiom that ‘two straight Lines cannot 
enclose a space ?’ 

Nie. Yes, but we extend it. Euclid asserts, in effect, 
that two Lines, which coincide in two points, coincide 
between those points: we say they ‘coincide wholly, which 
includes coincidence Zeyond those points. 

Min. Euclid tacitly assumes that. 

Nie. Yes, but he has not expressed it. 

Min. I think the addition a good one. Have you any 
other Axioms about it? 

Nie. Yes, ‘that a straight Line marks the shortest 
distance between any two of its points. (p. 5. Ax. J.) 
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Min. That I have already fully discussed in reviewing 
M. Legendre's book (see p. 55). 

Nie. We have also ‘A Line may be conceived as trans- 
ferred from any position to any other position, its magni- 
tude being unaltered.’ (p. 5. Ax. 3.) 

Min, True of any geometrical magnitude: but hardly 
worth stating, I think. I have now to ask you how you 
define an Angle? 

Nie. ‘Two straight Lines that meet one another form 
an angle at the point where they meet. (p. 5.) 

Min. Do you mean that they form 1t *a£ the point’ and 
nowhere else ? 

Nie. I suppose so. 

Min. I fear you allow your angle no magnitude, if you 
limit its existence to so small a locality ! 

Nie. Well, we don’t mean ‘ nowhere else.’ 

Min. (meditatively) You mean ‘at the point—and some- 
where else.’ /here else, if you please ? 
we don’t quite know why we put in the 





Nie. We mean 
words at all. Let us say ‘Two straight Lines that meet 
one another form an angle.’ 

Af. Very well. It hardly tells us what an angle zs, 
and, so far, it is inferior to Euclid’s Definition: but it may 
pass. Do you put any limit to the size of an angle? 

Me. We have not named any, but the largest here 
treated of is what we call ‘one revolution.’ 

Min. You admit reéntrant angles then ? 

Nie. Yes. 

Min. Then your Definition only states half the truth: 
you should have said ‘ form ¢wo angles.’ 

H 2 
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Nie. That would be true, no doubt. 

Min. But this extension of limit will require several 
modifications in Euclid’s language: for instance, what is 
your Definition of an obtuse angle ? 


NIEMAND reads. 

P. 8. Def. 13. ‘An obtuse angle is one which is greater 
than a right angle.’ 

Min, So you tumble headlong into the very first pitfall 
you come across! Why, that includes such angles as 
180° and 360°. You would teach your pupil, I suppose, 
that one portion of a straight Line makes an obtuse 
angle with the other, and that every straight Line has 
an obtuse angle at each end of it! 

Nie. It is an oversight—of course we ought to have 
added ‘but less than two right angles.’ 

Min. A very palpable oversight. I fear we shall find 
more as we goon. What Axioms have you about angles ? 


NIEMAND reads. 


P. 5. Ax. 4. ‘An angle may be conceived as transferred 
to any other position, its magnitude being unaltered.’ 
Min, Hardly worth stating. Proceed. 


NIEMAND reads. 


P. 5. Ax. 5. ‘Angles are equal when they could be 
placed on one another so that their vertices would coin- 
cide in position, and their arms in direction,’ 

Min, ‘Placed on one another’! Did you ever see the 
child’s game, where a pile of four hands is made on the 
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table, and each player tries to have a hand at the top 
of the pile? 

Nie. I know the game. 

Min. Well, did you ever see both players sueceed at 
once ? 

Nie. No. 

Min. Whenever that feat is achieved, you may then 
expect to be able to place two angles ‘on one another’! 
You have hardly, I think, grasped the physical fact that, 
when one of two things is ov the other, the second is 
underneath the first. But perhaps I am hypercritical. 
Let us try an example of your Axiom: let us place an 
angle of go° on one of 270°. I think I could get 
the vertices and arms to coincide in the way you 
describe. 

Nie. But the one angle would not be o» the other; 
one would extend round one-fourth of the circle, and the 
other round the remaining three-fourths. 

Min. Then, after all, the angle is a mysterious entity, 
which extends from one of the Lines to the other? That 
is much the same as Euelid’s Definition. Let us now take 
your definition of a Right Angle. 

Nie. We first define ‘one revolution,’ which is the angle 
described by a Line revolving, about one extremity, round 
into its original position. 

Alin. That is clear enough. 

Ne. We then say (p. 7. Def. 9) * When it coincides with 
what was initially its continuation, it has described half 
a revolution, and the angle it has then described is called 
a straight angle.’ 
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Min. How do you know that it has described half 
a revolution ? 

Nie. Well, it is not difficult to prove. Let that portion 
of the Plane, through which it has revolved, be rolled 
over, using as an axis the arm (in its initial position) and 
its continuation, until it falls upon the other portion of 
the Plane. The two angular magnitudes will now together 
make up ‘one revolution’: therefore each 1s * half a revo- 
lution.’ 

Min. A proof, I grant: but you are very sanguine if 
you expect beginners in the subject to supply it for 
themselves. 

Nie. It is an omission, we admit. 

Min, And then ‘a straight angle’! ‘Straight’ is neces- 
sarily unbending: while ‘angle’ is from Gyxos, ‘a bend 
or hook’: so that your phrase is exactly equivalent to 
‘an unbending bend’! In ‘the Bairnslea Foaks’ Al- 
manack’ I once read of ‘a mad chap’ who spent six weeks 
‘a-trying to maak a straat hook’: but he failed. He 
ought to have studied your book. Have you Euclid's 
Axiom ‘all right angles are equal’? 

Nie. We deduce it from ‘all straight angles are equal’: 
and that we prove by applying one straight angle to 
another. 

Min. That is all very well, though I cannot think 
‘straight angles’ a valuable contribution to the subject. 
I will now ask you to state your method of treating Pairs 
of Lines, as far as your proof of Eue. I. 32. 

Nie. To do that we shall of course require parallel 
Lines: and, as our definition of them is ‘ Lines having 
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the same direction, we must begin by discussing direc- 
tion. 

Min. Undoubtedly. How do you define direction ? 

Nie. Well, we have not attempted that. The idea 
seemed to us to be too elementary for definition. But 
let me read you what we have said about it. 


Reads. 
P. 2. Def. 2. * À geometrical Line has position, and length, 


and at every point of it it has direction... .’ 

P. 3. Def. 4. ' A straight Line is a Line which has the 
same direction at all parts of its length. It has also the 
opposite direction .... A straight Line may be conceived 
as generated by a point moving always in the same direc- 
tion.’ 

I will next quote what we have said about two Lines 
having ‘the same direction’ and ‘ different directions.’ 

Min. We will take that presently: I have a good deal 
to say first as to what you have read. I gather that you 
consider direction to be a property of a geometrical entity, 
but not itself an entity ? 

Nie. Just so. 

Min. And you ascribe this property to a Line, and also to 
the motion of a point? 

Nie. We do. 

Min. For simplicity’s sake, we will omit all notice of 
curved Lines, etc., and will confine ourselves to straight 
Lines and rectilinear motion, so that in future, when I use 
the word ‘ Line,’ I shall mean ‘straight Line. Now may 
we not give a notion of ‘direction’ by saying—that a 
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moving point must move in a certain ‘direction —that, 
if two points, starting from a state of coincidence, move 
along two equal straight Lines which do not coincide (so 
that their movements are alike in point of departure, 
and in magnitude), that quahty of each movement, which 
makes it differ from the other, is its ‘ direction ’—and 
similarly that, if two equal straight Lines are terminated 
at the same point, but do not coincide, that quality of 
each which makes it differ from the other, is its ‘ direc- 
tion’ from the common point? 

Nie. It is all very true: but you are using ‘straight 
Line’ to help you in defining ‘direction.’ Me, on the con- 
trary, consider ‘ direction’ as the more elementary idea of 
the two, and use it in defining ‘straight Line.’ But we 
clearly agree as to the meanings of both expressions. 

Min. I am satisfied with that admission. Now as to 
the phrase ‘the same direction,’ which you have used in 
reference to a single Line and the motion of a single 
point. May we not say that portions of the same Line 
have ‘the same direction’ as one another? And that, if 
a point moves along a Line without turning back, its 
motion at one instant is in ‘the same direction’ as its 
motion at another instant ? 

Nie. Yes. That expresses our meaning in other lan- 
guage. 

Min. I have altered the language in order to bring 
out clearly the fact that, in using the phrase ‘the same 
direction,’ we are really contemplating ¢wo Lines, or two 
motions. We have now got (considering ‘straight Line’ 
as an understood phrase) accurate geometrical Definitions 
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of at least ¿wo uses of the phrase. And to these we may 
add a third, viz. that two coincident Lines have ‘the same 
direction.’ 

Nie. Certainly, for they are one and the same Line. 

Min. And you intend, I suppose, to use the word ‘ dif- 
ferent’ as equivalent to ‘ not-same.’ 

Nie. Yes. 

Min. So that if we have, for instance, two equal Lines 
terminated at the same point, but not coinciding, we say 
that they have ‘different directions’? 

Nie. Yes, with one exception. If they are portions of 
one and the same infimite Line, we say that they have 
‘opposite directions.” Remember that we said, of a Line, 
‘it has also the opposite direction.’ 

Min. You did so: but, since ‘same’ and ‘different’ 
are contradictory epithets, they must together comprise 
the whole genus of ‘ pairs of directions.” Under which 
heading will you put ‘opposite directions’? 

Nie. No doubt, strictly speaking, ‘opposite directions ' 
are a particular kind of ‘different directions.’ But we 
shall have endless confusion if we include them in that 
class. We wish to avoid the use of the word ‘opposite ’ 
altogether, and to mean, by ‘different directions,’ all kinds 
of directions that are not the same, with the exception 
of ‘opposite.’ 

Win, It is a most desirable arrangement: but you have 
not clearly stated it in your book. Tell me whether you 
agree in this statement of the matter. Every Line has a 
pair of directions, opposite to each other. And if two Lines 
be said to have ‘the same direction, we must understand 
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‘the same pair of directions’; and if they be said to have 
‘different directions, we must understand ‘different pairs 
of directions.’ And even this is not enough: for suppose 
I draw, on the map of England, a straight Line joining 
London and York; I may say * This Line has a pair of di- 
rections, the first being ** London-to-York" and the second 
* York-to- London."" IT will now place another Line upon 
this, and its pair of directions shall be, first *€ York-to- 
London” and second “ London-to-York.’’ Then it has a 
different first-direction from the former Line, and also a 
different second-direction: that is, it has a ‘different pair 
of directions.’ Clearly ¢Zzs 1s not intended: but, in order 
to exclude such a possibility, we must extend yet further 
the meaning of the phrase, and, if two Lines be said to 
have ‘the same direction,’ we must understand ‘pairs of 
directions which can be arranged so as to be the same’; 
and if they be said to have ‘ different directions,’ we must 
understand ‘pairs of directions which cannot be arranged 
so as to be the same.’ 

Nie. Yes, that expresses our meaning. 

Min. You must admit, I think, that your theory of 
direction involves a good deal of obscurity at the very 
outset. However, we have cleared it up, and will not use 
the word ‘opposite’ again. ‘Tell me now whether you 
accept this as a correct Definition of the phrases ‘the same 
direction’ and ‘different directions,’ when used of a Pair 
of infinite Lines which have a common point :— 

If two infinite Lines, having a common point, coincide, 
they have ‘the same direction ^; 1f not, they have ‘ different 
directions.’ 
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Nie. We accept it. 

Min. And, since a finite Line has the same direction as 
the infinite Line of which it is a portion, we may gene- 
ralise thus :—‘ Coincidental Lines have the same direction. 
Non-coincidental Lines, which have a common point, have 
different directions.’ 

But it must be carefully borne in mind that we have 
as yet no geometrical meaning for these phrases, unless 
when applied to two Lines which have a common point. 

Nie. Allow me to remark that what you call * coinci- 
dental Lines’ we call ‘the same Line’ or ‘parts of the 
same Line, and that what yow call ‘non-coincidental 
Lines’ we call ‘different Lines.’ 

Min. I understand you: but I cannot employ these terms, 
for two reasons: first, that your phrase ‘the same Line’ 
loses sight of a fact I wish to keep in view, that we are 
considering a Pair of Lines; secondly, that your phrase 
‘different Lines’ might be used, with strict truth, of two 
different portions of the same infinite Line, so that it 1s not 
definite enough for my purpose. 

Let us now proceed ‘to consider the relations of two or 
more straight Lines in one Plane in respect of direction.’ 

And first let me ask which of the propositions of Table 
II you wish me to grant you as an axiom ? 

Nie. (proudly) Not one of them! We have got a new 
patent process, the ‘direction’ theory, which will dispense 
with them all. 

Min. I am very curious to hear how you do it. 
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NIEMAND reads. 


P. 11. Ax. 6. *'Two different Lines may have either the 
same or different directions.’ 

Min. That contains two assertions, which we will con- 
sider separately. First, you say that ‘two different Lines 
(i.e. ‘non-coincidental Lines,’ or ‘ Lines having a separate 
point’) ‘may have the same direction’. Now let us under- 
stand each other quite clearly. We will take a fixed Line 
to begin with, and a certain point on it: there is no doubt 
that we can draw, through that point, a second Line coin- 
ciding with the first: the direction of this Line will of 
course be ‘the same’ as the direction of the first Line; 
and it is equally obvious that if we draw the second Line 
in any other direction, so as not to coincide with the first, 
its direction will zo£ be ‘the same’ as that of the first: 
that is, they will have ‘different’ directions. If we want 
a geometrical definition of the assertion that this second 
Line has ‘the same direction’ as the first Line, we may 
take the following :—‘having such a direction as will 
cause the Lines to be the same Line. If we want a geo- 
metrical construction for it, we may say ‘take any other 
point on the fixed Line; join the two points, and produce 
the Line, so drawn, at both ends’: this construction we 
know will produce a Line which will be ‘the same’ as 
the first Line, and whose direction will therefore be ‘the 
came’ as that of the first Line. If, in a certain diagram, 
whose geometrical history we know, we want to test 
whether two Lines, passing through a common point, have, 
or have not, ‘the same direction,’ we have simply to take 
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any other point on one of the Lines, and observe whether 
the other Line does, or does not, pass through it. This 
relationship of direction, which yov call ‘having the same 
direction,’ and Z ‘having identical directions, we may 
express by the word ‘ co-directional.’ 

Nie. All very true. My only puzzle is, why you have 
explained it at such enormous length: my meerschaum 
has gone out while I have been listening to you! 

Min. Allow me to hand you a light. As to the ‘ enor- 
mous leneth’ of my explanation, we are in troubled waters, 
my friend! There are breakers ahead, and we cannot 
‘heave the lead’ too often. 

Nie. It is ‘lead’ indeed! 

Jin. Let us now return to our fixed Line: and this 
time we will take a point zo£ on it, and through this point 
we will draw a second Line. You say that we can, if we 
choose, draw it in ‘the same direction’ as that of the first 
Line? 

Nie. We do. 

Min. In that case let me remind you of the warning 
I gave you a few minutes ago, that we have no geometrical 
meaning for the phrase ‘the same direction,’ unless when 
used of Lines having a common point. What geometrical 
meaning do you attach to the phrase when used of other 
Lines ? 

Nie. (after a pause) I fear we cannot give you a geome- 
trical definition of it at present. 

Min. No? Can you construct such Lines ? 

Nie. No, but really that is not necessary. We allow of 
‘hypothetical constructions’ now-a-days. 
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Min. Well then, can you test whether a given Pair of 
Lines fave this property? I mean, if I give you a certain 
diagram, and tell you its geometrical history, can you 
pronounce, on a certain Pair of finite Lines, which have 
no visible common point, as to whether they have this 
property ? 

Nie. We cannot undertake it. 

Min. You ask me, then, to believe in the reality of a 
class of ‘ Pairs of Linés’ possessing a property which you 
ean neither define, nor construct, nor test ? 

Nie. We can do none of these things, we admit: but 
yet the. class is not quite so indefinite as you think. We 
can give you a geometrical description of it. 

Min. I shall be delighted to hear it. 

Nie. We have agreed that a Pair of coincidental finite 
Lines have a certain relationship of direction, which we 
call ‘the same direction,’ and which you allow to be an 
intelligible geometrical relation ? 

Min, Certainly. 

Nie. Well, all we assert of this new class is that their 
relationship of direction is identical with that which 
belongs to coincidental Lines. 

Min. It cannot be identical in al respects, for it cer- 
tainly differs in this, that we cannot reach the conception 
of it by the same route. I can form a conception of ‘the 
same direction, when the phrase is used of two Lines 
which have a common point, but it is only by considering 
that one ‘falls on’ the other—that they have all other 
points common—that they coincide. When you ask me 
to form a conception of this relationship of direction, 
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when asserted of other Lines, you know that none of these 
considerations will help me, and you do not furnish me 
with any substitutes for them. To me the relationship 
does zo¢ seem to be identical: I should prefer saying that 
separational Lines have ‘collateral,’ or ‘ corresponding,’ or 
‘separational’ directions, to using the phrase ‘the same 
direction’ over again. It is, of course, true that ‘col- 
lateral’ directions produce the same results, as to angles 
made with a transversal, as ‘identical’ directions; but this 
seems to me to be a Theorem, not an Axiom. 

Nie. You say that the relationship does zo seem to you 
to be identical. I should like to know were you think 
you perceive any difference ? 

Min. I will try to make my meaning clearer by an illus- 
tration. 

Suppose that I and several companions are walking: 
along a railway, which will take us to a place we wish to 
visit. Some amuse themselves by walking on one of the 
rails; some on another; others wander along the line, 
crossing and recrossing. Now as we are all bound for the 
same place, we may say, roughly speaking, that we are a// 
moving ‘in the same direction’: but that 1s speaking very 
roughly indeed. We make our language more exact, if 
we exclude the wanderers, and say that those who are 
walking along the rais are so moving. But it seems to 
me that our phrase becomes still more exact, if we limit it 
to those who are walking on one and the same rail. 

As a second illustration, suppose two forces, acting on a 
certain body ; and let them be equal in amount and oppo- 
site in direction. Now, if they are acting along the same 
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Line, we know that they neutralise each other, and that the 
body remains at rest. But if one be shifted ever so little 
to one side, so that they act along parallel Lines, then, 
though still equal in amount and (according to the ‘ diree- 
tion’ theory) opposite in direction, they no longer neutralise 
each other, but form a ‘ couple.’ 

As a third illustration, take two points on a eertain 
Plane. We may, first, draw a Line through them and cause 
them to move along that Line: they are then undoubtedly 
moving ‘in the same direction.’ We may, secondly, draw 
two Lines through them, which meet or at least would meet 
if produced, and cause them to move alone those Lines: 
they are then undoubtedly moving ‘in different directions.’ 
We may, thirdly, draw two parallel Lines through them, 
and cause them to move along those Lines. Surely this 1s 
a new relationship of motion, not absolutely identical with 
either of the former two? But if this new relationship be 
not absolutely identical with that named ‘in the same 
direction,’ it must belong to the class named ‘in different 
directions.’ 

Still, though this new relationship of direction is not 
identical with the former in ad/ respects, it is in some: 
only, to prove this, we must use some disputed Axiom, as 
it will take us into Table II. For instance, they are 
identical as to angles made with transversals: this fact 
is embodied in Tab. II. 4. (See p. 34). Would you like 
to adopt that as your Axiom ? 

Nie. No. We are trying to dispense with Table II 
altogether. 

Min. It is a vain attempt. 
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There is another remark ‘I wish to make, before con- 
sidering your second assertion. In asserting that there is 
a real class of non-coincidental Lines that have ‘the same 
direction, are you not also asserting that there is a real 
class of Lines that have no common point? For, if they 
had a common point, they must have ‘ different directions,’ 

Nie. I suppose we are. 

Min. We will then, if you please, credit you with an 
Axiom you have not expressed, viz. * It is possible for two 
Lines to have no common point.’ And here I must ex- 
press an opinion that this ought to be proved, not assumed. 
Euclid has proved it in I. 27, which rests on no disputed 
Axiom ; and I think it may be recorded as a distinct defect 
in your treatise, that you have assumed, as axiomatic, a 
truth which Euclid has proved. 

My conclusion, as to this first assertion of yours, is 
that it is most decidedly zoć axiomatic. 

Let us now consider your second assertion, that some 
non-coincidental Lines have ‘different directions.’ Here 
I must ask, as before, are you speaking of Lines which 
have a common point? If so, I am quite ready to grant 
the assertion. 

Nie. Not exactly. It is rather a difficult matter to 
explain. ‘The Lines we refer to would, as a matter of fact, 
meet if produced, and yet we do not suppose that fact 
known in speaking of them. What we ask you to believe 
is that there is a real class of non-coincidental finite Lines, 
which we do not yet know to have a common point, but 
which have ‘different directions. We shall assert pre- 
sently, in another Axiom, that such Lines will meet if 

I 


114 WILSON. [Acr II. 


produced; but we ask you to believe their reality inde- 
pendently of that fact. 

Min. But the only geometrical meaning I know of, as 
yet, for the phrase ‘ different directions,’ refers to Lines 
known to have a common point. What geometrical mean- 
ing do you attach to the phrase when used of other Lines? 

Nie. We cannot define it. 

Min. Nor construct it? Nor test it? 

Nie. No. 

Min. You ask me, then, to believe in the reality of two 
classes of ‘pairs of Lines,’ each possessing a property that 
yon ean neither define, nor construct, nor test? 

Nie. That is true. But surely you admit the reality of 
the second class? Why, intersectional Lines are a case in 
point. 

Min. Certainly. And so much I am willing to grant 
you. JI allow that some non-coincidental Lines, viz. inter- 
sectional Lines, have ‘ different directions.’ But as to ‘the 
same direction, you have given me no reason whatever for 
believing that there are avy non-coincidental Lines which 
possess that property. 

Nie. But surely there are two real distinct classes -of 
non-coincidental Lines, ‘ intersectional ’ and ‘ separational’? 

Min. Yes. Thanks to Eue. I. 27, you may now assume 
the reality of both. 

Nie. And you will hardly assert that the relationship of 
direction, which belongs to a Pair of intersectional Lines, is 
identical with that which belongs to a Pair of separational 
Lines ? 

Min. I do not assert it. 
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Nie. And you allow that intersectional Lines have ‘ dif- 
ferent directions’ ? 

Min. Yes. Are you going to argue, from that, that 
separational Lines must have ‘the same direction’? Why 
may I not say that intersectional Lines have ove kind 
of ‘different directions’ and that separational Lines have 
another kind ? 

Nie. But do you say it? 

Min, Certainly not. There is no evidence, at present, 
one way or the other. For anything we know, Pairs of 
separational Lines may always have ‘the same direction,’ 
or they may always have ‘different directions,’ or there 
may be Pairs of each kind. I fear I must decline to grant 
the first part of your Axiom altogether, and the second 
part in the sense of referring to Lines not known to 
have a common point. You may now proceed. 


NIEMAND reads. 
P. 11. Ax. 7. ‘Two different straight Lines which meet 
one another have different directions.’ 
Min. That I grant you, heartily. It is, in fact, a 
Definition for the phrase ‘different directions,’ when used 
of Lines which have a common point. 


NIEMAND reads. 


P. 11. Ax. 8. *'Fwo straight. Lines which have different 
directions would meet if prolonged indefinitely.’ 

Min. Am I to understand that, if we have before us a 
Pair of finite Lines which are not known to have a 
common point, but of which we do know that they have 
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different directions, you ask me to believe that they will 
meet if produced ? 

Nie. That is our meaning. 

Min. We had better heave the lead once more, and 
return to our fixed Line, and a point not on it, through 
which we wish to draw a second Line. You ask me to 
grant that, if it be drawn so as to have a direction 
‘different’ from that of the first Line, it will meet it if 
prolonged indefinitely ? 

Nie. That is our humble petition. 

Min. Will you be satisfied if I grant you that some 
Lines, so drawn, will meet the first Line? That I would 
grant you with pleasure. I could draw millions of Lines 
which would fulfil the conditions, by simply taking points 
at random on the given Line, and joining them to the 
given point. Every Line, so constructed, would have a 
direction ‘different? from that of the given Line, and 
would also meet it. 

Nie. We will xot be satisfied, even with millions! We 
ask you to grant that every Line, drawn through the 
given point with a direction ‘different’ from that of the 
given Line, will meet the given Line: and we ask you 
to grant this independently of, and antecedently to, any 
other information about the Lines except the fact that 
they have ‘different’ directions, 

Min. But what meaning am I to attach to the phrase 
‘different directions,’ independently of, and antecedently 
to, the fact that they have a common point? 

Nie. (after a long silence) I fear we can suggest none. 

Min. Then I must decline to accept the Axiom. 
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Nie. And yet this Axiom is the converse of the preced- 
ing, which you granted so readily. 

Min. The fechnical converse, my good sir, not the 
logical! J will not suspect you of so gross a logical blunder 
as the attempt to convert a universal afirmative simpliciter 
instead of per accidens. The only converse, as you are no 
doubt aware, to which you have any logical right, is 
‘Some Lines, which have ‘‘different directions,” would 
meet if produced’; and ¿kač I grant you. It is true of 
intersectional Lines, and I would limit the Proposition fo 
such Lines, so that it would be equivalent to ‘ Lines, 
which would meet if produced, would meet if produced — 
an indisputable truth, but 2o¢ remarkable for novelty! 
You may proceed. 

Nie. I beg to hand in this diagram, and will read you 
our explanation of it :— 


EE 1 AUS 
p—— D 


| 
| 
| 
| 
| 


‘Thus 4 and Æ in the figure have the same direction ; 
and C and D, which meet, have different directions ; and P 
and /, which have different directions, would meet if pro- 
duced far enough.’ 

Min. I grant the assertion about C and D; but I am 
wholly unable to guess on what grounds you expect me 
to grant that 4 and B ‘have the same direction,’ and 
tbat Æ and F ‘have different directions? Do you expect 
me to judge by eye? How if the lines were several yards 
apart? Is ¢his what Geometry is coming to? Proceed. 
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NIEMAND reads. 


Def. 19. ‘Straight Lines, which are not parts of the 
same straight Line, but have the same direction, are 
called Parallels.’ 

Min. A Definition is of course unobjeetionable, since it 
does not assert the existence of the thing defined: in fact, 
it asserts nothing except the meaning which you intend to 
attach to the word ‘parallel.’ But, as this word is used 
in different senses, J will thank you to substitute for it, 
in what you have yet to say about this matter, the phrase 
‘having a separate point, but the same direction,’ which 
you may condense into one compound word, if you hke:— 
‘ sepuncto-codirectional.’ 

Nie. (sighing) A terrible word! And I shall have to 
use it so often! 

Min. I will try to abridge it for you. Let us take 
‘sep-’ and ‘cod-’ from the beginnings of the two words, 
and ‘-al’ for a termination. That will give us ‘ sepeodal.’ 

Nie. That sounds a little harsh. 

Min. ‘What? Is it harder, Sirs, than Gordon, 

Colkitto, or Macdonald, or Galasp ?’ 

Nie. (doubtfully) I think I prefer it to Colkitto.” But 
it is from you Moderns I have learned to be so sensitive 
about long words. How I would have liked to take you 
to an Egyptian restaurant I used to frequent, centuries 
ago, in a phantasmic sort of way, if only to hear the names 
of some of the dishes! Why, one thought nothing of 
seeing a gentleman rush in, carpet-bag in hand, and shout 
out * $àreo !' (that was the way we addressed the attendant 
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in those days) ‘A plate of AezaboreuayooeAaxoyaAcokparto- 
Aenravo3pusvmorpusuaroguA QuorapaopeAurokarakexvpevokuxÀAezt- 
kocavQodarrozepuoTepaAekrpyvovomTeykeipaAXoktykAomeA evo Aa yo.- 
ostpaoBadytpayavotrepvywy, and look sharp about it! I’m 
in à hurry !? 

Min. If the gentleman wanted to catch his train 





by the way, Aad they trains in Egypt in ancient days? 

Nie. Certainly. Read your ‘Antony and Cleopatra,’ 
Act I, Scene 1. ‘Lxeunt Antony and Cleopatra with their 
train.’ 

Min. In that case, wouldn’t it be enough to say ‘A 
plate of Aezabo’? 

Nie. Most certainly xof—at least not in a fashionable 
restaurant. But this is a digression. I am willing to 
adopt the word * sepcodal.' 

Min. Now, before you read any more, let us get a clear 
idea of your Definition. We know of two real classes of 
Pairs of Lines, ‘coincidental’ and ‘intersectional’; and to 
these we may (if we credit you with a Corollary to Euc. 
I. 27, ‘It is possible for two Lines to have no common 
point’) add a third class, which we may call ‘ separational.’ 

We also know that if a Pair of Lines has a common 
point, and no separate point, it belongs to the first class ; 
if a common point, and a separate point, to the second. 
Hence all Pairs of Lines, having a common point, must 
belong to one or other of these classes. And since a Pair, 
which has zo common point, belongs to the third class, 
we see that every conceivable Pair of Lines must belong 
to one of these three classes. 

We also know that 





120 WILSON. [Acr II. 


Nie. (sighing deeply) You are heaving the lead again! 

Min. lam: but we shall be in calmer water soon. 

We also know that the ‘Coincidental’ class possesses 
two properties—they are coincidental and have identical 
directions; and that the *Interseetional' elass also pos- 
sesses two properties—they are intersectional and have 
different directions. 

Now if you choose to frame a Definition by denying 
one property of each of these two classes, any Pair of 
Lines, so defined, is excluded from both of these classes, 
and must, if it exist at all, belong to the ‘Separational ’ 
class. Remember, however, that you may have so framed 
your Definition as to exclude your Pair of Lines from 
existence. For instance, 1f you choose to eombine two con- 
tradictory conditions of direction, and to say that Lines, 
which have identical and intersectional directions, are to 
be called so-and-so, you are simply describing a nonentity. 

Nie. That is all quite clear. 

Min. Your Definition, then, amounts to this : —Lines, 
which are not coincidental, but which have identical 
directions, are said to be ‘sepeodal.’ 

Nie. It does, 

Min. Well, here is another Definition for Parallels, which 
will answer your purpose just as well :—‘ Lines, which are 
not intersectional, but which have different directions.’ 

Nee. But I think I can prove to you that you have 
now done the very thing you cautioned me against: 
you have annihilated your Pair of Lines. 

Min. That is a matter which we need not consider at 
present. Proceed. 
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NIEMAND reads. 


P. 11i. ‘From this Definition, and the Axioms above 
given, the following results are immediately deduced : 

(1) That parallel —I beg your pardon—that ‘sepeodal’ 
Lines would not meet however far they were produced. 
For if they met à 

Min. You need not trouble yourself to prove it. I 





grant that, 7/ such Lines existed, they would not meet. 
Your assertion is simply the Contranominal of Ax.7 (p. 115), 
and therefore 1s necessarily true if the subject be real. 

But remember that, though I have granted to you 
that, if we are given a Line and a point not on it, we 
ean draw, through the point, a certain Line separational 
from the given Line, we do not yet know that it is the 
only such Line. That would take us into Table II. 
With our present knowledge, we must allow for the 
possibility of drawing any number of Lines through the 
given point, all separational from the given Line: and 
all I grant you is, that your ideal ‘sepcodal’ Line will, 
if it exist at all, be one of this group. 


NIEMAND reads. 


(2) ‘That Lines which are sepcodal with the same Line 
are sepcodal with each other. For 





Alin. Wait a moment. I observe that you say that such 
Lines are sepeodal with each other. Might they not be 
‘ compuncto-codirectional’ ? 

Nie. Certainly they might: but we do not wish to 
include that case in our predicate. 
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Min. Then you must limit your subject, and say ‘ dif- 
ferent Lines.’ 
Nie. Very well. 
heads. 


‘That different Lines, which are sepcodal with the 
same Line, are sepcodal with each other. For they each 
have the same direction as that Line, and therefore the 
same direction as the other.’ 

Ain. I am willing to grant you, without any proof, 
that, 7/ such Lines existed, they would have the same 
direction with regard to each other. The phrase ‘they 
each have’ 1s not remarkably good English. However, 
you may proceed. 


NIEMAND reads. 


P. 12. Áx. 9. * Àn angle may be conceived as transferred 
from one position to another, the direction of its arms 
remaining the same.' 

Ain. Let us first consider the right arm by itself. You 
assert that it may be transferred to a new position, its 
direction remaining the same ? 

Nie. We do. 

Min. You might, in fact, have here inserted an Axiom 
‘A Line may be conceived as transferred from one position 
to another, its direction remaining the same’? 

Nie. That would express our meaning. 

Min, And this is virtually identical with your Axiom 
‘Two different Lines may have the same direction’? 

Nie. Certainly. They embody the same truth. But 
the one contemplates a single Line in two positions, and 
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the other contemplates two Lines: the difference is very 
slight. 

Min. Exactly so. Now let me ask you, do you mean, 
by the word ‘angle,’ a constant or a variable angle? 

Nie. I do not quite understand your question. 

Min. I will put it more fully. Do you mean that the 
arms of the angle are rigidly connected, so that it cannot 
change its magnitude, or that they are merely hinged 
loosely together, as it were, so that it depends entirely 
on the relative motions of the two arms whether the 
angle changes its magnitude or not? 

Ne, Why are we bound to settle the question at all? 

Min. I will tell you why. Suppose we say that the 
arms are merely hinged together: in that case all you 
assert is that each arm may be transferred, its direction 
remaining the same; that is, you merely assert your 6th 
Axiom twice over, once for the right arm and once for the 
left arm ; and you do zot assert that the angle will retain 
its magnitude. But in the Theorem which follows, you 
clearly regard it as a constant angle, for you say ‘the 
angle AOD would coincide with the angle LAH. There- 
fore the angle AOD=EKH;? But the ‘therefore’ would 
have no force if AOD could change its magnitude. Thus 
you would be deducing, from an Axiom where ‘angle’ is 
used in a peculiar sense, a conclusion in which it bears 
its ordinary sense. You have heard of the fallaey * 4 dicto 
secundum Quid ad dictum Simpliciter? ? 

Nie. (hastily) We are not going to commit ourselves to 
that. You may assume that we mean, by ‘angle,’ a rigid 
angle, which cannot change its magnitude. 
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Alin, In that case you assert that, when a pair of Lines, 
terminated at a point, is transferred so that its vertex has 
a new position, these three conditions can be simulta- 
neously fulfilled :— 

(1) the right arm has ‘the same direction’ as before ; 

(2) the left arm has ‘the same direction’ as before ; 

(3) the magnitude of the angle is unchanged. 

Nie. We do not dispute it. 

Min. But any two of these conditions are sufficient, 
without the third, to determine the new state of things. 
For instance, taking (1) and (3), if we fix the position 
of the right arm, by giving it ‘the same direction’ as 
before, and also keep the magnitude of the angle un- 
changed, is not that enough to fix the position of the left 
arm, without mentioning (2)? 

Nie. It certainly is. 

Min. Your Axiom asserts, then, that any two of these 
conditions lead to the third as a necessary result? 

Nie. It does. 

Min. Your Axiom then contains ¢wo distinct assertions : 
the data of the first being (1) and (3) [or (2) and (3), which 
lead to a similar result], the data of the second being (1) 
and (2). These I will state as two separate Axioms :— 

9 (a). If à Pair of Lines, terminated at a point, be 
transferred to a new position, so that the direction of one 
of the Lines, and the magnitude of the included angle, 
remain the same; the direction of the other Line will 
remain the same. 

9 (8). Ifa Pair of Lines, terminated at a point, be trans- 
ferred to a new position, so that their directions remain 


Se. VI. § 1.] PAIRS OF LINES. 125 





the same; the magnitude of the included angle will 
remain the same. 

Have I represented your meaning correctly ? 

Nie. We have no objection to make. 

Min. We will return to this subject directly. I must 
now ask you to read the enunciation of Th. 4, omitting, 
for simplicity's sake, all about supplementary angles, and 
assuming the Lines to be taken * the same way.’ 


NIEMAND reads. 


P. r2. Th. 4. *If two Lines are respectively sepcodal 
with two other Lines, the angle made by the first Pair 
will be equal to the angle made by the second Pair.’ 

Min. The ‘sep’ is of course superfluous, for if the Lines 
are ‘compuncto-codirectional,’ it is equally true. May I 
re-word it thus ?— 

‘If two Pairs of Lines, each terminated at a point, be 
such that the directions of one Pair are respectively the 
same as those of the other; the included angles are equal.’ 

Nie. Yes, if you like. 

Min. But surely the only difference, between Ax. 9 (i3) 
and this, is that in the Axiom we contemplated a single 
Pair of Lines transferred, while ere we contemplate two 
Pairs? 

Nie. That is the only difference, we admit. 

Min. Then I must say that it is anything but good 
logic to take two Propositions, distinguished only by a 
- trivial difference in form, and to call one an Axiom and 
the other a Theorem deduced from it! A very gross case 
of * Petitio Principi, I fear! 
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Nie. (after a long pause) Well! We admit that it is 
not exactly a Theorem: it is only a new form of the Axiom. 

Min. Quite so: and as it is a more convenient form for 
my purpose, I will with your permission adopt it as a sub- 
stitute for the Axiom. Now as to the corollary of this 
Theorem: ¢hat, I think, is merely a particular ease of 
Ax. 9 (8), one of the arms being slid along the infinite 
Line of which it forms a part, and thus of course having 
‘the same direction ’ as before ? 

Nie. It is so. 

Min. And, as this is a more convenient form still, 
I will restate your assertions, limiting them to this par- 
ticular case :— 

Ax. 9 (a). Lines, which make equal corresponding angles 
with a certain transversal, have the same direction. 

Ax. 9 (8). Lines, which have the same direction, make 
equal corresponding angles with any transversal. 

Am J right in saying that these two assertions are 
virtually involved in your Axiom ? 

Nie. We cannot deny it. 

Min. Now in g (a) you ask me to believe that Lines 
possessing a certain geometrical property, which can be 
defined, constructed, and tested, possess also a property 
which, in the case of different Lines, we can neither define, 
nor construct, nor test. There is nothing axiomatic in 
this. It is much more like a Definition of ‘ codirectional’ 
when asserted of different Lines, for which we have as yet 
no Definition at all. Will you not permit me to insert 
it, as a Definition, before Ax. 6 (p. 108)? We might 
word it thus :— 
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‘If two different Lines make equal angles with a cer- 
tain transversal, they are said to have the same direction: 
if unequal, different directions.’ 

This interpolation would have the advantage of making 
Ax. 6 (which I have hitherto declined to grant) indis- 
putably true. 

Nie. (after a pause) No. We cannot adopt it as a Defini- 
tion so early in the subject. 

Min. You are right. You probably saw the pitfall 
which I had ready for you, that this same Definition would 
make your 8th Axiom (p. 115) exactly equivalent to Euclid’s 
12th! From this catastrophe you have hitherto been saved 
solely by the absence of geometrical meaning in your 
phrase ‘the same direction, when applied to different 
Lines. Once define it, and you are lost! 

Nie. We are aware of that, and prefer all the incon- 
venience which results from the absence of a Definition. 

Min. The ‘inconvenience,’ so far, has consisted of the 
ruin of Ax. 6 and Ax. 8. Let us now return to Ax. 9. 

As to 9 (8), it 1s of course obviously true with regard to 
coincidental Lines: with regard to diferent ‘Lines, which 
have the same direction, I grant you that, 7/ such Lines 
existed, they would make equal corresponding angles with 
any transversal; for they would then have a relationship of 
direction identical with that which belongs to coincidental 
Lines. But all this rests on an ‘if’—7f they existed. 

Now let us combine 9 (8) with Axiom 6, and see what 
it is you ask me to grant. It is as follows :— 

‘There can be a Pair of different Lines that make equal 
angles with az transversal.’ 
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I am not misrepresenting you, I think, if I say that 
you propound this as axiomatie truth— which, I need 
hardly remark, is a corollary deducible from the fourth 
Proposition in Table II. (see p. 34). 

Nie. We accept the responsibility of the two Axioms 

separately, but not of a logical deduction from the two. 
‘ Min. There are certainly some logical deductions from 
Axioms (Contranominals for instance) that are not so 
axiomatic as the Axioms from which they come: but 
surely if you tell me ‘it 1s axiomatic that X is Y’ and 
‘it is axiomatic that Y is Z, it is much the same as saying 
‘it is axiomatic that X is Z’? 

Nie. It is very like it, we admit. 

Alin. Now take one more combination. "Take 9 (a) and 
9(8). We thus eliminate the mysterious property alto- 
gether, and get a Proposition whose subject and predicate 
are perfectly definite geometrical conceptions—a Proposi- 
tion which you assert to be, if not perfectly axiomatic, yet 
so nearly so as to be easily deducible from two Axioms— 
a Proposition which again lands us in Table II, and which, 
I will venture to say, is less axiomatic than any Pro- 
position in that Table that has yet been proposed as an 
Axiom. We get ¢his:— 

‘Lines which make equal corresponding angles with 
a certain transversal do so with azy transversal,’ which 
is Tab. II. 4 (see p. 34). 

Here we have, condensed into one appalling sentence, 
the whole substance of Euclid I. 27, 28, and 29 (for the 
fact that the lines are ‘separational’ may be regarded as 
merely a go-between). Here we have the whole difficulty 
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of Parallels swallowed at one gulp. Why, Euclid’s much- 
abused 12th Axiom is nothing to it! If we had (what 
I fear has yet to be discovered) a unit of ‘axiomaticity,’ 
I should expect to find that Euclid's r2th Axiom (which 
you call in your Preface, at p. xiii, ‘not axiomatic’) was 
twenty or thirty times as axiomatic as this! I need not 
ask you for any further proof of Euc. l. 32. This won- 
drous Axiom, or quasi-Axiom, is quite sufficient machinery 
for your purpose, along with Euc. I. 13, which of course 
we grant you. Have you thought it necessary to provide 
any other machinery ? 

Nie. No. 

Min. Euclid requires, besides I. 13, the following ma- 
chinery :—Props. 4, 5, 7, 8, 15, 16, Ax. 12, Props. 27, 28, 
and 29. And for all this you offer, as a sufficient sub- 
stitute, one single Axiom! 

Nie. Two, if you please. You are forgetting Ax. 6. 

Blin. No, I repeat it—one single Axiom. Ax. 6 is con- 
tained in Ax. 9 (a): when the subject is known to be real, 
the Proposition necessarily asserts the reality of the pre- 
dicate. 

Nie. That we must admit to be true. 

Alin. I need hardly say that I must decline to grant 
this so-called ‘Axiom,’ even though its collapse should 
involve that of your entire system of ‘ Parallels.’ And 
now that we have fully discussed the subject of direction, 
I wish to ask you one question which will, I think, sum 
up the whole difficulty in a few words. It is, in fact, the 
erucial test as to whether ‘direction’ is, or is not, a logical 
method of proving the properties of Parallels. 

K 
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You assert, as axiomatic, that different Lines exist, whose 
relationship of direction is identical with that which exists 
between coincidental Lines. 

Nie. Yes. 

Min. Now, does the phrase ‘the same direction,’ when 
used of two Lines not known to have a common point, 
convey to your mind a clear geometrical conception ? 

Nie. Yes, we can form a clear idea of it, though we 
cannot define it. 

Min. And is that idea (this is the crucial question) in- 
dependent of all subsequent knowledge of the properties of 
Parallels ? 

Nie. We believe so. 

Afin. Let us make sure that there is no self-deception in 
this. You feel certain you are not unconsciously picturing 
the Lines to yourself as being equidistant, for instance ? 

Nie. No, they suggest no such idea to us. We introduce 
the idea of equidistance later on in the book, but we do not 
feel that our first conception of ‘the same direction’ in- 
cludes it at all. 

Min. I think you are right, though Mr. Cuthbertson, in 
his ‘Euclidian Geometry, says (Pref. p. vi.) ‘the concep- 
tion of a parallelogram is not that of a figure whose oppo- 
site sides will never meet . . . . , but rather that of a figure 
whose opposite sides are equidistant.’ But do you feel 
equally certain that you are not unconsciously using your 
subsequent knowledge that Lines exist which make equal 
angles with all transversals ? 

Nie. We are not so clear about that. It is, of course, 
extremely difficult to divest one’s mind of all later know- 
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ledge, and to place oneself in the mental attitude of one 
who is totally ignorant of the subject. 

Min. Very difficult, no doubt, but absolutely essential, if 
you mean to write a book adapted to the use of beginners. 
My own belief as to the course of thought needed to grasp 
the theory of ‘direction’ is this :—first you grasp the idea 
of ‘the same direction’ as regards Lines which have a 
common point; next, you convince yourself, by some other 
means, that different Lines exist which make equal angles 
with all transversals; thirdly, you go back, armed with 
this new piece of knowledge, and use it unconsciously, 
in forming an idea of ‘the same direction’ as regards 
different Lines. And I believe that the course of thought 
in the mind of a beginner is simply this:—he grasps, 
easily enough, the idea of ‘the same direction’ as regards 
Lines which have a common point; but when you put 
before him the idea of different Lines, and ask him to 
realise the meaning of the phrase, when applied to such 
Lines, he, finding that the former geometrical conception 
of ‘coincidence’ is not applicable in this case, and knowing 
nothing of the idea, which is latent in your mind, of Lines 
which make equal angles with all transversals, simply fails to 
attach any idea at all to the phrase, and accepts it blindly, 
from faith in his teacher, and is from that moment, until he 
reaches the Theorem about transversals, walking in the dark. 

Nie. If this be true, of course the theory of ‘direction,’ 
however beautiful in itself, is not adapted for purposes of 
teaching. 

Min. That is my own firm conviction. But I fear I 
may have wearied you by discussing this matter at such 

K 2 
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great length. Let us turn to another subject. What is 
your practical test for knowing whether two finite Lines 
will meet if produced ? 

Nie. You have already heard our 8th Axiom (p. 11). 
‘Two straight lines which have different directions would 
meet if produced.’ 

Min. But, even if that were axiomatic (which I deny), it 
would be no practical test, for you have admitted that you 
have no means of knowing whether two Lines, not known to 
have a common point, have or have not different directions. 

Nie. We must refer you to p.14. Th. 5. Cor. 2, where we 
prove that Lines, which make equal angles with a certain 
transversal, have the same direction. 

Min, Which you had already asserted, 1f you remember, 
in Ax. o. 

Nie. Well then, we refer you to Ax. 9 as containing the 
same truth. 

Min. And having got that truth, whether lawfully or 
not, what do you do with it? 

Mie. Why, surely it is almost the same as saying that, 
if they make waequal angles, they have different directions. 

Min. And what then ? 

Nie. Then, combining this with the Axiom you refused 
to grant, namely, that Lines having different directions will 
meet, we get a practical test, such as you were asking for. 

Min. (dreamily) T see! You get rid of the ‘different 
directions’ altogether, and the result is that ‘ Lines, which 
make unequal angles with a certain transversal, will meet 
if produced,’ which is Tab. II. 2 (see p. 34). And this 
you assert as axiomatic truth ? 
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Nie. (uneasily) Yes. 

Min. Surely I have read something like it before? Could 
it have been Euclid's 12th Axiom? And have I not some- 
where read words like these : —* Euclid's treatment of paral- 
lels distinctly breaks down in Logic. It rests on an Axiom 
which is not axiomatic’? 

Nie. We have nowhere stated this Axiom which you put 
into our mouth. | 

Min. No? Then how, may I ask, do you prove that 
particular Lines wild meet? You must have to prove it 
sometimes, you know. 

Nie. We have not had to prove it anywhere, that we 
are aware of. 

Min, Then there must be some gaps in your arguments. 
Let us see. Please to turn to p. 46. Prob. 7. Here you 
make, at the ends of a Line CD, angles equal to two given 
angles (which, as you tell us below, ‘must be together less 
than two right angles’), and you then say ‘let their sides 
meet in O? How do you know that they wii}? meet ? 

Aie. You have found oxe hiatus, we grant. Can you 
point out another m the whole book ? 

Jin. lean. At p. 7o I find the words ‘Join QG, and 
produce it to meet FH produced in S. And again at 
p. 88, ‘Hence the centre must be at O, the point of inter- 
section of these perpendiculars.’ In both these cases I 
would ask, as before, how do you know that the Lines in 
question «/ meet? 

Nie. We had not observed the omissions before, and we 
must admit that they constitute a serious hiatus. 

Min. A most serious one. <A student, who had been 
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taught such proofs as these, would be almost sure to try 
the plan in cases where the Lines would 04 really meet, 
and his assumption would lead him to results more remark- 
able for novelty than truth. 

Let us now take a general survey of your book. And 
First, as to the Propositions of Euclid which you omit— 

Nie. You are alluding to Prop. 7, I suppose. Surely its 
only use is to prove Prop. 8, which we have done very well 
without it. 

Min. That is quite a venial omission. The others that 
I miss are 27, 28, 29, 30, 33, 34. 35. 36. 57, 39, 3994 DIN 
and 43: rather a formidable list. 

Nie. You are much mistaken! Nearly all of those are 
in our book, or could be deduced in a moment from theorems 
in it. 

Min. Let us take I. 34 as an instance. 

Nie. That we give you, almost in the words of Euclid, 
a11p057. 


Reads. 


Th. 22. ‘The opposite angles and sides of a Parallelo- 
gram will be equal, and the diagonal, or the Line which 
joins its opposite angles, will bisect it.’ 

Min. Well, but your Parallelogram is not what Euclid 
contemplates. Me means by the word that the opposite 
sides are separational—a property whose reality he has 
demonstrated in I. 27 ; whereas you mean that they have the 
same direetion—a property whose reality, when asserted of 
different Lines, has nowhere been satisfactorily proved. 

Nie. We have proved it at p. 14. Th. 5. Cor. 2. 
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Min. Which, if traced back, will be seen to depend 
ultimately on your 6th Axiom, where you assume the 
reality of such Lines. But, even if your Theorem “ad 
been shown to refer to a real figure, how would that 
prove Euc. I. 34? 

Nie. You only need the link that separational Lines 
have the same direction. 

Min. Have you supplied that link ? 

Nie. No: but the reader can easily make it for himself. 
It is the ‘Contranominal’ (as you call it) of our 8th Axiom, 
‘two straight Lines which have different directions would 
meet if prolonged indefinitely.’ 

Min. Your pupils must be remarkably clever at drawing 
deductions and filling up gaps in an argument, if they 
usually supply that link, as well as the proof that separa- 
tional Lines exist at all, for themselves. But, as you do 
not supply these things, it seems fair to say that your book 
omits all the Propositions whieh I have enumerated. 

I will now take a general survey of your book, and select 
a few points whieh seem to call for remark. 


Minos reads. 


P. 14. Th. 5. Cor. 1. ‘ Hence if two straight Lines which 
are not parallel are intersected by a third, the alternate 
angles will be not equal, and the interior angles on the 
same side of the intersecting Line will be not supplemen- 
tary.’ Excuse the apparent incivility of the remark, but 
this Corollary is false. 

Nie. You amaze me! 
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Min. You have simply to take, as an instance, a Pair of 
coincidental Lines, which most certainly answer to your 
description of ‘not parallel.’ 

Nie. It is an oversight. 

Min. So I suppose: it is a species of literary pheno- 
menon 1n which your Manual is rich. 

Your proof of Cor. 2. is a delicious collection of nega- 
tives. 


Reads. 


‘Cor. 2. Hence also if the corresponding angles are equal, 
or the alternate angles equal, or the interior angles supple- 
mentary, the Lines will be parallel. ; 

‘For they canzot be not parallel, for then the cor- 
responding and alternate angles would be «unequal by 
Cor. 1.’ 

Should I be justified in calling this a somewhat knotty 
passage ? 

Nie. You have no right to make such a remark. It is 
a mere jest ! 

Min, Well, we will be serious again. 

At p. 9, you stated more than the data authorised: we 
now come to a set-off against this, since we shall find 
you asserting /ess than you ought todo. I will read the 
passage :— 

P. 26. Th. 15. * If two Triangles are equiangular to one 
another and have a side of the one equal to the correspond- 
ing side of the other, the Triangles will be equal in all 
respects.’ 

This contains a superfluous datum: it would have been 
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enough to say ‘if two Triangles have two angles of the one 
equal to two angles of the other &c.’ 

Nie. Well, it is at worst a superfluity : the enunciation 
is really identical with Euclid’s. 

Min. By no means. The logical effect of a superfluous 
datum is to limit the extent of a Proposition: and, if the 
Proposition be ‘universal,’ it reduces it to ‘ particular’ ; 
i.e. it changes ‘all 4 is B?’ into ‘some 4 is D. For 
suppose we take the Proposition ‘all 4 is B, and sub- 
stitute for it ‘all that is both 4 and X is B, we may be 
accidentally making an assertion of the same extent as 
before, for it may happen that the whole class ‘4’ pos- 
sesses the property ‘X’; but, so far as logical form 1s 
concerned, we have reduced the Proposition to ‘ some things 
that are Æ (viz. those which are also X) are B. 

I turn now to p. 27, where I observe a new proof for 
Eue. I. 24. 

Nie. New and, we hope, neat and short. 

Min. Charmingly neat and short, as i¢ stands: but this 
method really requires the discussion of five cases, each 
with its own figure. 

Nie. How do you make that out ? 

Min. The five cases are :— 

(1) Vertieal angles together less than two right angles, 
and adjacent base angles aeute (the case you give). 

(2) Adjacent base-angles right. 

(3) Adjacent base-angles obtuse. 

These two cases are proved along with the first. 

(4) Vertical angles together equal to two right angles. 

This requires a new proof, as we must substitute for the 
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words ‘the bisector of the angle FAC, the words ‘the 
perpendicular to FC drawn through A.’ 

(5) Vertical angles together greater than two right 
angles. 

This also requires a new proof, as we must insert, after 
the words ‘the bisector of the angle FAC; the words 
‘produced through 4, and must then prove (by your 
Th. 1) that the angles OAC, OAF, are equal. 

On the whole, I take this to be the most cumbrous proof 
yet suggested for this Theorem. 

We now come to what is probably the most extra- 
ordinary Corollary ever yet propounded in a geometrical 
treatise. Turn to pages 30 and 31. 

Th. 20. ‘If two triangles have two sides of the one 
equal to two sides of the other, and the angle opposite 
that which is not the less of the two sides of the one 
equal to the corresponding angle of the other, the triangles 
shall be equal in all respects. 

‘Cor. 1. If the side opposite the given angle were less 
than the side adjacent, there would be two triangles, as in 
the figure; and the proof given above is inapplicable. 

‘This is ealled the ambiguous case.’ 

The whole Proposition is a grand specimen of obseure 
writing and bad English, ‘is’ and ‘are, ‘could,’ and 
‘would,’ alternating throughout with the most charming 
impartiality : but what impresses me most is the probable 
effect of this wondrous Corollary on the brain of a simple 
reader, coming breathless and exhausted from a death- 
strugele with the preceding theorem. I can imagine him 
saying wildly to himself ‘if two Triangles fulfil such and 
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such conditions, such and such things follow: but, if one 
of the conditions were to fail, there would be two Triangles ! 
I must be dreaming! Let me dip my head in cold water, 
and read it all again. If two Triangles ... there would be 
two Triangles. Oh, my poor brains!’ 

Nie. You are pleased to be satirical: it zs rather obscure 
writing, we confess. 

Afin, Tt is indeed! You do well in calling it ¿že am- 
biguous case. 

At p. 33, I see the heading ‘Theorems of equality’: 
but you only give two of them, the second being ‘the 
bisectors of the three angles of a triangle meet in one 
point,’ which, as a specimen of ‘Theorems of equality,’ 
is probably unique in the literature of Geometry. I 
cannot wonder at your not attempting to extend the 
collection. 

At p. 40 I read, ‘It is assumed here that if a circle 
has one point inside another circle, the circumferences 
will intersect one another.’ This I believe to be the 
boldest assumption yet made in Modern Geometry. 

At pp. 40, 42 you assume a length ‘greater than half?’ 
a given Line, without having shewn how to bisect Lines. 
Two eases of ‘ Petitio Principii? (See p. 58.) 

P. 69. Here we have a Problem (which you call ‘the 
quadrature of a rectilineal area’) occupying three pages 
anda half. Itis ‘approached’ by four ‘stages, which is 
a euphemism for saying that this fearful Proposition con- 
tains four of Euclid’s Problems, viz. I. 42, 44, 45, and 
II. 14. 

P. 73. 2. * Find a point equally distant from three given 
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straight lines.’ Isit fair to give this without any limita- 
tion? What if the given lines were parallel ? 

P. 84. ‘If A, B,C... as conditions involve D as a 
result, and the failure of C involves a failure of D; then 
A, B,D ... as conditions involve C as a result.’ If not-C 
proves not-D, then D proves C. A and P are irrelevant 
and obscure the statement. I observe, in passing, the 
subtle distinction which you suggest between ‘ the failure 
of C’ and ‘a failure of D? D is a habitual bankrupt, who 
has often passed through the court, and is well used to 
failures: but, when C fails, his collapse is final, and 
‘leaves not a wrack behind’! 

P. go. ‘Given a curve, to ascertain whether it is an are 
of a circle or not.’ What does ‘given a curve’ mean? If 
it means a line drawn with ink on paper, we may safely 
say at once ‘it is 204 a circle. 

P. 96. Def. 15. * When one of the points in which a 
secant cuts a circle is made to move up to, and ultimately 
coincide with, the other, the ultimate position of the 
secant is called the tangent at that point. (The idea of 
the position of a Line being itself a Line is queer enough: 
I suppose you would say ‘the ultimate position of Whitting- 
ton was the Lord Mayor of London.’ But this is by the 
way: of course you mean ‘the secant in its ultimate 
position.’) Now let us take three points on a circle, the 
middle one fixed, the others movable; and through the 
middle one let us draw two secants, each passing through 
one of the other points; and then let us make the other 
points ‘move up to, and ultimately coincide with,’ the 
middle one. We have no ground for saying that these 
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two secants, in their ultimate positions, will coincide. 
Hence the phrase ‘zie tangent’ assumes, without proof, 
Th. 7. Cor. 1, viz. ‘there can be only one tangent to 
a circle at a given point.’ This is a * Petitio Principii. 

P. 97. Th. 6. The secant consists of two portions, each 
terminated at the fixed point. All that you prove here 
is that the portion which has hitherto cut the circle is 
ultimately outside: and you jump, without a shadow of 
proof, to the conclusion that the same thing is true of the 
other portion! Why should not the second portion begin 
to cut the circle at the precise moment when the first 
ceases to do so? This is another ‘ Petitzo Principii’ 

P. 129, line 3 from end. ‘Abstract quantities are the 
means that we use to express the concrete. Excluding 
such physical ‘means’ as pen and ink or the human voice 
(to which you do not seem to allude), I presume that the 
‘means’ referred to in this mysterious sentence are ‘ pure 
numbers.’ At any rate the only instances given are ‘seven, 
five, three.’ Now take P. 130, l. 5, * Abstract. quantities 
and ratios are precisely the same things.’ Hence all ratios 
are numbers. But in the middle of the same page we 
read that ‘all numbers are ratios, but all ratios are zot 
numbers.’ I leave this without further remark. 


I will now sum up the conclusions I have come to with 
respect to your Manual. 


(1) As to ‘straight Lines’ you suggest a useful ex- 
tension of Kuclid’s Axiom. 


(2) As to angles and right angles, your extension of 
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the limit of size is, in my opinion, objectionable. In 
other respects your language, though hazy, agrees on the 
whole with Euclid. 


(3) As to ‘ Parallels,’ there is a good deal to be said, and 
that not very flattering, I fear. 

In Ax. 6, you assert the reality of different Lines 
having the same direction—a property you can neither 
define, nor construct, nor test. 

You also assert (by implication) the reality of separa- 
tional Lines, which Euclid proves. 

You also assert the reality of Lines, not known to have 
à common point, but having different directions—a pro- 
perty you can neither define, nor construct, nor test. 

In Ax. 8, you assert that the undefined Lines last men- 
tioned would meet if produced. 

These Axioms, therefore, are not axiomatic. 

In proving result (2), you are guilty of the fallacy 
‘Petitio Principii’ 

In Ax. 9 and Th. 4 taken together, if the word ‘angle’ 
in Ax. 9 means ‘ variable angle,’ you are guilty of the 
fallacy ‘A dicto secundum Quid ad dictum Simplietter’; if 
‘constant angle, of the fallacy ‘Petito Principii? 

In Ax. 9 (a), you assert that Lines possessing a certain 
real geometrical property, viz. making equal angles with 
a certain transversal, possess also the before-mentioned 
undefined property. This is not axiomatic. 

In Ax. 9 (8) combined with Ax. 6, you assert the reality 
of Lines which make equal angles with all transversals. 
This is not more axiomatic than Euc, Ax. 12. 
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In Ax. 9 (a) combined with Ax. 9 (8), you assert that 
Lines, which make equal angles with a certain transversal, 
do so with all transversals. This J believe to be the most 
lunaxiomatic Axiom ever yet proposed. 


(4) You furnish no practical test for the meeting of 
finite Lines, and consequently you never prove (however 
necessary for the matter in hand) that any particular 
Lines will meet. And when we come to examine what 
practical test can possibly be extracted from your Axioms, 
the only result is an imperfect edition of Euclid’s 12th 
Axiom ! 

The sum total of the chief defects which I have noticed 
is as follows :— 

fourteen of Euclid’s Theorems in Book I. omitted ; 
seven unaxiomatic Axioms; 
six instances of ‘ Petetio Principii.’ 


The abundant specimens of logical inaccuracy, and of 
loose writing generally, which I have here collected wonld, 
I feel sure, in a mere popular treatise be discreditable— 
in a scientific treatise, however modestly put forth, de- 
plorable—but in a treatise avowedly put forth as a model 
of logical precision, and intended to supersede Euclid, they 
are simply monstrous. 

My ultimate conclusion on your Manual is that it has 
no claim whatever to be adopted as /4e Manual for pur- 
poses of teaching and examination. 


ACT Il. 


SCENE VI. 


§ 2. PIERCE. 


* dum brevis esse laboro, 
Obscurus fio.' 


Nie. I lay before you ‘An Elementary Treatise on lane 
and Solid Geometry’ by Bexsamın Pierce, A.M., Perkins 
Professor of Astronomy and Mathematics in Harvard 
University, published in 1872. 

Min. As I have already considered, at great length, the 
subject of direction as treated by Mr. Wilson, I need not 
trouble you as to any matters where Mr. Pierce’s treat- 
ment does not materially differ from his. Is there any 
material difference in the treatment of a straight line? 

Nie. He has a Definition of direction which will, I think, 
be new to you :— 

Reads. 


P. 5. § 11, Def. ‘The Direction of a Line in any part is 
the direction of a point at that part from the next pre- 
ceding point of the Line.’ 
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Min. That sounds mysterious. Which way along a Line 
are * preceding ' points to be found ? 

Nie. Both ways. He adds, directly afterwards, ‘a Line 
has two different directions,’ ete. 

Min. So your Definition needs a postscript? That is 
rather clumsy writing. But there is yet another diffi- 
culty. How far from a point is the ‘next’ point ? 

Nie. At an infinitely small distance, of course. You 
will find the matter fully discussed in any work on the 
Infinitesimal Calculus. 

Min. A most satisfactory answer for a teacher to make 
to a pupil just beginning Geometry! I see nothing else 
to remark on in your treatment of the Line, except that 
you state, asan Axiom, that ‘a straight Line is the shortest 
way from one point to another.’ I have already given, 
in my review of M. Legendre, my reasons for think- 
ing that this ts not a fair Axiom, and ought to be a 
Theorem (see p. 55). 

There is nothing particular to notice in your treat- 
ment of angles and right angles. Let us go on to Paral- 
lels. How do you prove Euc. I. 32? 


NIEMAND reads. 


P. 9. $ 27, Def. * Parallel Lines are straight Lines which 
have the same Direction.’ 

Min. I presume you do not mean to include coinci- 
dental Lines ? 

Nie. Certainly not. We see the omission. Allow us to 
insert the word ‘ different.’ 

Min, Very well. Then your Definition combines the two 
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properties ‘different’ and ‘having the same direction.’ 
Bear in mind that vou have yet to prove the reality of 
such Lines. And may I request you in future to call 
such Lines 'sepeodal'? But if you wish to assert any 
thing of them which is also true of coincidental Lines, 
you had better drop the ‘sep-’ and simply call them 
‘Gines which have the same direction,’ so as to include 
both classes. 
Nie. Very well. 


NIEMAND reads. 


P. 9. § 28. Th. ‘Sepeodal Lines cannot meet, however 
far they are produced.’ 

Min. Or rather ‘could not meet, if they existed.  Pro- 
ceed. 


NIEMAND reads. 


P. 9. § 29. Th. ‘Two angles are equal, when their sides 
have the same direction.’ 

Min. How do you define ‘same direction’ for different 
Lines ? 

Nie. We cannot define it. 

Min. Then I cannot admit that such Lines exist. But 
even if I did admit their reality, why should the angles 
be equal ? 

Nie. Because ‘the difference of direction’ is the same 
in each ease. 

Min. But how would that prove the angles equal? 
Do you define ‘angle’ as the ‘difference of direction’ of 
two lines? 

Nie. Not exactly. We have stated (p. 6, § 19) ‘The 
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magnitude of the angle depends solely upon the difference 
of direction of its sides at the vertex.’ 

Min, But the difference of direction also possesses ‘mag- 
nitude.’ Is that magnitude a wholly zzdependent entity ? 
Or does it, in its turn, depend to some extent upon the 
angle? Seriously, all these subtleties must be very trying 
to a beginner. But we had better proceed to the next 
Theorem. J am anxious to see where, in this system, 
these creatures of the imagination, these sepcodal Lines, 
are to appear as actually existent. 

Nie. We next prove (p. 9. § 30) that Lines, which 
have the same direction, make equal angles with all 
transversals. 

Mim. That is merely a particular case of your last 
Theorem. 

Nie. And then that two Lines, which make equal angles 
with a transversal, have the same direction. 

Min. Ah, that would bring them into existence at once! 
Let us hear the proof of that. 

Nie. The proof is that if, through the point where the 
first Line is cut by the transversal, a Line be drawn 
having the same direction as the second, it makes equal 
angles with the transversal, and therefore coincides with 
the first Line. 

Min. You assume, then, that a Line can be drawn through 
that point, having the same direction as the second Line? 

Nie. Yes. 

Min. That is, you assume, without proof, that different 
Lines can have the same direction. On the whole, then, 
though Mr. Pierce’s system differs slightly from Mr. 

L 2 
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Wilson's, both rest on the same vicious Axiom, that 
different Lines can exist, which possess a property called 
‘the same direction’—a phrase whieh is intelligible enough 
when used of two Lines which have a common point, 
but which, when applied to two Lines 207 known to have 
à common point, can neither be defined, nor constructed. 
We need not pursue the subjeet further. Have you 
provided any test for knowing whether two given finite 
Lines will meet if produced ? 

Nie. We have not thought it necessary. 

Min. Then the only other remark I have to make on 
this singularly compendious treatise is that, of the 35 
Theorems which Euclid gives us in his First Book, it 
reproduces just sixteen : the omissions being 16, 17, 25, 
26 (2), 27 and 28, 29, 30, 33, 34, 35, 35. 37, 38. 39, 40, 
21:512. 47, and 49. 

Nie, Most of those are in the book. For example, § 30 
answers to Euc. I. 29. 

Min. Only by proving that separational Lines have 
the same direction: which you have not done. 

Nie. At any rate we have Euce. I. 47 in our § 256. 

Min. Oh, no doubt! Long after going through ratios, 
which necessarily include incommensurables; and long 
after the Axiom (§ 99) ‘Infinitely small quantities may 
be neglected’! No, no: so far as beginners are concerned, 
there is no Eue. I. 47 in 4s book ! 

My conclusion is that, however useful this Manual 
may be to an advanced student, jt 1s zo adapted to the 
wants of a beginner. 


ACT Il. 


Scene VI. 


$ 3. WILLOCK. 


‘This work....no doubt, has its faults,’ 
WILLOCK, Pref. p. r. 


Nie. I lay before you ‘The Elementary Geometry of 
the Right Line and Circle’ by W. A. Wirrock, D.D., 
formerly Fellow of Trinity College, Dublin, published in 
1575. 

Min. I have gone through the subject of ‘direction’ so 
minutely in reviewing Mr. Wilson's book, that I need 
not diseuss with you any points in which your client 
essentially agrees with him. We may, I think, pass over 
the subject of the Right Line altogether ? 

Nie. Yes. 

Min. And as to Angles and Right Angles, I see no 
novelty in Dr. Willock’s book, except that he defines an 
Angle as ‘the divergence of two directions, which is 
virtually the same as Kuelid’s Definition. 

Nie. That I think is all. 
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Min. Then we can proceed at once to the subject of 
Parallels. Will you kindly give me your proof of Euc. 
I. 32 from the beginning ? 


NIEMAND reads. 


P. 10. Th. x. * Two Directives can intersect in only one 
point.’ 

Min. By ‘Directive’. you mean an ‘infinite Line’? 

Nie. Yes. 

Bin. Well, I need hardly trouble you to prove it as 
a Theorem, being quite willing to grant it as an Axiom. 
What is the next Theorem ? 


NIEMAND reads. 


P. 11. Th. 5. ‘Parallel Directives cannot meet.’ 
Min. We will call them ‘sepcodal, if you please. I grant 
it, provisionally. Zf such Lines exist, they cannot meet. 


NIEMAND reads. 


P. 11. Th. 7. ‘ Only one Line, sepcodal to a Directive, 
can be drawn through a point.’ 

Min. Does that assert that one can be drawn? Or 
does it simply deny the possibility of drawing two? 

Me. The proof only applies to the denial: but the 
assertion is certainly involved in the enunciation. At 
all events, if not assumed here, it 7s assumed later on. 

Min, Then I will at this pomt eredit you with oze un- 
warrantable Axiom, namely, that different Lines can have 
the same direction. The Theorem itself I grant. 
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NIEMAND reads. 


P. 12. Th. 8. ‘ Zhe angles of intersection of a Transversal 
with two sencodal Directives are equal, 

Min. Do you prove that by Mr. Wilson’s method ? 

Nie. Not quite. Že does it by transferring an angle: 
we do it by divergence of directions. 

Min. I prefer your method. All it needs to make it 
complete is the proof of the reality of such Lines: but 
that is unattainable, and its absence is fatal to the whole 
system. Nay, more: the fact, that the reality of such 
Lines leads by a logical necessity to the reality of Lines 
which make equal angeles with azy transversal, reacts upon 
that unfortunate Axiom, and destroys the little hope it 
ever had of being granted without proof. In point of 
fact, in asking to have the Axiom granted, you were 
virtually asking to have this other realty granted as 
axiomatic—but all this I have already explained (p. 125). 


NIEMAND reads. 


P. 13. Th. 10. ‘If a Transversal cut two Directives and 
make the angles of intersection with then equal, the Directives 
are sencodal.’ 

Jin. The subject of your Proposition is indisputably 
real. If then you can prove this Theorem, you will thereby 
prove the reality of sepeodal Lines. But I fear you have 
assumed it already in Th. 7. There is still, however, a 
gleam of hope: perhaps you do not need Th. 7 in proving 
this ? 
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Nie. We do not: but I fear that will not mend matters, 
as we assume, Jn the course of this Theorem, that a Line 
ean be drawn through a given point, so as to have the 
same direction as a given Line. 

Min. Then we need not examine it further: if must 
perish with the faulty Axiom on which it rests. What 
is your next Theorem ? 

Nie. It answers to Euc. [. 16, 17, and is proved by the 
Theorem you have just rejected. 

Min. Then I must reject its proof, but I will grant you 
the Theorem itself, if you like, as we know it can be proved 
from undisputed Axioms. What comes next? 


NIEMAND reads. 


P. 14. Th. 13. ‘If a Transversal meet two Directives, and 
make angles with them, the External greater than the Internal, 
or the sum of the two Internal angles less than two right 
angles, the two directives must meet.’ 

Min, A proof for Euclid’s Axiom? That is interesting. 


NIEMAND reads. 


‘For, suppose they do not meet. Then, they should be 


> 





sepcodal 

Min. (interrupting) ‘Should be sepeodal’? Does that 
mean that they are sepcodal ? 

Nie. Yes, I think so. 

Min, That is, you assume that separational Lines have 
the same direction ? 

Nie. We do. 

Min. A fearful assumption! (4 Jong silence) Well? 
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Nie. Iam waiting to know whether you grant it. 

Min. Unquestionably not! I must mark it against 
you as an Axiom of the most monstrous character! Mr. 
Wilson himself does not assume this, though he does 
assume its Contranominal, that Lines having different 
directions will meet (see p. 115). And what I said then 
T say now—unaxiomatic! But supposing it granted, how 
would you prove the Theorem ? 


NIEMAND "eats. 


"Then, they should be sepeodal; and the external 
angle should be equal (Th. 8) to the internal; which is 
contrary to the supposition.’ 

Min. Quite so. But Th. 8, which you quote, itself 
depends on the reality of sepeodal Lines. Your Theorem 
rests on two legs, and doth, I fear, are rotten! 

Nie. The next Theorem is equivalent to Ene. I. 32. Do 
you wish to hear it? 

Win, It is unnecessary : it follows easily from Th. 8. 

And I need not ask you what practical test you provide 
for the meeting of two Lines, seeing that you have Euclid’s 
12th Axiom itself. 

Nie. Proved as a Theorem. 

Min. Attempted to be proved asa Theorem. I will now 
take a hasty general survey of your client’s book. 

The first point calling for remark is the arrangement. 
You begin by dragging the unfortunate beginner straight 
into the most difficult part of the subject. Your first 
chapter positively bristles with difficulties about ‘direction.’ 
Then comes a long chapter on circles, including some very 
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complicated figures, and a theory of tangents which de- 
pends upon moving lines and vanishing chords—all most 
disheartening to a beginner. What do you suppose he 
is likely to make of such a sentence as ‘ the direction of 
the motion of the generating point of any curve is that 
of the tangent to the curve at that point’? (p. 29.) Or 
this again, ‘it is also evident that, the circle being a 
simple curve, there can be only ove tangent to it at any 
point’? (p. 29.) What is ‘a simple curve’? 

Nie. I do not know. 

Alin, Then comes a ch pter of Problems, and then— 
when your pupil has succeeded in mastering thirty-four 
pages of your book, and has become tolerably familiar 
with tangents and segments, with diametral lines and 
reentrant angles, with ‘oval forms? and ‘forms semi- 
convex, semi-concave,—you at last confront him with 
that abstruse and much dreaded Theorem, Euc. I. 4! 
True, he has the ‘ Asses’ Bridge’ to help him in proving 
it, that in its turn being proved, apparently, by properties 
of the circle; but, even with all these assistances, 1t 1s an 
arduous task ! 

Nie. You are hard on my client. 

Min, Well, jesting apart, let me say in all seriousness 
that I think it would require very great ingenuity to 
make a worse arrangement of the subject of Geometry, 
for purposes of teaching, than 1s to be found in this httle 
book. 

I do not think it necessary to criticise the book through- 
out: but I will mention one or two passages which have 
caught my eye in glancing through it. 
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Here, for instance, 1s something about ‘ Directives,’ 
which seem to be a curious kind of Loci—quite different 
from Right Lines, I should say. 

Nie. Oh no! They are exactly the same thing! 

Jin. Well, I find, at p. 4, ‘ Directives are either diver- 
gent or parallel’: and again, at p. 11, ‘ Parallel Directives 
cannot meet.’ Clearly, then, Directives can never by any 
possibility coincide: but ordinary Right Lines occasionally 
do so, do they not ? 

Nie. It is a curious lapsus pennae. 

Min, At p. 7, I observe an article headed * The principle 
of double conversion,’ which I will quote entire. 


Reads. 


‘If four magnitudes, a, 6, A, B, are so related, that when 
a is greater than 5, 4 1s greater than D ; and when a 1s 
equal to 2, 4 is equal to B: then, conversely, when A 1s 
greater than B, « 1s greater than 0; and, when 4 is equal 
to B, a is equal to b. 

‘The truth of this principle, which extends to every 
kind of magnitude, is thus made evident :—If, when a 
is greater than B, a is not greater than 4, it must be either 
less than or equal to d. But it cannot be less; for, if it 
were, 4 should, by the antecedent part of the proposition, 
be less than B, which is contrary to the supposition made. 
Nor can it be equal to 2; for, in that case, 44 should be 
equal to B, also contrary to supposition. Since, therefore, 
a is neither less than nor equal to 2, it remains that it must 
be greater than 0.’ 

Now let a and Æ be variables and represent the ordinates 
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to two curves, mur and AJNR, for the same abscissa; and 
let d and B be constants and represent their intercepts on 
the Y-axis; i.e. let On = 0, and ON = B. 


Y 


Does not this diagram fairly represent the data of the 
proposition? You see, when we take a negative abscissa, 
so as to make a greater than J, we are on the left-hand 
branch of the curve, and Æ is also greater than B; and 
again, when 2 is equal to 4, we are crossing the Y-axis, 
where Æ is also equal to B. 

Nie. It seems fair enough. 

Min. But the conclusion does not follow? Waith a posi- 
tive abscissa, Æ is greater than B, but « less than å. 

Nie. We cannot deny it. 

Min. What then do you suppose would be the effect. 
on a simple-minded student who should wrestle with this 
terrible theorem, firm in the conviction that, being in a 
printed book, it must somehow be true? 

Nie. (gravely) Insomnia, certainly; followed by acute 
Cephalalgia; and, in all probability, Fpistazis. 

Min, Ah, those terrible names! Who would suppose 
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that a man could have all those three maladies, and sur- 
vive? And yet the thing is possible ! 

Let me now read you a statement (at p. 112) — 
incommensurables :— 

* When one of the magnitudes can be represented only 
by an interminable decimal, while the other is a finite 
whole number, or finite decimal, no finite common sub- 
multiple can exist; for, though a unit be selected in the 
last place of the whole number or finite decimal, yet the 
decimal represented by all the figures which follow the 
corresponding place in the interminable decimal, being 
less than that unit in that place and unknown in quantity, 
cannot be a common measure of the two magnitudes, and 
is only a remainder.’ 

Now ean you lay your hand upon your heart and declare, 
on the word of an honest man, that you understand this 
sentence—Lbeginning at the words * yet the decimal '? 

Nie. (vehemently) I cannot! 

Alin. Of the two reasons which are mentioned, to ex- 
plain why it ‘cannot be a common measure of the two 
magnitudes,’ does the first—that it is ‘less than that unit 
in that place ’—carry conviction to your mind? And 
does the second—that it is ‘unknown in quantity’ ripen 
that conviction into certainty ? 

Nie, (wildly) Not in the least! 

Jin. Well, I will not ‘slay the slain’ any longer. 
You may consider Dr. Willock's book as rejected. And 
I think we may say that the whole theory of ‘direction’ 
has collapsed under our examination. 

Nie. I greatly fear so. 


ACT IIL. 


SCENE I. 


$ I. THe orarr Mopern Rivats. 


‘But mice, and rats, and such small deer, 
Have been Tom's food for seven long year,’ 


Min. I consider the question, as to whether Euclid’s 
system and numeration should be abandoned or retained, 
to be now set at rest: the subject of Parallels being dis- 
posed of, no minor points of difference can possibly justify 
the abandonment of our old friend in favour of any Modern 
Rival. Still it will be worth while to examine the other 
writers, whose works you have brought with you, as they 
may furnish some valuable suggestions for the improve- 
ment of Euclid’s Manual. 

Nie. The other writers are CHAUVENET, Looms, MORELL, 
REYNOLDS, and WRIGHT. 

Min. There are a few matters, as to which we may con- 
sider them all at once. How do they define a straight 
Line? 

Nie. All but Mr. Reynolds define it as the shortest dis- 
tance between two points, or more accurately, to use the 
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words of Mr. Chauvenet, ‘a Line of which every portion is 
the shortest Line between the points limiting that portion. 

Min. We discussed that Definition in M. Legendre's 
book. How does Mr. Reynolds define it? 

Nie. Not at all. 

Min. Very cautious. What of angles? 

Nie. Some of them allow larger limits than Euclid does. 
Mr. Wright talks about ‘angles of continuation’ and 
‘angles of rotation.’ 

Min. Good for Trigonometry: not so suitable to early 
Geometry. How do they define Parallels ? 

Nie. As in Euclid, all of them. 

Min.. And which Proposition of Tab. II. do they assume? 

Nie, Playfair’s, or else its equivalent, ‘only one Line can 
be drawn, parallel to a given Line, through a given point 
outside it.’ 

Min. Now let us take them one by one. 


ACT UL 


ScENE I. 


$2. CHAUVENET. 


‘Where Washington hath left 
His awful memory 
A light for after times!’ 


Nie. I lay before you ‘A Treatise on Elementary Geometry, 
by W. CuavvExET, LL.D., Professor of Mathematics and 
Astronomy in Washington University, published in 1876. 

Min. I read in the Preface (p. 4) ‘I have endeavoured 
to set forth the elements with all the rigour and complete- 
ness demanded by the present state of the general science, 
without seriously departing from the established order of the 
Propositions. So there would be little difficulty, I faney, 
in introducing into Euclid’s own Manual ail the improve- 
ments which Mr. Chauvenet can suggest. 

P. 14. Pr. 1, and p. 18. Pr. v, taken together, tell us 
that only one perpendicular ean be drawn to a Line from a 
point. And various additions, about obliques, are made in 
subsequent Propositions. All these may well be embodied 
in a new Proposition, which we might interpolate as Euc. I. 


12. B. 
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P. 26. Pr. xv; asserts the equidistance of Parallels. This 
might be interpolated as Euc. I. 34. B. 

Another new Theorem, that angles whose sides are 
parallel, each to each, are equal (which I observe is a great 
favourite with the Modern Rivals), seems to me a rather 
elumsy and uninteresting extension of Euc. I. 29. 

I see several Propositions which might well be inserted 
as exercises on Euclid (e.g. Pr. xxxix, ‘Every point in 
the bisector of an angle is equally distant from the sides’), 
but which are hardly of sufficient importance to be in- 
cluded as Propositions: and others (e.g. Pr. xL, ‘The bi- 
sectors of the three angles of a Triangle meet in the same 
point) which seem to belong more properly to Euc. ILI or 
IV. Ihave no other remarks to make on this book, which 
seems well and clearly written. 


M 


ACT III. 


SCENE l. 


§ 3. Loomis. 
* Like-—but oh! how different !’ 


Nie. I lay before you ‘Elements of Geometry, by ELIAS 
Loomis, LL.D., Professor of Natural Philosophy and 
Astronomy in Yale College, a revised edition, 1876. 

Min. I read in the Preface (p. 10) ‘The present volume 
follows substantially the order of Blanchet’s Legendre, 
while the form of the demonstrations is modeled after 
the more logical method of Euclid.’ He has not, however, 
adopted the method of infinite series, which constitutes 
the crucial distinction between that writer and Euclid. 

The Propositions are pretty nearly in Euclid's order: 
with a few changes in order and numeration, the book 
would be a modernised Euclid, the only important differ- 
ences being the adoption of Playfairs Axiom and the 
omission of the diagonals in Euc. II. I have no hostile 
criticisms to offer. Our American cousins set us an ex- 
cellent example in the art of brief, and yet lucid, mathe- 
matical writing. 


ACT Ill. 


Scene I. 


$4. MORELL. 


* Quis custodiet ipsos custodes ? 
Quis inspiciet ipsos inspectores?" 


Nie. I lay before you ‘Euclid Simplified, compiled 
from the most important French works, approved by the 
University of Paris and the Minister of Public Instruction,’ 
by Mr. J. R. Morti, formerly H. M. Inspector of Schools, 
published in 1875. 

Min. What have you about Lines, to begin with ? 

"7c. Here is a Definition. ‘The place where two sur- 

faces meet is called a Line.’ 

Min. Really! Let us take two touching spheres, for 
instance ? 

Nie. Ahem! We abandon the Definition. 

Min. Perhaps we shall be more fortunate with the Defi- 
nition of a straight Line. 

Nie. It is ‘an indefinite Line, which is the shortest 
between any two of its points.’ 

M 2 
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Min. An ‘indefinite’? Line! What in the world do you 
mean? Is a curved Line more definite than a straight 
Line? 

Nie. I don’t know. 

Min. Nor I. The rest of the sentence is slightly ellip- 
tical. Of course you mean ‘the shortest which can be 
drawn’? 

Nie. (eagerly) Yes, yes! 

Min. Well, we have discussed that matter already. Go on. 

Nie. Next we have an Axiom, ‘that from one point to 
another only one straight Line can be drawn, and that 
if two portions of a straight Line coincide, these Lines 
coincide throughout their whole extent.’ 

Min. You bewilder me. How can one portion of a 
straight Line coineide with another? 

Nie. (after a pause) It can't, of course, in situ: but why 
not take up one portion and lay it on another? 

Min. By all means, if you like. Let us take a certain 
straight Line, cut out an inch of it, and lay it along 
another inch of the Line. What follows ? 

Nie. Then ‘these Lines coincide throughout their whole 
extent.’ 

Min. Do they indeed? And pray who are ‘ these Lines '? 
The two inches ? 

Nie. (gloomily) I suppose so. 

Min. Then the Axiom is simple tautology. 

Nie. Well then, we mean the whole straight Line and— 
and— 

Min. And what else? You can’t talk of “one straight 
Line’ as ‘these Lines,’ you know. 
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Nie. We abandon the Axiom. 

Min. Better luck next time! Try another Definition. 

Nie. “A broken Line is a Line composed of straight 
Lines.’ 

Min, But a straight Line also is ‘a Line composed of 
straight Lines,’ isn’t it ? 

Nie. Well, we abandon the Definition. 

Min. This is quite a new process in our navigation. 
Instead of heaving the lead, we seem to be throwing over- 
board the whole of our cargo! Let us hear something 
about Angles. 

Nie. <The figure formed by two Lines that intersect 
is called an Angle.’ 

Min. What do you mean by ‘figure’? Do you define 
15 anywhere ? 

Nie. Yes. ‘The name of figure is given to volumes, 
surfaces, and lines.’ 

Alin. Under which category do you put ‘Angle’? 

Nie, I don’t know. 

Min. Anything new about the Definition, or equality, 
of right angles? 

Nie. No, except that we prove that all right angles are 
equal. 

Min. That we have discussed already (see p. 57). Let 
us go on to Pairs of Lines, and your proof of Euc. I. 


20. 32. 


NIEMAND reads. 


‘Th. 19. Two Lines perpendicular to the same Line are 
parallel.’ 


166 MORELL. [Acr III. 


Min. Do you mean ‘separational’ ? 

Nie. Yes. 

Min. Have you defined ‘ parallel’ anywhere ? 

Mie. (after a search) I can’t find it. 

Min. A careless omission. Moreover, your assertion 
isn’t always true. Suppose your two Lines were drawn 
from the same point ? 

Nie. We beg to correct the sentence. ‘Two different 
Lines.’ 

Min. Very well. Then you assert Table I. 6. (See 
p. 29.) I grant it. 


NIEMAND reads. 


‘Th. 20, Through a point situated outside a straight 
Line a Parallel, and only one, can be drawn to that 
Line.’ 

Min. ‘A Parallel, I grant at once: it is Table I. 9. 
But ‘only one’! That takes us into Table I]. What 
axiom do you assume ? 

Nie. ‘It may be admitted that only one Parallel can be 
drawn to it.’ 

Min. That is Table II. 15 (4)—a contranominal of 
Playfairs Axiom. We need not pursue the subject: all 
is easy after that. Now hand me the book, if you please: 
I wish to make a general survey of style, &c. 

At p. 4 I read :—-‘ Two Theorems are reciprocal when the 
hypothesis and the conclusion of one are the conclusion 
and the hypothesis of the other.’ (They are usually called 
‘converse —the technical, not the logical, converse, as was 
mentioned some time ago (p. 47); but let that pass.) 








Bc. T. $ 4.] GENERAL SURVEY. 167 


*"Thus the Theorem—3;f two angles are right angles, they are 
equal—has for its reciprocal—7f two angles are equal, they 
are right angles.’ 

(This, by the way, is a eapital instance of the distinction 
between ‘technical’ and ‘logical? Here the technical con- 
verse is wild nonsense, while the logical converse is of 
course as true as the Theorem itself: it is ‘some cases of 
two angles being equat are cases of their being right.’) 

‘All Propositions are direct, reciprocal, or contrary—all 
so closely connected that either of the two latter’ (I 
presume he means ‘the latter two’) ‘is a consequence of 
the other two.’ 

A ‘consequence’! Can he mean a Jogical consequence ? 
Would he let us make a syllogism of the three, using 
the ‘direct’ and ‘reciprocal’ (for instance) as premisses, 
and the ‘contrary’ as the conclusion? 

However, let us first see what he means by a ‘con- 
trary’ Proposition. 

‘It is a direct Proposition to prove that all points in 
a circle enjoy a certain property, e.g. the same distance 
from the centre.’ 

(This notion of sentient points, by the way, is very 
charming. I like to think of all the points in a circle 
really feeling a placid satisfaction in the thought that 
they are equidistant from the centre! They are infinite 
in number, and so can well afford to despise the arrogance 
of a point within, and to ignore the envious murmurs of 
à point without!) 

‘The contrary Proposition shows that all points taken 
outside or inside the figure do not enjoy this property.' 
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So then this is his trio :— 


1. Direct, * All X are 7^ 
2. Reciprocal. ‘ All Y are X.’ 
3. Contrary. * All not-X are not- F^ 


Here of course No. 2 and No. 5, being Contranominals, 
are logically deducible from each other, No. 1 having no 
logical connection with either of them. 

And yet he calls the three *so closely connected that 
either of the two latter is a consequence of the other two’! 
Shade of Aldrich! Have we come to this? You say 
nothing, mein Herr? 

Nie. I say that, if you grant what you call the ‘ pre- 
misses,’ you cannot deny the conclusion. 

Min. True. It reminds me of an answer given some 
years ago in the Schools at Oxford, when the Examiner 
asked for an example of a syllogism. After much patient 
thought, the candidate handed in 


* Al] men are dogs; 
All dogs are men: 
Therefore, All men are dogs,’ 


This certainly has the form of a syllogism. Also it 
avoids, with marked success, the dangerous fallacy of ‘ four 
terms. And it has the great merit of Mr. Morell's syllo- 
eism, that, if you grant the premisses, you cannot deny 
ihe conclusion. Nevertheless I feel bound to add that 
it was not commended by the Examiner. 

Nie. I can well believe it. 

Min. I proceed. ‘The direct and the reciprocal proofs 
are generally the simpler, and do not require a fresh con- 
struction.” Why ‘fresh’? The ‘direct’ comes first, ap- 
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parently; so that, if it requires: a construction at all, it 
must be a ‘fresh’ one. 

Nie. Be not hypereritical. 

Min. Well, it ts rather ‘small deer,’ I confess: let us 
change the subject. 

Here is a pretty proof in Th. 4. 


‘Then m+0 = m4+a. 
But m = m. 
Therefore o = a.’ 


Isn’t that ‘but m= m’ a delightfully cautious paren- 
thesis? Your client seems to be nearly as much at home 
in Algebra as in Logic, which is saying a great deal! 

At p. 9, I read ‘The base of an isosceles Triangle is the 
unequal side.’ 

‘The unequal side’! Is an equilateral Triangle isosceles, 
or is it not? Answer, mein Herr! 

Nie. Proceed. 

Min. At p.17, I read ‘From one and the same point 
three equal straight Lines cannot be drawn to another 
straight Line ; for if that were the case, there would be on 
the same side of a perpendicular two equal obliques, which 
is impossible.’ 

Kindly prove the italicised assertion on this diagram, 
in which I assume FD, FC, PE, to be equal Lines, and 


F 


\ 
\ 


— 


C EL B 
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have made the middie one of the three a perpendicular to 
the ‘other straight Line.’ 

Nie. (furiously) I will not! 

Min. Look at p. 36. ‘A circumference is generally 
described in language by one of its radi.’ Let us hope 
that the language is complimentary—at least if the cir- 
cumference is within hearing! Can’t you imagine the 
radius gracefully rising to his feet, rubbing his lips with 
his table-napkin? ‘Gentlemen! The toast I have the 
honour to propose is &c. &c. Gentlemen, I give you the 
Circumference!’ And then the chorus of excited Lines, 
‘For he’s a jolly good felloe! ' 

Nie. (rapturously) Ha, ha! (checking himself) You are 
insulting my client, 

Min. Only filling in his suggestive outlines. Try p. 48. 
‘Th, 13. If two circumferences are interior,’ &e. Can 
your imagination, or mine, grasp the idea of two cir- 
cumferences, each of them inside the other? No! MWe 
are mere prosaic mortals: it is beyond us! 

In p. 49 I see some strange remarks about ratios. First 
look at Def. 44. ‘When a magnitude is contained an 
exact number of times in two magnitudes of its kind, it is 
said to be their common measure.’ (The wording 1s awkward, 
and suggests the idea of their having only owe ‘common 
measure’; but let that pass.) ‘The ratio of two magnitudes 
of the same kind is the number which would express the 
measure of the first, if the second were taken as unity.” 

‘The measure of the first’! Do you understand that? 
Is it a ‘measure’ such as you have just defined? or some 
other kind ? 
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Nie. Some other kind, I ¢Aink. But there is a slight 
obscurity somewhere. 

Min. Perhaps this next enunciation will clear it up. ‘If 
two magnitudes of the same kind, 4| and D, are mutually 
commensurable’ (by the way, ‘mutually’ is tautology), 
‘their ratio is a whole or fractional number, which is 
obtained by dividing the two numbers one by the other, 
and which expresses how many times these magnitudes 
contain their common measure Jf” Do you understand 
that? 

Nie. Well, no! 

Min. Let us take an instance—#3 and 10s. A shilling 
is a common measure of these two sums: will you accept it 
as ‘their common measure’ ? 

Nie. We will do it, provisionally. 

Min. Now the number, ‘ obtained by dividing the two 
numbers’ (I presume you mean ‘the two magnitudes’) 
‘one by the other,’ is ‘6,’ 1s it not? 

Nie. It would seem so. 

Min. Well, does this number ‘express how many times 
these magnitudes contain their common measure,’ viz. a 
shilling ? 

Nie. Hardly. 

Min. Did you ever meet with any ove number that could 
‘express’ ¢wo distinct facts ? / 

Nie. We would rather change the subject. 

Min. Very well, though there is plenty more about it, 
and the obscurity deepens as you go on. We will ‘ vary 
the verse’ with a little bit of classical criticism. Look 
at p. 81. ‘Homologous, from the Greek doios, like or 
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similar, Aóyos, word or reason. Do you think this school- 
inspector ever heard of the great Church controversy, 
where all turned on the difference between dues and ópotos? 

Nie. (uneasily) I think not. But this is not a mathe- 
matical slip, you know. 

Min. You are right. Revenons à nos moutons. Turn to 
p. 145, art. 65. ‘To measure areas, it is usual to take a 
square as unity.’ To me, who have always been accus- 
tomed to regard ‘a square’ as a concrete magnitude and 
‘unity’ as a pure number, the assertion comes rather as 
a shock. But I acquit the author of any intentional rough- 
ness. Nothing could surpass the delicacy of the next few 
words :—‘It has been already stated that surfaces are 
measured indirectly’! Lines, of course, may be measured 
anyhow: ¢Aey have no sensibilities to wound: but there is 
an open-handedness—a breadth of feeling—about a surface, 
which tells of noble birth—‘ every (square) inch a King!’ 
—and so we measure it with averted eyes, and whisper its 
area with bated breath ! 

Nie. Return to other muttons. 

Min. Well, take p. 156. Iere is a ‘scholium’? on a 
theorem about the area of a sector of a circle. The 
* scholium ' begins thus :—*' If a is the number of degrees 
in the are of a sector, we shall have to find the length 
of this are ] pause to ask * If 8 were the number, 
should we have to find it then?’ 

Nie. (solemnly) We should! 

Min. * For the two Lines which are multiplied in all 
rules for the measuring of areas must be referred to the 
same linear unity.’ TZhat, I take it, is fairly obscure: but 
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it is luminous when compared with the note which follows 
it. ‘Ifthe linear unit and angular unit are left arbitrary, 
any angle has for measure the ratio of the numbers of 
linear units contained in the arcs which the angle in ques- 
tion and the irregular unit intereept in any circumference 
described from their summit as common centres.’ Is not 
that a useful note? ‘The irregular unit’! Linear, or 
angular, I wonder? And then ‘common centres’! How 
many centres does a circumference usually require? I will 
only trouble you with one more extract, as a donne bouche 
to wind up with. 

* Th. 9. (P. 126.) Every convex closed Line ABCD enve- 
loped by any other closed Line PQRST is less than it. 





* All the infinite Lines 4BCD, PQRST, &e.’ 
way, these are curious instances of ‘infinite Lines’? 

Me. (hastily) We mean ‘infinite’ in number, not in 
length. 


by the 





Alin. Well, you express yourself oddly, at any rate 
: which enclose the plane surface ABCD, cannot be 
equal. For drawing the straight Line 27D, which does 
not cut ABCD, MD will be less than JJPQD; and adding 
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to both members the part A/TSRQD, the result will be 
MDQRSTM less than MPQRSTM. Is that result proved? 
Nie. No. 
Min. Is it true? 
Nie. Not necessarily so. 
Min. Perhaps it is a lapsus penne. Try to amend it. 





Nie. If we add to ALD the part. MTSRQD, we do get 
MDQRSTM, it is true: but, if we add it to MPQD, we 
get QD twice over; that 1s, we get — J— together 
with twice QD. 

Min. How does that addition suit the rest of the proof? 

Ne. It ruins it: all depends on our proving the peri- 
meter MDQRSTH less than the perimeter MPQRSTM, 
which this method has failed to do—as of course all 
methods must, the thing not being capable of proof. 

AMin. 'Then the whole procf breaks down entirely ? 

Nie. We cannot deny it. 

Min. Let us turn to the next author. 


ACT IIL 


SCENE I, 


$ 5. REYNOLDS, 
* Though this be madness, yet there's method in 't,' 


Nie. I lay before you ‘ Modern Methods in Elementary 
Geometry, by E. M. Reynoips, M.A., Mathematical Master 
in Clifton College, Modern Side; published in 1868. 

Min. The first remark I have to make on it is, that the 
Definitions and Axioms are scattered through the book, 
instead of being placed together at the beginning, and that 
there is no index to them, so that the reader only comes on 
them by chance: it is quite impossible to refer to them. 

Nie. I cannot defend the innovation. 

Min. In Th. 1 (p. 3), I read ‘the angles CDA, CDB 
are together equal to two right angles. For they fill ez- 
actly the same space. Do you mean finite or infinite space? 
If ‘ finite,” we increase the angle by lengthening its sides: 
if ‘infinite,’ the idea is unsuited for elementary teaching. 
You had better abandon the idea of an angle ‘filling 
space,’ which is no improvement on Euelid’s method. 
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P. 61. Th. u (of Book III) it is stated that Paral- 
lelograms, on equal bases and between the same Parallels, 
‘may always be placed so that their equal bases coincide,’ 
and it is clearly assumed that they will stil! be * between 
the same Parallels And again, in p. 63, the altitude of a 
Parallelogram is defined as ‘¢he perpendicular distance of 
the opposite side from the base,’ clearly assuming that 
there is only oxe such distance. In both these passages 
the Theorem is assumed ‘ Parallels are equidistant from each 
other,’ of which no proof has been given, though of course 
it might have been easily deduced from Th. xvi (p. 19). 

The Theorems in Euc. II are here proved algebraically, 
which I hold to be emphatically a change for the worse, 
chiefly because it brings in the difficult subject of incom- 
mensurable magnitudes, which should certainly be avoided 
in a book meant for beginners. 

I have little else to remark on in this book. Several of 
the new Theorems in it seem to me to be premature, e. g. 
Th. xrx, &c. on ‘ Loci’: but the sins of omission are more 
serious. He actually leaves out Euc. I. 7, 17, 21 (2nd 
part), 24, 25, 26 (2nd part), 48, and II. 1, 2, 3, 8, oj 15 
13. Moreover he separates Problems and Theorems, which 
I hold to be a mistake. I will not trouble you with any 
further remarks. 


ACT IIL 


ScENE I. 


$6. WRIGHT. 


* Defects of execution unquestionably exist.' 
WRIGHT, Pref. p. ro 


Nie. I lay before you ‘ Zhe Elements of Plane Geometry, 
by R. P. Wricut, Teacher of Mathematics in University 
College School, London; the second edition, 1871. 

Min. Some of the changes in Euclid’s method, made in 
this book, are defended in the Preface. 

First, he claims credit for having more Axioms than 
Euclid, whom he blames for having demonstrated ‘much 
that is obvious.’ I need hardly pause to remind you that 
‘obviousness’ is not an invariable property: to a perfect 
intellect the whole of Euclid, to the end of Book XII, 
would be ‘obvious’ as soon as the Definitions had been 
mastered: but Geometricians must write for imperfect in- 
tellects, and it cannot be settled on general principles where 
Axioms should end and Theorems begin. Let us look at 
a few of these new Axioms. In p. viii of the Preface, I 

N 
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read ‘with the conception of straightness in a Line we 
naturally associate that of the utmost possible shortness 
of path between any two of its points; allow this to be 
assumed, &c.' This I consider a most objectionable Axiom, 
obliging us, as it does, to contemplate the lengths of curred 
lines. his matter I have already discussed with M. 
Legendre (p. 56). 

Secondly, for the host of new Axioms with which we 
are threatened in the Preface, I have searched the book in 
vain: possibly I have overlooked some, as he never uses 
the heading ‘Axiom,’ but really I can only find one new 
one, at p. 5. ‘Every angle has one, and only one bisector,’ 
which is hardly worth stating. Perhaps the writer means 
that his proofs are not so full as those in Euclid, but take 
more for granted. I do not think this any improvement 
in a book meant for beginners, 

Another change, claimed in the Preface as an improve- 
ment, is the more constant use of superposition. I have 
considered that point already (p. 47) and have come to the 
conclusion that Euclid’s method of constructing a new 
figure has all the advantages, without the obscurity, of the 
method of superposition. 

I see little to remark on in the general style of the book. 
At p. 21 I read ‘the straight Line ÆJ satisfies the four fol- 
lowing conditions : it passes through the vertex 4, through 
the middle point Z of the base, is a perpendicular on that 
base, and is the bisector of the vertical angle. Now, two 
of these four conditions suffice to determine the straight 
Line 4J,... Hence a straight Line fulfilling any two of 
these four conditions necessarily fulfils the other two.’ All 


eet. 9 6.| GENERAL SURVEY. 179 


this is strangely inaccurate: the fourth condition is suffi- 
cient by itself to determine the line £Z. 

At p. 40 I notice the startling announcement that ‘the 
simplest of all Polygons is the Triangle?! This is surely a 
new use for ‘many’? I wonder if the writer is prepared 
to accept the statement that ‘many people have swum across 
the Bosphorus’ on the strength of Byron’s 

‘As once (a feat on which ourselves we prided) 
Leander, Mr. Ekenhead, and J did.’ 

As a specimen of the wordy and unscientific style of the 
writer, take the following :— 

* From any point O, one, and only one, perpendicular can be 
drawn fo a given straight Line AB. 


O 


A I R 
Qr 


‘Let O be the point on which O would fall if, the paper 
being folded along 4 5, the upper portion of the figure were 
turned down upon the lower portion. If from the points 
O, O' straight Lines be drawn to any point whatever / on 
the line AB, the adjacent angles O7B, O'IB will be equal ; 
for folding the paper again along AB and turning the 
upper portion down upon the lower, O falls on O’, J remains 
fixed, and the angle O/B exactly coincides with OIB. 
Now in order that the Line 07 may be perpendicular to 
4D, or, 1m other words, that. OB may be a right angle, 


N 2 
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the sum of the two adjacent angles OIB, OIB must be 
equal to two right angles, and consequently their sides 
IO, IO' in the samestraight Line. But since we can always 
draw one, and only one, straight Line between two points 
O and O',it folows that from a point O we can always 
draw one, and only one, perpendicular to the line 4B, 

Do you think you could make a more awkward or more 
obseure proof of this almost axiomatic Theorem ? 

Nie. (cautiously) I would not undertake it. 

Min. All that about folding and re-folding the paper is 
more like a child’s book of puzzles than a scientific treatise. 
I should be very sorry to be the school-boy who is expected 
to learn this precious demonstration! In such a case, I 
could not better express my feelings than by quoting three 
words of this very Theorem :—‘l remains fired’ ! 

In conclusion, I may say as to all five of these authors,. 
that they do not seem to me to contain any desirable 
novelty which could not easily be introduced into an 
amended edition of Euclid. 

Nie. It is a position I cannot dispute. 








ACT IL. 


Scene IT. 


§ 1. SYLLABUS OF THE ASSOCIATION FOR THE 
IMPROVEMENT OF GEOMETRICAL TEACHING. 1878. 


* Nos numerus sumus,’ 


Nie. The last book to be examined is Mr. Wilson's nev 
Manual, founded on the Syllabus of the Geometrical Asso- 
ciation. 

Min. We had better begin by examining the Syllabus 
itself. I own that I could have wished to do this in the 
presence of some member of the Committee, who might 
have supplied a few details for what is at present little 
more than a skeleton, but that I fear is out of the 
question. 

Nie. Nay, you shall not have far to seek. / am a mem- 
ber of the Committee. 

Min. (astonished) You! A German professor! No such 
member is included in the final hist of the Committee, which 
a friend showed me the other day. 
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Nie. The final list, was it? Well, ask your friend whe- 
ther, since the drawing up of that list, any addition has 
been made: he will say ‘ Nobody has been added.’ 

Min, Quite so. 

Nie. You do not understand. Nobody—Niemand—see 
you not? 

Min. What? You mean— 

Nie. (solemnly) I do, my friend. J have been added 
to it! 

Min. (bowing) The Committee are highly honoured, I 
am sure, 

Nie. So they ought to be, considering that I am a more 
distinguished mathematician than Newton himself, and 
that my Manual is better known than Euclid’s! Excuse 
my self-glorification, but any moralist will tell you that 
I—I alone among men—oughi to praise myself. 

Min. (thoughtfully) True, true. But all this is word- 
juggling—a most misleading analogy. Ilowever, as you 
now appear in a new character, you must at least have 
a new name! 

Nie. (proudly) Call me Nostradamus ! 


[Even as he utters the mystic name, the air grows dense 
around him, and gradually crystallizes into living forms. 
inter a phantasmic procession, grouped about a banner, on 
which is emblazoned in letters of gold the title ‘ ASSOCIATION 
FOR THE IMPROVEMENT OF THINGS IN GENERAL.’ Foremost 
an the line marches NERO, carrying his unfinished ‘ Scheme for 
lighting and warming Rome’; while among the crowd which 
follow him may be noticed—Guy Fawkes, President of the 
‘Association for raising the position of Members of Parha- 
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ment’ —THE MARCHIONESS DE BRINVILLIERS, Inventress of 
the ‘Application of dAiteratives to the Digestive Faculty’ — 
and THE REV. F. GUsTRELL (the being who cut down Shak- 
speare’s mulberry-tree), leader of the ‘ Association for the 
Refinement of Literary Taste. Afterwards enter, on the other 
side, Sir Isaac Newton's little dog < Diamond; carrying in 
his mouth a half-burné roll of manuscript. He pointedly 
avoids the procession and the banner, and marches past alone, 
serene in the consciousness that he, single-pawed, conceived 
and carried out his great ‘Scheme for throwing fresh light ou 
Mathematical Research, without the aid of any Association 
whatever. | 


Min. Nostra, the plural of nostrum, ‘a quack remedy’; 
and damus, ‘we give.’ Itis a suggestive name. 

Nos. And, trust me, it is a suggestive book that I now 
lay before you. ‘ Syllabus—’, 

Min. (interrupting) You mean ‘a Syllabus’, or ‘the 
Syllabus’? 

Nos. No, no! In this railroad-age, we have no time 
for superfluous words! ‘Syllabus of Plane Geometry, pre- 
pared by the Association for the Improvement of Geometrical 
Teaching. Fourth Edition, 1877. 

Min. How do you define a Right Line? 


NOSTRADAMUS reads. 


P. 7. Def. 5. * A straight line is such that any part will, 
however placed, lie wholly on any other part, if its ex- 
tremities are made to fall on that other part.' 

Min. That looks more like a property of a Right Line 
than its essence. Euclid makes an Axiom of that property. 
Of course you omit his Axiom ? 
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Nos. No. We have the Axiom (p. 10, Ax. 2) ‘Two 
straight lines that have two points in common lie wholly 
in the same straight line.’ 

Min. Well! That is certainly the strangest Axiom I 
ever heard of! The idea of asserting, as an Axiom, that 
Right Lines answer to their Definition! 

Nos. (bashfully) Well, you see there were several of us 
at work drawing up this Syllabus: and we’ve got it a 
little mixed: we don’t quite know which are Definitions 
and which are Axioms. 

Min. So it appears: not that it matters much: the 
practical test is the only thing of importance. Do you 
adopt Euc. I. 14? 

Nos. Yes. 

Min, Then we may go on to the next subject. Be good 
enough to define ‘ Angle.’ 


NOSTRADAMUS reads, 


P. 8. Def. 11. * When two straight lines are drawn from 
the same point, they are said to contain, or to make with 
each other, a plane angle.’ 

Min. Humph! You are very particular about drawing 
them from a point. Suppose they were drawn ¢o the same 
point, what would they make then ? 

Nos. An angle, undoubtedly. 

Min. Then why omit that case? However, it matters 
little. You say ‘a plane angle,’ I observe. You limit an 
angle, then, to a magnitude less than the sum of two 
right angles. 

Nos. No, I can’t say we do. A little further down we 
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assert that ‘¢wo angles are formed by two straight lines 
drawn from a point.’ 

Min. Why, these are like Falstaff’s ‘rogues in buckram 
suits’! Are there more coming ? 

Nos. No, we do not go beyond the sum of four right 
angles. These two we call conjugate angles. ‘The greater 
of the two is called the mayor conjugate, and the smaller the 
minor conjugate, angie.’ 

Min, These Definitions are wondrous! This is the first 
time I ever heard ‘ major’ and ‘minor’ defined. One feels 
inclined to say, hike that Judge in the story, when a 
certain barrister, talking against time, insisted on quoting 
authorities for the most elementary principles of law, 
‘Really, brother, there are some things the Court may be 
assumed to know!’ Any more definitions ? 

Nos. We define ‘a straight angle.’ 

Min, That I have discussed already (see p. 102). 

Nos. But this, I think, 1s new :— 


Reads. 

P. 9. Def. 12. ‘ When three straight Limes are drawn 
from a point, if one of them be regarded as lying between 
the other two, the angles which this one (the mean) makes 
with the other two (the extremes) are said to be adjacent 
angles.’ 

Min. That is new indeed. Let us try a figure :— 

A 
"d | 


O C 
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Now let us regard OA ‘as lying between the other two.’ 
Which are ‘he angles which it makes with the other two’? 
For this line OA (which you rightly call *the mean — 
lying is always mean) makes, be pleased to observe, four 
angles altogether—two with OB, and two with OC. 

Nos. I cannot answer your question. You confuse me. 

Min. I need not have troubled you. I see that I can 
obtain an answer from the Syllabus itself. It says (at 
the end of Def. 11) ‘when the angle contained by two lines 
is spoken of without qualification, the minor conjugate angle 
is to be understood. Here we have a case in point, as 
these angles are spoken of ‘ without qualification.’ So that 
the angles alluded to are both of them ‘ minor conjugate ' 
angles, and lie on the same side of Od. And these we are 
told to call ‘ adjacent’ angles ! 

How do you define a Right Angle ? 

Nos. As in Euclid. 

Min, Let me hear it, if you please. You know Euclid 
has no major or minor conjugate angles. 


NOSTRADAMUS reads. 


P. 9g. Def. 14. ‘When one straight line stands upon 
another straight line and makes the adjacent angles equal, 
each of the angles is called a right angle.’ 

Min. Allow me to present you with a figure, as I see the 
Syllabus does not supply one. 


A 
B 
C 


Here AB ‘stands upon’ BC and makes the adjacent angles 
equal. How do you like these ‘right angles’? 
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Nos. Not at all. 

Min. These same ‘conjugate angles’ will get you into 
many difficulties. 

Have you Euelid’s Axiom * all right angles are equal ' ? 

Nos. Yes; only we propose to prove it as a Theorem. 

Min, IY have no objection to that: nor do I think that 
your treatment of angles, as a whole, is actually @dogical. 
What I chiefly object to is the general ‘ slipshoddity ’ (if I 
may coin a word) of the language of your Syllabus. 

Does your proof of Eue. I. 32 differ from his? 

Nos. No, except that we propose Playfair’s Axiom, ‘ two 
straight Lines that intersect one another cannot both be 
parallel to the same straight Line,’ as a substitute for 
UC AX. 12, 

Min. Is this your only test for the meeting of two Lines, 
or do you provide any other ? 

Nos, This is the only one. 

Min. But there are cases where this is of no use. For 
instance, if you wish to make a Triangle, having, as data, 
a side and the two adjacent angles. Have you such a 
Problem ? 

Nos. Yes, it is Pr. 10, at p. 19. 

Min, And how do you prove that the Lines will meet ? 

Nos. (smiling) We don’t prove it: that is the reader’s 
business: we only provide enuneiations. 

Min. You are like the gourmand who would eat so many 
oysters at supper that at last his friend could not help 
saying ‘They are sure to disagree with you in the night.’ 
‘That is ¢hezr affair,’ the other gaily replied. ‘J shall be 
asleep ! ' 
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Your Syllabus has the same hiatus as the other writers 
who have rejected Euclid’s 12th Axiom. If you will not 
have it as an Axiom, you ought to prove 
it as a Theorem. Your treatise is incom- 

13—15 plete without it. 


4,5 The Theorems contained in the first 26 
26 a Propositions of Euclid are thus rearranged 
6 in the Syllabus. The only advantage that 
16 I can see in the new arrangement is that 
18—24 it places first the three which relate to 
8 Lines, thus getting all those which relate 
25 to Triangles into a consecutive series, All 
26 B the other changes seem to be for the worse, 
17 and specially the separation of Theorems 


from their converses, e.7. Props. 5, 6, and 
2425: 

The third part of Prop. 29 is put after Prop. 32: and 
Props. 33, 34 are transposed. I can see no reason for 
either change. 

Prop. 47 is put next before Prop. 12 in Book II. This 
would be a good arrangement (if it were ever proved to 
be worth while to abandon Euclid’s order), as the Theorems 
are so similar; and the placing Prop. 48 next after II. 13 
is a necessary result, 

In Book II, Props. 9, 10 are placed after Props. 12, 13. 
I see no reason for it. 

It does not appear to me that the new arrangements, 
for the sake of which it is proposed to abandon the numer- 
ation of Euclid, have anything worth mentioning to offer 
as an advantage. 
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I will now go through a few pages of ‘ this many-headed 
monster,’ and make some general remarks on its style. 

P. 4. ‘A Theorem is the formal statement of a Proposi- 
tion that may be demonstrated from known Propositions, 
These known Propositions may themselves be Theorems or 
Axioms.’ 

This is a truly delightful jumble. Clearly, ‘a Propo- 
sition that may be demonstrated from known Propositions’ 
is itself a Theorem. Hence a Theorem is ‘the formal 
statement’ of a Theorem. The question now arises—of 
itself, or of some other Theorem? That a Theorem 
should be ‘the formal statement’ of z/se//g, has a com- 
fortable domestic sound, something lke ‘every man his 
own washerwoman, but at the same time it involves a 
fearful metaphysical subtlety. That one Theorem should 
be ‘the formal statement’ of another Theorem, is, I think, 
degrading to the former, unless the second will consent to 
act on the ‘claw me, claw thee’ principle, and to be ‘ the 
formal statement ’ of the first. 

Nos. You bewilder me. 

Min. Perhaps, however, it is intended that the teacher 
who uses this Manual should, on reaching the words ‘a 
Proposition that may be demonstrated,’ recognise the fact 
that this is itself ‘a Theorem,’ and at once go back to the 
beginning of the sentence. He will thus obtain a Defi- 
nition closely resembling a Continued Fraction, and may 
go on repeating, as long as his breath holds out, or until 
his pupil declares himself satisfied, ‘a Zheorem is the 
formal statement of the formal statement of the formal 
statement of the ——’ 


190 SYLLABUS. [Acrt IIT. 


Nos. (wildly) Say no more! My brain reels! 

Min. I spare you. Let us go on to p. 5, where I find 
the following :— 

* Rule of Conversion. If of the hypotheses of a group 
of demonstrated Theorems it can be said that one must 
be true, and of the conclusions that no two can be true 
at the same time, then the converse of every Theorem of 
the group will necessarily be true.’ 

Let us take an instance :— 

If 5 > 4, then 5» 3. 
Eo thence 

Those will do for ‘demonstrated Theorems,’ I suppose ? 

Nos. I suppose so. 

Min. And the ‘hypothesis’ of the first * must be true,’ 
simply because it zs true. 

Nos. It would seem so. 

Min. And it is quite clear that ‘of the conclusions no 
two can be true at the same time, for they contradict each 
other. 

Nos. Clearly. 

Min. Then it ought to follow that ‘the converse of 
every Theorem of the group will necessarily be true.’ "Take 
the converse of the second, 1. e. 

If 5 < 3, then 5 < 2. 

Is this ‘necessarily true’? Is every thing which is less 
than 3 necessarily less than 2 ? 

Nos. Certainly not. I think you have misinterpreted 
the phrase ‘it can be said that one must be true,’ when 
used of the hypotheses. It does not mean ‘it ean be said, 
from a knowledge of the subject-matter of some one 
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hypothesis, that 1t 2s, and therefore must be, true,’ but 
‘it can be said, from a knowledge of the mutual logical 
relation of all the hypotheses, as a question of form alone, 
and without any knowledge of their subject-matter, that 
one must be true, though we do not know which it is.’ 

Min. Your power of uttering Jone sentences is one that 
does equal hononr to your head and your—lungs. And 
most sincerely do I pity the unfortunate learner who has 
to make out all that for himself! Let us proceed. 

P. g. Def. 13. ‘The sector of an angle is the straight 
Line that divides it into two equal angles.’ 

This assumes that ‘an angle has one and only one 
bisector,’ which appears as Ax. 4, at the foot of p. 10. 

P. 10. Def. 21. * The opposite angles made by two straight 
Lines that intersect &e.’ 

This seems to imply that ‘two Lines that intersect’ 
always do make ‘ opposite angles.’ 

Nos. Surely they do ? 

Alin. By no means. Look at p. 12, Def. 32, where, in 
speaking of a Triangle, you say ‘the intersection of the 
other two sides is called the vertex.’ 

Nos. A shp, I confess. 

Min. One of many. 

P. 12, Def. 31. * All other Triangles are called acute- 
angled Triangles. What? If a Triangle had two right 
angles, for instance? 

Nos. But there zs no such Triangle. 

Min. That is a point you do not prove till we come to 
Th. 18, Cor. 1, two pages further on. The same remark 
applies to your Def. 33, in the same page. ‘The side... 
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which is opposite to ¢he right angle, where you clearly 
assume that it cannot have more than one. 

P. 12, Def. 32. * When two of the sides have been men- 
tioned, the remaining side is often called the base.” Well, 
but how if two of the sides have zot been mentioned ? 

Nos. In that ease we do not use the word. 

Min. Do you not? Turn to p. 22, Th. 2, Cor. 1, ‘Tri- 
angles on the same or equal bases and of equal altitude are 
equal,’ 

Nos. We abandon the point. 

Min. You had better abandon the Definition. 

P. 12, Def. 34. Is not ‘identically equal’ tautology ? 
Things that are ‘identical’ must surely be ‘equal’ also. 
Again, ‘every part of one being equal,’ &e. What do you 
mean by ‘every part’ of a rectilineal figure ? 

Nos. Its sides and angles, of course. 

Min. Then what do you mean by Az (6) in p. 3. * The 
whole is equal to the sum of its parts’? ‘This time, I 
think I need not * pause for a reply '! 

P. 15, Def. 38. ‘When a straight Line intersects two 


other straight Lines it makes with them eight angles etc.’ 


E 


Q 
ae 
2 


Let us count the angles at G. They are, the ‘major’ 
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and ‘minor’ angles which bear the name LG; do. for 
EGB; do. for AGH; and do. for BGH. That is, eight 
angles at G alone. There are sixteen altogether. 

P. 17, Th. 30. ‘If a quadrilateral has two opposite sides 
equal and parallel, it is a Parallelogram.’ 

This re-asserts part of its own data. 

P. 17, 'Th. 31. ‘Straight Lines that are equal and parallel 
have equal projections on any other straight Line; con- 
versely, parallel straight Lines that have equal projections 
on another straight Line are equal.’ 

The first clause omits the case of Lines that are equal 
and in one and the same straight Line. The second clause 


“a 


is not true: if the parallel Lines are at right angles to 
the other Line, their projections are equal, both being 
zero, whether the Lines are equal or not. 

P. 18, Th. 32. ‘If there are three parallel straight Lines, 
and the intercepts made by them on any straight Line that 
cuts them are equal, then ete.’ 

The subject of this Proposition is inconceivable: there 
are three intercepts, and by no possibility can these three 
be equal. 

P. 25, Prob. 5. * To construct a rectilineal Figure equal 
to a given rectilineal Figure and having the number of its 
sides one less than that of the given Figure.’ 

May I ask you to furnish me with the solution of this 

o 
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Problem, taking, as your ‘given rectilineal Figure,’ a 
Triangle ? 

Nos. (indignantly) I decline to attempt it ! 

Min. I will now sum up the conclusions I have come to 
with respect to your Syllabus. 

In the subjects of Lines, Angles, and Parallels, the 
changes you propose are as follows :— 

You give a very unsatisfactory Definition of a ‘ Right 
Line,’ and then most illogically re-state it as an Axiom. 

You extend the Definition of Angle—a most disastrous 
innovation. 

Your Definition of ‘ Right Angle ’ is a failure. 

You substitute Playfair’s axiom for Euclid’s 12th. 

All these things are very poor compensation indeed 
for the vital changes you propose—the separation of 
Problems and Theorems, and the abandonment of Euclid’s 
order and numeration. Restore the Problems (which are 
also Theorems) to their proper places, keep to Euclid’s 
numbering (interpolating your new Propositions where 
you please), and your Syllabus may yet prove to be a 
valuable addition to the literature of Elementary Geometry. 


ACT II. 


SCENE IÍf. 


$ 2. Wirsow's 'SyrrABUCS = MANUAL. 


t No followers allowed.’ 
TIMES’ ADVERTISEMENT-SHEET, passim. 


Nie. I lay before you * Elementary Geometry, following the 
Syllabus prepared by the Geometrical Association, by J. M. 
Witson, M.A., 1878,’ 

Min. In what respects is this book a ‘ Rival’ of Euclid ? 

Nie, Well, it separates Problems from Theorems 

Mim. Already discussed (see p. 18). 

Nie. It adopts Playfair’s Axiom 

Jin. Discussed (see p. 40). 

Nie. It abandons diagonals in Book II —— 

Min. Discussed (see p. 50). 

Me. And it adopts a new sequence and numeration. 

Min. That, of course, prevents us from taking it as 
merely a new edition of Euclid. It will need very strong 
evidence indeed to justify its claim to set aside the 

02 
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sequence and numeration of our old friend. We must 
now examine the book seriatim. When we come to 
matters that have been already condemned, either in 
Mr. Wilson’s book, or in the ‘Syllabus,’ I shall simply 
note the fact. We need have no new discussion, except 
as to new matter. 

Nie. Quite so. 

Min. In the ‘Introduction,’ at p. 2, I read ‘4 Theorem 
1s the formal statement of a Proposition, &e. Discussed 
at p. 189. 

At p. 3 we have the ‘ Rule of Conversion,’ which I have 
already endeavoured to understand (see p. 190). 

At p. 6 1s a really remarkable assertion. ‘ Hvery Theorem 
may be shewm to be a means of indirectly measuring some 
magnitude. Kindly illustrate this on Euc. I. 14. 

Nie. (hastily) Oh, if you pick out one single accidental 
excep 

Min. Well, then, take 16, if you like: or 17, or 18 


Nie. Enough, enough! 








Min. (raising his voice)—or 19, or 20, or 21, or 24, or 25, 
or 27, or 28, or 30! 

Nie. We abandon ‘every. 

Min. Good. At p. 8 we have the Definitions of ‘ major 
conjugate’ and ‘minor conjugate’ (discussed at p. 185). 

At p. 9 is our old friend the ‘ straight angle’ (see p. 101). 

In the same page we have that wonderful triad of Lines, 
one of which is ‘regarded as lying between the other two’ (see 
p. 185). 

And also the extraordinary result that follows when one 
straight Line ‘stands upon another’ (see p. 186). 
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At p. 27, Theorem 14, is a new proof of Euc. I. 24, 
apparently an amended version of Mr. Wilson’s five-case 
proof, which I discussed at p. 137. He has now reduced 
it to three cases, but I still think the ‘ disector of the angle’ 
a superfluity. 

At p. 37 we have those curious specimens of ‘Theorems 
of Equality; which I discussed at p. 139. 

At p. 53 is the Theorem which asserts, in its conclusion, 
part of its own data (see p. 192). 

At p. 54 we are told that ‘parallel Lines, which have 
equal projections on another Dine, are egual’ (see p. 193). 

At p. 55 we have the inconceivable triad of ‘egua? 
intercepts? made by a Line cutting three Parallels (see 
p. 193). 

At p. 161 I am surprised to see him fall into a trap 
in which I have often seen unwary students caught, while 
trying to say Euc. IIT. 30 (‘To bisect a given arc’) 
After proving two chords equal, they at once conclude 
that certain arcs, cut off by them, are equal; forgetting 
to prove that the ares 1n question are both mnor arcs. 

But I must go no further: I have already wandered 
beyond the ltmits of Euc. I, II. 'The one great meni of 
this book 

Nie. You have mentioned all the /au/ts, then? 


Alin. By no means, You are too impatient. The one 





great merit, as I was saying, of Mr. Wilson's new book 
(and a most blessed change it is!) is that it ignores the 
whole theory of ‘direction.’ That he has finally abandoned 
that night-mare of Elementary Geometry, I dare not 
hope: so all I have said about it had better stand, lest 
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in some future fit of inspiration he should bring out a 
yet more agonising version of it. 

But it has the usual hiatus of a system which replaces 
Euclid’s Axiom by Playfair’s: it provides no means of 
proving that the Lines contemplated by Euchd will meet 
if produced. (This I have discussed at p. 187.) 

Its proposed changes in the seguence of Euclid I have 
diseussed at p. 188. 

It has a few other faults, which I have already discussed 
in Mr, Wilson’s own book, ‘and a few peculiar to the 
Syllabus; but I spare you such minute criticisms. 

But what I have now to ask you is simply this. What 
possible pretext have you left for suggesting that Euclid’s 
Manual, and specially his sequence and numeration, should 
be abandoned in favour of this far from satisfactory infant? 

Nie. There are some new Theorems E 





Min. Those constitute no reason: you might easily inter- 
polate them. 

Nie. I fear there are no other grounds to urge. But 
I should like to consult the doppelganger of the Asso- 
ciation before I throw up my brief. 


Min. By all means. 


[for a minute or two there is heard a rustling and a 
whispering, as of ghosts. Then Niemann speaks again. ] 


Nie, They think that, considering that this book is 
but just published, and that it is definitely put forward 
as the Manual to supersede Euclid, it ought to be ex- 
amined more in detail, with reference to what is sew in 
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it —that is, new proofs of Huclid’s Propositions, and new 
Propositions. 

Min, (with a weary sigh) Very well, It will perhaps 
be more satisfactory to do this, if only to ascertain exactly 
how much this new Manual contains that is really new 
and really worthy of adoption. But I shall limit my 
examination to the subject-matter of Euc. I, IT. 

Nie. That is all we ask. 

Min, We begin, then, at p. 12. 

Theorem 1. < Al} right angles are equal. This is proved 
by their being halves of a ‘ straight angle,’ a phrase which 
I have already criticised. There is a rather important 
omission in the proof, no distinction being drawn between 
the ‘ straight angle’ on one side of a Line, and the other 
(of course named by the same letters) which hes on the 
other side and completes the four right angles. This 
Theorem, if proved without ‘straight angles, might be 
worth adding to a new edition of Euclid. 

Th. 2 (p. 13) 1s Euc. I. 13, proved as in Euclid. 

Th. 3 (p. 14) is Euc, I. 14, where, unfortunately, a new 
proof is attempted, which involves a fallacy. It is deduced 
from an ‘ Observation’ in p. 9, that ‘a straight Line makes 
with its continuation at any point an angle of two right 
angles, which deduction can be effected only by the pro- 
cess of converting a universal affirmative * simpliciter? in- 
stead of ‘per accidens.’ 

Th. 4 (p. 14) is Euc. I. 15, proved as in Euclid. 

At p. 17 I find a ‘Question.’ ‘State the fact that “all 
geese have two legs” in the form of a Theorem? This I would 
not mind attempting; but, when I read the additional 
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request, to ‘ write down its converse theorem, it is so power- 
fully borne in upon me that the writer of the Question 
is probably himself a biped, that I feel I must, however 
reluctantly, decline the task. 

Th. 5 (p. 18) 1s Euc. I. 4, proved as in Euclid. 

Th. 6 (p. 20) is Euc. J. 5, proved by supposing the 
vertical angle to be bisected, thus introducing a *hypo- 
thetical construction’ (see p. 20). 

Th. 7 (p. 21) is Eue. I. 26 (1st part), proved by super- 
position. Euchd's proof, by making a new ‘Triangle, is 
quite as good, I think. The areas are here proved to be 
equal, a point omitted by Euclid: I think it a desirable 
addition to the Theorem. 

Th. 8 (p. 22) is Euc. I. 5, proved by reversing the 
Triangle and then placing it on itself (or on the trace it 
has left behind), a most objectionable method (see p. 48). 

Theorems 9 to 13 (pp. 22 to 26) are Euc. I. 16, 18, 19, 
20, 21, with Euclid’s proofs. | 

Th. 14 (p. 27) is Euc. I. 24, proved by supposing an 
angle to be bisected: another ‘ hypothetical construction.’ 

Th. 15 (p. 28) is Euc. I. 8, for whieh two proofs are 
offered :—one by Euc. I. 24 (which seems to be reversing 
the natural order)—the other by an applieation of Euc. 
I. 5, a method involving ¢hree eases, of which only one 
is given. All this is to save the introduction of Euc. 
I. 7, a Theorem which 7 think should by no means be 
omitted. (See p. 220.) Here, as in Th. 7, the equality 
of the areas is, I think, a desirable addition to Eucilid's 
‘Theorem. 

Th. 16 (p. 29) is Euc. I. 25, with old proof. 
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'Th. 17 (p. 30) is Euc. I. 26 (2nd part) proved by super- 
position instead of Euclid’s method (which I prefer) of 
constructing a new Triangle. 

Th. 18 (p. 32) is Euc. I. 17, with old proof. 

Th. 19 (p. 33) is new. ‘Of ali the straight Lines that 
can be drawn from a given point to meet a given straight 
Line, the perpendicular is the shortest ; and of the others, 
those making equal angles with the perpendicular are equal ; 
and that which makes a greater angle with the perpendicular 
is greater than that which makes a less” This I think 
deserves to be interpolated. 

Th. 20 (p. 34) is new. ‘If two Triangles have two sides 
of the one equal to two sides of the other, each to each, and 
the angles opposite to two equal sides equal, the angles oppo- 
site to the other two equal sides are either equal or supple- 
mentary, and in the former case the Triangles are equal in 
all respects. I do not think it worth while to trouble 
a beginner with this rather obscure Theorem, which is of 
no practical use till he enters on Trigonometry. 

Th. 21 (p. 43) is Eue. I. 27: old proof. 

Th. 22 (p. 44) is Euc. I. 29 (1st part), proved by Euc. I. 
27 and Playfair's Axiom (see p. 40). 

Th. 23 (p. 45) is new. ‘If a straight Line intersects two 
other straight Lines and makes either a pair of alternate 
angles equal, or a pair of corresponding angles equal, or a 
pair of interior angles on the same side supplementary ; 
then, in each case, the two pairs of alternate angles are 
equal, and the four pairs of corresponding angles are equat, 
and the two pairs of interior angles on the same side are 
supplementary. This most formidable enunciation melts 
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down into the mildest proportions when superfluities are 
omitted, and only so much of it proved as is really neces- 
sary to include the whole. Euclid proves all that is 
valuable in it in the course of I. 29, and I do not see 
any sufficient reason for stating and proving it as a sepa- 
rate Theorem. 

Th. 23, Cor. (p. 46) 1s the rest of Euc. I. 29: old proof. 

Th. 24 (p. 46) is Eue. I. 30, proved as a Contranominal 
of Playfair’s Axiom. 

Th. 25, 26, and Cor. (pp. 47, 49) are Euc. I. 32 and 
Corollaries: old proof. 

Th. 27, 1st part (p. 50), is a needless repetition of part 
of the Corollary to Th. 23. 

Th. 27, 2nd part (p. 50), is part of Eue. I. 34: old prona 

Th. 28 (p. 51) is the rest of Euc. I. 34, proved as in 
Euchd. 

Th. 29 (p. 52) is new. ‘Jf two Parallelograms have two 
adjacent sides of the oue respectively equal to two adjacent 
sides of the other, and likewise an angle of the one equal 
to an angle of the other; the Parallelograms are identically 
equal” This might be a useful exercise to set ; but really 
it does not seem of sufficient importance to be selected 
for a Manual. 

ii 5o (p. 53)1s buceo cud roof. 

Th. 31 (p. 54) is new. ‘Straight Lines which are equal 
and parallel have equal projections on any other straight 
Line; conversely, parallel straight Lines which have equal 
projections on another straight Line are equal; and equal 
straight Lines, which have equal projections on another straight 
Line, are equally inclined to that Line? The first and third 
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clauses might be interpolated, though I think their value 
doubtful. The second is false. (See p. 193.) 

Th. 32 (p. 55) is new. ‘Jf there are three parallel 
straight Lines, and the intercepts made by them on any straight 
Line that cuts them are equal, then the intercepts on any other 
straight Line that cuts them are equal. This is awkwardly 
worded (in fact, as it stands, its subject, as I pointed out 
in p. 198, is inconceivable), and does not seem at all worth 
stating as a Theorem, 

At p. 57 I see an ‘Exercise’ (No. 5). ‘Shew that the 
angles of an eguiangular Triangle are equal to two-thirds 
of a right angle.” In this attempt I feel sure I should 
fail. In early life I was taught to believe them equal 
to two right angles—an antiquated prejudice, no doubt ; 
but it is difficult to eradicate these childish instincts. 

Problem 1 (p. 61) is Euc. I. 9: old proof. It provides no 
means of finding a radius ‘greater than half 4.5, which 
would seem to require the previous bisection of 4b. Thus 
the proof involves the fallacy ‘Petitio Principii’ 

Pr. 2 (p. 62) is Euc. L. 11, proved nearly as in Euclid. 

Pr. 5 (p. 62) 3s Euc. I. 12, proved nearly as in Euclid. 
It omits to say how a ‘sufficient radius’ can be secured, 
a point not neglected by Euclid. 

Pr. 4 (p. 63) is Eue. I. 10, proved nearly as in Euclid. 
This also, like Pr. 1, involves the fallacy ‘Petitio Principii? 

Pr. 5 (p. 64) is Eue. I. 32, proved nearly as in Euclid, 
but claims to use compasses to transfer distances, a Postu- 
late which Euclid has (properly, I think) treated as a Pro- 
blem. (See p. 212.) 

Pr. 6, 7 (pp. 65, 66) are Eue. I. 23, 31: old proofs. 
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Problems 8 to 11 (pp. 66 to 69) are new. "Their object 
is to construct Triangles with various data: viz. A, B, and 
€; A, B, and a; a, 6, and C; a, 6, and A. They are 
good exercises, 1 think, but hardly worth interpolating as 
Theorems. The first of them is remarkable as one of the 
instances where Mr. Wilson assumes Eue, Ax. 12, without 
giving, or even suggesting, any proof. If he intends to 
assume it as an Aviom, he makes Playfair’s Axiom super- 
fluous. No Manual ought to assume doth of them. 

Theorem 1 (p. 82) is Euc. I. 35, proved as in Euclid, but 
incompletely, as it only treats of one out of three possible 
cases, 

Th. 2 (p. 83) is new. ‘The area of a Triangle is half the 
area of a rectangle whose base and altitude are equat to those 
of the Triangle. This is merely a particular ease of Euc. I. 
41, and may fairly be reserved till we enter on Trigono- 
metry, where if first begins to have any practical value. 

Th. 2, Cor. 1 (p. 94) is Euc. I. 37, 38: old proofs. 

Th. 2, Cor. 2 (p. 84) is new. ‘Equal Triangles on the 
same or equal bases have equal altitudes? No proof is 
offered. It isan easy deduction, of questionable value. 

Th. 2, Cor. 3 (p. 84) is Euc. I. 39,40. No proof given. 

Th. 3 (p. 84) is new. ‘The area of a trapezium [by 
which Mr. Wilson means ‘a quadrilateral that has only one 
pair of opposite sides parallel’ | is equal to the area of a 
rectangle whose base is half the sum of the two parallel sides, 
and whose altitude rs the perpendicular distance between them,’ 
I have no hesitation in pronouncing this to be a mere 
‘faney’ Proposition, of no practical value whatever. 

Th. 4 (p. 86) is Euc. I, 45: old proof. 
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Th. 5 (p. 87) is Eue. II. 1: old proof. 

NUNC 7, © (p, $9, &e.) are Buc. II. 4, 7, 5. The 
sequence of Euc. II. 5, and its Corollary, is here inverted. 
Also the diagonals are omitted, and nearly every detail 
is left unproved, thus attaining a charming brevity—of 
appearance ! 

Th. 9 (p. 91) is Euc. I. 47 : old proof. 

Th. 10, 11 (pp. 94, 95) are Euc. 12, 13: old proof. 

Th. 12 (p. 95) is new. ‘The sum of the squares on two 
sides of a Triangle is double the sum of the squares on half 
the base and ow the line joining the vertex to the middle point 
of the base.’ This, Mr. Wilson tells us, is ‘Apollonius’ 
Theorem’: but, even with that mighty name to recom- 
mend it, I cannot help thinking it rather more curious 
than useful. 

Th. 13 (p. 96) is Euc. II. 9, 10. Proved algebraically, 
and thus degraded from the position of a (fairly useful) 
geometrical Theorem to a mere addition-sum, of no more 
value than millions of others like it. 

In the next proposition we suddenly transfer our alle- 
giance, fer no obvious reason, from Arabic to Latin 
numerals. 

Problem 1 (p. 99) is Euc. I. 42: old proof. 

Pr. n. (p. 1060) is Euc..l. 44: proved nearly as in 
Euclid, but labours under the same defect as Pr. 8 (p. 66) 
in that it assumes, without proof, Euc, Ax. 12. 

Pr. 111 (p. 100) is Euc. I. 45: old proof. 

Pr. 1v (p. 101) is Euc. II. 14: old proof. 

Pr. v (p. 103) is new. ‘To construct a rectilineal Figure 
equal to a given rectilineal Figure and having the number 
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of its sides one less than that of the given figure ; and thence 
to construct a Triangle equal to a given rectilineal Figure.’ 
This I have already noticed (see p. 193). It really is not 
worth interpolating as a new Proposition. And its con- 
cluding clause is, if I may venture on so harsh an expres- 
sion, childish: if reminds me of nothing so much as the 
Irish patent process for making cheap shoes—by taking 
boots and cutting off the tops! 

Pr. vi (p. 103) is ‘To divide a straight Line, either inter- 
nally or externally, into two segments such that the rectangle 
contained by the given Line and one of the segments may be 
equal to the square on the other segment.’ The case of 
internal section is Euc. II. 11, with the old proof. The 
other case is new, and worth interpolating. 


I have now discussed, with as much care and patience 
as the lateness of the hour will permit, so much of this 
new Manual as corresponds to Euc. I, II, and I hope 
your friends are satisfied. 


[.4 gentle cooing, as of satisfied ghosts, is heard in the air.] 


I wil now give you in a few words the net result of 
it all, and will show you how miserably small is the basis 
on which Mr. Wilson and his coadjutors of the ‘ Asso- 
ciation’ rest their claim to supersede the Manual of 
Euclid. 


[An angry moaning, as of ghosts suffering from neuralgia, 
surges round the room, till it dies away in the chimney. | 
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By breaking up certain of the Propositions of Eac. I, I, 
and including some of the Corollaries, we get 73 Proposi- 
tions in all—57 Theorems and 16 Problems. Of these 73, 
this Manual omits 14 (10 Theorems and 4 Problems) ; 
it proves 43 (32 Theorems and 11 Problems) by methods 
almost identical with Euclid’s; for 10 of them (9g Theorems 
and a Problem) it offers new proofs, against which I have 
recorded my protest, one being illogical, 2 (needlessly) 
employing ‘superposition,’ 2 deserting Geometry for 
Algebra, and the remaining 4 omitting the diagonals in 
Eue. IL; and finally it offers 6 new proofs, which I 
think may fairly be introduced as alternatives for those 
of Euclid. 

In all this, and in all the matters previously discussed, 
I fail to see one atom of reason for abandoning Euclid. 
Have you any yet-unconsidered objections to urge against 
my proposal ‘that the sequence and numeration of Euclid 
be kept unaltered’? 


[Dead silence is the only reply.| 


Carried, zemine contragemenie! And now, Prisoner at 
the Bar (I beg your pardon, I should say ‘ Professor on 
the Sofa’), have you, and your attendant phantoms, any 
other reasons to urge for regarding this Manual as in 
any sense a substitute for Euclid’s—as in any sense any- 
thing else than a revised edition of Euclid? 

Nie. We have nothing more to say. 

Min. Then I can but repeat with regard to this new- 
born ‘follower’ of the Syllabus, what I said of the 
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Syllabus itself. Restore the Problems (which are also 
Theorems) to their proper places; keep to Euclid’s num- 
bering (interpolating your new Propositions where you 
please); and your new book may yet prove a valuable 
addition to the literature of Elementary Geometry. 


[A tremulous movement is seen amid the ghostly throng. 
They waver fitfully to and fro, and finally drift off im the 
direction of one corner of the ceiling. When the procession 
has got well under way, NIEMAND himself becomes hazy, 
and floats of to join them. The whole procession gradually 
melts away into vacancy, DiaMoND going last, nibbling at 
the heels of Nero, for which a pair of gorgeous Roman 
sandals seem to afford but scanty protection. | 


ACT IV. 


‘Old friends are best.’ 


[Scene as before. Time, the early dawn. Mutnos slum- 
bering uneasily, having fallen forwards upon the table, his 
forehead resting on the inkstand. To him enter Euciip on 
tip-toe, followed by the phantasms of ARCHIMEDES, PYTHA- 
GORAS, ARISTOTLE, Puato, Sic. who have come to see fuir 


play. 
6 r1. Treatment of Pairs of Lines. 


Hue. Are all gone? 
Min. * Be cheerful, sir: 
Our revels now are ended: these our actors, 
As I foretold you, were all spirits, and 
Are melted into air, into thin air!’ 
Fuc. Good. Let us to business. And first, have you 
found any method of treating Parallels to supersede mine ? 
Min. No! <A thousand times, no! The infinitesimal 
method, so gracefully employed by M. Legendre, is un- 
suited to beginners: the method by transversals. and the 
method by revolving Lines, have not yet been offered in 
a logieal form : the * equidistant' method is too cumbrous : 
P 
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and as for the method of ‘direction,’ it is simply a rope 
of sand—it breaks to pieces wherever you touch it! 

Fuc. We may take it as a settled thing, then, that you 
have found no sufficient cause for abandoning either my 
sequence of Propositions or their numbering, and that all 
that now remains to be considered is whether any im- 
portant modifications of my Manual are desirable? 

Min. Most certainly. 

fue. Have you met with any striking novelty on the 
subject of a practical test for the meeting of Lines? 

Min. There is one rival to your 12th Axiom which is 
formidable on account of the number of its advocates— 
the one usually called ‘ Playfair’s Axiom.’ 

Luc. We have discussed that matter already (p 40). 

Min. But what have you to say to those who reject 
Playfair’s Axiom as well as yours? 

Fue. I simply ask them what practical test, as to the 
meeting of two given finite Lines, they propose to employ. 
Not only will they find it necessary to prove, in certain 
Theorems, that two given finite Lines will meet if pro- 
duced, but they will even find themselves sometimes 
obliged to prove it of two Lines, of which the only geo- 
metrical fact known is that they possess the very property 
which forms the subject of my Axiom. I ask them, in 
short, this question:—‘ Given two Lines making, with 
a certain transversal, two interior angles together less 
than two right angles, how do you propose to prove, 
without my Axiom, that they will meet if produced ?’ 

Min. The advocates of the ‘direction’ theory would of 
course reply, ‘We can prove, from the given property, 
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that they have different directions: and then we bring 
in the Axiom that Lines having different directions will 
meet if produced.’ 

Euc. All that you have satisfactorily disposed of in your 
review of Mr. Wilson’s Manual. 

Min. The only other substitute, that I know of, belongs 
to the ‘equidistant’ theory, which replaces your Axiom by 
three or four new Axioms and six new Theorems. Tat 
substitute, also, I have seen reason to reject. 

My general conclusion is that your method of treat- 
ment of all these subjects is the best that has yet been 
suggested. 

Eue. Any noticeable innovations in the treatment of 
Right Lines and Angles? 

Min. Those subjects I should be glad to talk over with 
you. 

fue. With all my heart. And now how do you pro- 
pose to conduct this our final interview ? 

Min. I should wish, in the first place, to lay before you 
the general charges which have been brought against you : 
then to discuss your treatment of Lines and Angles, as 
contrasted with that of your ‘Rivals’; and lastly the 
omissions, alterations, and additions proposed by them. 

Euc. Good. Let us begin. 

Min. I will take the general charges under three head- 
ings :—Construction, Demonstration, and Style. And first 
as to Construction :— 
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§ 2. Huclid’s Constructions. 


I am told that you indulge too much in ‘arbitrary 
restrictions. Mr. Reynolds says (Pref. p. vi.) ‘The arbi- 
trary restrictions of Euclid involve him in various incon- 
sistencles, and exclude his constructions from use. When, 
for instance, in order to mark off a length upon a straight 
Line, he requires us to describe five Circles, an equilateral 
Triangle, one straight line of limited, and two of unlimited 
length, he condemns his system to a divorce from practice 
at once and from sound reason.’ 

Hue. My. Reynolds has misunderstood me: I do not 
require all that construction in Prop. 3. To explain my 
meaning I must go back to Prop. 2, and I must ask your 
patience while I make a few general remarks on construc- 
tion. The machinery I allow consists of a pencil, a ruler, 
and a pair of compasses to be used for drawing a Circle 
about a given centre and passing through a given point (that 
is what I mean by ‘at any distance’), but zo£ to be used 
for transferring distances from one part of a diagram to 
another until it has been shown that such transference can be 
effected by the machinery atready allowed. 

Min. But why not allow such transference without 
proving that possibility ? 

Euc. Because it would be introducing as a Postulate what 
is really a Problem. And I go on the general principle of 
never putting a Problem among my Postulates, nor a 
Theorem among my Axioms. 
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Min. J heartily agree in your general principle, though 
I need scarcely remind you that it has been frequently 
charged against you, as a fault, that you state as an Axiom 
what is really a Theorem. 

Fuc. That charge has been met (see p. 40). To return 
to my subject. I merely prove, once for all, in Prop. 2, 
that a Line cau be drawn, from a given point, and equal to 
a given Line, by the original machinery alone, and without 
transferring distances. After that, my reader is welcome 
to transfer a distance by any method that comes handy, 
such as a bit of string &c.: and of course he may now 
transfer his compasses to a new centre. And this 1s all 
I expect him to do in Prop. 3. 

Min. Then you don’t expect these five Circles &c. to be 
drawn whenever we have to cut off, from one Line, a part 
equal to another ? 

Fuc. Pas si béte, mon ami. 

Min. Some of your Modern Rivals are, however, a little 
discontented with the very scanty machinery you allow. 

Fue. ‘A bad workman always quarrels with his tools.’ 

Min. Their charge against you is ‘the exclusion of 
hypothetical constructions.’ Mr. Wilson says (Pref. p. 1.) 
‘The exclusion of hypothetical constructions may be men- 
tioned as a self-imposed restriction which has made the 
confused order of his first book necessary, without any 
compensating advantage.’ 

ue. In reply, I cannot do better than refer you to 
Mr. Todhunter’s Essay on Elementary Geometry (p. 186). 
‘Confused order is rather a contradictory expression,’ &e. 
(see p. 241). 


214 MINOS AND EUCLID. [Acr IV. 


Min. Your reply is satisfactory. Mr. Wilson himself is 
an instance of the danger of such a method. Three times 
at least (pp. 46, 70, 88) he produces Lines to meet without 
attempting to prove that they wi// meet. 


§ 3. Huchd’s Demonstrations. 


Min. The next heading is ‘Demonstration.’ You are 
charged with an ‘invariably syllogistic form of reasoning.’ 
(Wilson, Pref. p. i.) 

Fue. Do you know, I am vain enough to think that 
a merit rather than a defect? Let me quote what Mr. 
Cuthbertson says on this point (Pref. p. vii). * Euchid's 
mode of demonstration, in which the conclusion of each 
step is preceded by reasoning expressed with all the exact- 
ness of the minor premiss of a syllogism, of which some 
previous proposition is the major premiss, has been adopted 
as offering a good logical training, and also as being 
peculiarly adapted for teaching large classes, rendering 
it possible for the teacher to call first upon one, then 
upon another, and so on, to take up any link in the 
chain of argument.’ Perhaps even Mr. Wilson’s own 
book would not be the worse if the reasoning were a 
trifle more ‘syllogistic’ ! 

Min. A fair retort. You are also charged with ‘too 
great length of demonstration.’ Mr. Wilson says (Pref. 
p. 1.) ‘The real objections to Euclid as a text-book are... 
the length of his demonstrations.’ And Mr. Cooley says 
(Pref. p. 1.) ‘The important and fertile theorems, which 
crown the heights in this field of knowledge, are here 
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all retained, and those only are omitted which seem to 
be but the steps of a needlessly protracted ascent. The 
short road thus opened will be found perfectly solid in 
construction, and at the same time far less tedious and 
fatiguing than the circuitous one hitherto in vogue.’ 

Hue. 1 think Mr. Wilson’s Th. 17 (p. 27), with its five 
figures (all necessary, though he only draws one), and still 
more his marvellous Problem, ‘ approached by four stages,’ 
which fills pages 69 to 72, are pretty good instances of 
lengthy demonstration. And Mr. Cooley’s ‘short and 
solid road ' contains, if I remember right, a rather break- 
neck crevasse ! 

Min. The next charge against you is ‘too great brevity 
of demonstration.” Mr. Leslie (a writer whom I have not 
thought it necessary to review as a ‘ Modern Rival,’ as his 
book is nearly seventy years old) says (Pref. p. vi.) ‘In adapt- 
ing it’ (the Elements of Euclid) ‘to the actual state of the 
science, I have ... sought to enlarge the basis ... The 
numerous additions which are incorporated in the text, 
so far from retarding will rather facilitate progress, by 
rendering more continuous the chain of demonstration. 
To multiply the steps of ascent, is in general the most 
expeditious mode of gaining a summit.’ 

Euc. I think you had better refer him to Mr. Wilson 
and Mr. Cooley: they will answer Aim, and he in his turn 
will confute chem ! 

Min. The last charge relating to demonstration is, in 
Mr. Wilson's words (Pref. p. viii.) *the constant reference 
to general Axioms and general Propositions, which are no 
clearer in the general statement than they are in the 


216 MINOS AND EUCLID. [Acr IV. 


partieular instance, which practice, he says, makes the 
study of Geometry ‘unnecessarily stiff, obscure, tedious 
and barren.’ 

Eue. One advantage of making a general statement, and 
afterwards referring to it instead of repeating it, is that 
you have to go through the mental process of affirming or 
proving the truth once for all: apparently Mr. Wilson 
would have you begin de novo and think out the truth 
every time you need it! But the great reason for always 
referring back to your universal, instead of affirming the 
particular (Mr. Wilson is merely starting the old logical 
hare ‘Is the syllogism a Petztio Principir?’), is that the 
truth of the particular does not rest on any data peculiar 
to itself, but on general principles applicable to all similar 
cases; and that, unless those general principles prove the 
conclusion for all cases, they cannot be warranted to prove 
at for any one selected case. If, for instance, I see a 
hundred men, and am told that some assertion is true 
of ninety-nine of them, but am zot told that it is true 
of all, I am not justified in affirming it of any selected 
man ; for he migåt chance to be the excepted one. Now 
the assertion, that the truth of the particular case under 
notice depends on general principles, and not on peculiar 
circumstances, is neither more nor less than the assertion 
of the universal affirmative which Mr. Wilson deprecates. 


§ 4. Euchid’s Style. 


Min. Quite satisfactory. I will now take the third 
heading, namely ‘Style.’ 
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You are charged with Artificiality, Unsuggestiveness, 
and Want of Simplicity. Mr. Wilson says (Pref. p. i.) 
‘The real objections to Euclid as a text-book are his 
artificiality ...and his unsuggestiveness,’ and again, ‘he 
has sacrificed, to a great extent, simplicity and naturalness 
in his demonstrations, without any corresponding gain in 
grasp or cogency.' 

Bue. Well, really I cannot deal with general charges 
like these. I prefer to abide by the verdict of my readers 
during these two thousand years. As to *unsuggestive- 
ness, that is a charge which cannot, I admit, be retorted 
on Mr. Wilson: his book is very suggestive—of remarks 
which, perhaps, would not be wholly ‘music to his ear’! 


6 5. Euclid's treatment of Lines and Angles. 


Min. Let us now take the subjects of Right Lines 
and Angles; and first, the ‘ Right Line.’ 

I see, by reference to the original, that you define it 
as a Line ‘which lies evenly as to points on it.’ That 
of course is only an attempt to give the mind a grasp of 
the idea, It leads to no geometrical results, I think ? 

Fue. No: nor does any definition of it, that I have yet 
seen. 

Min. I have no rival Definitions to propose. Mr. Wil- 
son’s ‘which has the same direction at all parts of its 
length’ has perished in the collapse of the ‘direction’ 
theory: and M. Legendre’s ‘the shortest course from one 
point to another’ is not adapted for the use of a beginner. 


TW 
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And I do not know that any change has been suggested 
in your test of a right Line in Prop. 14. 

The next subject is € Angles.’ 

Your definition would perhaps be improved, if for ‘in- 
clination to' we were to read ‘declination from,’ for, the 
greater the angle the greater the declination, and the less 
(as it seems to me) the ?zclination. 

fue. Ll agree with you. 
| Min. The next point is that you limit the size of an 
angle to something less than the sum of two right angles. 

Hue, What advantage is claimed for the extension of the 
Definition ? 

Min. It is a prospective rather than an immediate one. 
It must be granted you that the larger angles are not 
needed in the first four Books— 

Hue. In the first six Books. 

Min, Nay, surely you need them in the Sixth Book? 

Tuc. Where ? 

Min. In Prop. 33, where you treat of ‘any equimultiples 
whatever’ of an angle, of an are, and of a sector. You 
cannot possibly assume the multiple angle to be always 
less than two right angles. 

fue. You think, then, that a multiple of an angle must 
itself be an angle? 

Min. Surely. 

fue. Then a multiple of a man must itself be a man. 
If I contemplate a man as multiplied by the number ten 
thousand, I must realise the idea of a man ten thousand 
times the size of the first ? 

Min. No, you need not do that. 
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Fuc. Thanks : it is rather a strain on the imaginative 
faculty. 

Min. You mean, then, that the multiple of an angle 
may be conceived of as so many separate angles, not in 
contact, nor added together into one ? 

Sue. Certainly. 

Min. But you have to contemplate the case where two 
such angular magnitudes are equal, and to infer from that, 
by III. 26, that the subtending ares are equal. How can 
you infer this when your angular magnitude is not one 
angle but many ? 

Buc. Why, the sum total of the first set of angles is 
equal to the sum total of the second set. Hence the 
second set can clearly be broken up and put together 
again in such amounts as to make a set equal, each to 
each, to the first set: and then the sum total of the arcs, 
and likewise of the sectors, will evidently be equal also. 

But if you contemplate the multiples of the angles as 
single angular magnitudes, I do not see how you prove 
the equality of the subtending arcs: for my proof applies 
only to cases where the angle is less than the sum of two 
right angles. 

Min. That is very true, and you have quite convinced 
me that we ought to observe that limit, and not con- 
template ‘angles of rotation’ till we enter on the subject 
of Trigonometry. 

As to right angles, it has been suggested that your Axiom 
‘all right angles are equal to one another’ is capable of 
proof as a Theorem. 

Euc. I do not object to the interpolation of such a 
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Theorem, though there is very little to distinguish so 
simple a Theorem from an Axiom. 

Min. Let us now consider the omissions, alterations, and 
additions, which have been proposed by your Modern 
Rivals. 


§ 6. Omissions, alterations, and additions, 
suggested by Modern Rivals. 


Eue. Which of my Theorems have my Modern Rivals 
proposed to omit ? 

Min. Without dwelling on such extreme cases as that of 
Mr. Pierce, who omits no less than 19 of the 35 Theorems 
in your First Book, I may say that the only two, as to 
which I have found anything like unanimity, are I. 7 and 
IT 3, 

Fuc. As to I. 7, I have several reasons to urge in favour 
of retaining it. 

First, it is useful in proving I. 8, which, without it, is 
necessarily much lengthened, as it then has to include three 
cases: so that its omission effects little or no saving of 
space. 

Secondly, the modern method of proving I. 8 inde- 
pendently leaves I. 7 still unproved. 

Min. That reason has no weight unless you can prove 
I. 7 to be valuable for itself. 

Luc, True, but I think I caw prove it; for, thirdly, it 
shows that, of all plane Figures that can be made by 
hingeing rods together, the ¢hree-sided ones (and these 
only) are rigid (which is another way of stating the fact 
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that there cannot be ¢wo such figures on the same base). 
This is analogous to the fact, in relation to solids con- 
tained by plane surfaces hinged together, that any such 
solid is rigid, there being no maximum number of sides. 

And fourthly, there is a close analogy between I. 7, 8 
and ITT. 23, 24. These analogies give to Geometry much 
of its beauty, and I think that they ought not to be lost 
sight of. 

Min. You have made out a good case. Allow me to 
contribute a ‘fifthly.’ It is one of the very few Proposi- 
tions that have a direct bearing on practical science. I 
have often found pupils much interested in learning that 
the principle of the rigidity of Triangles is of constant use 
in architecture, and even in so homely a matter as the 
making of a gate. 

The other Theorem which I mentioned, II. 8, is now 
so constantly ignored in examinations that it is very 
often omitted, as a matter of course, by students. It is 
believed to be extremely difficult and entirely useless. 

fue, Its difficulty has, I think, been exaggerated. Have 
you tried to teach it? 

AMin. I have occasionally found pupils amiable enough to 
listen to what they felt sure would be of no service in 
examinations. My experience has been wholly amone 
undergraduates, any one of whom, if of average ability, 
would, I think, master it in from five to ten minutes. 

Lue. No very exorbitant demand on your pupil’s time. 
As to its being ‘entirely useless,’ I grant you it is of no 
immediate service, but you will find it eminently useful 
when you come to treat the Parabola geometrically. 
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Min, That is true. 

Eue. Vet us now consider the new methods of proof sug- 
gested by my Rivals. 

Min. Prop. 5 has been much attacked—I may say tram- 
pled on—by your Modern Rivals. 

Eue. Good. So that is why you call it ‘The Asses’ 
Bridge’? Well, how many new methods do they suggest 
for crossing it? 

Min. One is ‘hypothetical construction,’ M. Legendre 
bisecting the base, and Mr. Pierce the vertical angle, but 
without any proof that the thing can be done. 

Euc. So long as we agree that beginners in Geometry 
shall be limited to the use of Lines and Circles, so long 
will it be unsafe to assume a point as found, or a Line as 
drawn, merely because we are sure it exists. For example, 
it is axiomatic, of course, that every angle has a bisector: 
but it is equally obvious that it has two trisectors: and if 
I may assume the one as drawn, why not the others also? 
However we have discussed this matter already (p. 20). 

Min. A second method is ‘superposition,’ adopted by 
Mr. Wilson and Mr. Cuthbertson—a method which here 
involves the reversing of the triangle, before applying it to 
its former position. 

Euc. That also we have discussed (p. 47). What is the 
method adopted in the new Manual founded on the 
Syllabus of the Association ? 

Min. The same as Mr. Pierce’s. Mr. Reynolds has a 
curious method: he treats the sides as obliques ‘equally 
remote from the perpendicular.’ 

Fue. Curious, indeed. 
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Min. But perhaps the most curious of all is Mr. Willock’s 
method: Ae treats the sides as radii of a circle, and the base 
as a chord. 

Fuc. He had better have made them asymptotes of a 
hyperbola at once! C'est magnifique, mais ce west pas la— 
Géométrie. 

Min. Two of your Rivals prove Prop. 8 from Prop. 24. 

Euc. ‘ Putting the cart before the horse,’ in my humble 
opinion. 

Min. For a brief proof of Prop. 13, let me commend to 
your notice Mr. Reynolds’—consisting of the seven words 
‘ For they fill exactly the same space.’ 

Euc. Why so lengthy? The word ‘exactly’ is super- 
fluous. 

Min. Instead of your chain of Theorems, 18, 19, 20, 
several writers suggest 20, 19, 18, making 20 axiomatic. 

Euc. That has been discussed already (p. 56). 

Min. Mr. Cuthbertson’s proof of Prop. 24 is, if I may 
venture to say so, more complete than yours. He con- 
structs his diagram without considering the lengths of the 
sides, and then proves the 3 possible cases separately. 

Hue. I think it an improvement. 

Alin. There are no other noticeable innovations, that have 
not been already discussed, except that Mr. Cuthbertson 
proves a good deal of Book II by a quasi-algebraical 
method, without exhibiting to the eye the actual Squares 
and Rectangle: while Mr. Reynolds does it by pure 
algebra. 

Eue. I think the actual Squares, &c. most useful for be- 
ginners, making the Theorems more easy to understand and 
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to remember.  4/gebraical proofs of course introduce the 
difficulty of ‘incommensurables.’ 

Min. We will now take the new Propositions, &e. which 
have been suggested. 

Here is an Axiom :— Two lines cannot have a common 
segment.’ 

Hue. Good. I have tacitly assumed it, but it may as 
well be stated. 

Min. Several new Theorems have been suggested, but only 
two of them seem to me worth mentioning. They are :— 

‘All right angles are equal,’ 

Euc. I have already approved of that (p. 219). 

Min, The other is one that is popular with most of your 
Rivals :— 

‘Of all the Lines which can be drawn to a Line from a 
point without it, the perpendicular is least; and, of the rest, 
that which is nearer to the perpendicular is less than one more 
remote; and the lesser is nearer than the greater; and from the 
same point only two equal Lines can be drawn to the other 
Line, one on each side of the perpendicular.’ 

Fuc. I like it on the whole, though so long an enunci- 
ation will be alarming to beginners. But it is strictly 
analogous to III. 7. Introduce it by all means in the 
revised edition of my Manual. It will be well, however, 
to lay it down as a general rule, that no Proposition shall 
be so interpolated, unless it be of such importance and 
value as to be thought worthy of being quoted as proved, 
in the same way in which candidates in examinations are 
now allowed to quote Propositions of mine. 


Min. (with a fearful yawn) Well! I have no more to say. 
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06 7. The summing-up. 


Luc. *'The cock doth craw, the day doth daw, and all 
respectable ghosts ought to be going home. Let me carry 
with me the hope that I have convinced you of the import- 
ance. if not the necessity, of retaining my order and num- 
bering, and my method of treating straight Lines, angles, 
right angles, and (most especially) Parallels. Leave me 
these untouched, and I shall look on with great content- 
ment while other changes are made—while my proofs are 
abridged and improved— while alternative proofs are ap- 
pended to mine—and while new Problems and Theorems 
are interpolated. 

In all these matters my Manual is capable of almost 
unlimited improvement. 


| To the sound of slow music, Kuctip and the other ghosts 
‘heavily vanish, according to Shakespeares approved stage- 
direction. Mainos wakes with a start, and betakes himself 
to bed, ‘a sadder and a wiser man. ] 
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Extract from Mr. Todhunter’s essay on * Ele- 
mentary Geometry, included in ‘ The 


Conflict of Studies, de. 


Ir has been said by a distinguished philosopher that England 
is * usually the last to enter into the general movement of the 
European mind." "The author of the remark probably meant to 
assert that a man or a system may have become famous on the 
continent, while we are almost ignorant of the name of the man 
and the claims of his system. Perhaps, however, a wider range 
might be given to the assertion. An exploded theory or a 
disadvantageous practice, like a rebel or a patriot in distress, 
seeks refuge on our shores to spend its last days in comfort if 
not in splendour. Just when those who originally set up an 
idol begin to suspect that they have been too extravagant in 
their devotions we receive the discredited image and commence 
our adorations. It is a less usual but more dangerous illus- 
tration of the principle, if just as foreigners are learning to 
admire one of our peculiarities we should grow weary of it. 

In teaching elementary geometry in England we have for 
a long time been accustomed to use the well-known Elements of 
Euclid. At the present moment, when we learn from the best 
testimony, namely, the admission of anti-Euclideans, that both 
in France and Italy dissatisfaction is felt with the system 
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hitherto used, accompanied with more or less desire to adopt 
ours, we are urged by many persons to exchange our system 
for one which is falling out of favour on the continent. 


Many assertions have been made in discussion which rest 
entirely on the authority of the individual advocate, and thus it 
is necessary to be somewhat critical in our estimate of the value 
of the testimony. ‘Two witnesses who are put prominently 
forward are MM. Demogeot and Montucci, who drew up a 
report on English education for the French Government. Now 
I have no doubt that these gentlemen were suited in some 
respects to report on English education, as they were selected 
for that purpose; but I have searched in vain for any evidence 
of their special mathematical qualifications. No list of mathe- 
matical publications that I have consulted has ever presented 
either of these names, and I am totally at a loss to conceive on 
what grounds an extravagant respect has been claimed for their 
opinions. The following sentence has been quoted with appro- 
bation from these writers: “Le trait distinctif de l'enseignement 
des mathématiques en Angleterre c'est qu'on y fait appel plutôt 
à la mémoire qu’à Fintelligence de l'élève.” In the first place 
we ought to know on what evidence this wide generalisation is 
constructed. Did the writers visit some of the humbler schools 
in England in which the elements of arithmetic and mensuration 
were rudely taught, and draw from this narrow experience an 
inference as to the range of mathematical instruction throughout 
England? Or did they find on inspecting some of our larger 
public schools that the mathematical condition was unsatisfactory ? 
In the latter case this might have arisen from exclusive devotion 
to classics, or from preference for some of the fashionable novelties 
of the day, or from want of attention and patience in the teachers. 
On the most unfavourable supposition the condemnation pro- 
nounced on the general mathematical training in England cannot 
be justified. But take some kind of experimental test. Let 
an inquirer carefully collect the mathematical examination papers 
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issued throughout England in a single year, including those 
proposed at the Universities and the Colleges, and those set at 
the Military Examinations, the Civil Service Examinations, 
and the so-called Local Examinations. I say then, without 
fear of contradiction, that the original problems and examples 
contained in these papers will for interest, variety, and ingenuity 
surpass apy similar set that could be found im any country of 
the world. Then any person practically conversant with teaching 
and examining ean judge whether the teaching is likely to be 
the worst where the examining is the most excellent. 

The sentence quoted from MM. Demogeot and Montueci, 
in order to have any value, ought to have proceeded from 
writers more nearly on a level with the distinguished mathe- 
matical] teachers in England. So far as any foundation can 
be assigned for tlis statement, it will probably apply not to 
mathematies especially but to all our studies, and amount to 
this, that our incessant examinations lead to an over culti- 
vation of the memory. Then as to the practical bearing of 
the remark on our present subject it is obvious that the charge, 
if true, is quite independent of the text-book used for instruction, 
and might remain equally valid if Euclid were exchanged for 
any modern author. 

The French gentlemen further on contrast what they call 
Euclid’s verbiage with the elegant conciseness of the French 
methods. It is surely more than an answer to these writers 
to oppose the high opinion of the merits of Euclid expressed 
by mathematicians of European fame like Duhamel and Hoiiel. 
See the First Report of the Association for the improvement of 
Geometrical Teaching, p. 10. 

When we compare the lustre of the mathematical reputation 
of these latter names with the obscurity of the two former, it 
seems that there is a great want of accuracy in the statement 
made in a recent circular: ‘The opinion of French mathe- 
maticians on this question, is plainly expressed in the Report of 
MM. Demogeot and Montucci.. ..’ 
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I should have to quote very largely indeed if I wished to 
draw attention to every hazardous statement which has been 
advanced ; I must therefore severely restrain myself. Consider 
the following: ‘ Unquestionably the best teachers depart largely 
from his words, and even from his methods. That is, they use 
the work of Euclid, but they would teach better without it. 
And this is especially true of the application to problems. 
Everybody recollects, even if he have not the daily experience, 
how unavailable for problems a boy’s knowledge of Euclid 
generally is. The value of such a statement depends entirely 
on the range of the experience from which it has been derived. 
Suppose for instance that the writer had been for many 
years an examiner in a large University in which against each 
candidate's name the school was recorded from which he came ; 
suppose that the writer had also been much engaged in the 
numerous examinations connected with the military institutions ; 
suppose that he had also been for a quarter of a century in 
residence at one of the largest colleges at Cambridge, and 
actively employed in the tuition ; suppose also that it had been 
his duty to classify the new students for lecture purposes by 
examining them in Euclid and other parts of elementary 
mathematics; and finally suppose that he was in constant com- 
munication with the teachers in many of the large schools: 
then his opinion would have enjoyed an authority which in the 
absence of these circumstances cannot be claimed for it. 

If I may venture to refer to my own experience, which J 
fear commenced when the writer whom I have just quoted 
was in his cradle, I may say that I have taught geometry 
both Euchdean and non-Euclidean, that my own early studies 
and prepossessions were towards the latter, but that my tes- 
timony would now be entirely in favour of the former. 


I admit that to teach Euclid requires patience both from the 
tutor and the pupil; but I can affirm that I have known many 
teachers who have succeeded admirably, and have sent a large 
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number of pupils to the University well skilled in solving 
deductions and examples; nor have I ever known a really 
able and zealous teacher to fail. I am happy to supplement 
my own testimony by an extract from the very interesting 
lecture on Geometrical Teaching by Dr. Lees, of St. Andrews. 
‘Whatever may be the cause of failure in England, it is clear 
as any demonstration can be that the failure cannot be ascribed to 
Euclid. Because in Scotland we do employ Euclid as the text- 
book for our students, and in Scotland we have the teaching of 
Geometry attended with the most complete success; and this 
not only in the colleges, but in all the higher and more important 
schools and academies of the country, and in many of the parish 
schools even, where the attention of the teacher is necessarily so 
much divided. See also the remarkable Narrative-Essay on a 
Liberal Education, by the Rev. S. Hawtrey, A.M., Assistant- 
Master, Eton. 


During the existence of the East India Company’s military 
college at Addiscombe, it is well known that the cadets were 
instructed in mathematics by the aid of a course drawn up by 
the late Professor Cape. The geometry in this course was of 
the kind which our modern reformers recommend, being founded 
on Legendre, and adopting the principle of hypothetical con- 
structions which is now so emphatically praised. In certain 
large schools where youths were trained for the military colleges 
it was usual to instruct a class of candidates for Woolwich, in 
Euclid, and a class of candidates for Addiscombe in Cape’s 
adaptation of Legendre. Fairness in the procedure was secured 
by giving the same number of hours by the same masters to 
each class; and the honour and rewards which attended success 
supplied an effectual stimulus both to teachers and pupils. Now 
consider the result. I was assured by a teacher who was for 
many years distinguished for the number and the success of his 
pupils, that the training acquired by the Euclid class was far 
superior to that acquired by the Legendre class. The Euclid 
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was not more difficult to teach and was more potent and more 
beneficial in its influence. The testimony made the stronger 
impression on me because at the time I was disposed from 
theoretical considerations to hold an opposite opinion; I was 
inclined for example to support the use of hypothetical con- 
structions. Such experience as I afterwards gained shewed the 
soundness of the judgment at which the practical teacher had 
arrived; and I have also received the emphatic evidence of 
others who had good opportunities of considering the question, 
and had come to the same conclusion. I have myself examined 
at Woolwich and at Addiscombe, and am confident that the 
teaching in both institutions was sound and zealous; but I have 
no hesitation in saying that the foundation obtained from Euclid 
was sounder than that from Legendre. 


Although I have admitted that the study of Euclid is one 
that really demands patient attention from the beginner, yet 
I cannot admit that the tax is unreasonable. My own experi- 
ence has been gained in the following manner. Some years 
since on being appointed principal mathematical lecturer in my 
college, more systematic arrangements were introduced for the 
lectures of the freshmen than had been previously adopted; and 
as the Euclid seemed to be one of the less popular subjects I 
undertook it myself. Thus for a long period the way in which 
this has been taught in schools, and the results of such teaching, 
have been brought under my notice. It need scarcely be said 
that while many of the students who have thus presented them- 
selves to me have been distinguished for mathematical taste and 
power, yet the majority have been of other kinds ; namely, either 
persons of ability whose attention was fully occupied with studies 
different from mathematics, or persons of scanty attainments 
and feeble power who could do little more than pass the ordinary 
examination. I can distinctly affirm that the cases of hopeless 
failure in Euclid were very few; and the advantages derived 
fromthe study, even by men of feeble ability, were most decided. 
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In comparing the performance in Euclid with that in Arithmetic 
and Algebra there could be no doubt that the Euclid had made 
the deepest and most beneficial impression: in fact it might be 
asserted that this constituted by far the most valuable part of 
the whole training to which such persons were subjected. Even 
the modes of expression in Euclid, which have been theoretically 
condemned as long and wearisome, seemed to be in practice well 
adapted to the position of beginners. As I have already stated 
there appears to me a decided improvement gradually taking 
place in the knowledge of the subject exhibited by youths on 
entering the University. My deliberate judgment is that our 
ordinary students would suffer very considerably if instead of 
the well-reasoned system of Euclid any of the more popular 
but Jess rigid manuals were allowed to be taken as a substitute. 
Let me now make a few remarks on the demand which has 
been made to allow other books instead of Euclid in examina- 
tions. It has been said: “ We demand that we should not be,— 
as we are now, by the fact of Euclid being set as a text-book 
for so many examinations,—practically obliged to adhere to one 
book. Surely such a request, made by men who know what they 
want, and are competent to form an opinion on the subject,— 
and made in earnest,—should induce the Universities and other 
examining bodies to yield their consent. The grounds of the 
demand then are three ; that it is made in earnest, that it is 
made by those who know what they want, and that it is made 
by those who are competent to form an opinion on the subject. 
I need not delay on two of the grounds; the experience of every 
day shews that claimants may know what they want, and be 
terribly in earnest in their solicitations, and yet it may be the 
duty of those to whom the appeal is made to resistit. Moreover 
it is obvious that the adoption of Euclid as a text book is pre- 
scribed by those who are equally in earnest and know what they 
recommend. In short if no institution is to be defended when 
it is attacked knowingly and earnestly, it is plain that no institu- 
tion is safe. 
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I turn then to the other ground, namely that the demand is 
made by men who are competent to form an opinion on the 
subject. Now it is not for me to affect to speak in the name of 
the University of Cambridge; mine is the opinion of only a 
private unofficial resident. But I have little doubt that many 
persons here will maintain, without questioning the competence 
of the claimants to form an opinion, that we ourselves are still 
much more competent to form an opinion. 

For it will not be denied that in all which relates to mathe- 
matical knowledge we have an aggregate of eminence which far 
surpasses what has yet been collected together to press the 
demand on the University. Moreover as inspectors and judges 
we occupy a central position as it were, and thus enjoy oppor- 
tunities which do not fall to isolated teachers however eminent 
and experienced. The incessant demands made upon the Uni- 
versity to furnish examiners for schools and for the local exami- 
nations keep us as a body practically familiar with the standard 
of excellence attained in various places of instruction. Then as 
college lecturers and private tutors we have the strongest motives 
for keenly discriminating the state of mathematical knowledge 
in different schools, as shewn by the performance of the candi- 
dates when brought under our notice. Moreover some of the 
residents in the University by continued intercourse with old 
pupils, now themselves occupying important positions as teachers, 
are enabled to prolong and enlarge the experience which they 
may have already obtained directly or indirectly. If itis obvious 
that certain teachers by ability and devotion have for many years 
sent up well-trained pupils, the University may well consider 
that it would be neither right nor wise to deprive its best 
friends of their justly earned distinction, by relaxing in any way 
the rigour of the examinations. Instead then of urging an 
instant acquiescence with demands on the ground that those who 
make them are well qualified to judge, the claimants should 
endeavour by argument to convince others who are still better 


qualified to judge. 
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Here let me invite attention to the following remark which 
has been made in support of the claim: “ In every other subject 
this is freely accorded; we are not obliged to use certain 
grammars or dictionaries, or one fixed treatise on arithmetic, 
algebra, trigonometry, chemistry, or any other branch of science. 
Why are we to be tied to one book in geometry alone?” Now 
in the first place it may be said that there are great advantages 
in the general use of one common book; and that when one 
book has long been used almost exclusively it would be rash to 
throw away certain good in order to grasp at phantasmal benefits. 
So well is this principle established that we have seen in recent 
times a vigorous, and it would seem successful, effort to secure 
the use of a common Latin Grammar in the eminent public 
schools. In the second place the analogy which is adduced in the 
remark quoted above would be rejected by many persons as involv- 
ing an obvious fallacy, namely that the word geometry denotes 
the same thing by all who use it. By the admirers of Euclid 
it means a system of demonstrated propositions valued more 
for the process of reasoning involved than for the results obtained. 
Whereas with some of the modern reformers the rigour of the 
method is of small account compared with the facts themselves. 
We have only to consult the modern books named in a certain 
list, beginning with the Essentials of Geometry, to see’ that 
practically the object of some of our reformers is not to teach 
the same subject with the aid of a different text-book, but to 
teach something very different from what is found in Euclid, 
under the common name of geometry. 

It may be said that I am assuming the point in question, 
namely, that Euclid is the best book in geometry; but this is 
not the case. Iam not an advocate for finality in this matter ; 
though I do go so far as to say that a book should be decidedly 
better than Euclid before we give up the advantages of uni- 
formity which it will be almost impossible to secure if the 
present system is abandoned. But, as it has been well observed 
by one of the most distinguished mathematicians in Cambridge, 
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“The demand is unreasonable to throw aside Euclid in favour of 
any compendium however meagre and however unsound; and 
this is really the demand which is made: it will be time enough 
to consider about the discontinuance of Euclid when a better 
book is deliberately offered.” It may be added that the supe- 
riority to Euclid must be established by indisputable evidence ; 
not by the author’s own estimation, the natural but partial 
testimony of parental fondness; not by the hasty prediction of 
some anonymous and irresponsible reviewer ; not by the authority 
of eminent men, unless the eminence is founded on mathematical 
attainments ; not even by the verdict of teachers who are not 
conspicuous for the success of their pupils. The decision must 
rest with students, teachers, and examiners, of considerable repu- 
tation in the range of the mathematical sciences. 

It must be allowed that there is diversity of opinion among 
the opponents of Euclid, for while the majority seem to claim 
freedom in the use of any text-books they please, others rather 
advocate the construction and general adoption of a new text- 
book. The former class on the whole seem to want something 
easier and more popular than Euclid; among the latter class 
there are a few whose notion seems to be that the text-book 
should be more rigorous and more extensive than Euclid. There 
are various considerations which seem to me to indicate that if 
a change be made it will not be in the direction of greater rigour; 
the origin of the movement, the character of the text-books 
which have hitherto been issued, and the pressure of more 
modern and more attractive studies, combine to warn us that if 
the traditional authority which belongs to Euclid be abandoned 
geometry will be compelled to occupy a position in general 
education much inferior to that which it now holds. 

There is one very obvious mode of advancing the cause of the 
anti-Euclidean party, which I believe will do far more for them 
than the most confident assertions and predictions of the merits 
of the course which they advocate : let them train youths on their 
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system to gain the highest places in the Cambridge Mathematical 
Tripos, and then other teachers will readily follow in the path 
thus opened to distinction. But it may naturally be said that as 
long as Euclid is prescribed for the text-book, the conditions of 
competition are unfair towards those who adopt some modern 
substitute ; I will examine this point. In the Cambridge 
Examination for Mathematical Honours there are at present 
sixteen papers; a quarter of the first paper is devoted to book- 
work questions on Euclid. Now suppose that 1000 marks are 
assigned to the whole examination, and that about five of these 
fall to the book-work in Euclid. A student of any modern 
system would surely be able to secure some of these five marks, 
even from a stern Euclidean partisan. But to take the worst 
case, suppose the candidate deliberately rejects all chance of 
these five marks, and turns to the other matter on the paper, 
especially to the problems; here the advantage will be irresist- 
ibly on his side owing to the “superiority of the modern to the 
ancient methods of geometry ”’ which is confidently asserted. It 
must be remembered that in spite of all warning and commands 
to the contrary, examiners will persist in making their papers 
longer than can be treated fully in the assigned time, so that the 
sacrifice of the book-work will be in itself trifling and will be 
abundantly compensated by the greater facility at the solution 
of problems which is claimed for the modern teaching, as com- 
pared with the * unsuggestiveness " of Euclid, and by the greater 
accuracy of reasoning, since we are told that * the logical train- 
ing to be got from Euclid is very imperfect and in some respects 
bad." Thus on the whole the disciple of the modern school will 
even in the first paper of the Cambridge Tripos Examination be 
more favourably situated than the student of Euclid; and of 
course in the other papers the advantages in his favour become 
largely increased. For we must remember that we are expressly 
told that Euclid is “an unsuitable preparation for the higher 
mathematical training of the present day ;” and that "those who 
continue their mathematical reading with a view of obtaining 
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honours at the University ... will gain much through economy 
of time and the advantage of modern lights.” 

The final result is this; according to the promises of the 
geometrical reformers, one of their pupils might sacrifice five 
marks out of a thousand, while for all the remaining 995 
his chance would be superior to that of à Euclid-trained student. 
It may be added that in future the Cambridge Mathematical 
Examinations are to be rather longer than they have been up 
to the date of my writing; so that the advantage of the anti- 
Euclidean school will be increased. Moreover we must remember 
that in the Smith's Prizes Examination the elementary geometry 
of Euclid scarcely appears, so that the modern reformers would 
not have here any obstacle to the triumphant vindieation of 
their superiority as teachers of the higher mathematics. The 
marvellous thing is that in these days of competition for educa- 
cational prizes those who believe themselves to possess such a 
vast superiority of methods do not keep the secret to them- 
selves, instead of offering it to all, and pressing it on the reluc- 
tant and incredulous. Surely instead of mere assertion of the 
benefits to be secured by the modern treatment, it will be far 
more dignified and far more conclusive to demonstrate the pro- 
position by brilliant success in the Cambridge Mathematical 
Tripos. Suppose we were to read in the ordinary channels of 
information some such notice as this next January: “ The first 
six wranglers are considered to owe much of their success to the 
fact that in their training the fossil geometry of Alexandria was 
thrown aside and recent specimens substituted ;” then opposition 
would be vanquished, and teachers would wonder, praise, and 
imitate. But until the promises of success are followed by a 
performance as yet never witnessed we are reminded of the case 
of a bald hairdresser who presses on his customers his infallible 
specific for producing redundant locks. 


To those who object to Euclid as an inadequate course of 
plane geometry it may then be replied briefly that it is easy, 
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if thought convenient or necessary, to supply any additional 
matter. But for my part I think there are grave objections 
to any large increase in the extent of the course of synthetical 
geometry which is to be prepared for examination purposes. 
One great drawback to our present system of mathematical 
instruction and examination is the monotony which prevails in 
many parts. When a mathematical subject has been studied so 
far as to master the essential principles, little more is gained by 
pursuing these principles into almost endless applications. On 
this account we may be disposed to regard with slender satisfac- 
tion the expenditure of much time on geometrical conic sections ; 
the student seems to gain only new facts, but no fresh ideas or 
principles. Thus after a moderate course of synthetical geo- 
metry such as Euclid supplies, it may be most advantageous for 
the student to pass on to other subjects like analytical geometry 
and trigonometry which present him with ideas of another kind, 
and not mere repetitions of those with which he is already 
familiar. 


It has been said, and apparently with great justice, that exami- 
nation in elementry geometry under a system of unrestricted 
text-books will be a very troublesome process ; for it is obvious 
that in different systems the demonstration of a particular pro- 
position may be more or less laborious, and so may be entitled 
to more or fewer marks. This perplexity is certainly felt by 
examiners as regards geometrical conic sections ; and by teachers 
also who may be uncertain as to the particular system which the 
examiners may prefer or favour. It has been asserted that the 
objection thus raised is imaginary, and that “the manuals of 
geometry will not differ from one another nearly so widely as 
the manuals of algebra or chemistry: yet it is not difficult to 
examine in algebra and chemistry." But I am unable to feel 
the confidence thus expressed. It seems to me that much more 
variety may be expected in treatises on geometry than on 
algebra ; certainly if we may judge from the experience of the 
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examiners at Cambridge the subject of geometrical conics is the 
most embarrassing which occurs at present, aud this fact suggests 
a conclusion very different from that which is laid down in the 
preceding quotation. Of course there will be no trouble in 
examining a single school, because the system there adopted will 
be known and followed by the examiner. 

I have no wish to exaggerate the difficulty ; but I consider it 
to be real and serious, more especially as it presents itself at the 
outset of a youth's career, and so may cause disappointment just 
when discriminating encouragement is most valuable. But I 
think the matter must be left almost entirely to the discretion 
of examiners; the attempts which have been made to settle it 
by regulation do not seem to me very happy. For example, I 
read: ‘As the existing text-books are not very numerous, it 
would not be too much to require examiners to be acquainted 
with them sufficiently for the purpose of testing the accuracy of 
written, or even, if necessary, of oral answers." The language 
seems to me truly extraordinary. Surely examiners are in 
general men of more mathematical attainments than this implies ; 
for it would appear that all we can expect them to do is to turn 
to some text-book and see if the student has correctly repro- 
duced it. The process in a viva voce examination would be 
rather ignominious if when an answer had been returned by a 
candidate some indifferent manual had to be consulted to see if 
the answer was correct. 

I have heard that an examining board has recently issued 
instructions to its executive officers to make themselves ac- 
quainted with the various text-books. This does not enjoin 
distinctly, what the above quotation implies, that the examiner 
is to accept all demonstrations which are in print as of nearly 
equal value; but it seems rather to suggest such a course. 
The point is important and should be settled. Suppose a 
candidate offered something taken from the Zssentials of Geo- 
metry, and the examiner was convinced that the treatment was 
Inadequate or unsound ; then is the candidate nevertheless to 
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obtain full marks? Again, it may be asked, why printed books 
alone are to be accepted; and why a student who has gone 
through a manuscript course of geometry should be precluded 
from following it? The regulation might be made that he should 
submit a copy of his manuscript course to the examiner in 
order that it might be ascertained whether he had reproduced 
it accurately. As J have already intimated, the only plan 
which can be adopted is to choose able and impartial men for 
examiners, and trust them to appreciate the merits of the papers 
submitted by the candidate to them. 

The examiners will find many perplexing cases I have no 
doubt; one great source of trouble seems to me to consist in 
the fact that what may be a sound demonstration to one person 
with adequate preliminary study is not a demonstration to 
another person who has not gone through the discipline. To 
take a very simple example: let the proposition be, Zhe angles 
at the base of an isosceles triangle are equal. Suppose a candi- 
date dismisses this briefly with the words, this is evident from 
symmetry ; the question will be, what amount of credit is to be 
assigned to him. It is quite possible that a well-trained mathe- 
matician may hold himself convinced of the truth of the pro- 
position by the consideration of symmetry, but it does not 
follow that the statement would really be a demonstration 
for an early student. Or suppose that another imbued with 
“the doctrine of the imaginary and inconceivable” says as 
briefly * the proposition is true, for the inequality of the angles 
is inconcelvable and therefore false ;" then is the examiner to 
award full marks, even if he himself belongs to the school of 
metaphysies which denies that the inconceivable is necessarily 
the false ? | 


It has been urged as an objection against Euclid that the 
number of his propositions is too great. Thus it has been said 
that the 173 propositions of the six books might be reduced to 
120, and taught in very little more than half the time required 
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to go through the same matter in Euclid. So far as the half 
time is concerned this seems to be only an expression of belief 
as to the result of an untried experiment; it is based on the 
comparison of a few other books with Euclid, one of these being 
the Course of the late Professor Cape; as I have already stated, 
actual experience suggests a conclusion directly contrary to 
the present prediction. As to the number of propositions we 
readily admit that a reduction might be made, for it 1s obvious 
that we may in many cases either combine or separate according 
to our taste. But the difficulty of a subject does not vary 
directly as the number of propositions in which it is contained ; 
a single proposition will in some cases require more time and 
attention than half a dozen others. I have no doubt that the 
mixture of easy propositions with the more difficult 1s a great 
encouragement to beginners in Euclid; and instead of diminish- 
ing the number of propositions I should prefer to see some 
increase: for example I should like to have Euclid 1. 26 divided 
into two parts, and Euclid 1. 28 into two parts. 

Again, it has been said that Euclid is artificial, and that he 
“has sacrificed to a great extent simplicity and naturalness in 
lis demanstrations ;” it is a curious instance of the difference of 
opinion which we may find on the same subject, for, with a much 
wider experience than the writer whom I quote, I believe that 
Euclid maintains, and does not sacrifice, simplicity and natural- 
ness in his system, assuming that we wish to have strictness 
above all things. 

The exclusion of hypothetical constructions has been repre- 
sented as a great defect in Euclid ; and it has been said that this 
has made the confused order of his first book necessary. Con- 
fused order is rather a contradictory expression; but it may be 
presumed that the charge is intended to be one of confusion: I 
venture to deny the confusion. I admit that Euclid wished to 
make the subject depend on as few axioms and postulates as 
possible; and this I regard as one of his great merits; it has 
been shown by one of the most distinguished mathematicians of 
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our time how the history of science teaches in the clearest 
language that the struggle against self-imposed restrictions 
has been of the most signal service in the advancement of 
knowledge. 

The use of hypothetical constructions will not present itself 
often enough to produce any very great saving in the demon- 
strations; while the diffculty which they produce to many 
beginners, as shown by the experience to which I have already 
referred, is a fatal objection to them. Why should a beginner 
not assume that he can draw a circle through four given points 
if he finds it convenient ? 


Finally, I hold that Euclid, in his solution of the problems 
he requires, supplies matter which is simple and attractive to 
beginners, and which therefore adds practieally nothing to their 
labours, while it has the advantage of rendering his treatise far 
more rigorous and convincing to them. 

The objections against Euclid's order seem to me to spring 
mainly from an intrusion of natural history into the region of 
mathematics; I am not the first to print this remark, though it 
occurred to me independently. It is to the influence of the 
classifieatory sciences that we probably owe this notion that it is 
desirable or essential in our geometrical course to have all the 
properties of triangles thrown together, then all the properties 
of rectangles, then perhaps all the properties of circles ; and so 
on. Let me quote authority in favour of Euclid, far more 
impressive than any which on this point has been brought 
against him: “ Euclid... fortunately for us, never dreamed of 
a geometry of triangles as distinguished from a geometry of circles, 
. .. but made one help out the other as he best could.” 

Euclid has been blamed for his adherence to the syllogistic 
method ; but it is not necessary to say much on this point, 
because the reformers are not agreed concerning it: those who 
are against the syllogism may pair off with those who are for 
the syllogism. We are told in this connexion that, “the result 
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is, as every one knows, that boys may have worked at Euclid for 
years, and may yet know next to nothing of Geometry.” We 
may readily admit that such may be the case with boys excep- 
tionally stupid or indolent; but if any teacher records this as 
the average result of his experience, it must I think be singularly 
to his own discredit. 

There is, I see, a notion that the syllogistic form, since it 
makes the demonstrations a little longer, makes them more 
difficult ; this I cannot admit. The number of words employed 
is not a test of the difficulty of a demonstration. An examiner, 
especially if he is examining viva voce, can readily find out where 
the difficulties of the demonstrations really lie; my own expe- 
rience leads me to the conclusion that the syllogistic form instead 
of being an impediment is really a great assistance, especially to 
early students. 

* Unsuggestiveness" has been urged as a fault in Euclid; 
which is interpreted to mean that it does not produce ability to 
solve problems. Weare told: “‘ Everybody recollects, even if he 
have not the daily experience, how unavailable for problems a 
boy’s knowledge of Buclid generally is. Yet this is the true 
test of geometrical knowledge; and problems and original work 
ought to occupy a much larger share of a boy’s time than they 
do at present.” I need not repeat what I have already said, 
that English mathematicians, hitherto trained in Euclid, are 
unrivalled for their ingenuity and fertility in the construction 
and solution of problems. But I will remark that in the im- 
portant mathematical examinations which are conducted at 
Cambridge the rapid and correct solution of problems is of 
paramount value, so that any teacher who can develop that 
power in his pupils will need no other evidence of the merits 
of his system. 

Euclid’s treatment of proportion has been especially marked 
out for condemnation; indeed, with the boldness which attaches 
to many assertions on the subject of elementary geometry, it 
has been pronounced already dead. In my own college it has 
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never been Jaid aside; only a few months since one of our most 
influential tutors stated that he was accustomed to give a pro- 
position out of the fifth book of Euclid to some candidates for 
emoluments, and he considered it a very satisfactory constituent 
of the whole process of testing them. 

I should exceedingly regret the omission of the fifth book of 
Euclid, which I hold to be one of the most important parts of 
the training supplied by Elementary Geometry. I do not con- 
sider it necessary for beginners to go through the entire book ; 
but the leading propositions might be mastered, and the student 
led to see how they can be developed if necessary. I may refer 
here to some valuable remarks which have been made on the 
subject by the writer of a Syllabus of Elementary Geometry ... 
who himself I believe counts with the reformers. He sums up 
thus “. . . any easy and unsatisfactory short cuts (and I have 
sometimes seen an inclination for such) should be scouted, as 
a simple deception of inexperienced students.” 

However, I must remark that I see with great satisfaction 
the following Resolution which was adopted at a recent meeting 
of the Association for the Improvement of Geometrical Teaching : 
“ That no treatise on Geometry can be regarded as complete 
without a rigorous treatment of ratio and proportion either by 
Euclid’s method, or by some equally rigorous method of limits.” 
It would be injudicious to lay much stress on resolutions carried 
by a majority of votes; but at least we have a striking contra- 
diction to the confident statement that Euclid’s theory of propor- 
tion is dead. We shall very likely see here, what has been 
noticed before, that a course may be proposed which differs 
widely from Euclid’s, and then, under the guidance of superior 
knowledge and experience, the wanderers are brought back to the 
old path.  Legendre's return to Euclid's treatment of parallels 
is @ conspicuous example ; see the valuable paper by Professor 
Kelland on Superposition in the Edinburgh Transactions, 
Vol. xxi. 

I cannot avoid noticing one objection which has been urged 
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against Euclid in relation to his doctrine of proportion ; namely, 
that it leaves *the-half-defined impression that all profound 
reasoning is something far fetched and artificial, and differing 
altogether from good clear common sense." It appears to me 
that if à person imagines that * good clear common sense " will 
be sufficient for mastering pure and mixed mathematics, to say 
nothing of contributing to their progress,—the sooner he is un- 
deceived the better. Mathematical science consists of a rich 
collection of investigations accumulated by the incessant labour 
of many years, by which results are obtained far beyond the 
range of unassisted common sense; of these processes Euclid’s 
theory of proportion 1s a good type, and it may well be said that 
from the degree of reverent attention which {the student devotes 
to it, we may in most cases form a safe estimate of his future 
progress in these important subjects. 


Iun conclusion I will say that no person can be a warmer 
advocate than I am for the improvement of Geometrical Teaching : 
but I think that this may be obtained without the hazardous 
experiment of rejecting methods, the efficacy of which a long 
experience has abundantly demonstrated. 
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Extract from Mr. De Morgan's review of Mr. 
Wilson’s Geometry, in the ‘Atheneum’ 
for July 18, 1868. 


The Schools’ Inquiry Commission has raised the question 
whether Euclid be, as many suppose, the best elementary 
treatise on geometry, or whether it be a mockery, delusion, 
snare, hindrance, pitfall, shoal, shallow, and snake in the 
grass. 


We pass on to a slight examination of Mr. Wilson's book. 
We specially intend to separate the logician from the geometer. 
In the author's own interest, and that he may be as powerful 
a defender as can be of a cause we expect and desire to see 
fully argued, we recommend him to revise his notions of logic. 
We know that mathematicians care no more for logic than 
logicians for mathematics. The two eyes of exact science are 
mathematics and logic: the mathematical sect puts out the 
logical eye, the logical sect puts out the mathematical eye; 
each believing that it sees better with one eye than with two. 
The consequences are ludicrous. On the one side we have, 
by confusion of words, the great logician Hamilton bringing 
forward two quantities which are ‘one and the same quantity,’ 
Breadth and Depth, while, within a few sentences, ‘the greater 
the Breadth, the less' the Depth. On the other side, we have 
the great mathematician, Mr. Wilson, also by confusion of 
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words, speaking of the ‘invariably syllogistic form of his 
[Euclid’s] reasoning,’ and, to show that this is not a mere 
slip, he afterwards talks of the ‘detailed syllogistic form’ as 
a ‘source of obscurity to beginners, and damaging to true 
geometrical freedom and power.’ 

Euclid a book of syllogistic form! We stared. We never 
heard of such a book, except the edition of Herlinus and 
Dasypodius (1566), who, quite ignorant that Euclid was 
syllogistic already, made him so, and reckoned up the syllogisms. 
Thus i. 47 has ‘syllogismi novem’ at the head. They did 
not get much thanks; the book was never reprinted, and was 
in oblivion-dust when Hamilton mentioned the zealous but 
thick-headed logicians, as he called them. Prof. Mansel, in 
our own day, has reprinted one of their propositions as a 
curiosity. In 1831, Mr. De Morgan, advocating the reduction 
of a few propositions to detailed syllogistic form as an exercise 
for students, gave i. 47 as a specimen, in the Library of Useful 
Knowledge; this was reprinted, we believe, in the preface to 
various editions of Lardner’s Euclid. A look will show the 
difference between Euclid and syllogistic form. Had the 
Elements been syllozistie, it would have been quoted in all 
time, as a proof of the rapid diffusion of Aristotles writings, 
that they had saturated his junior contemporary with their 
methods: with a controversy, most likely, raised by those who 
would have contended that Euclid invented syllogistic form for 
himself. Now it is well known that diffusion of Aristotle's 
writings commenced after his death, and that it was—not quite 
correctly—the common belief that evulgation did not take place 
until two hundred years after his death. Could this belief 
ever have existed if Euclid had invariably used ‘syllogistic 
form’? 

What could have been meant? Craving pardon if wrong, 
we suspect Mr. Wilson to mean that Euclid did not deal in 
arguments with suppressed premisses. Euclid was quite right: 
the first reasonings presented to a beginner should be of full 


248 APPENDIX JI. 


statement. He may be trained to suppression: but the true 
way to abbreviation is from the full length. Mr. Wilson does 
not use the phrases of reasoning consistently. He tells the 
student that a corollary is ‘a geometrical truth easily deducible 
from a theorem’: and then, to the theorem that only one 
perpendicular can be drawn to a straight line, he gives as a 
corollary that the external angle of a triangle is greater than 
the internal opposite. This is not a corollary from the theorem, 
but a matter taken for granted in proving it. 

Leaving this, with a recommendation to the author to 
strengthen his armour by the study of logic, we pass on to 
the system. There is in it one great point, which brings down 
all the rest if it fall, and may perhaps—but we must see 
Part II. before we decide—support the rest 1f 1t stand. That 
point is the treatment of the angle, which amounts to this, 
that certain notions about direction, taken as self-evident, are 
permitted to make all about angles, parallels and all, immediate 
consequences. The notion of continuous change, and consequences 
derived from it, enters without even an express assumption: 
‘continually’ is enough.. 

Mr. Wilson would not have ventured expressly to postulate 
that when a magnitude changes continuously, all magnitudes 
which change with it also change continuously. He knows 
that when a point moves on a line, an angle may undergo a 
sudden change of two right angles. He trusts to the beginner's 
perception of truth in the case before him: the whole truth 
would make that beginner feel that he is on a foundation of 
general principles made safe for him by selection, and only 
safe because the exceptions are not likely to occur to his mind. 
On this we write, as Newton wrote on another matter, alsa / 
Falsa! Non est Geometria ! 

What ‘direction’ is we are not told, except that ‘straight 
lines which meet have different directions. Is a direction a 
magnitude? Is one direction greater than another? We should 
suppose so; for an angle, a magnitude, a thing which is to 
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be halved and quartered, is the ‘difference of the direction’ 
of ‘two straight lines that meet one another.’ A better defini- 
tion follows; the ‘ quantity of turning’ by which we pass from 
one direction to another. But hardly any use is made of this, 
and none at the commencement. And why two definitions ? 
Is the difference of two directions the same thiny as the rotation 
by which we pass from one to the other? Is the difference 
of position of London and Rugby a number of miles on the 
railroad? Yes, in a loosely-derived and popular and slip-slop 
sense: and in like manner we say that one man is a pigeon-pie, 
and another zs a shoulder of lamb, when we deseribe their 
contributions to a pic-nic. But non est geometria / Metaphor 
and paronomasia can draw the car of poetry ; but they tumble 
the waggon of geometry into the ditch. 

Parallels, of course, are lines which have the same direction. 
It is stated, as an immediate consequence, that two lines which 
meet cannot make the same angle with a third line, on the 
same side, for they are in different directions. Parallels are 
knocked over in a trice. There is a covert notion of direction, 
which, though only defined with reference to lines which meet, 
is straightway transferred to lines which do not. According 
to the definition, direction is a relation of lines which do meet, 
and yet lines which have the same direction can be lines which 
never meet. There is a great quantity of turning wanted ; 
turning of implied assumption into expressed. Mr. Wilson 
would, we have no doubt, immediately introduce and defend 
all we ask for; and we quite admit that his system has a- 
right to 1t. How do you know, we ask, that lines which have 
the same direction never meet? Answer—lines which meet 
have diferent directions. We know they have; but how do 
we know that, under the definition given, the relation called 
direction has any application at all to lines which never meet ? 
The use of the notion of limits may give an answer y but what 
is the system of geometry which introduces continuity and 
limits to the mind as yet untaught to think of space and of 
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magnitude? Answer, a royal road. If the difficulty were 
met by expressed postulates, the very beginner himself would 
be frightened. 

There is a possibility that Mr. Wilson may mean that lines 
which make the same angle with a third on the same side are 
in the same direction. If this be the case, either he assumes 
that lines equally inclined to one straight line are equally 
inclined to all,—and this we believe he does, under a play on 
the word ‘direction’; or he makes a quibble only one degree 
above a pun on his own arbitrary assumption of his right to 
the word ‘same’: and this we do not believe he does. He 
should have been more explicit: he should have said, My system 
involves an assumption which has lain at the root of many 
attempts upon the question of parallels, and has always been 
scouted as soon as seen. He should have added, I assume 
Euclid’s eleventh axiom: J have a notion of direction; I tell 
you that lines which meet have different directions; I imply 
that lines which make different angles with a third have also 
different directions ; and i assume that lines of different directions 
wil meet. Mr, Wilson is so concise that it is not easy to be 
very positive as to how much he will admit of the above, or 
how he will get over or round it. When put upon his 
defence he must be more explicit. Mr. Wilson gives four 
explicit axioms about the straight line: and not one about the 
angle. 


We feel confidence that no such system as Mr. Wilson has 
put forward will replace Euclid in this country. The old 
geometry is a very English subject, and the heretics of this 
orthodoxy are the extreme of heretics: even Bishop Colenso 
has written a Euclid. And the reason is of the same kind as 
that by which the classics have held their ground in education. 
There is a mixture of good sense and of what, for want of a 
better name, people call prejudice: but to this mixture we owe 
our stability, The proper word is postjudice, a clinging to past 
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experience, often longer than is held judicious by after times. 
We only desire to avail ourselves of this feeling until the book 
is produced which is to supplant Euclid; we regret the manner 
in which it has allowed the retention of the faults of Euclid; 
and we trust the fight against it will rage until it ends in an 


amended form of Euclid. 


APPENDIX III. 


Proof that, if any one Proposition of Table IT 
be granted as an Axiom, the rest can be 
deduced from it. (See pp. 34, 40.) 


*5., . , and so we make it quite a merry-go-rounder," I was obliged to 
consider a little before I understood what Mr, Peggotty meant by this 
tigure, expressive of a complete circle of intelligence. 


It is to be proved that, if any one of the Propositions of 
Table II be granted, the rest can be proved. 

It is assumed that the lesser of two unequal finite magnitudes 
of the same kind may be multiplied so as to exceed the greater. 

Euclid I, 1 to 28, is assumed as proved. 

It is assumed that, where two Propositions are Contranominals, 
so that each can be proved from the other, it 1s not necessary to 
include both 1n the series of proofs. 


LEMMA |]. 


A Pair of Lines, of which one contains two points equidistant 
Jrom the other, have a common perpendicular. 


p BRE " 
- E . 
(i "IS 


Let AB contain 2 points Æ, P, equidistant from CD. From 
E, F, draw EG, FH, +. CD; bisect GH in K, and EF m L, 
and join AZ. 
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Now LG=FH; L7 

hence, if the diagram be reversed, and so placed on its 
former traces that G coincides with //, and // with G, K re- 
taining its position, GZ coincides with ZF, and HF with GE; 

^. # coincides with F, and F with Z; 

.. £ retains its position ; 

-. ZGKL coincides with Z HKL, and is equal to it; 

-. Zs at K are right. 

Similarly Zs at Z are right. 

Therefore a Pair of Lines, &c. Q. E. D. 


(a). EEI 


A Pair of separational Lines are equally inclined to any 
transversal. 
[N.B. The Contranominal of this will be proved at the end of 
the series. | 
(ETE TO (a): 
Two intersecting Lines cannot both be sepavational from the 
same Line, 


Let AEB, GEH be two intersecting Lines, and CD another 
Line. It is to be proved that they cannot both be separational 
from CD. 

In CD take any pomt F; and join EF. 

Now, if possible, let AB, GH both be separational from CD; 
^ £s AEF, GEF are both equal to ZED ; [(a). 
^. they are equal to each other ; which is absurd. 

Therefore two intersecting Lines &c. OE m 
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(y. II. 6. 
A Pair of separational Lines are equidistantial from each 
other. ^ E y 5 
K 
* G H 5 


Let 4B, CD be separational Lines: it shall be proved that 
they are equidistantial from each other. 
In AB take any 2 points E, P; and draw EG, FH, L CD. 
Now, if FH —» EG, from it cut off AH equal to ZG; and 
jon EK; 
then, EG-KEAH, | 
^ EK, CD have a common perpendicular; [Lemma 1. 


. EK is separational from CD ; | Euc. I. 27. 
^ ABD, EK, intersecting Lines, are both separational 
from CD ; which is absurd ; [(8). 


<. FH is not > EG. 

Similarly it may be proved that HG is not > FH, 

Therefore EG = FH. 

Similarly it may be proved that any 2 points in AB are 
equidistant from CD, and that any 2 points in CD are equi- 
distant from AB. 

Therefore AB, CD are equidistantial from each other. 

Therefore a Pair &c. Q. E. D. 


(SETS 


A Pair of Lines, which are equally inclined. to a. certain 
transversal, are equidistantial from each other. 


A Pair of Lines, which are equally inclined to a certain 


transversal, are separational ; | Euc. T2238 
also a Pair of separational Lines are equidistantial from each 

other; [Cy). 
. à Pair of Lines, &c. D. 


to 
Ot 
Ct 
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(e). II 8. 


Through a given point, without a given Line, a Line may be 
drawn such that the two Lines are equidistantial from each other. 


For, if through the given point there be drawn a transversal, 
there can also be drawn through it a Line such that the two 
[| Euc. 1. 23. 


Lines make equal Zs with the transversal ; 
and this Line will be such that the two Lines are equi- 
[(8). 


distantial from each other. 
Therefore, &c. Q: E D: 
(O ILE. 


A Line cannot recede from and then approach another; nor 
can one approach and then recede from. another on the same side 


afik 
Lp —— 
: m 
D— p G H E 


lf possible, let ABC first recede from, and then approach, 
DE; that is, let the perpendicular LG be > each of the two 





perpendiculars AF, CH. 
From GB cut off CGK > each of the two, AF, CH. 


Now a Line may be drawn, through A, equidistantial from 
DE; [(«). 
and the points 4, C will he on the side of it next to DE, 

and 4 on the other side; 
it will cut AB between A and B, and BC between P 


and C. 
Let L, M be the points of intersection ; and join L4; 


the 2 Lines LBM, LKJI contain a space; which is 
absurd. 
Similarly it may be proved that ABC cannot first approach 


and then recede from DZ on the same side of it. 
Therefore a Line &c. Q. E. D. 
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O Ue. 


A Pair of Lines, of which one has two points on the same side 
of, and equidistant from, the other, are equidistantial from each 
other. 

A PeR E B 


U — D 
G K Bh E: 


Let AB contain two points Æ, F, equidistant from CD. From 
E, F, draw EG, FH, L CD ; bisect GH in A, and EF in L, 
and join AL, 

Now EG—FH; [Ayp. 

hence, if the diagram be reversed, and so placed on its 
former traces that G coincides with M, and M with C, K re- 
taining its position, GE coincides with HF, and HF with GE; 

-. £ coincides with #, and F with Z; 

^. L retains its position; 

<., if there be a point in LA whose distance is < LA, there 
is another such point in LB, and the Line AZ will first. recede 
from and then approach CD ; which is absurd. [cove 

Similarly if there be one whose distance is > LA. 

-. AB is equidistantial from CD. 

Similarly it may be proved that CD is equidistantial from 
AB. 

Therefore a Pair of Lines, &c. Q. E. D. 


LEMMA 2. 


Through a given point may be drawn a common perpen- 
dicular to a given, Pair of Lines, of which each is equidistantial 
from the other. 
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Let AB, CD be the given Pair of Lines. 

Through the given point draw a Line perpendicular to AB, 
and let it meet AB in LZ. In AB take any 2 points Æ, PF, 
equidistant from Z. From Æ, F, draw EG, FI, perpendicular 
to CD. Bisect GH at K; and join KZL. 

Now Æ, F are 2 points, in AB, equidistant from CD; and 
GH is bisected in &, and EF in L; 

^. KZ is a common perpendicular ; | Lemma 1. 

it coincides with the Line drawn, through the given 
point, perpendicular to AB, since both meet AB at ZL; 


<. KL is the Line required. 
Q. E. F. 


(6). IL. 9. 


A Pair of Lines, of which one has two points on the same 
side of, and equidistant from, the other, are equally inclined to 
any transversal. 


Let AB contain two points equidistant from CD, and let EP 
be a certain transversal: it shall be proved that ZAEF— ZEFD. 


Now AB, CD, are equidistantial from each other. [ (4). 
Bisect HF at G; through G let WGA be drawn a common 
perpendicular to AB and CD. [Lemma 2. 


Hence, in Triangles GEH, GFK, side GE and Zs EGH, 
GHE, are respectively equal to side GF and Zs FGA, GAF; 


SZGEII-ZLGFK. [Euc. I. 26. 
Therefore a Pair of Lines, &c. Q. E. D. 
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Through a given point, without a given Line, a Line may be 
drawn such that the two Lines are equally inclined to any trans- 
versal, 

Take a second point, on the same side of the given Line and 
at the same distance from it; and join the 2 points. 

Then the Line, so drawn, and the given Line, are equally 
inclined to any transversal. (6). 

Therefore through a given point, &c. Q. E. .D- 


(X). IL r8 (D). 
The angles of a Triangle are together equal to two right 


ane les. 
4 A 


ae 
SS 
Let ABC bea Triangle. It is to be proved that its 3 angles 
are together equal to 2 right angles. 
Through A let DAE be drawn, such that DAE, BC are 
equally inclined to any transversal. [ (x). 
Then ZB=ZDAB, and Z4C=ZEAC; 
NU s D, O BACS Zs DIB GAC BAC: 
=— Fries: [Euc. I. 13. 
Therefore the angles &e. Q. E. D 


(4). IL 4. 


A Pair of Lines, which are equally inclined to a certain trans- 
versal, are so to any transversal. 


x EG i 


C D 
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Let AB, CD be equally inclined to EF; and let GH be any 
other transversal. It shall be proved that they are equally 
inclined to GH. 


Join EH. 
Because Zs of Triangle EFH together =2 rt Ls, and like- 
wise those of Triangle EGH, [(A). 


'. angles of Figure 7G together— 4 rt angles ; 

also, by hypothesis, L s GEF, EFH together=2 rt 4s; 
n remaining Ls EGH, GH F together=2 rt Ls; 
^. AB, CD are equally inclined to GZ. 

Therefore a Pair of Lines, &c. Q E. D 


CoNTRANOMINAL OF (a) II. 2. 


A Pair of Lines, which make with a third Line two interior 
angles, on one side of it, together less than two right angles, will 
meet oi that side if produced. 





A B D G H E 


Let ABC, DEF be two Triangles such that Zs; A, D are 
equal, and DE, DF equimultiples of AB, AC. 
From DE cut off successive parts equal to AB; and let the 
points of section be G, H. At G, H make Zs equal to Z E. 
Then the Lines, so drawn, are separational from £7 and 
from one another ; | Euc. T. 28. 
.. these Lines meet DF between D and F; call these 
points K, L. 
At G, H make Zs equal to Z D. 
Then the Lines, so drawn, are separational from DF’; 
.. they respectively meet HL between M and L, and EF 
between Æ and F; call these points M, N. 
S 2 
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A B D G H E 


Because Triangles DGK, GHM, HEN are on equal bases 


and have their base-Z s respectively equal, 


<. DK, CGM, HN are equal. | Euc. I. 26. 
Join GL. 
Because DL, GM are equally inclined to DE, 

^. they are equally inclined to GZ ; [| (u). 


^ Ls KLG, LGM are equal. 

Similarly, -. CK, HL are equally inclined to DE, 

'. they are equally inclined to GL; 

<. Ls KGL, GLM are equal. 

Because Triangles LGK, CLM are on same base LG and 
have their base-Z s respectively equal, 

COL -—G i.e. == DK. [T. 26. 
Similarly it may be proved that LF = HN, i.e. = DA, 
Hence DE, DF are equimultiples of DG, DA, i.e. of AB, 

DA 
but they are also equimultiples of A B, AC; 

p Jo den 

Because Triangles ABC, DGK have Zs A, D equal, and AÐ, 
AC respectively equal to DG, DK, 

^ Ls, B, DGK are equal, and likewise Zs 0, DKG. [L 4. 
Because GK, HF are equally inclined to DZ, 

. they are equally inclined to DF; [ (e). 

i.e. Ls DKG, DFE are equal; 

^ Z8 D, C' are respectively equal to Zs Æ, F. 

Hence, two Triangles, which have their vertical angles equal, 
and the 2 sides of the one respectively equimultiples of those 
of the other, have their base-angles respectively equal. 
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K 


C b M 


Now let 45, CD make with AC two interior Zs DAC, ACD 
together « 2 right Zs. It shall be proved that they will 
meet if produced towards B, D. 

In CD take any point D. Join AD. At A make L DAH 
equal to LCDA. 

Hence AH, CD are equally inclined to all transversals; [(u). 

^ £s HAC, ACD together — 2 right Z8; 
.. they together > 4s BAC, ACD; 
S TAC > 7 BAC,i.e. > ZBAD; 
WA CDA > LBAD. 
At D, in Line DA, make an Z equal to Z BAD; 
then the Line, so drawn, will fall within Z CDA, and will 
meet CA between C and 4. Call this point A. 

In CA produced take CZ a multiple of CA, and > CA. 
And in CD produced take CAS the same multiple of CD that 
CL is of CK. And join LAL. 

Because Triangles CAD, CLM have a common vertical 
Z, and the 2 sides of the one respectively equimultiples of 
those of the other, 

., by what has been already proved, 23 CAD, CLA are 


equal. 
Because AB, AD are equally inclined to AD, 
.. they are equally inclined to CL; f (e). 
2m ad — A) i.e. = CLM ; 
^. AB is separational from LAL; [ Euc. 1. 28. 


*. if produced, it will meet CM. 
Therefore a Pair of Lines, &c. Q.E.D. 
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$1. REFERENCES TO WiLsoN, PIERCE, AND 


WILLOCK. 
EucLID WILSON PIERCE | WILLOCK 
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11 || Th 7 Th 10 
12 
1 Pr SN] 33 
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4 ThiiTh 16 26 ||§ 51,52] 15 9 46 
a 8 2] 55 16 1 40 
Cor Cor] 4 56 17 
6 Th 10 22 58 d 6 (1) 43 
Cor Cor] ,, 59 - 
mo Th 60 18 
S. 18 28 61 i 8 45 
9 fri Pr d 40 138 39 5 35 
10 3 3 42 ioe 38 6 36 
11 T 2 41 134 — 7 3 
i — 4 49 | 133 X 8 


264 APPENDIX IV. $1. 
EUCLID LEGENDRE CUTHBERTSON 
Page Page 
O ThT 2 7 |Th 9 18 
14 T 4 9 i} 10 19 
15 2 5 5 6 14 
Ea), 13 22 
b) 5 ‘3 
17 T js 23 
18 x 14 15 14 24 
19 ^ 5 2 15 25 
20 2 8 11 16 26 
21 z 9 12 17 27 
II 
22 Pr Pr D 30 
23 ups d 51 E 31 
I 
24  Th!| Th 10 12 || Th18 28 
25 * Sch} 13 19 29 
26 (a) ,, 7 11 3 6 
* 25Cor| 43 
27  Th|| Th 24 Sch | 28 |/Th 20 36 
28 (a) 9 » 19 9 37 
b) 9? 22 25 39 33 
29 (a) ,, 24 Cor2| 28 21 38 
(b) » Sch ” ” ” 
C) 33 24 » 2 39 
3 ^ 25 29 22 40 


Th 


HENRICI 


Page 


62 


108 


109 


cw o 


APPENDIX IV. $L 


WILSON 


Page 
Th 1 8 


3? 2 


> 9 
Th 7 Cor4} 20 


” » 


9 21 

11 22 

13 24 
Th 35 
Pr 5 43 
5 Corl! 44 
i 7 27 
19 29 

15 26 


265 


PIERCE WILLOCK 
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NOTE. 


The Special Board for Mathematics in the University 
of Cambridge in a Report on Geometrical Teaching dated 
May 10, 1887, state as follows: 


‘The majority of the Board are of opinion that the rigid adherence 
to Euclid’s texts is prejudicial to the interests of education, and 
that greater freedom in the method of teaching Geometry is 
desirable. As it appears that this greater freedom cannot be 
attained while a knowledge of Euclid’s text is insisted upon in 
the examinations of the University, they consider that such 
alterations should be made in the regulations of the examina- 
tions as to admit other proofs besides those of Euclid, while 
following however his general sequence of propositions, so that 
no proof of any proposition occurring in Euclid should be 
accepted in which a subsequent proposition in Euclid’s order 
is assumed.’ 


On March 8, 1888, Amended Regulations for the 
Previous Examination, which contained the following 
provision, were approved by the Senate: 

* Euclid's definitions will be required, and no axioms or postulates 
except Euclid’s may be assumed. The actual proofs of propo- 
sitions as given in Euclid wili not be required, but no proof of 
any proposition occurring in Euclid will be admitted in which 
use is made of any proposition which in Euclid’s order occurs 
subsequently.’ 

And in the Regulations for the Local Examinations 
conducted by the University of Cambridge it is provided 
that : 

‘Proofs other than Euclid’s will be admitted, but Euclid’s Axioms 
will be required, and no proof of any proposition will be 
accepted which assumes anything not proved in preceding 
propositions in Euclid.’ 
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T was with extreme diffidence that I accepted an invi- 
tation from the Syndies of the Cambridge University 
Press to undertake for them a new edition of the Elements 
of Euclid. Though I was deeply sensible of the honour, 
which the invitation conferred, I could not but recognise 
the great responsibility, which the acceptance of it would 
entail. 

The invitation of the Syndics was in itself, to my mind, 
a sign of a widely felt conviction that the editions in 
common use were capable of improvement. Now improve- 
ment necessitates change, and every change made in a 
work, which has been a text book for centuries, must run 
the gauntlet of severe criticism, for while some will view 
every alteration with aversion, others will consider that 
every change demands an apology for the absence of more 
and greater changes. 

I will here give a short account of the chief points, in 
which this edition differs from the best known editions of 
the Elements of Euclid at present in use in England. 

While the texts of the editions of Potts and Todhunter 
are confessedly little more than reprints of Simson's English 
version of the Elements published in 1756, the text of the 
present edition does not profess to be a translation from 
the Greek. I began by retranslating the First Book: but 
there proved to be so many points, in which I thought it 
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desirable to depart from the original, that it seemed best 
to give up all idea of simple translation and to retain 
merely the substance of the work, following closely Euclid’s 
sequence of Propositions in Books I. and II. at all events. 

Some of the definitions of Euclid, for instance trapezium, 
rhomboid, gnomon are omitted altogether as unnecessary. 
The word trapezium is defined in the Greek to mean “any 
Jour sided figure other than those already defined,’ but in 
many modern works it is defined to be “a quadrilateral, 
which has one pair of parallel sides,” The first of these 
definitions is obsolete, the second is not universally ac- 
cepted. On the other hand definitions are added of several 
words in general use, such as perimeter, parallelogram, 
diagonal, which do not occur in Euclid’s list, 

The chief alteration in the definitions is in that of the 
word figure, which is in the Greek text defined to be “that 
which is enclosed by one or more boundaries.” I have 
preferred to define a figure as “a combination of points, 
lines and surfaces.” That Euclid's definition leads to diffi- 
culty is seen from the fact that, though Euclid defines a 
circle as “a figure contained by one line...", he demands in 
his postulate that “a circle may be described...". Now it is 
the circumference of a circle which is described and not 
the surface. Again, when two circles intersect, it is the 
circumferences which intersect and not the surfaces. 

I have rejected the ordinarily received definition of a 
square as “a quadrilateral, whose sides are equal, and whose 
angles are right angles.” There is no doubt that, when we 
define any geometrical figure, we postulate the possibility 
of the figure; but it is useless to embrace in the definition 
more properties than are requisite to determine the figure. 

The word axiom is used in many modern works as 
applicable both to simple geometrical propositions, such as 
“two straight lines cannot enclose a space,” and to proposi- 
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tions, other than geometrical, accepted without demonstra- 
tion and true universally, such as “the whole of a thing is 
greater than a part.” These two classes of propositions are 
often distinguished by the terms “ geometrical axioms” and 
“general axioms,” I prefer to use the word axiom as appli- 
cable to the latter class only, that is, to simple propositions, 
true of magnitudes of all kinds (for instance “things which 
are equal to the same thing are equal to one another”), and 
to use the term postulate for a simple geometrical proposi- 
tion, whose truth we assume. 

When a child is told that A weighs exactly as much 
as D, and D weighs exactly as much as C, he without 
hesitation arrives at the conclusion that A weighs exactly 
as much as C. His conviction of the validity of his 
conclusion would not be strengthened, and possibly his 
confidence in his conclusion might be impaired, by his 
being directed to appeal to the authority of the general 
proposition “things which are equal to the same thing are 
equal to one another.” I have therefore, as a rule, omitted 
in the text all reference to the’ general statements of 
axioms, and have only introduced such a statement occa- 
sionally, where its introduction seemed to me the shortest 
way of explaining the nature of the next step in the 
demonstration. 

If it be objected that all axioms used should be clearly 
stated, and that their number should not be unnecessarily 
extended, my reply is that neither the Greek text nor any 
edition of it, with which I am acquainted, has attempted 
to make its list of axioms perfect in either of these respects. 
The lists err in excess, inasmuch as some of the axioms 
therein can be deduced from others: they err in defect, 
inasmuch as in the demonstrations of Propositions conclu- 
sions are often drawn, to support the validity of which no 
appeal can be made to any axiom in the lists. 
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Under the term postulate I have included not only what 
may be called the postulates of geometrical operation, such 
as “tt is assumed that a straight line may be drawn from 
any point to any other point,” but also geometrical theorems, 
the truth of which we assume, such as “two straight lines 
cannot have a common part.” 

The postulates of this edition are nine in number. 

Postulates 3, 4, 6 are the postulates of geometrical 
operation, which are common to all editions of the Elements 
of Euclid. Postulates 1, 5, 9 are the Axioms 10, 11, 12 of 
modern editions. Postulates 2, 7, 8 do not appear under 
the head either of axioms or of postulates in Euclid’s text, 
but the substance of them is assumed in the demonstrations 
of his propositions. 

Postulate 9 has been postponed until page 51, as it 
seemed undesirable to trouble the student with an attempt 
to unravel its meaning, until he was prepared to accept it 
as the converse of a theorem, with the proof of which he 
had already been made acquainted. 

It may be mentioned that a proof of Postulate 5, “all 
right angles are equal” is given in the text (Proposition 10B), 
and that therefore the number of the Postulates might 
have been diminished by one: it was however thought 
necessary to retain this Postulate in the list, so that it 
might be used as a postulate by any person who might 
prefer to adhere closely to the original text of Euclid. 

One important feature in the present edition is the 
greater freedom in the direct use of “the method of super- 
position " in the proofs of the Propositions. The method is 
used directly by Euclid in his proof of Proposition 4 of 
Book L, and indirectly in his proofs of Proposition 5 and 
of every other Proposition, in which the theorem of 
Proposition 4 is quoted. It seems therefore but a slight 
alteration to adopt the direct use of this method in the 
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proofs of any theorems, in the proofs of which, in Euclid's 
text, the theorem of Proposition 4 is quoted. 

It may of course be fairly objected that it would be 
more logical for a writer, who uses with freedom the 
method of superposition, to omit the first three Propo- 
sitions of Book I. To this objection my reply must be 
that it is considered undesirable to alter the numbering 
of the Propositions in Books I. and IL at all events. No 
doubt a work written merely for the teaching of geometry, 
without immediate reference to the requirements of candi- 
dates preparing for examination, might well omit the first 
three Propositions and assume as a postulate that **a circle 
may be described with any point as centre, and with a 
length equal to any given straight line as radius,” instead 
of the postulate of Euclid’s text (Postulate 6 of the pre- 
sent edition}, “a circle may be described with any point as 
centre and with any straight line drawn from that point as 
radius.” 

The use of the words “each to each” has been aban- 
doned. The statement that two things are equal to two 
other things each to each, seems to imply, according to the 
natural meaning of the words, that all four things are 
equal to each other. Where we wish to state briefly that 
A has a certain relation to a, B has the same relation to 
b, and C has the same relation to e, we prefer to say that 
A, D, C have this relation to a, b, c respectively. 

The enunciations of the Propositions in Books I. and 
II. have been, with some few slight exceptions, retained 
throughout, and the order of the Propositions remains 
unaltered, but different methods of proof have been adopted 
in many cases. The chief instances of alteration are to be 
found in Propositions 5 and 6 of Book I., and in Book II. 

The use of what may be called impossible figures, such 
as occurred in Euclid’s text in the proofs of Propositions 
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6 and 7 of Book I. has been avoided. It seems better to 
prove that a line cannot be drawn satisfying a certain condi- 
tion without making a pretence of doing what is impossible. 

Two Propositions (10 A and 10 B), have been introduced 
to shew that, if the method of superposition be used, we 
need not take as a postulate “all right angles are equal to 
one another,” but that we may deduce this theorem from 
other postulates which have been already assumed. 

Another new Proposition introduced into the text is 
Proposition 26 A, “f two triangles have two sides equal to 
two sides, and the angles opposite to one pair of equal sides 
equal, the angles opposite to the other patr are either equal or 
supplementary," which may be described, with reference to 
Euclid's text, as the missing case of the equality of two 
triangles. It is intimately connected with what is called 
in Trigonometry “the ambiguous case” in the solution of 
triangles. 

Another new Proposition (41 A) is the solution of the 
problem “zo construct a triangle equal to a given rectilineal 
figure." It appears to be a more practical method of solving 
the general problem of Proposition 45 “to construct a paral- 
lelogram equal to a given rectilineal figure, having a side 
equal to a given straight line, and having an angle equal to 
a given angle,” to begin with the construction of a triangle 
equal to the given figure rather than to follow the exact 
sequence of Euclid’s propositions. 

In the notes a few ‘Additional Propositions” have 
been introduced containing important theorems, which did 
not occur in Euclid’s text, but with which it is desirable 
that the student should become familiar as early as 
possible. Also outlines have been given of some of tho 
many different proofs which have been discovered of 
- Pythagoras’s Theorem. They may he found interesting and 
useful as exercises for the student. 
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Euclid’s proofs of many of the Propositions of Book II. 
are unnecessarily long. His use of the diagonal of the 
square in his constructions in Propositions 4 to 8 can 
scarcely be considered elegant. 

It is curious to notice that Euclid after giving a 
demonstration of Proposition 1 makes no use whatever 
of the theorem. It seems more logical to deduce from 
Proposition 1 those of the subsequent Propositions which 
can be readily so deduced. 

In Book II. outlines of alternative proofs of several of 
the Propositions have been given, which may be developed 
more fully and used in examinations, in place of the 
proofs given in the text. Some of these proofs are not, 
so far as I know, to be found in English text books, 
The most interesting ones are those of Propositions 12 
and 13. Some, which I thought at first were new, I have 
since found in foreign text books. 

The Propositions in the text have not been distin- 
guished by the words “Theorem” and “Problem.” The 
student may be informed once for all that the word 
theorem is used of a geometrical truth which is to be 
demonstrated, and that the word problem is used of a 
geometrical construction which is to be performed. 

Although Euclid always sums up the result of a Propo- 
sition by the words omep Se deigac or omep edeu moroa, 
there seems to be no utility in putting the letters Q.E.D. 
Or Q.E.F. at the end of a Proposition in an English text- 
book. The words **Quod erat demonstrandum " or ** Quod 
erat faciendum " in a Latin text were not out of place. 

When the book is opened, the reader will see as a rule 
on the left hand page a Proposition, and on the opposite 
page notes or exercises. The notes are either appropriate 
to the Proposition they face or introductory to the one 
next succeeding, The exercises on the right hand page are, 
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it is hoped, in all cases capable of being solved by means of 
the Proposition on the adjoining page and of preceding 
Propositions. They have been chosen with care and with 
the special view of inducing the student from the com- 
mencement of his reading to attempt for himself the 
solution of exercises. 

For many Propositions it has been difficult to find 
suitable exercises: consequently many of the exercises have 
been specially manufactured for the Propositions to which 
they are attached. Great pains have been taken to verify 
the exercises, but notwithstanding it can scarcely be hoped 
that all trace of error has been eliminated. 

It is with pleasure that I record here my deep sense 
of obligation to many friends, who have aided me by 
valuable hints and suggestions, and more especially to 
A. R. Forsyth, M.A., Fellow and Assistant Tutor of 
Trinity College, Charles Smith, M.A., Fellow and Tutor of 
Sidney Sussex College, R. T. Wright, M.A., formerly 
Fellow and Tutor of Christ’s College, my brother-in-law 
the Reverend T. J. Sanderson, M.A., formerly Fellow of 
Clare College, and my brother. W. W. Taylor, M.A., 
formerly Scholar of Queen’s College, Oxford, and after- 
wards Scholar of Trinity College, Cambridge. The time 
and trouble ungrudgingly spent by these gentlemen on 
this edition have saved it from many blemishes, which 
would otherwise have disfigured its pages. 

I shall be grateful for any corrections or criticisms, 
which may be forwarded to me in connection either with 
the exercises or with any other part of the work. 


H. M. TAYLOR. 


TRINITY COLLEGE, CAMBRIDGE, 
October 1, 1889, 


PREFACE TO BOOKS III AND IV. 


N Book III. the chief deviation from Euclid’s text will 
be found in the first twelve Propositions, where a good 
deal of rearrangement has been thought desirable. This 
rearrangement has led to some changes in the sequence 
of Propositions as well as in the Propositions themselves ; 
but, even with these changes, the first twelve Propositions 
will be found to include the substance of the whole of the 
first twelve of Euclid's text. 

The Propositions from 13 to 37 are, except in unim- 
portant details, unchanged in substance and in order. 

The enunciation of the theorem of Proposition 36 has 
been altered to make it more closely resemble that of the 
complementary theorem of Proposition 35. 

An additional Proposition has been introduced on page 
186 involving the principle of the rotation of a plane 
figure about a point in its plane. It is a principle of 
which extensive use might with advantage be made in the 
proof of some of the simpler properties of the circle. 
It has not however been thought desirable to do more 
in this edition than to introduce the student to this 
method and by a selection of exercises, which can readily 
be solved by its means, to indicate the importance of the 
method. 
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of the Greek text is printed in brackets at the head of each 
Proposition. 

In Book VI a slight departure from Euclid’s text is 
made in the treatment of similar figures. The definition of 
similar polygons which is adopted in this work brings into 
prominence the important property of the fixed ratio of 
their corresponding sides. Its use has the great merit of 
tending at once to simplicity and brevity in the proofs of 
many theorems. 

The numbering of the Propositions in Book VI remains 
unchanged: Propositions 27, 28, 29 are omitted as in many 
of the recent English editions of Euclid, and in several cases 
a Proposition which consists of a theorem and its converse 
is divided into two Parts. Proposition 32 of Euclid’s text, 
which is a very special case of no great interest, has been 
replaced by a simple but important theorem in the theory 
of similar and similarly situate figures. 

The chief difficulty with respect to the additions which 
have been made to Book VI was the immense number of 
known theorems from which a selection had to be made. 

I have attempted by means of two or three series of 
Propositions arranged in something like logical sequence to 
introduce the student to important general methods or 
well-known interesting results. 

One series gives a sketch of the theory of transversals, 
and the properties of harmonic and anharmonic ranges and 
pencils, and leads up to Pascal’s Theorem. Another series 


deals with similar and similarly situate figures and leads up 
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to Gergonne's elegant solution of the problem to describe a 
circle to touch three given circles. These are followed by 
an introduction to the method of Inversion, an account of 
Casey's extension of Ptolemy's Theorem, some of the im- 
portant properties of coaxial circles, and Poncelet's Theorems 
relating to the porisms connected with a series of coaxial 
circles. 

No attempt has been made to represent the very large 
and still increasing collection of theorems connected with 
the * Modern Geometry of the Triangle.” 

I hereby acknowledge the great help I have received in 
this portion of my work from friends, and especially from 
Dr Forsyth and from my brother Mr J. H. Taylor. To the 
latter I am indebted for the Index to Books I—VI, which 
I hope may prove of some assistance to persons using this 


edition. 


H. M. T. 


TRINITY COLLEGE, CAMBRIDGE, 
March 16, 1893. 
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THE ELEMENTS OF GEOMETRY. 
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BOOK I. 


DEFINITION 1. That which has position but not magni- 
tude is called a point. 


The word point is used in many different senses. We speak in 
ordinary language of the point of a pin, of a pen or of a pencil, 
Any mark made with such a point on paper is of some definite size 
and is in some definite position. A small mark is often called a spot 
or a dot. Suppose such a spot to become smaller and smaller; the 
smaller it becomes the more nearly it resembles a geometrical point : 
but it is only when the spot has become so small that it is on the 
point of vanishing altogether, i.e. when in fact the spot still has 
position but has no magnitude, that it answers to the geometrical 
definition of & point. 

A point is generally denoted by a single letter of the alphabet: 
for instance we speak of the point A. 


DEFINITION 2. That which has position and length but 
nerther breadth nor thickness is called a line. 
The extremities of a line are points. 


T'he intersections of lines are points. 


DEFINITIONS. 3 


The word line also is used in many different senses in ordinary 
language, and in most of these senses the main idea suggested is that 
of length. For instance we speak of a line of railway as connecting 
two distant towns, or of a sounding line as reaching from the bottom 
of the sea to the surface, and in so speaking we seldom think of the 
breadth of the railway or of the thickness of the sounding line. 

When we speak of a geometrical line, we regard merely the length: 
we exclude the idea of breadth and thickness altogether: in fact we 
consider that the cross-section of the line is of no size, or in other 
words that the cross-section is a geometrical point. 


If a point move with a continuous motion from one position to 
another, the path which it describes during the motion is a line. 


DEFINITION 3. That which has position, length and 
breadth but not thickness is called a surface. 


The boundaries of a surface are lines. 


The intersections of surfaces are lines. 


The word surface in ordinary language conveys the idea of ex- 
tension in two directions: for instance we speak of the surface of the 
Earth, the surface of the sea, the surface of a sheet of paper. 
Although in some cases the idea of the thickness or the depth of the 
thing spoken of may be present in the speaker’s mind, yet as a rule 
no stress is laid on depth or thickness. When we speak of a geome- 
trical surface we put aside the idea of depth and thickness altogether. 
We are told that it takes more than 300,000 sheets of gold leaf to 
make an inch of thiekness; but although the gold leaf is so thin, it 
must not be regarded as a geometrical surface. In fact each leaf 
however thin has always two bounding surfaces. The geometrical 
surface is to be regarded as absolutely devoid of thickness, and no 
number of surfaces put together would make any thickness whatever. 


DEFINITION 4. That which has position, length, breadth 
and thickness is called a solid. 


The boundaries of solids are surfaces. 
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Derinition 5, <Any combination of points, lines, and 
surfaces is called a figure. 


DeFIniTion 6. A line which lies evenly between points 
on it rs called a straight line. 


This is Euclid’s definition of a straight line. It cannot be turned 
to practical use by itself. We supplement the definition, as Euclid 
did, by making some assumptions the nature of which will be seen 
hereafter, 


PosruLATEs. There are a few geometrical propositions 
so obvious that we take the truth of them for granted, and 
a few geometrical operations so simple that we assume we 
may perform them when we please without giving any 
explanation of the process. The claim we make to use any 
one of these propositions, or to perform any one of these 
operations, is called a postulate. 


PosTULATE l. Two straight lines cannot enclose a space. 
This postulate is equivalent to 


Two straight lines cannot intersect vu more than one point. 


PosTuLATE 2. Two straight lines cannot have a common 
part. 


If two straight lines have two points 4, B in common, they must 
coincide between A and B, since, if they did not, the two straight 
lines would enclose a space. Again, they must coincide beyond 4 
and B, since, if they did not, the two straight lines would have a 
common part. Hence we conclude that 


Two straight lines, which have two points in common, are 
coincident throughout their length. 


Thus two points on a straight line completely fix the position of the 
line. Hence we generally denote a straight line by mentioning two 
points on it, and when the straight line is of finite length, we generally 
denote it by mentioning the points which are its two extremities. 


DEFINITIONS. 5 


For instance, if P and Q be two points on a straight line, the line 
is called the straight line PQ or the straight line QP, or sometimes 
more shortly PQ or QP: and the straight line which is terminated 
by two points P and Q is called in the same way PQ or QP. 


It may be remarked that, when merely the actual length of the 
Straight line is under discussion, we use PQ or QP indifferently: 
but that, when we wish to consider the direction of the line, we 
must carefully distinguish between PQ and QP. 


PosrULATE 3. A straight line may be drawn from any 
point to any other point. 


PosTULATE 4. A finite straight line may be produced 
at either extremity to any length. 


The demands made in Postulates 3 and 4 are in practical geometry 
equivalent to saying that a ‘straight edge’ may be used for drawing 
a straight line from one point to another and for producing a straight 
line to any length. 


We assume, as Euchd did, that it is possible to 
shift any geometrical figure from its initial position 
unchanged in shape and size into another position. 


Test of Equality of Geometrical Figures. The criterion of the 
equality of two geometrical figures, which we shall use in most cases, 
is the possibility of shifting one of the figures, unchanged in shape 
and size, so that it exactly fits the place which the other of the figures 
occupies. (See Def. 21.) 


This method of testing the equality of geometrical 
figures is generally known as the method of superposition. 


Test of equality of straight lines. Two straight lines AB, CD 
are said to be equal, when it is possible to shift either of them, say 
AB, so that it coincides with the other CD, the end A on C and the 
end B on D, or the end A on D and the end B on C. 
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Addition of Lines, Having defined the equality of straight lines, 
we proceed to explain what is meant by the addition of straight lines. 


A B C D 
fe E... o 


If in a straight line we take points 4, B, C, D in order, we say 
that the straight line AC is the sum of the two straight lines AB, 5C 
(or of any two straight lines equal to them), 


and that the straight line AB is the difference of the two straight 
lines AC, BC (or of any two straight lines equal to them). 


In the same way we say that the straight line AD is the sum of the 
three straight lines AB, BC, CD. 


Again, if AB be equal to BC, we say that AC is double of AB or 
of BC. 


DEFINITION 7. A surface which lies evenly between 
straight lines on it is called a plane. 


This is Euclid's definition of a plane: there is the same difficulty 
in making use of it that there is in making use of his definition of 
a straight line. 


Consequently this definition has by many modern editors been 
replaced by the following, which perhaps merely expresses Euclid's 
meaning in other words: 


A surface such that the straight line joining any two 
points in the surface lies wholly in the surface is called 
a plane. 


DEFINITION 8, A figure, which lies wholly in one plane, 
is called a plane figure. 


All the geometrical propositions in the first six books 
of the Elements of Euclid relate to figures in one plane. 
This part of Geometry is called Plane Geometry, 


DEFINITIONS. 7 


DEFINITION 9. Two straight lines in the same plane, 
which do not meet however far they may be produced both 
ways, are said to be parallel* to one another. 





DEFINITION 10. A plane angle is the inclination to one 
another of two straight lines which meet but are not in the 
same straight line. 


The idea of an angle is one which it is very difficult to convey by 
the words of a definition. We will content ourselves by explaining 
some few things connected with angles. 


If two straight lines AB, AC meet 








at A, the amount of their divergence C, NC 
from one another or their inclination 7 x 
to one another is called the angle 4 n 4 B 


which the lines make with one another 
or the angle between the lines, or the angle contained by the lines. 


The angle formed by the straight lines AB, AC is generally de- 
nominated BAC, or CAD, the middle letter always denoting the point 
where the lines meet, and the letters B and C denoting any two points 
in the straight lines 4B, 4C. It must be carefully noted that the 
magnitude of the angle is not affected by the length of the straight 
lines 4B, AC. 

The point A, where the two straight lines AB and AC, which 
form the anglo BAC, meet, is called the vertex of the angle BAC. 


If there be only two straight lines meeting at a point 4, the angle 
formed by the lines is sometimes denoted by the single letter d. 


* Derived from rmapà '* by the side of" and à4À5Aas '* one another": 
mwapaddnA0or ypaupal ‘lines side by side". 
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Test of Equality of Angles. Two angles are said to be equal, 
when it is possible to shift the straight lines forming one of the 
angles, unchanged in position relative to each other, so as to exactly 
coincide in direction with the straight lines forming the other angle. 


ge / 
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For instance, the angles ABC, DEF will be equal, if it be pos- 
sible to shift 4B, BC unchanged in position relative to each other, 
so that B coincides with E, and so that also either BA coincides in 
direction with ED and BC with EF, or BA coincides in direction 
with EF and BC with ED, 


If a straight line move in a plane, while one point in the line 
remains fixed, the line is said to turn or revolve about the fixed point. 
If the revolving line move from any one position to any other 
position, it generates an angle, and the amount of turning from one 
position to the other is the measure of the magnitude of the angle 
between the two positions of the line. 


For instance each hand of a watch, as long as the watch is going, 


is turning uniformly round its fixed extremity, and is generating an 
angle uniformly. 


This mode of regarding angles enables us to realize that angles 
are capable of growing to any size and need not be limited (as in 
most of the propositions in Euclid’s Elements they are supposed to 
be) to magnitudes less than two right angles. (See Def. 11.) 

Addition of Angles. If three straight 
lines 4B, AC, AD meet at the same point, D 
we say that the angle BAD is the sum of — 
the two angles BAC, CAD (or of any two 


angles equal to them). — 
In the same way we say that the angle — — — 
BAC is the difference of the two angles = B 
BAD, CAD (or of any two angles equal to them). 
Two angles such as BAC, CAD, which have a common vertex and 
one common bounding line, are called adjacent angles. 
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DEFINITION 11. Jf two adjacent angles made by two. 
straight lines at the point where A 
they meet be equal, each of these 
angles is called a right angle, and 
the straight lines are said to be at 





right angles to each other. E 

Either of two straight lines which C D 
are at right angles to each other is 
said to be perpendicular to the other. B 


If a straight line AE be drawn from a point A at right angles 
to a given straight line CD, the part AE intercepted between the 
point and the straight line is commonly called the perpendicular 
from the point A on the straight line CD. 


Euclid uses as a postulate, 


PostTULATE 5. All right angles are equal to one another. 

It is not necessary to assume this proposition, since it can be proved 
by the method of superposition. A proof will be found on a sub- 
gequent page. (p. 37) 


Derinition 12. An angle less than a right angle is called 
an acute angle. 


An angle greater than a right angle and less than two 
right angles is called an obtuse angle. 


DeFinitTion 13. A line, which is such that it can be 
described by a moving point starting from any point of the 
line and returning to it again, 1s called a closed line. 


A figure composed wholly of straight lines is called 
a rectilineal figure, 


The straight lines, which form a closed rectilineal figure, 
are called the sides of the figure. 


The sum of the lengths of the sides of any figure ts 
called the perimeter of the figure. 


The point, where two adjacent sides meet, is called a 
vertex or an angular point of the figure. 


The angle formed by two adjacent sides 4s called an angle 
of the figure. 
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A straight line joining amy two vertices of a closed recti- 
lineal figure, which are not extremities of the same side, às 
called a diagonal *. 


The surface contained within a closed figure is called 
the area of the figure. 


A closed rectilineal figure, which is such that the whole 
figure lies on one side of each of the sides of the figure, is 
called a convex figure. 


A closed rectilineal figure is in © 
general denoted by naming the letters, — 
which denote its vertices, in order: D | d 
for instance the five-sided figure in JT JD 
the diagram is denoted by the letters oe — eo 
A, B, C, D, E, in order: i.e. it might | : 
be called the figure 4BCDE, or the 
figure CBAED. 


A, B, C, D, E are its vertices. 

AB, BC, CD, DE, EA are ita sides. 

ABC, BCD, CDE, DEA, EAB are its angles. 
AC, AD are two of its diagonals. 


It will be observed that a closed figure has the same number of 
angles as it has sides. 


If a closed figure have an even number of sides, we speak of 
a pair of sides as being opposite, and of a pair of angles as being 
opposite. 


If a closed figure have an odd number of sides, we speak of an 
angle as being opposite to a side and vice versa. 


For instance in the quadrilateral ABCD the side AD is said to be 
opposite to the side BC, and the angle BAD opposite to the angle 
BCD, but in the five-sided figure ABCDE the side CD is said to be 
opposite to the angle BALE, and the angle AED opposite to the 
side BC, 


* Derived from dia “through”, and ywvia ‘‘an angle”. 
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DEFINITION 14. A Jame all the sides of which are equal, 
as called equilateral. 

A figure, all the angles of which are equal, is called 
equiangular. 


A figure, which is both equilateral and equiangular, is 
called regular. 


DEFINITION 15. <A closed rectilineal figure, which has 
three sides*, is called a triangle. 

A closed rectilineal figure, which has four sides, is called 
a quadrilateral. 

A closed rectilineal figure, which has more than four 
sides, 1s called a polygon t. 


Derinition 16. A triangle, which has two sides equal, 
as called isosceles t. 


ZN 


t i f 


A triangle, which has a right angle, is called right-angled. 


The side opposite to the right angle is called the hypo- 
tenuse §. 





* A figure, which has three sides, must also have three angles. 
It is for this reason called a triangle. 

+ Derived from odds “much” and ywvia “an angle”. 

¢ Derived from toos ‘‘equal” and oxédos ‘a leg”. 

M Derived from jx “under” and relvew “to siretch". 5$ ùro- 
Telvovra ypauuy ‘the line subtending” or ‘stretching across” (the 
right angle). 
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A triangle, which has an obtuse angle, is called obtuse- 


angled. 


A triangle, which has three acute angles, is called acute- 


angled. 


Derinition 17. A quadrilateral, 4 
which has four sides equal, rs called | 





a rhombus. 


DEFINITION 18. A quadri- 
lateral, whose opposite sides are 
parallel, 4s called a parallelo- * 
gram. 








DEFINITION 19. A parallelogram, 
one of whose angles is a right angle, 
is called a rectangle. 


It will be proved later that each angle of a rectangle is a right 
angle. 


DEFINITION 20. A rectangle, which 
has two adjacent sides equal, is called 
a square. 


It will be proved later that all the sides of a 
square are equal. 
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DEFINITION 21. Two figures are said to be equal in all 
respects, when it is possible to shift one unchanged in shape 
and size so as to coincide with the other. 


C H- 
Ps — 
B G 
* x 
f 
sy = 
— E La c 
A F 


The figures ABCDE, FGHKL are equal in all respects, if it be 
possible to shift ABCDE so that the vertices A, B, C, D, E may 
coincide with the vertices F, G, H, K, L respectively: in which case 
the sides of the two figures must be equal, AB, BC, CD, DE, EA to 
FG, GH, HK, KL, LF respectively, and the angles must be equal, 
ABC, BCD, CDE, DEA, EAB to FGH, GHK, HKL, KLF, LFG 
respectively. 


DeEFINITION 22. A plane closed line, which is such that 


all straight lines drawn to it from a D 
jixed point are equal, is called a circle. — | N 
This point is called the centre of AL— " 
the circle. AN 
BN N, 
It will be proved hereafter that a circle o 


has only one centre. — d 
A straight line drawn from the centre of the circle to the 
circle is called a radius. 


A straight line drawn through the centre and terminated 
both ways by the circle is called a diameter. 


It will be proved hereafter that three points on a circle completely 
fix the position and magnitude of the circle: hence we generally 
denote a circle by mentioning three points on it; for instance the 
circle in the diagram might be called the circle BDE, or the circle DBC. 


The one assumption which we make with reference to describing a 
circle is contained in the following postulate : 


14 BOOK I. 


PosrULATE 6. A circle may be described with any point 
as centre and with any straight line drawn from that point 
as radius. 


PosTuLATE 7. <Any straight line drawn through a point 
within a closed figure must, if produced far enough, intersect 
the figure in two points a£ least. 


In the diagram we have three specimens of closed figures each 
with a point A inside the figure. 

It is easily seen that any straight line J A must intersect 
the figure in two points at least: in the case of two of the figures 
a straight line cannot intersect the figure in more than two points: 
but in the third case, a straight line can be drawn to intersect the 
figure in four points. 


PosTuLATE 8. Any line joining two points one within 
and the other without a closed figure must intersect the 
figure in one point at least. 


It follows that 
Any closed line drawn through two points one within and the other 
without a closed figure must intersect the figure in two points at least, 





^ * 
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In the diagram we have three specimens of closed figures with two 
points A, B, one inside and the other outside the figure. 
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It is easily seen that any line joining A and B must intersect the 
figure in one point at least, and that any closed line drawn through A4 
and B must intersect the figure in two points at least: in two of the 
cases in the diagram either of the paths represented by part of the 
dotted line joining A and B intersects the figure in one point only and 
the closed line drawn intersects the figure in two points only: but in 
the third case one of the paths from A to B represented by part of 
the dotted line intersects the figure in one point only, while the path 
represented by the other part of the dotted line intersects the figure in 
three points, and the closed line drawn through A and B intersects 
the figure in four points. 


Axioms. There are a number of simple propositions 
generally admitted to be true universally, i.e. with reference 
to magnitudes of all kinds. 


Such propositions were called by Euclid Kowait évvota,, 
“common notions”: they are now usually denominated 
axioms*, agtwpatra, as being propositions claimed without 
demonstration. 


The following are examples of such axioms: 


Things which are equal to the same thing are equal to one 
another. 


Jf equals be added to equals, the wholes are equal. 

If equals be taken from equals, the remainders are equal. 
Doubles of equals ave equal. 

Halves of equals are equal. 

The whole of a thing is greater than a part. 


If one thing be greater tham a second and the second 
greater than a third, the first is greater than the third. 


Such propositions as the above we shall use freely in 
the following pages without further remark. 


* Dr Johnson in his English Dictionary defined an axiom as ‘a 
proposition evident at first sight, that cannot be made plainer by 
demonstration." 
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PROPOSITION 1. 


On a given finite straight line to construct an equilateral 
triangle. 


Let AB be the given finite straight line: 
it is required to construct an equilateral triangle on AB. 


Construction. With A as centre and AZ as radius, 


describe the circle BCD. (Post. 6.) 
With B as centre and BA as radius, describe the circle AC E. 
These circles must intersect : (Pest: 8.) 

let them intersect in C. Que t 


Draw the straight lines C4, CB: (Post. 3.) 
then ABC is a triangle constructed as required. 





Proor. Because Á is the centre of the circle BCD, 
AC is equal to AB. (Def. 22.) 
And because B is the centre of the circle ACE, 
BC is equal to BA. 
Therefore CA, AB, BC are all equal. 
Wherefore, the triangle ABC is equilateral, and it has 
been constructed on the given finite straight line AB. 
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It is assumed in this proposition that the two circles intersect. It 
is easily seen that they must intersect in two points. We can take 
either of these points as the third angular point of an equilateral 
triangle on the given straight line; there are thus two triangles which 
can be constructed satisfying the requirements of the proposition. 
We say therefore that the problem put before us in this proposition 
admits of two solutions. 

We shall often have occasion to notice that a geometrical problem 
admits of more than one solution, and it is a very useful exercise to 
consider the number of possible solutions of a particular problem. 

For the future we shall generally use the abbreviated expression 
‘draw AB” instead of ‘‘draw the straight line AB” or “draw a 
straight line from the point 4 to the point B." 


EXERCISES. 


1, Produce a straight line so as to be (a) twice, (5) three times, 
(c) five times, its original length. 


2. Construct on a given straight line an isosceles triangle, such 
that each of its equal sides shall be (a) twice, (b) three times, (c) six 
times, the length of the given line. 


3. Prove that, if two circles, whose centres are 4, B, and whose 
radii are equal, intersect in C, D, the figure ABCD is a rhombus. 
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PROPOSITION 2. 


From a given point to draw a straight line equal to a given 
straight line. 


Let A be the given point, and LC the given straight line: 
it is required to draw from A a straight line equal to BC. 


Construction. Draw AB, the straight line from Á to 
one of the extremities of BC ; (Post. 3.) 
on it construct an equilateral triangle ABD. (Prop. 1.) 
With Bas centre and BC as radius, describe the circle CEF, 
(Post. 6.) 
meeting DB (produced if necessary) at E. (Post. 7.) 
With D as centre and DE as radius, describe the circle HGH, 
meeting DA (produced if necessary) at G : 
then AG is a straight line drawn as required. 





Proor. Because B is the centre of the circle CEF, 
BC is equal to BE. (Def. 22.) 


Again, because D is the centre of the circle EGH, 
DG is equal to DF; 
and because ABD is an equilateral triangle, 
DA is equal to DB; (Def, 14.) 
therefore AG is equal to BE. 
And it has been proved that BC is equal to BL; 
therefore AG is equal to BC. 


Wherefore, from the given point A a straight line AG 
has been drawn equal to the given straight line LC, 
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It is assumed in this proposition that the straight line DB inter- 
sects the circle CEF. It is easily seen that it must intersect it in two 
points. 


It will be noticed that in the construction of this proposition 
there are several steps at which a choice of two alternatives is 
afforded: (1) we can draw either AB or AC as the straight line on 
which to construct an equilateral triangle: (2) we can construct an 
equilateral triangle on either side of AB: (3) if DB cut the circle in E 
and I, we can choose either DE or DI as the radius of the circle 
which we describe with D as centre. 


There are therefore three steps in the construction, at each of 
which there is a choice of two alternatives: the total number of 
solutions of the problem is therefore 2 x 2 x 2 or eight. 


On the opposite page two diagrams are drawn, to represent two 
out of these eight possible solutions. It will be a useful exercise 


for the student to draw diagrams corresponding to some of the 
remaining six. 


EXERCISES. 


1. Draw a diagram for the case in which the given point is the 
middle point of the given straight line. 


2. Draw a diagram for the case in which the given point is in 
the given straight line produced. 


3. Draw from a given point a straight line (a) twice, (b) three 
times the length of a given straight line. 


4. Draw from D in any one of the diagrams of Proposition 2 
a straight line, so that the part of it intercepted between the two 


circles may be equal to the given straight line. Isa solution always 
possible? 
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PROPOSITION 3. 


From the greuter of two given straight lines to cut off 
a part equal to the less. 


Let AB and CD be the two given straight lines, of which 


A B 3s the greater : 
it is required to cut off from AB a part equal to CD. 


Construction. From A draw a straight line AX 


equal to CD; (Prop. 2.) 
with A as centre and AZ as radius, 
describe the circle EFG. (Post. 6.) 


The circle must intersect AB between A and B, 
for AZ is greater than AL. 
Let F be the point of intersection : 
then A is the part required. 





C v D /a 
T | — 


Proor. Because A is the centre of the circle Z FG, 
A.E is equal to AF. (Def. 22.) 
But AE was made equal to CD; (Construction.) 
therefore AF is equal to CD, 
Wherefore, from AB the greater of two given straight 
lines a part AF has been cut off equal to CD the less. 
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The demand made in Postulate 6, that ‘‘a circle may be described 
with any point as centre and with any straight line drawn from that 
point as radius,” is equivalent, in practical geometry, to saying that 
a pair of compasses may be used in the following manner: the ex- 
tremity of one leg of a pair of compasses may be put down on any 
point A, the compasses may then be opened so that the extremity of 
the other leg comes to any other point and then a circle may be 
swept out by the extremity of the second leg of the compasses, the 
extremity of the first leg remaining throughout the motion on the 
point A. 


Compasses are also used practically for carrying & given length 
from any one position to any other: for instance, they would gene- 
rally be used to solve the problem of Proposition 3 by opening the 
compasses out till the extremities of the legs came to the points 
C, D: they would then be shifted, without any change in the opening 
of the legs, until the extremity of one leg was on 4 and the extremity 
of the other in the straight line AB. 


Euclid restricted himself much in the same way as a draughtsman 
would, if he allowed himself only the first mentioned use of the com- 
passes: the first three propositions shew how Euclid with this self- 
imposed restriction solved the problem, which without such a restric- 
tion could have been solved more readily. 

After the problems in the first three propositions have been solved, 
we may assume that we can draw a circle, as a practical draughts- 
man would, with any point as centre and with a length equal to any 
given straight line as radius. 


EXERCISES. 


1, Ona given straight line describe an isosceles triangle having 
each of the equal sides equal to a second given straight line. 


2. Construct upon a given straight line an isosceles triangle 
having each of the equal sides double of a second given straight line. 


3. Construct a rhombus having a given angle for one of its 
angles, and having its sides each equal to a given straight line. 
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PROPOSITION 4. 


If two triangles have two sides of the one equal to two 
sides of the other, and also the angles contained by those sides 
equal, the two triangles are equal in all respects. 


(See Def. 21.) 


Let ABC, DEF be two triangles, in which AB is equal 
to DE, and AC to DF, and the angle BAC is equal to the 
angle EDF: 
it is required to prove that the triangles ALC, DHF are 

equal in all respects. 


iia, 2 2 a 
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Pnoor. Because the angles BAC, EDF are equal, 
it is possible to shift the triangle ABC 
so that A coincides with D, 
and AB coincides in direction with DL, 
and AC with DF, (Test of Equality, page 8.) 
If this be done, 
because AZ is equal to DE, 
B must coincide with £ ; 
and because AC’ is equal to DL, 
C must coincide with F. 
Again because B coincides with E and C with X, 
BC coincides with EF; (Post. 2.) 
therefore the triangle ABC coincides with the triangle DEF, 
and is equal to it in all respects. 


Wherefore, if two triangles &c. 
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The proof of this proposition holds good not only for a pair of 
triangles such as ABC, DEF in the diagram: it holds good equally 
for a pair such as ABC, D'E'F', one of which must be reversed or 
turned over before the triangles can be made to coincide or fit exactly. 

In this proposition Euclid assumed Postulate 2, that two straight 
lines cannot have a common part. When the triangle ABC is 
shifted, so that A is on D and AB is on DE, there would be no 
justification for the conclusion that B must coincide with E, because 
A B is equal to DE, if it were possible for two straight lines to have a 
common part. In fact, two curved lines might be drawn from the 
point D starting in the same direction DE but leading to two totally 
distinct points E and F although the lines were of the same length. 
It is tacitly assumed, that if the lines be straight lines, this is im- 
possible. 


EXERCISES. 


1. If the straight line joining the middle points of two opposite 
sides of a quadrilateral be at right angles to each of these sides, the 
other two sides are equal. 

2. If in a quadrilateral ABCD the sides AB, CD be equal and 
the angles ABC, BCD be equal, the diagonals AC, BD are equal. 

3. If in a quadrilateral two opposite sides be equal, and the 
angles which a third side makes with the equal sides be equal, the 
other angles are equal. 

4. Prove by the method of superposition that, if in two quadri- 
laterals ABCD, A’B’C’D’, the sides AB, BC, CD be equal to the sides 
A'B’, B'C’, C’D’ respectively, and the angles ABC, BCD equal to the 
angles 4'B'C', B'C'D' respectively, the quadrilaterals are equal in all 
respects. 
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PROPOSITION 5. 


If two sides of a triangle be equal, the angles opposite to 
these sides are equal, and the angles made by producing 
these sides beyond the third side are equal. 


Let ABC be a triangle, in which AB is equal to AC, 
and AB, AC are produced to D, E: 
it is required to prove that the angle ACB is equal to 
the angle ABC, and the angle BCE to the angle CBD. 
CONSTRUCTION. Let the figure ABCDE be turned over 


and shifted unchanged in shape and size to the position 
abcde, A to a, B to b, C toc, D to d and £ toe. 


ce 





Proor. Because the angles DAZ, ead are equal, it is 
possible to shift the figure abcde 
so that a coincides with A, 
and ae coincides in direction with A D, 
and ad with AE. (Test of Equality, page 8.) 
If this be done, 
because ac is equal to 47, 
c must coincide with P; 
&nd because ab is equal to AC, 
b must coincide with C; 
hence cb coincides with BC. (Post. 2.) 
Now because ace coincides in direction with ABD, 
and cb with BC, 
the angle acb coincides with the angle ABC, 
and the angle bce with the angle CBD; 


therefore the angle acb is equal to the angle ABC, 
and the angle bce to the angle CBD. 
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But the angle acb is equal to the angle ACB, 
and the angle bce to the angle BCE; 
therefore the angle ACB is equal to the angle ABC, 
and the angle ACE to the angle C BD. 


Wherefore, if two sides &c. 
ConoLLARY l. An equilateral triangle is also equi- 
angular. 


CoRoLLARY 2. If two angles of a triangle be unequal, 
the sides opposite to these angles are unequal. 


EXERCISES. 


1. The opposite angles of a rhombus are equal. 


2. Ifa quadrilateral have two pairs of equal adjacent sides, it 
has one pair of opposite angles equal. 


3. If in a quadrilateral ABCD, AB be equal to AD and BC to 
DC, the diagonal AC bisects each of the angles BAD, BCD. 


4. If in a quadrilateral ABCD, AB be equal to AD and BC to 
DC, the diagonal BD is bisected at right angles by the diagonal AC. 


5. Prove that the triangle, whose vertices are the middle points 
of the sides of an equilateral triangle, is equilateral, 


6. Prove that the triangle, formed by joining the middle points 
of the sides of an isosceles triangle, is isosceles. 


7. Prove by the method of superposition that, if in a convex 
quadrilateral ABCD, AB be equal to CD and the angle ABC to the 
angle BCD, AD is parallel to BC. 
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PROPOSITION 6. 


If two angles of a triangle be equal, the sides opposite to 
these angles are equal. 

Let ABC be a triangle, in which the angle ABC is 
equal to the angle ACA: 

it is required to prove that AC is equa] to AB. 

Construction. Let the triangle ABC be turned over 
and ,shifted unchanged in shape and size to the position 
abcf A to a, D to b, and C to c. 


Di A a 
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Proor. Because the sides BC, cb are equal, 
it is possible to shift the triangle acb 
so that cb coincides with BO, c with B, and b with C, 
(Test of Equality, page 5.) 
and so that the triangles acb, APC are on the same side 
of BC. 
If this be done, 
because the angles ABC, ach are equal, 
ca must coincide in direction with BA ; 
and because the angles ACB, abe are equal, 
ba must coincide in direction with CA. 
And because two straight lines cannot intersect in more 
than one point, (Post. 1.) 
the point a, which is the intersection of ca and ba, must 
coincide with the point A, which is the intersection of 
BA and CA. 


Now because a coincides with A and c with P, 
ac coincides with AB and is equal to it. 
But ac is equal to AC ; 
therefore AC is equal to AJ. 
Wherefore if two angles &c. 


COROLLARY. An equiangular triangle is also equilateral. 
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When in two propositions the hypothesis of each is the 
conclusion of the other, each proposition is said to be the 
converse of the other. 


The theorems in Propositions 5 and 6 are the converses of each 
other. 

It must not be assumed that the converse of a proposition is 
necessarily true. 


EXERCISES. 


1. Shew that, if the angles ABC and ACB at the base of an 
isosceles triangle be bisected by the straight lines BD and CD, DBC 
will be an isosceles triangle. 


2. BAC isa triangle having the angle B double of the angle 4. 
If BD bisect the angle B and meet AC at D, BD is equal to AD. 


3. Prove by the method of superposition that, if in two triangles 
ABC, A'B'C' the angles ABC, BCA be equal to the angles A'B'C', 
D'C' 4' respectively and the sides BC, B'C' be equal, the triangles are 
equal in all respects. 


4. Prove by the method of superposition that, if in two quadri- 
laterals 4BCD, A'B'C'D' the angles DAB, ABC, BCD be equal to the 
angles D'A'B', A'D'C', B'C'D' respectively, and the sides AB, BC be 
equal to the sides 4'D', B'C' respectively, the quadrilaterals are equal 
in all respects. 


5. Ifin a quadrilateral ABCD, AB be equal to AD and the angle 
ABC to the angle ADC, then BC is equal to DC, and the diagonal 
AC bisects the quadrilateral and two of its angles. 


28 BOOK 1. 


PROPOSITION 7. 


If two points on the same side of a straight line be equi- 
distant from one point in the line, they cannot be equidistant 
from any other point in the line. 


Let AB be a given straight line, and C, D be two 
points on the same side of it equidistant from the point A: 
it is required to prove that C, D cannot be equidistant 
from any other point in the line. 


Construction. Take any other point B in the line, and 








draw BC, BD. 
Ne Qj QE (3) € 
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Proor. Because C and D are two different points, either 


(1) the vertex of each of the triangles ABC, ABD must be 
outside the other triangle, 
(2) the vertex of one triangle must be inside the other, 
or (3) the vertex of one triangle must be on a side of the 
other. 
(1) First let the vertex of each triangle be without the 
other. 
Because AD is equal to AC, 
the angle ACD is equal to the angle ADC. (Prop. 5.) 
But the angle ACD is greater than the angle BCD, 
and the angle BDC is greater than the angle ADC: 
therefore the angle BDC is greater than the angle BCD; 
therefore BC, BD are unequal. (Prop. 5, Coroll. 2.) 
(2) Next let the vertex D of one triangle ABD be within 
the other triangle ABC: 
produce AC, AD to E, F. (Post. 4.) 
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Then because in the triangle ACD, AC is equal to AD, 
the angles HCD, FDC made by producing the sides AC, AD 
are equal. (Prop. 5.) 
But the angle HCD is greater than the angle BCD, 
and the angle BDC is greater than the angle PDC ; 
therefore the angle BDC is greater than the angle BCD; 
therefore BC, BD are unequal, (Prop. 5, Coroll. 2.) 
(3) Next let the vertex D of one triangle lie on one of the 
sides BC of the other : 
then BC, BD are unequal. 


Wherefore, if two points on the same side &c. 
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PROPOSITION 8. 


If two triangles have three sides of the one equal to three 
sides of the other, the triangles are equal in all respects. 


Let ABC, DEF be two triangles, in which AB is equal 
to DE, AC to DF, and BC to EF: 
it is required to prove that the triangles ABC, DHL are 
equal in all respects. 


D .———P 
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Proor. Because the sides BC, EF are equal, 
it is possible to shift the triangle ABC, 
so that BC coincides with EF, B with Æ and C with Z 
(Test of Equality, page 5.) 
and so that the triangles ALC, DHF are on the same side 
of EF. 
Tf this be done, 
A must coincide with D: 
for there cannot be two points on the same side of the 
straight line #Y equidistant from E 


and also equidistant from F., (Prop. 7.) 
Now because A coincides with 2, 

and ŽP coincides with E, (Constr.) 

AB coincides with DE. (Post. 2.) 


Similarly it can be proved that 
AC coincides with DF. 


Therefore the triangle ABO coincides with the triangle DEF, 
and is equal to it in all respects. 


Wherefore, if two triangles &c. 
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EXERCISES. 


1. Ifa quadrilateral have two pairs of equal sides, it must have 
one pair and may have two pairs of equal angles. 


2. ABC, DBC are two isosceles triangles on the same base BC, 
and on the same side of it: shew that AD bisects the vertical angles 
of the triangles. 


3. If the opposite sides of a quadrilateral be equal, the opposite 
angles are equal. 


4, If in a quadrilateral two opposite sides be equal, and the 
diagonals be equal, the quadrilateral has two pairs of equal angles. 


5. If in a quadrilateral the sides AB, CD be equal and the 
angles ABC, BCD be equal, the angles CDA, DAB are equal. 


6. The sides AB, AD of a quadrilateral ABCD are equal, and 
the diagonal AC bisects the angle BAD; shew that the sides CB, CD 
are equal, and that the diagonal AC bisects the angle BCD. 


7. ACB, ADB are two triangles on the same side of AB, such 
that AC is equal to BD, and AD is equal to BC, and AD and BC 
intersect at O: shew that the triangle AOB is isosceles. 


8. A diagonal of a rhombus bisects each of the angles through 
which it passes. 
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PROPOSITION 9. 
To bisect a gwen angle. 


Let BAC be the given angle: 
it is required to bisect it. 


Construction. Take any point D in AB, 
and from AC cut off A# equal to AD. (Prop. 3.) 


Draw DE, 
and on D#, on the side away from 4, construct the equi- 
lateral triangle DEF. (Prop. 1.) 
Draw AF: 


then AZF is the required bisector of the angle BAC. 
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Proor. Because in the triangles DAF, EAF, 
DA is equal to £A, 
AF to AF, 
and FD to FE, 
the triangles are equal in all respects; (Prop. 8.) 
therefore the angle DAF is equal to the angle ZA F. 


Wherefore, the given angle BAC ts bisected by the straight 
line AF. 


PROPOSITION 9. 33 


In the construction for this proposition it is said that the equi- 
lateral triangle DEF is to be constructed on the side of DE away 
from A, This restriction is introduced in order to prevent the possi- 
bility of the point F coinciding with the point A. 

In practical geometry it is always desirable to obtain two points, 
which determine a straight line, as far apart as possible, as then an 
error in the position of ono of the points causes less error in the 
position of the straight line. 


EXERCISES. 


1. A straight line, bisecting the angle contained by two equal 
sides of a triangle, bisects the third side. 


2. The bisectors of the angles ABC, ACB of a triangle ABC meet 
in D: prove that, if DB, DC be equal, AB, AC are equal. 


3. Prove that there is only one bisector of a given angle. 


4. Prove that the bisectors of the angles of an equilateral triangle 
meet in a point. 


5. Prove that the bisectors of the angles of an isosceles triangle 
meet in a point. 


6. BAC is a given angle; cut off 4B, 4C equal to one another: 
with centres B, C describe cireles having equal radii: if the circles 
intersect at D, AD bisects the angle BAC. 


7. Prove by the method of superposition that, if one diagonal 
of a quadrilateral bisect each of the angles through which it passes, 
the two diagonals are at right angles to each other. 


T. E. 3 
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PROPOSITION 10. 


To bisect a given finite straight line. 


Let AB be the given finite straight line: 
it is required to bisect it. 


CONSTRUCTION. On AS construct an equilateral triangle 


ABC, (Prop. 1.) 
and bisect the angle ACB by the straight line CD, meeting 
AB at D: (Prop. 9.) 


then AB is bisected as required at D. 





Proor. Because in the triangles ACD, BCD, 
AC is equal to BC, 
and CD to CD, 
and the angle ACD is equal to the angle BCD, 
the triangles are equal in all respects; (Prop. 4.) 
therefore AD is equal to BD. 
Wherefore, the given finite straight line AB is bisected 
at the point D. 


PROPOSITION 10. 35 


EXERCISES. 


1. Prove that there is only one point of bisection of a given 
finite straight line. 


2. If two circles intersect, then the straight line joining their 
centres bisects at right angles the straight line joining their points of 
intersection. 


3. Draw from the vertex of a triangle to the opposite side a 
straight line, which shall exceed the smaller of the other sides as 
much as it is exceeded by the greater. 
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PROPOSITION 10 A. 


From the same pout in a given straight line and on the 
same side of it, only one straight line can be drawn at right 
angles to the given straight line. 

From the point C in the straight line AB let the 
straight line C D be drawn at right angles to AB: 
it is required to prove that no other straight line can be 
drawn from C at right angles to AB on the same side of it. 

Construction. Draw from C within the angle ACD 
any straight line CZ. 





4 C B 


Proor. Because the angles DCB, DCA are equal, 
and the angle FCB is greater than the angle DCB, 
and the angle DCA is greater than the angle ECA ; 
therefore the angle #C’B is greater than the angle ECA ; 
therefore CZ is not at right angles to AB. (Def. 11.) 
Similarly it can be proved that no straight line drawn 
from C within the angle DCB can be at right angles 
to AB. 
Therefore no straight line other than CD drawn from C 
can be at right angles to AB on the same side of it. 


Wherefore, from the same point &c. 


PROPOSTTION 10 5. 37 





PROPOSITION 10B. 
All right angles are equal to one another. 
Let the straight lines 45, CD meet at E and make 


the angles CEA, C EB right angles; (Def. 11.) 
and let the straight lines FG, HK meet at L and make 
the añgles HLF, HLG right angles : 


it is required to prove that the angle C EA is equal to the 
angle HLF. 





K 


Pnoor. If the figure ABCDE be shifted, so that E 
coincides with L, and the line ABP in direction with FG, and 
so that HC’, LH are on the same side of FG: 


then ZC must coincide with ZH, for at the same point L 
in ZG on the same side of it there cannot be two straight 
lines at right angles to FG; (Prop. 10 A.) 


therefore the angle 4 EC coincides with the angle FLH, 
and is equal to it. 
Wherefore, all right angles &c. 
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PROPOSITION 11. 


To draw a straight line at right angles to a given straight 
line from a given point in it. 
Let AB be the given straight line, and C the given point 
in it: 
it is required to draw from C a straight line at right angles 
to AB. 


Construction, Take any point D in AC, 
and from CB cut off CE equal to CD. (Prop. 3.) 


On DE construct an equilateral triangle DFE, (Prop. 1.) 
and draw CF: 
then CF is a straight line drawn as required, 


F 


A D C E B 


Proor, Because in the triangles DCF, ECF, 
DC is equal to EC, 


CF to CF, 
and FD to FE, (Constr.) 
the triangles are equal in all respects ; (Prop. 8.) 


therefore the angle DCF is equal to the angle ECF, 
and they are adjacent angles; 
therefore each of these angles is a right angle; and the 
straight lines are at right angles to each other. (Def. 11.) 
Wherefore, CF has been drawn at right angles to the 
given straight line AB, from the given point C in tt. 


PROPOSITION 11. 39 


In the definition of a circle (Def. 22) we meet with the idea of 
a point, which moves subject to a given condition, the condition 
being that the point is always to be at a given distance from a 
given point, i.e. from the centre of the circle. The path of such a 
moving point, or the place (locus), at some position on which the 
point must always be and at any position on which the point may 
be, is called the locus of the point. Hence we say in the case just 
mentioned that the locus of a point which is at a given distance from 
& given point is a circle. 

As a further illustration of this idea, let us consider the locus of a 
point, which moves subject to the condition that it is always to be 
equidistant from two given points. 

Let A, B be two given points, and let 
P be a point equidistant from 4 and B, 
i.e. let PA be equal to PB. 

Draw AB and take C the middle point 
of AB. 

Draw PC. 

Then because in the triangles PCA, 
PCB, 





PA is equal to PB, PC to PC, and AC to BC, 
the two triangles are equal in all respects: (Prop. 8.) 
therefore the angle PCA is equal to the angle PCB, 
and since they are adjacent angles each is a right angle. 

It follows that, if P be equidistant from A and B, it must lie on 
the straight line CP which bisects 4B at right angles. Every point 
on CP satisfies this condition. 

We may state the result of this proposition thus: Te locus of a 
point equidistant from two given points is the straight line which 
bisects at right angles the straight line joining the given points. 


EXERCISES. 


1. The diagonals of a rhombus bisect each other at right angles. 

2. Find in a given straight line a point equidistant from two 
given points. Is a solution always possible? 

3. Find a point equidistant from three given points. 

4. In the base BC of a triangle ABC any point D is taken. 
Draw a straight line such that, if the triangle ABC be folded along 
this straight line, the point A shall fall upon the point D, 
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PROPOSITION 12. 


T'o draw a straight line at right angles to a given straight 
line from a gen point without it. 


Let AB be the given straight line, and C the given 
point without it: 


it is required to draw from C a straight line at right angles 
to AB, 


Construction. Take any point D on the side of AB 
away from C, draw CD, 

and with C as centre and CD as radius, describe the circle 

DEF, (Post. 6.) 

meeting AB (produced if necessary) at E and F. 
Draw CE, CF, . 
and bisect the angle FCF by the straight line CG meeting 
AB at G: (Prop. 9.) 
then C'G is a straight line drawn as required. 





Proor. Because in the triangles HCG, FOG, 
EC is equal to FC, 
and CG to CG, 
and the angle ECG is equal to the angle FCG, 

the triangles are equal in all respects; (Prop. 4.) 

therefore the angle CGE is equal to the angle CGF, 

and they are adjacent angles. 

Therefore the straight lines CG, AB are at right angles 
to each other. (Def. 11.) 


Wherefore, CG has been drawn at right angles to the 
given straight line AB from the given point C without it. 


PROPOSITION 12. 41 


In the construction for this proposition it is said that the point D 
is to be taken on the side of AB away from C. This restriction is 
introduced as a means of ensuring the intersection of the circle DEF 
with the straight line AB. 


EXERCISES. 


1. Through two given points on opposite sides of a given straight 
line draw two straight lines, which shall meet in the given line and 
include an angle bisected by that line. In what case can there be 
more than one solution? 


2. From two given points on the same side of a given straight 
line, draw two straight lines, which shall meet at a point in the given 
line and make equal angles with it. 


8. Proveby the method of superposition that, if the perpendiculars 
on & given straight line from two points on the same side of it be 
equal, the straight line joining the points is parallel to the given line. 
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PROPOSITION 13. 


The sum of the angles, which one straight line makes 
with another straight line on one side of it, is equal to two 
right angles. 


Let the straight line 44 make with the straight line 
CD, on one side of it, the angles ABC, ABD: 


it is required to prove that the sum of these angles is equal 
to two right angles. 
If the angle AC be equal to the angle ABD, 
each of them is a right angle, 
and their sum is equal to two right angles. 
CowsTRUCTION. If the angles ABC, ABD be not equal, 
from the point 5 draw BE at right angles to CD; (Prop. 11.) 
BE cannot coincide with BA; 
let it lie within the angle ABD. 
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Pnoor. Now the angle CBE is the sum of the angles 
CBA, ABE; 
to each of these equals add the angle EBD; 
then the sum of the angles CBE, EBD is equal to the sum 
of the angles CBA, ABE, EBD. 
Again, the angle DBA is equal to the sum of the angles 
DBE, EBA; 
to each of these equals add the angle ABC; 
then the sum of the angles DBA, ABC is equal to the sum 
of the angles DBE, EBA, ABC. 
And the sum of the angles CBE, LBD has been proved to 
be equal to the sum of the same three angles. 


PROPOSITION 13. 43 


Therefore the sum of the angles CBE, EBD is equal to 
the sum of the angles DBA, ABC. 
But CBE, EBD are two right angles; (Constr.) 


therefore the sum of the angles DBA, ABC is equal to two 
right angles. 


Wherefore, the sum of the angles &c. 


COROLLARY. The sum of the four angles, which two 
intersecting straight lines make with one another, is equal to 
four right angles. 


EXERCISES. 


1. Prove in the manner of Proposition 13 that, if 4, B, C, D be 
four points in order on a straight line, the sum of AB, BD is equal to 
the sum of AC, CD. 


2. If one of the four angles, which two intersecting straight 
lines make with one another, be a right angle, all the others are 
right angles. 


3. Prove by the method of superposition that only one perpen- 
dicular can be drawn to a given straight line from a given point 
without it. 


4. Prove by the method of superposition that, if two right- 
angled triangles have their hypotenuses equal and two other angles 
equal, the triangles are equal in all respects. 


5. A given angle BAC is bisected; if CA be produced to G and 
the angle BAG bisected, the two bisecting lines are at right angles. 
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PROPOSITION 14, 


Tf, at a point in a straight line, two other straight 
lines, on opposite sides of it, make the adjacent angles together 
equal to two right angles, these two straight lines are in the 
same straight line. 


At the point # in the straight line AB, let the two 
straight lines BC, BD, on opposite sides of AB, make the 
adjacent angles A/C’, ABD together equal to two right 
angles ; 
it is required to prove that BD is in the same straight line 


with CB. 
Construction. Produce CB to Æ. 


Proor. Because the straight line AB makes with the 
straight line CBE, on one side of it, the angles ABC, ABE, 
the sum of these angles is equal to two right angles. 

(Prop. 13.) 
But the sum of the angles ABC, ABD is equal to two right 
angles. 
Therefore the sum of the angles ABC, ABD is equal to the 
sum of the angles ABC, ABE. 

From each of these equals take away the angle ABC ; 
then the angle A/D is equal to the angle ABE ; 
therefore the line BD coincides in direction with BA, 
and is in the same straight line with CB. 


Wherefore, ¿f at a point &c. 


PROPOSITION 14. 45 


DrriNITION. Two angles, which are together equal to 
two right angles, are called supplementary angles, and each 
angle is said to be the supplement of the other. 


Two angles, which are together equal to one righi angle, 
are called complementary angles, and each angle is said to 
be the complement of the other. 


EXERCISES. 


l. If E be the middle point of the diagonal AC of a quadri- 
lateral ABCD, whose opposite sides are equal, B, E, D lie on a straight 
line. 


2. If OA, OB, OC, OD be four straight lines drawn in order 
from O, such that the angles BOC, DOA are equal and also the angles 
AOB, COD, then the lines OA, OC are in the same straight line and 
also the lines OB, OD. 


3. If it be possible within a quadrilateral 4A BCD, whose opposite 
sides are equal, to find & point E such that EA, EC are equal, and 
EB, ED are equal, then AEC, BED are straight lines. 


4. If it be possible within a quadrilateral ABCD, whose opposite 
sides are equal, to find a point E, such that HA, EB, EC, ED are 
equal, then the quadrilateral is equiangular. 
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PROPOSITION 15. 


Jf two straight lines intersect, vertically opposite angles are 
equal, 


Let the two straight lines AB, OD intersect at Æ: 


it is required to prove that the angle A#C is equal to the 
angle DEB, and the angle CEB to the angle AED. 


Proor, The sum of the angles CEA, AED, which AZ 
makes with CD on one side of it, is equal to two right 
angles. (Prop. 13.) 

Again, the sum of the angles AH D, DEB, which DE 
makes with AB on one side of it, is equal to two right 
angles. 

Therefore the sum of the angles C4, AED is equal to the 
sum of the angles AED, DEB. 
From each of these equals take away the common angle 
AED; 
then the angle C ZA is equal to the angle DEB. 

Similarly it may be proved that the angle CEB is equal 
to the angle A ED. 

Wherefore, if two straight lines &c. 


PROPOSITION 15. 47 


EXERCISES. 


1. If the diagonals of a quadrilateral bisect one another, oppo- 
site sides are equal. 


_ 2. In a given straight line find a point such that the straight 
lines, joining it to each of two given points on the same side of the 
line, make equal angles with it. 


3. A, B are two given points; CD, DE two given straight 
lines: find points P, Q in CD, DE, such that AP, PQ are equally 
inclined to CD, and PQ, QB equally inelined to DE. 


4. A straight line is drawn terminated by one of the sides of an 
isosceles triangle, and by the other side produced, and bisected by the 
base: prove that the straight lines thus intercepted between the 
vertex of the isosceles triangle, and this straight line, are together 
equal to the two equal sides of the triangle. 
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PROPOSITION 16. 


An. exterior angle of a triangle is greater than either of 
the interior opposite angles. 


Let ABC be a triangle, and let ACD be the exterior 
angle made by producing the side BC to D: 


it is required to prove that the angle ACD is greater than 
either of the interior opposite angles CBA, BAC. 


CowNsTRUCTION. DBisect AC at Æ. (Prop. 10.) 
Draw BE and produce it to 7, 
making EF equal to LB, (Prop. 3.) 


and draw FC. 
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Proor. Because in the triangles 4E B, CE, 
AF is equal to CZ, 
and EB to EF, 
and the angle AE B is equal to the angle CHP, 
the triangles are equal in all respects; (Prop. 4.) 

therefore the angle BAL (or BAC) is equal to the angle FCE. 

Now the angle HCD (or ACD) is greater than the angle 
ECF. 

Therefore the angle ACD is greater than the angle LAC. 

Similarly it can be proved that the angle BCG, which is 
made by producing AC and is equal to the angle AC D, is 
greater than the angle ABC. 


Wherefore, an extertor angle ke. 


PROPOSITION 16. 49 


EXERCISES. 


1. Only one perpendicular can be drawn to a given straight line 
from a given point without it. 


2. Shew by joining the angular point A of a triangle to any point 
in the opposite side BC between B and C that the angles ABC, BCA 
are together less than two right angles. 


3. Not more than two equal straight lines can be drawn from a 
given point to a given straight line. 


4, Prove by the method of superposition that, if a quadrilateral be 
equiangular, its opposite sides are equal. 


5. Prove by the method of superposition that two right-angled 
triangles, which have their hypotenuses equal and one side equal to 
one side, are equal in all respects. 
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PROPOSITION 17. 


The sum of any two angles of a triangle is less than two 
right angles. 


Let ABC be a triangle: 
it is required to prove that the sum of any two of its angles 
is less than two right angles. 


Construction. Produce any side BC to D. 


A 
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PRoor. Because ACD is an exterior angle of the 
triangle ABC, 
it is greater than the interior opposite angle ABC. 
(Prop. 16.) 
To each of these unequals add the angle ACB: 
then the sum of the angles ACD, ACB is greater than the 
sum of the angles ABC, ACB. 
But the sum of the angles ACD, ACB is equal to two right 
angles. (Prop. 13.) 
Therefore the sum of the angles ABC, ACB is less than two 
right angles. 


Similarly it can be proved that the sum of the angles 
BAC, ACB is less than two right angles; 
and also the sum of the angles CAB, ABC. 


Wherefore, the sum of any two angles &c. 


PROPOSITION 1i. 51 


The theorem established in this proposition may be stated thus: 
If from two points B, C in the straight line BC two straight lines be 
drawn which meet at any point A, then the sum of the angles ABC, 
ACB is less than two right angles. 
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We shall assume as a postulate the converse of this theorem, 
which may be stated thus 


If from two points B, C in the straight line BC two straight lines 
BP, CQ be drawn making the sum of the angles PBC, QCB on the 
same side of BC less than two right angles, the two lincs BP, CQ will 
meet if produced far enough. 

It may be observed that the theorem established in Proposition 17 
proves that the lines PB, QC cannot meet when produced beyond B 
and C: if therefore the postulate just stated be allowed, it follows 
that the lines BP, CQ must meet when produced beyond P and Q. 


. The postulate which we here assume may be stated in general 
terms as follows 


PosrULATE 9. If the sum of the two interior angles, 
which two straight lines make with a given straight line on 
the same side of it, be not equal to two right angles, the two 
straight lines are not parallel. 


EXERCISES. 


1. A triangle must have at least two acute angles. 


2. Assuming Postulate 9, prove that any two straight lines 
drawn at right angles to two given intersecting straight lines must 
intersect. 


3. Prove that a straight line drawn at right angles to a given 
straight line must intersect all straight lines which are not at right 
angles to the given straight line. 


4—3 
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PROPOSITION 18. 


When two sides of a triangle are unequal, the greater 
sede has the greater angle opposite to it. 


Let ABC he a triangle, of which the side AC is greater 
than the side AB: : 
it is required to prove that the angle ABC is greater than 
the angle ACD. 


Construction. From AC the greater of the two sides 
cut off AD equal to AB the less. (Prop. 3.) 
Draw BD. 
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Proor. Because ADF is an exterior angle of the 
triangle BDC, 
it is greater than the interior opposite angle DCB. 
(Prop. 16.) 


And because A/ is equal to AD, 
the angle A DB is equal to the angle ALD, (Prop. 5.) 
Therefore the angle ABD is greater than the angle ACB. 
But the angle APC is greater than the angle ABD; 
therefore the angle ABC is greater than the angle ACB. 


Wherefore, when two sides &c. 


PROPOSITION 18. 53 


ADDITIONAL PROPOSITION. 


The straight lines drawn at right angles to the sides of a triangle 
at their middle points meet in a point. 


Let ABC be a triangle and D, E, F tbe middle points of tho 
sides BC, CA, AB. 

Draw EO, FO* at right angles to Cd, AB. 

Draw Od, OB, OC, OD. 





Because in the triangles AEO, CEO, 
AE is equal to CE, EO common, and the angle AEO is equal to the 
angle CEO, 
the triangles are equal in all respects; (Prop. 4.) 
therefore 40 is equal to CO. 
Similarly it can be proved that AO is equal to BO; 
therefore BO is equal to CO. 
Next because in the triangles BOD, COD, 
BO is equal to CO and BD to CD and OD is common, 
the triangles are equal in all respects; (Prop. 8.) 
therefore the angle BDO is equal to the angle CDO, 
and OD is at right angles to BC. 


Wherefore the straight line drawn at right angles to BC at its 
middle point D passes through O, the intersection of the straight lines 
drawn at right angles to the other two sides at their middle points. 


EXERCISES. 


1. ABC isa triangle and the angle A ig bisected bya straight line 
which meets BC at D; shew that BA is greater than BD, and Cad 
greater than CD. 

2. Prove that, if D be any point in the base BC between B and 
C of an isosceles triangle ABC, AD is less than AB, 

3. Prove that, if AB, AC, AD be equal straight lines, and 4C 
fall within the angle DAD, BD is greater than either BC or CD. 

4. ABCD is a quadrilateral of which AD is the longest side and 
BC the shortest; shew that the angle ABC is greater than the angle 
ADC, and that the angle BCD is greater than the angle BAD. 

5. Ifthe angle C of a triangle be equal to the sum of the angles A 
and B, the side AB is equal to twice the straight line joining C to the 
middle point of AB. 


* We assume that the straight lines drawn at right angles to CA, 
AL at E and F meet. (See Exercise 2, page 51.) 
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PROPOSITION 19. 


When two angles of a triangle are unequal, the greater 
angle has the greater side opposite to it. 


Let ABC be a triangle, of which the angle ABC is 
greater than the angle ACB: 


it is required to prove that the side AC is greater than the 
side AL. 
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Proor, AC must be either less than, equal to, or 
greater than AJ. 
If AC were less than A 5, 
the angle A BC would be less than the angle ACB; (Prop. 18.) 
but it is not; 
therefore AC is not less than AB. 
If AC were equal to AB, 
the angle ABC would be equal to the angle ACB ; (Prop. 5.) 
but it is not ; 
therefore AC is not equal to AB. 
Therefore AC must be greater than AB. 
Wherefore, when two angles &c. 


PROPOSITION 19. 55 


We leave it to the student to prove that, while & point P is 
moving along a straight line XY, the distance OP of the point P 
from a fixed point O outside the line is decreasing when P is moving 
towards H the foot of the perpendicular from O on the line, and that 
OP is increasing when P is moving away from H, Assuming the 
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truth of this proposition, it follows that OH is less than each of 
the two straight lines OP,, OP, where P, P, are two positions of the 
point P close to H on either side of it. For this reason we say that 
OH is a minimum value of OP. 


In the same way, if a geometrical quantity vary continuously, its 
magnitude in a position, where it is greater than in the positions 
close to it on either side, is called a maximum value. 

It will be seen that, if a quantity vary continuously, there must 
be between any two equal values of the quantity at least one maximum 
or minimum value. 


EXERCISES. 


1. Prove that the hypotenuse of a right-angled triangle is greater 
than either of the other sides. 


2. The base of a triangle is divided into two parts by the perpen- 
dicular from the opposite vertex: prove that each part of the base is 
less than the adjacent side of the triangle. 


3. A straight line drawn from the vertex of an isosceles triangle 
to any point in the base produced is greater than either of the equal 
sides. 


4. If D beany point in the side BC of a triangle ABC, then the 
greater of the sides 4B, AC is greater than AD, 


5. The perpendicular is the shortest straight line which can be 
drawn from a given point to a given straight line; and, of any two 
others, that which makes the smaller angle with the perpendicular 
is the shorter. 


6. The base of a triangle whose sides are unequal is divided into 
two parts by the straight line bisecting the vertical angle: prove that 
the greater part is adjacent to the greater side. 
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PROPOSITION 20. 


The sum of any two sides of a triangle is greater than 
the third side. 


Let ABC be a triangle: 
it is required to prove that the sum of any two sides of it 
is greater than the third side; 
namely, the sum of CA, AB greater than BC; 
the sum of AB, BC greater than CA ; 
the sum of BC, CA greater than AB. 
Construction. Produce any side BA to D, 
making AD equal to AC. (Prop. 3.) 
Draw DC. 


P 





Proor. Because AC is equal to AD, 
the angle ADC is equal to the angle ACD. (Prop. 5.) 


But the angle BCD is greater than the angle ACD. 
Therefore the angle BCD is greater than the angle BDC. 
And because in the triangle BCD, 
the angle BCD is greater than the angle BDC ; 

BD is greater than BC. (Prop. 19.) 
Now because DA is equal to AC, 
BD, which is the sum of BA, AD, is equal to the sum of 
CA, AB. 
Therefore the sum of C A, AB is greater than BC. 
Similarly it can be proved that the sum of AB, BC 
is greater than CA; and that the sum of BC, CA is greater 
than AB, 


Wherefore, the sum of any two sides &c. 


PROPOSITION 20. oT 


The result of this proposition enables us to solve a great number 
of problems, of which the following is à specimen— To find in a given 
straight line XY a point P such that the sum of its distances PA, PB 
from two given points A, D is a minimum. 





If the points 4, 7 be on opposite sides of XY, the straight line 
AB interseets XY in the point required. 
If A, B be on the same side of XY, draw AH perpendicular to 
STY; produce AH to C, so that HC is equal to HA. 
Take any point P in XY. 
Draw BDC, DA, PA, PB, PC. Then it is easily proved that AP 
is equal to CP, and AD to CD. 
Therefore the sum of AP, PB is equal to the sum of CP, PD, 
and this is a minimum when P coincides with D. (Prop. 20.) 
Therefore D is the point required. 
From the diagram it is seen that the angle BDY is equal to the 
angle CDX, which is equal to the angle ADX. 
It appears therefore that when the sum of PA, PB is a minimum, 
the lines PA, PB make equal angles with XY. 


EXERCISES. 


1. Prove that any three sides of any quadrilateral are greater than 
the fourth side. 

2. If D be any point within a triangle ABC, the sum of DA, DB, 
DC is greater than half the perimeter of the triangle. 

3. The sum of the four sides of any quadrilateral is greater than 
the sum of its two diagonals. 

4. In a convex quadrilateral the sum of the diagonals is greater 
than the sum of either pair of opposite sides. 

9. D is the middle point of BC the base of an isosceles triangle 
ABC, and E any point in AC. Prove that the difference of BD, DE 
is less than the difference of AB, AE, 

6. The two sides of a triangle are together greater than twice the 
straight line drawn from the vertex to the middle point of the base. 

7. Find in a given straight line a point such that the difference 
of its distances from two fixed points is a maximum. 
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PROPOSITION 21. 


If from the ends of the side of a triangle there be drawn 
two straight lines to a point within the triangle, the sum 
of these lines is less than the sum of the other two sides of 
the triangle, but they contain a greater angle. 

Let ABC be a triangle; and from B, C, the ends of the 
side BC, let the two straight lines BD, CD be drawn to 
a point D within the triangle: 
it is required to prove that the sum of BD, DC is less than 

the sum of BA, AC, but the angle BDC is greater than 
the angle BAC. 


CONSTRUCTION. Produce BD to meet AC at Æ. 





PRoor. The sum of the two sides BA, AL’ of the tri- 
angle BAF is greater than the third side BH. — (Prop. 20.) 
To each of these unequals add £C ; 
then the sum of BA, AC is greater than the sum of BE, EC. 
Again, the sum of the two sides CE, ED of the triangle 
C ED is greater than the third side CD. 
To each of these unequals add DB; 

then the sum of C E, EB is greater than the sum of C D, DB. 

And it has been proved that the sum of 54, AC is greater 
than the sum of BE, EC; 

therefore the sum of BA, AC is greater than the sum of 
BD, DC. 

Again, the exterior angle BDC of the triangle CDE is 
greater than the interior opposite angle C E D. (Prop. 16.) 

And the exterior angle (EB of the triangle ABE is greater 
than the interior opposite angle BAL; 

therefore the angle BDC is greater than the angle BAC. 
Wherefore, 2f from the ends &c. 
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EXERCISES. 


1. If D be any point within a triangle ABC, the sum of DA, DB, 
DC is less than the perimeter of the triangle and greater than half 
the perimeter, 


2. Prove that the perimeter of a triangle is less than the peri- 
meter of any triangle which is drawn completely surrounding it. 


3. If two triangles have a common base and equal vertical angles, 
the vertex of each triangle lies outside the other triangle. 


4. If from the angles of a triangle ABC, straight lines AOD, 
BOE, COF be drawn through a point O within the triangle to meet 
the opposite sides, the perimeter of the triangle ABC is greater than 
two-thirds of the sum of 4D, BE, CF. 


5. ABD, ACD are two triangles on the same side of AD in which 
AC is greater than 4B. Prove that, if the angles ABD, ACD be both 
right angles or be equal obtuse angles, then DD is greater than DC. 
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PROPOSITION 22. 


To construct a triangle having ts sides equal to three 
given straight lines. 


Let AB, CD, EF be the three given lines: 
it is required to construct a triangle whose sides are equal 
to AL, CD, EF. 
CoNSTRUCTION. Produce one of the given lines C D both 
ways, 
and cut off CG equal to AB, (Prop. 3.) 
and DH to EF. 
With Č as centre and CG as radius describe the circle GAL, 
and with D as centre and DH as radius describe the circle 
HKM. 
Let these circles intersect in A: 
Draw CK, DK: 


then CK D is a triangle drawn as required. 
E 
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Proor. Because C is the centre of the circle G KZ, 
CK is equal to CG; 
and CG is equal to AB. (Constr.) 
Therefore CK is equal to AB. 
Again, because D is the centre of the circle HKM, 
DK is equal to DH; 
and DH is equal to EF. (Constr.) 
Therefore DK is equal to £F. 
Therefore the three lines KC, CD, DK are equal to the 
three AB, CD, EF respectively. 
Wherefore, the triangle KCD has been constructed having 
its sides equal to the three given straight lines AL, CD, EF. 
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It may be observed that it is not possible to construct a triangle 
which shall have its sides equal to any three given straight lines, In 
Proposition 20 it has been proved that any two sides of a triangle are 
together greater than the third side. It follows therefore that it is 
impossible to construct a triangle having its sides equal to three 
given straight lines, except when the given straight lines are such 
that any two of them are greater than the third or the greatest 
line is less than the sum of the other two. 


We see therefore that in this proposition we have to solve a pro- 
blem, which admits of solution only when the given lines satisfy a 
certain condition. 


We shall meet with many other problems in which the geometrical 
quantities given in the problem (for that reason generally called the 
data), must satisfy some condition in order that the problem may 
admit of solution. It will be a useful exercise for the student to 
investigate such conditions when they exist. 


EXERCISES. 


1. Prove that the two circles drawn in the construction of Pro- 
position 22 will always intersect, provided that the sum of any two 
of the given straight lines is greater than the third, 


2. How many different shaped triangles could be made of 8 dif- 
ferent lines whose lengths are respectively 2, 2, 2, 3, 3, 4, 4, 5 inches? 


3. Construct a right-angled triangle, having given the hypotenuse 
and one side. 


4, Construct a quadrilateral equal in all respects to a given 
quadrilateral. 
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PROPOSITION 23. 


From a given point in a given straight line to draw a 
straight line making with the given straight line an angle 
equal to a given angle. 


Let ABC be the given straight line, B the given point 
in it, and DEF the given angle: 
it is required to draw from B a straight line making with 
ABC an angle equal to the angle DEF. 


Construction. In ED, EF take any points G, H, 
and draw GH. 
From BC cut off BK equal to HH, (Prop. 3.) 
and construct the triangle LBK, 
having the side BA equal to EH, 
BL equal to EG, 
and AL equal to HG: (Prop. 22.) 


then BL is a straight line drawn as required. 
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Proor. Because in the triangles BLK, EGH, 
KB is equal to 77 E, 
BL to EG, 
and LK to GH, 
the triangles are equal in all respects; (Prop. 8.) 
therefore the angle XBL (or CBL) is equal to the angle 
HEG (or FED). 


Wherefore, from the given point B in the given straight 
line ABC a straight line BL has been drawn making with 
the straight line ABC an angle KBL equal to the given 
angle FED. 


— 


g 
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EXERCISES, 


1. Construct a triangle, having given the base and euch of the 
angles at the base. 


2. Make an angle double of a given angle. 


3. If one angle of a triangle be equal to the sum of the other 
two, the triangle can be divided into two isosceles triangles. 


4. Construct a triangle, having given the base, one of the angles 
at the base, and the sum of the sides, 


64 BOOK I. 


PROPOSITION 24. 


Jf two sides of one triangle be equal to two sides of 
another and the angle contained by the two sides of the one 
be greater than the angle contained by the two sides of the 
other, the third side of the one is greater than the third side 
of the other. 

Let ABC, DEF be two triangles, in which AB is equal 
to DE and AC to DF, and the angle BAC is greater than 
the angle HDI’: 
it is required to prove that the third side BC is greater 

than the third side E. 

Construction. Of the two sides DE, DF let DF be 
one which is not less than the other. From the point D in 
the straight line DE, draw DG making with DE 

the angle Z DG equal to the angle BAC, (Prop. 23.) 
and make DG equal to DF. (Prop. 3.) 
Draw EG meeting DF in M. 
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Proor. Because DF is not less than DE, 
and DG is equal to DF, 
DG is not less than DE. 
And because in the triangle DEG, 
DG is not less than DE, 
the angle DEG is not less than the angle DGE. 
(Props. 5 and 18.) 
Next, because DHG is the exterior angle of the triangle DE A, 
it is greater than the interior opposite angle DEG. 
(Prop. 16.) 
Therefore the angle DHG is greater than the angle DGH. 
And because in the triangle DHG, 
the angle DHG is greater than the angle DGH, 
DG is greater than DH. (Prop. 19.) 
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But DG is equal to DF. 
Therefore DF is greater than DH, 
or the point F lies outside the triangle DEG. 


Next because the sum of DH, HG, two sides of the triangle 
DHG, is greater than the third side DG, 
and the sum of FH, HE, two sides of the triangle FHF, 
is greater than the third side EZ; 
the sum of DH, HG, FH, HE is greater than the sum 
of DG, EF; 
i.e. the sum of DF, EG is greater than the sum of DG, EF. 
Take away the equals DF, DG ; 
then ÆG is greater than £F. 

Now the triangles EDG, BAC are equal in all respects. 
(Prop. 4.) 

Therefore BC, which is equal to £G, is greater than LL’ 

Wherefore, ¿f two sides &c. 


EXERCISES. 


A point P moves along the circumference of a circle from one 
extremity A of a diameter AB to the other extremity B; prove that 
throughout the motion 


(a) AP is increasing and BP is decreasing ; 
(b) if O be any point in AB nearer A than D, OP is increasing ; 
(c) if O be any point in BA produced, OP is increasing. 
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PROPOSITION 25. 


Jf two sides of one triangle be equal to two sides of 
another, and the third side of the one be greater than the 
third side of the other, the angle opposite to the third side 
of the one is greater than the angle opposite to the third side 
of the other. 

Let ABC, DEF be two triangles, in which AB is equal 
to DE, and AC to DF, and B is greater than EF: 
it is required to prove that the angle BAC is greater than 
the angle EDF. 
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Proor. The angle BAC must be either 
greater than, equal to, or less than the angle EDF, 
If the angle BAC were equal to the angle EDF, 
LC would be equal to E; (Prop. 4.) 
but 1t is not ; 
therefore the angle BAC is not equal to the angle EDF. 
Again, if the angle BAC were less than the angle EDF, 
BC would be less than EF; (Prop. 24.) 
but it is not ; 
therefore the angle BAC is not less than the angle EDF. 
Therefore the angle BAC is greater than the angle EDF. 


Wherefore, if two sides ke. 
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EXERCISES. 


1. If D be the middle point of the side BC of a triangle ABC, 
in which AC is greater than AB, the angle ADC is an obtuse angle. 


2. If in the sides AB, AC of a triangle ABC, in which AC is 
greater than AB, points D, E be taken such that BD, CE are equal, 
CD is greater than BE. 


3. Ifin the sides 4B, AC produced of a triangle ABC, in which 
AC is greater than AB, points D, E be taken such that BD, CE 
are equal, BE is greater than CD. 


4. If in the side 4B and the side AC produced of a triangle ABC 
points D and E be taken, such that BD, CE are equal, B.E is greater 
than CD. 
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PROPOSITION 26. Part 1l. 


If two triangles have two angles of the one equal to two 
angles of the other, and the side adjacent to the angles in the 
one equal to the side adjacent to the angles in the other, the 
triangles are equal in all respects. 


Let ABC, DEF be two triangles, in which the angle 
ABC is equal to the angle DEF, and the angle BCA is 
equal to the angle HFD, and the side BC adjacent to the 
angles ABC, BCA is equal to the side HF adjacent to the 
angles DEF, EFD: 
it is required to prove that the triangles ABC, DEF are 

equal in all respects. 


A 





F 


Proor. Because the sides BC, HF are equal, it is 
possible to shift the triangle ABC, 
so that BC coincides with EF, B with E and C with F, 
(Test of Equality, page 5.) 
and the triangles are on the same side of EF. 
If this be done, 
because DC coincides with EF, 
and the angle ABC is equal to the angle DEF, 
BA must coincide in direction with #D. 
Similarly it may be proved that CA must coincide 
in direction with FD. 

Therefore the point A, which is the intersection of BA, C 4, 
must coincide with D, which is the intersection of HD, FD. 
Next, because A coincides with D, and B with Æ, 

AB must coincide with DE. (Post. 2.) 


Similarly 4C must coincide with DF. 
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Therefore the triangle ABC coincides with the triangle DEF, 
and is equal to it in all respects. 


Wherefore, 2f two triangles &c. 


EXERCISES. 


l. If AD be the bisector of the angle BAC, and BDC be drawn 
at right angles to AD, AB is equal to AC. 


2. AB, AC are any two straight lines meeting at A: through any 
point P draw a straight line meeting them at E and F, such that AE 
may be equal to AF. 


3. If upon the same base AB two triangles BAC, ABD be con- 
structed, having the angle BAC equal to ABD, and ABC equal to 
BAD, then the triangles BDC, ACD are equal in all respects, 


4, If the opposite sides of a quadrilateral be equal, the diagonals 
bisect each other. 


5. If the straight line bisecting the vertical angle of a triangle be 
at right angles to the base, the triangle is isosceles. 
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PROPOSITION 26. Parr 2. 


If two triangles have two angles of the one equal to two 
angles of the other, and the sides opposite to a pair of equal 
angles equal, the triangles are equal in all respects. 

Let ABC, DEF be two triangles, in which the angle 
ABC is equal to the angle DHF, and the angle BCA equal 
to the angle FFD, and BA the side opposite to the angle 
BCA is equal to ED the side opposite to the angle EFD: 
it is required to prove that the triangles ABC, DEF are 

equal in all respects. 





F 


Proor. Because the sides AB, DE are equal, it is 
possible to shift the triangle DEF, 
so that DE coincides with AB, D with A and Æ with B, 
and the triangles are on the same side of AB, 
If this be done, 
because .ED coincides with BA, 
and the angle DEF is equal to the angle ABC, 
EF must coincide in direction with BC. 


Now F cannot coincide with any point G in BC, 
since the angle AGB the exterior angle of the triangle AGC 
is greater than the interior and opposite angle ACB, 
(Prop. 16.) 
which is equal to the angle DFE. 
Again F cannot coincide with any point H in BC produced, 
since the interior and opposite angle A//B of the triangle 
ACH is less than the exterior angle ACB, (Prop. 16.) 
which is equal to the angle DFE. 


PROFOSITTION "26. PART 2. T 


Therefore F must coincide with C, 

EF with BC, and DF with AC; 
therefore the triangle DEF coincides with the triangle ABC, 
and is equal to it in all respects. 

Wherefore, £f two triangles &e. 


ADDITIONAL PROPOSITION. 


The straight lines, which bisect the angles of a triangle, meet in a 
point. 
Let ABC be a triangle. 
Bisect the angles ABC, BCA by the straight lines BI, CI *. 
Draw IL, IM, IN perpendicular to the sides. 
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Because in the triangles IBN, IBL 
the angle IBN is equal to the angle IBL, 
and the angle INB to the angle ILB, 
and BI is common, 
the triangles are equal in all respects: (Prop. 26, Part 2.) 
therefore IN is equal to IL. 
Similarly it can be proved that IM is equal to IL: 
therefore IN is equal to IM. 
Next because in the right-angled triangles IAN, IAM 
the hypotenuse IA is common, 
and IN is equal to IM, 
the triangles are equal in all respects; (Exercise 5, page 49.) 
therefore the angle IAN is equal to the angle IAM, 
and IA is the bisector of the angle BAC. 
Therefore the bisector of the angle BAC passes through the intersection 
of the bisectors of the angles ABC, BCA. 


EXERCISES. 

1. The perpendiculars let fall on two sides of a triangle from 
any point in the straight line bisecting the angle between them are 
equal to each other. 

2. Ina given straight line find a point such that the perpendicu- 
lars drawn from it to two given straight lines which intersect are equal. 

3. Through a given point draw a straight line such that the per- 
pendiculars on it from two given points may be on opposite sides of 
it and equal to each other. 


* It is assumed that these lines intersect. 
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PROPOSITION 26 A. 


If two triangles have two sides equal to two sides, and 
the angles opposite to one pair of equal sides equal, the angles 
opposite to the other par are either equal or supplementary. 

Let ABC, DEF be two triangles, in which AB is equal 
to DF, and BC to EF, and the angle BAC is equal to the 
angle EDF: 
it is required to prove that the angles ACB, DFE are 

either equal or supplementary. (Def. page 45.) 


Of the two sides AC, D, let AC be not greater than DF. 
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Proor. Because the sides AB, DE are equal, it is 
possible to shift the triangle ABC, 
so that AB coincides with DE, 
A with D and 5 with E, (Test of Equality, page 5.) 
and so that the two triangles ABC, DEF are on the same 
side of DE, 
If this be done, 
because AB coincides with DE, 
and the angle BAC is equal to the angle ADS, 
AC must coincide in direction with D. 
Because AC is not greater than D, 
C must coincide either (1) with 7 or (2) with G some point 
in DF. 
(Fig 1.) If C coincide with F, 
then BC coincides with EF, (Post. 2.) 
and the triangle ABC with the triangle DEF, 
and the two triangles are equal in all respects ; 
therefore the angle ACB is equal to the angle DFE. 
(Fig. 2.) Again, if C coincide with G, 
because BC is equal to XG, and EF is equal to BC, 
EG is equal to EF. 
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And because in the triangle EFG, 
EG is equal to EF, 

the angle EG is equal to the angle EGF. (Prop. 5.) 
Now the angles DGE, EGF are together equal to two right 
angles, i.e. are supplementary ; (Prop. 13.) 

therefore the angles DGE, EFG are supplementary ; 

and the angle DG E is equal to the angle ACB; 
therefore the angles ACB, DFE are supplementary. 


Wherefore, ¿f (wo triangles &c. 


ConoLLARY. When two triangles have two sides equal 
to two sides, and the angles opposite to one pair of equal sides 
equal to one another, they are equal in all respects, provided 
that of the angles opposite to the second pair of equal sides, 

(1) each be less than a right angle, 
(2) each be greater than a right angle, 
or (3) one of them be a right angle. 


EXERCISES. 


1. If the straight line bisecting the vertical angle of a triangle 
also bisect the base, the triangle is isosceles. 


2. If two given straight lines intersect, and a point be taken 
equally distant from each of them, it lies on one or other of the two 
straight lines which bisect the angles between the given straight 
lines, 


3. Prove that two right-angled triangles are equal in all respects, 
if the hypotenuse and a side of the one be respectively equal to the 
hypotenuse and a side of the other. 


4. If two exterior angles of a triangle be bisected, and from the 
point of intersection of the bisecting lines a straight line be drawn 
to the third angle, it bisects that angle. 


5. If two triangles have two sides equal to two sides, and the 
angles opposite to the greater sides equal, the triangles are equal 
in all respects. 


6. Construct a triangle having given two sides and the angle 
opposite to one of them. Is this always possible? 
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On EQUAL TRIANGLES. 


It is in many cases convenient to denominate the sides 
BC, CA, AB of a triangle ABC by the small letters a, b, c 
respectively. Here a, b, c stand for the sides of the triangle 
opposite to the angles A, B, C respectively. 

Using this notation we may sum up the results of 
Propositions 4, 8, 26 Part 1, 26 Part 2, and 26 A as follows: 
Two triangles 4 BC, A'B'C' are equal in all respects, 

(D if a=a,: b= bz and0 =C] (Prop t 

(I) if a=, b=0', and*e =v; XProp. 89 

(III) if A=A’, B= B’, and c=c’, (Prop. 26, Part 1.) 

(IV) if 4=A’, B=B', and a=a’, (Prop. 26, Part 2.) 

(V) if a=a, b=0', and A= 4’, and if in addition 
(1) B and P’ be each less than a right angle, 

or (2) Band B’ be each greater than a right angle, 

or (3) either 5 or B’ be a right angle. (Prop. 26 A.) 

The six quantities, the angles A, B, C, and the sides 
a, b, c, are often denominated the parts of the triangle 
ABC. 

It will be observed that the equality of three pairs of 
parts is always required to ensure the equality in all respects 
of two triangles, but that the equality of three pairs of 
parts is not always sufficient. 

By the theorem of Proposition 32 it can be shewn that, 
if any two of the equations A= 4’, B= B’, C=C’, be true, 
the third is also true: from this we conclude that the set 
of equations 4 — A', B — B', C=C’, is insufficient to deter- 
mine the equality of the triangles, and that the two cases 
III. and IV. are virtually the same, 
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ON THE ANGLES MADE BY ONE STRAIGHT LINE WITH TWO 
OTHERS. 


When a straight line ABCD intersects two other 
straight lines ZBF, GCH, 
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the angles ABH, ABF, DCG, DCH outside the two lines 
EF, GH are called exterior angles ; 

the angles CBE, CBF, BCG, BCH inside the two lines 
EF, GH are called interior angles ; 

a pair of interior angles on opposite sides of ABCD are 
called alternate angles. 


There are two pairs of alternate angles in the diagram, EBC, BCH; 
CBF, BCG. 


A pair of angles, one at B and the other at C, one exterior 
and the other interior, on the same side of ABCD are 
sometimes called corresponding angles. 

There are four pairs of corresponding angles, ABF, BCH; ABE, BCG; 


DCH, CBF; and DCG, CBE, the first angle in each pair being 
an exterior angle, and the second the interior. 
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PROPOSITION 27. 


If a straight line, meeting two other straight lines in the 
same plane, make two alternate angles equal, the two straight 
lines are parallel. 

Let the straight line EF, meeting the two straight 
lines AB, CD in the same plane, make the alternate angles 
AEF, EFD equal to one another: 


it is required to prove that AB, CD are parallel. 
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Proor. AB, CD cannot meet when produced beyond 

B and D; for if they did, the exterior angle A EF of the 

triangle formed by them and #F would be greater than 

the interior opposite angle EFD (Prop. 16.); 

but it is not. 
Similarly it can be proved that AB, CD cannot meet 

when produced beyond 4 and C. 

But those straight lines in the same plane which do not 
meet however far they may be produced both ways, are 
parallel. (Def. 9.) 

Therefore AB, CD are parallel. 


Wherefore, if a straight line &e. 
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EXERCISES. 


l. No two straight lines drawn from two angles of a triangle 
and terminated by the opposite sides can bisect one another. 


2. Two straight lines at right angles to the same straight line 
are parallel. 


3. Prove Proposition 27 by the method of superposition, 
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PROPOSITION 28. 


If a straight line intersecting two other straight lines, 
make an exterior angle equal to the interior and opposite 
angle on the same side of the line; or uf it make two interior 
angles on the same side together equal to two right angles, 
the two straight lines are parallel. 


Let the straight line Z/, intersecting the two straight 
lines AB, CD, 
(1) make the exterior angle ZG B equal to the interior 
and opposite angle on the same side GHD, 
or (2) make the interior angles on the same side BGH, 
GHD together equal to two right angles : 
it is required to prove that AB, CD are parallel. 
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Proor. (1) Because the angle EGB is equal to the 
angle GHD, 
and the angle EG B is equal to the angle AGH, (Prop. 15.) 
the angle AGH is equal to the angle GHD ; 
and they are alternate angles ; 
therefore AB, CD are parallel. — (Prop. 27.) 


(2) Because the angles GH, GHD are together equal 
to two right angles, 
and the angles AGH, BGH are together equal to two right 
angles, (Prop. 13.) 
the angles AGH, BGH are together equal to the angles 
BGH, GHD. 
Take away the common angle BGH; 
then the angle AGH is equal to the angle GHD ; 
and they are alternate angles ; 
therefore AB, CD are parallel. (Prop. 27.) 


Wherefore, if a straight line &c. 
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EXERCISES. 


1. If a straight line intersecting two other straight lines make 
two external angles on the same side of the line together equal to 
two right angles, the two straight lines are parallel. 


2. Ifa straight line intersecting two other straight lines make two 
external angles on opposite sides of the line equal, the two straight 
lines are parallel. 


3. Ifa straight line intersecting two other straight lines make 
two corresponding angles equal, the two straight lines are parallel. 
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PROPOSITION 29. 


If «a straight line intersect two parallel straight lines, it 
makes alternate angles equal, it makes each exterior angle 
equal to the interior and opposite angle on the same side of 
the line, and it also makes intertor angles on the same side 
together equal to two right angles. 


Let the straight line Z7 intersect the two parallel 
straight lines AB, CD: 
it is required to prove that 
(1) the alternate angles AGH, GHD are equal, 
(2) the exterior angle FGB is equal to the interior 
and opposite angle GHD on the same side of Ef, 
and (3) the two interior angles BGH, GHD on the same 
side of EF are together equal to two right angles. 
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Proor. (1) Because AGH, BGT are the angles which 
EF makes with AB on one side of it, 
the sum of the angles AGH, BGH is equal to two right 
angles. (Prop. 13.) 
Therefore, if the angles AGH, GHD were unequal, 
the sum of the angles BGH, GHD would not be equal to 
two right angles ; 
and since these are the interior angles which the straight 
lines AB, CD make with E on one side of it, 
AB, CD would not be parallel. (Post. 9, page 51.) 
But AB, CD are parallel ; 
therefore the angle AGH is equal to the angle GHD. 
(2) But the angle AGH is equal to the angle EG B; 
(Prop. 15.) 
therefore the angle FGB is equal to the angle GHD. 
(3) Add to each of the equal angles EG B, GHD the 
angle BGH; 
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then the angles EGB, BGH are together equal to the 
angles BGH, GHD. 

But the angles EGB, BGH are together equal to two right 
angles. 

Therefore the angles BGH, GHD are together equal to two 
right angles. 


Wherefore, ¿f a straight line &c. 


COROLLARY. All the angles of a rectangle are right 
angles. (See Def. 19.) 


EXERCISES. 


1. Any straight line parallel to the base of an isosceles triangle 
makes equal angles with the sides. 


2. If through any point equidistant from two parallel straight 
lines, two straight lines be drawn cutting the parallel straight lines, 
they will intercept equal portions of these parallel straight lines. 


8. If the straight line bisecting an exterior angle of a triangle 
be parallel to a side, the triangle is isosceles, 


4. If DE, DF drawn from D any point in the base BC of an 
isosceles triangle ABC, to meet AB, AC in E, F be parallel to AC, 
AB, the perimeter of the parallelogram AEDF is constant. 


T, R. § 
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PROPOSITION 30. 


Straight lines parallel to the same straight line are 
parallel to each other. 
Let each of the straight lines AB, CD be parallel to £F: 
it is required to prove that AB, CD are parallel to one 
another. 


Construction. Draw a straight line GH intersecting 
AB, CD, EF in G, H, K respectively. 
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Proor. Because GHK intersects the parallels AB, EF, 
the angle GKF is equal to the angle AGH. (Prop. 29.) 
Again, because GK intersects the parallels CD, EF, 
the angle GHD is equal to the angle GK F. (Prop. 29.) 
Therefore the angle AGH is equal to the angle GHD ; 
and they are alternate angles ; 
therefore AB is parallel to CD. (Prop. 27.) 
Wherefore, straight lines &c. 
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EXERCISES. 


1. Two intersecting straight lines cannot both be parallel to 
the same straight line. 


2. Only one straight line can be drawn through a given point 
parallel to a given straight line. ° 


3. If two straight lines, each of which is parallel to a third 
straight line, meet, the two lines are coincident throughout their 
length. 


4, If a straight line intersect one of two parallel straight lines, 
it must intersect the other. 
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PROPOSITION 31. 


To draw through a given point a straight line parallel 
to a given straight line. 


Let A be the given point, and BC the given straight 
line: 
it is required to draw through A a straight line parallel 

to BC. 

Construction. In BC take any point D, and draw 
AD; from the point 4 in the straight line AD on the side 
of AD remote from C draw AE making the angle DAE 
equal to the angle ADC ; (Prop. 23.) 

and produce the straight line ZA to F: 
then #F is the straight line required. 
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Proor. Because the straight line AD meets the two 
straight lines BC, EF, 
and makes the alternate angles HAD, ADC equal, 
EF is parallel to BC. (Prop. 27.) 
Wherefore, the straight line HAF has been drawn through 
the given point A, parallel to the given straight line BC. 
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EXERCISES. 


1. Find a point B in a given straight line CD, such that, if AB 
be drawn to B from a given point A, the angle ABC will be equal 
to & given angle. 


2. Draw through a given point between two intersecting straight 
lines a straight line so that it is bisected at the point. 


8. ABCD is a quadrilateral having BC parallel to AD; shew that 
its area is the same as that of the parallelogram which can be formed 
by drawing through the middle point of DC a straight line parallel 
to AB. 


4. AC, BC are two given straight lines: it is required to draw a 
straight line from a given point P to AC, so that it is bisected by BC. 


5. Construct a triangle having given two angles, and the length 
of the perpendicular from the third angle on the opposite side. 


6. Construct a right-angled triangle, having given one side and 
the angle opposite. 
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PROPOSITION 232. 


An exterior angle of a triangle is equal to the sum of 
the two interior opposite angles; and the sum of the three 
interior angles of a triangle is equal to two right angles. 


Let ABC be a triangle: 
it is required to prove that (1) the exterior angle ACD 
made by producing the side BC is equal to the sum of 
the two interior opposite angles CAB, ABC, 
and (2) the sum of the three interior angles ABC, BCA, 
CAB is equal to two right angles. 


Construction. Through the point C draw CE parallel 
to BA. (Prop. 31.) 


A E 
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Proor. (1) Because AC meets the parallels BA, CE, 
the alternate angles BAC, ACE are equal. (Prop. 29.) 
Again, because BD meets the parallels BA, CZ, 

the exterior angle EC D is equal to the interior opposite 
angle ABC. (Prop. 29.) 

And the angle ACE was proved to be equal to the angle 
BAC; 

therefore the whole angle ACD is equal to the sum of the 
two angles CAB, ABC. 

(2) To each of these equals add the angle BCA ; 

then the sum of the angles ACD, ACB is equal to the sum 
of the three angles A BC, BCA, CAB. 

But the sum of the angles ACD, ACB is equal to two right 
angles; (Prop. 13.) 

therefore also the sum of the angles ABC, BCA, CAB is 
equal to two right angles. 


Wherefore, An exterior angle &c. 
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COROLLARY. The sum of the interior angles of any con- 
vex rectilineal figure of n sides is less by four right angles 
than 2n right angles. 


This may be proved in either of the following ways: 


In fig. (1), where straight lines are drawn from any point O within 
the figure to the vertices, the angles of the n triangles so formed 
are equal to the angles of the figure together with the angles at O, 
which are equal to four right angles. 


In fig. (2), where all the diagonals from one vertex E are drawn, the 
angles of the 1 —2 triangles so formed are together equal to the 
angles of the figure. 
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EXERCISES. 


1. Straight lines AD, BE, CF are drawn within tho triangle 
ABC making the angles DAB, EBC, FCA all equal to one another. 
If AD, BE, CF do not meet in a point, the angles of the triangle 
formed by them are equal to those of the triangle ABC. 


2. Trisect a right angle. 
3. Trisect a quarter of a right angle. 
4. If A be the vertex of an isosceles triangle ABC, and BA be 


produced to D, so that AD is equal to BA, and DC be drawn: then 
BCD is a right angle. 


5. A straight line drawn at right angles to BC the base of an 
isosceles triangle ABC cuts AB in D and CA produced in E: prove 
that AED is an isosceles triangle. 


6. Construct a right-angled triangle having given the hypotenuse 
and the sum of the sides. 


7. The line joining the right angle of a right-angled triangle to 
the middle point of the hypotenuse is equal to half the hypotenuse. 


8. The locus of the vertices of all right-angled triangles which 
have a common hypotenuse is a circle. 
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PROPOSITION 33. 


If two sides of a convex quadrilateral be equal and 
parallel, the other sides are equal and parallel. 


Let ABDC be a quadrilateral, in which the sides AB, 
C D are equal and parallel : 


it is required to prove that the sides AC, BD are equal and 
parallel. 


Construction. Draw one of the diagonals BC. 





Proor. Because AB is parallel to CD, 
and BC meets them, 
the alternate angles ABC, BCD are equal. (Prop. 29.) 


Because in the triangles ABC, DCB, 
AB is equal to DC, 
and BC to CB, 
and the angle ABC to the angle DCB, 
the triangles are equal in all respects; (Prop. 4.) 
therefore the angle ACB is equal to the angle DBC, 
and CA to BD. 

And because the straight line BC meets the two straight 
lines AC, BD, and makes the alternate angles ACB, CBD 
equal to one another, 

AC is parallel to BD. (Prop. 27.) 
And it was proved to be equal to it. 
Wherefore, if two sides &c. 
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EXERCISES. 


1. Draw a straight line so that the part intercepted between two 
given straight lines is equal to one given straight line and parallel to 
another. 


2. If a quadrilateral have two of its opposite sides parallel, and 
the two others equal but not parallel, any two of its opposite angles 
are together equal to two right angles. 


3. If a straight line which joins the extremities of two equal 
straight lines, not parallel, make the angles on the same side of it 
equal to each other, the straight line which joins the other extremities 
will be parallel to the first. 


4. If from D any point in the base BC of an isosceles triangle 
ABC, DE, DF be drawn perpendicular to the sides, then the sum of 
DE, DF is constant. 


90 BOOK I. 
PROPOSITION 34. 


Opposite sides of a parallelogram are equal, and opposite 
angles are equal; and a diagonal of a parallelogram bisects 
ats area. 

Let ACDB be a parallelogram, of which BC is a 
diagonal : 
it is required to prove that (1) opposite sides are equal, AB 

to CD, and AC to BD; 
(2) opposite angles are equal, BAC to BDC and ABD to ACD; 
and (3) the diagonal BC bisects the area of the parallelogram. 





Proor. Because AB is parallel to CD, and BU meets 
them, 


the alternate angles ABC, BCD are equal. (Prop. 29.) 


And because AC is parallel to BD, and BC meets them, 
the alternate angles ACB, CBD are equal. (Prop. 29.) 


Now because in the two triangles ABC, DCB, 
the angle ABC is equal to the angle DCB, 
and the angle BCA to the angle CBD, 
and the side BC adjacent to the equal angles in each is 
common to both, 
the triangles are equal in all respects. (Prop. 26, Part 1.) 
Therefore AB is equal to DC, AC equal to DB, 
and the angle BAC equal to the angle CDB. 
And because the angle ABC is equal to the angle DCB, 
and the angle CBD to the angle BCA, 
the whole angle ABD is equal to the whole angle DC A. 
And the angle BAC has been proved to be equal to the 
angle C DB. 
Therefore in the parallelogram AD (l) opposite sides are 
equal and (2) opposite angles are equal. 
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Again, it has been proved 
that the triangles A BC, DCB are equal in all respects: 


therefore (3) the diagonal BC bisects the area of the paral- 
lelogram AD. 


Wherefore, opposite sides ke. 


CononLARY l. All the sides of a square are equal. 


ConorrtARy 2. The angles made by a pair of straight 
lines are equal to the angles made by any pair of straight 
lines parallel to them. 


A parallelogram ABCD is often spoken of as the parallelogram AC, 
or the parallelogram BD, or more simply as AC or BD, when there is 
no danger of confusion with the diagonal AC or with the diagonal BD. 


EXERCISES. 


1. Prove that, if the diagonals of a quadrilateral bisect one 
another, the quadrilateral isa parallelogram. Prove also the converse. 


2. If two sides of a quadrilateral be parallel and the other two 
equal but not parallel, the diagonals are equal. 


3. If in a quadrilateral the diagonals be equal and two sides 
be parallel, the other sides are equal. 


4. Find in a side of a triangle the point from which straight lines 
drawn parallel to the other sides of the triangle and terminated by 
them are equal. 


5. Prove that every straight line which bisects the area of a 
parallelogram must pass through the intersection of its diagonals. 


6. Construct a triangle whose angles shall be equal to those of a 
given triangle, and whose area shall be four times the area of the 
given triangle. 


7. ABCD is a parallelogram having the side AD double of AB: 
the side AB is produced both ways to E and F till each produced part 
equals AB, and straight lines are drawn from C and D to E and F so 
as to cross within the figure: shew that they will meet at right 
angles. 


8. If O be any point within a parallelogram ABCD, the sum of 
the triangles OAB, OCD is half the parallelogram. 


9. Divide a given straight line into n equal parts, where n is 
a whole number. 
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PROPOSITION 35. 


Two parallelograms, which have one side common and 
the sides opposite to the common side in a straight line, are 
equal in area. 


Let ABCD, EBCF be two parallelograms, which have 
a common side BC, and the sides AD, E in a straight 
line: 
it is required to prove that ABCD, EBCF are equal in area. 
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Proor. Because ABCD is a parallelogram, 
AB is equal to DC, (Prop. 34.) 
and because EBCF is a parallelogram, 
BE is equal to CF; 
and because AB is parallel to DC, 
and BE to CF, 
the angle 4 BE is equal to the angle DCF. 
(Prop. 34, Coroll. 2.) 
And because in the triangles ABZ, DCF, 
AB is equal to DC, 
and BE to CF, 
and the angle ABE to the angle DCF, 
the triangles are equal in all respects. (Prop. 4.) 
Take from the area ABCF, the equal areas FDC", LAB; 
then the remainders are equal, 
that is, the parallelograms ABCD, EBCF are equal in area. 


Wherefore, two parallelograms &c. 
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The propositions in the remaining part of the First 
Book of Euclid and those in the Second Book relate chiefly 
to cases of equality of the areas of two figures. 


The test of equality to which we have hitherto always appealed 
has been that of the possibility of shifting one figure so that it 
exactly coincides with the other. In this case the figures are equal 
in all respects, but we say that two figures are equal in area also, 
when it is possible to shift all the parts of the area of one figure, 
so that they together exactly fit the area of the second figure. 


It will be observed that this is the test made use of in Pro- 
position 35, 


For the future we shall often, when there is no danger 
of ambiguity, speak of the equality of two figures when we 
mean only equality of area, and we shall often speak of 
a figure when we mean only the area of the figure. 


EXERCISES. 


1. Construct a rectangle equal to a given parallelogram. 
2. Construct a rhombus equal to a given parallelogram. 


3. Construct a parallelogram to be equal to a given parallelogram 
in area and to have its sides equal to two given straight lines, Is 
this always possible ? 
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PROPOSITION 36, 


Two parallelograms, which have two sides equal and in 
a straight line and also have the sides opposite to the equal 
sides in a straight line, are equal. 


Let ABCD, EFGH be two parallelograms, which have 
their sides BC, FG equal and in a straight line, and also 
their sides AD, #H in a straight line: 


it is required to prove that ABCD, EFGH are equal. 
Consrruction. Draw BE, CH. 
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Proor, Because BC is equal to FG, 
and FG to EH, (Prop. 34.) 
BC is equal to EH ; 
and they are parallel. 
Because the two sides BC, HH of the convex quadrilateral 
EBCH are equal and parallel, 
the other sides BH, CH are equal and parallel ; 
(Prop. 33.) 
therefore EACH is a parallelogram. 
Now because EBCH and ABCD have the side BC 
common, and the sides AD, EH in a straight line, 
EBCH is equal to ABCD. (Prop. 35.) 
Similarly it can be proved that EBCH is equal to EFGH. 
Therefore the parallelograms ABCD, EFGH are equal. 
Wherefore, two parallelograms &c. 
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ADDITIONAL PROPOSITION. 


The straight lines, drawn from the vertices of a triangle per- 
pendicular to the opposite sides, meet in a point*. 

Let ABC be a triangle, and AL, BM, CN be drawn perpendicular 
to BC, CA, AB respectively. 


Draw the straight lines FAK, DBF, ECD parallel to BC, CA, AB 
respectively. 





Because BE is a parallelogram, 
AE is equal to BC; (Prop. 34.) 
and because CF is a parallelogram, 
FA is equal to BC; 
therefore FA is equal to AE. 
Again, because AL meets the parallels FAE, BLO, 
the angle FAL is equal to the angle ALC. (Prop. 29.) 
But the angle ALC is a right angle; 
therefore the angle FAL is a right angle. 
Therefore AL is the straight line drawn at right angles to FE at its 
middle point. 
Similarly it can be proved that BM, CN are the straight lines 
drawn at right angles to FD, DE at their middle points. 
Now AL, BM, CN the straight lines drawn at right angles to the 
sides of the triangle DEF at their middle points meet in a point. 
(Add. Prop., page 53.) 
Therefore AL, BM, CN the straight lines drawn from the vertices 
of the triangle ABC perpendicular to the opposite sides meet in a 
point. 


EXERCISES. 


1. Construct a parallelogram to be equal to a given parallelogram 
and to have one of its sides in a given straight line. 


2, Construct a parallelogram to be equal to a given parallelogram 
and to have two of its sides in two given straight lines. 


* This point is often called the orthocentre of the triangle. 
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PROPOSITION 37. 


Two triangles, which have one side common and the 
angular points opposite to the common side on a straight 
line parallel to it, are equal. 

Let ABC, DBC be two triangles, which have a common 
side BC, and their angular points A, D on a straight line 
AD parallel to BC: 
it is required to prove that the triangles ABC, DBC are 

equal. 

Construction. Through B draw BE parallel to CA, 

and through C draw CF parallel to BD, (Prop. 31.) 
meeting AD (produced if necessary) in # and F. 





Proor. Because the parallelograms EBCA, DBCF 
have a common side BC and the sides HA, DF in a 
straight line, 

EBCA is equal to DBCF, (Prop. 35.) 

And because the diagonal AB bisects the parallelogram 
EBCA, 

the triangle ABC is half of EBCA; (Prop. 34.) 

and because the diagonal DC bisects the parallelogram 

DBCF, 

the triangle DBO is half of DBC F. 
Now the halves of equals are equal. 


Therefore the triangles ABC, DBC are equal. 
Wherefore, two triangles &c. 
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EXERCISES. 


l. If P be & point within & parallelogram ABCD, the difference 
of the triangles PAB, PAD is equal to the triangle PAC. 


2. If P be a point outside a parallelogram ABCD, the sum of 
the triangles PAB, PAD is equal to the triangle PAC. 


3. AB and ECD are two parallel straight lines: BF, DF are 
drawn parallel to AD, AE respectively: prove that the triangles ABC, 
DEF are equal to one another. 


4, ABC is a given triangle: construct a triangle of equal area, 
having AB for base and its vertex in a given straight line. 


5. Points A, B, C are taken, one on each of three parallel 
straight lines: BC, CA, AB meet the lines through A, B, C respec- 
tively in a, b, c: prove that each of the triangles ABC, Abc, Bea, 
Cab, is equal to half the triangle abc. 
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PROPOSITION 238. 


Two triangles, which have two sides equal and in a 
straight line and also have the angular points opposite to 
the equal sides on a straight line parallel to it, are equal. 


Let ABC, DEF be two triangles, which have their 
sides BC, HF equa] and in a straight line, and their 
angular points 4, D, on a straight line AD parallel to BF: 
it is required to prove that the triangles ABC, DEF are 

equal. 

Construction. Through B draw BG parallel to CA, 

and through F draw FH parallel to £D, 
meeting 4D (produced if necessary) in G and ZZ. 
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Proor. Because the parallelograms GBCA, DEFH 
have their sides BC, HF equal and in a straight line, 
and also their sides GA, DH in a straight line, 

they are equal to one another. (Prop. 36.) 

Because the diagonal AB bisects the parallelogram GBCA, 

the triangle ABC is half of GBCA; (Prop. 34.) 

and because the diagonal DF bisects the parallelogram 

DEFH, 
ine triangle DEF is half of DEFH. 


Now the halves of equals are equal ; 
therefore the triangles ABC, DEF are equal. 
Wherefore, two triangles &c. 
ConoLLARY. T'wo triangles, which have two sides equal 


and in a straight line and also have the angular points 
opposite to the equal sides coincident, are equal. 
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EXERCISES. 


1. ABCD is a parallelogram; from any point P in the diagonal 
BD the straight lines PA, PC are drawn. Shew that the triangles 
PAB and PCB are equal in area. 


2. The three sides of a triangle are bisected, and the points 
of bisection are joined; prove that the triangle is divided into four 
triangles, which are all equal to one another. 


3. If the sides BC, CA, AB of a triangle ABC be produced to 
A', D', C’ respectively, so that CA’=BC, AB’=CA, AB=BC’, prove 
that the area of the triangle A'B'C' is seven times that of the triangle 
ABC. 


4, Make a triangle such as to be equal to a given parallelogram, 
and to have one of its angles equal to a given angle. 


5. If the sides 4B, BC, CA of a triangle ABC be respectively 
bisected in c, a, b, and Aa, Cc intersect in P; then BPbd is a straight 
line. 


6. The sides AB, AC of a triangle are bisected in D, E: CD, 
BE intersect in F. Prove that the triangle BFC is equal to the 
quadrilateral ADFE, 


7. If AB, PQRS, CD be three parallel straight lines and‘ 
P, Q, R, S be situate on AC, AD, BC, BD respectively, then PQ 
is equal to RS, and PR to QS. 


8. A’, B’, C’ are the middle points of the sides of the triangle 
ABC, and through A, B, C are drawn three parallel straight lines 
meeting B'C', C'A', A'B' in a, b, c respectively; prove that the tri- 
angle abc is half the triangle ABC and that bc passes through 4, ca 
through B, ab through C. 
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PROPOSITION 39. 


If two equal triangles have a common side and lie on 
the same side of it, the angular points opposite to the common 
side lie on a straight line parallel to «t. 


Let ABC, DBC be two equal triangles, which have a 
common side BO, and lie on the same side of BC: 
it is required to prove that the angular points A, D oppo- 
site to the side BC lie on a straight line parallel to BC. 
Construction. Draw AD, and in BD or BD produced 
take any point Æ other than D, and draw AZ, EC. 





Proor. Because the triangle DBC is not equal to the 
triangle EBC, 
and the triangle ABC is equal to the triangle DBC, 
the triangle ABC is not equal to the triangle EBC. 
If AE were parallel to BC, 
the triangle ABC would be equal to the triangle EBC ; 
(Prop. 37.) 
but they are not equal ; 
therefore AZ is not parallel to BC. 
But it is possible to draw a straight line through 4 parallel 
to BC; (Prop. 31.) 
therefore AD is parallel to BC. 


Wherefore, ¢f two equal triangles &c. 
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ADDITIONAL PROPOSITION. 


Each side of a triangle is double of the straight line joining the 
middle points of the other sides and is parallel to it. 

Let ABC be a triangle, D, E, F the middle points of the sides 
BC, CA, AB. 

Draw BE, CF, EF, FD, DE. 
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Because the two triangles BFC, AFC have their sides BF, AF 

equal and in a straight line, and the point C common, 
the triangles are equal; (Prop. 38, Coroll.) 
therefore the triangle BFC is half of the triangle ABC. 

Similarly it can be proved that the triangle BEC is half of the 
triangle ABC. 

Therefore the triangle BFC is equal] to the triangle BEC. 

Next because the triangles BFC, BEC are equal and have a 
common side BC, the straight line FE joining their vertices is 
parallel to BC. (Prop. 39.) 

Similarly it can be proved that DF is parallel to CA and ED 
to AB. 

Again because BFED is a parallelogram, 

BD is equal to FE. (Prop. 34.) 

And because DFEC is a parallelogram, 

DC is equal to FE: 
therefore BC is double of FE. 


EXERCISES. 


1. The middle points of the sides of any quadrilateral are the 
angular points of a parallelogram. 

2. Of equal triangles on the same base, the isosceles triangle has 
the least perimeter. 

3. Two triangles of equal area stand on the same base and on 
Opposite sides: shew that the straight line joining their vertices is 
bisected by the base or the base produced. 

4. The triangle ABC is double of the triangle EBC: shew that, 
itf AE, BC produced if necessary meet in D, then AE is equal to ED. 

5. If the straight lines joining the middle points of two of the 
sides of a triangle to the opposite vertices be equal, the triangle 1s 
isosceles. 
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PROPOSITION 40. 


Tf two equal triangles have two sides equal and in a 
straight line, and if the triangles lie on the same side of 
this line, the angular points opposite to the equal sides lie 
on a straight line parallel to the first straight line. 


Let ABC, DEF be two equal triangles, which have 
equal sides BC, EF in a straight line and lie on the same 
side of BI: 
it is required to prove that the angular points A, D oppo- 

site to BC, EF lie on a straight line parallel to BF. 

Construction. Draw AD, and in ED or ED produced 
take any point G other than D, and draw AG, GF. 
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Proor. Because the triangle DEF is not equal to the 
triangle GEF, 

and the triangle 4 BC is equal to the triangle DEF, 

the triangle ABC is not equal to the triangle GEF. 


If AG were parallel to BF, 

the triangle ABC would be equal to the triangle GEF ; 

(Prop. 38.) 
but they are not equal ; 
therefore AG is not parallel to BF. 
But it is possible to draw a straight line through A parallel 
to BF; (Prop. 31.) 
therefore AD is parallel to BF. 


Wherefore, ¢f two equal triangles &e. 
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ADDITIONAL PROPOSITION. 


Lhe straight lines joining the vertices of a triangle to the middle 
points of the opposite sides meet in a, point* which is for each line the 
point of trisection further from the vertex. 


Let ABC be a triangle, and D, E, F be the middle points of the - 
sides BC, CA, AB. 
Draw BE, CF and let them intersect in G. 
Bisect BG, CG in M, N, and draw FM, MN, NE. 





In the triangle ABC, 
BC is double of FE and is parallel to it. (Add. Prop., page 101.) 
In the triangle GBC, 
BC is double of MN and is parallel to it. 
Therefore FE is equal and parallel to MN. (Prop. 30.) 
Therefore FMNE is a parallelogram. (Prop. 33.) 
Now the diagonals of a parallelogram bisect each other. 
(Exercise 1, page 91.) 
Therefore GE is equal to GM, which is equal to MB. 
Therefore BG is double of GE. 
Similarly CG is double of GF. 
Similarly it can be proved that AD passes through G, and that 
AG is double of GD. 


EXERCISES. 


1, A point P is taken within a quadrilateral ABCD: prove that, 
if the sum of the areas of the triangles PAB, PCD be independent 
of the position of P, ABCD is a parallelogram. 

2. The locus of a point P such that the sum of the areas of the 
two triangles PAB, PBC is constant, is a straight line parallel to AC. 

3. AB, CD are two given straight lines: the locus of a point P 
such that the sum of the two triangles PAB, PCD is constant, 18 a 
straight line. 


4. Trisect a given straight line. 


* This point is often called the centre of gravity or the centroid 
of the triangle. 
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PROPOSITION 41. 


If a parallelogram and a triangle have a common side, 
and the angular point of the triangle opposite to the common 
side lie on the same straight line as the opposite side of the 
parallelogram, the parallelogram is double of the triangle. 


Let ABCD be a parallelogram and LBC be a triangle 
which have a common side BC, and let the angular point Æ 
of the triangle lie in the same straight line as the side AD 
of the parallelogram : 
it is required to prove that the parallelogram ABCD is 

double of the triangle “BC. 


CONSTRUCTION. Draw AC. 





Proor. Because the triangles ABC, HBC, have a 
common side BC, and AE is parallel to BC, 
the triangles ABC, EBC are equal. (Prop. 37.) 
And because the diagonal AC bisects the parallelogram 
ABCD, 
the parallelogram ABCD is double of the triangle ABC. 
(Prop. 34.) 
Therefore the parallelogram ABCD is double of the triangle 
EBC. 


Wherefore, 2fa parallelogram &c. 








PROPOSITION 41. 105 


EXERCISES, 


1. ABCD is a parallelogram; from D draw any straight line DFG 
meeting BC at F and AB produced at G; draw AF and CG: shew 
that the triangles ABF, CFG are equal. 


2. If P be a point in the side AB, and Q a point in the side DC 
of a parallelogram ABCD, then the triangles PCD, QAB are equal in 
area. 


3. The area of any convex quadrilateral is double that of the 
parallelogram whose vertices are the middle points of the sides of 
the quadrilateral. 


4, The sides BC, CA, AB of a triangle ABC are trisected in the 
points D, d; E, e; F, f respectively: prove that the area of the 
hexagon DdEeFf is two-thirds that of the triangle ABC. 
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PROPOSITION 41 A. 


To construct a triangle equal to a gwen rectilineal 
figure. 
Let ABCDEFG be the given rectilineal figure : 
it is required to construct a triangle equal to 4BCDEFG. 
Construction. Draw one of the diagonals AC’ such 


that with two adjacent sides of the figure AB, BC it forms 
a triangle ABC. 


Through the vertex B draw BP parallel to CA, to meet 
GA produced in P. Draw PC. 





Proor. Because the triangles PAC, BAC have a 
common side AC, and their angular points P, B on a 
straight line parallel to AC: 

the two triangles PAC, BAC are equal. (Prop. 37.) 


Add to each the figure ACDEFG ; 
then the figure PCDE FG is equal to the figure ABCDEFG. 


Now the sides of the figure PCDEFG are fewer by one 
than the sides of the figure ABCDEFG ; therefore by con- 
tinued application of this process we can construct a series 
of figures all equal to the given figure, the sides of each 
figure being fewer by one than the sides of the figure last 
preceding. 

We shall thus ultimately obtain a triangle equal to the 
given rectilineal figure. 
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It will be seen that by the method adopted in Proposition 41A 
a triangle can be constructed equal to a given rectilineal figure of 
4 sides by using the process once, to a figure of 5 sides by using it 
twice, and to a figure of n sides by using it n — 3 times. 


EXERCISES. 


1. On one side of à given triangle construct an isosceles triangle 
equal to the given triangle. 


2. On one side of a given quadrilateral construct a rectangle 
equal to the quadrilateral. 


3. Construct a triangle equal in area to a given convex five-sided 
figure ABCDE: AB is to be one side of the triangle and AE the 
direction of one of the other sides. 


4. Bisect a given (1) parallelogram, (2) triangle, (3) quadri- 
lateral by a straight line drawn through a given point in one side of 
the figure, 


5. ABCD is a given quadrilateral: construct a quadrilateral of 
equal area, having AB for one side, and another side on a given 
straight line parallel to AB. 


6. ABCD is a given quadrilateral: construct a triangle, whose 
base shall be in the same straight line as AB, its vertex at a given 
point P in CD, and its area equal to that of the given quadrilateral. 


108 BOOK I. 
PROPOSITION 42. 


Lo construct a parallelogram equal to a given triangle, 
and having an angle equal to a given angle. 
Let ABC be the given triangle, and D the given angle: 
it is required to construct a parallelogram equal to ABC, 
and having an angle equal to D. 


Construction. Bisect BC at E: 
draw AE, 
and from the point Æ, in the straight line EC, draw EF 
making the angle CE F equal to the angle D; (Prop. 23.) 
through 4 draw AFG parallel to EC meeting £F in F, 
and through C draw CG parallel to EF meeting AFG in G: 
then ECG is a parallelogram constructed as required, 


G 


— 


jas — 


Proor. Because the opposite sides of the quadrilateral 
FECG are parallel, 
FECG is a parallelogram. 
Because the triangles A BE, AEC have the sides BE, EC equal 
and in a straight line, and the angular point A common, 
the triangle ABE is equal to the triangle 4 ZC; 
(Prop. 38, Coroll.) 
therefore the triangle ABC is double of the triangle A EC. 
Because the parallelogram FECG and the triangle AEC 
have a common side ZC and the point A lies on the 
same straight line as the side FG, (Prop. 41.) 
the parallelogram FECG is double of the triangle AEC. 
Therefore the parallelogram FECG is equal to the triangle 
ABC, and it has an angle CEF equal to the given angle D. 
Wherefore a parallelogram FECG has been constructed 
equal to the given triangle ABC, and hawing an angle CEF 
equal to the given angle D. 
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EXERCISES. 





1. On one side of a given triangle construct a rectangle equal to 
the triangle. 


2. On one side of a given triangle construct a rhombus equal to 
the triangle. Is this always possible? 


3. On one side of a given triangle as diagonal construct a rhom- 
bus equal to the triangle. 
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PROPOSITION 43. 


Complements of parallelograms about a diagonal of a 
parallelogram, are equal. 


Let ABCD be a parallelogram, of which AC is a dia- 
gonal; and LH, GF are parallelograms about AC; and 





KB, KD the complements : (See note on page 111.) 
it is required to prove that AB is equal to AV, 
A H 
PRI — 
E \ J 
EN 





Proor. Because BD is a parallelogram, and AC a 
diagonal, 
the triangle ABC is equal to the triangle ADC. (Prop. 34.) 


Now the triangle ABC is equal to the two triangles ALA, 

. KG@C and the parallelogram KB ; 
and the triangle ADC is equal to the two triangles AHK, 
KFC and the parallelogram AD. 

Therefore the two triangles AH K, KGC and the parallelo- 
gram KJ are together equal to the two triangles AHK, 
K FC and the parallelogram KD. 

Again, because HH is a parallelogram and AX a diagonal, 

the triangle AFK is equal to the triangle AHK; 
(Prop. 34.) 
and because G7 is a parallelogram, and KC a diagonal, 

the triangle AGC is equal to the triangle KFC. (Prop. 34.) 

Therefore taking away equals from equals, the remainder, 
the complement KP, is equal to the remainder, the com- 
plement XD. 


Wherefore, complements of parallelograms &c. 
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If through a point K on a diagonal AC of a parallelogram ABCD, 
straight lines HKG, EKF be drawn parallel to the sides AB, BC 
respectively to meet the sides AD, BC, AB, DC in H, G, E, F respec- 
tively; then EH, GF are called parallelograms about the diagonal 
AC, and the parallelograms EG, FH are called complements of these 
parallelograms. 


EXERCISES. 


1. Prove that in the diagram of Proposition 43, the following 
are pairs of equal triangles: ABK and ADK; AEC and AHC; AKG 
and AKF. 


2. The diagonals of parallelograms about a diagonal of a paral- 
lelogram are parallel. 


3. Parallelograms about a diagonal of a square are squares. 
4. If ABCD, AEFG be two squares so placed that the angles 
at A coincide, then A, F, C lie on a straight line. 


5. Ifthrough E a point within a parallelogram ABCD straight 
lines be drawn parallel to 4B, BC, and the parallelograms AE, EC 
be equal, the point F lies in the diagonal BD. 
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PROPOSITION 44. 


To construct a parallelogram equal to a given parallelo- 
gram, having an angle equal to an angle of the given paral- 
lelogram, and having a side equal to a given straight line. 


Let ABCD be the given parallelogram, and EP the 
given straight line: 


it is required to construct a parallelogram equal to 4 BCD, 
having an angle equal to the angle BAD, and having a 
side equal to £F. 


-ConstrucTion. Produce DA to G, and make AG equal 


to EF. (Prop. 3.) 
Through G draw HGK parallel to AB meeting CB pro- 
duced in K. (Prop. 31.) 


Draw KA and produce it to meet CD produced in Z, 
and through L draw ZMH parallel to DAG to meet BA 
produced in M and HGK in H: 


then MAGH is a parallelogram constructed as required. 


NI D Qc 


JA NACE 


y Pome 


H G 


Proor. Because LCKH is a parallelogram, KZ a dia- 
gonal, and MG, BD complements of parallelograms about 
the diagonal KZ, 

MG is equal to BD. (Prop. 43.) 

Again, because the straight lines BAM, DAG intersect at A, 
the angle MAG is equal to the vertically opposite angle 
BAD. (Prop. 15.) 
And AG is equal to EF. (Constr.) 

Wherefore, a parallelogram MAGH has been constructed 
equal to the given parallelogram ABCD, having an angle 
MAG equal to the angle BAD and having a side AG equal 
to the given straight line EF. 
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EXERCISES. 


1. On a given straight line construct a rectangle equal to a given 
rectangle, 


2. On a given straight line construct a rhombus equal to a given 
triangle. Is this always possible ? 


3. Construct a rectangle equal to the sum of two given rect- 
angles. 


4. Construct a rectangle equal to the difference of two given 
rectangles. 
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PROPOSITION 45. 


To construct a parallelogram equal to a given rectilineal 
figure, having a side equal to a given straight line, and 
having an angle equal to a given angle. 

Let A be the given rectilineal figure, B the given angle, 
and C the given straight line: 
it is required to construct a parallelogram equal to the 

figure A, having an angle equal to the angle B, and 
having a side equal to C. 

Construction. Construct the triangle DEF equal to 
the figure A. (Prop. 41 A.) 
Construct the parallelogram GZ/KL equal to the triangle 

DEF, having the angle GHK equal to the angle B. 
(Prop. 42.) 
Construct the parallelogram MN PQ equal to the parallelo- 
gram GZ/ K L, having an angle MNP equal to the angle 
GHK, and having the side MN equal to C. (Prop. 43.) 











— 
p, ; D 4 C M Q 
BON /B — mn / 
⸗ / d psaras a — B P 
TEELEN / — 
E F H K N P 
Proor. Because the triangle DEF is equal to the 
figure A, Constr.) 
and the parallelogram GX is equal to the triangle DEF, 
(Constr.) 
and the parallelogram MP is equal to the parallelogram GK, 
(Constr.) 


the parallelogram MP is equal to the figure A. 
Because the angle GHK is equal to the angle B, (Constr.) 
and the angle MNP is equal to the angle CHK, (Constr.) 

the angle MNP is equal to the angle B. 
And MN is equal to C. (Constr.) 
Wherefore a parallelogram MNPQ has been constructed 
equal to the given rectlineal figure A, having the side MN 
equal to the given straight line C, and having the angle 
MNP equal to the given angle B. 
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EXERCISES. 


1. On a given straight line as diagonal, construct a rhombus 
equal to a given triangle. 


2. Construct a right-angled triangle, having given the hypotenuse 
and the perpendicular from the right angle on it. (See Exercise 8, 
page 87.) 


3. Construct a rectangle equal to a given rectangle, and having 
a diagonal equal to a given straight line. 


4. Construct a rectangle equal to the sum of two given triangles. 
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PROPOSITION 46. 
On a given straight line to construct a square. 


Let AB be the given straight line: 
it is required to construct a square on AB, 
Construction. From the point A draw AC at right 
angles to 47 ; (Prop. 11.) 
and make AC equal to AB; (Prop. 3.) 
through B draw BD parallel to AC, (Prop. 31.) 
and through C draw CD parallel to AB meeting BD in D: 
then ABDC is a square constructed as required. 


B 2- 


A C 


Proor. Because CD is parallel to AB, 
and BD to AC 
the figure ABDC is a parallelogram. (Def. 18.) 
Again the angle CAB is a right angle; 
therefore the parallelogram ABDC is a rectangle. (Def. 19.) 
Again, the adjacent sides AC’, AB are equal; (Constr.) 
therefore the rectangle ABDC is a square. (Def. 20.) 
Wherefore, ABDC is a square constructed on the given 
straight line AB. 
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EXERCISES. 


1. If two squares be equal in area, their sides are equal. 


2. The squares on two equal straight lines are equal in all 
respects. 


3. If in the sides AB, BC, CD, DA of a square points E, F, G, 
H be taken so that AE, BF, CG, DH are equal: then EFGH is a 
. Square. 


4. If the diagonals of a quadrilateral be equal and bisect each 
other at right angles, the quadrilateral is a square. 


5. On the sides AC, BC of a triangle ABC, squares ACDE, 
BCFG are constructed: shew that the straight lines AF and BD are 
equal. 


6. Construct a square so that one side shall be in a given straight 
line and two other sides shall pass through two given points. 


7. Construct & square so that two opposite sides shall pass 
through two given points, and its diagonals intersect at a third given 
point. 


8. Prove that the straight line, bisecting the right angle of a 
right-angled triangle, passes through the intersection of the diagonals 
of the square constructed on the outer side of the hypotenuse. 
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PROPOSITION 47. 


In a right-angled triangle, the square on the hypotenuse 
is equal to the sum of the squares on the other sides. 


Let ABC be a right-angled triangle, having the right 
angle BAC: 
it is required to prove that the square on BC is equal to 
the sum of the squares on BA, AC. 

CONSTRUCTION. On BC on the side away from A con- 
struct the square BDEC, (Prop. 46.) 
and similarly on BA, AC construct the squares BAGF, 
ACKH ; 

through A draw AZ parallel to BD meeting DE in L; 
(Prop. 31.) 
and draw AD, FC. 


H x 
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Proor. Because each of the angles BAC, BAG is a 
right angle, the two straight lines AC, AG, on opposite 
sides of AB, make with it at A the adjacent angles 
together equal to two right angles; 

therefore CA is in the same straight line with AG. 

(Prop. 14.) 
The angle DBC is equal to the angle FBA, 
for each of them is a right angle. (Prop. 10 A.) 
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Add to each of these equals the angle ABC ; 
then the angle DBA is equal to the angle FBC. 


And because in the triangles ABD, FBC, 
AB is equal to FB and BD to BC; 
and the angle ABD is equal to the angle FBC; 
the triangles A BD, FBC are equal in all respects. (Prop. 4.) 


Because the parallelogram BZ and the triangle ABD have 
a common side BD and A is in the same straight line 
as the side of BL opposite to BD, (Prop, 41.) 
the parallelogram BZ is double of the triangle ABD. 


And because the square GB and the triangle FBC have a 
common side FB, and C is in the same straight line as 
the side of G&B opposite to FB, (Prop. 41.) 

the square G&B is double of the triangle FBC. 
Now the doubles of equals are equal. 
Therefore the parallelogram BZ is equal to the square GB. 


Similarly it can be proved that the parallelogram CL is 
equal to the square HC. 

Therefore the whole square BDEC, which is the sum of the 
rectangles BL, CL, is equal to the sum of the two squares 
GB, HC. 

And the square BDEC is constructed on BC, and the squares 
GB, HC on BA, AC. 

Therefore the square on the side BC is equal to the sum of 
the squares on the sides BA, AC. 


Wherefore, in a right-angled triangle &c. 


EXERCISES. 
1. Construct a square equal to the difference of two given squares. 


2. The diagonals of a quadrilateral intersect at right angles. 
Prove that the sum of the squares on one pair of opposite sides is 
equal to the sum of the squares on the other pair. 


3. If O be the point of intersection of the perpendiculars drawn 
from the angles of a triangle upon the opposite sides, the squares on 
OA and BC are together equal to the squares on OB and C4, and 
also to the squares on OC and AB. 


4. Divide a given straight line into two parts so that the sum 
of the squares on the parts may be equal to a given square. 


9. Divide a given straight line so that the difference of the 
Squares on the parts is equal to a given square. 
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The proof of the theorem ‘the square on the hypotenuse 
of a right-angled triangle is equal to the sum of the squares 
on the other sides,” which we have given in the text of the 
47th proposition, is attributed to Euclid. 

Tradition however says that the first person to dis- 
cover a proof of the truth of the theorem was Pythagoras, 
a Greek philosopher who lived between 570 and 500 B.c. 
The theorem is in consequence often quoted as the Theorem 
of Pythagoras. What was the nature of Pythagoras’ proof 
is not known. 

The theorem is one of great importance and a large 
number of proofs of its truth have been discovered. It 
is advisable that the student should be made acquainted 
with some proofs besides the one given in the text. 

We have made a selection of five proofs of the theorem : 
in each case not attempting to give the complete proof, 
but merely giving hints of the line of argument to be 
used, and leaving the student to develope it more fully. 


Proor I. Take a right-angled triangle ABC, and on the side 
AB away from C construct the square ABDE, and on the hypotenuse 
AC on the same side as B construct the square ACFG. From F 
draw FH perpendicular to BD, and FK perpendicular to ED pro- 
duced. 





It may be proved that 
(1) CBD is a straight line, 
(2) G lies in DE, 
(3) the triangles ABC, AEG, CHF, GKF are all equal, 
(4) HK is a square and equal to the square on BC. 
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Proor II. Take a right-angled triangle ABC and on the sides 
AB, BC, CA away from C, A, B construct the squares BADE, CBFG, 
ACHE. 

Through L the intersection of the diagonals AE, BD of the square 
on the larger side AB, draw MLN.perpendicular to CA and OLP 
parallel to CA. 

Take Q, R, S, T the middle points of the sides AC, CH, HK, KA 
of the square on the hypotenuse. 


Through Q, S draw QUV, SWX parallel to BC, and through Z, 7 
draw RYW, TXU parallel to AD. 





It may be proved that 
(1) all the quadrilaterals LMEO, LOBN, LNAP, LPDM, 
AQUT, CRVQ, HSWR, KTXS are equal to one another, 
(2) the quadrilateral UVWX is a square, 
(3) the squares CF, UW are equal. 
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Proor III. Take two equal squares ABCD, EFGH, 

Take any point I in AD, and measure off BK, CL, DM, EN, EO 
each equal to AI. 

Draw IK, KL, LM, MI; through N draw NQP parallel to EF, 
and through O draw OQR parallel to EH. Draw QF, QH. 


“em D 





It may be proved that 

(1) the square ABCD is divided into one square IKLM and 
four equal right-angled triangles, 

(2) the square EFGH is divided into two squares EOQN, 
QPGR and four equal triangles, 

(8) all the triangles are equal to each other, 

(4) the square IL is equal to the sum of the squares ON, PR, 

(5) the three squares JL, ON, PR are squares on the hypotenuse 
and on the sides of one or other of the equal triangles. 


Proor IV. Take a right-angled triangle ABC and on the hypo- 
tenuse BC on the same side as A construct the square BCED, and 
on the sides CA, AB away from B, C construct the squares CAHK, 
ABFG. 

Through 4 draw MLAN perpendicular to BC, and produce FG, 
KH to meet MLAN. 
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It may be proved that 
(1) D lies in FG, 
(2) £ lies in KH produced, 
(3) the rectangle BL, and the square A7 are each equal 
to the parallelogram AD, 


(4) the rectangle CL and the square AK are each equal 
to the parallelogram AE. 


PnRoor V. Take a right-angled triangle ABC: on the sides AB, 
BC, CA away from C, A, B construct the squares BADE, CBFG, 
ACHK, 


On HK construct a triangle HLK equal in all respects to the 
triangle ABC having IL parallel to AB, and KL to CB. 
Draw FE, GB, BD, BL. 





It may be proved that 
(1) GBD is a straight line. 
(2) the triangles FBE, CBA are equal, 


(3) all the quadrilaterals GFED, GCAD, BCHL, LKAB are 
equal to one another. 
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PROPOSITION 48. 


If the square on one side of a triangle be equal to the 
sum of the squares on the other sides, the angle contained 
by these two sides is a right angle. 

Let the square on BC, one of the sides of the triangle 
ABC, be equal to the sum of the squares on the other sides 
BA, AC: 
it is required to prove that the angle BAC is a right angle. 

Construction. From the point A draw AD at right 
angles to AC; (Prop. 11.) 

and make AD equal to BA; (Prop. 3.) 
and draw DC. 





Proor. Because DA is equal to BA, 
the square on DA is equal to the square on BA. 
To each of these equals add the square on AC; 
then the sum of the squares on DA, AC is equal to the 
sum of the squares on BA, AC. 
Now because the angle DAC is a right angle, 
the square on DC is equal to the sum of the squares on 


DA, AC. (Prop. 47.) 
And the square on BC is equal to the sum of the squares 
on BA, AC. (Hypothesis.) 


Therefore the square on DC is equal to the square on BC, 
and DC’ is equal to BC. 


And because in the triangles DAC, BAC, 
DA is equal to BA, 
AC to AC, 
and CD to CR, 


the triangles are equal in all respects ; (Prop. 8.) 
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therefore the angle DAC is equal to the angle BAC. 
Now DAC is a right angle ; (Constr. ) 
therefore BAC is a right angle. 


Wherefore, ¢f the square &c. 


EXERCISES. 


1. If the difference of the squares on two sides of a triangle be 
equal to the square on the third side, the triangle is right angled. 


2. The locus of a point, such that the difference of the squares 
on its distances from two given points is equal to a given square, is 
a Straight line. 


3. Prove by means of Proposition 48 that the straight lines, 
drawn from the vertices of a triangle perpendicular to the opposite 
sides, meet in a point. 


4. If the sum of the squares on two opposite sides of a quadri- 
lateral be equal to the sum of the squares on the other two sides, the 
diagonals of the quadrilateral intersect at right angles. 


5. ABCD is a quadrilateral such that, if any point P be joined 
to 4, D, C, D, the sum of the squares on PA, PC is equal to the sum 
of the squares on PB, PD: prove that ABCD is a rectangle. 


126 BOOK I. 


MISCELLANEOUS EXERCISES. 


1. How many diagonals can be drawn through the same vertex 
in (1) a quadrilateral, (2) a hexagon, (3) a polygon of n sides ? 

2. How many different diagonals can be drawn to (1) a quadri- 
lateral, (2) a hexagon, (3) à polygon of n sides? 


3. If two straight lines bisect each other at right angles, any 
point in either of them is equidistant from the extremities of the 
other. 


4. A straight line drawn bisecting the angle contained by two 
equal sides of a triangle bisects the third side at right angles. 


5. Two isosceles triangles CAB, DAB are on the same base AB: 
shew that the triangles ACD, BCD are equal in all respects, 


6. Prove by the method of superposition that, if two isosceles 
triangles have the same vertical angle, their bases are parallel. 


7. If ABC, DBC be two triangles equal in all respects on oppo- 
site sides of BC, then AD is perpendicular to BC and is bisected 
by it. 

8. The angle BAC of a triangle ABC is bisected by a straight 
line which meets BC in D, and from 4B on AB produced AE is cut 
off equal to AC: prove that DE is equal to DC. 


9. If two circles whose radii are equal cut in A, B and if the line 
joining their centres when produced meet the circumference in C, D, 
prove that ACBD is a rhombus. 


10. Prove by the method of superposition that, if the opposite 
angles of a quadrilateral be equal and one pair of opposite sides be 
equal, the other sides are equal. 


11. Prove by the method of superposition that, if a quadrilateral 
has two pairs of adjacent angles equal, it has one pair of opposite 
sides equal, 


12. Two adjacent sides of a quadrilateral are equal, and the two 
angles which they form with the other sides are together equal to the 
angle between the other sides. Prove that one diagonal of the quadri- 
lateral is equal to a side. 


13. In a triangle BAC is the greatest angle. Prove that, if a 
point D be taken in AB, and a point E in AC, DE is less than BC. 


14. If AD be drawn perpendicular from the vertex A to the 
opposite side BC of a triangle ABC in which AC is greater than AB, 
then DC is greater than BD, and the angle D4C is greater than the 
angle BAD. 

15. How many different triangles can be formed by taking three 
lines out of six lines whose lengths are 2, 3, 4, 5, 6, 7 inches re- 
spectively ? 


——— 
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16. Find the point the sum of whose distances from the four 
angular points of a convex quadrilateral is a minimum. 


17. AB is a given finite straight line. From C the middle point 
of AB, CD is drawn in any direction and of any length. Prove that 
AD, BD together are greater than twice CD. 


18. From a given point draw a straight line making equal angles 
with two given intersecting straight lines. How many such lines can 
be drawn? 


19. In agiven straight line find a point equally distant from two 
given straight lines. In what case is a solution impossible? 


20. How many equalities must be given between the sides and 
the angles of (1) two quadrilaterals, (2) two hexagons, (3) two 
polygons of n sides, before the conclusion can be drawn that the 
figures are equal in all respects? 


21. In the triangle ABC the angles at B and C are equal; m andl 
are points in AC produced and on AB respectively, and im is joined 
cutting BC in O. Prove that, if the sum of Al and Am be double AB, 
then BO is greater than CO. 


22. The side BC of a triangle ABC is produced to a point D; 
the angle ACB is bisected by the straight line CE which meets AB at 
E. A straight line is drawn through E parallel to BC, meeting AC 
at F, and the straight line bisecting the exterior angle ACD at G. 
Shew that EF is equal to FG. 


23. A straight line drawn at right angles to BC the base of 
an isosceles triangle ABC cuts the side AB at D and CA produced 
at E : shew that AED is an isosceles triangle. 


24. If in the base of a triangle ABC, there be taken any two 
points P and Q equidistant from the extremities of the base, and 
if through each of the points P, Q two straight lines be drawn parallel 
to AB, AC, so as to form two parallelograms having PA, QA for 
diagonals ; these two parallelograms are equal in area, 


25. Find a point equidistant from each of three straight lines in 
a plane which do not coincide in direction with the sides of any 
triangle that can be drawn in the plane. Is the construction required 
in this last problem always possible? 


26. From a point P outside an angle BAC draw a straight line 
cutting the straight lines AB, AC in points D and E such that PD 
may be equal to DE. 


27. If one acute angle of a triangle be double of another, the 
triangle can be divided into two isosceles triangles. 


28. If in a triangle ABC, ACB be a right angle, and the angle 
CAD be double the angle ABC, then AB is double AC. 
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29. Pisa point in the side CD of a square ABCD such that AP 
is equal to the sum of PC and CB and Q is the middle point ot CD. 
Prove that the angle BAP is twice the angle QAD. 


30. AOB, COD are two indefinite straight lines intersecting each 
other in the point O, and P is a given point in the plane of these 
lines. It is required to draw through the point P a straight line 
PXY cutting AB in X and CD in Y, in such a manner that OX may 
be equal to OY. Can this problem be solved in more than one way? 


81. Construct an equilateral triangle one of whose angular points 
is given and the other two lie one on each of two given straight lines. 


32. The sides AB, AC of a triangle are bisected in D, E, and BE, 
CD are produced to F, G, so that EF is equal to BE, and DG to CD: 
prove that FAG is a straight line, 


33. In a plane triangle an angle is acute, right or obtuse, according 
as the straight line joining the angle to the middle point of the opposite 
side is greater than, equal to, or less than half that side. 


94. The difference of the angles at the base of a triangle is double 
the angle between the perpendicular to the base, and the bisector of 
the vertical angle. 


35. AC is the longest side of the triangle ABC. Find iin 4C a 
point D such that the angle ADB shall be equal to twice the angle 
ACB. 


36. ABCD is a quadrilateral: the bisectors of the angles ABD, 
ACD meet at F: prove that the angle BFC is half the sum of the angles 
BAC, BDC. 


37. Prove that, if points L, M, N be taken in the sides BC, CA, 
AB of a triangle ABC, such that the triangles ANM, NBL, MLC are 
equiangular to each other, they are equiangular also to the triangles 
ABC and LUN, 


38. If one angle at the base of a triangle be double the other, the 
less side is equal to the sum or the difference of the segments of the 
base made by the perpendicular from the vertex, according as the first 
angle is greater or less than a right angle. 


39. Any convex pentagon ABCDE has each of its angular points 
joined to the non-contiguous points and a star-shaped figure ACE BD 
is formed: prove that the sum of the angles of the figure ACE BD is 
two right angles. 


40. In the figure of Proposition 1, if 4B produced both ways meet 
the circles again in D and E and CD, CE be drawn, CDE will be an 
isosceles triangle having one angle four times each of the other angles. 


41. From the extremities of the base of an isosceles triangle 
straight lines are drawn perpendicular to the sides; shew that the 
angles made by them with the base are each equal to half the vertical 
angle. 
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42. The sides AB, AC of a given triangle ABC are bisected at 
ihe points E, F; & perpendicular is drawn from A to the opposite 
side, meeting it at D. Shew that the angle FDE is equal to the 
angle BAC. 


48. AB, AC are two given straight lines, and P is a given point 
in the former: it is required to draw through P a straight line to meet 
AC at Q, so that the angle APQ may be three times the angle AQP. 


44. Construct a right-angled triangle having given the hypotenuse 
and the difference of the sides. 


45. From a given point it is required to draw to two parallel 
straight lines, two equal straight lines at right angles to each other. 


46. Construct a triangle of given perimeter, having its angles 
equal to those of a given triangle. 


47, Given one angle, and the opposite side, and the sum of the 
other sides, construct the triangle. 


48. If two triangles on the same side of a common base have 
their sides terminated in opposite extremities of the base equal, the 
line joining the vertices will be parallel to the common base. 


49. If an exterior angle of a triangle be bisected, and also one of 
the interior and opposite angles, the angle contained by the bisecting 
lines is equal to half the other interior and opposite angle. 


50. If the perpendicular drawn from one of the equal angles of 
an isosceles triangle upon the opposite side divide the angle into two 
parts, one of which is double of the other, the vertical angle of the 
triangle is either one half or four-fifths of a right angle. 


51. The sides AB, AC of a triangle ABC are produced to E, F, 
and the angles CBE, BCF are bisected by the straight lines BD, CD: 
prove that the angle BDC is half the sum of the angles ABC, ACB. 


52. In a triangle ABC pointa D, E are taken in AC such that 
AD is equal to AB, and that CE is equal to CB, and a point F is 
taken in AB such that BF is equal to BC: prove that the angle EBD 
is equal to the angle BCF. 


53. ABC is a triangle, and from a point D in AB the straight 
line DEF is drawn meeting BC in E and AC produced in F; shew 
that the angles between the straight lines bisecting the angles ABE, 
ADE are equal to the angles between the straight lines bisecting the 
angles ACE, AFE, 


54. Find a point in a given straight line such that its distance 
from a given point is double of its distance from a given straight line 
through the given point. 


55. Construct an equilateral triangle, having given its altitude. 
T. F. 9 
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56. The straight line bisecting the exterior angle at the vertex A 
of a triangle ABC will meet the base BC produced beyond B, or 
beyond C, according as AC is greater or less than AB. 


57. If from any point within an isosceles triangle perpendiculars 
be let fall on the base and the sides, the sum of these perpendiculars 
is less than the altitude of the triangle, if the vertical angle be less 
than the angle of an equilateral triangle. 


58. ABC is a triangle right-angled at A, and on AB, AC are 
described two equilateral triangles ABD, ACE (both on the outside 
or both on the inside), and DB and EC or those produced meet in F; 
shew that 4 is the ortho-centre of the triangle DEF. 


59. Ifthe angle between two adjacent sides of a parallelogram be 
increased, while their lengths do not alter, the diagonal through their 
point of intersection will diminish. 


| 60. If straight lines be drawn from the angles of any parallelo- 
gram perpendicular to any straight line which is outside the parallelo- 
gram, the sum of those from one pair of opposite angles is equal to 
the sum of those from the other pair of opposite angles. 


61. If a six-sided plane rectilineal figure have its opposite sides 
equal and parallel, the three straight lines joining the opposite angles 
will meet at a point. 


62. The vertical angle CAB of a triangle ABC is bisected by 
ADE, and BE, CF are drawn perpendicular to ADE: prove that the 
middle point of BC is equidistant from # and F. 


63. Find in a side of a triangle a point such that the sum of 
two straight lines drawn from the point parallel to the other sides and 
terminated by them is equal to a given straight line. 


64. If the angular points of one parallelogram lie on the sides of 
another parallelogram, the diagonals of both parallelograms pass 
through the same point. 


65. If the straight line joining two opposite angles of a parallelo- 
gram bisect the angles, the parallelogram is a rhombus, 


66. Draw a straight line through a given point such that the part 
of it intercepted between two given parallel straight lines may be of 
given length. 

67. Bisect a parallelogram by a straight line drawn through a 
given point within it. 

68. Shew that the four triangles into which a parallelogram is 
divided by its diagonals are equal in area. 


69. Straight lines bisecting two adjacent angles of a parallelogram 
intersect at right angles. 


70. Straight lines bisecting two opposite angles of a parallelogram 
are either parallel or coincident. 
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71. Find & point such that the perpendiculars let fall from it on 
two given straight lines shall be respectively equal to two given straight 
lines. How many such points are there? 


72. ABCD is a quadrilateral having BC parallel to AD, E is the 
middle point of DC; shew that the triangle AEB is half the quadri- 
lateral. 


73. If the sides of a triangle be trisected and straight lines be 
drawn through the points of section adjacent to each angle so as to 
form another triangle, this is equal to the original triangle in all 
respects. 


74. If two opposite sides of a parallelogram be bisected and two 
straight lines be drawn from the poiuts of bisection to two opposite 
angles, the two lines trisect the diagonal which passes through the 
other two angular points. 


75. BAC is a right-angled triangle, A being the right angle. 
ACDE, BCFG are squares on AC and BC. AC produced meets DF 
in K. Prove that DF is bisected in K, and that AB is double of CK. 


76. In a triangle ABC on AC, BC on the sides of them away 
from B, A, squares ACDE, BCFG are constructed ; prove that, if AC 
produced bisect DF, BAC is a right angle. 


77. A straight line PQ drawn parallel to the diagonal AC of a 
parallelogram ABCD meets AB in P and BC in Q; shew that the 
other diagonal BD bisects the quadrilateral BPDQ. 


78. If the opposite angles of a quadrilateral be equal, the oppo- 
site sides are equal, 


79. Ifin two parallelograms ABCD, EFGH, AB be equal to EF, 
BC to FG, and the angle ABC to the angle EFG, then the parallelo- 
grams are equal in all respecis. 


80. If the straight line AB be bisected in C, and AD and BE be 
drawn at right angles to 4B, and AD be taken equal to AC, and DE 
be drawn at right angles to DC, DE is double of DC. 


81. ABC is a given triangle: construct a triangle of equal area, 
having its vertex at a given point in BC and its base in the same 
straight line as AB. 


82. In the right-angled triangle ABC, the sides 4B, AC which 
contain the right angle are equal. A second right-angled triangle is 
constructed having the sides containing the right angle together 
equal to AB, AC, but not equal to one another. Prove that this 
triangle is less than the triangle ABC. 


83. If two triangles have two sides of the one equal to two sides 
of the other, and the sum of the two angles contained by these sides 
equal to two right angles, the triangles are equal in area. 


9—2 
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84. If a triangle be described having two of its sides equal to the 
diagonals of any quadrilateral, and the included angle equal to either 
of the angles between these diagonals, then the area of the triangle 
is equal to the area of the quadrilateral. 


85. ABC is a triangle; find the locus of a point O such that the 
sum of the areas OAB, OBC, OCA is constant and greater than the 
area of ABC. 


86. Any point P is joined to O the middle point of AD. On AP, 
DP squares APQQ', DPER' are described on the sides remote from 
D, A respectively. Prove that QR is double of and perpendicular 
to OP. 


87. ABCD isa parallelogram; EF the point of bisection of AB; 
prove that AC, DE being joined will each pass through a point of 
trisection of the other. 


88. In every quadrilateral the intersection of the straight lines 
which join the middle points of opposite sides is the middle point of 
the straight line which joins the middle points of the diagonals, 


89. The line joining the middle points of the diagonals of the 
quadrilateral ABCD meets AD and BC in E and F. Shew that the 
triangles EBC, FAD are each half the quadrilateral. 


90. PQR is a straight line parallel and equal to the base BC of a 
triangle meeting the sides in P and Q. Shew that the triangles BPQ, 
AQR are equal. 


91. Two straight lines AB and CD intersect at E, and the tri- 
angle AEC is equal to the triangle BED; shew that BC is parallel 
to AD. 


92. Construct the smallest triangle, which has a given vertical 
angle, and whose base passes through a given point. 


93. In the base AC of a triangle take any point D; bisect AD, 
DC, AB, BC at the points E, F, G, H respectively: shew that EG is 
equal and parallel to FH. 


94. Given the middle points of the sides of a triangle, construct 
the triangle. 


95. ABC is a triangle. The side CA is bisected in D and E isg 
the point of trisection of the side BC which is nearer to B. Shew 
that the line joining A to E bisects the line joining B to D. 


96. Shew how by means of Prop. 40 to produce a finite straight 
line beyond an obstacle which cannot be passed through directly. 


97. BAC is a fixed angle of a triangle, and (i) the sum, (ii) the 
difference of the sides AB, AC is given; shew that in either case 
the locus of the middle point of BC is a straight line. 


MISCELLANEOUS EXERCISES. 133 


98. Through a fixed point O two straight lines OPQ, OP'Q' are 
drawn meeting two fixed parallel straight lines. Prove that, if PQ’ 
and P'Q meet in A, the locus of R is & straight line, and that OR 
bisects PP’ and QQ’. 


99. ABC is a triangle and on the side BC a parallelogram 
BDEC is described, and the parallelogram whose adjacent sides are 
AD, AB is completed and also that whose adjacent sides are AE, AC; 
shew that the sum or the difference of the two latter parallelograms 
is equal to the first. 


100. ABC is a triangle; ADF, CFE are the perpendiculars let 
fall from A and C, one on the internal bisector of the angle B and the 
other on the external bisector: the area of the rectangle BDFE is 
equal to that of the triangle. 


101. If on the sides AB, BC, CA of any triangle, squares ABEF, 
BCGH, CAKL be constructed, and EH, GL, KF be drawn, then 
all the triangles ABC, BEH, CGL, AKF are equal to one another. 


102. Construct a square, which shall have two adjacent sides 
passing through two given points, and the intersection of diagonals 
at a third given point. 


103. ABC is a triangle right-angled at A and A is the corner 
of the square on AB opposite to 4 and H the corner of the square 
on AC opposite to 4. If AB be produced to D, so that AD is equal 
to CK and AC be produced to E, so that AE is equal to BH, then 
CD is equal to BE. 


104. Upon BC, CA, AB, sides of the triangle ABC, perpen- 
diculars are drawn from a point D, meeting the sides, or the sides 
produced, in E, F, G respectively. Prove that the sum of the squares 
on AG, BE, CF is equal to the sum of the squares on BG, CE, AF. 


105. Divide & given straight line into two parts such that the 
square on one of them may be double the square on the other. 


BOOK II. 


DEFINITIONS. 


DEFINITION l. <A rectangle is said to be contained by 
the two sides which contain any one of its angles. 


The expression, that a rectangle is contained by two straight lines 
AB, BC is of course a faulty one, as the area of the rectangle is 
contained by the four sides of the figure. The expression must be 
considered merely as an abbreviated form of the statement that the 
rectangle has for two of its adjacent sides the two straight lines 
AB, BC. 


It can easily be proved that, if two adjacent sides of 
one rectangle be equal to two adjacent sides of another 
rectangle, the two rectangles are equal in all respects. 

(See Exercise 79, page 131.) 

A rectangle, two of whose adjacent sides are equal to 
two straight lines AB, CD, is therefore often said to be the 
rectangle contained by AB, CD; such a rectangle is often 
denominated simply the rectangle AB, CD. 


It is clear that the rectangle AB, CD is the same as 
the rectangle CD, AB. 


Also it may be noticed that, if AB be equal to CD, the 
rectangle AB, CD is equal to the square on AB, or to the 
square on CD. 
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In Arithmetic or in Algebra, if we wish to represent a given 
length, we take a definite length, for instance an inch, as a unit of 
length and we express the given length by the number of units of 
length contained in it. 

In the same way, if we wish to represent a given area, we take 
a definite area, for instance a square inch, as a unit of area, and 
we express the given area by the number of units of area contained 
in it. 

It is easily seen that, if a rectangle have 2 inches in one side 
and 3 inches in an adjacent side, its area consists of 2 x 3 or 6 squares, 
each square having one inch as its side, and similarly that, if a 
rectangle have m units of length in one side and « units of length 
in an adjacent side, its area consists of mn squares, each square having 
@ unit of length as its side. 

Thus in Arithmetic or in Algebra the area of a rectangle is repre- 
sented by the product of the numbers, which represent the lengths 
of two adjacent sides. 

If the rectangle be a square, its area is represented by the square 
of the number, which represents the length of a side. 

In consequence of this connection between Algebra and Geometry, 
there is a certain correspondence between the theorems and problems 
of the Second Book of Euclid, and theorems and problems in Algebra. 

A short statement of a corresponding proposition in Algebra is 
given as a note to each Proposition, in which statement each straight 
line is represented by a corresponding letter, and each area by a 
corresponding product. 
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PROPOSITION 1. 


If there be two straight lines, one of which is divided . 
into any two parts, the rectangle contained by the two straight 
lines is equal to the sum of the rectangles contained by the 
undivided line, and each of the parts of the divided line*. 


Let AB and CD be two straight lines; and let CD be 
divided into any two parts at the point E: 
it is required to prove that the rectangle contained by 
AB, CD is equal to the sum of the rectangles contained 
by AB, CE, and by AB, ED. 
CONSTRUCTION. From the point C draw CF at right 
angles to CD; (I. Prop. 11.) 
and make CG equal to AB; (I. Prop. 3.) 
through G draw GHK parallel to CD; (I. Prop. 31.) 
and through D, E draw DK, EH parallel to CG meeting 
GHK in K, H. 


E 
B 





G 


: e E D 

Proor. Each of the figures CK, CH, EK is a parallel- 
ogram, (Constr.) 

and each of the figures has one angle a right angle ; 
(I. Prop. 29, Coroll.) 

therefore each of the figures is a rectangle. 
Now the rectangle CK is equal to the sum of the rect- 
angles CH, EK. 


* The algebraical equivalent of this theorem is the equation 
a (b+c)=ab+ac. 
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But CK is contained by AB, CD, 
for it is contained by CG, CD, and CG is equal to AB. 
And CH is contained by AB, CE, 
for it is contained by CG, CE, and CG is equal to AB. 
And ZK is contained by AB, ED, 
for it is contained by ZH, ED, and EH is equal to CG, 
which is equal to AB. 

Therefore the rectangle contained by AB, CD is equal to 
the sum of the rectangles contained by AB, CE, and by 
AB, ED. 

Wherefore, £f there be two straight lines &c. 


COROLLARY 1. Jf there be two straight lines, one of 
which is divided into any number of parts, the rectangle 
contained by the two straight lines is equal to the sum of 
the rectangles contained by the undivided line and each of 
the parts of the divided line. 


If CD be divided into three parts at the points Æ, F: 

the rectangle AB, CD is equal to the sum of the rectangles 
AB, CE, and AB, ED: (Prop. 1.) 

and the rectangle 47, ED is equal to the sum of the rect- 
angles 45, EF and AB, FD: 

therefore the rectangle AB, CD is equal to the sum of the 
rectangles AB, CE; AD, EF and AB, FD. 

And so on for any number of points of division. 


ConoLLARY 2. 7f there be two straight lines, one of which 
as divided into any two parts, the rectangle contained by the 
undivided line and one of the parts of the divided line is 
equal to the difference of the rectangles contained by the un- 
divided line and the whole of the divided line and by the 
undivided line and the remaining part of the divided line. 


EXERCISES. 


1. If A, B, C, D be four points in order in a straight line, then 
the sum of the rectangles 4B, CD, and AD, BC is equal to the rect- 
angle AC, BD. 


2. If there be two straight lines, each of which is divided into 
any number of parts, the rectangle contained by the two straight 
lines is equal to the sum of the rectangles contained by each of the 
parts of the first line and each of the parts of the second line. 


138 BOOK II. 


PROPOSITION 2. 


If a straight line be divided into any two parts, the 
square on the whole line is equal to the sum of the rectangles 
contained by the whole and each of the parts *. 


Let the straight line AB be divided into any two parts 
at the point C: 


it is required to prove that the square on AB is equal to 
the sum of the rectangles contained by AB, AC-and by 
AB, CB. 


Construction, Take DE a straight line equal to AB. 


4 Qiii 





D E 


Proor. The rectangle DE, AB is equal to the sum 

of the rectangles DE, AC and DE, CB. (Prop. 1.) 
Because DE is equal to AB, 
the rectangle DE, AB is equal to the square on AB, 
the rectangle D E, AC to the rectangle 4B, AC, 

and the rectangle DE, CB to the rectangle AB, CB: 

therefore the square on AÁB is equal to the sum of the rect- 
angles AB, AC, and AB, CB. 


Wherefore, if a straight line &c. 


* The algebraical equivalent of this theorem is the equation 
(a+b) — (a 4- b) a 4 (a 4- b) b. 


PROPOSITION 2. 139 


Outline of Alternative Proof. 


On AB construct the square AX DB, 
and draw CF parallel to AF to meet ED in F. 


E D 


It may be proved that 
(1) AF is the rectangle AB, AC, 
and (2) CD is the rectangle 45, CB, 


and hence that the square on AB is equal to the sum of 
the rectangles AB, AC and AB, CB. 


EXERCISES. 


1. Disa pointin the hypotenuse BC of a right-angled triangle 
ABC: prove that, if the rectangle BD, BC be egual to the square on 
AC, then the rectangle BC, DC is equal to the square on AB. 


2. A point D is taken in the side BC of a triangle ABC: prove 
that, if the rectangles BD, BC and BC, DC be equal to the squares 
on AB, AC respectively, the angle BAC is a right angle. 
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PROPOSITION 3. 


If a straight line be divided into any two parts, the rect- 
angle contained by the whole line and one of the parts is 
equal to the sum of the square on that part and the rect- 
angle contained by the two parts*. 

Let the straight line AB be divided into any two parts 

at the point C : 
it is required to prove that the rectangle AB, AC is equal to 
the sum of the square on AC and the rectangle AU, CB. 

Construction. Take DE a straight line equal to AC. 


A C n 
D E 
Proor. ‘The rectangle DH, AB is equal to the sum of 
the rectangles DE, AC, and DH, CB. (Prop. 1.) 
Because DE is equal to AC, 
the rectangle DH, AB is equal to the rectangle AC, AS, 
the rectangle DE, AC to the square on AC, 
and the rectangle DE, CB to the rectangle AC, CB; 


therefore the rectangle 4B, AC 3s equal to the sum of the 
square on AC and the rectangle AC, CB. 


Wherefore, if a straight line &c. 


* The algebraical equivalent of this theorem is the equation 
(a+b) a=a?+ ab. 
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Outline of Alternative Proof. 


On AC construct the square ADEC, 
and draw BF parallel to AD to meet DE produced in F 


A C- B 


D F 


It may be proved that 


(1) AP is the rectangle AB, AC, 
and (2) CF is the rectangle AC, CB, 


and hence that the rectangle 4B, AC is equal to the sum 
of the square on AC and the rectangle AC, CB. 


EXERCISES. 


1. AD is drawn perpendicular to the hypotenuse BC of a right- 
angled triangle ABC: prove that the rectangle BD, DC is equal to 
the square on 4D. 


2. In the triangle ABC, AD is the perpendicular from 4 on BC: 
prove that, if the rectangle BD, DC be equal to the square on AD, 
the angle A is a right angle. 


3. In the triangle ABC, AD is the perpendicular from A on BC: 
prove that, if the rectangle BD, BC be equal to the square on AB, 
the angle A is à right angle. 
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PROPOSITION 4. 


If a straight line be divided into any two parts, the 
square on the whole line is equal to the sum of the squares 
on the parts and twice the rectangle contained by the parts™. 


Let the straight line AB be divided into any two parts 
at the point C: 


it is required to prove that the square on AB is equal to 
the sum of the squares on AC and CB, and twice the 
rectangle contained by AC, CB. 


A C B 


Proor. Because AB is divided into two parts at C, 
the square on AB is equal to the sum of the 
rectangles AB, AC and AB, CB, (Prop. 2.) 


and the rectangle AB, AC is equal to the sum of the square 


on AC and the rectangle AC, CB, (Prop. 3.) 
and the rectangle AB, C B is equal to the sum of the square 
on CB and the rectangle AC, C D. (Prop. 3.) 


Therefore the square on AB is equal to the sum of the 
squares on AC and C B, and twice the rectangle AC, CB. 


Wherefore, if a straight line &c. 


* The algebraical equivalent of this theorem is the equation 
(a+b)? =a? + b? + 2ab. 
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Outline of Alternative Proof. 


On AB construct the square ADEB: 


draw CGF parallel to AD: make DH equal to AC, 
and draw HGK parallel to AB. 


D P E 
H K 
A ie B 


It may be proved that 
(1) DG is equal to the square on AC, 
(2) GB is the square on CB, 
and (3) HC, FK are each equal to the rectangle AC, C B, 


and hence that the square on 47 is equal to the sum of 
the squares on AC, CB and twice the rectangle AC, CB. 


EXERCISES. 


1. The square on a straight line is four times the square on half 
of the line. 


2. If the sides BC, CA, AB of a right-angled triangle ABC be 
bisected in the points D, E, F respectively, twice the squares on AD, 
BE and CF are together equal to three times the square on the 
hypotenuse. 


3. If, in an acute-angled triangle ABC, AD be drawn perpen- 
dicular to BC, then the sum of the squares on AB, AC and twice 
the rectangle BD, DC is equal to the sum of the square on BC and 
twice the square on AD. 

4. If BAC be an obtuse angle and BD, CE be drawn at right 
angles to CA, BA respectively, then the rectangle BA, AE is equal 
to the rectangle C4, AD. 

5. ABCD is a square and E, F, G, H are points on the sides 
AB, BC, CD, DA respectively: prove that, if EFGH be a rectangle, 
it is either double of the rectangle AE, EB, or equal to the sum of 
the squares on AE, EB. 
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PROPOSITION 5. 


If a straight line be divided into two equal parts and also 
into two unequal parts, the sum of the rectangle contained 
by the unequal parts and the square on the line between the 
points of section ts equal to the square on half the line*. 


Let the straight line AB be divided into two equal parts 

at the point C, and into two unequal parts at the point D: 

it is required to prove that the sum of the rectangle AD, DB 
and the square on DC, is equal to the square on AC. 


A D | B 


Proor. Because DB is divided into two parts at C, 
the rectangle AD, DB is equal to the sum of the 
rectangles AD, DC and AD, CB, (Prop. 1.) 
that is to the sum of the rectangles AD, DC, and AD, AC, 
since AC is equal to CB. ( Hypothesis.) 
And because AC is divided into two parts at D, 
the rectangle AD, AC is equal to the sum of the square on 
AD and the rectangle AD, DC. (Prop. 3.) 
Therefore the rectangle 4D, DB is equal to the sum of the 
square on AD and twice the rectangle AD, DC. 
Add to each of these equals the square on DC; 
then the sum of the square on DC and the rectangle AD, DB 
is equal to the sum of the squares on AD, DC and twice 
the rectangle AD, DC, which sum is equal to the square 
on AC. (Prop. 4.) 
Therefore the rectangle AD, DB, together with the square 
on DC, is equal to the square on AC. 


Wherefore, tf a straight line &c. 


* The algebraical equivalent of this theorem is the equation 
(a — b) (a 4- b) -- b? — a?, 


PROPOSITION 5. 145 


The theorems of Propositions 5 and 6 may both be 
included in one enunciation, thus, The difference of the 
squares on two given straight lines is equal to the rectangle 
contained by the sum and the difference of the lines. 


The straight lines in both propositions are 4D, BD: the only 
difference being that in Prop. 5. BD is the greater and in Prop. 6. 
AD is the greater. 


For an outline of an alternative proof of Propositions 5 and 6, 
see page 147. 


EXERCISES. 


1, A straight line is divided into two parts; shew that, if twice 
the rectangle of the parts be equal to the sum of the squares on the 
parts, the straight line is bisected. 


2. Divide a given straight line into two parts such that the 
rectangle contained by them shall be the greatest possible. 


8. Divide a given straight line into two parts such that the sum 
of the squares on the two parts may be the least possible. 


4, Divide a given straight line into three parts so that the sum 
of the squares on them may be the least possible. 


5. ABC is an equilateral triangle and D is any point in the side 
BC. Prove that the square on BC is equal to the rectangle contained 
by BD, DC, together with the square on AD. 


6. A point D is taken on the hypotenuse BC of a right-angled 
triangle ABC; prove that, if the rectangle BD, DC be equal to the 
square on AD, D is either the middle point of BC or the foot of the 
perpendicular from A on BC. 


T. E, 10 
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PROPOSITION 6. 


If a straight line be bisected, and produced to any point, 
the sum of the rectangle contained by the whole line thus 
produced and the part of it produced, and the square on 
half the line bisected, is equal to the square on the straight 
line which is made up of the half and the part produced *. 


Let the straight line AB be bisected at the point C, 
and produced to the point D: 
it is required to prove that the sum of the rect- 
angle AD, BD, and the square on CB is equal to the 
square on CD, 


A C B D 





Proor. Because AD is divided into two parts at J, 
the rectangle AD, BD is equal to the sum of the 
rectangle AB, BD and the square on BD. (Prop. 3.) 
Because AB is bisected in C, 
the rectangle AB, BD is double of the rectangle CB, BD; 
(Prop. 1.) 
therefore the rectangle AD, BD is equal to the sum of the 
square on BD and twice the rectangle CB, BD. 
Add to each of these equals the square on C'B; 
then the sum of the square on CB and the rectangle AD, BD 
is equal to the sum of the squares on CB, BD and twice 
the rectangle CB, BD. 
And the sum of the squares on CB, BD and twice the 
rectangle CB, BD is equal to the square on CD; 
(Prop. 4.) 
therefore the sum of the rectangle AD, BD and the square 
on CB is equal to the square on CD. 


Wherefore, 2f a straight line &c. 


* The algebraical equivalent of this theorem is the equation 
(a+b) (b-a) +a?=D?, 
or (2a -- b) b -- a? — (a+b). 


PROPOSITION 6. 147 


Outline of Alternative Proof of Propositions 5 and 6. 


Let A, B, C be any three points in a straight line. 
Draw APE, BGK, CHD at right angles to ABC. 


E ED 

F H 
G 

A B C 


Take AF equal to AB and FE to BC, and draw EKD, FGH 
parallel to ABC. 
It may be proved that 
(1) FB is the square on AB, 
(2) KH is equal to the square on BC, 
(3) EB is the rectangle AB, AC, 
and (4) His the rectangle AC, BC, 
and hence that the difference of the squares on AB, BC, 
which is equal to the difference of the rectangles EB, EH, 


is equal to the rectangle contained by the sum and the 
difference of AB and BC. 


EXERCISES. 


1, A straight line is divided into two equal and also into two 
unequal parts; prove that the difference of the squares on the two 
unequal parts is equal to twice the rectangle contained by the whole 
line and the part between the points of section. 


2. The straight line AB is bisected in C and produced to D, CE 
is drawn perpendicular to 4B and equal to BD, and a point F is taken 
in BD so that EF is equal to CD; prove that the rectangle DF, DA 
together with the rectangle DF, FB is equal to the square on BD. 


10—2 
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PROPOSITION 7. 


If a straight lime be divided into any two parts, the 
sum of the squares on the whole line and on one of the paris 
is equal to the sum of twice the rectangle contained by the 
whole line and that part and the square on the other part*. 


Let the straight line AB be divided into any two parts 
at the point C : 
it is required to prove that the sum of the squares on AB, 
CB is equal to the sum of twice the rectangle AB, CB, 
and the square on AC. 


A C B 





Proor. Because AB is divided into two points at C, 
the square on AB is equal to the sum of the squares on 
AC, CB, and twice the rectangle 4C, C B. (Prop. 4.) 
Add to each of these equals the square on CJ; 
then the sum of the squares on AB, CB is equal to the 
sum of the square on AC, twice the square on CB, and 
twice the rectangle AC, CB. 
But the sum of the square on C B and the rectangle AC, CB 
is equal to the rectangle AL, CB. (Prop. 3.) 
Therefore the sum of the squares on AJ, CZ, is equal to 
the sum of twice the rectangle 4B, CB, and the square 
on AC, 
Wherefore, if a straight line &e. 


COROLLARY. Jf a straight line be divided into any two 
parts, the square on one of the parts is less than the sum of 
the squares on the whole line and the other part by twice the 
rectangle contained by the whole line and the second part. 


* The algebraical equivalent of this theorem is the equation 
(4+ b)?4+-b?=2 (a+b) b+a?. 
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Outline of Alternative Proof. 


On A# construct the square ADEB 
and draw CGF parallel to AD. 
Take BK equal to BC, 
and draw AGH parallel to BCA. 


A C n 
H — 1 
D F E 


It may be proved that 
(1) AK, CE are each equal to the rectangle AB, CB, 
(2) HF is equal to the square on AC, 
and (3) CK is the square on C, 


and hence that the sum of the squares on AB, CP is equal 


to the sum of twice the rectangle AB, CB and the square 
on AC. 


EXERCISES. 


1. ACDB is a straight line, and D bisects CB: prove that the 
square on AC is less than the sum of the squares on AD, DB by twice 
ihe rectangle AD, DB. 


2. If BAC be an acute angle and BD, CE be drawn perpendicular 
to CA, AB respectively, then the rectangle BA, AE is equal to the 
rectangle CA, AD. 


3. Shew how to divide a given straight line into two parts such 
that the difference of the squares described on them may be equal 
to a given rectangle. Is a solution always possible ? 
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PROPOSITION 8. 


If a straight line be divided into any two parts, the sum 
of the square on one part and four times the rectangle con- 
tained by the whole line and the other part, is equal to the 
square on the straight line which is made up of the whole 
and the second part*. 


Let the straight line AB be divided into any two parts 
at the point C: 
it is required to prove that the sum of four times the rect- 
angle AB, CB, and the square on AC is equal to the 
square on the straight line made up of AB and Ch 
together. 


CONSTRUCTION. Produce AB to D, 
and make BD equal to CB. (I. Prop. 3.) 


A e B D 
oa e 


Proor. Because AD is divided into two parts at B, 
the sum of the squares on AB, BD and twice the rect- 
angle AB, BD, is equal to the square on AD: (Prop. 4.) 
and because AB is divided into two parts at C, 
the sum of the square on AC and twice the rect- 
angle AB, CB, 
is equal to the sum of the squares on AB, CB. (Prop. 7.) 
Add these equals together ; 
then the sum of the squares on AB, BD, AC and four times 
the rectangle AB, C B, 
is equal to the sum of the squares on AB, CB, AD. 
Take away from these equals, the equals the sum of the 
squares on ABP, BD and the sum of the squares on 
AB, CB; 
then the sum of the square on AC and four times the 
rectangle AB, CB is equal to the square on AD. 


Wherefore, if a straight line &c. 
* The algebraical equivalent of this theorem is the equation 
(a — b)? - 4ab — (a -- b)*, 
or a?+4 (a+b) b=(a+ 2b). 
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Outline of Alternative Proof. 


Produce AB to D and make BD equal to AC. 
On AD construct the square AX FD. 





Take AG, EH, FK each equal to AC, 

and draw BLP, MNH parallel to AE and GML, NPK 

parallel to 4 D. 

It may be proved that 
(1) AL, BK, FN, EM are each equal to the rect- 

angle AB, AC, 
and (2) MP is equal to the square on CB, 
and hence that the sum of the square on AC and four times 
the rectangle AB, CB is equal to the square on AD, 


EXERCISES. 


1. Prove that the square on 8 straight line is nine times the 
square on one third of the line. 


2. If a straight line be bisected and produced to any point, the 
square on the whole line thus produced is equal to the square on the 
part produced together with twice the rectangle contained by the line 
and the line made up of the half and the part produced. 
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PROPOSITION 9. 


If a straight line be divided into two equal, and also into 
two unequal parts, the sum of the squares on the two unequal 
parts is double of the sum of the squares on half the line and 
on the line between the points of section*. 


Let the straight line AB be divided into two equal 
parts at the point C, and into two unequal parts at the 
point D: 
it is required to prove that the sum of the squares on AD, 

DB is double of the sum of the squares on AC, CD. 


A C BD ae 


—— —— — TA — 


Pnoor, Because AD is divided at C, 
the square on AD is equal to the sum of the squares on 
AC, CD and twice the rectangle AC, CD. (Prop. 4.) 


And because C P is divided at D, 

the sum of the square on DB and twice the rectangle CB, CD 

is equal to the sum of the squares on CB, CD. 
(Prop. 7.) 
Add these pairs of equals ; 

then the sum of the squares on AD, DB and twice the 
rectangle C B, CD is equal to the sum of the squares on 
AC, CD, CB, CD and twice the rectangle AC, CD. 

Take away from these equals twice the rectangle C B, C D, 
and twice the rectangle AC, CD, which are equal ; 

then the sum of the squares on AD, DB is equal to the 
sum of the squares on AC, CD, CB, CD, 

that is, is equal to twice the sum of the squares on AC, CD. 


Wherefore, if a straight line &c. 


* The algebraical equivalent of this theorem is the equation 
(a +b)? + (a — b)?=2 (a? +b). 
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The theorems of Propositions 9 and 10 may both be 
included in one enunciation: thus, Zhe sum of the squares 
on the sum and on the difference of two given straight lines 
is equal to twice the sum of the squares on the lines. 


The straight lines in both propositions are AC, CD: the only 
difference being that in Prop. 9. AC is the greater, and in Prop. 10. 
CD is the greater. 


For an outline of an alternative proof of Propositions 9 and 10, 
see page 155. 


EXERCISES. 


1, A straight line is divided into two parts, such that the 
diagonal of the square on one of these parts is equal to the whole 
line. If a square be constructed whose side is the difference between 
the aforesaid part and half the given line, its diagonal is equal to the 
other of the two parts into which the line is divided. 


2. Deduce a proof of 11. 9 from the result of 11. 5. 


3. If a straight line be divided into two equal and also into two 
unequal parts, the squares on the two unequal parts are equal to 
twice the rectangle contained by the two unequal parts together with 
four times the square on the line between the points of section. 
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PROPOSITION 10, 


Tf a straight line be bisected and produced to any point, 
the sum of the squares on the whole line thus produced and 
on the part produced is double of the sum of the squares on 
half the line and on the line made up of the half and the 
part produced*. 

Let the straight line AB be bisected at C, and produced 
to D: 
it is required to prove that the sum of the squares on AD, 

BD is double of the sum of the squares on AC, C D. 


A C B D 
————— áÀ 


Proor. Because AD is divided at C, 
the square on AD is equal to the sum of the squares on 
AC, CD and twice the rectangle AC, CD; (Prop. 4.) 
and because C D is divided at B, 
the sum of the square on BD and twice the rectangle CB, CD 
is equal to the sum of the squares on CB, C D. 
(Prop. 7). 
Add these equals ; 
then the sum of the squares on AD, BD and twice the 
rectangle CB, CD is equal to the sum of the squares on 
AC, CD, CB, CD and twice the rectangle AC, C D. 


Take away from these equals twice the rectangle CB, CD, 
and twice the rectangle AC, CD, which are equal ; 

then the sum of the squares on AD, BD is equal to the 
sum of the squares on AC, CD, CB, CD, 

that is, is equal to twice the sum of the squares on AC, CD. 


Wherefore, if a straight line &c. 


* The algebraical equivalent of this theorem is the equation 
(a+b)? + (b ~ a)? =2 (a? +-b°). 


PROPOSITION 10. 155 


Outline of Alternative Proof of Propositions 9 and 10. 


In a straight line ABCD, take AB equal to CD. 
Through 4, B, C, D draw AE, BF, CG, DH at right angles 
to ABCD. 


Take AK equal to AB, KL to BC and LE to AB. 
Draw EFGH, LQRS, KMNP parallel to ABCD. 





]t may be proved that 
(1) EQ, ND are each equal to the square on 47, 
(2) LOC, FP are each equal to the square on AC, 
(3) QJ is equal to the square on BC, 
(4) ED is the square on AD, 


and (5) the sum of ED and QN is equal to the sum of 
EQ, ND, LC, and FP, 

and hence that the sum of the squares on AD, BC (which 

are the sum and the difference of AC and AZ) is equal 

to twice the sum of the squares on AC, AB. 


EXERCISES. 


1. In AB the diameter of a circle take two points C and D 
equally distant from the centre, and from any point E in the circum- 
ference draw EC, ED: shew that the squares on EC and ED are 
together equal to the squares on AC and AD. 


2. Ifin BC the base of a triangle a point D be taken such that 
the squares on AB and BD are together equal to the squares on AC 
and CD, then the middle point of AD will be equally distant from 
B and C. 


3. A square BDEC is described on the hypotenuse BC of a right- 
angled triangle ABC: shew that the squares on DA and AC are 
together equal to the squares on EA and AB. 


4. AB is divided into any two parts in C, and AC, BC are 
bisected in D, E: prove that the square on AE and three times the 
square on BE ara equal to the square on BD and three times the 
square on AD. 
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PROPOSITION 11. 


To divide à given straight line into two parts, so that the 
rectangle contained by the whole and one part may be equal 
to the square on the other part*. 


Let AB be the given straight line: 
it is required to divide it into two parts in a point H, so 
that the rectangle contained by the whole line AB and a 
part HB may be equal to the square on the other part AZ. 


Construction. On AB construct the square ABDC ; 
(I. Prop. 46.) 
bisect AC at E; (I. Prop. 10.) 
draw BE; produce CA to F, 
and make #F equal to FB; (I. Prop. 3.) 
and on AF construct the square AFGH: (I. Prop. 46.) 
then ABP is divided at H so that the rectangle AB, HB is 
equal to the square on AH. 
Produce GH to meet CD at K. 


B D 
G 
H K 
F A E C 


Proor. Because AC is bisected at #, and produced to 7; 
the sum of the rectangle FC, FA, and the square on 4 E is 
equal to the square on FE. (Prop. 6.) 
But FF is equal to ZB. (Constr.) 


Therefore the sum of the rectangle FC, FA, and the square 
on AF is equal to the square on FB, 


But, because the angle HAS is a right angle, 
the square on ZB is equal to the sum of the squares on 
AE, AB. (I. Prop. 47.) 


* The algebraical equivalent of this problem is to find the smaller 
root of the quadratic equation az= (a — z)?, or the positive root of the 
quadratic equation a (a — z) — z?, 
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Therefore the sum of the rectangle FC, FA, and the square 
on AZ, is equal to the sum of the squares on AZ, AB. 


Take away from each of these equals the square on AZ; 
then the rectangle ZU, FA is equal to the square on AB. 


But the figure FK is the rectangle contained by FC, FA, 
for FG is equal to FA; (Constr.) 
and AD is the square on AB; 
therefore FK is equal to AD. 


Take away from these equals the common part AK; 
then FH is equal to HD. 


But HD is the rectangle contained by AB, HB, 
for AB is equal to BD; (Constr.) 
and FH is the square on AH; 
therefore the rectangle AB, HB is equal to the square on 
AH, 


Wherefore the straight line AB is divided at H, so that 
the rectangle AB, HB is equal to the square on AH. 


EXERCISES. 


1. Shew that in a straight line divided as in II. 11 the rectangle 
contained by the sum and the difference of the parts is equal to the 
rectangle contained by the parts. 


2. If the greater segment of the line divided in this proposition 
be divided in the same manner, the greater segment of the greater 
segment is equal to the smaller segment of the original line. 


3. Prove that when a straight line is divided as in this pro- 
position the square on the line made up of the given line and the 
smaller part is equal to five times the square on the larger part. 


4. Prove that in the figure of this proposition the squares on 
AB, HB are together equal to three times the square on 4H, and 
that the difference of the squares on AB, AH is equal to the rect- 
angle 4H, AB. 


5. Produce a given straight line, so that the rectangle contained 
by the whole line thus produced and the given line may be equal 
to the square on the part produced. 
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PROPOSITION 12. 


In an obtuse-angled triangle, if a perpendicular be drawn 
from either of the acute angles to the opposite side produced, 
the square on the side opposite the obtuse angle is greater than 
the sum of the squares on the other sides, by twice the rect- 
angle contained by the side on which, when produced, the per- 
pendicular falls, and the part of the produced side inter- 
cepted between the perpendicular and the obtuse angle. 


Let ABC be an obtuse-angled triangle, and let the angle 
ACB be the obtuse angle; from the point A let AD be 
drawn perpendicular to BC produced : 
it is required to prove that the square on 47 is greater 

than the sum of the squares on AC, CB, by twice the 
rectangle BC, CD. 


A 


B g D 


Proor. Because BD is divided into two parts at C, 
the square on BD is equal to the sum of the squares on 
BC, CD, and twice the rectangle BC, CD. (Prop. 4.) 


To each of these equals add the square on DA; 
then the sum of the squares on BD, DA is equal to 
the sum of the squares on BC, CD, DA, and twice the 
rectangle BC, CD. 
But, because the angle at D is a right angle, 
the square on BA is equal to the sum of the squares on 
BD, DA, 
and the square on CA is equal to the sum of the squares on 
CD, DA. (I. Prop. 47.) 
Therefore the square on BA is equal to the sum of the 
squares on BC, CA, and twice the rectangle BC, CD; 
that is, the square on BA is greater than the sum of the 
squares on BC, CA by twice the rectangle BC, CD. 


Wherefore in an obtuse-angled triangle &c. 
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Outline of Alternative Proof. 


On the sides BC, CA, AB of an obtuse-angled triangle 
ABC, in which the angle BAC is obtuse, construct the 
squares DDEC, CFGA, AH KB. 

Draw AL, BM, CN perpendicular to BC, CA, AB and 
produce them to meet the opposite sides (produced if neces- 
sary) of the squares in P, Q, &. 

Draw 4D, CK. 





DP E 
It may be proved that 
(1) the triangle ABD is equal to the triangle K BC 
in all respects, 
and (2) the rectangle BP is equal to the rectangle BR, 
and similarly that CQ is equal to CP, and AR to AQ, 
and hence that the square on BC is greater than the 


sum of the squares on CA, AB by twice the rectangle 
AR or AQ. 


EXERCISES. 


1. The sides of & triangle are 10, 12, 15 inches: prove that it is 
acute-angled. 


2. On the side BC of any triangle ABC, and on the side of BC 
remote from A, & square BDEC is constructed. Prove that the 
difference of the squares on AB and AC is equal to the difference of 
the squares on AD and AE. 


83. C is the obtuse angle of a triangle ABC, and D, E the feet of 
the perpendiculars drawn from 4, B respectively to the opposite sides 
produced: prove that the square on AB is equal to the sum of the 
rectangles contained by BC, BD and AC, AE. 


4. ABC isa triangle having the sides AB and AC equal; AB is 
produced beyond the base to D so that BD is equal to 4B; shew that 
the square on CD is equal to the square on AB, together with twice 
the square on BC. 
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PROPOSITION 13. 


In any triangle, the square on a side subtending an 
acute angle, is less than the sum of the squares on the other 
sides, by twice the rectangle contained by either of these sides, 
and the part of the side intercepted between the perpendicular 
let fall on it from the opposite angle, and the acute angle. 
Let ABC be a triangle, and let the angle ABC be an 
acute angle; let AD be drawn perpendicular to BC and 
meet it (produced if necessary) in D: 
it is required to prove that the square on AC is less 
than the sum of the squares on AL, BC by twice the 
rectangle BC, LD. 

Either (1) D lies in BC, or (2) D coincides with C, or (3) D 
lies in BC produced. 





(1) (2) (3) 
A A E 
B D C B COD B O . D 


Proor. Because fig. (1) BC is divided in D, fig. (2) D 
is the same point as C, or fig. (3) BD divided in C, 
the sum of the squares on BC, BD is equal to the sum of 
the square on CD, and twice the rectangle BC, BD. 
(I. Prop. 47 and II. Prop. 7.) 
To each of these equals add the square on DA ; 
then the sum of the squares on BC, BD, DA is equal to 
the sum of the squares on CD, DA and twice the 
rectangle BC, BD. 
But because the angle BDA is a right angle, 
the square on ÁB is equal to the sum of the squares on 
BD, DA, 
and the square on AC is equal to the sum of the squares 
on CD, DA. (I. Prop. 47.) 
Therefore the sum of the squares on BC, AB is equal to the 
sum of the square on AC and twice the rectangle BC, BD: 
that is, the square on AC is less than the sum of the 
squares on AB, BC by twice the rectangle BC, BD. 
Wherefore, in any triangle &e. 
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Outline of Alternative Proof. 
On the sides BC, CA, AB of an acute-angled triangle 
A BC construct the squares BDEC, CFGA, AHKB. 


Draw AL, BM, CN perpendicular to BC, CA, AB, and 
produce them to meet the opposite sides of the squares 
me, ©, &. 


Draw AD, CK. 





It may be proved that 


(1) the triangle ABD is equal to the triangle KBC 
in all respects, 


and (2) the rectangle BP is equal to the rectangle BR, 
and similarly that CQ is equal to CP, and AF to AQ, 


and hence that the square on BC is less than the sum of 
the squares on CA, AB by twice the rectangle AQ or AR. 


EXERCISES. 


1. In any triangle the sum of the squares on the sides is equal to 
twice the square on half the base together with twice the square on the 
straight line drawn from the vertex to the middle point of the base. 

2. The base of a triangle is given: find the locus of the vertex, 
when the sum of the squares on the two sides is given. 

3. The sum of the squares on the sides of a parallelogram is 
equal to the sum of the squares on the diagonals. 

4. In any quadrilateral the squares on the diagonals are together 
equal to twice the sum of the squares on the straight lines joining 
the middle points of opposite sides. 

5. The squares on the sides of a quadrilateral are together 
greater than the squares on its diagonals by four times the square 
on the straight line joining the middle points of its diagonals, 


T. E. ll 
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PROPOSITION 14. 
To find the side of a square equal to a given rectangle.* 


Let ABCD be the given rectangle : 
it is required to find the side of a square equal to ABCD. 
Construction. If two adjacent sides BA, AD be equal, 
the rectangle is a square, and BA or AD is the line required. 


But if they be not equal, 
produce one of them BA to £, 
and make AF equal to AD; — (I. Prop. 3.) 
bisect BE at F; (I. Prop. 10.) 
and with F as centre and FB as radius, 
describe the circle BGE, 
and produce DA to meet the circle in G'; 


then AG is the line required. 
Draw FG. 





Proor. Because BF is divided into two equal parts 
at F, and into two unequal parts at A, 
the sum of the rectangle BA, AFE and the square on FA is 
equal to the square on FE. (Prop. 5.) 
But FE is equal to FG. 
Therefore the sum of the rectangle BA, AFE and the square 
on FA is equal to the square on FG. 


* The algebraical equivalent of this problem is to find the positive 
root of the quadratic equation a*=ab. 
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But because the angles at A are right angles, the square on 
FG is equal to the sum of the squares on FA, AG; 
(I. Prop. 47.) 
therefore the sum of the rectangle BA, AF and the square 
on FA, is equal to the sum of the squares on JA, AG. 


Take away from each of these equals the square on FA ; 
then the rectangle BA, AF is equal to the square on AG. 


But ABCD is the rectangle contained by BA, AEF, 
since it is contained by BA, AD, and AE is equal to AD. 
Therefore ABCD is equal to the square on AG. 


Wherefore the straight line AG has been found, which is 
the side of a square equal to the given rectangle ABC D. 


COROLLARY l. To find the side of a square equal to 
a given rectilineal figure. 


Construct a rectangle, i.e. a parallelogram, which has an 
angle equal to a right angle, equal to the given figure, 
(I. Prop. 45), and then use Proposition 14. 


COROLLARY 2. The square on the perpendicular from 
any point of a circle on any diameter is equal to the rectangle 
contained by the parts of that diameter intercepted between its 
extremities and the perpendicular. 


EXERCISES. 


1. Construct a rectangle equal to a given square, and having 
(1) the sum (2) the difference of two of its adjacent sides equal to 
a given straight line. 


2. The largest rectangle, the sum of whose sides is given, is a 
square. 


3. Construct a rectangle equal to a given square such that the 
difference of two adjacent sides shall be equal to a given straight line. 


4. Construct a right-angled triangle equal to a given rectilineal 
figure and such that one of the sides containing the right angle is 
double of the other. 


5. Produce a given straight line AB both ways to C and D so 
that the rectangles CA, AD and CB, BD may be equal respectively to 
two given squares. 
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MISCELLANEOUS EXERCISES. 


1. In a triangle whose vertical angle is a right angle a straight 
line is drawn from the vertex perpendicular to the base: shew that 
the square on either of the sides adjacent to the right angle is equal 
to the rectangle contained by the base and the segment of it adjacent 
to that side. 


2. If ABC be a triangle whose angle 4 is a right angle, and 
BE, CF be drawn bisecting the opposite sides, four times the sum of 
the squares on BE and CF is equal to five times the square on BC. 


3. The hypotenuse AB of a right-angled triangle ABC is tri- 
sected in the points D, E; shew that, if CD, CE be joined, the sum 
of the squares on the three sides of the triangle CDE is equal to two 
thirds of the square on AB. 


4. ABCD is a rectangle, and points E, F are taken in BC, CD 
respectively. Prove that twice the area of the triangle AEF together 
with the rectangle BE, DF is equal to the rectangle AB, BC. 


5. On the outside of the hypotenuse BC, and the sides CA, AB 
of a right-angled triangle ABC, squares BDEC, AF, and AG are 
described: shew that the squares on DG and EF are together equal 
to five times the square on BC. 


6. On the outside of the hypotenuse BC of a right-angled tri- 
angle ABC and on the sides CA, AB squares BDEC, AF, AG are 
constructed: prove that the difference of the squares on DG and EF 
is three times of the difference of the squares on AB and AC. 


7. In the hypotenuse AB of a right-angled triangle ACB, points 
D and E are taken such that AD is equal to AC and BE to BC; 
prove that the square on DE is equal to twice the rectangle BD, AE. 


8. One diagonal AC of a rhombus ABCD is divided into any 
two parts at the point P; shew that the rectangle AP, PC is equal to 
the difference between the squares on AB and PB. 


9. In a given straight line find a point such that the difference 
of the squares upon the straight lines joining it to two given points 
may be equal to a given rectangle. In what cases is this problem 
impossible? 


10. If a straight line be drawn through one of the angles of an 
equilateral triangle to meet the opposite side produced, so that the 
rectangle contained by the whole straight line thus produced and the 
part of it produced is equal to the square on the side of the triangle, 
the square on the straight line so drawn will be double the square on 
a side of the triangle. 


11. The square on any straight line drawn from the vertex of an 
isosceles triangle to any point in the base is less than the square on a 
na of the triangle by the rectangle contained by the segments of the 

ase, 
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12. In the figure of II. 11, BE and CH meet at O; shew that 
AO is at right angles to CH. 


13. Divide a given straight line so that the square on one part is 
equal to the rectangle contained by the other part and another given 
straight line, 


14, Divide a given straight line so that the rectangle contained 
by the parts shall be equal to the rectangle contained by the whole 
line and the difference of the parts. 


15. How many triangles can be formed by choosing three lines 
out of six whose lengths are 3, 4,5,11, 12 and 13 inches? How many 
of these triangles are (1) obtuse-angled, (2) right-angled, (3) acute- 
angled ? 

16. Prove that the sum of the squares on the straight lines 
drawn from any point to the middle points of the sides of a triangle 
is less than the sum of the squares on the straight lines drawn from 
the same point to the angular points of the triangle by one quarter 
the sum of the squares on the sides of the triangle. 


17. ABDC is a parallelogram whose diagonals intersect in O, 
OL, OM are drawn at right angles to 4B, AC meeting them in L, 
M respectively; prove that the sum of the rectangles 4B, AL and 
AC, AM is double the square on AO. 


18. In a triangle ABC the angles B and C are acute: if E, F 
be the points where perpendiculars from the opposite angles meet the 
sides AC, AB, the square on BC is equal to the rectangle AB, BF, 
together with the rectangle AC, CE. What change is made in the 
theorem, if B be an obtuse angle? 


19. Prove that the locus of a point, whose distance from one of 
two fixed points is double that from the other, is a circle. 


20. At B in AB two equal straight lines BC, BD are drawn 
making equal angles with AB and AB produced. Shew that the 
difference of the squares on AC and AD is equal to twice the rectangle 
AB, CD. 


21. If the squares on the sides of a quadrilateral be equal to the 
squares on the diagonals, it must be a parallelogram. 


22. ABC is a triangle having the angle C greater than the angle 
B, and D a point in the base BC, such that the sum of the squares 
on AB, AC is twice the sum of the squares on AD, DB. Shew that 
either D is the middle point of the base, or that its distance from the 
foot of the perpendicular from A on BC is one half of BC, 


23. If a figure be composed of a rhombus and the square 
described outwards on one of its sides, the side of the equivalent 
square is equal to half the sum of the diagonals of the rhombus. 


24. ABC is a triangle in which C is a right angle, and DE is 
drawn from a point D in AC perpendicular to AB; shew that the 
rectangle AB, AE is equal to the rectangle AC, dD. 
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25. ABC is an acute-angled triangle ; perpendiculars APD, BPE 
are drawn on BC, CA from the opposite angles. Prove that the rect- 
angle BD, DC is equal to the rectangle AD, PD. 


26. A, B, C, D are the angular points of a parallelogram, taken 
in order. If there be a point P such that the sum of the squares on 
PA and PC be equal to the sum of those on PB and PD, ABCD isa 
rectangle. 


27. A, B, C,D are fixed points, and P is a point such that the sum 
of the squares on PA, PB, PC, PD is constant; prove that P lies on 
& circle, the centre of which is at the point where the straight line 
joining the middle points of AB, CD cuts the straight line joining 
the middle points of AD, BC. 


28. A, B, C, D axe fixed points, and P is & point such that the 
sum of the squares on Pd, PB is equal to the sum of the squares on 
PC, PD. Prove that the locus of P is a straight line at right angles 
to the line joining the middle points of AB, CD, and passes through 
the intersection of the lines drawn perpendicular to either of the pairs 
of lines AC, BD or AD, BC at their middle points. 


29. In the plane of a triangle ABC find a point P such that the 
sum of the squares on AP, BP and CP may be a minimum. 


30. Produce a given straight line so that the rectangle contained 
by the whole line thus produced and the produced part may be equal 
to the square on another given straight line. 
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DEFINITIONS. 


DEFINITION 1. <Any part of a circle 4s called an are. 

The line which has been defined (1. Def. 22) as a circle 
is often spoken of as the circumference of the circle. 

The reason of this is that a circle is defined in many books as the 
part of the plane contained by the line, which is then called the 
circumference. 

Half of a circle is called a semicircle. 

It will be proved hereafter that a diameter bisects a circle, i.e. 
divides it into two equal arcs. (See page 175.) 

DEFINITION 2. A straight line joining two points on a 
circle is called a chord of the circle. 

The straight line joining the extremities of an arc is 
called the chord of the arc. 


The figure formed of an arc and the chord of the arc is 
called a segment of the circle. 


In the diagram the straight lines AB, 


BC, CA are chords of the circle ABC; E E 
AFB, BDC, CEA are arcs. dM s 

The straight line AB is the chord of F Í — C 
the arc AFB, and it is also the chord of f i 
the arc ACB. | > 


The figure formed of the arc BFEC Men 
and the chord BC is called the segment p DuC — 
BFEC or BFAC, or more often BFC or 
BEC or BAC; and the figure formed of the are BDC and the chord 


BC is called the segment BDC. 
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DEFINITION 3. The angle contained by two chords joining 
a point in an arc of a circle to the extremities of the arc is 
called an angle in the arc, and the arc is said to contain the 
angle. 


An angle in an arc is often spoken of as an angle in the 
segment formed by the arc and the chord of the arc, and 
the segment is said to contain the angle. 


The angle BAC is said to be an angle 
in the arc (or in the segment) BFC and 
the angle ACB an angle in the are (or in 
the segment) ADB; and the are (or the seg- 
ment) BFC is said to contain the angle 
BAC, and the are (or the segment) ADB 
to contain the angle ACB. 





An angle in an arc is said to stand on the are which 
forms the remainder of the circle. 


The angle BAC is said to stand on the arc BDC, and the angle 
ABC on the are AEC. 


DEFINITION 4. Arcs, which contain equal angles, are 
said to be similar; and likewise segments, which contain 
equal angles, are said to be similar. 





In the diagram the arcs ABC, DEF are said to be similar, when 
the contained angles ABC, DEF are equal; and also the segments 
ABC, DEF are said to be similar when the contained angles ABC, 
DEF are equal. 
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DEFINITION 5. A point, whose distance from the centre of 
« circle 4s less than the radius of the circle, is said to be 
within the circle; and a point, whose distance from the 
centre of a circle is greater than the radius of the circle, is 
said to be without the circle. 


In the diagram the point P is within the circle, its distance CP 
from the centre C being less than the radius C4, and the point Q is 
without the circle, its distance CQ from the centre C being greater 
than the radius CB. 


It is clear that any line drawn from a point P within a circle to a 
point Q without the circle must intersect the circle once at least 
(I. Postulate 7, page 14). 


In the diagram the straight line PQ 
meets the circle in the points R and S, 
and the straight line and the circle inter- 
sect at each of those points. 





Derinition 6. A straight line and a circle, which pass 
through a point but do not intersect there, are said to touch 
one another at the point. The straight line is called a tan- 
gent to the circle. 


— 
In the diagram the circle ABC and P n 

the straight line DCE pass through  / 

the point C, but do not intersect there: 

they touch at the point C, and DE 

is a tangent to the circle at the point 

C. 





T. E. 12 
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In the diagram the circles PRS, R 
QRS meet at the points R and S, and " =. 
the circles intersect at each of those : f 

` Š s; P! JQ 
points: for insiance, points on the \ T 
circle PRS near R on one side of R — 
lie within the circle QRS and on the S 
other side of R without it. EN 


DEFINITION 7. Two circles, which pass through a point 
but do not intersect there, are said to touch one another 
at the point. 





In each of the figures in the diagram the circles ABC, BDE pass 
through the point B, but do not intersect there: all points on the 
circle ABC near B lie without the circle BDE: and all points on 
the circle BDE near B in figure (1) lie without the circle ABC, and 
in figure (2) lie within the circle 4 BC. 

(See remarks on the contact of circles on pages 199 and 201.) 


DEFINITION 8. Circles which hove the same point for 
a centre are said to be concentric. 
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DEFINITION 9. The perpendicular drawn to a straight 
line from a point is called the distance of the straight line 
from the point. 


Lf the distances of two straight lines from a point be equal, 
the straight lines are said to be equidistant from the point. 


B 


T 
v 
M ^ - NO 


4/ - 


3 
ND 
/ o 


In the diagram, if the straight lines OM, ON be drawn from the 
point O perpendicular to the two straight lines AB, CD, then 
OM, ON are called the distances of the two straight lines 4B, CD 
from the point O. 


If OM, ON be equal, the straight lines AB, CD are said to be 
equidistant from the point O. 


Jf the distances of two straight lines from a point be 
unequal, the line the distance of which is the longer is said to 
be farther from the point, and the line the distance of which 
- 4s the shorter is said to be nearer to the point. 


In the diagram, if the straight lines OM, ON be drawn from the 
point O perpendicular to the two straight lines AB, CD, and if OM be 
less than ON, then CD is said to be farther from the point O than 
AB, and AB is said to be nearer to the point O than CD. 
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Derinition 10, Jf all the angular points of a rectilineal 
figure lie on a circle, the figure is said to be inscribed in the 
circle, and the circle is said to be described about the figure. 





In the diagram, if the angular points of the triangle ABC lie 
on the circle ABC, the triangle 4 BC is said to be inscribed in the 
circle ABC, and the circle ABC is said to be described about the tri- 
angle ABC. Similarly, if the angular points D, E, F, G of the 
quadrilateral DEFG lie on the circle DEFG, the quadrilateral DEFG 
is said to be inscribed in the circle DEFG, and the circle DEFG is 
said to be described about the quadrilateral DEFG. 


Jf all the sides of a rectilineal figure touch a circle, the 
figure is said to be described about the circle, and the circle 
as said to be inscribed in the figure. 


n G 
— 





In the diagram, if the sides BC, C/A, AB of the triangle ABC touch 
the circle DEF at the points D, E, F respectively, the triangle ABC is 





DEFINITIONS. 173 


said to be described about the circle DEF, and the circle DEF is said 
to be inscribed in the triangle ABC. Similarly, if the sides LG, GH, 
IIK, KL of the quadrilateral GHKL touch the circle MNPQ at the 
points M, N, P, Q respectively, the quadrilateral GHKL is said to be 
described about the circle VNPQ, and the circle MNPQ is said to be 
inscribed in the quadrilateral GH KL. 
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PROPOSITION 1. 


A circle cannot have more than one centre. 


Let A be a centre of the given circle BCD: 
it is required to prove that no other point can be a centre 
of the circle BCD. 


CONSTRUCTION. Take any point Æ within the circle and 
draw AF, 
and produce AF both ways to meet the circle, beyond A 
in C, and beyond Æ in D. 


B 


A 
S 


Proor. Because A is a centre of the circle, 
AC is equal to AD. (I. Def. 22.) 
Now £C is greater than AC, which is only a part of it, 
and #D, which is only a part of AD, is less than AD; 
therefore EC is greater than £D. 
Dut a centre of a circle is à point from which all straight 
lines drawn to the circle are equal ; (I. Def. 22.) 
therefore // cannot be a centre of the circle. 
Similarly it can be proved that no point other than 4 can 
be a centre. 


Wherefore, a circle cannot have &c. 


The definition of a circle implies that the figure has a 
centre (I. Def. 22): it is here proved that it cannot have 
more than one centre: we shall therefore for the future 
speak of the centre of a circle. 


PROPOSITION 1. 175 


PROPOSITION 1A. 


A diameter bisects a circle. 


Let ABCD be a circle, O the n 
centre and AOC a diameter: 
it is required to prove that the arcs 
ABC, ADC are equal. 


A 
Construction. Draw any two 
radii OP, OY making equal angles 
POC, QOC with OC. (I. Prop. 23.) AS 


Proor. It is possible to shift the figure AOCQD by 
turning it over so that AOC is not shifted, 
and so that the arcs ADC, ABC lie on the same side of AC. 
If this be done, 
because the angle QOC is equal to the angle POC, 
OQ must coincide in direction with OP: 
and because OQ is equal to OP, 
Q must coincide with 7. 
Similarly it can be proved that every point on the arc ADC 
must coincide with some point on the arc ABC, 
and every point on the arc ABC with some point on the 
arc ADC. 
Therefore the are ADC coincides with the are ABC, 
and is equal to it. 





Wherefore, a deameter bisects &c. 


EXERCISES. 


1. Prove by superposition that circles, which have equal radii, 
are equal. 


2. Prove by superposition that equal circles have equal radii. 


3. Two circles, which have a common centre, but whose radii are 
not equal, cannot meet. 


4. Prove by superposition that two diameters at right angles 
divide a circle into four equal arcs. 
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PROPOSITION 2. 


Jf a straight line bisect a chord of a cirele at right angles, 
the line passes through the centre. 


Let AB be a chord of the circle ABC, and let CDE be 


the straight line which bisects AŻ at right angles: 


it is required to prove that C.D E passes through the centre 
of the circle ABC. 


Construction. Take any point G not in CE and on 
the same side of C E as B. 
Draw AG cutting CE in H, and draw GB, IB. 


C 


B 


A 


Proor. Because in the triangles ADH, BDH, 
AD is equal to BD, 
and DH to DH, 
and the angle A DZ is equal to the angle BD//, 
the triangles are equal in all respects; (I. Prop. 4.) 
therefore HA is equal to HB. 
Therefore GA, which is the sum of GH, HA, 
is equal to the sum of GH, HB. 
And the sum of GJ, HB is greater than GB; (I. Prop. 20.) 
therefore Gd is greater than GB. 
But all straight lines drawn from the centre to a circle are 
equal. (I. Def. 22.) 
Hence the point G cannot be the centre of the circle. 
Similarly it can be proved that no point on the same side 
of CE as A can be the centre; 
therefore the centre must be in C E. 


Wherefore, $f a. straight line &c. 


~T 
~T 


PROPOSITION 2. ] 


COROLLARY 1]. 


Only one chord drawn through a point within a circle 
which is not the centre can be bisected at the point. 


COROLLARY 2. 


If two chords of a circle bisect each other, their point of 
intersection is the centre. 


EXERCISES. 


1. The straight line, which joins the middle points of two parallel 
chords of a circle, passes through the centre. 


2. The locus of the middle points of parallel chords ina circle is a 
straight line. 


3. Two equal parallel chords of a circle are equidistant from the 
centre, 


4, Every parallelogram inscribed in a circle is a rectangle. 


5. The diagonals of a rectangle inscribed in a circle are diameters 
of the circle. 


6. If PQ, RS be two parallel chords of a circle and if PR, QS in- 
tersect in U and if PS, QR intersect in V, then UV passes throngh 
the centre. 
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PROPOSITION 3. 


If a straight line be drawn from the centre of a circle to 
the middle point of a chord, which is not a diameter, it is at 
right angles to the chord. 


Let ABC be a circle and # its centre, and let D be 
the middle point of 47 a chord, which is not a diameter ; 
it is required to prove that ZD is at right angles to AB. 


Construction. Draw FA, EB. 


P. 

qw . 
PA E N 
f / 

DL 

P 

⸗ 
v 
4a ^. ; 

^ eeu 


Proor. Because in the triangles ADE, BDE, 
AD is equal to BD, 
DE to DE, 
and EA to ED, 
the triangles are equal in all respects; (I. Prop. 8.) 
therefore the angle ADE is equal to the angle B DE, 
and they are adjacent angles. 
Therefore the straight lines £D, AD are at right angles to 
each other. (I. Def. 11.) 


Wherefore, if a straight line &c. 
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EXERCISES. 


1. Why are the words ‘‘ which is not a diameter’ inserted in 
enunciation of Proposition 3? 


2. The straight line, which joins the middle points of two parallel 
chords of a circle, is at right angles to the chords. 


3. Circles are described on the sides of a quadrilateral as diame- 
ters: shew that the common chord of the circles described on two 
adjacent sides is parallel to the common chord of the other two circles. 


4. A straight line is drawn intersecting two concentric circles: 
prove that the portions of the straight line which are intercepted 
between the circles are equal. 


5. A straight line cuts two concentric circles in P, R, and Q, S: 
prove that the rectangle PQ, QR and the rectangle PQ, PS are con- 
stant for all positions of the line. 
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PROPOSITION 4. 


Tf a straight line be drawn from the centre of a circle at 
right angles to a chord, it bisects the chord. 


Let 4 BC be a circle, and D its centre, and let the straight 
line DE be drawn at right angles to AB a chord, which 
is not a diameter * : 
it is required to prove that DE bisects AB, that is, that 

AF is equal to BE. 


Construction. Draw DA, DB. 





pe ee 


Proor. Because DB is equal to DA, 
each being a radius of the circle, 
the angle DAB is equal to the angle DBA. (1. Prop. 5.) 
And the angle DEA is equal to the angle DEB, 
‘each being a right angle. 
Then because in the triangles EAD, EBD, 
the angle ZAD is equal to the angle BD, 
and the angle DHA to the angle DEB, 
and ED, a side opposite to a pair of equal angles, is common, 
the triangles are equal in all respects ; 
(I. Prop. 26, Part 2.) 
therefore AF is equal to BE. 
Wherefore, if a straight line &c. 


* The case when the chord is a diameter requires no proof. 
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In Propositions 2, 3, 4 we have to deal with three 
properties of a straight line: 


(a) the passing through the centre of a circle, 
(b) the being at right angles to a given chord, 
(c) the bisecting the given chord. 


It is proved in these propositions that, if a straight line 
have any two of these three properties, it necessarily has the 
third property. 

Proposition 2 deduces (a) from (b) and (c); 
Proposition 3 deduces (b) from (c) and (a); 
Proposition 4 deduces (c) from (a) and (0). 


EXERCISES. 


1. Two chords are drawn through a point on a circle equally 
inclined to the radius drawn to the point: prove that the chords are 
equal. 


2. If ABPQ, ABRS be two circles and PR, QS be any two 
parallel straight lines drawn through the points of section, then 
PR, QS are equal. 


3. If A and B be two fixed points and P move so that the per- 
pendicular from A on BP bisects BP, the locus of P is a circle. 


4. Draw through a point of intersection of two circles a straight 
line to make equal chords in the two circles. 


5. The locus of the middle points of all chords drawn through a 
fixed point on a circle is a circle. 


6. If two circles PAB, QAB intersect each other at A, the locus 
of the middle point of a straight line PQ drawn through A is a circle. 
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PROPOSITION 5. 


To find the centre of a given circle. 
Let ABC be a given circle: 
it is required to find its centre. 


CONSTRUCTION. Draw any two chords which are not 
parallel and which cut the circle in A, B, and in C, D. 


Bisect AB and CD at E£ and F; (I. Prop. 10.) 
and draw EG, FG at right angles to AB, CD respectively 
meeting * at G: (I. Prop. 11.) 


then G is the centre of the circle ABC. 





Pnoor. Because the straight line ÆG bisects the chord 
AB at right angles, 
EG passes through the centre; (Prop. 2.) 
and because the straight line YG bisects the chord CD at 
right angles, 
FG passes through the centre. (Prop. 2.) 
Therefore the point G, where the two lines EG, FG meet, is 
the centre. 
Wherefore, the centre G of the given circle ABC has been 
Sound. 


* The lines must meet. See Ex. 2, p. 51. 
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Outline of Alternative Construction. 


Draw any chord 4, of the circle 4 BC. 
Bisect AB in D, and draw EDF at right angles to AB, 
meeting the circle in Æ and F. 


Bisect Z7 in C. 





It may be proved that 
(1) the centre of the circle ABC is in EF; 
(2) no other point but G can be the centre. 


EXERCISES. 


1. Draw all the lines, which are wanted to find the centre of a 
given circle, 
(a) in the method given in the text; 
(b) when the two chords in this method meet on the circle; 
(c) in the alternative method above. 


Which method requires the fewest lines? 


2. Draw through a given point within a circle a chord such 
that it is bisected at the point. 


3. Describe a circle with a given centre to cut a given circle at 
the extremities of a diameter. 
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PROPOSITION 6. 


Every chord of a circle lies within the circle. 


Let AB be the chord joining any two points A, 4 on the 
circle ABC: 


it is required to prove that any point on the chord AL 
between A and # is within the circle. 


ConstrucTION. Find the centre D of the circle; (Prop. 5.) 
take any point Æ on AB between A and Z and draw 
DA, DE, DB. 


Proor. Because in the triangle 
DAB, DB is equal to DA, 
the angle DAB is equal to the angle 
DBA; (I. Prop. 5.) 
but the exterior angle DID of the tri- 
angle DAF is greater than the inte- 
rior opposite angle DA £; (I. Prop. 16.) 
therefore the angle DEB is greater 
than the angle DBE. 
And because in the triangle DEB, the angle DEB is greater 
than the angle DAE, 
the side DB is greater than the side DE ; (I. Prop. 19.) 
that is, DE is less than DB which is a radius of the 
circle, 
Therefore the point Æ is within the circle. (Def. 5.) 
But Æ is any point on the chord AB between A and B, and 
AB is the chord joining any two points on the circle. 


Wherefore, every chord of a circle &e. 


c 






al 


EXERCISES, 
1. If a chord of a circle be produced, the produced parts lie 
without the circle. 


2. Describe a circle which shall pass through two given points, and 
which shall have its radius equal to a given straight line greater in 
length than half the distance between the points, 

How many such circles are possible? 

3. Draw a straight line to cut two equal circles in P, Q and R, S 
so that the straight lines PQ, QR, RS may be equal. 


What condition is necessary that such a straight line can be 
drawn ? 
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PROPOSITION 7. 


If two circles have a common point, they cannot have 
the same centre. 


Let the two circles ABC, ADE meet one another at the 
point A: 
it is required to prove that they cannot have the same 
centre. 
Construction. Find / the centre of one of the circles 
ABC. (Prop. 5.) 
Draw any straight line FCE meeting the circles at two 
distinct points C and Æ, and draw FA. 


Proor. Because F is the centre of the circle ABC, 
FC is equal to FA. (I. Def. 22.) 
But FE is not equal to FC; 
therefore FE is not equal to FA ; 
that is, two straight lines FE, FA drawn to the circle ADE 
from the point F are not equal, 
Therefore / is not the centre of the circle A4 DZ. (I. Def. 22.) 


Wherefore, if two circles &c. 


COROLLARY. 


T'wo concentric circles cannot have a common point. 


T, E. 13 
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DEFINITION. A point is said to rotate about another 
point, when the first point moves along a circle, of which the 
second. point às the centre. 


A finite straight line is said to rotate about a point, 
when each of its extremities moves along a circle, of which 
the point is the centre, while the line remains of constant 
length. 


A plane figure is said to rotate about a point, when each 
of two points fixed in the figure moves along a circle, of which 
the point is the centre, while the figure remains unchanged in 
shape and size. 


ADDITIONAL PROPOSITION. 


Any finite straight line may be shifted from any one position in a 
plane to any other by rotation about some point in the plane. 


Let AB, A'B' be any two positions of a finite straight line in a 
plane: 
it is required to prove that the line can be shifted from the position 
AB to the position 4’B’ by rotation about some point in the plane. 
Draw AA’, BB’ and bisect them in M, N, and draw MO, NO at 
right angles to 4A’, BB’ meeting in O. 
Draw OA, OB, OA’, OB’. 





Because in the triangles ` 
AOM, A'OM, AM is equal to A 
A'M, and OM to OM, | OR IA 
and the angle OMA to the angle \ / NN X , 

OMA’, V SCC 
the triangles are equal in all X. A — =, 
respects; (I. Prop. 4.) th X — 
therefore OA is equal to OA’. — 


Similarly it can be proved that OB is equal to OB’. 
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Again, because in the triangles OA4B, OA'D', 
OA is equal to OA’, OB to OB’, and AB to A’B’, 
the triangles are equal in all respects ; (I. Prop. 8.) 
therefore the angle AOB is equal to the angle A'OB': 
add to each the angle BOA’; 
then the angle AOA’ is equal to the angle BOB’. 


It appears therefore that the triangle OAB can be shifted into the 
position O.1’B’ by being turned in its own plane round the point O 
through an angle 404' or BOB’; 

therefore AP can be shifted to A'B’ by rotation round the point O. 


EXERCISES, 


1. About what point must AB one side of a parallelogram ABCD 
rotate in order to take (1) the position CD, (2) the position DC? 


_2._ Prove that, when a straight line rotates about a point, every 
point in the line rotates about the point through the same angle. 


3. Any triangle can be shifted from any one position to any 
other position, which it can occupy in the same plane without being 
turned over, by rotation about some point in the plane. 


4. Prove that, when a plane figure rotates about a point, every 
point in the figure rotates about the point through the same angle. 


5. Describe an equilateral triangle of which one angular point is 
given and the others lie on two given straight lines. 


How many solutions are there ? 


6. Construct an equilateral triangle, one of whose angular points 
is given and the other two lie one on each of two given circles. 


Find the limits of the position of the given point which admit of a 
possible solution. 


7. Construct a square to have one vertex at a fixed point and two 
opposite vertices on two given straight lines. 
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PROPOSITION 8. Parr 1. 


Of all straight lines drawn to a circle from a point on the 
circle, the line which is a diameter is the greatest; and of any 
two others, the one which subtends the greater angle at the 
centre is the greater. 


Let CDE be a given circle, A its centre, and B any 
point on the circle; let BAE be a diameter, and let BC, BD 
be any other two straight lines drawn from B to the circle, 
and of the angles BAC, BAD subtended by BC, BD at A 
let the angle BAD be the greater: 
it is required to prove that BZ is greater than BD, and BD 

greater than “BC. 





Proor. Because AZ is equal to 4D, 
therefore BH, which is the sum of PA, AF, 
is equal to the sum of BA, AD: 
but the sum of BA, AD is greater than BD; (1. Prop. 20.) 
therefore BE is greater than LD. 
Next, because in the triangles BAD, BAC, 
AD is equal to AC, 
and BA to BA, 
and the angle BAD is greater than the angle LAC, 
therefore BD is greater than BC. (I. Prop. 24.) 


Wherefore, of all straight lines &c. 


COROLLARY. 
A diameter ìs the greatest chord of a circle. 
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EXERCISES. 


1. If twochords of a circle subtend equal angles at the centre, 
they are equal. 


2. If two chords of a circle be equal, they subtend equal angles 
at the centre. 


3. Of any two chords in a circle the one which subtends the 
greater angle at the centre is the greater. 
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PROPOSITION 8. Parr 2. 


Of all straight lines drawn to a circle from an internal 
point not the centre, the one which passes through the centre 
as the greatest, and the one which when produced passes 
through the centre is the least ; and of any two others, the one 
which subtends the greater angle at the centre is the greater. 


Let CDE be a given circle, A its centre and B any other 
internal point; let BA produced beyond A cut the circle 
in Z, and produced beyond B in F, and let BC, BD be any 
other two straight lines drawn from Æ to the circle, and 
of the angles BAC, BAD subtended by LC, BD at A let the 
angle BAD be the greater: 
it is required to prove that BY is greater than BD, 

BD greater than BC, and BC greater than BF. 





PRoor. Because AF is equal to AD, 
therefore BE, which is the sum of BA, AE, is equal to 
the sum of BA, AD; 
but the sum of BA, AD is greater than BD; (I. Prop. 20.) 
therefore BE is greater than BD. 
Next, because in the triangles BAD, BAC, 
AD is equal to AC, 
BA to BA, 
and the angle BAD is greater than the angle BAC, 
therefore BD is greater than BC. (I. Prop. 24.) 
Again, because the sum of BC, BA is greater than AC, 

(I. Prop. 20.) 
and AC is equal to AF, which is the sum of BF, BA, 
therefore the sum of BC, BA is greater than the sum of 
BF, BA. 

Therefore BC is greater than BF, 


Wherefore, of all straight lines &c, 
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EXERCISES. 


1. If two straight lines drawn to a circle from an internal point 
not the centre be equal, they subtend equal angles at the centre. 


2. If two straight lines drawn to a circle from an internal point 
not the centre subtend equal angles at the centre, they are equal. 


3. If each of two equal straight lines have one extremity on one 
of two concentric circles and the other extremity on the other, the 
lines subtend equal angles at the common centre. 
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PROPOSITION 8. Parr 3. 


Of all straight lines drawn io a circle from an external 
point, the one which passes through the centre 4s the greatest, 
and the one which when produced passes through the centre 
is the least ; and of any two others, the one which subtends 
the greater angle at the centre is the greater, 


Let CDE be a given circle, A its centre and Ba 
given external point; let BA cut the circle in F and let 
BA produced cut the circle in Æ, and let BD, BC be any 
other two straight lines drawn from 7 to the circle, and 
of the angles BAC, BAD subtended by BC, BD at A let the 
angle BAD be the greater : 
it is required to prove that BF is greater than BD, 

BD greater than BC, and BC greater than BF. 





Proor. Because AF is equal to AD, 
therefore BH, which is the sum of BA, AZ, 
is equal to the sum of BA, AD: 
but the sum of BA, AD is greater than BD; (1. Prop. 20.) 
therefore BE is greater than BD. 
Next, because in the triangles BAD, BAC, 
AD is equal to AC, 
and BA to BA, 
and the angle BAD is greater than the angle BAC, 
therefore 5D is greater than BC. (I. Prop. 24.) 
Again, because the sum of BC, CA is greater than BA, 
(I. Prop. 20.) 
which is the sum of BF, FA, 
and because CA is equal to FA, 
therefore BC is greater than BF. 


Wherefore, of all straight lines &c., 
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We conclude from the results of the several Parts of Proposition 8 
that, if O bea fixed point on the diameter 4C of a circle ABCD nearer 
to 4 than to C and P be a point which 
is capable of motion along the circum- 
ference in the direction represented by 
the arrow, while P is moving along the 
arc ABC from A to € the distance OP 
increases continuously from 04 to OC, 
&nd while P is moving along the arc 
CDA from C to A, the distance OP 
decreases continuously from OC to OA. 


We say therefore that OC is a maximum value of OP, and OA isa 
minimum value. (See remarks on page 55.) 
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It may be observed here that, if P travel round the circle any 
number of times, it passes C and 4 alternately. It appears therefore 
that here maximum and minimum values occur alternately. 

The occurrence of marimum and minimum values alternately is 
true generally in the case of quantities which vary continuously, 
i.e. quantities whose magnitude changes without suffering any abrupt 
changes. 


EXERCISES. 


l. Find the shortest distance between two points one on each 
of two circles which do not meet. 


2. A and B are two fixed points; it is required to find a point 
P on a given circle, so that the sum of the squares on AP and BP 
may be the least possible. 


Under what conditions is the solution indeterminate? 
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PROPOSITION 9. 


From a point not the centre not more than two equal 
straight lines can be drawn to a circle, one on each side of 
the straight line drawn from that point to the centre. 


Let A be a given point, and BCD a given circle, 
and let AB, AD be two equal straight lines drawn from A 
to the circle: 
it is required to prove that no other straight line equal to 
AB or AD can be drawn from A to the circle. 


Construction. Find Æ the centre of the circle; 
(Prop. 5.) 
draw FA, EB, ED. 











M ]E D. OSEE 
Pnoor. Take C any point of the circle on the same side 
of AX as AB. 
Because B and C are equidistant from Æ, 
they cannot be equidistant from A. (I. Prop. 7.) 
Therefore there cannot be another straight line equal to 
AB drawn from A to the circle on the same side of AZ 
as AB. 
Similarly it can be proved that there cannot be another 
straight line equal to 4D drawn from 4 to the circle on 
the same side of AH as AD. 


Wherefore, from a point &e. 


COROLLARY 1. 
If from a point three equal straight lines can be drawn 
to œ circle, that point ts the centre. 
COROLLARY 2. 


Two circles cannot meet in more than two points, 
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If the straight line AB drawn to the circle from a point A not 
the centre be in the same straight line as the centre of the circle, no 
other straight line can be drawn to the circle from the point A equal 
to AB. The line AB is in this case either a maximum or a minimum 
among the straight lines drawn from the point A to the circle; it is a 
maximum, if B be at the further extremity of the diameter through 4, 
and a minimum, if B be at the nearer extremity. 


EXERCISES. 


1. If from any point within o circle two straight lines be drawn 
to the circumference making equal angles with the straight line joining 
the point and the centre, the lines are equal in length. 


2. Construct an equilateral triangle, having two of its vertices on 
a given circle and the third at a given point within the circle. 


3. Construct a square having one vertex at a given point and two 
opposite vertices on a given circle. 
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PROPOSITION 10. 


Jf two circles meet at a, point not in the same straight line 
as their centres, the circles intersect at that point. 


Let ABC, ADE be two circles meeting at a point A, 
which is not in the same straight line as their centres: 
it is required to prove that the circles intersect at A. 


Construction. Find F, GŒ the centres of the circles 
ABC, ADE; (Prop. 5.) 
draw AF, FG, GA; and through G draw, on the same 

side of YG as GA, two straight lines GH, ŒK to meet 
the circle ADE in H, K, such that the angle FGH is 
greater than the angle 7G 4, and the angle FGK less 
than the angle FG A. 

Draw FH, FK. 





Proor. Because, from the point F not the centre of 
the circle ADE the straight lines FH, FA, FK are drawn 
to the circle, 
such that the angle FGH subtended by FH at G the centre 

is greater than the angle FGA subtended by FA, 
and such that the angle FGA is greater than the angle 
FGK subtended by FK, 
FH is greater than FA, 
and FA greater than FK. (Prop. 8, Parts 2 and 3.) 
But FA is a radius of the circle ABC: 
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. therefore the distance of the point 77 from the centre of the 
circle ABC is greater than the radius, and Æ therefore is 
without the circle ABC; 

and the distance of the point A from the centre of the circle 


ABC is less than the radius, and A therefore is within 
the circle 4 5C. 


Therefore the circles intersect at the point 4. (Def, 5.) 
Wherefore, 2f two circles &c. 


COROLLARY, 


Jf two circles touch, the point of contact is in the same 
straight line as their centres. 


EXERCISES. 


1. Iftwo circles meet at a point not in the same straight line as 
their centres, the circles meet at one other point. 


2. The straight line joining the two points at which two circles 


meet is bisected at right angles by the straight line joining the 
centres. 
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PROPOSITION 11. 


Lf two circles meet at a point, which lies in the same 
straight line as their centres and is between the centres, the 
circles touch at that point, and each circle lies without the 
other. 

Let ABC, ADE be two circles meeting at a point 4, 
which is in the same straight line as their centres, and is 
between the centres : 
it is required to prove that the circles touch at A, and that 

each circle lies without the other. 


Construction. Find the centres F, Œ of the circles 
ABC, ADE; (Prop. 5.) 
draw FG, which by the hypothesis passes through 4. 
Take any point H on the circle ABC, 
and draw FH, HG. 


ae 
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Proor. Because the sum of FH, MŒ is greater than 
FG, (I. Prop. 20.) 
that is, greater than the sum of PA, AG, 
and FH is equal to FA, 
therefore HG is greater than AG. 

But AG is a radius of the circle ADE; 
therefore the distance of the point H from the centre of 
the circle ADZ is greater than the radius, and H there- 
fore is without the circle ADE. (Def. 5.) 
Therefore every point on the circle 4 BC except A lies 
without the circle ADE. 
Therefore the circles touch at A. (Def. 7.) 
Similarly it can be proved that every point on the circle 
ADE except A lies without the circle ABC, 


Wherefore, ¢f two circles &c. 
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When one circle touches another circle which lies 
without it, the first circle is said to have external contact 
with the second circle. 


a 
In the diagram each of the A / — 
circles ABC, BDE has external con- n. E 
tact with the other at the point B. | — 
C 


EXERCISES. 


1. If the distance between the centres of two circles be greater 
than the sum of their radii, each circle lies without the other. 


2. Prove that in all cases the greatest distance between two points 
one on each of two given circles is greater than the distance between 
the centres by the sum of the radii. 


3. Of two equal circles of given radius, which touch externally at 
P, one touches OX and the other touches OY, where OX, OY are two 
given straight lines at right angles to each other: prove that the locus 
of P is an equal circle. 


Shew that there are four such loci. 


4. Iftwo equal circles touch, every straight line drawn through 
the point of contact will make equal chords in the two circles. 


5. Given two concentric circles, draw a chord of the outer which 
shall be trisected by the inner circle. 


6. Three circles touch one another externally at the points 
A, B, C; the straight lines 4B, AC are produced to cut the circle 
BC at D and E: shew that DE is a diameter of BC, and is parallel to 
the straight line joining the centres of the other circles. 
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PROPOSITION 12. 


If two circles meet at a point, which lies in the same 
straight line as their centres and ts not between the centres, 
the circles touch at that point, and one of the circles lies 
within the other. 


Let ABC, ADE be two circles meeting at a point 4, 
which is in the same straight line as their centres and is 
not between the centres : 
it is required to prove that the circles touch at A, and that 

one of the circles lies within the other. 

CowNsTRUCTION. Find the centres F, G of the circles 
ABC, ADE; (Prop. 5.) 
draw FG, and produce FẸ which by the hypothesis passes 

through A, Let ADJ be the circle whose centre G is the 
nearer to A. 
Take J/ any point on the circle ADZ, and draw FH, HG. 


— ——— 
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Proor. Because GA is equal to GH, 

FA, which is the sum of FG, GA, is equal to the sum of 
FG, GI; 

but the sum of FG, GH is greater than FH; (I. Prop. 20.) 

therefore FA is greater than FH. 
But FA is a radius of the circle ABC; 

therefore the distance of the point J/ from the centre of 
the circle ABC is less than the radius, and H therefore 
is within the circle ABC; 

therefore every point on the circle ADF except A lies 
within the circle ABC. 

Therefore the circles touch at A. (Def. 7.) 


Wherefore, 2f two circles &c. 
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When one circle touches another circle, which lies 
within it, the first circle is said to have internal contact 
with the second circle. 


Two circles can have external contact with each other, 
but two circles cannot have internal contact with each 
other. If one circle have internal contact with another 
circle, the second circle has external contact with the first 
circle. 


In the diagram the circle ABC has 
internal contact with the circle BDE, but | 
the circle BDE has external contact with 
the circle ABC at the point B, 





EXERCISES. 


1. Describe a circle passing through a given point and touching a 
given circle at a given point. 


2. If in any two given circles which touch one another, there be 
drawn two parallel diameters, the point of contact and an extremity of 
each diameter, lie in the same straight line. 


3. Describe a circle which shall touch a given circle, have ita 
centre in a given straight line, and pass through a given point in the 
given straight line. 


4, Describe a circle of given radius to pass through a given point 
and to touch a given circle. 


What conditions are necessary that a solution may be possible ? 
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PROPOSITION 13. 


If two circles have a point of contact, they do not meet at 
any other point. 


Let ABC, ADE be two circles which touch at the 
point A: 
it is required to prove that the circles do not meet at any 
other point. 


Constructicn. Find F, G the centres of the circles 
ABC, ADE. (Prop. 5.) 


PE EN SD 





Proor. Because the circles ABC, ADE touch, 
the point of contact A must lie in the straight line FẸ or in 
FG produced. (Prop. 10, Coroll.) 
First (fg. 1) let the point A lie in FG: 
then because the circles ABC, ADE meet at a point A in 
the same straight line FG as their centres and between 
the centres, 
each circle lies without the other. (Prop. 11.) 
Secondly (fig. 2) let the point A lie in FẸ produced : 
then because the circles ABC, ADE meet at a point A in 
the same straight line FG as their centres and not between 
the centres, 
one circle lies within the other. (Prop. 12.) 
Therefore in neither case can the circles meet at any point 
other than A. 


Wherefore, ¢f (wo circles &c. 
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We infer as a result of Propositions 9—13 that two 
circles must be such that they either 
(a) intersect in two distinct points, 


or (6) touch at one point, which is in the straight 
line joining the centres, 


or (c) do not meet. 


EXERCISES. 


1. What is the greatest number of contacts which may exist among 
(1) three, (2) four circles? 


2. Describe three circles to have their centres at three given 
points, and to touch each other in pairs. 


3. Into how many parts will three circles divide a plane? Dis- 
tinguish between the different cases which may occur, when the 
circles intersect or touch. 
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204 BOOK JII. 
PROPOSITION 14. Parr 1. 


Chords of « circle, which are equal, are equidistant from 
the centre. 


Let AB, CD be two equal chords of the circle ABCD: 
it is required to prove that AB, CD are equidistant from 
the centre. 
Construction. Find Æ the centre of the circle 4 BC D; 
(Prop. 5.) 
and from # draw EF, EG at right angles to 4B, CD. 
(I. Prop. 12.) 


Draw £A, EC. 
D 


AT 





Proor. Because the straight line XZ is drawn through 
the centre of the circle at right angles to the chord AB, it 
bisects it ; (Prop. 4.) 

that is, AB is double of AF. 

Similarly it can be proved that C D is double of CG. 

But AB is equal to CD ; 
therefore AF is equal to CG. 

Next, because the angles AFE, CGE are right angles, 
the square on AZ is equal to the sum of the squares on 

AF, FE, 
and the square on C Z is equal to the sum of the squares on 
CG, GE. (I. Prop. 47.) 
And because AF is equal to CZ, 
the square on AE is equal to the square on CZ. 
Therefore the sum of the squares on AF, FE is equal to the 
sum of the squares on CG, GE. 
Because AF is equal to CG, 
the square on AF is equal to the square on CG; 
therefore the square on FE is equal to the square on G£. 


PROPOSITION 14. PART l. 205 


Therefore FE is equal to CE, 
that is, AB, CD are distant from the centre. 
(Def. 9.) 
Wherefore, chords of a circle &c. 


EXERCISES. 


1, Chords of a circle, which are equal, subtend equal angles at 
the centre. 


2. Chords of a circle, which subtend equal angles at the centre, 
are equidistant from the centre. 
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PROPOSITION 14. Part 2. 


Chords of « circle, which are equidistant from the centre, 
are equal, 
Let AB, CD be two chords of the circle ABCD equi- 
distant from the centre: 
it is required to prove that A B is equal to CD. 
CoxnsTRUCTION, Find Æ the centre of the circle ABCD; 
(Prop. 5.) 
and from E draw EF, EG at right angles to AB, CD. 
(I. Prop. 12.) 
Draw FA, EC. 





Proor. Because the straight line HF is drawn through 
the centre of the circle at right angles to the chord AA, it 
bisects it ; (Prop. 4.) 

that is, AB is double of AF. 

Similarly it may be proved that CD is double of CG. 

Next, because the angles AFE, CG.E are right angles, 
the square on AF is equal to the sum of the squares on 

AF, FE, 
and the square on C E is equal to the sum of the squares on 
CG, GE. (I. Prop. 47.) 
And because 4 E is equal to CE, 
the square on AF is equal to the square on C E. 
Therefore the sum of the squares on AF, FE is equal to the 
sum of the squares on CG, GE. 
Because ÆF is equal to EG, 
the square on ÆF is equal to the square on ÆG; 
therefore the square on AY is equal to the square on C@ ; 
therefore AF is equal to CG. 
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And it has been proved that AB is double of AF, and CD 
of CG. 
Therefore AB is equal to CD. 
Wherefore, chords of a circle &c. 


Parts 1 and 2 of Proposition 14 are the converses of 
each other. 


EXERCISES. 


1. In a circle chords, which are equidistant from the centre, 
subtend equal angles at the centre. 


2. In a circle chords, which subtend equal angles at the centre, 
are equal. 
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PROPOSITION 15. Parr l. 


Of any two chords of « circle the one which is the greater 
is the nearer to the centre. 


Let AB, CD be two chords of the circle ABCD, of which 
AB is greater than CD: 
it is required to prove that AP is nearer to the centre than 
CD. 


Construction. Find Æ the centre of the circle ABCD; 
(Prop. 5.) 

and from Æ draw EF, EG at right angles to AB, C D. 
(I. Prop. 12.) 


Draw EA, EC. 





Pnoor. Because the straight line E7' is drawn through 
the centre at right angles to the chord AB, 
AF is equal to FB, (Prop. 4.) 
and AB is double of AF. 
Similarly it can be proved that CD is double of CG. 
But AB is greater than CD ; 
therefore AF is greater than CG. 
Next, because the angles AFE, CGE are right angles, 
the square on AZ is equal to the sum of the squares on 
AF, FE, 
and the square on C E is equal to the sum of the squares on 
CG, GE. (I. Prop. 47.) 
And because AZ is equal to CZ, 
the square on AZ is equal to the square on CE. 
Therefore the sum of the squares on AF, FE is equal to 
the sum of the squares on CG, GE; 
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Because AF is greater than CG, 
the square on AF is greater than the square on CG; 
therefore the square on FÆ is less than the square on GE, 
Therefore FF is less than GZ, 
that is, AB is nearer to the centre than CD. 


Wherefore, of any two chords &c. 


EXERCISES. 


1. Prove that every straight line, which makes equal chords in 
two equal circles, is parallel to the straight line joining the centres or 
passes through the middle point of that line. 


2. Find the shortest chord which can be drawn through a given 
point within a circle, 
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PROPOSITION 15. Parr 2, 


Of any two chords of a circle the one which is the nearer 
to the centre is the greater. 


Let AB, CD be two chords of the circle ABCD, of which 
AB is nearer to the centre than CD: 
it is required to prove that AB is greater than CD, 


CONSTRUCTION. Find Æ the centre of the circle ABCD; 





(Prop. 5.) 
and from # draw EF, EG at right angles to AB, CD. 
(I. Prop. 12.) 
Draw EA, EC. 
4-— D 
in G 
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Proor. Because the straight line ZF is drawn through 
the centre at right angles to the chord AB, 
AF is equal to FB, (Prop. 4.) 
and AB is double of AF. 
Similarly it can be proved that CD is double of CG. 
Next, because the angles AFE, CGE are right angles, 
the square on AZ is equal to the sum of the squares on 
AF, FE, 
and the square on CZ is equal tothe sum of the squares on 
CG, GE. (I. Prop. 47.) 
And because 4Z is equal to C E, 
the square on AZ is equal to the square on C E. 
Therefore the sum of the squares on AF, FF is equal to 
the sum of the squares on CG, GE. 
Because EF is less than EG, 
the square on EP is less than the square on ZG ; 
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therefore the square on AF is greater than the square 
on CG; 
therefore AF is greater than CG. 
Therefore AB is greater than CD. 


Wherefore, of any two chords &e. 


Parts 1 and 2 of Proposition 15 are the converses of 
each other. 


EXERCISES, 


1. Of any two chords of a circle the nearer to the centre subtends 
the greater angle at the centre. 


2. Draw through a given point a straight line to make equal 
chords in two given equal circles. 

Discuss the number of possible solutions in the different cases 
which may occur. 
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PROPOSITION 16. 


The straight line drawn through a point on a circle at 
right angles to the radius touches the circle, and every other 
straight line drawn through the point cuts the circle. 


Let ABC be a circle, of which D is the centre, and let 
AE be a straight line drawn through A at right angles to 
the radius 4D ; and let AF be any other straight line 
drawn through A: 
it is required to prove that AE touches the circle, and that 

AF cuts the circle, 


Construction. Take any point E on AZ, and draw 
DE, and from D draw DG at right angles to AF. 
(I. Prop. 12.) 





Proor. Because in the triangle DAZ, 
the angle DAF is a right angle, 
the angle DEA is less than a right angle; (I. Prop. 17.) 
therefore the angle DAE is greater than the angle DEA; 
therefore DE is greater than DA. (I. Prop. 19.) 
Therefore the distance of the point # from the centre 
is greater than the radius, and Æ therefore is without the 
circle. (Def. 5.) 
Similarly it can be proved that every point on AF 
except A is without the circle. 

Therefore AFE touches the circle ABC at A. — (Def. 6.) 


Next because in the triangle DG A, 
the angle DG A is a right angle, 
the angle DAG is less than a right angle; (I. Prop. 17.) 
therefore the angle DAG is less than the angle DGA ; 
therefore DG is less than DA. (I. Prop. 19.) 
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Therefore the distance of the point G from the centre 
is less than the radius, and therefore G is within the 
circle. (Def. 5.) 

Therefore the straight line AF cuts the circle 4C *. 


Wherefore, the straight line &c. 


We infer as a result of Proposition 16 that a straight 
line and a circle must be such that they either 


(a) intersect in two distinct points, 
or (b) touch at one point, 
or (c) do not meet. 


EXERCISES. 


1. A point B is taken on a circle whose centre is C; PA a tangent 
at any point P meets CB produced at A, and PD is drawn perpendi- 
cular to CB: prove that PB bisects the angle APD. 


2. Describe a circle to have its centre on a given straight line, to 
pass through a given point on that line and to touch another given 
straight line, 


3. Describe a circle to pass through a given point and to touch a 
given straight line at a given point. 


4. If AC be a diameter of a circle ABC, and AP be drawn per- 
pendicular to the tangent at B, AB bisects the angle CAP. 


5. Prove tbat although no straight line can be drawn to pass 
between a circle and its tangent, yet any number of circles can be 
described to do so. 


6. Circles, which have a common tangent at a point, touch each 
other. 


7. Prove that the angle between a tangent to a circle and a chord 
drawn from the point of contact is half of the angle subtended at the 
centre by the chord. 


* A straight line which cuts a circle is often called a secant. 
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PROPOSITION 17. 


Through a given point to draw a tangent to a given 
circle. 


Let ABC be a given circle, and D a given point: 
it is required through D to draw a tangent to the circle A BC. 


First, let the point D be on the circle. 


Construction. Find the centre Æ ; 
(Prop. 5.) 


F 
N 
draw ED, and draw DF at right „B ND 
angles to DE ; (I. Prop. 11.) ¥ 
then DF is a tangent drawn as re- N 
quired. | E A 

c 


Proor. Because the straight line 
DF is drawn through the point D on 
the circle ABC at right angles to 
DE the radius, DF touches the circle. (Prop. 16.) 


Secondly, let the point D be outside the circle. 


Construction. Find the centre £ ; 
(Prop. 5.) 

draw ED, cutting the circle ABU 
between Æ and D in B, and draw BF 
at right angles to ZB, (I. Prop. 11.) 
and with Æ as centre and ED as 
radius describe a circle cutting BF in 
F. Draw £F, cutting the circle ABC 
between # and 7 in G, and draw DG: 
then DG is à tangent drawn as required. 


Proor. Because in the triangles DEG, FEB, 
DE is equal to FE, EG to EB, and the angle DEG equal 
to the angle FEB, 
the triangles are equal in all respects ; (I. Prop. 4.) 
therefore the angle DGE is equal to the angle FBE. 
But the angle FBE is a right angle; 
therefore the angle DGE is a right angle; 
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and because the straight line GD is drawn through the 
point G on the circle ABC at right angles to GE the 
radius, GD touches the circle. (Prop. 16.) 


Wherefore, through a gwen point D a tangent has been 
drawn to the circle ABC. 


Outline of Alternative Construction. 







Find E the centre. (Prop. 5.) D — 
Draw ED, and bisect it in O. (I. Prop. 10.) l RS 
With O as centre and OD as radius describe / | 
a circle, cutting the circle ABC in G. G E | 
Draw DG, OG, EG. / 
It may be proved that 4 


(1) the angle OGD is equal to the angle GDO, 
(2) the angle OGE is equal to the angle GED, 
and (3) the angle EGD is a right angle, 


and hence that GD is a tangent to the circle ABC at G. 


Both the construction in the Proposition and the alternative con- 
struction point out that two and only two tangents can be drawn 
to a circle through an external point, one through a point on the 
circle, and none through an internal point. 


When there is no danger of ambiguity the length of the straight 
line drawn from an external point to touch a circle which is inter- 
cepted between that point and the point of contact is often spoken of 
as the tangent from the point to the circle. 


EXERCISES. 


1. The two tangents drawn to a circle from an externa! point 
are equal. 


2. Draw a tangent to a given circle to be parallel to a given 
straight line. 


3. Find in a given straight line a point such that the tangent 
drawn from it to a given circle may be equal to a given straight line, 


4, The greater the distance of an external point is from the 
centre of a circle, the smaller is the inclination of the two tangents 
which can be drawn from it. 
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PROPOSITION 18. 


If a straight line touch a circle, the radius drawn to the 
point of contact is at right angles to the line. 


Let the straight line DE touch the circle ABC at the 


point C: 
it is required to prove that the radius drawn to the point C 
is at right angles to DCE., 


Construction. Find F the centre of the circle; (Prop. 5.) 


and draw FC. 
oA 
B iB" 
Í AN ‘ 
\ F NE 
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Proor, lf DCE were not at right angles to CF, 
DCE would cut the circle (Prop. 16); 
but it does not : 
therefore DCE is at right angles to CF. 


Wherefore, if a straight line &c. 


— 


PROPOSITION 18. 217 


THe TANGENT AS THE LIMIT OF THE SECANT. 


Let AF be a straight line cutting a given circle at a given point A 
and again at a second point F. 
Let D be ihe centre of the circle, and 


, 


AE the tangent at 4. Draw DA, DF. pA E 
The angle FAE is equal to half of the angle ye / N 
ADF. (See Ex. 7, p. 213.) | 
Hence the smaller the angle ADF is, - 4 


D 


or the smaller the chord AF, (Prop. 8, Part 1.) | 
the smaller is the angle FAE. ue . 
Now because we can take the point F as a 


close to A as we like, we can make the angle 

ADF, and therefore also the angle FAE, as small as we like. 

Hence we can make the straight line AF deviate as little as we please 
from coincidence with AE. 





We express this fact by saying that, 
the tangent AE is the limit of the secant AF, when F moves up 
close to A. 


This definition of a tangent to a curve as the limit of the secant 
through the point is one which admits of application to curves of all 
kinds. 


EXERCISES. 


1. Through a given point draw a straight line so that the chord 
which is intercepted on it by a given circle is equal to a given straight 
line. 


2. Two circles are concentric: prove that all chords of the outer 
circle which touch the inner are equal. 


3. If two tangents be drawn to a circle from an external point, 
the chord joining the points of contact is bisected at right angles by 
the straight line joining the centre and the external point. 


T. E. 15 
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PROPOSITION 19. 


If a straight line touch a circle, the straight line drawn 
at right angles to the line through its point of contact 
passes through the centre. 


Let the straight line DE touch the circle ABC at C, 
and from C let CA be drawn at right angles to DE: 
it is required to prove that the centre of the circle is 
in C4. 
CoNsTrRUCTION. Take any point 7 not in C A, 
and draw FC. 


4 





D "P. E 


Pnoor. Because CA is at right angles to DE, 
CF cannot be at right angles to DE. (I. Prop. 10 A.) 
But if a straight line touch a circle, the radius drawn to 
the point of contact is at right angles to the tangent ; 
(Prop. 18.) 
therefore the radius drawn to C cannot be in the same 
straight line as CZ; 
therefore the centre cannot lie at any point P notin C4, 
that is, the centre must lie in C A. 
Wherefore, $f a straight line &c, 
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ADDITIONAL PROPOSITION. 
To draw a common tangent to two given circles. 

Let 4, B be the centres of two given circles, which we will call for 
shortness the (A) circle and the (B) circle: 

Let the radius of the (A) circle be greater than the radius of the 
(B) circle. 

With 4 for centre and the difference (fig. 1) or the sum (fig. 2) of 
the radii for radius describe a circle, 

and from B draw BH a tangent to it. (Prop. 17.) 

Draw AH and let AH produced (fig. 1) or AH (fig. 2) cut the (A) 
circle in P. 

Through P, B draw PQ, BQ parallel to HB, AH respectively. 


a) (I. Prop. 31.) 
— 
E 


Because HPQB is a parallelogram, (Constr.) 
BQ is equal to HP, (I. Prop. 34.) 
which is equal to the radius of the (B) circle. | (Constr.) 
Therefore the point Q is on the (B) circle. 
Again, because BH is a tangent at H, 

the angle PHB is a right angle; (Prop. 18.) 
therefore the parallelogram HPQB is a rectangle; (I. Def. 19.) 
therefore the angles at P and Q are right angles, (x. Prop. 29, Coroll.) 

and PQ is a tangent to the (A) and (B) circles at P and Q 
respectively. (Prop. 16.) 


EXERCISES. 

1. Prove that four common tangents can be drawn to two circles 
which are external to each other. 

2. How many common tangents can be drawn to two intersecting 
circles? 

3. Is it possible that two circles can have one and only one 
common tangent? 

4, Draw a straight line so that the chords which are intercepted 
on it by two given circles are equal to two given straight lines. 


15—2 
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PROPOSITION 20. 


The angle which an are of a circle subtends at the centre 
is double of the angle which the are subtends at the circum- 
ference. 


Let ABC be a circle, of which BC is an arc, and let 
BDC, BAC be angles subtended by the are BC at the 
centre D, and at the circumference : 
it is required to prove that the angle BDC is double of the 

angle BAC. 

First, (fig. 1) let the centre D lie on AB, one of the lines 


which contain the angle BAC. 
Construction. Draw DC. 
E hs = 
X et 
Proor. Because DA is equal to DC, 
the angle DCA is equal to the angle DAC; (I. Prop. 5.) 


therefore the sum of the angles DAC, DCA is double of 
the angle DAC. 


But the angle BDC is equal to the sum of the angles 
DAC, DCA; (I. Prop. 32.) 


therefore the angle BDC is double of the angle DAC. 


Next, let the centre D lie within (fig. 2) or without 
(fig. 3) the angle BAC. 


Construction. Draw AD and produce it to meet the 
circle in Æ. 


Proor. It follows from the first case, that the angle 
EDC is double of the angle HAC, and that the angle 
EDB is double of the angle LAB ; 


(1) 


Sad 
/ 





È g 
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therefore in (fig. 2) the sum of the angles HDC, EDB is 
double of the sum of the angles ZAC, LAB, 

and in (fig. 3) the difference of the angles EDC, EDB is 
double of the difference of the angles HAC, LAB ; 

therefore in all cases the angle BDC is double of the angle 
BAC. 


Wherefore, the angle which an are &e. 


In the diagram of Proposition 20 in each of the figures the angle 
BDC is double of the angle BAC. Now it is easily seen that although 
in figures (1) and (3) the angle BAC is restricted to values Jess than 
a right angle, and the angle BDC in consequence to values less than 
two right angles, in figure (2) the angle BAC is restricted only to 
values less than two right angles and the angle BDC in consequence 
only to values less than four right angles. It appears therefore that, 
if we wish not to destroy the generality of the theorem of Proposi- 
tion 20, we must allow our definition of an angle to include angles. 
which are equal to two or greater than two right angles; there is 

_ nothing inconsistent with a strict adherence to Euclid’s methods in 
doing so. — 


— 


— 


EXERCISES. 


1. Two circles, whose centres are d and D, touch externally at 
E: & third circle, whose centre is B, touches them internally at C 
and F: prove that the angle ADB is double of the angle ECF. 


2. If AB be a fixed diameter and DE an arc of constant length in 
& fixed circle, and the straight lines 4E, BD intersect at P, the angle 
APB is constant. 


3. If ABC be a triangle inscribed in a circle and the angle BAC 
be bisected by AD, which meets the circle in D, then the diameter 
through D will bisect BC at right angles. 


4. AB is a diameter and PQ any chord of a circle cutting AB 
within the circle, and AZ is drawn perpendicular to PQ. Prove that 
the angle LAB is equal to the sum of the angles PAB, QAB. 
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PROPOSITION 21. 


Angles in the same arc of a circle are equal. 


Let ABCD be a circle, and BAC, BDC be two angles 
in the same are BADC: 
it is required to prove that the angles BAC, BDC are 
equal, 


Construction. Find the centre £; (Prop. 5.) 
and draw ZB, EC. 





Proor. Because the angle which the arc BFC of the 
circle subtends at the centre is double of the angle which 
it subtends at the circumference, 

the angle BEC is double of the angle BAC, 
and also the angle BEC is double of the angle BDC ; 
f 
(Prop. 20.) 
therefore the angle BAC is equal to the angle BDC. 
Wherefore, angles in the same arc &c. 


COROLLARY. Jf a straight line joining two points subtend 
equal angles at two other points on the same pide of the line, 
the four points lie on a circle. 

Let the straight line BC subtend equal angles at the 
two points A, D on the same side of BC. 

If a circle be described about the triangle BAC™%, the 


* That it is possible to describe a circle through the three vertices 
of a triangle appears in the Additional Proposition on page 53. 
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circle must cut BD again at some point not on the same 
side of AC as B. (Prop. 6.) 
Now take H any point but D in BD or BD produced 
and draw HD. 
Then the angle BHC cannot be equal to the angle BDC, 
(I. Prop. 16.) 
and therefore cannot be equal to the angle BAC.. 
But angles in the same arc of a circle are equal. (Prop. 21.) 
Therefore the circle BAC cannot meet BD in H; 
that is, it must meet it in D. 


In some books in the proof of Proposition 21, the result of Pro- 
position 20 is quoted as if it were true only in the case of arcs greater 
than a semicircle: that is, as if the angle BEC, which the are BFC 
subtends at the centre, were restricted to magnitudes less than two 
right angles. The general truth of the theorem is then deduced as a 
consequence. 


We leave this deduction to the student as an exercise, 


EXERCISES. 


1. The locus of a point at which a given straight line subtends a 
constant angle is an arc of a circle. 


2. If of three concurrent straight lines inclined at given angles 
to one another two pass through two fixed points, the third also passes 
through a third fixed point. 


3. If two sides of a triangle of constant shape and size pass 
through two fixed points, the third always touches a fixed circle. 


4. If two sides of a triangle of constant shape and size always 
touch two fixed circles, the third side always touches a fixed circle. 


5. If ABC be an equilateral triangle described in a circle whose 
centre is O, and if AO produced meet the circle in D, then OD, BC 
bisect each other. 


6. Two circles ADB, ACB intersect in points A and B. Through 
A any chord DAC is drawn, and BC, BD are joined, and the angle 
DBC is internally bisected by a line BE which meets DC in E. 
Shew that E lies on a fixed circle. 


7. If ABC be an isosceles triangle on the base BC, inscribed in a 
circle, and P, Q be points on the arcs AC, AB respectively of the 
circle such that 4Q is parallel to BP, then CQ is parallel to AP. 

8. If the diagonals of a quadrilateral inscribed in a circle be at 
right angles, the perpendicular from their intersection on any side 
bisects the opposite side. 
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The sum of two opposite angles of a convex quadrilateral 
inscribed in a circle is equal to two right angles. 


Let ABCD be a quadrilateral inscribed in the circle 
ABCD: 
it is required to prove that the sum of the angles ABC, 
ADC is equal to two right angles, and that the sum of 
the angles BAD, BCD is equal to two right angles. 


Construction. Draw AC, BD. 





— 


Pnoor. Because the angles BCA, BDA are in the 
same are BCDA, 
the angle BCA is equal to the angle BDA ; (Prop. 21.) 
and because the angles CAB, CDB are in the same arc 
CDAB, 
the angle CAB is equal to the angle CDB. (Prop. 21.) 
Therefore the sum of the angles BCA, CAB is equal to the 
sum of the angles BDA, CDB, that is, to the angle 
ADC. 
To each of these equals add the angle 4 5C : 
then the sum of the angles ABC, BCA, CAB is equal to the 
sum of the angles ABC, ADC. 
But because the angles ABC, BCA, CAB are the angles 
of a triangle, their sum is equal to two right angles. 
(I. Prop. 32.) 
Therefore the sum of the angles 4 BC, ADC is equal to 
two right angles. 
Similarly it can be proved that the sum of the angles 
BAD, BCD is equal to two right angles. 


Wherefore, the sum of two opposite angles &c. 
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COROLLARY. Jf the sum of two opposite angles of a convex 
quadrilateral be equal to two right angles, the vertices of the 
quadrilateral lie on a circle. 


Let ABCD be a convex quadrilateral in which the sum 
of the angles BAD, BCD is equal to two right angles. 

If a circle be described about the triangle BAD, the 
circle must cut AC again in some point not on the same 
side of BD as A. (Prop. 6.) 

Now take H any point but C in AC or AC produced 
and draw HB, HD. 

Then the angle BHD cannot be equal to the angle BC D. 

(I. Prop. 21.) 
Therefore the sum of the angles BAD, BHD cannot be equal 
to two right angles. 

But the sum of two opposite angles of a convex quadri- 

lateral inscribed in a circle is equal to two right angles. 
(Prop. 22.) 

Therefore the circle BAD cannot meet AC in H; 
that is, it must meet it in C. 


EXERCISES. 


l. If the sides AB, DC of a quadrilateral ABCD inscribed in a 
circle be produced to meet at E, the triangles AEC, BED are equi- 
angular to one another. 


2. A triangle is inscribed in a circle: shew that the sum of the 
angles in the three segments exterior to the triangle is equal to four 
right angles. 


3. If PQRS, pars be two circles, and PprR, QqsS be chords such 
that P, p, q, Q lie on a circle, then R, r, s, S lie on a circle. 


4. If any two consecutive sides of a convex hexagon inscribed in 
a circle be respectively parallel to their opposite sides, the remaining 
Sides are parallel to each other, 


9. If any arc of a circle described on the side BC of a triangle 
ABC cut BA, CA produced if necessary in P and Q, PQ is always 
parallel to a fixed straight line. 


6. E is & point on one of the diagonals AC of a parallelogram 
ABCD. Circles are described about DEA and BEC. Shew that BD 
passes through the other point of intersection of the circles. 
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PROPOSITION 23. 


Two arcs of circles, which have a common chord and are 
on the same side of it, cannot be similar unless they are 
coincident. 


Let ABC, ADC be two arcs of circles, which have a 
common chord AC, and are on the same side of it: 


it is required to prove that ABC, ADC cannot be similar 
arcs, unless they are coincident. 


Construction. Draw through 4, oxe of the extremities 
of the chord AB, any straight line ABD to meet the ares in 
DB, D; and draw CB, CD. 


— md 


— 


4 


C 


Pnoor. If the points B, D do not coincide, 
one of the angles ABC, ADC is an exterior angle and the 
other an interior angle of the triangle BCD; 
therefore the angle ABC is not equal to the angle ADC, 
(I. Prop. 16.) 
and therefore the arc ABC is not similar to the are ADC. 
(Def. 4.) 
It has now been proved that, if any straight line ABD 
meet the arcs in two points B and D which are not 
coincident, 
the arcs cannot be similar. 
Therefore, if the arcs be similar, every straight line drawn 
through A must meet the ares in two coincident points, 
that is, the arcs ABC, ADC must coincide. 


Wherefore, two ares of circles &e. 


Lo 
L5 
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EXERCISES. 


1. If on opposite sides of the same straight line there be two arcs 
of circles, which contain supplementary angles, the arcs are parts of 
the same circle. 


2. Prove that, if two circles have three points in common, the 
circles are coincident. 
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PROPOSITION 24. 
Similar arcs of circles, which have equal chords, are 
equal. 


Let ABC, DEF be two similar arcs of circles, which 
have equal chords AC, DF: 
it is required to prove that the arcs ABC, DEF are equal. 


— — e T 


— — 


A c D F 





Proor. Because the chords AC, DF are equal, it is 
possible to shift the figure ABC, so that AC coincides with 
DF, A with D,andC with F, (1. Test of Equality, page 5) 

and so that the arcs ABC, DEF are on the same side of 


If this be done, 
the arc ABC must coincide with the are DEF, 
for the arcs ABC, DEF are similar, 
and two ares of circles, which have a common chord, and 
are on the same side of it, cannot be similar unless they 
coincide. (Prop. 23.) 
Therefore the arcs ABC, DEF are equal. 
Wherefore, similar arcs of circles &c. 
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EXERCISES. 


1, If D be a point in the side BC of a triangle ABC whose sides 
AB, AC are equal, the circles described about the triangles ABD, ACD 
are equal. 


2. Finda point P within an equilateral triangle ABC, such that 
the circles described about the triangles PBC, PCA, PAB may be all 
equal. 


3. Find a point P in the plane of a triangle ABC such that the 
circles described about the triangles PBC, PCA, PAB may be equal. 
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PROPOSITION 25. 


To find. the centre of the circle, of which a given are is a 
part. 


Let ABC be a given arc: 
it is required to find the centre of the circle, of which the 
arc ABC is a part. 


CONSTRUCTION. Draw AC, and bisect it at D. 
(I. Prop. 10.) 
At D draw DB at right angles to AC cutting the arc at B. 
(I. Prop. Tia 
Draw AB, bisect it at Æ, and at E draw EF at right angles 
to AB meeting BD or BD produced at F *; 
then F is the centre required. 





Proor. Because DB bisects the chord AC at right 
angles, 

D B passes through the centre ; (Prop. 2.) 

and because E bisects the chord AS at right angles, 
EF passes through the centre. (Prop. 2.) 
Now two straight lines cannot intersect in more than one 
point. (I. Post. 1.) 

Therefore F, the point of intersection of BD and EF, 

is the centre. 


Wherefore, the centre of the circle, of which the gwen arc 
ABC is a part, has been found. 


* The lines must meet, see Ex. 2, p. 51, In figure (2) F coincides 
with D. 


PROPOSITION 25. 231 


PROPOSITION 25 A. 


Equal circles have equal radii. 


If two circles be equal, it is possible to shift one of them 
so as to coincide with the other. (I. Def. 21, page 13.) 


Let this be done. 


Then, because a circle cannot have more than one centre, 


(Prep. 1.) 
the centres of the two coincident circles must be coincident: 
and therefore all the radii of both circles are equal. 


Wherefore, equal circles &c. 


EXERCISES. 


1. Having given two ares of circles, shew how to find whether 
they are parts of the same circle. 


2. Having given two arcs of circles, find whether they are parts 
of concentric circles, 


3. Having given two ares of circles, find whether one circle lies 
wholly within the other, 


232 BOOK III. 


PROPOSITION 26. 


In equal circles the arcs, on which equal angles at the 
centres stand, are equal ; and the arcs, on which equal angles 
at the circumferences stand, are equal. 


Let ABCD, EFGH be two equal circles, and let AKC, 
ELG be two angles at the centres standing on the arcs 
ADC, EHG, and let ABC, EFG be two angles at the cir- 
cumferences standing on the same arcs: and let 

(1) the angles AKC, ELG be equal, 
(2) the angles ABC, EFG be equal: 
it is required in either case to prove that the arcs 
ADC, EHG are equal. 


CowsrRUCTION. Draw AC, EG. 





Proor. Because the angle AKC is double of the angle 
ABC, (Prop. 20.) 
and the angle #LZG is double of the angle HYG, (Prop. 20.) 

in case (1) because the angles AKC, ELG are equal, 
the angles ABC, EFG are equal, 
and in case (2) because the angles ABC, EFG are equal, 
the angles AKO, ELG are equal. 
Now because the circles are equal, 
their radii AK, KC, EL, LG are equal. (Prop. 25 A.) 
Therefore in both cases (1) and (2), 
because in the triangles AKC, ELG, 
AK is equal to £L, 
KC to LG, 
and the angle AKC to the angle ELG, 
the triangles are equal in all respects; (I. Prop. 4.) 
therefore AC is equal to EG. 
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And because the arcs ABC, HFG, which contain equal 
angles, have equal chords AC, ZG, 
the arces ABC, EFG are equal: — (Prop. 24.) 
but the circles ABCD, EFGH are equal ; 
therefore the remaining arcs 4DC, EHG are equal. 


Wherefore, in equal circles &c. 


COROLLARY. Tn the same circle the arcs, on which equal 
angles at the centres stand, are equal; and the arcs, on which 
equal angles at the circumferences stand, are equal. 


EXERCISES. 


1. If PQ, RS be a pair of parallel chords in a circle, then the ares 
PS, QR are equal, and the arcs PR, QS are equal. 


2. A quadrilateral is inscribed in a circle, and two opposite angles 
are bisected by straight lines meeting the circumference in P and Q; 
prove that PQ is a diameter. 


3. If through P any point on one of two circles, which intersect 
in A and B, the straight lines Pd, PB be drawn and produced if 
necessary to cut the other circle in Q and R, the arc QR is of constant 
length, 


4. The internal bisectors of the vertical angles of all triangles, 
on the same base and on the same side of it, which have equal 
vertical angles, pass through one fixed point and the external bisectors 
through another fixed point. 


5. If through one of the points of intersection of two equal 
circles a straight line be drawn terminated by the circles, the straight 
lines joining its extremities with the other point of intersection are 
equal. 
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PROPOSITION 27. 


In equal circles, angles contained by arcs, which are of 
equal length, are equal. 
Let ABCD, EFGI be equal circles, and let ABC, EFG 


be arcs of equal length: 
it is required to prove that the arcs ALC, HFG contain 


equal angles. 
Construction. Find the centres A, Z of the circles 
ADCD, EFGH, (Prop. 5.) 
aud draw AK, AC, EL, LG. 
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Proor. Because the circles ABCD, HIGH are equal, 
their radii AK, KC, EL, LG are equal. (Prop. 25 A.) 
And because AX is equal to EL, 
it is possible to shift the figure ABCDE so that A coincides 
with Æ, and A with Z, and so that the parts of the ares 
ABC, EFG near E are on the same side of ZZ. 
If this be done, 
because the radii of the circles are equal and their centres 
coincide, 
the circles must coincide ; 
and because the circles coincide, and the parts of the arcs 
ABC, EFG near E are on the same side of HZ, those 
parts of the arcs coincide ; 
and because the arcs are of equal length and have one 
extremity common, 
therefore the other extremity must be cominon, 
that is, the point C must coincide with the point G. 
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Therefore the arc ABC coincides with the arc EFG ; 
and angles in the two arcs are then angles in the same arc 
and therefore equal. (Prop. 21.) 


Wherefore, in equal circles &c. 


COROLLARY. In the same circle, angles contained by arcs, 
which are of equal length, are equal. 


EXERCISES. 


1. The straight lines joining the extremities of two equal arcs of 
a circle are parallel or are equal. 


Can they be both parallel and equal ? 


2. The straight lines bisecting any angle of a quadrilateral in- 
scribed in a circle and the opposite exterior angle, meet on the circle. 


3. If from any point on a circle a chord and a tangent be drawn, 
the perpendiculars on them from the middle point of either of the arcs 
subtended by the chord are equal to one another. 
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PROPOSITION 28. 


In equal circles, arca cut off by chords, which are equal to 
one another, are of equal length, the greater equal to the 
greater and the less equal to the less. 


Let ABCD, EFGH be equal circles, and let AC, EG be 
equal chords which cut off the two greater arcs ABC, EFC, 
and the two less ares ADC, FAG: 
it is required to prove that the arcs ABC, EFG are of equal 

length, 

and that the arcs ADC, EHG are of equal length. 


Construction. Find A, Z, the centres of the circles 
ABCD, EFGH, (Prop. 5.) 
and draw AA, AC, EL, LG. 





Proor. Because the circles are equal, 
their radii AK, KC, EL, LG are equal; (Prop. 25 A.) 
and because in the triangles AAC, ELG, 
KA is equal to LE, 
KC to LG, 
and AC to £G, 
the triangles are equal in all respects ; (I. Prop. 8.) 
therefore the angle AKC is equal to the angle ELG. 
But in equal circles the arcs, on which equal angles at the 
centres stand, are equal; (Prop. 26.) 
therefore the arc ADC is equal to the arc EHG. 
But the circle ABCD is equal to the circle EYGH; 
therefore the arc ABC is equal to the arce EFG. 


Wherefore, a equal circles &c. 
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COROLLARY. {n the same circle, arcs cut of by chords, 
which are equal to one another, are of equal length, the 
greater equal to the greater and the less equal to the less. 


EXERCISES. 


1, A triangle is turned about its vertex till one of the sides 
passing through the vertex is in the same straight line as the other 
previously was. Prove that the line joining the vertex with the in- 
tersection of the two positions of the base, produced if necessary, 
bisects the angle between these two positions. 


2. Find a point on one of two given equal circles, such that, if 
from it two tangents be drawn to the other circle, the chord joining 
the points of contact is equal to the chord of the first circle formed 
by joining its points of intersection with the two tangents produced. 


Determine the conditions of the possibility of a solution of the 
problem. 
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PROPOSITION 29. 


In equal circles, chords, by which arcs of equal length are 
subtended, are equal. 


Let ABCD, EFGH Ye equal circles, and let AC, EG be 
chords by which ADC, EHG, arcs of equal length are sub- 
tended : 

it is required to prove that the chords 4C, EG are equal. 

Construction. Find K, Z, the centres of the circles 
ABCD, EFGH, (Prop. 5.) 

and draw AA, EL. 





Pnoor. Because the circles ABCD, EFGH are equal, 
their radii AK, EL are equal. (Prop. 25 A.) 
And because AK is equal to EL, 
it is possible to shift the figure 4 DC DK so that A coincides 
with Æ, and A with Z, and so that the parts of the ares 
ABC, EFG near E are on the same side of EZ. 
If this be done, 
because the radii of the circles are equal and their centres 
coincide, 
the circles must coincide; 
and because the circles coincide, and the parts of the arcs 
ABC, EFG near E are on the same side of HZ, those 
parts of the arcs coincide ; 
and because the ares are of equal length and have one 
extremity common, 
therefore the other extremity must be common, 
that is, the point C must coincide with the point G. 
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Therefore the chord AC coincides with the chord FG 
and is equal to it. 


Wherefore, in equal circles &c. 


COROLLARY. {n the same circle, chords, by which arcs of 
equal length are subtended, are equal. 


EXERCISES. 


1. If the diagonals of a quadrilateral inscribed in a circle bisect 
one another, the diagonals are diameters. 


2. Iftwochords AP, AQ of a circle intersect at a constant angle 
at a fixed point A on the circle, the chord PQ always touches a con- 
centric circle. 


3. Two triangles are inscribed in a circle: if two sides of the one 
be parallel to two sides of the other, the third sides are equal. 


Is it necessary that they are parallel ? 
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PROPOSITION 30. 


To bisect a gwen arc of a circle. 


Let ABC be the given arc: 
it is required to bisect it. 
Construction. Draw AC; 
bisect it at D ; (I. Prop. 10.) 
at D draw DB at right angles to AC meeting the are at B: 


(I. Prop. 11.) 
the arc ABC is bisected as required at the point B. 
Draw AB, BC. 








B 
N 
/ \ 
D C 
Proor. Because in the triangles ADB, CDB, 
AD is equal to CD, 
and DB to DB, 
and the angle ADB to the angle CDB, 
the triangles are equal in all respects; (I. Prop. 4.) 
therefore AB is equal to CB. 
But arcs cut off by equal chords are equal, the greater equal 
to the greater, and the less equal to the less; 
(Prop. 28, Coroll.) 
and because BD, if produced, is a diameter, (Prop. 2.) 
each of the arcs AB, CB is less than a semicircle, 
and therefore the arc AB is the smaller of the two arcs cut 
off by the chord A B, and the arc CB the smaller of those 


cut off by the chord CB; 
therefore the arc AB is equal to the are CB. 


Wherefore, the given arc ABC is bisected at B. 


A 
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EXERCISES. 


1. Find the triangle of maximum area which can be inscribed 
in a given circle having a given chord for one side. 


2. Prove that the triangle of maximum area inscribed in a circle 
is equilateral. 


3. The greatest quadrilateral which can be inscribed in a circle 
is A square. 


4. Having given a regular polygon of any number of sides in- 
scribed in a circle, inscribe a regular polygon of double the number 
of sides. 


5. If ABC an are ofa circle less than a semicircle be bisected in 
B,and AB produced meet CD which is drawn at right angles to BC in 
D, and the tangents at 4 and C meet in E, then B, C, D, E lie ona 
circle. 
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PROPOSITION 31. 


An angle in a semicircle is a right angle; an angle in an 
arc, which ts greater than a semicircle, is less than a right 
angle; and an angle in an are, which is less than a semi- 
circle, is greater than a right angle. 


Let ABCDE be a circle, of which ABD is a semicircle, 
A DC an arc greater than a semicircle, and AAC an arc less 
than a semicircle : 
it is required to prove that the angle in the semicircle 
ABD is a right angle; that the angle in the are ADC 
is less than a right angle, and that the angle in the 
arc ABC is greater than a right angle. 
Construction. Take any point B in the arc ABC and 
any point Z in the semicircle AD and draw AB, BC, CD, 
DE, EA, AC, AD. 





Pnoor. Because AC DE is a quadrilateral inscribed in 
a circle, the sum of the angles ACD, AED is equal to two 
right angles. (Prop. 22.) 
But because each of the angles ACD, AED is contained by 

a semicircle, the angle ACD is equal to the angle AFD ; 
(Prop. 27, Coroll.) 

therefore each of them is a right angle. 
Next, because the angle ACD of the triangle ACD is a 
right angle, 
the angle ADC is less than a right angle, 
(I. Prop. 17.) 
and it is an angle in the are ADC, 
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Again, because ABCD is a quadrilateral inscribed in a 
circle, the sum of the angles ABC, ADC is equal to two 


right angles. Prop. 22.) 
And the angle 4 DC has been proved to be less than a right 
angle; 


therefore the angle ABC is greater than a right angle, 
and it is an angle in the are ABC, 


Wherefore, an angle in a semicircle &c. 


EXERCISES. 


1. The circles described on two equal sides of a triangle as 
diameters intersect at the middle point of the third side. 


2. The circles described on any two sides of a triangle as 
diameters intersect on the third side. 


3. Construct the rectangle one of whose diagonals is a straight 
line given in magnitude and position and the other of whose diago- 
nals passes through a given point. 


4. An angle BAC of constant magnitude turns round its apex 
A which is fixed. Prove that the line joining the feet of the perpendi- 
culars from a fixed point O on AB, AC always touches a fixed circle. 


5. If a circle A pass through the centre of a circle B, the tan- 
gents to B at the points of intersections of A and B intersect on the 
circle A. 


6. Two chords AB, CD of constant length placed in a circle 
subtend angles at the centre whose sum is equal to two right angles. 
If AC, BD intersect in P, the distances of P from the middle points 
of the chords will be independent of their relative positions. 
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PROPOSITION 32. 


If a chord be drawn from the point of contact of a 
tangent to a circle, each of the angles which this chord makes 
with the tangent rs equal to the angle in the alternate are 
of the circle*. 

Let ABCD he a circle, and FAF be the tangent at a 
point 4, and let 4C be a chord drawn from the point A : 
it is required to prove that the angle CAF is equal to the 


angle in the arc CDA, and the angle CAF to the angle in 
the are CBA. 


Construction. At A draw AP at right angles to HAF, 
cutting the circle again at J; (I. Prop. 11.) 
take any point D in the arc ADC and draw BC, CD, DA. 


Be 





Pnoor. Because AB is drawn at right angles to HAF, 

AB passes through the centre ; (Prop. 19.) 

therefore BODA is a semicircle; (Prop. 1 A.) 

and the angle BCA is a right angle; (Prop. 31.) 

therefore the sum of the other two angles BAC, CBA of 

the triangle ABC is equal to a right angle. (I. Prop. 32.) 

And the sum of the angles BAC, CAF, that is, the angle 

BAF, is a right angle ; 

therefore the sum of the angles BAC, CAF is equal to the 

sum of the angles BAC, CBA. 


* The alternate are is the name generally given to the are which 
lies on the side of the chord opposite to the angle spoken of. 
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Take away the common angle BAC ; 
then the angle CA is equal to the angle CBA, 
which is an angle in the arc ABC. 
Again, because the sum of the angles ABC, ADC is 


equal to two right angles, (Prop. 22.) 
and the sum of the angles CAF, CAF is equal to two 
right angles ; (I. Prop. 13.) 


therefore the sum of the angles CAF, CAE is equal to 
the sum of the angles ABC, ADC ; 
and it has been proved that the angle CAF is equal 
to the angle ABC; 
therefore the angle CAF is equal to the angle ADC, 
which is an angle in the are ADC. 


Wherefore, 2f. a chord be drawn &c. 


The theorem of Proposition 32 follows immediately from the 
theorem of Proposition 21, if we consider the tangent at a point 
as the limiting position of & chord drawn through the point. (See 
page 217.) 


For the angle between the tangent AF in the diagram of Pro- 
position 32 and the chord AC is the angle between two chords of the 
arc ABC, one an indefinitely short one drawn from a point indefi- 
nitely near 4 to A and the other drawn from the same point to C, 
and is therefore an angle in the arc ABC and therefore equal to the 
angle ABC. (Prop. 21.) 


EXERCISES. 


l. If two cireles touch each other, any straight line drawn through 
the point of contact will cut off similar segments. 


2. On the same side of portions AB, AC of a straight line ABC 
similar segments of circles are described: prove that the circles touch 
one another. 


3. If two circles OPQ, Opg touch at O, and OPp, OQq be straight 
lines, the chords PQ, pg are parallel. 


4. Ifa straight line cut two circles which touch at O, in the 
points P, Q, and p, g, the angles POp, QOq are either equal or supple- 
mentary. 


_ 5. ABC is a triangle inscribed in a circle, and from any point D 
in BC a straight line DE is drawn parallel to CA and meeting the 
tangent atd in E; shew that a circle may be described round AEBD. 
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PROPOSITION 33. 


To describe on a given finite straight line an are of a 
circle containing an angle equal to a given angle. 
Let AB be the given straight line, and € the given 
angle: 
it is required to describe on AB an arc of a circle contain- 
ing an angle equal to the angle C. 


Construction. Bisect AB at E. (I. Prop. 10.) 
If the angle C be a right angle, with E as centre and 
EA or EB as radius, describe a circle: 
then the semicircle on either side of AZ is an are described 
as required. (Prop. 31.) 
If the angle C be not a right angle, from A draw AD 
making the angle BAD equal to the angle C; (I. Prop. 23.) 
and at 4, E draw AF, EF at right angles to AD, AB 
respectively, (I. Prop. 11.) 
and let them meet at 7'*, 
Draw ZB, and with F as centre and FA as radius describe 
the circle AGH: 
this circle passes through B and the arc AGB on the side 
of AB away from AD is an arc described as required. 





Proor. Because in the triangles FEA, FEB, 
HA is equal to E, 
and FE to FE, 
and the angle FEA to the angle FEB, 
the triangles are equal in all respects; (1. Prop. 4.) 
therefore FA is equal to FB. 


* The lines must meet. See Ex. 2, p. 51. 
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Therefore the circle AGH passes through Z. 
Again, because AD is drawn from A at right angles to 
the radius AF, 

AD touches the circle ; (Prop. 16.) 
and because the chord AB is drawn from the point of 
contact of the tangent AD, 
the angle in the alternate arc AGB is equal to the angle 

DAB, (Prop. 32.) 
that is, to the angle C. 
Wherefore, on the given straight line AB the arc AGL 
has been described containing an angle equal to the gue 
angle C. 


EXERCISES. 


l. Finda point at which each of two given finite straight lines 
subtends a given angle. 


2. Construct a triangle, having given the base, the vertical angle, 
and the foot of the perpendicular from the vertex on the base. 


3. Having given the base and the vertical angle of a triangle, 
construct the triangle which will have the maximum area. 


4. Find a point O within & given triangle ABC, so that, if AO, 
BO, CO be joined, the angles OAB, OBC, OCA shall be all equal. 


5. Construct a triangle, having given the base, the vertical angle, 
and the altitude. 


6. Find the locus of a point at which two given equal straight 
lines AB, BC subtend equal angles. 
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PROPOSITION 34. 


To cut off from a given circle an arc containing au angle 
equal to a given angle. 


Let ABC be the given circle and D the given angle: 
it is required to cut off from the circle ABC an arc con- 
taining an angle equal to the angle D. 


Construction. Take any point A on the circle, and 
through A draw the straight line HAF to touch the circle 


at A. (Prop. 17.) 
From A draw AZ making the angle LAK equal to the 
angle D, 


and cutting the circle again at B: (I. Prop. 23.) 
then the arc ACB, on the side of AB away from E, is an arc 
cut off as required. 





E 


Proor. Because the chord AB is drawn from the point 
of contact A of the tangent EA, 
the angle HAB is equal to the angle in the alternate arc 
ACB. (Prop. 32.) 
And the angle FAB is equal to the angle D; 
therefore the angle in the arc ACB is equal to the angle D. 
Wherefore, the arc ACB has been cut of from the given 
circle ABC containing an angle equal to the given angle D. 
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Through a given point two chords can be drawn which will cut off 
ares containing an angle equal to a given angle. 


Outline of Alternative Construction. 


Through d draw any chord AP, and from P draw PR making the 
angle RPA equal to the given angle D, and cutting the circle again 


at Q. 
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It may be proved that the arc ABQ, measured from A on the side 
of AP opposite to that on which PR is drawn, is an are cut off as 
required. 


EXERCISES. 


1, Ina given circle inscribe an equiangular triangle. 


2. Inscribe in a given circle a triangle, so that one angle may be 
a half of a second angle and a third of the third angle. 


3. Inscribe in a given circle a right-angled triangle, so that one 
of its acute angles may be three times the other. 
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PROPOSITION 35. 


If two chords of a circle intersect at a point within the 
circle, the rectangle contained by the segments of one chord is 
equal to the rectangle contained by the segments of the other 
chord. 


Let ABCD be a circle and AC, BD two chords inter- 
secting at the point # within the circle: 

it is required to prove that the rectangle contained by 

AE, EC is equal to the rectangle contained by BE, ED, 


Construction. If the point Æ be the centre, it is clear 
that AZ, EC, BE, ED are equal, each being a radius, 
and that the rectangles AZ, EC and BE, ED, each of which 
is equal to the square on a radius, are equal, 
Tf E be not the centre, find O the centre; ^ (Prop. 5.) 
draw OF at right angles to AC, (I. Prop. 12.) 
and draw OZ, OC. 





Proor. Because OF is drawn from the centre at right 
angles to the chord AC, 
therefore AF is equal to FC. (Prop. 4.) 
And because ÆC is the sum of FC, EF, 
and A Æ is the difference of AF, EF, that is, of FC, EF, 
therefore the rectangle AF, HC is equal to the difference 
of the squares on FC, EF. (II. Prop. 5.) 
But because the angles at F are right angles, 
the sum of the squares on OF, FC is equal to the square 
on OC, 
and the sum of the squares on OF, EF' is equal to the square 
on OZ ; (I. Prop. 47.) 
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therefore the difference of the squares on FC, EF is equal to 
the difference of the squares on OC, OZ. 


Therefore the rectangle AE, EC is equal to the difference of 
the squares on OC, OZ. 
Similarly it can be proved that the rectangle BL, ED is 
equal to the difference of the squares on OB, OE, 
that is, is equal to the ditference of the squares on OC, OF, 
since OC is equal to OB. 
Therefore the rectangle AZ, FC is equal to the 
rectangle BE, ED. 


Wherefore, if two chords of a circle &c. 


There are two special cases which should be noticed by the student, 
one case, when the points E, F coincide, i.e. when one chord bisects 
the other; the other case, when the points O, F coincide, i.e. when 
one chord is a diameter. 


In Proposition 35 the distances between the ends of a chord and a 
point in the chord are spoken of as segments of the chord. In Pro- 
position 36 it will be noticed that the expression segments of a chord 
has been used of the distances between the ends of the chord and a 
point taken in the chord produced. In the first case the chord is 
equal to the sum of the segments, in the second to the difference 
of the segments, 


EXERCISES. 


1. Prove the converse of Proposition 35, i.e. that, if 4C, BD be 
two straight lines intersecting at E such that the rectangles AE, EC, 
and BE, ED are equal, then A, B, C, D lie on a circle. 


2. If through any point in the common chord of two intersecting 
circles there be drawn any two other chords, one in each circle, their 
four extremities all lie on a circle. 


3. Draw through a given point within a cirele a chord, one of 
whose segments shall be four times as long as the other. When is 
this possible? 


4. Divide a given straight line into two parts, so that the rect- 
angle contained by the parts may be equal to a given rectangle. 


5. A, B,C are three points on a circle, D is the middle point of 
BC and AD produced meets the circle in E: prove that the sum of 
the squares on AB, AC is double of the rectangle AD, AE. 
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PROPOSITION 36. 


If two chords of a circle when produced intersect at a point 
without the circle, the rectangle contained by the segments of 
one chord is equal to the rectangle contained by the segments 
of the other chord. 


Let ABDC be a circle and let CA, DB be two chords, 
which intersect, when produced beyond A and B, at the 
point # without the circle; 
it is required to prove that the rectangle contained by 

EA, KC is equal to the rectangle contained by EB, ED. 


CowsrRUCTION. Find O the centre; (Prop. 5.) 
draw OF at right angles to AC, (I. Prop. 12.) 
and draw OZ, OC. 





Proor. Because OF is drawn from the centre at right 
angles to the chord AC, 
therefore AF is equal to FC. (Prop. 4.) 
And because EC is the sum of EF, FC, 
and ZA is the difference of EF, AF, that is, of EF, FC, 
therefore the rectangle A, ÆC is equal to the difference 
of the squares on EF, FC. (II. Prop. 6.) 
But because the angles at / are right angles, 
the sum of the squares on OF, FE is equal to the square 
on OZ, 
and the sum of the squares on OF, FC is equal to the 
square on OC ; (I. Prop. 47.) 
therefore the difference of the squares on HV’, FC is equal 
to the difference of the squares on OF, OC. 
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Therefore the rectangle HA, EC is equal to the difference 
of the squares on OF, OC. 

Similarly it can be proved that the rectangle EB, ED is 
equal to the difference of the squares on OL, OD, 
that is, is equal to the difference of the squares on OZ, OC, 
since OD is equal to OC. 

Therefore the rectangle FA, EC is equal to the 
rectangle ED, ED. 


Wherefore, if two chords of a circle &c. 


There are two special cases which should be noticed by the 
student, one case, when the points O, F coincide, i.e. when one chord 
is a diameter; the other case, when the points B, D coincide, i.e. when 
one chord is a tangent. The statement of the theorem in the latter 
case appears in the Corollary. 


COROLLARY. 


If a chord of a circle be produced to any point, the 
rectangle contained by the segments of the chord is equal to 
the square on the tangent drawn to the circle from the point. 


This result is seen at once on considering the tangent as the 
limiting position of the secant. 


EXERCISES. 


1. Prove the converse of Proposition 36, i.e. that, if EAC, EBD 
be two straight lines intersecting at FE such that the rectangles EA, EC 
and EB, ED are equal, then 4, D, C, D lie on a circle. 


2. If two circles intersect each other, their common chord bisects 
their common tangents. 


3. From a given point as centre describe a circle cutting a given 
straight line in two points, so that the rectangle contained by their 
distances from a given point in the straight line may be equal toa 
given square. 


4. If ABC bea triangle and D a point in AC such that the angle 
ABD is equal to the angle ACB, then the rectangle AC, AD is equal 
to the square on AB, 


5. If from each of two given points, a pair of tangents be drawn 
to a given circle, the middle points of the chords joining the points of 
contact of each pair of tangents lie on the circumference of a circle 
passing through the two given points. 
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PROPOSITION 37. 


If from an external point there be drawn to a circle two 
straight lines, one- of which cuts the circle in two points and 
the other mects tt, and if the rectangle contained by the seg- 
ments of the chord on the line which cuts the circle be equal 
to the square on the line which meets the circle, the line which 
meets the circle is a tangent to at. 


Let ABCD be a circle and # an external point; and 
let EAC be a straight line cutting the circle at A, C 
and #B a straight line meeting it at B, such that the rect- 
angle contained by EA, EC 1s equal to the square on EZB: 
it is required to prove that £7 touches the circle. 


Consrruction. Find the centre O ; (Prop. 5.) 
from Æ draw ED to touch the circle at D ; (Prop. 17.) 
and draw OB, OD, OE. 





Proor. Because ÉD is à tangent, and OD is the radius, 
the angle EDO is a right angle. (Prop. 18.) 
Because LAC cuts the circle and ED touches it, 
the rectangle HA, EC is equal to the square on ED; 
(Prop. 36, Coroll.) 
and the rectangle HA, EC is equal to the square on £7; 
therefore the square on ÆÐ is equal to the square on £D; 
therefore EB is equal to ED. 


PROPOSITION 37. 


t» 
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Again, because in the triangles £50, EDO, 
EB is equal to ED, 
and OB to OD, 
and OZ to OE, 
the triangles are equal in all respects ; (I. Prop. 8.) 
therefore the angle E BO is equal to the angle EDO. 
But EDO is a right angle; 
therefore the angle EBO is a right angle. 
And because BE is at right angles to the radius OB, 
BE touches the circle. (Prop. 16.) 


Wherefore, tf from an external point &c. 


EXERCISES. 


1. If three circles meet two and two, the common chords of each 
pair meet in a point. 


2. If three circles touch two and two, the tangents at the points 
of contact meet at a point. 


3. If the tangents drawn to two intersecting circles from a point 
be equal, the common chord of the circles passes through the point. 


4. Describe a circle which shall touch a given straight line at a 
given point, and shall cut off from another given straight line a chord 
of a given length. 


5. On OP, the straight line drawn from a given point O to P a 
point on a given straight line, a point Q is taken such that the 
rectangle OP, OQ is constant: prove that the locus of Q is a circle. 


6. On OP, a chord of a given circle drawn from a given point O, 
a point Q is taken such that the rectangle OP, OQ is constant: prove 
that the locus of Q is a straight line. 
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PROPOSITION 237 A. 


If two triangles be equiangular to one another, the 
rectangle contained by any side of the one and any side of 
the other is equal to the rectangle contained by the cor- 
responding sides *, 

Let ABC, DEF be two triangles which are equiangular 
to one another, having the angles at A, J£, C equal to the 
angles at D, E, F respectively : 
it is required to prove that the rectangle AB, EF is equal 

to the rectangle BC, DE. 

Construction. In AB, CB produced beyond 4, take 
points G, H such that BG ìs equal to EF, and BH to ED; 

(I. Prop. 3.) 


and draw GH. 





Proor. Because the angle GLH is equal to the angle 
CBA, (I. Prop. 15.) 
and the angle FED is equal to the angle C A, 
the angle GBH is equal to the angle FED. 

Because in the triangles BGH, EFD, 
BG is equal to EF and BH to ED, 
and the angle CBH ìs equal to the angle FED, 
the triangles are equal in all respects: (J. Prop. 4.) 
therefore the angle BGH is equal to the angle EFD ; 
but the angle EFD is equal to the angle BCA, 
therefore the angle AGH is equal to the angle ACH; 
therefore the points A, C, G, J/ lie on a circle. 
(Prop. 21, Coroll.) 
Therefore the rectangle AB, BG is equal to the rectangle 
CD, BH; (Prop. 35.) 
that is, the rectangle AB, LF is equal to the rectangle BC, DE. 
Wherefore, 2f two triangles &c. 


* In two triangles which are equiangular to one another, two 
sides are said to correspond when they are opposite to equal angles. 
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PROPOSITION 237 B. 


The rectangle contained by the diagonals of a convex 
quadrilateral inscribed in a circle is equal to the sum of the 
rectungles contained by pairs of opposite sides*. 

Let ABCD be a quadrilateral inscribed in a circle and 
AC, BD be its diagonals : 
it is required to prove that the rectangle AC, BD is equal to 

the sum of the rectangles AB, CD and BC, AD. 


Construction. From B in BA, on the same side of LA 
as CD, draw BE making the angle 
ABE equal to the angle C BD, and 
meeting AC in Æ. (I. Prop. 23.) 


Proor. Because the angle BAC 
is equal totheangle BDC,(Prop. 21.) 
and the angle ABZ is equal to the 
angle DBC, (Constr. ) 
therefore the triangles ABH, DBC 
are equiangular to one another ; 
(I. Prop. 32.) 
therefore the rectangle AB, CD is equal to the rectangle 
AE, BD. (Prop. 37 A.) 
Again, because the angle ABE is equal to the angle DBC, 
the angle ABD is equal to the angle ZAC ; 
and the angle BDA is equal to the angle DCA (i.e. BCL), 





(Prop. 21.) 
therefore the triangles ABD, HBC are equiangular to one 
another ; (1. Prop. 32.) 


therefore the rectangle 4D, BC is equal to the rectangle 
EC, BD; 
but it has been proved that 
the rectangle AB, C D is equal to the rectangle A E, BD. 
Therefore the sum of the rectangles AB, CD and AD, BC is 
equal to the sum of the rectangles AZ, BD and EC, BD, 
that is, to the rectangle AC’, BD. (II. Prop. 1.) 


Wherefore, the rectangle contained &c. 


* This theorem is attributed to Ptolemy, a Greek geometer of 
Alexandria, who died about a.p. 160, 
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ADDITIONAL PROPOSITION. 


If a straight line be drawn through a given point to cut a given 
circle, the intersection of the tangents at the two points of section 
always lies on a fixed straight line*. 

Let PRS be any straight line drawn through a given point P to 
cut a given circle, whose centre is O, in R and S. 

Let QR, QS be the tangents at R, S. 

Draw OQ intersecting RS in M; and draw OP, and draw QH per- 
pendicular to OP or OP produced. 





Because the angle at M is a right angle (Ex. 3, page 217), 
and the angle at H is a right angle, 
the points P, H, M, Q lie on a circle; 
fig. 1 (Prop. 21, Coroll.) and fig. 2 (Prop. 22, Coroll.) 
therefore the rectangle OH, OP is equal to the rectangle OM, OQ. 
(Prop. 36.) 
But because QS is a tangent at S, 
the angle OSQ is a right angle, (Prop. 18.) 
and the angle at M is a right angle, 
therefore the rectangle OM, OQ is equal to the square on OS; 
(I. Prop. 47.) 
Therefore the rectangle OP, OH is equal to the square on OS. 
But OP and OS are both constants, 
therefore OH is a constant, 
and the point Q always lies on a fixed straight line, 
i.e. the line drawn through the fixed point H at right angles to OP. 


* This line is called the polar of the given point, and the point 
is called the pole of the line with respect to the circle. 
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It has now been proved that, if a point and a straight line be such 
that the straight line joining the centre of a circle to the point is at 
right angles to the line, and the rectangle contained by the distances 
of the point and the line from the centre is equal to the square on the 
radius of the circle, the point is the pole of the line, and the line the 
polar of the point with respect to the circle. 
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In the diagram O is the centre of the circle: H is a point in OP 
such that the rectangle OP, OH is equal to the square on the radius, 
and HQ is at right angles to OP. 

P is the pole of HQ, and HQ is the polar of P. 

It will be observed that, 

if P be without the circle (fig. 1), the polar cuts the circle: 
if P be on the circle (fig. 2), the polar is the tangent to the circle, 
and if P be within the circle (fig. 3), the polar does not cut the circle, 
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ADDITIONAL PROPOSITION. 


If a quadrilateral be inscribed in a circle, the square on the straight 
line joining the points of intersection of opposite sides is less than the 
sum of the squares on the straight lines joining those points to the 
centre of the circle by twice the square on the radius of the circle. 

Let ABCD be a quadrilateral inscribed in a circle whose centre is 
O; and let the sides AB, CD meet in Q and the sides AD, BC in R. 

Draw QR and draw 45 making the angle RAS equal to the angle 
RQD and meeting RQ in S. (I. Prop. 23.) 





Because in the triangles RAS, RQD, 
the angle RAS is equal to the angle RQD, 
the angle RSA is equal to the angle RDQ; (I. Prop. 32.) 
therefore the points S, 4, D, Q lie on a circle. 
(Prop. 21 or 20, Coroll.) 
Therefore the rectangle RS, RQ is equal to the rectangle RA, RD. 
(Prop. 36.) 
Also it can be proved that the points R, S, A, B lie on a circle. 
Therefore the rectangle QS, QR is equal to the rectangle QA, QB. 
(Prop. 35 or 36.) 
Therefore the square on QR, 
in figure (1), being the sum of the rectangles RS, RQ and QS, QR, 
is equal to the sum of the rectangles RA, RD and QA, QB; 
and in figure (2), being the difference of the rectangles RS, RQ, and 
QS, QR, is equal to the difference of the rectangles RA, RD 
and QA, OR. 
Since the rectangle RA, RD is equal to the difference of the squares on 
RO and the radius, (Prop. 36.) 
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and the rectangle QA, QB in figure (1) is equal to the difference of the 


squares on QO and the radius, (Prop. 36.) 
and in figure (2) is equal to the difference of the squares on the 
radius and QO; (Prop. 35.) 


it follows that in both cases 
the square on QR is less than the sum of the squares on QO, RO by 
twice the square on the radius. 


ADDITIONAL PROPOSITION. 


If one pair of opposite sides of a quadrilateral inscribed in a circle 
intersect at a fixed point, the other pair of opposite sides intersect on a 
fixed straight line *. 

Let ABCD be a quadrilateral inscribed in a circle, whose centre is 
O; and let the sides AB, CD meet in Q and AD, BC in R. 





Q 


Because Q and R are the intersections of opposite sides of a quadri- 
lateral inscribed in the circle, 
the square on QR is less than the squares on OQ, OR by twice the 
square on the radius; (Add. Prop. page 260.) 
therefore the difference of the squares on QR, OQ is equal to the dif- 
ference of the square on OR and twice the square on the radius, 
which is a constant, if the point R be fixed. 
Therefore the locus of the point Q is a straight line. 
(Ex. 2, page 125.) 


* We leave to the student as an exercise the proof that this line is 
the polar of the fixed point. 
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ADDITIONAL PROPOSITION, 


If one point lie on the polar of another point, the second point lies 
on the polar of the first point. 


Let P, Q be two points such that Q lies on the polar of P, 
i.e. if QH be drawn perpendicular to OP, 
the rectangle OH, OP is equal to the square on the radius. 


Construction. Draw PK perpendicular to OQ. (I. Prop. 12.) 





Proor. Because the angles at H and K are right angles, 
Q, K, P, H lie on a circle; (Prop. 22, Coroll.) 
therefore the rectangle OQ, OK is equal to the rectangle OH, OP, 
(Prop. 36.) 
n and therefore to the square on the radius; 
and KP is at right angles to OK; 
therefore KP is the polar of Q, 


or, in other words, P lies on the polar of Q. 
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EXERCISES, 


1. Prove that the polar of a point without a circle is the straight 
line joining the points of contact of tangents drawn from the point to 
the circle. 


2. If O be the centre of a circle, and the polar of a point P cut 
PO in H, and any straight line through P cut the circle in R and S, 
then the polar bisects the angle RHS. 


3. If a straight line PQR cut a circle in Q and R and cut the 
polar of P in K, and if M be the middle point of QR, then the rect- 
angles PQ, PR and PK, PM are equal. 


4. If P,Q, R, S be the points of contact of the sides AB, BC, 
CD, DA of a quadrilateral ABCD with an inscribed circle, the straight 
lines AC, BD, PR, QS are concurrent. 


5. Shew how to draw two tangents to a given circle from a given 
external point by means of straight lines only. 


6. Shew how to draw a tangent to a given circle at a given point 
on it by means of straight lines only. 


264 BOOK If. 


ADDITIONAL PROPOSITION. 


The locus of a point from which tangents drawn to two given circles 
arc equal is a straight line*. 


Let P be a point such that 
PQ, PR tangents drawn to two 
given circles are equal. 

Find the centres A, B of the 
circles; (Prop. 5.) 
draw AB, AP, AQ, BP, BR, and 
draw PH perpendicular to AB. 

(I. Prop. 12.) 
Because PQ, PR are tangents 
the angles at Q and R are right angles. 

Therefore the sum of the squares on PQ, AQ is equal to the square 

on AP, (I. Prop. 47.) 

and the sum of the squares on PR, BR is equal to the square on BP; 
therefore the difference of the squares on AQ, BR is equal to the 

difference of the squares on AP, BP. 
But because the angles at H are right angles, 
the difference of the squares on AP, BP 
is equal to the difference of the squares on AH, HB. 
Therefore the difference of the squares on AH, HB is equal to the 
difference of the squares on AQ, BR, which is a constant; 
therefore H is a fixed point, 

and the straight line HP on which P lies is drawn through H at 
right angles to AB the line of the centres, and is therefore a fixed 
straight line. 





* This line is called the Radical Axis of the two circles. This 
name was given to the line by L. Gaultier de Tours, a French geo- 
meter, See Journal de l'école Polytechnique, tom. 1x. p. 139 (1813). 
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EXERCISES, 


1. Prove that the radical axis of two intersecting circles passes 
through their points of intersection. 


2. What is the radical axis of two circles which touch each other? 


3. Prove that the middle points of the four common tangents of 
two circles external to each other lie on a straight line. 


4. Prove that the radical axes of three circles taken two and two 
together meet in a point*. 


5. Shew how to draw the radical axis of two circles which do not 
meet. 


6. Draw a circle passing through a given point and cutting two 
given circles so that its chords of intersection with the two circles 
may each pass through given points. 


7. O is a fixed point outside a given circle: find a straight line 
such that each of the tangents drawn from any point P in that line 
to the circle shall be equal to PO. 


8. Draw a straight line in a given direction so that chords cut 
from it by two given circles may be equal. 


9. Prove that the difference of the squares of the tangents from 
any point to two circles is equal to twice the rectangle under the dis- 
tance between their centres and the distance of the point from their 
radical axis, 


10. Through two given points draw a circle to cut a given circle 
in such a way that the angle contained in the segment cut off the 
given circle may be equal to a given angle. 


* This point is called the Radical Centre of the three circles. 
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DeFinition. Two circles or other curves, which meet at 
a point, are said to meet at the angle at which their tangents 
at the point meet. 

Two circles or other curves are said to be orthogonal or 
to cut orthogonally at a point, when they intersect at right 
angles at the point. 


ADDITIONAL PROPOSITION. 


If the square on the distance between the centres of two circles be 
equal to the sum of the squares on the radii, the circles are orthogonal. 


Let A, B be the centres of two circles CPD, EPF, which intersect 
at P, and are such that the square on AB is equal to the sum of the 
squares on AP, BP. 





Because the square on AB is equal to the sum of the squares on 


AP, BP, 
the angle APB is a right angle. (I. Prop. 48.) 


And BP is a radius of the circle HPF; 
therefore AP touches the circle EPP. 
Similarly it can be proved that BP touches the circle CPD; 
therefore the circles CPD, EPF are orthogonal. 


COROLLARY. The radius of each of two orthogonal circles drawn to 
a point of intersection is a tangent to the other circle. 
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EXERCISES. 


1. A circle, which passes through a given point and cuts a given 
circle orthogonally, passes through a second fixed point. 


2. Describe a circle to cut a given circle orthogonally at two 
given points. 


3. Describe a circle through two given points to cut a given circle 
orthogonally. 


4, Two chords AD, BC of a circle ACDB, of which AB is a 
diameter, intersect at E: a circle described round CDE will cut the 
circle ACDB at right angles. 


5. Two circles cut each other at right angles in 4, B; P is any 
point on one of the circles, and the lines PA, PB cut the other circle 
in Q, R: shew that QR is a diameter. 


6. The internal and external bisectors of the vertical angle A of 
the triangle ABC meet the base in D and E respectively. Prove that 
the circles described about the triangles ABD and ABE cut at right 
angles, as also do those described about the triangles ACD and ACE. 


18—2 
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ADDITIONAL PROPOSITION. 


Every circle, which cuts two given circles orthogonally, has its 
centre on the radical axis of the given circles, and if it cut the straight 
line joining their centres, it cuts it in two fixed points, 


Let A, B be the centres of two given circles and let P be the 
centre of a circle, which cuts the given circles orthogonally at Q and R. 


Draw 4B, PQ, PR, and draw PH perpendicular to AB. 
Because the circles cut ortho- 
gonally at Q, 
PQ is a tangent at Q. 
(Add. Prop. page 266, Coroll.) 
Similarly it can be proved that 
PR is a tangent at R. 
But PQ is equal to PR; 
therefore P is a point on the radical 
axis of the given circles, 
and therefore H is a fixed point. (Add. Prop. page 264.) 


Next, let the circle whose centre is P cut the line AB in M, N. 
Because the circles cut orthogonally at Q, 
AQ is a tangent to the circle QMNR at Q, 
and therefore the square on AQ is equal to the rectangle AM, AN; 
but because PH is at right angles to MN, 





MH is equal to NH; (Prop. 4.) 
and the rectangle 4M, AN is equal to the difference of the 
squares on AH, MH; (II. Prop. 6.) 


therefore the square on AQ is equal to the difference of the 
squares on AH, MH. 
Now the lines 4Q, AH are of constant length ; 
therefore MH (or NH) is of constant length. 
Therefore the points M and N are at a constant distance from H, 
which is a fixed point; 
therefore the points M and N are fixed points. 
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We leave it to the student as an exercise to prove that: 


if the given circles be external to each other, the points M and N are 
real, one within each of the given circles; 


if the circles touch externally, M and N coincide with the point of 
contact; 


if the circles intersect, the circle, whose centre is P, does not intersect 
the line 4B in real points; 


if one circle touch the other internally, the points are again real, and 
they coincide with the point of contact; 


if one circle lie wholly within the other, the points M and N are 
both real, one within both circles and the other without both 
circles. 


EXERCISES. 


1. Draw a circle to cut three given circles orthogonally. 


2. Prove that every pair of circles, which cut two given circles 
orthogonally, has the same radical axis. 


3. Of four given circles three have their centres in the same 
straight line, and the fourth cuts the other three orthogonally; prove 
that the radical axis of each pair of the three circles is the same. 


4. ABCD is a quadrilateral inscribed in a circle; the opposite 
sides 4B and DC are produced to meet at F; and the opposite sides 
BC and AD at E: shew that the circle described on EF as diameter 
cuts the circle ABCD at right angles. 


5. Find a point such that its polar with respect to each of two 
given circles is the same. 
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ADDITIONAL PROPOSITION. 


Lhe middle points of the sides of a triangle and the feet of the 
perpendiculars from the angular points on the opposite sides lie on a 
circle. 


Let D, E, F be the middle points of the sides BC, CA, AB of a 
triangle ABC, and L, M, N the feet of the perpendiculars on them 
from A, B, C. 


P4 


Draw FL, LE, FD, DE. | — E 
2s A 





Then because ALB is a right-angled triangle, and F is the middle 
point of AB, 


FL is equal to FA; (Ex. 7, page 87.) 
therefore the angle FLA is equal to the angle FAL. (I. Prop. 5.) 
Similarly it can be proved that the angle AL is equal to the 
angle LAE; 


therefore the angle FLE is equal to the angle BAC. 
Again because FD is parallel to AC 
and DE to BA, (Add. Prop. page 101.) 
FAED is a parallelogram, 
and the angle FDE is equal to the angle DAC; (I. Prop. 34.) 
therefore the angle FLE is equal to the angle FDE. 
Therefore L, D, E, F lie on a circle. (Prop. 21, Coroll.) 
Similarly it can be proved that M, D, E, F lie on a circle, 
ard that N, D, E, F lie on a circle. 
But only one circle can be described through the three points D, E, F; 
therefore these three circles are coincident. 
Therefore the six points L, M, N, D, E, F lie on a circle. 
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ADDITIONAL PROPOSITION. 


The circle through the middle points of the sides of a triangle passes 
through the middle points of the straight lines joining the angular points 
of the triangle to the orthocentre. 


Let D, E, F be the middle points of the sides BC, CA, AB of a 
triangle ABC. 

Draw AL, BM, CN perpendicular to BC, CA, AB, intersecting 
at O. (Add. Prop. page 95.) 

Bisect AO, BO, CO at a, b, c. 


4 
* AA 





In the triangle OBC, D, c, b are the middle points of the sides, 

and L, M, N are the feet of the perpendiculars from the vertices on 
the opposite sides ; 
therefore L, D, c, M, N, b lie on a circle. (Add. Prop. page 270.) 
Similarly it can be proved that 
L, c, E, M, a, N lieon a circle, 
and that L, M, a, N, F, b lie on a circle. 
But only one circle can be described through the three points L, M, N; 
therefore these circles are coincident. 

Therefore the nine points L, D, c, E, M, a, N, F, b lie on a circle *. 


* This circle is called the Nine Point Circle of the triangle. 
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ADDITIONAL PROPOSITION. 


The feet of the perpendiculars drawn from any point on a circle to 
the three sides of a triangle inscribed in the circle lie on a straight 
line *. 

Let ABC be a triangle and PL, PM, PN 
be the perpendieulars from a point P on the 
circle ABC to BC, CA, AB. 

Draw LN, NM. 

Because PLB, PNB are right angles, 

a circle can be described about PNLB; 
(III. Prop. 21, Coroll.) By J 
therefore the angles PNL, PBL are supple- 
mentary. (III. Prop. 22.) 
But the angles PAC, PBC are supplementary; (III. Prop. 22.) 
therefore the angle PNL is equal to the angle PAC. 

Again because PMA, PNA are right angles, 

a circle can be described about PNAM; (III. Prop. 22, Coroll.) 
therefore the angle PNM is equal to the angle PAM. 

Therefore the sum of the angles PNL, PNM is equal to the sum 
of the angles PAC, PAM, 

that is, to two right angles. (I. Prop. 13.) 
Therefore LN, NAM are in the same straight line. (I. Prop. 14.) 





EXERCISES. 


1. If PL,PM, PN be the perpendiculars drawn from P a point 
on the circle ABC to the sides BC, CA, AB of an inscribed triangle, 
and straight lines Pl, Pm, Pn be drawn to meet the sides in l, m, n 
such that the angles LPl, MPm, NPn are equal and measured in the 
same sense, then l, m, n are collinear. 


2. Pisa point on the circle circumscribing the triangle ABC. 
The pedal line of P cuts 4C and BC in M and L. Y is the foot of 
ihe perpendicular from P on the pedal line. Prove that the rectangles 
PY, PC, and PL, PM are equal. 


* This line is called the Pedal Line. 
Its discovery is attributed to Dr Robert Simson, and it is in 
consequence also called Simson’s Line. 


MISCELLANEOUS EXERCISES. 


1. If any point P on a fixed circle be joined to a fixed point A, 
and AQ be drawn equal to AP at a constant inclination PAQ to AP, 
the locus of Q is an equal circle. 


2. Draw a straight line from one circle to another, to be equal 
and parallel to a given straight line. 


3. Construct a parallelogram, two of whose angular points are 
given and the other two lie on two given circles. 


Discuss the number of possible solutions of the problem in the 
different cases which may occur. 


4, Find the locus of the centre of a circle whose circumference 
passes through two given points. 


5. Shew that the straight lines drawn at right angles to the sides 
of a rectilineal figure inscribed in a circle from their middle points 
intersect at a fixed point. 


6. Determine the centre of a given circle by means of a ruler 
with parallel edges whose breadth is less than the diameter of the 
circle. 


7. A circle is described on the radius of another circle as diameter. 
Prove that any chord of the greatest circle drawn from the point of 
contact is bisected by the lesser circle. 


8. Two circles DFC, GEC whose centres are A and R intersect at 
C; through C, DCE and FCG are drawn equally inclined to AB: 
shew that DE and FG are equal. 


9. AB and CD are two chords of a circle cutting at a point E 
within the circle; AB is produced to H so that BH is equal to BE. 
The circles AEC and ACH cut BC in K and L; prove that B is the 
middle point of AL. 


10. Through either of the points of intersection of two given 
circles draw the greatest possible straight line terminated both ways 
by the two circumferences. 


11, Through two points 4, B on the same diameter of acircle and 
equidistant from its centre two parallel straight lines AP, BQ are 
drawn towards the same parts, meeting the circle in P and Q: shew 
that PQ is perpendicular to AP and BQ. 
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12. 4 is & fixed point in the circumference of a circle and ABC an 
inscribed triangle such that the sum of the squares on AB, AC is 
constant ; shew that the locus of the middle point of BC is a straight 
line. 

13. From one of the points of intersection of two circles straight 
lines are drawn equally inclined to the common chord of the circles: 
prove that the portions of these lines, intercepted between the other 
points in which they meet the circumferences of the circles, are equal. 


14. Describe a circle of given radius to touch two given circles. 
Discuss the number of possible solutions. 


15. Describe three circles to have their centres at three given 
points and to touch each other in pairs. 


How many solutions are there? 


16. Describe a circle to touch two given concentric circles and to 
pass through a given point. 


Discuss the number of solutions. Is a solution always possible? 


17. If AB, CD be two equal chords of a circle, one of the pairs of 
lines AD, BC and AC, BD are equal, and the other pair parallel. 


18. If two equal chords AB, CD of a circle intersect at E, AE is 
equal to CE or DE. 


19. A quadrilateral is described about a circle: shew that two of 
its sides are together equal to the other two sides. 


20. Shew that every parallelogram described about a circle is a 
rhombus. 


21. If the tangents at two points where a straight line meets two 
circles, one point being on each circle, be parallel, the other pair also 
are parallel. 


22. Two straight lines ABD, ACE touch a circle at B and C; if 
DE be joined, DE is equal to BD and CE together: shew that DE 
touches the circle. 


23. When an equilateral polygon of an even number of sides is 
described about a circle, the alternate angles are equal. 


24. Ifa quadrilateral be described about a circle, the angles sub- 
tended at the centre of the circle by any two opposite sides of the 
figure are together equal to two right angles. 


25. Two radii of a circle at right angles to each otber when pro- 
duced are cut by a straight line which touches the circle: shew that 
the tangents drawn from the points of section are parallel to each 
other. 

26. If the straight line joining the centres of two circles, which 
are external to one another, cut them in the points A, B, C, D, the 
squares on the common tangents to the two circles are equal to the 
rectangles BD, AC, and BC, AD. 


What is the corresponding theorem for two intersecting circles? 
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27. APB is an arc of a circle less than a semicircle; tangents are 
drawn at A and B and at any intermediate point P; shew that the 
sum of the sides of the triangle formed by the three tangents is 
invariable for all positions of P. 


28. Given a circle, and a straight line in its plane; draw a tangent 
to the circle, which shall make a given angle with the given straight 
line. 


29. Find the point in the circumference of a given circle, the sum 
of whose distances from two given straight lines at right angles to 
each other, which do not cut the circle, is the greatest or least 
possible. 


30. A straight line is drawn touching two circles: shew-that the 
chords are parallel which join the points of contact and the points 
where the straight line through the centres meets the circumferences. 


91. From the centre C of a circle, CA is drawn perpendicular to 
a given straight line AB, which does not meet the circle, and in AC a 
point P is taken, such that AP is equal to the length of the tangent 
from 4: prove that, if Q be any point in AB, QP is equal to the 
length of the tangent from Q. 


32. If a quadrilateral, having two of its sides parallel, be 
described about a circle, a straight line drawn through the centre of 
the circle, parallel to either of the two parallel sides, and terminated 
by the other two sides, is equal to a fourth part of the perimeter of 
the figure. 


33. With a given point as centre describe a circle to cut a given 
circle at right angles. How must the point be situated that this may 
be possible ? 


34. If two circles touch and a chord be drawn through the point 
of contact, the tangents at the other points where the chord meets the 
circles are parallel. 


35. From a given point A without a circle whose centre is O draw 
a straight line cutting the circle at the points B and C, so that the 
area BOC may be the greatest possible. 


36. Two circles PAB, QAB cut one another at 4: it is required 
to draw through A a straight line PQ so that PQ may be equal to 
a given straight line. 


37. Two given circles touch one another externally in the point 
P, aud are touched by the line AB in the points A and P respectively. 
Shew that the circle described on AB as diameter passes through thie 
point P, and touches the line joining the centres of the two given 
circles. 


38. From a point without a circle draw a line such that the part 
of it included within the circle may be of a given length less than the 
diameter of the circle. 
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39. When an equilateral polygon is described about a circle it 
must necessarily be equiangular if the number of sides be odd, but 
not otherwise. 


40. One circle touches another internally at the point 4: it is’ 
required to draw from A a straight line such that the part of it 
between the circles may be equal to a given straight line, which is not 
greater than the difference between the diameters of the circles. 


41, Ifa hexagon circumscribe a circle, the sums of its alternate 
sides are equal. 


42. Ifa polygon of an even number of sides circumscribe a circle, 
the sum of the alternate sides is equal to half the perimeter of the 


polygon. 


48. Under what condition is it possible to describe a circle to 
touch the two diagonals and two opposite sides of a quadrilateral? 


44, Ifa parallelogram be circumscribed about a circle with centre 
O, and a line be drawn touching the circle and cutting the sides of the 
parallelogram, or the sides produced in A, B, C, D, prove that the 
angles AOB, BOC, and COD are, each of them, equal to a half of 
one or other of the angles of the parallelogram. 


45. If two equal circles be placed at such a distance apart that 
the tangent drawn to either of them from the centre of the other is 
equal to a diameter, they will have a common tangent equal to the 
radius. 


46. Draw a straight line to touch one given circle go that the 
part of it contained by another given circle shall be equal to a given 
straight line not greater than the diameter of the latter circle. 


47. AB is ihe diameter and C the centre of a semicircle: shew 
that O the centre of any circle inscribed in the semicircle is equidis- 
tant from C and from the tangent to the semicircle parallel to AB. 


48. A circle is drawn to touch a given circle and a given straight 
line. Shew that the points of contact are always in the same straight 
line with one or other of two fixed points in the circumference of the 
given circle. 


49. Describe a circle to touch a given circle and a given straight 
line. 
How many solutions are there? 


50. A series of circles is described passing through one angular 
point of a parallelogram and a fixed point on the diagonal through 
that angular point. Shew that the sum of the squares on the tan- 
gents from the extremities of the other diagonal is the same for each 
circle of the series. 


51. A quadrilateral is bounded by a diameter of a circle, the 
tangents at its extremities, and a third tangent: shew that its area is 
equal to half that of the rectangle contained by the diameter and the 
side opposite to it. 
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52. If the centres of two circles which touch each other externally 
be fixed, the external common tangents of those circles will touch 
another circle of which the straight line joining the fixed centres is 
the diameter. 


53. TP, TQ are tangents from T to two circles which meet in £ 
and PQ meets the circles in P’, Q’, and the angles PAP’, QAQ’ are 
equal; find the locus of T. 


54. Describe & circle of given radius passing through a given 
point and touching a given straight line. 


How many solutions may there be? 


55. Describe a circle of given radius touching a given straight 
line and a given circle. 


How many solutions may there be? 


56. Given one angle of a triangle, the side opposite it, and the 
sum of the other two sides, construct the triangle. 


57. AOB, COD are two diameters of & circle whose centre is O, 
and they are mutually perpendicular. If P be any point on the cir- 
cumference, shew that CP and DP are the internal and external 
bisectors of the angle APB, 


58. If AB and CD be two perpendicular diameters of a circle and 
P any point on the are ACD, shew that D is equally distant from 
PA, PB. 


59. If two circles intersect each other, prove that each common 
tangent subtends, at the two common points, angles which are sup- 
plementary to each other. 


60. From one of the points of intersection of two equal circles, 
each of which passes through the centre of the other, a straight line 
is drawn to intersect the circles in two other points: prove that these 
points form an equilateral triangle with the other point of intersec- 
tion of the two circles. 


61. A series of circles touch a fixed straight line at a fixed point: 
shew that the tangents at the points where they cut a parallel fixed 
straight line all touch a fixed circle. 


62. Two points P, Q are taken in two arcs described on the same 
straight line 4B, and on the same side of it; the angles PAQ, PBQ 
are bisected by the straight lines AR, BR meeting at R: prove that 
the angle ARB is constant. 


63. APB isa fixed chord passing through P a point of intersec- 
tion of two circles AQP, PBR; and QPR is any other chord of the 
circles passing through P: shew that 4Q and RB when produced 
meet at a constant angle. 


64. A,B,C,D are four points on a circle. Prove that the four 
p where the perpendiculars from any point O to the straight 
ines AB and CD meet AC and BD lie on a circle. 
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65. Any number of triangles are described on the same base BC, 
and on the same side of it having their vertical angles equal, and 
perpendiculars, intersecting at D, are drawn from B and C on the 
opposite sides; find the locus of D. 


66. Let O and C be any fixed points on the circumference of a 
circle, and OA any chord; then, if AC be joined and produced to B, 
so that OB is equal to OA, the locus of B is an equal circle. 


67. If ABC be a triangle, AD and BE the perpendiculars from 
A and B upon BC and AC, DF and EG the perpendiculars from D 
and E upon AC and BC, then FG is parallel to AB. 


68. The four circles which pass through the middle points of the 
sides of the four triangles formed by two sides of a quadrilateral and 
one of its two diagonals intersect in a point. 


69. In a circle two chords of given length are drawn so as not 
to intersect, and one of them is fixed in position; the opposite 
extremities of the chords are joined by straight lines intersecting 
within the circle: shew that the locus of the point of intersection 
will be a portion of the circumference of a circle, passing through 
the extremities of the fixed chord. 


70. The centre C of a circle BPQ lies on another circle APQ of 
which PBA isa diameter. Prove that PC is parallel to BQ. 


71. Through one of the points of intersection of two circles, 
centres A and B, a chord is drawn meeting the circles at P and Q 
respectively. The lines PA, QB intersect in C. Find the locus 
of C. 


72. At each extremity of the base of a triangle a straight line 
is drawn making with the base an angle equal to half the sum of the 
two base angles; prove that these lines will meet on the external 
bisector of the vertical angle. 


73. In the figure of Euclid 1. 47 the feet of the perpendiculars 
drawn from the centre of the largest square upon the three sides of 
the given right angled triangle are collinear. 


74. Three points A, B, C are taken on a circle. The tangents at 
B and C meet in T. If from 7 a straight line be drawn parallel 
to AB, it meets AC in the diameter perpendicular to AB. 


75. If ABC be a triangle inscribed in a circle, PQ a diameter, 
and perpendiculars be let fall from P on the two sides meeting in 4, 
and from Q on those meeting in P, the lines joining the feet of the 
two sets of perpendiculars will intersect at right angles. 


76. Through any point O on the side BC of an equilateral tri- 
angle ABC, OK, OL are drawn parallel to AB, AC respectiveiy to 
meet AC, AB respectively in K and L: the circle through O, K and £L 
cuts AB, AC again in Pand Q. Prove that OPQ is an equilateral 
triangle. 
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77. Two chords AB, CD of a circle intersect in F. From EB, ED, 
produced if necessary, parts EF, EG are cut off respectively equal to 
ED, EB. Prove that FG is parallel to CA. 


78. If ABC be an equilateral triangle and D be any point on the 
circumference of the circle ABO, then one of the three distances DA, 
DB, DC is equal to the sum of the other two. 


79. If through E a point of intersection of two circles ACE, BDE 
two straight lines 4B and CD be drawn terminated by the circles, 
then AC and BD cut one another at a constant angle. 


80. If AD, BE, CF be the perpendiculars from the angles A, B, C 
of a triangle on the opposite sides, these lines bisect the angles of the 
triangle DEF. 


81. AB is à common chord of the segments ACB, ADEB of two 
circles, and through C any point on ACB are drawn the straight 
lines ACE, BCD: prove that the arc DE is of invariable length. 


82. Divide a. circle into two parts so that the angle contained in 
one arc shall be equal to twice the angle contained in the other. 


83. A quadrilateral is inscribed in a circle: shew that the sum 
of the angles in the four arcs of the circle exterior to the quadrilateral 
is equal to six right angles. 


84. 4, D, C, D are four points taken in order on the circum- 
ference of a circle; the straight lines 4B, CD produced intersect at P, 
and AD, BC at Q: shew that the straight lines which bisect the 
angles APC, AQC are perpendicular to each other. 


85. A quadrilateral can have one circle inscribed in it and another 
circumscribed about it: shew that the straight lines joining the 
opposite points of contact of the inscribed circle are perpendicular to 
each other. 


86. If D, E, F be three points on the sides BC, CA, AB of a 
triangle, the perimeter of the triangle DEF is least when D, £, F are 
the feet of the perpendiculars from A, B, C on BC, CA, AB. 


87. Shew that the four straight lines bisecting the angles of any 
quadrilateral form a quadrilateral which can be inscribed in a circle. 


88. If a polygon of six sides be inscribed in a circle, the sum of 
three alternate angles is equal to four right angles. 


89. AB is a diameter of a circle, CD a chord perpendicular to it. 
A straight line through 4 cuts the cirele in E, and CD produced in F: 
prove that the angles AEC, DEF are equal. 


90. If O be a point within a triangle ABC, and OD, OE, OF be 
drawn perpendicular to BC, CA, AB, respectively, the angle BOC is 
equal to the sum of the angles BAC, EDF. 
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91. AOB, COD are two chords of a circle which intersect within 
the circle at O. Through the point A a straight line AF is drawn to 
meet the tangent to the circle at the point C, so that the angle AFC 
is equal to the angle BOC. Prove that OF is parallel to BC, 


92. The sums of the alternate angles of any polygon of an even 
number of sides inscribed in a circle are equal. 


93. Through a point C in the circumference of a circle two 
straight lines ACB, DCE are drawn cutting the circle at B and E: 
shew that the straight line which bisects the angles ACE, DCB meets 
the circle at a point equidistant from P and E. 


94. AOB, COD are two diameters of the circle ABCD, at right 
angles to each other. Equal lengths OZ, OF, are measured off along 
OA, OD respectively. Shew that BF produced cuts DE at right 
angles, and that these two straight lines, when produced, intercept 
between them one fourth of the circumference of the circle. 


95. If the extremities of the chord of a circle slide upon two 
straight lines, which intersect on the circumference, every point in 
the circumference will trace out a straight line. 


96. Any point P is taken on a given arc of & circle described on a 
line 4B, and perpendiculars AG and BH are dropped on BP and AP 
respectively; prove that GH touches a fixed circle. 


97. OA and OB are two fixed radii of a given circle at right 
angles to each other and POQ is a variable diameter; prove that the 
locus of the intersection of PA and QB is a circle equal to the given 
one, 


98. Describe a circle touching a given straight line at a given 
point, such that the tangents drawn to it from two given points in 
the straight line may be parallel. 


99. Describe a circle with a given radius touching a given straight 
line, such that the tangents drawn to it from two given points in the 
straight line may be parallel. 


100. ‘Two circles intersect at the points A and B, from which are 
drawn chords to a point C in one of the circumferences, and these 
chords, produced if necessary, cut the other circumference at D and 
E: shew that the straight line DE cuts at right angles that diameter 
of the circle ABC which passes through C. 


101. If squares be described externally on the sides and the hypo- 
tenuse of a right-angled triangle, the straight line joining the inter- 
section of the diagonals of the latter square with the right angle is 
perpendicular to the straight line joining the intersections of the 
diagonals of the two former. 


102. C is the centre of a given circle, CA a straight line less than 
the radius; find the point of the circumference at which CA subtends 
the greatest angle. 
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103. If two chords of a circle meet at a right angle within or with- 
out a circle, the squares on their segments are together equal to the 
square on the diameter, 


104. Ona given base BC a triangle ABC is described such that 
AC is equal to the perpendicular from B upon AC. Find the locus of 
the vertex A. 


105. Draw from a given point in the circumference of a circle, a 
chord which shall be bisected by its point of intersection with a given 
chord of the circle. 


106. Through any fixed point of a chord of a circle other chords 
are drawn; shew that the straight lines from the middle point of the 
first chord to the middle points of the others will meet them all at 
the same angle. 


107. The two angles at the base of a triangle are bisected by two 
straight lines on which perpendiculars are drawn from the vertex: 
shew that the straight line which passes through the feet of these 
perpendiculars will be parallel to the base and will bisect the sides. 


108. A point P is taken on a circle of which AB is a fixed chord; 
a parallelogram is described of which AB and AP are adjacent sides: 
find the locus of the middle points of the diagonals of the paral- 
lelogram. 


Find the maximum length of the diagonal drawn through A. 


109. A is a fixed point on a circle whose centre is O and BOD is 
a diameter. The tangents at A and D meet in L. Shew that the 
locus of the intersection of LB with the perpendicular from 4 on OB 
is a circle. 


110. ABC isa triangle inscribed in a circle; AD, BE, perpendicu- 
lars to BC and AC, meet in O: AK is a diameter of the circle: prove 
that CK is equal to BO. 


111. A straight line touches a circle at the point P and QRisa 
chord of a second circle parallel to this tangent; PQ, PR cut the first 
circle in S, T, and the second eircle in U, V; prove that ST, UV are 
parallel to each other. 


112. 4A, B, C are three points on a circle, the bisectors of the angle 
BAC and the angle between BA produced and AC meet BC and BC 
produced in E and F respectively ; shew that the tangent at A bisects 
EF, 

113. <A circle is described passing through the right angle of a 
right-angled triangle, and touching the hypotenuse at its middle 
point: prove that the arc of this circle, cut off by either side of the 
triangle, is divided at the middle point of the hypotenuse into two 
parts one of which is double of the other. 


114. If through the point of contact P of two circles two straight 
lines PQq, PRr be drawn to meet the circles in Q, R, and q, r respec- 
tively ; then the triangles PQR, Pqr are equiangular. 


T. E. 19 
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115. The angle between two chords of a circle, which intersect 
within the circle, is equal to half the sum of the angles subtended at 
the centre by the intercepted arcs. 


116. ABCD is a parallelogram and any straight line is drawn 
cutting the sides AB, CD in P, Q respectively. The circle passing 
through 4, P, and Q cuts AD in S, and AC in T. Shew that the 
circles circumscribing the triangle DSQ, CTQ touch one another at 
the point Q. 


117. If one circle touch another internally, any chord of the 
greater circle which touehes the less is divided at the point of its con- 
tact into segments which subtend equal angles at the point of contact 
of the two circles. 


118. Two circles are drawn touching a circle, whose centre is C, in 
P and Q respectively and intersecting in PQ produced, and again in 
R. Prove that the angles CRP, CRQ are equal. 


119, ‘The angle between two chords of a circle, which intersect 
when produced without the circle, is equal to half the difference of the 
angles subtended at the centre by the intercepted arcs. 


120. Construct a triangle, having given the base, the vertical angle, 
and the length of the straight line drawn from the vertex to the 
middle point of the base, 


191. 4 is a given point: it is required to draw from A two straight 
lines which shall contain a given angle and intercept on a given 
straight line a part of given length. 


122. A and B are two points, XY a given straight line of un- 
limited length, not passing through 4 or B; find the point (or points) 
in XY at which the straight line AB subtends an angle equal toa 
given angle, 


Also state when this problem is impossible. 


123. The chords of two intersecting circles which are bisected at 
any point of the common chord are equal. 


124. Find a pomt in the tangent to a circle at one end of a given 
diameter, such that when a straight line is drawn from this point to 
the other extremity of the diameter, the rectangle contained by the 
part of it without the circle and the part within the circle may be 
equal to a given square not greater than that on the diameter. 


125. If perpendiculars be drawn from the extremities of the 
diameter of a circle upon any chord or any chord produced, the rect- 
angle under the perpendiculars is equal to that under the segments 
ae the feet of the perpendiculars and either extremity of the 
chord, 


126. Two circles intersect and any straight line ACBD cuts them 
in A, B and C, D respectively. If E be a point on the line such that 
the rectangles contained by AC, BE and BD, CE are equal, the locus 
of E is a straight line. 
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127. ABD is an isosceles triangle having the side AB equal to the 
side BD; AC is drawn at right angles to AB to meet BD produced in 
C, and the bisector of the angle B meets AC in O. Shew that the 
square on AB is equal to the difference of the rectangles CB, BD and 
CA, AO. 


128. Through a given point without a circle draw, when possible, 
a straight line cutting the circle so that the part within the circle 
may be equal to the part without the circle. 


What condition is necessary in order that a real solution may be 
possible? 


129. Two equal circles have their centres at A and B: O is a fixed 
point outside those circles. A is the centre of a third circle whose 
radius is equal to OB: prove that a right-angled triangle can be con- 
structed having its sides equal to the tangents from O to the three 
circles. 


130. Prove that, if a straight Jine drawn parallel to the side BC of 
a triangle ABC cut the sides AB, AC in D, E respectively, the rect- 
angle contained by AB, AE is equal to the rectangle contained by 
AC, AD. 


131. Construct a triangle, having given the base, the vertical 
angle, and the length of the straight line drawn from the vertex to the 
base bisecting the vertical angle. 


132. Through two given points on the circumference of a given 
circle draw the two parallel chords of the circle which shall contain 
the greatest rectangle. 


133. A straight line PAQ is drawn through A one of the points 
of intersection of two given circles to meet the circles again in P and 
Q: find the line which makes the rectangle 4P, AQ a maximum. 


134. Produce a given straight line so that the rectangle contained 
by the whole line thus produced, and the part produced, shall be 
equal to the square on another given line. 


135. Two circles intersect in O, and through O a straight line 
ORS is drawn cutting the circles again in R and S. SO is produced 
to P, so that the rectangle OP, RS is constant. Shew that the locus 
of P is a straight line. 


136, If from the foot of the perpendicular from each of the 
angular points of a triangle on the opposite side a perpendicular be 
drawn to each of the other sides, the feet of the six perpendiculars so 
drawn lie on a circle. 


137. AB, CD are chords of a circle intersecting at O, and AC, DB 
meet at P. If circles be described about the triangles 40C, BOD, 
the angles between their tangents at O will be equal to the angles at 
P, and their other common point will lie on OP. 
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138. If ABU be a triangle, D, E, F the feet of the perpendiculars 
from A, B, C on the opposite sides, O their point of intersection, 
the rectangles DO, DA, and DE, DF are equal. 


139. A straight line AD is drawn bisecting the angle d of a 
triangle ABC and meeting the side BC in D. Find à point E in BC 
produced either way such that the square on ED may be equal to 
the rectangle contained by EB, EC. 


140. If D, D’; E, E'; F, F' be pairs of points on the sides BC, 
CA, AB of a triangle respectively, such that D, D’, E, E’ are con- 
cyclic, E, E', FP, F' are eoncyelie, F, F', D, D' are concyclie, then 
D, D', E, E', F, F' axe concyelic. 


141. In the straight line PQ a point At is taken, and circles are 
described on PR, RQ as diameters; shew how to draw a line through 
P such that the chords intercepted by the two circles may be equal. 


142. If M be the middle point of PQ, where P and Q are points 
without a given circle, the sum of the squares on the tangents to the 
circle from P and Q is equal to twice the sum of the square on the 
tangent from M and the square on PM. 


143. A circle FDG touches another circle BDE in D and a chord 
AB of the latter in F: prove that the rectangle FA, FB is equal to 
the rectangle contained by CE and the diameter of FDG, where CE is 
drawn perpendicular to AB at its middle point C and on the same 
side of it as the circle FDG. 


144. Given the base and the vertical angle of a triangle, prove 
that the locus of the centre of the nine-point circle is a circle. 


145. If a circle be circumscribed to a triangle, the middle point 
of the base is equally distant from the orthocentre and the point 
diametrically opposite the vertex. Also these three points are in the 
same straight line. 


BOOK IV. 


DEFINITIONS, 


DEFINITION I. 


A figure of five sides is called a pentagon, 
one of six sides is called a hexagon, 
one of eight sides is called an octagon, 
one of tem sides is called a decagon, 
one of twelve sides is called a dodecagon *. 


DEFINITION 2. When each of the angular points of one 
rectilineal figure lies on one of the sides of a second recti- 
lineal figure, and each of the sides of the second figure passes 
through one of the angular points of the first figure, the first 
figure is said to be inscribed in the second figure, and the 
second figure is said to be described about the first figure. 


* Derived from mévre ‘‘five,” ëz “six,” okro “eight,” déxa “ten,” 
Oddexa “twelve,” respectively, and ywria **an angle." 
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PROPOSITION 1. 


To draw a chord of a given circle equal to a given straight 
line. 


Let ABC be the given circle, and D the given straight 
line : 
it is required to draw a chord of the circle ABC equal 
to D. 


Construction. Take any point A on the circle ABC, 
and from A draw AZ equal to D. (I. Prop. 2.) 
If # lie on the circle ABC, what is required is done, for in 

the circle ABC the chord AF is drawn equal to D. 
But if # do not lie on the circle ABC, 
with A as centre and AF as radius describe the circle ECF 
cutting the circle ABC at F. 
Draw AF. 
AF is a chord drawn as required. 





` 
=< = 
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Proor. Because A is the centre of the circle EC, 
AF is equal to AL. 
But AF is equal to D. (Constr.) 
Therefore A’ is equal to D, 
and it is a chord of the circle ABC. 


Wherefore, a chord AF of the given circle ABC has been 
drawn equal to the given straight line D. 
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It is clear that it is not possible to draw a chord of a given circle 
to be equal to a given straight line, if the given line be greater than 
the diameter of the circle (III. Prop. 8, Part 1); and further that, if 
a solution be possible, in general two chords can be drawn from a 
given point equal to the given line. 


In the diagram, if the two circles intersect in C, the chord AC 
also is equal to the given line. 


/JXERCISES. 


1. In a given circle draw a chord parallel to one given straight 
line and equa! to another. 


.2. Ona given circle find a point such that, if chords be drawn to 
it from the extremities of a given chord, their sum shall be equal to a 
given straight line. 


How many solutions are there in the different cases which may 
occur ? 
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PROPOSITION 2. 


To inscribe in a given circle a triangle equiangular to a 
given triangle. 
Let ABC be the given circle, and DEF the given 
triangle : 
it is required to inscribe in the circle AC a triangle equi- 
angular to the triangle DEF, 


Construction. Take any point A on the circle, 
and through A draw the chord AB to cut off the are ACB 
containing an angle equal to the angle DF EZ, 

and through A draw the chord AC to cut off the arc ABC 

containing an angle equal to the angle DEF *. 
(III. Prop. 34.) 

Draw BC : 
the triangle ABC is inscribed as required. 


B 
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_ Proor. Because the arc ACB contains an angle equal 
to the angle DFE, (Constr.) 
and the angle ACB is contained by the arc ACB, 
the angle ACB is equal to the angle DFE. 

Similarly it can be proved that 
the angle ABC is equal to the angle DEF. 
And because the sum of three angles of a triangle is equal 
to two right angles, (I. Prop. 32.) 
and the angles ACB, ABC are equal to the angles DFE, 
DEF respectively, 


* It must be noticed that the arcs ACB, ABC are measured in 
opposite directions along the circumference from the point A. 
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the remaining angle BAC of the triangle ALC is equal 
to the remaining angle AD of the triangle DEF; 
therefore the triangle AC is equiangular to the triangle 
DEF. 
Wherefore, a triangle ABC equiangular to the triangle 
DEF has been inscribed in the given circle ABC. 


Since the arc ABC may be measured in either direction along the 
circumference from A, we see that two triangles equiangular to a 
given triangle can be inscribed in a given circle so as to have a vertical 
angle equal to a given angle of the triangle at a given point on the 
circle, and that six triangles equiangular to a given triangle can be 
inscribed in a given circle, so as to have one of its vertical angles at 
the given point on the circle. 


EXERCISES. 


1. Prove that all triangles inscribed in the same circle equi- 
angular to each other are equal in all respects, 


2. The altitude of an equilateral triangle is equal to a side of an 
equilateral triangle inscribed in a circle described on one of the sides 
of the original triangle as diameter. 


3. ABC, A'B'C' are iwo triangles equiangular to each other in- 
scribed in a circle 4 A'BB'CC', 'The pairs of sides BC, B'C'; CA, C'A'; 
AB, A'B' intersect in a, b, c respectively. 

Prove that the triangle abc is equiangular to the triangle ABC. 
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PROPOSITION 3. 


To describe about a given circle a triangle equiangular to 

« given triangle. 

Let ABC be the given circle and DEF the given 
triangle : 

it is required to describe about the circle ABC a triangle 
equiangular to the triangle DEF. 

Construction. Find the centre G of the circle ABC, 
(III. Prop. 5.) 

and draw any diameter WGA meeting the circle in A. 

At G in GH draw the straight lines GB, GC on opposite 
sides of GH making the angles BGH, CGH equal to the 
angles FFD, DEF, (I. Prop. 23.) 

meeting the circle in B, C. 

Through A, B, C draw MAN, NBL, LCM at right angles 
to GA, GB, GC respectively: (I. Prop. 11.) 

the triangle LMN is a triangle described as required. 





N 
Proor. Because the sum of the angles of the quadri- 
lateral G 5.VA is equal to four right angles, 
(I. Prop. 32, Coroll.) 
and two of the angles GA, GBN are right angles, 
the sum of the angles AGB, ANB is equal to two right 


angles, 
But the sum of the angles AGB, HGB is equal to two 
right angles ; (I. Prop. 13.) 


therefore the sum of the angles AGB, ANB is equal to the 
sum of the angles AGB, HGB; 
therefore the angle ANWB is equal to the angle HG B, 
that is, to the angle ED. 
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Similarly it can be proved that 
the angle LMN is equal to the angle DEF; 
therefore the remaining angle WLM of the triangle LMN 
is equal to the remaining angle LDF of the triangle DEF. 
(I. Prop. 32.) 
Therefore the triangle LMN is equiangular to the 
triangle DEF. 
Again, because MN is drawn through A a point on the 
circle ABC at right angles to the radius AG, 
ALN touches the circle. (III. Prop. 16.) 
Similarly it can be proved that NL, LM touch the circle. 
Therefore the triangle LMN is described about the circle 
ABC. 
Wherefore, a triangle LMN equiangular to the given 
triangle DEF has been described about the given circle ABC. 


EXERCISES. 


1. Prove that all triangles described about the same circle equi- 
angular to each other are equal in all respects. 


2. Describe a triangle about a given circle to have its sides 
parallel to the sides of a given triangle. 


How many solutions are there? 


3. The angles of the triangle formed by joining the points of con- 
tact of the inscribed circle of a triangle with the sides are equal to the 
halves of the supplements of the corresponding angles of the original 
triangle. 


4. If ABC, A’B’'C’ be two equal triangles described about a circle 
in the same sense and the pairs of sides BC, B'O"; CA, C'A'; AB, A'B' 
meet in a,b,c respectively, a, b,c are equidistant from the centre of 
the circle. 
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PROPOSITION 4. 
To inscribe a circle in a given triangle, 


Let 4 BC be the given triangle: 
it is required to inscribe a circle in the triangle ABC. 


Construction. Bisect two of the angles ABC, BCA of 
the triangle ABC by BD, CD meeting at D, (1. Prop. 9.) 
and from D draw DE, DF, DG perpendicular to BC, CA, 

A B respectively. (I. Prop. 223 

With D as centre and DE, DF, or DG as radius describe 

a circle: 
it will be a circle described as required. 





Proor. Because in the triangles DEB, DGB, 
the angle DBE is equal to the angle DBG, (Constr.) 
and the angle DEB is equal to the angle DGB, 
(I. Prop. 10 B.) 
and the side BD is common, 
the triangles are equal in all respects; 
(I. Prop. 26, Part 2.) 
therefore DE is equal to DG. 
Similarly it can be proved that DE is equal to DF. 
Therefore the three straight lines DE, DF, DG are equal 
to one another, and the circle described with D as centre, 
and DE, DF, or DG as radius passes through the ex- 
tremities of the other two; 
and touches the straight lines BC, CA, AB, because the 
angles at the points Æ, F, Œ are right angles, and the 
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straight line drawn through a point on a circle at right 
angles to the radius touches the circle. (IIL. Prop. 16.) 

Therefore the straight lines AB, BC’, CA do each of them 
touch the circle, and therefore the circle is inscribed in 
the triangle ABC. 


Wherefore, the circle EFG has been inscribed in the given 
triangle ABC. 


EXERCISES. 


1. The base of a triangle is fixed, and the vertex describes a 
circle passing through the extremities of the base: find the locus of 
the centre of the inscribed circle. 


2. If a polygon be described about a circle, the bisectors of all 
its angles meet in & common point. 


3. Describe a circle to touch a given circle and two given tan- 
gents to the circle. 


4. Construct a triangle, having given the base, the vertical angle 
and the radius of the inscribed circle. 


5. Find the centre of & circle cutting off three equal chords from 
the sides of a triangle. 


6. The triangle whose vertices are the three points of contact of 
the inscribed circle with the sides of a triangle, is always acute- 
angled. 
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It can be proved in the same manner as in Proposition 4 
that, if the angles at B and C of the triangle be bisected 
externally by BD,, CD,, meeting at D., and perpendiculars, 
DE, DFD, G. ee drawn, the circle deserit with D, as 
centre and either of the three lines D ,E,, D,F,, D,G, as 
radius will touch the three sides of the triangle. Such a 
circle satisfies the definition (IIT. Def. 10) of an inscribed 
circle. 

The circles are however generally distinguished thus, 
the circle HFG, which lies wholly within the triangle 
ABC, is called the inscribed circle, whereas the circle 
LF G, is called an escribed circle, and is said to be 
escribed beyond the side BC, to distinguish it from the 
two other circles which can, in a similar manner, be escribed 


beyond CA and beyond AB respectively. 
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EXERCISES. 


1. Prove that the radius of the inscribed circle of a triangle is 
less than the radius of any one of the escribed circles. 


2. Prove that the greatest of the escribed circles of a triangle is 
that which is escribed beyond the greatest side, and the least, beyond 
the least side. 


3. If the centres of the escribed circles of a triangle be joined, and 
the points of contact of the inscribed circle be joined, the two tri- 
angles so formed are equiangular to each other. 


4, A circle touches the side BC of a triangle ABC and the other 
two sides produced : shew that the distance between the points of con- 
tact of the side BC with this circle and with the inscribed circle, is 
equal to the difference between the sides 4B and AC. 


5. Construct a triangle, having given its base, one of the angles 
at the base, and the distance between the centre of the inscribed circle 
and the centre of the circle touching the base and the sides produced. 


6. Prove that, if 4, B be two fixed points on a circle and P a 
variable point, the locus of the centre of each of the escribed circles 
of the triangle APB is a circle. 


7. The centre of the inscribed circle of a triangle is the ortho- 
centre of the triangle formed by the centres of the escribed circles. 
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PROPOSITION 5. 


To describe a circle about a given triangle. 


Let ABC be the given triangle : 
it is required to describe a circle about the triangle ABC. 


Construction. Bisect two of the sides AB, AC of the 
triangle ABC, at D, E, (I. Prop. 10.) 
and draw DF, EF at right angles to AB, AC meeting at F. 

(I. Prop. 12.) 
Draw FA, and with F as centre and FA as radius describe 
a circle: 
this is a circle described as required. 
F must lie either in BC (fig. 2) or not in BC (figs. 1 and 3). 
Tf F do not lie in 5C, draw F5, FC. 
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Proor. Because in the triangles FDA, FDB, 
AD is equal to BD, (Constr.) 
and DF is equal to DF, 
and the angle ADF is equal to the angle BDF, (Constr.) 
the triangles are equal in all respects; (I. Prop. 4.) 
therefore FA is equal to FB. 
Similarly it can be proved that FA is equal to FC. 
Therefore the circle described with F as centre and FA as 
radius passes through the points B and C, and is de- 
scribed about the triangle 4 BC. 


Wherefore, a circle ABC has been described about the 
given triangle ABC. 
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The construction of Proposition 5 shews that only one 
circle can be described about a given triangle, a theorem 
which has already been established otherwise. 

(III. Prop. 9, Coroll. 2.) 

The circle ABC is often spoken of as the circumscribed 
circle of the triangle ABC. 


Propositions 4 and 5 solve problems of the same nature; each 
shews how to describe a circle to satisfy three given conditions. The 
problem of Proposition 4 to describe a circle to touch three given 
straight lines, admits of 4 solutions; Proposition 5, to describe a circle 
to pass through three given points, admits of but a single solution. 

A circle can be described to satisfy three (and not more than 
three) independent conditions, but it will be found that the solution 
is not always unique: if the problem be one which can be solved by 
geometrical methods, the number of solutions will be found to be 1 or 
2 or 4=2 x 2 or 8=2 x 2 x 2 or some higher power of 2. 

The number 2 occurs in one of its powers from the fact that at 
each step of the solution where choice is possible, the choice lies 
between the two intersections of a circle and a straight line or the 
two intersections of two circles. 

If it be required to describe a circle to touch four or more given 
straight lines, or to pass through four or more given points, relations 
of some kind must exist between the positions of the lines or of the 
points in order that a solution may be possible. 


EXERCISES. 


1. Inscribe in an equilateral triangle another equilateral triangle 
having each side equal to a given straight line. 


2. Shew how to cut off the corners of an equilateral triangle, so 
as to leave a regular hexagon. 


3. The sides AB, AC of a triangle are produced and the exterior 
angles are bisected by straight lines meeting in O: if a circle be 
described about the triangle BOC, its centre will be on the circle 
described about the triangle ABC. 
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PROPOSITION 6. 
To inscribe a square in a given circle. 


Let ABCD be the given circle: 
it is required to inscribe a square in the circle ABCD. 


Construction. Find the centre E of the circle ABCD, 
(III. Prop. 5.) 
and draw two diameters AEC, BED at right angles to one 
another. (I. Prop. 11.) 
Draw AB, BC, CD, DA: 
the quadrilateral ABCD is a square inscribed as required. 





Proor. Because the angle BEC is double of the angle 
BAC, 
and the angle AED is double of the angle ACD, 
(III. Prop. 20.) 
and the angle BEC is equal to the angle AED, 

(I. Prop. 15.) 
therefore the angle BAC is equal to the angle ACD. 
And because AC meeting AB, CD makes the alternate 
angles BAC, ACD equal, 

AB, CD are parallel. (I. Prop. 27.) 
Similarly it can be proved that AD, BC are parallel. 
Therefore the quadrilateral ABCD is a parallelogram. 
Again, because ABC is an angle in a semicircle 4 BC, 
the angle ABC is a right angle. (III. Prop. 31.) 
Therefore the parallelogram ABCD is a rectangle. 
(I Def, 19.) 
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Again, because in the triangles AFB, CEB, 
A E is equal to C E, 
BE to BE, 
and the angle A ZB to the angle CEB, 
the triangles are equal in all respects ; (I. Prop. 4.) 
therefore BA is equal to BC. 
Therefore the rectangle ABCD is a square. 
(I. Def. 20.) 
Wherefore, a square ABCD has been inscribed in the 
given circle ABCD. 


EXERCISES. 


1. Inseribe a regular octagon in a given circle. 


2. Shew how to cut off the corners of a square so as to leave a 
regular octagon. 


3. Inscribe in a given square, a square to have its sides equal 
to a given straight line. 


20— 2 
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PROPOSITION 7. 
T'o describe « square about a given circle, 
Let ABCD be the given circle : 


it is required to describe a square about it. 


ConstrucTION. Find Æ the centre of the circle ABCD, 
(III. Prop. 5.) 
and draw two diameters AFC, BED at right angles to one 


another. (I. Prop. 11.) 
Draw GAF, HCK parallel to BD, and GBH, FDK parallel 
to AC; 


the quadrilateral FGHK is a square described as required. 





Proor. Because GJ’, HK are each parallel to BD, 
GF, HK are parallel to each other. (I. Prop. 30.) 
Similarly it can be proved that 
GH, FK are parallel to each other; 
therefore FGHK is a parallelogram. 


Again, because GA EB is a parallelogram, (Constr.) 
the angle AGS is equal to the angle AFB, 


(I. Prop. 34.) 
which is a right angle; (Constr.) 

therefore the parallelogram FGHX is a rectangle. 
(I. Def. 19.) 


Again, because GBDF is a parallelogram, 
GF is equal to BD, a diameter of the circle. 
Similarly it can be proved that 
GH is equal to AC, a diameter of the circle; 
therefore GF is equal to GH. 
Therefore the rectangle FGHK is a square. (I. Def. 20.) 


PROPOSITION 7. 301 


Again, because A intersects the parallel lines GF, BD, 
the angle GAE is equal to the alternate angle AED, 
(I. Prop. 29.) 
which is a right angle ; (Constr.) 
therefore G.A F touches the circle. (III. Prop. 16.) 
Similarly it can be proved that GBH, HCK, KDF touch 
the circle. 


Wherefore, a squure FGHK has been described about the 
given circle ABCD. 


EXERCISES. 


1. Describe a regular octagon about a given circle. 


2. Prove that the area of a circumscribed square of a circle is 
double that of an inscribed square. 


3. If two circles be such that the same square can be inscribed 
in one and described about the other, the circles must be concentric. 


Is any other condition necessary ? 
4. Ifa parallelogram admit of a circle being inscribed in it and 


another circle being described about it, the parallelogram must be a 
square. 
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PROPOSITION 8. 
To inscribe a circle in a given square. 


Let ABCD be the given square: 
it is required to inscribe a circle in it. 


Construction. Draw AC, BD intersecting in Æ. 
From £ draw EF, EG perpendicular to DA, AB two 


of the sides of the square, (I. Prop. 12.) 
and with Æ as centre and EF or EG as radius describe 
a circle : 


it is à circle inscribed as required. 





Proor. Because CD is equal to AD, 
(1. Prop. 34, Coroll. 1.) 
the angle CAD is equal to the angle 4C D. (I. Prop. 5.) 
And because AC meets the parallels AB, DC, 
the angle BAC is equal to the alternate angle ACD ; 
(I. Prop. 29.) 
therefore the angle BAC is equal to the angle DAC. 
And because in the triangles GA E, FAE, 
the angle GAE is equal to the angle FAE, 
and the angle AGE to the angle AFE, 
and AE equal to AE, 
the triangles are equal in all respects ; 
(I. Prop. 26, Part 2.) 
therefore HG is equal to EF, 
and therefore the circle described with # as centre and 
EF or EG as radius passes through the extremity of the 
other, and touches the two sides DA, 4B. (TIT. Prop. 16.) 
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Similarly it can be proved that this circle touches each 
of the sides BC, CD: 
it is therefore inscribed in the square ALCD. 


Wherefore, a circle FGH has been inscribed in the given 
square ABCD. 


EXERCISES. 


l. Prove that a circle can be inscribed in any rhombus, 


2. Two opposite sides of a convex quadrilateral are together 
equal to the other two. Shew that a circle can be inscribed in the 
quadrilateral. 


3. AD, BE are common tangents to two circles ABC, DEC, 
that touch each other; shew that a circle may be inscribed in the 
quadrilateral ABED, and 4 circle may be described about it. 
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PROPOSITION 9. 


To describe a circle about a given square. 


Let ABCD be the given square: 
it is required to describe a circle about it. 
Construction. Draw AC, BD intersecting at E; 
and with E as centre and £A, EB, EC or ED as radius 
describe a circle : 
it is a circle described as required. 





Proor. Because in the triangles BAC, DAC, 
BA is equal to DA, (I. Prop. 34, Coroll. 1.) 
and BC to DC, 
and AC to AC, 
the triangles are equal in all respects; (I. Prop. 8.) 
therefore the angle BAC is equal to the angle DAC, 
or the angle BAC is half of the angle BAD. 
Similarly it can be proved that 
the angle 45D is half of the angle ABC. 
But the angle BAD is equal to the angle ABC; 
(I. Prop. 29, Coroll, and I. Prop. 10 B.) 
therefore the angle BAE is equal to the angle ABE. 
Therefore BE is equal to AL. (I. Prop. 6.) 

Similarly it can be proved that CE and DZ are each of 

them equal to AF or BE. 

Therefore the circle described with # as centre and one of 
four lines HA, EB, EC, or ED as radius passes through 
the extremities of the other three, and is described about 
the square ABCD. 


Wherefore, a circle ABCD has been described about the 
given square ABCD. 
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EXERCISES. 


i. A point is taken without a square such that the angles sub- 
tended at it by three sides of the square are equal: shew that the 
locus of the point is the circumference of the circle circumscribing 
the square. 


2. Find the locus of a point at which two given sides of a square 
subtend equal angles. 


3. If a quadrilateral be capable of having a quadrilateral of 
minimum perimeter inscribed in it, it must admit of a circle being 
inscribed in it. 


4. ABCD is a quadrilateral inscribed in a circle, and its 
diagonals, AC, BD intersect at right angles in EF; K, L, M, N are the 
feet of the perpendiculars from E on the sides of the quadrilateral. 
Shew that KLMN can have circles inscribed in it and described 
about it. 
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PROPOSITION 10. 


To construct à. triangle having each of. two angles double 
of the third angle. 


Construction. Take any straight line A 5, 

and divide it at C, so that the rectangle AB, BC may be 
equal to the square on AC. (II. Prop. 11.) 

With centre A and radius AB describe the circle BDZ, 
and draw a chord BD equal to AC, (Prop. 1.) 

and draw DA: 

the triangle ABD is a triangle constructed as required. 
Draw DC, and about the triangle ACD describe the circle 
ACD. (Prop. 5.) 





Proor. Because the rectangle 43, BC is equal to the 
square on AC, and AC is equal to BD, 
the rectangle AB, BC is equal to the square on BD. 
And because from the point B without the circle ACD, 
BCA is drawn cutting it in C and A, and BD is drawn - 
meeting it in D, 
and the rectangle AB, BC is equal to the square on BD, 
therefore BD touches the circle ACD. (III. Prop. 37.) 
And because BD touches the circle ACD, and DC is drawn 
from the point of contact D, 
the angle BDC is equal to the angle DAC. (III. Prop. 32.) 
To each of these add the angle CDA; 
then the whole angle BDA is equal to the sum of the angles 


CDA, DAC. 
But the angle BCD is equal to the sum of the angles CDA, 
DAC; (I. Prop. 32. 


therefore the angle BDA is equal to the angle BCD. 
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But because AD is equal to AB, 
the angle ABD is equal to the angle ADB; (I. Prop. 5.) 
therefore the angle DBA is equal to the angle BCD. 
And because the angle DAC is equal to the angle BCD, 
DC is equal to DB. (I. Prop. 6.) 
But DB is equal to CA; (Constr. ) 
therefore CA is equal to CD; 
therefore the angle CDA is equal to the angle CAD. 
(I. Prop. 5.) 
Therefore the sum of the angles CAD, CDA is double of the 
angle C A D. 
But the angle BCD is equal to the sum of the angles 
CAD, CDA; (I. Prop. 32.) 
therefore the angle BCD is double of the angle CAD. 
And the angle BCD has been proved equal to each of the 
angles BDA, DBA; 
therefore each of the angles BDA, DBA is double of the 
angle BAD. 


Wherefore, a triangle ABD has been constructed having 
each of two angles ABD, ADB double of the third angle 
BAD. 


It will be observed that the smaller angle of the triangle constructed 
in this proposition is equal to a fifth of two right angles. 


EXERCISES. 


1. Describe an isosceles triangle having each of the angles at 
the base one third of the vertical angle. 


2. Divide a right angle into five equal parts. 


3. In the figure of Proposition 10, if the two circles cut again at 
E, then DE is equal to DC. 


4. In the figure of Proposition 10, the circle ACD is equal to the 
circle described about the triangle ABD. 


5. In the figure of Proposition 10, if AF be the diameter of the 
smaller circle, DF is equal to & radius of the circle which circum- 
scribes the triangle BCD. 


6. If in the figure of Proposition 10, the circles meet again in 
E, then CE is parallel to BD, 
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PROPOSITION 11. 


To inscribe a regular pentagon in a given circle. 


Let ABCDE be the given circle : 

it is required to inscribe a regular pentagon in the circle 
ABCDE. 

Construction, Construct a triangle FGH having each 
of the angles at G, H double of the angle at 7; (Prop. 10.) 
in the circle ABODA, inscribe the triangle ACD, equi- 
angular to the triangle FGH, so that the angles CAD, ADC, 
DCA may be equal to the angles CFH, FHG, HGF re- 


spectively. (Prop. 2.) 
Bisect the angles ACD, ADC by the straight lines C E, DB, 
(I. Prop. 9.) 


and draw CB, BA, AE, ED: 
then ABCDE is a pentagon inscribed as required. 





Proor. Because each of the angles ACD, ADC is 
double of the angle CAD, (Constr.) 
and they are bisected by CZ, DB, 
the five angles ADB, BDC, CAD, DCE, ECA are equal. 
But equal angles at the circumference of a circle stand on 

equal ares; (III. Prop. 26, Coroll.) 

therefore the five arcs AB, BC, CD, DE, EA are equal. 

And the chords, by which equal arcs are subtended, are equal ; 
(LIT. Prop. 29, Coroll.) 

therefore the five straight lines AB, BC, CD, DE, FA are 

equal; 
therefore the pentagon ABCDE is equilateral. 
Again, the arc ED is equal to the arc 74A; 
to each of these add the arc AZ; 
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then the whole arc AZ D is equal to the whole arc LAL. 
And the angle AED is contained by the arc AED, and 
the angle BAZ by the arc BAL; 
therefore the angle AED is equal to the angle BAL. 
(III. Prop. 27, Coroll.) 
Similarly it can be proved that each of the angles ABC, 
BCD, CDE is equal to the angle AED or BALE; 
therefore the pentagon ABCDE is equiangular. 
Therefore ABC DE is a regular pentagon. 
Wherefore, a regular pentagon ABCDE has been inscribed 
in the given circle ABCDE. 


The following is a complete Geometrical construction for inscribing 
a regular decagon or pentagon in a given circle, 

Find O the centre. 

Draw two diameters AOC, BOD at 
right angles to one another. 

Bisect OD in Z. 

Draw AE and cut off EF equal to 
OE. 

Place round the circle ten chords 
equal to AF. 

These chords will be the sides of 
a regular decagon. Draw the chords 
joining five alternate vertices of the decagon ; they will be the sides of 
a regular pentagon. 

We leave the proof of this as an exercise for the student. 





EXERCISES. 


1, A regular pentagon is inscribed in a circle, and alternate 
angular points are joined by straight lines. Prove that these lines 
will form by their intersections a regular pentagon. 


2. If ABCDE be a regular pentagon, ACEBD is a regular star 
shaped pentagon, each of whose angles is equal to two-fifths of a right 
angle. 


3. ABCDE isa regular pentagon; draw 4C and BD, and let BD 
meet AC at F; shew that AC is equal to the sum of AB and BF. 


4, If AB, BC, and CD be sides of a regular pentagon, the circle 
which touches 4B and CD at B and C passes through the centre of 
the circle inscribed in the pentagon. 
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PROPOSITION 12. 


To describe a regular pentagon about a given circle. 


Let ABCDE be the given circle: 
it is required to describe a regular pentagon about the 
circle ABC DE. 


CONSTRUCTION. Let A, B,C’, D, # be the angular points 
of a regular pentagon inscribed in the circle; — (Prop. 11.) 
so that 45, BC, CD, DE, EA are equal arcs. 
Find the centre 7; (III. Prop. 5.) 
draw FA, FB, FC, FD, FE, 

and draw GAH, HBK, KCL, LDM, MEG at right angles 
to FA, FB, FC, FD, FE respectively; (I. Prop. 11.) 

then GHKLM is a pentagon described as required. 

Draw FK, FL. 





K C L 
Pnoor. Because in the triangles FBK, FCK, 
FB is equal to FC, and FK to FK, 
and the angle FBK equal to the angle FCK, 
each being a right angle, (I. Prop. 10 B.) 
and each of the angles FKB, FKC therefore is less than 
a right angle, (I. Prop. 17.) 
the triangles are equal in all respects ; 
(I. Prop. 26 A, Coroll.) 
therefore KB is equal to KC, 
and the angle BFK equal to the angle CFK, 
and the angle BKF to the angle CKF'; 
therefore KF bisects each of the angles BFC, BKC. 
Similarly it can be proved that LF bisects each of the 
angles CFD, CLD. 
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Again, because the arc BC is equal to the arc C D, 
the angle BFC is equal to the angle CFD. 
(IIT. Prop. 27, Coroll.) 
And because the angle AFC is half of the angle BFC, 
and the angle LFC is half of the angle CFD; 
therefore the angle KFC is equal to the angle LFC. 
Now because in the triangles KFC, LFC, 
the angle KFC is equal to the angle LFC, 
and the angle KCF to the angle LCF, 
and FC to FC, 
the triangles are equal in all respects; (I. Prop. 26, Part 1.) 
therefore KC is equal to LC, 
and the angle FAC equal to the angle FZC. 
Now it has been proved that KB is equal to KC, 
and that AZ is double of KC; 
and it can similarly be proved that AH is double of KB; 
therefore HK is equal to KL. 
Similarly it can be proved that any two consecutive sides 
of GHKLM are equal ; 
therefore the pentagon GH KLM is equilateral. 
And because it has been proved that the angles PAC, FLC 
are equal, 
and that the angle BKC is double of the angle FKC, 
and the angle CLD double of the angle FLC, 
therefore the angle BKC is equal to the angle CLD. 
Similarly it can be proved that any two consecutive angles 
of GHKLM are equal. 
Therefore the pentagon GHKLM is equiangular. 
The pentagon is therefore regular. 
And because each side is drawn at right angles to a radius 
of the circle at its extremity, it touches the circle; 
(III. Prop. 16.) 
therefore the pentagon is described about the circle A BO DE. 


Wherefore, a regular pentagon GHKLM has been de- 
scribed about the given circle ABODE. 
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PROPOSITION 13. 
To inseribe a circle in a given regular pentagon. 


Let ABCDE be the given regular pentagon : 
it is required to inscribe a circle in ABCDE. 


CONSTRUCTION. Bisect any two consecutive angles of 
the pentagon ABC, BCD by BF, CF (I. Prop. 9.) 
meeting at 7; 
draw FG, FH, FK, FL, FM perpendicular to AB, BC, CD, 

DE, HA respectively. (I. Prop. 12.) 
With F as centre and FG, FH, FK, FL or FM as radius 
describe a circle: 
it is a circle inscribed as required. 


Draw AF. 





C K D 
Proor. Because in the triangles ABI’, CBF, 
AB is equal to CB, (Hypothesis. ) 
and BF to BF, 
and the angle ABF to the angle CBF, (Constr.) 
the triangles are equal in all respects ; 
(I. Prop. 4.) 


therefore FA is equal to FC, 
and the angle BAF is equal to the angle BOF., 
Again, because the angle BAF is equal to the angle BCD, 
(Hypothesis. ) 
and the angle BAF has been proved equal to the angle 
BOF 


and the angle BC P is half of the angle BCD, (Constr.) 
therefore the angle BAF is half of the angle BAE, 
or AF bisects the angle BA E. 
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Similarly it can be proved that KF, DF bisect the angles 
AED, EDC; 
therefore the bisectors of all the angles of the pentagon 
meet in a point. 


Again, because in the triangles FCH, FCK, 
the angle FHC is equal to the angle FKC, 
and the angle FOH to the angle FCK, (Constr.) 
and FC to FC, 
the triangles are equal in all respects; 
(I. Prop. 26, Part 2.) 
therefore FH is equal to FK. 

Similarly it can be proved that the perpendiculars on any 
two consecutive sides are equal to one another : 
therefore FG, FH, FK, FL, FM are equal, and the circle 

described with F as centre and one of the five lines FG, 
FH, FK, FL or FM as radius passes through the ex- 
tremities of the other four ; and because the angles at 
G, H, K, L, M are right angles, it touches AB, BC, CD, 
DE, EA. (ILI. Prop. 16.) 
Wherefore, a circle GHKLM has been inscribed in the 
given regular pentagon ABCDE. 


EXERCISES. 


l. How many conditions are necessary in order that a given 
pentagon may admit of a circle being inscribed in it? 


2. Prove that the bisectors of all the angles of any regular 
polygon meet in a point, k 
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PROPOSITION 14. 
To describe a circle about a given regular pentagon. 


Let ABCDE be the given regular pentagon : 

it is required to describe a circle about ABCDE. 
CowsrRUCTION.  Bisect any two consecutive angles of 
the pentagon ABC, BCD, by BF, CF (I. Prop. 9.) 

meeting at /, and draw FA, FE, FD; 

with F as centre and FA, FB, FC, FD or FE as radius 
describe a circle: 
it will be a circle described as required. 





Proor. Because the angle ABC is equal to the angle 
BCD, (Hypothesis. ) 
and the angle FBC is half of the angle ABC, 
and the angle FCB is half of the angle BCD, 
therefore the angle FBC is equal to the angle FCB; 
therefore FC is equal to FB. (I. Prop. 6.) 


Again, because in the triangles ABF, CBF, 

AB is equal to CB, (Hypothesis. ) 
BF to BF, 

and the angle ABF to the angle CBF, (Constr.) 

the triangles are equal in all respects ; 
(I. Prop. 4.) 

therefore FA is equal to FC, 
and the angle FAB to the angle FCB. 
And because the angle FAB is equal to the angle FCB, 

and the angle BAE to the angle BCD, 

(Hypothesis.) 
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and the angle FCS is half of the angle LCD, 
(Constr.) 
therefore the angle FAB is half of the angle BAL; 
and FA bisects the angle BAL. 
Similarly it can be proved that FD, FE bisect the 
angles CDE, DEA respectively, 
and that FD and FE are each of them equal to FA or FC; 
therefore FA, FB, FC, FD, FE are all equal, and the 
circle described with F as centre and one of the five 
lines FA, FB, FC, FD, FE as radius passes through the 
extremities of the other four, and is described about the 
pentagon ABCDE. 


Wherefore, a circle ABCDE has been described about the 
given regular pentagon ABCDE. 


EXERCISES. 


1. Describe a regular decagon to have five of its vertices coin- 
cident with those of a given regular pentagon. 


2. How many conditions are necessary in order that a given 
pentagon may admit of a circle being described about it? State the 
conditions. 


3. Shew how to cut off the corners of a regular pentagon so as 
to leave a regular decagon. 


21—2 
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PROPOSITION 15. 


To inscribe a regular hexagon in u given circle. 


Let ABCDEF be the given circle: 
it is required to inscribe a regular hexagon in the circle 


ABCDEF. 


CowsTRUCTION. Find 6 the centre of the circle ; 
(III. Prop. 5.) 
draw any diameter AGD, 
and with A as centre and AG as radius describe the circle 
GBF intersecting the circle ABCDEF in B and F. 
Draw BG, FG and produce them to meet the circle again 
in Æ and C, and draw AB, BC, CD, DE, EF, FA: 
then ABCDEF is a hexagon inscribed as required. 





Proor. Because G is the centre of the circle ALUDE F, 

GB is equal to GA. 
And because A is the centre of the circle BGF, 
AB is equal to AG. 
Therefore AB, BG, GA are all equal. 
Therefore the angles AGB, BAG, GBA are all equal. 
(I. Prop. 5, Coroll. 1.) 
But the sum of these three angles is equal to two right 


angles; (I. Prop. 39. ) 
therefore the angle AGB is equal to one-third of two right 
angles. 


Similarly it can be proved ‘that the angle FGA is equal to 
one-third of two right angles. 
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But the sum of the three angles BGA, AGF, FGE is equal 
to two right angles ;. (I. Prop. 13.) 
therefore the angle FGE is one-third of two right angles, 
and therefore the angles BGA, AGF, FGE are equal. 
And because opposite vertical angles are equal, 
(I. Prop. 15.) 
the angles opposite to these are equal; 
therefore all the angles AGF, FGE, EGD, DGC, CGB, BGA 
are equal. 
Therefore the arcs AF, FE, ED, DC, CB, BA are equal. 
(IIT. Prop. 26, Coroll.) 
Therefore the chords AF, FE, ED, DC, CB, BA are equal. 
(ITI. Prop. 29, Coroll.) 
Therefore the hexagon ABCDEF is equilateral. 
Again, because the arcs BAF, AFE, FED, EDC, DCB, 
CBA are equal, 
the angles BAF, AFE, FED, EDC, DCB, CBA in those 
arcs are equal. (III. Prop. 27, Coroll.) 
Therefore the hexagon ABCDEF is equiangular : 
it is therefore regular, and it is inscribed in the circle 
ABCDEF. 


Wherefore, a regular hexagon ABCDEF has been in- 
scribed in the given circle ABCDEF. 


EXERCISES. 


1. Inscribe a regular dodecagon in a given circle. 


2. If ABCDEF be a regular hexagon, and AC, BD, CE, DF, 
EA, FB be drawn, they will form another regular hexagon of one 
third the area. 


3. The perimeter of the inscribed equilateral triangle of a circle is 
three quarters the perimeter of the circumscribed regular hexagon. 


4. Six equal circles can be described each touching a given circle 
and two of the others. 
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PROPOSITION 16. 


To inscribe a regular polygon of fifteen sides in a given 
circle. 


Let ABCD be the given circle: 
it is required to inscribe a regular polygon of fifteen sides 
in the circle A BCD. 

Construction. Let A, C be two angular points of an 


equilateral triangle inscribed in the circle, (Prop. 2.) 
and let A, B, D be three angular points of a regular pentagon 
inscribed in the circle. (Prop. 11. 
Draw CD, 
and place round the circle fifteen chords AL, ZAM... each 
equal to CD. 


The figure AZ ... is a polygon inscribed as required. 





Proor. If the whole circle contain fifteen equal parts, 
the are ABC, which is a third of the circle, contains five 
such parts, 
and the are ABD, which is made up of the ares AB, BD, 

each of which is a fifth of the circle, contains six such 
arts ; 
— the are CD, which its the difference of the arcs 
ABD, ABC, consists of one such part; 
therefore the arc C D is one-fifteenth of the circle. 
And because the ares AL, LM, ..., which are the shorter 
arcs cut off by equal chords AZ, L M, ..., are equal, 
(III. Prop. 28, Coroll.) 
each of the arca AZ, LM, ..., is one fifteenth of the circle, 
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Therefore the extremity of the last chord coincides with 
the point A, and the extremities of the chords which have 
been placed round the circle exactly divide the circle into 
fifteen equal parts. 

The figure AL AM... therefore is equilateral. 
And as each of the angles is contained by an arc made up 
of two of the fifteen equal parts, 
all the angles are equal ; 
(III. Prop. 27, Coroll.) 


therefore the figure ALM... is equiangular. 


Wherefore, a regular polygon of fifteen sides has been in- 
seribed in the given circle ABCD. 


EXERCISES. 


1. Prove that in the figure of Proposition 16 a vertex of the 
inscribed regular polygon of fifteen sides coincides with each of the 
vertices of the regular figures used in the construction. 


2. Prove that, if all but one of the bisectors of the angles of a 
polygon meet in a point, they all do so, and a circle can be inscribed 
in the polygon. 


8. Prove that, if all but one of the rectangular bisectors of the 
sides of a polygon meet in a point, they all do so, and a circle can be 
described about the polygon. 
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When a regular polygon of any number of sides is given, we can 
inscribe a regular polygon of the same number of sides in a given 
circle, and we can also describe a regular polygon of the same 
number of sides about a given circle. 

Moreover we can always inscribe a circle in a given regular 
polygon and describe a circle about it. 


Methods have now been given for the construction of regular 
figures of 3, 4, 5,6,and 15 sides. When any regular polygon is given 
we can construct a regular polygon of double the number of sides 
by describing a circle about the polygon and bisecting the smaller 
arcs subtended by the sides of the given polygon, and so on in 
succession for each duplication of the number of sides. Thus we see 
that we can by Euclid’s methods construct regular polygons of 3 x 2”, 
4x2", 5x2" and 15x 2" sides, where n is any positive integer, in- 
cluding zero. It was proved by Gauss* in the year 1801 that by 
purely geometrical methods those regular polygons can be con- 
structed, the number of whose sides is a primet number of the form 
2^.-1. This general law relating to the number of sides includes the 
case of the triangle (n=1) and the pentagon (n=2); the next two 
cases are those of the polygons which have 17 sides (n=4) and 
257 sides (n — 7) respectively. 


* Disquisitiones Arithmetice (sectio septima). 
t A prime number is an integer which is not divisible without 
remainder by any integer except itself and unity. 


MISCELLANEOUS EXERCISES. 


1. To inscribe a square in a given parallelogram. 


2. On a given circle find a point such that, if chords be drawn to 
it from the extremities of a given chord of the circle, their difference 
shall be equal to a given straight line less than the given chord. 


3. AB is a fixed chord of a circle whose centre is O, and CD is 
any other chord equal to AB. The extremities of these chords are 
joined by straight lines. Prove that, if the joining lines meet each 


other, their point of intersection lies on the circle which circumscribes 
ihe triangle 40B. 


4. Through each angular point of a triangle two straight lines 
are drawn parallel to the straight lines joining the centre of the cir- 
cumscribed cirele to the other angular points of the triangle. Prove 
that these six straight lines form an equilateral hexagon, which has 
three pairs of equal angles. 


5. If two equilateral triangles be described about the same circle, 
they will form an equilateral hexagon whose alternate angles are 
equal, 


6. Describe about a given circle a quadrilateral equiangular to a 
given quadrilateral. 


7. If the diameter of one of the escribed circles of a triangle be 
equal to the perimeter of the triangle, the triangle is right-angled. 


8. The diameter of the inscribed circle of & right-angled triangle 
is equal to the difference between the sum of the two smaller sides 
and the hypotenuse. 


9. Construct a triangle having given the centres of its inscribed 
circle and of two of its escribed circles. 


10. The side AB of a triangle ABC touches the escribed circles 
at G,, G,, G4: prove that G,G, is equal to BC, and G,G, to CA. 


li. If a circle be inscribed in a right-angled isosceles triangle, 
the distance from the centre of the circle to the right angle will be 
equal to the difference between the hypotenuse and a side. 
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12. Describe a circle to touch each of two given straight lines 
and to have its centre at a given distance from a third given straight 
line. 


13. Three circles are described, each of which touches one side of 
a triangle ABC, and the other two sides produced. If D be the point 
of contact of the side BC, E that of AC, and F that of AB, then AE 
is equal to BD, BF to CE, and CD to AF. 


14. Ifthe diagonals of the quadrilateral ABCD intersect at right 
angles at O, the sum of the radii of the inscribed circles of the tri- 
angles AOB, BOC, COD, DOA is equal to the difference between the 
sum of the diagonals and the semi-perimeter of the quadrilateral. 


15. Having given the hypotenuse of a right-angled triangle and 
the radius of the inscribed circle, construct the triangle. 


16. If the inscribed circle of a triangle ABC touch the sides AB, 
AC at the points D, FE, and a straight line be drawn from A to the 
centre of the circle meeting the circumference at G, the point G is the 
centre of the inscribed circle of the triangle ADE. 


17. Two sides of a triangle whose perimeter is constant are given 
in position: shew that the third side always touches a fixed circle. 


18. The points of contact of the inscribed circle of a triangle are 
joined ; and from the angular points of the triangle so formed perpen- 
diculars are drawn to the opposite sides: shew that the triangle of 
which the feet of these perpendiculars are the angular points has its 
sides parallel to the sides of the original triangle. 


19. Four triangles are formed by three out of four given points 
on a given circle: shew that a circle may be described so as to pass 
through the centres of the inscribed circles of the four triangles. 


20. The rectangle of the segments of the hypotenuse of a right- 
angled triangle made by the point of contact of the inscribed circle is 
equal to the area of the triangle. 


21. If on the sides of any triangle three equilateral triangles be 
constructed, the centres of the inscribed circles of these triangles are 
the vertices of an equilateral triangle. 


22. Describe three equal circles to touch each other and a given 
circle, 


23. Construct an isosceles triangle, having its base equal to the 
greater, and the diameter of its inscribed circle equal to the Jess of 
two given straight lines. 


24. In a given right-angled triangle, the lengths of the sides con- 
taining the right angle are 6 and 8 feet respectively. Find the lengths 
of the segments into which the hypotenuse is divided by the circle 
inscribed in the triangle. 
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25. Two triangles ABC, DEF are inscribed in the same circle so 
that 4D, BE, CF meet in one point O; prove that, if O be the centre 
of the inscribed circle of one of the triangles, it will be the ortho- 
centre of the other. 


26. A circle B passes through the centre of another circle 4; a 
triangle is described circumscribing A and having two angular points 
on B: prove that the third angular point is on the line of centres, 


27. A circle is escribed to the side BC of a triangle ABC touching 
ihe other sides in P and G. A tangent DE is drawn parallel to BC 
meeting the sides in D, E. DE is found to be three times BC in 
length. Shew that DE is twice AF. 


28. The sum of the diameters of the inscribed and the circum- 
scribed circles of a right-angled triangle is equal to the sum of the 
sides containing the right angle. 


29. Prove that two circles can be described with the middle point 
of the hypotenuse of a right-angled triangle as centre to touch the 
two circles described on the two sides as diameters. 


30. The perpendicular from A on the opposite side BC of a 
triangle ABC, meets the circumference of the circumscribed circle in 
G. If P be the point in which the perpendiculars from the angles 
upon the opposite sides intersect, then PG is bisected by BC, 


31. Through C, the middle point of the arc ACB of a circle, any 
chord CP is drawn, cutting the straight line 4B in Q. Shew that the 
locus of the centre of the circle circumscribing the triangle BQP is a 
straight line. 


32. The distance of the orthocentre of a triangle from any 
vertex is double of the distance of the centre of the circumscribed 
circle from the opposite side. 


33. Two equilateral triangles ABC, DEF are inscribed in a circle 
whose centre is O. AC, DF intersect in P, and AB, DE in Q. Prove 
that either POQ is a straight line, or a circle can be described about 
APOQD. 


34. Given the base, the difference of the angles at the base and 
the radius of the circumscribing circle of a triangle, shew how to con- 
struct the triangle. 


35. From the vertices of a triangle draw straight lines which 
shall form an equilateral hexagon whose area is double that of the 
triangle. 


36. If on each side of an acute-angled triangle as base, an 
isosceles triangle be constructed the sides of each being equal to the 
radius of the circumscribed circle, the vertices of these triangles form 
the vertices of a triangle equal in all respects to the original triangle. 


37. If O be the orthocentre of the triangle ABC, the triangle 
formed by the centres of the circles OBC, OCA, OAB is equal to the 
triangle ABC in all respects. 
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38. The ends of a straight line AB move along two fixed straight 
lines in a plane; prove that there is a point, in rigid connection with 
AB, which describes a circle. 


39. The circle through B, C and the centre of the circle inscribed 
in the triangle ABC meets the sides AB, AC again in E, F; prove that 
EF touches the inscribed circle, 


40. Let ABC be a triangle, O the centre of the inscribed circle, 
and O', O", O"", the centres of the escribed circles situated in the 
angles 4, B, C, respectively; prove (1) that the circumscribed circle 
passes through the middle points of the lines OO', OO", OO'''; 
(2) that the four points O, B, C, O’ lie on a circle which has its 
centre on the circumscribed circle; (3) that the points O", B, C, O"" 
lie on a circle whose centre is on the circumscribed circle. 


41. The triangle of least perimeter which can be inscribed ina 
given acute-angled triangle is the triangle formed by joining the feet 
of the perpendiculars from the angular points on the opposite sides. 


42, Describe a circle to touch a given straight line, and pass 
through two given points, 


43. Describe a circle to pass through two given points and cut 
off from a given straight line a chord of given length. 


44, Describe a circle to pass through two given points, so that 
the tangent drawn to it from another given point may be of a given 
length, 


45. If JZ, O be the centres of the inscribed and the circumscribed 
circles of a triangle ABC, and if AI be produced to meet the circum. 
scribed circle in I’, then OF bisects BC. 


46. If I be the centre of the inscribed circle of the triangle ABC, 
and AI produced meet the circumscribed circle at F, FB, FI, and FC 
are all equal. 


47. Construct a triangle having given one angular point and the 
centres of the inscribed and the circumscribed circles, 


48. O is the centre of the circumscribed circle of a triangle ABC; 
D, E, F are the feet of the perpendiculars from 4, B, C, on the op- 
posite sides: shew that O4, OB, OC are respectively perpendicular 
to EF, FD, DE. 


49. The four circles each of which passes through the centres of 
three of the four circles touching the sides of a triangle are equal to 
one another. 


50. Construct a triangle having given an angle and the radii of 
the inscribed and the circumscribed circles. 


51. From the vertex of a triangle draw a straight line to the base 
so that the square on the straight line may be equal to the rectangle 
contained by the segments of the base. 
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52. Four triangles are formed by three out of four given straight 
lines; shew that the circumscribed circles of these triangles all pass 
through a common point. 


58. The straight line joining the middle points of the arcs of a 
circle cut off by two sides of an inscribed equilateral triangle is 
trisected by those sides. 


54. The perpendicular from an angle of an equilateral triangle 
on the opposite side is equal to three quarters of the diameter of the 
circumscribed circle. 


55. If the inscribed and the circumscribed circles of a triangle be 
concentric, the triangle is equilateral. 


56. The angle C of the triangle ABC is a right angle. P is the 
intersection of the diagonals of a square on AC, and Q of those of a 
square on BO. Prove that the circumscribed circle of the triangle 
ABC passes through the intersection of PQ with a perpendicular to 
AB drawn through the middle point of AB. 


57. Describe three circles to touch in pairs at three given points. 


58. A rhombus is described about a given rectangle. Prove that 
its centre coincides with that of the rectangle and that each of its 
angular points lies either on a fixed straight line or on a fixed circle. 


59. Describe an isosceles triangle such that three times the verti- 
cal angle shall be four times either of the other angles. 


60. If ABCDE be a regular pentagon, and AC, BD intersect at 
O, then AO is equal to DO, and the rectangle AC, CO is equal to the 
square on BC. 


61. Prove that the difference of the squares on a diagonal and on 
a Si of a regular pentagon is equal to the rectangle contained by 
them. 


62. If with one of the angular points of a regular pentagon as 
centre and one of its diagonals as radius a circle be described, a side 
of the pentagon wìll be equal to a side of the regular decagon inscribed 
in the circle. 


63. If ABCDE be a pentagon described about a circle, and F be 
the point of contact of AB, then twice AF is equal to the difference of 
the sum of AB, AE, CD and the sum of BC, DE. 


64. AOA’, BOB’ are two diameters of a circle at right angles to 
one another. BO is bisected at C and AC cuts the circle on BO as 
diameter in D and E. Circles having 4 as centre and AD, AE as 
radii are described cutting the original circle in F and F’, G and G': 
prove that A'GF'F'G' is & regular pentagon. 


65. A regular hexagon 4BCDEF is inscribed in a circle. A 
second circle is described through 4 and B to cut the first circle at 
right angles: and a third circle is described through 4 and C to cut 
the first circle at right angles. Prove that the diameter of the third 
circle is three times that of the second, 
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66. If the alternate angles of an equilateral hexagon be equal to 
one another, a circle can be inscribed in the hexagon. 


67. Construct a regular polygon of 2n sides of equal perimeter 
with a given regular polygon of n sides. 


68. Any equilateral figure which is inscribed in a circle is also 
equiangular. 


69. Prove that a polygon which is described about one and 
inscribed in another of two concentric circles must be regular. 


70. Shew that it is always possible to describe about a circle a 
polygon equiangular to any given polygon. Will the two polygons be 
necessarily similar? 


71. Find the locus of the centre of the circumscribing circle of a 
triangle, when the vertical angle and the sum of the sides containing 
it are given. 


72. Given the circumscribed circle, an escribed circle and the 
centre of the inscribed circle, construct the triangle. 


73. Given an angular point, the circumscribing circle and the 
orthocentre, construct the triangle. 


74. Describe a square about a given quadrilateral. 
How many solutions are there? 


75. Construct a square so that each side shall touch one of four 
given circles. 
How many solutions are there? 


— 
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BOOK V. 


DEFINITIONS. 


DerFinition 1. Jf one magnitude be equal to another 
magnitude of the same kind repeated twice, thrice or any 
number of times, the first is said to be a multiple of the 
second, and the second is said to be an aliquot part or a 
measure of the first. 


If one magnitude A be equal to m times another magnitude B 
of the same kind (m being an integer, i.e. a whole number), A is said 
to be the m*^ multiple of B, and B the m'^ part of A. 

If A be any multiple of B and if C be the same multiple of D, then 
A and C are said to be equimultiples of B and D. 

The magnitudes treated of in Book V. are not necessarily Geome- 
trical magnitudes: but they are assumed to be such that any magnitude 
can be supposed to be repeated as often as desired, in other words, 
that any multiple we please of a magnitude can be taken. They are 
assumed also to be such that any one taken twice is greater than it 
is alone; such quantities as those which are called in Algebra either 
negative or imaginary are excluded from consideration. 

The capital letters 4, B, C, D &c. will be used to denote magnitudes, 
and the small letters m, n, p, q &c. to denote whole numbers. 

When a magnitude A is spoken of, the letter A is supposed to repre- 
sent the magnitude itself, 


DEriNiTION 2. The relation of one magnitude to another 
of the same kind with respect to the multiples of the second or 
of aliquot parts of the second, which the first is greater than, 
equal to, or less than, is called the ratio of the first to the 
second, 


It is difficult to convey a precise idea of "ratio" by a definition. 
The student will gradually acquire a firmer grasp of the meaning of 
the term as he proceeds. It is important to bear in mind that 
the difference between two magnitudes is not their ratio, 
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Whenever the ratio of one magnitude to another is spoken of, it 
is necessarily implied, although it may not always be express!y stated, 
that the two magnitudes are of the same kind. 


In the ratio of one magnitude to another, the first is 
called the antecedent and the second the consequent of the 
ratio. 

In the ratio of A to B, A is the antecedent and B the consequent. 

The ratio of a magnitude to an equal magnitude is 
called a ratio of equality, and is said to be equal to unity ; 

the ratio of a magnitude to a less magnitude is called 
a ratio of greater inequality, and is said to be greater 
than unity ; 

the ratio of a magnitude to a greater magnitude is 
called a ratio of less inequality, and is said to be less than 
unity. 

The ratio of one diameter to another diameter of the same circle 
is a ratio of equality: 

the ratio of a diagonal to a side of a square is a ratio of greater 
inequality : 

the ratio of the area of a circle to the area of a square described 
about the circle is a ratio of less inequality. 


DEFINITION 3. Zf one magnitude repeated amy number 
of times be greater than, equal to, or less than a second magni- 
tude repeated any other number of times, the ratio of the 
first magnitude to the second magnitude is said to be 
greater than, equal to, or less than the ratio of the second 
number to the first number. 

If A, B be two magnitudes such that m times A is equal to a 
times B, the ratio of A to B is equal to the ratio of n to m. 

Similarly, if m times A be greater than n times B, the ratio of 
A to B is greater than that of n to m; and if m times A be less than 
n times B, the ratio of A to B is less than that of n to m. 


DEFINITION 4. When two magnitudes of the same kind 
are such that some measure of the first is equal to some 
measure of the second, the two magnitudes are said to be 
commensurable, 


Two magnitudes of the same kind, which are not com- 
mensurable, are said to be incommensurable., 
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If A, B, C be three magnitudes of the same kind such that C is the 
mth part of A and C is the ntt part of B, or, in other words, such that 
A is equal to m times C and B is equal to n times C, then A anà B 
have a common measure C, and therefore are commensurable. 

If the ratio of A to B be equal to the ratio of one integer to 
another, say that of n to m, and the ratio of C to D be also equal to 
that of n to m, the ratio of A to B is equal to that of C to D : and 
similarly, if the ratio of A to B be equal to that of n to m, and the 
ratio of C to D be greater or less than that of n to m, the ratio of 
A to B is less or greater respectively than that of C to D. 

A complete method is thus afforded of testing the equality or the 
inequality of the ratios of pairs of commensurable magnitudes: but 
the same method is not applicable to incommensurable magnitudes. 

Now it will be manifest from what has been said that, if we have 
four magnitudes A, B, C, D, of which 4 and B are incommen- 
gurable, the ratio of C to D cannot be equal to that of A to B, unless 
C and D be also incommensurable. 

It is possible to find two magnitudes of the same kind that are 
not commensurable. It can be proved that a diagonal and a side of 
the same square are such a pair of magnitudes, and also that the 
circumference and a diameter of the same circle are another such pair 
of magnitudes. The question arises how the ratios of two pairs of 
such incommensurable magnitudes are to be compared. 

It is easy to prove that a diagonal of a square is greater than once 
and less than twice a side; these inequalities give a very rough 
comparison of the lengths of the two lines. It can be proved that 
10 times a diagonal is greater than 14 times and less than 15 times 
& side: these inequalities give a less rough comparison of the lengths. 
Again, it can be proved that 100 times a diagonal is greater than 
141 times and less than 142 times a side: these inequalities give 
a still less rough comparison of the lengths of the two lines. 

These facts are represented by saying that the ratio of a diagonal 
to a side is greater than the ratio of 1 to 1 and less than that of 2 to 1: 
greater than the ratio of 14 to 10 and less than that of 15 to 10: 
greater than the ratio of 141 to 100 and less than that of 142 
to 100. 

Pairs of ratios of greater and greater numbers might be quoted, 
between which the ratio of a diagonal to a side always lies: but no 
two numbers can be found such that the ratio in question is equal to 
the ratio of the numbers. 

T. K. 22 
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In the following definition of the equality of two ratios, the case 
of incommensurable magnitudes is included as well as that of com- 
mensurable magnitudes. 


Derinition 5. If four magnitudes be such that, when 
any equimultiples whatever of the first and the third are 
taken, and also any equimultiples whatever of the second and 
the fourth, the multiples of the first and the third are simul- 
taneously either both greater than, or both equal to, or both 
less than the multiples of the second and the fourth respec- 
tively, the ratio of the first magnitude to the second is said to 
be equal to the ratio of the third to the fourth. 


When the ratio of the first of four magnitudes to the 
second is equal to that of the third to the fourth, the mag- 
nitudes are suid to be proportionals or in proportion. 


When four magnitudes are proportionals, the first 1s said 
to be to the second as the third to the fourth. 


Let 4, B, C, D be four magnitudes, of which A and B are of the 
same kind, and C and D are of the same kind, and let any equimul- 
tiples whatever of 4 and C, say m times 4 and m times C, be taken, and 
any equimultiples whatever of B and D,say n times B and n times D; 
then, if m times A be greater than n times B and also m times C 
greater than n times D, or else m times A be equal to n times B and 
also m times C equal to n times D, or else m times A be less than n 
times B and also m times C less than n times D, for every possible 
pair of whole numbers m and n, the ratio of A to B is equal to the 
ratio of C to D, and A, B, C, D are proportionals. 


The fact that four magnitudes A, B, C, D are in proportion is 
denoted by saying that 4 has to B the same ratio that C has to D, or 
that the ratio of A to B is equal to that of C to D, or that A is 
to B as C to D: it is expressed still more concisely by the notation 


4d :B-—C:D. 


Norse. It will be observed that when four magnitudes 4, ^, C, D 
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are defined in order as proportionals, i.e. A is to D as C to D, they 
are at the same time defined as proportionals also in the three several 
orders B, A, D, C; C, D, A, B ; and D, C, B, A; that is to say, it 
follows from the definition that, if any one of the four proportions 


EER-C:p, H:2—-D:06, CC: bat: BS, BP: C=B: A 
exist, the other three exist also. 


It follows at once from Definition 5 that if, of A, B, C, D, four 
magnitudes, 4 be equal to C and B be equal to D, the ratio of A to B 
is equal to the ratio of C to D; and further that if, of A, B, C, three 
magnitudes, A be equal to B, the ratio of A to C is equal to the ratio 
of B to C, and also the ratio of C to A is equal to the ratio of C to B. 


DeFIniTION 6. When four magnitudes are proportionals, 
the first and the third, the antecedents, are said to be 
homologous to one another, and the second and the fourth, 
the consequents, are also said to be homologous to one an- 


other. 


In the proportion A is to B as C to D, the antecedents A and C 
are homologous to one another and the consequents B and D are 
homologous to one another. 


DEFINITION 7. If it be possible to take equimultiples of 
the first and the third of four magnitudes and equimultiples 
of the second and the fourth, such that the multiple of 
the first is greater than that of the second and the multiple 
of the third not greater than that of the fourth, the ratio of 
the first to the second is said to be greater than that of the 
third to the fourth; and the ratio of the third to the fourth 
as said to be less than the ratio of the first to the second. 


As an example the ratios of the numbers 2 to 3 and 5 to 8 may 
be taken. 


If the 5'* multiples of the first and the third be taken and the 3*¢ 
multiples of the second and the fourth, the multiples in order are 
10, 9, 25, 24: here 10 is greater than 9 and 25 greater than 24: but 
equality between the ratios is not thereby established. 


22—2 
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If the 11° multiples of the first and the third be taken, and the 7* 
multiples of the second and the fourth, the multiples in order are 
22, 21, 55, 56: here 22 is greater than 21 and 55 not greater than 56: 
and the fact is established that the ratio of 2 to 3 is greater than that 
of 5 to 8. 


DEFINITION 8. The ratio of the first of three magnitudes 
of the same kind to the third is said to be compounded of the 
ratio of the first to the second and the ratio of the second to 
the third. 


The ratio of the first of three magnitudes of the same kind 
to the third is also said to be the ratio of the ratio of the first 
magnitude to the second to the ratio of the third maynitude 
to the second. 


If A, B, C be three magnitudes of the same kind, the ratio of 
A to C is compounded of the ratio A to B and the ratio B to C. 

Further, the ratio of A to C is said to be the ratio of the ratio 4 
io B to the ratio C to B. 


DEFINITION 9. Zf the first of a number of magnitudes 
of the same kind be to the second as the second to the third 
and as the third to the fourth and so on, the magnitudes are 
said to be in continued proportion. E i 

)| UE 22 = Eidi 

If a number of magnitudes be in continued Props 
the ratio of the first to the third is said to be duplicate of 
the ratio of the first to the second, and the ratio of the first to 
the fourth is said to be triplicate of the ratio of the first 
to the second. 


If four magnitudes be in proportion, the first and the 
fourth are called the extremes und the second and the fourth 
the means of the proportion. 


If three magnitudes be in continued proportion, the first 
and the third are called the extremes and the second the 
mean of the proportion ; also the second is called a mean 
proportional between the first and the third, and the third is 
called a third proportional to the first and the second. 
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PROPOSITION 1. [Euciip Exem. Prop. 4.] 


Jf four magnitudes in order be proportionals and any 
equimultiples of the antecedents be taken, and any equa- 
multiples of the consequents, the four multiples are pro- 
portionals 4n the same order as the magnatudes*. 


Let the magnitudes 4, B, C, D be proportionals, and 


let m, n be two given numbers: 


it is required to prove that m times A, n times J, m times C, 
n times D are proportionals. 


Construction. Let p,q be any two numbers, and let 
m times 4 be Æ, n times B be P, times € be @ ang.» 
times D be H. T: wa A * * 
Proor. Because #, G are pinipis of 4, C, * 
p times E, p times G are equimultiples of A, C, 
no matter what number p may be ; 
and because 7, H are equimultiples of B, D, 
q times F, q times 77 are equimultiples of B, D, 
no matter what number g may be; 
and because A is to B as C to D, 
p times E and p times G 
are both greater than, both equal to or both less than 
q times F and q times H respectively, 
for all values of p and q; (Def. 5.) 
therefore Æ is to F as G to H; (Def. 5.) 
that is, m times A is ton times B as m times C to n times D. 


Wherefore, if four magnitudes, &c. 


* Algebraically. Ifa: b=c:d, then ma ; nb —moc : nd. 
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PROPOSITION 2. [Eucri» Erw. Pror. 8.] 


The greater of two magnitudes has to a third magnitude 
a greater ratio than the less has; and a third magnitude 
has to the less of two other magnitudes a greater ratio than 
it has to the greater*. 


Let A, B, C be three magnitudes of the same kind, of 
which A is greater than B: 
it is required to prove that 4 has to C a greater ratio than 
B has to C, and that C has to B a greater ratio than C 
has to A. 


Construction. Let the excess of A over B be D; 
take the m equimultiples of B, D, such that each is 
greater than C, and of the multiples of C let the p™ 
multiple be the first which is greater than m times Ð, 
and let n be the number next less than p. 


Proor. Because m times B is not less than » times C 
and m times D is greater than C; — (Constr.) 
therefore the sum of m times B and m times P is greater 
than the sum of n times C and C, 
that is, m times A is greater than p times C ; 
and m times B is less than p times C; | (Constr.) 
therefore 4 has to C a greater ratio than B has to C. 
(Def. 7.) 
Next, because p times C is less than m times A, 
and p times C is greater than m times B, 
therefore C has to B a greater ratio than C has to A. 
(Def. 7.) 
Wherefore, the greater, &c. 


* Algebraically. Ifa>b, then a:c>b:ic and ec: b>cia, 
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PROPOSITION 3. [Eucrip ErrM«. Prop. 9.] 


If the ratio of the first of three magnitudes to the third be 
equal to the ratio of the second. to the third, the first magni- 
tude is equal to the second*. 


Let A, B, C be three magnitudes of the same kind such 
that A is to C as P is to C: 
it is required to prove that A is equal to B. 


Proor. Because, any magnitude greater than B has 
to C a greater ratio than B has to C, (Prop. 2.) 
and A has to C the same ratio as B to C, 
A cannot be greater than P. 


Again, because any magnitude less than B has to C a 
less ratio than B to C, (Prop. 2.) 
and A has to Č the same ratio as B to C, 

A cannot be less than B. 
Therefore 4 must be equal to 7. 


Wherefore, ¿f the ratio of the first, &c. 


* Algebraically. Ifa:c=b:c, then a=b. 
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PROPOSITION 4. Panrl. [Evcrip Exem. Prop. 10.] 


If the ratio of the first of three magnitudes to the third 
be greater than the ratio of the second to the third, the first 
magnitude is greater than the second*. 


Let A, B, C be three magnitudes of the same kind, such 
that A has to C a greater ratio than B to C: 
it is required to prove that A is greater than J. 


Proor. Because the ratio of A to C is greater than 
that of B to C, 

there are some equimultiples, say the m*^ multiples, of 
A, B and some multiple, say the «^ multiple, of C, such 
that m times A is greater than z times C, 
and m times B not greater than n times C; (Def. 7.) 
therefore there is some number m such that m times A is 
greater than m times B; 

therefore A is greater than B. 


Wherefore, if the ratio of the first, &c. 


PROPOSITION 4. Parr 2. [Eucuip ExLem. Prop. 10. | 


If the ratio of the first of three magnitudes to the second 
be greater than the ratio of the first to the third, the second 
magnitude is less than the third1. 


Let A, B, C be three magnitudes of the same kind, such 
that A has to B a greater ratio than 4 to C: 
it is required to prove that B is less than C. 


Proor. Because the ratio of A to B is greater than that 
of A to C, there is some multiple, say the mtt multiple, of 
A, and there are some equimultiples, say the nt? multiples, 
of B, C, such that m times A is greater than n times B, 

and m times A not greater than n times C'; (Def. 7.) 
therefore there is some number n such that n times C is 
greater than » times 2; | 

therefore C is greater than B. 


Wherefore, if the ratio of the first, &c. 


* Algebraically. Ifa :c=>b:c, then a>b. 
+ Algebraically. Ifa@:b>a:c, then b«c. 
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PROPOSITION 5. [Euvciip E.em. Prop, 11.] 


Ratios, which are equal to the same ratio, are equal to 
one another*. 


Let 4, B, C, D, E, F be six magnitudes, such that 
A is to Bas C to D, 
and also E is to P as C to D: 
it is required to prove that 
A is to B as E to F. 


Proor. Because A is to # as C to D, 
m times A and m times C 
are both greater than, both equal to or both less than 
n times B and n times D respectively, 
for all values of m and n; (Def. 5.) 
and because £ is to F as C to D, 
m times E and m times C 
are both greater than, both equal to, or both less than 
n times # and » times D respectively, 
for all values of m and n; 
therefore m times A and m times E 
are both greater than, both equal to or both less than 
n times B and n times F respectively, 
for all values of m and n; 
therefore A is to Bas E to F. (Def. 5.) 


Wherefore, ratios, which are equal, &c. 


* Algebraically. If a: x 


: d, and e : f—-c:d, 
then bee (f. 


338 LOOK V. 


PROPOSITION 6. [Euciip ExLem. Prop. 12.] 


If any number of ratios be equal, each ratio is equal to 
the ratio of the sum of the antecedents to the sum of the con- 
sequents*. 


Let 4, B, C, D, E, F be any number of magnitudes 
of the same kind, such that the ratios of A to B, C to D, 
E to F are equal: 
it is required to prove that 
A is to B as the sum of A, C, E to the sum of B, D, F. 


Construction. Take any equimultiples, say the m*" 
multiples, of 4, C, E, and any equimultiples, say the n'® 
multiples, of B, D, F. 


Proor. Because A is to Bas C to D, and also as Æ to F, 
therefore m times A, m times C and m times E 
are simultaneously all greater than, all equal to or all less 
than n times B, n times D and r times F respectively, 
for all values of m and n; (Def. 5.) 
therefore m times A and m times the sum of 4, C, E 
are simultaneously all greater than, all equal to or all less 
than n times B and n times the sum of B, D, F respectively, 
for all values of m and n. 
Therefore 
A is to B as the sum of A, C, Æ to the sum of B, D, F. 
(Def. 5.) 
Wherefore, if any number of ratios, &c. 


COROLLARY. The ratio of two magnitudes is equal to the 
ratio of any two equimultiples of themt. 


* Algebraically. If a:b=c¢:d=e:f, 
then a:b=a+c+e:b+d+f. 
t Algebraically. a :b=ma : mb. 
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PROPOSITION 7. [Euciip Evem. Prop. 13.] 


If the first of three ratios be equal to the second and the 
second greater than the third, the first is greater than the third*. 


Let A, B, C, D, E, F be six magnitudes, such that the 
ratio of A to B is equal to that of C to D, and the ratio of 
C to D is greater than that of £ to F: 

it is required to prove that the ratio of A to B is greater 
than that of E to F. 


Proor, Because the ratio of C to D is greater than 
that of Æ to F, it is possible to find some equimultiples, say 
the m*® multiples, of C and Æ, and some equimultiples, say 
the ntt multiples, of D and F, such that 

m times C is greater than n times D 
and m times Æ not greater than n times F. (Def. 7.) 


Again, because 4 is to Z as C to D, 
m times Á and m times C 

are simultaneously both greater than, both equal to, or both 

less than n times B and n times D respectively, 
for all values of m and n. (Def. 5.) 

Therefore for some values of m and n 
m times Á is greater than n times B 
and m times Ẹ not greater than n times F, 

Therefore the ratio of 4 to B is greater than that of E 
to F. (Def. 7.) 


Wherefore, if the first of three ratios, &c. 


* Algebraically. If a: b=c:d, and c:d>e:f, 
then a:b>e:f. 
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PROPOSITION 8. [Evcrip Ere. Pnor. 14.] 


If the first of four proportionals of the same kind be 
greater than the third, the second is greater than the fourth ; 
af the first be equal to the second, the third is equal to the 
fourth; uf the first be less than the second, the third is less 
than the fourth*. 


Let A, B, C, D be four magnitudes of the same kind 
such that 4 is to B as C to D: 
it is required to prove that, if 4 be greater than C, B is 
greater than D, and, if A be equal to C, B is equal to D, 
and, if A be less than C, B is less than D. 


Proor. First. Let A be greater than C. Because 
A, B, C are three magnitudes and A is greater than C, 
the ratio of A to B is greater than that of C to B; 
(Prop. 2.) 
but the ratio of A to B is equal to that of C to D; 
therefore the ratio of C to D is greater than that of C to B; 
(Prop. 7.) 
therefore JB is greater than D. (Prop. 4, Part 2.) 


Next. Let A be equal to C. 
Because Á is to B as C to D, 
B isto Aas D to C; (Def. 5. Note.) 
and A is equal to C; 
therefore B is to C as D to C; 
therefore B is equal to D. (Prop. 3.) 


Lastly. Let A be less than C. 
Because A is to B as C to D, 
C is to D as A to B; (Def. 5. Note.) 
therefore, by the first case, 
if C be greater than A, D is greater than B, 
that is, if A be less than C, B is less than D. 


Wherefore, ¢f the first, &c. 


* Algebraically, If & :b—c:d, 
then a> = «c &ecording as b> = <d. 
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PROPOSITION 9. [Evcrr» Errw. Prop. 16.] 


If the first of four magnitudes of the same kind be to 
the second as the third to the fourth, then also the first is to 
the third as the second to the fowrth*. 


Let A, B, C, D be four magnitudes of the same kind 
such that 4 is to B as C to D: 
it is required to prove that A is to C as B to D. 


Construction. Take any equimultiples, say the mth 
multiples, of A4, B, and any equimultiples, say the »'^ 
multiples, of C, D. 


Proor. Because m times A is to m times B as A to B, 
and because » times C is to n times D as C to D, 
(Prop. 6. Coroll.) 
and Á is to B as C to D; — (Hypothesis.) 
therefore m times Á is to m times B as n times C to 
n times D. (Prop. 5.) 
Therefore m times A and m times B 
are both greater than, both equal to or both less than 
n times C and n times D respectively, 
for all values of mand n; (Prop. 5 
therefore Á is to C as B to D. (Def. 5. 


Wherefore, if the first, &c. 


* Algebraically. If a :b=c :d, then a:c=b:;d. 
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PROPOSITION 10. [EvcLrp Exe. Prop. 17.] 


If the sum of the first and the second of four magnitudes 
be to the second as the sum of the third and the fourth to the 
fourth, the first is to the second as the third to the fourth*. 


Let A, D, C, D be four magnitudes, A and B being of 
the same kind and C and D of the same kind, such that 
the sum of A and B# is to P as the sum of C and D to D: 
it is required to prove that 
A is to B as C to D. 


Construction. Take any equimultiples, say the «^ 
multiples, of 4, B, C, D and any equimultiples, say the nth 
multiples, of B, D; 
then the sums of m times P and n times B and of m times 
D and n times D are equimultiples of B and D respectively. 


Proor. Because the sum of A and B is to B as the sum 
of C and D to D, (Hypothesis.) 
therefore m times the sum of 4 and B 
and m times the sum of C and D are simultaneously 
both greater than, both equal to or both less than 
the sum of m and » times B 
and the sum of m and n times D respectively, 
for all values of m and n: (Def. 5.) 
therefore m times 4 and m times C 
are simultaneously both greater than, both equal to or both 
less than n times 5 and n times D respectively, 
for all values of m and » ; 
therefore 4 is to B as C to D. (Def. 5.) , 


Wherefore, tf the sum, &c. 


* Algebraically. If a+b: b=c+d:d, then a:b=c:d. 


PROPOSITIONS 10, 11. 343 


PROPOSITION 11. [Evciip Exem. Prop. 18.] 


If the first of four magnitudes be to the second as the 
third to the fourth, then the sum of the first and the second is 
to the second as the sum of the third and the fourth to the 
Sourth*. 


Let A, B, C, D be four magnitudes, A and B being of 
the same kind, and C and D of the same kind, such that 
A is to P as C to D: 
it is required to prove that 
the sum of A and B is to B as the sum of C and D to D. 


Construction. Take any equimultiples, say the mt? 
multiples, of A, C and any equimultiples, say the xh 
multiples, of B, D. 


PRoor. Because Á is to P as C to D, (Hypothesis) 
therefore m times A and m times C 
are simultaneously both greater than, both equal to or both 
less than n times B and n times D respectively, 
for all values of m and n; (Def. 5.) 
therefore m times the sum of A and B 
and m times the sum of C and D 
are simultaneously both greater than, both equal to or both 
less than the sum of m and n times B 
and the sum of m and n» times D respectively, 
for all values of m and n. 
And it is manifest that 
m times the sum of A and B 
and m times the sum of C and D 
are simultaneously both greater than 
p times B and p times D respectively, 
for all values of m and p, where m is not less than p. 
Therefore m times the sum of A and B 
and m times the sum of C and D 
are simultaneously both greater than, both equal to or both 
less than p times B and p times D respectively, 
for all values of m and p; 
therefore the sum of A and B is to B as the sum of C 
and D to D. (Def. 5.) 
Wherefore, if the first, &c. 


* Algebraically. If a: b=c:d, then a+b: b=e+d: d. 
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PROPOSITION 12. [Evcrtip Exem. Prop. 19.] 


If the sum of the first and the second of four magnitudes 
be to the sum of the third and the fourth as the second to the 
Jourth, the first is to the second as the third to the fourth *. 


Let A, B, C, D be four magnitudes of the same kind, 
such that 
the sum of A and B is to the sum of C and D as B to D: 
it is required to prove that A is to B as C to D. 


Proor. Because 
the sum of A and P is to the sum of C and D as B to D, 
the sum of A and B is to B as the sum of C and D to D. 
(Prop. 9.) 
Therefore A is to Bas Cis to D. (Prop. 10.) 


Wherefore, if the sum, &c. 


* Algebrajicaly. lf a+b3¢+d=6:d, then a; b=c: d. 
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PROPOSITION 13. [Euciip Exes. Prop. 20. ] 


If the first of six magnitudes be to the second as the fourth 
to the fifth, and the second be to the third as the fifth to the 
sixth, then the first and the fourth are both greater than, 
both equal to, or both less than the third and the sixth 
respectively *. 


Let 4, B, C, D, E, F be six magnitudes, A, B, C being 
of the same kind and D, Z, F of the same kind, such that 
4À is to B as D to E, and P is to C as E to F: 
it is required to prove that 4 and D are both greater than, 

both equal to or both less than C and F respectively. 


Proor. First, let A be greater than C. 
Because 4 is to B as D to E, (Hypothesis.) 
and the ratio of A to B is greater than that of C to B, 
(Prop. 2.) 
the ratio of D to E is greater than that of C to B; (Prop. 7.) 
and because C is to B as P to E; (Def. 5, Note.) 
the ratio of D to E is greater than that of F to E; (Prop. 7 .) 
therefore D is greater than F. (Prop. 4.) 
Secondly, because the magnitudes are proportionals 
when taken in the orders 4, 5, D, E; B, C, E, F, they 
are also proportionals when taken in the orders D, E, A, B ; 
ES E: (Def. 5, Note.) 
therefore by the first case, 
if D be greater than /’, d is greater than C. 
Lastly. The magnitudes are also proportionals when 
taken in the orders C, B, F, E; B, A, E, D; (Def. 5, Note.) 
therefore by the first and second cases, 
if C be greater than A, F is greater than D, 
and if PF be greater than 2, C is greater than 4 ; 
therefore 4 and D are both greater than, both equal to or 
both less than C and F respectively. 
Wherefore, if the first, &c. 


* Algebraically. 1f a:b—d:eand b :c-e if, 
then a>=<c according asd>=</f. 
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PROPOSITION 14. [Evcrr» Erkw. Prop. 22.] 


If the first of six magnitudes be to the second as the fourth 
to the fifth, and the second be to the third as the fifth to the 
sixth, then the first 4s to the third as the fourth to the siath*. 


Let A, B, C, D, E, F be six magnitudes, 4, B, C being 
of the same kind and D, E, F of the same kind, such that 
A is to B as D to E, and B is to C as Æ to F: 

it is required to prove that A is to C as D to F. 


Construction. Take any equimultiples, say the m™® 
multiples, of A, D, 

and any equimultiples, say the n multiples, of B, £, 

and any equimultiples, say the p^ multiples, of C, F. 


Proor. Because Á is to B as D to E, 

and JB is to C as E to F; 
therefore m times A is to n times B as m times D to n times £, 
and « times B is to p times C as n times E to p times F. 
(Prop. 1.) 
Therefore m times A and m times D ; 
are both greater than, both equal to or both less than 

p times C and p times F respectively, 
for all values of m and p. (Prop. 13.) 
Therefore A is to C as D to F. (Def. 5.) 
Wherefore, if the first, &c. 


COROLLARY. Ratios which are duplicate of equal ratios 
are equalt. 


* Algebraically. If a: b—d:eand b:c-e: f, thena : e-d : f. 
+ Algebraically. If a:b=b:candd:e=e:fanda:b=d:e, 
then ques d : f. 
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PROPOSITION 15. 


If the first of six magnitudes have to the second a greater 
ratio than the fourth to the fifth, and the second have to the 
third a greater ratio than the fifth to the sixth, then the first 
has to the third a greater ratio than the fourth to the sixth*. 

Let A, B, C, D, E, F be six magnitudes, 4, B, C being 
of the same kind, and D, Æ, F of the same kind, such that 

A has to B a greater ratio than D to Æ, 
and P has to C a greater ratio than Æ to F: 
it is required to prove that 
A has to C a greater ratio than D to F. 


CowsTrRUCTION. Because the ratio of A to B is greater 
than that of D to Z, it is possible to find some equi- 
multiples, say the m** multiples, of A and D, and some equi- 
multiples, say the x multiples, of B and Æ, such that 

m times A is greater than times B, 
and m times D not greater than « times E: (Def. 7.) 
and because the ratio of B to C is greater than that of E 
to PF, it is possible to find some equimultiples, say the 
p multiples, of B and E, and some equimultiples, say the 
q^ multiples, of C and /, such that 
p times B is greater than q times C, 
and p times Æ not greater than g times F. (Def. 7.) 
Let p times m be r and n times g be s, 
and let n times B be H and p times B be K. 


Proor. Because m times A is greater than n times 2, 
and p times m is r, and n times # is H, 
therefore r times A is greater than p times H; 
and because p times P is greater than g times C, 
and p times B is K and n times çg is s, 
therefore n times X is greater than s times C ; 
and because n times B is H, and p times B is K, 
p times H is equal to n times K; 
therefore r times A is greater than s times C. 
Similarly it can be proved that 
r times D is not greater than s times /’; 
therefore A has to C a greater ratio than D to F. (Def. 7.) 
Wherefore, tf the first, &c. 
* Algebraically. If a: b>d:eandb:c>e: f, 
then a:e>a:f. 
23—2 
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PROPOSITION 16. 


Ratios, of which equal ratios are duplicate, are equal*. 


Let 4, B, C, D, E, F be six magnitudes, 4, B, C being 
of the same kind, and D, E, F of the same kind, such that 
A is to Bas B to C, 

and D is to E as E to F, 
and also A is to C as D to F: 

it is required to prove that 
A is to B as D to L. 


Proor. If the ratio of 4 to B were greater than that 
of D to E, 
then also, since Æ is to B as B to C, 
and D is to E as E to F, 
the ratio of B to C would be greater than that of Æ to F; 


(Prop. 7.) 
therefore the ratio of A to C would be greater than that of 
D to F. (Prop. 15.) 


Similarly, if the ratio of A to B were less than D to Æ, 
then the ratio of A to C would be less than that of D to F; 
therefore A is to B as Dto E. 


Wherefore, ratios, of which &c. 


* Algebraically. If a:c=d:fanda;:b=b:candd:e=e JA 
ihen a:b=d:e, 
negative quantities being excluded. 


BOOK VI. 


DEFINITIONS. 


It is often convenient to speak of closed rectilineal figures as a 
class. The wording of definition 15 of Book 1. (page 11) implies 
that the term polygon does not include a triangle or a quadrilateral. 
This restriction for the future will not be maintained, and any closed 
rectilineal figure, no matter what the number of its sides may be, 
will be included under the term polygon. 


DEFINITION 1. When the angles of one polygon taken in 
order are equal to the angles of another taken «n order, the 
two polygons are said to be equiangular to one another. 


C 


Fal H 
— 


L 
A E F 

The polygons ABCDE, FGH KL are equiangular to one another, 
if the angles at A, B, C, D, E be equal to the angles at F, G, H, K, 
I, respectively. 

Pairs of vertices A, F; B, G ; &c., at which the angles are equal, are 
corresponding vertices: and pairs of sides AB, FG; BC, GH ; &c. 
joining corresponding pairs of vertices are corresponding sides. 

In this definition there is one more condition of equality than is 
necessary. If n—1 of the angles of a polygon of n sides be equal to 
1 — 1 of the angles of another polygon of n sides, the remaining angles 
must be equal. (See I. Prop. 32, Coroll.) 


DerFinitTion 2. When the ratio of a side of one of two 
polygons, which are equiangular to one another, to the cor- 
responding side of the other 4s the same for all pairs of cor- 
responding sides, the polygons are said to be similar to 
one another. 
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The polygons ABCDE, FGHKL are similar to one another, if 
the angles at 4, B, C, D, E be equal to the angles at F, G, H, K, L 


C 


E 
A F a 


respectively, and if also all the ratios of AB to FG, BC to GH, 
CD to HK, DE to KL, EA to LF be equal to one another. 

It will be seen hereafter that there are in this definition three 
more conditions of equality than are necessary. One unnecessary 
condition is contained in the statement that the polygons are equi- 
angular to one another. Other two unnecessary conditions are con- 
tained in the statement that all the ratios are equal. For it can be 
proved that in general, if in two equiangular polygons all but two of 
the ratios of corresponding sides be equal, all the ratios are equal. 


DEFINITION 3. Jf in each of two given finite straight 
lines a point be taken such that the segments of the first line 
are wn the same ratio as the segments of the second line, the 
two lines are said to be cut proportionally by the points. 


(1) (2) 
fec c ae A án Mtm 


C D U— EB 
Q D 

In the diagram (figure 1) the points P, Q cut the straight lines 
AB, CD proportionally, if AP be to PB as CQ to QD. 

This definition is extended also to the case, where the points P 
and Q are in the lines AB, CD produced (figure 2). It must however 
be noticed that both points P, Q must be in the lines themselves, or 
both points in the lines produced: otherwise the lines are not said to 
be cut proportionally. 

In figure 1 the points P, Q are said to cut the lines 4B, CD 


internally ; in figure 2 the points P, Q are said to cut the lines 
AB, CD externally, 
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DEFINITION 4. In some cases, where one side of a tri- 
angle is specially distinguished from the other two sides, that 
side is called the base of the triangle and the perpendicular * 
upon that side from the opposite vertex is called the altitude 
of the triangle. 

Similarly, one side of a parallelogram is sometimes called 
the base and the perpendicular distance between it and the 
opposite side the altitude of the parallelogram. 


DEFINITION 5. When a straight line is divided into two 
parts, so that the whole is to one part as that part to the 
other part, the line is said to be divided in extreme and 
mean ratio. 

DEFINITION 6. The figure formed of an arc of a circle 
and the radii drawn to its extremities is called a sector of 
the circle. 

The angle between the radii, which is subtended by the 
arc, is called the angle of the sector. 


B 
(1) (2) 


> 


4 C 


B 
If O be the centre of the circle, of which the are ABC is a part, 
and OA, OC be radii, the figure OABC is a sector. 


In figure 1 the angle of the sector is less than two right angles, 
in figure 2 the angle of the sector is greater than two right angles. 


g A 


DEFINITION 7. Points lying on a straight line are said 
to be collinear. A set of such points is called a range. 

Straight lines passing through a point are said to be 
concurrent. A set of such lines is called a pencil. The 
lines are called the rays of the pencil and the point is called 
the vertex of the pencil. 

A set of points ABCD... lying on a straight line is called the 
range ABCD.... 


* (See I. Def. 11, p. 9.) 
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À set of straight lines drawn from a point O to & series of points 
A, DB, C, D... is called the pencil O (ABCD...). 


Derinition 8. Four points on a straight line, such that 
one pair divide the straight line joining the other pair 
internally and externally in the same ratio, are called 
a harmonic range. 


In the diagram, if AP be to PB as AQ to QB, then A, P, B, Q 
is a harmonic range. 


2 x Q 


4 B 


Because AP is to PB as AQ to QB, therefore QB is to BP as QA to 
AP (V. Def. 5, Note, and V. Prop. 9), that is, the points B, A divide 
the distance QP internally and externally in the same ratio. 


The two points which form either pair of a harmonic 
range are said to be conjugate to one another. 


The points A, Band P, Q are two pairs of conjugate points. 


DEFINITION 9. A pencil of four rays passing through 
the four points of a harmonic range is called à harmonie 
pencil. 


Two rays, which pass through a pair of conjugate points 
of a harmonic range, are called conjugate rays of the pencil. 


DEFINITION 10, Four points on a straight line, such that 
one pair divide the straight line joining the other pair 
internally and externally in different ratios, are called 
an anharmonic range. 


The ratio of the ratio of internal division to the ratio of 
external division is called the ratio of the anharmonic range. 


If two anharmonic ranges have equal ratios, they are 
called like anharmonic ranges. 


DEFINITION 11. A pencil of four rays passing through 
the four points of an anharmonic range is called an anhar- 
monic pencil. 
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The ratio of the range is also said to be the ratio of the 
pencil. 


If two pencils have equal ratios, they are called like an- 
harmonic pencils. 


Quadrilaterals are often divided into three classes (1) convex, 
(2) re-entrant, (3) cross, the natures of which appear from the adjoin- 
ing diagrams. 


(1) (2) (3) 
Q. P' R R 
Q' W R' 
Q 
Q’ 
P 
P 


If the sides of a quadrilateral be produced both ways, the character 
of the complete figure which is so formed is independent of the class 
to which the quadrilateral belongs, as is evident from the adjoining 


diagram. 
Ws F 
A — 





Such a figure is called & complete quadrilateral, of which the 
following is a definition. 


DeFIniTION 12. The figure formed by four infinite 
straight lines is called a complete quadrilateral. 


The straight line joining the intersection of one pair of 
lines to the intersection of the other pair is called a diagonal. 


There are three such diagonals. In the last diagram PP’, QQ’, 
RR’ are diagonals of the complete quadrilateral there represented. 
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PROPOSITION 1. 


The ratio of two triangles of the same altitude 4s equal 
to the ratio of their bases. 


Let the triangles ABC, ADE be two triangles of the 
same altitude, that is, having a common vertex A and their 
bases BC, DE in a straight line: 


it is required to prove that the triangle ABC is to the 
triangle ADE as BC to DE. 


Construction. In CB produced, take any number of 
straight lines BF, FG each equal to BC, and in DE pro- 
duced, any number EZ, HK, KL each equal to DE; 

and draw AF, AG, AH, AK, AL. 





G F B G p AM Lo Se 


Proor. Because BC, FB, GF are equal, 
the triangles ABC, AFB, AGF are equal. (I. Prop. 38, Coroll.) 
Therefore the triangle AGC is the same multiple of the 
triangle ABC, that GC is of BC. 
Similarly it can be proved that 
the triangle A DZ is the same multiple of the triangle ADE;. 
that DL is of DE. 


Again, if GC be equal to DL, 
the triangle AGC is equal to the triangle ADJ, 
(I. Prop. 38, Coroll.) 
and if GC be greater or less than DZ, the triangle AGC is 
greater or less respectively than the triangle ADL. 
Therefore since of the four magnitudes the triangles 
ABC, ADE and the lines BC, DE, the triangle AGC and 
the line GC are any equimultiples whatever of the first and 
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the third, and the triangle 4DL and the line DL ave any 

equimultiples whatever of the second and the fourth, and 

it has been proved that 

the triangle AGC and GC are both greater than, both 
equal to or both less than the triangle 4DL and DL 
respectively ; 


therefore 
the triangle ABC is to the triangle ADE as BC to DE. 


(V. Def. 5.) 
Wherefore, the ratio of two triangles, &c. 


COROLLARY 1. The ratio of two triangles of equal alti- 
tudes is equal to the ratio of their bases. 


CoRoLLARY 2. The ratio of two triangles of equal bases 
as equal to the ratio of their altitudes. 


COROLLARY 3. The ratio of two parallelograms of equal 
altitudes is equal to the ratio of their bases. 


Each parallelogram is double of the triangle on the 
same base and of the same altitude. The ratio of the 
parallelograms therefore is equal to the ratio of the triangles. 

(V. Prop. 6, Coroll.) 


EXERCISES. 


1. The diagonals of a convex quadrilateral, two of whose sides are 
parallel and one of them double of the other, cut one another at a 
point of trisection. 


2. The sum of the perpendiculars on the two sides of an isosceles 
triangle from any point of the base is constant. 


3. If straight lines 40, BO, CO be drawn from the vertices of a 
triangle ABC, and AO produced cut BC in D, the triangles AOB, 
AOC have the same ratio as BD, DC. 


4. Ifin the sides BC, CA of a triangle points D, E be taken, such 
that BD is twice DC, and CE twice EA, and the straight lines 4D, 
BE intersect in O, then the areas of the triangles EO 4, AOB, BOD, 
ABC are in the ratios of the numbers 1, 6, 8, 21. 
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PROPOSITION 2. Parr 1. 


Lf a straight line be parallel to one side of a triangle, 
at cuts the other sides proportionally. 


Let the straight line DE be parallel to the side BC of 
the triangle ABC, and cut the sides AB, AC or these 
sides produced in D, £ respectively : 

it is required to prove that BD is to DA as CE to FA. 


Construction, Draw BE, CD. 


A E 


(2) A (3) D 
(1) 
B 


E 


Proor. Because the two triangles BDE, CDE have 
the side DEH common, and BC is parallel to DE, 
the triangles BDE, CDE are equal. (I. Prop. 37.) 
Therefore the triangle BDZ is to the triangle ADE as 
the triangle CDE to the triangle ADE. (V. Def. 5, Note.) 
But the triangle BDE is to the triangle ADE as BD to 


DA; (Prop. 1.) 
and the triangle CDE is to the triangle ADE as CE to 
EA ; (Prop. 1.) 


therefore BD is to DA as CE to EA. (V. Prop. 5.) 
Wherefore, if a straight line &c. 


ConoLLARY. Because BC is parallel to DE a side of 
the triangle A DZ, it follows that 
DB is to BA as EC to CA; 
therefore also AB is to AD as AC to AF. 
(V. Props. 10, and 11.) 


PROPOSITION 2. PART 1. 3917 


EXERCISES. 


l. A siraight line drawn parallel to BC, one of the sides of 
a triangle ABC, meets 4B at D and AC at E; if BE and CD meet at 
F, then the triangle ADF is equal to the triangle AEF. 


2. Ifin a triangle ABC a straight line parallel to BC meet AB at 
D and AC at E, and if BE and CD meet at F: then AF produced 
if necessary will bisect BC and DE. 


8. Through D, any point in the base of a triangle ABC, straight 
lines DE, DF are drawn parallel to the sides 4B, AC, and meet the 
sides at E, F: shew that the triangle AEF is à mean proportional 
between the triangles FBD, EDC. 


4. If two sides of a quadrilateral be parallel, any straight line 
drawn parallel to them will cut the other sides proportionally. 


5. Ifa straight line EF, drawn parallel to the diagonal AC of a 
parallelogram ABCD, meet AD, DC, or those sides produced, in E 
and F respectively, then the triangle ABE is equal in area to the 
triangle BCF. 


6. ABC isa triangle, and through D,a point in 4B, DE is drawn 
parallel to BC meeting AC in E. Through C a line CF is drawn 
parallel to BE, meeting AB produced in F. Prove that AB is a 
mean proportional between AD and AF. 


7. Through a given point within a given angle draw a straight 
line such that the segments intercepted between the point and the 
lines which form the angle may have to one another a given ratio. 


8. Finda point D in the side AB of a triangle ABC such that 
the square on CD is in a given ratio to the rectangle AD, DB. 
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PROPOSITION 2. Parr 2. 


If a straight line cut two sides of a triangle proportion- 
ally, it is parallel to the third side. 


Let the straight line DE cut the sides AB, AC of the 
triangle ABC, or these sides produced, proportionally in 
D, E respectively, so that BD is to DA as CE to EA: 

it is required to prove that DE is parallel to BC. 


CoNsTRUCTION. Draw BE, CD. 





g 
Proor. Because BD is to DA as CE to EA, 
(Hypothesis.) 
and as BD to DA so is the triangle BDE to the triangle 
ADE, (Prop. 1.) 
and as CE to EA so is the triangle CDE to the triangle 
ADE; (Prop. 1.) 


therefore the triangle BDZ is to the triangle A DE 
as the triangle CDE to the triangle ADE; (V. Prop. 5.) 
l.e. the triangles BDH, CDE have the same ratio to the 
triangle ADE ; 
therefore the triangles BDE, CDE are equal. 
(V. Prop. 3.) 
But these triangles have a common side DE and lie on the 
same side of it; 
therefore BC is parallel to DE. (I. Prop. 39.) 


Wherefore, if a straight line &c. 
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COROLLARY. If AB beto AD as AC to AE, 
it follows that BD is to DA as CE to EA 
(V. Props. 10 and 11.) 
and therefore BC is parallel to A D. 


EXERCISES. 


1. Prove that there is only one point which divides a given 
straight line internally in a given ratio, and only one point which 
divides a given straight line externally in a given ratio. 


2. If DEF be a triangle inscribed in a triangle ABC and have its 
sides parallel to those of ABC, then D, E, F must be the middle 
points of BC, CA, AB. 


3. From a point E in the common base of two triangles ACB, 
ADB, straight lines are drawn parallel to AC, AD, meeting BC, BD 
at F, G: shew that FG is parallel to CD. 


4. If two given distances PQ, RS be measured off on two fixed 
parallel straight lines, then the locus of the intersection of each of 
the pairs PS, QR and PR, QS is a parallel straight line. 


5. On three straight lines O4P, OBQ, OCR the points are chosen 
so that 4B, PQ are parallel and BC, QR are parallel; prove that 
AC, PR also are paraliel. 


6. If two opposite sides 4B, DC of a quadrilateral 4BCD be 
parallel, any straight line PQ which cuts 4D, BC proportionally must 
be parallel to 4B and DC. 


7. Take D, E, the middle points of the sides CA, CB of a triangle; 
join D and E, and draw AE, BD, intersecting in O; then the areas of 
the triangles DOE, EOB, BOA are in continued proportion. 
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PROPOSITION 3. Parr 1. 


If an angle of a triangle be bisected internally or 
externally by a straight line which cuts the opposite side or 
that side produced, the ratio of the segments of that side is 
equal to the ratio of the other sides of the triangle. 


Let the angle BAC of the triangle ABC be bisected 
internally or externally by the straight line AD which cuts 
in D the opposite side AC (fig. 1) or BC produced (fig. 2): 

it is required to prove that BD is to DC as BA to AC. 

Construction. Through C draw CE parallel to DA to 
meet BA produced or BA in Æ; and take in BA or BA 
produced a point ZF on the side of A away from £. 


(1) E (2) F 
A A 
F E 
B gl ae ie B C D 
Proor. Because AC intersects the parallels AD, EC, 
the angle DAC is equal to the angle ACE; (I. Prop. 29.) 
and because AZ intersects the parallels AD, EC, 
the angle FAD is equal to the angle AZC. (I. Prop. 29.) 
And the angle DAC is equal to the angle FAD; 
(Hy pothesis. ) 
therefore the angle AEC is equal to the angle ACE; 
therefore AC is equal to AE. (I. Prop. 6.) 
Now because AD is parallel to HC, one of the sides of 
the triangle BEC, 
BD is to DC as BA to AE; (Prop. 2.) 


and AC has been proved equal to AZ; 
therefore BD is to DC as BA to AC. 


Wherefore, if an angle &c. 


PROPOSITION 3. PART I. 36] 


EXERCISES. 


1. ABC isa triangle which has its base BC bisected in D. DE, 
DF bisect the angles ADC, ADB meeting AC, AB in E, F. Prove 
that EF is parallel to BC. 


2. If AD bisect the angle BAC, and meet BC in D, and DE, DF 
bisect the angles ADC, ADB and meet AC, AB in E, F respectively, 
then the triangle BEF is to the triangle CEF as BA is to AC. 


3. An internal point O is joined to the vertices of a triangle ABC. 
The bisectors of the angles BOC, COA, AOB meet BC, CA, AB 
respectively in D, E, F: prove that the ratio compounded of the 
ratios AE to EC, CD to DB, and BF to FA is unity. 


4. One circle touches another internally at O. A straight line 
touches the inner circle at C, and meets the outer one in 4, B: prove 
that O4 is to OB as AC to CB. 


5. The angle 4 of a triangle ABC is bisected by AD which cuts 
the base at D, and O is the middle point of BC: shew that OD 
has the same ratio to OB that the difference of the sides has to 
their sum. 


6. ADand AEF bisect the interior and the exterior angles at 4 of 
a triangle ABC, and meet the base at D and E; and O is the middle 
point of BC: shew that OB is a mean proportional between OD 
and OE. 


7. If A, B, C be three points in a straight line, and D a point 
at which AB and BC subtend equal angles, then the locus of D is 
a circle. 
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PROPOSITION 3. Parr 2. 


Jf a straight line drawn through a vertex of a triangle 
cut the opposite side or that side produced, so that the ratio 
of the segments of that side is equal to the ratio of the other 
sides of the triangle, the straight line bisects the vertical angle 
internally or externally, 


Let the straight line 4D drawn through A one of the 
vertices of the triangle A BC cut the opposite side BC or BC 
produced in D, so that BD is to DC as BA to AC: 

it is required to prove that AD bisects the angle at A 
internally or externally. 


Construction. Through C draw CE parallel to DA to 
meet BA produced (fig. 1) or BA (fig. 2) in #; and take in 
BA or BA produced a point F on the side of 4 away from Æ. 


(1) E (2) F 
d A 
F E 
B D g B C D 
Proor. Because DA is parallel to CH one of the sides 
of the triangle BEC, 
BD is to DC as BA to AE. (Prop. 2. 
And BD is to DC as BA to AC; (Hypothesis. 
therefore BA is to AC as BA to AE; (V. Prop. 5.) 
therefore AF is equal to AC; (V. Prop. 3.) 


therefore the angle ACE is equal to the angle AEC. 
(I. Prop. 5.) | 


Again, because AC’ intersects the parallels AD, EC, 

the angle DAC is equal to the angle AC£; (I. Prop. 29.) 
and because FAE intersects the parallels AD, EC, 

the angle /'AD is equal to the angle A HC; (I. Prop. 29.) 

therefore the angle DAC is equal to the angle FAD. 


Wherefore, if a straight line &c. 
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EXERCISES. 


1. The bisector of the angle BAC of a triangle ABC meets BC in 
D; a straight line EGF parallel to BC meets AB, AD, AC in E, G, F 
respectively; prove that EG is to GF as BD to DC. 


2. The sides AB, AC of a given triangle 4BC are produced to 
any points D, E, so that DE is parallel to BC. The straight line DE 
is divided at F so that DF is to FE as BD is to CE: shew that the 
locus of F is a straight line. 


8. If a chord of a circle AB be divided at C so that AC is to CB as 
AP to PB, where P is & point on the circle: then a circle can be de- 
scribed to touch AB at C and the given circle at P. 


4. ABCD is a quadrilateral: if the bisectors of the angles at A 
and C meet in BD, then the bisectors of the angles at B and D meet 
in AC. 


5. If A, B, C, D be four points in order on a straight line, such 
that AB is to BC as AD to DC, and P be any point on the circle 
described on BD as diameter, then PB, PD are the bisectors of the 
angle APC. 


24—3 
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PROPOSITION 4. 


If two triangles be equiangular to one another, they are 
similar. 


Let the triangles ABC, DEF be equiangular to one an- 
other: 
it is required to prove that the ratios 
AB to DE, BC to EF and CA to FD are equal. 


CONSTRUCTION. Of the two lines BA, ED let BA be the 
greater*. In BA take BG equal to ED, and in BC take 
BH equal to EF; and draw GH. 





B H C E F 


Proor. Because in the triangles GBH, DEF, 
BG is equal to ED, and BH to EF, 
and the angle GBH to the angle DEF, 
the triangles are equal in all respects; (I. Prop. 4.) 
therefore the angle BGH is equal to the angle HDF; 
and the angle HDF is equal to the angle BAC; 
(Hypothesis. ) 
Hence the angle BGH is equal to the angle BAC, 
and AC is parallel to GH ; (I. Prop. 28.) 
therefore BA is to BG as BC to BH; 

(Prop. 2, Part 1, Coroll.) 
and GB is equal to DE, and BH to EF; 
therefore AB is to DE as BC to EF. 

Similarly it can be proved that either of these ratios is 
equal to the ratio CA to FD. 


Wherefore, if two triangles kc. 


* The case when BA is equal to ED has already been dealt with. 
(I. Prop. 26.) 
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EXERCISES. 


1. A common tangent to two circles cuts the straight line joining 
the centres externally or internally in the ratio of the radii. 


2. If AB, CD, two parallel straight lines, be divided proportionally 
by P, Q, so that AP is to PB as CQ to QD, then AC, PQ, BD meet 
in a point. 


3. ABCD is a parallelogram; P and Q are points in a straight 
line parallel to 4B; PA and QB meet at R, and PD and QC meet at 
S; shew that RS is parallel to AD. 


4, The tangents at the points P and Q of a circle intersect in 7: 
if from any other point E of the circle the perpendiculars RM, RN 
be drawn to the tangents TP and TQ, &nd the perpendicular RL be 
drawn to the chord PQ, then RL is a mean proportional between 
RM and RN. 


5. A straight line, parallel to the side BC of a triangle ABC, 
meets the sides 4B, AC (or those sides produced) at D and E. On 
DE is constructed a parallelogram DEFG, and the straight lines 
BG, CF (produced if necessary) meet each other at S. Prove that 
AS is parallel to DG or EF. 


6. Inscribe an equilateral triangle in a given triangle, so as to 
have one side parallel to a side of the given triangle. 


7. If two triangles have their bases equal and in the same 
straight line, and also have their vertices on a parallel straight 
line, any straight line parallel to their bases will cut off equal areas 
from the two triangles, 


8. Ina given triangle ABC draw a straight line PQ parallel to 
AB meeting AC, BC in P, Q, so that PQ may be a mean proportional 
between BQ, QC. 


9. Two circles intersect at A, and a straight line is drawn bisect- 
ing the angle between the tangents at A. Prove that the segments of 
the line cut off by the circles are proportional to the radii. 


10. If ACB, BCD be equal angles, and DB be perpendicular to BC 
and BA to AC, then the triahgle DBC is to the triangle ABC as DC 
is to CA. 
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PROPOSITION 5. 


If the ratios of the three sides of one triangle to the three 
sides of another triangle be equal, the triangles are equi- 
angular to one another. 


Let the given triangles ABC, DHF be such that the 
ratios AB to DE, BC to EF and CA to FD are equal: 
it is required to prove that the triangles ABC, DEF are 
equiangular to one another. 


Construction. On the side of EF away from D draw 
EG, FG making the angles FEG, EFG equal to the angles 
CBA, BCA respectively. (I. Prop. 23.) 


4 


B 


Proor. Because in the triangles ABC, GEF, 
the angles ABC, BCA are equal to the angles GEF, EFG, 
the triangles ABC, GEF are equiangular to one another, 
(I. Prop. 32.) 
and therefore AB is to GE as BC to EF. (Prop. 4.) 
And AB is to DE as BC to EF; (Hypothesis.) 
therefore 4B is to GE as AB to DE; (V. Prop. B.) 
therefore GE is equal to DH. (V. Prop. 3.) 
Similarly it can be proved that GF is equal to DF. 
Then because in the triangles DEF, GEF, 
DE, EF, FD are equal to GE, EF, FG respectively, 
the triangles are equal in all respects; (1. Prop. 8.) 
therefore the triangles DEF, GEF are equiangular to one 
another ; 
and the triangle GE" was constructed so as to be equi- 
angular to the triangle ABC; 
therefore the triangles ABC, DEF are equiangular to 
one another. 


Wherefore, if the ratios &e. 
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PROPOSITION 5, A. 


Jf one par of angles of two triangles be equal and another 
paar of angles be supplementary, the ratios of the sides opposite 
to these pairs of angles are equal. 

Let ABC, DEF be two triangles in which the angles 
ABC, DEF are equal, and the angles ACB, DFE are sup- 
plementary : 

it is required to prove that AB is to DE as AC to DF. 

CONSTRUCTION. Of the two angles ACB, DFE, let ACB 
be the less. With A as centre and AC as radius describe a 
circle cutting BC in G; and draw AG. 





Proor. Because AC is equal to AG, 
the angle AGC is equal to the angle ACG ; (I. Prop. 5.) 
and the angle AGB is the supplement of the angle AGC, 
and the angle DFE is the supplement of the angle ACB ; 
(Hypothesis. ) 
therefore the angle AGB is equal to the angle DEZ; 
and the angle ABG is equal to the angle DEF ; 
(Hypothesis. ) 
therefore the triangles ABG, DHF are equiangular to one 
another ; (I. Prop. 32.) 
therefore AB is to DE as AG to DF’; (Prop. 4.) 
and AC is equal to AG ; (Constr.) 
therefore AB is to DE as AC to DF. 
Wherefore, if one pair of angles, Kc. 
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PROPOSITION 6. 


Jf the ratios of two sides of one triangle to two sides of 
another triangle be equal, and also the angles contained by 
those sides be equal, the triangles are equiangular to one 
another. 


Let ABC, DEF be two triangles in which AB is to DE 
as BC to EF, 
and the angle ABC is equal to the angle DEF: 
it is required to prove that the triangles ABC, DEF are 
equiangular to one another. 


Construction. Of the two lines BA, ED let BA be the 
greater*. In BA take BG equal to ED, and in BC take 
BH equal to EF; and draw GH. 


B 


Proor. Because BA is to ED as BC to EF, 
and BG is equal to ED, and BH to EF, 
therefore BA is to BG as BC to BH; 
therefore G&H is parallel to AC, (Prop. 2, Part 2, Coroll.) 
and the angle BGH is equal to the angle BAC. 
(I. Prop. 29.) 


Again, because in the triangles DEF, GBH, 
ED is equal to BG and EF to BH, 
and the angle DEF to the angle GBH, 
the triangles are equal in all respects ; (I. Prop. 4.) 


* The case when BA is equal to ED has already been dealt with. 
(x. Prop. 4.) 
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therefore the angle EDF is equal to the angle BGH, 
and therefore to the angle BAC. 
And the angles at B and Z are equal ; (Hypothesis.) 
therefore the triangles ABC, DEF are equiangular to one 
another. (I. Prop. 32.) 


Wherefore, if the ratios &c. 


EXERCISES. 


1. Shew that the locus of the middle points of straight lines 
parallel to the base of a triangle and terminated by its sides is a 
straight line. 


2. CAB, CEB are two triangles having the angle B common and 
the sides CA, CE equal; if BAE be produced to D and ED be taken 
a third proportional to BA, AC, then the triangle BDC is similar to the 
triangle BAC. 


8. From a point E in the common base of the triangles ACB, 
ADB, straight lines are drawn parallel to AC, AD, meeting BC, BD in 
F and G; shew that FG, CD are parallel. 


4, C is a point in a given straight line AB, and AB is produced 
to O, so that CO is a mean proportional between AO and BO. IfP 
be any point on a circle described with centre O and radius OC, then 
the angles APC, BPC are equal. 


5. Ifa point O be taken within a parallelogram ABCD, such that 
the angles OBA, ODA are equal, then the angles OAD, OCD are 
equal. 


6. Iftwo points P, Q be such that when four perpendiculars PM, 
Pm, QN, Qn are dropped upon the straight lines AMN, Amn, PM is to 
Pm a8 QN to Qn, then P and Q lie on a straight line through 4. 


7. If on the three sides of any triangle, equilateral triangles be 
described either all externally or all internally, the centres of the 
circles inscribed in these triangles are the vertices of an equilateral 
triangle. 


8. The straight line OP joining a fixed point O to a variable 
point P on a fixed circle is divided in Q in a constant ratio; prove 
that the locus of Q is a circle, 


9. Given the base and the vertical angle of a triangle, find the 
locus of the intersection of bisectors of sides. 
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PROPOSITION 7. 


If the ratios of two sides of ome triangle to two sides of 
another triangle be equal, and also the angles opposite to 
one pair of these sides be equal, the angles opposite to the 
other pair of sides are equal or supplementary. 


Let ABC, DEF be two triangles, in which 
AB is to DE as BC to EF, 
and the angle BAC is equal to the angle EDF: 
it is required to prove that the angles AC B, DFE are either 
equal or supplementary. 


CowsrRUCTION. On the side of EF away from D, 
draw EG making the angle FEG equal to the angle CBA, 
and draw FG making the angle EFG equal to the angle 
BCA. (I. Prop. 23.) 


A 


B 


Proor. Because the triangles ABC, GEF are equi- 
angular to one another, I. Prop. 32.) 
AB is to GE as AC to GF; (Prop. 4.) 
and AB is to DE as BC to EF; (Hypothesis. ) 
therefore AB is to GE as AB to DE, (V. Prop. 5.) 
; and GE is equal to DE. (V. Prop. 3.) 
Now because in the triangles GEF, DEF, 
GE is equal to DE and EF to EF, 
and the angle EGF to the angle EDF; 
(for each is equal to the angle at A) 


PROPOSITION 7. 371 


therefore the angles GFE, DFE are either equal or supple- 


mentary ; (I. Prop. 26, A.) 
and the angle GFE is equal to the angle ACB; 
(Constr.) 


therefore the angles ACL, DFE are either equal or sup- 
plementary. 


Wherefore, if the ratios &c. 


ConoLLARY. When two of the ratios of a side of one 
triangle to the corresponding side of another triangle Pe 
equal, and also the angles opposite to one pair of these sides 
equal, the triangles are equiangular to one another, provided 
that of the angles opposite to the second pair of sides, 

(1) each be less than a right angle, 
(2) each be greater than a right angle, 
or (3) one of them be a right angle. 
(I. Prop. 26 A, Coroll.) 


EXERCISE. 


Prove that, if 4BCD, EFGH be two quadrilaterals, such that the 
angles ABC, ADC are equal to the angles EFG, EHG respectively, 
and the ratios AB to EF, BC to FG, CD to GH are equal, and if the 
angles BAD, FEH be both acute angles, then the quadrilaterals are 
similar, 
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PROPOSITION 8. 


in a right-angled triangle, of a perpendicular be drawn 
from the opposite vertex to the hypotenuse, the perpendicular 
is & mean proportional between the segments of the hypo- 
tenuse, and each of the sides of the triangle is a mean pro- 
portional between the hypotenuse and the segment of it 
adjacent to that side. 


"Let ABC be a right-angled triangle, and let AD be 
drawn perpendicular to the hypotenuse BC: 
it is required to prove that BD is to DA as AD to DC, 
that BC is to BA as BA to BD, and that BC is to CA as 
CA to CD. 


A 


B D Ü 


Proor. Because in the triangles ABC, DBA, 
the right angle BAC is equal to the right angle BDA, 
and the angle ABC is equal to the angle DBA, 
therefore the triangles ALC, DBA are equiangular to one 
another. (I. Prop. 32.) 
Similarly it can be proved that the triangles DAC, ABC are 
equiangular to one another. 
Therefore the triangles DBA, DAC are equiangular to one 
another. 
Now, because the triangles DBA, DAC are equiangular 
to one another, 
BD is to DA as AD to DC; (Prop. 4.) 
and because the triangles ABC, DBA are equiangular to one 
another, 
BC is to BA as BA to BD; (Prop. 4.) 
and because the triangles ABC, DAC are equiangular to 
one another, 


BC is to CA as AC to CD. (Prop. 4.) 
Wherefore, in a right-angled triangle &c. 
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EXERCISES. 


1. If the perpendicular drawn from the vertex of a triangle to the 
base be a mean proportional between the segments of the base, the 
triangle is right-angled. 


2. If a triangle whose sides are unequal can be divided into two 
similar triangles by a straight line joining the vertex to a point in the 
base, the vertical angle must be a right angle. 


3. If CD, CE, the internal and the external bisectors of the angle 
at C in a triangle ABC having a right angle at A, cut BA in D and 
E respectively, then AC is a mean proportional between 4D, AE. 


4. A perpendicular AD is drawn to the hypotenuse BC of a right- 
angled triangle from the opposite vertex A: and perpendiculars 
DE, DF are drawn from D to the sides AB, AC; prove that a circle 
will pass through the four points B, E, F, C. 


5. On the tangent to a circle at A two points C and B are taken 
such that AC is equal to CB: the straight lines joining B, C to F, the 
opposite extremity of the diameter through 4, cut the circle in D, E 
respectively; prove that AE is to ED as FA to FD. 


6. A chord CD is drawn parallel to a diameter 4B of a cirele, and 
AC, AD are produced to cut the tangent at B in E, F respectively ; 
prove that the sum of the rectangles AC, CE and AD, DF is equal to 
the square on AB, 


7. If A bea point outside a circle and B be the middle point of 
the chord of contact of tangents drawn from A, and P, Q be any 
two points on the circle, then PA is to QA as PB to QB. 


8. Two circles intersect in A, B; from B perpendiculars BE, BF 
are drawn to their diameters AC, AD; prove that C, E, F, Dlie ona 
circle, which is cut at right angles by the circle whose centre is A and 
radius AB. 


9. The circumference of one circle passes through the centre of 
another circle. If from any point of the former circle two straight 
lines be drawn to touch the latter circle, the straight line joining the 
points of contact is bisected by the common chord of the two circles. 
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PROPOSITION 9. 


From a gwen finite straight line to cut of any aliquot 
part required. 


Let AB be the given finite straight line: 
it is required to cut off from AB a given aliquot part, say 
the n part. 


Construction. From A draw any straight line AC 
making an angle with AB, and in it take any point D, and 
cut off AZ the same multiple of AD that AB is of the part 
to be cut off, i.e. take AF equal to n times AD. 

Draw EB, and draw DF parallel to it meeting AB in X: 

then AF is the part required. 


g 
E 


A P B 


Proor. Because FD is parallel to BE, one of the sides 
of the triangle ABZ, 
AB is to AF as AE to AD ; (Prop. 2, Part 1, Coroll.) 
and AF is equal to n times AD; 
therefore AB is equal to n times AF’. 
Therefore AY is the n™ part of AB. 


Wherefore, from the given straight line AB, AF’ the part 
required has been cut off. 
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PROPOSITION 10. 


To divide a given finite straight line similarly to a given 
divided straight line. 

Let AB be a given straight line and CD another given 
straight line divided in Æ: 
it is required to divide AB similarly to CD. 


CONSTRUCTION. Draw AF making an angle with AB; 
cut off AG, CH equal to CE, ED respectively. 
Draw HB, and draw GK parallel to HB meeting AB in K: 
then AB is divided at K similarly to CD at £. 





K B 


Proor. Because GK is parallel to HB one of the sides 
of the triangle AHB, 
AK is to KB as AG to GH; (Prop. 2.) 
and AG is equal to CE, and GH to ED. (Constr.) 
Therefore 4X is to KB as CE to ED. 


Wherefore, the straight line AB has been divided at K 
similarly to the straight line CD at E. 


EXERCISES. 


1. If three straight lines passing through a point O cut two 
parallel straight lines 4BC, PQR in A4, P; B, Q; C, RH, then the 
lines 4C, PR are similarly divided in B, Q. 


2. Draw a straight line through a given point A, so that the 
perpendiculars upon it from two other given points B and C may 
be in a given ratio. 

3. Draw through two given points on a circle two parallel chords 
which shall have a given ratio to one another, 
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PROPOSITION 11. 


To find a third proportional to two given finite straight 
lunes. 


Let AB, CD be two given straight lines: 
it is required to find a third proportional to AB, CD. 


Construction. Draw from any point P a pair of straight 
lines PE, P" making an angle with one another, and from 
PE cut off PG, GH equal to AB, CD respectively and from 
PF cut off PK equal to CD. 

Draw GK and draw HL parallel to GK meeting PF in L: 
then KL is a third proportional to AB, CD. 





P G H^ 


Proor. Because GK is parallel to HL one of the sides 
of the triangle PHL, 
PG is to GH as PK to KL; (Prop. 2.) 
and PG is equal to AB and GH and PK are each equal to 
CD; 
' therefore AB is to CD as CD to KL. 
Wherefore to the two given straight lines AB, CD a third 
proportional KL has been found. 
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PROPOSITION 12. 


To find a fourth proportional to three given straight lines. 


Let AB, CD, EF be three given straight lines : 
it is required to find a fourth proportional to AB, CD, EF. 


Construction. Draw from any point P a pair of 
straight lines PG, PH making an angle with one another; 
and from PG cut off PA, KL equal to AB, CD respectively, 

and from PH cut off PM equal to EF. 
Draw AM, and draw LN parallel to AM meeting PH in N: 
then MN is a fourth proportional to 45, CD, EF. 





Proor. Because AM is parallel to ZN one of the sides 
of the triangle PLN, 


PK is to KL as PM to MN; (Prop. 2.) 
and PK is equal to AB, KL to CD, dul PM to EF; 
therefore APB is to C D as EF to MN. 


Wherefore to the three given straight lines AB, CD, EF, 
a fourth proportional MN has been found. 


EXERCISE. 


1. is a point on a straight line 4B; * a point D in AB 
— such that DA is to DB as CA to CB 
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PROPOSITION 13. 


To find a mean proportional between two given straight 
lines. 


Let AB, CD be two given straight lines: 
it is required to find a mean proportional between AB and 


CD. 


CONSTRUCTION. Draw any straight line and from it 
cut off EF, FG equal to AB, C D respectively. 
Describe a circle on ZG as diameter and draw FH at 
right angles to ZG meeting the circle in H: 
then FH is a mean proportional between AB and C D. 
Draw EH, HG. 





Proor. Because FHG is a semicircle, 
the angle FHG is a right angle; (ILI. Prop. 31.) 
and because HF is the perpendicular from H on the hypo- 
tenuse of the right-angled triangle FHG, 
EF is to FH as FH to FG; (Prop. 8.) 
and EP is equal to 4B and FG to CD; 
therefore AB is to FH as FH to CD. 


Wherefore, between the two given straight lines AB, CD 
a mean proportional FH has been found. 
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EXERCISES. 


1, Find a mean proportional between two given straight lines 
by the use of the theorem of Proposition 87 of Book rrr. 


2. Divide a given finite straight line into two parts, so that their 
mean proportional may be of given length. 


3. Construct an isosceles triangle equal to a given triangle and 
having the vertical angle equal to one of the angles of the given 
triangle. 


4. Find & third proportional to two given straight lines by a 
method similar to that of Proposition 18. 


25—2 
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Derinition. Jf the ratio of a side of one polygon to a 
side of another polygon be equal to the ratio of an adjacent 
side of the second to an adjacent side of the first, those sides 
are said to be reciprocally proportional. 


PROPOSITION 14. Parr 1. 


If two parallelograms, which have a, pair of equal angles, 
be equal in area, their sides about the equal angles are reci- 
procally proportional. 


Let ABCD, EFGH be two parallelograms, which have 
the angles at B and 77 equal, and which are equal in area: 
it is required to prove that AB is to HG as HH to BC. 


Construction. From AB, CB produced cut off BY, BL 
equal to HG, HE, and complete the parallelograms 4L, LN. 


L M 


ITE 


D g if G 


Proor. Because in the parallelograms LN, EG, 
LB is equal to EH, and BN to HG, 
and the angle LBW to the angle EHG, 
therefore the parallelograms LN, ZG are equal in area. 
(I. Props. 4 and 34.) 
And the area of EG is equal to the area of AC; 
therefore the area of AL is to the area of LN as the area 
of AL to the area of AC. 
And AB is to BN as the area of AZ to the area of LN, 
and LB is to BC as the area of AZ to the area of AC ; 
(Prop. 1, Coroll. 3.) 
therefore AB is to BN as LB to BC, (V. Prop. 5.) 
that is, AB is to HG as FH to BC. 


Wherefore, 2f two parallelograms &c. 
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PROPOSITION 14. Parr 2. 


If two parallelograms, which have a pair of equal angles, 
have their sides about the equal angles reciprocally propor- 
tional, the parallelograms are equal in area. 


Let ABCD, EFGH be two parallelograms, which have 
the angles at B, H equal and in which AB is to HG as EH 
to BC: 
it is required to prove that the parallelograms ABCD, 

EFGH are equal in area. 


Construction. From AB, CB produced cut off BN, BL 
equal to HG, HF and complete the parallelograms AL, LN. 


L M 
ms / 
a M 
QI ms P 
* 
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Proor. Because in the parallelograms LN, EG, 
LB is equal to HH, and BN to AG, 
and the angle LAN to the angle EHG, 
therefore the parallelograms £N, EG are equal in area. 
(I. Props. 4 and 34.) 
Because AB is to HG as EH to BC, 
and BN is equal to HG and LB to EH, 
therefore AB is to BN as LB to BC. 
And AB is to BN as the area of AL to the area of LN, 
and LB is to BC as the area of AL to the area of AC; 
(Prop. 1, Coroll. 3.) 
therefore the area of AL is to the area of LN as the area 
of AL to the area of AC. (V. Prop. 5.) 
Therefore the area of LN is equal to the area of AC. 
And the parallelograms LN, EG are equal in area ; 
therefore the parallelograms AC, EG are equal in area. 


Wherefore, if two parallelograms &c. 
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PROPOSITION 15. Parr 1. 


If two triangles, which have a pair of equal angles, be 
equal in area, their sides about the equal angles are recipro- 
cally proportional. 


Let ABC, DEF be two triangles, which have the angles 
at A, D equal and which are equal in area: 
it is required to prove that BA is to DF as ED to AC. 


Construction. From BA, CA produced cut off AX, 
AG equal to DF, DE respectively, and draw BG, GH. 


B G E 
j 
C H F 
Proor. Because in the triangles AGH, DEF, 
GA is equal to HD, and AH to DF, 
and the angle GAH to the angle EDF, 
the triangles are equal in all respects. (I. Prop. 4.) 
And the area of DEF is equal to the area of ABC ; 
therefore the area of AGB is to the area of AGH as the 
area of A BG to the area of ABC. 
And BA is to AH as the area of ABE to the area of GAH, 
and GA is to AC as the area of ABC to the area of ABC; 
(Prop. 1.) 
therefore BA is to AH as GA to AC; (V. Prop. 5.) 
and AH is equal to DF and GA to ED; (Constr.) 
therefore BA is to DF as ED to AC. 


Wherefore, if two triangles d&c. 
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PROPOSITION 15. Parr 2. 


If two triangles, which have a pair of equal angles, have 
their sides about the equal angles reciprocally proportional, 
the triangles are equal in area. 


Let ABC, DEF be two triangles, which have the angles 
at A, D equal and in which BA is to DF as ED to AC: 
it is required to prove that the triangles ABC, DEF are 
equal in area. 


Construction. From BA, CA produced cut off AH, AG 
equal to DF, DE respectively, and draw BG, GH. 


n G E 
A 
C H F 
Proor. Because in the triangles AGH, DEF, 
GA is equal to HD, and AH to DF, 
and the angle GAZ to the angle EDF, 
the triangles are equal in all respects. (I. Prop. 4.) 
Because BA is to DF as ED to AC, 
and AH is equal to DF and GA to ED; 
therefore BA is to AH as GA to AC. 


And BA is to AH as the area of GAA to the area of AGH, 
and GA is to AC as the area of GBA to the area of ABC ; 


(Prop. 1.) 
therefore the area of GBA is to the area of AGH as the 
area of GBA to the area of ABC; (V. Prop. 5.) 


therefore the area of AGH is equal to the area of ABC; 
and the triangles AGH, DEF, being equal in all respects, 
are equal in area ; 
therefore the triangles ABC, DEF are equal in area. 


Wherefore, if two triangles &c. 
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PROPOSITION 16. Parr 1, 


If four straight lines be proportionals, the rectangle con- 
tained by the extremes is equal to the rectangle contained sby 
the means. 


Let the straight lines AB, C D, EF, GH be proportionals, 
so that AB is to CD as EF to GH: 
it is required to prove that the rectangle contained by AB 
and GH is equal to the rectangle contained by CD and 
EF. 


CONSTRUCTION. From any point P draw two straight 
lines at right angles and on one cut off PK, PL equal to 
AB, CD respectively; and on the other cut off PM, PN 
equal to HF, GH respectively; and complete the rectangles 
ML, NK. 


M A n 
N e D 
E F 
G H 

P L E 


Proor. Because ÁB is to CD as EF to GH, 
and PK, PL, PM, PN, are equal to AB, CD, EF, GH 
respectively, 
therefore PK is to PL as PM to PN. 
And the angle at P is common to the two rectangles VK, 
ML; 
therefore the rectangle WK is equal to the rectangle ML; 
(Prop. 14, Part 2.) 
and WK is contained by PK, PN and ML is contained by 
PL, PM. 
Therefore the rectangle contained by AB, GH is equal to 
the rectangle contained by CD, EF. 


Wherefore, if four straight lines &c. 
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PROPOSITION 16. Parr 2. 


If the rectangle contained by the first and the fourth of 
four given straight lines be equal to the rectangle contained 
by the second and the third, the four lines are proportionals. 


Let AB, CD, EF, GH be four straight lines, such that 
the rectangle contained by AB and GH is equal to the rect- 
angle contained by CD and EF: 
it is required to prove that AB is to CD as EF to GH. 


ConstrucTION. From any point P draw two straight 
lines at right angles, and on one cut off PA, PL equal to 
AB, CD respectively; and on the other cut off PM, PN 
equal to EF, GH respectively; and complete the rectangles 
ML, NK. 


M A B 
N C D 
E F 
G H 

P L K 


Proor. Because the rectangle contained by AB and 
GH is equal to the rectangle contained by CD and EF, 
and PK, PL, PM, PN are equal to AB, CD, EF, GH re- 

spectively, 
the rectangle contained by PK and PN is equal to the 
rectangle contained by PZ and PM, 
that is, the rectangle VX is equal to the rectangle ML; 
therefore PK is to PL as PM to PN; 
(Prop. 14, Part 1.) 
and PK is equal to AB, PL to CD, PM to EF and PN to 
GH; (Constr.) 
therefore AB is to CD as EF to GH. 


Wherefore, if the rectangle &c. 
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PROPOSITION 17. Parr 1. 


If three straight lines be proportionals, the rectangle con- 
tained by the extremes is equal to the square on the mean. 


Let the three straight lines AB, CD, EF be propor- 
tionals, so that AB is to CD as CD to EF: 
it is required to prove that the rectangle contained by AB 
and E is equal to the square on CD. 


Construction. Draw a straight line GH equal to CD. 


A—————————ráÀB 
D 
See 
pea —— —— 


Proor. Because AB is to CD as CD to EF, (Hypothesis. ) 
and GH is equal to CD; (Constr. ) 
therefore AB is to CD as GH to EF; 
therefore the rectangle contained by AB and #F is equal 
to the rectangle contained by CD and GH, 
(Prop. 16, Part 1.) 
which is equal to the square on CD, for GH is equal to CD. 


Wherefore, if three straight lines &c. 


EXERCISE. 


1. Asquare is inscribed in a right-angled triangle ABC, so that 
two corners D, E lie on the hypotenuse AB and the other two on 
the sides BC, CA; prove that the square is equal to the rectangle 
AD, EB. 
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PROPOSITION 17. Parr 2. 


If the rectangle contained by the first and the third of 
three given straight lines be equal to the square on the second, 
the three straight lines are proportionals. 


Let AB, CD, EF be three given straight lines, such that 
the rectangle contained by AB and #F is equal to the 
square on CD: 
it is required to prove that AB is to CD as CD to EF. 


Construction. Draw a straight line GH equal to CD. 


A — B 


C 
G ————————— ——H 


n —»— ————F 


PnRoor. Because GH is equal to CD, 
the square on CD is equal to the rectangle contained by 
CD and GH; 
therefore the rectangle contained by AB and ZF, which is 
equal to the square on CD, is equal to the rectangle con- 
tained by CD and GH; 
therefore AB is to CD as GH to EF; (Prop. 16, Part 2.) 
and GH is equal to CD; 
therefore AB is to CD as CD to EF. 


Wherefore, if the rectangle &c. 
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PROPOSITION 18. 


On a given straight line to construct a polygon similar 
to a given polygon so that the given straight line may cor- 
respond to a given side of the given polygon. 


Let AB be the given straight line, and PQRST7 the 
given polygon: | 
it is required to construct on AB a polygon similar to 
PQRST so that AB, PQ may be corresponding sides. 
Construction. From P, Q the extremities of PQ, 
draw the diagonals PA, PS, QS, QT of the polygon 
PQRST. At A, Bon the same side of AB make the angles 
BAC, BAD, BAE equal to the angles QPR, QPS, QPT 
respectively, and the angles ABC, ABD, ABE to the angles 
PQR, PQS, PQT respectively, and draw CD, DE: 
then ABCDE is a polygon constructed as required. 


D 
B 7 = S 
/ "Wu 
A B P Q 


Pnoor. Because the triangles ABC, PGR are equi- 


angular to one another, (Constr. 
AC isto PR as AB to PQ; (Prop. 13 
and because the triangles ABD, PQS are equiangular to 
one another, (Constr. ) 
AD is to PS as AB to PQ; (Prop. 4.) 


therefore ÁD is to PS as AC to PR. (V. Prop. 5.) 


Again, because in the triangles DAC, SPR, 
the ratios of AD to PS and AC to PE are equal, 
and the angles DAC, SPR are equal; (Constr.) 
therefore the triangles DAC, SPA are equiangular to one 
another, and CD is to RS as AC to PR; (Prop. 6.) 
therefore CD is to RS as AB to PQ. (V. Prop. 5.) 
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Again because the triangles ABC, PQA are equiangular 
to one another, (Constr.) 
the angle ACB is equal to the angle PRQ ; 
and because the triangles DAC, SPH have been proved 

equiangular to one another, 
the angle ACD is equal to the angle PRS; 
therefore the angle BC D is equal to the angle QRS. 


Similarly it can be proved that the ratio of any other 
corresponding pair of sides of the polygons ABCDE, PQRST 
is equal to that of AB to PQ, and that any corresponding 
pair of angles are equal. 


Wherefore, on the given straight line AB, the polygon 
ABCDE has been constructed similar to the given polygon 
PQRST, so that AB, PQ are corresponding sides. 


EXERCISES. 


1, Given the length of the line joining the middle point of a 
side of a square with an end of the opposite side; determine, by 
any method, the length of a diagonal of the square. 


2. Inscribe in a given triangle a second triangle so that its sides 
may be parallel to three given straight lines. 
In how many ways can this be done? 


3. In a triangle ABC inscribe a square so that two of its vertices 
may be on BC and the other two on 4B, AC. 


4, Ina semicircle inscribe a square, so that two corners may lie 
in the diameter and two on the circumference. 


5. In a given sector of a circle inscribe a square so that two 
corners may lie on the arc and one on each of the bounding radii. 


6. Ina given sector inscribe a square so that two corners may be 
on one of the bounding radii, one on the other bounding radius and 
one on the arc. 
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PROPOSITION 19. 


Similar triangles are to one another in the ratio duplicate 
of the ratio of two corresponding sides. 


Let ABC, DEF be similar triangles and BC, HF be 
corresponding sides: 
it is required to prove that the triangle ABC is to the 
triangle DEP, in the ratio duplicate of the ratio of BC 
to EF. 


Construction. Find a third proportional to BC, EF 
and from £C cut off BG equal to it. Draw AG. 


A 
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Proor. Because the triangles ABC, DEF are similar, 
AB isto DE as BC to EF; (Prop. 4.) 


and BC is to EF as EF to BG; (Constr. ) 
therefore AB is to DE as EF to BG; (V. Prop. 5.) 
and the angle 4 8G is equal to the angle DEF; 
therefore the triangles ABG, DEF are equal in area. 
(Prop. 15, Part 2.) 
And the triangle 4 BC is to the triangle A BG as BC to BG ; 
therefore the triangle ABC is to the triangle DEP as BC 
to BG; 
And because BC is to EF as EF to BG, 
BC has to BG the ratio duplicate of the ratio of BC to EF. 
(V. Def. 9.) 
Therefore the triangle ABC has to the triangle DEP the 
ratio duplicate of the ratio of BC to EF. 


Wherefore, similar triangles &c. 
COROLLARY. f three straight lines be proportionals, the 


` first is to the third as any triangle on the first to a similar 
triangle on the second. 
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EXERCISES. 


1. Through a point within a triangle three straight lines are drawn 
parallel to the sides, dividing the triangle into three triangles and 
three parallelograms: if the three triangles be equal to each other 
in area, each is one-ninth of the original triangle. 


2. An isosceles triangle is described having each of the angles at 
the base double of the third angle: if the angles at the base be 
bisected, and the points where the lines bisecting them meet the 
opposite sides be joined, the triangle will be divided into two parts 
having the same ratio as the base to the side of the triangle. 


8. ABC is a triangle, the angle A being greater than the angle B: 
a point D is taken in BC, such that the angle CAD is equal to B. 
Prove that CD is to CB in the ratio duplicate of the ratio of AD to 
AB, 


4, The sides BC, CA, AB of an equilateral triangle ABC are 
divided in the points D, E, F so that the ratios BD to DC, CE to EA 
and AF to FB are each equal to2 tol, Find the ratio of the triangle 
DEF io the triangle ABC. 


b. If & straight line 4B be produced to a point C so that AB is 
a mean proportional between AC and CB, then the square on AB is 
to the square on BC as AB to the excess of AB over BC. 


6. Find & mean proportional between the areas of two similar 
right-angled triangles which have one of the sides containing the 
right angle common. 


7. Bisect a given triangle by a line parallel to its base. 


8. Bisect a given triangle by a line drawn perpendicular to its 
base. 


9. Divide a given triangle into two parts, having a given ratio to 
one another, by a straight line parallel to one of its sides. 


10. ABC is a triangle; AB is produced to E: AD is a straight 
line meeting BC in D: BF is parallel to ED and meets AD in F: 
construct a triangle similar to ABC and equal to AEF. 
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PROPOSITION 20. 


A pair of similar polygons may be divided into pairs of 
similar triangles, each pair having the same ratio as the 
polygons. 


Let ABCDE, PQRST be a pair of similar polygons: 
it is required to prove that the polygons can be divided 
into pairs of similar triangles. 


Construction. Take any point Z within the polygon 
ABCDE, and draw LA, LB, LC, LD, LE. 
Within the polygon PQAST, draw PX, QX making the 
angles QPX, PQX equal to the angles BAL, ABL re- 
spectively, and draw XA, XS, XT. 
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Proor. Because the triangles LAB, XPQ are equi- 
angular to one another, (Constr.) 
LB is to XQ as AB to PQ; (Prop. 4.) 
and because the polygons ABCDE, PQRST are similar, 
B is to PQ as BC to QR; (Def. 2.) 


therefore ZB is to XQ as BC to QR. (V. Prop. 5.) 
Again because the polygons ABCDE, PQRST are 
similar, 
the angle ABC is equal to the angle PQE ; 
and the angle A BL is equal to the angle PQX ; (Constr.) 
therefore the angle LBC is equal to the angle XYQR. 
Therefore the triangles LBC, XQA are equiangular to 
one another, (Prop. 6. 
and therefore similar. (Prop. ‘3 
Similarly it can be proved that the triangles LCD, 
LDE, LEA are similar to the triangles XRS, XST, XTP 
respectively. 
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Again, because AB is to PQ as BC to QR; 
and because the triangle LA is to the triangle XPQ in 
the ratio duplicate of the ratio of AB to PQ, 
and the triangle LBC is to the triangle XQ in the ratio 
duplicate of the ratio of BC to QR, (Prop, 19.) 
therefore the triangle LAB is to the triangle XPQ as the 
triangle LBC to the triangle XQR. (V. Prop. 14. Coroll.) 
Similarly it can be proved that each of the ratios of the 
triangles LCD, LDE, LEA to the triangles XRS, XST, 
ATP respectively is equal to the ratio of the triangle LAB 
to the triangle XPQ. 
Therefore the polygon ABCDE is to the polygon PQRST 
as the triangle LAB to the triangle XPQ. (V. Prop. 6.) 


Wherefore, a pair of similar polygons &c. 


CoROLLARY. Similar polygons are to one another in the 
ratio duplicate of the ratio of two corresponding sides. 


EXERCISES. 


1, If ABC be a right-angled triangle and CD be drawn perpen- 
dicular to the hypotenuse, then AD is to DB as the square on AC to 
the square on CB. 


2. If a straight line be drawn from each corner of a square to 
the nearer point of trisection of the next side of the square in order, 
so as to form a square, this square will be two-fifths of the original 
square. What will be the area of the new square, if the lines be 
drawn to the further point of trisection? 
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PROPOSITION 21. 


Polygons which are similar to the same polygon are 
similar to one another. 


Let each of the polygons ABC..., FGH..., be similar to 
the polygon PQZ...: 
it is required to prove that A4BC..., FGH... are similar to 
one another. 
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Proor. Because the polygons ABC..., PQR... are 
similar, 
the angle ALC is equal to the angle PQA, 
and AB is to PQ as BC to QR; (Def. 2.) 
and because the polygons /GH..., PQA... are similar, 
the angle FGH is equal to the angle PQR, 
and PQ is to FG as QR to GH. 
Therefore the angle ABC is equal to the angle FGH, 
and AB is to FG as BC to GH. (V. Prop. 14.) 
Similarly it can be proved that every pair of corre- 
sponding angles of the polygons A4BC..., FG H... are equal 
and that the ratios of all pairs of corresponding sides are 
equal. 
Therefore the polygons ABC..., FGH... are similar. 


Wherefore, polygons which are similar &c. 
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EXERCISES. 


1. Prove that, if ABCD, EFGH be two quadrilaterals which are 
equiangular to one another and are such that the ratios AB to EF, 
and BC to FG are equal, the quadrilaterals are similar. 


2. Prove that, if ABCD, EFGH be two quadrilaterals, which are 
equiangular to one another and are such that the ratios of AB to EF 
and CD to GH are equal, the quadrilaterals are similar. 

What exceptional case may occur ? 


3. Prove that, if ABCD, EFGH be two quadrilaterals such that 
the angles ABC, BCD are equal to the angles EFG, FGH respectively, 
and the ratios of AB to EF, BC to FG and CD to GH are all equal, 
the quadrilaterals are similar, 


26—2 
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PROPOSITION 22. Parr 1. 


If four straight lines be proportionals, the ratio of two 
similar polygons similarly described on the first pair 4s equal 
to the ratio of two similar polygons similarly described on 
the second pair. 


Let the four straight lines AB, CD, EF, GH be propor- 
tionals, and let AKLB, CMND be two similar polygons 
similarly described on AB, CD, and EPQRF, GSTUH be 
two similar polygons similarly described on EF, GH: 
it is required to prove that AKZB is to CMND as EPQRF 

to GST UH. 





Pnoor. Because A7 is to CD as EF to GH, 
and AKLZ has to CMAND the ratio duplicate of the ratio 
of AB to CD, (Prop. 20, Coroll.) 
and EPQRF has to GSTUH the ratio duplicate of the ratio 
of EF to GH, 
therefore AKZB is to CUND as EPQRF to GSTUH. 
(V. Prop. 14, Coroll.) 
Wherefore, ¿f four straight lines &c. 


EXERCISE. 


1. Perpendiculars are let fall from two opposite angles of a rect- 
angle on a diagonal: shew that they will divide the diagonal into 
equal parts, if the square on one side of the rectangle be double that 
on the other. 


PROPOSITION 22. 397 


PROPOSITION 22. Part 2. 


If the ratio of two similar polygons similarly described 
on the first and the second of four straight lines be equal to 
the ratio of two similar polygons similarly described on the 
third and the fourth, the four straight lines are propor- 
tionals. 


Let AB, CD, EF, GH be four given straight lines, and 
let AKLB, CMND be two similar polygons similarly de- 
scribed on AB, CD, and EPQRF, GSTUH be two similar 
polygons similarly described on EF, GH, and let AKLB, 
CMN D, EPQRF, GSTUH be proportionals: 
it is required to prove that AB is to CD as EF to GH. 


L 
N g T 
P 8 
A B e D E F 


G H 





Proor. Because AKLB has to CMND the ratio dupli- 
cate of the ratio of AB to CD, (Prop. 20, Coroll.) 
and EPQEF has to GSTUH the ratio duplicate of the 

ratio of EF to GH, 
and AKLB is to CMND as EPQRF to GSTUH, 
therefore AB is to CD as EF to GH. (V. Prop. 16.) 


Wherefore, ¿f the ratio &c. 
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PROPOSITION 23. 


If two triangles have an angle of the one equal to an 
angle of the other, the ratio of the areas of the triangles is 
equal to the ratio compounded of the ratios of the sides about 
the equal angles. 


Let the triangles ABC, DEF have the angles at B and 
E equal: 
it is required to prove that the ratio of the triangle 4 BC 
to the triangle DEF is equal to the ratio compounded of 
the ratios AB to DE and BC to EF. 


Construction. In AB, CB produced cut off BG, BH 
equal to ED, EF, and draw CG, GH. 





f 
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Proor. Because in the triangles GBH, DEF, 
BG is equal to ED, and BH to EF, 

and the angle GBH to the angle DEF, 
the triangles are equal in all respects. (I. Prop. 4.) 
And because the triangle ABC is to the triangle BGC as 
AB to BG, (Prop. 1.) 
and the triangle GCB is to the triangle GBH as CB to BH; 
therefore the triangle ABC has to the triangle GBH the 
ratio compounded of the ratios AB to BG and CB to BH; 
(V. Def. 8.) 
therefore the triangle ABC has to the triangle DEF the 
ratio compounded of the ratios AB to DE and BC to EF. 

Wherefore, if two triangles &c. 


COROLLARY. If two parallelograms have an angle of the 
one equal to an angle of the other, the ratio of the areas of 
the parallelograms is equal to the ratio compounded of the 
ratios of the sides about the equal angles, 
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It is proved in Proposition 23 that the ratio of the triangle ABC 
to the triangle DEF is equal to the ratio compounded of the ratios 
AB to DE and BC to EF. Similarly it can be proved that the ratio 
of the triangle ABC to the triangle DEF is equal to the ratio com- 
pounded of the ratios BC to EF and AB to DE. And since any two 
ratios can be represented by the ratios AB to DE and BC to EF, 
if the lines be chosen of proper lengths, it follows that the magnitude 
of the ratio compounded of two given ratios is independent of the 
order in which they are compounded. 

Again, because the proof of Proposition 23 is applicable to two 
right-angled triangles, we may assume the equal angles at B and E to 
be right angles, in which case the triangle ABC is equal to half the 
rectangle AB, BC and the triangle DEF is equal to half the rectangle 
DE, EF. It follows that the ratio compounded of AB to DE, and 
BC to EF is equal to the ratio of the rectangle AB, BC to the rectangle 
DE, EF, or, in other words, the ratio compounded of the ratios of two 
pairs of lines is equal to the ratio of the rectangle contained by the 
antecedents to the rectangle contained by the consequents. 


EXERCISES. 


1. Aand B are two given points; AC and BD are perpendicular 
to & given straight line CD: AD and BC intersect at E, and EF is 
perpendicular to CD: shew that AF and BF make equal angles with 


2, If & triangle inscribed in another have one side parallel to a 
side of the other, its area is to that of the larger triangle as the rect- 
angle contained by the segments of either of the other sides of the 
original triangle is to the square on that side. 


3. If on two straight lines OABC, OFED, the points be so 
chosen that AE is parallel to BD, and AF parallel to CD, then also 
BF is parallel to CE. 


4. Find the greatest triangle which can be inscribed in a given 
triangle so as to have one side parallel to one of the sides of the 
given triangle. 


5. Find the least triangle which can be described about a given 
triangle. 
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PROPOSITION 24. 


A parallelogram about a diagonal of another parallelo- 
gram is similar to 4t. 


Let the parallelogram AFG be about the diagonal AC 
of the parallelogram ABCD: 
it is required to prove that AX VG is similar to ABCD. 





Proor. Because FF is parallel to BC, 
the angles AEF, AFE are equal to the angles ABC, ACB 
respectively, (I. Prop. 29.) 
and therefore the triangles AZF, ABC are equiangular to 
one another; 
therefore the parallelograms AH FG, ABCD are equiangular 
to one another. 
And because the triangles AE, ABC are equiangular 
to one another, 
A E is to AB as EF to BC; (Prop. 4.) 
and EF is equal to AG, and BC to AD; (I. Prop. 34.) 
therefore also AF is to AB as AG to AD. 
Similarly it can be proved that the ratios of all pairs of 
corresponding sides of the parallelograms 4EFG, ABCD 
are equal. 
Therefore the parallelograms are similar. 


Wherefore, a parallelogram &c. 
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EXERCISES. 


1. Prove that, in the figure of VI. 24, EG and BD are parallel. 


2. Prove that, if in the figure of VI. 24, EF, GF produced cut 
CD, CB in H, K, then HG, CA, KE meet in a point. 


3. Prove that, if two similar quadrilaterals ABCD, AEFG be so 
placed that ABE, ADG are straight lines, then the points A, F, C lie 
on 8 straight line. 


4. In a given triangle inscribe a rhombus which shall have one 
of its angular points at a given point in the base, and a side on that 
base. 


5. Construct a parallelogram similar to a given parallelogram, so 
that two of its vertices are on one side of a given triangle and the 
other vertices on the other two sides. 
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PROPOSITION 25. 


To construct a polygon similar to a given polygon and 
equal to another given polygon. 


Let ABCDE be one given polygon, and YG HK another: 
it is required to construct a polygon similar to ABCDE and 
equal to FGHK. 


CONSTRUCTION. Construct on AB a rectangle AL equal 
to ABCDE, 

and on BZ construct a rectangle LM equal to FGH K. 
(I. Prop. 45.) 

Find PQ a mean proportional between AB and BM, 
(Prop. 13.) 
and on PQ construct a polygon PQRST similar to ABCDE, 
so that PQ, AB are corresponding sides: (Prop. 18.) 

then PREST is a polygon constructed as required. 
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Proor. Because ABODE is to PQRST in the ratio 
duplicate of the ratio of AB to PQ, 
and AB is to BM in the ratio duplicate of the ratio of AB 

to PQ; 
therefore ABCDE is to PORST as AB to BM; 
and AB is to BM as the rectangle AL to the rectangle LM, 
that is, as ABCDE to FGHK. 
Therefore PQRST is equal to YGHK; 

and it was constructed similar to ABCDE. 

Wherefore, a polygon PORST has been constructed similar 
to the polygon ABC DE anl equal to the polygon FGHK. 


EXERCISES. 


1. Construct a square equal to a given equilateral triangle. 


2. Construct an equilateral triangle equal to a given rectangle. 
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In Proposition 4 it was proved that, if two triangles be equiangular 
to one another, they are similar. Hence the condition of the equality 
of the ratios of corresponding sides, which appears in Definition 2, 
is unnecessary in the case of two triangles, which are equiangular to 
one another. 

If we take the case of two polygons ABCDE, PQRST of more 
than three sides, which are equiangular to one another, and which 
are such that all but two of the ratios of pairs of corresponding sides 
are equal, say AB to PQ, BC to QR, CD to RS, where two adjacent 
sides are omitted, we can prove that the polygons are similar. 





Take any point L within ABCD, and draw LA, LB, LỌ, LD, 
DA. Within the polygon PQRS draw PX, QX, making tbe angles 
QPX, PQX equal to the angles BAL, ABL respectively, and draw 
XR, XS, SP. 

It can be proved, as in Proposition 20, that the triangles ALB, 
BLC,CLD are similar to the triangles PXQ, QXR, RXS respectively ; 
therefore the angles ALB, BLC, CLD are equal to the angles 

PXQ, QXR, RXS respectively, and 
therefore the angle ALD is equal to the angle PXS; 
also each of the ratios LA to XP, LB to XQ, LC to XR and LD to XS 
is equal to the ratio of AB to PQ, and 
therefore AL is to PX as LD to XS. 

Therefore the triangles ALD, PXS are similar, (Prop. 6.) 

and AD is to PS as LA to XP. 

Hence the two triangles 4E D, PTS are equiangular to one another ; 
therefore they are similar, and each of the ratios DE to ST, EA to 
TP is equal to the ratio of AD to PS, (Prop. 4) which is equal to the 
ratio of LA to XP, and therefore to the ratio AB to PQ. 

In this case therefore the two polygons are similar. 

This method reduces the case, where the two sides whose ratios 
are omitted are adjacent, to the similar case of quadrilaterals (Ex. 1, 
page 395). A similar method will reduce the case, where the two 
sides whose ratios are omitted are not adjacent, to the similar case of 
quadrilaterals (Ex. 2, page 395). 

The two cases together justify the remark on Definition 2, page 350. 
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PROPOSITION 26. 


If two similar parallelograms have a, common angle and 
be similarly placed, one is about the diagonal of the other. 


Let the parallelograms ABCD, AEFG be similar and 
similarly placed and have a common angle at A: 
it is required to prove that the points A, F, C lie on à 
straight line. 


CONSTRUCTION. Draw AF and AC. 





Proor. Because the parallelograms AEFG, ABCD are 
similar, 

AG is to AD as GF to DC; (Def. 2.) 
and the angle AG is equal to the angle ADC; 
therefore the triangles AGF, ADC are equiangular to one 
another. (Prop. 6.) 

Therefore the angle GAF is equal to the angle DAC, 
i.e. the three points A, /’, C lie on a straight line. 


Wherefore, 7f two similar purallelograms &c. 


EXERCISE. 


1. Inscribe in a given triangle a parallelogram similar to a given 
parallelogram so as to have two corners on one side and one on each 
of the other sides of the triangle, 
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PROPOSITION 30. 


Lo divide a given straight line in extreme and mean ratio. 


Let AB be the given straight line: 
it is required to divide it in extreme and mean ratio. 


Construction. Divide AB at the point C into two 
parts so that the rectangle AB, BC may be equal to the 


square on AC. (II. Prop. 11.) 
AS ee 
4 C B 


Proor. Because the rectangle AB, BC is equal to the 
square on AC, 


AB is to AC as AC to BC. (Prop. 17.) 


Wherefore, the given straight line AB has been. divided 
at C in extreme and mean ratio. 


EXERCISES. 


1. Two diagonals of a regular pentagon which meet within the 
figure divide each other in extreme and mean ratio. 


2. Divide a given straight line into two parts so that any triangle 
described on the first part may have to a similar and similarly de- 
scribed triangle on the second part the ratio which the whole has to 
the second part. 
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PROPOSITION 31. 


A polygon on the hypotenuse of a right-angled triangle 
is equal to the sum of the polygons similarly described on the 
other sides. 


Let ABC be a right-angled triangle having the right 
angle BAC: 
and let BDC, CHA, AFB be similar polygons similarly 
described on BC, CA, AB respectively: 
it is required to prove that the polygon BDC is equal to 
the sum of the polygons CEA, AFB. 





Proor. Because BDC has to CEA the ratio duplicate 
of the ratio of BC to CA, 
and the square on BC has to the square on CA the ratio 
duplicate of the ratio of BC to CA; (Prop. 20, Coroll.) 
therefore BDC is to CEA as the square on BC to the square 
on CA; 
therefore BDC is to the square on BC as CHA to the square 
on CA. (V. Prop. 9.) 
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Similarly it can be proved that 
BDC is to the square on BC as AFB to the square on AB. 
Therefore BDC is to the square on BC 
as the sum of CEA, AFB to the sum of the squares on C A, 


AB; (V. Prop. 6.) 
and the square on BC is equal to the sum of the squares 
on CA, AB; (I. Prop. 47.) 


therefore BDC is equal to the sum of CHA, AFB. 
Wherefore, a polygon kc. 


EXERCISES. 


1, Divide a given finite straight line into two parts so that the 
squares on them shall be to one another in a given ratio. 


2. Construct an equilateral triangle equal to the sum of two 
given equilateral triangles, 


3. On two given lines similar triangles are described; construct 
a similar triangle equal to the difference of the given triangles. 


4. Construct a triangle equal to the sum of three given similar 
triangles and similar to them. 


5. Construct a polygon equal to the sum of any number of 
similar polygons and similar to them. 
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PROPOSITION 32. 


Lf two triangles have sides parallel in pairs, ihe straight 
lines joining the corresponding vertices meet in a point. 


Let ABC, DEF be two triangles such that the sides 
BC, CA, AB are parallel to the sides EF, FD, DE respec- 
tively: 
it is required to prove that the straight lines joining the 

pairs of points 4, D; B, E; C, F meet in a point. 

CoNsTRUCTION. Draw AD, BE and let them meet in G; 
and draw GC, GF. 


A D 
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Proor. Because AB is parallel to DE, 
the angles GAB, GBA are equal to the angles GDH, GED 


respectively ; (I. Prop. 29.) 
therefore the triangles GAB, GDE are equiangular to one 
another ; (I. Prop. 32.) 


therefore GB is to GE as BA to HD; (Prop. 4.) 
and because the triangles ABC, DEF are equiangular to 
one another, (I. Prop. 34, Coroll. 2.) 
BA isto ED as BC to EF; (Prop. 4.) 
therefore GB is to GE as BC to EF; (V. Prop. 5.) 

and the angle G AC is equal to the angle GEF; 
(I. Prop. 29.) 
therefore the triangles GBC, GEF are equiangular to one 
another ; (Prop. 6.) 

therefore the angles BGC, EGF are equal, 
that is, the points C, P, G lie on a straight line, 
or, in other words, AD, BE, CF meet in a point. 


Wherefore, tf two triangles &c. 
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It will be seen at once that, if in the diagram of Proposition 32 
AB be equal to DE, then the straight lines 4D, BE do not meet at 
any point at a finite distance, in other words, they are parallel. Also, 
because the triangles ABC, DEF are similar, if 4B be equal to DE, 
then also BC is equal to EF, and therefore BE and CF are parallel. 

Hence we must consider the case when the two triangles are 
similarly placed and equal as a special case in which the point of 
intersection of the lines joining the corresponding vertices is at an 
infinite distance. 


EXERCISES. 


1. If two similar triangles be similarly placed on two parallel 
straight lines, the lines joining corresponding vertices meet in a 
point. 


2. If any two similar polygons have three pairs of corresponding 
sides parallel, the straight lines joining the corresponding vertices 
meet in a point. 


3. AB is a fixed diameter of a circle ABC: PQ is a straight line 
parallel to 4B and of constant length, which moves so that its middle 
point traces out the circle ABC; find the locus of the intersection of 
AP, BQ and of AQ, BP. 


4, Prove that, if the corresponding sides of ABCD, EFGH two 
squares be parallel, the straight lines AF, BF, CG, DH pass through 
& point, and 4G, BH, CE, DF pass through another point. 


T. E. 27 
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PROPOSITION 33. Parr l. 


In equal circles angles at the centres have the same ratio 
as the arcs on which they stand. 


Let BCD, MNO be two given equal circles, and let 
BAC, MLN be two angles at their centres: 
it is required to prove that the angle BAC is to the angle 
MLN as the are BC to the are MN. 

Construction. From A draw any number of radii 4D, 
AE, AF making the angles CAD, DAE, EAF each equal 
to the angle BAC; and from Z draw any number of radii 
LO, LP, LR, LR making the angles NLO, OLP, PLQ, QLR 
each equal to the angle MLN. 





Proor. Because the angles BAC, CAD, DAE, EAF 
are all equal, 
the arcs BC, CD, DE, EF are all equal; (III. Prop. 26.) 
therefore the angle BAF and the arc BF are equimultiples 
of the angle BAC and the arc BC. 
Similarly it can be proved that 
the angle MLE and the are ME are equimultiples of the 
angle M LN and the arc MN. 
And, because the circles are equal, if the angle BAF be 
equal to the angle MLA, 
the arc BF is equal to the arc MR, (ITI. Prop. 26.) 
and if the angle BA’ be greater or less than the angle MLR, 
the arc BF is greater or less respectively than the are WR. 
Therefore the angle BAC is to the angle MLN as the arc 
BC to the arc MN, (V. Def. 5.) 


Wherefore, in equal circles &e. 
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COROLLARY. Jn equal circles angles at the circumferences 
have the same ratio as the arcs on which they stund. 


The angles at the centres are double of the angles at 
the circumferences, and therefore have the same ratio. 


(V. Prop. 6, Coroll.) 


In the construction of Proposition 33 there is nothing to limit the 
magnitude of the multiple angles BAF, MIR; they may be greater 
than two right angles, greater than four right angles, or greater than 
any multiple of four right angles, and at the same time the multiple 
arcs BF, MR will be greater than half the circumference of the circle, 
greater than the circumference, or greater than any multiple of the 
circumference. 

In the Third Book (page 221) we had occasion to remark that 
the admittance of angles equal to or greater than two right angles 
was not inconsistent with Euclid’s methods. We may now go 
further and say that the admittance of angles without any restric- 
tion whatever on their magnitude is essential to his method. The 
validity of the proof of this Proposition depends on the possibility of 
choosing any multiples we please of the angles BAC, MLN, that is, 
of taking the multiple angles BAF, MLR as large as we please. 
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PROPOSITION 33. Parr 2. 


In equal circles, the areas of sectors have the same ratio 
as their angles, 


Let BCD, MNO be two given equal circles, and let BAC, 
MLN be two angles at their centres: 
it is required to prove that the angle BAC is to the angle 
MLN as the sector BAC to the sector MLN. 


Construction. From A draw any number of radii AD, 
AE, AF making the angles CAD, DAE, EAF each equal to 
the angle BAC; and from L draw any number of radii 
LO, LP, LQ, LE making the angles NLO, OLP, PLQ, 
QLR each equal to the angle MLN. 





Proor. Because the angle CAD is equal to the angle 
BAC, it is possible to shift the figure CAD so that AC will 
be on AB, and AD on AC;; if this be done, then the point 
C will coincide with B and D with C, 
and therefore the arc CD with the are BC. (III. Prop. 23.) 
Therefore the sector CAD coincides with the sector BAC 

and is equal to it in all respects. 

Similarly it can be proved that the sectors DAE, EAF 
are each equal to the sector BAC. 

Therefore the angle BAF and the sector BAF are equi- 
multiples of the angle BAC and the sector BAC. 

Similarly it can be proved that 
the angle MLE and the sector MLR are equimultiples of 

the angle M LN and the sector M LN. 
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And it can be proved as before that, if the angle BAF be 
equal to the angle MLA, 
the sector BAF is equal to the sector MLE; 
and, if the angle BA F be greater or less than the angle MLA, 
the sector is greater or less respectively than the sector MLE; 
therefore the angle BAC is to the angle MLN as the sector 
BAC to the sector MLN. (V. Def. 5.) 


W herefore, 4» equal circles &c. 


COROLLARY. Tn equal circles the areas of sectors have the 
same ratio as the arcs on which they stand. 
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PROPOSITION 34. 


If an angle of a triangle be bisected by a straight line 
which cuts the opposite side, the rectangle contained by the 
segments of that side 18 less than the rectangle contained by 
the other sides by the square on the line. 


Let the angle BAC of the triangle ABC be bisected by 
the straight line AD, which cuts BC at D: 
it is required to prove that the rectangle BD, DC is less 
than the rectangle BA, AC by the square on AD, 


Construction. Describe the circle ABC; (IV. Prop. 5.) 
produce AD to meet the circle at Æ, and draw EC. 





Proor. Because in the triangles BAD, FAC, 
the angle BAD is equal to the angle ZAC, 
(Hypothesis. ) 
and the angle APD to the angle AEC, 
(IIT. Prop. 21.) 
therefore the triangles are equiangular to one another ; 
therefore BA is to HA as AD to AC; (Prop. 4.) 
therefore the rectangle BA, AC is equal to the rectangle 


EA, AD, (Prop. 16.) 
that is, to the rectangle ED, DA together with the square 
on AD. (II. Prop. 3.) 


And the rectangle ED, DA is equal to the rectangle BD, DC; 
(III. Prop. 35.) 
therefore the rectangle BD, DC is less than the rectangle 
BA, AC by the square on AD, 
Wherefore, if an angle &c. 
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EXERCISES. 


1. If an angle of a triangle be bisected externally by a straight 
line which cuts the opposite side produced, the rectangle contained 
by the segments of that side is greater than the rectangle contained 
by the other sides by the square on the line. 


2. Prove that, if the internal and the external bisectors of the 
vertical angle of a triangle ABC cut BC in D and E, then the square 
on DE is equal to the difference of the rectangles EB, EC and 
DB, DC. 


3. If I be the centre of the inscribed circle of a triangle ABC 
and AI produced cut the circumscribed circle ABC in E, then the 
rectangle contained by AI, IE is equal to twice the rectangle con- 
tained by the radii of the circumscribed and the inscribed circles. 

(See Ex. 46, page 324.) 


4. If I, be the centre of the circle of the triangle ABC escribed 
beyond BC and AI, cut the circumscribed circle ABC in E, then the 
rectangle contained by AI» I,E is equal to twice the rectangle con- 
tained by the radii of the circumscribed and the escribed circles. 


5. AB is the base of a triangle ABC whose sides are segments 
of a line divided in extreme and mean ratio. CP the bisector of 
the angle C, and CQ the perpendicular from C on AB meet AB in P 
and Q. Prove that the square on CP is equal to twice the rectangle 
contained by PQ and AB. 
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PROPOSITION 35. 


If a perpendicular be drawn from a vertex of a triangle 
to the opposite side, the rectangle contained by the other sides 
of the triangle is equal to the rectangle contained by the 
perpendicular and the diameter of the circle described about 
the triangle. 


Let AD be the perpendicular drawn from the vertex A 
of the given triangle ABC to the opposite side BC: 
it is required to prove that the rectangle contained by 
AB, AC is equal to the rectangle contained by AD and 
the diameter of the circle described about ABC. 


Construction. Describe the circle ABC; (IV. Prop. 5.) 
draw the diameter 4E and draw ÆC. 





Pnoor. Because in the triangles BAD, HAC, 

the angle ABD is equal to the angle A EC, (III. Prop. 21.) 
and the angle ADB to the angle AC E; (III. Prop. 31.) 

therefore the triangles are equiangular to one another, 
(I. Prop. 32.) 
and BA is to HA as AD to AC; (Prop. 4.) 
therefore the rectangle BA, AC’ is equal to the rectangle 
EA, AD. (Prop. 16.) 


Wherefore, 2/ a perpendicular &c. 
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PROPOSITION 35 A. 


The ratio of twice the area of a triangle to the rectangle 
contained by two of the sides 1s equal to the ratio of the third 
side to the diameter of the circumscribed circle of the 
triangle. 


Let ABC be a triangle : 

it is required to prove that twice the area of ABC is to 
the rectangle contained by AC, BC as AB to the diameter 
of the circle described about 4 BC. 


Construction. Describe the circle ABC; draw the 
diameter AF, draw AD perpendicular to BC and draw EC. 





Proor. Because in the triangles BAD, EAC, 
the angle ABD is equal to the angle AEC, (III. Prop. 21.) 
and the angle A DB to the angle ACE ; (ITI. Prop. 31.) 
therefore the triangles are equiangular to one another, 
(I. Prop. 32.) 
and AD is to AC as AB to AE. (Prop. 4.) 
Therefore the rectangle AD, BC is to the rectangle AC, BC 
as AB to AE; (Prop. 1.) 
and the rectangle AD, BC is equal to twice the area of the 
triangle ABC ; 
therefore twice the area of the triangle ABC is to the 
rectangle AC, BC as A B to the diameter of the circle ABC. 
Wherefore, the ratio &c. 
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ADDITIONAL PROPOSITION i. 


If a straight line cut the three sides of a triangle produced if 
necessary, the ratio compounded of the ratios of the segments of the 
sides taken in order is equal to unity.* 


Let the sides BC, CA, AB of the triangle ABC be cut by the 
straight line LMN in L, M, N respectively. 
Through C draw CZ parallel to LMN to meet ABN in Z. 


A (2 
iS 
BA 





Because ZC, NML are parallel, 
AM is to MC as AN to NZ, 
and CL is to LB as ZN to NB; (Prop. 2.) 
therefore the ratio compounded of 
the ratios 4M to MC and CL to LB is equal to the ratio compounded 
of the ratios AN to NZ and ZN to NB, 
i.e. the ratio AN to NB; (V. Def. 8.) 
therefore the ratio compounded of the ratios AM to MC, CLto LB 
and BN to NA is equal the ratio compounded of the ratios AN to 
NB and NB to AN, that is, to the ratio AN to AN, i.e. to unity. 
(V. Def. 2.) 


* This theorem is attributel to Menelaus, a Greek Geometer, who 
lived in the latter part of the first century A.D. 
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DEriNITION. A straight line drawn to cut a series of 
lines is often called a transversal. 


The straight line LMN in Additional Proposition 1 is a transversal 
of the triangle 4 BC. 


EXERCISES. 


l. Points E, F are taken in the sides AC, AB of a triangle such 
that AE is twice EC and BF is twice FA; FE produced cuts BC in 
D; find the ratio BD to DC. 


2. If the bisectors of the angles B, C of a triangle ABC meet 
the opposite sides in D and E, and if the straight line DE produced 
meet BC produced in F, then the external angle at A is bisected 
by AF. 


3. BD is the perpendicular let fall from one end of the base 
upon the straight line bisecting the vertical angle BAC of a tri- 
angle. If BA be three times as long as AC, AD will be bisected at 
the point E, where it cuts the base. 


4. If a side BC of a triangle ABC be bisected by a straight line 
which meets the sides AB, AC, produced if necessary, in D and E 
respectively, then AE is to EC as AD to DB. 


5. If one side of a given triangle be produced and the other 
shortened by equal quantities, the line joining the points of section 
will be divided by the base in the inverse ratio of the sides. 


6. In the sides AB, AC of & triangle ABC two points D, E are 
taken such that BD is equal to CE; DE, BC are produced to meet at 
F: shew that 4D is to AC as EF to DF, 
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The converse of the theorem on page 418 may be stated as 
follows :— 


ADDITIONAL PROPOSITION 2. 


If three points be taken on the sides of a triangle (either one on 
a side produced and the other two on sides, or else all three on sides 
produced), such that the ratio compounded of the ratios of the seqments 
of the sides taken in order is equal to unity, the three points lie 
on a straight line. 


Let three points L, M, N be taken on the sides BC, CA, AB 
of a triangle ABC, either all on sides produced (fig. 2) or one L on 
a side produced, and the others M, N on sides (fig. 1) such that the 
ratio compounded of the ratios AM to MC, CL to LB and BN to NA 
is equal to unity. 


A (1) (2) 
A 
TRA x 
B p uH N 


Draw LM and let it produced cut AB in P. 
Then the ratio compounded of the ratios 
AM to MC, CL to LB and BP to PA is equal to unity; 
(Add. Prop. 1.) 
and the ratio compounded of the ratios 
AM to MC, CL to LB and BN to NA is equal to unity; 
(Hypothesis.) 
therefore the ratio BP to PA is equal to the ratio BN to NA; 
therefore BP is to BA as BN to BA; (V. Prop. 10 or 11) 
therefore BP is equal to BN; (V. Prop. 3.) 
that is, P coincides with N, 
or, in other words, L, M, N are in a straight line. 
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EXERCISES. 


1. The inscribed circle of a triangle ABC touches the sides 
BC, CA, AB at D, E, F; EF, FD, DE produced meet BC, CA, AB 
in L, M, N : prove that L, M, N are collinear. 


2. An escribed circle of a triangle ABC touches the side BC at 
D and the sides 4C, AB produced at E, F; ED, FD produced cut 
AB, AC in K, H respectively; prove that FE, BC, KH meet ina 
point. 


3. If AB, CD, EF be three parallel straight lines, and AC, BD 
meet in N, CE, DF meet in L, and EA, FB meet in M, then L, M, N 
lie on & straight line. 


4. If D, E, F be the points of contact with BC, CA, AB of the 
inseribed circle, or of any one of the escribed circles of the triangle 
ABC, the lines AD, BE, CF pass through a point. 


5. If D bethe point of contact of the inscribed circle of a triangle 
ABC with BC, and E, F the points of contact of escribed circles with 
CA produced and BA produced respectively, then AD, BE, CF meet 
in a point. 


6. If one escribed circle of a triangle ABC touch AC in F and 
BA produced in G and another escribed circle touch APB in H and 
CA produced in K, then FH, KG produced cut BC produced in points 
equidistant from the middle point of BC. 
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ADDITIONAL PROPOSITION 3. 


If three straight lines be drawn from the vertices of a triangle meet- 
ing in a point and cutting the opposite sides or the sides produced, the 
ratio compounded of the ratio of the segments of the sides taken in 
order is equal to unity,* 


Let the straight lines 40, BO, CO be drawn from the vertices of 
the triangle ABC meeting in O, and cutting BC, CA, AB in D, E, F 
respectively, 





Through C draw HCG parallel to AB to meet BO, AO produced 
in H, G. 
Then because the triangles 4 OF, GOC are equiangular to one another, 
AF is to GC as FO to CO; (Prop. 4.) 
and because the triangles FOB, COH are equiangular to one another, 
FB is to CH as FO to CO; 
therefore AF is to GC as FB to CH, (V. Prop. 5.) 
and therefore AF is to FB as GC to CH. (V. Prop. 9.) 
And because the triangles CEH, AEB are equiangular to one another, 
CE is to AE as CH to AB; 
and because the triangles BDA, CDG are equiangular to one another, 
BD is to CD as BA to CG; 
therefore the ratio compounded of the ratios 
AF to FB, CE tio EA, and BD to DC 
is equal to the ratio compounded of the ratios 
GC to CH, CH to AB, and AB to CG, 
which is equal to unity. 


* This theorem was first published in the year 1678 by Giovanni 
Ceva, an Italian. 
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In Additional Proposition 3 it has been proved that, if through 
the vertices A, B, C of a triangle three concurrent straight lines 4D, 
BE, CF be drawn meeting the sides BC, CA, AB in D, E, F, the ratio 
of BD to DC is equal to the ratio compounded of the ratios BF to FA 
and AE to EC. 

In Additional Proposition 1 it has been proved that, if the straight 
line FE be drawn and produced to meet BC produced in L, the ratio 
BL to LC is equal to the ratio compounded of the ratios BF to FA 
and AE to EC. 

Therefore BD is to DC as BL to LC, 
or, in other words, BDCL is a harmonic range. 


It is a remarkable fact that, although the theorem on page 418 
had been known as early as the 1st century, the theorem on page 422, 
which seems a very natural complement to the other, should not have 
been discovered until the 17th century. 


EXERCISES. 


1. Prove Ceva’s Theorem for a triangle ABC and a point O, 
(1) when O lies between AB produced and AC produced, (2) when O 
lies between B4 produced and CA produced. 


2. Prove Ceva's Theorem by using the result of Ex. 3, page 355. 


3. Prove Cev&'s Theorem by the use of Menelaus! Theorem, 
considering in the figure of Add. Prop. 3 COF a transversal of the 
triangle ABD and BOE a transversal of the triangle ADC. 


4. D, E, F are the points in which the bisectors of the angles 
A, B, C of a triangle cut the opposite sides; prove that, if RC be equal 
to half the sum of the sides 4B, AC, then EF bisects AD. 
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The converse of the theorem on page 422 may be stated as 
follows ;— 


ADDITIONAL PROPOSITION 4. 


If three straight lines be drawn through the vertices of a triangle 
cutting the opposite sides (either all three sides, or else one side and 
the other two sides produced) so that the ratio compounded of the 
ratios of the segments of the sides taken in order is equal to unity, 
the three straight lines meet in a point. 


Let three straight lines AD, BE, CF be drawn from the vertices 
A, B, C of a triangle ABC to cut the opposite sides in D, E, F 
respectively, so that the ratio compounded of the ratios AF to 
FB, BD to DC and CE to EA is equal to unity. 


A 


Let AD, CF meet in O: draw BO and produce it to meet CA 
in P. 

Then because the ratio compounded of the ratios AF to FB, 
BD to DC and CP to PA is equal to unity, (Add. Prop. 3.) 
and also the ratio compounded of the ratios 
AF to FB, BD to DC and CE to EA is equal to unity; (Hypothesis.) 

therefore the ratio CP to PA is equal to the ratio CE to EA; 
therefore CP is to CA as CE io CA; (V. Prop. 10 or 11.) 
therefore CP is equal to CE ; (V. Prop. 3.) 
therefore P coincides with E, 
or, in other words, AD, BE, CF meet in a point. 
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If in the sides BC, CA, AB of a triangle, points D, E, F be taken 
such that BD is to DC as n to m, CE is to EA as lto n, and AF is 
to FB as m to l, where l, m, n are any three integers, 
the straight lines AD, BE, CF meet in a point, say O. (Add. Prop. 4.) 

It is proved by Add. Prop. 1 that the ratio of AO to OD is 
equal to the ratio compounded of the ratios AE to EC and CB to 
BD, that is, of the ratios n to land m+n to n; 

therefore 4O is to OD as m+n to l. 

Similarly it appears that BO is to OE as n+l to m and that 

CO is to OF as l+m to n. 





It follows that, if we divide BC in D sgo that BD is to DC as n to 
m, and then divide DA in O so that DO is to OA as l to m+n, we 
arrive at the same point, as if we divide CA in E so that CE is to 
EA as l to n, and then divide EB in O so that EO is to OB as m to 
n+l, or as if we divide 4B in F so that AF is to FB as m to l, and 
then divide FC in O so that FO is to OC as n tol+m. 

This point O is called the centroid of weights J, m, n at A, D, C 
respectively. It appears that the position of the centroid of three 
weights is independent of the order in which the weights are taken, 
or, in other words, the centroid of three weights is a unique point. 

It is not difficult to see that this proposition can be extended to 
any number of weights, so that we may state the proposition in the 
general form, the centroid of a number of given weights is a unique 
point. 


EXERCISE. 


1. From the vertex A4 of a triangle ABC a straight line is drawn 
eutting BC in D, and the angles BDA, CDA are bisected by straight 
lines cutting AB, AC in F, E respectively: prove that AD, BE, CF 
intersect in a point. 


T. E. 28 
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ADDITIONAL PROPOSITION 5. 


The locus of a point, the ratio of whose distances from two given 
points is constant, is a circle*. 


Let 4, B be two given points and P a point such that the ratio of 
AP to BP is equal to the given ratio. 

Draw PA, PB; and draw PC, PD the internal and the external 
bisectors of the angle 4PB meeting AB in C and 4B produced in D. 


P 


Z| 


A e B D 


Because PC, PD are the bisectors of the angle 4PB, 
therefore the ratios of AC to CB and AD to DB are equal to the ratio 
of AP to PB; and the ratio of AP to PB is constant; 
therefore C and D are two fixed points. (Ex. 1, page 359.) 
And because PC, PD are the bisectors of the angle APB, 
the angle CPD is aright angle. (Ex. 5, page 43.) 
Therefore every point on the locus of P must lie on the circle upon 
the fixed line CD as diameter. 


Next we will prove that every point of the circle belongs to the 
locus. 

Let P be any point on the circle described on CD as diameter. 

Draw PA, PC; and draw PE making the angle CPE equal to the 
angle CPA and meeting CD at E; 

then AP is to PE as AC to CE. (Prop. 3, Part 1.) 
Again, because CPD is a right angle, 
PD is the external bisector of the angle APE; 
therefore AP is to PE as AD to DE. 


* This theorem is attributed to Apollonius of Perga, a Greek 
geometer, who lived in the latter part of the third century s.c. 
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Therefore AC is to CE as AD to DE; (V. Prop. 5.) 
and AC is to CB as AD to DB; 
therefore CE is to ED as CB to BD, 
and E coincides with B, which is à fixed point. (Ex. 1l, page 359.) 
Therefore AP is to PB in the fixed ratio AC to CB for every point P 
on the circle. 


We may state the result of this proposition thus:—If a circle be 
described upon the straight line joining two conjugate points of a 
harmonic range as a diameter, the ratio of the distances of a point on 
the circle from the other pair of conjugate points is constant, 


EXERCISES. 
1. Prove that, if A, B be two fixed points and P be a point such 
that PA is equal to m times PB, 
(1) if m vanish, the locus reduces to the point 4; 


(2) if m be equal to unity, the locus is the straight line which 
bisects AB at right angles; 


(3) if m be infinitely great, the locus reduces to the point B; 


(4) if m be greater than unity, the locus is a circle excluding A 
and including B; 

(5) if m be less than unity, the locus is a circle including A and 
excluding B; 

(6) if m be greater than unity, the greater the value of m, the 
less the circle; 

(7) if m be less than unity, the less the value of m, the less the 
circle; 

(8) the loci for two different values of m do not intersect. 


2. A and B are the centres of two circles. A straight line PQ 
parallel to AB meets the circles in P and Q: find the locus of the 
point of intersection of AP and BQ. 


3, Find a point such that its distances from three given points 
may be in given ratios. 

4, Prove that, if a map be laid flat on another map of the same 
district on a larger scale, there is one place in the district which is 


represented in the two maps by points which are superposed one on 
the other. 
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ADDITIONAL PROPOSITION 6. 


If the line between one pair of conjugates of a harmonic range be 
bisected, the square on half the line is equal to the rectangle contained 
by the segments of the line between the other pair of conjugates made by 
the point of bisection. 


Let ACBD be a harmonic range, such that AC is to CB as AD to 
DB, so that A, B are one pair of conjugates and C, D the other. 

First, let O be the middle point of CD, the line between one pair 
of conjugates. 

Describe the circle on CD as diameter. 

Take any point P on the circle, and draw PA, PC, PB, PO. 





Because the angle OPC is equal to the angle OCP, 
the sum of the angles OPB, BPC is equal to the sum of the angles 
CAP, CPA; (I. Prop. 32.) 
and because AP is to PB as AC to CB, (see page 427,) 
the angle BPC is equal to the angle CPA; 

therefore the angle OPB is equal to the angle OAP; 

therefore OP touches the circle described about APB; 
(Converse of III. Prop. 32.) 
therefore the square on OP, which is equal to the square on OC, is 
equal to the rectangle O4, OB. (III. Prop. 36, Coroll.) 
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Secondly, let O’ be the middle point of AB, the line between the 
second pair of conjugates. 


The rectangle OA, OB is equal to the difference between the 
squares on OO’ and O’B, (II. Prop. 10.) 
and the rectangle OA, OB is equal to the square on OC; 
therefore the square on OC is equal to the difference between the 
squares on OO’ and O'B. 
Therefore the square on O’B is equal to the difference between the 
squares on OO’ and OC, which is equal to the rectangle O'C, O'D. 
(II. Prop. 10.) 


Nore. Ali the circles, which are the loci of the point P for 
different values of the ratio AP to BP, have their centres in the line 
AB, and, since the rectangle O'C, O'D is equal to the square on the 
tangent from 0’ to the circle CPD, the straight line which bisects AB 
at right angles is the radical axis of every pair of such circles. Such 
a series of circles is called Coaxial. 

The points A, B are called the limiting points of the series of 
circles, 


EXERCISES. 


1. If two circles be described upon the straight lines joining the 
two pairs of conjugate points of a harmonic range as diameters, the 
circles cut orthogonally. 


2. A common tangent to two given circles is divided harmonically 
by any circle which is coaxial with the given circles. 
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ADDITIONAL PROPOSITION 7. 


A chord of a circle is divided harmonically by any point on it and 
the polar of the point. 


Let PQ be a chord of the given circle CQPD: take A any point 
on PQ produced and draw the diameter ACD. 

Let B be the point such that 4CBD is a harmonic range. 

Draw PB, BQ and draw BR at right angles to AB meeting PQ 
in E. 





Because ACBD isa harmonic range and O is the middle point of CD, 
the rectangle OA, OB is equal to the square on OC; (Add. Prop. 6.) 
therefore BR is the polar of A. (see page 259.) 
Because AP is to PB as AC to CB, 

and AQ is to QB as AC to CB; (Add. Prop. 5.) 

therefore AP is to PB as AQ to QB; 
and PB is to PA as QB to AQ; (V. Def. 5 note.) 
therefore PB is to BQ as PA to AQ; (V. Prop. 9.) 

therefore BA is the external bisector of the angle PBQ; 

(Prop. 3, Part 2.) 

therefore BR is the internal bisector, 
and PR is to RQ as PB to BQ, (Prop. 3, Part 1.) 

and therefore as PA to AQ; 
therefore AQRP is a harmonic range. 
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It may be remarked that in the diagram on page 430 the point 4 
is taken outside the circle. If the point were inside the circle, say R, 
its polar would intersect PQR in A. (Add. Prop. on page 262.) 
Hence the theorem is established generally. 


EXERCISES. 


1. Prove that, if 4CBD be a harmonic range, and if O be the 
middle point of CD, then AC is to CB as AO to OC. 


2. Establish the theorem of page 426 by proving that in the 
figure of page 430 the triangles 4BQ, APO are similar and also that 
the triangles ABP, AQO are similar. 


3. If any straight line PQR be drawn touching one given circle 
at Q and cutting another at P, HR, the segments PQ, QR subtend 
equal or supplementary angles at either of the limiting points of the 
coaxial system to which the given circles belong. 


4. If any straight line PQRS be drawn cutting two given circles 
of a coaxial system in P, S and Q, R, the segments PQ, RS subtend 
equal or supplementary angles at either of the limiting points. 
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ADDITIONAL PROPOSITION 8. 


If a pencil be drawn from a point to the four points of a harmonic 
range and if a straight line be drawn through one of the points parallel 
to the ray which passes through the conjugate point, the part of the line 
intercepted between the rays through the other pair of points is bisected 
at the point. 


Let ABCD be a harmonic range, and O be any point not in the 
straight line 4D. Let OA, OB, OD be drawn*, and let FCH be drawn 
parallel to AO, meeting OB, OD, produced if necessary, in F, H. 


F 


Q 


Because the triangles OAB, FOB are equiangular to one another, 
OA is to FC as AB to BC; (Prop. 4.) 
and because the triangles OAD, HCD are equiangular to one another, 
OA is to HC as AD to DC, 
And because ABCD is a harmonic range, 
AB is to BC as AD to DC; 
therefore OA is to FC as OA to HC; (V. Prop. 5.) 
therefore F'C is equal to HC. (V. Prop. 3.) 


Note. The converse of this proposition is true, viz. if the line FH 
be bisected at C, then ABCD is a harmonic range. 


EXERCISE. 


1. Give a construction to find the fourth point of & harmonie 
range when three points are given. 


* The ray OC of the pencil O (ABCD) is omitted in the figure, as 
it is not wanted in the proof. Similar omissions will be met with 
elsewhere. 
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ADDITIONAL PROPOSITION 9. 


The points, in which a harmonic pencil is cut by any straight line, 
form a harmonic range. 


Let O (ABCD) be a pencil drawn through the points of the har- 
monic range ABCD: let abcd be any other straight line cutting the 
rays OA, OB, OC, OD in a, b, c, d respectively. 

Through C, c draw GCF, gcf parallel to OA cutting the rays OB, 
OD, produced if necessary, in F, G and f, g. 





Because ABCD is a harmonic range, and GCF is parallel to O4A, 
therefore FC is equal to CG. (Add. Prop. 8.) 
And because fcg 38 parallel to FCG, 
therefore fe is equal to cg. (Ex. 1, page 369.) 
And because fcg is parallel to Oa and fe is equal to cg, 
abcd is & harmonic range. (Note, p. 432.) 


EXERCISES. 


l. The peneil formed by joining the four angular points of a 
square to any point on the circumscribing circle of the square is a 
harmonic pencil. 


2. Give a construction for drawing the fourth ray of a harmonic 
pencil, when three rays are given. 


3. Draw a harmonic pencil of which the rays pass through the 
angular points of a rectangle, and one of which is given in direction. 
4. CA, CB are two tangents to a circle; E is the foot of the 


perpendicular from B on AD the diameter through 4; prove that CD 
bisects BE. 
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ADDITIONAL PROPOSITION 10. 


If two harmonic ranges have two corresponding points, one in 
each range, coincident, the straight lines joining the other pairs of 
corresponding points pass through a point. 


Let ACBD, Acbd be two harmonic ranges, of which the point 4 
is a common point. 


Draw Cc, Bb and let them, produced if necessary, meet in O, and 
draw OD. 





Because O (4CBD) is a harmonic pencil, 
if Acb cut OD in d’, 
then Acbd’ is a harmonic range; (Add. Prop. 9.) 
therefore Ac is to cb as Ad’ to d’b; 
but Acbd is a harmonic range; 
therefore Ac is to cb as Ad to db; 
therefore Ad’ is to d’b as Ad to db, (V. Prop. 5.) 
and d’ coincides with d; (Ex. 1, page 359.) 
i.e. Cc, Bb, Dd meet in a point. 


EXERCISE. 


1. Prove that the intersections of the pairs of straight lines Cb, 
Be; Bd, Db; Dc, Cd in the above figure lie on a straight line which 
passes through 4. 
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ADDITIONAL PROPOSITION 11. 


If two harmonic pencils have two corresponding rays, one of each 
pencil, coincident, the intersections of the other three pairs of 
corresponding rays lie on a straight line. 


Let O(ABCD), O’ (abcd) be two harmonic peneils, of which 0.440’ 
is à common ray. 

Let OB, O'b meet in Q, and OC, O'c in R; draw QR and let it 
meet OO’ in P, OD in S, and O'd in s. 





Then because O (ABCD) is a harmonic pencil, 
PQRS is & harmonic range; (Add. Prop. 9.) 
therefore PQ is to QR as PS to SE; 
and because O' (abcd) is à harmonic pencil, 
PQRs is a harmonic range; 
therefore PQ is to QR as Ps to sR; 
therefore Ps is to sR as PS to SR, (V. Prop. 5.) 
and the points S, s coincide; (Ex. 1, page 359.) 
i.e. the intersections of OB, 0’b; OC, O’c, and OD, O’d are collinear. 


EXERCISE. 


1. Prove that the straight lines joining the intersections of the 
pairs of straight lines OB, O’c and OC, O’b; OC, O’d and OD, O'c; 
OD, O'b and OB, O'd intersect in a point which lies on the line OO". 
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ADDITIONAL PROPOSITION 12. 


If a pencil be drawn from a point to the four points of an anharmonic 
range and if a straight line be drawn through one of the points parallel to 
the ray which passes through a second point, the part of it intercepted 
between the rays through the other pair of points will be divided in a 
constant ratio at the first point. 


Let ABCD be an anharmonic range and O be any point not in the 
straight line AD. 

Let OA, OB, OD be drawn and FCH be drawn parallel to AO 
meeting OB, OD, produced if necessary, in F, H. 


P 


—— 
g D 


g 


Because the triangles OAB, FOB are equiangular to one another, 
OA is to FC as AB to BC; (Prop. 4.) 
and because the triangles OAD, HCD are equiangular to one another, 
OA is to HC as AD to DC; 
therefore the ratio of the ratio OA to FC to the ratio OA to HC is 
equal to the ratio of the ratio AB to BC to the ratio AD to DC, 
which is constant; 
i.e. the ratio HC to FC is constant and is equal to the ratio of the 
range ABCD. (Def. 10.) 


EXERCISES. 
1. If ABCD, ABCE be two like anharmonic ranges, then the 
points D, E coincide. 


2. If the ratio of the range ABCD be equal to the ratio of the 
range ADCB, the range ABCD is harmonic. 
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ADDITIONAL PROPOSITION 13. 


The points in which an anharmonic pencil is cut by any straight 
line form an anharmonic range of constant ratio. 

Let O(ABCD) be a pencil drawn through the points of the an- 
harmonic range ABCD, 

Let abcd be any other straight line cutting the rays OA, OB, OC, 
OD in a, b, c, d respectively. 

Through C, c draw GCH, gch parallel to OA cutting the rays OD, 
OB in G, H and g, h. 





H 


Because ABCD is an anharmonic range, 
and GCH is parallel to OA, 
therefore the ratio of GC to CH is the ratio of the range ABCD; 
(Add, Prop, 12.) 
and because abcd is an anharmonic range and gch is parallel to Oa, 
therefore the ratio of ge to ch is the ratio of the range abcd; 
(Add. Prop. 12.) 
and because gch is parallel to GCH, 
gc is to ch as GC to CH; (Ex. 2, page 365.) 
therefore abcd is an anharmonic range of ratio equal to that of the 
range ABCD. 
EXERCISES. 
1. Find a point on a given straight line such that lines drawn 


from it to three given points shall intercept on any parallel to the 
given line lengths having a given ratio. 

2. Three points F, G, H are taken on the side BC of a triangle 
ABC: through G any line is drawn cutting AB and AC in L and M 
respectively; FL and HM intersect in K; prove that K lies on a 
fixed straight line passing through 4. 
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ADDITIONAL PROPOSITION 14. 


If two like anharmonic ranges have two corresponding points, one 
in each range, coincident, the straight lines joining the other pairs 
of corresponding points pass through a point. 


Let ACBD, Acbd, be two like anharmonic ranges, of which the 
point 4 is a common point, 


Draw Cc, Bb, and let them, produced if necessary, meet in O; and 
draw OD. 





Because O (ACBD) is an anharmonic pencil, 
if Acb cut OD in d', 
then Acbd’ is an anharmonic range of ratio equal to that of the pencil; 
(Add. Prop. 13.) 
and Acbd is a like anharmonic range; 
therefore the ratio of the ratio Ac to cb io the ratio Ad' to d'b is equal 
to the ratio of the ratio Ac to cb to the ratio Ad to db; 
therefore the ratio Ad' to d'b is equal to the ratio Ad to db, 
and d' coincides with d, (Ex. 1, page 359.) 
i.e. Cc, Bb, Dd meet in a point. 


EXERCISE. 


1, Prove that the intersections of the pairs of straight lines Cb, 
Bc; Bd, Db; De, Cd in the above figure lie on a straight line through A. 
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ADDITIONAL PROPOSITION 135. 


If two like anharmonic pencils have two corresponding rays, one 
in each pencil, coincident, the intersections of the other three pairs of 
corresponding rays lie on a straight line. 


Let O(ABCD), O’ (abcd) be two like anharmonic pencils, of which 


OAaO’ is a common ray. Let OB, O’b meet in Q, and OC, O’c in R; 
draw QR and let it meet OO' in P, OD in S and O'd in s. 





Because PORS is a transversal of the anharmonic pencil O (ABCD), 
PQRS is a range of ratio equal to that of the pencil; (Add. Prop. 13) 
and because PQRs is a transversal of the anharmonic pencil O’ (abcd), 
PQRs is a range of ratio equa! to that of the pencil; 

and because O (43CD), O' (abcd) are like anharmonic pencils, 

(Hypothesis) 
therefore PQRS, PQRs are two like anharmonic ranges; 

therefore the points S, s coincide; (Ex. 1, page 436) 
i.e. the intersections of OD, O'b; OC, O'c; and OD, O’d are collinear. 


EXERCISE. 


1. Prove that the straight lines joining the intersections of the 
pairs of straight lines OB, O’c and OC, O'b; OC, O'd and OD, O'c; 
OD, O'b and OB, O'd intersect in a point which lies on the straight 
line OO’. 
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ADDITIONAL PROPOSITION 16. 


The anharmonic ratio of the pencil formed by joining four given 
points on a circle to any fifth point on the same circle is constant. 


Let A, B, C, D be four given points on a circle, and let O be any 
fifth point on the circle, and let the pencil O (ABCD) be drawn. 
Take O’ any other point in the same arc AD as O; 
then the angles A40'B, BO'C, CO'D are equal to the angles AOB, 
BOC, COD respectively; 
and the pencil O' (ABCD) is equal * to the pencil O (ABCD). 





Next take O’ any point in the arc AB. 
Then the angles BO’C, CO’D are equal to the angles BOC, COD 
respectively, 
and the angle between O’B and AO’ produced, say O'A,, is equal to 
the angle AOB, 
and the pencil 0’ (A,BCD) is equal to the pencil O (ABCD). 
Similarly it can be proved that the pencil is the same for all 
positions of O’ on the circle. 


EXERCISE. 


1. The locus of the vertex of a harmonic pencil, whose rays pass 
through the angular points of a square, is the circumscribed circle 
of the square. 


* In the sense that one pencil can be shifted so that its rays 
coincide with the rays of the other pencil. (I. Def. 21.) 
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ADDITIONAL PROPOSITION 17. 


The anharmonic ratio of the range formed by the intersections of 
four given tangents to a circle by any fifth tangent to the same circle 
is constant. 


Let Aa, Bb, Cc, Dd be the tangents at four given points, A, B, C, 
D on a circle, and let them cut the tangent at any fifth point 7 on the 
circle in a, b, c, d. 

Find P the centre, and take any point O on the circle. 

Draw PA, PB, PT, Pa, Pb, 





Because the angle APT is equal to twice the angle AOT, 
(III. Prop. 20) 
and also equal to twice the angle aPT, 


the angle AOT is equal to the angle aPT. 
Similarly it can be proved that 
the angle BOT is equal to the angle bPT; 
therefore the angle AOB is equal to the angle aPb. 
Similarly it can be proved that the angles BOC, COD are equal to 
the angles bPc, cPd; 
therefore the pencil O (ABCD) is equal to the pencil P (abcd), 
and the pencil O (ABCD) has a constant ratio; (Add. Prop. 16) 
therefore the pencil P (abcd) has a constant ratio ; 
and therefore the range abcd has a constant ratio. (Add. Prop. 13) 


EXERCISE. 


1. If a straight line cut the four sides of a square in a harmonic 
range, it touches the inscribed circle of the square. 


T. E. 29 
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ADDITIONAL PROPOSITION 18. 


The anharmonic ratio of the pencil formed by joining four points 
on a circle to any fifth point on the circle is the same as the ratio of 
the rectangles contained by the chords that join the points. 


Let 4, B, C, D be four given points on a circle. Draw AB, AC, 
AD, BC, CD. 

In AD take 4b equal to 4B; draw Bb and let it be produced to 
meet the circle in O; draw OA, OC, OD and let OC cut AD in c; 
draw be parallel to CD to meet OC in e, and draw Ae. 


D 
4 \J 
Bü C 
Because be is parallel to CD, 
the angle bec is equal to the angle OCD, 
which is equal to the angle OAc; (ILI. Prop. 21) 
therefore A, b, e, O lie on a circle. 
Therefore the angle Aeb is equal to the angle AOB, 
which is equal to the angle ACB ; 
and the angle Abe is equal to the supplement of the angle 40e, 
which supplement is equal to the angle ABC ; 
therefore the triangles Abe, ABC are equiangular to one another; 
and 4b is equal to AB ; (Constr.) 
therefore be 18 equal to BC. 
Now the anharmonic ratio of the pencil O (4BCD) is equal to that 
of the range AbcD, (Add. Prop. 13) 
which is equal to the ratio of the ratio 4b to be to the ratio AD to De, 
that is, to the ratio compounded of the ratios Ab to be and De to AD, 
which is the ratio of the rectangle Ab, cD to the rectangle AD, be. 
(See page 399.) 
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And because be is parallel to CD, 
the triangles DcC, bce are equiangular to one another ; 
therefore cD is to bc as CD to be; (Prop. 4) 
therefore the ratio of the rectangle Ab, cD to the rectangle AD, be 
is equal to the ratio of the rectangle 4B, CD to the rectangle AD, be. 
Therefore the anharmonic ratio of the pencil O (ABCD) is equal 
to the ratio of the rectangle AB, CD to the rectangle AD, BC. 


The anharmonic ratio of a range ABCD is defined to be 
(Definition 10) the ratio of the ratio 4B to BC to the ratio AD to DC, 
which, by Definition 8 of Book V., is equal to the ratio compounded of 
the ratios AB to BC and DC to AD; and this last ratio has, on 
page 399, been shewn to be equal to the ratio of the rectangle 
AB, CD to the rectangle AD, BC. 

Now it can be proved (Ex. 1, page 137) that, if ABCD be a range, 
the sum of the rectangles AB, CD and AD, BC is equal to the 
rectangle AC, BD. 

If therefore any two of these three rectangles be given, the third 
is at once found. There are six ratios, of which one of these rectangles 
is the antecedent and another the consequent; if any one of these 
ratios be given, the other five ratios are at once found. Now in 
the definition the ratio of the rectangle 4B, CD to the rectangle 
AD, BC is defined as the anharmonic ratio of the range ABCD. 
There is no reason against adopting any other of the six ratios as the 
ratio of the range, but it is important strictly to adhere throughout an 
investigation to one and the same ratio. 


EXERCISES. 


1. Theanharmonic ratio of the range formed by the intersections 
of four given tangents to a circle with any fifth tangent is equal to the 
ratio of the rectangles contained by the chords which join the points 
of contact of the given tangents. 


2. Two fixed points D, E are taken on the diameter AB of a 
circle, and P any point on the circumference; perpendiculars AM, 
BN are let fall on PD, PE; prove that the ratio of the rectangle 
PM, PN to the rectangle AM, BN is constant. 


29—2 
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ADDITIONAL PROPOSITION 19. 


If two triangles be such that the straight lines joining their vertices 
in pairs pass through a, point, the intersections of pairs of correspond- 
ing sides lie on a straight line. 


Let ABC, abc be two given triangles such that the straight lines 
Aa, Bb, Cc meet in a point O. 

Let the pairs of sides BC, bc; CA, ca; AB, ab, produced if 
necessary, meet in D, E, F respectively, and let OBb cut AC, ac in 
gr, h. 





D 


Because EAHC, Eahc cut the same pencil O(EAHC), 

EAHC, Eahe are like anharmonic ranges; (Add. Prop. 13), 
therefore the pencils B (EAHC), 6 (Eahc) are like anharmonic pencils; 
and they have a common ray BHhb; 
therefore the intersections of the pairs of rays BC, bc; BE, bE; 
BA, ba lie on a straight line; (Add. Prop. 15); 

that is, D, E, F lie on a straight line. 


Norse. The point O is often called the pole of the triangles ABC, 
abe, and the straight line DEF the axis of the triangles. 

This theorem may then be enunciated thus, compolar triangles are 
coaxial. 

Compolar triangles are often said to be in perspective. 
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ADDITIONAL PROPOSITION 20. 


If two triangles be such that the intersections of their sides taken in 
pairs lie on a straight line, the straight lines joining pairs of corre- 
sponding vertices meet in a point. * 


Let ABC, abc be two given triangles such that the pairs of sides 
BC, bc; CA, ca; AB, abd intersect in three points D, E, F lying on a 
straight line. 

Let the straight lines 4a, Bb, Cc be drawn and let Bb cut AC, ac, 
DEF in H, h, K respectively. 





Because the pencils B(EFKD), }(EFKD) have a common trans- 
versal EF KD, 
they are like anharmonic pencils; 


and because EAHC is a transversal of the pencil B(EFKD), 
and Eahc is & transversal of the pencil b (EFKD), 
EAHC, Eahc are like anharmonic ranges; (Add. Prop. 13) 
and they have a common point E ; 
therefore the lines 4a, Hh, Cc meet in a point, (Add. Prop. 14) 
that is, da, Bb, Cc meet in a point. 


Note. The above theorem may be enunciated thus, coaxial tri- 
angles are compolar. 


* The theorems of this and the preceding pages are attributed to 
Gerard Desargues (born at Lyons 1593, died 1662), 
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ADDITIONAL PROPOSITION 21. 


If a hexagon be inscribed in a circle, the intersections of pairs of 
opposite sides lie on a straight line.* 

Let ABCDEF be a hexagon inscribed in a given circle. 

Let the pairs of sides AB, DE; BC, EF; CD, FA meet in L, M, 
N respectively, and let 4B, CD meet in P, and BC, DE in Q. 





Because A, B, C, D, E, F are points on a circle, 
A (BCDF), E (BCDF) are like anharmonic pencils; (Add. Prop. 16) 
and because PCDN is a transversal of the pencil 4 (BCDF), 
and BCQM is a transversal of the pencil E (BCDF), 
PCDN, BCQM are like anharmonic ranges; (Add. Prop. 13) 
and they have a common point C; 
therefore the lines PB, DQ, NM meet in a point, (Add. Prop. 14) 
that is, AB, DE, NM meet in a point, 
or, in other words, the points L, M, N lie on a straight line. 


EXERCISES. 
1. If the tangents to the circumscribed circle of a triangle ABC 


at A, B, C meet the sides BC, CA, AD, in L, M, N, then L, M, N 
lie on a straight line. 


2. If ACE, BDF be two ranges, then the intersections of the 
pairs of straight lines 4B, DE; BC, EF; CD, FA are collinear. 


* This theorem is true for any conic. It was discovered at the 
age of sixteen by Blaise Pascal (born at Clermont 1623, died at Paris, 
1662). 


PASCADS AND BRIANCHON’S THEOREMS. 447 


ADDITIONAL PROPOSITION 22, 


If a hexagon be described about a circle, the straight lines joining 
opposite vertices pass through a point.* 

Let ABCDEF be a hexagon described about a given circle. 

Let AB meet CD, DE in L, M and EF meet BC, CD in N, P. 


M 





N 


Because the six sides of the hexagon are tangents to a circle, the 
points where the sides AB, EF are cut by the remaining sides of the 
hexagon form like anharmonic ranges, (Add. Prop. 17) 

that is, ABLM, FNPE are like anharmonic ranges; 
therefore D (ABLM), C(FNPE) are like anharmonic pencils; 
and they have a common ray LCDP; 
therefore the pairs of rays DA, CF; DB, CN; DM, CE intersect on 
a straight line, (Add. Prop. 15) 
that is, DA, CF meet in a point on the line BE, 
or, in other words, 4D, BE, CF meet in a point. 


EXERCISE. 


1. If the inscribed circle of a triangle ABC touch the sides BC, 
CA, AB in D, E, F, then AD, BE, CF meet in a point. 


* This theorem also is true for any conic. It was discovered by 
Charles Julien Brianchon (born at Sévres, 1785). 
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SIMILAR FIGURES. 


If two similar figures be placed so that their corresponding sides 
are parallel in pairs, the figures are then said to be similar and 
similarly situate. 

It appears from Proposition 32 that, if two triangles be similar 
and similarly situate, then the lines joining pairs of corresponding 
vertices meet in a point. It is easily proved that, if two polygons of 
any number of sides be similar and similarly situate, then the lines 
joining pairs of corresponding vertices meet in a point, and further 
that the ratio of the distances of this point from any pair of cor- 
responding points of the two figures is constant, and is equal to the 
ratio of a pair of corresponding sides of the two figures. Such a 
point is called in consequence a centre of similitude of the two 
figures. Sern. 

It is also easily seen that, if a point be a centre of similitude of 
two figures, it is also a centre of similitude of any two figures 
similarly described with reference to the first pair of similar figures ; 
for instance, if a point be a centre of similitude of two triangles, it is 
also a centre of similitude of the circumscribed circles of the triangles, 
and also a centre of similitude of the inscribed circles and so on. 

If a pair of corresponding points lie on the same side of the 
centre of similitude, it is called a centre of direct similitude: if a 
pair of corresponding points lie on opposite sides of the centre of 
similitude, it is called a centre of inverse similitude. | 

It must be noticed that the centre of direct similitude is at an 
infinite distance in the case when the two similar figures are equal. 

As an example we will prove an important theorem with reference 
to the centres of similitude of the circumscribed circle and the Nine 
Point circle of a triangle: 


The orthocentre and the centroid of a triangle are the centres 
of direct and inverse similitude of the circumscribed circle and the 
Nine Point circle of the triangle. 
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If ABC be a triangle, and D, E, F be the middle points of its sides, 
the triangles ABC, DEF are equiangular to one another, 
and the ratio of AB to DE is equal to the ratio 2 to 1. 
(Add Prop., page 101.) 
Also the radii of the circles ABC, DEF are in the ratio of 2 to 1. 
Because the lines AD, BE, CF meet in a point G, 
and the ratios AG to GD, BG to GE, CG to GF are each equal to 2 tol, 
(Add Prop., page 103.) - 





G is the centre of inverse similitude of the two circles ABC, DEF. 
Again, if P be the orthocentre of the triangle 4BC, 
and a, b, c be the middle points of PA, PB, PC, 
the ratios PA to Pa, PB to Pb, PC to Pc are each equal to 2 to 1. 
Therefore P is the centre of direct similitude of the triangles 
ABC, abc, and therefore of the circles ABC, abc. 
Now the circles abe, DEF are identical. (Add. Prop., page 271.) 
Therefore P is the centre of direct similitude of the circles ABC, 
DEF. 
Now, if O, O’ be the centres of the circles ABC, DEF, 
since the radii of the circles are in the ratio 2 to 1, 
their centres of similitude lie in the straight line 00’, 
and divide the distance internally and externally in the ratio 2 to 1. 
That is, P, O’, G, O lie on straight line, 
and PO is equal to twice PO', 
and GO is equal to twice GO’. 
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ADDITIONAL PROPOSITION 23. 


Every straight line which passes through the extremities of two 
parallel radii of two fixed circles passes through a centre of similitude 
of the circles. 


Let AP, BQ be two parallel radii of two given circles, whose 
centres are d, B. 


Draw AB, PQ and let them, produced if necessary, meet at 5. 


F Ky (3) 
A 


P 





Because the triangles 4PS, BQS are equiangular to one another, 
AS is to BS as AP to BQ; (Prop. 4) 
that is, S is a point, which divides the distance AB externally 
(fig. 1) or internally (fig. 2) in the ratio of the radii; 
therefore S is & fixed point. (Ex. 1, page 359.) 
Again, because the triangles APS, BQS are equiangular to one 
another, SP is to SQ as AP to BQ; (Prop. 4) 


that is, the ratio of the distances SP to SQ is a constant ratio; 
therefore S is a centre of similitude of the circles. 


In figure 1, where the two radii 4P, BQ are drawn in the same 
sense, S is in the line of centres A B produced, and the two distances SP, 
SQ are drawn in the same direction. Sisa centre of direct similitude. 

In figure 2, where AP, BQ are drawn in opposite senses, S is in 
the line of centres AB, and the two distances SP, SQ are drawn in 
opposite directions. S is a centre of inverse similitude, 
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ADDITIONAL PROPOSITION 24. 


If a circle be drawn to touch two given circles, the straight line 
which passes through the points of contact passes through one of the 
centres of similitude of the given circles. 

Let a circle be drawn to touch two given circles, whose centres are 
A, B, at P, Q. 

Draw AP, BQ and let them, produced if necessary, meet at O*. 


Draw PQ and let it, produced if necessary, meet the circles again 
at P', Q': draw BQ’. 





Because the circles touch at P, the centre of the circle which 
is described to touch the given circles must lie in AP; 
(III. Prop. 10, Coroll.) 


similarly it must lie in BQ; 
therefore O is the centre; 
therefore the angle OPQ is equal to the angle OQP, 
which is equal to the angle BQQ’ and therefore to the angle BQ’Q; 
therefore APO, BQ' are parallel ; (I. Prop. 28) 
therefore PQ passes through a centre of similitude. (Add. Prop. 23.) 


* If AP, BQ be parallel, so that the point O is infinitely distant, 
and the radius of the circle which touches the given circles at P, Q 
is infinitely large, PQ becomes one of the common tangents of the 
given circles, which common tangents pass through S. 
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ADDITIONAL PROPOSITION 25. 


If two straight lines be drawn through a centre of similitude of two 
given circles to cut the circles, a pair of chords of the two circles join- 
ing pairs of inverse* points intersect on the radical axis of the given 
circles, and a pair of chords of the two circles joining pairs of cor- 
responding points are parallel. 


Let S be a centre of similitude of two given circles PQqp, P'Q'q'p' 
and let SPQP'Q', Spqp'q' be any two straight lines drawn through 
S cutting the circles; P, Q'; Q, P'; p, q'; q, y' being pairs of 
inverse points and P, P'; Q, Q'; p, p'; q, q' being pairs of correspond- 
ing points. 

Draw Pq, Q'p', and let them, produced if necessary, meet at R. 





Because S is a centre of similitude, Sp is to Sp’ as SQ to SQ’; 
therefore Qp, Q’p’ are parallel; (Prop. 2, Part 2) 
therefore the angles PQp, PQ'p' are equal; (I. Prop. 29) 
and the angles PQp, Pqp are equal; (III. Prop. 21) 
therefore the angles PQ'p', Pqp are equal. 


Therefore the four points P, g, p’, Q’ lie on a circle, 
(III. Prop. 22, Coroll.) 


and the rectangle RP, Rq is equal to the rectangle RQ’, Rp’; 
(III. Prop. 36) 


therefore the squares on the tangents drawn from R to the two circles 
are equal, 


and consequently R lies on the radical axis of the given circles. 
(Add. Prop. page 264.) 


* For this name see page 460. 
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ADDITIONAL PROPOSITION 26. 


If a straight line be drawn through a centre of similitude of two 
given circles, the rectangle contained by the distances of two inverse 
points is constant, 


Let S be & centre of similitude of two given circles, whose centres 
are Á, B. 


Draw MNS a common tangent through S (see note on page 451), 
&nd let SQ'QP'P be any straight line through S cutting the circles 
in P, P’ and Q, Q’. 

Draw AP, BQ, AM, BN. 





Because the rectangle SP, SP’ is equal to the square on SM, 
SP isto SM as SM to SP'. (Prop. 17, Part 2.) 
And because S is a centre of similitude, 
SP is to SQ as SM to SN; 
and therefore SP is to SM as SQto SN; (V. Prop. 9) 
therefore SQ is to SN as SM to SP'; (V. Prop. 5) 


therefore the rectangle SQ, SP’ is equal to the rectangle SM, SN. 
(Prop. 16, Part 1.) 
Similarly it can be proved that the rectangle SP, SQ’ is equal 
to the rectangle SM, SN. 


EXERCISE. 


1. Prove that in the above figure the rectangle PQ, P’Q’ is equal 
to the square on MN. 
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ADDITIONAL PROPOSITION 27, 


The six centres of similitude of three given circles taken in pairs lie 
three by three on four straight lines *. 


Let A, B, C be the centres of three given circles; let a, b, c be the 
radii of the A, B, C circles, and let D, D' be the centres of direct and 
of inverse similitude of the B, C circles, E, E' those of the C, A circles, 
and F, F’ those of the 4, B circles. 





Because BD is to DC as b toc, 
and CE isto EA asc toa, 
and AFistoFBasatob, (Add. Prop. 23) 
therefore the ratio compounded of the ratios 
BD to DC, CE to EA and AF to FB, 
is equal to the ratio compounded of the ratios 


b to c, c to a and a to b, that is to unity ; 
therefore DEF is a straight line. (Add. Prop. 2.) 


Similarly it can be proved that DE'F', D'EF', D'E'F are straight 
lines, 


and also that the lines of each of the sets 4D’, BE', CF'; AD', BE, CF; 
AD, BE’, CF; AD, BE, CF’ meet in a point. (Add. Prop. 4.) 


* 'These lines are called the axes of similitude of the three circles, 


= 
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ADDITIONAL PROPOSITION 28. 


If a point on the radical axis of two given circles be joined to the 
points of contact of a circle, which touches both the given circles, by 
straight lines which cut the circles again, another circle can be de- 
scribed to touch the given circles at the points of section. 


Let O be a point on the radical axis of the given circles A, B; 
and let a circle touch them at P, Q. 


Draw OP, OQ and let them meet the 4, B cireles in p, q. Draw 
PT, QS, pt, qs the tangents to the circles at P, Q, p, q and draw 
PQ, pq. 





Because O is on the radical axis of the circles 4, B, 
the rectangle OP, Op is equal to the rectangle OQ, Oq; 
therefore P, Q, q, p lie on a circle. (Ex. 1, page 253.) 
The difference of the angles tpO, sqO is equal to 
ihe difference of the angles TPO, SQO, 
which i8 equal to the difference of the angles PQO, QPO, 
which is equal to the difference of the angles gpO, pqO; 
(III. Prop. 22) 
therefore the angle tpq is equal to the angle sqp. 


It is therefore possible to describe a circle touching the circles 
4A, B 8 p, q. 


COROLLARY. If the radical centre of three given circles be joined 
to the points of contact of a circle, which touches all the three given 
circles, by straight lines which cut the circles again, another circle can 
be described to touch the given circles at the points of section. 


(See Ex. 140, page 284.) 
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ADDITIONAL PROPOSITION 29. 


If two circles be drawn to touch three given circles, so that the 
straight line joining the two points of contact on each of the given circles 
passes through the radical centre of the given circles, the radical axis 
of the pair of circles is one of the axes of similitude of the three given 
circles. 


Let PQR, pqr be a pair of circles touching three given circles 4, 
B, C at P, p; Q, q; R, r, so that Pp, Qq, Rr pass through O the 
radical centre of the circles A4, B, C. (Add. Prop. 28, Coroll.) 





Draw PQ, pq and let them, produced if necessary, meet in F. 
Because the circles PQR, pqr touch the circles 4, B, 
the lines PQ, pq pass through one of the centres of similitude of the 
circles 4 and B ; (Add, Prop. 24) 
therefore the rectangle FP, FQ is equal to the rectangle Fp, Fq; 
(Add. Prop. 26.) 
therefore F is a point on the radical axis of the circles PQR, pqr. 
Similarly it can be proved that a centre of similitude of each of 
the pairs of circles B, C and C, A lies on the radical axis of PQR, 
pqr. 
Therefore the radical axis of the circles PQR, pgr is an axis of 
similitude of the circles A, B, C. 
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ADDITIONAL PROPOSITION 30. 


If a pair of chords of two given circles intersect in the radical 
axis, and if the chords intersect the polars of one of the centres of 
similitude in two points collinear with the centre of similitude, then 
the points of intersection of the chords with the circles lie two by two 
on two straight lines through the centre of similitude. 


Let S be one of the centres of similitude of two given circles A, B; 
let L, M be two points collinear with S, on the polars of S with 
respect to the circles A, B; and let O be a point on the radical axis. 

Draw OL, and let it intersect the circle 4 in P, p. 

Draw SP, Sp, and let them meet the circle 4 in P’, p’, and let the 
corresponding points to P, P’, p, p’, where the lines meet the circle 
Bhe Q', Q,9', 9. 





Because L is on the polar of S, the line P'p' passes through L. 
(Add. Prop. page 261.) 
Because S is the centre of similitude, and the intersections of 
Pp, P'p', and of Q'a4', Qq are corresponding points, and Pp, P'y' inter- 
gect at L, 
and L, M are corresponding points, 
therefore Qq, Q’q’ intersect at M; 
and because S is the centre of similitude, 
Pp, Qq intersect on the radical axis, (Add. Prop. 25) 
that is, Qq must pass through O; and it also passes through M. 
Therefore the points Q, q obtained by the above construction are 
the points where the straight line OM cuts the circle B, that is, if OL 
cut the circle A in P, p and OM cut the circle B in Q, q, then PQ, pq 
pass through S. 
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ADDITIONAL PROPOSITION 31. 


To describe a circle to touch three given circles.* 

Let A, B, C be three given circles, Find O the radical centre of 
the circles 4, B, C, and draw DEF one of their axes of similitude. 

Find the poles L, M, N of the line DEF with respect to the circles 
A, B, C respectively. Draw OL, OM, ON and let them, produced if 
necessary, cut the circles 4, B, C respectively in P, p; Q, q; R,r. 





Because L, M are the poles of DEF with respect to the circles 
A, B, therefore L, M are on the polars of F with respect to the circles 
A,B s 
and because F is a centre of similitude of the two circles, 
therefore LMF is a straight line. 
Therefore the line PQ passes through F. (Add. Prop. 30.) 


* This solution of the problem is due to Joseph Diez Gergonne 
(born at Nancy 1771, died at Montpellier 1859). 
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Therefore a circle can be described through P, Q to touch the 
given circles at P, Q. (Add. Prop. 24.) 
Similarly it can be proved that circles can be described through 
Q, R, and through R, P to touch at each pair of points, 
Therefore these three circles are identical (see Ex. 140, page 284), 
that is, the cirele PQR touches the given circles at P, Q, R. 
Similarly the circle pgr touches the given circles at p, q, T. 


Since there are four axes of similitude, and since two circles can 
be obtained by the foregoing construction from each axis of similitude, 
there are 2 x 4 or 8 circles which can be described to touch three given 
circles, 


It is readily seen that, if three circles touch a fourth circle, there 
are two distinct possible types of configuration of the three circles 
relatively to the circle which they touch : 

(1) the three circles may lie on the same side of the fourth circle, 


(2) two of the three circles may lie on one side and the third on 
the other side of the fourth circle. 


Since any one of the three given circles may be the one which lies 
by itself on the one side of the fourth circle, the type (2) may be sub- 
divided into three different groups. 


It can be proved without much difficulty that of the eight circles 
which can be described to touch three given circles A, B, C, there 
are four pairs of circles, such that 

A, B, C lie on the same side of each circle of. one pair; 

A lies on one side, and B, C on the other, of each circle of & 
second pair; 

B lies on one side, and C, A on the other, of each circle of a third 
pair; 

and C lies on one side, and 4, B on the other, of each circle of a 
fourth pair. 

Each of these four pairs of circles is obtained by the above con- 
struction from one of the axes of similitude of the given circles. 


30—2 
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INVERSION. 


1. We will now proceed to give an account of a geometrical Method 
called Inversion, and we will do so without stating the theorems 
which we are about to establish in the formal way in which theorems 
have been stated heretofore. We will further depart from our former 
method by making use of the arithmetical method of representing 
geometrical magnitudes (see page 135), so that we shall not be 
debarred from using fractions to represent the ratios of geometrical 
quantities, and if necessary we shall use the signs ordinarily used in 
Algebra to signify addition, subtraction, and the other elementary 
operations. 


2. Derston. If O bea fixed point and P any other point, and if 
on the straight line OP (produced if necessary) we take a point P’ such 
that 

OP... OP’ =a+, 
where a is a constant, then each of the points P, P' is called the 
inverse of the other with respect to the circle whose centre is O and 
radius a. 


P P 


Q' 


The straight line OP is often called the radius vector of the 
point P. 


The point O is called the pole of inversion and a the radius of 
inversion. 


If the point P trace out a curve, the curve which is the locus of 
P’ is called the inverse of the curve which is the locus of P. 
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8. If we consider the points P', P", which are the inverses of P 
with respect to the same pole and different radii of inversion a, b, 
since OP. OP’=a? and OP. OP’ =b’', 
therefore OF OP" =e? 3 P. 

It follows that since the points P', P" lie on the same radius vector, 
and OP’: OP” is a constant ratio, the loci of P', P" are two similar 
curves of which 0 is a centre of similitude. 

4. If P, P', and Q, Q' be two pairs of inverse points, then since 

OP. OP’ =a and 0Q.0Q’=a’, 
therefore 0P.0P'—-0Q.0Q'; 


it follows that P, Q, Q', P' lieon a circle, and the angle OPQ is equal 
to the angle OQ'P". 


Again, if the line OQQ' approach nearer and nearer to the posi- 
tion of OPP’, the lines QP, Q’F’ in the limit are the tangents to the 
curves which are the loci of P and P’ at P and P’ respectively. 

(See page 217.) 

We may state this result in the form : 

Two inverse curves at two inverse points cut the radius vector 
through the pole of inversion at the same angle on opposite sides. 





It follows that any two curves cut at the same angle as their 
inverse curves at the inverse point. (See Definition on page 266.) 

5. From the definition of inversion it follows at once that a 
straight line through the pole inverts into itself. 

Three points A, B, C in the same radius vector, whose distances 
OA, OB, OC are such that 04+ OC=208, invert into three points 
A', B', C’, whose distances 04’, OB’, OC’ are such that 


xh adii A 
04 * 0C ^ OB" 
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Three magnitudes such as OA, OB, OC are said io be in Arith- 
metical Progression, and three magnitudes such as OA’, OB’, OC’ are 
said to be in Harmonical Progression. 

1 n - 
04’ * 0c ^ 0B" 
therefore OB’ . OC'+ 0A’ . OB'=20A' : OC’; 
whence OA’. B’C’=O0C’ . A'B', 
and OA’: A'B'2QC' : C'B'; 
therefore OA'B'C' is a harmonic range. 


Because 


Also three points 4, B, C in the same radius vector, whose distances 
OA, OB, OC are such that O4 . OC=OB?, invert into three points 
A’, B’, CG’, whose distances are such that OA’. OC' 2 OB", 
Three magnitudes such as OA, OB, OC are said to be in 
Geometrical Progression. 
It may be noticed that three magnitudes a, b, c are in Arithmetical, 
Geometrical, or Harmonical Progression according as 
a-b:b-c=a:a, 
a-b:b-c=a:), 
oro a—-b:b-c=a:c respectively. 


6. Let P bea point on a fixed straight line; draw OA perpendicular 
to the line, and on O4, produced if necessary, take the point A’ such 
that 04. OA4'—a?, 


Let P’ be the inverse of P, so that OP. OP’ =a?: then 
OP.0P'—04A4.04'; therefore P, A, A', P’ lie on a circle, and the 
angle OP'4'—the angle OAP=a right angle; therefore the locus of 
P’ is a circle whose diameter is 0.4’. Hence the theorem : 

A straight line which does not pass through the pole of inversion 
inverts into a circle which passes through the pole and touches there a 
parallel to the given line. 
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7. Again let P be any point on a circle, of which OA is a diameter. 
Take in OA, produced if necessary, the point A’ such that 
OA, OA'=a?. 


Let P' be the inverse of P, so that OP. OP’=a’; 
then OP. OP'—0A.04A'; 

therefore P, A, A’, P’, lie on a circle, 
and the angle P’A’O=the angle OPA =a right angle, i.e. the locus 
of P’ is a straight line through A’ the inverse of A drawn at right 
angles to OA’. Hence the theorem : 

A circle which passes through the pole of inversion inverts into a 
straight line parallel to the tangent at the pole. 


8. Again, let P be any point on acircle, which does not pass through 
the pole, and P' be the inverse point so that OP . OP’ =a?: let OP, pro- 
duced if necessary, cut the circle in Q; find A the centre and draw Q4, 
and let OA, produced if necessary, cut P’B drawn parallel to QA in B. 





Because OP. OQ=??, where t representa the length of the tangent 
from O to the given circle, and OP . OP' —o?, 
therefore 0P: 0Q3a*: 0 — 0B OA-—BP': AQ3 
therefore the locus of P’ is a circle such that B is its centre and O is 
one of the centres of similitude of it and the given circle. 

Hence the theorem: A circle, which does not pass through the pole 
of inversion, inverts into a circle which does not pass through the pole, 
and is suck that the pole is a centre of similitude of the two circles. 
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9. Again, if P, P' and Q, Q' be two pairs of inverse points, 
0OP.0P'—0Q.0Q'-a?, 
the triangles OPQ, OQ'P' are similar. 
PQ' OQ 0OQ'.OQ | æ 


Therefore PQ OP OP.0Q~ OP.0Q' 








PQ 

— 

or PR =a”. OP. 0Q' 

Thus the distance between two points in a figure is expressed in 
terms of the distance between their inverse points and the distances 
of the inverse points from the pole. 


10. Now let us take the ordinary definition of a circle, i.e. the 
locus of a point P such that its distance PC from a fixed point 
C is constant. 

Let P’ be the inverse point of P; take C’ the inverse point of C. 

If we please we may in this investigation choose the radius of 
inversion (see page 461) equal to the tangent drawn from O to the 
original circle ; then P’ lies on the same circle as P, 


and OC. 0C’ =0P=0P. 0P. 





Therefore the triangles OP’C’, OCP are similar, 
and OP :- P'C=0C se. 

Hence the theorem (which has been already proved otherwise, 
Add. Prop. 5): 

The locus of a point the distances of which from two fixed points 
are in a constant ratio is a circle. 

It will be seen that the straight line TT’, which is the polar of O, 
and the circle on OC as diameter are inverses of each other. 
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ll. Again, it is known from Book ITI. that all straight lines which 
cut a circle at right angles pass through the centre, and also that all 
straight lines through the centre cut the circle at right angles. 

If therefore we invert a figure consisting of a series of straight 
lines cutting a series of concentric circles (centre C) at right angles, 
we shall obtain a series of coaxial circles passing through O the pole 
of inversion and through C’ the inverse point of C, and cutting each 
of a second series of circles at right angles. (Add. Prop. page 268.) 





Hence the theorem: 
A system of concentric circles inverts into a system of coaxial circles. 


In the above diagram O is the pole of inversion, and the tangent 
from O to the circle PQR (or P’Q’R’) is taken as the radius of inver- 
sion so that the circle inverts into itself. The points O, A, B in the 
left-hand figure are supposed to coincide with O, B’, A’ respectively in 
the right-hand figure: the figures are drawn apart merely for the sake 
of clearness. 

Further, if we invert the last system with respect to any point, we 
shall get a system of exactly the same nature; viz. a system of circles 
passing through two fixed points and cutting each of another system 
of circles at right angles. 

Hence the theorem : 

A system of coaxial circles inverts into another system of coaxial 
circles, and the limiting points into the limiting points. 
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12. A circle can be inverted into itself with respect to any point 
as pole of inversion, if the tangent to the circle from the point be 
taken as the radius of inversion, 


Any two circles can be inverted into themselves with respect to 
any point on their radical axis as the pole of inversion. 


Any three circles can be inverted into themselves with respect to 
their radical centre as the pole of inversion. 


Hence we conclude that when one circle is drawn to touch two 
given circles at P and Q, if O be any point on the radical axis 
of the given circles, the lines OP, OQ will cut the circles again in 
two points P’, Q’, such that another circle can be described to touch 
the given circles at P’, Q’. 


We also conclude that when one circle is drawn to touch three 
given circles at P, Q, R, if O be the radical centre, the lines OP, 
OQ, OR cut the circles again in three points P’, Q’, R’ such that a 
circle described through them will touch the circles at P', Q’, R’. 


These two theorems have been proved before (page 455). 


18. If two circles PQO, pqO be described to touch two given circles 
A, B at P, p; Q, q, and to touch each other at O, then the centre of 
similitude F, which is the point of intersection of the straight lines 
PQ, pq, must lie on the common tangent to the circles at O. 

(Add. Prop. 29.) 

Hence, if O be taken as the pole of inversion, the two circles 
OPQ, Opq wil invert into two parallel common tangents to the 
inverse cireles (page 423), and therefore the given circles will invert 
into a pair of equal circles. 

And since F0? — FP. FQ-FM .FN,if FMN bea common tangent 
to the given circles, (Add. Prop. 26) 
we see that the pole O may be chosen anywhere on the circle, whose 
centre is P and whose radius is à mean proportional between the 
tangents from the point F to the circles A, B. 

Hence with any point on two definite circles as pole of inversion 
we can invert two given circles into two equal circles. 

It follows that with any one of certain definite points as pole of 
inversion, three given circles can be inverted into three equal circles. 
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14. If we take A’, B’, C’ three points in order on a straight line, 
the relation A’B’+ B’C’=A'C’ exists between the segments. 





If we invert with respect to any pole O, the three inverse points 
A, B, C will lie on a circle through O, and the chords will satisfy the 
relation 


_ AB _ BC = _AC (see e 464) 
04.0B * 0B.OC  04.0C? posee 
or AB.OC+BC.OA=AC. OB, 
which is Ptolemy’s Theorem. (III. Prop. 37 B.) 


Again if we take A’, B', C’, D’, four points in order on a straight 
line, the relation 
A'B' . C'D' -.- A'D' . B'C'— A'C' . B'D/ 
exista between the segments. (Ex. 1, page 137.) 
If we invert with respect to any pole O, the four inverse points 


A, B, C, D will hie on a circle through O, and the chords will satisfy 
the relation, 


|. AB CD . AD BG La MC BD 
04.0B' 0C.0D 0A.0D'OB.0C€ 0OA4.0C' OB.OD' 
or AB.CD+AD.BC=AC.BD, 


which also is a form of Ptolemy’s Theorem. 
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PEAUCELLIER’S CELL. 


15. Before we leave the subject of inversion, it will be as well to 
explain the nature of a simple piece of mechanism, by the use of 
which the inverse of any given curve can be drawn. 

The figure represents such an instrument; O4, OB are two equal 
rods and AP, PB, BP’, P’A, four other equal rods, all six being freely 
hinged together at the points 0, A, B, P, P’. 





This instrument is generally called a Peaucellier’s Cell*. 
Because A PBP is a rhombus, . 
its diagonals bisect each other at right angles at M ; (Ex. 1, page 39). . 
and because OAB is an isosceles triangle, 
and M is the middle point of AB, 
OM is at right angles to AB. 
Therefore OPP’ is a straight line, 
and the rectangle OP . OP’= 0M? — MP? (II. Prop. 6) 
—0A?- AP? 
=a constant. 
If therefore the point O be fixed, and P be made to trace out any 
curve, P’ will trace out the inverse curve. 


* This mechanical invention is due to A. Peaucellier, Capitaine 
du Génie (à Nice), who proposed the design of such an instrument as 
a question for solution in the Nouvelles Annales 1864 (p. 414). His 
solution was published in the Nouvelles Annales 1873 (pp. 71—8). 
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We will now proceed to prove a theorem which establishes a 
relation between six of the common tangents of pairs of four circles 
which touch a fifth given circle, of à kind similar to that which 
Ptolemy's Theorem establishes between the chords joining the points 
of contact. 

Let a circle whose centre is O touch two given circles whose 
centres are A, B at P, Q; let PQ, produced if necessary, cut the 
circles 4, B again in P', Q' and pass through their centre of similitude 
F; and let pF be one of their common tangents through F. 

(Add. Prop. 24 note.) 





Because F is a centre of similitude of the circles, 
pP' is parallel to qQ, and pP to qQ'; (Add. Prop. 25) 
therefore pg : P'Q — Fq : FQ, 
and pq : PQ'— Fq : FQ'; 
therefore pg? : P'Q. PQ'— Fq?: FQ. FQ’; 
and Fg?— FQ . FQ’; 
therefore pq? — P'Q . PQ’. (Ex. 1, page 458.) 
Again because F is a centre of similitude, 
OPA is parallel to Q’B, and OQB to P'A; 
therefore OA : OP— P'Q : PQ, 
and OB : OQ— PQ' : PQ; 
therefore 04. OB: OP. OQ—PQ'. PQ: PQ*, 
or 04 . OB : OP?—pq? : PQ?; 
therefore, if 04 . OB— OL?, 
then OL : OP=pq: PQ. (V. Prop. 16.) 
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Similarly, if two other cireles, whose centres are C, D, touch the 
same circle, centre O, at R, S, and rs be their common tangent, 
QC .OD:OP'— 3 
therefore, if OC . OD—OM?, 
then OM : OP=rs : RS; (V. Prop. 16) 
therefore OL. OM: OP?=pq.rs: PQ. RS. 

If we denote the common tangent to the two circles which touch the 
fifth circle at P, Q by (PQ), and so on for the other pairs of circles, 
we may write this proportion, 

OL . OM : OP? =(PQ) . (RS): PQ . RS. 

It can be proved in a similar manner that, 


if OL'?—04A . 0C and OM?—0B . OD, 
then OL’ . OM : OP2=(P 2). (QS): PR 5.98. 
Now OL? : OL?=0A .OB: OA . OC=OB: OC, 
and OM” : OM9=OB . OD: 0C . OD=OB : OC; 
therefore OL? : OL"?— OM" : OM, 
and OL : OL’=OM’ : OM; (V. Prop. 16) 
therefore OL .OM=OL’. OM’. (Prop. 16.) 


Hence we have 
(PQ). (RS) : PQ. RS=(PR). (QS): PR. QS 
and similarly = (PS) . (QR): PS . QR. 
And because, if PQRS be a convex quadrilateral, 
PR. QS=PQ.RS+PS .QR (Ptolemy’s theorem), 
therefore (PR) . (QS)=(PQ) . (RS) - (PS) . (QR). 
This theorem is generally known as Casey's Theorem *. 
It may be observed that the common tangent of each pair of 
circles, which appears in the equation, is that tangent which passes 


through the same centre of similitude of the circles as the chord 
joining the points of contact of the circles with the fifth circle, 


* This theorem was discovered by John Casey (born at Kilbenny, 
County Cork, 1820, died at Dublin 1890). 
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It is readily seen that, if four circles touch & fifth cirele, there are 
ihree distinct possible types of configuration of the four circles 
relatively to the circle which they touch ; 

(1) the four circles may lie on the same side of the fifth circle, 

(2) three of the four circles may lie on one gide and the fourth 
circle on the other side, 

(3) two of the four circles may lie on one side and the other two 
on the other side. 

The converse of Casey’s Theorem may be stated in the following 
manner: if an equation of the form of the equation in Casey’s Theorem 
exist between the common tangents of four circles taken in pairs, the 
common tangents being chosen in accordance with one of the three 
possible types of configuration, then the four circles touch a fifth circle. 


The truth of this converse theorem which is often assumed without 
any attempt at proof can be proved, but the proof of it is thought to 
be beyond the scope of this work. 
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CONTINUITY. 


Let us consider a variable point P on a given straight line, on 
which 4, B are two fixed points. It is seen at once that, 


(1) if P be outside AB beyond A, then the excess of PB over PA 
is equal to AB; 


(2) if P be in AB, then the sum of AP and PB is equal to AB, 
and 


(3) if P be outside AB beyond B, then the excess of AP over BP 
is equal to AB. 


(1) (2) (3) 
— Rh d. a D d htt eiut ae 


We can write these results in the forms 
(1) PA+AB=PB, 
(2) AB=AP + PB, 
(3) AB+BP=AP. 

Here we observe that, while P changes from one side of A to the 
other, the distance PA, which vanishes when P coincides with A, 
changes sides in the equation, which otherwise remains unchanged; 
and again that while P changes from one side of B to the other, the 
distance PB similarly changes sides in the equation. 

A geometrical theorem consists, in many cases, of a proof that a 
certain equation exists between a number of geometrical magnitudes, 
such equation remaining unchanged in form for variations in the 
geometrical magnitudes involved, consistent with the conditions to 
which they are subject. 
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It is found in many of such theorems, as in the illustration 
which we have just given, that, if subject to continuous variation of 
some chosen geometrical magnitude some other magnitude con- 
tinuously diminish and vanish, then in the equation which applies to 
the configuration determined by the next succeeding values of the 
chosen variable magnitude, the magnitude which has vanished 
appears on the opposite side of the equation. This fact is due to the 
absence of any sudden changes in the magnitudes under considera- 
tion. The general law that no sudden change occurs is often spoken 
of as THE PRINCIPLE OF CONTINUITY. 


Let us consider a variable point P on a given straight line, on 
which 4 is a fixed point; and let us consider any equation between 
variable geometrical magnitudes, one of which is PA the distance 
between P and A. The principle of continuity leads us to expect 
that, if P in the variation of its position pass from one side to 
the other of A, the sign of PA in the equation will change. In other 
words, we may consider the equation to remain unchanged in form, if 
we resolve to represent by the expression P4 not only the distance 
between P and A, but also the fact that the distance is measured 
from P towards 4. This result is at once obtained by resolving 
that — PA shall represent a distance equal to PA and measured in 
ihe opposite direction; in other words, that AP-— — P4. 


Let us return to the consideration of a variable point P on a given 
straight line, on which A, B are two fixed points. It appears that 
the equation which exists between the distances between the points 
takes different forms according as P is (1) in BA produced, (2) in 
AB, or (3) in AB produced. 

If we allow the use of the minus sign, we may write these equations, 

(1) 4B+PA-PB=0, 

(2) AB— AP - PB 0, 

(3) AB- AP+BP=0, 
where each symbol such as AB represents merely the length of a 
line measured in the same direction as AB. 

It is at once seen that, if we adopt the convention that 


PQ = - QP, 
all these equations are the same; each may be written 
AB=AP+ PR, 
or AB+BP+PA=0. 
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The first form expresses that the operation of passing from 4 to B is 
the same as passing from A to P and then from P to B; 

the second form expresses that the aggregate result of the operations 
of passing from 4 to B, and then from B to P and then from P 
to A is to arrive at the point A of starting; 

both of which facts are true for all combinations of three points 
A, B, P on a straight line. 

The results of the theorems contained in Propositions 5 and 6 of 
Book II. become the same, if we take into account the fact that the 
distance BD is measured in opposite directions in the two figures: and 
similarly the results of Propositions 12 and 13 of Book II. become 
the same, if we take into account the sign of CD. 

As a further illustration of the Principle of Continuity we will 
take Piolemy’s Theorem. 

Let us consider a variable point P on & circle, on which 4, B, C 
are three fixed points. It is proved in III. Prop. 37 B, that 


(t) if P be in the arc AB, 
AB.PC=BC.PA+CA. PB; 


(2) if P be in the are BC, 
BC.PA=CA.PB+AB.PC; 
and 


(3) if P be in the arc CA, 
CA.PB=AB.PC+BC.PA. 
These equations may be written 
(1) AB. PC-BC. PA-CA. PB=0, 
(2) AB. PC-BC. PA+CA. PB=0, 
(3) 4B. PC+BC, PA-CA.PB=0. 
Hence, while P passes along the arc from one side of B to the 
other, the sign of PB, which vanishes when P coineides with B, 


changes sign in the equation, which otherwise remains unchanged, 
and so on for passage through C or d. 
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PORISMATIC PROBLEMS. 


In some cases, when a Geometrical problem is submitted for 
solution, it is found that some relation between the geometrical 
magnitudes or figures which are given is necessary in order that 
& solution may be possible, and that, if one solution be possible, 
and therefore the relation exist, the number of possible solutions 
isinfinite. The solution is then said to be indeterminate. 


Such a problem is called a ronisw. 


We might take as an illustration of such a problem the problem, 
to construct a triangle which shall be inscribed in one and described 
about another of two given concentric circles. It is easily seen that, 
if one such triangle exist, the radius of the first circle must be equal 
to twice the radius of the second, and that then every equilateral 
triangle which is inscribed in the first circle is also described about 
the second circle. 


Again we might take the problem, to construct a triangle so that 
each vertex shall lie on one of three given concentric circles, and that 
each side shall touch a fourth given concentric circle. It is easily 
proved by means of the method of rotation (page 186) that, if such a 
triangle be possible, an infinite number of such triangles are possible. 


We will now proceed to find the relation which must exist between 
two circles which are not concentric, in order that it may be possible 
to construct a triangle which shall be inscribed in one and described 
about the other, and we shall prove that, if it be possible to construct 
one such triangle, it is possible to construct an infinite number. 


31—2 


476 BOOK VI. 


T'he square on the straight line joining the centres of the circum- 
scribed circle and the inscribed circle of a triangle is less than the 
square on the radius of the circumscribed circle by twice the rectangle 
contained by the radii of the two circles. 


Let ABC be the circumscribed circle of the triangle ABC and DEF 
the inscribed circle touching AB at F. 

Find O, I the centres of the circles ABC, DEF. Draw ATI, IB, 
BO, IF and let AI, BO produced meet the circle ABC at H, K. 

Draw BH, HK. 





Because the angle FAI (or BAH) is equal to the angle HKB, 
and the angle AFI is equal to the angle KHB, 
the triangles FAI, HKB are equiangular to one another; 
therefore the rectangle AI, BH is equal to the rectangle KB, IF. 
(III. Prop. 37 A.) 
Because the angle BIH is equal to the sum of the angles BAI, ABI, 
which is equal to the sum of the angles HBC, CBI, 
that is, to the angle TBH; 
therefore BH is equal to IH; 
therefore the rectangle AI, BH is equal to the rectangle AI, IH, 
which is equal to the difference of the squares on OB, OI; 
(III. Prop. 35) 
therefore the difference of the squares on OB, OI is equal to the rect- 
angle KB, IF, 
that is, to twice the rectangle contained by thé radii. 
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If two circles be such that one triangle can be constructed that is 
inscribed in one circle and circumscribed about the other circle, an 
infinite number of such triangles can be constructed. 


Let ABC be a triangle: and let its circumscribed and inscribed 
circles be described, and let I be the centre of the inscribed circle. 


Take any other point A’ on the cir- 
cumscribed circle ABC; draw AI, A'I and 
produce them to cut the circle ABC at 
E, H'. 

With centre H’ and radius H'I draw 
a Circle cutting the circle ABC in B’, C’. 


Draw A'B', B'C', C'A', 





Because H'B' is equal to H'I, 
the angle H’IB’ is equal to the angle H’B’T; 
therefore the sum of the angles IB'A', IA'B' i8 equal to the sum of the 
angles H'B'C', C'B'I. (I. Prop. 32.) 
And because the chords H’B’, H'C' are equal, 
the angle IA’B’ is equal to the angle H’B’C’; 
therefore the angles IB’ A’, C'B'I are equal, 
that is, B’I is the bisector of the angle A’B’C’. 
And A'I is the bisector of the angle B’A’C’; 
therefore J is the centre of the inscribed circle of the triangle 4’B’C’. 


Because AIH, A'IH' are two chords of the circle ABC, 
the rectangle A1, JH is equal to the rectangle A'I, IH’; 
and the rectangle AJ, IH is equal to twice the rectangle contained by 
the radius of the circle ABC and the radius of the inscribed circle 
of the triangle ABC, (page 476) 
and the rectangle A'I, IH’ is equal to twice the rectangle contained by 
the radius of the circle ABC and the radius of the inscribed circle 
of the triangle A’B’C’. (page 476.) 
Therefore the radii of the inscribed circles of the triangles ABC, 
A'B'C' are equal: 
and the circles have a common centre J. 
Therefore the triangle A’B’C’ has the same circumscribed circle and 
the same inscribed circle as the triangle ABC. 
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We now proceed to prove a theorem which might fairly have been 
included at an earlier stage. 

Let PAB be any triangle and E be a point in AB, such that 
mAE=nEB. Here E is the centroid of weights m and n at A and B. 
(See page 425.) 

Draw PM perpendicular to AB and draw PE. 


P 
A M E B 
Because PA?=PE*+ EA*-2ME .AE; (II. Prop. 13) 
and PB?—PE?-- EB? -2ME . EB, (II. Prop. 12) 
and because mAE -—nEB, 
and therefore mME.AE-nME.EB; ; 


therefore m P 4? -.- n P B?— (m 4- n) PE? 4 mE A? -- nEB?, 

Hence the theorem: 

The sum of any multiples of the squares on the distances of any 
point from two given points is equal to the sum of the same multiples of 
the squares on the distances of the given points from the centroid of 
weights at the given points proportional to those multiples, together 
with the sum of the multiples of the square on the distance of the point 
from the centroid. 


Because mAE=nEB, 
therefore mAE?-—nAE .EB, 
and mA BE? +nEB*=ndE .EB+nEB? 
SnApS EB. 


We may therefore write the result of this theorem in the form 
mP A? 4- nPB? — (m 4- n) PE?--nBE . BA 
or nPB?—-nBE . BA —(m--n) PE? —mPA*, 
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Next, let us assume P a point such that the tangents PT, PS 
drawn from it to two given circles, whose centres are A, B, satisfy 
the equation mPT —nPS. 

Take two points O, O' in AB, such that 

A0.A0'—AT? and BO. BO'— BS*, 
(Add. Prop. page 268.) 





Because mPT-nPS, 
m? PT? =n?PS?;, 
therefore m? (PA? — AT?) - n? (PB? — BS?), 
or m? (PA*3 — 40. A0") zw? (PB? - BO. BO?). 


Now by the last theorem, if g40=p00' and rO0’=q0'B, 
q(PB*- BO.BOzx(r--9g) P0? —rPO?*, 


and q (PA? — AO. AO') x (p-- 9) PO? - pPO?. 
Therefore 
9? (q -- 7) PO? — j?rPO? —- m? (p-- q) PO? - n?pPO^, 
Or in? (p t g) -?r] PO?— (m? (q -- 7) - m?p) PO? 


Therefore PO is to PO’ in a constant ratio, and therefore the 
locus of P is one of the system of coaxial circles, of which O, O’ are the 
limiting points. (See Note on page 429.) 


In consequence of the very algebraical character of the proof 
which has just been given, we will give another proof of the same 
theorem depending in a great measure on the theory of similitude. 
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Let us again assume P is a point such that the tangents PT, PS 
drawn to two given circles, whose centres are A, B, satisfy the 
equation 

mPT —nPS. 


There must be some point Q in AB, such that, if QH, QK be the 
tangents to the circles, 


mQH=nQk ; 
therefore m? PT? =n?PS?2, 
and mQH2=n?QK?; 
therefore m? (PT? - QH?) v? (PS? - QK?), 
or m! (PA2 — AQ?) «n? (PB? — BQ?). 





Now draw two circles, with centres A and B, and radii AQ, BQ, 
and let PQ cut these circles in L, M respectively; then 
PA*—-AQ*=PQ.PL, 


and PB? - QB?=PQ.PM; (IM. Prop. 36) 
therefore m?PQ . PL=n°PQ . PM, 
or m?PL —n?PM. 

Therefore m? (PQ-- QL) 2 1? (PQ - QM), 
or (n? - m7) PQ =n?QL+n°QM. 
Therefore (n? - m?) PQ: OM=m?2QL+n°QM : QM 

—m?*QA --n?QB : QB, 

since QL: OM=QA: QB. 


From this it follows that the ratio QP : QM is constant ; therefore 
the locus of P is a circle which passes through Q, and has its centre 
in the line AB. (See page 450.) 


Hence the theorem: the locus of a point, such that the tangents 
drawn from it to two given circles are in a constant ratio, is a circle. 
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Next, let P be a point on the locus such that PT, Pt, the tangents 
drawn to two given circles, are in a given ratio. 

Draw Ss a common tangent to the two given circles. 

Let Ss cut the radical axis of the given circles in M, and the 
circle which is the locus of P in Q and R. 


P 








Because both Q and R are points on the locus of P, 
QS is to Qs as RS to Rs; 
therefore SQsR is à harmonie range. 
And because M is the middle point of Ss, 
MS*=Ms?=MQ. MR, 
and MQ.MR is equal to the square on the tangent from M to the 
locus of P. 
It follows therefore that M is a point on the radical axis of each 
of the pairs of circles; and since their centres are collinear, the 
circles have a common radical axis, 


Hence the theorem: 
The circle which is the locus of a point, such that the tangents drawn 


from it to two given circles are in a constant ratio, belongs to the same 
coaxial system as the given circles. 
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We will now prove the theorem: 


If two opposite sides of a quadrilateral, which is inscribed in a 
circle, touch another circle, the other sides of the quadrilateral touch a 
third circle coaxial with the other two. 


Let ABCD be a quadrilateral inscribed in a given circle ; 
and let AB, CD touch another given circle at P, Q. 
Draw PQ and let it be produced to meet AD, BC in R, S. 


p B 





Because the angles BPS, DQR are equal 


and the angles PBS, QDR are equal, (III. Prop. 21) 
therefore the triangles BPS, DQR axe equiangular to one another; 
therefore BP is to BS as DQ to DR. (Prop. 4.) 


Similarly it can be proved that the triangles APR, CQS are equi- 
angular to one another and that AP is to AR as CQ to CS. 
Again, because the angles BSP, DRQ are equal, 
a circle can be described to touch BC, DA at S, R. 


Next, because in the two triangles ARP, BSP, 
the angles APR, BPS are equal, 
and the angles ARP, BSP are supplementary ; 
therefore AP is to AR as BP to BS. (Prop. 5 A.) 


Therefore the ratios of the tangents drawn from the four points 
A, B, C, D to the two circles PQ, RS are equal. 


Therefore the four points A, B, C, D al lie on a circle coaxial 
with the two circles PQ, RS; (page 481) 
that is, the circle ABCD is coaxial with the circles PQ, RS, 
or, in other words, the circle RS is coaxial with the circles ABCD 

and PQ. 
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Next, let ABC, A’B’C’ be two triangles inscribed in a circle, such 
that AB, A’B’ touch a second circle and BC, B’C’ a third circle 
belonging to the same coaxial system. 





Because ABB’A’ is a quadrilateral inscribed in the circle ABC, 
and AB, B'A’ touch another circle, 
therefore 4A’, BB’ touch a circle of the same coaxial system ; 
and because BCC’B’ is a quadrilateral inscribed in the circle 4 BC, 
and BC, C'B' touch another circle of the system ; 
therefore BB', CC' touch a circle of the system. 
Therefore 4A’, BB’, CC’ touch the same circle of the system. 
And because 4A'C’C is a quadrilateral inscribed in the circle ABC, 
and 4A’, C'C touch another circle of the system, 
therefore AC, A’C’ touch a circle of the system ; 
that is, A’C’ always touches that circle of the system which AC touches, 
or, in other words, A’C’ touches a definite circle of the system. 


Hence the theorem: 


If two sides of a triangle inscribed in a given circle touch given 
circles of the same coaxial system as the first circle, the third side 
touches a fourth fixed circle of the system.* 


ConoLLARY. If all the sides but one of a polygon inscribed in a 
given circle touch given circles of the same coaxial system as the first 
circle, the remaining side touches another fixed circle of the system.* 


* These theorems are due to Jean Victor Poncelet (born at Metz 
1788, died at Paris 1867). 
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MISCELLANEOUS EXERCISES. 


1. Two triangles ABC, BCD have the side BC common, the 
angles at B equal, and the angles ACB, BDC right angles. Shew 
that the triangle ABC is to the triangle BCD as AB to BD. | 


2. The rectangle contained by two straight lines is a mean pro- 
portional between the squares described upon them. 


8. Any polygons whatsoever described about a circle are to one 
another as their perimeters. 


4. The sum of the perpendiculars drawn from any point within 
an equilateral triangle on the three sides is invariable, 


5. In a parallelogram E, F, G, H are the middle points of the 
sides AB, BC, CD, DA; if AF, 4G, CE, CH be drawn, the parallelo- 
gram formed by them is one-third of the parallelogram ABCD. 


6. ABC isa triangle, D any point in AB produced; E a point in 
BC, such that CE is to EB as AD to BD. Prove that DE produced 
bisects AC. 


7. ABC, ABD are triangles on the same base, and CD meets the 
base in E ; then CE is to DE as the triangle ABC to the triangle ABD, 


8. Triangles of unequal altitudes are to each other in the ratio 
compounded of the ratios of their altitudes and their bases. 


9. If triangles ABC, AEF have a common angle 4, the triangle 
ABC is to the triangle AEF as the rectangle AB, AC to the rectangle 
AE, AF. 


10. O is the centre of the circle inscribed in a triangle ABC, and 
BO, CO meet the opposite sides in D, E respectively. Prove that the 
triangles BOE, COD are to one another in the ratio of the rectangles 
AE, AB; AD, AC. 


11. If in the sides of à triangle BC, CA, AB, points D, E, F be 
taken such that BD is twice DC, CH twice EA, and AF twice FB, and 
AD, BE, CF intersect in pairs in P, Q, R, then the areas of the 
triangles PQR, ABC are in the ratio of 1 to 7. 


12. A point and a straight line being given, to draw a line parallel 
to the given line such that all the lines drawn through the point may 
be cut by the parallels in a given ratio. 


13. If from a point O in the base BC of a triangle OM and 
ON be drawn parallel to the sides AB and AC respectively, then the 
area of the triangle AMN is a mean proportional between the areas of 
BNO and CMO. 


14. If P, Q be two points within a parallelogram ABCD, and if 
PA, QB meet in R, and PD, QC meet in S, and if PQ be parallel to 
AB, then RS is parallel to AD. 
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15. A point P is taken on the bisector of the angle BAC of the 
triangle ABC between A and the base; prove that, if AC be greater 
than AB, the ratio PC to PB is greater than the ratio AC to CB. 


16. On a circle of which AB is a diameter take any point P. 
Draw PC, PD on opposite sides of AP, and equally inclined to it, 
meeting AB at C and D: prove that AC is to BC as AD is to BD, 


17. Apply VI. 3 to solve the problem of the trisection of a finite 
straight line. 


18. AB is a diameter of a circle, CD is a chord at right angles to 
it, and E is any point in CD; AE and BE are drawn and produced 
to cut the circle at F and G: shew that the quadrilateral CFDG 
has any two of its adjacent sides in the same ratio as the remaining 
two. 


19. ABCD is a quadrilateral having the opposite sides AD, BC 
parallel; E is a point in AB, and the straight lines EC, ED are 
drawn; AF ig drawn parallel to EC meeting CD in F; shew that 
BF is parallel to ED. 


20. If a straight line 4D be drawn bisecting the angle BAC of 
the triangle BAC, and meeting BC in D, and FDC be drawn perpen- 
dicular to AD, to meet AB and AC produced if necessary, in F and E 
respectively, and EG be drawn parallel to BC, meeting AB in G, 
then BG is equal to BF. 


21. Theside 4B of the triangle A BC is produced to G, and the angle 
CBG bisected by BE meeting AC in E: the angle EBG is bisected by 
BL and the exterior angle of the triangle EBC got by producing EB 
is bisected by BF. Shew that, if BL be parallel to AC and BF meet 
AC in F, CE is a mean proportional between CA and CF. 


22, Each acute angle of a right-angled triangle and its cor- 
responding exterior angle are bisected by straight lines meeting the 
opposite sides; prove that the rectangle contained by the portions of 
those sides intercepted between the bisecting lines is four times the 
square on the hypotenuse. 


23. A and B are fixed points, and AP, BQ are parallel chords of 
a variable circle, which passes through the fixed points. If the ratio 
of AP to BQ be constant, then the loci of P and Q are each a pair of 
circles, and the sum of the radii of two of these circles, and the 
difference of the radii of the other two, are independent of the magni- 
tude of the ratio. 


24. If two chords AB, AC, drawn from & point A in the cireum- 
ference of the circle ABC, be produced to meet the tangent at the 
other extremity of the diameter through A in D, E respectively, then 
the triangle AED is similar to the triangle ABC. 


25. AB is the diameter of & circle, E the middle point of the 
radius OB; on AE, EB as diameters circles are described; PQL is a 
common tangent meeting the circles at P and Q, and AB produced at 
L: shew that BL is equal to the radius of the smaller circle, 
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26. From B the right angle of a right-angled triangle ABC, Bp is 
let fall perpendicular to 4C; from p, pq is let fall perpendicular to BA; 
from g, gr is let fall perpendicular to AC, and so on; prove that 

Bp-4- pq &c. : AB— AB-- AC : BC. 


27. An isosceles triangle is described on a side of a square and 
the vertex joined with the opposite angles: the middle segment of the 
side has to either of the outside segments double of the ratio of the 
altitude of the triangle to its base. 


28. A straight line DE is drawn parallel to the side BC of a 
triangle ABC, Q isa point in BC such that the rectangle BC, CQ is 
equal to the square on DE, and CR is taken equal to DE in BC pro- 
duced. Prove that AR is parallel to DQ. 


29. ABC, DEF are triangles, having the angle A equal to the 
angle D; and AB is equal to DF: shew that the areas of the triangles 
are a8 AC to DE. 


30. CA, CB are diameters of two circles which touch each other 
externally at C; a chord AD of the former circle, when produced, 
touches the latter at E, while a chord BF of the latter, when pro- 
duced, touches the former at G: shew that the rectangle contained 
by AD and BF is four times that contained by DE and FG. 


31. If AA’ B’B, BB’ C’C, CC’ A’A be three circles, and the 
straight lines 44’, BB’, CC’ cut the circle A'B'C' again in a, B, *y re- 
spectively, the triangle afy will be similar to the triangle ABC. 


32. On the two sides of a right-angled triangle squares are 
described: shew that the straight lines joining the acute angles of the 
triangle and the opposite angles of the squares cut off equal segments 
from the sides, and that each of these equal segments is a mean 
proportional between the remaining segments. 


33. ABA’B' is a rectangle inscribed in a circle and AB is twice 
A'B; AC is a chord equal to AB and meeting B'A’ in Fand B'in E; 
prove that AF: AE=CF: CA. 


94. If BD, CD are perpendicular to the sides AB, AC of a triangle 
ABC and CE is drawn perpendicular to AD, meeting AB in E, then 
the triangles ABC, ACE are similar. 


35. Describe a circle touching the side BC of the triangle ABC 
and the other two sides produced; and shew that the distance between 
the points of contact of BC with this circle and the inscribed circle is 
equal to the difference between 4B and AC, 


36. A straight line 4B is divided into any two parts at C, and on 
the whole straight line and on the two parts of it equilateral triangles 
ADB, ACE, BCF are described, the two latter being on the same side 
of the straight line, and the former on the opposite side; G, H, K are 
the centres of the circles inscribed in these triangles: shew that the 
angles AGH, BGK are respectively equal to the angles ADC, BDC, 
and that GHK is an equilateral triangle. 
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37. Two circles, centres A and B, touch one another at C, A 
straight line is drawn cutting one circle in P and Q and the other 
circle in R and S. Prove that the ratio of the rectangle PR, PS to 
the square on CP is constant. 


88. AB is the diameter of a circle, E the middle point of the 
radius OB ; on AE, EB as diameters circles are described. PQL isa 
common tangent, meeting the circles in P and Q, and AB produced 
in L. Shew that BL equals the radius of the lesser circle. 


89. If through the vertex, and the extremities of the base of & 
iriangle, two circles be described, intersecting one another in the base, 
or the base produced, their diameters are proportional to the sides of 
the triangle. 


40. D is the middle point of the base BC of an isosceles triangle, 
CF perpendieular to 4B, DE perpendicular to CF, EG parallel to the 
base meets 4D in G; prove that EG is to GA in the triplicate ratio 
of BD to DA. 


41. Two straight lines and a point between them are given in 
position; draw two straight lines from the given point to terminate 
in the given straight lines, so that they shall contain a given angle 
and have a given ratio. 


42. Four lines, AB, CD, EF, GH, drawn in any directions, inter- 
sect in the same point P; then if from any point m in one of these 
lines, another bedrawn parallel to the next in order, cutting the re- 
maining two in p and g; the ratio mp : pg is the same in whichever 
line the point m is taken. 


43. If P, Q be the points of intersection of a variable circle drawn 
through two given points A, B with a fixed circle, prove that the 
ratio AP. AQ: BP. BQ is constant. 


44, A quadrilateral is divided into four triangles by its diagonals; 
shew that if two of these triangles are equal, the remaining two are 
either equal or similar. 


45. ABCD is a quadrilateral inscribed in a circle, E, F, G are the 
points of intersection of AB and CD, AC and BD, AD and BC re- 
spectively. is the foot of the perpendicular let fall from F on EG. 
Prove that KA: KB=FA: FB. 


46. Divide a given finite straight line similarly to a given divided 
straight line parallel to the first line. 


47. If two parallel straight lines 4B, CD be divided proportionally 
at P, Q, so that AP is to PB as CQ to QD, then the straight lines AC, 
PQ, BD meet in a point. 


48, BAC, DAE are similar equal triangles, BAD and CAE being 
straight lines; and the parallelograms of which BC and DE are 
diagonals are completed. Prove that the lines drawn to complete the 
parallelograms themselves form a parallelogram whose diagonal passes 
through A. 
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49. If, in similar triangles, any two equal angles be joined to the 
opposite sides by straight lines making équal angles with homologous 
sides; these lines shall have the same ratio as the sides on which 
they fall, and shall divide those sides proportionally. 


50. APB, CQD are parallel straight lines, and AP is to PB as 
DQ to QC, prove that the straight lines PQ, AD, BC meet in a point. 


51. Describe a circle which shall pass through a given point and 
touch two given straight lines. 


52. AD the bisector of the base of the triangle 4BC is bisected 
in E, BE cuts AC in F, prove that AF : FC ::1:2. 


53. A straight line drawn through the middle point of a side of a 
triangle divides the other sides, one internally, the other externally in 
the same ratio. 


54. In the triangle ABC there are drawn AD bisecting BC, and 
EF parallel to BC and cutting AB, AC in E, F. Shew that BF and 
CE intersect in AD. 


55. In the triangle ACB, having Ca right angle, AD bisecting 
the angle A meets CB in D, prove that the square on AC is to the 
square on AD as BC to 2BD. 


56. AB and CD are two parallel straight lines; E is the middle 
point of CD; AC and BE meet at F, and AE and BD meet at G: shew 
that FG is parallel to AB. 


57. A, B, C are three fixed points in a straight line; any straight 
line is drawn through C; shew that the perpendiculars on it from 4 
and B are in a constant ratio. 


58. If the perpendiculars from two fixed points on a straight 
line passing between them be in a given ratio, the straight line must 
pass through a third fixed point. 


59. Through a given point draw a straight line, so that the parts 
of it intercepted between that point and perpendiculars drawn to the 
straight line from two other given points may have a given ratio. 


60. A tangent to a circle at the point 4 intersects two parallel 
tangents at B, C, the points of contact of which with the circle are 
D, E respectively; and BE, CD intersect at F: shew that AF is 
parallel to the tangents BD, CE. 


61. P and Q are fixed points; 4B and CD are fixed parallel 
straight lines; any straight line is drawn from P to meet AB at M, 
and a straight line is drawn from Q parallel to PM meeting CD at 
N: shew that the ratio of PM to QN is constant, and thence shew 
that the straight line through M and N passes through a fixed point, 


62. If two circles touch each other, and also touch a given 
straight line, the part of the straight line between the points of con- 
tact is a mean proportional between the diameters of the circles. 
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63. If at a given point two circles intersect, and their centres lie 
on two fixed straight lines which pass through that point, shew that 
whatever be the magnitude of the circles their common tangents will 
always meet in one of two fixed straight lines which pass through 
the given point. 


64. From the angular points of a parallelogram ABCD perpen- 
diculars are drawn on the diagonals meeting them at E, F, G, H 
respectively: shew that EFGH is a parallelogram similar to ABCD. 


65. ABCDE is a regular pentagon, and AD, BE intersect at O: 
shew that a side of the pentagon is a mean proportional between AO 
and AD. 


66. ACB is a triangle, and the side AC is produced to D so that 
CD is equal to AC, and BD is joined: if any straight line drawn 
parallel to AB cuts the sides AC, CB, and from the points of section 
straight lines be drawn parallel to DB, shew that these straight lines 
will meet 4B at points equidistant from its extremities, 


67. If a circle be described touching externally two given circles, 
the straight line passing through the points of contact will intersect 
the straight line passing through the centres of the given circles at a 
fixed point. 


68. A and B are two points on the circumference of a circle of 
which C is the centre; draw tangents at A and B meeting at T; and 
from A draw AN perpendicular to CB: shew that BT is to BC as BN 
is to NA, 


69. Find a point the perpendiculars from which on the sides of a 
given triangle shall be in a given ratio. 


70. <A quadrilateral ABCD is inscribed in a circle and its dia- 
gonals 4C, BD meet at O. Points P, Q are taken in AB, CD such 
that AP is to PB as AO to OB, and CQ is to QD as CO to OD; prove 
that a circle can be described to touch AB, CD at P, Q. 


71. Prove that the diagonals of the complements of parallelo- 
grams about à diagonal of & parallelogram meet in the diagonal of 
the parallelogram. 


72. Through a point G of the side CD of a parallelogram ABCD 
are drawn AG and BG meeting the sides in E and F; and GH is 
drawn parallel to EF, meeting AF in H; prove that FH is equal 
to AD. 


73. Any regular polygon inscribed in a circle is a mean propor- 
tional between the inscribed and circumscribed regular polygons of 
half the number of sides. 


74. If two sides of a parallelogram inscribed in a quadrilateral be 
parallel to one of the diagonals of the quadrilateral, then the other 
sides of the parallelogram are parallel to the other diagonal. 

75. A circle is described round an equilateral triangle, and from 
any point in the circumference straight lines are drawn to the angular 


points of the triangle: shew that one of these straight lines is equal 
to the other two together. 
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76. ABC isa triangle. At A a straight line AD is drawn making 
the angle CAD equal to CBA, and at C the straight line CD is drawn 
making the angle ACD equal to BAC. Shew that AD is a fourth 
proportional to AB, BC and CA. 


77. If bd be drawn cutting the sides AB, AD and the diagonal AC 
of the parallelogram ABCD in b, d, and c respectively, so that Ab is 
equal to Ad, then the sum of AB, AD is to the sum of 4b, Ad as AC 
to twice Ac. 


78. Having given the base of a triangle and the opposite angle, 
find that triangle for which the rectangle contained by the perpen- 
diculars from the ends of the base on the opposite sides is greater 
than for any other. 


79. Through each angular point of a quadrilateral a straight line 
is drawn perpendicular to the diagonal which does not pass through 
that point, shew that the parallelogram thus formed is similar to the 
parallelogram formed by joining the middle points of the sides of the 
given quadrilateral. 


80. ABCD is a quadrilateral inscribed in a circle; BA, CD pro- 
duced meet in P, and AD, BC produced in Q. Prove that PC is to 
PB as QÀ to QB. 


81. Through D, any point in the base of à given triangle ABC, 
straight lines DE, DF are drawn parallel to the sides AB, AC and 
meeting the sides in E, F and EF is drawn; shew that the triangle 
AEF is a mean proportional between the triangles FBD, EDC, 


82. If through the vertex and the extremities of the base of a 
triangle two circles be described intersecting each other in the base or 
the base produced, their diameters are proportional to the sides of 
the triangle. b 


83. Draw a straight line such that the perpendiculars let fall 
from any point in it on two given straight lines may be in a given 
ratio. 


84. In any right-angled triangle, one side is to the other, as the 
excess of the hypotenuse above the second, to the line cut off from 
the first between the right angle and the line bisecting the opposite 
angle. 


85. AB is a fixed straight line, C a moving point, and CD a line 
parallel to AB ; a variable line PQR is drawn cutting AC in P, BC in 
Q and CD in R; prove that if the ratios AP to PC, and BQ to QC be 
constant, CR is of constant length. 


86. If I, I, be the centres of the inscribed circle of a triangle 
ABC and of the circle escribed beyond BC, the rectangle AI, AJ, is 
equal to the rectangle 4B, AC. 


87. If I, I, be the centres of the inscribed circle of a triangle 
ABC and of the circle escribed beyond BC, and D, E be the points of 
contact of those circles with AB, then ID is to DB as EB to EI,. 
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88. If I, I, be the centres of the circles of a triangle ABC 
escribed beyond BC, CA respectively and E, F be their points of 
contact with AB, then IE isto EB as BF to LF. 


89, O is & fixed point in a given straight line OA, and a circle of 
given radius moves so as always to be touched by OA; a tangent OP 
is drawn from O to the circle, and in OP produced PQ is taken a 
third proportional to OP and the radius: shew that as the circle 
moves along O4, the point Q will move in a straight line. 


90. On AB, AC, two adjacent sides of & rectangle, two similar 
triangles are constructed, and perpendiculars are drawn to AB, AC 
from the angles which they subtend, intersecting at the point P. If 
AB, AC be homologous sides, shew that P is in all cases in one of 
the diagonals of the rectangle. 


91. If at any two points A, B; AC, BD be drawn at right angles 
to AB on the same side of it, so that AB is a mean proportional 
between AC and BD; the circles described on AC, BD as diameters 
will touch each other. 


92. One circle touches another internally at 4, and from two 
points in the line joining their centres, perpendiculars are drawn 
intersecting the outer circle in the points B, C, and the inner in D, E; 
shew that AB: AC=AD: AE. 


93. Find a straight line such that the perpendiculars on it from 
three given points shall be in given ratios to each other. 


94. Divide a given are of a circle into two parts, so that the 
chords of these parts shall be to each other in a given ratio. 


95. CAB, CEB are two triangles having a common angle CBA, 
and the sides opposite to it CA, CE equal. If Bd be produced to D, 
and ED be taken a third proportional to BA, AC, then the triangle 
BDC is similar to the triangle BAC. 


96. One side of a triangle is given, and also its points of inter- 
section with the bisector of the opposite angle and the perpendicular 
from the opposite vertex ; construct the triangle. 


97. The diameter of a circle is a mean proportional between the 
sides of an equilateral triangle and a regular hexagon which are 
described about the circle. 


98. If two regular polygons of the same number of sides be con- 
structed, one inscribed in and the other described about a given circle, 
and a third of double the number of sides be inscribed in the circle, 
this last is a mean proportional between the other two. 


99. A triangle DEF is inscribed in a triangle ABC so that DE, 
DF are parallel to BA, CA respectively; prove that the triangle 
DEF is to the triangle ABC as the rectangle BD, DC to the square 
on BC. 


32—2 
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100. The vertical angle C of a triangle is bisected by a straight 
line which meets the base at D, and is produced to meet the circle 
ABC at E; prove that the rectangle contained by CD and CE is equal 
to the rectangle contained by AC and CB. 


101. A straight line is divided in two given points, determine 
a third point, such that its distances from the two given points may 
be proportional to its distances from the ends of the line. 


102. AB isa diameter of a circle, PQ a chord perpendicular to AB, 
O any point on the circle; OP, OQ meet AB in R and S; prove that 
the rectangle AR . BS is equal to the rectangle AS . BR. 


103. <A, B are two fixed points and P a variable point on a circle, 
AA’, BB’ are drawn parallel to a fixed line to meet the circle in A’, B’: 
the fixed line meets AB’ in D, A'B in D', AP in E, BP in E'; prove 
that DE . D'E' is constant. 


104. Prove that, if 4BCD be a quadrilateral not inscriptible in a 
circle, à point E exists such that the rectangle 4B, CD is equal to the 
rectangle AE, BD and the rectangle 4D, BC is equal to the rectangle 
CE, BD. Hence prove the converse of Ptolemy’s Theorem. 


105. BE and CF are perpendiculars upon AD the bisector of the 
angle A of a triangle ABC. The area of the triangle is equal to either 
of the rectangles AE, CF or AF, BE, 


106. If the exterior angle CAE of a triangle be bisected by the 
straight line 4D which likewise cuts the base produced in D; then 
BA. AC, the rectangle of the sides, is less than the rectangle BD. DC 
by the square on AD. 


107. ABC isan isosceles triangle, the side 4B being equal to AC; 
F is the middle point of BC; on any straight line through A perpen- 
diculars FG and CE are drawn: shew that the rectangle AC, EF 
is equal to the sum of the rectangles FC, EG and FA, FG. 


108. Describe a circle which shall pass through a given point and 
touch a given straight line and a given circle. 


109. Divide a triangle into two equal parts by a straight line at 
right angles to one of the sides. 


110. Ifa straight line drawn from the vertex of an isosceles triangle 
to the base, be produced to meet the circumference of a circle de- 
scribed about the triangle, the rectangle contained by the whole line 
so produced and the part of it between the vertex and the base shall 
be equal to the square on either of the equal sides of the triangle. 


111. Two straight lines are drawn from a point A to touch a 
circle of which the centre is E ; the points of contact are joined by a 
straight line which cuts EA at H; and on HA as diameter a circle is 
described: shew that the straight lines drawn through E to touch this 
circle will meet it on the circumference of the given circle. 
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112. Two triangles BAD, BAC have the side B4 and theangle 4 
common: moreover the angle ABD is equal to the angle ACB: shew 
that the rectangle contained by 4C, BD is equal to that contained by 
AB, BC. 


113. ABCD is a quadrilateral in a circle; the straight lines CE, 
DE which bisect the angles ACB, ADB, cut BD and AC at F and G 
respectively: shew that EF is to EG as ED is to EC. 


114. A square DEFG is inscribed in a right-angled triangle 4BC, 
so that D, G are in the hypotenuse 4B of the triangle E in AC, and F 
in CB: prove that the area of the square is equal to the rectangle 
AD, BG. 


115. <A, B, C are three points in order in a straight line: find a 
point P in the straight line so that PB may be a mean proportional 
between PA and PC. 


116. AB is a diameter, and P any point in the circumference of a 
circle; AP and BP are joined and produced if necessary; from any 
point C in AB a straight line is drawn at right angles to AB meeting 
AP at D and BP at E, and the circumference of the circle at F: shew 
that CD is a third proportional to CE and CF. 


117. If F be a point in the side CB of a right-angled triangle and 
CD, FE be perpendiculars on the hypotenuse 4B, then the sum of the 
rectangles AD, AE and CD, EF is equal to the square on AC. 


118. In the figure of II. 11 shew that four other straight lines 
besides the given straight line are divided in the required manner. 


119. A straight line CD bisects the vertical angle C of a triangle 
ABC, and cuts the base in D, on AB produced a point E is taken 
equidistant from C and D: prove that the rectangle 4E . BE is equal 
to the square on DE. 


120. If the perpendicular in a right-angled triangle divide the 
hypotenuse in extreme and mean ratio, the less side is equal to the 
alternate segment, 


121. ABC is a right-angled triangle, CD a perpendicular from the 
right angle upon AB; shew that if AC is double of BC, BD is one- 
fifth of AB. 


122, Through a given point draw a chord in a given circle so that 
it shall be divided at the point in a given ratio. Find the limiting 
value of the ratio. 


123. ABCD is a parallelogram; from B a straight line is drawn 
cutting the diagonal AC at F, the side DC at G, and the side AD pro- 
duced at E: shew that the rectangle EF, FG is equal to the square 
on BF. 


194. Find a point in a side of a triangle from which two straight 
lines drawn, one to the opposite angle, and the other parallel to the 
base, shall cut off towards the vertex and towards the base, equal 
triangles. 
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125. On a chord AB of a circle any point P is taken: on AP, PB 
any two similar and similarly situated triangles APE, PBF are con- 
structed, and the straight line EF joining the vertices of these triangles 
is produced to meet AB produced in Q. If any circle be described 
touching AB at P the common chord of these two circles passes 
through Q. 

126. With a point A in the circumference of a circle ABC as 
centre, a circle PBC is described cutting the former circle at the 
points B and C; any chord AD of the former meets the common 
chord BC at E, and the circumference of the other circle at O: shew 
that the angles HPO and DPO are equal for all positions of P. 


127. It is required to cut off from one given line a part such that 
it may be a mean proportional between the remainder and another 
given line. 


128. Construct a square so that its vertices shall lie on four of the 
sides of a regular pentagon. 


129. Shew how to divide a given triangle into any number of 
equal parts by lines parallel to the base. 


130. Divide a given triangle by a straight line drawn in a given 
direction into two parts whose areas shall be in a given ratio. 


131. If E be the intersection of the diagonals of a quadrilateral 
ABCD, which has the sides AB and CD parallel, then 


(i the straight line joining the middle points of AB and CD 
passes through E; 


(ii) if P be any point in DB produced, the rectangles PB, EC and 
PD, EA are together equal to the rectangle PE, AC. 


132. Two quadrilaterals ABCD, ABEF in which BC, CD, DA 
are equal to BE, EF, FA respectively, are on the same side of AB. 
Prove that if the rectangles O4, OD and OB, OC be equal, where O 
is the point of intersection of the bisectors of the angles, DAF, 
CBE, then the quadrilaterals are equal in area. 


133. Prove that the area of a quadrilateral, whose sides are all of 
given lengths, is a maximum when two opposite angles of the quadri- 
lateral are supplementary. 


134. Having four given finite straight lines, construct the quadri- 
lateral of maximum area which can be formed with them taken in a 
given order for sides. 


135. Either of the complements is a mean proportional between 
the parallelograms about the diameter of a parallelogram. 


136. Shew that one of the triangles in the figure of 1v. 10 is a 
mean proportional between the other two. 


137. The sides AB and AC of a triangle ABC are produced to D 
and E respectively, and DE is joined. A point F is taken in BC such 
that BF: FC—AB. AE: AC. AD, prove that, if AF be joined and 
produced, it will pass through the middle point of DE. 
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138, In any triangle ABC, if BD be taken equal to one-fourth of 
BC, and CE one-fourth of AC, the straight line drawn from C through 
the intersection of BE and AD will divide AB into two parts, which 
are in the ratio of nine to one. 


139. Lines drawn from the extremities of the base of a triangle 
intersecting on the line joining the vertex with the middle point of the 
base, cut the sides proportionally; and conversely. 


140. D is the middle point of the side BC of a triangle ABC, and 
P is any point in AD; through P the straight lines BPE, CPF are 
drawn meeting the other sides at E, F: shew that EF is parallel 
to BC. 


141. ABC isa triangle and D, E, F points in the sides BC, C4, 
AB respectively such that AD, BE, CF meet in O; prove that the 
ratio AO to OD is equal to the sum of the ratios AF to FB and AE 
to EC. 


142. Through any point O within triangle ABC straight lines 
AO, BO, CO are drawn cutting the opposite sides in D, E, F. EF, 
FD, DE are produced to meet the sides again in G, H, K. Prove that 
circles on DG, EH, FK as diameters pass through the same two 
points. 


143. Find a point without two circles such that the tangents 
drawn therefrom to the circles shall contain equal angles. 


144. Prove that the locus of a point, at which two given parts 
of the same straight line subtend equal angles is two circles. 


145. Find on a given straight line AB two points P, Q such that 
APQB is a harmonic range, and the ratio AP to PQ is equal to a given 
ratio. 


146. P is a point on the same straight line as the harmonic 
range ABCD ; prove that 


PA PB PD 
AC BC’ DC’ 
147. A chord AB and a diameter CD of a circle eut at right 


angles. If P be any other point on the circle, P (ACBD) is a harmonic 
pencil. 


148. If two circles touch one another externally and from the 
centre of one tangents be drawn to the other, the chord joining the 
points in which the first circle is cut by the tangents, will be an har- 
monic mean between the radii. 


149. A, B, C, A’, B’, C’ are two sets of three points lying on two 
' parallel straight lines; prove that the intersections of the three pairs 
of lines 44', B'C; BB', CA; CC', A'B lie on a straight line. 

150. P and Q are any two points in 4D, BC two opposite sides 
of a parallelogram; X and Y are the respective intersections of 
AQ, BP, and DQ, CP; prove that XY, produced, bisects the 
parallelogram. 
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151. If the sides of a quadrilateral circumscribing a circle touch 
at the angular points of an inscribed quadrilateral, all the diagonals 
meet in a point. 


152. The square inscribed in a circle is to the square inscribed in 
the semicircle as 5 to 2. 


153. Describe a rectangle which shall be equal to a given square 
and have its sides in a given ratio, 


154, Ina given rectangle inscribe a rectangle whose sides shall 
have to one another a given ratio. 


155. Describe a triangle similar to a given triangle, one angular 
point being on the bounding diameter of a given semicircle, and one 
of the sides perpendicular to this diameter, and the other two angular 
points on the arc of the semicircle. 


156. If M, N be the points at which the inscribed and an 
escribed circle touch the side AC of a triangle ABC and if BM 
be produced to cut the escribed circle again at P, then NP is a 
diameter, 


157. Shew that in general two circles can be described to cut two 
lines AB, AC at given angles and to pass through a fixed point P. If 
T, T" be the centres of these circles, then PA bisects the exterior angle 
TCT’, 


158. From a given point outside two given circles which do not 
meet, draw a straight line such that the portions of it intercepted by 
the circles shall be in the same ratio as their radii. 


159. A’, B’, C’ are the middle points of the sides of the triangle 
ABC, and P is the orthocentre and PA’, PB’, PC’ produced meet the 
circumscribing circle in A”, B”, C"; prove that the triangle A"B"C" ig 
equal in all respects to the triangle ABC. 


160. If through any point in the are of a quadrant, whose radius 
is R, two cireles be drawn touching the bounding radii of the 
quadrant, and r, r’ be the radii of these circles, then rr’ = R?. 


161. Let two circles touch one another, and a common tangent be 
drawn to them touching them in P, Q. If a pair of parallel tangents 
be drawn to the two circles meeting PQ in A, B, andif the line joining 
their points of contact meet PQ in C, then the ratio of AP to BQ is 
either equal to or duplicate of the ratio of PC to QC, according as one 
or another pair of parallel tangents is taken. 


162. If three circles touch a straight line one of the circles which 
touches the three circles passes through their radical centre. 


163. Two circles cut in the points A, B; any chord through A 
cuts the circles again at P and Q; shew that the locus of the 
point dividing PQ in a constant ratio is a circle passing through A 
and B. 
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164. AB and AC are two fixed straight lines, and O is a fixed 
point. Two circles are drawn through O, one of which touches 4B 
and AC at D and E respectively, and the other touches them at F 
and G respectively. Prove that the circles passing round ODF and 
OEG touch one another at O. 


165. Prove that the locus of the middle points of the sides of all 
iriangles which have a given orthocentre and are inscribed in & given 
circle is another circle. 


166. From any point P on the circle ABC a pair of tangents 
PQ, PR are drawn to the circle DEF, and the chord QR is bisected 
in S. Shew that the locus of S is a circle; except when the circle 
ABC passes through the centre of the circle DEF, when the locus of 
S is a straight line. 


167. It is required to describe a circle through two given points 
A, B and to touch a given circle which touches AB at D. Find C the 
centre of the circle: draw C4, CB, and draw AO, BO at right angles 
to CA, CB respectively. Prove that OD produced will cut the circle 
in a point P, such that the circle APB will touch the given circle 
at P. 


168. O is the radical centre of three circles. Points A, B, C are 
taken on the radical axes and AB, BC, CA are drawn. Prove that 
the six points in which these meet the three given circles lie on a 
circle. If radii vectores are drawn from O to these six points, they 
meet the three given circles in six points on a circle and its common 
chords with the three circles meet in pairs on OA, OB, OC. 


169. If from a given point S, a perpendicular SY be drawn to 
the tangent PY at any point P of a circle, centre C, and in the line 
MP drawn perpendicular to CS, or in MP produced, a point Q be 
taken so that JJQ=SY, Q will lie on one of two fixed straight lines. 


170. The diagonals AC, BD, of a quadrilateral inscribed in a 
circle cut each other in E. Shew that the rectangle AB, BC is to 
the rectangle AD, DC as BE to ED. 


171. The square on the straight line joining the centres of the 
circumscribed circle and an escribed circle of a triangle is greater than 
the square on the radius of the circumscribed circle by twice the 
rectangle contained by the radii of the circles. (See p. 476.) 


172. If one triangle can be constructed such that one of two 
given circles is the circumscribed circle and the other of the given 
circles is one of its escribed circles, an infinite number of such triangles 
can be constructed. (See p. 477.) 


173. <A, B, C are three circles: prove that, if the common 
tangent of A and C be equal to the sum of the common tangents of A 
and B and of B and C, the three circles touch a straight line. 


174, Three circles A, B, C touch a fourth circle: prove that the 
ratio of the common tangent of 4 and B to the common tangent of 
A and C is independent of the radius of A. 
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175. If ABCD be a quadrilateral inscribed in a circle and a 
second circle touch this at A, and the tangents to it from B, C, D be 
Bb, Cc, Dd, then the rectangle BD, Cc is equal to the sum of the 
rectangles BC, Dd and CD, Bb. 


176. ABCD is a quadrilateral inscribed in a circle, F the inter- 
section of the diagonals: shew that the rectangle AF, FD is to the 
rectangle BF, FC as the square on AD to the square on BC. 


177. The diagonals of a quadrilateral, inscribed in a circle, are 
to one another in the same ratio as the sums of the rectangles con- 
tained by the sides which meet their extremities, 


178. The sides of a quadrilateral ABCD produced meet in P 
and Q. Prove that the rectangles PD, DQ; AD, DC; PB, BQ; 
AB, BC are proportionals. 


179. Prove that the locus of a point such that the square on its 
distance from a fixed point varies as its distance from a fixed straight 
line is a circle. 


180. A quadrilateral circumscribes a circle. Shew that the 
rectangles contained by perpendiculars from opposite angles upon 
any tangent are to one another in a constant ratio. 
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Away from, why used, 33, 41. 

Axiom, use of term, preface, vi. 


Axioms, definition of, 15. 

— examples of, 15. 

— the list of, imperfect, preface, 
vii. 

Axis of similitude defined, 454. 

— of triangles, 444. 

— radical, 264. 

— — of pair of circles touching 
three circles, 456. 


Base of a parallelogram, 351. 
— of a triangle, 351. 
Brianchon's theorem, 447. 


Casey's theorem, 469—471. 

Centre, definition of, 13. Cf. 174. 

— of direct similitude, when 
infinitely distant, 454, 

— radical, 265. 

— of similitude, (a) direct, (5) 
inverse, 455. 

— — condition that chords in- 
tersecting on radical axis should 
pass through inverse points 
with respect to, 457. 

— — rectangle under distances 
to inverse points on two circles 
from, 453. 

Centroid, centre of gravity, de- 
finition of, 103. 

— of weights, 425. 

Ceva, theorem of, 422. 

Ceva's theorem, converse of, 424. 

Chord, definition of, 167. 

— of an arc, 167. 

— — & circle, 167. 

— — contact of circle touching 
two circles, 451. 

Chords of two circles intersecting 
on radical axis, 452. 

Circle, definition of, 13. 

— escribed, definition of, 294. 

— inscribed, definition of, 172, 
294, 

— of Apollonius, 426. 

— Nine-point, 271. 
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Circles, coaxial, definition of, 
429, 

— construction for circles totouch 
three, 458. 

— equal, have equal radii, 231. 

— four pairs ofcircles touch three, 
459. 

— orthogonal, 266. 

— pair of, touching two circles, 
455. 

— — touching three circles, 455, 

— touching three circles, radical 
axis of pair of, 456. 

Cireumference, definition of, 107. 

Cireumscribed circle, definition of, 
297. Ct, 72. 

Coaxial circles, properties of, 268, 
465, 479, 481, 482, 483. 

— triangles, definition of, 444. 

— —- are compolar, 445. 

Collinear points, 351. 

Commensurable, definition of, 
328. 

Complete quadrilateral, 353. 

Complement. Complementary 
angles, definitions of, 45. 

Complements of parallelograms, 
&c., 111. 

Compolar triangles, definition of, 
444, 

—- — are coaxial, 444. 

Concentric, definition of, 170. 

Concurrent lines, definition of, 
351. 

— — examples of, 53, 71, 985, 
108, 422, 424. 

Configuration of three circles 
touching a fourth circle, 459. 
— of four circles touching a fifth 

circle, 471. 
Conjugate points, 352, 
— rays, 352, 
Consequent, definition of, 328. 
Contact, external, defined, 199. 
— internal, definition of, 201. 
Contain. Arcs contain angles, 
168. 
Contained, a rectangle is, 134. 
Continuity, principle of, 472, 
473, 474, 


BOOK VI. 


Converse propositions, 27. 

— — not necessarily true, 27. 

Convex figure, definition of, 10. 

Corollary, =a further inference 
from facts proved. 

Correspondence of sides of A 8,256. 

Corresponding angles, definition 
of, 75. 

— vertices, 349. 

Curve, inverse of a, 460. 

Curves, angle between, 266. 


Data, definition of, 61. 

— Often conditioned, 61. 

Decagon, definition of, 285. 

— theorems due to, 444, 

5. 

Diagonals, of a complete quadri- 
lateral, 353. 

— definition of, 10. 

Diameter, definition of, 13. 

— bisects circle, 175. 

Direction of measurement of ares, 
289. 

Distance from a point, definition 
of, 171. 

— between centres of inscribed 
and circumscribed circles of 
triangle, 476. 

Distances of point from two 
points, sum of multiples of 
squares on, 478. 

Dodecagon, definition of, 285. 

Duplicate ratio, definition of, 332. 


Each to each, why discarded, pre- 
face, ix. 

Enunciation, joint for Props. 5 
and 6, Book II., 145. 

— joint for Props. 9 and 10, Book 
IL, 353. 

Equal in all respects, definition 
of, 13. 

Equality of ratios, definition of, 
830. 

— — remarks on, 329. 

— ratio of, 328. 

Equiangular triangles, property 
of sides of pair of, 256. 

Equilateral figure, 11. 
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Equimultiples, definition of, 327. 

Euclid, by his Postulates restrict- 
ed himself in his use of instru- 
ments, 21. 

— in Prop. 4, Book I., assumes 
that two lines cannot have a 
common part, 23. 

Example of the principle of con- 
tinuity, 474. 

Exterior angles, definition of, 75. 

Extreme and mean ratio, 351. 

Extremes, definition of, 332. 


Figure, definition of, preface, vi. 
— circumscribed, 172, 285. 

— convex, definition of, 10. 

— equiangular, 11. 

— equilateral, 11. 

— inscribed, 172, 285, 

— plane, 6. 

— rectilinear, 9. 

— regular, 11. 

Figures, impossible, preface, ix. 


Gauss, what regular polygons can 
be inscribed in a circle, 320. 

Geometrical Progression, 462. 

Gergonne’s construction for cir- 
cles touching three circles, 458. 

Gnomon, why discarded, preface, 
vi. 


Harmonic pencils, having com- 
mon ray, 435. 

— — transversals of, 433. 

—- property of polar, 430. 

— range, defined, 352. 

— — property of, 428, 432. 

— ranges, having common point, 
434, 

Harmonical Progression, 462. 

Hexagon, definition of, 285. 

Homologous, definition of, 331. 

Hypotenuse, definition of, 11. 


Impossible figures, preface, ix. 

Incommensurable, definition of, 
328. 

Inequality, ratio of greater in- 
equality, 328. 

— ratio of less inequality, 328, 
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Interior angles, definition of, 75. 

Inverse curves, definition of, 460. 

— — mechanical mode of draw- 
ing, 468. 

— of circle through pole, 463. 

— of circle not through pole, 463. 

— of straight line, 462. 

Inversion, definition of, 460. 

— angle between two curves not 
altered by, 461. 

— distance between two points 
in terms of inverse points, 
464. 

— coaxial circles invert into co- 
axial circles, 465. 

-— concentric circles invert into 
coaxial circles, 465. 

— limiting points invert into 
limiting points, 465. 

— locus of point P, where 

mPA —nP B, 464. 

— one circle may be its own in- 
verse, 466. 

— pole of, 460. 

— Ptolemy's theorem proved by, 
467. 

— radius of, definition of, 460. 

— two circles may be their own 
inverses, 466. 

— two circles, how inverted into 
equal circles, 466. 

— two points and their inverses 
lie on & circle, 461. 

— three circles may be their own 
inverses, 466. 

— three circles, how inverted into 
equal circles, 466. 

Isosceles, definition of, 11. 


Letters, used to represent magni- 
tudes, 327. 

Like anharmonic pencils, 353. 

— anharmonic ranges, 352, 

Limit, explained, 217. 

Limiting points of a series of co- 
axial circles, 429. 

Line, definition of, 2. 

—- pedal, definition of, 272. 

— Simson’s, 272. 

— straight, definition of, 4. 
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Lines, addition of, 6. 

— cut proportionally (1) extern- 
ally, (2) internally, 350. 

Locus, definition of, and example, 
39. 

— of points, distances from which 
to two fixed points are equal, 
39. 

— — distances from which to two 
fixed points are in a fixed ratio, 
426, 464. 

— — tangents from which to two 
circles are equal, 264. 

— — tangents from which to 
two circles are in a fixed ratio, 
479, 480, 481. 


Magnitude of angles not limited 
by Euclid’s method, 411. 

Magnitudes represented by letters, 
327. 

Maximum value, definition of, 55. 

— — example of, 190, 192, 193, 
195. 

Maximum and minimum, illus- 
tration of, 55. 

— and minimum values occur 
alternately, 193. 

Mean proportional, definition of, 
832. 

Means, definition of, 332. 

Measure, definition of, 327. 

Menelaus, theorem of, 418. 

— — converse of, 420. 

Method of superposition, 5. 

Minimum value, definition of, 55. 

— — example of, 55, 57, 193, 195. 

Multiple, definition of, 327. 

— definition of m'^, 327. 


Nine-point circle, definition of, 
271. 

— — properties of, 270, 271, 
448, 449. 

Notation of proportion, 330. 


Obtuse-angled triangle, definition 
of, 12. 

Octagon, definition of, 285. 

Orthocentre, definition of, 95. 
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Orthogonal circles, 266—268. 
Orthogonally, system of circles 
cutting two circles, 268. 


Parallel, definition of, 7. 

Parallelogram, definition of, 12. 

Parallelograms about the dia- 
gonal of a parallelogram, 111. 

Part, definition of mtt, 327, 

Parts of a triangle, definition of, 
14. 

Pascal’s theorem, 446. 

Peaucellier’s cell, 468, 

Pedal line, 272. 

Pencil, anharmonie, 352. 

— definition of, 351. 

— how denoted, 351. 

— harmonic, 352. 

— like anharmonic, 353. 

Pencils, equality of, test of, 440. 

Pentagon, definition of, 285. 

— regular, construction for, 309. 

Perimeter, definition of, 9. 

Perpendicular, definition of, 9. 

Perspective, triangles in, 444, 

Plane, definition of, 6. 

Point, angular, 9. 

— definition of, 2. 

Points, conjugate, defined, 352. 

— limiting, of a series of coaxial 
circles, 429. 

Polar, definition of, 258. 

Pole, definition of, 258. 

— of inversion, 460. 

— of triangles, 444. 

Polygon, definition of, 11. 

— the term extended to include 
triangles and quadrilaterals, 
349. 

Polygons, equiangular, 349. 

— number of conditions of equi- 
angularity of, 349. 

— numberofnecessary conditions 
of similarity of, 350. 

— regular, which can be inscribed 
in a circle, 320. 

— similar, 349. 

Poncelet’s theorems, 483. 

Porism, definition of, 475. 

— examples of, 475—477. 
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Porism of inscribed and circum- 
scribed circles, 477. 

—~ — -—— condition for, 476. 

— of set of coaxial circles, 
483. 

Postulate, definition of, preface, 
viii, 4, 

— I. Two straight lines cannot 
enclose a space, 4. 

— II. Two straight lines cannot 
have a common part, 4. 

— III. A straight line may be 
drawn from any point to any 
other point, 5. 

— IV. A finite straight line may 
be produced to any length, 5. 
— V. All right angles equal, 

preface, viii, 9. 

— VI. A circle may be described 
with any centre, and with any 
radius, preface, ix, 14. 

— VII. Any straight line drawn 
through a point within a closed 
figure must, if produced far 
enough, intersect the figure in 
two points at least, 14. 

— VUI. Any line joining two 
points one within and the other 
without a closed figure must 
intersect the figure in one point 
at least, 14. 

— IX. If the sum of the two in- 
terior angles, which two straight 
lines make with a given straight 
line on the same side of it, be 
not equal to two right angles, 
the two straight lines are not 
parallel, 51. 

Principle of continuity, definition 
of, 472. 

— — examples of, 474. 

Problem, definition of, preface, xi. 

Problems often admit of several 
solutions, 17, 19, 249, 287. 

Progression, Arithmetical, Geo- 
metrical, Harmonical, 462. 

Proportion, proportionals, defini- 
tion of, 330. 

— continued, definition of, 332. 

— notation of, 330. 
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Proportional, reciprocally, defini- 
tion of, 380. 

Proportionally cut, externally, 

— —- internally, 350. 

Ptolemy’s Theorem, property of 
chords joining four points on 
circle, 257. 

— — Casey’s extension of, 469, 
470, 471. 

Pythagoras, Theorem of, 120. 


Quadrilateral, complete, 353. 

— — harmonic properties of, 
423. 

— convex, 353. 

— cross, 353. 

— definition of, 11. 

— re-entrant, 353. 


Radical axis, 264. 

— centre, 265, 

Radius, definition of, 13. 

— of inversion, 460. 

— vector, definition of, 460. 

Range, anharmonic, 352. 

— definition of, 351. 

— how denoted, 351. 

Ranges, like anharmonic, 352. 

Ratio of anharmonic range, 352, 
443. 

— compounded, definition of, 332. 

— -—~ independent of order of 
composition, 399. 

— definition of, 327. 

— of equality, 328. 

— of greater inequality, 328. 

— of less inequality, 328. 

— of a pencil, 353. 

— of ratios, 332. 

Ratios compounded, 332. 

— equality of, defined, 330. 

Rays, eonjugate, 352. 

— of a pencil defined, 351. 

Reciprocally proportional, 379 

Rectangle, definition of, 12, 134, 

— how denominated, 134. 

Re-entrant quadrilaterals, 353. 

Relations between a line and a 
circle, 213. 
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Relations between two circles, 
203. 
Respectfully, how used, preface, 


ix. 

Rhomboid, why discarded, pre- 
face, vi. 

Rhombus, definition of, 12. 

Right angles are equal, 37. Cf. 
preface, viii. 

Right-angled triangle, definition 
of, 11. 

Rotation, point about point, 186. 

— line about point, 186. 

— plane figure about point, 186. 


Secant, definition of, 213. 

Sector, angle of a, 351. 

— ofa circle, 351. 

Segment, definition of, 167. 

Segments of a chord, 251. 

Semicircle, definition of, 167. 

Sides, corresponding, 256, 349. 

— — definition of, 9. 

Similar arcs, definition of, 168. 

— figures, similar and similarly 
situate, 448. 

— segments, definition of, 168. 

Similarity of figures, condition 
of, 403. 

Similitude, axis of, defined, 454. 

— centre of, defined, 448. 

— — direct, definition of, 448. 

— — — at infinite distance, 409, 
451. 

— — inverse, definition of, 448. 

— centres of, of two circles, 450. 

— — of three circles, 454. 

— —of circle of nine points 
and circumscribed circle, 449. 

Simson’s line, 272. 

Solid, definition of, 3. 

Square, definition of, 12. 

— ordinary definition, why dis- 
carded, preface, vi. 

— lines, test of equality 
of, 5. 

Superposition, method of, 5. 

— — — note on, preface, viii. 
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Supplement, supplementary an- 
gles, definitions of, 45. 
Surface, definition of, 3. 


Tangent, definition of, 169. 

— common to two circles, 219. 

— limit of, a secant, 217, 245, 
253. 

— —- — examples of, 245, 253. 

Test of equality of angles, 8. 

— — geometrical figures, 5. 

— — straight lines, 5. 

Third Proportional, definition of, 
332. 

Theorem of Apollonius, 426. 

— Brianchon’s, 447. 

— Casey’s, 469, 470, 471. 

— Ceva’s, 422. 

— of Desargues, 444. 

— of Menelaus, 418. 

— Pascal's, 446. 

— Poncelet’s, 482, 483. 

— Ptolemy’s, 257. 

— of Pythagoras, 120. 

Touch, meaning of, 169. 

Transversal, definition of, 419. 

Trapezium, why discarded, pre- 
face, Vi. 

Triangles, coaxial, 444. 

— compolar, 444. , 

— definition of, 11. 

— equal, note on, 74. 

— inscribed in circle, 416. 

— missing case of equality of, 
preface, x. 

Triplicate ratio, definition of, 332. 


Units of length and of area, 135. 
Unique point, centroid of weights 
is a, 422. 


Vertex, 7. 
— definition of, 9. 
— ofa pencil defined, 351. 


Weights, centroid of, 425. 
Within a circle, 169. 
Without a circle, 169, 
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THESE PAGES ARE AFFECTIONATELY DEDICATED 


INTRODUCTORY 


UCLID, famed founder of the Alexandrian School of 
Mathematics, was the author of not less than nine 
works. Approximately complete texts, all carefully edited, 
of four of these, (1) the EZemenzts, (2) the Data, (3) the Optzes, 
(4) the Phenomena, are now our possession. In the case of 
(5) the Pseudarza, (6) the Surface-Loct, (7) the Conzes, our 
fragmentary knowledge, derived wholly from Greek sources, 
makes conjecture as to their content of the vaguest nature. 
On (8) the Portsms, Pappus gives extended comment. As 
to (9), the book Oz Dzvzszons (of figures), Proclus alone among 
Greeks makes explanatory reference. But in an Arabian 
MS., translated by Woepcke into French over sixty years ago, 
we have not only the enunciations of all of the propositions 
but also the proofs of four of them. 


Whilst elaborate restorations of the Porzsms by Simson 
and Chasles have been published, no previous attempt has 
been made (the pamphlet of Ofterdinger is not forgotten) to 
restore the proofs of the book Oz Dzviszons (of figures). And, 
except for a short sketch in Heath’s monumental edition of 
Euclid's Zemen£s, nothing but passing mention of Euclid's 
book Oz Drwisions has appeared in English. 

In this little volume I have attempted : 

(1) to give, with necessary commentary, a restoration 
of Euclid’s work based on the Woepcke text and on a 
thirteenth century geometry of Leonardo Pisano. 

(2) to take due account of the various questions which 
arise in connection with (a) certain MSS. of “ Muhammed 
Bagdedinus,” (6) the Dee-Commandinus book on divisions 
of figures. 


(3) to indicate the writers prior to 1500 who have dealt 
with propositions of Euclid’s work. 


INTRODUCTORY Vil 


(4) to make a selection from the very extensive biblio- 
graphy of the subject during the past 4oo years. 


In the historical survey the MSS. of “Muhammed Bagde- 
dinus” play an important róle, and many recent historians, 
for example Heiberg, Cantor, Hankel, Loria, Suter, and 
Steinschneider, have contributed to the discussion. As it is 
necessary for me to correct errors, major and minor, of all of 
these writers, considerable detail has to be given in the first 
part of the volume ; the brief second part treats of writers on 
divisions before 1500; the third part contains the restoration 
proper, with its thirty-six propositions. The Appendix deals 
with literature since 1500. 


A score of the propositions are more or less familiar as 
isolated problems of modern English texts, and are also to be 
found in many recent English, German and French books 
and periodicals. But any approximately accurate restoration 
of the work as a whole, in Euclidean manner, can hardly fail 
of appeal to anyone interested in elementary geometry or in 
Greek mathematics of twenty-two centuries ago. 


In the spelling of Arabian names, I have followed Suter. 


It is a pleasure to have to acknowledge indebtedness to 
the two foremost living authorities on Greek Mathematics. 
I refer to Professor J]. L. Heiberg of the University of 
Copenhagen and to Sir Thomas L. Heath of London. 
Professor Heiberg most kindly sent me the proof pages of 
the forthcoming concluding volume of Euclid’s Opera Omnza, 
which contained the references to Euclid’s book Ox Dzvzszons 
of Figures. To Sir Thomas my debt is great. On nearly 
every page that follows there is evidence of the influence of 
his publications; moreover, he has read this little book in 
proof and set me right at several points, more especially in 
connection with discussions in Note 113 and Paragraph 5o. 


pcc A, 


BROWN UNIVERSITY, 
June, 1915. 
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I. 


Proclus, and Fiucltd’s book On Divisions. 


I. Last in a list of Euclid’s works “full of admirable 
diligence and skilful consideration,” Proclus mentions, without 
comment, mept dtaipeoewy BrBdriov’. But a little later? in 
speaking of the conception or definition of “gure and of the 
divisibility of a figure into others differing from it in kind, 
Proclus adds: “For the circle ts divisible into parts unlike 
in definition or notion, and so is each of the rectilineal figures; 
this is in fact the business of the writer of the Elements in 
his Divisions, where he divides given figures, in one case into 
like figures, and in another into unlike*." 


De Dwtsionibus by Muhammed Bagdedinus and 
the Dee MS. 


2. This is all we have from Greek sources, but the 
discovery of an Arabian translation of the treatise supplies 
the deficiency. In histories of Euclid’s works (for example 


| Procli Diadochi in primum Euclidis elementorum librum commentarii ex rec. 
G. Friedlein, Leipzig, 1873, p. 69. Reference to this work will be made by 
“ Proclus.” 

Proclus! p. 144. 

3 In this translation I have followed T. L. HEATH, The Thirteen Books of 
Euclid's Elements, X, Cambridge, 1908, p. 8. To Heath's account (pp. 8-10) of 
Euclid's book Oz Divisions I shall refer by “ Heath.” 

“Like” and “unlike” in the above quotation mean, not “similar” and 
“ dissimilar” in the technical sense, but “like” or “unlike in definition or notion” 
thus to divide a triangle into triangles would be to divide it into “like” figures, to 
divide a triangle into a triangle and a quadrilateral would be to divide it into 

“unlike” figures. (Heath.) 
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those by Hankel’, Heiberg’, Favaro‘, Loria’, Cantor®, Hultsch?, 
Heath?) prominence is given to a treatise De Dzvzszonzbus, by 
one ‘‘ Muhammed Bagdedinus.” Of this in 1563? a copy (in 
Latin) was given by John Dee to Commandinus who published 
it in Dee’s name and his own in 1570". Recent writers whose 
publications appeared before 1905 have generally supposed 
that Dee had somewhere discovered an Arabian original of 
Muhammed's work and had given a Latin translation to 
Commandinus. Nothing contrary to this is indeed explicitly 


1 H. HANKEL, Zur Geschichte der Mathematik, Leipzig, 1874, p. 234. 

5 J. L. HEIBERG, Litterargeschichtliche Studien tiber Euklid, Leipzig, 1882, 
pp. 13-16, 36-38. Reference to this work will be made by “ Heiberg.” 

€ E. A. FavaRO “Preliminari ad una Restituzione del libro di Euclide sulla 
divisione delie figure piane," Atti del reale Istituto Veneto di Scienze, Lettere ed 
Arti, 1g, 1883, pp. 393-6. “Notizie storico-critiche sulla Divisione delle Aree” 
(Presentata li 28 gennaio, 1883), AZemorze del reale Istituto Veneto di Scienze, Lettere 
ed Arti, XX1, 129-154. This is by far the most elaborate consideration of the 
subject up to the present. Reference to it will be made by “ Favaro.” 

T G. LORIA, “Le Scienze esatte nell' antica Grecia. Libro 11, I1 periodo aureo 
della geometria Greca." Memorie della regia Accademia di Scienze, Lettre ed Arti 
in Modena, Xlo, 1895, pp. 68-70, 220-221. Le Scienze esatte nel? antica Grecia, 
Seconda edizione. Milano, 1914, pp. 250-252, 426-427. 

5 M. CANTOR, Vorlesungen iiber Geschichte der Mathematik, 13, 1907, pp. 287-8 ; 
IIg, 1900, p. 555. 

® F. HULTSCH, Article “ Eukleides ” in Pauly-Wissowa’s Real-Encyclopädie der 
Class. Altertumswissenschafien, Vi, Stuttgart, 1909, especially Cols. 1040-41. 

10 When Dee was in Italy visiting Commandinus at Urbino. 

! De superfcierum divisionibus liber Machometo Bagdedino ascriplus nunc 
primum Joannis Dee Londinensis & Federici Commandini Urbinatis opera in 
lucem editus. Federici Commandini de eadem re libellus. Pisauri, MDLXX. In 
the same year appeared an Italian translation: Libro del modo «di dividere [e 
superficie attribuito a. Machometo Dagdedino. Mandato in luce la prima volta da 
M. G. Dee...e da M. F...Commandtino... Tradotti dal Latino in volgare da F. Viani 
de Afalatest,..... In Pesaro, del MDLXX... 4 unnumbered leaves and 44 numbered 
on one side. 

An English translation from the Latin, with the following title-page, was 
published in the next century: 4 Pook of the Divistons of Superficies : ascribed 
to Machomet Bagdedine. Now put forth, by the pains of John Dee of London, and 
Frederic Commandine of Urbin. As also a little Book of Frederic Commandine, 
concerning the same matter. London Printed by R. & W. Leybourn, 1660. 
Although this work has a separate title page and the above date, it occupies the 
last fifty pages (601-650) of a work dated a year later: “uclia’s Elements of 
Geometry in XV Books...to which ts added a Treatise of Regular Solids by 
Campane and Flussas likewise Euclid’s Data and Marinus Preface thereunto 
annexed. Also a Treatise of the Divisions of Superficies ascribed to Machomet 
Bagdadine, but published by Commandine, at the request of John Dee of London; 
whose Preface to the said Treatise declares it to be the Worke of Euclide, the 
Author of the Elements. Published by the care and Industry of John Leeke and 
George Serle, Students in the Mathematics. London...MDCLX1. 

A reprint of simply that portion of the Latin edition which is the text of 
Muhammed’s work appeared in: EYKAEIAOY TA SQZOMENA. Euclidis quae 
supersunt omnia. Ex rescensione Davidis Gregorit...Oxoniac...MDCCIII. Pp. 665- 
684: *EYKAEIAOY 22 OIONTAI TINES, IIEPI AIAIPEZEQON BIBAOZ. Euclidis, ut 

uidam arbitrantur, de divisionibus liber—vel ut alii volunt, Machometi Bagdedini 
liber de divisionibus superficierum." 
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stated by Steinschneider when he writes in 1905, * Machomet 
Bagdadinus ( 2 aus Bagdad) heisst in einem alten MS. Cotton 
(jetzt im Brit. Mus.) der Verfasser von: de Superficierum 
divisione (22 Lehrsatze); Jo. Dee aus London entdeckte es 
und übergab es T. Commandino....” For this suggestion as 
to the place where Dee found the MS. Steinschneider gives 
no authority. He does, however, give a reference to 
Wenrich”, who in turn refers to a list of the printed books 
(*Impressi") of John Dee, in a life of Dee by Thomas 
Smith" (1638-1710). We here find as the third in the 
list, ‘‘Epistola ad eximium Ducis Urbini Mathematicum, 
Fredericum Commandinum, praefixa libello Machometi Bag- 
dedini de superficierum divisionibus... 252277, 1570. Exstat 
MS. in Bibliotheca Cottoniana sub Tiberio B ix." 

Then come the following somewhat mysterious sentences 
which I give in translation”: “ After the preface Lord Ussher 
[1581-1656], Archbishop of Armagh, has these lines: It is to 
be noted that the author uses Euclid’s Elements translated 
into the Arabic tongue, which Campanus afterwards turned 
into Latin. Euclid therefore seems to have been the author 
of the Propositions [of De Dvzvzszonzbus| though not of the 
demonstrations, which contain references to an Arabic edition 
of the Elements, and which are due to Machometus of Bagded 
or Babylon.” This quotation from Smith is reproduced, with 
various changes in punctuation and typography, by Kästner”. 
Consideration of the latter part of it I shall postpone to a later 
article (5). 


12 M. STEINSCHNEIDER, * Die Europáischen Übersetzungen aus dem Arabischen 
bis Mitte des 17. Jahrhunderts." Sitzungsberichte der Akademie der Wissenschaften 
in Wien (Philos.-histor. Klasse) CLI, Jan. 1905, Wien, 1906. Concerning * i71. 
Muhammed” cf. pp. 41-2. Reference to this paper will be made by *Steinschneider." 

13 J. G. WENRICH, 2e auctorum Graecorum versionibus. Lipsiae, MDCCCXLII, 

3-194. 

Pn T. SMITH, Vitae quorundam eruditissimorum et illustrium | virorum... 
Londini...MDCCVII, p. 56. It was only the first 55 pages of this “‘ Vita Joannis 
Dee, Mathematici Angli,” which were translated into English by W. A. Ayton, 
London, 1908. 

15 “Post praefationem haec habet D. Usserius Archiepiscopus Armachanus. 
Notandum est autem, Auctorem hunc Euclide usum in Arabicam linguam con- 
verso, quem postea Campanus Latinum jecit. Auctor igitur propositionum videtur 
fuisse Euclides : demonstrationum, in quibus Euclides in Arabico codice citatur, 
Machometus Bagded sive Babylonius.” 

It has been stated that Campanus (13. cent.) did not translate Euclid’s 
Elements into Latin, but that the work published as his(Venice,1482—the first printed 
edition of the Elements) was the translation made about 1120 by the English monk 
Athelhard of Bath. Cf HEATH, Zrteen Books of Euclid's Elements, 1, 70, 93-96. 

16 A. G. KASTNER, Geschichte der Mathemattk,..Erster Band...Gottingen, 1796, 
pp. 272-3. See also “ Zweyter” Band, 1797, pp. 46-47. 
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3. Following up the suggestion of Steinschneider, Suter 
pointed out”, without reference to Smith” or Kastner”, that in 
Smith's catalogue of the Cottonian Library there was an 
entry under '" Tiberius? B ix, 6": *"DIbeENP Un 
Mahumeti Bag-dadini" As this MS. was undoubtedly in 
Latin and as Cottonian MSS. are now in the British Museum, 
Suter inferred that Dee simply made a copy of the above 
mentioned MS. and that this MS. was now in the British 
Museum. With his wonted carefulness of statement, Heath 
does not commit himself to these views although he admits 
their probable accuracy. 


4. As a final settlement of the question, | propose to 
show that Steinschneider and Suter, and hence also many 
earlier writers, have not considered all facts available. Some 
of their conclusions are therefore untenable. In particular: 


(1) In or before 1563 Dee did zo¢ make a copy of any 
Cottonian MS. ; 


(2) The above mentioned MS. (Tiberius, B. 1x, 6) was 
never, in its entirety, in the British Museum ; 


(3) The inference by Suter that this MS. was probably 
the Latin translation of the tract from the Arabic, made by 
Gherard of Cremona (1114-1187)—among the lists of whose 
numerous translations a “liber divisionum” occurs—should 
be accepted with great reserve ; 


(4) The MS. which Dee used can be stated with absolute 
certainty and this MS. did not, in all probability, afterwards 
become a Cottonian MS. 


(1) Sir Robert Bruce Cotton, the founder of the Cottonian 
Library, was born in 1571. The Cottonian Library was not, 
therefore, in existence in 1563 and Dee could not then have 
copied a Cottonian MS. 


(2) The Cottonian Library passed into the care of the 
nation shortly after 1700. In 1731 about 200 of the MSS. 


1? H, SUTER, “ Zu dem Buche ‘ De Superficierum divisionibus’ des Muhammed 
Bagdedinus.” Bièliotheca Mathematica, Viz, 321-2, 1905. 

183 T, SMITH, Catalogus Librorum Manuscriptorum Dibliothecae Cottonianae... 
Oxonii,... MDCXCVI, p. 24. 

1! 'The original Cottonian library was contained in 14 presses, above each of 
which was a bust; 12 of these busts were of Roman Emperors. Hence the 
classification of the MSS. in the catalogue. 
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were damaged or destroyed by fire. As a result of the 
parliamentary inquiry Casley reported? on the MSS. destroyed 
or injured. Concerning Tiberius 1x, he wrote, ‘This volume 
burnt to a crust." He gives the title of each tract and the 
folios occupied by each in the volume. ‘ Liber Divisionum 
Mahumeti Bag-dadini” occupied folios 254-258. When the 
British Museum was opened in 7753, what was left of the 
Cottonian Library was immediately placed there. Although 
portions of all of the leaves of our tract are now to be seen 
in the British Museum, practically none of the writing is 
decipherable. 


(3) Planta's catalogue" has the following note concerning 
liberius ix : “A volume on parchment, which once consisted 
of 272 leaves, written about the XIV. century [not the 
XII. century, when Gherard of Cremona flourished], con- 
taining eight tracts, the principal of which was a ‘ Register 
of Wilham Cratfield, abbot of St Edmund’” [d. 1415]. 
Tracts 3, 4, 5 were on music. 


(4) On * A? 1583, 6 Sept." Dee made a catalogue of the 
MSS. which he owned. This catalogue, which is in the 
Library of Trinity College, Cambridge”, has been published? 


?) D. CASLEY, p. I5ff. of A Report from the Committee appointed to view the 
Cottonian Library...Published by order of the House of Commons. London, 
MDCCXXXII (British Museum MSS. 24932). Cf also the page opposite that 
numbered 120 in A Catalogue of the Manuscripts in the Cottonian Library ...with 
an Appendix containing an account of the damage sustained by the Fire in 1731 ; 
by S. Hooper... London :...MDCCLXXVII. 

41 J. PLANTA, A Catalogue of the Manuscripts tn the Cottoman Library deposited 
in the British Museum. Printed by command of hts Majesty King George [11...1802. 

In the British Museum there are three MS. catalogues of the Cottonian 
Library : 

(1) Harletan MS. 6018, a catalogue made in 1621. At the end are memoranda 
of loaned books. Ona sheet of paper bearing date Novem. 23, 1638, Tiberius 
B IX is listed (folio 187) with its art. 4: “liber divisione Machumeti Bagdedini.” 
The paper is torn so that the name of the person to whom the work was loaned is 
missing. The volume is not mentioned in the main catalogue. 

(2) MS. No. 36789, made after Sir Robert Cotton’s death in 1631 and before 
1638 (cf. Catalogue of Additions to the MSS. in British Museum, 1900-1905... 
London, 1907, pp. 226-227), contains, apparently, no reference to “ Muhammed.” 

(3) ALS. No. 36682 A, of uncertain date but earlier than 1654 (Catalogue of 
Additions...Lc pp. 188-189). On folio 78 verso we find Tiberius B Ix, Art. 
4: “ Liber divisione Machumeti Bagdedini.” 

A “Muhammed” MS. was therefore in the Cottonian Library in 1638. 

The anonymously printed (1840?) “ Index to articles printed from the Cotton 
MSS., & where they may be found” which may be seen in the British Museum, 
only gives references to the MSS. in “ Julius.” s 

22 A transcription of the Trinity College copy, by Ashmole, is in MS. Ashm. 
1142. Another autograph copy is in the British Museum: Harleian MS. 1879. 

3 Camden Society Publications, X1x, London, M.DCCC.XLII. 
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under the editorship of J. O. Halliwell. The 95th item 
described is a folio parchment volume containing 24 tracts 
on mathematics and astronomy. The 17th tract is entitled 
‘““Machumeti Bagdedini liber divisionum.” As the contents 
of this volume are entirely different from those of Tiberius 1x 
described above, in (3), it seems probable that there were two 
copies of ‘“ Muhammed’s” tract, while the MS. which Dee 
used for the 1570 publication was undoubtedly his own, as we 
shall presently see. If the two copies be granted, there is no 
evidence against the Dee copy having been that made by 
Gherard of Cremona. 


5. There ts the not remote possibility that the Dee MS. 
was destroyed soon after it was catalogued. For in the same 
month that the above catalogue was prepared, Dee left his 
home at Mortlake, Surrey, for a lengthy trip in Europe. 
Immediately after his departure “the mob, who execrated 
him as a magician, broke into his house and destroyed a great 
part of his furniture and books*...” many of which ‘were the 
written bookes*.” Now the Dee catalogue of his MSS. 
(MS. O. iv. 20), in Trinity College Library, has numerous 
annotations” in Dee’s handwriting. They indicate just what 
works were (1) destroyed or stolen (* Fr.")" and (2) left (* T.")*? 
after the raid. Opposite the titles of the tracts in the volume 
including the tract “liber divisionum,” “ Fr.” is written, and 
opposite the title “ Machumeti Bagdedini liber divisionum ” 
is the following note: * Curavi imprimi Urbini in Italia per 
Federicum Commandinum exemplari descripto ex vetusto isto 
monumento (?) per me ipsum." Hence, as stated above, it is 
now definitely known (1) that the MS. which Dee used was 
his own, and (2) that some 20 years after he made a copy, the 
MS. was stolen and probably destroyed”. 

On the other hand we have the apparently contradictory 


^ Dictionary of National Biography, Article, * Dee, John." 

25 “The compendious rehearsall of John Dee his dutifull declaration A. 1592” 
printed in Chetham AMiscelfanies, vol. 1, Manchester, 1851, p. 27. 

*6 Although Halliwell professed to publish the Trinity MS., he makes not the 
slightest reference to these annotations. 

7 * Fr," is no doubt an abbreviation for Furatum. 

?5 « T^", according to Ainsworth (Latin Dictionary), was put after the name of a 
soldier to indicate that he had survived (superstes). Whence this abbreviation ? 

7» The view concerning the theft or destruction of the MS. is borne out by the 
fact that in a catalogue of Dee's Library (British Museum MS. 35213) made early 
in the seventeenth century (Catalogue of Additions and Manuscripts... 1901, 
p. 211), Machumeti Bagdedini is not mentioned. 
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evidence in the passage quoted above (Art. 2) from the life 
of Dee by Smith“ who was also the compiler of the Catalogue 
of the Cottonian Library. Smith was librarian when he 
wrote both of these works, so that any definite statement 
which he makes concerning the library long in his charge is 
not likely to be successfully challenged. Smith does not 
however say that Dee’s “ Muhammed” MS. was in the 
Cottonian Library, and if he knew that such was the case 
we should certainly expect some note to that effect in the 
catalogue”; for in three other places in his catalogue 
(Vespasian B x, A u,, Galba E vm), Dees original 
ownership of MSS. which finally came to the Cottonian 
Library is carefully remarked. Smith does declare, however, 
that the Cottonian MS. bore, ‘‘after the preface,” certain 
notes (which I have quoted above) by Archbishop Ussher 
(1581-1656). Now it is not a little curious that these notes 
by Ussher, who was not born till after the Dee book was 
printed, should be practically identical with notes in the 
printed work, just after Dee’s letter to Commandinus (Art. 3). 
For the sake of comparison I quote the notes in question” ; 
“To the Reader.—I am here to advertise thee (kinde Reader) 
that this author which we present to thee, made ufe of Euclid 
tranflatedintothe Arabick Tongue. whom afterwards Campanus 
made to fpeake Latine. This I thought fit to tell thee, that 
fo in fearching or examining the Propofitions which are cited 
by him, thou mighteft not fometime or other trouble thy felfe 
in vain, Farewell.” 

The Dee MS. as published did not have any preface. 
We can therefore only assume that Ussher wrote in a MS. 
which a@zd have a preface the few lines which he may have 
seen in Dee’s printed book. 


6. Other suggestions which have been made concerning 
* Muhammed's " tract should be considered. Steinschneider 
asks, “Ob identisch de Curvis superficiebus, von einem 
Muhammed, MS. Brit. Mus. Harl. 623° (1, 191)?” I have 
examined this MS. and found that it has nothing to do with 
the subject matter of the Dee tract. 

But again, Favaro states? : ** Probabilmente il manoscritto 


30 This quotation from the Leeke-Serle Euclid!! is an exact translation of the 
original. 

31 This should be 625° (1, 391). p 

32 Favaro, p. 140. Cf Heiberg, p. 14. This suggestion doubtless originated 
with Ofterdinger?$, p. [1]. 
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del quale si servi il Dee è lo stesso indicato dall’ Heilbronner” 
comme esistente nella Biblioteca Bodleiana di Oxford.” Under 
date “6. 3. 1912” Dr A. Cowley, assistant librarian in the 
Bodleian, wrote me as follows: ‘‘ We do not possess a copy 
of Heilbronners Hist. Math. Univ. In the old catalogue of 
MSS. which he would have used, the work you mention is in- 
cluded—but is really a printed book and is only included in the 
catalogue of MSS. because it contains some manuscript notes— 

“Its shelf-mark is Savile T 20. 

“Tt has 76 pages in excellent condition. The title page 
has: De Superficierum | divisionibus liber | Machometo Bag- 
dedino | ascriptus | nunc primum Joannis Dee | ... | opera in 
lucem editus | ...Pisauri MDLXx. 

“The MS. notes are by Savile, from whom we got the 
collection to which this volume belongs.” 

The notes were incorporated into the Gregory edition” 
of the Dee tract. Here and elsewhere” Savile objected to 
attributing the tract to Euclid as author®. His arguments 


$ J. C. HEILBRONNER, Historia matheseos Universae...Lipsiae, MDCCXLH, 
p. 620: (* Manuscripta mathematica i in Bibliotheca Bodlejana”) “34 Mohammedis 
Eee en liber de superficierum divisionibus, cum Notisutt. 3." 

H H. SAVILE, Praelectiones tresdecim in principium elementorum Euclidis, 
Oxonii habitae M.DC.XX. Oxonii..., 1621, pp. 17-18. 

35 Dee's statement of the case in his letter to Commandinus (Leeke-Serle 
Euclid", cf note 30) is as follows: ‘As for the authors name, I would have you 
understand, that to the very old Copy from whence | writ it, the name of 
MACHOMET BAGDEDINE was put in ziphers or Characters, (as they call them) 
who whether he were that A/bategnus whom Copernicus often cites as a very 
considerable Author in Astronomie ; or that Machomet who is said to have been 
Alkinduss scholar, and is reported to have written somewhat of the art of 
Demonstration, I am not yet certain of: or rather that this may be deemed a Book 
of our Euclide, all whose Books were long since turned out of the Greeke into the 
Syriack and Arabick Tongues. Whereupon, It being found some time or other to 
want its Title with the Avadians or Syrians, was easily attributed by the transcribers 
to that most famous Mathematician among them, Machomet: which I am able to 
prove by many testimonies, to be often done in many Moniments of the Ancients ; 

..yea further, we could not yet perceive so great acuteness of any JZacAomet in the 
Mathematicks, from their moniments which we enjoy, as everywhere appears in 
these Problems. Moreover, that Zzc/de also himself wrote one Book mepi 
diatpévewy, that is to say, of Divisions, as may be evidenced from Proclus’s 
Commentaries upon his first of Elements: and we know none other extant under 
this title, nor can we find any, which for excellencie of its treatment, may more 
rightfully or worthily be ascribed to Ezc/iZ. Finally, | remember that in a certain 
very ancient piece of Geometry, I have read a place cited out of this little Book in 
expresse words, even as from amost (sfc) certain work of Fucétd. Therefore we 
have thus briefly declared our opinions for the present, which we desire may carry 
with them so much weight, as they have truth in them....But whatsoever that Book 
of Euclid was concerning Divisions, certainly this is such an one as may be both 
very profitable for the studies of many, and also bring much honour and renown to 
every most noble ancient Mathematician ; for the most excellent acutenesse of the 
invention, and the most accurate discussing of all the Cases in each Probleme...." 
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are summed up, for the most part, in the conclusions of 
Heiberg followed by Heath: “the Arabic original could not 
have been a direct translation from Euclid, and probably was 
not even a direct adaptation of it; it contains mistakes and 
unmathematical expressions, and moreover does not contain 
the propositions about the division of a circle alluded to by 
Proclus. Hence it can scarcely have contained more than 
a fragment of Euclid’s work.” 


The Woepcke-Euchid MS. 


On the other hand Woepcke found ina MS. (No. 952. 2 
Arab. Suppl.) of the Bibliotheque nationale, Paris, a treatise 
in Arabic on the division of plane figures, which he translated, 
and published in 1851. “It is expressly attributed to Euclid 
in the MS. and corresponds to the description of it by Proclus. 
Generally speaking, the divisions are divisions into figures of 
the same kind as the original figures, e.g. of triangles into 
triangles; but there are also divisions into ‘unlike’ figures, 
e.g. that of a triangle by a straight line parallel to the base. 
The missing propositions about the division of a circle are 
also here: ‘to divide into two equal parts a given figure 
bounded by an arc of a circle and two straight lines including 
a given angle’ and ‘to draw in a given circle two parallel 
straight lines cutting offa certain part ofa circle.’ Unfortunately 
the proofs are given of only four propositions (including the 
two last mentioned) out of 36, because the Arabian translator 
found them too easy and omitted them.” That the omission 
is due to the translator and did not occur in the original is 
indicated in two ways, as Heiberg points out. Five auxiliary 
propositions (Woepcke 21, 22, 23, 24, 25) of which no use is 
made are introduced. Also Woepcke 5 is: ‘‘...and we divide 
the triangle by a construction analogous to the preceding 
construction”; but no such construction is given. 
The four proofs that are given are elegant and depend 


3$ F, WOEPCKE, “ Notice sur des traductions Arabes de deux ouverages perdus 
d'Euclide" /ozzza/ Asiatique, Septembre-Octobre, 1851, XviIt,, 217-247. Euclid’s 
work Oz the division (of plane figures): pp. 233-244. Reference to this paper will 
be made by * Woepcke." In Euclidis opera omnia, vol. 8, now in the press, there 
are “Fragmenta collegit et disposuit J. L. Heiberg,” through whose great courtesy 
I have been enabled to see the proof-sheets. First among the fragments, on pages 
227-235, are (1) the Proclus references to wept diaipéoewv, and (2) the Woepcke 
translation mentioned above. In the article on Euclid in the last edition of the 
Encyclopaedia Britannica no reference is made to this work or to the writings 
of Heiberg, Hultsch, Steinschneider and Suter. 
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only on the propositions (or easy deductions from them) of 
the ZZements, while Woepcke 18 has the true Greek ring: 
“to apply to a straight line a rectangle equal to the rectangle 
contained by AB, AC and deficrent by a square.” 


8. To no proposition in the Dee MS. is there word for 
word correspondence with the propositions of Woepcke but 
in content there are several cases of likeness. Thus, Heiberg 
continues, 


Dee 3 = Woepcke 30 (a special case is Woepcke 1); 
Dee 7 2 Woepcke 34 (a special case is Woepcke 14); 
Dee 9 = Woepcke 36 (a special case is Woepcke y 
Dee 12 2 Woepcke 32 (a special case is Woepcke 4). 
Woepcke 3 1s only a special case of Dee 2; Woepcke 6, 
7, 8, 9 are easily solved by Dee 8. And it can hardly be 
chance that the proofs of exactly these propositions in Dee 
should be without fault. That the treatise published by 
Woepcke is no fragment but the complete work which was 
before the translator is expressly stated”, “fin du traité." It 
is moreover a well ordered and compact whole. Hence we 
may safely conclude that Woepcke’s is not only Euclid’s own 
work but the whole of it, except for proofs of some propositions. 


9. For the reason just stated the so-called Wreder- 
herstellung of Euclid’s work by Ofterdinger®, based mainly on 
Dee, is decidedly misnamed. A more accurate description of 
this pamphlet would be, “A translation of the Dee tract with 
indications in notes of a certain correspondence with 15 of 
Woepcke's propositions, the whole concluding with a transla- 
tion of the enunciations of 16 of the remaining 21 propositions 
of Woepcke not previously mentioned.” Woepcke 30, 31, 34, 
35, 36 are not even noticed by Ofterdinger. Hence the claim 
I made above (*' Introductory ") that the first real restoration 
of Euclid s work is now presented. Having introduced 
Woepcke's text as one part of the basis of this restoration, 
the other part demands the consideration of the 


Practica Geometriae of Leonardo Pisano (ftbonacz). 


10. It was in the year 1220 that Leonardo Pisano, who 
occupies such an important place in the history of mathematics 
7 Woepcke, p. 244. 


3 L, F. OFTERDINGER, Beiträge zur Wiederherstellung der Schrift des Euklides 
über der Theilung der Figuren, Ulm, 1853. 
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of the thirteenth century”, wrote his Practica Geometriae, and 
the MS. is now in the Vatican Library. Although it was 
known and used by other writers, nearly six and one half 
centuries elapsed before it was finally published by Prince 
Boncompagni”. Favaro was the first® to call attention to 
the importance of Section IIII* of the Practica Geometriae in 
connection with the history of Euclid's work. This section 
is wholly devoted to the enunciation and proof and numerical 
exemplification of propositions concerning the divisions of 
figures. Favaro reproduces the enunciations of the proposi- 
tions and numbers them 1 to 57*. He points out that in both 
enunciation and proof Leonardo 3, 10, 51, 57 are identical 
with Woepcke t9, 20, 29, 28 respectively. But considerably 
more remains to be remarked. 


II. No less than twenty-two of Woepckes propositions 
are practically identical in statement with propositions in 
Leonardo; the solutions of eight more of Woepcke are either 
given or clearly indicated by Leonardo's methods, and all six 
of the remaining Woepcke propositions (which are auxiliary) 
are assumed as known in the proofs which Leonardo gives of 
propositions in Woepcke. Indeed, these two works have 
a remarkable similarity. Not only are practically all of the 
Woepcke propositions in Leonardo, but the proofs called 
for by the order of the propositions and by the auxiliary 
propositions in Woepcke are, with a possible single exception”, 
invariably the kind of proofs which Euclid might have given— 
no other propositions but those which had gone before or 
which were to be found in the ements being required in 
the successive constructions. 

Leonardo had a wide range of knowledge concerning 
Arabian mathematics and the mathematics of antiquity. His 
Practica Geometriae contains many references to Euclid's 
Elements and many uncredited extracts from this work*. 


9 M. CANTOR, Vorlesungen tiber Geschichte der Mathemati£, Y», 1900, pp. 3-53; 
^ Practica Geometriae," pp. 35-40. 

40 Scritti di Leonardo Pisano matematico del secolo decimoterzo publicati da 
Baildasarre Boncompagni. Volume 11 (Leonardi Pisani Practica Geometriae 
ed opuscoli). Roma...1862. Practica Geometriae, pp. 1-224. 

a Scritti dt Leonardo Pisano...11, pp. 110-148. 4 

42 These numbers I shall use in what follows. Favaro omits some auxiltary 
propositions and makes slips in connection with 28 and 4o. Either 28 should 
have been more general in statement or another number should have been 
introduced. Similarly for 40. Compare Articles 33-34, 35- 

43 For example, on pages 15-16, 38, 95, 100-1, 154. 
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Similar treatment is accorded works of other writers. But 
in the great elegance, finish and rigour of the whole, 
originality of treatment is not infrequently evident. If 
Gherard of Cremona made a translation of Euclid’s book 
On Divisions, it is not at all impossible that this may have 
been used by Leonardo. At any rate the conclusion seems 
inevitable that he must have had access to some such MS. of 
Greek or Arabian origin. 

Further evidence that Leonardo’s work was of Greek- 
Arabic extraction can be found in the fact that, in connection 
with the 113 figures, of the section Ox Dzvzszons, of Leonardo's 
work, the lettering in only 58 contains the letters ¢ or f; that 
is, the Greek-Arabic succession a, 6, g, d, e, z... is used almost 
as frequently as the Latin a, 6, ¢, d, e, f, g,...; elimination of 
Latin letters added to a Greek succession in a figure, for the 
purpose of numerical examples (in which the work abounds), 
makes the balance equal. 


I2. My method of restoration of Euclid's work has been 
as follows. | Everything in Woepcke's text (together with 
his notes) has been translated literally, reproduced without 
change and enclosed by quotation marks. To all of Euclid’s 
enunciations (unaccompanied by constructions) which corre- 
sponded to enunciations by Leonardo, I have reproduced 
Leonardo's constructions and proofs, with the same lettering 
of the figures", but occasional abbreviation in the form of 
statement ; that is, the extended form of Euclid in Woepcke's 
text, which is also employed by Leonardo, has been sometimes 
abridged by modern notation or briefer statement. Occasionally 
some very obvious steps taken by Leonardo have been left 
out but all such places are clearly indicated by explanation 
in square brackets, [ | Unless stated to the contrary, and 
indicated by different type, no step is given in a construction 
or proof which is not contained in Leonardo. When there 
Is no correspondence between Woepcke and Leonardo I have 
exercised care to reproduce Leonardo's methods in other pro- 
positions, as closely as possible. If, in a given proposition, 
the method is extremely obvious on account of what has gone 
before, I have sometimes given little more than an indication 
of the propositions containing the essence of the required 


*i Thisis done in order to give indication of the possible origin of the construction 
in question (Art. 11). 
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construction and proof. In the case of the six auxiliary 
propositions, the proofs supplied seemed to be readily sug- 
gested by propositions in Euclid’s Avements. 


I3. Immediately after the enunciations of Euclid’s 
problems follow the statements of the correspondence with 
Leonardo; if exact, a bracket encloses the number of the 
Leonardo proposition, according to Favaro’s numbering, and 
the page and lines of Boncompagni’s edition where Leonardo 
enunciates the same proposition. 

The following is a comparative table of the Euclid and, in 
brackets, of the corresponding Leonardo problems: 1 (5); 
m2 1); 4 (23); 5 (33); 6 (16); 7 (20)"; 8 (27)*; 
2 553609) 1t (9); 12 (28)*; 13 (32)? ; 14 (36); 
280555132); 32:39); 18 (0); 19 (3); 20 (10); 21 (0); 
em) 23 (0); 24 (0); 25 (0); 26 (4); 27 (11); 28 (57); 
29 E 3o (0); 31 (o); 32 (29); 33(35): 34 (40)*: 35 (o0) 
36 (o). 


Summary. 


It will be instructive, as a means of comparison, to set 
forth in synoptic fashion: (1) the Muhammed-Commandinus 
treatise; (2) the Euclid treatise; (3) Leonardo’s work. In 
(1) and (2) I follow Woepcke closely”. 


I4. Synopsis of Muhammed's Treatise— 


I. Inall the problems it is required to divide the proposed 
hgure into two parts having a given ratio. 


II. The figures divided are: the triangle (props. 1-6) ; 
the parallelogram (11); the trapezium® (8, 12, 13); the quadri- 
lateral (7, 9, 14-16); the pentagon (17, 18, 22); a pentagon 
with two parallel sides (19), a pentagon of which a side is 
parallel to a diagonal (20). 


45 Leonardo considers the case of “one third” instead of Euclid’s “a certain 
fraction,” but in the case of 20 he concludes that in the same way the figure may 
be divided “into four or many equal parts.” Cf Article 28. 

46 Woepcke 8 may be considered as a part of Leonardo 27 or better as an 
unnumbered proposition following Leonardo 25. 

47 Leonardo’s propositions 30-32 consider somewhat more general problems 
than Euclid’s 9 and 13. Cf Articles 30 and 34. 

48 Woepcke, pp. 245-246. 
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III. "he transversal required to be drawn: 
A. passes through a given point and is situated : 


I. ata vertex of the proposed figure (1, 7, 17); 


to 


on any side (2, 9, 18); 
on one of the two parallel sides (8). 


G2 


B. is parallel: 
I. toa side (not parallel) (3, 13, 14, 22); 
2. to the parallel sides (11, 12, 19); 

to a diagonal (15, 20); 


4. toa perpendicular drawn from a vertex of the 
figure to the opposite side (4) ; 


o3 


to a transversal which passes through a vertex 
of the figure (5) ; 


6. toany transversal (6, 16). 


IV. Prop. 10: Being given the segment 247 and two 
lines which pass through the extremities of this segment and 
form with the line 4Z any angles, draw a line parallel to dB 
from one or the other side of AL and such as to produce 
a trapezium of given size. 

Prop. 21. Auxiliary theorem regarding the pentagon. 


I5. Commandinus's Treatese—Appended to the first 
published edition of Muhammed's work was a short treatise? 
by Commandinus who said” of Muhammed: “ for what things 
the author of the book hath at large comprehended in many 
problems, I have compendiously comprised and dispatched in 
two only." "This statement repeated by Ofterdinger" and 
Favaro" is somewhat misleading. 

The “two problems” of Commandinus are as follows: 


“Problem I. To divide a right lined figure according to 
a proportion given, from a point given in any part of the 
ambitus or circuit thereof, whether the said point be taken in 
any angle or side of the figure." 


“Problem II. To divide a right lined figure GABC, 


49 Commandinus!!, pp. 54-76. 
5 Commandinus!!, p. [1]; Leeke-Serle Euclid, p. 603. 
91 Ofterdinger?$, p. 11, note. € Favaro*, p. 139. 
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according to a proportion given, Æ to F, by a right line 
parallel to another given line D.” 

But the first problem is divided into 18 cases: 4 for the 
triangle, 6 for the quadrilateral, 4 for the pentagon, 2 for the 
hexagon and 2 for the heptagon ; and the second problem, as 
Commandinus treats it, has 20 cases : 3 for the triangle, 7 for 


the quadrilateral, 4 for the pentagon, 4 for the hexagon, 2 for 
the heptagon. 


16. Synopses of Euchad’s Treatise— 
I. The proposed figure is divided : 
Peinto eve camel pacts (1, 3, 4, 6, 8, 10, 12, 14, 16, 
TO, 265, 25) ; 
2. into several equal parts (2, 5, 7, 9, 11, 13, 15, 17, 29); 
3. intotwo parts, in a given ratio (20, 27, 30, 32, 34, 36); 
4. into several parts, in a given ratio (31, 33, 35, 36). 
The construction 1 or 3 is always followed by the con- 
struction of 2 or 4, except in the propositions 3, 28, 29. 
II. ‘The figures divided are: 
IUE TIe (T, 2, 3. 19, 20, 26, 27, 30, 31) ; 
the parallelogram (6, 7, to, 11); 
psu ezIgme(4, 5, 3, 9, 12, 15, 32, 33); 
the quadrilateral (14, 15, 16, 17, 34, 35, 36); 
a figure bounded by an arc of a circle and two lines 
(28) ; 
the circle (29). 
III. It is required to draw a transversal : 
A. passing through a point situated : 
at a vertex of the figure (14, 15, 34, 35); 
on any side (3, 6, 7, 16, 17, 36) ; 
on one of two parallel sides (8, 9) ; 
at the middle of the arc of the circle (28) ; 
in the interior of the figure (19, 20); 
outside the figure (10, 11, 26, 27); 
in a p part of the plane of the figure (12, 
13). 
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B. parallel to the base of the proposed figure (1, 2, 
4, 5, 30-33): 

C. parallel to one another, the problem is inde- 
terminate (29). 


IV. Auxiliary propositions : 

18. To apply to a given line a rectangle of given size 
and deficient by a square. 

21, 22, when @.@d=%. ¢,1t follewetnat ee ee. 

23, 24, when @:6>c:d, it follows that 

(a#b):6>(c#a):d; 

25, when a :ó «c : d, it follows that (2—42) :6 « (c — d): d. 

In the synopsis of the last five propositions I have 
changed the original notation slightly. 


17. Analysis of Leonardo's Work. 1 have not thought 
it necessary to introduce into this analysis the unnumbered 
propositions referred to above”. 


J. The proposed figure is divided : 
I. into two equal parts (1-5, 15-18, 23-28, 36-38, 
42-46, 53-55, 57): 
2. into several equal parts (6, 7, 9, 13, 14, t9, 21, 
33, 47-50, 56); 
3. into two parts in a given ratio (8, 10-12, 20, 29— 
32, 34, 39, 40, 51, 52); 
4. into several parts in a given ratio (22, 35, 41). 
The construction 1 or 3 is always followed by the 
construction of 2 or 4 except in the propositions 42-46, 
5b 54 57. 
II. The fgures divided are: 
the triangle (1-14) ; 
the parallelogram (15-22); 
the trapezium (23-35); 
the quadrilateral (36-41) ; 
the pentagon (42-43) ; 
the hexagon (44); 
the circle and semicircle (45-56) ; 
a figure bounded by an arc of a circle and two lines (57). 


wal ANALYSIS OF LEONARDO'S WORK r7 


DEF 
(i) It is required to draw a transversal : 


A. passing through a point situated : 


poc eser the fimeure-(r, 6, 26, 31, 34, 36, 
41-44) ; 


Pone se not produced (2, 7, 8, 16, 20, 37, 39); 

3. ata vertex or a point in a side (40) ; 

4. on one of two parallel sides (24, 25, 27, 30); 

5. on the middle of the arc of the circle (53, 55, 
57); 

6. TIS circumference or outside of the circle 
45); 


inside of the figure (3, 10, 15, 17, 46); 
outside of the figure (4, 11, 12, 18) ; 
9. either inside or outside of the figure (38) ; 


10. either inside or outside or on a side of the 


figure (32) ; 
II. ina certain part of the plane of the figure (28). 


B. parallel to the base of the proposed figure (5, 14, 
19, 21-23, 29, 33, 35) 54); 


C. parallel to a diameter of the circle (49, 50). 


(ii) It is required to draw more than one transversal 
(a) through one point (9, 47, 48, 56); (6) through 
two points (13); (6) parallel to one another, the 
problem is indeterminate (51). 


(iii) It is required to draw a circle (52). 


A. 2 





II. 


I8. Abraham Savasorda, Jordanus Nemorarius, Luca 
Paciuolo.—In earlier articles (10, 11) incidental reference was 
made to Leonardo's general indebtedness to previous writers 
in preparing his Practzca Geometriae, and also to the debt 
which later writers owe to Leonardo. Among the former, 
perhaps mention should be made of Abraham bar Chijja ha 
Nasi® of Savasorda and his Lzder embadorum known through 
the Latin translation of Plato of Tivoli. Abraham was a 
learned Jew of Barcelona who probably employed Plato of 
Tivoli to make the translation of his work from the Hebrew. 
This translation, completed in 1116, was published by Curtze, 
from fifteenth century MSS., in 1902”. Pages 130-159 of this 
edition contain *capitulum tertium in arearum divisionum 
explanatione” with Latin and German text, and among the 
many other propositions given by Savasorda is that of 
Proclus-Euclid (2 Woepcke 282 Leonardo 57). Compared 
with Leonardo’s treatment of divisions Savasorda’s seems 
rather trivial. But however great Leonardo’s obligations to 
other writers, his originality and power sufficed to make 
a comprehensive and unified treatise. 

Almost contemporary with Leonardo was Jordanus Nemo- 
rarius (d. 1237) who was the author of several works, all 
probably written before 1222. Among these is Geometria vel 


5 Thatis, Abraham son of Chijja the prince. Cf. STEINSCHNEIDER, Bibliotheca 
Mathematica, 1896, (2), X, 34-38, and CANTOR, Vorlesungen tiber Geschichte d. 
Math. 13, 797-900, 907. 

55 M. CURTZE, * Urkunden zur Geschichte der Mathematik im Mittelalter und 
der Renaissance...” Erster Teil (Adhandlung zur Geschichte der Mathematischen 
Wissenschaffen...X11. Heft), Leipzig, 1902, pp. 3-183. 
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De Triangulis® in four books. The second book is principally 
devoted to problems on divisions: Propositions 1-7 to the 
division of lines and Propositions 8, 13, 17, 18, 19 to the 
division of rectilineal figures. The enunciations of Propositions 
9, 13, 17, 19 correspond, respectively, to Euclid 3, 26, 19, 14 
and to Leonardo 2, 4, 3, 36. But Jordanus's proofs are quite 
differently stated from those of Euclid or Leonardo. Both 
for themselves and for comparison with the Euclidean proofs 
which have come down to us, it will be interesting to reproduce 
propositions 13 and r7 of Jordanus. 


“13. Triangulo dato et puncto extra ipsum signato 
lineam per punctum transeuntem designare, que. triangulum 
per equatia parciatur" [pp. 15-16]. 





“Let abc be the triangle and 4 the point outside but 
contained within the lines aef, £62, which are lines dividing 
the triangle equally and produced. For if 4 be taken in any 
such place, draw dg parallel to ca meeting cd produced in g. 
Join cd and find zzz such that 


A cde : aec ( d abe) — eg : mn. 


6 Edited with Introduction by Max CURTZĘ, Afitteilungen des Copernicus- 
Vereins fiir Wissenschaften und Kunst zu Thorn, vi. Heft, 1887. In his discussion 
of the second book, CANTOR (Vorlesungen tt. Gesch. d. Math. 11, 75) is misleading 
and inaccurate. One phase of his inaccuracy has been referred to by ENESTROM 
Bibliotheca Mathematica, Januar, 1912, (3), X11, 62). 
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Then divide cg in & such that 
gh i Es kce : ma., 


Produce @ to meet ca in f. Then I say that a divides the 
triangle adc into equal parts. 


For, since the triangle c£? is similar to the triangle ede, 
by 4 of sixth" and parallel lines and 15 of first and definitions 
of similar areas, 


Ackp: Kkdg=mn: kg 
by corollary to 17 of sixth”. But 

A Ede : edg — eg : eg. 

Therefore, by equal proportions, 
unes: Aedo —em :cp. 
S6 ACE LIN cdge 2 Aaec: Acdg. 

And A ckp= aec ( iA abc) 
by 9 of fifth, and this is the proposition. 


And by the same process of deduction we may be led to 
an absurdity, namely, that all may equal a part if the point 4 
be otherwise than between e and 2 or the point ? be otherwise 
than between 4 and a; the part cut off must always be either 
all or part of the triangle aec." 


“17, Puncto infra propositum trigonum dato lineam per 
ipsum deducere, que triangulum secet per eqgualza” | pp. 17-18 |. 


“Let abe be the triangle and 4 the point inside and 
contained within the part between ag and £e which divide 
two sides and triangle into equal parts. Through @d draw fdh 
parallel to a and draw a. Then by 12 of this book” draw 
mn such that 


bf: mn = bdf: A bec (=tA abc). 


66 That is, Euclid’s Elements, Vi. 4. 

57 |] do not know the MS. of Euclid here referred to ; but manifestly it is the 
Porism of Elements V1. 19 which is quoted: “If three straight lines be propor- 
tional, then as the first is to the third, so is the figure described on the first to that 
which is similar and similarly described on the second.” 

68 That is, De Triangulis, Book 2, Prop. 12: “ Data recta linea aliam rectam 
inuenire, ad quam se habeat prior sicut quilibet datus triangulus ad quemlibet 
datum triangulum” [p. 15]. 





But bc :ty>bc:mn 
by second part of 8 of fifth. 
Sa Of: be > OC me; 


i ] 
s. fec imn 


by 6 of this book”. 


68a Rather is it the converse of this corollary, which is quoted in note 57. It 
follows at once, however : 
bf: ty=Abfh: Abecz bf? óc, s. bf. ty bc? or bf: be=bc : ty. 
89 *Cum sit linee breuiori adiecte major proporcio ad compositam, quam 
composite ad longiorem, breuiorem quarta longioris minorem esse necesse est 


[p. 13]. 
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Add then to the line cf from f a line /z, by 5 of this book®, 
such that 
Je -20m mn; 


and /z will be less than /2 by the first part of the premise. 
[Supposition with regard to 4 ?] 


Join zd and produce it to meet ac in Æ; then I say that 
the line zZ£ divides the triangle adc into equal parts. For 


A AA Eb i zf 
by 1 of sixth. 


But bea : Weke=2f smn 
by corollary to 17 of sixth” and similar triangles. 


Therefore by 1 and by equal proportions 
A bdf: A zke = bf : mn. 


But A ódf : ^ bec — bf i mm. 
Therefore by the second part of 9 of fifth 
A zke = A bec = LA abe.” Q. E.F. 


Proposition 18 of Jordanus is devoted to finding the centre 
of gravity of a triangle™ and it is stated in the form of a pro- 
blem on divisions. In Leonardo this problem is treated™® by 
showing that the medians of a triangle are concurrent; but 
in Jordanus (as in Heron”) the question discussed is, “ to find a 
point in a triangle such that when it is joined to the angular 
points, the triangle will be divided into three equal parts " (p. 18). 


A much later work, Summa de Arithmetica Geometria 
Proportiont et Proportionalita... by Luca Paciuolo (b. about 
1445) was published at Venice in 1494". In the geometrical 
section (the second, and separately paged) of the work, 
pages 35 verso—43 verso, problems on divisions of figures are 
solved, and in this connection the author acknowledges great 
debt to Leonardo's work. Although the treatment is not as 


6 * Duabus lineis propositis, quarum una sit minor quarta alterius uel equalis, 
minori talem lineam adiungere, ut, que adiecte ad compositam, eadem sit com- 
posite ad reliquam propositarum proporcio " [p. 12]. 

60a Archimedes proved (Works of Archimedes, Heath ed., 1897, p. 201 ; Ofera 
omnia iterum edidit J. L. Heiberg, 1, 150-159, 1913) in Propositions 13-14, Book I 
of “On the Equilibrium of Planes” that the centre of gravity of any triangle ts at 
the intersection of the lines drawn from any two angles to the middle points of the 
oppostte sides respectively. 

61 A new edition appeared at Toscolano in 1523, and in the section which we are 
discussing there does not appear to be any material change. 
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full as Leonardo’s, yet practically the same figures are em- 
ployed. The Proclus-Euclid propositions which have to do 
with the division of a circle are to be found here. 


I9. "fuhammed Bagdedinus" and other Arabian writers 
on Diwrsions of Figures.—We have not considered so far 
who ‘‘ Muhammed Bagdedinus” was, other than to quote the 
statement of Dee? that he may have been “that Aébategnis 
whom Copernicus often cites as a very considerable author, or 
that AZachomet who is said to have been Alkindus’s scholar.” 
Albategnius or Muhammed b. GAbir b. Sinan, Abt ‘Abdallah, 
el Battánt who received his name from Battan, in Syria, 
where he was born, lived in the latter part of the ninth and in 
the early part of the tenth century*. El-Kindi (d. about 873) 
the philosopher of the Arabians was in his prime about 850*. 
* Alkindus's scholar " would therefore possibly be a contem- 
porary of Albategnius. It 1s probably because of these 
suggestions of Dee" that Chasles speaks" of ‘‘ Mahomet 
Bagdadin, géomètre du x° siècle.” 

It would be scarcely profitable to do more than give 
references to the recorded opinions of other writers such 
as Smith®, Kastner”, Fabricius®, Heilbronner®, Montucla”, 
Hankel", Grunert?— whose results Favaro summarizes". 

The latest and most trustworthy research in this connection 
seems to be due to Suter who first surmised” that the author 


a 


? M. CANTOR, Vorlesungen ti. Gesch. d. Math. 13, 736. 

M. CANTOR, Vorlesungen ii. Gesch. d. Math. I3, 718. 

Cf. STEINSCHNEIDER?, 

CHASLES, Afpercu Atstorique... 3° éd., Paris, 1889, p. 497. 

T. SMITH, Vitae guorumdam.. ‘virorum, 1707, p. 2 Cf. notes 14, 15. 

9 A, G. KASTNER, Geschichte der Mathemattk..., Band 1, Góttingen, 1796, p. 273. 
See also his preface to N. MORVILLE, Lehre von der geometi ischen und okono- 
mischen Vertheilung der Felder, nach der dänischen Schrift bearbeitet von J. W. 
Christiani, begleitet mit einer Vorrede...von A. G. Kastner, GÖttingen, 1793. 

us A. FABRICIUS, Bibliotheca Graeca...Editio nova. Volumen quartum, 
Hamburgi, MDCCLXXXV, p. 81. 

OW Ae HEILBRONNER, Historia Matheseos universae... Lipsiae, MDCCXLII, 
P- 438, 163-4. 

70 J. F. MONTUCLA, ZZis/oire des mafAhénmatiques...éd. nouv. Tome I, An VII, 

216. 

PUN H. HANKEL, Zur Geschichte der Math. in Alterthum u. Mittelalter, Leipzig, 
1874, p. 234- 

? J. A. GRUNERT, Math. Wörterbuch...von G. S. Kligel, fortgesetzt von C. B. 
Mollivcide und beendigt von f. A. Grunert.. .Erste Abteilung, die reine Math., 
funfter Theil, erster Band, Leipzig, 1831, p. 76. 

7 FAVARO, pp. 141- 144. 

TC SUTER, “Die Mathematiker und Astronomen der Araber und ihre Werke" 
(Abh. z. Gesch. d. Math. Wiss. X. Heft, Leipzig, 1900), p. 202, No. 517. 
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of the Dee book On Divisions was Muh. b. Muh. el-Bagdadi 
who wrote at Cairo a table of sines for every minute. A little 
later”, however, Suter discovered facts which led him to 
believe that the true author was Abi Muhammed b. ‘Abdel- 
bàqi el- Bagdádi (d. 1141 at the age of over 70 years) to whom 
an excellent commentary on Book x of the Z/emezs has been 
ascribed. Of a MS. by this author Gherard of Cremona 
(1114-1187) may well have been a translator. 

Euclid's book Oz Dzvistzons was undoubtedly the ultimate 
basis of all Arabian works on the same subject. We have 
record of two or three other treatises. 


I. J abit b. Qorra (826-901) translated parts of the works 
of Archimedes and Apollonius, revised Ishaq’s translation of 
Euclid’s “vements and Data and also revised the work 
Ox Divisions of Figures translated by an anonymous 
writer ", 


2. Abü Muh. el-.Hasan b. ‘Obeidallah b. Soleiman b. 
Wahb (d. 901) was a distinguished geometer who wrote 
“A Commentary on the difficult parts of the work of Euclid " 
and “The Book on Proportion.” Suter thinks” that another 
reading is possible in connection with the second title, and 
that it may refer to Euclid’s work Ox Diviszons. 


3. Abt'l Wefa el-Bizgani (940-997) one of the greatest 
of Arabian mathematicians and astronomers spent his later 
life in Bagdad, and is the author of a course of Lectures on 
geometrical constructions. Chapters vu-1x of the Persian 
form of this treatise which has come down to us in roundabout 
fashion were entitled: “On the division of triangles,” ** On 
the division of quadrilaterals,’ “On the division of circles” 
respectively. Chapter vii and the beginning of Chapter vir 
are, however, missing from the Bibliothéque nationale Persian 
MS. which has been described by Woepcke”. This MS., 
which gives constructions without demonstrations, was made 
from an Arabian text, by one Abt Ishaq b. ‘Abdallah with 

T% H. SUTER, zdem, “ Nachtrage und Berichtigung” (Abh. z. Gesch. d. Math. 
Wiss. X1V. Heft, 1902), p. 181; also Bibliotheca Mathematica, 1V3, 1903, pp. 22-27. 

7 H. SUTER, ** Die Mathematiker...," pp. 34-38. 

7 H. SUTER, “‘ Die Mathematiker...,” pp. 48 and 211, note 23. 

78 F. WOEPCKF, “ Recherches sur l'histoire des Sciences mathématiques chez 
les orientaux, d'aprés des traités inedits Arabes et Persans. Deuxième article. 
Analyse et extrait d'un recueil de constructions géométriques par Aboûl Wafå,”- 
Journal asiatigue, Fevrier—Avril, 1855, (5) V, 218-256, 309-359 ; reprint, Paris, 
1855, pp- 89. 
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the assistance of four pupils and the aid of another translation. 
The Arabian text was an abridgment of Abt’l Wefa’s lectures 
prepared by a gifted disciple. 

The three propositions of Chapter ix? are practically 
identical with Euclid (Woepcke) 28, 29. In Chapter viu? 
there are 24 propositions. About a score are given, in sub- 
stance, by both Leonardo and Euclid. 

In conclusion, it may be remarked that in Chapter xr 
of Abt’l Wefa’s work are 9 propositions, with various solu- 
tions, for dividing the surface of a sphere into equiangular and 
equilateral triangles, quadrilaterals, pentagons and hexagons. 


20. Practical applications of the problems On Divisions of 
figures, the perpira of Heron of Alexandria,—The popularity 
of the problems of Euclid’s book Ox Divisions among Arabians, 
as well as later in Europe, was no doubt largely due to the 
possible practical application of the problems in the division 
of parcels of land of various shapes, the areas of which, 
according to the Rhind papyrus, were already discussed in 
empirical fashion about 1800 s.c. In the first century before 
Christ* we find that Heron of Alexandria dealt with the 
division of surfaces and solids in the third book of his 
Surveying (gerpwa)*. Although the enunciations of the 
propositions in this book are, as a whole, similar? to those 


7 F. WOEPCKE, zdezt, pp. 340-341 ; reprint, pp. 70-71. 

9$ F. WOEPCKE, ident, pp. 338-340 ; reprint, pp. 68-70. 

*' This date is uncertain, but recent research appears to place it not earlier 
than 50 B.C. nor later than 150 A.D. Cf. HEATH, Thirteen Books of Eucliad’s 
Elements, 1, 20-21; or perhaps better still, Article “ Heron 5” by K. Tittel in 
Pauly-Wissowa’s Real-Encyclopadie der class. Altertumswissenschaften, VII, Stutt- 
gart, 1913, especially columns 996-1000. 

82 Heronis Alexandrini opera quae supersunt omnta, Vol. Mt, Rationes Dimettendi 
et commentatio Dioftrica recensuit. Hermannus Schoene, Lipsiae, MCM1I. Third 
book, pp. 140-185. Cf CANTOR, Vorlesungen..., 13, 380-382. 

5 Only two are exactly the same: II-I1I (=Euclid 30), vil (=Euclid 32), 
the problem considered in x is practically Euclid 27 (Art. 48), while Xvii! is closely 
related to Euclid 29 (Art. 50). In xix Heron finds in a triangle a point such that 
when it is joined to the angular points, the triangle will be divided into three equal 
parts. The divisions of solids of which Heron treats are of a sphere (XXii1) and 
the division in a given ratio, by a plane parallel to the base, of a Pyramid (XX) and 
of a Cone (XX1). For proof of Proposition XXII1: Zo cut a sphere by a plane so 
that the volumes of the segments are to one another in a given ratio, Heron refers 
to Proposition 4, Book II of * On the Sphere and Cylinder? of Archimedes ; the 
third proposition in the same book of the Archimedean work is (Heron Xvi1): 70 
cut a given sphere by a plane so that (he surfaces of the segments may have to one 
another a given ratio. (Works of Archimedes, Heath ed., 1897, pp. 61-65 ; Opera 
omnia iterum edidit J. L. Heiberg, 1, 184-195, 1910.) 

Propositions II and vil are also given in Heron's wept dcvomtpas (Schoene’s 
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in Euclid’s book Oz JDzvzstous, Heron’s discussion consists 
almost entirely of “analyses” and approximations. For 
example, 1: “ To divide a triangle in a given ratio by a 
line drawn parallel to the base"— while Euclid gives the 
general construction, Heron considers that the sides of the 
given triangle have certain known numerical lengths and 
thence finds the approximate distance of the angular points of 
the triangle to the points in the sides where the required line 
parallel to the base intersects them, because, as he expressly 
states, in a field with uneven surface it is difficult to draw a 
line parallel to another. Most of the problems are discussed 
with a variety of numbers although theoretical analysis some- 
times enters. Take as an example Proposition x": “Zo divide 
a triangle tn a given ratio by a line drawn from a point in a 
side produced.” 

** Suppose the construction made. Then the ratio of triangle 
A EZ to quadrilateral ZEBT is known; 
also the ratio of the triangle AAT to A 
the triangle 4Z£. But the triangle 
ABT is known, therefore so is the 


triangle AZE. Now A is given. E 

Through a known point A there is 

therefore drawn a line which, with two e 

lines AB and AT intersecting in £, 

encloses a known area. B k 
p 


Therefore the points Æ and Z are 
given. This is shown in the second 
book of On Cutting of a Space. Hence the required proof. 

If the point A be not on AT but anywhere this will make 
no difference.” 


21. Connection between FEuclid’s book On Duvtisions, 
Apolloniuss treatise On Cutting off a Space and a Pappus- 
lemma to Euclid's book of Porisms.—Although the name of 
the author of the above-mentioned work is not given by 
Heron, the reference is clearly to Apollonius’s lost work. 
According to Pappus it consisted of two books which con- 
tained 124 propositions treating of the various cases of the 





edition, pp. 278-281). Cf * Extraits des Manuscrits relatifs à la géométrie grecs’ 
par A. J. C. Vincent, Notices et extraits des Manuscrits de la bibliothèque impériale, 
Paris, 1858, XIX, pp. 157, 283, 285. 

8&4 HERON, iden, p. 160f. 
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following problem: Gzven two coplanar straight lines A,P.,, 
B,P,, on which A,and B, are fixed points, it is required to 
draw through a fixed point A of the plane, a transversal AZE 
fornang on A,P,, BP, the two segments A,Z, B,E such that 
A,Z.B,E ts equal to a given rectangle. 

Given a construction for the particular case when 74,2, 
B.P, meet in A, and when A, and &, coincide with 4A— 
Heron's reasoning becomes clear. The solution of this parti- 
cular case is practically equivalent to the solution of Euclid’s 
Proposition 19 or 20 or 26 or 27. References to restorations 
of Apollonius's work are given in note 111. 

To complete the list of references to writers before 1500, 
who have treated of Euclid's 
problems here under discussion, 4 
I should not fail to mention the 
last of the 38 lemmas which 
Pappus gives as useful in con- 
nection with the 171 theorems 
of Euclid's lost book of Porzsms: H 
Through a given point E in BD 
produced to draw a line cutting B E 
the parallelogram AD such that B 
the triangle ZTH 2s equal to the parallelogram AD. 

After “ Analysis” Pappus has the following 

“Synthesis. Given the parallelogram AD and the 
point Æ. Through EZ draw the line ZZ such that the 
rectangle TZ .T'77 equals twice the rectangle AT . D. Then 
according to the above analysis [which contains a reference 
to an earlier lemma discussed a little later* in this book] the 
triangle ZT'77 equals the parallelogram AD. Hence EZ 
satisfies the problem and is the only line to do so*.” 

The tacit assumption here made, that the equivalent of 
a proposition of Euclid’s book Ox Dzvistons (of figures) was 
well known, is noteworthy. 


A r 


& Pappus ed. by Hultsch, Vol. 2, Berlin, 1877, pp. 917-919. In Chasles's restora- 
tion of Euclid's Pozzszzs, this lemma is used in connection with * Porism CLXXX : 
Given two lines SA, SA’, a point P and a space v: points 7 and J’ can be found in 
a line with FP and such that if one take on SA, SA’ two points 72, 72’, bound by the 
equation Zz:. /'zi' & y, the line sz’ will pass through a given point.” Les irois 
livres de Porismes d'Euclide, Paris, 1860, p. 284. See also the restoration by 
R. Simson, pp. 527-530 of * De porismatibus tractatus," Ofera quaedam reliqua... 
Glasguae, M.DCC.LXXVI. 








PnorosiTION ]. 


22. ‘Lo divide“ a gwen triangle into equal parts by 
a lene parallel to tts base.” [Leonardo 5, p. 119, Il. 7-9.] 


Let abg be the given triangle which it is required to bisect 
by a line parallel to 4g. Produce ġa to 
d till ġa = 22d. Then in ġa find a point d 
e such that 


ba: ae=ae ad. 


Through e draw ez parallel to 4g; then v 
the triangle aóg is divided by the line 
ez into two equal parts, of which one 
is the triangle aez, and the other the 


quadrilateral edgz. ê * 


Leonardo then gives three proofs, but as the 
first and second are practically equivalent, I shall p g 
only indicate the second and third. 


I. When three lines are proportional, as the first is to the 
third so is a figure on the first to the similar and similarly 
situated figure described on the second [vr. 19, ** Porism "]*. 


ba : ad — figure on éa: similar and similarly situated 
figure on ae. 
Hence ba : ad — ^aóg : Kaez 
—2.1. 
Aabg = 2 Aaez. 
Pt. óa : ae — ae : ad. 
ba . ad ^ ae, 

56 Literally, the original runs, according to Woepcke, '* We propose to our- 
selves to demonstrate how to divide, etc." I have added all footnotes except those 
attributed to Woepcke. "— 

8' 'Throughout the restoration I have added occasional references of this kind 


to Heath’s edition of Euclid’s Elements; vi. 19 refers to Proposition 19 of 
Book vi. Cf note 57. 


22] PROPOSITION 1 ET 
and since ad is one-half of a, 
Um oge., 
And since 2g is parallel to ez, 
óa : ae — ga : aa. 


DX DUC wy. [ vi. 22] 
But óa* — 2ae. 
ga -2az. 

Then UU Un ene AZ, [ Vi. 22] 


A^aóg — 2/aez*, 


Then follows a numerical example. 


53 The theorem here assumed is enunciated by Leonardo (p. 111, ll. 24-27) 

as follows: EZ si á trigono recta protracta fuerit 

secans duo latera trigonj, que cum ipsis duobus 

lateribus faciant trigonum habentem angulum unum e 1 

comunem cum ipso trigono, erit proportio unius 

trigont ad altum, sicut facta ex lateribus contt- 

nentibus ipsun angulum. This is followed by the 

sentence * Ad cuius rei euidentiam." Then come 

the construction and proof : 


Let aóc be the given triangle and 4e the line d 
across it, meeting the sides cæ and cå in the points 
d, e, respectively. I say that 


A abc: A dec=ac. ch: de.ce. 


Proof: To ac apply the triangle afc= Adec. [1.44] b e f C 
Since the triangles adc, afc are of the same 
altitude, 
óc : fem A abc : Kafe. [vr] 
But bc : fc — ac. dc : ac . fe, [v. 15] 


^nOÀ abci A afe ac. bec iac. fo 


and since A dec=A acf, 
A ach: A dcemac. be: ac. cf. 


Again, since the triangles acf, dce are equal and have a common angle, as in 
the fifteenth theorem of the sixth book of Euclid, the sides are mutually propor- 
tional. 

ie MO Pal— Ces Cf, . ac. f=ade . Ce, 


SA ach t dcemac. ch: dc. ce. 
“quod oportebat ostendere.” 


It is to be observed that the Latin letters are used with the above figure. This 
suggests the possibility of the proof being due to Leonardo. 

The theorem is assumed in Euclid’s proof of proposition 19 (Art. 40) and it 
occurs, directly or indirectly, in more than one of his works. A proof, depending 
on the proposition that the area of a triangle is equal to one-half the product of its 
‘base and altitude, is given by Pappus (pp. 894-897) in connection with one of his 
lemmas for Euclid’s book of Porisms: Triangles which have one angle of the one 
equal or supplementary to one angle of the other are in the ratio compounded of the 
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PROPOSITION 2. 


23. “To diwide a given triangle into three equal parts 
by two lines parallel to its base.” {Leonardo 14, p. 122, l. 8.] 


Let aóg be the given triangle with base 6g. Produce éa 
to d till ġa = 3ad, and produce ad to 
e till a2— de; then ae—$óa. Find 8 
as, a mean proportional between da 
and ad, and za a mean proportional 
between ġa and ae. Then through 
z and z draw z£, 2& parallel to dg 
and I say that the triangle aóg is 
divided into three equal parts of 
which one is the triangle «zz, an- 
other the quadrilateral zz££, the third 
the quadrilateral zógZ. 


Praf- Since 
ba vaa = danad, 
ba : ad= Aabg : Aazt, | vr. r9, Porism] 
for these triangles are similar. 





ratios of the sides about the equal or supplementary angles. (Cf. R. SIMSON, “ De 
Porismatibus Tractatus" in Ofgera quaedam reliqua...1776, p. 515 f. —P. BRETON 
(de Champ), ‘‘ Recherches nouvelles sur les porismes d’Euclide,” Journal de mathé- 
"atiques Pures et appliguées, XX, 1855, p. 233 ff. Reprint, p. 25 ffi—M. CHASLES, 
Les trois livres de Porismes d' Euclide...Paris, 1860, pp. 247, 295, 307.) 

The first part of this lemma is practically equivalent to either (1) [VI. 23]: 
Eguiangular farallelograms have to one another the ratio compounded of the ratio 
of their sides ; or (2) the first part of Prop. 70 of the Data (Zuclidis Data...edidit 
H. Menge, Lipsiae, 1896, p. 130f.): 7f zn two eguiangular parallelograms the sides 
containing the equal angles have a given ratio to one another (i.e. one side in one to 
one side in the other], ¿že parallelograms themselves will also have a given ratio to 
one another. Cf. HEATH, Thirteen Books of Euclid’s Elements, Y, 250. 

The proposition is statedin another way by Pappus® (p. 928) who proves that 
a parallelogram ts to an equiangular parallelogram as the rectangle contained by 
the adjacent sides of the first ts to the rectangle contained by the adjacent sides of the 
second. 

The above theorem of Leonardo is precisely the first of those theorems which 
Commandinus adds to v1. 17 of Js edition of Euclid's Z/enezis and concerning 
which he writes *à nobis elaborata" ("fatti da noi"): Jwelidis Elementorum 
Libri XV...A Federico Commandino...Pisauri, MDLXXII, p. 81 recto (Degli Elementi 
P Euclide lióri quindici con gli scholit antichi tradotti prima in lingua latina da 
M. Federico Commandino da Urbino, et con commentarii illustrati, et hora d ordine 
dell istesso transportati nella nostra vulgare, et da lui riveduti. |n Urbino, 
M.D.LXXV, p. 88 recto). 
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Now ba=3ad; .". Aab =z Aaz. 
Aazt=tAadbg. 
Again, ba :1a=ta ae 
6a:ae=A on ea: similar and similarly situated A on az. 


But triangles az&, aóg are similar and similarly described 
on az and aé; and 
EEUU = 2 9. 


Aatk = 2 Aadg. 


And since Aazt=tAadg, there remains the quadrilateral 
ztkt=1Aabe. We see that the quadrilateral zdgk will be the 
other third part ; hence the triangle aég has been divided into 
three equal parts ; “quod oportebat facere.” 


Leonardo continues: “ Et sic per demonstratos modos omnia 
genera trigonorum possunt diuidi in quatuor partes uel 
plures.” Cf. note 45. 


PROPOSITION 3. 


24. “To divide a gtven triangle into two egual parts 
by a line drawn from a given 
point situated on one of the sides b 


of the triangle.” {Leonardo 1, 2, 
petro, & 21; p. 111, We 41-43. | 
Given the triangle dgd; if a 
be the middle point of gd the line 
6a will divide the triangle as re- 
quired; either because the tri- 
angles are on equal bases and of 
the same altitude[1. 38; Leonardo 9 d 
1 |, or because 


A ógd : Abad = bd. dg: bd. da®. 
Whence Aógd - 2A bad. 
A. 3 
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But if the given point be not the middle point of any 
side, let ae be the triangle and 
d the given point nearer to 2 a 
than to g. Bisect g at e and 
draw ad, ae. Through e draw Z 
ez parallel to da ; join dz. Then 


the triangle aég is bisected by 
da. 


Proof: Since 
ad|ez, Aadz= Kade. b 
To each add Aaéd. Then 
quadl. addz= Aabd+ Aade, 
= Aabe. x 
But Aabe =tAabg ; 
quadl. aódz — 1^aóg ; 


and the triangle zzz is the other half of the triangle ag. 
Therefore the triangle 24g is divided into two equal parts by 
the line dz drawn from the point d; 

“ut oportebat facere.” 


d e g 


Then follows a numerical example. 


PROPOSITION 4. 


25. “To divide a given trapeztum™ into two equal 
parts by a line parallel to uts base.” [Leonardo 23, p. 125, 
ll. 37—-38.] 

Let aógd be the given trapezium with parallel sides ad, 
bg, ad being the lesser. It is required to bisect the trapezium 
by a line parallel to the base 2g. Let gd, ba, produced, meet 
in a pointe. Determine z such that 


ze — 1 (eP -- eg?)." 
Through z draw zz parallel to gó. I say that the trapezium 


abgd is divided into two equal parts by the line zz parallel to 
the base dg. 


8 Here, and in what follows, this word is used to refer to a quadrilateral two of 
whose sides are parallel. À 
9? The point z is easily found by constructions which twice make use of I. 47. 
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Proof: For since 
22e = eb + ea’, 
and all the triangles are 
similar, 
2Aez1= Aebg + Acad. 
* Tur r9] 
From the triangle eég take 
away the triangle ezz. Then 
Aez: = quadl. zógz -- ^ eda. 
And taking away from the 
equals the triangle eda, we 
get 
quadl. az = quad. zg. 


Therefore the trapezium 9 
abgd is divided into two equal 
parts by the line zz parallel to its base. Q. o. F. 


A numerical example then follows. 





PROPOSITION 5, 


26. ‘And we divide the given trapezium into three equal 
parts as we divide the triangle, by a construction analogous to 
the preceding coustruction™.’ [Leonardo 33, p. 134, Il. 14-15. ] 


Let abgd be the trapezium with parallel sides ad, dg and 
other sides da, gd produced to meet in e. Let zz be a line 
such that 

LU vna" 


9| [t is to be noticed that Leonardo's discussion of this proposition is hardly 
“analogous to the preceding construction” which is certainly simpler than if it had 
been similar to that of Prop. 5. A construction for Prop. 4 along the same lines, 
which may well have been Euclid’s method, would obviously be as follows : 
Let zźť be a line such that 
o Ee uan, 
Divide ¢z into two equal parts, 74, 42. Find mz such that 
ent? : eb? — ki : 2i. 
Then 7 leads to the same solution as before. [For, in brief, 
— 
Io eR fzittt\ eb" fea*+eb* 
emi? — eb? | — ) —eó fp == REX cC TE 
zí 2 eb 
= $ (ea? + ebꝰ).] 


82 From VI. 19, Porism, it is clear that the construction here is to find a line x 
which is a third proportional to e and ea. Then zz :z£—e6 : a. 








zi ^ 2\ s 


3—2 





But gu :tk = eb" : ent’, 


un stb Nep DN eee ape) 

So also zi : il= Aebg : Aenp. 
Whence zt : tk = Aead : quad. ao,” 

and therefore tk : £l=quadl. ao : quadl. »p.* 


$3 This may be obtained by combining [1] and [2], and applying v. 11, 16, 17. 
?! Relations [1], [2] and — be employed, as in the preceding, to give, 
4 iA A ead :quadl. zip ; 
combining this with z¢: 44=A cad: quadl. ao, we get the required result, 


tk  kl=quadl. ao : quadl. mp. 
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But fk= ki. .*. quadl. ao=quadl. mf. 
So also kf: lz = quadl. mp : quad. xg ; 
and kl=lz. .°. quadl. mp =quadl. xg. 


Therefore the quadrilateral is divided into equal quadri- 
laterals ao, mp, ug; “ut prediximus.” 


Then follows a numerical example. 


PROPOSITION 6, 


27. ‘Lo awide a parallelogram ito two equal parts by a 
straight line drawn from a given point situated on one of the 
sides of the parallelogram.” | | Leonardo 16, p. 123, Il. 30-31. ] 


Let abcd be the parallelogram and z any point in the side 
ad.  Bisect ad in f and &c in e. 
Join fe. Then the parallelo- 
gram ac is divided into equal 
parallelograms ae, /c on equal 
bases. 

a of e4—/v. Join 2. 
Then this is the line required. 


Leonardo gives two proofs: 


I. Let ZZ meet fe in & b 
Then [As /Zz A£e are equal; 
add to each the pentagon fabh, etc. ] 


II. Since ae, fc are L's, af = be and fd=ec. But 





fa=tad. 
ei =f = CC: 
And since ft=he, at=ch. 
So also di-óh, and ZZ is common. 


.'. quadl. 2224 — quadl. zZca." 


5 The first rather than the second proof is Euclidean. There is no proposition 
of the Elements with regard to the equality of quadrilaterals whose sides and 
angles, taken in the same order, are equal. Of course the result is readily 
deduced from I. 4, if we make certain suppositions with regard to order. Cf. 
the proof of Prop. Io. 
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Similarly if the given point were between a and f, [etc.; 
or on any other side] And thus a parallelogram can be 
divided into two equal parts by a straight line drawn from a 
given point situated on any one of its sides. 


PnorosirioN 7. 


28. “To cut of a certam fraction fron a given parallelo- 
gram by a straight line drawn from a given point situated 
on one of the sides of the parallelogram.” | Leonardo 20 (the 
case where the fraction is one-third), p. 124, ll. 24—26. ] 


Let abcd be the given parallelogram. Suppose it be 
required to cut off a third of this parallelogram, by a straight 
line drawn from 2, in the side ad. 


L d 





g 
(The figure here is a combination of two in the original.) 


Trisect aZ in e and f and through e, f draw eg, fà parallel 
to ac; [then these lines trisect the L. If the pomt z ben 
the line ad, at either e or f, then the problem is solved. But 
if it be between a and e, draw z£ to bisect the L_] ah 


(Prop. 6), etc. Similarly if z were between e and /, or 
between f and d]. 


After finishing these cases Leonardo concludes : 
“eodem modo potest omnem paralilogramum diuidi in 


quatuor uel plures partes equales*." 

The construction in this proposition is limited to the case where “a certain 
fraction " 1s the reciprocal of an integer. But more generally, if the fraction 
were m:n (the ratio of the lengths of two given lines), we could proceed in a 
very similar way: Divide ad in e, internally, so that ae:ed 25: — m (n » m). 
In ad cut off ef=ae and through f draw fh parallel to a2. ‘Then, as before, 
the problem is reduced to Proposition 6. 

If the point e should fall at 7 or in the interval a the part cut off from the 
parallelogram by the required line would be in the form of a triangle which 
might be determined by 1. 44. 
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PROPOSITION 8, 


29. “ To divide a given trapezium into two equal parts by 
a straight line drawn from a given point situated on the 
longer of the sides of the trapezeum.” {Part of Leonardo 27%, 
pai27, il. 2-3. | 

This enunciation means, apparently, “from a given point situated on the 
longer of the [parallel] sides? At any rate Leonardo gives constructions for 
the cases when the given point is on any side. "These I shall take up 
successively. The figure is made from more than one of Leonardo's, and 
there is a slight change in the lettering. 

Let ad be the shorter of the parallel sides ad, 6g, which 
are bisected in 7 and & respectively. Join zÆ. Then if 6¢, gt 


o q 





v 


h i 


be joined, [it is clear, from triangles on equal bases and 
between the same parallels, that zÆ bisects the trapezium]. 
[This is Leonardo 24, p. 126, |. 31.] 

Next consider the given point as any point on the shorter side 


[Leonardo 25, p. 127, Il. 2~3]. 


First let the point be at the angle a. Cut off & in &g, 
equal to a7. Join 27, meeting Z£ in m; then the quadrilateral 
is divided as required by a/. For [the triangles atm, ml are 
equal in all respects, etc. |. 

Similarly if Z were the given point; in 4&6 cut off £z equal 
to Zd, and du divides the quadrilateral into two equal parts 
which is proved as in the preceding case. 

% Leonardo 27: “Quomodo quadrilatera duorum laterum equidistantium 


diuidantur á puncto dato super quodlibet latus ipsius" [p. 129, ll. 2-3]. 
Cf. note 46. 
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[Were the given point anywhere between a and 7 the 
other end of the bisecting line would be between ZA and 4. 
Similarly if the given point were between ¢ and d, the corre- 
sponding point would be between 4 and z.] 


Although not observed by Favaro, Leonardo now considers : 


If the given point be in the side 2g; either Z or z, or a 
point between / and z, then the above construction is at once 
applicable. 

Suppose, however, that the given point were at 6 or in 
the segment 2z, at g or in the segment Ze. First consider 
the given point at & Join éd and through z draw zc parallel 
to ód to meet gd in c. Join dc. Then òc bisects the trapezium. 
For [aózd is half of the trapezium ag, and the triangle dud 
equals the triangle dec etc. |. 

Similarly from a given point between 6 and z, a line could 
be drawn meeting g4 between c and 4, and dividing the 
quadrilateral into two equal parts. 

So also from g a line gf could be drawn [etc.]; and 
similarly for a given point between g and 4. 


Leonardo then concludes (p. 127, ll. 37-40): 


* Jam ostensum est quomodo in duo equa quadrilatera 
duorum equidistantium laterum diuidi debeant á linea pro- 
tracta ab omni dato puncto super lineas equidistantes ipsius ; 
nunc uero ostendamus quomodo diuidantur á linea egrediente 
á dato puncto super reliqua latera.” 


This is overlooked by Favaro, though implied in his 27 [Leonardo, p. 129, 
l. 4]. I may add Leonardo's discussion of the above proposition although it 
does not seem to be called for by Euclid. 


Let the point be in the side gv. For g or ¢ or d or any 
point between c and Z the above 
constructions clearly suffice. Let 
us, then, now consider the given 
point Z4 as between c and g. 
Draw the line zz parallel to gò 
to bisect the trapezium (Prop. 4). 
Suppose Z were between g and z. 
Join 24. Through z draw zœ 
parallel to 4z, and meeting ad 
in 4. 


(The lettering of the original figure is somewhat changed.) 
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Join Z£, then [this is the line required; since 
A24 — A^ Ez£, etc.]. 
[Similarly if Æ were between z and 4.] 


[So also for points on the line a.] 


PROPOSITION 9. 


30. “Lo cut off a certain fraction from a given trapezium 
by a straight line drawn from a given point situated on the 
longer side of the trapeztum.” [Leonardo 30, 31”, p. 133, 


ll. 17—19, 31.] 


I shall interpret “longer side” as in Proposition 8, and lead up to the 
consideration of any given point on dg after discussing the cases of points on 
the shorter side ad. 


d L a 


d [ K ^ 


L z € 





(This figure is made from three of Leonardo's.) 


Suppose it be required to divide the trapezium in the ratio 
UD 
Divide ad, dg in the points Z, Æ, respectively, such that 
eet ee) = OR SKE. 


% As 30, Favaro quotes, "Per rectam protractam super duo latera equi- 
distantia quadrilaterum abscisum in data aliqua proportione dividere”; as 31: 
* Divisionem in eadem proportione ab angulis habere." 

95 Here, as well as in 15 and 36, Leonardo introduces the representation of 
numbers by straight lines, and in considering these lines he invariably writes the 
word number in connection with them; ¢.g. ‘number ez: number 22,’ not ez : 22. 
Euclidean MSS. of the Elements, Books VII to 1X, adopt this same method. In 
what follows, I shall use the abbreviated form. 
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Join z. Then by joining & and £7 [1t is easily seen by vı. I 
and v. 12, that the trapezium gg 1s divided by ZZ in the ratio 
gr 

If the given point be at a or d, make A4/— a£ and e» — à. 
Join aZ 4x. [Adding the quadrilateral a£ to the congruent 
triangles with equal sides az, &/, we find æ divides the 
trapezium in the required ratio. Then from vi. 1, dz does 
the same. | 

As in Proposition 8, for any point 7" between a and /, or ¢ and d, we have 
a corresponding point Å between Z and £& or z and £, such that the line /7 
divides the trapezium in the given ratio. 


If the given point be 1n Zg at Z or z or between Z and z, the above 
reasoning suffices. 


Suppose however that the given point were at 4. Join 2d. 
Through z draw zc parallel to dd. Join dc. Then dc divides 
the trapezium in the required ratio. Similarly for the point ¢ 
and for any point between 4 and #, or between e and Z. 

Some of the parts which I have filled in above are covered by the general 
final statement: *" nec non et diuidemus ipsum quadrilaterum ab 


omni puncto dato super aliquod laterum ipsius...... " (Page 134, 
ll. ro-11. Compare Proposition 13.) 


Proposition 10, 


31. “ To divide a parallelogram into two equal parts by a 
straight line drawn from a given point outside the parallelo- 
gram." [Leonardo 18, p. 124, ll. 5-7. | 


O a 


SOR 
e E 
Ts 


Let abcd be the given parallelogram and e the point 
outside. Join éd and bisect it in g. Join eg meeting c in £ 
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and produce it to meet aZ in f. Then the parallelogram has 
been divided into two equal parts by the line drawn through e, 
as may be proved by superposition; and one half is the quadri- 
lateral /aó£, the other, the quadrilateral fécd™. 


PROPOSITION 1l, 


32. “To cut of a certain fraction from a parallelogram 
by a straight line drawn from a given point outside of the 
parallelogram.” 


This proposition is not explicitly formulated by Leonardo ; but the general 
method he would have employed seems obvious from what has gone before. 

Suppose it were required to cut off one-third of the given parallelogram ac 
by a line drawn through a point e outside of the parallelogram. ‘Then by the 
method of Proposition 7, form a parallelogram two-thirds of ac. There are four 
such parallelograms with centres £1, £?, £5, £4. Lines 4, 4, 4, /, through 
each one of these points and e will bisect a parallelogram (Proposition 1o). 

There are several cases to consider with regard to the position of e but it 
may be readily shown that, in one case at least, there 1s a line Z; (2— 1, 2, 3, 4), 
which will cut off a third of the parallelogram ac. 

Similarly for one-fourth, one-fifth, or any other fraction such as zz: which 
represents the ratio of lengths of given lines. 


Proposition ]Q2, 


33. ‘ To divide a given trapezium into two equal parts by 
a straight line drawn from a potnt which rs not situated on the 
longer side of the trapezium. Tt ts necessary that the point be 
situated beyond the points of concourse of the two sides of the 
trapezium. [Leonardo 28, p. 129, Il. 2-4, and another, un- 
numbered. | 


Proposition 18. 


34. "To cut off a certain fraction from a (paraltel-) 
trapezium by a straight line which passes through a given 
point lying inside or outside the trapeztum but so that a 
straight line can be drawn through wt cutting both the parallel 


* The proof also follows from the equality of the triangles /gd, dgé, by 1. 26 and 
of the triangles aéd, ddc by 1. 4. This problem is possible for all positions of the 
oint e. 
n 100 As Leonardo 28 Favaro gives, “Qualiter quadrilatera duorum laterum 
equidistantium dividi debeant a dato puncto extra figuram" and entirely ignores 
the paragraph headed, “De diuisione eiusdem generis, qua quadrilaterorum 
per rectam transeuntem per punctum datum infra ipsum” [p. 131, ll. 1 3-14]. 
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sides of the trapezium™.” [Part of Leonardo 32'", p. 134, 
ll. 11-12.] 


We first take up Leonardo's discussion of Proposition 12. 


In the figure of Proposition 8, suppose a7 to be produced 
in the directions of the points e and 7; Z% in the directions of 
g and v, d» of z and 4, cò of z and o, of of sand. Then for 
[any suclt exterior poimis e, 7, 2,2, 5,7 U, % 0, p; limes are 
drawn bisecting the trapezium]. 

If the given point, x, were anywhere in the section of the 
plane above ad and between ea and dz, the line joining x to 
mz would {by the same reasoning as in Proposition 8] bisect 
the trapezium. Similarly for all points below z/ and between 


1?! "The final clauses of Propositions 12 and 13, in Woepcke's rendering, are the 
same. I have given a literal translation in Proposition 12. Heath’s translation 
and interpretation (after Woepcke) are given in 13. Concerning 12 and 13 
Woepcke adds the following note: “Suppose it were required to cut off the mth 
part of the trapezium ABDC; make Aa and Cy respectively equal to the #th parts 





C d; D 


of A# and of CD; then AayC will be the zth part of the trapezium, for ya pro- 
duced will pass through the intersection of CA, DF produced. Now to draw 
through a given point E the transversal which cuts off a certain fraction of the 
trapezium, join the middle point a of the segment ay, and the point Æ, by a line; 
this line E FG will be the transversal required to be drawn, since the triangle aFy 
equals the triangle yGy. 

“But when the given point is situated as E' or E" such that the transversal 
drawn through u no longer meets the two parallel sides but one of the parallel sides 
and one of the two other sides, or the other two sides ; then the construction 
indicated is not valid since CG’py is not equal to BP ua. ‘Tt appears that this is 
the idea which the text is intended to express. The ‘points of concourse’ are the 
vertices where a parallel side and one of the two other sides intersect ; and the 
expression ‘beyond’ refers to the movement of the transversal represented as 
turning about the point u.’ 

1? *Ouadrilaterum [trapezium] ab omni puncto dato super aliquod laterum 
ipsius, et etiam ab omni puncto dato infra, uel extra diuidere in aliqua data pro- 
portioni.” 
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(met Zr [...... so also for all points within the triangles 
amd, nml]. 


This seems to be all that Euclid’s Proposition 12 calls for. But just as 
Leonardo considers Proposition 8 for the general case with the given point 
anywhere on the perimeter of the trapezium, so here, he discusses the con- 
structions for drawing a line from any point inside or outside of a trapezium 
to divide it into two equal parts. 

Leonardo does not give any details of the discussion of Euclid’s Pro- 
position 13, but after presentation of the cases given in Proposition 9 
concludes: ‘‘et diuidemus ipsum quadrilaterum ab omni puncto 
dato super aliquod laterum ipsius, et etiam ab omni puncto 
dato infra uel extra " [Leonardo 32, p. 134, ll. 10-12]. 

From Leonardo's discussion in Propositions 8, 9, 12, not only are the 
necessary steps for the construction of 13 (indicated in the Woepcke note 
above’) evident, but also those for the more general cases, not considered 


by Euclid, where restrictions are not imposed on the position of the given 
point. 


PROPOSITION 14, 


35. ‘Lo dwide a gwen quadrilateral anto two equal parts 
by a straight line drawn from a given vertex of the quadri- 
lateral.” [Leonardo 36, p. 138, Il. 10-11.] 


Let acd be the quadrilateral and æ the given vertex. 
Draw the diagonal dd, meeting the diagonal ac in e. If de, ed 
are equal, [2c divides the quadrilateral as required]. 


If de be not equal to ed, make 62 = zd. 


Draw zz||2e to meet adc in Z Join az. Then the quadri- 
lateral acd is divided as required by the line a. 


d 


m 


Proof: Join az and zc. Then the triangles aéz, azd are 
respectively equal to the triangles céz, cdz. 
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Therefore the quadrilateral aécz is one-half the quadri- 
lateral abcd. 


And since the triangles azc, azc are on the same base and 
between the same parallels ac, zz, they are equal. 


To each add the triangle adc. 


Then the quadrilateral adcz is equal to the quadrilateral 
abct. But the quadrilateral aécz is one-half of the quadri- 
lateral acd. Therefore adcz is one-half of the quadrilateral 
abcd ; “ut oportet.” 


Proposition 15, 


36. “Zo cut off a certain fraction froma given quadri- 
lateral by a line drawn from a given vertex of the guadri- 
lateral.” [Leonardo 40, p. 140, ll. 36-37.] 


Let the given fraction be as ez:27, and let the quadri- 
lateral be acd and the given 
vertex d. Divide ac in Z such 





that = « L 
at : lo= e2 : zi. a d 
If dd pass through ¢ [then dd is 
the line required |. 
But if dd do not pass through 
Zit will intersect either cz or ča ; 
let it intersect ct. Join ZZ, Z4. b C 


Then 
quadl. ¢écd: quadl. Zbad — ef : fa — ez : zz. 


Draw ¿Z parallel to the diagonal dd, and join 27. Then the 
quadrilaterals /écd, ¢écd are equal and the construction has 
been made as required ; for 


ct :ta=ez:2t=quadl. lbcd: Adat. 


And if òd intersect za [a similar construction may be given 
to divide the given quadrilateral, by a line through d, into a 
quadrilateral and triangle in the required ratio]. 

Leonardo then gives the construction for dividing a quadrilateral in 


a given ratio by a line drawn through a point which divides a side of the 
quadrilateral in the given ratio. 
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Proposition 16. 


37. “To divide a given quadrilateral into two equal parts 
by a straight line drawn from a given point situated on one 
of the sides of the quadrilateral.” [Leonardo 37, p. 138, 

. 28-20. | 


_ Let aécd be the given quadrilateral, e the given point. 
Divide ac into two equal parts by the line a? [Prop. 14]. Join 
et. he line 4 either is, or is not, parallel to ar. 


d 


b 2e 
(Two of Leonardo's figures are combined in one, here.) 


If e¢ be parallel to dc, join ec. Then the quadrilateral ac 
[1s bisected by the line ec, etc. |. 


If e¢ be not parallel to dc, draw dz||e¢. Join ez. Then 
ac {is bisected by the line ez, etc. |. 


Leonardo does not consider the case of failure of this construction, namely 
when dz falls outside the quadrilateral. Suppose in such a case that the 
problem were solved by a line joining e to a point z' (not shown in the figure) 
on de. Through z, draw Z'||leZ Join c'. Then Act’d=Actd=Acdz’, 
Whence A eZ'e- Aez'e, or Z'z' ||re. Therefore from z’, z may be found and the 
solution in this case is also possible, indeed in more than one way, but it is 
not in Euclid's manner to consider this question. 


Should the diagonal 4? bisect the quadrilateral ac, the 
discussion is similar to the above. 


But if the line drawn from d to bisect the quadrilateral 
meet the side aé in z, draw b% bisecting the quadrilateral ac. 


If & be not the given point, it will be between £ and Z or 
between 4 and a. 
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In the first case join de and through & draw &/|| ed. Join 
e/ [then e/ is the required bisector]. 


a 





b E 


If the point e be between a and & [a similar construction 
with the line through 4 parallel to de, and meeting £c in sz, 
leads to the solution by the line ez]. 


d 





b E C 


Were e at the middle of a side such as a2, draw zz || aó 
and bisect dz inz. Join ez, cz and ec. Through 7 draw z/ || ec. 
Join e¢; then e [bisects the quadrilateral ac, since A zze 2 A z£e, 
Ste. |. 


If dz were to fall outside the quadrilateral, draw from c the parallel to da ; 
and so on. 


PROPOSITION 17. 


38. “To cut off a certain fraction from a quadrilateral 
by a straight line drawn from a given point situated on one 
of the sides of the quadrilateral.” [Leonardo 39, p. 140, 
ll. ri-12.] 
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Let aécd be the given quadrilateral and suppose it be 
required to cut off one-third by a line drawn from the point e 
in the side ad. 


| Ld 
| / N, 


Draw gz cutting off one-third of ac [Prop. 15]. 
Join ez, ec. 
If ez || dc, then ecd [is the required part cut off, etc. |. 


But if ez be not parallel to az, draw dz|| ez and join ez. 
[Then this is the line required, etc. | 

The case when e cuts de is not taken up but it may be considered as in 
the last proposition. 

So also to divide ac into any ratio: draw dz dividing it in that ratio 
(Prop. 15), and then proceed as above. 

A particular case which Leonardo gives may be added. 

Let ad be divided into three equal parts ae, ef, fo; draw 
dg || ab and cut off gh=}gd. Join fc and through Z draw 


LUST 

E au 
pn 
b rl 
hi || jt, meeting de in Z Join fz; and the quadrilateral fdcz 


will be one-third of the quadrilateral ac. [As in latter part of 


Prop. 16. | 
A. 4 






— 








Cc 
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Then e£ may be drawn to bisect the quadrilateral afd 
[Prop. 16], and thus the quadrilateral acd will be divided 
into three equal portions which are the quadrilaterals a4, ez, fc. 


PRorposiTION 18. 


39. “To apply to a straight line a rectangle equal to the 
rectangle contained by AL, AC and deficient by a square™.” 


108 This proposition is interesting as illustrating the method of application of 
areas which was “one of the most powerful methods on which Greek Geometry 
relied.” The method first appears in the Elements in 1. 44: To a given straight 
line lo apply,in a given rectilineal angle, a parallelogram egual to a given triangle 
—a proposition which Heath characterises as “one of the most impressive in all 
geometry” while the “ marvellous ingenuity of the solution is indeed worthy of the 
‘godlike men of old’ as Proclus calls the discoverers of the method of ‘ application 
of areas’; and there would seem to be no reason to doubt that the particular solu- 
tion, "PR the whole theory, was Pythagorean, and not a new solution due to Euclid 
himself." 

[I continue to quote mainly from Heath who may be consulted for much greater 
detail: HEATH, Thirteen Books of Euclid’s Elements, 1, 9, 36, 343-7, 383-8 ; LI, 187, 
257-67; —H EATH, Apollonius of Perga Treatise on Conic Sections, Cambridge, 1896, 
pp. Ixxxi-Ixxxiv, cil-cxi— HEATH, Zhe Works of Archimedes, Cambridge, 1897, 
pp. xl-xlii, 110 and “ Equilibrium of Planes,” Bk HW, Prop. 1, and “On conoids and 
spheroids,” Props. 2, 25, 26, 29. See also: CANTOR, Vorlesungen tiber Ge- 
schichte der Math. 13, 289-291, etc. (under index heading ‘ Flachenanlegung’) — 
H. G. ZEUTHEN, Geschichte der Mathematik im Alterthum und Mittelalter, Kopen- 
hagen, 1896, pp. 45-52 (French ed. Paris, 1902, pp. 36-44)—C. TAYLOR, Geometry 
of Conics..., Cambridge, 1881, pp. XLIII-XLIV. ] 

The simple application of a parallelogram of given area to a given straight line 
as one of its sides is what we have in the ÆZements 1. 44 and 45 ; the general form 
of the problem with regard to exceeding and falling-short may be stated thus : 

“To apply to a given straight line a rectangle (or, more generally, a parallelo- 
gram) equal to a given rectilineal figure and (1) exceeding or (2) falling-short by a 
ae in the more gencral case, a parallelogram similar to a given parallelo- 
gram).” 

What is meant by saying that the applied parallelogram (1) exceeds or (2) falls 
short is that, while its base coincides and 1s coterminous at ome end with the 
straight line, the said base (1) overlaps or (2) falls short of the straight line ač 
the other end, and the portion by which the applied parallelogram exceeds a 
parallelogram of the same angle and height on the given straight line (exactly) as 
base is a parallelogram similar to a given parallelogram (or, in particular cases, a 
square). In the case where the parallelogram is to /a// short, some such remark 
as Woepcke's (note 104) is necessary to express the condition of possibility of 
solution. For the other case see note 116. 

The solution of the problems here stated is equivalent to the solution of a 
quadratic equation. By means of I]. 5 and 6 we can solve the equations 


axper, 
7° -—ar=6', 
but in VI. 28, 29 Euclid gives the equivalent of the solution of the general equa- 


tions 
art pr =A. 


VI. 28 is: To a given straight line to apply a parallelogram equal to a given 
rectilineal figure and deficient by a parallelogrammic figure similar to a given one: 
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“After having done what was required, if some one ask, 
How is it possible to apply to the line 4B a rectangle such 


A E C z B 


that the rectangle JZ. £7 is equal to the rectangle 4B. AC 
and deficient by a square—we say that it is impossible, because 
AF is greater than LF and AC greater than A Æ, and con- 
sequently the rectangle 24 .AC greater than the rectangle 
AE.EB. Then when one applies to the line 42 a parallelo- 
gram equal to the rectangle 447 . 4C the rectangle AZ. ZB 


iS 101 ? 


In this problem it is required to find in the given line AZ a point Z such 
that 
22-70-20 |—-AZ.ZS by ii, 3; cf. x. 16 lemma]=4AB.AC™. 


Find, by rm. 14, the side, 2, of a square equal in area to the rectangle 
AB. AC, then the problem is exactly equivalent to that of which a simple 
solution was given by Simson’: 


thus the given rectilineal figure must not be greater than the parallelogram 
described on the half of the straight line and similar to the defect. 

The Proposition 18 of Euclid under consideration is a particular case of this 
problem and as the fragment of the text and Woepcke’s note (note 104) are 
contained in it, doubt may well be entertained as to whether Euclid gave any 
construction in his book Oz Divisions. The problem can be solved without the 
aid of Book vi of the £¢ements and by means of II. 5 and r1. 14 only, as indicated 
in the text above. 

The appropriation of the terms parabola (application), hyperbola (exceeding) and 
ellipse (falling-short) to conic sections was first introduced by Apollonius as 
expressing in each case the fundamental properties of curves as stated by him. 
This fundamental property is the geometrical equivalent of the Cartesian equation 
referred to any diameter of the conic and the tangent at its extremity as (in general, 
oblique) axes. More particulars in this connection are given by Heath. 

The terms “parabolic,” “hyperbolic” and “elliptic,” introduced by Klein for 
the three main divisions of Geometry, are appropriate to systems in which a 
straight angle equals, exceeds and falls short of the angle sum of any triangle. 
Cf. W. B. FRANKLAND, The First Book of Euchds Elements with a Commentary 
based principally upon that of Proclus Diadochus...Cambridge, 1905, p. 122. 

10 Woepcke here remarks: “Evidently if e denote the length of the line to 
which the rectangle is to be applied, Problem 18 is only possible when 


a\? 
Then if a be taken as AZ one of the two sides of the given rectangle, relatively to 
the other side, AC < e. It is probably the demonstration of this which was 


given in the missing portion of the text." 

10 If AB = a, ZB = x, AB.AC — P, the problem is to find a geometric solu- 
tion of the equation ar — 27 = 2%.  Ofterdinger?? (p. 15) seems to have quite 
missed the meaning of this problem. He thought, apparently, that it was 
equivalent to X. 16, lemma, of the E/ements. 

1066 R. SIMSON, Elements of Euclid, ninth ed., Edinburgh, 1793, pp. 335-6. 
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To apply a rectangle which shall be equal to a given square, to a given 
straight line, deficient by a square: but the given square must not be greater 
than that upon the half of the given line. 


N 
(F) 





Bisect 48 in DY, and if the square on AD be equal to the square on 4, 
the thing required is done. But if it be not equal to it, 4D must be greater 
than 2? according to the determination. Then draw DO perpendicular to 4B 
and equal to 6; produce OD to WV so that OV= DBZ (or ġa); and with O as 
centre and radius OW describe a circle cutting DZ in Z. 


Then ZB (or x) is found, and therefore the required rectangle 4 77. 


For the rectangle AZ. ZB together with the square on DZ is equal to the 
square on DB, [u. 5] 


ie. to the square on OZ, 
i.e. to the squares on OD, DZ. 41 
Whence the rectangle 4Z. ZB is equal to the square on OD. 


Wherefore the rectangle 477 equals the given square upon 2 (ie. the 
rectangle 4428..4C) and has been applied to the given straight line AB, 
deficient by the square HBW., 


PnorosirioN 19. 


40. ‘ To divide a given triangle into two equal parts by a 
line which passes through a point situated in the interior of the 
triangle.” | Leonardo 3, p. 115, Il. 7-10. ] 


7 [t 1s not in the manner of Euclid to take account of the two solutions found 
by considering (F), as well as Z, determined by the circle with centre O. 

Although Leonardo’s construction for Problem 19 is identical with that of Euclid 
who makes use of Problem 18, Leonardo does not seem to have anywhere formulated 
Problem 18. He may have considered it sufficiently obvious from vt. 28, or from 
II. 5 and 11. 6, of which he gives the enunciations in the early pages (15- 16) of his 
Practica Geometriae ; he also considers (p. 60) the roots of a resulting quadratic 
equation, ar a (cf. CANTOR, Vorlesungen..., 119, 39), but does not give tt. 14. 
Cf. Bibliotheca Mathematica, (3), 1907-8, VII, 190; and also IX, 245. 
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“Let the given triangle be 4 C, and the given point in 
the interior of this triangle, D. 


It is required to draw through T 
D a straight line which divides 
the triangle 44 C into two equal 
parts. 


Draw from the point 2D a line 
parallel to the line PDC, as DE, 
and 


Apply to DZ a rectangle equal 
to half of the rectangle AB. BC, 
such as 

— 

TB. DE| TB- F| B 
Apply to the line 77 a 
parallelogram equal to the rectangle ZT. BE and deficient 

by a square™, [ Prop. 18] 





Let the rectangle applied be 
Peat Tb—fs).HT=-TR.BE),. 
Draw the line /72 and produce it to Z. 
Then this is the line required and the triangle AAC is 
divided into two equal parts WBZ and HZCA. 
Demonstration. The rectangle 78. BEF is equal to the 
rectangle 777. 7758, whence it follows that 
Be UT EE VPE, 
jenwneaedo"  IBIBHZBSH:HLE. 
But DL WUENR—Hz:ED:; iv] 
therefore Up OI uA PI. 


Consequently the rectangle 77. E is equal to the rectangle 
BH.BZ. But the rectangle Z..ED is equal to half the 
rectangle 445 . 8C ; and 


EE BE Ab, 4a wAHBZ:AABC*, 


17a The corresponding sentence in Leonardo is (p. 115, ll. 15-17): " Deinde 
linee gz applicabis paralilogramum deficiens figura tetragona, quod sit equale 
superficies ge in gz.” " Ju E 

108 «* Elements, Book v, definition 16? (Woepcke). This is definition 15 In 
HEATH, The Thirteen Books of Euclid's Elements, 11, 135. 
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since the angle B is common. The triangle WZ is, then, 
half the triangle ABC. 


Therefore the triangle ABC is divided into two equal 
parts BAZ and AAZC. 


If, in applying to 77 a parallelogram equal to the 
rectangle 78. BE and of which the complement is a square, 
we obtain the rectangle 4B. A T™, we may demonstrate in 
an analogous manner, by drawing the line 4D and prolonging 
it to A, that the triangle 4LX is one-half of the triangle 
ABC. And this is what was required to be demonstrated.” 


PnRoprosirioN 90. 


4I. ''Zo cut off a certam fraction from a given triangle 
by a line drawn froma given point situated in the interior of 
the triangle.” [Leonardo 10, p. 121, ll. 1-2.] 


“Let ABC be the given triangle and 2 the given point 

in the interior of the triangle. 

It is required to pass through > 

the point D a straight line 
which cuts offa certain fraction 
of the triangle AAC. 

‘Let the certain fraction 
be one-third. Draw from the 
point D a line parallel to the 
line 2C, as DE, and apply 
to DE a rectangle equal to 
one-third of the rectangle 
AL. BC. Let this be 


— D 
3.484. |" 


C 





E. I7 | Bz = 


19 * [n other words when Æ coincides with 4. This can only be the case 
when VD is situated on the line which joins 4 to the middle of the base BC” 
(Woepcke). If D were at the centre of gravity of the triangle, three lines could be 
drawn through 2 dividing the triangle into two equal parts. As introductory to 
his Prop. 3, Leonardo proved that the medians of a triangle mect in a point, and 
trisect one another—results known to Archimedes™, but no complete, strictly 
geometric proof has come down to us from the Greeks. Leonardo then proves 
that if a point be taken on any one of the medians, or on one of the medians pro- 
duced, the line through this point and the corresponding angular point of the 
triangle will divide the triangle into two equal parts. He next shows that lines 
through the vertices of a triangle and any point within not on one of the medians, 
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Then apply to ZZ a rectangle equal to the rectangle 78. BE 
and deficient by a square. [Prop. 18.] Let the rectangle 
applied be the rectangle 


Dn D —HEZWIZ-ZB.BE] 
Draw the line HD and produce it to Z. 


“On proceeding as above we may demonstrate that the 
triangle ZTB is one-third of the triangle ABC; and by 
means of an analogous construction to this we may divide 
E ose in any ratio. But this is what it is required 
po do» " 


PROPOSITION 2l. 


42. ‘Given the four lines A, B, C, D and that the 
product of A and D ts greater than the product of B and C; 
L say that the ratio of A to B will be greater than the ratio 
Sueco D" 


will divide the given triangle into triangles whose areas are each either greater 
than or less than the area of half of the original triangle. This leads Leonardo to 
the consideration of the problem, to draw through a point, within a triangle and 
not on one of the medians, a line which 27// bisect the area of the triangle. 
(Euclid, Prop. 19.) 

The last paragraph of Euclid's proof, as it has come down to us through 
Arabian sources, does not ring true, and it was not in the Euclidean manner to 
consider special cases. 

After Leonardo's proof of Proposition 19, a numerical example is given. 

110 Leonardo gives the details of the proof for the case of one-third and does 
not refer to any other fraction. If, however, the "certain fraction?" were the ratio 
of the lengths of two given lines, 77 : 7, we could readily construct a rectangle equal 


to = . AB. BC, and then find the rectangle BZ. 2D equal to it. The rest of the 


construction is the same as given above. 

According to the conditions set forth in Proposition 18, there will be two, 
one, or no solutions of Propositions 19 and 20. Leonardo considers only the 
Euclidean cases. Cf notes 104 and 107. 

The case where there is no solution may be readily indicated. Suppose, in the 
above figure, that BE = EZ, then of all triangles formed by lines drawn through 
D to meet 4 7 and 2C, the triangle ABT has the minimum area. (Easily shown 
synthetically as in D. CRESSWELL, Az Elementary Treatise on the Geometrical and 
Algebraical Investigations of Maxima and Mintia. Second edition, Cambridge, 
1817, pp. 15-17.) Similar minimum triangles may be found in connection with the 
pairs of sides A4 P, A4 C and AC, CB. Suppose that neither of these triangles is less 
than the triangle HAT. Then if 


AHBT:AABC> m:n, 


the solution of the problem is impossible. 

11 This and the next four auxiliary propositions for which I supply possible 
proofs, seem to be neither formally stated nor proved by Leonardo. At least some 
of the results are nevertheless assumed in his discussion of Euclid’s later proposi- 
tions, as we shall presently see. Although these auxiliary propositions are not 
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Given 4. D> B.C. To prove 4:5 — C^. 


Let the lines 4, D be adjacent sides of a rectangle; and let there be 
another rectangle with side B lying along A and side C along D. Then 
either Æ is greater than B, or D greater than C, for otherwise the rectangle 
A.D would not be greater than the rectangle £P. C. 





given in the Æ/ements, they are assumed as known by Archimedes, Ptolemy and 
Apollonius. 

For example, in Archimedes’ ‘On Sphere and Cylinder,” 11. 9 (Heiberg, ed. 1, 
1910, p. 227; Heath, ed. 1897, p. 90), Woepcke 21 is used. See also Eutocius’ 
Commentary (Archimedis Opera omnia ed. Heiberg, 111, 1881, p. 257, etc.), and 
HEIBERG, Quaestiones Archinedeae, Hauniae, 1879, p. 45f. Fora possible appli- 
cation by Archimedes (in his Measurement of a circle) of what is practically 
equivalent to Woepcke 24, see Heath’s Archimedes..., 1897, p. XC. 

The equivalent of Woepcke 24 is assumed in the proof of a proposition given 
by Ptolemy (87-165 A.D.) in his .Syz/axzs, vol. 1, Heiberg edition, Leipzig, 1898, 
PP. 43-44. This in turn is tacitly assumed by Aristarchus of Samos (circa 
310-230 B.C.) in his work Oz the Sizes and Distances of the Sun and Moon (see 
Heath’s edition Aristarchus of Samos the Ancient Copernicus, Oxford, 1913, 
pp. 367, 369, 377; 381, 389, 391). 5 

As to the use of the auxiliary propositions in the two works Proportional 
Section and Ox Cutting off a Space, of Apollonius, we must refer to Pappus 
account (Pappi Alexandrini CoZecfzozis...ed. Hultsch, vol. 11, 1877, pp. 684 ff.). 
Woepcke 21, 22 occur on pp. 696-697; Woepcke 24 enters on pp. 684-687; 
Woepcke 23, 25 are given on pp. 687, 689. Perhaps this last statement should be 
modified ; for whereas Euclid's propositions affirm that if 


a:dzcid, a-b:b2¢-d: d, 
Pappus shows that if 
a coz cid aiast s eei: 
but these propositions are immediately followed by others which state that if 
a:bzce:d, then d:aSd:e. 


Below is given a list of the various restorations of the above-named works of 
Apollonius, based on the account of Pappus. By reference to these restorations 
the way in which the auxiliary propositions are used or avoided may be observed. 
We have already (Art. 21) noticed a connection of Apollonius’ work Ox Cutting off 
a Space with our subject under discussion. Some of these titles will therefore 
supplement the list given in the Appendix. 

Wilebrordi Snellit R. F. mepi Nayou amoropns xal epi xopiov àmorouns (.Apof- 
lonit) resuscitata geometria. Lugodini, ex officina Platintana Raphelengtt, MD.CVII 
pp. 23. 

More or less extensive abridgment of Snellius’s work is given in : 

(a) Universae geometriae mixtaegue mathematicae synopsis et bint refrac- 
tionum demonstratarum tractatus, Studio et opera F. M. Mersenni. 
Parisiis, M.DC.XLIV, p. 382. 

(b) Cursus mathematicus, P. Herigone. Paris, 1634, tome t, pp. 899-904 ; 
also Paris, 1644. 

Apollonii Pergaei de sectione rationis libri duo ex Arabico MS? Latine versi 
accedunt ejusdem de sectione spatii libri duo restituti...opera C studio Edmundi 
Halley...Oxonii,...MDCCVI, pp. 8 + liii + 168. 

(a) Die Bücher des Apollonius von Perga De sectione rationis nach dem 
Lateinischen des Edm. Halley frey bearbeitet, und mit einem Anhange 
versehen von W. A. Diesterweg, Berlin, 1824, pp. xvi + 218 + 9 pl. 

(6) Des Apollonius von Perga zwet Biicher vom Verhaltnissschnttt (de 
sectione rationis) aus dem Lateinischen des Halley iibersetzt und mit 
Anmerkungen begleitet und einem Anhang versehen von August Richter 
...Elbing, 1836, pp. xxii + 143 + 4 pl. 
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Let then 4> 4. To D apply the rectangle Z7. C and we get a rectangle 


2 LPs. [1- 44-45] 
then LP SEC [vir. 19] 
But since A>A’, 
uon nA [v. 8] 
Pea ee Cet). [visas] 
Q. E. D. 


Pappus remarks: Conversely if 4 : B> C: D, 4. D>B.C. The proof 
follows at once. 


For, find 4’ such that deum. D 
then A:B>A':B, 
and 4 > A’. But A. D=B.C. +. A. D>B.C. Q. E. D. 


PROPOSITION Q92. 


43. ‘And when the product of A and D ts less than the 
product of B and C, then the ratio of A to B ts less than the 
ratio of C to D." 





Die Bücher des Apollonius von Perga de sectione spatii wiederhergestellt von 
Dr W. A. Diesterweg...Elberfeld, 1827...pp. vi-- 1544-5 pl. 

Des Apollonius von Perga zwei Bücher vom Raumschnitt. Ein Versuch in der 
alten Geometrie von A. Richter. Halberstadt, 1828, pp. xvi + 105 4- 9 pl. 

Die Biicher des Apollonius von Perga de sectione spatii, analytisch bearbeitet 
und mit einem Anhkange von mehreren Aufgaben ähnlicher Art versehen 
von M. G. Grabow...Frankfurt a. M., 1834, pp. 80 + 3 pl. 

Geometrische Analysis enthaltend des Apollonius von Perga sectio rationis, 
spatii und determinata, nebst einem Anhange zu der letzten, neu bearbettet vom 
Prof. Dr Georg Paucker, Leipzig, 1837, pp. xil + 167 + 9 pl. 

M. Chasles discovered that by means of the theory of involution a single 
method of solution could be applied to the main problem of the three books of 
Apollonius above mentioned. This solution was first published in Te Mathe- 
emafzcian, vol. I1, Nov. 1848, pp. 201-202. This is reproduced by A. Wiegand in 
his Dre schwierigeren geometrischen Aufgaben aus des Herrn Prof. C. A. Jacobi 
Anhängen zu Van Swinden’s Elementen der Geometrie. Mit Ergänzungen 
englischer Mathematiker... Halle, 1849, pp. 148-149, and it appears at greater 
length in Chasles’ Traité de Géométrie supérieure, Paris, 1852, pp. 216-218 ; 2° éd. 
1880, pp. 202-204. It was no doubt Chasles who inspired Die Elemente der 
projectivischen Geometrie in synthetischer Behandlung. Vorlesungen von H. Hankel, 
(Leipzig, 1875), “Vierter Abschnitt, Aufgaben des Apollonius,” pp. 128-145 ; 
“sectio rationis,” pp. 128-138; “sectio spatii," pp. 138-140. 

The “ Three Sections,” the “ Tangencies” and a“ Loct Problem” of Apollonius 
...dy M. Gardiner, Melbourne, 1860. Reprinted from the Transactions of the Royal 
Society of Vzctoria, 1860-1861, v, 19-91 4- 10 pl. 

Die sectio rationis, sectio spatii und sectio determinata des Apollonius nebst 
einigen verwandten geometrischen Aufgaben von Fr. von .Lühmann. Progr. 
Königsberg in d. N. 1882, pp. 16 + 1 pl. 

“ Ueber die fiinf Aufgaben des Apollanius,” voz L. F. Ofterdinger. Jahreshefte 
des Vereines fiir Math. u. Naturwiss. in Ulm a. D. 1888, 1, 21-38; “Verhaltniss- 
schnitt," pp. 23-25; ‘‘Flachenschnitt,” pp. 26-27. 
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From the above proof we evidently have 
CU dI 
that is, 
A Be Ce. 
Conversely, as above, if 4:8<C:D, A.B<C.D. 


It is really this converse, and not the proposition, which Euclid uses in 
Proposition 26. Proclus remarks (page 407) that the converses of Euclid’s 
Elements, 1. 35, 36, about parallelograms, are unnecessary *' because it is easy 
to see that the method would be the same, and therefore the reader may 
properly be left to prove them for himself.” No doubt similar comment is 
justihable here. 


PROPOSITION 923. 


44. “Gwen any two straight lines and on these lines the 
points A, DB, aud D, E ; and let the ratio of AB to BC be 


e C A 
———2 


E [w] Z D 
— — — — 


greater than the vatio of DE : EZ ; Í say that dividendo the 
ratio of AC to CB will be greater than the ratio of DZ to 
LT 


Given AB: BC DE VEZ 
To prove ACCE > DLA. 
To AB, BC, DE find a fourth proportional £ W. [vi 12] 
Then AB: BC= DE Vacs ee (1) 
But AB :BC> DEI; 
v DE: GWD a. [v. 13] 
M UE cM [v. 8] 
From (1) AC: CHR DESEE, e (2) [VE 
since DW:-JDZ, DW: WE» DZ: WE. [v. 8] 
. AC:CB» DZ: WE. [v. 13] 
But Wh <2 3. DZ: WES De 2 [v. 8] 


' AC: CB> DZ:ZE. "Eromv(2)mmdl m 
Q. E. D. 
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PROPOSITION 924. 


45. “And im an exactly analogous manner I say that 
when the ratio of AC to CB ts greater than the ratio of DZ 
to LE, we shall have componendo”? the ratio of AB to BC is 
greater than the ratio of DE to EZ.” 


Given AC: CB > DZ.: ZE. 
To prove Ec nU o DE: EZ 


Determine HV, as before, such that 
wh Boe De + iT. 


Then AC: CB=DW: WE. [v. 17] 
RE gu ZZE 22 (1) vars] 
Now either EW> EZ or E W< EZ. 
It £ IW» EZ, DW « DZ, and 
DW: EW< DZ: EW. [v. 8] 
So much the more is 
DW:EW<DZ: EZ [v. 8] 
which contradicts (1). 
‘eee M eZ. 
But Bee CS DE Ely, 
and DET > DEVEZ; [v. 8] 
Ae > te EZ. [v. 13] 
Q. E. D. 


Proposition 25, 
46. "Suppose again that the ratio of AB to BC were 


B C A 
— — — — — — 


E Z D 
— —— —ñe — — 


less than the ratio of DE to EZ, dividendo the ratio of 
mC 10 CH wil be less than the ratio of DE to ZE™.” 


12 * Elements, Book v, definition 15? (Woepcke). This is definition 14 in 
HEATH, Zhe Thirteen Books of Euclid’s Elements, Wi, 135. E 

13 "The auxiliary propositions are introduced, apparently, to assist in rendering, 
with faultless logic, the remarkable proof of Proposition 26. In this proof it will be 
observed that we are referred back to Proposition 21, to the converse of Proposition 
22 and to Proposition 25 only, although 23 is really the same as 25. But no step 
in the reasoning has led to Proposition 24. Ifthis is unnecessary, why has it been 
introduced ? [continued overleaf. 
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Just as the proof of Proposition 22 was contained in that for Proposi- 
tion 21, so here, the proof required is contained in the proof of Proposition 23. 
Similarly the converse of Proposition 25 flows out of 24. 

Proposition 26. 


47. “To divide a given triangle into two egual parts by 
a line drawn from a given point situated outside the triangle.” 
[ Leonardo 4, p. 116, Hl. 35-36: ] 


Let the triangle be ar and d the point outside. 


Join ad and let ad meet dg in e. If de=eg, what was 
required is done. For the triangles ade, aeg being on equal 
bases and of the same altitude are equal in area. 


But if de be not equal to eg, let it be greater, and draw 
through d, parallel to 2g, a line meeting a? produced in z. 


Since | de 4p, 
area a0. 6e 7 Larea a6. óg ; [CK viru 


much more then is 


area aó. zd » larea a6 . og, since 2d > be. 
Now take 
area 20,.zd=4area ab. bg; [1. 44] 
then area a6 . 6e » area 20 . zd, 
and zd :óe «ba i br", [Prop. 21 or 2a 


To answer this question, let us inspect the auxiliary propositions more closely. 
In a sense Propositions 21 and 22 go together: If aZ Z óc, then a:ó6 z c:d. 
So also for Propositions 23 and 25: If a:óz c:d, then a—ó:6 Z e—-d:d. 
Proposition 24 is really the converse of 23: If a:ó- c:d, thena -- 6:6 c d:d. 
Had Euclid given another proposition: If a@:é<c:d then a+6:b<c+did, 
we should have had two groups of propositions 21, 22, and 23, 25 with their 
converses. Now the converses of 21 and 22 are exceedingly evident in both 
statement and proof. But this can hardly be said of the proof of 24, the 
converse of 23. The converse of 23 having been given the formulation of the state- 
ment and proof of the converse of 25 is obvious and unnecessary to state, accord- 
ing to Euclid’s ideals (cf. Art. 43). It might therefore seem that Proposition 24 
is merely given to complete what is not altogether obvious, in connection with the 
statement of the four propositions 21 and 22, 23 and 25, and their converses. In 
Pappus’ discussion some support is given to this view, since Propositions 21 and 22 
and converses are treated as a single proposition ; Propositions 23, 25 as another 
proposition, while the converses of 23 and 25 are dealt with separately. 

The more probable explanation 1s, however, that Propositions 23 and 24 were 
given by Euclid because they were necessary for the discussion of other cases of 
Proposition 26 (assuming that the first case of Leonardo was that given by Euclid), 
for it was not his manner to consider different cases. Indeed if we take Ze less than 
ge in the first part of Leonardo's discussion exactly Propositions 23 and 24 are 
necessary. 

4 Therefore 6¢<6a, and if i be measured along Za, 7 will fall between 2 and a. 


47] PROPOSITIONS 25-26 61 
But 2d : be = 2a: ab, [vi. 4] 
4 20:600 «0:20; [v. 13 and Prop. 25] 


Or area zb. br <area 6a . ai. 
[Converse of Prop. 22] 


Apply a rectangle equal to the rectangle 2d. 62 to the line 
bi, but exceeding by a square™; that is to dz apply a line such 
that when multiplied by itself and by £z the sum will be equal 
to the product of zó and dz; let ¢z be the side of the square'*. 


Draw the straight line Ad. Since 


area zó .0z - bi. ti e t? - area &£ . ti, 


115 Here again we have an expression with the true Greek ring: “adiungatur 
quidem recte . 27. paralilogramum superhabundans figura tetragona equale super- 
ficiei . zġ. in . 0." 

116 We have seen that 7 lies between 6 and a. And since it has been shown that 
26. bi<ba.at, we now have ba.at>$6t.tt. If bt>é6a, t is also greater than az, 
and é¢.7tda.at. Therefore 6¢<éa and / falls between 6 and a, But it also falls 
between a and Z by reason of the construction (always possible) which is called for. 

In his book on Divisions (of figures) Euclid does not formulate the proposition 
here quoted, possibly because of its similarity to Proposition 18 (see note 103). 


E 


E. 


If we let the rectangle 26. d7=c*, / — x, and &—a, we have to solve geometrically 


the quadratic equation ; 
ax aic, [continued overleaf. 
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20 theta, “Toe 
or at: emt 7. [v. 18] 
But st ota sd e0R, (od | 
>: 64:bk=be : 62, 
and area £6. 6¢=area zd. bi. 
But area zd. 62=darea ad. be, 
Abk = 4 Aabo”. 

Therefore the triangle adég is 
divided by a line drawn from the 
point @, that is, by theline ¢kd, into Z 


two equal parts one of which is 
the triangle 727, and the other the quadrilateral zga. 


Q. E. F. 





Leonardo now gives a numerical example. He then continues: 


Heath points out (Elements, vol. 1, pp. 386-387) that the solution of a problem 
theoretically equivalent to the solution of a quadratic equation of this kind is 
presupposed in the fragment of Hippocrates’ Quadrature of /unes (5th century B.C.) 
preserved in a quotation by Simplicius (fl. 500 A.D.) from Eudemus' ZZsfory oj 
Geometry (ath century B.C). See Simplicius Comment. in Aristot. Phys. ed. 
H. Diels, Berlin, 1882, pp. 61-68 ; see also F. RuDto, Der Bericht des Simplicius 
über die Quadratur des Antiphon und Hippokrates, Leipzig, 1907. 

Moreover as Proposition I8 is suggested by the Z/ezizs, II. 5, so here this 
problem is suggested by 11. 6: 7f a straight line be bisected and a straight line be 
added to it in a straight line, the rectangle contained by the whole with the added 
straight line and the added straight line together with the square on the half 
ts egual to the sguare on the straight line made up of the half and the added 
straight line. 

If AP is the straight line bisected at C and £2 is the straight line added, then 
by Il. 6, 

? AD.DBMA- CD - CDe. 


In his solution of our problem, Robert Simson proceeds, in effect, as follows 
(Elements of Euclid, ninth ed., Edinburgh, 1793, p. 336): Draw 2Q at right angles 
to AB and equal to c. Join CQ and describe a circle with centre C and radius 
CQ cutting AB produced in D. Then BD or xis found. For, by 11. 6, 


AD. DB+CR=Cl*, 


-Cg., 
-—CD-M-BQ? 
e. AD. DB BQ?, 
whence (aT 2)xr-2c 
or axte =e. 


It was not Euclid’s manner to consider more than one solution in this case. 
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[If the point d were on one 
side, a6, produced at say, 2], 
through z draw ze parallel to 
óg and meeting ag produced 
in e. 

Make 

area ze. gez — larea ag . 9ó, 


and apply a rectangle, equal to 
the rectangle eg.7, to the line 
gt, but exceeded by a square; 





then Cet = Or it. 


Join zz, then [this is the required line. The proof is step 
for step as in the first case}. 


Leonardo then remarks: “Que etiam demonstrentur in numeris,” and 
proceeds to a numerical example. Thereafter he continues: 


But let the sides ad, gé of the triangle be produced to 4 
and e respectively ; and let z 
be the given point in the angle t 
ebd from which a line is to be 
drawn dividing the triangle 
abg into two equal parts. Join 
26 and produce it to meet ag in 
z. If az=zg, the triangle adg 
is divided into two equal parts 
by the line zz. But [if az > zg, | 
let za produced meet, in the 
point Z, the line drawn through 
z parallel to 24. 





Since 
zd 
za>t4ag, area ab .az> area óa.ag. 
Make area zZ.a£-—1area óa.ag; 
then make area a7. &/ —- area /a . a£. 


Join zz Then as above the triangle aóg is divided into 
two equal parts by the line zZ, one part the triangle /ac, the 
other the quadrilateral 4g. 


To this statement Leonardo adds nothing further. The proof that Å lies 
between a and z, and Z between Å and z, follows as in the first part. 
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PROPOSITION 97. 


48. ‘To cut off a certain fraction of a triangle by a 
straight line drawn froma given point situated outside of the 
triangle”. " [Leonardo 11, p. 121, ll. 22-23.] 


Let abg be the given triangle and d the given point outside. 
It is required to cut off from the triangle a certain fraction, say 
one-third, by a line drawn through d. Join ad, cutting bg in c. 
If either £c or cg be one-third of 2e, 
then the line ad through the point 4 
cuts off one-third of the triangle ag. 
But if this be not the case produce að, 
ag to meet in z and e respectively 
the line drawn through d parallel 
to dg. 


Make 
area de . gt = } area ag . 96, z 





and apply to the line gz a rectangle 
equal to the rectangle eg.gz, but exceeded by a square; then 


CS BE eee. 
Draw the line £z. I say that the triangle £g is one-third 
of the triangle ag. 


Proof : For since 
area eg.gz- area g£. £t, 


eg ig — e : dg. 
Hence ch: gkR=gk: gt. [v. 17] 


"17 Some generalizations of the triangle problems in Propositions 19, 20, 26 and 
27 may be remarked. Steiner, in 1827, solved the problem: “Arough a given point 
on a sphere fo draw an arc of a great circle cutting two given great ‘circles such that 
the intercepted area ts equal to a given area. (J. STEINER, “Verwandlung und 
Theilung sphärischen Figuren durch Construction,” Crelle Ji, \1 (1827), pp. 56 f. 
Cf. Syllabus of Townsend’s course at Dublin Univ., 1846, in Nouvelles Annales 
de Mathématiques, Sept. 1850, 1X, 364; also Question 427 (7) proposed by Vannson 
in /Vouvelles Annales... fan. 1858, XVI, 45; answered Aug. 1859, XVIII, 335-6.) 
See also GUDERMANN, * Über die niedere Sphirik,” Crelle /2, 1832, viti, 368. 

In the next year Bobillier solved, by means of planes and spheres only, the 
problem, /o draw through a given line a plane whith shall cut off from a given 
cone of revolution a required volume. (Correspondance Math. et Physique 
(Quetelet), vi* livraison, Iv, 2-3, Bruxelles, 1828.) 
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But ch: kg =de: gm: | v1. 2] 
ee pres p : em. 
" area gk. gm —area de . er. 
But area de . ez — l area ag . gó ; 
" area g£. gm — 1 area ag. gà. 
And since 


area g& . gm : area ag. gb= Akgm: Aago®, 
A Ken — 1^ agb. 


In a similar manner any part of a triangle may be cut off 
by a straight line drawn from a given point, on a side of the 
triangle produced, or within two produced sides. 


PROPOSITION 98. 


49. “To divide into two equal parts a given figure bounded 
by an arc of a circle and by two straight lines which form a 
given angle.” [Leonardo 57, p. 148, Il. 13-14.] 


“Let ABC be the given figure bounded by the arc BC 
and by the two lines AP, AC 
which form the angle BAC. A 
It is required to drawa straight T 
line which will divide the figure 
ABC into two equal parts. 


“Draw the line BC and 
bisect it at Æ. Through the 
point Æ draw a line perpen- 
dicular to BC, as ZZ, and € B 
draw the line AZ. Then be- 
cause DE is equal to ÆC, the l 
area JZ£ is equal to the area Z 
mc eeeethe triangle 4LL 
is equal to the triangle d&C. Then the figure ALZE will 
equal the figure ZCAL. Ifthe line AZ lie in ZZ produced, 
the figure will be divided into two equal parts 4 4LZ£ and 
CAEZ. But if the line AZ be not in the line ZZ produced, 
join 4 to Z by a straight line and through the point Æ draw 
a line, as ÆT, parallel to the line 4Z. Finally draw the line 


A. 5 
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TZ. I say, that the line ZZ is that which it is required to 
find, and that the figure AZC is divided into two equal parts 
ABZT and ZO 


“For since the two triangles 7ZA and ÆZA are con- 
structed on the same base AZ and contained between the 
same parallels 47, 7: the triangle ZTA is equal to the 
triangle AZZ. Then, adding to each the common part 
AZB,we have TZBA equal to ABZL. But this latter figure 
was half of the figure ABC; consequently the line ZT is 
the line sought and BZCA is divided into two equal parts 
ABZT. TZC, which was to be demonstrated.” 


Leonardo’s proof is practically word for word as the above. He gives two 
figures and in each he uses the Greek succession of letters. 

It is doubtless to this Proposition and the next that reference is made in 
the account of Proclus [Art. 1]. 


PROPOSITION 29. 


50. “To draw in a given circle two parallel lines cutting 
off a certain fraction fron the circle." [Leonardo 51 (the case 
where the fraction is one-third), p. 146, Il. 37-38.] 


* Let the certain fraction be one-third, and the circle be 
ABC. It is required to do that which is about to be ex- 
plained. 

A 





“Construct the side of the triangle (regular) inscribed in 
this circle. Let this be 4C. Draw the two lines 42D, DC 
and draw through the point D a line parallel to the line 4C, 
such as DZ. Draw the line CZ. Divide the are AC into 
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two equal parts at the point Æ, and draw from the point Æ 
the chord ZZ parallel to the line 7C. Finally draw the line 
AL. | say that we have two parallel lines £Z, CB cutting 
off a third of the circle 4 2C, viz. the figure ZA CE. 

“Demonstration. The line AC being parallel to the line 
DP, the triangle DAC will be equal to the triangle BAC; 
add to each the segment of the circle ÆC; the whole figure 
DAE£C will be equal to the whole figure BAEC. But the 
figure DAC is one-third of the circle. Consequently the 
hgure LAEC is also one-third of the circle. Since EZ is 
parallel to C, the arc £C will be equal to the arc BZ; but 
EC is equal to EA, hence EA equals ZZ. Add to these 
equal parts the arc ECA; the whole arc AB will equal the 
whole arc EZ. Consequently the line 48 will be equal to 
the line ZZ, and the segment of the circle 4ECA will be 
equal to the segment of the circle ECZZ. Taking away the 
common segment LC, there remains the figure ZZAC equal 
to the figure BAEC. But the figure BALC was one-third 
of the circle A&C. Then the figure EZ8C is one-third of 
the circle 4 AC; which was to be demonstrated. 

“ When it is required to cut off a quarter of a circle, or a 
fifth or any other definite fraction, by means of two parallel 
lines, we construct in this circle the side of a square or of the 
pentagon (regular) inscribed in the circle and we draw from 
the centre to the extremities of this side the two straight lines 
as above. (The remainder of) the construction will be 


18 ? 


analogous to that which has gone before™. 

The statement and form of discussion of this proposition are not wholly 
satisfactory. For “a certain fraction” in the enunciation we should rather 
expect “one-third,” as in Leonardo; while at the conclusion of the proof might 
possibly occur a remark to the effect that a similar construction would apply 
when the certain fraction was one-quarter {by means of 1v. 6], one-fifth [1v. 11], 
one-sixth [1v. 15], or one-fifteenth [1v. 16], but is it conceivable that Euclid 
added “or any other definite fraction”? Moreover the lack of definition of 
JD and certain matters of form seem to further indicate that modification of 
the original has taken place in its passage through Arabian channels. 


118 This problem is clearly not susceptible of solution with ruler and compasses, 


fos. 
in such a case as when the “certain fraction,” ns one-seventh. In fact the only 
cases in which the problem is possible, for a fraction of this kind, is when z is of 

S $5 S, 
the form 2? (22? ! 4- 1) (2? ? - 1) ... (27 " 4- 1), 
. 5 
where 2, and s’s (all different), are positive integers or zero, and 2? ee L(72— 1,2, ... 22) 
is a prime number. (Cf. C. F. GAUSS, Dzsquisitiones Arzthmeticae, Lipsiae, 1801, 
French ed., Paris, 1807, p. 489.) 
5—2 
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On the other hand Leonardo presents the proposition as if drawn from 
the pure well of Euclid undefiled. Here is his discussion. (I have sub- 
stituted C for his 4, and BZ for his g.) 


“And if, by means of two parallel lines, we wish to cut off from a circle 
A CB, whose centre is D, a given part which is one-third, draw the line AC, 
the side of an equilateral triangle inscribed in the circle a2g. Through the 
centre D draw DB parallel to this line and join CZ. Bisect the arc 4C at 
Æ and draw ÆZ parallel to 2g. I say that the figure contained between the 


lines CZ and EZ and the arcs ÆC and BZ is one-third part of the circle 
ACB. 


* Proof: Draw the lines DA and DZ and AB. 


“The triangles BA Cand DAC are equal. To each add the portion 4 E. 
Then the figure bounded by the lines BA and A&C and the arc ALC is 
equal to the sector DA LC which is a third part of the circle ABC. 


“ Therefore the figure bounded by the lines 84 and #C and the arc AEC 
is a third part of the circle. 


“And since the lines CB and #Z are parallel, the arcs ÆC and BZ are 
equal. But arc £C is equal to arc AE. Therefore arc AZ is equal to the 
arc BZ. "To each add the arc EZ, and then the arc AZCB will be equal to 
the arc EC ABZ, 


“ Hence the portion £ZAC of the circle is equal to the portion ABCE. 
Take away the common part between the line CZ and the arc BC and there 
remains the figure, bounded by the lines BC and £Z and the arcs CZ and 
BZ, which is the third part of the circle since it is equal to the figure bounded 
by the lines Z4 and ZC and the arc A EC ; quod oportebat ostendere." 


In his perpexa (111. 18) Heron of Alexandria considers the problem: Zo 
divide the area of a circle into three equal parts by two straight lines. He 
remarks that “it is clear that the problem is not rational”; nevertheless **on 
account of its practical use” he proceeds to give an approximate solution. 
By discussion similar to that above he finds the figure Z CEA, formed by 
the triangle BCA and the segment C/A, to be one-third of the circle. 
Neglecting the smaller segment with chord BC, we have, that BA cuts off 
* approximately " one-third of the circle. Similarly a second chord from ZB 
might be drawn to cut off another third of the circle, and the approximate 
solution be completed. 
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Proposition 80. 


5I. "7o dide a given triangle into two parts by a line 
parallel to rts base, such that the ratio of one of the two parts 
to the other zs equal to a given ratio." 

Although Leonardo does not explicitly formulate this problem or the 
next, the method to be employed is clearly 


indicated in the discussion of Proposition 5 a e 
(Art. 26). 


Let abg be the triangle which is to be 
divided in the given ratio ez: zi, by a line 
parallel to 2g. Divide a£ in Z such that 


a di oro. h K 
Draw Z£||2z and meeting ag in £. Then 
the triangles a#2 and aég are similar and b g 
A ahk : ^ abg- af? :aP. — [vt. xg] 
But al? : ab? —e : et, 
"Aa Nabe - es : ei; 
whence A akk : quadl. Aég& — es : 21; [V. 16, 17] 
and the triangle aég has been divided as required. 


Z. 


Proposition 81. 


52. “To diwide a given triangle by lines parallel to its 
base tnto parts which have given ratios to one another.” 


Again in the manner of Proposition 5, suppose it be required to divide 
the triangle a2g into three parts in the ratio 
ez: 2¢: ti. Then determine the points 4, / A e 
in a? such that 





"rab mes :emu £ 
and n ug —ef e. 
Then am valt=ez:ef. ([v. 16, 20] 
Aahk : halm=ez: et, t 
and .. Aah: quadl. Almk= ez: zt. 
Similarly 
Aalm : quadl. dagm=et : tt. b L 


But Aahk: Aalm=ez: et. 
Aahk : quadl. bgm=ez: tt. [v. 20] 
Hence, Aahk : quad. Aéme : quadl. logm =ez : at: tt, 


and the triangle ag has been divided into three parts in a given ratio to one 
another. So also for any number of parts which have given ratios to one 
another. 
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PROPOSITION 82. 


53. ‘Zo divide a given trapezium by a line parallel to its 
base, into two parts such that the ratio of one of these parts to 
the other is equal to a given ratio.” [Leonardo 29, p. 131, 
Il. 41—42. ] 

Let aógd be the trapezium which is to be divided in the 
ratio ez : zz by a line parallel to > 
the base. Produce the sides a, 
£4 through « and Z to meet in /. 


Make ID al =n 
and = Af: (60+ 22?) =e ea 

Through 4 AZ draw Zw, hk 
parallel to 2g and aZ. Then I say 
that the quadrilateral ag is divided 
in the given ratio, ez : zz, by the 
line £4. 

Proof: For since the triangles 
tli, tad are similar 

tl? : aP= tlm: Atad: 3 





but tl? : aP=2i: ez: 
nom l0EuPAdDe : Ata 
Whence ez: ez=(Atlm+ Atad) : Atad, [v. 18] 
or ez: et=Atad : (Atém+ Atad). [v. 16] 
But by construction 
ez : et — A 1L (OP M ID), 
and . AP? :(0£-F£P) — AZAR : (Abg - An). [v1. 19] 
' ez : ei= Athk : (Atbg + Am). 
But AlAk = Atad + quadi. ak. 
Similarly 
Atog + Allm = quad]. ag + Atad + A tlm. 
"~ ez :eï=(quadl. ak + Atad) : (quadl. ag + Atad + Atim). 
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But ez: et= Atad : (Atad+ Adlm) ; 
" eg: ez=quadl. a&: quadl. ag; [v. 11, 19] 
whence ez : 2t=quadl. ak : quadl. dg. 


And the trapezium has been divided in the given ratio. 


Then follows a numerical example and this alternative construction and 
proof: 


Draw z/s such that, 
wu IP fa,” 
and divide w/ in z, such that Zz is to mm in the given pro- 
portion. 


t 





S b 


In 76 determine Z such that 
UP IP -mns: sm. 


Draw hé || dg. Then, 
quadl. a& : quadl. £g — Zu : um. 


uo Tor, Da Vno Aga. [vi. 19] 
and Uv tall a. 
DU 05 —eNOe c /NZEB, cae neces ena ses [1] 
Again, since zc Ate ns e 
and ATE AMESEU : th, 
[2] 


*. sm: nm=Atbg : quadl. hg. [v. 16, 21] 
ie MES [3] 
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But Spr ids Atbg : Mtad™*, 
or mis’: Alor = ls : Alaa, 
while ms: Atog=ns : Athk; [from [2]] 
£y es = ATEM > Le ase [4] 
From [3] ms: Atbg=nm : quadl. he. 
But from [4] st :lan=Atad squadk qu dvor 
un s: Afad —n : quadl. a4. 
But from [1] His’: Rig sl ae 


un ms: Qtbg=ln : quad. ak; 
mn: quadl. Ag =ln : quad). ak; 


ln : nm - quad]. a£ : quadl. Zg. 


Hence the quadrilateral ag is divided by the line Z4, 
parallel to the base 2g, in the given proportion as the 
number /z is to the number zzi. Which was to be done. 


Then follows a numerical example. 


PROPOSITION 88. 


54. ‘Lo dwide a given trapezium, by lines parallel to its 
base, into parts whith have given ratios to one another.” 


[Leonardo 35, p. 137, ll. 6-7.] 


Let aógd be the given trapezium and [let ez : z? : 27 denote 
the ratios of the three parts 
into which the trapezium is to I 
be divided by lines parallel to 
the base 4g]. Let ġa, gd pro- [€ 
duced meet in Æ and find Z such 
that +Z 
DE: aac c 


Then determine #z and z such 
that 
bk? : kunt = tl : lz, 


and bf? : kn*= tl : 2. t 


118a Such mixed ratios as these (ratios of lines to areas), and others of like kind 
which follow in this proof, are very un-Greek in their formation. This is sufficient 
to stamp the second proof as of origin other than Greek. The first proof, on the 
other hand, is distinctly Euclidean in character. 
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Through zz, z draw lines mo, np parallel to 6g. In the 
same manner as above 
quadl. ao : quadl. zs — ez : zz; 
and quadl. zz? : quadl. zg — zi : 7 


Then follows a numerical example in which the line Z/Zzs, perpendicular 
to ég, is introduced into the figure. : 


Here is a proof of the Proposition : 


By construction, v. 16 and vi. 19, 


EUST vel, trt [1] 
So also ee IU enn tent aE [2] 
and Eu 5p E E E eiae [3] 
From [1] Akad: Akbg =el: ti 
But from [2] A kbg : A kmo = tl: lz; 
hence, by [v. 20], Eu cA S Locees eer ker rem Eee mna PET [4] 
or alternately A K0: Akad — ds : e. 
Hence, separando, DECIMUM JU A el  E [5] 


So also from [2] and [3] 
Akmo: Nknp =ls: 10; 


and A kmo : quadl. mp =/z: iz. 
But from [4] Akad: Akmo=el: ls; 
therefore, by [v. 20], BO OP UII uA deor vs sendvsencc [6] 


Hence from [5], by [v. 2o], 
quadl. ae : quadl. zi? — ez : 2i. 


Again, from [3], quadl. zg : Akbg= ti: 12; 
and since from [t1], Akbg: Akad = tl: el, 
we have quadl. ng: Akad = ñt : el. 


Hence from [6], by [v. 20], we get 
quadl. zg: quadl. mp = zt: 22, 
or alternately quadl. mp: quadl. ug = zt : it. 


And since quadl. ao: quadl. mp = ez: zi, the trapezium ag has been divided 
by lines parallel to the base ag, into three parts which are in the required 
ratios to one another. Q. E. F. 
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PROPOSITION 34. 


55. ‘Zo divide a gwen quadrilateral, by a line drawn 
Jrom a gwen vertex of the quadrilateral, into two parts such 
that the ratio of one of these parts to the other ts egual to a 
given ratio. [Leonardo 40, p. 140, Il. 36-37. | 


Let abcd be the given quadrilateral, and ez : zz thegivenratio. 
It is required to draw from the 


angle 74 a line to divide the 2 L 
quadrilateral in the ratio ez : zz. ! | 
Draw the diagonal ac and a d 


on it find Z such that 
ct: at=e2 : 21. 
Draw the diagonal d. Then 


if ód pass through ¢ the quadri- — * 
lateral is divided as required, 


in the ratio ez : zz. b 
Eor * 
Adct : Adta=ct : ta, 
=A: Ala. 
. cL: ta=Adeb : Aadd. [v. 18] 
But cl : lame 1 27; 


‘. eg :at=Abde: Abda; 


and the quadrilateral ac is divided, by a line drawn from a 
given angle, in a given ratio. 


But if ód do not pass through Z, it will cut ca either 
between c and ¢ or between Z and æ. Consider first when 
ód cuts cf. Join ó and ¢d. Then, 


quadl. 7/cd : quadl. toad = ct : ta=e2 : 22. 
Draw 7£||óg and join d&. Then 
quadl. £écd = quad. ¢bcd; 
 quadl &&d: ^da£&-ez : at, 


and the line Z£ has been drawn as required. 
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If the diagonal 24 cut a7, through / draw 7/ parallel to the 
diagonal 27. Join ZZ Then as before, 


ct: ta=ez : t= Adcl: quadl. adda. 
d 


b L e 


Hence in every case the quadrilateral has been divided as required by a 
line drawn from Z. Similarly for any other vertex of the quadrilateral. 


PROPOSITION 35, 


56. “Zo divide a given quadrilateral by lines drawn 
from a given vertex of the quadrilateral into parts which 
are im given ratios to one another.” 


Although Leonardo does not explicitly formulate this problem, the 
method he would have followed is clear from his discussion of the last 
Proposition. Let aécd be the quadrilateral to be divided, by lines drawn 
from d, into three parts in the ratios to one another of ez: 27: i. 


e Z t t 


Divide ca at points 7, ¢ so that 
(iy: fatsles :z2 14. 
Through z,7 draw lines parallel to dd, and meeting óc (or a2) in 7 and 
ab (or bc) in m. 
Then as above d/, dm divide the quadrilateral as required. 


We may proceed in a similar manner to divide the quadrilateral abcd, hy 
lines drawn from the angular point Z, into any number of parts 1n given ratios 
to one another. 
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PROPOSITION 36. 


57. “Having resolved those problems which have gone 
before, we are in a position to dwide a given quadrilateral in 
a given ratio or in given ratios by a line or by lines drawn 
from a gwen point situated on one of the sides of the guadrila- 
terat, due regard being paid to the conditions mentioned above.” 

This problem, also, is not formulated by Leonardo ; but from his discussion 


of Euclid’s Propositions 16, 17 and of his own 41, the methods of construction 
which Euclid might have employed are clearly somewhat as follows. 


Let acd be the given quadrilateral and g the given point. 


a 3 : d 


L h C 


(1) Let it be required to divide aécd into two parts in the ratio ez : 27 by 
a line drawn through a point g in the side ad. 


Draw Z/ such that Acd : quadl. bad=ez: ai. [Prop. 34] 
Join gf. If g/|[ dc, join ge, then this line divides the quadrilateral as required. 


If gl be not parallel to dc draw ZZ||gZ, and meeting 4c in A. Join gf. 
Then gf divides the quadrilateral as required. 


If dA fell outside the quadrilateral draw ZX || cd (not indicated in the figure) 
to meet ad in /. Draw 2'2' || gc to meet de in 2’. Then gz’ is the line required. 


The above reasoning is on the assumption that Z/ meets dc in 4 Suppose 
now it meet a4 in 7 Join dd and 
draw ġġ such that a g 


quadl. dcdk : A kab =ez : zi. K 


If & do not coincide with g there d 
are two cases to consider according 
as & is between g and d or between 
ganda. Consider the former case. 


Through 4 draw 4m parallel to gd 
and meeting é in m. Join gm. ‘Then b 
this is the required line dividing the m C 
quadrilateral ac in such a way that 


quadl. admg : quadl. gcd = ez : zi. 
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Similarly if 2 were between g and a. 


(2) Let it be required to divide adcd into, say, three parts in the ratios 
ez : 2t : it, by lines through any point g in the side ad (first figure). 


Draw di dm dividing the quadrilateral ac into three parts such that 
A amd ; quadl. dmbl: Adle=ez : zi : tt. 


There are various cases to consider according as / and z; are both on 4, both 
on ab, or one on aò and one on &. The method will be obvious from working 
out one case, say the last. 


Join gc, gf. If g/ be parallel to cd, gc cuts off the triangle gde such that 
Agde : quadl. abeg = it : ez (2ez 4 zi). [v. 24] 


If g? be not parallel to a, draw dh parallel to g/ and meeting J in 4; 
then gZ divides the quadrilateral in such a way that 


quadl. gdch : quadl. ghba =it : ei. 


Then apply Proposition 34 to draw from g a line to divide the quadri- 
lateral ade in the ratio of ez : zz. 


Hence from g are drawn two lines which divide the quadrilateral adcd 
into three parts whose areas are in the ratios of ez : 27: 77. 


The case when ZZ meets 2c produced may be considered as above. 
We could proceed in a similar manner if the quadrilateral adcd were to be 
divided by lines drawn from g, into a greater number of parts in given ratios. 


The enunciation of this proposition is a manifest corruption of what Euclid 
may have given. Such clauses as those at the beginning and end he would 
only have included in the discussion of the construction and proof. 


After the enunciation of Proposition 36, Woepcke's transla- 
tion of the Arabian MS. concludes as follows : 


* End of the treatise. We have confined ourselves to 
giving the enunciations without the demonstrations, because 
the demonstrations are easy." 


IV. 


IOPRBESNID ].X. 


In the earlier pages I have referred to works on Divisions of Figures 
written before 1500. Several of these were not published till later; for 
example, that of Muhammed Bagdedinus in 1570, of Leonardo Pisano in 
1862 and the second edition of Luca Paciuolo’s “Summa” in 1523™. 
It has been remarked that Fra Luca’s treatment of the subject was based 
entirely upon that of Leonardo. But, on account of priority in publication, 
to Paciuolo undoubtedly belongs the credit of popularizing the problems on 
Divisions of Figures. 

While few publications treat of the subject in the early part, their number 
increases 1n the latter part, of the sixteenth century. In succeeding centuries 
the tale of titles is enormous and no useful purpose would be served by the 
publication here of an even approximately complete list. It would seem, 
however, as if the subject matter were of sufficient interest to warrant, as 
completion of the history of the problems, a selection of such references in 
this period, (1) to standard or popular works, (2) to the writings of eminent 
scientists like Tartaglia, Huygens, Newton, Kepler and Euler; (3) to special 
articles, pamphlets or books which treat parts of the subject; (4) to dis- 
cussions of division problems requiring other than Euclidean methods for 
their solution. 

No account is taken of the extensive literature on the division of the 
circumference of a circle, from which corresponding divisions of its area 
readily flow. Considerations along this line may be found in: P. BACHMANN, 
Die Lehre von der Kretsteilung und ihre Beziehungen zur Lahlentheorie, Leipzig, 
1872, 12 + 300 pp.; and in A. MITZSCHERLING, Das Problem der Kreisteilung, 
Leipzig und Berlin, 1913, 6 4 214 pp. 

Except for about a dozen titles, all the books or papers mentioned have 
been personally examined. In many cases it will be found that only a single 
problem (often Euclid's Propositions 19, 20, 26 or 27) is treated in the place 
referred to. 

Some titles in note 111 may also be regarded as forming a supplement to 
this list. 


1539—W. Scumip. Das Erst [Zweit, Dritt und Viert] Buch der Geometria. 
Nürnberg. 

“Dritter Theil, von mancherley Art der Flächen, wie dieselben gemacht und 
ausgetheilt werden, auch wie eine Fläche in die andern für sich selbst, oder gegen 
einer andern in vorgenommener Proporz, geschätzt, verändert mag werden. Theilungen 
und Zeichnungen von Winkeln, Figuren, ordentlichen Vielecken, die letzten, wie man 
leicht denken kann, nicht alle geometrisch richtig. Verwandlung von Figuren.” 


1547—L. Ferrari. A “Cartello” which begins: “ Messer N. Tartaglia, gia 
otto giorni, cioè alli 16 di Maggio, in risposta della mia replica io riceuetti 
la uostra tartagliata, etc.” [Milan.] 


Dated June 1, 1547; a challenge to a mathematical disputation from L. F. to 
N. Tartaglia. 


— 


1? A synopsis of the portion of the work on divisions of figures is given on pages 106 and 
275-284 of Scritti inediti del P. D. Pietro Cossali...pubblicati da Baldassarre Boncompagni, 
Roma, 1857. Cf. note 61. 
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1547-—N. TARTAGLIA. Terza Risposta data da N. Tartalea...al eccellente 
4M. fH. Cardano...e¢ al eccellente Messer L. Ferraro...con la resolutione, 
ouer risposta de 31 quesiti, ouer quistioni da quelli a lui proposti. 
[ Venice, 1547.] 

Dated July 9, 1547. For the discussion between Ferrari (1522-1565) and Tartaglia 
(1500-1557) 6 “‘cartelli” by Ferrari and 6 ‘‘Risposte” by Tartaglia were published at 
Milan, Venice and Brescia in 1547-48'°. They contained the problems and their 
solutions. These publications are of excessive rarity. Only about a dozen copies 
(which are in the British Museum and Italian Libraries) are known to exist. But they 
have been reprinted in: Z seč cartelli di matematica disfida primamente intorno alla 
generale risoluzione delle equazioni cubiche, di Ludovico Ferrari, coi set contro-cartelli in 
risposta di Nicolo Tartaglia.. comprendenti le soluzioni de quesiti dall una e dall altra 
garte proposti... Kaccolti, autografati e pubblicati da Enrico Giordani...Milano 1876. 

On pages 6-7 of the 111° cartello (Giordani’s edition pp. 94-95), Questions 5 and 
I4, proposed by Ferrari, are :— 

‘*5. To bisect, by a straight line, an equilateral, but not equiangular, heptagon.” 

‘i4. Through a point without a triangle to draw a line which will cut off a third.” 

On pages 12 and 20 of the 111° Risposta Tartaglia gives the solutions and assigns 
due credit to the treatment of problems on the Division of Figures by Luca Paciuolo. 
The general subject was treated much more at length by Tartaglia in a part of his 
* General trattato" published in 1560. 


1560—N. TARTAGLIA. La guinta parte del general trattato de! numeri et 
misure. Venetia. 
On folio 6 recto we have a section entitled ** Del modo di saper dividere una figure 
cioé pigliar, over formar una parte di quella in forma propria." The division of figures 
is treated on folios 23 verso-44 recto (23-32, triangles; 32-34, parallelograms; 34-44, 
quadrilateral, pentagon, hexagon, heptagon, circle without the Euclid-Proclus case). 
Cf. the synopsis in Scritti inediti del P. D. Pietro Cossali chierico regolare teatino 
pubblicati da Baldassarre Boncompagni, Roma, 1857, pp. 299-300. 


1574—]. GUTMAN. JZe/dmessung gewiss, richtig und kurz gestellt. Heidelberg. 


1574—E. REINHOLD. Gvriindlicher und wahrer Bericht vom Feldmessen, 
samt allem, was dem anhdangig, darinn alle die Irrthum, so bis daher im 
Messen fiirgeloffen, entdeckt werden. Dessgleichen vom Markscheiden, 
Rkurzer und griindlicher Unterricht. Erffurdt. 


“Der dritte Theil von Theilung der Aecker. Theilungen aller Figuren, auch des 
Kreises mit Exemplen und Tafeln erläutert.” 


1585--G. B. BENEDETTI. Diversarum speculationum mathematicarum et 
physicarum liber. Taurini. 
Pages 304-307. 


1604—C. CLaAviUs. Geometria Practica. Romae. 
Pages 276-297. 


1609—J. KEPLER. Astronomia nova ... commentariis de motibus. stelle 
AMartis...|Pragae]. 


“Keplers Problem” occurs on p. 300 of this work (Opera Kepleri ed. Frisch, 
II, 401). It is: “To divide the area of a semicircle in a certain ratio by a straight 
line drawn through a given point on the diameter or on the diameter produced.” (C/ 
A. G. KASTNER, Geschichte der Math. \v, 256, Gottingen, 1800; M. CANTOR, Vor- 
lesungen etc., 11, 708, Leipzig, 1900). Kepler was led to this problem in his 
theory of the path of the planets. It has been attacked by many mathematicians, 
notably by Wallis, Hermann, Cassini, D. Gregory, T. Simpson, Clairaut, Lagrange, 


12 Cf. CANTOR, Vorlesungen über Gesch. d. Math. Bd 11, 2te Aufl., 1900, pp. 490-491, 
where the exact dates are given. 
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Bossut, and Laplace. (Cf G. S. KLUGEL, Afathematisches Worterbuch...Erste Ab- 
theilung, Dritter Theil, Leipzig, 1808; Article, “Keplers Aufgabe.” See also 
C. HUTTON, Philosophical and Mathematical Dictionary, New edition, London, 
1815, 1, 703.) 


1612—SYBRANDT CARDINAEL. Hondert geometrische questien met hare 
solutten. Amsterdam. 

This work is also to be found at the end of JoHAN SEMS ende IAN Dou 
Practijck des landmetens. Amsterdam, 1616. — Another edition: Tractatus geo- 
metricus. Darinnen hundert schóne...Questien [übersetzt] durch Sebastianum Curtium. 
Amsterdam, 1617; Questions 78, 90-93. 

With these problems Huygens (1629-1695) busied himself when about 17 or 18 
years of age. Cf. Oeuvres completes de Chr. Huygens, Amsterdam, XI, 24 and 29, 1908. 

I have elsewhere (Miexw Archief, 1914) shown that Sybrandt Cardinael’s work 
was translated into English, rearranged and published as an original work by 
Thomas Rudd (584 ?-1656): A Aundred geometrical Questions with their solutions 
and demonstrations. London, M.DC.L. 


1615—LupoLPH VAN CEULEN. Fundamenta arithmetica et geometrica cum 
eorundem usu...e vernaculo in. Latinum translata a IV. S[nelito), R. F. 
Lugduni Batavorum. 
Contains several problems on Change, and Division, of Figures. 


1616—]. SPEIDELL. 4 geometrical] Extraction or a compendious collection of 
the chiefe and chovse Problemes, collected out of the best, and latest writers. 
Whereunto ts added about 30 Problemes of the Authors Invention, being for 
the most part, performed by a better and briefer way, than by any former 
writer. London. 

Another edition, 1617; second edition “corrected and enlarged,’’ London, 1657 ; 
** Now followeth [pp. 84-125] a compleat Instruction of the diuision of all right lined 
figures....Very pleasant and full of delight in practise: Also, most profitable to all 
surveighers, or others that are desirous to make any Inclosure." 


1619—A. ANDERSON. Lxercitationum mathematicarum Decas prima. Con- 
tinens, Questionum aliquot, quae nobittssimorum tum hujus tum veteris 
aevt, Mathematicorum ingenia exercuere, Enodationem. — Parisiis, 


Problems in division of a triangle, with reference to Clavius (1604). Cf. The Ladies’ 
Diary, London, 1840, pp. 55-56. 


1645—C. HuvcENs. Oeuvres Completes, X1, 1908, pp. 26-27; 219-225. 


Solution of ** Datum triangulum, ex puncto in latere dato, bifariam secare" (1645); 
two solutions of ‘‘Triang. ABC, sectus utcumque lined DE, dividendus est alia linea, 
FG, ita ut utraque pars DBE et ADEC bifariam dividatur” (1650-1668). See also 
note under 1687—J. Bernoulli. 


165;—F. vAN ScHOOTEN.  Zxeratattonum  mathemattcarum liber primus 
continens  propostttonum | arithmeticarum et. geometricarum centurtam. 
Lugd. Batav. 


Prop. L, pp. 107-110. Dutch edition, Amsterdam, 1659. pp. 107-110. Concerning 
_ a Schooten MS. of 1643-6, used by Huygens and of interest in this connection, 
C. HuvGENS, Oeuvres Complétes, tome XI, 1908, p. 13 ff. 


1667 —D. ScHWENTER. Geometriae Practicae novae et auctae Libri IV... 
mit vielen nutzlichen Additionen und neuen Figuren vermehret durch 
G. A. Béecklern. Nürnberg. 
“Von Austheilung der Figuren in gleiche und ungleiche Theil,” pp. 260-279; 
p. 350; the problem on this last page is taken from B. BRAMER, Trigonometria 
planarum mechanica, Marpurg, 1017, p. 99. “Von Austheilungen der Aecker 
Wiesen,..." pp. 567-583. 
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1674 —C. F. M. DEscHaLEs. Cursus seu mundus mathematicus. Lugduni. 
** De figurarum planarum divisione," I, 371—381; second edition, 169o. 


1676—1. NEWTON. Arithmetica Universalis. Cantabrigiae, MDccvrt. 


Prob, x, p. 126 (Prob. XX, pp. 254-255 of the 1769 edition). This problem was 
discussed in a lecture delivered October, 1676 (see Correspondence of Sir Isaac Newton 
and Professor Cotes...by J. Edleston, London, 1850, p. xciii). 


1684 —T. STRODE. A Discourse of Combinations, Alternations and Aliguod 
Farts by John Wallis. London, 1685. 


On pages 163-164 is printed a letter, dated Nov. 1684, from Strode to Wallis. It 
discusses two problems on divisions of a triangle. 


1687—-J. BERNOULLI. ‘Solutio algebraica problematis de quadrisectione 
trianguli scaleni, per duas normales rectas Acta Eruditorum, 1687, 
pp. 617-623. 

Also in Opera, Genevae, 1744, 1, 328-335 ; see further II, 671. In the solution of this 
question Bernoulli is led to the intersection of a conic and a curve of the fourth degree, 
that is, to an equation of the eighth degree. And yet, in the seventh edition of 
ROUCHE et COMBEROUSSE, 7raz?é de Géoniétrie, Paris, 1900, we find Problem 453 is: 
"Partager un triangle quelconque en quatre parties équivalentes par deux droites 
perpendiculaires entre elles!" The problem was solved by L'Hospital before 1704, 
the year of his death, in a posthumous work, 7vaz analytique des Sections coniques, 
Paris, 1707, pp. 400-407. As the result of correspondence in L’/ntermédiaire des 
Alath., tomes I-VII, 1894-1900, Questions 3 and 587, Loria wrote the history of the 
problem: ‘‘Osservazioni sopra la storia di un problema pseudo-elementare.” Bibl. 
Math., 1903 (3), IV, 48-51. Leibnitz’s name appears in this connection. See note on 
1645—C. Huygens. 


1688—J. Ozanam. JL’usage du compas de proportion expligué et demontré d'une 
manière court et facile, et augmenté d'un Traité de la division des champs. 
Paris. 


** Division des champs,” pp. 89-138. Edition revu, corrigé et entierement refondu 
par J. G. Garnier. Paris, 1794, pp. 165-257. 


1694—S. LE CLERC. Traité de Géométrie sur le terrain at end of Géométrie 
pratique, ou pratique de la géométrie sur le papier et sur le terrain. 
Amsterdam. 


1699—J. OZANAM. Cours de mathématique, nouv. éd. tome 3. Paris. 

Pages 23-64. German translation: Anweisung, die geradlinichten Figuren nach 
einen gegebenen Verhältniss ohne Rechnung zu theilen. Frankfurt u. Leipzig, 1776. 

1704—GUISNEE. Application de l’algebre a la géométrie. Paris. 

Although the ‘‘approbation” signed by Fontenelle is dated ‘‘15 Juillet 1704” the 
work was first published in 1710; second edition ''revüe, corrigée et considérablement 
augmentée par l'auteur," Paris, 1733, pp- 42-47; analytic discussion only. 

1739—/abbé DEIDIER. Za science des géométres (sic) ou la théorte et la prati- 
que de la géométrie. Paris. 

**De la géodésie ou division des champs," pp. 279-320; divisions of triangles, rect- 
angles, trapeziums, polygons. 

1740—N. SAUNDERSON. .Zements of Algebra in ten books, vol. 2. Cambridge. 

Pages 546-554. 

1747— T. Simpson. Elements of Plane Geometry. London. 
Pages 151-152; new ed., London, 1821, pp. 207-208; taken from Newton (1676). 
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1748—L. EULER. Znmfroductio in analysin infinitorum. Tomus secundus. 
Lausanne. 


Chapter 22: '*Solutio nonnullorum problematum ad circulum pertinentium.” 
Three of the eight problems which Euler here discusses by the method of trial and 
error, and tables of circular arcs and logarithmic sines and tangents, are of interest to 
us. These are: Problem 2, ‘‘ To find the sector of the circle ACA which is divided 
by the chord 447 into two equal parts, so that the triangle .4 C7 shall be equal to the 
segment AEB.” Problem 4, ‘‘ Given the semi-circle 4408, to draw from the point 
A a chord AD which will divide the semi-circle into two equal parts.” Problem 5, 
** From a point 44 of the circumference of a circle, to draw two chords 48, AC which 
shall divide the area of the circle into three equal parts.” (Heron, cf Art. 5o.) 
Gregory (1840) considers these problems at the close (pp. 186-188) of his Appendix. 

For other editions of Euler’s ** Introductio," tomus 2, see Verzeichnis der Schriften 
Leonhard Eulers. Bearbeitet von G. Enestrom. Erste Lieferung, Leipzig, 1910. 


1752—T. Simpson. Select Exercises for young proficients in the mathematics. 
London. 
Problem XLII, pp. 145-6; new ed. by J. H. Hearding. London, 1810, pp. 148-9. 


1754—]. LE R. D’ALEMBERT. Æncydopédie ou Dictionnaire raisonné des 
setences...mis en ordre et publie par M. Diderot...; et quant a la partie 
mathématique par. M. a’ Alembert. Paris. 

Article ‘‘Géodésie”; mostly descriptive of methods of Guisnée (1704) and Clerc 
(1694). 

1768—J. A. EULER. “Auflösung einiger geometrischen Aufgaben,” 442- 
handlungen der Churfürstlich-baierischen Akademte der Wissenschaften, V, 
165-196. 

Erste Aufgabe, pp. 167-182: ‘‘ Man soll zeigen, wie eine jede geradlinichte Figur 
durch Parallellinien in eine gegebene Anzahl gleicher Theile zerschnitten werden 
kann." Zweite Aufgabe, pp. 182-187: ‘‘ Eine Zirkel-flache durch parallellinien in 
eine gegebene Anzahl gleicher Theile zu zerschneiden." Dritte Aufgabe, pp. 187-196: 
* Die Hohe und Grundlinie einer aufrecht-stehenden geschlossenen l'arabelfláche ist 
gegeben, man soll dieselbe durch Parailellinien in z gleiche Theile zerschneiden.” 
Discussion mostly analytic. 


1772 () —. H. Lamberts deutscher gelehrter Briefwechsel. | Herausgegeben 
von Joh, Bernoulli. Band 2, Berlin, 1782. 

Pages 412-13, undated fragment of a letter from Lambert to T. E. Silberschlag. 
Analytic solution by quadratic equation of the problem: *' Ein Feld 4 C2 welches 
in ABFE Wiesen, in ÆFCD Ackerfeld ist, soll durch eine gerade Linie A77 so 
getheilt werden, dass so wohl die Wiesen als das Ackerfeld in beliebiger Verhaltniss 
getheilt werde." [48CD isa quadrilateral and ZF isa straight line segment joining 
points on the opposite sides 4D, BC respectively. ] 

In the Journal of the Indian Mathematical Society, 1914, V1, 159, N. P. Pandya 
proposed as Question 563: ‘‘Given two quadrilaterals in the plane of the paper show 
how to draw a straight line bisecting them both.” A solution by means of common 
tangents to hyperbolas was offered in 1915, VII, 176. 


1783—J. T. Maver. Griindlicher und ausführlicher Unterricht zur praktischen 


Geometrie, 3. Teil. Göttingen. 


Pages 215-303 : " Theilung der Felder durch Rechnung, Theilung der Felder durch 
blose Zeichnung, Anwendung der "'heilungsmethoden auf mancherley, in gemeinen 
Leben vorkommende Falle”; dritte Auflage, 1804, pp. 232-337- 


1793—]. W. CHRISTIANI. Die Lehre von der geometrischen und ókonomischen 
Vertheilung der Felder, nach der Ddniscthen Schrift des N. Morville 
bearbeitet von J. W. Christiani. Preface by A. G. Kästner. Gottingen. 


1795—Gentleman’s Diary, London. 
No. 54, 1794, p- 47, Question 691 by J. Rodham; “Within a given triangle to find 
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a point thus, that if lines be drawn from it to cut each side at right angles, the three 


parts into which the triangle thus becomes divided, shall obtaina given ratio.” Solution 
by hyperbolas in No. 55, 1795, pp. 37-38. See also Davis’s edition of the Gentleman's 


Diary, vol. 3, London, 1814, pp. 233-4. 

180o1—L. PUISSANT. Recueil de divers propositions de gtométrie résolues ou 
demontrées par analyse algébrigue suivant les principes de Monge et de 
Lacroix. Paris. 

Pages 33-36; German ed., Berlin, 1806; second French ed., Paris, 1809, pp. 107- 
111; third ed., Paris, 1824, pp. 139-142. 
1805—M. Hirscu. Sammlung geometrischer Aufgaben, Erster Theil, Berlin. 
“Theilung der Figuren durch Zeichnung," pp. 14-25; “Theilung der Figuren 
durch Rechnung," pp. 42-53; Reprint, 1855; English edition translated by J. A. Ross 
and edited by J. M. F. Wright. London, 1827. 

1807—A. Bratr. Problema geometricum triangulum datum a dato puncto in 
2 partes aequales secandi. Greifswald. 

This title is taken from C. G. KAYSER, ZZcAer- Lexicon, Erster Teil, Leipzig, 1834. 


1807—]. P. CanLMaRK. TZriangulus datus a dato puncto in 2 bartes aequales 
secandus. Greifswald. 


This title and the next two are taken from E. WÒOLFFING, Math. Bücherschatz, 1903. 


1809—J. KuLLBERG. Problema geometricum triangulum datum e quovis dato 
puncto in 2 partes aeguales secandt. Diss. Lund. 


1810—]. KuLLBERG. Problema geometricum triangulum quodcungue datum in 
2 aequales divisum ferum in partes aequales tta secandi, ut rectae secantes 
angulum constituant rectum. Diss. Upsala. 


1811—J. P. Gruson. Geodäsie oder vollständige Anleitung zur geometrischen 
und okonomischen Felderthetlung. Walle. 


1819—L. BrEIBTREU. Theilungslehre oder ausführliche Anleitung, jede 
Grundfläche auf die zweckmässigste Art ... geometrisch zu theilen. 
Frankfurt am Main. 


1821— J. LESLIE. Geometrical! Analysis and Geometry of Curve Lines 
Edinburgh. 
Pages 64-66. 


1823—-A. K. P. voN ForSTNER. Sammlung systematisch geordneter und 
synthetisch aufgelöseter geometrischer Aufgaben. Berlin. 
“Theilung der Flachen, mittelst der Proportion und der Aehnlichkeit,” pp. 310-371. 


1827—Correspondance mathématique et physique publié par A. Quetelet, 
tome III. 


Page 180: **On donne dans un plan un angle et un point, et l'on demande de faire 
passer par le point une droite qui coupe les cotés de l'angle, de maniére que l'aire 
interceptée soit de grandeur donnée." Solution by Verhulst, pp. 269-270. Answer 
by Bobillier, tome Iv, pp. 2-3. Generalizing his solution, he gets the resuit: “tous 
les plans tangens d'un hyperboloide à deux nappes, interceptent sur le cóne asymptotique 
des volumes équivalens." Compare note 117. 


1831—P. L. M. Bourdon. Application de Palgèbre à la géométrie comprenant 
la gtométrie analytique a deux et & trois dimensions, troisième édition. 
Paris. 

Pages 46-54; 59? éd., Paris, 1854, pp. 33-41; 8? éd. rev. par Darboux, Paris, 1875, 
pp. 30-38. Analytic discussion only. 
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1831—H. v. HOLLEBEN, und P. GERWIEN. Geometrische Analysis. Berlin, 
2 Bde, 1831-1832. 


* Theilungen," J, 184-191; II, 144-151. 


1837—G. RITT. Problemes d’applications de l'algebre a la géométrie avec les 
solutions développies, 2° partie. Paris. 
Pages 108-109. 


1840—0O. GREGORY. Hints theoretical, elucidatory and practical, for the use 
of Teachers of elementary Mathematics and of self-taught students; with 
especial reference to the first volume of Hutton’s course and Simsons Euclid, 
as Text- Books. Also a selection of miscellaneous tables, and an Appendix 
on the geometrical division of plane surfaces. london. 


*'Appendix: Problems relative to the division of Fields and other surfaces,” 
pp. 158-188; partly taken from Hirsch (1805). See also Euler (1748). 


1844—DRESER. Die Teilung der Figuren. Darmstadt. 
This title is taken from E. WOLFFING, Math. Bücherschatz, 1903. 


1847—R. Potts. An appendix to the larger edition of Euclid's Elements of 
Geometry ; containing... Hints for the solution of the Problems...Cambridge 
and London. 


Ex. 91, pP. 72-73 
1852—-H. Cu. DE La FREMOIRE. TZhéorémes et Problèmes de Géométrie 
élémentaire, second éd. revue et corrigée par E. Catalan. Paris. 
Pages 107-108; 6¢ éd. par Catalan, Paris, 1879, pp. 190-191. 


1852—F. RUMMER. Die Verwandlung und Theilung der Flächen in einer 
Reihe von Constructions- u. Berechnungs-Aufgaben. Mit 3 Steintafeln. 
Heidelberg. 6-90 pp. 


1855—-P. KELLAND. “On Superposition.” Transactions of the Royal Society 
of Edinburgh, 1885, XX1, 271-273 +1 pl. 

This paper deals, for the most part, with solutions of the following problem proposed 
to Professor Kelland by Sir John Robison: ‘‘ From a given square one quarter is cut 
off, to divide the remaining gnomon into four such parts that they shall be capable of 
forming a square.” In the 7yastsactions, 1891, XXXVI, 91-95,+2 pls., Robert Brodie 
has a paper entitled ‘‘ Professor Kelland’s Problem on Superposition.” 


1857 —E. CaTaLAN. Manuel des Candidats a l'école polytechnigue. — Paris, 
Tome 1. 


Pages 233-4: ‘‘ To divide a circle into two equal parts by means of an arc with its 
centre, 4, on the circumference of the given circles.” This is stated by A. REBIERE 
(Mathématique et Mathématiciens, 2* éd., Paris, 1893, p- §19) under the form: ‘* Quelle 
doit étre la longueur de la longe d'un cheval pour qu'en la fixant au contour d'un pré 
circulaire l'animal ne puisse tondre que la moitié du pré?" 

The solution of this problem leads to a transcendental equation 


. 7 
sin -xcosy—-, 


where x is the angle under which the points of section of the circumferences are seen 
from A. Catalan finds x=109° 11’ 18”, correct to within a second of arc. 

Cf. L’/ntermédiaire des Alathématiciens, 1914, Question 4327, XXI, 5, 69, 90, 115, 
180. 


1863—]. M*DowELLt. xercises on Euclid and in Modern Geometry. 
Cambridge. 
No. 157, pp. 145-03 3rd ed. 1881, p. 118. 
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1964— Educational Times Reprint, Vols. 1, 40, 44, 66, 68, 69; new series, 
Vol. 1; 1864- 19ro. 
The problems here solved are Euclid's 19, 20, 26, 27: No. 1457 (I, 49. old edition, 
1864) proposed by R. Palmer; solution by Rutherford who states that it was also 
published in Thomas Bradley's Evements of Geometrical Drawing, 1861—Nos. 7336 and 
7369 (XL, 39, 1884) proposed by W. H. Blythe and A. H. Curtis; solutions by 
G. Heppel and Matz—No. 8272 (XLIV, 92, 1886) proposed by E. Perrin; solution by 
D. Biddle—No. 12973 (LXVI, 29, 1897) proposed by Radhakrishnan; solution by 
I. Arnold—No. 13460 (LXVIII, 33, 1898) proposed by I. Arnold; solution by 
W. S. Cooney, etc.—No. 13647 (LXIX, 42, 1898) proposed by I. Arnold; solution by 
W. C. Stanham—No. 16747 (new series XVIII, 46, 1910) proposed by I. Arnold; 
solution by proposer, by Euclid’s Avements Bk 1. 
1864—H. HÓLSCHER. Anleitung zur Berechnung und Teilung der Polygone 
bet rechttoinkligen Koordinaten. Berlin and Charlottenburg. 
This work and the two following are representative of those which treat of 
Divisions of Figures by computation, rather than by graphical methods: (1) F. G. Gauss, 
Die Tulung der Grundstücke, insbesondere. unter. Zugrundelegung | Koordinaten, 
? Auflage, Berlin, 1890; (2) L. ZIMMERMAN, Tafeln fiir die Teilung der Dreiecke, 
Vierecke, und Polygoue, Zweite vermehrte und verbesserte Auflage, Liebenwerda, 
1896; 118+64 pp. 
1870—F, LinpMANn. ‘Problema geometricum.” Archiv der Math. u. Phys. 
(Grunert), Bd 51r, 1870, pp. 247-252. 
1879—P. M. H. Laurent. TZraité d'algibre à usage des candidats... 
Troisième édition. Paris. 
Tome 1, p. 191: ‘‘To divide a triangle into two equal parts by the shortest possible 


line.” Solutions in L’/ntermédiaire des Mathématiciens, 1902, IX, 194-3. See also 
F. G. M., Exercices de Géométrie, Cinquieme edition. Tours et Paris, 1912, p. 802. 


1892—H. S. Halı and F. H. STEVENS. Key fo the Exercises and Examples 
contatned in a Text-Book of Euchd’s Elements. London. 
Ex S, TO, II, pp. 163-104. 
1894—G. E. Crawrorp. “Geometrical Problem.” Proc. Edinb. Math. 
mee Vol 13, 1895, p. 36. 
Paper read Dec. 14, 1894. 


1899—W. J. DILWORTH. A New Seguel to Euclid. London. 
Ex. XXxV, p. 190. 


IQ0OI1—A. LARMOR. Geometrical Exercises from Nixon’s ‘Euclid Revised? 
Oxford. 
Ex. 15, p. 122. 
1902—C. SmitH. Solution of the Problems and Theorems in Smith and 
Bryant's Elements of Geometry. London. 


Ex. 121, pp. 177-178; T. Simpson's solution and another. 


1910—H. Fiukicer. Die Flächenteilung des Dreiecks mit Hilfe der Hyperbel. 
Diss. Bern. 50 pp. + 3 plates. 


1910—R. ZDENEK. ‘‘ Halbierung der Dreiecksflache.” Wien, Zeitschrift für 
das Realwesen, Jahrgang xxxv, Heft 10, 8 pp. 
Discussion by projective geometry leading to hyperbolic arcs. 


1911—D. BIDDLE. Problem 17197, Educational Times, London, November, 
LXIV, 475. 


“ Divide a square into five right-angled triangles, the areas of which shall be in 
arithmetic progression." Solutions in the Educational Times Keprint, new series, 
XXVI, IIT, I9I4. 


INDEX OF NAMES 


in the following list, references are given to paragraph and footnote (=n.) 
numbers, except in the case of the Appendix (= App.) where the numbers 


are the years in the chronological list. 


App., without a number, refers to 


the introductory paragraphs on page 78. 


Abraham bar Chijja ha Nasi or Abra- 
ham Savasorda 18, 7. 53 

Abt Ishaq b. ‘Abdallah 19 

Abt Jusuf Ja‘qib b. Ishaq b. el-Sabbah 
el- Kindi, see el-Kindi 

Abw’l Wefà 19, z. 78 

Abü Muh. b. Abdalbàqi el Bagdádi 
el-Faradi, see el-Bagdádí 

Abü Muh. el-Hasan b. ‘Obeidallah b. 
Soleimán, see el-Hasan 

Ainsworth, R. 2.28 

Albategnius = Al-Battant = el-Battani, 
see there 

Al-Kindi=el-Kindi 

Anderson, A. App. 1616 

Antiphon 7. 116 

Apollonius of Perga 19, 21, 7. 103, 7. 111 

Archimedes 19, 7. 60a, 7. 83, z. 101, 
7. 103, 7. 109, 7. 1I1 

Aristarchus of Samos  z. (1I 

Aristotle 7. 116 

Armagh, Archbishop of, see Ussher, J. 

Arnold, I. App. 1864 

Ashmole 2. 22 

Athelhard of Bath 7. 15 

Ayton, W. A. z. I4 


Bachmann, P. App. 

Benedetti, G. B. App. 1585 

Bernoulli, J. App. 1645, App. 1687, 
App. 1772 (?) 

Biddle, D. App. 1864, App. 1911 

Bleibtreu, L. App. 1819 

Blythe, W. H. App. 1864 

Bobillier, E. E. 7. 117, App. 1827 

Bócklern, G. A. App: 1667 

Boncompagni, B. 10, 13, 7. 40, 7. 119, 
App., App. 1560 

Bossut, C. App. 1609 

Bourdon, P. L. M. App. 1831 

Bradley, T. App. 1864 

Bramer, B. App. 1667 

Bratt, A. App. 1807 

Breton (de Champ), P. 

Brodie, R. App. 1855 

Bryant, S. App. 1902 


7. 88 


Campanus, J. 2, 5, 7. II, 7%. I5 
Candale, see Flussates 


— 


Cantor, M. 2, 7. 8, 7. 30, €. 53, 9t. 58, 
71. 62, 71. 63, 71. 82, 11. 103, 71. 107, 71. 120, 
App. 1547, App. 1609 

Cardan, G. App. 1547 

Cardinael, S. App. 1612 

Carlmark, J. P. App. 1807 

Casley, D. 4, z. 20 

Cassini, J. App. 1609 

Catalan, E. App. 1852, App. 1857 

Chasles, M. 19, 2. 65, 2. 85, 2. 88, 
H. 11I 

Christiani, J. W. 2. 67, App. 1793 

Clairaut, A. C. App. 1609 

Clavius, C. App. 1604 

Clerc, S. le App. 1694, App. 1754 

Comberousse, C. de App. 1687 

Commandinus, F. 2,5, 15, 7. 10, #. II, 
72. 35, 2. 49, n. 50, 7. 88 

Copernicus 19, 7. 35, 7. III 

Cossali, P. 7. 119, App., App. 1560 

Cotes, R. App. 1676 

Cotton, IG B. 4, es 

Cottonian MSS. 2-5, z. 18, 7. 19, 
201 21.3] 

Cowley, A. 6 

Cratheld, W. 4 

Crawford, G. E. App. 1894 

Crelle 7. 117 

Cresswell, D. 2. I10 

Curtis, A. H. App. 1864 

Curtius, S. App. 1612 

Curtze, M. 18, 7%. 54, 7%. 55 


D'Alembert, J. le R. App. 1754 

Darboux, G. App. 1831 

Davis, A. App. 1795 

Dee, J. 2-6, & 9, 18, 19, 7. 10, 2. 11, 
H. 14, 71. 24, 7. 25, 71. 29, ?I. 35 

Deidier, 7addé App. 1739 

Deschales, C. F. M. App. 1674 

Diderot, D. App. 1754 

Diels, H. z. 116 

Diesterweg, W. A. 7 III 

Dilworth, W. J. App. 1899 


Dou, I. App. 1612 
Dreser App. 1844 
Edelston, J. App. 1676 


el-Bagdadi* 2-6, 13-15, 19, %. II, 





* All the '* Muhammeds " of Bagdad referred to in this volume are here supposed to be 


indicated by this single name. 
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i 12, E E: 9:19; 
7. 35, A 
el- BRAR p. 2". 35 
el-Büzgáni, see Abi’! Wefa 
el-Hasan 19 


2h 4420 9. 335, 


el-Kindi 19, z. 35 
Enestróm, G. 7. 55, App. 1748 
Pamela 1.2; 5, 6, 7-15, 16-21, 34, 50, 


See 1, 4. 3, 7. 5, 2. 6, 4. 9, 2. 11, 
Me 15,97. 30, 7. 34, 2 35, 2. 30, 2. 38, 
7. 45, 71. 47, 74. SO, 7L. 56, 71. 57, 71. 81, 
7. 83, 7. 95, 7. 87, 71. 88, 7t. 91, 71. 94, 
oS, 8. OG, 72. 103, 7. 105, 7. 106, 
mt. 108, 72. 109, 7i. 131, Z. 113, 7. 116, 
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PREFACE 


s HERE never has bẹen, and till we see it we never 

shall believe that there can be, a system of geometry 
worthy of the name, which has any material departures (we do 
not speak of corrections or extensions or developments) from 
the plan laid down by Euclid.” De Morgan wrote thus in 
October 1848 (Short supplementary remarks on the first six 
Books of Euctid’s Elements in the Companion to the Almanac 
for 1849); and I do not think that, if he had been living 
to-day, he would have seen reason to revise the opinion so 
deliberately pronounced sixty years ago. It is true that in the 
interval much valuable work has been done on the continent 
in the investigation of the first principles, including the 
formulation and classification of axioms or postulates which 
are necessary to make good the deficiencies of Euclid’s own 
explicit postulates and axioms and to justify the further 
assumptions which he tacitly makes in certain propositions, 
content apparently to let their truth be inferred from observa- 
tion of the figures as drawn; but, once the first principles are 
disposed of, the body of doctrine contained in the recent text- 
books of elementary geometry does not, and from the nature 
of the case cannot, show any substantial differences from that 
set forth in the Evements. In England it would seem that far 
less of scientific value has been done; the efforts of a multitude 
of writers have rather been directed towards producing alter- 
natives for Euclid which shall be more suitable, that is to say, 
easier, for schoolboys. It is of course not surprising that, in 
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these days of short cuts, there should have arisen a movement 
to get rid of Euclid and to substitute a “royal road to 
geometry "; the marvel is that a book which was not written 
for schoolboys but for grown men (as all internal evidence 
shows, and in particular the essentially theoretical character 
of the work and its aloofness from anything of the nature of 
' practical" geometry) should have held its own as a school- 
book for so long. And now that Euclid's proofs and arrange- 
ment are no longer required from candidates at examinations 
there has been a rush of competitors anxious to be first in the 
field with a new text-book on the more “practical” lines which 
now find so much favour. The natural desire of each teacher 
who writes such a text-book is to give prominence to some 
special nostrum which he has found successful with pupils. 
One result is, too often, a loss of a due sense of proportion; 
and, in any case, it is inevitable that there should be great 
diversity of treatment. It was with reference to such a danger 
that Lardner wrote in 1846: ‘Euclid once superseded, every 
teacher would esteem his own work the best, and every school 
would have its own class book. All that rigour and exactitude 
which have so long excited the admiration of men of science 
would be at anend. These very words would lose all definite 
meaning. Every school would have a different standard; 
matter of assumption in one being matter of demonstration in 
another; until, at length, Geometry, in the ancient sense of 
the word, would be altogether frittered away or be only 
considered as a particular application of Arithmetic and 
Algebra.” It is, perhaps, too early yet to prophesy what will 
be the ultimate outcome of the new order of things; but it 
would at least seem possible that history will repeat itself and 
that, when chaos has come again in geometrical teaching, 
there will be a return to Euclid more or less complete for the 
purpose of standardising it once more. 

But the case for a new edition of Euclid is independent of 
any controversies as to how geometry shall be taught to 
schoolboys. Euclid’s work will live long after all the text-books 
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of the present day are superseded and forgotten. It is one 
of the noblest monuments of antiquity; no mathematician 
worthy of the name can afford not to know Euclid, the real 
Euclid as distinct from any revised or rewritten versions 
which will serve for schoolboys or engineers. And, to know 
Euclid, it is necessary to know his language, and, so far as it 
can be traced, the history of the “elements” which he 
collected in his immortal work. 

This brings me to the razson d'être of the present edition. 
A new translation from the Greek was necessary for two 
reasons. First, though some time has elapsed since the 
appearance of Heiberg's definitive text and prolegomena, 
published between 1883 and 1888, there has not been, so far 
as I know, any attempt to make a faithful translation from it 
into English even of the Books which are commonly read. 
And, secondly, the other Books, vit. to x. and xii, were not 
included by Simson and the editors who followed him, or 
apparently in any English translation since Williamson's 
(1781—8), so that they are now practically inaccessible to 
English readers in any form. 

In the matter of notes, the edition of the first six Books 
in Greek and Latin with notes by Camerer and Hauber 
(Berlin, 1824—5) is a perfect mine of information. It would 
have been practically impossible to make the notes more 
exhaustive at the time when they were written. But the 
researches of the last thirty or forty years into the history of 
mathematics (I need only mention such names as those of 
Bretschneider, Hankel, Moritz Cantor, Hultsch, Paul Tannery, 
Zeuthen, Loria, and Heiberg) have put the whole subject 
upon a different plane. I have endeavoured in this edition 
to take account of all the main results of these researches up 
to the present date. Thus, so far as the geometrical Books 
are concerned, my notes are intended to form a sort of 
dictionary of the history of elementary geometry, arranged 
according to subjects; while the notes on the arithmetical 
Books vi1.—1x. and on Book x. follow the same plan. 
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I desire to express here my thanks to my brother, 
Dr R. S. Heath, Vice-Principal of Birmingham University, 
for suggestions on the proof sheets and, in particular, for the 
reference to the parallelism between Euclid's definition of 
proportion and Dedekind's theory of irrationals, to Mr R. D. 
Hicks for advice on a number of difficult points of translation, 
to Professor A. A. Bevan for help in the transliteration of 
Arabic names, and to the Curators and Librarian of the 
Bodleian Library for permission to reproduce, as frontispiece, 
a page from the famous Bodleian MS. of the Elements. 
Lastly, my best acknowledgments are due to the Syndics of 
the Cambridge University Press for their ready acceptance 
of the work, and for the zealous and efficient coóperation of 
their staff which has much lightened the labour of seeing the 
book through the Press. 


T. L. H. 


November, 1908. 


PREFACE TO THE SECOND EDITION 


LIKE to think that the exhaustion of the first edition of 

this work furnishes a new proof (if such were needed) 
that Euclid is far from being defunct or even dormant, and 
that, so long as mathematics is studied, mathematicians will 
find it necessary and worth while to come back again and 
again, for one purpose or another, to the twenty-two-centuries- 
old book which, notwithstanding its imperfections, remains the 
greatest elementary textbook in mathematics that the world is 
privileged to possess. 

The present edition has been carefully revised throughout, 
and a number of passages (sometimes whole pages) have been 
rewritten, with a view to bringing it up to date. Some not in- 
considerable additions have also been made, especially in the 
Excursuses to Volume I, which will, I hope, find interested 
readers. 

Since the date of the first edition little has happened in the 
domain of géometrical teaching which needs to be chronicled. 
Two distinct movements however call for notice. 

The first is a movement having for its object the mitigation 
of the difficulties (affecting in different ways students, teachers 
and examiners) which are found to arise from the multiplicity 
of the different textbooks and varying systems now in use for 
the teaching of elementary geometry. These difficulties have 
evoked a widespread desire among teachers for the establish- 
ment of an agreed sequence to be generally adopted in teaching 
the subject. One proposal to this end has already been made: 
but the chance of the acceptance of an agreed sequence has in 
the meantime been prejudiced by a second movement which 
has arisen in other quarters. 
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I refer to the movement in favour of reviving, in a modified 
form, the proposal made by Wallis in 1663 to replace Euclid’s 
Parallel-Postulate by a Postulate of Similarity (as to which see 
pp. 210—11 of Volume I of this work). The form of Postulate 
now suggested is an assumption that “Given one triangle, 
there can be constructed, on any arbitrary base, another triangle 
equiangular with (or similar to) the given triangle.” It may 
perhaps be held that this assumption has the advantage of not 
referring, in the statement of it, to the fact that a straight line 
is of unlimited length; but, on the other hand, as is well known, 
Saccheri showed (1733) that it involves more than is necessary 
to enable Euclid's Postulate to be proved. In any case it 
would seem certain that a scheme based upon the proposed 
Postulate, if made scientifically sound, must be more difficult 
than the procedure now generally followed. This being so, 
and having regard to the facts (1) that the difference between 
the suggested Postulate and that of Euclid is in effect so slight 
and (2) that the historic interest of Euclid’s Postulate is so 
great, I am of opinion that the proposal is very much to be 
deprecated. 


TeL H, 


December 1925. 
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INTRODUCTION. 


CHAPTER I. 


EUCLID AND THE TRADITIONS ABOUT HIM. 


AS in the case of the other great mathematicians of Greece, so in 
Euclid’s case, we have only the most meagre particulars of the life 
and personality of the man. 

Most of what we have is contained in the passage of Proclus 
summary relating to him, which is as follows! : 

“Not much younger than these (sc. Hermotimus of Colophon and 
Philippus of Medma) is Euclid, who put together the Elements, collect- 
ing many of Eudoxus' theorems, perfecting many of Theaetetus', and 
also bringing to irrefragable demonstration the things which were 
only somewhat loosely proved by his predecessors. This man lived? 
in the time of the first Ptolemy. For Archimedes, who came imme- 
diately after the first (Ptolemy)*, makes mention of Euclid: and, 
further, they say that Ptolemy once asked him if there was in 
geometry any shorter way than that of the elements, and he answered 
that there was no royal road to geometry‘. He is then younger than 
the pupils of Plato but older than Eratosthenes and Archimedes ; for 
the latter were contemporary with one another, as Eratosthenes some- 
where says.” 

This passage shows that even Proclus had no direct knowledge 
of Euclid’s birthplace or of the date of his birth or death. He pro- 
ceeds by inference. Since Archimedes lived just after the first 


) 


! Proclus, ed. Friedlein, p. 68, 6—240. 

2 The word yéyove must apparently mean “flourished,” as Heiberg understands it 
(Litteraryeschichtliche Studien uber Eukiid, 1882, p. 26), not ‘‘was born,” as Hankel took 
it: otherwise part of Proclus’ argument would lose its cogency. 

3 So Heiberg understands éwiBadtov ro wpwry (sc. IIrodeualy). Friedlein’s text has 
kal between ¢wiBadwy and ry wpwry; and it is right to remark that another reading is 
kal d» ty wpwry (without émigaXov) which has been translated ''in his first 6004,” by which 
is understood On the Sphere and Cylinder 1., where (1) in Prop. 2 are the words ‘‘let BC 
be made equal to D by the second (proposition) of the first of Euclid's (books)," and (3) in 
di 6 the words '' For these things are handed down in the Elements" (without the name 
of Euclid). Heiberg thinks the former passage is referred to, and that Proclus must 
therefore have had before him the words ** by the second of the first of Euclid": a fair proof 
that they are genuine, though in themselves they would be somewhat suspicious. 

* The same story is told in Stobaeus, Ec/. (11. p. 228, 30, ed. Wachsmuthf about 
Alexander and Menaechmus. Alexander is represented as having asked Menaechmus to 
teach him geometry concisely, but he replied: ‘‘O king, through the country there are royal 
roads and roads for common citizens, but in geometry there is one road for all.” 
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Ptolemy, and Archimedes mentions Euclid, while there is an anecdote 
about some Ptolemy and Euclid, therefore Euclid lived in the time of 
the first Ptolemy. 

We may infer then from Proclus that Euclid was intermediate 
between the first pupils of Plato and Archimedes. Now Plato died in 
347/6, Archimedes lived 287-212, Eratosthenes c. 284-204 B.C. Thus 
Euclid must have flourished c. 300 B.C., which date agrees well with 
the fact that Ptolemy reigned from 306 to 283 B.C. 

It is most probable that Euclid received his mathematical training 
in Athens from the pupils of Plato; for most of the geometers who 
could have taught him were of that school, and it was in Athens that 
the older writers of elements, and the other mathematicians on whose 
works Euclid's Elements depend, had lived and taught. He may 
himself have been a Platonist, but this does not follow from the state- 
ments of Proclus on the subject. Proclus says namely that he was of 
the school of Plato and in close touch with that philosophy!. But 
this was only an attempt of a New Platonist to connect Euclid with 
his philosophy, as is clear from the next words in the same sentence, 
“for which reason also he set before himself, as the end of the whole 
Elements, the construction of the so-called Platonic figures.” It is 
evident that it was only an idea of Proclus’ own to infer that Euclid 
was a Platonist because his Elements end with the investigation of 
the five regular solids, since a later passage shows him hard put to 
it to reconcile the view that the construction of the five regular solids 
was the end and aim of the Elements with the obvious fact that they 
were intended to supply a foundation for the study of geometry in 
general, “to make perfect the understanding of the learner in regard 
to the whole of geometry?" To get out of the difficulty he says? that, 
if one should ask him what was the aim (cxomros) of the treatise, he 
would reply by making a distinction between Euclid's intentions 
(1) as regards the subjects with which his investigations are concerned, 
(2) as regards the learner, and would say as regards (1) that “the 
whole of the geometer’s argument is concerned with the cosmic 
figures.” This latter statement is obviously incorrect. It is true 
that Euclid’s Elements end with the construction of the five regular 
solids; but the planimetrical portion has no direct relation to them, 
and the arithmetical no relation at all; the propositions about them 
are merely the conclusion of the stereometrical division of the work. 

One thing is however certain, namely that Euclid taught, and 
founded a school, at Alexandria. This is clear from the remark of 
Pappus about Apollonius‘: “he spent a very long time with the 
pupils of Euclid at Alexandria, and it was thus that he acquired 
such a scientific habit of thought.” 

It is in the same passage that Pappus makes a remark which 
might, to an unwary reader, seem to throw some light on the 


? Proclus, p. 68, 20, xal rp poaipécei 6d IIAaruvikós éoTc xal rf grrocogle ravry oixeios. 

3 ibid. p. 71, 8. 5 rid. p. 70, 19 sqq. 

4 Pappus, VII. p. 678, 10—12, evexoAácas rois Urd EvcdelSou pabnrais dy ’Adetardpelg 
wAeicTror xpóvov, 00e» Faxe xal t)» raadrny Ew ovx duals. 
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personality of Euclid. He is speaking about Apollonius’ preface 
to the first book of his Coxics, where he says that Euclid had not 
completely worked out the synthesis of the “three- and four-line 
locus, which in fact was not possible without some theorems first 
discovered by himself. Pappus says on this': “Now Euclid— 
regarding Aristaeus as deserving credit for the discoveries he had 
already made in conics, and without anticipating him or wishing to 
construct anew the same system (such was his scrupulous fairness and 
his exemplary kindliness towards all who could advance mathematical 
science to however small an extent), being moreover in no wise con- 
tentious and, though exact, yet no braggart like the other [Apollonius] 
—wrote so much about the locus as was possible by means of the 
conics of Aristaeus, without claiming completeness for his demonstra- 
tions.” It is however evident, when the passage is examined in its 
context, that Pappus is not following any tradition in giving this 
account of Euclid: he was offended by the terms of Apollonius’ 
reference to Euclid, which seemed to him unjust, and he drew a 
fancy picture of Euclid in order to show Apollonius in a relatively 
unfavourable light. 

Another story is told of Euclid which one would like to believe true. 
According to Stobaeus?, “some one who had begun to read geometry 
with Euclid, when he had learnt the first theorem, asked Euclid, ‘ But 
what shall I get by learning these things?' Euclid called his slave 
and said ' Give him threepence, since he must make gain out of what 
he learns. ” 

In the middle ages most translators and editors spoke of Euclid 
as Euclid of Megara. This description arose out of a confusion 
between our Euclid and the philosopher Euclid of Megara who lived ` 
about 400 B.C. The first trace of this confusion appears in Valerius 
Maximus (in the time of Tiberius) who says? that Plato, on being 
appealed to for a solution of the problem of doubling the cubical 
altar, sent the inquirers to “Euclid the geometer.” There is no doubt 
about the reading, although an early commentator on Valerius 
Maximus wanted to correct “Eucliden” into “ Exdorum,” and this 
correction is clearly right. But, if Valerius Maximus took Euclid the 
geometer for a contemporary of Plato, it could only be through 
confusing him with Euclid of Megara. The first specific reference to 
Euclid as Euclid of Megara belongs to the 14th century, occurring in 
the varouynpatiopot of Theodorus Metochita (d. 1332) who speaks of 
“Euclid of Megara, the Socratic philosopher, contemporary of Plato,” 
as the author of treatises on plane and solid geometry, data, optics 
etc.: and a Paris MS. of the 14th century has “Euclidis philosophi 
Socratici liber elementorum." The misunderstanding was general 
in the period from Campanus' translation (Venice 1482) to those of 
Tartaglia (Venice 1565) and Candalla (Paris 1566). But one 
Constantinus Lascaris (d. about 1493) had already made the proper 

1 Pappus, vil. pp. 676, 25—678, 6. Hultsch, it is true, brackets the whole passage 


PP- 676, 25—678, 15, but apparently on the ground of the diction only. 
3 Stobaeus, /.c. 3 VIIL 12, ext. 1. 
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distinction by saying of our Euclid that “he was different from him 
of Megara of whom Laertius wrote, and who wrote dialogues”; and 
to Commandinus belongs the credit of being the first translator? to 
put the matter beyond doubt: “Let us then free a number of people 
from the error by which they have been induced to believe that our 
Euclid is the same as the philosopher of Megara " etc. 

Another idea, that Euclid was born at Gela in Sicily, is due to tne 
same confusion, being based on Diogenes Laertius’ description’ of the 
philosopher Euclid as being “of Megara, or, according to some, of 
Gela, as Alexander says in the Aradoyai.” 

In view of the poverty of Greek tradition on the subject even as 
early as the time of Proclus (410-485 A.D.), we must necessarily take 
eum grano the apparently circumstantial accounts of Euclid given by 
Arabian authors; and indeed the origin of their stories can be 
explained as the result (1) of the Arabian tendency to romance, and 
(2) of misunderstandings. 

We read* that *' Euclid, son of Naucrates, grandson of Zenarchus', 
called the author of geometry, a philosopher of somewhat ancient 
date, a Greek by nationality domiciled at Damascus, born at Tyre, 
most learned in the science of geometry, published a most excellent 
and most useful work entitled the foundation or elements of geometry, 
a subject in which no more general treatise existed before among the 
Greeks : nay, there was no one even of later date who did not walk 
in his footsteps and frankly profess his doctrine. Hence also Greek, 
Roman and Arabian geometers not a few, who undertook the task 
of illustrating this work, published commentaries, scholia, and notes 
upon it, and made an abridgment of the work itself. For this reason 
the Greek philosophers used to post up on the doors of their schools 
the well-known notice: ‘Let no one come to our school, who has not 
first learned the elements of Euclid.” The details at the beginning 
of this extract cannot be derived from Greek sources, for even Proclus 
did not know anything about Euclid’s father, while it was not the 
Greek habit to record the names of grandfathers, as the Arabians 
commonly did. Damascus and Tyre were no doubt brought in to 
gratify a desire which the Arabians always showed to connect famous 
Greeks in some way or other with the East. Thus Nasiraddin, the 
translator of the Elements, who was of Tis in Khurdsan, actually 
makes Euclid out to have been “‘ Thusinus” also’ The readiness of 
the Arabians to run away with an idea is illustrated by the last words 


1 Letter to Fernandus Acuna, printed in Maurolycus, ZZisforia Siciliae, fol. a1 r. (see 
Heiberg, Euklid-Studien, pp. 22—3, 25). 

2 Preface to translation (Pisauri, 1572). 

* Diog. L. 11. 106, p. 58 ed. Cobet. 

* Casiri, Bibliotheca ee Escurialensis, 1. p. 339. Casiri’s source is al- 
Qifti (d. 1248), the author of the Za’rikh al-Hukamd, a collection of biographies of phi- 
losophers, mathematicians, astronomers etc. 

The Fihrist says ‘‘son of Naucrates, the son of Berenice (?) " (see Suter's translation in 
Abhandlungen sur Gesch. d. Math, vi. Heft, 1892, p. 16). 

€ The same predilection made the Arabs describe "Pythagoras as a pupi of the wise 
Salomo, Hipparchus as the exponent of Chaldaean philosophy or as the Chaldaean, Archi- 
medes as an Eeyptlan etc. (Haji Khalfa, Lexicon Biblioyraphicum,; and Casiri). 
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of the extract. Everyone knows the story of Plato’s inscription over 
the porch of the Academy: “let no one unversed in geometry enter 
my doors”; the Arab turned geometry into Ewc/;Z's geometry, and 
told the story of Greek philosophers in general and "7Zeir Academies." 

Equally remarkable are the Arabian accounts of the relation of 
Euclid and Apollonius According to them the Elements were 
originally written, not by Euclid, but by a man whose name was 
Apollonius, a carpenter, who wrote the work in 15 books or sections’. 
In the course of time some of the work was lost and the rest became 
disarranged, so that one of the kings at Alexandria who desired to 
study geometry and to master this treatise in particular first questioned 
about it certain learned men who visited him and then sent for Euclid 
who was at that time famous as a geometer, and asked him to revise 
and complete the work and reduce it to order. Euclid then re-wrote 
it in 13 books which were thereafter known by his name. (According 
to another version Euclid composed the 13 books out of commentaries 
which he had published on two books of Apollonius on conics and 
out of introductory matter added to the doctrine of the five regular 
solids.) To the thirteen books were added two more books, the work 
of others (though some attribute these also to Euclid) which contain 
several things not mentioned by Apollonius. According to another 
version Hypsicles, a pupil of Euclid at Alexandria, offered to the 
king and published Books xiv. and Xv. it being also stated that 
Hypsicles had "discovered" the books, by which it appears to be 
suggested that Hypsicles had edited them from materials left by Euclid. 

We observe here the correct statement that Books XIV. and XV. 
were not written by Euclid, but along with it the incorrect informa- 
tion that Hypsicles, the author of Book XIV., wrote Book xv. also. 

The whole of the fable about Apollonius having preceded Euclid 
and having written the E/ements appears to have been evolved out of 
the preface to Book xiv. by Hypsicles, and in this way ; the Book 
must in early times have been attributed to Euclid, and the inference 
based upon this assumption was left uncorrected afterwards when it 
was recognised that Hypsicles was the author. The preface is worth 
quoting : 

“ Basilides of Tyre, O Protarchus, when he came to Alexandria 
and met my father, spent the greater part of his sojourn with him on 
account of their common interest in mathematics. And once, when 

! The authorities for these statements quoted by Casiri and Haji Khalfa are al-Kindi's 
tract de instituto libri Euclidis (al-Kindi died about 873) and a commentary by Qadizade 
ar-Rümi (d. about 1440) on a book called 454447 af-ta' sis (fundamental propositions) by 
Ashraf Shamsaddin Mid (c. 1276) consisting of elucidations of 35 propositions 
selected from the first books of Euclid. Nasiraddin likewise says that Euclid cut out two of 
15 books of elements then existing and published the rest under his own name. According to 
Qadizade the king heard that there was a celebrated geometer named Euclid at Tyre: Naşir- 
addin says that he sent for Euclid of Tis. 

4 So says the Frhrist. Suter (of. cit. p. 49) thinks that the author of the FzArzs/ did not 
suppose Apollonius of Perga to be the writer of the A/ements, as later Arabian authorities 
did, but that he distinguished another Apollonius whom he calls **a carpenter." Suter's 
argument is based on the fact that the FiAr1s/'s article on Apollonius (of Perga) says nothin 


of the Elements; and that it gives the three great mathematicians, Euclid, Archimedes an 
Apollonius, in the correct chronological order. 
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examining the treatise written by Apollonius about the comparison 
between the dodecahedron and the icosahedron inscribed in the same 
sphere, (showing) what ratio they have to one another, they thought 
that Apollonius had not expounded this matter properly, and 
accordingly they emended the exposition, as I was able to learn 
from my father. And I myself, later, fell in with another book 
published by Apollonius, containing a demonstration relating to the 
subject, and I was greatly interested in the investigation of the 
problem. The book published by Apollonius is accessible to all— 
for it has a large circulation, having apparently been carefully written 
out later—but I decided to send you the comments which seem to 
me to be necessary, for you will through your proficiency in mathe- 
matics in general and in geometry in particular form an expert 
judgment on what I am about to say, and you will lend a kindly ear 
to my disquisition for the sake of your friendship to my father and 
your goodwill to me.” 

The idea that Apollonius preceded Euclid must evidently have 
been derived from the passage just quoted. It explains other things 
besides. Basilides must have been confused with Sae«Xevs, and we 
have a probable explanation of the “ Alexandrian king,” and of the 
“learned men who visited” Alexandria. It is possible also that in 
the “Tyrian”. of Hypsicles’ preface we have the origin of the notion 
that Euclid was born in Tyre. These inferences argue, no doubt, 
very defective knowledge of Greek: but we could expect no better 
from those who took the Organon of Aristotle to be “instrumentum 
musicum pneumaticum,” and who explained the name of Euclid, 
which they variously pronounced as Uclides or Icludes, to be com- 
pounded of Uc/t a key, and Dis a measure, or, as some say, geometry, 
so that Uclides is equivalent to the key of geometry! 

Lastly the alternative version, given in brackets above, which says 
that Euclid made the Elements out of commentaries which he wrote 
on two books of Apollonius on conics and prolegomena added to the 
doctrine of the five solids, seems to have arisen, through a like 
confusion, out of a later passage’ in Hypsicles’ Book xiv.: “ And this 
is expounded by Aristaeus in the book entitled ‘Comparison of the five 
figures, and by Apollonius in the second edition of his comparison of 
the dodecahedron with the icosahedron.” The “doctrine of the five 
solids” in the Arabic must be the '* Comparison of the five figures” 
in the passage of Hypsicles, for nowhere else have we any information 
about a work bearing this title, nor can the Arabians have had. The 
reference to the two books of Apollonius on conics will then be the 
result of mixing up the fact that Apollonius wrote a book on conics 
with the second edition of the other work mentioned by Hypsicles. 
We do not find elsewhere in Arabian authors any mention of a 
commentary by Euclid on Apollonius and Aristaeus: so that the 
story in the passage quoted is really no more than a variation of the 
fable that the E/ements were the work of Apollonius. 


! Heiberg's Euclid, vol. v. p. 6. 


CHAPTER II. 


EUCLID’S OTHER WORKS. 


IN giving a list of the Euclidean treatises other than the Elements, 
I shall be brief: for fuller accounts of them, or speculations with 
regard to them, reference should be made to the standard histories of 
mathematics’. 

I will take first the works which are mentioned by Greek authors. 

1. The Pseudaria. 

I mention this first because Proclus refers to it in the general 
remarks in praise of the Elements which he gives immediately after 
the mention of Euclid in his summary. He says?: “But, inasmuch 
as many things, while appearing to rest on truth and to follow from 
scientific principles, really tend to lead one astray from the principles 
and deceive the more superficial minds, he has handed down methods 
for the discriminative understanding of these things as well, by the 
use of which methods we shall be able to give beginners in this study 
practice in the discovery of paralogisms, and to avoid being misled. 
This treatise, by which he puts this machinery in our hands, he 
entitled (the book) of Pseudaria, enumerating in order their various 
kinds, exercising our intelligence in each case by theorems of all 
sorts, setting the true side by side with the false, and combining 
the refutation of error with practical illustration. This book then is 
by way of cathartic and exercise, while the Elements contain the 
irrefragable and complete guide to the actual scientific investigation 
of the subjects of geometry.” 

The book is considered to be irreparably lost. We may conclude 
however from the connexion of it with the Elements and the reference 
to its usefulness for beginners that it did not go outside the domain 
of elementary geometry’. 

1 See, for example, Loria, Ze scienze esatte nell’ antica Grecia, 1914, pp. 245—268; 
T. L. Heath, ZZístory of Gree& Mathematics, 1931, 1. pp. 421—446. Cf. Heiberg, Litterar- 

cAicAhtliche Studien über Euklid, pp. 36—153; Euclidis opera omnia, ed. Heiberg and 
enge, Vols. v1.—vill. 

2 Proclus, p. 70, 1—18. 

3 Heiberg points out that Alexander Aphrodisiensis appears to allude to the work in his 
commentary on Aristotle’s Sophistici Elenchi (fol. 25 b): “Not only those (Meyxa) which do 
not start from the principles of the science under which the problem is classed...but also 
those which do start from the proper principles of the science but in some respect admit a 
paralogism, e.g. the Pseudographemata of Euclid.” Tannery (Bull. des sciences math. et astr. 


2° Série, VI., 1882, 1¢® Partie, p. 147) conjectures that it may be from this treatise that the 
same commentator got his information about the quadratures of the circle by Antiphon and 
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2. The Data. 

The Data (ded5opéva) are included by Pappus in the Treasury of 
Analysis (rétr05 avadvopevos), and he describes their contents’. They 
are still concerned with elementary geometry, though forming part 
of the introduction to higher analysis. Their form is that of pro- 
positions proving that, if certain things in a figure are given (in 
magnitude, in species, etc.), something else is given. The subject- 
matter is much the same as that of the planimetrical books of the 
Elements, to which the Data are often supplementary. We shall see 
this later when we come to compare the propositions in the Elements 
which give us the means of solving the general quadratic equation 
with the corresponding propositions of the Data which give the 
solution. The Data may in fact be regarded as elementary exercises 
in analysis. 

It is not necessary to go more closely into the contents, as we 
have the full Greek text and the commentary by Marinus newly 
edited by Menge and therefore easily accessible? 

3. The book On divisions (of figures). 

This work (crept ĉiaipéoewv Rf iov) is mentioned by Proclus’. 
In one place he is speaking of the conception or definition (Aóyos) 
of figure, and of the divisibility of a figure into others differing from 
it in kind; and he adds: “For the circle is divisible into parts unlike 
in definition or notion (avópora TQ Xóyg), and so is each of the 
rectilineal figures; this is in fact the business of the writer of the 
Elements in his Divisions, where he divides given figures, in one case 
into like figures, and in another into unlike*" “Like” and “unlike” 
here mean, not “similar” and “dissimilar” in the technical sense, but 
“like” or “unlike zz definition or notion” (Adyp): thus to divide a 
triangle into triangles would be to divide it into “like” figures, to 
divide a triangle into a triangle and a quadrilateral would be to 
divide it into “unlike” figures, 

The treatise is lost in Greek but has been discovered in the 
Arabic. First John Dee discovered a treatise De divistonibus by one 
Muhammad Bagdadinus® and handed over a copy of it (in Latin) in 
1563 to Commandinus, who published it, in Dee’s name and his own, 
in 1570*. Dee did not himself translate the tract from the Arabic; he 


Bryson, to say nothing of the lunules of Hippocrates. I think however that there is an 
objection to this theory so far as regards Bryson; for Alexander distinctly says that Bryson's 
quadrature did mot start from the proper principles of geometry, but from some principles 
more general. 

: appus, VII. p. 638. 

? Vol. vi. in the Teubner edition of Euclidis opera omnia by Heiberg and Menge. A 
translation of the Daéa is also included in Simson's Euclid (though naturally his text left 
much to be desired). 

? Proclus, p. 69, 4. * ibid. 144, 22—26. 

° Steinschneider places him in the 1othc. H. Suter (Bibliotheca Mathematica, 1V}, 1903, 
pp. 24, 27) identifies him with Abū (Bekr) Muh. b. 'Abdalbāqi al-Baġdādī, Qādi (J udge) of 

áristán (circa 1070-1141), to whom he also attributes the Lider judes (? judicis) super decimum 
Esclidis translated by Gherard of Cremona. 

5 De superficierum. divisionibus. liber Machometo Bagdadino adscriptus, nunc primum 
Joannis Dee Londinensis et Federici Commandini Urbinatis opera in lucem editus, Pisauri, 
1570, afterwards included in Gregory’s Euclid (Oxford, 1703). 
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found it in Latin in a MS. which was then in his own possession but 
was about 20 years afterwards stolen or destroyed in an attack by a 
mob on his house at Mortlake'. Dee, in his preface addressed to 
Commandinus, says nothing of his having translated the book, but 
only remarks that the very illegible Ms. had caused him much trouble 
and (in a later passage) speaks of “the actual, very ancient, copy from 
which I wrote ont..." (in ipso unde descripsi vetustissimo exemplari). 
The Latin translation of this tract from the Arabic was probably made 
by Gherard of Cremona (1114-1187), among the list of whose numerous 
translations a "liber divisionum" occurs. The Arabic original cannot 
have been a direct translation from Euclid, and probably was not even 
a direct adaptation of it; it contains mistakes and unmathematical 
expressions, and moreover does not contain the propositions about 
the division of a circle alluded to by Proclus- Hence it can scarcely 
have contained more than a fragment of Euclid’s work. 

But Woepcke found in a Ms. at Paris a treatise in Arabic on the 
division of figures, which he translated and published in 1851?. It is 
expressly attributed to Euclid in the MS. and corresponds to the 
description of it by Proclus. Generally speaking, the divisions are 
divisions into figures of the same kind as the original figures, e.g. of 
triangles into triangles; but there are also divisions into "unlike" 
figures, e.g. that of a triangle by a straight line parallel to the base. 
The missing propositions about the division of a circle are also here: 
“to divide into two equal parts a given figure bounded by an arc 
of a circle and two straight lines including a given angle” and “to 
draw in a given circle two parallel straight lines cutting off a certain 
part of the circle.” Unfortunately the proofs are given of only four 
propositions (including the two last mentioned) out of 36, because 
the Arabic translator found them too easy and omitted them. To 
illustrate the character of the problems dealt with I need only take 
one more example: “To cut off a certain fraction from a (parallel-) 
trapezium by a straight line which passes through a given point lying 
inside or outside the trapezium but so that a straight line can be 
drawn through it cutting both the parallel sides of the trapezium.” 
The genuineness of the treatise edited by Woepcke is attested by the 
facts that the four proofs which remain are elegant and depend on 
propositions in the Eéements, and that there is a lemma with a true 
Greek ring: “to apply to a straight line a rectangle equal to the 
rectangle contained by AS, AC and deficient by a square.” Moreover 
the treatise is no fragment, but finishes with the words “end of the 
treatise,’ and is a well-ordered and compact whole. Hence we may 
safely conclude that Woepcke's is not only Euclid's own work but 
the whole of it. A restoration of the work, with proofs, was attempted 
by Ofterdinger?, who however does not give Woepcke's props. 30, 31, 
34, 35, 36. We have now a satisfactory restoration, with ample notes 

! R. C. Archibald, Eucid's Book on the Division of Figures with a restoration based on 
Woepcke's text and on the Practica geometriae of Leonardo Pisano, Cambridge, 1915, pp. 4—9. 

2 ure Asiatique, 1851, p. 233 sqq. : — 

3 L. F. Ofterdinger, Beiträge zur Wiederherstellung der Schrift des Euklides über die 
Theilung der Figuren, Ulm, 1853. 
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and an introduction, by R. C. Archibald, who used for the purpose 
Woepcke's text and a section of Leonardo of Pisa’s Practica geometriae 
(1220)}. 

4. The Portsms. 

It is not possible to give in this place any account of the con- 
troversies about the contents and significance of the three lost books 
of Porisms, or of the important attempts by Robert Simson and 
Chasles to restore the work. These may be said to form a whole 
literature, references to which will be found most abundantly given 
by Heiberg and Loria, the former of whom has treated the subject 
from the philological point of view, most exhaustively, while the 
latter, founding himself generally on Heiberg, has added useful 
details, from the mathematical side, relating to the attempted restora- 
tions, etc? It must suffice here to give an extract from the only 
original source of information about the nature and contents of the 
Porisms, namely Pappus*. In his general preface about the books 
composing the Treasury of Analysis (tómos avaħvópevos) he says : 

“After the Tangencies (of Apollonius) come, in three books, the 
Porisms of Euclid, [in the view of many] a collection most ingeniously 
devised for the analysis of the more weighty problems, (and] although 
nature presents an unlimited number of such porisms*, [they have 
added nothing to what was written originally by Euclid, except that 
some before my time have shown their want of taste by adding to a 
few (of the propositions) second proofs, each (proposition) admitting 
of a definite number of demonstrations, as we have shown, and 
Euclid having given one for each, namely that which is the most 
lucid. These porisms embody a theory subtle, natural, necessary, 
and of considerable generality, which is fascinating to those who can 
see and produce results]. 

* Now all the varieties of porisms belong, neither to theorems nor 
problems, but to a species occupying a sort of intermediate position 
[so that their enunciations can be formed like those of either theorems 
or problems], the result being that, of the great number of geometers, 
some regarded them as of the class of theorems, and others of pro- 
blems, looking only to the form of the proposition. But that the 
ancients knew better the difference between these three things is 
clear from the definitions. For they said that a theorem is that 
which is proposed with a view to the demonstration of the very 
thing proposed, a problem that which is thrown out with a view to 
the construction of the very thing proposed, and a porism that which 
is proposed with a view to the producing of the very thing proposed. 
[But this definition of the porism was changed by the more recent 
writers who could not produce everything, but used these elements 


1 There is a remarkable similarity between the propositions of Woepcke's text and those 
of Leonardo, suggesting that Leonardo may have had before him a translation (perhaps by 
Gherard of Cremona) of the Arabic tract. 

2 Heiberg, Zuhizd-Studien, pp. 56—79, and Loria, op. ci£., pp. 353—265. 

3 Pappus, ed. Hultsch, vil. pp. 648—660. I put in square brackets the words bracketed 
by Hultsch. 

* I adopt Heiberg's reading of a comma here instead of a full stop. 
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and proved only the fact that that which is sought really exists, but 
did not produce it! and were accordingly confuted by the definition 
and the whole doctrine. They based their definition on an incidental 
characteristic, thus: A porism is that which falls short of a locus- 
theorem in respect of its hypothesis* Of this kind of porisms loci 
are a species, and they abound in the Treasury of Analysis; but 
this species has been collected, named and handed down separately 
from the porisms, because it is more widely diffused than the other 
species]. But it has further become characteristic of porisms that, 
owing to their complication, the enunciations are put in a contracted 
form, much being by usage left to be understood; so that many 
geometers understand them only in a partial way and are ignorant of 
the more essential features of their contents. 

“(Now to comprehend a number of propositions in one enunciation 
is by no means easy in these porisms, because Euclid himself has not 
in fact given many of each species, but chosen, for examples, one or a 
few out of a great multitude*. But at the beginning of the first book 
he has given some propositions, to the number of ten, of one species, 
namely that more fruitful species consisting of loci.] Consequently, 
finding that these admitted of being comprehended in one enunciation, 
we have set it out thus: 

If, in a system of four straight lines‘ which cut each other 
two and two, three points on one straight line be given while the 
rest except one lie on different straight lines given in position, 
the remaining point also will lie on a straight line given in 
position’, 

1 Heiberg points out that Props. s—9 of Archimedes’ treatise On Spirads are porisms in 
this sense. To take Prop. 5 as an example, DAF is a tangent to a circle with centre X. 


It is then possible, says Archimedes, to draw a straight line p B F 
— meeting the circumference in Æ and the tangent in 7, 
such that 


FH : HK «(arc BH): c, 


where c is the circumference of ay circle. To prove this he 

assumes the following construction. Æ being any straight line 9 
greater than c, he says: let ÆG be parallel to DF, “and let 

the line GÆ equal to Æ be placed verging to the point B.” 

Archimedes must of course have known how to effect this 

construction, which requires conics. But that it is possib/e requires very little argument, for 
if we draw any straight line BAG meeting the circle in Æ and XG in G, it is obvious that 
as G moves away from C, HAG becomes greater and greater and may be made as great as we 
please. The ''later writers" would no doubt have contented themselves with this considera- 
tion without actually constructing HG. 

2 As Heiberg says, this translation is made certain by a preceding passage of Pappus 

- 648, r—3) where he compares two cnunciations, the latter of which “falls short of the 
ormer in Ayfothesis but goes beyond it in regutrement.” E.g. the first enunciation requiring 
us, given three circles, to draw a circle touching all three, the second may require us, given 
only fo circles (one less datum), to draw a circle touching them and of a given size (an 
extra requirement). 

8 [ translate Heiberg's reading with a full stop here followed by rpos dpyy 32 Suws [wpds 
dpx3v (8«9ouévov) Hultsch] rod mpórov B8AMov.... 

* The four ET lines are described in the text as (the sides) Swrlov 4 rapurriou, i.e. 
sides of two sorts o quadrilaterals which Simson tries to explain (see p. 120 of the Z7ndex 
Graecitatis of Hultsch's edition of Pappus). 

6 In other words (Chasles, p. 23; Loria, p. 256), if a triangle be so deformed that each of 
its sides turns about one of three points in a straight line, and two of its vertices lie on two 
straight lines given in position, the third vertex will also lie on a straight line. 
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“This has only been enunciated of four straight lines, of which not 
more than two pass through the same point, but it is not known (to 
most people) that it is true of any assigned number of straight lines 
if enunciated thus: 

If any number of straight lines cut one another, not more 
than two (passing) through the same point, and all the points 
(of intersection situated) on one of them be given, and if each of 
those which are on another (of them) lie on a straight line given 
in position— 

or still more generally thus: 

if any number of straight lines cut one another, not more than 
two (passing) through the same point, and all the points (of 
intersection situated) on one of them be given, while of the other 
points of intersection in multitude equal to a triangular number 
a number corresponding to the side of this triangular number lie 
respectively on straight lines given in position, provided that of 
these latter points no three are at the angular points of a triangle 
(sc. having for sides three of the given straight lines)—each of the 
remaining points will lie on a straight line given in position’. 

* [t is probable that the writer of the Elements was not unaware 
of this but that he only set out the principle; and he seems, in the 
case of all the porisms, to have laid down the principles and the 
seed only [of many important things], the kinds of which should be 
distinguished according to the differences, not of their hypotheses, but 
of the results and the things sought. [All the hypotheses are different 
from one another because they are entirely special, but each of the 
results and things sought, being one and the same, follow from many 
different hypotheses.] 

“We must then in the first book distinguish the following kinds of 
things sought: 

“At the beginning of the book? is this proposition : 

I. ‘If from two given points straight lines be drawn meeting 
on a Straight line given in position, and one cut off from a straight 
line given in position (a segment measured) to a given point on tt, 
the other will also cut off from another (straight line a segment) 
having to the first a given ratto. 

* Following on this (we have to prove) 

II. that such and such a point lies on a straight line given 

in position ; 

III. that the ratio of such and such a pair of straight lines 

is given ;” 
etc. etc. (up to XXIX.). 

“The three books of the porisms contain 38 lemmas; of the 
theorems themselves there are 171.” 

1 Loria (p. 256, ”. 3) gives the meaning of this as follows, pointing out that Simson was 
the discoverer of it: “If a complete #-lateral be deformed so that its sides respectively turn 
about # points on a straight line, and (»- 1) of its » (n — 1)/a vertices move on as many 
straight lines, the other (*»— 1) (» — 3)/a of its vertices likewise move on as many straight 
lines: but it is necessary that it should be impossible to form with the (s — 1) vertices any 


triangle having for sides the sides of the polygon." 
3 Reading, with Heiberg, ro fBi8Mov (rov ?" Hultsch]. 
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Pappus further gives lemmas to the Porisms (pp. 866—918, ed. 
Hultsch). 

With Pappus' account of Porisms must be compared the passages 
of Proclus on the same subject. Proclus distinguishes two senses in 
which the word mópiopa is used. The first is that of corollary where 
something appears as an incidental result of a proposition, obtained 
without trouble or special seeking, a sort of bonus which the investi- 
gation has presented us with’. The other sense is that of Euclid’s 
Porisms?. In this sense? “porism is the name given to things which 
are sought, but need some finding and are neither pure bringing into 
existence nor simple theoretic argument. For (to prove) that the 
angles at the base of isosceles triangles are equal is a matter of 
theoretic argument, and it is with reference to things existing that 
such knowledge is (obtained). But to bisect an angle, to construct a 
triangle, to cut off, or to place—all these things demand the making 
of something ; and to find the centre of a given circle, or to find the 
greatest common measure of two given commensurable magnitudes, 
or the like, is in some sort between theorems and problems. For in 
these cases there is no bringing into existence of the things sought, 
but finding of them, nor is the procedure purely theoretic. For it is 
necessary to bring that which is sought into view and exhibit it to 
the eye. Such are the porisms which Euclid wrote, and arranged in 
three books of Porisms.’ 

Proclus’ definition thus agrees well enough with the first, “older,” 
definition of Pappus. A porism occupies a place between a theorem 
and a problem: it deals with something already exzsting,as a theorem 
does, but has to find it (e.g. the centre of a circle), and, as a certain 
operation is therefore necessary, it partakes to that extent of the 
nature of a problem, which requires us to construct or produce some- 
thing not previously existing. Thus, besides 111. 1 of the Elements 
and X. 3, 4 mentioned by Proclus, the following propositions are 
real porisms: III. 25, VI. 11—13, VII. 33, 34, 36, 30, VIII. 2, 4, X. IO, 
XHI. 18. Similarly in Archimedes Ox the Sphere and Cylinder 1. 2—6 
might be called porisms. 

The enunciation given by Pappus as comprehending ten of Euclid’s 
propositions may not reproduce the form of Euclid’s enunciations ; 
but, comparing the result to be proved, that certain points lie on 
straight lines given in position, with the cass indicated by II. above, 
where the question is of such and such a point lying on a straight line 
given in position, and with other classes, e.g. (V.) that such and such a 
line is given in position, (VI.) that such and such a line verges to a given 
point, (XXVII.) that there exists a given point such that straight lines 
drawn from it to such and such (circles) will contain a triangle given 
In species, we may conclude that a usual form of a porism was “to 
prove that it is possible to find a point with such and such a property” 


! Proclus, pp. 213, 14; 301, 22. 
3 ibid. p. 212, 12. "The term porism is used of certain problems, like the Zorisms 
written by Euclid." 


d. pp- 301, 25 sqq. 
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or *a straight line on which lie all the points satisfying given 
conditions" etc. 

Simson defined a porism thus: * Porisma est propositio in qua 
proponitur demonstrare rem aliquam, vel plures datas esse, cui, vel 
quibus, ut et cuilibet ex rebus innumeris, non quidem datis, sed quae 
ad ea quae data sunt eandem habent relationem,convenire ostendendum 
est affectionem quandam communem in propositione descriptam!" 

From the above it is easy to understand Pappus' statement that 
loci constitute a large class of porisms. A J/ocus is well defined by 
Simson thus: “Locus est propositio in qua propositum est datam 
esse demonstrare, vel invenire lineam aut superficiem cuius quodlibet 
punctum, vel superficiem in qua quaelibet linea data lege descripta, 
communem quandam habet proprietatem in propositione descriptam." 
Heiberg cites an excellent instance of a /ocus which is a portsm, namely 
the following proposition quoted by Eutocius’ from the Plane Loci of 
Apollonius : 

“Given two points in a plane, and a ratio between unequal straight 
lines, it is possible to draw, in the plane, a circle such that the straight 
lines drawn from the given points to meet on the circumference of 
the circle have (to one another) a ratio the same as the given ratio.” 

A difficult point, however, arises on the passage of Pappus, which 
says that a porism is “that which, in respect of its hypothesis, falls 
short of a locus-theorem” (romtxod Oewpryyaros). Heiberg explains it 
by comparing the porism from Apollonius’ Plane Loct just given with 
Pappus’ enunciation of the same thing, to the effect that, if from two 
given points two straight lines be drawn meeting in a point, and these 
straight lines have to one another a given ratio, the point will lie on 
either a straight line or a circumference of a circle given in position. 
Heiberg observes that in this latter enunciation something is taken 
into the hypothesis which was not in the hypothesis of the enunciation 
of the porism, viz. “that the ratio of the straight lines is the same.” 
I confess this does not seem to me satisfactory: for there is no real 
difference between the enunciations, and the supposed difference in 
hypothesis is very like playing with words. Chasles says: * Ce qui 
constitue le porisme est ce qui mangue à l'hypothèse d'un théorème 
local (en d’autres termes, le porisme est inférieur, par l'hypothèse, au 
théoréme local; c'est-à-dire que quand quelques parties d'une pro- 
position locale n'ont pas dans l'énoncé la détermination qui leur est 
propre, cette proposition cesse d'étre regardée comme un théoréme et 
devient un porisme)." But the subject still seems to require further 
elucidation. 

While there is so much thai is obscure, it seems certain (1) that the 
Porisms were distinctly part of higher geometry and not of elementary 


1 This was thus expressed by Chasles : ‘‘ Le porisme est une proposition dans laquelle on 
demande de démontrer qu'une chose ou plusieurs choses sont données, qui, ainsi que l'une 
gaeau d'une infinité d'autres choses non données, mais dont chacune est avec des choses 

onnées dans une même relation, ont une certaine propriété commune, décrite dans ła pro- 
ition. 

3 Commentary on Apollonius’ Conics (vol. 11. p. 180, ed. Heiberg). 
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geometry, (2) that they contained propositions belonging to the 
modern theory of transversals and to projective geometry. It should 
be remembered too that it was in the course of his researches on this 
subject that Chasles was led to the idea of anharmonic ratios. 

Lastly, allusion should be made to the theory of Zeuthen! on the 
subject of the porisms. He observes that the only porjsm of which 
Pappus gives the complete enunciation, * If from two given points 
straight lines be drawn meeting on a straight line given in position, 
and one cut off from a straight line given in position (a segment 
measured) towards a given point on it, the other will also cut off from 
another (straight line a segment) bearing to the first a given ratio," 
is also true if there be substituted for the first given straight line a 
conic regarded as the “locus with respect to four lines,” and that this 
extended porism can be used for completing Apollonius’ exposition 
of that locus. Zeuthen concludes that the Porzsms were in part by- 
products of the theory of conics and in part auxiliary means for the 
study of conics, and that Euclid called them by the same name as 
that applied to corollaries because they were corollaries with respect to 
conics. But there appears to be no evidence to confirm this conjecture. 

5. The Surface-loct (romor mpos emipaveia). 

The two books on this subject are mentioned by Pappus as part 
of the Treasury of Analysis? As the other works in the list which 
were on plane subjects dealt only with straight lines, circles, and 
conic sections, it is a priori likely that among the loci in this treatise 
(loci which are surfaces) were included such loci as were cones, 
cylinders and spheres. Beyond this all is conjecture based on two 
lemmas given by Pappus in connexion with the treatise. 

(1) The first of these lemmas? and the figure attached to it are 
not satisfactory as they stand, but a possible restoration is indicated 
by Tannery‘ If the latter is right, it suggests that one of the loci 
contained all the points on the elliptical parallel sections of a cylinder 
and was therefore an oblique circular cylinder. Other assumptions 
with regard to the conditions to which the lines in the figure may be 
subject would suggest that other loci dealt with were cones regarded 
as containing all points on particular elliptical parallel sections of 
the cones’. 

(2) In the second lemma Pappus states and gives a complete proof 
of the focus-and-directrix property of a conic, viz. that the locus of a 
point whose distance from a given point is in a given ratio to its distance 
from a fixed line is a cont section, which ts an ellipse, a parabola or a 
hyperbola according as the given ratio is less than, equal to, or greater 
than unity". Two conjectures are possible as to the application of 
this theorem in Euclid’s Surface-loct. (a) It may have been used to 
prove that the locus of a point whose distance from a given straight 


1 Die Lehre von den Kegelschnitien im Altertum, chapter VIII. 

* Pappus, VII. p. 636. 5 ibid. VII. p. 1004. 

* Bulletin des sciences math. et astron., 2° Série, VI. 149. 

5 Further particulars will be found in ZAe Wor&s of Archimedes, pp. lxii—lxiv, and in 
Zeuthen, Die Lehre von den Kepgelschnitten, p. 415 sqq. 

* Pappus, VII. pp. 1006—1014, and Hultsch's Appendix, pp. 1270—3. 
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line is in a given ratio to its distance from a given plane is a certain 
cone. (4) It may have been used to prove that the locus of a point 
whose distance from a given point is in a given ratio to its distance 
from a given plane is the surface formed by the revolution of a conic 
about its major or conjugate axis'. Thus Chasles may have been 
correct in his conjecture that the .Suz/ace-/oc? dealt with surfaces of 
revolution of the second degree and sections of the same’. 

6. The Conzcs. 

Pappus says of this lost work: “The four books of Euclid’s Conics 
were completed by Apollonius, who added four more and gave us 
eight books of Conics*" It is probable that Euclid’s work was lost 
even by Pappus’ time, for he goes on to speak of * Aristaeus, who wrote 
the szil] extant five books of Solid Loci connected with the conics.” 
Speaking of the relation of Euclid’s work to that of Aristaeus on conics 
regarded as loci, Pappus says in a later passage (bracketed however 
by Hultsch) that Euclid, regarding Aristaeus as deserving credit for 
the discoveries he had already made in conics, did not (try to) 
anticipate him or construct anew the same system. We may no 
doubt conclude that the book by Aristaeus on solid loci preceded 
Euclid’s on conics and was, at least in point of originality, more 
important. Though both treatises dealt with the same subject-matter, 
the object and the point of view were different; had they been the 
same, Euclid could scarcely have refrained, as Pappus says he did, 
from attempting to improve upon the earlier treatise. No doubt 
Euclid wrote on the general theory of conics as Apollonius did, but 
confined himself to those properties which were necessary for the 
analysis of the Solid Loci of Aristaeus. The Conics of Euclid were 
evidently superseded by the treatise of Apollonius, 

As regards the contents of Euclid’s Comics, the most important 
source of our information is Archimedes, who frequently refers to 
propositions in conics as well known and not needing proof, adding 
in three cases that they are proved in the “elements of conics” or in 
“the conics,” which expressions must clearly refer to the works of 
Aristaeus and Euclid‘ 

Euclid still used the old names for the conics (sections of a right- 
angled, acute-angled, or obtuse-angled cone), but he was aware that 
an ellipse could be obtained by cutting a cone in any manner by a 
plane not parallel to the base (assuming the section to lie wholly 
between the apex of the cone and its base) and also by cutting a 
cylinder. This is expressly stated in a passage from the Phaenomena 
of Euclid about to be mentioned’. 

7. The Phaenomena. 

This is an astronomical work and is still extant. A much inter- 


: For further details see The Works of Archimedes, pp. lxiv, lxv, and Zeuthen, 4. c. 


2 Aperçu historique, pp- 273—4- 3 Pappus, VII. p. 672 
* For details of these Mop see my Apollonius of Perga, pp. XXXV, xxxvi. 
5 Phaenomena, ed. Menge, p. 6: ‘‘If a cone or a cylinder be cut by a plane not 


Piet to the base, the section is a section of an acute-angled cone, which is like a shield 
8vpeós). " 
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polated version appears in Gregory’s Euclid. An earlier and better 
recension is however contained in the Ms. Vindobonensis philos. 
Gr. 103, though the end of the treatise, from the middle of prop. 16 
to the last (18), is missing. The book, now edited by Menge’, consists 
of propositions in spheric geometry. Euclid based it on Autolycus' 
work repi xevoupévns odpatpas, but also, evidently, on an earlier text- 
book of Sphaerica of exclusively mathematical content. It has been 
conjectured that the latter textbook may have been due to Eudoxus*. 

8. The Optics. 

This book needs no description, as it has been edited by Heiberg 
recently’, both in its genuine form and in the recension by Theon. 
The Catoptrica published by Heiberg in the same volume is not 
genuine, and Heiberg suspects that in its present form it may be 
Theon’s. It is not even certain that Euclid wrote Catoptrica at all, as 
Proclus may easily have had Theon’s work before him and inadvertently 
assigned it to Euclid‘. 

9. Besides the above-mentioned works, Euclid is said to have 
written the Elements of Music’ (ai xara povotxny atosyerdoes). Two 
treatises are attributed to Euclid in our MSS. of the Musici, the 
KatatToun xavóvos, Sectio canonis (the theory of the intervals), and the 
eicaywyn dppovexn (introduction to harmony)*. The first, resting on 
the Pythagorean theory of music, is mathematical, and the style and 
diction as well as the form of the propositions mostly agree with what 
we find in the Elements. Jan thought it genuine, especially as almost 
the whole of the treatise (except the preface) is quoted zz extenso, and 
Euclid is twice mentioned by name, in the commentary on Ptolemy's 
Harmonica published by Wallis and attributed by him to Porphyry. 
Tannery was of the opposite opinion’. The latest editor, Menge, sug- 
gests that it may be a redaction by a less competent hand from the 
genuine Euclidean Elements of Music. The second treatise is not 
Euclid’s, but was written by Cleonides, a pupil of Aristoxenus®. 

Lastly, it is worth while to give the Arabians’ list of Euclid’s 
works. I take this from Suter’s translation of the list of philosophers 
and mathematicians in the Fzrzst, the oldest authority of the kind 
that we possess®*. “To the writings of Euclid belong further [in 
addition to the Elements]: the book of Phaenomena; the book of 


| Euclidis opera omnia, vol. VII1., 1916, pp. 2—156. 

? Heiberg, Eu4d-Studien, p. 46; Hultsch, 4utolycus, p. xii; A. A. Bjornbo, Studien 
über Menelaos’ Sphärik (Abhandlungen zur Geschichte der mathematischen Wissenschaften, 
XIV. 1902), p. 56 sqq. 

uclidis opera omnia, vol. vI1. (1895). 

4 Heiberg, Euclid’s Optics, etc. p. 1. 5 Proclus, p. 69, 3. 

€ Both treatises edited by Jan in Musici Scriptores Graeci, 1895, pp. 113—166, 167—207, 
and by Menge in Euclidis opera omnia, vol. VIIL, 1916, pp. 157—183, 185—223. 

? Comptes rendus de Acad. des inscriptions et belles-lettres, Paris, t904, PpP- 439—445- 
Cf. Bibliotheca Mathematica, V13, 1905-6, p. 225, note 1. 

8 Heiberg, Euklid-Studien, pp. 52—55; Jan, Musici Scriptores Graeci, pp. 169—194. 

9? H. Suter, Das Mathematiker- Verzeichniss im Fihrist in Abhandlungen zur Geschichte 
der Mathematik, Vi., 1892, pp. 1—87 (see especially p. 17). Cf. Casiri, 1. 339, 340, and 
Gartz, De interpretibus et explanatoribus Euclidis Arabicis, 1823, pp. 4, 5. 
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Given Magnitudes [Daza]; the book of Tones, known under the name 
of Music, not genuine; the book of Division, emended by Thābit; 
the book of Utilisations or Applications [Porisms], not genuine; the 
book of the Canon; the book of the Heavy and Light; the book of 
Synthesis, not genuine; and the book of Analysis, not genuine.” 

It is to be observed that the Arabs already regarded the book of 
Tones (by which must be meant the eicaywyn dppovxn) as spurious. 
The book of Division is evidently the book on Divisions (of figures). 
The next book is described by Casiri as “liber de utilitate suppositus.” 
Suter gives reason for believing the Porisms to be meant’, but does 
not apparently offer any explanation of why the work is supposed to 
be spurious. The book of the Canon is clearly the xararop?) xavovos. 
The book on “the Heavy and Light” is apparently the tract De levi 
et ponderoso, included in the Basel Latin translation of 1537, and in 
Gregory’s edition. The fragment, however, cannot safely be attributed 
to Euclid, for (1) we have nowhere any mention of his having written 
on mechanics, (2) it contains the notion of specific gravity in a form 
so clear that it could hardly be attributed to anyone earlier than 
Archimedes?. Suter thinks?’ that the works on Analysis and Synthesis 
(said to be spurious in the extract) may be further developments of 
the Data or Porisms, or may be the interpolated proofs of Eyci. 
XIII. 1—5, divided into analysis and synthesis, as to which see the notes 
on those propositions. 


1 Suter, of. cit. pp. 49, 50. Wenrich translated the word as “utilia.” Suter says that 
the nearest meaning of the Arabic word as of “porism” is se, gain (Nutzen, Gewinn), while 
a further meaning is explanation, observation, addition: a gain arising out of what has 
preceded (cf. Proclus’ definition of the porism in the sense of a corollary). 

* Heiberg, Eukid-Studien, pp. 9, 10. 2 Suter, of. cif. p. 50. 


CHAPTER III. 


GREEK COMMENTATORS ON THE ELEMENTS OTHER 
THAN PROCLUS. 


THAT there was no lack of commentaries on the Elements before 
the time of Proclus is evident from the terms in which Proclus refers 
to them; and he leaves us in equally little doubt as to the value 
which, in his opinion, the generality of them possessed. Thus he says 
in one place (at the end of his second prologue)! : 

“Before making a beginning with the investigation of details, 
I warn those who may read me not to expect from me the things 
which have been dinned into our ears ad nauseam (dsateOpvrAntat) by 
those who have preceded me, viz. lemmas, cases, and so forth. For 
I am surfeited with these things and shall give little attention to them. 
But I shall direct my remarks principally to the points which require 
deeper study and contribute to the sum of philosophy, therein emulating 
the Pythagoreans who even had this common phrase for what I mean 
‘a figure and a platform, but not a figure and sixpence®.’” 

In another place?’ he says: “Let us now turn to the elucidation 
of the things proved by the writer of the Elements, selecting the more 
subtle of the comments made on them by the ancient writers, while 
cutting down their interminable diffuseness, giving the things which 
are more systematic and follow scientific methods, attaching more 
importance to the working-out of the real subject-matter tham to the 
variety of cases and lemmas to which we see recent writers devoting 
themselves for the most part.” 

At the end of his commentary on £ucl. 1. Prockis remarks‘ that 
the commentaries then in vogue were full of all sorts of confusion, and 
contained no account of causes, no dialectical discrimination, and no 
philosophic thought. 

These passages and two others in which Proclus refers to “the 
commentators*" suggest that these commentators were numerous. 
He does not however give many names; and no doubt the only 
important commentaries were those of Heron, Porphyry, and Pappus. 

! Proclus, p. 84, 8. 
3 i.e. we reach a certain height, use the platform so attained as a base on which to build 


another stage, then use that as a base and so on. 
3 Proclus, p. 200, 10. * ibid. p. 433, 15. 5 ibid, p. 289, 11; p. 3328, 16. 
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I. Heron. 

Proclus alludes to Heron twice as Heron mechanicus', in another 
place? he associates him with Ctesibius, and in the three other 
passages? where Heron is mentioned there is no reason to doubt that 
the same person is meant, namely Heron of Alexandria. The date of 
Heron is still a vexed question. In the early stages of the controversy 
much was made of the supposed relation of Heron to Ctesibius. The 
best MS. of Heron’s Belopoeica has the heading "Hpwvos KrnovBiov 
BeXorrouxd, and an anonymous Byzantine writer of the tenth century, 
evidently basing himself on this title, speaks of Ctesibius as Heron’s 
xaOnyntys, “master” or “teacher.” We know of two men of the name 
of Ctesibius. One was a barber who lived in the time of Ptolemy 
Euergetes II, ie. Ptolemy VII, called Physcon (died 117 B.C.), and 
who is said to have made an improved water-organ‘, The other was a 
mechanician mentioned by Athenaeus as having made an elegant 
drinking-horn in the time of Ptolemy Philadelphus (285-247 B.C.)*. 
Martin’ took the Ctesibius in question to be the former and accord- 
ingly placed Heron at the beginning of the first century B.C., say 
126-50 B.C. But Philo of Byzantium’, who repeatedly mentions Ctesi- 
bius by name, says that the first mechanicians had the advantage of 
being under kings who loved fame and supported the arts. Hence our 
Ctesibius is more likely to have been the earlier Ctesibius who was 
contemporary with Ptolemy II Philadelphus. 

But, whatever be the date of Ctesibius, we cannot safely conclude 
that Heron was his immediate pupil. The title * Heron's (edition of) 
Ctesibius's Belopoeica" does not, in fact, justify any inferenee as to 
the interval of time between the two works. 

We now have better evidence for a terminus post quem. The 
Metrica of Heron, besides quoting Archimedes and Apollonius, twice 
refers to “the books about straight lines (chords) in a circle" (ép tots 
Téept Tav èv kvkXq evher). Now we know of no work giving a Table 
of Chords earlier than that of Hipparchus. We get, therefore, at 
once, 1§0 B.C. or thereabouts as the zerminus post quem. But, again, 
Heron’s Mechanica quotes a definition of “centre of gravity” as given 
by “Posidonius, a Stoic”: and, even if this Posidonius lived before 
Archimedes, as the context seems to imply, it is certain that another 
work of Heron’s, the Definitions, owes something to Posidonius of 
Apamea or Rhodes, Cicero’s teacher (135-51 B.C.). This brings Heron's 
date down to the end of the first century B.C., at least. 

We have next to consider the relation, if any, between Heron and 
Vitruvius. In his De Architectura, brought out apparently in 14 B.C., 
Vitruvius quotes twelve authorities on machinationes including Archytas 


à Proclus, p. 305, 243 P. 346, 13. 

2 ibid. P. 41, 10. 

3 jbid. p. 196, 16; P. 323, 7; P. 429, 13. 

4 Athenaeus, Deigno-Soph. iv., c. 75, p. 174 b—t+e 

5 $bid,. xi., c. 97, p. 497 ó—«. 

€ Martin, Recherches sur la vie et les ouvrages d’ Héron d'Alexandrie, Paris, 1854, p. 27. 
? Philo, Mechan. Synt., p. 50, 38, ed. Schone. 
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(second), Archimedes (third), Ctesibius (fourth) and Philo of Byzan- 
tium (sixth), but does not mention Heron. Nor is it possible to 
establish inter-dependence between Vitruvius and Heron; the differ- 
ences between them seem on the whole more numerous and important 
than the resemblances (e.g. Vitruvius uses 3 as the value of r, while 
Heron always uses the Archimedean value 34). The inference is that 
Heron can hardly have written earlier than the first century A.D. 

The most recent theory of Heron’s date makes him later than 
Claudius Ptolemy the astronomer (100-178 A.D.). The arguments are 
mainly these. (1) Ptolemy claims as a discovery of his own a method 
of measuring the distance between two places (as an arc of a great 
circle on the earth’s surface) in the case where the places are neither 
on the same meridian nor on the same parallel circle. Heron, in his 
Dioptra, speaks of this method as of a thing generally known to 
experts. (2) The dioptra described in Heron’s work is a fine and 
accurate instrument, much better than anything Ptolemy had at his 
disposal. (3) Ptolemy, in his work Tlept pomrwy, asserted that water 
with water round it has no weight and that the diver, however deep 
he dives, does not feel the weight of the water above him. Heron, 
strangely enough, accepts as true what Ptolemy says of the diver, but 
is dissatisfied with the explanation given by “some,” namely that it is 
because water is uniformly heavy—this seems to be equivalent to 
Ptolemy’s dictum that water in water has no weight—and he essays a 
different explanation based on Archimedes. (4) It is suggested that 
the Dionysius to whom Heron dedicated his Definitions is a certain 
Dionysius who was praefectus urbi in 301 A.D. 

On the other hand Heron was earlier than Pappus, who was 
writing under Diocletian (284-305 A.D.), for Pappus alludes to and 
draws upon the works of Heron. The net result, then, of the most 
recent research is to place Heron in the third century A.D. and perhaps 
little earlier than Pappus. Heiberg’ accepts this conclusion, which 
may therefore, perhaps, be said to hold the field for the present?. 

That Heron wrote a systematic commentary on the Elements 
might be inferred from Proclus, but it is rendered quite certain by 
references to the commentary in Arabian writers, and particularly in 
an-Nairizi’s commentary on the first ten Books of the Elements. The 
Fthrist says, under Euclid, that “ Heron wrote a commentary on this 
book [the LJements], endeavouring to solve its, difficulties?” ; and 
under Heron, “ He wrote: the book of explanation of the obscurities 
in Euclid*...." An-Nairizi’s commentary quotes Heron by name very 
frequently, and often in such a way as to leave no doubt that the 
author had Heron’s work actually before him. Thus the extracts are 
given in the first person, introduced by “ Heron says” (“Dixit Yrinus” 


! Heronis Alexandrini opera, vol. V. (Teubner, 1914), p. ix. 

2 Fuller details of the various arguments will be found in my History of Greek Mathe- 
matics, 1921, vol. 11., pp. 298— 306. 

3 Das Mathematiker-Vereeichniss im Fihrist (tr. Suter), p. 16. 

* ibid. p. 22. 
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r “Heron”); and in other places we are told that Heron “says 
nothing,” or “is not found to have said anything,” on such and such 
a proposition. The commentary of an-Nairizi is in part edited by 
Besthorn and Heiberg from a Leiden MS. of the translation of the 
Elements by al-Hajjaj with the commentary attached’. But this Ms. 
only contains six Books, and several pages in the first Book, which 
contain the comments of Simplicius on the first twenty-two defini- 
tions of the first Book, are missing. Fortunately the commentary of 
an-Nairizi has been discovered in a more complete form, in a Latin 
translation by Gherardus Cremonensis of the twelfth century, which 
contains the missing comments by Simplicius and an-Nairizi's com- 
ments on the first ten Books. This valuable work has recently been 
edited by Curtze?. 

Thus from the three sources, Proclus, and the two versions of 
an-Nairizi, which supplement one another, we are able to form a very 
good idea of the character of Heron's commentary. In some cases 
observations given by Proclus without the name of their author are 
seen from an-Nairizi to be Heron's; in a few cases notes attributed 
by Proclus to Heron are found in an-Nairizi without Heron's name; 
and, curiously enough, one alternative proof (of 1. 25) given as Heron's 
by Proclus is introduced by the Arab with the remark that he has 
not been able to discover who is the author. 

Speaking generally, the comments of Heron do not seem to have 
contained much that can be called important. We find 

(1) A few general notes, e.g. that Heron would not admit more 
than three axioms. 

(2) Distinctions of a number of particular cases of Euclid’s pra- 
positions according as the figure is drawn in one way or in another. 

Of this class are the different cases of 1. 35, 36, 111. 7, 8 (where the 
chords to be compared are drawn on different sides of the diameter 
instead of on the same side), III. 12 (which is not Euclid’s, but Heron's 
own, adding the case of external contact to that of internal contact in 
III. I 1), VI. 19 (where the triangle in,which an additional line is drawn 
is taken to be the smaller of the two), VII. 19 (where he gives the 
particular case of ¢kvee numbers in continued proportion, instead of 
four proportionals). 

(3) Alternative proofs. Of these there should be mentioned (a) 
the proofs of II. 1—10 “ without a figure,” being simply the algebraic 
forms of proof, easy but uninstructive, which are so popular nowadays, 
the proof of III. 25 (placed after 111. 30 and starting from the arc 
instead of the chord), III. 10 (proved by III. 9), II. 13 (a proof 
preceded by a lemma to the effect that a straight line cannot meet a 
circle in more than two points). Another class of alternative proof is 


1 Codex Leidensis 399, 1. Euclidis Elementa ex interpretatione al-Hadschdschadschit 
cum commentariis al-Narisii. Five parts carrying the work to the end of Book Iv. were 
issued i in 1893, 1897, 1900, 1905 and 19ro respectively. 

2 Anaritii in decem libros riores elementorum Euclidis commentarii ex interpretatione 
Gherardi Cremonensis...edidit Maximilianus Curtze (Teubner, Leipzig, 1899). 
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(ġ) that which is intended to meet a particular objection (čvortacıs) 
which had been or might be raised to Euclid’s construction. Thus 
in certain cases he avoids producing a particular straight line, where 
Euclid produces it, in order to meet the objection of any one who should 
deny our right to assume that there is any space available’. Of this 
class are Heron's proofs of I. 11, I. 20, and his note on I. 16. Similarly 
on I. 48 he supposes the right-angled triangle which is constructed to 
be constructed on the same side of the common side as the given 
triangle is. A third class (c) is that which avoids reductio ad 
absurdum. Thus, instead of indirect proofs, Heron gives direct 
proofs of I. 19 (for which he requires, and gives, a preliminary 
lemma), and of I. 25. 

(4) Heron supplies certain converses of Euclid’s propositions, 
e.g. converses of II. 12, 13, VIII. 27. 

(5) A few additions to, and extensions of, Euclid’s propositions 
are also found. Some are unimportant, e.g. the construction of isosceles 
and scalene triangles in a note on I. 1, the construction of ¢2o tangents 
in Ill. 17, the remark that VII. 3 about finding the greatest common 
measure of three numbers can be applied to as many numbers as we 
please (as Euclid tacitly assumes in VII. 31). The most important 
extension is that of III. 20 to the case where the angle at the 
circumference is greater than a right angle, and the direct deduction 
from this extension of the result of III. 22. Interesting also are the 
notes on I. 37 (on I. 24 in Proclus), where Heron proves that two 
triangles with two sides of one equal to two sides of the other and 
with the included angles supplementary are equal, and compares the 
areas where the sum of the two included angles (one being supposed 
greater than the other) is less or greater than two right angles, and 
on I. 47, where there is a proof (depending on preliminary lemmas) of 
the fact that, in the figure of the proposition, the straight lines 4Z, 
BK, CF meet in a point. After IV. 16 there is a proof that, in a 
regular polygon with an even number of sides, the bisector of one 
angle also bisects its opposite, and an enunciation of the corresponding 
proposition for a regular polygon with an odd number of sides. 

Van Pesch? gives reason for attributing to Heron certain other 
notes found in Proclus, viz. that they are designed to meet the same 
sort of points as Heron had in view in other notes undoubtedly written 
by him. These are (a) alternative proofs of I. 5, I. 17, and I. 32, 
which avoid the producing of certain straight lines, (2) an alternative 
proof of I. 9 avoiding the construction of the equilateral triangle on 
the side of BC opposite to A ; (c) partial converses of 1. 35—38, starting 
from the equality of the areas and the fact of the parallelograms or 
triangles being in the same parallels, and proving that the bases are 
the same or equal, may also be Heron’s. Van Pesch further supposes 
that it was in Heron’s commentary that the proof by Menelaus of 
I. 25 and the proof by Philo of I. 8 were given. 


1 Cf. Proclus, 275, 7 ef 8¢ Adyou ri Throw ph elddvas,.., 289, 18 Aéyer obv Tes Öri obx Egri 
réwos.... 
* De Procli fontibus, Lugduni- Batavorum, 1900, 
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The last reference to Heron made by an-Nairizi occurs in the note 
on VIII. 27, so that the commentary of the former must at least have 
reached that point. 

II. Porphyry. 

The Porphyry here mentioned is of course the Neo-Platonist who 
lived about 232-304 A.D. Whether he really wrote a systematic 
commentary on the Elements is uncertain. The passages in Proclus 
which seem to make this probable are two in which he mentions him 
(1) as having demonstrated the necessity of the words “not on the 
same side” in the enunciation of I. 14!, and (2) as having pointed out 
the necessity of understanding correctly the enunciation of I. 26, since, 
if the particular injunctions as to the sides of the triangles to be taken 
as equal are not regarded, the student may easily fall into error? 
These passages, showing that Porphyry carefully analysed Euclid's 
enunciations in these cases, certainly suggest that his remarks were 
part of a systematic commentary. Further, the list of mathematicians 
in the FzÁris? gives Porphyry as having written “a book on the 
Elements." It is true that Wenrich takes this book to have been a 
work by Porphyry mentioned by Suidas and Proclus ( Theolog. Platon.), 
wept apyev libri II.? 

There is nothing of importance in the notes attributed to Porphyry 
by Proclus. | 

(1) Three alternative proofs of 1. 20, which avoid producing a side 
of the triangle, are assigned to Heron and Porphyry without saying 
which belonged to which. If the first of the three was Heron's, I 
agree with van Pesch that it is more probable that the two others 
were both Porphyry's than that the second was Heron's and only the 
third Porphyry's. For they are similar in character, and the third 
uses a result obtained in the second‘. 

(2) Porphyry gave an alternative proof of I. 18 to meet a childish 
objection which is supposed to require the part of AC equal to AB to 
be cut off from CA and not from AC. 

Proclus gives a precisely similar alternative proof of I. 6 to meet a 
similar supposed objection ; and it may well be that, though Proclus 
mentions no name, this proof was also Porphyry's, as van Pesch 
suggests”, | 

Two other references to Porphyry found in Proclus cannot have 
anything to do with commentaries on the Elements. In the first a 
work called the Zvuuiuerá is quoted, while in the second a philo- 
sophical question is raised. 

III. Pappus. 

The references to Pappus in Proclus are not numerous; but we 
have other evidence that he wrote a commentary on the Elements. 
Thus a scholiast on the definitions of the Data uses the phrase “as 

1 Proclu . 197, 1—298, 10. 2 (bid. p. 353, 13, ing. 
3 Fihrist (tre Suter), P. sd P. 45 — eee eae 


* Van Pesch, De Procli fontibus, pp. 129, 130. Heiberg assigned them as above in his 


Euklid-Studien (p. 160), but seems to have changed his view later. (See Besthorn- Heiberg, 
Codex ode T 93, note 2.) ! 


8 Van Pesçh, op. cit. pp. 130—1. 


cH. 11} GREEK COMMENTATORS OTHER THAN PROCLUS 25 


Pappus says at the beginning of his (commentary) on the roth (book) 
of Euclid’.” Again in the Fihrist we are told that Pappus wrote a 
commentary to the tenth book of Euclid in two parts*. Fragments 
of this still survive in a MS. described by Woepcke’, Paris. No. 952. 2 
(supplément arabe de la Bibliothéque impériale), which contains a 
translation by Abü 'Uthman (beginning of roth century) of a Greek 
commentary on Book X. It is in two books, and there can now be 
no doubt that the author of the Greek commentary was Pappus‘. 
Again Eutocius, in his note on Archimedes, Ox» the Sphere and 
Cylinder 1. 13, says that Pappus explained in his commentary on the 
Elements how to inscribe in a circle a polygon similar to a polygon 
inscribed in another circle; and this would presumably come in his 
commentary on Book XII., just as the problem is solved in the second 
scholium on Eucl. xir. 1. Thus Pappus' commentary on the Elements 
must have been pretty complete, an additional confirmation of this 
supposition being forthcoming in the reference of Marinus (a pupil 
and follower of Proclus) in his preface to the Data to “the com- 
mentaries of Pappus on the book*" 

The actual references to Pappus in Proclus are as follows: 

(1) On the Postulate (4) that all right angles are equal, Pappus is 
quoted as saying that the converse, viz. that all angles equal to a 
right angle are right, is not true’, since the angle included between 
the arcs of two semicircles which are equal, and have their diameters 
at right angles and terminating at one point, is equal to a right angle, 
but is not a right angle. 

(2) On the axioms Pappus is quoted as saying that, in addition to 
Euclid’s axioms, others are on record as well (cuvavaypadeo@ar) about 
unequals added to equals and equals added to unequals’; these, says 
Proclus, follow from the Euclidean axioms, while others given by 
Pappus are involved by the definitions, namely those which assert 
that “all parts of the plane and of the straight line coincide with one 
another,” that “a point divides a straight line, a line a surface, and a 
surface a solid,” and that “the infinite is (obtained) in magnitudes 
both by addition and diminution®” 


1 Euclid’s Data, ed. Menge, p. 262. 3 Fihrist (tr. Suter), p. 22. 

3 Mémoires présentés à Pacadémie des sciences, 1856, XIV. pp. ——— 

* Woepcke read the name of the author, in the title of the first book,as 2. Zs (the dot 
oe a missing vowel). He quotes also from other Mss. (e.g. of the Ta'rikh al- 
Hukamé and of the Fihrist) where he reads the name of the commentator as 2.415, B.n.s 
or B./.s. Woepcke takes this author to be Valens, and thinks it possible that he may be 
the same as the astrologer Vettius Valens. This Heiberg (ZuAlid-Studien, pp. 169, 170) 
proves to be impossible, because, while one of the Mss. quoted by Woepcke says that 
** B.n.5, le Aodmi" (late-Greek) was later than Claudius Ptolemy and the Fihrist says 
* B. 7.5, le Romi" wrote a commentary on Ptolemy's Planisphacrium, Vettius Valens 
seems to have lived under Hadrian, and must therefore have been an elder contemporary of 
Ptolemy. But Suter shows (Féhrist, p. 22 and p. §4, note g2) that Banos is only distin- 
— from Babos by the position of à certain dot, and Balos may also easily have arisen 
rom an original Babos (there is no P in Arabic), so that Pappus must be the person meant. 
This is further confirmed by the fact that the FiAris/ gives this author and Valens as the 
subjects of two separate paragraphs, attributing to the latter astrological works only. 

® Heiberg, Eus/id-Studien, p. 173; Euclid’s Data, ed. Menge, pp. 256, lii. 

è Proclus, pp. 189, 19o. 7 ibid. p. 197, 6—10. 

8 ibid. p. 198, 3—15. 
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(3) Pappus gave a pretty proof of 1. 5. This proof has, I think, 
been wrongly understood; on this point see my note on the 
proposition. 

(4) On 1. 47 Proclus says!: “ As the proof of the writer of the 
Elements is manifest, I think that it is not necessary to add anything 
further, but that what has been said is sufficient, since indeed those 
who have added more, like Heron and Pappus, were obliged to make 
use of what is proved in the sixth book, without attaining any 
important result.” We shall see what Heron's addition consisted of ; 
what Pappus may have added we do not know, unless it was some- 
thing on the lines of his extension of I. 47 found in the Synagoge 
(IV. p. 176, ed. Hultsch). 

We may fairly conclude, with van Pesch?, that Pappus is drawn 
upon in various other passages of Proclus where he quotes no 
authority, but where the subject-matter reminds us of other notes 
expressly assigned to Pappus or of what we otherwise know to have 
been favourite questions with him. Thus: 

I. We are reminded of the curvilineal angle which is equal to but 
not a right angle by the note on I. 32 to the effect that the converse 
(that a figure with its interior angles together equal to two right 
angles is a triangle) is not true unless we confine ourselves to 
rectilineal figures. This statement is supported by reference to a 
figure formed by four semicircles whose diameters form a square, and 
one of which is turned inwards while the others are turned outwards. 
The figure forms two angles “equal to” right angles in the sense 
described by Pappus on Post. 4, while the other curvilineal angles are 
not considered to be angles at all, and are left out in summing the 
internal angles. Similarly the allusions in the notes on I. 4, 23 to 
curvilineal angles of which certain moon-shaped angles (penvoevdets) 
are shown to be “equal to" rectilineal angles savour of Pappus. 

2. On ir 9 Proclus says? that ' Others, starting from the Archi- 
medean spirals, divided any given rectilineal angle in any given ratio." 
We cannot but compare this with Pappus IV. p. 286, where the spiral 
is so used ; hence this note, including remarks immediately preceding 
about the conchoid and the quadratrix, which were used for the same 
purpose, may very well be due to Pappus. 

3. The subject of isoperimetric figures was a favourite one with 
Pappus, who wrote a recension of Zenodorus' treatise on the subject‘ 
Now on I. 35 Proclus speaks* about the paradox of parallelograms 
having equal area (between the same parallels) though the two sides 
between the parallels may be of any length, adding that of parallelo- 
grams with equal perimeter the rectangle is greatest if the base be 
given, and the square greatest if the base be not given etc. He 
returns to the subject on I. 37 about triangles. Compare’ also his 
note on I. 4. These notes may have been taken from Pappus. 

1 Proclus, p. 429, 9—15. 
? Van Pesch, De Procli fontibus, p. 134 sqq. 3 Proclus, p. 272, 10. 
4 Pappus, V. pp. 304—359 ; for Zenodorus’ own treatise see Hultsch's Appendix, pp. 1189 


—I211. 
* Proclus, pp. 396—8. 5 ibid. pp. 403—4- ? ibid. pp. 336—7. 
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4. Again, on I. 21, Proclus remarks on the paradox that straight 
lines may be drawn from the base to a point within a triangle which 
are (1) together greater than the two sides, and (2) include a less 
angle, provided that the straight lines may be drawn from points in 
the base other than its extremities. The subject of straight lines 
satisfying condition (1) was treated at length, with reference to a 
variety of cases, by Pappus’, after a collection of “paradoxes” by 
Erycinus, of whom nothing more is known. Proclus gives Pappus’ 
first case, and adds a rather useless proof of the possibility of drawing 
straight lines satisfying condition (2) a/oze, adding that “the proposi- 
tion stated has been proved by me without using the parallels of 
the commentators*" By “the commentators” Pappus is doubtless 
meant. 

5. Lastly, the “four-sided triangle,’ called by Zenodorus the 
“hollow-angled,”* is mentioned in the notes on I. Def. 24—29 and 
L 21. As Pappus wrote on Zenodorus' work in which the term 
occurred*, Pappus may be responsible for these notes. 

IV. Simplicius. 

According to the Fz4ris?*, Simplicius the Greek wrote “a com- 
mentary to the beginning of Euclid's book, which forms an introduc- 
tion to geometry." And in fact this commentary on the definitions, 
postulates and axioms (including the postulate known as the Parallel- 
Axiom) is preserved in the Arabic commentary of an-Nairizi®. On 
two subjects this commentary of Simplicius quotes a certain “ Aganis,” 
the first subject being the definition of an angle, and the second the 
definition of parallels and the parallel-postulate. Simplicius gives 
word for word, in a long passage placed by an-Nairizi after I. 29, an 
attempt by “ Aganis” to prove the parallel-postulate. It starts from 
a definition of parallels which agrees with Geminus’ view of them as 
given by Proclus’, and is closely connected with the definition given 
by Posidonius*. Hence it has been assumed that “ Aganis” is none 
other than Geminus, and the historical importance of the commentary 
of Simplicius has been judged accordingly. But it has been recently 
shown by Tannery that the identification of " Aganis" with Geminus 
is practically impossible’, In the translation of Besthorn-Heiberg 
Aganis is called by Simplicius in one place “ philosophus Aganis,” in 
another “ magister noster Aganis," in Gherard's version he is * socius 
Aganis" and "socius noster Aganis." These expressions seem to 
leave no doubt that Aganis was a contemporary and friend, if not 
master, of Simplicius ; and it is impossible to suppose that Simplicius 
(fl. about 500 A.D.) could have used them of a man who lived four and 


1 Pappus, 111. pp. 104—130. * Proclus, p. 328, 15. 

3 Proclus, p. 165, 24; cf. pp. 328, 329. * See Pappus, ed. Hultsch, pp. 1154, 1206. 

5 Fihrist (tr. Suter), p. 21. 

* An-Nairizi, ed. Besthorn- Heiberg, pp. 9—41, 119—133, ed. Curtze, pp. 1—37,65—73. 
The Codex Leidensis, from which Besthorn and Heiberg's edition is taken, has unfortunately 
lost some leaves, so that there is a gap from Def. t1 to Def. 23 (parallels). The loss is, how- 
ever, made good by Curtze's edition of the translation by Gherard of Cremona. 

? Proclus, p. 177, 21. 8 ibid. p. 176, 7. 

9 Bibliotheca Mathematica, 114, 1900, pp. 9— 11. 
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a half centuries before his time. A phrase in Simplicius’ word-for- 
word quotation from Aganis leads to the same conclusion. He speaks 
of people who objected “even in ancient times” (iam antiquitus) to 
the use by geometers of this postulate. This would not have been an 
appropriate phrase had Geminus been the writer. I do not think 
that this difficulty can he got over by Suter’s suggestion? that the 
passages in question may have been taken out of Heron's commentary, 
and that an-Nairizi may have forgotten to name the author; it seems 
clear that Simplicius is the person who described “ Aganis.” Hence 
we are driven to suppose that Aganis was not Geminus, but some 
unknown contemporary of Simplicius*. Considerable interest will 
however continue to attach to the comments of Simplicius so 
fortunately preserved. 


Proclus tells us that one Aegaeas (? Aenaeas) of Hierapolis wrote an 
epitome of the Elements? ; but we know nothing more of him or of it. 


1 Zeitschrift für Math. u. Physik, XLIV., hist.-litt. Abth. p. 61. 

2 The above argument seems to me quite insuperable. The other arguments of Tannery 
do not, however, carry conviction to my mind. I do not follow the reasoning based on 
Aganis’ definition of an angle. It appears to me a pure assumption that Geminus would have 
seen that Posidonius’ definition of parallels was not admissible. Nor does it seem to me to 
count for much that Proclus, while telling us that Geminus held that the postulate ought to be 
proved and warned the unwary against hastily concluding that two straight lines approaching 
one another must necessarily meet (cf. a curve and its asymptote), gives no hint that 
Geminus did try to prove the postulate. It may well be that Proclus omitted Geminus’ 
( — i S he wrote one) because he preferred Ptolemy’s attempt which he gives 
PP. 395—7)- 

3 Proclus, p. 361, a1. 


CHAPTER IV. 


PROCLUS AND HIS SOURCES! 


IT is well known that the commentary of Proclus on Eucl. Book I. 
is one of the two main sources of information as to the history of 
Greek geometry which we possess, the other being the Collection of 
Pappus. They are the more precious because the original works of 
the forerunners of Euclid, Archimedes and Apollonius are lost, having 
probably been discarded and forgotten almost immediately after the 
appearance of the masterpieces of that great trio. 

Proclus himself lived 410-485 A.D., so that there had already 
passed a sufficient amount of time for the tradition relating to the 
pre-Euclidean geometers to become obscure and defective. In this 
connexion a passage is quoted from Simplicius? who, in his account 
of the quadrature of certain lunes by Hippocrates of Chios, while 
mentioning two authorities for his statements, Alexander Aphro- 
disiensis (about 220 A.D.) and Eudemus, says in one place’, “ As 
regards Hippocrates of Chios we must pay more attention to Eudemus, 
since he was nearer the times, being a pupil of Aristotle.” 

The importance therefore of a critical examination of Proclus' 
commentary with a view to determining from what original sources 
he drew need not be further emphasised. 

Proclus received his early training in Alexandria, where Olympio- 
dorus was his instructor in the works of Aristotle, and mathematics 
was taught him by one Heron* (of course a different Heron from the 
“mechanicus Hero” of whom we have already spoken). He after- 
wards went to Athens where he was imbued by Plutarch, and by 
Syrianus, with the Neo-Platonic philosophy, to which he then devoted 


2 My task in this chapter is made easy by the appearance, in the nick of time, of the 
dissertation De Procli fontibus by J. G. van Pesch (Lugduni-Batavorum, Apud L. van 
Nifterik, MDcccc). he chapters dealing directly with the subject show a thorough 
acquaintance on the part of the author with all the literature bearing on it; he covers 
the whole field and he exercises a sound and sobet judgment in forming his conclusions. 
The same cannot always be said of his only nos in the same inquiry, Tannery 
(in Za Gfométrie grecque, 1887), who often robs his speculations of much of their value 
through his proneness to run away with an idea; he does so in this case, basing most of his 
conclusions on an arbitrary and unwarranted assumption as to the significance of the words 
ol wepl ria (e.g. Hpwva, NocesSwnov etc.) as used in Proclus, 

* Simplicius on Aristotle's Physics, ed. Diels, pp. 54—69. 

3 ibid. p. 68, 32. 

4 Cf. Martin, Recherches sur la vie et les ouvrages d' Heron d'Alexandrie, pp. 340—424. 
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heart and soul, becoming one of its most prornminent exponents, He 
speaks everywhere with the highest respect of his masters, and 
was in turn regarded with extravagant veneration by his contem- 
poraries, as we learn from Marinus his pupil and biographer. On 
the death of Syrianus he was put at the head of the Neo-Platonic 
school. He was a man of untiring industry, as is shown by the 
number of books which he wrote, including a large number of com- 
mentaries, mostly on the dialogues of Plato. He was an acute 
dialectician, and pre-eminent among his contemporaries in the 
range of his learning'; he was a competent mathematician; he was 
even a poet. At the same time he was a believer in all sorts of 
myths and mysteries and a devout worshipper of divinities both 
Greek and Oriental. 

Though he was a competent mathematician, he was evidently 
much more a philosopher than a mathematician? This is shown 
even in his commentary on Eucl. 1., where, not only in the Prologues 
(especially the first), but also in the notes themselves, he seizes any 
opportunity for a philosophical digression. He says himself that he 
attaches most importance to “the things which require deeper study 
and contribute to the sum of philosophy®”; alternative proofs, cases, 
and the like (though he gives many) have no attraction for him; 
and, in particular, he attaches no value to the addition of Heron to 
I. 474, which is of considerable mathematical interest. Though he 
esteemed mathematics highly, it was only as a handmaid to philosophy. 
He quotes Plato's opinion to the effect that *mathematics, as making 
use of hypotheses, falls short of the non-hypothetical and perfect 
science®”...“Let us then not say that Plato excludes mathematics 
from the sciences, but that he declares it to be secondary to the one 
supreme science*" And again, while “mathematical science must be 
considered desirable in itself, though not with reference to the needs 
of daily life,” “if it is necessary to refer the benefit arising from it to 
something else, we must connect that benefit with intellectual know- 
ledge (voepay yvw@atv), to which it leads the way and is a propaedeutic, 
clearing the eye of the soul and taking away the impediments which 
the senses place in the way of the knowledge of universals (rev 
ÜXcvy." 

We know that in the Neo-Platonic school the younger pupils 
learnt mathematics; and it is clear that Proclus taught this subject, 
and that this was the origin of the commentary. Many passages 
show him as a master speaking to scholars. Thus “we Have illustrated 


1 Zeller calls him ‘‘ Der Gelehrte, dem kein Feld damaligen Wissens verschlossen ist." 

2 Van Pesch observes that in his commentaries on the Zimaeus (pp. 671—2) he speaks 
as no real mathematician could have spoken. In the passage referred to the question is 
whether the sun occupies a middle place among the planets. Proclus rejects the view of 
Hipparchus and Ptolemy because '*ó Qeovpyós" (sc. the Chaldean, says Zeller) thinks otherwise, 
“whom it is not lawful to disbelieve.” Martin says rather neatly, “ Pour Proclus, les 

léments d’Euclide ont l'heureuse chance de n'étre contredits ni par les Oracles chaldaiqués, 
ni par les spéculations des pythagoriciens anciens et nouveaux...... A 

3 Proclus, p. 84, 13. * ibid. p. 419, 1a. 

5 ibid. p. 31, 20. 5 ibid. p. 32, 2. 

? ijid. p. 27, 27 to 28, 7; cf. also p. 21, 25, pp. 46, 47. 
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and made plain all these things in the case of the first problem, but 
it is necessary that my hearers should make the same inquiry as 
regards the others as well'," and * I do not indicate these things as a 
merely incidental matter but as preparing ws beforehand for the 
doctrine of the Timaeus?" Further, the pupils whom he was 
addressing were beginners in mathematics; for in one place he says 
that he omits “for the present” to speak of the discoveries of those 
who employed the curves of Nicomedes and Hippias for trisecting 
an angle, and of those who used the Archimedean spiral for dividing 
an angle in any given ratio, because these things would be too 
difficult for beginners (SucGewpntous rots eicayouévow)*. Again, if 
his pupils had not been beginners, it would not have been necessary 
for Proclus to explain what is meant by saying that sides subtend 
certain angles‘, the difference between adjacent and vertical angles’ 
etc., or to exhort them, as he often does, to work out other particular 
cases for themselves, for practice (yupvacias €vexa)*. 

The commentary seems then to have been founded on Proclus' 
lectures to beginners in mathematics. But there are signs that it 
was revised and re-edited for a larger public; thus he gives notice in 
one place’ “to those who shall come upon” his work (rots évrev£o- 
pvo). There are also passages which could not have been under- 
stood by the beginners to whom he lectured, e.g. passages about the 
cylindrical helix*, conchoids and cissoids* These passages may have 
been added in the revised edition, or, as van Pesch conjectures, the 
explanations given in the lectures may have been much fuller and 
more comprehensible to beginners, and they may have been shortened 
on revision. 

In his comments on the propositions of Euclid, Proclus generally 
proceeds in this way: first he gives explanations regarding F.uclid’s 
proofs, secondly he gives a few different cases, mainly for the sake of 
practice, and thirdly he addresses himself to refuting objections 
raised by cavillers to particular propositions. The latter class of 
note he deems necessary because of “sophistical cavils” and the 
attitude of the people who rejoiced in finding paralogisms and in 
causing annoyance to scientific men’. His commentary does not 
seem to have been written for the purpose of correcting or improving 
Euclid. For there are very few passages of mathematical content 
in which Proclus can be supposed to be propounding anything of his 
own; nearly all are taken from the works of others, mostly earlier 
commentators, so that, for the purpose of improving on or correcting 
Euclid, there was no need for his commentary at all. Indeed only in 
one place does he definitely bring forward anything of his own to get 
over a difficulty which he finds in Euclid"; this is where he tries to 


1 Proclus, p. 210, 18. ? ibid. p. 384, 2. 


3 ibid, p. 272, 12. * ibid. p. 238, 12. 

; ibid. p. 298, 14. : CF 224, 1§ (on 1. 2). 
ibid. p. B4, Q. ibid. p. 105. 

9 ibid. p. ni 10 ibid. p. 375, 8. 


n ibid. pp. 368—373. 
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prove the parallel-postulate, after first giving Ptolemy’s attempt and 
then pointing out objections to it. On the other hand, there are a 
number of passages in which he extols Euclid; thrice’ also he supports 
Euclid against Apollonius where the latter had given proofs which he 
considered better than Euclid's (1. 10, 11, and 23). 

Allusion must be made to the debated question whether Proclus 
continued his commentaries beyond Book I. His intention to do so 
is clear from the following passages. Just after the words above 
quoted about the trisection etc. of an angle by means of certain curves 
he says, * For we may perhaps more appropriately examine these 
things on the third book, where the writer of the Elements bisects a 
given circumference*." Again, after saying that of all parallelograms 
which have the same peritheter the square is the greatest “and the 
rhomboid least of all,” he adds: “ But this we will prove in another 
place; for it is more appropriate to the (discussion of the) hypotheses 
of the second book?" Lastly, when alluding (on I. 45) to the squaring 
of the circle, and to Archimedes’ proposition that any circle is equal 
to the right-angled triangle in which the perpendicular is equal to the 
radius of the circle and the base to its perimeter, he adds, “But of this 
elsewhere*" ; this may imply.an intention to treat of the subject on 
Eucl. xir., though Heiberg doubts it*. But it is clear that, at the time 
when the commentary on Book I. was written, Proclus had not yet 
begun to write on the other Books and was uncertain whether he 
would be able to do so: for at the end he says’, “ For my part, if I 
should be able to discuss the other books? in the same manner, I 
should give thanks to the gods; but, if other cares should draw me 
away, I beg those who are attracted by this subject to complete the 
exposition of the other books as well, following the same method, and 
addressing themselves throughout to the deeper and better defined 
questions involved” (Trò mpaypatemdes mavrayoð ai evOLalperov 
peradiwxovtas). 

There is in fact no satisfactory evidence that Proclus did actually 
write any more commentaries than that on Book L* The contrary 
view receives support from two facts pointed out by Heiberg, viz. (1) 
that the scholiast's copy of Proclus was not so much better than our 


^4 


! Proclus, p. 280, 9; p. 282, 20; PP- 335, 336. ? ibid. p. 272, t4. 

3 ibid. p. 398, 18. i 4 ibid. p. 423, 6. 

5 Heiberg, Euklid. Studien, p. 165, note. * Proclus, p. 432, 9. 

? The words in the Greek are : ei uérv óvrgüeluuer kai rois Norrois Tóv avrdv rpóTov é£eXÓeiy. 
For é£eX6eiv Heiberg would read éve£eA6etr. 

8 True, a Vatican Ms. has a collection of scholia on Books 1. (extracts from the extant 
commentary of Proclus), 11., V., VI., xX. headed Els rà EüxAelóov arouxeia vpoXauBaróneva éx 
TrÀv II[póxAov.aopábyr kal kar’ mırouhv. Heiberg holds that this title itself suggests that the 
authorship of Proclus was limited to the scholia on Book 1.; for wpoAaufavóueva éx rav 
lHpóxħov suits extracts from Proclus’ prologues, but hardly scholia to later Books. Again, a 
certain scholium (Heiberg in Hermes. XXXVIII., 1903, P- 341, No. 17) purports to quote 
words from the end of ‘‘a scholium of Proclus" on x. 9. The words quoted are from the 
scholium x. No. 62, one of the Scholia Vaticana. But none of the other, older, sources 
connect Proclus! name with x. No. 62 ; it is probable therefore that a Byzantine, who had in 
his Ms. of Euclid the collection of Schol. Vat. and knew that those on Book 1. came from 
Proclus, himself attached Proclus' name to the others. 
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MSS. as to suggest that the scholiast had further commentaries of 
Proclus which have vanished for us! ; (2) that there is no trace in the 
e of the notes which Proclus promised in the passages quoted 
above. 

Coming now to the question of the sources of Proclus, we may say 
that everything goes to show that his commentary is a compilation, 
though a compilation “in the better sense" of the term?. He does not 
even give us to understand that we shall find in it much of his own; 
“let us,” he says, “now turn to the exposition of the theorems proved 
by Euclid, selecting the more subtle of the comments made on them 
by the ancient writers, and cutting down their interminable diffuse- 
ness...*": not a word about anything of his own. At the same time, 
he seems to imply that he will not necessarily on each occasion quote 
the source of each extract from an earlier commentary ; and, in fact, 
while he quotes the name of his authority in many places, especially 
where the subject is important, in many others, where it is equally 
certain that he is not giving anything of his own, he mentions no 
authority. Thus he quotes Heron by name six times; but we now 
know, from the commentary of an-Nairizi, that a number of other 
passages, where he mentions no name, are taken from Heron, and 
among them the. not unimportant addition of an alternative proof to 
I. 19. Hence we can by no means conclude that, where no authority 
is mentioned, Proclus is giving notes of his own. The presumption is 
generally the other way ; and it is often possible to arrive at a con- 
clusion, either that a particular note is not Proclus' own, or that it 
is definitely attributable to someone else, by applying the ordinary 
principles of criticism. Thus, where the note shows an unmistakable 
affinity to another which Proclus definitely attributes to some com- 
mentator by naine, especially when both contain some peculiar and 
distinctive idea, we cannot have much doubt in assigning both to the 
same commentator‘. Again, van Pesch finds a criterion in the form 
of a note, where the explanation is so condensed as to be only just 
intelligible ; the note is that in which a converse of I. 32 is proved* 
the proposition namely that a rectilineal figure which has all its in- 
terior angles together equal to two right angles is a triangle. 

It is not safe to attribute a passage to Proclus himself because he 
uses the first person in such expressions as “I say” or “I will prove” 
—for he was in the habit of putting into his own words the substance 
of notes borrowed from others—nor because, in speaking of an 


1 While one class ot scnoua (Schol. Vat.) have some better readings than our MSS. of 
Proclus have, and partly fill up the gaps at 1. 36, 37 and 1. 41—43, the other class (Schol. 
Vind.) derive from an inferior Proclus Ms. which also had the same lacunae. 

® Knoche, Untersuchungen tiber des Proklus Diadochus Commentar zu Euklids Ete- 
menten (1862), p. 1t. 

3 Proclus, p. 2co, 10—13. 

* Instances of the application of this criterion will be found in the discussion of Proclus' 
indebtedness to the commentaries of Heron, Porphyry and Pappus. 

5 Van Pesch attributes this converse and proof to Pappus, arguing from the fact that the 
proof is followed by a passage which, on comparison with Pappus' note on the postulate that 
all right angles are equal, he feels justified in assigning to Pappus. I doubt if the evidence is 
sufficient. 
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objection raised to a particular proposition, he uses such expressions 
as “perhaps someone may object” (aws È äv rives évotaiev...): for 
sometimes other words in the same passage.indicate that the objection 
had actually been taken by someone’. Speaking generally, we shall 
not be justified in concluding that Proclus is stating something new of 
his own unless he indicates this himself in express terms. 

As regards the form of Proclus’ references to others by name, van 
Pesch notes that he very seldom mentions the particular work from 
which he is borrowing. If we leave out of account the references to 
Plato’s dialogues, there are only the following references to books: 
the Bacchae of Philolaus?, the Symmzkta of Porphyry’, Archimedes On 
the Sphere and Cylinder‘, Apollonius Ox the cochlias’, a book by 
Eudemus on Tke Angle‘, a whole book of Posidonius directed against 
Zeno of the Epicurean sect’, Carpus’ Astronomy*, Eudemus’ History of 
Geometry’, and a tract by Ptolemy on the parallel-postulate”. 

Again, Proclus does not always indicate that he is quoting some- 
thing at second-hand. He often does so, e.g. he quotes Heron as the 
authority for a statement about Philippus, Eudemus as attributing a 
certain theorem to Oenopides etc.; but he says on 1. 12 that " Oeno- 
pides first investigated this problem, thinking it useful for astronomy " 
when he cannot have had Oenopides' work before him. 

It has been said above that Proclus was in the habit of stating in 
his own words the substance of the things which he borrowed. We 
are prepared for this when we find him stating that he will select the 
best things from ancient commentaries and “cut short their intermin- 
able diffuseness,” that he will “ briefly describe” (cuvtopws iorophoat) 
the other proofs of I. 20 given by Heron and Porphyry and also the 
proofs of I. 25 by Menelaus and Heron. But the best evidence is of 
course to be found in the passages where he quotes works still extant, 
e.g. those of Plato, Aristotle and Plotinus. Examination of these 
passages shows great divergences from the original; even where he 
purports to quote textually, using the expressions “ Plato says,” or 
* Plotinus says," he by no means quotes word for word". In fact, he 
seems to have had a positive distaste for quoting textually from other 
works. He cannot conquer this even when quoting from Euclid; he 
says in his note on I. 22, “we will follow the words of the geometer ” 
but fails, nevertheless, to reproduce the text of Euclid unchanged”. 

We now come to the sources themselves from which Proclus drew 


! Van Pesch illustrates this by an objection refuted in the note on 1. 9, p. 273, 11 sqq. 
After using the above expression to introduce the objection, Proclus uses further on (p. 373,25) 
the term “they say ” (oaatl»). 


3 Proclus, p. 22, 15. 3 ibid. p. 56, 25. 

: A P. 7! E s — p. 105, 5. 
ibid. p. 125, 8. ibid. p. 200, 2. 

8 ibid. p. 241, 19. 9 ibid. p. 352, 15. 


10 ibid. p. 362, 15. 

11 See the passages referred to by van Pesch (p. 70). The most glaring case is a passage 
(p- 21, 19) where he quotes Plotinus, using the expression ** Plotinus says...... " Comparison 
with Plotinus, Ennead. 1. 3, 3, shows that very few words are those of Plotinus himself; the 
rest represent Plotinus' views in Proclus' own language. 

3 Proclus, p. 330, 19 sqq 
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in writing his commentary. Three have already been disposed of, 
viz. Heron, Porphyry and Pappus, who had all written commentaries 
on the Elements! We go on to 

Eudemus, the pupil of Aristotle, who, among other works, wrote a 
history of arithmetic, a history of astronomy, and a history of geometry. 
The importance of the last mentioned work is attested by the frequent 
use made of it by ancient writers. That there was no other history 
of geometry written after the time of Eudemus seems to be proved by 
the remark of Proclus in the course of his famous summary: “ Those 
who compiled histories bring the development of this science up to 
this point. Not much younger than these ts Euclid*....”. The loss of 
Eudemus’ history is one of the gravest which fate has inflicted upon 
us, for it cannot be doubted that Eudemus had before him a number 
of the actual works of earlier geometers, which, as before observed, 
seem to have vanished completely when they were superseded by the 
treatises of Euclid, Archimedes and Apollonius. As it is, we have to 
be thankful for the fragments from Eudemus which such writers as 
Proclus have preserved to us. 

I agree with van Pesch? that there is no sufficient reason for 
doubting that the work of Eudemus was accessible to Proclus at first 
hand. For the later writers Simplicius and Eutocius refer to it in 
terms such as leave no room for doubt that /Zey had it before them. 
I have already quoted a passage from Simplicius' account of the lunes 
of Hippocrates to the effect that Eudemus must be considered the 
best authority since he lived nearer the times* In the same place 
Simplicius says’, “I will set out what Eudemus says word for word 
(xarà Xé£iw Xeyópeva), adding only a little explanation in the shape of 
reference to Euclid's Elements ong 1o the memorandum-like style of 
Eudemus (8.à róv brouvnparwóv Tporov trod Evédspov) who sets out 
his explanations in the abbreviated form usual with ancient writers. 
Now in the second book of the history of geometry he writes as 
follows®.” It is not possible to suppose that Simplicius would have 
written in this way about the style of Eudemus if he had merely been 
copying certain passages second-hand out of some other author and 
had not the original work itself to refer to. In like manner, Eutocius 
speaks of the paralogisms handed down in connexion with the 
attempts of Hippocrates and Antiphon to square:the circle*, “with 
which I imagine that those are accurately acquainted who have 
examined (érecxeppévous) the geometrical history of Eudemus and 
know the Ceria Aristotelica.” How could the contemporaries of Euto- 
cius have examined the work of Eudemus unless it was still extant in 
his time? 

The passages in which Proclus quotes Eudemus by name as his 
authority are as follows: 

(1) On I. 26 he says that Eudemus in his history of geometry 


1 See pp. 20 to 27 above. 

? Proclus, p. 68, 4—7. 3 De Procli fontibus, pp. 73—75. 

* See above, p. 29. > Simplicius, /oc. cit., ed. Diels, p. 60, 27. 
* Archimedes, ed. Heiberg, vol. 111. p. 228. 
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referred this theorem to Thales, inasmuch as it was necessary to 
Thales’ method of ascertaining the distance of ships from the shore’. 

(2) Eudemus attributed to Thales the discovery of Eucl. I. 157, 
and 

(3) to Oenopides the problem of 1. 23%. 

(4) Eudemus referred the discovery of the theorem in I. 32 to the 
Pythagoreans, and gave their proof of it, which Proclus reproduces‘. 

(5) On L 44 Proclus tells us* that Eudemus says that “these 
things are ancient, being discoveries of the Pythagorean muse, the 
application (vapafoXj) of areas, their exceeding (imepBorn) and 
their falling short (é\Xeufes).” The next words about the appro- 
priation of these terms (parabola, hyperbola and ellipse) by later 
writers (i.e. Apollonius) to denote the conic sections are of course not 
due to Eudemus. 

Coming now to notes where Eudemus is not named by Proclus, 
we may fairly conjecture, with van Pesch, that Eudemus was really 
the authority for the statements (1) that Thales first proved that a 
circle is bisected by its diameter* (though the proof by reductio ad 
absurdum which follows in Proclus cannot be attributed to Thales’), 
(2) that “ Plato made over to Leodamas the analytical method, by 
means of which z/ zs recorded (iaTrópmra:) that the latter too made 
many discoveries in geometry*," (3) that the theorem of I. 5 was due 
to Thales, and that for equal angles he used the more archaic 
expression “similar” angles’, (4) that Oenopides first investigated 
the problem of I. 12, and that he called the perpendicular the 
gnomonic line (xara yvapova)”, (§) that the theorem that only three 
sorts of polygons can fill up the space round a point, viz. the 
equilateral triangle, the square and the regular hexagon, was 
Pythagorean". Eudemus may also be the authority for Proclus’ 
description of the two methods, referred to Plato and Pythagoras 
respectively, of forming right-angled triangles in whole numbers”, 

We cannot attribute to Eudemus the beginning of the note on 
I. 47 where Proclus says that "if we listen to those who like to’ 
recount ancient history, we may find some of them referring this 
theorem to Pythagoras and saying that he sacrificed an ox in honour 
of his discovery!" As such a sacrifice was contrary to the Pytha- 
gorean tenets, and Eudemus could not have been unaware of this, 
the story cannot rest on his authority. Moreover Proclus speaks as 
though he were not certain of the correctness of the tradition ; indeed, 


: Pro uH P. as 14—18. f —— p. 225 3- i 
ibid. p. 333, §- ibid. p. 379, 1—16. 
° ibid. p. 419, 15—18. 9 ibid. p. 157, 10, 1t. 


7? Cantor (Gesch. d. Math. 19, p. 221) points out the connexion between the reductio ad 
absurdum and the analytical method said to have been discovered by Plato. Proclus gives 
the proof by reductio ad absurdum to meet an imaginary critic who desires a mathematical 
proof; possibly Thales may have been satisfied with the argument in the same sentence 
which mentions Thales, ‘‘the cause of the bisection being the unswerving course of the 
straight line through the centre.” 


8 Proclus, p. 211, 19—323. 9 ibid. P. 250, 20. 
20 ibid. p. 283, 7—10. 11 šbid. pp. 304, 11—308, 3. 


13 dbi. pp. 438, 7—4239, 9. 13 bid. p. 426, 6—9. 
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so far as the story of the sacrifice is concerned, the same thing is told 
of Thales in connexion with his discovery that the angle in a semi- 
circle is a right angle’, and Plutarch is not certain whether the ox 
was sacrificed on the discovery of I. 47 or of the problem about 
application of areas’. Plutarch’s doubt suggests that he knew of no 
evidence for the story beyond the vague allusion in the distich of 
Apollodorus *" Logisticus" (the "calculator") cited by Diogenes 
Laertius also*; and Proclus may have had in mind this couplet with 
the passages of Plutarch. 

We come now to the question of the famous historical summary 
given by Proclus* No one appears to maintain that Eudemus is the 
author of even the early part of this summary in the form in which 
Proclus gives it. It is, as is well known, divided into two distinct 
parts, between which comes the remark, “Those who compiled 
histories* bring the development of this science up to this point. 
Not much younger than these is Euclid, who put together the 
Elements, collecting many of the theorems of Eudoxus, perfecting 
many others by Theaetetus, and bringing to irrefragable demonstration 
the things which had only been somewhat loosely proved by his pre- 
decessors.” Since Euclid was later than Eudemus, it is impossible that 
Eudemus can have written this. Yet the style of the summary after 
this point does not show any such change from that of the former 
portion as to suggest different authorship. The author of the earlier 
portion recurs frequently to the question of the origin of the 
elements of geometry in a way in which no one would be likely to 
do who was not later than Euclid; and it must be the same hand 
which in the second portion connects Euclid’s Elements with the 
work of Eudoxus and Theaetetus*. 

If then the summary is the work of one author, and that author 
not Eudemus, who is it likely to have been? Tannery answers that 
it is Geminus’; but I think, with van Pesch, that he has failed to 
show why it should be Geminus rather than another. And certainly 
the extracts which we have from Geminus’ work suggest that the sort 
of topics which it dealt with was quite different ; they seem rather to 
have been general questions of the content of mathematics, and even 
Tannery admits that historical details could only have come inci- 
dentally into the work?. 

Could the author have been Proclus himself? Circumstances 


1 Diogenes Laertius, 1. 24, p. 6, ed. Cobet. 

3 Plutarch, non fosse suaviter vivi secundum Epicurum, 115 Symp. v1, 2. 

3 Diog. Laert. Vill. 13, p. 207, ed. Cobet: 

"Hríxa Ylufa:yópus TÓ wepwAedg eÜpero ypdupa, 
xeir ip Bry xrewhy fryaye Boudvolny. 

See on this subject Tannery, La Géométrie grecque, p. 105. 

* Proclus, pp. 64—70. 

è The plural is well explained by Tannery, La Céométrie grecque, pp. 73, 74. No doubt 
the author of the summary tried to supplement Eudemus by means of any other histories 
which threw light on the subject. Thus e.g. the allusion (p. 64, 21) to the Nile recalls 
Herodotus. Cf. the expression in Proclus, p. 64, 19, rapa rov woddaw iordpyrat. 

6 Tannery, La Géométrie grecque, p. 75. 

? ibid. pp. 66—75. 8 ibid. p. 19. 
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which seem to suggest this possibility are (1) that, as already stated, 
the question of the origin of the Elements is kept prominent, 
(2) that there is no mention of Democritus, whom Eudemys would 
not be likely to have ignored, while a follower of Plato would be 
likely enough to do him the injustice, following the example of Plato 
who was an opponent of Democritus, never once mentions him, and 
is said to have wished to burn all his writings’, and (3) the allusion at 
the beginning to the “inspired Aristotle” (6 Sacwovtos "ApseororéAns)’, 
though this may easily have been inserted by Proclus in a quotation 
made by him from someone else. On the other hand there are 
considerations which suggest that Proclus himself was ot the writer. 
(1) The style of the whole passage is not such as to point to him 
as the author. (2) If he wrote it, it is hardly conceivable that he 
would have passed over in silence the discovery of the analytical 
method, the invention of Plato to which he attached so much 
importance’. 

There is nothing improbable in the conjecture that Proclus quoted 
the summary from a compendium of Eudemus’ history made by some 
later writer: but as yet the question has not been definitely settled. 
All that is certain is that the early part of the summary must have 
been made up from scattered notices found in the great work of 
Eudemus. 

Proclus refers to another work of Eudemus besides the history, 
viz. a book on The Angle (BiBdjiov wept ywvias)*. Tannery assumes 
that this must have been part of the history, and uses this assumption 
to confirm his idea that the history was arranged according to subjects, 
not according to chronological order’. The phraseology of Proclus 
however unmistakably suggests a separate work; and that the 
history was chronologically arranged seems to be clearly indicated by 
the remark of Simplicius that Eudemus “also counted Hippocrates 
among the more ancient writers" (éy vois maXatorépors)*. 

The passage of Simplicius about the lunes of Hippocrates throws 
considerable light on the style of Eudemus' history. Eudemus wrote 
in a memorandum-like or summary manner (roy Urropynuatixov TpóToV 
tov Evdnyov)’ when reproducing what he found in the ancient writers ; 
sometimes it is clear that he left out altogether proofs or constructions 
of things by no means easy*. 

Geminus. 

The discussions about the date and birthplace of Geminus form a 
whole literature, as to which I must refer the reader to Manitius and 
Tittel*, Though the name looks like a Latin name (Geminus), Mani- 


! Diog. Laertius, IX. 40, p. 237, ed. Cobet. ? Proclus, p. 64, 8. 

3 Proclus, p. 211, 19 sqq.; the passage is quoted above, p. 36. 

4 ibid. p. 125, 8. * Tannery, Za Geométrie grecque, p. 26. 
9 Simplicius, ed. Diels, p. 69, 23. 7 ibid. p. 60, 29. 


e Cf. Simplicius, p. 63, 19 sqq. ; p. 64. 25 sqq. ; also Usener's note *'de supplendis 
Hippocratis quas omisit Eudemus constructionibus " added to Diels’ preface, pp. xxili—xxvi. 

? Manitius, Gemini elementa astronomiae (Teubner, 1898), pp. 237—252 ; Tittel, art. 
« — "in Pauly-Wissowa’s Aeal-Encyclopidie dev classischen Altertumswissenschaft, 
vol. VII... 1910. 
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tius concluded that, since it appears as l'eutvos in all Greek MSS. and 
as l'euetvos in some inscriptions, it is Greek and possibly formed from 
yep as "Epytvos is from épy and 'AXe£tvos from aXe£ (cf. also 'Iertvos, 
Kparivos). Tittel is equally positive that it is Gemínus and suggests 
that l'euivos is due to a false analogy with 'AXe£ivos etc. and Dl'euetvos 
wrongly formed on the model of 'Avrovetvos, Awypurretva. Geminus, 
a Stoic philosopher, born probably in the island of Rhodes, was the 
author of a comprehensive work on the classification of mathematics, 
and also wrote, about 73-67 B.C., a not less comprehensive commentary 
on the meteorological textbook of his teacher Posidonius of Rhodes. 

It is the former work in which we are specially interested here. 
Though Proclus made great use of it, he does not mention its title, 
unless we may suppose that, in the passage (p. 177, 24) where, after 
quoting from Geminus a classification of lines which never meet, he 
says, “these remarks I have selected from the $iXoxkaA(a of Geminus," 
$«XoxaXía is a title or an alternative title. Pappus however quotes a 
work of Geminus “on the classification of the mathematics” (êv rà 
mept T)s TOv pahnydTæwv Takews)', while Eutocius quotes from “the 
sixth book of the doctrine of the mathematics" (éy to &er@ Ths TOY 
ua8nuárov Oewpias)*. Tannery? pointed out that the former title 
corresponds well, enough to the long extract* which Proclus gives in 
his first prologue, and also to the fragments contained in the Anonymi 
variae collectiones published by Hultsch at the end of his edition of 
Heron*; but it does not suit most of the other passages borrowed by 
Proclus. The correct title was therefore probably that given by 
Eutocius, Zhe Doctrine, or Theory, of the Mathematics; and Pappus 
probably refers to one particular portion of the work, say the first 
Book. If the sixth Book treated of conics, as we may conclude from 
Eutocius, there must have been more Books to follow, because Proclus 
has preserved us details about higher curves, which must have come 
later. If again Geminus finished his work and wrote with the same 
fulness about the other branches of mathematics as he did about 
geometry, there must have been a considerable number of Books 
altogether. At all events it seems to have been designed to give 
a complete view of the whole science of mathematics, and in fact to 
be a sort of encyclopaedia of the subject. 

I shall now indicate first the certain, and secondly the probable, 
obligations of Proclus to Geminus, in which task I have only to follow 
van Pesch, who has embodied the results of Tittel’s similar inquiry also‘. 
I shall only omit the passages as regards which a case for attributing 
them to Geminus does not seem to me to have been made out. 

First come the following passages which must be attributed to 
Geminus, because Proclus mentions his name: 

(1) (In the first prologue of Proclus?) on the division of mathe- 

1 Pappus, ed. Hultsch, p. j 3 ius, ed. Hei » vol. tI. p. $ 

? Tannery, La Glombtree ps) ee 18, 19. — is. ae ru * 

è Heron, ed. Hultsch, pp. 246, 16—249, 12. 

* Van Pesch, De Procli fontibus, pp. 97—113. The dissertation of Tittel is entitled De 


Gemini Stoici studiis mathematicis (1895). 
7 Proclus, pp. 38, 1—42, 8, except the allusion in p. 41, 8—10, to Ctesibius and Heron and 
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matical sciences into arithmetic, geometry, mechanics, astronomy, 
optics, geodesy, canonic (science of musical harmony), and logistic 
(apparently arithmetical problems) ; 

(2) (in the note on the definition of a straight line) on the 
classification of lines (including curves) as simple (straight or circular) 
and mixed, composite and incomposite, uniform (oposopepets) and 
non-uniform (avopocopepets), lines “about solids” and lines produced 
by cutting solids, including conic and spiric sections’ ; 

(3) (in the note on the definition of a plane surface) on similar 
distinctions extended to surfaces and solids? ; 

(4) (in the note on the definition of parallels) on lines which 
do not meet (acvprrwro) but which are not on that account 
parallel, e.g. a curve and its asymptote, showing that the property of 
not meeting does not make lines parallel—a favourite observation of 
Geminus—and, incidentally, on dounded lines or those which enclose a 
figure and those which do not? ; 

(5) (in the same note) the definition of parallels given by 
Posidonius* ; 

(6) on the distinction between postulates and axioms, the futility 
of trying to prove axioms, as Apollonius tried to prove Axiom I, and 
the equal incorrectness of assuming what really requires proof, “as 
Euclid did in the fourth postulate [equality of right angles} and in 
the fifth postulate [the parallel-postulate]*” ; 

(7) on Postulates 1, 2, 3, which Geminus makes depend on the 
idea of a straight line being described by the motion of a point‘; 

(8) (in the note on Postulate 5) on the inadmissibility in geometry 
of an argument which is merely plausible, and the danger in this 
particular case owing to the existence of lines which do converge 
ad infinitum and yet never meet’ ; 

(9) (in the note on I. 1) on the subject-matter of geometry, 
theorems, problems and Svopiocpoi (conditions of possibility) for 
problems? ; 

(10) (in the note on I. 5) on a generalisation of I. 5 by Geminus 
through the substitution for the rectilineal base of “one uniform line 
(curve)" by means of which he proved that the only “uniform lines” 


their pneumatic devices (Qauparowoixh), as regards which Proclus’ authority may be Pappus 

eux P. 1024, 24—17) who uses very similar expressions. Heron, even if not later than 
eminus, could hardly have been included in a historical work by him. Perhaps Geminus 

may have referred to Ctesibius only, and Proclus may have inserted *and Heron" himself. 

! Proclus, pp. 103, 241—107, 10; pp. 111, 1—113, 3. 

9 ibid. pp. 117, 14—120, 12, where perhaps in the passage pp. 117, 232—118, 33 we may 
have Geminus' own words. 

3 ibid. pP- 176, 18—177, 2§; perhaps also p. 175. The note ends with the words 
‘These things too we have selected from Geminus’ ¢:doxaNla for the elucidation of the 
matters in question.” Tannery (p. 27) takes these words coming at the end of the commen- 
tary on the definitions as referring to the whole of the portion of the commentary dealing 
with the definitions. Van Pesch properly regards them as only applying to the note on 
parallels. This seems to me clear from the use of the word f00 (rogatra xal). 

* Proclus, p. 176, 5—17. 

5 ibid. pp. 178—182, 4; pp- 183, 14—184, 10; cf. p. 188, 3—11. 

€ ibid. p. 185, 6—25. 

7 ibid. P. 193, 5—29. ® ibid. pp. 200, 21—202, 25. 
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(alike in all their parts) are a straight line, a circle, and a cylindrical 
helix' ; 

(11) (in the note on I. 10) on the question whether a line is made 
up of indivisible parts (auep7), as affecting the problem of bisecting 
a given straight line? ; 

(12) (in the note on I. 35) on ¢opfical, or locus-theorems*, where 
the illustration of the equal parallelograms described between a 
hyperbola and its asymptotes may also be due to Geminus* 

Other passages which may fairly be attributed to Geminus, though 
his name is not mentioned, are the following : 

(1) in the prologue, where there is the same allusion as in the 
passage (8) above to a remark of Aristotle that it is equally absurd to 
expect scientific proofs from a rhetorician and to accept mere plausi- 
bilities from a geometer' ; 

(2) a passage in the prologue about the subject-matter, methods, 
and bases of geometry, the latter including axioms and postulates‘ ; 

(3) another on the definition and nature of elemenzs'; 

(4) aremark on the Stoic use of the term axiom for every simple 
statement (amodavots adj)? ; 

(5) another discussion on theorems and problems’, in the middle 
of which however there are some senterices by Proclus himself !*. 

(6) another passage, in connexion with Def. 5, on lines including 
or not including a figure (with which cf. part of the passage (4) 
above)! ; 

(7) a classification of different sorts of angles according as they 
are contained by simple or mixed lines (or curves)? ; 

(8) a similar classification of figures”, and of plane figures'*; 

(9) Posidonius’ definition of a figure"; 

(10) a classification of triangles into seven kinds” ; 

(11) a note distinguishing lines (or curves) producible indefinitely 
or not so producible, whether forming a figure or not forming a 
figure (like the “single-turn spiral ”)”; 

(12) passages distinguishing different sorts of problems”, different 
sorts of theorems”, and two sorts of converses (complete and partial)”; 

(13) the definition of the term “porism” as used in the title of 
Euclid’s Porisms, as distinct from the other meaning of “corollary ”™; 

(14) a note on the Epicurean objection to I. 20 as being obvious 
even to an ass? ; 

(15) a passage on the properties of parallels, with allusions to 


! Proclus, p. 351, a—11. 2 ibid. PP: 277, 25—279, 11. 

3 ibid. pp. 394. 11—395, 2 and p. 395, 13—321. ibid. p. 395, 8—12. 

5 ibid. pp. 33, 21—34, 1. 8 ibid. pp. 57, 9—58, 3. 

? ibid. pp. 73, 3—75. 4- 8 ibid. p. 77, 3—6- 

9 ibid. pp. 77, 7—78, 13, and 79, 3—81, 4. 10 ibid. pp. 78, 13—79, 2. 

n bid. pp. 102, -22—103, 18. 22 ibid. pp. 126, 7—127, 16. 

13 ibid. pp. 159, 12—160, 9. 14 ibid. pp. 162, 27—164, 6. 

15 ibid. p. 143, 5—11. 16. ibid. p. 168, 4—12. 

Y ibid. p. 187, 19—27. 18 sbid. pp. 220, 7—222. 14; also p. 330, 6—9. 
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Apollonius’ Comics, and the curves invented by Nicomedes, Hippias 
and Perseus’; 

; (16) a passage on the parallel-postulate regarded as the converse 
of I. 17*. 

Of the authors to whom Proclus was indebted in a less degree the 
most important is Apollonius of Perga. Two passages allude to his 
Conics*, one to a work on irrationals‘, and two to a treatise On the 
cochlias (apparently the cylindrical helix) by Apollonius’. But more 
important for our purpose are six references to Apollonius in connexion 
with elementary geometry. 

(1) He appears as the author of an attempt to explain the idea 
of a line (possessing length but no breadth) by reference to daily 
experience, e.g. when we tell someone to measure, merely, the length 
of a road or of a wall*; and doubtless the similar passage showing 
how we may in like manner get a notion of a surface (without depth) 
is his also’. 

(2) He gave a new general definition of an angle*. 

(3) He tried to prove certain axioms’, and Proclus gives his 
attempt to prove Axiom 1, word for word". 

Proclus further quotes : 

(4) Apollonius’ solution of the problem in Eucl. I. 10, avoiding 
Euclid’s use of I. 9”, 

(5) his solution of the problem in I. 11, differing only slightly 
from Euclid's?, and 

(6) his solution of the problem in 1. 23", 

Heiberg“ conjectures that Apollonius departed from  Euclid's 
method in these propositions because he objected to solving problems 
of a more general, by means of problems of a more particular, 
character. Proclus however considers all three solutions inferior to 
Euclid’s; and his remarks on Apollonius’ handling of these ele- 
mentary matters generally suggest that he was nettled by criticisms 
of Euclid in the work containing the things which he quotes from 
Apollonius, just as we conclude that Pappus was offended by the 
remarks of Apollonius about Euclid’s incomplete treatment of the 
“ three- and four-line locus,” If this was the case, Proclus can hardly 
have got his information about these things at second-hand; and 
there seems to be no reason to doubt that he had the actual work of 
Apollonius before him. This work may have been the treatise 
mentioned by Marinus in the words “Apollonius in his general 
treatise" ('AmoXXdavios év 7) xaÜóXov Tparyuareia)". If the notice 
in the Fihrist” stating, on the authority of Thabit b. Qurra, that 


1 Próclus, pp. 355, 107356, 16. ? ibid. p. 364. 9—123; pp- 364, 20— 365, 4. 
3 ibid. p. 71, 19; p- 356, 8, 6. * ibid. p. 74, 23, 24- 
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? ibid. p. 114, 20—328. 8 ibid. p. 123, 15— 19 (cf. p. 124, 17, p. 125, 17). 
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13 ibid. pp. 335, 16—336, 5. 14 Philologus, vol. XL111. p. 489. 

15 See above, pp. 2, 3. 16 Marinus in Euclidis Data, ed. Menge, p. 234, 16. 
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Apollonius wrote a tract on the parallel-postulate be correct, it may 
have been included in the same work. We may conclude generally 
that, in it, Apollonius tried to remodel the beginnings of geometry, 
reducing the number of axioms, appealing, in his definitions of lines, 
surfaces etc, more to experience than to abstract reason, and 
substituting for certain proofs others of a more general character. 

The probabilities are that, in quoting from the tract of Ptolemy in 
which he tried to prove the parallel-postulate, Proclus had the actual 
work before him. For, after an allusion to it as *a certain book!" 
he gives two long extracts? and at the beginning of the second 
indicates the title of the tract, "in the (book) about the meeting of 
straight lines produced from (angles) less than two right angles," as 
he has very rarely done in other cases. 

Certain things from Posidonius are evidently quoted at second- 
hand, the authority being Geminus (e.g. the definitions of figure and 
parallels) ; but besides these we have quotations from a separate work 
which he wrote to controvert Zeno of Sidon, an Epicurean who had 
sought to destroy the whole of geometry?*. We are told that Zeao 
had argued that, even if we admit the fundamental principles (dpxaí) 
of geometry, the deductions from them cannot be proved without the 
admission of something else as well, which has not been included in 
the said principles’ On 1. 1 Proclus gives at some length the argu- 
ments of Zeno and the reply of Posidonius as regards this proposition”. 
In this case Zeno’s “something else” which he considers to be 
assumed is the fact that two straight lines cannot have a common 
segment, and then, as regards the “proof” of it by means of the 
bisection of a circle by its diameter, he objects that it has been 
assumed that two circumferences (arcs) of circles cannot have a 
common part. Lastly, he makes up, for the purpose of attacking it, 
another supposed “proof” of the fact that two straight lines cannot 
have a common part. Proclus appears, more than once, to be quoting 
the actual words of Zeno and Posidonius; in particular, two expres- 
sions used by Posidonius about “the acrid Epicurean” (rov —RW 
*"Emxovpecov)® and his “misrepresentations” (Tlocedavids pno tov 
Znvwva ovxoparteiv)’. It is not necessary to suppose that Proclus 
had the original work of Zeno before him, because Zeno's arguments 
may easily have been got from Posidonius' reply; but he would 
appear to have quoted direct from the latter at all events. 

The work of Carpus mechanicus (a treatise on astronomy) quoted 
from by Proclus* must have been accessible to him at first-hand, 
because a portion of the extract from it about the relation of theorems 
and problems? is reproduced word for word. Moreover, if he were not 
using the book itself, Proclus would hardly be in a position to question 
whether the introduction of the subject of theorems and problems 


: Proclus, p. 191, 23. ? ibid. pp. 362, 14— 363, 18; pp. 365, 7—367, 27- 
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was opportune in the place where it was found (et pèv xarà xapóv 7) 
pn, Tapeía0o pos Tò mapov)’. 

It is of course evident that Proclus had before him the original 
works of Plato, Aristotle, Archimedes and Plotinus, as well as the 
Luppcxra of Porphyry and the works of his master Syrianus (6 nuérepos 
xaĝnyepwv)?, from whom he quotes in his note on the definition of an 
angle. Tannery also points out that he must have had before him a 
group of works representing the Pythagorean tradition on its mystic, 
as distinct from its mathematical, side, from Philolaus downwards, and 
comprising the more or less apocryphal (epos Aoyos of Pythagoras, the 
Oracles (Aoya), and Orphic verses?. 

Besides quotations from writers whom we can identify with more 
or less certainty, there are many other passages which are doubtless 
quoted from other commentators whose names we do not know. A 
list of such passages is given by van Pesch‘, and there is no need to 
cite them here. 

Van Pesch also gives at the end of his work’ a convenient list of 
the books which, as the result of his investigation, he deems to have 
been accessible to and directly used by Proclus. The list is worth 
giving here, on the same ground of convenience. It is as follows: 

Eudemus: &zstory of geometry. 

Geminus : the theory of the mathematical sciences. 
Heron : commentary on the Elements of Euclid. 
Porphyry : » » » 
Pappus: » m » 
Apollonius of Perga: a work relating to elementary geometry. 
Ptolemy: on the parallel-postulate. 

Posidonius : a book controverting Zeno of Sidon. 
Carpus: astronomy. 

Syrianus: a discussion on the angie. 
Pythagorean philosophical tradition. 

Plato's works. 

Aristotle's works. 

Archimedes' works. 

Plotinus: E»sneades. 

Lastly we come to the question what passages, if any, in the 
commentary of Proclus represent his own contributions to the subject. 
As we have seen, the onus proband: must be held to rest upon him 
who shall maintain that a particular note is original on the part of 
Proclus. Hence it is not enough that it should be impossible to point 
to another writer as the probable source of a note; we must have a 
positive reason for attributing it to Proclus. The criterion must there- 
fore be found either (1) in the general terms in which Proclus points 
out the deficiencies in previous commentaries and indicates the 
respects in which his own will differ from them, or (2) in specific 
expressions used by him in introducing particular notes which may 

! Proclus, p. 241, a1, 22. 3 ibid. p. 123, !9. 


% Tannery, La Géométrie grecque, pp. 25, 26, 
* Van Pesch, De Procli fontibus, p. 139. 5 ibid. p. 155. 
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indicate that he is giving his own views. Besides indicating that he 
paid more attention than his predecessors to questions requiring 
deeper study (Tò wpayparerwdSes) and “ pursued clear distinctions” 
(ro evdvaipetoy petadiwxovtas)'—by which he appears to imply that 
his predecessors had confused the different departments of their 
commentaries, viz. lemmas, cases, and objections (éyoraceus)?—Proclus 
complains that the earlier commentators had failed to indicate the 
ultimate grounds or causes of propositions’. Although it is from 
Geminus that he borrowed a passage maintaining that it is one of the 
proper functions of geometry to inquire into causes (tHy altiay xai 
TO &a ti)‘, yet it is not likely that Geminus dealt with Euclid’s 
propositions one by one; and consequently, when we find Proclus, on 
I. 8, 16, 17, 18, 32, and 47°, endeavouring to explain causes, we have 
good reason to suppose that the explanations are his own. 

Again, his remarks on certain things which he quotes from Pappus 
can scarcely be due to anyone else, since Pappus is the latest of the 
commentators whose works he appears to have used. Under this 
head. come 

(1) his objections to certain new axioms introduced by Pappus‘, 

(2) his conjecture as to how Pappus came to think of his alterna- 
tive proof of I. 5’, 

(3) an addition to Pappus' remarks about the curvilineal angle 
which is equal to a right angle without being one®. 

The defence of Geminus against Carpus, who combated his view 
of theorems and problems, is also probably due to Proclus’, as well as 
an observation on 1. 38 to the effect that I. 35—38 are really compre- 
hended in VI. ı as particular cases”. 

Lastly, we can have no hesitation in attributing to Proclus himself 
(1) the criticism of Ptolemy's attempt to prove the parallel-postulate™, 
and (2) the other attempted proof given in the same note? (on I. 29) 
and assuming as an axiom that “if from one point two straight lines 
forming an angle be produced ad infinitum the distance between them 
when so produced ad infinitum exceeds any finite magnitude (i.e. 
length),” an assumption which purports to be the equivalent of a 
statement in Aristotle”. It is introduced by words in which the 
writer appears to claim originality for his proof: “To him who 
desires to see this proved (xaraexevatópevov) let it be said by us 
(reyéoOw map’ yay)” etc.“ Moreover, Philoponus, in a note on 
Aristotle’s Anal. post. I. 10, says that “the geometer (Euclid) assumes 
this as an axiom, but it wants a great deal of proof, insomuch that 
both Ptolemy and Proclus wrote a whole book upon it™.” 

2 Proclu » P- 432) 14, 15. 3 Cí. ibid. p. 2809, 11—15; p. 432, t$—17. 
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5$ See Proclus, p. 270, 5—24 (1. 8); pp- 309, 3— 310, 8 (1. 16); pp. 310, 19—311, 23 
(1. 17); pp- 316, 14—318, 2 (1. 18); p. 384, 13—21 (t. 32); pp. 416, 121—427, 8 (1. 47). 


* Proclus, p. 198, $—15. 7 ibid. p. 250, 12— 19. 9 ibid. p. 1 23. 
° ibid. p. 243, 12—29. 10 sid. pp. 405, 6—406, 9. ore 
ll ibid. p. 308, 1—23. 13 ibid. PP. 371, 11—373, 2. 

13 Aristotle, de caelo, 1. 5 (271 b 28—30). M Proclus, p. 371, 10. 
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CHAPTER V. 


THE TEXT". 


IT is well known that the title of Simson’s edition of Euclid (first 
brought out in “Latin and English in 1756) claims that, in it, “the 
errors by which Theon, or others, have long ago vitiated these books 
are corrected, and some of Euclid's demonstrations are restored " ; and 
readers of Simson's notes are familiar with the phrases used, where 
anything in the text does not seem to him satisfactory, to the effect 
that the demonstration has been spoiled, or things have been interpo- 
lated or omitted, by Theon “or some other unskilful editor" Now 
most of the MSS. of the Greek text prove by their titles that they 
proceed from the recension of the E/esents by Theon ; they purport 
to be either “from the edition of Theon” (éx r7s Géwvos éxdocews) or 
“from the lectures of Theon " (à4ó avvovauàv tod Béwvos). This was 
Theon of Alexandria (4th c. A.D.) who also wrote a commentary on 
Ptolemy, in which there occurs a passage of the greatest importance 
in this connexion?: “But that sectors in equal circles are to one 
another as the angles on which they stand kas been proved by me in 
my edition of the Elements at the end of the sixth book." Thus Theon 
himself says that he edited the E/ements and also that the second part 
of VI. 33, found in nearly all the Mss., is his addition. 

This passage is the key to the whole question of Theon’s changes 
in the text of Euclid; for, when Peyrard found in the Vatican the 
MS. 190 which contained neither the words from the titles of the other 
MSS. quoted above nor the interpolated second part of VI. 33, he was 
justified in concluding, as he did, that in the Vatican MS. we have an 
edition more ancient than Theon’s. It is also clear that the copyist 
of P, or rather of its archetype, had before him the two recensions and 
systematically gave the preference to the earlier one ; for at XIII. 6 in 
P the first hand has added a note in the margin: * This theorem is 
not given in most copies of the zew edition, but is found in those of 
the old” Thus we are more fortunate than Simson, since our 
judgment of Theon’s recension can be formed on the basis, not of 
mere conjecture, but of the documentary evidence afforded by a 
comparison of the Vatican MS. just mentioned with what we may 
conveniently call, after Heiberg, the Theonine MSS. 

! The material for the whole of this chapter is taken from Heiberg's cdition of the 
Elements, introduction to vol. v., and from the same scholar’s Litterargeschichtliche Studien 


über Euklid, p. 174sqq. and Paralipomena zu Euklid in Hermes, XXXVIII., 1903. 
2 1, p. 201 ed. Halma =p. 50 ed. Basel. 
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The Mss. used for Heiberg’s edition of the Elements are the 
following : 

(1) P2 Vatican MS. numbered 190, 4to, in two volumes (doubt- 

less one originally); 1oth c. 

This is the MS. which Peyrard was able to use; it was sent from 
Rome to Paris for his use and bears the stamp of the Paris Imperial 
Library on the last page. It is well and carefully written. There are 
corrections some of which are by the original hand, but generally in 
paler ink, others, still pretty old, by several different hands, or by one 
hand with different ink in different places (P m. 2), and others again 
by the latest hand (P m. rec.) It contains, first, the Eements I.—XIII. 
with scholia, then Marinus’ commentary on the Data (without the 
name of the author), followed by the 2a4a itself and scholia, then the 
Elements XIV., XV. (so called), and lastly three books and a part of a 
fourth of a commentary by Theon eis rovs wpoyetpous xavovas IlroXe- 
paiov. 

The other MSS. are “ Theonine.” 

(2) F=MS. XXVIII, 3, in the Laurentian Library at Florence, 4to; 

10th c. 

This MS. is written in a beautiful and scholarly hand and contains 
the Elements 1.—xXv., the Optics and the Phaenomena, but is not well 
preserved. Not only is the original writing renewed in many places, 
where it had become faint, by a later hand of the 16th c., but the same 
hand has filled certain smaller lacunae by gumming on to torn 
pages new pieces of parchment, and has replaced bodily certain 
portions of the MS., which had doubtless become illegible, by fresh 
leaves. The larger gaps so made good extend from Eucl. VII. 12 to 
IX. 15, and from XI. 3 to the end ; so that, besides the conclusion of the 
Elements, the Optics and Phaenomena are also in the later hand, and we 
cannot even tell what in addition to the Elements 1.—XIII. the original 
MS. contained. Heiberg denotes the later hand by $ and observes 
that, while in restoring words which had become faint and filling up 
minor lacunae the writer used no other MS., yet in the two larger 
restorations he used the Laurentian MS. XXVIII, 6, belonging to the 
13th—14th c. The latter Ms. (which Heiberg denotes by f) was 
copied from the Viennese MS. (V) to be described below. 

(3) B= Bodleian Ms., D’Orville x. 1 inf. 2, 30, 4to; A.D. 888. 

This MS. contains the Elements 1—XV. with many scholia. Leaves 
15—118 contain I. 14 (from about the middle of the proposition) to 
the end of Book vr, and leaves 123—387 (wrongly numbered 397) 
Books VIL—XV. in one and the same elegant hand (9th c.). The 
leaves preceding leaf 15 seem to have been lost at some time, leaves 
6 to 14 (containing E/ew. 1. to the place in I. 14 above referred to) 
being carelessly written by a later hand on thick and common parch- 
ment (13th c). On leaves 2 to 4 and 122 are certain notes in the 
hand of Arethas, who also wrote a two-line epigram on leaf 5, the 
greater part of the scholia in uncial letters, a few notes and corrections, 
and two sentences on the last leaf, the first of which states that the 
MS. was written by one Stephen céericus in the year of the world 6397 
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(2 888 A.D), while the second records Arethas' own acquisition of it. 
Arethas lived from, say, 865 to 939 A.D. He was Archbishop of 
Caesarea and wrote a commentary on the Apocalypse. The portions 
of his library which survive are of the greatest interest to palaeography 
on account of his exact notes of dates, names of copyists, prices of 
parchment etc. It is to him also that we owe the famous Plato MS. 
from Patmos (Cod. Clarkianus) which was written for him in November 
8951. 
(4) V = Viennese MSs. Philos. Gr. No. 103; probably :2th c. 

This MS. contains 292 leaves, Eucl. E/ements L—*XV. occupying 
leaves 1 to 254, after which come the Optics (to leaf 271), the 
Phaenomena (mutilated at the end) from leaf 272 to leaf 282, and lastly 
scholia, on leaves 283 to 292, also imperfect at the end. The different 
material used for different parts and the varieties of handwriting make 
it necessary for Heiberg to discuss this MS. at some length?» The 
handwriting on leaves 1 to 183 (Book I. to the middle of x. 105) and 
on leaves 203 to 234 (from XI. 31, towards the end of the proposition, 
to XIII. 7, a few lines down) is the same; between leaves 184 and 202 
there are two varieties of handwriting, that of leaves 184 to 189 and 
that of leaves 200 (verso) to 202 being the same. Leaf 235 begins in 
the same handwriting, changes first gradually into that of leaves 184 
to 189 and then (verso) into a third more rapid cursive writing which 
is the same as that of the greater part of the scholia, and also as that 
of leaves 243 and 282, although, as these leaves are of different 
material, the look of the writing and of the ink seems altered. 
There are corrections both by the first and a second hand, and scholia 
by many hands. On the whole, in spite of the apparent diversity of 
handwriting in the MS., it is probable that the whole of it was written 
at about the same time, and it may (allowing for changes of material, 
ink etc.) even have been written by the same man. It is at least 
certain that, when the Laurentian Ms. XXVIII, 6 was copied from it, the 
whole MS. was in the condition in which it is now, except as regards 
the later scholia and leaves 283 to 292 which are not in the Laurentian 
MS, that Ms. coming to an end where the Phaenomena breaks off 
abruptly in V. Hence Heiberg attributes the whole MS. to the 12th c. 

But it was apparently in two volumes originally, the first con- 
sisting of leaves 1 to 183; and it is certain that it was not all copied 
at the same time or from one and the same original. For leaves 
184 to 202 were evidently copied from two MSS. different both from 
one another and from that from which the rest was copied. Leaves 
184 to the middle of leaf 189 (recto) must have been copied from a 
MS. similar to P, as is proved by similarity of readings, though not 
trom P itself. The rest, up to leaf 202, were copied from the Bologna 
MS. (b) to be mentioned below. It seems clear that the content of 
leaves 184 to 202 was supplied from other MSS. because there was a 
lacuna in the original from which the rest of V was copied. 


1 See Pauly-Wissowa, Real-Encyclopadie der class. Altertumswissenschaft, vol. 11., 1896, 


. 675. 
* Heiberg, vol. v. pp. xxix—xxxiii. * 
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Heiberg sums up his conclusions thus. The copyist of V first 
copied leaves 1 to 183 from an original in which two guaterniones 
were missing (covering from the middle of Eucl. X. 105 to near the 
end of XI. 31). Noticing the lacuna he put aside one guaternto of the 
parchment used up to that point. Then he copied onwards from 
the end of the lacuna in the original to the end of the Phaenomena. 
After this he looked about him for another MS. from which to fill up 
the lacuna; finding one, he copied from it as far as the middle of leaf 
189 (recto). Then, noticing that the MS. from which he was copying 
was of a different class, he had recourse to yet another MS. from which 
he copied up to leaf 202. At the same time, finding that the lacuna 
was longer than he had reckoned for, he had to use twelve more 
leaves of a different parchment in addition to the guaternto which he 
had put aside. The whole MS. at first formed two volumes (the first 
containing leaves 1 to 183 and the second leaves 184 to 282); then, 
after the last leaf had perished, the two volumes were made into one 
to which two more guaterniones were also added. A few leaves of the 
latter of these two have since perished. 

(5) b=MS. numbered 18—19 in the Communal Library at 

Bologna, in two volumes, 4to; I1th c. 

This MS. has scholia in the margin written both by the first hand 
and by two or three later hands; some are written by the latest hand, 
Theodorus Cabasilas (a descendant apparently of Nicolaus Cabasilas, 
14th c.) who owned the MS. at one time. It contains (2) in 14 quazer- 
niones the definitions and the enunciations (without proofs) of the 
Elements 1.—X1I1I. and of the Data, (6) in the remainder of the 
volumes the Proem to Geometry (published among the Variae 
Collectiones in Hultsch’s edition of Heron, pp. 252, 24 to 274, 14) 
followed by the Elements 1.—XIII. (part of XIII. 18 to the end being 
missing), and then by part of the Data (from the last three words of 
the enunciation of Prop. 38 to the end of the penultimate clause in 
Prop. 87, ed. Menge). From XI. 36 inclusive to the end of XII. this 
MS. appears to represent an entirely different recension. Heiberg is 
compelled to give this portion of b separately in an appendix. He 
conjectures that it is due to a Byzantine mathematician who thought 
Euclid’s proofs too long and tiresome and consequently contented 
himself with indicating the course followed’. At the same time this 
Byzantine must have had an excellent MS. before him, probably of the 
ante-Theonine variety of which the Vatican Ms. rgo (P) is the sole 
representative. 

(6) p= Paris MS. 2466, 4to; 12th c. 

This manuscript is written in two hands, the finer hand occupying 
leaves 1 to 53 (recto), and a more careless hand leaves 53 (verso) to 
64, which are of the same parchment as the earlier leaves, and leaves 
65 to 239, which are of a thinner and rougher parchment showing 
traces of writing of the 8th—ogth c. (a Greek version of the Old 
Testament). The MS. contains the Elements 1.—XIII. and some scholia 
after Books XI., XII. and XIII. 


| Zeitschrift für Math. w. Physik, XXIX., hist.-litt. Abtheilung, p. 13. 
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(7) q^» Paris MS. 2344, folio; 12th c. 

It is written by one hand but includes scholia by many hands. 
On leaves 1 to 16 (recto) are scholia with the same title as that found 
by Wachsmuth in a Vatican MS. and relied upon by him to prove that 
Proclus continued his commentaries beyond Book IL! Leaves 17 to 
357 contain the Elements 1.—X11I. (except that there is a lacuna from 
the middle of VIII. 25 to the &@eous of IX. 14); before Books vil. and 
X. there are some leaves filled with scholia only, and leaves 358 to 366 
contain nothing but scholia. 

(8) Heiberg also used a palimpsest in the British Museum (Add. 
17211). Five pages are of the 7th—8th c. and are contained (leaves 
49—53) in the second volume of the Syrian MS. Brit. Mus. 687 of the 
9th c.; half of leaf 50 has perished. The leaves contain various frag- 
ments from Book x. enumerated by Heiberg, Vol. IIL, p. v, and nearly 
the whole of XIII. 14. 

Since his edition of the Elements was published, Heiberg has 
collected further material bearing on the history of the text*. Besides 
giving the results of further or new examination of MSS., he has 
collected the fresh evidence contained in an-Nairizi's commentary, 
and particularly in the quotations from Heron’s commentary given in 
it (often word for word), which enable us in several cases to trace 
differences between our text and the text as Heron had it, and to 
identify some interpolations which actually found their way into the 
text from Heron’s commentary itself; and lastly he has dealt with 
some valuable fragments of ancient papyri which have recently come 
to light, and which are especially important in that the evidence drawn 
from them necessitates some modification in the views expressed in 
the preface to Vol. v. as to the nature of the changes made in Theon's 
recension, and in the principles laid down for differentiating between 
Theon's recension and the original text, on the basis of a comparison 
between P and the Theonine Mss. alone. 

The fragments of ancient papyri referred to are the following. 

I. Papyrus Herculanensis No. 1061*. 

This fragment quotes Def. r5 of Book 1. in Greek, and omzts the 
words 7 xaXeitat repipépeca, “which is called the circumference,” 
found in all our MSS, and the further addition wpos tv Tod xvKdou 
mepipépecay also found in practically all the Mss. Thus Heiberg’s 
assumption that both expressions are interpolations is now confirmed 
by this oldest of all sources. 

2. The Oxyrhynchus Papyri \. p. §8, No. XX1X. of the 3rd or 4th c. 

This fragment contains the enunciation of Eucl. If. § (with figure, 
apparently without letters, immediately following, and not, as usual in 
our MSS., at the end of the proof) and before it the part of a word 
mepiexoue belonging to II. 4 (with room for -vœ dpOoywvig: Strep ee 

1 [els r]& rod Evedel8ou oroxeta poXauBaróneva ex ray Ipdcdov omopddny ral kar’ ir- 
Tou)». CÍ. p. 32, note 8, above. 

A HABIE, Paralipomena zu Euklid in Hermes, XXXVII., 1903, pP. 46—74, 161—201, 
s Described by Heiberg in Oversigt over det kngl. danske Videnskabernes Selskabs 
Forhandlinger, 1900, p. 161. 
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6ei£a, and a stroke to mark the end), showing that the fragment ad 
not the Porism which appears in all the Theonine MSS. and (in a later 
hand) in P, and thereby confirming Heiberg’s assumption that the 
Porism was due to Theon. 

3. A fragment in Fayum towns and their papyri, p. 96, No. IX. of 
2nd or 3rd c. 

This contains I. 39 and I. 41 following one another and almost 
complete, showing that I. 40 was wanting, whereas it is found in all 
the Mss. and is recognised by Proclus. Moreover the text of the 
beginning of I. 39 is better than ours, since it has no double &opuauós 
but omits the first (^I say that they are also in the same parallels ") 
and has “and” instead of “for let AD be joined ” in the next sentence. 
It is clear that I. 40 was interpolated by someone who thought there 
ought to be a proposition following I. 39 and related to it as I. 38 is 
related to I. 37 and I. 36 to I. 35, although Euclid nowhere uses I. 40, 
and therefore was not likely to include it. The same interpolator 
failed to realise that the words “let 4D be joined” were part of the 
ExOeors or setting-out, and took them for the «atacxeuy or “ construc- 
tion " which generally follows the dcopsopos or “ particular statement” 
of the conclusion to be proved, and consequently thought it necessary 
to insert a Svopsopos before the words. 

The conclusions drawn by Heiberg from a consideration of 
particular readings in this papyrus along with those of our MSS. will 
be referred to below. 

We now come to the principles which Heiberg followed, when 
preparing his edition, in differentiating the original text from the 
Theonine recension by means of a comparison of the readings of P 
and of the Theonine Mss. The rules which he gives are subject toa 
certain number of exceptions (mostly in cases where one Ms. or the 
other shows readings due to copyists’ errors), but in general they may 
be relied upon to give conclusive results. 

The possible alternatives which the comparison of P with the 
Theonine MSS, may give in particular passages are as follows: 

I, There may be agreement in three different degrees, 

(1) P and 2// the Theonine MSS. may agree. 

In this case the reading common to all, even if it is corrupt or 
interpolated, is more ancient than Theon, i.e. than the 4th c. 

(2) P may agree with some (only) of the Theonine Mss. 

In this case Heiberg considered that the latter give the true 
reading of Theon’s recension, and the other Theonine Mss. have 
departed from it. 

(3) P and one only of the Theonine MSS may agree. 

In this case too Heiberg assumed that the oze Theonine MS. which 
agrees with P gives the true Theonine reading, and that this rule even 
supplies a sort of measure of the quality and faithfulness of the 
Theonine MSS. Now none of them agrees alone \.ith P in preserving 
the true reading so often as F. Hence F must be held to have pre- 
served Theon’s recension more faithfully than the other Theonine MSS.; 
and it would follow that in those portions where F fails us P must 
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carry rather more weight even though it may differ from the Theonine 
MSS. BVpq. (Heiberg gives many examples in proof of this, as of his 
main rules generally, for which reference must be made to his Prole- 
gomena in Vol. v.) The specially close relation of F and P is also 
illustrated by passages in which they have the same errors; the 
explanation of these common errors (where not due to accident) is 
found by Heiberg in the supposition that they existed, but were not 
noticed by Theon, in the original copy in which he made his changes. 

Although however F is by far the best of the Theonine Mss., there 
are a considerable number of passages where one of the others (B, V, 
p or q) alone with P gives the genuine reading of Theon’s recension. 

As the result of the discovery of the papyrus fragment containing 
I. 39, 41, the principles above enunciated under (2) and (3) are found 
by Heiberg to require some qualification. For there is in some cases 
a remarkable agreement between the papyrus and the Theonine Mss. 
(some or all) as against P. This shows that Theon took more trouble 
to follow older MSS., and made fewer arbitrary changes of his own, 
than has hitherto been supposed. Next, when the papyrus agrees 
with some of the Theonine MSS. against P, it must now be held that 
these MSS. (and not, as formerly supposed, those which agree with P) 
give the true reading of Theon. If it were otherwise, the agreement 
between the papyrus and the Theonine MSS. would be accidental: but 
it happens too often for this. It is clear also that there must have 
been contamination between the two recensions; otherwise, whence 
could the Theonine Mss. which agree with P and not with the papyrus 
have got their readings? The influence of the P class on the Theonine 
F is especially marked. 

II. There may be disagreement between P and all the Theonine 
MSS. 
The following possibilities arise. 

(1) The Theonine Mss. differ also among themselves. 

In this case Heiberg considered that P nearly always has the true 
reading, and the Theonine MSS. have suffered interpolation in different 
ways after Theon’s time. 

(2) The Theonine MSS. all combine against P. 

In this case the explanation was assumed by Heiberg to be one or 
other of the following. 

(a) The common reading is due to an error which cannot be 
imputed to Theon (though it may have escaped him when putting 
together the archetype of his edition); such error may either have 
arisen accidentally in all alike, or (more frequently) may be 
referred to a common archetype of all the MSS. 

(8) There may be an accidental error in P; e.g. something 
has dropped out of P in a good many places, generally through 
Op oLOTÉXevTOV 

(y) There may be words interpolated in P. 

(ô) Lastly, we may have in the Theonine MSS. a change made 
by Theon himself. 

(The discovery of the ancient papyrus showing readings agreeing 
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with some, or with all, of the Theonine MSS. against P now makes it 
necessary to be very cautious in applying these criteria.) 

It is of course the last class (ê) of changes which we have to 
investigate in order to get a proper idea of Theon's recension. 

Heiberg first observes, as regards these, that we shall find that 
Theon, in editing the Elements, altered hardly anything without some 
reason, often inadequate according to our ideas, but still some reason 
which seemed to him sufficient. Hence, in cases of very slight differ- 
ences where both the Theonine MSS. and P have readings guod and 
probable in themselves, Heiberg is not prepared to put the differences 
down to Theon. In those passages where we cannot see the least 
reason why Theon, if he had the reading of P before him, should have 
altered it, Heiberg would not at once assume the superiority of P 
unless there was such a consistency in the differences as would indicate 
that they were due not to accident but to design. In the absence of 
such indications, he thinks that the ordinary principles of criticism 
should be followed and that proper weight should be attached to the 
antiquity of the sources. And it cannot be denied that the sources of 
the Theonine version are the more ancient. For not only is the 
British Museum palimpsest (L), which is intimately connected with 
the rest of our MSS., át least two centuries older than P, but the other 
Theonine MSS. are so nearly allied that they must be held to have 
had a common archetype intermediate between them and the actual 
edition of Theon; and, since they themselves are as old as, or older 
than P, their archetype must have been much older. Heiberg gives 
(pp. xlvi, xlvii) a list of passages where, for this reason, he has 
followed the Theonine Mss. in preference to P. 

It has been mentioned above that the copyist of P or rather of its 
archetype wished to give an ancient recension. Therefore (apart from 
clerical errors and interpolations) the first hand in P may be relied 
upon as giving a genuine reading even where a correction by the first 
hand has been made at the same time. But in many places the first 
hand has made corrections afterwards; on these occasions he must 
have used new sources, eg. when inserting the scholia to the first 
Book which P a/oze has, and in a number of passages he has made 
additions from Theonine MSS. 

We cannot make out any “family tree” for the different Theonine 
Mss. Although they all proceeded from a common archetype later 
than the edition of Theon itself, they cannot have been copied one 
from the other; for, if they hac’ been, how could it have come about 
that in one place or other each of them agrees alone with P in pre- 
serving the genuine reading? Moreover the great variety in their 
agreements and disagreements indicates that they have all diverged 
to about the same extent from their archetype. As we have seen that 
P contains corrections from the Theonine family, so they show correc- 
tions from P or other MSS. of the same family. Thus V has part of 
the lacuna in the MS. from which it was copied filled up from a MS. 
similar to P, and has corrections apparently derived from the same ; 
the copyist, however, in correcting V, also used another MS. to which 
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he alludes in the additions to Ix. 19 and 30 (and also on x. 23 Por.): 
“in the book of the Ephesian (this) is not found.” Who this Ephesian 
of the 12th c. was, we do not know. 

We now come to the alterations made by Theon in his edition of 
the Elements. I shall indicate classes into which these alterations 
may be divided but without details (except in cases where they affect 
the mathematical content as distinct from form or language pure and 
simple)’. 

I. Alterations made by Theon where he found, or thought he found, 
mistakes in the original. 

1. Real blots in the original which Theon saw and tried to 
remove. 

(2) Euclid has a porism (corollary) to VI. 19, the enunciation 
of which speaks of similar and similarly described figures though the 
proposition itself refers only to triangles, and therefore the porism 
should have come after VI. 20. Theon substitutes triangle for figure 
and proves the more general porism after VI. 20. 

(6) In IX. 19 there is a statement which is obviously incorrect. 
Theon saw this and altered the proof by reducing four alternatives to 
two, with the result that it fails to correspond to the enunciation even 
with Theon’s substitution of “if” for “when” in the enunciation. 

(c) Theon omits a porism to IX. 11, although it is necessary for 
the proof of the succeeding proposition, apparently because, owing to 
an error in the text (xarà roy corrected by Heiberg into éri ro), he 
could not get out of it the right sense. 

(d) I should also put into this category a case which Heiberg 
classifies among those in which Theon merely fancied that he found 
mistakes, viz. the porism to V. 7 stating that, if four magnitudes are 
proportional, they are proportional inversely. Theon puts this after 
v. 4 with a proof, which however has no necessary connexion with 
V. 4 but is obvious from the definition of proportion. 

(e) I should also put under this head x1. 1, where Euclid’s argu- 
ment to prove that two straight lines cannot have a common segment 
is altered. 

2. Passages which seemed to Theon to contain blots, and which 
he therefore set himself to correct, though more careful consideration 
would have shown that Euclid's words are right or at least may be 
excused and offer no difficulty to an intelligent reader. Under this 
head come: 

(a) an alteration in III. 24. 

(6) a perfectly unnecessary alteration, in VI. 14, of *equiangular 
parallelograms " into “ parallelograms having one angle equal to one 
angle," where Theon followed the false analogy of VI. 15. 

(c) an omission of words in v. 26, owing to his having been mis- 
led by a wrong figure. 

(d) an alteration of the order of xt. Deff. 27, 28. 

(e) the substitution of * parallelepipedal solid" for * cube" in XI. 


! Exhaustive details under all the different heads are given by Heiberg (Vol. v. 
pp. lii—lxxv). 
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38, because Theon observed, correctly enough, that it was true of the 
parallelepipedal solid in general as well as of the cube, but failed to 
give weight to the fact that Euclid must have given the particular 
case of the cube for the simple reason that that was all he wanted for 
use in XIII. 17. 

(f) the substitution of the letter d for () (V for Z in my figure) 
because he saw that the perpendicular from K to B® would fall on ® 
itself, so that b, coincide. But, if the substitution is made, it should 
be proved that , N coincide. Euclid can hardly have failed to notice 
the fact, but it may be that he deliberately ignored it as unnecessary 
for his purpose, because he did not want to lengthen his proposition 
by giving the proof. 

II. Emendations intended to improve the form or diction of Euclid. 

Some of these emendations of Theon affect passages of appreciable 
length. Heiberg notes about ten such passages; the longest is 
in Eucl. XII. 4 where a whole page of Heiberg's text is affected and 
Theon's version is put in the Appendix. The kind of alteration may 
be illustrated by that in Ix. 1§ where Euclid uses successively the 
propositions VII. 24, 25, quoting the enunciation of the former but not 
of the latter; Theon does exactly the reverse. In a few of the cases 
here quoted by Heiberg, Theon shortened the original somewhat. 

But, as a rule, the emendations affect only a few words in each 
sentence, Sometimes they are considerable enough to alter the con- 
formation of the sentence, sometimes they ate trifling alterations 
"more magistellorum ineptorum" and unworthy of Theon. Generally 
speaking, they were prompted by a desire to change anything which 
was out of the common in expression or in form, in order to reduce 
the language to one and the same standard or norm. Thus Theon 
changed the order of words, substituted one word for another where 
the latter was used in a sense unusual with Euclid (eg. érecdyrep, 
“since,” for rı in the sense of " because"), or one expression for 
another in like circumstances (e.g. where, finding “that which was 
enjoined would be done” in a ¢heorem, VU. 31, and deeming the phrase 
more appropriate to a problem, he substituted for it “that which is 
sought would be manifest”; probably also and for similar reasons he 
made certain variations between the two expressions usual at the end 
of propositions ó7ep &Oe, Oetta, and ómep čet moroa, quod erat 
demonstrandum and quod erat faciendum). Sometimes his alterations 
show carelessness in the use of technical terms, as when he uses 
änmrteoĝaı (to meet) for epanrteolaı (to touch) although the ancients 
carefully distinguished the two words. The desire of keeping to a 
standard phraseology also led Theon to omit or add words in a 
number of cases, and also, sometimes, to change the lettering of 
figures. 

: But Theon seems, in editing the Elements, to have bestowed the 
most attention upon 

III. Additions designed to supplement or explain Euclid. 

First, he did not hesitate to interpolate whole propositions where 
he thought there was room or use for them. We have already 
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mentioned the addition to VI. 33 of the second part relating to sectors, 
for which Theon himself takes credit in his commentary on Ptolemy. 
Again, he interpolated the proposition commonly known as VII. 22 
(ex aequo in proportione perturbata for numbers, corresponding to V. 23), 
and perhaps also VII. 20, a particular case of VII. 19 as VI. 17 is of VI. 
16. He added a second case to VI. 27, a porism to II. 4, a second 
porism to III. 16, and a lemma after X. 12; perhaps also the porism 
to V. 19 and the first porism to VI. 20. He also inserted alternative 
proofs here and there, e.g. in 11. 4 (where the alternative differs little 
from the original) and in VII. 31; perhaps also in X. 1, 6, and 9. 

Secondly, he sometimes repeats an argument where Euclid had 
said “For the same reason," adds specific references to points, 
straight lines etc. in the figures in order to exclude the possibility 
of mistake arising from Euclid's reference to them in general terms, 
or inserts words to make the meaning of Euclid more plain, eg. 
componendo and alternately, where Euclid had left them out. Some- 
times he thought to increase by his additions the mathematical 
precision of Euclid’s language in enunciations or elsewhere, sometimes 
to make smoother and clearer things which Euclid had expressed 
with unusual brevity and harshness or carelessness, in reliance on the 
intelligence of his readers. 

Thirdly, he supplied intermediate steps where Euclid’s argument 
seemed too rapid and not easy enough to follow. The form of these 
additions varies; they are sometimes placed as a definite intermediate 
step with “therefore” or “so that,” sometimes they are additions to 
the statement of premisses, sometimes phrases introduced by “since,” 
“for” and the like, after the inference. 

Lastly, there is a very large class of additions of a word, or one 
or two words, for the sake of clearness or consistency. Heiberg 
gives a number of examples of the addition of such nouns as 
“triangle,” “square,” “rectangle,” “magnitude,” “number,” “ point,” 
“side,” “circle,” “straight line,” “area” and the like, of adjectives 
such as “remaining,” “right,” “whole,” “ proportional,” and of other 
parts of speech, even down to words like “is” (éorl) which is added 
600 times, 5n, dpa, év, yap, «ad and the like. 

IV. Omissions by Theon. 

Heiberg remarks that, Theon’s object having been, as above 
shown, to amplify and explain Euclid, we should not natutally have 
expected to find him doing much in the contrary process of com- 
pression, and it is only owing to the recurrence of a certain sort of 
omissions so frequently (especially in the first Books) as to exclude 
the hypothesis of their being all due to chance that we are bound to 
credit him with alterations making for greater brevity. We have 
seen, it is true, that he made omissions as well as additions for the 
purpose of reducing the language to a certain standard form. But 
there are also a good number of cases where in the enunciation of 
propositions, and in the exposition (the re-statement of them with 
reference to the figure), he has left out words because, apparently, 
he regarded Euclid's language as being /ao careful and precise. 
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Again, he is apparently responsible for the frequent omission of the 
words óTep čce, Õeikaı (or moroa), Q.E.D. (or F.), at the end of 
propositions. This is often the case at the end of porisms, where, 
in omitting the words, Theon seems to have deliberately departed 
from Euclid’s practice. The Ms. P seems to show clearly that, where 
Euclid put a porism at the end of a proposition, he omitted the 
Q.E.D. at the end of the proposition but inserted it at the end of the 
porism, as if he regarded the latter as being actually a part of the 
proposition itself. As in the Theonine Mss. the Q.E.D. is generally 
omitted, the omission would seem to have been due to Theon. 
Sometimes in these cases the Q.E.D. is interpolated at the end of the 
proposition. 

Heiberg summed up the discussion of Theon’s edition by the 
remark that Theon evidently took no pains to discover and restore 
from MSS. the actual words which Euclid had written, but aimed 
much more at removing difficulties that might be felt by learners 
in studying the book. His edition is therefore not to be compared 
with the editions of the Alexandrine grammarians, but rather with 
the work done by Eutocius in editing Apollonius and with an 
interpolated recension of some of the works of Archimedes by a 
certain Byzantine, Theon occupying a position midway between these 
two editors, being superior to the latter in mathematical knowledge 
but behind Eutocius in industry (these views now require to be some- 
what modified, as above stated). But however little Theon’s object 
may be approved by those of us who would rather know the 
tpstssima verba of Euclid, there is no doubt that his work was 
approved by his pupils at Alexandria for whom it was written; and 
his edition was almost exclusively used by later Greeks, with the 
result that the more ancient text is only preserved to us in one MS. 

As the result of the above investigation, we may feel satisfied 
that, where P and the Theonine MSS. agree, they give us (except in a 
few accidental instances) Euclid as he was read by the Greeks of 
the 4th c. But even at that time the text had been passed from 
hand to hand through more than six centuries, so that it is certain 
that it had already suffered changes, due partly to the fault of 
copyists and partly to the interpolations of mathematicians. Some 
errors of copyists escaped Theon and were corrected in some MSS. 
by later hands. Others appear in all our MSS. and, as they cannot 
have arisen accidentally in all, we must put them down to a common 
source more ancient than Theon. A somewhat serious instance is 
to be found in 111. 8; and the use of dmréc6w for épamrécOw in the 
sense of “touch” may also be mentioned, the proper distinction 
between the words having been ignored as it was by Theon also. 
But there are a number of imperfections in the ante-Theonine text 
which it would be unsafe to put down to the errors of copyists, those 
namely where the good MSS. agree and it is not possible to see any 
motive that a copyist could have had for altering a correct reading. 
In these cases it is possible that the imperfections are due to a 
certain degree of carelessness on the part of Euclid himself; for it 
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is not possible * Euclidem ab omni naevo vindicare," to use the 
words of Saccheri', and consequently Simson is not right in attributing 
to Theon and other editors all the things in Euclid to which mathe- 
matical objection can be taken. Thus, when Euclid speaks of “the 
ratio compounded of the sides” for “the ratio compounded of the 
ratios of the sides,” there is no reason for doubting that Euclid himself 
is responsible for the more slip-shod expression. Again, in the Books 
XL—XIIL relating to solid geometry there are blots neither few 
nor altogether unimportant which can only be attributed to Euclid 
himself?; and there is the less reason for hesitation in so attributing 
them because solid geometry was then being treated in a thoroughly 
systematic manner for the first time. Sometimes the conclusion 
(cvpTépacua) of a proposition does not correspond exactly to the 
enunciation, often it is cut short with the words «ai rà é£« “and the 
rest” (especially from Book X. onwards), and very often in Books VIIL, 
1X. it is omitted. Where all the Mss. agree, there is no ground for 
hesitating to attribute the abbreviation or omission to Euclid; though, 
of course, where one or more Mss. have the longer form, it must be 
retained because this is one of the cases where a copyist has a 
temptation to abbreviate. 

Where the true reading is preserved in one of the Theonine MSS. 
alone, Heiberg attributes the wrong reading to a mistake which arose 
before Theon’s time, and the right reading of the single MS. to a 
successful correction. 

We now come to the most important question of the /z/erpolations 
introduced before Theon's time. 

I. Alternative proofs or additional cases. 

It is not in itself probable that Euclid would have given two 
proofs of the same proposition ; and the doubt as to the genuineness 
of the alternatives is increased when we consider the character of 
some of them and the way in which they are introduced. First of 
all, we have those of vi. 20 and XII. 17 introduced by “we shall prove 
this otherwise sore readily (mpoxetpotepov)” or that of X. 90 “it is 
possible to prove more shortly (ovytopwrepov).” Now it is impossible 
to suppose that Euclid would have given one proof as that definitely 
accepted by him and then added another with the express comment 
that the latter has certain advantages over the former. Had he con- 
sidered the two proofs and come to this conclusion, he would have 
inserted the latter in the received text instead of the former. These 
alternative proofs must therefore have been interpolated. The same 
argument applies to alternatives introduced with the words “or even 
thus” (7 «al ottws), “or even otherwise” (7 «ai GAAws). Under this 
head come the alternatives for the last portions of III. 7, 8; and 
Heiberg also compares the alternatives for parts of III. 31 (that the 
angle in a semicircle is a right angle) and x11. 18, and the alternative 
proof of the lemma after X. 32. The alternatives to X. 105 and 106, 


1 Euclides ab omni naevo vindicatus, Mediolani, 1733. 
2 Cf. especially the assumption, without proof or definition, of the criterion for egual solid 
angles, and the incomplete proof of x11. 17. 
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again, are condemned by the place in which they occur, namely after 
an alternative proof to X. 115. The above alternatives being all 
admitted to be spurious, suspicion must necessarily attach to the few 
others which are in themselves unobjectionable. Heiberg instances 
the alternative proofs to III. 9, III. 10, VI. 30, VI. 31 and XI. 22, observing 
that it is quite comprehensible that any of these might have occurred 
to a teacher or editor and seemed to him, rightly or wrongly, to be 
better than the corresponding proofs in Euclid. Curiously enough, 
Simson adopted the alternatives to III. 9, 10 in preference to the 
genuine proofs, Since Heiberg’s preface was written, his suspicion 
has been amply confirmed as regards Ul. 10 by the commentary of 
an-Nairizi (ed. Curtze) which shows not only that this alternative is 
Heron’s, but also thát the substantive proposition III. 12 in Euclid 
is also Heron's, having been given by him to supplement III. 11 
which must originally have been enunciated of circles * touching one 
another " simply, i.e. so as to include the case of external as well as 
internal contact, though the proof covered the case of internal contact 
only. “Euclid, in the 11th proposition,” says Heron, “supposed two 
circles touching one another internally and wrote the proposition on 
this case, proving what it was required to prove in it. But J well 
show how it ts to be proved if the contact be external.” This additional 
proposition of Heron’s is by way of adding another case, which brings 
us to that class of interpolation. It was the practice of Euclid and 
the ancients to give only one case (generally the most difficult one) 
and to leave the others to be investigated by the reader for himself. 
One interpolation of a second case (VI. 27) is due, as we have seen, 
to Theon. The two extra cases of XI. 23 were manifestly interpolated 
before Theon’s time, for the preliminary distinction of three cases, 
“(the centre) will either be within the triangle LMN, or on one of 
the sides, or outside. First let it be within,” is a spurious addition 
(B and V only). Similarly an unnecessary case is interpolated in 
III. II. 

II. Lemmas. 

Heiberg has unhesitatingly placed in his Appendix to Vol. IIL 
certain lemmas interpolated either by Theon (on X. 13) or later 
writers (on X. 27, 29, 31, 32, 33, 34, where V only has the lemmas). 
But we are here concerned with the lemmas found in all the MSS., 
which however are, for different reasons, necessarily suspected. We 
will deal with the Book x. lemmas last. 

(1) There is an æ priori ground of objection to those lemmas 
which come after the propositions to which they relate and prove 
properties used in those propositions ; for, if genuine, they would be a 
sign of faulty arrangement such as would not be likely in a systematic 
work so carefully ordered as the Elements. The lemma to VI. 22 is 
one of this class, and there is the further objection to it that in VI. 28 
Euclid makes an assumption which would equally require a lemma 
though none is found. The lemma after XII. 4 is open to the further 
objections that certain altitudes are used but are not drawn in the 


1 An-Nairizf, ed. Curtze, p. 121. 
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figure (which is not in the manner of Euclid), and that a peculiar 
expression “parallelepipedal solids described on (avaypadopeva ato) 
prisms” betrays a hand other than Euclid’s. There is an objection on 
the score of language to the lemma after XIII. 2. The lemmas on 
XI. 23, XIII. I5, XIII. I8, besides coming after the propositions to 
which they relate, are not very necessary in themselves and, as regards 
the lemma to XIII. 13, it is to be noticed that the writer of a gloss 
in the proposition could not have had it, and the words “as will 
be proved afterwards” in the text are rightly suspected owing to 
differences between the MS. readings. The lemma to XII. 2 also, to 
which Simson raised objection, comes after the proposition ; but, if it 
is rejected, the words * as was proved before" used in XII. 5 and 18, 
and referring to this lemma, must be struck out. 

(2) Reasons of substance are fatal to the lemma before X. 60, 
which is really assumed in X. 44 and therefore should have appeared 
there if anywhere, and to the lemma on X. 20, which tries to prove 
what is already stated in x. Def. 4. 

We now come to the remaining lemmas in Book X., eleven in 
number, which come before the propositions to which they relate and 
remove difficulties in the way of their demonstration. That before 
X. 42 introduces a set of propositions with the words “that the said 
irrational straight lines are uniquely divided ... we will prove after 
premising the following lemma," and it is not possible to suppose 
that these words are due to an interpolator; nor are there any 
objections to the lemmas before X. 14, 17, 22, 33, 54, except perhaps 
that they are rather easy. The lemma before x. 10 and X. r0 itself 
should probably be removed from the Elements ; for X. 10 really uses 
the following proposition X. 11, which is moreover numbered 10 by 
the first hand in P, and the words in X. 10 referring to the lemma “for 
we learnt (how to do this)” betray the interpolator. Heiberg gives 
reason also for rejecting the lemmas before x. 19 and 24 with the 
words “in any of the aforesaid ways” (omitted in the Theonine Mss.) 
in the enunciations of X. I9, 24 and in the exposition of X. 20. Lastly, 
the lemmas before X. 29 may be genuine, though there is an addition 
to the second of them which is spurious. 

Heiberg includes under this heading of interpolated lemmas two 
which purport to be substantive propositions, XI. 38 and X111. 6. These 
must be rejected as spurious for reasons which will be found in detail 
in my notes on XI. 37 and XIII. 6 respectively. The latter proposition 
is only quoted once (in xri. 17); probably the words quoting it 
(with ypayupn instead of ev@eia) are themselves interpolated, and 
Euclid thought the fact stated a sufficiently obvious inference from 
XIII. I. 

III. Porisms (or corollaries). 

Most of the porisms in the text are both genuine and necessary ; 
but some are shown by differences in the MSS. not to be so, e.g. those 
to I. 15 (though Proclus has it), 111. 31 and vr. 20 (Por. 2). Sometimes 
parts of porisms are interpolated. Such are the last few lines in 
the porisms to IV. 5, VI. 8; the latter addition is proved later by 
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means of VI. 4, 8, so that the writer of these proofs could not have had 
the addition to VI. 8 Por. before him. Lastly, interpolators have added 
a sort of proof to some porisms, as though they were not quite 
obvious enough; but to add a demonstration is inconsistent with the 
idea of a porism, which, according to Proclus, is a by-product of a 
proposition appearing without our seeking it. 

IV. Scholia. 

Several interpolated scholia betray themselves by their wording, 
e.g. those given by Heiberg in the Appendix to Book X. and contain- 
ing the words xaX«et, éxáXeoce (“he calls" or *called"); these scholia were 
apparently written as marginal notes before Theon's time, and, being 
adopted as such by Theon, found their way into the text in P and 
some of the Theonine MSs. The same thing no doubt accounts for 
the interpolated analyses and syntheses to XIII. I—5, as to which see 
my note on XIII. I. 

V. Interpolations in Book x. 

First comes the proposition “ Let et be proposed to us to show that 
in square figures the diameter is incommensurable in length with the 
side,” which, with a scholium after it, ends the tenth Book. The form 
of the enunciation is suspicious enough and the proposition, the proof 
of which is indicated by Aristotle and perhaps was Pythagorean, is 
perfectly unnecessary when X. 9 has preceded. The scholium ends 
with remarks about commensurable and incommensurable solids, 
which are of course out of place before the Books on solids. The 
scholiast on Book x. alludes to this particular scholium as being due 
to * Theon and some others" But it is doubtless much more ancient, 
and may, as Heiberg conjectures have been the beginning of 
Apollonius’ more advanced treatise on incommensurables. Not only 
is everything in Book x. after X. 115 interpolated, but Heiberg doubts 
the genuineness even of X. 112—115, on the ground that X. 111 
rounds off the theory of incommensurables as we want it in the Books 
on solid geometry, while X. 112—115 are not really connected with 
what precedes, nor wanted for the later Books, but seem to form the 
starting-point of a new and more elaborate theory of irrationals. 

VI. Other minor interpolations are found of the same character as 
those above attributed to Theon. First there are two places (XI. 35 
and XI. 26) where, after “similarly we shail prove” and “for the same 
reason,’ an actual proof is nevertheless given. Clearly the proofs are 
interpolated; and there are other similar interpolations. There 
are also interpolations of intermediate steps in proofs, unnecessary 
explanations and so on, as to which I need not enter into details. 

Lastly, following Heiberg’s order, I come to 

VII. Interpolated definitions, axioms etc. 

Apart from vi. Def. 5 (which may have been interpolated by 
Theon although it is found written in the margin of P by the first 
hand), the definition of a segment of a circle in Book 1. is interpolated, 
as is clear from the fact that it occurs in a more appropriate place in 
Book 111. and Proclus omits it. vi. Def. 2 (reciprocal figures) is rightly 
condemned by Simson—perhaps it was taken from Heron—and 
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Heiberg would reject vil. Def. 10, as to which see my note on that 
definition. Lastly the double definition of a solid angle (xr. Def. 11) 
constitutes a difficulty. The use of the word émiddvera suggests that 
the first definition may have been older than Euclid, and he may have 
quoted it from older elements, especially as his own definition which 
follows only includes solid angles contained by planes, whereas the 
other includes other sorts (cf. the words ypayppõv, ypappaîs) which are 
also distinguished by Heron (Def. 22). If the first definition had come 
last, it could have been rejected without hesitation : but it is not so 
easy to reject the first part up to and including * otherwise" (GAXox). 
No difficulty need be felt about the definitions of “oblong,” “rhombus,” 
and “rhomboid,” which are not actually used in the Elements; they 
were no doubt taken from earlier e/ements and given for the sake of 
completeness. 

As regards the axioms or, as they are called in the text, common 
notions (xowvai Evvotat), it is to be observed that Proclus says! that 
Apollonius tried to prove “the axioms,” and he gives Apollonius’ 
attempt to prove Axiom 1. This shows at all events that Apollonius 
had some of the axioms now appearing in the text. But how could 
Apollonius have taken a controversial line against Euclid on the 
subject of axioms if these axioms had not been Euclid’s to his know- 
ledge? And, if they had been interpolated between Euclid’s time 
and his own, how could Apollonius, living so comparatively short a 
time after Euclid, have been ignorant of the fact? Therefore some of 
the axioms are Euclid’s (whether he called them common notions, or 
axioms, as is perhaps more likely since Proclus calls them axioms): 
and we need not hesitate to accept as genuine the first three discussed 
by Proclus, viz. (1) things equal to the same equal to one another, 
(2) if equals be added to equals, wholes equal, (3) if equals be 
subtracted from equals, remainders equal. The other two mentioned 
by Proclus (whole greater than part, and congruent figures equal) are 
more doubtful, since they are omitted by Heron, Martianus Capella, 
and others. The axiom that “two lines cannot enclose a space” is 
however clearly an interpolation due to the fact that I. 4 appeared to 
require it. The others about equals added to unequals, doubles of 
the same thing, and halves of the same thing are also interpolated ; 
they are connected with other interpolations, and Proclus clearly 
used some source which did not contain them. 

Euclid evidently limited his formal axioms to those. which seemed 
to him most essential and of the widest application ; for he not un- 
frequently assumes other things as axiomatic, e.g. in VII. 28 that, if a 
number measures two numbers, it measures their difference. 

The differences of reading appearing in Proclus suggest the 
question of the comparative purity of the sources used by Proclus, 
Heron and others, and of our text. The omission of the definition of 
a segment in Book I. and of the old gloss “which is called the cir- 
cumference” in I. Def. 15 (also omitted by Heron, Taurus, Sextus 


1 Proclus, pp. 194, 10Sqq. 
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Empiricus and others) indicates that Proclus had better sources than 
we have; and Heiberg gives other cases where Proclus omits words 
which are in all our MSs. and where Proclus' reading should perhaps 
be preferred. But, except in these instances (where Proclus may have 
drawn from some ancient source such as one of the older com- 
mentaries), Proclus' MS. does not seem to have been among the best. 
Often it agrees with our worst MsS., sometimes it.agrees with F where 
F alone has a certain reading in the text, so that (e.g. in I. 15 Por.) 
the common reading of Proclus and F must be rejected, thrice only 
does it agree with P alone, sometimes it agrees with P and some 
Theonine MSS., and once it agrees with the Theonine MSS. against P 
and other sources. 

Of the other external sources, those which are older than Theon 
generally agree with our best MSS., eg. Heron, allowing for the 
difference in the plan of his definitions and the somewhat free adap- 
tation to his purpose of the Euclidean definitions in Books X., XI. 

Heiberg concludes that the E/ements were most spoiled by inter- 
polations about the 3rd c., for Sextus Empiricus had a correct text, 
while Iamblichus had an interpolated one; but doubtless the purer 
text continued for a long time in circulation, as we conclude from the 
fact that our MSS. are free from interpolations already found in 
lamblichus' Ms. 


CHAPTER VI. 


THE SCHOLIA. 


HEIBERG has collected scholia, to the number of about 1500, in 
Vol. v. of his edition of Euclid, and has also discussed and classified 
them in a separate short treatise, in which he added a few others. 

These scholia cannot be regarded as doing much to facilitate the 
reading of the Elements. Asa rule, they contain only such observa- 
tions as any intelligent reader could make for himself. Among the 
few exceptions are XI. Nos. 33, 35 (where XI. 22, 23 are extended to 
solid angles formed by any number of plane angles), XII. No. 85 
(where an assumption tacitly made by Euclid in XII. 17 is proved), 
1X. Nos. 28, 29 (where the scholiast has pointed out the error in the 
text of IX. 19). 

Nor are they very rich in historical information ; they cannot be 
compared in this respect with Proclus’ commentary on Book I. or 
with those of Eutocius on Archimedes and Apollonius. But even 
under this head they contain some things of interest, e.g. 11. No. 11 
explaining that the gnomon was invented by geometers for the sake of 
brevity, and that its name was suggested by an incidental characteristic, 
namely that “from it the whole is known (yvwpiteraz), either of the 
whole area or of the remainder, when it (the yrwpwr) is either placed 
round or taken away"; I1. No. 13, also on the gnomon; Iv. No. 2 
stating that Book 1V. was the discovery of the Pythagoreans ; 
v. No. 1 attributing the content of Book v. to Eudoxus; x. No. 1 with 
its allusion to the discovery of incommensurability by the Pytha- 
goreans and to Apollonius’ work on irrationals; x. No. 62 definitely 
attributing X. 9 to Theaetetus; XIII. No. 1 about the “Platonic” figures, 
which attributes the cube, the pyramid, and the dodecahedron to the 
Pythagoreans, and the octahedron and icosahedron to Theaetetus. 

Sometimes the scholia are useful in connexion with the settlement 
of the text, (1) directly, e.g. 111. No. 16 on the interpolation of the 
word “within” (érros) in the enunciation of III. 6, and X. No. 1 
alluding to the discussion by “Theon and some others" of irrational 
“surfaces” and “solids,” as well as “lines,” from which we may 

1 Heiberg, Om Scholierne til Euklids Elementer, Kjøbenhavn, 1888. The tract is 


written in Danish, but, fortunately for those who do not read Danish easily, the author has 
appended (pp. 70— 78) a résumé in French. 
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conclude that the scholium at the end of Book x. is not genuine; 
(2) indirectly in that they sometimes throw light on the connexion 
of certain MSS. 

Lastly, they have their historical importance as enabling us to 
judge of the state of mathematical science at the times when they 
were written. 

Before passing to the classification of the scholia, Heiberg remarks 
that we must separate from them a number of additions in the nature 
of scholia which are found in the text of our Mss. but which can, in 
one way or another, be proved to be spurious. As they are found 
both in P and in the Theonine Mss., they must have been in the MSS. 
anterior to Theon (4th c.) But they are, in great part, only found in 
the margin of P and the Theonine MSS.; in V they are half in the 
text and half in the margin. This can hardly be explained except 
on the supposition that these additions were originally (in the MSS. 
before Theor) in the margin, and that Theon kept them there in his 
edition, but that they afterwards found their way gradually into the 
text of P as well as of the Theonine MSS., or were omitted altogether, 
while particular MSS. have in certain places preserved the old arrange- 
ment. Of such spurious additions Heiberg enumerates the following: 
the axiom about equals subtracted from unequals, the last lines of the 
porism to VI. 8, second porisms to V. 19 and to VI. 20, the porism 
to III. 31, VI. Def. 5, various additions in Book X., the analyses and 
syntheses of XIII. r—5, and the proposition XIII. 6. 

The two first classes of scholia distinguished by Heiberg are 
denoted by the convenient abbreviations “Schol. Vat.” and “Schol. 
Vind.” 


I. Schol. Vat. 

It is first necessary to set out the letters by which Heiberg 
denotes certain collections of scholia. 

P = Scholia in P written by the first hand. 

B=Scholia in B by a hand of the same date as the MS. itself, 
generally that of Arethas. 

F = Scholia in F by the first hand. 

Vat. =Scholia of the Vatican MS. 204 of the roth c, which has 
these scholia on leaves 198—205 (the end is missing) as an independent 
collection. It does not contain the text of the Elements. 

Ve = Scholia found on leaves 283—292 of V and written in the 
same hand as that part of the MS. itself which begins at leaf 235. 

Vat. 192=a Vatican MS. of the 14th c. which contains, after 
(1) the Elements 1.—X111. (without scholia), (2) the Data with scholia, 
(3) Marinus on the Da/a, the Schol. Vat. as an independent collection 
and in their entirety, beginning with I. No. 88 and ending with XIII. 
No. 44. 


The Schol. Vat, the most ancient and important collection of 
scholia, comprise those which are found in PBF Vat. and, from VII. 12 
to IX. 15, in PB Vat. only, since in that portion of the Elements 
F was restored by a later hand without scholia; they also include I. 
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No. 88 which only happens to be erased in F, and IX. Nos. 28, 29 
which may be left out because F. here has a different text. In F 
and Vat. the collection ends with Book x.; but it must also include 
Schol. PB of Books x1.— XIII., since these are found along with Schol. 
Vat. to Books I.—x. in several MSS. (of which Vat. 192 is one) as a 
separate collection. The Schol. Vat. to Books X.—xIII. are also 
found in the collection V* (where, curiously enough, XIII. Nos. 43, 44 
are at the beginning). The Schol. Vat. accordingly include Schol. 
PBV* Vat. 192, and doubtless also those which are found in two of 
these sources. The total number of scholia classified by Heiberg as 
Schol. Vat. is 138. 

As regards the contents of Schol. Vat. Heiberg has the following 
observations. The thirteen scholia to Book I. are extracts made 
from Proclus by a writer thoroughly conversant with the subject, 
and cleverly recast (with some additions). Their author does not 
seem to have had the two lacunae which our text of Proclus has 
(at the end of the note on I. 36 and the beginning of the next note, 
and at the beginning of the note on I. 43), for the scholia I. Nos. 125 
and 137 seem to fill the gaps appropriately, at least in part. In 
some passages he had better readings than our Mss. have. The rest 
of Schol Vat. (on Books II—xIII.) are essentially of the same 
character as those on Book I., containing prolegomena, remarks on 
the object of the propositions, critical remarks on the text, converses, 
lemmas; they are, in general, exact and true to tradition. The 
reason of the resemblance between them and Proclus appears to be 
due to the fact that they have their origin in the commentary of 
Pappus, of which we know that Proclus also made use. In support 
of the view that Pappus is the source, Heiberg places some of the 
Schol. Vat. to Book x. side by side with passages from the com- 
mentary of Pappus in the Arabic translation discovered by Woepcke!; 
he also refers to the striking confirmation afforded by the fact that 
XII. No. 2 contains the solution of the problem of inscribing in a 
given circle a polygon similar to a polygon inscribed in another circle, 
which problem Eutocius says? that Pappus gave in his commentary 
on the Elements. 

But, on the other hand, Schol. Vat. contain some things which 
cannot have come from Pappus, e.g. the allusion in X. No. 1 to Theon 
and irrational surfaces and solids, Theon being later than Pappus; 
II. No. IO about foris»s is more like Proclus’ treatment of the 
subject than Pappus’, though one expression recalls that of Pappus 
about forming (oynpativerbac) the enunciations of porisms like those 
of either theorems or problems. 

The Schol. Vat. give us important indications as regards the 
text of the E/ements as Pappus had it. In particular, they show that 
he could not have had in his text certain of the lemmas in Book x. 
For example, three of these are identical with what we find in Schol. 

2 Om Scholierne til Euklids Elementer, pp. 11, 13: cf. Euklid-Studien, pp. 170, 1713 


Woepcke, Mémoires présent. af Acad. des Sciences, 1856, XIV. p. 658 sqq. 
3 Archimedes, ed. Heiberg, 111. p. 28, 19—22. : 


CH. VI] THE SCHOLIA 67 


Vat. (the lemma to X. 17=Schol. x. No. 106, and the lemmas to 
X. §4, 60 come in Schol. x. No. 328); and it is not possible to suppose. 
that these lemmas, if they were already in the text, would also be 
given as scholia. Of these three lemmas, that before x. 60 has 
already been condemned for other reasons; the other two, un- 
objectionable in themselves, must be rejected on the ground now 
stated. There were four others against which Heiberg found nothing 
to urge when writing his prolegomena to Vol. v., viz. the lemmas 
before X. 42, X. 14, X. 22 and X. 33. Of these, the lemma to xX. 22 
is not reconcilable with Schol x. No. 161, which takes up the 
assumption in the text of Eucl. X. 22 as if no lemma had gone before. 
The lemma to X. 42, which, on account of the words introducing it 
(see p. 60 above), Heiberg at first hesitated to regard as an inter- 
polation, is identical with Schol x. No. 270. It is true that in 
Schol. X. No. 269 we find the words "this lemma has been proved 
before (v tots éumpocbev), but it shall also be proved now for 
convenience’ sake (rod éroiwov évexa),” and it is possible to suppose 
that “before” may mean in Euclid’s text defore X. 42; but a proof 
in that place would surely have been as “convenient” as could be 
desired, and it is therefore more probable that the proof had been 
given by Pappus in some earlier place. (It may be added that the 
lemma to X. 14, which is identical with the lemma to XI. 23, con- 
demned on other grounds, is for that reason open to suspicion.) 

Heiberg’s conclusion is that a// the lemmas are spurious, and that 
most or all of them have found their way into the text from Pappus' 
commentary, though at a time anterior to Theon's edition, since 
they are found in all our Mss. This enables us to fix a date for these 
interpolations, namely the first half of the 4th c. 

Of course Pappus had not in his text the interpolations which, 
from the fact of their appearing only in some of our MSS., are seen to 
be later than those above-mentioned. Such are the lemmas which 
are found in the text of V only after X. 29 and x. 31 respectively and 
are given in Heiberg's Appendix to Book X. (numbered 10 and 11). 
On the other hand it appears from Woepcke's tract! that Pappus 
already had X. 115 in his text: though it does not follow from this 
that the proposition is genuine but only that interpolations began 
very early. 

Theon interpolated a proposition (or lemma) between X. 12 and 
X. 13 (No. 5 in Heiberg's Appendix). Schol. Vat. has the same 
thing (X. No. 125). The writer of the scholia therefore did not find 
this lemma in the text. Schol. Vat. IX. Nos. 28, 29 show that neither 
did he find in his text the alterations which Theon made in Eucl. Ix. 
19; the scholia in fact only agree with the text of P, not with Theon's. 
This suggests that Schol. Vat. were written for use with a MS. of the 
ante-Theonine recension sich as P is. This probability is further 
confirmed by a certain independence which P shows in several places 
when compared with the Theonine Mss. Not only has P better 
readings in some passages, but more substantial divergences; and, 

1 Woepcke, of. cit. p. 702. 
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in particular, the absence in P of three notes of a historical character 
which are added, wholly or partly from Proclus, in the Theonine Mss. 
attests an independent and more primitive point of view in P. 

In view of the distinctive character of P, it is possible that some 
of the scholia found in it in the first hand, but not in the other 
sources of Schol. Vat., also belong to that collection ; and several 
circumstances confirm this. Schol. x1. No. 45, found in P only, 
which relates to a passage in Eucl. XIII. 13, shows that certain words 
in the text, though older than Theon, are interpolated; and, as the 
scholium is itself older than Theon, is headed “third lemma,” and 
follows a “second lemma” relating to a passage in the text im- 
mediately preceding, which “second lemma” belongs to Schol. Vat. 
and is taken from Pappus, the “third” in all probability came from 
Pappus also. The same is true of Schol. xit. No. 72 and xrit. No. 69, 
which are respectively identical with the propositions vulgo XI. 38 
(Heiberg, App. to Book xı., No. 3) and XIII. 6; for both of these 
interpolations are older than Theon. Moreover most of the scholia 
which P in the first hand alone has are of the same character as 
Schol. Vat. Thus vtr. No. 7 and xır. No. 1 introducing Books VII. 
and XIII. respectively are of the same historical character as several 
of Schol. Vat.; that vII. No. 7 appears in the /ez? of P at the 
beginning of Book VII. constitutes no difficulty. There are a number 
of converses, remarks on the relation of propositions to one another, 
explanations such as XII. No. 89 in which it is remarked that ®, 0 
in Euclid's figure to XII. 17 (Z, V in my figure) are really the same 
point but that this makes no difference in the proof. Two other 
Schol. P on XII. 17 are connected by their headings with xir. No. 72 
mentioned above. XI. No. ro (P) is only another form of XI. 
No. 11 (B); and B often, alone with P, has preserved Schol. Vat. 
On the whole Heiberg considers some 40 scholia found in P alone to 
belong to Schol. Vat. 

The history of Schol. Vat. appears to have been, in its main 
outlines, the following. They were put together after 500 A.D., since 
they contain extracts from Proclus, to which we ought not to assign 
a date too near to that of Proclus' work itself; and they must at least 
be earlier than the latter half of the oth c., in which B was written. 
As there must evidently have been several intermediate links between 
the archetype and B, we must assign them rather to the first half of 
the period between the two dates, and it is not improbable that they 
were a new product of the great development of mathematical studies 
at the end of the 6th c. (Isidorus of Miletus). The author extracted 
what he found of interest in the commentary of Proclus on Book I. 
and in that of Pappus on the rest of the work, and put these extracts 
in the margin of a MS. of the class of P. As there are no scholia to 
I. I—22, the first leaves of the archetype or of one of the earliest 
copies must have been lost at an early date, and it was from that 
mutilated copy that partly P and partly a MS. of the Theonine class 
were taken, the scholia being put in the margin in both. Then the 
collection spread through the Theonine MSS., gradually losing some 
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scholia which could not be read or understood, or which were 
accidentally or deliberately omitted. Next it was extracted from 
one of these MSS. and made into a separate work which has been 
preserved, in part, in its entirety (Vat. 192 etc.) and, in part, divided 
into sections, so that the scholia to Books x.—xIII. were detached 
(V°) It had the same fate in the MSS. which kept the original 
arrangement (in the margin), and in consequence there are some MSS. 
where the scholia to the stereometric Books are missing, those Books 
having come to be less read in the period of decadence. It is from 
one of these MSS. that the collection was extracted as a separate work 
such as we find it in Vat. (roth c.). 


II. The second great division of the scholia is Schol. Vind. 


This title is taken from the Viennese Ms. (V), and the letters used 
by Heiberg to indicate the sources here in question are as follows. 

V*-scholia in V written by the same hand that copied the Ms. 
itself from fol. 235 onward. 

q — scholia of the Paris MS. 2344 (q) written by the first hand. 

l = scholia of the Florence Ms. Laurent. XXVIII, 2 written in the 
I3th —14th c, mostly in the first hand, but partly in two later 
hands. 

V>=scholia in V written by the same hand as the first part 
(leaves 1—183) of the MS. itself; V> wrote his scholia after V>. 

q' = scholia of the Paris Ms. (q) found here and there in another 
hand of early date. 


Schol. Vind. include scholia found in V*q. 1 is nearly related to 
q; and in fact the three MsS. which, so far as Euclid's text is con- 
cerned, show no direct interdependence, are, as regards their scholia, 
derived from one original. Heiberg proves this by reference to the 
readings of the three in two passages (found in Schol. I. No. 109 and 
X. No. 39 respectively). The common source must have contained, 
besides the scholia found in the three Mss. V*ql, those also which 
are contained in two of them, for it is more unlikely that two of the 
three should contain common interpolations than that a particular 
scholium should drop out of one of them. Besides V* and q, the 
scholia Vt and q? must equally be referred to Schol. Vind., since the 
greater part of their scholia are found in l. There is a lacuna in q 
from Eucl. VIII. 25 to IX. 14, so that for this portion of the Elements 
Schol. Vind. are represented by Vl only. Heiberg gives about 450 
numbers in all as belonging to this collection. 

Schol. Vind. did not all come from one source; this is shown by 
differences of substance, e.g. between x. Nos. 36 and 39, and by 
differences of time of writing: e.g. VI. No. 52 refers at the beginning 
to No. 56 with the words "as the scholium has it" and is therefore 
later than that scholium ; x. No. 247 is also later than X. No. 246. 

The scholia to Book I. are here also extracts from Proclus, but 
more copious and more verbatim than in Schol. Vat. The author 
has not always understood Proclus; and he had a text as bad as 
that of our MSS, with the same lacunae, The scholia to the other 
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Books are partly drawn (1) from Schol. Vat., the MSS. representing 
Schol. Vind. and Schol. Vat. in these cases showing nearly all possible 
combinations; but there is no certain trace in Schol. Vind. of the 
scholia peculiar to P. The author used a copy of Schol. Vat. in the 
form in which they were attached to the Theonine text; thus Schol. 
Vind. correspond to BF Vat., where these diverge from P, and 
especially closely to B. Besides Schol. Vat., the edifors of Schol. 
Vind. used (2) other old collections of scholia of which we find traces 
in B and F; Schol. Vind. have also some scholia common with b. 
The scholia which Schol. Vind. have in common with BF come from 
two different sources, and were apparently afterwards introduced 
into the other MSS.; one result of this is that several scholia are 
reproduced twice. 

But, besides the scholia derived from these sources, Schol. Vind. 
contain a large number of others of late date, characterised by in- 
correct language or by triviality of content (there are many examples 
in numbers, citations of propositions used, absurd @zropias, and the 
like). Unlike Schol. Vat., these scholia often quote words from Euclid 
as a heading (in one case a heading is inserted in Schol. Vind. where 
a scholium without the heading is quoted from Schol. Vat., see v. 
No. 14). The explanations given often presuppose very little know- 
ledge on the part of the reader and frequently contain obscurities 
and gross errors. 

Schol. Vind. were collected for use with a MS. of the Theonine 
class; this follows from the fact that they contain a note on the 
proposition vulgo VII. 22 interpolated by Theon (given in Heiberg’s 
App. to Vol. II. p. 430). Since the scholium to VII. 39 given in V and 
p in the text after the title of Book VIII. quotes the proposition as 
VII. 39, it follows that this scholium must have been written before 
the interpolation of the two propositions vz/go VII. 20, 22; Schol. 
Vind. contain (vir. No. 80) the first sentence of it, but without the 
heading referring to vir. 39. Schol. vii. No. 97 quotes VII. 33 as 
VII. 34, so that the proposition vz/go VII. 22 may have stood in the 
scholiast’s text but not the later interpolation vx/go VII. 20 (later 
because only found in B in the margin by the first hand). Of course 
the scholiast had also the interpolations earlier than Theon. 

For the date of the collection we have a lower limit in the date 
(12th c.) of MSS. in which the scholia appear. That it was not much 
earlier than the 12th c. is indicated (1) by the poverty of its contents, 
(2) by the quality of the Ms. of Proclus which was used in the 
compilation of it (the Munich Ms. used by Friedlein with which the 
scholiast's excerpts are essentially in agreement belongs to the 1 1th— 
I2th c.), (3) by the fact that Schol. Vind. appear only in MSS. of the 
I2th c. and no trace of them is found in our Mss. belonging to 
the 9th— 10th c. in which Schol. Vat. are found. The collection may 
therefore probably be assigned to the [1th c. Perhaps it may be in 
part due to Psellus who lived towards the end of that century : for in 
a Florence MS. (Magliabecch. XI, 53 of the 15th c.) containing a 
mathematical compendium intended for use in the reading of Aristotle 
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the scholia 1. Nos. 40 and 49 appear with the name of Psellus 
attached. 

Schol. Vind. are not found without the admixture of foreign 
elements in any of our three sources. In 1 there are only very few 
such in the first hand. In q there are several new scholia in the first 
hand, for the most part due to the copyist himself. The collection of 
scholia on Book X. in q (Heiberg’s q°) is also in the first hand ; it is 
not original, and it may perhaps be due to Psellus (Maglb. has some 
definitions of Book X. with a heading "scholia of... Michael Psellus 
on the definitions of Euclid's 10th Element” and Schol. x. No. 9), 
whose name must have been attached to it in the common source of 
Maglb. and q; to a great extent it consists of extracts from Schol. 
Vind. taken from the same source as Vl. The scholia q? (in an 
ancient hand in q), confined to Book II., partly belong to Schol. Vind. 
and partly correspond to b' (Bologna MS.). q* and q* are in one hand 
(Theodorus Antiochita), the nearest to the first hand of q; they are 
doubtless due to an early possessor of the Ms. of whom we know 
nothing more. 

V2 has, besides Schol. Vind., a number of scholia which also appear 
in other MSS., one in BFb, some others in P, and some in v (Codex 
Vat. 1038, 13th c.); these scholia were taken from a source in which 
many abbreviations were used, as they were often misunderstood by V=. 
Other scholia in V* which are not found in the older sources—some 
appearing in V* alone—are also not original, as is proved by mistakes 
or corruptions which they contain; some others may be due to the 
copyist himself. 

V> seldom has scholia common with the other older sources; for 
the most part they either appear in V’ alone or only in the later 
sources as v or F? (later scholia in F), some being original, others not. 
In Book x. V’ has three series of numerical examples, (1) with Greek 
numerals, (2) alternatives added later, also mostly with Greek numerals, 
(3) with Arabic numerals. The last class were probably the work of 
the copyist himself. These examples (cf. p. 74 below) show the facility 
with which the Byzantines made calculations at the date of the Ms. 
(12th c.). They prove also that the use of the Arabic numerals (in the 
East-Arabian form) was thoroughly established in the 12th c.; they 
were actually known to the Byzantines a century earlier, since they 
appear, in the first hand, in an Escurial MS. of the 11th c. 

Of collections in other hands in V distinguished by Heiberg (see 
preface to Vol. V.), V! has very few scholia which are found in other 
sources, the greater part being original; V?, V? are the work of the 
copyist himself ; V* are so in part only, and contain several scholia 
from Schol. Vat. and other sources. V? and V* are later than 13th 
—14th c., since they are not found in f (cod. Laurent. XXVIII, 6) which 
was copied from V and contains, besides V? V5, the greater part of 
V! and vi. No. 20 of V* (in the text). 

In P there are, besides P? (a quite late hand, probably one of the 
old Scriptores Graeci at the Vatican), two late hands (P?), one of 
which has some new and independent scholia, while the other has 
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added the greater part of Schol. Vind., partly in the margin and 
partly on pieces of leaves stitched on. 

Our sources for Schol. Vat. also contain other elements. In P 
there were introduced a certain number of extracts from Proclus, to 
supplement Schol. Vat. to Book r.; they are all written with a 
different ink from that used for the oldest part of the MS., and the 
text is inferior. There are additions in the other sources of Schol. 
Vat. (F and B) which point to a common source for FB and which 
are nearly all found in other MSS., and, in particular, in Schol. Vind., 
which also used the same source; that they are not assignable to 
Schol. Vat. results only from their not being found in Vat. Of other 
additions in F, some are peculiar to F and some common to it and b; 
but they are not original. F? (scholia in a later hand in F) contains 
three original scholia; the rest come from V. B contains, besides 
scholia common to it and F, b or other sources, several scholia which 
seem to have been put together by Arethas, who wrote at least a part 
of them with his own hand. 

Heiberg has satisfied himself, by a closer study of b, that the 
scholia which he denotes by b, 9 and b! are by one hand; they are 
mostly to be found in other sources as well, though some are original. 
By the same hand (Theodorus Cabasilas, 15th c.) are also the scholia 
denoted by b?, B?, b and B* These scholia come in great part from 
Schol. Vind., and in making these extracts Theodorus probably used 
one of our sources, l, mistakes in which often correspond to those of 
Theodorus. To one scholium is attached the name of Demetrius (who 
must be Demetrius Cydonius, a friend of Nicolaus Cabasilas, 14th c.); 
but it could not have been written by him, since it appears in B and 
Schol. Vind. Nor are all the scholia which bear the name of 
Theodorus due to Theodorus himself, though some are so. 

As B? (a late hand in B) contains several of the original scholia of 
b?, B! must have used b itself as his source, and, as all the scholia in 
B? are in b, the latter is also the source of the scholia in B? which are 
found in other Mss. B and b were therefore, in the 15th c., in the 
hands of the same person; this explains, too, the fact that b in a late 
hand has some scholia which can only come from B. We arrive then 
at the conclusion that Theodorus Cabasilas,in the 15th c., owned both 
the MSS. B and b, and that he transferred to B scholia which he had 
before written in b, either independently or after other sources, and 
inversely transferred some scholia from B to b. Further, B? are 
earlier than Theodorus Cabasilas, who certainly himself wrote B* as 
well as b? and b’. 

An author's name is also attached to the scholia vr. No. 6 and 
X. No. 223, which are attributed to Maximus Planudes (end of t3th c.) 
along with scholia on 1. 31, X. 14 and x. 18 found in | in a quite late 
hand and published on pp. 46, 47 of Heibérg's dissertation. These 
seem to have been taken from lectures of Planudes on the Elements 
by a pupil who used | as his copy. 

There are also in l two other Byzantine scholia, written by a late 
hand, and bearing the names Ioannes and Pediasimus respectively ; 
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these must in like manner have been written by a pupil after lectures 
of Ioannes Pediasimus (first half of 14th c.), and this pupil must also 
have used I. 

Before these scholia were edited by Heiberg, very few of them had 
been published in the original Greek. The Basel editto princeps has a 
few (V. No. 1, VI. Nos. 3, 4 and some in Book X.) which are taken, 
some from the Paris MS. (Paris. Gr. 2343) used by Grynaeus, others 
probably from the Venice MS. (Marc. 301) also used by him; one 
published by Heiberg, not in his edition of Euclid but in his paper 
on the scholia, may also be from Venet. 301, but appears also in 
Paris. Gr. 2342. The scholia in the Basel edition passed into the 
Oxford edition in the text, and were also given by August in the 
Appendix to his Vol. IL 

Several specimens of the two series of scholia (Vat. and Vind.) 
were published by C. Wachsmuth (Rhein. Mus. XVIII. p. 132 sqq.) 
and by Knoche (Untersuchungen über die neu aufgefundenen Scholien 
des Proklus, Herford, 1865). 

The scholia published in Latin were much more numerous. G. 
Valla (De expetendis et fugiendis rebus, 1501) reproduced apparently 
some 200 of the scholia included in Heiberg's edition. Several of 
these he obtained from two Modena MSS. which at one time were 
in his possession (Mutin. 11] B, 4 and I E, 9, both of the 15th c.); 
but he must have used another source as well, containing extracts 
from other series of scholia, notably Schol. Vind. with which he has 
some 87 scholia in common. He has also several that are new. 

Commandinus included in his translation under the title “ Scholia 
antiqua” the greater part of the Schol. Vat. which he certainly 
obtained from a MS. of the class of Vat. 192; on the whole he 
adhered closely to the Greek text. Besides these scholia Com- 
mandinus has the scholia and lemmas which he found in the Basel 
editio princeps, and also three other scholia not belonging to Schol. 
Vat, as well as one new scholium (to XII. 13) not included in 
Heiberg’s edition, which are distinguished by different type and were 
doubtless taken from the Greek MS. used by him along with the 
Basel edition. 

In Conrad Dasypodius’ Lexicon mathematicum published in 1573 
there is (on fol. 42—44) “Graecum scholion in definitiones Euclidis 
libri quinti elementorum appendicis loco propter pagellas vacantes 
annexum.” This contains four scholia, and part of two others, 
published in Heiberg’s edition, with some variations of readings, and 
with some new matter added (for which see pp. 64—6 of Heiberg’s 
pamphlet). The source of these scholia is revealed to us by another 
work of Dasypodius, 7saaci Monachi Scholia in. Euclidis elementorum 
geometriae sex priores libros per. C. Dasypodium in latinum sermonem 
translata et in. lucem edita (1579). This work contains, besides 
excerpts from Proclus on Book I. (in part closely related to Schol. 
Vind.) some 30 scholia included in Heiberg's edition, several new 
scholia, and the above-mentioned scholia to the definitions of Book v. 
published in Greek in 1573. After the scholia follow * Isaaci Monachi 
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prolegomena in Euclidis Elementorum geometriae libros" (two 
definitions of geometry) and * Varia miscellanea ad geometriae cogni- 
tionem necessaria ab Isaaco Monacho collecta" (mostly the same as 
pp. 252, 24—272, 27 in the Variae Collectiones included in Hultsch's 
Heron); lastly, a note of Dasypodius to the reader says that these 
scholia were taken “ex clarissimi viri Joannis Sambuci antiquo codice 
manu propria Isaaci Monachi scripto.” Isaak Monachus is doubtless 
Isaak Argyrus, 14th c.; and Dasypodius used a MS. in which, besides 
the passage in Hultsch’s Variae Collectiones, there were a number of 
scholia marked in the margin with the name of Isaak (cf. those in b 
under the name of Theodorus Cabasilas). Whether the new scholia 
are original cannot be decided until they are published in Greek ; but 
it is not improbable that they are at all events independent arrange- 
ments of older scholia. All but five of the others, and all but one of 
the Greek scholia to Book v., are taken from Schol. Vat.; three of the 
excepted ones are from Schol. Vind., and the other three seem to 
come from F (where some words of them are illegible, but can be 
supplied by means of Mut. 111 B, 4, which has these three scholia and 
generally shows a certain likeness to Isaak’s scholia). 

Dasypodius also published in 1564 the arithmetical commentary 
of Barlaam the monk (14th c.) on Eucl. Book 11., which finds a place 
in Appendix Iv. to the Scholia in Heiberg's edition. 

Hultsch has some remarks on the origin of the scholia He 
observes that the scholia to Book I. contain a considerable portion 
of Geminus' commentary on the definitions and are specially valuable 
because they contain extracts from Geminus oz/y, whereas Proclus, 
though drawing mainly upon him, quotes from others as well. On the 
postulates and axioms the scholia give more than is found in Proclus. 
Hultsch conjectures that the scholium on Book V., No. 3, attributing 
the discovery of the theorems to Eudoxus but their arrangement to 
Euclid, represents the tradition going back to Geminus, and that the 
scholium XIII., No. 1, has the same origin. 

A word should be added about the numerical illustrations of 
Euclid’s propositions in the scholia to Book x. They contain a large 
number of calculations with sexagesimal fractions?; the fractions go 
as far as fourtA-sixtteths (1/60*). Numbers expressed in these fractions 
are handled with skill and include some results of surprising accuracy? 


1 Art. “ Eukleides ” in Pauly-Wissowa’s Real- Encyclopädie. 

3 Hultsch has written upon these in Bibliotheca Mathematica, Vg, 1904, pp. 225—233. 

3 Thus 4/(27) is given (allowing for a slight correction by means of the context) as $ 11' 
46" 10'", which gives for 4/3 the value 1 43. 55" 33^", being the same value as that given by 
Hipparchus in his Table of Chords, and correct to the seventh decimal place. Similarly /8 
is given as 2 49’ 42” 20°” 10°”, which is equivalent to 4/2 141421335. Hultsch gives 
instances of the various operations, addition, subtraction, etc., carried out in these fractions, 
and shows how the extraction of the square root was effected. Cf. T. L. Heath, 7Zistory of 
Greek Mathematics, 1., pp. 59—63. 


CHAPTER VII. 


EUCLID IN ARABIA. 


WE are told by Haji Khalfa’ that the Caliph al-Mansir (754-775) 
sent a mission to the Byzantine Emperor as the result of which he 
obtained from him a copy of Euclid among other Greek books, and 
again that the Caliph al-Ma’min (813-833) obtained manuscripts of 
Euclid, among others, from the Byzantines. The version of the 
Elements by al-Hajjaj b. Yüsuf b. Matar is, if not the very first, at 
least one of the first books translated from the Greek into Arabic? 
According to the Fzkrist* it was translated by al- Hajjāj twice; the 
first translation was known as “ Harani” (“ for Hàrün "), the second 
bore the name “Ma’mini” (“for al-Ma’miin”) and was the more trust- 
worthy. Six Books of the second of these versions survive in a Leiden 
MS. (Codex Leidensis 399, 1) now in part published by Besthorn 
and Heiberg‘. In the preface to this MS. it is stated that, in the reign 
of Haran ar-Rashid (786-809), al-Hajjaj was commanded by Yahya 
b. Khalid b. Barmak to translate the book into Arabic. Then, when 
al-Ma'mün became Caliph, as he was devoted to learning, al-Hajjaj 
saw that he would secure the favour of al-Ma’min “if he illustrated 
and expounded this book and reduced it to smaller dimensions. He 
accordingly left out the superfluities, filled up the gaps, corrected or 
removed the errors, until he had gone through the book and reduced 
it, when corrected and explained, to smaller dimensions, as in this 
copy, but without altering the substance, for the use of men endowed 
with ability and devoted to learning, the earlier edition being left in 
the hands of readers.” 

The Fzhrist goes on to say that the work was next translated by 
Ishaq b. Hunain, and that this translation was improved by Thabit b, 
Qurra. This Abi Ya‘qib Ishaq b. Hunain b. Ishaq al-‘Ibadi (d. 910) 
was the son of the most famous of Arabic translators, Hunain b. [shaq 
al-‘Ibadi (809-873), a Christian and physician to the Caliph al- 
Mutawakkil (847-861). There seems to be no doubt that Ishaq, who 


1 Lexicon bibliogr. et encyclop. ed. Flügel, 111. pp. 91, 92. 

2 Klamroth, Zeitschrift ~ Deutschen Morgenlandiscken Gesellschaft, XXXV. p. 303. 

3 Fihrist (tr. Suter), p. 16 

* Codex Leidensis 399, 1. Euclidis Elementa ex interpretatione al- Hadschdschadschit eum 
commentaráis al- Narizi, Hauniae, part 1. i. 1893, part. I. ii. 1897, part 1I. i. 1900, part 1I. 


ii. 1905, part I1I. i. 1910. 
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must have known Greek as well as his father, made his translation 
direct from the Greek. The revision must apparently have been the 
subject of an arrangement between Ishaq and Thabit, as the latter 
died in 9o1 or nine years before Ishaq. Thabit undoubtedly consulted 
Greek Mss. for the purposes of his revision. This is expressly stated 
in a marginal note to a Hebrew version of the Elements, made from 
Ishàq's, attributed to one of two scholars belonging to the same family, 
viz. either to Moses b. Tibbon (about 1244-1274) or to Jakob b. Machir 
(who died soon after 1306). Moreover Thàbit observes, on the pro- 
position which he gives as IX. 31, that he had not found this proposition 
and the one before it in the Greek but only in the Arabic; from which 
statement Klamroth draws two conclusions, (1) that the Arabs had 
already begun to interest themselves in the authenticity of the text 
and (2) that Thàbit did not alter the numbers of the propositions in 
Ishàq's translation? The Z2Arist also says that Yuhanna al-Qass (i.e. 
* the Priest") had seen in the Greek copy in his possession the pro- 
position in Book I. which Thabit took credit for, and that this was 
confirmed by Nazif, the physician, to whom Yuhanna had shown it. 
This proposition may have been wanting in Ishaq, and Thabit may 
have added it, but without claiming it as his own discovery? As 
a fact, I. 45 is missing in the translation by al-Hajjaj. 

The original version of Ishaq wethout the improvements by Thabit 
has probably not survived any more than the first of the two versions 
by al-Hajjaj; the divergences between the MSS. are apparently due to 
the voluntary or involuntary changes of copyists, the former class 
varying according to the degree of mathematical knowledge possessed 
by the copyists and the extent to which they were influenced by 
considerations of practical utility for teaching purposes‘. Two MSS. 
of the Ishaq-Thabit version exist in the Bodleian Library (No. 279 
belonging to the year 1238, and No. 280 written in 1260-1)*; Books 
L—XIIL are in the Ishaq-Thàbit version, the non-Euclidean Books 
XIV., XV. in the translation of Qusta b. Liga al-Ba labakki (d. about 
912). The first of these MSS. (No. 279) is that-€O) used by Klamroth 
for the purpose of his paper on the Arabian Euclid. The other Ms. 
used by Klamroth is (K) Kjobenhavn LXXXI, undated but probably 
of the 13th c, containing Books v.—xv., Books v.—x. being in the 
Ishaq-Thabit version, Books XI.—xIII. purporting to be in al-Hajjaj’s 
translation, and Books XIV., XV. in the version of Qusta b. Lüqà. In 
not a few propositions K and O show not the slightest difference, and, 
even where the proofs show considerable differences, they are generally 
such that, by a careful comparison, it is possible to reconstruct the 
common archetype, so that it is fairly clear that we have in these cases, 
not two recensions of one translation, but arbitrarily altered and 


1 Steinschneider, Zertschrift fiir Math. w. Physik, XXXI., hist.-litt. Abtheilung, pp. 85, 


» 99. 
K Klamroth, P. 279. 5 Steinschneider, p. 88. 
* Klamroth, p. 306. 
5 These Mss. are described by Nicoll and Pusey, Catalogus cod. mss. orient. bibl. Bod- 
leianae, pt. 1I. 1835 (pp. 257—262). 
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shortened copies of one and the same recension'. The Bodleian MS. 
No. 280 contains a preface, translated by Nicoll, which cannot be by 
Thabit himself because it mentions Avicenna (980-1037) and other 
later authors. The MS. was written at Maraga in the year 1260-1 and 
has in the margin readings and emendations from the edition of 
Nasiraddin at-Tisi (shortly to be mentioned) who was living at Maraga 
at the time. ls it possible that at-Tisi himself is the author of the 
preface*? Be this as it may, the preface is interesting because it 
throws light on the liberties which the Arabians allowed themselves 
to take with the text. After the observation that the book (in spite 
of the labours of many editors) is not free from errors, obscurities, 
redundancies, omissions etc., and is without certain definitions neces- 
sary for the proofs, it goes on to say that the man has not yet been 
found who could make it perfect, and next proceeds to explain 
(1) that Avicenna “cut out postulates and many aefinitions” and 
attempted to clear up difficult and obscure passages, (2) that Abū'l 
Wafa al-Būzjānī (939-997) “introduced unnecessary additions and 
left out many things of great importance and entirely necessary,” 
inasmuch as he was too long in various places in Book VI. and too 
short in Book x. where he left out entirely the proofs of the apotomae, 
while he made an unsuccessful attempt to emend XII. 14, (3) that Abi 
Jafar al-Khazin (d. between 961 and 971) arranged the postulates 
excellently but “disturbed the number and order of the propositions, 
reduced several propositions to one” etc. Next the preface describes 
the editors own claims* and then ends with the sentences, " But we 
have kept to the order of the books and propositions in the work itself 
(i.e. Euclid's) except in the twelfth and thirteenth books. For we have 
dealt in Book XIII. with the (solid) bodies and in Book XII. with the 
surfaces by themselves.” 

After Thabit the Fzkvist mentions Abi ‘Uthman ad-Dimashqi as 
having translated some Books of the E/ements including Book x. (It 
is Abü 'Uthman's translation of Pappus’ commentary on Book x. 
which Woepcke discovered at Paris) The Fihrist adds also that 
*" Nazif the physician told me that he had seen the tenth Book of 
Euclid in Greek, that it had 40 propositions more than the version 
in common circulation which had 109 propositions, and that he had 
determined to translate it into Arabic." 

But the third form of the Arabian Euclid actually accessible to us 
is the edition of Abü Ja'far Muh. b. Muh. b. al-Hasan Nasiraddin 
at-Tüsi (whom we shall call at-Tüsi for short), born at Tüs (in 
Khurasan) in 1201 (d. 1274). This edition appeared in two forms, a 
larger and a smaller. The larger is said to survive in Florence only 
(Pal. 272 and 313, the latter MS. containing only six Books); this was 
published at Rome in 1594, and, remarkably enough, some copies of 


' Klamroth, pp. 306—8. 
? Steinschneider, p. 98. Heiberg has quoted the whole of this preface in the Zes¢schrift 
für Math. u. Physik, XXIX., hist.-litt. Abth. p. 16. 
X; ? This seems to include a rearrangement of the contents of Books x1v., Xv. added to the 
ements. 
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this edition are to be found with 12 and some with 13 Books, some 
with a Latin title and some without’. But the book was printed in 
Arabic, so that Kastner remarks that he will say as much about it as 
can be said about a book which one cannot read?. The shorter form, 
which however, in most MSS., is in 15 Books, survives at Berlin, Munich, 
Oxford, British Museum (974, 1334°, 1335), Paris (2465, 2466), India 
Office, and Constantinople; it was printed at Constantinople in 
1801, and the first six Books at Calcutta in 18244. 

At-Tüsi's work is however not a ¢razslation of Euclid’s text, but a 
re-written Euclid based on the older Arabic translations. In this 
respect it seems to be like the Latin version of the Elements by 
Campanus (Campano), which was first published by Erhard Ratdolt 
at Venice in 1482 (the first printed edition of Euclid?) Campanus 
(13th c.) was a mathematician, and it is likely enough that he allowed 
himself the same liberty as at-Tusi in reproducing Euclid. What- 
ever may be the relation between Campanus’ version and that of 
Athelhard of Bath (about 1120), and whether, as Curtze thinks*, they 
both used one and the same Latin version of 1oth— 1 Ith c., or whether 
Campanus used Athelhard's version in the same way as at-Tüsi used 
those of his predecessors’, it is certain that both versions came from 
an Arabian source, as is evident from the occurrence of Arabic words 
in them®. Campanus’ version is not of much service for the purpose 
of forming a judgment on the relative authenticity of the Greek and 
Arabian tradition; but it sometimes preserves traces of the purer 
source, as when it omits Theon’s addition to VI. 33% A curious 
circumstance is that, while Campanus’ version agrees with at-Tisi’s 
in the number of the propositions in all the genuine Euclidean Books 
except V. and IX., it agrees with Athelhard's in having 34 propositions 
in Book v. (as against 25 in other versions), which confirms the view 
that the two are not independent, and also leads, as Klamroth says, 
to this dilemma: either the additions to Book v. are Athelhard's 
own, or he used an Arabian Euclid which is not known to us”, 
Heiberg also notes that Campanus’ Books xıv., xV. show a certain 
agreement with the preface to the Thabit-Ishaq version, in which the 
author claims to have (1) given a method of inscribing spheres in the 
five regular solids, (2) carried further the solution of the problem how 


1 Suter, Die Mathematiker und Astronomen der Araber, p. 151. The Latin title is 
Euclidis elementorum geometricorum libri tredecim. Ex traditione doctissimi Nasiridini 
Tusini nunc primum arabice impressi. Romae in typographia Medicea MDXCIV. Cum 
licentia superiorum. 

2 Kastner, Geschichte der Mathematik, Y. p. 367. 

8 Suter has a note that this Ms. is very old, having been copied from the original in the 
author's lifetime. 

* Suter, p. 151. 

5 Described by Kastner, Geschichte der Mathematik, 1. pp. 289—399, and by Weiss- 
enbomn, Die Ubersetsungen des Euklid durch Campano und Zamberti, Halle a. S., 1882, 
pp- 1—7. See also infra, Chapter Vill, p. 97. 

8 Sonderabdruck des /Jahvresberichtes über die Fortschritte der klassischen Alterthums- 
wissenschaft von Okt. 1879—1882, Berlin, 1884. 

7 Klamroth, p. 271. 

$ Curtze, of. cif. p. 30; Heiberg, Euklia-Studien, p. 178. 

? Heiberg's Euclid, vol. v. p. ci. 1 Klamroth, pp. 273—4- 
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to inscribe any one of the solids in any other and (3) noted the cases 
where this could not be done’. 

With a view to arriving at what may be called a common measure 
of the Arabian tradition, it is necessary to compare, in the first place, 
the numbers of propositions in the various Books. Haji Khalfa says 
that al-Hajjaj's translation contained 468 propositions, and Thabit’s 
478; this is stated on the authority of at-Tüsi, whose own edition 
contained 468*. The fact that Thabit’s version had 478 propositions 
is confirmed by an index in the Bodleian MS. 279 (called O by 
Klamroth). A register at the beginning of the Codex Leidensis 399, 1 
which gives Ishaq's numbers (although the translation is that of 
al-Hajjàj) apparently makes the total 479 propositions (the number in 
Book XIV. being apparently 11, instead of the 10 of O*). I subjoin a 
table of relative numbers taken from Klamroth, to which I have added 
the corresponding numbers in August's and Heiberg's editions of the 
Greek text. 


The Arabian Euclid The Greek Euclid 
Books Ishaq at-Tüs! Campanus Gregory August Heiberg 
I 48 48 48 48 48 48 
I 14 14 14 14 14 14 
In 36 36 36 37 37 37 
IV 16 16 16 16 16 16 
v 25 25 34 25 25 25 
vI 33 32 32 33 33 33 
VII 39 39 39 4! 41 39 
VIII 27 25 25 27 27 27 
IX 38 36 39 36 36 36 
x 109 107 107 117 116 115 
xi 41 41 41 40 40 39 
XII I$ 15 15 18 18 18 
XIII 21 18 18 18 18 18 
462 452 464 470 469 465 
[xiv 10 10 18 7 ? 
XV 6 6 13 IO 
478 468 495 487 ?] 


The numbers in the case of Heiberg include all propositions which 
he has printed in the text; they include therefore XIII. 6 and III. 12 
now to be regarded as spurious, and X. 112—115 which he brackets 
as doubtful. He does not number the propositions in Books XIV., XV., 
but I conclude that the numbers in P reach at least 9 in XIv., and 9 
in XV. 

1 Heiberg, Zeitschrift fur Math. u. Physik, XX1Xx., hist.-litt. phen, Pear o 

2 Klamroth, p. 274; Steinschneider, Zettschrift fur Math. u. Physik, XXX1., hist.-litt. 


Abth. p. :98. es 
3 Besthorn- Heiberg read “ 11?"' as the number, Klamroth had read it as 21 (p. 273). 
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The Zzhris? confirms the number 109 for Book X. from which 
Klamroth concludes that Ishaq’s version was considered as by far the 
most authoritative. 

In the text of O, Book 1v. consists of 17 propositions and Book 
XIV. of 12, differing in this respect from its own table of contents ; Iv. 
15, 16 in O are really two proofs of the same proposition. 

In al- Hajjàj's version Book I. consists of 47 propositions only, I. 45 
being omitted. It has also one proposition fewer in Book IIL, the 
Heronic proposition III. 12 being no doubt omitted. 

In speaking of particular propositions, I shall use Heiberg’s 
numbering, except where otherwise stated. 

The difference of 10 propositions between Thàbit-Ishaq and 
at-Tüsi is accounted for thus: 

(1) The three propositions Vt. 12 and x. 28, 29 which both Ishaq 
and the Greek text have are omitted in at-Tüsi. 

(2) Ishaq divides each of the propositions XIII. I—3 into two, 
making six instead of three in at-Tüsi and in the Greek. 

(3) Ishaq has four propositions (numbered by him VIII. 24, 25, 
IX. 30, 31) which are neither in the Greek Euclid nor in at-Tüsi. 

Apart from the above differences al-Hajjaj (so far as we know), 
Ishàq and at-Tüsi agree; but their Euclid shows many differences 
from our Greek text. These differences we will classify as follows’. 


I. Propositions. 


The Arabian Euclid omits vil. 20, 22 of Gregory’s and August's 
editions (Heiberg, App. to Vol II. pp. 428-32); VIII. 16, 17; X. 7, 8, 
13, 16, 24, 112, 113, 1 14, besides a lemma. vigo X. 13, the proposition 
X. 117 of Gregory's edition, and the scholium at the end of the Book 
(see for these Heiberg's Appendix to Vol. III. pp. 382, 408—416); 
XI. 38 in Gregory and August (Heiberg, App. to Vol. IV. p. 354); 
XII. 6, 13, 14; (also all but the first third of Book xv.). 

The Arabian Euclid makes HI. 11, 12 into one proposition, and 
divides some propositions (X. 31, 32; XI. 31, 34; XIII. 1—3) into two 
each. 

The order is also changed in the Arabic to the following extent. 
V. 12, 13 are interchanged and the order in Books VI, VIL, IX.— 
XIII. 1S : 

VI. 1—98, 13, t1, 12, 9, IO, 14—17, 19, 20, 18, 21, 22, 24, 26, 23, 
25, 27—30, 32, 31, 33. 

VII. I—20, 22, 21, 23—28, 31, 32, 29, 30, 33—39. 

IX. I—13, 20, 14—19, 21—25, 27, 26, 28—36, with two new pro- 
positions coming before prop. 30. 

X. I—6, 9—I2, 15, 14, 17—23, 26—28, 25, 29—30, 3I, 32, 33— 
III, 115. 

XI. I—30, 31, 32, 34, 33, 35—39. 

XII. 1—5, 7, 9, 8, IO, 12, 11, 15, 16—18. 

XIII. '1—3, 5. 4, 6, 7, 12, 9, 10, 8, 11, 13, 15, 14, 16—18. 


! See Klamroth, pp. 275—6, 380, 281—4, 314—15: 326 ; Heiberg, vol. v. pp. xcvi, xcvii. 
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2. Definitions. 

The Arabic omits the following definitions: Iv. Deff. 3—7, vit. 
Def. 9 (or 10), xi. Deff. 5—7, 15, I7. 23, 25—28; but it has the 
spurious definitions VI. Deff. 2, 5, and those of proportion and ordered 
proportion in Book V. (Deff. 8, 19 August), and wrongly interchanges 
V. Deff. 11, 12 and also vi. Deff. 5, 4. 

The order of the definitions is also different in Book Vit. where, 
after Def. 11, the order is 12, 14, 13, 15, 16, 19, 20, 17, I8, 21, 22, 23, 
and in Book xI. where the order is 1, 2, 3, 4, 8, 10, 9, 13, I4, I6, 12, 2I, 
22, 18, 19, 20, II, 24. 

Lemmas and porisms. 

All are omitted in the Arabic except the porisms to VI. 8, VIII. 2, 
X. 3; but there are slight additions here and there, not found in the 
Greek, e.g. in VIII. 14, 15 (in K). 

4. Alternative proofs. 

These are all omitted in the Arabic, except that in X. 105, 106 they 
are substituted for the genuine proofs; but one or two alternative 
proofs are peculiar to the Arabic (VI. 32 and VIII. 4, 6). 

The analyses and syntheses to XIII. 1—$ are also omitted in the 
Arabic. 

Klamroth is inclined, on a consideration of all these differences, to 
give preference to the Arabian tradition over the Greek (1) “on 
historical grounds," subject to the proviso that no Greek MS. as 
ancient as the 8th c. is found to contradict his conclusions, which are 
based generally (2) on the improbability that the Arabs would have 
omitted so much if they had found it in their Greek MSS., it being clear 
from the Fihrist that the Arabs had already shown an anxiety for a 
pure text, and that the old translators were subjected in this matter to 
the check of public criticism. Against the “historical grounds,” Heiberg 
is able to bring a considerable amount of evidence! First of all there 
is the British Museum palimpsest (L) of the 7th or the beginning of 
the 8th c. This has fragments of propositions in Book X. which are 
omitted in the Arabic; the numbering of one proposition, which agrees 
with the numbering in other Greek MS., is not comprehensible on 
the assumption that eight preceding propositions were omitted in it, 
as they are in the Arabic; and lastly, the readings in L are tolerably 
like those of our MsS., and surprisingly like those of B. It is also to 
be noted that, although P dates from the roth c. only, it contains, 
according to all appearance, an ante-Theonine recension. 

Moreover there is positive evidence against certain omissions by 
the Arabians. At-Tüsi omits VI. 12, but it is scarcely possible that, 
if Eutocius had not had it, he would have quoted VI. 23 by that 
number? This quotation of VI. 23 by Eutocius also tells against 
Ishaq who has the proposition as VI. 25. Again, Simplicius quotes VI. 
10 by that number, whereas it is VI. 13 in Ishaq; and Pappus quotes, 
by number, XIII. 2 (Ishaq 3, 4), XIII. 4 (Ishaq 8), X11I. 16 (Ishaq 19). 


1 Heiberg in Zeitschrift fr Math. u. Physik, XXIX., hist.-litt. Abth. p. 3 sqq. 
? Apollonius, ed. Heiberg, vol. 11. p. 218, 3—§. 


82 INTRODUCTION (cH. vir 


On the other hand the contraction of III. 11, 12 into one proposition 
in the Arabic tells in favour of the Arabic. 

Further, the omission of certain porisms in the Arabic cannot be 
supported; for Pappus quotes the porism to XIII. 17!, Proclus those 
to II. 4, III. I, VII. 2?, and Simplicius that to IV. 15. 

Lastly, some propositions omitted in the Arabic are required in 
later propositions. Thus X. 13 is used in x. 18, 22, 23, 26 etc. ; X. 17 
is wanted in X. 18, 26, 36; XII. 6, 13 are required for XII. 11 and XII. 
15 respectively. 

It must also be remembered that some of the things which were 
properly omitted by the Arabians are omitted or marked as doubtful 
in Greek MSS. also, especially in P, and others are rightly suspected for 
other reasons (e.g. a number of alternative proofs, lemmas, and porisms, 
as well as the analyses and syntheses of xit. 1—5). On the other 
hand, the Arabic has certain interpolations peculiar to our inferior 
MSS. (cf. the definition vi. Def. 2 and those of proportion and ordered 
proportion). 

Heiberg comes to the general conclusion that, not only is the 
Arabic tradition not to be preferred offhand to that of the Greek MSS., 
but it must be regarded as inferior in authority. It is a question 
how far the differences shown in the Arabic are due to the use of 
Greek MSS. differing from those which have been most used as the 
basis of our text, and how far to the arbitrary changes made by 
the Arabians themselves. Changes of order and arbitrary omissions 
could not surprise us, in view of the preface above quoted from the 
Oxford MS. of Thabit-Ishaq, with its allusion to the many important 
and necessary things left out by Abi’! Wafa and to the author's 
own rearrangement of Books XII, XIII. But there is evidence of 
differences due to the use by the Arabs of other Greek Mss. Heiberg? 
is áble to show considerable resemblances between the Arabic text 
and the Bologna MS. b in that part of the Ms. where it diverges so 
remarkably from our other Mss. (see the short description of it above, 
P. 49); in illustration he gives a comparison of the proofs of XII. 7 in b 
and in the Arabic respectively, and points to the omission in both of 
the proposition given in Gregory's edition as XI. 38, and to a remark- 
able agreement between them as regards the order of the propositions 
of Book Xil. As above stated, the remarkable divergence of b only 
affects Books XI. (at end) and XII.; and Book XIII. in b shows none 
of the transpositions and other peculiarities of the Arabic. There 
are many differences between b and the Arabic, especially in the 
definitions of Book XI. as well as in Book xır. It is therefore a 
question whether the Arabians made arbitrary changes, or the Arabic 
form is the more ancient, and b has been altered through contact 
with other MSS. Heiberg points out that the Arabians must be alone 
responsible for their definition of a prism, which only covers a prism 
with a triangular base. This could not have been Euclid’s own, for 
the word prism already has the wider meaning in Archimedes, and 


1 Pappus, v. p. 436. 5. ? Proclus, pp. 303—4.- 
3 Zetschrift für Math. u. Physik, XXIX., hist.-litt. Abth. p. 6sqq. 
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Euclid himself speaks of prisms with parallelograms and polygons 
as bases (XI. 39; XII. 10). Moreover, a Greek would not have been 
likely to leave out the definitions of the * Platonic" regular solids. 

Heiberg considers that the Arabian translator had before him 
a MS. which was related to b, but diverged still further from the rest 
of our MSS. He does not think that there is evidence of the existence of 
a redaction of Books I.—x. similar to that of Books X1, XII. in b; for 
Klamroth observes that it is the Books on solid geometry (XI.— XIII.) 
which are more remarkable than the others for omissions and shorter 
proofs, and it is a noteworthy coincidence that it is just in these 
Books that we have a divergent text in b. 

An advantage in the Arabic version is the omission of vil. Def. 10, 
although, as Iamblichus had it, it may have been deliberately omitted 
by the Arabic translator. Another advantage is the omission of the 
analyses and syntheses of XIII. I—5 ; but again these may have been 
omitted purposely, as were evidently a number of porisms which 
are really necessary. 

One or two remarks may be added about the Arabic versions 
as compared with one another.  Al-Hajjaj's object seems to have 
been less to give a faithful reflection of the original than to write 
a useful and convenient mathematical text-book. One characteristic 
of it is the careful references to earlier propositions when their results 
are used. Such specific quotations of earlier propositions are rare in 
Euclid; but in al-Hajjaj we find not only such phrases as “by prop, 
so and so,” “which was proved” or “ which we showed how to do in 
prop. so and so," but also still longer phrases. Sometimes he sepeats 
a construction, as in I. 44 where, instead of constructing “the parallelo- 
gram BEFG equal to the triangle C in the angle EBG which is equal 
to the angle D” and placing it in a certain position, he produces AB 
to G, making BG equal to half DE (the base of the triangle CDE in 
his figure), and on GP so constructs the parallelogram BH KG by 
I. 42 that it is equal to the triangle CDE, and its angle GBA is equal 
to the given angle. 

Secondly, al-Hajjaj, in the arithmetical books, in the theory of 
proportion, in the applications of the Pythagorean I. 47, and generally 
where possible, illustrates the proofs by numerical examples. It is 
true, observes Klamroth, that these examples are not apparently 
separated from the commentary of an-Nairizi, and might not there- 
fore have been due to al-Hajjaj himself; but the marginal notes to 
the Hebrew translation in Municn MS. 36 show that these additions 
were in the copy of al-Hajjaj used by the translator, for they expressly 
give these proofs in numbers as variants taken from al-Hajjaj'. 

These characteristics, together with al-Hajjaj’s freer formulation 
of the propositions and expansion of the proofs, constitute an in- 
telligible reason why Ishaq should have undertaken a fresh translation 
from the Greek. Klamroth calls Ishaq’s version a model of a good 
translation of a mathematical text; the introductory and transitional 


! Klamroth, p. 310 ; Steinschneider, pp. 85—6. 
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phrases are stereotyped and few in number, the technical terms are 
simply and consistently rendered, and the less formal expressions 
connect themselves as closely with the Greek as is consistent with 
intelligibility and the character of the Arabic language. Only in 
isolated cases does the formulation of definitions and enunciations 
differ to any considerable extent from the original. In general, his 
object seems to have been to get rid of difficulties and unevennesses 
in the Greek text by neat devices, while at the same time giving a 
faithful reproduction of it}. 

There are curious points of contact between the versions of 
al-Hajjaj and Thabit-Ishaq. For example, the definitions and 
enunciations of propositions are often word for word the same. 
Presumably this is owing to the fact that Ishaq found these de- 
finitions and enunciations already established in the schools in his 
time, where they would no doubt be learnt by heart, and refrained 
from translating them afresh, merely adopting the older version with 
some changes*. Secondly, there is remarkable agreement between 
the Arabic versions as regards the figures, which show considerable 
variations from the figures of the Greek text, especially as regards 
the letters; this is also probably to be explained in the same way, 
all the later translators having most likely borrowed al-Hajjaj's 
adaptation of the Greek figures* Lastly, it is remarkable that the 
version of Books XI.—XIII. in the Kjøbenhavn Ms. (K), purporting 
to be by al-Hajjāj, is almost exactly the same as the Thabit-Ishaq 
version of the same Books in O. Klamroth conjectures that Ishaq 
may not have translated the Books on solid geometry at all, and that 
Thabit took them from al-Hajjaj, only making some changes in order 
to fit them to the translation of Ishaq‘. 

From the facts (1) that at-Tisi’s edition had the same number 
of propositions (468) as al-FHajjaj's version, while Thàbit-Ishaq's had 
478, and (2) that at-Tüsi has the same careful references to earlier 
propositions, Klamroth concludes that at-Tüsi deliberately preferred 
al-Hajjàj's version to that of Ishaq*. Heiberg, however, points out 
(1) that at-Tüsi left out V1. 12 which, if we may judge by Klamroth's 
silence, al-Hajjaj had, and (2) al-Hajjaj’s version had one proposition 
less in Books I. and III. than at-Tiisi has. Besides, in a passage quoted 
by Haji Khalfa* from at-Tisi, the latter says that “he separated the 
things which, in the approved editions, were taken from the archetype 
from the things which had been added thereto,” indicating that he 
had compiled his edition from ?o// the earlier translations’, 

There were a large number of Arabian commentaries on, or 
reproductions of, the E/emenis or portions thereof, which will be 


| Klamroth, p. 290, illustrates Ishàq's method by his way of distinguishing é$apuójew 
(to be congruent with) and é¢papudterGa (to be applied to), the confusion of which by trans- 
lators was animadverted on by Savile. Ishaq avoided the confusion by using two entirely 
different words. 

3 Klamroth, pp. 310—1. 3 ibid. p. 287. 

* ibid. pp. 304— 5. 5 ibid. p.*274. 

* Hàjt Khalfa, 1. p. 383. 

? Heiberg, Zestschrift fir Math. u. Physik, XX1X., hist.-litt. Abth. pp. 2, 3. 
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found fully noticed by Steinschneider'. I shall mention here the 
commentators etc. referred to in the Fihrist, with a few others. 

I. Abü l'Abbas al-Fadl b. Hátim an-Nairizi (born at Nairiz, 
died about 922) has already been mentioned? His commentary 
survives, as — Books I.—VI., in the Codex Leidensis 399, I, now 
edited, as to four Books, by Besthorn and Heiberg, and as regards 
Books I.—x. in the Latin translation made by Gherard of Cremona 
in the 12th c. and now published by Curtze from a Cracow MS? Its 
importance lies mainly in the quotations from Heron and Simplicius. 

2. Ahmad b. ‘Umar al-Karabisi (date uncertain, probably 9th— 
10th c.), “who was among the most distinguished geometers and 
arithmeticians‘,” 

3. Al-Abbas b. Sa'id al-Jauhari (fl. 830) was one of the astro- 
nomical observers under al-Ma'mün, but devoted himself mostly to 
geometry. He wrote a commentary to the whole of the Elements, 
from the beginning to the end; also the “Book of the propositions 
which he added to the first book of Euclid*." 


4. Muh. b. ‘Isa Abi ‘Abdallah al-Mahani (d. between 874 and 
884) wrote, according to the Fihrist, (1) a commentary on Eucl. 
Book v., (2) *On proportion," (3) “On the 26 propositions of the 
first Book of Euclid which are proved without reductio ad absurdum.” 
The work “On proportion " survives and is probably identical with, or 
part of, the commentary on Book v, He also wrote, what is not 
mentioned by the Fihrist, a commentary on Eucl. Book X., a fragment 
of which survives in a Paris MS.* 

s. Abi Ja‘far al-Khazin (ie. “the treasurer” or “ librarian”), one 
of the first mathematicians and astronomers of his time, was born in 
Khuràsáàn and died between the years 961 and 971. The Fihrist 
speaks of him as having written a commentary on the whole of the 
Elements’, but only the commentary on the beginning of Book X. 
survives (in Leiden, Berlin and Paris); therefore either the notes on 
the rest of the Books have perished, or the Fihrist is in error”. The 
latter would seem more probable, for, at the end of his commentary, 
al-Khāzin remarks that the rest had already been commented on by 
Sulaiman b. ‘Usma (Leiden MS.)” or ‘Oqba (Suter), to be mentioned 
below. Al-Khazin’s method is criticised unfavourably in the preface 
to the Oxford Ms. quoted by Nicoll (see p. 77 above). 

6. Abü'1 Wafà al-Büzjàni (940-997), one of the greatest 
Arabian mathematicians, wrote a commentary on the Elements, but 


1 Steinschneider, Zeitschrift fur Math. u. Physik, XXXI., hist.-litt. Abth. pp. 86 sqq. 

3 Steinschneider, p. 86, FrArist (tr. Suter), pp. 16, 67; Suter, Die Mathematiker und 
Astronomen der Araber (1900), p. 45- 

3 Supplementum ad Euclidis opera omnia, ed. Heiberg and Menge, Leipzig, 1899. 

* Fihrist, pp. 16, 38; Steinschneider, p. 87 ; Suter, p. 65. 

5 Fihrist, pp. 16, 35; Steinschneider, p. 88; Suter, p. 12. 

© Fikrist, pp. 16, 25, 58. 

7 Suter, p. 26, note, quotes the Paris MS. 2467, 16° containing the work ‘‘on proportion ” 
as the authority for this conjecture. 

5 MS. 2457, 39? (cf. Woepcke in Mm. prs. à l'acad. des sciences, X1V., 1886, p. 669). 

9 Fihrist, p. 17. 10 Suter, p. 58, note b. 1 Steinschneider, p. 89. 
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did not complete it’. His method is also unfavourably regarded in 
the same preface to the Oxford Ms. 280. According to Haji Khalfa, he 
also wrote a book on geometrical constructions, in thirteen chapters. 
Apparently a book answering to this description was compiled by a 
gifted pupil from lectures by Abii ‘| Wafa, and a Paris Ms. (Anc. fonds 
169) contains a Persian translation of this work, not that of Aba ’l Wafa 
himself. An analysis of the work was given by Woepcke’, and some 
particulars will be found in Cantor’. ^ Abü'| Wafa also wrote a 
commentary on Diophantus, as well as a separate “book of proofs 
to the propositions which Diophantus used in his book and to what 
he (Abi ’l| Wafa) employed in his commentary‘*.” 

7. Ibn Rahawaihi al-Arjani also commented on Eucl. Book x.’ 

8. ‘Ali b. Ahmad Abi ’l-Qasim al-Antaki (d. 987) wrote a 
commentary on the whole book‘; part of it seems to survive (from 
the sth Book onwards) at Oxford (Catal. Mss. orient. II. 281)’. 

9. Sind b. 'Ali Abü 't-Taiyib was a Jew who went over to 
Islam in the time of al-Ma'mün, and was received among his astro- 
nomical observers, whose head he became? (about 830); he died after 
864. He wrote a commentary on the whole of the Elements; “ Abii 
‘Ali saw nine books of it, and a part of the tenth®.” His book “On 
the Apotomae and the Medials," mentioned by the Fihrist, may be 
the same as, or part of, his commentary on Book x. 

ro. Abū Yūsuf Yaʻqūb b. Muh. ar-Rāzī “wrote a commentary 
on Book X. and that an excellent one, at the instance of Ibn al- 
“Amid,” 

11. The Fihrist next mentions al-Kindi (Abü Yüsuf Ya'qüb b. 
Ishaq b. as-Sabbah al-Kindi, d. about 873), as the author (1) of a 
work “on the objects of Euclid’s book,” in which occurs the statement 
that the Elements were originally written by Apollonius, the carpenter 
(see above, p. 5 and note), (2) of a book “on the improvement of 
Euclid's work," and (3) of another *on the improvement of the 14th 
and 15th Books of Euclid.” ‘He was the most distinguished man 
of his time, and stood alone in the knowledge of the old sciences 
collectively ; he was called ‘the philosopher of the Arabians’; his 
writings treat of the most different branches of knowledge, as logic, 
philosophy, geometry, calculation, arithmetic, music, astronomy and 
others?," Among the other geometrical works of al-Kindi mentioned 
by the Fihrist? are treatises on the closer investigation of the results 
of Archimedes concerning the measure of the diameter of a circle in 
terms of its circumference, on the construction of the figure of the two 
mean proportionals, on the approximate determination of the chords 


+ Wecpeke Sournal A Sé 
oepcke, rnal Asiatigue, Sér. v. T. v. pp. 118—256 and 309—359. 

3 Gesch. d. Math. vol. 13, pp. 743—6. Rr : ced 

4 Fihrist, p. 39; Suter, p. 7r. 5 Fihrist, p. 17 ; Suter, p. 17. 

6 Fihrist, p. 17. ? Suter, p. 64. 

3 Fihrist, p. 17, 29; Suter, pp. 13, 14. 9 Fihrist, p. 17. 

10 Fihrist, p. 17; — 66. n Fihrist, p. 17, 10—18. 

13 The mere catalogue of al-Kindi’s works on the various branches of science takes up 
four octavo pages (11—15) of Suter’s translation of the Fihrist. 
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of the circle, on the approximate determination of the chord (side) of 
the nonagon, on the division of triangles and quadrilaterals and con- 
structions for that purpose, on the manner of construction of a circle 
which is equal to the surface of a given cylinder, on the division of 
the circle, in three chapters etc. 

12, The physician Nazif b. Yumn (or Yaman) al-Qass (“the 
priest") is mentioned by the FiArís? as having seen a Greek copy 
of Eucl. Book X. which had 40 more propositions than that which 
was in general circulation (containing 109), and having determined 
to translate it into Arabic’. Fragments of such a translation exist 
at Paris, Nos. 18 and 34 of the MS. 2457 (952, 2 Suppl. Arab. in 
Woepcke’s tract); No. 18 contains “additions to some propositions 
of the roth Book, existing in the Greek language?"  Nazif must have 
died about 990*. 

I3. Yübannà b. Yüsuf b. al-Harith b. al-Bitriq al-Qass (d. about 
980) lectured on the Elements and other geometrical books, made 
translations from the Greek, and wrote a tract on the “ proof” of the 
case of two straight lines both meeting a third and making with it, 
on one side, two angles together less than two right angles‘. Nothing 
of his appears to survive, except that a tract “on rational and irrational 
magnitudes,” No. 48 in the Paris MS. just mentioned, is attributed 
to him. 

14. Abi Muh. al-Hasan b. ‘Ubaidallah b. Sulaiman b. Wahb 
(d. 901) was a geometer of distinction, who wrote works under the 
two distinct titles * A commentary on the difficult parts of the work 
of Euclid" and “The Book on Proportion*" Suter thinks that an- 
other reading is possible in the case of the second title, and that it 
may refer to the Euclidean work “on the divisions (of figures)*." 

I5. Qustá b. Lüqà al-Ba'labakki (d. about 912), a physician, 
philosopher, astronomer, mathematician and translator, wrote “on the 
difficult passages of Euclid’s book” and “on the solution of arith- 
metical problems from the third book of Euclid'"; also an “intro- 
duction to geometry,” in the form of question and answer‘. 

16. Thabit b. Qurra (826-901), besides translating some parts 
of Archimedes and Books v.—vit. of the Conzcs of Apollonius, and 
revising Ishaq’s translation of Euclid’s Elements, also revised the trans- 
lation of the Data by the same Ishaq and the book O» divisions of 
figures translated by an anonymous writer. We are told also 
that he wrote the following works: (1) On the Premisses (Axioms, 
Postulates etc.) of Euclid, (2) On the Propositions of Euclid, (3) On 
the propositions and questions which arise when two straight lines 
are cut by a third (or on the “proof” of Euclid’s famous postulate). 
The last tract is extant in the MS. discovered by Woepcke (Paris 
2457, 32°). He is also credited with “an excellent work” in the 
shape of an “Introduction to the Book of Euclid,” a treatise on 

| Fihrist, pp. 16, 17. 
? Woepcke, Mém. pris. à l'acad. des sciences, XIV. pp. 666, 668. 
3 Suter, p. 68. 4 Fihrist, p. 38; Suter, p. 60. 


© Fikrist, p. 26, and Suter's note, p. 6o. © Suter, p. 211, note 23. 
7 Fihrist, p. 43. 8 Fihrist, p. 43; Suter, p. 4I. 
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Geometry dedicated to Isma'il b. Bulbul, a Compendium of Geometry, 
and a large number of other works for the titles of which reference 
may be made to Suter, who also gives particulars as to which are 
extant. 

17. Abi Sa‘id Sinan b. Thabit b. Qurra, the son of the translator 
of Euclid, followed in his father's footsteps as geometer, astronomer 
and physician. He wrote an “improvement of the book of ...... on 
the Elements of Geometry, in which he made various additions to the 
original.” It is natural to conjecture that Euclid is the name missing 
in this description (by Ibn abi Usaibi'a); Casiri has the name Aqàton?, 
The latest editor of the 7a'zi&A al-Hu&ama, however, makes the name 
to be [flaton (= Plato), and he refers to the statement by the Frhrist 
and Ibn al-Qifti attributing to Plato a work on the Elements of 
Geometry translated by Qusta. It is just possible, therefore, that at 
the time of Qusta the Arabs were acquainted with a book on the 
Elements of Geometry translated from the Greek, which they attri- 
buted to Plato*, Sinan died in 943. 

18. Abii Sahl Wijan (or Waijan) b. Rustam al-Kihi (fl. 988), 
born at Küh in Tabaristàn, a distinguished geometer and astronomer, 
wrote, according to the /7hrist, a “ Book of the Elements” after that 
of Euclid‘; the rst and 2nd Books survive at Cairo, and a part of 
the 3rd Book at Berlin (5922) He wrote also a number of other 
geometrical works: Additions to the 2nd Book of Archimedes on 
the Sphere and Cylinder (extant at Paris, at Leiden, and in the India 
Office), On the finding of the side of a heptagon in a circle (India 
Office and Cairo), On two mean proportionals (India Office), which 
last may be only a part of the Additions to Archimedes' On the Sphere 
and Cylinder, etc. 

I9. Abū Nasr Muh. b. Muh. b. Tarkhàn b. Uzlag al-Farabi 
(870-950) wrote a commentary on the difficulties of the introductory 
matter to Books I. and v.* This appears to survive in the Hebrew 
translation which is, with probability, attributed to Moses b. Tibbon*. 

20. Abü 'Ali al-Hasan b. al-Hasan b. al-Haitham (about 965- 
1039), known by the name Ibn al-Haitham or Abi ‘Ali.al-Basri, was a 
man of great powers and knowledge, and no one of his time approached 
him in the field of mathematical science. He wrote several works on 
Euclid the titles of which, as translated by Woepcke from Usaibi'a, 
are as follows®: 

I. Commentary and abridgment of the Elements. 

2. Collection of the Elements of Geometry and Arithmetic, 
drawn from the treatises of Euclid and Apollonius. 

3. Collection of the Elements of the Calculus deduced from 
the principles laid down by Euclid in his EZments. 


1 Suter, pp. 34—8. 
2 Fihrist (ed. Suter), p. 59, note 132; Suter, p. 52, note b. 
3 See Suter in Bidsiotheca Mathematica, 1V3, 1903-4, pp. 296—7, review of Julius 
Lippert's Tón al-Qifti.  Ta'rich al-hukamá, Leipzig, 1903. 
Fihrist, p. 40. è Suter, p. 75. 
€ Suter, p. 55. T Steinschnsider, p- 92. 
® Steinschneider, pp. 92—3. 
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4. Treatise on “measure” after the manner of Euclid’s 

Elements. 

5. Memoir on the solution of the difficulties in Book I. 
6. Memoir for the solution of a doubt about Euclid, relative 

to Book v. 

7. Memoir on the solution of a doubt about the stereometric 
portion. 
8. Memoir on the solution of a doubt about Book xir. 
Memoir on the division of the two magnitudes mentioned 
in X. 1 (the theorem of exhaustion). 
IO. Commentary on the definitions in the work of Euclid 

(where Steinschneider thinks that some more general expression 

should be substituted for “ definitions ”). 

The last-named work (which Suter calls a commentary on the 
Postulates of Euclid) survives in an Oxford MS. (Catal. MSS. orient. 
I. 908) and in Algiers (1446, 1°). 

A Leiden MS. (966) contains his Commentary “on the difficult 
places” up to Book v. We do not know whether in this commentary, 
which the author intended to form, with the commentary on the 
Musadarat, a sort of complete commentary, he had collected the 
separate memoirs on certain doubts and difficult passages mentioned 
in the above list. 

A commentary on Book v. and following Books found in a 
Bodleian Ms. (Catal. II. p. 262) with the title “Commentary on Euclid 
and solution of his difficulties " is attributed to b. Haitham; this might 
be a continuation of the Leiden Ms. 

The memoir on X. I appears to survive at St Petersburg, Ms. de 
l'Institut des langues orient. 192, 5* (Rosen, Catal. p. 125). 

21. Ibn Sinà, known as Avicenna (980-1037), wrote a Com- 
pendium of Euclid, preserved in a Leiden Ms. No. 1445, and forming 
the geometrical portion of an encyclopaedic work embracing Logic, 
Mathematics, Physics and Metaphysics’. 

22. Ahmad b. al-Husain al-Ahwázi al-Katib wrote a com- 
mentary on Book X., a fragment of which (some 10 pages) is to be 
found at Leiden (970), Berlin (5923) and Paris (2467, 18°)? 

23. Nasiraddin at-TUsi (1201-1274) who, as we have seen, 
brought out a Euclid in two forms, wrote: 

I. A treatise on the postulates of Euclid (Paris, 2467, 5°). 

2. A treatise on the sth postulate, perhaps only a part of 
the foregoing (Berlin, 5942, Paris, 2467, 6°). 

3. Principles of Geometry taken from Euclid, perhaps 
identical with No. 1 above (Florence, Pal. 298). 

4. 105 problems out of the Elements (Cairo). He also edited 
the Data (Berlin, Florence, Oxford etc.)*. 

24. Muh. b. Ashraf Shamsaddin as-Samarqandi (fl. 1276) wrote 
“Fundamental Propositions, being elucidations of 35 selected proposi- 


1 Steinschneider, p. 92; Suter, p. 89. 3 Suter, p. 57. 
3 Suter, pp. 1§0—1. 
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tions of the first Books of Euclid," which are extant at Gotha (1496 
and 1497), Oxford (Catal. I. 967, 2*), and Brit. Mus.!. 

25. Misa b. Muh. b. Mahmüd, known as Qáàdizàde ar-Rümi (i.e. 
the son of the judge from Asia Minor), who died between 1436 and 
1446, wrote a commentary on the * Fundamental Propositions " just 
mentioned, of which many MSS. are extant? It contained biographical 
statements about Euclid alluded to above (p. 5, note). 

26. Abü Dà'üd Sulaimàn b. 'Uqba, a contemporary of al-Khazin 
(see above, No. 5), wrote a commentary on the second half of Book x., 
which is, at least partly, extant at Leiden (974) under the title * On 
the binomials and apotomae found in the roth Book of Euclid*" 

27. The Codex Leidensis 399, 1 containing al-Hajjaj's transla- 
tion of Books I.—VL. is said to contain glosses to it by Sa'id b. Mas'üd 


b. al-Qass, apparently identical with Abi Nasr Gars al-Na‘ma, son of 
the physician Mas'üd b. al-Qass al-Bagdadi, who lived in the time of 
the last Caliph al-Musta'sim (d. 1258)*. 

28. Abü Muhammad b. Abdalbàqi al-Bagdadi al-Faradi (d. 
1141, at the age of over 70 years) is stated in the Za’rikh al-Hukama 
to have written an excellent commentary on Book x. of the Elements, 
in which he gave numerical examples of the propositions". This is 
published in Curtze's edition of an-Nairizi where it occupies pages 
252—386". 

29. Yahya b. Muh. b. ‘Abdan b. ‘Abdalwahid, known by the 
name of Ibn al-Lubüdi (1210-1268), wrote a Compendium of Euclid, 
and a short presentation of the postulates’. 

30. Abi “Abdallah Muh. b. Mu'adh al-Jayyàni wrote a com- 
mentary on Eucl. Book V. which survives at Algiers (1446, 39)*. 

31. Abü Nasr Mansür b. 'Ali b. ‘Iraq wrote, at the instance of 
Muh. b. Ahmad Abi 'r-Raihan al-Birüni (973-1048), a tract “on 
a doubtful (difficult) passage in Eucl. Book x1II.” (Berlin, 5925)°. 


? Suter, p. 157. 3 ibid. p. 175. 3 ibid. p. 56. 

* ibid. pp. 153—4, 237. 

* Gartz, p. 14; Steinschneider, pp. 94— 5. 

© Suter in Bibliotheca Mathematica, YV4, 1903; pp. 25; 295; Suter has also an article on 
its contents, Bibliotheca Mathematica, Vil}, 1 7: PP- 234—351. 

7 Steinschneider, p. 943 Suter, p. 146. 

8 Suter, Nachtraye und Berichtigungen, in Abhandlungen sur Gesch. der math, Wissen- 
schaften, XIV., 1902, p- 170. 

Suter, p. 8), and Nachträge, p. 173. 


CHAPTER VIII. 


PRINCIPAL TRANSLATIONS AND EDITIONS OF THE ELEMENTS. 


CICERO is the first Latin author to mention Euclid’; but it is not 
likely that in Cicero’s time Euclid had been translated into Latin or 
was studied to any considerable extent by the Romans; for, as Cicero 
says in another place? while geometry was held in high honour 
among the Greeks, so that nothing was more brilliant than their 
mathematicians, the Romans limited its scope by having regard only 
to its utility for measurements and calculations. How very little 
theoretical geometry satisfied the Roman agrimensores is evidenced 
by the work of Balbus de mensuris*, where some of the definitions of 
Eucl. Book I. are given. Again, the extracts from the Elements found 
in the fragment attributed to Censorinus (fl. 238 A.D )* are confined to 
the definitions, postulates, and common notions. But by degrees the 
Elements passed even among the Romans into the curriculum of a 
liberal education ; for Martianus Capella speaks of the effect of the 
enunciation of the proposition “how to construct an equilateral 
triangle on a given straight line” among a company of philosophers, 
who, recognising the first proposition of the Elements, straightway 
break out into encomiums on Euclid’. But the Elements were then 
(c. 470 A.D.) doubtless read in Greek; for what Martianus Capella 
gives* was drawn from a Greek source, as is shown by the occurrence 
of Greek words and by the wrong translation of 1. def. 1 (* punctum 
vero est cuius pars nikil est”). Martianus may, it is true, have 
quoted, not from Euclid himself, but from Heron or some other ancient 
source. 

But it is clear from a certain palimpsest at Verona that some 
scholar had already attempted to translate the Elements into Latin. 
This palimpsest? has part of the “ Moral reflections on the Book of 
Job” by Pope Gregory the Great written in a hand of the 9th c. above 
certain fragments which in the opinion of the best judges date from 
the 4th c. Among these are fragments of Vergil and of Livy, as well 
as a geometrical fragment which purports to be taken from the 14tn 
and 15th Books of Euclid. Asa matter of fact it is from Books XII. 
and XIII. and is of the nature of a free rendering, or rather a new 


1 De oratore 111. 132. I. 5. 

; — veteres, 1. 97 sq. (ed. F. Blume,’ K Lachmann and A. Rudorf. Berlin, 
1848, 1852 

* Censorinus, ed. Hultsch, pp. 60— 3. 

* Martianus Capella, v1. 724. 8 ibid. V1. 708 sq. 

? Cf. Cantor, 15, p. 565. 
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arrangement, of Euclid with the propositions in different order’. The 
MS. was evidently the translator's own copy, because some words are 
struck out and replaced by synonyms. We do not know whether the 
translator completed the translation of the whole, or in what relation 
his version stood to our other sources. 

Magnus Aurelius Cassiodorus (b. about 475 A.D.) in the geometrical 
part of his encyclopaedia De artibus ac disciplinis liberalium literarum 
says that geometry was represented among the Greeks by Euclid, 
Apollonius, Archimedes, and others, “of whom Euclid was given us 
translated into the Latin language by the same great man Boethius” ; 
also in his collection of letters? is a letter from Theodoric to Boethius 
containing the words, “for in your translations... Nicomachus the 
arithmetician, and Euclid the geometer, are heard in the Ausonian 
tongue.” The so-called Geometry of Boethius which has come down 
to us by no means constitutes a translation of Euclid. The Mss. 
variously give five, four, three or two Books, but they represent only 
two distinct compilations, one normally in five Books and the other 
in two. Even the latter, which was edited by Friedlein, is not 
genuine’, but appears to have been put together in the r1th c., from 
various sources. It begins with the definitions of Eucl. IL, and in these 
are traces of perfectly correct readings which are not found even in 
the MSS. of the roth c., but which can be traced in Proclus and other 
ancient sources; then come the Postulates (five only), the Axioms 
(three only), and after these some definitions of Eucl. IL, UL, IV. 
Next come the enunciations of Eucl. 1, of ten propositions of Book IL, 
and of some from Books III., IV., but always without proofs ; there 
follows an extraordinary passage which indicates that the author will 
now give something of his own in elucidation of Euclid, though what 
follows is a literal translation of the proofs of Eucl. I. 1—3. This 
latter passage, although it affords a strong argument against the 
genuineness of this part of the work, shows that the Pseudoboethius 
had a Latin translation of Euclid from which he extracted the three 
propositions. 

Curtze has reproduced, in the preface to his edition of the trans- 
lation by Gherard of Cremona of an-Nairizi's Arabic commentary on 
Euclid, some interesting fragments of a translation of Euclid taken 
from a Munich MS. of the ioth c. They are on two leaves used 
for the cover of the MS. (Bibliothecae Regiae Universitatis Monacensis 
2° 757) and consist of portions of Eucl. I. 37, 38 and 1I. 8, translated 
literally word for word from the Greek text. The translator seems to 
have been an Italian (cf. the words “capitolo nono" used for the ninth 
prop. of Book 1L.) who knew very little Greek and had moreover little 
mathematical knowledge. For example, he translates the capital letters 
denoting points in figures as if they were numerals: thus rà ABT, 


e 1 The fragment was deciphered by W. Studemund, who communicated his results to 
ntor. 

? Cassiodorus, Variae, 1. 45, p. 40, 12 ed. Mommsen. 

3 See especially Weissenborn in Abhandlungen sur Gesch. d. MatA. 11. p. 185 sq.; 
Heiberg in PAi/ologws, XLIII. p. 507 sq. ; Cantor, Is, p. 580 sq. 
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AEZ is translated "que primo secundo et tertio quarto quinto et 
septimo," T becomes "tricentissimo " and so on. The Greek Ms. which 
he used was evidently written in uncials, for AEZ® becomes in one 
place “quod autem septimo nono," showing that he mistook AE for 
the particle &é&, and xai o XTU is rendered "sicut tricentissimo et 
quadringentissimo," showing that the letters must have been written 
KAIOCTU. 

The date of the Englishman Athelhard (/Ethelhard) is approxi- 
mately fixed by some remarks in his work Perazfficiles Quaestiones 
Naturales which, on the ground of the personal allusions they contain, 
must be assigned to the first thirty years of the r2th c! He wrote a 
number of philosophical works. Little is known about his life. He 
is said to have studied at Tours and Laon, and to have lectured at the 
latter school. He travelled to Spain, Greece, Asia Minor and Egypt, 
and acquired a knowledge of Arabic, which enabled him to translate 
from the Arabic into Latin, among other works, the Elements of 
Euclid. The date of this translation must be put at about 1120. 
MSS. purporting to contain Athelhard’s version are extant in the 
British Museum (Harleian No. 5404 and others), Oxford (Trin. Coll. 
47 and Ball. Coll. 257 of 12th c.), Nürnberg (Johannes Regiomontanus’ 
copy) and Erfurt. 

Among the very numerous works of Gherard of Cremona (1114— 
1187) are mentioned translations of “15 Books of Euclid” and of the 
Data’. Till recently this translation of the Elements was supposed to 
be lost; but Axel Anthon Bjórnbo has succeeded (1904) in discovering 
a translation from the Arabic which is different from the two others 
known to us (those by Athelhard and Campanus respectively), and 
which he, on grounds apparently convincing, holds to be Gherard's. 
Already in 1901 Bjórnbo had found Books x.—xv. of this translation 
in a MS. at Rome (Codex Reginensis lat. 1268 of 14th c.)*; but three 
years later he had traced three MSS. containing the whole of the same 
translation at Paris (Cod. Paris. 7216, t5th c), Boulogne-sur-Mer 
(Cod. Bononiens. 196, 14th c.), and Bruges (Cod. Brugens, §21, 14th c.), 
and another at Oxford (Cod. Digby 174, end of 12th c.) containing a 
fragment, XI. 2 to XIV. The occurrence of Greek words in this 
translation such as rombus, rombotdes (where Athelhard keeps the 
Arabic terms), ambligonius, orthogonius, gnomo, pyramis etc., show 
that the translation is independent of Athelhard’s. Gherard appears 
to have had before him an old translation of Euclid from the Greek 
which Athelhard also often followed, especially in his terminology, 
using it however in a very different manner. Again, there are some 
Arabic terms, e.g. meguar for axis of rotation, which Athelhard did not 
use, but which is found in almost all the translations that are with 
certainty attributed to Gherard of Cremona; there occurs also the 

1 Cantor, Gesch. d. Math. 1g, p. 906. 
3 Boncompagni, Della vita e delle ae di Gherardo Cremonese, Rome, 1851, p. 5. 
® Described in an appendix to Studien über Menelaos Sphdrtk (Abhandlungen 2ur 


Geschichte der mathematischen Wissenschaften, XIV., 1902). 
* See Bibliotheca Mathematica, V13, 1905-6, pp. 242—8. 
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expression "superficies equidistantium laterum et rectorum angulorum," 
found also in Gherard's translation of an-Nairizi, where Athelhard says 
*" parallelogrammum rectangulum." The translation is much clearer 
than Athelhard's: it is neither abbreviated nor *edited" as Athelhard's 
appears to have been ; it is a word-for-word translation of an Arabic 
MS. containing a revised and critical edition of Thabit's version. It 
contains several notes quoted from Thabit himself ( ZZebz dixit), e.g. 
about alternative proofs etc. which Thabit found “in another Greek 
MS.," and is therefore a further testimony to Thabit's critical treatment 
of the text after Greek MSS. The new editor also added critical 
remarks of his own, e.g. om other proofs which he found in other 
Arabic versions, but not in the Greek: whence it is clear that he 
compared the Thabit version before him with other versions as care- 
fully as Thabit collated the Greek Mss. Lastly, the new editor speaks 
of “Thebit qui transtulit hunc librum in arabicam linguam" and of 
"translatio Thebit," which may tend to confirm the statement of al-Qifti 
who credited Thabit with an independent translation, and not (as the 
Fihrist does) with a mere improvement of the version of Ishaq b. 
Hunain. 

Gherard’s translation of the Arabic commentary of an-Nairizi on 
the first ten Books of the Elements was discovered by Maximilian 
Curtze in a MS. at Cracow and published as a supplementary volume 
to Heiberg and Menge’s Euclid’: it will often be referred to in this 
work. 

Next in chronological order comes Johannes Campanus (Campano) 
of Novara. He is mentioned by Roger Bacon (1214-1294) as a 
prominent mathematician of his time’, and this indication of his date 
is confirmed by the fact that he was chaplain to Pope Urban IV, who 
was Pope from 1261 to 1281%. His most important achievement was 
his -edition of the E/ements including the two Books XIV. and xv. 
which are not Euclid’s. The sources of Athelhard’s and Campanus' 
translations, and the relation between them, have been the subject of 
much discussion, which does not seem to have led as yet to any 
definite conclusion. Cantor (II,, p. 91) gives references‘ and some 
particulars. It appears that there is a Ms. at Munich (Cod. lat. Mon. 
13021) written by Sigboto in the 12th c. at Prüfning near Regensburg, 
and denoted by Curtze by the letter R, which contains the enunciations 
of part of Euclid. The Munich Mss. of Athelhard and Campanus' 
translations have many enunciations textually identical with those in 
R, so that the source of all three must, for these enunciations, have 


| Anaritii in decem libros priores Elementorum Euclidis Commentarii ex interpretatione 
Gheraridi Cremonensis in codice Cracoviensi 569 servata edidit Maximilianus Curtze, Leipzig 
(Teubner), 1899. 

? Cantor, 11, p. 88. 

5 Tiraboschi, Storia del/a letteratura italiana, 1V. 145—160. 

“ H. Weissenborn in Zeitschrift für Math. u. Physik, XXV., Supplement, pp. 143—166, 
and in his monograph, Die Ubersetzungen des Euklid durch Campano und Zamberti (18823); 
Max. Curtze in Phslologische Rundschau (1881), 1. PP. 943—950, and in Jahresbericht über 
die Fortschritte der. classischen Alterthumswissenschaft, XL. (1884, 111.) pp. 19—233 ; Heiberg 
in Zeitschrift fir Math. u. Physik, XXXV., hist.-litt. Abth., pp. 48—$8 and pp. 81—6. 
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been the same; in others Athelhard and Campanus diverge com- 
pletely from R, which in these places follows the Greek text and is 
therefore genuine and authoritative. In the 32nd definition occurs the 
word “elinuam,” the Arabic term for “rhombus,” and throughout the 
translation are a number of Arabic figures. But R was not translated 
from the Arabic, as is shown by (among other things) its close 
resemblance to the translation from Euclid given on pp. 377 sqq. of 
the Gromatici Veteres and to the so-called geometry of Boethius. The 
explanation of the Arabic figures and the word * elinuam " in Def. 32 
appears to be that R was a late copy of an earlier original with 
corruptions introduced in many places ; thus in Def. 32 a part of the 
text was completely lost and was supplied by some intelligent copyist 
who inserted the word “elinuam,” which was known to him, and also. 
the Arabic figures. Thus Athelhard certainly was not the first to 
translate Euclid into Latin; there must have been in existence before 
the 11th c. a Latin translation which was the common source of R, 
the passage in the Gromatici, and “ Boethius.” As in the two latter 
there occur the proofs as well as the enunciations of I. 1—3, it is 
possible that this translation originally contained the proofs also. 
Athelhard must have had before him this translation of the 
enunciations, as well as the Arabic source from which he obtained his 
proofs. That some sort of translation, or at least fragments of one, 
were available before Athelhard's time even in England is indicated 
by some old English verses! : 


* The clerk Euclide on this wyse hit fonde 
Thys craft of gemetry yn Egypte londe 
Yn Egypte he tawghte hyt ful wyde, 
In dyvers londe on every syde. 
Mony erys afterwarde y understonde 
Yer that the craft com ynto thys londe. 
Thys craft com into England, as y yow say, 
Yn tyme of good kyng Adelstone's day," 


which would put the introduction of Euclid into England as far back 
as 924-940 A.D. 

We now come to the relation between Athelhard and Campanus. 
That their translations were not independent, as Weissenborn would 
have us believe, is clear from the fact that in all MSS. and editions, 
apart from orthographical differences and such small differences as 
are bound to arise when MSS. are copied by persons with some 
knowledge of the subject-matter, the definitions, postulates, axioms, 
and the 364 enunciations are word for word identical in Athelhard 
and Campanus ; and this is the case not only where both have the 
same text as R but where they diverge from it. Hence it would seem 
that Campanus used Athelhard's translation and only developed the 
proofs by means of another redaction of the Arabian Euclid. It is 
true that the difference between the proofs of the propositions in the 
two translations is considerable; Athelhard’s are short and com- 


1 Quoted by Halliwell in Rava Mathematica (p. 56 note) from Ms. Bib. Reg. Mus. Brit. 
17 A. 1. f. a>—3. 
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pressed, Campanus' clearer and more complete, following the Greek 
text more closely, though still at some distance. Further, the 
arrangement in the two is different; in Athelhard the proofs regularly 
precede the enunciations, Campanus follows the usual order. It is a 
question how far the differences in the proofs, and certain additions in 
each, are due to the two translators themselves or go back to Arabic 
originals. The latter supposition seems to Curtze and Cantor the 
more probable one. Curtze’s general view of the relation of Campanus 
to Athelhard is to the effect that Athelhard’s translation was gradually 
altered, from the form in which it appears in the two Erfurt Mss. 
described by Weissenborn, by successive copyists and commentators 
who had Arabic originals before them, until it took the form which 
Campanus gave it and in which it was published. In support of this 
view Curtze refers to Regiomontanus' copy of the Athelhard-Campanus 
translation. In Regiomontanus' own preface the title is given, and 
this attributes the translation to Athelhard; but, while this copy 
agrees almost exactly with Athelhard in Book L, yet, in places where 
Campanus is more lengthy, it has similar additions, and in the later 
Books, especially from Book III. onwards, agrees absolutely with 
Campanus; Regiomontanus, too, himself implies that, though the 
translation was Athelhard's, Campanus had revised it; for he has 
notes in the margin such as the following, " Campani est hec," "dubito 
an demonstret hic Campanus " etc. 

We come now to the printed editions of the whole or of portions 
of the Elements. This is not the place for a complete bibliography, 
such as Riccardi has attempted in his valuable memoir issued in five 
parts between 1887 and 1893, which makes a large book in itself! 
I shall confine myself to saying something of the most noteworthy 
translations and editions. It will be convenient to give first the Latin 
translations which preceded the publication of the editio princeps of 
the Greek text in 1533, next the most important editions of the Greek 
text itself, and after them the most important translations arranged 
according to date of first appearance and languages, first the Latin 
translations after 1533, then the Italian, German, French and English 
translations in order. 

It may be added here that the first allusion, in the West, to the 
Greek text as still extant is found in Boccaccio’s commentary on the 
Divina Commedia of Dante?. Next Johannes Regiomontanus, who 
intended to publish the EæÆments after the version of Campanus, but 
with the latter’s mistakes corrected, saw in Italy (doubtless when 
staying with his friend Bessarion) some Greek MSS. and noticed how 
far they differed from the Latin version (see a letter of his written in 
the year 1471 to Christian Roder of Hamburg)’. 


1 Saggio di una Bibliografa Euclidea, memoria del Prof. Pietro Riccardi (Bologna, 
1887, 1888, 1890, 1893). 
21. 


P+ 404. 
* Published in C. T. de Murr's Memorabilia Bibliothecarum Norimbergensium, Part 1. 
p. 190 sqq. 
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I. LATIN TRANSLATIONS PRIOR TO I533. 


1482. In this year appeared the first printed edition of Euclid, 
which was also the first printed mathematical book of any import- 
ance. This was printed at Venice by Erhard Ratdolt and contained 
Campanus’ translation’. Ratdolt belonged to a family of artists at 
Augsburg, where he was born about 1443. Having learnt the trade 
of printing at home, he went in 1475 to Venice, and founded there a 
famous printing house which he managed for 11 years, after which he 
returned to Augsburg and continued to print important books until 
1516. He is said to have died in 1528. Kästner? gives a short 
description of this first edition of Euclid and quotes the dedication to 
Prince Mocenigo of Venice which occupies the page opposite to the 
first page of text. The book has a margin of 23 inches, and in this 
margin are placed the figures of the propositions. Ratdolt says in 
his dedication that at that time, although books by ancient and 
modern authors were printed every day in Venice, little or nothing 
mathematical had appeared : a fact which he puts down to the diff- 
culty involved by the figures, which no one had up to that time 
succeeded in printing. He adds that after much labour he had 
discovered a method by which figures could be produced as easily as 
letters? Experts are in doubt as to the nature of Ratdolt's discovery. 
Was it a method of making figures up out of separate parts of figures, 
straight or curved lines, put together as letters are put together to 
make words? In a life of Joh. Gottlob Immanuel Breitkopf, a con- 
temporary of Kastner's own, this member of the great house of 
Breitkopf is credited with this particular discovery. Experts in that 
same house expressed the opinion that Ratdolt’s figures were wood- 
cuts, while the letters denoting points in the figures were like the 
other letters in the text; yet it was with carved wooden blocks that 
printing began. If Ratdolt was the first to print geometrical figures, 
it was not long before an emulator arose; for in the very same year 
Mattheus Cordonis of Windischgrátz employed woodcut mathematical 
figures in printing Oresme's De /atitudinibus* How eagerly the 
opportunity of spreading geometrical knowledge was seized upon is 
proved by the number of editions which followed in the next few 
years. Even the year 1482 saw two forms of the book, though they 
only differ in the first sheet. Another edition came out in 1486 
(Ulmae, apud Io. Regerum) and another in 1491 (Vincentiae per 

1 Curtze (An-Nairizi, p. xiii) reproduces the heading of the first e of the text as 
follows (there is no title-page): Preclariffimü opus elemento24 Euclidis megaréfis vna cü 
cómentis Campani pfpicaci(Timi in arte geometrià incipit felicit’, after which the definitions 
begin at once. Other copies have the shorter heading : Preclarissimus liber elementorum 
Euclidis perspicacissimi: in artem Geometrie incipit quam foelicissime. At the end stands 
the following : C1 Opus elementorii euclidis megarenfis in geometriá arté Jn id quoq3 Campani 


p(picaciffimi Cómentationes finiüt. Erhardus ratdolt Augustensis impreffor folertiffimus . 
venetijs impreffit . Anno falutis . M.cccc.lxxxij . Octauis . Calefi . fufi . Lector . Vale. 

3 Kastner, Geschichte der Mathematik, 1. p. 289 sqq. See also Weissenborn, Die Übersets- 
urgen des Euklid durch Campano und Zariberti, pp. 1—7. 

* ** Mea industria non sine maximo labore effeci vt qua facilitate litterarum elementa 
imprimuntur ea etiam geometrice figure conficerentur.” 

* Curtze in Zeitschrift für Math. u. Physik, XX., hist.-litt. Abth. p. 58. 
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Leonardum de Basilea et Gulielmum de Papia), but without the dedi- 
cation to Mocenigo who had died in the meantime (1485). If Cam- 
panus added anything of his own, his additions are at all events not 
distinguished by any difference of type or otherwise; the enunciations 
are in large type, and the rest is printed continuously in smaller type. 
There are no superscriptions to particular passages such as Euclides 
ex Campano, Campanus, Campani additio, or Campani annotatio, which 
are found for the first time in the Paris edition of 1516 giving 
both ee version and that of Zamberti (presently to be men- 
tioned). 

1501. G. Valla included in his encyclopaedic work De expetendis 
et fugiendis rebus published in this year at Venice (z» aedibus Aldi 
Komani) a number of propositions with proofs and scholia translated 
from a Greek MS. which was once in his possession (cod. Mutin. III 
B, 4 of the 15th c). 

1505. In this year Bartolomeo Zamberti (Zambertus) brought out 
at Venice the first translation, from the Greek text, of the whole of the 
Elements. From the title’, as well as from his prefaces to the Catoptrica 
and Data, with their allusions to previous translators “ who take some 
things out of authors, omit some, and change some,’ or “to that most 
barbarous translator” who filled a volume purporting to be Euclid’s 
“with extraordinary scarecrows, nightmares and phantasies,” one object 
of Zamberti's translation is clear. His animus against Campanus 
appears also in a number of notes, e.g. when he condemns the terms 
“helmuain” and “helmuariphe” used by Campanus as barbarous, 
un-Latin etc., and when he is roused to wrath by Campanus' unfortu- 
nate mistranslation of v. Def. 5. He does not seem to have had the 
penetration to see that Campanus was translating from an Arabic, 
and not from a Greek, text. Zamberti tells us that he spent 
seven years over his translation of the thirteen Books of the 
Elements. As he seems to have been born in 1473, and the Elements 
were printed as early as 1500, though the complete work (including the 
Phaenomena, Optica, Catoptrica, Data etc.) has the date 1505 at the 
end, he must have translated Euclid before the age of 30. Heiberg 
has not been able to identify the Ms. of the Edements which Zamberti 
used ; but it is clear that it belonged to the worse class of MSS., since 
it contains most of the interpolations of the Theonine variety. Zam- 
berti, as his title shows, attributed the proofs to Theon. | 

1509. Asa counterblast to Zamberti, Luca Paciuolo brought out 
an edition of Euclid, apparently at the expense of Ratdolt, at Venice 
(per Paganinum de Paganinis) in which he set himself to vindicate 
Campanus. The title-page of this now very rare edition? begins thus: 
“The works of Euclid of Megara, a most acute philosopher and without 


1 The title begins thus: ''Euclidis megaresis philosophi platonicj mathematicarum 
disciplinarum Janitoris: Habent in hoc volumine quicunque ad mathematicam substantiam 
aspirant: elementorum libros xiij cum expositione Theonis insignis mathematici. quibus 
multa quae deerant ex lectione graeca sumpta addita sunt nec non plurima peruersa et 
VERI. voluta in Campani interpretatione: ordinata digesta et castigata sunt etc." 

or a description of the book see Weissenborn, p. 13 sqq. 

2 See Weissenborn, p. 30 sqq. 


CH. viii] TRANSLATIONS AND EDITIONS 99 


question the chief of all mathematicians, translated by Campanus their 
most faithful interpreter.” It proceeds to say that the translation had 
been, through the fault of copyists, so spoiled and deformed that it 
could scarcely be recognised as Euclid. Luca Paciuolo accordingly 
has polished and emended it with the most critical judgment, has 
corrected 129 figures wrongly drawn and added others, besides supply- 
ing short explanations of difficult passages. It is added that Scipio 
Vegius of Milan, distinguished for his knowledge “of both languages” 
(i.e. of course Latin and Greek), as well as in medicine and the more 
sublime studies, had helped to make the edition more perfect. Though 
Zamberti is not once mentioned, this latter remark must have refer- 
ence to Zamberti's statement that his translation was from the Greek 
text; and no doubt Zamberti is aimed at in the wish of Paciuolo's 
“that others too would seek to acquire knowledge instead of merely 
showing off, or that they would not try to make a market of the 
things of which they are ignorant, as it were (selling) smoke'." 
Weissenborn observes that, while there are many trivialities in Paci- 
uolo's notes, they contain some useful and practical hints and explana- 
tions of terms, besides some new proofs which of course are not 
difficult if one takes the liberty, as Paciuolo does, of diverging from 
Euclid's order and assuming for the proof of a proposition results not 
arrived at till later. Two not inapt terms are used in this edition to 
describe the figures of i11. 7, 8, the former of which is called the 
goose's foot ( Bes anseris), the second the feacocE's taz/ (cauda pavonis) 
Paciuolo as the castigator of Campanus’ translation, as he calls himself, 
failed to correct the mistranslation of v. Def. 52% Before the fifth 
Book he inserted a discourse which he gave at Venice on the 
1sth August, 1508, in S. Bartholomew's Church, before a select 
audience of 500, as an introduction to his elucidation of that Book. 

1516. The first of the editions giving Campanus’ and Zamberti’s 
translations in conjunction was brought out at Paris (¿n oficina Henrici 
Stephani e regione scholae Decretorum). The idea that only the enun- 
ciations were Euclid’s, and that Campanus was the author of the proofs 
in his translation, while Theon was the author of the proofs in the Greek 
text, reappears in the title of this edition; and the enunciations of the 
added Books xiv., xv. are also attributed to Euclid, Hypsicles being 
credited with the proofs’, The date is not on the title-page nor at the 

! ** Atque utinam et alii cognoscere vellent non ostentare aut ea quae nesciunt veluti 
fumum venditare non conarentur." 

! Campanus' translation in Ratdolt's edition is as follows: ‘‘Quantitates quae dicuntur 
continuam habere proportionalitatem, sunt, quarum equé multiplicia aut equa sunt aut 
equé sibi sine interruptione addunt aut minuunt " (!), to which Canipanius adds the note: 
* Continue proportionalia sunt quorum omnia multiplicia equalia sunt continyé proportionalia. 
Sed noluit ipsam diffinitionem proponere sub hac forma, quia tunc diffipiret idem per idem, 
aperte (? a parte) tamen rei est istud cum sua diffinitione convertibile.” 

3 '*Euclidis Megarensis Geometricorum Elementorum Libri xv. Campani Galli trans- 
alpini in eosdem commentariorum libri Xv. 'Theonis Alexandrini Bartholomaeo Zamberto 
Veneto interprete, in tredecim priores, commentationum libri x111. Hypsiclis Alexandrini in 
duos posteriores, eodem Bartholomaeo Zamberto Veneto interprete, commentariorum libri 11." 
On the last page (261) is a similar statement of content, but with the difference that the 


expression ‘‘ex Campani...deinde Theonis...et Hypsiclis...¢vaditionibus.” For description 
see Weissenborn, p. 56 sqq. 
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end, but the letter of dedication to Frangois Briconnet by Jacques 
Lefévre is dated the day after the Epiphany, 1516. The figures are 
in the margin. The arrangement of the propositions is as follows: 
first the enunciation with the heading Euclides ex Campano, then the 
proof with the note Campanus, and after that, as Campani additio, any 
passage found in the edition of Campanus’ translation but not in the 
Greek text; then follows the text of the enunciation translated from 
the Greek with the heading Euclides ex Zamberto, and lastly the proof 
headed 7heo ex Zamberto. There are separate figures for the two proofs. 
This edition was reissued with few changes in 1537 and 1546 at Basel 
(apud Iohannem Hervagium), but with the addition of the Phaenomena, 
Optica, Catoptrica etc. For the edition of 1537 the Paris edition of 
1516 was collated with “a Greek copy” (as the preface says) by 
Christian Herlin, professor of mathematical studies at Strassburg, 
who however seems to have done no more than correct one or two 
passages by the. help of the Basel editio princeps (1533), and add the 
Greek word in cases where Zamberti's translation of it seemed unsuit- 
able or inaccurate. 
We now come to 


II. EDITIONS OF THE GREEK TEXT. 


1533 is the date of the editio princeps, the title-page of which reads 
as follows : 


ETKAEIAOT ZTOIXEION BIBA> IE> 
EK TON OEQNO? XYNOYZIQON. 

Eis rod avrod rò mpatov, éEnynudrov Ipdedrou Bir. 8. 
Adiecta praefatiuncula in qua de disciplinis 
Mathematicis nonnihil. 

BASILEAE APVD IOAN. HERVAGIVM ANNO 
M.D.XXXIII. MENSE SEPTEMBRI. 


The editor was Simon Grynaeus the elder (d. 1541), who, after 
working at Vienna and Ofen, Heidelberg and Tübingen, taught last 
of all at Basel, where theology was his main subject. His “ prae- 
fatiuncula” is addressed to an Englishman, Cuthbert Tonstall (1474- 
1559), who, having studied first at Oxford, then at Cambridge, where 
he became Doctor of Laws, and afterwards at Padua, where in addi- 
tion he learnt mathematics—mostly from the works of Regiomontanus 
and Paciuolo—wrote a book on arithmetic’ as “a farewell to the 
sciences,” and then, entering politics, became Bishop of Londcn and 
member of the Privy Council, and afterwards (1530) Bishop of Durham. 
Grynaeus tells us that he used two MSS. of the text of the Elements, 
entrusted to friends of his, one at Venice by “ Lazarus Bayfius” 
(Lazare de Barf, then the ambassador of the King of France at Venice), 
the other at Paris by * Ioann. Rvellius" (Jean Ruel, a French doctor 
and a Greek scholar), while the commentaries of Proclus were put at 


1 De arté supputandi libri quatuor. 
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the disposal of Grynaeus himself by *Ioann. Claymundus" at Oxford. 
Heiberg has been able to identify the two MSS. used for the text; 
they are (1) cod. Venetus Marcianus 301 and (2) cod. Paris. gr. 2343 
of the 16th c., containing Books 1.—X V., with some scholia which are 
embodied in the text. When Grynaeus notes in the margin the 
readings from “the other copy,” this “other copy” is as a rule the 
Paris MS., though sometimes the reading of the Paris MS. is taken 
into the text and the “other copy” of the margin is the Venice Ms. 
Besides these two MSS. Grynaeus consulted Zamberti, as is shown by 
a number of marginal notes referring to “ Zampertus ” or to “latinum 
exemplar” in certain propositions of Books IxX.—XI. When it is con- 
sidered that the two MSS. used by Grynaeus are among the worst, it 
is obvious how entirely unauthoritative is the text of the editio princeps. 
Yet it remained the source and foundation of later editions of the 
Greek text for a long period, the editions which followed being 
designed, not for the purpose of giving, from other MSS., a text more 
nearly representing what Euclid himself wrote, but of supplying a 
handy compendium to students at a moderate price. 

1536. Orontius Finaeus (Oronce Fine) published at Paris (apud 
Simonem Colinaeusm) * demonstrations on the first six books of Euclid's 
elements of geometry," *in which the Greek text of Euclid himself is 
inserted in its proper places, with the Latin translation of Barth. 
Zamberti of Venice," which seems to imply that only the enunciations 
were given in Greek. The preface, from which Kastner quotes’, says 
that the University of Paris at that time required, from all who 
aspired to the laurels of philosophy, a most solemn oath that they 
had attended lectures on the said first six Books. Other editions of 
Fine’s work followed in 1544 and 1551. 

1545. The enunciations of the fifteen Books were published in 
Greek, with an Italian translation by Angelo Caiani, at Rome (apud 
Antonium Bladum Asulanum). The translator claims to have cor- 
rected the books and “ purged them of six hundred things which did 
not Wu to savour of the almost divine genius and the perspicuity of 
Euclid?” 

1549. Joachim Camerarius published the enunciations of the first 
six Books in Greek and Latin (Leipzig). The book, with preface, 
purports to be brought out by Rhaeticus (1514-1576), a pupil of 
Copernicus. Another edition with proofs of the propositions of the 
first three Books was published by Moritz Steinmetz in 1577 (Leipzig); 
a note by the printer attributes the preface to Camerarius himself. 

1550. Ioan. Scheubel published at Basel (also per Joan. Her- 
vagium) the first six Books in Greek and Latin “together with true 
and appropriate proofs of the propositions, without the use of letters ” 
(ie. letters denoting points in the figures), the various straight lines 
and angles being described in words?. 

1557 (also 1558). Stephanus Gracilis published another edition 
(repeated 1573, 1578, 1598) of the enunciations (alone) of Books I.—Xv. 


1 Kastner, I. p. 260. 2 Heiberg, vol. v. p. cvii. 3 Kästner, 1. p. 359- 
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in Greek and Latin at Paris (apud Gulielmum Cavellat). He remarks 
in the preface that for want of time he had changed scarcely anything 
in Books I.—VI., but ‘n the remaining Books he had emended what 
seemed obscure or inelegant in the Latin translation, while he had 
adopted in its entirety the translation of Book X. by Pierre Mondoré 
(Petrus Montaureus), published separately at Paris in 1551. Gracilis 
also added a few “scholia.” 

1564. In this year Conrad Dasypodius (Rauchfuss), the inventor 
and maker of the clock in Strassburg cathedral, similar to the present 
one, which did duty from 1571 to 1789, edited (Strassburg, Chr. 
Mylius) (1) Book 1. of the Elements in Greek and Latin with scholia, 
(2) Book I. in Greek and Latin with Barlaam’s arithmetical version 
of Book II., and (3) the exunciations of the remaining Books ITI.—XHL. 
Book I. was reissued with * vocabula quaedam geometrica" of Heron, 
the enunciations of all the Books of the E/ements, and the other works 
of Euclid, all in Greek and Latin. In the preface to (1) he says that it 
had been for twenty-six years the rule of his school that all who were 
promoted from the classes to public lectures should learn the first 
Book, and that he brought it out, because there were then no longer 
any copies to be had, and in order to prevent a good and fruitful 
regulation of his school from falling through. In the preface to the 
edition of 1571 he says that the first Book was generally taught in all 
gymnasia and that it was prescribed in his school for the first class. 
In the preface to (3) he tells us that he published the enunciations of 
Books III.— XII. in order not to leave his work unfinished, but that, as 
it would be irksome to carry about the whole work of Euclid in 
extenso, he thought it would be more convenient to students of 
geometry to learn the Elements if they were compressed into a smaller 
book. 

1620. Henry Briggs (of Briggs’ logarithms) published the first 
six Books in Greek with a Latin translation after Commandinus, 
“corrected in many places” (London, G. Jones). 

1703 is the date of the Oxford edition by David Gregory which, 
until the issue of Heiberg and Menge’s edition, was still the only 
edition of the complete works of Euclid’. In the Latin translation 
attached to the Greek text Gregory says that he followed Comman- 
dinus in the main, but corrected numberless passages in it by means 
of the books in the Bodleian Library which belonged to Edward 
Bernard (1638-1696), formerly Savilian Professor of Astronomy, who 
had conceived the plan of publishing the complete works of the ancient 
mathematicians in fourteen volumes, of which the first was to contain 
Euclid’s Elements 1.—xv. As regards the Greek text, Gregory tells us 
that he consulted, as far as was necessary, not a few MSS. of the better 
sort, bequeathed by the great Savile to the University, as well as the 
corrections made by Savile in his own hand in the margin of the Basel 
edition. He had the help of John Hudson, Bodley's Librarian, who 


! ETEAEIAOT TA ZQZOMENA. Euclidis qnae supersunt omnia. Ex recensione 
Davidis Gregorii M.D. Astronomiae Professoris Saviliani et R.S.S. Oxoniae, e Theatro 
Sheldoniano, An. Dom. Mpcciit. 
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punctuated the Basel text before it went to the printer, compared the 
Latin version with the Greek throughout, especially in the Elements 
and Data, and, where they differed or where he suspected the Greek text, 
consulted the Greek MSS. and put their readings in the margin if 
they agreed with the Latin and, if they did not agree, affixed an 
asterisk in order that Gregory might judge which reading was geo- 
metrically preferable. Hence it is clear that no Greek MS., but the 
Basel edition, was the foundation of Gregory’s text, and that Greek 
MSS. were only referred to in the special passages to which Hudson 
called attention. 

1514-1818. A most important step towards a good Greek text 
was taken by F. Peyrard, who published at Paris, between these years, 
in three volumes, the Elements and Data in Greek, Latin and French’. 
At the time (1808) when Napoleon was having valuable MSS. selected 
from Italian libraries and sent to Paris, Peyrard managed to get two 
ancient Vatican MSS. (190 and 1038) sent to Paris for his use (Vat. 
204 was also at Paris at the time, but all three were restored to their 
owners in 1814). Peyrard noticed the excellence of Cod. Vat. 190, 
adopted many of its readings, and gave in an appendix a conspectus 
of these readings and those of Gregory's edition; he also noted here 
and there readings from Vat. 1038 and various Paris Mss. He there- 
fore pointed the way towards a better text, but committed the error 
of correcting the Basel text instead of rejecting it altogether and 
starting afresh. 

1824-1825. A most valuable edition of Books Ir.—vI. is that of 
J. G. Camerer (and C. F. Hauber) in two volumes published at 
Berlin? The Greek text is based on Peyrard, although the Basel 
and Oxford editions were also used. There is a Latin translation 
and a collection of notes far more complete than any other I have 
seen and well nigh inexhaustible. There is no editor or commentator 
of any mark who is not quoted from ; to show the variety of important 
authorities drawn upon by Camerer, I need only mention the following 
names: Proclus, Pappus, Tartaglia, Commandinus, Clavius, Peletier, 
Barrow, Borelli, Wallis, Tacquet, Austin, Simson, Playfair. No words 
of praise would be too warm for this veritable encyclopaedia of 
information. 

1825. J. G. C. Neide edited, from Peyrard, the text of Books 
I—VI. XI. and XII. (Halis Saxoniae). 

1826-9. The last edition of the Greek text before Heiberg’s is 
that of E. F. August, who followed the Vatican MS. more closely 
than Peyrard did, and consulted at all events the Viennese MS. 


Gr. 103 (Heiberg's V). August's edition (Berlin, 1826-9) contains 
Books I.—XIII. 


| Euclidis guae supersunt. Les. Œuvres d Euclide, en Grec, en Latin et en Français 
d'après un manuscrit très-ancien, qui flait resté inconnu jusgu'à nos jours. Par F. Peyrard. 
Ouvraye approuvé par l'Institut de France (Paris, chez M. Patris). 
Euclidis elementorum libri sex priores graece et latine commentario e scriptis veterum ac 
recentiorum mathemalicorum et Pfleidereri maxime illustrati (Berolini, sumptibus G. Reimeri). 
Tom. 1, 1824; tom. 11. 1825. 
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III. LATIN VERSIONS OR COMMENTARIES AFTER 1533. 


1545. Petrus Ramus (Pierre de la Ramée, 1515-1572) is credited 
with a translation of Euclid which appeared in 1545 and again in 
1549 at Paris. Ramus, who was more rhetorician and logician than 
geometer, also published in his Scholae mathematicae (1559, Frankfurt; 
1569, Basel) what amounts to a series of lectures on Euclid’s Elements, 
in which he criticises Euclid’s arrangement of his propositions, the 
definitions, postulates and axioms, all from the point of view of logic. 

1557. Demonstrations to the geometrical Elements of Euclid, six 
Books, by Peletarius (Jacques Peletier) The second edition (1610) 
contained the same with the addition of the “Greek text of Euclid”; 
but only the exunciations of the propositions, as well as the defini- 
tions etc., are given in Greek (with a Latin translation), the rest is 
in Latin only. He has some acute observations, for instance about 
the “angle” of contact. 

1559. Johannes Buteo, or Borrel (1492-1572), published in an 
appendix to his book De quadratura circuli some notes “on the errors 
of Campanus, Zambertus, Orontius, Peletarius, Pena, interpreters of 
Euclid.” Buteo in these notes proved, by reasoned argument based 
on original authorities, that Euclid himself and not Theon was the 
author of the proofs of the propositions. 

1566. Franciscus Flussates Candalla (François de Foix, Comte de 
Candale, 1502-1594, “restored” the fifteen Books, following, as he 
says, the terminology of Zamberti’s translation from the Greek, but 
drawing, for his proofs, on both Campanus and Theon (i.e. Zamberti) 
except where mistakes in them made emendation necessary. Other 
editions followed in 1578, 1602, 1695 (in Dutch). 

1572. The most important Latin translation is that of Com- 
mandinus (1509-1575) of Urbino, since it was the foundation of most 
translations which followed it up to the time of Peyrard, including 
that of Simson and therefore of those editions, numerous in England, 
which give Euclid “chiefly after the text of Simson." Simson’s first 
(Latin) edition (1756) has “ex versione Latina Federici Commandini” 
on the title-page. Commandinus not only followed the original Greek 
more closely than his predecessors but added to his translation some 
— scholia as well as good notes of his own. The title of his 
work is 

Euclidis elementorum libri XV, una cum scholiis antiquis. 
A Federico Commandino Urbinate nuper in latinum converst, 
commentariisque quibusdam | illustrati (Pisauri, apud Camillum 
Francischinum). 

He remarks in his preface that Orontius Finaeus had only edited 
six Books without reference to any Greek MS., that Peletarius had 
followed Campanus' version from the Arabic rather than the Greek 
text, and that Candalla had diverged too far from Euclid, having 
rejected as inelegant the proofs given in the Greek text and 
substituted faulty proofs of his own. Commandinus appears to have 


1 Described by Boncompagni, Mbullettino, 11. p. 389. 
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used, in addition to the Basel editio princeps, some Greek MS., so far 
not identified ; he also extracted his “scholia antiqua” from a MS. 
of the class of Vat. 192 containing the scholia distinguished by 
Heiberg as “Schol. Vat.” New editions of Commandinus' translation 
followed in 1575 (in Italian), 1619, 1749 (in English, by Keill and 
Stone), 1756 (Books I.—VI., XI., X11. in Latin and English, by Simson), 
1763 (Keill). Besides these there were many editions of parts of the 
whole work, e.g. the first six Books. 

1574. The first edition of the Latin version by Clavius! 
(Christoph Klau [?] born at Bamberg 1537, died 1612) appeared 
in 1574, and new editions of it in 1589, 1591, 1603, 1607, 1612. It is 
not a translation, as Clavius himself states in the preface, but it 
contains a vast amount of notes collected from previous commentators 
and editors, as well as some good criticisms and elucidations of his 
own. Among other things, Clavius finally disposed of the error by 
which Euclid had been identified with Euclid of Megara. He speaks 
of the differences between Campanus who followed the Arabic 
tradition and the “commentaries of Theon,” by which he appears to 
mean the Euclidean proofs as handed down by Theon; he complains 
of predecessors who have either only given the first six Books, or 
have rejected the ancient proofs and substituted worse proofs of their 
own, but makes an exception as regards Commandinus, “a geometer 
not of the common sort, who has lately restored Euclid, in a Latin 
translation, to his original brilliancy.” Clavius, as already stated, did 
not give a translation of the Elements but rewrote the proofs, com- 
pressing them or adding to them, where he thought that he could 
make them clearer. Altogether his book is a most useful work. 

1621. Henry Savile's lectures (Praelectiones tresdecim in prin- 
cipium Elementorum Euclidis Oxoniae habitae MDC.XX., Oxonii 1621), 
though they do not extend beyond I. 8, are valuable because they 
grapple with the difficulties connected with the preliminary matter, 
the definitions etc., and the tacit assumptions contained in the first 
propositions. 

1654. André Tacquets Elementa geometriae planae et solidae 
containing apparently the eight geometrical Books arranged for 
general use in schools. It came out in a large number of editions up 
to the end of the eighteenth century. 

1655. Barrow’s Euclidis Elementorum Libri XV breviter demon- 
strati is a book of the same kind. In the preface (to the edition of 
1659) he says that he would not have written it but for the fact that 
Tacquet gave only eight Books of Euclid. He compressed the work 
into a very small compass (less than 400 small pages, in the edition 
of 1659, for the whole of the fifteen Books and the Data) by abbre- 
viating the proofs and using a large quantity of symbols (which, he 
says, are generally Oughtred's). There were several editions up to 
1732 (those of 1660 and 1732 and one or two others are in English). 


1 Euclidis elementorum libri xv. Accessit xvi. de solidorum regularium comparatione. 
Omnes perspicuis demonstrationibus, accuratisque scholiis illustrati. Auctore Christophoro 
C/avio (Romae, apud Vincentium Accoltum), 2 vols. 
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1658. Giovanni Alfonso Borelli (1608-1679) published Euclides 
restitutus, on apparently similar lines, which went through three more 
editions (one in Italian, 1663). 

1660. Claude François Milliet Dechales' eight geometrical Books 
of Euclid’s Elements made easy. Dechales’ versions of the Elements 
had great vogue, appearing in French, Italian and English as well 
as Latin. Riccardi enumerates over twenty editions. 

1733. Saccheri's Euclides ab omni naevo vindicatus sive conatus 
geometricus quo stabiliuntur prima ipsa geometriae principia is 
important for his elaborate attempt to prove the parallel-postulate, 
forming an important stage in the history of the development of non- 
Euclidean geometry. 

1756. Simson’s first edition, in Latin and in English. The Latin 
title is 

Euclidis elementorum libri priores sex, item undecimus et duo- 
decimus, ex versione latina Federici Commandini; sublatis iis 
quibus olim libri hi a Theone, aliisve, vitiati sunt, et quibusdam 
Euclidis demonstrationibus restitutis. A Roberto Simson M.D. 
Glasguae, in aedibus Academicis excudebant Robertus et Andreas 
Foulis, Academiae typographi. 

1802. Euclidis elementorum libri priores XII ex Commandini et 
Gregorii versionibus latinis. In usum juventutis Academicae... by 
Samuel Horsley, Bishop of Rochester. (Oxford, Clarendon Press.) 


IV. ITALIAN VERSIONS OR COMMENTARIES. 


1543. Tartaglia’s version, a second edition of which was pub- 
lished in 1565', and a third in 1585. It does not appear that he used 
any Greek text, for in the edition of 1565 he mentions as available 
only “the first translation by Campano,” “the second made by 
Bartolomeo Zamberto Veneto who is still alive,” “the editions of 
Paris or Germany in which they have included both the aforesaid 
translations,” and “our own translation into the vulgar (tongue).” 

1575. Commandinus' translation turned into Italian and revised 
by him. 

1613. The first six Books “reduced to practice" by Pietro 
Antonio Cataldi, re-issued in 1620, and followed by Books vil.—1rx. 
(1621) and Book x. (1625). 

1663. Borelli's Latin translation turned into Italian by Domenico 
Magni. 

1680. Euclide restituto by Vitale Giordano. 

1690. Vincenzo Vivianis Elementi piani e solidi di Euclide 
(Book V. in 1674). 


1 The title-page of the edition of 1565 is as follows: Euclide Megarense philosopho, solo 
introduttore delle sctentie mathematice, dtligentemente rassettato, et alla integrità ridotto, per il 
degno professore di (a4 scientie Nicolo Tartalea Brisciano. | secondo le due tradottioni. con una 
ampla espositione dello istesso tradottore di nuouo aggiunta. talmente chiara, che ogni mediocre 
ingegno, senza la notitia, ouer suffragio di alcun altra scientia con facilità serà capace a 
poterlo intendere. Yn Venetia, Appresso Curtio Troiano, 1565. 
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1731. Elementi geometrici piani e solidi di Euclide by Guido 
Grandi. No translation, but an abbreviated version, of which new 
editions followed one another up to 1806. 

1749. Italian translation of Dechales with Ozanam's corrections 
and additions, re-issued 1785, 1797. 

1752. Leonardo Ximenes (the first six Books). Fifth edition, 
1819. 

1818. Vincenzo Flauti's Corso d? geometria elementare e sublime 
(4 vols.) contains (Vol. L) the first six Books, with additions and a 
dissertation on Postulate 5, and (Vol. IL) Books xr, xir. Flauti 
also published the first six Books in 1827 and the Elements of geometry 
of Euclid in 1843 and 1854. 


V. GERMAN. 


1558. The arithmetical Books viJ.—1x. by Scheubel! (cf. the 
edition of the first six Books, with enunciations in Greek and Latin, 
mentioned above, under date 1550). 

1562. The version of the first six Books by Wilhelm Holtzmann 
(Xylander)* This work has its interest as the first edition in German, 
but otherwise it is not of importance. Xylander tells us that it was 
written for practical people such as artists, goldsmiths, builders etc., 
and that, as the simple amateur is of course content to know facts, 
without knowing how to prove them, he has often left out the proofs 
altogether. He has indeed taken the greatest possible liberties with 
Euclid, and has not grappled with any of the theoretical difficulties, 
such as that of the theory of parallels. 

16st. Heinrich Hoffmann's Zeutscher Euclides (2nd edition 16563), 
not a translation. 

1694. Ant. Ernst Burkh. v. Pirckenstein's Teutsch Redender 
Euclides (eight geometrical Books), “for generals, engineers etc.” 
“proved in a new and quite easy manner.” Other editions 1699, 
1744. 

1697. Samuel Reyher's 7z teutscher Sprache vorgestellter Euclides 
(six Books), “made easy, with symbols algebraical or derived from the 
newest art of solution." 

1714. Euclidis xv Bucher teutsch, “treated in a special and 
brief manner, yet completely,” by Chr. Schessler (another edition in 
1720). 

— The first six Books translated from the Greek ſor the 
use of schools by J. F. Lorenz. The first attempt to reproduce 
Euclid in German word for word. 

1781. Books XI., XII. by Lorenz (supplementary to the pre- 
ceding). Also Euklid’s Elemente fünfzehn Bücher translated from 


l Das sibend acht und neunt buch des hochberümbten Mathematici Euclidis Megarensis... 
durch Magistrum Johann Scheybl, der löblichen universitet zu Tübingen, des Euclidis und 
Arithmetic Ordinarien, auss dem latein ins teutsch gebracht.... 

2 Die sechs erste Bücher Euclidis vom anfang oder grund der Geometrj... Auss Griechischer 
sprach in die Teütsch gebracht aigentlich erklärt... Demassen vormals in Teütscher sprach nie 

a worden... Durch Wilhelm Holtzman genant Xylander von Augspurg. Getruckht zu 
asel. 
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the Greek by Lorenz (second edition 1798; editions of 1809, 1818, 
1824 by Mollweide, of 1840 by Dippe) The edition of 1824, and 
I presume those before it, are shortened by the use of symbols and 
the compression of the enunciation and "setting-out" into one. 

1807. Books I.—VI., XL, XII. “newly translated from the Greek,” 
by J. K. F. Hauff. 

1828. The same Books by Joh. Jos. Ign. Hoffmann “as guide 
to instruction in elementary geometry,” followed in 1832 by observa- 
tions on the text by the same editor. 

1833. Die Geometrie des Euklid und das Wesen derselben by 
E. S. Unger; also 1838, 1851. 

1901. Max Simon, Euclid und die sechs planimetrischen Bücher. 


VI. FRENCH. 


1564-1566. Nine Books translated by Pierre Forcadel, a pupil 
and friend of P. de la Ramée. 

1604. The first nine Books translated and annotated by Jean 
Errard de Bar-le-Duc; second edition, 1605. 

I615. Denis Henrion's translation of the 15 Books (seven 
editions up to 1676). 

1639. The first six Books “demonstrated by symbols, by a 
method very brief and intelligible,” by Pierre Hérigone, mentioned 
by Barrow as the only editor who, before him, had used symbols for 
the exposition of Euclid. 

1672. Eight Books "rendus plus faciles" by Claude Francois 
Milliet Dechales, who also brought out Les élémens d'Euclide ex- 
pliqués d'une manière nouvelle et très facile, which appeared in many 
editions, 1672, 1677, 1683 etc. (from 1709 onwards revised by Ozanam), 
and was translated into Italian (1749 etc.) and English (by William 
Halifax, 1685). 

1804. In this year, and therefore before his edition of the Greek 
text, F. Peyrard published the Evements literally translated into 
French. A second edition appeared in 1809 with the addition of the 
fifth Book. As this second edition contains Books L—vIi. XL, XII. 
and X. I, it would appear that the first edition contained Books I.—IVv., 
VL, XL, XII. Peyrard used for this translation the Oxford Greek text 
and Simson. 


VII. DUTCH. 


1606. Jan Pieterszoon Dou (six Books). There were many later 
editions. Kastner, in mentioning one of 1702, says that Dou explains 
in his preface that he used Xylander's translation, but, having after- 
wards obtained the French translation of the six Books by Errard 
de Bar-le-Duc (see above), the proofs in which sometimes pleased 
him more than those of the German edition, he made his Dutch 
version by the help of both. 

1617. Frans van Schooten, * The Propositions of the Books of 
Euclid's Elements"; the fifteen Books in this version “enlarged” by 
Jakob van Leest in 1662. 

1695. C.J. Vooght, fifteen Books complete, with Candalla’s “16th.” 
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1702. Hendrik Coets, six Books (also in Latin, 1692); several 
editions up to 1752. Apparently not a translation, but an edition for 
school use. 

1763. Pybo Steenstra, Books I.—VI., Xr., XIL, likewise an abbre- 
viated version, several times reissued until 1825. 


VIII. ENGLISH. 


1570 saw the first and the most important translation, that of Sir 
Henry Billingsley. The title-page is as follows: 


THE ELEMENTS 
OF GEOMETRIE 
of the most auncient Philosopher 
EVCLIDE 
of Megara 


Faithfully (now first) translated into the Englashe toung, 
by H. Billingsley, Cztizen of London. Whereunto are annexed 
certaine Scholtes, Annotations, and Inuentions, of the best 
Mathematictens, both of time past, and in thts our age. 

With a very fruitfull Preface by M. I. Dee, specifying the 
chiefe Mathematicall Sciéces, what they are, and whereunto 
commodious: where, also, are disclosed certaine new Secrets 
Mathematicall and Mechanicall, vntill these our dates, greatly 
missed. 

Imprinted at London by John Daye. 


The Preface by the translator, after a sentence observing that with- 
out the diligent study of Euclides Elementes it is impossible to attain 
unto the perfect knowledge of Geometry, proceeds thus. “Wherefore 
considering the want and lacke of such good authors hitherto in our 
Englishe tounge, lamenting also the negligence, and lacke of zeale to 
their countrey in those of our nation, to whom God hath geuen both 
knowledge and also abilitie to translate into our tounge, and to 
publishe abroad such good authors and bookes (the chiefe instrumentes 
of all learninges): seing moreouer that many good wittes both of 
gentlemen and of others of all degrees, much desirous and studious of 
these artes, and seeking for them as much as they can, sparing no 
paines, and yet frustrate of their intent, by no meanes attaining to 
that which they seeke: I haue for their sakes, with some charge and 
great trauaile, faithfully translated into our vulgare totige, and set 
abroad in Print, this booke of Euclide. Whereunto I haue added 
easie and plaine declarations and examples by figures, of the defini- 
tions. In which booke also ye shall in due place finde manifolde 
additions, Scholies, Annotations, and Inuentions: which I haue 
gathered out of many of the most famous and chiefe Mathematiciés, 
both of old time, and in our age: as by diligent reading it in course, 
ye shall well perceaue....” 

It is truly a monumental work, consisting of 464 leaves, and there- 
fore 928 pages, of folio size, excluding the lengthy preface by Dee. 
The notes certainly include all the most important that had ever been 
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written, from those of the Greek commentators, Proclus and the others 
whom he quotes, down to those of Dee himself on the last books. 
Besides the fifteen Books, Billingsley included the “sixteenth” added 
by Candalla. The print and appearance of the book are worthy of its 
contents; and, in order that it may be understood how no pains were 
spared to represent everything in the clearest and most perfect form, 
I need only mention that the figures of the propositions in Book XI. 
are nearly all duplicated, one being the figure of Euclid, the other an 
arrangement of pieces of paper (triangular, rectangular etc.) pasted at 
the edges on to the page of the book so that the pieces can be turned 
up and made to show the real form of the solid figures represented. 

Billingsley was admitted Lady Margaret Scholar of St John’s 
College, Cambridge, in 1551, and he is also said to have studied at 
Oxford, but he did not take a degree at either University. He was 
afterwards apprenticed to a London haberdasher and rapidly became 
a wealthy merchant. Sheriff of London in 1584, he was elected Lord 
Mayor on 31st December, 1596, on the death, during his year of office, 
of Sir Thomas Skinner. From 1589 he was one of the Queen’s four 
* customers," or farmers of customs, of the port of London. In 1591 
he founded three scholarships at St John's College for poor students, 
and gave to the College for their maintenance two messuages and 
tenements in Tower Street and in Mark Lane, Allhallows, Barking. 
He died in 1606. 

1651. Elements of Geometry. The first Vi Boocks: In a compen- 
dious form contracted and demonstrated by Captain Thomas Rudd, with 
the mathematicall preface of John Dee (London). 

1660. The first English edition of Barrow’s Euclid (published in 
Latin in 1655), appeared in London. It contained “the whole fifteen 
books compendiously demonstrated"; several editions followed, in 
1705, 1722, 1732, 1751. 

1661. Euclia’s Elements of Geometry, with a supplement of divers 
Propositions and Corollaries. To which is added a Treatise of regular 
Solids by Campane and Flussat; likewise Euclid's Data and Marinus 
his Preface. Alsoa Treatise of the Divistons of Superficies, ascribed to 
Machomet Bagdedine, but published by Commandine at the request of 
J. Dee of London. Published by care and industry of John Leeke and 
Geo. Serle, students in the Math. (London). According to Potts this 
was a second edition of Billingsley's translation. 

1685. William Halifax's version of Dechales' * Elements of Euclid 
explained in a new but most easy method " (London and Oxford). 

1705. The English Euclide; being the first six Elements of 
Geometry, translated out of the Greek, with annotations and usefull 
supplements by Edmund Scarburgh (Oxford). A noteworthy and 
useful edition. 

1708. Books L—VL, XI., XIL, translated from Commandinus' Latin 
version by Dr John Keill, Savilian Professor of Astronomy at Oxford. 

Keill complains in his preface of the omissions by such editors as 
Tacquet and Dechales of many necessary propositions (e.g. VI. 27— 29), 
and of their substitution of proofs of their own for Euclid's. He praises 
Barrow’s version on the whole, though objecting to the “algebraical ” 
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form of proof adopted in Book 11, and to the excessive use of notes 
and symbols, which (he considers) make the proofs foo short and 
thereby obscure; his edition was therefore intended to hit a proper 
mean between Barrow's excessive brevity and Clavius' prolixity. 

Keill's translation was revised by Samuel Cunn and several times 
reissued. 1749 saw the eighth edition, 1772 the eleventh, and 1782 
the twelfth. 

1714. W. Whiston’s English version (abridged) of The Elements 
of Euclid with select theorems out of Archimedes by the learned Andr. 
Tacquet. 

1756. Simson's first English edition appeared in the same year as 
his Latin version under the title: 

The Elements of Euclid, viz. the first six Books together with 
the eleventh and twelfth. In this Edition the Errors by which 
Theon or others have long ago vitiated these Books are corrected and 
some of Euclid's Demonstrations are restored. By Robert Simson 
(Glasgow). 

As above stated, the Latin edition, by its title, purports to be “ex 
versione latina Federici Commandini,” but to the Latin edition, as well 
as to the English editions, are appended 

Notes Critical and Geometrical ; containing an Account of those 
things in which this Edition differs from the Greek text; and the 
Reasons of the Alterations which have been made. As also Obser- 
vations on some of the Propositions. 

Simson says in the Preface to some editions (eg. the tenth, of 
1799) that “the translation is much amended by the friendly assistance 
of a learned gentleman.” 

Simson’s version and his notes are so well known as not to need 
any further description. The book went through some thirty suc- 
cessive editions. ‘The first five appear to have been dated 1756, 1762, 
1767, 1772 and 1775 respectively; the tenth 1799, the thirteenth 1806, 
the twenty-third 1830, the twenty-fourth 1834, the twenty-sixth 1844. 
The Data “in like manner corrected” was added for the first time in 
the edition of 1762 (the first octavo edition). 

1781, 1788. In these years respectively appeared the two volumes 
containing the complete translation of the whole thirteen Books by 
James Williamson, the last English translation which reproduced 
Euclid word for word. The title is 

The Elements of Euchd, with Dissertations intended to assist 
and encourage a critical examination of these Elements, as the most 
effectual means of establishing a juster taste upon mathematical 
subjects than that which at present prevails. By James Williamson. 

In the first volume (Oxford, 1781) he is described as “M.A. 
Fellow of Hertford College,” and in the second (London, printed by 
T. Spilsbury, 1788) as “B.D.” simply. Books V., VI. with the Con- 
clusion in the first volume are paged separately from the rest. 

1781. An examination of the first six Books of Euchd's Elements, 
by William Austin (London). 

1795. john Playfair's first edition, containing “the first six Books 
of Euclid with two Books on the Geometry of Solids" The Look 
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reached a fifth edition in 1819, an eighth in 1831, a ninth in 1836, and 
a tenth in 1846. 

1826. Riccardi notes under this date Euclid’s Elements of Geo- 
metry containing the whole twelve Books translated into English, from the 
edition of Peyrard, by George Phillips. The editor, who was President 
of Queens’ College, Cambridge, 1857-1892, was born in 1804 and 
matriculated at Queens’ in 1826, so that he must have published the 
book as an undergraduate. 

1828. A very valuable edition of the first six Books is that of 
Dionysius Lardner, with commentary and geometrical exercises, to 
which he added, in place of Books XI., XII, a Treatise on Solid 
Geometry mostly based on Legendre. Lardner compresses the pro- 
positions by combining the enunciation and the setting-out, and he 
gives a vast number of riders and additional propositions in smaller 
print. The book had reached a ninth edition by 1846, and an eleventh 
by 1855. Among other things, Lardner gives an Appendix “on the 
theory of parallel lines,’ in which he gives a short history of the 
attempts to get over the diffculty of the parallel-postulate, down to 
that of Legendre. 

1833. T. Perronet Thompson’s Geometry without axioms, or the 
first Book of Euclid's Elements with alterations and notes ; and an 
intercalary book in which the straight line and plane are derived from 
properties of the sphere, with an appendix containing notices of. methods 
proposed for getting over the difficulty in the twelfth axtom of Euclid. 

Thompson (1783-1869) was 7th wrangler 1802, midshipman 1803, 
Fellow of Queens’ College, Cambridge, 1804, and afterwards general 
and politician. The book went through several editions, but, having 
been well translated into French by Van Tenac, is said to have 
received more recognition in France than at home. 

1845. Robert Potts’ first edition (and one of the best) entitled: 

Euclia’s Elements of Geometry chiefly from the text of 
Dr Simson with explanatory notes...to which is prefixed an 
introduction containing a brief outline of the History of Geometry. 
Designed for the use of the higher forms in Public Schools and 
students in the Universities (Cambridge University Press, and 
London, John W. Parker), to which was added (1847) An 
Appendix to the larger edition of. Euchd's Elements of Geometry, 
containing additional notes on the Elements, a short tract on trans- 
versals, and hints for the solution of the problems etc. 

1862. Todhunter’s edition. 

The later English editions I will not attempt to enumerate ; their 
name is legion and their object mostly that of adapting Euclid for school 
use, with all possible gradations of departure from his text and order. 


IX. SPANISH. 
1576. The first six Books translated into Spanish by Rodrigo 
Camorano. 
1637. The first six Books translated, with notes, by L. Carduchi. 
1689. Books I.—VL, XI, XIL, translated and explained by Jacob 
Knesa, 
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X. RUSSIAN. 


1739. Ivan Astaroff (translation from Latin). 

1789. Pr. Suvoroff and Yos. Nikitin (translation from Greek). 
1880. Vachtchenko-Zakhartchenko. 

(1817. A translation into Polish by Jo. Czecha.) 


XI. SWEDISH. 


1744. Marten Stroémer, the first six Books ; second edition 1748. 
The third edition (1753) contained Books XI.—XII. as well; new 
editions continued to appear till 1884. 

1836. H. Falk, the first six Books. 

1844, 1845, 1859. P. R. Brakenhjelm, Books I.—vVL., XI, XII. 

1850. KF. A. A. Lundgren. 

1850. H. A. Witt and M. E. Areskong, Books I.—VI., XI., XII. 


XII. DANISH. 


1745. Ernest Gottlieb Ziegenbalg. 
1803. H. C. Linderup, Books I.— vir. 


XIII. MODERN GREEK. 


1820. Benjamin of Lesbos. 


I should add a reference to certain editions which have appeared 
in recent years. 

A Danish translation (Eukiia’s Elementer oversat af Thyra Eibe) 
was completed in 1912; Books I.—II. were published (with an Intro- 
duction by Zeuthen) in 1897, Books IIL—IV. in 1900, Books v.—VI. 
in 1904, Books VII.—XIIL. in 1912. | 

The Italians, whose great services to elementary geometry are 
more than once emphasised in this work, have lately shown a note- 
worthy disposition to make the zpszsstma verba of Euclid once more 
the object of study. Giovanni Vacca has edited the text of Book I. 
(44 primo libro degli Elementi. Testo greco, versione italiana, intro- 
duzione e note, Firenze 1916.) Federigo Enriques has begun the 
publication of a complete Italian translation (G/Z clement? d' Euclide 
e la critica antica e moderna); Books I.—IV. appeared in 1925 (Alberto 
Stock, Roma). 

An edition of Book I. by the present writer was published in 1918 
(Euclid in Greek, Book 1., with Introduction and Notes, Camb. Univ. 
Press). 


CHAPTER IX. 


$1. ON THE NATURE OF ELEMENTS. 


IT would not be easy to find a more lucid explanation of the terms 
element and elementary, and of the distinction between them, than 
is found in Proclus!, who is doubtless, here as so often, quoting 
from Geminus, There are, says Proclus, in the whole of geometry 
certain leading theorems, bearing to those which follow the relation of 
a principle, all-pervading, and furnishing proofs of many properties. 
Such theorems are called by the name of elements; and their function 
may be compared to that of the letters of the alphabet in relation to 
langpage, letters being indeed called by the same name in Greek 
(eTouxeia). i 

The term elementary, on the other hand, has a wider application : 
it is applicable to things “which extend to greater multiplicity, and, 
though possessing simplicity and elegance, have no longer the same 
dignity as the e/ements, because their investigation is not of general 
use in the whole of the science, eg. the proposition that in triangles 
the perpendiculars from the angles to the transverse sides meet in a 

int." 

“ Again, the term element is used in two senses, as Menaechmus 
says. Forthat which is the means of obtaining is an element of that 
which is obtained, as the first proposition in Euclid is of the second, 
and the fourth of the fifth. In this sense many things may even be 
said to be elements of each other, for they are obtained from one 
another. Thus from the fact that the exterior angles of rectilineal 
figures are (together) equal to four right angles we deduce the number 
of right angles equal to the internal angles (taken together)*, and 
vice versa, Such an element is like a emma. But the term element is 
otherwise used of that into which, being more simple, the composite is 
divided ; and in this sense we can no longer say that everything is an 
element of everything, but only that things which are more of the 
nature of principles are elements of those which stand to them in the 
relation of results, as postulates are elements of theorems. It is 

1 Proclus, Comm. on Eucl. 1., ed. Friedlein, pp. 72 sqq. 
2? rà mAfj0os rv évrós phais tow». If the text is right, we must apparently take it as “the 


number of the angles equal to right angles that there are inside,” 1.e. that are made up by 
the internal angles. 
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according to this signification of the term element that the elements 
found in Euclid were compiled, being partly those of plane geometry, 
and partly those of stereometry. In like manner many writers have 
drawn up elementary treatises in arithmetic and astronomy. 

“ Now it is difficult, in each science, both to select and arrange in 
due order the elements from which all the rest proceeds, and into 
which all the rest is resolved. And of those who have made the 
attempt some were able to put together more and some less ; some 
used shorter proofs, some extended their investigation to an indefinite 
length; some avoided the method of reductio ad absurdum, some 
avoided proportion; some contrived preliminary steps directed against 
those who reject the principles; and, in a word, many different 
methods have been invented by various writers of elements. 

“It is essential that such a treatise should be rid of everything 
superfluous (for this is an obstacle to the acquisition of knowledge); 
it should select everything that embraces the subject and brings it to 
a point (for this is of supreme service to science); it must have great 
regard at once to clearness and conciseness (for their opposites trouble 
our understanding); it must aim at the embracing of theorems in 
general terms (for the piecemeal division of instruction into the more 
partial makes knowledge difficult to grasp). In all these ways 
Euclid’s system of elements will be found to be superior to the rest ; 
for its utility avails towards the investigation of the primordial 
figures!, its clearness and organic perfection are secured by the 
progression from the more simple to the more complex and by the 
foundation of the investigation upon common notions, while generality 
of demonstration is secured by the progression through the theorems 
which are primary and of the nature of principles to the things sought. 
As for the things which seem to be wanting, they are partly to be 
discovered by the same methods, like the construction of the scalene 
and isosceles (triangle), partly alien to the character of a selection of 
elements as introducing hopeless and boundless complexity, like the 
subject of «ordered irrationals which Apollonius worked out at 
length’, and partly developed from things handed down (in the 
elements) as causes, like the many species of angles and of lines. 
These things then have been omitted in Euclid, though they have 
received full discussion in other works ; but the knowledge of them is 
derived from the simple (elements)." 

Proclus, speaking apparently on his own behalf, in another place 
distinguishes two objects aimed at in Euclid’s Elements. The first 
has reference to the matter of the investigation, and here, like a good 
Platonist, he takes the whole subject of geometry to be concerned 
with the “cosmic figures,” the five regular solids, which in Book XIII. 

1 roy dpyixGv oxnudrwv, by which Proclus probably means the regular polyhedra 
(Tannery, p. 143 %.). 

4 We have no more than the most obscure indications of the character of this work in an 
Arabic Ms. analysed by Woepcke, Essai d'une restitution de travaux perdus d Apollonius 
sur les quantités irrationelles d'apr?st des indications tirées d'un manuscrit arabe in Mémoires 


présentés à l'acadéshie des sciences, XIV. 658—720, Paris, 1856. Cf. Cantor, Gesch. d. Math. 
Ig, pp. 348—9: details are also given in my notes to Book x. 


116 INTRODUCTION [CH: Ix. $ x 


are constructed, inscribed in a sphere and compared with one another. 
The second object is relative to the learner; and, from this standpoint, 
the elements may be described as “a means of perfecting the learner's 
understanding with reference to the whole of geometry. For, starting 
from these (elements), we shall be able to acquire knowledge of the 
other parts of this science as well, while without them it is impossible 
for us to get a grasp of so complex a subject, and knowledge of the 
rest is unattainable. As it is, the theorems which are most of the 
nature of principles, most simple, and most akin to the first hypotheses 
are here collected, in their appropriate order; and the proofs of all 
other propositions use these theorems as thoroughly well known, and 
start from them. Thus Archimedes in the books on the sphere and 
cylinder, Apollonius, and all other geometers, clearly use the theorems 
proved in this very treatise as constituting admitted principles?” 

Aristotle too speaks of e/ements of geometry in the same sense. 
Thus: “in geometry it is well to be thoroughly versed in the 
elements?”; “in general the first of the elements are, given the 
definitions, e.g. of a straight line and of a circle, most easy to prove, 
although of course there are not many data that can be used to 
establish each of them because there are not many middle terms?"; 
*among geometrical propositions we call those *elements' the proofs of 
which are contained in the proofs of all or most of such propositions*"; 
"(as in the case of bodies), so in like manner we speak of the elements 
of geometrical propositions and, generally, of demonstrations; for the 
demonstrations which come first and are contained in a variety of 
other demonstrations are called elements of those demonstrations... 
the term element is applied by analogy to that which, being one and 
small, is useful for many purposes*." 


$2. ELEMENTS ANTERIOR TO EUCLID'S. 


The early part of the famous summary of Proclus was no doubt 
drawn, at least indirectly, from the history of geometry by Eudemus ; 
this is generally inferred from the remark, made just after the mention 
of Philippus of Medma, a disciple of Plato, that “those who have 
written histories bring the development of this science up to this 
point.” We have therefore the best authority for the list of writers of 
elements given in the summary. Hippocrates of Chios (fl. in second 
half of sth c.) is the first; then Leon, who also discovered diorismi, 
put together a more careful collection, the propositions proved in it 
being more numerous as well as more serviceable*. Leon was a little 
older than Eudoxus (about 408-355 B.C.) and a little younger than 
Plato (428/7-347/6 5.C.), but did not belong to the latter's school. The 


! Proclus, pp. 70, 19— 71, 2r. 

2 Topics VIN. 14, 163 b 23. 3 Topics vii. 3, 158 b 35. * Metaph. 998 a 25. 

5 Metaph. 1014a 35—b S. 

€ Proclus, p. 66, 30 dere róv Aforra xai rà aroveía avyÜeirau rà re TdBe kal rj) xpela 
riy Sexvuperuw ewtpeddorepor, 
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geometrical text-book of the Academy was written by Theudius of 
Magnesia, who, with Amyclas of Heraclea, Menaechmus the pupil of 
Eudoxus, Menaechmus' brother Dinostratus and Athenaeus of Cyzicus 
consorted together in the Academy and carried on their investigations 
in common. Theudius * put together the elements adurirably, making 
many partial (or limited) propositions more general!" Eudemus 
mentions no text-book after that of Theudius, only adding that Her- 
motimus of Colophon "discovered many of the elements?" Theudius 
then must be taken to be the immediate precursor of Euclid, and no 
doubt Euclid made full use of Theudius as well as of the discoveries of 
Hermotimus and all other available material. Naturally it is not in 
Euclid’s Elements that we can find much light upon the state of the 
subject when he took it up; but we have another source of informa- 
tion in Aristotle. Fortunately for the historian of mathematics, 
Aristotle was fond of mathematical illustrations ; he refers to a con- 
siderable number of geometrical propositions, definitions etc., in a 
way which shows that his pupils must have had at hand some text- 
book where they could find the things he mentions; and this text-book 
must have been that of Theudius. Heiberg has made a most valuable 
collection of mathematical extracts from Aristotle’, from which much 
is to be gathered as to the changes which Euclid made in the methods 
of his predecessors ; and these passages, as well as others not included 
in Heiberg’s selection, will often be referred to in the sequel. 


§ 3. FIRST PRINCIPLES: DEFINITIONS, POSTULATES, 
AND AXIOMS. 


On no part of the subject does Aristotle give more valuable 
information than on that of the first principles as, doubtless, generally 
accepted at the time when he wrote. One long passage in the 
Posterior Analytics is particularly full and lucid, and is worth quoting 
im extenso. After laying it down that every demonstrative science 
starts from necessary principles‘, he proceeds® : 

“ By first principles in each genus I mean those the truth of which 
it is not possible to prove. What is denoted by the first (terms) and 
those derived from them is assumed; but, as regards their exsstence, 
this must be assumed for the principles but proved for the rest. Thus 
what a unit is, what the straight (line) is, or what a triangle is (must 
be assumed); and the existence of the unit and of magnitude must 
also be assumed, but the rest must be proved. Now of the premisses 
used in demonstrative sciences some are peculiar to each science and 
others common (to all), the latter being common by analogy, for of 
course they are actually useful in so far as they are applied to the sub- 
ject-matter included under the particular science. Instances of first 


! Proclus, p. 67, 14 «al yàp rà orowyeia xadds avvéra£ev xal woXAà. TOv uepucór (Opuv (?) 
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principles peculiar to a science are the assumptions that a line is of 
such and such a character, and similarly for the straight (line); whereas 
it is a common principle, for instance, that, if equals be subtracted 
from equals, the remainders are equal. But it is enough that each of 
the common principles is true so far as regards the particular genus 
(subject-matter); for (in geometry) the effect will be the same even if 
the common principle be assumed to be true, not of everything, but 
only of magnitudes, and, in arithmetic, of numbers. 

“ Now the things peculiar to the science, the existence of which 
must be assumed, are the things with reference to which the science 
investigates the essential attributes, e.g. arithmetic with reference to 
units, and geometry with reference to points and lines. With these 
things it is assumed that they exist and that they are of such and 
such a nature. But, with regard to their essential properties, what is 
assumed is only the meaning of each term employed: thus arithmetic 
assumes the answer to the question what is (meant by) ‘odd’ or 
‘even, ‘a square’ or ‘a cube, and geometry to the question 
what is (meant by) ‘the irrational’ or ‘deflection’ or (the so-called) 
‘verging’ (to a point); but that there are such things is proved by 
means of the common principles and of what has already been 
demonstrated. Similarly with astronomy. For every demonstrative 
science has to do with three things, (1) the things which are assumed 
to exist, namely the genus (subject-matter) in each case, the essential 
properties of which the science investigates, (2) the common axioms 
so-called, which are the primary source of demonstration, and (3) the 
properties with regard to which all that is assumed is the meaning of 
the respective terms used. There is, however, no reason why some 
sciences should not omit to speak of one or other of these things. 
Thus there need not be any supposition as to the existence of the 
genus, if it is manifest that it exists (for it is not equally clear that 
number exists and that cold and hot exist); and, with regard to the 
properties, there need be no assumption as to the meaning of terms if 
it is clear: just as in the common (axioms) there is no assumption as 
to what is the meaning of subtracting equals from equals, because it is 
well known. But none the less is it true that there are three things 
naturally distinct, the subject-matter of the proof, the things proved, 
and the (axioms) from which (the proof starts). 

“Now that which is fer se necessarily true, and must necessarily be 
thought so, is not a hypothesis nor yet a postulate. For demon- 
stration has not to do with reasoning from outside but with the 
reason dwelling in the soul, just as is the case with the syllogism. 
It is always possible to raise objection to reasoning from outside, 
but to contradict the reason within us is not always possible. Now 
anything that the teacher assumes, though it is matter of proof, 
without proving it himself, is a hypothesis if the thing assumed is 
believed by the learner, and it is moreover a hypothesis, not abso- 
lutely, but relatively to the particular pupil; but, if the same thing 
is assumed when the learner either has no opinion on the subject 
or is of a contrary opinion. it is a postulate. This is the difference 
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between a hypothesis and a postulate; for a postulate is that which 
is rather contrary than otherwise to the opinion of the learner, or 
whatever is assumed and used without being proved, although matter 
for demonstration. Now definitions are not hypotheses, for they do 
not assert the existence or non-existence of anything, while hypotheses 
are among propositions. Definitions only require to be understood : 
a definition is therefore not a hypothesis, unless indeed it be asserted 
that any audible speech is a hypothesis. A hypothesis is that from 
the truth of which, if assumed, a conclusion can be established. Nor 
are the geometer's hypotheses false, as some have said : I mean those 
who say that ‘you should not make use of what is false, and yet the 
geometer falsely calls the line which he has drawn a foot long when 
it is not, or straight when it is not straight. The geometer bases no 
conclusion on the particular line which he has drawn being that which 
he has described, but (he refers to) what is /ustrated by the figures. 
Further, the postulate and every hypothesis are either universal or 
particular statements; definitions are neither" (because the subject 
is of equal extent with what is predicated of it). 

Every demonstrative science, says Aristotle, must start from in- 
demonstrable principles: otherwise, the steps of demonstration would 
be endless. Of these indemonstrable principles some are (a) common 
to all sciences, others are (5) particular, or peculiar to the particular 
science ; (a) the common principles are the axioms, most commonly 
illustrated by the axiom that, if equals be subtracted from equals, the 
remainders are equal. Coming now to (b) the principles peculiar to 
the particular science which must be assumed, we have first the genus 
or subject-matter, the eristence of which must be assumed, viz. magni- 
tude in the case of geometry, the unit in the case of arithmetic. Under 
this we must assume definitions of manifestations or attributes of the 
genus, e.g. straight lines, triangles, deflection etc. The definition in 
itself says nothing as to the existence of the thing defined: it only 
requires to be understood. But in geometry, in addition to the genus 
and the definitions, we have to assume the extstence of a few primary 
things which are defined, viz. points and lines only: the existence 
of everything else, eg. the various figures made up of these, as 
triangles, squares, tangents, and their properties, e.g. incommensur- 
ability etc., has to be proved (as it is proved by construction and 
demonstration). In arithmetic we assume the eristence of the unit: 
but, as regards the rest, only the definitions, e.g. those of odd, even, 
square, cube, are assumed, and existence has to be proved. We have then 
clearly distinguished, among the indemonstrable principles, axzoms 
and definitions. A postulate is also distinguished from a hypothests, 
the latter being made with the assent of the learner, the former 
without such assent or even in opposition to his opinion (though, 
strangely enough, immediately after saying this, Aristotle gives a 
wider meaning to “postulate” which would cover “hypothesis” as well, 
namely whatever is assumed, though it is matter for proof, and used 
without being proved). Heiberg remarks that there is no trace in 
Aristotle of Euclid’s Postulates, and that “ postulate” in Aristotle has 
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a different meaning. He seems to base this on the alternative 
description of postulate, indistinguishable from a hypothesis; but, 
if we take the other description in which it is distinguished from a 
hypothesis as being an assumption of something which is a proper 
subject of demonstration without the assent or against the opinion of 
the learner, it seems to fit Euclid's Postulates fairly well, not only the 
first three (postulating three constructions), but eminently also the other 
two, that all right angles are equal, and that two straight lines meeting 
a third and making the internal angles on the same side of it less than 
two right angles will meet on that side. Aristotle's description also 
seems to me to suit the “ postulates” with which Archimedes begins 
his book Ox the equilibrium of planes, namely that equal weights balance 
at equal distances, and that equal weights at unequal distances do not 
balance but that the weight at the longer distance will prevail. 

Aristotle’s distinction also between Aypothesis and definition, and 
between Aypothests and axiom, is clear from the following passage: 
" Among immediate syllogistic principles, I call that a ¢heszs which- 
it is neither possible to prove nor essential for any one to hold who 
is to learn anything; but that which it is necessary for any one to 
hold who is to learn anything whatever is an axiom: for there are 
some principles of this kind, and that is the most usual name by 
which we speak of them. But, of /Zeses, one kind is that which 
assumes one or other side of a predication, as, for instance, that 
something exists or does not exist, and this is a AypotAesizs ; the other, 
which makes no such assumption, is a definition. For a definition is 
a thesis: thus the arithmetician posits (té@erac) that a unit is that 
which is indivisible in respect of quantity; but this is not a hypo- 
thesis, since what is meant by a unit and the fact that a unit exists 
are different things.” 

Aristotle uses as an alternative term for axioms “common (things),” 
Ta Kkowd, or "common opinions" (xouwal &d£ar), as in the following 
passages. “That, when equals are taken from equals, the remainders 
are equal is (a) common (principle) in the case of all quantities, but 
mathematics takes a separate department (a7roAafovea) and directs its 
investigation to some portion of its proper subject-matter, as e.g. lines 
or angles, numbers, or any of the other quantities?" “The common 
(principles), e.g. that one of two contradictories must be true, that 
equals taken from equals etc., and the like?...." * With regard to the 
principles of demonstration, it is questionable whether they belong to 
one science or to several. By principles of demonstration I mean the 
common opinions from which all demonstration proceeds, e.g. that one 
of two contradictories must be true, and that it is impossible for the 
same thing to be and not be*" Similarly “every demonstrative 
(science) investigates, with regard to some subject-matter, the essential 
attributes, starting from the common opinions.” We have then here, 
as Heiberg says, a sufficient explanation of Euclid’s term for axioms, 
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viz. common notions (kowa, évvorac), and there is no reason to suppose 
it to be a substitution for the original term due to the Stoics: cf. 
Proclus’ remark that, according to Aristotle and the geotmeters, axiom 
and common notion are the same thing’. 

Aristotle discusses the zxdemonstrable character of the axioms 
in the Metaphysics. Since “all the demonstrative sciences use the 
axioms?,” the question arises, to what science does their discussion 
belong’? The answer is that, like that of Being (ovcia), it is the 
province of the (first) philosopher‘, It is impossible that there should 
be demonstration of everything, as there would be an infinite series of 
demonstrations: if the axioms were the subject of a demonstrative 
science, there would have to be here too, as in other demonstrative 
sciences, a sudject-genus, its attributes and corresponding artoms®; thus 
there would be axioms behind axioms, and so on continually. The 
axiom is the most firmly established of all principles’. Itis ignorance 
alone that could lead any one to try to prove the axioms’; the supposed 
proof would be a petitio principiiſ. If it is admitted that not every- 
thing can be proved, no one can point to any principle more truly 
indemonstrable*. If any one thought he could prove them, he could 
at once be refuted; if he did not attempt to say anything, it would 
be ridiculous to argue with him: he would be no better than a 
vegetable”. The first condition of the possibility of any argument 
whatever is that words should signify something both to the speaker 
and to the hearer: without this there can be no reasoning with any one. 
And, if any one admits that words can mean anything to both hearer 
and speaker, he admits that something can be true without demon- 
stration. And so on™. 

It was necessary to give some sketch of Aristotle’s view of the 
first principles, if only in connexion with Proclus’ account, which is 
as follows. As in the case of other sciences, so “the compiler of 
elements in geometry must give separately the principles of the 
science, and after that the conclusions from those principles, not 
giving any account of the principles but only of their consequences. 
No science proves its own principles, or even discourses about them : 
they are treated as self-evident....Thus the first essential was to dis- 
tinguish the principles from their consequences. Euclid carries out 
this plan practically in every book and, as a preliminary to the whole 
enquiry, sets out the common principles of this science. Then he 
divides the common principles themselves into Aypotheses, postulates, 
and axioms. For all these are different from one another: an axiom, 
a postulate and a hypothesis are not the same thing, as the inspired 
Aristotle somewhere says. But, whenever that which is assumed and 
ranked as a principle is both known to the learner and convincing in 
itself, such a thing is an artom, e.g. the statement that things which 
are equal to the same thing are also equal to one another. When, on 
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the other hand, the pupil has not the notion of what is told him 
which carries conviction in itself, but nevertheless lays it down and 
assents to its being assumed, such an assumption is a Aypothests. 
Thus we do not preconceive by virtue of a common notion, and 
without being taught, that the circle is such and such a figure, but, 
when we are told so, we assent without demonstration. When again 
what is asserted is both unknown and assumed even without the 
assent of the learner, then, he says, we call this a postulate, e.g. that 
all right angles are equal. This view of a postulate is clearly implied 
by those who have made a special and systematic attempt to show, 
with regard to one of the postulates, that it cannot be assented to by 
any one straight off. According then to the teaching of Aristotle, an 
axiom, a postulate and a hypothesis are thus distinguished!" 

We observe, first, that Proclus in this passage confuses Aypotheses 
and definitions, although Aristotle had made the distinction quite 
plain. The confusion may be due to his having in his mind a passage 
of Plato from which he evidently got the phrase about “not giving 
an account of" the principles. The passage is?: “I think you know 
that those who treat of geometries and calculations (arithmetic) and 
such things take for granted (v7oÜOéuevo:)) odd and even, figures, 
angles of three kinds, and other things akin to these in each subject, 
implying that they know these things, and, though using them as 
hypotheses, do not even condescend to give any account of them 
either to themselves or to others, but begin from these things and 
then go through everything else in order, arriving ultimately, by 
recognised methods, at the conclusion which they started in search 
of.” But the hypothesis is here the assumption, e.g. ‘that there may 
be such a thing as length without breadth, henceforward called a line*, 
and so on, without any attempt to show that there is such a thing ; 
it is mentioned in connexion with the distinction between Plato's 
‘superior’ and ‘inferior’ intellectual method, the former of which 
uses successive hypotheses as stepping-stones by which it mounts 
upwards to the idea of Good. 

We pass now to Proclus’ account of the difference between postu- 
lates and axtoms. He begins with the view of Geminus, according 
to which “they differ from one another in the same way as theorems 
are also distinguished from problems. For, as in theorems we propose 
to see and determine what follows on the premisses, while in problems 
we are told to find and do something, in like manner in the arioms 
such things are assumed as are manifest of themselves and easily 
apprehended by our untaught notions, while in the postulates we 
assume such things as are easy to find and effect (our understanding 
suffering no strain in their assumption), and we require no complication 
of machinery*"...* Both must have the characteristic of being simple 
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and readily grasped, I mean both the postulate and the axiom; but 
the postulate bids us contrive and find some subject-matter (ČA) to 
exhibit a property simple and easily grasped, while the axiom bids us 
assert some essential attribute which is self-evident to the learner, 
just as is the fact that fire is hot, or any of the most obvious things!" 

Again, says Proclus, “some claim that all these things are alike 
postulates, in the same way as some inaintain that all things that are 
sought are problems. For Archimedes begins his first book on /#- 
equilibrium? with the remark ‘I postulate that equal weights at equal 
distances are in equilibrium, though one would rather call this an 
axiom. Others call them all axioms in the same way as some regard 
as theorems everything that requires demonstration®.” 

* Others again will say that postulates are peculiar to geometrical 
subject-matter, while axioms are common to all investigation which 
is concerned with quantity and magnitude. Thus it is the geometer 
who knows that all right angles are equal and how to produce in 
a straight line any limited straight line, whereas it is a common notion 
that things which are equal to the same thing are also equal to one 
another, and it is employed by the arithmetician and any scientific 
person who adapts the general statement to his own subject*" 

The third view of the distinction between a postulate and an axiom 
is that of Aristotle above described’. 

The difficulties in the way of reconciling Euclid’s classification 
of postulates and axioms with any one of the three alternative views 
are next dwelt upon. If we accept the first view according to which 
an axiom has reference to something known, and a postulate to 
something done, then the 4th postulate (that all right angles are 
equal) is not a postulate; neither is the 5th which states that, if a 
straight line falling on two straight lines makes the interior angles 
on the same side less than two right angles, the straight lines, if 
produced indefinitely, will meet on that side on which are the angles 
less than two right angles. On the second view, the assumption that 
two straight lines cannot enclose a space, “which even now,” says 
Proclus, “some add as an axiom,’ and which is peculiar to the 
subject-matter of geometry, like the fact that all right angles are 
equal, is not an axiom. According to the third (Aristotelian) view, 
“everything which is confirmed (aeorodras) by a sort of demonstration 


spiral requiring more complex machinery and even the equilateral triangle needing a certain 
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will be a postulate, and what is incapable of proof will be an axiom?” 
This last statement of Proclus is loose, as regards the axiom, because 
it omits Aristotle’s requirement that the axiom should be a self- 
evident truth, and one that must be admitted by any one who is to 
learn anything at all, and, as regards the postulate, because Aristotle 
calls a postulate something assumed without proof though it is 
“matter of demonstration" (ázoóeuràóv dv), but says nothing of a 
guast-demonstration of the postulates. On the whole I think it is 
from Aristotle that we get the best idea of what Euclid understood 
by a postulate and an axiom or common notion. Thus Aristotle's 
account of an axiom as a principle common to all sciences, which is 
self-evident, though incapable of proof, agrees sufficiently with the 
contents of Euclid's common notions as reduced to five in the most 
recent text (not omitting the fourth, that “things which coincide are 
equal to one another”). As regards the postulates, it must be borne 
in mind that Aristotle says elsewhere? that, “other things being equal, 
that proof is the better which proceeds from the fewer postulates or 
hypotheses or propositions.” If then we say that a geometer must 
lay down as principles, first certain axioms or common notions, and 
then an zrreducible minimum of postulates in the Aristotelian sense 
concerned only with the subject-matter of geometry, we are not far 
from describing what Euclid in fact does. As regards the postulates 
we may imagine him saying: “ Besides the common notions there are 
a few other things which I must assume without proof, but which 
differ from the common notions in that they are not self-evident. 
The learner may or may not be disposed to agree to them; but he 
must accept them at the outset on the superior authority of his 
teacher, and must be left to convince himself of their truth in the 
course of the investigation which follows. In the first place certain 
simple constructions, the drawing and producing of a straight line, 
and the drawing of a circle, must be assumed to be possible, and with 
the constructions the existence of such things as straight lines and 
circles; and besides this we must lay down some postulate to form 
the basis of the theory of parallels.” It is true that the admission of 
the 4th postulate that all right angles are equal still presents a 
difficulty to which we shall have to recur. 

There is of course no foundation for the idea, which has found 
its way into many text-books, that “the object of the postulates is to 
declare that the only instruments the use of which is permitted in 
geometry are the rule and compass?” 


§ 4 THEOREMS AND PROBLEMS. 


“Again the deductions from the first principles,” says Proclus, 
“are divided into problems and theorems, the former embracing the 
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generation, division, subtraction or addition of figures, and generally 
the changes which are brought about in them, the latter exhibiting 
the essential attributes of each!" 

“Now, of the ancients, some, like Speusippus and Amphinomus, 
thought proper to call them al] theorems, regarding the name of 
theorems as more appropriate than that of problems to theoretic 
sciences, especially as these deal with eternal objects. For there is 
no becoming in things eternal, so that neither could the problem 
have any place with them, since it promises the generation and 
making of what has not before existed, e.g. the construction of an 
equilateral triangle, or the describing of a square on a given straight 
line, or the placing of a straight line at a given point. Hence they 
say it is better to assert that all (propositions) are of the same kind, 
and that we regard the generation that takes place in them as 
referring not to actual making but to knowledge, when we treat things 
existing eternally as if they were subject to becoming: in other words, 
we may say that everything is treated by way of theorem and not 
by way of problem? (mávra Oewpnuatinws àXX' ov TpoBXnuaTucds 
NapPavec bar). 

“Others on the contrary, like the mathematicians of the school 
of Menaechmus, thought it right to call them all problems, describing 
their purpose as twofold, namely in some cases to furnish (Topí- 
caca.) the thing sought, in others to take a determinate object 
and see either what it is, or of what nature, or what is its property, 
or in what relations it stands to something else. 

*[n reality both assertions are correct.  Speusippus is right 
because the problems of geometry are not like those of mechanics, 
the latter being matters of sense and exhibiting becoming and change 
of every sort. The school of Menaechmus are right also because the 
discoveries even of theorems do not arise without an issuing-forth 
into matter, by which I mean intelligible matter. Thus forms going 
out into matter and giving it shape may fairly be said to be like 
processes of becoming. For we say that the motion of our thought 
and the throwing-out of the forms in it is what produces the figures 
in the imagination and the conditions subsisting in them. It is in 
the imagination that constructions, divisions, placings, applications, 
additions and subtractions (take place), but everything in the mind is 
fixed and immune from becoming and from every sort of change*." 

“ Now those who distinguish the theorem from the problem say 
that every problem implies the possibility, not only of that which is 
predicated of its subject-matter, but also of its opposite, whereas 
every theorem implies the possibility of the thing predicated but not 
of its opposite as well. By the subject-matter I mean the genus 
which is the subject of inquiry, for example, a triangle or a square 
or a circle, and by the property predicated the essential attribute, 
as equality, section, position, and the like. When then any one 
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enunciates thus, To inscribe an equilateral triangle in a circle, he states 
a problem; for it is also possible to inscribe in it a triangle which 
is not equilateral. Again, if we take the enunciation On a given 
limited straight line to construct an equilateral triangle, this is a 
problem; for it is possible also to construct one which is not equi- 
lateral. But, when any one enunciates that /n isosceles triangles the 
angles at the base are equal, we must say that he enunciates a theorem ; 
for it is not also possible that the angles at the base of isosceles 
triangles should be unequal. It follows that, if any one were to use 
the form of a problem and say /” @ semicircle to describe a right angle, 
he would be set down as no geometer. For every angle in a semi- 
circle is right?.” 

“ Zenodotus, who belonged to the succession of Oenopides, but 
was a disciple of Andron, distinguished the theorem from the problem 
by the fact that the theorem inquires what is the property predicated 
of the subject-matter in it, but the problem what is the cause of what 
effect (rivos dvros ri stv). Hence too Posidonius defined the one 
(the problem) as a proposition in which it is inquired whether a thing 
exists or not (e¢ éorcy 7 xn), the other (the theorem?) as a proposition 
in which it is inquired what (a thing) is or of what nature (ri otw ù 
Toiov TL); and he said that the theoretic proposition must be put in a 
declaratory form, e.g., Any triangle has two sides (together) greater than 
the remaining side and /n any isosceles triangle the angles at the base 
are equal, but that we should state the problematic proposition as if 
inquiring whether it is possible to construct an equilateral triangle 
upon such and such a straight line. For there is a difference between 
inquiring absolutely and indeterminately (daA@s te xai aoplotws) 
whether there exists a straight line from such and such a point at 
right angles to such and such a straight line and investigating which 
is the straight line at right angles:*." 

“That there is a certain difference between the problem and the 
theorem is clear from what has been said ; and that the Elements of 
Euclid contain partly problems and partly theorems will be made 
manifest by the individual propositions, where Euclid himself adds at 
the end of what is proved in them, in some cases, ‘that which it was 
required to do, and in others, ‘that which it was required to prove,’ 
the latter expression being regarded as characteristic of theorems, in 
spite of the fact that, as we have said, demonstration is found in 
problems also. In problems, however, even the demonstration is for 
the purpose of (confirming) the construction: for wé bring in the 
demonstration in order to show that what was enjoined has been 
done ; whereas in theorems the demonstration is worthy of study for 
its own sake as being capable of putting before us the nature of the 
thing sought. And you will find that Euclid sometimes interweaves 
theorems with problems and employs them in turn, as in the first 


1 Proclus, pp. 79, 11—80, 8. 

2 In the text we have rà 8¢ rpd8Anua answering to 7d wey without substantive : vpóAnyua 
was obviously inserted in error. 

3 Proclus, pp. 8o, 15—8r1, 4. 
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book, while at other times he makes one or other preponderate. 
For the fourth book consists wholly of problems, and the fifth of 
theorems?.” 

Again, in his note on Eucl. I. 4, Proclus says that Carpus, the 
writer on mechanics, raised the question of theorems and problems in 
his treatise on astronomy.  Carpus, we are told, “says that the class 
of problems is in order prior to theorems. For the subjects, the 
properties of which are sought, are discovered by means of problems. 
Moreover in a problem the enunciation is simple and requires no 
skilled intelligence; it orders you plainly to do such and such a 
thing, 4o construct an equilateral triangle, or, given two straight lines, to 
cut off from the greater (a straight line) equal to the lesser, and what is 
there obscure or elaborate in these things? But the enunciation of a 
theorem is a matter of labour and requires much exactness and 
scientific judgment in order that it may not turn out to exceed or 
fall short of the truth; an example is found even in this proposition 
(1. 4), the first of the theorems. Again, in the case of problems, one 
general way has been discovered, that of analysis, by following which 
we can always hope to succeed ; it is this method by which the more 
obscure problems are investigated. But, in the case of theorems, the 
method of setting about them is hard to get hold of since ‘up to our 
time,’ says Carpus, ‘no one has been able to hand down a general 
method for their discovery. Hence, by reason of their easiness, the 
class of problems would naturally be more simple.’ After these 
distinctions, he proceeds: ‘Hence it is that in the Elements too 
problems precede theorems, and the Elements begin from them; the 
first theorem is fourth in order, not because the fifth? is proved from 
the problems, but because, even if it needs tor its demonstration none 
of the propositions which precede it, it was necessary that they should 
be first because they are problems, while it is a theorem. In fact, in 
this theorem he uses the common notions exclusively, and in some 
sort takes the same triangle placed in different positions; the 
coincidence and the equality proved thereby depend entirely upon 
sensible and distinct apprehension. Nevertheless, though the demon- 
stration of the first theorem is of this character, the problems properly 
preceded it, because in general problems are allotted the order of 
precedence*."" 

Proclus himself explains the position of Prop. 4 after Props. 1—3 
as due to the fact that a theorem about the essential properties of 
triangles ought not to be introduced before we know that such a 
thing as a triangle can be constructed, nor a theorem about the 
equality of sides or straight lines until we have shown, by constructing 
them, that there can be two straight lines which are equal to one 
another* It is plausible enough to argue in this way that Props. 2 
and 3 at all events should precede Prop. 4. And Prop. I is used in 


! Proclus, p. 81, $—23. 

27d wéurrov. This should apparently be the fourth because in the next words it is 
implied that none of the first three propositions are required in proving it. 

3 Proclus, pp. 241, 19—343, I1. 4 ibid. Pp. 233, 131—234, 6. 
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Prop. 2, and must therefore precede it. But Prop. 1 showing how to 
construct an eguz/ateral triangle on a given base is not important, in 
relation to Prop. 4, as dealing with the “production of triangles” in 
general : for it is of no use to say, as Proclus does, that the construc- 
tion of the equilateral triangle is “common to the three species (of 
triangles)!” as we are not in a position to know this at such an early 
stage. The existence of triangles in general was doubtless assumed as 
following from the existence of straight lines and points in one plane 
and from the possibility of drawing a straight line from one point to 
another. 

Proclus does not however seem to reject definitely the view of 
Carpus, for he goes on?: “ And perhaps problems are in order before 
theorems, and especially for those who need to ascend from the arts 
which are concerned with things of sense to theoretical investigation. 
But in dignity theorems are prior to problems....It is then foolish to 
blame Geminus for saying that the theorem is more perfect than the 
problem. For Carpus himself gave the priority to problems in respect 
of order, and Geminus to theorems in point of more perfect dignity,” 
so that there was no real inconsistency between the two. 

Problems were classified according to the number of their possible 
solutions. Amphinomus said that those which had a unique solution 
(wovayas) were called “ordered” (the word has dropped out in 
Proclus, but it must be rerayyéva, in contrast to the third kind, 
ataxra); those which had a definite number of solutions “ inter- 
mediate " (uéca); and those with an infinite variety of solutions “un- 
ordered" (draxra)'. Proclus gives as an example of the last the 
problem To divide a given straight line into three parts in continued 
proportion’, This is the same thing as solving the equations ++y+z=a, 
xz=y*. Proclus’ remarks upon the problem show that it was solved, 
like all quadratic equations, by the method of “application of areas." 
The straight line @ was first divided into any two parts, (x 4- z) and y, 
subject to the sole limitation that (7 +2) must not be less than 2y, 
which limitation is the d:opscpos, or condition of possibility. Then 
an area was applied to (x 4-z), or (a — y), falling short by a square 
Jigure" (éXXetrrov eióev Terpa-yóvq) and equal to the square on y. This 
determines x and z separately in terms of a and y. For, if z be the 
side of the square by which the area (i.e. rectangle) “falls short,” we 
have ((a —7)—2] 2 2 ?, whence 222 (a —y) t /((a — 9» — 4»). And 
y may be chosen arbitrarily, provided that it is not greater than a/3. 
Hence there are an infinite number of solutions. If y — 2/3, then, as 
Proclus remarks, the three parts are equal. 

Other distinctions between different kinds of problems are added 
by Proclus. The word “problem,” he says, is used in several senses. 
In its widest sense it may mean anything “propounded” (aporeuye- 
pevov), whether for the purpose of instruction (uaĝnoews) or construc- 
tion (7rovjcews). (In this sense, therefore, it would include a theorem.) 


! Proclus, p. 234, 21. 2 ibid. p. 243, 12—25. 
3 ibid. p. 220, 7—12. * ibid. pp. 220, 16—211, 6. 
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But its special sense in mathematics is that of something “propounded 
with a view to a theoretic construction!." 

Again you may apply the term (in this restricted sense) even to 
something which is impossible, although it is more appropriately used 
of what is possible and neither asks too much nor contains too little in 
the shape of data. According as a problem has one or other of these 
defects respectively, it is called (1) a problem zz excess (vrXeovátov) or 
(2) a deficient problem (€AXcrés mpoBAnua). The problem 7” excess 
(1) is of two kinds, (2) a problem in which the properties of the 
figure to be found are either inconsistent (acvpBara) or non-existent 
(AvvapxTa), in which case the problem is called impossible, or (2) a 
problem in which the enunciation is merely redundant: an example 
of this would be a problem requiring us to construct an equilateral 
triangle with its vertical angle equal to two-thirds of a right angle; 
such a problem is possible and is called “more than a problem” (petfov 
7? TpofXoua) The deficient problem (2) is similarly called “less than 
a problem" (éXaceov 7j mpóBgXn»ua), its characteristic being that 
something has to be added to the enunciation in order to convert it 
from indeterminateness (dopia ría) to order (ra£«) and scientific deter- 
minateness (dpos émi.oT9uovik0c): such would be a problem bidding 
you *to construct an isosceles triangle," for the varieties of isosceles 
triangles are unlimited. Such “problems” are not problems in the 
proper sense (xupiws Acyoueva mpofAnpara), but only equivocally® 


$5. THE FORMAL DIVISIONS OF A PROPOSITION. 


“Every problem,” says Proclus’, “and every theorem which is 
complete with all its parts perfect purports to contain in itself all of 
the following elements: enunciation (7póraats), setting-out (éxOeaus), 
definition or specification (ĉeopiopós), construction or machinery 
(xatacKeun), proof (dmodeks), conclusion (cvuumépaeua) Now of 
these the enunciation states what is given and what is that which is 
sought, the perfect enunciation consisting of both these parts. The 
setting-out marks off what is given, by itself, and adapts it before- 
hand for use in the investigation. The definition or specification 
states separately and makes clear what the particular thing is which 
is sought. The construction or machinery adds what is wanting to the 
datum for the purpose of finding what is sought. . The proof draws 
the required inference by reasoning scientifically from acknowledged 
facts. The conclusion reverts again to the enunciation, confirming 
what has been demonstrated. These are all the parts of problems 
and theorems, but the most essential and those which are found in all 
are enunciation, proof, conclusion. For it is equally necessary to know 
beforehand what is sought, to prove this by means of the intermediate 
steps, and to state the proved fact as a conclusion; it is impossible 
to dispense with any of these three things. The remaining parts 
are often brought in, but are often left out as serving no purpose. 


1 Proclus, p. 221, 7—'1. 2 ibid. pp. 221, 13—322, 14. 
3 ibid. pp. 303, 1—204, 13 ; 204, 23— 05, 8. 
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Thus there is neither setting-out nor definition in the problem of 
constructing an isosceles triangle having each of the angles at the 
base double of the remaining angle, and in most theorems there 
is no construction because the setting-out suffices without any addition 
for proving the required property from the data. When then do 
we say that the setting-out is wanting? The answer is, when there 
is nothing given in the enunctation; for, though the enunciation is 
in general divided into what is given and what is sought, this 
is not always the case, but sometimes it states only what is sought, 
ie. what must be known or found, as in the case of the problem 
just mentioned. That problem does not, in fact, state beforehand 
with what datum we are to construct the isosceles triangle having 
each of the equal angles double of the remaining angle, but (simply) 
that we are to find such a triangle.... When, then, the enuncia- 
tion contains both (what is given and what is sought), in that case 
we find both definition and setting-out, but, whenever the datum 
is wanting, they too are wanting. For not only is the setting-out 
concerned with the datum, but so is the definition also, as, in the 
absence of the datum, the definition will be identical with the 
enunciation. In fact, what could you say in defining the object of 
the aforesaid problem except that it is required to find an isosceles 
triangle of the kind referred to? But that is what the enunciation 
stated. If then the enunciation does not include, on the one hand, 
what is given and, on the other, what is sought, there is no setting-out 
in virtue of there being no datum, and the definition is left out in 
order to avoid a mere repetition of the enunciation.” 

The constituent parts of an Euclidean proposition will be readily 
identified by means of the above description. As regards the def- 
nition or specification (S:opicpuos) it is to be observed that we have 
here only one of its uses. Here it means a closer definition or descrip- 
tion of the object aimed at, by means of the concrete lines or figures 
set out in the éx@eous instead of the general terms used in the enun- 
ciation ; and its purpose is to rivet the attention better, as Proclus 
indicates in a later passage (TrpóTov Twwà Tpoceyeías éoriv aitios 6 
Svopiapos)’. 

The other technical use of the word to signify the limitations to 
which the possible solutions of a problem are subject is also described 
by Proclus, who speaks of dcopsopoi determining “whether what is 
sought is impossible or possible, and how far it is practicable and in 
how many ways*”; and the dcopiopos in this sense appears in Euclid 
as well as in Archimedes and Apollonius. Thus we have in Eucl. I. 
22 the enunciation “From three straight lines which are equal to 
three given straight lines to construct a triangle,” followed imme- 
diately by the /imiting condition (Svopiopes). “Thus two of the 
straight lines taken together in any manner must be greater than the 
remaining one" Similarly in vi. 28 the enunciation “To a given 
straight line to apply a parallelogram equal to a given rectilineal 


1 Proclus, p. 208, 21. 3 ibid. p. 201, 3. 
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figure and falling short by a parallelogrammic figure similar to a 
given one” is at once followed by the necessary condition of possi- 
bility: “Thus the given rectilineal figure must not be greater than 
that described on half the line and similar to the defect.” 

Tannery supposed that, in giving the other description of the 
copio pós as quoted above, Proclus, or rather his guide, was using the 
term incorrectly. The Scopsopos in the better known sense of the 
determination of limits or conditions of possibility was, we are told, 
invented by Leon. Pappus uses the word in this sense only. The 
other use of the term might, Tannery thought, be due to a confusion 
occasioned by the use of the same words (ôe? 57) in introducing the 
parts of a proposition corresponding to the two meanings of the word 
deoptopos!. On the other hand it is to be observed that Eutocius 
distinguishes clearly between the two uses and implies that the differ- 
ence was well known?. The ó$piopos in the sense of condition of 
possibility follows immediately on the enunciation, is even part of it ; 
the dcopsouos in the other sense of course comes immediately after the 
setting-out. 

Proclus has a useful observation respecting the conclusion of a 
proposition’. “The conclusion they are accustomed to make double 
in a certain way: I mean, by proving it in the given case and then 
drawing a general inference, passing, that is, from the partial con- 
clusion to the general. For, inasmuch as they do not make use of 
the individuality of the subjects taken, but only draw an angle or a 
straight line with a view to placing the datum before our eyes, they 
consider that this same fact which is established in the case of the 
particular figure constitutes a conclusion true of every other figure of 
the same kind. They pass accordingly to the general in order that 
we may not conceive the conclusion to be partial. And they are 
justified in so passing, since they use for the demonstration the par- 
ticular things set out, not gud particulars, but gud typical of the rest. 
For it is not in virtue of such and such a size attaching to the angle 
which is set out that I effect the bisection of it, but in virtue of its 
being rectilineal and nothing more. Such and such size is peculiar to 
the angle set out, but its quality of being rectilineal is common to all 
rectilineal angles. Suppose, for example, that the given angle is a 
right angle. If then I had employed in the proof the fact of its being 
right, | should not have been able to pass to every species of recti- 
lineal angle; but, if I make no use of its being right, and only consider 
it as rectilineal, the argument will equally apply to rectilineal angles 
in general." 


! La Géométrie grecque, p. 149 note. Where de? 8%) introduces the closer description of 
the problem we may translate, **it is then required" or **thus it is required" (to construct etc.): 
when it introduces the condition of possibility we may translate ‘‘thus it is necessary etc.” 
Heiberg originally wrote óei à& in the latter sense in 1. 22 on the authority of Proclus and 
Eutocius, and against that of the Mss. Later, on the occasion of XI. 23, he observed that he 
should have followed the Mss. and written de? 37 which he found to be, after all, the right 
reading in Eutocius (Apollonius, ed. Heiberg, 11. p. 178). det 34 is also the expression used 
by Diophantus for introducing conditions of possibility. 

2 See the passage of Eutocius referred to in last note. 3 Proclus, p. 207, 4—25. 
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$6 OTHER TECHNICAL TERMS. 


I. Things said to be given. 

Proclus attaches to his description of the formal divisions of a 
proposition an explanation of the different senses in which the word 
given or datum (8c8ouévov) is used in geometry. “Everything that is 
given is given in one or other of the following ways, in position, in 
"atio, tn magnitude, or in species. The point is given in position only, 
but a line and the rest may be given in all the senses." 

The illustrations which Proclus gives of the four senses in which a 
thing may be given are not altogether happy, and, as regards things 
which are given 2” posttion, in magnitude, and in species, it is best, I 
think, to follow the definitions given by Euclid himself in his book of 
Data, Euclid does not mention the fourth class, things given 22 ratio, 
nor apparently do any of the great geometers. 

(1) Given in position really needs no definition; and, when Euclid 
says (Data, Def. 4) that “ Points, lines and angles are said to be given 
in position which always occupy the same place," we are not really 
the wiser. 

(2) Given in magnitude is defined thus (Data, Def. 1): “ Areas, 
lines and angles are called given in magnitude to which we can find 
equals." Proclus’ illustration is in this case the following: when, he 
says, two unequal straight lines are given from the greater of which 
we have to cut off a straight line equal to the lesser, the straight lines 
are obviously given in magnitude, “for greater and less, and finite 
and infinite are predications peculiar to magnitude.” But he does not 
explain that part of the implication of the term is that a thing is given 
in magnitude oz/y, and that, for example, its position is not given and 
is a matter of indifference 

(3) Given in species.  Euclid's definition (Data, Def. 3) is: 
* Rectilineal figures are said to be given in spectes in which the angles 
are severally given and the ratios of the sides to one another are 
given.” And this is the recognised use of the term (cf. Pappus, 
passim) Proclus uses the term in a much wider sense for which I am 
not aware of any authority. Thus, he says, when we speak of (bisect- 
ing) a given rectilineal angle, the angle is given in species by the word 
rectiltneal, which prevents our attempting, by the same method, to 
bisect a curvilineal angle! On Eucl. I. 9, to which he here refers, he 
says that an angle is given in species when e.g. we say that it is right 
or acute or obtuse or rectilineal or * mixed," but that the actual angle 
in the proposition is given in species only. As a matter of fact, we 
should say that the actual angle in the figure of the proposition is 
given in magnitude and not im species, part of the implication of given 
in species being that the actual magnitude of the thing given n spectes 
is indifferent ; an angle cannot be gzven :» spectes in this sense at all. 
The confusion in Proclus' mind is shown when, after saying that a 
right angle is given im species, he describes a third of a right angle as 
given in magnitude. 

! Proclus, p. 205, 13—15. 


CH. 1x. §6] OTHER TECHNICAL TERMS 133 


No better example of what is meant by given in species, in its 
proper sense, as limited to rectilineal figures, can be quoted than the 
given parallelogram in Eucl. v1. 28, to which the required parallelo- 
gram has to be made similar; the former parallelogram is in fact 
given in species, though its actual size, or scale, is indifferent. 

(4) Given in ratio presumably means something which is given 
by means of its ratio to some other given thing. This we gather from 
Proclus’ remark (in his note on I. 9) that an angle may be given in 
ratio “as when we say that it is double and treble of such and such an 
angle or, generally, greater and less.” The term, however, appears to 
have no authority and to serve no purpose. Proclus may have 
derived it from such expressions as “in a given ratio” which are 
common enough. 

2. Lemma. 

“The term /emma,” says Proclus', “is often used of any proposition 
which is assumed for the construction of something else: thus it is a 
common remark that a proof has been made out of such and such 
lemmas. But the special meaning of Jemma in geometry is a 
proposition requiring confirmation. For when, in either construction 
or demonstration, we assume anything which has not been proved but 
requires argument, then, because we regard what has been assumed as 
doubtful in itself and therefore worthy of investigation, we call it a 
lemma’, differing as it does from the postulate and the axiom in being 
matter of demonstration, whereas they are immediately taken for 
granted, without demonstration, for the purpose of confirming other 
things. Now in the discovery of lemmas the best aid is a mental 
aptitude for it. For we may see many who are quick at solutions and 
yet do not work by method ; thus Cratistus in our time was able to 
obtain the required result from first principles, and those the fewest 
possible, but it was his natural gift which helped him to the discovery. 


1 Proclus, pp. 211, 1—212, 4. 

? It would appear, says Tannery (p. 151 7.), that Geminus understood a lemma as being 
simply Aaugaróuevor, something assumed (cf. the passage of Proclus, p. 73, 4, relating to 
Menaechmus' view of e/ements): hence we cannot consider ourselves authorised in attributing 
to Geminus the more technical definition of the term here given by Proclus, according to 
which it is only used of propositions not proved beforehand. This view of a lemma must 
be considered as relatively modern. It seems to have had its origin in an imperfection of 
method. In the course of a demonstration it was necessary to assume a proposition which 
required pro but the proof of which would, if inserted in the particular place, break the 
thread of the demonstration: hence it was necessary either to prove it beforehand as a 

reliminary proposition or to postpone it to be proved afterwards (ws ¢éjs dex joerai). 
hen, after the time of Geminus, the progress of original discovery in geometry was arrested, 
geometers occupied themselves with the study and elucidation of the works of the great 
mathematicians who had preceded them. This involved the investigation of propositions 
explicitly quoted or tacitly assumed in the great classical treatises; and naturally it was found 
that several such remained to be demonstrated, either because the authors had omitted 
them as being easy enough to be left to the reader himself to prove, or because books in 
which they were proved had been lost inthe meantime. Hence arose a class of complementary 
or auxiliary propositions which were called /emzias. Thus Pappus gives in his Book vila 
collection of lemmas in elucidation of the treatises of Euclid and Apollonius included in the 
so-called ‘‘ Treasury of Analysis" (rómos dvaAvóuevos). When Proclus goes on to distinguish 
three methods of discovering lemmas, analysis, division, and reductio ad absurdum, he seems 
to imply that the principal business of contemporary geometers was the investigation of these 
auxiliary propositions. 
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Nevertheless certain methods have been handed down. The finest is 
the method which by means of analysis carries the thing sought up to 
an acknowledged principle, a method which Plato, as they say, com- 
municated to Leodamas!, and by which the latter, too, is said to have 
discovered many things in geometry. The second is the method of 
division?, which divides into its parts the genus proposed for con- 
sideration and gives a starting-point for the demonstration by means 
of the elimination of the other elements in the construction of what is 
proposed, which method also Plato extolled as being of assistance to 
all sciences. The third is that by means of the reductio ad absurdum, 
which does not show what is sought directly, but refutes its opposite 
and discovers the truth incidentally." 

3. Case. 

“The case*(ardous),” Proclus proceeds‘, “announces different ways 
of construction and alteration of positions due to the transposition of 
points or lines or planes or solids. And, in general, all its varieties 
are seen in the figure, and this is why it is called case, being a trans- 
position in the construction.” 

4. Porism. 

“The term foris» is used also of certain problems such as the 
Porisms written by Euclid. But it is specially used when from what 
has been demonstrated some other theorem is revealed at the same 
time without our propounding it, which theorem has on this very 
account been called a portsm (corollary) as being a sort of incidental 
gain arising from the scientific demonstration®” Cf. the note on I. 15. 


1 This passage and another from Diogenes Laertius (111. 24, p. 74 ed. Cobet) to the effect 
that ‘‘ He [Plato) explained (eloryjoaro) to Leodamas of Thasos the method of inquiry by 
analysis " have been commonly understood as ascribing to Plato the invention of the method 
of analysis; but Tannery points out forcibly (pp. 12, 113) how difficult it is to explain in 
what Plato’s discovery could have consisted if a#a/yszs be taken in the sense attributed to it 
in Pappus, where we can see no more than a series of successive, reductions of a problem 
until it is finally reduced to a known problem. On the other hand, Proclus’ words about 
carrying up the thing sought to ‘‘an acknowledged principle” suggest that what he had in 
mind was the process described at the end of Book v! of the Republic by which the dialec- 
tician (unlike the mathematician) uses hypotheses as stepping-stones up to a principle which 
is not hypothetical, and then is able to descend step by step verifying every one of the 
hypotheses by which he ascended. This description does not of course refer to mathematical 
analysis, but it may have given rise to the idea that analysis was Plato’s discovery, since 
analysis and synthesis following each other are related in the same way as the upward and 
the downward progression in the dialectician’s intellectual method. And it may be that 
Plato's achievement was to observe the importance, from the point of view of logical rigour, 
of the confirmatory synthesis following analysis, and to regularise in this way and elevate 
into a completely irrefragable method the partial and uncertain analysis upon which the 
works of his predecessors depended. 

* Here again the successive bipartitions of genera into species such as we find in the 
Sophist and Kepublic have very little to say to geometry, and the very fact that they are here 
mentioned side by side with analysis suggests that Proclus confused the latter with the 
philosophical method of Rep. vı. 

3 Tannery rightly remarks (p. 152) that the subdivision of a theorem or problem into 
several cases is foreign to the really classic form ; the ancients preferred, where necessary, to 
multiply enunciations. As, however, some omissions necessarily occurred, the writers of 
lemmas naturally added separate cases, which in some instances found their way into the text. 
A good example is Euclid 1. 7, the second case of which, as it appears in our text-books, 
was interpolated. On the commentary of Proclus on this proposition Th. Taylor rightly 
remarks that “ Euclid everywhere avoids a multitude of cases.” 

t Proclus, p. 212, 5—11. 

5 'Tannery notes however that, so far from distinguishing his corollaries from the con- 


CH. 1x. § 6] OTHER TECHNICAL TERMS 135 


5. Objection. 

“The oljectzon (€veracts) obstructs the whole course of the argu- 
ment by appearing as an obstacle (or crying ' halt, dTavróca) either 
to the construction or to the demonstration. There is this difference 
between the objection and the case, that, whereas he who propounds 
the case has to prove the proposition to be true of it, he who makes 
the objection does not need to prove anything: on the contrary it is 
necessary to destroy the objection and to show that its author is 
saying what is false!." 

That is, in general the odjection endeavours to make it appear that 
the demonstration is not true in every case ; and it is then necessary 
to prove, in refutation of the objection, either that the supposed case 
is impossible, or that the demonstration zs true even for that case. A 
good instance is afforded by Eucl. 1.7. The text-books give a second 
case which is not in the original text of Euclid. Proclus remarks on 
the proposition as given by Euclid that the objection may conceivably 
be raised that what Euclid declares to be impossible may after all be 
possible in the event of one pair of stiaight lines falling completely 
within the other pair. Proclus then refutes the objection by proving 
the impossibility in that case also. His proof then came to be given 
in the text-books as part of Euclid's proposition. 

The objection is one of the technical terms in Aristotle's logic and 
its nature is explained in the Prior Analytics. “An objection is a 
proposition contrary to a proposition.... Objections are of two sorts, 
general or partial.... For when it is maintained that an attribute 
belongs to every (member of a class), we object either that it belongs 
to none (of the class) or that there is some one (member of the class) 
to which it does not belong.” 

6. Reduction. 

This is again an Aristotelian term, explained in the Prior 
Analytics. It is well described by Proclus in the following passage: 

“ Reduction (amwaywyn) is a transition from one problem or theorem 
to another, the solution or proof of which makes that which is pro- 
pounded manifest also. For example, after the doubling of the cube 
had been investigated, they transformed the investigation into another 
upon which it follows, namely the finding of the two means ; and from 
that time forward they inquired how between two given straight lines 
two mean proportionals could be discovered. And tney say that the 
first to effect the reduction of difficult constructions was Hippocrates of 
Chios, who also squared a lune and discovered many other things in 
geometry, being second to none in ingenuity as regards constructions‘.” 


clusions of his propositions, Euclid inserts them before the closing words ** (being) what it 
was required to do” or “to prove.” In fact the porism-corollary is with Euclid rather a 
modified form of the regular conclusion than a separate proposition. 

! Proclus, p. 212, i-us 

2 Anal. prior. 11. 26, 69 a 37. 3 ibid. 11. 25, 69 a 20. 

* Proclus, pp. 212, 24—213, 11. This passage has frequently been taken as crediting 
Hippocrates with the discovery of the method of geometrical reduction : cf. Taylor (Transla- 
tion of Proclus, tt. p. 26), Allman (p. 41 »., 59), Gow (pp. 169, 170). As Tannery remarks 
(p. 110), if the particular reduction of the duplication problem to that of the two means is 
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7. Reductio ad absurdum. 

This is variously called by Aristotle “ reductio ad absurdum” (ù eis 
TO advvaroy atraywyn)', “ proof per impossibile” (ù) &ià tod advydtou 
SetEcs or azrodecfis)?, “proof leading to the impossible” (ù) eis to 
advvatov dyovca amodekts)*. It is part of “proof (starting) from a 
hypothesis*” (€& droPécews). “All (syllogisms) which reach the 
conclusion per impossibile reason out a conclusion which is false, and 
they prove the original contention (by the method starting) from a 
hypothesis, when something impossible results from assuming the 
contradictory of the original contention, as, for example, when it is 
proved that the diagonal (of a square) is incommensurable because, 
if it be assumed commensurable, it will follow that odd (numbers) 
are equal to even (numbers)*" Or again, “proof (leading) to the 
impossible differs from the direct (Secerexjs) in that it assumes what 
it desires to destroy [namely the hypothesis of the falsity of the 
conclusion} and then reduces it to something admittedly false, whereas 
the direct proof starts from premisses admittedly true*®” 

Proclus has the following description of the reductio ad absurdum. 
“Proofs by reductio ad absurdum in every case reach a conclusion 
manifestly impossible, a conclusion the contradictory of which is 
admitted. In some cases the conclusions are found to conflict with 
the common notions, or the postulates, or the hypotheses (from which 
we started); in others they contradict propositions previously estab- 
lished?”...“ Every reductio ad absurdum assumes what conflicts with 
the desired result, then, using that as a basis, proceeds until it arrives 
at an admitted absurdity, and, by thus destroying the hypothesis, 
establishes the result originally desired. For it is necessary to under- 
stand generally that all mathematical arguments either proceed from 
the first principles or lead back to them, as Porphyry somewhere says. 
And those which proceed from the first principles are again of two 
kinds, for they start either from common notions and the clearness of 
the self-evident alone, or from results previously proved ; while those 
which lead back to the principles are either by way of assuming the 
principles or by way of destroying them. Those which assume the 
principles are called analyses, and the opposite of these are syntheses— 
for it is possible to start from the said principles and to proceed in 
the regular order to the desired conclusion, and this process is syn- 
thesis—while the arguments which would destroy the principles are 


the first noted in history, it is dificult to suppose that it was really the first ; for Hippocrates 
must have found instances of it in the Pythagorean geometry. Bretschneider, I think, comes 
nearer the truth when he boldly (p. 99) translates: “This reduction of the aforesaid con- 
struction is said to have been first given by Hippocrates." The words are zpwrov 8 pası 
Trav dropoupévwr diaypayudrow Thy dwaywyhy woijoacGa, which must, literally, be translated 
as in the text above; but, when Proclus speaks vaguely of ‘‘ difficult constructions,” he 
probably means to say simply that “ this first recorded instance of a reduction of a difficult 
construction is attributed to Hippocrates." 

1 Aristotle, Anal. prior. 1. 7, 29 b §3 1. 44, 50 a 30- 

2 ibid. 1. 21, 39 b 32; I. 29, 45 a 38. 

S Anal. post. 1. 24, 85 a 16 etc. + Anal. prior. 1. 23, 40 b 25. 

5 Anal. prior. 1. 23, 41 4 24. 6 shed. 11. 14, 62 b 29. 

? Proclus, p. 254, 22—27. 
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called reductiones ad absurdum. For it is the function of this method 
to upset something admitted as clear’.” 

8. Analysis and Synthesis. 

It will be seen from the note on Eucl. Xii. 1 that the Mss. of the 
Elements contain definitions of Analysis and Synthesis followed by 
alternative proofs of XIII. 1—5 after that method. The definitions and 
alternative proofs are interpolated, but they have great historical 
interest because of the possibility that they represent an ancient 
method of dealing with these propositions, anterior to Euclid. The 
propositions give properties of a line cut *in extreme and mean ratio," 
and they are preliminary to the construction and comparison of the 
five regular solids. Now Pappus, in the section of his Col/ectzon dealing 
with the latter subject?, says that he will give the comparisons between 
the five figures, the pyramid, cube, octahedron, dodecahedron and 
icosahedron, which have equal surfaces, “ not by means of the so-called 
analytical inquiry, by which some of the ancients worked out the proofs, 
but by the synthetical method?....” The conjecture of Bretschneider 
that the matter interpolated in Eucl. XIII. is a survival of investiga- 
tions due to Eudoxus has at first sight much to commend it‘ In the 
first place, we are told by Proclus that Eudoxus "greatly added to 
the number of the theorems which Plato originated regarding ‘the 
section, and employed in them the method of analysis*" It is obvious 
that “ke section” was some particular section which by the time of 
Plato had assumed great importance; and the one section of which 
this can safely be said is that which was called the “ golden section,” 
namely, the division of a straight line in extreme and mean ratio 
which appears in Eucl. II. 11 and is therefore most probably Pytha- 
gorean. Secondly, as Cantor points out*, Eudoxus was the founder 
of the theory of proportions in the form in which we find it in Euclid 
V., VL, and it was no doubt through meeting, in the course of his 
investigations, with proportions not expressible by whole numbers 
that he came to realise the necessity for a new theory of proportions 
which should be applicable to incommensurable as well as commen- 
surable magnitudes. The “golden section” would furnish such a case. 
And it is even mentioned by Proclus in this connexion. He is 
explaining? that it is only in arithmetic that all quantities bear 
“rational” ratios (pts Aoyos) to one another, while in geometry there 
are “irrational” ones (appntos) as well. “Theorems about sections 
like those in Euclid’s second Book are common to both [arithmetic 
and geometry] except that in which the straight line ts cut in extreme 
and mean ratio!” 


1 Proclus, p. 255, 8—26. 

2 Pappus, V. p. 410 qq: 3 ibid. pp. 410, 27—412, 2. 

* Bretschneider, p. 168. See however Heiberg’s recent suggestion (Paralipomena zu 
Euklid in Hermes, XXXVIII., 1903) that the author was Heron. The suggestion is based 
on a comparison with the remarks on analysis and synthesis quoted from Heron by an-Nairizi 
(ed. Curtze, p. 89) at the beginning of his commentary on Eucl. Book 11. On the whole, 
this suggestion commends itself to me more than that of Bretschneider. 

è Proclus, p. 67, 6. 6 Cantor, Gesch. d. Math. 1z, p- 241. 

1 Proclus, p. 60, 7—9. 8 ibid. p. 60, 16—19. 
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The definitions of Analysis and Synthesis interpolated in Eucl. 
XIII. are as follows (I adopt the reading of B and V, the only in- 
telligible one, for the second). 

“ Analysis is an assumption of that which is sought as if it were 
admitted <and the passage > through its consequences to something 
admitted (to be) true. 

* Synthesis is an assumption of that which is admitted « and the 
passage » through its consequences to the finishing or attainment of 
what is sought." 

The language is by no means clear and has, at the best, to be 
filled out. 

Pappus has a fuller account! : 

* The so-called dvaAvopevos (* Treasury of Analysis) is, to put it 
shortly, a special body of doctrine provided for the use of those who, 
after finishing the ordinary Elements, are desirous of acquiring the 
power of solving problems which may be set them involving (the 
construction of) lines, and it is useful for this alone. It is the work 
of three men, Euclid the author of the Elements, Apollonius of Perga, 
and Aristaeus the elder, and proceeds by way of analysis and synthesis. 

* Analysis then takes that which is sought as if it were admitted 
and passes from it through its successive consequences to something 
which is admitted as the result of synthesis: for in analysis we assume 
that which is sought as if it were (already) done (yeyovos), and we 
inquire what it is from which this results, and again what is the ante- 
cedent cause of the latter, and so on, until by so retracing our steps 
we come upon something already known or belonging to the class of 
first principles, and such a method we call analysis as being solution 
backwards (avérzaX«v Xvauwv). 

* But in synthesis, reversing the process, we take as already done 
that which was last arrived at in the analysis and, by arranging in 
their natural order as consequences what were before antecedents, 
and successively connecting them one with another, we arrive finally 
at the construction of what was sought; and this we call synthesis. 

* Now analysis is of two kinds, the one directed to searching for 
the truth and called ¢heoretzcal, the other directed to finding what we 
are told to find and called problematical. (1) In the theoretical kind 
we assume what is sought as if it were existent and true, after which 
we pass through its successive consequences, as if they too were true 
and established by virtue of our hypothesis, to something admitted: 
then (a), if that something admitted is true, that which is sought will 
also be true and the proof will correspond in the reverse order to the 
analysis, but (4), if we come upon something admittedly false, that 
which is sought will also be false. (2) In the problematical kind we 
assume that which is propounded as if it were known, after which we 
pass through its successive consequences, taking them as true, up to 
something admitted: if then (a) what is admitted is possible and 
obtainable, that is, what mathematicians call given, what was originally 
proposed will also be possible, and the proof will again correspond in 

1 Pappus, VII. pp. 634—6. 
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reverse order to the analysis, but if (6) we come upon something 
admittedly impossible, the problem will also be impossible.” 

The ancient Analysis has been made the subject of careful studies 
by several writers during the last half-century, the most complete 
being those of Hankel, Duhamel and Zeuthen; others by Ofterdinger 
and Cantor should also be mentioned’. 

The method is as follows. It is required, let us say, to prove that 
a certain proposition A is true. We assume as a hypothesis that A 
is true and, starting from this we find that, if A is true, a certain 
other proposition B is true ; if B is true, then C ; and so on until 
we arrive at a proposition K which is admittedly true. The object 
of the method is to enable us to infer, in the reverse order, that, since 
K is true, the proposition A originally assumed is true. Now 
Aristotle had already made it clear that false hypotheses mizht lead 
to a conclusion which is true. There is therefore a possibility of error 
unless a certain precaution is taken. While, for example, B may be a 
necessary consequence of A, it may happen that A is not a necessary 
consequence of B. Thus, in order that the reverse inference from the 
truth of K that A is true may be logically justified, it is necessary 
that each step in the chain of inferences should be unconditionally 
convertible. As a matter of fact, a very large number of theorems in 
elementary geometry are unconditionally convertible, so that in practice 
the difficulty in securing that the successive steps shall be convertible 
is not so great as might be supposed. But care is always necessary. 
For example, as Hankel says?, a propusition may not be uncon- 
ditionally convertible in the form in which it is generally quoted. 
Thus the proposition “ The vertices of all triangles having a common 
base and constant vertical angle lie on a circle” cannot be converted 
into the proposition that “All triangles with common base and vertices 
lying on a circle have a constant vertical angle"; for this is only true 
if the further conditions are satisfied (1) that the circle passes through 
the extremities of the common base and (2) that only that part of the 
circle is taken as the locus of the vertices which lies on oze side of the 
base. If these conditions are added, the proposition is unconditionally 
convertible. Or again, as Zeuthen remarks?*, K may be obtained by 
a series of inferences in which A or some other proposition in the 
series is only apparently used; this would be the case e.g. when the 
method of modern algebra is being employed and the expressions on 
each side of the sign of equality have been inadvertently multiplied 
by some composite magnitude which is in reality equal to zero. 

Although the above extract from Pappus does not make it clear 
that each step in the chain of argument must be convertible in the 
case taken, he almost implies this in the second part of the definition 
of Analysis where, instead of speaking of the consequences B, C... 

1 Hankel, Zur Geschichte der Mathematik in Alterthum und Mittelalter, 1874, pp. 137—150; 
Duhamel, Des'méthodes dans les sciences de raisonnement, Part 1., 3 ed., Paris, 1885, pp. 39—68; 
Zeuthen, Geschichte der Mathematik im Altertum und Mittelalter, 1896, pp. 92—104; 
Ofterdinger, Beiträge zur Geschichte der griechischen Mathematik, Ulm, 1860; Cantor, 


Geschichte der Mathematik, 13, pp. 220—2. 
2 Hankel, p. 139. 3 Zeuthen, p. 103- 
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successively following from A, he suddenly changes the expression 
and says that we inquire what it is (B) from which A follows (A being 
thus the consequence of B, instead of the reverse), and then what 
(viz. C) is the antecedent cause of B; and in practice the Greeks 
secured what was wanted by always insisting on the analysts being 
confirmed by subsequent syzthesis, that is, they laboriously worked 
backwards the whole way from K to A, reversing the order of the 
analysis, which process would undoubtedly bring to light any flaw 
which had crept into the argument through the accidental neglect of 
the necessary precautions. 

Reductio ad absurdum a variety of analysts. 

In the process of analysis starting from the hypothesis that a 
proposition A is true and passing through B, C... as successive con- 
sequences we may arrive at a proposition K which, instead of being 
admittedly true, is either admittedly false or the contradictory of the 
original hypothesis A or of some one or more of the propositions B, C... 
intermediate between A and K. Now correct inference from a true 
proposition cannot lead to a false proposition ; and in this case there- 
fore we may at once conclude, without any inquiry whether the 
various steps in the argument are convertible or not, that the hypo- 
thesis A is false, for, if it were true, all the consequences correctly 
inferred from it would be true and no incompatibility could arise. 
This method of proving that a given hypothesis is fa/se furnishes an 
indirect method of proving that a given hypothesis A is £7«e, since we 
have only to take the contradictory of A and to prove that it is false. 
This is the method of reductio ad absurdum, which is therefore a variety 
of analysis. The contradictory of A, or not-A, will generally include 
more than one case and, in order to prove its falsity, each of the cases 
must be separately disposed of: e.g.,if it is desired to prove that a 
certain part of a figure is egua/ to some other part, we take separately 
the hypotheses (1) that it is greater, (2) that it is Jess, and prove 
that each of these hypotheses leads to a conclusion either admittedly 
false or contradictory to the hypothesis itself or to some one of its 
consequences. 

Analysis as applied to problems. 

It is in relation to problems that the ancient analysis has the 
greatest significance, because it was the one general method which 
the Greeks used for solving all “the more abstruse problems” (ta 
acagéctepa Tay pof Xnuaraov):. 

We have, let us suppose, to construct a figure satisfying a certain 
set of conditions If we are to proceed at all methodically and not 
by mere guesswork, it is first necessary to "analyse" those conditions. 
To enable this to be done we must get them clearly in our minds, 
which is only possible by assuming all the conditions to be actually 
fulfilled, in other words, by supposing the problem solved. Then we 
have to transform those conditions, by all the means which practice in 
such cases has taught us to employ, into other conditions which are 
necessarily fulfilled if the original conditions are, and to continue this 


! Proclus, p. 242, 16, 17. 
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transformation until we at length arrive at conditions which we 
are in a position to satisfy’, In other words, we must arrive at 
some relation which enables us to construct a particular part of 
the figure which, it is true, has been hypothetically assumed and 
even drawn, but which nevertheless really requires to be found in 
order that the problem may be solved. From that moment the 
particular part of the figure becomes one of the data, and a fresh 
relation has to be found which enables a fresh part of the figure 
to be determined by means of the original data and the new one 
together. When this is done, the second new part of the figure also 
belongs to the data; and we proceed in this way until all the parts 
of the required figure are found? The first part of the analysis 
down to the point of discovery of a relation which enables 
us to say that a certain new part of the figure not belonging 
to the original data is given, Hankel calls the transformation; the 
second part, in which it is proved that all the remaining parts of 
the figure are “given,” he calls the resolution. Then follows the 
synthesis, which also consists of two parts, (1) the construction, in 
the order in which it has to be actually carried out, and in general 
following the course of the second part of the analysis, the resolution ; 

(2) the demonstration that the figure obtained does satisfy all the given 
conditions, which follows the steps of the first part of the analysis, 
the transformation, but in the reverse order. The second part of 
the analysis, the resolution, would be much facilitated and shortened 
by the existence of a systematic collection of Data such as Euclid's 
book bearing that title, consisting of propositions proving that, if 
in a figure certain parts or relations are given, other parts or relations 
are also given. As regards the first part of the analysis, the ¢rans- 
JSormation, the usual rule applies that every step in the chain must 
be unconditionally convertible; and any failure to observe this 
condition will be brought to light by the subsequent synthesis. 
The second part, the resolution, can be directly turned into the 
construction since that only is given which can be constructed by 
the means provided in the Elements. 

It would be difficult to find a better illustration of the above than 
the example chosen by Hankel from Pappus’*. 

Given a circle ABC and two points D, E. external to it, to draw 
straight lines DB, EB from D, E to a point B on the circle such that, 
tf DB, EB produced meet the circle again in C, A, AC shall be parallel 
to DE. 

Analysis. 

Suppose the problem solved and the tangent at 4 drawn, meeting 
ED produced in 7. 

(Part I. Transformation.) 

Then, since AC is parallel to DE, the angle at C is equal to the 
angle CDE. 

But, since FA is a tangent, the angle at C is equal to the angle FA E. 

Therefore the angle FAE is equal to the angle CDE, whence A, 
B, D, F are concyclic. 


1 Zeuthen, p. 93> 2 Hankel, p. 141. 3 Pappus, VII. pp. 830—232. 
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Therefore the rectangle AZ, EB is equal to the rectangle FE, 


(Part II. Resolution.) 

But the rectangle AE, EB is given, A e 
because it is equal to the square on the 
tangent from £. 

Therefore the rectangle FE, ED is 
given ; 
and, since ED is given, FE is given (in 
length). [ Data, 57.] 

But FE is given in position also, so £ B E 
that F is also given. [ Data, 27.) 

Now FA is the tangent from a given point F to a circle ABC 
given in position ; 
therefore FA is given in position and magnitude. [ Data, 90.] 

And F is given ; therefore A is given. 

But Æ is also given ; therefore the straight line AZ is given in 


position. [Data, 26.] 
And the circle ABC is given in position ; 
therefore the point P is also given. [ Data, 25.] 


But the points D, Æ are also given; 
therefore the straight lines DB, BE are also given in position. 

Synthesis. 

(Part I. Construction.) 

Suppose the circle ABC and the points D, E given. 

Take a rectangle contained by ED and by a certain straight 
line EF equal to the square on the tangent to the circle from Æ. 

From / draw FA touching the circle in A; join ABE and then 
DB, producing DB to meet the circle at C. Join AC. 

] say then that AC is parallel to DE. 

(Part LI. Demonstration.) 

Since, by hypothesis, the rectangle FE, ED is equal to the square 
on the tangent from £, which again is equal to the rectangle AZ, EB, 
the rectangle AZ, ES is equal to the rectangle FZ, ED. 

Therefore 4, B, D, F are concyclic, 
whence the angle FAE is equal to the angle BDE. 

But the angle FAE is equal to the angle ACB in the alternate 
segment ; 
therefore the angle ACB is equal to the angle BDE. 

Therefore AC is parallel to DÆ 

In cases where a Opis pos is necessary, ie. where a solution is 
only possible under certain conditions, the analysis will enable those 
conditions to be ascertained. Sometimes the &opuepós is stated and 
proved at the end of the analysis, e.g. in Archimedes, On the Sphere 
and Cylinder, 1. 7; sometimes it is stated in that place and the proof 
postponed till after the end of the synthesis, eg. in the solution of 
the problem subsidiary to On the Sphere and Cylinder, 11. 4, preserved 
in Eutocius’ commentary on that proposition. The analysis should 
also enable us to determine the number of solutions of which the 
problem. is susceptible. 
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$7. THE DEFINITIONS. 


General. ''Real" and ‘“ Nominal" Definitions. 

It is necessary, says Aristotle, whenever any one treats of any 
whole subject, to divide the genus into its primary constituents, those 
which are indivisible in species respectively: e.g. number must be 
divided into triad and dyad; then an attempt must be made in this 
way to obtain definitions, e.g. of a straight line, of a circle, and of 
a right angle’. 

The word for definition is ópos. The original meaning of this 
word seems to have been “ boundary,” “landmark.” Then we have 
it in Plato and Aristotle in the sense of standard or determining 
principle (“id quo alicuius rei natura constituitur vel definitur," 
Index Aristotelicus)?; and closely connected with this is the sense of 
definition. Aristotle uses both Spos and opscpos for definition, the 
former occurring more frequently in the Topics, the latter in the 
Metaphysics. 

Let us now first be clear as to what a definition does zo? do. 
There is nothing in connexion with definitions which Aristotle takes 
more pains to emphasise than that a definition asserts nothing as to 
the existence or non-existence of the thing defined. It is an answer 
to the question twAat a thing is (Tí écT:), and does not say ‘hat it 
is (Ors eote). The existence of the various things defined has to be 
proved, except in the case of a few primary things in each science, 
the existence of which is indemonstrable and must be assumed among 
the first principles of each science; e.g. points and lines in geometry 
must be assumed to exist, but the existence of everything else must 
be proved. This is stated clearly in the long passage quoted above 
under First Principles. It is reasserted in such passages as the 
following. “The (answer to the question) what ts a man and the 
fact that a man exists are different things*" “It is clear that, even 
according to the view of definitions now current, those who define 
things do not prove that they exist!" “We say that it is by 
demonstration that we must show that everything exists, except 
essence (ef pm ovata en). But the existence of a thing is never 
essence; for the existen? is not a genus. Therefore there must be 
demonstration that a thing exists. Thus, what is meant by triangle 
the geometer assumes, bnt that it exists he has to prove$" "Anterior 
knowledge of two sorts is necessary : for it is necessary to presuppose, 
with regard to some things, that they exist; in other cases it is 
necessary to understand what the thing described is, and in other 
cases it is necessary to do both. Thus, with the fact that one of two 
contradictories must be true, we must know that it exists (is true); 


1 Anal. post. 11. 13, 96 b 15. 

3 Cf. De anima, 1. 3, 404 a 9, where '' breathing " is spoken of as the Spos of “ life,” and 
the many passages in the Politics where the word is used to denote that which gives its 
special character to the several forms of government (virtue being the pos of aristocracy, 
wealth of oligarchy, liberty of democracy, 1394 a 10) ; Plato, Republic, viii. 551 C. 

3 Anal. post. 1. 10, 76 à 31 sqq. ibid. 11. 7, 93 b 10. 

5 ibid. 91 b 19. 9 ibid. 92 b t3 sqq. 
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of the triangle we must know that it means such and such a thing ; of 
the unit we must know both what it means and that it exists!" What 
is here so much insisted on is the very fact which Mill pointed out 
in his discussion of earlier views of Definitions, where he says that 
the so-called real definitions or definitions of ¢hings do not constitute 
a different kind of definition from nominal definitions, or definitions 
of names; the former is simply the latter ?/4s something else, namely 
a covert assertion that the thing defined exists. “This covert assertion 
is not a definition but a postulate. The definition is a mere identical 
proposition which gives information only about the use of language, 
and from which no conclusion affecting matters of fact can possibly 
be drawn. The accompanying postulate, on the other hand, affirms 
a fact which may lead to consequences of every degree of importance. 
It affirms the actual or possible existence of Things possessing the 
combination of attributes set forth in the definition: and this, if true, 
may be foundation sufficient on which to build a whole fabric of 
scientific truth’.” This statement really adds nothing to Aristotle's 
doctrine?: it has even the slight disadvantage, due to the use of 
the word “postulate” to describe “the covert assertion” in all cases, 
of not definitely pointing out that there are cases where existence 
has to be proved as distinct from those where it must be assumed. 
It is true that the existence of a definiend may have to be taken 
for granted provisionally until the time comes for proving it; but, 
so far as regards any case where existence must be proved sooner 
or later, the provisional assumption would be for Aristotle, not a 
postulate, but a hypothesis. In modern times, too, Mill’s account of 
the true distinction between real and nominal definitions had been 
fully anticipated by Saccheri* the editor of Eudides ab omni naevo 
vindicatus (1733), famous in the history of non-Euclidean geometry. 
In his Logica Demonstrativa (to which he also refers in his Euclid) 
Saccheri lays down the clear distinction between what he calls de- 
Jinitiones quid nominis or nominales, and definitiones quid rei or reales, 
namely that the former are only intended to explain the meaning 


1 Anal. post, 1. 1, 7 a IT sqq. 2 Mill's System of Logic, Bk. 1. ch. viii. 

3 It is true that it was in opposition to ‘‘ the ideas of most of the Aristotelian logicians” 
(rather than of Aristotle himself) that Mill laid such stress on his point of view. Cf. his 
observation: ‘‘ We have already made, and shall often have to repeat, the remark, that the 
paroni who overthrew Realism by no means got rid of the consequences of Realism, 

ut retained long afterwards, in their own philosophy, numerous propositions which could 
only have a rational meaning as part of a Realistic system. It had been handed down from 
Aristotle, and probably from earlier times, as an obvious. truth, that the science of geometry 
is deduced from definitions. This, so long as a definition was considered to be a proposition 
‘unfolding the nature of the thing,’ did well enough. But Hobbes followed and rejected 
utterly the notion that a definition declares the nature of the thing, or does anything but 
state the meaning of a name; yet he continued to affirm as broadly as any of his predecessors 
that the ápxal, principia, or original premisses of mathematics, and even of all science, are 
definitions ; producing the singular paradox that systems of scientifc truth, nay, all truths 
whatever at which we arrive by reasoning, are deduced from the arbitrary conventions of 
mankind concerning the signification of words.” Aristotle was guilty of no such paradox ; 
on the contrary, he exposed it as plainly as did Mill. 

* This has been fully brought out in two papers by G. Vailati, Za teoria Aristotelica della 
definizione (Rivista di Filosofia e scienze afini, 1903), and Di un’ opera dimenticata del 
P. Gerolamo Saccheri (** Logica Demonstrativa," 1697) (in Rivista Filosofica, 1903). 
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that is to be attached to a given term, whereas the latter, besides 
declaring the meaning of a word, affirm at the same time the existence 
of the thing defined or, in geometry, the possibility of constructing it. 
The definitio quid nominis becomes a definitio quid rei “by means of a 
postulate, or when we come to the question whether the thing erzs¢s and 
it is answered affirmatively.” Definitiones quid nominis are in them- 
selves quite arbitrary, and neither require nor are capable of proof; 
they are merely provisional and are only intended to be turned as 
quickly as possible into definitiones quid rei, either (1) by means of 
a postulate in which it is asserted or conceded that what is defined 
exists or can be constructed, e.g. in the case of straight lines and 
circles, to which Euclid’s first three postulates refer, or (2) by 
means of a demonstration reducing the construction of the figure 
defined to the successive carrying-out of a certain number of those 
elementary constructions, the possibility of which is postulated. Thus 
definitiones quid rei are in general obtained as the result of a series of 
demonstrations. Saccheri gives as an instance the construction of a 
square in Euclid I. 46. Suppose that it is objected that Euclid had 
no right to define a square, as he does at the beginning of the Book, 
when it was not certain that such a figure exists in nature; the 
objection, he says, could only have force if, before proving and making 
the construction, Euclid had assumed the aforesaid figure as given. 
That Euclid is not guilty of this error is clear from the fact that 
he never presupposes the existence of the square as defined until 
after I. 46. : 

Confusion between the nominal and the real definition as thus de- 
scribed, i.e. the use of the former in demonstration before it has been 
turned into the latter by the necessary proof that the thing defined 
exists, is according to Saccheri one of the most fruitful sources of 
illusory demonstration, and the danger is greater in proportion to 
the “complexity” of the definition, i.e. the number and variety of 
the attributes belonging to the thing defined. For the greater is the 
possibility that there may be among the attributes some that are 
incompatible, i.e. the simultaneous presence of which in a given figure 
can be proved, by means of other postulates etc. forming part of the 
basis of the science, to be impossible. 

The same thought is expressed by Leibniz also. “If,” he says, 
“we give any definition, and it is not clear from it that the idea, which 
we ascribe to the thing, is possible, we cannot rely upon the demon- 
strations which we have derived from that definition, because, if that 
idea by chance involves a contradiction, it is possible that even con- 
tradictories may be true of it at one and the same time, and thus our 
demonstrations will be useless. Whence it is clear that definitions 
are not arbitrary. And this is a secret which is hardly sufficiently 
known?” Leibniz’ favourite illustration was the “regular polyhedron 
with ten faces,” the impossibility of which is not obvious at first sight. 

1“ Definitio guid nominis nata est evadere definitio guid rei per postulatum vel dum 


venitur ad quaestionem an es? et respondetur affirmative. 
2 Opuscules et fragments inédits de Leibniz, Paris, Alcan, 1903, p. 431. Quoted by Vailati. 
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It need hardly be added that, speaking generally, Euclid’s defini- 
tions, and his use of them, agree with the doctrine of Aristotle 
that the definitions themselves say nothing as to the existence of the 
things defined, but that the existence of each of them must be 
proved or (in the case of the “principles”) assumed. In geometry, 
says Aristotle, the existence of points and lines only must be as- 
sumed, the existence of the rest being proved. Accordingly Euclid’s 
first three postulates declare the possibility of constructing straight 
lines and circles (the only “lines” except straight lines used in the 
Elements). Other things are defined and afterwards constructed and 
proved to exist: e.g. in Book 1., Def. 20, it is explained what is meant 
by an equilateral triangle; then (I. 1) it is proposed to construct it, 
and, when constructed, it is proved to agree with the definition. 
When a square is defined (1. Def. 22), the question whether such a 
thing really exists is left open until, in I. 46, it is proposed to construct 
it and, when constructed, it is proved to satisfy the definition’. 
Similarly with the right angle (1. Def. 10, and I. 11) and parallels 
(1. Def. 23, and 1. 27—29). The greatest care is taken to exclude 
mere presumption and imagination. The transition from the sub- 
jective definition of names to the objective definition of things is 
made, in geometry, by means of constructions (the first principles of 
which are postulated), as in other sciences it is made by means of 
experience’. 

Aristotle’s requirements in a definition. 

We now come to the positive characteristics by which, according 
to Aristotle, scientific definitions must be marked. 

First, the different attributes in a definition, when taken separately, 
cover more than the notion defined, but the combination of them 
does not. Aristotle illustrates this by the “triad,” into which enter 
the several notions of number, odd and prime, and the last “in both 
its two senses (a) of not being measured by any (other) number (as 
un puerpetcbar apiOue) and (b) of not being obtainable by adding 
numbers together” (ws uù) ovyxeîs ha. é£ apiÜuóv), a unit not being a 
number. Of these attributes some are present in all other odd 
numbers as well, while the last [primeness in the second sense] 
belongs also to the dyad, but in nothing but the triad are they al 
present?" The fact can be equally well illustrated from geometry. 
Thus, e.g. into the definition of a square (Eucl. 1., Def. 22) there enter 
the several notions of figure, four-sided, equilateral, and right-angled, 
each of which covers more than the notion into which a% enter as 
attributes‘ 

Secondly, a definition must be expressed in terms of things which 
are prior to, and better known than, the things defined’. This is 


1 Trendelenburg, Elementa Logices Aristoteleae, $ 50. 

2 Trendelenburg, Erläuterungen zu den Elementen der aristotelischen Logik, 3 ed. p. 107. 
On construction as proof of existence in ancient geometry cf. H. G. Zeuthen, Die geometrische 
ee als '' Existenzbeweis" in der antiken Geometrie (in Mathematische Annalen, 

. Band). 
TG ud post. II. 13, 96 a 33—b t. 
4 Trendelenburg, Erläuterungen, p. 108. 8 Topics VI. 4, 141 a 26 sqq. 
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clear, since the object of a definition is to give us knowledge of the 
thing defined, and it is by means of things prior and better known 
that we acquire fresh knowledge, as in the course of demonstrations. 
But the terms “prior” and “better known ” are, as usual susceptible 
of two meanings; they may mean (1) absolutely or logically prior and 
better known, or (2) better known relatively to us. In the absolute 
sense, or from the standpoint of reason, a point is better known than 
a line, a line than a plane, and a plane than a solid, as also a unit is 
better known than number (for the unit is prior to, and the first 
principle of, any number). Similarly, in the absolute sense, a letter is 
prior to a syllable. But the case is sometimes different relatively to 
us; for example, a solid is more easily realised by the senses than a 
plane, a plane than a line, and a line than a point. Hence, while it is 
more scientific to begin with the adso/utely prior, it may, perhaps, be 
permissible, in case the learner is not capable of following the scientific 
order, to explain things by means of what is more intelligible z0 Aim. 
“ Among the definitions framed on this principle are those of the 
point, the line and the plane; all these explain what is prior by 
means of what is posterior, for the point is described as the extremity 
of a line, the line of a plane, the plane of a solid.” But, if it is asserted 
that such definitions by means of things which are more intelligible 
relatively only to a particular individual are really definitions, it will 
follow that there may be many definitions of the same thing, one for 
each individual for whom a thing is being defined, and even different 
definitions for one and the same individual at different times, since at 
first sensible objects are more intelligible, while to a better trained 
mind they become less so. It follows therefore that a thing should 
be defined by means of the absolutely prior and not the relatively 
prior, in order that there may be one sole and immutable definition. 
This is further enforced by reference to the requirement that a good 
definition must state the genus and the differentiae, for these are 
among the things which are, in the absolute sense, better known than, 
and prior to, the species (rOv áTXd« yvæpipwTépwv ral mpoTÉpwv ToU 
eiGovs éaTív) For to destroy the genus and the differentia is to 
destroy the species, so that the former are prior to the species; they 
are also better known, for, when the species is known, the genus and 
the differentia must necessarily be known also, e.g. he who knows 
“man” must also know “animal” and " land-animal," but it does not 
follow, when the genus and differentia are known, that the species is 
known too, and hence the species is less known than they are’. It 
may be frankly admitted that the scientific definition will require 
superior mental powers for its apprehension; and the extent of its 
use must be a matter of discretion. So far Aristotle; and we have 
here the best possible explanation why Euclid supplemented his 
definition of a point by the statement in I. Def. 3 that the extremities of 
a line are points and his definition of a surface by t. Def. 6 to the effect 
that the extremities of a surface are lines. The supplementary expla- 


| Topics V1. 4, 141 b 25—34- 
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nations do in fact enable us to arrive at a better understanding of the 
formal definitions of a point and a line respectively, as is well ex- 
plained by Simson in his note on Def. 1. Simson says, namely, that 
we must consider a solid, that is, a magnitude which has length, 
breadth and thickness, in order to understand aright the definitions of 
a point, a line and a surface. Consider, for instance, the boundaty 
common to two solids which are contiguous or the boundary which 
divides one solid into two contiguous parts; this boundary is a surface. 
We can prove that it has no thickness by taking away either solid, 
when it remains the boundary of the other; for, if it had thickness, the 
thickness must either be a part of one solid or of the other, in which 
case to take away one or other solid would take away the thickness 
and therefore the boundary itself: which is impossible. Therefore 
the boundary or the surface has no thickness. In exactly the same 
way, regarding a line as the boundary of two contiguous surfaces, we 
prove that the line has no breadth; and, lastly, regarding a point as 
the common boundary or extremity of two lines, we prove that a 
point has no length, breadth or thickness. 

Aristotle on unscientific definitions. 

Aristotle distinguishes three kinds of definition which are un- 
scientific because founded on what is ot prior (un é« mpotépwv). The 
first is a definition of a thing by means of its opposite, eg. of * good " 
by means of “bad”; this is wrong because opposites are naturally 
evolved together, and the knowledge of opposites is not uncommonly 
regarded as one and the same, so that one of the two opposites 
cannot be better known than the other. It is true that, in some 
cases of opposites, it would appear that no other sort of definition is 
possible: e.g. it would seem impossible to define double apart from the 
half and, generally, this would be the case with things which in their 
very nature (xa@ aura) are relative terms (apos Te Aéyerar), Since one 
cannot be known without the other, so that in the notion of either the 
other must be comprised as well'. The second kind of definition 
which is based on what is not prior is that in which there is a 
complete circle through the unconscious use in the definition itself of 
the notion to be defined though not of the name? Trendelenburg 
illustrates this by two current definitions, (1) that of magnitude as 
that which can be increased or diminished, which is bad because the 
positive and negative comparatives “more” and “less” presuppose 
the notion of the positive “ great,” (2) the famous Euclidean definition 
of a straight line as that which “lies evenly with the points on itself” 
(e£ laov rois é$' éauTis onpetots xeirac), where “lies evenly” can only 
be understood with the aid of the very notion of a straight line which is 
to be defined’. The ¢hzvd kind of vicious definition from that which 
is not prior is the definition of one of two coordinate species by means 
of its coordinate (avTıôıņnpnuévov), e.g. a definition of “odd” as that 
which exceeds the even by a unit (the second alternative in Eucl. vir. 
Def. 7); for “odd” and “even” are coordinates, being aifferentiae of 

l| Topics VI. 4, 142 a 22—31. 2 shid. 142 a 34—b 6. 
3 Trendelenburg, Erläuterungen, p. 115. 
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number’. This third kind is similar to the first. Thus, says Tren- 
delenburg, it would be wrong to define a square as "a rectangle 
with equal sides." 

Aristotle's third requirement. 

A third general observation of Aristotle which is specially relevant 
to geometrical definitions is that “to know wat a thing is (ri srv) is 
the same as knowing «wy it is (&à Tí éerw)*" “ What is an eclipse? 
A deprivation of light from the moon through the interposition of the 
earth. Why does an eclipse take place? Or why is the moon 
eclipsed? Because the light fails through the earth obstructing it. 
What is harmony? A ratio of numbers in high or low pitch. Why 
does the high-pitched harmonise with the low-pitched? Because 
the high and the low have a numerical ratio to one another?” “We 
seek the cause (rò ĉıórti) when we are already in possession of the 
fact (ro 6rt). Sometimes they both become evident at the same time, 
but at all events the cause cannot possibly be known [as a cause] 
before the fact is known*" “It is impossible to know zvAa a thing is 
if we do not know /Za/ it is*"" Trendelenburg paraphrases: “The 
definition of the notion does not fulfil its purpose until it is made 
genetic. It is the producing cause which first reveals the essence of 
the thing.... .The nominal definitions of geometry have only a 
provisional significance and are superseded as soon as they are made 
genetic by means of construction.” E.g. the genetic definition of a 
parallelogram is evolved from Eucl. I. 31 (giving the construction for 
parallels) and I. 33 about the lines joining corresponding ends of two 
straight lines parallel and equal in length. Where existence is proved 
by construction, the cause and the fact appear ZogetAer*. 

Again, “it is not enough that the defining statement should set 
forth the fact, as most definitions do; it should also contain and 
present the cause ; whereas in practice what is stated in the definition 
is usually no more than a conclusion (cuumépacya). For example, 
what is quadrature? The construction of an equilateral right-angled 
figure equal to an oblong. But such a definition expresses merely the 
conclusion. Whereas, if you say that quadrature is the discovery of a 
mean proportional, then you state the reason?" This is better under- 
stood if we compare the statement elsewhere that "the cause is the 
middle term, and this is what is sought in all cases!” and the illustra- 
tion of this by the case of the proposition that the angle in a semi- 
circle is a right angle. Here the middle term which it is sought to 
establish by means of the figure is that the angle in the semi-circle is 
equal to the half of two right angles. We have then the syllogism : 
Whatever is half of two right angles is a right angle; the angle in a 
semi-circle is the half of two right angles ; therefore (conclusion) the 
angle in a semi-circle is a right angle’. As with the demonstration, so 


1 Topics V1. 4, 142 b 7~10. a Anal. post. 11. 2, 90 a 31. 

3 Anal. post. 11. 2, QO a 15—31. * ibid. 11. 8, 93 a 17. 

9 ibid. 93 & 20. 6 Trendelenburg, Erläuterungen, p. 110. 
7 De anima YI. 2, 413 a 13—20, 9 Anal. post. 11. 2, 90 a 6, 


? ibid. i1. 11, 94 a 28. 
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it should be with the definition. A definition which is to show the 
genesis of the thing defined should contain the middle term or cause ; 
otherwise it is a mere statement of a conclusion. Consider, for 
instance, the definition of “ quadrature” as “ making a square equal in 
area to a rectangle with unequal sides.” This gives no hint as to 
whether a solution of the problem is possible or how it is solved: but, 
if you add that to find the mean proportional between two given 
straight lines gives another straight line such that the square on it is 
equal to the rectangle contained by the first two straight lines, you 
supply the necessary middle term or cause’. | 

Technical terms not defined by Euclid. 

It will be observed that what is here defined, “quadrature” or 
“squaring ” (retpaywviopos), is not a geometrical figure, or an attribute 
of such a figure or a part of a figure, but a technical term used to 
describe a certain problem. Euclid does not define such things; but 
the fact that Aristotle alludes to this particular definition as well as to 
definitions of deflection (xexracOar) and of verging (veverv) seems to 
show that earlier text-books included among definitions explanations 
of a number of technical terms, and that Euclid deliberately omitted 
these explanations from his E/ements as surplusage. Later the 
tendency was again in the opposite direction, as we see from the much 
expanded Definitions of Heron, which, for example, actually include 
a definition of a deflected Line (xexXacpevn ypappn)*. Euclid uses the 
passive of «Nay occasionally’, but evidently considered it unnecessary 
to explain such terms, which had come to bear a recognised meaning. 

The mention too by Aristotle of a definition of verging (vevew) 
suggests that the problems indicated by this term were not excluded 
from elementary text-books before Euclid. The type of problem 
(veta) was that of placing a straight line across two lines, eg. two 
straight lines, or a straight line and a circle, so that it shall verge toa 
given point (i.e. pass through it if produced) and at the same time the 
intercept on it made by the two given lines shall be of given length. 


1 Other passages in Aristotle may be quoted to the like effect: e.g. Amal. post. 1. 2, 
71 b 9 ** We consider that we know a particular thing in the absolute sense, as distinct 
from the sophistical and incidental sense, when we consider that we know the cause on 
account of which the thing is, in the sense of knowing that it is the cause of that thing and 
that it cannot be otherwise," 252. I. 13, 79a a ** For here to know the fact is the function of 
those who are concerned with sensible things, to know the casse is the function of the mathe- 
matician ; it is he who possesses the proofs of the causes, and often he does not know the 
fact." In view of such passages it is difficult to see how Proclus came to write (p. 202, 11) 
that Aristotle was the originator (’Apiororé\ous xaráptarros) of the idea of Amphinomus and 
others that geometry does not investigate the cause and the Ay (ró &à rl). To this Geminus 
replied that the investigation of the cause does, on the contrary, appear in geometry. ‘‘ For 
how can it be maintained that it is not the business of the geometer to inquire for what reason, 
on the one hand, an infinite number of equilateral polygons are inscribed in a circle, but, on 
the other hand, it is not possible to inscribe in a sphere an infinite number of polyhedral 
figures, equilateral, equiangular, and made up of similar plane figures? Whose business is it 
to ask this question and find the answer to it if it is not that of the geometer? Now when 
geometers reason fer smspossibile they are content to discover the property, but when they 
argue by direct proof, if such proof be only partial (êm? yépous), this does not suffice for 
showing the cause ; if however it is general and applies to all like cases, the why (rà &à rt) 
is at once and concurrently made evident." 

* Heron, Def. 12 (vol. iv. Heib. pp. 22-24). * e.g. in III. 20 and in Da/a 89. 
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In general, the use of conics is required for the theoretical solution of 
these problems, or a mechanical contrivance for their practical 
solution'. Zeuthen, following Oppermann, gives reasons for supposing, 
not only that mechanical constructions were practically used by the 
older Greek geometers for solving these problems, but that they were 
theoretically recognised as a permissible means of solution when the 
solution could not be effected by means of the straight line and circle, 
and that it was only in later times that it was considered necessary to 
use conics in every case where that was possible? Heiberg’ suggests 
that the allusion of Aristotle to veúøeiş perhaps confirms this sup- 
position, as Aristotle nowhere shows the slightest acquaintance with 
conics. I doubt whether this is a safe inference, since the problems 
of this type included in the elementary text-books might easily have 
been limited to those which could be solved by “ plane” methods (i.e. 
by means of the straight line and circle), We know, e.g., from Pappus 
that Apollonius wrote two Books on plane vevoes‘. But one thing 
is certain, namely that Euclid deliberately excluded this class of 
problem, doubtless as not being essential in a book of Elements. 

Definitions not afterwards used. 

Lastly, Euclid has definitions of some terms which he never after- 
wards uses, e.g. oblong (érepoynnes), rhombus, rhomboid. The “oblong” 
occurs in Aristotle; and it is certain that all these definitions are 
survivals from earlier books of Elements. 


1 Cf. the chapter on vedoas in The Works of Archimedes, pp. c—cxxii. 

3 Zeuthen, Die Lehre von den Kegelschnitten im Altertum, ch. 12, p. 262. 
? Heiberg, MatAhematisches su Aristoteles, p. 16. 

* Pappus VII. pp. 670—232. 


BOOK I. 


DEFINITIONS. 
1. A point is that which has no part. 
2. A line is breadthless length. 
3. The extremities of a line are points. 
4. A Straight line is a line which lies evenly with the 


points on itself. 

5. A surface is that which has length and breadth only. 

6. The extremities of a surface are lines. 

7. A plane surface is a surface which lies evenly with 
the straight lines on itself. 

8. A plane angle is the inclination to one another of 
two lines in a plane which meet one another and do not lie in 
a straight line. 

9. And when the lines containing the angle are straight, 
the angle is called rectilineal. 

10. When a straight line set up on a straight line makes 
the adjacent angles equal to one another, each of the equal 
angles is right, and the straight line standing on the other is 
called a perpendicular to that on which it stands. 

11, An obtuse angle is an angle greater than a right 
angle. 

12. An acute angle is an angle less than a right angle. 

" 13. A boundary is that which is an extremity of any- 
thing. 

14. A figure is that which is contained by any boundary 
or boundaries. 

15. Acircle is a plane figure contained by one line such 
that all the straight lines falling upon it from one point among 
those lying within the figure are equal to one another ; 
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16. And the point is called the centre of the circle. 


17. A diameter of the circle is any straight line drawn 
through the centre and terminated in both directions by the 
circumference of the circle, and such a straight line also 
bisects the circle. 


18. A semicircle is the figure contained by the diameter 
and the circumference cut off by it. And the centre of the 
semicircle is the same as that of the circle. 


19. Rectilineal figures are those which are contained 
by straight lines, trilateral figures being those contained by 
three, quadrilateral those contained by four, and multi- 
lateral those contained by more than four straight lines. 


20. Of trilateral figures, an equilateral triangle is that 
which has its three sides equal, an isosceles triangle that 
which has two of its sides alone equal, and a scalene 
triangle that which has its three sides unequal. 


21. Further, of trilateral figures, a right-angled tri- 
angle is that which has a right angle, an obtuse-angled 
triangle that which has an obtuse angle, and an acute- 
angled triangle that which has its three angles acute. 


22. Of quadrilateral figures, a square is that which is 
both equilateral and right-angled; an oblong that which is 
right-angled but not equilateral; a rhombus that which is 
equilateral but not right-angled ; and a rhomboid that which 
has its opposite sides and angles equal to one another but is 
neither equilateral nor right-angled. And let quadrilaterals 
other than these be called trapezia. 


23. Parallel straight lines are straight lines which, 
being in the same plane and being produced indefinitely in 
both directions, do not meet one another in either direction. 


POSTULATES. 


Let the following be postulated : 
1. To draw a straight line from any point to any point. 


2. To produce a finite straight line continuously in a 
straight line. 


3. To describe a circle with any centre and distance. 
4. That all right angles are equal to one another. 
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5. That, if a straight line falling on two straight lines 
make the interior angles on the same side less than two right 
angles, the two straight lines, if produced indefinitely, meet 
on that side on which are the angles less than the two right 
angles. 


COMMON NOTIONS. 


1. Things which are equal to the same thing are also 
equal to one another. 


2. If equals be added to equals, the wholes are equal. 


3. If equals be subtracted from equals, the remainders 
are equal. 


[7]4. Things which coincide with one another are equal to 
one another. 


[8] 5. The whole is greater than the part. 


DEFINITION I, 


Lnpetov éoriv, ov pépos ovHev. 

A point ts that which has no part. 

An exactly parallel use of pépos (êsri) in the singular is found in Aristotle, 
Metaph. 1035 b 32 pépos piv oiv écTi xai rov etdovs, literally “There is a 
part even of the form”; Bonitz translates as if the plural were used, **Theile 
giebt es," and the meaning is simply “even the form is divisible (into parts).” 
Accordingly it would be quite justifiable to translate in this case “A point is 
that which is indivisible into parts.” 

Martianus Capella (sth c. a.D.) alone or almost alone translated differently, 
* Punctum est cuius pars zshi? est,” “a point is that a part of which is nothing.” 
Notwithstanding that Max Simon (Euclid und die sechs planimetrischen Bücher, 
1901) has adopted this translation (on grounds which I shall presently mention), 
I cannot think that it gives any sense. If a part of a point is zofhing, Euclid 
might as well have said that a point is s¢se/f “nothing,” which of course he 
does not do. 


Pre-Euclidean definitions. 


It would appear that this was not the definition given in earlier text- 
books ; for Aristotle ( Zopics vi. 4, 141 b 20), in speaking of “the definitions ” 
of point, line, and surface, says that they aZ define the prior by means of the 
posterior, a point as an extremity of a line, a line of a surface, and a surface 
of a solid. 

The first definition of a point of which we hear is that given by the 
Pythagoreans (cf. Proclus, p. 95, 21) who defined it as a *monad having 
position” or “with position added" («ovas pos AafSotca Oéow). It is frequently 
used by Aristotle, either in this exact form (cf. De anima 1. 4, 409 a 6) or its 
equivalent: e.g. in A/efaph. 1016 b 24 he says that that which is indivisible 
every way in respect of magnitude and 444 magnitude but has not position is 
a monad, while that which is similarly indivisible and has position is a point. 

Plato appears to have objected to this definition. Aristotle says (Metaph. 
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992 a 20) that he objected “‘to this genus [that of points] as being a geometrical 
fiction (yewperpixdy Scypa), and called a point the beginning of a line (ápy3] 
yearns), while again he frequently spoke of *indivisible lines." To which 
Aristotle replies that even “indivisible lines” must have extremities, so that 
the same argument which proves the existence of /imes can be used to prove 
that Joints exist. It would appear therefore that, when Aristotle objects to 
the definition of a point as the extremity of a line (wépas ypappys) as un- 
scientific (Zopics vi. 4, 141 b 21), he is aiming at Plato. Heiberg conjectures 
(Mathematizsches zu. Aristoteles, p. 8) that it was due to Plato's influence that 
the word for “point” generally used by Aristotle (orcypy) was replaced by 
onpecoy (the regular term used by Euclid, Archimedes and later writers), the 
latter term (— ofa, a conventional mark) probably being considered more 
suitable than oriya} (a puncture) which might appear to claim greater reality 
for a point. 

Anstotle’s conception of a point as that which is indivisible and has 
position is further illustrated by such observations as that a point is not a 
body (De caelo 11. 13, 296 a 17) and has no weight (ibid. 111. 1, 299 a 30); 
again, we can make no distinction between a point and the p/ace (rémos) where 
it is (PAysics Iv. 1, 209 a 11). He finds the usual difficulty in accounting for 
the transition from the indivisible, or infinitely small, to the finite or divisible 
magnitude. A point being sadsvisid/e, no accumulation of points, however far 
it may be carried, can give us anything divisible, whereas of course a line is a 
divisible magnitude. Hence he holds that points cannot make up anything 
continuous like a line, point cannot be continuous with point (ov yap eorw 
€xopevoy onuciov onpelov 1) otcypy orrypys, De gen. ef corr. i. 2, 317 a 10), and 
a line is not made up of points (ov ovyxerat ex oreypav, Physics Iv. 8, 215 
b 19). A point, he says, is like the zow in time: now is indivisible and is 
not a part of time, it is only the beginning or end, or a division, of time, and 
similarly a point may be an extremity, beginning or division of a line, but is 
not part of it or of magnitude (cf. De cael 111. 1, 300 a 14, Physics 1v. 11, 
220 a I—21, VI. I, 231 b 6 sqq.). It is only by motion that a point can 
generate a line (De anima 1. 4, 409 a 4) and thus be the origin of magnitude. 


Other ancient definitions. 


According to an-Nairizi (ed. Curtze, p. 3) one *Herundes" (not so far 
identified) defined a point as ''the indivisible beginning of all magnitudes,” 
and Posidonius as “an extremity which has no dimension, or an extremity of 
a line.” 


Criticisms by commentators. 


Euclid’s definition itself is of course practically the same as that which 
Anistotle’s frequent allusions show to have been then current, except that it 
omits to say that the point must have position. Is it then sufficient, seeing 
that there are other things which are without parts or indivisible, e.g. the now 
in time, and the «zif in number? Proclus answers (p. 93, 18) that the point 
is the only thing #2 the subject-matter of geometry that is indivisible. Relatively 
therefore to the particular science the definition is sufficient. Secondly, the 
definition has been over and over again criticised because it is purely negative. 
Proclus’ answer to this is (p. 94, 10) that negative descriptions are appropriate 
to first principles, and he quotes Parmenides as having described his first and 
last cause by means of negations merely. Aristotle too admits that it may 
sometimes be necessary for one framing a definition to use negations, e.g. in 
defining privative terms such as “blind”; and he seems to accept as proper 
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the negative element in the definition of a point, since he says (De anima 111. 6, 
430 b 20) that “‘the point and every division [e.g. in a length or in a period 
of time], and that which is indivisible in this sense, is exhibited as privation 
(SpAovrat ws orépycrs).” 

Simplicius (quoted by an-Nairizi) says that “a point is the beginning of 
magnitudes and that from which they grow ; it is also the only thing which, 
having position, is not divisible.” He, like Aristotle, adds that it is by its 
motion that a point can generate a magnitude: the particular magnitude can 
only be “of one dimension,” viz. a line, since the point does not "spread 
itself” (dimittat). Simplicius further observes that Euclid defined a point 
negatively because it was arrived at by detaching surface from body, line from 
surface, and finally point from line. ‘Since then body has three dimensions 
it follows that a point [arrived at after successively eliminating all three 
dimensions] has none of the dimensions, and has no part.” This of course 
reappears ın modern treatises (cf. Rausenberger, E/ementar-geometrie des 
Punktes, der Geraden und der Ebene, 1887, p. 7). 

An-Nairizi adds an interesting observation. “If any one seeks to know 
the essence of a point, a thing more simple than a line, let him, in the sensible 
world, think of the centre of the universe and the fos.” But there is 
nothing new under the sun: the same idea is mentioned, in an Aristotelian 
treatise, in controverting those who imagine that the poles have some influence 
in the motion of the sphere, **when the poles have no magnitude but are 
extremities and points” (De motu animalium 3, 699 a 21). 


Modern views. 


In the new geometry represented by the excellent treatises which start 
from new systems of postulates or axioms, the result of the profound study of 
the fundamental principles of geometry during recent years (I need only 
mention the names of Pasch, Veronese, Enriques and Hilbert), points come 
before lines, but the vain effort to define them a riori is not made ; instead 
of this, the nearest material things ir. nature are mentioned as illustrations, 
with the remark that it is from them that we can get the abstract idea. Cf. 
the full statement as regards the notion of a point in Weber and Wellstein, 
Encyclopadie der elementaren Mathematik, 11., 1905, p. 9. “This notion is 
evolved from the notion of the real or supposed material point by the process 
of limits, i.e. by an act of the mind which sets a term to a series of presen- 
tations in itself unlimited. Suppose a grain of sand or a mote in a sunbeam, 
which continually becomes smaller and smaller. In this way vanishes more 
and more the possibility of determining still smaller atoms in the grain of 
sand, and there is evolved, so we say, with growing certainty, the presentation 
of the point as a definite position in space which is one and is incapable of 
further division. But this view is untenable ; we have, it is true, some idea 
how the grain of sand gets smaller and smaller, but only so long as it remains 
just visible; after that we are completely in the dark, and we cannot see or 
imagine the further diminution. That this procedure comes to an end is 
unthinkable ; that nevertheless there exists a term beyond which it cannot go, 
we must believe or postulate without ever reaching it. . . . It is a pure 
act of will, not of the understanding.” Max Simon observes similarly (Zac/id, 
p. 25) “The notion ‘point’ belongs to the limit-notions (Grenzbegriffe), the 
necessary conclusions of continued, and in themselves unlimited, series of 
presentations.” He adds, “The point is the limit of localisation; if this is 
more and more energetically continued, it leads to the limit-notion ‘point,’ 


158 BOOK I [1. DEFF. 1, 2 


better ‘position,’ which at the same time involves a change of notion. Content 
of space vanishes, relative position remains. ‘Point’ then, according to our 
interpretation of Euclid, is the extremest limit of that which we can still think 
of (not observe) as a spatial presentation, and if we go further than that, not 
only does extension cease but even relative 7/ace, and in this sense the ‘part’ 
is nothing.” I confess I think that even the meaning which Simon intends to 
convey is better expressed by “it has zo part” than by “the part is nothing,” 
since to take a “part” of a thing in Euclid’s sense of the result of a simple 
division, corresponding to an arithmetical fraction, would not be to change 
the notion from that of the thing divided to an entirely different one. 


DEFINITION 2. 

Tpappy 96 unos amAarés. 

A line ts breadthless length. 

This definition may safely be attributed to the Platonic School, if not to 
Plato himself. Aristotle (Topics vı. 6, 143 b 11) speaks of it as open to 
objection because it “ divides the genus by negation,” length being necessarily 
either breadthless or possessed of breadth; it would seem however that the 
objection was only taken in order to score a point against the Platonists, since 
he says (sbrd. 143 b 29) that the argument is “of service on/y against those 
who assert that the genus [sc. length] is one numerically, that is, those who 
assume ideas,” e.g. the idea of length (aùrò L5«os) which they regard as a 
genus: for if the genus, being one and self-existent, could be divided into 
two spécies, one of which asserts what the other denies, it would be self- 
contradictory (Waitz). 

Proclus (pp. 96, 21—97, 3) observes that, whereas the definition of a point 
is merely negative, the line introduces the first “dimension,” and so its 
definition is to this extent positive, while it has also a negative element which 
denies to it the other “dimensions” (dacraves). The negation of both 
breadth and depth is involved in the single expression “breadthless” (azAarés), 
since everything that is without breadth is also destitute of depth, though the 
converse is of course not true. 


Alternative definitions. 


The alternative definition alluded to by Proclus, péyeBos ef’ t&v Stacrarcy 
* magnitude in one dimension " or, better perhaps, ** magnitude extended one 
way” (since dacracts as used with reference to line, surface and solid scarcely 
corresponds to our use of ‘‘dimension” when we speak of “one,” “two,” or 
* three dimensions "), is attributed by an-Nairizi to “ Heromides,” who must 
presumably be the same as '' Herundes," to whom he attributes a certain 
definition of a point. It appears however in substance in Aristotle, though 
Aristotle does not use the adjective dcacrardy, nor does he apparently use 
diaoracis except of dody as having /Aree '* dimensions " or *having dimension 
(or extension) aZ ways (rdvry),” the “dimensions” being in his view (1) up 
and down, (2) before and behind, and (3) right and left, and **up" being the 
principle or beginning of /ength, “right” of breadth, and “before” of depth 
(De caelo 11. 2, 284 b 24). A line is, according to Aristotle, a magnitude 
“ divisible in one way only” (povayp Siacperdv), in contrast to a magnitude 
divisible iñ wo ways (dtx7 Statperdv), or a surface, and a magnitude divisible 
“in all or in three ways” (avrn xai tpix7 Siatperov), or a body (Metaph. 
1016 b 25—27); or it is a magnitude “continuous one way (or in one 
direction),” as compared with magnitudes continuous ‘vo ways or three ways, 
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which curiously enough he describes as “ breadth " and depth 3 respectively 
(uéyeBos 58 rò pèv èp’ êv ovvexès piros, rò 5 eri Svo wAdros, Tò Ò emi rpia Babos, 
Metaph. 1020 a 11), though he immediately adds that “length ” means a line, 
“breadth ” a surface, and “depth ” a body. 

Proclus gives another alternative definition as “ux of a point” (fiss 
onpeiov), i.e. the path of a point when moved. This idea is also alluded to in 
Aristotle (De anima 1. 4, 409 a 4 above quoted) : "they say that a line by its 
motion produces a surface, and a point by its motion a line.” “This 
definition," says Proclus (p. 97, 8—13), "is a perfect one as showing the 
essence of the line: he who called it the flux of a point seems to define it 
from its genetic cause, and it is not every line that he sets before us, but only 
the immaterial line ; for it is this that is produced by the point, which, though 
itself indivisible, is the cause of the existence of things divisible." 

Proclus (p. 100, 5—19) adds the useful remark, which, he says, was 
current in the school of Apollonius, that we have the notion of a line when we 
ask for the length of a road or a wall measured merely as length ; for in that 
case we mean something irrespective of breadth, viz. distance in one 
“dimension.” Further we can obtain sensible perception of a line if we look 
at the division between the light and the dark when a shadow is thrown on 
the earth or the moon; for clearly the division is without breadth, but has 
length. 


Species of “lines.” 


After defining the “line” Euclid only mentions one species of line, the 
straight line, although of course another species appears in the definition of a 
circle later. He doubtless omitted all c/assification of lines as unnecessary for 
his purpose, whereas, for example, Heron follows up his definition of a line by 
a division of lines into (1) those which are “ straight ” and (2) those which are 
not, and a further division of the latter into (a) “circular circumferences,” 
(5) “spiral-shaped” (éA:coedets) lines and (c) “curved” (xayvaAat) lines generally, 
and then explains the four terms. Aristotle tells us (Metaph. 986 a 25) that 
the Pythagoreans distinguished straight (007) and curved (xaurvAov), and this 
distinction appears in Plato (cf. Repudlic x. 602 c) and in Aristotle (cf. “ to a 
line belong the attributes straight or curved,” Anal. post. 1. 4,73 b 19; “as in 
mathematics it is useful to know what is meant by the terms straight and 
curved,” De anima 1. 1, 402 b 19). But from the class of “curved” lines 
Plato and Aristotle separate off the wepipepys or “circular” as a distinct 
species often similarly contrasted with straight. Aristotle seems to recognise 
broken lines forming an angle as one line: thus “a line, if it be bent (xexap- 
pém), but yet continuous, is called one” (Afetaph. 1016 a 2); “the straight line 
is more one than the bent line” (#6rd. 1016 a 12). Cf. Heron, Def. 12, “A 
broken line (xexAaopévn ypaypy) so-called is a line which, when produced, 
does not meet z/se/f." 

When Proclus says that both Plato and Aristotle divided lines into those 
which are “straight,” “circular” (arepepepys) or “a mixture of the two,” adding, 
as regards Plato, that he included in the last of these classes ‘‘ those which are 
called helicoidal among plane (curves) and (curves) formed about solids, and 
such species of curved lines as arise from sections of solids" (p. 104, 1—5), 
he appears to be not quite exact. The reference as regards Plato seems to be 
to Parmenides 145 B: “At that rate it would seem that the one must have 
shape, either straight or round (erpoyyóAov) or some combination of the two" 
but this scarcely amounts to a formal classification of lines. As pounds 
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Aristotle, Proclus seems to have in mind the passage (De cae/o 1. 2, 268 b 17) 
where it is stated that “all motion in space, which we call translation (opa), is 
(in) a straight line, a circle, or a combination of the two; for the first two are 
the only simple (motions).” 

For completeness it is desirable to add the substance of Proclus’ account 
of the classification of lines, fot which he quotes Geminus as his authority. 


Geminus' first classification of lines. 

This begins (p. x11, 1— 9) with a division of lines into composite (ovvOeros) 
and incomposite (dev»Oeros). The only illustration given of the composite 
class is the “broken line which forms an angle” (7 xexAaopévy Kai ywviav 
motovoa) ; the subdivision of the :xcomposite class then follows (in the text as 
it stands the word “composite” is clearly an error for ‘‘incomposite ”). The 
subdivisions of the incomposite class are repeated in a later passage (pp. 176, 
27—177, 23) with some additional details. The following diagram reproduces 
the effect of both versions as far as possible (all the illustrations mentioned by 


Proclus being shown in brackets). 


lines 
—  —— 


composite incomposite 
(broken line forming an angle) 





— 
forming a figure not forming a figure 
exnparomow baa or 

or determinate indeterminate 
Wpis pévar dbproros 
(circle, ellipse, cissoid) and 


extending without limit 
ér’ dwe:poy éxBadr\dpera 
(straight line, parabola, hyperbola, conchoid) 


The additional details in the second version, which cannot easily be shown 
in the diagram, are as follows : 

(1) Of the lines which extend without limit, some do not form a figure at 
all (viz. the straight line, the parabola and the hyperbola); but some first 
“come together and form a figure" (ie. have a loop), “and, for the rest, 
extend without limit" (p. 177, 8). 





As the only other curve, besides the parabola and the hyperbola, which 
has been mentioned as proceeding to infinity is the cozcAoid (of Nicomedes), 
we can hardly avoid the conclusion of Tannery! that the curve which has a 
loop and then proceeds to infinity is a variety of the conchoid itself. As is 


1 Notes pour l'histoire des lignes et surfaces courbes dans Pantiquité in Bulletin des sciences 
mathém, et astronom. 2 sér. vint. (1884), pp. 108—9 (Mémoires scientifiques, 11. p. 23). 
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well known, the ordinary conchoid (which was used both for doubling the 
cube and for trisecting the angle) is obtained in this way. Suppose any 
number of rays passing through a fixed point (the fo/e) and intersecting a 
fixed straight line ; and suppose that points are taken on the rays, beyond the 
fixed straight line, such that the portions of the rays intercepted between the 
fixed straight line and the point are equal to a constant distance (dcdorrnpa), 
the locus of the points is a conchoid which has the fixed straight line for 
asymptote. If the “distance” æ is measured from the intersection of the ray 
with the given straight line, not in the direction away from the pole, but 
towards the pole, we obtain three other curves according as a is less than, 
equal to, or greater than 4, the distance of the pole from the fixed straight line, 
which is an asymptote in each case. The case in which a » gives a curve 
which forms a loop and then proceeds to infinity in the way Proclus describes. 
Now we Rnow both from Eutocius (Comm. on Archimedes, ed. Heiberg, 11. 
P. 98) and Proclus (p. 272, 3—7) that Nicomedes wrote on conchoids (in 
the plural), and Pappus (iv. p. 244, 18) says that besides the “ first” (used as 
above stated) there were “the second, the third and the fourth which are 
useful for other theorems.” 

(2) Proclus next observes (p. 177, 9) that, of the lines which extend 
without limit, some are “asymptotic” (aovurrwrot), namely “those which 
never meet, however they are produced," and some are “‘ sympffotic,” namely 
"those which will meet sometime" ; and, of the “asymptotic” class, some 
are in one plane, and others not. Lastly, of the “asymptotic” lines in one 
plane, some preserve always the same distance from one another, while others 
continually *lessen the distance, like the hyperbola with reference to the 
straight line, and the conchoid with reference to the straight line." 


Geminus' second classification. 


This (from Proclus, pp. 111, 9—20 and 112, 16—18) can be shown in a 
diagram thus : 


Incomposite lines 
docdvbe rot paypal 
— — — 


[ru — — 
simple, àv mixed, puxTh 
2 — — —ñ— — 2 p | 
making a figure indeterminate 
axia Toora åópioTos 
(e.g. circle) (straight line) 
lines in planes lines on solids 
al év rois arepeoit 
— 
line meeting itself extending without limit 
ù é» abri ovurinrovoa À èr’ drepov éxBaddopuery 
(e.g. cissoid) 
a —— — 
lines formed by sectionis lines round solids 
al xarà ras rouás al wepl ra oreped 
(e.g. conic sections, spiric curves) (e.g. elix about a sphere or about a cone) 
homoeomeric not homoeomeric 
(cylindrical helix) (all others) 


Notes on classes of “lines” and on particular curves. 


We will now add the most interesting notes found in Proclus with 
reference to the above classifications or the particular curves mentioned. 
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1. Homocomeric lines. 


By this term (opocopepets) are meant lines which are alike in all parts, so 
that in any one such curve any part can be made to coincide with any other 
part. Proclus observes that these lines are only three in number, two being 
* simple" and in a plane (the straight line and the circle), and the third 
“‘mixed,” (subsisting) “about a solid,” namely the cylindrical helix. The 
latter curve was also called the cochlias or cochlion, and its homoeomeric 
property was proved by Apollonius in his work epi rod xoxAcov (Proclus, 
p. roS, S). The fact that there are only three Aomocomeric lines was proved 
by Geminus, “who proved, as a preliminary proposition, that, if from a point 
(&ó rov onpeiov, but on p. 251, 4 ad’ évos onpeiov) two straight lines be drawn 
to a homoeomeric line making equal angles with it, the straight lines are 
equal” (pp. 112, 1—113, 3, cf. p. 251, 2—19). 

2. Mixed lines. 


It might be supposed, says Proclus (p. 105, 11), that the cylindrical helix, 
being Aomocomeric, like the straight line and the circle, must like them be 
simple. He replies that it is not simple, but mixed, because it is generated by 
two unlike motions. Two /i&e motions, said Geminus, e.g. two motions at the 
same speed in the directions of two adjoining sides of a square, produce a 
simple line, namely a straight line (the diagonal); and again, if a straight line 
moves with its extremities upon the two sides of a right angle respectively, 
this same motion gives a simple curve (a circle) for the locus of the middle 
point of the straight line, and a mixed curve (an ellipse) for the locus of any 
other point on it (p. 106, 3—15). 

Geminus also explained that the term “ mixed,” as applied to curves, and 
as applied to surfaces, respectively, is used in different senses. As applied to 
curves, “mixing” neither means simple “putting together” (ovvOeocs) nor 
“blending ” (xpâsıs). Thus the helix (or spiral) is a “ mixed” line, but (1) it 
is not “mixed ” in the sense of ** putting together," as it would be if, say, part 
of it were straight and part circular, and (2) it is not mixed in the sense of 
* blending," because, if it is cut in any way, it does not present the appearance 
of any simple lines (of which it might be supposed to be compounded, as it 
were). The “mixing” in the case of lines is rather that in which the con- 
stituents are destroyed so far as their own character is concerned, and are 
replaced, as it were, by a chemical combination (érv êv aùr avvedÜapuéva à 
dx«pa. xai ovyxexupéva). On the other hand “mixed” surfaces are mixed in 
the sense of a sort of “blending” (xara twa xpámw). For take a cone gene- 
rated by a straight line passing through a fixed point and passing always 
through the circumference of a circle: if you cut this by a plane parallel to 
that of the circle, you obtain a circular section, and if you cut it by a plane 
through the vertex, you obtain a triangle, the ** mixed" surface of the cone 
being thus cut into smf/e lines (pp. 117, 22-—118, 23). 


3. Spiric curves. 


These curves, classed with conics as being sections of solids, were dis- 
covered by Perseus, according to an epigram of Perseus’ own quoted by 
Proclus (p. 112, 1), which says that Perseus found ''three lines upon (or, 
perhaps, in addition to) five sections” (rpeis ypappas émi mévre ropais). 
Proclus throws some light on these in the following passages: 

* Of the spiric sections, one is interlaced, resembling the horse-fetter 
(&rmrov 7405); another is widened out in the middle and contracts on each 
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side (of the middle), a third is elongated and is narrower in the middle, 
broadening out on each side of it" (p. 112, 4—8). 

“This is the case with the spiric surface; for it is conceived as generated 
by the revolution of a circle remaining at right angles (to a plane] and turning 
about a point which is not its centre [in other words, generated by the revo- 
lution of a circle about a straight line in its plane not passing through the 
centre]. Hence the spire takes three forms, for the centre [of rotation] is 
either on the circumference, or within it, or without it. And if the centre of 
rotation is on the circumference, we have the continuous spire (cvveyys), if 
within, the :néerlaced (€umerAeypévn), and if without, the open (ieys). And 
the spiric sections are three according to these three differences” (p. 119, 
8—17). 

* When the A/??opede, which is one of the spiric curves, forms an angle 
with itself, this angle also is contained by mixed lines" (p. 127, 1—3). 

“ Perseus showed for spirics what was their property (espmropga)" 
(p. 356, 12). 

Thus the spiric surface was what we call a Zore, or (when open) an anchor- 
ring. Heron (Def. 97) says it was called alternatively spire (oweipa) or ring 
(xpixos); he calls the variety in which “‘the circle cuts itself,” not “interlaced,” 
but *'crossing-itself " (éraAAarrovoa). 

Tannery’ has discussed these passages, as also did Schiaparelli*. It is clear 
that Proclus! remark that the difference in the three curves which he mentions 
corresponds to the difference between the three surfaces is a slip, due perhaps 
to too hurried transcribing from Geminus: all three arise from plane sections 
of the ofen anchor-ring. If r is the radius of the revolving circle, a the 
distance of its centre from the axis of rotation, 7 the distance of the plane 
section (supposed to be parallel to the axis) from the axis, the three curves 
described in the first extract correspond to the following cases: 

(1) d=a-r. In this case the curve is the Z/fpopede, of which the 
lemniscate of Bernoulli is a particular case, namely that in which a = 27. 

The name Aippopede was doubtless adopted for this one of Perseus’ curves 
on the ground of its resemblance to the Aippopede of Eudoxus, which seems to 
have been the curve of intersection of a sphere with a cylinder touching it 
internally. 

(2) a+r7>d>a. Here the curve is an oval. 

(3) a>d>a-r. The curve is now narrowest in the middle. 

Tannery explains the “three lines upon (in addition to) five sections” 
thus. He points out that with the open tore there are two other sections 
corresponding to 

(4) d=a: transition from (2) to (3). 

(S) a-r>d>o, in which case the section consists of two symmetrical 
ovals. 

He then shows that the sections of the closed or continuous tore, corre- 
sponding to a =r, give curves corresponding to (2), (3) and (4) only. Instead 
of (1) and (5) we have only a section consisting of two equal circles touching 
one another. 

On the other hand, the /4i74 spire (the zsfer/aced variety) gives three new 
forms, which make a group of three in addition to the first group of jive sections. 


' Pour Phistoire des lignes et surfaces courbes dans lantiquité in. Bulletin des sciences 
mathém. et astronom. N1M. (1884), pp. 25—27 (Mémoires scientifiques, M. pp. 24—28). 

2 Die homocentrischen Sphàüren des. Eudoxus, des Kallippus und des Aristoteles (Abhand- 
lungen zur Gesch. der Math. 1. Heft, 1877, pp. 149—152). 
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The difficulty which I see in this interpretation is the fact that, just after 
* three lines on five sections " are mentioned, Proclus describes three curves 
which were evidently the most important ; but these three belong to three of 
the five sections of the open tore, and are not separate from them. 


4. The cissoid. 


This curve is assumed to be the same as that by means of which, according 
to Eutocius (Comm. on Archimedes, 1. p. 66 sqq.), Diocles in his book repi 
wupiwy (On burning-glasses) solved the problem of doubling the cube. It is 
the locus of points which he found by the following construction. Let AC, 
BD be diameters at right angles in a circle with centre O. 

Let E, F be points on the quadrants BC, BA respectively such that the 
arcs BE, BF are equal. 

Draw EG, FH perpendicular to CA. 
Join AZ, and let / be its intersection 
with ZÆ. 

The cissoid is the locus of all the 
points P corresponding to different posi- 
tions of Æ on the quadrant BC and of F 
at an equal distance from Z along the arc 


A is the point on the curve correspond- 
ing to the position C for the point Æ, and 
B the point on the curve corresponding 
to the position of E in which it coincides 
with A. 

It is easy to see that the curve extends 
in the direction 4B beyond P, and that 
CX drawn perpendicular to CA is an 
asymptote. It may be regarded also as 
having a branch 42 symmetrical with 
AB, and, beyond D, approaching XC produced as asymptote. 

If OA, OD are coordinate axes, the equation of the curve is obviously 
y (a * x) 2 (a - xy', 

where a i; the radius of the circle. 

There is a cusp at 4, and it agrees with this that Proclus should say 
(p. 126, 24) that “cissoidal lines converging to one point like the leaves of 
ivy—for this is the origin of their name—form an angle.” He makes the 
slight correction (p. 128, 5) that it is not two far?s of a curve, but one curve, 
which in this case makes an angle. 

But what is surprising is that Proclus seems to have no idea of the curve 
passing Outside the circle and having an asymptote, for he several times 
speaks of it as a closed curve (torming a figure and including an area): cf. 

. 152, 7, “the plane (area) cut off by the cissoidal line has une bounding 
(line), but it has not in it a centre such that all (straight lines drawn to the 
curve) from it are equal." It would appear as if Proclus regarded the cissoid 
as formed by the four symmetrical cissoidal arcs shown in the figure. 

Even more peculiar is Proclus' view of the 





$. ''Single-turn Spiral." 
This is really the spiral of Archimedes traced by a point starting from 
the fixed extremity of a straight line and moving uniformly along it, while 
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simultaneously the straight line itself moves uniformly in a plane about its fixed 
extremity. In Archimedes the spiral has of course any number of turns, the 
straight line making the same number of complete revolutions. Yet Proclus, 
while giving the same account of the generation of the spiral (p. 180, 8—12), 
regards the single-turn spiral as actually stopping short at the point reached 
after one complete revolution of the straight line: “it is necessary to know 
that extending without limit is not a property of all lines; for it neither 
belongs to the circle nor to the cissoid, nor in general to lines which form 
figures ; nor even to those which do not form figures. For even the single- 
turn spiral does not extend without limit—/or i ts constructed between two 
points—nor does any of the other lines so generated do so” (p. 187, 19—25). 
It is curious that Pappus (vill. p. 1110 sqq.) uses the same term povoorpodos 
&«É to denote one turn, not of the spiral, but of the cylindrical helix. 


DEFINITION 3. 


Tpappys 5¢ wépara onpeta. 

The extremities of a line are points. 

It being unscientific, as Aristotle said, to define a point as the “extremity 
of a line" (zépas ypappys), thereby explaining the prior by the posterior, 
Euclid defined a point differently; then, as it was necessary to connect a 
point with a line, he introduced this explanation after the definitions of both 
had been given. ‘his compromise is no doubt his own idea; the same 
thing occurs with reference to a surface and a line as its extremity in Def. 6, 
and with reference to a solid and a surface as its extremity in x1. Def. 2. 

We miss a statement of the facts, equally requiring to be known, that a 
“division ” (Saépeors) of a line, no less than its “beginning” or “end,” is a 
point (this is brought out by Aristotle: cf, AfefagA. 1060 b 15), and that 
the intersection of two lines is also a point. If these additional explanations 
had been given, Proclus would have been spared the difficulty which he finds 
in the fact that some of the lines used in Euclid (namely infinite straight lines 
on the one hand, and circles on the other) have no “extremities.” So also 
the ellipse, which Proclus calls by the old name 6upeds (“shield ”). In the 
case of the circle and ellipse we can, he observes (p. 103, 7), take a portion 
bounded by points, and the definition applies to that portion. His rather 
far-fetched distinction between two aspects of a circle or. ellipse as a dine and 
as a closed figure (thus, while you are describing a circle, you have two extremi- 
ties at any moment, but they disappear when it is finished) is an unnecessarily 
elaborate attempt to establish the literal universality of the “definition,” 
which is really no more than an explanation that, if a line Aes extremities, 
those extremities are points. 


DEFINITION 4. 

EWda ypappy otw, res €€ ivov rois i$ dauvris onpeions Kerai 

A straight line és a line which lies evenly with the points on. itself. 

The only definition of a straight line authenticated as pre-Euclidean is 
that of Plato, who defined it as “that of which the middle covers the ends” 
(relatively, that is, to an eye placed at either end and looking along the 
straight line). It appears in the Parmenides 137 E: ""suaight is whatever has 
its middle in front of (i.e. so placed as to obstruct the view of) both its ends” 
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(evOU ye ob dv rd pécov duqoiw roiv éc xárow érirporbev 7). Aristotle quotes it in 
equivalent terms ( Zopics vi. 11, 148 b 27), ob 16 pévov emempocOe rots mépacw ; 
and, as he does not mention the name of its author, but states it in combina- 
tion with the definition of a line as the extremity of a surface, we may assume 
that he used it as being well known. Proclus also quotes the definition as 
Plato's in almost identical terms, 7s ra péra rois axpois érerpoo0 «t (p. 109, 21). 
This definition is ingenious, but implicitly appeals to the sense of sight and 
involves the postulate that the line of sight is straight. (Cf. the Aristotelian 
Problems 31, 20, 959 a 39, where the question is why we can better observe 
straightness in a row, say, of letters with one eye than with two.) As regards 
the straightness of ''visual rays," oye, cf. Euclid'S own Op/tes, Deff. 1, 2, 
assumed as Aypotheses, in which he first speaks of the “straight lines” drawn 
from the eye, avoiding the word owes, and then says that the figure contained 
by the visual rays (6 Wes) is a cone with its vertex in the eye. 

As Aristotle mentions no definition of a straight line resembling Euclid’s, 
but gives only Plato’s definition and the other explaining it as the “extremity 
of a surface,” the latter being evidently the current definition in contemporary 
textbooks, we may safely infer that Euclid’s definition was a new departure of 
his own. 


Proclus on Euclid’s definition. 


Coming now fo the interpretation of Euclid’s definition, eùĝeîa ypaypy 
éoriv, ris é& too rois ep éautis onpeios Ketrat, we find any number of slightly 
different versions, but none that can be described as quite satisfactory ; some 
authorities, e.g. Savile, have confessed that they could make nothing of it. It 
is natural to appeal to Proclus first ; and we find that he does in fact give an 
interpretation which at first sight seems plausible. He says (p. 109, 8 sq.) that 
Euclid “shows by means of this that the straight line alone (of all lines] 
occupies a distance (xaréyety Sudornpa) equal to that between the points on it. 
For, as far as one of the points is distant from another, so great is the length 
(u€ye8os) of the straight line of which they are the extremities ; and this is the 
meaning of lying 4& iov to (or with) the points on it" (& tcov being thus, 
apparently, interpreted as “at” (or **over") **an equal distance"). “But if 
you take two points on the circumference (of a circle) or any other line, the 
distance cut off between them along the line is greater than the interval 
separating them. And this is the case with every line except the straight line. 
Hence the ordinary remark, based on a common notion, that those who 
journey in a straight line only travel the necessary distance, while those who 
do not go straight travel more than the necessary distance." (Cf. Aristotle, 
De caelo\. 4, 271 a 13, “we always call the distance of anything the straight 
line” drawn to it.) Thus Proclus would interpret somewhat in this way : “a 
straight line is that which represents extension equal with (the distances 
separating) the points on it.” This explanation seems to be an attempt to 
graft on to Euclid’s definition the assumption (it is a AapBavdpevov, not a 
definition) of Archimedes (Ox the sphere and cylinder 1. ad init.) that “of all 
the lines which have the same extremities the straight line is least.” For this 
purpose èg igov has apparently to be taken as meaning “at an equal distance,” 
and again “lying at an equal distance” as equivalent to “extending over (or 
representing) an equal distance.” This is difficult enough in itself, but is 
seen to be an impossible interpretation when applied to the similar definition 
of a plane by Euclid (Def. 7) as a surface “which lies evenly with the straight 
lines on itself.” In that connexion Proclus tries to make the same words é€ tou 
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kerat mean “extends over an equal area with." He says namely (p. 117, 2) 
that, *if two straight lines are set out" on the plane, the plane surface 
“occupies a space equal to that between the straight lines.” But two straight 
lines do not determine by themselves any space at all; it would be necessary 
to have a closed figure with its boundaries in the plane before we could arrive 
at the equivalent of the other assumption of Archimedes that “of surfaces 
which have the same extremities, if those extremities are in a plane, the plane is 
the least {in area].” This seems to be an impossible sense for èf gov even on 
the assumption that it means “at an equal distance” in the present definition. 
The necessity therefore of interpreting é€ trou similarly in both definitions 
makes it impossible to regard it as referring to distance or length at all. It 
should be added that Simplicius gave the same explanations as Proclus 
(an-Nairizi, p. 5). 


The language and construction of the definition. 


Let us now consider the actual wording and grammar of the phrase ris €& 
tgou Tos ép éaurns onpecors xetrar. As regards the expression d$ (cov we note 
that Plato and Aristotle (whose use of it seems typical) commonly have it in 
the sense of “on a footing of equality”: cf. of é& icov in Plato’s Laws 777 D, 
919 D; Aristotle, Politics 1259 b 5 èé gov elvai Bovera tùy hús, “tend to 
be on an equality in nature,” E/A. Mic. visi. 12, 1161 a 8 évrava mávres 4 
igov, “there all are on a footing of equality.” Slightly different are the uses 
in Aristotle, Zk. Mic. x. 8, 1178 a 25 ràv uiv yàp avayxaiwy ypeia Kai ef irov 
éorw, “both need the necessaries of life o the same extent, let us say”; Topics 1x. 
I5, 174 à 32 €€ ivov movovvra rH épwrnov, “asking the question indifferently” 
(i.e. without showing any expectation of one answer being given rather than 
another). The natural meaning would therefore appear to be **evenly placed" 
(or balanced), “in equal measure,” “indifferently” or “without bias” one way 
or the other. Next, is the dative rots ép éaurys onuciots constructed with ¿é irov 
or with xetrac? In the first case the phrase must mean “that which lies evendy 
with (or in respect to) the points on it,” in the second apparently “that which, 
in (or by) the points on it, lies (or is placed) evenly (or uniformly).” Max Simon 
takes the first construction to give the sense "die Gerade liegt in gleicher 
Weise wie ihre Punkte." If the last words mean “in the same way as (or in 
like manner as) its points,” I cannot see that they tell us anything, although 
Simon attaches to the words the notion of distance (Abstand) like Proclus. 
The second construction he takes as giving ‘‘ die Gerade liegt ftir (durch) ihre 
Punkte gleichmassig,” “the straight line lies symmetrically for (or through) its 

ints”; or, if xetrac is taken as the passive of rin, “die Gerade ist durch 
ihre Punkte gleichmassig gegeben worden,” “the straight line is symmetrically 
determined by its points." He adds that the idea is here direction, and that 
both direction and distance (as between two different given points simply) 
would be to Euclid, as later to Bolzano (Betrachtungen über einige Gegenstände 
der Elementargeometrie, 1804, quoted by Schotten, /nAa/t und Methode des 
planimetrischen Unterrichts, 1. p. 16), primary irreducible notions. 

While the language is thus seen to be hopelessly obscure, we can safely 
say that the sort of idea which Euclid wished to express was that of a line 
which presents the same shape at and relatively to all points on it, without 
any irregular or unsymmetrical feature distinguishing one part or side of it 
from another. Any such irregularity could, as Saccheri points out (Engel and 
Stackel, Die Theorie der Parallellinien von Euklid bis Gauss, 1895, p. 109), be 
at once made perceptible by keeping the ends fixed and turning the line about 


168 BOOK I [1. DEF. 4 


them right round; if any two positions were distinguishable, e.g. one being to 
the left or right relatively to another, “it would not lie in a uniform manner 
between its points.” 


A conjecture as to its origin and meaning. 


The question arises, what: was the origin of Euclid’s definition, or, how 
was it suggested to him? It seems to me that the basis of it was really 
Plato’s definition of a straight line as “that line the middle of which covers 
the ends.” Euclid was a Platonist, and what more natural than that he 
should have adopted Plato's definition in substance, while regarding it as 
essential to change the form of words in order to make it independent of any 
implied appeal to vision, which, as a physical fact, could not properly find a 
place in a purely geometrical definition? I believe therefore that Euclid’s 
definition is simply an attempt (albeit unsuccessful, from the nature of the 
case) to express, in terms to which a geometer could not object as not being 
part of geometrical subject-matter, the same thing as the Platonic definition. 

The truth is that Euclid was attempting the impossible. As Pfleiderer 
says (Scholia to Euclid), *It seems as though the notion of a straight line, 
owing to its simplicity, cannot be explained by any regular definition which 
does not introduce words already containing in themselves, by implication, 
the notion to be defined (such e.g. are direction, equality, uniformity or 
evenness of position, unswerving course), and as though it were impossible, if 
a person does not already know what the term straight here means, to teach 
it to him unless by putting before him in some way a picture or a drawing of 
it" This is accordingly done in such books as Veronese's Elements di 
geometria (Part 1., 1904, p. 10): '*A stretched string, e.g. a plummet, a ray of 
light entering by a small hole into a dark room, are rectélineal objects. The 
image of them gives us the abstract idea of the limited line which is called a 
rectilineal segment.” 


Other definitions. 


We will conclude this note with some other famous definitions of a straight 
line. The following are given by Proclus (p. r1o0, 18—23). 

I. A line stretched to the utmost, én’ àxpov rerauévy ypaupyn. This appears 
in Heron also, with the words “towards the ends” (emi ra wépara) added. 
(Heron, Def. 4). 

2. Part of it cannot be in the assumed plane while part ts in one higher up 
(év perewporépw). This is a proposition in Euclid (x1. 1). 

3. All its parts fit on all (other parts) a/i&e, ravra abris ta pépy rüaw 
óuoies ébapuote. — Heron has this too (Def. 4), but instead of “alike” he 
Says mavroiws, ‘in all ways,” which is better as indicating that the applied part 
may be applied one way or the reverse way, with the same result. 

4. That line which, when its ends remain fixed, itself remains fixed, » àv 
TWeparwy pevovtwy xai avr: uévovca.  Heron's addition to this, “when sf ts, as 
it were, turned round in the same piane” (olov é&v to abr@ érurédw orpepopévn), 
and his next variation, “and about the same ends having always the same 
position,” show that the definition of a straight line as “that which does 
not change its position when it is turned about its extremities (or any two 
points in it) as poles” was no original discovery of Leibniz, or Saccheri, or 
Krafft, or Gauss, but goes back at least to the beginning of the Christian era. 
Gauss’ form of this definition was: ‘‘The line in which lie all points that, 
during the revolution of a body (a part of space) about two fixed points, 
maintain their position unchanged is called a straight line.” Schotten 
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(I. p. 315) maintains that the notion of a straight line and its property of 
being determined by two points are unconsciously assumed in this definition, 
which is therefore a logical "circle." 

S. That line which with one other of the sume species cannot. complete a 
figure, ù perà trys Spoedods peas oyjpa py droredotca. This is an obvious 
Üer«pov-mpoTepov, since it assumes the notion of a figure. 

Lastly Leibniz definition should be mentioned: A straight line is one 
which divides a plane into two halves identical in. all but position. Apart from 
the fact that this definition introduces the plane, it does not seem to have any 
advantages over the definition last but one referred to. 

Legendre uses the Archimedean property of a straight line as the shortest 
distance between two points. Van Swinden observes (Elemente der Geometrie, 
1834, P. 4), that to take this as the definition involves assuming the proposition 
that any two sides of a triangle are greater than the third and proving that 
Straight lines which have two points in common coincide throughout their 
length (cf. Legendre, /éments de Géomeétrie 1. 3, 8). 

The above definitions all illustrate the observation of Unger (Dre Geometrie 
des Euklid, 1833): “ Straight is a simple notion, and hence all definitions of 
it must fail.... But if the proper idea of a straight line has once been grasped, 
it will be recognised in all the various definitions usually given of it; all 
the definitions must therefore be regarded as explanations, and among them 
that one is the best from which further inferences can immediately be drawn 
as to the essence of the straight line.” 


DEFINITION 5. 
"Emddvea 8¢ tori, & pijxos Kal rAaros povoy éxet, 


A surface ts that which has length and breadth only. 


The word éripdveca was used by Euclid and later writers to denote surface 
in general, while they appropriated the word ériredov for plane surface, thus 
making érimedov a species of the genus émipdvaa. A solitary use of émipdvea 
by Euclid when a plane is meant (x1. Def. 11) is probably due to the fact that 
the particular definition came from an earlier textbook. Proclus (p. 116, 17) 
remarks that the older philosophers, including Plato and Aristotle, used the 
words émdavea and ¢rimedov indifferently for any kind of surface, Aristotle 
does indeed use both words for a surface, with perhaps a tendency to use 
émupaveca more than éimedov for a surface not plane. Cf. Categories 6, 5 a 1 Sq., 
where both words are used in one sentence: “You can find a common 
boundary at which the parts fit together, a point in the case of a line, and a line 
in the case of a surface («mipavea); for the parts of the surface (emıméôov) do fit 
together at some common boundary. Similarly also in the case of a body you 
can find a common boundary, a line or a surface (ér«$aveua), at which the 
parts of the body fit together." Plato however does not use émave at all in 
the sense of surface, but only emiredov for both surface and plane surface. 
There is reason therefore for doubting the correctness of the notice in 
Diogenes Laertius, 111. 24, that Plato “was the first philosopher to name, 
among extremities, the p/ane surface” (eriredos exipavaa). 

€rióavea of course means literally the feature of a body which is apparent 
to the eye (émdarys), namely the surface. 

Aristotle tells us (De sensu 3, 439 a 31) that the Pythagoreans called a 
surface xpo, which seems to have meant skin as well as colour. Aristotle 
explains the term with reference to colour (xpôpa) as a thing inseparable from 
the extremity (mépas) of a body. 
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Alternative definitions. 


The definitions of a surface correspond to those of a line. As in Aristotle 
a line is a magnitude “(extended) one way, or in one ‘dimension’” (€¢' &), 
* continuous one way" (é$' êv cuvexés), or “divisible in one way” (povaxy 
dcacperdv), so a surface is a magnitude extended or continuous ‘wo ways (ert 
dvo), or divisible £z /wo ways (òx). As in Euclid a surface has “length and 
breadth " only, so in Aristotle ** breadth " is characteristic of the surface and is 
once used as synonymous with it (Jfe/apA. 1020 a 12), and again ‘lengths 
are made up of long and short, surfaces of broad and narrow, and solids (cyxot) 
of deep and shallow ” (Metaph. 1085 a 10). 

Aristotle mentions the common remark that a ¿ine by its motion produces a 
surface (De anima 1. 4, 409 a 4). He also gives the a posteriori description of 
a surface as the ‘‘extremity of a solid” (Zofics vi. 4, 141 b 22), and as “the 
section (roy) or division (dcatpeors) of a body ” (Metaph. 1060 b 14). 

Proclus remarks (p. 114, 20) that we get a notion of a surface when we 
measure areas and mark their boundaries in the sense of length and breadth ; 
and we further get a sort of perception of it by looking at shadows, since 
these have no depth (for they do not penetrate the earth) but only have length 
and breadth. 


Classification of surfaces. 


Heron gives (Def. 74, p. 5o, ed. Heiberg) two alternative divisions of 
surfaces into two classes, corresponding to Geminus' alternative divisions of 
lines, viz. into (1) £meompostte and composite and (2) simple and mixed. 

(1) Jncomposite surfaces are “those which, when produced, fall into (or 
coalesce with) themselves” (daar éxBadAduevar atrai xad" éavray wirrovow), 
i.e. are of continuous curvature, e.g. the sphere. 

Composite surfaces are “those which, when produced, cut one another.” 

Of composite surfaces, again, some are (a) made up of non-homogeneous 
(elements) (e£ ávouotoyevov) such as cones, cylinders and hemispheres, others 
(^) made up of homogeneous (elements), namely the rectilineal (or polyhedral) 
surfaces. 

(2) Under the alternative division, sémp/e surfaces are the plane and the 
spherical surfaces, but no others; the mixed class includes all other surfaces 
whatever and is therefore infinite in variety. 

Heron specially mentions as belonging to the mixed class (a) the surface 
of cones, cylinders and the like, which are 2 mixture of plane and circular 
(mexrat €€ excredov xai T epiiepeías) and (2) spiric surfaces, which are “a mixture 
of two circumferences” (by which he must mean a mixture of two circular 
elements, namely the generating circle and its circular motion about an axis in 
the same plane). 

Proclus adds the remark that, curiously enough, mixed surfaces may arise 
by the revolution either of simple curves, e.g. in the case of the spire, or of 
mixed curves, e.g. the “right-angled conoid” from a parabola, “another 
conoid” from the hyperbola, the “oblong” (ériunxes, in Archimedes sapa- 
paxes) and “ flat” (érerAarv) spheroids from an ellipse according as it revolves 
about the major or minor axis respectively (pp. 119, 6—120, 2). The Aoroeo- 
meric surfaces, namely those any part of which will coincide with any other 
part, are wo only (the plane and the spherical surface), not three as in the case 
of lines (p. 120, 7). 
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DEFINITION 6. 


"Emidaveias 5¢ répara ypappai. 

The extremities of a surface are lines. 

It being unscientific, as Aristotle says, to define a line as the extremity of 
a surface, Euclid avoids the error of defining the prior by means of the 
posterior in this way, and gives a different definition not open to this 
objection. Then, by way of compromise. and in order to show the connexion 
between a line and a surface, he adds the equivalent of the definition of a line 
previously current as an explanation. 

As in the corresponding Def. 3 above, he omits to add what is made 
clear by Aristotle (Metaph. 1060 b 15) that a “division” (Statpeors) or 
“section” (roxy) of a solid or body is also a surface, or that the common 
boundary at which two parts of a solid fit together (Categories 6, 5 a 2) 
may be a surface. 

Proclus discusses how the fact stated in Def. 6 can be said to be true of 
surfaces like that of the sphere **which is bounded (rerepacra:), it is true, but 
not by lines." His explanation (p. 116, 8— 14) is that,'*if we take the surface 
(of a sphere), so far as it is extended two ways (xq Stavrary), we shall find 
that it is bounded by lines as to length and breadth ; and if we consider the 
spherical surface as possessing a form of its own and invested with a fresh 
quality, we must regard it as having fitted end on to beginning and made 
the two ends (or extremities) one, being thus one potentially only, and not in 
actuality.” 


DEFINITION 7. 


"Eximedos émipavea éorw, Dris É loov rais ep éaurns evÂeiais kerar. 

A plane surface ts a surface which lies evenly with the straight lines on 
itself. 

The Greek follows exactly the definition of a straight line mutatis mutandis, 
i.e. with rais...«vÜeíaw for rots...cnpecors. Proclus remarks that, in general, 
all the definitions of a straight line can be adapted to the plane surface by 
merely changing the genus. Thus, for instance, a plane surface is “a surface 
the middle of which covers the ends” (this being the adaptation of Plato's 
definition of a straight line). Whether Plato actually gave this as the defini- 
tion of a plane surface or not, I believe that Euclid’s definition of a plane 
surface as lying evenly with the straight lines on ttself was intended simply to 
express the same idea without any implied appeal to vision (just as in the 
corresponding case of the definition of a straight line). 

As already noted under Def. 4, Proclus tries to read into Euclid's defini- 
tion the Archimedean assumption that “of surfaces which have the same 
extremities, if those extremities are in a plane, the plane is the least.” But, 
as I have stated, his interpretation of the words seems impossible, although it 
is adopted by Simplicius also (see an-Nairizi). 


Ancient alternatives. 


The other ancient definitions recorded are as follows. 

1. Zhe surface which ts stretched to the utmost (én axpov rerapévyn): a 
definition which Proclus describes as equivalent to Euclid’s definition (on 
Proclus’ own view of that definition). Cf. Heron, Def. 9, '*(a surface) which 
is right (and) stretched out " (óp67) obca amorerapévg), words which he adds to 
Euclid's definition. 
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2. Te least surface among all those which have the same extremities. 
Proclus is here (p. 117, 9) obviously quoting the Archimedean assumption. 

3. A surface all the parts of which have the property of fitting on (each 
other) (Heron, Def. y). 

4. A surface such that a straight line fits on all parts of it (Proclus, 
P- 117, 8), or such that the straight line fits on it all ways, i.e. however placed 
(Proclus, p. 117, 20). 

With this should be compared : 

“(A plane surface ts) such that, tf a straight line pass through two 
points on tt, the line coincides wholly with tt at every spot, all ways,” i.e. however 
placed (one way or the reverse, no matter how), 7s éredav duo cnpetwy aynrat 
eùbeia, xai OÀx abr[j xarà Tavra rómov ravrotws épappolerac (Heron, Def. g). 
This appears, with the words xarà ravra rorov ravroíes omitted, in Theon of 
Smyrna (p. 112, 5, ed. Hiller) so that it goes back at least as far as the 
Ist c. A.D. It is of course the same as the definition commonly attributed to 
Robert Simson, and very widely adopted as a substitute for Euclid's. 

This same definition appears also in an-Nairizi (ed. Curtze, p. 10) who, 
after quoting Simplicius’ explanation (on the same lines as Proclus’) of the 
meaning of Euclid’s definition, goes on to say that ‘‘ others defined the plane 
surface as that in which it is possible to draw a straight line from any point to 
any other.” 


Difficulties in ordinary definitions. 


Gauss observed in a letter to Bessel that the definition of a plane surface 
as a surface such that, if any two points in it be taken, the straight line joining 
them lies wholly in the surface (which, for short, we will call *Simson's" 
definition) contains more than is necessary, in that a plane can be obtained by 
simply projecting a straight line lying in it from a point outside the line but also 
lying on the plane; in fact the definition includes a theorem, or postulate, as 
well The same is true of Euclid's definition of a plane as the surface which 
“lies evenly with (aZ) the straight lines on itself," because it is sufficient for a 
definition of a plane if the surface '*lies evenly " with those lines only which 
pass through a fixed point on it and each of the several points of a straight line 
also lying in it but not passing through the point. But frem Euclid's point 
of view it is immaterial whether a definition contains more than the necessary 
minimum Provided that the existence of a thing possessing all the attributes 
contained in the definition is afterwards proved. This however is not done 
in regard to the plane. No proposition about the nature of a plane as such 
appears before Book xr, although its existence is presupposed in all the 
geometrical Books 1.—1v. and vi.; nor in Book xi. is there any attempt to 
prove, e.g. by construction, the existence of a surface conforming to the 
definition. The explanation may be that the existence of the plane as defined 
was deliberately assumed from the beginning like that of points and lines, the 
existence of which, according to Aristotle, must be assumed as principles 
unproved, while the existence of everything else must be proved ; and it may 
well be that Aristotle would have included plane surfaces with points and 
lines in this statement had it not been that he generally took his illustrations 
from plane geometry (excluding solid). 

But, whatever definition of a plane is taken, the evolution of its essential 
properties is extraordinarily difficult. Crelle, who wrote an elaborate article 
Zur Theorte der Ebene (read in the Academie der Wissenschaften in 1834) of 
which account must be taken in any full history of the subject, observes that, 
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since the plane is the field, as it were, of almost all the rest of geometry, while 
a proper conception of it is necessary to enable Eucl. 1. 1 to be understood, 
it might have been expected that the theory of the plane would have been the 
subject of at least the same amount of attention as, say, that of parallels. This 
however was far from being the case, perhaps because the subject of parallels 
(which, for the rest, presuppose the notion of a plane) is much easter than that 
of the plane. The nature of the difficulties as regards the plane have also 
been pointed out recently by Mr Frankland (The First Book of Euclid’s 
Elements, Cambridge, 1905): it would appear that, whatever definition is 
taken, whether the simplest (as containing the minimum necessary to deter- 
mine a plane) or the more complex, e.g. Simson's, some postulate has to be 
assumed in addition before the fundamental properties, or the truth of the 
other definitions, can be established. Crelle notes the same thing as regards 
Simson’s definition, containing sore than is necessary. Suppose a plane in 
which lies the triangle 4BC. Let AD join the vertex 4 

to any point D on BC, and BE the vertex B to any A E 

point Æ on CA. Then, according to the definition, 4D 

lies wholly in the plane of the triangle; so does BE. 

But, if both 4D and BE are to lie wholly in the one §—H o 

plane, AD, BE must intersect, say at F: if they did not, 

there would be two planes in question, not one. But the fact that the lines 
intersect and that, say, 44D does not pass above or below BÆ, is by no 
means self-evident. 

Mr Frankland points out the similar difficulty as regards the simpler 
definition of a plane as the surface generated by a straight 
line passing always through a fixed point and always 
intersecting a fixed straight line. Let OPP’, COV 
drawn from O intersect the straight line X at Z, Q 
respectively. Let A be any third point on X: then it 
needs to be proved that OJ intersects /’Q’ in some 
point, say Æ’. Without some postulate, however, it is 
not easy to see how to prove this, or even to prove that /’@’ intersects X. 


Crelle's essay. Definitions by Fourier, Deahna, Becker. 


Crelle takes as the standard of a good definition that it shall be, not only as 
simple as possible, but also the best adapted for deducing, with the aid of the 
simplest possible principles, further properties belonging to the thing defined. 
He was much attracted by a very lucid definition, due, he says, to Fourier, 
according to which a plane is formed by the aggregate of all the straight lines 
which, passing through one point on a straight line in space, are perpendicular 
to that straight line. (This is really no more than an adaptation from Euclid’s 
proposition x1. 5, to the effect that, if one of four concurrent straight lines be 
at right angles to each of the other three, those three are in one plane, which 
proposition is also used in Aristotle, Meteorologica 1. 3, 373a 13.) But 
Crelle confesses that he had not been able to deduce the necessary properties 
from this and had had to substitute the definition, already mentioned, of a 
plane as /Ae surface containing, throughout their whole length, all the straight 
lines passing through a fixed point and also intersecting a straight line in space; 
and he only claims to have proved, after a long series of propositions, that the 
“ Fourier”: or “ perpendicular ”-surface and the p/ane of the other definition 
just given are identical, after which the properties of the *' Fourier "-surface 
can be used along with those of the plane. The advantage of the Fourier 
definition is that it leads easily, by means of the two propositions that 
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triangles are equal in all respects (1) when two sides and the included angle 
are respectively equal and (2) when all three sides are respectively equal, to the 
property expressed in Simson's definition. But Crelle uses to establish these 
two congruence-theorems a number of propositions about egua! angles, supple- 
mentary angles, right angles, greatér and /ess angles; and it is difficult to 
question the soundness of Schotten's criticism that these notions in themselves 
really presuppose that of a plane. The difficulty due to Fourier’s use of 
the word “ perpendicular,” if that were all, could no doubt be got over. Thus 
Deahna in a dissertation (Marburg, 1837) constructed a plane as follows. 
Presupposing the notions of a straight line and a sphere, he observes that, if a 
sphere revolve about a diameter, all the points of its surface which move 
describe closed curves (circles). Each of these circles, during the revolution, 
moves along itself, and one of them divides the surface of the sphere into two 
congruent parts. "The aggregate then of the lines joining the centre to the 
points of this circle forms the p/ane. Again, J. K. Becker (Die Elemente der 
Geometrie, 1877) pointed out that the revolution of a right angle about one 
side of it produces a conical surface which differs from all other conical 
surfaces generated by the revolution of other angles in the fact that she 
particular cone coincides with the cone vertically opposite to it: this characteristic 
might therefore be taken in order to get rid of the use of the righ? angle. 


W. Bolyai and Lobachewsky. 


Very similar to Deahna’s equivalent for Fourier’s definition is the device 
of W. Bolyai and Lobachewsky (described by Frischauf, Elemente der 
absoluten Geometrie, 1876). They worked upon a fundamental idea first 
suggested, apparently, by Leibniz. Briefly stated, their way of evolving a 
plane and a straight line was as follows. Conceive an infinite number of 
pairs of concentric spheres described about two fixed points in space, O, 0’, 
as centres, and with equal radii, gradually increasing: these pairs of equal 
spherical surfaces intersect respectively in homogeneous curves (circles), and 
the “Inbegriff” or aggregate of these curves of intersection forms a plane. 
If A be a point on one of these circles ( say), suppose points M, M’ to start 
simultaneously from 4 and to move in opposite directions af the same speed 
till they meet at Z, say: B then is “opposite” to 4, and 4, B divide the 
circumference into two equal halves. If the points 4, Z be held fast and the 
whole system be turned about them until O takes the place of O', and O' of 
O, the circle & will occupy the same position as before (though turned a 
different way). Two opposite points, P, Q say, of each of the other circles 
will remain stationary during the motion as well as 4, S: the “ Inbegriff” or 
aggregate of all such points which remain stationary forms a straight line. It 
is next observed that the f/ane as defined can be generated by the revolution 
of the straight line about OO’, and this suggests the following construction 
for a plane. Let a circle as one of the curves of intersection of the pairs of 
spherical surfaces be divided as before into two equal halves at 4, B. Let the 
arc ADB be similarly bisected at D, and let C be the 
middle point of 44. This determines a straight line CD D 
which is then defined as “perpendicular” to 4B. The revo- 
lution of CD about 48 generates a plane. The property a B 
stated in Simson’s definition i$ then proved by means of the 
congruence-theorems proved in Eucl. 1. 8 and 1. 4. The 
first is taken as proved, practically by considerations of 

symmetry and homogeneity. If two spherical surfaces, not necessarily equal, 
with centres O, O' intersect, Æ and its "opposite " ‘point B are taken as 
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before on the curve of intersection (a circle) and, relatively to OO’, the point 
A is taken to be convertible with Z or any other point on the homogeneous 
curve. The second (that of Eucl. 1. 4) is established by simple application. 
Rausenberger objects to these proofs on the grounds that the first assumes 
that the two spherical surfaces intersect in one single curve, not in several, 
and that the second compares angles: a comparison which, he says, is possible 
only in a plane, so that a plane is really presupposed. Perhaps as regards 
the particular comparison of angles Rausenberger is hypercritical; but it is 
difficult to regard the supposed proof of the theorem of Eucl. 1. 8 as sufficiently 
rigorous (quite apart from the use of the uniform motion of points for the 
purpose of bisecting lines). 

Simson’s property is proved from the two congruence-theorems thus. 
Suppose that 4 is “‘ perpendicular” (as defined by Bolyai) to two generators 
CM, CN of a plane, or suppose CA, CN respectively to make with 4B two 
angles congruent with one another. It is enough to prove that, if P be any 
point on the straight line AZ, then CA, just as 
much as CM, CN respectively, makes with 42 two 4 
angles congruent with one another and is therefore 
a generator. We prove successively the congruence 
of the following pairs of triangles: N 


ACM, BCM c 
ACN, BCN 
AMN, BMN 
AMP, BMP B 
ACP, BCP, 
whence the angles 4 CP, BCP are congruent. 
Other views. 


Enriques and Amaldi (Elementi di geometria, Bologna, 1905), Veronese 
(in his Æ/æementi) and Hilbert all assume as a postulate the property stated in 
Simson’s definition. But G. Ingrami (Zlementi di geometria, Bologna, 1904) 
proves it in the course of a remarkable series of closely argued proposition 
based upon a much less comprehensive postulate. He evolves the theory of 
the plane from that of a triangle, beginning with a triangle as a mere //ree-side 
(trilatero), i.e. a frame, as it were. His postulate relates to the /Aree-side and 
is to the effect that each *' (rectilineal) segment” joining a vertex to a point of 
the opposite side meets every segment similarly joining each of the other two 
vertices to the points of the sides opposite to them respectively, and, con- 
versely, if a point be taken on a segment joining a vertex to a point of the 
opposite side, and if a straight line be drawn from another vertex to the point 
on the segment so taken, it wil! if produced meet the opposite side. A 
triangle is then defined as the figure formed by the aggregate of all the 
segments joining the respective vertices of a /ree-side to points on the 
opposite sides. After a series of propositions, Ingrami evolves a plane as ¢he 
figure formed by the “half straight-lines” which project from an internal point 
of the triangle the points of the perimeter, and then, after two more theorems, 
proves that a plane is determined by any three of its points which are not in 
a straight line, and that a straight line which has two points in a plane has all 
sts points in if. 

The argument by which Bolyai and Lobachewsky evolved the plane is 
of course equivalent to the definition of a plane as £e locus of all points 
equidistant from two fixed points in space. 
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Leibniz in a letter to Giordano defined a plane as shat surface which 
divides space into two congruent parts. Adverting to Giordano’s criticism that 
you could conceive of surfaces and lines which divided space or a plane into 
two congruent parts without being p/ane or straight respectively, Beez ( User 
Euklidische und Nicht-Euklidische Geometrie, 1888) pointed out that what was 
wanted to complete the definition was the further condition that the two 
congruent spaces could be séd along each other without the surfaces ceasing 
to coincide, and claimed priority for his completion of the definition in this 
way. But the idea of aX the parts of a plane fitting exactly on ak other parts 
is ancient, appearing, as we have seen, in Heron, Def. 9. 


DEFINITIONS 8, 9. 


8. 'Ermímrebos Bé yovía éoriv 4 ev erirédw dio ypappdy drropevuy dddjAwr 
Kal pù ér eùbeias Kepévwy npòs aAAnAas TwY ypappwy KALors. 

9. “Orav &è ai repiéyovoar Tùy ywviav ypappaì bbar ow, eèbúypappos 
KaA «irat 7) yovia. 

8. A plane angle és the inclination to one another of two lines in a plane 
which meet one another and do not lie in a straight line. 

9. And when the lines containing the angle are straight. the angle is called 
rectilineal. 

The phrase “not in a straight line” is strange, seeing that the definition 
purports to apply to angles formed by curves as well as straight lines. We 
should rather have expected continuous (ovvexys) with one another; and 
Heron takes this to be the meaning, since he at once adds an explanation as 
to what is meant by lines not being continuous (ob avvexeis). It looks as though 
Euclid really intended to define a rectilineal angle, but on second thoughts, 
as a concession to the then common recognition of curvilineal angles, altered 
“straight lines” ‘nto “lines” and separated the definition into two. 

I think all our evidence suggests that Euclid’s definition of an angle as 
inclination (xMow) was a new departure. The word does not occur in 
Aristotle; and we should gather from him that the idea generally associated 
with an angle in his time was rather deflection or breaking of lines («Adoug) : cf. 
his common use of xexAdoGa and other parts of the verb xAàv, and also his 
reference to one dent line forming an angle (rav xexaypévny xai gxovgay ywvriay, 
Metaph. 1016 a 13) 

Proclus has a long and elaborate note on this definition, much of which 
(pp. 121, 12— 126, 6) is apparently taken direct from a work by his master 
Syrianus (ô yperepos xaÜwyeuov). Two criticisms contained in the note need 
occasion no difficulty. One of these asks how, if an angle be an inclination, 
one inclination can produce two angles. The other (p. 128, 2) is to the effect 
that the definition seems to exclude an angle formed by one and the same 
curve with itself, e.g. the complete cssosd [at what we call the “ cusp ”} or the 
curve known as the Aippopede (horse-fetter) [shaped like a lemniscate]. But 
such an "angle" as this belongs to higher geometry, which Euclid may well 
be excused for leaving out of account in any case. 

Other ancient definitions: Apollonius, Plutarch, Carpus. 

Proclus’ note records other definitions of great interest. Apollonius 
defined an angle as a contracting of a surface or a solid ut one point under a 
broken line or surface (cvvaywyn émipavelas 4} orepeotd mpós evi onpeiy umd 
xexhacpévy ypappyy 1 éwupaveia), where again an angle is supposed to be 
formed by one broken line or surface. Still more interesting, perhaps, is the 
definition by * those who say that she first distance under the point (tò wpárov 
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duaornpa vrd 76 onpeiov) ts the angle. Among these is Plutarch, who insists 
that Apollonius meant the same thing ; for, he says, there must be some first 
distance under the breaking (or deflection) of the including lines or surfaces, 
though, the distance under the point being continuous, it is impossible to 
obtain the actual jrs/, since every distance is divisible without limit" (éz' 
azepov). There is some vagueness in the use of the word “distance” (Sudornpa) ; 
thus it was objected that ‘if we anyhow separate off the first” (distance being 
apparently the word understood) ‘‘and draw a straight line /ArougA if, we get 
a ¢riangle and not one angle.” In spite of the objection, I cannot but see in 
the idea of Plutarch and the others the germ of a valuable conception in 
infinitesimals, an attempt (though partial and imperfect) to get at the rate 
of divergence between the lines at their point of meeting as a measure of the 
angle between them. 

A third view of an angle was that of Carpus of Antioch, who said “that 
the angle was a guantity (rocov), namely a distance (Suaornua) between the 
lines or surfaces containing it. This means that it would be a distance (or 
divergence) in one sense (ep fv Buorox), although the angle is not on that 
account à straight line. For it is not everything extended in one sense (16 é¢' tv 
dvacrarov) that is a line.” This very phrase “extended one way” being held 
to define a Z/ze, it is natural that Carpus' idea should have been described as 
the greatest possible paradox (rávrev mapa8o£órarov). The difficulty seems to 
have been caused by the want of a different technical term to express a new 
idea; for Carpus seems undoubtedly to have been anticipating the more 
modern idea of an angle as representing divergence rather than distance, and to 
have meant by é$' êv in. one sense (rotationally) as distinct from one way or in 
one dimension (linearly). 


To what category does an angle belong? 


There was much debate among philosophers as to the particular category 
(according to the Aristotelian scheme) in which an angle should be placed ; 
is it, namely, a guantum (rocov), guale (wowv) or relation (mpos 10? 

1. Those who put it in the category of guantity argued from the fact that 
a plane angle is divided by a line and a solid angle by a surface. Since, then, 
it is a surface which is divided by a line, and a solid which is divided by 
a surface, they felt obliged to conclude that an angle és a surface or a solid, and 
therefore a magnitude. But homogeneous finite magnitudes, e.g. plane 
angles, must bear a ratio to one another, or one must be capable of being 
multiplied until it exceeds the other. This is, however, not the case with a 
rectilineal angle and the Aorn-like angle (xeparoedys), by which latter is meant 
the “angle” between a circle and a tangent to it, since (Eucl. 111. 16) the 
latter “angle” is less than any rectilineal angle whatever. The objection, it 
will be observed, assumes that the two sorts of anglés are homogeneous. 
Plutarch and Carpus are classed among those who, in one way or other, placed 
an angle among magnitudes; and, as above noted, Plutarch claimed Apollonius 
as a supporter of his view, although the word contraction (of a surface or solid) 
used by the latter does not in itself suggest magnitude much more than Euclid’s 
inclination. It was this last consideration which doubtless led ** Aganis," the 
“friend” (socius) apparently of Simplicius, to substitute for Apollonius’ 
wording “a quantity which has dimensions and the extremities of which arrive 
at one point” (an-Nairizi, p. 13). 

2. Eudemus the Peripatetic, who wrote a whole work on the angle, main- 
tained that it belonged to the category of guality. Aristotle had given as his 
fourth variety of guality “figure and the shape subsisting in each thing, and, 
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besides these, straightness, curvature, and the like” (Categories 8, 10 a 11). 
He says that each individual thing is spoken of as guade in respect of its form, 
and he instances a triangle and a square, using them again later on (sdsd. 11a 5) 
to show that it is not all qualities which are susceptible of more and ss; again, 
in Physics 1. 5, 188 a 25 angle, straight, circular are called kinds of figure. 
Aristotle would no doubt have regarded deflection (xexddo6a:) as belonging to 
the same category with straightness and curvature (xaprvAcrns). At all events, 
Eudemus took up an angle as having its origin in the dreaking or deflection 
(xAdors) of lines: deflection, he argued, was quality if straightness was, and that 
which has its origin in quality is itself quality. Objectors to this view argued 
thus. If an angle be a quality (ao.orys) like heat or cold, how can it be bisected, 
say? It can in fact be divided; and, if things of which divisibility is an 
essential attribute are varieties of guantum and not qualities, an angle cannot 
be a quality. Further, the more and the ess are the appropriate attributes of 
quality, not the equal and the unequal; if therefore an angle were a quality, 
we should have to say of angles, not that one is greater and another smaller, 
but that one is more an angle and another less an angle, and that two angles 
are not unequal but dissimilar (avopowr). Asa matter of fact, we are told by 
Simplicius, 538, 21, on Arist. De caelo that those who brought the angle under 
the category of guale did call equal angles similar angles; and Aristotle 
himself speaks of similar angles in this sense in De caelo 296 b 20, 311 b 

3. Euclid and all who called an angle an inclination are held by Syrianus 
to have classed it as a relation (mpós rt). Yet Euclid certainly regarded angles 
as magnitudes; this is clear both from the earliest propositions dealing 
specifically with angles, e.g. I. 9, 13, and also (though in another way) from 
his describing an angle in the very next definition and always as contained 
(reptexopévn) by the two lines forming it (Simon, Euclid, p. 28). 

Proclus (i.e. in this case Syrianus) adds that the truth lies between these 
three views. The angle partakes in fact of all those categories: it needs the 
quantity involved in magnitude, thereby becoming susceptible of equality, 
inequality and the like; it needs the qua/ify given it by its form, and lastly 
the relation subsisting between the lines or planes bounding it. 


Ancient classification of '* angles." 


An elaborate classification of angles given by Proclus (pp. 126, 7—127, 16) 
may safely be attributed to Geminus. In order to show it by a diagram it 


Angles 


ri 
on surfaces in solids 


(ey orepeots) 


— 5) 
on simple surfaces on mixed surfaces 
(e.g. cones, cylinders) 


on planes on spherical surfaces 
— — 





made by simple lines made by “mized” lines by one of each 
e.g. the angle made by a (e.g. the angle formed by an 
curve, such as the cissoid ellipse and its axis or by 
and Aippopede, with itself) an ellipse and a circle) 
r — — — 
line-line line-circumf. circumf.-circumf. 
—. 7 rr 
line-convex line-concave convex-convex concave-concave mixed, or 
(e.g. angle ofa e.g. horn-like (dudlavpros) (dueplxosdos convex-concave 
semicircle) (xeparoe:dhs) or ‘‘scraper-like” (e.g. those of 


(Evorpoeideis) lunes) 
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will be necessary to make a convention about terms. Angles are to be under- 
stood under each class, '' line-circumference " means an angle contained by a 
straight line and an arc of a circle, **line-convex" an angle contained by a 
straight line and a circular arc with convexity outwards, and so on in every 
case. 


Definitions of angle classified. 


As for the point, straight line, and plane, so for the angle, Schotten gives 
a valuable summary, classification and criticism of the different modern views 
up to date (/nhalt und Methode des planimetrischen Unterrichts, 11., 1803, 
Pp. 94—183); and for later developments represented by Veronese reference 
may be made to the third article (by Amaldi) in Questioni riguardanti le 
matematiche elementari, 1. (Bologna, 1912). 

With one or two exceptions, says Schotten, the definitions of an angle may 
be classed in three groups representing generally the following views : 

1. Zhe angle is the difference of direction between two straight lines. (With 
this group may be compared Euclid’s definition of an angle as an inclination.) 

2. The angle is the quantity or amount (or the measure) of the rotation 
necessary to bring one of its sides from its own position to that of the other si 
without its moving out of the plane containing both. 

The angle is the portion of a plane included between two straight tines in 
the plane which meet in a point (or two rays issuing from the point). 

It is remarkable however that nearly all of the text-books which give 
definitions different from those in group 2 add to them something pointing to 
a connexion between an angle and rotation: a stnking indication that the 
essential nature of an angle is closely connected with rotation, and that a good 
definition must take account of that connexion. 

The definitions in the first group must be admitted to be tautologous, or 
circular, inasmuch as they really presuppose some conception of an angle. 
Direction (as between two given points) may no doubt be regarded as a primary 
notion; and it may be defined as “the immediate relation of two points which 
the vay enables us to realise” (Schotten). But “a direction is no intensive 
magnitude, and therefore two directions cannot have any quantitative 
difference” (Birklen). Nor is direction susceptible of differences such as 
those between qualities, e.g. colours. Direction is a singular entity: there 
cannot be different sorts or degrees of direction. If we speak of “a different 
direction,” we use the word equivocally ; what we mean is simply “another” 
direction. The fact is that these definitions of an angle as a difference of 
direction unconsciously appeal to something outside the notion of direction 
altogether, to some conception equivalent to that of the angle itself. 


Recent Italian views. 


The second group of definitions are (says Amaldi) based on the idea of the 
rotation of a straight line or ray in a plane about a point: an idea which, 
logically formulated, may lead to a convenient method of introducing the 
angle. But it must be made independent of metric conceptions, or of the 
conception of congruence, so as to bring out first the notion of an angle, and 
afterwards the notion of egua/ angles. 

The third group of definitions satisfy the condition of not including metric 
conceptions ; but they do not entirely correspond to our intuitive conception 
of an angle, to which we attribute the character of an entity in one dimension 
(as Veronese says) with respect to the ray as element, or an entity in fz 
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dimensions with reference to Joints as elements, which may be called an angular 
sector. The defect is however easily remedied by considering the angle as 
“ the aggregate of the rays issuing from the vertex and comprised in the angular 
sector.” 

Proceeding to consider the principal methods of arriving at the logical 
formulation of the first superficial properties of the p/ane from which a 
definition of the angle may emerge, Amaldi distinguishes two points of view 
(1) the genetic, (2) the actual. 

(1) From the first point of view we consider the cluster of straight lines 
or rays (the aggregate of all the straight lines in a plane passing through a 
point, or of all the rays with their extremities in that point) as generated by 
the movement of a straight line or ray in the plane, about a point. This leads 
to the postulation of a closed order, or circular disposition, of the straight lines 
or rays in a cluster. Next comes the connexion subsisting between the 
disposition of any two clusters whatever in one, plane, and so on. 

(2) Starting from the point of view of the actual, we lay the foundation 
of the definition of an angle in the division of the plane into two parts (half- 
planes) by the straight line. Next, two straight lines (a, 4) in the plane, inter- 
secting at a point O, divide the plane into four regions which are called 
angular sectors (convex); and finally the angle (a2) or (5a) may be defined as 
the aggregate of the rays issuing from O and belonging to the angular sector 
which has a and b for sides. 

Veronese's procedure (in his E/ementi) is as follows. He begins with the 
first properties of the plane introduced by the following definition. 

The figure given by all the straight lines joining the points of a straight 
line z to a point P outside it and by 


the parallel to r through Pis called a. ————————————— ——————r 
cluster of straight lines, a cluster of rays, S 

or a plane, according as we consider 

the edement of the figure itself to be the , 
straight line, the ray terminated at /, P $ 
or a point. 


[It will be observed that this method of producing a plane involves using 
the parallel to r. This presents no difficulty to Veronese because he has 
previously defined parallels, without reference to the plane, by means of reflex 
or opposite figures, with respect to a point O: “two straight lines are called 
parallel, if one of them contains two points opposite to (or the refiex of) two 
points of the other with respect to the middle point of a common transversal 
(of the two lines).” He proves by means of a postulate that the parallel 7’ 
does belong to the plane /r. Ingrami avoids the use of the parallel by 
defining a pane as “the figure formed by the half straight lines which project 
from an internal point of a triangle (i.e. a point on a line joining any vertex of 
a three-side to a point of the opposite side) the points of its perimeter,” and 
then defining a c/usfer of rays as “the aggregate of the half straight lines in a 
plane starting from a given point of the plane and ing through the points 
of the perimeter of a triangle containing the point.” 

Veronese goes on to the definition of an angle. ‘ We call an angle a part 
of a cluster of rays, bounded by two rays (as the segment is a part of a straight 
line bounded by two points). 

i “An angle of the cluster, the bounding rays of which are opposite, ts called a 
at angle.” 

Then, after a postulate corresponding to postulates which he lays down for 
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a rectilineal segment and for a straight line, Veronese proves that al? fat angles 
are equal to one another. 





a b 


Hence he concludes that "the cluster of rays is a homogeneous linear 
system in which the element is the ray instead of the point. The cluster 
being a homogeneous linear system, all the propositions deduced from 
[Veronese's] Post. 1 for the straight line apply to it, e.g. that relative to 
the sum and difference of thc segments : it is only necessary to substitute 
the ray for the point, and the angle for the segment." 


DEFINITIONS 10, II, 12. 


10. “Orav Ô chca én’ cdbeiay orabcica ras épetiis ywvias toas adAyjAars 
roy, ópO) ixarépa rdv (avv yuviov éori, Kain épeatyxvia evOcta káÜeroc xaX iras, 
tp’ hy éfdoryxer. 

II. ‘ApBrcia ywvia toriv xj uei(ov dpOys. 

12. 'Of«a 8i 9 dAdccov ópÜTjs. 

10. When a straight line set up on a straight line makes the adjacent angles 
equal to one another, each of the equal angles is right, and the straight line 
standing on the other is called a perpendicular to that on which it stands. 

11. An obtuse angle ts an angle greater than a right angle. 

12. An acute angle £s an angle less than a right angle. 


épeins is the regular term for adjacent angles, meaning literally “ (next) in 
order.” I do not find the term used in Aristotle of angles, but he explains its 
meaning in such passages as Physics v1. 1, 231 b 8: “those things are (next) 
in order which have nothing of the same kind (ovyyevés) between them." 

xaGeros, perpendicular, means literally /ef fa//: the full expression is perpen- 
dicular straight line, as we see from the enunciation of Eucl. 1. 11, and the 
notion is that of a straight line let fall upon the surface of the earth, a plumb- 
line. Proclus (p. 283, 9) tells us that in ancient times the perpendicular was 
called gnomon-wise (xara yvwpova), because the gnomon (an upright stick) was 
set up at nght angles to the horizon. 

The three kinds of angles are among the things which according to the 
Platonic Socrates (Republic vı. 510 C) the geometer assumes and argues from, 
declining to give any account of them because they are obvious. Aristotle 
discusses the przority of the right angle in comparison with the acute (Afefaph. 
1084 b 7): in one way the right angle is prior, Le. in being defined (sre 
wpeorat) and by its notion (rp Ady), in another way the acute is prior, i.e. as 
being a fart, and because the right angle is divided into acute angles ; the 
acute angle is prior as matter, the right angle in respect of form; cf. also 
Metaph. 1035 b 6, “the notion of the right angle is not divided into 
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that of an acute angle, but the reverse; for, when defining an acute angle, 
you make use of the right angle." Proclus (p. 133, 15) observes that it is by 
the perpendicular that we measure the heights of figures, and that it is by 
reference to the right angle that we distinguish the other reciilineal angles, 
which are otherwise undistinguished the one from the other. 

The Aristotelian Problems (16, 4, 913 b 36) contain an expression perhaps 
worth quoting. The question discussed is why things which fall on the 
ground and rebound make “similar” angles with the surface on both sides of 
the point of impact; and it is observed that “the right angle is the limit 
(9pos) of the opposite angles," where however *' opposite " seems to mean, not 
* supplementary " (or acute and obtuse), but the equal angles made with the 
surface on opposite sides of the perpendicular. 

Proclus, after his manner, remarks that che statement that an angle less 
than a right angle is acute is not true without qualification, for (1) the orn-like 
angle (between the circumference of a circle and a tangent) is less than a 
right angle, since it is less tnan an acufe angle, but is not an acute angle, while 
(2) the “angle of a semicircle” (between the arc and a diameter) is also less 
than a right angle, but is not an acute angle. 

The existence of the right angle is of course proved in t. 1r. 


DEFINITION 13. 


“Opos éoriv, 6 Tevds €ore mépas. 

A boundary ¢s that which 1s an extremity of anything. 

Aristotle also uses the words opos and sépas as synonymous. Cf. De gen. 
animal. 1. 6, 245 a 6, 9, where in the expression *' limit of magnitude " first 
one and then the other word is used. 

Proclus (p. 136, 8) remarks that the word boundary is appropriate to the 
origin of geometry, which began from the measurement of areas of ground 
and involved the marking of boundaries. 


DEFINITION 14. 


Syed ore 16 bard Twos y Twwv Gpwv weptexopevor. 

A figure ts that which ts contained by any boundary or boundaries. 

Plato in the Afeno observes that roundness (otpoyyvdorns) or the round is a 
“figure,” and that /Ae straight and many other things are so too; he then 
inquires what there is common to all of them, in virtue of which we apply the 
term “figure” to them. His answer is (76 a): “with reference to every 
figure I say that that in which the solid terminates (rovro, eis & tò orepedv 
mepaive)) i$ a figure, Or, to put it briefly, a figure is an extremity of a solid.” 
The first observation is similar to Aristotle’s in the PAysics 1. 5, 188 a 25, 
where angle, straight, and circular are mentioned as genera of figure. In the 
Categories 8, 10 a 11, “figure” is placed with straightness and curvedness in 
the category of quality. Here however “figure” appears to mean shape 
(nopen) rather than “figure ” in our sense. Coming nearer to “figure” in our 
sense, Aristotle admits that figure is “a sort of magnitude” (De anima i. 1, 
425 a 18), and he distinguishes plane figures of two kinds, in language not 
unlike Euclid's, as contained by straight and circular lines respectively: "every 
plane figure is either rectilineal or formed by circular lines (repipepdypaypor), 
and the rectilineal figure is contained by several lines, the circular by one 
line " (e caelo n. 4, 286 b 13). He is careful to explain that a plane is not a 
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figure, nor a figure a plane, but that a plane figure constitutes one notion and 
is a species of the genus figure (Anal. post. 11. 3, 90 b 37). Aristotle does not 
attempt to define figure in general, in fact he says it would be useless : ** From 
this it is clear that there is one definition of soul in the same way as there is 
one definition of figure; for in the one case there is no figure except the 
triangle, quadrilateral, and so on, nor is there any soul other than those above 
mentioned. A definition might be constructed which should apply to all 
figures but not specially to any particular figure, and similarly with the 
species of soul referred to. [But such a general definition would serve no 
purpose.] Hence it is absurd here as elsewhere to seek a general definition 
which will not be properly a definition of anything in existence and will not 
be applicable to the particular irreducible species before us, to the neglect of 
the definition which is so applicable” (De anima tt. 3, 414 b 20—28). 

Comparing Euclid's definition with the above, we observe that by intro- 
ducing boundary (épos) he at once excludes the straight which Aristotle classed 
as figure; he doubtless excluded angle also, as we may judge by (1) Heron's 
statement that neither one nor two straight lines can complete a figure," 
(2) the alternative definition of a straight line as “that which cannot with 
another line of the same species form a figure," (3) Geminus' distinction 
between the line which forms a figure (oxynparorootca) and the line which 
extends indefinitely (im admepov éxBaddonevm), which latter term includes a 
hyperbola and a parabola. Instead of calling figure an extremity as 
Plato did in the expression “extremity (or limit) of a solid," Euclid 
describes a figure as that which has a boundary or boundaries. And lastly, 
in spite of Aristotle’s objection, he does attempt a general definition to 
cover all kinds of figure, solid and plane. It appears certain therefore that 
Euclid’s definition is entirely his own. 

Another view of a figure, recalling that of Plato in Meno 76 a, is attributed 
by Proclus (p. 143, 8) to Posidonius. The latter regarded the figure as the 
confining extremity or limit (wépas avykXeor), “ separating the notion of figure 
from guantity (or magnitude) and making it the cause of definition, limitation, 
and inclusion (rov wpic8a: xal merepaaÜac xai THs meptoyys)...Posidonius thus 
seems to have in view only the boundary placed round from outside, Euclid 
the whole content, so that Euclid will speak of the circle as a figure in 
respect of its whole plane (surface) and of its inclusion (from) without, whereas 
Posidonius (makes it a figure) in respect of its circumference... Posidonius 
wished to explain the notion of figure as itself //;mifing and confining magnitude.” 

Proclus observes that a logical and refining critic might object to Euclid's 
definition as defining the genus from the species, since that which is enclosed 
by one boundary and that which is enclosed by severa! are both species of 
figure. The best answer to this seems to be supplied by the passage of 
Aristotle's De anima quoted above. 


DEFINITIONS 15, 16. 

15. Kuxdos dori oyna exiredov irs pds ypappys meprexdpevov [7 xadetra 
wepipépeal, pds gv dd’ évds onpeiov tuy evrds Tov oxyparos Keypevwy Taga ai 
xpooritrovoat eiPeiat [xpos THY TOU KUKAOU Seniesa GAAHAAS eiri. 

16. Kívrpov Bà rod xvnAov 76 onpetoy kadera. 

15. A circle ts a plane figure contained by one line such that all the straight 
lines falling upon it from one point among those lying within the figure are equal 
fo one another ; 

16. And the point is called the centre of the circle. 
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The words i kaA eirat Tepujépeu, * which is called the circumference," and 
TpOs T)v TOU kUKkAov 3epujépeav, "to the circumference of the circle," are 
bracketed by Heiberg because, although the Mss. have them, they are 
omitted in other ancient sources, viz. Proclus, Taurus, Sextus Empiricus and 
Boethius, and Heron also omits the second gloss. The recently discovered 

pyrus Herculanensis No. 1061 also quotes the definition without the words 
in question, confirming Heiberg’s rejection of them (see Heiberg in Hermes 
XXXVIII., 1903, p. 47) The words were doubtless added in view of the 
occurrence of the word “circumference” in Deff. 17, 18 immediately 
following, without any explanation. But no explanation was needed. Though 
the word zepidépeca does not occur in Plato, Aristotle uses it several times 
(1) in the general sense of contour without any special mathematical signification, 
(2) mathematically, with reference to the rainbow and the circumference, as 
well as an arc, of a circle. Hence Euclid was perfectly justified in employing 
the word in Deff. 17, 18 and elsewhere, but leaving it undefined as being a 
word universally understood and not involving in itself any mathematical 
conception. It may be added that an-Nairizi had not the bracketed words 
in his text; for he comments on and tries to explain Euclid's omission to 
define the circumference. 

The definition itself contained nothing new in substance. Plato ( Parme- 
"ides 137 E) says: '* Aound is, I take it, that the extremes of which are every 
way equally distant from the middle" (erpoyyvAov yé mov éor« roUro, o0 áv rà 
doyara ravrayp aro roV nécov tcov áréyp). In Aristotle we find the following 
expressions: “the circular (wepipepdypapzpov) plane figure vounded by one 
line” (De caelo 11. 4, 286 b 13—16); “the plane equal (i.e. extending equally 
all ways) from the middle” (émímeóov ro éx rov pécov ivov), meaning a 
circle (Rhetoric 11. 6, 1407 b 27); he also contrasts with the circle “any 
other figure which has not the lines from the middle equal, as for example an 
egg-shaped figure” (De caelo 11. 4, 287 a 19). The word “centre” (xévtpov) 
was also regularly used: cf. Protlus’ quotation from the “oracles” (Aoya), 
“the centre from which all (lines extending) as far as the rim are equal." 

The definition as it stands has no genetic character. It says nothing as to 
the existence or non-existence of the thing defined or as to the method of 
constructing it. It simply explains what is meant by the word “circle,” and 
is a provisional definition which cannot be used until the existence of circles 
is proved or assumed. Generally, in such a case, existence is proved by 
actual construction; but here the possibility of constructing the circle as 
defined, and consequently its existence, are postulated (Postulate 3). A genetic 
definition might state that a circle is the figure described when a straight line, 
always remaining in one plane, moves about one extremity as a fixed point 
until it returns to its first position (so Heron, Def. 27). 

Simplicius indeed, who points out that the distance between the feet of a 
pair of compasses is a straight line from the centre to the circumference, will 
have it that Euclid intended by this definition to show how to construct a 
circle by the revolution of a straight line about one end as centre ; and an- 
Nairizi points to this as the explanation (1) of Euclid’s definition of a circle 
as a plane figure, meaning the whole surface bounded by the circumference, 
and not the circumference itself, and (2) of his omission to mention the 
* circumference," since with this construction the circumference is not drawn 
separately as a /ine. But it is not necessary to suppose that Euclid himself 
did more than follow the traditional view ; for the same conception of the 
circle as a plane figure appears, as we have seen, in Aristotle. While, however, 
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Euclid is generally careful to say the “circumference of a circle” when he means 
the circumference, or an arc, only, there are cases where “circle” means 
* circumference of a circle," e.g. in rit. 10: “A circle does not cut a circle 
in more points than two." 

Heron, Proclus and Simplicius are all careful to point out that the centre 
is not the only point which is equidistant from all points of the circumference. 
The centre is the only point in the plane of the circle (“lying within the figure,” 
as Euclid says) of which this is true; any point not in the same plane which 
is equidistant from all points of the circumference is a pole. If you set up a 
“ gnomon ” (an upright stick) at the centre of a circle (i.e. a line through the 
centre perpendicular to the plane of the circle), its upper extremity is a pole 
(Proclus, p. 153, 3); the perpendicular is the locus of all such poles. 


DEFINITION 17. 


Atdperpog 8€ rod kúxňov doriv edOetd Tus Sta Tod kéærTpov yypéry raì mepatov- 
pén èh’ xatepa ra pépn brs THs ToU kókXov mepiepeas, rris xai (ya Téuve. TÒV 
xvxAov. 

A diameter of the circle is any straight line drawn through the centre and 
terminated in both directions by the circumference of the circle, and such a straight 
line also bisects the circle. 


The last words, literally * which (straight line) also bisects the circle,” 
are omitted by Simson and the editors who followed him. But they are 
necessary even though they do not * belong to the definition" but only 
express a property of the diameter as defined. For, without this explanation, 
Euclid would not have been justified in describing as a semi-circle a portion 
of a circle bounded by a diameter and the circumference cut off by it. 

Simplicius observes that the diameter is so called because it passes ¢hrough 
the whole surface of a circle as if measuring it, and also because it divides the 
circle into two equal parts. He might however have added that, in general, it 
is a line passing through a figure where it is widest, as well as dividing it 
equally: thus in Aristotle rà xarà dcaperpov «xeipeva, “things diametrically 
situated ” in space, are at their maximum distance apart. Diameter was the 
regular word in Euclid and elsewhere for the diameter of a sguare, and also 
of a parallelogram; diagonal (ŝiaywvıos) was a later term, defined by Heron 
(Def. 67; as the straight line drawn from an angle to an angle. 

Proclus (p. 157, 10) says that Thales was the first to prove that a circle is 
bisected by its diameter; but we are not told how he proved it. Proclus gives 
as the reason of the property "the undeviating course of the straight line 
through the centre" (a simple appeal to symmetry), but adds that, if it is 
desired to prove it mathematically, it is only necessary to imagine the diameter 
drawn and one part of the circle applied to the other; it is then clear that 
they must coincide, for, if they did not, and one fell inside or outside the 
other, the straight lines from the centre to the circumference would not all be 
equal: which is absurd. 

Saccheri’s proof is worth quoting. It depends on three “Lemmas” 
immediately preceding, (1) that two straight lines cannot enclose a space, 
(2) that two straight lines cannot have one and the same segment common, 
(3) that, if two straight lines meet at a point, they do not touch, but cut one 
another, at it. 

“Let IDHNKM be a circle, 4 its centre, 47V a diameter. Suppose 


186 BOOK I (1. Derr. 17, 18 


the portion MNM of the circle turned about the fixed points M, N, so 
that it ultimately comes near to or coincides with the remaining portion 
MNHDM. 

“Then (i) the whole diameter MA N, with all D 
its points, clearly remains in the same position, H 
since otherwise two straight lines would enclose a 
space (contrary to the first Lemma). 

“(ii) Clearly no point Æ of the circumference m N 
NKM falls within or outside the surface enclosed 
by the diameter 444 N and the other part, VZD M, 
of the circumference, since otherwise, contrary to 
the nature of the circle, a radius as 4X would be 
less or greater than another radius as 4477. 

* (ui) Any radius 774 can clearly be rectilineally produced only along a 
single other radius 4, since otherwise (contrary to the second Lemma) two 
lines assumed straight, e.g. MAN, MAH, would have one and the same 
common segment. 

“(iv) All diameters of the circle obviously cut one another in the centre 
(Lemma 3 preceding), and they bisect one another there, by the general 
properties of the circle. 

* From all this it is manifest that the diameter MAN divides its circle 
and the circumference of it just exactly into two equal parts, and the same 
may be generally asserted for every diameter whatsoever of the same circle ; 
which was to be proved." 

Simson observes that the property is easily deduced from 111. 31 and 24 ; 
for it follows from itt. 31 that the two parts of the circle are “similar 
segments” of a circle (segments containing equal angles, 11. Def. rr), and 
from 11. 24 that they are equal to one another. 


DEFINITION 18. 


“Huuxdxdov é dori rd weptexcpevoy expa iró rte ts Óupérpov Kal THs 
drodapBavoperns in’ airns wepipepetas. xévrpov Ó& Tod yuccvedlov Td abre, 6 
kai TOU kUkÀov éGcTív. 

A semicircle ts she figure contained by the diameter and the circumference cut 
off by tt. And the centre of the semicircle ts the same as that of the circle. 


The last words, * And the centre of the semicircle is the same as that 
of the circle," are added from Proclus to the definition as it appears in the 
mss, Scarburgh remarks that a semicircle has no centre, properly speaking, 
and thinks that the words are not Euclid’s, but only a note by Proclus. I am 
however inclined to think that they are genuine, if only because of the very 
futility of an observation added by Proclus. He explains, namely, that the 
semicircle is the only plane figure that has its centre on its perimeter (!), *so 
that you may conclude that the centre has three positions, since it may be 
within the figure, as in the case of a circle, or on the perimeter, as with the 
semicircle, or outside, as with some conic lines (the single-branch hyperbola 
presumably)" ! 

Proclus and Simplicius point out that, in the order adopted by Euclid for 
these definitions of figures, the first figure taken is that bounded by one line 
(the circle), then follows that bounded by ^o lines (the semicircle), then the 
triangle, bounded by /Aree lines, and so on. Proclus, as usual, distinguishes 
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different kinds of figures bounded by two lines (pp. 159, 14—160, 9). Thus 
they may be formed 

(1) by circumference and circumference, e.g. (2) those forming angles, as 
a lune (ro pyvoedés) and the figure included by two arcs with convexities 
outward, and (b) the angle-/ess (aywvov), as the figure included between two 
concentric circles (the corona?) ; 

(2) by circumference and straight line, e.g. the semicircle or segments of 
circles (aides is a name given to those less than a semicircle); 

(3) by “mixed” line and “mixed” line, e.g. two ellipses cutting one 
another ; 

(4) by “mixed” line and circumference, e.g. intersecting ellipse and 

circle ; 

(s) by “mixed” line and straight line, e.g. half an ellipse. 

Following Def. 18 in the ss. is a definition of a segment of a circle which 
was obviously interpolated from 1. Def. 6. Proclus, Martianus Capella and 
Boethius do not give it in this place, and it is therefore properly omitted. 


DEFINITIONS 19, 20, 2I. 


I9. Xyypara edOvypappa dor. rà brd edOadv meprexdpeva, tpitrevpa pev 
ra trd rpuov, rerpamdevpa dé Tà rò Terrapwv, roAvMAevpa 86 rà Vró rAeóvov 7) 
veccapov eUOc.Qv meprexopeva. 

20. Tov dé rprrdevpwr oynparwy icordevpoy piv tpiywrov gore TO Tas TpEls 
twas €xov wAeupas, ivorxedds è rò ras S¥o pdvas ioas Cyov wievpas, oxaAnvoy 5é 
TO Tas TpEis avigous €xov TAÀ«evpas. 

21. “Ere 5¢ rov tpurdevpwv ocynparov dp0oyuvioy èv Tpiywvóv irri TO Exov 
ópÜijv yoviav, du[3Avyavtov 8€ r6 (yov apBrctay ywriav, dfvywnov S¢ TÒ tàs Tpeîs 
d€eias dyov ywvias. 

19. Rectilineal figures are those which are contained by straight lines, 
trilateral figures being those contained by three, quadrilateral those contained by 

four, and multilateral those contained by more than four straight lines. 

20. Of trilateral figures, an equilateral triangle és that which has tts three 
sides equal, an isosceles triangle that which has two of tts stdes alone equal, and 
a scalene triangle that which has its three sides unequal. 

21. Further, of trilateral figures, a right-angled triangle is that which has 
a right angle, an obtuse-angled triangle ‘hat which has an obtuse angle, and an 
acute-angled triangle that which has sts three angles acute. 


19. 

The latter part of this definition, distinguishing ¢hree-sided, four-sided and 
many-sided figures, is probably due to Euclid himself, since the words 
tpirdeupov, TerparAevpoy and woAvrAevpuy do not appear in Plato or Aristotle 
(only in one passage of the Mechanics and of the Problems respectively does 
even rerpamAevpov, quadrilateral, occur). By his use of TerpamAevpov, 
quadrilateral, Euclid seems practically to have put an end to any ambiguity 
in the use by mathematicians of the word rerpaywvor, literally ‘“ four-angled 
(figure),” and to have got it restricted to the sguare. Cf. note on Def. 22. 


20. 


Jsosceles (looo keXyjs, with equal legs) is used by Plato as well as Aristotle. 
Scalene (axadnvos, with the variant oxadnrjs) is used by Aristotle of a triangle 
with no two sides equal: cf. also Tim. Locr. 98 5B. Plato, Euthyphro 12 p, 
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applies the term “scalene ” to an odd number in contrast to “isosceles ” used 
of an even number. Proclus (p. 168, 24) seems to connect it with oxd{w, to 
limp; others make it akin to oxoAws, crooked, aslant. Apollonius uses the 
same word “scalene” of an obligue circular cone. 

Triangles are classified, first with reference to their sides, and then with 
reference to their angles. Proclus points out that seven distinct species of 
triangles emerge: (1) the egutlatera/ triangle, (2) three species of isosceles 
triangles, the right-angled, the obtuse-angled and the acute-angled, (3) the 
same three varieties of scalene triangles. 

Proclus gives an odd reason for the dual classification according to sides 
and angles, namely that Euclid was mindful of the fact that it is not every 
triangle that is trilateral also. He explains this statement by reference 
(p. 165, 22) to a figure which some called dard-dike (axidoedys) while 
Zenodorus called it Aodlow-angled (koioywvios). Proclus mentions it again 
in his note on 1. 22 (p. 328, 21 sqq.) as one of the paradoxes of geometry, 
observing that it is seen in the figure of that proposition. This “triangle” ts 
merely a guadrilatera/ with a re-entrant angle ; and the idea that 
it has only three angles is due to the non-recognition of the 
fourth angle (which is greater than two right angles) as being an 
angle at all. Since Proclus speaks of the four-sided triangle as 
* one of the paradoxes in geometry," it is perhaps not safe to 
assume that the misconception underlying the expression existed 
in the mind of Proclus alone; but there does not seem to be any evidence 
that Zenodorus called the figure in question a triangle (cf. Pappus, ed. 
Hultsch, pp. 1154, 1206). 


DEFINITION 22. 


Tov dé rerpamÀ eípuv cx)paTov TeTpaywvov pév éortv, ô icomXeupov ré tore 
xai ópÜoyaviov, € érepounes ôe, ô ópÜoyovtov nv, our laomAeupov 5€, popBos &€, ó 
igomevpov pév, oUk dpÜoyuvioy. di, —RBt 5 Tò Tas ar evavriov mÀevpás T€ xai 
ywvias taas GAAnAas éxov, Ó ovre. iaómAevpov éaTw ovre ópÜoyavioy: rà Ó& rapa 
Tavra rerpamA«vpa. rpamé(t1a. kaAeia D. 

Of quadrilateral figures, a square ts that which is both equilateral and right- 
angled; an oblong that which is right-angled but not equilateral; a rhombus 
that which ts equilateral but not right-angled; and a rhomboid that which has 
its opposite sides and angles egual to one another but is neither equilateral nor 
right-angled. And let quadrilaterals other than these be called trapezia. 


terpaywvov was already a square with the Pythagoreans (cf. Aristotle, 
Metaph. 986 a 26), and it is so most commonly in Aristotle ; but in De anima 
ll. 3, 414 b 31 it seems to be a quadrilateral, and in Metaph. 1054 b 2, 
“equal and equiangular rerpaywva,” it cannot be anything else but quadri- 
lateral if “equiangular” is to have any sense. Though, by introducing 
TetrparÀevpov for any quadrilateral, Euclid enabled ambiguity to be avoided, 
there seem to be traces of the older vague use of rerpdywrov in much later 
writers. Thus Heron (Def. 100) speaks of a cube as “contained by six equi- 
lateral and eguiangular retpaywva” and Proclus (p. 166, 10) adds to his 
remark about the “four-sided triangle ” that “ you might have rerpaywva with 
more than the four sides," where rerpayova can hardly mean squares. 

érepopyxes, oblong (with sides of different length), is also a Pythagorean term. 

The word right-angled (òpbfoywviov) as here applied to quadrilaterals 
must mean rectangular (i.e., practically, having all its angles right angles) ; 
for, although it is tempting to take the word in the same sense for a 
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square as for a triangle (i.e. “having one right angle”), this will not do in the 
case of the oblong, which, unless it were stated that ‘Aree of its angles are 
right angles, would not be sufficiently defined. 

If it be objected, as it was by Todhunter for example, that the definition 
of a square assumes more than is necessary, since it is sufficient that, being 
equilateral, it should have one right angle, the answer is that, as in other cases, 
the superfluity does not matter from Euclid’s point of view; on the contrary, 
the more of the essential attributes of a thing that could be included in its 
definition the better, provided that the existence of the thing defined and its 
possession of all those attributes is proved before the definition is, actually 
used; and Euclid does this in the case of the square by construction in 1. 46, 
making no use of the definition before that proposition. 

The word rhombus (pouBos) is apparently derived from féußw, to turn 
round and round, and meant among other things a spinning-fop. Archimedes 
uses the term so/id rhombus to denote a solid figure made up of two right 
cones with a common circular base and vertices turned in opposite directions. 
We can of course easily imagine this solid generated by spinning; and, if the 
cones were equal, the section through the common axis would be a plane 
rhombus, which would also be the apparent form of the spinning solid to the 
eye. The difficulty in the way of supposing the plane figure to have been 
named after the solid figure is that in Archimedes the cones forming the solid 
are not necessarily equal. It is however possible that the solid to which the 
name was originally given was made up of two equal cones, that the plane 
rhombus then received its name from that solid, and that Archimedes, in 
taking up the old name again, extended its signification (cf. J. H. T. Miiller, 
Beiträge zur Terminologie der griechischen Mathematiker, 1860, p. 20). 
Proclus, while he speaks of a rhombus as being like a shaken, i.e. deformed, 
square, and of a rhomboid as an oblong that has been moved, tries to explain 
the rhombus by reference to the appearance of a spinning square (Terpaywvov 
pop Bovpevov). " 

It is true that the definition of a rhomboid says more than is necessary in 
describing it as having its opposite sides and angles equal to one another. 
The answer to the objection is the same as the answer to the similar objection 
to the definition of a square. 

Euclid makes no use in the Elements of the oblong, the rhombus and 
the rhomboid. The explanation of his inclusion of definitions of these 
figures is no doubt that they were taken from earlier text-books. From 
the words ‘‘/e¢ quadrilaterals other than these ġe called trapezia” we may 
perhaps infer that /rapezium was a new name or a new application of an old 
name. 

As Euclid has not yet defined parallel lines and does not anywhere 
define a parallelogram, he is not in a position to make the more elaborate 
classification of quadrilaterals attributed by Proclus to Posidonius and 
appearing also in Heron's Definitions. It may be shown by the following 
diagram, distinguishing seven species of quadrilaterals. 


Quadrilaterals 
llelogran llelograms 
parallelograms non-paralle 
peu] Qr ee e 
rectangular non-rectangular two sides parallel no sides parallel 
(trapezium) trapezot 


— — . . . . 
square oblong rhombus rhomboid isosceles trapesium scalene trapezium 
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It will be observed that, while Euclid in the above definition classes as 
trapesia all quadrilaterals other than squares, oblongs, rhombi, and rhomboids, 
the word is in this classification restricted to quadrilaterals having two sides 
(only) parallel, and /ragesord is used to denote the rest. Euclid appears to 
have used /rapezium in the restricted sense of a quadrilateral with two sides 
parallel in his book spi Ówupéceov (on divisions of figures). Archimedes 
uses it in the same sense, but in one place describes it more precisely as a 
trapezium with its two sides parallel. 


DEFINITION 23. 


TlapddAndoi ew eO iau, airwec év TQ abro imir (oo ovgat Kai éxBadrAdpevac 
eis dmepov ip’ éxdtepa tà pépn tri pydérepa cupmimrovow dAXsAass. 

Parallel straight lines are straight lines which, being in the same plane and 
being produced indefinitely in both directions, do not meet one another in either 
direction. 


IIapaAAgAos (alongside one another) written in one word does not appear 
in Plato; but with Aristotle it was already a familiar term. 

«is amepoy cannot be translated “to infinity” because these words might 
seem to suggest a region or place infinitely distant, whereas eis drepov, which 
seems to be used indifferently with ér’ amepov, is adverbial, meaning *'without 
limit,” i.e. “indefinitely.” Thus the expression is used of a magnitude being 
‘infinitely divisible,” or of a series of terms extending without limit. 

Ln both directions, iġ' ixátepa tà pépn, literally “towards both the parts” 
where “parts” must be used in the sense of “regions” (cf Thuc. 11. 96). 

It is clear that with Aristotle the general notion of parallels was that of 
straight lines wsch do not meet, as in Euclid: thus Aristotle discusses the 
question whether to think that parallels do meet should be called a 
geometrical or an ungeometrical error (Anal. post. 1. 12, 77 b 22), and (more 
interesting still in relation to Euclid) he observes that there is nothing 
surprising in different hypotheses leading to the same error, as one might 
conclude that parallels meet by starting from the assumption, either (a) that 
the interior (angle) is greater than the exterior, or (4) that the angles of a 
triangle make up more than two right angles (Ana/. Prior. 1I. 17, 66 a 11). 

Another definition is attributed by Proclus to Posidonius, who said that 
“parallel lines are those which, (being) in one plane, neither converge nor diverge, 
but have all the perpendiculars egual which are drawn from the points of one 
dine to the other, while such (straight lines) as make the perpendiculars less and 
less continually do converge to one another ; for the perpendicular is enough 
to define (ópiZew óvvara: the heights of areas and the distances between lines. 
For this reason, when the perpendiculars are equal, the distances between the 
straight lines are equal, but when they become greater and less, the interval is 
lessened, and the straight lines converge to one another in the direction in 
which the less perpendiculars are " (Proclus, p. 176, 6 —17). 

Posidonius' definition, with the explanation as to distances between straight 
lines, their convergence and divergence, amounts to the definition quoted by 
Simplicius (an-Nairizi, p. 25, ed. Curtze) which described straight lines as 
parallel sf, when they are produced indefinitely both ways, the distance between 
them, or the perpendicular drawn from either of them to the other, is always 
equal and not different. To the objection that it should be proved that the 
distance between two parallel lines is the perpendicular to them Simplicius 
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replies that the definition will do equally well if all mention of the perpen- 
dicular be omitted and it be merely stated that the distance remains equal, 
although “for proving the matter in question it is necessary to say that one 
straight line is perpendicular to both" (an-Nairizi, ed. Besthorn-Heiberg, p. 9). 
He then quotes the definition of "the philosopher Aganis”: ‘ Parallel 
straight lines are straight lines, situated in the same plane, the distance between 
which, if they are produced indefinitely in both directions at the same time, ts 
everywhere the same.” (This definition forms the basis of the attempt of 
‘‘Aganis” to prove the Postulate of Parallels.) On the definition Simplicius 
remarks that the words "situated in the same plane" are perhaps unnecessary, 
since, if the distance between the lines is everywhere the same, and one does 
not incline at all towards the other, they must for that reason be in the same 
plane. He adds that the “distance” referred to in the definition is the 
shortest line which joins things disjoined. Thus, between point and point, 
the distance is the straight line joining them ; between a point and a straight 
line or between a point and a plarte it is the perpendicular drawn from the point 
to the line or plane; "as regards the distance between two lines, that distance 
is, if the lines are parallel, one and the same, equal to itself at all places on 
the lines, it is the sAorfes/ distance and, at all places on the lines, perpendicular 
to both” (ibid. p. 10). 

The same idea occurs in a quotation by Proclus (p. 177, 11) from 
Geminus. As part of a classification of lines which do not meet he observes : 
“ Of lines which de not meet, some are in one plane with one another, others 
not. Of those which meet and are in one plane, some are always the same 
distance from one another, others lessen the distance continually, as the hyper- 
bola (approaches) the straight line, and the conchoid the straight line (i.e. the 
asymptote in each case). For these, while the distance is being continually 
lessened, are continually (in the position of) not meeting, though they converge 
to one another ; they never converge entirely, and this is the most paradoxical 
theorem in geometry, since it shows that the convergence of some lines is non- 
convergent. But of lines which are always an equal distance apart, those 
which are straight and never make the (distance) between them smaller, and 
which are in one plane, are parallel." 

Thus the eguidistance-theory of parallels (to which we shall return) is very 
fully represented in antiquity. I seem also to see traces in Greek writers of a 
conception equivalent to the vicious arection-theory which has been adopted 
in so many modern text-books. Aristotle has an interesting, though obscure, 
allusion in Anal. prior. 11. 16, 65 a 4 to a petitio principii committed by “those 
who think that they draw parallels” (or “establish the theory of parallels,” 
which is a possible translation of ras mapaAAyAous ypddeav): “for they un- 
consciously assume such things as it is not possible to demonstrate if parallels 
do not exist.” It is clear from this that there was a vicious circle in the then 
current theory of parallels; something which depended for its truth on the 
properties of parallels was assumed in the actual proof of those properties, 
e.g. that the three angles of a triangle make up two right angles. This is not 
the case in Euclid, and the passage makes it clear that it was Euclid himself 
who got rid of the petitio principii in earlier text-books by formulating and 
premising before 1. 29 the famous Postulate 5, which must ever be regarded 
as among the most epoch-making achievements in the domain of geometry. 
But one of the commentators on Aristotle, Philoponus, has a note on the 
above passage purporting to give the specific character of the petitio principii 
alluded to; and it is here that a drrecfion-theory of parallels may be hinted at, 
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whether Philoponus is or is not right in supposing that this was what Aristotle 
had in mind. Philoponus says: **The same thing is done by those who draw 
parallels, namely begging the original question; for they will have it that it is 
possible to draw parallel straight lines from the meridian circle, and they 
assume a point, so to say, falling on the plane of that circle and thus they 
draw the straight lines. And what was sought is thereby assumed; for he 
who does not admit the genesis of the parallels will not admit the point 
referred to either.” What is meant is, I think, somewhat as follows. Given 
a straight line and a point through which a parallel to it is to be drawn, we 
are to suppose the given straight line placed in the plane of the meridian. 
Then we are told to draw through the given point another straight line in the 
plane of the meridian (strictly speaking it should be drawn in a plane parallel 
to the plane of the meridian, but the idea is that, compared with the size of 
the meridian circle, the distance between the point and the straight line is 
negligible) ; and this, as I read Philoponus, is supposed to be equivalent to 
assuming a very distant point in the meridian plane and joining the given 
point to it. But obviously no ruler would stretch to such a point, and the 
objector would say that we cannot really direct a straight line to the assumed 
distant point except by drawing it, without more ado, parallel to the given 
straight line. And herein is the «£ifio principii. I am confirmed in seeing 
in Philoponus an allusion to a atrection-theory by a remark of Schotten on a 
similar reference to the meridian plane supposed to be used by advocates of 
that theory. Schotten is arguing that direction is not in itself a conception 
such that you can predicate one direction of fo different lines. * If any one 
should reply that nevertheless many lines can be conceived which all have the 
direction from north to south,” he replies that this represents only a nominal, 
not a real, identity of direction. 

Coming now to modern times, we may classify under three groups 
practically all the different definitions that have been given of parallels 
(Schotten, op. cit. 11. p. 188 sqq.). 

(1) Parallel ‘straight lines have no point common, under which general 
conception the following varieties of statement may be included : 

(a) they do not cut one another, 

(P) they meet at infinity, or 

(c) they have a common point at infinity. 

(2) Parallel straight lines have the same, or like, direction or directions, 
under which class of definitions must be included all those which introduce 
transversals and say that the parallels make egual angles with a transversal. 

(3) Parallel straight lines have the distance between them constant; 
with which group we may connect the attempt to explain a parallel as 4e 
geometrical locus of all points which are equidistant from a straight line. 

But the three points of view have a good deal in common ; some of them 
lead easily to the others. Thus the idea of the lines having no point common 
led to the notion of their having a common point at infinity, through the 
influence of modern geometry seeking to embrace different cases under one 
conception ; and then again the idea of the lines having a common point at 
infinity might suggest their having the same direction. The ‘“non-secant” 
idea would also naturally lead to that of equidistance (3), since our 
observation shows that it is things which come nearer to one another that 
tend to meet, and hence, if lines are not to meet, the obvious thing is to see 
that they shall not come nearer, i.e. shall remain the same distance apart. 
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We will now take the three groups in order. 

(1) The first observation of Schotten is that the varieties of this group 
which regard parallels as (a) meeting at infinity or (4) having a common 
point at infinity (first mentioned apparently by Kepler, 1604, as a “‘facon de 
parler " and then used by Desargues, 1639) are at least unsuitable definitions 
for elementary text-books. How do we know that the lines cut or meet at 
infinity? We are not entitled to assume either that they do or that they do 
not, because “infinity” is outside our field of observation and we cannot verify 
either. As Gauss says (letter to Schumacher), “ Finite man cannot claim to 
be able to regard the infinite as something to be grasped by means of ordinary 
methods of observation.” Steiner, in speaking of the rays passing through a 
point and successive points of a straight line, observes that as the point of 
intersection gets further away the ray moves continually in one and the same 
direction (“nach einer und derselben Richtung hin ") ; only in one position, 
that in which it is parallel to the straight line, “there is zo real cutting” 
between the ray and the straight line; what we have to say is that the ray is 
“ directed towards the infinitely distant point on the straight line.” It is true 
that higher geometry has to assume that the lines do meet at infinity: whether 
such lines exist in nature or not does not matter (just as we deal with “straight 
lines " although there is no such thing as a straight line). But if two lines do 
not cut at any finite distance, may not the same thing be true at infinity also ? 
Are lines conceivable which would not cut even at infinity but always remain 
at the same distance from one another even there? ‘Take the case of a line 
of railway. Must the two rails meet at infinity so that a train could not stand 
on them there (whether we could see it or not makes no difference)? It 
seems best therefore to leave to higher geometry the conception of infinitely 
distant points on a line and of two straight lines meeting at infinity, like 
imaginary points of intersection, and, for the purposes of elementary geometry, 
to rely on the plain distinction between “parallel” and “cutting” which 
average human intelligence can readily grasp. This is the method adopted 
by Euclid in his definition, which of course belongs to the group (1) of 
definitions regarding parallels as non-secant. 

It is significant, I think, that such authorities as Ingrami (Zéements di 
geometría, 1904) and Enriques and Amaldi (Elementi di geometria, 1905), 
after all the discussion of principles that has taken place of late years, give 
definitions of parallels equivalent to Euclid’s: “those straight lines in a plane 
which have not any point in common are called parallels.” Hilbert adopts 
the same point of view. Veronese, it is true, takes a different line. In his 
great work Fondamenti di geometria, 1891, he had taken a ray to be parallel to 
another when a point at infinity on the second is situated on the first; but he 
appears to have come to the conclusion that this definition was unsuitable for 
his Elementi. He avoids however giving the Euclidean definition of parallels 
as “straight lines in a plane which, though produced indefinitely, never meet,” 
because “no one has ever seen two straight lines of this sort,” and because 
the postulate generally used in connexion with this definition is not evident in 
the way that, in the field of our experience, it is evident that only one straight 
line can pass through two points. Hence he gives a different definition, for 
which he claims the advantage that it is independent of the plane. It is 
based on a definition of figures **opposite to one another with respect to a 
point" (or reflex figures). "Two figures are opposite to one another with 
respect to a point O, e.g. the figures ABC ... and A4'B'C' ..., if to every point 
of the one there corresponds one sole point of the other, and if the segments 
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OA, OB, OC, ... joining the points of one figure to O are respectively equal 
and opposite to the segments O4’, OB’, OC’, ... joining to O the corresponding 
points of the second": then, a /razsversa/ of two straight lines being any 
segment having as its extremities one point of one line and one point of the 
other, “fwo straight lines are called parallel if one of them contains two points 
opposite to two points of the other with respect to the middle point of a common 
transversal.” Yt is true, as Veronese says, that the parallels so defined and the 
parallels of Euclid are in substance the same; but it can hardly be said that 
the definition gives as good an idea of the essential nature of parallels as does 
Euclid’s. Veronese has to prove, of course, that his parallels have no point in 
common, and his “Postulate of Parallels” can hardly be called more evident 
than Euclid’s: “If two straight lines are parallel, they are figures opposite to 
one another with respect to the middle points of all their transversal segments.” 


(2) The asrection-theory. 

The fallacy of this theory has nowhere been more completely exposed 
than by C. L. Dodgson (Euclid and his modern Rivals, 1879). According to 
Killing (Einführung in die Grundlagen der Geometrie, 1. p. 5) it would appear 
to have originated with no less a person than Leibniz. In the text-books 
which employ this method the notion of direction appears to be regarded as a 
primary, not a derivative notion, since no definition is given. But we ought 
at least to know how the same direction or like directions can be recognised 
when two different straight lines are in question. But no answer to this 
question is forthcoming. The fact is that the whole idea as applied to non- 
coincident straight lines is derived from knowledge of the properties of 
parallels; it is a case of explaining a thing by itself. The idea of parallels 
being in the same direction perhaps arose from the conception of an angle as 
a difference of direction (the hollowness of which has already been exposed) ; 
sameness of direction for parallels follows from the same “difference of 
direction” which both exhibit relatively to a third line. But this is not 
enough. As Gauss said ( Werke, v. p. 365), '*If it [identity of direction] is 
recognised by the equality of the angles formed with ove third straight line, 
we do not yet know without an antecedent proof whether this same equality 
will also be found in the angles formed with a fourth straight line” (and any 
number of other transversals) ; and in order to make this theory of parallels 
valid, so far from getting rid of axioms such as Euclid’s, you would have to 
assuMe as an axiom what is much less axiomatic, namely that “straight lines 
which make equal corresponding angles with a certain transversal do so with 
any transversal” (Dodgson, p. ror). 


(3) In modern times the conception of parallels as eyusaistant straight 
lines was practically adopted by Clavius (the editor of Euclid, born at 
Bamberg, 1537) and (according to Saccheri) by Borelli (Euclides restitutus, 
1658) although they do not seem to have defined parallels in this way. 
Saccheri points out that, before such a definition can be used, it has to 
be proved that “the geometrical locus of points equidistant from a straight 
line is a straight line.” To do him justice, Clavius saw this and tried to 
prove it: he makes out that the locus is a straight line according to the 
definition of Euclid, because “it lies evenly with respect to all the points 
on it”; but there is a confusion here, because such “evenness ” as the locus 
has is with respect to the straight line from which its points are equidistant, 
and there is nothing to show that it possesses this property with respect 
to itself. In fact the theorem cannot be proved without a postulate. 
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POSTULATE I. 


"Hern Ow aro mavros anpeiov èm wav onpetov evOctav ypappyny ayayew. 
Let the following be postulated: to draw a straight line from any point to 
any point. 


From any point to any point. In general statements of this kind 
the Greeks did not say, as we do, “any point,” “any triangle” etc., but 
“every point,” “every triangle” and the like. Thus the words are here 
literally “from every point to every point.” Similarly the first words of 
Postulate 3 are “with every centre and distance,” and the enunciation, e.g., of 
I. 18 is * In every triangle the greater side subtends the greater angle." 

It will be remembered that, according to Aristotle, the geometer must in 
general assume wa? a thing is, or its definition, but must prove ‘ha? it is, 
le. the existence of the thing corresponding to the definition : only in the case 
of the two most primary things, points and lines, does he assume, without 
proof, both the definition and the existence of the thing defined. Euclid has 
indeed no separate assumption affirming the existence of points such as we find 
nowadays in text-books like those of Veronese, Ingrami, Enriques, “there exist 
distinct points” or “there exist an infinite number of points.” But, as re- 
gards the only lines dealt with in the Zéements, straight lines and circles, 
existence is asserted in Postulates 1 and 3 respectively. Postulate 1 however 
does much more than (1) postulate the existence of straight lines. It is 
(2) an answer to a possible objector who should say that you cannot, with the 
imperfect instruments at your disposal, draw a mathematical straight line at all, 
and consequently (in the words of Aristotle, dal. post. 1. 10, 76 b 41) that 
the geometer uses false hypotheses, since he calls a line a foot long when it is 
not or straight when it is not straight. It would seem (if Gherard’s translation 
is right) that an-Nairizi saw that one purpose of the Postulate was to refute 
this criticism: ‘the utility of the first three postulates is (to ensure) that the 
weakness of our equipment shall not prevent (scientific) demonstration ” 
(ed. Curtze, p. 30). The fact is, as Aristotle says, that the geometer's demon- 
stration is not concerned with the particular imperfect straight line which he 
has drawn, but with the ideal straight line of which it is the imperfect 
representation. Simplicius too indicates that the object of the Postulate is 
rather to enable the drawing of a mathematical straight line to be imagined 
than to assert that it can actually be realised in practice: *he would be a 
rash person who, taking things as they actually are, should postulate the 
drawing of a straight line from Aries to Libra." 

There is still something more that must be inferred from the Postulate 
combined with the definition of a straight line, namely (3) that the straight 
line joining two points is 4zgue: in other words that, ¿f two straight lines 
(*rectilineal segments," as Veronese would call them) have the same extremities, 
they must coincide throughout their length. The omission of Euclid to state 
this in so many words, though he assumes it in I. 4, is no doubt answerable for 
the interpolation in the text of the equivalent assumption that swo straight 
lines cannot enclose a space, which has constantly appeared in Mss. and editions 
of Euclid, either among Axioms or Postulates. That Postulate 1 included it, 
by conscious implication, is even clear from Proclus' words in his note on 1. 4 
(p. 239, 16): ‘therefore two straight lines do not enclose a space, and it was 
with knowledge of this fact that the writer of the Elements said in the first of 
his Postulates, £o draw a straight line from any point to any point, implying 
that it is one straight line which would always join the two points, not zwo.” 
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Proclus attempts in the same note (p. 239) to prove that two straight lines 
cannot enclose a space, using as his basis the definition of the diameter of a 
circle and the theorem, stated in it, that any diameter divides the circle into 
two equal parts. 

Suppose, he says, ACB, ADB to be two straight lines enclosing a space. 
Produce them (beyond B) indefinitely. With centre B 


and distance 4B describe a circle, cutting the lines so 

produced in Æ Æ respectively. E 
Then, since ACBF, ADBE are both diameters 

cutting off semi-circles, the arcs AZ, AEF are equal: AK > 

which is impossible. Therefore etc. 

It will be observed, however, that the straight lines 
produced are assumed to meet the circle given in two 
different points E, F, whereas, for anything we know, 

E, F might coincide and the straight lines have /Aree common points. The 
proof is therefore delusive. 

Saccheri gives a different proof. From Euclid’s definition of a straight 
line as that which lies evenly with its points he infers that, when 
such a line is turned about its two extremities, which remain fixed, X 
all the points on it must remain throughout in the same position, and 
cannot take up different positions as the revolution proceeds. *In 8 
this view of the straight line the truth of the assertion that two 
straight lines do not enclose a space is obviously involved. In fact, 
if two lines are given which enclose a space, and of which the two 
points A and X are the common extremities, it is easily shown that 
neither, or else only one, of the two lines is straight.” 

It is however better to assume as a postulate the fact, inseparably 
connected with the idea of a straight line, that /Aere exists only one straight 
line containing two given points, or, tf two straight lines have two points in 
common, they coincide throughout. 


POSTULATE 2. 

Kai renepacpévyy evÜctay xarà tò cuvexés tx” edOcias tx Bareiv. 

To produce a finite straight line continuously in a straight line. 

I translate rerepacpévny by finite, because that is the received equivalent, 
and because any alternative word such as /imifed, terminated, if applied to a 
straight line, would equally fail to express what modern Italian geometers aptly 
call a rectilineal segment, that is, a straight line having ‘wo extremities. 

Just as Post. 1 asserting the possibility of drawing a straight line from any 
one point to another must be held to declare at the same time that the 
straight line so drawn is unique, so Post. 2 maintaining the possibility of 
producing a finite straight line (a “ rectilineal segment”) continuously in a 
straight line must also be held to assert that the straight line can only be 
produced é# one way at either end, or that the produced part in either 
direction is w"igue; in other words, that “wo straight lines cannot have a 
common segment. This latter assumption i8 not expressly appealed to by 
Euclid until x1. 1. But it is needed at the very beginning of Book 1. Proclus 
(p. 214, 18) says that Zeno of Sidon, an Epicurean, maintained that the very 
first proposition 1. 1 requires it to be admitted that “‘two straight lines cannot 
have the same segments ”; otherwise 4C, BC might meet before they arrive 
at C and have the rest of their length common, in which case the actual 
triangle formed by them and AB would not be equilateral. The assumption 
that two straight lines cannot have a common segment is certainly necessary 
in 1. 4, where one side of one triangle is placed on that side of the other 
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triangle which is equal to it, and it is inferred that the two coincide throughout 
their length : this would by no means follow if two straight lines could have a 
common segment. Proclus (p. 215, 24), while observing that Post. 2 clearly 
indicates that the produced portion must be oze, attempts to prove it, but 
unsuccessfully. Both he and Simplicius practically 


use the same argument. Suppose, says Proclus, E 

that the straight lines 4C, AD have AB as a c 
common segment. With centre B and radius BA 

describe a circle (Post. 3) meeting 4C, 4D in 4 0 


C, D.- Then, since A BC is a straight line through 
the centre, AZC is a semi-circle. Similarly, 48D 
being a straight line through the centre, 4ED isa 
semi-circle. Therefore AEC is equal to AED: 
which is impossible. 

Proclus observes that Zeno would object to this proof as really depending 
on the assumption that ‘‘two circumferences (of circles) cannot have one 
portion common”; for this, he would say, is assumed in the common proof 
by superposition of the fact that a circle is bisected by a diameter, since that 
proof takes it for granted that, if one part of the circumference cut off by the 
diameter, when applied to the other, does not coincide with it, it must neces- 
sarily fall either entirely outside or entirely inside it, whereas there is nothing 
to prevent their coinciding, not altogether, but in part only ; and, until you 
really prove the bisection of a circle by its diameter, the above proof is not 
valid. Posidonius is represented as having derided Zeno for not seeing that 
the proof of the bisection of a circle by its diameter goes on just as well if the 
circumferences fail to coincide in part only. But the true objection to the 
proof above given is that the proof of the bisection of a circle by any diameter 
i/se/f assumes that two straight lines cannot have a common segment; for, if 
we wish to draw the diameter of a circle which has its extremity at a given point 
of the circumference we have to join the latter point to the centre (Post. 1) and 
then to produce the straight line so drawn till it meets the circle again (Post. 2), 
and it is necessary for the proof that the produced part shall be unigue. 

Saccheri adopted the proper order when he gave, first the proposition that 
two straight lines cannot have a common segment, and after that the 
proposition that any diameter of a circle bisects the circle and its circumference. 

Saccheri's proof of the former is very interesting as showing the thorough- 
ness of his method, if not at the end entirely convincing. It is in five stages 
which I shall indicate shortly, giving the full argument of the first only. 

Suppose, if possible, that 4.¥ is a common segment of both the straight 
lines 4AXB, AXC, in one plane, produced beyond 
X. Then describe about X as centre, with radius 
XB or XC, the arc BMC, and draw through X to 
any point on it the straight line XM. 

(i) I maintain that, with the assumption 
made, the line AXM is also a straight line which 
is drawn from the point A to the point X and pro- 
duced beyond X. 

For, if this line were not straight, we could draw 
another straight line 4 A/ which for its part would 
be straight. This straight line will either (a) cut one 
of the two straight lines XB, XC in a certain point 
K or (b) enclose one of them, for instance XB, in 
the area bounded by 4X, XM and APLM. 
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But the first alternative (a) obviously contradicts the foregoing lemma (thar 
two straight lines cannot enclose a space], since in that case the two lines 
AXK, ATK, which by hypothesis are straight, would enclose a space. 

The second possibility (4) is at once seen to involve a similar absurdity. 
For the straight line XB must, when produced beyond J, ultimately meet 
APLM in a point Z. Consequently the two lines 4XBZ, APL, which by 
hypothesis are straight, would again enclose a space. If however we were to 
assume that the straight line XB produced beyond B will ultimately meet 
either the straight line XJ or the straight line XA in another point, we should 
in the same way arrive at a contradiction. 

From this it obviously follows that, on the assumption made, the line 
A X M is itself the straight line which was drawn from the point 4 to the point 
M ; and that is what was maintained. 

The remaining stages are in substance these. 


(ii) Lf the straight line AXB, regarded as rigid, revolves about AX as axis, 
st cannot assume two more positions in the same plane, so that, for example, in 
one position XB should coincide with XC, and in the other with XM. 

(This is proved by considerations of symmetry. AXB cannot be altogether 
“similar or equal to” AXC, if viewed from the same side (left or right) of 
both : otherwise they would coincide, which by hypothesis they do not. But 
there is nothing to prevent AXB viewed from one side (say the left) being 
“similar or equal to” AXC viewed from the other side (i.e. the right), so that 
AXB can, without any change, be brought into the position AXC. 

AXB cannot however take the position of the other straight line 4X M as 
well. Ifthey were like on one side, they would coincide; if they were like on 
opposite sides, 4X, AXC would be like on the same side and therefore 
coincide. | 


(ii) The other positions of 4X7 during the revolution must be above or 
below the original plane. 


(iv) It is next maintained that there is a point D on the arc BC such thal, if 
XD ss drawn, AXD is not only a straight line but is such that viewed from the left 
side it is exactly “similar or egual” to what it is when viewed from the right side. 

[ First, it is proved that points M, F can be found on the arc, corresponding 
in the same way as B, C do, but nearer together, and of course AXM, AXF 
are both straight lines. 

Secondly, similar corresponding points can be found still nearer together, 
and so on continually, until either (2) we come to one point D such that 4X D 
ts exactly like itself when the right and left sides are compared, or (b) there are 
‘wo ultimate points of this sort 4, F, so that both AXM, AXF have this 
property. 

Thirdly, (6) is ruled out by reference to the definition of a straight line. 

Hence (2) only is true, and there is only oze point D such as described. } 


(v) Lastly, Saccheri concludes that the straight line 4XD so determined 
“is alone a straight line, and the immediate prolongation from A beyond X to 
D,” relying again on the definition of a straight line as “lying evenly.” 


Simson deduced the proposition that ‘wo straight lines cannot have a 
common segment as a corollary from 1. 11; but his argument is a complete 
petitio principii, as shown by Todhunter in his note on that proposition. 

Proclus (p. 217, 10) records an ancient proof also based on the proposition 
I. 11. Zeno, he says, propounded this proof and then criticised it. 
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Suppose that two straight lines 4C, 4D have a common segment 47, and 
let BE be drawn at right angles to AC. 

Then the angle EAC is right. — 

If then the angle ZAD is also right, the two 
angles will be equal: which is impossible. 

If the angle EBD is not right, draw BF at right 
angles to 42 ; therefore the angle FBA is right. 

But the angle EBA is right. A B 

Therefore the angles ÆBA, FBA are equal: 
which is impossible. 

Zeno objected to this, says Proclus, because it assumed the later pro- 
position 1. 11 for its proof. Posidonius said that there was no trace of such 
a proof to be found in the text-books of Elements, and that it was only invented 
by Zeno for the purpose of slandering contemporary geometers. Posidonius 
maintains further that even this proof has something to be said for it. There 
must be some straight line at right angles to each of the two straight lines 4 C, 
AD (the very definition of right angles assumes this): “suppose then it happens 
to be the straight line we have set up.” Here then we have an ancient instance 
of a defence of hypothetical construction, but in such apologetic terms (“it is 
possible to say something even for this proof”) that we may conclude that in 
general it would not have been accepted by geometers of that time as a 
legitimate means of proving a proposition. 

Todhunter proposed to deduce that fwo straight lines cannot have a 
common segment from 1. 13. But this will not serve either, since, as before 
mentioned, the assumption is really required for 1. 4. 

It is best to make it a postulate. 


o 


POSTULATE 3. 


Kai mavri kévrpuo xai Óuaarjuart kvxÀov ypad«eaa.. 
To describe a circle with any centre and distance. 


In this case Euclid’s text has the passive of the verb: “a circle can be 
drawn" ; Proclus however has the active (ypuwac) as Euclid has in the first 
two Postulates. 

Distance, Siaotjpart. This word, meaning “ distance” quite generally (cf. 
Arist. Metaph. 1055 a o "it is between extremities that distance is greatest,” 
ibid. 1056 a 36 “things which have something between them, that is, a certain 
distance "), and also “distance” in the sense of “dimension ” (as in ‘space 
has three dimensions, length, breadth and depth,” Arist. PAysics Iv. 1, 209 a 4), 
was the regular word used for describing a circle with a certain radsus, the 
idea being that each point of the circumference was at that distance from the 
centre (cf. Arist Meteorologica 111. 5, 376 b 8: “if a circle be drawn...with 
distance MIT”). The Greeks had no word corresponding to radius: if they 
had to express it, they said “(straight lines) drawn from the centre” (ai éx rod 
xévrpov, Eucl. n1. Def. ı and Prop. 26; Meteorologica 1. §, 362 b 1 has the full 
phrase ai éx rod: xévrpov dyopevat ypappat). 

Mr Frankland observes that it would be remarkable if, unlike Postulates 1 
and 2, this Postulate implied mere/y what it says, that a circle can be drawn 
with any centre and distance. We may regard it, if we please, as helping to the 
complete delineation of the Space which Euclid's geometry is to investigate 
formally. The Postulate has the effect of removing any restriction upon the 
size of the circle. It may (1) be indefinitely small, and this implies that space 
is continuous, not discrete, with an irreducible minimum distance between 
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contiguous points in it. (2) The circle may be indefinitely large, which 
implies the fundamental hypothesis of snfnstude of space. This last assumed 
characteristic of space is essential to the proof of 1. 16, a theorem not 
universally valid in a space which is unbounded in extent but finite in size. It 
would however be unsafe to suppose that Euclid foresaw the use to which his 
Postulate might thus be put, or formulated it with such an intention. 


POSTULATE 4. 


Kai masas ràs ópfàs ywrias toas adAyAars elvas.. 
That all right angles are equal to one another. 


While this Postulate asserts the essential truth that a right angle is a 
determinate magnitude so that it really serves as an invariable standard by 
which other (acute and obtuse) angles may be measured, much more than 
this is implied, as will easily be seen from the following consideration. If the 
statement is to be proved, it can only be proved by the method of applying one 
pair of right angles to another and so arguing their equality. But this method 
would not be valid unless on the assumption of the savariability of figures, 
which would therefore have to be asserted as an antecedent postulate. Euclid 
preferred to assert as a postulate, directly, the fact that all right angles are 
equal ; and hence his postulate must be taken as equivalent to the principle of 
invariability of figures or its equivalent, the homogeneity of space. 

According to Proclus, Geminus held that this Postulate should not be 
classed as a postulate but as an axiom, since it does not, like the first three 
Postulates, assert the possibility of some construction but expresses an essential 
property of right angles. Proclus further observes (p. 188, 8) that it is not a 
postulate in Aristotle’s sense either. (In this I think he is wrong, as explained 
above.) Proclus himself, while regarding the assumption as axiomatic (“the 
equality of right angles suggests itself even by virtue of our common notions”), 
is prepared with a proof, if such is asked for. 

Let ABC, DEF be two right A o 
angles. 

If they are not equal, one of them 
must be the greater, say ABC. 

Then, if we apply DE to 4B, EF H 
will fall within 48C, as BG. 

Produce CB to 77. Then, since 
ABC is a right angle, so is 4277, and the two angles are equal (a right angle 
being by definition equal to its adjacent angle). 

Therefore the angle 4.2 7 is greater than the angle 4G. 

Producing GB to K, we have similarly the two angles ABK, ABG both 
right and equal to one another; whence the angle ABH is Jess than the angle 
ABG. | 

But it is also greater: which is impossible. 

Therefore etc. 

A defect in this proof is the assumption that CZ, GP can each be 
produced only in one way, and that 2X falls outside the angle ABH. 

Saccheri’s proof 1s more careful in that he premises a third lemma in 
addition to those asserting (1) that two straight lines 





cannot enclose a space and (2) that two straight lines « A ————g 
cannot have a common segment. The third lemma is: p N 

Jf two struigàt lines AB, CXD meet one another atan © 

intermediate point X, they do not touch at that point, but D 


cut one another. 
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Suppose now that DA standing on BAC makes the two angles DAS, 
DAC equal, so that each is a right angle by the definition. 

Similarly, let ZY form with the straight line FÆM the right angles LHF, 
LHM. 

Let DA, HZ be equal; and sup- 
pose the whole of the second figure 
so laid upon the first that the point 
ff falls on A, and Z on D. 

Then the straight line FHM will 
(by the third lemma) not /ewc the 
straight line BC at A; it will either 

(a) coincide exactly with BC, or 

(b) cut it so that one of its extremities, as F, will fall above [BC] and the 
other, M, below it. 

If the alternative (a) is true, we have already proved the exact equality of 
all rectilineal right angles. 

Under alternative (4) we prove that the angle LAF, being equal to the 
angle DAF; is less than the angle DAB or DAC, and a fortiori less than the 
angle DAM or LHM: which is contrary to the hypothesis. 

ae (a) is the only possible alternative, so that all right angles are 
equal. 

Saccheri adds that it makes no difference if the, angle DAF diverges 
infinitely little from the angle DAB. This would equally lead to a conclusion 
contradicting the hypothesis. 

It will be observed that Saccheri speaks of “the exact equality of all 

rectilineal right angles.” He may have had in mind the remark of Pappus, 
quoted by Proclus (p. 189, 11), that the converse of 
this postulate, namely that an angle which 1s equal A 
to a right angle is also right, is not necessarily true, 
unless the former angle is rects/ineal. Suppose two 
equal straight lines 5.4, BC at right angles to one gẹ D 
another, and semi-circles described on BA, BC 
respectively as AEB, BDC in the figure. Then, 
since the semi-circles are equal, they coincide jf 
applied to one another. Hence the “angles” B c 
EBA, DBC are equal. Add to each the “angle” 
ABD ; and it follows that the /uau/ar angle EBD is equal to the right angle 
ABC. (Similarly, if BA, BC be inclined at an acute or obtuse angle, instead 
of at a right angle, we find a /unu/ar angle equal to an acute or obtuse angle.) 
This is one of the curiosities which Greek commentators delighted in. 

Veronese, Ingrami, and Enriques and Amaldi deduce the fact that aZ 
right angles are equal from the equivalent fact that a// flat angles are equal, 
which is either itself assumed as a postulate or immediately deduced from some 
other postulate. 

Hilbert takes quite a different line. He considers that Euclid did wrong 
in placing Post. 4 among “axioms.” He himself, after his Group 111. of 
Axioms containing six relating to congruence, proves several theorems about 
the congruence of triangles and angles, and then deduces our Postulate. 

As to the raison d'éfre and the place of Post. 4 one thing is quite certain. 
It was essential from Euclid's point of view that it should come before Post. s, 
since the condition in the latter that a certain pair of angles are together less 
than two right angles would be useless unless it were first made clear that 
right angles are angles of determinate and invariable magnitude. 
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POSTULATE 5. 


Kai day eis dup evOeias ciPeta éurinrovoa Tas évTOs Kai iri Tà avrà pém yuvías 
o — iMacovas Tot], éxBadAopévas tas úo eiGetas én’ arepov cupminreay, 
e$ å pépy cioiv al ray Svv ópÜdy éAdacoves. 

That, if a straight line falling on two straight lines make the interior angles 
on the same side less than two right angles, the two straight lines, if produced 
indefinitely, meet on that side on which are the angles less than the two right 
angles. 


Although Aristotle gives a clear idea of what he understood by a postulate, 
he does not give any instances from geometry; still less has he any allusion 
recalling the particular postulates found in Euclid. "We naturally infer that 
the formulation of these postulates was Euclid's own work. There is a more 
positive indication of the originality of Postulate 5, since in the passage (Anal. 
prior. 11. 16, 65 a 4) quoted above in the note on the definition of parallels he 
alludes to some petitio principii involved in the theory of parallels current in 
his time. This reproach was removed by Euclid when he laid down this 
epoch-making Postulate. When we consider the countless successive attempts 
made through more than twenty centuries to prove the Postulate, many of 
them by geometers of ability, we cannot but admire the genius of the man 
who concluded that such a hypothesis, which he found necessary to the 
validity of his whole system of geometry, was really indemonstrable. 

From the very beginning, as we know from Proclus, the Postulate was 
attacked as such, and attempts were made to prove it as a theorem or to get 
rid of it by adopting some other definition of parallels; while in modern times 
the literature of the subject is enormous. Riccardi (Saggio di una bibliografia 
Euclidea, Part iv., Bologna, 1890) has twenty quarto pages of titles of mono- 
graphs relating to Post. 5 between the dates 1607 and 1887. Max Simon 
(Ueber die Entwicklung der Elementar-geometrie im XIX. Jahrhundert, 1906) 
notes that he has seen three new attempts. as late as 189r (a century after 
Gauss laid the foundation of non-Euclidean geometry), to prove the theory of 
parallels independently of the Postulate. Max Simon himself (pp. 53—61) 
gives a large number of references to books or articles on the subject and 
refers to the copious information, as to contents as well as names, con- 
tained in Schotten’s /ahalt und Methode des fManimetrischen Unterrichts, M. 
pp.183—332. .— 

This note will include some account of or allusion to a few of the most 
noteworthy attempts to prove the Postulate. Only those of ancient times, as 
being less generally accessible, will be described at any length; shorter 
references must sufficein the case of the modern geometers who have made 
the most important contributions to the discussion of the Postulate and have 
thereby, in particular, contributed most towards the foundation of the non- 
Euclidean geometries, and here I shall make use principally of the valuable 
Article 8, Sudla teorta delle parattele e sulle geometrie non-euclidee (by Roberto 
Bonola), ‘in Questioni riguardanti le matematiche elementari, 1. pp. 247—363. 

Proclus (p. 191, 21 sqq.) states very clearly the nature of the first objec- 
tions taken to the Postulate. 

“ This ought even to be struck out of the Postulates altogether ; for it is a 
theorem involving many difficulties, which Ptolemy, in a certain book, set 
himself to solve, and it requires for the demonstration of it a number 
of definitions as well as theorems. And the converse of it is actually 
proved by Euclid himself as a theorem. It may be that some would be 
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deceived and would think it proper to place even the assumption in question 
among the postulates as affording, in the lessening of the two right angles, 
ground for an instantaneous belief that the straight lines converge and meet. 
To such as these Geminus correctly replied that we have learned from the 
very pioneers of this science not to have any regard to mere plausible imagin- 
ings when it is a question of the reasonings to be included in our geometrical 
doctrine. For Aristotle says that it is as justifiable to ask scientific proofs of 
a rhetorician as to accept mere plausibilities from a geometer ; and Simmias is 
made by Plato to say that he recognises as quacks those who fashion for 
themselves proofs from probabilities. So in this case the fact that, when the 
right angles are lessened, the straight lines converge is true and necessary; 
but the statement that, since they converge more and more as they are pro- 
duced, they will sometime meet is plausible but not necessary, in the absence 
of some argument showing that this is true in the case of straight lines. For 
the fact that some lines exist which approach indefinitely, but yet remain 
non-secant (dovprrwrot), although it seems improbable and paradoxical, is 
nevertheless true and fully ascertained with regard to other species of lines. 
May not then the same thing be possible in the case of straight lines which 
happens in the case of the lines referred to? Indeed, until the statement in 
the Postulate is clinched by proof, the facts shown in the case of other lines 
may direct our imagination the opposite way. And, though the controversial 
arguments against the meeting of the straight lines should contain much that 
is surprising, is there not all the more reason why we should expel from our 
body of doctrine this merely plausible and unreasoned (hypothesis) ? 

“Tt is then clear from this that we must seek a proof of the present 
theorem, and that it is alien to the special character of postulates. But how 
it should be proved, and by what sort of arguments the objections taken to 
it should be removed, we must explain at the point where the writer of the 
Elements is actually about to recall it and use it as obvious. It will be 
necessary at that stage to show that its obvious character does not appear 
independently of proof, but is turned by proof into matter of knowledge." 

Before passing to the attempts of Ptolemy and Proclus to prove the 
Postulate, I should note here that Simplicius says (in an-Nairizi, ed. Besthorn- 
Heiberg, p. 119, ed. Curtze, p. 65) that this Postulate is by no means manifest, 
but requires proof, and accordingly ‘“Abthiniathus” and Diodorus had 
already proved it by means of many different propositions, while Ptolemy also 
had explained and proved it, using for the purpose Eucl. t. 13, 15 and 16 (or 
18). The Diodorus here mentioned may be the author of the 4xalemma on 
which Pappus wrote a commentary. It is difficult even to frame a conjecture 
as to who “Abthiniathus” is. In one place in the Arabic text the name 
appears to be written “ Anthisathus” (H. Suter in Zeitschrift für Math. und 
Physik, xxxvit, hist. litt. Abth. p. 194). It has occurred to me whether he 
might be Peithon, a friend of Serenus of Antinoeia (Antinoupolis) who was 
long known as Serenus of Axntissa. Serenus says (De sectione cylindri, ed. 
Heiberg, p. 96): “Peithon the geometer, explaining parallels in a work of his, 
was not satisfied with what Euclid said, but showed their nature more cleverly 
by an example; for he says that parallel straight lines are such a thing as we 
see on walls or on the ground in the shadows of pillars which are made when 
either a torch or a lamp is burning behind them. And, although this has only 
been matter of merriment to every one, I at least must not deride it, for the 
respect I have for the author, who is my friend.” If Peithon was known as 
* of Antinoeia” or “of Antissa,” the two forms of the mysterious name might 
perhaps be an attempt at an equivalent; but this is no more than a guess. 
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Simplicius adds in full and word for word the attempt of his “ friend” or 
his “ master Aganis” to prove the Postulate. 

Proclus returns to the subject (p. 365, 5) in his note on Eucl. i. 29. He 
says that before his time a certain number of geometers had classed as a 
theorem this Euclidean postulate and thought it matter for proof, and he then 
proceeds to give an account of Ptolemy's argument. 


Noteworthy attempts to prove the Postulate. 
Ptolemy. 


We learn from Proclus (p. 365, 7—11) that Ptolemy wrote a book on the 
proposition that * straight lines drawn from angles less than two right angles 
meet if produced," and that he used in his * proof " many of the theorems in 
Euclid preceding t. 29. Proclus excuses himself from reproducing the early 
part of Ptolemy's argument, only mentioning as one of the propositions 
proved in it the theorem of Eucl. 1. 28 that, if two straight lines meeting a 
transversal make the two interior angles on the same side equal to two right 
angles, the straight lines do not meet, however far produced. 


I. From Proclus' note on 1. 28 (p. 362, 14 sq.) we know that Ptolemy 
proved this somewhat as follows. 

Suppose that there are two straight lines 47,: CD, and that EFGZ, 
meeting them, makes the angles BFG, FGD equal to two right angles. 
I say that 48, CD are parallel, that is, they 
are non-secant. E 

For, if possible, let FB, GD meet at . A B 

Now, since the angles BFG, FGD are 
equal to two right angles, while the four L K 
angles AFG, BFG, FGD, FGC are together 
equal to four right angles, 

the angles AFG, FGC are equal to two H 
right angles. 

“Tf therefore FB, GD, when the interior angles are equal to two right 
angles, meet at K, the straight lines FA, GC will also meet if produced; for the 
angles AFG, CGF are also equal to two right angles. 

“ Therefore the straight lines will either meet in both directions or in 
— direction, if the two pairs of interior angles are both equal to two right 
angles. 

“Let, then, FA, GC meet at Z. 

“Therefore the straight lines ZABX, LCDK enclose a space: which is 
impossible. 

“Therefore it is not possible for two straight lines to meet when the 
interior angles are equal to two right angles. Therefore they are parallel.” 

[The argument in the words italicised would be clearer if it had been 
shown that the two interior angles on one side of EA are severally equal to the 
two interior angles on the other, namely B/G to CGF and FGD to AFG; 
whence, assuming FB, GD to meet in Æ, we can take the triangle KFG and 
place it (e.g. by rotating it in the plane about O the middle point of FG) so 
that FG falls where GF is in the figure and GD falls on FA, in which case 
FB must also fall on GC; hence, since FB, GD meet at X, GC and FA 
must meet at a corresponding point Z. Or, as Mr Frankland does, we may 
substitute for FG a straight line MN through O the middle point of FG 
drawn perpendicular to one of the parallels, say 4B. Then, since the two 
triangles OMF, ONG have two angles equal respectively, namely FOM to 
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GON (1. 15) and OFM to OGWN, and one side OF equal to one side OG, the 
triangles are congruent, the angle ONG is a right angle, and MN is perpen- 
dicular to both 48 and CD. Then, by the same method of application, 
MA, NC are shown to form with MN a triangle MALCHN congruent with 
the triangle /VDKB M, and M4, NC meet at a point Z corresponding to £. 
Thus the two straight lines would meet at the zwo points Æ, Z. This is what 
happens under the Riemann hypothesis, where the axiom that two straight 
lines cannot enclose a space does not hold, but all straight lines meeting in 
one point have another point common also, and e.g. in the particular figure 
just used A, Z are points common to all perpendiculars to MN. If we 
suppose that Æ, Z are not distinct points, but oze point, the axiom that two 
straight lines cannot enclose a space is sof contradicted. | 


II. Ptolemy now tries to prove 1. 29 without using our Postulate, and 
then deduces the Postulate from it (Proclus, pp. 365, 14—367, 27). 

The argument to prove 1. 29 is as follows. 

The straight line which cuts the parallels must make the sum of the 
interior angles on the same side equal to, greater 


than, or less than, two right angles. A F B 
“Let AB, CD be parallel, and let FG meet 

them. I say (r) that FG does not make the j 

interior angles on the same side greater than two 6 a D 


right angles. 

“For, if the angles AFG, CGF are greater than two right angles, the 
remaining angles BFG, DGF are less than two right angles. 

“ But the same two angles are also greater than two right angles ; for AF, 
CG are no more parallel than FB, GD, so that, tf the straight line falling on 
AF, CG makes the interior angles greater than two right angles, the straight line 
falling on FB, GD will also make the interior angles greater than two right 
angles. 

* But the same angles are also less than two right angles; for the four 
angles AFG, CGF, BFG, DGF are equal to four right angles : 
which ic impossible. 

“Similarly (2) we can show that the straight line falling on the parallels 
does not make the iaterior angles on the same side less than two right angles. 

* But (3), if it makes them neither greater nor less than two right angles, 
it can only make the interior angles on the same side egual to two right 
angles.” 


III. Ptolemy deduces Post. 5 thus: 

Suppose that the straight lines making angles with a transversal less than 
two right angles do not meet on the side on which those angles are. 

Then, a fortiori, they will not meet on the other side on which are the 
angles greater than two right angles. 

Hence the straight lines will not meet in either direction ; they are there- 
fore parallel. 

But, if so, the angles made by them with the transversal are equal to two 
right angles, by the preceding proposition (= 1. 29). 

Therefore the same angles will be both equal to and less than two right 
angles : 
which is impossible. 

Hence the straight lines will meet. 
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IV. Ptolemy lastly enforces his conclusion that the straight lines will 
meet on the side on which are the angles less than two right angles by recurring 
to the a fortiori step in the foregoing proof. 

Let the angles 4 FG, CGF in the accompanying figure be together less 
than two right angles. 

Therefore the angles BFG, DGF are greater 
than two right angles. 

We have proved that the straight lines are not 
non-secant. 

If they meet, they must meet either towards 
A, C, or towards 5B, D. 

(rt) Suppose they meet towards B, D, at X. 

Then, since the angles AFG, CGF are less than 
two right angles, and the angles 4FG, GFP are 
equal to two right angles, take away the common angle 4 FG, and 


the angle CGF is less than the angle BFG; 


that is, the exterior angle of the triangle AFG is less than the interior and 
opposite angle BFG : 
which is impossible. 

Therefore 48, CD do not meet towards B, D. 

(2) But they do meet, and therefore they must meet in one direction or 
the other : 

therefore they meet towards 44, Z, that is, on the side where are the 
angles less than two right angles. 

The flaw in Ptolemy's argument is of course in the part of his proof of 
1. 29 which I have italicised. As Proclus says, he is not entitled to assume 
that, if 48, CD are parallel, whatever is true of the interior angles on one 
side of FG (i.e. that they are together equal to, greater than, or less than, two 
right angles) is necessarily true at the same time of the interior angles on the 
other side. Ptolemy justifies this by saying that F4, GC are no more parallel 
in one direction than FB, GD are in the other: which is equivalent to the 
assumption that ¢hrough any point only one parallel can be drawn to a given 
straight line. That is, he assumes an equivalent of the very Postulate he is 
endeavouring to prove. 





Proclus. 


Before passing to his own attempt at a proof, Proclus (p. 368, 26 sqq.) 
examines an ingenious argument (recalling somewhat the famous one about 
Achilles and the tortoise) which appeared to show that it was impossible for 
the lines described in the Postulate to meet. 

Let AB, CD make with /1C the angles BAC, ACD together less than 
two right angles. 





Bisect AC at £ and along AB, CD ^ F K B 
respectively measure 44 F, CG so that each n 
is equal to AZ. E 

Bisect FG at Æ and mark of FX, 


GL each equal to FH; and so on. € 

Then AF, CG will not meet at any 
point on FG ; for, if that were the case, two sides of a triangle would be 
together equal to the third: which is impossible. 
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Similarly, 48, CD will not meet at any point on AZ; and “proceeding 
like this indefinitely, joining the non-coincident points, bisecting the lines so 
drawn, and cutting off from the straight lines portions equal to the half of 
these, they say they thereby prove that the straight lines 432. CD will not 
meet anywhere." 

It is not surprising that Proclus does not succeed in exposing the fallacy 
here (the fact being that the process will indeed be endless, and yet the straight 
lines will intersect within a finite distance). But Proclus’ criticism contains 
nevertheless something of value. He says that the argument will prove too 
much, since we have only to join AG in order to see that straight lines making 
some angles which are together less than two right angles do in fact meet, 
namely 4G, CG. ‘Therefore it is not possible to assert, without some definite 
limitation, that the straight lines produced from angles less than two right 
angles do not meet. On the contrary, it is manifest that some straight lines, 
when produced from angles less than two right angles, do meet, although the 
argument seems to require it to be proved that this property belongs to a7 
such straight lines. For one might say that, the lessening of the two right 
angles being subject to no limitation, wth such and such an amount of 
lessening the straight lines remain non-secant, but with an amount of lessening 
in excess of this they meet (p. 371, 2—10).” 

[Here then we have the germ of such an idea as that worked out by 
Lobachewsky, namely that the straight lines issuing from a point in a plane 
can be divided with reference to a straight line lying in that plane into two 
classes, *secant" and ‘‘non-secant,” and that we may define as parallel the 
two straight lines which divide the secant from the non-secant class. | 

Proclus goes on (p. 371, 10) to base his own argument upon “an axiom 
such as Aristotle too used in arguing that the universe is finite. For, if from 
one point two straight lines forming an angle be produced indefinitely, the distance 
(Stavraccs, Arist. didornpa) between the said straight lines produced. indefinitely 
will exceed any finite magnitude. Aristotle at all events showed that, if the 
straight lines drawn from the centre to the circumference are infinite, the 
interval between them is infinite. For, if it is finite, it is impossible to 
increase the distance, so that the straight lines (the radii) are not infinite. 
Hence the straight lines, when produced indefinitely, will be at a distance from 
one another greater than any assumed finite magnitude.” 

This is a fair representation of Aristotle’s argument in De caelot. 5, 271 
b 28, although of course it is not a proof of what Proclus assumes as an 
axiom. 

This being premised, Proclus proceeds (p. 371, 24): 


I. “I say that, ¿f any straight line cuts one of two parallels, it will cut 
the other also. 

“For let 48, CD be parallel, and let EFG cut AB; I say that it will cut 
CD also. 


* For, since BF, FG are two straight lines from E 
one point A, they have, when produced indefinitely, 4 e 
a distance greater than any magnitude, so that it will F 
also be greater than the interval between the parallels. a 


Whenever therefore they are at a distance from one O~ 9 
another greater than the distance between the parallels, 
FG will cut CD. 

“ Therefore etc.” 
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II. “Having proved this, we shall prove, as a deduction from it, the 
theorem in question. 

“For let 48, CD be two straight lines, and let E falling on them make 
the angles BEF, DFE less than two right angles. 


“T say that the straight lines will meet onthat 4 E H 
side on which are the angles less than two right K B 
angles. 

“For, since the angles BEF, DFE are less C F D 
than two right angles, let the angle ZZ be equal 
to the excess of two right angles (over them), and let YZ be produced to &. 

“Since then EZ falls on KA, CD and makes the two interior angles 


HEF, DFE equal to two right angles, 
the straight lines ZZK, CD are parallel. 


“And AB cuts Xf; therefore it will also cut CD, by what was before 
shown. 

“ Therefore 4B, CD will meet on that side on which are the angles less 
than two night angles. 

* Hence the theorem is proved." 

Clavius criticised this proof on the ground that the axiom from which 
it starts, taken from Aristotle, itself requires proof. He points out that, just 
as you cannot assume that two lines which continually approach one another 
will meet (witness the hyperbola and its asymptote), so you cannot assume 
that two lines which continually diverge will ultimately be so far apart that a 
perpendicular from a point on one let fall on the other will be greater than 
any assigned distance; and he refers to the conchoid of Nicomedes, which 
continually approaches its asymptote, and therefore continually gets farther 
away from the tangent at the vertex; yet the perpendicular from any point on 
the curve to that tangent will always be less than the distance between the 
tangent and the asymptote. Saccheri supports the objection. 

Proclus’ first proposition is open to the objection that it assumes that two 
* parallels" (in the Euclidean sense) or, as we may say, two straight lines 
which have a common perpendicular, are (not necessarily equidistant, but) 
so related that, when they are produced indefinitely, the perpendicular from a 
point of one upon the other remains finite. 

This last assumption is incorrect on the hyperbolic hypothesis; the 
“axiom” taken from Aristotle does not hold on the elliptic hypothesis. 

Nasiraddin at-Tüsi. 

The Persian-born editor of Euclid, whose date is 1201— 1274, has three 
lemmas leading up to the final proposition. "Their content is substantially as 
follows, the first lemma being apparently assumed as evident. 

I. (a) If AB, CD be two straight lines such that successive perpen- 
diculars, as EF, GH, KL, from points on AB to CD always make with 4B 
unequal angles, which are always acute on the side towards and always 
obtuse on the side towards 4, then the lines 45, 

CD, so long as they do not cut, approach continually a E U uno 
nearer in the direction of the acute angles and diverge 8 s 

continually in the direction of the obtuse angles, and 

the perpendiculars diminish towards Z, D, and in- 

crease towards 44, C. D LH F € 

(^) Conversely, if the perpendiculars so drawn 
continually become shorter in the direction of B, D, and longer in the 
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direction of 4, C, the straight lines 43, CD approach continually nearer in 
the direction of B, D and diverge continually in the other direction ; also 
each perpendicular will make with 42 two angles one of which is acute and 
the other is obtuse, and all the acute angles will lie in the direction towards 
B, D, and the obtuse angles in the opposite direction. 

[Saccheri points out that even the first part (a) requires proof. As 
regards the converse (^) he asks, why should not the successive acute angles 
made by the perpendiculars with 48, while remaining acute, become greater 
and greater as the perpendiculars become smaller until we arrive at last at a 
perpendicular which is a common perpendicular to 2o/£ lines? If that happens, 
all the author's efforts are in vain. And, if you are to assume the truth of the 
statement in the lemma without proof, would it not, as Wallis said, be as 
easy to assume as axiomatic the statement in Post. 5 without more ado?] 


II. ZAC, BD de drawn from the extremities of AB at right angles to it 
and on the same side, and if AC, BD be made equal to one another and CD be 
Jotned, each of the angles ACD, BDC will be right, and D 5 


CD will be equal to AB. 
The first part of this lemma is proved by veductio ad 
absurdum from the preceding lemma. If, e.g., the angle 


ACD is not right, it must either be acute or obtuse. B A 
Suppose it is acute; then, by lemma 1, AC is greater 
than BD, which is contrary to the hypothesis. And so on. 
The angles ACD, BDC being proved to be right angles, it is easy to 
prove that 48, CD are equal. 
[It is of course assumed in this “ proof " that, if the angle ACD is acute, 
the angle BDC is obtuse, and vice versa.) 


III. Zu any triangle the three angles are together equal to two right angles. 

This is proved for a right-angled triangle by means of the foregoing lemma, 
the four angles of the quadrilateral 4 BCD of that lemma being all right angles. 
The proposition is then true for ay triangle, since any triangle can be divided 
into two right-angled triangles. 


IV. Here we have the final “proof” of Post. 5. Three cases are 
distinguished, but it is enough to show the case where one of the interior 
angles is right and the other acute. 

Suppose 43, CD to be two straight lines met by “CZ making the angle 
ECD a right angle and the angle CEB 
an acute angle. 

Take any point G on ZB, and draw 
GH perpendicular to EC. 

Since the angle CEG is acute, the 
perpendicular GÆ will fall on the side of 
E towards 2, and will either coincide 
with C2 or not coincide with it. In the 
former case the proposition is proved. 

If GH does not coincide with CD 
but falls on the side of it towards Æ CD, being within the triangle formed by 
the perpendicular and by CZ, EG, must cut EG. [An axiom is here used, 
namely that, if CD be produced far enough, it must pass outside the triangle 
and therefore cut some side, which must be EA, since it cannot be the 
perpendicular (1. 27), or C£.] 

Lastly, let GA fall on the side of CD towards Æ. 
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Along AC set off HK, KL etc., each equal to EH, until we get the first 
point of division, as M, beyond C. 

Along GB set off GN, NO etc., each equal to EG, until EP is the same 
multiple of EG that EAM is of EZ. 

Then we can prove that the perpendiculars from JV, O, P on £C fall on 
the points X, Z, M respectively. 

For take the first perpendicular, that from V, and call it VS. 

Draw EQ at right angles to ZA and equal to GH, and set off SX along 
SN also equal to GH. Join QG, GR. 

Then (second lemma) the angles EQG, QGZ are right, and QG = EH. 

Similarly the angles SRG, RGA are right, and RG = SH. 

Thus AG Q is one straight line, and the vertically opposite angles VGA, 
EGQ are equal. The angles VEG, EQG are both right, and WG = GE, by 
construction. 

Therefore (1. 26) RG = GQ; 

whence SH = HE = KA, and S coincides with Æ. 

We may proceed similarly with the other perpendiculars. 

Thus PM is perpendicular to FE. Hence CD, being parallel to MP and 
within the triangle PME, must cut EP, if produced far enough. 


John Wallis. 

As is well known, the argument of Wallis (1616—1703) assumed as a 
postulate that, grven a figure, another figure ts possible which ts similar to the 
given one and of any size whatever. In fact Wallis assumed this for ¢riangles 
only. He first proved (1) that, if a finite straight line is placed on an infinite 
straight line, and is then moved in its own direction as far as we please, 
it will always lie on the same infinite straight line, (2) that, if an angle be 
moved so that one leg always slides along an infinite straight line, the angle 
will remain the same, or equal, (3) that, if two straight lines, cut by a third, 
make the interior angles on the same side less than two right angles, each 
of the exterior angles is greater than the opposite 
interior angle (proved by means of 1. 13). po B 

(4) If AB, CD make, with AC, the interior 
angles less than two right angles, suppose 4C 
(with 42 rigidly attached to it) to move along py ~% A 
AF to the position ay, such that a coincides 
with C. If AB then takes the position af, aß lies entirely outside CD (proved 
by means of (3) above). 

(5) With the same hypotheses, the straight line aß, or AB, during its 
motion, and before a reaches C, must cut the straight line CD. 

(6) Here is enunciated the postulate stated above. 

(7) Postulate 5 is now proved thus. 

Let AB, CD be the straight lines which make, with the infinite straight 
line ACF meeting them, the interior angles 


BAC, DCA together less than two right angles. PN 
Suppose AC (with 4B rigidly attached to X 
it) to move along ACF until AB takes the BÉ. 1IDNB 

position of a cutting CD in =. 
Then, aCm being a triangle, we can, by T 





the above postulate, suppose a triangle drawn ¢ 
on the base C44 similar to the triangle aCr. 
Let it be ACP. 
[Wallis here interposes a defence of the hypothetical construction. ] 
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Thus CP and AP meet at P; and, as by the definition of similar figures 
the angles of the triangles PCA, rCa are respectively equal, the angle PCA 
being equal to the angle Ca and the angle PAC to the angle zaC or BAC, 
it follows that CP, AP lie on CD, AB produced respectively. 

Hence 4B, CD meet on the side on which are the angles less than two 
right angles. 

[The whole gist of this proof lies in the assumed postulate as to the 
existence of similar figures ; and, as Saccheri points out, this is equivalent to 
unconditionally assuming the “hypothesis of the right angle,” and consequently 
Euclid's Postulate 5.) 


Gerolamo Saccheri. 


The book Euclides ab omni naevo vindicatus (1733) by Gerolamo Saccheri 
(1667—1733), a Jesuit, and professor at the University of Pavia, is now 
accessible (1) edited in German by Engel and Stadckel, Die Theorie der 
Parallellinien von Euklid bis auf Gauss, 1895, pp. 41—136, and (2) in an 
Italian version, abridged but annotated, Z’ Euclide emendato del P. Gerolamo 
Saccheri, by G. Boccardini (Hoepli, Milan, 1904). It is of much greater 
importance than all the earlier attempts to prove Post. 5 because Saccheri 
was the first to contemplate the possibility of hypotheses other than that of 
Euclid, and to work out a number of consequences of those hypotheses. 
He was therefore a true precursor of Legendie and of Lobachewsky, as 
Beltrami called him (1889), and, it might be added, of Riemann also. For, 
as Veronese observes (Fondamenti di geometria, p. $70), Saccheri obtained 
a glimpse of the theory of parallels in all its generality, while Legendre, 
Lobachewsky and G. Bolyai excluded a priori, without knowing it, the “ hypo- 
thesis of the obtuse angle,” or the Riemann hypothesis. Saccheri, however, 
was the victim of the preconceived notion of his time that the sole possible 
geometry was the Euclidean, and he presents the curious spectacle of a man 
laboriously erecting a structure upon new foundations for the very purpose of 
demolishing it afterwards; he sought for contradictions in the heart of the 
systems which he constructed, in order to prove thereby the falsity of his 
hypotheses. 

For the purpose of formulating his hypotheses he takes a plane quadri- 
lateral ABDC, two opposite sides of which, 4C, BD, 
are equal and perpendicular to a third 48. Then the 
angles at C and 2 are easily proved to be equal. On 
the Euclidean hypothesis they are both right angles ; 
but apart from this hypothesis they might be both 
obtuse or both acute. To the three possibilities, whick 
Saccheri distinguishes by the names (1) the Aypothests of 
the right angle, (2) the hypothesis of the obtuse angle and 
(3) the hypothesis of the acute angle respectively, there corresponds a certain 
group of theorems; and Saccheni’s point of view is that the Postulate will 
be completely proved if the consequences which follow from the last twc 
hypotheses comprise results inconsistent with one another. _ 

Among the most important of his propositions are the following : 

(1) Lf the hypothesis of the right angle, or of the obtuse angle, or of the acute 
angle is proved true in a single case, tt is true in every other case. (Props. v., 
VI., VH. 

(2) ) According as the hypothesis of the right angle, the obtuse angle, or the 
acute angle is true, the sum of the three angles of a triangle is egual to, greater 
than, or less than two right angles. (Prop. 1x.) 
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(3) From the existence of a single triangle in which the sum of the angles is 
equal to, greater than, or less than two right angles the truth of the hypothesis 
of the right angle, obtuse angle, or acute angle respectively follows. (Prop. XV.) 

These propositions involve the following: Zf in a single triangle the sum 
of the angles is equal to, greater than, or less than two right angles, then any 
triangle has the sum of its angles equal to, greater than, or less than two right 
angles respectively, which was proved about a century later by Legendre for 
the two cases only where the sum is egual to or less than two right angles. 

The proofs are not free from imperfections, as when, in the proofs of 
Prop. x11. and the part of Prop. x111. relating to the hypothesis of the obtuse 
angle, Saccheri uses Eucl. 1. 18 depending on 1. 16, a proposition which is 
only valid on the assumption that straight lines are infinite in length; for this 
assumption itself does not hold under the hypothesis of the obtuse angle 
(the Riemann hypothesis). 

The hypothesis of the acute angle takes Saccheri much longer to dispose 
of, and this part of the book is less satisfactory ; but it contains the following 
propositions afterwards established anew by Lobachewsky and Bolyai, viz.: 

(4) Two straight lines in a plane (even on the hypothesis of the acute 
angle) ether have a common perpendicular, or must, if produced in one and the 
same direction, either intersect once at a finite distance or at least continually 
approach one another. (Prop. xxu.) 

(5) dna cluster of rays issuing from a point there exist always (on the 
hypothesis of the acute angle) “wo determinate straight lines which separate the 
straight lines which intersect a fixed straight line from those which do not 
intersect tt, ending with and including the straight line which has a common 
perpendicular with the fixed straight line. (Props. XXX., XXXI., XXXIL) 


Lambert. 

A dissertation by G.S. Kliigel, Conatuum praecipuorum theoriam parallelarum 
demonstrandi recensio (1763), contained an examination of some thirty *' demon- 
strations” of Post. 5 and is remarkable for its conclusion expressing, apparently 
for the first time, doubt as fo its demonstrability and observing that the 
certainty which we have in us of the truth of the Euclidean hypothesis is 
not the result of a series of rigorous deductions but rather of experimental 
observations. It also had the greater merit that it called the attention of 
Johann Heinrich Lambert (1728—1777) to the theory of parallels. His 
Theory of Parallels was written in 1766 and published after his death by 
G. Bernoulli and C. F. Hindenburg ; it is reproduced by Engel and Stackel 
(op. cif. pp. 152—208). 

The third part of Lambert's tract is devoted to the discussion of the same 
three hypotheses as Saccheri's, the hypothesis of the righ? angle being for 
Lambert the frst, that of the obtuse angle the second, and that of the acute 
angle the ¢hird, hypothesis ; and, with reference to a ‘quadrilateral with three 
right angles from which Lambert starts (that is, one of the halves into which 
the median divides Saccheri's quadrilateral), the three hypotheses are the 
assumptions that the fourth angle is a right angle, an obtuse angle, or an 
acute angle respectively. 

Lambert goes much further than Saccheri in the deduction of new 
propositions from the second and third hypotheses. The most remarkable is 
the following. 

The area of a plane triangle, under the second and third Aypotheses, ts 
proportional to the difference between the sum of the three angles and two right 
angles. 
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Thus the numerical expression for the area of a triangle is, under the 


third hypothesis 

RN =R(w — A — BHC) cccrccccccsccssocecccescece(I)s 
and under the second hypothesis 

D=R(A + Bt CHR) LLL Leere (2), 
where Å is a positive constant. 

A remarkable observation is appended (§ 82): “ In connexion with this it 
seems to be remarkable that the secogd hypothesis holds if spherical instead of 
plane triangles are taken, because in the former also the sum of the angles is 
— than two right angles, and the excess is proportional to the area of the 
triangle. 

“It appears still more remarkable that what I here assert of spherical 
triangles can be proved independently of the difficulty of parallels.” 

This discovery that the second hypothesis is realised on the surface of a 
sphere is important in view of the development, later, of the Riemann 
hypothesis (1854). 

Still more remarkable is the following prophetic sentence: “ / am almost 
inclined to draw the conclusion that the third hypothesis arises with an imaginary 
spherical surface” (cf. Lobachewsky’s Géométrie imaginaire, 1837). 

No doubt Lambert was confirmed in this by the fact that, in the formula 
(2) above, which, for 4=7°, represents the area of a spherical triangle, if 
rJ-1 is substituted for 7, and 7?- 4, we obtain the formula (r). 


Legendre. 


No account of our present subject would be complete without a full 
reference to what is of permanent value in the investigations of Adrien Marie 
Legendre (1752—1833) relating to the theory of parallels, which extended over 
the space of a generation. His different attempts to prove the Euclidean 
hypothesis appeared in the successive editions of his E%ments de Géométrie 
from the first (1794) to the twelfth (1823), which last may be said to contain 
his last word on the subject. Later, in 1833, he published, in the Mémorres 
de /' Académie Royale des Sciences, XI. p. 367 Sqq., a collection of his different 
proofs under the title Réflexions sur différentes manières de démontrer la théorie 
des parallèles. His exposition brought out clearly, as Saccheri had done, and 
kept steadily in view, the essential connexion between the theory of parallels 
and the sum of the angles of a triangle. In the first edition of the Æ/éments 
the proposition that fhe sum of the angles of a triangle is equal to two right 
angles was proved analytically on the basis of the assumption that the choice 
of a unit of length does not affect the correctness of the proposition to be 
proved, which is of course equivalent to Wallis’ assumption of the existence of 
similar figures. A similar analytical proof is given in the notes to the twelfth 
edition. In his second edition Legendre proved Postulate 5 by means of the 
assumption that, grven three points not in a straight line, there exists a arcle 
passing through all three. In the third edition (1800) he gave the proposition 
that the sum of the angles of a triangle is not greater than two right angles; 
this proof, which was geometrical, was replaced later by another, the best 
known, depending on a construction like that of Euclid 1. 16, the continued 
application of which enables any number of successive triangles to be evolved 
in which, while the sum of the angles in each remains always equal to the 
sum of the angles of the original triangle, one of the angles increases and the 
sum of the other two diminishes continually. But Legendre found the proof 
of the equally necessary proposition that the sum of the angles of a triangle is 
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not less than two right angles to present great difficulties. He first observed 
that, as in the case of spherical triangles (in which the sum of the angles is 
greater than two right angles) the excess of the sum of the angles over two 
nght angles is proportional to the area of the triangle, so in the case of 
rectilineal triangles, if the sum of the angles is less than two right angles by a 
sertain deficit, the deficit will be proportional to the area of the triangle. 
Hence if, starting from a given triangle, we could construct another triangle 
in which the original triangle is contained at least s times, the deficit of this 
new triangle will be equal to at least m times that of the original triangle, so 
that the sum of the angles of the greater triangle will diminish progressively 
as m increases, until it becomes zero or negative: which is absurd. The 
whole difficulty was thus reduced to that of the construction of a triangle 
containing the given triangle at least twice; but the solution of even this 
simple problem requires it to be assumed (or proved) that ¢hrough a given 
point within a given angle less than two-thirds of a right angle we can always 
draw a straight line which shall meet both sides of the angle. This is however 
really equivalent to Euclid’s Postulate. The proof in the course of which the 
necessity for the assumption appeared is as follows. 

It is required to prove that the sum of the angles of a triangle cannot be 
less than two right angles. 

Suppose 4 is the least of the three angles of a triangle 4C. Apply to 
the opposite side BC a triangle DBC, equal to 
the triangle 4C, and such that the angle E 
DBC is equal to the angle ACB, and the angle 
DCB to the angle ABC; and draw any straight D B 
line through D cutting AB, AC produced in 
E, F. 


, F. 

If now the sum of the angles of the triangle £ A 
ABC is less than two right angles, being equal | 
to 2-5 say, the sum of the angles of the triangle DBC, equal to the 
triangle 4BC, is also 2-6. 

Since the sum of the three angles of the remaining triangles DEB, FDC 
respectively cannot at all events be greater than two right angles [for Legendre’s 
proofs of this see below], the sum of the twelve angles of the four triangles in 
the figure cannot be greater than 


4R - (228 26) - (28 — 5), Le. 8A — 28. 


Now the sum of the three angles at each of the points B, C, D is 22. 

Subtracting these nine angles, we have the result that the three angles of 
the triangle AEF cannot be greater than 2R — 28. 

Hence, if the sum of the angles of the triangle ABC is less than two right 
angles by à, the sum of the angles of the:larger triangle 4.EF is less than two 
right angles by at /east 26. 

We can continue the construction, making a still larger triangle from 4 ZF, 
and so on. 

But, however small ô is, we can arrive at a multiple 2*6 which shall exceed 
any given angle and therefore 2A itself; so that the sum of the three angles 
of a triangle sufficiently large would be zero or even less than zero: which is 
absurd. 

Therefore etc. 

The difficulty caused by the necessity of making the above-mentioned 
assumption made Legendre abandon, in his ninth edition, the method of the 
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editions from the third to the eighth and return to Euclid’s method pure and 
simple. 

But again, in the twelfth, he returned to the plan of constructing any 
number of successive triangles such that the sum of the three angles in all of 
them remains equal to the sum of the three angles of the original triangle, 
but two of the angles of the new triangles become smaller and smaller, while 
the third becomes larger and larger ; and this time he claims to prove in one 
proposition that the sum of the three angles of the original triangle is egua? to 
two right angles by continuing the construction of new triangles indefinitely 
and compressing the two smaller angles of the ultimate triangle into nothing, 
while the third angle is made to become a faf angle at the same time. The 
construction and attempted proof are as follows. 

Let ABC be the given triangle; let AB be the greatest side and BC the 
least ; therefore C is the greatest angle and A the least. 

From A draw AD to the middle point of BC, and produce AD to C’, 
making AC” equal to AB. 

Produce AB to B’, making AZ’ equal to twice AD. 

The triangle 42°C’ is then such that the sum of its three angles is equal 
to the sum of the three angles of the triangle ABC. 





For take AX along AB equal to 42, and join C'X. 

Then the triangles ABD, AC’K havc two sides and the included angles 
respectively equal, and are therefore equal in al! respects ; and C’X is equal to 
BD or DC. 

Next, in the triangles B’C’X, ACD, the angles B'KC', 4DC are equal, 
being respectively supplementary to the equal angles AAC’, ADB; and the 
two sides about the equal angles are respectively equal ; 

therefore the triangles B’C’K, ACD are equal in all respects. 


Thus the angle AC’Z’ is the sum of two angles respectively equal to the 
angles B, C of the original triangle ; and the angle 4 in the orginal triangle 
is the sum of two angles respectively equal to the angles at 4 and J in the 
triangle 45'C". 

It follows that the sum of the three angles of the new triangle 42°C’ is 
equal to tbe sum of the angles of the trangle ABC. 

Moreover, the side AC’, being equal to AZ, and therefore greater than 
AC, is greater than BC’ which is equal to AC. 

Hence the angle C’AS’ is less than the angle 42°C’ ; so that the angle 
C'AB is less than 44, where A denotes the angle CAB of the original 
triangle. 

[It will be observed that the triangle 45' C' is really the same triangle as 
the triangle 4E obtained by the construction of Eucl. 1. 16, but differently 
placed so that the longest side lies along AB.] 

By taking the middle point D’ of the side 3’C’ and repeating the same 
construction, we obtain a triangle 44 B"C" such that (1) the sum of its three 
angles is equal to the sum of the three angles of ABC, (2) the sum of the 
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two angles C” AB", AB’C" is equal to the angle C’AS’ in the preceding 
triangle, and is therefore less than 3.4, and (3) the angle C" 4 A" is less than 
half the angle C'AB’, and therefore less than 1.4. 

Continuing in this way, we shall obtain a triangle 4d¢ such that the sum of 


two angles, those at 4 and 4, is less than =A, and the angle at ¢ is greater 


than the corresponding angle in the preceding triangle. 
If, Legendre argues, the construction be continued indefinitely so that 


=A becomes smaller than any assigned angle, the point c ultimately lies on 


45, and the sum of the three angles of the triangle (which is equal to the sum 
of the three angles of the original triangle) becomes identical with the angle 
at c, which is then a fat angle, and therefore equal to two right angles. 

This proof was however shown to be unsound (in respect of the final 
inference) by J. P. W. Stein in Gergonne’s Annales de Mathématiques XN., 
1824, PP. 77—79- 

We will now reproduce shortly the substance of the theorems of Legendre 
which are of the most permanent value as not depending on a particular 
hypothesis as regards parallels. 


I. The sum of the three angles of a triangle cannot be greater than two 
right angles. 

This Legendre proved in two ways. 

(1) First proof (in the third edition of the Éléments). 

Let ABC be the given triangle, and 4C/ a straight line. 

Make CZ equal to AC, the angle DCE equal to the angle BAC, and DC 
equal to AB. Join DE. 

Then the triangle DCE is equal to the triangle BAC in all respects. 

If then the sum of the three angles of the triangle ABC is greater than 


B D F K 


A C E G J 


2, the said sum must be greater than the sum of the angles BCA, BCD, 
DCE, which sum is equa? to 2X. 


Subtracting the equal angles on both sides, we have the result that 
the angle ABC is greater than the angle BCD. 


But the two sides 43, BC of the triangle ABC are respectively equal to 
the two sides DC, CB of the triangle BCD. 

Therefore the base AC is greater than the base BD (Eucl. t. 24). 

Next, make the triangle FEG (by the same construction) equal in all 
respects to the triangle BAC or DCE; and we prove in the same way that 
CE (or AC) is greater than DF. 

And, at the same time, BD is equal to DF, because the angles BCD, 
DEF are equal. 

Continuing the construction of further triangles, however small the 
difference between AC and BD is, we shall ultimately reach some multiple 
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of this difference, represented in the figure by (say) the difference between 
the straight line 4/7 and the composite line BDFAK, which will be greater 
than any assigned length, and greater therefore than the sum of 48 and 7X. 

Hence, on the assumption that the sum of the angles of the triangle 4BC 
is greater than 2%, the broken line 4B DFAK/ may be less than the straight 
line 47: which is impossible. 

Therefore etc. 

(2) Proof substituted later. 

If possible, let 2 + a be the sum of the three angles of the triangle ABC, 
of which 4 is not greater than either of the 
others. C D 

Bisect BC at H, and produce 4# to D, 
making ÆD equal to AH; join BD. H 

Then the triangles 4 WC, DHB are equal in 
all respects (1. 4) ; and the angles CAH, AC are 
respectively equal to the angles BDH, DBA. B 

It follows that the sum of the angles of the 
triangle ABD is equal to the sum of the angles of the original triangle, i.e. 
to 2k +a. 

And one of the angles DAB, ADB is either equal to or less than half the 
angle. CAB. 

Continuing the same construction with the triangle 4.2, we find a third 
triangle in which the sum of tlie angles is still 27 * a, while one of them is 
equal to or less than (2 CAS)/4. 

Proceeding in this way, we arrive at a triangle in which the sum of the 
angles is 2 a, and one of them is not greater than (2 CAB)/2". 

And, if 2 is sufficiently large, this will be less than a; in which case we 
should have a triangle in which two angles are together greater than two right 
angles: which is absurd. 

Therefore a is equal to or less than zero. | 

(It will be noted that in both these proofs, as in Eucl. 1. 16, it is taken for 
granted that a straight line is infinite in length and does not return into itself, 
which is not true under the Riemann hypothesis.) 


II. On the assumption that the sum of the angles of a triangle is /ess 
than two right angles, ¿f a triangle is made up of two others, the “ deficit” of the 
former ts equal to the sum of the “deficits” of the others. 

In fact, if the sums of the angles of the component triangles are 2 — a, 
2 — B respectively, the sum of the angles of the whole triangle is 


(28 —a) * (22 -B)-2R 2 2R — (a * B). 


III. Jf the sum of the three angles of a triangle is equal fo two right 
angles, the same ts true of all triangles obtained by subdividing it by straight 
lines drawn from a vertex to meet the opposite side. 

Since the sum of the angles of the triangle ABC is equal to 22, if the 
sum of the angles of the triangle 48D were 2 —a, it 
would follow that the sum of the angles of the triangle A 
ADC must be 2 +a, which is absurd (by I. above). 


IV. Zf in a triangle the sum of the three angles is 
equal fo two right angles, a quadrilateral can always be 
constructed with four right angles and four equal sides B c 
exceeding in length any assigned rectilineal segment. 

Let ABC be a triangle in which the sum of the angles is equal to two 
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right angles. We can assume ABC to be an ssosceles right-angled triangle 
use we can reduce the case to this by making subdivisions of ABC by 
straight lines through vertices (as in Prop. iti. above). 

Taking two equal triangles of this kind and placing their hypotenuses 
together, we obtain a quadrilateral with four right angles and four equal 
sides. 

Putting four of these quadrilaterals together, we obtain a new quadrilateral 
of the same kind but with its sides double of those of the first quadrilateral. 

After » such operations we have a quadrilateral with four right angles and 
four equal sides, each being equal to 2^ times the side 4B. 

The diagonal of this quadrilateral divides it into two equal isosceles right- 
angled triangles in each of which the sum of the angles is equal to two right 
angles. 

Consequently, from the existence ot one triangle in which the sum of the 
three angles is equal to two right angles it follows that there exists an isosceles 
right-angled triangle with sides greater than any assigned rectilineal segment 
and such that the sum of its three angles is also equal to two right angles. 


V. Jf the sum of the three angles of one triangle is equal to two right 
angles, the sum of the three angles of any other triangle is also egual to two 
right angles. 


It is enough to prove this for a right-angled triangle, since any triangle can 
be divided into two right-angled triangles. 
Let A BC be any right-angled triangle. C’ 
If then the sum of the angles of any one 
triangle is equal to two right angles, we can 
construct (by the preceding Prop.) an isosceles 
right-angled triangle with the same property and 
with its perpendicular sides. greater than those of C 
ABC. 
Let 44' £'C' be such a triangle, and let it be 
applied to ABC, as in the figure. 
Applying then Prop. 111. above, we deduce 
first that the sum of the three angles of the ^ A 86) 
triangle 42°C is equal to two right angles, and 
next, for the same reason, that the sum of the three angles of the original 
triangle AZC is equal to two right angles. 


VI. Zf in any one triangle the sum of the three angles ts less than two 
right angles, the sum of the three angles of any other triangle ts also less than 
two right angles. 


This follows from the preceding theorem. 

(It will be observed that the last two theorems are included among those 
of Saccheri, which contain however in addition the corresponding theorem 
touching the case where the sum of the angles is greater than two right 
angles.) 

We come now to the bearing of these propositions upon Euclid's Postulate 
5; and the next theorem is 


VII. Zf the sum of the three angles of a triangle is equal to two right 
angles, through any point in a plane there can only be drawn one parallel to a 
given straight line. 
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For the proof of this we require the following 

Lemma. Jt is always possible, through a point P, to draw a straight line 
which shall make, with a given straight line (r), an angle less than any assigned 
angle. 

Let Q be the foot of the perpendicular from P upon 7. 

Let a segment Q^ be taken on r, 
on either side of Q, such that Q7? is P s 
equal to PQ. 

Join PR, and mark off the segment 


RR’ equal to PR; join PR’. 
If w represents the angle QPR or 


the angle QAP, each of the equal a R r R 
angles RPR’, RR'P is not greater 
than w/2. 


Continuing the construction, we obtain, after the requisite number of 
operations, a triangle PA,., &, in which each of the equal angles is equal to 
or less than w/2*. 

Hence we shall arrive at a straight line PR, which, starting from P and 
meeting 7, makes with 7 an angle as small as we please. 

To return now to the Proposition. Draw from P the straight line s 
perpendicular to PQ. 

Then any straight line drawn from P which meets x in A will form equal 
angles with x and 5, since, by hypothesis, the sum of the angles of the triangle 
PQR is equal to two right angles. 

And since, by the Lemma, it is always possible to draw through P straight 
lines which form with 7 angles as small as we please, it follows that all the 
straight lines through /, except s, will meet 7 Hence s is the only parallel 
to r that can be drawn through 7. 

The history of the attempts to prove Postulate 5 or something equivalent 
has now been brought down to the parting of the ways. The further 
developments on lines independent of the Postulate, beginning with 
Schweikart (1780—1857), Taurinus (1794—1874), Gauss (1777—1855), 
Lobachewsky (1793—1856), J. Bolyai (1802—1860), Riemann (1826— 1866), 
belong to the history of non-Euclidean geometry, which is outside the scope 
of this work. I may refer the reader to the full article Sulla teoria delle 
parallele e sulle geometrie non-euclidee by R. Bonola in Questioni riguardanti 
le matematiche elementari, i., of which I have made considerable use in the 
above, to the same author’s Za geometria non-euclidea, Bologna, 1906, to the 
first volume of Killings Zinfihkrung in die Grundlagen der Geometrie, 
Paderborn, 1893, to P. Mansion’s Premiers principes de métaglométrie, and 
P. Barbarin's Za géométrie non-Euclidienne, Paris, 1902, to the historical 
summary in Veronese’s Fondamenti di geometria, 1891, p. 565 sqq., and (for 
original sources) to Engel and Stäckel, Die Theorie der Parallellinien von 
Euklid bis auf Gauss, 1895, and Urkunden zur Geschichte der nicht-Euklidischen 
Geometrie, Y. (Lobachewsky), 1899, and t1. (Wolfgang und Johann Bolyai). 
I will only add that it was Gauss who first expressed a conviction that the 
Postulate could never be proved ; he indicated this in reviews in the Göttin- 
gische gelehrte Anzeigen, 20 Apr. 1816 and 28 Oct. 1822, and affirmed it in a 
letter to Bessel of 27 January, 1829. The actual indemonstrability of the Pos- 
tulate was proved by Beltrami (1868) and by Hoiiel (Vole sur Limpossibilité de 
démontrer par une construction plane le prinape de la théorie des parallèles dit Pos- 
tulatum d’ Euclide in Battaglini’s Giornale di matematiche, Vitt., 3870, pp. 84— 89). 
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Alternatives for Postulate 5. 


It may be convenient to collect here a few of the more noteworthy 
substitutes which have from time to time been formally suggested or tacitly 
assumed. 


(1) Through a given point only one parallel can be drawn to a given 
straight line or, Two straight lines which intersect one another cannot both be 
parallel to one and the same straight line. 


This is commonly known as “ Playfair’s Axiom,” but it was of course not 
a new discovery. It is distinctly stated in Proclus’ note to Eucl. 1. 3t. 


(ra) Lf a straight line intersect one of two parallels, it will intersect the 
other also (Proclus). 


(12) Straight lines parallel to the same straight line are parallel to one 
another. 


The forms (1 @) and (1 b) are exactly equivalent to (1). 


(2) There exist straight lines everywhere equidistant from one another 
(Posidonius and Geminus); with which may be compared Proclus’ tacit 
assumption that Parallels remain, throughout their length, at a finite distance 
from one another. 


(3) There exists a triangle in which the sum of the three angles is equal to 
two right angles (Legendre). 

(4) Gtven any figure, there exists a figure similar to it of any size we please 
(Wallis, Carnot, Laplace). 

Saccheri points out that it is not necessary to assume so much, and that it 
is enough to postulate that there exist two unequal triangles with equal angles. 


(S) Through any point within an angle less than two-thirds of a right angle 
a straight line can always be drawn which meets both sides of the angle 
(Legendre). 

With this may be compared the similar axiom of Lorenz (Grundriss der 
reinen und angewandten Mathematik, 1791): Every straight line through a 
point within an angle must meet one of the sides of the angle. 


(6) Given any three points not in a straight line, there exists a circle passing 
through them (Legendre, W. Bolyai). 


(7) "4f 4 could prove that a .rectilineal triangle is possible the content of 
which i$ greater than any given area, T am in a position to prove perfectly 
rigorously the whole of geometry” (Gauss, in a letter to W. Bolyai, 1799). 

Cf. the proposition of Legendre numbered rv. above, and the axiom of 
Worpitzky: There exists no triangle in which every angle is as small as we 
please. 

(8) Lf in a quadrilateral three angles are right angles, the fourth angle is 
a right angle also (Clairaut, 1741). 

(9) Lf two straight lines are parallel, they are figures opposite to (or the 
refiex of) one another with respect to the middle points of all their transversal 
segments (Veronese, Elements, 1904). 

Or, Two parallel straight lines intercept, on every transversal which passes 
through the middle point of a segment included between them, another segment 
the middle point of which is the middle point of the first (Ingrami, Elements, 
1904). 

Veronese and Ingrami deduce immediately Playfair’s Axiom. 
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AXIOMS OR COMMON NOTIONS. 


In a paper Sur l'authenticité des axiomes d’ Euclide in the Bulletin des sciences 
math. et astron. 1884, p. 162 sq. (Mémoires scientifigues, 11., pp. 48—63), Paul 
‘Tannery maintained that the Common Notions (including the first three) were 
not in Euclid’s work but were interpolated later. The following are his main 
arguments. (1) If Euclid had set about distinguishing between indemon- 
strable principles (2) common to all demonstrative sciences and (^) peculiar 
to geometry, he would, says Tannery, certainly not have placed the common 
principles second and the special principles (the Postulates) first. (2) If the 
Common Notions are Euclid’s, this designation of them must be his too ; for he 
must have used some name to distinguish them from the Postulates and, if he 
had used another name, such as Axioms, it is impossible to imagine why that 
name was changed afterwards for a less suitable one. The word éwoa 
(notion), says Tannery, never signified a notion in the sense of a proposition, 
but a notion of some object; nor is it found in any technical sense in Plato 
and Aristotle. (3) Tannerys own view was that the formulation of the 
Common Notions dates from the time of Apollonius, and that it was inspired 
by his work relating to the Elements (we know from Proclus that Apollonius 
tried to prove the Common Notions) This idea, Tannery thought, was 
confirmed by a “fortunate coincidence ” furnished by the occurrence of the 
word évo (notion) in a quotation by Proclus (p. 100, 6): “we shall agree 
with Apollonius when he says that we have a notion (évvo.av) of a line when 
we order the lengths, only, of roads or walls to be measured.” 

In reply to argument (1) that it is an unnatural order to place the purely 
geometrical Postulates first, and the Common Notions, which are not peculiar 
to geometry, last, it may be pointed out that it would surely have been a still 
more awkward arrangement to give the Definitions first and then to separate 
from them, by the interposition of the Common Notions, the Postulates, which 
are so closely connected with the Definitions in that they proceed to postulate 
the existence of certain of the things defined, namely straight lines and circles. 

(2) Though it is true that évvow in Plato and Aristotle is generally a 
notion of an odject, not of a fact or proposition, there are instances in Aristotle 
where it does mean a notion of a fact : thus in the £¢k. Nic. 1x. 11, 1171 a 32 
he speaks of “the notion (or consciousness) that friends sympathise” (ù évvowa 
rou owadyev rovs piduvs) and again, b 14, of “the notion (or consciousness) 
that they are pleased at his good fortune.” It is true that Plato and Aristotle 
do not use the word in a technical sense ; but neither was there apparently in 
Aristotle’s time any fixed technical term for what we call “axioms,” since he 
speaks of them variously as “the so-called axioms in mathematics,” “the so- 
called common axioms,” “the common (things)” (ra xowd), and even “the 
common opinions” (xowat dofac). I see therefore no reason why Euclid should 
not himself have given a technical sense to “Common Notions,” which is at 
least a distinct improvement upon ** common opinions." 

(3) The use of vor in Proclus! quotation from Apollonius seems to me 
to be an unfortunate, rather than a fortunate, coincidence from Tannery's point 
of view, for it is there used precisely in the old sense of the notion of an 
object (in that case a line). 

No doubt it is difficult to feel certain that Euclid did himself use the term 
Common Notions, seeing that Proclus’ commentary generally speaks of Axsoms. 
But even Proclus (p. 194, 8), after explaining the meaning of the word 
“axiom,” first as used by the Stoics, and secondly as used by “Aristotle and 
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the geometers,” goes'on to say: “For in their view (that of Aristotle and the 
geometers) axiom and common notion are the same thing.” This, as it seems 
to me, may be a sort of apology for using the word “axiom ” exclusively in 
what has gone before, as if Proclus had suddenly bethought himself that he 
had descrbed both Aristotle and the geometers as using the one term 
“axiom,” whereas he should have said that Aristotle spoke of “axioms,” while 
* the geometers" (in fact Euclid), though meaning the same thing, called them 
Common Notions. Yt may be for a like reason that in another passage (p. 76, 
16), after quoting Aristotle's view of an “axiom,” as distinct from a postulate 
and a hypothesis, he proceeds: “For it is not by virtue of a common notion 
that, without being taught, we preconceive the circle to be such and such a 
figure.” If this view of the two passages just quoted is correct, it would 
strengthen rather than weaken the case for the genuineness of Common Notions 
as the Euclidean term. 

Again, it is clear from Aristotle’s allusions to the “common axioms in 
mathematics ” that more than one axiom of this kind had a place in the text- 
books of his day; and as he constantly quotes the particular axiom that, if 
equals be taken from equals, the remainders are equal, which is Euclid’s Common 
Notion 3, it would seem that at least the first three Common Notions were 
adopted by Euclid from earlier text-books. It is, besides, scarcely credible 
that, if the Common Notions which Apollonius tried to prove had not been 
introduced earlier (e.g. by Euclid), they would then have been interpolated as 
axioms and not as propositions to be proved. The line taken by Apollonius 
is much better explained on the assumption that he was directly attacking 
axioms which he found already admitted into the Elements. 

Proclus, who recognised the five Common Notions given in the text, warns 
us, not only against the error of unnecessarily multiplying the axioms, but 
against the contrary error of reducing their number unduly (p. 196, 15), “as 
Heron does in enunciating three only; for it is also an axiom that the whole ts 
greater than the part, and indeed the geometer employs this in many places for 
his demonstrations, and again that ¢Aings which coinade are equal.” 

Thus Heron recognised the first three of the Common Notions ; and this 
fact, together with Aristotle’s allusions to “‘common axioms” (in the plural), 
and in particular to our Common Notion 3, may satisfy us that at least the first 
three Common Notions were contained in the E/ements as they left Euclid’s 
hands. 

COMMON NOTION 1. 

Ta rà aiTQ9 iga kai adAnAats écTiw (ga. 

Things which are equal to the same thing are also equal fo one another. 

Aristotle throughout emphasises the fact that axioms are self-evident truths, 
which it is impossible to demonstrate. If, he says, any one should attempt to 
prove them, it could only be through ignorance. Aristotle therefore would 
undoubtedly have agreed in Proclus’ strictures on Apollonius for attempting 
to prove the axioms. Proclus gives (p. 194, 25), as a specimen 
of these attempted proofs by Apollonius, that of the first of the 
Common Notions. “Let A be equal to B, and the latter to C; 
I say that 4 is also equal to C. For, since 4 is equal to B, it A 
occupies the same space with it; and since ZB 1s equal to C, it 
occupies the same space with it. 

Therefore 4 also occupies the same space with C." 

Proclus rightly remarks (p. 194, 22) that ‘“‘the middle tcrm is no more 
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intelligible (better known, yvwpezwrepov) than the conclusion, if it is not 
actually more disputable.” Again (p. 195, 6), the proof assumes two things, 
(1) that things which “occupy the same space” (rows) are equal to one 
another, and (2) that things which occupy the same space with one and the 
same thing occupy the same space with one another ; which is to explain the 
obvious by something much more obscure, for space is an entity more 
unknown to us than the things which exist in space. 

Aristotle would also have objected to the proof that it is partial and not 
general (xa8óXov), since it refers oniy to things which can be supposed to 
occupy a space (or take up room), whereas the axiom is, as Proclus says 
(p. 196, 1), true of numbers, speeds, and periods of time as well, though of 
course each science uses axioms in relation to its own subject-matter only. 


COMMON NOTIONS 2, 3. 


2. Kai (àv ticos (ca mpooreÜp, rà 0Àa éariv ioa. 

3. Kai cay ard iowy ica adapeOy, 10 karaAeurópevd eot ica. 
2. Lf equals be added to equals, the wholes are equal. 

3. f equals be subtracted from equals, the remainders are equal. 


These two Common Notions are recognised by Heron and Proclus as 
genuine. ‘The latter is the axiom which is so favourite an illustration. with 
Aristotle. 

Following them in the Mss. and editions there came four others of the 
same type as 1—3. Three of these are given by Heiberg in brackets ; the 
fourth he omits altogether. 


The three are: 

(a) Zf equals be added to unequals, the wholes ave unequal. 

(6) Things which are double of the same thing are equal to one another. 
(c) Things which are halves of the same thing are equal to one another. 
The fourth, which was placed between (a) and (2), was : 

(d) Lf equals be subtracted from unequals, the remainders are unequal, 


Proclus, in observing that axioms ought not to be multiplied, indicates 
that all should be rejected which follow from the five admitted by him and 
appearing in the text above (p. 155). He mentions the second of those just 
quoted (4) as one of those to be excluded, since it follows from Common 
Notion 1. Proclus does not mention (a), (c) or (2); an-Nairizi gives (a), (2), (^) 
and (c), in that order, as Euclid's, adding a note of Simplicius that “three 
axioms (sententiae acceptae) only are extant in the ancient manuscripts, but 
the number was increased in the more recent." 

(a) stands self-condemned because “unequal” tells us nothing. It is easy 
to see what is wanted if we refer to 1. 17, where the same angle is added to a 
greater and a /ess, and it is inferred that the first sum is greater than the second. 
So far however as the wording of (a) is concerned, the addition of equal to 
greater and less might be supposed to produce /ess and greater respectively. If 
therefore such an axiom were given at all, it should be divided into two. 
Heiberg conjectures that this axiom may have been taken from the commentary 
of Pappus, who had the axiom about equals added to unequais quoted below 
(¢); if so, it can only be an unskilful adaptation of some remark of Pappus, for 
his axiom (e) has some point, whereas (a) is useless. 

As regards (ô), I agree with Tannery in seeing no sufficient reason why, if 
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we reject it (as we certainly must), the words in 1. 47 “ But things which are 
double of equals are equal to one another” should be condemned as an 
interpolation. If they were interpolated, we should have expected to find the 
same interpolation in 1. 42, where the axiom is ¢acitly assumed. I think 
it quite possible that Euclid may have inserted such words in one case and 
left them out in another, without necessarily implying either that he was 
quoting a formal Common Notion of his own or that he had zo£ included 
among his Common Notions the particular fact stated as obvious. 

The corresponding axiom (c) about the alves of equals can hardly be 
genuine if (4) is not, and Proclus does not mention it. ‘Tannery acutely 
observes however that, when Heiberg, in 1. 37, 38, brackets words stating that 
"the halves of equal things are equal to one another" on the ground that 
axiom (c) was interpolated (although before Theon’s time), and explains that 
Euclid used Common Notion 3 in making his inference, he is clearly mistaken. 
For, while axiom (4) is an obvious inference from Common Notion 2, axiom (c) 
is not an inference from Common Notion 3. Tannery says, in a note, that (c) 
would have to be established by reductio ad absurdum with the help of axiom 
(4), that is to say, of Common Notion 2. But, as the hypothesis in the reductio 
ad absurdum would be that one of the halves is greater than the other, and it 
would therefore be necessary to prove that the one whole is greater than the 
other, while axiom (4) or Common Notion 2 only refers to eguals, a little 
argument would be necessary in addition to the reference to Common Notion 2. 
I think Euclid would not have gone through this process in order to prove (^), 
but would have assumed it as equally obvious with (4). 

Proclus (pp. 197, 6—-198, 5) definitely rejects two other axioms of the 
above kind given by Pappus, observing that, as they follow from the genuine 
axioms, they are rightly omitted in most copies, although Pappus said that 
they were “on record” with the others (cvvavaypadec@a) : 

(e) Lf unequals be added to equals, the difference between the wholes is equal 
to the difference between the added parts ; and 

(f) Lf equals be added to unequals, the difference between the wholes ts equal 
to the difference between the original unequals. 

Proclus and Simplicius (in an-Nairizi) give proofs of both. The proof of 
the former, as given by Simplicius, is as follows : 

Let AB, CD be equal magnitudes; and let EZ, FD be E 
added to them respectively, E being greater than FD. G F 

I say that 4£ exceeds CF by the same difference as that by 
which BE exceeds DF. 

Cut off from BE the magnitude BG equal to DF. 

Then, since 4£ exceeds 4G by GE, and AG is equal to CF 
and BG to DF, A c 

AE exceeds CF by the same difference as that by which BE 
exceeds DF. 


c 
o 


COMMON NOTION 4. 


Kai 7a epappofovra én’ adAnAa ica adAyAas ecriv. 

Things which coincide with one another are equal to one another. 

The word édpappofev, as a geometrical term, has a different meaning 
according as it is used in the active or in the passive. In the passive, 
«$appuo(eaÜai, it means “to be applied to” without any implication that the 
applied figure will exactly fit, or coincide with, the figure to which it is applied; 
on the other hand the active €$apuó£«w is used intransitively and means *'to 
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fit exactly,” “to coincide with.” In Euclid and Archimedes éfappofey is 
constructed with ézé and the accusative, in Pappus with the dative. 

On Common Notion 4 Tannery observes that it is incontestably geometrical 
in character, and should therefore have been excluded from the Common 
Notions; again, it is difficult to see why it is not accompanied by its converse, 
at all events for straight lines (and, it might be added, angles also), which 
Euclid makes use of in 1. 4. As it is, says Tannery, we have here a definition 
of geometrical equality more or less sufficient, but not a real axiom. 

It is true that Proclus seems to recognise this Common Notion and the next 
as proper axioms in the passage (p. 196, 15—21) where he says that we should 
not cut down the axioms to the minimum, as Heron does in giving only three 
axioms ; but the statement seems to rest, not upon authority, but upon an 
assumption that Euclid would state explicitly at the beginning all axioms 
subsequently used and not reducible to others unquestionably included. Now 
in 1. 4 this Common Notion is not quoted ; it is simply inferred that ‘the base 
BC will coincide with LF, and will be equal to it.” The position is therefore 
the same as it is in regard to the statement in the same proposition that, '*if... 
the base BC does not coincide with ZF, two straight lines will enclose a space: 
which is impossible"; and, if we do not admit that Euclid had the axiom that 
“ two straight lines cannot enclose a space," neither need we infer that he had 
Common Notion 4. 1 am therefore inclined to think that the latter is more 
likely than not to be an interpolation. 

It seems clear that the Common Notion, as here formulated, is intended 
to assert that superposition is a legitimate way of proving the equality of two 
figures which have the necessary parts respectively equal, or, in other words, 
to serve as an axiom of congruence. 

The phraseology of the propositions, e.g. I. 4 and r. 8, in which Euclid 
employs the method indicated, leaves no room for doubt that he regarded one 
figure as actually moved and placed upon the other. Thus in 1. 4 he says, 
“The triangle 4BC being applied (¢pappofopeévov) to the triangle DEF, and 
the point 44 being 2/aced (ri««évov) upon the point D, and the straight line 
AB on DE, the point & will also coincide with £ because 4Z is equal to 
DE”; and in 1. 8, “If the sides BA, AC do not coincide with ED, DF, but 
fall beside them (take a different position, mapaAAdgovow), then” etc. At the 
same time, it is clear that Euclid disliked the method and avoided it wherever 
he could, e.g. in 1. 26, where he proves the equality of two triangles which have 
two angles respectively equal to two angles and one side of the one equal to 
the corresponding side of the other. It looks as though he found the method 
handed down by tradition (we can hardly suppose that, if Thales proved that 
the diameter of a circle divides it into two equal parts, he would do so by any 
other method than that of superposition), and followed it, in-the few cases 
where he does so, only because he had not been able to see his way to a 
satisfactory substitute. But seeing how much of the E/ements depends on 1. 4, 
directly or indirectly, the method can hardly be regarded as being, in Euclid, 
of only subordinate importance ; on the contrary, it is fundamental. Nor, as 
a matter of fact, do we find in the ancient geometers any expression of doubt 
as to the legitimacy of the method. Archimedes uses it to prove that any 
spheroidál figure cut by a plane through the centre is divided into two equal 
parts in respect of both its surface and its volume; he also postulates in 
Equilibrium of. Planes 1. that when equal and similar plane figures coincide 
if applied to one another, their centres of gravity coincide also." 

Killing (Einführung in die Grundlagen der Geometrie, 1. pp. 4, 5) 
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contrasts the attitude of the Greek geometers with that of the philosophers, 
who, he says, appear to have agreed in banishing motion from geometry 
altogether. In support of this he refers to the view frequently expressed by 
Aristotle that mathematics has to do with immovable objects (axtvyra), and that 
only where astronomy is admitted as part of mathematical science is motion 
mentioned as a subject for mathematics. Cf. Metaph. 989 b 32 “For mathe- 
matical objects are among things which exist apart from motion, except such 
as relate to astronomy”; Metaph. 1064 a 30 “Physics deals with things 
which have in themselves the principle of motion; mathematics is a theoretical 
science and one concerned with things which are ‘stationary (p.évoyra) but not 
separable” (sc. from matter); in Physics 11. 2, 193 b 34 he Speaks of the 
subjects of mathematics as “in thought separable from motion.” 

But I doubt whether in Aristotle’s use of the words “immovable,” “ with- 
out motion” etc. as applied to the subjects of mathematics there is any 
implication such as Killing supposes. We arrive at mathematical concepts 
by abstraction from material objects; and just as we, in thought, eliminate 
the matter, so according to Aristotle we eliminate the attributes of matter as 
such, e.g. qualitative change and motion. It does not appear to me that the 
use of “immovable” in the passages referred to means more than this. I do 
not think that Aristotle would have regarded it as illegitimate to move a 
geometrical figure from one position to another; and I infer this from a 
passage in De caelo 111. 1 where he is criticising “ those who make up every 
body that has an origin by putting together 2/anes, and resolve it again into 
planes.” The reference must be to the Timaeus (54 B sqq.) where Plato 
evolves the four elements in this way. He begins with a right-angled triangle 
in which the hypotenuse is double of the smaller side; six of these put together 
in the proper way produce one equilateral triangle. Making solid angles with 
(a) three, (^) four, and (c) five of these equilateral triangles respectively, and 
taking the requisite number of these solid angles, namely four of (a), six of (ò) 
and twelve of (c) respectively, and putting them together so as to form regular 

solids, he obtains (a) a tetrahedron, (8) an octahedron, (y) an icosahedron 
respectively. For the fourth element (earth), four isosceles right-angled triangles 
are first put together so as to form a square, and then six of these squares are 
put together to form a cube. Now, says Aristotle (299 b 23), “it is absurd that 
planes should only admit of being put together so as to touch in a Zine; for just 
as a line and a line are put together in both ways, lengthwise and breadthwise, 
so must a plane and a plane. A line can be combined with a line in the sense 
of being a line superposed, and not added”; the inference being that a p/ane can 
be superposed ona plane. Now this is precisely the sort of motion in question 
here; and Aristotle, so far from denying its permissibility, seems to blame 
Plato for not using it. Cf. also Physics V. 4, 228 b 25, where Aristotle speaks 
of “the spiral or other magnitude in which any part will not coincide with 
any other part," an where superposition is obviously contemplated. 


Motion without deformation. 


It is well known that Helmholtz maintained that geometry requires us to 
assume the actual existence of rigid bodies and their free mobility in space, 
whence he inferred that geometry is dependent on mechanics. 

Veronese exposed the fallacy in this (Fondamenti di geometria, pp. xxxv— 
xxxvi, 239—240 note, 61 5—7), his argument being as follows. Since geometry 
is concerned with empty space, which is immovable, it would be at least strange 
if it was necessary to have recourse to the real motion of bodies for a definition, 
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and for the proof of the properties, of immovable space. We must distinguish 
the intuitive principle of motion in itself from that of motion without deforma- 
tion. Every point of a figure which moves is transferred to another point in 
space. ‘Without deformation” means that the mutual relations between the 
points of the figure do not change, but the relations between them and other 
figures do change (for if they did not, the figure could not move). Now 
consider what we mean by saying that, when the figure 4 has moved from 
the position 4, to the position A,, the relations between the points of A in 
the position 4, are unaltered from what they were in the position 4,, are the 
same in fact as if Æ had not moved but remained at 4,. We can only say 
that, judging of the figure (or the body with its physical qualities eliminated) 
by the impressions it produces in us during its movement, the impressions 
produced in us in the two different positions (which are in time distinct) 
are egual. In fact, we are making use of the notion of eguality between two 
distinct figures. Thus, if we say that two bodies are equal when they 
can be superposed by means of movement without deformation, we are com- 
mitting a petitio princtptt. The notion of the equality of spaces is really prior 
to that of rigid bodies or of motion without deformation. Helmholtz supported 
his view by reference to the process of measurement in which the measure 
must be, at least approximately, a rigid body, but the existence of a ngid body 
as a standard to measure by, and the question how we discover two equal 
spaces to be equal, are matters of no concern to the geometer. The method 
of superposition, depending on motion without deformation, ts only of use as 
a practical test; it has nothing to do with the ¢Aeory of geometry. 

Compare an acute observation of Schopenhauer (Drie Welt als Wille, 2 ed. 
1844, 11. p. 130) which was a criticism in advance of Helmholtz’ theory: “I 
am surprised that, instead of the eleventh axiom [the Paralle]-Postulate], the 
eighth is not rather attacked: ‘Figures which coincide (sich decken) are 
equal to one another.’ For coincidence (das Sichdecken) is either mere 
tautology, or something entirely empirical, which belongs, not to pure intuition 
(Anschauung), but to external sensuous experience. It presupposes in fact 
the mobility of figures; but that which is movable in space is matter and 
nothing else. Thus this appeal to coincidence means leaving pure space, the 
sole element of geometry, in order to pass over to the material and empirical.” 

Mr Bertrand Russell observes (Encyclopaedia Britannica, Suppl. Vol. 4, 
1902, Art. * Geometry, non-Euclidean ") that the apparent use of motion here 
is deceptive; what in geometry is called a motion is merely the transference 
of our attention from one figure to another. Actual superposition, which is 
nominally employed by Euclid, is not required; all that is required is the 
transference of our attention from the original figure to a new one defined by 
the position of some of its elements and by certain properties which it shares 
with the original figure. 

If the method of superposition is given up as a means of defining theoreti- 
cally the equality of two figures, some other definition of equality is necessary. 
But such a definition can be evolved out of empirical or practical observation 
of the result of superposing two material representations of figures. This is 
done by Veronese (EZementi di geometria, 1904) and Ingrami (ementi di 
geometria, 1904).  Ingrami says, namely (p. 66): 

“If a sheet of paper be folded double, and a triangle be drawn upon it 
and then cut out, we obtain two triangles superposed which we in practice call 
equal. If points A, B, C, D ... be marked on one of the triangles, then, 
when we place this triangle upon the other (so as to coincide with it), we see 
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that each of the particular points taken on the first is superposed on one 
particular point of the second in such a way that the segments 4Z, AC, 4D, 
BC, BD, CD, ... are respectively superposed on as many segments in the 
second triangle and are therefore equal to them respectively. In this way we 
justify the following 


“Definition of equality. 


* Any two figures whatever will be called egua/ when to the points of one 
the points of the other can be made to correspond univocally [1.e. every one 
point in one to one distinct point in the other and vice versa] in such a way 
that the segments which join the points, two and two, in one figure are 
respectively equal to the segments which join, two and two, the corresponding 
points in the other.” 

Ingrami has of course previously postulated as known the signification of 
the phrase eguad (rectilineal) segments, of which we get a practical notion when 
we can place one upon the other or can place a third movable segment 
successively on both. 


New systems of Congruence-Postulates. 


In the fourth Article of Questioni riguardanti le matematiche elementari, 1., 
Pp. 93—122, a review is given of three different systems: (1) that of Pasch in 
Vorlesungen über neuere Geometric, 1882, p. 101 sqq., (2) that of Veronese 
according to the Fondamenti di geometria, 1891, and the Elementi taken 
together, (3) that of Hilbert (see Grundlagen der Geometrie, 1903, pp. 17—15). 

These systems differ in the particular conceptions taken by the three 
authors as primary. (1) Pasch considers as primary the notion of congruence 
or equality between any figures which are made up of a finite number of points 
only. The definitions of congruent segménts and of congruent angles have to 
be deduced in the way shown on pp. 102—103 of the Article referred to, after 
which Eucl. 1. 4 follows immediately, and Eucl. 1. 26 (1) and 1. 8 by a method 
recalling that in Eucl. 1. 7, 8. 

(2) Veronese takes as primary the conception of congruence between 
segments (rectilineal). The transition to congruent angles, and thence to 
triangles is made by means of the following postulate: 

“Let AB, AC and A'S’, A’'C’ be two pairs of straight lines intersecting 
at A, A’, and let there be determined upon them the congruent segments 
AB, A'B and the congruent segments AC, A'C ; 


then, if BC, B’C’ are congruent, the two pairs of straight lincs are con- 
gruent.” 


(3) Hilbert takes as primary the notions of congruence between doth 
segments and angles. 

It is observed in the Article referred to that, from the theoretical stand- 
point, Veronese’s system is an advance upon that of Pasch, since the idea of 
congruence between segments is more simple than that of congruence between 
any figures ; but, didactically, the development of the theory is more compli- 
cated when we start from Veronese's system than when we start from that of 
Pasch. 

The system of Hilbert offers advantages over both the others from the 
point of view of the teaching of geometry, and I shall therefore give a short 
account of his system only, following the Artiole above quoted. 
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Hilbert's system. 
The following are substantially the Postulates laid down. 


(1) Uf one segment ts congruent with another, the second is also congruent 
with the first. 


(2) Lf an angle is congruent with another angle, the second angle is also 
congruent with the first. 


(3) Two segments congruent with a third are congruent with one another. 
(4) Two angles congruent with a third are congruent with one another. 


(5) Any segment AB is congruent with itself, independently of its sense. 
This we may express symbolically thus : 


AB=AB= BA. 


(6) Any angle (ab) is congruent with itself, independently of its sense. 
This we may express symbolically thus: 


(ab) = (ab) = (ba). 


(7) On any straight line r', starting from any one of its points A', and on 
each side of st respectively, there exists one and only one segment congruent with a 
segment AB belonging to the straight line r. 


(8) Given a ray a, issuing from a point O, in any plane which contains it 
and on each of the two sides of it, there exists one and only one ray b issuing 
from O such that the angle (ab) is congruent with a given angle (a'b’). 


(9) Zf AB, BC are two consecutive segments of the same straight line r 
(segments, that is, having an extremity and no other point common), and A'B', 
B'C' two consecutive segments on another straight line r, and if AB = A'B', 
BC = BC', then 

ACZ AC. 

(10) Jf (ab), (bc) are two consecutive angles in the same plane v (angles, 
that is, having the vertex and one side common), and (a'b^), (b'c') two consece- 
tive angles in another plane x’, and if (ab) = (a'b), (bc) - (b'c'), then 

(ac) = (a’c’). 


(11) Zf two triangles have two sides and the included angles respectively 
congruent, they have also their third sides congruent as well as the angles 
opposite to the congruent sides respectively. 


As a matter of fact, Hilbert’s postulate corresponding to (11) does not 
assert the equality of the third sides in each, but only the equality of the two 
remaining angles in one triangle to the two remaining angles in the other 
respectively. He proves the equality of the third sides (thereby completing 
the theorem of Eucl. 1. 4) by reductio 


ad absurdum thus. Let ABC, A'B'C' A A 
be the two tnangles which have the 

sides 4B, AC respectively congruent 

with the sides 4’3’, A’C’ and the 

included angle at 4 congruent with § c É Do’ 


the included angle at 4’. 

Then, by Hilbert’s own postulate, the angles 42C, A’B’C’ are congruent, 
as also the angles 4C, A'C'B'. 

If BC is not congruent with B’C’, let D be taken on BC’ such that BC, 
B' D are congruent. and join 4’D. 
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Then the two triangles BC, A4'B'D have two sides and the included 
angles congruent respectively ; therefore, by the same postulate, the angles 
BAC, B'A' D are congruent. 

But the angles BAC, B’A’C’ are congruent ; therefore, by (4) above, the 
angles B’A'C’, B' A' D are congruent: which is impossible, since it contradicts 
(8) above. 

Hence BC, BC’ cannot but be congruent. 

Eucl. 1. 4 is thus proved; but it seems to be as well to include all of that 
theorem in the postulate, as is done in (11) above, since the two parts of it are 
equally suggested by empirical observation of the result of one superposition. 

A proof similar to that just given immediately establishes Eucl. 1. 26 (1), 
and Hilbert next proves that 

Jf &wo angles ABC, A'B'C' are congruent with one another, their supple- 
mentary angles CBD, C’B'D’ are also congruent with one another. 

We choose 4, D on one of the straight lines forming the first angle, and 
4’, D’ on one of those forming the second angle, and again C, C' on the other 


Á B b A B 


straight lines forming the angles, so that 4’3” is congruent with 4B, C'B' 
with CB, and D'S’ with DB. 

The triangles ABC, A’S’C’ are congruent, by (11) above; and AC is 
congruent with 4’C’, and the angle CAB with the angle C'A’ B”. 

Thus, 4D, A’D’ being congruent, by (9), the triangles CAD, C'A'D' are 
also congruent, by (11); 
— CD is congruent with C’D’, and the angle ADC with the angle 
ADC. 

Lastly, by (11), the triangles CDB, C' D'S’ are congruent, and the angles 
CBD, C'B'D' are thus congruent. 

Hilbert’s next proposition is that 

Given that the angle (h, k) in the plane a is congruent with the angle (h’, k’) 
in the plane a', and that l is a half-ray in the plane a starting from the vertex 
of the angle (h, k) and lying within that angle, there always exists a half-ray Y 
in the second plane a, starting from the vertex of the angle (h’, k’) and lying 
within that angle, such that 


(h, 1) = (h', V'), and (k, 1) = (k’, I’). 
If O, O' are the vertices, we choose points 4, B on A, £, and points 4’, B’ 
on AJ, A respectively, such that O.4, O' 4' are congruent and also OZ, O'B'. 





The triangles O4 B, O' A' P' are then congruent ; and, if / meets 47 in C, 
we can determine C’ on A'S’ such that 4' C' is congruent with 4C. 
Then Z drawn from O' through C' is the half-ray required. 
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The congruence of the angles (A, 7), (4', 7) follows from (rr) directly, and 
that of (4, 7) and (Z, 7) follows in the same way after we have inferred by 
means of (9) that, 4 2, AC being respectively congruent with A'B’, A4'C", the 
difference AC is congruent with the difference B’C’. 

It is by means of the two propositions just given that Hilbert proves that 

All right angles are congruent with one another. 


_ Let the angle BAD be congruent with its adjacent angle CAD, and 
likewise the angle 5'4' D' congruent with its adjacent angle C'4'D' All four 
angles are then right angles. 


D' 





B’ A’ C c 


If the angle B’4’D’ is not congruent with the angle BAD, let the angle 
with 4B for one side and congruent with the angle B’A’D’ be the angle 
BAD", so that 4D” falls either within the angle 84D or within the angle 
DAC. Suppose the former. 

By the last proposition but one (about adjacent angles), the angles 
B'A'D, BAD" being congruent, the angles C’4’D’, CAD” are congruent. 

Hence, by the hypothesis and postulate (4) above, the angles BAD”, 
CAD" are also congruent. 

And, since the angles BAD, CAD are congruent, we can find within the 
angle CAD a half-ray CAD” such that the angles BAD’, CAD are 
congruent, and likewise the angles DAD”, DAD” (by the last proposition). 

But the angles BAD”, CAD" were congruent (see above); and it 
follows, by (4), that the angles CAD”, CAD” are congruent: which is 
impossible, since it contradicts postulate (8). 

Therefore etc. 

Euclid 1. 5 follows directly by applying the postulate (11) above to 4 BC, 
A CB as distinct triangles. 

Postulates (9), (10) above give in substance the proposition that * the 
sums or differences of segments, or of , 
angles, respectively equal, are equal.” A A 

Lastly, Hilbert proves Eucl. 1. 8 by 
means of the theorem of Eucl. 1. 5 and 
the proposition just stated as applied to 
angles. 

ABC, A'B'C being the given triangles 
with three sides respectively congruent, 
we suppose an angle CBA” to be deter- A' 
mined, on the side of BC opposite to 4, 
congruent with the angle 4’S’C’, and we make BA” equal to 4' P". 

The proof is obvious, being equivalent to the alternative proof often given 
in our text-books for Eucl. 1. 8. 
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COMMON NOTION 5. 

Kat 76 GAov Tov pépous pei{dr [éorev]. 

The whole is greater than the part. 

Proclus includes this “axiom” on the same ground as the preceding one. 
I think however there is force in the objection which Tannery takes to it, 
namely that it replaces a different expression in Eucl. 1. 6, where it is stated 
that “the triangle DBC will be equal to the triangle ACB, the less to the 
greater: which ts absurd.” The axiom appears to be an abstraction or 
generalisation substituted for an immediate inference from a geometrical 
figure, but it takes the form of a sort of definition of whole and part. The 
probabilities seem to be against its being genuine, notwithstanding Proclus’ 
approval of it. 

Clavius added the axiom that the whole ts the equal to the sum of its parts. 


OTHER AXIOMS INTRODUCED AFTER EUCLID’S TIME. 
[9] Two straight lines do not enclose (or contain) a space. 


Proclus (p. 196, 21) mentions this in illustration of the undue multiplication 
of axioms, and he points out, as an objection to it, that it belongs to the 
subject matter of geometry, whereas axioms are of a general character, and 
not peculiar to any one science. The real objection to the axiom is that it is 
unnecessary, since ihe fact which it states is included in the meaning of 
Postulate 1. It was no doubt taken from the passage in 1. 4, “‘if...the base 
BC does not coincide with the base E F, two straight lines will enclose a space: 
which is impossible”; and we must certainly regard it as an interpolation, 
notwithstanding that two of the best mss. have it after Postulate 5, and one 
gives it as Common Notion Q. 

Pappus added some others which Proclus objects to (p. 198, 5) because 
they are either anticipated in the definitions or follow from them. 

(g) <All the parts of a plane, or of a straight line, coincide with one another. 

(h) A point divides a line, a line a surface, and a surface a solid; on which 
Proclus remarks that everything is divided by the same things as those by 
which it is Jounded. 

An-Nairizi (ed. Besthorn-Heiberg, p. 31, ed. Curtze, p. 38) in his version 
of this axiom, which he also attributes to Pappus, omits the reference to 
solids, but mentions planes as a particular case of surfaces. 

“(a) A surface cuts a surface ina line; 
(B) If two surfaces which cut one another are plane, they cut one another 
in a Straight line ; 
(y) A line cuts a line ina point (this last we need in the first proposition).” 

(k) Magnitudes are susceptible of the infinite (or unlimited) both by way of 
addition and by way of successive diminution, but in both cases potentially only 
(Tò amapov fv Tois peyéÂeriy ioti Kai rp rpocOtce Kai Ty émxabapéoa, Svvape 
82 éxarepov). 

An-Narrizi's version of this refers to straight lines and plane surfaces only : 
“as regards the straight line and the plane surface, in consequence of their 
evenness, it is possible to produce them indefinitely. 

This “axiom” of Pappus, as quoted by Proclus, seems to be taken directly 
from the discussion of rò drepov in Aristotle, Physics 11. 5—8, even to the 
wording, for, while Aristotle uses the term division (Saipects) most frequently 
as the antithesis of addition (ovvOeors), he occasionally speaks of subtraction 
(apaipects) and diminution (xaOaipeots). Hankel (Zur Geschichte der Mathe- 
matik im. Alterthum und Mittelalter, 3874, pp. 119—120) gave an admirable 
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summary of Aristotle's views on this subject ; and they are stated in greater 
detail in Gorland, Aristoteles und die Mathematik, Marburg, 1899, pp. 157— 
183. The infinite or unlimited (azepov) only exists potentially (ôvvdue:), not 
in actuality (évepyeia). The infinite is so in virtue of its endlessly changing 
into something else, like day or the Olympic Games (Phys. 111. 6, 206 a 15—25). 
The infinite is manifested in different forms in time, in Man, and in the 
division of magnitudes. For, in general, the infinite consists in something new 
being continually taken, that something being itself always finite but always 
different. Therefore the infinite must not be regarded as a particular thing 
(rode 71), aS man, house, but as being always in course of becoming or decay, 
and, though finite at any moment, always different from moment to moment. 
But there is the distinction between the forms above referred to that, whereas 
in the case of magnitudes what is once taken remains, in the case of time and 
Man it passes or is destroyed but the succession is unbroken. The case of 
addition is in a sense the same as that of division ; in the finite magnitude the 
former takes place in the converse way to the latter; for, as we see the finite 
magnitude divided ad infinitum, so we shall find that addition gives a sum 
tending to a definite limit. I mean that, in the case of a finite magnitude, 
you may take a definite fractior of it and add to it (continually) in the same 
ratio; if now the successive added terms do not include one and the same 
magnitude whatever it is [i.e. if the successive terms diminish in geometrical 
progression], you will not come to the end of the finite magnitude, but, if the 
ratio is increased so that each term does include one and the same magnitude 
whatever it is, you will come to the end of the finite magnitude, for every 
finite magnitude is exhausted by continually taking from it any definite 
fraction whatever. Thus in no other sense does the infinite exist, but only 
in the sense just mentioned, that is, potentially and by way of diminution 
(206 a 25—b 13). And in this sense you may have potentially infinite 
addition, the process being, as we say, in a manner, the same as with division 
ad infinitum: for in the case of addition you will always be able to find some- 
thing outside the total for the time being, but the total will never exceed every 
definite (or assigned) magnitude in the way that, in the direction of division, 
the result will pass every definite magnitude, that is, by becoming smaller 
than it. The infinite therefore cannot exist even potentially in the sense of 
exceeding every finite magnitude as the result of successive addition (206 b 
16—22). It follows that the correct view of the infinite is the opposite of 
that commonly held: it is not that which has nothing outside it, but that 
which always has something outside it (206 b 33— 207 a r). 

Contrasting the case of number and magnitude, Aristotle points out that 
(1) in number there is a limit in the direction of smallness, namely unity, but 
none in the other direction: a number may exceed any assigned number 
however great ; but (2) with magnitude the contrary is the case: you can find 
a magnitude smaller than any assigned magnitude, but in the other direction 
there is no such thing as an infinite magnitude (207 b r—5). The tatter 
assertion he justified by the following argument. However large a thing can 
be potentiall, it can be as large actually. But there is no magnitude 
perceptible to sense that is infinite. "Therefore excess over every assigned 
magnitude is an impossibility; otherwise there would be something larger 
than the universe (otpavds) (207 b 17—21). 

Aristotle is aware that it is essentially of physical magnitudes that he is 
speaking. He had observed in an earlier passage (Phys. 111. 5, 204 a 34) that 
it is perhaps a more general inquiry that would be necessary to determine 
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whether the infinite is possible in mathematics, and in the domain of thought 
and of things which have no magnitude; but he excuses himself from entering 
upon this inquiry on the ground that his subject is physics and sensible 
objects. He returns however to the bearing of his conclusions on mathematics 
in 111. 7, 207 b 27: “my argument does not even rob mathematicians of their 
study, although it denies the existence of the infinite in the sense of actual 
existence as something increased to such an extent that it cannot be gone 
through (adcefiryrov) ; for, as it is, they do not even need the infinite or use 
it, but only require that the finite (straight line) shall be as long as they please; 
and another magnitude of any size whatever can be cut in the same ratio as 
the greatest magnitude. Hence it will make no difference to them for the 
purpose of demonstration.” 

Lastly, if it should be urged that the infinite exists in /AougAft, Aristotle 
replies that this does not involve its existence in fact. A thing is not greater 
than a certain size because it is conceived to be so, but because it ts; and 
magnitude is not infinite in virtue of increase in thought (208 a 16—22). 

Hankel and Gorland do not quote the passage about an infinite series of 
magnitudes (206 b 3—13) included in the above paraphrase; but ! have 
thought that mathematicians would be interested in the distinct expression of 
Aristotle’s view that the existence of an infinite series the terms of which are 
magnitudes is impossible unless it is convergent, and (with reference to 
Riemann’s developments) in the statement that it does not matter to geometry 
if the straight line is not infinite in length, provided that it is as long as we 
please. 

Aristotle's denial of even the potential existence of a sum of magnitudes 
which shall exceed every definite magnitude was, as he himself implies, in 
conflict with the lemma or assumption used by Eudoxus (as we infer from 
Archimedes) to prove the theorem about the volume of a pyramid. The 
lemma is thus stated by Archimedes (Quadrature of a parabola, preface) : 
“ The excess by which the greater of two unequal areas exceeds the less can, 
if it be continually added to itself, be made to exceed any assigned finite 
area.” We can therefore well understand why, a century later, Archimedes 
felt it necessary to justify his own use of the lemma as he does in the same 
preface: ‘‘The earlier geometers too have used this lemma: for it is by its 
help that they have proved that circles have to one another the duplicate 
ratio of their diameters, that spheres have to one another the triplicate ratio 
of their diameters, and so on. And, in the result, each of the said theorems 
has been accepted no less than those proved without the aid of this lemma.” 


Principle of continuity. 


The use of actual construction as a method of proving the existence ot 
figures having certain properties is one of the characteristics of the Elements. 
Now constructions are effected by means of straight lines and circles drawn 
in accordance with Postulates 1—3 ; the essence of them is that such straight 
lines and circles determine by their intersections other points in addition to 
those given, and these points again are used to determine new lines, and so on. 
This being so, the existence of such points of intersection must be postulated 
or proved in the same way as that of the lines which determine them. Yet 
there is no postulate of this character expressed in Euclid excepf Post. s. 
This postulate asserts that two straight lines meet if they satisfy a certain 
condition. The condition is of the nature of a Svopur pos (discrimination, or 
condition of possibility) in a problem ; and, if the existence of the point of 
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intersection were not granted, the solutions of problems in which the points of 
intersection of straight lines are used would not in general furnish the required 
proofs of the existence of the figures to be constructed. 

But, equally with the intersections of straight lines, the intersections of 
circle with straight line, and of circle with circle, are used in constructions. 
Hence, in addition to Postulate 5, we require postulates asserting the actual 
existence of points of intersection of circle with straight line and of circle 
with circle. In the very first proposition the vertex of the required equilateral 
triangle is determined as one of the intersections of two circles, and we need 
therefore to be assured that the circles will intersect. Euclid seems to assume 
it as obvious, although it is not so; and he makes a similar assumption in 
122. It is true that in the latter case Euclid adds to the enunciation that 
two of the given straight lines must be together greater than the third; but 
there is nothing to show that, if this condition is satisfied, the construction is 
always possible. In 1. 12, in order to be sure that the circle with a given 
centre will intersect a given straight line, Euclid makes the circle pass through 
a point on the side of the line opposite to that where the centre is. It appears 
therefore as if, in this case, he based his inference in some way upon the 
definition of a circle combined with the fact that the point within it called 
the ceatre is on one side of the straight line and one point of the circumference 
on the other, and, in the case of two intersecting circles, upon similar con- 
siderations. But not even in Book 111., where there are several propositions 
about the relative positions of two circles, do we find any discussion of the 
conditions under which two circles have two, one, or no point common. 

The deficiency can only be made good by the Principle of. Continuity. 

Killing (Einführung in die Grundlagen der Geometrie, 11. p. 43) gives the 
following forms as sufficient for most purposes. 

(a) Suppose a line belongs entirely to a figure which is divided into two 
parts ; then, if the line has at least one point common with each part, it must 
also meet the boundary between the parts; or 

(^) If a point moves in a figure which is divided into two parts, and if it 
belongs at the beginning of the motion to one part and at the end of the 
motion to the other part, it must during the motion arrive at the boundary 
between the two parts. 

Inthe Questioni riguardanti le matematiche elementari, 1., AIt. 5, pp. 123—143, 
the principle of continuity is discussed with special reference to the Postulate 
of Dedekind, and it is shown, first, how the Postulate may be led up to and, 
secondly, how it may be applied for the purposes of elementary geometry. 

Suppose that in a segment AB of a straight line a poiat C determines 
two segments 4C, CB. If we consider the point C as belonging to only one 
of the two segments 4C, CB, we have a division of the segment 4 B into two 
parts with the following properties. 

1. Every point of the segment 42 belongs to one of the two parts. 

2. The point 4 belongs to one of the two parts (which we will call the 
first) and the point Ż to the other; the point C may belong indifferently to 
one or the other of the two parts according as we choose to premise. 

Every point of the first part precedes every point of the second in the 
order 4B of the segment. 

(For generality we may also suppose the case in which the point C falls at 
4 orat B. Considering C, in these cases respectively, as belonging to the 
first or second part, we still have a division into parts which have the 
properties above enunciated, one part being then a single point 4 or B.) 
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Now, considering carefully the inverse of the above proposition, we see 
that it agrees with the idea which we have of the continuity of the straight 
line. Consequently we are induced to admit as a postulate the following. 


If a segment of a straight line AB is divided into two parts so that 


(1) every point of the segment AB belongs to one of the parts, 

(2) the extremity A belongs to the first part and B to the second, and 

(3) any point whatever of the first part precedes any point whatever of the 

second part, in the order AB of the segment, 
there exists a point C of the segment AB (which may belong either to one 
part or to the other) such that every point of AB that precedes C belongs to the 
first part, and every point of AB that follows C belongs to the second part in 
the division originally assumed. 

(If one of the two parts consists of the single point 4 or B, the point C 
is the said extremity 4 or B of the segment.) 

This is the Postulate of Dedekind, which was enunciated by Dedekind 
himself in the following slightly different form (Stetigkett und trrationale Zahlen, 
1872, new edition 1905, p. 11), 

“Tf all points of a straight line fall into two classes such that every point of 
the first class lies to the left of every point of the second class, there exists one and 
only one point which produces this division of all the points into two classes, this 
division of the straight line into two parts.” 

The above enunciation may be said to correspond to the intuitive notion 
which we have that, if in a segment of a straight line two points start from 
the ends and describe the segment in opposite senses, they meet in a point. 
The point of meeting might be regarded as belonging to both parts, but for 
the present purpose we must regard it as belonging to one only and subtracted 
from the other part. 

Application of Dedebind's postulate to angles. 


If we consider an angle less than two right angles bounded by two rays 
a, 6, and draw the straight line connecting 4, a point on a, with B, a point 
on 4, we see that all points on the finite segment 4B correspond univocally to 
all the rays of the angle, the point corresponding to any ray being the point 
in which the ray cuts the segment 4S; and if a ray be supposed to move 
about the vertex of the angle from the position a to the position 4, the 
corresponding points of the segment AZ are seen to follow in the same 
order as the corresponding rays of the angle (a2). 

Consequently, if the angle (ab) is divided into two parts so that 

(1) each ray of the angle (a2) belongs to one of the two parts, 

(2) the outside ray a belongs to the first part and the ray 4 to the second, 

(3) any ray whatever of the first part precedes any ray whatever of the 

second part, 

the corresponding points of the segment AZ determine two parts of the 
segments such that 

(1) every point of the segment 442 belongs to one of the two parts, 

" the extremity 4 belongs to the first part and ZB to the second, 

3) any point whatever of the first part precedes any point whatever of 

the second. 

But in that case there exists a point C of 4B (which may belong to one 
or the other of the two parts) such that every point of AZ that precedes C 
belongs to the first part and every point of 4 that follows C belongs to the 
second part. 
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Thus exactly the same thing holds of c, the ray corresponding to C, with 
reference to the division of the angle (a2) into two parts. 

It is not difficult to extend this to an angle (a2) which is either /Za/ or 
greater than two right angles; this is done (Vitali, of. cif. pp. 126—127) by 
supposing the angle to be divided into two, (ad), (22), each less than two 
right angles, and considering the three cases in which 

(1) the ray Z is such that all the rays that precede it belong to the first 

patt and those which follow it to the second part, 

(2) the ray d is followed by some rays of the first part, 

(3) the ray d is preceded by some rays of the second part. 


Application to circular arcs. 


If we consider an arc AB of a circle with centre O, the points of the arc 
correspond univocally, and in the same order, to the rays from the point O 
passing through those points respectively, and the same argument by which 
we passed from a segment of a straight line to an angle can be used to make 
the transition from an angle to an arc. 


Intersections of a straight line with a circle. 


It is possible to use the Postulate of Dedekind to prove that 


Jf a straight line has one point inside and one point outside a circle, tt has 
two points common with the circle. 


For this purpose it is necessary to assume (1) the proposition with reference 
to the perpendicular and obliques drawn from a given point to a given straight 
line, namely that of all straight lines drawn from a given point to a given 
straight line the perpendicular is the shortest, and of the rest (the obliques) 
that is the longer which has the longer projection upon the straight line, while 
those are equal the projections of which are equal, so that for any given 
length of projection there are two equal obliques and two only, one on each 
side of the perpendicular, and (2) the proposition that any side of a triangle 
is less than the sum of the other two. 

Consider the circle (C) with centre O, and a straight line (r) with one 
point 4 inside and one point Z outside the 
circle. 

By the definition of the circle, if œ is 
the radius, 

OA < R, OB> R. 


j Draw OP perpendicular to the straight 
ine r. 

Then OP « OA, so that OP is always 
less than &, and P is therefore within the 
circle C. 

Now let us fix our attention on the finite segment 42 of the straight 
line z. It can be divided into two parts, (1) that containing all the points Æ 
for which OZ7 « & (ie. points inside C), and (2) that containing all the 
points X for which OÆ = Æ (points outside C or on the circumference of C). 

Thus, remembering that, of two obliques from a given point to a given 
straight line, that is greater the projection of which is greater, we can assert 
that all the points of the segment PB which precede a point inside C are 
inside C, and those which fo//ow a point on the circumference of C or outside 
C are outside C. 

Hence, by the Postulate of Dedekind, there exists on the segment PB a 
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point M such that all the points which precede it belong to the first part ana 
those which follow it to the second purt. 

I say that M is common to the straight line z and the circle C, or 

OM = R. 

For suppose, e.g., that OM < R. 

There will then exist a segment (or length) o less than the difference 
between A and O4. 

Consider the point M’, one of those which follow M, such that MM" is 
equal to oc. 

Then, because any side of a triangle is less than the sum of the other two, 

OM <OM+ MM. 

But OM+MM'=O0M+0<R, 
whence OM < R, 
which is absurd. 

A similar absurdity would follow if we suppose that OM > R. 

Therefore OM must be equal to A. 

It is immediately obvious that, corresponding to the point M on the segment 
PB which is common to x and C, there is another point on z which has the 
same property, namely that which is symmetrical to M with respect to P. 

And the proposition is proved. 

Intersections of two circles. 


We can likewise use the Postulate of Dedekind to prove that 

Jf in a given plane a circle C has one point X inside and one point Y outside 
another circle C’, the two circles intersect in two points. 

We must first prove the following 


Lemma. 

If O, O' are the centres of two circles C, C', and œ, Æ their radii 
respectively, the straight line OO’ meets the circle C in two points 4, B, one 
of which is inside C' and the other outside it. 

Now one of these points must fall (1) on the prolongation of O'O 
beyond O or (2) on OO’ itself or (3) on the 
prolongation of OO' beyond O’. 

(1) First, suppose 4 to lie on O'O pro- 
duced. 

Then A0 240 « O0'- R* OO! ...... (a). 
But, in the triangle OC’ Y, 
OY<OY+00,7 
and, since O'Y > R’, OY=R, 
R<R+00. 

It follows from (a) that 40’ >’; and 4 

therefore lies outside C". 





(2) Secondly, suppose 4 to lie on Y 
OQ. ó C 
Then OO'-O0A* AO'- R « AO'...(B). 
From the triangle OO' X we have B 
OO < OX+ OX, 
and, since OX = R, O'X « &, it follows 
that 
OO'« RR, 


whence, by (8), 4O' « A", so that 4 lies inside C’. 
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(3) Thirdly, suppose 44 to lie on OO' produced. 


Then Rz04-200'*0'A ........ (y). 
And, in the triangle OO'X, 

OX «OO «OX, 
that is R«OO' «OX, 


whence, by (y), 

OQ + 0'A < 0O + OX, 
or O'A < O'X, 
and 4 lies inside C". 

It is to be observed that one of the two points A, B is in the position of 
case (1) and the other in the position of either case (2) or case (3) : whence 
we must conclude that one of the two points 4, B is inside and the other 
outside the circle C". 


Proof of theorem. 


The circle C is divided by the points 4, B into two semicircles. Consider 
one of them, and suppose it to be 
described by a point moving from 4 
to B. 

Take two separate points P, Q 
on it and, to fix our ideas, suppose 
that P precedes Q. 

Comparing the triangles OO'P, 
OO'Q, we observe that one side OO' 
is common, OF Is equal to OQ, and 
the angle POO’ is less than the angle 

OO 








Therefore O'P < O Q. 


Now, considering the semicircle 4PQB as divided into two parts, so that 
the points of the first part are inside the circle C’, and those of the second 
part on the circumference of C' or outside it, we have the conditions necessary 
for the applicability of the Postulate of Dedekind (which is true for arcs of 
circles as for straight lines); whence there exists a point M separating the two 
parts. 

I say that O'M = AR. 

For, if not, suppose O'M < X. 

If then c signifies the difference between A" and O'M, suppose a point M’, 
which follows M, taken on the semicircle such that the chord MA is not 
greater than o (for a way of doing this see below). 

Then, in the triangle O 2724, 

OM <0OM+MM'<OM+e, 
and therefore O M' « R. 

It follows that 47’, a point on the arc MB, is inside the circle C’: 
which is absurd. 

Similarly it may be proved that O'M is not greater than 2. 

Hence OM = R. 

[To find a point M’ such that the chord MM’ is not greater than c, we 
may proceed thus. 

Draw from M a straight line MP distinct from OM, and cut of MP on it 
equal to a/2. 
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Join OP, and draw another radius OQ such that the angle POQ is equal 
to the angle MOP. Q 
The intersection, M’, of OQ with the j 
circle satisfies the required condition. 
ao MM’ meets OF at right angles 
in S. 
Therefore, in the right-angled triangle 
MSF, MS is not greater than MP (it is 
less, unless MP coincides with MS, when 
it is equal). 
Therefore MS is not greater than o/2, so that 4/7’ is not greater than ø.) 


= D 


BOOK I. PROPOSITIONS. 


PROPOSITION I. 


On a given finite straight line to construct an equilateral 
triangle. 


Let AB be the given finite straight line. 
Thus it is required to con- 
s struct an equilateral triangle on 
the straight line 42. 
With centre 74 and distance 
AB let the circle BCD be 
described ; [Post. 3] 
io again, with centre P and dis- 
tance BA let the circle 4CE 
be described ; (Post. 3] 
and from the point C, in which the circles cut one another, to 
the points 4, B let the straight lines CA, CB be joined. 





[Post. 1] 

ıs _ Now, since the point A is the centre of the circle CDB, 
AC is equal to 42. (Def. 15] 

Again, since the point 2 is the centre of the circle CAE, 
BC is equal to BA. (Def. 15] 


But CA was also proved equal to 4B; 
20 therefore each of the straight lines CA, CB is equal to AZ. 
And things which are equal to the same thing are also 
equal to one another ; [C. N. 1] 
therefore CA is also equal to CB. 
Therefore the three straight lines CA, AB, BC are 
2s equal to one another. 
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Therefore the triangle 48C is equilateral; and it has 
been constructed on the given finite straight line 74 Z. 
(Being) what it was required to do. 


1. On a given finite straight line. The Greek usage differs from ours in that the 
definite article is employed in such a phrase as this where we have the indefinite. él vf: 
Bobelons ebOelas rexepacuérns, ‘‘on the given finite straight line,” i.e. the finite straight line 
which we choose to take. 

:3. Let AB be the given finite straight line. To be strictly literal we should have to 
translate in the reverse order ‘‘let the given finite straight line be the (straight line) 48”; 
but this order is inconvenient in other cases where there is more than one datum, e.g. in the 
sebling-out of 1. 2, ‘‘let the given point be 4, and the given straight line AC," the awkward- 
ness arising from the omission of the verb in the second clause. Hence I have, for clearness’ 
sake, adopted the other order throughout the book. 

8. let the circle BCD be described. Two things are here to be noted, (1) the elegant 
and practically universal use of the perfect passive imperative in constructions, yeypd¢0w 
meaning of course ''let it Aave deen described” or "suppose it described," (3) the impossi- 
bility of expressing shortly in a translation the force of the words in their original order. 
xuxdos "yeypácó8cw ò BTA means literally **let a circle have been described, the (circle, namely, 
which I denote by) BCD.” Similarly we have lower down ‘‘let straight lines, (namely) the 
(straight lines) C4, CB, be joined,” éwefedyx@woay ebOeias al YA, IB. There seems to be 
no practicable alternative, in English, but to translate as I have done in the text. 

13. from the point C.... Euclid is careful to adhere to the phraseology of Postulate 1 
except that he speaks of ‘‘joining” (érefedx@woay) instead of ‘ drawing” (ypdgew). He 
does not allow himself to use the shortened expression *' let the straight line FC be joined” 
(without mention of the points A, C) until I. 5. 

20. each of the straight lines CA, CB, éxaréga rà» T'A, TB and 24. the three 
straight lines CA, AB, BC, al rpeis al TA, AB, BT. I have, here and in all similar 
expressions, inserted the words *'straight lines" which are not in the Greek. The possession 
of the inflected definite article enables the Greek to omit the words, but this is not possible 
opas and it would scarcely be English to write **each of CA, CB” or “the three CA, 
AB, BC’ 


It is a commonplace that Euclid has no mght to assume, without pre- 
mising some postulate, that the two circles w:// meet in a point C. To 
supply what is wanted we must invoke the Principle of Continuity (see note 
thereon above, p. 235). It is sufficient for the purpose of this proposition and 
of 1. 22, where there is a similar tacit assumption, to use the form of postulate 
suggested by Killing. “Zf a dine [in this case e.g. the circumference 4 C£] 
belongs entirely to a figure {in this case a plane] which is divided into two parts 
[namely the part enclosed within the circumference of the circle BCD and 
the part outside that circle], and sf the line has at least one point common with 
each part, tt must also meet the boundary between the parts (i.e. the circum- 
ference ACE must meet the circumference BCD].” 

Zeno’s remark that the problem is not solved unless it is taken for granted 
that two straight lines cannot have a common segment has already been 
mentioned (note on Post. 2, p. 196). Thus, if 4C, BC meet at F before 
reaching C, and have the part FC common, the triangle obtained, namely 
FA B, will not be equilateral, but F4, FB will each be less than 42. But 
Post. 2 has already laid it down that two straight lines cannot have a common 
segment. 

Proclus devotes considerable space to this part of Zeno’s criticism, but 
satisfies himself with the bare mention of the other part, to the effect that it. 
is also necessary to assume that two circumferences (with different centres) 
cannot have a common part. That is, for anything we know, there may be 
any number of points C common to the two circumferences ACE, BCD. It 
is not until 1r'. ro that it is proved that two circles cannot intersect in more 


I. 1] PROPOSITION 1 243 


points than two, so that we are not entitled to assume it here. The most we 
can say is that it is enough for the purpose of this proposition if one equilateral 
triangle can be found with the given base; that the construction only gives 
two such triangles has to be left over to be proved subsequently. And indeed 
we have not long to wait; for 1. 7 clearly shows that on either side of the 
base AB only one equilateral triangle can be described. Thus I. 7 gives us 
the number of solutions of which the present problem is susceptible, and it 
supplies the same want in 1. 22 where a triangle has to be described with 
three sides of given length; that is, 1. 7 furnishes us, in both cases, with one 
of the essential parts of a complete Sopra; which includes not only the 
determination of the conditions of possibility but also the number of solutions 
(rocaxés éyxwpe, Proclus, p. 202, 5). This view of 1. 7 as supplying an 
equivalent for 111. ro absolutely needed in I. 1 and 1. 22 should serve to correct 
the idea so common among writers of text-books that 1. 7 is merely of use as a 
lemma to Euclid's proof of 1. 8, and therefore may be left out if an alternative 
proof of that proposition is adopted. 

Agreeably to his notion that it is from 1. 1 that we must satisfy ourselves 
that isosceles and scalene triangles actually exist, as well as equilateral triangles, 
Proclus shows how to draw, first a particular isosceles triangle, and then a 
scalene triangle, by means of the figure of the proposition. To make an 
isosceles triangle he produces 4 in both directions to meet the respective 
circles in D, Z, and then describes 
circles with A, B as centres and AE, 
BD as radii respectively. The result is 
an isosceles triangle with each of two 
sides double of the third side. To make 
an isosceles triangle in which the equal 
sides are not so related to the third side 
but have any given length would require 
the use of 1. 3; and there is no object in 
treating the question at all in advance of 
I. 22. An easier way of satisfying our- 
selves of the existence of some isosceles 
triangles would surely be to conceive any 
two radii of a circle drawn and their 
extremitjes joined. 

There is more point in Proclus’ construction of a scalene triangle. Suppose 
AC to be a radius of one of the two 
circles, and D a point on AC lying in 
that portion of the circle with centre 4 
which is outside the circle with centre 2. 
Then, joining BD, as in the figure, we 
have a triangle which obviously has all its 
sides unequal, that is, a sca/ene triangle. 

The above two constructions appear in 
an-Nairizi’s commentary under the name 
of Heron; Proclus does not mention his 
source. __ 

In addition to the above construction 
for a scalene triangle (producing a triangle in which the “given” side is 
greater than one and less than the other of the two remaining sides), Heron 
has two others showing the other two possible cases, in which the * given" 
side is (1) less than, (2) greater than, either of the other two sides. 
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PROPOSITION 2. 


To place at a given point (as an extremity) a straight line 
egual to a given straight line. 
Let 4 be the given point, and BC the given straight line. 
Thus it is required to place at the point 4 (as an extremity) 
sa straight line equal to the given 
straight line BC. 
From the point 4 to the point B 
let the straight line 4B be joined ; 
(Post. 1] 


and on it let the equilateral triangle 
io DA B be constructed. (1. 1] 
Let the straight lines AZ, BEF be 
produced in a straight line with DA, 
DB, [Post. 2] 
with centre P and distance BC let the 
u circle CGH be described ; [Post. 3] 
and again, with centre D and distance DG let the circle GAZ 
be described. [Post. 3] 
Then, since the point Ø is the centre of the circle CGH, 
BC is equal to BG. 
20 Again, since the point D is the centre of the circle GKL, 
DL is equal to DG. 
And in these DA is equal to DB; 
therefore the remainder 4 Z is equal to the remainder 
BG. [CN. 3] 
a; But BC was also proved equal to BG; 
therefore each of the straight lines 4Z, BC is equal 





to BG. 
And things which are equal to the same thing are also 
equal to one another ; (C.N. 1] 


therefore AZ is also equal to AC. 
Therefore at the given point 4 the straight line 4Z is 

placed equal to the given straight line BC. 
(Being) what it was required to do. 


I. (as an extremity). I have inserted these words because “to place a straight line 
at a given point" (xpos ry S00évr: onpely) is not quite clear enough, at least in English. 

11. Let the straight lines AE, BF be produced.... It will be observed that in this 
first application of Postulate 2, and again in 1. 5, Euclid speaks of the continuation of the 
straight line as that which is produced in such cases, éxBeSAjc@woa» and spocexBefrAhcOwcay 
meaning little more than drawing straight lines ‘‘in a straight line with " the given straight 
lines. She first place in which Euclid uses phraseology exactly corresponding to ours when 
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speaking of a straight line being produced is in 1. 16: ‘‘let one side of it, BC, be produced 
to D” (xpocexBeBr}00w atrod pla rreupd ñ BT érè rò A). 

23. the remainder AL...the remainder BG. The Greek expressions are Aarh 3$ 
AA and \org 7g BH, and the literal translation would be “AZ (or BG) remaining,” 
but the shade of meaning conveyed by the position of the definite article can hardly be 
expressed in English. 


This proposition gives Proclus an opportunity, such as the Greek 
commentators revelled in, of distinguishing a multitude of cases. After 
explaining that those theorems and problems are said to have cases which 
have the same force, though admitting of a number of different figures, and 
preserve the same method of demonstration while admitting variations of 
position, and that cases reveal themselves in the construction, he proceeds to 
distinguish the cases in this problem arising from the different positions 
which the given point may occupy relatively to the given straight line. It may 
be (he says) either (1) outside the line or (2) on the line, and, if (1), it may be 
either (¢) on the line produced or (4) situated obliquely with regard to it; if 
(2), it may be either (a) one of the extremities of the line or (4) an intermediate 
point on it. It will be seen that Proclus’ anxiety to subdivide leads him to 
give a “case,” (2) (a), which is useless, since in that “case” we are given 
what we are required to find, and there is really no problem to solve. As 
Savile says, * qui quaerit ad 8 punctum ponere rectam aequalem rjj By rectae, 
quaerit quod datum est, quod nemo faceret nisi forte insaniat." 

Proclus gives the construction for (2) (4) following Euclid’s way of taking 
G as the point in which the circle with centre B intersects DB produced, and 
then proceeds to “cases,” of which there are still more, which result from the 
different ways of drawing the equilateral triangle and of producing its sides. 

This last class of "cases" he subdivides into three according as AP is 
(1) equal to, (2) greater than or (3) lessthan BC. Here again * case " (1) serves 
no purpose, since, if AB is equal to BC, the problem is already solved. But 
Proclus! figures for the other two cases are worth giving, because in one of 
them the point G is on BD produced beyond J, and in the other it lies on 
BD itself and there is no need to produce any side of the equilateral triangle. 





A glance at these figures will show that, if they were used in the proposition, 
each of them would require a slight modification in the wording (1) of the 
construction, since BD is in one case produced beyond J instead of B and 
in the other case not produced at all, (2) of the proof, since BG, instead of 
being the difference between DG and DA, is in one case the sum of DG and 
DB and in the other the difference between DZ and DG. 
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Modern editors generally seem to classify the cases according to the 
possible variations in the construction rather than according to differences in 
the data. Thus Lardner, Potts, and Todhunter distinguish eight cases due 
to the three possible alternatives, (1) that the given point may be joined to 
either end of the given straight line, (2) that the equilateral triangle nay then 
be described on either side of the joining line, and (3) that the side of the 
equilateral triangle which is produced may be produced in either direction. 
(But it should have been observed that, where 4Z is greater than BC, the 
third alternative is between producing DZ and not producing it at all.) Potts 
adds that, when the given point lies either on the line or on the line produced, 
the distinction which arises from joining the two ends of the line with the 
given point no longer exists, and there are only four cases of the problem 
(I think he should rather have said solutions). 

To distinguish a number of cases in this way was foreign to the really 
classical manner. Thus, as we shall see, Euclid's method is to give one case 
only, for choice the most difficult, leaving the reader to supply the rest for 
himself. Where there was a real distinction between cases, sufficient to 
necessitate a substantial difference in the proof, the practice was to give 
separate enunciations and .proofs altogether, as we may see, e.g., from the 
Conics and the De sectione rationis of Apollonius. 

Proclus alludes, in conclusion, to the error of those who proposed to solve 
1. 2 by describing a circle with the given point as centre and with a distance 
egual to BC, which, as he says, is a pefitio principii. De Morgan puts the 
matter very clearly (Supplementary Remarks on the first six Books of Euclid s 
Elements in the Companion to the Almanac, 1849, p. 6). We should “insist,” 
he says, “here upon the restrictions imposed by the first three postulates, 
which do not allow a circle to be drawn with a compass-carried distance ; 
suppose the compasses to close of themselves the moment they cease to touch 
the paper. These two propositions [t. 2, 3] extend the power of construction 
to what it would have. been if aX the usual power of the compasses had been 
assumed ; they are mysterious to all who do not see that postulate iii does 
not ask for every use of the compasses” 


PROPOSITION 3. 


Given two unequal straight lines, to cut off from the 
greater a straight line equal to the 
less. — 


Let AB, C be the two given un- 
equal straight lines, and let 42 be 
the greater of them. 

Thus it is required to cut off from E 
AB the greater a straight line equal 
to C the — 

At the point 4 let 4D be placed ó 
equal to the straight line C; [1. 2] 


and with centre 4 and distance 4D let the circle DEF be 
described. (Post. 3] 
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Now, since the point A is the centre of the circle DEF, 
AE is equal to AD. [Def. 15] 
But C is also equal to AD. 
Therefore each of the straight lines 4, C is equal to 
AD ; sothat A EZ is also equal to C. [C.N. x] 


Therefore, given the two straight lines 42, C, from AB 
the greater 44 E has been cut off equal to C the less. 
(Being) what it was required to do. 


Proclus contrives to make a number of “cases” out of this proposition 
also, and gives as many as eight figures. But he only produces this variety by 
practically incorporating the construction of the preceding proposition, instead 
of assuming it as we are entitled to do. If Prop. 2 is assumed, there is really 
only one “case” of the present proposition, for Potts distinction between two 
cases according to the particular extremity of the straight line from which the 
given length has to be cut off scarcely seems to be worth making. 


PROPOSITION 4. 


If two triangles have the two sides equal to two sides 
respectively, and have the angles contained by the equal straight 
lines equal, they will also have the base equal to the base, the 
triangle will be equal to the triangle, and the remaining angles 

s will be equal to the remaining angles respectively, namely those 
which the equal stdes subtend. 

Let ABC, DEF be two triangles having the two sides 
AB, AC equal to the two sides DE, DF respectively, namely 
AB to DE and AC to DF, and the angle BAC equal to the 

rangle EDF. 

I say that the base BC is also equal to the base E, the 
triangle ABC will be equal to the triangle DEF, and the 
remaining angles will be equal to the remaining angles 
respectively, namely those which the equal sides subtend, that 

15 is, the angle ABC to the angle DEF, and the angle ACB 
to the angle DFE. 

For, if the triangle ABC be h 
applied to the triangle DEF, 

and if the point be placed 
20 on the point D 
and the straight line 4B é C E F 
on DE, 
then the point Z will also coincide with Æ, because 4B is 
equal to DE. 
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25 Again, AB coinciding with DE, 
the straight line AC will also coincide with DF, because the 
angle BAC is equal to the angle EDF’; 


. hence the point C will also coincide with the point /, 
because AC is again equal to DF. 


30 But Æ also coincided with £ ; 


hence the base BC will coincide with the base ZF. 

[For if, when B coincides with Æ and C with A, the base 
BC does not coincide with the base ZF, two straight lines 
will enclose a space: which is impossible. 


35 Therefore the base BC will coincide with 
EF | and will be equal to it. [CM 4] 


Thus the whole triangle ABC will coincide with the 
whole triangle DEF, 


and will be equal to it. 


4 And the remaining angles will also coincide with the 
remaining angles and will be equal to them, 


the angle 4 AC to the angle DEF, 
and the angle ACB to the angle DFE. 


Therefore etc. 
45 (Being) what it was required to prove. 


1—3. It is a fact that Euclid’s enunciations not infrequently leave something to be 
desired in point of clearness and precision. Here he speaks of the triangles having ‘‘the 
angle equal to the angle, namely the angle contained by the equal straight lines” (rh» ywrlay 
TD ywrle lonv xn Tw brò rv louw ebbeudv weprexouevnv), only one of the two angles being 
described in the latter expression (in the accusative), and a similar expression in the dative 
being left to be understood of the other angle. It is curious too that, after mentioning two 
‘* sides,” he speaks of the angles contained by the equal ‘‘ straight dines,” not ‘‘ sides.” It 
may be. that he wished to adhere scrupulously, at the outset, to the phraseology of the 
definitions, where the angle is the inclination to one another of two lines or straight lines. 
Similarly in the enunciation of t; s he speaks of producing the equal “straight lines” as if to 
keep strictly to the wording of Postulate 2. 

a. respectively. I agree with Mr H. M. Taylor (Euc/id, p. ix) that it is best to 
abandon the traditional translation of ** each to each," which would naturally seem to imply 
that all the four magnitudes are equal rather than (as the Greek éxarépa éxarépa does) that 
one is equal to one and the other to the other. 

3. the base. Here we have the word dase used for the first time in the Elements. 
Proclus explains it (p. 336, 13—15) as meaning (1), when no side of a triangle has been 
mentioned before, the side ‘‘ which is on a level with the sight " (rz» mpòs ry Bye xeusévov), 
and (2), when two sides have already been mentioned, the third side. Proclus thus avoids 
the mistake made by some modem editors who explain the term exclusively with reference to 
the case where two sides have been mentioned before. That this is an error is proved (t) by 
the occurrence of .the term in the enunciations of I. 37 etc. about triangles on the same base 
and equal bases, (2) by the application of the same term to the bases of parallelograms in 
I. 35 etc. The truth is that the use of the term must have been suggested by the practice of 
drawing the particular side horizontally, as it were, and the rest of the figure above it. The 
base of a figure was therefore spoken of, primarily, in the same sense as the base of anything 
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else, e.g. of a pedestal or column; but ‘vhen, as in 1. 5, two triangles were compared 
occupying other than the normal poutone which gave rise to the name, and when two side: 
had been previously mentioned, the base was, as Proclus says, necessarily the third side. 

6. subtend. ùrorelvew iwd, ‘‘to stretch under," with accusative. 

9. theangle BAC. The full Greek expression would be 7) /syà rà» BA, AT vepvexonuérs 
ywvla, “ the angle contained by the (straight lines) A4, 4C." Butit was a common practice 
of Greek geometers, e.g. of Archimedes and Apollonius (and Euclid too in Books x.—xiri.), to 
use the abbreviation al BAr for ai BA, Al', ‘‘the (straight lines) 34, AC.” Thus, on 
repiexouéyn being dropped, the expression would become first ?) óró rà» BAT ywsla, then 
4 bwd BAT yuola, and finally 4 éwd BAT, without ywola, as we regularly find it in Euclid. 

17. if the triangle be applied to..., 23. coincide. The difference between the 
technical use of the passive épapubterba ‘to be applied (to), and of the active é$apuójew 
“to coincide (wih) has been noticed above (note on Common Notion 4, pp. 2324—85). 

2. [For if, when B coincides...36. coincide with EF). Heiberg (Paralipomena zu 
Eublid in Hermes, XXXVIIM., 1903, p. 5) has pointed out, as a conclusive reason for regaraing 
these words as an early interpolation, that the text of an-NairizI (Codex Leidensis 399, 1, ed. 
Besthorn-Heiberg, p. $5) does not give the words in this place but after the conclusion Q. E. D., 
which shows that they constitute a scholium only. They were doubtless added by some 
commentator who thought it necessary to explain the immediate inference that, since B 
coincides with Æ and C with Æ, the straight line ØC coincides with the straight line EF, 
an inference which really follows from the definition of a straight line and Post. 1; and no 
doubt the Postulate that ** Two straight lines cannot enclose a space” (afterwards placed 
among the Common Notions) was interpolated at the same time. 

44. Therefore etc. Where (as here) Euclid’s conc/usion merely repeats the enunciation 
word for word, I shall avoid the repetition and write ‘‘ Therefore etc.” simply. 


In the note on Common Notion 4 I have already mentioned that Euclid 
obviously used the method of superposition with reluctance, and I have given, 
after Veronese for the most part, the reason for holding that that method is 
not admissible as a ¢heoretical means of proving equality, although it may be 
of use as a practical test, and may thus furnish an empirical basis on which to 
found a postulate. Mr Bertrand Russell observes (Principles of Mathematics 
I. p. 405) that Euclid would have done better to assume I. 4 as an axiom, as 
is practically done by Hilbert (Grundlagen der Geometric, p. 9). It may be 
that Euclid himself was as well aware of the objections to the method as are 
his modern critics; but at all events those objections were stated, with almost 
equal clearness, as early as the middle of the 16th century. Peletarius 
(Jacques Peletier) has a long note on this proposition (/# Euclidis Elementa 
geometrica. demonstrationum libri sex, 1557), in which he observes that, if 
superposition of lines and figures could be assumed as a method of proof, the 
whole of geometry would be full of such proofs, that it could equally well have 
been used in I. 2, 3 (thus in r. 2 we could simply have supposed the line taken 
up and 7/aced at the point), and that in short it is obvious how far removed the 
method is from the dignity of geometry. The theorem, he adds, is obvious in 
itself and does not require proof ; although it is introduced as a theorem, it 
would seem that Euclid intended it rather as a definition than a theorem, “ for 
I cannot think that two angles are equal unless I have a conception of what 
equality of angles is.” Why then did Euclid include the proposition among 
theorems, instead of placing it among the axioms? Peletarius makes the best 
excuse he can, but concludes thus: ‘‘ Huius itaque propositionis veritatem non 
aliunde quam a communi iudicio petemus ; cogitabimusque figuras figuris 
superponere, Mechanicum quippiam esse: intelligere veró, id demum esse 
Mathematicum." 

Expressed in terms ot the modern systems of Congruence-Axioms referred 
to in the note on Common Notion 4, what Euclid really assumes amounts to 
the following : 

(1) On the line DZ, there isa point Æ, on either side of D, such that 4B 
is equal to DE. 
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(2) On either side of the ray DE there is a ray DF such that the angle 
EDF is equal to the angle BAC. 

It now follows that on DF there is a point F such that DF is equal 
to AC. 

And lastly (3), we require an axiom from which to infer that the two 
remaining angles of the triangles are respectively equal and that the bases are 
equal. 

I have shown above (pp. 229—230) that Hilbert has an axiom stating the 
equality of the remaining angles simply, but proves the equality of the bases. 

Another alternative is that of Pasch (Vorlesungen über neuere Geometrie, 
p. 109) who has the following '* Grundsatz " : 

If two figures AB and FGH are given (FGH not being contained in a 
straight length), and 4B, FG are congruent, and if a plane surface be laid 
through 44 and Z, we can specify in this plane surface, produced if necessary, 
two points C, D, neither more nor less, such that the figures 4ZC and ABD 
are congruent with the figure FG 7, and the straight line CD has with the 
straight line 447 or with 47 produced one point common. 

I pass to two points of detail in Euclid's proof : 

(1) The inference that, since B coincides with Æ, and C with Æ, the 
bases of the triangles are wholly coincident rests, as expressly stated, on the 
impossibility of two straight lines enclosing a space, and therefore presents no 
difficulty. 

But (2) most editors seem to have failed to observe that at the very 
beginning of the proof a much more serious assumption is made without any 
explanation whatever, namely that, if 4 be placed on D,and AB on DE, the 
point B will coincide with E, because AB is equal to DE. That is, the 
converse of Common Notion 4 is assumed for straight lines. Proclus merely 
observes, with regard to the converse of this Common Notion, that it is only 
true in the case of things '*of the same form" (poeh), which he explains as 
meaning straight lines, arcs of one and the same circle, and angles * contained 
by lines similar and similarly situated " (p. 241, 3—8). 

Savile however saw the difficulty and grappled with it in his note on the 
Common Notion. After stating that all straight lines with two points common 
are congruent between them (for otherwise two straight lines would enclose a 
space), he argues thus. Let there be two straight lines 4.8, DE, and let 4 be 
placed on D, and AB on DE. Then B will coincide with E. For, if not, 
let B fall somewhere short of E or beyond Æ; and in either case it will follow 
that the less is equal to the greater, which is impossible. 

Savile seems to assume (and so apparently does Lardner who gives the 
same proof) that, if the straight lines be “applied,” B will fall somewhere on 
DE or DE produced. But the ground for this assumption should surely be 
stated ; and it seems to me that it is necessary to use, not Postulate 1 alone, 
nor Postulate 2 alone, but both, for this purpose (in other words to assume, 
not only that swo straight lines cannot enclose a space, but also that two straight 
lines cannot have a common segment). For the only safe course is to place 4 
upon D and then tum 4B about D until some point on AB intermediate 
between A and B coincides with some point on DE. In this position 4B and 
DE have two points common. Then Postulate 1 enables us to infer that the 
straight lines coincide defween the two common points, and Postulate 2 that 
they coincide beyond the second common point towards B and E. Thus the 
straight lines coincide throughout so far as ZofA extend; and Savile's argument 
then proves that 7 coincides with Æ. 
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PROPOSITION 5. 


In isosceles triangles the angles at the base are equal to one 
another, and, if the equal straight lines be produced further, 
the angles under the base will be equal to one another. 


Let ABC be an isosceles triangle having the side 4B 
s equal to the side 4C; : 
and let the straight lines BD, CE be produced further in a 
straight line with 44 P, AC. [Post. 2] 
I say that the angle 74 JC is equal to the angle 4 CB, and 
the angle CZ to the angle ACE. 


10 Let a point F be taken at random A 
on BD; 
from AZ the greater let AG be cut off 
equal to AF the less ; (1. 3] 


and let the straight lines FC, GZ be joined. 
[Post. 1] 
15 Then, since AF is equal to AG and 
AB to AC, 
the two sides F4, AC are equal to the 
two sides GA, AB, respectively ; 
and they contain a common angle, the angle FAG. 
20 Therefore the base FC is equal to the base GZ, 
and the triangle /4 FC is equal to the triangle 4GB, 
and the remaining angles will be equal to the remaining angles 
respectively, namely those which the equal sides subtend, 
that is, the angle ACF to the angle ABG, 
25 and the angle AFC to the angle AGB. [. 4] 
And, since the whole AF is equal to the whole 4G, 
and in these 4B is equal to AC, 
the remainder BF is equal to the remainder CG. 
But FC was also proved equal to GB; 
x therefore the two sides BF, FC are equal to the two sides 
CG, GB respectively ; 
and the angle BFC is equal to the angle CGB, 
while the base BC is common to them ; 
therefore the triangle BFC is also equal to the triangle CGB, 
j5and the remaining angles wil be equal to the remaining 
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angles respectively, namely those which the equal sides 
subtend ; 


therefore the angle FBC is equal to the angle GC, 
and the angle BCF to the angle CBG. 


4o Accordingly, since the whole angle 48G was proved 
equal to the angle ACF, 


and in these the angle CBG is equal to the angle BCF, 
the remaining angle ABC is equal to the remaining angle 
ACB; 
45 and they are at the base of the triangle 4C. 
But the angle FBC was also proved equal to the angle GCB; 
and they are under the base. 


Therefore etc. Q. E. D. 


2. the equal straight lines (meaning the equal sides). Cf. note on the similar 
expression in Prop. 4, lines 3, 3.. 

10. Let a point F be taken at random on BD, ce14$$60 él 5s BA rvxór auctor TO Z, 
where rvxàr» onuetoy means ‘‘a chance point.” 

17. the two sides FA, AC are equal to the two sides GA, AB respectively, 8¢0 
al ZA, AI duel rats HA, AB fca eloly éxarépa éxarépg. Here, and in numberless later 
passages, I have inserted the word ‘‘sides” for the reason given in the note on I. 1, line 20. 
It would have been permissible to supply either ‘straight lines” or “sides”; but on the 
whole *'sides " seems to be more in accordance with the phraseology of I. 4. 

33. the base BC is common to them, i.e., apparently, common to the angles, as 
the atr!» in Bácis aürQv xou) can only refer to ywrla and *ywrla preceding. Simson wrote 
“and the base ZC is common to the two triangles BFC, CGB"; Todhunter left out these 
words as being of no use and tending to perplex a beginner. But Euclid evidently chose 
to quote the conclusion of 1. 4 exactly; the first phrase of that conclusion is that the bases 
(of the two triangles) are equal, and, as the equal bases are here the same base, Euclid 
naturally substitutes the word ‘‘common” for ** equal." 

48. As “‘ (Being) what it was required to prove” (or ‘‘do"’) is somewhat long, I shall 
henceforth write the time-honoured ‘‘Q. E. D.” and ‘‘Q. £. F.” for mep Ede: eias and Srep 
Re wochoat. 


According to Proclus (p. 250, 20) the discoverer of the fact that in any 
isosceles triangle the angles at the base are equal was Thales, who however 
is said to have spoken of the angles as being similar, and not as being egual. 
(Cf. Arist. De caelo 1V. 4, 311 b 34 mpòs ôpoias ywvias $aíverat d«popevov where 
egual angles are meant.) 


A pre-Euclidean proof of I. 5. 


One of the most interesting of the passages in Aristotle indicating differences 
between Euclid’s proofs and those with which Aristotle was familiar, in other 
words, those of the text-books immediately preceding Euclid’s, has reference to 
the theorem of 1. s. The passage (Anal. Prior. 1. 24, 41 b 13— 22) is so 
important that I must quote it in full. Aristotle is illustrating the fact that in 
any syllogism one of the propositions must be affirmative and universal 
(xa8óXov)  ''This," he says, "is better shown in the case of geometrical 
propositions ” (év rois &:aypappaci), e.g. the proposition that /Ae angles at tAe 
base of an tsosceles triangle are equal. 

‘For let .4, B be drawn [i.e. joined] to the centre. 
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“If, then, we assumed (1) that the angle AC [i.e. 4 + C] is equal to the 
angle BD [ie. B * D] without asserting generally 
that she angles of semicircles are equal, and again 
(2) that the angle C is equal to the angle D without 
making the further assumption that ¢he two angles of 
all segments are equal, and if we then inferred, lastly, 
that, since the whole angles are equal, and equal 
angles are subtracted from them, the angles which 
remain, namely Æ., Æ, are equal. we should commit 
a petitio princifit, unless we assumed (generally) 
that, when equals are subtracted from equals, the 
remainders are equal.” 

The language is noteworthy in some respects. 

(1) A, B are said to be drawn (nypéva) to the centre (of the circle of 
which the two equal sides are radii) as if 4, B were not the angular points but 
the sides or the radii themselves. (There is a parallel for this in Eucl. 1v. 4.) 

(2) “The angle 4C" is the angle which is the sum of 4 and C, and 4 
means here the angle at 44 of the ssosceles triangle shown in the figure, and 
afterwards spoken of by Aristotle as E, while C is the “ mixed ” angle between 
AB and the circumference of the smaller segment cut off by it. 

(3) The “angle of a semicircle” (i.e. the “angle” between the diameter 
and the circumference, at the extremity of the diameter) and the “angle of a 
segment” appear in Euclid 11. 16 and 111. Def. 7 respectively, obviously as 
survivals from earlier text-books. 

But the most significant facts to be gathered from the extract are that in 
the text-books which preceded Euclid’s “ mixed” angles played a much more 
important part than they do with Euclid, and, in particular, that at least two 
propositions concerning such angles appeared quite at the beginning, namely 
the propositions that the (mixed) angles of semicircles are equal and that the two 
(mixed) angles of any segment of a circle are equal. The wording of the first 
of the two propositions is vague, but it does not necessarily mean more than 
that the two (mixed) angles in one semicircle are equal, and I know of no 
evidence going to show that it asserts that the angle of any one semicircle is 
equal to the angle of any other semicircle (of different size). It is quoted in 
the same form, “because the angles of semicircles are equal,” in the Latin 
translation from the Arabic of Heron’s Catoptrica, Prop. 9 (Heron, Vol. 11., 
Teubner, p. 334), but it is only inferred that the different radii of one circle 
make equal “angles” with the circumference ; and in the similar proposition 
of the Pseudo-Euclidean Cafoptrica (Euclid, Vol. vit., p. 294) angles of the 
same sort in one circle are said to be equal “because they are (angles) of 
a semicircle.” Therefore the first of the two propositions may be only a 
particular case of the second. 

But it is remarkable enough that the second proposition (that ¢he fwo 
“angles of” any segment of a circle are equal) should, in earlier text-books, have 
been placed before the theorem of Eucl. 1.5. We can hardly suppose it to 
have been proved otherwise than by the superposition of the semicircles into 
which the circle is divided by the diameter which bisects at right angles the 
base of the segment; and no doubt the proof would be closely connected with 
that of Thales’ other proposition that any diameter of a circle bisects it, which 
must also (as Proclus indicates) have been proved by superposing one of the 
two parts upon the other. 

It is a natural inference from the passage of Aristotle that Euclid’s proof of 
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1. § was his own, and it would thus appear that his innovations as regards 
order of propositions and methods of proof began at the very threshold of the 
subject. 


Proof without producing the sides. 


In this proof, given by Proclus (pp. 248, 22—249, 19), D and £ are taken 
on AB, AC, instead of on AB, AC produced, so that AD, AE are equal. The 
method of proof i is of course exactly like Euclid’s, but it does not establish the 

equality of the angles beyond the base as well. 


Pappus’ proof. 


Proclus (pp. 249, 20— 250, 12) says that Pappus proved the theorem in a 
still shorter manner without the help of any construction whatever. 

This very interesting proof is given as follows: 

* Let ABC be an isosceles triangle, and 4B equal to A 
AC. 

Let us conceive this one triangle as two triangles, and let 
us argue in this way. 

Since 44 B is equal to 4C, and 4C to AB, 


the two sides 4B, AC are equal to the two sides 4C, AB. 


And the angle BAC is equal to the angle CAS, forit is B e 
the same. 
Therefore all the corresponding parts (in the triangles) are equal, namely 
BC to BC, 


the triangle ABC to the triangle ABC (i.e. ACB), 
the angle ABC to the angle ACB, 
and the angle ACB to the angle ABC, 
(for these are the angles subtended by the equal sides 4B, 4C. 
Therefore in isosceles triangles the angles at the base are equal.” 


This will no doubt be recognised as the foundation of the alternative 
proof frequently given by modern editors, though they do not refer to Pappus. 
But they state the proof in a different form, the common method being to 
suppose the triangle to be taken up, turned over, and placed again upon ésedf, 
after which the same considerations of congruence as those used by Euclid in 
I. 4 are used over again. There is the obvious difficulty that it supposes the 
triangle to be taken up and at the same time to remain where it is. (Cf. 
Dodgson’s humorous remark upon this, Euchd and Ais modern Rivals, p. 47.) 
Whatever we may say in justification of the proceeding (e.g. that the triangle 
may be supposed to leave a ¢race), it is really equivalent to assuming the 
construction (hypothetical, if you will) of another triangle equal in all respects 
to the given triangle ; and such an assumption is not in accordance with 
Euclid's principles and practice. 

It seems to me that the form given to the proof by Pappus himself is by far 
the best, for the reasons (1) that it assumes no construction of a second 
triangle, real or hypothetical, (2) that it avoids the distinct awkwardness 
involved by a proof which, instead of merely quoting and applying the result 
of a previous proposition, repeats, with reference to a new set of data, the 
process by which that result was established. If it is asked how we are to 
realise Pappus’ idea of zwo triangles, surely we may answer that we keep to one 
triangle and merely view it in two aspects. If it were a question of helping a 
beginner to understand this, we might say that one triangle is the triangle 
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looked at in front and that the other triangle is the same triangle looked at 
from dehind ; but even this is not really necessary. 

Pappus’ proof, of course, does not include the proof of the second part of 
the proposition about the angles under the base, and we should still have to 
establish this much in the same way as Euclid does. 


Purpose of the second part of the theorem. 


An interesting question arises as to the reason for Euclid’s insertion of the 
second part, to which, it will be observed, the converse proposition 1. 6 has 
nothing corresponding. As a matter of fact, it is not necessary for any 
subsequent demonstration that is to be found in the original text of Euclid, 
but only for the interpolated second case of 1. 7; and it was perhaps not 
unnatural that the undoubted genuineness of the second part of 1. 5 convinced 
many editors that the second case of 1. 7 must necessarily be Euclid’s also. 
Proclus’ explanation, which must apparently be the right one, is that the 
second part of 1. § was inserted for the purpose of fore-arming the learner 
against a possible oJjection (évoracts), as it was technically called, which might 
be raised to 1. 7 as given in the text, with one case only. The odjection would, 
as we have seen, take the specific ground that, as demonstrated, the theorem 
was not conclusive, since it did not cover all possible cases. From this point 
of view, the second part of 1. 5 is useful not only for 1. 7 but, according to 
Proclus, for 1. 9 also. Simson does not seem to have grasped Proclus’ 
meaning, for he says: “ And Proclus acknowledges, that the second part of 
Prop. 5 was added upon account of Prop. 7 but gives a ridiculous reason for 
it, ‘that it might afford an answer to objections made against the 7th,’ as if the 
case of the 7th which is left out were, as he expressly makes it, an objection 
against the proposition itself.” 


PROPOSITION 6. 


Jf in a triangle two angles be equal to one another, the 
sides which subtend the equal angles will also be equal to one 
another. 


Let ABC be a triangle having the angle ABC equal to 
the angle 4CB; 
I say that the side 4 is also equal to the R 
side 4C. D 
For, if AZ is unequal to AC, one of them is 
greater. 
Let AB be greater; and from AV the 
greater let D&B be cut off equal to AC the less ; 
let DC be joined. 
Then, since DB is equal to AC, 
and SC is common, 


the two sides DB, BC are equal to the two sides AC, 
CB respectively ; 
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and the angle DAC is equal to the angle ACB; 
therefore the base DC is equal to the base 4B, 
and the triangle DAC will be equal to the triangle ACB, 
the less to the greater: 
which is absurd. 
Therefore AZ is not unequal to 4C; 
it is therefore equal to it. 


Therefore etc. 
Q. E. D. 


Euclid assumes that, because D is between A and J, the triangle DBC 
is less than the triangle 48C. Some postulate is necessary to justify this 
tacit assumption ; considering an angle less than two right angles, say the 
angle ACB in the figure of the proposition, as a cluster of rays issuing from 
C and bounded by the rays CA, CB, and joining 4B (where 4, B are any 
two points on CA, CB respectively), we see that to each successive ray taken 
in the direction from CA to CB there corresponds one point on 442 in which 
the said ray intersects 4, and that all the points on 42 taken in order from 
A to B correspond univocally to all the rays taken in order from CA to 
CB, each point namely to the ray intersecting 447 in the point. 

We have here used, for the first time in the Elements, the method of 
reductio ad absurdum, as to which I would refer to the section above (pp. 136, 
140) dealing with this among other technical terms. 

This proposition also, being the converse of the preceding proposition, 
brings us to the subject of 


Geometrical Conversion. 


This must of course be distinguished from the /ogica/ conversion of a 
proposition. Thus, from the proposition that all isosceles triangles have the 
angles opposite to the equal sides equal, /ogica’ conversion would only enable 
us to conclude that some triangles with two angles equal are isosceles. Thus 
1. 6 is the geometrical, but not the logical, converse of 1. 5. On the other 
hand, as De Morgan points out (Companion to the Almanac, 1849, p. 7), 1. 6 is 
a purely Zogzca/ deduction from 1. 5 and 1. 18 taken together, as is 1. 19 also. 
For the general argument see the note on 1. 19. For the present proposition 
it is enough to state the matter thus. Let .X denote the class of triangles 
which have the two sides other than the base equal, Y the class of triangles 
which have the base angles equal; then we may call non-X the class of 
triangles having the sides other than the base unequal, non-Y the class of 
triangles having the base angles unequal. 


Thus we have 
Al X is Y, fi. 5] 
All non-X is non-Y; (1. 18] 
and it is a purely logical deduction that 
All Y is X. {1. 6] 
According to Proclus (p. 252, 5 sqq.) two forms of geometrical conversion 


were distinguished. 
(1) The leading form (zporyoupéyn). the conversion par excellence (4 xvpius 
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avrierpopy), is the complete or simple conversion in which the hypothesis 
and the conclusion of a theorem change places exactly, the conclusion of the 
theorem being the hypothesis of the converse theorem, which again establishes, 
as its conclusion, the hypothesis of the original theorem. The relation between 
the first part of 1. 5 and 1. 6 is of this character. In the former the hypothesis 
is that two sides of a triangle are equal and the conclusion is that the angles 
at the base are equal, while the converse (1. 6) starts from the hypothesis that 
two angles are equal and proves that the sides subtending them are equal. 


(2) The other form of conversion, which we may call partial, is seen 
in cases where a theorem starts from two or more hypotheses combined into 
one enunciation and leads to a certain conclusion, after which the converse 
theorem takes this conclusion in substitution for one of the hypotheses of 
the original theorem and from the said conclusion along with the rest of the 
original hypotheses obtains, as its conclusion, the omitted hypothesis of the 
original theorem. 1i. 8 is in this sense a converse proposition to 1. 4 ; for 1. 4 
takes as hypotheses (1) that two sides in two triangles are respectively equal, 
(2) that the included angles are equal, and proves (3) that the bases are equal, 
while 1. 8 takes (1) and (3) as hypotheses and proves (2) as its conclusion. It 
is clear that a conversion of the /eadizy type must be unique, while there 
may be many partial conversions of a theorem according to the number of 
hypotheses from which it starts. 

Further, of convertible theorems, those which took as their hypothesis 
the genus and proved a property were distinguished as the /eading theorems 
(mpowyovpeva), while those which started from the property as hypothesis 
and described, as the conclusion, the genus possessing that property were the 
converse theorems. 1. $ is thus the leading theorem and I. 6 its converse, 
since the genus is in this case taken to be the isosceles triangle. 


Converse of second part of I. 5. 


Why, asks Proclus, did not Euclid convert the second part of 1. 5 as well? 
He suggests, properly enough, two reasons: (1) that the second part of 1. 5 
itself is not wanted for any proof occurring in the original text, but is only put 
in to enable objections to the existing form of later propositions to be met, 
whereas the converse is not even wanted for this purpose ; (2) that the converse 
could be deduced from 1. 6, if wanted, at any time after we have passed 1. 13, 
which can be used to prove that, if the angles formed by producing two sides 
of a triangle beyond the base are equal, the base angles themselves are equal. 

Proclus adds a proof of the converse of the second part of 1. 5, i.e. of the 
proposition that, if the angles formed by producing two 
sides of a triangle beyond the base are equal, the triangle 
is isosceles; but it runs to some length and then only 
effects a reduction to the theorem of 1. 6 as we have it. 
As the result of this should hardly be assumed, a better 
proof would be an independent one adapting Euclid's 
own method in 1. 6. Thus, with the construction of 1. 5, 
we first prove by means of 1. 4 that the triangles BFC, 
CGB are equal in all respects, and therefore that FC is 
equal to GB, and the angle BFC equal to the angle CGB. 
Then we have to prove that 4/, AG are equal. If they 
are not, let AF be the greater, and from FA cut off FH equal to GA. 
Join CA. 
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Then we have, in the two triangles HFC, 4GB, 
two sides H/F, FC equal to two sides 4G, GB 
and the angle 7ZFC equal to the angle AGS. 
Therefore (1. 4) the triangles HFC, AGB are equal. But the triangles 
BFC, CGB are also equal. 
Therefore (if we take away these equals respectively) the tnangles HBC, 
ACB are equal: which is impossible. 
Therefore AF, AG are not unequal. 
Hence AF is equal to AG and, if we subtract the equals BF, CG respec- 
tively, 4B is equal to AC. 
This proof is found in the commentary of an-Nairizi (ed. Besthorn-Heiberg, 
p. 61; ed. Curtze, p. 50). 


Alternative proofs of I. 6. 


Todhunter points out that 1. 6, not being wanted till ir. 4, could be 
postponed till later and proved by means of 1. 26. Bisect the angle BAC 
by a straight line meeting the base at D. Then the triangles 42D, ACD 
are equal in all respects. 

Another method depending on 1. 26 is given by an-Nairizi after that 
proposition. 

Measure equal lengths Z2, CE along the sides BA, CA. A 
Join BE, CD. 

Then [1. 4] the triangles DBC, ECB are equal in all 
respects ; E 
therefore £B, DC are equal, and the angles BEC, CDB 
are equal. 


The supplements of the latter angles are equal [1. 13], 
and hence the triangles ABE, ACD have two angles equal respectively and 
the side BE equal to the side CD. 

Therefore (1. 26] AB is equal to AC. 


Cc 


PROPOSITION 7. 


Given two straight lines constructed on a straight line 
(from its extremities) and meeting in a point, there cannot be 
constructed on the same straight line (from its extremities), 
and on the same side of it, two other straight lines meeting in 

s another point and equal to the former two respectively, namely 
each to that which has the same extremity with tt. 


For, if possible, given two straight lines 4C, CB con- 
structed on the straight line 42 and meeting 
at the point C, let two other straight lines C 
10 AD, DB be constructed on the same straight 
line 4B, on the same side of it, meeting in 
another point D and equal to the former two 
respectively, namely each to that which has 4 8 
the same extremity with it, so that CA is 
1s equal to DA which has the same extremity 4 with it, and 


0 
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CB to DB which has the same extremity Ø with it; and let 
CD be joined. 


Then, since AC is equal to AD, 
the angle 4CD is also equal to the angle 4DC; [1 5] 
20 therefore the angle ADC is greater than the angle DCB; 


— the angle CDB is much greater than the angle 
B. 
Again, since CZ is equal to DÐ, 
the angle CD is also equal to the angle DCB. 
25 But it was also proved much greater than it: 
which is impossible. 
Therefore etc. Q. E. D. 


1—6. In an English translation of the enunciation of this proposition it is absolutely 
necessary, in order to make it intelligible, to insert some words which are not in the Greek. 
The reason is partly that the Greek enunciation is itself very elliptical, and partly that some 
words used in it conveyed more meaning than the corresponding words in English do. 
Particularly is this the case with od cvera8 corra: ésl **there shall not be constructed upon,” 
since gurieracOa is the regular word for constructing a ¢viangie in particular. Thus a Greek 
would easily understahd gvøraðńoovra: ¿rí as meaning the construction of two lines forming 
a triangle on a given straight line as base; whereas.to ''construct two straight lines on a 
straight line" is not in English sufficiently definite unless we explain that they are drawn 
from the ends of the straight line to meet at a point. I have had the less hesitation in putting 
in the words ‘‘from its extremities” because they are actually used by Euclid in the somewhat 
similar enunciation of 1. 21. 

How impossible a literal translation into English is, if it is to convey the meaning of the 
enunciation intelligibly, will be clear from the following attempt to render literally: **On the 
same straight line there shall not be constructed two other straight lines equal, each to each, 
to the same two straight lines, (terminating) at different points on. the same side, having the 
same extremities as the original straight lines” (él ris adrijs eí0e(as úo rais adrais eiOelais 
Ahha óo ebbetas toa éxarépa éxarépg ov cvcrabijcovrar mpds Ady cal GAY onuely irl rà aùrà 
pép rà abrà sépara l'xovaaa rais é£ dpxfjs evPelats). 

The reason why Euclid allowed himself to use, in this enunciation, language apparently 
so obscure is no doubt that the phraseology was traditional and therefore, vague as it was, 
had a conventional meaning which the contemporary geometer well understood. This is 
proved, I think, by the occurrence in Aristotle (Meteorologica 11. 5, 376 a 2 sqq.) of the very 
same, evidently technical, expressions, Aristotle is there alluding to the theorem given by 
Eutocius from Apollonius’ P/ane Loci to the effect that, if Æ, A" be two fixed points and A 
such a variable point that the ratio of MH to MK is a given ratio (not one of equality), the 
locus of M is a circle. (For an account of this theorem see note on vi. 3 below.) Now 
Aristotle says ‘‘ The lines drawn up from Æ, X in this ratio cannot be constructed to two 
different points of the semicircle 4" (al ob» dxà rü» HK dvaydpuevar ypaypal ev rotry Ty 
Aéyp o0 cucrabhcovrac Tou lp Q À dsyuxvkMov $pàós AAO xal 4AÀo onpeîov). 

If a paraphrase is allowed instead of a translation adhering as closely as possible to the 
original, Simson's is the best that could be found, since the fact that the straight lines form 
triangles on the same base is really conveyed in the Greek. Simson's enunciation is, Upon 
the same base, and on the same side of it, there cannot be two triangles that have their sides 
which are terminated in one extremity of the base equal to one another, and likewise those 
which are terminated at the other extremity. Th. Taylor (the translator of Proclus) attacks 
Simson's alteration as ‘‘indiscreet” and as detracting from the beauty and accuracy of 
Euclid’s enunciation which are enlarged upon by Proclus in his commentary. Yet, when 
Taylor says ** Whatever difficulty learners may find in conceiving this proposition abstractedly 
is easily removed by its exposition in the figure," he really gives his case away. The fact is 
that Taylor, always enthusiastic over his author, was nettled by Simson's slighting remarks 
on Proclus! comments on the proposition. Simson had said, with reference to Proclus’ 
explanation of the bearing of the second part of I. 5 on 1. 7, that it was not ** worth while 
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to relate his trifles at full length," to which Taylor retorts ** But Mr Simson was no 
plone and therefore the greatest part of these Commentaries must be considered by 

im as trifles, from the want of a philosophic genius to comprehend their meaning, and 
a taste superior to that of a mere mathematician, to discover their beauty and elegance." 

20. It would be natural to insert here the step “but the angle ACD is greater than the 
angle ACD. [C. N. s.)" 

731. much greater, iiterally "greater by much" (oA ueifur). Simson and those who 
follow him translate ; ‘‘ much more then is the angle BDC greater than the angle BCD,” 
but the Greek for this would have to be woAAg (or roAd) wGAASY dors...pelfww. wohhy parion, 
however, though used by Apollonius, is not, apparently, found in Euclid or Archimedes. 


Just as in 1. 6 we need a Postulate to justify theoretically the statement that 
CD falls within the angle ACB, so that the triangle DBC is less than the 
triangle ABC, so here we need Postulates which shall satisfy us as to the 
relative positions of CA, CB, CD on the one hand and of DC, DA, DB 
on the other, in order that we may be able to infer that the angle BDC is 
greater than the angle 4DC, and the angle ACD greater than the angle BCD. 

De Morgan (of. cit. p. 7) observes that 1. 7 would be made easy to 
beginners if they were first familiarised, as a common notion, with “if two 
magnitudes be equal, any magnitude greater than the one is greater than any 
magnitude less than the other." I doubt however whether a beginner would 
follow this easily ; perhaps it would be more easily apprehended in the form 
“if any magnitude 4 is greater than a magnitude S, the magnitude 4 is 
greater than any magnitude equal to B, and (a fortiori) greater than any 
magnitude less than 2.” 

It has been mentioned already (note on 1. 5) that the second case of 1. 7 
given by Simson and in our text-books generally is not in the original text 
(the omission being in accordance with Euclid's general practice of giving 
only one case, and that the most difücult, and leaving the others to be worked 
out by the reader for himself). "The second case is given by Proclus as the 
answer to a possible odjection to Euclid's proposition, which should assert that 
the proposition is not proved to be universally true, since the proof given does 
not cover all possible cases. Here the objector is supposed to contend that 
what Euclid declares to be impossible may still be possible if one pair of lines 
lie wholly within the other pair of lines; and the second part of 1. 5 enables 
the objection to be refuted. 

If possible, let 4D, DB be entirely within the triangle formed by AC, 
CB with AB, and let AC be equal to AD and BC 
to BD. 

Join CD, and produce AC, AD to È and £ 

Then, since AC is equal to AD, 


the triangle ACD is isosceles, 

and the angles ECD, FDC under the base are equal. 

But the angle ECD is greater than the angle BCD, 
therefore the angle “DC is also greater than the angle 
BCD. 
Therefore the angle BDC is greater by far than the angle BCD. 

Again, since DB is equal to CB, 
the angles at the base of the triangle BDC are equal, (1. 5] 

that is, the angle BDC is equal to the angle BCD. 

Therefore the same angle BDC is both greater than and equal to the angle 
BCD: which is impossible. 

The case in which D falls on AC or BC does not require proof. 
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I have already referred (note on 1. 1) to the mistake made by those 
editors who regard 1. 7 as being of no use except to prove t. 8. What I. 7 
proves is that if, in addition to the base of a triangle, the length of the side 
terminating at each extremity of the base is given, only one triangle satisfying 
these conditions can be constructed on one and the same side of the given 
base. Hence not only does 1. 7 enable us to prove r. 8, but it supplements 
I. r and 1. 22 by showing that the constructions of those propositions give one 
triangle only on one and the same side of the base. But for 1. 7 this could 
not be proved except by anticipating 111. ro, of which therefore 1. 7 is the 
equivalent for Book 1. purposes. Dodgson (Zuctid and his modern Rivals, 
pp. 194—5) puts it in another way. ‘It (1. 7] shows that, of all'plane figures 
that can be made by hingeing rods together, the ¢4xee-sided ones (and these 
only) are zzgi2 (which is another way of stating the fact that there cannot be 
two such figures on the same base). This is analogous to the fact, in relation 
to solids contained by plane surfaces hinged together, that any such solid is 
rigid, there being no maximum number of sides. And there is a close analogy 
between 1. 7, 8 and 111. 23, 24. These analogies give to geometry much of its 
beauty, and I think that they ought not to be lost sight of.” It will therefore 
be apparent how ill-advised are those editors who eliminate 1. 7 altogether and 
rely on Philo's proof for 1. 8. 

Proclus, it may be added, gives (pp. 268, 19— 269, 10) another explanation 
of the retention of 1. 7, notwithstanding that it was apparently only required 
for 1. 8. It was said that astronomers used it to prove that three successive 
eclipses could not occur at equal intervals of time, i.e. that the third could not 
follow the second at the same interval as the second followed the first ; and it 
was argued that Euclid had an eye to this astronomical application of the 
proposition. But, as we have seen, there are other grounds for retaining the 
proposition which are quite sufficient of themselves. 


PROPOSITION 8. 


If two triangles have the two sides egual to two sides 
respectively, and have also the base egual to the base, they will 
also have the angles egual which are contained by the egual 
straight lines. 

5 Let ABC, DEF be two triangles having the two sides 
AB, AC equal to the two sides 
DE, DF respectively, namely , Dg 
AB to DE,and AC to DF ; and 
let them have the base BC equal 

io to the base EF; : 

I say that the angle BAC is 3 
also equal to the angle ED. B É 

For, if the triangle ABC be | 
applied to the triangle DEZ, and if the point 7 be placed on 

1s the point £ and the straight line JC on £F, 
the point C will also coincide with 7, 
because JC is equal to £7. 
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Then, ZC coinciding with EZ, 
DA, AC will also coincide with ED, DF; 


20 for, if the base ABC coincides with the base £F, and the sides 
BA, AC do not coincide with ED, DF but fall beside them 
as EG, GF, 


then, given two straight lines constructed on a straight 

line (from its extremities) and meeting in a point, there will 

25 have been constructed on the same straight line (from its 

extremities), and on the same side of it, two other straight 

lines meeting in another point and equal to the former 

two respectively, namely each to that which has the same 
extremity with it. 


30 But they cannot be so constructed. (1. 7] 


Therefore it is not possible that, if the base BC be applied 
to the base E 7, the sides BA, AC should not coincide with 
ED, DF; 


they will therefore coincide, 


35 so that the angle BAC will also coincide with the angle 
EDF, and will be equal to it. 


If therefore etc. Q. E. D. 


19. BA, AC. The text has here “ BA, CA.” 
a1. fall beside them. The Greek has the future, wapad\dfover. wapadd\drrw means 
** to pass by without touching,” ‘to miss” or ‘‘ to deviate.” 


As pointed out above (p. 257) 1. 8 is a farfía? converse of 1. 4. 

It is to be observed that in 1. 8 Euclid is satisfied with proving the equality 
of the vertical angles and does not, as in 1. 4, add that the triangles are equal, 
and the remaining angles are equal respectively. The reason is no doubt (as 
pointed out by Proclus and by Savile after him) that, when once the vertical 
angles are proved equal, the rest follows from 1. 4, and there is no object in 
proving again what has been proved already. 

Aristotle has an allusion to the theorem of this proposition in Meteorologica 
IH. 3, 373a 5—16. He is speaking of the rainbow and observes that, if equal 
rays be reflected from one and the same point to one and the same point, the 
points at which reflection takes place are on the circumference of a circle. 
“ For let the broken lines 4CB, AFB, ADB be all reflected from the point 
A to the point 2 (in such a way that) 4C, AF, AD are all equal to one 
another, and the lines (terminating) at Z, i.e. CB, FB, DB, are likewise all 
equal; and let AZB be joined. It follows that the triangles are equal; for 
they are upon the equal (base) AEB.” 

Heiberg (Mathematisches zu Aristoteles, p. 18) thinks that the form of the 
conclusion quoted is an indication that in the corresponding proposition tc 
Eucl. 1. 8, as it lay before Aristotle, it was maintained that the £riang/es were 
equal, and not only the angles, and “we see here therefore, in a clear example, 
how the stones of the ancient fabric were recut for the rigid structure of his 
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Elements." I do not, however, think that this inference from Aristotle's 
language as to the form of the pre-Euclidean proposition is safe. Thus if we, 
nowadays, were arguing from the data in the passage of Aristotle, we should 
doubtless infer directly that the triangles are equal in all respects, quoting 1. 8 
alone. Besides, Aristotle's language is rather careless, as the next sentences 
of the same passage show. ‘‘ Let perpendiculars," 

he says, “be drawn to ALB from the angles, CE c 

from C, FE from Fand DE from D. These, then, 

are equal; for they are all in equal triangles, and 8 
in one plane; for all of them are perpendicular ^ 

to AEB, and they meet at one point Æ. There- 

fore the (line) drawn (through C, F, D) will be a P 

circle, and its centre (will be) E." Aristotle should 

obviously have proved that the three perpendiculars wi% meet at one point Æ 
on AEB before he spoke of drawing the perpendiculars CE, FE, DE. 
This of course follows from their being “in equal triangles ” (by means of 
Eucl. 1. 26); and then, from the fact that the perpendiculars meet at one 
point on AB, it can be inferred that all three are in one plane. 


Philo’s proof of I. 8. 


This alternative proof avoids the use of 1. 7, and it is elegant ; but it is 
inconvenient in one respect, since three cases have to be distinguished. 
Proclus gives the proof in the following order (pp. 266, 15—268, 14). 

Let ABC, DEF be two triangles having the sides 48, AC equal to the 
sides DE, DF respectively, and the base BC equal to the base EF. 

Let the triangle ABC be applied to the triangle DEZ, so that B is placed 
on £ and BC on EF, but so that 44 falls on the opposite side of EF from D, 
taking the position G. Then C will coincide with Æ, since ZC is equal to 
EF. 


Now FG will either be in a straight line with DF, or make an angle with 
it, and in the latter case the angle will either be inferior (xarà rà évros) to the 
figure or exterior (xara tò éxros). 

I. Let FG be in a straight line with A D 
DF. 

Then, since DE is equal to EG, and 
DFG is a straight line, É ce F 

DEG is an isosceles triangle, and the 
angle at D is equal to the angle at G. 

[t. 5]. a 

II. Let DF FG form an angle interior to the figure. 

Let DG be joined. 

Then, since DE, EG are equal, A 
the angle EDG is equal to the angle 
EGD. 

Again, since DF is equal to FG, E F 
the angle /DG is equal to the angle 
FGD. 


o 


Therefore, by addition, G 


the whole angle ED is equal to the 
whole angle EGF, 
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III. Let DF, FG form an angle exterior to the figure. 
Let DG be joined. 
The proof proceeds as in the last case, A 


except that subtraction takes the place of D 
addition, and t 
the remaining angle ED is equal to the. & ó E 
remaining angle EGEF 

Therefore in all three cases the angle 
EDF is equal to the angle EGF, that is, G 
to the angle BAC. 

It will be observed that, in accordance with the practice of the Greek 
geometers in not recognising as an “angle” any angle not less than two right 


angles, the re-entrant angle of the quadrilateral DEG F is ignored and the angle 
DFG is said to be outside the figure. 


PROPOSITION 9. 


To bisect a given rectileneal angle. 


Let the angle BAC be the given rectilineal angle. 
Thus it is required to bisect it. A 
Let a point D be taken at random on AB; 


let AE be cut off from AC equal to AD; [1.3] 


let DE be joined, and on DE let the equilateral 
triangle DE F be constructed ; 


let AF be joined. = 


I say that the angle BAC has been bisected by the 
straight line 4. 
For, since 4D is equal to AZ, 


and AF is common, 
the two sides DA, AF are equal to the two sides 
EA, AF respectively. 
And the base DF is equal to the base EF; 


therefore the angle DAF is equal to the angle AF. 
(r. 8] 
Therefore the given rectilineal angle BAC has been 
bisected by the straight line 4F. Q. E. F. 


It will be observed from the translation of this proposition that Euclid 
does not say, in his description of the construction, that the equilateral triangle 
should be constructed on the side of DE opposite to 4 ; he leaves this to be 
inferred from his figure. There is no particular value in Proclus' explanation 
as to how we should proceed in case any one should assert that he could not 
recognise the existence of any space below DE. He supposes, then, the 
equilateral triangle described on the side of DE towards 4, and hence has to 
consider three cases according as the vertex of the equilateral triangle falls 
on A, above 4 or below it. The second and third cases do not differ 


C 
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substantially from Euclid's. In the first case, where ADEZ is the, equilateral 
triangle constructed on DÆ, take any point Fon 442, and from AE cut off 
AG equalto AF. Join DG, EF meeting in Z7; and 
join AH. Then AZ is the bisector required. 

Proclus also answers the possible objection that 
might be raised to Euclid’s proof on the ground that 
it assumes that, if the equilateral triangle be described 
on the side of DE opposite to 4, its vertex F will lie 
within the angle BAC. The objector is supposed to 
argue that this is not necessary, but that F might fall 
either on one of the lines forming the angle or outside 
it altogether. The two cases are disposed of thus. 

Suppose Æ to fall as shown in the two figures below respectively. 

Then, since FD is equal to FZ, 
the angle “DE is equal to the angle FED. 

Therefore the angle CE is greater than the angle FDE; and, in the 
second figure, a fortiori, the angle CED is greater than the angle BDE. 

But, since 4D is an isosceles triangle, and the equal sides are produced, 





A A 


F c C 
8 8 
the angles under the base are equal, 
i.e., the angle CE is equal to the angle A DE. 
But the angle CED was proved greater: which is impossible. 


Here then is the second case in which, in Proclus! view, the second part 
of 1. 5 is useful for refuting objections. 


On this proposition Proclus takes occasion (p. 271, 15— 19) to emphasize 
the fact that the given angle must be zecti/inea/, since the bisection of any sort 
of angle (including angles made by curves with one another or with straight 
lines) is not matter for an elementary treatise, besides which it is questionable 
whether such bisection is always possible. ‘‘Thus it is difficult to say 
whether it is possible to bisect the so-called horn-like angle” (formed by the 
circumference of a circle and a tangent to it). 


Trisection of an angle. 


Further it is here that Proclus gives us his valuable historical note about 
the £risecfion of any acute angle, which (as well as the division of an angle in 
any given ratio) requires resort to other curves than circles, i.e. curves of the 
species which, after Geminus, he calls “mixed.” ‘‘ This,” he says (p. 272, 
1—12), “is shown by those who have set themselves the task of trisecting such 
a given rectilineal angle. For Nicomedes trisected any rectilineal angle by 
means of the cozcAoida/ lines, the origin, order, and properties of which he 
has handed down to us, being himself the discoverer of their peculiarity. 
Others have done the same thing by means of the guadratrices of Hippias 
and Nicomedes, thereby again using ‘mixed’ curves. But others, starting 
from the Archimedean spirals, cut a given rectilineal angle in a given ratio.” 
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(2) Trisection by means of the concAoid. 

I have already spoken of the conchoid of Nicomedes (note on Def. 2, 
pp. 160—1); it remains to show how it could be used for trisecting an 
angle. Pappus explains this (1v. pp. 274—5) as follows. 

Let ABC be the given acute angle, and from any point A in AB draw 
AC perpendicular to BC. 


F A E 
â 

— — 

8 Cc 


Complete the parallelogram FBCA and produce FA to a point Æ such 
that, if BE be joined, BE intercepts between AC and AE a length DE egual 
bo twice AB. 

I say that the angle ZBC is one-third of the angle 47C. 

_ For, Joining A to G, the middle point of DE, we have the three straight 
ans a ; DG, EG equal, and the angle 4GD is double of the angle AED 
or : 

But DE is double of AB; 
therefore 4G, which is equal to DG, is equal to 4B. 

Hence the. angle AGD is equal to the angle ABG. 

Therefore the angle 4BD is also double of the angle EBC; 
so that the angle £C is one-third of the angle ABC. 


So far Pappus, who reduces the construction to the drawing of BE so 
that DE shall be equal to twice 4B. 

This is what the conchoid constructed with B as pole, AC as directrix, and 
distance equal to twice AB enables us to do; for that conchoid cuts 4Z in 
the required point Æ. 

(^) Use of the guadratrix. 


The plural guadvatrices in the above passage is a Hellenism for the 
singular guadratrix, which was a curve discovered by Hippias of Elis about 
420 B.C. According to Proclus (p. 356, 11) Hippias proved its properties ; 
and we are told (1) in the passage quoted above that Nicomedes also 
investigated it and that it was used for trisecting an angle, and (2) by Pappus 
(Iv. pp. 250, 33—252, 4) that it was used by Dinostratus and Nicomedes and 
some more recent writers for squaring the circle, whence its name. It is 
described thus (Pappus 1v. p. 252). 

Suppose that 4 BCD is a square and BED a quadrant of a circle with 
centre 4. 

Suppose (1) that a radius of the circle moves 
uniformly about 4 from the position 4B to the 
position 4D, and (2) that in the same time the 
line BC moves uniformly, always parallel to itself, 
and with its extremity B moving along BA, from 
the position BC to the position 4D. 

Then the radius AZ and the moving line BC 
determine at any instant by their intersection a 


point F. 
The locus of Fis the guadratrix. 
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The property of the curve is that, if F is any point, the arc BED is 
to the arc ED as AB is to FA. 
In other words, if ¢ is the angle 742, p the radius vector 44 P and a the 


side of the square, 
(psin $)/a = $/}r. 

Now the angle £4 can not only be /risecfed but divided in any given 
ratio by means of the quadratrix (Pappus 1v. p. 286). 

For let FH be divided at X in the given ratio. 

Draw XL parallel to 4D, meeting the curve in Z; join AZ and produce 
it to meet the circle in AN. 

Then the angles LAN, NAD are in the ratio of FX to KZ, as is easily 
proved. 


(c) Use of the spiral of Archimedes. 


The trisection of an angle, or the division of an angle in any ratio, by 
means of the spiral of Archimedes is of course an equally simple matter. 
Suppose any angle included between the two radii vectores OA and OB of the 
spiral, and let it be required to cut the angle 440 in a given ratio. Since 
the radius vector increases proportionally with the angle described by the 
vector which generates the curve (reckoned from the original position of the 
vector coinciding with the initial line to the particular position assumed), we 
have only to take the radius vector OB (the greater of the two O.4, OB), 
mark off OC along it equal to OA, cut CB in the given ratio (at D say), and 
then draw the circle with centre O and radius OD cutting the spiral in Æ. 
Then OE will divide the angle AOB in the required manner. 


PROPOSITION IO. 


To bisect a given finite straight line. 


Let AB be the given finite straight line. 
Thus it is required to bisect the finite straight line 4 B. 
Let the equilateral triangle ABC be 


constructed on it, (N13 S 
and let the angle ACB be bisected by the 
straight line CD; 1. 9) 


I say that the straight line 447 has 
been bisected at the point D.. 
For, since AC is equal to CB, A D B 
and CD is common, 
the two sides AC, CD are equal to the two sides BC, 
CD respectively ; 
and the angle ACD is equal to the angle BCD ; 
therefore the base 4D is equal to the base BD. (i. 4] 


Therefore the given finite straight line 48 has been 
bisected at D, Q. E. F. 
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Apollonius, we are told (Proclus, pp. 279, 16— 280, 4), bisected a straight 
line AB by a construction like that of r. 1. 
With centres A, B, and radii 4B, BA respec- 
tively, two circles are described, intersecting in 
C, D. Joining CD, AC, CB, AD, DB, Apol- 
lonius proves in two steps that CD bisects 4 2. 


(1) Since, in the triangles 4CD, BCD, 
two sides ÆC, CD are equal to two sides 
BC, CD, 
and the bases AD, BD are cqual, 


the angle ACD is equal to the angle 
BCD. [r. 8] 


(2) The latter angles being equal, and AC being equal to CB, while CE 
is common, 
the equality of AE, EB follows by r. 4. 


The objection to this proof is that, instead of assuming the bisection of 
the angle ACB, as already effected by 1. 9, Apollonius goes a step further 
back and embodies a construction for bisecting the angle. That is, he 
unnecessarily does over again what has been done before, which is open to 
objection from a theoretical point of view. 

Proclus (pp. 277, 25—279, 4) warns us against being moved by this 
proposition to conclude that geometers assumed, as a preliminary hypothesis, 
that a line is not made up of indivisible parts (€& duepwv). This might he 
argued thus. If a line is made up of indivisibles, there must be in a finite 
line either an odd or an even number of them. If the number were odd, 
it would be necessary in order to bisect the line to bisect an indivisible (the 
odd one). In that case therefore it would not be possible to bisect a straight 
line, if it is a magnitude made up of indivisibles. But, if it is not so made 
up, the straight line can be divided ad infinitum or without limit (èr' dmaupov 
Siarpetrac). Hence it was argued ($acív), says Proclus, that the divisibility 
of magnitudes without limit was admitted and assumed as a geometrical 
principle. To this he replies, following Geminus, that geometers did indeed 
assume, by way of a common notion, that a continuous magnitude, i.e. a 
magnitude consisting of parts connected together (cw7nppevur), is divisible 
(Scarperov). But infinite divisibility was not assumed by them; it was proved 
by means of the first principles applicable to the case. ‘For when,” he 
says, they prove that the incommensurable exists among magnitudes, and 
that it is not all things that are commensurable with one another, what 
else will any one say that they prove but that every magnitude can be 
divided for ever, and that we shall never arrive at the indivisible, that 
is, the least common measure of the magnitudes? This then is matter of 
demonstration, whereas it is an axtom that everything continuous is divisible, 
so that a finite continuous line is divisible. The writer of the Elements 
bisects a finite straight line, starting from the latter notion, and not from any 
assumption that it is divisible without limit.” Proclus adds that the proposition 
may also serve to refute Xenocrates’ theory of indivisible lines (dropos ypappat). 
The argument given by Proclus to disprove the existence of indivisible lines 
is substantially that used by Aristotle as regards magnitudes generally (cf. 
Physics V1. 1, 231 a 21 sqq. and especially vi. 2, 233 b 15—32). 
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PROPOSITION II. 


To draw a straight line at right angles toa given straight 
line from a given point on 1t. 
Let AB be the given straight line, and C the given point 
on it. 
s Thus it is required to draw from the point C a straight 
line at right angles to the straight 
line AZ. 
Let a point D be taken at ran- 
dom on 4C; 
to let CE be made equal to CD; [t. 3] 
on DE let the equilateral triangle 
FDE be constructed, [1. 1] 
and let FC be joined ; 
I say that the straight line FC has been drawn at right 
1s angles to the given straight line 42 from C the given point 
on it. 
For, since DC is equal to CZ, 
and CF is common, 
the two sides DC, CF are equal to the two sides EC, 
20 CF respectively ; 
and the base DF is equal to the base F£ ; 
therefore the angle DCF is equal to the angle ECE; 


1.8 

and they are adjacent angles. s 

But, when a straight line set up on a straight line makes 

25 the adjacent angles equal to one another, each of the equal 

angles is right ; [Def. ro] 

therefore each of the angles DCF, FCE is right. 

Therefore the straight line CF has been drawn at right 

angles to the given straight line 42 from the given point 
3C on it. 


A D C E 8 


Q. F. F. 


10. let CE be made equal to CD. The verb is xela6o which, as well as the other 
arts of xeipaa, is constantly used for the passive of riOnus ‘to place” ; and the latter word 
is constantly used in the sense of making, e.g., one straight line equal to another straight line. 


De Morgan remarks that this proposition, which is “to bisect the angle 
made by a straight line and its continuation " [i.e. a /fa angle], should be a 
particular case of 1. 9, the constructions being the same. This is certainly 
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worth noting, though I doubt the advantage of rearranging the propositions 
in consequence. 

Apollonius gave a construction for this proposition (see Proclus, p. 282, 8) 
differing from Euclid's in much the same way as his construction for bisecting 
a straight line differed from that of 1. 10. Instead of assuming an equilateral 
triangle drawn without repeating the process of 1. 1, Apollonius takes D and 
E equidistant from C as in Euclid, and then draws circles in the manner of 


F 
A D C E 8 

I. I meeting at Æ This necessitates proving again that DF is equal to FE; 
whereas Euclid’s assumption of the construction of 1. 1 in the words “let the 
equilateral triangle “DZ be constructed” enables him to dispense with the 
drawing of circles and with the proof that DF is equal to FZ at the same 
time. While however the substitution of Apollonius’ constructions for 1. 1o 
and 11 would show faulty arrangement in a theoretical treatise like Euclid’s, 
they are entirely suitable for what we call practical geometry, and such may 
have been Apollonius’ object in these constructions and in his alternative for 
I. 23. 

Proclus gives a construction for drawing a straight line at right angles to 
another straight line but from one end of it, instead of from an intermediate 
point on it, it being supposed (for the sake of argument) that we are not 
permitted to produce the straight line. In the commentary of an-Nairizi (ed. 
Besthorn-Heiberg, pp. 73—4; ed. Curtze, pp. 54—5) this construction is 
attributed to Heron. 

Let it be required to draw from A a straight line at right angles to 47. 

On AP take any point C, and in the manner of the proposition draw CE 
at right angles to 4B. 

From CE cut off CD equal to AC, bisect the 
angle ACE by the straight line CF; [1. 9] 
and draw DF at right angles to CE meeting CF 
in Æ Join FA. 

Then the angle FAC will be a right angle. 

For, since, in the triangles 4CF, DCF, the 
two sides 4C, CF are equal to the two sides 
DC, CF respectively, and the included angles 
ACF, DCF are equal, 


the triangles are equal in all respects. [t. 4] 


Therefore the angle at 4 is equal to the angle at D, and is accordingly a 
right angle. 





PROPOSITION 12. 
To a given infinite straight line, from a gwen point 
which is not on tt, to draw a perpendicular straight line. 


Let AB be the given infinite straight line, and C the 
given point which is not on it; 
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sthus it is required to draw to the given infinite straight 

line 48, from the given point 

C which is not on it, a per- 
pendicular straight line. 

For let a point D be taken 

10 at random on the other side of 

the straight line 44 Z, and with 

centre C and distance CD let 

the circle EG be described ; 

[Post. 3] 

let the straight line EG 

15 be bisected at 77, | [1. 10] 


and let the straight lines CG, CH, C£ be joined. 
(Post. 1] 
I say that C77 has been drawn perpendicular to the given 
infinite straight line AB from the given point C which is 
not on it. 
2 For, since GH is equal to HE, 
and ÆC is common, 


the two sides GĦ, HC are equal to the two sides 
EH, HC respectively ; 


and the base CG is equal to the base CZ ; 
25 therefore the angle CHG is equal to the angle EAC. 


[r. 8) 
And they are adjacent angles. 


But, when a straight line set up on a straight line makes 
the adjacent angles equal to one another, each of the equal 
angles is right, and the straight line standing on the other is 

jo called a perpendicular to that on which it stands. [Def. 1o] 

Therefore CH has been drawn perpendicular to the given 
infinite straight line AB from the given point C which is 
not on it. 





Q. E. F. 


2. & perpendicular straight line, xádero» eU8cia» -ypauutjv. This is the full expression 
for a perpendicular, ká&eros meaning fet full or let down, so that the expression corresponds 
tu our p/umb-line. h káÜeros is however constantly used alone for a perpendicular, pau 
being understood. 

10. on the other side of the straight Jine AB, literally ‘“‘ towards the other parts of 
the straight line AB," ¿rl rà Erepa uépn ris AB. Cf. ‘‘on the same side" (és rà aírà 
pépn) in Post. § and ‘in both directions” (é$' éxárepa rà uépy) in Def. 23. 


*'This problem," says Proclus (p. 283, 7— 10), "was first investigated 
by Oenopides [sth cent s.c.) who thought it useful for astronomy. He 
however calls the perpendicular, in the archaic manner, (a line drawn) 
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gnomon-wise (xara yvupova), because the gnomon is also at right angles to the 
horizon.” In this earlier sense the gvomon was a staff placed in a vertical 
position for the purpose of casting shadows and so serving aS a means of 
measuring time (Cantor, Geschichte der Mathematik, 1s, p. 161). The later 
meanings of the word as used in Eucl. Book mn. and elsewhere will be 
explained in the note on Book 11. Def. 2. 

Proclus says that two kinds of perpendicular were distinguished, the “plane” 
(émiredos) and the “solid” (orepea), the former being the perpendicular 
dropped on a line in a plane and the latter the perpendicular dropped on a 
plane. The term “solid perpendicular” is sufficiently curious, but it may 
perhaps be compared with the Greek term “solid locus” applied to a conic 
section, apparently on the ground that it has its origin in the section of a 
solid, namely a cone. 

Attention is called by most editors to the assumption in this proposition 
that, if only D be taken on the side of 42 remote from C, the circle described 
with CD as radius must necessarily cut 48 in two points. To satisfy us of 
this we need, as in I. 1, some postulate of continuity, e.g. something like that 
suggested by Killing (see note on the Principle of Continuity above, p. 235): 
“If a point (here the point describing the circle] moves in a figure which is 
divided into two parts Ib by the straight line], and 1f it belongs at the beginning 
of the motion to one part and at another stage of the motion to the other 
part, it must during the motion cut the boundary between the two parts," and 
this of course applies to the motion in £o directions from D. 

But the editors have not, as a rule, noticed a possible objection to the 
Euclidean statement of this problem which is much more difficult to dispose 
of at this stage, i.e. without employing any proposition later than this in 
Euclid's order. How do we know, says the supposed critic, that the circle 
does not cut ABZ in three or more points, in which case there would be not 
one perpendicular but /Aree or more? Proclus (pp. 286, 12—289, 6) tries to 
refute this objection, and it is interesting to follow his argument, though it 
will easily be seen to be inconclusive. He takes in order three possible 
suppositions. 


1. May not the circle meet 42 ina third point X between the middle 
point of GE and either extremity of it, taking the form drawn in the figure 
appended ? 

Suppose this possible. Bisect GÆ in Æ. Join CZ, and produce it to 
meet the circle in Z. Join CG, CK, CE. 

Then, since CG is equal to CE, and 
CH is common, while the base GH is 
equal to the base HZ, 

the angles CHG, CHE are equal and, 
since they are adjacent, they are both right. 

Again, since CG 1 G — to CE, : 

the angles at G an are equa —— 

Lastly, ance CK is equal to CG and s t e p 
also to CE, the angles CGK, CKG are 
equal, as also are the angles CKE, CEK. 

Since the angles CGK, CEX are equal, it follows that 


the angles CAG, CKE are equal and therefore both right. 
Therefore the angle CKHĦ is equal to the angle CHK, 
and CZ is equal to CK. 
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But CX is equal to CZ, by the definition of the circle; therefore CZ is 
equal to CL: which is impossible. 
Thus Proclus; but why should not the circle meet 428 in # as well as Æ? 
2. May not the circle meet AB in A the middle point of GZ and take 
the form shown in the second figure ? | | 
In that case, says Proclus, join CG, CH, CE as before. Then bisect HZ 
at XK, join CX and produce it to meet 
the circumference at Z. 
Now, since AX is equal to KZ, CK 
is common, and the base CZ is equal to 
the base CZ, 
the angles at Æ are equal and therefore 
both right angles. 
Therefore the angle C/ZK is equal to d É 5 
the angle CK ZZ, whence CK is equal to CZ L 
and therefore to CZ: which is impossible. 
So Proclus; but why should not the circle meet 4B in Æ as well as Æ? 


3. May not the circle meet 4B in swo points besides G, Æ and pass, 
between those two points, to the side of 4B towards C, as in the next figure? 
Here again, by the same method, Proclus proves that, Æ, Z being the 
other two points in which the circle cuts 
AB, 


CK is equal to CZ, 


and, since the circle cuts CZ in M, 

CM is equal to CK and therefore to 
CH: which is impossible. 

But, again, why should the circle not 
cut AB in the point Æ as well? A G-—KkH CE 

In fact, Proclus' cases are not mutually 
exclusive, and his method of proof only enables us to show that, if the circle 
meets 44Z in one more point besides G, E, it must meet it in more points 
still. We can always find a new point of intersection by bisecting the distance 
separating any two points of intersection, and so, applying the method ad 
infinitum, we should have to conclude ultimately that the circle with radius 
CH (or CG) coincides with AB. It would follow that a circle with centre 
C and radius greater than CH would not meet 442 at all. Also, since all 
straight lines from C to points on AB would be equal in length, there would 
be an infinite number of perpendiculars from C on AZ. 

Is this under any circumstances possible? It is not possible in Euclidean 
space, but it is possible, under the Riemann hypothesis {where a straight line 
is a “closed series” and returns on itself), in the case where C is the pole of 
the straight line 42. 

It is natural therefore that, for a proof that in Euclidean space there is 
only one perpendicular from a point to a straight line, we have to wait until 
1. 16, the precise proposition which under the Riemann hypothesis is only valid 
with a certain restriction and not universally. There is no difficulty involved 
by waiting until 1. 16, since 1. 12 is not used before that proposition is reached ; 
and we are only in the same position as when, in order to satisfy ourselves of 
the number of possible solutions of 1. 1, we have to wait till 1. 7. 

But if we wish, after all, to prove the truth of the assumption without 
recourse to any later proposition than 1. 12, we can do so by means of this 
same invaluable 1. 7. 
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If the circle intersects AB as before in G, Æ, let Æ be the middle point of 
GE, and suppose, if possible, that the 
circle also intersects 4B in any other point C 
K on AH. 
From Æ, on the side of AB opposite to 
C, draw HZL at right angles to 4B, and 
make ÆZ equal to ÆC. A d E 
Join CG, ZG, CK, LK. 
Now, in the triangles CHG, LAG, 
CA is equal to LH, and HG is common. L 
Also the angles CZZG, LHG, being 
both right, are equal. 
Therefore the base CG is equal to the base ZG. 
Similarly we prove that CX is equal to LX. 
But, by hypothesis, since Æ is on the circle, 


CK is equal to CG. 


Therefore CG, CK, LG, LK are all equal. 

Now the next proposition, 1. 13, will tell us that CZ, AZ are in a straight 
line; but we will not assume this. Join CZ. 

Then on the same base CZ and on the same side of it we have two pairs 
of straight lines drawn from C, Z to G and X such that CG is equal to CK 
and ZG to LK. 

But this is impossible [1. 7]. 

Therefore the circle cannot cut BA or BA produced in any point other 
than G on that side of CZ on which G is. 

Similarly it cannot cut 472 or 47 produced at any point other than E 
on the other side of CZ. 

The only possibility left therefore is that the circle might cut 4B in the 
same point as that in which CZ cuts it. But this is shown to be impossible 
by an adaptation of the proof of 1. 7. 

For the assumption is that there may be some point M on CZ such that 
CM is equal to CG and ZM to LG. 

If possible, let this be the case, and produce CG N 
to JV. 9 

Then, since CJ is equal to CG, 
the angle VG is equal to the angle GZ [1. 5, part 2}. 

Therefore the angle GAZ is greater than the angle 
MGL. E 

Again, since ZG is equal to ZM, 
the angle GMZ is equal to the angle MGZ. 

But it was also greater : which is impossible. 

Hence the circle in the original figure cannot cut AZ in the point in 
which CZ cuts it. 

Therefore the circle cannot cut 482 in any point whatever except G and £. 

[This proof of course does not prove that CX is /ess than CG, but only 
that it is not equal to it. The proposition that, of the obliques drawn 
from C to AP, that is less the foot of which is nearer to Æ can only be proved 
later. The proof by 1. 7 also fails, under the Riemann hypothesis, if C, Z are 
the poles of the straight line 4B, since the broken lines CGZ, CKLZ etc. 
become equal straight lines, all perpendicular to 4 2.] 


Proclus rightly adds (p. 289, 18 sqq.) that it is not ¢cessary to take D on 
the side of AB away from 4 if an objector “says that there is no space on 
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that side." If it is not desired to trespass on that side of 442, we can take D 
anywhere on ABZ and describe the arc of a circle between D and the point 
where it meets 4 again, drawing the arc on the side of 48 on which C is. 
If it should happen that the selected point D is such that the circle only meets 
AB in one point (D itself), we have only to describe the circle with CD as 
radius, then, if E be a point on this circle, take F a point further from C than 
£ is, and describe with C7 as radius the circular arc meeting 42 in two 
points. 


PROPOSITION 13. 


Jf a straight line set up on a straight line make angles, it 
will make either two right angles or angles equal to two right 
angles. 


For let any straight line AB set up on the straight line 
s CD make the angles CBA, ABD; 


l say that the angles CBA, ABD El A 
are either two right angles or equal to 
two right angles. 

Now, if the angle CBA is equal to 


D B c 

io the angle 4452, 
they are two right angles. (Def. 1o] 
But, if not, let BE be drawn from the point B at right 
angles to CD; (1. 11] 


therefore the angles CBZ, EBD are two right angles. 
ts Then, since the angle CBE is equal to the two angles 
CBA, ABE, 
let the angle EBD be added to each ; 
therefore the angles CBE, EBD are equal to the three 
angles CBA, ABE, EBD. [C X. 2] 
2 Again, since the angle DBA is equal to the two angles 
DBE, EBA, 
let the angle 4 BC be added to each; 
therefore the angles DBA. ABC are equal to the three 
angles DBE, EBA, ABC. [C. X. 2] 
25 But the angles CBZ, EBD were also proved equal to 
the same three angles; 
and things which are equal to the same thing are also 
equal to one another ; [C. N. 1] 
therefore the angles CBZ, EBD are also equal to the 
30 angles DBA, ABC. 
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But the angles CBZ, EBD are two right angles ; 


therefore the angles DBA, ABC are also equal to two 
right angles. 


Therefore etc. Q. E. D. 


17. let the angle EBD be added to each, literally “‘ let the angle EBD be added 
(so as to be) common," xou? rpooxelsOw 4 òrò EBA. Similarly cow) dgypicbw is used of 
subtracting a straight line or angle from each of two others. ‘‘ Let the common angle EBD 
be added" is clearly an inaccurate translation, for the angle is not common before it is added, 
i.e. the xou is rol epic: t Let the common angle be subtracted” as a translation of cor) 
4á$ppfs0w would be less unsatisfactory, it is true, but, as it is desirable to use corresponding 
words when translating the two expressions, it seems hopeless to attempt to keep the word 
** common," and I have therefore said ‘‘ to each’’ and ‘‘from each” simply. 


PROPOSITION 14. 


If with any straight line, and at a point on it, two straight 
lines not lying on the same side make the adjacent angles equal 
to two right angles, the two straight [ines will be zn a straight 
line with one another. 

5 For with any straight line 4, and at the point B on it, 
let the two straight lines BC, BD not lying on the same side 
make the adjacent angles ABC, ABD equal to two right 
angles ; 

I say that BD is in a straight line with CB. 

w For, if BD is not in a straight line E 


with BC, let BE be in a straight line E i 
with CP. 

Then, since the straight line 447 gg 5 D 
stands on the straight line CBE, 


15 the angles 4BC, ABE are equal to two right angles. 


(1. 13] 
But the angles 4BC, ABD are also equal to two right angles ; 


therefore the angles CBA, ABE are equal to the angles 
CBA, ABD. [Post. 4 and C. N. 1] 


Let the angle CBA be subtracted from each ; 


20 therefore the remaining angle 4 BE is equal to the remaining 
angle 4 BD, (C. N. 3] 


the less to the greater : which is impossible. 
Therefore BE is not in a straight line with CB. 


Similarly we can prove that neither is any other straight 
25 line except BD. | 
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Therefore CB is in a straight line with BD. 


Therefore etc. Q. E. D. 


1. If with any straight line.... There is no greater difficulty in translating the works 
of the Greek geometers than that of accurately giving the force of prepositions. pds, for 
instance, is used in all sorts of expressions with various shades of meaning. The present 
enunciation begins 'Eà» pós riv: ebela xal rq xpds abry onuely, and it is really necessary in 
this one sentence to translate wpés by three different words, with, af, and ow. The first pós 
must be translated by with because two straight lines ‘‘ make” an angle ws¢h one another. On 
the other hand, where the similar expression wpos ry S00eloy evOelg occurs in I. 23, but it is 
a question of ‘‘ constructing ” an angle (cverjoacba), we have to say ‘‘to construct on.a 
given straight line.” Against would perhaps be the English word coming nearest to 
expressing all these meanings of wpés, but it would be intolerable as a translation. 

17. Todhunter points out that for the inference in this line Post. 4, that all right angles 
are equal, is necessary as well as the Common Notion that things which are equal to the same 
thing (or rather, here, to equal things) are equal. A similar remark applies to steps in the 
proofs of 1. 1g and 1. 28. 

34. we can prove. The Greek expresses this by the future of the verb, delfouep, 
“we shall prove,” which however would perhaps be misleading in English. 


Proclus observes (p. 297) that two straight lines on the same side of another 
straight line and meeting it in one and the same 
point may make with one and the same portion D E 
of the straight line terminated at the point two 
angles which are together equal to two right angles, 
in which case however the two straight lines would 
not be in a straight line with one another. And C B 
he quotes from Porphyry a construction for two 
such straight lines in the particular case where they 
form with the given straight line angles equal 
respectively to half a right angle and one and a F 
half right angles. ‘There is no particular value in 
the construction, which will be gathered from the annexed figure where CZ, 
CF are drawn at the prescribed inclinations to CD. 


PROPOSITION 15. 
Jf two straight lines cut one another, they make the vertical 
angles equal to one another. 


For let the straight lines 428, CD cut one another at the 
point £ ; 


s I say that the angle AEC is equal to 4 
the angle DEB, E 
and the angle CEB to the angle © c 
AED. B 


For, since the straight line A£ stands 
10 on the straight line CD, making the angles CEA, AED, 
the angles CEA, AED are equal to two right angles 
LI. 13] 
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Again, since the straight line DE stands on the straight 
line 4B, making the angles AED, DEB, 


the angles AED, DEB are equal to two right angles. 


(1. 13] 
ıs But the angles CEA, AED were also proved equal to 
two right angles ; 


therefore the angles CEA, AED are equal to the 
angles AED DEB. [Post. 4 and C. N. 1} 


Let the angle AÆD be subtracted from each ; 


20 therefore the remaining angle CEA is equal to the 
remaining angle BED. [C. N. 3] 


Similarly it can be proved that the angles CEB, DEA 
are also equal. 
Therefore etc. Q. E. D. 


25 — [Ponisw. From this it is manifest that, if two straight 
lines cut one another, they will make the angles at the point 
of section equal to four right angles. ] 


1, the vertical angles. The difference between aayacent angles (al épetijs ywvla:) and 
vertical angles (al xara xopuphy ywrla) is thus explained by Proclus (p. 398, 14—24). The 
first term describes the angles made by two straight lines when one only is divided by the 
other, i.e. when one straight line meets another at a point which is not either of its extremi- 
ties, but is not itself produced beyond the point of meeting. When the first straight line is 
produced, so that the lines cross at the point, they make two pairs of vertical angles (which 
are more clearly described as vertically oppostte angles), and which are so called because their 
ao is from opposite directions to one point (the intersection of the lines) as vertex 

kopv$1)). 

26. at the point of section, literally **at the section," pds ry Troup. 


This theorem, according to Eudemus, was first discovered by Thales, but 
found its scientific demonstration in Euclid (Proclus, p. 299, 3—6). 

Proclus gives a converse theorem which may be stated thus. Z/a straight 
line ts met at one and the same point intermediate in its length by two other 
straight lines on different sides of tt and such as to make the vertical angles 
equal, the latter straight lines are in a straight line with one another. The 
proof need not be given, since it is almost self-evident, whether (1) it is direct, 
by means of 1. 13, 14, or (2) indirect, by reductio ad absurdum depending 
On I. IS. 

The balance of Ms. authority seems to be against the genuineness of this 
Porism, but Proclus and Psellus both have it. The word is not here used, as it 
is in the title of Euclid’s lost Portsms, to signify a particular class of independent 
propositions which Proclus describes as being in some sort intermediate between 
theorems and problems (requiring us, not to bring a thing into existence, but 
to find something which we know to exist). ortsm has here (and wherever 
the term is used in the Z/ements) its second meaning; it is what we call a 
corollary, i.e. an incidental result springing from the proof of a theorem or the 
solution of a problem, a result not directly sought but appearing as it were by 
chance without any additional labour, and constituting, as Proclus says, a sort 
of windfall (éppacov) and bonus (xépSos). These Porisms appear in both the 


5 


io in a straight line to 7; 


I$ 


20 
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geometrical and arithmetical Books of the Evements, and may either result 
from theorems or problems. Here the Porism is geometrical, and springs out 
of a theorem; vit. 2 affords an instance of an arithmetical Porism. As an 
instance of a Porism to a problem Proclus cites “that which is found in the 
second Book” (rò dy Q9 Sevrépp BiBrAiw xetpevov) ; but as to this see notes on 
I. 4 and Iv. 15. 

The present Porism, says Proclus, formed the basis of “that paradoxical 
theorem which proves that only the following three (regular) polygons can fill 
up the whole space surrounding one point, the equilateral triangle, the square, 
and the equilateral and equiangular hexagon.” We can in fact place round a 
point in this manner six equilateral triangles, three regular hexagons, or four 
squares. ‘But only the angles of these regular figures, to the number specified, 
can make up four right angles: a theorem due to the Pythagoreans.” 

Proclus further adds that it results from the Porism that, if any number of 
straight lines intersect one another at one point, the sum of all the angles so 
formed will still be equal to four right angles. This is of course what is 
generally given in the text-books as Corollary 2. 


PROPOSITION 16. 


In any triangle, if one of the sides be produced, the exterior 
angle is greater than either of the interior and opposite angles. 

Let ABC be a triangle, and let one side of it BC be 
produced to D; 

I say that the exterior angle ACD is greater than either 
of the interior and opposite angles 
CBA, BAC. 

Let AC be bisected at £ [1. ro], 
and let BE be joined and produced 


A 





let EF be made equal to BE (1. 3], 
let FC be joined [Post. i, and let 4C 8 
be drawn through to G (Post. 2]. 


Then, since 4 £ is equal to EC, ^ O8 
and BE to EF, 


the two sides AZ, EB are equal to the two sides CZ, 
EF respectively ; 
and the angle 4 ZB is equal to the angle FEC, 
for they are vertical angles. [t. 1s] 
Therefore the base 447 is equal to the base FC, 
and the triangle ABE is equal to the triangle CFE, 


and the remaining angles are equal to the remaining angles 
respectively, namely those which the equal sides subtend ; [t. 4] 


therefore the angle BAEZ is equal to the angle ECF. 
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25 But the angle ECD is greater than the angle ECF; 
[C. N. 5] 


therefore the angle ACD is greater than the angle BA E. 


Similarly also, if BC be bisected, the angle BCG, that is, 
the angle ACD [1. 15], can be proved greater than the angle 
ABC as well. 

Therefore etc. Q. E. D. 


1. the exterior angle, literally **the outside angle," 7 dxrds ywola. 

2. the interior and opposite angles, raév évrds xal dwevavrlov yw. 

12. let AC be drawn through to G. The word is 5:)x4w, a variation on the more 
usual éxBeBdrrjoOw, ‘‘let it be produced.” 

at. CFE, in the text ‘‘ FEC.” 


As is well known, this proposition is not universally true under the 
Riemann hypothesis of a space endless in extent but not infinite in size. On 
this hypothesis a straight line is a “closed series” and returns on itself; and 
two straight lines which have one point of intersection have another point of 
intersection also, which bisects the whole length of the straight line measured 
from the first point on it to the same point again; thus the axiom of Euclidean 
geometry that two straight lines do not enclose a space does not hold. If 44 
denotes the finite length of a straight line measured from any point once 
round to the same point again, 24 is the distance between the two intersections 
of two straight lines which meet. Two points 4, B do not determine one 
sole straight line unless the distance between them is different from 24. In 
order that there may only be one perpendicular from a point C to a straight 
line 4B, C must not be one of the two “poles” of the straight line. 

Now, in order that the proof of the present proposition may be universally 
valid, it is necessary that CF should always fall within the angle 4 CD so that, 
the angle 4 CF may be lessthan the angle 4C. But this will not always be 
so on the Riemann hypothesis. For, (1) if BZ is equal to A, so that BF is 
equal to 24, F will be the second point ın which BZ and BD intersect ; i.e. 
F will lie on CD, and the angle ACF will be egual to the angle ACD. In 
this case the exterior angle 4C will be egua? to the interior angle BAC. 
(2) If BE is greater than A and less than 2A, so that BF is greater than 24 
and less than 44, the angle 4CF will be greater than the angle 4 CD, and 
therefore the angle 4 CD will be ess than the interior angle BAC. Thus, e.g., 
in the particular case of a right-angled triangle, the angles other than the right 
angle may be (1) both acute, (2) one acute and one obtuse, or (3) both obtuse 
according as the perpendicular sides are (1) both less than A, (2) one less and 
the other greater than A, (3) both greater than A. 

Proclus tells us (p. 307, 1—12) that some combined this theorem with the 
next in one enunciation thus: Zz any triangle, if one side be produced, the 
exterior angle of the triangle is greater than either of the inierior and opposite 
angles, and any two of the interior angles are less than two right angles, the 
combination having been suggested by the similar enunciation of Euclid 1. 32, 
In any triangle, sf one of the sides be produced, the exterior angle is equal to the 
two interior and opposite angles, and the three interior angles of the triangle are 
equal to two right angles. 

The present proposition enables Proclus to prove what he did not succeed 
in establishing conclusively in his note on 1. 12, namely that from one point: 
there cannot be drawn to the same straight line three straight lines equal in length. 
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For, if possible, let AB, AC, AD be all equal, B, C, D being in a 
straight line. 

Then, since AB, AC are equal, the angles 
ABC, ACB are equal. A 

Similarly, since 48, AD are equal, the angles 
ABD, ADB are equal. 

Therefore the angle ACB is equal to the angle 
ADC, xe. the exterior angle to the interior and. g G D 
opposite angle: which is impossible. 

Proclus next (p. 308, 14 sqq.) undertakes to prove by means of 1. 16 that, 
if a straight line falling on two straight lines make the exterior angle equal to 
the Interior and opposite angle, the two straight lines will not form a triangle or 
meet, for in that case the same angle would be both greater and equal. 

The proof is really equivalent to that of Eucl. 1.27. If BE falls on the 
two straight lines 4.8, CD in such a way that the angle 
CDE is equal to the interior and opposite angle 48D, 4 c 
AB and CD cannot form a triangle or meet. For, if 
they did, then (by r. 16) the angle CDE would be 
greater than the angle ABD, while by the hypothesis 
it is at the same time egual to it. 

Hence, says Proclus, in order that B4, DC may 
form a triangle it is necessary for them to approach one 8 E 
another in the sense of being turned round one pair of 
corresponding extremities, e.g. B, D, so that the other extremities 4, C come 
nearer. This may be brought about in one of three ways: (1) AB may 
remain fixed and CD be turned about D so that the angle CDE increases ; 
(2) CD may remain fixed and 48 be turned about B so that the angle ABD 
ber ames smaller; (3) both 48 and CD may move so as to make the angle 
ABD smaller and the angle CDE larger at the same time. The reason, then, 
of the straight lines 48, CD coming to form a triangle or to meet is (says 
Proclus) ¢he movement of the straight lines. 

Though he does not mention it here, Proclus does in another passage 
(p. 371, 2—10, quoted on p. 207 above) hint at the possibility that, while 1. 16 
may remain universally true, either of the straight lines BA, DC (or both 
together) may be turned through any angle not greater than a certain finite 
angle and yet may not meet (the Bolyai-Lobachewsky hypothesis). 


PROPOSITION 17. 


In any triangle two angles taken together in any manner 
are less than two right angles. 


Let ABC be a triangle ; 


I say that two angles of the triangle ABC taken together in 
any manner are less than two right angles. 

For let BC be produced to D. [Post. 2] 

Then, since the angle ACD is an exterior angle of the 
triangle ABC, 

it is greater than the interior and opposite angle 4C. 
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Let the angle ACB be added to each; 


therefore the angles 44 CD, ACB are greater than the angles 
ABC, BCA. 


A 


B c D 


But the angles ACD, ACB are equal to two right angles. 


[r. 13] 
Therefore the angles 4 BC, BCA are less than two right 
angles. 

Similarly we can prove that the angles BAC, ACB are 
also less than two right angles, and so are the angles CAB, 
ABC as well. 

Therefore etc. 
Q. E. D. 


1. taken together in any manner, márrg peraħaußavóuevas, i.e. any pair added 
together. 


As in his note on the previous proposition, Proclus tries to state the cause 
of the property. He takes the case of two straight lines forming right angles 
with a transversal and observes that it is the convergence of the straight lines 
towards one another (ovuvevois trav eOeuov), the lessening of the two right angles, 
which produces the triangle. He will not have it that the fact of the exterior 
angle being greater than the interior and opposite angle is the cause of the 
property, for the odd reason that ‘‘it is not necessary that a side should be 
produced, or that there should be any exterior angle constructed...and how can 
what is not necessary be the cause of what is necessary ?" (p. 311, 17—21). 

Agreeably to this view, Proclus then sets himself to prove the theorem 
without producing a side of the triangle. 

Let ABC be a triangle. Take any point D on A 
BC, and join AD. 

Then the exterior angle ADC of the triangle 4 BD 
is greater than the interior and opposite angle 4 BD. 

Similarly the exterior angle 4DB of the triangle §& D 
ADC is greater than the interior and opposite angle 
ACD. 

Therefore, by addition, the angles 4DB, ADC are together greater than 
the angles ABC, ACB. 

But the angles 4DB, ADC are equal to two right angles ; therefore the 
angles ABC, ACB are less than two right angles. 

Lastly, Proclus proves (what is obvious from this proposition) that (Aere 
cannot be more than one perpendicular to a straight line from a point without 
it. For, if this were possible, two of such perpendiculars would form a triangle 
in which two angles would be right angles: which is impossible, since any two 
angles of a triangle are together less than two nght angles. 
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PROPOSITION 18. 


In any triangle the greater side subtends the greater angle. 


For let ABC be a triangle having the side AC greater 
than AB; 


I say that the angle ABC is also greater than the angle 
BCA 


For, since AC is greater than AB, let AD be made equal 
to 4B [1. 3}, and let BD be joined. 

Then, since the angle d4DB A 
is an exterior angle of the triangle D 
BCD, 


it is greater than the interior 
and opposite angle DCB. [1 16} B © 


But the angle DB is equal 
to the angle ABD, 


since the side 4 Z is equal to AD; 


therefore the angle ABD is also greater than the angle 
ACB; 


therefore the angle AAC is much greater than the angle 
ACB. 
Therefore etc. 
Q. E. D. 


In the enunciation of this proposition we have tworelvew (**subtend") used with the 
simple accusative instead of the more usual Uwé with accusative. The latter construction 
is used in the enunciation of 1. 19, which otherwise only differs from that of 1. 18 in the order 
of the words. The point to remember in order to distinguish the two is that the datum 
comes first and the guaesitum second, the datum being in this proposition the greater side 
and in the next the greater angie. Thus the enunciations are (1. 18) rarvrós rp«ydvov 7) uel fur 
*Aevpà Ti» pelfova ywrlay iworelves and (I. 19) mavrds Tprydvou Ud Thy pelfova ywwlay 1) 
mel{wy wreupd Unorelve. In order to keep the proper order in English we must use the 
passive of the verb in 1. tg. Aristotle quotes the result of 1. 19, using the exact wording, 
urd yàp Thv pel{w ywrlav vwrorelve (Meteorologica 111. 5, 376a 12). 


“In order to assist the student in remembering which of these two 
propositions [1. 18, 19) is demonstrated directly and 
which indirectly, it may be observed that the order is A 
similar to that in 1. 5 and 1. 6" (Todhunter). 

An alternative proof of 1. 18 given by Porpnyry D 
(see Proclus, pp. 315, 11— 316, 13) is interesting. It 
starts by supposing a length equal to 442 cut off from 
the other end of AC; that is, CD and not AD is B C 
made equal to 4B. 

Produce AB to Æ so that BE is equal to 4D, and 
join EC. 

Then, since AZ is equal to CD, and BE to AD, E 

AE is equal to AC. 
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Therefore the angle 4ZC is equal to the angle ACE. 
Now the angle ABC is greater than the angle AEC, [1. 16] 


and therefore greater than the angle 4C. 
Hence, a fortiori, the angle ABC is greater than the angle ACB. 


PROPOSITION 19. 


In any triangle the greater angle is subtended by the 
greater side. 


Let ABC be a triangle having the angle ABC greater 
than the angle BCA ; 


I say that the side 4C is also greater than the side 42. 
For, if not, AC is either equal to 4B or less. 


Now AC is not equal to 4B; A 
for then the angle ABC would also have been 
equal to the angle 4CB; (1. 5] 
but it is not ; 
therefore AC is not equal to 747. c 


Neither is 4C less than 4B, 
for then the angle ABC would also have been less than the 
angle ACB; (1. 18] 
but it is not ; 
therefore AC is not less than 42. 
And it was proved that it is not equal either. 
Therefore AC is greater than AZ. 
Therefore etc. Q. E. D. 


This proposition, like 1. 6, can be proved by merely /ogica/ deduction from 
4. § and 1. 18 taken together, as pointed out by De Morgan. The general 
form — argument used by De Morgan is given in his Formal Logic (1847), 
. 25, thus: 

: V Hypothesis. Let there be any number of propositions or assertions— 
three for instance, X, Y and Z—of which it is the property that one or the 
other must be true, and one only. Let there be three other propositions 
P, Q and 7 of which it is also the property that one, and one only, must be 
true. Let it be a connexion of those assertions that : 

when X is true, P is true, 

when Y is true, Q is true, 

when Z is true, A is true. 
Consequence : then it follows that, 

when P is true, X is true, 

when Q is true, Y is true, 

when A is true, Z is true.” 
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To apply this to the case before us, let us denote the sides of the triangle 
BC by a, 6, «, and the angles opposite to these sides by 44, B, C respectively, 
and suppose that a is the base. 
Then we have the three propositions, 
when is equal to c, B is equal to C, (1. 5] 
when å is greater than ¢, B is greater than ^) [. 18] 
when is less than c, B is less than C, 3 
and it follows /ogica//y that, 
when JB is equal to C, b is equal to ç, (1. 6] 
when 2 is greater than C, ? is greater than 2 [r. 19] 
when JZ is less than C, 2 is less than c. I 


Reductio ad absurdum by exhaustion. 


Here, says Proclus (p. 318, 16—23), Euclid proves the impossibility “ by 
means of division" (dx Bwupécews) This means simply the separation of 
different hypotheses, each of which is inconsistent with the truth of the 
theorem to be proved, and which therefore must be successively shown to be 
impossible. If a straight line is not greater than a straight line, it must be 
either equal to it or less; thus in a reductio ad absurdum intended to prove 
such a theorem as 1. 19 it is necessary to dispose successively of #20 hypotheses 
inconsistent with the truth of the theorem. 


Alternative (direct) proof. 


Proclus gives a direct proof (pp. 319—321) which an-Nairizi also has and 
attributes to Heron. It requires a lemma and is consequently open to the 
slight objection of separating a theorem from its converse. But the lemma 
and proof are worth giving. 


Lemma. 


Jf an angle of a triangle be bisected and the straight line bisecting it meet the 
base and divide it into unequal parts, the sides containing the angle will be 
unequal, and the greater will be that which meets the greater segment of the base, 
and the less that which meets the less. 


Let AD, the bisector of the angle 4 of the triangle 4BC, meet BC in D, 
making CD greater than BD. 

I say that AC is greater than 42. 

Produce AD to £ so that DE is equal to 
AD. And, since DC is greater than BD, cut 
off DF equal to BD. 

Join E and produce it to G. 

Then, since the two sides AD, DS are 
equal to the two sides ED, DF, and the 
vertical angles at D are equal, 

AB is equal to EF, 
and the angle DEF to the angle BAD, 
i.e. to the angle DAG (by hypothesis). 
Therefore AG is equal to EG, 
and therefore greater than E, or AP. 
Hence, a fortiori, AC is greater than 47. 
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Proof of I. rg. 


a ABC be a triangle in which the angle ABC is greater than the angle 
ACB. 

Bisect BC at D, join AD, and produce it to E so that DE is equal to 
AD. Join BE. 

Then the wo sides BD, DE are equal to the two A 
sides CD, DA, and the vertical angles at D are equal ; 

therefore BZ is equal to AC, 

and the angle DBE to the angle at C. 

But the angle at C is less than the angle ABC; 

therefore the angle DBE is less than the angle B c 
ABD. 

Hence, if BF bisect the angle ABE, BF meets 
AE between 4 and D. Therefore ÆF is greater 
than FA. E 

It follows, by the lemma, that BE is greater than 
BA, 

that is, 4C is greater than AB. 


PROPOSITION 20. 


In any triangle two sides taken together in any manner 
are greater than the remaining one. 


For let ASC be a triangle ; 


I say that in the triangle ABC two sides taken together in 
any manner are greater than the remaining one, namely 


BA, AC greater than BC, 
AB, BC greater than AC, 
BC, CA greater than 44 7. 


For let BA be drawn through to the point D, 
let DA be made equal to C4, and let DC be 
joined. 

Then, since DA is equal to AC, 
the angle ADC is also equal to the angle A 


ACD; (1. 5] 
therefore the angle BCD is greater than 
the angle ADC. (C. N. 5] 


And, since DCB is a triangle having the angle BCD 
greater than the angle BDC, 


and the greater angle is subtended by the greater side, 


[1. rg} 
therefore DZ is greater than BC. 
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But DA is equal to AC; 
therefore BA, AC are greater than BC. 


Similarly we can prove that 48, BC are also greater 
than CA, and BC, CA than ABZ. 
Therefore etc. 


Q. E. D 


It was the habit of the Epicureans, says Proclus (p. 322), to ridicule this 
theorem as being evident even to an ass and requiring no proof, and their 
allegation that the theorem was “known” (yvupipov) even to an ass was based 
on the fact that, if fodder is placed at one angular point and the ass at another, 
he does not, in order to get to his food, traverse the two sides of the triangle 
but only the one side separating them (an argument which makes Savile exclaim 
that its authors were “digni ipsi, qui cum Asino foenum essent,” p. 78). 
Proclus replies truly that a mere perception of the truth of the theorem is a 
different thing from a scientific proof of it and a knowledge of the reason why 
it is true. Moreover, as Simson says, the number of axioms should not be 
increased without necessity. 


Alternative Proofs. 


Heron and Porphyry, we are told (Proclus, pp. 323—6), proved this 
theorem in different ways as follows, without producing one of the sides. 


First proof. 


Let ABC be the triangle, and let it be required to prove that the sides 
BA, AC are greater than BC. 

Bisect the angle BAC by AD meeting BC in D. A 

Then, in the triangle 45D, 

the exterior angle ADC is greater than the 
interior and opposite angle BAD, [1. 16] 


that is, greater than the angle DAC. 
Therefore the side AC is greater than the side 8 D 


i l. 19 
Similarly we can prove that 4B is greater than BD. 
Hence, by addition, BA, AC are greater than BC. 
Second proof. 
This, like the first proof, is direct. There are several cases to be considered. 
If the triangle is egu/ateral, the truth of the proposition is obvious. 
2) If the triangle is ssosce/es, the proposition needs no proof in the case 
(a) where each of the equal sides is greater than the 


(^) If the base is greater than either of the other sides, we have to prove 
that the sum of the two equal sides is greater than 


the base. Let BC be the base in such a triangle. A 
Cut off from BC a length BD equal to 48, and 
join AD. 
Then, in the triangle 427, the exterior angle 
ADC is greater than the interior and opposite angle 8 D c 
BAD. I. 16 


Similarly, in the triangle 4 DC, the exterior angle 4D is greater than the 
interior and opposite angle CA D. 


288 BOOK I [t. 20 


By addition, the two angles BDA, ADC are together greater than the 
two angles BAD, DAC (or the whole angle BAC). 

Subtracting the equal angles BDA, BAD, we have the angle 4DC 
greater than the angle CAD. 

It follows that AC is greater than CD; [1. 19] 


and, adding the equals 44, BD respectively, we have BA, AC together 
greater than BC. 


(3) If the triangle be sca/ene, we can arrange the sides in order of length. 
Suppose SC is the greatest, 4B the intermediate and AC the least side. 
Then it is obvious that 438, BC are together greater than AC, and BC, CA 
together greater than 47. 

It only remains therefore to prove that CA, AB are together greater 
than BC. 

We cut off from BC a length BD equal to the adjacent side, join AD, and 
proceed exactly as in the above case of the isosceles triangle. 

Third proof. 

This proof is by reductio ad absurdum. 

Suppose that BC is the greatest side and, as before, we have to prove that 
BA, AC are greater than BC. 

If they are not, they must be either equal to A 
or less than BC. 


(1) Suppose BA, AC are together equal 
to BC. 

From BC cut off BD equal to BA, and 8 D c 
join AD. 

It follows from the hypothesis that DC is equal to AC. 

Then, since BA is equal to BD, 
the angle BDA is equal to the angle BAD. 

Similarly, since AC is equal to CD, 
the angle CDA is equal to the angle CAD. 

By addition, the angles BDA, ADC are together equal to the whole angle 
BAC. 

That is, the angle BAC is equal to two right angles: which is impossible. 


(2) Suppose BA, AC are together less than BC. 

From BC cut off BD equal to BA, and from CB cut off CE equal to 
CA. Join AD, AE. 

In this case, we prove in the same way that A 
the angle BDA is equal to the angle BAD, and 
the angle CEA to the angle CAE. 

By addition, the sum of the angles BDA, 
AEC is equal to the sum of the angles BAD, D E 
CAE. 

Now, by 1. 16, the angle BDA is greater than the angle DAC, and 
therefore, a fortiori, greater than the angle ZAC. 

Similarly the angle AZC is greater than the angle BAD. 

Hence the sum of the angles BDA, AEC is greater than the sum of the 
angles BAD, EAC. 

But the former sum was also equal to the latter: which is impossible. 


I. 21] PROPOSITIONS 20, 21 289 


PROPOSITION 21. 


Jf on one of the sides of a triangle, from its extremities, 
there be constructed two straight lines meeting within the 
triangle, the straight lines so constructed will be less than the 
remaining two sides of the triangle, but will contain a greater 

5 angle. 


On BC, one of the sides of the triangle ABC, from its 
extremities &, C, let the two straight lines BD, DC be con- 
structed meeting within the triangle ; 

I say that BD, DC are less than the remaining two sides 

10 of the triangle BA, AC, but contain an angle BDC greater 
than the angle BAC. 

For let ZD be drawn through, to Æ. 

Then, since in any triangle two 
sides are greater than the remaining 

15 ONE, [1. 20] 
therefore, in the triangle ABZ, the 
two sides 4 B, AZ are greater than BEL. 

Let EC be added to each ; 

therefore BA, AC are greater than BE, EC. 
2 + Again, since, in the triangle CED, 
the two sides CE, ED are greater than C2, 
let DB be added to each ; 
therefore CE, EP are greater than CD, DB. 

But BA, AC were proved greater than BE, EC; 

25 therefore BA, AC are much greater than BD, DC. 


Again, since in any triangle the exterior angle is greater 
than the interior and opposite angle, [1. 16] 
therefore, in the triangle CDE, 
the exterior angle BDC is greater than the angle CED. 
30 For the same reason, moreover, in the triangle A BE also, 
the exterior angle CEP is greater than the angle BAC. 
But the angle BDC was proved greater than the angle CEZ; 


therefore the angle BDC is much greater than the angle 
BAC. 
35 Therefore etc. Q. E. D. 


2. be constructed...meeting within the triangle. The word ‘“‘meeting” is not in 
the Greek, where the words are évrés gvoraddow. ouwloracda is the word used of con- 
structing two straight lines fo a point (cf. 1. 7) or so as to form a triangle ; but it is necessary 
in English to indicate that they meet. 

3. the straight lines so constructed. Observe the elegant brevity of the Greek al 
cvoradeicat, 
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The editors generally call attention to the fact that the lines drawn within 
the triangle in this proposition must be drawn, 
as the enunciation says, from the ends of the Â 
side; otherwise it is not necessary that their 
sum should be less than that of the remainin 
sides of thetriangle. Proclus (p. 327, 12 sqq. 
gives a simple illustration. 

Let ABC be a right-angled triangle. Take 
any point D on BC, join DA, and cut off 
from it DE equal to AB. Bisect AE at F, 8 D C 
and join FC. 

Then shall CF, FD be together greater than CA, AB. 

For CF, FE are equal to CF, FA, 
and therefore greater than CA. 
Add the equals ED, 4B respectively ; 
therefore CF, FD are together greater than CA, 4B. 

Pappus gives the same proposition as that just proved, but follows it up 
by a number of others more elaborate in character, selected apparently from 
- “the so-called paradoxes ” of one Erycinus (Pappus, itt. p. 106 sqq.) Thus 
he proves the following : 

1. In any triangle, except an equilateral triangle or an isosceles triangle 
with base less than one of the other sides, it is possible to construct on the 
base and within the triangle two straight lines the sum of which is equal to 
the sum of the other two sides of the triangle. 

2. In any triangle in which it is possible to construct two straight lines on 
the base which are equal to the sum of the other two sides of the triangle it is 
also possible to construct two others the sum of which is greater than that sum. 

3. Under the same conditions, if the base is greater than either of the 
other two sides, two straight lines can be constructed in the manner described 
which are respectively greater than the other two sides of the triangle; and the 
lines may be constructed so as to be respectively egua/ to the two sides, if one 
of those two sides is less than the other and each of them less than the base. 

4. The lines may be so constructed that their sum will bear to the sum 
of the two sides of the triangle any ratio less than 2: 1. 

As a specimen of the proofs we will give that of the proposition which has 





been numbered (r) for the case where the triangle is isasceles (Pappus, 111. 
pp. 108—110). 
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Let ABC be an isosceles triangle in which the base AC is greater than 
either of the equal sides 4B, BC. 
With centre 44 and radius 4B describe a circle meeting 4C in D. 
Draw any radius 4 ZF such that it meets BC ina point F outside the circle. 
Take any point G on EF, and through it draw GH parallel to AC. Take 
any point X on GĦ, and draw ÆZ parallel to FA meeting 4C in Z. 
From BC cut off BN equal to EG. 
Thus AG, or LK, is equal to the sum of AB, BN, and CN is less than ZA. 
Now GF, FH are together greater than GA, 
and CH, HK together greater than CX. 
Therefore, by addition, 
CF, FG, HK are together greater than CA, HG. 
Subtracting 7X from each side, we see that 
CF, FG are together greater than CK, KG ; 
therefore, if we add AG to each, 
AF, FC are together greater than 4G, GK, KC. 
And AS, BC are together greater than AF, FC. [t. 21] 
Therefore AB, BC are together greater than 4G, GK, KC. 
But, by construction, 42, BN are together equal to AG; 
therefore, by subtraction, VC is greater than GK, KC, 
and a fortiori greater than KC. 
Take on XC produced a point M such that XM is equal to NC; 
with centre K and radius K 7f describe a circle meeting CZ in O, and join KO. 
Then shall ZX, KO be equal to AB, BC. 
For, by construction, ZX is equal to the sum of AB, BN, and XO is 
equal to NVC; 
therefore LK, KO are together equal to AB, BC. 


It is after 1. 21 that (as remarked by De Morgan) the important 
proposition about the perpendicular and obliques drawn from a point to a 
straight line of unlimited length is best introduced : 


Of all straight lines that can be drawn to a given straight line of unlimited 
length from a given point without it: 

(a) the perpendicular is the shortest ; 

(P) of the obliques, that ts the greater the foot of which is further from the 
perpendicular ; 

(c) given one obligue, only one other can be found of the same length, namely 
that the foot of which ts equally distant with the foot of the given one from the 
perpendicular, but on the other side of tt. 

Let A be the given point, BC the given straight line; let AD be 
the perpendicular from 4 on BC, 
and AL, AF any two obliques of 
which 4 makes the greater angle 
with 4D. 

Produce AD to 4’, making 4'D 
equal to AD, and join S'E, A' F. 

Then the triangles ADE, A'DE 
are equal in all respects; and so are 
the triangles ADF, A'DF. 

Now (1) in the triangle AEA’ the 
two sides AZ, EA’ are-greater than 44.4" [1. 20], that is, twice 4E is greater 
than twice AD. 





292 BOOK I [1. a1, 22 


Therefore AZ is greater than AD. 
(2) Since AZ, A'E are drawn to £, a point within the triangle AFA’, 
AF, FA' are together greater than AZ, £4’, (1. 21] 


or twice AF is greater than twice AE, 
Therefore AF is greater than AE. 
(3) Along DB measure off DG equal to DF, and join 4G. 
The triangles AGD, AFD are then equal in all respects, so that the 
angles GAD, FAD are equal, and AG is equal to AF. 


PROPOSITION 22. 


Out of three straight lines, which are egual to three given 
stratght lines, to construct a triangle: thus wt 1s necessary that 
two of the straight lines taken together in any manner should 
be greater than the remaining one. (1. 20] 

Let the three given straight lines be 4, B, C, and of these 
let two taken together in any manner be greater than the 
remaining one, 


namely 4, B greater than C, 
A, C greater than B, 
and D, C greater than 4 ; 


thus it is required to construct a triangle out of straight lines 
equal to 4, B, C. 








Let there be set out a straight line DZ, terminated at D 
but of infinite length in the direction of Æ, 
and let DF be made equal to 4, FG equal to B, and GH 
equal to C. (1. 3) 
With centre F and distance FD let the circle DAL be 
described ; 
again, with centre G and distance GH let the circle KL be 
described ; 
and let KF, KG be joined ; 
I say that the triangle KFG has been constructed out of 
three straight lineg equal to 4, B, C. 
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For, since the point Æ is the centre of the circle DXL, 
FD is equal to FK. 

But FD is equal to 4 ; 
therefore KF is also equal to A. 

Again, since the point G is the centre of the circle XH, 
GH is equal to GK. 

But GH is equal to C; 
therefore KG is also equal to C. 

And FG is also equal to 2; 


therefore the three straight lines A, FG, GX are equal to 
the three straight lines 4, B, C. 


Therefore out of the three straight lines KF, FG, GK, 
which are equal to the three given straight lines 4, B, C, the 


triangle K FG has been constructed. Q. E. F 


3—4. This is the first case in the Elements of a Biopupós to a problem in the sense of a 
statement of the conditions or limits of the possibility of a solution. The criterion is of 
course supplied by the preceding proposition. 

1 thus it is necessary. is is usually translated (e.g. by Williamson and Simson) 
t‘ But it is necessary," which is however inaccurate, since the Greek is not de? 3¢ but 8e: 84. 
The words are the same as those used to introduce the &vpupós in the other sense of the 
** definition " or ** particular statement" of a construction to be effected. Hence, as in the 
latter case we say ''thus it is required " (e.g. to bisect the finite straight line 4B, 1. 10), we 
should here translate “ /As; it is necessary. 

4. To this enunciation all the Mss. and Boethius add, after the &op«puós, the words 
**because in any triangle two sides taken together in any manner are greater than the 
remaining one." But this explanation has the appearance of a gloss, and it is omitted by 
n and Campanus. oreover there is no corresponding addition to the dupiopuds 
of vi. 38. 


It was early observed that Euclid assumes, without giving any reason, that 
the circles drawn as described will meet if the condition that any two of the 
straight lines 4, B, C are together greater than the third be fulfilled. Proclus 
(p. 331, 8 sqq.) argues the matter by means of reductio ad absurdum, but 
does not exhaust the possible hypotheses inconsistent with the contention. 
He says the circles must do one of three things, (1) cut one another, (2) touch 
one another, (3) stand apart (S«eordva:) from one another. He then considers 
the hypotheses (e) of their touching externally, (b) of their being separated 
from one another by a space. He should have considered also the hypothesis 
(c) of one circle touching the other internally or lying entirely within the 
other without touching. These three hypotheses being successively disproved, 
it follows that the circles must meet (this is the line taken by Camerer and 
Todhunter). 

Simson says: “Some authors blame Euclid because he does not 
demonstrate that the two circles made use of in the construction of this 
problem must cut one another: but this is very plain from the determination 
he has given, namely, that any twa of the straight lines DF, FG, GH must 
be greater than the third. For who is so dull, though only beginning to 
learn the Elements, as not to perceive that the circle described from the 
centre F, at the distance FD, must meet FH betwixt F and Z7, because FD 
is less than FÆ; and that, for the like reason, the circle described from the 
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centre G at the distance GH must meet DG betwixt D and G; and that 
these circles must meet one another, because FD and GH are together 
greater than FG." 

We have in fact only to satisfy ourselves that one of the circles, e.g. that 
with centre G, has at least one point of its circumference outside the other 
circle and also at least one point of its circumference inside the same circle; 
and this is best shown with reference to the points in which the first circle 
cuts the straight line DZ. For (1) FH, being equal to the sum of B and C, 
is greater than 4, i.e. than the radius of the circle with centre Æ, and therefore 
ÆA is outside that circle. (2) If GJ be measured along GF equal to GH 
or C, then, since G/M is either (a) less or (4) greater than GF, M will fall 
either (a) between G and F or (7) beyond F towards D; in the first case 
(a) the sum of FM and C is equal to FG and therefore less than the sum 
of A and C, so that FAM is less than 44 or FD; in the second case (2) the 
sum of MF and FG, i.e. the sum of MF and B, is equal to GM or C, and 
therefore less than the sum of 4 and B, so that MF is less than 4 or FD; 
hence in either case A falls within the circle with centre Æ 

It being now proved that the circumference of the circle with centre G 
has at least one point outside, and at least one point inside, the circle with 
centre 7, we have only to invoke the Principle of Continuity, as we have to 
do in 1. 1 (cf. the note on that proposition, p. 242, where the necessary 
postulate is stated in the form suggested by Killing). 

That the construction of the proposition gives only £wo points of 
intersection between the circles, and therefore only two triangles satisfying 
the condition, one on each side of FG, is clear from 1. 7, which, as before 
pointed out, takes the place, in Book 1., of 111. ro proving that two circles 
cannot intersect in more points than two. 


PROPOSITION 23. 


On a given straight line and at a point on it to construct a 
rectilineal angle equal to a given rectilineal angle. 

Let 44 P be the given straight line, 4 the point on it, and 
the angle DCE the given rectilineal angle; 

thus it is required to construct on the given straight line 
AB, and at the point 4 on it, a rectilineal angle equal to the 
given rectilineal angle DCE. 


D 
F 


£ 
A G B 


On the straight lines CD, CE respectively let the points 
D, £ be taken at random ; 
let DE be joined, 


and out of three straight lines which are equàl to the three 
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straight lines CD, DE, CE let the triangle AFG be con- 
structed in such a way that CD is equal to AF, CE to AG, 
and further DE to FG. [1. 22] 

Then, since the two sides DC, CE are equal to the two 
sides F4, AG respectively, 


and the base DÆ is equal to the base FG, 
the angle DCE is equal to the angle FAG. (1. 8] 


Therefore on the given straight line 48, and at the point 
A on it, the rectilineal angle FAG has been constructed equal 


to the given rectilineal angle DCE. Q. E. F. 


This problem was, according to Eudemus (see Proclus, p. 333, 5), rather 
the discovery of Oenopides," from which we must apparently infer, not that 
Oenopides was the first to find any solution of it, but that it was he who dis- 
covered the particular solution given by Euclid. (Cf. Bretschneider, p. 65.) 

The editors do not seem to have noticed the fact that the construction of 
the triangle assumed in this proposition is not exactly the construction given 
in I. 22. We have here to construct a triangle on a certain finite straight line 
AG as base; in I. 22 we have only to construct a triangle with sides of given 
length without any restriction as to how it is to be placed. Thus in I. 22 we 
set out any line whatever and measure successively three lengths along it 
beginning from the given extremity, and what we must regard as the base is the 
intermediate length, not the length beginning at the given extremity, of the 
straight line arbitrarily set out. Here the base is a given straight line abutting 
at a given point. Thus the construction has to be modified somewhat from 


| A 


that of the preceding proposition. We must measure 4G along 44 so that 
AG is equal to CE (or CD), and GA along GB equal to DZ; and then we 
must produce BA, in the opposite direction, to 7, so that 4 F is equal to CD 
(or CZ, if AG has been made equal to CD). 

Then, by drawing circles (1) with centre 4 and radius 4, (2) with centre 
G and radius GĦ, we determine K, one of their points of intersection, and we 
prove that the triangle XAG is equal in all respects to the triangle DCE, and 
then that the angle at 44 is equal to the angle DCE. 

I think that Proclus must (though he does not say so) have felt the same 
difficulty with regard to the use in 1. 23 of the result of t. 22, and that this is 
probably the reason why he gives over again the construction which I have 
given above, with the remark A 334, 6) that “you may obtain the construction 
of the triangle in a more instructive manner (8dacxaAuuwrepov) as follows.” 

Proclus objects to the procedure of Apollonius in constructing an angle 
under the same conditions, and certainly, if he quotes Apollonius correctly, the 
latter’s exposition must have been somewhat slipshod. 
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“He takes an angle CD E at random," says Proclus (p. 335, 19 Sqq.), and 
a straight line 4Z, and with centre D and distance 
CD describes the circumference CZ, and in the same c 
way with centre 4 and distance 4B the circumference 
FB. Then, cutting off ZZ equal to CZ, he joins 4. 

And he declares that the angles 4, D standing on 
equal circumferences are equal.” 

In the first place, as Proclus remarks, it should be E 
premised that AB is equal to CD in order that the B 
circles may be equal; and the use of Book 111. for 
such an elementary construction is objectionable. 4 
The omission to state that 48 must be taken equal 
to CD was no doubt a slip, if it occurred. And, as 
regards the equal angles “standing on equal circum- F 
ferences," it would seem possible that Apollonius said 
this in explanation, for the sake of brevity, rather than by way of proof. It 
seems to me probable that his construction was only given from the point of 
view of practical, not theoretical, geometry. It really comes to the same thing 
as Euclid’s except that DC is taken equal to DE. For cutting off the arc BF 
equal to the arc CZ can only be meant in the sense of measuring the chord 
CE, say, with a pair of compasses, and then drawing a circle with centre B 
and radius equal to the chord CZ. Apollonius’ direction was therefore 
probably intended as a practical short cut, avoiding the actual drawing of the 
chords CE, BF, which, as well as a proof of the equality in all respects of the 
triangles CDE, BAF, would be required to establish sheorefically the correct- 
ness of the construction. 


PROPOSITION 24. 


If two triangles have the two sides equal to two sides 
respectively, but have the one of the angles contained by the egual 
straight lines greater than the other, they will also kave the 
base greater than the base. 


5 Let ABC, DEF be two triangles having the two sides 
AB, AC equal to the two sides DE, DF respectively, namely 
AB to DE, and AC to DF, and let the angle at 4 be greater 
than the angle at D; 

I say that the base BC is also greater than the base E. 

10 For, since the angle BAC 
is greater than the angle EDF, A p 
let there be constructed, on the 
straight line DÆ, and at the 
point D on it, the angle EDG 

15 equal to the angle 24 C ; [1. 23] 
let DG be made equal to either F 
of the two straight lines AC, 

DF, and let EG, FG be joined. 
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Then, since 48 is equal to DE, and AC to DG, 
20 the two sides BA, AC are equal to the two sides ED, DG, 
respectively ; 
and the angle BAC is equal to the angle EDG ; 
therefore the base BC is equal to the base EG. [1.4] 


Again, since DF is equal to DG, 

25 the angle DG is also equal to the angle DFG; [1. 5] 
therefore the angle DFG is greater than the angle EGF. 
Therefore the angle EFG is much greater than the angle 
EGF. 

And, since EFG is a triangle having the angle EFG 
30 greater than the angle EGF, 

and the greater angle is subtended by the greater side, 


[1. 19] 
the side EG is also greater than E. 


But ÆG is equal to BC. 
Therefore BC is also greater than EF. 


3; Therefore etc. 
Q. E. D. 


ro. I have naturally left out the well-known words added by Simson in 
order to avoid the necessity of considering three cases: “Of the two sides 
DE, DF let DE be the side which is not greater than the other.” I doubt 
whether Euclid could have been induced to insert the words himself, even if 
it had been represented to him that their omission meant leaving two possible 
cases out of consideration. His habit and that of the great Greek geometers 
was, not to set out all possible cases, but to give as a rule one case, generally 
the most difficult, as here, and to leave the others to the reader to work out for 
himself. We have already seen one instance in r. 7. 

Proclus of course gives the other 
two cases which arise if we do not 


A D 
first provide that DE is not greater 
than DF. 
(1) In the first case G may fall 
on EF produced, and it is then 
6 o É F G 


obvious that ZG is greater than ZF; 
(2) In the second case ÆG may 
fall below EZ. 


If so, by t. zr, DF, FE are r R 
together less than DG, GE. 
But DF is equal to DG ; there- 
fore EF is less than EG, i.e. than 
BC. 
B C E Q 


These two cases are therefore 
decidedly simpler than the case taken 
by Euclid as typical, and could well be left to the ingenuity of the learner. 
If however after all we prefer to insert Simson’s words and avoid the latter 
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two cases, the proof is not complete unless we show that, with his assumption, 
F must, in the figure of the proposition, fall dedow EG. 

De Morgan would make the following proposition precede: Every straight 
line drawn from the vertex of a triangle to the base ts less than the greater of the 
two sides, or than either if they are equal, and he would prove it by means of 
the proposition relating to perpendicular and obliques given above, p. 291. 

But it is easy to prove directly that F falls below EG, if 
DE is not greater than DG, by the method employed by D 
Pfleiderer, Lardner, and Todhunter. 

Let DF, produced if necessary, meet ZG in Æ. 

Then the angle DHG is greater than the angle 2m G; ) E 

I. 16 
and the angle DEG is not less than the angle E j j 
I. 18 
therefore the angle DHG is greater than the angle DGA. 
Hence DH is less than DG, [r. 19] 


and therefore DH is less than DF. 


Alternative proof. 
Lastly, the modern alternative proof is worth giving. 


A Q A D 
IN A B C É AN G 
F 
Let DH bisect the angle FDG (after the triangle DEG has been made 
equal in all respects to the triangle ABC, as in the proposition), and let DH 


meet £G in #. Join AF. 
Then, in the triangles FDH, GDH, 


the two sides FD, DH are equal to the two sides GD, DH, 
and the included angles FDZ, GD are equal ; 
therefore the base A/F is equal to the base HG. 
Accordingly ÆG is equal to the sum of EH, HF; 
and EA, HF are together greater than EZ; [1. 20] 
therefore EG, or BC, is greater than EF. 


Proclus (p. 339, 1 1 sqq.) answers by anticipation the possible question that 
might occur to any one on this proposition, viz. why does Euclid not compare 
the areas of the triangles as he does in 1. 4? He observes that inequality of 
the areas does not follow from the inequality of the angles contained by the 
equal sides, and that Euclid leaves out all reference to the question both for 
this reason and because the areas cannot be compared without the help of the 
theory of parallels. “But if,” says Proclus, “we must anticipate what is to 
. come and make our comparison of the areas at once, we assert that (1) £f 

the angles A, D—supposing that our argument proceeds with reference to the 
figure in the proposition—are (together) egual to two right angles, the triangles 


G 
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are proved equal, (2) tf greater than two right angles, that triangle which has 
the greater angle is less, and (3) if they are less, greater.” Proclus then gives 
the proof, but without any reference to the source from which he quoted 
the proposition. Now an-Nairizi adds a similar proposition to 1. 38, but 
definitely attributes it to Heron. I shall accordingly give it in the place 
where Heron put it 


PROPOSITION 25. 


Jf two triangles have the two sides equal to two sides 
respectively, but have the base greater than the base, they will 
also have the one of the angles contained by the egual straight 
lines greater than the other. 


Let ABC, DEF be two triangles having the two sides 
AB, AC equal to the two sides DE, DF respectively, namely 
AB to DE, and AC to DF; and let the base BC be greater 
than the base EF; 

I say that the angle BAC is also greater than the angle 
EDF. 

A 


F 


For, if not, it is either equal to it or less. 
Now the angle BAC is not equal to the angle EDF; 


for then the base BC would also have been equal to the base 

EF, (1. 4] 
but it is not ; 

therefore the angle BAC is not equal to the angle EDF. 

Neither again is the angle BAC less than the angle EDF; 

for then the base BC would also have been less than the base 

EF, [1. 24] 
but it is not; 


therefore the angle BAC is not less than the angle EDF. 
But it was proved that it is not equal either ; 
therefore the angle BAC is greater than the angle EDF. 
Therefore etc. 
Q. E. D. 
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De Morgan points out that this proposition (as also 1. 8) is a purely /ogical 
consequence of 1. 4 and 1. 24 in the same way as 1. 19 and 1. 6 are purely 
logical consequences of 1. 18 and 1. s. If 4, b, c denote the sides, 4, B, C the 
angles opposite to them in a triangle ABC, and a’, J’, ¢, A’, B', C the sides 
and opposite angles respectively in a triangle 4’B’C’, 1. 4 and 1. 24 tell us 
that, 2, c being respectively equal to 2, Z, 

(1) if A is equal to 4’, then a is equal to a’, 

(2) if A is less than 4’, then a is less than a’, 

(3) if A is greater than 4’, then a is greater than a’ ; 
and it follows /ogical/y that, 


(1) if a is equal to a’, the angle 4 is equal to the angle 4’, {1. 8] 
(2) if a is less than a’, A is less than 4’, 
(3) if a is greater than o', A is greater than 4’. } [1 25] 


Two alternative proofs of this theorem are given by Proclus (pp. 345—7), 
and they are both interesting. Moreover both are direct. 


I. Proof by Menelaus of Alexandria. 


Let ABC, DEF be two triangles having the two sides B4, AC equal to 
the two sides ED, DF, but the base BC greater than the base EF 


A D 


Then shall the angle at 4 be greater than the angle at D. 
From BC cut off ZG equal to EFA At BS, on the straight line BC, make 
the angle GBA (on the side of BG remote from 44) equal to the angle FED. 
Make BH equal to DE; join HG, and produce it to meet AC in £. 
Join AZ. 
Then, since the two sides GB, BH are equal to the two sides FZ, ED 
respectively, 
and the angles contained by them are equal, 
HG is equal to DF or AC, 
and the angle BHG is equal to the angle EDF. 
Now HK is greater than HG or AC, 
and a fortiori greater than AX ; 
therefore the angle XAH is greater than the angle K 774. 
And, since 4B is equal to BA, 
the angle BAH is equal to the angle 2774. 
Therefore, by addition, 
the whole angle BAC is greater than the whole angle BAG, 
that is, greater than the angle ED. 
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II. Heron’s proof. 

Let the triangles be given as before. "" 

Since BC is greater than EF, produce EF to G so that ZG is equal to 
BC. 
Produce ÆD to # so that DA is equal to DF. The circle with centre 
D and radius DF will then pass through Æ. Let it be described, as FE. 


H 





Now, since BA, AC are together greater than JC, 
and BA, AC are equal to ED, DH respectively, 
while BC is equal to EG, 
EH is greater than EG. 

Therefore the circle with centre E and radius EG will cut £4, and 
therefore will cut the circle already drawn. Let it cut that circle in Æ, and 
join DK, KE. 

Then, since D is the centre of the circle FX, 

DK is equal to DF or AC. 
Similarly, since Æ is the centre of the circle XG, 
EK is equal to EG or BC, 
And DE is equa) to AB. 
Therefore the two sides BA, AC are equal to the two sides ED, DX 


respectively ; 
and the base BC is equal to the base EK ; 
therefore the angle BAC is equal to the angle EDX. 
Therefore the angle BAC is greater than the angle EDF. 


PROPOSITION 26. 


Jf two triangles have the two angles equal to two angles 
respectively, and one side equal to one side, namely, either the 
side adjoining the equal angles, or that subtending one of the 
equal angles, they will also have the remaining sides equal to 

5 the ——— sides and the remaining angle to the remaining 
angle. 
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Let ABC, DEF be two triangles having the two angles 
ABC, BCA equal to the two angles DEF, EFD respectively, 
namely the angle ABC to the angle DEF, and the anole 

10 BCA to the angle EFD; and let them also have one side 
equal to one side, first that adjoining the equal angles, namely 
BC to EF; 

I say that they will also have the remaining sides equal 

to the remaining sides respectively, namely AB to DE and 
15 AC to DF, and the remaining angle to the remaining angle, 
namely the angle BAC to the angle EDF. 


A 
G 


B © 
For, if AB is unequal to DE, one of them is greater. 
Let AB be greater, and let BG be made equal to DZ; 
and let GC be joined. 
20 Then, since BG is equal to DE, and BC to EF, 
the two sides GB, BC are equal to the two sides DE, EF 
respectively; 
and the angle GAC is equal to the angle DEF; 
therefore the base GC is equal to the base DF, 
a; and the triangle GBC is equal to the triangle DEF, 
and the remaining angles will be equal to the remaining angles, 
namely those which the equal sides subtend ; (1. 4] 
therefore the angle GCB is equal to the angle DFE. 
But the angle DFE is by hypothesis equal to the angle BCA ; 
therefore the angle BCG is equal to the angle BCA, 
the less to the greater: which is impossible. 
Therefore AZ is not unequal to DZ, 
and is therefore equal to it. 
But BC is also equal to EF; 
35 therefore the two sides AB, BC are equal to the two 
sides DE, EF respectively, 
and the angle AAC is equal to the angle DEF; 
therefore the base AC is equal to the base DF, 
and the remaining angle BAC is equal to the remaining 
go angle EDF. (1. 4] 


30 
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hu let sides subtending equal angles be equal, as 4B 
to DE; 


I say again that the remaining sides will be equal to the 
remaining sides, namely 4C to DF and BC to £F, and 
4s further the remaining angle BAC is equal to the remaining 
angle EDF. 
For, if BC is unequal to ZF, one of them is greater. 
Let BC be greater, if possible, and let BA’ be made equal 
to EF; let AH be joined. 
so — Then, since £77 is equal to EF, and AB to DE, 
the two sides 48, BH are equal to the two sides DE, EF 
respectively, and they contain equal angles ; 
therefore the base 4/7 is equal to the base DF, 
and the triangle ABH is equal to the triangle DEF, 
ss and the remaining angles will be equal to the remaining angles, 
namely those which the equal sides subtend ; ft. 4) 
therefore the angle BHA is equal to the angle EZ. 
But the angle ED is equal to the angle BCA ; 
therefore, in the triangle AHC, the exterior angle BHA is 
6o equal to the interior and opposite angle BCA : 
which is impossible. [r. 16] 
Therefore BC is not unequal to EF, 
and is therefore equal to it. 
But 447 is also equal to DE; 
65 therefore the two sides 4B, BC are equal to the two sides 
DE, EF respectively, and they contain equal angles ; 
therefore the base AC is equal to the base DF, 
the triangle 4.8C equal to the triangle DEF, 
and the remaining angle BAC equal to the remaining angle 
90 EDF. (1. 4] 
Therefore etc. 
Q. E. D. 


2—3. the side adjoining the equal angles, sAevpàr riy wpds rais laaist ywrlass. 

19. is by hypothesis equal. smwéxecras lon, according to the elegant Greek idiom. 
drbxecpa: is used for the passive of vmorí8n,u, as keipas is used for the passive of r(65,4, and 
so with the other compounds. Cf. spoexeis0a:, * to be added.” 


The alternative method of proving this proposition, viz. by applying one 
triangle to the other, was very early discovered, at least so far as regards the 
case where the equal sides are adjacent to the equal angles in each. An-Nairizi 
gives it for this case, observing that the proof is one which he^had found, but 
of which he did not know the author. 
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Proclus has the following interesting note (p. 352, 13—18): ‘“ Eudemus 
in his geometrical history refers this theorem to Thales. For he says that, in 
the method by which they say that Thales proved the distance of ships in the 
sea, it was necessary to make use gf this theorem." As, unfortunately, this 
information is not sufficient of itself to enable us to determine how Thales 
solved this problem, there is considerable room for conjecture as to his 
method. 

The suggestions of Bretschneider and Cantor agree in the assumption 
that the necessary observations were probably made from the top of some 
tower or structure of known height, and that a right-angled triangle was used in 
which the tower was the perpendicular, and the line connecting the bottom of 
the tower and the ship was the base, as in the annexed figure, where 44 is the 
tower and C the ship. Bretschneider (Die Geometrie und die Geometer vor 
Eukleides, § 30) says that it was only necessary for 
the observer to observe the angle C48, and then A 
the triangle would be completely determined by pe 
means of this angle and the known length AZ. 

As Bretschneider says that the result would be 

obtained “in a moment” by this method, it is not 

clear in what sense he supposes Thales to have 

* observed" the angle BAC. Cantor is more 

definite (Gesch. d. Math. 1,, p. 145), for he says that B c 

the problem was nearly related to that of finding the 

Segt from given sides. By the Segf in the Papyrus Rhind is meant the 
ratio to one another of certain lines in pyramids or obelisks. Eisenlohr and 
Cantor took the one word to be equivalent, sometimes to the cosine of the 
angle made by the edge of the pyramid with the co-terminous diagonal of the 
base, sometimes to the tangent of the angle of slope of the faces of the pyramid. 
It is now certain that it meant one thing, viz. the ratio of half the side of 
the base to the height of the pyramid, i.e. the cofangent of the angle of 
slope. The calculation of the Seg¢ thus implying a sort of theory of simi- 
larity, or even of trigonometry, the suggestion of Cantor is apparently that 
the Seg¢ in this case would be found from a smal right-angled triangle 4DE 
having a common angle 4 with SBC as shown in the figure, and that the 
ascertained value of the Seg? with the length 428 would determine BC. This 
amounts to the use of the property of similar triangles; and Bretschneider's 
suggestion must apparently come to the same thing, since, even if Thales 
measured the angle in our sense (e.g. by its ratio to a right angle), he would, 
in the absence of something corresponding to a table of trigonometrical ratios, 
have gained nothing and would have had to work out the proportions all the 
same. 

Max C. P. Schmidt also (Xulturhistorische Beiträge zur Kenntnis des 
griechischen und rómischen Altertums, 1906, p. 32) similarly supposes Thales to 
have had a right angle made of wood or bronze with the legs graduated, to 
have placed it in the position ADE (A being the position of his eye), and 
then to have read off the lengths 4D, DE respectively, and worked out the 
length of BC by the rule of three. 

How then does the supposed use of similar triangles and their property 
square with Eudemus' remark about 1. 26? As it stands, it asserts the 
equality of two triangles which have two angles and one side respectively 
equal, and the theorem can only be brought into relation with the above 
explanations by taking it as asserting that, if two angles and one side of one 
triangle are given, the triangle is completely determined. But, if Thales 
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practically used proportions, as supposed, 1. 26 is surely not at all the theorem 
which this procedure would naturally suggest as underlying it and being 
* necessarily used"; the use of proportions or of similar but not equal 
triangles would surely have taken attention altogether away from 1. 26 and 
fixed it on VI. 4. 

For this reason I think Tannery is on the right road when he tries to find 
a solution using I. 26 as it stands, and withal as primitive as any recorded 
solution of such a problem. His suggestion (Za Géométrie grecque, pp. 90—1) 
is based on the /fuminis varatio of the Roman agrimensor Marcus Junius 
Nipsus and is as follows. 

To find the distance from a point A to an inaccessible point B. From 4 
measure along a straight line at right angles to 4B a 
length AC and bisect it at D. From Cdraw CZ at right & 
angles to CA on the side of it remote from 2, and let E 
be the point on it which is in a straight line with Z and D. 

Then, by 1. 26, CZ is obviously equal to 4B. 

As regards the equality of angles, it is to be observed 
that those at D are equal because they are vertically 
opposite, and, curiously enough, Thales is expressly Á 
credited with the discovery of the equality of such angles. 

The only objection which I can see to Tannery's 
solution is that it would require, in the case of the ship, a 
certain extent of free and level ground for the construction 
and measurements. 

I suggest therefore that the following may have been 
Thales’ method. Assuming that he was on the top of a 
tower, he had only to use a rough instrument made of a straight stick and a 
cross-piece fastened to it so as to be capable of turning about the fastening 
(say a nail) so that it could form any angle with the stick and would remain 
where it was put. Then the natural thing would be to fix the stick upright 
(by means of a plumb-line) and direct the cross-piece towards the ship. 
Next, leaving the cross-piece at the angle so found, the stick could be turned 
round, still remaining vertical, until the cross-piece pointed to some visible 
object on the shore, when the object could be mentally noted and the distance 
from the bottom of the tower to it could be subsequently measured. This 
would, by 1. 26, give the distance from the bottom of the tower to the ship. 
This solution has the advantage of corresponding better to the simpler and 
more probable version of Thales method of measuring the height of the 
pyramids; Diogenes Laertius says namely (1. 27, p. 6, ed. Cobet) on the 
authority of Hieronymus of Rhodes (B.C. 299—230), that he waited for this 
purpose until the moment when our shadows are of the same length as ourselves. 


E 


Recapitulation of congruence theorems. 


Proclus, like other commentators, gives at this point (p. 347, 20 sqq.) a 
summary of the cases in which the equality of two triangles in all respects can 
be established. We may, he says, seek the conditions of such equality by 
successively considering as hypotheses the equality (1) of sides alone, (2) of 
angles alone, (3) of sides and angles combined. Taking (1) first, we can only 
establish the equality of the triangles in all respects if all three sides are 
respectively equal; we cannot establish the equality of the triangles by any 
hypothesis of class (2), not even the hypothesis that all the three angles are 
respectively equal; among the hypotheses of class (3), the equality of one 
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side and one angle in each triangle is not enough, the equality (a) of one side 
and all three angles is more than enough, as is also the equality (4) of two 
sides and two or three angles, and (¢) of three sides and one or two angles. 
The only hypotheses therefore to be examined from this point of view are 
the equality of 
(a) three sides [Eucl. 1. 8]. 


(B) two sides and one angle [1. 4 proves one case of this, where the angle 
is that contained by the sides which are by hypothesis equal]. 


(y) one side and two angles [1. 26 covers all cases]. 


It is curious that Proclus makes no allusion to what we call the ambiguous 
case, that case namely of (£) in which it is an angle opposite to one of the 
two specified sides in one triangle which is equal to the angle opposite to the 
equal side in the other triangle. Camerer indeed attributes to Proclus the 
observation that in this case the equality of the triangles cannot, unless some 
other condition is added, be asserted generally; but it would appear that 
Camerer was probably misled by a figure (Proclus, p. 351) which looks like a 
figure of the ambiguous case but is really only used to show that in 1. 26 the 
equal sides must be corresponding sides, i.e., they must be either adjacent to the 
equal angles in each triangle, or opposite to corresponding equal angles, and 
that, e.g., one of the equal sides must not be adjacent to the two angles in 
one triangle, while the side equal to it in the other triangle is opposite to one 
of the two corresponding angles in that triangle. 


The ambiguous case. 


Jf two triangles have two sides equal to two sides respectively, and if the 
angles opposite to one pair of equal sides be also equal, then will the angles 
opposite the other pair of equal sides be either equal or supplementary ; and, in 
the former case, the triangles will be equal in all respects. 


Let ABC, DEF be two triangles such that 42 is equal to DE, and AC 
to DF, while the angle ABC is equal to the angle DEF; 
it is required to prove that the angles ACS, DFE are either equal or 
supplementary. 


A A D 


B C B c E F G 


Now (1), if the angle BAC be equal to the angle ZD/, it follows, since 
the two sides 4B, AC are equal to the two sides DE, DF respectively, that 


the triangles 4BC, DEF are equal in all respects, [1. 4] 
and the angles ACB, DFE are equal. 


(2) If the angles BAC, EDF be not equal, make the angle EDG (on 
the same side of E as the angle ED) equal to the angle BAC. 

Let EF, produced if necessary, meet DG in G. 

Then, in the triangles ABC, DEG, 
the two angles BAC, ABC are equal to the two angles EDG, DEG 
respectively, 
and the side 4B is equal to the side DE ; 
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therefore the triangles ABC, DEG are equal in all respects, [t. 26] 
so that the side AC is equal to the side DG, 
and the angle ACB is equal to the angle DGE. 
Again, since AC is equal to D/as well as to DG, 
DF is equal to DG, 
and therefore the angles DFG, DGF are equal. 
But the angle DFE is supplementary to the angle DFG ; and the angle 
DGF was proved equal to the angle: ACB; 
therefore the angle DZ is supplementary to the angle 4 CZ. 


If it is desired to avoid the ambiguity and secure that the triangles may 
be congruent, we can introduce the necessary conditions into the enunciation, 
on the analogy of Eucl. v1. 7. 


If two triangles have two sides of the one equal to two sides of the other 
respectively, and the angles opposite to a pair of equal sides equal, then, if the 
angles opposite to the other pair of equal sides are both acute, or both obtuse, or if 
one of them is a right angle, the two triangles are equal in all respects. 


The proof of the three cases (by reductio ad absurdum) was given by 
Todhunter. 


PROPOSITION 27. 


If a straight line falling on two straight lines make the 
alternate angles equal to one another, the straight lines wil be 
parallel to one another. 


For let the straight line EZ falling on the two straight 
s lines 445, CD make the alternate angles AEF, EFD equal 
to one another ; 


I say that AZ is parallel to CD. 


For, if not, AB, CD when pro- 4, E B 
duced will meet either in the direction 
10 of B, D or towards A, C. S 
Let them be produced and meet, c 0 


in the direction of B, D, at G. 
Then, in the triangle GEF, 
the exterior angle 4 EF is equal to the interior and opposite 
ig angle EFG : 
which is impossible. (1. 16] 
Therefore AB, CD when produced will not meet in the 
direction of B, D. 
Similarly it can be proved that neither will they meet 
aotowards 4, 
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But straight lines which do not meet in either direction 
are parallel ; [Def. 23] 
therefore 4B is parallel to CD. 


Therefore etc. 
Q. E. D. 


1. falling on two straight lines, els 360 evdelas durlrrovaa, the phrase being the same 
as that used in Post. 5, meaning a transversal. 

2. the alternate angles, al évadddg ywrla. Proclus (p. 357, 9) explains that Euclid 
uses the word alternate (or, more exactly, alternately, évadddg) in two connexions, (1) of a 
certain transformation of a proportion, as in Book v. and the arithmetical Books, (2) as here, 
of certain of the angles formed by parallels with a straight line crossing them. Alternate 
angles are, according to Euclid as interpreted by Proclus, those which are not on the same 
side of the transversal, and are not adjacent, but are separated by the transversal, both being 
within the parallels but one ‘‘above” and the other “below.” The meaning is natural 
enough if we imagine the four internal angles to be taken in cyclic order and alternate angles 
to be any two of them not successive but separated by one angle of the four. 

in the direction of B, D or towards A, C, literally ‘‘towards the parts B, D or 
towards 4, C,” rl rà B, A pép Ñ érè rà A, T. 


With this proposition begins the second section of the first Book. Up 
to this point Euclid has dealt mainly with triangles, their construction 
and their properties in the sense of the relation of their parts, the sides and 
angles, to one another, and the comparison of different triangles in respect of 
their parts, and of their area in the particular cases where they are congruent. 

The second section leads up to the third, in which we pass to relations 
between the areas of triangles, parallelograms and squares, the special feature 
being a new conception of eguality of areas, equality not dependent on 
congruence. This whole subject requires the use of parallels. Consequently 
the second section beginning at 1. 27 establishes the theory of parallels, 
introduces the cognate matter of the equality of the sum of the angles of a 
triangle to two right angles (1. 32), and ends with two propositions forming the 
transition to the third section, namely 1. 33, 34, which introduce the parallelo- 
gram for the first time, 


Aristotle on parallels. 


We have already seen reason to believe that Euclid's personal contribution 
to the subject was nothing less than the formulation of the famous Postulate 
5 (see the notes on that Postulate and on Def. 23), since Aristotle indicates 
that the then current theory of parallels contained a petitio principii, and 
presumably therefore it was Euclid who saw the defect and proposed the 
remedy. 

But it is clear that the propositions 1. 27, 28 were contained in earlier 
text-books. They were familiar to Aristotle, as we may judge from two 
interesting passages. 

(t) In Anal. Post. 1. 5 he is explaining that a scientific demonstration 
must not only prove a fact of every individual of a class (xarà mavros) but 
must prove it primarily and generally true (xpwrov xa8óAov) of the whole of 
the class as one; it will not do to prove it first of one part, then of ariother 
part, and so on, until the class is exhausted. He illustrates this (74 a 13—16) 
by a reference to parallels: “If then one were to show that right (angles) do 
not meet, the proof of this might be thought to depend on the fact that this 
is true of all (pairs of actual) right angles. But this is not so, inasmuch as 
the result does not follow because (the two angles are) equal (to two right 
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angles) in the particular way [i.e. because each is a right angle], but by virtue 
of their being equal (to two right angles) in any way whatever [i.e. because 
the sum only needs to be equal to two right angles, and the angles themselves 
may vary as much as we please subject to this]." 

(2) ‘The second passage has already been quoted in the note on Def. 23: 
“there is nothing surprising in different hypotheses leading to the same false 
conclusion ; e.g. the conclusion that parallels meet might equally be drawn 
from either of the assumptions (a) that the interior (angle) is greater than the 
exterior or (4) that the sum of the angles of a triangle is greater than two 
right angles” (Anal, Prior. 1. 13, 66 a 11—15). 

I do not quite concur in the interpretation which Heiberg places upon 
these passages (Mathematisthes zu Aristoteles, pp. 18—19). He says, first, 
that the allusion to the “interior angle ” being “greater than the exterior” in 
the second passage shows that the reference in the first passage must be to 
Eucl. 1. 28 and not to 1. 27, and he therefore takes the words dre wdi tar in 
the first passage (which I have translated ** because the two angles are equal 
to two right angles in the particular way”) as meaning *' because the angles, 
viz. the exterior and the inferior, are equal in the particular way." He also 
takes ai ópÜai ob cvprlrrove: (which I have translated “right angles do not 
meet," an expression quite in Aristotle's manner) to mean “perpendicular 
straight lines do not meet”; this is very awkward, especially as he is obliged 
to supply angles with toa: in the next sentence. 

But I think that the first passage certainly refers to 1. 28, although I do 
not think that the alternative (a) in the second passage suggests it. This 
alternative may, I think, equally with the alternative (2) refer to 1. 27. That 
proposition is proved by reductio ad absurdum based on the fact that, if the 
straight lines do meet, they must form a /riang/e, in which case the exterior 
angle must be greater than the interior (while according to the hypothesis 
these angles are equal) It is true that Aristotle speaks of the hypothesis 
that the :néerior angle is greater than the exterior; but after all Aristotle had 
only to state some incorrect hypothesis. It is of course only in connexion 
with straight lines meeting, as the hypothesis in 1. 27 makes them, that the 
alternative (4) about the sum of the angles of a triangle could come in, and 
alternative (a) implies alternative (2). 

It seems clear then from Aristotle that 1. 27, 28 at least are pre-Euclidean, 
and that it was only in t. 29 that Euclid made a change by using his Postulate. 

De Morgan observes that 1. 27 is a /ogtca/ equivalent of 1. 16. Thus, if 4 
means * straight lines forming a triangle with a transversal,” 2 “straight lines 
making angles with a transversal on the same side which are together less 
than two right angles," we have 

All 4 is B, 
and it follows /ogically that 
All not-Z is not- A4. 


PROPOSITION 28. 


Jf a straight line falling on two straight lines make the 
exterior angle equal to the interior and opposite angle on the 
same side, or the interior angles on the same side equal to two 
right angles, the straight lines will be parallel to one another. 
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For let the straight line E falling on the two straight 
lines 4B, CD make the exterior ne EGB equal to the 
interior and opposite angle GAD, or the interior angles on 
the same side, namely BGA, GAD, equal to two right angles; 


I say that 48 is parallel to CD. 

For, since the angle EGP is E 
equal to the angle GHD, G 
while the angle E'G7 is equal to the 
angle AGH, (1. 15] 
the angle AGH is also equal to the © 
angle GHD; F 
and they are alternate ; 

therefore AZ is parallel to CD. [1. 27] 


Again, since the angles BGH, GHD are equal to two 
right angles, and the angles 4G 77, BGH are also equal to 
two right angles, [1. 13] 
the angles 4GH, BGH are equal to the angles BGH, GAD. 

Let the angle BGH be subtracted from each ; 


therefore the remaining angle AGA is equal to the remaining 
angle GHD; 


and they are alternate ; 
therefore AZ is parallel to CD. (1. 27] 
Therefore etc. 
Q. E. D. 


One criterion of parallelism, the equality of alternate angles, is given in 
I. 27; here we have two more, each of which is easily reducible, and is actually 
reduced, to the other. 

Proclus observes (pp. 358— 9) that Euclid could have stated six criteria as 
well as three, by using, in addition, other pairs of angles 
in the figure (not adjacent) of which it could be predi- 
cated that the two angles are equal or that their sum 
is equal to two right angles. A natural division is to 
consider, first the pairs which are on the same side of 
the transversal, and secondly the pairs which are on 
different sides of it. 

Taking (1) the possible pairs on the same side, we 
may have a pair consisting of 





(a) two internal angles, viz. the pairs (BGA, 
GHD) and (AGH, GHC); 


(A) two external angles, viz. the pairs (EGS, DAF) and (EGA, CHF); 


(c) one external and one internal angle, viz. the pairs (EGS, GAD), 
(FAHD, HGB), (EGA, GHC) and (FHC, HGA). 
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And (2) the possible pairs on different sides of the transversal may consist 
respectively of 

(2) two internal angles, viz. the pairs (4GH, GHD) and (CHG, HGB); 

(4) two external angles, viz. the pairs (4 GE, DZZF) and (EGB, CHF); 

(c) one external and one internal, viz. the pairs (4GZ, GHD), (EGB, 
GAC), (FHC, HGB) and (FAD, HGA). 


The angles are equal in the pairs (1) (c), (2) oy and (2) (2), and the sum 
is equal to two right angles in the case of the pairs (1) (a), (1) (2) and (2) (c 
For his criteria Euclid selects the cases (2) (a) [1 Un 27] and (1) a (1) (a) u 5j 
leaving out the other three, which are of course equivalent but are not quite 
so easily expressed. 

From Proclus' note on 1. 28 (p. 361) we learn that one Aigeias (? Aineias) 
of Hierapolis wrote an epitome or abridgment of the E/ements. This seems 
to be the only mention of this editor and his work; and they are only 
mentioned as having combined Eucl. 1. 27, 28 into one proposition. To do 
this, or to make the three hypotheses the subject of ‘Aree separate theorems, 
would, Proclus thinks, have been more natural than to deal with them, as 
Euclid does, in two propositions. Proclus has no suggestion for explaining 
Euclid’s arrangement unless the ground were that 1. 27 deals with angles on 
different sides, 1. 28 with angles on one and the same side, of the transversal. 
But may not the reason have been one of convenience, namely that the 
criterion of 1. 27 is that actually used to prove parallelism, and is moreover 
the basis of the construction of parallels in 1. 31, while 1. 28 only reduces the 
other two hypotheses to that of 1. 27, so that precision of reference, as well as 
clearness of exposition, is better secured by the arrangement adopted ? 


PROPOSITION 29. 


A straight line falling on parallel straight lines makes 
the alternate angles egual to one another, the exterior angle 
egual to the interior and opposite angle, and the intertor angles 
on the same side egual to two right angles. 


s. For let the straight line EF fall on the parallel straight 
lines 4B, CD; 


I say that it makes the alternate angles 4GH, GHD 
equal, the exterior angle EG equal to the interior and 
opposite angle GAD, and the interior angles on the same 

ro side, namely BGH, GHD, equal to two right angles. 

For, if the angle AGH is unequal 
to the ‘angle GHD, one of them is E 
greater. 

Let the angle AGA be greater. " 

15 Let the angle BGH be added to 
each ; | C D 
therefore the angles AGH, BGH 
are greater than the angles BGA, 
GH 
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20 But the angles 4GĦ, BGH are equal to two right angles 
L 13 


therefore the angles BGH, GHD are less than two 
right angles. 
But straight lines produced indefinitely from angles less 
than two right angles meet ; [Post. 5] 
25 therefore 48, CD, if produced indefinitely, will meet ; 
but they do not meet, because they are by hypothesis parallel. 
Therefore the angle AGA is not unequal to the angle 
GHD, 
and is therefore equal to it. 
3 Again, the angle AGH is equal to the angle EG ; [i 15] 
therefore the angle ÆG is also equal to the angle 
GHD. (Cc My 
Let the angle BGH be added to each ; 
therefore the angles EGB, BGH are equal to the 


35 angles BGA, GAD. [C. N. 2] 
But the angles EGA, BGA are equal to two right E : 
1. 13 


therefore the angles BGH, GHD are also equal to 
two right angles. 
Therefore etc. Q. E. D. 


23. straight lines produced indefinitely from angles less than two right angles, 
al 80 dw éAacaóruv 4 Sb0 SpOav éxBadNéperac els dreipory cupslwrovew, a variation from the 
more explicit language of Postulate 5. A good deal is left to be understood, namely that the 
straight lines begin from points at which they meet a transversal, and make with it internal 
angles on the same side the sum of which is less than two right angles. 

36. because they are by hypothesis parallel, literally ** because they are supposed 
parallel," à&à ró sapaAMjAovs avràs Uwokeia0a«. 


Proof by “ Playfair’s” axiom. 


If, instead of Postulate 5, it is preferred to use “ Playfair’s ” axiom in the 
proof of this proposition, we proceed thus. 

To prove that the alternate angles 4GH, 
GHD are equal. 

If they are not equal, draw another straight 
line KZ through G making the angle KGH 
equal to the angle GHD. 

Then, since the angles KGAA, GAD are equal, 


KL is parallel to CD. (1. 27] 
Therefore two straight lines KL, AB intersecting at G are both parallel to 
the straight line CD: 
which is impossible (by the axiom). 
Therefore the angle 4 GH cannot but be equal to the angle GAD. 
The rest of the proposition follows as in Euclid. 
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Proof of Euclid's Postulate 5 from ‘ Playfair’s’’ axiom. 


Let AB, CD make with the transversal ZF the angles AEF, EFC 
‘cogether less than two right angles. 

To prove that 48, CD meet towards 44, C. 

Through Æ draw GH making with EF the angle | G- -———-— 
GEF equal (and alternate) to the angle EFD. ^ 






Thus GA is parallel to CD. I. 27] ö 
Then (1) AB must meet CD in one direction or © F 
the other. 


For, if it does not, 47 must be parallel to CD; hence we have two 
straight lines 4B, GH intersecting at Æ and both parallel to CD: 


which is impossible. 

Therefore 48, CD must meet. 

(2) Since AB, CD meet, they must form a triangle with EF 

But in any triangle any two angles are together less than two right angles. 

Therefore the angles 4E F, EFC (which are less than two right angles), 
and not the angles A EF, EF2 (which are together greater than two right 
angles, by 1. 13), are the angles of the triangle ; 


that is, ZA, FC meet in the direction of A, C, or on the side of EF on 
which are the angles together less than two right angles. 


The usual course in modern text-books which use “ Playfair’s” axiom in 
lieu of Euclid’s Postulate is apparently to prove 1. 29 by means of the axiom, 
and then Euclid’s Postulate by means of 1. 29, 

De Morgan would introduce the proof of Postulate 5 by means of 
“ Playfair’s ” axiom Zefore 1. 29, and would therefore apparently prove 1t. 29 as 
Euclid does, without any change. 

As between Euclid's Postulate 5 and *'Playfair's" axiom, it would appear 
that the tendency in modern text-books is rather in favour of the latter. 
Thus, to take a few noteworthy foreign writers, we find that Rausenberger 
stands almost alone in using Euclid's Postulate, while Hilbert, Henrici and 
Treutlein, Rouché and De Comberousse, Enriques and Amaldi all use 
* Playfair's" axiom. 

Yet the case for preferring Euclid's Postulate is argued with some force by 
Dodgson (Euclid and his modern Rivals, pp. 44—6). He maintains (1) that 
“‘ Playfair’s” axiom in fact involves Euclid’s Postulate, but at the same time 
involves more than the latter, so that, to that extent, it is a needless strain on 
the faith of the learner. This is shown as follows. 

Given 4B, CD making with EZ the angles 4E, EFC together less than 
two right angles, draw GA through E so that the angles GEF, EFC are 
together egua/ to two right angles. 

Then, by 1. 28, GH, CD are ‘‘separational.” 

We see then that any lines which have the property (a) that they make 
with a transversal angles less than two right angles have also the property (8) 
that one of them intersects a straight line which is “separational” from 
the other. 

Now Playfair’s axiom asserts that the lines which have property (8) meet 
if produced : for, if they did not, we should have two intersecting straight 
lines both * separational" from a third, which is impossible. 

We then argue that lines having property (a) meet because lines having 
property (a) are lines having property (8). But we do not know, until we 
have proved 1. 29, that all pairs of lines having property (8) have also property 
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(a). For anything we know to the contrary, class (8) may be greater than 
class (a). Hence, if you assert anything of class (8), the logical effect is more 
extensive than if you assert it of class (a) ; for you assert it, not only of that 
portion of class (8) which is known to be included in class (a), but also of the 
unknown (but possibly existing) portion which is zo% so included. 

(2) Euclid's Postulate puts before the beginner clear and positive con- 
ceptions, a pair of straight lines, a transversal, and two angles together less 
than two right angles, whereas “ Playfair’s” axiom requires him to realise a 
pair of straight lines which never meet though produced to infinity : a negative 
conception which does not convey to the mind any clear notion of the relative 
position of the lines. And (p. 68) Euclid’s Postulate gives a direct criterion 
for judging that two straight lines meet, a cnterion which is constantly required, 
e.g. in I. 44. It is true that the Postulate can be deduced from “ Playfair’s ” 
axiom, but editors frequently omit to deduce it, and then tacitly assume it 
afterwards: which is the least justifiable course of all. 


PROPOSITION 30. 


Straight lines parallel to the same straight line are also 
parallel to one another. 


Let each of the straight lines 42, CD be parallel to EF; 
I say that AZ is also parallel to CD. 

s — For let the straight line GA fall upon 
them, 

Then, since the straight line GX 
has fallen on the parallel straight lines 
AB, EF, 

10 the angle AGK is equal to the 
angle GHF. [1. 29] 
Again, since the straight line GX has fallen on the parallel 
straight lines EF, CD, 
the angle G//F is equal to the angle GAD. [1. 29] 
15 But the angle AG was also proved equal to the angle 
GHF; 
therefore the angle AGK is also equal to the angle 
GKD; (C. N. 1] 
and they are alternate. 
2 Therefore AB is parallel to CD. 





Q. E. D. 


20. The usual conclusion in general terms (** Therefore etc.") repeating the enunciazion 
is, curiously enough, wanting at the end of this proposition. 


The proposition is, as De Morgan points out, the Zogza/ equivalent of 
^ Playfair's" axiom. Thus, if X denote “pairs of straight lines intersecting one 
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—— Y *' pairs of straight lines parallel to one and the same straight line," 
we have 


No X is Y, 


No Y is X. 


De Morgan adds that a proposition is much wanted about parallels (or 
perpendiculars) to two straight lines respectively making the same angles with 
one another as the latter do. The proposition may be enunciated thus : 

If the sides of one angle be respectively (1) parallel or (2) perpendicular to 
the sides of another angle, the two angles are either 
equal or supplementary. 

(1) Let DE be parallel to 42 and GE parallel 
to BC. 

To prove that the angles 4BC, DEG are equal 
and the angles 48C, DEF supplementary. 

Produce DE to meet BC in Æ. 

Then [t. 29] the angle DEG is equal to the angle 
C, 


and it follows logically that 





and the angle ASC is equal to the angle DHC. 
Therefore the angle DEG is equal to the angle 4C; whence also the 
angle DEF is supplementary to the angle 4BC. 
(2) Let ED be perpendicular to AB, and GEF perpendicular to BC. 
To prove that the angles ABC, DEG are 
equal, and the angles 4C, DEF supplementary. 
Draw £D’ at right angles to ED on the side 
of it opposite to B, and draw ÆG at right angles 
to E on the side of it opposite to B. 
Then, since the angles BDZ, DED, being 
right angles, are equal, 
ED’ is parallel to BA. [. 27] B F CO 
Similarly ÆG’ is parallel to BC. 
Therefore [Part (1)) the angle .:D'EG" is equal to the angle ABC. 
But, the right angle DZD’ being equal to the right angle GEG’, if the 
common angle G EZ be subtracted, 
the angle DEG is equal to the angle DEG’. 


Therefore the angle DEG is equal to the angle ABC; and hence the 
angle DEF is supplementary to the angle ABC. 





PROPOSITION 31. 


Through a given potnt to draw a straight line parallel to a 
given straight line. 


Let A be the given point, and BC the given straight 
line ; 
thus it is required to draw through the point 4 a straight 
line parallel to the straight line BC. 


316 BOOK 1 (1. 31, 32 


Let a point D be taken at random on BC, and let AD be 
joined; on the straight line DA, 


and at the point 4 on it, let the E A F 
angle DAE be constructed equal 

to the angle ADC [1. 23]; and let the 

straight line F be produced in a & D © 


straight line with £4. 

hen, since the straight line 4D falling on the two 
straight lines BC, EF has made the alternate angles EAD, 
ADC equal to one another, 


therefore £.4 F is parallel to BC. (1. 27] 


Therefore through the given point 4 the straight line 
EAF has been drawn parallel to the given straight line BC. 


Q. E. F. 


Proclus rightly remarks (p. 376, 14—20) that, as it is implied in 1. 12 
that only one perpendicular can be drawn to a straight line from an external 
point, so here it is implied that only one straight line can be drawn through à 
point parallel to a given straight line. The construction, be it observed, 
depends only upon |. 27, and might therefore have come directly after that 
proposition. Why then did Euclid postpone it until after 1. 29 and 1. 30? 
Presumably because he considered it necessary, before giving the construction, 
to place beyond all doubt the fact that only one such parallel can be drawn. 
Proclus infers this fact from 1. 30; for, he says, if two straight lines could be 
drawn through one and the same point parallel to the same straight line, the two 
straight lines would be parallel, though intersecting at the given point: which 
is impossible. I think it is a fair inference that Euclid would have considered 
It necessary to justify the assumption that only one parallel can be drawn 
by some such argument, and that he deliberately detecmined that his own 
assumption was more appropriate to be made the subject of a Postulate 
than the assumption of the uniqueness of the parallel. 


PROPOSITION 32. 


In any triangle, if one of the sides be produced, the exterior 
angle is equal to the two interior and opposite angles, and the 
three interior angles of the triangle are equal to two right 
angles. 


Let ABC be a triangle, and let one side of it BC be 
produced to D; 

I say that the exterior angle 4CD is equal to the two 
interior and opposite angles CAS, ABC, and the three 
interior angles of the triangle 4BC, BCA, CAB are equal 
to two right angles. 
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For let CE be drawn through the point C parallel to the 
straight line AZ. (1. 31) 
Then, since 74 Z is parallel to C£, A 


and AC has fallen upon them, 


the alternate angles BAC, ACE are 
equal to one another. (1. 29] 


Again, since AZ is parallel to à C D 
CE, 


and the straight line BD has fallen upon them, 


the exterior angle ECD is equal to the interior and opposite 
angle ABC. [1. 29] 


But the angle ACE was also proved equal to the angle 
BAC; 


therefore the whole angle ACD is equal to the two 
interior and opposite angles BAC, ABC. 


Let the angle ACB be added to each ; 


therefore the angles ACD, ACB are equal to the three 
angles ABC, BCA, CAB. 


But the angles 4C D, ACB are equal to two right angles; 


I. I3 
therefore the angles 4C, BCA, CAB are also El 
to two right angles. 
Therefore etc. 


Q. E. D. 


This theorem was discovered in the very early stages of Greek geometry. 
What we know of the history of it is gathered from three allusions found in 
Eutocius, Proclus and Diogenes Laertius respectively. 


1. Eutocius at the beginning of his commentary on the Comis of 
Apollonius (ed. Heiberg, Vol. 11, p. 170) quotes Geminus as saying that “the 
ancients (oi dpyatoc) investigated the theorem of the two right angles in each 
individual species of triangle, first in the equilateral, again in the isosceles, 
and afterwards in the scalene triangle, and later geometers demonstrated the 
general theorem to the effect that in any triangle the three interior angles are 
equal to two right angles.” 


2. Now, according to Proclus (p. 379, 2—5), Eudemus the Peripatetic 
refers the discovery of this theorem to the Pythagoreans and gives what he 
affirms to be their demonstration of it. This demonstration will be given 
below, but it should be remarked that it is general, and therefore that the 
* ater geometers" spoken of by Geminus were presumably the Pythagoreans, 
whence it appears that the "ancients" contrasted with them must have 
belonged to the time of Thales, if they were not his Egyptian instructors. 


3. That the truth of the theorem was known to Thales might also 
be inferred from the statement of Pamphile (quoted by Diogenes Laertius, 
I. 24—95, p- 6, ed. Cobet) that “he, having learnt geometry from the 
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Egyptians, was the first to inscribe a right-angled triangle in a circle and 
sacrificed an ox” (on the strength of it); in other words, he discovered that 
the angle in a semicircle is a nght angle. No doubt, when this fact was once 
discovered (empirically, say), the consideration of the two isosceles triangles 
having the centre for vertex and the sides of the right angle for bases 
respectively, with the help of the theorem of Eucl. 1. 5, also known to 
Thales, would easily lead to the conclusion that the sum of the angles of 
a right-angled triangle is equal to two right angles, and it could be readily 
inferred that the angles of azy triangle were likewise equal to two right angles 
(by resolving it into two right-angled triangles). But it is not easy to see how 
the property of the angle in a semicircle could be proved except (in the reverse 
order) by means of the equality of the sum of the angles of a right-angled 
triangle to two right angles; and hence it is most natural to suppose, with 
Cantor, that Thales proved it (if he did prove it) practically as Euclid does 
in III. 31, i.e. by means of 1. 32 as applied to right-angled triangles at all events. 

If the theorem of 1. 32 was proved before Thales' time, or by Thales 
himself, by the stages indicated in the note of Geminus, we may be satisfied 
that the reconstruction of the argument of the older proof by Hankel 
(pp. 96—7) and Cantor (1s, pp. 143—4) is not far wrong. First, it must have 
been observed that six angles equal to an angle of an equilateral triangle would, 
if placed adjacent to one another round a common vertex, fill up the whole 
space round that vertex. It is true that Proclus attributes to the Pythagoreans 
the general theorem that only three kinds of regular polygons, the equilateral 
triangle, the square and the regular hexagon, can fill up the entire space round 
a point, but the practical knowledge that equilateral triangles have this 
property could hardly have escaped the Egyptians, whether they made floors 
with tiles in the form of equilateral triangles or regular hexagons (Allman, 
Greek Geometry from Thales to Euclid, p. 12) or joined the ends of adjacent 
radii of a figure like the six-spoked wheel, which was their common form of 
wheel from the time of Ramses II. of the nineteenth Dynasty, say 1300 B.C. 
(Cantor, 1, p. 109). It would then be clear that six angles equal to an angle 
of an equilateral triangle are equal to four nght angles, and therefore that the 
three angles of an equilateral triangle are equal to two right angles. (It would 
be as clear or clearer, from observation of a square divided into two triangles 
by a diagonal, that an isosceles right-angled triangle has each of its equal 
angles equal to half a right angle, so that an isosceles right-angled triangle 
must have the sum of its angles equal to two right angles.) Next, with regard 
to the equilateral triangle, it could not fail to be observed 
that, if 4. were drawn from the vertex 4 perpendicular 
to the base BC, each of the two right-angled triangles so 
formed would have the sum of its angles equal to two nght 
angles ; and this would be confirmed by completing the 
rectangle 4A DCE, when it would be seen that the rectangle 
(with its angles equal to four right angles) was divided by 
its diagonal into two equal triangles, each of which had 
the sum of its angles equal to two right angles. Next it 
would be inferred, as the result of drawing the diagonal of any rectangle and 
observing the equality of the triangles forming the two halves, that the sum of 
the angles of any right-angled triangle is equal to two right angles, and hence 
(the two congruent right-angled triangles being then placed so as to form one 
isosceles triangle) that the same is true of any isosceles triangle. Only the 
last step remained, namely that of observing that amy triangle could be 
regarded as the half of a rectangle (drawn as indicated in the next figure), or 
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simply that any triangle could be divided into two rightangled triangles, 
whence it would be inferred that in general the 
sum of the angles of any triangle is equal to two 
right angles. 

Such would be the probabilities if we could 
absolutely rely upon the statements attributed to 
Pamphile and Geminus respectively. But in fact 
there is considerable ground for doubt in both cases. 


i. Pamphile's story of the sacrifice of an ox by Thales for joy at his 
discovery that the angle in a semicircle is a right angle is too suspiciously like 
the similar story told with reference to Pythagoras and his discovery of the 
theorem of Eucl. 1. 47 (Proclus, p. 426, 6—9). And, as if this were not 
enough, Diogenes Laertius immediately adds that * others, among whom is 
Apollodorus the calculator (9 Aoywrruxós), say it was Pythagoras" (sc. who 
“ inscribed the right-angled triangle in a circle"). Now Pamphile lived in the 
reign of Nero (A.D. 54—68) and therefore some 700 years after the birth of 
Thales (about 640 B.c.). I do not know on what Max Schmidt bases his 
statement (Kulturhistorische Beiträge zur Kenntnis des griechischen und römischen 
Allertums, 1926, p. 31) that “other, much older, sources name Pythagoras as 
the discoverer of the said proposition,” because nothing more seems to be 
known of Apollodorus than what is stated here by Diogenes Laertius. But it 
would at least appear that Apollodorus was only one of several authorities 
who attributed the proposition to Pythagoras, while Panfphile is alone 
mentioned as referring it to Thales. Again, the connexion of Pythagoras with 
the investigation of the right-angled triangle makes it a priori more likely 
that it would be he who would discover its relation to a semicircle. On 
the whole, therefore, the attribution to Thales would seem to be more than 
doubtful. 


2. As regards Geminus’ account of the three stages through which the 
proof of the theorem of 1. 32 passed, we note, first, that it is certainly not 
confirmed by Eudemus, who referred to the Pythagoreans the discovery of the 
theorem that the sum of the angles of asy triangle is equal to two right 
angles and says nothing about any gradual stages by which it was proved. 
Secondly, it must be admitted, I think, that in the evolution of the proof as 
reconstructed by Hankel the middle stage is rather artificial and unnecessary, 
since, once it is proved that any right-angled triangle has the sum of its angles 
equal to two right angles, it is just as easy to pass at once to any scalene 
tnangle (which is decomposable into two unegua/ right-angled tnangles) as to 
the isosceles triangle made up of two congruent right-angled tnangles. Thirdly, 
as Heiberg has recently pointed out (Mathematesches 2u Artstoteles, p. 20), it 
is quite possible that the statement of Geminus from beginning to end is 
simply due to a misapprehension of a passage of Aristotle (Anal. Post. 1. $, 
J4 a 25). Aristotle is illustrating his contention that a property is not 
scientifically proved to belong to a class of things unless it is proved to belong 
primarily (xpwrov) and generally (xa8ddov) to the whole of the class. His first 
illustration relates to parallels making with a transversal angles on the same 
side together equal to two right angles, and has been quoted above in the note 
on 1. 27 (pp. 308—9). His second illustration refers to the transformation of 
a proportion a/ternando, which (he says) “used at one time to be proved 
separately ” for numbers, lines, solids, and times, although it admits of being 
proved of all at once by one demonstration. The third illustration is: “ For 
the same reason, even {f one should prove (ov av tis Šein) with reference to 
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each (sort of) triangle, the equilateral, scalene and isosceles, separately, that 
each has its angles equal to two right angles, either by one proof or by different 
proofs, he does not yet know that zhe triangle, i.e. the triangle in general, has 
its angles equal to two right angles, except in a sophistical sense, even though 
there exists no triangle other than triangles of the kinds mentioned. For he 
knows it, not gud triangle, nor of every triangle, except in a numerical sense 
(xar dp.Üpóv); he does not know it zotonally (xar’ elSos) of every triangle, even 
though there be actually no triangle which he does not know." 

The difference between the phrase “used at one time to be proved” in 
the second illustration and “if any one should prove” in the third appears to 
indicate that, while the former referred to a historical fact, the latter does not; 
the reference to a person who should prove the theorem of 1. 32 for the three 
kinds of triangle separately, and then claim that he had proved it generally, 
states a purely hypothetical case, a mere illustration. Yet, coming after the 
historical fact stated in the preceding illustration, it might not unnaturally give 
the impression, at first sight, that it was historical too. 

On the whole, therefore, it would seem that we cannot safely go behind 
the dictum of Eudemus that the discovery and proof of the theorem of 1. 32 
in all its generality were Pythagorean. This does not however preclude its 
having been discovered by stages such as those above set out after Hankel 
and Cantor. Nor need it be doubted that Thales and even his Egyptian 
instructors had advanced some way on the same road, so far at all events as 
to see that in an equilateral triangle, and in an isosceles right-angled triangle, 
the sum of the angles is equal to two right angles. 


The Pythagorean proof. 

This proof, handed down by Eudemus (Proclus, p. 379, 2—15), is no less 
elegant than that given by Euclid, and is a natural 
development from the last figure in the recon- 
structed argument of Hankel. It would be seen, 
after the theory of parallels was added to geometry, 
that the actual drawing of the perpendicular and 
the complete rectangle on JC as base was 
unnecessary, and that the parallel to BC through 6 
A was all that was required. 

Let ABC be a triangle, and through 4 draw DE parallel to BC. [t. 31] 

Then, since BC, DE are parallel, 


the alternate angles DAB, ABC are equal, [1. 29] 
and so are the alternate angles EAC, ACB also. 

Therefore the angles ABC, ACB are together equal to the angles 
DAB, EAC. 

Add to each the angle BAC; 
therefore the sum of the angles ABC, 4CB, BAC is equal to the sum of the 
angles DAB, BAC, CAE, that is, to two right angles. 

Euclid's proof pre- Euclidean. 


The theorem of 1. 32 is Aristotle's favourite illustration when he wishes to 
refer to some truth generally acknowledged, and so often does it occur tbat 
it is often indicated by two or three words in themselves hardly intelligible, 
e.g. Tò Suaiv opais (Anal. Post. 1. 24, 85 b §) and Uxdpxe mavti rpryuivy rò vo 
(sbsd. 85 b 11). 

One passage (AMefaph. 1051 a 24) makes it clear, as Heiberg (op. cit. 
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pP. 19) acutely observes, that in the proof as Aristotle knew it Euclid's 
construction was used. ‘Why does the triangle make up two right angles? 
Because ‘he angles about one point are equal to two right angles. If then the 
parallel to the side had been drawn up (avro), the fact would at once have 
been clear from merely looking at the figure." The words “the angles about 
one point" would equally fit the Pythagorean construction, but “drawn 
upwards” applied to the parallel to a side can only indicate Euclid's. 


Attempts at proof independently of parallels. 


The most indefatigable worker on these lines was Legendre, and a sketch 
of his work has been given in the note on Postulate 5 above. 

One other attempted proof needs to be mentioned here because it has 
found much favour. I allude to 


Thibaut’s method. 


This appeared in Thibaut’s Grundriss der reinen Mathematik, Göttingen 
(2 ed. 1809, 3 ed. 1818), and is to the following effect. 

Suppose CZ produced to D, and let BD (produced to any necessary extent 
either way) revolve in one direction (say 
clockwise) first about B into the position A 
BA, then about 4 into the position of AC 
produced both ways, and lastly about C 
into the position CZ produced both ways. 

The argument then is that the straight B 
line BD has revolved through the sum of c 
the three exterior angles of the triangle. 

But, since it has at the end of the revolution 
assumed a position in the same straight line with its original position, it must 
have revolved through four right angles. 

Therefore the sum of the three exterior angles is equal to four right 
angles ; 
from which it follows that the sum of the three angles of the triangle is equal 
to two right angles. 

But it is to be observed that the straight line BD revolves about different 
points in tt, so that there is ¢rans/ation combined with rotatory motion, and it 
Is necessary to assume as an axiom that the two motions are independent, and 
therefore that the ¢vans/ation may be neglected. 

Schumacher (letter to Gauss of 3 May, 1831) tried to represent the 
rotatory motion graphically in a second figure as mere motion round a point ; 
but Gauss (letter of 17 May, 1831) pointed out in reply that he really 
assumed, without proving it, a proposition to the effect that “If two straight 
lines (1) and (2) which cut one another make angles A , 4" with a straight 
line (3) cutting both of them, and if a straight line (4) in the same plane is 
likewise cut by (1) at an angle 4’, then (4) will be cut by (2) at the angle 4”. 
But this proposition not only needs proof, but we may say that it is, in 
essence, the very proposition to be proved” (see Engel and Stackel, Die 
Theorie der Paralleliinien von Euklid bis auf Gauss, 1895, p. 230). 

How easy it is to be deluded in this way is plainly shown by Proclus' 
attempt on the same lines. He says (p. 384, 13—21) that the truth of the 
theorem is borne in upon us by the help of **common notions" only. “ For, 
if we conceive a straight line with two perpendiculars drawn to it at its ex- 
tremities, and if we then suppose the perpendiculars to (revolve about 
their feet and) approach one another, so as to form a triangle, we see that, 
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to the extent to which they converge, they diminish the right, angles which 
they made with the straight line, so that the amount taken from the nght 
angles is also the amount added to the vertical angle of the triangle, and the 
three angles are necessarily made equal to two right angles." But a moment's 
reflection shows that, so far from being founded on mere ‘common notions,” 
the supposed proof assumes, to begin with, that, if the perpendiculars ap- 

roach one another ever so little, they will then form a triangle immediately, 
1.e., it assumes Postulate 5 itself; and the fact about the vertical angle can only 
be seen by means of the equality of the alternate angles exhibited by drawing 
a perpendicular from the vertex of the triangle to the base, i.e. a parallel to 
either of the original perpendiculars. 


Extension to polygons. 


The two important corollaries added to 1. 32 in Simson's edition are given 
by Proclus; but Proclus' proof of the first is different from, and perhaps 
somewhat simpler than, Simson's. 


I. Zhe sum of the interior angles of a convex rectilineal figure ts equal to 
twice as many right angles as the figure has sides, 
less four. D 


For let one angular point 4 be joined to all 
the other angular points with which it is not con- € E 
nected already. 

The figure is then divided into triangles, and 
mere inspection shows 

(1) that the number of triangles is two less F 
than the number of sides in the figure, G 

(2) that the sum of the angles of all the 
triangles is equal to the sum of all the interior angles of the figure. 

Since then the sum of the angles of each triangle is equal to two nght angles 


the sum of the interior angles of the figure is equal to 2 (7—2) right angles, 
ie. (27 — 4) right angles, where » is the number of sides in the figure. 
2. The exterior angles of any convex rectilineal 
figure are together equal to four right angles. 
For the interior and exterior angles together are 
equal to 27 right angles, where # is the number of sides. 
And the intenor angles are together equal to 
(25-4) right angles. 
Therefore the exterior angles are together equal to 
four right angles. 
This last property is already quoted by Aristotle 
as true of all rectilineal figures in two passages (Anal. 
Post. 1. 24, 85 b 38 and 11. 17, 99 a 19). 


PROPOSITION 33. 

The straight lines joining egual and parallel straight 
lines (at the extremities which are) in the same directions 
(respectively) are themselves also egual and parallel. 

Let AB, CD be equal and parallel, and let the straight 

slines 4C, BD join them (at the extremities which are) in the 
same directions (respectively) ; 
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| say that 4C, BD are also equal and parallel. 
Let BC be joined. e 
Then, since AB is parallel to CD, ^ 
io and. BC has fallen upon them, 
the alternate angles 44 5C, BCD 
are equal to one another. [1. 29] 
And, since 4B is equal to CD, 
and BC is common, 
t5 the two sides 42, BC are equal to the two sides DC, CB; 
and the angle ABC is equal to the angle BCD; 
therefore the base AC is equal to the base BD, 
and the triangle ABC is equal to the triangle DCB, 
and the remaining angles will be equal to the remaining angles 
20 respectively, namely those which the equal sides subtend ; [1. 4] 
therefore the angle ACB is equal to the angle CBD. 
And, since the straight line BC falling on the two straight 
lines AC, BD has made the alternate angles equal to one 
another, 
25 AC is parallel to BD. ZEY 
And it was also proved equal to it. 
Therefore etc. Q. E. D. 

1. joining...(at the extremities which are) in the same directions (respectively). 
I have for clearness’ sake inserted the words in brackets though they are not in the original 
Greek, which has **joining...in the same directions" or “on the same sides,” ér? rà aórà népn 
éwcfevyrtovca:. The expression ‘towards the same parts," though usage has sanctioned it, 
is perhaps not quite satisfactory. 

15. DC, CB and 18. DCB. The Greek has “ BC, CD” and “ BCD” in these places 
respectively. Euclid is not always careful to write in corresponding order the letters denoting 
corresponding points in congruent figures. On the contrary, he evidently prefers the alpha- 
betical order, and seems to disdain to alter it for the sake of beginners or others who might 
be confused by it. In the case of angles alteration is perhaps unnecessary ; but in the case 


of triangles and pairs of corresponding sides I have ventured to alter the order to that which 
the mathematician of to-day expects. 


This proposition is, as Proclus says (p. 385, 5), the connecting link between 
the exposition of the theory of parallels and the investigation of parallelograms. 
For, while it only speaks of equal and parallel straight lines connecting those 
ends of equal and parallel straight lines which are in the same directions, it 
gives, without expressing the fact, the construction or origin of the parallelogram, 
so that in the next proposition Euclid is able to speak of ** parallelogrammic 
areas" without any further explanation. 


PROPOSITION 34. 
In parallelogrammic aveas the opposite sides and angles 
are equal to one another, and the diameter bisects the areas. 


Let ACDB be a parallelogrammic area, and BC its 
diameter ; 
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s I say that the opposite sides and angles of the parallelogram 
ACDB are equal to one another, and the diameter BC 
bisects it. 

For, since AB is parallel to CD, A B 
and the straight line BC has fallen 

10 upon them, 

the alternate angles ABC, BCD 
are equal to one another. [29] d 
Again, since AC is parallel to BD, 
and BC has fallen upon them, 
15 the alternate angles CB, CBD are equal to one 
another. [1. 29] 
Therefore 4BC, DCB are two triangles having the two 
angles 4 BC, BCA equal to the two angles DCS, CBD 
respectively, and one side equal to one side, namely that 

20 adjoining the equal angles and common to both of them, BC; 

therefore they will also have the remaining sides equal 

to the remaining sides respectively, and the remaining angle 

to the remaining angle ; [1. 26] 
therefore the side 4B is equal to CD, 

25 and AC to BD, 
and further the angle BAC is equal to the angle CDB. 

And, since the angle ABC is equal to the angle BCD, 
and the angle CAD to the angle ACB, 


the whole angle ABD is equal to the whole angle " CD. 
C. N. 2 


30 And the angle BAC was also proved equal to the angle CDB. 
Therefore in parallelogrammic areas the opposite sides 
and angles are equal to one another. 
I say, next, that the diameter also bisects the areas. 
For, since 4B is equal to CD, 
35 and BC is common, 
the two sides AL, BC are equal to the two sides DC, CB 
respectively ; 
and the angle ABC is equal to the angle BCD ; 
therefore the base AC is also equal to DB, 
4» and the triangle 4 AC is equal to the triangle DCB. (1. 4] 
Therefore the diameter BC bisects the parallelogram 
ACDB. Q. E. D. 
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I. Itis to be observed that, when parallelograms have to be mentioned for the first time, 
Euclid calls them ** parallelogrammic areas" or, more exactly, ‘‘ parallelogram” areas 
(rapaà\nióypauua xwpla). The meaning is simply areas bounded by parallel straight lines 
with the further limitation placed upon the term by Euclid that only Jourceidod figures are so 
called, although of course there are certain regular polygons which have opposite sides 
parallel, and which therefore might be said to be areas bounded by parallel straight lines. We 
gather from Proclus (p. 399) that the word ‘‘ parallelogram "' was first introduced by Euclid, 
that its use was suggested by 1. 33, and that the formation of the word vapaXAgAóvypaupos 
(parallel-lined) was analogous to that of ed@iypaupos (straight-lined or rectilineal). 

17, 18, 40. DCB and 36. DC, CB. The Greek has in these places ‘‘8CD” and 
“ CD, BC” respectively. Cf. note on I. 33, lines 15, 18. 


After specifying the particular kinds of parallelograms (squares and rhombi) 
in which the diagonals bisect the angles which they join, as well as the areas, 
and those (rectangles and rhomboids) in which the diagonals do not bisect 
the angles, Proclus proceeds (pp. 390 sqq.) to analyse this proposition with 
reference to the distinction in Aristotle’s Ana/. Post. (1. 4, 5,73 a 21—74 b 4) 
between attributes which are only predicable of every individual thing (xarà 
mavrós) in a class and those which are true of it primarily (Toótov mpwrov) and 
generally (xa0óXov). We are apt, says Aristotle, to mistake a proof xara 
ravros for a proof rovrov mpwrov xaĝóàov because it is either impossible to 
find a higher generality to comprehend all the particulars of which the 
predicate is true, or to find a name for it. (Part of this passage of Aristotle 
has been quoted above in the note on 1. 32, pp. 319— 320.) 

Now, says Proclus, adapting Aristotle's distinction to ¢heorems, the present 
proposition exhibits the distinction between theorems which are general and 
theorems which are nof general. According to Proclus, the first part of 
the proposition stating that the opposite sides and angles of a parallelogram 
are equal is general because the property is only true of parallelograms ; but 
the second part which asserts that the diameter bisects the area is no? general 
because it does not include all the figures of which this property is true, e.g. 
circles and ellipses. Indeed, says Proclus, the first attempts upon problems 
seem usually to have been of this partial character (epexwrepac), and generality 
was only attained by degrees. Thus “the ancients, after investigating the 
fact that the diameter bisects an ellipse, a circle, and a parallelogram 
respectively, proceeded to investigate what was common to these cases,” 
though “it is difficult to show what is common to an ellipse, a circle and a 
parallelogram.” 

I doubt whether the supposed distinction between the two parts of the 
proposition, in point of “generality,” can be sustained. Proclus himself admits 
that it is presupposed that the subject of the proposition is a guadrilateral, 
because there are other figures (e.g. regular polygons of an even number of 
sides) besides parallelograms which have their opposite sides and angles 
equal; therefore the second part of the theorem is, in this respect, no more 
general than the other, and, if we are entitled to the tacit limitation of the 
theorem to quadrilaterals in one part, we are equally entitled to it in the other. 

It would almost appear as though Proclus had drawn the distinction for 
the mere purpose of alluding to investigations by Greek geometers on the 
general subject of diameters of all sorts of figures; and it may have been these 
which brought the subject to the point at which Apollonius could say in the 
first definitions at the beginning of his Cores that “In any dent line, such as 
is in one plane, I give the name diameter to any straight line which, being 
drawn from the bent line, bisects all the straight lines (chords) drawn in the 
line parallel to any straight line.” The term dent line (kapmúiņn ypappý) 
includes, e.g. in Archimedes, not only curves, but any composite line made 
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up of straight lines and curves joined together in any manner. It is of course 
clear that either diagonal of a parallelogram bisects all lines drawn within the 
parallelogram parallel to the other diagonal. 

An-Nairizi gives after 1. 31 a neat construction for dividing a straight line 
into any number of equal parts (ed. Curtze, p. 74, ed. Besthorn-Heiberg, 
pP. 141—3) which requires only one measurement repeated, together with the 
properties of parallel lines including 1. 33, 34. As 1. 33, 34 are assumed, I 
place the problem here. The particular case taken is the problem of dividing 
a straight line into Aree equal parts. 

Let AB be the given straight line. Draw AC, BD at right angles to it 
on opposite sides. 

An-Nairizi takes 4C, BD of the same 


length and then bisects AC at E and BD D 
at F. But of course it is even simpler to ( 
measure AZ, EC along one perpendicular k F 


equal and of any length, and BF, FD along 
the other also equal and of the same length. 
Jon £D, CF meeting AB in G, H A B 
respectively. 
Then shall 4G, GH, HB all be equal. 


Draw HK parallel to 4C, or at right = 
angles to AB. 

Since now £C, FD are equal and parallel, c 
ED, CF are equal and parallel. [1. 33] 


And AK was drawn parallel to AC. 
Therefore ECAK is a parallelogram; whence A/ is equal as well as 
parallel to EC, and therefore to ZA. 


The triangles EA G, KHG have now two angles respectively equal and the 
sides AZ, HX equal. 
Thus the triangles are equal in all respects, and 


AG is equal to GH. 
Similarly the triangles KG, BAH are equal in all respects, and 
GH is equal to HB. 


If now we wish to extend the problem to the case where ABZ is to be 
divided into parts, we have only to measure (”—1) successive equal lengths 
along AC and (2-1) successive lengths, each equal to the others, along BD. 
Then join the first point arrived at on AC to the last point on BD, the 
second on AC to the last but one on BD, and so on; and the joining lines 
cut 4B in points dividing it into 7 equal parts. 


PROPOSITION 35. 
Parallelograms which are on the same base and in the 
same parallels are equal to one another. 


Let ABCD, EBCF be parallelograms on the same base 
BC and in the same parallels AF, BC; 


s I say that A BCD is equal to the parallelogram EBCF. 
For, since ABCD is a parallelogram, 
AD is equal to BC. (t. 34] 
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For the same reason also 


EF is equal to BC, 
IO so that 44D is also equal to EZ; [C Mm. x] 
and DE is common; 


therefore the whole A Æ is equal to the whole DF. 
[c. N. 2] 


But ABZ is also equal to DC; (1. 34] 


therefore the two sides EA, AB are equal to the two sides 
15 FD, DC respectively, à -— 


and the angle FDC is equal to \7 


the angle EAB, the exterior to the 
interior ; [t. 29] 
therefore the base E P is equal X x 


20 to the base FC, 


and the triangle ZAB will be equal to the triangle FDC. 


[1. 4] 
Let DGE be subtracted from each ; 


therefore the trapezium BGD which remains is equal to 
the trapezium EGCF which remains. | [C. N. 3] 


25 — Let the triangle GBC be added to each ; 


therefore the whole parallelogram 4 BCD is equal to the whole 
parallelogram EBCF. [C. N. 2] 


Therefore etc. 
Q. E. D. 


24. FDC. The text has “ DFC.” 

22. Let DGE be subtracted. Euclid speaks of the triangle DGE without any 
explanation that, in the case which he takes (where 4D, EF have no point in common), 
BE, CD must meet at a point G between the two parallels. He allows this to appear from 
the figure simply. 


Equality in a new sense. 


It is important to observe that we are in this proposition introduced for 
the first time to a new conception of equality between figures. Hitherto we 
have had equality in the sense of congruence only, as applied to straight lines, 
angles, and even triangles (cf. 1. 4). Now, without any explicit reference to 
any change in the meaning of the term, figures are inferred to be egua/ which 
are equal in area or in content but need not be of the same form. No 
definition of equality is anywhere given by Euclid; we are left to infer its 
meaning from the few axtoms about “equal things.” It will be observed that 
in the above proof the “equality” of two parallelograms on the same base 
and between the same parallels is inferred by the successive steps (1) of 
subtracting one and the same area (the triangle DG) from two areas equal 
in the sense of congruence (the triangles AEB, DFC), and inferring that the 
remainders (the trapezia 4 BGD, EGCF) are “equal”; (2) of adding one and 
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the same area (the triangle GBC) to each of the latter “ equal” trapezia, and 
inferring the equality of the respective sums (the two given parallelograms). 

As is well known, Simson (after Clairaut) slightly altered the proof in order 
to make it applicable to all the three possible cases. The alteration 
substituted one step of subtracting congruent areas (the triangles 4.EB, DFC) 
from one and the same area (the trapezium ABC) for the two steps above 
shown of first subtracting and then adding a certain area. 

While, in either case, nothing more is explicitly used than the axioms that, 
tf equals be added to equals, the wholes are equal and that, if equals be subtracted 
from equals, the remainders are equal, there is the further facit assumption that 
it is indifferent to what part or from what part of the same or equal areas the 
same or equal areas are added or subtracted. De Morgan observes that the 
postulate “an area taken from an area leaves the same area from whatever 
part it may be taken” is particularly important as the key to equality of non- 
rectilineal areas which could not be cut into coincidence geometrically. 

Legendre introduced the word equivalent to express this wider sense of 
equality, restricting the term egua/ to things equal in the sense of congruent ; 
and this distinction has been found convenient. 

I do not think it necessary, nor have I the space, to give any account of 
the recent developments of the theory of equivalence on new lines represented 
by the researches of W. Bolyai, Duhamel, De Zolt, Stolz, Schur, Veronese, 
Hilbert and others, and must refer the reader to Ugo Amaldi's article Su//a 
teoria dell’ equivalenza in Questiont riguardanti le matematiche elementari, 1. 
(Bologna, 1912), pp. 145—198, and to Max Simon, Uer die Entwicklung der 
£lemertar-geometrie im XIX. Jahrhundert (Leipzig, 1906), pp. 115—120, with 
their full references to the literature of the subject. { may however refer to 
the suggestive distinction of phraseology used by Hilbert (Grundlagen der 
Geometrie, pp. 39, 40): 

(1) “Two polygons are called dsvisibly-equal (serlegunysgleich) if they can 
be divided into a finite number of triangles which are congruent two and two.” 

(2) ‘*Two polygons are called egual in content (inhaltsgletch) or of equal 
content if it is possible to add atvsstbly-egual polygons to them in such a way 
that the two combined polygons are d?visibdy-equa/." 

(Amaldi suggests as alternatives for the terms in (1) and (2) the expressions 
equivalent by sum and equivalent by difference respectively.) 

From these definitions it follows that “by combining divisibly-equal 
polygons we again arrive at divistbly-equal polygons; and, if we subtract 
divisibly-egual polygons from divisibly-egual polygons, the polygons remaining 
are egual in content.” 


Ihe proposition also follows without difficulty that, **if two polygons are 
divisibly-equa! to a third polygon, they are also divisibly-gual to one another ; 
and, if two polygons are egual in content to a third polygon, they are egual in 
content to one another.” 


The different cases. 


As usual, Proclus (pp. 399—400), observing that Euclid has given only the 
most difficult of the three possible cases, adds the other two with separate 
proofs. In the case where Æ in the figure of the proposition falls between 4 
and D, he adds the congruent triangles ABE, DCF respectively to the 
smaller trapezium ÆBCD, instead of subtracting them (as Simson does) from 
the larger trapezium 4BCEF 
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An ancient ** Budget of Paradoxes.” 


Proclus observes (p. 396, 12 sqq.) that the present theorem and the 
similar one relating to triangles are among the so-called paradoxical theorems 
of mathematics, since the uninstructed might well regard it as impossible that 
the area of the parallelograms should remain the same while the length of the 
sides other than the base and the side opposite to it may increase indefinitely. 
He adds that mathematicians had made a collection of such paradoxes, the 
so-called /reasuzy of paradoxes (5 wapadofos roros)—cf. the similar expressions 
roros avadvopmevos (treasury of analysis) and roros arrpovopovjmevos—in the same 
way as the Stoics with their s/ustrations (worep of ard rs Yroas eri rav 
Seyparwy). It may be that this treasury of paradoxes was the work of 
Erycinus quoted by Pappus (111. p. 107, 8) and mentioned above (note on 
Il. 2I, p. 290). 


Locus-theorems and loci in Greek geometry. 


The proposition I. 35 is, says Proclus (pp. 394—6), the first /ocus-theorem 
(romwxóv Ó«opuua) given by Euclid. Accordingly it is in his note on this 
proposition that Proclus gives us his view of the nature of a locus-theorem 
and of the meaning of the word /ocus (romos) ; and great importance attaches 
to his words because he is one of the three writers (Pappus and Eutocius 
being the two others) upon whom we have to rely for all that is known of the 
Greek conception of geometrical loci. 

Proclus’ explanation (pp. 394, 15—395, 2) is as follows. “I call those 
(theorems) Jocus-tAeorems (roma) in which the same property is found to exist 
on the whole of some locus (mpós 0Àv revi rorw), and (I call) a locus a position 
of a line or a surface producing one and the same property (ypappys Ñ êr- 
$aveías Géow rovovcay tv xai ravrov cUurrwyua). For, of locus-theorems, some 
are constructed on lines and others on surfaces (rdv yàp romuóv rà pév dori 
TpÓs ypapuate ovvicrapeva, Ta SE MpOr <riavetars). And, since some lines are 
plane (exéredox) and others solid (orepeat)—those being plane which are simply 
conceived of in a plane (dv ev excmédy arAy 7 vonors), and those solid the 
origin of which is revealed from some section of a solid figure, as the cylin- 
drical helix and the conic lines (ws rays xvAuwdpucys €uxos Kal tov KwviKav 
ypappuv)—I should say (d¢acyy av) further that, of locus-theorems on lines, 
some give a plane locus and others a solid locus." 

Leaving out of sight for the moment the class of /oct on surfaces, we find 
that the distinction between p/ane and solid loci, or plane and solid lines, was 
similarly understood by Eutocius, who says (Apollonius, ed. Heiberg, it. 
p. 184) that “solid loci have obtained their name from the fact that the lines 
used in the solution of problems regarding them have their origin in the 
section of solids, for example the sections of the cone and several others." 
Similarly we gather from Pappus that p/ane Joc’ were straight lines and circles, 
and solid loci were conics. Thus he tells us (vit. p. 672, 20) that Aristaeus 
wrote five books of Solid Loci “supplementary to (literally, continuous with) 
the conics"; and, though Hultsch brackets the passage (vit. p. 662, 10—15) 
which says plainly that p/ane Joc: are straight lines and circles, while solid loci 
are sections of cones, 1.e. parabolas, ellipses and hyperbolas, we have the 
exactly corresponding distinction drawn by Pappus (tt. p. 54, 7-—16) between 
plane and solid problems, plane problems being those solved by means of 
straight lines and circumferences of circles, and solid problems those solved 
by means of one or more of the sections of the cone. But, whereas Proclus 
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and Eutocius speak of other soZiZ loci besides conics, there is nothing in 
Pappus to support the wider application of the term. According to Pappus 
(111. p. 54, 16—21) problems which could not be solved by means of straight 
lines, circles, or conics were /inear (ypappixa) because they used for their 
construction lines having a more complicated and unnatural origin than those 
mentioned, namely such curves as guadratrices, conchoids and cissoids. 
Similarly, in the passage supposed to be interpolated, linear loci are distin- 
guished as those which are neither straight lines nor circles nor any of the 
conic sections (vir. p. 662, 13—15). Thus the classification given by Proclus 
and Eutocius is less precise than that which we find in Pappus; and the 
inclusion by Proclus of the cylindrical helix among solid loci, on the ground 
that it arises from a section of a solid figure, would seem to be, in any case, 
due to some misapprehension. 

Comparing these passages and the hints in Pappus about /oct on surfaces 
(rérot mpòs éripaveig) with special reference to Euclid's two books under that 
title, Heiberg concludes that /oct on lines and loci on surfaces in Proclus’ 
explanation are loci which are lines and loci which are surfaces respectively. 
But some qualification is necessary as regards Proclus’ conception of ci on 
lines, because he goes on to say (p. 395, 5), with reference to this proposition, 
that, while the locus is a /ocus on lines and moreover plane, it is “the whole 
space between the parallels” which is the locus of the various parallelograms 
on the same base proved to be equal in area. Similarly, when he quotes 
111. 21 about the equality of the angles in the same segment and 111. 31 about 
the right angle in a semicircle as cases where a circumference of a circle 
takes the place of a straight line in a p/ane locus-theorem, he appears to 
imply that it is the segment or semicircle as an area which is regarded as the 
locus of an infinite number of triangles with the same base and equal vertical 
angles, rather than that it is the circumference which is the locus of the angular 
points. Likewise he gives the equality of parallelograms inscribed in “the 
asymptotes and the hyperbola” as an example of a solid locus-theorem, as if 
the area included between the curve and its asymptotes was regarded as the 
locus of the equal parallelograms. However this may be, it is clear that the 
locus in the present proposition can only be either (1) a /ine-locus of a dine, 
not a point, or (2) an area-locus of an area, not a point or a line; and we 
seem to be thus brought to another and different classification of loci 
corresponding to that quoted by Pappus (vil. p. 660, 18 sqq.) from the pre- 
liminary exposition given by Apollonius in his Plane Loci. According to this, 
loci in general are of three kinds: (1) épextixot, holding-in, in which sense 
the locus of a point is a point, of a line a line, of a surface a surface, and of a 
solid a solid, (2) Sue£o&wot, moving along, a line being in this sense a locus of a 
point, a surface of a line and a solid of a surface, (3) dvaarpoduxoi, where a 
surface is a locus of a point and a solid of a line. Thus the locus in this 
proposition, whether it is the space between the two parallels regarded as the 
locus of the equal parallelograms, or the line parallel to the base regarded as 
the locus of the sides opposite to the base, would seem to be of the first class 
(€pexrixos) ; and, as Proclus takes the former view of it, a /ocus on lines is 
apparently not merely a locus which és a line but a locus bounded by lines 
also, the locus being s/ane in the particular case because it is bounded by 
straight lines, or, in the case of 111. 21, 31, by straight lines and circles, but 
not by any higher curves. 

Proclus notes lastly (p. 395, 13—21) that, according to Geminus, 
*" Chrysippus likened locus-theorems to the sdeas. For, as the ideas confine 
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the genesis of unlimited (particulars) within defined limits, so in such theorems 
the unlimited (particular figures) are confined within defined places or loci 
(rorot). And it is this boundary whicl: is the cause of the equality ; for the 
height of the parallels, which remains the same, while an infinite number of 
parallelograms are conceived on the same base, is what makes them all equal 
to one another.” 


PROPOSITION 36. 


Parallelograms which are on equal bases and in the same 
parallels are equal to one another. 


Let ABCD, EFGH be parallelograms which are on 
equal bases BC, FG and in the same parallels 4H, BG; 


LX \ 


I say that the parallelogram ABCD is equal to EFGH. 
For let BE, CH be joined. 
Then, since BC is equal to FG 
while FG is equal to EA, 
BC is also equal to EH. [C. N. 1] 
But they are also parallel. 
And ÆÐ, HC join them; 
but straight lines joining equal and parallel straight lines (at 
the extremities which are) in the same directions (respectively) 
are equal and parallel. [1. 33] 
Therefore EBCA is a parallelogram. (1. 34] 
And it is equal to ABCD ; 
for it has the same base AC with it, and is in the same 
parallels BC, AF with it. (1. 35] 
For the same reason also EFG/Z is equal to the same 
EBCH ; [r. 35] 
so that the parallelogram ABCD is also equal to EFGH. 


[C. N. 1] 
T herefore etc. 


Q. E. D. 
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PROPOSITION 37. 


Triangles which are on the same base and in the same 
parallels ave equal to one another. 


Let ABC, DBC be triangles on the same base BC and 
in the same parallels 4D, BC; 


51 say that the triangle 48C is equal to the triangle DAC. 
Let AD be produced in both 
directions to Æ, F; E AD E 
through 2 let BE be drawn parallel 
to C4, [1. 31] 
1oand through C let CF be drawn 
parallel to BD. (1. 37] B [e 
Then each of the figures 
EBCA, DBCF is a parallelogram ; 


and they are equal, | 


ıs for they are on the same base BC and in the sam 
parallels BC, EF. (1. 35] 
Moreover the triangle ABC is half of the parallelogram 
EBCA ; for the diameter AZ bisects it. (1. 34] 
And the triangle DAC is half of the parallelogram DBCF; 
20 for the diameter DC bisects it. [1. 34] 
[But the halves of equal things are equal to one another. | 
Therefore the triangle ABC is equal to the triangle DBC. 
Therefore etc. 
Q. E. D. 


21. Here and in the next proposition Heiberg brackets the words ‘‘But the halves of 
equal things are equal to one another” on the ground that, since the Common Notion 
which asserted this fact was interpolated at a very early date (before the time of Theon), 
it is probable that the words here were interpolated at the same time. Cf. note above 
(p. 224) on the interpolated Common Notion. 


There is a lacuna in the text of Proclus’ notes to 1. 36 and 1. 37. 
Apparently the end of the former and the beginning of the latter are missing, 
the mss. and the editio princeps showing no separate note for r. 37 and no 
lacuna, but going straight on without regard to sense. Proclus had evidently 
remarked again in the missing passage that, in the case of both parallelograms 
and triangles between the same parallels, the two sides which stretch from one 
parallel! to the other may increase in length to any extent, while the area 
remains the same. Thus the perimeter in parallelograms or triangles is of 
itself no criterion as to their area. Misconception on this subject was rife 
among non-mathematicians; and Proclus (p. 403, 5 sqq.) tells us (1) of 
describers of countries (ywpoypago.) who drew conclusions regarding the size 
of cities from their perimeters, and (2) of certain members of communistic 
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societies in his own time who cheated their fellow members by giving them 
land of greater perimeter but less area than they took themselves, so that, on 
the one hand, they got a reputation for greater honesty while, on the other, they 
took more than their share of produce. Cantor (Gesch. d. Math. 15, p. 172) 
quotes several remarks of ancient authors which show the prevalence of the 
same misconception. Thus Thucydides estimates the size of Sicily according 
to the time required for circumnavigating it. About 130 B.c. Polybius said 
that there were people who could not understand that camps of the same 
periphery might have different capacities. Quintilian has a similar remark, 
and Cantor thinks he may have had in his mind the calculations of Pliny, who 
compares the size of different parts of the earth by adding their length to their 
breadth. 

The comparison however of the areas of different figures of equal contour 
had not been neglected by mathematicians. ^ Theon of Alexandria, in his 
commentary on Book 1. of Ptolemy’s Sy#faxis, has preserved a number of 
propositions on the subject taken from a treatise by Zenodorus mep isopérpwv 
oxnparwy (reproduced in Latin on pp. r1g0—1211 of Hultsch’s edition of 
Pappus) which was written at some date between, say, 200 B.c. a.d go A.D., 
and probably not long after the former date. Pappus too has at the beginning 
of Book v. of his Collection (pp. 308 sqq.) the same propositions, in which he 
appears to have followed Zenodorus pretty closely while making some changes 
in detail. The propositions proved by Zenodorus and Pappus include the 
following: (1) that, of all polygons of the same number of sides and equal 
perimeter, the equilateral and equtangular polygon is the greatest in area, 
(2) that, of regular polygons of equal perimeter, that ts the greatest in area 
which has the most angles, (3) that a circle is greater than any regular polygon 
of equal contour, (4) that, of all arcular segments in which the arcs are equal in 
length, the semicircle ts the greatest. The treatise of Zenodorus was not con- 
fined to propositions about plane figures, but gave also the theorem that, of 
all solid figures the surfaces of which are egual, the sphere is the greatest in 
volume. 


PROPOSITION 38. 


Triangles which are on egual bases and in the same 
parallels are egual to one another. 


Let ABC, DEF be triangles on equal bases BC, EF an 
in the same parallels AF, AD ; | 
I say that the triangle ABC is G AD ! 
equal to the triangle DEF. | 

For let AD be produced in 
both directions to G, 77 ; 
through Z let BG be drawn 8 c E F 
parallel to CA, [r. 31] 
and through F let FH be drawn parallel to DE. 

Then each of the figures GBCA, DEFH is a parallelo- 
gram ; 


and GBCA is equal to DEFF ; 
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. for they are on equal bases BC, EF and in the same 
parallels BF, GH. (1. 36] 


Moreover the triangle ABC is half of the parallelogram 
GBCA ; for the diameter AP bisects it. (1. 34] 

And the triangle FED is half of the parallelogram DEFA; 
for the diameter DF bisects it. (1. 34] 

[But the halves of equal things are equal to one another. ] 

Therefore the triangle ABC 1s equal to the triangle DEF. 

Therefore etc. 

Q. E. D. 


On this proposition Proclus remarks (pp. 405—6) that Euclid seems to 
him to have given in vi. 1 one proof including all the four theorems from 
I. 35 to 1. 38, and that most people had failed to notice this. When Euclid, 
he says, proves that triangles and parallelograms of the same altitude have to 
one another the same ratio as their bases, he simply proves all these 
propositions more generally by the use of proportion ; for of course to be of 
the same altitude is equivalent to being in the same parallels. It is true that 
VI. 1 generalises these propositions, but it must be observed that it does not 
prove the propositions themselves, as Proclus seems to imply; they are in fact 
assumed in order to prove VI. 1. 


Comparison of areas of triangles of I. 24. 


The theorem already mentioned as given by Proclus on 1. 24 (pp. 340—4) 
is placed here by Heron, who also enunciates it more clearly (an-Nairizi, ed. 
Besthorn-Heiberg, pp. 155— 161, ed. Curtze, pp. 75—8). 

Jf in two triangles two sides of the one be equal to two sudes of the other 
respectively, and the angle of the one be greater than the angle of the other, 
namely the angles contained by the equal sides, then, (1) tf the sum of the two 
angles contained by the equal sides is equal to two right angles, the two triangles 
are equal to one another ; (2) if less than two right angles, the triangle which 
has the greater angle is also itself greater than the other ; (3) tf greater than two 
right angles, the triangle which has the less angle ts greater than the other 


triangle. 
A D 
a 
É o E 
G 
F 


Let two triangles 4BC, DEF have the sides 4B, AC respectively equal 
to DE, DF. 

(1) First, suppose that the angles at 4 and JD in the triangles ABC, 
DEF are together equal to two right angles. 

Heron’s construction is now as follows. 


Make the angle EG equal to the angle BAC. 
Draw FE parallel to E.D meeting DG in Æ. 
join EZ. 
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Then, since the angles BAC, EDF are equal to two right angles, the 
angles EDH, EDF are equal to two right angles. 

But so are the angles LDH, DHF. 

Therefore the angles EDF, DHF are equal. 


And the alternate angles EDF, DFH are equal. (1. 29] 
Therefore the angles DHF, DFH are equal, 
and D is equal to D. [1. 6] 


Hence the two sides £D, DH are equal to the two sides BA, AC; and 
the included angles are equal. 
Therefore the triangles 48C, DEH are equal in all respects. 
And the triangles DEF, DEH between the same parallels are caual: 
I. 37 
Therefore the triangles ABC, DEF are equal. 
Proclus takes the construction of Eucl. 1. 24, i.e., he makes 277 equal to 
DF and then proves that ED, FH are parallel. | 
(2) Suppose the angles BAC, ZDF together /ess than two right angles. 
As before, make the angle EDG equal to the angle BAC, draw FH 
parallel to ED, and join E. 


A D 
— H 
B CE G 


In this case the angles EDH, EDF are together less than two right 
angles, while the angles EDA, DAF are equal to two right angles. _[1. 29] 

Hence the angle £.D/F, and therefore the angle D/H, is less than the 
angle DHF. 

Therefore DH is less than DE (1. 19] 

Produce DH to G so that DG is equal to DF or AC, and join EG. 

Then the triangle DEG, which is equal to the triangle ABC, is greater 
than the triangle DEZ, and therefore greater than the triangle DEF. 

(3) Suppose the angles BAC, EDF together greater than two right 


angles. 
A D 
em S Q 
; o —— 
F 


We make the same construction in this case, and we prove in like manner 

that the angle DAF is less than the angle DFH, 
whence DH is greater than DF or AC. 

Make DG equal to AC, and join ZG. 

It then follows that the triangle DEF is greater than the triangle 4 BC. 

[In the second and third cases again Proclus starts from the construction 
in 1. 24, and proves, in the second case, that the parallel, ZZ, to ED cuts 
DG and, in the third case, that it cuts DG produced. | 
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There is no necessity for Heron to take account of the position of F in 
relation to the side opposite D. For in the first and third cases F must fall 


A 


B C E 


in the position in which Euclid draws it in 1. 24, whatever be the relative 
lengths of 48, 4C. In the second case the figure may be as annexed, but the 
proof is the same, or rather the case needs no proof at all. 


PROPOSITION 39. 


Equal triangles which are on the same base and on the 
same side are also in the same parallels. 


Let ABC, DBC be equal triangles which are on the same 
base BC and on the same side of it ; 
5[I say that they are also in the same parallels. ] 
And [For] let 4D be joined; 
I say that 4D is parallel to BC. Á D 
For, if not, let AE be drawn through 
the point 4 parallel to the straight line 
10 BC, (1. 31] 
and let EC be joined. B c 


Therefore the triangle ABC is equal 
to the triangle EBC; 


for it is on the same base ÆC with it and in the same 


15 parallels. (1. 37] 
But 4 8C is equal to DBC ; 
therefore DAC is also equal to EBC, [C. N. 1] 


the greater to the less: which is impossible. 
Therefore 74 E is not parallel to BC. 
20 Similarly we can prove that neither is any other straight 
line except AD ; 
therefore 4D is parallel to BC. 


Therefore etc. 
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5. [I say that they are also in the same parallels.) Heiberg has proved (Hermes, 
XXXVIII., 1903, p. 50) from a recently discovered papyrus-fragment (Fayiim towns and their 
papyrt, p. 96, No. 1X.) that these words are an interpolation by some one who did not observe 
that the words *' And let 42 be joined " are part of the setting-out (ExOeors), but took them 
as belonging to the construction (xatacxevj) and consequently thought that a ótop«ruós or 
“definition ” (of the thing to be proved) should precede. The interpolator then altered 
" And" into “For” in the next sentence. 


This theorem is of course the partial converse of 1. 37. In 1. 37 we have 
triangles which are (1) on the same base, (2) in the same parallels, and the 
theorem proves (3) that the triangles are equal. Here the hypothesis (1) and 
the conclusion (3) are combined as hypotheses, and the conclusion is the 
hypothesis (2) of 1. 37, that the triangles are in the same parallels. The 
additional qualification in this proposition that the triangles must be on the 
same side of the base is necessary because it is not, as in I. 37, involved in the 
other hypotheses. 

Proclus (p. 407, 4—17) remarks that Euclid only converts 1. 37 and 1. 38 
relative to triangles, and omits the converses of 1. 35, 36 about parallelograms 
as unnecessary because it is easy to see that the method would be the same, 
and therefore the reader may properly be left to prove them for himself. 

The proof is, as Proclus points out (p. 408, 5— 21), equally easy on the 
supposition that the assumed parallel Æ meets BD or CD produced 
beyond D. 


[PROPOSITION 40. 


Equal triangles which ave on equal bases and on the same 
side are also in the same parallels. 


Let ABC, CDE be equal triangles on equal bases AC, 
CE and on the same side. 


I say that they are also in the same parallels. 
For let 4D be joined ; 


I say that 74D is parallel to ZZ. A D 
For, if not, let 4 be drawn through — 

A parallel to BE (i. 31], and let FZ be 

joined. | 
Therefore the triangle ABC is equal 8 C E 


to the triangle FCZ ; 


for they are on equal bases BC, CZ and in the same parallels 
BE, AF. [1. 38] 
But the triangle 48C is equal to the triangle DCE ; 
therefore the triangle DC is also equal to the triangle 
FCE, (C. NW. 1] 


the greater to the less: which is impossible. 
Therefore AF is not parallel to BE. 
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Similarly we can prove that neither is any other straight 
line except 4D; 


therefore 4D is parallel to BE. 
Therefore etc. 
Q. E. D.] 


Heiberg has proved by means of the papyrus-fragment mentioned in the 
last note that this proposition is an interpolation by some one who thought 
that there should be a proposition following 1. 39 and related to it in the same 
way as 1. 38 is related to 1. 37, and 1. 36 to 1. 35. 


PROPOSITION 4I. 


Ifa parallelogram have the same base with a triangle and 
be in the same parallels, the parallelogram is double of the 
triangle. 


For let the parallelogram ABCD have the same base BC 


with the triangle EBC, and let it be in the same parallels 
BC, AE; 


I say that the parallelogram ABCD is double of the 
triangle BEC. 


For let AC be joined. A D E 
Then the triangle ABC is equal to 
the triangle EBC ; 


for it is on the same base AC with it 
and in the same parallels BC, AZ. 8 c 


[t 37] 
But the parallelogram ABCD is double of the triangle 
ABC; 
| for the diameter AC bisects it ; [1. 34] 


so that the parallelogram ABCD is also double of the triangle 
EBC. 
Therefore etc. 


Q. E. D. 


On this proposition Proclus (pp. 414, 15—415, 16), *by way of practice" 
(yupvagias évexa), considers the area of a trapezium (a quadrilateral with only 
one pair of opposite sides parallel) in comparison with that of the triangles 
in the same parallels and having the greater and less of the parallel sides of 
the trapezium for bases respectively, and proves that the trapezium is less 
than double of the former triangle and more than double of the latter. 

He next (pp. 415, 22—416, 14) proves the proposition that, 

Jf a triangle be formed by joining the middle point of either of the non- 
parallel sides to the extremities of the opposite side, the area of the trapezium is 
always double of that of the triangle. 
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Let ABCD be a trapezium in which 4D, BC are the parallel sides, and 
E the middle point of one of the non-parallel sides, 
say DC. 

Join ZA, EB and produce BE to meet AD 
produced in Æ. 

Then the triangles BEC, FED have two angles 
equal respectively, and one side CE equal to one $ o 
side DE ; 
therefore the triangles are equal in all respects. [1. 26) 

Add to each the quadrilateral 4BED ; 
therefore the trapezium 448 C is equal to the triangle ABA, 

that is, to twice the triangle AZZ, since BE is equal to ZF. [1. 38] 


The three properties proved by Proclus may be combined in one enuncia- 
tion thus: 

Lf a triangle be formed by joining the middle point of one side of a trapezium 
to the extremities of the opposite side, the area of the trapezium is (1) greater 
than, (2) equal to, or (3) less than, double the area of the triangle according as 
the side the middle point of which ts taken ts (1) the greater of the parallel sides, 
(2) either of the non-parallel sides, or (3) the lesser of the parallel sides. 


A F 


PROPOSITION 42. 


To construct, in a given vectilineal angle, a parallelogram 
equal to a given triangle. 

Let ABC be the given triangle, and D the given recti- 
lineal angle ; 
thus it is required to construct in the rectilineal angle D a 
parallelogram equal to the 
triangle ABC. 


A F a 
Let BC be bisected at Æ, ~el 
and let AE be joined ; 
on the straight line ÆC, and N 
8 E C 


at the point Æ on it, let the 
angle CEF be constructed 
equal to the angle D ; [1. 23] 
through 4 let AG be drawn parallel to EC, and [1. 31] 
through C let CG be drawn parallel to EF. 

Then FECG is a parallelogram. 

And, since BE is equal to EC, 

the triangle 4 E is also equal to the triangle 4 EC, 
for they are on equal bases BZ, EC and in the same parallels 
BC, AG; (1. 38] 

therefore the triangle ABC is double of the triangle 


. 
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But the parallelogram FECG is also double of the triangle 
AEC, for it has the same base with it and is in the same 
parallels with it; (1. 41] 

therefore the parallelogram /ECG is equal to the 
triangle ABC. 

And it has the angle CE equal to the given angle D. 


Therefore the parallelogram “ECG has been constructed 
equal to the given triangle ASC, in the angle CEF which is 
equal to D. Q. E. F. 


PROPOSITION 43. 


In any parallelogram the complements of the parallelograms 
about the diameter are equal to one another. 
Let ABCD be a parallelogram, and AC its diameter ; 


and about AC let EH, FG be parallelograms, and ZK, KD 
5 the so-called complements ; 


I say that the complement BK is equal to the complement 


For, since 4 BCD isa parallelogram, and AC its diameter, 
the triangle ABC is equal to 
10 the triangle ACD. (1. 34] 
Again, since £77 is a parallelo- 

gram, and AX is its diameter, 
the triangle 44 EK is equal to 

the triangle 4477 K. 

15 For the same reason 

the triangle AFC is also equal to KGC. 


Now, since the triangle 42K is equal to the triangle 
AHK, 


A H D 


B G C 


and AFC to AGC, 
20 the triangle AEK together with AGC is equal to the triangle 
AHK together with KC. [C. N. 2] 
And the whole triangle ABC is also equal to the whole 
ADC; 
therefore the complement BX which remains is equal to the 
as complement AD which remains. (C. N. 3] 
Therefore etc. 
Q. E. D. 
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i. complements, rapardnpwyara, the figures put in to fill up (interstices). 

4- and about AC.... Euclid’s phraseology here and in the next proposition implies 
that the complements as well as the other parallelograms are ** about" the diagonal. The 
words are here wept 8é rà» AT wapaddAnd\payya piv (cro rà EO, ZH, rà 64 Meyóueva 
wapar\npwyara 74 BK, KA. The expression “the so-called complements ” indicates that 
this technical use of raparAnpwyara was not new, though it might not be universally known. 


In the text of Proclus’ commentary as we have it, the end of the note on 
I. 41, the whole of that on 1. 42, and the beginning of that on I. 43 are 
missing. 

Proclus remarks (p. 418, 15—20) that Euclid did not need to give a 
formal definition of complement because the name was simply suggested by the 
facts; when once we have the two “parallelograms about the diameter,” 
the complements are necessarily the areas remain- 
ing over on each side of the diameter, which fill 
up the complete parallelogram. Thus (p. 417, 

1 sqq.) the complements need not be parallelo- 

grams. They are so if the two “parallelograms 

about the diameter” are formed by straight lines 

drawn through one point of the diameter parallel 

to the sides of the original parallelogram, but not 

otherwise. If, as in the first of the accompanying figures, the parallelograms 
have no common point, the complements are five-sided figures as shown. 
When the parallelograms overlap, as in the second figure, Proclus regards 
the complements as being the small parallelo- 

grams FG, EH. But, if complements are strictly A F D 
the areas required to fill up the original parallelo- Nw, 
gram, Proclus is inaccurate in descnbing FG, EH LIST 

as the complements. The complements are really € 

(1) the parallelogram FG minus the triangle LMN, [D Je. Nu 

and (2) the parallelogram ZH minus the triangle B H C 
KMN, respectively; the possibility that the re- 

spective differences may be negative merely means the possibility that the 
sum of the two parallelograms about the diameter may be together greater 
than the original parallelogram. 

In all the cases it is easy to show, as Proclus does, that the complements 
are still equal. 


PROPOSITION 44. 


To a given straight line to apply, in a given rectilineal 
angle, a parallelogram egual to a given triangle. 


Let AB be the given straight line, C the given triangle 
and D the given rectilineal angle ; 

s thus it is required to apply to the given straight line 4, in 
an angle equal to the angle D, a parallelogram equal to the 
given triangle C. 

Let the parallelogram BEFG be constructed equal to 
the triangle C, in the angle EG which is equal to D [1. 42); 
to let it be placed so that BÆ is in a straight line with 442 ; let 
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FG be drawn through to Æ, and let 4H be drawn through 
A parallel to either BG or EF. [1. 31] 
Let HB be joined. 


NY 


Then, since the straight line 777 falls upon the parallels 
i54 H, EF, 


the angles 4 HF, HFE are equal to two right angles. 


[1. 29] 
Therefore the angles BAG, GFE are less than two right 
angles ; 
and straight lines produced indefinitely from angles less than 
20 two right angles meet ; [Post. 5] 
therefore HB, FE, when produced, will meet. 
Let them be produced and meet at A; through the point 
K let KL be drawn parallel to either £4 or FH, [1. 31] 
and let HA, GB be produced to the points Z, M. 
235 Then ALKXF is a parallelogram, 


HK is its diameter, and 4G, ME are parallelograms. and 
LB, BF the so-called complements, about HX; 


therefore LB is equal to BF. (1. 43] 
But BF is equal to the triangle C ; 
3o therefore LB is also equal to C. (Cc. Mx] 
And, since the angle GE is equal to the angle 42M, 


[r. 15] 
while the angle GBE is equal to D, 


the angle 4BM is also equal to the angle D. 


Therefore the parallelogram ZZ equal to the given triangle 


35 C has been applied to the given straight line 74 Z, in the angle 
ABM which is equal to D. 


Q. E. F. 


14. since the straight line HF falls.... The verb is in the aorist (érésmrece») here and 
in similar expressions in the following propositions. 


This proposition will always remain one of the most impressive in all 
geometry when account is taken (1) of the great importance of the result 
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obtained, the transformation of a parallelogram of any shape into another 
with the same angle and of equal area but with one side of any given 
length, e.g. a unit length, and (2) of the simplicity of the means employed, 
namely the mere application of the property that the complements of the 
‘‘parallelograms about the diameter” of a parallelogram are equal. The 
marvellous ingenuity of the solution is indeed worthy of the “godlike men of 
old,” as Proclus calls the discoverers of the method of “application of areas” 
and there would seem to be no reason to doubt that the particular ion 
like the whole theory, was Pythagorean, and not a new solution due to Euclid 
himself. 


Application of areas. 

On this proposition Proclus gives (pp. 419, 15—420, 23) a valuable note 
on the method of “application of areas" here introduced, which was one of 
the most powerful methods on which Greek geometry relied. The note runs 
as follows : 

“These things, says Eudemus (ot zepi rov Evdnpov), are ancient and are 
discoveries of the Muse of the Pythagoreans, I mean the application of areas 
(mapaßoàņn töv xwpiwv), their exceeding (irepBody) and their falling-short 
(apis). It was from the Pythagoreans that later geometers [i.e. Apollonius] 
took the names, which they again transferred to the so-called conic lines, 
designating one of these a parabola (application), another a hyperdola 
(exceeding) and another an ¢//ipse (falling-short), whereas those godlike men 
of old saw the things signified by these names in the construction, in a plane, 
of areas upon a finite straight line. For, when you have a straight line set 
out and lay the given area exactly alongside the whole of the straight line, then 
they say that you apply (zapaBadrAav) the said area; when however you 
make the length ot the area greater than the straight line itself, it is said to 
exceed (vrepBadAav), and when you make it less, in which case, after the area 
has been drawn, there is some part of the straight line extending beyond it, 
it is said to fall short (é\X\eireav). Euclid too, in the sixth book, speaks in 
this way both of exceeding and falling-short; but in this place he needed the 
application simply, as he sought to apply to a given straight line an area equal 
toa given triangle in order that we might have in our power, not only the 
construction (rioraos) of a parallelogram equal to a given triangle, but also 
the application of it to a finite straight line. For example, given a triangle 
with an area of 12 feet, and a straight line set out the length of which is 
4 feet, we apply to the straight line the area equal to the triangle if we take 
the whole length of 4 feet and find how many feet the breadth must be in 
order that the parallelogram may be equal to the triangle. In the particular 
case, if we find a breadth of 3 feet and multiply the length into the breadth, 
supposing that the angle set out is a right angle, we shall have the area. Such 
then is the 4fp/cation handed down from early times by the Pythagoreans.” 

Other passages to a similar effect are quoted from Plutarch. (1) “‘ Pytha- 
goras sacrificed an ox on the strength of his proposition (didypappa) as 
Apollodotus (? rus) says... whether it was the theorem of the hypotenuse, viz. 
that the square on it is equal to the squares on the sides containing the 
right angle, or the problem about the application of an area." (Non posse 
suaviter vivi secundum Epicurum, c. 11.) (2) “ Among the most geometrical 
theorems, or rather problems, is the following: given two figures, to apply a 
third equal to the one and similar to the other, on the strength of which 
discovery they say moreover that Pythagoras sacrificed. This is indeed 
unquestionably more subtle and more scientific than the theorem which 
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demonstrated that the square on the hypotenuse is equal to the squares on 
the sides about the right angle” (Symp. vill. 2, 4). 

The story of the sacrifice must (as noted by Bretschneider and Hankel) 
be given up as inconsistent with Pythagorean ritual, which forbade such 
sacrifices; but there is no reason to doubt that the first distinct formulation 
and introduction into Greek geometry of the method of application of areas 
was due to the Pythagoreans. The complete exposition of the application of 
areas, their exceeding and their falling-short, and of the construction of a 
rectilineal figure equal to one given figure and similar to another, takes us 
into the sixth Book of Euclid; but it will be convenient to note here the 
general features of the theory of application, exceeding and falling-short. 

The simple application of a parallelogram of given area to a given 
straight line as one of its sides is what we have in 1. 44 and 45; the general 
form of the problem with regard to exceeding and falling-short may be stated 
thus : 

“To apply to a given straight line a rectangle (or, more generally, a 
parallelogram) equal to a given rectilineal figure and (1) exceeding or 
(2) falling-short by a square (or, in the more general case, a parallelogram 
similar to a given parallelogram).” 

What is meant by saying that the applied parallelogram (1) exceeds or 
(2) falls short is that, while its base coincides and is coterminous at one end 
with the straight line, the said base (1) overlaps or (2) falls short of the 
straight line af the other end, and the portion by which the applied 
parallelogram exceeds a parallelogram of the same angle and height on the 
given straight line (exactly) as base is a parallelogram similar to a given 
parallelogram (or, in particular cases, a square). In the case where the 
parallelogram is to fall short, a ĉiomo pos is necessary to express the condition 
of possibility of solution. 

We shall have occasion to see, when we come to the relative propositions 
in the second and sixth Books, that the general problem here stated is 
equivalent to that of solving geometrically a mixed quadratic equation. We 
shall see that, even by means of 11. 5 and 6, we can solve geometrically the 


equations 
axit =b, 
xX-ax=b"; 


but in vi. 28, 29 Euclid gives the equivalent of the solution of the general 
equations 
C 


6 
ax+-x'=—. 
—~¢ m 


We are now in a position to understand the application of the terms 
parabola (application), Ayperbola (exceeding) and ellipse (falling-short) to 
conic sections. These names were first so applied by Apollonius as expressing 
in each case the fundamental property of the curves as stated by him. This 
fundamental property is the geometncal equivalent of the Cartesian equation 
referred to any diameter of the conic and the tangent at its extremity as (in 
general, oblique) axes. If the parameter of the ordinates from the several 
points of the conic drawn to the given diameter be denoted by ? (2 being 


accordingly, in the case of the hyperbola and ellipse, equal to s where g is 


the length of the given diameter and d" that of its conjugate), Apollonius gives 
the properties of the three conics in the following form. 
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(1) For the parabola, the square on the ordinate at any point is equal to 
a rectangle applied to ^ as base with altitude equal to the corresponding 
abscissa. "That is to say, with the usual notation, 

J' za. 

(2) For the Ayperbola and ellipse, the square on the ordinate is equal to 
the rectangle applied to ? having as its width the abscissa and exceeding (for 
the hyperbola) or /a//ing-short (for the ellipse) by a figure similar and similarly 
situated to the rectangle contained by the given diameter and f. 


That is, in the Aypferbola y =px+ z pa, 


or y-px- £e : 
d 
and in the elipse y-zpx- 2 


The form of these equations will be seen to be exactly the same as that of 
the general equations above given, and thus Apollonius’ nomenclature followed 
exactly the traditional theory of application, exceeding, and falling-short. 


PROPOSITION 45. 


To construct, in a given rectilineal angle, a parallelogram 
equal to a given recttlineal figure. 


Let ABCD be the given rectilineal figure and Æ the given 
rectilineal angle ; 
sthus it is required to construct, in the given angle Æ, a 
parallelogram equal to the rectilineal figure 4A BCD. 


P F G_L 
a c 
k 
4 K H M 

Let DB be joined, and let the parallelogram FAH be 
constructed equal to the triangle ABD, in the angle HAF 
which is equal to £; [1. 42] 
10 let the parallelogram GM equal to the triangle DBC be 
applied to the straight line GH, in the angle GHM which is 
equal to Æ. [1. 44] 
Then, since the angle Æ is equal to each of the angles 


HKF, GHM, 
1s the angle AF is also equal to the angle GHM. [C. N. 1] 
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Let the angle XHG be added to each ; 
therefore the angles FKH, KHG are equal to the angles 
KHG, GHM. 

But the angles FAH, K//G are equal to two right angles. 


i 29] 
20 therefore the angles KHG, GHM are also equal to two right 


angles. 

Thus, with a straight line GH, and at the point Æ on it, 
two straight lines XÆ, HM not lying on the same side make 
the adjacent angles equal to two right angles ; 

25 therefore XH is in a straight line with 7777. (1. 14] 

And, since the straight line ÆG falls upon the parallels 
KM, FG, the alternate angles MAG, HGF are equal to one 
another. (1. 29] 

Let the angle /7GZ be added to each ; 

3o therefore the angles 7777G, /7GL are equal to the angles 


HGF, HGL. [C. X. a] 
But the angies MHG, HGL are equal to two right ay 
I. 2 
therefore the angles AGF, HGL are also equal to two right 
angles, [C. Nv. 1] 
35 Therefore FG-is in a straight line with GZ. (1. 14] 
And, since FK is equal and parallel to 77G, (1. 34] 
and HG to ML also, 

KF is also equal and parallel to MZ ; [C N. 1; 1. 30] 
and the straight lines & 77, FL join them (at their extremities); 
4o therefore KM, FL are also equal and parallel. (1. 33] 


Therefore KLM is a parallelogram. 
And, since the triangle 4. BD is equal to the parallelogram 


ve and DBC to GM, 
4sthe whole rectilineal figure 482CD is equal to the whole 
parallelogram AF LM. 
Therefore the parallelogram KF LM has been constructed 
equal to the given rectilineal figure 4BCD, in the angle FKM 
which is equal to the given angle £. Q. E. F. 


2, 3, 6, 45, 48. rectilineal figure, in the Greek “rectilineal” simply, without “figure,” 
ebbúypanuov being here used as a substantive, like the similarly formed rapad\nddypapypov. 


Transformation of areas. 


We can now take stock of how far the propositions 1. 43—45 bring us in 
the matter of fransformation of areas, which constitutes so important a part of 
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what has been fitly called the geometrical algebra of the Greeks. We have 
now learnt how to represent any rectilineal area, which can of course be 
resolved into triangles, by a single parallelogram having one side equal to any 
given straight line and one angle equal to any given rectilineal angle. Most 
important of all such parallelograms is the rectangle, which is one of the simplest 
forms in which an area can be shown. Since a rectangle corresponds to the 
product of two magnitudes in algebra, we see that application to a given 
straight line of a rectangle equal to a given area is the geometrical equivalent 
of algebraical division of the product of two quantities by a third. Further 
than this, it enables us to add or subtract any rectilineal areas and to represent 
the sum or difference by one rectangle with one side of any given length, the 
process being the equivalent of obtaining a common factor. But one step 
still remains, the finding of a sguure equal to a given rectangle, i.e. to a 
given rectilineal figure; and this step is not taken till 1. 14. In general, 
the transformation of combinations of rectangles and squares into other 
combinations of rectangles and squares is the subject-matter of Book 11., with 
the exception of the expression of the sum of two squares as a single square 
which appears earlier in the other Pythagorean theorem 1. 47. Thus the 
transformation of rectilineal areas is made complete i” one direction, i.e. in the 
direction of their simplest expression in terms of rectangles and squares, by the 
end of Book 11. The reverse process of transforming the simpler rectangular 
area into an equal area which shall be similar to any rectilineal figure requires, 
of course, the use of proportions, and therefore does not appear till vr. 25. 

Proclus adds to his note on this proposition the remark (pp. 422, 24— 
423, 6): “I conceive that it was in consequence of this problem that the 
ancient geometers were led to investigate the squaring of the circle as well. 
For, if a parallelogram can be found equal to any rectilineal figure, it is worth 
inquiring whether it be not also possible to prove rectilineal figures equal to 
circular. And Archimedes actually proved that any circle is equal to the 
right-angled triangle which has one of its sides about the right angle [the 
perpendicular] equal to the radius of the circle and its base equal to the 
perimeter of the circle. But of this elsewhere." 


PROPOSITION 46. 


On a given straight line to describe a square. 


Let AZ be the given straight line; — c 
thus it is required to describe a square 
on the straight line 42. 
5 Let AC be drawn at right anglesto © E 
the straight line 42 from the point 4 
on it (x. 11), and let 4D be made equal 
to AB; 
through the point D let DE be drawn 
10 parallel to 4B, A a 
and through the point Z let BZ be drawn parallel to 4D. 
[1. 31] 
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Therefore 4D EP is a parallelogram ; 
therefore 42 is equal to DE, and AD to BE. (i. 34] 
But 4B is equal to 4D; 


15 therefore the four straight lines BA, AD, DE, EB 
are equal to one another ; 


therefore the parallelogram 4DE£B is equilateral. 


ĮI say next that it is also right-angled. 

For, since the straight line 4D falls upon the parallels 
20 4 B, DE, 

the angles BAD, ADE are equal to two right angles. 


[1. 29] 
But the angle BAD is right; 
therefore the angle 4 DZ is also right. 


And in parallelogrammic areas the opposite sides and 
2s angles are equal to one another ; (1. 34] 


therefore each of the opposite angles ABE, BED is also 
right. 
Therefore 4 DEB is right-angled. 
And it was also proved equilateral. 
30 Therefore it is a square; and it is described on the straight 
line AZ. 
Q. E. F. 


1,3, 30. Proclus (p. 423, 18sqq.) notes the difference between the word construct 
(cverjcac6a:) applied by Euclid to the construction of a ¢riangle (and, he might have added, 
of an angle) and the words describe on (dvaypdgew dd) used of drawing a square on a given 
straight line as one side. The /riang/e (or angie) is, so to say, pieced together, while the 
describing of a square on a given straight line is the making of a figure “from” one side, 
and corresponds to the multiplication of the number representing the side by itself. 


Proclus (pp. 424—-5) proves that, if squares are described on equal straight 
lines, the squares are equal; and, conversely, that, 
if two squares are equal, the straight lines are 


D F 

equal on which they are described. The first 
proposition is immediately obvious if we divide 
the squares into two triangles by drawing a 
diagonal in each. The converse is proved as 

follows. A i 
Place the two equal squares 447, CG so 
that 42, BC are in a straight line. Then, 
since the angles are right, FB, BG will also 
be in a straight line. Join AF, FC, CG, GA. 

G E 


Now, since the squares are equal, the 
triangles ABS, CBG are equal. 

Add to each the triangle “BC; therefore the triangles AFC, GFC are 
equal, and hence they must be in the same parallels. 
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Therefore 4G, C¥ are parallel. 
Also, since each of the alternate angles 4G, FGC is half a right angle, 
AF, CG are parallel. 
Hence AFCG is a parallelogram ; and 4/, CG are equal. 
2M the triangles 4 BF; CBG have two angles and one side respectively 
equal ; 
therefore AS is equal to BC, and BF to BG. 


PROPOSITION 47. 


In right-angled triangles the square on the side subtending 
the right angle ts egual to the squares on the sides containing 
the right angle. 


Let ABC be a right-angled triangle having the angle 
s BAC right; 

I say that the square on BC is equal to the squares on 
BA, AC. 

For let there be described 
on BC the square BDEC, 
wand on BA, AC the squares 
GB, HC; [1. 46) 
through 4 let AL be drawn 
parallel to either BD or CE, 
and let AD, FC be joined. 


Then, since each of the 
angles BAC, BAG is right, 
it follows that with a straight 
line BA, and at the point 4 
on it, the two straight lines 
2 4C, AG not lying on the 
same side make the adjacent 





angles equal to two right D L E 
angles ; 
therefore CA is in a straight line with 4G. [1. 14] 


For the same reason 
BA is also in a straight line with 24 77. 
And, since the angle D&C is equal to the angle PBA: for 
each is right : 
let the angle 4.8C be added to each ; 
therefore the whole angle DBA is equal to the whole 
angle FBC. [C. N. 2] 
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And, since DB is equal to BC, and FB to BA, 
the two sides 48, BD are equal to the two sides FB, BC 
respectively , 
s; and the angle 47D is equal to the angle FBC ; 
therefore the base 4D is equal to the base FC, 


and the triangle 4 BD is equal to the triangle FBC. (t 4] 
Now the parallelogram BZ is double of the triangle 4452, 
for they have the same base BZ and are in the same parallels 
490 BD, AL. (1. 41] 
And the square G7 is double of the triangle FBC, 
for they again have the same base FB and are in the same 
parallels AZ, GC. [1. 41] 
[ But the doubles of equals are equal to one another. | 
45 Therefore the parallelogram SZ is also equal to the 
square G. 
Similarly, if 44 £, BÆ be joined, 
the parallelogram CZ can also be proved equal to the square 


therefore the whole square ABDEC is equal to the two 
squares GB, HC. [C. N. 2] 


And the square BDEC is described on BC, 
and the squares GZ, HC on BA, AC. 
Therefore the square on the side C is equal to the 
ss squares on the sides BA, AC. 
Therefore etc. Q. E. D. 


1. the square on, 7d dwo...rerpdywvov, the word dvaypapév or drayeypauuévov being 
understood. 

subtending the right angle. Here ùrorewoúem, “subtending,” is used with the 
simple accusative (rhv ópôħ» ywrlav) instead of being followed by /-ó and the accusative, 
which seems to be the original and more orthodox construction. Cf. 1. 18, note. 

33. the two sides AB, BD.... Euclid actually writes ‘‘ D8, BA," and therefore the 
squad sides in the two triangles are not mentioned in corresponding order, though he adheres 
to the words éxarépa éxarépa ‘‘ respectively.” Here DB is equal to BC and BA to FB. 

44. [But the doubles of equals are equal to one another.) Heiberg brackets 
these words as an interpolation, since it quotes a Common Notion which is itself interpolated. 
Cf. notes on 1. 37, p. 331, and on interpolated Common Notions, pp. 123—4- 

“If we listen," says Proclus (p. 426, 6 sqq.), "to those who wish to 
recount ancient history, we may find some of them referring this theorem to 
Pythagoras and saying that he sacrificed an ox in honour of his discovery. 
But for my part, while I admire those who first observed the truth of this 
theorem, I marvel more at the writer of the Elements, not only because he 
made it fast (xaredyoaro) by a most lucid demonstration, but because he 
compelled assent to the still more general theorem by the irrefragable 
arguments of science in the sixth Book. For in that Book he proves 
generally that, in right-angled triangles, the figure on the side subtending 
the right angle is equal to the similar and similarly situated figures described 


on the sides about the nght angle.” 


50 
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In addition, Plutarch (in the passages quoted above in the note on 1I. 44), 
Diogenes Laertius (viii. 12) and Athenaeus (x. 13) agree in attributing this 
proposition to Pythagoras. It is easy to point out, as does G. Junge (“Wann 
haben die Griechen das Irrationale entdeckt?” in Novae Symbolae Joachimicae, 
Halle a. S., 1907, pp. 221—264), that these are late witnesses, and that the 
Greek literature which we possess belonging to the first five centuries after 
Pythagoras contains no statement specifying this or any other particular great 
geometrical discovery as due to him. Yet the distich of Apollodorus the 
“calculator,” whose date (though it cannot be fixed) is at least earlier than 
that of Plutarch and presumably of Cicero, is quite definite as to the existence 
of one “famous proposition” discovered by Pythagoras, whatever it was. Nor 
does Cicero, in commenting apparently on the verses (De zat. deor. 11. c. 36, 
$ 88), seem to dispute the fact of the geometrical discovery, but only the story 
of the sacrifice. Junge naturally emphasises the apparent uncertainty in the 
statements of Plutarch and Proclus. But, as I read the passages of Plutarch, 
I see nothing in them inconsistent with the supposition that Plutarch un- 
hesitatingly accepted as discoveries of Pythagoras 2o/A the theorem of the 
square of the hypotenuse and the problem of the application of an area, and 
the only doubt he felt was as to which of the two discoveries was the mare 
appropriate occasion for the supposed sacrifice. There is also other evidence 
not without bearing on the question. The theorem is closely connected with 
the whole of the matter of Eucl. Book 11, in which one of the most prominent 
features is the use of the gnomon. Now the gnomon was a well-understood 
term with the Pythagoreans (cf. the fragment of Philolaus quoted on p. 141 of 
Boeckh’s Philolaos des Pythagoreers Lehren, 1819). Aristotle also {Physics 
III. 4, 203 a rOo—15) clearly attributes to the Pythagoreans the placing of odd 
numbers as gnomons round successive squares beginning with 1, thereby 
forming new squares, while in another place (Categ. 14, 15 a 30) the word 
gnomon occurs in the same (obviously familiar) sense: ‘e.g. a square, when a 
gnomon is placed round it, is increased in size but is not altered in form.” 
The inference must therefore be that practically the whole doctrine of Book 11. 
is Pythagorean. Again Heron (? 3rd cent. a.v.), like Proclus, credits Pythagoras 
with a general rule for forming right-angled triangles with rational whole 
numbers for sides. Lastly, the “summary” of Proclus appears to credit 
Pythagoras with the discovery of the theory, or study, of irrationals (rjv rov 
aAoyov mpaypareiav). But it is now more or less agreed that the reading here 
should be, not trav addéywv, but r&v dvahoywv, or rather trav ava Aoyor (“of 
proportionals "), and that the author intended to attribute to Pythagoras a 
theory of proportion, i.e. the (arithmetical) theory of proportion applicable 
only to commensurable magnitudes, as distinct from the theory of Eucl. 
Book v., which was due to Eudoxus. It is not however disputed that the 
Pythagoreans discovered the irrational (cf. the scholium No. 1 to Book x.). 
Now everything goes to show that this discovery of the irrational was made 
with reference to ,/2, the ratio of the diagonal of a square to its side. It is 
clear that this presupposes the knowledge that 1. 47 is true of an isosceles 
right-angled triangle ; and the fact that some triangles of which it had been 
discovered to be true were rational right-angled triangles was doubtless 
what suggested the inquiry whether the ratio between the lengths of the 
diagonal and the side of a square could also be expressed in whole numbers. 
On the whole, therefore, I see no sufficient reason to question the tradition 
that, so far as Greek geometry is concerned (the possible priority of the 
discovery of the same proposition in India will be considered later), Pythagoras 
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was the first to introduce the theorem of 1. 47 and to give a general proof 
of it. 

On this assumption, how was Pythagoras led to this discovery? It has 
been suggested and commonly assumed that the Egyptians were aware that a 
triangle with its sides in the ratio 3, 4, 5 was right-angled. Cantor inferred 
this from the fact that this was precisely the triangle with which Pythagoras 
began, if we may accept the testimony of Vitruvius (1x. 2) that Pythagoras 
taught how to make a right angle by means of three lengths measured by the 
numbers 3, 4, 5. If then he took from the Egyptians the triangle 3, 4, 5, he 
presumably learnt its property from them also. Now the Egyptians must 
certainly be credited from a period at least as far back as 2000 B.c. with the 
knowledge that 4?--3?- 52. Cantor finds proof of this in a fragment of 
papyrus belonging to the time of the r2th Dynasty newly discovered at 
Kahun. In this papyrus we have extractions of square roots : e.g. that of 16 
is 4, that of 17% is 11, that of 61 is 23, and the following equations can be 


traced : 
m4 (DP = (14) 
87+ 6? =10? 
28+ (14)*= (24) 


167+ 12? =20% 


It will be seen that 4*--3?- 5? can be derived from each of these by 
multiplying, or dividing out, by one and the same factor. We may therefore 
admit that the Egyptians knew that 37+ 47=57. But there seems to be no 
evidence that they knew that the triangle (3, 4, 5) is right-angled; indeed, 
according to the latest authority (T. Eric Peet, Zhe Rhind Mathematical 
Papyrus, 1923), nothing in Egyptian mathematics suggests that the Egyptians 
were acquainted with this or any special cases of the Pythagorean theorem. 
How then did Pythagoras discover the general theorem? Observing that 
3» 4, 5 was a right-angled triangle, while 3’+ 47=5°%, he was probably led to 


was 
— 


consider whether a similar relation was true of the sides of right-angled 
triangles other than the particular one. The simplest case (geometrically) to 
investigate was that of the ssosce/es right-angled triangle ; and the truth of the 
theorem in this particular case would easily appear from the mere construction 
of a figure. Cantor (13, p. 185) and Allman (Greek Geometry from Thales to 
Euclid, p. 29) illustrate by a figure in which the squares are drawn outwards, 
as in I. 47, and divided by diagonals into equal triangles ; but I think that the 
truth was more likely to be first observed from a figure of the kind suggested 
by Birk (Das Apastamba-Sulba-Satra in Zeitschrift der deuts hen morgenlánd. 
Gesellschaft, LV., 1901, p. 557) to explain how the Indians arrived at the 
same thing. The two figures are as shown above. When the geometrical 
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consideration of the figure had shown that the isosceles right-angled triangle 
had the property in question, the investigation of the same fact from the 
arithmetical point of view would ultimately lead to the other momentous 
discovery of the irrationality of the length of the diagonal of a square expressed 
in terms of its side. 

The trrationa/ will come up for discussion later; and our next question 
is: Assuming that Pythagoras had observed the geometrical truth of the 
theorem in the case of the two particular triangles, and doubtless of other 
rational right-angled triangles, how did he establish it generally ? 

There is no positive evidence on this point. Two possible lines are 
however marked out. (1) Tannery says (Za Géométrie grecque, p. 105) that 
the geometry of Pythagoras was sufficiently advanced to make it possible 
for him to prove the theorem by similar triangles. He does not say in 
what particular manner similar triangles would be used, but their use must 
apparently have involved the use of proportions, and, in order that the proof 
should be conclusive, of the theory of proportions in its complete form 
applicable to incommensurable as well as commensurable magnitudes. Now 
Eudoxus was the first to make the theory of proportion independent of the 
hypothesis of commensurability ; and as, before Eudoxus’ time, this had not 
been done, any proof of the general theorem by means of proportions given 
by Pythagoras must at least have been inconclusive. But this does not 
constitute any objection to the supposition that the truth of the general 
theorem may have been discovered in such a manner; on the contrary, the 
supposition that Pythagoras proved it by means of an imperfect theory of 
proportions would better than anything else account for the fact that Euclid 
had to devise an entirely new proof, as Proclus says he did in 1. 47. This 
proof had to be independent of the theory of proportion even in its rigorous 
form, because the plan of the Z/ements postponed that theory to Books v. 
and vr, while the Pythagorean theorem was required as early as Book 11. 
On the other hand, if the Pythagorean proof had been based on the doctrine 
of Books 1. and 11. only, it would scarcely have been necessary for Euclid to 
supply a new proof. 

The possible proofs by means of proportion would seem to be practically 
limited to two. 

(a) One method is to prove, from the similarity of the triangles ABC, 
DBA, that the rectangle CB, BD is equal to the 
square on BA, and, from the similanty of the A 
triangles ABC, DAC, that the rectangle BC, CD 
is equal to the square on C4; whence the result 
follows by addition. 

It will be observed that this proof is sz substance 
identical with that of Euclid, the only difference B O e 
being that the equality of the two smaller squares 
to the respective rectangles is inferred by the method of Book vi. instead 
of from the relation between the areas of parallelograms and triangles on the 
same base and between the same parallels established in Book 1. It occurred 
to me whether, if Pythagoras' proof had come, even in substance, so near to 
Euclid's, Proclus would have emphasised so much as he does the originality 
of Euclid's, or would have gone so far as to say that he marvelled more at 
that proof than at the original discovery of the theorem. But on the whole 
I see no difficulty ; for there can be little doubt that the proof by proportion 
is what suggested to Euclid the method of 1. 47, and the transformation of 


354 BOOK I L. 47 


the method of proportions into one based on Book 1. only, effected by a 
construction and proof so extraordinarily ingenious, is a veritable four de 
force which compels admiration, notwithstanding the ignorant strictures of 
Schopenhauer, who wanted something as obvious as the second figure in 
the case of the isosceles right-angled triangle (p. 352), and accordingly 
(Sdmmtlich:. Werke, 11. § 39 and 1. § 15) calls Euclid’s proof “a mouse-trap 
proof” and “a proof walking on stilts, nay, a mean, underhand, proof" (* Des 
Eukleides stelzbeiniger, ja, hinterlistiger Beweis ”). 

(^ The other possible method is this. As it would be seen that the 
triangles into which the original triangle is divided by the perpendicular from 
the right angle on the hypotenuse are similar to one another and to the whole 
triangle, while in these three triangles the two sides about the right angle in the 
Original triangle, and the hypotenuse of the original triangle, are corresponding 
sides, and that the sum of the two former similar triangles is identically equal 
to the similar triangle on the hypotenuse, it might be inferred that the same 
would also be true of squares described on the corresponding three sides 
respectively, because squares as well as similar triangles are to one another in 
the duplicate ratio of corresponding sides. But the same thing is equally true 
of any similar rectilineal figures, so that this proof would practically establish 
the extended theorem of Eucl. vi. 3r, which theorem, however, Proclus 
appears to regard as being entirely Euclid's discovery. 

On the whole, the most probable supposition seems to me to be that 
Pythagoras used the first method (a) of proof by means of the theory of 
proportion as he knew it, i.e. in the defective form which was in use up to the 
date of Eudoxus. 

(2) I have pointed out the difficulty in the way of the supposition that 
Pythagoras’ proof depended upon the principles of Eucl. Books 1. and 11. only. 





Were it not for this difficulty, the conjecture of Bretschneider (p. 82), followed 
by Hankel (p. 98), would be the most tempting hypothesis. According to this 
suggestion, we are to suppose a figure like that of Eucl. 11. 4 in which a, 4 are 
the sides of the two inner squares respectively, and a + b is the side of the 
complete square. Then, if the two complements, which are equal, are divided 
by their two diagonals into four equal triangles of sides a, 4, ¢, we can place 
these triangles round another square of the same size as the whole square, in the 
manner shown in the second figure, so that the sides a, 4 of successive triangles 
make up one of the sides of the square and are arranged in cyclic order. It 
readily follows that the remainder of the square when the four triangles are 
deducted is, in the one case, a square whose side is ¢, and in the other the sum of 
two squares whose sides are a, ? respectively. Therefore the square on c is equal 
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to the sum of the squares on a, ò All that can be said against this con- 
jectural proof is that it has no specifically Greek colouring 

but rather recalls the Indian method. Thus Bhāskara 

(born 1114 A.D.; see Cantor, 1;, p. 656) simply draws 

four right-angled triangles equal to the original one in- 

wards, one on each side of the square on the hypotenuse, 

and says ‘“‘see!”, without even adding that inspection 

shows that 


8-4 + (a-b =at dt 


Though, for the reason given, there is difficulty in supposing that 
Pythagoras used a general proof of this kind, which applies of course to right- 
angled triangles with sides incommensurable as well as commensurable, there 
is no objection, I think, to supposing that the truth of the proposition in the 
case of the first rational right-angled triangles discovered, e.g. 3, 4, 5, was 
proved by a method of this sort. Where the sides are commensurable in this 
way, the squares can be divided up into small (unit) squares, which would 
much facilitate the comparison between them. That this subdivision was in 
fact resorted to in adding and subtracting squares is made probable by 
Anistotle’s allusion to odd numbers as gnomons placed round unity to form 
successive squares in Physics 1. 4; this must mean that the squares were 
represented by dots arranged in the form of a square and a gnomon formed of 
dots put round, or that (if the given square was drawn in the usual way) the 
gnomon was divided up into unit squares. Zeuthen has shown (“ Théorème 
de Pythagore,” Origine de la Géométrie scientifique in Comptes rendus du 
JI" Congres international de Philosophie, Genéve, 1904), how easily the 
proposition could be proved by a method of this kind for the triangle 3, 4, 5. 
To admit of the two smaller squares being shown side by side, take a square 
on a line containing 7 units of length (4 + 3), and divide it up into 49 
small squares. It would be obvious that the 
whole square could be exhibited as containing 
four rectangles of sides 4, 3 cyclically arranged 
round the figure with one unit square in the 
middle. (This same figure is given by Cantor, 1, 
p. 680. to illustrate the method given in. the 
Chinese * Chóu-pei ".) It would be seen that 

(1) the whole square (7?) is made up of two 
squares 3* and 4’, and two rectangles 3, 4; 

(ii) the same square is made up of the square 
EFGAH and the halves of four of the same rect- 
angles 3, 4, whence the square EFGH, being equal 
to the sum of the squares 3° and 4°, must contain 25 unit squares and its side, 
or the diagonal of one of the rectangles, must contain 5 units of length. 


Or the result might equally be seen by observing that 

(i) the square EGA on the diagonal of one of the rectangles is made 
up of the halves of four rectangles and the unit square in the middle, while 

(ii) the squares 37 and 4? placed at adjacent corners of the large square 
make up two rectangles 3, 4 with the unit square in the middle. 

The procedure would be equally easy for any rational right-angled triangle, 
and would be a natural method of trying to prove the property when it had 
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once been empirically observed that triangles like 3, 4, 5 did in fact contain a 
right angle. 

Zeuthen has, in the same paper, shown in a most ingenious way how the 
property of the triangle 3, 4, 5 could be verified by a sort of combination of 
the second possible method by similar triangles, 
(^) on p. 354 above, with subdivision of rectangles 
into similar small rectangles. I give the method on 
account of its interest, although it is no doubt too 
advanced to have been used by those who first 
proved the property of the particular triangle. 

Let ABC be a triangle right-angled at 4, and 
such that the lengths of the sides 43, AC are 4 and 
3 units respectively. 

Draw the perpendicular 4D, divide up AB, AC 
into unit lengths, complete the rectangle on BC as 
base and with AD as altitude, and subdivide this rectangle into small 
— by drawing parallels to BC, AD through the points of division of 

AC. 

Now, since the diagonals of the small rectangles are all equal, each being 
of unit length, it follows by similar triangles that the small rectangles are all 
equal. And the rectangle with 442 for diagonal contains 16 of the small 
rectangles, while the rectangle with diagonal 4 C contains 9 of them. 

But the sum of the triangles 4BD, ADC is equal to the triangle ABC. 

Hence the rectangle with BC as diagonal contains 9 + 16 or 25 of the 
small rectangles ; 


and therefore BC = 5. 


Rational right-angled triangles from the arithmetical stand- 
point. 


Pythagoras inyestigated the arithmetical problem of finding rational 
numbers which could be made the sides of right-angled triangles, or of finding 
square numbers which are the sum of two squares; and herein we find the 
beginning of the indeferminate analysis which reached so high a stage of 
development in Diophantus. Fortunately Proclus has preserved Pythagoras' 
method of solution in the following passage (pp. 428, 7—429, 8). “Certain 
methods for the discovery of triangles of this kind are handed down, one of 
which they refer to Plato, and another to Pythagoras. [rne latter) starts from 
odd numbers. For it makes the odd number the smaller of the sides about 
the right angle; then it takes the square of it, subtracts unity, and makes 
half the difference the greater of the sides about the right angle; lastly it adds 
unity to this and so forms the remaining side, the hypotenuse. For example, 
taking 3, squaring it, and subtracting unity from the 9, the method takes half 
of the 8, namely 4; then, adding unity to it again, it makes 5, and a right- 
angled triangle has been found with one side 3, another 4 and another 5. But 
the method of Plato argues from even numbers. For it takes the given even 
number and makes it one of the sides about the right angle; then, bisecting 
this number and squaring the half, it adds unity to the square to form the 
hypotenuse, and subtracts unity from the square to form the other side about 
the right angle. For example, taking 4, the method squares half of this, or 
2, and so makes 4; then, subtracting unity, it produces 3, and adding unity 
it produces 5. Thus it has formed the same triangle as that which was 
obtained by the other method.” 
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The formula of Pythagoras amounts, if m be an odd number, to 


;, 7 —1V. fm! 18 
m? + = Ja 
2 2. 
m'"—i m+) 
, 


the sides of the right-angled triangle being 77, : Cantor 


(t, pp. 185—6), taking up an idea of Roth (Geschichte der abendlandischen 
Philosophie, i. §27), gives the following as a possible explanation of the way in 
which Pythagoras arrived at his formula. It e =a? + 4°, it follows that 


a= ~B= (¢+b)(¢- d). 


Numbers can be found satisfying the first equation if (1) ¢+'4 and ¢— 4 are 
either both even or both odd, ahd if further (2) ¢+4 and ¢—4 are such 
numbers as, when multiplied together, produce a square number. The first 
condition is necessary because, in order that ¢ and 4 may both be whole 
numbers, the sum and difference of c + b and ¢—4 must both be even. The 
second condition is satisfied if ¢+ 4 and ¢—d are what were called similar 
numbers (pow: ápiÓnot) ; and that such numbers were most probably known 
in the time before Plato may be inferred from their appearing in Theon of 
Smyrna (Expositio rerum mathemattcarum ad legendum Platonem utilium, ed. 
Hiller, p. 36, 12), who says that similar plane numbers are, first, all square 
numbers and, secondly, such oblong numbers as have the sides which contain 
them proportional Thus 6 is an oblong number with length 3 and breadth 2; 
24 is another with length 6 and breadth 4. Since therefore 6 is to 3 as 4 is 
to 2, the numbers 6 and 24 are similar. 

Now the simplest case of two similar numbers is that of 1 and a’, and, 
since 1 is odd, the condition (1) requires that a*, and therefore a, is also odd. 
That is, we may take 1 and (27 * 1)? and equate them respectively to «— ? and 
c +b, whence we have 














6=\—_ — *. 
2 
2 
(28 * 1) — 1 
¢ = — + l, 
2 
while a 2 I. 


As Cantor remarks, the form in which ¢ and 4 appear correspond sufficiently 
closely to the description in the text of Proclus. 

Another obvious possibility would be, instead of equating ¢-4 to unity, to 
put ¢~5=2, in which case the similar number ¢+4 must be equated to 
double of some square, i.e. to a number of the form 22°, or to the half of an 

2 
even square number, say (ony . This would give 
d — 2t, 
b zn? — 1, 
€ — n * I, 


which is Plato's solution, as given by Proclus. 

The two solutions supplement each other. It is interesting to observe that 
the method suggested by Roth and Cantor is very like that of Eucl. x. 
(Lemma 1 following Prop. 28). We shall come to this later, but it may be 
mentioned here that the problem is £o find two square numbers such that theis 
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sum is also a square. Euclid there uses the property of 11. 6 to the effect that, 
if AB is bisected at C and produced to 2, 


AD. DB + BC' x CD. 
We may write this uv = 0 — B, 
where u=e+b, v-c-b. 


In order that uv may be a square, Euclid points out that x and v must be 
similar numbers, and further that 4 and v must be either both odd or both 
even in order that ^ may be a whole number. We may then put for the 
similar numbers, say, a? and ay’, whence (if af, ay’ are either both odd or 
both even) we obtain the solution 

aff . ay? 4 (= — ry = (£ : 243 

But I think a serious, and even fatal, objection to the conjecture of Cantor 
and Roth is the very fact that the method enables both the Pythagorean and 
the Platonic series of triangles to be deduced with equal ease. If this had 
been the case with the method used by Pythagoras, it would not, I think, have 
been left to Plato to discover the second series of such triangles. It seems to 
me therefore that Pythagoras must have used some method which would 
produce his rule o#/y; and further it would be some less recondite method, 
suggested by direct observation rather than by argument from general 
principles. 

One solution satisfying these conditions is that of Bretschneider (p. 83), 
who suggests the following simple method. Pythagoras was certainly aware 
that the successive odd numbers are gnomons, or the differences between 
successive square numbers. It was then a simple matter to write down in 
three rows (2) the natural numbers, (4) their squares, (c) the successive odd 
numbers constituting the differences between the successive squares in (4), thus: 

1234 S 6 31 8 g 10 II I2 113 #14 

1491625 36 49 64 81 100 121 144 169 196 

1357 9 II I3 I5 17 19 21 23 25 27 

Pythagoras had then only to pick out the numbers in the third row which are 
squares, and his rule would be obtained by finding the formula connecting the 
square in the third line with the two adjacent squares in the second line. But 
even this would require some little argument; and I think a still better 
suggestion, because making pure observation play a greater part, is that of 
P. Treutlein (Zeitschrift fir Mathematik und Physik, xxviii., 1883, Hist.-litt. 
Abtheilung, pp. 209 sqq.). 

We have the best evidence (e.g. in Theon of Smyrna) of the practice of 
representing square numbers and other figured numbers, e.g. oblong, triangular, 
hexagonal, by dots or signs arranged in the shape of the particular figure. 
(Cf. Aristotle, Metaph. 1092 b 12). Thus, says Treutlein, it would be easily 
seen that any square number can be turned into the next higher square 
by putting a single row of dots round two adjacent sides, in the form of a 
gnomon (see figures on next page). 

If a is the side of a particular square, the gnomon round it is shown by 
simple inspection to contain 2a * t dots or units. Now, in order that 2a 4 1 
may itself be a square, let us suppose 

aati =7', 
whence a-i(m-r1), 
and a@+r1=h(n' +1). 
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In order that a and a « 1 may be integral, 7 tust be odd, and we have at 
once the Pythagorean formula 


j (= 3! (= e 
na = i 
2 2 
I think Treutlein's hypothesis is shown to be the correct one by the passuge 
in Aristotle’s Physics already quoted, where the reference is undoubtedly to the 
Pythagoreans, and odd numbers are clearly identified with guomons “placed 


round 1.” But the ancient commentaries on the passage make the matter 
clearer still. Philoponus says: ** As a proof...the Pythagoreans refer to what 
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happens with the addition of numbers; for when the odd numbers are 
successively added to a square number they keep it square and equilateral.... 
Odd numbers are accordingly called g»omors because, when added to what are 
already squares, they preserve the square form....Alexander has excellently 
said in explanation that the phrase * when gnomons are placed round' means 
making a figure with the odd numbers (rijv xarà rovs meperrods apOpors 
oxnparoypadiav)...for it is the practice with the Pythagoreans to represent 
things in figures (exuparoypadoev)." 

The next question is: assuming this explanation of the Pythagorean 
formula, what are we to say of the origin of Plato’s? It could of course be 
obtained as a particular case of the general formula of Eucl x. already 
referred to; but there are two simple alternative explanations in this case also. 
(1) Bretschneider observes that, to obtain Plato's formula, we have only to 
double the sides of the squares in the Pythagorean formula, 
for (22)? + (nm? — 1)* = (nu? + 1)’, 
where however » is not necessarily odd. 

(2) Treutlein would explain by means of an extension of the gnomon idea. 
As, he says, the Pythagorean formula was obtained by placing a gnomon 
consisting of a single row of dots round two adjacent sides of a square, it 
would be natural to try whether another solution could not 
be found by placing round the square a gnomon consisting of 
a double row of dots. Such a gnomon would equally turn the 
square into a larger square; and the question would be 
whether the double-row gnomon itself could be a square. If 
the side of the original square was a, it would easily be seen 
that the number of units in the double-row gnomon would be 4a + 4, and we 
have only to put 





4a+4= 4", 
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whence a=n'-1, 
@+2=n+1, 
and we have the Platonic formula 
(27) + (n° — 1) = (n 4 xy. 
I think this is, in substance, the right explanation, but, in form, not quite 


correct. The Greeks would not, I think, have 
treated the double row as a gnomon. Their com- 





parison would have been between (1) a certain eee ewe eo ofele 
square p/us a single-row gnomon and (2) the same e * c e * 9 v lets 
square minus a single-row gnomon. As the ee elle 
application of Eucl. 11. 4 to the case where the oret us er spalle 
segments of the side of the square are a, 1 enables 4 9» sv .|e|s 
the Pythagorean formula to be obtained as ee ee ee eelole 
Treutlein obtains it, so I think that Eucl. 1. 8 tt 
confirms the idea that the Platonic formula was — — | 


obtained by comparing a square f/us a gnomon 

with the same square minus agnomon. For 11. 8 proves that 
4ab + (a -by = (a + bY, 

whence, substituting 1 for 4, we have 
4a+(a—1)'=(a+1)%, 

and we have only to put a — 7? to obtain Plato's formula. 


The “theorem of Pythagoras” in India. 


This question has been discussed anew in the last few years as the result 
of the publication of two important papers by Albert Birk on Das Apastamba- 
Sulba-Sutra in the Zeitschrift der deutschen morgenlandischen Gesellschaft 
(Lv, 19otr, pp. 543—591, and Lvr, 1902, pp. 327—391). The first of 
the two papers contains the introduction and the text, the second the 
translation with notes. A selection of the most important parts of the 
material was made and issued by G. Thibaut in the Journal of the Asiatic 
Society of , Bengal, XLIV., 1875, Part 1. (reprinted also at Calcutta, 1875, 
as The Sulvasitras, by G. Thibaut) Thibaut in this work gave a most 
valuable comparison of extracts from the three Sulvasitras by Baudhayana, 
Apastamba and Katydyana respectively, with a running commentary and an 
estimate of the date and originality of the geometry of the Indians. Bürk 
has however done good service by making the Apastamba-S.-S. accessible in 
its entirety and investigating the whole subject afresh. With the natural 
enthusiasm of an editor for the work he is editing, he roundly maintains, not 
only that the Pythagorean theorem was known and proved in all its generality 
by the Indians long before the date of Pythagoras (about $80— 500 B.c.), but 
that they had also discovered the irrational; and further that, so far from 
Indian geometry being indebted to the Greek, the much-travelled Pythagoras 
probably obtained his theory from India (/x. cif. Lv., p. 575 note). Three impor- 
tant notices and criticisms of Bürk's work have followed, by H. G. Zeuthen 
(“ Théorème de Pythagore,” Origine de la Géométrie scientifique, 1904, already 
quoted), by Moritz Cantor ( Über die älteste indische Mathematik in the Archiv 
der Mathematik und Physik, viii., 1905, pp 63—72) and by Heinrich Vogt 
(Haden die alten Inder den Pythagoreischen Lehrsatz und das Irrationale 
gekannt? in the Bibliotheca Mathematica, Viis, 1906, pp. 6—23. See also 
Cantor’s Geschichte der Mathematik, 1, pp. 635—645. 
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t. 47] 
The general effect of the criticisms is, I think, to show the necessity for 
the greatest caution, to say the least, in accepting Bürk's conclusions. 
_ I proceed to give a short summary of the portions of the contents of the 
Apastamba-S.-S. which are important in the present connexion. It may be 
premised that the general object of the book is to show how to construct 
altars of certain shapes, and to vary the dimensions of altars without altering 
the form. It is a collection of rules for carrying out certain constructions. 
There are no proofs, the nearest approach to a proof being in the rule for 
obtaining the area of an isosceles trapezium, which is done by drawing a 
perpendicular from one extremity of the smaller of the two parallel sides to 
the greater, and then taking away the triangle so cut off and placing it, the 
other side up, adjacent to the other equal side of the trapezium, thereby 
transforming the trapezium into a rectangle. It should also be observed that 
Apastamba does not speak of right-angled triangles, but of two adjacent sides 
and the diagonal of a rectangle. For brevity, I shall use the expression 
“rational rectangle” to denote a rectangle the two sides and the diagonal of 
which can be expressed in terms of rational numbers. The references in 
brackets are to the chapters and numbers of Apastamba’s work. 


(1) Constructions of right angles by means of cords of the following 
relative lengths respectively : 


3.4 5 
12, 16, 20 
15, 20, 2§ 

{ 5, 12, 13 

15, 36, 39 

8, 15, 17 
12, 35, 37 


(I. 3, V. 3) 
(v. 3) 

(v. 3) 

(v. 4) 

(1. 2, V. 2, 4) 
(v. 5) 

(v. 5) 


(2) A general enunciation of the Pythagorean theorem thus: “The 
diagonal of a rectangle produces [i.e. the square on the diagonal is equal to] 
the sum of what the longer and shorter sides separately produce (i.e. the 


squares on the two sides |” 


(t. 4) 


(3) The application of the Pythagorean theorem to a square instead of a 


rectangle (i.e. to an ésosceles right-angled triangle] : 
produces an area double [of the original square]." 


*'The diagonal of a square 
(1. 5) 


(4) An approximation to the value of ./2; the diagonal of a square is 





( I I I 
3 3-4 3-4-34 


) times the side. 


(1. 6) 


(5) Application of this approximate value to the construction of a square 


with side of any length. 


(11. 1) 


(6) The construction of a ,/3, by means of the Pythagorean theorem, as 


the diagonal of a rectangle with sides a and a ,/2. (rr. 2) 
(7) Remarks equivalent to the following : 

(a) a lis the side of 3 (a ,/3)*, ora T2 ja J3- (11. 3) 

(b) A square on length of 1 unit gives 1 unit square (111. 4) 

i is 2 units gives 4 unit squares (111. 6) 

» » 3 » 9 » (ri. 6) 

» T Ij » 21 » (iu. 8) 
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A square.on length of 23 units gives 61 unit squares (m. 8) 

5 5 4 unit gives } unit square (111. 10) 

» » j » 3 » (111. 10) 

(c) Generally, the square on any length contains as many rows (of 


small, unit, squares) as the length contains units. (1m. 7) 
(8) Constructions, by means of the Pythagorean theorem, of 

(a) the sum of two squares as one square, (ut. 4) 

(6) the difference of two squares as one square. (11. 5) 

(9) A transformation of a rectangle into a square. (11. 7) 


[This is not directly done as by Euclid in 11. 14, but the rectangle is first 
transformed intọ a gnomon, i.e. into the difference 
between two squares, which difference is then trans- 
formed into one square by the preceding rule. If 
ABCD be the given rectangle of which BC is the 
longer side, cut off the square AREF, bisect the 
rectangle DE left over by HG parallel to FE, move 
the upper half DG and place it on 4 F as base in the 
position 4X. Then the rectangle ABCD is equal to 
the gnomon which is the difference between the square 
LB and the square ZF In other words, Apastamba 
transforms the rectangle a? into the difference between 


2 — 3 
the squares (=) and 2-4) .] 





(10) An attempt at a transformation of a square (a*) into a rectangle 
which shall have one side of given length (^). (1r... 10) 


(This shows no sign of such a procedure as that of Eucl. 1. 44, and indeed 
does no more than say that we must subtract 25 from a’ and then adapt the 
remainder a? — a^ so that it may “fit on” to the rectangle ab. The problem 
is therefore only reduced to another of the same kind, and presumably it was 
only solved arsthmetically in the case where a, b are given numerically. The 
Indian was therefore far from the general, geometrical, solution.] 


(11) Increase of a given square into a larger square. (11. 9) 


[This amounts to saying that you must add two rectangles (a, 4) and 
another square (7) in order to transform a square a’ into a square (a + $Y. 
The formula is therefore that of Eucl. 11. 4, a? + 2a6 + 5° = (a + 5)*.| 


The first important question in relation to the above is that of date. 
Birk assigns to the 742as/amóa-Su/ba-Suztra a date at least as early as the sth 
or 4th century B.c. He observes however (what is likely enough) that the 
matter of it must have been much older than the book itself. Further, as 
regards one of the constructions for right angles, that by means of cords of 
lengths 15, 36, 39, he shows that it was known at the time of the 7Zà:/£izzya- 
Samhita and the Satapatha-Brahmaga, still older works belonging to the 
8th century B.c. at latest. It may be that (as Btirk maintains) the discovery 
that triangles with sides (a, 4, ¢) in rational numbers such that a*+ are 
right-angled was nowhere made so early as in India. We find however in two 
ancient Chinese treatises (1) a statement that the diagonal of the rectangle 
(3, 4) is 5 and (2) a rule for finding the hypotenuse of a “ right triangle” from 
the sides, while tradition connects both works with the name of Chou Kung 
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who died 1105 B.C. (D. E. Smith, History of Mathematics, 1. pp. 30—33, 11. 
. 288). 

áü — the various “rational rectangles” used by Apastamba, it is to 
be observed that two of the seven, viz. 8, 15, 17 and 12, 35, 37, do not belong 
to the Pythagorean series, the others consist of two which belong to it, viz. 3, 
4 5 and s, 12, 13, and multiples of these. It is true, as remarked by 
Zeuthen (of. cif. p. 842), that the rules of 11. 7 and 111. 9, numbered (9) and 
(11) above respectively, would furnish the means of finding any number of 
“rational rectangles.” But it would not appear that the Indians had been 
able to formulate any general rule; otherwise their list of such rectangles 
would hardly have been so meagre. Apastamba mentions seven only, really 
reducible to four (though one other, 7, 24, 25, appears in the Baudhdyana- 
S.-S., supposed to be older than Apastamba). These are all that Apastamba 
knew of, for he adds (v. 6): “So many recognisable (erkennbare) constructions 
are there,” implying that he knew of no other “rational rectangles” that could 
be employed. But the words also imply that the theorem of the square on 
the diagonal is also true of other rectangles not of the “recognisable ” kind, 
i.e. rectangles in which the sides and the diagonal are not in the ratio of 
integers; this is indeed implied by the constructions for ,/2, ./3 etc. up to ./6 
(cf. 11. 2, vit. 5). This is all that can be said. The theorem is, it is true, 
enunciated as a general proposition, but there is no sign of anything like a 
general proof; there is nothing to show thai the assumption of its universal 
truth was founded on anything better than an imperfect induction from a 
certain number of cases, discovered empirically, of triangles with sides in the 
ratio of whole numbers in which the property (1) that the square on the 
longest side is equal to the sum of the squares on the other two sides was 
found to be always accompanied by the property (2) that the latter two sides 
include a right angle. 

It remains to consider Biirk’s claim that the Indians had discovered the 
irrational. This is based upon the approximate value of ./2 given by 
Apastamba in his rule 1. 6 numbered (4) above. There is nothing to show 
how this was arrived at, but Thibaut’s suggestion certainly seems the best and 
most natural. The Indians may have observed that 17*= 289 is nearly 
double of 12*= 144. If so, the next question which would naturally occur to 
them would be, by how much the side 17 must be diminished in order that 
the square on it may be 288 exactly. If, in accordance with the Indian 
fashion, a gnomon with unit area were to be subtracted from a square with 
17 as side, this would approximately be secured by giving the gnomon the 
breadth yi, for 2x 17 x gy=1. The side of the smaller square thus arrived 
at would be 17 — gy = 12+ 4+ 1 — 4, whence, dividing out by 12, we have 


I I! I 
221t4-k—-— ; 

v 3 3-4 3.4.34 

But it is a far cry from this calculation of an approximate value to the 
discovery of the irrational. First, we ask, is there any sign that this value 
was known to be inexact? It comes directly after the statement (1. 6) that 
the square on the diagonal of a square is double of that square, and the rule is 
quite boldly stated without any qualification : “ lengthen the unit by one-third 
and the latter by one-quarter of itself less one-thirty-fourth of this párt.” 
Further, the approximate value is actually used for the purpose of constructing 
a square when the side is given (11. 1). So familiar was the formula that it 
was apparently made the basis of a sub-division of measures of length. 





approximately. 
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Thibaut observes (Journal of the Asiatic Society of Bengal, XLIX., p. 241) that, 
according to Bāudhāyana, the unit of length was divided into 12 fingerbreadths, 
and that one of two divisions of the fingerbreadth was into 34 sesame-corns, and 
he adds that he has no doubt that this division, which he has not elsewhere 
met, owes its origin to the formula for ,/2. The result of using this sub- 
division would be that, in a square with side equal to 12 fingerbreadths, the 
diagonal would be 17 fingerbreadths less 1 sesame-corn. Is it conceivable that 
a sub-division of a measure of length would be based on an evaluation known 
to be inexact? No doubt the first discoverer would be aware that the area of 
a gnomon with breadth ,); and outer side 17 is not exactly equal to 1 but less 
than it by the square of „ç or by yxs, and therefore that, in taking that 
gnomon as the proper area to be subtracted from 17’, he was leaving out of 
account the small fraction yrs; as, however, the object of the whole 
— was purely practical, he would, without hesitation, ignore this as 

ing of no practical importance, and, thereafter, the formula would be 
handed down and taken as a matter of course without arousing suspicion as 
to its accuracy. This supposition is confirmed by reference to the sort of 
rules which the Indians allowed themselves to regard as accurate. Thus 
Apastamba himself gives a construction for a circle equal in area to a given 
square, which is equivalent to taking v — 3:09, and yet observes that it gives the 
required circle “exactly” (111. 2), while his construction of a square equal to 
a circle, which he equally calls “exact,” makes the side of the square equal 
to ths of the diameter of the circle (111. 3), and is equivalent to taking 
w = 3.004. But, even if some who used the approximation for ,/a were 
conscious that it was not quite accurate (of which there is no evidence), there 
is ar immeasurable difference between arrival at this consciousness and the 
discovery of the irrational. As Vogt says, three stages had to be passed 
through before the irrationality of the diagonal of a square was discovered in 
any real sense. (1) All values found by direct measurement or calculations 
based thereon have to be recognised as being inaccurate. Next (2) must 
supervene the conviction that it is ¿impossible to arrive at an accurate arithmetical 
expression of the value. And lastly (3) the impossibility must be proved. 
Now there is no real evidence that the Indians, at the date in question, had 
even reached the first stage, still less the second or third. 

The net results then of Bürk’s papers and of the criticisms to which they 
have given rise appear to be these. (1) It must be admitted that Indian 
geometry had reached the stage at which we find it in Apastamba quite 
independently of Greek influence. But (2) the old Indian geometry was 
purely empirical and practical, far removed from abstractions such as the 
irrational. The Indians had indeed, by-trial in particular cases, persuaded 
themselves of the truth of the Pythagorean theorem and enunciated it in all 
its generality ; but they had not established it by scientific proof. 


Alternative proofs. 


I. The well-known proof of 1. 47 obtained by putting two squares side 
by side, with their bases continuous, and cutting off right-angled triangles 
which can then be put on again in different positions, is attributed by 
an-Nairizi to Thàbit b. Qurra (826—901 A.p.). 

His actual construction proceeds thus. 

Let ABC be the given triangle right-angled at 4. 

Construct on AB the square 4D; 


produce 4C to Fso that EF may be equal to AC. 
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Construct on EF the square EG, and produce DH to & so that DK 
may be equal to AC. 

It is then proved that, in the triangles K 
BAC, CFG, KHG, BDK, 


the sides 244, CF, KH, BD are all equal, 
and 


the sides 4C, FG, ZZG, DK are all equal. 


The angles included by the equal sides 

are all right angles; hence the four triangles 

are equal in all respects. (t. 4] 
Hence BC, CG, GK, XB are all equal. 8 
Further the angles DBA, ABC are equal; 

hence, if we add to each the angle DBC, 


the angle XBC is equal to the angle ABD F E 
and is therefore a right angle. 


In the same way the angle CG is right; 
therefore JCGX is a square, i.e. the square on BC. 


Now the sum of the quadrilateral. GCZ and the triangle ZDB together 
with two of the equal triangles make the squares on AB, AC, and together 
with the other two make the square on BC. 

Therefore etc. 


II. Another proof is easily arrived at by taking the particular case of 
Pappus’ more general proposition given below in which the given triangle 
is right-angled and the parallelograms on the sides containing the right angles 
are squares. If the figure is drawn, it will be seen that, with no more than 
one additional line inserted, it contains Thabit’s figure, so that Thabit’s proof 
may have been practically derived from that of Pappus. 


III. The most interesting of the remaining proofs seems to be that 
shown in the accompanying figure. 
It is given by J. W. Miiller, Systema- 
fische Zusammenstellung der wichtigsten 
bisher bekannten Beweise des Pythag. 
Lehrsatses (Nürnberg, 1819), and in 
the second edition (Mainz, 1821) of 
Ign. Hoffmann, Der Pythag. Lehr- 
salz mit 32 theils bekannten theils 
neuen Beweisen [3 more in second 
edition]. It appears to come from 
one of the scientific papers of Lion- 
ardo da Vinci (1452—1519). 

The triangle HAZ is constructed 
on the base AA with the side KZ 
equal to C and the side ZH equal 
to AB. 

Then the triangle ZZLK is equal in all respects to the triangle ABC, 
and to the triangle EBE 

Now DB, BG, which bisect the angles ABZ, CBF respectively, are 
in a straight line. Join BZ. 

lt is easily proved that the four quadrilaterals 4DGC, EDGF, ABLK, 
HLBC are all equal. 
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Hence the hexagons 4 DEFGC, ABCHLK are equal. 
Subtracting from the former the two triangles ABC, EBF, and from the 
latter the two equal triangles ABC, HLK, we prove that 


the square CX is equal to the sum of the squares AE, CEF 


Pappus’ extension of I. 47. 


In this elegant extension the triangle may be any triangle (not necessarily 
right-angled), and azy parallelograms take the place of squares on two of the 
sides. 

Pappus (tv. p. 177) enunciates the theorem as follows : 

If ABC be a triangle, and any parallelograms wAatewr ABED, BCFG 
be described on AB, BC, and if DE, FG /e 
produced to H, and HB be joined, the 
parallelograms ABED, BCFG are equal 
to the parallelogram contained by AC, 
HB in an angle which ts equal to the 
sum of the angles BAC, DHB. 

Produce HB to X; through 4, C 
draw AL, CM parallel to HX, and join 
LM. 

Then, since 44 is a parallelo- 
gram, AL, HB are equal and parallel. 
Similarly MC, HB are equal and parallel. 

Therefore AZ, MC are equal and 
parallel ; 


whence ZA, 4C are also equal and parallel, 
and AZLMC is a parallelogram. 
Further, the angle ZAC of this parallelogram is equal to the sum of the 
angles BAC, DHB, since the angle DHB is equal to the angle LAB. 
Now, since the parallelogram DASE is equal to the parallelogram LABH 
(for they are on the same base 4B and in the same parallels 45, DA), 
and likewise 4847 is equal to LAKN (for they are on the same base ZA 
and in the same parallels ZA, HK), 
the parallelogram DABE is equal to the parallelogram LAKN. 
For the same reason, 
the parallelogram BGFC is equal to the parallelogram VXCM. 
Therefore the sum of the parallelograms DABEZ, BGFC is equal to the 
parallelogram LA CM, that is, to the parallelogram which is contained by AC, 
HB in an angle ZAC which is equal to the sum of the angles BAC, BHD. 
* And this is far more general than what is proved in the Elements about 
squares in the case of right-angled (triangles)." 





Heron's proof that AL, BK, CF in Euclid's figure meet in 
a point. 

The final words of Proclus' note on 1. 47 (p. 429, 9—15) are historically 
interesting. He says: “The demonstration by the writer of the Elements being 
clear, I consider that it is unnecessary to add anything further, and that we may 
be satisfied with what has been written, since in fact those who have added 
anything more, like Pappus and Heron, were obliged to draw upon what is 
proved in the sixth Book, for no really useful object." These words cannot 
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of course refer to the extension of 1. 47 given by Pappus; but the key to 
them, so far as Heron is concerned, is to be found in the commentary of 
an-Nairizi (pp. 175—185, ed. Besthorn-Heiberg ; pp. 78—84, ed. Curtze) on 
1. 47, wherein he gives Heron's proof that the lines 4Z, FC, BX in Euclid’s 
figure meet in a point. Heron proved this by means of three lemmas which 
would most naturally be proved from the principle of similitude as laid down 
in Book vi., but which Heron, as a four de force, proved on the principles of 
Book 1. only. The frs? lemma is to the following effect. 

Lf, in a triangle ABC, DE be drawn parallel to the base BC, and if AF be 
drawn from the vertex A to the middle point F of BC, then AF will also 
bisect DE. 

This is proved by drawing 77K through 4 parallel 
to DE or BC, and ZDL, KEM through D, E re- 
spectively parallel to 44 G.Z, and lastly joining DF, EF 

Then the triangles ABF, AFC are equal (being 
on equal bases), and the triangles DBF, EFC are also 
equal (being on equal bases and between the same 
parallels). 

Therefore, by subtraction, the triangles 4 D/, AEF 
are equal, and hence the parallelograms AZ, AM are 
equal. 

These parallelograms are between the same parallels LM, HX ; therefore 
LF, FM are equal, whence DG, GE are also equal. 

The second lemma is an extension of this to the case where D meets 
BA, CA produced beyond 4. 

The ¢kird lemma proves the converse of Euclid 1. 43, that, Zf a paral- 
lelogram AB 1s cut into four others ADGE, DF, FGCB, CE, so that DF, 
CE are equal, the common vertex G will be on the diagonal AB. 

Heron produces 4G till it meets CF in Æ. Then, if we join 4B, we 
have to prove that AHB is one straight line. The 
proof is as follows. Since the areas DF, EC are 
equal, the triangles DGA, ECG are equal. 

If we add to each the triangle GCF, 

the triangles ECFA, DCF are equal ; 
therefore ED, CF are parallel. 


Now it follows from 1. 34, 29 and 26 that the 
triangles AXE, GXD are equal in all respects ; 


therefore ZX is equal to KD. 
Hence, by the second lemma, 
CA is equal to HF. 

‘Therefore, in the triangles FYB, CHG, 

the two sides BF, FA are equal to the two sides GC, CH, 
and the angle BFH is equal to the angle GCH; 

hence the triangles are equal in all respects, 
and the angle BAF is equal to the angle GHC. 


Adding to each the angle GAF, we find that the angles BHF, FHG are 
equal to the angles CHG, GAF, 


and therefore to two nght angles. 
Therefore 44 772 is a straight line. 
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Heron now proceeds to prove the proposition that, in the accompanying 
figure, if AKZ perpendicular to C meet 
EC in M, and if BM, MG be joined, 

BM, MG are in one straight line. 

Parallelograms are completed as shown 
in the figure, and the diagonals OA, FH 
of the parallelogram FH are drawn. 

Then the triangles “4H, BAC are 
clearly equal in all respects ; 

therefore the angle ÆFA is equal to 
the angle 4B C, and therefore to the angle 
CAK (since AX is perpendicular to BC). 

But, the diagonals of the rectangle 
FH cutting one another in Y, 

FY is equal to YA, 


and the angle AFA is equal to the 
angle OAF. . 


| Therefore the angles OAF, CAK are 
equal, and accordingly 





OA, AK are in a straight line. 
Hence OM is the diagonal of SQ; 
therefore 4S is equal to 4Q, 
and, if we add AM to each, 
FM is equal to MH. 
But, since ÆC is the diagonal of the parallelogram FW, 
FM is equal to MN. 
Therefore MH is equal to MN; 
and, by the third lemma, £M, MG are in a straight line. 


PROPOSITION 48. 


Lf in a triangle the square on one of the sides be equal to 
the squares on the remaining two sides of the triangle, the 
angle contained by the remaining two sides of the triangle ts 
right. 

For in the triangle ABC let the square on one side BC 
be equal to the squares on the sides BA, AC; 

I say that the angle BAC is right. c 

For let AD be drawn from the point 4 at 
right angles to the straight line 4C, let 4D 
be made equal to BA, and let DC be joined. 

Since DA is equal to 4B, 
the square on DA is also equal to the square 
on AB. A 

Let the square on AC be added to each; 
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therefore the squares on DA, AC are equal to the squares 
on BA, AC. 


But the square on DC is equal to the squares on DA, 
AC, for the angle DAC is right ; [1. 47] 


and the square on SC is equal to the squares on BA, AC, for 
this is the hypothesis ; 

therefore the square on DC is equal to the square on BC, 

so that the side DC is also equal to BC. 

And, since D4 is equal to AB, 
and AC is common, 
wa two sides DA, AC are equal to the two sides BA, 
and the base DC is equal to the base BC ; 

therefore the angle DAC is equal to the angle BAC. [1. 8] 
But the angle DAC is right; 

therefore the angle BAC is also right. 
Therefore etc. Q. E. D. 


Proclus’ note (p. 430) on this proposition, though it does not mention 
Heron’s name, gives an alternative proof, which is the same as that definitely 
attributed by an-Nairizi to Heron, the only difference being that Proclus 
demonstrates two cases in full, while Heron dismisses the second with a 
“similarly.” The alternative proof is another instance of the use of 1. 7 as a 
means of answering objections. If, says Proclus, it be not admitted that the 
perpendicular 4 D may be drawn on the opposite side of 4 C from B, we may 
draw it on the same side as 48, in which case it is impossible that it should 
not coincide with 447. Proclus takes two cases, 
first supposing that the perpendicular falls, as 4D, A 
within the angle CAB, and secondly that it falls, 
as AE, outside that angle. In either case the 
absurdity results that, on the same straight line 4 C 
and on the same side of it, AD, DC must be re- 
spectively equal to 4B, BC, which contradicts I. 7. 

Much to the same effect is the note of De Morgan fhat there is here “an 
appearance of avoiding indirect demonstration by drawing the triangles on 
different sides of the base and appealing to 1. 8, because drawing them on the 
same side would make the appeal to 1. 7 (on which, however, 1. 8 is founded).” 


C o 8 


BOOK II. 


DEFINITIONS. 


1. Any rectangular parallelogram is said to be contained 
by the two straight lines containing the right angle. 


2. And in any parallelogrammic area let any one whatever 
of the parallelograms about its diameter with the two comple- 
ments be called a gnomon. 


DEFINITION I. 


Ilay apahAqhbypapor ópÜoyovioy reptéxerOar Adyerac vTd úo Tay THY 
ópÜrv ywvíav Tep«xovcóv eO wav. 

As the full expression in Greek for “the angle BAC” is “the angle 
contained by the (straight lines) BA, AC,” xj vró ràv BA, AT weptexouerm 
yoria, so the full expression for “the rectangle contained by BA, AC” 
is rd urò ræv BA, AT mepiexópevov ópÜoyovcov. In this case too BA, AT is 
commonly abbreviated by the Greek geometers into BAT. Thus in Archi- 
medes and Apollonius 76 urd BAT or 7ò vrò rov BAT means fhe rectangle 
BA, AC, just as 7 vo BAT means the angle BAC; the gender of the article 
shows which i is meant in each case. In the early Books Euclid uses the full 
expression rò vrò rav BA, AT; but the shorter form 7d Ud trav Bar is found 
from Book x. onwards. Cf. xri. II, where rà (ru59para) éri rov GOE, EIIZ, 
ZPH, H2@ means the segments on the eight straight lines 90, OE, EII, IIZ, 
ZP, PH, Hz, 20. 


DEFINITION 2. 


Tlavrés 8¢ mapadAnAoypdypov xwpiov tay wepi Thv Sudperpov avrov mapadAn- 
Aoypdppwy ey Grocovody avy rois Sui raparAnpupact yvwpwy Kadeiobu. 

Meaning literally a thing enabling something to be known, observed or 
verified, a teller or marker, as we might say, the word gnomon (yvwpwv) was 
first used in the sense (1) in which it appears in a passage of Herodotus (11. 109) 
stating that ** the Greeks learnt the zoAos, the gnomon and the twelve parts of 
the day from the Babylonians.” According to Suidas, it was Anaximander 
(611—545 B.c.) who introduced the gnomon into Greece. Whatever may be 
the details of the construction of the two instruments called the róàos and 
the gnomon, so much is certain, that the gnomon had to do with the 
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measurement of time by shadows thrown by the sun, and that the word 
signified the placing of a staff perpendicular to the horizon. This is borne 
out by the statement of Proclus that Oenopides of Chios, who first investigated 
the problem (Eucl. 1. 12) of drawing a perpendicular from an external point 
to a given straight line, called the perpendicular a straight line drawn 
* gnomon-wise" (xarà ‘yvwpova). Then (2) we find the 

term used of a mechanical instrument for drawing right 

angles, as shown in the figure annexed. This seems to be 

the meaning in Theognis 805, where it is said that the 

envoy sent to consult the oracle at Delphi should be 

“straighter ({@vrepos) than the rópvos, the erafu» and the 

gnomon,” and all three words evidently denote appliances, 

the répvos being an instrument for drawing a circle 

(probably a string stretched between a fixed and a moving point), and the 
orabyn a plumb-line. Next (3) it was natural that the gromon, owing to its 
shape, should become the figure which remained of a square when a smaller 
square was cut out of one corner (or the figure, as Aristotle says, which when 
added to a square increases its size but does not alter its form). We have 
seen (note on I. 47, p. 351) that the Pythagoreans used the term in this sense, and 
further applied it, by analogy, to the series of odd numbers as having the same 
property in relation to square numbers. The earliest evidence for this is the 
fragment of Philolaus (¢. 460 B.C.) already mentioned (see Boeckh, A//o/aos 
des Pythagoreers Lehren, p. 141) where he says that “number makes all things 
knowable and mutually agreeing (rorayopa éAAdAors) in the way characteristic of 
the gnomon " (xarà yrwpovos ¢vow}. As Boeckh says (p. 144), it would appear 
from the fragment that the connexion between the gnomon and the square to 
which it is added was regarded as symbolical of union and agreement, and that 
Philolaus used the idea to explain the knowledge of things, making the 
knowing embrace and grasp the Åuown as the gnomon does the square. Cf. 
Scholium 11. No. 11 (Euclid, ed. Heiberg, Vol. v. p. 225), which says “It is 
to be noted that the gnomon was discovered by geometers with a view to 
brevity, while the name came from its incidental property, namely that from 
it the whole is known, whether of the whole area or of the remainder, when it 
is either placed round or taken away. In sundials too its sole function is te 
make the actual time of day known.” 

The geometrical meaning of the word is extended in the definition of 
gnomon given by Euclid, where (4) the gnomon has 
the same relation to any parallelogram as it before 
had to a sguare. From the fact that Euclid says 
Zet” the figure described “ be called a gnomon ” we 
may infer that he was using the word in the wider 
sense for the first time. Later still (5) we find 
Heron of Alexandria defining a gnomon in general 
as any figure which, when added to any figure 
whatever, makes the whole figure similar to that to which it is added. In 
this definition of Heron (Def. 58) Hultsch brackets the words which make it 
apply to any numóer as well; but‘Theon of Smyrna, who explains that plane, 
triangular, square, solid and other kinds of numbers are so called after the 
likeness of the areas which they measure, does make the term in its most 
general sense apply to numbers. “All the successive numbers which (by 
being successively added) produce triangles or squares or polygons are called 
gnomons” (p. 37, 11—13, ed. Hiller). Thus the successive odd numbers added 
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together make square numbers; the gnomons in the case of triangular 
numbers are the successive numbers 1, 2, 3, 4...; those for pentagonal 
numbers are the series t, 4, 7, 10... (the common difference being 3), and so 
on. In general, the successive gromonic numbers tor any polygonal number, 
say of ^» sides, have 4 — 2 for their common difference (Theon of Smyrna, 
P- 34, 13—15). 

GEOMETRICAL ALGEBRA. 


We have already seen (cf. part of the note on 1. 47 and the above note on 
the gromon) how the Pythagoreans and later Greek mathematicians exhibited 
different kinds of numbers as forming different geometrical figures. Thus, 
says Theon of Smyrna (p. 36, 6—11), “plane numbers, triangular, square 
and solid numbers, and the rest, are not so called independently (xvpíws) but 
in virtue of their similarity to the areas which they measure ; for 4, since it 
measures a square area, is called square by adaptation from it, and 6 is called 
oblong for the same reason.” A “plane number” is similarly described as a 
number obtained by multiplying two numbers together, which two numbers 
are sometimes spoken of as “sides,” sometimes as the “length” and 
“breadth ” respectively, of the number which is their product. 

The product of two numbers was thus represented geometrically by the 
rectangle contained by the straight lines representing the two numbers 
respectively. It only needed the discovery of incommensurable or irrational 
straight lines in order to represent geometrically by a rectangle the product of 
any two quantities whatever, rational or irrational; and it was possible to ad- 
vance from a geometrical arithmetic to a geometrical algebra, which indeed by 
Euclid’s time (and probably long before) had reached such a stage of develop- 
ment that it could solve the same problems as our algebra so far as they do 
not involve the manipulation of expressions of a degree higher than the 
second. In order to make the geometrical algebra so generally effective, the 
theory of proportions was essential. Thus, suppose that x, y, z etc. are 
quantities which can be represented by straight lines, while a, B, y etc. are 
coefficients which can be expressed by ratios between straight lines. We can 
then by means of Book vi. find a single straight line d such that 

ax+ Pyt+yz+...=d. 
To solve the simple equation in its general form 
ax+a=45, 

where a represents any ratio between straight lines also requires recourse to 
the sixth Book, though, e.g., if @ is 4 or 4 or any submultiple of unity, or if a is 
2, 4 or any power of 2, we should not require anything beyond Book i. for 
solving the equation. Similarly the general form of a quadratic equation 
requires Book vi. for its geometrical solution, though particular quadratic 
equations may be so solved by means of Book 11. alone. 

Besides enabling us to solve geometrically these particular quadratic 
equations, Book 11. gives the geometrical proofs of a number of algebraical 
formulae. Thus the first ten propositions give the equivalent of the several 
identities 

1. a@(6+¢+d+...)=ab'+acr+ad+..., 
2. (a+b)a+(a+b)b=(a+5)?, 

3. (a+b)a=ab+a’, 

4. (a@+4)? =a"? + 2ab. 
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a+b ,\* (a+? 
5. ab « (227 - 4) = siey, 
or (a B) (a- B) + B = a’, 
6. (2a*5)6 t a* x (a - by, 
or {a + B) (B-a) +a = f, 
7. (acóy *d$22(a-/D)a 0, 
or a? + R = 2af + (a - BY, 
8. 4(4+56)2+ P= {(a+ 5) + a}, 
or 4aB * (« — B? - (a « By, 


12.2 3 
9. a'4Pz2 (5 + (1-8) k 
2 2 
or (a + 8)? + (a— 8)? = 2 (a? + ?), 
IC. (2a +b) +8 =2{a+(a +b), 
or (a + BY’ * (B — a) 2 2 (a? f^). 
fhe form of these identities may of course be varied according to the different 
symbols which we may use to denote particular portions of the lines given in 
Euclid's figures. They are, for the most part, simple identities, but there is no 
reason to suppose that these were the only applications of the geometrical 
algebra that Euclid and his predecessors had been able to make. We may 
infer the very contrary from the fact that Apollonius in his Contes frequently 
states without proof much more complicated propositions of the kind. 

It is important however to bear in mind that the whole procedure of 
Book i. is geometrical; rectangles and squares are shown in the figures, and 
the equality of certain combinations to other combinations is proved by those 
figures. We gather that this was the classical or standard method of proving 
such propositions, and that the a/gebraical method of proving them, with no 
figure except a line with points marked thereon, was a later introduction. 
Accordingly Eutocius method of proving certain lemmas assumed by 
Apollonius (Conics, 11. 23 and 11. 29) probably represents more nearly than 
Pappus' proof of the same the point of view from which Apollonius regarded 
them. 

It would appear that Heron was the first to adopt the a/gebraica/ method 
of demonstrating the propositions of Book rr, beginning from the second, 
without figures, as consequences of the first proposition corresponding to 


a(b * c d) - ab t ac & ad, 


According to an-Nairizi (ed. Curtze, p. 89), Heron explains that it is not 
possible to prove it. r without drawing a number of lines (i.e. without actually 
drawing the rectangles), but that the following propositions up to II. 10 
inclusive can be proved by merely drawing one line. He distinguishes two 
varieties of the method, one by dissolutio, the other by compositio, by which he 
seems to mean splitting-up of rectangles and squares, and combination of them 
into others. But in his proofs he sometimes combines the two varieties. 

When he comes to 1. 11, he says that it is not possible to do without a 
figure because the proposition is a problem, which accordingly requires an 
operation and therefore the drawing of a figure. 

The algebraical method has been preferred to Euclid’s by some English 
editors ; but it should not find favour with those who wish to preserve the 
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essential features of Greek geometry as presented by its greatest exponents, or 
to appreciate their point of view. 

It may not be out of place to add a word with reference to the geometrical 
equivalent of the algebraical operations. The addition and subtraction of 
quantities represented in the geometrical algebra by lines is of course effected 
by producing the line to the required extent or cutting off a portion of it. The 
equivalent of multiplication is the construction of the rectangle of which the 
given lines are adjacent sides. The equivalent of the division of one quantity 
represented by a line by another quantity represented by a line is simply the 
statement of a ratio between lines on the principles of Books v. and vi. The 
division of a product of two quantities by a third is represented in the 
geometrical algebra by the finding of a rectangle with one side of a given 
length and equal to a given rectangle or square. This is the problem of 
application of areas solved in 1. 44, 45. The addition and subtraction of 
products is, in the geometrical algebra, the addition and subtraction of 
rectangles or squares ; the sum or difference can be transformed into a single 
rectangle by means of the application of areas to any line of given length, 
corresponding to the algebraical process of finding a common measure. Lastly, 
the extraction of the square root is, in the geometrical algebra, the finding of a 
square equal to a given rectangle, which is done in 11. 14 with the help of 1. 47. 


BOOK II. PROPOSITIONS. 


PROPOSITION 1. 


If there be two straight lines, and one of them be cut into 
any number of segments whatever, the rectangle contained by 
the two straight lines is equal to the rectangles contained by the 
uncut straight line and each of the segments. 


s Let A, BC be two straight lines, and let BC be cut at 
random at the points D, £ ; 
I say that the rectangle contained by 4, BC is equal to the 
rectangle contained by 4, BD, 
that contained by 4, DE and 
10 that contained by 4, EC. A—D t C 
For let BF be drawn from B 
at right angles to BC ; [1. 11] 
let BG be made equal to A, [1. 3] 
through G let GH be drawn œ 
15 parallel to BC, [1. 31] 
and through D, £, C let DK, * 
EL, CH be drawn parallel to 
BG. 
Then SH is equal to BK, DL, EH. 
20 Now BH is the rectangle 4, BC, for it is contained by 
GB, BC, and BG is equal to 4 ; 
BK is the rectangle 4, AD, for it is contained by GB, 
BD, and BG is equal to A ; 
and DZ is the rectangle 4, DE, for DK, that is BG [r. 34], 
as is equal to 4. 
Similarly also £77 is the rectangle 4, £C. 
Therefore the rectangle 4, BC is equal to the rectangle 
A, BD, the rectangle 4, DE and the rectangle 4, EC. 
Therefore etc. 
Q. E. D. 
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' a0. the rectangle A, BC. From this point onward I shall translate thus in cases where 
Euclid leaves out the word con/ained (wepsexduevor). Though the word ‘rectangle ” is also 
omitted in the Greek (the neuter article Si to show that the rectangle is 
meant), it cannot be dispensed with in English. De Morgan advises the use of the expres- 
sion “the rectangle under two lines.” is does not seem to me a very good expression, 
and, if used in a translation from the Greek, it might suggest that úró in ro úró meant 
under, which it does not. 

This proposition, the geometrical equivalent of the algebraical formula 
a(b+e+d+...)=ab+ac+ad+..., 


can, of course, easily be extended so as to correspond to the more general 
algebraical proposition that the product of an expression consisting of any 
number of terms added together and another expression also consisting of 
any number of terms added together is equal to the sum of all the products 
obtained by multiplying each term of one expression by all the terms of the 
other expression, one after another. The geometrical proof of the more 
general proposition would be effected by means of a figure showing all the 
rectangles corresponding to the partial products, in the same way as they are 
shown in the simpler case of 11. 1; the difference would be that a series of 
parallels to BC would have to be drawn as well as the series of parallels 
to BF. 


PROPOSITION 2. 


Jf a straight line be cut at random, the rectangle contained 
by the whole and both of the segments zs equal to the square on 
the whole. 


For let the straight line 42 be cut at random at the 
point C; 
I say that the rectangle contained by 48, BC together with 
the rectangle contained by BA, AC is equal 
to the square on AZ. A c B 

For let the square 44D E P be described 
on 44 2 (t. 46), and let CF be drawn through 
C parallel to either 4D or BE. (1. 31] 

Then AZ is equal to 4F, CE. 

Now AE is the square on 42; 

AF is the rectangle contained by BA, D F E 

AC, for it is contained by DA, AC, and 
AD is equal to AB; 

and CZ is the rectangle 4B, BC, for BE is equal to 
AB. 

Therefore the rectangle B4, AC together with the rect- 
angle 48, BC is equal to the square on AZ. 

Therefore etc. 

Q. E. D. 
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The fact asserted in the enunciation of this proposition has already been 
used in the proof of 1. 47 ; but there was no occasion in that proof to observe 
that the two rectangles BZ, CZ making up the square on SC are the 
rectangles contained by BC and the two parts, respectively, into which it is 
divided by the perpendicular from 4 on BC. It is this fact which it is 
necessary to state in this proposition, in accordance with the plan of Book 11. 

The second and third propositions are of course particular cases of the 
first. They were no doubt separately enunciated by Euclid in order that they 
might be immediately available for use hereafter, instead of having to be 
deduced for the particular occasion from 11. 1. For, if they had not been thus 
separately stated, it would scarcely have been practicable to quote them later 
without explaining at the same time that they are included in r1. 1 as particular 
cases. And, though the propositions are not used by Euclid in the later 
propositions of Book 1r, they are used afterwards in XII. to and Ix. 15 
respectively; and they are of extreme importance for geometry generally, 
being constantly used by Pappus, for example, who frequently quotes the 
third proposition by the Book and number. 

Attention has been called to the fact that 11. 1 is never used by Euclid ; 
and this may seem no less remarkable than the fact that 11. 2, 3 are not again 
used in Book 11. But it is important, I think, to observe that the proofs of 
all the first ten propositions of Book 11. are practically independent of each 
other, though the results are really so interwoven that they can often be 
deduced from each other in a variety of ways. What then was Euclid’s 
intention, first in inserting some propositions not immediately required, and 
secondly in making the proofs of the first ten practically independent of 
each other? Surely the object was to show the power of the method of 
geometrical algebra as much as to arrive at results. From the point of view 
of illustrating the method, there can be no doubt that Euclid’s procedure is 
far more instructive than the semi-algebraical substitutes which seem to find 
a good deal of favour; practically it means that, instead of relying on our 
memory of a few standard formulae, we can use the machinery given us by 
Euclid's method to prove immediately aé initio any of the propositions taken 
at random. 

Let us contrast with Euclid’s plan the semi-algebraical alternative. One 
editor, for example, thinks that, as 11. 1 is not used by Euclid afterwards, it 
seems more logical to deduce from it those of the subsequent propositions 
which can be readily so deduced. Putting this idea into practice, he proves 
ri. 2 and 3 by quoting 11. 1, then proves 11. 4 by means of 11. 1 and 3, I. § and 
6 by means of 11. 1, 3 and 4, and so on. The result is ultimately to deduce 
the whole of the first ten propositions from 11. 1, which Euclid does not use at 
all; and this is to give an importance to 11. 1 which is altogether dispro- 
portionate and, by starting with such a narrow foundation, to make the whole 
structure of Book 11. top-heavy. 

Editors have of course been much influenced by a desire to make the 
proofs of the propositions of Book 1. easier, as they think, for schoolboys. 
But, even from this point of view, is it an improvement to deduce 11. 2 and 3 
from 11. 1 as corollaries ? I doubt it. For, in the first place, Euclid's figures 
visualise the results and so make it easier to grasp their meaning ; the truth 
of the propositions is made clear even to the eye. Then, in the matter of 
brevity, to which such an exaggerated importance is attached, Euclid’s proof 
positively has the advantage. Counting a capital letter or a collocation of such 
as one word, I find, e.g., that Mr H. M. Taylor’s proof of 11. 2 contains 
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120 words, of which 8 represent the construction. Euclid’s as above trans- 
lated has 126 words, of which 22 are descriptive of the construction; therefore 
the actual proof by Euclid has 8 words fewer than Mr Taylor's, and the extra 
words due to the construction in Euclid are much more than atoned for by 
the advantage of picturing the result in the figure. 

The advantages then which Euclid's method may claim are, I think, these: 
in the case of 11. 2, 3 it produces the result more easily and clearly than does 
the alternative proof by means of 1t. 1, and, in its general application, it is 
more powerful in that it makes us independent of any recollection of results. 


PROPOSITION 3. 


Jf a straight line be cut at random, the rectangle contained 
by the whole and one of the segments ts equal to the rectangle 
contained by the segments and the square on the aforesaid 
segment. 


For let the straight line 4B be cut at random at C ; 


I say that the rectangle contained by 4B, BC is equal to the 
rectangle contained by AÇ, CB together 


with the square on BC. ^ c 8 
For let the square CDEB be de- 
scribed on CB; (1. 46] 


let ED be drawn through to F, 


and through 4 let AF be drawn parallel 
to either CD or BE. [m3] F 9 E 


Then AZ is equal to 4D, CE. 

Now AZ is the rectangle contained by 44, BC, for it is 
contained by 44, BE, and FE is equal to BC; 

AD is the rectangle 4C, CB, for DC is equal to CZ ; 

and DB is the square on CB. 


Therefore the rectangle contained by 4B, BC is equal to 
the rectangle contained by AC, CA together with the square 
on BC 
Therefore etc. 
Q. E. D. 


If we leave out of account the contents of Book 1. itself and merely look 
to the applicability of propositions to general use, this proposition and the 
preceding are, as already indicated, of great importance, and particularly so to 
the semi-algebraical methted just described, which seems to have found its first 
exponents in Heron and Pappus. Thus the proposition that the difference of 
the sguares on two straight lines ts equal to the rectangle contained by the sum 
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and the difference of the straight lines, which is generally given as equivalent to 
II. 5, 6, can be proved by means of 11. 1, 2, 3, as shown 

by Lardner. For suppose the given straight lines are ^ C 8 
AB, BC, the latter being measured along 24. 

Then, by 11. 2, the square on AZ is equal to the sum of the fertangies 
AB, BC and AB, AC. 

By Il. 3, the rectangle AB, BC is equal to the sum of the square on BC 
and the rectangle 4C, CB. 

Therefore the square on AZ is equal to the square BC together with the 
sum of the rectangles 4C, AB and AC, CB. 

But, by 11. 1, the sum of the latter rectangles is equal to the rectangle 
contained by AC and the sum of AB, BC, i.e. the rectangle contained by the 
sum and difference of AB, BC. 

Hence the square en AZ is equal to the square on BC and the rectangle 
contained by the sum and difference of 43, BC; 

that is, the difference of the squares on 4B, BC is equal to the rectangle 
contained by the sum and difference of A B, BC. 





PROPOSITION 4. 


Jf a straight line be cut at random, the square on the whole 
ts equal to the squares on the segments and twice the rectangle 
contained by the segments. 

For let the straight line 4B be cut at random at C; 


s I say that the square on ABZ is equal to the squares on AC, 
CB and twice the rectangle contained 


by AC, CB. à a. a 
For let the square 4DEB be de- 

scribed on AB, (1. 46] Be 
10 let BD be joined ; " K 

through C let CF be drawn parallel to S 

either 44D or EP, 

and through G let AK be drawn parallel | 

to either 42 or DE. (31) P 


is Then, since CF is parallel to 4D, 
and BD has fallen on them, 
the exterior angle CGB is equal to the interior and opposite 


angle ADB. (1. 29] 
But the angle ADB is equal to the angle 4 2D, 
žo since the side 7,4 is also equal to 4D ; (r 5] 


therefore the angle CGB is also equal to the angle GAC, 
so that the side BC is also equal to the side CG. (1. 6] 
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But CB is equal to GX, and CG to KB; (1. 34] 
therefore GX is also equal to KB; 
2$ therefore CGB is equilateral. 
I say next that it is also right-angled. 
For, since CG is parallel to BX, 
the angles KBC, GCB are equal to two right angles. 


(1. 29] 
But the angle AAC is right; 
30 therefore the angle CG is also right, 
so that the opposite angles CGA, GB are also right. 


I. 
Therefore CGKP is right-angled ; — 
and it was also proved equilateral ; 
therefore it is a square ; 
35 and it is described on CZ. 
For the same reason 
HF is also a square ; 
and it is described on 77G, that is AC. (1. 34] 
Therefore the squares H/F, KC are the squares on AC, CB. 
4 Now, since AG is equal to GE, 
and AG is the rectangle 4C, CB, for GC is equal to CB, 
therefore GE is also equal to the rectangle 4C, CB. 
Therefore 4G, GE are equal to twice the rectangle AC, 


45 But the squares /7F, CX are also the squares on AC, CB; 


therefore the four areas H/F, CK, AG, GE are equal to 
the squares on AC, CB and twice the rectangle contained by 
AC, CB. 


But HF, CK, AG, GE are the whole 4 DEB, 
so which is the square on AB. 


Therefore the square on AZ is equal to the squares on 
AC, CB and twice the rectangle contained by 4C, CB. 
Therefore etc. Q. E. D. 


2. twice the rectangle contained by the segments. By a curious idiom this is in 
Greek “the rectangle twice contained by the segments." Similarly “twice the rectangle 
contained by 4C, C&"’ is expressed as ‘‘the rectangle /twiéce contained by AC, CB" (rà dls 
id ‘ray AT, IB weptexbueror dp0oywrrov). 

35, 38 described. 30, 45. the squares (before ‘‘on”). These words are not in the 
Greek, which simply says Sat the squares *'are on" (eloiv axó) their respective sides. 

46. areas. It is necessary to supply some substantive (the Greek leaves it to be under- 
stood); and I prefer *' areas" to ** figures." 
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The editions of the Greek text which preceded that of E. F. August 
(Berlin, 1826—9) give a second proof of this proposition introduced by the 
usual word aAAus or “otherwise thus.” Heiberg follows August in omitting 
this proof, which is attributed to Theon, and which is indeed not worth 
reproducing, since it only differs from the genuine proof in that portion of it 
which proves that CGK is a square. The proof that CGAB 1s equilateral 
is rather longer than Euclid's, and the only interesting point to notice is that, 
whereas Euclid still, as in 1. 46, seems to regard it as necessary to prove that 
a// the angles of CGKB are right angles before he concludes that it is zigAz 
angled, Theon says simply “ And it also has the angle CBX right; therefore 
CX is a square.” The shorter form indicates a legitimate abbreviation of the 
genuine proof; because there can be no need to repeat exactly that part of the 
proof of 1. 46 which shows that a// the angles of the figure there constructed 
are right when one is. 

There is also in the Greek text a Porism which is undoubtedly interpolated : 
“From this it is manifest that in square areas the parallelograms about the 
diameter are squares.” Heiberg doubted its genuineness when preparing his 
edition, and conjectured that it too may have been added by Theon ; but the 
matter is placed beyond doubt by a papyrus-fragment referred to already (see 
Heiberg, Paralipomena zu Euklid, in Hermes XXXVII., 1903, p. 48) in which 
the Porism was evidently wanting. It is the only Porism in Book 11, but 
does not correspond to Proclus’ remark (p. 304, 2) that “the Porism found in 
the second book belongs to a proó/em." Heiberg regards these words as 
referring to the Porism to iv. 15, the correct reading having probably been not 
é«vrép but 5’, i.e. rerápro. 

The semi-algebraical proof of this proposition is very easy, and is of course 
e enough, being found in Clavius and in most later editions. It proceeds 
thus. 


By 11. 2, the square on AB is equal to the sum of the rectangles 4B, AC 
and AB, CB. 

But, by 11. 3, the rectangle 4B, AC is equal to the sum of the square on 
AC and the rectangle AC, CB; 

while, by 11. 3, the rectangle 48, CB is equal to the sum of the square on 
BC and the rectangle AC, CB. 

Therefore the square on ABZ is equal to the sum of the squares on 
AC, CB and twice the rectangle 4C, CB. 

The figure of the proposition also helps to visualise, in the orthodox 
manner, the proof of the theorem deduced above from 11. 1—3, viz. that the 
difference of the squares on two given straight lines ts equal to the rectangle 
contained by the sum and the difference of the lines. 

For, if the lines be 43, BC respectively, the shorter of the lines being 
measured alung BA, the figure shows that 

the square A£ is equal to the sum of the square CK and the rectangles 

AF, FK; 

that is, the square on AB is equal to the sum of the square on BC and 

the rectangles 4B, AC and AC, BC. 

But the rectangles AB, AC and BC, AC are, by 1. 1, together equal to 

the rectangle contained by 4C and the sum of 4B, BC, 
ie to the rectangle contained by the sum and difference of AB, BC. 
Whence the result follows as before. 


382 BOOK II [1. 4, 5 


The proposition 11. 4 can also be extended to the case where a straight 
line is divided into any number of segments ; for the figure will show in like 
manner that the square on the whole line is equal to the sum of the squares 
$ all the parts together with twice the rectangles contained by every pair of 
the parts. 


PROPOSITION 5. 


If a straight line be cut into equal and unequal segments, 
the rectangle contained by the unequal segments of the whole 
together wrth the square on the straight line between the 
points of section 15 equal to the square on the half. 

For let a straight line B be cut into equal segments 
at C and into unequal segments at 2 ; 

I say that the rectangle contained by AD, DB together with 
the square on CD is equal to the square on CB. 





For let the square CE FB be described on CB, (1. 46] 
and let BE be joined ; 
through D let DG be drawn parallel to either CZ or BF, 
through Æ again let XM be drawn parallel to either 47 or 
E 


and again through 4 let 4X be drawn parallel to either CZ 


or BM. [1. 31] 
Then, since the complement CZZ is equal to the comple- 
ment HF, (1. 43] 


let DM be added to each ; 
therefore the whole CJ is equal to the whole DF. 
But CM is equal to AZL, 
since AC is also equal to CZ ;* (1. 36] 
therefore AZ is also equal to DF. 
Let CH be added to éach ; 
therefore the whole Af is equal to the gnomon NOP. 
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But AH is the rectangle AD, DB, for DH is equal to 
DB, 

therefore the gnomon NOP is also equal to the rectangle 
AD, DB. 

Let ZG, which is equal to the square on C2, be added to 
each ; 

therefore the gnomon VOP and ZG are equal to the 
rectangle contained by 4D, DB and the square on CD. 


But the gnomon NOP and ZG are the whole square 
CEFB, which is described on CB ; 


therefore the rectangle contained by 4D, DB together 
with the square on C2 is equal to the square on CZ. 


T herefore etc. Q. E. D. 


3. between the points of section, literally ‘‘ between the sections,” the word being 
the same (rouh) as that used of a conic section. 

It will be observed that the gnomon is indicated in the figure by three separate letters 
and a dotted curve. This is no doubt a clearer way of showing what exactly the gnomon is 
than the method usual in our text-books. In this particular case the figure of the mss. has 
two M’s in it, the gnomon being MNZ. I have corrected the lettering to avoid confusion. 

It is easily seen that this proposition and the next give exactly the 
theorem already alluded to under the last propositions, namely that she 
difference of the squares on two straight lines is equal fo the rectangle contained 
by their sum and difference. The two given lines are, in n. 5, the lines CB 
and CD, and their sum and difference are respectively equal to AD and DB. 
To show that 11. 6 gives the same theorem we have only to make CD the 
greater line and CS the less, i.e. to 
draw C'D' equal to CB, measure 4 C D B 
CB along it equal to CD, and then. ————————— — 
produce Z C’ to A’, making 4’C’ equal A e p o 
to BC’, whence it is immediately clear 
that 4’D’ on the second line is equal 
to AD on the first, while D'S’ is also equal to DØ, so that the rectangles 
AD, DB and A'D, D’'B' are equal, while the difference of the squares on 
CB, CD is equal to the difference of the squares on C’D’, CH. 

Perhaps the most important fact about 11. 5, 6 is however their bearing on 
the 

Geometrical solution of a quadratic equation. 

Suppose, in the figure of 11. 5, that dB =a, DB=x; 
then ax — x’ =the rectangle AH 

= the gnomon NOP. 
Thus, if the area of the gnomon is given (=6", say), and if a is given 
(= AB), the problem of solving the equation 
ax —x*= 
is, in the language of geometry, Zo a given straight line (a) fo apply a rectangle 
which shall be equal to a given square (P) and shall fall short by a square figure, 
i.e. to construct the rectangle A Æ or the gnomon NOP. 
Now we are told by Proclus (on 1. 44) that “these propositions are ancient 
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and the discoveries of the Muse of the Pythagoreans, the application of 
areas, their exceeding and their falling-short.” We can therefore hardly 
avoid crediting the Pythagoreans with the geometrical solution, based upon 
I. 5, 6, of the problems corresponding to the quadratic equations which 
are directly obtainable from them. It is certain that the Pythagoreans solved 
the problem in 1. 11, which corresponds to the quadratic equation 


à (a — x) - xl, 
and Simson has suggested the following easy solution of the equation now in 
question, 
ax- =b, 


on exactly similar lines. 

Draw CO perpendicular to 4B and equal to 4; produce OC to N so 
that OM= CB (or 3a); and with O as centre 
and radius ON describe a circle cutting CB N 
in D. Aa €E D 8 

Then DBS (or x) is found, and therefore 
the required rectangle 4 Z7. 

For the rectangle 42, DP together with 
the square on C2 is equal to the square on 
CB, [u. 5] 

i.e. to the square on OD, 

ie. to the squares on OC, CD;  [1. 47] 
whence the rectangle 4D, DZ is equal to the square on OC, 
or ax — x! - D$. 

It is of course a necessary condition of the possibility of a real solution 
that 2 must not be greater that (3a). This condition itself can easily be 
obtained from Euclid's proposition ; for, since the sum of the rectangle 4D, 
JD Bi and the square on CD is equal to the square on CZ, which is constant, 
it follows that, as CD diminishes, i.e. as D moves nearer to C, the rectangle 
AD, DB increases and, when 2 actually coincides with C, so that CD 
vanishes, the rectangle 4D, DB becomes the rectangle 4C, CB, i.e. the 
square on CZ, and is a maximum. It will be seen also that the geometrical 
solution of the quadratic equation derived from Euclid does not differ from 
our practice of solving a quadratic by completing the square on the side 
containing the terms in x* and x. 

But, while in this case there are two geometrically real solutions (because 
the circle described with ON as radius will not only cut CZ in 2 but will 
also cut AC in another point £), Euclid’s figure corresponds to one only of 
the two solutions. Not that there is any doubt that Euclid was aware that the 
method of solving the quadratic gives two solutions; he could not fail to see 
that x= BE satisfies the equation as well as x= BD. If however he had 
actually given us the solution of the equation, he would probably have 
omitted to specify the solution x = BE because the rectangle found by means 
of it, which would be a rectangle on the base 4E (equal to BD) and with 
altitude £P (equal to 4D), is really an equal rectangle to that corresponding 
to the other solution x = BD ; there is therefore no real object in distinguishing 
two solutions. This is easily understood when we regard the equation as a 
statement of the problem of finding two magnitudes when their sum (a) and 
product (4*) are given, i.e. as equivalent to the simultaneous equations 


x+y=a, 
xy =ð. 
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These symmetrical equations have really only one solution, as the two apparent 
solutions are simply the result of interchanging the values of x and y. This 
form of the problem was known to Euclid, as appears from the Dafa, Prop. 
85, which states that, Zf two straight lines contain a parallelogram given in 
magnitude in a given angle, and if the sum of them be given, then shall each 
of them be given. 

This proposition then enables us to solve the problem of finding a 
rectangle the area and perimeter of which are both given; and it also enables 
us to infer that, of all rectangles of given perimeter, the square has the 
greatest area, while, the more unequal the sides are, the less is the area. 

If in the figure of 11. 5 we suppose that 4D=a, BD=4, we find that 
CB=(a+5)/z and CD=(a—4)/2, and we may state the result of the 
proposition in the following algebraical form 


2 ? 
EY- (F-a 
2 2 

This way of stating it (which could hardly have escaped the Pythagoreans) 
gives a ready means of obtaining the two rules, respectively attributed to the 
Pythagoreans and Plato, for finding integral square numbers which are the 
sum of two other integral square numbers. We have only to make a? a 
perfect square in the above formula. The simplest way in which this can be 
done is to put a=’, ^ - 1, whence we have 


(= + 2) ("> 3i i 
— — 
2 2 
and in order that the first two squares may be integral s*, and therefore s, 


must be odd. Hence the Pythagorean rule. 
Suppose next that a= 2’, ò = 2, and we have 


(n* + 1) — (1 — 1 z 40, 
whence Plato's rule starting from an eve» number 27. 











PROPOSITION 6. 


If a straight line be besected and a straight line be added 
to it in a straight line, the rectangle contained by the whole 
with the added straight line and the added straight line together 
with the square on the half zs equal to the square on the 
— line made up of the half and the added straight 
ine. 

For let a straight line /4 7 be bisected at the point C, and 
let a straight line BD be added to it in a straight line ; 

I say that the rectangle contained by AD, DB together 
with the square on CZ is equal to the square on C2. 

For let the square CE FD be described on CD, [1. 46] 
and let DE be joined ; 
through the point Z let BG be drawn parallel to either ÆC or 
D 


> 
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through the point Æ let KM be drawn parallel to either 45 
or EF, 


and further through 4 let AK A B D 
be drawn parallel to either CZ 
or DM. (1. 31] 


Then, since AC is equal 
to CB, 


AL is also equal to CH. [1. 36] 





But CH is equal to HF. (i. 43] E G F 
Therefore 4 Z is also equal 
to HF. 


Let CM be added to each; 
therefore the whole 4M is equal to the gnomon NOP. 
But AM is the rectangle 4D, DB, 
for DM is equal to DB ; 


therefore the gnomon MOP is also equal to the rectangle 
AD, DB. 


Let ZG, which is equal to the square on BC, be added 
to each ; 


therefore the rectangle contained by 4D, DB together 
with the square on CB is equal to the gnomon WOP and LG. 


But the gnomon NO? and LG are the whole square 
CEFD, which is described on CD ; 


therefore the rectangle contained by 4D, DB together 
with the square on CB is equal to the square on CD. 


Therefore etc. 
Q. E. D. 


In this case the rectangle 4D, DB is “a rectangle applied to a given 
straight line (42) but exceeding by a square (the side of which is equal to 
BD)”; and the problem suggested by 11. 6 is to find a rectangle of this 
description equal to a given area, which we will, for convenience, suppose to 
be a square; i.e., in the language of geometry, fo apply to a given straight 
line a rectangle which shall be equal to a given square and shall exceed by a 
square figure. 

We suppose that in Euclid’s figure 4B=a, BD=+; then, if the given 
square be 6", the problem is to solve geometrically the equation 

ax t xi. 


The solution of a problem theoretically equivalent to the solution of a 
quadratic equation of this kind is presupposed in the fragment of Hippocrates' 
Quadrature of lunes preserved in a quotation by Simplicius (Comment. in 


u. 6] PROPOSITION 6 387 


Aristot. Phys. pp. 61—68, ed. Diels) from Eudemus’ History of Geometry. In 
this fragment Hippocrates (5th cent. B.C.) assumes the following construction. 
AB being the diameter and O the centre of a semicircle, and C being the 
middle point of OB and CD at right 
angles to AS, a straight line of length E D 
such that its square is 13 times the square 
on the radius (i.e. of length a,/$, where 
a is the radius) is to be so placed, as EF, 
between CD and the circumference 4D 
chat it “verges towards 8,” that is, ZF 
when produced passes through J. A Ô c 3 
Now the right-angled triangles BFC, 
BA E are similar, so that 
BF: BC- BA : BE, 
and therefore the rectangle B.E, BF- rect. BA, BC 
=sq. on BO. 


In other words, EF (=a ,/8) being given in length, BF (=, say) has 
to be found such that 
(J/2a+x)x=0; 
or the quadratic equation 
J$ ax - x*-a* 
has to be solved. 

A straight line of length a,/2 would easily be constructed, for, in the 
figur, CZ? - AC. CB -2aà', or CD- ja A3, and a,/$ is the diagonal of 
a square of which CD is the side. 

There is no doubt that Hippocrates could have solved the equation by 
the geometrical construction given below, but he may have contemplated, on 
this occasion, the merely mechanical process of placing the straight line of the 
length required between CD and the circumference 4D and moving it until 
E, F, B were in a straight line. Zeuthen (Die Lehre von den Kegelschnitten 
im Altertum, pp. 270, 271) thinks this probable because, curiously enough, 
the fragment speaks immediately afterwards of “joining B to E" 

To solve the equation 

ax + x= 5 

we have to find the rectangle 4477, or the 
gnomon OP, which is equal in area to Z^ and 
has one of the sides conta:ning the inner right 
angle equal to CZ or ja. Thus we know 
($a and 2, and we have to find, by r. 47, 
a square equal to the sum of two given 
squares. 

To do this Simson draws BQ at right 
angles to AB and equal to 4, joins CQ and, 
with centre C and radius CQ, describes a 
circle cutting AZ produced in D. Thus 
BD, or x, is found. 

Now the rectangle 4D, DZ together with the square on CB 

is equal to the square on CD, 
i.e. to the square on CQ, 
le. to the squares on CB, BQ. 
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Therefore the rectangle AD, DB is equal to the square on BQ, that is, 
axt =b. 
From Euclid’s point of view there would only be one solution in this case. 
This proposition enables us also to solve the equation 
X- ax = b 
in a similar manner. 
We have only to suppose that 44 P — a, and 442 (instead of 8D) - x; then 
" x*—ax =the gnomon. 
To find the gnomon we have its area (4°) and the area, CB? or (ła), by 
which the gnomon differs from CD. Thus we can find D (and therefore 
AD or x) by the same construction as that just given. 


Converse propositions to 11. 5, 6 are given by Pappus (vit. pp. 948—950) 
among his lemmas to the Conics of Apollonius to the effect that, 


(1) if D bea point dividing 42 unequally, and C another point on 4B 
such that the rectangle 4D, DB together with the square on CD is 
equal to the square on AC, then 


AC is equal to CB; 


(2) if D be a point on AB produced, and C a point on AB such that the 
rectangle AD, DB together with the square on CZ is equal to the 
square on CD, then 


AC is equal to CB. 


PROPOSITION 7. 


Jf a straight line be cut at random, the square on the 
whole and that on one of the segments both together are equal 
to turce the rectangle contained by the whole and the said 
segment and the square on the remaining segment. 

For let a straight line 42 be cut at random at the point C; 

I say that the squares on 4B, BC are equal to twice the 
rectangle contained by 48, BC and the 


square on CA. A o e 
For let the square ADEB be 
described on AB, 1. 46] 


and let the figure be drawn. a A 
Then, since Z4 G is equal to GE, [:. 43] 

let CF be added to each ; 
therefore the whole AF is equal to 

the whole CZ. É i 


Therefore AF, CE are double of 
AF. 
But AF, CE are the gnomon KLM and the square CF; 


therefore the gnomon XZM and the square CF are double 
of AF. 
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But twice the rectangle 48, BC is also double of AF; 
for BF is equal to BC; 


therefore the gnomon XZM and the square CF are equal to 
twice the rectangle 4B, BC. 


Let DG, which is the square on 4C, be added to each ; 
therefore the gnomon XZM and the squares BG, GD are 
equal to twice the rectangle contained by 4B, BC and the 
square on AC. 

But the gnomon XZM and the squares .3G, GD are the 
whole ADEB and CF, 


which are squares described on 48, BC; 


therefore the squares on AB, BC are equal to twice the 
rectangle contained by AB, BC together with the square on 
AC. 
Therefore etc. 
Q. E. D. 


An interesting variation of the form of this proposition may be obtained by 
regarding 48, BC as two given straight lines of which AZ is the greater, and 
AC as the difference between the two straight lines. Thus the proposition 
shows that the squares on two straight lines are together equal to twice the 
rectangle contained by them and the square on their difference. That is, the 
square on the difference of two straight lines is egual to the sum of the squares on 
the straight lines diminished by twice the rectangle contained by them. In other 
words, just as 11. 4 is the geometrical equivalent of the identity 

(a+b =a + È + 2aè, 
SO 11. 7 proves that 

(a — 5)? =a? + 6 — zab. 
The addition and subtraction of these formulae give the algebraical equivalent 
of the propositions 11. 9, ro and 11. 8 respectively ; and we have accordingly 
a suggestion of alternative methods of proving those propositions. 


- 


PROPOSITION 8. 


Jf a straight line be cut at random, four times the rectangle 
contained by the whole and one of the segments together with 
the square on the remaining segment is egual to the square 
described on the whole and the aforesaid segment as on one 
straight line. 

For let a straight line 42 be cut at random at the point C; 


I say that four times the rectangle contained by 48, BC 
together with the square on AC is equal to the square 
described on AB, BC as on one straight line. 
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For let [the straight d BD be produced in a straight 
line [with 447] and let BD be 

made equal to CB; 

let the square A EFD be described 
on AD, and let the figure be 
drawn double. 


Then, since CB is equal to BD, 
while CB is equal to GK, and 
BD to KN, 
therefore GX is also equal to KN. 

For the same reason 

QR is also equal to AP. 

And, since BC is equal to BD, and GK to KN, 
therefore CX is also equal to AD, and GR to RN. [1. 36] 

But CK is equal to AN, for they are complements of the 
parallelogram CP ; (1. 43] 
therefore KD is also equal to GR; 
therefore the four areas DK, CK, GR, RN are equal to one 
another. 

Therefore the four are quadruple of CK. 

Again, since CB is equal to BD, 
while BD is equal to BK, that is CG, 
and CB is equal to GK, that is GQ, 

therefore CG is also equal to GQ. 

And, since CG is equal to GQ, and QR to RP, 

AG is also equal to MỌ, and QL to RF. (1. 36] 


But MQ is equal to QL, for they are complements of the 
parallelogram 77Z ; [1. 43] 


therefore AG is also equal to RF; 


therefore the four areas 4G, MQ, QL, RF are equal to one 
another. 


Therefore the four are quadruple of AG. 


But the four areas CK, KD, GR, RN were proved to be 
quadruple of CX; 


therefore the eight areas, which contain the gnomon 
STU, are quadruple of 4X. 


Now, since 4 is the rectangle 48, BD, for BK is equal 
to BD, 
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therefore four times the rectangle 4B, BD is quadruple of 
AK. 

But the gnomon STU was also proved to be quadruple 
of AK; 


therefore four times the rectangle 4B, BD is equal to the 
gnomon STU. 


Let OZT, which is equal to the square on AC, be added 
to each ; 


therefore four times the rectangle 48, BD together with 
the square on AC is equal to the gnomon STU and OH. 


But the gnomon STU and OZ are the whole square 
AEFD, 
which is described on 44D 


therefore four times the rectangle 48, BD together with 
the square on 4C is equal to the square on 4D 


But BD is equal to BC; 


therefore four times the rectangle contained by 4B, BC 
together with the square on AC is equal to the square on 
AD, that is to the square described on AB and BC as on 


one straight line. 


Therefore etc. Q. E. D. 


This proposition is quoted by Pappus (p. 428, ed. Hultsch) and is used 
also by Euclid himself in the Dafa, Prop. 86. Further, it is of decided use 
in proving the fundamental property of a parabola. 

Two alternative proofs are worth giving. 

The first is that suggested by the consideration mentioned in the last 
note, though the proof is old enough, being given by Clavius and othérs. It 
is of the semi-algebraical type. 

Produce AB to D (in the figure of the pro- 
position), so that BD is equal to BC. 

By 11. 4, the square on 42 is equal to the 
squares on AB, BD and twice the rectangle 45, 
BD, ie. to the squares on 442, BC and twice 
the rectangle 4B, BC. 

By 11. 7, the squares on AB, BC are equal to 
twice the rectangle 442, BC together with the 
square on AC. 

Therefore the square on AD is equal to four 
times the rectangle AB, BC together with the 
square on AC. 

The seconc proof is after the manner of Euclid but with a difference. 
Produce BA to D so that AD is equal to BC. On BD construct the square 
BEFD. 
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Take BG, EH, FK each equal to BC or AD, and draw ALP, HNM 
parallel to BE and GML, KPN parallel to BD. 

Then it can be shown that each of the rectangles BZ, AK, FN, EM is 
equal to the rectangle 42, BC, and that PAZ is equal to the square on AC. 

Therefore the square on BD is equal to four times the rectangle 4B, 
BC together with the square on AC. 


PROPOSITION 9. 


If a straight line be cut into equal and unequal segments, 
the squares on the unequal segments of the whole are double 
of tke square on the half and of the square on the straight line 
between the points of section. 

For let a straight line AB be cut into equal segments 
at C, and into unequal segments at D; 

I say that the squares on AD, DB are double of the 
squares on 4C, CD. 

For let CE be drawn from 
C at right angles to AB, 


and let it be made equal to 
either 4C or CB; 


let EA, EB be joined, 
let DF be drawn through D 
parallel to EC, 
and FG through F parallel to 
AB, 
and let AF be joined. 
Then, since AC is equal to CZ, 
the angle EAC is also equal to the angle 4 EC. 
And, since the angle at C is right, 
the remaining angles EAC, AEC are equal to one 
right angle. (1. 32] 
And they are equal ; 
therefore each of the angles CEA, CAE is half a right 
angle. 
For the same reason 
each of the angles CEB, EBC is also half a right angle ; 
therefore the whole angle 4 £2 is right. 
And, since the angle GE is half a right angle. 
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and the angle EGF is right, for it is equal to the interior and 
opposite angle ECB, (1. 29] 
the remaining angle EG is half a right angle; [tr 32] 

therefore the angle GE is equal to the angle EG, 
so that the side ÆG is also equal to GF. (1. 6] 

Again, since the angle at Z is half a right angle, 

and the angle FDZ is right, for it is again equal to the interior 
and opposite angle ECB, [1. 29] 


the remaining angle BFD is half a right angle; (tr 32] 
therefore the angle at B is equal to the angle DFB, 
so that the side FD is also equal to the side DØ.  [: 6] 
Now, since AC is equal to CZ, 
the square on AC is also equal to the square on CZ ; 


therefore the squares on AC, CE are double of the square 
on AC. 


But the square on £4 is equal to the squares on 4C, CE, 
for the angle ACE is right; (1. 47] 


therefore the square on £ is double of the square on AC. 
Again, since £G is equal to GF, 
the square on EG is also equal to the square on GF; 
therefore the squares on EG, GF are double of the square on 


But the square on EZ is equal to the squares on EG, GF; 
therefore the square on EF is double of the square on GF. 
But GF is equal to CD; [- 34] 
therefore the square on EZ is double of the square on CD. 
But the square on £4 is also double of the square on AC; 


therefore the squares on AE, EF are double of the squares 
on AC, CD. 


And the square on 4 F is equal to the squares on AL, EF, 
for the angle 4 ZF is right ; (1. 47] 


therefore the square on AF is double of the squares on AC, 


But the squares on 4D, DF are equal to the square on 
AF, for the angle at D is right; [1 47] 


therefore the squares on 4D, DF are double of the squares 
on AC, CD. 
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And DF is equal to DB; 


therefore the squares on 4D, DB are double of the squares 
on AC, CD. 


Therefore etc. 
Q. E. D. 


It is noteworthy that, while the first eight propositions of Book tr. are 
proved independently of the Pythagorean theorem 1. 47, all the remaining 
propositions beginning with the 9th are proved by means of it. Also the 9th 
and roth propositions mark a new departure in another respect; the method 
of demonstration by showing in the figures the various rectangles and squares 
to which the theorems relate is here abandoned. 

The oth and roth propositions are related to one another in the same way 
as the sth and 6th; they really prove the same result which can, as in the 
earlier case, be comprised in a single enunciation thus: Zhe sum of the squares 
on the sum and difference of two given straight lines is egual to twice the sum of 
the squares on the lines. 

The semi-algebraical proof of Prop. 9 is that suggested by the remark on 
the algebraical formulae given at the end of the note on 1. 7. It applies 
with a very slight modification to both 1. 9 and 11. 10. We will put in 
brackets the variations belonging to 11. 1o. 


The first of the annexed lines is the figure 4 c oO 8 

for 11. 9 and the second for 11. 10. ——— LAO ILC M LO 
By r1. 4, the square on 442 is equal to A B 0 

the squares on AC, CD and twice the a a EA 


rectangle AC, CD. 
By n. 7, the squares on CZ, CD (CD, CB) are equal to 
twice the rectangle CB, CD together with the square on BD. 
By addition of these equals crosswise, 


the squares on AD, DB together with twice the rectangle CZ, CD are 
equal to the squares on AC, CD, CB, CD together with twice 
the rectangle 4C, CD. 

But AC, CB are equal, and therefore the rectangles AC, CD and CB, 
CD are equal. 

Taking away the equals, we see that 

the squares on 44D, DB are equal to the squares on 4C, CD, CB, CD, 

i.e. to twice the squares on AC, CD. 

To show also that the method of geometrical algebra illustrated by 
1. I—8 is still effective for the purpose of 
proving 11. 9, 10, we will now prove 11. 9 in 
that manner. 

Draw squares on AD, DB respectively 
as shown in the figure. Measure DH along 
DE equal to CD, and AZ along HE also 
equal to CD. 

Draw HK, LNO parallel to EF, and 
CNM parallel to DE. 

Measure VP along VO equal to CD, 
and draw PQ parallel to DE. 
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Now, since 4D, CD are respectively equal to DZ, DH, 
HE is equal to AC or CB; 


and, since AZ is equal to CD, LE is equal to DB. 
Similarly, since each of the segments EM, MQ is equal to CD, 


FQ is equal to EL or BD. 


Therefore OQ is equal to the square on DB. 

We have to prove that the squares on 4D, DB are equal to twice the 
squares on AC, CD. 

Now the square on AD includes XM (the square on AC) and CH, HN 
(that is, twice the square on C2). 

Therefore we have to prove that what is left over of the square on AD 
together with the square on DZ is equal to the square on AC. 

The parts left over are the rectangles CK and VE, which are equal to 
KN, PM respectively. 

But the latter with the square on DJS are equal to the rectangles XN, 
PM and the square OQ, 


i.e. to the square XM, or the square on AC. 
Hence the required result follows. 


PROPOSITION IO. 


Jf a straight line be bisected, and a straight line be added 
to ct in a straight line, the square on the whole with the added 
straight line and the square on the added straight line both 
together are double of the square on the half and of the square 
described on the straight line made up of the half and the 
added straight line as on one straight line. 


For let a straight line 42 be bisected at C, and let a 
straight line BD be added to it in a straight line; 

I say that the squares on AD, DB are double of the 
squares on AC, CD. 

For let CE be drawn from 
the point C at right angles to E F 
AB [t 11) and let it be made 
equal to either AC or CB [1 3]; 
let EA, EB be joined ; 


through Æ let EF be drawn o 
parallel to 4D, 

and through D let FD be drawn 
parallel to CZ. [1. 31] 


Then, since a straight line EF falls on the parallel straight 
lines EC, FD, 
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the angles CEF, EFD are equal to two right angles; (t. 29] 
therefore the angles FEB, EFD are less than two right 
angles. 

But straight lines produced from angles less than two 
right angles meet ; [1. Post. 5] 

therefore EZ, FD, if produced in the direction B, D, will 
meet. 

Let them be produced and meet at G, 
and let AG be joined. 

Then, since AC is equal to CZ, 
the angle EAC is also equal to the angle AEC ; [1. 5] 
and the angle at C is right ; 

therefore each of the angles EAC, AEC is half a right 
angle. (1. 32) 

For the same reason 

each of the angles CEB, EBC is also half a right angle ; 

therefore the angle 4 7A is right. 

And, since the angle ZAC is half a right angle, 
the angle DAG is also half a right angle. (1. 15] 

But the angle BDG is also right, 
for it is equal to the angle DCE, they being alternate; (1 29] 
therefore the remaining angle DG is half a right angle ; 


i. 32] 
therefore the angle DGB is equal to the angle D&G, 


so that the side BD is also equal to the side GD. (i. 6) 
Again, since the angle EG is half a right angle, 
and the angle at F is right, for it is equal to the opposite 
angle, the angle at C, [1. 34] 
the remaining angle FEG is half a right angle ; [1. 32] 
therefore the angle EGF is equal to the angle FEG, 
so that the side G' is also equal to the side E. [1. 6] 
"à ow, since the square on EC is equal to the square on 
the squares on EC, CA are double of the square on CA. 
But the square on £ 1s equal to the squares on EC, C4; 
(1. 47 
therefore the square on ÆA is double of the square — C: 
C. N. 1] 
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Again, since ZG is equal to EF, 
the square on FG is also equal to the square on FE ; 
— the squares on GF, FE are double of the square on 
F. 


But the square on ZG is equal to the squares on GF, FEZ; 


[1. 47] 
therefore the square on ÆG is double of the square on EF. 
And £F is equal to CD; (1. 34] 


therefore the square on EG is double of the square on CD. 
But the square on ZA was also proved double of the square 
on AC; 
therefore the squares on 4Z, EG are double of the squares 
on AC, CD. 
And the square on AG is equal to the squares on 4Z£, 
G; (1. 47] 
therefore the square on AG is double of the squares on AC, 
D. 


But the squares on AD, DG are equal to the square on aped 
L. 47] 

therefore the squares on AD, DG are double of the squares 
on AC, CD. 

And DG is equal to DB ; 
therefore the squares on AD, DB are double of the squares 
on AC, CD. 

Therefore etc. 

Q. E. D. 


The alternative proof of this proposition by means of the principles 
exhibited in 11. 1—8 follows the lines of that 


which I have given for the preceding proposition. — 4 c BOD 
It is at once obvious from the figure that the 
square on 44D includes within it twice the square a 


on AC together with once the square on CD. 
What is left over is the sum of the rectangles .44, 
KE. These, which are equivalent to BH, GK, 
make up the square on CD /ess the square on 
BD. Adding therefore the square BG to each 
side, we have the required result. 

Another alternative proof of the theorem which 
includes both 11. 9 and ro is worth giving. The 
theorem states that /Ae sum of the squares on the 
sum and difference of two given straight lines is egual to twice the sum of the 
sguares on the lines. 
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Let AD, DB be the two given straight lines (of which 4D is the greater), 
placed so as to be in one straight line. Make AC equal to DB and com- 
plete the figure as shown, each of the segments CG 
and DA being equal to AC or DB. 

Now, 4D, DB being the given straight lines, 42 
is their sum and C2 is equal to their difference. 

Also AD is equal to BC. 

And AZ is the square on AB, GX is equal to 
the square on CD, AX or FH is the square on AD, 
and SZ the square on CZ, while each of the small 
squares 4G, BH, EK, FL is equal to the square on 
AC or DB. 

We have to prove that twice the squares on 4D, 
DB are equal to the squares on AB, CD. 

Now twice the square on 442 is the sum of the squares on 42, CB, 
which is equal to the sum of the squares BL, FA; and the figure shows 
these to be equal to twice the inner square GX and once the remainder of 
the large square 4£ excluding the two squares 4G, KE, which latter squares 
are equal to twice the square on AC or DB. 

Therefore twice the squares on AD, DJS are equal to twice the inner 
square GX together with once the remainder of the large square 44 £, that is, 
to the sum of the squares AE, GX, which are the squares on AB, CD. 





“Side” and “ diagonal” numbers giving successive approxi- 
mations to J2. 
Zeuthen pointed out (Die Lehre von den Kegelschnitten im Altertum, 1886, 
pp. 27, 28) that 11. 9, ro have great interest 
in connexion with a problem of indeterminate — ; Š OB 
analysis which received much attention from 
the ancient Greeks. If we take the straight line 438 divided at C and D as 
in 1. 9, and if we put CD=x, DB =y, the result obtained by Euclid, namely : 
AD + DB =2AC'+2CD, 
or AD -24C =2CP - DP, 


becomes the formula 





(2x * yy — 2 (x * yf 2 ax? - 54. 
If therefore x, y be numbers which satisfy one of the two equations 
2x! — y—- t 1, 


the formula gives us two higher numbers, x * y and 2x * y, which satisfy the 
other of the two equations. 

Euclid's propositions thus give a general proof of the very formula used 
for the formation of the succession of what were called “side” and “diagonal 
numbers.” 

As is well known, Theon of Smyrna (pp. 43, 44, ed. Hiller) describes this 
system of numbers. The unit, being the beginning of all things, must be 
potentially both a side and a diameter. Consequently we begin with two units, 
the one being the first side and the other the first diameter, and (a) from the 
sum of them, (2) from the sum of twice the first unit and once the second, we 
form two new numbers 

I.I-tI-2, 2.1+1= 3. 
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Of these new numbers the first is a séde- and the second a dtagona/-number, 
or (as we may say) 

a, = 2, a, = 3. 
In the same way as these numbers were formed from a, - r, d, — 1, successive 
pairs of numbers are formed from a;, d, and so on, according to the formula 


Any =n +da, Gay, = 20, + dy. 
Thus 442724395, dj22.2*327, 
04-75-7212, d4=2.5+7=17, 
and so on. 
Theon states, with reference to these numbers, the general proposition that 
d, — 2a, * 1, 
and he observes (1) that the signs alternate as successive Z's and a's are taken, 
d, — 2a being equal to — 1r, 2! — 2a$! equal to * 1, d? — 2a} equal to r, and 
so on, (2) that the sum of the squares of a// the Z's will be double of the sum 
of the squares of a// the a's. [If the number of successive terms in each 
series is finite, it is of course necessary that the number should be even.] 
The proof, no doubt omitted because it was well known, may be put 
algebraically thus 
d, — 2a, 2 (2a, , * d) - 2 (a4) * d, S? 
- 204.) — d, 
= — (d,_1* — 24,_,’) 
= + (d, 4! — 2a, 4!) in like manner, 
ana so on, while gj! — 2a! = — 1. Thus the theorem is established. 

Euclid's propositions enable us to establish the theorem geometrically; 
and this fact might well be thought to confirm the conjecture that the 
investigation of the indeterminate equation 2x*— )?—- * 1 in the manner 
explained by Theon was no new thing but began at a period long before 
Euclid’s time. No one familiar with the truth of the proposition stated by 
Theon could have failed to observe that, as the corresponding side- and 
diagonal-numbers were successively formed, the value of d4,*/a, would 
approach more and more nearly to 2, and consequently that the successive 
fractions 4,/2, would give nearer and nearer approximations to the value of 
42, viZ b b bp ip Tore 

It is fairly clear that in the famous passage of Plato's Republic (546 c) 
about the “geometrical number” some such system of approximations is 
hinted at. Plato there contrasts the “rational diameter of five” (pyrn Sudperpos 
rs Temábos) with the “irrational” (diameter). This was certainly taken 
from the Pythagorean theory of numbers (cf. the expression immediately 
preceding, 546 B, C wdvra xpooyjyopa xai pyra pds GAAnAa axépyvay, with the 
phrase avra yvecrà xai wordyopa adAados drepyaferac in the fragment of 
Philolaus). The reference of Plato is to the following consideration. If the 
square of side 5 be taken, the diagonal is /2.25 or A/so. This is the 
Pythagorean “ irrational diameter” of 5; and the “rational diameter” was 
the approximation 4/50 — r, or 7. 

But the conjecture of Zeuthen, and the attribution of the whole theory of 
side- and díagona/-numbers to the Pythagoreans, have now been fully confirmed 
by the publication of Kroll’s edition of Procli Diadochi in Platonis rempublicam 
commentarii (Teubner), Vol. 11, 1901. The passages (cc. 23 and 27, pp. 24, 
25 and 27—29) which there saw the light for the first time describe the same 
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system of forming ssde- and diagona/-numbers and definitely attribute it, as 
well as the distinction between the “rational” and “irrational diameter,” to 
the Pythagoreans. Proclus further says (p. 27, 16—22) that the property of the 
side- and diagonal-numbers “is proved graphically (ypaujuxós) in the second 
book of the Elements by *Ai»' (az éxeivov). For, tf a straight line be bisected 
and a straight line be added to tt, the square on the whole line including the 
added straight line and the square on the latter alone are double of the square on 
the half of the original straight line and of the square on the straight line made 
up of the half and of the added straight line.” And this is simply Eucl. i1. 1o. 
Proclus then goes on to show specifically how this proposition was used to 
prove that, with the notation above used, the diameter corresponding to the 
sidea+dis2a+d. Let AB bea side and BC equal to it, while CD is the 
diameter corresponding to AB, i.e. a straight line such that the square on it is 
double of the square on AZ. (I use the figure supplied by Hultsch on p. 397 
of Kroll’s Vol 11.) 





a 


Then, by the theorem of Eucl. 11. 10, the squares on AD, DC are double 
of the squares on AB, BD. 

But the square on DC (i.e. BZ) is double of the square on AB; therefore, 
by subtraction, the square on AD is double of the square on BD. 

And the square on DA, the diagonal corresponding to the side BD, is 
double the square of BD. 

Therefore the square on DF is equal to the square on AD, so that DF is 
equal to 4D. 

That is, while the ssde BD is, with our notation, a + d, the corresponding 
diagonal, being equal to 42D, is 2a * 4. 

In the above reference by Proclus to 11. ro ar dxeívov ** by Aim" must 
apparently mean tz’ Euxdeidov, “by Euclid,” although Euclid’s name has not 
been mentioned in the chapter; the phrase would be equivalent to saying 
“in the second Book of the famous Elements." But, when Proclus says ‘this 
is proved in the second Book of the Elements," he does not imply that it had 
not been proved before; on the contrary, it is clear that the theorem had 
been proved by the Pythagoreans, and we have therefore here a confirmation 
of the inference from the part played by the gomon and by 1. 47 in Book ii. 
that the whole of the substance of that Book was Pythagorean. For further 
detailed explanation of the passages of Proclus reference should be made to 
Hultsch’s note in Kroll’s Vol. 11. pp. 393—400, and to the separate article, 
also by Hultsch, in the Bibliotheca Mathematica 1,, 1900, pp. 8—12. 

P. Bergh has an ingenious suggestion (see Zeitschrift für Math. u. Physik 
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xxxi. Hist.-litt. Abt. p. 135, and Cantor, Geschichte der Mathematik, 1, p. 437) 
as to the way in which the formation of the successive 

side- and datagonal-numbers may have been discovered, E 

namely by observation from a very simple geometrical 

figure. Let ABC be an isosceles triangle, right-angled at G 

A, with sides @,-,, @,-,, d,-, respectively. If now the c 

two sides 4B, AC about the right angle be lengthened F 

by adding d,-, to each, and the extremities D, E be 

joined, it is easily seen by means of the figure (in which 4—8 D 
BF, CG are perpendicular to DZ) that the new diagonal 

d, is equal to 2@,., * 4, ;, while the equal sides a, are, by construction, equal 
to G4, * d,.,. 


Important deductions from II. 9, ro. 


I. Pappus (vir. pp. 856—8) uses t1. 9, ro for proving tne well-known 
theorem that 

The sum of the squares on two sides of a triangle is equal to twice the square 
on half the base together with twice the square on the straight line joining the 
middle point of the base to the opposite vertex. 

Let ABC be the given triangle and D the middle point of the base BC. 
Join AD, and draw AZ perpendicular to BC (produced if necessary), 


A A 


D E C B D CE 


Now, by 11. 9, 10, 
the squares on BE, EC are equal to twice the squares on BD, DE. 
Add to each twice the square on AZ. 
Then, remembering that 
the squares on BL, ZA are equal to the square on BA, 
the squares on AZ, EC are equal to the square on AC, 
and the squares on 44 E, ED are equal to the square on AD, 
we find that 
the squares on BA, AC are equal to twice the squares on AD, BD. 
The proposition is generally proved by means of 11. 12, 13, but not, I 
think, so conveniently as by the method of Pappus. 


II. The inference was early made by Gregory of St. Vincent (1584-1667) 
and Viviani (1622-1703) that 7n any parallelogram the squares on the diagonals 
are together egual to the sguares on the sides, or to twice the sguares on adjacent 
sides. 


III. It appears that Leonhard Euler (1707-83) was the first to discover 
the corresponding theorem with reference to any quadrilateral, namely that 
Zn any quadrilateral the sum of the squares on the sides is egual to the sum of the 
squares on the diagonals and four times the square on the line joining the middle 
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points of the diagonals. Euler seems however to have proved the property 
from the corresponding theorem for parallelograms just quoted (cf. Camerer’s 
Euclid, Vol. 1. pp. 468, 469) and not from the property of the triangle, though 
the latter brings out the result more easily. 


PROPOSITION II. 


To cut a given straight line so that the rectangle contained 
by the whole and one of the segments is egual to the square on 
the remaining segment. 


Let AB be the given straight line ; 


thus it is required to cut /4Z so that the rectangle contained 
by the whole and one of the segments is 
equal to the square on the remaining 


segment. F 7 
For let the square ABDC be described 

on AB; (1. 46) à H 8 

let AC be bisected at the point Æ, and let 

BE be joined ; : 


let CA be drawn through to F, and let EF 
be made equal to BE; 
let the square FH be described on AF, and * S 
let G/7 be drawn through to K. 

I say that 747 has been cut at Æ so as to make the 
rectangle contained by 4B, BH equal to the square on 4/7. 

For, since the straight line AC has been bisected at Æ, 
and FA is added to it, 

the rectangle contained by CF, FA together with the 
square on AZ is equal to the square on EF. (11. 6] 

But ZF is equal to £2; 

therefore the rectangle CF, FA together with the square 
on AE is equal to the square on £7. 

But the squares on BA, AE are equal to the square on 
E B, for the angle at 4 is right: (1. 47] 

therefore the rectangle CF, FA together with the square 
on AE is equal to the squares on BA, AL. 

Let the square on A Æ be subtracted from each ; 


therefore the rectangle CF, FA which remains is equal to 
the square on 747. 
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Now the rectangle CF, FA is FK, for AF is equal to 
FG; 
and the square on AZ is AD; 
therefore FK is equal to 4D. 
Let AK be subtracted from each ; 
therefore FH which remains is equal to 772. 


And /#/D is the rectangle 42, BH, for AB is equal to 
BD; 
and ZZ is the square on 7477; 


therefore the rectangle contained by 48, BH is equal 
to the square on HA. 


therefore the given straight line 42 has been cut at 7/7 
so as to make the rectangle contained by 428, BA equal to 
the square on 774. 

Q. E. F. 


As the solution of this problem is necessary to that of inscribing a regular 
pentagon in a circle (Eucl. rv. 10, 11), we must necessarily conclude that it 
was solved by the Pythagoreans, or, in other words, that they discovered the 
geometrical solution of the quadratic equation 

a (a- x)- xi, 
or 27+ ax =a’. 

The solution in 11. 11, too, exactly corresponds to the solution of the more 
general equation 

xi+ax=Bh, 

which, as shown above (pp. 387—8), Simson based upon 11. 6. Only Simson's 
solution, if applied here, gives us the point “on CA produced and does not 
directly find the point Æ. It takes Æ the middle point of CA, draws AB at 
right angles to CA and of length equal to C44, and then describes a circle 
with J£ as radius cutting £4 produced in & The only difference between 
the solution in this case and in the more general case is that 4B is here equal 
to CA instead of being equal to another given straight line 3. 

As in the more general case, there is, from Euclid's point of view, only one 
solution. 

The construction shows that CZ is also divided at 4 in the manner 
described in the enunciation, since the rectangle CF, FA is equal to the 
square on CA. 

The problem in 11. 11 reappears in vi. 30 in the form of cutting a given 
straight line in extreme and mean ratio. 


PROPOSITION 12. 


In obtuse-angled triangles the square on the side subtending 
the obtuse angle is greater than the squares on the sides con- 
taining the obtuse angle by twice the rectangle contained by one 
of the sides about the obtuse angle, namely that on which the 
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perpendicular falls, and the straight line cut of outside by the 
perpendicular towards the obtuse angle. 


Let ABC be an obtuse-angled triangle having the angle 
AAC obtuse, and let BD be drawn from the point B per- 
pendicular to C4 produced ; 

I say that the square on SC is greater than the squares 
on BA, AC by twice the rectangle con- 
tained by C4, AD. 

For, since the straight line CD has 
been cut at random at the point 4, 
the square on DC is equal to the 
squares on C4, AD and twice the rect- 


angle contained by CA, AD. [1.4] 5 à 
Let the square on DB be added to 
each ; 


therefore the şquares on CD, DB are equal to the squares on 
CA, AD, DB and twice the rectangle C4, AD. 


But the square on CZ is equal to the squares on CD, DB, 


for the angle at D is right ; (1. 47] 
and the square on AZ is equal to the squares on 4D, 
DB; [1. 47] 


therefore the square on CB is equal to the squares on CA, AB 
and twice the rectangle contained by C4,- 4D; 


so that the square on CZ is greater than the squares on 
CA, AB by twice the rectangle contained by C4, AD. 


Therefore etc. Q. E. D. 


Since in this proposition and the next we have to do with the squares on 
the sides of triangles, the particular form of graphic representation of areas 
which we have had in Book 1t. up to this point does not help us to visualise 
the results of the propositions in the same way, and only two lines of proof 
are possible, (1) by means of the results of certain earlier propositions in 
Book 11. combined with the resu/£ of 1. 47 and (2) by means of the procedure 
in Euclid's proof of 1. 47 itself. The alternative proofs of 11. 12, 13 after the 
manner of Euclid's proof of 1. 47 are therefore alone worth giving. 

These proofs appear in certain modern text-books (e.g. Mehler, Henrici and 
Treutlein, H. M. Taylor, Smith and Bryant). Smith and Bryant are not 
correct in saying (p. 142) that they cannot be traced further back than 
Lardners Euclid (1828); they are to be found in Gregory of St. Vincent's 
work (published in 1647) Opus geometricum quadraturae circuli et. sectionum 
cont, Book 1. Pt. 2, Props. 44, 45 (pp. 31, 32). 

To prove 11, 12, take an obtuse-angled triangle A BC in which the angle at 
A is the obtuse angle 
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Describe squares on BC, CA, AB, as BCED, CAGF, ABKH. 

Draw AL, BM, CN, perpendicular to BC, CA, AB (produced if neces- 
sary), and produce them to meet the further 
sides of the squares on them in Z, Q, Æ re- 
spectively. 

Join 4D, CK. 

Then, as in 1. 47, the triangles KBC, ABD 
are equal in all respects ; 
therefore their doubles, the parallelograms in 
the same parallels respectively, are equal ; 

that is, the rectangle BP is equal to the 
rectangle BA. 

Similarly the rectangle CP is equal to the 
rectangle CQ. 

Also, if BG, CH be joined, we see that 


the triangles BAG, HAC are equal in 
all respects ; 
therefore their doubles, the rectangles 4Q, AR, are equal. 
Now the square on BC is equal to the sum of the rectangles BP, CP, 
i.e. to the sum of the rectangles BR, CQ, 
i.e. to the sum of the squares BH, CG and 
the rectangles A, AQ. 

But the rectangles AR, AQ are equal, and they are respectively the 
rectangle contained by BA, AN and the rectangle contained by C4, AMZ. 

Therefore the square on BC is equal to the squares on BA, AC together 
with twice the rectangle B4, ANor CA, AM. 

Incidentally this proof shows that the rectangle B4, AN is equal to the 
rectangle CA, AM: a result which will be seen later on to be a particular 
case of the theorem in Il. 35. 

Heron (in an-Nairizi, ed. Curtze, p. 109) gives a “converse” of 11. 12 
related to it as 1. 48 is related to r. 47. 

In any triangle, if the square on one of the sides is greater than the squares 
on the other two sides, the angle contained by the latter +s obtuse. 

Let ABC be a triangle such that the square on BC is greater than the 
squares on BA, AC. 

Draw AD at right angles to AC and D 
of length equal to 4B. 

Join DC. 

Then, since DAC is a right angle, 
the square on DC is equal to the squares 
on DA, AC, 1. 47] 


i.e. to the squares on BA, AC. A 6 


But the square on BC is greater than 
the squares on BA, AC; therefore the square on BC is greater than the 
square on DC. 





Therefore BC is greater than DC. 
Thus, in the triangles BAC, DAC, ` 
the two sides BA, AC are equal to the two sides DA, AC respectively, 
but the base BC is greater than the base DC. 
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Therefore the angle BAC is greater than the angle DAC; (1. 25] 
that is, the angle BAC is obtuse. 


PROPOSITION 13. 


In acute-angled triangles the square on the side subtending 
the acute angle zs less than the squares on the sides containing 
the acute angle by twice the rectangle contained by one of the 
sides about the acute angle, namely that on which the per- 
pendicular falls, and the straight line cut off within by the 
perpendicular towards the acutc angle. 


Let ABC be an acute-angled triangle having the angle 
at B acute, and let 4D be drawn from the point 4 perpen- 
dicular to BC; 


I say that the square on AC is less than the squares on 
CB, BA by twice the rectangle contained 
by CJ, BD. 

For, since the straight line CZ has 
been cut at random at 2, 


the squares on CB, BD are equal to 
twice the rectangle contained by CB, BD 
and the square on DC. [u. 7] 

Let the square on DA be added to 
each ; 


therefore the squares on CB, BD, DA are equal to twice 
the rectangle contained by CZ, BD and the squares on 4D, 
DC. 

But the square on AZ is equal to the squares on BD, 
DA, for the angle at D is right ; (1. 47] 


and the square on AC is equal to the squares on AD, DC; 


therefore the squares on CZ, BA are equal to the square on 
AC and twice the rectangle CB, BD, 


so that the square on AC alone is less than the squares 
on CZ, BA by twice the rectangle contained by CB, BD. 
Therefore etc. 


Q. E. D. 


As the text stands, this proposition is unequivocally enunciated of acute- 
angled triangles ; and, as if to obviate any doubt as to whether the restriction 
was fully intended, the enunciation speaks of the rectangle contained by one 
of the sides containing the acute angle and the straight line intercepted 
within by the pernendicular towards the acute angle. On the other hand, it 
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is curious that it speaks of the square on the side subtending //e acute angle; 
and again the setting-out begins “let ABC be an acute-angled triangle kaving 
the angle at B acute,” though the last words have no point if all the angles of 
the triangle are necessarily acute. 

It was however very early noticed, not only by Isaacus Monachus, 
Campanus, Peletarius, Clavius, Commandinus and the rest, but by the Greek 
scholiast (Heiberg, Vol. v. p. 253), that the relation between the sides of a 
triangle established by this theorem is true of the side opposite to, and the 
sides about, an acute angle respectively in any sort of triangle whether acute- 
angled, right-angled or obtuse-angled. The scholiast tries to explain away the 
word “‘acute-angled” in the enunciation: ‘Since in the definitions he calls 
acute-angled the triangle which has three acute angles, you must know that he 
does not mean that here, but calls all triangles acute-angled because all have 
an acute angle, one at least, if not all. The enunciation therefore is: ‘In any 
triangle the square on the side subtending the acute angle is less than the 
squares on the sides containing the acute angle by twice the rectangle, etc.’” 

We may judge too by Heron’s enunciation of his “converse” of the 
proposition that he would have left the word *''acute-angled" out of the 
enunciation. His converse is: Zn amy triangle in which the square on one of 
the sides ts less than the squares on the other two sides, the angle contained by the 
latter sides ts acute. 

If the triangle that we take is a right-angled triangle, and the perpendicular 
is drawn, not from the right angle, but from the acute angle 
not referred to in the enunciation, the proposition reduces ^ 
to 1. 47, and this case need not detain us. 

The other cases can be proved, like 11. 12, after the 
manner of 1. 47. 

Let us take first the case where all the angles of the 8 C 
triangle are acute. 





D P E 


As before, if we draw ALP, BMQ, CNR perpendicular to BC, CA, AB 
and meeting the further sides of the squares on BC, CA, AB in P, Q, R, and 
if we join KC, AD, we have 

the triangles KBC, ABD equal in all respects, 
and consequently the rectangles BP, BR equal to one another. 
Similarly the rectangles CP, CQ are equal to one another. 
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Next, by joining BG, CH, we prove in like manner that the rectangles 42, 
AQ are equal. 
Now the square on BC is equal to the sum of the rectangles BP, CP, 


i.e. to the sum of the rectangles BR, CQ, 


ie. to the sum of the squares BH, CG diminished by the rectangles 
AR, AQ. 


But the rectangles AR, AQ are equal, and they are respectively the 
rectangles contained by BA, AN and by CA, A 

Therefore the square on BC is less than the squares on BA, AC by 
twice the rectangle 3.4, AN or CA, AM. 


Next suppose that we have to prove the theorem in the case where the 
triangle has an obtuse angle at 4. 
_ Take B as the acute angle under considera- 
tion, so that AC is the side opposite to it. 
Now the square on C4 is equal to the 
difference of the rectangles CQ, AQ, 
ie. to the difference between CP and 
Q, 
i.e. to the difference between the square 
BE and the sum of the rectangles 
BP, AQ, 
ie. to the difference between the square 
BE and the sum of the rectangles 
BP, AR, 
i.e. to the difference between the sum of 
the squares BEL, BA and the sum 
of the rectangles BP, BR 


(since AR is the difference between BR and BA). 


But BP, BR are equal, and they are respectively the rectangles CB, BL 
and AB, BN. 

Therefore the square on CA is less than the squares on 4B, BC by twice 
the rectangle CB, BL or AB. BN. 


Heron's proof of his converse proposition (an-Nairizi, ed. Curtze, p. 110), 
which is also given by the Greek scholiast above quoted, 
is of course simple. For let ABC be a triangle in which p A 
the square on AC is less than the squares on 4B, BC. 
Draw SD at right angles to BC and of length equal 
to BA. 
Join DC. 
Then, since the angle CBD is right, 
the square on DC is equal to the squares on DB, BC, 





Le. to the squares on AB, BC. [r. 47] 
Bat the square on AC is less than the squares on 
AB, BC. 


Therefore the square on AC is less than the square on DC. 
Therefore AC is less than DC. 


Hence in the two triangles DBC, ABC the sides about the angles DBC, 
ABC are respectively equal, but the base DC is greater than the base 4C. 
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Therefore the angle DBC (a right angle) is greater than the angle ABC 
[r. 25], which latter is therefore acute. 

It may be noted, lastly, that 11. 12, 13 are supplementary to 1. 47 and 
complete the theory of the relations between the squares on the sides of asy 
triangle, whether right-angled or not. 


PROPOSITION I4. 


To construct a square equal toa given vectilineal figure. 


Let 4 be the given rectilineal figure ; 
thus it is required to construct a square equal to the rectilineal 





figure 4. 
F CL 
¢ D 
s For let there be constructed the rectangular parallelogram 
BD equal to the rectilineal figure 4. [1 45] 


Then, if BE is equal to ED, that which was enjoined 
will have been done; for a square BD has been constructed 
equal to the rectilineal figure 4. 

10 But, if not, one of the straight lines BZ, ED is greater. 

Let BE be greater, and let it be produced to 7; 
let EF be made equal to ED, and let BF be bisected at G. 

With centre G and distance one of the straight lines GZ, 
GF let the semicircle 8777 be described ; let DE be produced 

is to M, and let GĦ be joined. 

Then, since the straight line BF has been cut into equal 
segments at G, ard into unequal segments at £, 

the rectangle contained by BZ, EF together with the 
square on EG is equal to the square on GF. (11. 5) 

22 But GF is equal to GH; 
therefore the rectangle BZ, EF together with the square on 
GE is equal to the square on GH. 
But the squares on HE, EG are equal to the square on 
H; [. 47] 
as therefore the rectangle BZ, EF together with the square on 
GE is equal to the squares on HE, EG. 
Let the square on GE£ be subtracted from each ; 
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therefore the rectangle contained by BZ, ELF which 
remains is equal to the square on ZZ. 
30 But the rectangle BE, EF is BD, for EF is equal to ED; 


therefore the parallelogram BD is equal to the square on 
HE. 

And BD is equal to the rectilineal figure A. 

Therefore the rectilineal figure A is also equal to the square 

3s which can be described on Z7. 

Therefore a square, namely that which can be described 
on Z7, has been constructed equal to the given rectilineal 
figure A. Q. E. F. 


7. that which was enjoined will have been done, literally ** would have been 
done," yeyovòs åy eln Tò &virax60év. 

35, 36. which can be described, expressed by the future passive participle, dvaypagn- 
gouevy, dvaypadyaduevoy. 

Heiberg (Mathematisches zu Aristoteles, p. 20) quotes as bearing on this 
proposition Aristotle’s remark (De anima 11. 2, 413 a 19: cf. Metaph. 996 b 21) 
that “squaring ” (rerpaywvio pós) is better defined as the “ finding of the mean 
(proportional)” than as “the making of an equilateral rectangle equal to a 
given oblong,” because the former definition states the cause, the latter the 
sonclusion only. This, Heiberg thinks, implies that in the text-books which were 
in Aristotle’s hands the problem of 11. 14 was solved by means of proportions. 
As a matter of fact, the actual construction is the same in 11. 14 as in VIL. 13; 
and the change made by Euclid must have been confined to substituting in 
the proof of the correctness of the construction an argument based on the 
principles of Books 1. and 11. instead of Book v1. 

As ll. 12, 13 are supplementary to I. 47, so 11. 14 completes the theory of 
transformation of areas so far as it can be carried without the use of proportions. 
As we have seen, the propositions I. 42, 44, 4$ enable us to construct a 
parallelogram having a given side and angle, and equal to any given rectilineal 
figure. The parallelogram can also be transformed into an equal triangle with 
the same given side and angle by making the other side about the angle twice 
the length. Thus we can, as a particular case, construct a rectangle on a 
given base (or a right-angled triangle with one of the sides about the right 
angle of given length) equal to a given square. Further, 1. 47 enables us 
to make a square equal to the sum of any number of squares or to the 
difference between any two squares. The problem still remaining unsolved is 
to transform any rectangle (as representing an area equal to that of any 
rectilineal figure) into a square of equal area. "The solution of this problem, 
given in 11. 14, is of course the equivalent of the extraction of the square root, 
or of the solution of the pure quadratic equation 

X = ab. 

Simson pointed out that, in the construction given by Euclid in this case, 
it was not necessary to put in the words *' Ze? BE če greater,” since the 
construction is not affected by the question whether BE or £2 is the greater. 
This is true, but after all the words do little harm, and perhaps Euclid may 
have regarded it as conducive to clearness to have the points B, G, E, F in 
the same relative positions as the corresponding points 4, C, D, B in the 
figure of 11. 5 which he quotes in the proof. 


EXCURSUS I. 


PYTHAGORAS AND THE PYTHAGOREANS. 


The problem of determining how much of the Pythagorean discoveries in 
mathematics can be attributed to Pythagoras himself is not only difficult ; it 
may be said to be insoluble. Tradition on the subject is very meagre and 
uncertain, and further doubt is thrown upon it by the well-known tendency of 
the later Pythagoreans to ascribe everything to the Master himself (ards éda, 
{pse dixit). Pythagoras himself left no written exposition of his doctrines, nor 
did any of his immediate successors, not even Hippasus, about whom the 
different stories ran (1) that he was expelled from the school because he pub- 
lished doctrines of Pythagoras, and (2) that he was drowned at sea for revealing 
the construction of the dodecahedron in the sphere and claiming it as his own, 
or (as others have it) for making known the discovery of the irrational or in- 
commensurable. Nor is the absence of any written record of Pythagorean 
doctrines down to the time of Philolaus to be put down to a pledge of secrecy 
binding the school ; at all events this did not apply to their mathematics or 
their physics; and it may be that the supposed secrecy was invented to 
account for the absence of documents. The fact seems to be that oral com- 
munication was the tradition of the school, while their doctrines would in the 
main be too abstruse to be understood by the generality of people outside. 
Even Aristotle felt the difficulty ; he evidently knew nothing for certain about 
any ethical or physical doctrines going back to Pythagoras himself; when he 
speaks of the Pythagorean system, he always refers it to “the Pythagoreans.” 
sometimes even to “the so-called Pythagoreans.” 

Since my note on Eucl. 1. 47 was originally written the part of Pythagoras 
in the Pythagorean mathematical discoveries has been further discussed and 
every scrap of evidence closely, and even meticulously, examined in two long 
articles by Heinrich Vogt, “ Die Geometrie des Pythagoras” (Bibliotheca 
Mathematica 1X,, 1908/9, pp. 15—54) and “ Die Entstehungsgeschichte des 
Irrationalen nach Plato und anderen Quellen des 4. Jahrhunderts” (2:540- 
theca Mathematica Xy, 1910, pp. 97—155). These papers would not indeed 
have enabled me to modify greatly what I have written regarding the supposed 
discoveries of Pythagoras and the early Pythagoreans, because I have through- 
out been careful to give the traditions on the subject for what they are worth 
and no more, and not to build too much upon them. It is right however to 
give, in a separate note, a few details of Vogt's arguments. 

G. Junge had, in his paper ** Wann haben die Griechen das Irrationale 
entdeckt ? " mentioned above (p. 351), tried to prove that Pythagoras himself 
could not have discovered the irrational; and the object of Vogt's papers is to 
go further on the same lines and to show (1) that it was only the later 
Pythagoreans who (before 410 B.C.) recognised the incommensurability of 
the diagonal with the side of a square, (2) that the ¢eory of the irrational was 
first discovered by Theodorus, to whom Plato refers ( ZZeaefefus 147 D), and 
(3) that Pythagoras himself could not have been the discoverer of any one of 
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the things specifically attributed to him, namely (a) the theorem of Eucl. 1. 47, 
(2) the construction of the five regular solids in the sense in which they are 
respectively constructed in Eucl. xii, (4) the application of an area in its 
widest sense, equivalent to the solution of a quadratic equation in its most 
general form. 

Vogts main argument as regards (a) the theorem of 1. 47 is based on a 
new translation which he gives of the well- known passage of Proclus’ note on 
the proposition (p. 426, 6—9), Tov pev ig ropetv Tà dpxaia. BovAopévov axovovtas 
TÓ Jewpypa roUro eis IIvfayopav dvameuTÓvTov éariv evpetv xai BovÜírgv Aeyovrov 
abróv èm. t) evpéce. Vogt translates this as follows: '** Unter denen, welche 
das Altertum erforschen wollen, kann man einige finden, welche denen Gehor 
geben, die dieses Theorem auf Pythagoras zurückführen und ihn als Stier- 
opferer bei dieser Gelegenheit bezeichnen," * Among those who have a taste 
for research into antiquity, we can find some who give ear to those who refer 
this theorem to Pythagoras and describe him as sacrificing an ox on the 
strength of the discovery.” According to this version the words Tov... 
BovAopévwy and the words avareprovrwy...xai...Aeyovrwv refer respectively to 
two different sets of persons, in fact two different generations ; the latter are 
older authorities who are supposed to be cited by the former ; the former are 
a later generation, perhaps contemporaries of Proclus, some of whom accepted 
the view of the older authorities while others did not. But this would have 
required the article TOv before dvamegóvrov, or some such expression as 
aÀXov rwóv ot avaméu ova, instead of avameymóvrov. Vogt S interpretation is 
therefore quite inadmissible. The persons denoted by avareprovrwy are some 
of the persons denoted by ray BovAopévuw ; hence Tannery's translation, to 
which mine (p. 350 above) is equivalent, is the only possible one, namely 
“Si Pon écoute ceux qui veulent raconter l'histoire des anciens temps, on 
peut en trouver qui attribuent ce théoréme à Pythagore et lui font sacrifier un 
boeuf aprés sa découverte " (Za Géométrie grecque, p. 103). dxovovras agrees 
with the assumed subject of evpeiv ; avateuróvtwv and Aeyóvroy should, strictly 
speaking, have been dvaréprovras and Aéyovras agreeing with rwas (the direct 
object of «vpeiy) understood, but are simply attracted into the case of Bov- 
Aouévev; the construction is quite intelligible. I agree with Vogt that 
Eudemus' history contained nothing attributing the theorem to Pythagoras. 
The words of Proclus imply this; but I do not think that they imply (as 
Vogt maintains) any pronouncement by Proclus himself agazss/ such attribution. 
In my opinion, Proclus is simply determined not to commit himself to any 
view ; his way of evading a decision is the sentence following, éyo ài Gavpatw 
piv xdi TOUS mpurrous émortavras Tj jj TOUO€ ToU b Oewprparos ahnbeia, pecfovws d¢ dyapac 
Tov orotxewryv...; the plural rovs mpwrovs émoravras is, I hold, used for the 
very purpose of making the statement as vague as possible ; he will not even 
allow it to be inferred that he attributed the discovery to any single person. 
Returning to 9 Trov adoywy mpaypareia (Proclus, P. 6s, 19g), we may now 
concede (following Diels) that we should read rov ava Adyov (“proportionals ”) 
instead of ràv aAóyov ("irrationals") and that the author intended to attribute 
to Pythagoras a theory of proportion (the arithmetical theory applicable to 
commensurable magnitudes only) rather than the theory of irrationals. But 
I do not agree in Vogt’s contention that the theory of the irrational was first 
discovered by Theodorus. It seems to me that we have evidence to the 
contrary in the very passage of Plato referred to. Plato (Zheactetus 147 D) 


mentions 4/3, 4/5, ... up to „17 as dealt with by Theodorus, but omsts ,/2. 
This fact, along with Plato’s allusions elsewhere to the irrationality of ./2, and 


PYTHAGORAS AND THE PYTHAGOREANS 413 


to approximations to it, in the expressions dppyros and pyri dkduerpos THs 
wepmdoos, as if those expressions had a well-known signification, implies that 
the discovery of the irrationality of ./2 had been made before the time of 
Theodorus. The words 5 ràv aAóyev mpayparteía might well be used even 
if the reference is only to ,/2, because the first step would be the most 
difficult, and mpaypareca need not mean the establishment of a complete theory 
or anything more than “ investigation” of a subject. 

Junge and Vogt hold that the theory of the irrational was not discovered 
by the early Pythagoreans any more than Pythagoras because, if it had been 
so discovered, an impossibly long period would intervene between the investi- 
gation of the particular case of ,/2 and the extension of the theory by 
Theodorus to the cases of ./3, ./5 etc. But might not this well be due to the 
fact that in the meantime the minds of geometers were engrossed by other 
problems of importance, namely the quadrature of the circle (Hippocrates of 
Chios and his quadratures of lunes), the trisection of any angle (Hippias of Elis 
and his curve, afterwards known as the yuadrafrix), and the doubling of the 
cube (reduced by Hippocrates to the problem of finding two mean pro- 
portionals in continued proportion between two given straight lines), the last 
of which problems, which meant finding geometrically the equivalent of ./2, 
would naturally follow the investigation of ./2? Now Hippias was probably 
born about 460 B.c., while Hippocrates seems to have been in Athens during 
a considerable portion of the second half of the fifth century, perhaps from 
about 450 to 430 B.c. Moreover Vogt has to get over the fact that Democritus 
(born 470/469 B.c.) wrote a book wepi éAdywv ypappor xai vaorwv, On irrational 
lines and solids (or atoms). This difficulty he seeks to overcome by maintaining 
that aAcywy does not here mean “irrational” at all, but “without ratio” 
(‘‘ verhaltnislos ”), in the sense that any two straight lines are ** without ratio ” 
because they both contain an infinite number of the indivisible (or atomic) 
lines, and therefore their ratio, being of the form oo /oo, is indeterminate. 
But, if these were so, a// lines (including commensurable lines) would be 
“without a ratio” to one another, whereas the title of Democritus’ work 
clearly implies that aàoyot ypappaćí are a class or classes of lines distinguished 
from other lines. The fact is that Democritus was too good a mathematician 
to have anything to do with “indivisible lines.” This is confirmed by a 
scholium to Aristotle's De caelo (p. 469 b 14, Brandis) which implicitly 
denies to Democritus any theory of indivisible lines: ‘‘of those who have 
maintained the existence of indivisibles, some, as for example Leucippus and 
Democritus, believe in indivisible bodies, others, like Xenocrates, in indivisible 
lines.” Moreover Simplicius tells us that, according to Democritus himself, 
even the atoms were, in a mathematical sense, divisible further and in fact 
ad infinitum. 

Coming now to (4) the construction of the cosmic figures, 7 ray xoopixayv 
oxnpdtwv avoraccs (Proclus, p. 65, 20), I agree with Vogt to the following 
extent. It 1s unlikely that Pythagoras or even the early Pythagoreans *' con- 
structed ” the five regular solids in the sense of a complete theoretical con- 
struction such as we find, say, in Eucl. x11. ; and it is possible that Theaetetus 
was the first to give these constructions, whether ¢ypaye in Suidas’ notice, 
apuros St ra wévre Kadovpeva oreped Eypawe, Means "constructed " or “wrote 
upon.” But evorac:s in the above phrase of Proclus may well mean something 
less than the theoretical constructions and proofs of Eucl. xt. ; it may mean, 
as Vogt says, simply the “ putting together” of the figures in the same way as 
Plato puts them together in the Z¥maews, i.e. by bringing a certain number of 
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angles of equilateral triangles and of regular pentagons together at one point. 
There is no reason why the early Pythagoreans should rot have “constructed ” 
the five regular solids in this sense ; in fact the supposition that they did so 
agrees well with what we know of their having put angles of certain regular 
figures together round a point (in connexion with the theorem of Eucl. 1. 32) and 
shown that only three kinds of such angles would fill up the space z» one plane 
round the point. But I do not agree in the apparent refusal of Vogt to credit 
the Pythagoreans with the knowledge of the theoretical construction of the 
regular pentagon as we find it in Eucl. iv. 10, 1r. I do not know of any 
reason for rejecting the evidence of the Scholia 1v. Nos. 2 and 4 which say 
categorically that “ this Book ” (Book tv.) and “the whole of the theorems” 
in it (including therefore Props. 10, 11) are discoveries of the Pythagoreans. 
And the division of a straight line in extreme and mean ratio, on which the 
construction of the regular pentagon depends, comes in Eucl. Book 11. 
(Prop. 11), while we have sufficient grounds for regarding the whole of the 
substance of Book it. as Pythagorean. 

I will permit myself one more criticism on Vogt's first paper. I think he 
bases too much on the fact that it was left for Oenopides (in the period from, 
say, 470 to 450 B.C.) to discover two elementary constructions (with ruler and 
compasses only), namely that of a perpendicular to a straight line from an 
external point (Eucl. 1. 12), and that of an angle equal to a given rectilineal 
angle (Eucl. 1. 23). Vogt infers that geometry must have been in a very 
rudimentary condition at the time. I do not think this follows ; the explana- 
tion would seem to be rather that, the restriction of the instruments used 
in constructions to the ruler and compasses not having been definitely estab- 
lished before the time when Oenopides wrote, it had not previously occurred to 
anyone to substitute new constructions based on that principle for others 
previously in vogue. In the case of the perpendicular, for example, the con- 
struction would no doubt, in earlier days, have been made by means of a set 
square. 


EXCURSUS II. 


POPULAR NAMES FOR EUCLIDEAN PROPOSITIONS. 


Although some of these time-honoured names are familiar to most educated 
people, it seems to be impossible to trace them to their original sources, or to 
say who applied them for the first time respectively. It may be that they were 
handed down by oral tradition for long periods in each case before they found 
their way into written documents. 

We begin with 


I- 5: 

I. This proposition is in this country universally known as the Pons 
Asinorum, “ Asses’ Bridge.” Even in this case opinion is not unanimous as 
to the exact implication of the term. Perhaps the more general view is that 
taken in the Stanford Dictionary of Anglicised Words and Phrases (by 
C. A. M. Fennell) where the description is: ‘‘ Name of the fifth proposition 
of the first Book of Euclid, suggested by the figure and the difficulties which 
poor geometricians find in mastering it.” This is certainly the equivalent of 
what I gathered, in my early days at school, from a former Fellow of St John’s, 
the Reverend Anthony Bower, who was a high Wrangler in 1846 and a friend 
of Todhunter’s. The “ass” on this interpretation is a synonym for “fool.” 
But there is another view (as I have learnt lately) which is more complimentary 
to the ass. It is that, the figure of the proposition being like that of a trestle- 
bridge, with a ramp at each end which is the more practicable the flatter the 
figure is drawn, the bridge is such that, while a horse could not surmount the 
ramp, an ass could ; in other words, the term is meant to refer to the surefooted- 
ness of the ass rather than to any want of intelligence on his part. (I may 
perhaps mention that Sir George Greenhill is a strong supporter of this view.) 

An epigram of 1780 is the earliest reference to the term in Murray’s 
English Dictionary : 

“If this be rightly called the bridge of asses, 

He's not the fool that sticks but he that passes." 
The writer's own view is not too clear. He seems to imply that, while the 
inventor of the name meant that only the fool finds the bridge difficult to 
pass, the more proper view would be that, since the ass can get over, and 
“ass” is synonymous with “fool,” therefore it must be the fool who can get 
over ; in other words, he seems to object to the phrase as being a contradic- 
tion in terms. 

But we have also to take account of the fact that the French apply the 
term to 1. 47. Now in Euclid's figure for 1. 47 there is no suggestion of a 
bridge, and the reference can only be to the nature of the theorem, its diffi- 
culty or otherwise. It is curious that the French dictionaries give two different 
explanations of Pont aux ânes. Littré makes it “ce que personne ne doit ni 
ne peut ignorer ; ce qui est si facile que tout le monde doit y réussir.” Now 
no intelligent person could have applied the name to Eucl. 1. 47 for this 
reason, namely that it was so easy that even a fool could not help knowing it. 
Larousse is better informed; there we find “Pont aux ânes, certaine difficulté, 
certaine question qui n'arréte que les ignorants, et qui sert de critérium 
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pour juger l'intelligence de quelqu'un, et particuliérement d'un écolier. C'est 
ainsi que, dans les classes de mathématiques, on ne manque jamais de dire 
que le carré de l'hypoténuse est le Pon! aux ánes de la géométrie. La plupart 
des dictionnaires entendent par ce mot une chose si -simple, si facile, que 
personne ne doit l'ignorer : c'est une erreur évidente." Larousse is clearly right. 
But it will be observed that, so far as it goes, Larousse's interpretation rather 
supports the first of the two alternative explanations of the meaning of “ Asses’ 
Bridge" as applied to 1. 5, namely that it is difficult for the fool (= “ass”) to 
master. 

In the Stanford Dictionary it is added that “in logic the term was in the 
16 c. applied to the conversion of propositions by the aid of a difficult 
diagram for finding middle terms"; and if the mathematicians borrowed the 
term from logic, this again would be rather in favour of the first explanation 
of its use for 1. 5. 

If it is permitted destpere in loco, I would add for the benefit of future 
generations (in the hope that they will still be able to appreciate the joke or, 
in the alternative, will be tempted to discuss learnedly what could possibly 
have been meant) a very topical allusion in a recent Punch (14 Oct. 1925): 
* When they film Euclid, as is suggested, we shall no doubt see a very 
thrilling rescue over the burning Pons Asinorum.”—And yet it is safe to 
prophesy that the “‘ Asses’ Bridge ” will outlive the “film”! 


2. Elefuga. 

This name for Eucl. 1. 5 is mentioned by Roger Bacon (about 1250), who 
also gives an explanation of it (Opus Tertium, c. vi). He observes that in his 
day people in general, finding no utility in any science such as geometry, for 
example, recoiled from the idea of studying it unless they were boys forced to 
it by the rod, so that they would hardly learn so much as three or four pro- 
positions. Hence it is, he says, that the fifth proposition is called ** Elefuga, 
id est, fuga miserorum ; elegia enim Graece dicitur, Latine miseria ; et elegi 
sunt miseri" That is, according to Roger Bacon, Elefuga is “flight of the 
miserable.” This explanation no doubt accounts for the verses about Du- 
carnon in Chaucer’s Troilus and Criseyde, 111, Il. 933-5 : 

“ Dulcarnon called is ‘fleminge of wrecches’ ; 
It seemeth hard, for wrecches wol not lere 
For verray slouthe or othere wilful tecches”’ ; 
since “‘fleminge of wrecches,” “banishment of the miserable,” is a translation 
of **fuga miserorum." Only Dulcarnon is there wrongly taken to be the same 
proposition as Elefuga, i.e. 1. 5, whereas, as we shall see, Dulcarnon was really 
the name for the Pythagorean theorem 1. 47. 

Etymologically, Roger Bacon’s explanation leaves something to be de- 
sired. The word would really seem to be an attempt to compound the two 
Greek words @Aeos, pity (or the object of pity), and vyj, flight (cf. note 
ad loc. in Skeat’s edition of Chaucer). Notwithstanding the confusion of 
tongues, the object seems to be a play upon the two words Æ/ementa and 
&eos, which both begin with the same three letters, and the implication is that 
* escape from the Elements " (which normally came when Prop. 5 was reached) 
was equivalent to **escape from misery” or “trouble.” A better form for the 
word would perhaps be Eleufuga ; and this form actually occurs in Alanus' 
Anticlaudianus, 111, c. 6 (cited by Du Cange, Glossarium, s.v.) The word 
also occurs, according to Skeat's note, in Richard of Bury's PAiobiblon, 
c. xiii, where it was somewhat oddly translated by J. B. Inglis in 1832 “ How 
many scholars has the Helleflight of Euclid repelled !” 
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I. 47. 


The Pythagorean proposition about the square on the hypotenuse has 
taken even a deeper hold of the minds of men, and has been known by 
a number of names. 

1. The Theorem of the Bride (Geipynpa trys vindys). 

This name is found in a Ms. of Georgius Pachymeres (1242-1310) in the 
Bibliothéque Nationale at Paris; there is a note to this effect by Tannery 
(La Géométrie grecque, p. 105), but, as he says nothing more, it is probable 
that the passage gives the mere name without any explanation of it. We 
have, however, much earlier evidence of the supposed connexion of the pro- 
position with marriage. Plutarch (born about 46 a.D.) says (De Jside et 
Ostride 56, p. 373 F) ‘‘ We may imagine the Egyptians (thinking of) the most 
beautiful of triangles (and) likening the nature of the All to this triangle most 
particularly, for it is this same triangle which Plato is thought to have 
employed in the Republic, when he put together the Nuptial Figure (yauyAcov 
dtaypappa)”—diaypayupa, though literally meaning ‘diagram " or ** figure," was 
commonly used in the sense of *' proposition "—"' and in that triangle the per- 
pendicular side is 3, the base 4, and the hypotenuse, the square on which is 
equal to the sum of the squares on the sides containing (the right angle), 5. 
We must, then, liken the perpendicular to the male, the base to the female and 
the hypotenuse to the offspring of both....For 3 is the first odd number and 
is perfect, 4 is the square on an even side, 2, while the $ partly resembles the 
father and partly the mother, being the sum of 3 and a." 

Plato used the three numbers 3, 4, 5 of the Pythagorean triangle in the 
formation of his famous Geometrical Number; but Plato himself does not call 
the triangle the Nuptial Triangle nor the number the Nuptial Number. It is 
later writers, Plutarch, Nicomachus and Iamblichus, who connect the passage 
about the Geometrical Number with marriage ; Nicomachus (/ztrod. Ar., 11, 
24, 11) merely alludes to “the passage in the Republic connected with the 
so-called Marriage," while Iamblichus (7s Nicom., p. 82, 20 Pistelli) only 
speaks of “the Nuptial Number in the Republic.” 

It would appear, then, that the name “ Nuptial Figure” or “ Theorem of 
the Bride ” was originally used of one particular right-angled triangle, namely 
(3,4,5) A late Arabian writer Beha-ad-din (1547—1622) seems to have 
applied the term “ Figure of the Bride” to the same tnangle; the Arabs 
therefore seemingly followed the Greeks. The idea underlying the use of the 
term, first for the triangle (3, 4, 5), and then for the general theorem of I. 47, 
seems to be roughly that of the two parties to a marriage becoming one, just 
as the two squares on the sides containing the right angle become the one 
square on the hypotenuse in the said theorem. 


2. The “ Brides Chair.” 

'l'he origin of this name is more obscure. It must presumably have been 
suggested by a supposed resemblance between the figure of the proposition 
and such a chair. D. E. Smith (History of Mathematics, 1, pp. 289-90) 
remarks that the ‘‘ Bride’s Chair” may be so-called * because the Euclid 
figure is not unlike the chair which a slave carries on his back and in which 
the Eastern bride is sometimes transported to the ceremony," and he cites a 
note from Edouard Lucas’ Récréations Mathématiques, 11, p. 130: ‘“ La démon- 
stration que nous venons de donner du théoréme de Pythagore sur le carré 
de l'hypoténuse ne différe pas essentialement de la démonstration hindoue, 
connue sous le nom de la Chaise de la petite mariée, que lon rencontre dans 
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l ouvrage de Bhascara (Bija-Ganita, §146).” The figure of Bhaskara is not 
that of Euclid but that shown at the top of p. 355 above; I have however 
not been able to find the name “ Bride’s Chair” in Colebrooke’s translation 
of the work of Bhaskara. 

Notwithstanding the apparent frivolity of the setting, I venture to suggest 
that light may be thrown on the question by a very modern version of the 
* Bride's Chair” which appeared during or since the War in Za Vie Parisienne. 
The illustration represents Euclid's figure for 1. 47 and, drawn over it, as on 
a frame, a poilu in full fighting kit carrying on his back his bride and his house- 
hold belongings. Roughly speaking, the soldier is standing (or rather walking) 
in the middle of the large square, his head and shoulders are bending to the 
right within the contour of one of the small squares, while the lady, with 
mirror and powder-puff in action, is sitting with her back to him in the right 
angle between the two smaller squares (ÆAG in the figure on p. 349 above)’. 
I am informed by Sir George Greenhill that there was also an earlier version 
“ showing the chair as it is in use to-day in Cairo and Egypt, the earliest 
version of a taxi-chair, a pattern as early as Euclid and suggesting the nick- 
name of the proposition.” This recalls to my mind the remark of a friend to 
whom I mentioned the subject and showed the figure of the proposition ; he 
observed at once on seeing it “But I should have said it was more like a sedan 
chair,” the large square suggesting to him the actual chair and the two smaller 
squares the two bearers. 


3. Dulcarnon. 


This name for 1. 47 appears, as above mentioned, in Chaucer's Troilus 
and Criseyde, 111, ll. 930-3, where Criseyde says : 
‘I am, til God me bettre minde sende, 
At dulcarnon, right at my wittes ende.’ 
Quod Pandarus, ‘ye, nece, wol ye here? 
Dulcarnon called is *' fleminge of wrecches. 
Billingsley, too, in his edition of Euclid (1570) observes of t. 47 that “it hath 
bene commonly called of barbarous writers of the latter time Dulcarnon." 
Dulcarnon (see Skeat’s note ad loc.) seems to represent the Persian and 
Arabic du ’/karnayn, lit. tvo-horned, from Pers. du, two, and karn, horn. The 
name was applied to 1. 47 because the two smaller squares stick up like two 
horns and, as the proposition is dificult, the word here takes the sense of 
“ puzzle ” ; hence Criseyde was “at dulcarnon ” because she was perplexed 
and at her wit's end. 


do” 


4. Francisci tuntca=“ Franciskaner Kutte,” ‘“‘ Franciscan’s cowl.” 


This name is quoted by Weissenborn (Die Uebersetzungen des Euklid 
durch Campano und Zamberti, p. 42) as given in a Geometrie by one Kunze. 
The name is quite appropriate, one of the squares representing the hood 
thrown back. 


III. 7, 8. 


I have already mentioned the names “ Goose’s Foot” (Fes anserts) and 
*Peacock's Tail" (Cauda pavonis) applied, suitably enough, to these pro- 
positions respectively. They come from Luca Paciuolo’s edition of Euclid 
published in 1509 (vide Weissenborn, :2id.). 


! Old Cambridge men will recall a picture in some respects not unlike, though less 
artistic than, the cartoon in Za Vie Parisienne, I mean the painting of “The Man Loaded 
with Mischief” which used to be over the door of the former inn of that name on the 
St Neots Road, a short distance from Cambridge. 
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dywror, angle-less (figure) 187 

advvaroy: 7 els 7b dd. dwaywyth, } 8d roi dd. 
Belkis, h els rò då. Ayouca dwrddacts 136 

axcdoedhs, barb-like 188 

Gdoyos, irrational: rept dddywr ypayudy xal 
vaorav, work by Democritus 413 

duBXeia (ywvia), obtuse (angle) 181 

áuBNvyórios, obtuse-angled 187 

duepys, indivisible 41, 268 

dupixocdos (of curvilineal angles) 178 

duglxupros 178 

dra*ypádew dsó to describe on contrasted with 
to construct (cvarhoacba) 348 

åvaňvópevos (zóros), Treasury of Analysis 8, 
IO, I1, 13 

dvacrpodixés (species of locus) 330 

dvoporopepys, non-uniform 40, 101-32 

dvriorpogt, conversion 356-7: leading variety, 
) wponyoundéyn or 7) xuplws, ibid. 

dy¢wapxros, non-existent 129 

dópurros, indeterminate: (of lines or curves) 
160: (of problems) 139 

dwaywyh, reduction 135: els rd dduvaroy 136 

dwepos, infinite: h ér’ áx. éxBaXXouérn of 
line or curve extending without limit and 
not ‘‘forming a figure" 160-1: é#’ dw. or 
els dw. adverbial 190: éw’ dw. d:arpeioPar 
268: Aristotle on 7d dreipoy 232-4 

drdods, simple: (of lines or curves) 161-2: 
(of surfaces) 170 

dwddekis, proof (one of necessary divisions of 
& proposition) 129, 130 

awrecBa, to meet (occasionally fouck) 57 

Appnros, irrational: of Adyos 137: of diameter 
(diagonal) 399 

acónfaros, incompatible 129 

dovprrwros, not-meeting, non-secant, asymp- 
lotic 40, 161, 203 

ásórÜeros, incomposite: (of lines) 160, 161: 
(of surfaces) 170 

&raxros, unordered: (of problems) 128: (of 
irrationals) r15 

Arouot ypaupal, ‘indivisible lines” 268 

a/ràs ($a, Jpse dixit, referring to Pythagoras 
411 

dyis = segment of circle less than semicircle 187 

Bá6os, depth 158-9 

Bácis, base 248-9 

yauhio» didypauua, ‘Figure of Marriage” 
(Plutarch), term for Pythagorean triangle 
(3. 4 5 417 

yeypádüu 242 

ouar, see gnomon 

ypauuh, line (or curve) g.v. 

ypauurûs, graphically 400 

Sedoudvos given, different senses 
Euclid’s dedouéva or Data, q.v. 

Selypara, illustrations, of Stoics 329 

de¢ 34, '*thus it is required," introducing 
Óopiuós 293 

&ypappa — proposition (Aristotle) 252 

dalpeois: point of division (Aristotle) 165, 
170, 17!: method of division (exhaustion) 
285: Euclid's zepi &ia«péc cuv 8,9, 18,87, 110 

diacrdges, almost 2 disuensions 187, 158 

diacrarby extended, é¢ Ev one way, évl Óvo 


131-3: 


two ways, éwl rpla three ways (of lines, 
surfaces and solids respectively) 158, 170 

didornua, distance 166, 167, 307: (of radius of 
circle) 199: (of anangle) =divergence 176-7 

&ve£obixós (of a class of loci) 330 

dijyGw, ‘let it be drawn through” ( =pro- 
duced) 280 

dcopteuss =(t) particular statement or defini- 
tion, one of the formal divisions of a pro- 
position 129: (2) statement of condition of 
possibility 128, 129, 130, £31, 234, 343, 293 

elcaywyh dppomnh, Introduction to Harmony, 
by Cleonides 17 

éxarépa éxarépg, meaning respectively 248, 350 

éxBeBr\hoOwoay, use of, 244 

éxeivos = Euclid 400 

Ex6eaus, setting-out, one of formal divisions of 
proposition 129 : sometimes omissible r3o 

éxrés, kara 7o (of an exterior angle in sense 
of re-entrant) 263: 7) éxrós yw»la, the 
exterior angle 280 

xoci js, spiral-shaped 15 

Mepis, jfalling-short (with reference to 
application of areas) 36, 343-5, 383-4 

éANurés wpbBrAnua, a deficient (=indeter- 
minate) problem 129 

évaddd§, alternately or (adjectivally) alternate 
308 

Evvo.a, motion, use of, 231 

Evoracis, objection 135 

évrós, xarà TO or 1) dvrós (-yuvía) of an inferior 
angle 263, 280: 7) évrós xal dwevarrío» 
yarla, the interior and opposite angle 280 

éweferyOwoav (émcfedyrups, join) 242 

éwlwedov, plane in Euclid, used for surface 
also in Plato and Aristotle 169 

éwrerpos0ei», éwlrpocbew elya:, to stand in 
front of (hiding from view) 165, 166 

émcpdvea, surface (Euclid) 169 

érepounxes, oblong t51, 188 

e060, 76, the straight 159: eó0eía (pau), 
straight line 165-9 

e08ypanuos, rectilineal 187: neuter as sub- 
stantive 346 

épdwrrecOa, to touch 57 

é$apuó[ew, to coincide, é$apuójesÓ0ai, to be 
applied to 168, 334-5, 249 

égpexrixds (of a class of loci) 330 

pehs, ‘in order” 181: of adjacent angles 
181, 278 

0eópnua, theorem g@.: Oewpnua rhs vuudns, 
‘* Theorem of the Bride,” = Eucl. 1. 47, 417 

Oupeds (shield)=ellipse 165 

trrou wé8n (horse-fetter), name for a certain 
curve 162-3, 176 

lcopérpwr cxnudruv, repl, on isometric figures 
(Zenodorus) 26, 27, 333 

xderos ev0eta Yypanuti, perpendicular 184-3, 
371: "plane" and "solid" 372 

ka0mynrás 20 

k«aumÓAos, curved (of lines) 15 

xaracKeun, construction, OF — one of 
divisions of a proposition 129: sometimes 
unnecessary 130 

xararoun xavdvos, Sectio canonts, attributed to 
Euclid 17 
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kela0w, ‘‘let it be made’’ 269 

xexappévn, bent (of lines) 159, 176 

Kérrpor, centre 183, 184, 199: 9) ék ToU kévrpov 
- radius 1 

xeparoadhs (ywwla), horn-like (angle) 177, 
178, 183 

Kay, to snfiect or deflect, xexddoOa, xexdac- 
péry, kXácus 118, 150, 159, 176, 178 

kMais, inclination, 176 

KOtNo ydp — hollow-angled figure (Zenodorus) 
a7, 3 

kowval éyvova:, Common Notions (=axioms) 
221-3: called also rà xowá, xowal ófa 
(Aristotle) 120, 221 

Kot?) wpockelcbw, dgyphordw 276 

mop vertex: card xopuphy, vertical (angles) 


37 

xplxos, ring (Heron) 16 

Mjupa, lemma (a somethiag assumed, Aap- 
Bavbperov) 133-4 

docwds: Noui) à AA Narg ri BH lon dorly 245 

mép, parts (=direction) 190, 308, 323: 
(=side) 271 

p$xos, length, 158-9 

peypoedhs, lune-like (of angle) 36, 301: rà 
pyvondes (oxfua), lune 187 

pucrót, “mized” (of lines or curves) 161, 163: 
(of surfaces) 170 

povàs wpoohafoica 66a, definition of & 2oin/ 
155 

bovbaorpopos Out ‘‘single-turn spiral” 122- 
3 ps 164-5: in Pappus=cylindrical helix 


105 

vetoes, inclinations, a class of problems 
150-1: »ebew, to verge 118, 150 

buorpoedhs, scraper-like (of angle) 178 

óuoeðhs, “of the same form” 250 

buoos, ‘‘similar” (of numbers) 357: (of angles) 
=equal (Thales, Aristotle) 252 

duoconephs, teniform (of lines or curves) 40, 
161-3 

éfeia (^wrla), acute (angle) 181 

dfvyurcos, acute-angled 3187 

Grep ldu deita (or wo«joai) Q.B.D. (or F.) 57 

ép8cyémos, right-angled: as used of quadni- 
laterals = rectangular 18 

Ópot, Ópuz uos, definition 143: original mean- 
ing of Spo: 143: - boundary, limit 182 

Syxs, visual ray 166 

Tárrp per pevar, “taken together in 
any manner” 283 

rapafoih Tr xwplav, application of areas 36, 
343-5: contrasted with bwepfoA1) (exceed- 
3 and Ovis ( falling-short) 343: rapa- 
BoX4 contrasted with aóeraais (construction) 
343: application of terms to conics by 


Apollonius 344-5 

— réros, ò, “the Treasury of Para- 
doxes” 32 

wapadddrrw, ‘‘fall beside” or ‘‘awry” 262 

Tapas Nápena, complement, q.v. 

wépas, extremity 165, 182: wépas cvy«\eiov 
(Posidonius’ definition of fgwre) 183 

wepeeyoutyn (of angle), reprexdpuevor (of rect- 
angle), contained 370: Tò dis weprexsuevor, 
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twice the rectangle contained 380: (of figure) 
contained or bounded 183, 183, 184, 186, 187 
wepipépea, circumference 184 
wepepepis, circular 159 
wepipepsypayyos, contained by a circumference 
of a circle or by arcs of circles 182, 184 
wAáros, breadth 158-9 
weorágo» (mpóSXnya), *(problem) in excess" 
12 
só^os, à mathematical instrument 370 
Tow Aevpor, many-sided figure «87 
woploacba, to “find” or ‘‘furnish” 125 
woépiopa, porism g.v. 
TpóBAnua, problem 9. v. 
wporryobpevos, leading: (of conversion) =com- 
lete 256-7 : vpoyryoóperor (9eópnua) leading 
theorem) contrasted with converse 257 
wpds, in geometry, various meanings 277 
wpbracis, enunciation 139-30 
wporelyw, “‘propound” 138 
wpóros, prime, two senses of, 146 
de, rationals frrà Bderpos vis 
, rati 137: pos reu- 
n (“rational diameter of 5”) 399 
exueior, point 155-6 
eráüu», a mathematical instrument 371 
orcyph, point 156 
oraxeiov, cement 114-6 
orpoyyvdov, Té, round (circular), in Plato 
159, 184: orpoyyvAérys, roundness 182 
cupwrépacya, conclusion (of a proposition) 
129, 330 
otv@eros, composite : (of lines or curves) 160: 
(of surfaces) 170 
obvevois, convergence 282 
owlarac@a, construct: special connotation 
259, 289: with évrós 289: contrasted with 
wapapddrew (apply) 343 
exnuaroypaóeiv, axnuaroypadla, represent- 
ing (numbers) by figures of like shape 359 
exuuarotouoüca or exfjua wov0ca, forming a 
figure (of a line or curve) 160-1 
reraypuevoy (of a problem), ‘‘ordered” 148 
rerpayumouss, sguaring, definitions of 149- 
50, 410 
reTpaywroy, square: sometimes (but not in 
uclid) any four-angled figure 188 
rerpaw\evpor, quadrilateral 187 
rou, section, = point of section 170, 171, 378 
Towixdy Oedpnyua, locus-theorem 329 
réwos: locus 329-31: room or space 23 n.: 
place (where things may be found), thus 
réros dvahvépeves 8, 10: wapddotos réros 339 
répvos, instrument for drawing a circle 371 
rplwdevpoy, three-sided figure 187 
ruxò» onueior, a puint af random 353 
UwepBonh, exceeding, with reference to method 
of application of areas 36, 343-5, 386-7 
vw, in expressions for an angle 6 ord BAT 
) 249, and a rectangle 370 
iwécara, ‘‘is by hypothesis” 303, 312 
Umorelyew, sublend, with acc. or bd and acc, 
249, 283, 350 
dpopton ypauny, determinate line (curve), 
"forming a figure” 160 
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al-Abbàás b. Sa'id al-Jauhari 85 

* Abthiniathus" (or ‘‘ Anthisathus”) 203 

Abū '| 'Abbás al-Fadl b. Hátim, see an- 
Nairizi 

Abi ‘Abdallah Muh. b. Mu'àdh al-Jayyànt 9o 

Abi ‘Alf al-Basri 88 

Abi ‘All al- Hasan b. al-Hasan b. al-Haitham 
88, 8 

Abi Di'üd Sulaiman b. 'Uqba 85, go 

Abi Ja‘far al-Khazin 77, 85 

Abi Jafar Muh. b. Muh. b. al-Hasan 
Nasfraddin at-Tisi, see Nasiraddin 

Abi Muh. b. Abdalbdg! al- Bagdadi al-Faradi 


8»., 

Abü Muh. al-Hasan b. ‘Ubaidallah b. Sulai- 
man b. Wahb 87 

Abii Nasr Gars al-Nama 9o 

Abi Nasr Mansir b. ‘Ali b. ‘Iniq go 

Abii Nasr Muh. b. Muh. b. Tarkhan b. 
Uzlag al-Fárábi 88 

Abü Sahl Wijan b. Rustam al-Kühi 88 

Abi Said Sinan b. Thabit b. Qurra 88 

Abü 'Uthmán ad-Dimashqi 25, 77 

Abi ’] Wafa al-Bizjani 77, 85, 86 

Abii Yisuf Ya'qiib b. Ishaq b. as-Sabbah al- 
Kind! 86 

Abü Yüsuf Yaqüb b. Muh. ar-Razi 86 

Adjacent ACE ut at — 
enaeas (or Aigeias) of Hierapolis 28, 311 

An 27-8, 191 B i 

Ahmad b. al-Husain al-Ahwaz! al-Katib 89 

Ahmad b. ‘Umar al-Karabisi 85 

al-AhwazI 89 

Aigeias ——— of Hierapolis 28, 311 

Alexander Aphrodisiensis 7 ., 29 

Algebra, geometrical, 372-4: classical method 
was that of Eucl. 11. (cf. Apollonius) 373: 
preferable to semi-algebraical method 377- 
8: semi-algebraical method due to Heron 
373, and favoured by Pappus 373: geome- 
trical equivalents of algebraical operations 
374: algebraical equivalents of propositions 
in Book 11. 372-3 

Ali b. Ahmad Abi 'l Qasim al-Antaki 86 

Allman, G. J. 135 ., 318, 382 

Alternate (angles) 308 

Alternative proofs, interpolated, 58, 59 

Amaldi 175, 179-80, 193, 201, 313, 328 

Ambiguous case 306-7 

Amphinomus 125, 128, 1505. 

Amyclas of Heraclea 11 

Analysis (and synthesis) 18: alternative 
proofs of xitt. 1-5 by, 137: definitions of, 
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interpolated, 138: described by Pappus 
138-9: modern studies of Greek analysis 
139: theoretical and problematical analysis 
138: Treasury of analysis (rbxos dvahvé- 
pevos) 8, 10, 11, 138: method of analysis 
and precautions necessary to 139-40: 
analysis and synthesis of problems 140-3: 
two parts of analysis (a) ‘ransformation, 
(e resolution, and two parts of synthesis, 
a) construction, (b) demonstration 141: 
example from Pappus 141-2: analysis 
should also reveal ó&op«c4ós (conditions of 
possibility) 142 
Analytical method 36: supposed discovery 
of, by Plato 134, 137 
Anaximander 370 
—— 163 
Andron 12 
Angle. Curvilineal and rectilineal, Euclid’s 
efinition of, 176sq.: definition criticised 
by Syrianus 176: Alistotle's notion of 
angle as kAásus 176: Apollonius! view of, 
as contraction 176, 177: Plutarch and 
Carpus on, 177: to which category does it 
belong? guantum, Plutarch, Carpus, ‘‘A- 
ganis" 177, Euclid 178; quale, Aristotle 
and Eudemus 177-8: relation, Euclid 178: 
Syrianus' compromise 178 : treatise on the 
Angle by Eudemus 34, 38, 177-8: classifi- 
cation of angles (Geminus) 178-9: curvi- 
lineal and ‘‘mixed” angles 26, 178-9, 
horn-like (xeparoedhs) 177, 178, 182, 268, 
lune-like (unvoedhs) 26, 178-9, scraper-like 
({vorpoedhs) 178: angle of a segment 253: 
le of a semicircle 182, 253: definitions 
of angle classified 179: recent Italian views 
179-81: angle as cluster of straight lines 
or rays 180-1, defined by Veronese 180: 
as part of a plane (“angular sector”) 179- 
80: flat angle (Veronese etc.) 180-1, 269: 
three kinds of angles, which is prior 
(Aristotle)? 181-2: adjacent angles 181: 
alternate 308: similar (=equal) 178, 182, 
282: vertical 278: extertor and tnterior 
(to a figure) 263, 280: exterior when re- 
entrant 263: interior and sile 280: 
construction by Apollonius of angle equal 
to angle 296: angle in a semicircle, theorem 
of, 317-19: trisection of angle, by conchoid 
of Nicomedes 265-6, by — of 
Hippias 266, by spiral of Archimedes 267 
al-Antüki 86 
Antiphon 72., 38 


422 


**Anthisathus” (or **Abthiniathus") 303 

Apastamba-Sulba-Sutra 352 : evidence in, as 
to early discovery of Ecl. 1. 47 and use 
of gnomon 360-4: Bürk's claim that 
Indians had discovered the irrational 363- 
4: approximation to ,/2 and Thibaut's 
explanation 361, 363-4: inaccurate values 
of t in, t g 

Apollodorus ‘‘Logisticus” 37, 319, 351 

Apollonius : disparaged by Vapbus in com- 
parison with Euclid 3: supposed by some 
Arabians to be author of the Elements 5: 
a ‘‘carpenter” g: on elementary geometry 
41: on the dine 159: on the angle 176: 
general definition of diameter 325: tried to 
prove axioms 42, 62, 222-3: his ‘‘general 
treatise” 42: constructions by, for bisection 
of straight line 268, for a perpendicular 
270, for an angle equal to an angle 296: 
on parallel-axiom (?) 43-3: adaptation to 
conics of theory of application of areas 
344-5: geometrical] algebra in, 373: Plane 
Loct 14, 289, 330: Plane vetoes 151: com- 
parison of dodecahedron and icosahedron 
6: on the cochitas 34, 42,162: on unordered 
irrationals 42, 115: 138, 188, 221, 222, 246, 
249; 259, 370. 373 

Application of areas 36, 343-5: contrasted 
with exceeding and J/a/ling-short 343: 
complete method equivalent to geometric 
solution of mixed quadratic equation 344-5, 

83—5, 386-8: adaptation to conics (Apol- 

fonus) 344-5: application contrasted with 
construction (Proclus) 343 

** Aqaton" 88 

Arabian editors and commentators 75-90 

Arabic numerals in scholia to Book x., 
12th c., 71 

Archibald, R. C. 9», 10 

Archimedes 20, 21, 116, 142: “postulates” 
in, 120, 123: famous “lemma” (assumption) 
known as Postulate of Archimedes 234: 
“‘Porisms” in, 11 #., 13: spiral of, 26, 267: 
on straight line 166: on plane 171-2: 228, 


349, 379 
Archytas 30 
Areskong, M. E. 113 
Arethas, Bishop of Caesarea 48: owned 


Bodleian Ms. (B) 47-8: had famous Plato 
MS. of — (Cod. Clarkianus) written 48 

Argyr us, 74 

Anstaeus 138: on conics 3: Solid Loci 16, 
329: comparison of five (regular solid) 
figures 6 

Aristotelian Prod/ems 166, 182, 187 

Aristotle: on nature of elements 116: on 
first principles 117 sqq. : on definitions 117, 
119-20, 143-4, 146-50: on distinction be- 
tween hypotheses and definitions 119, 120, 
between hypotheses and postulates 118, 
519, between hypotheses and axioms 120: 
on axioms 119-31: axioms indemon- 
strable 121: on definition by negation 
156-7: on points 155-6, 165: on /ines, 
definitions of 158-9, classification of 159- 
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60: quotes Plato’s definition of straight 
Jine 166: on definitions of surface 170: 
on the angle 176-8: on priority as between 
right and acute angles 181-2: on figure 
and definition of 182-3: definitions of 
* squaring" 149-50, 410: on parallels 190- 
2, 308-9: on g»omon,351, 355, 359: on 
attributes xarà warrós and wpwrov ka86Xov 
319, 310, 315: on the o/jection 135: on 
reducí^n 138: on reductio ad absurdum 
136: on the infinite 333-4: apposed pos- 
tulate or axiom about divergent lines taken 
by Proclus from, 45, 207 : gives pre-Eucli- 
dean proof of 1. 5 253-3: on theorem of 
angle in a semicircle 149: on sum of angles 
of — 319-11: on sum of exterior 
angles of polygon 322: 38, 45, 117, 1505., 
181, 184, 185, 187, 188, 195, 201, 203, 
321, 223, 233, 236, 259, 261-3, 383, 411 
Arithmetical calculations in scholia to Bk. x. 


71, 74 

al-Arjani, Ibn Rahawaihi 86 

Ashkal at-ta’sis 5 n. 

Ashraf Shamsaddin as-Samarqandi, Muh. b. 
5n., 89 

Astaroff, Ivan 113 

Asymptotic (non-secant) lines 40, 161, 203 

Athelhard of Bath 78, 93-6 


‘Athenaeus 20, 351 


Athenaeus of Cyzicus 117 

August, E. F. 103 

Austin, W. 103, 118 

Autolycus, On the moving sphere 17 

Avicenna 77, 89 

Axioms, distinguished from tulates by 
Aristotle 118-9, by Proclus (Geminus and 
* others") 40, 121-3: Proclus on diffi. 
culties in distinctions 123-4: distinguished 
from hypotheses, by Aristotle 120-1, by 
Proclus 121-2: indemonstrable 121: at- 
tempt by Apollonius to prove 222-3: 
=“‘common (things)” or ‘common 
opinions" in Aristotle 120, 221: common 
to all sciences 119, 120: called “common 
notions” in Euclid 121, 221: which are 
genuine? 221sqq.: Proclus recognises five 
223, Heron three 222: interpolated axioms 
224, 232: Pappus’ additions to axioms 
15, 223, 224, 232: axioms of congruence, 
i Euclid’s Common Notion 4, 224-7, 
2) modern 'systems (Pasch, Veronese and 
Hilbert) 228-31 : “axiom” with Stoics = 
every simple declaratory statement 41, 221 


Bacon, Roger 94, 416 

Balbus, de mensuris 9t 

Barbarin 29 

Barlaam,arithmetical commentary on Eucl. 11. 
74 

Barrow, 103, 1IO5, 1IO, III 

Base, meaning 248-9 

Basel, editio princeps of Eucl. 100-1 

Basilides of Tyre 5, 6 

Baudhayana Sulba-Sittra 360 

Bayfius (Baif, Lazare} 100 
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Becker, l K. 174 

Beez 17 

Behá-ad-dIn 417 

Beltrami, E. 219 

Benjamin of Lesbos 113 

Bergh, P. 400-1 

Bernard, Edward, 102 

Besthorn and Heiberg, edition of al-Ha)jjaj’s 
translation and an-Nairlzi's commentary 
22, 27 n., 79 9. 

Bhaskara 355, 418 

Billingsley, Sir Henry 109-10, 418 

al-Biriin! go 

Bjórnbo, Axel Anthon 17 *., 93 

Boccaccio 

Bodleian Ms. (B) 47, 48 

Boeckh 351, 37: 

Boethius 92, 95, 184 

Bologna Ms. (b) 49 

Bolyai, T, 319 

Bolyai, W. 174-5, 2t9, 338 

— 167 
ncompagni 93 %., 104 #. 

Bonola, R. ig al 

Borelli, Giovanni Alfonso 106, 194 

Bou (8pos) 182, 183 

Brikenhjelm, P. R. 113 

Breitkopf, Joh. Gottlieb Immanuel 97 

Bretschneider 136 %2., 137, 295, 304, 344, 
35€ 358 ] 

Briconnet, Francois 100 

“ Bride, Theorem of the,” =Eucl. 1. 47, 417-8 

* Brides Chair," name for 1. 47, 417-8 . 

Briggs, Henry 102 

Brit. Mus. palimpsest, 7th—8th c., 50 

Bryson 8 ss. 

Burk, A. 352, 360-4 

Bürklen 179 

Buteo (Borrel), Johannes 104 


Cabasilas, Nicolaus and Theodorus 73 

Caiani, Angelo ror 

Camerarius, Joachim 101 

Camerer, J. G. 103, 293 
morano, Rodrigo 112 
mpanus, Johannes, 3, 78, 94-96, 104, 
106, 110, 407 

Candalla, Franciscus Flussates (Francois de 
Foix, Comte de Candale) 3, 104, 110 

Cantor, Moritz 272, 304, 318, 320, 333, 
353, 355, 357-8, 360. 401 

Carduchi, 112 

Carpus, on Astronomy 34, 43: 45, 127, 138, 


177 

Case, technical term 134: cases interpolated 
58, 59 

Casiri 4%., 17 7. 

Cassiodorus, Magnus Aurelius 93 

Cataldi, Pietro Antonio 106 

Casoptrica, attributed to Euclid, probably 

eon's 17: Catoptrica oí Heron 31, 253 

* Cause": consideration of, omitted by com- 
mentators 19, 4$: definition should state 
cause (Aristotle) 149: cause - middle term 
(Aristotle) 149: question whether geometry 
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should investigate cause (Geminus), 45, 
150 2. 

Censorinus 91 

Centre, xévrpov 184-5 

Ceria Aristotelica 35 

Chasles on Porisms of Euclid 10, 11, 14, 15. 

Chaucer: Dulcarnon in 416-7, 418 

Chinese, knowledge of triangle 3, 4, 5, 351: 
** Chóu-pei" 355 

Chou Kung 363 

Chrysippus 330 

Cicero 91, 351 

Circle : definition of, 183-5: —round, erpey- 
yodor (Plato) 184: = wepibepóypauuor 
(Aristotle) 184: a plane figure 183-4: 
centre of, 184-5: pole of, 185: bisected by 
diameter (Thales) 185, (Saccheri) 185-6: 
intersections with straight line 237-8, 
272-4, with another circle 238-40, 242-3, 
293-4 

Circumference, repepépeca 184 

Cissoid 161, 164, 176, 330 

Clairaut 328 

Claymundus, Joan. ro: 

Clavius (Christoph Klau?) 103, 105, 194, 
232, 381, 391, 407 

Cleonides, /stroductzon to Harmony 17 

Cochlias or cochlion (cylindrical helix) 163 

Codex Leidensis 399, 1: 23, 27 %-, 79 %. 

Coets, Hendrik 109 

Commandinus 4, 103, 103, 104-5, 106, i110, 
111, 407 : Scholia included in translation 
of Elements 73: edited (with Dee) De 
divisionibus 8, 9, 110 

Commentators on Euel. criticised by Praclus 
19, 26, 45 

Common Notions : =axioms 62, 120-1, 321-2: 
which are genuine? 221 sq.: meaning and 
appropriation of term 321: called ‘‘ axioms” 
by Proclus 221 

Complement, raparihpwpa: meaning of, 341 : 
“about diameter ” 341: not necessarily 
parallelograms 341: use for application of 
areas 342-3 

Composite, ov@eros, (of lines) 160, (of sur- 
faces) 170 

Conchoids 160-1, 265-6, 330 

Conclusion, cupwépacya: necessary part of a 

oposition 129-30: particular conclusion 

immediately made general 131 : definition 
merely stating conclusion 149 

Congruence-Axioms or Postulates: Common 
Notion 4 in Euclid 324-5: modern systems 
of (Pasch, Veronese, Hilbert), 328-31 

Congruence theorems for triangles, recapitula- 
tion of, 305-6 

Conscs, of Euclid 3, 16: of Aristaeus 3, 16: 
of Apollonius 3, 16: fundamental pro 
as proved by Apollonius equivalent tq 
Cartesidn equation 344-5 : focus-directrix 
property proved by Pappus 15 

Constantinus Lascaris 3 

Construct (avelaracOa) contrasted with 
describe on 348, with apply to 343: special 
connotation 259, 289 
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Construction, xaragxevh, one of formal di- 
visions of a proposition 129: sometimes 
unn 730: turns nominal into real 
definition 146: mechanical 151, 387 

Continuity, Principle of, 334 sq., 342, 372, 294 

Conversion, geometrical : distinct from /ogical 
256: ‘‘leading” and partial varieties 256-7, 


337 . 
Copernicus 101 
Cordonis, Mattheus 97 
Cosmic figures (five regular solids) 473-4 
Cratistus 1 33 
Crelle, on the plane 172-4 
Ctesibius 20, at, 39 ». 
Cunn, Samuel rrr 
Curtze, Maximilian, editor of an-Nairiz! 22, 


78, 92, 94, 96, 97 n. . 
Curves, classification of: see line 
Cylindrical helix 161, 162, 329, 330 


Czecha, Jo. 113 


Dasypodius (Rauchfuss), Conrad 73, 102 

Data of Euclid 8, 132, 141, 388, 391 

Deahna 174 

Dechales, Claude Francois Milliet 106, 107, 
108, 110 

Dedekind's Postulate, andapplications 235-40 

Dee, John 109, 110: discovered De divisi- 
onibus 8, Q 

— in sense of ‘‘ closer statement ” 
$topuouós), one of formal divisions of a 
proposition 139: may be unnecessary 130 

Definitions : Aristotle on, 117, 119, 120, 143: 
a class of fAesis (Aristotle) 120: distin- 
— from ct 119, but confused 
therewith by Proclus 121-3: must be 


assumed 117-9, but say nothing about 
existence (except in the case of a few 


primary things) 119, 143: terms for, Spos 
and Ononis las? eal and nominal defi- 
nitions (real=nominal f/ss postulate or 
proof), Mill anticipated by Aristotle, Sac- 
cheri and Leibniz 143-5: Aristotle’s re- 
uirements in, 146-0, exceptions 148: 
ould state cause or middle term and be 

genetic 149-50: Aristotle on unscientific 
definitions (éx uh vporépw») 148—9: Euclid's 
definitions agree generally with Aristotle’s 
doctrine 140: interpolated definitions 61, 
62: definitions of technical terms in Aris- 
totle and Heron, not in Euclid 150 

De levi et pondzroso, tract 18 

Demetrius Cydonius 72 

Democritus 38: treatise on irrationals 413 

De Morgan 246, 260, 269, 284, 291, 298, 
300, 309, 313, 3%4, 315, 369, 376 

rgues 193 

Describe on (dvaypdpew dd) contrasted with 
construct 348 

De Zolt 328 

Diagonal (daysuos) 185 

** Diagonal" numbers : 
*  diagonal-" numbers 

Diameter (8uaperpos), of circle or parallelo- 
gram 18s: as applied to figures generally 


see ‘*Side-” and 


ENGLISH INDEX 


325: ‘‘rational” and “irrational ” diameter 
of s (Plato) 399, taken from Pythagoreans 
3997400, 413 

Diels, H. 412 

Dimensions (cf. dsagrdges) 157, 158: Aris- 
totle's view of, 158-9 

Dinostratus 117, 266 

Diocles 164 

Diodorus 203 

Diogenes Laertius 37, 305, 317, 38! 

Dionysius, friend of Heron, 21 

Diophantus 86 

Diorismus (80piepbs) =(a) ** definition" or 
** specification," a formal division of a 
proposition 129: (5) condition of possibility 
128, determines how far solution possible 
and in how many ways 130-1, 243: dfo- 
rismi said to have been discovered by 
Leon 116: revealed by analysis 142: in- 
troduced by det 54 293: first instances in 
Elements 234, 293 

Dippe 108 

Direction, as primary notion, discussed 179: 
direction-tbeory of parallels 191-3 

Distance, &dorypa : z radius 199 : in Aristotle 
has usual general sense and — dimension 199 

Division (method of), Plato's 134 

Divisions (of figures) by Euclid 8, 9: trans- 
lated by Muhammad al-Bagdaàdi 8: found 
(by Woepcke) in Arabic 9, and (by Dee) 
in Latin translation 8, 9: t10 

Dodecahedron in sphere 411: 

Dodgson, C. L. 194, 254, 261, 313 

Dou, Jan Pieterszoon 108 

Duhamel 139, 328 

Dulcarnon, name for Eucl. 1. 47, 416, 418 


Egyptians, knowledge of 37+ 47=5*, 352 
Eibe, Thyra n3 
Elefuga, name for Eucl. 1. 5, 416-7 
Elements: pre-Euclidean Elements, by Hip 
pocrates of Chios, Leon 116, Theudius 117: 
contributions to, by Eudoxus t, 37, Theae- 
tetus 1, 37, Hermotimus of Colophon 
117: Euclid’s Ements, ultimate aims of 2, 
115-6 : commentators on 19-45, Proclus 
19 19-45 and passim, Heron 20-24, an- 
airizi 21-24, Porphyry 24, Pappus 24- 
27, Simplicius 48, Aenaeas (Aigeias) 38: 
MSS. of 46-51: Theon’s changes in text 
54-58: means of comparing Theonine with 
ante-Theonine text 51—53: interpolations 
before Theon's time $8—63 : scholia 64-74: 
external sources throwing light on text, 
Heron, Taurus, Sextus Empiricus, Proclus, 
Iamblichus 62-3: Arabic translations (1) 
by al-Hajjaj 75, 76, 79, 80, 83-4, (2) by 
Ishaq and Thabit b. Qurra 75-80, ‘83-4, 
(3) Nasiraddin at-Tisi 77-80, 84: Hebrew 
translation by Moses b. Tibbon or Jakob 
b. Machir 76: Arabian versions compared 
with Greek text 79-83, with one another 
83, 84: translation by Boethius 92: old 
translation of 10th c., 91: translation by 
Athelhard 93-6, Gherard of Cremona 93-4, 
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Campanus 94-6, 97-110 etc., Zamberti 
98-100, Commandinus 104-5: introduc- 
tion into England, roth c., 95 : translation 
by Billi.,sley 109-10 : Greek texts, editio 
princeps 100-1, Gregory's 102-3, Peyrard's 
103, August’s 103, Heiberg’s passim : trans- 
lations and editions generally UR 13: on 
the nature of elements (Proclus) 114-6, 
Menaechmus) 114, (Aristotle) 116: Proclus 
on advantages of Euclid’s Elements 115: 
immediate recognition of, 116: first princi- 
ples of, definitions, postulates, common 
notions (axioms) 117-24: technical terms 
in connexion with, 125-42: no definitions 
of such technical terms 150: sections of 
Book 1. 308 

Elinuam 95 

Engel and. Stackel 219, 321 

Enriques, F. 113, 157, 175, 193, 195, 201, 313 

Enunciation (vpórac«), one of formal di- 
visions of a proposition 129-30 

Epicureans, objection to 1. 20 4!, 387: 
Savile on, 287 

Equality, in sense different from that of 
congruence (= ‘‘ equivalent,” Legendre) 
327-8: two senses of equal (1) ‘‘divisibly- 
equal nud or “equivalent by sum ” 
(Amaldi), (2) ‘‘equal in content ” — 
or ‘‘equivalent by difference” (Amaldi 
338: modern definition of, 228 . 

Eratosthenes t: contemporary with Archi- 
medes 1, 2 

Errard, Jean, de Bar-le-Duc 108 

Erycinus 27, 290, 339 

Euclid: account of, in Proclus’ summary 1; 
date 1-2: allusions to in Archimedes 1: 
(according to Proclus) a Platonist 2 : taught 
at Alexandria 2: Pappus on personality 
of, 3: story of (in Stobaeus) 3: not ‘‘of 
Megara" 3, 4: sup to have been 
born at Gela 4: Arabian traditions about, 
4,5: *of Tyre" 4-6: **of Tüs" 4, $ n. : 
Arabian derivation of name (“key of 
geometry") 6: Elements, ultimate aim of, 
2, 115-6: other works, Comics 16, Pseu- 
daria 7, Data 8, 132, 141, 385, 391, Ov 
divisions (of figures) 8, 9, Porisms 10-18, 
Surface-loci 15, 16, Phaenomena 16, 17, 
Optics 17, Elements of Music or Sectio 
Canonis 17: on “three- and four-line 
locus”’ 3: Arabian list of works 17, 18: 
bibliography 91-113 

Eudemus 29: On the Angle 34, 38, 177-8: 
History of Geometry 34, 35-8, 278, 295, 
304, 317, 320, 387, 412 

Eudoxus 1, 37, 74, 116: discoverer of theory 
of proportion as. expounded generally in 
Bks. v., Vi. 137, 351: on the golden 
section 137: founder of method of ex- 
haustion 234 : inventor of a certain curve, 
the Aippopede, horse-fetter 163: possibly 
wrote Sphacrica 17 

Euler, Leonhard 401 

Eutocius 25, 35, 39, 143, 161, 164, 259, 317, 
329, 330, 373 
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Exterior and interior (of angles) 263, 280 
Extremity, wépas 182, 183 


Falk, H. 113 

al-Faradi 8 »., 9o 

Figure, as viewed by Plato 183, by Aristotle 
182-3, by Euclid 183: according to Posi- 
donius is confining boundary only 41, 183: 
figures bounded by two lines classified 187: 
angle-less (dyéveov) figure 187 
igures, printing of, 97 

Fihrist 4 01, 528., 17, 21, 24, 25, 27 : list of 
Euclid's works in 17, 1 

Finaeus, Orontius (Oronce Fine) ror, 104 

Flauti, Vincenzo 107 

Florence Ms. Laurent. xxvir. 3, (F) 47 

Flussates, see Candalla 

Forcadel, Pierre 108 

Fourier 173-4 

Francisci. ftest1ca, '* Franciscan's cowl," name 
for Eucl. 1. 47, 418 

Frankland, W. B. 173, 199 

Frischauf 174 


Gartz 17 9. 

Gauss 173, 193, 194, 203, 219, 331 

Geminus: name 38-9: title of work (¢¢Ao- 
xaAa) quoted from by Proclus 39: ele- 
ments of astronomy 38: comm. on Posi- 
donius 39: Proclus’ obligations to, 39-42: 
on postulates and axioms 122-3: on theo- 
rems and problems 138: two classifications 
of lines (or curves) 160-3: on homoeo- 
meric (uniform) lines 162: on “mixed ” 
lines (curves) and surfaces 162: classifica- 
tion of surfaces 170, of angles 178-9: 
on parallels 191: on Postulate 4, 200: 
on stages of proof of theorem of 1. 33, 
317-20: 17-8, 37, 44 45. 741 133 M+ 
203, 268, 330 

Geometrical algebra 372-4: Euclid’s method 
in Book 11. evidently the classical method 
373: preferable to semi-algebraical method 
377 

Georgius Pachymeres 417 

Gherard of Cremona, translator of Elements 
93-4 : of an-Nairizi's commentary 22, 27 5., 
94: of tract De divisionibus 9, 10 n. 

Giordano, Vitale 106, 176 

Given, bebouévos, different senses, 132-3 

Gnomon: literally “that enabling — 
to be Anown’’ 64, 370: successive senses of, 
(1) upright marker of sundial 181, 185, 271— 
2, introduced into Greece by Anaximander 
370, (2) carpenter’s square for drawin 
right angles 371, (3) figure placed roun 
square to make larger square 351, 371, 
Indian use of gnomon in this sense 363, 
(4)use extended by Euclid to parallelograms 
371; (5) by Heron and Theon to any figures 
371-2: Euclid's method of denoting in 
figure 383: arithmetica! use of, 358-60, 


71 
—— ? (xarà yrdpova), old name 
for perpendicular (xdOeros) 36, 181, 272 
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Gorland, A. 233, 234 

**Golden section’’=section in extreme and 
mean ratio 137: connexion with theory of 
irrationals 137 

*Goose's foot" (fes anseris), name for 
Eucl. rit. 7, 99, 418 

Gow, James 135 ». 

Gracilis, Stephanus 101-3 

Grandi, Guido 107 

Greenhill, Sir George 415, 418 

Gregory, David 102-3 

Gregory of St Vincent 401, 404 

Gromatici 91 ft., 95 

Grynaeus 100-1 


al-Haitham 88, 89 

al-Hajjàj b. Yüsuf b. Matar, translator of the 
Elements 22, 78, 76, 79, 80, 83, 84 

Halifax, William 108, 110 

Halliwell 95 s. 

Hankel, H. 139, 141, 232, 234» 344) 354 

Harmonica of Ptolemy, Comm. on, 17 

Harmony, Introduction to, not by Euclid 17 

Har fin ar-Rashid 75 

al-Hasan b. ‘Ubaidallih b. Sulaiman b. 
Wahb 87 

Hauff, J. K. F. 108 

‘*Heavy and Light,” tract on, 18 

Heiberg, L L. passim 

Helix, cylindrical 161, 162, 329, 330 

Helmholtz 226, 227 

Henrici and Treutlein 313, 404 

Henrion, Denis 108 

Hérigone, Pierre 108 

Herlin, Christian 100 

Hermotimus of Colophon 1, 117 

Herodotus 37 »., 370 

*! Heromides" 158 

Heron of Alexandria, mechantcus, date of 
20-1 : Heron and Vitruvius 30-1: com- 
mentary on Euclid's Lilements 30-4: 
direct proof of 1. 245, 301: comparison of 
areas of triangles in I. 24, 334-5: addi- 
tion to 1. 47, 366-8 : apparently originated 
semi-algebraical method of proving theo- 
rems of Book II. 373, 378: 137 fi., 159, 
163, 168, 170, 171-32, 176, 183, 184, 185, 
188, 189, 222, 223, 243, 253, 285, 287, 
199, 351, 309, 371, 405, 407, 408 

Heron, Proclus’ instructor 29 

** Herundes" 156 

Hieronymus of Rhodes 305 

— 157, 193, 201, 228-31, 249, 313, 
32 


Hipparchus 4 5, 20, 30 *t., 74 9. 

Hippasus 411 

Hippias of Elis 42, 265-6, 413 

Hippocrates of Chios 8 #., 29, 35, 38, 116, 
135, 136 n., 386-7, 413 

Hippopede (Ursov $655), a. certain curve used 

Eudoxus 1632-3, 176 

Hoffmann, Heinrich 107 

Hoffmann, John Jos. Ign. 108, 365 

Holtzmann, Wilhelm (Xylander) 107 

Homocomeric (uniform) lines 40, 161, 162 
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Horntike (angle), xeparoecdh: 177, 178, 182, 
6 
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Horsley, Samuel 106 

Hotel, J. 219 

Hudson, John 102 

Hultsch, F. 17 ”., 74, 329, 400 

Hunain b. Ishaq al-'Ibad! 75 

Hypotheses, in Plato 123: in Aristotle t18- 
20: con by Proclus with definitions 
121-2: geometer’s hypotheses not false 
(Aristotle) 119 

Hypothetical construction 1 

Hypsicles 5: author of Book xiv. $, 6 

Iamblichus 63, 83, 417 

Ibn al-'Amid 86 

Ibn al-Haitham 88, 89 

Ibn al-Lubüd! go 

Ibn Rahawaihi al-Arjan! 86 

Ibn Sina (Avicenna) 77, 89 

“‘Tflaton” 88 

Incomposite (of lines) 160-1, (of surfaces) 170 

Indivisible lines (Too: ypaupal), theory of, 
rebutted 268 

Infinite, Aristotle on the, 232-4: infinite 
division not assumed, but proved, by geo- 
meters 268 

Infinity, parallels meeting at, 192-3 

Ingrami, G. 175, 193, 195, 201, 227-8 

Interior and exterior (of angles) 263, 280: 
interior and opposite angle 280 

Interpolations in the E/ements before Theon’s 
time 58-63: by Theon 46, 55-6: 1. 40 
interpolated 338 

Irrational: discovered with reference to ,/2 
351, 411, 412-3: claim of India to priority 
of discovery 363-4: ''irrational diameter 
of 5” (Pyt reans and Plato) 399-400, 
413: approximation to y? by means of 
"side-" and *diagonal-" numbers 399- 
401, to o/ 2 and ,/ 3 in sexagesimal fractions 
74 ".: Indian approximation to 4/2 361, 
363-4: unordered irrationals (Apollonius) 

i 42,1 im — ratio — Abyos) 137 
saacus Monachus (or Argyrus) 73-4, 407 

Ishaq b. Hunain b. Ishàáq al-Ibàdl, Abu 
Ya qüb, translation of Elements by, 75-80, 


53-4 

Isma‘il b. Bulbul 88 

Isoperimetric (or isometric) figures: Pappus 
and Zenodorus on, 26, 27, 333 

Isosceles (teocxedhs) 187 : of numbers( =even) 
188: isosceles right-angled triangle 352 


ha b. Machir 76 

an, C. 17 

al-Jauhari, al-'Abbàás b. Sa'id 85 

st Jayyant go 

Joannes Pediasimus 72-3 

Junge, G., on attribution of theorem of 1. 47 
and discovery of irrationals to Pythagoras 


351, 411, 413 


Kastner, A. G. 78, 97, 10! 
al-Karabisi 85 
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ast da Sulba-Sütra 360 
Keill, John 105, 110-11 
Kepler 193 
2n — Abii Jafar 77, 85 
illing, W. 194, 219, 226-6, 235, 242, 272 
al-Kind! 5 eg 86 oun — 
Klamroth, M. 75-84 
Klau o Christoph z Clavius 105 
Klugel, G. S. 212 
Knesa, Jakob 11a 
Knoche 32 #., 33 ft, 73 
Kroll, W. 399-400 
al-Kühl 88 


Lambert, J. H. 212-3 

Lardner, Dionysius 112, 246, 250, 398, 
494 

Lascaris, Constantinus 3 

Leading theorems (as distinct from converse) 
257: leading variety of conversion 256-7 

Leeke, John 110 

Lefèvre, Jacques 100 

Legendre, Adrien Marie 112, 169, 213-9 

Leibniz 145, 169, 176, 194 

Leiden MS. 399, 1 Of al-Hajjaj and an- 
Nairizi 22 

Lemma 114; meaning 133-4: lemmas inter- 
polated 59-60, especially from Pappus 67 

Leodamas of Thasos 36, 134 

Leon 116 

Leonardo of Pisa 9 st., 10 

Leucippus 413 

Linderup, H. C. 11 

Line: Platonic definition 158: objection of 
Aristotle 158: ‘‘magnitude extended one 
way" (Aristotle, ''* Heromides") 158: 
*'divisible or continuous one way" (Aris- 
totle) 158-9 : **flux of point" 159: Apol- 
lonius on, 159: classification of lines, Plato 
and Aristotle 159-60, Heron 159-60, 
Geminus, first classification 160-1, second 
161: straight (eí0cia), curved (xauxrvAn), 
circular (wepipephs), spiral-shaped (éd:xo- 
eibj:), bent (xexauméyn), broken (xexAa- 
opévn), round (erpoyyiAos) 159, composite 
(70»Geros), incomposite (dadyGeros), ‘ form- 
ing a figure” (oxnuat?owrobca), determinate 
(wpopévn), indeterminate (dépecros) 160: 
“asymptotic” or non-secant (dovurrwros), 
secant (cunrrwrés) 161: simple, ‘‘mixed” 
161-2: homoeomeric (uniform) 161-2: 
Proclus on lines without extremities 165: 
loci on lines 329, 330 

Linear, loci 330: problems 330 

Lionardo da Vinci, proof of 1. 47 365-6 

Lippert 88 s. 

Lobachewsky, N. I. 174-5, 213, 219 

Locus-theorems (romixd Bewphuara) and loci 
(róvo) : locus defined by Proclus 339: 
loci likened by Chrysippus to Platonic 
ideas 330-1: locus-theorems and loci (1) os 
limes (a) plane loci (straight lines and 
circles) (b) so/id loci (conics), (2) ovs sur- 
faces 329: corresponding distinction be- 
tween plane and so/id problems, to which 
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Pappus adds /:ncar problems 330: further 
distinction in Pappus between (1) épexrexol 
(2) SceEodcxot (3) dvacrpogixol Tór% 330: 
Proclus regards locus in I. 35, 111. a1, 31 
as an area which is locus of area (parallelo- 
gram or triangle) 330 

Logical conversion, distinct from geometrical 


256 

Logical deductions 256, 284-5, 300: logical 
equivalents 309, 314-5 

Lorenz, J. F. 107-8 

Loria, Gino 7 #., 10 #., II #., I2 n. 

Luca Paciuolo 98-9, 100, -418 

Lucas, Edouard 418 

Lundgren, F. A. A. i13 


Machir, Jakob b. 76 

Magni, Domenico 106 

Magnitude : common definition vicious 148 

al-Mahani 85 

al-Ma’min, Caliph 75 

Manitius, C. 38 

Mansion, P. 219 

al-Mansur, Caliph 75 

Manuscripts of Elements 46-51 

‘*Marriage, Figure of” (Plutarch), name for 
Pythagorean triangle (3, 4, 5$), 417 

Martianus Capella 91, 155 

Martin, T. H. 20, 29 #., 30 #. 

Mas'üd b. al-Qass al-Bagdádi 9o 

Maximus Planudes, scholia and lectures on 
Elements 72 

meguar — axis 93 

Mehler, F. G. 404 

Menaechmus : story of M. and Alexander i: 
on elements 114: 117, 128, 133%. 

Menelaus 21, 23: direct proof of 1.25 300 

Menge, H. 16 n., 17 

Middle term, or cause, in geometry, illus- 
trated by rii. 31 149 

Mill, J. S. 144 

‘* Mixed ” (lines) 161-2: (surfaces) 162, 170: 
different meanings of ** mixed" 162 

Mocenigo, Prince 97-8 

Mollweide, C. B. 108 

Mondoré (Montaureus), Pierre 102 

Moses b. Tibbon 76 

Motion, in mathematics 226: motion with- 
ou! deformation considered by Helmholtz 
necessary to geometry 226-7, but shown 
by Veronese to be petitio principii 226-7 

Müller, J. H. T. 189 

Muller, J. W. 365 

Muhammad (b. ‘Abdalbaqi) al-Bagdadi, 
translator of De divisionibus 8 n., 9o, 110 

Muh. b. Ahmad Abü'r-Raihàn al-Birüni go 

Muh. b. Ashraf Shamsaddin as-Samarqandi 


8 
Muh. b. 'Isa Abü ‘Abdallah al-Mahani 85 
Munich Ms. of enunciations (R) 94-5 
Misa b. Muh. b. Mahmüd Qadizáde ar- 
Rimi § #., go 
Music, Elements of (Sectio Canonis), by 
Euclid 17 
al-Musta'sim, Caliph go 
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al-Mutawakkil, Caliph 75 


an-Nairizi, Abi ’] ‘Abbas al-Fadl b. Hatim, 
21-24, 85, 184, 190, 191, 195, 233) 232, 
258, 270, 285, 299, 303, 326, 364, 367, 
369, 373) 405, 408 

Napoleon 103 

Nasiraddin at-Tiisl 4, 5», 77, 84, 89, 
208-10 

Nazif b. Yumn (Yaman) al-Qass 76, 77, 87 

Neide, J. G. C. 103 

Nicomachus 92, 417 

Nicomedes 42, 160-1, 265-6 

Nipsus, Marcus Junius 305 

Nominal and real definitions: see Definitions 

‘‘Nuptial Number” = Plato's Geometrical 
Number in Republic 47 


technical term, in 
ometry 138, 257, 260, 265: in logic 

[Aristot e) 135 

Oblong 62, 151, 188 

Oenopides of Chios 34, 36, 126, 271, 298, 
37%, 414 

Ofterdinger, L. F. 9 

Olympiodorus 29 

Oppermann 151 

Optics of Euclid 17 

Oresme, N. 97 

Orontius Finaeus (Oronce Fine) ror, 104 

Ozanam, Jaques 107, 108 


Objection (€voracis), 


Paciuolo, Luca 98-9, 100, 418 
Pamphile 317, 319 
Pappus: contrasts Euclid and Apollonius 3: 
on Euclid’s Portsms 10-14, Surface-loci 
15, 16, Data 8: on Treasury of Analysts 
8, 10, 11, 138: commentary on Elements 
24-7, partly preserved in scholia 66: 
evidence of scholia as to Pappus' text 
66-7: lemmas in Book x. interpolated 
from, 67: on Analysis and Synthesis 138-9, 
141-2: additional axioms by, 25, 323, 224, 
233: on converse of Post. 4 35, 301: 
proof of 1. & by, 254: extension of I. 47 
366: semi-alpebraical methods in 373, 
378: on loci 329, 330: on conchoids 161, 
: on quadratrix 266 : on isoperimetric 
figures 26, 27, 333: on paradoxes of 
Erycinus 27, 290: 20, 39, 133 %., 137, 
IST, 225, 388, 391, 401 
Papyrus, Herculanensis No. 1061 50, 184: 
xyrhynchus 50: Fayüm 51, 337, 338: 
Rhind 304, 352 
Paradoxes, in geometry 188: of Erycinus 
27» 290, 329: an ancient ‘‘ Budget of 
Paradoxes” 329 
Parallelogram (= llelogrammic area), 
first introduced 325: rectangular parallelo- 


gram 370 

Parallels: Aristotle on, 190, 191~3: defini- 
tions, by * Aganis" t91, by Geminus 19r, 
Posidonius 190, Simplicius 190: as equi- 
distants 190-1, 194: direction-theory of, 
191-2, 194: definitions classified 192-4: 
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Veronese’s definition and postulate 194: 
Parallel Postulate, see Postulate 5: 
Legendre’s attempt to establish theory of 


113 

Paris Mis of Elements, (p) 49: (q) 5o 

Pasch, M. 187, 228, 250 

** Peacock's tail," name for 111. 8 99, 418 

Pediasimus, Joannes 72-3 

Peet, T. Eric 353 

Peithon 203 

Peletarius (Jacques Peletier) 103, 104, 249, 
407 

Pena 104 

Perpendicular (xd@eros): definition 181: 
‘‘plane” and “solid” 272: perpendicular 
and obliques 291 

Perseus 43, 1623-3 

Pesch, J. G. van, De Procli fontibus 23 sqq., 
297. 

Petrus Montaureus (Pierre Mondoré) 102 

Peyrard and Vatican Ms. 190 (P) 46, 47, 
103: t08 

Pfleiderer, C. F. 168, 298 

Phaenomena of Euclid 16, 17 

Philippus of Medma 1, 116 

Phillips, George 113 

Philo of Byzantium 20, 33: proof of 1. 8 


303-4 

Philolaus 34, 351, 37%) 399) 40! 

Philoponus 45, 191-3 

Pirckenstein, A. E. Burkh. von 107 

Plane (or plane surface): Plato's definition 
of, 171: Proclus and Simplicius’ inter- 
pretation of Euclid's def. 171: possible 
origin of Euclid’s def. 171: Archimedes’ 
assumption 171, 172: other ancient defini- 
tions of, in Proclus, Heron, Theon of 
Smyma, an-Nairizl 171-2: "''Simson's " 
definition and Gauss on 172-3: Crelle's 
tract on, 172-4: other definitions by 
Fourier 173, Deahna 174, J. K. Becker 
174, Leibniz 176, Beez 176: evolution of, 
by Bolyai and Lobachewsky 174-5: 
Enriques and Amaldi, Ingrami, Veronese 
and Hilbert on, 175 

** Plane loci" 3239-30: Z/ame Loc of Apol- 
lonius 14, 259, 330 

‘Plane problems” 329 

Planudes, Maximus 72 

Plato: 1, 2, 3, 137, 155-6, 159, £84, 187, 
203. 221, 411, 417 : supposed invention of 
Analysis by, 134: def. of straight line 165- 
6: def. of plane surface 171: generation of 
cosmic figures by putting together triangles 
226, 413: rule fot rational right-angled 
triangles 356, 357, 359, 360, 385: "rational 
diameter of 5” 399, 413 

“ Platonic” figures 2, 413-4 

Playfair, John 103, rtr: ‘ Playfair’s” 
Axiom 2230: used to prove I. 29, 312, and 
Eucl. Post. 5, 313: comparison of Axiom 
with Post. 5, 313-4 

Pliny 333 

Plutarch 29, 37, 177) 343) 35%) 417 

Point: Pythagorean definition of, 155: inter- 
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pretation of Euclid's definition 155: Plato’s 
view of, and Aristotle’s criticism 155-6: 
attributes of, according to Aristotle 156: 
terms for (ortypu%, onuetov) 156: other 
definitions by ‘‘ Herundes,” Posidonius 
156, Simplicius 157: negative character of 
Euclid’s def. eb : is it sufficient? 156: 
motion of, produces line 1§7: an-Nairizi 
on, 157: modern explanations by abstrac- 
tion 1$7 

Polybius 331 

Polygon: sum of interior angles (Proclus’ 
proof) 322: sum of exterior angles 323 

"5 Pons asinorum" 415-6: '' Pont aux ânes” 
ibid. 

Porism : two senses 13: (1) :corollary 134, 
178-9: interpolated Porisms (corollaries) 
60-1, 381 : (2) asused in Portsms of Euclid, 
distinguished from theorems and problems 
10, 11: account of the Porisms given by 
Pappus 10-73: modern restorations by 
Simson and Chasles 14: views of Heiberg 
t1, I4, and Zeuthen r5 

Porphyry 17: commentary on Euclid 24: 
Symmikta 24, 34) 44: 136, 377, 283, 287 

Posidonius, the Stoic 30, 27, 28 #., 39, 189, 
197 : book directed against the Epicurean 
Zeno 34, 43: on parallels 40, 190: defini- 
tion of &gwre 41, 183 

Postulate, distinguished from axiom, by 
Aristotle 118-9, by Proclus (Geminus 
and “others”) 121-3: from hypothesis, 
by Aristotle 120-1, by Proclus 121-2: 

stulates in Archimedes 120, 133: 
uclid’s view of, reconcileable with 
Aristotle’s 119-20, 124: postulates do not 
confine us to ruler and compasses 124: 
Postulates 1, 2, significance of, 195-6: 
famous ‘‘Postulate of Archimedes” 234 

Postulate 4: significance of, 300: proofs of, 
resting on other postulates 200-1, 231: 
converse true only when angles rectilineal 

(Pappus) 201 

Postulate $: due to Euclid himself 203: 
Proclus on, 302-3: attempts to prove, 
Ptolemy 204-6, Proclus 206-8, Nasiraddin 
at-Tüsl 208-10, Wallis 210-1, Saccheri 
4111-2, Lambert 3132-3: substitutes for, 
'  Playfair's"' axiom (in Proclus) 320, others 
by Proclus 307, 330, Posidonius and 
Geminus 220, Legendre 213, 214, 220, 
Wallis 220, Carnot, Laplace, Lorenz, 
W. Bolyai, Gauss, Worpitzky, Clairaut, 
Veronese, Ingrami 220: Post. § proved 
from, and compared with, ‘‘ Playfair’s ” 
axiom 313-4: I. 30 is /ogica/ equivalent 
of, 320 

Potts, Robert 112, 246 

Prime (of numbers): two senses of, 146 

Principles, First 117-134 

Problem, distinguished from theorem 124-8: 
problems classified according to number of 
solutions (a) one solution, ordered (reray- 
uéva) (6) a definite number, intermediate 
(uisa) (c) an infinite number of solutions, 
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unordered (Árakra) 138: in widest sense 
anything propounded (possible or not) but 
generally a construction which is possible 
128-9: another classification (1) problem 
in excess (wNeovdtov), asking too much 139, 
(2) deficient problem (é\Xcwes wxpdBAnuA), 
giving too little 129 

Proclus: details of career 29-30: remarks 
on earlier commentators 19, 33; 45: com- 
mentary on Eucl. 1, sources of, 39-45, 
object and character of, 31-2: com- 
mentary probably not continued, though 
continuation intended 33-3: books 
quoted by name in, 34: famous ''sum- 
mary" 37-8: list of writers quoted 44: 
his own contributions 44-5: character of 
MS. used by, 62, 63: on the nature of 
elements and things eZementary 114-6: on 
advantages of Euclid’s Liements, and 
their object 115-6: on first principles, 
A et ei postulates, axioms 121-4: on 
difficulties in three distinctions between 
postulates and axioms 133: on theorems 
and problems 124-9: attempt to prove 
Postulate 5 206-8: on Eucl. 3. 47, 350, 
412: on discovery of five regular solids 
413: commentary on Plato’s Republic, 
allusion in, to ‘‘side-” and ‘‘ diagonal-” 
numbers in connexion with Eucl. 11. 9, 10 


399-400 

Proof (dwdéegs), necessary part of pro- 
position 139-30 

Proposition, formal divisions of, 129-131 

Protarchus 5 

Psellus, Michael, scholia by, 70, 71 

Pseudaria of Euclid 7: PseudograpAemata 7 n. 

Pseudoboethius 92 

Ptolemy I.: 1, 2: 
Ptolemy 1 

Ptolemy II. Philadelphus 20 

Ptolemy VII. (Euergetes II.), Physcon 2¢ 

Ptolemy, Claudius 21, 30%.: Harmonica of, 
and commentary on 17¢ an Parallel-Pos- 
tulate 28 »., 34, 43. 4$: attempt to prove 
it 204-6 

Punch on '' Pons Asinorum™' 416 

Pythagoras 4 s*., 36: supposed discoverer of 
the irrational 351, 411, 413, of application 
of areas 343-4, of theorem of I. 47 343-4, 
350-4, 411, 412, of construction of five 
regular solids 413-4; story of sacrifice 37, 
343; 3 Sor prose method of discovery E 
I. 47 and proof of, 352-5: suggestions by 
Breischpelder and Hankel 354; by Zeuthen 
355-6: rule for forming pghtang ed tri- 
angles in rational numbers 351, 356-9, 385 

Pythagoreans 19, 36, t55, 188, 379, 411-414: 
term for — (xpo:d) 169: angles of tri- 
angle equal to two right angles, theorem 
and proof 317-2320 : three polygons which in 
contact fill space round point 318: method 
of GA areas (including exceeding 
an sng short) " : : gnomon 
Pythagorean seri Melo Li stir- 
rational diameter of 5” 399-400, 413 


story of Euclid and 
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Qadizáàde ar-Rümi 5»., 9o 

Q.E.D. (or F.) 57 

al-Qift! 42., 94 

Quadratic equation, geometrical solution of, 
383-5, 385-8: solution assumed by Hippo- 
crates 386-7 

Quadratrix 265-6, 330 

Quadrature (rerpayworouds), definitions of, 


14 
Quadrilaterals, varieties of, 188-90 
Quintilian 333 
Qustàá b. Lügà al-Ba'labakki, translator of 
* Books xiv, xv" 76, 87, 88 


Radius, no Greek word for, 199 
Ramus, Petrus (Pierre de la Ramée) 104 
Ratdolt, Erhard 78, 97 
Rational (jnrés): (of ratios) 137: ‘‘ rational 
diameter of 5 399-400, 413: rational 
right-angled triangles, sæ right-angled 
triangles 
Rauchfuss, see Dasypodius 
Rausenberger, O. 157, 175, 313 
ar-Razi, Aba Yüsuf Ya'qüb b. Muh. 86 
Rectangle: = rectangular parallelogram 370: 
*' rectangle contained by" 370 
Rectilineal angle: definitions classified 17 
81: rectilineal figure 187: ‘‘rectilineal 
segment" 1 
Reductio ad. absurdum 134: described by 
Aristotle and Proclus 136: synonyms for, 
in Aristotle 136: a variety of Analysis 
140: by exhaustion 385, 393: nominal 
avoidance of 369 
Reduction (&ámavyuryf), technical term, ex- 
ained by Aristotle and Proclus 135: 
rst ‘‘ reduction” of a diffcult construction 
due to Hippocrates 135 
Regiomontanus (Johannes Müller of Königs- 
berg) 93, 96, 100 
Reyher, Samuel 107 
— 101 
ind Pa 304, 352 
Rhomboid 62, 151, 189 
Rhombus 62, 151, meaning and derivation 
8 


I 

Riccardi, P. 96, 112, 202 

Riemann, B. 219, 273, 274, 280 

Right angle: definition 181: drawing straight 
fine at right angles to another, Apollonius’ 
construction for, 270: construction when 
drawn at extremity of second line (Heron) 
270 

Ree ere triangles, rational: rule for 

nding, by Pythagoras 356-9, by Plato 

356, 357, 359; 360, 385: discovery of rules 

by means of gnomons 358-60 : connexion 

of rules with Eucl. 11. 4, 8, 360: rational 


— triangles in Apastamba 361, 
303 


Roth 357-8 

Rouché and de Comberousse 313 
Rudd, Capt. Thos. 110 
Ruellius, Joan. (Jean Ruel) 100 
Russell, Bertrand 227, 249 
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Saccheri, Gerolamo 106, 144-5, 
185-6, 194, 197-8, 200-1 

da id b. Mas'üd b. al-Qass 9o 
athapatha-Brahmana 362 

Savile, Henry 108, 166, 245, 250, 262 

Scalene (oxadnvés or oxadnvts) 187-8: of. 
"a (odd) 188 : of cone (Apollonius) 
1 


Schessler, Chr. 107 

Scheubel, Joan. 101, 107 

Schiaparelli, G. V. 163 

Schmidt, Max C. P. 304, 319 

Scholia to Elements and mss. of, 64-74: 
historical information in, 64: evidence in, 
as to text 64-5, 66-7 : sometimes inter- 
polated in text 67: classes of, ‘‘ Schol. 
Vat." 65-9, Schol. Vind." 69-70: miscel- 
laneous 71-4: ‘‘Schol. Vat.” partlyderived 
from Pappus’ commentary 66: many 
scholia partly extracted from Proclus on 
Bk. 1. 66, 69, 72: numerical illustrations 
in, in Greek and Arabic numerals 71: 
scholia by Psellus 7o-1, by Maximus 
Planudes 72, Joannes Pediasimus 72-3: 
scholia in Latin published by G. Valla, 
Commandinus, Conrad Dasypodius 73: 
scholia on Eucl. 11. 13 407 

— Franz van 108 

chopenhauer 227, 354 

Schotten, H. 167, 174, 179, 193-3, 202 

Schumacher 321 

Schur, F. 328 

Schweikart, F. K. 219 

Scipio Vegius 99 

Sectio Canonis attributed to Euclid 17 

Section (rou) : = point of section 170, 171, 
383 : “the section” = “‘golden section” g.v. 

Segment of circle, angle of, 253: segment 
ess than semicircle called áyis 187 

Semicircle 186: centre of, 186: angle of, 
182, 253 

Segt 304 

Serenus of Antinoeia 203 

Serle, George 110 

Setting-out (ExOeors), one of formal divisions 
of a proposition 129: may be omitted 130 

Sexagesimal fractions in scholia to Book x. 
74 

Sextus Empiricus 62, 63, 184 

Shamsaddin as-Sa and! 5 #., 

** Side-" and ‘‘diagonal-” numbers, described 
398-400 : due to Pythagoreans 400: con- 
nexion with Eucl. t1. 9, 10 398-400 : use 
for approximation to 4/2 399 

Sigboto 94 

‘* Similar” (= equal) angles 182, 252: “‘simi- 
lar” numbers 357 

sunm Max 108, 155, 157-8, 167, 202, 
31 

Simplicius: commentary on Euclid 37-8: 
on lunes of Hippocrates 29, 35, 386-7: 
on Eudemus’ style 35, 38: on parallels 
190-1 : 22, 167, 171, 184, 185, 197, 203, 
223, 224, 413 

Simson, Robert: on Euclid's Porisms 14: 


167-8, 
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on ‘ vitiations " in E/emerts due to Theon 
46, 103, 104, 106, 111, 148: definition 
of plane 172-3: 185, 186, 255, 259, 287, 
293, 296, 322, 328, 384, 387, 40 

Sind b. Alt Abü ^t-Taiyib g6 : 

Smith, D. E. 363, 417 

Smith and Bryant 404 

" Solid loci” 329, 330: Solid Loci of Aris- 
taeus 16, 329 

"Solid problems" 339, 330 

Speusippus 135 

Sphaerica, early treatise on, 17 

Spiral, *'single-turn" 123-3 »., 164-5: in 
Pappus — cylindrical helix 16; 

Spiral of Archimedes 26, 267 

Spire (tore) or Spiric surface 163, 170; 
varieties of 163 

Spiric curves or sections, discovered by 
Perseus 161, 162-4 

Steenstra, Pybo 109 

Steiner, Jakob 193 

Steinmetz, Moritz ror 

Steinschneider, M. 8 n., 76 sqq. 

Stephanus Gracilis 101-2 

Stephen Clericus 47 

Stobaeus 3 

Stoic ‘‘axioms” 41, 321: sdlustrations (8ely- 
para) 329 

Stolz, O. 328 

Stone, E. 105 

Straight line: pre-Euclidean (Platonic) de- 
finition 165-6: Archimedes’ assumption 
respecting, 166: Euclid's definition, inter- 
reted by Proclus and Simplicius 166-7 : 
anguage and construction of, 167, and 
conjecture as to origin 168: other defi- 
nitions 168-9, in Heron 168, by Leib- 
niz 169, by Legendre 169: two straight 
lines cannot enclose a space 195-6, can- 
not have a common segn.-nt 196-9 : one 
or two cannot make a figure 169, 183: 
division of straight line into any number 
of equal parts (an-Nairiz!) 326 

Strómer, Márten 113 

Studemund, W. 93 s. 

St Vincent, Gregory of, 401, 404 

Subfend, meaning and construction 249, 
283, 350 

Suidas 370 

Sulaiman b. 'Usma (or Oqba) 85, 9o 

Superposition: Euclid's dislike of method 
of, 225, 249: apparently assumed by Aris- 
totleas legitimate 226: used by Archimedes 
225: objected to by Peletarius 249: no use 
theoretically, but merely furnishes practical 
test of equality 227: Bertrand Russell on, 
227, of 

Surface: Pythagorean term for, xpord ( =col- 
our, or skin) 169: terms for, in Plato and 
Aristotle 169: éwig¢dveca in Euclid (not 
éxiredov) 169: alternative definition of, in 
Aristotle 170: produced by motion of 
line 170: divisions or sections of solids 
are surfaces 170, 170: classifications of 
surfaces by Heron and Geminus 170 : com- 
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posite, incomposite, simple, mixed 170: 
spiric surfaces 163, 170: MAomoeomeric 
— 170: spheroids 170: plane sur- 
face, see plane: loci on surfaces 329, 330 

Surface-loct of Euclid 15, 16, 330: Pappus’ 
lemmas on, 15, 1 

Suter, H. 8»., 17 n., 185, 25 n., 78 n., 
85- 

Suvoroff, Pr. 113 

Swinden, J. H. van 169 

Synthesis, see Analysis and Synthesis 

Syrianus 30, 44, 176, 178 


Tacquet, André 103, 105, 11: 

Tàittiriya-Samhità 363 

Tannery, P. 7 n., 37-40, 44, 160, 163, 221, 
223, 224, 225, 232, 305; 353. 412, 417 

Ta’ rikh al-Hukamd 42. 

Tartaglia, Niccold 3, 103, 106 

Taurinus, F. A. 219 

Taurus 62, 184 

Taylor, H. M. 248, 377-8, 404 

Taylor, Th. 259 

Thabit b. Qurra, translator of Elements 
42, 75-80, 82, 84, 87, 94: proof of I. 
47 364-5 

Thales 36, 37, 185, 353, 153, 278, 317, 
318, 319: on distance of ship from shore 
394-5 

Theaetetus 1, 37 

Theodorus Antiochita 71 

Theodorus Cabasilas 72 

Theodorus Metochita 3 

Theodorus of Cyrene 411, 412-3 

Theognis 371 

Theon of Alexandria: edition of Elements 
46: changes made by, 46: Simson on 
‘‘vitiations” by, 46: principles for detect- 
ing his alterations, by comparison of P, 
ancient papyri and ** Theonine" Mss. st- 
3: character of changes by, 54-8 

Theon of Smyrna 173, 357. 358, 371, 398 

Theorem and problem, distinguished by 
Speusippus 125, Amphinomus 125, (28, 

enaechmus t35, Zenodotus, Posidonius 

126, Euclid 126, Carpus 127, 138: 
views of Proclus t27-8, and of Geminus 
138: ‘‘general” and ‘not-general” (or 
partial) theorems (Proclus) 325 

Theudius of Magnesia 117 

Thibaut, B. F. 334 

Thibaut, C.: On Sulvasütras 360, 363-4 

Thompson, Thomas Perronet 112 

Thucydides 333 

Tibbon, Moses b. 76 

Tiraboschi 94 ». 

Tittel, K. 38, 3 

Todhunter, I. 112 189, 246, 258, 277, 
283, 293, 298, 307 

Tonstall, Cuthbert 100 

Tore 163 

Transformation of areas 346-7, 410 

Trapezium : Euclid's definition his own 189 : 
further division into trapezia and trape- 
zoids (Posidonius, Heron) 189-90: a 
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theorem on area of parallel-trapezium 


338-9 

Treasury of Analysis (dvahvbpevos  Tówos) 
8, 10, 11, 138 

Trendelenburg 146 #., 148, 149 

Treutlein, P. 358-60 

Triangle: seven species of, 188: ‘‘four- 
sided ” triangle, called also ‘‘barb-like” 
(år:ðoeiðés) and (by Zenodorus) xoroyw- 
vio». 37, 188: construction of isosceles and 
scalene triangles 243 

Trisection of an le 265-7 

at-Tisi, see Nasiraddin 


Unger, E. S. 108, 169 


Vacca, Giovanni 113 
Vachtchenko-Zakhartchenko 113 

Vailati, G. 144 n., 145%. 

Valerius Maximus 3 

Valla, G., De expelendis et fugiendis rebus 


73» 

Van e inden 169 

Vatican ms. 190 (P) 46, 47 

Vaux, Carra de 20 

Verona palimpsest 9t 

Veronese, G. 157, 168, 175, 180, 193-4, 
195, 201, 226-7, 238, 249, 338 

Vertical (angles) 278 

Viennese MS. (V) 48, 49 

Vinci, Lionardo da 365-6 

Vitali, G. 237 ; 

Vitruvius 352: Vitruvius and Heron a0, 
21 

Viviani, Vincenzo 107, 401 
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Vogt, Heinrich 360, 364, 411-414 
Vooght, C. J. 108 


Wachsmuth, C. 327., 73 
Wallis, John 103: edited Comm. on Ptol- 
emy’s Harmonica 17: attempt to prove 
Post. 5 210-1 
Weber (H.) and Wellstein (J.) 157 
Weissenborn, H. 78 »., 92 7., 94 "t., 95, 
o, 97 f'., 418 
iston, W. i11 
Williamson, James 111, 293 
Witt, H. A. 113 
Woepcke, F., discovered De divisionibus in 
Arabic and published translation 9: on 
Pappus’ commentary on Elements 25, 66, 
77: 85 n., 86, 8; 


Xenocrates 268, 413 
Ximenes, Leonardo 107 
Xylander 107 


Yahya b. Khálid b. Barmak 75 

Yahyà b. Muh. b. 'Abdàn b. Abdalwahid 
(Ibn al-Lubüd!) 9o 

Yrinus 2 Heron 33 

Yühannà b. Yüsuf b. al-Harith b. el-Bitriq 
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BOOK III. 


DEFINITIONS. 


1. Equal circles are those the diameters of which are 
equal, or the radii of which are equal. 


2, A straight line is said to touch a circle which, 
meeting the circle and being produced, does not cut the 
circle. 


3. Circles are said to touch one another which, 
meeting one another, do not cut one another. 


4. In a circle straight lines are said to be equally 
distant from the centre when the perpendiculars drawn 
to them from the centre are equal. 


5. And that straight line is said to be at a greater 
distance on which the greater perpendicular falls. 


6. A segment of a circle is the figure contained by a 
straight line and a circumference of a circle. 


7. An angle of a segment is that contained by a 
straight line and a circumference of a circle. 


8. An angle in a segment is the angle which, when 
a point is taken on the circumference of the segment and 
straight lines are joined from it to the extremities of the 
straight line which is the base of the segment, is contained 
by the straight lines so joined. 


9. And, when the straight lines containing the angle cut 
off a circumference, the angle is said to stand upon that 
circumference. 
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10. A sector of a circle is the figure which, when an 
angle is constructed at the centre of the circle, is contained by 
the straight lines containing the angle and the circumference 
cut off by them. 


11. Similar segments of circles are those which 
admit equal angles, or in which the angles are equal to one 
another. 


DEFINITION I. 
“loot xixd0or cioiv, dy al Siaperpos toa ciciv, } dv ai dk ràv xévrpuv (at «ici, 


Many editors have held that this should not have been included among 
definitions. Some, e.g. Tartaglia, would call it a postulate; others, e.g. Borelli 
and Playfair, would call it an axiom; others again, as Billingsley and Clavius, 
while admitting it as a definition, add explanations based on the mode of 
constructing a circle; Simson and Pfleiderer hold that it is a theorem. I 
think however that Euclid would have maintained that it is a definition in 
the proper sense of the term ; and certainly it satisfies Aristotle's requirement 
that a *definitional statement" (óp«zrruxós Aóyos) should not only state the 
fact (tò ov.) but should indicate the cause as well (.De anima i. 2, 413 a 
13). The equality or circles with equal radii can of course be proved by 
superposition, but, as we have seen, Euclid avoided this method wherever he 
could, and there is nothing technically wrong in saying “ By egual circles I 
mean circles with equal radii.” No flaw is thereby introduced into the system 
of the EZements ; for the definition could only be objected to if it could be 
proved that the equality predicated of the two circles in the definition was 
not the same thing as the equality predicated of other equal figures in the 
Elements on the basis of the Congruence-Axiom, and, needless to say, this 
cannot be proved because it is not true. The existence of equal circles (in 
the sense of the definition) follows from the existence of equal straight lines 
and 1. Post. 3. 

The Greeks had no distinct word for radius, which is with them, as here, 
the (straight line drawn) from the centre y éx ToU. kévrpov (eU0€in); and so 
definitely was the expression appropriated to the radius that é« rov xévrpov 
was used without the article as a predicate, just as if it were one word. Thus, 
eg., in III. 1 éx xévrpov yap means “for they are radii”: cf. Archimedes, On 
the Sphere and Cylinder v. 2, 4 BE ék ToU kévrpov éari roV...kUkAov, BE is a 
radius of the circle. 


DEFINITION 2. 


Ev6cia xixdov éparreaOar A€yerat, Aris awropévy Tod KiKAov Kai éxBarAopery 
oU Tépvee TOV KUKAOV. 

Euclid’s phraseology here shows the regular distinction between arrecOar 
and its compound é¢drrecOa, the former meaning “to meet” and the latter 
“to touch.” The distinction was generally observed. by Greek geometers 
from Euclid onwards. There are however exceptions so far as dwrec@at is 
concerned ; thus it means “to /oucA" in Eucl. iv. Def. 5 and sometimes in 
Archimedes. On the other hand, é$árrecÓa: is used by Aristotle in certain 
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cases where the orthodox geometrical term would be arresĝaı. Thus in 
Meteorologica 111. 5 (376 b 9) he says a certain circle zeiZ pass through all the 
angles (arac ov éjaerac trav ywviðv), and (376 a 6) M will lie on a given 
(circular) circumference (opens repipepeias èpáyeraıi rò M). We shall find 
ámre3Üa. used in these senses in Book ıv. Deff. 2, 6 and Deff. 1, 3 respectively. 
The latter of the two expressions quoted from Aristotle means that fhe locus 
of M is a given circle, just as in Pappus awerar ro onpeiov Odoa Sedouevyns 
evOeias means that ¢he /ocus of the point is a straight line given in position. 


DEFINITION 3. 


Kuxdor éparrerOat dAAqAWY A€yovrat oirives ámrópevot áÀXAoy ov réuvovauw 
adAnAous. 

Todhunter remarks that different opinions have been held as to what is, 
or should be, included in this definition, one opinion being that it only means 
that the circles do not cut in the neighbourhood of the point of contact, 
and that it must be shown that they do not cut elsewhere, while another 
opinion is that the definition means that the circles do not cut at all. 
Todhunter thinks the latter opinion correct. I do not think this is proved ; 
and I prefer to read the definition as meaning simply that the circles meet 
at a point but do not cut af that point. I think this interpretation 
preferable for the reason that, although Euclid does practically assume in 
Ill. 11—13, without stating, the theorem that circles touching at one point 
do not intersect anywhere else, he has given us, before reaching that 
point in the Book, means for proving for ourselves the truth of that 
statement. In particular, he has given us the propositions 11. 7, 8 which, 
taken as a whole, give us more information as to the general nature of a 
circle than any other propositions that have preceded, and which can be used, 
as will be seen in the sequel, to solve any doubts arising out of Euclid’s 
unproved assumptions. Now, as a matter of fact, the propositions are not used 
in any of the genuine proofs of the cheorems in Book 111. ; 111. 8 is required 
for the second proof of 111. 9 which Simson selected in preference to the first 
proof, but the first proof only is regarded by Heiberg as genuine. Hence it 
would not be easy to account for the appearance of 111. 7, 8 at all unless as 
affording means of answering possible objections (cf. Proclus’ explanation of 
Euclid’s reason for inserting the second part of 1. 5). 

External and internal contact are not distinguished in Euclid until itt. 
11, 12, though the figure of 111. 6 (not the enunciation in the original text) 
represents the case of internal contact only. But the definition of touching 
circles here given must be taken to imply so much about txternal and external 
contact respectively as that (a) a circle touching another internally must, 
immediately before “meeting” it, have passed through points within the 
circle that it touches, and (4) a circle touching another externally must, 
immediately before meeting it, have passed through points outside the circle 
which it touches. These facts must indeed be admitted if sufernal and 
external are to have any meaning at all in this connexion, and they constitute 
a minimum admission necessary to the proof of 111. 6. 


DEFINITION 4. 


, , ” f, DEEP a y 3g ^ , 2 e a 8 ^ 
Ev xUxÀw igdov üméxew amó TOU kévrpov evOetar Adyovrat, Grav ai amd Tov 
* > 
xévrpov er avras xabero. ayopevat toat wou. 
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DEFINITION $5. 


Meov 9à dxéyew Aéyerac, ep’ Fv 9 peilwv rdberos rinte. 


DEFINITION 6. 


Tuaua xoxAov écri TÓ weptexopevoy expa tre re «vÜeias xai xUxÀov 
T epi epeias. 


DEFINITION 7. 


Tyunparos St ywvia éoriv 4 weprexopevy vd re cWOeias Kai KvKAov wepipepetas. 

This definition is only interesting historically. The angle of a segment, 
being the “angle” formed by a straight line and a “circumference,” is of the 
kind described by Proclus as ** mixed." A particular “angle” of this sort is 
the “angle of a semicircle,” which we meet with again in m1. 16, along with 
the so-called “horn-like angle” (xeparoedys), the supposed “angle” between 
a tangent to a circle and the circle itself. The “angle of a semicircle” occurs 
once in Pappus (vir. p. 670, 19), but it there means scarcely more than the 
corner of a semicircle regarded as a point to which a straight line is directed. 
Heron does not give the definition of the angle of a segment, and we may 
conclude that the mention of it and of the angle of a semicircle in Euclid is a 
survival from earlier text-books rather than an indication that Euclid considered 
either to be of importance in elementary geometry (cf. the note on 111. 16 
below). 

We have however, in the note on 1. 5 above (Vol. 1. pp. 252—3), seen evi- 
dence that the angle of a segment had played some part in geometrical proofs up 
to Euclid’s time. It would appear from the passage of Aristotle there quoted 
(Anal. Prior. Y. 24, 41 b 13 sqq.) that the theorem of 1. 5 was, in the text-books 
immediately preceding Euclid, proved by means of the equality of the two 
* angles of" any one segment. This latter property must therefore have been 
regarded as more elementary (for whatever reason) than the theorem of 1. 5; 
indeed the definition as given by Euclid practically implies the same thing, 
since it speaks of only oze “angle of a segment,” namely “že angle contained 
by a straight line and a circumference of a circle.” Euclid abandoned the 
actual use of the “angle” in question, but no doubt thought it unnecessary 
to break with tradition so far as to strike the definition out also. 


DEFINITION 8. 
"Ev tpüpart à ,yovía éoriy, Gray émi TNS mepipepeias TOU ruijuaros Ango TL 


onucov xai aT avrov éri Tà mépara TS cheias, 7 arı Baos ToU ruxjparos, 
imevybaow ebda, 4 reptexopevn yovía vró rov imelevyGacar buw. 


DEFINITION 9. 


^ , $ , 
"Orav $é ai mepiéxovgat rv. yovíay. evÜeat amodkapBdvwot twa mepipepecay, 
, € r 
in’ exeivns A€yerac BeByxévac y ywvia. 
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DEFINITION Io. 


Topevs ôt kikAov ioti, Gray pos Té xivrpæ TOU KUKÀOV evo raj yvvía, 
to Tepuexóp.tvov nye vso T€ TOV mi yoviav WEepteXovewy evb aay kai TS 
aro\apBavopevys vm" avróv Tepibepetas. 

A scholiast says that it was the shoemaker knife, axvroropexds ropes, 
which suggested the name ropevs for a sector of a circle. The derivation of 
the name from a resemblance of shape is parallel to the use of apos (also 
a shoemaker's knife) to denote the well known figure of the Book of Lemmas 
partly attributed to Archimedes. 

A wider definition of a sector than that given by Euclid is found in a 
Greek scholiast (Heiberg's Euclid, Vol. v. p. 260) and in an-Nairizi (ed. Curtze, 
p. 112). * There are two varieties of sectors ; the one kind have the angular 
vertices at the centres, the other at the circumferences. Those others which 
have their vertices neither at the circumferences nor at the centres, but at 
some other points, are for that reason not called sectors but sector-like 
figures (ropoedy oxjpara).” The exact agreement between the scholiast and 
an-Nairizi suggests that Heron was the authority for this explanation. 

The sector-like figure bounded by an arc of a circle and two lines drawn 
from its extremities to meet at any point actually appears in Euclid’s book On 
divisions (mr«pi Basper eov) discovered in an Arabic Ms. and edited by 
Woepcke (cf. Vol. 1. pp. 8—10 above). This treatise, alluded to by Proclus, 
had íor its object the division of figures such as triangles, trapezia, 
quadrilaterals and circles, by means of straight lines, into parts equal or 
in given ratios. One proposition e.g. is, Zo divide a triangle into two equal 
parts by a straight line passing through a given point on one side. The 
proposition (28) in which the quasi-secfor occurs is, To divide such a figure by a 
straight line into two equal parts. The solution in this case is given by Cantor 
(Gesch. d. Math. 14, pp. 287—8). 

If ABCD be the given figure, Æ the middle point 
of BD and EC at right angles to BD, A 
the broken line AEC clearly divides the figure into 
two equal parts. 

Join AC, and draw £¥ parallel to it meeting p B 
AB in F. 

Join CF, when it is seen that CF divides the C 
figure into two equal parts. 


F 


DEFINITION 11. 


"Opora Tunpara Kúra ¿ati Tà Seyoueva ywvias ioas, Ñ èv ols ai ywviat irar 
éAÀA»Aaus «imiv. 


De Morgan remarks that the use of the word similar in “similar 
segments ” is an anticipation, and that similarity of form is meant. He adds 


that the definition is a theorem, or would be if “similar” had taken its final 
meaning. 


BOOK III. PROPOSITIONS. 


PROPOSITION I. 


To find the centre of a given circle. 


Let ABC be the given circle ; 
thus it is required to find the centre of the circle ABC. 
Let a straight line B be drawn 
5 through it at random, and let it be bisected 
at the point D; 
from D let DC be drawn at right angles 
to AB and let it be drawn through to £; 
let CE be bisected at /; 
io] say that F is the centre of the circle 
ABC. 
For suppose it is not, but, if possible, 
let G be the centre, 
and let G4, GD, GB be joined. 
1§ Then, since 4D is equal to DB, 
and DG is common, 
the two sides 4D, DG are equal to the two sides 
BD, DG respectively ; 
and the base GA is equal to the base G7, for they are 
2o radii ; 
therefore the angle ADG is equal to the angle G2. (i 8] 
But, when a straight line set up on a straight line makes 
the adjacent angles equal to one another, each of the equal 
angles is right ; (1. Def. 10] 
25 therefore the angle GODB is right. 
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But the angle FDB is also right ; 


therefore the angle “DB is equal to the angle GDB, the 
greater to the less: which is impossible. 


Therefore G is not the centre of the circle ABC. 


x X Similarly we can prove that neither is any other point 
except 7. 
Therefore the point F is the centre of the circle ABC, 


PorisM. From this it is manifest that, if in a circle a 
straight line cut a straight line into two equal parts and at 
35 right angles, the centre of the circle is on the cutting straight 


line. 
Q. E. F. 


12. For suppose it is not. This is expressed in the Greek by the two words M7 ydp, 
but such an elliptical phrase is impossible in English. 

17. the two sides AD, DG are equal to the two sides BD, DG respectively. 
As before observed, Euclid is not always careful to put the equals in corresponding order. 
The text here has ** GD, DB." 


'l'odhunter observes that, when, in the construction, DC is said to be 
produced to E, it is assumed that D is within the circle, a fact which Euclid 
first demonstratés in 111. 2. This is no doubt true, although the word dy6u, 
“let it be drawn through,” is used instead of éxBeBAjoGu, “let it be produced.” 
And, although it is not necessary to assume that 2 is within the circle, it is 
necessary for the success of the construction that the straight line drawn 
through 2 at right angles to 472 shall meet the circle ir. two points (and no 
more): an assumption which we are not entitled to make on the basis of what 
has gone before only. 

Hence there is much to be said for the alternative procedure recommended 
by De Morgan as preferable to that of Euclid. De Morgan would first prove 
the fundamental theorem that “the line which bisects a chord perpendicularly 
must contain the centre,” and then make ul. 1, 11. 2§ and iv. 5 immediate 
corollaries of it. The fundamental theorem is a direct consequence of the 
theorem that, if P is any point equidistant from 4 
and B, then 2 lies on the straight line bisecting 48 
perpendicularly. We then take any two chords 4.5, 
AC of the given circle and draw DO, EO bisecting 
them perpendicularly. Unless BA, AC are in one 
straight line, the straight lines DO, EO must meet 
in some point O (see note on Iv. s for possible 
methods of proving this). And, since both DO, 
EO must contain the centre, O must be the centre. 

This method, which seems now to be generally 
preferred to Euclid’s, has the advantage of showing 
that, in order to find the centre of a circle, it is sufficient to know three points 
on the circumference. If therefore two circles have three points in common, 
they must have the same centre and radius, so that two circles cannot have 
three points in common without coinciding entirely. Also, as indicated by 
De Morgan, the same construction enables us (1) to draw the complete circle 
of which a segment or arc only is given (111. 25), and (2) to circumscribe a 
circle to any triangle (tv. 5). 
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But, if the Greeks had used this construction for finding the centre of a 
circle, they would have considered it necessary to add a proof that no other 
point than that obtained by the construction can be the centre, as is clear 
both from the similar reductio ad absurdum in 1 1 and also from the fact 
that Euclid thinks it necessary to prove as a separate theorem (111. 9) that, if 
a point within a circle be such that three straight lines (at least) drawn from it 
to the circumference are equal, that point must be the centre. In fact, 
however, the proof amounts to no more than the remark that the two 
perpendicular bisectors can have no more than one point common. 

And even in De Morgan’s method there is a yet unproved assumption. 
In order that DO, EO may meet, it is necessary that 42, AC should not be 
in one straight line or, in other words, that BC should not pass through 4. 
This results from 11. 2, which therefore, strictly speaking, should precede. 

To return to Euclid’s own proposition 111. 1, it will be observed that the 
demonstration only shows that the centre of the c:rcle cannot lie on either 
side of CD, so that it must lie on CD or CD produced. It is however taken 
for granted rather than proved that the centre must be the middle point of 
CE. The proof of this by reductio ad absurdum is however so obvious as to 
be scarcely worth giving. The same consideration which would prove it may 
be used to show that a circle cannot have more than one centre, a proposition 
which, if thought necessary, may be added to 111. 1 as a corollary. 

Simson observed that the proof of 11. 1 could not but be by reductio ad 
absurdum. At the beginning of Book 111. we have nothing more to base the 
proof upon than the definition of a circle, and this cannot be made use of 
unless we assume some point to be the centre. We cannot however assume 
that the point found by the construction is the centre, because that is the 
thing to be proved. Nothing is therefore left to us but to assume that some 
other point is the centre and then to prove that, whatever other point is 
taken, an absurdity results; whence we can infer that the point found is 
the centre. 

The Porism to 11. 1 is inserted, as usual, parenthetically before the words 
orep et moroa, which of course refer to the problem itself. 


PROPOSITION 2. 


Jf on the circumference of a circle two points be taken at 
random, the straight line joining the points will fall within 
the circle. 

Let ABC be a circle, and let two points 4, B be taken 
at random on its circumference ; 

I say that the straight line joined from 
A to B will fall within the circle. 

For suppose it does not, but, if 
possible, let it fall outside, as AEZ ; 
let the centre of the circle ABC be 
taken {m. 1], and let it be D; let DA, 
DB be joined, and let DFE be drawn 
through. 
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Then, since DA is equal to DB, 
the angle DAE is also equal to the angle DBE.  [r. 5) 
And, since one side AZZ of the triangle DAZ is produced, 
the angle DEP is greater than the angle DAZ. [1. 16] 
But the angle DAZ is equal to the angle DBE ; 
therefore the angle DEP is greater than the angle DBE. 
And the greater angle is subtended by the greater side ; [1. 19) 
therefore DB is greater than DE. 
But DP is equal to DF; 
therefore DF is greater than DE, 
the less than the greater: which is impossible. 


Therefore the straight line joined from 4 to B will not 
fall outside the circle. 

Similarly we can prove that neither will it fall on the 
circumference itself ; 


therefore it will fall within. 


Therefore etc. 
Q. E. D. 


The reductio ad absurdum form of proof is not really necessary in this case, 
and it has the additional disadvantage that it requires the destruction of two 
hypotheses, namely that the chord is (1) outside, (2) on 
the circle. To prove the proposition directly, we have 
only to show that, if E be any point on the straight line 
AB between A and B, DE is less than the radius of the 
circle. This may be done by the method shown above, 
under 1. 24, for proving what is assumed in that 
proposition, namely that, in the figure of the proposition, NS 
F falls below ÆG if DE is not greater than DF The AS EZB 
assumption amounts to the following proposition, which 
De Morgan would make to precede 1. 24: ‘Every 
straight line drawn from the vertex of a triangle to the base is less than 
the greater of the two sides, or than either if they be equal.” The case 
here is that in which the two sides are equal; and, since the angle DAB is 
equal to the angle DA, while the exterior angle DE4A is greater than the 
interior and opposite angle 4, it follows that the angle DEA is greater 
than the angle DAE, whence DE must be less than DA or DB. 

Camerer points out that we may add to this proposition the further 
statement that all points on 4B produced in either direction are outside the 
circle. This follows from the proposition (also proved by means of the 
theorems that the exterior angle of a triangle is greater than either of the 
interior and opposite angles and that the greater angle is subtended by 
the greater side) which De Morgan proposes to introduce after 1. 21, namely, 

“The perpendicular is the shortest straight line that can be drawn from a 
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given point to a given straight line, and of others that which is nearer to the 
perpendicular is less than the more remote, and the converse ; also not more 
than two equal straight lines can be drawn from the point to the line, one on 
each side of the perpendicular." 

The fact that not more than two equal straight lines can be drawn from a 
given point to a given straight line not passing through it is proved by Proclus 
on 1. 16 (see the note to that proposition) and can alternatively be proved by 
means of 1. 7, as shown above in the note on t. 12. It follows that 


A straight line cannot cut a circle in more than two points 


a proposition which De Morgan would introduce here after 111. 2. The proof 
given does not apply to a straight line passing through the centre; but that 
such a line only cuts the circle in two points is self-evident. 


PROPOSITION 3. 


Jf in a circle a straight line through the centre bisect a 
straight line not through the centre, it also cuts it at right 
angles ; and of it cut rt at right angles, ut also bisects zt. 


Let ABC be a circle, and in it let a straight line CD 
5 through the centre bisect a straight line 
AB not through the centre at the point c 
F; 
I say that it also cuts it at right angles. 


For let the centre of the circle 4BC 
io be taken, and let it be Æ; let EA, EB 
be joined. A B 
Then, since 44 F is equal to FB, 


and FE is common, D 
two sides are equal to two sides ; 
1s and the base E.A is equal to the base EZ ; 
therefore the angle AFE is equal to the angle BFE. [1.8] 
But, when a straight line set up on a straight line makes 
the adjacent angles equal to one another, each of the equal 
angles is right ; [1. Def. ro] 
20 therefore each of the angles AFE, BFE is right. 
Therefore CD, which is through the centre, and bisects 
AB which is not through the centre, also cuts it at right 
angles. 


Again, let CD cut AZ at right angles ; 
25 | say that it also bisects it, that is, that 4 is equal to FB. 
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For, with the same construction, 
since Ed is equal to EÐ, 
the angle ZAF is also equal to the angle £F. [1. 5] 
But the right angle AFE is equal to the right angle BFE, 
30 therefore FAF, EBF are two triangles having two angles 
equal to two angles and one side equal to one side, namely 
EF, which is common to them, and subtends one of the equal 
angles ; 
therefore they will also have the remaining sides equal to 
35 the remaining sides ; (t. 26] 
therefore AF is equal to FD. 
Therefore etc. 
Q. E. D. 


26. with the same construction, rô» aùrv xaracxevacbdvrwr. 


This proposition asserts the two partial converses (cf. note on 1. 6) of the 
Porism to i11. 1. De Morgan would place it next to 161. 1. 


PROPOSITION 4. 


Jf tn a circle two straight lines cut one another which are 
not through the centre, they do not bisect one another. 


Let ABCD be a circle, and in it let the two straight lines 
AC, BD, which are not through the 
centre, cut one another at £; 


[ say that they do not bisect one 
another. D 


For, if possible, let them bisect one 
another, so that AF is equal to EC, a c 
and BE to ED; 


let the centre of the circle ABCD be 
taken (1. 1), and let it be F; let FE be 7 
joined. 
Then, since a straight line FE through the centre bisects 
a straight line 4C not through the centre, 
it also cuts it at right angles ; (11. 3] 
therefore the angle FZ is right. 
Again, since a straight line FZ bisects a straight line BD, 
it also cuts it at right angles ; (11. 3] 
therefore the angle FE is right. 
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But the angle “ZA was also proved right ; 
therefore the angle FEA is equal to the angle FEB, 
the less to the greater: which is impossible. 
Therefore AC, BD do not bisect one another. 


Therefore etc. 
Q. E. D. 


PROPOSITION 5. 


Jf two circles cut one another, they will not have the same 
centre. 


For let the circles ABC, CDG cut one another at the 
points B, C; 

I say that they will not have the same 
centre. 

For, if possible, let it be £; let ÆC 
be joined, and let FFG be drawn 
through at random. 

Then, since the point Æ is the 
centre of the circle ABC, 

EC is equal to £F. [r. Def. 15] 

Again, since the point Z is the centre of the circle CDG, 

EC is equal to EG. 


But ÆC was proved equal to £7 also ; 


therefore EF is also equal to EG, the less to the 
greater : which is impossible. 


Therefore the point Æ is not the centre of the circles 
ABC, CDG. 
Therefore etc. 





Q. E. D. 


The propositions 111. 5, 6 could be combined in one. It makes no 
difference whether the circles cut, or meet without cutting, so long as they do 
not coincide altogether; in either case they cannot have the same centre. 
The two cases are covered by the enunciation: Jf the circumferences of two 
circles meet ata point they cannot have the same centre. On the other hand, Zf 
two circles have the same centre and one point in their circumferences common, 
they must coincide altogether. 
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PROPOSITION 6. 


Jf two circles touch. one another, they will not have the 
same centre. 


For let the two circles ABC, CDE touch one another 
at the point C; 


I say that they will not have the 
Same centre. 


For, if possible, let it be F; let s 
FC be joined, and let FEB be drawn 


through at random. 
Then, since the point / is the 
centre of the circle AZC, 


FC is equal to FB. 


Again, since the point Æ is the 
centre of the circle CDE, 


FC is equal to FE. 
But FC was proved equal to FB ; 


therefore FE is also equal to FB, the less to the greater: 
which is impossible. 


Therefore F is not the céntre of the circles ABC, CDE. 


Therefore etc. 
Q. E. D. 


The English editions enunciate this proposition of circles touching 
internally, but the word (evros) is a mere interpolation, which was no doubt 
made because Euclid’s figure showed only the case of interna? contact. The 
fact is that, in his usual manner, he chose for demonstration the more difficult 
case, and left the other case (that of external contact) to the intelligence of 
the reader. It is indeed sufficiently self-evident that circles touching externally 
cannot have the same centre; but Euclid’s proof can really be used for this 
case too. 

Camerer remarks that the proof of 111. 6 seems to assume tacitly that the 
points Z and & cannot coincide, or that circles which touch internally at C 
cannot meet in any other point, whereas this fact is not proved by Euclid till 
111. r3. But no such general assumption is necessary here; it is only 
necessary that one line drawn from the assumed common centre should meet 
the circles in different points; and the very notion of internal contact requires 
that, before one circle meefs the other on its inner side, it must have passed 
through points within the latter circle. 
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PROPOSITION 7. 


Jf on the diameter of a circle a point be taken which ts not 
the centre of the circle, and from the point straight lines fall 
upon the circle, that will be greatest on which the centre ts, the 
remainder of the same diameter will be least, and of the rest 

s lhe nearer lo the straight line through the centre ts always 
greater than the more remote, and only two equal straight 
lines will fall from the point on the circle, one on each side 
of the least straight line. 

Let ABCD bea circle, and let 4D be a diameter of it ; 

io on AD let a point F be taken which is not the centre of the 
circle, let Æ be the centre of the circle, 
and from Æ let straight lines FB, FC, FG fall upon the circle 
ABCD ; 

I say that FA is greatest, FD is least, and of the rest F7 is 

15 greater than FC, and FC than FG. 

For let BE, CZ, GE be joined. 

Then, since in any triangle two 
sides are greater than the remaining 
one, [1. 20] 

20 EB, EF are greater than BF. 

But AZ is equal to BE ; 

therefore 74 F' is greater than BF. 

Again, since B E is equal to C£, 
and FE is common, 

25 the two sides BL, £F are equal to the two sides CE, £F. 

But the angle BEF is also greater than the angle CZF; 
therefore the base AF is greater than the base CF. [1. 24] 

For the same reason 

CF is also greater than FG. 

30 Again, since GF, FE are greater than £G, 

and EG is equal to £D, 
GF, FE are greater than £D. 

Let EF be subtracted from each ; 

therefore the remainder G is greater than the remainder 

35 FD. 

Therefore FA is greatest, FD is least, and FB is greater 
than ZC, and FC than FG. 
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I say also that from the point F only two equal straight 
lines will fall on the circle ABCD, one on each side of the 
4 least FD. 
For on the straight line ZF, and at the point Æ on it, let 
the angle FE /7 be constructed equal to the angle GE (i. 23], 
and let FH be joined. 
Then, since GË is equal to EH, 


45 and E is common, 
the two sides GE, EF are equal to the two sides HE, EF; 
and the angle GE is equal to the angle HEF; 
therefore the base FG is equal to the base FH. [1.4] 


I say again that another straight line equal to FG will nox 
5° fall on the circle from the point F. 

For, if possible, let FX so fall. 

Then, since FK is equal to FG, and FH to FG, 


FK is also equal to F7, | 


the nearer to the straight line through the centre being 
ss thus equal to the more remote: which is impossible. 


Therefore another straight line equal to G will not fall 
from the point 7 upon the circle ; 


therefore only one straight line will so fall. 
Therefore etc. 
Q. E. D. 


4. Of the same diameter. I have inserted these words for clearness’ sake. The text 
has simply éAaxiery è ù Marh, "and the remaining (straight line) least." 

7,39. one on each side. The word “one” is not in the Greek, but is necessary to 
give the force of ég’ éxdrepa ris éXaxlorns, literally **on both sides," or ** on each of the two 
sides, of the least." 


De Morgan points out that there is an unproved assumption in this 
demonstration. We draw straight lines from F, as FB, FC, such that the 
angle DFB is greater than the angle DFC and then assume, with respect to 
the straight lines drawn from the centre E to B, C, that 
the angle DEB is greater than the angle DEC. This 
is most easily proved, I think, by means of the converse 
of part of the theorem about the lengths of different 
straight lines drawn to a given straight line from an 
external point which was mentioned above in the note 
on ui. 2. This converse would be to the effect that, Zf 
two unequal straight lines be drawn from a point toa 
given straight line whitch are not perpendicular to the 
straight line, the greater of the two ts the further from the perpendicular from the 
point to the given straight line. This can either be proved from its converse by 
reductio ad absurdum, or established directly by means of 1. 47. Thus, in the 
accompanying figure, FB must cut ÆC in some point M, since the angle BFE 
is less than the angle CFE. 

Therefore £/ is less than ÆC, and therefore than £B. 
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Hence the point Z in which “2B meets the circle is further from the foot 

of the perpendicular from E on FB than M is; 
therefore the angle BEF is greater than the angle CEF 

Another way of enunciating the first part of the proposition is that of 
Mr H. M. Taylor, viz. ** Of all straight lines drawn to a circle from an internal 
point not the centre, the one which passes through the centre is the greatest, 
and the one which when produced passes through the centre is the least; and 
of any two others the one which sudtends the greater angle at the centre is the 
greater.” The substitution of the angle subtended at the centre as the criterion 
no doubt has the effect of avoiding the necessity of dealing with the unproved 
assumption in Euclid’s proof referred to above, and the similar substitution in 
the enunciation of the first part of 11. 8 has the effect of avoiding the necessity 
for dealing with like unproved assumptions in Euclid’s proof, as well as the 
complication caused by the distinction in Euclid’s enunciation between lines 
falling from an external point on the convex circumference and on the concave 
circumference of a circle respectively, terms which are not defined but taken as 
understood. 

Mr Nixon (Euclid Revised) similarly substitutes as the criterion the angle 
subtended at the centre, but gives as his reason that the words “nearer” and 
* more remote” in Euclid’s enunciation are scarcely clear enough without 
some definition of the sense in which they are used, Smith and Bryant make 
the substitution in 111. 8, but follow Euclid in it. 7. 

On the whole, I think that Euclid’s plan of taking straight lines drawn from 
the point which is not the centre direct to the circumference and making 
greater or less angles af that point with the straight line containing it and the 
centre is the more instructive and useful of the two, since it is such lines 
drawn in any manner to the circie from the point which are immediately useful 
in the proofs of later propositions or in resolving difficulties connected with 
those proofs. 

Heron again (an-Nairizi, ed. Curtze, pp. 114—5) has a note on this 
proposition which is curious. He first of all says that Euclid proves that lines 
nearer the centre are greater than those more remote from if. This is a 
different view of the question from that taken in Euclid’s proposition as we 
have it, in which the lines are not nearer to and more remote from the centre 
but from the dine through the centre. Euclid takes lines inclined to the latter 
line at a greater or less angle ; Heron introduces distance from the centre in 
the sense of Deff. 4, 5, i.e. in the sense of the length of the perpendicular drawn 
to the line from the centre, which Euclid does not use till 111. 14, 15. Heron 
then observes that in Euclid's proposition the lines compared are all drawn on 
one side of the line through the centre, and sets himself to prove the same 
truth of lines on opposite sides which are more or less distant from the centre. 
The new point of view necessitates a quite different line of proof, anticipating 
the methods of later propositions. 

The first case taken by Heron is that of two straight lines such that the 
perpendiculars from the centre on them fall on the lines themselves and not 
in either case on the line produced. 

Let 4 be the given point, D the centre, and let 
AE be nearer the centre than AF; so that the 
perpendicular DG on AE is less than the perpen- 
dicular DH on AF. 

Then sqs. on DG, GE —sqs. on DH, HF, 
and sqs. on DG, GA = sqs. on DA, HA. 

But sq. on DG <sq. on DH. 
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Therefore sq. on GE > sq. on AF, 
and sq. on GA > sq. on HA, 
whence GE > HF, 

GA > HA. 


Therefore, by addition, AZ > AF. 


The other case taken by Heron is that where 
one perpendicular falls on the line produced, as in 
the annexed figure. In this case we prove in like 


manner that GE > AF, 
and GA > AH. 
Thus AE is greater than the sum of HF, AA, 


whence, a fortiori, AE is greater than the difference 
of HF, AH, i.e. than AF. 


Heron does not give the third possible case, that, namely, where doth 
perpendiculars fall on the lines produced, The fact 
is that, in this case, the foregoing method breaks 
down. Though 4E£ be nearer to the centre than 
AF in the sense that DG is less than DA, 

AE is not greater but /ess than AF 

Moreover this cannot be proved by the same 
method as before. 

For, while we can prove that 

GE > HF, 
GA > AA, 
we cannot make any inference as to the comparative length of AZ, AF. 

To judge by Heron's corresponding note to 11. 8, he would, to prove this 
case, practically prove 111. 35 first, i.e. prove that, if ZA be produced to Æ 
and FA to Z, 








rect. FA, AL = rect. EA, AK, 
from which he would infer that, since 4X > AZ by the first case, 
AE < AF. 


An excellent moral can, I think, be drawn from the note of Heron. 
Having the appearance of supplementing, or giving an alternative for, Euclid’s 
proposition, it cannot be said to do more than confuse the subject. Nor was 
it necessary to find a new proof for the case where the two lines which are 
compared are on opposite sides of the diameter, since Euclid shows that for each 
line from the point to the circumference on one side of the diameter there is 
another of the same length equally inclined to it on the other side. 


PROPOSITION 8. 


Jf a point be taken outside a circle and from the point 
straight lines be drawn through to the circle, one of which 
is through the centre and the others are drawn at random, 
then, of the straight lines which fall on the concave circum- 
ference, that through the centre ws greatest, while of the rest 
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the nearer to that through the centre is always greater than 
the more remote, but, of the straight lines falling on the convex 
circumference, that between the point and the diameter is least, 
while of the rest the nearer to the least is always less than the 
more remote, and only two equal straight lines will fall on the 
circle from the point, one on each side of the least. 


Let ABC bea circle, and let a point D be taken outside 
ABC; let there be drawn through 
from it straight lines DA, DE, DF, 
DC, and let DA be through the centre; 
I say that, of the straight lines falling 
on the concave circumference 4 ZFC, 
the straight line DA through the centre 
is greatest, 
while DZ is greater than DF and DF 
than DC; 
but, of the straight lines falling on the 
convex circumference MLKG, the 
straight line DG between the point 
and the diameter AG is least; and 
the nearer to the least DG is always 
less than the more remote, namely DA 
than DZ, and DZ than DH. 

For let the centre of the circle ABC be taken (1. 1], and 
let it be 77; let ME, MF, MC, MK, ML, MH be joined. 

Then, since 4 M is equal to EM, 
let MD be added to each ; 

therefore 4D is equal to EM, MD. 

But EM, MD are greater than £D; [1. 20] 

therefore AD is also greater than ÆD. 

Again, since ME is equal to MF, 

and MD is common, | 
therefore EM, MD are equal to FM, MD; 

and the angle EMD is greater than the angle FMD ; 

therefore the base ED is greater than the base FD. 
I. 24 

Similarly we can prove that FD is greater than CD : | 
therefore DA is greatest, while DZ is greater than DF, 
and DF than DC. 





11, 8) PROPOSITION 8 19 


Next, since MX, KD are greater than MD, [1. 20] 
and MG is equal to WK, 
therefore the remainder AD is greater than the remainder 


) 


so that GD is less than KD. 


And, since on MD, one of the sides of the triangle MLD, 
two straight lines MX, XD were constructed meeting within 
the triangle, 


therefore 7K, KD are less than WL, LD; [t. 21] 
and WK is equal to WL ; 
therefore the remainder DX is less than the remainder 


Similarly we can prove that DZ is also less than DAH ; 
therefore DG is least, while DX is less than DZ, and 
DL than DAH. 

I say also that only two equal straight lines will fall from 
the point D on the circle, one on each side of the least DG. 

On the straight line MD, and at the point M on it, 
let the angle DMB be constructed equal to the angle XKMD, 
and let DB be joined. 

Then, since MK is equal to 7B, 
and MD is common, 

the two sides XM, MD are equal to the two sides BM, 
MD respectively ; 
and the angle KMD is equal to the angle BMD ; 

therefore the base DØ is equal to the base DB. [1.4] 

I say that no other straight line equal to the straight line 
DK will fall on the circle from the point D. 

For, if possible, let a straight line so fall, and let it be DN. 

Then, since DK is equal to DN, 
while D& is equal to DB, 
DB is also equal to DN, 
that is, the nearer to the least DG equal to the more remote: 
which was proved impossible. 

Therefore no more than two equal straight lines will fall 
on the circle ABC from the point D, one on each side ot 
DG the least. 

Therefore etc. 
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As De Morgan points out, there are here two assumptions similar to 
that tacitly made in the proof of 111. 7, namely that 
X falls within the triangle DZM and E outside 
the triangle DFM. These facts can be proved 
in the same way as the assumption in u. 7. Let 
DE meet FM in Y and LM in Z.. Then, as 
before, MZ is less than MZ and therefore than 
MK. Therefore Æ lies further than Z from 
the foot of the perpendicular from M on DE. 
Similarly E lies further than Y from the foot of the 
same perpendicular. 

Heron deals with lines on offosste sides of the 
diameter through the external point in a manner similar to that adopted in 
his previous note. A 

For the case where Æ, F are the second points in 
which AZ, AF meet the circle the method answers 
well enough. 

If AE is nearer the centre D than AF is, 


sqs. on DG, GE =sqs. on DH, HF 





and sqs. on DG, GA =sgqs. on DH, HA, 
whence, since DG < DH, 
it follows that GE > HF, 

and AG> AH, 


so that, by addition, AE > AF: 


But, if Æ, Z be the points in which AZ, AF first 
meet the circle, the method fails, and Heron is reduced to proving, in the first 
instance, the property usually deduced from 111. 36. He argues thus : 


AKD being an obtuse angle, 
sq. on 4D =sum of sqs. on 4X, XD and twice rect. 4K, KG. [11. 12] 
ALD is also an obtuse angle, and it follows that 
sum of sqs. on AX, KD and twice rect. 4X, KG is equal to 
sum of sqs. on AL, LD and twice rect. AL, LH. 
Therefore, the squares on KD, LD being equal, 
sq on 4K and twice rect. AK, KG =sq. on AZ and twice rect. AZ, LA, 
or sq on AK and rect. AK, KE =sq. on AL and rect. AL, LF, 





i.e. rect. 4K, AE - reci. AL, AF. 
But, by the first part, AE> AF. 
Therefore AK « AL. 


11. 7, 8 deal with the lengths of the several lines drawn to the circum- 
ference of a circle (1) from a point within it, (2) from a point outside it; but a 
similar proposition is true of straight lines drawn from a point on the 
circumference itself: Zf any point be taken on the circumference of a circle, 
then, of all the straight lines which can be drawn from it to the circumference, the 
greatest is that in which the centre is; of any others that which is nearer to the 
straight line which passes through the centre is greater than one more remote ; 
and from the same point there can be drawn to the circumference two straight 
lines, and only two, which are egual to one another, one on each side of the 
greatest line. 
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The converses of 111. 7, 8 and of the proposition just given are also true 
and can easily be proved by reductio ad absurdum. They could be employed 
to throw light on such questions as that of internal contact, and the relative 
position of the centres of circles so touching. This is clear when part of the 
converses is stated : thus (1) if from any point in the plane of a circle a 
number of straight lines be drawn to the circumference of the circle, and one 
of these is greater than any other, the centre of the circle must lie on that one, 
(2) if one of them is less than any other, then, (a) if the point is within the 
circle, the centre is on the minimum straight line produced beyond the point, 
(b) if the point is outside the circle, the centre is on the minimum straight line 
produced beyond the point in which st meets the circle. 


PROPOSITION 9. 


Tf a point be taken within a circle, and more than two 
equal straight lines fall from the point on the circle, the point 
taken is the centre of the circle. 


Let ABC be a circle and D a point within it, and from 
D let more than two equal straight 
lines, namely DA, DB, DC, fall on L 
the circle ABC ; 
I say that the point D is the centre 
of the circle 4 BC. 

For let 4B, BC be joined and K 8 
bisected at the points Æ, F, and let 
ED, FD be joined and drawn through 
to the points C, X, H, L. ^ 

Then, since AF is equal to £B, 
and ED is common, 

the two sides 4 Æ, ED are equal to the two sides BE, ED; 
and the base DA is equal to the base DB; 


therefore the angle 4D is equal to the angle BED. 


(1. 8] 
Therefore each of the angles AED, BED is right; 
[1. Def. 10] 


therefore GX cuts AB into two equal parts and at right 
angles. 

And since, if in a circle a straight line cut a straight line 
into two equal parts and at right angles, the centre of the 
circle is on the cutting straight line, (111. x, Por.] 


the centre of the circle is on GX. 
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For the same reason 
the centre of the circle ABC is also on AL. 


And the straight lines GX, AL have no other point 
common but the point D ; 


therefore the point D is the centre of the circle 4 BC. 
Therefore etc. Q. E. D. 


The result of this proposition is quoted by Aristotle, A/eteorologica III. 3, 
373a 13—16 (cf. note on 1. 8). 

1. g is, as De Morgan remarks, a /ogical equivalent of part of nı. 7, 
where it is proved that every #on-central point is zot a point from which three 
equal straight lines can be drawn to the circle. Thus 11. 7 says that every 
not-A is not-B, and 11. 9 states the equivalent fact that every B is A. 
Mr H. M. Taylor does in effect make a /ogical inference of the theorem that, 
Tf from a point three equal straight lines can be drawn to a circle, that point is 
the centre, by making it a corollary to his proposition which includes the part of 
11. 7 referred to. Euclid does not allow himself these logical inferences, as we 
shall have occasion to observe elsewhere also. 

Of the two proofs of this proposition given in earlier texts of Euclid, 
August and Heiberg regard that translated above as genuine, relegating thé 
other, which Simson gave alone, to a place in an Appendix. Camerer remarks 
that the genuine proof should also have contemplated the case in which one 
or other of the straight lines 4B, BC passes through D. This would however 
have been a departure from Euclid’s manner of taking the most obscure case 
for proof and leaving others to the reader. 

The other proof, that selected by Simson, is as follows : 

“For let a point D be taken within the circle 42 C, and from D let more 
than two equal straight lines, namely 4D, DB, DC, 
fall on the circle 48C ; 

I say that the point D so taken is the centre of the 
circle ABC. 

For suppose it is not; but, if possible, let it be 
E, and let DE be joined and carried through to the 
points /, G. 

Therefore FG is a diameter of the circle ABC. 

Since, then, on the diameter FG of the circle 
ABC a point has been taken which is not the centre 
of the circle, namely D, 

DG is greatest, and DC is greater than DB, and DB than D4. 

But the latter are also equal: which is impossible 

Therefore Æ is not the centre of the circle. 
Similarly we can prove that neither is any other point except D; 
therefore the point 2 is the centre of the circle 47 C. 
Q. E. D.” 

On this Todhunter correctly points out that the point Æ might be 
supposed to fall within the angle ADC. It cannot then be shown that DC 
is greater than DB and DZ than DA, but only that either DC or DA is less 
than DZ; this however is sufficient for establishing the proposition. 
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PROPOSITION 10. 


A circle does not cut a circle at more points than two. 


For, if possible, let the circle ABC cut the circle DEF 
at more points than two, namely 
B,C, F, H; 

let BH, BG be joined and 
bisected at the points A, Z, 
and from K, Z let XC, LM be 
drawn at right angles to BH, 
BG and carried through to the 
points 4, Æ. 

Then, since in the circle 
ABC a straight line AC cuts a 
straight line Æ into two equal 
parts and at right angles, 

the centre of the circle ABC is on 4C. (utr. x, Por.] 

Again, since in the same circle ABC a straight line VO 
cuts a straight line BG into two equal parts and at right 
angles, 





the centre of the circle AAC is on NO. 


But it was also proved to be on AC, and the straight 
lines 4C, VO meet at no point except at P; 


therefore the point P is the centre of the circle ABC. 


Similarly we can prove that P is also the centre of the 
circle DEF; 


therefore the two circles ABC, DEF which cut one 
another have the same centre P: which is impossible. (ir. s] 


Therefore etc. Q. E. D. 


t. The word circle (xóxXos) is here employed in the unusual sense of the circumference 
(wepipepeca) of a circle. Cf. note on I. Def. 15. 


There is nothing in the demonstration of this proposition which assumes 
that the circles cw one another; it proves that two circles cannot meet at more 
than two points, whether they cut or meet without cutting, ie. /owc? one 
another. 

Here again, of two demonstrations given in the earlier texts, Simson chose 
the second, which August and Heiberg relegate to an Appendix and which is 
as follows : 

* For again let the circle 4 8C cut the circle DEF at more points than 
two, namely B, G, H, F; 
let the centre Æ of the circle ABC be taken, and let KB, KG, KF be 
joined, 
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Since then a point Æ has been taken within the circle DEF, 


and from X more than two straight lines, namely 
KB, KF, KG, have fallen on the circle DEF, 


the point K is the centre of the circle DE (ur. 9] 
But K is also the centre of the circle 4C. 
Therefore two circles cutting one another have 

the same centre A: which is impossible. [ui 5] 
Therefore a circle does not cut a circle at more 

points than two. 





Q. E. D.” 


This demonstration is claimed by Heron (see an-Nairizi, ed. Curtze, 
pp. 120—r). It is incomplete because it assumes that the point Æ which is 
taken as the centre of the circle ABC is within the circle DEF. It can 
however be completed by means of 111. 8 and the corresponding proposition 
with reference to a point on the circumference of a circle which was enunciated 
in the note on m1. 8. For (1) if the point Æ is on the circumference of the 
circle DEF, we obtain a contradiction of the latter proposition which asserts 
that only ‘wo equal straight lines can be drawn from X to the circumference 
of the circle DEF; (2) if the point X is outside the circle DEF, we obtain a 
contradiction of the corresponding part of 111. 8. 


Euclid's proof contains an unproved assumption, namely that the lines 
bisecting ZG, BH at right angles wi meet in a point P. For a discussion 
of this assumption see note on IV. 5. 


PROPOSITION II. 


Jf two circles touch one another internally, and their centres 
be taken, the straight line joining their centres, of it be also 
produced, will fall on the point of contact of the circles. 


For let the two circles ABC, ADE touch one another 
internally at the point 4, and let 
the centre Æ of the circle 4 BC, and H 
the centre G of ADE, be taken; Looms 
I say that the straight line joined mK 
from G to Fand produced will fall — / NS 
on A. 

For suppose it does not, but, 
if possible, let it fall às FG77, and 
let AF, AG be joined. 

Then, since 4G, GF are greater 
than FA, that is, than £H, e 

let FG be subtracted from each: 
therefore the remainder AG is greater than the remainder 
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But AG is equal to GD; 
therefore GD is also greater than G 77, 
the less than the greater: which is impossible. 


Therefore the straight line joined from F to G will not 
fall outside ; 


therefore it will fall at 4 on the point of contact. 


Therefore etc. 
Q. E. D. 


2. the straight line joining their centres, literally ‘‘the straight line joined to their 
centres " (7) éwi ra xévrpa avrav émifevyvupdrn ed0eia). 
3. point of contact is here evraQj, and in the enunciation of the next proposition 


eva. 


Again August and Heiberg give in an Appendix the additional or 
alternative proof, which however shows little or no variation from the genuine 
proof and can therefore well be dispensed with. 

The genuine proof is beset with difficulties in consequence of what it 
tacitly assumes in the figure, on the ground, probably, of its being obvious to 
the eye. Camerer has set out these difficulties in a most careful note, the 
heads of which may be given as follows : 

He observes, first, that the straight line joining the centres, when produced, 
must necessarily (though this is not stated by Euclid) be produced tn” the 
direction of the centre of the circle which touches the other internally. (For 
brevity, I shall call this circle the “inner circle,” though I shall imply nothing 
by that term except that it is the circle which touches the other on the inner 
side of the latter, and therefore that, in accordance with the definition of 
touching, points on it in the immediate neighbourhood of the point of contact 
are necessarily zwsthin the circle which it touches.) Camerer then proceeds by 
the following steps. 


1. The two circles, touching at the given point, cannot intersect at any 
point. For, since points on the “inner” in the immediate neighbourhood of 
the point of contact are within the “outer” circle, the inner circle, if it 
intersects the other anywhere, must pass outside it and then return. This is 
only possible (a) if it passes out at one point and returns at another point, or 
(4) if it passes out and returns through one and the same point. (a) is impossible 
because it would require two circles to have /4ree common points ; (4) would 
require that the inner circle should have a zode at the point where it passes 
outside the other, and this is proved to be impossible by drawing any radius 
cutting both loops. 

2. Since the circles cannot intersect, one must be entirely within the 
other. 

3. Therefore the outer circle must be greater than the inner, and the 
radius of the outer greater than that of the inner. 

4. Now, if F be the centre of the greater and G of the inner circle, and 
if FG produced beyond G does zor pass through A, the given point of 
contact, then there are three possible hypotheses. 

(a) A may lie on GF produced beyond Æ 
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(^) .4 may lie outside the line FG altogether, in which case FG produced 
beyond G must, in consequence of result 2 above, either 


(i) meet the circles in a point common to both, or 


(ii) meet the cirzles in two points, of which that which is on the inner 
circle is nearer to G than the other is. 


(a) is then proved to be impossible by means of the fact that the radius of the 
inner circle is less than the radius of the outer. 
(^) (ii) is Euclid’s case; and his proof holds equally of (2) (i), the hypothesis, 
namely, that D and ZZ in the figure coincide. 

Thus all alternative hypotheses are successively shown to be impossible, 
and the proposition is completely established. 


I think, however, that this procedure may be somewhat shortened in the 
following manner. 

In order to make Euclid's proof absolutely conclusive we have only (1) to 
take care to produce FG beyond G, the centre of the “inner ” circle, and then 
(2) to prove that the point in which FG so produced meets the “inner ” circle 
is not further from G than is the point in which it meets the other circle. 
Euclid’s proof is equally valid whether the first point is nearer to G than the 
second or the first point and the second coincide. 

If FG produced beyond G does not pass through 4, there are two 


D 


AON, x 


conceivable hypotheses : (a) 4A may lie on GF produced beyond 7, or (^) 4 
may be outside FG produced either way. In either case, if FG produced 
meets the ‘‘inner” circle in D and the other in Æ, and if GØ is greater than 
GH, then the “inner” circle must cut the “outer” circle at some point 
between 4 and 2, say X. 

But if two circles have a common point X lying on one side of the line of 
centres, they must have another corresponding point on the other side of the 
line of centres. This is clear from 111. 7, 8; for the point is determined by 
drawing from Æ and G, on the opposite side to that where X is, straight 
lines FY, GY making with FD angles equal to the angles DFX, DGX 
respectively. 

Hence the two circles will have at least three points common: which is 
impossible. 

Therefore GD cannot be greater than GH; accordingly GD must be 
either equal to, or less than, GA, and Euclid’s proof 1s valid. 

The particular hypothesis in which FG is supposed to be in the same 
straight line with 4 but G is on the side of F away from £ is easily disposed 
of, and would in any case have been left to the reader by Euclid. 

For GD is either equal to or less than GH. 

Therefore GD is less than FAH, and therefore less than FA. 

But GD is equal to GA, and therefore greater than FA: which is 
impossible. 
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Subject to the same preliminary investigation as that required by Euclid’s 
proof, the proposition can also be proved directly from ttr. 7. 

For, by 111. 7, GH is the shortest straight line that can be drawn from G 
to the circle with centre F; 


therefore GZ is less than GA, 
and therefore less than GD: which 1s absurd. 


This proposition is the crucial one as regards circles which touch internally ; 
and, when it is once established, the relative position of the circles can be 
completely elucidated by means of it and the propositions which have preceded 
it. Thus, in the annexed figure, if F be the centre 
of the outer circle and G the centre of the inner, 
and if any radius FQ of the outer circle meet the 
two circles in Q, P respectively, it follows, from 
i. 7, 11. 8, or the corresponding theorem with 
reference to a point on the circumference, that FA 
is the maximum straight line from Æ to the circum- 
ference of the inner circle, FP is less than FA, 
and FP diminishes in length as FQ moves round 
from FA until FP reaches its minimum length 
FB. Hence the circles do not meet at any other 
point than 4, and the distance PQ cut off between them on any radius FQ 
of the outer circle becomes greater and greater as FQ moves round from F4 
to FC and is a maximum when FQ coincides with FC, after which it 
diminishes again on the other side of FC. 

The same consideration gives the partial converse of rm. £1 which forms 
the 6th lemma of Pappus to the first book of the Zactsones of Apollonius 
(Pappus, vri. p. 826). This is to the effect that, if AB, AC are in one straight 
line, and on one side of A, the circles described on AB, AC as diameters touch 
(internally at the point A). Pappus concludes this from the fact that the 
circles have a common tangent at 4 ; but the truth of it is clear from the fact 
that /P diminishes as ¥Q moves away from F4 on either side ; whence the 
circles meet at 4 but do not cut one another. 

Pappus’ sth lemma (vit. p. 824) is another partial converse, namely that, 
given two circles touching internally at A, and a line ABC drawn from A cutting 
both, then, if the centre of the outer circle lies on ABC, so does the centre of the 
inner. Pappus himself proves this, by means of the common tangent to the 
circles at 4, in two ways. (1) The tangent is at right angles to AC and 
therefore to 48: therefore the centre of the inner circle lies on 47. (2) By 
111. 32, the angles in the alternate segments of both circles are right angles, so 
that ABC is a diameter of both. 





[PROPOSITION 12. 


Zf two circles touch one another externally, the straight 
line joining their centres will pass through the point of 
contact. 


For let the two circles ABC, ADE touch one another 
s externally at the point 4, and let the centre F-of ABC, and 
the centre G of ADE, be taken ; 
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I say that the straight line joined from F to G will pass 
through the point of contact at 4. 


For suppose it does not, B 
to but, if possible, let it pass as 
FCDG, and let AF, AG be 
joined. 


Then, since the point F is DN 


the centre of the circle ABC, 
15 FA is equal to FC. 
Again, since the point G is 
the centre of the circle ADE, 
GA is equal to GD. 
But FA was also proved equal to FC ; 
20 therefore FA, AG are equal to FC, GD, 
so that the whole FG is greater than FA, AG ; 
but it is also less [1. 20]: which is impossible. 


Therefore the straight line joined from F to G will not 
fail to pass through the point of contact at 4 ; 


25 therefore it will pass through it. 
Therefore etc. Q. E. D.] 


23. will not fail to pass. The Greek has the double negative, oùx dpa. )...eUÓ eia... 
ov éedceras, literally ** the straight line... will not so¢-pass....” 


Heron says on 11. 11: “Euclid in propusition 11 has supposed the two 
circles to touch internally, made his proposition deal with this case and proved 
what was sought in it. But J will show how it is to be proved if the contact ts 
external.” He then gives substantially the prouf and figure of m1. 12. It 
seems clear that neither Heron nor an-Nairizi had 11. 12 1n this place. 

Campanus and the Arabic edition of Nasiraddin at-Tisi have nothing more 
of rit. 12 than the following addition to 11. rr. “In the case of external 
contact the two lines ae and e? will be greater than a2, whence aZ and cà will 
be greater than the whole ad, which is false.” (The points a, 2, c, d, e cor- 
respond respectively to G, Æ C, D, A in the above figure.) It is most 
probable that Theon or some other editor added Heron’s proof in his edition 
and made Prop. 12 out of it (an-Nairizi, ed. Curtze, pp. 121—2).  An-Nairizi 
and Campanus, conformably with what has been said, number Prop. 13 of 
Heiberg's text Prop. 12, and so on through the Book. 


What was said in the note on the last proposition applies, mutatis mutandis, 
to this. Camerer proceeds in the same manner as before ; and we may use 
the same alternative argument in this case also. 

Euclid’s proof is valid provided only that, if FG, joining the assumed 
centres, meets the circle with centre Fin C and the other circle in 2, C is 
not within the circle 4DE and 2 is not within the circle ABC. (The proof 
is equally valid whether C, D coincide or the successive points are, as drawn 
in the figure, in the order A, C, D, G.) Now, if C is within the circle 4DE 
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and D within the circle ABC, the circles must have cut between 4 and C 
and between 4A and D. Hence, as before, they must also have another 
corresponding point common on the other side of CD. That is, the circles 
must have ¢4vee common points: which ts impossible. 

Hence Euclid's proof is valid if F, 4, G form a triangle, and the only 
hypothesis which has still to be disproved is the 
hypothesis which he would in any case have left to 
the reader, namely that 4 does not lie on FG but 
on FG produced in either direction. In this case, as 
before, either C, D must coincide or C is nearer 
F than D is. Then the radius /C must be equal 


to FA: which is impossible, since FC cannot be C 
greater than ED, and must therefore be /ess than 
FA. 


Given the same preliminaries, 111. 12 can be proved by means of 111. 8. 

Again, when the proposition 111. 12 is once proved, 111. 8 helps us to prove 
at once that the circles lie entirely outside each other and have no other 
common point than the point of contact. 


Among Pappus’ lemmas to Apollonius’ Tactiones are the two partial 
converses of this proposition corresponding to those given in the last note. 
Lemma 4 (vil. p. 824) is to the effect that, sf AB, AC Ze in one straight line, B 
and C being on opposite sides of A, the circles drawn on AB, AC as diameters 
touch externally at A. Lemma 3 (vii. p. 822) states that, ¿f two circles touch 
externally at Aand BAC ts drawn through A cutting both circles and containing 
the centre of one, BAC will also contain the centre of the other. The proofs, as 
before, use the common tangent at 4. 


Mr H. M. Taylor gets over the difficulties involved by 1. 11, 12 in a 
manner which is most ingenious but not Euclidean. He first proves that, sf ‘wo 
circles meet ata point not in the same straight line with their centres, the circles 
intersect at that point; this is very easily established by means of 111. 7, 8 and 
the third similar theorem. Then he gives as a corollary the statement that, £f 
two circles touch, the point of contact is in the same straight line with thar 
centres. It is not explained how this is inferred from the substantive 
proposition; it seems, however, to be a /oyica/ inference simply. By the 
proposition, every 4 (circles meeting at a point not in the same straight line 
with the centre) is B (circles which intersect); therefore every not-B is not-4, 
i.e. circles which do not intersect do not meet at a point not in the same 
straight line with the centres. Now non-intersecting circles may either meet 
(i.e. touch) or not meet. In the former case they must meet oz the line of 
centres : for, if they met at a point not in that line, they would intersect. But 
such a purely /ogica/ inference is foreign to Euclid’s manner. As De Morgan 
says, ‘Euclid may have been ignorant of the identity of * Every X is Y’ and 
* Every not- Y is not-.X,' for anything that appears in his writings; he makes 
the one follow from the other by a new proof each time" (quoted in Keynes' 
formal Logic, p. 81). 

There is no difficulty in proving, by means of 1. 20, Mr Taylor's next 
proposition that, ¿f two circles meet at a point which les in the same straight 
line as their centres and is between the centres, the circles touch at that point, and 
each circle lies without the other. But the similar proof, by means of t. 20, of 
the corresponding theorem for internal contact seems to be open to the same 
objection as Euclid’s proof of 111. 11 in that it assumes without proof that the 
circle which has its centre nearest to the point of meeting is the “inner” 
circle. Lastly, in order to prove that, ¿f two circles have a point of contact, they 
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do not meet at any other point, Mr Taylor uses the questionable corollary. 
tC in any case his alternative procedure does not seem preferable to 
uclid’ 

The alternative to Eucl. i11. 11—13 which finds most favour in modern 
continental text-books (e.g. Legendre, Baltzer, Henrici and Treutlein, 
Veronese, Ingrami, Enriques and Amaldi) connects the number, position and 
nature of the coincidences between points on two circles with the relation in 
which the distance between their centres stands to the length of their radii. 
Enriques and Amaldi, whose treatment of the different cases is typical, give 
the following propositions (Veronese gives them in the converse form). 


1. Jf the distance between the centres of two circles is greater than the sum 
of the radii, the two circles have no point common and are external to one 
another. 


Let O, O be the centres of the circles (which we will call “the circles 
O, O”) r, r their radii respectively. 

Since then OO' »r * 7,a fortiori OO' » r, and Ó' is therefore exterior to 
the circle O. 

Next, the circumference of the circle O intersects OO’ in a point 4, and 
since OO » r «r', AO » r', and A is 
external to the circle O. 

But O'A is less than any straight 
line, as O'B, drawn to the circum- 
ference of the circle O (111. 8) ; hence 
all points, as Z, on the circumference 
of the circle O are external to the circle 





Lastly, if C be any point internal 
to the circle O, the sum of OC, O'C is 
greater than O'O, and a fortiori greater than r + 7’. 

But OC is less than z: therefore O'C is greater than 7, or C is external 
to O. 

Similarly we prove that any point on or within the circumference of the 
circle O’ is external to the circle O. 

2. 4f the distance between the centres of two unequal circles ts less than the 
difference of the radit, the two circumferences have no common point and the lesser 
circle ts entirely within the greater. 

Let O, O' be the centres of the two circles, 7, 7’ their radii respectively 
(r « 7). 

Since OO' « */ — rz, a fortiori OO' «r,so that O is 
internal to the circle O’. 

If A, A’ be the points in which the straight line 
O'O intersects respectively the circumferences of the 
circles O, O', ATA 

O'O is less than O'A’ — OA, 
so that O'O+ OA, or O'4A, is less than O'4', 
and therefore A is internal to the circle O’. 

But, of all the straight lines from O’ to the circumference of the circle O, 
O'A passing through the centre O is the greatest (111. 7] ; 
whence all the points of the circumference of O are internal to the circle O’. 


A similar argument to the preceding will show that all points within the 
circle O are internal to the circle O’. 
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3. Lf the distance between the centres of two circles is egual to the sum of the 
radii, the two circumferences have one point common and one only, and that point 
is on the line of centres. Each circle is external to the other. 


Let O, O' be the centres, 7, 7’ the radii of the circles, so that OO’ is equal 
tor+z. 

Thus OO is greater than 7, so that O’ 
is external to the circle O, and the circum- 
ference of the circle O cuts OQO’ in a 
point 4. 

And, since OO" is equal to 7 +», and 
OA to r, it follows that O'A is equal to 7, 
so that 4 belongs also to the circumference 
of the circle O’. 

The proof that all other points on, and 
all points within, the circumference of the circle O are external to the circle O' 
follows the similar proof of prop. 1 above. And similarly all points (except 44) 
on, n all points within, the circumference of the circle O’ are external to the 
circle O. 

The two circles, having one common point only, fouch at that point, which 
lies, as shown, on the line of centres. And, since the circles are external to 
one another, they touch externally. 


4. 4f the distance between the centres of two unequal circles is egual to the 
difference between the radii, the two circumferences have one point and one only in 
common, and that point lies on the line of centres. The lesser circle ts within the 
other. 


The proof is that of prop. 2 above, mutatis mutandis. 
The circles here touch internally at the point on the line of centres. 


5. Lf the distance between the centres of two circles ts less than the sum, and 
greater than the difference, of the radii, the two circumferences have two common 
points symmetrically situated with respect to the line of centres but not lying on 
that line. 


Let O, O' be the centres of the two circles, r, 7’ their radii, 7% being the 


greater, so that 
r-r<00<r+r. 


It follows that in any case OO + r> r, so that, if OM be taken on O'O 
produced equal to r (so that Æ is on the circumference of the circle O), M is 
external to the circle O’. 

We have to use the same Postulate as in Eucl. 1. 1 that 

An arc of a circle which has one extremity within and the other without a 
given circle has one point common with the 
latter and only one ; from which it follows, 
if we consider two such arcs making a 
complete circumference, that, if a circum- 
ference of a circle passes through one point 
internal to, and one point external to a 
given. circle, tt cuts the latter circle in two 
points. 

We have then to prove that the circle O, 
besides having one point M of its circum- 
ference external to the circle O’, has one other point of its circumference (Z) 
internal to the latter circle. 
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Three cases have to be distinguished according as OO’ is greater than, equal 
to, or less than, the radius x of the lesser circle. 

(1) OO'»r. (See the preceding figure.) A 

Measure OL along OO' equal to v, so that 
L lies on the circumference of the circle O. 

Then, since OO' « x « 7", OL will be less y 
than 7’, so that Z is within the circle 0’. M 


(2) OO'zr. 
In this case the circumference of the circle 
O passes through Ó', or Z coincides with O'. : 


(3) OO «r. 

If we measure OL along OO' equal to rz, the point Z will lie on the 
circumference of the circle O. 

Then O'L=r- OO, 
so that O'Z <r, and a fortiori O'L <r, so that Z 
lies within the circle O'. 


Thus, in all three cases, since the circumference 
of O passes through one point (7) external to, and 
one point (Z) internal to, the circle O', the two 
circumferences intersect in two points 4, 7 [Post.] 

And A, B cannot lie on the line of centres OO, 
since this straight line intersects the circle O in 
L, M only, and of these points one is inside, the other outside, the circle 0. 

Since AB is a common chord of both circles, the straight line bisecting it 
at right angles passes through both centres, 1.e. is identical with OO’. 

And again by means of 111. 7, 8 we prove that all points except 4, B on 
the arc ALAS lie within the circle O’, and all points except 4, B on the arc 
4 M B outside that circle ; and so on. 





PROPOSITION 13. 


A circle does not touch a circle at more points than one, 
whether it touch tt internally or externally. 


For, if possible, let the circle ABDC touch the circle 
EBFD), first internally, at more 
s points than one, namely 2, B. 
Let the centre G of the circle 
ABDC, and the centre H of 
EBFD, be taken. 
Therefore the straight line 
10 joined from G to 77 will fall on 
B, D. (ur. 11] 
Let it so fall, as BGAD. 
Then, since the point G is 
the centre of the circle 4 8CD, 


15 BG is equal to GD; 
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therefore BG is greater than 77D ; 
therefote BH is much greater than 772. 


Again, since the point Æ is the centre of the circle 
EBFD, 
20 BH is equal to HD ; 


but it was also proved much greater than it: which is 
impossible, 
Therefore a circle does not touch a circle internally at 
more points than one. 
25 | say further that neither does it so touch it externally. 
For, if possible, let the circle ACA touch the circle 
ABDC at more points than one, namely 4, C, 
and let AC be joined. 
Then, since on the circumference of each of the circles 
30. ABDC, ACK two points A, C have been taken at random, 
the straight line joining the points will fall within each 
circle ; (nı. 2] 
but it fell within the circle BCD and outside ACK 
(1. Def. 3]: which is absurd. 


3s Therefore a circle does not touch a circle externally at 
more points than one. 
And it was proved that neither does it so touch it 
internally. 
Therefore etc. Q. E. D. 


3, 7) £4, 27, 30, 33- ABDC. Euclid writes ABCD (here and in the next proposition), 
notwithstanding the order in which the points are placed in the figure. 

25, 37. does it so touch it. It is necessary to supply these words which the Greek 
(ör: 008€ éxrós and 5r« o088 évrós) leaves to be understood. 


The difficulties which have been felt in regard to the proofs of this 
proposition need not trouble us now, because they have already been disposed 
of in the discussion of the more crucial propositions 11. 11, 12. 

Euclid’s proof of the first part of the proposition differs from Simson’s ; 
and we will deal with Euclid’s first. On this Camerer remarks that it is 
assumed that the supposed second point of contact lies on the line of centres 
produced beyond the centre of the “outer” circle, whereas all that is proved in 
111, 11 is that the line of centres produced beyond the centre of the “inner” circle 
passes through a point of contact. But, by the same argument as that given 
on nı. 11, we show that the circles cannot have a point of contact, or even 
any common point, outside the line of centres, because, if there were such a 
point, there would be a corresponding common point on the other side of the 
line, and the circles would have ‘sree common points. Hence the only 
hypothesis left is that the second point of contact may be o^ the line of 
centres but in the direction of the centre of the “outer” circle ; and Euclid’s 
proof disposes of this hypothesis. 
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Heron (in an-Nairizi, ed. Curtze, pp. 122—4), curiously enough, does not 
question Euclid’s assumption that the line of centres passes through both 
points of contact (if double contact is possible) ; but he devotes some space to 
proving that the centre of the “outer” circle must lie within the “inner” circle, a 
fact which he represents Euclid as asserting (“sicut dixit Euclides "), though 
there is no such assertion in our text. The proof of the fact is of course easy. 
If the line of centres passes through both points of contact, and the centre of 
the “outer” circle lies either on or outside the “inner” circle, the line of 
centres must cut the “inner” circle in ¢/ree points in all: which is impossible, 
as Heron shows by the lemma, which he places here (and proves by 1. 16), 
that @ straight line cannot cut the circumference of a circle in more points 
than two. 

Simson’s proof is as follows (there is no real need for giving two figures as 
he does 

“Tf A be possible, let the circle Z7 touch the circle 42C in more 
points than one, and first on the inside, in the 
points B, D; join BD, and draw GH bisecting 
BD at right angles. 

Therefore, because the points B, D are in the 
circumference of each of the circles, the straight 
line BD falls within each of them: And their 
centres are in the straight line GH which bisects 
BD at right angles : 

Therefore GH passes through the point of 
contact (111. 11]; but it does not pass through it, 
because the points Z, D are without the straight line GÆ: which is absurd. 

Therefore one circle cannot touch another on the inside in more points 
than one.” 

On this Camerer remarks that, unless 111. 11.be more completely elucidated 
than it is by Euclid’s demonstration, which Simson has, it is not sufficiently 
clear that, besides the point of contact in which GAH meets the circles, they 
cannot have another point of contact either (1) on G or (2) outside it. 
Here again the latter supposition (2) is rendered impossible because in that 
case there would be a third common point on the opposite side of G7 ; and 
the former supposition,(1) is that which Euclid’s proof destroys. 

Simson retains Euclid’s proof of the second part of the proposition, though 
his own proof of the first part would apply to the second part also if a 
reference to 111. 12 were substituted for the reference to 11. 11. Euclid might 
also have proved the second part by the same method as that which he 
employs for the first part. 





PROPOSITION 14. 


In a circle equal straight lines are equally distant from 
the centre, and those which are equally distant from the centre 
are equal to one another. 

Let ABDC be a circle, and let AB, CD be equal straight 
lines in it; 

I say that 42, CD are equally distant from the centre. 
For let the centre of the circle ABDC be taken (ur. 1), 
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and let it be Æ; from Æ let EF, EG be drawn perpendicular 
to AB, CD, and tet AZ, EC be joined. 

Then, since a straight line EF through D 
the centre cutsa straight line 4 P not through 
the centre at right angles, it also bisects it. 8 


(1. 3] 
Therefore AF is equal to FB; 


therefore AB is double of AF. E 

For the same reason 

CD is also double of CG; 
and AB is equal to CD ; 
therefore AF is also equal to CG. 
And, since 4 Æ is equal to EC, 
the square on 4£ is also equal to the square on EC. 
But the squares on 4/, £F are equal to the square on AZ, 
for the angle at F is right; 
and the squares on EG, GC are equal to the square on EC, 
for the angle at G is right ; (1. 47] 
therefore the squares on AF, FE are equal to the 
squares on CG, GE, 
of which the square on AF is equal to the square on CG, 
for AF is equal to CG ; 
therefore the square on FZ which remains is equal to 
the square on EG, 
therefore ZF is equal to EG. 

But in a circle straight lines are said to be equally distant 
from the centre when the perpendiculars drawn to them from 
the centre are equal ; (111. Def. 4] 

therefore 445, CD are equally distant from the centre. 

Next, let the straight lines 48, CD be equally distant 
from the centre; that is, let EF be equal to ZG. 

I say that AB is also equal to CD. 

For, with the same construction, we can prove, similarly, 
that 42 is double of 4, and CD of CG. 

And, since 4 E is equal to CZ, 

the square on AZ is equal to the square on CZ. 
But the squares on £F, FA are equal to the square on AZ£, 
and the squares on EG, GC equal to the square on CE. [1. 47] 
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Therefore the squares on EF, FA are equal to the 
squares on EG, GC, 
of which the square on E is equal to the square on ÆG, 
for EF is equal to EG ; 
therefore the square on AF which remains is equal to the 
square on CG ; 
therefore AF is equal to CG. 
And AB is double of A F, and CD double of CG; 
therefore AZ is equal to CD. 
Therefore etc. 
Q. E. D. 


Heron (an-Nairizi, pp. 125—7) has an elaborate addition to this proposition 
in which he proves, first by reductio ad absurdum, and then directly, that the 
centre of the circle falls between the two chords. 


PROPOSITION 15. 


Of straight lines in a circle the diameter is greatest, 
and of the rest the nearer to the centre is always greater than 
the more remote. 


Let ABCD be a circle, let AD be its diameter and £ 
the centre; and let BC be nearer to the 
diameter AD, and FG more remote ; 

I say that AD is greatest and BC 
greater than FG. 

For from the centre £ let EH, EK 
be drawn perpendicular to BC, FG. 

Then, since BC is nearer to the 
centre and FG more remote, EK is 
greater than E. (ut. Def. 5] 

Let EL be made equal to £7, 
through Z let LM be drawn at right 
angles to EK and carried through to N, and let WE, EN, 
FÉ, EG be joined. 

Then, since E77 is equal to EL, 


BC is also equal to WN. [ur. 14] 
Again, since AZ is equal to EM, and ED to EN, 
AD is equal to ME, EN. 
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But WE, EWN are greater than MN, (1. 20] 
and MN is equal to BC; 
therefore 4D is greater than BC. 


And, since the two sides ZZ, EN are equal to the two 
sides FE, EG, 


and the angle MEN greater than the angle FEG, 
therefore the base MAN is greater than the base FG. (r. 24] 


But MN was proved equal to AC. 
Therefore the diameter 4D is greatest and SC greater 
than FG. 


Therefore etc. Q. E. D. 


1. Of straight lines. The Greek leaves these words to be understood. 

. Nearer to the diameter AD. As £C, FG are not in general parallel to 42, 
Euclid should have said ‘' nearer to the centre.” 

It will be observed that Euclid’s proof differs from that given in our text- 
books (which is Simson's) in that Euclid introduces another line MN, which 
is drawn so as to be equal to BC but at right angles to EX and therefore 
parallel to FG. Simson dispenses with MN and bases his proof on a similar 
proof by Theodosius (Sphaerica 1.6). He proves that the sum of the squares 
on EH, AB is equal to the sum of the squares on EX, AF; whence he 
infers that, since the square on EZ is less than the square on EK, the square 
on ZZ is greater than the square on FX. It may be that Euclid would have 
regarded this as too complicated an inference to make without explanation or 
without an increase in the number of his axioms. But, on the other hand, 
Euclid himself assumes that the angle subtended at the centre by AZM is 
greater than the angle subtended by /G, or, in other words, that M, W both 
fall outside the triangle AEG. — This is a similar assumption to that made in 
i. 7, 8, as already noticed; and its truth is obvious because E, EN, being 
radii of the circle, are greater than the distances from £ to the points in which 
MN cuts EF, EG, and therefore the latter points are nearer than M, N are to 
L, the foot of the perpendicular from E to MN. 

Simson adds the converse of the proposition, proving it in the same way 
as he proves the proposition itself. 


PROPOSITION 16. 


The straight line drawn at right angles to the diameter 
of a circle from us extremity will fall outside the circle, and 
ento (he space between the straight line and the circumference 
another straight line cannot be interposed ; further the angle 
of the semicircle is greater, and the remaining angle less, than 
any acute rectilineal angle. 


Let ABC be a circle about D as centre and AB as 
diameter ; 
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I say that the straight line drawn from 4 at right angles 
to AB from its extremity will fall 
outside the circle. 

For suppose it does not, but, 
if possible, let it fall within as CA, 
and let DC be joined. 

Since DA is equal to DC, 

the angle DAC is also equal to 
the angle ACD. (1. 5] 

But the angle DAC is right; 

therefore the angle 4CD is also right: 
thus, in the triangle 4CD, the two angles DAC, ACD are 
equal to two right angles: which is impossible. [1. 17] 

Therefore the straight line drawn from the point 4 at 
right angles to BA will not fall within the circle. 

Similarly we can prove that neither will it fall on the 
circumference ; 

therefore it will fall outside. 
Let it fall as AE; 


I say next that into the space between the straight line 4 Æ 
and the circumference CHA another straight line cannot be 
interposed. 

For, if possible, let another straight line be so interposed, 
as FA, and let DG be drawn from the point D perpendicular 
to FA. 

Then, since the angle 4GD is right, 

and the angle DAG is less than a right angle, 
AD is greater than DG. (1. 19] 

But DA is equal to DH; 

therefore DH is greater than DG, the less than the 
greater: which is impossible. 

Therefore another straight line cannot be interposed into 
the space between the straight liné and the circumference. 


I say further that the angle of the semicircle contained by 
the straight line 84 and the circumference C//A is greater 
than any acute rectilineal angle, 


and the remaining angle contained by the circumference CHA 
and the straight line 74 E is less than any acute rectilineal angle. 

For, if there is any rectilineal angle greater than the 
angle contained by the straight line BA and the circumference 
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CHA, and any rectilineal angle less than the angle contained 
by the circumference CHA and the straight line A Æ, then 
into the space between the circumference and the straight line 
AE a straight line will be interposed such as will make an 
angle contained by straight lines which is greater than the 
— contained by the straight line 774 and the circumference 
CHA, and another angle contained by straight lines which 
is less than the angle contained by the circumference CHS 
and the straight line 4 Æ. 
But such a straight line cannot be interposed ; 


therefore there will not be any acute angle contained by 
straight lines which is greater than the angle contained by 
the straight line BA and the circumference CAA, nor yet 
any acute angle contained by straight lines which is less than 
the angle contained by the circumference CHA and the 
straight line 4 E.— 


PonisM. . From this it is manifest that the straight line 
drawn at right angles to the diameter of a circle from its 


extremity touches the circle. Q. E. D 


«. cannot be interposed, literally ‘‘ will not fall in between" (o6 wapeywec irai). 


This proposition is historically interesting because of the controversies to 
which the last part of it gave rise from the 13th to the 17th centuries. 
History was here repeating itself, for it is certain that, in ancient Greece, both 
before and after Euclid's time, there had been a great deal of the same sort 
of contention about the nature of the “angle of a semicircle” and the 
“remaining angle” between the circumference of the semicircle and the 
tangent at its extremity. As we have seen (note on 1.. Def. 8), the latter angle 
had a recognised name, xeparoedns ywvia, horn-like or cornicular angle; 
though this term does not appear in Euclid, it is often used by Proclus, 
evidently as a term well understood. While it is from Proclus that we get the 
best idea of the ancient controversies on this subject, we may, I think, infer 
their prevalence in Euclid’s time from this solitary appearance of the two 
“angles” in the Elements. Along with the definition of the angle of a 
segment, it seems to show that, although these angles are only mentioned to 
be dropped again immediately, and are of no use in elementary geometry, or 
even at all, Euclid thought that an allusion to them would be expected of 
him ; it is as if he merely meant to guard himself against appearing to ignore 
a subject which the geometers of his time regarded with interest. If this 
conjecture is right, the mention of these angles would correspond to the 
insertion of definitions of which he makes no use, e.g. those of a rhombus and 
a rhomboid. 

Proclus has no hesitation in speaking of the “angle of a semicircle” and 
the “‘horn-like angle” as true angles. Thus he says that “angles are contained 
by a straight line and a circumference in two ways; for they are either 
contained by a straight line and a convex circumference, like. that of the semi- 
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circle, or by a straight line and a concave circumference, like the xeparoedys” 
(p. 127, 11—14). ‘There are mixed lines, as spirals, and angles, as the angle 
of a semicircle and the xeparoedyjs” (p. 104, 16—18). The difficulty which 
the ancients felt arose from the very fact which Euclid embodies in this 
proposition. Since an angle can be divided by a line, it would seem to be a 
magnitude; “but if it is a magnitude, and all homogeneous magnitudes which 
are finite have a ratio to one another, then all homogeneous angles, or rather 
all those on surfaces, will have a ratio to one another, so that the cornicular 
will also have a ratio to the rectilineal. But things which have a ratio to one 
another can, if multiplied, exceed one another. Therefore the cornicular 
angle will also sometime exceed the rectilineal ; which is impossible, for it is 
proved that the former is less than any rectilineal angle” (Proclus, p. 121, 
24—122, 6). The nature of contact between straight lines and circles was 
also involved in the question, and that this was the subject of controversy 
before Euclid's time is clear from the title of a work attributed to Democritus 
(fl. 420—400 B.C.) s«pi &a$opijs yvojovos 1) epi iyavavos. kukXov xai adaipys, 
On a difference in a gnomon or on contact of a circle and a sphere. There is, 
however, another reading of the first words of this title as given by Diogenes 
Laertius (1X. 47), namely epi Stadopys ywwuys. On a difference of opinion, etc. 
May it not be that neither reading is correct, but that the words should be 
wept Scahopys ywvins À mep pavoros xvxAXov xai odaipys, On a difference in an 
angle or on contact with a circle and a sphere? There would, of course, 
hardly be any “angle” in connexion with the sphere; but I do not think that 
this constitutes any difficulty, because the sphere might easily be tacked on as 
a kindred subject to tiie circle. A curiously similar collocation of words 
appears in a passage of Proclus, though this may be an accident. He says 
(p. 50, 4) râs ô ywridy Stadopas A€yopey xai abéjyoas atray ...and then, in 
the next line but one, wus Ó6 ràs d$às ràv kixAwr 7) ràv «Dew, "In what 
sense do we speak of differences of angles and of increases of them ... and in 
what sense of the contacts (or meetings) of circles or of straight lines?” 
I cannot help thinking that this subject of cornicudar angles would have had 
a fascination for Democritus as being akin to the question of infinitesimals, 
and very much of the same character as the other question which Plutarch 
(On Common Notions, XXXIX. 3) says that he raised, namely that of the 
relation between the base of a cone and a section of it by a plane parallel to 
the base and apparently, to judge by the context, infinitely near to it: “if 
a cone were cut by a plane parallel to its base, what must we think of the 
surfaces of the sections, that they are equal or unequal? For, if they are 
unequal, they will make the cone irregular, as having many indentations like 
steps, and unevennesses ; but, if they are equal, the sections will be equal, 
and the cone will appear to have the property of the cylinder, as being made 
up of equal and not unequal circles, which is the height of absurdity.” 

‘lhe contributions by Democritus to such investigations are further attested 
by a passage in the Method of Archimedes discovered by Heiberg in 1906 
(Archimedes, ed. Heiberg, Vol. 11. 1913, p. 430; T. L. Heath, 77e Method 
of Archimedes, 1912, p. 13), which says that, though Eudoxus was the first to 
discover the scientific proof of the propositions (attributed to him) that the 
cone and the pyramid are one-third of the cylinder and prism respectively 
which have the same base and equal height, they were first stated, without 
proof, by Democritus. 

A full history of the later controversies about the cornicular “angle” 
cannot be given here; more on the subject will be found in Camerer’s 
Euclid (Excursus 1v. on 111. 16) or in Cantor’s Geschichte der Mathematik. 
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Vol. 11. (see Contingenzwinkel in the index). But the following short note 
about the attitude of certain well-known mathematicians to the question will 
perhaps not be out of place. Johannes Campanus, who edited Euclid in 
the 13th century, inferred from 111. 16 that there was a flaw in the principle 
that the transition from the less fo the greater, or vice versá, takes place through 
all intermediate quantities and therefore through the equal. If a diameter of a 
circle, he says, be moved about its extremity until it takes the position of the 
tangent to that circle, then, as long as it cuts the circle, it makes an acute 
angle /ess than the “angle of a semicircle” ; but the moment it ceases to cut, 
it makes a right angle greater than the same “angle of a semicircle.” The 
rectilineal angle is never, during the transition, egua/ to the “ angle of a semi- 
circle.” There is therefore an apparent inconsistency with x. t, and Campanus 
could only observe (as he does on that proposition), in explanation of the 
paradox, that "these are not angles in the same sense (univoce), for the 
curved and the straight are not things of the same kind without qualification 
(simpliciter)." The argument assumes, of course, that the right angle ¢s 
greater than the “angle of a semicircle.” 

Very similar is the statement of the paradox by Cardano (1501—1576), 
who observed that a guantity may continually increase without limit, and 
another diminish without limit ; and yet the first, however increased, may be less 
than the second, however diminished. The first quantity is of course the angle 
of contact, as he calls it, which may be “increased” indefinitely by drawing 
smaller and smaller circles touching the same straight line at the same point, 
but will always be less than any acute rectilineal angle however small. 

We next come to the French geometer, Peletier (Peletarius), who edited the 
Elements in 15§57,and whose views on this subject seem to mark a great advance. 
Peletier’s opinions and arguments are most easily accessible in the account of 
them given by Clavius (Christoph Klau (?], 1537—1612) in the 1607 edition of 
his Euclid. The violence of the controversy between the two will be understood 
from the fact that the arguments and counter-arguments (which sometimes run 
into other matters than the particular question at issue) cover, in that book, 
26 pages of small print. Peletier held that the “angle of contact" was not an 
angle at all, that the “contact of two circles,” i.e. the “angle” between the 
circumferences of two circles touching one another internally or externally, is 
not a quantity, and that the “contact of a straight line with a circle” is not a 
quantity either; that angles contained by a diameter and a circumference 
whether inside or outside the circle are zgh! angles and equal to rectilineal 
right angles, and that angles contained by a diameter and the circumference 
in a% circles are egual. The proof which Peletier gave of the latter pro- 
position in a letter to Cardano is sufficiently ingenious. If a greater and 
a less semicircle be placed with their diameters terminating at a common 
point and lying in a straight line, then (1) the angle of the larger obviously 
cannot be /ess than the angle of the smaller. Neither (2) can the former be 
greater than the latter; for, if it were, we could obtain another angle of a 
semicircle greater still by drawing a still larger semicircle, and so on, until we 
should ultimately have an angle of a semicircle greater than a right angle: which 
is impossible. Hence the angles of semicircles must all be egua/, and the dif- 
ferences between them nothing. Having satisfied himself that all angles of 
contact are not-angles, zof-quantities, and therefore nothings, Peletier holds the 
difficulty about x. 1 to be at an end. He adds the interesting remark that 
the essence of an angle is in cutting, not contact, and that a tangent is not 
inclined to the circle at the point of contact but is, as it were, immersed in it at 
that point, just as much as if the circle did not diverge from it on either side. 
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The reply of Clavius need not detain us. He argues,’ evidently appealing 
to the eye, that the angle of contact can be divided by the arc of a circle 
greater than the given one, that the angles of two semicircles of different sizes 
cannot be equal, since they do not coincide if they are applied to one another, 
that there is nothing to prevent angles of contact from being quantities, it being 
only necessary, in view of x. 1, to admit that they are not of the same kind as 
rectilineal angles; lastly that, if the angle of contact had been a nothing, 
Euclid would not have given himself so much trouble to prove that it is less 
than any acute angle. (The word is desudasset, which is certainly an 
exaggeration as applied to what is little more than an obiter dictum in 11. 16.) 

Vieta (1540—1603) ranged himself on the side of Peletier, maintaining 
that the angle of contact is no angle; only he uses a new method of proof. 
The circle, he says, may be regarded as a plane figure with an infinite number 
of sides and angles ; but @ straight line touching a straight line, however short 
tt may be, will coincide with that straight line and will not make an angle. 
Never before, says Cantor (11,, p. §40), had it been so plainly declared what 
exactly was to be understood by contact. 

Galileo Galilei (1564—-1642) seems to have held the same view as Vieta 
and to have supported it by a very similar argument derived from the com- 
parison of the circle and an inscribed polygon with an infinite number of 
sides. 

The last writer on the question who must be mentioned is John Wallis 
(1616—1703). He published in 1656 a paper entitled De angulo contactus et 
semicirculi tractatus in which he also maintained that the so-called angle was 
not a true angle, and was not a guantity. Vincent Leotaud (1595—1672) 
took up the cudgels for Clavius in his Cyclomathia which appeared in 1663. 
This brought a reply from Wallis in a letter to Leotaud dated 17 February, 
1667, but not apparently published till it appeared in 4 defense of the treatise 
of the angle of contact which, with a separate title-page, and date 1684, was 
included in the English edition of his Algebra dated 1685. The essence of 
Wallis’ position may be put as follows. According to Euclid’s definition, a 
plane angle is an :nc/ination of two lines; therefore two lines forming an angle 
must incline to one another, and, if two lines meet without being inclined to 
one another at the point of meeting (which is the case when a circumference 
is touched by a straight line), the lines do not form an angle. The “angle of 
contact” is therefore no angle, because af the point of contact the straight line 
is not inclined to the circle but lies on it dxAwas, or is coincident with it. 
Again, as a point is not a line but a degrnning of a line, and a line is not a 
surface but a deginning of a surface, so an angle is not the distance between 
two lines, but their initial tendency towards separation: Angulus (seu gradus 
divaricationis) Distantia non est sed Inceptivus distantiae. How far lines, which 
at their point of meeting do not form an angle, separate from one another as 
they pass on depends on the degree of curvature (gradus curvitatis), and it is 
the latter which has to be compared in the case of two lines so meeting. The 
arc of a smaller circle is more curved as having as much curvature in a lesser 
length, and is therefore curved in a greater degree. Thus what Clavius called 
angulus contactus becomes with Wallis gradus curvitatis, the use of which 
expression shows that curvature and curvature can be compared according to 
one and the same standard. A straight line has the least possible curvature ; 
but of the “angle” made by it with a curve which it touches we cannot say that 
it is greater or less than the “angle” which a second curve touching the same 
straight line at the same point makes with the first curve; for in both cases 
there is no true angle at all (cf. Cantor 115, p. 24). 
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The words usually given as a part of the corollary “and that a straight line 
touches a circle at one point only, since in fact the straight line meeting it in 
two points was proved to fall within it” are omitted by Heiberg as being an 
undoubted addition of Theon’s. It was Simson who added the further remark 
that “it is evident that there can be but one straight line which touches the 
circle at the same point." 


PROPOSITION 17. 


From a given point to draw a straight line touching a 
given circle. 


Let 4 be the given point, and BCD the given circle ; 
thus it is required to draw from the point 4 a straight line 
touching the circle BCD. 

For let the centre Æ of the circle 
be taken ; (ut. 1} 


let AL be joined, and with centre Æ 
and distance £A let the circle AFG 
be described ; 


from D let DF be drawn at right 
angles to £A, 


and let EF, AB be joined ; 


I say that AB has been drawn from 
the point 4 touching the circle BCD. 


For, since Æ is the centre of the circles BCD, AFG, 
EA is equal to EF, and £D to EB; 


theretore the two sides AZ, EB are equal to the two sides 
FE, ED: 


and they contain a common angle, the angle at £ ; 
therefore the base DF is equal to the base 4B, 
and the triangle DEF is equal to the triangle BEA, 
and the remaining angles to the remaining angles ; [1. 4] 
therefore the angle EDF is equal to the angle EBA. 
But the angle EDF is right ; 
therefore the angle EBA is also right. 
Now £A is a radius ; 
and the straight line drawn at right angles to the diameter 
of a circle, from its extremity, touches the circle; [ur 16, Por.] 
therefore AB touches the circle BCD. 
Therefore from the given point 4 the straight line 4B 
has been drawn touching the circle BCD. 
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The construction shows, of course, that two straight lines can be drawn 
from a given external point to touch a given circle; and it is equally obvious 
that these two straight lines are equal in length and equally inclined to the 
straight line joining the external point to the centre of the given circle. 
These facts are given by Heron (an-Nairizi, p. 130). 

It is true that Euclid leaves out the case where the given point lies on the 
circumference of the circle, doubtless because the construction is so directly 
indicated by 111. 16, Por. as to be scarcely worth a separate statement. 

An easier solution is of course possible as soon as we know (111. 31) that 
the angle in a semicircle is a right angle; for we have only to describe a 
circle on AE as diameter, and this circle cuts the given circle in the two points 
of contact. 


PROPOSITION 18. 


Jf a straight line touch a circle, and a straight line be 
Joined from the centre to the point of contact, the straight line 
so joined will be perpendicular to the tangent. 


For let a straight line DZ touch the circle ABC at the 
point C, let the centre F of the 
circle ABC be taken, and let FC 
be joined from F to C; 


I say that FC is perpendicular to 
DE. 


For, if not, let FG be drawn 
from F perpendicular to DE. 
Then, since the angle FGC is 
right, 
the angle FCG is acute; [1. 17] 


and the greater angle is subtended 
by the greater side ; [1. 19] 


therefore FC is greater than FG. 
But FC is equal to FB ; 
therefore FB is also greater than FG, 
the less than the greater: which is impossible. 
Therefore FG is not perpendicular to DE. 


Similarly we can prove that neither is any other straight 
line except FC ; 


therefore FC is perpendicular to DE. 
Therefore etc. 
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Just as iri. 3 contains two partial converses of the Porism to 111. 1, sO 
the present proposition and the next give :wo partial converses of the 
Corollary to 111. 16. We may show their relation thus: suppose three things, 
(1) a tangent at a point of a circle, (2) a straight line drawn from the centre to 
the point of contact, (3) right angles made at the point of contact [with (1) or 
(2) as the case may be]. Then the corollary to m1. 16 asserts that (2) and (3) 
together give (1), 111. 18 that (1) and (2) give (3), and 111. 19 that (1) and (3) 
give (2), Le. that the straight line drawn from the point of contact at right 
angles to the tangent passes through the centre. 


PROPOSITION 19. 


Jf a straight line touch a circle, and from the point of 
contact a straight line be drawn at right angles to the tangent, 
the centre of the circle will be on the straight line so drawn. 


For let a straight line DZ touch the circle ABC at the 
point C, and from C let CA be 
drawn at right angles to DE ; 

I say that the centre of the circle 
is on AC. 

For suppose it is not, but, if 
possible, let / be the centre, 
and let CF be joined. 

Since a straight line D touches 
the circle 4 AC, 
and FC has been joined from the © e E 
centre to the point of contact, 

FC is perpendicular to DE ; (ur. 18] 
therefore the angle FCE is right. 

But the angle ACE is also right ; 

therefore the angle FC is equal to the angle ACE, 

the less to the greater: which is impossible. 

Therefore F is not the centre of the circle 4 AC. 

Similarly we can prove that neither is any other point 
except a point on AC. 

Therefore etc. 


Q. E. D. 


We may also regard 111. 19 as a partial converse of 111. 18. Thus suppose 
(1) a straight line through the centre, (2) a straight line through the point of 
contact, and suppose (3) to mean perpendicular to the tangent; then 111. 18 
asserts that (1) and (2) combined produce (3), and 111. 19 that (2) and (3) 
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produce (1); while again we may enunciate a second partial converse of 111. 18, 
corresponding to the statement that (1) and (3) produce (2), to the effect that 
a straight line drawn through the centre perpendicular to the tangent passes 
through the point of contact. 

We may add at this point, or even after the Porism to 111. 16, the theorem 
that ‘wo circles which touch one another internally or externally have a common 
tangent at their point of contact. For the line joining their centres, produced 
if necessary, passes through their point of contact, and a straight line drawn 
through that point at right angles to the line of centres is a tangent to both 
circles. 


PROPOSITION 20. 


In a circle the angle at the centre zs double of the angle 
at the circumference, when the angles have the same circum- 
ference as base. 


Let ABC be a circle, let the angle BEC be an angle 
sat its centre, and the angle BAC an 
angle at the circumference, and let 
them have the same circumference BC 
as base ; 
I say that the angle BEC is double of a 
to the angle BAC. c 
For let AZ be joined and drawn F 
through to Æ. 
Then, since £4 is equal to EB, B 
the angle £4 B is also equal to the 
15 angle EBA ; (1. 5) 
therefore the angles EA, EBA are double of the angle 
EAB. 
But the angle BEF is equal to the angles EAB, EBA ; 
(1. 32] 
therefore the angle BEF is also double of the angle 
20 FAB. 
For the same reason 
the angle FEC is also double of the angle EAC. 
Therefore the whole angle BEC is double of the whole 
angle BAC. 
25 Again let another straight line be inflected, and let there 
be another angle BDC; let DE be joined and produced 
to G. 
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Similarly then we can prove that the angle GEC is 
double of the angle EDC, 


30 of which the angle GE is double of the angle EDB; 


therefore the angle BEC which remains is double of the 
angle BDC. 


Therefore etc. Q. E. D. 


| 45. let another straight line be inflected, xex\da0w 37 wddev (without e/0eia). The 
verb «rdw (to break y ) was the regular technical term for drawing from a point a (broken) 
straight line which first meets another straight line or curve and is then des? back from it 
to another point, or (in other words) for drawing straight lines from two points meeting at a 
point on a curve or another straight line. xexAáo6a« is one of the geometrical terms the 
definition of which must according to Aristotle be assumed (Anal. Pust. 1. 10, 76 b 9). 


The early editors, Tartaglia, Commandinus, Peletarius, Clavius and others, 
gave the extension of this proposition to the case where the segment is less 
than a semicircle, and where accordingly the “angle” corresponding to 
Euclid’s “angle at the centre” is greater than two right angles. The 
convenience of the extension is obvious, and the proof of it is the same as the 
first part of Euclid’s proof. By means of the extension 111. 21 is demonstrated 
without making two cases; 111. 22 will follow immediately from the fact that 
the sum of the "angles at the centre” for two segments making up a whole 
circle is equal to four right angles ; also 111. 31 follows immediately from the 
extended proposition. 

But all the editors referred to were forestalled in this matter by Heron, as 
we now learn from the commentary of an-Nairizi (ed. Curtze, p. 131 sqq.). 
Heron gives the extension of Euclid’s proposition which, he says, it had been 
left for him to make, but which is necessary in order that the caviller may not 
be able to say that the next proposition (about the equality of the angles 
in any segment) is not established generally, i.e. in the case of a segment less 
than a semicircle as well as in the case of a segment greater than a semicircle, 
inasmuch as III. 20, as given by Euclid, only enables us to prove it in the 
latter case. Heron’s enunciation is important as showing how he describes 
what we should now call an “angle” greater than two right angles. (The 
language of Gherard’s translation is, in other respects, a little obscure; but 
the meaning is made clear by what follows.) 

* The angle," Heron says, '** which is at the centre of any circle is double 
of the angle which is at the circumference of it when one arc is the base of both 
angles; and the remaining angles which are at the centre, and fill up the four 
right angles, are double of the angle at the circumference of the afc which is 
subtended by the [original] angle which is at the centre.” 

Thus the “angle greater than two right angles” is for Heron the sum of 
certain * angles " in the Euclidean sense of angles less than two right angles. 
The particular method of splitting up which Heron adopts will be seen from 
his proof, which is in substance as follows. 

Let CDB be an angle at the centre, CAB that at the circumference. 

Produce BD, CD to A G; 


take any point E on ŽC, and join BE, EC, ED. 


Then any angle in the segment BAC is half of the angle BDC; and 
the sum of the angles BDG, GDF, FDC ts double of any angle in the 
segment BEC. 
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Proof. Since CD is equal to ED, 
the angles DCE, DEC are equal. 


Therefore the exterior angle GDE is equal to 
twice the angle DEC. 
Similarly the exterior angle FDÆ is equal to 
twice the angle DEB. 
By addition, the angles GDZ, FDE are double 
of the angle BEC. 

But 


the angle BDC is equal to the angle “DG, 


therefore the sum of the angles BDG, GDF, FDC 
is double of the angle BEC. 

And Euclid has proved the first part of the 
proposition, namely that the angle BDC is double 
of the angle BAC. 

Now, says Heron, BAC is any angle in the segment BAC, and therefore 
any angle in the segment BAC is half of the angle BDC. 

Therefore all the angles in the segment BAC are equal. 

Again, BEC is any angle in the segment BEC and is equal to Aa/f the 
sum of the angles BDG, GDF, FDC. 

Therefore all the angles in the segment BEC are equal. 

Hence 111. 21 is proved generally. 

Lastly, says Heron, 
since the sum of the angles BDG, GDF, FDC is double of the angle BEC, 
and the angle BDC is double of the angle BAC, 


therefore, by addition, the sum of four right angles is double of the sum of 
the angles BAC, BEC. 

Hence the angles BAC, BEC are together equal to two right angles, and 
III. 22 is proved. 





The above notes of Heron show conclusively, if proof were wanted, that 
Euclid had no idea of 111. 20 applying in ferms (either as a matter of 
enunciation or proof) to the case where the angle at the circumference, or the 
angle in the segment, is od¢use. He would not have recognised the “angle” 
greater than two right angles or the so-called “straight angle” as being an 
angle at all. This is indeed clear from his definition of an angle as the 
inclination «.v.é and from the language used by other later Greek mathe- 
maticians where there would be an opportunity for introducing the extension. 
Thus Proclus’ notion of a “four-sided triangle” (cf. the note above on the 
definition of a triangle) shows that he did not count a re-entrant angle as an 
angle, and Zenodorus’ application to the same figure of the word “ hollow- 
angled ” shows that in that case it was the exterior angle only which he would 
have called an angle. Further it would have been inconvenient to have 
introduced at the beginning of the ÆÆments an “angle” equal to or greater 
than two right angles, because other definitions, e.g. that of a right angle, 
would have needed a qualification. If an “angle” might be equal to two 
right angles, one straight line in a straight line with another would have 
satisfied Euclid’s definition of a right angle. This is noticed by Dodgson 
(p. 160), but it is practically brought out by Proclus on 1. 13. ** For he did 
not merely say that ‘any straight line standing on a straight line either makes 
two right angles or angles equal to two right angles’ but ‘sf s make angles.’ 
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If it stand on the straight line at its extremity and make one angle, is it 
possible for this to be equal to two right angles? It is of course impossible ; 
for every rectilineal angle is less than two right angles, as every solid angle is 
less than four right angles (p. 292, 13—20).” [It is true that it has been 
generally held that the meaning of “angle” is tacitly extended in vi. 33, but 
there is no real ground for this view. See the note on the proposition. 

It will be observed that, following his usual habit, Euclid omits the 
demonstration of the case which some editors, e.g. Clavius, have thought it 
necessary to give separately, the case namely where one of the lines forming 
the angle in the segment passes through the centre. Euclid's proof gives so 
obviously the means of proving this that it is properly left out. 

Todhunter observes, what Clavius had also remarked, that there are two 
assumptions in the proof of 111. 20, namely that, if 4 is double of B and C 
double of D, then the sum, or difference, of Æ and C is equal to double the 
sum, or difference, of Z and D respectively, the assumptions being particular 
cases of v. 1 and v. 5. But of course it is easy to satisfy ourselves of the 
correctness of the assumption without any recourse to Book v. 


PROPOSITION 21. 


In a circle the angles in the same segment are egual to one 
another. 


Let ABCD be a circle, and let the angles BAD, BED 
be angles in the same segment BAED; 
I say that the angles BAD, BED are 
equal to one another. 
For let the centre of the circle 
ABCD be taken, and let it be F; let 
BF, FD be joined. 
Now, since the angle BFD is at 
the centre, B D 
and the angle BAD at the circum- 
ference, 


and they have the same circumference BCD as base, 
therefore the angle B/D is double of the angle BAD. [1. 20] 
For the same reason 


the angle BFD is also double of the angle BED ; 


therefore the angle BAD is equal to the angle BED. 
Therefore etc. 
Q. E. D. 


Under the restriction that the “angle at the centre” used in 111. 20 must 
be less than two right angles, Euclid’s proof of this proposition only applies 
to the case of a segment greater than a semicircle, and the case of a segment 
equal to or less than a semicircle has to be considered separately. The 
simplest proof, of many, seems to be that of Simson. 
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“ But, if the segment BAED be not greater than a semicircle, let BAD, 
BED be angles in it: these also are equal to one 
another. 

Draw AF to the centre, and produce it to C, and 
join CZ. 

Therefore the segment BADC is greater than a 
semicircle, and the angles in it BAC, BEC are equal, 
by the first case. 

For the same reason, because CA ED is greater 
than a semicircle, 

the angles CAD, CED are equal. 
Therefore the whole angle BAD is equal to the whole angle BED.” 


We can prove, by means of reductio ad absurdum, the important converse 
of this proposition, namely that, ¿f shere be any two triangles on the same base 
and on the same side of tt, and with equal vertical angles, the circle passing 
through the extremities of the base and the vertex of one triangle will pass 
through the vertex of the other triangle also. That a circle can be thus 
described about a triangle is clear from Euclid’s construction in 1. 9, which 
shows how to draw a circle passing through any three points, though it is 
in Iv. § only that we have the problem stated. Now, 
suppose a circle BAC drawn through the angular 


D 

points of a triangle BAC, and let BDC be another A 
triangle with the same base BC and on the same side 
of it, and having its vertical angle D equal to the 
angle 4. Then shall the circle pass through D. 

For, if it does not, it must pass through some point 
E on BD or on BD produced. If then ÆC be g C 
joined, the angle BEC is equal to the angle BAC, 


by in. 21, and therefore equal to the angle BDC. 
Therefore an exterior angle of a triangle is equal to 
the interior and opposite angle: which is impossible, by 1. 16. 

Therefore D lies on the circle BAC. 

Similarly for any other triangle on the base BC and with vertical angle 
equal to 4. Thus, ¿f any number of triangles be constructed on the same base 
and on the same side of tt, with equal vertical angles, the vertices will all lie on 
the circumference of a segment of a circle. 


A useful theorem derivable from 111. 21 is given by Serenus (De sectione 
cont, Props. §2, 53). 

If ADB be any segment of a circle, and C be such a point on the 
circumference that AC is equal to CB, and if 


there be described with C as centre and radius F 
CA or CP the circle 47, then, ADB being 
any other angle in the segment 4C, and AD 
being produced to meet the outer segment in 
E, the sum of AD, DB is equal to BE. E 

If BC be produced to meet the outer 
segment in /, and F4 be joined, 

CA, CB, CF are by hypothesis equal. 
Therefore the angle FAC is equal to the A 5 


angle AFC. 
Also, by 111. 21, the angles ACB, ADB are equal ; 
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therefore their supplements, the angles ACF, ADE, are equal. 

Further, by iit. 21, the angles 4E, AB are equal. 

Hence in the triangles 4 CF, ADE two angles are respectively equal ; 

therefore the third angles EAD, FAC are equal. 

But the angle FAC is equal to the angle 4 FC, and therefore equal to the 
angle AED. 

Therefore the angles 4ED, EAD are equal, or the triangle DEA is 
isosceles, 

and 42 is equal to DE. 
Adding ZD to both, we see that 
BE is equal to the sum of AD and DB. 

Now, BF being a diameter of the circle of which the outer segment is 
a part, 

BF is greater than BE; 

therefore 4C, CB are together greater than 4D, DB. 

And, generally, of all triangles on the same base and on the same side of it 
which have egual vertical angles, the isosceles triangle is that which has the 
greatest perimeter, and of the others that has the lesser perimeter which is 
further from being isosceles. 

The theorem of Serenus gives us the means of solving the following 
problem given in. Todhunter's Euclid, p. 324. 

To find a point tn the circumference of a given segment of a circle such that 
the. straight lines which join the point to the extremities of the straight line on 
which the segment stands may be together equal to a given straight line (the 
length of which is of course subject to limits). 

Let ACB in the above figure be the given segment. Find, by bisecting 
AB at right angles, a point C on it such that AC is equal to CB. 

Then with centre C and radius CA or CB describe the segment of a 
circle 4 HB on the same side of AB. 

Lastly, with 4 or B as centre and radius equal to the given straight line 
describe a circle. This circle will, if the given straight line be greater than 
AB and less than twice AC, meet the outer segment in two points, and if we 
join those points to the centre of the circle last drawn (whether 44 or 2), the 
joining straight lines will cut the inner segment in points satisfying the given 
condition. If the given straight line be egual to twice AC, C is of course 
the required point. If the given straight line be greater than twice 4C, there 
is no possible solution. 


PROPOSITION 22. 
The opposite angles of quadrilaterals in circles are equal 
to two right angles. 
_ Let ABCD be a circle, and let ABCD be a quadrilateral 
in it; 
I say that the opposite angles are equal to two right angles. 
Let AC, BD be joined. 


Then, since in any triangle the three angles are equal to 
two right angles, [1. 32] 
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the three angles CAB, ABC, BCA of the triangle 45C 
are equal to two right angles. 

But the angle CAB is equal to the 
angle BDC, for they are in the same 
segment BA DC; (11. 21] 
and the angle ACB is equal to the angle 
A DB, for they are in the same segment 
ADCB ; 
therefore the whole angle ADC is equal 
to the angles BAC, ACB. 

Let the angle 44 7C be added to each ; 
therefore the angles ABC, BAC, ACB are equal to the 
angles ABC, ADC. 

But the angles 4 8C, BAC, ACB are equal to two right 
angles ; 
therefore the angles ABC, ADC are also equal to two right 
angles, 

Similarly we can prove that the angles BAD, DCB are 
also equal to two right angles. 

Therefore etc. 





Q. E. D. 


As Todhunter remarks, the converse of this proposition is true and very 
important: ¿f two opposite angles of a quadrilateral be together equal to two 
right angles, a circle may be circumscribed about the quadrilateral, We can, by 
the method of 111. 9, or by Iv. 5, circumscribe a circle about the triangle 
ABC; and we can then prove, by reductio ad absurdum, that the circle 
passes through the fourth angular point D. 


PROPOSITION 23. 
On the same straight line there cannot be constructed two 
similar and unequal segments of circles on the same side. 


For, if possibie, on the same straight line AZ let two 
similar and unequal segments of circles 


ACB, ADB be constructed on the same 


side ; = 
let ACD be drawn through, and let C2, — 


DB be joined. A B 


Then, since the segment ACB is 
similar to the segment 427, 
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and similar segments of circles are those which admit equal 


angles, (tur. Def. 11] 
the angle ACB is equal to the angle 4 D8, the exterior 
to the interior: which ts impossible. [1. 16] 


T herefore etc. 
Q. E. D. 


I. cannot be constructed, od cvcra@joera, the same phrase as in t. 7. 


Clavius and the other early editors point out that, while the words “on 
the same side” in the enunciation are necessary for Euclid’s proof, it is 
equally true that neither can there be two similar and unequal segments on 
opposite sides of the same straight line; this is at once made clear by causing 
one of the segments to revolve round the base till it is on the same side with 
the other. 

Simson observes with reason that, while Euclid in the following proposition, 
111. 24, thinks it necessary to dispose of the hypothesis that, if two similar 
segments on equal bases are applied to one another with the bases coincident, 
the segments cannot cut in any other point than the extremities of the base 
(since otherwise two circles would cut one another in more points than two), 
this remark is an equally necessary preliminary to 111. 23, in order that we 
may be justified in drawing the segments as being one inside the other. 
Simson accordingly begins his proof of 111. 23 thus: 


'* Then, because the circle 4C cuts the circle 4 DB in the two points 
A, B, they cannot cut one another in any other point : 


One of the segments must therefore fall within the other. 
Let ACB fall within 422 and draw the straight line 4CD, etc.” 


Simson has also substituted ‘not coinciding with one another” for 
“unequal” in Euclid’s enunciation. 

Then in 111. 24 Simson leaves out the words referring to the hypothesis 
that the segment Æ B when applied to the other CFD may be “otherwise 
placed as CGD” ; in fact, after stating that 4B must coincide with CD, he 
merely adds words quoting the result of 111. 23: “ Therefore, the straight line 
AB coinciding with CD, the segment AÆB must coincide with the segment 
CFD, and is therefore equal to it.” 


PROPOSITION 24. 


Similar segments of circles on equal straight lines ave equal 
to one another. 


For let AEB, CFD be similar segments of circles on 
equal straight lines 47, CD; 
s I say that the segment AEB is equal to the segment CFD. 


For, if the segment AEB be applied to CFD, and if the 
point Æ be placed on C and the straight line 447 on CD, 


54 BOOK III (i. 24, 25 


the point Ø will also coincide with the point D, because 
AB is equal to CD; 


1 and, 48 coinciding with CD, 
the segment AEB will also coincide with CFD. 


E F G 
— — 3 
For, if the straight line 48 coincide with CD but the 
segment A EB do not coincide with CFD, 


it will either fall within it, or outside it ; 


15 or it will fall awry, as CGD, and a circle cuts a circle at more 
points than two: which is impossible. (111. 10] 


Therefore, if the straight line 4B be applied to CD, the 
segment 4 £8 will not fail to coincide with CFD also ; 


therefore it will coincide with it and will be equal to it. 


22 Therefore etc. 
Q. E. D. 
rs. fall awry, wapad\dte, the same word as used in the like case in 1. 8. The word 


implies that the applied figure will partly fall short of, and partly overlap, the figure to 
which it is applied. 


Compare the note on the last proposition. I have put a semicolon instead 
of the comma which the Greek text has after “outside it,” in order the better 
to indicate that the inference “and a circle cuts a circle in more points than 
two” only refers to the third hypothesis that the applied segment is “otherwise 
placed (rapaAAafe) as CG.D." The first two hypotheses are disposed of by 
a facit reference to the preceding proposition ur. 23. 


PROPOSITION 25. 
Given a segment of a cercle, to describe the complete circle 
of which it is a segment. 
Let ABC be the given segment of a circle ; 


thus it is required to describe the complete circle belonging 
to the segment ABC, that is, of which it is a segment. 


For let AC be bisected at D, let D&B be drawn from the 
point D at right angles to AC, and let 4Z be joined ; 
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the angle ABD is then greater than, equal to, or less 
than the angle BAD. 
First let it be greater ; 


and on the straight line BA, and at the point 4 on it, let 
the angle BAE be constructed equal to 
the angle 4482; let DB be drawn through A 


to £, and let EC be joined. | 
Then, since the angle ABE is equal to / 
the angle BAEZ, B E 
the straight line FZ is also equal to \ 
EA. [1. 6) 


And, since AD is equal to DC, 
and DE is common, 
the two sides 4D, DE are equal to the two sides CD, DE 
respectively ; 
and the angle 4 DE is equal to the angle CDE, for each is 
right ; 
therefore the base 4£ is equal to the base CZ. 
But AZ was proved equal to BE; 
therefore BE is also equal to CE ; 
therefore the three straight lines 47, EB, EC are equal to 
one another. 


Therefore the circle drawn with centre E and distance 
one of the straight lines 44 E, EP, EC will also pass through 
the remaining points and will have been completed. [ur. 9] 

Therefore, given a segment of a circle, the complete circle 
has been described. 

And it is manifest that the segment AAC is less than a 
semicircle, because the centre Æ happens to be outside it. 


Similarly, even if. the angle 4BD be equal to the angle 
D 


AD being equal to each of the two BD, DC, F 
the three straight lines DA, DB, DC will 
be equal to one another, 8 D 
D will be the centre of the completed circle, 
c 


and ABC will clearly be a semicircle. 
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But, if the angle 4 BD be less than the angle BAD, 


and if we construct, on the straight line BA 
and at the point 4 on it, an angle equal to 


the angle ABD, the centre will fall on DB 4 
within the segment ABC, and the segment 

ABC will clearly be greater than a semi- ® ? 
circle. 5 


Therefore, given a segment of a circle, 
the complete circle has been described. 
Q. E. F. 


I. to describe the complete circle, mporavaypáyaı 7òv xúórħov, literally “to describe 
the circle os /o i£. ' 


It will be remembered that Simson takes first the case in which the angles 
ABD, BAD are equal to one another, and then takes the other two cases 
together, telling us to “produce BD, if necessary.” This is a little shorter 
than Euclid’s procedure, though Euclid does not repeat the proof of the first 
case in giving the third, but only refers to it as equally applicable. 

Campanus, Peletarius and others give the solution of this problem in 
which we take two chords not parallel and bisect each at right angles by 
straight lines, which must meet in the centre, since each contains the centre 
and they only intersect in one point. Clavius, Billingsley, Barrow and others 
give the rather simpler solution in which the two chords have one extremity 
common (cf. Euclid's proofs of 111. 9, 10). This method De Morgan favours, 
and (as noted on 111. 1 above) would make 11. 1, this proposition, and 
IV. S all corollaries of the theorem that “the line which bisects a chord 
perpendicularly must contain the centre" Mr H. M. Taylor practically 
adopts this order and method, though he finds the centre of a circle by 
means of any two non-parallel chords ; but he finds fhe centre of the circle of 
which a given arc is a part (his proposition corresponding to 11. 25) by 
bisecting at right angles first the base and then the chord joining one extremity 
of the base to the point in which the line bisecting the base at right angles 
meets the circumference of the segment. Under De Morgan’s alternative the 
relation between Euclid m1. 1 and the Porism to it would be reversed, and 
Euclid’s notion of a Porism or corollary would have to be considerably 
extended. 

If the problem is solved after the manner of 1v. s, it is still desirable to 
state, as Euclid does, after proving 4E, £2, EC to be all equal, that “the 
circle drawn with centre E and distance one of the straight lines AE, EB, 
EC will also pass through the remaining points of the segment” (111. 9), in 
order to show that part of the circle described actually coincides with the 
given segment. This is not so clear if the centre is determined as the 
intersection of the straight lines bisecting at right angles chords which join 
pairs of four different points. 


PROPOSITION 26. 


In equal circles egual angles stand on equal circumferences, 
whether they stand at the centres or at the circumferences. 
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Let ABC, DEF be equal circles, and in them let there 
be equal angles, namely at the centres the angles BGC, 
EHF, and at the circumferences the angles BAC, EDF; 


I say that the circumference BAC is equal to the circum- 
ference ELF. 





For let BC, EF be joined. 
Now, since the circles ABC, DEF are equal, 
the radii are equal. 
Thus the two straight lines BG, GC are equal to the 
two straight lines E77, HF; 
and the angle at G is equal to the angle at 77; 
therefore the base BC is equal to the base £F. [1. 4] 
And, since the angle at 4 is equal to the angle at D, 
the segment AAC is similar to the segment EDF; 
(111. Def. 11) 
and they are upon equal straight lines. 
But similar segments of circles on equal straight lines are 
equal to one another ; (n1. 24) 
therefore the segment BAC is equal to EDF. 
But the whole circle ABC is also equal to the whole circle 
DEF; 
therefore the circumference BAC which remains is equal to 
the circumference ELF. 
Therefore etc. Q. E. D. 


As in 111. 21, if Euclid’s proof is to cover all cases, it requires us to take 
cognisance of “angles at the centre" which are equal to or greater than two 
right angles. Otherwise we must deal separately with the cases where the 
angle at the circumference is equal to or greater than a right angle. The 
case of an obtuse angle at the circumference can of course be reduced by 
means of 111. 22 to the case of an acute angle at the circumference ; and, in 
case the angle at the circumference is right, it is readily proved, by drawing 
the radii to the vertex of the angle and to the other extremities of the lines 
containing it, that the latter two radii are in a straight line, whence they make 
equal bases in the two circles as in Euclid's proof. 
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Lardner has another way of dealing with the right angle or obtuse angle 
at the circumference. In either case, he says, “ bisect them, and the halves 
of them are equal, and it can be proved, as above, that the arcs upon which 
these halves stand are equal, whence it follows that the arcs on which the 
given angles stand are equal.” 


PROPOSITION 27. 


In egual circles angles standing on egual circumferences 
are equal to one another, whether they stand at the centres or 
at the circumferences. 


For in equal circles 48C, DEF, on equal circumferences 
BC, EF, let the angles BGC, EHF stand at the centres G, 
H, and the angles BAC, EDF at the circumferences ; 

I say that the angle BGC is equal to the angle EHF, 


and the angle BAC is equal to the angle EDF. 





For, if the angle BGC is unequal to the angle EHF, 
one of them is greater. 


Let the angle BGC be greater: and on the straight line BG, 
and at the point G on it, let the angle BGA be constructed 


equal to the angle EHF. (1. 23] 
Now equal angles stand on equal circumferences, when 
they are at the centres ; (ur. 26] 


therefore the circumference BX is equal to the circum- 
ference EF. 


But £F is equal to BC; 


therefore BX is also equal to BC, the less to the 
greater: which is impossible. 


Therefore the angle BGC is not unequal to the angle 
EHF; 


therefore it is equal to it. 
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And the angie at 4 is half of the angle BGC, 
and the angle at D half of the angle EHE; (111. 20] 
therefore the angle at 4 is also equal to the angle at D. 
Therefore etc. 
Q. E. D. 


This proposition is the converse of the preceding one, and the remarks 
about the method of treating the different cases apply here also. 


PROPOSITION 28. 


In equal circles equal straight lines cut off equal circum- 
ferences, the greater equal to the greater and the less to the 
less. 


Let ABC, DEF be equal circles, and in the circles let 
AB, DE be equal straight lines cutting off ACB, DFE as 
greater circumferences and 4GB, DHE as lesser ; 

I say that the greater circumference ACB is equal to the 


greater circumference DE, and the less circumference 4GB 
to DHE. 


For let the centres X, Z of the circles be taken, and let 
AK, KB, DL, LE be joined. 
Now, since the circles are equal, 
the radii are also equal ; 
therefore the two sides 4, KB are equal to the two 
sides DL, LE; 
and the base 42 ts equal to the base DE ; 
therefore the angle AXB is equal to the angle DZ E. 
[1. 8] 
But equal angles stand on equal circumferences, when 
they are at the centres ; (111. 26] 


therefore the circumference AGB is equal to DHE. 
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And the whole circle 48C is also equal to the whole 
circle DEF; 
therefore the circumference 44 C7 which remains is also equal 
to the circumference DFE which remains. 


Therefore etc. 
Q. E. D. 


Euclid’s proof does not in terms cover the particular case in which the 
chord in one circle passes through its centre; but indeed this was scarcely 
worth giving, as the proof can easily be supplied. Since the chord in one 
circle passes through its centre, the chord in the second circle must also be a 
diameter of that circle, for equal circles are those which have equal diameters, 
and all other chords in any circle are less than its diameter [111. 15]; hence 
the segments cut off in each circle are semicircles, and these must be equal 
because the circles are equal. 


PROPOSITION 29. 


In egual circles egual circumferences are subtended by equal 
straight lines. 

Let ABC, DEF be equal circles, and in them let equal 
circumferences BGC, EHF be cut off; and let the straight 
lines BC, EF be joined ; 

I say that BC is equal to EF. 


For let the centres of the circles be taken, and let them 
be X, L; let BK, KC, EL, LF be joined. 
Now, since the circumference BGC is equal to the 
circumference EHF, 
the angle BKC is also equal to the angle ZZ F. (ur. 27] 
A nd, since the circles 48C, DEF are equal, 
the radii are also equal ; 
therefore the two sides BX, KC are equal to the two sides 
EL, LF; and they contain equal angles ; 
therefore the base BC is equal to the base FF. [i4] 
Therefore etc. 
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The particular case of this converse of 111. 28 in which the given arcs are 
arcs of semicircles is even easier than the corresponding case of 111. 28 itself. 

The propositions 111. 26—29 are of course equally true if the same circle 
is taken instead of swo egual circles. 


PROPOSITION 30. 


To bisect a given circumference. 


Let ADB be the given circumference ; 
thus it is required to bisect the circumference 4 DB. 
Let 4B be joined and bisected at 


C; from the point C let CD be drawn O 
at right angles to the straight line 4B, An 
and let AD, DB be joined. 

Then, since AC is equal to CB, A G B 


and CD is common, 
the two sides 4C, CD are equal to the two sides BC, CD; 
and the angle ACD is equal to the angle BCD, for each is 
right ; 
therefore the base AD is equal to the base DB.  (r. 4] 


But equal straight lines cut off equal circumferences, the 
greater equal to the greater, and the less to the less; — (ui. 28] 


and each of the circumferences AD, DB is less than a 
semicircle ; 


therefore the circumference 74 D is equal to the circum- 
ference DB. 


Therefore the given circumference has been bisected at 
the point D. 
Q. E. F. 


PROPOSITION 31. 


In a circle the angle in the semicircle is right, that in a 
greater segment less than a right angle, and that in a less 
segment greater than a right angle ; and further the angle of 
the greater segment is greater than a right angle, and the angle 
of the less segment less than a right angle. 
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Let ABCD be a circle, let BC be its diameter, and £ its 
centre, and let B4, AC, AD, DC 
be joined ; 
I say that the angle BAC in the s D 
semicircle BAC is right, 
the angle ABC in the segment 4 BC 
greater than the semicircle is less 
than a right angle, 
and the angle ADC in the segment 
ADC less than the semicircle is 
greater than a right angle. 
Let AE be joined, and let BA 
be carried through to F. 
Then, since BË is equal to £4, 
the angle 4 BE is also equal to the angle BA E. (1. 5] 
Again, since C£ is equal to £4, 
the angle ACE is also equal to the angle CAEL. (1. 5] 
Therefore the whole angle BAC is equal to the two angles 
ABC, ACB. 
But the angle FAC exterior to the triangle 4 AC is also 


C 


equal to the two angles 4BC, ACB; (1. 32] 
therefore the angle BAC is also equal to the angle FAC; 
therefore each is right ; (1. Def. 1o] 


therefore the angle BAC in the semicircle BAC is right. 


Next, since in the triangle ABC the two angles ABC, 
BAC are less than two right angles, (t. 17] 
and the angle BAC is a right angle, 

the angle ASC is less than a right angle; 
and it is the angle in the segment 4 AC greater than the 
semicircle. 


Next, since ABCD is a quadrilateral in a circle, 
and the opposite angles of quadrilaterals in circles are equal 
to two right angles, (im. 22] 
while the angle 74 BC is less than a right angle, 
therefore the angle ADC which remains is greater than a 
right angle ; 
ae it is the angle in the segment 4DC less than the semi- 
circle. 
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I say further that the angle of the greater segment, namely 
that contained by the circumference ARC and the straight 
line AC, is greater than a right angle ; 
and the angle of the less segment, namely that contained by 
the circumference 4 DC and the straight line AC, is less than 
a right angle. 

This is at once manifest. 

For, since the angle contained by the straight lines BA, AC 
is right, 

the angle contained by the circumference 74 7C and the 
straight line AC is greater than a right angle. 

Again, since the angle contained by the straight lines 
AC, AF is right, 

the angle contained by the straight line CA and the 
circumference ADC is less than a right angle. 


Therefore etc. Q. E. D. 


As already stated, this proposition is immediately deducible from 11. 20 if 
that theorem is extended so as to include the case where the segment is equal 
to or less than a semicircle, and where consequently the “ angle at the centre” 
is equal to two right angles or greater than two right angles respectively. 

There are indications in Aristotle that the proof of the first part of the 
theorem in use before Euclid’s time proceeded on different lines. Two 
passages of Aristotle refer to the proposition that the angle in a semicircle 
is a right angle. The first passage is 4na/. Post. 11. 11, 94 a 28: “ Why is 
the angle in a semicircle a right angle? Or what makes it a right angle? 
(rtvos Gyros 0p05;) Suppose 4 to be a right angle, 2 half of two right 
angles, C the angle in a semicircle. Then B is the cause of 4, the right 
angle, being an attribute of C, the angle in the semicircle. For B is equal to 
A, and C to B; for C is half of two right angles. Therefore it is in virtue of 
B being half of two right angles that 4 is an attribute of C ; and the latter 
means the fact that the angle in a semicircle is right.” Now this passage 
by itself would be consistent with a proof like Euclid’s or the alternative 
interpolated proof next to be mentioned. But the second passage throws a 
different light on the subject. This is Metaph. 1051 a 26: "Why is the angle 
in a semicircle a right angle invariably (xa8o0Aov)? Because, if there be three 
straight lines, two forming the base, and the third set up at right angles at tts 
middle point, the fact is obvious by simple inspection to any one who knows 
the property referred to" (éxetvo is the property that the angles of a triangle 
are together equal to two right angles, mentioned two 
lines before). That is to say, the angle af the middle 
point of the circumference of the semicircle was taken 
and proved, by means of the two isosceles right-angled 
triangles, to be the sum of two angles each equal to |; 
one-fourth of the sum of the angles of the large triangle 
in the figure, or of two right angles; and the proof 
must have been completed by means of the theorem of 111. 21 (that angles 
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in the same segment are equal), which Euclid’s more general proof does 
not need. 

In the Greek texts before that of August there is an alternative proof 
that the angle BAC (in a semicircle) is right. August and Heiberg relegate 
it to an Appendix. 

“ Since the angle 4 EC is double of the angle BAZ (for it is equal to the 
two interior and opposite angles), while the angle 4 is also double of the 
angle ZAC, 


the angles 4£B, AEC are double of the angle BAC. 
But the angles AZB, AEC are equal to two right angles ; 
therefore the angle BAC is right.” 


Lardner gives a slightly different proof of the second part of the theorem. 
If ABC be a segment greater than a semicircle, 

draw the diameter 42, and join CD, C4. 
Then, in the triangle 4CD, the angle 4CD is right 

(being the angle in a semicircle) ; 


therefore the angle 4DC is acute. 


But the angle ADC is equal to the angle ABC in 
the same segment ; 
therefore the angle ASC is acute. 


Euclid’s references in this proposition to the angle of a segment greater 
or less than a semicircle respectively seem, like the part of 111. 16 relating to 
the angle of a semicircle, to be a survival of ancient controversies and not to 
be put in deliberately as being an essential part of elementary geometry. Cf. 
the notes on 111. Def. 7 and 11. 16. 

The corollary ordinarily attached to this proposition is omitted by Heiberg 
as an interpolation of date later than Theon. It is to this effect: " From 
this it is manifest that, if one angle of a triangle be equal to the other two, 
the first angle is right because the exterior angle to it is also equal to the 
same angles, and if the adjacent angles be equal, they are right." No doubt 
the corollary i is rightly suspected, because there is no necessity for it here, and 
the words õrep le Setéac come before it, not after it, as is usual with Euclid. 
But, on the other hand, as the fact stated does appear in the proof of m1. 31, 
the Porism would be a Porism after the usual type, and I do not quite follow 
Heiberg’s argument that, “if Euclid had wished to add it, he ought to have 
placed it after 1. 32." 

It has already been mentioned above (p. 44) that this proposition supplies 
us with an alternative construction for the problem in 111. 17 of drawing the 
two tangents to a circle from an external point. 

Two theorems of some historical interest which follow directly from 111. 31 
may be mentioned. 

The first is a lemma of Pappus on “the 
24th problem ” of the second Book of Apol- 
lonius’ lost treatise on ve/ces (Pappus vri. 
p. 812) and is to this effect. If a circle, as 
DEF, pass through 2, the centre of a circle 
ABC, and if through Æ, the other point in 
which the line of centres meets the circle 
DEF, any straight line be drawn (and produced 
if necessary) meeting the circle DEF in Æ and the circle ABC in Ð, G, 
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then Æ is the middle point of BG. For, if DE be joined, the angle DEF 
(in a semicircle) is a right angle [111, 31]; and DE, being at right angles to 
the chord BG of the circle ABC, also bisects it [111. 3]. 

The second is a proposition in the Liber Assumptorum, attributed (no 
doubt erroneously as regards much of it) to Archimedes, which has reached 
us through the Arabic (Archimedes, ed. Heiberg, 11. pp. 520—521). 

Lf two chords AB, CD in a circle intersect at right angles in a point O, 
then the sum of the squares on AO, BO, CO, DO is egual to the square on the 
diameter. 

For draw the diameter CZ, and join AC, CB, AD, BE. 





Then the angle CAO is equal to the angle CEB. (This follows, in the 
first figure, from 111. 21 and, in the second, from 1. 13 and 11. 22.) Also the 
angle COA, being right, is equal to the angle CBE which, being the angle in a 
semicircle, is also right [nu 31]. 

Therefore the triangles 4OC, EBC have two angles equal respectively ; 
whence the third angles 4CO, ECB are equal. (In the second figure the 
angle ACO is, by 1. 13 and 111. 22, equal to the angle ABD, and therefore 
the angles 48D, ECB are equal.) 

Therefore, in both figures, the arcs 4D, BE, and consequently the chords 
AD, BE subtended by them, are equal. IL. 26, 29] 

Now the squares on 4O, DO are equal to the square on AD [1. 47], that 
is, to the square on BE. 

And the squares on CO, BO are equal to the square on BC. 

Therefore, by addition, the squares on 40, BO, CO, DO are equal to the 
squares on EB, JC, i.e. to the square on C£. [t. 47] 


PROPOSITION 32. 


Lf a straight line touch a circle, and from the point of 
contact there be drawn across, in the circle, a straight line 
cutting the circle, the angles which 1t makes with the tangent 
will be equal to the angles in the alternate segments of the 
circle. 

For let a straight line ZF touch the circle ABCD at 
the point Z, and from the point Z let there be drawn across, 
in the circle 4 8CD, a straight line BD cutting it; 

I say that the angles which BD makes with the tangent EF 
will be equal to the angles in the alternate segments of the 
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circle, that is, that the angle FBD is equal to the angle 
constructed in the segment BAD, and the angle EBD is 
equal to the angle constructed in the 
segment DCB. a 
For let BA be drawn from at S 
right angles to EF, 
let a point C be taken at random on 
the circumference ZD, 
and let AD, DC, CB be joined. 
Then, since a straight line EF 
touches the circle ABCD at Ð, B 
and BA has been drawn from the point 
of contact at right angles to the tangent, 
the centre of the circle ABCD is on BA. (111. 19] 
Therefore BA is a diameter of the circle ABCD ; 
therefore the angle ADB, being an angle in a semicircle, 


is right. (111. 31) 
Therefore the remaining angles BAD, ABZ are equal to 
one right angle. [1. 32] 


But the angle ABF is also right; 
therefore the angle ABF is equal to the angles BAD, ABD. 
Let the angle ABD be subtracted from each ; 
therefore the angle DBF which remains is equal to the angle 
BAD in the alternate segment of the circle. 
Next, since 4 BCD is a quadrilateral in a circle, 
its opposite angles are equal to two right angles. [ut. 22] 
But the angles DBF, DBE are also equal to two right 
angles ; 
therefore the angles DBF, DBE are equal to the angles 
BAD, BCD, 
of which the angle BAD was proved equal to the angle 
DBF; 
therefore the angle DBE which remains is equal to the 
angle DCB in the alternate segment DC of the circle. 
Therefore etc. Q. E. D. 


The converse of this theorem is true, namely that, Zf a straight line 
drawn through one extremity of a chord of a circle make with that chord 
angles equal respectively to the angles in the alternate segments of the circle, 
the straight line so drawn touches the circle. 
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This can, as Camerer and Todhunter remark, be proved indirectly ; or we 
may prove it, with Clavius, directly. Let BD be the given chord, and let EF 
be drawn through Z so that it makes with BD angles equal to the angles in 
the alternate segments of the circle respectively. 

Let BA be the diameter through B, and let C be any point on the 
Do tala of the segment DCB which does not contain 4. Join 4D, 

9 

Then, since, by hypothesis, the angle FBD is equal to the angle BAD, 
let the angle ABD be added to both; 


therefore the angle ABF is equal to the angles ABD, BAD. 
But the angle BDA, being the angle in a semicircle, is a right angle ; 
therefore the remaining angles 42D, BAD in the triangle ABD are 
equal to a right angle. 
Therefore the angle 4 BF is right ; 
hence, since BA is the diameter through Ø, 
EF touches the circle at B. (111. 16, Por.] 


Pappus assumes in one place (iv. p. 196) the consequence of this 
Proposition that, Zf two circles touch, any straight line drawn through the point 
of contact and terminated by both circles cuts of segments in each which are 
respectively similar. Pappus also shows how to prove this (vit. p. 826) by 
drawing the common tangent at the point of contact and using this proposition, 
Il. 32. 


PROPOSITION 33. 


On a given straight line to describe a segment of a circle 
admitting an angle equal toa given recttlineal angle. 


Let AB be the given straight line, and the angle at C the 
given rectilineal angle ; 
thus it is required to describe 5 x 
on the given straight line 
ABa — of a — vA 
mitting an angle equal to the 
angle 3i c. TE _\, 

The angle at C is then B 
acute, or right, or obtuse. 

First let it be acute, 
and, as in the first figure, on 
the straight line 48, and at the point 4, let the angle BAD 
be constructed equal to the angle at C; 

therefore the angle BAD is also acute. 
Let AZ be drawn at right angles to DA, let AB be 
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bisected at F, let FG be drawn from the point F at right 
angles to 4B, and let GB be joined. 


Then, since 4F is equal to FB, 
and FG is common, 
the two sides 4 /, FG are equal to the two sides BF, FC ; 
and the angle AFG is equal to the angle BFG ; 
therefore the base 4G is equal to the base BG. [1 4] 
Therefore the circle described with centre G and distance 


GA will pass through 7 also. 
Let it be drawn, and let it be ABE ; 


let EB be joined. 


Now, since AD is drawn from A, the extremity of the 
diameter 4 &£, at right angles to 4Z£, 


therefore AD touches the circle ABEL. [ur. 16, Por.] 
Since then a straight line 4D touches the circle ABZ, 


and from the point of contact at 4 a straight line AZ is 
drawn across in the circle ABE, 


the angle DAZ is equal to the angle 44 EZ in the alternate 
segment of the circle. (11. 32] 


But the angle DAB is equal to the angle at C; 
therefore the angle at C is also equal to the angle 4 ZZ. 


Therefore on the given straight line 42 the segment 
AEB of a circle has been described admitting the angle 4 FB 
equal to the given angle, the angle at C. 


Next let the angle at C be right ; 


d 


O A 


E 


and let it be again required to describe on AB a segment 
of a circle admitting an angle equal to the right angle at C. 

Let the angle BAD be constructed equal to the right 
angle at C, as is the case in the second figure ; 
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let AB be bisected at Æ and with centre F and distance 
either FA or FP let the circle AEB be described. 
Therefore the straight line 744 touches the circle 4 BL, 
because the angle at 4 is right. (ut. 16, Por.] 
And the angle BAD is equal to the angle in the segment 
A EB, for the latter too is itself a right angle, being an 
angle in a semicircle. [r. 31) 
But the angle BAD is also equal to the angle at C. 
Therefore the angle 44 £7 is also equal to the angle at C. 
Therefore again the segment AZZ of a circle has been 
described on AB admitting an angle equal to the angle at C. 


Next, let the angle at C be obtuse ; 


7 ud 


C 


H 


E 
and on the straight line 4Z, and at the point 4, let the 
angle BAD be constructed equal to it, as is the case in the 
third figure ; 
let AL be drawn at right angles to AD, let AB be again 
bisected at /, let /G be drawn at right angles to 4S, and 
let GB be joined. 
Then, since 4 F is again equal to FB, 
and FG is common, 
the two sides AF, FG are equal to the two sides BF, FG; 
and the angle 4FG is equal to the angle BFG ; 
therefore the base AG is equal to the base JG. — [t 4] 
Therefore the circle described with centre G and distance 
GA will pass through 7 also; let it so pass, as 4 EB. 
Now, since 44 D is drawn at right angles to the diameter 
AE from its extremity, 
AD touches the circle AEB. (it. 16, Por.] 
And ABZ has been drawn across from the point of contact 
at 4; 
therefore the angle BA D is equal to the angle constructed 
in the alternate segment 74772 of the circle. (1t. 32] 
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But the angle BAD is equal to the angle at C. 

Therefore the angle in the segment 74/77 is also equal to 
the angle at C. 

Therefore on the given straight line AZ the segment 
AH B of a circle has been described admitting an angle equal 
to the angle at C. 

Q. E. F. 


Simson remarks truly that the first and third cases, those namely in which 
the given angle is acute and obtuse respectively, have exactly the same 
construction and demonstration, so that there is no advantage in repeating 
them. Accordingly he deals with the cases as one, merely drawing two 
different figures. It is also true, as Simson says, that the demonstration of 
the second case in which the given angle is a right angle “is done in a round- 
about way,” whereas, as Clavius showed, the problem can be more easily 
solved by merely bisecting 42 and describing a semicircle on it. A glance 
at Euclid’s figure and proof will however show a more curious fact, namely 
that he does not, in the proof of the second case, use the angle tn the 
alternate segment, as he does in the other two cases. He might have done so 
after proving that 4D touches the circle; this would only have required his 
point E to be placed on the side of 47 opposite to D. Instead of this, he 
uses III. 31, and proves that the angle 432 is equal to the angle C, because 
the former is an angle tn a semicircle, and is therefore a right angle as C is. 

The difference of procedure is no doubt owing to the fact that he has not, 
in HI. 32, distinguished the case in which the cutting and touching straight 
lines are at right angles, i.e. in which the two alternate segments are semicircles. 
To prove this case would also have required 111. 31, so that nothing would 
have been gained by stating it separately in 11. 32 and then quoting the 
result as part of 111. 32, instead of referring directly to I. 31. 

It is assumed in Euclid’s proof of the first and third cases that 4£ and 
FG will meet; but of course there is no difficulty in satisfying ourselves 
of this, 


PROPOSITION 34. 


From a given circle to cut off a segment admitting an angle 
equal to a given rectelineal angle. 


Let ABC be the given circle, and the angle at D the 
given rectilineal angle ; 


thus it is required to cut off from the circle ABC a segment 
admitting an angle equal to the given rectilineal angle, the 
angle at D. 

Let EF be drawn touching ABC at the point 4, and on 
the straight line FB, and at the point Z on it, let the angle 
FBC be constructed equal to the angle at D. (1. 23] 

Then, since a straight line EF touches the circle ABC, 
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and BC has been drawn across from the point of contact 
at B, 


the angle FBC is equal to the angle constructed in the alternate 
segment BAC. (111. 32] 


C 


—— 


E A 


But the angle FBC is equal to the angle at D ; 

therefore the angle in the segment BAC is equal to the 
angle at D. 

Therefore from the given circle 44 ZC the segment BAC. 
has been cut off admitting an angle equal to the given recti- 
lineal angle, the angle at D. 

Q. E. F. 
An alternative construction here would be to make an “angle at the 


centre" (in the extended sense, if necessary) double of the given angle; and, 
if the given angle is right, it is only necessary to draw a diameter of the circle. 


PROPOSITION 35. 


Jf in a circle two straight lines cut one another, the 
rectangle contained by the segments of the one is egual to the 
rectangle contained by the segments of the other. 


For in the circle ABCD let the two straight lines AC, 
BD cut one another at the point £ ; 
I say that the rectangle contained by 4 £, 
EC is equal to the rectangle contained by 4 
DE, EB. 
If now 4C, BD are through the centre, E 
so that Æ is the centre of the circle 44 72 CD, 
it is manifest that, AE, EC, DE, EB 
being equal, 


the rectangle contained by .4£, EC is also equal to the 
rectangle contained by DZ, EB. 
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Next let AC, DB not be through the centre ; 
let the centre of ABCD be taken, and 


let it be P; 
from F let FG, FH be drawn perpen- 
dicular to the straight lines AC, DB, " P 


and let FJ, FC, FE be joined. 
Then, since a straight line GF 
through the centre cuts a straight line 
AC not through the centre at right 
angles, BC 
it also bisects it ; (ut. 3] 
therefore AG is equal to GC. 
Since, then, the straight line 4C has been cut into equal 
parts at G and into unequal parts at £, 
the rectangle contained by AL, EC together with the square 
on £G is equal to the square on GC ; [1t. 5] 
Let the square on GF be added ; 
therefore the rectangle AE, EC together with the squares 
on GE, GF is equal to the squares on CG, GF. 
But the square on FE is equal to the squares on £G, GF, 
and the square on FC is equal to the squares on CG, GF; 
[t. 47] 
therefore the rectangle AE, EC together with the square 
on FE is equal to the square on FC. 
And 7C is equal to FB; 
therefore the rectangle 4£, EC together with the square on 
EF is equal to the square on 77. 
For the same reason, also, 
the rectangle DE, EP together with the square on FE is 
equal to the square on FÐ. 
But the rectangle 47, EC together with the square on 
FE was also proved equal to the square on FB; 
therefore the rectangle AE, EC together with the square on 
FE is equal to the rectangle DE, EB together with the 
square on FE. 
Let the square on F£ be subtracted from each ; 
therefore the rectangle contained by 4Z, EC which remains 
is equal to the rectangle contained by DE, EP. 
Therefore etc. 
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In addition to the two cases in Euclid’s text, Simson (following Campanus) 
gives two intermediate cases, namely (1) that in which one chord passes through 
the centre and bisects the other which does not pass through the centre at right 
angles, and (2) that in which one passes through the centre and cuts the other 
which does not pass through the centre but not at right angles. Simson then 
reduces Euclid’s second case, the most general one, to the second of the two 
intermediate cases by drawing the diameter through Æ. His note is as 
follows: ‘As the 25th and 33rd propositions are divided into more cases, 
so this 35th is divided into fewer cases than are necessary. Nor can it be 
supposed that Euclid omitted them because they are easy ; as he has given 
the case which by far is the easiest of them all, viz. that in which both the 
straight lines pass through the centre: And in the following proposition he 
separately demonstrates the case in which the straight line passes through the 
centre, and that in which it does not pass through the centre: So that it 
seems Theon, or some other, has thought them too long to insert: But cases 
that require different demonstrations should not be left out in the Elements, 
as was before taken notice of: These cases are in the translation from the 
Arabic and are now put into the text." Notwithstanding the ingenuity of the 
argument based on the separate mention by Euclid of the simplest case of 
all, I think the conclusion that Euclid himself gave four cases is unsafe ; in 
fact, in giving the simplest and most difficult cases only, he seems to be 
following quite consistently his habit of avoiding f00 great multiplicity of cases, 
while not ignoring their existence. 

The deduction from the next proposition (iit. 36) which Simson, following 
Clavius and others, gives as a corollary to it, namely that, Zf from any point 
without a circle there be drawn two straight lines cutting it, the rectangles 
contained by the whole lines and the parts of them without the circle are egual to 
one another, can of course be combined with 11. 35 in one enunciation. 

As remarked by Todhunter, a large portion of the proofs of 111. 35, 36 
amounts to proving the proposition, Zf any point be taken on the base, or the 
base produced, of an isosceles triangle, the rectangle contained by the segments of 
the base (i.e. the respective distances of the ends of the base from the point) ts 
equal to the difference between the square on the straight line joining the point to 
the vertex and the square on one of the equal sides of the triangle, This is of 
course an immediate consequence of 1. 47 combined with 11. 5 or 15. 6. 

The converse of 111. 35 and Simson’s corollary to 1. 36 may be stated 
thus. Jf two straight lines AB, CD, produced if necessary, intersect at O, and if 
the rectangle AQ, OB be equal to the rectangle CO, OD, the circumference of a 
circle will pass through the four points A, B,C, D. The proof is indirect. 
We describe a circle through three of the points, as 4, B, C (by the method 
used in Euclid's proofs of 111. 9, 10), and then we prove, by the aid of 1. 35 
and the corollary to 111. 36, that the circle cannot but pass through 2 also. 


PROPOSITION 36. 


Lf a point be taken outside a circle and from it there fall 
on the circle two straight lines, and tf one of them cut the 
circle and the other touch wt, the rectangle contained by the 
whole of the straight line which cuts the circle and the straight 
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line intercepted on 10 outside between the point and the convex 
circumference will be equal to the square on the tangent. 


For let a point D be taken outside the circle ABC, 
and from Ø let the two straight lines DCA, 
DB fall on the circle ABC; let DCA cut A 
the circle 4 BC and let BD touch it; 
I say that the rectangle contained by 4D, 
DC is equal to the square on DB. 

Then DCA is either through the centre 
or not through the centre. 

First let it be through the centre, and 
let P be the centre of the circle 48C; 
let FB be joined ; 

therefore the angle FBD is right. (1. 18] 

And, since AC has been bisected at F, and CD is added 
to 1t, 
the rectangle AD, DC together with the square on FC is 
equal to the square on FD, (11. 6] 

But FC is equal to FB; 
therefore the rectangle 4D, DC together with the square on 
FB is equal to the square on FD. 

And the squares on FB, BD are equal to the square on 

, I. 4 
therefore the rectangle 4D, DC together with the Me E 
FB is equal to the squares on FB, BD. 

Let the square on FZ be subtracted from each ; 
therefore the rectangle 4D, DC which remains is equal to 
the square on the tangent DZ. 

Again, let DCA not be through the centre of the circle 
ABC; 
let the centre Æ be taken, and from £ 
let EF be drawn perpendicular to AC; 
let EB, EC, ED be joined. 


Then the angle EZ is right. A 
(n1. 18] 
And, since a straight line EF © B 


through the centre cuts a straight line 
AC not through the centre at right angles, 
it also bisects 1t ; (111. 3] 
therefore AF is equal to FC. 
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Now, since the straight line 4C has been bisected at the 
point F, and CD is added to it, 
the rectangle contained by 4D, DC together with the square 
on FC is equal to the square on FD. [u. 6] 


Let the square on FF be added to each ; 


therefore the rectangle 4D, DC together with the squares 
on CF, FE is equal to the squares on FD, FE. 


But the square on £C is equal to the squares on CF, FE, 
for the angle EFC is right ; (t. 47] 


and the square on £P is equal to the squares on Df, FE; 


therefore the rectangle 4D, DC together with the square on 
EC is equal to the square on ED. 


And ÆC ts equal to £2; 


therefore the rectangle 4D, DC together with the square on 
EB is equal to the square on E. 


But the squares on EZ, BD are equal to the square on 
ED, for the angle EBD is right ; (1. 47] 


therefore the rectangle 4D, DC together with the square on 
EB is equal to the squares on £P, BD. 


Let the square on EZ be subtracted from each ; 


therefore the rectangle 4D, DC which remains is equal to 
the square on DB. 


Therefore etc. Q. E. D. 


Cf. note on the preceding proposition. Observe that, whereas it would 
be natural with us to prove first that, if 4 is an external point, and two 
straight lines 4Z£B, AFC cut the circle in Z, B and 7, C respectively, the 
rectangle BA, AE is equal to the rectangle CA, AF, and thence that, the 
tangent from A being a straight Jine like AEB in its limiting position when 
E and B coincide, either rectangle is equal to the square on the tangent 
(cf. Mr H. M. Taylor, p. 253), Euclid and the Greek geometers generally did 
not allow themselves to infer the truth of a proposition in a //zufing case 
directly from the general case including it, but preferred a separate proof of 
the limiting case (cf. Apollonius of Perga, p. 40, 139—140). This accounts for 
the form of 111. 36. 


PROPOSITION 37. 


If a point be taken outside a circle and from the point 
there fall on the circle two straight lines, uf one of them cut 
the circle, and the other fall on it, and if further the rect- 
angle contained by the whole of the straight line which cuts 
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the circle and the straight line intercepted on it outside 
between the point and the convex circumference be equal to 
the square on the straight line which falls on the circle, the 
straight line which falls on it will touch the circle. 


For let a point D be taken outside the circle ABC; 
from D let the two straight lines 
DCA, DB fall on the circle ACB; 
let DCA cut the circle and DB 
fall on it; and let the rectangle 4D, 
DC be equal to the square on DB. 

I say that DB touches the circle 
ABC. E A 

For let DE be drawn touching 
ABC; let the centre of the circle ABC be taken, and let it 
be F; let FE, FB, FD be joined. 

Thus the angle FED is right. [nr 18] 

Now, since DE touches the circle 4 BC, and DCA cuts it, 
the rectangle 4D, DC is equal to the square on DE. [i. 36) 

But the rectangle 4D, DC was also equal to the square 
on DB; 
therefore the square on D is equal to the square on DB ; 

therefore DE is equal to DZ. 

And FE is equal to F7 ; 
therefore the two sides D£, E are equal to the two sides 
DB, BF; 
and FD is the common base of the triangles ; 

therefore the angle DE is equal to the angle DAF. 


t. 8 
But the angle DEF is right ; BS 
therefore the angle DF is also right. 
And FZ produced is a diameter ; 
and the straight line drawn at right angles to the diameter 
of a circle, from its extremity, touches the circle; [ut. 16, Por.] 
therefore DZ touches the circle. 
Similarly this can be proved to be the case even if the 
centre be on AC. 
Therefore etc. Q. E. D. 


D E 


De Morgan observes that there is here the same defect as in 1. 48, i.e. an 
apparent avoidance of indirect demonstration by drawing the tangent DZ on 
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the opposite side of DF from DB. The case is similar to the apparently 
direct proof which Campanus gave. He drew the straight line from D 
passing through the centre, and then (without drawing a second tangent) 
proved by the aid of 11. 6 that the square on DF is equal to the sum of the 
squares on D&B, BF; whence (by 1. 48) the angle DAF is a right angle. 
But this proof uses 1. 48, the very proposition to which De Morgan's original 
remark relates. 

The undisguised indirect proof is easy. If DB does not touch the circle, 
it must cut it if produced, and it follows that the square on DS must be 
equal to the rectangle contained by DB and a longer line: which is absurd. 


BOOK IV. 


DEFINITIONS. 


1. A rectilineal figure is said to be inscribed in a 
rectilineal figure when the respective angles of the 
inscribed figure lie on the respective sides of that in which 
it is inscribed. 


2. Similarly a figure is said to be circumscribed about 
a figure when the respective sides of the circumscribed 
figure pass through the respective angles of that about which 
it is circumscribed. 


3. A rectilineal figure is said to be inscribed in a 
circle when each angle of the inscribed figure lies on the 
circumference of the circle. 


4. A rectilineal figure is said to be circumscribed 
about a circle, when each side of the circumscribed figure 
touches the circumference of the circle. 


5. Similarly a circle is said to be inscribed in a figure 
when the circumference of the circle touches each side of the 
figure in which it is inscribed. 


6. A circle is said to be circumscribed about a figure 
when the circumference of the circle passes through each 
angle of the figure about which it is circumscribed. 


7. A straight line is said to be fitted into a circle when 
its extremities are on the circumference of the circle. 


DEFINITIONS I—7. 
I append, as usual, the Greek text of the definitions. 


I. Zxüpa eis ypappoy eis oT pa ebbvypappor éyypapeoBar Aéyeras, órav 
ixáa ry TOV Tov éyypadopévov oxnparos ywnuy éxacTgs TÀevpüs Tob, eis ó 


éyypdgerat, arryrat 
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2. Syppa 8é dpoiws mepi oxjpa weprypaperOar A€yerat, Sray éxadory wevpa 
rou weprypapopevon éxdorys ywrias rod, «pi à weprypdgerat, dxryras. 


3. Sxppo <bOvypap pov cis xdxdXov eyypaderGat A€yerat, Grav éxdory ywria 
rod éyypapopévoy awryrat ris To KuKAov wepipepeias. 


4. Xyypa O6 eÜvypapupor wepi Kindov weprypaperOar Aéyerat, Gray ixdor 
wAcvpa Tov weptypapopivoy épdmryrat Tis Tov KuKAou wepihepeias. 


5. Kurdos & es expa Spoiws eyypaper Oar A€éyerar, Grav 9 ToU. kóxXov 
mepipipaa exdorns wrevpas rod, «is © eyypdderat, arryrac. 


6. Kvxdos 8% rept oxijpa reprypaper Bar A€yerat, Gray y rou Kuxdou weptpépaca 
éxdorys ywvias oU, wept & weptypaderat, axryrat. 


J. Eba «is kóxXov évappoferOar A€yerat, Grav ta wépara auras émi THs 
mepipeptias J Tov KuKXov. 


In the first two definitions an English translation, if it is to be clear, must 
depart slightly from the exact words used in the Greek, where “‘each side” of 
one figure is said to pass through ** each angle" of another, or ** each angle " 
(i.e. angular point) of one lies on “each side” of another (éxaory mA«vpd, 
éxaorn ywvria). 

It is also necessary, in the five definitions 1, 2, 3, § and 6, to translate 
the same Greek word amrnra in three different ways. It was observed on 
11. Def. 2 that the usual meaning of arreoĝat in Euclid is to meet, in contra- 
distinction to êġárresðaı, which means to fouch. Exceptionally, as in Def. 5, 
áxreaÓa« has the meaning of /ouch. But two new meanings of the word appear, 
the first being to Zie on, as in Deff. 1 and 3, the second to pass through, as in 
Def. 2 and 6; “each angle” lies on (amrerac) a side or on a circle, and 
“each side,” or a circle, passes through (awrerac) an angle or “each angle.” 
The first meaning of /ying on is exemplified in the phrase of Pappus dywerac 16 
onpetov Odvee SeSopévns edOetas, “will lie on a straight line given in position”; 
the meaning of passing through seems to be much rarer (I have not seen it in 
Archimedes or Pappus), but, as pointed out on 111. Def. 2, Aristotle uses the 
compound é¢parrecGac in this sense. 

Simson proposed to read épamryra in the case (Def. 5) where arryrac 
means fouches. He made the like suggestion as regards the Greek text of iri. 
11, 12, 13, 18, 19; in the first four of these cases there seems to be Ms. 
authority for the compound verb, and in the fifth Heiberg adopts Simson’s 
correction. 
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PROPOSITION I. 


Into a given circle to fit a straight line equal to a given 
straight line which is not greater than the diameter of the 
circle. 


Let ABC be the given circle, and D the given straight 
line not greater than the diameter 
of the circle ; D 





thus it is required to fit into the 
circle ABC a straight line equal 
to the straight line D. 8 


Let a diameter BC of the 
circle ABC be drawn. 
Then, if BC is equal to D, F 
that which was enjoined will have 
been done ; for BC has been fitted into the circle ABC equal 
to the straight line D. 


But, if BC is greater than D, 


let CE be made equal to D, and with centre C and distance 
CE let the circle ZAF be described ; 


let CA be joined. 
Then, since the point C is the centre of the circle £A F, 
CA is equal to CZ. 
But C£ is equal to D ; 
therefore D is also equal to CA. 


Therefore into the given circle ABC there has been fitted 
CA equal to the given straight line 2. 
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Of this problem as it stands there are of course an infinite number of 
solutions ; and, if a particular point be chosen as one extremity of the chord 
to be “fitted in,” there are two solutions. More difficult cases of “fitting 
into” a circle a chord of given length are arrived at by adding some further 
condition, e.g. (1) that the chord is to be parallel to a given straight line, or 
(2) that the chord, produced if necessary, shall pass through a given point. 
The former problem is solved by Pappus (111. p. 132); instead of drawing the 
chord as a tangent to a circle concentric with the given circle and having as 
radius a straight line the square on which is equal to the difference between 
the squares on the radius of the given circle and on half the given length, he 
merely draws the diameter of the circle which is parallel to the given direction, 
measures from the centre along it in each direction a length equal to half the 
given length, and then draws, on one side of the diameter, perpendiculars to it 
through the two points so determined. 

The second problem of drawing a chord of given length, being less than 
the diameter of the circle, and passing through a given point, is more 
important as having been one of the problems discussed by Apollonius in his 
work entitled vevce:s, now lost. Pappus states the problem thus (vit. p. 670): 
"A circle being given in position, to fit into it a straight line given in 
magnitude and verging (vevovcay) towards a given (point). To do this we 
have only to place any chord 77K in the given 
circle (with. centre O) equal to the given length, K 
take Z the middle point of it, with O as centre and 
OL as radius describe a circle, and lastly through 
the given point C draw a tangent to this circle 
meeting the given circle in 4, B. AB is then one H 
of zwo chords which can be drawn satisfying the 
given conditions, if C is outside the inner circle; if A 
C is on the inner circle, there is one solution only ; 
and, if C is within the inner circle, there is no 
solution. Thus, if C is within the outer (given) 
circle, besides the condition that the given length must not be greater than the 
diameter of the circle, there is another necessary condition of the possibility 
of a solution, viz. that the given length must not be Æss than double of the 
straight line the square on which is equal to the difference between the squares 
(1) on the radius of the given circle and (2) on the distance between its 
centre and the given point. 


PROPOSITION 2. 


£n a given circle to inscribe a triangle equiangular with a 
given triangle. 


Let ABC be the given circle, and DEF the given 
triangle ; 
thus it is required to inscribe in the circle ABC a triangle 
equiangular with the triangle DEF. 

Let GĦ be drawn touching the circle 44 Z C at A [11. 16, Por.]; 
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on the straight line 74477, and at the point 4 on it, let the 
angle HAC be constructed eaual to the angle DEF, 


and on the straight line 4G, and at the point 4 on it, let 
the angle GAB be constructed equal to the angle DFE ; 


I [1. 23] 
let BC be joined. 





Then, since a straight line AH touches the circle 4 BC, 


and from the point of contact at 4 the straight line AC is 
drawn across in the circle, 


therefore the angle HAC is equal to the angle ABC in the 
alternate segment of the circle. fir. 32) 


But the angle HAC is equal to the angle DEF; 
therefore the angle 4AC is also equal to the angle DEF. 
For the same reason 
the angle ACB is also equal to the angle DFE ; 
therefore the remaining angle BAC is also equal to the 


remaining angle EDF. (1. 32] 
Therefore in the given circle there has been inscribed a 
triangle equiangular with the given triangle. Q. E. F. 


Here again, since any point on the circle may be taken as an angular 
point of the triangle, there are an infinite number of solutions. Even when a 
particular point has been chosen to form one angular point, the required 
triangle may be constructed in six ways. For any one of the three angles 
may be placed at the point; and, whichever is placed there, the positions of 
the two others relatively to it may be interchanged. The sides of the triangle 
will, in al] the different solutions, be of the same length respectively; only 
their relative positions will be different. 

This problem can of course be reduced (as it was by Borelli) to n1. 34, 
namely the problem of cutting off from a given circle a segment containing an 
angle equal to a given angle. 1t can also be solved by the alternative method 
applicable to 11. 34 of drawing “angles at the centre" equal to double the 
angles of the given triangle respectively ; and by this method we can easily 
solve this problem, or 111. 34, with the further condition that one side of the 
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required triangle, or the base of the required segment, respectively, shall be 
parallel to a given straight line. 

As a particular case, we can, by the method of this proposition, describe 
an equilateral triangle in any circle after we have first constructed any 
equilateral triangle by the aid of 1. 1. The possibility of this is assumed in 
Iv. 16. It is of course equivalent to dividing the circumference of a circle 
into three equal parts. As De Morgan says, the idea of dividing a revolution 
into equal parts should be kept prominent in considering Book 1v.; this 
aspect of the construction of regular polygons is obvious enough, and the 
reason why the division of the circle into Aree equal parts is not given by 
Euclid is that it happens to be as easy to divide the circle into three parts 
which are in the ratio of the angles of any triangle as to divide it into three 
equal parts. 


PROPOSITION 3. 


A bout a gwen circle to circumscribe a triangle equiangular 
with a given triangle. 

Let ABC be the given circle, and DEF the given 
triangle ; 
;thus it is required to circumscribe about the circle 4 BC a 
triangle equiangular with the triangle DEF. 


M H 
F D 
A 
B 
E 
G 
L c N 


Let £F be produced in both directions to the points 
G, H, 
let the centre K of the circle ABC be taken (ur. 1], and let 
10 the straight line A.B be drawn across at random ; 
on the straight line A&B, and at the point A on it, let the 
angle BA be constructed equal to the angle DEG, 


and the angle BC equal to the angle DF; [1. 23] 
and through the points 4, B, C let LAM, MBN, NCL be 
15 drawn touching the circle AAC. (1. 16, Por.] 


Now, since £f, MN, NL touch the circle ARC at the 
points 4, B, C, 
and KA, KB, KC have been joined from the centre A to 
the points 4, B, C, 
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20 therefore the angles at the points 44, Z, C are right. — (ur. 18] 


And, since the four angles of the quadrilatera. AMBK 
are equal to four right angles, inasmuch as AMBK is in fact 
divisible into two triangles, 


and the angles KAM, KBM are right, 


25 therefore the remaining angles 44 K P, AMB are equal to two 
right angles. 


But the angles DEG, DEF are also equal to two right 
angles ; (1. 13] 


therefore the angles AXB, AMB are equal to the angles 
30 DEG, DEF, 


of which the angle AXB is equal to the angle DEG; 


therefore the angle AMB which remains is equal to the 
angle DEF which remains. 


Similarly it can be proved that the angle ZNB is also 
35 equal to the angle DFE ; 


therefore the remaining angle MLN is equal to the 
angle EDF. (1. 32] 
Therefore the triangle LMN is equiangular with the 


triangle DEF; and it has been circumscribed about the 
40 circle ABC. 


Therefore about a given circle there has been circum- 
scribed a triangle equiangular with the given triangle. 
Q. E. F. 


10, at random, literally ‘as it may chance,” às (rvxer. The same expression is used 
in 11]. r and commonly. 
22. isin fact divisible, cai diacpetras, literally “is actually divided.” 


The remarks as to the number of ways in which Prop. 2 can be solved 
apply here also. 

Euclid leaves us to satisfy ourselves that the three tangents wi% meet and 
form a triangle. This follows easily from the fact that each of the angles 
AKB, BKC, CKA is less than two right angles. The first two are so by 
construction, being the supplements of two angles of the given triangle re- 
spectively, and, since all three angles round Æ are together equal to four 
rght angles, it follows that the third, the angle AXC, is equal to the sum 
of the two angles Æ, F of the triangle, i.e. to the supplement of the angle D, 
and is therefore less than two right angles. 

Peletarius and Borelli gave an alternative solution, first inscribing a triangle 
equiangular to the given triangle, by 1v. 2, and then drawing tangents to the 
circle parallel to the sides of the inscribed triangle respectively. "This method 
will of course give two solutions, since two tangents can be drawn parallel to 
each of the sides of the inscribed triangle. 

If the three pairs of parallel tangents be drawn and produced far enough, 
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they will form e/gA/ triangles, two of which are the triangles circumscribed to 
the circle in the manner required in the proposition. The other six triangles 
are so related to the circle that the circle touches two of the sides in each 
produced, i.e. the circle is an escribed circle to each of the six triangles. 


PROPOSITION 4. 


In a given triangle to inscribe a circle. 


Let ABC be the given triangle ; 
thus it is required to inscribe a circle in the triangle 4 AC. 
Let the angles 4BC, ACB 
s be bisected by the straight lines 
BD, CD (1. 9], and let these meet 
one another at the point D ; 
fron D let DE, DF, DG be 
drawn perpendicular tothestraight 
io lines ÁB, BC, C A. 
Now, since the angle 43D 
is equal to the angle CBD, 
and the right angle BED is also equal to the right angle 
BFD, 
i5 EBD, FBD are two triangles having two angles equal to two 
angles and one side equal to one side, namely that subtending 
one of the equal angles, which is BD common to the 
triangles ; 
therefore they will also have the remaining sides equal to 
20 the remaining sides ; [t. 26] 
therefore DZ is equal to DF. 
For the same reason 
DG is also equal to DF. 
Therefore the three straight lines DE, DF, DG are ecual 
25 to one another ; B 
therefore the circle described with centre D and distance 
one of the straight lines DE, DF, DG will pass also 
through the remaining points, and will touch the straight 
lines AB, BC, CA, because the angles at the points £, F, G 
3o are right. 
For, if it cuts them, the straight line drawn at right angles 
to the diameter of the circle from its extremity will be found 
to fall within the circle: which was proved absurd ; (1r. 16] 
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therefore the circle described with centre J and distance 
35 one of the straight lines DE, DF, DG will not cut the 
straight lines 44 B, BC, CA ; 


therefore it will touch them, and will be the circle inscribed 
in the triangle ABC. [iv. Def. 5] 


Let it be inscribed, as FGE. 


4o Therefore in the given triangle ABC the circle EFG has 
been inscribed. 


Q. F. F. 


26, 34. and distance one of the (straight lines D)E, (D)F, (D)G. The words 
and letters here shown in brackets are put in to fill out the rather careles: language of the 
Greek. Here and in several other places in Book iv. Euclid says literally **and with distance 
one of the (points) E, F, G"' (xal &aerfjuarc évl rà» E, Z, H) and thelike. Inone case (1v. 13) 
he actually has ‘‘ with distance one of the points G, H, K, L, M” (baorhuarı dvi rav H, O, 
K, A, M onpelwv). Heiberg notes“ Graecam locutionem satis miram et negligentem," but, 
in view of its frequent occurrence in good MSS., does not venture to correct it. 


Euclid does not think it necessary to prove that BD, CD will meet ; this 
is indeed obvious, for the angles DBC, DCB are together half of the angles 
ABC, ACB, which themselves are together less than two right angles, and 
therefore the two bisectors of the angles 3, C must meet, by Post. 5. 

It follows from the proof of this proposition that, if the bisectors of two 
angles B, C of a triangle meet in D, the line joining D to 4 also bisects the 
third angle 4, or the bisectors of the three angles.of a triangle meet in 
a point. 

Pit will be observed that Euclid uses the éndirect form of proof when 
showing that the circle touches the three sides of the triangle. Simson proves 
it directly, and points out that Euclid does the same in 11. 17, 33 and 37, 
whereas in iv. 8 and 13 as well as here he uses the indirect form. The 
difference is unimportant, being one of form and not of substance; the 
indirect proof refers back to 111. 16, whereas the direct refers back to the 
Porism to that proposition. 

We may state this problem in the move general form: Zo describe a circle 
touching three given straight lines which do not all meet in one point, and of 
which not more than two are parallel. 

In the case (1) where two of the straight lines are parallel and the third 
cuts them, two pairs of interior angles are formed, one on each side of the 
third straight line. If we bisect each of the interior angles on one side, the 
bisectors will meet in a point, and this point will be the centre of a circle 
which can be drawn touching each of the three straight lines, its radius being 
the perpendicular from the point on any one of the three. Since the alternate 
angles are equal, two equal circles can be drawn in this manner satisfying the 
given condition. 

In the case (2) where the three straight lines form a triangle, suppose each 
straight line produced indefinitely. Then each straight line will make two 
pairs of interior angles with the other two, one pair forming two angles of the 
triangle, and the other pair being their supplements. By bisecting each angle 
of either pair we obtain, in the manner of the proposition, two circles 
satisfying the conditions, one of them being the inscribed circle of the triangle 
and the other being a circle escrided to it, 1.e. touching one side and the other 
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two sides produced. Next, taking the pairs of interior angles formed by a 
second side with the other two produced indefinitely, we get two circles 
satisfying the conditions, one of which is the same inscribed circle that we had 
before, while the other is a second escribed circle. Similarly with the third side. 
Hence we have the inscribed circle, and three escribed circles (one opposite 
each angle of the triangle), i.e. four circles in all, satisfying the conditions of 
the problem. 

It may perhaps not be inappropriate to give at this point Heron’s elegant 
proof of the formula for the area of a triangle in terms of the sides, which we 
usually write thus : 


A = Js(s—a) (s — 4) (s e), 


although it requires the theory of proportions and uses some ungeometrical 
expressions, e.g. the product of two areas and the “side” of such a product, 
where of course the areas are so many square units of length. The proof is 
given in the Mefrica, 1. 8, and in the Droptra, 30 (Heron, Vol. 111., Teubner, 
1903, pp. 20—24 and pp. 280—4, or Heron, ed. Hultsch, pp. 235— 7). 
Suppose the sides of the triangle 4 C to be given in length. 
Inscribe the circle DEF, and let G be its centre. 





Join AG, BG, CG, DG, EG, FG. 

Then BC. EG=2.4 BGC, 
CA. FG=2.4ACG, 
AB. DG=2.454ABG. 

Therefore, by addition, 

p-EG=2.4A4LC, 
where ? is the perimeter. 
Produce CB to Ħ, so that BH = AD. 
Then, since AD=AF, DB=BE, FC=CE, 
CH= $2. 
Hence CH.EG-24^ABC. 
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But CA.EG is the "side" of the product CA?. EG?, that is 


JCH’. EG’; 

therefore (A ABCP = CH’. EG’. 

Draw GZ at right angles to CG, and BZ at right angles to CZ, meeting 
at Z. Join CZ. 


Then, since each of the angles CGL, CBL is right, CGBZ is a quadri- 
lateral in a circle. 

Therefore the angles CGB, CLB are equal to two right angles. 

Now the angles CGB, AGD are equal to two right angles, since 4G, BG, 
CG bisect the angles at G, and the angles CGB, AGD are equal to the 
angles AGC, DGB, while the sum of all four is equal to four right angles. 

Therefore the angles 4 G2, CZB are equal. 

So are the right angles 42D G, CBL. 

Therefore the triangles 4G D, CZ are similar. 


Hence BC:BL=AD:DG 
= BH: EG, 
and, alternately, CB: BH = BL: EG 
= BK: KE, 
whence, componendo, CH: HB = BE: EK. 
It follows that CH?:CH.HB= BE.EC:CE.EK 
= BE. EC: EG” 
Therefore 


(Q ABC) = CH’. EG*= CH.HB.CE. EB 
= $p (3p - BC) 8» - AB) (4p —- AC). 


PROPOSITION 5. 


About a given triangle to circumscribe a circle. 


Let ABC be the given triangle ; 
thus it is required to circumscribe a circle about the given 
triangle 4 BC. 


A 


D LA D 
CX XU 


Let the straight lines 4B, AC be bisected at the points 
D, E (1s. 10], and from the points D, £ let DF, EF be drawn 
at right angles to 48, AC; 
they will then meet within the triangle 48C, or on the 
straight line BC, or outside BC. 
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First let them meet within at Z, and let FB, FC, FA be 
joined. 

Then, since 4D is equal to DB, 
and DF is common and at right angles, 
therefore the base 4F is equal to the base FB. [1. 4] 

Similarly we can prove that 

CF is also equal to AF; 
so that FB is also equal to FC; 

therefore the three straight lines F4, FBD, FC are equal 
to one another. 

Therefore the circle described with centre F and distance 
one of the straight lines 24, FB, FC will pass also through 
the remaining points, and the circle will have been circum- 
scribed about the triangle 44 AC. 

Let it be circumscribed, as ABC. 

Next, let DF, £F meet on the straight line BC at F, 
as is the case in the second figure ; and let 44 F be joined. 

Then, similarly, we shall prove that the point F is the 
centre of the circle circumscribed about the triangle ABC. 

Again, let DF, EF meet outside the triangle ABC at F, 
as is the case in the third figure, and let AF, BF, CF be 
joined. 

Then again, since 4D is equal to DBZ, 
and DF is common and at right angles, 
therefore the base 74 F is equal to the base AF: [t. 4] 

Similarly we can prove that 

CF is also equal to AF; 
so that BF is also equal to FC; 
therefore the circle described with centre F^ and distance one 
of the straight lines 724, FPE, FC will pass also through 
the remaining points, and will have been circumscribed about 
the triangle 44 BC. 

Therefore about the given triangle a circle has been 
circumscribed. 

Q. E. F. 

And it is manifest that, when the centre of the circle falls 
within the triangle, the angle BAC, being in a segment 
greater than the semicircle, is less than a right angle; 
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when the centre falls on the straight line BC, the angle BAC, 
being in a semicircle, is right ; 


and when the centre of the circle falls outside the triangle, 
the angle BAC, being in a segment less than the semicircle, 
is greater than a right angle. (1. 31) 


Simson points out that Euclid does not prove that DF, ZF will meet, and 
he inserts in the text the following argument to supply the omission. 

" DF, EF produced meet one another. For, if they do not meet, they 
are parallel, wherefore 4S, AC, which are at right angles to them, are 
parallel [or, he should have added, in a straight line]: which is absurd." 

This assumes, of course, that straight lines which are at right angles to two 
parallels are themselves parallel; but this is an obvious deduction from i. 28. 

On the assumption that DF, EF will meet Todhunter has this note: “It 
has been proposed to show this in the following way: join DZ; then the 
angles EF and DEF are together less than the angles 4DF and AEF, that 
is, they are together less than two right angles; and therefore DF and EF 
will meet, by Axiom 12 [Post. 5]. This assumes that 4DE and AED are 
acute angles ; it may, however, be easily shown that DE is parallel to BC, so 
that the triangle 4DEZ is equiangular to the triangle 48C; and we must 
therefore select the two sides AB and AC such that ABC and ACB may be 
acute angles.” 

This is, however, unsatisfactory. Euclid makes no such selection in 111. 9 
and 111. 10, where the same assumption is tacitly made; and it is unnecessary, 
because it is easy to prove that the straight lines DA, EF meet in aZ cases, 
by considering the different possibilities separately and drawing a separate 
figure for each case. 

Simson thinks that Euclid’s demonstration had been spoiled by some 
unskilful hand both because of the omission to prove that the perpendicular 
bisectors meet, and because ‘‘ without any reason he divides the proposition 
into three cases, whereas one and the same construction and demonstration 
serves for them all, as Campanus has observed.” However, up to the usual 
words mep ée moujoat there seems to be no doubt about the text. Heiberg 
suggests that Euclid gave separately the case where Æ falls on JC because, in 
that case, only 44 F needs to be drawn and not B7, CF as well. 

The addition, though given in Simson and the text-books as a “corollary,” 
has no heading rópıøpa in the best Mss. ; it is an explanation like that which 
is contained in the penultimate paragraph of 111. 25. 

The Greek text has a further addition, which is rejected by Heiberg as not 
genuine, “So that, further, when the given angle happens to be less than a 
right angle, DA, EF will fall within the triangle, when it is right, on BC, and, 
when it is greater than a right angle, outside BC. (being) what it was required 
to do.” Simson had already observed that the text here is vitiated “ where 
mention is made of a given angle, though there neither is, nor can be, any- 
thing in the proposition relating to a given angle.” 
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PROPOSITION 6. 


In a gwen circle to inscribe a square. 


Let ABCD be the given circle ; 

thus it is required to inscribe a square in the circle 4 BCD. 
Let two diameters 4C, BD of the 

circle ABCD be drawn at right angles A 

to one another, and let 442, BC, CD, 

DA be joined. 
Then, since BE is equal to ED, for 

E is the centre, 8 o 


and £4 is common and at right angles, 


therefore the base AB is equal to the 
base 4D. (1. 4] C 


For the same reason 
each of the straight lines BC, CD is also equal to each of 
the straight lines 48, AD; 
therefore the quadrilateral 4. 8CD is equilateral. 
] say next that it is also right-angled. 


For, since the straight line BD is a diameter of the circle 
ABCD, 
therefore BAD is a semicircle ; 

therefore the angle BAD 1s right. (tir. 31] 

For the same reason 
each of the angles ABC, BCD, CDA is also right ; 

therefore the quadrilateral 4 BCD is right-angled. 

But it was also proved equilateral ; 
therefore it is a square ; [. Def. 22] 
and it has been inscribed in the circle ABCD. 

Therefore in the given circle the square 4 BCD has been 
inscribed. 

Q. E. F. 

Euclid here proceeds to consider problems corresponding to those in 
Props. 2—5 with reference to figures of four or more sides, but with the 
difference that, whereas he dealt with triangles of any form, he confines 
himself henceforth to regular figures. It happened to be as easy to divide a 
circle into ¢4ree parts which are in the ratio of the angles, or of the ‘supplements 


of the angles, of a triangle as into three egual parts. But, when it is required to 
inscribe in a circle a figure equiangular to a given guadrilateral, this can only be 
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done provided that the quadrilateral has either pair of opposite angles equal 
to two right angles. Moreover, in this case, the problem may be solved in the 
same way as that of Iv. 2, i.e. by simply inscribing a triangle equiangular to one 
of the triangles into which the quadrilateral is divided by either diagonal, and 
then drawing on the side corresponding to the diagonal as base another 
triangle equiangular to the other triangle contained in the quadrilateral. But 
this is not the only solution ; there are an infinite 
number of other solutions in which the inscribed 
quadrilateral will, unlike that found by this particular 
method, not be of the same form as the given quadri- 
lateral. For suppose ABCD to be the quadrilateral 
inscribed in the circle by the method of iv. 2. Take 
any point B on AB, join AZ’, and then make the 
angle DAD (measured towards AC) equal to the 
angle BAB’. Join BC, CD’. Then ABCD is also 
equiangular to the given quadrilateral, but not of the 
same form. Hence the problem is indeterminate in the case of the general 
quadrilateral. It is equally so if the given quadrilateral is a rectangle ; and it 
is determinate only when the given quadrilateral is a square. 





PROPOSITION 7. 


A bout a given circle to circumscribe a square. 


Let ABCD be the given circle ; 
thus it is required to circumscribe a square about the circle 
ABCD. 


Let two diameters AC, BD of the 
circle ABCD be drawn at right angles 
to one another, and through the points 
A, B, C, D let FG, GH, HK, KF be 
drawn touching the circle 48CD. 

[1t1. 16, Por. ] 

Then, since FG touches the circle 
ABCD, 


and £4 has been joined from the centre 
E to the point of contact at 4, 


therefore the angles at 4 are right. Imi. 18 
For the same reason 
the angles at the points B, C, D are also right. 
Now, since the angle AEB is right, 
and the angle EG is also right, 
therefore GA is parallel to AC. [t. 28 
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For the same reason 
AC is also parallel to FK, 
so that GĦ is also parallel to FX. [1. 30] 
Similarly we can prove that 
each of the straight lines GF, HK is parallel to BED. 
Therefore GX, GC, AK, FB, BK are parallelograms ; 
therefore GF is equal to HX, and GH to FX. (1. 34] 
And, since AC is equal to BD, 
and AC is also equal to each of the straight lines GĦ, FK, 
while BD is equal to each of the straight lines GF, HK, 


[. 34] 
therefore the quadrilateral FG //K is equilateral. 


I say next that it is also right-angled. 
For, since GBEA is a parallelogram, 
and the angle AEB is right, 
therefore the angle AGB is also right. (r. 34] 
Similarly we can prove that 
the angles at 77, K, F are also right. 
Therefore FGZZX is right-angled. 
But it was also proved equilateral ; 
therefore it is a square ; 
and it has been circumscribed about the circle ABCD. 


Therefore about the given circle a square has been 
circumscribed. 
Q. E. F. 


It is just as easy to describe about a given circle a polygon equiangular to 
any given polygon as it is to describe a square about a given circle. We have 
only to use the method of 1v. 3, ie. to take any radius of the circle, to 
measure round the centre successive angles in one and the same direction 
equal to the supplements of the successive angles of the given polygon and, 
lastly, to draw tangents to the circle at the extremities of the several radii so 
determined ; but again the polygon would in general not be of the same form 
as the given one ; it would only be so if the given polygon happened to be 
such that a circle could be inscribed in it. To take the case of a guadrilateral 
only: it is easy to prove that, if a quadrilateral be described about a circle, 
the sum of one pair of opposite sides must be equal to the sum of the other 
pair. It may be proved, conversely, that, if a quadrilateral has the sums of the 
pairs of opposite sides equal, a circle can be inscribed in it. If then a given 
quadrilateral has the sums of the pairs of opposite sides equal, a quadrilateral 
can be described about any given circle not only equiangular with it but 
having the same form or, in the words of Book vi., similar to it. 
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PROPOSITION 8. 


In a given square to inscribe a circle. 
Let ABCD be the given square ; 
thus it is required to inscribe a circle in the given square 

ABCD. 
Let the straight lines 4D, AB be 


bisected at the points £, F E 
(1. ro], 


through E let £/7 be drawn parallel 
to either AB or CD, and through 
F let FA be drawn parallel to either 
AD or BC; [r. 31] 
therefore each of the figures 44, KB, 
AH, HD, AG, GC, BG, GD is a parallelogram, 

and their opposite sides are evidently equal. (1. 34] 

Now, since 74 D is equal to 47, 
and AE is half of 4D, and AF half of AZ, 

therefore AZ is equal to AF, 
so that the opposite sides are also equal ; 
therefore FG is equal to GZ. 

Similarly we can prove that each of the straight lines GH, 
GK is equal to each of the straight lines FG, GE ; 

therefore the four straight lines GE, GF, GH, GK are 
equal to one another. 

Therefore the circle described with centre G and distance 
one of the straight lines GE, GF, GH, GX will pass also 
through the remaining points. 

And it will touch the straight lines 48, BC, CD, DA, 
because the angles at Æ, F, H, K are right. 

For, if the circle cuts 48, BC, CD, DA, the straight 
line drawn at right angles to the diameter of the circle from 
its extremity will fall within the circle: which was proved 
absurd ; [ur. 16] 
therefore the circle described with centre G and distance 
one of the straight lines GE, GF, GH, GK will not cut 
the straight lines 4B, BC, CD, DA. 

Therefore it wil] touch them, and will have been inscribed 
in the square ABCD. 

Therefore in the given square a circle has been inscribed. 
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As was remarked in tne last note, a circle can be inscribed in any 
quadrilateral which has the sum of one pair of opposite sides equal to the sum 
of the other pair. In particular, it follows that a circle can be inscribed in a 
square or a rhombus, but not in a rectangle or a rhomboid. 


PROPOSITION 9. 


About a given square to circumscribe a circle. 
Let ABCD be the given square; 
thus it is required to circumscribe a circle about the square 


ABCD. 


For let AC, BD be joined, and let them A 
cut one another at Æ. 

Then, since DA is equal to AB, 
and AC is common, 8 D 
therefore the two sides DA, AC are equal 
to the two sides BA, AC; 
and the base DC is equal to the base BC; £ 

therefore the angle DAC is equal to 
the angle BAC. f1. 8] 

Therefore the angle DAB is bisected by AC. 

Similarly we can prove that each of the angles ABC, 
BCD, CDA is bisected by the straight lines 4C, DB. 

Now, since the angle DAB is equal to the angle AAC, 
and the angle EAB is half the angle DAB, 
and the angle EBA half the angle ABC, 
therefore the angle £.4P is also equal to the angle EBA ; 
so that the side £ is also equal to £B. (1. 6] 

Similarly we can prove that each of the straight lines 
EA, EB is equal to each of the straight lines EC, ED. 

Therefore the four straight lines EA, EB, EC, ED are 
equal to one another. 

Therefore the circle described with centre £ and distance 
one of the straight lines E4, EB, EC, ED will pass also 
through the remaining points ; 
and it will have been circumscribed about the square 4 BCL. 

Let it be circumscribed, as ABCD. 

Therefore about the given square a circle has been 
circumscribed. 
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PROPOSITION IO. 


To construct an isosceles triangle having each of the angles 
at the base double of the remaining one. 


Let any straight line 42 be set out, and let it be cut at 
the point C so that the rectangle 
contained by 42, BC is equal to 
the square on C4; [u. 11] 
with centre 4 and distance AB let 
the circle BDE be described, 
and let there be fitted in the circle 
BDE the straight line BD equal to 
the straight line 4C which is not 
greater than the diameter of the 
circle BDE. fiv. 1] 

Let AD, DC be joined, and let 
the circle ACD be circumscribed about the triangle ACD. 


(1v. 5] 
Then, since the rectangle AB, BC is equal to the square 


on AC, 
and AC is equal to BD, 
therefore the rectangle AB, BC is equal to the square on BD. 





And, since a point Z has been taken outside the circle 
ACD, 
and from Ž the two straight lines B4, BD have fallen on 
the circle ACD, and one of them cuts it, while the other falls 
on it, 
and the rectangle 42, BC is equal to the square on BD, 
therefore BD touches the circle 4 CD. (ur. 37] 
Since, then, BD touches it, and DC is drawn across 
from the point of contact at D, 
therefore the angle BDC is equal to the angle DAC in the 
alternate segment of the circle. [ur. 32] 
Since, then, the angle BDC is equal to the angle DAC, 
let the angle CDA be added to each ; 
therefore the whole angle BDA is equal to the two angles 
CDA, DAC. 
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But the exterior angle BCD is equal to the angles CDA, 
DAC; [r. 32] 
therefore the angle BDA is also equal to the angle BCD. 


But the angle BDA is equal to the angle CBD, since the 
side AD is also equal to 4B; (1. 5] 


so that the angle DBA is also equal to the angle BCD. 


Therefore the three angles BDA, DBA, BCD are equal 
to one another. 
And, since the angle DAC is equal to the angle BCD, 


the side BD is also equal to the side DC. [r. 6] 
But BD is by hypothesis equal to CA ; 
therefore CA is also equal to CD, 
so that the angle CDA is also equal to the angle DAC; 
I. $ 
therefore the angles CDA, DAC are double of the angle by E 
But the angle BCD is equal to the angles CDA, DAC; 
therefore the angle BCD is also double of the angle CAD. 


But the angle BCD is equal to each of the angles BDA, 
DBA ; 


therefore each of the angles BDA, DBA is also double of 
the angle DAB. 


Therefore the isosceles triangle 4 BD has been constructed 
having each of the angles at the base DZ double of the 
remaining one. 

Q. E. F. 


There is every reason to conclude that the connexion of the triangle 
constructed in this proposition with the regular pentagon, and the construction 
of the triangle itself, were the discovery of the Pythagoreans. In the first 
place the Scholium 1v. No. 2 (Heiberg, Vol. v. p. 273) says “this Book is the 
discovery of the Pythagoreans.” Secondly, the summary in Proclus (p. 65, 20) 
says that Pythagoras discovered “‘the construction of the cosmic figures,” by 
which must be understood the five regular solids. Thirdly, Iamblichus (V2¢. 
Pyth. c. 18, s. 88) quotes a story of Hippasus, *' that he was one of the Pytha- 
goreans but, owing to his being the first to publish and write down (the con- 
struction of) the sphere arising from the twelve pentagons (Tùy èx trav dudexa 
mevraywvwy), perished by shipwreck for his impiety, having got credit for the 
discovery all the same, whereas everything belonged to HIM (éxetvou rod dvdpos), 
for it is thus that they refer to Pythagoras, and they do not call him by his 
name.” Cantor has (1;, pp. 176 sqq.) collected notices which help us to form 
an idea how the discovery of the Euclidean construction for a regular pentagon 
may have been arrived at by the Pythagoreans. 

Plato puts into th mouth of Timaeus a description of the formation from 
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right.angled triangles of the figures which are the faces of the first four regular 
solids. The face of the cube is the square which is formed from isosceles 
rght-angled triangles by placing four of these triangles contiguously so that 
the four right angles are in contact at the centre. The 

equilateral triangle, however, which is the form of the faces of 

the tetrahedron, the octahedron and the icosahedron, cannot 

be constructed from isosceles right-angled triangles, but is 

constructed from a particular scalene right-angled triangle 

which Timaeus (54 A, B) regards as the most beautiful of all 

scalene right-angled triangles, namely that in which the square on one of the 
sides about the right angle is three times the square on the other. This is, of 
course, the triangle forming half of an equilateral triangle bisected by the 
perpendicular from one angular point on the opposite side. The Platonic 
Timaeus does not construct his equilateral triangle from two such triangles 
but from six, by placing the latter contiguously round a 

point so that the hypotenuses and the smaller of the sides 

about the right angles respectively adjoin, and all of them 

meet at the common centre, as shown in the figure 

(Zimaeus, §4 D, E.). ‘The probability that this exposition 

was Pythagorean is confirmed by the independent testimony 

of Proclus (pp. 304—5), who attributes to the Pythagoreans 

the theorem that six equilateral triangles, or three hexagons, or four squares, 
placed contiguously with one angular point of each at a common point, will 
just fill up the four right angles round that point, and that no other regular 
polygons in any numbers have this property. 

How then would it be proposed to split up into triangles, or to make up 
out of triangles, the face of the remaining solid, the dodecahedron ? It would 
easily be seen that the pentagon could not be constructed by means of the 
two right-angled triangles which were used for constructing the square and the 
equilateral triangle respectively. But attempts would naturally be made to 
split up the pentagon into elementary triangles, and traces of such attempts 
are actually forthcoming. Plutarch has in two passages spoken of the division 
of the faces of the dodecahedron into triangles, remarking in one place 
(Quaest. Platon. v. 1) that each of the twelve faces is made up of 30 elemen- 


tary scalene triangles, so that, taken together, they give 360 such triangles, 
and in another (De defectu. oraculorum, c. 33) that the elementary triangle of 
the dodecahedron must be different from that of the tetrahedron, octahedron 
and icosahedron. Another writer of the 2nd cent, Alcinous, has, in his 
introduction to the study of Plato (De doctrina Platonis, c. 11), spoken 
similarly of the 360 elements which are produced when every one of the 
pentagons is divided into 5 isosceles triangles, and each of the latter into 
6 scalene triangles. Now, if we proceed to draw lines in a pentagon separating 
it into this number of small triangles as shown in the above figure, the figure 
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which stands out most prominently in the mass of lines is the “star-pentagon,” 
as drawn separately, which then (if the consecutive corners be joined) suggests 
the drawing, as part of a pentagon, of a triangle of a definite character. Now 
we are expressly told by Lucian and the scholiast to the C/ouds of Aristophanes 
(see Bretschneider, pP. 85—86) that the triple interwoven triangle, the penta- 
gram (rò tpurdAovv rpiywvov, ro Òe —BRX TO mevraypappov), was used by the 
Pythagoreans as a symbol of recognition between the members of the same 
school (cvpBorw trpós rovs dpoddfous éxpavro), and was called by them Health. 
There seems to be therefore no room for doubt that the construction of a 
pentagon by means of an isosceles triangle having each of its base angles 
double of the vertical angle was due to the Pythagoreans. 

The construction of this triangle depends upon 11. 11, or the problem of 
dividing a straight line so that the rectangle contained by the whole and one 
of the parts is equal to the square on the other part. This problem of course 
appears again in Eucl. vi. 3o as the problem of cutting a given straight line iz 
extreme and mean ralio, e. the problem of the golden section, which is nc 
doubt “the section” referred to in the passage of the summary given by 
Proclus (p. 67, 6) which says that Eudoxus “greatly added to the number 
of the theorems which Plato originated regarding the section.” ‘This idea that 
Plato began the study of the “golden section” as a subject in itself is not in 
the least inconsistent with the supposition that the problem of Eucl. 1t. 11 was 
solved by the Pythagoreans. ‘I'he very fact that Euclid places it among other 
propositions which are clearly Pythagorean in origin is significanf, as is also 
the fact that its solution is effected by “applying toa straight line a rectangle 
equal to a given square and exceeding by a square,” while Proclus says plainly 
(p. 419, 15) that, according to Eudemus, “the application of areas, their 
exceeding and their falling short, are ancient and discoveries of the Muse of 
the Pythagoreans." 

We may suppose the construction of iv. 1o to have been arrived at by 
analysis somewhat as follows ('Todhunter's Euclid, p. 325). 

Suppose the problem solved, i.e. let 48D be an isosceles triangle having 
each of its base angles double of the vertical angle. 

Bisect the angle 4DB by the straight line DC meeting 48 in C.  [1. 9] 

Therefore the angle BDC is equal to the angle BAD; and the angle 
CDA is also equal to the angle BAD, 


so that DC is equal to CA. 
Again, since, in the tnangles BCD, BDA, 
the angle BDC is equal to the angle BAD, 
and the angle Z is common, 
the third angle BCD is equal to the third angle BLA, and therefore to 
the angle DBC. 


Therefore DC is equal to DB. 
Now, if a circle be described about the triangle 4CD [iv. 5], since the 
angle BDC is equal to the angle in the segment CAD, 


BD must touch the circle [by the converse of 111. 32 easily proved from it 
by reductio ad absurdum). 


Hence [111. 36] the square on BD and therefore the square on CD, or 
AC, is equal to the rectangle 4B, BC. 

Thus the problem is reduced to that of cutting 4B at C so that the 
rectangle 48, BC is equal to the square on AC. (11. 11] 
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When this is done, we have only to draw a circle with centre 4 and radius 
AB and place in it a chord BD equal in length to AC. (iv. 1] 

Since each of the angles ABD, ADB is double of the angle BAD, the 
latter is equal to one-fifth of the sum of all three, i.e. is one-fifth of two right 
angles, or two-fifths of a right angle, and each of the base angles is four-fifths 
of a right angle. 

If we bisect the angle BAD, we obtain an angle equal to one-fifth of a 
right angle, so that the proposition enables us fo diuide a right angle into five 
equal parts. 

It will be observed that BD is the side of a regular decagon inscribed in 
the larger circle. 


Proclus, as remarked above (Vol. 1. p. 130), gives IV. ro as an instance in 
which two of the six formal divisions of a proposition, the se¢ting-out and the 
“ definition,” are left out, and explains that they are unnecessary because 
there is no datum in the enunciation. This is however no more than formally 
true, because Euclid does begin his proposition by setting out “any straight 
line AB,” and he constructs an isosceles triangle having AB for one of its 
equal sides, i.e. he does practically imply a datum in the enunciation, and a 
corresponding sefting-out and “definition” in the proposition itself. 


PROPOSITION II. 


In a given circle to inscribe an equilateral and equiangular 
pentagon. 


Let ABCDE be the given circle ; 


thus it is required to inscribe in the circle ABCDE an equi- 
lateral and equiangular pentagon. 


Let the isosceles triangle FGH 


a F 
be set out having each of the angles 
at G, H double of the angle at F; B E /\ 
[tv. ro} 
let there be inscribed in the circle G 
ABCDE the triangle ACD equi- © j 
angular with the triangle “GAZ, so 
that the angle CAD is equal to the angle at F and the angles 
at G, H respectively equal to the angles 4CD, CDA ; [w. 2] 


therefore each of the angles 4CD, CDA is also double of the 
angle CAD. 

Now let the angles 4CD, CDA be bisected respectively 
by the straight lines CE, D (i. 9), and let AB, BC, DE, EA 
be joined. 

Then, since each of the angles dCD, CDA is double of 
the angle CAD, 


and they have been bisected by the straight lines CZ, DB, 
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therefore the five angles DAC, ACE, ECD, CDB, BDA 
are equal to one another. 


But equal angles stand on equal circumferences; (mı. 26] 


therefore the five circumferences 48, BC, CD, DE, EA are 
equal to one another. 


But equal circumferences are subtended by equal straight 
lines ; (11. 29] 


therefore the five straight lines 48, BC, CD, DE, EA are 
equal to one another ; 


therefore the pentagon ABCDE is equilateral. 


I say next that it is also equiangular. 
For, since the circumference 48 is equal to the circum- 
ference DE, let BCD be added to each ; 


therefore the whole circumference ABCD is equal to the 
whole circumference E DCB. 


And the angle AED stands on the circumference ABCD, 
and the angle BAE on the circumference EDCB ; 


therefore the angle BAE is also equal to the angle 4ZD. 
(uu. 27] 
For the same reason 


each of the angles 48C, BCD, CDE is also equal to each 
of the angles BAE, AED; 


therefore the pentagon ABCDE is equiangular. 
But it was also proved equilateral ; 


therefore in the given circle an equilateral and equi- 
angular pentagon has been inscribed. 


Q. E. F. 


De Morgan remarks that “the method of tv. 11 is not so natural as 
making a direct use of the angle obtained in the last.” On the other hand, 
if we look at the figure and notice that it shows the whole of the pentagram- 
star except one line (that connecting Z and Æ), I think we shall conclude 
that the method is nearer to that used by the Pythagoreans, and therefore of 
much more historical interest. 

Another method would of course be to use 1v. ro to describe a decagon in 
the circle, and then to join any vertex to the next alternate one, the latter to 
the next alternate one, and so on. 
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Mr H. M. Taylor gives *a complete geometrical construction for in- 
scribing a regular decagon or pentagon in a given circle," as follows. 

* Find O the centre. 

Draw two diameters 4OC, BOD at right 
angles to one another. 

Bisect OD in £. 

Draw AE and cut off EF equal to OE. 

Place round the circle ten chords equal 
to AF. 

These chords will be the sides of a regular 
decagon. Draw the chords joining five alternate 
vertices of the decagon ; they will be the sides 
of a regular pentagon.” 

The construction is of course only a com- 
bination of those in 11. 11 and Iv. 1; and the 
proof would have to follow that in 1v. ro. 





PROPOSITION 12. 


About a given circle to circumscribe an equilateral and 
eguiangular pentagon. 

Let ABCDE be the given circle ; 
thus it is required to circumscribe an equilateral and equi- 


angular pentagon about the circle 
ABCDE. 


Let 4, B, C, D, E be conceived to 
be the angular points of the inscribed 


pentagon, so that the circumferences 
AB, BC, CD, DE, EA are equal ; 


(1v. 11] 
through 4, B, C, D, £ let GZ, HK, 
KL, LM, MG be drawn touching the 
circle ; (111. 16, Por.] 


let the centre F of the circle 4BC2E be taken (ui. :], and 
let FB, FK, FC, FL, FD be joined. 


Then, since the straight line AZ touches the circle ABCDE 
at C, 


and FC has been joined from the centre F to the point of 
contact at C, 


therefore FC is perpendicular to KZ ; [ur. 18] 
therefore each of the angles at C is right. 

For the same reason 

the angles at the points Z, D are also right. 





Iv. 12] PROPOSITIONS 11, 12 103 


And, since the angle FC is right, 

therefore the square on FK is equal to the squares on FC, CK. 
For the same reason (1. 47] 
the square on FK is also equal to the squares on FB, BK ; 


so that the squares on. FC, CK are equal to the squares 
on FB, BK, 


of which the square on FC is equal to the square on FL; 


therefore the square on CA which remains is equal to the 
square on BA. 


Therefore BX is equal to CK. 
And, since FB is equal to FC, 
and FK common, 


the two sides BF, FK are equal to the two sides CF, FK ; 
and the base BX equal to the base CK ; 


therefore the angle A FK is equal to the angle KFC, [t. 8] 
and the angle BAF to the angle FAC. 
Therefore the angle BFC is double of the angle AFC, 
and the angle BAC of the angle FAC. 
For the same reason 
the angle CD is also double of the angle CFZ, 
and the angle DZC of the angle FLC. 
Now, since the circumference BC is equal to CD, 
the angle BFC is also equal to the angle CFD. [ur. 27] 
And the angle BFC is double of the angle AC, and the 
angle DFC of the angle LFC; 
therefore the angle AFC is also equal to the angle ZFC. 
But the angle FCX is also equal to the angle FCZ ; 
therefore FAC, FLC are two triangles having two angles 
equal to two angles and one side equal to one side, namely 
FC which is common to them ; 
therefore they will also have the remaining sides equal to the 
remaining sides, and the remaining angle to the remaining 
angle ; (1. 26] 
therefore the straight line AC is equal to CZ, 
and the angle FAC to the angle FLC, 
And, since KC is equal to CZ, 
therefore KL is double of KC. 
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For the same reason it can be proved that 
HK is also double of BØ. 

And ZK is equal to KC; 

therefore 77K is also equal to KZ. 

Similarly each of the straight lines HG, GM, ML can 
also be proved equal to each of the straight lines HA, KZ ; 

therefore the pentagon GH KLM is equilateral. 

I say next that it is also equiangular. 

For, since the angle FAC is equal to the angle FLC, 
and the angle AL was proved double of the angle FAC, 

and the angle XZM double of the angle FLC, 

therefore the angle /7KZ is also equal to the angle XL M. 

Similarly each of the angles KHG, HGM, GML can also 
be proved equal to each of the angles HAL, ALM; 
therefore the five angles GZZK, HKL, KLM, LMG, MGH 
are equal to one another. 

Therefore the pentagon GZZK LM is equiangular. 

And it was also proved equilateral; and it has been 
circumscribed about the circle 4 B2CDE. 

Q. E. F. 


De Morgan remarks that iv. 12, 13, 14 supply the place of the following : 
Having given a regular polygon of any number of sides inscribed in a circle, to 
describe the same about the circle; and, having given the polygon, to inscribe and 
circumscribe a circle. For the method can be applied generally, as indeed 
Euclid practically says in the Porism to tv. 15 about the regular hexagon and 
in the remark appended to iv. 16 about the regular fifteen-angled figure. 

The conclusion of this proposition, ‘therefore about the given circle an 
equilateral and equiangular pentagon has been circumscribed,” is omitted in 
the Mss. 


PROPOSITION 13. 


£n a given pentagon, which is equilateral and equiangular, 
to inscribe a circle, 


Let ABCDE be the given equilateral and equiangular 
pentagon ; 


thus it is required to inscribe a circle in the pentagon 
ABCDE. 


For let the angles BCD, CDE be bisected by the 
straight lines CF, DF respectively ; and from the point F, at 
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which the straight lines CF, DF meet one another, let the 
straight lines FB, FA, FE be joined. 
hen, since BC is equal to CD, 
and CF common, 
the two sides BC, CF are equal to the 
two sides DC, CF; 
and the angle BCF is equal to the 
angle DCE; 
therefore the base AF is equal 
to the base DF, 
and the triangle BCF is equal to the 
triangle DCF, 
and the remaining angles will be equal to the remaining angles, 
namely those which the equal sides subtend. (1. 4] 
Therefore the angle CBF is equal to the angle CDF. 
And, since the angle CDE is double of the angle CDF, 
and the angle CDE is equal to the angle ABC, 
while the angle CDF is equal to the angle CBF; 
therefore the angle CBA is also double of the angle CBF; 
therefore the angle 4 AF is equal to the angle FBC ; 
therefore the angle AAC has been bisected by the straight 
line BF. 
Similarly it can be proved that 
the angles BA E, AED have also been bisected by the straight 
lines F4, FE respectively. 
Now let FG, FH, FK, FL, FM be drawn from the point 
F perpendicular to the straight lines 4B, BC, CD, DE, EA. 
Then, since the angle //CF is equal to the angle XCF, 
and the right angle FHC is also equal to the angle FC, 
FHC, FKC are two triangles having two angles equal to two 
angles and one side equal to one side, namely FC which is 
common to them and subtends one of the equal angles ; 
therefore they will also have the remaining sides equal to the 
remaining sides ; (1. 26] 
— the perpendicular FH is equal to the perpendicular 





Similarly it can be proved that 
each of the straight lines FL, FM, FG is also equal to each 
of the straight lines FH, FK ; 
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therefore the five straight lines FG, FH, FK, FL, FM are 
equal to one another. 


Therefore the circle described with centre F and distance 
one of the straight lines FG, FH, FK, FL, FM will pass 
also through the remaining points ; 


and it will touch the straight lines 4B, BC, CD, DE, EA, 
because the angles at the points G, H, K, L, M are right. 


For, if it does not touch them. but cuts them, 


it will result that the straight line drawn at right angles to 
the diameter of the circle from its extremity falls within the 
circle: which was proved absurd. (1t. 16] 


Therefore the circle described with centre Æ and distance 
one of the straight lines FG, FH, FK, FL, FM will not 
cut the straight lines 48, BC, CD, DE, EA; 


therefore it will touch them. 


Let it be described, as GZZK LM. 
Therefore in the given pentagon, which is equilateral and 
equiangular, a circle has been inscribed. 


Q. E. F. 


PROPOSITION 14. 


About a given pentagon, which is equilateral and equt- 
angular, to circumscribe a circle. 


Let ABCDE be the given pentagon, which is equilateral 
and equiangular ; 


thus it is required to circumscribe a circle 
about the pentagon ABCDE. 


Let the angles BCD, CDE be bisected 
by the straight lines CF, DF respectively, 
and from the point /, at which the straight 
lines meet, let the straight lines FP, £4, 
FE be joined to the points B, .4, £. 

Then in manner similar to the pre- 
ceding it can be proved that the angles 
CBA, BAE, AED have also been bisected by the straight 
lines FB, FA, FE respectively. 
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Now, since the angle BCD is equal to the angle CDE, 
and the angle FC is half of the angle BCD, 
and the angle CDF half of the angle CDE, 
therefore the angle FCD is also equal to the angle CDF, 

so that the side FC ts also equal to the side FD. [r. 6] 

Similarly it can be proved that 
each of the straight lines FB, FA, FE is also equal to each 
of the straight lines FC, FD; 
therefore the five straight lines FA, FB, FC, FD, FE are 
equal to one another. 

Therefore the circle described with centre FL and distance 
one of the straight lines F4, FB, FC, FD, FE will pass 
also through the remaining points, and will have been 
circumscribed. 

Let it be circumscribed, and let it be ABCDE. 

Therefore about the given pentagon, which is equilateral 
and equiangular, a circle has been circumscribed. 

Q. E. F. 


PROPOSITION I5. 


In a given circle to inscribe an equilateral and equiangular 
hexagon. 

Let ABCDEF be the given circle ; 
thus it is required to inscribe an equilateral and equiangular 
hexagon in the circle ABCDEF. 

Let the diameter AD of the circle 
ABCDEF be drawn; 
let the centre G of the circle be taken, and 
with centre D and distance DG let the 
circle EGC/7 be described ; 
let EG, CG be joined and carried through 
to the points B, F, 
and let 4B, BC, CD, DE, EF, FA be 
joined. 

I say that the hexagon ABCDEF is 
equilateral and equiangular. 

For, since the point G is the centre of the circle ABCDEF, 

GE is equal to GD. 
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Again, since the point D is the centre of the circle GCH, 
DE is equal to DG. 
But GE was proved equal to GD ; 
therefore GE is also equal to ED; 
therefore the triangle EG is equilateral ; 


and therefore its three angles EGD, GDE, DEG are equal 
to one another, inasmuch as, in isosceles triangles, the angles 


at the base are equal to one another. [t. 5] 
And the three angles of the triangle are equal to two 
right angles; (1. 32] 


therefore the angle EGD is one-third of two right angles. 


Similarly, the angle DGC can also be proved to be one- 
third of two right angles. 

And, since the straight line CG standing on EB makes 
the adjacent angles EGC, CGB equal to two right angles, 
therefore the remaining angle CGB is also one-third of two 
right angles. 


Therefore the angles EGD, DGC, CGB are equal to one 
another ; 


so that the angles vertical to them, the angles BGA, AGF, 
FGE are equal. [r. 15] 


Therefore the six angles EGD, DGC, CGB, BGA, AGF, 
FGE are equal to one another. 

But equal angles stand on equal circumferences; _[1. 26] 
therefore the six circumferences 48, BC, CD, DE, EF, FA 
are equal to one another. 

And equal circumferences are subtended by equal straight 
lines ; [111. 29] 


therefore the six straight lines are equal to one another; 
therefore the hexagon ABCDEF is equilateral. 
I say next that it is also equiangular. 
For, since the circumference FA is equal to the circum- 


ference £D, 
let the circumference ABCD be added to each ; 


therefore the whole FABCD is equal to the whole 
EDCBA ; 
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and the angle FED stands on the circumference FA BCD, 
and the angle AFE on the circumference EDCBA ; 
therefore the angle AFE is equal to the angle DEF. 
(11. 27] 
Similarly it can be proved that the remaining angles of 


the hexagon ABCDEF are also severally equal to each of 
the angles AFE, FED; 


therefore the hexagon ABCDEF is equiangular. 
But it was also proved equilateral ; 
and it has been inscribed in the circle ABCDEF. 


Therefore in the given circle an equilateral and equiangular 
hexagon has been inscribed. 
Q. E. F. 


Porism. From this it is manifest that the side of the 
hexagon is equal to the radius of the circle. 

And, in like manner as in the case of the pentagon, if 
through the points of division on the circle we draw 
tangents to the circle, there will be circumscribed about the 
circle an equilateral and equiangular hexagon in conformity 
with what was explained in the case of the pentagon. 

And further by means similar to those explained in the 
case of the pentagon we can both inscribe a circle in a given 
hexagon and circumscribe one about it. 

Q. E. F. 


Heiberg, I think with good reason, considers the Porism to this proposition 
to be referred to in the instance which Proclus (p. 304, 2) gives of a porism 
following a problem. As the text of Proclus stands, "the (porism) found 
in the second Book (ro ôè èv rẹ Sevrépy BiBAiw xeipevov) is a porism to a 
problem” ; but this is not true of the only porism that we find in the second 
Book, namely the porism to 1. 4. Hence Heiberg thinks that for rẹ 
Sevrépw BiBdriw should be read tq & BrBAtw, i.e. the fourth Book. Moreover 
Proclus speaks of ¢4e porism in the particular Book, from which we gather 
that there was only ove porism in Book tv. as he knew it, and therefore that 
he did not regard as a porism the addition to iv. 5. Cf. note on that 
proposition. 

It appears that Theon substituted for the first words of the Porism to 
iV. 1§ “And in like manner as in the case of the pentagon” (opotws 3¢ 
rois éri rou wevtaywvov) the simple word “and” or “also” («ac), apparently 
thinking that the words had the same meaning as the similar words lower 
down. This is however not the case, the meaning being that “if, as in the 
case of the pentagon, we draw tangents, we can prove, also as was done in 
the case of the pentagon, that the figure so formed is a circumscribed regular 
hexagon.” 
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PROPOSITION 16. 


In a given circle to inscribe a fifteen-angled figure which 
shall be both equilateral and equiangular. 

Let ABCD be the given circle ; 
thus it is required to inscribe in the circle ABCD a fifteen- 
angled figure which shall be 
both equilateral and equi- 
angular. 

In the circle ABCD let 
there be inscribed a side AC 
of the equilateral triangle 
inscribed in it, and a side 4B 
of an equilateral pentagon ; 
therefore, of the equal seg- 
ments of which there are 
fifteen in the circle 4 BCD, 
there will be five in the cir- 
cumference ASC which is 
one-third of the circle, and 
there will be three in the cir- 
cumference 4B which is one-fifth of the circle ; 

therefore in the remainder SC there will be two of the 
equal segments. 

Let BC be bisected at £; (111. 30) 
therefore each of the circumferences BE, EC is a fifteenth 
of the circle 4 BCD. 

If therefore we join BZ, EC and fit into the circle 4 BCD 
straight lines equal to them and in contiguity, a fifteen-angled 
figure which is both equilateral and equiangular will have been 
inscribed in it. 





Q. E. F. 


And, in like manner as in the case of the pentagon, if 
through the points of division on the circle we draw 
angen to the circle, there will be circumscribed about the 
circle a fifteen-angled figure which is equilateral and equi- 
angular. 

And further, by proofs similar to those in the case of the 
pentagon, we can both inscribe a circle in the given fifteen- 
angled figure and circumscribe one about it. 
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Here, as in u1. 10, we have the term “circle” used by Euclid in its 
exceptional sense of the circumference of a circle, instead of the “ plane figure 
contained by one line” of 1. Def. 15. Cf. the note on that definition (Vol. 1. 
pP. 184—5). 

Proclus (p. 269) refers to this proposition in illustration of his statement 
that Euclid gave proofs of a number of propositions with an eye to their use 
in astronomy. “With regard to the last proposition in the fourth Book in 
which he inscribes the side of the fifteen-angled figure in a circle, for what 
object does anyone assert that he propounds it except for the reference of this 
problem to astronomy? For, when we have inscribed the fifteen-angled figure 
in the circle through the poles, we have the distance from the poles both of 
the equator and the zodiac, since they are distant from one another by the 
side of the fifteen-angled figure.” This agrees with what we know from other 
suurces, namely that up to the time of Eratosthenes (circa 284---204 B.C.) 24 
was generally accepted as the correct measurement of the obliquity of the 
ecliptic. This measurement, and the construction of the fifteen-angled figure, 
were probably due to the Pythagoreans, though it would appear that the 
former was not known to Oenopides of Chios (f. circa 460 B.C.), as we learn 
from Theon of Smyrna (pp. 198— 9, ed. Hiller), who gives Dercyllides as his 
authority, that Eudemus (fi. circa 320 B.c.) stated in his aorpodoyia: that, 
while Oenopides discovered certain things, and Thales, Anaximander and 
Anaximenes others, it was the rest (of Aourot) who added other discoveries 
to these and, among them, that * the axes of the fixed stars and of the planets 
respectively are distant from one another by the side of a fifteen-angled figure.” 
Eratosthenes evaluated the angle to }irds of 180°, 1e. about 23° 51’ 20’, 
which measurement was apparently not improved upon in antiquity (cf. Ptolemy, 
Syntaxis, ed. Heiberg, p. 68). 

Euclid has now shown how to describe regular polygons with 3, 4, 5, 6 
and 15 sides. Now, when any regular polygon is given, we can construct a 
regular polygon with twice the number of sides by first describing a circle 
about the given polygon and then bisecting all the smaller arcs subtended by 
the sides. Applying this process any number of times, we see that we can by 

Euclid’s methods construct regular polygons with 3.2%, 4.2", 5.2", 15.2" sides, 
where * is zero or any positive integer. 


BOOK V. 


INTRODUCTORY NOTE. 


The anonymous author of a scholium to Book v. (Euclid, ed. Heiberg, 
Vol. v. p. 280), who is perhaps Proclus, tells us that “some say” this Book, 
containing the general theory of proportion which is equally applicable to 
geometry, arithmetic, music, and all mathematical science, “is the discovery 
of Eudoxus, the teacher of Plato.” Not that there had been no theory of 
proportion developed before his time ; on the contrary, it is certain that the 
Pythagoreans had worked out such a theory with regard to numders, by which 
must be understood commensurable and even whole numbers (a number 
being a “multitude made up of units," as defined in Eucl. vit. Thus we 
are told that the Pythagoreans distinguished three sorts of means, the 
arithmetic, the geometric and the harmonic mean, the geometric mean 
being called proportion (dvaAoyia) par excellence; and further Iamblichus 
speaks of the “most perfect proportion consisting of four terms and specially 
called harmonic,” in other words, the proportion 


which was said to be a discovery of the Babylonians and to have been first 
introduced into Greece by Pythagoras (Iamblichus, Comm. on Nicomachus, 
p. 118). Now the principle of similitude is one which is presupposed by all 
the arts of design from their very beginnings ; it was certainly known to the 
Egyptians, and it must certainly have been thoroughly familiar to Pythagoras 
and his school. This consideration, together with the evidence of the 
employment by him of the geometric proportion, makes it indubitable that the 
Pythagoreans used the theory of proportion, in the form in which it was 
known to them, i.e. as applicable to commensurables only, in their geometry. 
But the discovery, also by the Pythagoreans, of the incommensurable would 
of course be seen to render the proofs which depended on the theory of 
proportion as then understood inconclusive; as Tannery observes (La 
Géométrie grecgue, p. 98), “the discovery of incommensurability must have 
caused a veritable logical scandal in geometry and, in order to avoid it, they 
were obliged to restrict as far as possible the use of the principle of similitude, 
pending the discovery of a means of establishing it on the basis of a theory of 
proportion independent of commensurability." 'l'he glory of the latter dis- 
covery belongs then most probably to Eudoxus. Certain it is that the com- 
plete theory was already familiar to Aristotle, as we shall see later. 
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It seems probable, as indicated by Tannery (4c. cit.), that the theory 
of proportions and the principle of similitude took, in the earliest Greek 
geometry, an earlier place than they do in Euclid, but that, in consequence 
of the discovery of the incommensurable, the treatment of the subject was 
fundamentally remodelled in the period between Pythagoras and Eudoxus. 
An indication of this is afforded by the clever device used in Euclid 1. 44 
for applying to a given straight line a parallelogram equal to a given triangle ; 
the equality of the “complements” in a parallelogram is there used for doing 
what is practically finding a fourth proportional to three given straight lines. 
Thus Euclid was no doubt following for the subject-matter of Books 1.—1v. 
what had become the traditional method, and this is probably one of the 
reasons why proportions and similitude are postponed till as late as Books 
V., VI. 

It is a remarkable fact that the theory of proportions is twice treated in 
Euclid, in Book v. with reference to magnitudes in general, and in Book vit. 
with reference to the particular case of numbers. The latter exposition 
referring only to commensurables may be taken to represent fairly the theory 
of proportions at the stage which it had reached before the great extension of 
it made by Eudoxus. The differences between the definitions etc. in Books v. 
and vir. will appear as we go on; but the question naturally arises, why did 
Euclid not save himself so much repetition and treat numbers merely as a 
particular case of magnitude, referring back to the corresponding more 
general propositions of Book v. instead of proving the same propositions 
over again for numbers? It could not have escaped him that numbers 
fall under the conception of magnitude. Aristotle had plainly indicated 
that magnitudes may be numbers when he observed (Anal. post. 1. 7, 
75 b 4) that you cannot adapt the arithmetical method of proof to the 
properties of magnitudes if the magnitudes are not numbers. Further 
Aristotle had remarked (Anal. post. 1. 5, 74 a 17) that the proposition that 
the terms of a proportion can be taken alternately was at one time proved 
separately for numbers, lines, solids and times, though it was possible to prove 
it for all by one demonstration; but, because there was no common name 
comprehending them all, namely numbers, lengths, times and solids, and their 
character was different, they were taken separately. Now however, he adds, 
the proposition is proved generally. Yet Euclid says nothing to connect 
the two theories of proportion even when he comes in x. 5 to a proportion 
two terms of which are magnitudes and two are numbers (** Commensurable 
magnitudes have to one another the ratio which a number has to a number"). 
The probable explanation of the phenomenon is that Euclid simply followed 
tradition and gave the two theories as he found them. This would square 
with the remark in Pappus (v11. p. 678) as to Euclid’s fairness to others and 
his readiness to give them credit for their work. 


DEFINITIONS. 


I. A magnitude is a part of a magnitude, the less of 
the greater, when it measures the greater. 


2. The greater is a. multiple of the less when it is 
measured by the less. 


114 BOOK V [V. DEFF. 3—13 


3. A ratio is a sort of relation in respect of size between 
two magnitudes of the same kind. 


4. Magnitudes are said to have a ratio to one another 
which are capable, when multiplied, of exceeding one another. 


5. Magnitudes are said to be in the same ratio, the 
first to the second and the third to the fourth, when, if any 
equimultiples whatever be taken of the first and third, and 
any equimultiples whatever of the second and fourth, the 
former equimultiples alike exceed, are alike equal to, or alike 
fall short of, the latter equimultiples respectively taken in 
corresponding order. 


6. Let magnitudes which have the same ratio be called 
proportional. 


7. When, of the equimultiples, the multiple of the first 
magnitude exceeds the multiple of the second, but the multiple 
of the third does not exceed the multiple of the fourth, then 
the first is said to have a greater ratio to the second than 
the third has to the fourth. 


8. A proportion in three terms is the least possible. 


9. When three magnitudes are proportional, the first is 
said to have to the third the duplicate ratio of that which 
it has to the second. 


10. When four magnitudes are « continuously > propor- 
tional, the first is said to have to the fourth the triplicate 
ratio of that which it has to the second, and so on con- 
tinually, whatever be the proportion. 


11. The term corresponding magnitudes is used of 
antecedents in relation to antecedents, and of consequents in 
relation to consequents. 


12. Alternate ratio means taking the antecedent in 
relation to the antecedent and the consequent in relation to 
the consequent. 


13. Inverse ratio means taking the consequent as 
antecedent in relation to the antecedent as consequent. 
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14. Composition of a ratio means taking the ante- 
cedent together with the consequent as one in relation to 
the consequent by itself. 


15. Separation of a ratio means taking the excess 
by which the antecedent exceeds the consequent in relation 
to the consequent by itself. 


16. Conversion of a ratio means taking the ante- 
cedent in relation to the excess by which the antecedent 
exceeds the consequent. 


17. A ratio ex aequali arises when, there being several 
magnitudes and another set equal to them in multitude which 
taken two and two are in the same proportion, as the first is 
to the last among the first magnitudes, so is the first to the 
last among the second magnitudes ; 

Or, in other words, it means taking the extreme terms 
by virtue of the. removal of the intermediate terms. 


18. A perturbed proportion arises when, there being 
three magnitudes and another set equal to them in multitude, 
as antecedent is to consequent among the first magnitudes, 
so is antecedent to consequent among the second magnitudes, 
while, as the consequent is to a third among the first 
magnitudes, so is a third to the antecedent among the second 
magnitudes. 


DEFINITION 1. 


Mépos dori péyeBos peydovs 1d &Aaccov Tov p«((ovos, órav xaraperpij Td 
p.e ov. 

The word part (pépos) is here used in the restricted sense of a submultiple 
or an aliguot part as distinct from the more general sense in which it is used 
in the Common Notion (5) which says that “the whole is greater than the 
part.” It is used in thé same restricted sense in vil. Def. 3, which is the same 
definition as this with “number” (apcOuds) substituted for “magnitude.” 
vii. Def. 4, keeping up the restriction, says that, when a number does not 
measure another number, it is 2a7/s (in the plural), not a part of it. Thus, 
I, 2, or 3, is a part of 6, but 4 is not @ part of 6 but parts. The same 
distinction between the restricted and the more general sense of the word 
part appears in Aristotle, Metaph. 1023 b 12: “In one sense a part is 
that into which quantity (ro 7ocóv) can anyhow be divided ; for that which is 
taken away from quantity, quá quantity, is always called a ‘part’ of it, as 
e.g. two is said to be in a sense a part of three. But in another sense a 
‘part’ is only what measures (ra xataperpovvra) such quantities. Thus two 
is in one sense said to be a part of three, in the other not.” 
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DEFINITION 2. 


TloAAarAdcwv Sé tÒ pelov roð éAdrrovos, Órav xaraperpijra. vro ToU 
éAdrrovos. 

DEFINITION 3. 

Aóyos dori Sv0 peyeOdv opoyeav 9 Kata wydtxoryTa rod oxéors. 

The best explanation of the definitions of ratio and proportion that I have 
seen is that of De Morgan, which will be found in the articles under those 
titles in the Peany Cyclopaedia, Vol. xix. (1841) ; and in the following notes 
I shall draw largely from these articles. Very valuable also are the notes on 
the definitions of Book v. given by Hankel (fragment on Euclid published as 
an appendix to his work Zur Geschichte der Mathematik in Alterthum und 
Mittelalter, 1874). 

There has been controversy as to what is the proper translation of the 
word «2Awórgs in the definition. oyéors xara mpAtxornta has generally been 
translated “relation in respect of guantity.” Upon this De Morgan remarks 
that it makes nonsense of the definition; “for magnitude has hardly a 
different meaning from quantity, and a relation of magnitudes with respect to 
quantity may give a clear idea to those who want a word to convey a notion 
of architecture with respect to building or of battles with respect to fighting, 
and to no others." The true interpretation De Morgan, following Wallis and 
Gregory, takes to be guantuplicity, referring to the number of times one 
magnitude is contained in the other. For, he says, we cannot describe 
magnitude in language without quantuplicitative reference to other magni- 
tude; hence he supposes that the definition simply conveys the fact that the 
mode of expressing quantity in terms of quantity is entirely based upon the 
notion of quantuplicity or that relation of which we take cognizance when we 
find how many times one is contained in the other. While all the rest of 
De Morgan’s observations on the definition are admirable, it seems to me 
that on this question of the proper translation of syxórys he is in error. He 
supports his view mainly by reference (1) to the definition of a compounded 
ratio usually given as the sth definition of Book vi., which speaks of the 
anXuxoryres Of two ratios being multiplied together, and (2) to the comments 
of Eutocius and a scholiast on this definition. Eutocius says namely 
(Archimedes, ed. Heiberg, 111. p. 120) that "the term s»uxórys is evidently 
used of the number from which the given ratio is called, as (among others) 
Nicomachus says in his first book on music and Heron in his commentary 
on the Introduction to Arithmetic.” But it now appears certain that this 
definition is an interpolation ; it is never used, it is not found in Campanus, 
and Peyrard's Ms. only has it in the margin. At the same time it is clear 
that, if the definition is admitted at all, any commentator would be obliged to 
explain it in the way that Eutocius does, whether the explanation was consistent 
with the proper meaning of wAxorns or not. Hence we must look elsewhere 
for the meaning of wyXixos and myAxorys. If we do this, I think we shall find 
no case in which the words have the sense attributed to them by De Morgan. 
The real meaning of wyAixos is how great. It is so used by Aristotle, e.g. in 
Eth. Nic. v. 10, 1134 b 11, where he speaks of a man’s child being as it were 
a part of him so long as he is of a certain age (fws dv 9 wyAixov). Again 
Nicomachus, to whom Eutocius appeals, himself (1. 2, 5, p. 5, ed. Hoche) 
distinguishes ryAcxos as referring to magnitude, while roads refers to multitude. 
So does Iamblichus in his commentary on Nicomachus (p. 8, 3— 5) ; besides 
which Iamblichus distinguishes myAíxov as the subject of geometry, being con- 
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tinuous, and rogov as the subject of arithmetic, being déscrete, and speaks of a 
point being the origin of wAxoy as a unit is of zocov, and so on. Similarly, 
Ptolemy (Syxfaxis, ed. Heiberg, p. 31) speaks of the séze (aAtxorys) of the 
chords in a circle (epi 2s myÀxóryros Trav év TH KvKAw edOawv). Consequently 
I think we can only translate wyAucérys in the definition as ssze. This 
corresponds to Hankel’s translation of it as ** Grósse," though he uses this 
same word for a concrete “magnitude” as well; size seems to me to give 
the proper distinction between myArxoryns and péyeBos, as size is the attribute, 
and a magnitude (in its ordinary mathematical sense) is the thing which 
possesses the attribute of size. 

The view that “relation in respect of size” is meant by the words in the 
text is also confirmed, I think, by a later remark of De Morgan himself, 
namely that a synonym for the word ratio may be found in the more in- 
telligible term relative magnitude. In fact oxée«s in the definition corresponds 
to relative and wydtxorns to magnitude. (By magnitude De Morgan here 
means the attribute and not the thing possessing it.) 

Of the definition as a whole Simson and Hankel express the opinion that 
it is an interpolation. Hankel points to the fact that it is unnecessary and 
moreover so vague as to be of no practical use, while the very use of the 
expression xarà Twuxorgra seems to him suspicious, since the only other 
place in which the word wAcxorns occurs in Euclid is the sth definition of 
Book vı., which is admittedly not genuine. Yet the definition of ratio appears 
in all the Mss., the only variation being that some add the words moós dAÀgAa, 
“to one another,” which are rejected by Heiberg as an interpolation of 
Theon ; and on the whole there seems to be no sufficient ground for regarding 
it as other than genuine. The true explanation of its presence would appear 
to be substantially that given by Barrow (Lectiones Cantabrig., London, 1684, 
Lect. 111. of 1666), namely that Euclid inserted it for completeness’ sake, more 
for ornament than for use, intending to give the learner a general notion of 
ratio by means of a metaphysical, rather than a mathematical definition ; “ for 
metaphysical it is and not, properly speaking, mathematical, since nothing 
depends on it or is deduced from it by mathematicians, nor, as I think, can 
anything be deduced.” This is confirmed by the fact that there is no 
definition of Aoyos in Book vul., and it could equally have been dispensed 
with here. Similarly De Morgan observes that Euclid never attempts this 
vague sort of definition except when, dealing with a well-known term of 
common life, he wishes to bring it into geometry with something like an 
expressed meaning which may aid the conception of the thing, though it does 
not furnish a perfect criterion. Thus we may compare the definition with 
that of a straight line, where Euclid merely calls the reader’s attention to the 
well-known term ¢v6eta ypaypy, tries how far he can present the conception 
which accompanies it in other words, and trusts for the correct use of the 
term to the axioms (or postulates) which the universal conception of a straight 
line makes self-evident. 

We have now to trace as clearly as possible the development of the 
conception of Ayos, ratio, or relative magnitude. In its primitive sense 
Aoyos was only used of a ratio between commensurables, i.e. a ratio which 
could be expressed, and the manner of expressing it is indicated in the 
proposition, Eucl. x. 5, which proves that commensurable magnitudes have to 
one another the ratio which a number has to a number. That this was the 
primitive meaning of Aóyos is proved by the use of the term dAoyos for the 
incommensurable, which means trratrona/ in the sense of not having a rato 
to something taken as rational (fyró). 
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Euclid himself shows us how we are to set about finding the ratio, or 
relative magnitude, of two commensurable magnitudes. He gives, in x. 3, 
practically our ordinary method of finding the greatest common measure. 
If A, B be two magnitudes of which Z is the less, we cut off from A a part 
equal to Z, from the remainder a part equal to Z, and so on, until we leave a 
remainder less than Z, say Æ,. We measure off A, frc n B in the same way 
until a remainder A, is left which is less than Æ,. We repeat the process 
with &,, œ, and so on, until we find a remainder which is contained in the 
preceding remainder a certain number of times exactly. If account is taken 
of the number of times each inagnitude is contained (with something over, 
except at the last) in that upon which it is measured, we can calculate how 
many times the last remainder is contained in 4 and how many times the 
last remainder is contained in B; and we can thus express the ratio of A to 
B as the ratio of one number to another. 

But it may happen that the two magnitudes have no common measure, 
i.e. are incommensurable, in which case the process described would never 
come to an end and the means of expression would fail; the magnitudes 
would then žave no ratio in the primitive sense. But the word Aoyos, ratio, 
acquires in Euclid, Book v., a wider sense covering the relative magnitude of 
incommensurables as well as commensurables; as stated in Euclid's 4th 
definition, * magnitudes are said to have a rato to one another which can, 
when multiplied, exceed one another," and finite incommensurables have this 
property as much as commensurables. De Morgan explains the manner of 
transition from the narrower to the wider signification of rato as follows. 
“Since the relative magnitude of two quantities is always shown by the 
quantuplicitative mode of expression, when that is possible, and since pro- 
portional quantities (pairs which have the same relative magnitude) are pairs 
which have the same mode (if possible) of expression by means of each other ; 
in all such cases sameness of relative magnitude leads to sameness of mode of 
expression ; or proportion is sameness of ratios (in the primitive sense). But 
sameness of relative magnitude may exist where quantuplicitative expression 
is impossible ; thus the diagonal of a larger square is the same compared with 
its side as the diagonal of ə smaller square compared with ¿s side. Itis an 
easy transition to speak of sameness of ratio even in this case; that is, to use 
the term ratio in the sense of relative magnitude, that word having originally 
only a reference to the mode of expressing relative magnitude, in cases which 
allow of a particular mode of expression. The word srrational (ddoyos) does 
not make any corresponding change but continues to have its primitive 
meaning, namely, incapable of quantuplicitative expression.” 

It remains to consider how we are to describe the relative magnitude of 
two incommensurables of the same kind. That they have a definite relation 
is certain. Suppose, for precision, that S is the side of a square, 2 its 
diagonal ; then, if S is given, any alteration in D or any error in D would 
make the figure cease to be a square. At the same time, a person altogether 
ignorant of the relative magnitude of D and S might say that drawing two 
straight lines of length S so as to form a right angle and joining the ends by 
a straight line, the length of which would accordingly be D, does not help 
him to realise the relative magnitude, but that he would like to know how 
many diagonals make an exact number of sides. We should have to reply 
that no number of diagonals whatever makes an exact number of sides ; but 
that he may mention any fraction of the side, a hundredth, a thousandth or 
a millionth, and that we will then express the diagonal with an error not so 
great as that fraction. We then tell him that 1,000,000 diagonals exceed 
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1,414,213 sides but fall short of 1,414,214 sides; consequently the diagonal 
lies between 1414213 and r'414214 times the side, and these differ only by 
one-millionth of the side, so that the error in the diagonal is less still. To 
enable him to continue the process further, we show him how to perform the 
arithmetical operation of approximating to the value of J/2. This gives the 
means of carrying the approximation to any degree of accuracy that may be 
desired. In the power, then, of carrying approximations of this kind as far as 
we please lies that of expressing the ratio, so far as expression is possible, and 
of comparing the ratio with others as accurately as if expression had been 
possible. 

Euclid was of course aware of this, as were probably others before him ; 
though the actual approximations to the values of ratios of incommensurables 
of which we find record in the works of the great Greek geometers are very 
few. The history of such approximations up to Archimedes is, so far as 
material was available, sketched in Zhe Works of Archimedes (pp. \xxvii and 
following) ; and it is sufficient here to note the facts (1) that Plato, and even 
the Pythagoreans, were familiar with 7 as an approximation to ,/2, (2) that 
the method of finding any number of successive approximations by the system 
of side- and dtagonal-numbers described by Theon of Smyrna was also 
Pythagorean (cf. the note above on Euclid, 11. 9, 10), (3) that Archimedes, 
without a word of preliminary explanation, gives out that 


MAP Js» H8 
gives approximate values for the square roots of several large numbers, and 
proves that the ratio of the circumference of a circle to its diameter is less 
than 34 but greater than 372, (4) that the first approach to the rapidity with 
which the decimal system enables us to approximate to the value of surds 
was furnished by the method of sexagesimal fractions, which was almost as 
convenient to work with as the method of decimals, and which appears fully 
developed in Ptolemy’s ovvrages. A number consisting of a whole number 
and any fraction was under this system represented as so many units, so 
many of the fractions which we should denote by 4, so many of those which 
we should write (45)5, (45)*, and so on. Theon of Alexandria shows us how 
to extract the square root of 4500 in this sexagesimal system, and, to show 
how effective it was, it is only necessary to mention that Ptolemy gives 


—- * 2. + a as an approximation to ,/3, which approximation is equivalent 


to 1'7320509 in the ordinary decimal notation and is therefore correct to 
6 places. 

Bera en Def. 3 and Def. 4 two manuscripts and Campanus insert *' Pro- 
portion is the sameness of ratios" (dvaXoyía 8€ xj rüv Aóyuv rabrórys), and even 
the best Ms. has it in the margin. It would be altogether out of place, since 
it is not till Def. 5 that it is explained what sameness of ratios is. The words 
are an interpolation later than Theon (Heiberg, Vol. v. pp. xxxv, lxxxix), 
and are no doubt taken from arithmetical works (cf. Nicomachus and Theon 
of Smyrna). It is true that Aristotle says similarly, “ Proportion is equality 
of ratios” (Eth. Nic. v. 6, 1131 a 31), and he appears to be quoting from 
the Pythagoreans; but the reference is to numbers. 

Similarly two Mss. (inferior) insert after Def. 7 “Proportion is the similarity 
(spotorns) of ratios.” Here too we have a mere interpolation. 
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DEFINITION 4. 


Aóyov. exe mpos GAAnAa peyéOn A€yerar, à Ôúvaraı woAAarAac{opeva 
GAAyjAwy vireptxew. 


This definition supplements the last one. De Morgan says that it amounts 
to saying that the magnitudes are of the same species. But this can hardly 
be all; the definition seems rather to be meant, on the one hand, to exclude 
the relation of a finite magnitude to a magnitude of the same kind which is 
either infinitely great or infinitely small, and, even more, to emphasise the 
fact that the term ra/io, as defined in the preceding definition, and about to 
be used throughout the book, includes the relation between any two incom- 
mensurable as well as between any two commensurable finite magnitudes of 
the same kind. Hence, while De Morgan seems to regard the extension of 
the meaning of ratio to include the relative magnitude of incommensurables 
as, so to speak, taking place between Def. 3 and Def. 5, the 4th definition 
appears to show that it is ratio in its extended sense that is being defined in 


Def. 3. 


DEFINITION 5$. 


'Ev T abro Ay peyé Aéyerac elvat mputov 1 pos Sevrepov | Kat tpirov TpóS 
Téraprov, Órav Tà Tov mpwrov Kal tpirov iganes mroÀÀamAagua TGV TOU Bevrépov 
Kat reráprov lads toh\amAagiwy af émovovowv moAAarAacwacpov éxarepov 
éxarépov ů dpa ýrepéxņn dpa loa 7 apa edXciry AnPOévra KarddAynAa. 


In my translation of this definition I have compromised between an 
attempted literal translation and the more expanded version of Simson. The 
difficulty in the way of an exactly literal translation is due to the fact that the 
words (xa ómowvo)v roAAarAac.acpov) signifying that the equimultiples é 
each case are any equimultiples whatever occur only once in the Greek, though 
they apply oth to ra...iodxis roAXarAdora in the nominative and róv...ieaxis 
mod\arrAaciy in the genitive. I have preferred “alike” to “simultaneously” 
as a translation of dua because “simultaneously” might suggest that time was 
of the essence of the matter, whereas what is meant is that any particular 
comparison made between the equimultiples must be made between ¢he same 
equimultiples of the two pairs respectively, not that they need to be compared 
at the same time. 

Aristotle has an allusion to a definition of “the same ratio” in Topics 
VIII. 3, 158 b 29: “In mathematics too some things appear to be not easy to 
prove (ypadeoPa) for want of a definition, e.g. that the parallel to the side 
which cuts a plane (a parallelogram] divides the straight line [the other side] 
and the area similarly. But, when the definition is expressed, the said property 
is immediately manifest ; for the areas and the straight lines ave the same 
avravaipecis, and this is the definition of ‘the same ratio?” Upon this 
passage Alexander says similarly, “This is the definition of proportionals 
which the ancients used: magnitudes are proportional to one another which 
have (or show) the same avOvpaipeors, and Aristotle has called the latter 
avravaipects.” Heiberg (Mathematisches zu Aristoteles, p. 22) thinks that 
Aristotle is alluding to the fact that the proposition referred to could not be 
rigorously proved so long as the Pythagorean definition applicable to com- 
mensurable magnitudes only was adhered to, and is quoting the definition 
belonging to the complete theory of Eudoxus ; whence, in view of the positive 
statement of Aristotle that the definition quoted és the definition of “the same 
ratio,” it would appear that the Euclidean definition (which Heiberg describes 
as a careful and exact paraphrase of avravaipects) is Euclid’s own. I do not 
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feel able to subscribe to this view, which seems to me to involve very grave 
difficulties. The Euclidean definition is regularly appealed to in Book v. as 
the criterion of magnitudes being in proportion, and the use of it would appear 
to constitute the whole essence of the new general theory of proportion; if then 
this theory is due to Eudoxus, it seems impossible to believe that the definition 
was not also due to him. Certainly the definition given by Aristotle would 
be no substitute for it; av@vdaipeois and avravaipects are words almost as 
vague and “ metaphysical” (as Barrow would say) as the words used to define 
ratio, and it is difficult to see how any mathematical facts could be deduced 
from such a definition. Consider for a moment the etymology of the words. 
ipatperts or dvaipeors means “removal,” “taking away” or “destruction” of 
a thing; and the prefix avri indicates that the “taking away” from one 
magnitude answers £o, corresponds with, alternates with, the “taking away” 
from the other. So far therefore as the etymology goes, the word seems 
rather to suggest the “taking away” of corresponding fractions, and therefore 
to suit the old imperfect theory of proportion rather than the new one. Thus 
Waitz (ad loc.) paraphrases the definition as meaning that “as many parts as 
are taken from one magnitude, so many are at the same time taken from the 
other as well.” A possible explanation would seem to be that, though 
Eudoxus had formulated the new definition, the old one was still current in 
the text-books of Aristotle’s time, and was taken by him as being a good 
enough illustration of what he wished to bring out in the passage of the 
Topics referred to. 

From the revival of learning in Europe onwards the Euclidean definition 
of proportion was the subject of much criticism. Campanus had failed to 
understand it, had in fact misinterpreted it altogether, and he may have 
misled others such as Ramus (1515—72), always a violently hostile critic of 
Euclid. Among the objectors to it was no less a person than Galileo. For 
particulars of the controversies on the subject down to Thomas Simpson 
(Elem. of Geometry, Lond. 1800) the reader is referred to the Excursus at the 
end of the second volume of Camerer’s Euclid (1825). For us it is interesting 
to note that the unsoundness of the usual criticisms of the definition was 
never better exposed than by Barrow. Some of the objections, he pointed out 
(Lect. Cantabr. x11.0f 1666), are due to misconception on the part of their authors 
as to the nature of a definition. Thus Euclid is required by these objectors 
(e.g. Tacquet) to do the impossible and to show that what is predicated in the 
definition is true of the thing defined, as if any one should be required to 
show that the name “circle” was applicable to those figures alone which 
have their radii all equal! As we are entitled to assign to such figures and 
such figures only the name of “circle,” so Euclid is entitled (* quamvis non 
temere nec imprudenter at certis de causis iustis illis et idoneis ”) to describe 
a certain property which four magnitudes may have, and to call magnitudes 
possessing that property magnitudes ‘‘in the same ratio." Others had argued 
from the occurrence of the other definition of proportion in vit. Def. 2o that 
Euclid was dissatisfied with the present one ; Barrow pointed out that, on the 
contrary, it was the fact that vri. Def. 20 was not adequate to cover the case 
of incommensurables which made Euclid adopt the present definition here. 
Lastly, he maintains, against those who descant on the **obscurity" of v. 
Def. 5, that the supposed obscurity is due, partly no doubt to the inherent 
difficulty of the subject of incommensurables, but also to faulty translators, 
and most of all to lack of effort in the learner to grasp thoroughly the meaning 
of words which, in themselves, are as clearly expressed as they could be. 

To come now to the merits of the case, the best defence and explanation 
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of the definition that I have seen is that given by De Morgan. He first 
translates it, observes that it applies equally to commensurable or incom- 
mensurable quantities because no attempt is made to measure one by an 
aliquot part of another, and then proceeds thus. 

“The two questions which must be asked, and satisfactorily answered, 
previously to its (the definition’s] reception, are as follows: 


1. What right had Euclid, or any one else, to expect that the preceding 
most prolix and unwieldy statement should be received by the beginner as 
the definition of a relation the perception of which is one of the most common 
acts of his mind, since it is performed on every occasion where similarity or 
dissimilarity of figure is looked for or presents itself? 


2. If the preceding question should be clearly answered, how can the 
definition of proportion ever be used ; or how is it possible to compare every 
one of the infinite number of multiples of 4 with every one of the multiples 
of B? 

To the first question we reply that not only is the test proposed by 
Euclid tolerably simple, when more closely examined, but that it is, or might 
be made to appear, an easy and natural consequence of those fundamental 
perceptions with which it may at first seem difficult to compare it.” 

To elucidate this De Morgan gives the following illustration. 

Suppose there is a straight colonnade composed of equidistant columns 
(which we will understand to mean the vertical lines forming the axes of the 
columns respectively), the first of which is at a distance from a bounding wall 
equal to the distance between consecutive columns. In front of the colonnade 
let there be a straight row of equidistant railings (regarded as meaning their 
axes), the first being at a distance from the bounding wall equal to the 
distance between consecutive railings. Let the columns be numbered from 
the wall, and also the railings. We suppose of course that the column distance 
(say, C) and the railing distance (say, Æ) are different and that they may bear 
to each other any ratio, commensurable or incommensurable ; i.e. that there 
need not go any exact number of railings to any exact number ‘of columns. 
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If the construction be supposed carried on to any extent, a spectator can, 
by mere inspection, and without measurement, compare C with œ to any 
degree of accuracy. For example, since the roth railing falls between the 4th 
and sth columns, 108 is greater than 4C and less than 5C, and therefore & 
lies between ,‘gths of C and ;'5ths of C. To get a more accurate notion, the 
ten-thousandth railing may be taken ; suppose it falls between the 4674th and 
4675th columns. Therefore IO, ooo lies between 4674C and 4675C, or 2 lies 
between ooy and tooo Of C. There is no limit to the degree of accuracy 
thus obtainable ; and the ratio of R to C is determined when the order of 
distribution of the railings among the columns is assigned ad infinitum ; or, in 
other words, when the position of asy giver railing can be found, as to the 
numbers of the columns between which it lies. Any alteration, however 
small, in the place of the first railing must at last affect the order of 
distribution. Suppose e.g. that the first railing is moved from the wall by one 
part in a thousand of the distance between the columns; then the second 
railing is pushed forward by 4455C, the third by (5 C, and so on, so that 
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the railings after the thousandth are pushed forward by more than C; i.e. the 
order with respect to the columns is disarranged. 

Now let it be proposed to make a model of the preceding construction in 
which ¢ shall be the column distance and 7 the railing distance. It needs no 
definition of proportion, nor anything more than the conception which we 
have of that term prior to definition (and with which we must show the agree- 
ment of any definition that we may adopt), to assure us that C must be to & 
in the same proportion as c to 7 if the model be truly formed. Nor is it 
drawing too largely on that conception of proportion to assert that the 
distribution of the railings among the columns in the model must be every- 
where the same as in the original ; for example, that the model would be out 
of proportion if its 37th railing fell between the 18th and rgth columns, while 
the 37th railing of the original fell between the 17th and 18th columns. Thus 
the dependence of Euclid’s definition upon common notions is settled; for the 
obvious relation between the construction and its model which has just been 
described contains the collection of conditions, the fulfilment of which, 
according to Euclid, constitutes proportion. According to Euclid, whenever 
mC exceeds, equals, or falls short of 2A, then » must exceed, equal, or fall 
short of zr; and, by the most obvious property of the constructions, according 
as the mth column comes after, opposite to, or before the zth railing in the 
original, the mth column must come after, opposite to, or before the #th 
railing in the correct model. 

Thus the test proposed by Euclid is necessary. It is also sufficient. For 
admitting that, to a given original with a given column-distance in the model, 
there is one correct model railing distance (which must therefore be that 
which distributes the railings among the columns as in the original), we have 
seen that any other railing distance, however slightly different, would at last 
give a different distribution; that is, the correct distance, and the correct 
distance only, satisfies all the conditions required by Euclid’s definition. 

The use of the word distribution having been well learnt, says De Morgan, 
the following way of stating the definition will be found easier than that of 
Euclid. “Four magnitudes, 4 and Z2 of one kind, and C and 2 of the same 
or another kind, are proportional when all the multiples of 4 can be 
distributed among the multiples of Z in the same intervals as the correspond- 
ing multiples of C among those of D.” Or, whatever numbers m, n may be, 
if mA lies between 2B and (2 +1)B, mC lies between aD and (z + 1)D. 

It is important to note that, if the test be always satisfied from and after 
any given multiples of 4 and C, it must be satisfied before those multiples. For 
instance, let the test be always satisfied from and after 100.4 and 100C ; and 
let 5.4 and 5C be instances for examination. Take any multiple of 5 which 
will exceed 100, say 50 times five ; and let it be found on examination that 
250A lies between 6788 and 6798; then 250C lies between 678D and 
679D. Divide by 50, and it follows that 54 lies between 13288 and 13238, 
and a fortiori between 138 and 148. Similarly, 5C lies between 1328D and 
13%% D, and therefore between 13D and 14D. Or 54 lies in the same 
interval among the multiples of Z in which 5C lies among the multiples of D. 
And so for any multiple of 4, C less than 1004, 100C. 

There remains the second question relating to the infinite character of the 
definition ; four magnitudes 4, B, C, D are not to be called proportional 
until it is shown that every multiple of 4 falls in the same intervals among 
the multiples of B in which the same multiple of C is found among the 
multiples of D. Suppose that the distribution of the railings among the 
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columns should be found to agree in the model and the original as far as 
the millionth railing. This proves only that the railing distance of the model 
does not err by the millionth part of the corresponding column distance. We 
can thus fix limits to the disproportion, if any, and we may make those limits 
as small as we please, by carrying on the method of observation; but we 
cannot observe an infinite number of cases and so enable ourselves to affirm 
proportion absolutely. Mathematical methods however enable us to avoid 
the difficulty. We can take any multiples whatever and work with them as if 
they were particular multiples. De Morgan gives, as an instance to show that 
the definition of proportion can in practice be used, notwithstanding its 
— character, the following proof of a proposition to the same effect as 
ucl. vi. 2. 





ao As As Ai 


“Let OAB be a triangle to one side 442 of which a? is drawn parallel, and 
on OA produced set off 44,, 44,4, etc. equal to OA, and aa, a, etc. equal 
to 02. 

Through every one of the points so obtained draw parallels to ABS, 
meeting OB produced in 4,, B, etc. 

Then it is easily proved that 44,, 5,4, etc. are severally equal to Od, and 
BB, B-B, etc. to OB. 

Consequently a distribution of the multiples of O4 among the multiples 
of Oa is made on one line, and of OB among those of Ob on the other. 

The examination of this distribution in all its extent (which is impossible, 
and hence the apparent difficulty of using the definition) is rendered 
unnecessary by the known property of parallel lines. For, since 4, lies 
between a, and a,, B; must lie between 4, and 4,; for, if not, the line 4,2, 
would cut either a,b, Or a,b,- 

Hence, without inquiring where 4,, does fall, we know that, if it fall 
between a, and an, Bm must fall between 4, and 4,,,; or, if #.OA fall in 
magnitude between 2.Oa and (z+1)Oa, then ^. OB must fall between 
n. Ob and (n * 1)0b.” 


Max Simon remarks (Euclid und die sechs planimetrischen Biicher, p. 110), 
after Zeuthen, that Euclid’s definition of equal ratios is word for word the 
same as Weierstrass’ definition of equal numbers. So far from agreeing in 
the usual view that the Greeks saw in the irrational no 2uméer, Simon thinks 
it is clear from Eucl. v. that they possessed a notion of number in all its 
generality as clearly defined as, nay almost identical with, Weierstrass’ con- 
ception of it. 

Certain it is that there is an exact correspondence, almost coincidence, 
between Euclid’s definition of equal ratios and the modern theory of irrationals 
due to Dedekind. Premising the ordinal arrangement of natura! numbers in 
ascending order, then enlarging the sphere of numbers by including 
(1) negative numbers as well as positive, (2) fractions, as a/5, where a, ? may 
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be any natural numbers, provided that 4 is not zero, and arranging the 
fractions ordinally among the other numbers according to the definition : 


let 5 be <=> S according as ad is <=> e, 
Dedekind arrives at the following definition of an irrational number. 

An irrational number a is defined whenever a law is stated which will 
assign every given rational number to one and only one of two classes A and 
B such that (1) every number in 4 precedes every number in Z, and (2) there 
is no last number in 4 and no first number in Ø; the definition of a being 
that it is the one number which lies between all numbers in 4 and all 
numbers in 2. 

Now let x/y and x’/y’ be equal ratios in Euclid’s sense. 


Then = will divide all rational numbers into two groups 44 and 7 ; 


J 
y Š T » A’ and Z’. 
Let 3 be any rational number in 4, so that 
— 
b y` 


This means that ay < bx. 

But Euclid’s definition asserts that in that case ay’ < 5x’ also. 

a x 

j^ y) 

therefore every member of group 4 is also a member of group 4’. 
Similarly every member of group B is a member of group Z”. 


For, if 3 


Hence also 


belong to B, 


SR 
œlik 


which means that ay > dx. 
But in that case, by Euclid’s definition, ay’ > dx’ ; 
a x 
therefore also 3? y. 


Thus, in other words, A and B are coextensive with 4' and 8 
respectively ; 
therefore ; =F according to Dedekind, as well as according to Euclid. 

If x[y, x'|y happen to be rational, 
then one of the groups, say 4, includes x/y, 


and one of the groups, say 4’, includes x'/y'. 


In this case 3 might coincide with 5 
: a x 
that ís By 


which means that ay = bx. 


126 BOOK V [v. DEF. 5 


Therefore, by Euclid’s definition, ay’ = 42’ ; 
a x 
boy 

Thus the groups are again coextensive. 

In a word, Euclid's definition divides all rational numbers into two 
coextensive classes, and therefore defines equal ratios in a manner exactly 
corresponding to Dedekind’s theory. 


so that 


Alternatives for Eucl. V. Def. 5. 


Saccheri records in his Euclides ob omnt naevo vindicatus that a distinguished 
geometer of his acquaintance proposed to substitute for Euclid's the following 
definition : 

“ A first magnitude has to a second the same ratio that a third has to a 
fourth when the first contains the aliquot parts of the second, according fo any 
number (i.e. with any denominator) whatever, the same number of times as 
the number of times the third contains the same aliquot parts of the fourth” ; 
on which Saccheri remarks that he sees no advantage in this definition, which 
presupposes the notion of division, over that of Euclid which uses multiplication 
and the notions of greater, equal, and less. 

This definition was, however, practically adopted by Faifofer (Elementi di 
geometria, 3 ed., 1882) in the following form : 

“Four magnitudes taken in a certain order form a proportion when, by 
measuring the first and the third respectively by any equi-submultiples 
whatever of the second and of the fourth, equal quotients are obtained.” 

Ingrami (Elementi di geometria, 1904) takes multiples of the first and third 
instead of submultiples of the second and fourth : 

“ Given four magnitudes in predetermined order, the first two homogeneous 
with one another, and likewise also the last two, the magnitudes are said to 
form a proportion (or to be in proportion) when any multiple of the first 
contains the second the same number of times that the equimultiple of the 
third contains the fourth.” 

Veronese’s definition (Elementi di geometria, Pt. 11., 1905) is like that of 
— ; Enriques and Amaldi (Z/ementi di geometria, 1905) adhere to 

uclid’s, 


Proportionals of VII. Def. 20 a particular case. 


It has already been observed that Euclid has nowhere proved (though the 
fact cannot have escaped him) that the proportion of numbers is included in 
the proportion of magnitudes as a special case. This is proved by Simson as 
being necessary to the sth and 6th propositions of Book x. Simson’s proof is 
contained in his propositions C and D inserted in the text of Book v. and in 
the notes thereon. Proposition C and the note on it prove that, ¿if four 
magnitudes are proportionals according to vii. Def. 20, they are also proportionals 
according to v. Def. 5. Prop. D and the note prove the partial converse, 
namely that, if four magnitudes are proportionals according to the sth definition 
of Book v., and if the first be any multiple, or any part, or parts, of the second, 
the third is the same multiple, part, or parts, of the fourth. The proofs use 
certain results obtained in Book v. 


Prop. C is as follows : 


Lf the first be the same multiple of the second, or the same part of it, that the 
third is of the fourth, the first is to the secund as the third to the fourth. 
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Let the first 4 be the same multiple of B the second that C the third is of 
the fourth D ; 


A isto B as C is to D. 


A——————— 
B———— 

€ 

D 


Érmonm 





Take of 4, C any equimultiples whatever E, 7E; and of B, D any 
equimultiples whatever G, Æ. 


Then, because 4 is the same multiple of Z that C is of D, 
and Æ is the same multiple of 44 that F is of C, 
E is the same multiple of Z that Fis of D. [v. 3] 
Therefore E, Fare the same multiples of B, D. 
But G, # are equimultiples of Z, D; 


therefore, if E be a greater multiple of B than G is, Fis a greater multiple of 
D than AZ is of D; 


that is, if Æ be greater than G, F is greater than 477. 
In like manner, 
if Æ be equal to G, or less, Fis equal to Æ, or less than it. 
But Æ, Fare equimultiples, any whatever, of 4, C; 
and G, H any equimultiples whatever of B, D. 
Therefore 4 is to B as C is to D. [v. Def. 5] 


Next, let the first Æ be the same fart of the second B that the third C is 
of the fourth D: 


A is to B as C is to D. A — 
For B is the same multiple of 4 that D is of C; B 
wherefore, by the preceding case, c— 
B is to A as Dis to C; D 


and, inversely, A ìs to B as C is to D. 

[For this last inference Simson refers to his Proposition B. That 
proposition is very simply proved by taking any equimultiples Æ, F of B, D 
and any equimultiples G, Æ of 4, C and then arguing as follows : 

Since 4 is to Z as C' is to D, 

G, H are simultaneously greater than, equal to, or less than Æ, F 
respectively ; so that 

E, F are simultaneously less than, equal to, or greater than G, H 
respectively, 

and therefore [Def. 5] Z is to 4 as D is to C.] 

We have now only to add to Prop. C the case where 4B contains the 

same parts of CD that EF does of GA: 
in this case likewise 42 is to CD as EF to GH. 

Let CK be a part of CD, and GZ the same part of GĦ; let AB be the 

same multiple of CK that EF is of GZ. 
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Therefore, by Prop. C, 
AB is to CK as EF to GL. 


—— — pe ig 
Cc—x——0 T i 


And CD, GA are equimultiples of CX, GZ, the second and fourth. 

Therefore AB is to CD as EF to GH (Simson’s Cor. to v. 4, which 
however is the particular case of v. 4 in which the “equimultiples” of one 
pair are the pair itself, i.e. the pair multiplied by unity]. 

To prove the partial converse we begin with Prop. D. 

Lf the first be to the second as the third to the fourth, and if the first bea 
multiple or part of the second, the third ts the same multiple or the same part of 
the fourth. 

Let A be to B as C is to D; 
and, first, let 4 be a multiple of Z ; 

C is the same multiple of D. 

Take Æ equal to 4, and whatever multiple 4 or Æ is of B, make 7 the 
same multiple of D. 

Then, because 4 is to B as C is to D, 
and of & the second and D the fourth equimultiples have been taken Æ 
and Æ 





A is to Eas Cisto F. [v. 4, Cor.] 
But 4 is equal to £ ; 
therefore C is equal to F. 


[In support of this inference Simson cites his Prop. A, which however we 
can directly deduce from v. Def. 5 by taking any, but £/e same, equimultiples 
of all four magnitudes.] 


A— — — C 
SS — D 
E F 


Now Fis the same multiple of D that 4 is of B; 
therefore C is the same multiple of D that A is of B. 
Next, let the first 4 be a part of the second Z ; 
C the third is the same part of the fourth 2. 

Because 4 is to B as C is to D, 

inversely, B is to A as D is to C. (Prop. B] 
But 4 is a part of B; therefore B is a multiple of 4; 

and, by the preceding case, D is the same multiple of C, 

that is, C is the same part of D that 4 is of B. 


We have, again, only to add to Prop D the case where 4Z contains any 
parts of CD, and AB isto CDas EF to GH; 
then shall Z/ contain the same parts of GH that 4B does of CD. 
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For let CX be a part of CD, and GZ the same part of GH; and let AB 
be a multiple of CX. 

EF shall be the same multiple of GZ. 

Take M the same multiple of GZ that 47 is of CX ; 








therefore AB is to CK as M is to GL. (Prop. C] 
A B gc—————— E 
c—; D GT mom 


And CD, GA are equimultiples of CX, GZ; 


therefore AB is to CD as M is to GĦ. 
But, by hypothesis, AB is to CD as EFis to GH; 
therefore M is equal to EF, [v. 9] 


and consequently ÆF is the same multiple of GZ that 4B is of CX. 


DEFINITION 6. 

Ta 5¢ rov atrov (xovra Adyov peyéOy avadoyor xadrciobu. 

'AvdAoyor, though usually written in one word, is equivalent to dvà Aóyov, in 
proportion. It comes however in Greek mathematics to be used practically as 
an indeclinable adjective, as here; cf. ai réocapes eiOetat dvadoyov écovrat, 
“the four straight lines will be proportional," rpéyeva tàs m\evpàs avaàoyov 
(xovra, "triangles having their sides proportional" Sometimes it is used 
adverbially: dvdAoyov dpa écriv «s *) BA xpos tiv AT, ovtws 4 HA mpós tv AZ, 
“proportionally therefore, as BA is to AC, so is GD to DF”; so too, ap- 
parently, in the expression 7 ur» dvdAoyov (ei8«a), “the mean proportional.” 
I do not follow the objection of Max Simon (Euclid, p. 110) to “proportional” 
as a translation of ayaAoyov. ‘We ask,” he says, “in vain, what is proportional 
to what? We say e.g. that weight is proportional to price because double, treble 
etc. weight corresponds to double, treble etc. price. But here the meaning must 
be ‘standing in a relation of proportion.’” Yet he admits that the Latin word 
proportionalis is an adequate expression. He translates by ‘‘in proportion " 
in the text of this definition. But I do not see that ‘‘in proportion ” is better 
than “proportional.” The fact is that both expressions are elliptical when 
used of four magnitudes “in proportion”; but there is surely no harm in 
using either when the meaning is so well understood. 

The use of the word xaA«ía0«, **/e? magnitudes having the same ratio be 
called proportional,” seems to indicate that this definition is Euclid's own. 


DEFINITION 7. 


"Orav Óà ràv igdxis mroAAamAacíov TÓ n£v TOU trpwrov woAAawAaavov irepexy 
Tod ToU Sevrépov moAAarAaciov, tò Ôè roU rpírov moAXamAacioy py vmrepéyy ToU 
ToU rerdptov roAAamAadGíov, róre TÓ prov mpòs TÒ Be/repov ueitova. Aóyov éyew 
A€yerat, IEP TO Tpí(roy mpós TÓ réraprov. 

As De Morgan observes, the practical test of disproportion is simpler than 
that of proportion. For, whereas no examination of individual cases, however 
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extensive, will enable an observer of the construction and its model (the 
illustration by means of columns and railings described above) to affirm 
proportion or deny disproportion, and all it enables us to do is to fix limits 
(as small as we please) to the disproportion (if any), a single instance may 
enable us to deny proportion or affirm disproportion, and also to state which 
way the disproportion lies. Let the 19th railing in the original fall beyond 
the rith column, while the roth railing of the (so-called) model does not 
come up to the 11th column. It follows from this one instance that the 
railing distance of the model is too small relatively to the column distance, or 
that the column distance is too great relatively to the railing distance. That 
is, the ratio of x to c is less than that of A to C, or the ratio of c to r is greater 
than that of C to R. 

Saccheri (of. cit.) remarks (as Commandinus had done) that the ratio of 
the first magnitude to the second will also be greater than that of the third to 
the fourth if, while the multiple of the first is egua/ to the multiple of the 
second, the multiple of the third is Jess than that of the fourth: a case not 
mentioned in Euclid's definition. Saccheri speaks of this case being included 
in Clavius’ interpretation of the definition. I have, however, failed to find a 
reference to the case in Clavius, though he adds, as a sort of corollary, in his 
note on the definition, that if, on the other hand, the multiple of the first is 
Jess than the multiple of the second, while the multiple of the third is not Jess 
than that of the fourth, the ratio of the first to the second is /ess than that of 
the third to the fourth. 

Euclid presumably left out the second possible criterion for a greater ratio, 
and the definition of a less ratio, because he was anxious to reduce the 
definitions to the minimum necessary for his purpose, and to leave the rest to 
be inferred as soon as the development of the propositions of Book v. enabled 
this to be done without difficulty. 

Saccheri tried to reduce the second possible criterion for a greater ratio to 
that given by Euclid in his definition without recourse to anything coming 
later in the Book, but, in order to do this, he has to use “multiples” produced 
by multipliers which are not integral numbers, but integral numbers 7/vs proper 
fractions, so that Euclid’s Def. 7 becomes inapplicable. 

De Morgan notes that “proof should be given that the same pair of 
magnitudes can never offer both tests [i.e. the test in the definition for a 
greater ratio and the corresponding test for a less ratio, with “less” substituted 
for “greater” in the definition] to another pair; that is, the test of greater 
ratio from one set of multiples, and that of less ratio from another.” In other 
words, if m, ^t, ~, g are integers and 4, B, C, D four magnitudes, none of the 
pairs of equations 

(1) mA>nB, mCz=or<nD, 
(2) mA=nB, mC<aD 
can be satisfied simultaneously with any one of the pairs of equations 


(3) pA= 9B, pC»4D, 
(4) pAa<qB, pC>ror=gD. 
There is no difficulty in proving this with the help of two simple 
assumptions which are indeed obvious. 
We need only take in illustration one of the numerous cases. Suppose, if 
possible, that the following pairs of equations are simultaneously true : 
(1) mA>aB, mC<nD 
and (2 24-558, pC>gD. 
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Multiply (1) by g and (2) by 2. 


(We need here to assume that, where 7X, rY are any equimultiples of any 
magnitudes X, Y, 


according as X >=< Y, rX>=<rY. 
This is contained in Simson's Axioms t and 3.) 
We have then the pairs of equations 
mgád »ngB, mgC«ngqD, 
npA«<nqB, npC»ngD. 
From the second equations in each pair it follows that 
"QC « npcC. 


(We now need to assume that, if 7X, sX are any multiples of X, and 
rY, sY the same multiples of Y, then, 
according as rX > =< sX, rY>=< sY. 
Simson uses this same assumption in his proof of v. 18.) 


Therefore mgA <npA. 
But it follows from the first equations in each pair that 
mgA >npA: 


which is impossible. 
Nor can Euclid’s criterion for a greater ratio coexist with that for equal 
ratios. 


DEFINITION 8. 
"Avadoyia 8 dy rpuwiy ópois &Aaxíary) éariv. 


This is the reading of Heiberg and Camerer (who follow Peyrard's Ms.) 
and is that translated above. The other reading has éAayioros, which can 
only be translated ‘‘consists in three terms af /east.” Hankel regards the defi- 
nition as a later interpolation, because it is superfluous, and because the word 
ópos for a ferm in a proportion is nowhere else used by Euclid, though it is 
common in later writers such as Nicomachus and Theon of Smyrna. The 
genuineness of the definition is however supported by the fact that Aristotle 
not only uses ópos in this sense (E74. Mic. v. 6, 7, 1131 b 5, 9), but has a similar 
remark (sb:d. 1131 a 31) that a “proportion is in four terms at least" The 
difference from Euclid is only formal; for Aristotle proceeds: ‘The discrete 
(Senpnuévn) (proportion) is clearly in four (terms), but so also is the continuous 
(cvveyys). For it uses one as two and mentions it twice, e.g. (in stating) that, 
as a is to fJ, so also is B to y; thus B is mentioned twice, so that, if B be twice 
put down, the proportionals are four.” The distinction between discrete and 
continuous seems to have been Pythagorean (cf. Nicomachus, II. 21, 5; 23, 
2, 3; where however ovvynppevy is used instead of 7vveyz«) ; Euclid does not 
use the words Sippnévyn and cvuvexys in this connexion. 

So far as they go, the first words of the next definition (9), “When three 
magnitudes are proportionals,” which seemingly refer to Def. 8, also support 
the view that the latter is, at least in substance, genuine. 
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DEFINITIONS 9, 10. 


9. “Oray 8% rpia peyéOn avadoyov f, TO xpwrov mpos 76 tptrov derdaciova 
Aóyov (ew Adyerat Prep tps 10 Sevrepov. 


10. “Oray 8¢ réccapa peyéÓq avddoyoy 7, TO mpwrov Tpos TÒ Téraprov 
rpitragiova Adyov Exew A€yerar mep xpos Td Sevrepov, xai acai éfjs opoiws, ws 
dv 9 avadoyia urapxy. 

Here, and in connexion with the definitions of duplicate, triplicate, etc. 
ratios, would be the place to expect a definition of “compound ratio.” None 
such is however forthcoming, and the only “ definition ” of it that we find is 
that forming vi. Def. 5, which is an interpolation made, perhaps, even before 
Theon's time. According to the interpolated definition, “A ratio is said to 
be compounded of ratios when the sizes (ryAwórzres) of the ratios multiplied 
together make some (? ratio).” But the multiplication of the sizes (or 
magnitudes) of two ratios of incommensurable, and even of commensurable, 
magnitudes is an operation unknown to the classical Greek geometers. 
Eutocius (Archimedes, ed. Heiberg, ut. p. 120) is driven to explain the 
definition by making myAworys mean the number from which the given ratio 
is called, or, in other words, the number which multiplied into the consequent 
of the ratio gives the antecedent. But he is only able to work out his idea with 
reference to ratios between numbers, or between commensurable magnitudes ; 
and indeed the definition is quite out of place in Euclid’s theory of 
proportion. 

There is then only one statement in Euclid’s text as we have it indicating 
what is meant by compound ratio; this is in vi: 23, where he says abruptly 
“But the ratio of X to M is compounded of the ratio of Æ to Z and that of 
L to M.” Simson accordingly gives a definition (A of Book v.) of compound 
ratio directly suggested by the statement in vi. 23 just quoted. 

* When there are any number of magnitudes of the same kind, the first 
is said to have to the last of them the ratio compounded of the ratio which 
the first has to the second, and of the ratio which the second has to the third, 
and of the ratio which the third has to the fourth, and so on unto the last 
magnitude. 

For example, if 4, B, C, D be four magnitudes of the same kind, the 
first 4 is said to have to the last D the ratio compounded of the ratio of 
A to B, and of the ratio of B to C, and of the ratio of C to D; or the ratio 
ws A to D is said to be compounded of the ratios of 4 to B, B to C, and 

to D. 

And if 4 has to B the same ratio which Æ has to F; and B to C the 
same ratio that G has to Æ; and C to D the same that Æ has to Z; then, 
by this definition, 4 is said to have to D the ratio compounded of ratios 
which are the same with the ratios of E to F, G to 77, and K to Z: and the 
same thing is to be understood when it is more briefly expressed, by saying, 
A has to D the ratio compounded of the ratios of E to F, G to H, and 
K to L. 

In like manner, the same things being supposed, if M has to V the 
same ratio which A has to D; then, for shortness’ sake, J/ is said to have to 
NV the ratio compounded of the ratios of E to F, G to 77, and K to Z.” 

De Morgan has some admirable remarks on compound ratio, which 
not only give a very clear view of what is meant by it but at the same time 
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supply a plausible explanation of the origin of the term. ‘Treat ratio,” says 
De Morgan, ‘as an engine of operation. Let that of Æ to B suggest the 
power of altering any magnitude in that ratio.” (It is true that it is not yet 
proved that, P being any magnitude, and P and Q two magnitudes of the 
same kind, there does exist a magnitude 4 which is to B in the same ratio 
as Pto Q. It is not till vi. 12 that this is proved, by construction, in the 
particular case where the three magnitudes are straight lines. The proof in the 
Greek text of v. 18 which assumes the truth of the more general proposition 
is, by reason of that assumption, open to objection ; see the note on that 
proposition.) Now “every alteration of a magnitude is alteration in some 
ratio, two or more successive alterations are jointly equivalent to but one, and 
the ratio of the initial magnitude to the terminal one is as properly said to be 
the compound ratio of alteration as 13 to be the compound addend in*lieu of 
8 and 5, or 28 the compound multiple for 7? and 4. Composition is used 
here, as elsewhere, for the process of detecting one single alteration which 
produces the joint effect of two or more. The composition of the ratios of 
P to R, R to S, Tto U, is performed by assuming 4, altering it in the first 
ratio into Z, altering Z in the second ratio into C, and C in the third ratio 
into D. The joint effect turns 4 into D, and the ratio of 4 to D is the 
compounded ratio.” 

Another word for compounded ratio is ovvnppévos (cvvarrw) which is 
common in Archimedes and later writers. 

It is clear that duplicate ratio, triplicate ratio etc. defined in v. Deff. 9 
and ro are merely particular cases of compound ratio, being in fact the 
ratios compounded of two, three etc. egual ratios. The use which the Greek 
geometers made of compounded, duplicate, triplicate ratios etc. is well 
illustrated by the discovery of Hippocrates that the problem of the duplication 
of the cube (or, more generally, the construction of a cube which shall be to 
a given cube in any given ratio) reduces to that of finding “two mean 
proportionals in continued proportion.” This amounted to seeing that, if 
x, y are two mean proportionals in continued proportion between any two 
lines a, 4, in other words, if ais to x as x to y, and x is to y as y to å, then a 
cube with side a is to a cube with side x as a is to ^; and this is equivalent 
to saying that a has to å the triplicate ratio of a to x. 

Euclid is careful to use the forms dirAaciwv, rperAaciwy, etc. to express what 
we translate as duplicate, triplicate etc. ratios; the Greek mathematicians, 
however, commonly used óurAdoatos Acyos, “double ratio,” tperrAdoros Aoyos, 
“triple ratio” etc. in the sense of the ratios of 2 to 1, 3 to retc. The effort, 
if such it was, to keep the one form for the one signification and the other for 
the other was only partially successful, as there are several instances of the 
contrary use, e.g. in Archimedes, Nicomachus and Pappus. 

The expression for having the ratio which is “duplicate (triplicate) of that 
which it has to the second” is curious—éerAaciova (rptrAaciova) Aoyov éxew 
9T «p Tpós TO Sevrepov—yrep being used as if SurAactova or rpurÀacgiova were a 
sort of comparative, in the same way as it is used after «ova or éAdccova. 
Another way of expressing the same thing is to say Adyos derAaciwy (rpurAaa ov) 
tov, dv éxe... the ratio “duplicate of that (ratio) which...” The explanation 
of both constructions would seem to be that Seri dovog: or SiurAaciwy is, as 
Hultsch translates it in his edition of Pappus (cf. p. 59, 17), duplo maior, 
where the ablative 2u5/o implies not a difference but a proportion. 

The four magnitudes in Def. 10 must of course be in continued proportion 
(xarà ró avvexés). The Greek text as it stands does not state this. 
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DEFINITION II. 


“‘Opdroya peyeOn A€yerat ta pév yyovpeva trois yyoupevors ta Se Eropeva Tois 
éropévois. 

It is difficult to express the meaning of the Greek in as few words. A 
translation more literal, but conveying less, would be, “ Antecedents are called 
corresponding magnitudes to antecedents, and consequents to consequents.” 

I have preferred to translate ézoAoyos by “ corresponding” rather than by 
" homologous." Ido not agree with Max Simon when he says (Euclid, p. 111) 
that the technical terin **homologous" is not the adjective ósoAoyos, and does 
not mean “corresponding,” “agreeing,” but “like in respect of the proportion” 
(‘‘ahnlich in Bezug auf das Verhaltniss”). The definition seems to me to be 
for the purpose of appropriating to a technical use precisely the ordinary 
adjective Suodayos, ‘ "agreeing" or *corresponding." 

Antecedents, nyovpeva, are literally **/eadimg (terms)," and conseguents, 
éxopeva, “ following (terms).” 


DEFINITION 12. 


"EvadAa€ Acyos éori Ants Tod wyoupévoy mpos TO WyovVpEvov Kat Tov érouévov 
TpOs TO érop.evov. 

We now come to a number of expressions for the transformation of ratios 
or proportions. The first is évaAdd{, alternately, which would be better 
described with reference to a proportion of four terms than with reference to 
a ratio. But probably Euclid defined all the terms in Deff. 12—16 with 
reference to rafíos because to define them with reference to proportions would 
look like assuming what ought to be proved, namely the legitimacy of the 
various transformations of proportions (cf. v. 16, 7 Por., 18, 17, 19 Por). The 
word évaAAdÉ is of course a common term which has no exclusive reference to 
mathematics. But this same use of it with reference to proportions already 
occurs in Aristotle: Anal. post. 1. 5, 74 a 18, xai 1d dvddoyov rt £vaAAa£, 
* and that a proportion (is true) alternately, or alternando.” Used with AMyos, 
as here, the adverb évaAAdZ has the sense of an adjective, “alternate”; we 


have already had it similarly used of “alternate angles” (ai évadAag ywviat) in 
the theory of parallels. 


DEFINITION 13. 


"Avarradw Adyos éori Anyis ToU éropévov wis Yyoupevoy mpòs Tò yOUpeEvoV ws 
éropevov. 

"Avaradw, “inversely,” ** the other way about,” is also a general term with 
no exclusive reference to mathematics. For this use of it with reference to 
proportion cf. Aristotle, De Cae/o 1. 6, 273 b 32 rv avaAoyíav Hv ra Bam XG 
oi xpovor avaradw <éfovow, “the proportion which the weights have, the times 


will have inversely.” As here used with Aoyos, dvaradw is, exceptionally, 
adjectival. 


DEFINITION 14. 


— Aóyov éari Ayjts ToU. Yyoupevou pera Tov éwropdvou ws évds mpds avTo 
Tò érópevov. 


The composition of a ratio is to be distinguished from the compounding of 
ratios and compounded ratio (avyxeipevos Aoyos) as explained above in the note 
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on Deff. 9, ro. The fact is that ovvri6nu and what serves for the passive of 
it (ovyxeysar) are used for adding as well as compounding in the sense of 
compounding ratios. In order to distinguish the two senses, I have always 
used the word componendo where the sense is that of this definition, though 
this requires a slight departure from the literal rendering of some passages. 
Thus the enunciation of v. 17 says, literally, “if magnitudes compounded be 
in proportion they will also be in proportion separated" (édv cvyxeipeva 
peyeby dvadoyov 7, kal SiapeBévra dvddoyov éora). This practically means 
that, if Æ + B is to B as C+ D is to D, then 4 is to PD as C is to D. 
I have accordingly translated as follows: “if magnitudes be proportional 
componendo, they will also be proportional separando.” (It will be observed 
that separando, a term explained in the next note, is here used, not relatively 
to the proportion 4 is to B as C is to D, but relatively to the proportion 
componendo, viz. A + B is to B as C+ D is to D.) The corresponding 
term for componendo in the Greek mathematicians is ovvOévrs, literally “to one 
who has compounded,” i.e. “ if we compound.” (For this absolute use of the 
dative of the participle cf. Nicomachus I. 8, 9 årò povdôos...xarà róv OurAdatov 
Aóyov TpoxepoUvr. péxpis dmeipov, óco. xai áy »yévovrat, otro, mrávres ápriákis 
apriot «isiy. A very good instance from Aristotle is EA. /Vic. 1. 5, 1097 b r2 
(T exTe(voyTi yàp éri rois yovéis xai Tous dmoyóvovs xai rov $Àov rovs $iAovs 
eic amepov Tpo«cw.) À variation for avvÓévr. found in Archimedes is xarà 
ovvGeow. Perhaps the more exclusive use of the form cuvvévre by geometers 
later than Euclid to denote the composition of a ratio, as compared with 
Euclid's more general use of ovvOeors and other parts of the verb ouvriOype 
or cvyxe«pai, may point to a desire to get rid of ambiguity of terms and to 
make the terminology of geometry more exact. 


DEFINITION 15. 


Aaipesis Aóyov dari Ayjus Ts vmepoyns, T) Uvmepéxye. TÓ wyoUpevov ToU 
émopévov, mpòs avtò TÒ éÉmóu«vov. 

As composition of a ratio means the transformation, e.g., of the ratio of 
A to B into the ratio of 4 + B to B, so the separation of a ratio indicates 
the transformation of it into the ratio of Æ — B to B. Thus, as the new 
antecedent is in one case got by adding the original antecedent to the original 
consequent, so the antecedent in the other case is obtained by subtracting the 
original consequent from the original antecedent (it being assumed that the 
latter is greater than the former). Hence the literal translations of ĉiaipesis 
Adyov, “division of a ratio,” and of SeAovre (the corresponding term to 
ouvGévr:) as dividendo, scarcely give a sufficiently obvious explanation of the 
meaning. Heiberg accordingly translates by “subtractio rationis,” which 
again may be thought to depart too far from the Greek. Perhaps “separation” 
and separando may serve as a compromise. 


DEFINITION 16. 


'Avaarpoj:) Aóyov écti Aus ToU 5yovuévov Tpós rijv vr«poxyv, yj Ure«péxe 
Tò gyovuevoy ToU éropévov. 

Conversion of a ratio means taking, e.g., instead of the ratio of 4 to B, 
the ratio of 4 to 44 — B (44 being again supposed greater than B). As 
åvagtpoģġý is used for conversion, so avaarpéjavr. is used for convertendo 
(corresponding to the terms ovuvOévre and dceAovre). 
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DEFINITION 17. 


Ae igov Abyos ori rAadvwr dvrwy peyeBav Kai aAAwy avtois icwy 76 AHBos 
avvbv0 AapBavopévwy xai év 7S adt@ Adyw, Grav 7 ws êv Tos mpwros peyéHecr 70 
zpüroy TpOs TÓ £c Xarov, ovrws dy rois Oevrépots ueyéÜ«ax ró mpuürov mpós ró £a arov: 
Ñ Aws. Apis ràv dxpov xaÜ' vmreCaípeaw rav uéawv. 

8i (mov, ex aequali, must apparently mean ex aequa/i distantia, at an equal 
distance or interval, ie. after an equal number of intervening terms. The 
wording of the definition suggests that it is rather a proportion ex aequali 
than a ratio ex aegualt which is being defined (cf. Def. 12). The meaning is 
clear enough. If a, 4, ¢, d... be one set of magnitudes, and 4, B, C, D... 
another set of magnitudes, such that 


a isto das A isto 5, 

b is to cas Z is to C, 
and so on, the last proportion being, e.g., 

& 1s to /, as K is to Z, 
then the inference ex aequa/i is that 

a is to Zas A is to L. 


The /ac that this is so, or the /ru/A of the inference from the hypothesis, 
is not proved until v. 22. The definition is therefore merely verbal; it gives 
a convenient ame to a certain inference which is of constant application in 
mathematics. But cx aeguali could not be intelligibly defined except with 
reference to two sets of ratios respectively equal. 


DEFINITION 18. 


Terapaypévy de dvadoyia éoriv, Grav tpiaiv dvrwy peyeOuv Kai addAwy adrots 
iowy Tò TAROOS yirnrat ws perv èv Tois mpuroc peyéÜcaw yyovuevoy mpós éropevov, 
ovrws év Trois Sevrépots peyeOeow yyovpevoy mpos Eropevov, us è év rois mpwrocs 
peyéÓcaw éropevov mpós dÀXo rt, ovTws èv Tots Sevrépors aAXO Te mpós vj yovp.evov. 


Though the words 8¢ igov, ex aegualt, are not in this definition, it gives a 
description of a case in which the inference ex aegua/i is still true, as will be 
hereafter proved in v. 23. <A perturbed proportion is an expression for the 
case when, there being three magnitudes a, 4, c and three others 4, B, G, 


a is to as Z is to C, 
and b is to cas 4 isto B. 


Another description of this case is found in Archimedes, “the ratios being 
dissimilarly ordered” (avopoiws reraypévwy tév Aoywv). The full description of 
the inference in this case (as proved in v. 23), namely that 


a is to c as A is to C, 


is ex aequali in perturbed proportion (8 taov év rerapaypévy avadoyig). 
Archimedes sometimes omits the &’ tcov, first giving the two proportions and 
proceeding thus: “therefore, the proportions being dissimilarly ordered, a has 
to ¢ the same ratio as 4 has to C.” 

The fact that Def. 18 describes a particular case in which the inference 
de tov will be proved true seems to have suggested to some one after 
Theon’s time the interpolation of another definition between 17 and 18 to 
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describe the ordinary case where the argument ex aeguali holds good. The 
interpolated definition runs thus: “an ordered proportion (reraypévn avadoyia) 
arises when, as antecedent is to consequent, so is antecedent to consequent, 
and, as consequent is to something else, so is consequent to something else.” 
This case needed no description after Def. 17 itself; and the supposed 
definition is never used. 


After the definitions of Book v. Simson supplies the following axioms. 


1. Equimultiples of the same or of equal magnitudes are equal to one 
another. 


2. Those magnitudes of which the same or equal magnitudes are 
equimultiples are equal to one another. 


3. A multiple of a greater magnitude is greater than the same multiple 
of a less. 


4. That magnitude of which a multiple is greater than the same multiple 
of another is greater than that other magnitude. 


BOOK V. PROPOSITIONS. 


PROPOSITION 1. 


Lf there be any number of magnitudes whatever which are, 
respectively, eguimultiples of any magnitudes equal in multitude, 
then, whatever multiple one of the magnitudes zs of one, that 
multiple also will all be of alt. 

Let any number of magnitudes whatever 48, CD be 
respectively equimultiples of any magnitudes Æ, F equal in 
multitude ; 


I say that, whatever multiple AZ is of Æ, that multiple will 
A B, CD also be of È, F. 








For, since AB is the same multiple of Æ that CD is of F, 


as many magnitudes as there are in 4B equal to Æ, so many 
also are there in CD equal to 7. 


Let AB be divided into the magnitudes 4G, GB equal 
to Æ, 


and CD into CH, HD equal to F; 


then the multitude of the magnitudes 4G, GB will be equal 
to the multitude of the magnitudes CH, HD. 


Now, since AG is equal to Æ, and CH to F, 
therefore AG is equal to £, and 4G, CH to E, F. 

For the same reason 

GB is equal to £, and GB, HD to ÈE, F; 


therefore, as many magnitudes as there are in 4B equal to £, 
so many also are there in 44, CD equal to E, F; 
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therefore, whatever multiple 447 is of Æ, that multiple will 
AB, CD also be of £, F. 


Therefore etc. 
Q. E. D. 


De Morgan remarks of v. 1—6 that they are “simple propositions of 
concrete arithmetic, covered in language which makes them unintelligible to 
modern ears. ‘The first, for instance, states no more than that fen acres and 
ten roods make en times as much as one acre and one rood.” One aim 
therefore of notes on these as well as the other propositions of Book v. 
should be to make their purport clearer to the learner by setting them side by 
side with the same truths expressed in the much shorter and more familiar 
modern (algebraical) notation. In doing so, we shall express magnitudes by 
the first letters of the alphabet, a, 4, ¢ etc., adopting small instead of capital 
letters so as to avoid confusion with Euclid’s lettering ; and we shall use the 
small letters m, , 5 etc. to represent integral numbers. Thus ma will always 
mean # times a or the m™ multiple of 2 (counting 1 .a@ as the first, 2.@ as the 
second multiple, and so on). 

Prop. 1 then asserts that, if ##a, md, mc etc. be any equimultiples of a, 4, ¢ 
etc., then 

7"a-*fübtmct...—m(a*ócce ...). 


PROPOSITION 2. 


Jf a first magnitude be the same multiple of a second 
that a third ts of a fourth, and a fifth also be the same multiple 
of the second that a sixth is of the fourth, the sum of the first 
and fifth will also be the same multiple of the second that the 
sum of the third and sixth ts of the fourth. 


Let a first magnitude, 42, be the same multiple of a 
second, C, that a third, DE, 


is of a fourth, F, and leta 4 B G 

fifth, BG, also be the same 

multiple of the second, C, that — z ü 
a sixth, £7, is of the fourth 0————————*——*—— 
F; F 





I say that the sum of the 
first and fifth, 4G, will be the same multiple of the second, C, 
that the sum of the third and sixth, DÆ, is of the fourth, Z. 
For, since AB is the same multiple of C that DE is of F, 
therefore, as many magnitudes as there are in AB equal to C, 
so many also are there in D equal to 7. 
For the same reason also, 
as many as there are in BG equal to C, so many are there 
also in EH equal to F; 
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therefore, as many as there are in the whole 4G equal to C, 
so many also are there in the whole DH equal to F. 


Therefore, whatever multiple AG is of C, that multiple 
also is DA of F. 

Therefore the sum of the first and fifth, AG, is the same 
multiple of the second, C, that the sum of the third and sixth, 
DH, is of the fourth, Æ. 

Therefore etc. 

Q. E. D. 


To find the corresponding formula for the result of this proposition, we 
may suppose a to be the “second” magnitude and $ the “fourth.” If now 
the “first” magnitude is ma, the “third” is, by hypothesis, #é; and, if the 
“ fifth ” magnitude is za, the “sixth” is 24. The proposition then asserts that 
ma + na is the same multiple of a that må + nô is of 4. 

More generally, if 5a, ga... and b, gb... be any further equimultiples of 
a, b respectively, ma + na + pa * qa * ... is the same multiple of a that d+ 
nb + pb+qb+... is of b "This extension is stated in Simson's corollary to 
v. 2 thus: 

“From this it is plain that, if any number of magnitudes 43, BG, GH 
be multiples of another C; and as many DE, EK, KL be the same 
multiples of 7; each of each; the whole of the first, viz. 47, is the same 
multiple of C that the whole of the last, viz. DL, is of E" 

The course of the proof, which separates 7 into its units and also z into 
its units, practically tells us that the multiple of a arrived at by adding the 
two multiples is the (m + )th multiple; or practically we are shown that 

ma + na=(m+ n)a, 
or, more generally, that 
ma + na +pa+...=(m+n+p+...)a. 


PROPOSITION 3. 


Lf a first magnitude be the same multiple of a second 
that a third is of a fourth, and if eguimultiples be taken 
of the first and third, then also ex aequali the magnitudes 
taken will be eguimultiples respectively, the one of the second 
and the other of the fourth. 


Let a first magnitude 4 be the same multiple of a second 
B that a third C is of a fourth D, and let equimultiples EF, 
GH be taken of 4, C; 


I say that ZF is the same multiple of Z that GH is of D. 
For, since E is the same multiple of 4 that G// is of C, 


therefore, as many magnitudes as there are in EF equal to 
A, so many also are there in GH equal to C. 
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Let EF be divided into the magnitudes EK, KF equal 
to 4, and G// into the magnitudes GL, LH equal to C; 
then the multitude of the magnitudes EK, KF will be equal 
to the multitude of the magnitudes GZ, £77. 
A ———— — 


B -———— 





E K F 
C= —— 

o- 

öce Lo cM 


And, since 4 is the same multiple of & that C is of D, 
while EK is equal to A, and GL toC, 
therefore EK is the same multiple of B that GZ is of D. 
For the same reason 
KF is the same multiple of 2 that L// is of D. 


Since, then, a first magnitude ZA is the same multiple 
of a second Æ that a third GZ is of a fourth D, 


and a fifth AF is also the same multiple of the second 7 that 
a sixth LÆ is of the fourth D, 


therefore the sum of the first and fifth, E, is also the same 
multiple of the second Z that the sum of the third and sixth, 
GH, is of the fourth D. [v. 2] 


Therefore etc. 
Q. E. D, 


Heiberg remarks of the use of ex aegua/i in the enunciation of this propo- 
sition that, strictly speaking, it has no reference to the definition (17) of a 
ratio ex aequali. But the uses of the expression here and in the definition 
are, I think, sufficiently parallel, as may be seen thus. The proposition 
asserts that, if 

na, nb are equimultiples of a, b, 
and if m.na, m.nb are equimultiples of na, nd, 


then m. 2a is the same multiple of @ that m.néis of 6. Clearly the proposi- 
tion can be extended by taking further equimultiples of the last equimultiples 
and so on; and we can prove that 
p.9.-.m.na is the same multiple of a that J.¢...m. nb is of 4, 

where the series of numbers P.4...5.^ is exactly the same in both 
expressions ; 

and ex aeguali (8¢ tvov) expresses the fact that the equimultiples are af the 
same distance from a, 6 in the series za, 5. 2a... and nó, m . n... respectively. 
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„Here again the proof breaks m into its units, and then breaks » into its 
units; and we are practically shown that the multiple of a arrived at, viz. 
m.na, is the multiple denoted by the product of the numbers ™, 2, i.e. the 
(mn)th multiple, or in other words that 

m.na-mn.a. 


PROPOSITION 4. 


Jf a first magnitude have toa second the same ratio as a 
third to a fourth, any equimultiples whatever of the first and 
third will also have the same ratio to any equimultiples 
whatever of the second and fourth respectively, taken in 
corresponding order. 


For let a first magnitude 74 have to a second B the same 
ratio as a third C to a fourth D ; and let equimultiples £, F 
be taken of 4, C, and G, 7/7 other, chance, equimultiples of 


B, D; 
I say that, as Æ is to G, so is F to /7. 


A 











For let equimultiples X, Z be taken of Æ, F, and other, 
chance, equimultiples M, N of G, 77. 
Since Æ is the same multiple of 4 that £F is of C, 


and equimultiples K, Z of Æ, F have been taken, 
therefore X is the same multiple of 4 that Z isof C.  [v. 3] 


For the same reason 
M is the same multiple of Z that N is of D. 


v. 4] PROPOSITIONS 5, 4 143 


And, since, as 4 is to B, so is C to D, 

and of A, C equimultiples X, Z have been taken, 

and of B, D other, chance, equimultiples 77, V, 

therefore, if X is in excess of M, L also is in excess of JV, 

if it is equal, equal, and if less, less. |v. Def. 5] 
And X, L are equimultiples of Æ, Z, 

and M, N other, chance, equimultiples of G, 77 ; 

therefore, as Æ is to G, so is F to H. [v. Def. 5] 


Therefore etc. 
Q. E. D. 


This proposition shows that, if a, 4, ¢, 7 are proportionals, then 
ma is to nb as mois to na; 
and the proof is as follows : 
Take pma, pmc any equimultiples of ma, mc, and gnb, gnd any equimulti- 
ples of nô, nd. 
Since @ : d=¢ : d, it follows [v. Def. 5] that, 


according as pma > = < gnb, pme > = < gnd. 
But the ?- and g-equimultiples are any equimultiples ; 


therefore [v. Def. 5] 
ma:nb=me: nd. 

It will be observed that Euclid's phrase for taking any equimultiples of 
A, C and any other equimultiples of B, D is “let there be taken equimulti- 
ples E, F of 4, C, and G, 4 other, chance, equimultiples of B, D,” E, F 
being called icáxis rodAarAdora simply, and G, H aàAAa, à £rvxev, iodas 
moÀÀamAácia. — And similar, when azy equimultiples (KE, Z) of E, F 
come to be taken, and ay other equimultiples (44, N) of G, A. But 
later on Euclid uses the same phrases about the ew equimultiples with 
reference to the original magnitudes, reciting that ‘there have been taken, of 
A, C, equimultiples X, Z and of B, D, other, chance, equimultiples M, N”; 
whereas M, N are not any eguimultiples whatever of B, D, but are any 
equimultiples of the particular multiples (G, 77) which have been taken of B, 
D respectively, though ¢hese /atter have been taken at random. Simson would, 
in the first place, add a érvyev in the passages where any equimultiples £, F 
are taken of 4, C and any equimultiples X, Z are taken of E, Z because the 
words are “wholly necessary” and, in the second place, would leave them 
out where M, N are called aAAa, à érvxev, laáxis roAAaTAacra of B, D, because 
it is not true that of B, D have been taken “any equimultiples whatever (4 
érvxe), M, NV.” Simson adds: “And it is strange that neither Mr Briggs, who 
did right to leave out these words in one place of Prop. 13 of this book, nor 
Dr Gregory, who changed them into the word ‘some’ in three places, and 
left them out in a fourth of that same Prop. 13, did not also leave them out 
in this place of Prop. 4 and in the second of the two places where they occur 
in Prop. 17 of this book, in neither of which they can stand consistent with 
truth: And in none of all these places, even in those which they corrected in 
their Latin translation, have they cancelled the words 4 érvy« in the Greek 
text, as they ought to have done. The same words 4 érvye are found in 
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four places of Prop. 11 of this book, in the first and last of which they are 
necessary, but in the second and third, though they are true, they are quite 
superfluous ; as they likewise are in the second of the two places in which 
they are found in the 12th prop. and in the like places of Prop. 22, 23 of this 
book; but are wanting in the last place of Prop. 23, as also in Prop. 25, 
Book x1." 

As will be seen, Simson’s emendations amount to alterations of the text 
so considerable as to suggest doubt whether we should be justified in making 
them in the absence of MS. authority, The phrase **equimultiples of 4, C 
and other, chance, equimultiples of 2, D” recurs so constantly as to suggest 
that it was for Euclid a quasi-stereotyped phrase, and that it is equally genuine 
wherever it occurs. Is it then absolutely necessary to insert d érvy« in places 
where it does not occur, and to leave it out in the places where Simson holds 
it to be wrong? 1 think the text can be defended as it stands. In the first 
place to say “take equimultiples of 4, C" is a fair enough way of saying 
take any equimultiples whatever of A, C. The other difficulty is greater, but 
may, I think, be only due to the adoption of any whatever as the translation 
of à érvxe. As a matter of fact, the words only mean chance equimultiples, 
equimultiples which are the result of random selection. Is it not justifiable 
to describe the product of two chance numbers, numbers selected at random, 
as being a “chance number," since it is the result of two random selections? 
I think so, and I have translated 4 érvye accordingly as implying, in the case 
in question, * other equimultiples whatever they may happen to be." 

To this proposition Theon added the following : 


“Since then it was proved that, if X is in excess of JZ, Z is also in excess 
of J, if it is equal, (the other is) equal, and if less, less, 
it is clear also that, 
if M is in excess of Æ, M is also in excess of Z, if it is equal, (the other is) 
equal, and if less, less ; 
and for this reason, 
as G is to £, so also is Æ to F 


Porısm. From this it is manifest that, if four magnitudes be proportional, 
they will also be proportional inversely.” 

Simson rightly pointed out that the demonstration of what Theon intended 
to prove, viz. that, if Æ, G, FÆ /7 be proportionals, they are proportional 
inversely, i.e. G is to E as A is to A, does not in the least depend upon this 
4th proposition or the proof of it ; for, when it is said that, “if A exceeds Af, 
L also exceeds JV etc.," this is not proved from the fact that £, G, F, H are 
proportionals (which is the conclusion of Prop. 4), but from the fact that 

4, B, C, D are proportionals. 

The proposition that, if 4, B, C, D are proportionals, they are also 
proportionals inversely is not given by Euclid, but Simson supplies the proof 
in his Prop. B. The fact is really obvious at once from the sth definition 
of Book v. (cf. p. 127 above), and Euclid probably omitted the proposition 
as unnecessary. 

Simson added, in place of Theon’s corollary, the following : 


* Likewise, if the first has the same ratio to the second which the third 
has to the fourth, then also any equimultiples whatever of the first and third 
have the same ratio to the second and fourth: And, in like manner, the first 
and the third have the same ratio to any equimultiples whatever of the second 
and fourth.” 
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The proof, of course, follows exactly the method of Euclid's proposition 
itself, with the only difference that, instead of one of the two paits of equi- 


multiples, the magnitudes themselves are taken. In other words, the conclu- 
sion that 


ma is to nb as mc is to nd 
is equally true when either m or # is equal to unity. 

As De Morgan says, Simson's corollary is only necessary to those who will 
not admit A into the list M, 244, 34 etc.; the exclusion is grammatical and 
nothing else. The same may be said of Simson's Prop. A to the effect that, 
* [f the first of four magnitudes has to the second the same ratio which the 
third has to the fourth : then, if the first be greater than the second, the third 
is also greater than the fourth; and if equal, equal; if less, less." This is 
needless to those who believe once A to be a proper component of the list of 
multiples, in spite of multus signifying many. 


PROPOSITION 5. 


Jf a magnitude be the same multiple of a magnitude that 
a part subtracted is of a part subtracted, the remainder will 


also be the same multiple of the remainder that the whole is of 
the whole. 


s For let the magnitude AB be the same multiple of the 
magnitude CØ that the part AE subtracted is of the part CF 


subtracted ; 


I say that the remainder ZZ is also the same multiple of the 
remainder FD that the whole 74 Z is of the whole CD. 


E B 
eaaa 
G C F D 





10 For, whatever multiple AE i» of Cr, let EB be made 
that multiple of CG. 
Then, since AF is the same multiple of CZ that EP is 
of GC, 
therefore 4£ is the same multiple of CF that AB is of GF. 


[v. 1] 
15 But, by the assumption, 4£ is the same multiple of CF 
that 4B is of CD. 


Therefore AB is the same multiple of each of the magni- 
tudes GF, CD; 


therefore GF is equal to CD. 
20 Let CF be subtracted from each ; 
therefore the remainder GC is equal to the remainder FD. 
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And, since AZ is the same multiple of CF that EZ is of 
GC, 


and GC is equal to DF, 
25 therefore 44 E is the same multiple of CF that EZ is of FD. 
But, by hypothesis, 
AE is the same multiple of CF that ABZ is of CD; 
therefore ZZ is the same multiple of FD that 4B is of CD. 


That is, the remainder £7 will be the same multiple of 
3o the remainder FD that the whole AZ is of the whole CD. 
Therefore etc. 
Q. E. D. 


10. let EB be made that multiple of CG, rocavrasmAdcior yeyorérw ral rò EB rod 
TH. From this way of stating the construction one might suppose that CG was given and 
EB had to be found equal to a certain multiple of it. But in fact EB is what is given and 
CG has to be found, i.e. CG has to be constructed as a certain suómultiple of EB. 


This proposition corresponds to v. 1, with subtraction taking the place of 

addition. It proves the formula 
ma — mò = m (a — b). 

Euclid’s construction assumes that, if AÆ is any multiple of CF, and £Z 
is any other magnitude, a fourth straight line can be found such that EZ is 
the same multiple of it that 4E is of C, or in other words that, given any 
magnitude, we can divide it into any number of equal parts. This is however 
not proved, even of straight lines, much less other magnitudes, until vi. 9. 
Peletarius had already seen this objection to the construction. The difficulty 
is not got over by regarding it merely as a AyfotAefica/ construction ; for 
hypothetical constructions are not in Euclid's manner. The remedy is to 
substitute the alternative construction given by Simson, after Peletarius and 
Campanus' translation from the Arabic, which only requires us to add a 
magnitude to itself a certain number of times. The demonstration follows 
Euclid's line exactly. 

“Take AG the same multiple of FD that 4È is of CF; G 

therefore AZ is the same multiple of CF that ÆG is of * 

[v. 1 

But AL, by hypothesis, is the same multiple of CF that A 
AB is of CD; therefore EG is the same multiple of CD that 
AB is of CD; 

wherefore ÆG is equal to 4B. 

Take from them the common magnitude AÆ ; the remainder 
AG is equal to the remainder EZ. 

Wherefore, since AL is the same multiple of CF that 4G is 
of FD, and since AG is equal to ÆÐ, E 
therefore AE is the same multiple of CF that EZ is of FD. 

But AE is the same multiple of CF that 4B is of CD; 
therefore £B is the same multiple of FD that 4B is of CD.” g' o 
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Euclid's proof amounts to this. 
Suppose a magnitude x taken such that 
ma—mb= mx, Say. 
Add mé to each side, whence (by v. 1) 
ma = m (x +6). 
Therefore a=x+b,orx=a—Q3, 
so that ma —mb=m (a-—4). 
Simson’s proof, on the other hand, argues thus. 
Take x =m (a—6), the same multiple of (a — 2) that s is of à. 
Then, by addition of mò to both sides, we have [v. 1] 


x+mb=ma, 
or x = ma — mò. 
That is, ma - mà - m (a —b). 


PROPOSITION 6. 


Jf two magnitudes be eguimultzples of two magnitudes, and 
any magnitudes subtracted from them be equimultiples of the 
same, the remainders also ave either equal to the same or egui- 
multiples of them. 


For let two magnitudes 48, CD be equimultiples of two 
magnitudes Æ, F, and let 4G, CH 
subtracted from them be equi- A G B 
multiples of the same two Æ, 7; 





I say that the remainders also, GJ, : č T 
HD, are either equal to E, F or > 
equimultiples of them. — 


For, first, let GB be equal to £ ; 
I say that 7D ts also equal to 7. 
For let CA be made equal to F. 
Since AG is the same multiple of Z that C# is of F, 
while GZ is equal to Æ and KC to F, 
therefore 4Z is the same multiple of £ that KH is of F. 
Vv. 2 
But, by hypothesis, 42 is the same multiple of £ i 
CD is of F; 
therefore KH is the same multiple of F that CD is of F. 
Since then each of the magnitudes KH, CD is the same 
multiple of Æ, 
therefore XH is equal to CD. 
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Let CH be subtracted from each ; 

therefore the remainder KC is equal to the remainder 772. 
But F is equal to XC; 

therefore ÆD is also equal to 7. 


Hence, if GB is equal to £, HD is also equal to F. 
Similarly we can prove that, even if G7 be a multiple 
of E, HD is also the same multiple of 7. 
Therefore etc. 
Q. E. D. 

This proposition corresponds to v. 2, with subtraction taking the place of 
addition. It asserts namely that, if # is less than m, ma — na is the same 
multiple of a that »»? — n? is of 4. The enunciation distinguishes the cases in 
which m—~2 is equal to 1 and greater than r respectively. 

Simson observes that, while only the first case (the simpler one) is proved 
in the Greek, both are given in the Latin translation from the Arabic; and 
he supplies accordingly the proof of the second case, which Euclid leaves to 
the reader. The fact is that it is exactly the same as the other except that, in 
the construction, CA is made the same multiple of F that GB is of Æ, and 
at the end, when it has been proved that AC is equal to AD, instead of 
concluding that A/D is equal to F, we have to say “ Because GB is the same 
multiple of E that KC is of F, and XC is equal to AD, therefore AD is 
the same multiple of F that GBZ is of E." 


PROPOSITION 7. 


Equal magnitudes have to the same the same ratto, as also 
has the same to equal magnitudes. 


Let 4, B be equal magnitudes and C any other, chance, 
magnitude ; 
I say that each of the magnitudes 4, B has the same ratio 


to C, and C has the same ratio to each of the magnitudes 
A, B. 








A—— D 
B—— € 
C—À F 





For let equimultiples D, E of A, B be taken, and of C 
another, chance, multiple 7. 
Then, since D is the same multiple of 4 that Æ is of B, 


while 4 is equal to B, 
therefore D is equal to Æ. 
But F is another, chance, magnitude. 
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If therefore D is in excess of F, £ is also in excess of 7, 
if equal to it, equal ; and, if less, less. 
And D, £ are equimultiples of 4, B, 
while F is another, chance, multiple of C ; 
therefore, as 4 is to C, so is B to C. [v. Def. 5] 


I say next that C also has the same ratio to each of the 
magnitudes 4, B. 

For, with the same construction, we can prove similarly 
that D is equal to £; 


and F is some other magnitude. 
If therefore F is in excess of D, it is also in excess of Æ, 
if equal, equal; and, if less, less. 
And F is a multiple of C, while D, E are other, chance, 
equimultiples of 4, B; 
therefore, as C is to 4, so is C to B. [v. Def. 5] 
Therefore etc. 


PorisM. From this it is manifest that, if any magnitudes 
are proportional, they will also be proportional inversely. 
Q. E. D. 


In this proposition there is a similar use of à érvyev to that which has 
been discussed under Prop. 4. .4^y multiple F of C is taken and then, 
four lines lower down, we are told that * Z' is another, chance, magnitude." 
It is of course not any magnitude whatever, and Simson leaves out the 
sentence, but this time without calling attention to it. 

Of the Porism to this proposition Heiberg says that it is properly put here 
in the best Ms.; for, as August had already observed, if it was in its nght 
place where Theon put it (at the end of v. 4), the second part of the proof of 
this proposition would be unnecessary. But the truth is that the Porism is no 
more in place here. The most that the proposition proves is that, if 4, B 
are equal, and C any other magnitude, then two conclusions are simultaneously 
established, (1) that 4 is to Cas B is to C and (2) that Cis to 4 as C is to 
B. The second conclusion is not established from the first conclusion (as 
it ought to be in order to justify the inference in the Porism), but from a 
hypothesis on which the first conclusion itself depends ; and moreover it is 
not a proportion in its general form, i.e. between four magnitudes, that is in 
question, but only the particular case in which the consequents are equal. 

Aristotle tacitly assumes s#verston (combined with the solution of the 
problem of Eucl. vı. 11) in Meteorologica 111. 5, 376 a 14—16. 


PROPOSITION 8. 


Of unequal magnitudes, the greater has to the same a 
greater ratio than the less has; and the same has to the less 
a greater ratio than it has to the greater. 
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Let AB, C be unequal magnitudes, and let 42 be greater ; 
let D be another, chance, 








magnitude ; ALLE B 

I say that 447 has to Da , 

greater ratio than C has to , G H 
D, and D has to C a greater 

ratio than it has to 4B. : 





For, since 4B is greater 
than C, let BE be made equal. *————- 
to C; M 
then the less of the magni- 
tudes AL, EB, if multiplied, 
will sometime be greater than D. [v. Def. 4] 


[Case 1.] 


First, let AZ be less than ZB; 
let AE be multiplied, and let FG be a multiple of it which is 
greater than D; 
then, whatever multiple FG is of AL, let GH be made the 
same multiple of EP and K of C; 
and let Z be taken double of D, M triple of it, and successive 
multiples increasing by one, until what is taken is a multiple 
of D and the first that is greater than Æ. Let it be taken, 
and let it be M which 1s quadruple of D and the first 
multiple of it that is greater than X. 

Then, since X is less than N first, 
therefore X is not less than M. 

And, since FG is the same multiple of AZ that GA is of 
EB, 
therefore FG is the same multiple of AE that FH is of 4B. 

[v. 1] 
But FG is the same multiple of AE that X is of C; 
therefore FH is the same multiple of 42 that X is of C; 
therefore F77, K are equimultiples of 4B, C. 

Again, since GÆ is the same multiple of £B that X is 
of C, 
and E is equal to C, 

therefore GH is equal to K. 
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But Æ is not less than M ; 

therefore neither is GH less than M. 

And FG ts greater than D ; 
therefore the whole FH is greater than D, M together. 

But D, M together are equal to N, inäsmuch as M is 
triple of D, and M, D together are quadruple of D, while 
N n also quadruple of D; whence M, D together are equal 
to /V. 

But FH is greater than M, D ; 

therefore FH is in excess of N, 
while K is not in excess of V. 

And FZ, K are equimultiples of AB, C, while N is 
another, chance, multiple of D; 


therefore 42 has to D a greater ratio than C has to D. 
[v. Def. 7] 
| say next, that D also has to C a greater ratio than D 
has to AB. 
For, with the same construction, we can prove similarly 
that JV is in excess of X, while N is not in excess of FH. 
And MN is a multiple of D, 
while FH, X are other, chance, equimultiples of 4B, C; 
therefore D has to C a greater ratio than D has to AB. 


[v. Def. 7] 
[Case 2.] 


Again, let AE be greater than ÆÐ. 
Then the less, £5, if multiplied, will sometime be greater 


than D. [v. Def. 4] 
Let it be multiplied, and E B 
let GZ/ bea multiple of £2. ^—— —— — 
and greater than D; em d ji 


and, whatever multiple GĦ is 
of EB, let FG be made the Ko 
same multiple of AE, and K — 


of C. — — 
Then we can prove simi- “——+———7——1 
larly that FH, K are equi- S——-+——+——+—— 


multiples of AB, C; 

and, similarly, let V be taken a multiple of D but the first 
that is greater than FG, 

so that FG is again not less than JZ. 
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But GĦ is greater than D; 
therefore the whole FH is in excess of D, M, that is, of N. 


Now K is not in excess of M, inasmuch as FG also, which 
is greater than GÆ, that is, than Ķ, is not in excess of N. 

And in the same manner, by following the above argu- 
ment, we complete the demonstration. 

Therefore etc. 


Q. E. D. 


The two separate cases found in the Greek text of the demonstration can 
practically be compressed into one. Also the expositor of the two cases 
makes them differ more than they need. It is necessary in each case to 
select the smaller of the two segments AE, EB of AB with a view to taking 
a multiple of it which is greater than D; in the first case therefore AZ is 
taken, in the second EZ. But, while in the first case successive multiples of 
D are taken in order to find the first multiple that is greater than G/ (or X), 
in the second case the multiple is taken which is the first that is greater than 
FG. This difference is not necessary; the first multiple of Ø that is greater 
than GH would equally serve in the second case. Lastly, the use of the 
magnitude A might have been dispensed with in both cases; it is of no 
practical use and only lengthens the proofs. For these reasons Simson 
considers that Theon, or some other unskilful editor, has vitiated the 
proposition. This however seems an unsafe assumption ; for, while it was 
not the habit of the great Greek geometers to discuss separately a number of 
different cases (e.g. in 1. 7 and 1. 35 Euclid proves one case and leaves the 
others to the reader), there are many exceptions to prove the rule, e.g. Euci. 
1i. 25 and 33; and we know that many fundamental propositions, after- 
wards proved generally, were first discovered in relation to particular cases 
and then generalised, so that Book v., presenting a comparatively new 
theory, might fairly be expected to exhibit more instances than the earlier 
books do of unnecessary subdivision. The use of the K is no more con- 
clusive against the genuineness of the proofs. 

Nevertheless Simson's version of the proof is certainiy snorter, and more- 
over it takes account of the case in which AZ is egua/ to EB, and of the case 
in which. 4E, E are both greater than D (though these cases are scarcely 
worth separate mention). 

“If the magnitude which is not the greater of the two AE, EB be (1) 
not less than D, take FG, GH the doubles of A £, EB. 

But if that which is not the greater of the two AE, EB be (2) less than 
D, this magnitude can be multiplied so as to become greater than D whether 
it be AZ or EB. 

Let it be multiplied until it becomes greater than 2, and let the other be 
multiplied as often ; let FG be the multiple thus taken of AZ and GH the 
same multiple of EZ, 


therefore FG and GĦ are each of them greater than D. 
And, in every one of the cases, take Z the double of D, M its triple and 
so on, till the multiple of D be that which first becomes greater than GA. 


Let N be that multiple of D which is first greater than GÆ, and M the 
multiple of D which is next less than JV, 


v. 8, 9] PROPOSITIONS 8, 9 153 


Then, because JV is the multiple of D which is the first that becomes 
greater than GH, 


the next preceding multiple is not greater than GA; 
that is, GA is not less than M. 

And, since FG is the same multiple of AZ that GA is of ZB, 
G H is the same multiple of EB that FH is of AB; [v. 1] 
wherefore FH, GH are equimultiples of AB, EB. 

And it was shown that GÆ was not less than M ; 

and, by the construction, FG is greater than J; 

therefore the whole FH is greater than M, D together. 

But M, D together are equal to V; 
therefore FH is greater than NV. 

But G is not greater than N; 
and FH, GH are equimultiples of 48, BE, 

and N is a multiple of D; 

therefore 4B has to / a greater ratio than BE (or C) has to D. [v. Def. 7] 


Also D has to PE a greater ratio than it has to AZ. 
For, having made the same construction, it may be shown, in like manner, 
that M is greater than GA but that it is not greater than FÆ; 


and Vis a multiple of D, 
and GH, FH are equimultiples of EB, AP; 
Therefore D has to E 7 a greater ratio than it has to 4." (v. Def. 7] 
The proof may perhaps be more readily grasped in the more symbolical 
form thus. 


Take the mth equimultiples of C, and of the excess of 4B over C (that is, 
of AE), such that each is greater than D; 


and, of the multiples of D, let D be the first that is greater than mC, and 2D 
the next less multiple of D. 
Then, since mC is not less than 22, 


and, by the construction, (A£) is greater than D, 

the sum of mC and m(A£) is greater than the sum of 7D and D. 
That is, (4 B) is greater than D. 
And, by the construction, #C is less than pD. 


Therefore {v. Def. 7] 4B has to 2 a greater ratio than C has to D. 
Again, since 22 is less than m(A 8), 


and 22D is greater than mC, 
D has to C a greater ratio than D has to AB. 


PROPOSITION 9. 


Magnitudes which have the same ratio to the same are 
egual to one another, and magnitudes to which the same has 
the same ratio are equal. 
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For let each of the magnitudes 4, B have the same 
ratio to C; 


I say that 4 is equal to Z. 


For, otherwise, each of the 
magnitudes 4, B would not 
have had the same ratio to C; [v. 8] 


but it has; 
therefore 4 is equal to B. 


Again, let C have the same ratio to each of the magni- 
tudes 4, £ ; 


I say that 4 is equal to B. 


For, otherwise, C would not have had the same ratio to 
each of the magnitudes 4, B; [v. 8] 


but it has; 
therefore 4 is equal to Z. 
Therefore etc. 


If A isto Cas B is to C, 
or if Cis to A as C is to B, then 4 is equal to B. 

Simson gives a more explicit proof of this proposition which has the 
advantage of referring back to the fundamental 5th and 7th definitions, 
instead of quoting the results of previous propositions, which, as will be seen 
from the next note, may be, in the circumstances, unsafe. 

“Let 4, B have each of them the same ratio to C; 


A is equal to Z. 

For, ìf they are not equal, one of them is greater than the other ; 
let A be the greater. 

Then, by what was shown in the preceding proposition, there are some 
equimultiples of A and &, and some multiple of C, such that the multiple of 
a s preater than the multiple of C, but the multiple of 7 is not greater than 
that ot C. 

Let such multiples be taken, and let D, £ be the equimultiples of 4, B, 
ae i multiple of C, so that D may be greater than Æ, and Æ not greater 
than Æ 

But, because 4 is to C as B is to C, 
and of 4, B are taken equimultiples D, £, and of C is taken a multiple Æ 
and D is greater than Æ 

E must also be greater than Æ [v. Def. 5] 

But Æ is not greater than Æ: which is impossible. 

Next, let C have the same ratio to each of the magnitudes 4 and B; 

A is equal to B. 

For, if not, one of them is greater than the other ; 

let 4 be the greater. 
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Therefore, as was shown in Prop. 8, there is some multiple P of C, and 
some equimultiples E and D of B and 4, such that Æ is greater than Æ and 
not greater than D. 

But, because C is to B as C is to A, 


and F the multiple of the first is greater than E the multiple of the second, 


F the multiple of the third is greater than D the multiple of e Def. 

v. Def. 5] 
But Fis not greater than D: which is impossible. 
Therefore 4 is equal to B.” 


PROPOSITION IO. 


Of magnitudes which have a ratio to the same, that 
which has a greater ratio is greater, and that to which the 
same has a greater vatto ts less. 

For let 4 have to C a greater ratio than Z has to C ; 

I say that 4 is greater than Z. 


A — — — 6 
C 


For, if not, Æ is either equal to 7 or less. 
Now 4 is not equal to Z; 
for in that case each of the magnitudes 4, B would have 
had the same ratio to C; (v. 7] 
but they have not ; 
therefore 4 is not equal to 2. 
Nor again is 4 less than 8; 
for in that case A would have had to C a less ratio than B 
has to C; [v. 8] 
but it has not ; 
therefore 4 is not less than B. 
But it was proved not to be equal either ; 
therefore 4 is greater than Z. 
Again, let C have to 4 a greater ratio than C has to 4 ; 
| say that Z is less than 4. 
For, if not, it is either equal or greater. 
Now Z is not equal to 4 ; 
for in that case C would have had the same ratio to each of 
the magnitudes 4, B; (v. 7) 
but it has not; 
therefore 4 is not equal to 2. 
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Nor again is Z greater than £ ; 


for in that case C would have had to Z a less ratio than it 
has to 4 ; v. 8] 


but it has not ; 
therefore B is not greater than A. 
But it was proved that it is not equal either ; 
therefore B is less than 4. 
Therefore etc. Q. E. D. 


No better example can, I think, be found of the acuteness which Simson 
brought to bear in his critical examination of the £/ements, and of his great 
services to the study of Euclid, than is furnished by the admirable note on 
this proposition where he points out a serious flaw in the proof as given in 
the text. 

For the first time Euclid is arguing about greater and /ess ratios, and it 
will be found by an examination of the steps of the proof that he assumes 
more with regard to the meaning of the terms than he is entitled to assume, 
having regard to the fact that the definition of greater ratio (Def. 7) is all 
that, as yet, he has to go upon. "That we cannot argue, at present, about 
greater and /ess as applied to ratios in the same way as about the same terms 
in relation to magnitudes is indeed sufficiently indicated by the fact that Euclid 
does not assume for ratios what is in Book 1. an axiom, viz. that things which 
are equal to the same thing are equal to one another; on the contrary, he 
proves, in Prop. 11, that ratios which are the same with the same ratio are the 
same with one another. 

Let us now examine the steps of the proof in the text. First we are told 
that 

“A is greater than Z. 
For, if not, it is either equal to Z or less than it. 
Now 4 is not equal to Z; 
for in that case each of the two magnitudes 4, B would have had the 
same ratio to C: [v. 7] 
but they have not: 
therefore 4 is not equal to Z." 

As Simson remarks, the force of this reasoning is as follows. 

If Æ has to C the same ratio as B has to C, 
then—supposing any equimultiples of 4, A to be taken and any multiple 
of C— 
by Def. 5, if the multiple of 4A be greater than the multiple of C, the multiple 
of B is also greater than that of C. 

But it follows from the hypothesis (that 4 has a greater ratio to C than B 
has to C) that, 

by Def. 7, there must be some equimultiples of 4, B and some multiple of 
C such that the multiple of 4 is greater than the multiple of C, but the 
multiple of B is zot greater than the same multiple of C. 


And this directly contradicts the preceding deduction from the supposition 
that 4 has to C the same ratio as Z has to C ; 


therefore that supposition is impossible. 
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The proof now goes on thus: 
'' Nor again is 4 less than Z ; 
for, in that case, 4 would have had to C a less ratio than Z has "T C , 
v. 8 
but it has not ; 
therefore Æ is not less than B.” 

It is here that the difficulty arises. As before, we must use Def. 7. “A 
would have had to C a less ratio than B has to C,” or the equivalent state- 
ment that Z would have had to C a greater ratio than 4 has to C, means 
that there would have been some equimultiples of B, 4 and some multiple of 
C such that 

(1) the multiple of B is greater than the multiple of C, but 

(2) the multiple of 4 is not greater than the multiple of C, 
and it ought to have been proved that this can never happen if the hypothesis 
of the proposition is true, viz. that 4 has to C a greater ratio than Z has to 
C: that is, it should have been proved that, in the latter case, the multiple of 
A is always greater than the multiple of C whenever the multiple of B is 
greater than the multiple of C (for, when this is demonstrated, it will be 
evident that B cannot have a greater ratio to C than 4 has to C). But this 
is not proved (cf. the remark of De Morgan quoted in the note on v. Def. 7, 
p. 130), and hence it is not proved that the above inference from the supposi- 
tion that 4 is less than B is inconsistent with the hypothesis in the enunciation. 
The proof therefore fails. 

Simson suggests that the proof is not Euclid's, but the work of some one 
who apparently “thas been deceived in applying what is manifest, when 
understood of magnitudes, unto ratios, viz. that a magnitude cannot be both 
greater and less than another.” 

The proof substituted by Simson is satisfactory and simple. 

“Let A have to C a greater ratio than Z has to C; 

A is greater than B. 

For, because 4 has a greater ratio to C than 7 has to C, there are some 
equimultiples of 4, B and some multiple of C such that 

the multiple of 4 is greater than the multiple of C, but the multiple of B 
is nof greater than it. [v. Def. 7] 

Let them be taken, and let 2D, E be equimultiples of 4, B, and Fa 
multiple of C, such that 

D is greater than Æ 
but E is not greater than F. 

Therefore D is greater than Æ. 

And, because D and Æ are equimultiples of 4 and Z, and D is greater 
than Æ, 

therefore 4 is greater than J. [Simson's 4th Ax.] 
Next, let C have a greater ratio to B than it has to 4; 
B is less than 4. 

For there is some multiple F of C and some equimultiples E and D of B 
and 4 such that 

F is greater than E but not greater than D. [v. Def. 7] 

Therefore Æ is less than D; 
and, because E and 2 are equimultiples of B and 4, 

therefore Z is less than 4.” 
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PROPOSITION II. 
Ratios which are the same with the same ratio are also 
the same with one another. 
For, as 4 is to B, so let C be to 2, 
and, as C is to D, so let E be to F^; 
I say that, as 4 is to B, so is E to 7. 
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For of A, C, E let equimultiples G, 77, K be taken, and 
of D, D, F other, chance, equimultiples Z, M, N. 
Then since, as 4 is to B, so is C to D, 
and of 4, C equimultiples G, Æ have been taken, 
and of B, D other, chance, equimultiples Z, M, 
therefore, if G is in excess of L, H is also in excess of M, 
if equal, equal, 
and if less, less. 
Again, since, as C is to D, so is Æ to F, 
and of C, £ equimultiples 7, K have been taken, 
and of D, F other, chance, equimultiples 77, N, 
therefore, if Æ is in excess of M, K is also in excess of V, 
if equal, equal, 
and if less, less. 
But we saw that, if Æ was in excess of M, G was also 
in excess of Z ; if equal, equal; and if less, less; 
so that, in addition, if G is in excess of Z, K is also in excess 
of N, 
if equal, equal, 
and if less, less. 
And G, K are equimultiples of A. £, 
while L, V are other, chance, equimultiples of 2, 7; 
therefore, as 4 is to B, so is £ to F. 
Therefore etc. 
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Algebraically, if a:b=¢:4, 
and e:d=e:f, 
then a:b=e:f. 


The idiomatic use of the imperfect in quoting a result previously obtained 
is noteworthy. Instead of saying ‘‘ But s¢ was proved that, if H is in excess 
of M, G is also in excess of Z,” the Greek text has “ But if AY was in excess 
of M, G was also in excess of ZL,” aAAa «i trepetye 10 © roU M, trepetye xai 
tò H rov A. 

This proposition is tacitly used in combination with v. 16 and v. 24 in the 
geometrical passage in Aristotle, Meteorologica 111. 5, 376 a 22—26. 


PROPOSITION 12. 


If any number of magnitudes be proportional, as one of 
the antecedents is to one of the conseguents, so will all the 
antecedents be to all the consequents. 


Let any number of magnitudes 4, B, C, D, E, F be 
proportional, so that, as 4 is to D, so is C to D and Æ 
to F; 


I say that, as 4 is to B, so are A, C, Æ to B, D, F. 
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For of A, C, £ let equimultiples G, 77, K be taken, 
and of B, D, F other, chance, equimultiples Z, 77, N. 

Then since, as 4 is to B, so is C to D, and Æ to F, 
and of 4, C, £ equimultiples G, 7, K have been taken, 
and of B, D, F other, chance, equimultiples Z, M, N, 


therefore, if G is in excess of L, H is also in excess of M, 
and X of N, 


if equal, equal, 

and if less, less ; 

so that, in addition, 

if G is in excess of L, then G, H, K are in excess of L, M, N, 
if equal, equal, 

and if less, less. 
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Now G and G, £7, K are equimultiples of 4 and 4, C, E, 
since, if any number of magnitudes whatever are respec- 
tively equimultiples of any magnitudes equal in multitude, 
whatever multiple one of the magnitudes is of one, that 
multiple also will all be of all. [v. 1] 


For the same reason 
L and Z, M, N are also equimultiples of B and B, D, F; 


therefore, as 4 is to Z, so are 4A, C, E to B, D, F. 
[v. Def. 5] 
Therefore etc. 
Q. E. D. 
Algebraically, if a : 325: —c:c etc., each ratio is equal to the ratio 
(a+d+et+...): (2 +b +e +...). 


This theorem is quoted by Aristotle, 474. Nic. v. 7, 1131 b 14, in the 
shortened form "the whole is to the whole what each part is to each part 


(respectively)." 


PROPOSITION 13. 


Jf a first magnitude have to a second the same ratio as a 
third toa fourth, and the third have to the fourth a greater 
ratio than a fifth has to a sixth, the first will also have to the 
second a greater ratio than the fifth to the sixth. 


For let a first magnitude 4 have to a second B the 
same ratio as a third C has to a fourth D, 


and let the third C have to the fourth D a greater ratio than 
a fifth £ has to a sixth F; 


I say that the first 4 will also have to the second Z a greater 
ratio than the fifth Æ to the sixth Z. 


A 
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For, since there are some equimultiples of C, Æ, 


and of 2D, F other, chance, equimultiples, such that the 
multiple of C is in excess of the multiple of D, 
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while the multiple of E is not in excess of the multiple of Æ, 


[v. Def. 7] 
let them be taken, 


and let G, H be equimultiples of C, Æ, 
and K, L other, chance, equimultiples of D, F, 
so that G is in excess of K, but H is not in excess of ZL; 


and, whatever multiple G is of C, let M be also that multiple 
of A, 


and, whatever multiple Æ is of D, let M be also that multiple 
of B. 
Now, since, as 4 is to B, so is C to D, 
and of 4, C equimultiples 77, G have been taken, 
and of B, D other, chance, equimultiples N, X, 
therefore, if M is in excess of N, G is also in excess of X, 
if equal, equal, 
and if less, less. [v. Def. 5] 
But G is in excess of K; 
therefore M is also in excess of N. 
But Æ is not in excess of Z ; 
and 74, 77 are equimultiples of 4, £, 
and X, L other, chance, equimultiples of B, F; 
therefore 4 has to # a greater ratio than Æ has to Z. 


(v. Def. 7] 
Therefore etc. 
Q. E. D. 
Algebraically, if a:5=¢:4, 
and c:d>e:f, 
then a:b>e:f. 


After the words “for, since ” in the first line of the proof, Theon added 
“C has to D a greater ratio than Æ has to ~” so that “there are some 
equimultiples” began, with him, the principal sentence. 

The Greek text has, after “of D, F other, chance, equimultiples,” “and 
the multiple of C is in excess of the multiple of D....”. The meaning being 
“such that,” I have substituted this for “and,” after Simson. 


The following will show the method of Euclid’s proof. 
Since c:d>e:f, 


there will be some equimultiples mc, me of c, e, and some equimultiples ad, nf 
of d, f, such that 
mc » nd, while me P nf. 
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But, since a:b-c:d, 
therefore, according as ma > =< nb, mc»-«nd. 

And » 7 nd ; 

therefore ma > nd, while (from above) me P nf. 
Therefore a:b>e:f. 

Simson adds as a corollary the following : 

“If the first have a greater ratio to the second than the third has to the 
fourth, but the third the same ratio to the fourth which the fifth has to the 
sixth, it may be demonstrated in like manner that the first has a greater ratio 
to the second than the fifth has to the sixth.” 


This however scarcely seems to be worth separate statement, since it only 
amounts to changing the order of the two parts of the hypothesis. 


PROPOSITION 14. 


Jf a first magnitude have to a second the same ratio as a 
third has to a fourth, and the first be greater than the third, 
the second will also be greater than the fourth; if egual, egual; 
and if less, less. 

For let a first magnitude 4 have the same ratio to a 
second Z2 as a third C has to a fourth D; and let 4 be 
greater than C; 

I say that Z is also greater than D. 


A — J7ſ le 
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For, since 44 is greater than C, 

and Z is another, chance, magnitude, 

therefore 4 has to # a greater ratio than C has to Z. (v. 8] 
But, as A is to Z, so is C to D; 


therefore C has also to D a greater ratio than C i^ i 
V. I3 


But that to which the same has a greater ratio is less ; 
[v. 10] 


therefore D is less than 2; 
so that Z is greater than D. 
Similarly we can prove that, if 4 be equal to C, 2 will 
also be equal to D ; 
and, if 44 be less than C, 2 will also be less than 2. 


Therefore etc. 
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Algebraically, if a:b=¢:4, 
then, according asa>=<¢, b>=<d. 

Simson adds the specific proof of the second and third parts of this 
proposition, which Euclid dismisses with ‘Similarly we can prove....” 

“ Secondly, if 4 be equal to C, B is equal to D; for A is to B as C, that 
is Æ, is to D; 

therefore B is equal to D. [v. 9] 

Thirdly, if 4 be less than C, B shall be less than D. 

For C is greater than 4 ; 
and, because C is to D as A is to B, 

D is greater than B, by the first case. 


Wherefore J is less than D." 
Aristotle, Meteorol. 111. 5, 376 a 11—14, quotes the equivalent proposition 
that, if a», c» d. 


PROPOSITION 15. 
Parts have the same ratio as the same multiples of them 
taken zn corresponding order. 
For let AZ be the same multiple of C that DE is of F; 
I say that, as C is to /, so is AB to DE. 
G H 
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For, since 4 is the same multiple of C that DE is of F, 
as many magnitudes as there are in 42 equal to C, so many 
are there also in DE equal to Z. 

Let AB be divided into the magnitudes 4G, GH, HB 
equal to C, 
and DE into the magnitudes DX, KL, LE equal to F; 
then the multitude of the magnitudes 4G, GH’, HB will be 
equal to the multitude of the magnitudes DK, KL, LE. 

And, since AG. GH, HB are equal to one another, 
and DK, KL, LE are also equal to one another, 
therefore, as AG is to DX,so is GH to KL, and HB to LE. 

[v. 7) 

Therefore, as one of the antecedents is to one of the 
consequents, so will all the antecedents be to all the 
consequents ; [v. 12] 

therefore, as AG is to DK, so is AB to DE. 
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But 4G is equal to C and DK to F; 

therefore, as C is to F, so is AB to DE. 
Therefore etc. Q. E. D. 
Algebraically, a : b= ma : mb. 


PROPOSITION 16. 


Jf four magnitudes be proportional, they will also be 
proportional alternately, 

Let 4, B, C, D be four proportional magnitudes, 
so that, as 4 is to B, sois Cto D; 


I say that they will also be so alternately, that is, as 4 is 
to C, so is Z to D. 
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For of A, B let equimultiples Æ, F be taken, 
and of C, D other, chance, equimultiples G, 77. 

Then, since Æ is the same multiple of 4 that F is of B, 
and parts have the same ratio as the same multiples of 
them, [v. 15] 
therefore, as 4 is to B, so is E to £. 

But as 4 is to B, so is C to D; 


therefore also, as C is to D, so is E to F. [v. 11] 
Again, since G, 77 are equimultiples of C, D, 

therefore, as C is to D, so is G to H. (v. 15] 
But, as C is to D, so is £ to F; 

therefore also, as Æ is to F, so is G to 77. [v. 11] 


But, if four magnitudes be proportional, and the first be 
greater than the third, 


the second will also be greater than the fourth ; 
if equal, equal ; 
and if less, less. [v. 14] 
Therefore, if Æ is in excess of G, F is also in excess of H, 
if equal, equal, 
and if less, less. 
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Now £, Fare equimultiples of 4, B, 
and G, #7 other, chance, equimultiples of C, D; 
therefore, as 4 is to C, so is P to D. [v. Def. 5] 


Therefore etc. 
Q. E. D. 


“Let A, B,C, D be four proportional magnitudes, so that, as A is to B, so is 
C to D." In a number of expressions like this it is absolutely necessaty, when translating 
into English, to interpolate words which are not in the Greek. Thus the Greek here is: 
“Eorw réccapa peyéOn dyddoyow 7a A, B, I, A, ws 7d A rpòs rò B, olrws rò F xpos 7d A, 
literally ** Let 4, B, C, D be four proportional magnitudes, as 4 to B, so Cto D.” The 
same remark applies to the corresponding expressions in the next propositions, v. 17, 18, 
and to other forms of expression in v. 20— 23 and later propositions : e.g. in v. 20 we have 
a phrase meaning literally ** Let there be magnitudes...which taken two and two are in the 
same ratio, as Æ to , so D to Æ,” etc.: in v. 21 "* (magnitudes)...which taken two and 
two are in the same ratio, and let the proportion of them be perturbed, as 4 to 8, so 
E to F," etc. In all such cases (where the Greek is so terse as to be almost ungrammatical) 
I shall insert the words necessary in English, without further remark. 


Algebraically, if a:b=¢:4, 
then a:c=b:d. 
Taking equimultiples ma, md of a, 5, and equimultiples ac, nd of «c, d, we 


have, by v. 15, 
a:b=ma: mb, 


c:d=nc: nd. 
And, since a:b=¢:4, 
we have [v. 11] ma:mb=ne: nd. 
Therefore [v. 14], according as ma>=<nc, mb>=<nd,- 
so that a:c=b:d. 


Aristotle tacitly uses the theorem in Meteorologica 111. 5, 376 a 22—24. 
The four magnitudes in this proposition must all be of ¢he same kind, and 
Simson inserts “of the same kind ” in the enunciation. 


This is the first of the propositions of Eucl. v. which Smith and Bryant 
(Euclia’s Elements of Geometry, 1901, pp. 298 sqq.) prove by means of vi. 1 
so far as the only geometrical magnitudes in question are straight lines or 
rectilineal areas; and certainly the proofs are more easy to follow than 
Euclid’s. The proof of this proposition is as follows. 

To prove that, Zf four magnitudes of the same kind (straight lines or 
rectilineal areas] de proportionals, they will be proportionals when taken 
alternately. 

Let P, Q, R, S be the four magnitudes of the same kind such that 


JPuQeA35; 
then it is required to prove that 
P:RzQ:S 
First, let all the magnitudes be areas. 
Construct a rectangle adcd equal to the area Z, and to dc apply the 


rectangle dcef equal to Q 
Also to ab, f apply rectangles ag, ġġ equal to Æ, S respectively. 
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Then, since the rectangles ac, de have the same height, they are to one 


another as their bases. [vi. 1] 
Hence P: Q=ab: bf. d c e 
But P:Q=R:S. 
Therefore FR: S=ab: df, [v. 11] 
ie. rect. ag: rect. dk = ab: bf. 
Hence (by the converse of vi. 1) the rect- ° b r 


angles ag, 5k have the same height, so that & 
is on the line Ag. 
Hence the rectangles ac, ag have the same 


height, namely a? ; also ġe, bk have the same ý : 
height, namely 4f. 
Therefore rect. ac : rect. ag — à : dg, 
and rect. be : rect. bk = be : bg. [vi. 1] 
Therefore rect. a¢ : rect. ag= rect. de: rect. dk. [v. 11] 
That is, P:R-Q:S. 


Secondly, let the magnitudes be straight lines 42, BC, CD, DE. 
Construct the rectangles 44, Bc, Cd, De with the same height. 


a b c d e 


Then 4b : Bcz2 AB : BC, 
and Cd : Dez CD : DE. [vi. 1] 
But AB: BC=CD: DE. 
Therefore 4b : Bc - Cd : De. [v. 11] 
Hence, by the first case, 
Ab: Cd= Be: De, 
and, since these rectangles have the same height, 
AB: CD=8C: DE. 


PROPOSITION 17. 


Jf magnitudes be proportional componendo, they will also 
be proportional separando. 


Let AB, BE, CD, DF be magnitudes proportional com- 
ponendo, so that, as 4B is to BE, so is CD to DF; 


I say that they will also be proportional separando, that is, 
as AE is to EP, sois CF to DF. 


For of AÈ, £B, CF, FD let equimultiples GZZ, HK, 
LM, MN be taken, 


and of EZ, FD other, chance, equimultiples, KO, VP, 
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Then, since GH is the same multiple of AEZ that HK is 
of EB, 
therefore GZZ is the same multiple of 4Z that GX is of AB. 
[v. 1] 
But GH is the same multiple of AE that LM is of CF; 
therefore GX is the same multiple of AB that LM is of CF. 
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Again, since LM is the same multiple of CF that MN 
is of FD, 


therefore LM is the same multiple of CF that LN is of CD. 

v. 1] 

But LM was the same multiple of CF that GX is of 4B; 

therefore GK is the same multiple of AB that LM is of CD. 
Therefore GA, LN are equimultiples of AB, CD. 


Again, since HX is the same multiple of £B that MN is 
of FD, 


and KO is also the same multiple of EZ that NP is of FD, 
therefore the sum 77O is also the same multiple of EP that 
MP is of FD. [v. 2] 
And, since, as 4B is to BE, so is CD to DF, 
and of AB, CD equimultiples GK, LN have been taken, 
and of EZ, FD equimultiples 77O, MP, 


therefore, if GA is in excess of HO, LN is also in excess of 
MP, 
if equal, equal, 
and if less, less. 
Let GK be in excess of HO; 
then, if Æ be subtracted from each, 
G H is also in excess of KO. 


But we saw that, if GA was in excess of HO, LN was 
also in excess of MP ; 


therefore LN is also in excess of MP, 
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and, if MN be subtracted from each, 
L M 1s also in excess of VP; 


so that, if GH is in excess of KO, LM is also in excess of 
NP. 


Similarly we can prove that, 
if GH be equal to KO, ZV will also be equal to VP, 
and if less, less. 
And GH, LM are equimultiples of AE, CF, 
while KO, WP are other, chance, equimultiples of EB, FD: 
therefore, as 4 £ is to EP, so is CF to FD. 


Therefore etc. 


Q. E. D. 

Algebraically, if a:b=¢:4, 

then (a—6):b=(¢-d@):4. 

I have already noted the somewhat strange use of the participles of 
ovyxeioGar and draypeio Par to convey the sense of the technical cvvOeors and 
Scaipeots Adyov, or what we denote by componendo and separando. ¿àv 
ovyxeieva peyéOy avadoyov 7, Kat StacpeOévta avadoyov éoraz is, literally, “if 
magnitudes compounded be proportional, they will also be proportional 
separated,” by which is meant “if one magnitude made up of two parts is to 
one of its parts as another magnitude made up of two parts is to one of its 
parts, the remainder of the first whole is to the part of it first taken as the 
remainder of the second whole is to the part of it first taken.” In the 
algebraical formula above a, ¢ are the wholes and 2, a — ? and d, «— d are the 
parts and remainders respectively. The formula might also be stated thus : 

If a+b:b=c+d:d, 
then a:b=c¢c:d, 
in which case a+ġ, c+d are the wholes and 4, a and d, c the parts and 
remainders respectively. Looking at the last formula, we observe that 
“separated,” S:atpeBévra, is used with reference not to the magnitudes a, 4, c, d 
but to the compounded magnitudes a + à, b, c+ d, d. 

As the proof is somewhat long, it will be useful to give a conspectus of it 
in the more symbolical form. To avoid minuses, we will take for the 
hypothesis the form 

a*bistobasc*d is to d. 


Take any equimultiples of the four magnitudes a, 2, c, d, viz. 
ma, mb, mc, md, 
and any other equimultiples of the consequents, viz. 
nb and nd. 
Then, by v. 1, m (a * 2), m (c d) are equimultiples of a 4 2, c 4 d, 
and, by v. 2, (m + n)b, (m + n)d are equimultiples of 2, d. 
Therefore, by Def. 5, since 2+ 4 is to 6 as ¢ +d is to a, 
according as m(a+6)>=<(m+n)b, m(c+d)>=<(m+a)d. 
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Subtract from m (a+), (m+n) the common part md, and from 
m(c+d), (m+n)d the common part md; and we have, 


according as ma > =< nb, mc>=< nd. 


But ma, mc are any equimultiples of a, c, and 4, nd any equimultiples of 
bd, 


therefore, by v. Def. 5, 
a isto ^ ascis to d. 


Smith and Bryant’s proof follows, mutatis mutandis, their alternative proof 
of the next proposition (see pp. 173—4 below). 


PROPOSITION 18. 


If magnitudes be proportional separando, they will also be 
proportional componendo. 


Let AE, EB, CF, FD be magnitudes proportional 


separando, so that, as AE is 
to EB, sois CF to FD; 





E 
I say that they will also be Sa á 
proportional componendo, that — c t D 
is, as AB is to BE, so is 
CD to FD. 


For, if CD be not to DF as AP to PE, 


then, as AF is to BE, so will CD be either to some 
magnitude less than DF or to a greater. 


First, let it be in that ratio to a less magnitude DG. 
Then, since, as AB is to BE, so is CD to DG, 
they are magnitudes pruportional componendo ; 

so that they will also be proportional separando.  [v. 17] 
Therefore, as AE is to EB, so is CG to GD. 
But also, by hypothesis, 

as AE is to ED, so is CF to FD. 

Therefore also, as CG is to GD, so is CF to FD. [v. 11] 
But the first CG is greater than the third CF; 


therefore the second G is also greater than the fourth 
FD. [v. 14] 


But it is also less: which is impossible. 
Therefore, as AB is to BE, so is not CD to a less 
magnitude than FD. 
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Similarly we can prove that neither is it in that ratio to 
a greater ; 

it is therefore in that ratio to FD itself. 

Therefore etc. 

Q. E. D. 
Algebraically, if a:b=c:d, 
then (a * 2) : à z (ct d) : d. 

In the enunciation of this proposition there is the same special use of 

$upniéva and ewvr«Üévra as there was of ovyKeipeva and ScapeOévra in the 


last enunciation. Practically, as the algebraical form shows, deypypéva might 
have been left out. 


The following is the method of proof employed by Euclid. 
Given tnat a:b=c:4, 
suppose, if possible, that 
(a+b): b=(¢+d): (d+). 
Therefore, separando |v. 17], 
a:b=(c¥x): (d+), 


whence, by v. 11, (c+x):(d+x)=c:d. 
But (c- x) «c, while (24 x)» 2. 
and (c* x)» vc, while (2— x) «d, 


which relations respectively contradict v. 14. 


Simson pointed out (as Saccheri before him saw) that Euclid's demonstra- 
tion is not legitimate, because it assumes without proof that 40 any three 
magnitudes, two of which, at least, are of the same kind, there exists a fourth 
proportional. Clavius and, according to him, other editors made this an 
axiom. But it is far from axiomatic; it is not till vi. 12 that Euclid shows, 
by construction, that it is true even in the particular case where the three 
given magnitudes are all straight lines. 

In order to remove the defect it is necessary either (1) to prove beforehand 
the proposition thus assumed by Euclid or (2) to prove v. 18 independently 
of it. 

Saccheri ingeniously proposed that the assumed proposition should be 
proved, for areas and straight lines, by means of Euclid vi. 1, 2 and 12. As 
he says, there was nothing to prevent Euclid from interposing these proposi- 
tions immediately after v. 17 and then proving v. 18 by means of them. 
vi. 12 enables us to construct the fourth proportional when the three given 
magnitudes are straight lines; and vi. 12 depends only on vi. 1 and 2. 
** Now," says Saccheri, * when we have once found the means of constructing 
a straight line which is a fourth proportional to three given straight lines, we 
obviously have the solution of the general problem * To construct a straight 
line which shall have to a given straight line the same ratio which two polygons 
have (to one another).’” For it is sufficient to transform the polygons into 
two triangles of equal height and then to construct a straight line which shall 
be a fourth proportional to the bases of the triangles and the given straight 
line. 

The method of Saccheri is, as will be seen, similar to that adopted by 
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Smith and Bryant (loc. cît.) in proving the theorems of Euclid v. 16, 17, 18, 22, 
so far as straight lines and rectilineal areas are concerned, by means of vi. 1. 
De Morgan gives a sketch of a general proof of the assumed proposition 
that, B being any magnitude, and P and Q two magnitudes of the same kind, 
there does exist a magnitude 4 which is to Z in the same ratio as P to Q. 

“The right to reason upon any aliquot part of any magnitude is assumed ; 
though, in truth, aliquot parts obtained by continual bisection would suffice : 
and it is taken as previously proved that the tests of greater and of less ratio 
are never both presented in any one scale of relation as compared with 
another" (see note on v. Def. 7 ad fin.). 

*(1) If M be to B in a greater ratio than P to Q, so is every magnitude 
greater than M, and so are some Jess magnitudes; and if M be to B in 
a less ratio than P to Q, so is every magnitude less than M, and so are 
some greater magnitudes. Part of this is in every system: the rest is proved 
thus. If M be to Z in a greater ratio than P to Q, say, for instance, we find 
that 1577 lies between 2272 and 23, while 152 lies before 22Q. Let 1547 
exceed 227 by Z ; then, if N be less than Æ by anything less than the 15th 
part of Z, 15/V is between 22B and 238: or N, less than M, is in a greater 
ratio to 7 than Pto Q. And similarly for the other case. 

(2) M can certainly be taken so small as to be in a less ratio to B than 
P to Q, and so large as to be in a greater ; and since we can never pass from 
the greater ratio back again to the smaller by increasing J, it follows that, 
while we pass from the first designated value to the second, we come upon an 
intermediate magnitude 4 such that every smaller is in a less ratio to Z than 
P to Q, and every greater in a greater ratio. Now .4 cannot be in a less ratio 
to B than P to Q, for then some greater magnitudes would also be in a less 
ratio; nor in a greater ratio, for then some less magnitudes would be in a 
greater ratio; therefore 4 is in the same ratio to B as Pto Q. The previously 
proved proposition above mentioned shows the three alternatives to be the 
only ones.” 


Alternative proofs of V. 18. 


Simson bases his alternative on v. 5, 6. As the 18th proposition is the 
converse of the 17th, and the latter 1s proved by means of v. 1 and 2, of 
which v. 5 and 6 are converses, the proof of v. 18 by v. 5 and 6 would be 
natural ; and Simson holds that Euclid must have proved v. 18 in this way 
because “the 5th and 6th do not enter into the demonstration of any 
proposition in this book as we have it, nor can they be of any use in any 
proposition of the Elements,” and “the 5th and 6th have undoubtedly been 
put into the sth book for the sake of some propositions in it, as all the other 
propositions about equimultiples have been.” 

Simson’s proof is however, as it seems to me, intolerably long and difficult 
to follow unless it be put in the symbolical form as follows. 


Suppose that a is to ^ asc is to d; 
it is required to prove that a+ 4 is to ġ as c + d is to d. 
Take any equimultiples of the last four magnitudes, say 
m(a+b), mà, m(c+d), md, 


and any equimultiples of 2, Z, as 
"b, nd. 
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Clearly, if nb is greater than md, 
nd is greater than md; 
if equal, equal ; and if less, less. 


I Suppose ^? not greater than m4, so that zd is also not greater than md. 


Now m (a + b) is greater than md: 
therefore m (a + 5) is greater than 4. 
Similarly m (¢ + d) is greater than ad. 


II. Suppose zò greater than mè. 
Since » (a + b), mà, m (c * d), md are equimultiples of (a + b), b, (c+ d), d, 
ma ìs the same multiple of a that m (a + b) is of (a + b), 
and mc is the same multiple of c that m (c + d) is of (c 4 4), 
so that ma, mc are equimultiples of a, ¢. [v. 5] 
Again 26, nd are equimultiples of 2, d, 
and so are md, md; 
therefore (”—m) 5, (2—m)d are equimultiples of 4, d and, whether n»-m 
is equal to unity or to any other integer [v. 6], it follows, by Def. 5, that, 
since a, 4, c, d are proportionals, 
if ma is greater than (2 — m) b, 
then me is greater than (”—m)d; 
if equal, equal ; and if less, less. 
(1) If now m(a@+4) is greater than #4, subtracting md from each, we have 
ma is greater than (”—m) 5; 
therefore mc is greater than (z — m) d, 
and, if we add md to each, 
m (c + d) is greater than nd. 


(2) Similarly it may be proved that, 


if m (a + 6) is equal to 26, 
then m (c + d) is equal to zd, 
and (3) that, if m (a + 6) is less than 24, 
then m (c + d) is less than ad. 


But (under I. above) it was proved that, in the case where s is not 
greater than md, 
m (a + b) is always greater than 22, 
and m (c+ d) is always greater than nd, 


Hence, whatever be the values of m and s, m (c + d) is always greater than, 
equal to, or less than ad according as 7 (a +6) is greater than, equal to, or 
less than à. 

Therefore, by Def. 5, 

a+bistodasc+d is tod. 


Todhunter gives the following short demonstration from Austin (Zxami- 
nation of the first six books of Euctid’s Elements). 
“Let AE be to EB as CF isto FD: 
AB shall be to BE as CD is to DF 
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For, because AE is to EB as CF is to FD, 
therefore, alternately, 


AE isto CF as EB is to FD. [v. 16] 
And, as one of the antecedents is to its consequent, so is the sum of the 
antecedents to the sum of the consequents : [v. 12] 
therefore, as EB is to FD, so are AE, EB together to CA A 
FD together ; 6 
that is, AB is to CD as EB is to FD. 


Therefore, alternately, 

AB is to BE as CD is to FD." 

The objection to this proof is that it is only valid in the case 
where the proposition v. 16 used in it is valid, i.e. where all four 
magnitudes are of the same kind. 

Smith and Bryant's proof avails where all four magnitudes i o 
are straight lines, where all four magnitudes are rectilineal areas, 
or where one antecedent and its consequent are straight lines and the other 
antecedent and its consequent rectilineal areas. 


Suppose that A:B=C:D. 


First, let all the magnitudes be areas. 

Construct a rectangle adcd equal to A, and to dc apply the rectangle dcef 
equal to B. 

Also to a, bf apply the rectangles ag, bk 
equal to C, D respectively. 

Then, since the rectangles ac, de have equal 
heights &, they are to one another as their 
bases. [vi. 1] 

Hence a$:f = rect. ac : rect. be 
=A:B 
=C:D 
= rect. ag: rect. db. 


Therefore [v1. 1, converse] the rectangles ag, òk have the same height, so 
that Å is on the straight line 4g. 
Hence A+8:B=rect. ae:rect. be 
=af: bf 
= rect. aœ : rect. bę 
= C+ D:D. 
Secondly, let the magnitudes 4, B be straight lines and the magnitudes 
C, D areas. 
Let ab, f be equal to the straight lines 4, B, and to aò, bf apply the 


rectangles ag, 2& equal to C, D respectively. 
Then, as before, the rectangles ag, bk have the same height. 





Now A+B:B=af: bf 
= rect. ak: rect. dk 
=C+D:D. 


Thirdly, \et all the magnitudes be straight lines. 
Apply to the straight lines C, D rectangles P, Q having the same height. 
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Then P:Q=C:D. (vi. 1] 
Hence, by the second case, 
A«B:B- P«Q:Q. 
Also P-Q:Q- C«*« D: D. 
Therefore A4A-B:BzC«*D:D. 


PROPOSITION 19 


Zf, as a whole is to a whole, so is a part subtracted to a 
part subtracted, the remainder will also be to the remainder 
as whole to whole. 


For, as the whole AZ is to the whole CD, so let the 
part AE subtracted be to the part CF 
subtracted ; 

I say that the remainder EP will also be 
to the remainder FD as the whole 4B to cf o 
the whole CD. 

For since, as 442 is to CD, so is AE 
to CF, 
alternately also, as BA is to AL, so is DC to CF. [v. 16] 

And, since the magnitudes are proportional componendo, 
they will also be proportional separando, [v. 17] 
that is, as BE is to EA, so is DF to CF, 
and, alternately, 

as BE is to DF, so is EA to FC. [v. 16] 

But, as 4£ is to CF, so by hypothesis is the whole 447 
to the whole CD. 

Therefore also the remainder EZ will be t» the remainder 
FD as the whole AZ is to the whole CD. [v. 11] 

Therefore etc. 


[Portsm. From this it is manifest that, if magnitudes be 
proportional componendo, they will also be proportional 
convertendo. ] 





9. E. D. 


Algebraically, if à : à 2 c: d (where c <a and d < b), then 
(a-c):(6—d)=a:6. 
The “ Porism” at the end of this proposition is led up to by a few lines 
which Heiberg brackets because it is not Euclid’s habit to explain a 
Porism, and indeed a Porism, from its very nature, should not need any 
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explanation, being a sort of by-product appearing without effort or trouble, 
axpaypareirws (Proclus, p. 303, 6). But Heiberg thinks that Simson does 
wrong in finding fault with the argument leading to the ‘“‘Porism,” and that 
it does contain the true demonstration of conversion of a ratio. In this it 
appears to me that Heiberg is clearly mistaken, the supposed proof on the 
basis of Prop. 19 being no more correct than the similar attempt to prove the 
inversion of a ratio from Prop. 4. The words are: “And since it was 
proved that, as 4B is to CD, so is EB to FD, 


alternately also, as 42 is to BE, so is CD to FD: 
therefore magnitudes when compounded are proportional. 


But it was proved that, as BA is to AL, so is DC to CF, and this is 
convertendo." 

It will be seen that this amounts to proving from the hypothesis a:b=¢:d 
that the following transformations are simultaneously true, viz. : 


a:a—¢c=6:b-d, 
and a:c=6:4, 


The former is not proved from the latter as it ought to be if it were intended 
to prove conversion. 

The inevitable conclusion is that both the “Porism” and the argument 
leading up to it are interpolations, though no doubt made, as Heiberg says, 
before Theon’s time. 

The conversion of ratios does not depend upon v. r9 at all but, as Simson 
shows in his Proposition E (containing a proof already given by Clavius), on 
Props. 17 and 18. Prop. E is as follows. 


Jf four magnitudes be proportionals, they are also proportionals by conversion, 
that is, the first is to its excess above the second as the third is to 
its excess above the fourth. 


Let AB be to BE as CD to DF: " 
then B4 isto AE as DC to CF. E s 
Because AB is to BE as CD to DF, F 
by division [separando], 
AE is to EB as CF to FD, [v. 17] é à 


and, by inversion, 
BE isto EA as DF to FC. 
(Simson's Prop. B directly obtained from v. Def. 5] 
Wherefore, by composition [componendo], 
BA isto AE as DC to CF. [v. 18] 


PROPOSITION 20. 


Lf there be three magnitudes, and others equal to them in 
multitude, which taken two and two are in the same ratio, and 
uf ex aequali the first be greater than the third, the fourth will 
also be greater than the sixth; tf equal, equal; and, of less, less. 
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Let there be three magnitudes 4, B, C, and others 
D, E, F equal to them in multitude, which taken two and 
two are in the same ratio, so that, 


as A is to B, so is D to £, 
and as D is to C, so is £ to F; 
and let 4 be greater than C ec aeguati ; 


I say that D will also be greater than Æ; if £ is equal to C, 
equal; and, if less, less. 


A= — — D 
oS E—34 


¢——— F——3À 


For, since 4 is greater than C, 
and Z is some other magnitude, 
and the greater has to the same a greater ratio than the less 
has, (v. 8] 
therefore /4 has to Æ a greater ratio than C has to B. 

But, as 4d is to B, so is D to Æ, 
and, as C is to B, inversely, so is F to E; 
therefore D has also to Æ a greater ratio than F has to £. [v. 13] 


But, of magnitudes which have a ratio to the same, that 
which has a greater ratio is greater ; (v. 10] 


therefore D is greater than F. 


Similarly we can prove that, if 4 be equal to C, D will 
also be equal to F; and if less, less. 
Therefore etc. 
Q. E. D. 


Though, as already remarked, Euclid has not yet given us any definition 
of compounded ratios, Props. 20—23 contain an important part of the theory 
of such ratios. The term “compounded ratio” is not used, but the propositions 
connect themselves with the definitions of ex aeguali in its two forms, the 
ordinary form defined in Def. 17 and that called perturbed proportion in 
Def. 18. The compounded ratios dealt with in these propositions are those 
compounded of successive ratios in which the consequent of one is the 
antecedent of the next, or the antecedent of one is the consequent of 
the next. 

Prop. 22 states the fundamental proposition about the ratio ex aegua/i in 
its ordinary form, to the effect that, 

if a is to Žas d is to e, 


and b is to cas e is to f, 
then a is to c as d is to f, 
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with the extension to any number of such ratios; Prop. 23 gives the 
corresponding theorem for the case of perturbed proportion, namely that, 


if aistodaseisto/, 
and b is to c as d is to e, 
then a is to c as d is to f. 


Each depends on a preliminary proposition, Prop. 22 on Prop. 20 and 
Prop. 23 on Prop. 21. The course of the proof will be made most clear by 
using the algebraic notation. 

The preliminary Prop. 20 asserts that, 

if a:b=d:e, 
and b:c=e: f 
then, according asa>=<¢, d>=</f, 

For, according as a is greater than, equal to, or less than c, 

the ratio a :? is greater than, equal to, or less than the ratio c:2, [v. 8 or v. 7] 
or (since d:e-a:ó, 
and c:b=f:e) 

the ratio d : e is greater than, equal to, or less than the ratio f: e, 

[by aid of v. 13 and v. 11] 
and therefore d is greater than, equal to, or less than f. [v. 1o or v. 9] 
It is next proved in Prop. 22 that, by v. 4, the given proportions can be 
transformed into 
ma : nb — md : ne, 
and nb : fc — ne : pf, 
whence, by v. 20, 
according as ma is greater than, equal to, or less than fc, 
md is greater than, equal to, or less than ff, 
so that, by Def. 5, 
a:c- d: f. 

Prop. 23 depends on Prop. 21 in the same way as Prop. 22 on Prop. 2o, 

but the transformation of the ratios in Prop. 23 is to the following : 


(1) ma:mb=ne:nf 
(by a double application of v. 15 and by v. 11), 
(2) mb : nc = md: ne 


(by v. 4, or equivalent steps), 
and Prop. 21 is then used. 
Simson makes the proof of Prop. 20 slightly more explicit, but the main 
difference from the text is in the addition of the two other cases which Euclid 
dismisses with “Similarly we can prove.” These cases are :. 


*" Secondly, let 4 be equal to C ; then shall 2 be equal to £ 
Because 4 and C are equal to one another, 


A is to B as C is to B. [v. 7] 

But A isto B as Dis to £, 

and C is to Z as F is to £, 
wherefore D isto Eas Fto £; [v. 11] 


and therefore D is equal to £ (v. 9] 
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Next, let Æ be less than C; then shall D be less than Æ 
For C is greater than 4, 
and, as was shown in the first case, 


C is to B as Fto £, 
and, in like manner, 
Bisto d as Eto D; 


therefore F is greater than D, by the first case; and therefore D is less 
than Z” 


PROPOSITION 21. 


Jf there be three magnitudes, and others egual to them in 
multitude, which taken two and two together are in the same 
ratio, and the proportion of them be perturbed, then, if ex 
aequali /4e first magnitude 1s greater than the third, the 
fourth will also be greater than the sixth; uf equal, equal, 
and tf less, less. ' 


Let there be three magnitudes 4, B, C, and others D, £, F 
equal to them in multitude, which taken two and two are in 
the same ratio, and let the proportion of them be perturbed, 
so that, 

as 4 is to B, sois £ to £F, 
and, as Æ is to C, so is D to £, 


and let A be greater than C ex aegualz ; 
I say that D will also be greater than F; if A is equal to 
C, equal; and if less, less. 


A———— D 
6 E 
— F 


For, since 4 is greater than C, 

and Z is some other magnitude, 

therefore 4 has to P a greater ratio than C has to B. [v. 8] 
But, as Æ is to D, so is E to F, 

and, as C is to Ø, inversely, so is Æ to D. 


Therefore also Æ has to F a greater ratio than Æ has to D. 
[v. 13] 
But that to which the same has a greater ratio is less ; 


[v. 1o] 


therefore F is less than D; 
therefore D is greater than Z. 
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Similarly we can prove that, 
if A be equal to C, D will also be equal to 7; 
and if less, less. 


Therefore etc. Q. E. D. 
Algebraically, if a:b=e:f, 
and b:ezd:e, 


then, according asa» - «6 d»-«f. 
Simson's alterations correspond to those which he makes in Prop. 20. After 
the first case he proceeds thus. 
' Secondly, let 4 be equal to C ; then shall D be equal to X 


Because 4 and C are equal, 


A is to Z as C is to Z. [v. 7] 
But A isto Bas £ isto F£, 
and Cis to B as E isto D: 
wherefore E is to Fas E to D, [v. 11] 
and therefore D is equal to Æ [v. 9] 


Next, let Æ be less than C; then shall D be less than Æ 
For C is greater than 4, 


and, as was shown; 
C is to B as £ to D, 


and, in like manner, 
B isto d as Fto E; 


therefore F is greater than D, by the first case, 
and therefore D is less than E^ 
The proof may be shown thus. 
According as a>=<¢, a:ó»-«c:4. 
But a :ó - e : f, and, by inversion, ¢:5=¢e:d. 
Therefore, according as a2 —- «e, e:f»2«e:d, 
and therefore 4» - « f. 


PROPOSITION 22. 


Jf there be any number of magnitudes whatever, and others 
equal to them in multitude, which taken two and two together 
are in the same ratio, they will also be in the same ratio ex 
aequali. 

Let there be any number of magnitudes 4, B, C, and 
others D, £, F equal to them in multitude, which taken two 
and two together are in the same ratio, so that, 

as A is to B, so is D to &, 
and, as P is to C, so is £ to F; 
I say that they will also be in the same ratio ex aegualt, 
« that is, as 4 is to C, so is D to F>. 
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For of 4, D let equimultiples G, 77 be taken, 
and of B, E other, chance, equimultiples &, Z ; 
and, further, of C, F other, chance, equimultiples 24, N. 











A —— B—— c 
D E— pÁ- — 
G ————— ma K M 
H —— —— 





Then, since, as 4 is to B, so is D to £, 
and of 4, D equimultiples G, have been taken, 
and of B, £ other, chance, equimultiples K, Z, 
therefore, as G is to K, so is 77 to L. [v. 4] 
For the same reason also, 
as K is to 74, so is L to N. 


Since, then, there are three magnitudes G, K, M, and 
others Æ, L, N equal to them in multitude, which taken two 
and two together are in the same ratiọ, 


therefore, ex aeguali, if G is in excess of M, H is also in excess 
of N; 


if equal, equal; and if less, less. [v. 20] 
And G, 77 are equimultiples of 4, D, 
and M, N other, chance, equimultiples of C, F. 


Therefore, as A is to C, so is D to F. [v. Def. 5] 
Therefore etc. 
Q. E. D. 


Euclid enunciates this proposition as true of any number of magnitudes 
whatever forming two sets connected in the manner described, but his proof is 
confined to the case where each set consists of three magnitudes only. The 
n to any number of magnitudes is, however, easy, as shown by 

imson. 

“Next let there be four magnitudes 4, B, C, D, and other four Æ, F, G, A, 
which two and two have the same ratio, viz. : 

as 44 is to B, sois E to F, 
and as Z isto C, so is Fto G, AUGE 
and as C is to D, so is G to H; E F 
A shall be to Das £ to H. 

Because 4, B, C are three magnitudes, and Æ, F, G other three, which 
taken two and two have the same ratio, 

by the foregoing case, 


C Oo 
G H 


4 is to Cas Æ to G. 
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But C is to D as G is to H; 
wherefore again, by the first case, 
A isto Das Eto ĦA. 
And so on, whatever be the number of magnitudes.” 


PROPOSITION 23. 


Jf there be three magnitudes, and others equal to them in 
multitude, which taken two and two together are in the same 
ratio, and the proportion of them be perturbed, they will also 
be in the same ratio ex aequali. 

Let there be three magnitudes 4, B, C, and others equal 
to them in multitude, which, taken two and two together, are 
in the same proportion, namely 2D, £, F; and let the propor- 
tion of them be perturbed, so that, 

as 4d is to D, so is £ to F, 
and, as P isto C, sois Dto £ ; 
I say that, as 4 is to C, so is D to F. 











A B— c 
o—— E-—————— F—— 
— — —— H- L 








Of A, B, D let equimultiples GC, 77, K be taken, 
and of C, E£, F other, chance, equimultiples Z, 77, N. 
Then, since G, H are equimultiples of 4, B, 
and parts have the same ratio as the same multiples of 


them, [v. 15] 
therefore, as 4 is to B, so is G to 77. 


For the same reason also, 
as Æ is to Ff, so is M to N. 
And, as 4 is to P, so is Æ to F; 


therefore also, as G is to H, so is M to N. [v. r1] 
Next, since, as B is to C, so is D to Æ, 
alternately, also, as B is to D, so is C to Æ. [v. 16] 


And, since F, A are equimultiples of 2, D, 
and parts have the same ratio as their equimultiples, 
therefore, as Z is to D, so is H to K. [v. 15] 
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But, as Z is to D, so is C to E; 


therefore also, as Æ is to Ķ, so is C to £. (v. r1] 
Again, since Z, M are equimultiples of C, Æ, 
therefore, as C is to Æ, so is LZ to M. [v. 15] 
But, as C is to Z, so is /7 to K ; 
therefore also, as 77 is to K, so is Z to M, [v. 11] 
and, alternately, as Æ is to L, so is Æ to M. [v. 16] 


But it was also proved that, 
as G is to 77, so is M to N. 


Since, then, there are three magnitudes G, Æ, L, and 
others equal to them in multitude X, M, N, which taken two 
and two together are in the same ratio, 
and the proportion of them is perturbed, 

e ex aequalz, if G is in excess of L, K is also in excess 
o , 
if equal, equal ; and if less, less. [v. 21] 

And G, K are equimultiples of 4, D, 

and Z, N of C, F. 


Therefore, as A is to C, so is D to F. 
Therefore etc. 
Q. E. D. 


There is an important difference between the version given by Simson of 
one part of the proof of this proposition and that found in the Greek text of 
Heiberg. Peyrard’s ms. has the version given by Heiberg, but Simson’s 
version has the authority of other mss. The Basel eđďditio princeps gives both 
versions (Simson’s being the first). After it has been proved by means of 
V. 15 and v. 11 that, 

as G is to 7Z, so is M to JV, 
or, with the notation used in the note on Prop. 20, 
ma:mb=ne: nf, 
it has to be proved further that, 
as H is to Z, sois K to M, 
or mb:nc=md : ne, 
and it is clear that the latter result may be directly inferred from v. 4. The 
reading translated by Simson makes this inference : 

“ And because, as Z is to C, so is D to E, 
and H, X are equimultiples of 5, D, 
and Z, M of C, E, 

therefore, as ZZ is to Z, so is K to 7." [v. 4] 

The version in Heiberg's text is not only much longer (it adopts the 

roundabout method of using each of three Propositions v. 11, 15, 16 twice 
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over), but it is open to the objection that it uses v. 16 which is only applicable 
if the four magnitudes are of the same kind; whereas v. 23, the proposition 
now in question, is not subject to this restriction. 

Simson rightly observes that in the last step of the proof it should be 
stated that “ G, K are any equimultiples whatever of A, D, and Z, N any 
whatever of C, F.” 

He also gives the extension of the proposition to any number of magnitudes, 
enunciating it thus : 

“If there be any number of magnitudes, and as many others, which, taken 
two and two, in a cross order, have the same ratio ; the first shall have to the 
last of the first magnitudes the same ratio which the first of the others has to 
the last”; 
and adding to the proof as follows : 

“Next, let there be four magnitudes 4, B, C, D, and other four Æ, ÆA G, A, 
which, taken two and two in a cross order, have the same ratio, viz. : 


Ato Bas Gto H, 
B to C as F to G, ABC 
and Cto Das £to F; EFG 
then 4 is to D as £ to H. 


Because 4, 2, C are three magnitudes, and X, G, Æ other three which, 
taken two and two in a cross order, have the same ratio, 


by the first case, A isto Cas Fto H. 
But C is to Das E is to F; 
wherefore again, by the first case, 
A isto Das E to 47. 
And so on, whatever be the number of magnitudes." 


PROPOSITION 24. 


If a first magnitude have to a second the same ratio as a 
third has toa fourth, and also a fifth have to the second the 
same ratio as a sixth to the fourth, the first and fifth added 
together will have to the second the same ratio as the third and 
sixth have to the fourth. 


Let a first magnitude 747 have to a second C the same 
ratio as a third DE has to a 





fourth F; A B G 
and let alsoa fifth BG have to o 
the second C the same ratioas bp E H 





a sixth ÆA has to the fourth g— — 
F: 


I say that the first and fifth added together, 4G, will have 
to the second C the same ratio as the third and sixth, 277, 
has to the fourth Z. 
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For since, as BG is to C, so is EH to F, 
inversely, as C is to BG, so is F to EH. 
Since, then, as 44 P is to C, so is DE to F, 
and, as C is to BG, so is F to EZ, 
therefore, ex aeguali, as AB is to BG, so is DE to Ef. [v. 22] 
And, since the magnitudes are proportional separando, they 
will also be proportional componendo ; [v. 18] 
therefore, as 4G is to GB, so is DH to HE. 
But also, as BG is to C, so is EH to F; 
therefore, ex aegua/t, as AG is to C, so is DH to F. fv. 22] 


Therefore etc. Q. E. D. 
Algebraically, if a:c=d:f, 
and b:c=e:f, 
then (a+b):c=(d+0): f. 


This proposition is of the same character as those which precede the 
propositions relating to compounded ratios ; but it could not be placed earlier 
than it is because v. 22 is used in the proof of it. 

Inverting the second proportion to 


c:b=fie, 
it follows, by v. 22, that a:b=d:e, 
whence, by v. 18, (a+6):b=(d+e):¢, 


and from this and the second of the two given proportions we obtain, by a 
fresh application of v. 22, 
(a+ b):c=(d+eif 

The first use of v. 22 is important as showing that the opposite process to 
compounding ratios, or what we should now call division of one ratio by 
another, does not require any new and separate propositions. 

Aristotle tacitly uses v. 24 in combination with v. 11 and v. 16, Meteorologica 
Ill. 5, 376 a 22—26. 

Simson adds two corollaries, one of which (Cor. 2) notes the extension to 
any number of magnitudes. 

“The proposition holds true of two ranks of magnitudes whatever be their 
number, of which each of the first rank has to the second magnitude the same 
ratio that the corresponding one of the second rank has to a fourth magnitude ; 
as is manifest.” 

Simson’s Cor. 1 states the corresponding proposition to the above with 
separando taking the place of componendo, viz., that corresponding to the 


algebraical form 
(a-—b):c=(d-e):f 


“Cor. r. If the same hypothesis be made as in the proposition, the 
excess of the first and fifth shall be to the second as the excess of the third 
and sixth to the fourth. The demonstration of this is the same with that of 
the proposition if division be used instead of composition." That is, we use 
V. 17 instead of v. 18, and conclude that 


(a - 2) :à2 (4—0):«. 
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PROPOSITION 25. 


If four magnitudes be proportional, the greatest and the 
least are greater than the remaining two. 


Let the four magnitudes 44, CD, E, F be proportional 
so that, as 447 is to CD, so is Æ to 
F, and let /4 B be the greatest of them 


and Æ the least ; A— — B 
I say that AZ, F are greater than — — 
CD, E. H O0 


For let AG be made equal to Æ, 
and CH equal to Z. 

Since, as AB is to CD, so is E 
to F, 


and Æ is equal to 4G, and F to CH, 

therefore, as 48 is to CD, so is AG to CH. 

And since, as the whole AB is to the whole CD, so is 
the part 4G subtracted to the part CH subtracted, 


the remainder GZ will also be to the remainder 77D as 
the whole 74 Z is to the whole CD. [v. 19] 


But AB is greater than CD; 
therefore GZ is also greater than 7/72. 
And, since 4G is equal to £, and CH to F, 
therefore 4G, F are equal to CH, E. 


And if, GB, HD being unequal, and GB greater, AG, F 
be added to G8 and CH, £ be added to 77D, 


it follows that 4B, F are greater than CD, £. 
Therefore etc. 
Q. E. D. 


Algebraically, if a:ózc:d, 
and a is the greatest of the four magnitudes and Z the least, 
a+ad>b+e. 


Simson is right in inserting a word in the setting-out, “let 43 be the 
greatest of them and <consequently> F the least.” This follows from the 
particular case, really included in Def. 5, which Simson makes the subject of 
his proposition A, the case namely where the equimultiples taken are once the 
several magnitudes. 

The proof is as follows. 

Since a: 


[v. 19] 
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But a > b; therefore (a — c) > (6-2). [v. 16 and 14] 
Add to each (c4 4); 
therefore (a 4 4) » (6 * o). 


There is an important particular case of this proposition, which is, 
however, not mentioned here, viz. the case where ^-c. The result shows, in 
this case, that the arithmetic mean between two magnitudes ts greater than 
their geometric mean. The truth of this is proved for straight lines in vi. 27 
by "geometrical algebra," and the theorem forms the dcopiopds for equations 
of the second degree. 

Simson adds at the end of Book v. four propositions, F, G, H, K, which, 
however, do not seem to be of sufficient practical use to justify their inclusion 
here. But he adds at the end of his notes to the Book the following 
paragraph which deserves quotation word for word. 

“The sth book being thus corrected, I most readily agree to what the 
learned Dr Barrow says, ‘that there is nothing in the whole boy of the 
elements of a more subtile invention, nothing more solidly established, and 
more accurately handled than the doctrine of proportionals.’ And there is 
some ground to hope that geometers will think that this could not have been 
said with as good reason, since Theon’s time till the present.” 

Simson’s claim herein will readily be admitted by all readers who are 
competent to form a judgment upon his criticisms and elucidations of Book v. 


BOOK VI. 


INTRODUCTORY NOTE. 


The theory of proportions has been established in Book v. in a perfectly 
general form applicable to all kinds of magnitudes (although the representation 
of magnitudes by straight lines gives it a geometrical appearance) ; it is now 
necessary to apply the theory to the particular case of geometrical investigation. 
The only thing still required in order that this may be done is a proof of the 
existence of such a magnitude as bears to any given finite magnitude any 
given finite ratio; and this proof is supplied, so far as regards the subject 
matter of geometry, by vi. 12 which shows how to construct a fourth pro- 
portional to three given straight lines. 

A few remarks on the enormous usefulness of the theory of proportions 
to geometry will not be out of place. We have already in Books 1. and 1. 
made acquaintance with one important part of what has been well called 
geometrical algebra, the method, namely, of application of areas. We have 
seen that this method, working by the representation of products of two 
quantities as rectangles, enables us to solve some particular quadratic equations. 
But the limitations of such a method are obvious. So long as general 
quantities are represented by s¢raight lines only, we cannot, if our geometry 
is plane, deal with products of more than two such quantities; and, even 
by the use of three dimensions, we cannot work with products of more 
than three quantities, since no geometrical meaning could be attached to 
such a product. ‘This limitation disappears so soon as we can represent any 
general quantity, corresponding to what we denote by a letter in algebra, by 
a ratio; and this we can do because, on the general theory of proportion 
established in Book v., a ratio may be a ratio of two incommensurable 
quantities as well as of commensurables. Ratios can be compounded ad 
infinitum, and the division of one ratio by another is equally easy, since it is 
the same thing as compounding the first ratio with the inverse of the second. 
Thus e.g. it is seen at once that the coeficients in a quadratic of the most 
general form can be represented by ratios between straight lines, and the 
solution by means of Books r. and 11. of problems corresponding to quadratic 
equations with particular coefficients can now be extended to cover any 
quadratic with real roots. As indicated, we can perform, by composition of 
ratios, the operation corresponding to multiplying algebraical quantities, and 
this to any extent. We can divide quantities by compounding a ratio with 
the inverse of the ratio representing the divisor. For the addition and 
subtraction of quantities we have only to use the geometrical equivalent of 
bringing to a common denominator, which is effected by means of the fourth 
proportional. 
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DEFINITIONS. 


1. Similar rectilineal figures are such as have their 
angles severally equal and the sides about the equal angles 
proportional. 


[2. Reciprocally related figures. See note.] 


3. A straight line is said to have been cut in extreme 
and mean ratio when, as the whole line is to the greater 
segment, so is the greater to the less. 


4. The height of any figure is the perpendicular drawn 
from the vertex to the base. 


DEFINITION I. 


“Opora &xrjpara. «VÜbypappá éarw, 0ca Tas Te ywvias igas exer Kara play Kat 
Tas Tepi Tas ivas ywvias mAEvpas avaduyov. 


This definition is quoted by Aristotle, 4za/. post. 11. 17, 99 a 13, where 
he says that similarity (tò ópoxov) in the case of figures ‘consists, let us say 
(tows), in their having their sides proportional and their angles equal.” The 
use of the word tows may suggest that, in Aristotle’s time, this definition had 
not quite established itself in the text-books (Heiberg, Mathematisches zu 
Aristoteles, p. 9). 

It was pointed out in Van Swinden's ZZements of Geometry. (Jacobi's 
edition, 1834, pp. 114—5) that Euclid omits to state an essential part of the 
definition, namely that “the corresponding sides must be opposite to equal 
angles,” which is necessary in order that the corresponding sides may follow 
in the same order in both figures. 

At the same time the definition states more than is absolutely necessary, 
for it is true to say that swo polygons are similar when, if the sides and angles 
are taken in the same order, the angles are equal and the sides about the equal 
angles are proportional, omitting 


(1) three consecutive angles, 
or (2) two consecutive angles and the side common to them, 
or (3) two consecutive sides and the angle included by them, 
and making no assumption with regard to the omitted sides and angles. 


Austin objected to this definition on the ground that it is not obvious that 
the properties (1) of having their angles respectively equal and (2) of having 
the sides about the equal angles proportional can co-exist? in two figures ; but, 
a definition not being concerned to prove the existence of the thing defined, 
the objection falls to the ground. We are properly left to satisfy ourselves as 
to the existence of similar figures in the course of the exposition in Book v1., 
where we learn how to construct on any given straight line a rectilineal figure 
similar to a given one (vi. 18). 
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DEFINITION 2. 


The Greek text gives here a definition of reciprocally related figures 
(dvreremovÓóra oxýpara). “[Two]) figures are reciprocally related when there 
are in each of the two figures antecedent and consequent ratios” (‘AvrirerovOdra 
&i oyxpará. éarw, órav. &v éxarépy rv oXupáruv vyyospevoi re kai éropevot Àoyot 
wrw). No intelligible meaning can be attached to “antecedent and con- 
sequent ratios ” here; the sense would require rather “an antecedent and a 
consequent of (two equal) ratios in each figure.” Hence Candalla and 
Peyrard read Aoywv opor (“terms of ratios”) instead of Aóyo. Camerer reads 
Aeyev without dpo. But the objection to the definition lies deeper. It is 
never used; when we come, in VI. 14, 15, XI. 34 etc. to parallelograms, 
triangles etc. having the property indicated, they are not called “reciprocal ” 
parallelograms etc., but parallelograms etc. “the sides of which are reciprocally 
proportional," óv avrererdvOacw ai wdevpat. Hence Simson appears to be 
right in condemning the definition; it may have been interpolated from Heron, 
who has it. 

Simson proposes in his note to substitute the following definition. ‘Two 
magnitudes are said to be reciprocally proportional to two others when one 
of the first is to one of the other magnitudes as the remaining one of the last 
two is to the remaining one of the first." This definition requires that the 
magnitudes shall be all of the same kind. 


DEFINITION 3. 


“Axpov xai péoov Adyov eiOeia rerunrOa A€yerat, Grav H ws 7 SAN mpòs TÒ 
patLov Tunpa, ovrws To peiLov mpòs Tò EXarror. 


DEFINITION 4. 


"Yyos éori wavtos oyyparos 7 axd tas opus émi rv Bdow xáðeros 
ayopevn. 

The definition of “height” is not found in Campanus and is perhaps 
rightly suspected, since it does not apply in terms to parallelograms, parallele- 
pipeds, cylinders and prisms, though it 1s used in the Z/ements with reference 
to these latter figures. Aristotle does not appear to know altitude (vos) in 
the mathematical sense; he uses xdOeros of triangles (A/eteoroloyica WI. 3, 
373 a 11). The term is however readily understood, and scarcely requires 
definition. 


[DEFINITION 5. 


Aóyos 4x Aovyuv GavykeiaÜat A€yerat, Grav ai rw Adywv WHuKOTyTES Ep Eavrds 
wo\\arAactacbetoat Towel Tiva. 

* A ratio is said to be compounded of ratios when the sizes (ryAuóryres) of 
the ratios multiplied together make some (? ratio, or size)."| 


As already remarked (pp. 116, 132), it is beyond doubt that this definition 
of ratio is interpolated. It has little Ms. authority. The best Ms. (P) only has 
it in the margin; it is omitted altogether in Campanus' translation from the 
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Arabic; and the other mss. which contain it do not agree in the position 
which they give to it. There is no reference to the definition in the place 
where compound ratio is mentioned for the first time (v1. 23), nor anywhere 
else in Euclid; neither is it ever referred to by the other great geometers, 
Archimedes, Apollonius and the rest. It appears to be only twice mentioned 
at all, (1) in the passage of Eutocius referred to above (p. 116) and (2) by 
Theon in his commentary on Ptolemy’s ovvragis. Moreover the content of 
the definition is in itself suspicious. It speaks of the “sizes of ratios being 
multiplied together (literally, into themselves),” an operation unknown to 
geometry. There is no wonder that Eutocius, and apparently Theon also, in 
their efforts to explain it, had to give the word myhixorys a meaning which has 
no application except in the case of such ratios as can be expressed by 
numbers (Eutocius e.g. making it the **number by which the ratio is called"). 
Nor is it surprising that Wallis should have found it necessary to substitute 
for the ** quantitas " of Conimandinus a different translation, ** quantuplicity," 
which he said was represented by the “exponent of the ratio" (rationis ex- 
ponens), what Peletarius had described as “denominatio ipsae proportionis” 
and Clavius as “denominator.” ‘I'he fact is that the definition is ungeometrical 
and useless, as was already seen by Savile, in whose view it was one of the 
two blemishes in the body of geometry (the other being of course Postulate 5). 

It is right to add that Hultsch (art. “Eukleides” in Pauly-Wissowa’s Aea/- 
Encyclopádie der classtschen Altertumswissenschaft) thought the definition 
genuine. His grounds are (1) that it stood in the mada éxducrs repre- 
sented by P (though P has it in the margin only) and (2) that some ex- 
planation on the subject must have been given by way of preparation for 
vi. 23, while there is nothing in the definition which is inconsistent with the 
mode of statement of vi. 23. If the definition is after all genuine, I should 
be inclined to regard it as a mere survival from earlier textbooks, like the first 
of the two alternative definitions of a solid angle (x1. Def. 11); for its form 
seems to suit the old theory of proportion, applicable to commensurable 
magnitudes only, better than the generalised theory of Eudoxus. 


BOOK VI. PROPOSITIONS. 


PROPOSITION I. 


Triangles and parallelograms which are under the same 
height are to one another as their bases. 
Let ABC, ACD be triangles and EC, CF parallelograms 
under the same height ; 
s I say that, as the base C is to the base CD, so is the 
triangle ASC to the triangle ACD, and the parallelogram 
EC to the parallelogram CF. 


E A F 


H G B C D K L 


For let BD be produced in both directions to the points 
H, £ and let [any number of straight lines] BG, GH be 
io made equal to the base BC, and any number of straight lines 
DK, KL equal to the base CD ; 
let AG, AH, AK, AL be joined. 
Then, since CB, BG, GH are equal to one another, 
the triangles 4 BC, AGS, AHG are also equal to one 
15 another. [1. 38] 
Therefore, whatever multiple the base 77C is of the base 
BC, that multiple also is the triangle AHC of the triangle 
ABC. 
For the same reason, 
2 Whatever multiple the base ZC is of the base CD, that 
multiple also is the triangle AZC of the triangle ACD; 
and, if the base ÆC is equal to the base CZ, the triangle 
A HC is also equal to the triangle 4 CZ, (1. 38] 
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if the base ÆC is in excess of the base CZ, the triangle 4477C 
251s also in excess of the triangle 4 CZL, 


and, if less, less. 


Thus, there being four magnitudes, two bases BC, CD 
and two triangles 4 BC, ACD, 


equimultiples have been taken of the base BC and the 
30 triangle 4 BC, namely the base //C and the triangle AHC, 


and of the base CD and the triangle A DC other, chance, equi- 
multiples, namely the base ZC and the triangle AZC ; 


and it has been proved that, 


if the base ÆC is in excess of the base CZ, the triangle 4 HC 
35 is also in excess of the triangle ALC ; 


if equal, equal ; and, if less, less. 
Therefore, as the base BC is to the base CD, so is the 


triangle 4 AC to the triangle ACD. [v. Def. 5] 
Next, since the parallelogram ÆC is double of the triangle 
40.A BC, [1. 41] 


and the parallelogram FC is double of the triangle ACD, 

while parts have the same ratio as the same multiples of 

them, [v. 15] 

therefore, as the triangle ABC is to the triangle 4 CD, so is 
4s the parallelogram ÆC to the parallelogram FC. 


Since, then, it was proved that, as the base ZC is to CD, 
so is the triangle ABC to the triangle ACD, 


and, as the triangle ABC is to the triangle 4CD, so is the 
parallelogram ÆC to the parallelogram CA, 


so therefore also, as the base AC is to the base CP, so is the 
parallelogram ÆC to the parallelogram FC. (v. 11] 


Therefore etc. 
Q. E. D. 


4. Under the same height. The Greek text has **under the same height 4C,” with 
a figure in which the side 4C common to the two triangles is perpendicular to the base and 
is therefore itself the ‘‘height.” But, even if the two triangles are placed contiguously so as 
to have a common side 4C, it is quite gratuitous to require it to be perpendicular to the base. 
Theon, on this occasion making an improvement, altered to ** which are (órra) under the 
same height, (namely) the perpendicular drawn from 4 to BD.” I have ventured to alter so 
far as to omit “4C” and to draw the figure in the usual way. 

14. ABC,AGB,AHG. Euclid, indifferent to exact order, writes “ AHG, AGB, ABC” 

46. Since then it was proved that, as the base BC is to CD, so is the triangle 
ABC to the triangle ACD. Here again words have to be supplied in translating the 
extremely terse Greek éwel ody éSelx0n, ws wev 7 Bdors BI xpos rhv LA, obrws 7d ABr 
tplywrov rpds rd ATA rplywvoy, literally ‘‘ since was proved, as the base BC to CD, so the 
triangle AAC to the triangle ACD.” Cf. note on v. 16, p. 165. 
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The proof assumes—what is however an obvious deduction from 1. 38— 
that, of triangles or parallelograms on zzegua/ bases and between the same 
parallels, the greater is that which has the greater base. 

It is of course not necessary that the two given triangles should have a 
common side, as in the figure; the proof is just as easy if they have not. 
The proposition being equally true of triangles and parallelograms of eqwa/ 
heights, Simson states this fact in a corollary thus: 

“From this it is plain that triangles and parallelograms that have equal 
altitudes are to one another as their bases. 

Let the figures be so placed as to have their bases in the same straight 
line ; and, if we draw perpendiculars from the vertices of the triangles to the 
bases, the straight line which joins the vertices is parallel to that in which 
their bases are, because the perpendiculars are both equal and parallel to one 
another (1. 33]. Then, if the same construction be made as in the proposition, 
the demonstration will be the same." 

The object of placing the bases in one straight line is to get the triangles 
and parallelograms zithin the same parallels. Cf. Proclus’ remark on 1. 38 
(p. 405, 17) that having the same height is the same thing as being in the 
same parallels. 

Rectangles, or right-angled triangles, which have one of the sides about 
the right angle of the same length can be placed so that the equal sides 
coincide and the others are in a straight line. If then we call the common 
side the base, the rectangles or the right-angled triangles are to one another 
as their heights, by vı. rı. Now, instead of each right-angled triangle or 
rectangle, we can take any other triangle or parallelogram respectively with an 
equal base and between the same parallels. Thus 

Triangles and parallelograms having equal bases are to one another as their 
heights. 

Legendre and those authors of modern text-books who follow him in 
basing their treatment of proportion on the algebraical definition are obliged 
to divide their proofs of propositions like this into two parts, the first of 
which proves the particular theorem in the case where the magnitudes are 
commensurable, and the second extends it to the case where they are 
incommensurable. 

Legendre (Æléments de Géométrie, 111. 3) uses for this extension a rigorous 
method by reductio ad absurdum similar to that 
used by Archimedes in his treatise On the p FK c 
equilibrium of planes, 1. 7. The following is 
Legendre's proof of the extension of vi. 1 to in- 
commensurable parallelograms and bases. 

The proposition having been proved for 
commensurable bases, let there be two rectangles 
ABCD, AEFD as in the figure, on bases 48, 

A Ewhich are incommensurable with one another. 


To prove that rect. ABCD: rect. AEFD= AB: AE. 

For, if not, let rect. 4B8CD :rect. 4EFD- AB: AO, ................. (1) 
where 40 is (for instance) greater than AZ. 

Divide 4B into equal parts each of which is less than ZO, and mark off 
on AO lengths equal to one of the parts; then there will be at least one point 


of division between Æ and O. 
Let it be 7, and draw ZX parallel to EF 
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Then the rectangles 4 2CD, A/JKD are in the ratio of the bases 4B, A7, 
since the latter are commensurable. 
Therefore, inverting the proportion, 


rect. 47K D : rect. 4BCD - AJ AB... Lue (2). 
From this and (1), ex aequa/t, 
rect. 47K D : rect. AEFD - AT: 40. 


But 40» 47; therefore rect. AEFD > rect. A IKD. 


But this is impossible, for the rectangle 4E FD is less than the rectangle 
AIKD. 


Similarly an impossibility can be proved if 40 « AZ. 
Therefore rect. ABCD :rect. AEFD- AB: AE. 


Some modern American and German text-books adopt the less rigorous 
method of appealing to the theory of //is. 


PROPOSITION 2. 


Jf a straight line be drawn parallel to one of the sides of a 
triangle, it will cut the sides of the triangle proportionally , 
and, uf the sides of the triangle be cut proportionally, the line 
joining the points of section will be parallel to the remaining 
side of the triangle. 


For let DE be drawn parallel to BC, one of the sides of 
the triangle 4 BC; 


I say that, as BD is to DA, so is CE to A 
E A. 


For let BZ, CD be joinea. 
Therefore the triangle £D E is equal to 


the triangle CDE ; ; S 
for they are on the same base DÆ and in P s 
the same parallels DZ, BC. [1. 38] 

And the triangle 44 DE is another area. 

But equals have the same ratio to the same ; (v. 7] 


therefore, as the triangle BDÆ is to the triangle ADE, so 
is the triangle CDE to the triangle ADE. 


But, as the triangle BDZ is to ADE, so is BD to DA; 


for, being under the same height, the perpendicular drawn 
from Æ to AÐ, they are to one another as their bases. (vi. 1] 


For the same reason also, 
as the triangle CDE is to ADE, so is CE to EA. 
Therefore also, as BD is to DA, so is CE to FA. (v. 11) 
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Again, let the sides 43, AC of the triangle ABC be cut 
proportionally, so that, as BD is to DA, so is CE to £A ; 
and let DE be joined. 

I say that DZ is parallel to BC. 

For, with the same construction, 


since, as BD is to D A, so is CE to E A, 


but, as BD is to DA, so is the triangle BDE to the triangle 
ADE, 


and, as CE is to EA, so is the triangle CDE to the triangle 
ADE, (vi. 1] 


therefore also, 


as the triangle BDE is to the triangle ADÆ, so is the 
triangle CDE to the triangle A DE. [v. 11] 


Therefore each of the triangles BDZ, CDE has the same 
ratio to ADE. 
Therefore the triangle BDZ is equal to the triangle CDE; 


[v. 9] 
and they are on the same base DZ. 


But equal triangles which are on the same base are also 
in the same parallels. [. 39] 
Therefore D is parallel to BC. 
Therefore etc. 
Q. E. D. 


Euclid evidently did not think it worth while to distinguish in the 
enunciation, or in the figure, the cases in which the parallel to the base cuts 
the other two sides produced (a) beyond the point in which they intersect, 
(5) in the other direction. Simson gives the three figures and inserts words 
in the enunciation, reading “it shall cut the other sides, or ¢hose sides produced, 
proportionally” and “if the sides, or fhe sides produced, be cut proportionally.” 

Todhunter observes that the second part of the enunciation ought to 
make it clear which segments in the proportion correspond to which. Thus 
e.g., if AD were double of DB, and CE double of EA, the sides would be 
cut proportionally, but DE would not be parallel to BC. The omission 
could be supplied by saying “and if the sides of the triangle be cut 
proportionally so that the segments adjacent to the third side are corresponding 
terms in the proportion.” 


PROPOSITION 3. 


Jf an angle of a triangle be bisected and the straight line 
cutting the angle cut the base also, the segments of the base 
well have the same ratio as the remaining sides of the triangle; 
and, uf the segments of the base have the same ratio as the 
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remaining sides of the triangle, the straight line joined from 
the vertex to the point of section will bisect the angle of the 
triangle. 

Let ABC be a triangle, and let the angle BAC be bisected 
by the straight line 4D; 
I say that, as BD is to CD, so É 
is BA to AC. 


For let CZ be drawn through 
C parallel to DA, and let BA 
be carried through and. meet it 
at £. 
Then, since the straight line 
AC falls upon the parallels 4D, ° m UM 
EC, 
the angle ACE is equal to the angle CAD. (i. 29] 
But the angle CAD is by hypothesis equal to the angle 
BAD; 
therefore the angle BAD is also equal to the angle 4 CE. 
Again, since the straight line BA E falls upon the parallels 
AD, EC, 
the exterior angle BAD is equal to the interior angle 
AEC. [1. 29] 
But the angle ACE was also proved equal to the angle 
BAD; 
therefore the angle 44 C£ is also equal to the angle A EC, 
so that the side AZ is also equal to the side 4C.  [1. 6] 
And, since AD has been drawn parallel to EC, one of 
the sides of the triangle ACE, 
therefore, proportionally, as BD is to DC, so is BA to AE. 
But AZ is equal to AC; [vi. 2] 
therefore, as BD is to DC, so is BA to AC. 


Again, let BA be to AC as BD to DC, and let AD be 
joined ; 
I say that the angle BAC has been bisected by the straight 
line AD. 

For, with the same construction, 
since, as BD is to DC, so is BA to AC, 
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and also, as BD is to DC, so is BA to AL: for AD has 
been drawn parallel to EC, one of the sides of the triangle 


BCE: (vt. 2] 
therefore also, as BA is to AC, so is BA to AL. [v. 11] 
Therefore AC is equal to AL, [v. 9] 


so that the angle A ÆC is also equal to the angle ACE. [r 5] 
But the angle 44 EC is equal to the exterior angle BAD, 


[1. 29] 
and the angle ACE is equal to the alternate angle CAD; [id] 


therefore the angle BAD is also equal to the angle CAD. 


Therefore the angle BAC has been bisected by the straight 
line AD. 


Therefore etc. 
Q. E. D. 


The demonstration assumes that CZ wil’ meet BA produced in some 
point Æ. This is proved in the same way as it is proved in vi. 4that BA, LD 
will meet if produced. The angles 48D, BDA in the figure of vi. 3 are 
together less than two right angles, and the angle BDA is equal to the angle 
BCE, since DA, CE are parallel. Therefore the angles 4BC, BCE are 
together less than two right angles; and BA, CE must meet, by 1. Post. 5. 

The corresponding proposition about the segments into which BC is 
divided externally by the bisector of the external angle at A when that 
bisector meets BC produced (i.e. when the sides 4B, AC are not equal) is 
important. Simson gives it as a separate proposition, A, noting the fact that 
Pappus assumes the result without proof (Pappus, vit. p. 739, 24). 

The best plan is however, as De Morgan says, to combine Props. 3 and A 
in one proposition, which may be enunciated thus: // an angle of a triangle 
be bisected internally or externally by a straight line which cuts the opposite side 
or the opposite side produced, the segments of that side will have the same ratio 
as the other sides of the triangle; and, if a side of a triangle be divided internally 
or externally so that its segments have the same ratio as (he other sides of the 
triangle, the straight line drawn from the point of section to the angular point 
which is opposite to the first mentioned side will bisect the interior or exterior angle 
at that angular point. 





8 C D 


Let AC be the smaller of the two sides AB, AC, so that the bisector 4D 
of the exterior angle at 4 may meet SC produced beyond C. Draw CE 
through C parallel to DA, meeting BA in £. 

Then, if FAC is the exterior angle bisected by 44D in the case of external 
bisection, and if a point Fis taken on 4JZ in the figure of vi. 3, the proof of 
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VI. 3 can be used almost word for word for the other case. We have only to 
speak of the angle '* Z4C" for the angle ** 244 C," and of the angle “ FAD” 
for the angle '* £4 D " wherever they occur, to say “let BA, or BA produced, 
meet CE in £,” and to substitute “ BA or BA produced” for “BAE” 
lower down. 


8 D C E 


If 4D, AE be the internal and external bisectors of the angle 4 in a 
triangle of which the sides 48, AC are unequal, 4C being the smaller, and 
if AD, AE meet BC and BC produced in D, Æ respectively, 


the ratios of BD to DC and of BE to EC are alike equal to the ratio of 
BA to AC. 


Therefore BE isto ECas BD to DC, 


that is, BE is to EC as the difference between BE and ED is to the 
difference between ED and £C, 


whence BE, ED, EC are in harmonic progression, or DE is a harmonic mean 
between BE and ÆC, or again B, D, C, E is a harmonic range. 


Since the angle DAC is half of the angle BAC, 
and the angle CAE half of the angle CAF, 
while the angles BAC, CAF are equal to two right angles, 


the angle DAE is a right angle. 


Hence the circle described on DE as diameter passes through 4. 

Now, if the ratio of BA to AC is given, and if BC is given, the points 
D, E on BC and BC produced are given, and therefore so is the circle on 
D, E as diameter. Hence the locus of a point such that tts distances from two 
given points are ina given ratio (not being a ratio of equality) ts a circle. 

This locus was discussed by Apollonius in his Plane Loci, Book t1., as we 
know frem Pappus (vri p. 666), who says that the book contained the 
theorem that, if from two given points straight lines inflected to another 
point are in a given ratio, the point in which they meet will lie on either a 
straight line or a circumference of a circle. The straight line is of course the 
locus when the ratio is one of equality. The other case is quoted in the 
following form by Eutocius (Apollonius, ed. Heiberg, 11. pp. 180—4). 

Given tuo points in a plane and a proportion between unequal straight lines, 
it is possible to describe a circle in the plane so that the straight lines inflected 
from the given points to the circumference of the circle shall have a ratio the 
same as the given one. 

Apollonius’ construction, as given by Eutocius, is remarkable because he 
makes no use of either of the points D, Æ. He finds O, the centre of the 
required circle, and the length of its radius directly from the data BC and the 
given ratio which we will call 4:4 But the construction was not discovered 
by Apollonius ; it belongs to a much earlier date, since it appears in exactly 
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the same form in Aristotle, Meteorologica iu. 8, 376 a 3 sqq. The 
analysis leading up to the construction is, as usual, not given either by 
Aristotle or Eutocius. We are told to take three straight lines x, CO (a 
length measured along BC produced beyond C, where B, C are the points at 
which the greater and smaller of the inflected lines respectively terminate), 
and r, such that, if 4:4 be the given ratio and A» 4, 


k : h =Å * * * x, €90*09000990090«400€0*9*08000000090**090*9* (a) 
ABC SR COSA oni eona Ta (B) 





This determines the position of O, and the length of 7, the radius of the 
required circle. The circle is then drawn, azy point P is taken on it and 
joined to B, C respectively, and it is proved that 


PB: PCzAÀ:&. 


We may conjecture that the analysis proceeded somewhat as follows. 

It would be seen that B, C are “conjugate points" with reference to the 
circle on DE as diameter. (Cf. Apollonius, Comics, 1. 36, where it is proved, 
in terms, for a circle as well as for an ellipse and a hyperbola, that, if the 
polar of B meets the diameter DE in C, then EC: CD=£B: BD.) 

If O be the middle point of DÆ, and therefore the centre of the circle, 
D, E may be eliminated, as in the Comics, 1. 37, thus. 


Since EC:CD=£8: BD, 
it follows that ÆC+ CD: EC-CD- EB« BD: EB- BD, 
Or 20D:20C=20B : 20D, 
that is, BO.OC=OP=P,, say. 


If therefore P be any point on the circle with centre O and radius v, 
BO: OP=OP: 0C, 

so that BO/, POC are similar triangles. 

In addition, 4:2£- 22: DC- BE. EC 

-BD-«BE:DE-BO:r. 
Hence we require that 
BO:rsriOCsS BP: PCz Ai. eee (5) 
Therefore, alternately, 
&: COzÀ:r, 

which is the second relation in (8) above. 

Now assume a length x such that each of the last ratios is equal to x: BC, 


as in (f). 
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Then x: BC=k:CO=A:r. 
Therefore x+k: BO=hk:r, 
and, alternately, xt+k:h=BO:r 


— A :£, from (8) above ; 
and this is the relation (a) which remained to be found. 


Apollonius' proof of the construction is given by Eutocius, who begins by 
saying that it is manifest that 7 is a mean proportional between BO and OC. 
This is seen as follows . 


From (8) we derive 
x:BC=k: CO=h:r=(k+x): BO, 


whence BO:r=(k+x):h 
=h:k, by (a), 
=r: CO, by (B), 
and therefore z? = BO. CO. 


But the triangles BOP, POC have the angle at O common, and, since 
BO: OP= OP: OC, the triangles are similar and the angles OPC, OBP 
are equal. 


[Up to this point Aristotle’s proof is exactly the same; from this point it 
diverges slightly. ] 

If now CZ be drawn parallel to BP meeting OF in Z, the angles BPC 
LCF are equal also. 


Therefore the triangles BPC, PCL are similar, and 
BP: PC= PC: CL, 
whence BP':POC'-BP:CL 
= BO: (OC, by parallels, 
= BO’ : OP? (since BO: OP = OP: OC). 
Therefore BP: PC=BO: OP 
=h:k (for OP=r). 


[Aristotle infers this more directly from the similar triangles POB, COP. 
Since these triangles are similar, 


OP: CP= OB: BP, 
whence BP: PC=BO:OP 
=h:h.} 
Apollonius proves lastly, by reductio ad absurdum, that the last equation 


cannot be true with reference to any point Z which is not on the circle so 
described. 


PROPOSITION 4. 


In equiangular triangles the sides about the egual angles 
are proportional, and those are corresponding sides which 
subtend the equal angles. 
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Let ABC, DCE be equiangular triangles having the 
angle ABC equal to the angle 
DCE, the angle BAC to the 
angle CDE, and further the angle 
ACB to the angle CED ; 

I say that in the triangles 4 AC, 
DCE the sides about the equal 
angles are proportional, and those 
are ae sides which 
subtend the equal angles. é C E 

For let BC be placed in a 
straight line with CZ. 

Then, since the angles 4 BC, ACB are less than two right 
angles, [1. 17] 
and the angle AC is equal to the angle DEC, 
therefore the angles 48C, DEC are less than two right 
angles ; 
therefore BA, ED, when produced, will meet. (1. Post. 5] 

Let them be produced and meet at F. 


Now, since the angie DCE is equal to the angle 4 BC, 


F 


BF is parallel to CD. (1. 28] 
Again, since the angle CB is equal to the angle DEC, 
AC is parallel to FE. (1. 28] 
Therefore FACD is a parallelogram ; 
therefore FA is equal to DC, and AC to FD. [1. 34] 


And, since AC has been drawn parallel to FZ, one side 
of the triangle FBE, 


therefore, as BA is to AF, so is BC to CE. [vr. 2] 
But AF is equal to CD; 
therefore, as BA is to CD, so is BC to CE, 


and alternately, as 4B is to BC, so is DC to CE. [v. 16] 
Again, since CD is parallel to BF, 
therefore, as BC is to CE, so is FD to DE. (vi. 2] 


But FD is equal to AC; 
therefore, as BC is to CE, so is AC to DE, 
and alternately, as BC is to CA, so is CE to ED. [v. 16] 
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Since then it was proved that, 
as AB is to BC, so is DC to CZ, 
and, as BC is to CA, sois CE to ED; 
therefore, ex aegual:,as BA is to AC, so is CD to DE. [v. 22] 
Therefore etc. 
Q. E. D. 


Todhunter remarks that ‘the manner in which the two triangles are to be 
placed is very imperfectly described; their bases are to be in the same straight 
line and contiguous, their vertices are to be on the same side of the base, and 
each of the two angles which have a common vertex is to be equal to the 
remote angle of the other triangle." But surely Euclid's description is 
sufficient, except for not saying that B and D must be on the same side 
of BCE. 

vi. 4 can be immediately deduced from vt. 2 if we superpose one triangle 
on the other three times in succession, so that each angle successively 
coincides with its equal, the triangles being similarly situated, e.g. if (4, B, C 
and D, E, F being the equal angles respectively) we apply the angle DEF to 
the angle ABC so that D lies on AB (produced if necessary) and Fon BC 
(produced if necessary). De Morgan prefers this method. “Abandon,” he 
says, “the peculiar mode of construction by which Euclid proves two cases at 
once; make an angle coincide with its equal, and suppose this process repeated 
three times, one for each angle.” 


PROPOSITION 5. 


Jf two triangles have their sides proportzonal, the triangles 
will be eguiangular and will have those angles egual which the 
corresponding sides subtend. 


Let ABC, DEF be two triangles having their sides 


proportional, so that, 
as AB isto BC, so is DE to EF, 
as DC is to CA, so is EF to FD, 
and further, as BA is to AC, sois ED to DF; 


I say that the triangle AAC is equiangular with the triangle 
DEF, and they will have those angles equal which the corre- 
sponding sides subtend, namely the angle AAC to the angle 
DEF, the angle BCA to the angle EFD, and further the 
angle BAC to the angle EDF. 


For on the straight line EZ, and at the points Æ, F on 
it, let there be constructed the angle “EG equal to the angle 
ABC, and the angle E FG equal to the angle ACB; [t 23] 
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therefore the remaining angle at 4 is equal to the remaining 


angle at G. (1. 32] 
Therefore the triangle ABC is equiangular with the 


triangle GEF. 
La 
E 


C G 


Therefore in the triangles 4BC, GEF the sides about 
the equal angles are proportional, and those are corresponding 
sides which subtend the equal angles ; [vi. 4] 


therefore, as AB is to BC, so is GE to EF. 
But, as 4B is to BC, so by hypothesis is DE to EF; 
therefore, as DE is to EF, so is GE to EF. [v. 11] 


Therefore each of the straight lines DE, GE has the 
same ratio to EF; 


therefore DE is equal to GZ. [v. 9] 
For the same reason 
DF is also equal to GF. 
Since then DE is equal to £G, 
and EF is common, 
the two sides DE, EF are equal to the two sides GE, EF; 
and the base DF is equal to the base FG ; 
therefore the angle DEF is equal to the angle GEF, [18] 
and the triangle DEF is equal to the triangle GEF, 


and the remaining angles are equal to the remaining angles, 
namely those which the equal sides subtend. (t. 4] 


Therefore the augle DE is also equal to the angle GFZ, 
and the angle EDF to the angle EGF. 
And, since the angle FE is equal to the angle GEF, 
while the angle GEF is equal to the angle 4BC, 
therefore the angle 4BC is also equal to the angle DEF. 
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For the same reason 
the angle 4C is also equal to the angle DFE, 
and further, the angle at 4 to the angle at D; 


therefore the triangle 4 SC is equiangular with the triangle 
DEF. 
Therefore etc. 
Q. E. D. 
This proposition is the complete converse, vi. 6 a partial converse, of vi. 4. 
Todhunter, after Walker, remarks that the enunciation should make it 


clear that the sides of the triangles /aken in order are proportional. It is quite 
possible that there should be two triangles 48C, DEF such that 


AB is to BCas DE to EF, 
and BC is to CA as DF is to ED (instead of EF to FD), 
so that AB isto AC as DF to EF 
(ex aequali in perturbed proportion) ; 
in this case the sides of the triangles are proportional, but not in the same 
order, and the triangles are not necessarily equiangular to one another. Fora 
numerical illustration we may suppose the sides of one triangle to be 3, 4 and 
5 feet respectively, and those of another to be 12, 15 and 20 feet respectively. 


In vi. 5 there is the same apparent avoidance of indirect demonstration 
which has been noticed on 1. 48. 


PROPOSITION 6. 


If two triangles have one angle equal to one angle and the 
sides about the equal angles proportional, the triangles will be 
egurangular and will have those angles equal which the corre- 
sponding sides subtend. 


Let ABC, DEF be two triangles having one angle BAC 
equal to one angle EDF and the sides about the equal angles 
proportional, so that, 


as BA isto AC, sois ED to DF; 


I say that the triangle 4 8C is equiangular with the triangle 
DEF, and will have the angle ABC equal to the angle DEF, 
and the angle ACB to the angle DFE. 


For on the straight line DF, and at the points D, F on it, 
let there be constructed the angle “DG equal to either of the 
angles BAC, EDF, and the angle DFG equal to the angle 
ACB; (1. 23] 

therefore the remaining angle at Z is equal to the remaining 
angle at G. [1. 32) 


vi. 6] PROPOSITIONS 5, 6 205 


Therefore the triangle ABC is equiangular with the 
triangle DGF. 


Therefore, proportionally, as BA is to AC, so is GD to 


DF. (vi. 4] 
But, by hypothesis, as BA is to AC, so also is ED to DF; 
therefore also, as ED is to DF, so is GD to DF. [v. 11] 
D 
NJ | 
E F 
B c 

Therefore ED is equal to DG ; [v. 9] 


and DF is common ; 


therefore the two sides ED, DF are equal to the two sides 
GD, DF; and the angle EDF is equal to the angle GDF; 


therefore the base EF is equal to the base GF, 
and the triangle DE is equal to the triangle DG, 


and the remaining angles will be equal to the remaining angles, 
namely those which the equal sides subtend. (t. 4] 


Therefore the angle DFG is equal to the angle DF EZ, 

and the angle DGF to the angle DEF. 

But the angle DFG is equal to the angle ACB; 
therefore the angle 4CB is also equal to the angle DFE. 


And, by hypothesis, the angle BAC is also equal to the 
angle EDF’; 


therefore the remaining angle at Ø is also equal to the 
remaining angle at £; [1. 32] 


therefore the triangle 4 BC is equiangular with the triangle 
DEF. 


Therefore etc. 
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PROPOSITION 7. 


If two triangles have one angle equal to one angle, the 
sides about other angles proportional, and the remaining angles 
either. both less or both not less than a right angle, the triangles 
will be eguiangular and will have those angles equal, the sides 
about which are proportional. 


Let ABC, DEF be two triangles having one angle equal 


to one angle, the angle BAC to 
the angle EDF, the sides about 


other angles ABC, DEF propor- : 
tional, so that, as 4B is to BC, 
so is DE to EF, and, first, each IN 
of the remaining angles at C, F l 
B G 
c 


less than a right angle ; 
I say that the triangle ABC is 
equiangular with the triangle 
DEF, the angle ABC will be 
equal to the angle DEF, and the remaining angle, namely 
the angle at C, equal to the remaining angle, the angle 
at F. 
For, if the angle 4AC is unequal to the angle DEF, one 
of them is greater. 
Let the angle AAC be greater ; 
and on the straight line 4, and at the point B on it, let the 
angle ABG be constructed equal to the angle DEF. (1. 23] 
Then, since the angle 4 is-equal to D, 
and the angle ABG to the angle DEF, 
therefore the remaining angle 4GB is equal to the remaining 
angle DFE. [L 32] 
Therefore the triangle 48G is equiangular with the 
triangle DEF. 

Therefore, as AB is to BG, so is DE to EF [vt. 4] 
But, as DE is to EF, so by hypothesis is 4B to BC; 
therefore AB has the same ratio to each of the straight 
lines BC, BG; [v. 11] 

therefore BC is equal to BG, [v. 9] 
so that the angle at C is also equal to the angle BGC. [r5] 
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But, by hypothesis, the angle at C is less than a right 
angle ; 
therefore the angle BGC is also less than a right angle; 
so that the angle AGB adjacent to it is greater than a right 
angle. [1. 13] 

And it was proved equal to the angle at 7; 
therefore the angle at F is also greater than a right angle. 

But it is by hypothesis less than a right angle: which is 
absurd. 

Therefore the angle ABC is not unequal to the angle 
DEF; 
therefore it is equal to it. 

But the angle at 4 is also equal to the angle at D; 
therefore the remaining angle at C is equal to the remaining 
angle at 7. [1. 32] 

Therefore the triangle 4 AC is equiangular with the triangle 
DEF. 


But, again, let each of the angles at C, Æ be supposed not 
less than a right angle; 


I say again that, in this case too, the 


A 
triangle /4 JC is equiangular with the D 
triangle DEF. 
For, with the same construction, 
we can prove similarly that : 
E 
C 


BC is equal to BG ; 

so that the angle at C is also equal to 
the angle BGC. [1. 5) 

But the angle at C is not less than a right angle; 
therefore neither is the angle BGC less than a right angle. 
_ Thus in the triangle BGC the two angles are not less 
than two right angles: which is impossible. [r. 17] 

Therefore, once more, the angle ABC is not unequal to 
the angle DEF; 
therefore it is equal to it. 

But the angle at 4 is also equal to the angle at D; 


therefore the remaining angle at C is equal to the remaining 
angle at F. (1. 32] 
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Therefore the triangle 4 AC is equiangular with the triangle 
DEF. 
Therefore etc. 
Q. E. D. 


Todhunter points out, after Walker, that some more words are necessary 
to make the enunciation precise: “If two triangles have one angle equal to one 
angle, the sides about other angles proportional <so that the sides subtending 
the equal angles are homologous>....” 

This proposition is the extension to similar triangles of the ambiguous case 
already mentioned as omitted by Euclid in relation to egua/i£y of triangles in 
all respects (cf. note following 1. 26, Vol. 1. p. 306). The enunciation of vi. 7 
has suggested the ordinary method of enunciating the ambiguous case where 
equality and not similarity is in question. Cf. Todhunter’s note on 1. 26. 

Another possible way of presenting this proposition is given by Todhunter. 
The essential theorem to prove is: 

Lf two triangles have two sides of the one proportional to two sides of the 
other, and the angles opposite to one pair of corresponding sides equal, the angles 
which are opposite to the other patr of corresponding sides shall either be equal or 
be together equal to two right angles. 

For the angles included by the proportional sides must be either equal or 
unequal. 

If they are equal, then, since the triangles have two angles of the one 
equal to two angles of the other, respectively, they are equiangular to one 
another. 

We have therefore only to consider the case in which the angles included 
by the proportional sides are unequal. 

The proof is, except at the end, like that of vi. 7. 

Let the triangles ABC, DEF have the angle at A equal to the angle at D; 

let 4B be to BC as DE to EF, 


but let the angle ABC be not equal to the angle DEF. 


D 


B E 


The angles ACB, DE shall be together equal to two right angles. 

For one of the angles 4C, DEF must be the greater. 

Let ABC be the greater; and make the angle ABG equal to the angle 
DEF. 

Then we prove, as in v1. 7, that the triangles 4BG, DEF are equiangular, 
whence 


AB isto BG as DE is to EF. 
But AB is to BC as DE is to EF, by hypothesis. 
Therefore BG is equal to BC, 


and the angle BGC is equal to the angle BCA. 
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Now, since the triangles 4G, DEF are equiangular, 
the angle BGA is equal to the angle EF. 
Add to them respectively the equal angles BGC, BCA; therefore the 
angles BCA, EFD are together equal to the angles BGA, BGC, i.e. to two 
right angles. 


It follows therefore that the angles BC4, ÆFD must be either equal or 
supplementary. 


But (1) if each of them is less than a right angle, they cannot be 
supplementary, and they must therefore be equal; 


(2) if each of them is greater than a right angle, they cannot be 
supplementary and must therefore be equal; 


(3) if one of them is a right angle, they are supplementary and also equal. 


Simson distinguishes the last case (3) in his enunciation: “then, if each of 
the remaining angles be either less or not less than a right angle, or if one of 
them be a right angle....” 

The change is right, on the principle of restricting the conditions to the 
minimum necessary to enable the conclusion to be inferred. Simson adds a 
separate proof of the case in which one of the remaining angles is a right 
angle. 

* Lastly, let one of the angles at C, Æ viz. the angle at C, be a right angle; 
in this case likewise the triangle 48C 


is equiangular to the triangle DEF. A 
For, if they be not equiangular, D 
make, at the point B of the straight 
line 4, the angle ABG equal to the G 
angle DEF; then it may be proved, 
as in the first case, that BG is equal 8 c 
to BC. 
But the angle BCG is a right 
angle ; 
therefore the angle BGC is also a C 
right angle ; B d 


whence two of the angles of the tri- 
angle BGC are together not less than 
two right angles: which is impossible. 


Therefore the triangle 4C is equiangular to the triangle DEF.” 


Proposition 8. 


Jf in a right-angled triangle a perpendicular be drawn 
rom the right angle to the base, the triangles adjoining the 
perpendicular are similar both to the whole and to one another. 


Let ABC be a right-angled triangle having the angle 
BAC right, and let 4D be drawn from 74 perpendicular 
to BC; 

I say that each of the triangles ABD, ADC is similar to 
the whole AAC and, further, they are similar to one another. 
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For, since the angle BAC is equal to the angle ADB, 
for each is right, 
and the angle at B is common to the 


two triangles 44 BC and 44 BD, ^ 
therefore the remaining angle 4CB 

is equal to the remaining angle 

BAD; (1. 32] 

therefore the triangle ABC is equi- 9 E 


angular with the triangle 44 52. 


Therefore, as BC which subtends the right angle in the 
triangle ABC is to BA which subtends the right angle in 
the triangle 42D, so is AZ itself which subtends the angle 
at C in the triangle ABC to BD which subtends the equal 
angle BAD in the triangle 4 8D, and so also is AC to AD 
which subtends the angle at B common to the two triangles. 

(vi. 4] 

Therefore the triangle ABC is both equiangular to the 

triangle ABD and has the sides about the equal angles 


proportional. 
Therefore the triangle ABC is similar to the triangle 
ABD. [vi. Def. 1] 


Similarly we can prove that 
the triangle BC is also similar to the triangle ADC; 
therefore each of the triangles 4d BD, ADC is similar to the 
whole ABC. 

I say next that the triangles 4BD, ADC are also similar 
to one another. 

For, since the right angle BDA is equal to the right angle 
ADC, 
and moreover the angle BAD was also proved equal to the 
angle at C, 
therefore the remaining angle at B is also equal to the 
remaining angle DAC; (1. 32] 
yy the triangle ABD is equiangular with the triangle 
ADC. 

Therefore, as BD which subtends the angle 5,42 in the 
triangle 4 BD is to DA which subtends the angle at C in the 
triangle ADC equal to the angle BAD, so is AD itself 
which subtends the angle at Z in the triangle ABD to DC 
which subtends the angle DAC in the triangle ADC equal 
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to the angle at B, and so also is BA to AC, these sides 
subtending the right angles ; [vr. 4) 


therefore the triangle 4422 is similar to the triangle ADC. 
[vi. Def. 1] 
Therefore etc. 


Porism. From this it is clear that, if in a right-angled 
triangle a perpendicular be drawn from the right angle to the 
base, the straight line so drawn is a mean proportional 
between the segments of the base. Q. E. D. 


Simson remarks on this proposition: “It seems plain that some editor 
has changed the demonstration that Euclid gave of this proposition: For, 
after he has demonstrated that the triangles are equiangular to one another, 
he particularly shows that their sides about the equal angles are proportionals, 
as 1f this had not been done in the demonstration of prop. 4 of this book : 
this superfluous part is not found in the translation from the Arabic, and is 
now left out." 

This seems a little hypercritical, for the “particular showing” that the 
sides about the equal angles are proportionals is really nothing more than 
a somewhat full citation of vi. 4. Moreover to shorten his proof still 
more, Simson says, after proving that each of the triangles 48D, ADC is 
similar to the whole triangle ASC, “And the triangles 48D, ADC being 
hoth equiangular and similar to ASC are equiangular and similar to one 
another,” thus assuming a particular case of vi. 21, which might well be 
proved here, as Euclid proves it, with somewhat more detail. 

We observe that, here as generally, Euclid seems to disdain to give the 
reader such small help as might be afforded by arranging the letters used to 
denote the triangles so as to show the corresponding angular points in the 
same order for each pair of triangles; 4 is the first letter throughout, and the 
other two for each triangle are in the order of the figure from left to right. It 
may be in compensation for this that he states at such length which side 
corresponds to which when he comes to the proportions. 

In the Greek texts there is an addition to the Porism inserted after 
' (Being) what it was required to prove,” viz. “and further that between the 
base and any one of the segments the side adjacent to the segment is a mean 
proportional.” Heiberg concludes that these words are an interpolation 
(1) because they come after the words õrep ée: 8ei£ac which as a rule follow the 
Porism, (2) they are absent from the best Theonine Mss, though P and 
Campanus have them without the ómep &&« Sega Heiberg’s view seems to 
be confirmed by the fact noted by Austin, that, whereas the first part of the 
Porism is quoted later in vi. 13, in the lemma before x. 33 and in the lemma 
after XIII. 13, the second part is proved in the former lemma, and elsewhere, 
as also in Pappus (111. p. 72, 9—23). 


PROPOSITION 9. 


From a given straight line to cut off a prescribed part. 
Let AB be the given straight line ; 
thus it is required to cut off from AZ a prescribed part. 


5 


10 


15 
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Let the third part be that prescribed. 
Let a straight line AC be drawn through from 4 con- 
taining with AZ any angle; 


let a point D be taken at random on 
AC, and let DE, EC be made equal 
to AD. (1. 3] 


Let BC be joined, and through D 
let DF be drawn parallel to it. (1. 31] 


Then, since FD has been drawn 
parallel to BC, one of the sides of the triangle ABC, 


therefore, proportionally, as CD is to DA, so is BF to FA. 


(vi. 2] 
But CD is double of DA ; 
therefore BF is also double of 74 ; 
therefore BA is triple of AF. 


Therefore from the given straight line 447 the prescribed 
third part AF has been cut off. 





Q. E. F. 


6. any angle. The expression here and in the two following propositions is rvxoüca 
ywvla, corresponding exactly to rvxór enuetov which I have translated as ‘‘a point (taken) 
at random”; but “an angle (taken) at random” would not be so appropriate where it is a 
question, not of /aéing any angle at all, but of drawing a straight line casually so as to make 
any angle with another straight line. 


Simson observes that ‘this is demonstrated in a particular case, viz. that 
in which the third part of a straight line is required to be cut off; which is 
not at all like Euclid's manner. Besides, the author of that demonstration, 
from four magnitudes being proportionals, concludes that the third of them is 
the same multiple of the fourth which the first is of the second ; now this is 
nowhere demonstrated in the 5th book, as we now have it; but the editor 
assumes it from the confused notion which the vulgar have of proportionals." 

The truth of the assumption referred to is proved by Simson in his 
proposition D given above (p. 128); hence he is 
able to supply a general and legitimate proof 
of the present proposition. A 


“Let AB be the given straight line; it is 
required to cut off any part from it. 

From the point 4 draw a straight line AC 
making any angle with 442; in AC take any 
point D, and take AC the same multiple of 4D 
that AB is of the part which is to be cut off 
from it; 


join BC, and draw DE parallel to it: B C 
then AZ is the part required to be cut off. 
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Because ED is parallel to one of the sides of the triangle 4 BC, viz. to BC, 


as CD is to DA, sois BE to EA, [vi. 2] 
and, componendo, 
CA is to AD, as BA to AE. [v. 18] 
But CA is a multiple of AD; 
therefore BA is the same multiple of AZ. [Prop. D] 


Whatever part therefore AD is of AC, AE is the same part of AB; 
wherefore from the straight line 47 the part required is cut off." 


The use of Simson's Prop. D can be avoided, as noted by Camerer after 
Baermann, in the following way. We first prove, as above, that 
CA is to AD as BA is to AE. 


Then we infer that, alternately, 


CA is to BA as AD to AE. [v. 16] 

But AD is to AE as n. AD ton. AE 
(where » is the number of times that 4D is contained in AC) ; [v. 15] 
whence 4C is to 4B as 5. 4D isto n. AE. [v. 11] 


In this proportion the first term is equal to the third ; therefore [v. 14] 
the second is equal to the fourth, 


so that 4B is equal to » times AZ. 
Prop. 9 is of course only a particular case of Prop. to. 


PROPOSITION 10. 


To cut a given uncut straight line similarly to a given cut 
straight line. 


Let AB be the given uncut straight line, and AC the 
straight line cut at the points 2, 
Æ; and let them be so placed as È 
to contain any angle ; 
let CB be joined, and through D, 
E let DF, EG be drawn parallel 
to BC, and through D let DHK D K 
be drawn parallel to 4B. [1.31] 

Therefore each of the figures ô F oe 
FH, HB is a parallelogram ; 


therefore DH is equal to FG and HK to GB. (1. 34] 
Now, since the straight line HZ has been drawn parallel 

to KC, one of the sides of the triangle DKC, 
therefore, proportionally, as CE is to ED, so is KH to HD. 
(vi. 2] 
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But XH is equal to BG, and HD to GF; 
therefore, as CE is to ED, so is BG to GF. 
Again, since FD has been drawn parallel to GE, one ot 
the sides of the triangle AGE, 
therefore, proportionally, as ED is to DA, so is GF to FA. 
[vi. 2] 


But it was also proved that, 
as C£ is to ED, so is DG to GF; 
therefore, as CE is to ED, so is BG to GF, 
and, as ED is to DA, so is GF to FA. 
Therefore the given uncut straight line 4B has been cut 
similarly to the given cut straight line AC. 
Q. E. F. 


PROPOSITION 11. 
To two given straight lines to find a third proportional. 


Let BA, AC be the two given straight lines, and let 
them be placed so as to contain any 
angle ; 
thus it is required to find a third pro- 
portional to BA, AC. 


For let them be produced to the c 
points D, £, and let BD be made equal 
to AC; [1. 3) 
let BC be joined, and through D let DE 
be drawn parallel to it. (t. 31] € 

Since, then, AC has been drawn 
parallel to DE, one of the sides of the triangle ADE, 
proportionally, as 4B is to BD, so is AC to CE. [vi. 2] 

But BD is equal to AC; 
therefore, as AB is to AC, so is AC tc CE. 


Therefore to two given straight lines AB, AC a third 
proportional to them, CZ, has been found. 


a 


Q. E. F. 


I. to find. The Greek word, here and in the next two propositions, is *poceupeiv, 
literally “‘to find én addition.” 


This proposition is again a particular case of the succeeding Prop. 12. 


„Given a ratio between straight lines, vi. 11 enables us to find the ratio 
which is its duplicate. 
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PROPOSITION 12. 
To three given straight lines to find a fourth proportional. 


Let 4, B, C be the three given straight lines ; 
thus it is required to find a fourth proportional to 4, Ð, C. 


G A 
B 
Cc 
D H F 


Let two straight lines DE, DF be set out containing any 
angle EDF; 


let DG be made equal to 4, GE equal to B, and further DH 
equal to C ; 


let GH! be joined, and let EF be drawn through Z parallel 
to it. lu. 31] 

Since, then, GH has been drawn parallel to EF, one of 
the sides of the triangle DEF, 


therefore, as DG is to GE, so is DH to HF. [vi. 2] 
But DG is equal to 4, GE to B, and DH to C; 
therefore, as 4 is to B, so is Cto AF. 


Therefore to the three given straight lines 4, Z, C a fourth 
proportional “7F has been found. 
Q. E..F. 


We have here the geometrical equivalent of the “rule of three.” 

It is of course immaterial whether, as in Euclid’s proof, the first and 
second straight lines are measured on one of the lines forming the angle and 
the third on the other, or the first and third are measured on one and the 
second on the other. 

If it should be desired that the first and the required fourth be measured 
on one of the lines, and the second and third on 
the other, we can use the following construction. 

Measure DE on one straight line equal to 4, and 

om any other straight line making an angle with F 

the first at the point D measure DF equal to B, 

and DG equal to C. Join £F, and through G 

draw GH anti-parallel to EF, i.e. make the angle 

DGH equal to the angle DEF; let GH meet P H E 
DE (produced if necessary) in Æ. 
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DH is then the fourth proportional. 
For the triangles EDF, GDA are similar, and the sides about the equal 
angles are proportional, so that 


DE is to DF as DG to DA, 
or A isto Bas C to DH. 


PROPOSITION 13. 


To two given straight lines to find a mean proportional. 


Let AB, BC be the two given straight lines ; 


thus it is required to find a mean 
proportional to AB, BC. 


D 
Let them be placed in a straight 
line, and let the semicircle ADC be 
described on AC; 
6 © 


let BD be drawn from the point Bat A 
right angles to the straight line 4C, 
and let 4D, DC be joined. 

Since the angle ADC is an angle in a semicircle, it is 
right. (n1. 31] 

And, since, in the right-angled triangle 4DC, DB has 
been drawn from the right angle perpendicular to the base, 
therefore DZ is a mean proportional between the segments of 
the base, 48, BC. (vr. 8, Por.] 

Therefore to the two given straight lines 432, BC a mean 
proportional DZ has been found. 

Q. E. F. 


This proposition, the Book vi. version of 11. 14, is equivalent to the 
extraction of the square root. It further enables us, given a ratio between 
straight lines, to find the ratio which is its su2-Zuféicate, or the ratio of which 
it is duplicate. 


PROPOSITION 14. 


In equal and equiangular parallelograms the sides about 
the equal angles are reciprocally proportional; and equiangular 
parallelograms in which the sides about the equal angles are 
reciprocally proportional are equal. 
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Let AB, BC be equal and equiangular parallelograms 
having the angles at Z equal, and 
t DB, BE be placed in a straight i e 
ine ; 

therefore FB, BG are also in : 

a straight line. [1. 14] 

I say that, in 4B, BC, the 
sides about the equal angles are 
reciprocally proportional, that isto ¿£ à 
say, that, as DB is to BE, so is 
GB to BF. 

For let the parallelogram FE be completed. 

Since, then, the parallelogram 4 is equal to the parallelo- 


gram BC, 
and FE is another area, 
therefore, as AP is to FE, so is BC to FE. [v. 7] 
But, as AB is to FZ, so is DB to BE, (vi. 1] 
and, as BC is to FE, so is GB to BF. [/2-] 
therefore also, as DB is to BE, so is GB to BF. v. 11) 


Therefore in the parallelograms 442, BC the sides about 
the equal angles are reciprocally proportional. 

Next, let GB be to BF as DB to BE; 
I Ay that the parallelogram 48 is equal to the parallelogram 
BC. 

For since, as DB is to BE, so is GB to BF, 
while, as DB is to BZ, so is the parallelogram 4B to the 


parallelogram FE, (vi. 1] 
and, as GP is to BF, so is the parallelogram BC to the 
parallelogram FÆ, vi. 1] 
therefore also, as 48 is to FE, so is BC to FE ; [v. 11] 
therefore the parallelogram 74 2 is equal to the parallelogram 

[v. 9] 


Therefore etc. 
Q. E. D. 


De Morgan says upon this proposition : “ Owing to the disjointed manner 
in which Euclid treats compound ratio, this preposition is strangely out of 
place. It is a particular case of vi. 23, being that in which the ratio of the 
sides, compounded, gives a ratio of equality. The proper definition of four 
magnitudes being reciprocally proportional is that the ratio compounded of 
their ratios is that of equality." 
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It is true that vi. 14 is a particular case of vi. 23, but, if either is out of 
place, it is rather the latter that should be placed before vt. 14, since most of 
the propositions between vi. 15 and vr. 23 depend upon vr. r4 and 15. But 

is perfectly consistent with Euclid's manner to give a particular case first 
and its extension later, and such an arrangement often has great advantages 
in that it enables the more difficult parts of a subject to be led up to more 
easily and gradually. Now, if De Morgan's view were here followed, we 
should, as it seems to me, be committing the mistake of explaining what is 
relatively easy to understand, viz. two ratios of which one is the inverse of 
the other, by a more complicated conception, that of compound ratio. In 
other words, it is easier for a learner to realise the relation indicated by the 
statement that the sides of equal and equiangular parallelograms are “recipro- 
cally proportional" than to form a conception of parallelograms such that 
“the ratio compounded of the ratio of their sides is one of equality." For 
this reason I would adhere to Euclid's arrangement. 

The conclusion that, since D&S, BE are placed in a straight line, FB, BG 
are also in a straight line is referred to 1. 14. The deduction is made clearer 
by the following steps. 

The angle DBF is equal to the angle GBE; 
add to each the angle FBE ; 


therefore the angles DBF, FBE are together equal to the angles GBE, 75 
(C. N. 2 
But the angles DBF, FBE are together equal to two right angles, [1. 13] 
therefore the angles GBE, FBE are together equal to two right angles, 
[C. N. 1] 
and hence FB, BG are in one straight line. [r. 14] 


The result is also obvious from the converse of 1. 15 given by Proclus 
(see note on 1. 15). 


The proposition vi. 14 contains a theorem and one partial converse of it; 
so also does vi. 15. To each proposition may be added the other partial 
converse, which may be enunciated as follows, the words in square brackets 
applying to the case of triangles (v1. 15). 


C 


o^ 





A D 


Equal parallelograms [triangles] which have the sides about one angle in 
each reciprocally proportional are equtangular [have the angles included by those 
sides either equal or supplementary. | 


Let AB, BC be equal parallelograms, or let FBD, EBG be equal 
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triangles, such that the sides about the angles at Z are reciprocally propor- 


tional, i.e. such that 
DB : BE = GB : BF. 
We shall prove that the angles FBD, EBG are either equal or supple- 
mentary. 
Place the figures so that DB, BE are in one straight line. 
Then FB, BG are either in a straight line, or not in a straight line. 


(1) If KB, BG are in a straight line, the figure of the proposition 
(with the diagonals FD, ÆG drawn) represents the facts, and 
the angle FBD is equal to the angle EBG. (1. 15] 
(2) If #B, BG are not in a straight line, 
produce FB to # so that BA may be equal to BG. 
Join EH, and complete the parallelogram E BAK. 
Now, since DB : BE = GB : BE 
and GB = HB, 
DB : BE = HB : BF, 
and therefore, by vi. 14 or 15, 
the parallelograms 4 B, BK are equal, or the triangles FBD, EBH are equal. 


But the parallelograms 4B, BC are equal, and the triangles FBD, EBG 
are equal ; 


therefore the parallelograms BC, BX are equal, and the triangles EBA, 
EBG are equal. 


Therefore these parallelograms or triangles are within the same parallels : 
that is, G, C, ZZ, K are in a straight line which is parallel to DZ. [1. 39] 
Now, since 8G, BH are equal, 


the angles BGH, BHG are equal. 
By parallels, it follows that 
the angle EBG is equa! to the angle DBH, 
whence the angle EBG is supplementary to the angle FBD. 


PROPOSITION 15. 


In equal triangles which have one angle equal to one angle 
(he sides about (he equal angles are reciprocally proportional ; 
and those triangles which have one angle equal to one angle, 
and in which the sides about the equal angles are reciprocally 
proportional, are equal. 


Let ABC, ADE be equal triangles having one angle 
equal to one angle, namely the angle BAC to the angle 
DAE ; 

I say that in the triangles 4 8C, ADE the sides about the 
equal angles are reciprocally proportional, that is to say, that, 
as CA is to AD, so is EA to AB. 
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For let them be placed so that CA is in a straight 
line with 4D; 
therefore ZA is also in a straight line with B 
[1. 14] D 
Let BD be joined. 
Since then the triangle ABC is equal to A 


the triangle ADE, and BAD is another 
area, 


therefore, as the triangle CAB is to the 
triangle BAD, so is the triangle EAD to E 
the triangle BAD. [v. 7] 
But, as CAB is to BAD, so is CA to AD, [vi. 1] 
and, as EAD is to BAD, so is EA to AB. [7A 
Therefore also, as CA is to AD, so is EA to AB. [v. 11] 


Therefore in the triangles BC, ADE the sides about 
the equal angles are reciprocally proportional. 


Next, let the sides of the triangles 42C, ADE be reci- 
procally proportional, that is to say, let £4 be to dB as CA 
to AD; 


I say that the triangle ABC is equal to the triangle ADE. 
For, if BD be again joined, 
since, as CA is to AD, so is EA to AB, 


while, as CA is to AD, so is the triangle ASC to the triangle 
BAD, 


and, as EA is to AB, so is the triangle EAD to the triangle 


BAD, (vi. r] 
therefore, as the triangle ABC is to the triangle BAD, so is 
the triangle EAD to the triangle BAD. [v. 11] 


Therefore each of the triangles 4C, EAD has the same 
ratio to BAD. 

Therefore the triangle 4 BC is equal to the triangle £.4 D. 

[v. 9] 


Therefore etc. 
Q. E. D. 


As indicated in the partial converse given in the last note, this proposition 
is equally true if the angle included by the two sides in one triangle is 
supplementary, instead of being equal, to the angle included by the two sides 
in the other. 
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Let ABC, ADE be two triangles such that the angles BAC, DAE are 

supplementary, and also 
CA: AD=EA: AB. B 

In this case we can place the triangles so that 
CA is in a straight line with AD, and AB lies t 
along AE (since the angle EAC, being supple- 
mentary to the angle EAD, is equal to the angl- 
BAC). 

If we join BD, the proof given by Euclid 
applies to this case also. 

It is true that vi. 15 can be immediately inferred from vi. 14, since a 
triangle is half of a parallelogram with the same base and height. But, 
Euclid’s object being to give the student a grasp of mefhods rather than 
results, there seems to be no advantage in deducing one proposition from the 
other instead of using the same method on each. 


c A O 


PROPOSITION 16. 


Lf four straight lines be proportional, the rectangle con- 
tained by the extremes is equal to the rectangle contained by 
the means ; and, af the rectangle contained by the extremes be 
equal to the rectangle contained by the means, the four straight 
lines will be proportional. 


Let the four straight lines 44 7, CD, E, F be proportional, 
so that, as 4B is to CD, so is £ to Æ; 


I say that the rectangle contained by 4B, F is equal to the 
rectangle contained by CD, £. 


L—1 


A B 








€ F 


Let AG, CH be drawn from the points 4, C at right 
angles to the straight lines 48, CD, and let 4G be made 
equal to F, and CH equal to £. 

Let the parallelograms ZG, DH be completed. 

Then since, as 4B is to CD, so is £ to F, 
while £ is equal to CH, and F to AG, 
therefore, as AB is to CD, so is CH to AG. 

Therefore in the parallelograms BG, D77 the sides about 
the equal angles are reciprocally proportional. 
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But those equiangular parallelograms in which the sides 
about the equal angles are reciprocally proportional are — 
VI. 14 


therefore the parallelogram BG is equal to the parallelogram 


And BG is the rectangle 48, F, for AG is equal to F; 
and DH is the rectangle CD, E, for £ is equal to C77; 


therefore the rectangle contained by ÆÐ, F is equal to the 
rectangle contained by CD, £. 


Next, let the rectangle contained by 4B, F be equal to 
the rectangle contained by CD, Æ; 
I say that the four straight lines will be proportional, so that, 
as AÁB is to CD, so is E to F. 


For, with the same construction, 
since the rectangle 4B, F is equal to the rectangle CD, £, 
and the rectangle 4B, F is BG, for AG is equal to F, 
and the rectangle CD, £ is DH, for CH is equal to Æ, 
therefore BG is equal to DH. 


And they are equiangular 

But in equal and equiangular parallelograms the sides about 
the equal angles are reciprocally proportional. (vI. 14] 

Therefore, as 4B is to CD, so is CH to AG. 

But CH is equal to £, and AG to F; 


therefore, as 447 is to CD, so is £ to F. 
"Therefore etc. Q. E. D. 


This proposition is a particular case of vi. 14, but one which is on all 
accounts worth separate statement. It may also be enunciated in the follow- 
ing form : 

Rectangles which have their bases reciprocally proportional to their heights- 
are equal ín area; and equal rectangles have their bases reciprocally proportional 
fo their heights. 

Since any parallelogram is equal to a rectangle of the same height and 
on the same. base, and any triangle with the same height and on the same 
base is equal to half the parallelogram or rectangle, it follows that Equa/ 
parallelograms or triangles have their bases reciprocally proportional to ther 
heights and vice versa. 

The present place is suitable for giving certain important propositions, 
including those which Simson adds to Book vi. as Props. B, C and D, which 
are proved directly by means of vi. 16. 

1. Proposition B is a particular case of the following theorem. 


Lf a circle be circumscribed about a triangle ABC and there be drawn through 
A any two straight lines either both within or both without the angle BAC, vis. 
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AD meeting BC (produced if necessary) in D and AE meeting the circle again 
in E, such that the angles DAB, EAC are equal, then the rectangle AD, AE is 
equal to the rectangle BA, AC. 


LS 


Join CZ. 
The angles BAD, EAC are equal, by hypothesis ; 


and the angles ABD, AEC are equal. (11. 21, 22] 
Therefore the triangles ABD, AEC are cquiangular. 
Hence BA isto 4D as £A is to AC, 


and therefore the rectangle BA, AC is equal to the rectangle AD, AE. 


[vi. 16] 
There are now two particular cases to be considered. 


(a) Suppose that AD, AE coincide; 
ADE will then bisect the angle BAC. 


(à Suppose that 4D, AE are in one straight line but that D, Æ are on 
opposite sides of A ; 


AD will then bisect the external angle at 4. 





In the first case (2) we have 
the rectangle BA, AC equal to the rectangle EA, AD; 


and the rectangle ZA, AD is equal to the rectangle ED, DA together with 
the square on AD, (11. 3] 


i.e. to the rectangle BD, DC together with the square on AD. [11 35] 


Therefore the rectangle BA, AC is equal to the rectangle BD, DC 
together with the square on AD. [This is Simson's Prop. B] 


In case (b) the rectangle £4, 4D is equal to the excess of the rectangle 
ED, DA over the square on AD; 


therefore the rectangle BA, AC is equal to the excess of the rectangle BD, 
DC over the square on AD. 
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The following converse of Simson's Prop. B may be given: Zf a straigAt 
line AD be drawn from the vertex A of a triangle to meet the base, so that the 
square on AD together with the rectangle BD, DC is equal to the rectangle BA, 
AC, the line AD will bisect the angle BAC except when the sides AB, AC are 
equal, in which case every line drawn to the base will have the property men- 
tioned. 

Let the circumscribed circle be drawn, and let 4D produced meet it in 
E; join C£. 

The rectangle BD, DC is equal to the rectangle ED, DA. [ur. 35] 

Add to each the square on 42; 
therefore the rectangle BA, AC is equal to the rectangle E4, 4D. 

(hyp. and ir. 3) 

Hence AB is to 4D as AE to AC. [vr. 16) 

But the angle 48D is equal to the angle AEC. (ur. 21] 

Therefore the angles BDA, ECA are either equal or supplementary. 

(vt. 7 and note] 

(a) If they are equal, the angles BAD, EAC 
are also equal, and 4D bisects the angle BAC. 


(^) If they are supplementary, the angle ADC 
must be equal to the angle 4 CE. 

Therefore the angles BAD, ABD are together 
equal to the angles ACS, BCE, ie. to the angles 
ACD, BAD. 

Take away the common angle BAD, and 

the angles ABD, ACD are equal, or 
AB is equal to AC. 

Euclid himself assumes, in Prop. 67 of the Dafa, the result of so much of 
this proposition as relates to the case where BA = AC. He assumes namely, 
without proof, that, if BA = AC, and if D be any point on BC, the rectangle 
BD, DC together with the square on 4 D is equal to the square on AB. 


PROPOSITION C, 


Lf from any angle of a triangle a straight line be drawn perpendicular to the 
opposite side, the rectangle contained by the other two sides of the triangle ts equal 
fo the rectangle contained by the perpendicular and the diameter of the circle 
circumscribed about the triangle. 

Let ABC be a triangle and AD the perpendicular on AB. Draw the 
diameter AE of the circle circumscribed about the triangle ABC. 


Pp Ss 


Then shall the rectangle BA, 44 C be equal to the rectangle £4, AD. 
Join EC. 
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Since the right angle BDA is equal to the right angle E CA in a semi- 


circle, (111. 31] 

and the angles ABD, AEC in the same segment are equal, [ur. 21] 
the triangles 4 BD, AEC are equiangular. 

Therefore, as BA is to AD, so is EA to AC, (vt. 4) 


whence the rectangle B.4, AC is equal to the rectangle EA, AD. — (vi. 16] 
This result corresponds to the trigonometrical formula for X, the radius of 
the circumscribed circle, 
abc 


R=—. 
4A 


PROPOSITION D. 


This is the highly important lemma given by Ptolemy (ed. Heiberg, Vol. 1, 
pp. 36—7) which is the basis of his calculation of the table of chords in the 
section of Book 1. of the peyaAn oúvraćıs entitled “concerning the size of the 
— lines (i.e. chords] in the circle” (wepi ras wyAcxdryTos Tay èv TG KiKAW 
«VvVUtLOV ). 

The theorem may be enunciated thus. 

The rectangle contained by the diagonals of any quadrilateral inscribed in a 
circle ts equal to the sum of the rectangles contained by the pairs of oppostte sides. 

I shall give the proof in Ptolemy’s words, with the addition only, in 
brackets, of two words applying to a second figure not given by Ptolemy. 


“Let there be a circle with any quadrilateral 4 8CD inscribed in it, and 
let AC, BD be joined. 


It is to be proved that the rectangle contained by AC and BD is equal 
to the sum of the rectangles 48, DC and AD, BC. 


For let the angle ABE be made equal to the angle contained by DB, BC. 


B c 


A A D 


If then we add [or subtract] the angle EBD, 
the angle 422 will also be equal to the angle EBC. 

But the angle BDA is also equal to the angle BCE, [ur. 21] 
for they subtend the same segment ; 
therefore the triangle 4BD is equiangular with the triangle EAC. 

Hence, proportionally, 

as BC isto CE, sois BD to DA. [vi. 4] 
Therefore the rectangle BC, AD is equal to the rectangle BD, CE. 


[v1. 16] 
Again, since the angle ABE is equal to the angle D&C, 


and the angle BAZ is also equal to the angle BDC, (111. 21] 
the triangle ABE is equiangular with the triangle D&C. 


226 BOOK VI (vi. 16 


Therefore, proportionally, 
as BA is to AE, so is BD to DC; [vr. 4] 

therefore the rectangle BA, DC is equal to the rectangle BD, AE. (vı. 16] 

But it was also proved that 

the rectangle BC, AD is equal to the rectangle BD, CE; 
therefore the rectangle 4C, BD as a whole is equal to the sum of the 
rectangles 4B, DC and AD, BC: 
(being) what it was required to prove.” 

Another proof of this proposition, and of its converse, is indicated by 
Dr Lachlan (Elements of Euclid, pp. 273—4). It depends on two preliminary 
propositions. 

(1) Lf two circles be divided, by a chord in each, into segments which are 
similar respectively, the chords are proportional to the corresponding diameters. 

The proof is instantaneous if we join the ends of each chord to the centre 
of the circle which it divides, when we obtain two similar triangles. 

(2) Zf D be any point on the circle circumscribed about a triangle ABC, and 
DX, DY, DZ de perpendicular to the sides BC, CA, AB of the triangle 
respectively, then X, Y, Z lie in one straight line; and, conversely, if the feet of 
the perpendiculars from any point D on the sides of a triangle lie in one straight 
line, D lies on the circle circumscribed about the triangle. 

The proof depending on 111. 21, 22 is well known. 

Now suppose that D is any point in the plane of a triangle ABC, and 
that DX, DY, DZ are perpendicular to the sides 
BC, CA, AB respectively. 

Join YZ, DA. 

Then, since the angles at Y, Z are right, 

A, Y, D, Z lie on a circle of which 24 is the 
diameter. 

And YZ divides this circle into segments which 
are similar respectively to the segments into which 8 C 
BC divides the circle circumscribing 48C, since 
the augles Z4 Y, BAC coincide, and their supple- 
ments are equal. 

Therefore, if d be the diameter of the circle D 
circumscribing ABC, 


=< 


BC is todas YZ is to DA; 
and therefore the rectangle 4D, BC is equal to the rectangle d, YZ. 

Similarly the reċtangle BD, CA is equal to the rectangle d, ZX, and the 
rectangle CD, AB is equal to the rectangle d, X Y. 

Hence, in a quadrilateral in general, the rectangle Z 
contained by the diagonals is less than the sum of the D, A 
rectangles contained by the pairs of opposite sides. 

Next, suppose that D lies on the circle circum- 
scribed about 4C, but so that 4, Z, C, D follow 
each other on the circle in this order, as in the figure C 
annexed. 

Let DX, DY, DZ be perpendicular to BC, CA, 

AB respectively, so that X, Y, Zare in a straight line. 

Then, since the rectangles 4D, BC; BD, CA; CD, AB are equal to the 

rectangles d, YZ; d, ZX; d, XY respectively, and XZ is equal to the sum of 


vi. 16] PROPOSITION 16 227 


XY, YZ, so that the rectangle d, XZ is equal to the sum of the rectangles 
d, X Y and d, YZ, it follows that 

the rectangle AC, BD is equal to the sum of the rectangles 4D, BC and 
AB, CD. 


Conversely, if the latter statement is true, while we are supposed to know 
nothing about the position of 2, it follows that 
XZ must be equal to the sum of XY, YZ, 
so that X, Y, Z must be in a straight line. 
Hence, from the theorem (2) above, it follows that D must lie on the 
circle circumscribed about ABC, i.e. that ABCD is a quadrilateral about 
which a circle can be described. 


All the above propositions can be proved on the basis of Book iri. and 
without using Book vı., since it is possible by the aid of 111. 21 and 35 alone 
to prove that i” eguiangular triangles the rectangles contained by the non- 
corresponding sides about equal angles are equal to one another (a result arrived 
at by combining vi. 4 and vi. 16). This is the method adopted by Casey, 
H. M. Taylor, and Lachlan ; but I fail to see any particular advantage in it. 


Lastly, the following proposition may be given which Playfair added as 
vi. E. It appears in the Dafa of Euclid, Prop. 93, and may be thus 
enunciated. 


Jf the angle BAC of a triangle ABC be bisected by the straight line AD 
meeting the circle circumscribed about the triangle in. D, and if BD be joined, 
then 

the sum of BA, AC ts to AD as BC is fo BD. 


Join CD. Then, since AD bisects the angle BAC, the subtended arcs 
BD, DC, and therefore the chords BD, DC, are 
equal. A 
(1) The result can now be easily deduced from 
Ptolemy’s theorem. 
For the rectangle 4D, BC is equal to the sum of 
the rectangles 48, DC and 4C, BD, ie. (since 
BD, CD are equal) to the rectangle contained by 
BA + AC and BD. 
Therefore the sum of BA, AC isto 4Das BC B © 
is to BD. (vi. 16} 
(2) Euclid proves it differently in Dafa, Prop. 93. 
Let AD meet BC in £. 
Then, since AZ bisects the angle BAC, 


BA isto AC as BE to EC, [v1. 3] 
or, alternately, 
AB isto BE as AC to CE. [v. 16] 
Therefore also 
BA * ACis to BC as AC to CE. [v. 12] 
Again, since the angles BAD, EAC are equal, and the angles 4.DB, ACE 
are also equal, (ur. 21] 


the triangles 4BD, AEC are equiangular. 
Therefore AC isto CE as AD to BD. (vr. 4] 
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Hence BA + AC is to BC as AD to BD, [v. 11] 
and, alternately, 
BA + AC isto AD as BC is to BD. [v. 16] 


Euclid concludes that, if the circle 4C is given in magnitude, and the 
chord £C cuts off a segment of it containing a given angle (so that, by Data 
Prop. 87, BC and also BD are given in magnitude), 


the ratio of BA + AC to AD is given, 


and further that (since, by similar triangles, BD is to DE as AC is to CE, 
while BA + AC is to BC as AC is to CE), 


the rectangle (BA + AC), DE, being equal to the rectangle BC, BD, is 
also given. 


PROPOSITION 17 


If three straight lines be proportional, the rectangle con- 
tained by the extremes is equal to the square on the mean; 
and, tf the rectangle contained by the extremes be equal to the 
square on the mean, the three straight lines will be proportional. 


Let the three straight lines 4, B, C be proportional, so 
that, as Æ is to B, sois B toC; 


I say that the rectangle contained by 4, C is equal to the 
square on Z. 


A 
$————— D 
C 
Let D be made equal to 2. 
Then, since, as 4 is to B, so is B to C, 
and Z is equal to D, 
therefore, as 4 is to B, so is D to C. 


But, if four straight lines be proportional, the rectangle 
contained by the extremes is equal to the rectangle contained 
by the means. (vi. 16 


Therefore the rectangle 4, C is equal to the rectangle 
B, D. 


But the rectangle B, D is the square on B, for P i: 
equal to D; 


therefore the rectangle contained by 4, C is equal to the 
square on J. 


Next, let the rectangle 4, C be equal to tne square on B 
I say that, as 4 is to B, so is B to C. 
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For, with the same construction, 
since the rectangle 4, C is equal to the square on Z, 


while the square on Z is the rectangle Z, D, for B is equal 
to D, 


therefore the rectangle 4, C is equal to the rectangle 2, D. 


But, if the rectangle contained by the extremes be equal 
to that contained by the means, the four straight lines are 
proportional. (vr. 16] 

Therefore, as 4 is to B, so is D to C. 

But B is equal to D; 


therefore, as 4 is to &, so is B to C. 
Therefore etc. Q. E. D. 


v1. 17 is, of course, a particular case of vi. 16. 


PROPOSITION 18. 


On a given straight line to describe a rectilineal figure 
similar and similarly situated to a given rectilineal figure. 
Let AB be the given straight line and CZ the given 
rectilineal figure ; 
thus it is required to describe on the straight line 4B a 
rectilineal figure similar and similarly situated to the recti- 
lineal figure CZ. 


E 


C D A 


Let DF be joined, and on the straight line AZ, and at 
the points 4, B on it, let the angle GAB be constructed 
equal to the angle at C, and the angle ABG equal to the 


angle CDF. (1. 23] 
Therefore the remaining angle CF is equal to the angle 
AGB; [t. 32] 


therefore the triangle FCD is equiangular with the triangle 
GAB. 

Therefore, proportionally, as FD is to GÐ, so is FC to 
GA, and CD to AB. 
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Again, on the straight line BG, and at the points B, G on 
it, let the angle BGH be constructed equal to the angle DFE, 


and the angle GBH equal to the angle FDE. (1. 23] 
Therefore the remaining angle at Æ is equal to the re- 
maining angle at 77 ; (t. 32] 


therefore the triangle FDE is equiangular with the triangle 
GBH; 


therefore, proportionally, as FD is to GÐ, so is FE to 
GH, and ED to AB. (vi. 4] 


But it was also proved that, as FD is to GB, so is FC to 
GA, and CD to AB; 


therefore also, as FC is to AG, so is CD to AB, and FE 
to GH, and further ED to HB. 


And, since the angle CFD is equal to the angle 4GB, 
and the angle DFE to the angle BGA, 


therefore the whole angle CFE is equal to the whole angle 
AGH. 


For the same reason 
the angle CDE is also equal to the angle 44277. 
And the angle at C is also equal to the angle at 4, 
and the angle at Æ to the angle at Æ. 
Therefore 4/7 is equiangular with CZ ; 
and they have the sides about their equal angles proportional ; 


therefore the rectilineal figure AF is similar to the 
rectilineal figure CZ. (vı. Def. 1] 


Therefore on the given straight line 447 the rectilineal 
figure AH has been described similar and similarly situated 
to the given rectilineal figure CZ. 

Q. E. F. 


Simson thinks the proof of this proposition has been vitiated, his grounds 
for this view being (1) that it is demonstrated only with reference to 
quadrilaterals, and does not show how it may be extended to figures of five or 
more sides, (2) that Euclid infers, from the fact of two triangles being 
equiangular, that a side of the one is to the corresponding side of the other as 
another side of the first is to the side corresponding to it in the other, i.e. he 
permutes, without mentioning the fact that he does so, the proportions 
obtained in vi. 4, whereas the proof of the very next proposition gives, in a 
similar case, the intermediate step of permutation. I think this is hyper- 
criticism. As regards (2) it should be noted that the permuted form of the 
proportion is arrived at first in the proof of vi. 4; and the omission of the 
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intermediate step of a/fernando, whether accidental or not, is of no importance. 
On the other hand, the use of this form of the proportion certainly simplifies 
the proof of the proposition, since it makes unnecessary the subsequent 
ex aegual: steps of Simson’s proof, their place being taken by the inference 
[v. 11] that ratios which are the same with a third ratio are the same with one 
another. 

Nor is the first objection of any importance. We have only to take as the 


K 


A 


given polygon a polygon of five sides at least, as CDEFG, join one extremity 
of CD, say D, to each of the angular points other. than C and Æ, and then 
use the same mode of construction as Euclid’s for any number of successive 
triangles as 4BZ, LBK, etc., that may have to be made. Euclid’s con- 
struction and proof for a quadrilateral are quite sufficient to show how to deal 
with the case of a figure of five or any greater number of sides. 

Clavius has a construction which, given the power of moving a figure 


E' 





À ^ B 


bodily from one position to any other, is easier. CDE FG being the given 
polygon, join CE, CF: Place 4B on CD so that A falls on C, and let B 
fall on D’, which may either lie on CD or on CD produced. 

Now draw D'E parallel to DE, meeting C£, produced if necessary, in E', 
EF’ parallel to EF, meeting CF, produced if necessary, in Z, and so on. 

Let the parallel to the last side but one, FG, meet CG, produced if 
necessary, in G’. 

Then CZ'E'F'G' is similar and similarly situated to CD EFG, and it is 
constructed on CZ, a straight line equal to AB. 

The proof of this is obvious. 

A more general construction is indicated in the subjoined figure. If 
CDEFG be the given polygon, suppose its angular points all joined to any 
point O and the connecting straight lines produced both ways. Then, if CD’, 
a straight line equal to 48, be placed so that it is parallel to CD, and C’, D’ 
lie respectively on OC, OD (this can of course be done by finding fourth 
proportionals), we have only to draw DE, EF, etc., parallel to the 
corresponding sides of the original polygon in the manner shown. 
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De Morgan would rearrange Props. 18 and 20 in the following manner. 
He would combine Prop. 18 and the first part of Prop. 20 into one, with the 
enunciation : 


» 
ae 
- 
- 
-* 
"m 





Pairs of. similar triangles, similarly put together, give similar figures ; and 
every pair of similar figures ts composed of pairs of similar triangles similarly 
put together. 

He would then make the f7od/em of v1. 18 an application of the first part. 
In form this would certainly appear to be an improvement; but, provided that 
the relation of the propositions is understood, the matter of form is perhaps 
not of great importance. 


PROPOSITION 19. 
Similar triangles ave to one another in the duplicate ratio 
of the corresponding sides. 


Let ABC, DEF be similar triangles having the angle at 
B equal to the angle at £, and such that, as 4B is to BC, so 
sis DE to EF, so that BC corresponds to EF; (v. Def. 11] 


I say that the triangle ABC has to the triangle DEF a ratio 
duplicate of that which BC has to EF. 


A 
D 


LN 


B G e E F 


For let a third proportional BG be taken to BC, EF, so 
that, as AC is to EF, sois EF to BG; (vr. 11] 


io and let 44 G be joined. 
Since then, as 4B is to BC, sois DE to EF, 
therefore, alternately, as 42 is to DE, so is BC to EF. [v. 16] 


vi. 19] PROPOSITIONS 18, 19 233 


But, as BC is to EF, so is EF to BG; 
therefore also, as Æ B is to DE, so is EF to BG. (v. 11] 


15 Therefore in the triangles ABG, DEF the sides about 
the equal angles are reciprocally proportional. 
But those triangles which have one angle equal to one 
angle, and in which the sides about the equal angles are 
reciprocally proportional, are equal; [vr. 15] 


zo therefore the triangle ABG is equal to the triangle DEF. 
Now since, as BC is to EF, sois EF to BG, 


and, if three straight lines be proportional, the first has to 
the third a ratio duplicate of that which it has to the second, 
[v. Def. 9] 


therefore BC has to BG a ratio duplicate of that which CB 
2s has to EF. 

But, as CB is to BG, so is the triangle ABC to the 
triangle 44 BG ; (vi. 1] 
therefore the triangle 48C also has to the triangle ABG a 
ratio duplicate of that which BC has to EF. 


3  Butthe triangle ABG is equal to the triangle DEF; 


therefore the triangle ABC also has to the triangle DEF a 
ratio duplicate of that which BC has to EF. 


Therefore etc. 


PorisM. From this it is manifest that, if three straight 
35 lines be proportional, then, as the first is to the third, so is 
the figure described on the first to that which is similar and 


similarly described on the second. 
Q. E. D. 


4. and such that, as AB is to BC, so is DE to EF, literally ‘‘(triangles) having 
the angle at Z equal to the angle at Æ, and (kaving), as AB to BC, so DE to EF” 


Having combined Prop. 18 and the first part of Prop. 20 as just indicated, 
De Morgan would tack on to Prop. 19 the second part of Prop. 20, which 
asserts that, if similar polygons be divided into the same number of similar 
triangles, the triangles are “ Zomologous to the wholes ” (in the sense that the 
polygons have the same ratio as the corresponding triangles have), and that 
the polygons are to one another in the duplicate ratio of corresponding sides. 
This again, though no doubt an improvement of form, would necessitate the 
drawing over again of the figure of the altered Proposition 18 and a certain 
amount of repetition. 

Agreeably to his suggestion that Prop. 23 should come before Prop. 14 
which is a particular case of it, De Morgan would prove Prop. 19 for 
parallelograms by means of Prop. 23, and thence infer the truth of it for 
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triangles or the halves of the parallelograms. He adds: “The method of 
Euclid is an elegant application of the operation requisite to compound equal 
ratios, by which the conception of the process is lost sight of.” For the 
general reason given in the note on vi. 14 above, I think that Euclid showed 
the sounder discretion in the arrangement which he adopted. Moreover it is 
not easy to see how performing the actual operation of compounding two 
equal ratios can obscure the process, or the fact that two equal ratios are 
being compounded. On the definition of compounded ratios and duplicate 
ratio, De Morgan has himself acutely pointed out that “composition” is here 
used for the process of detecting the single alteration which produces the 
effect of two or more, the duplicate ratio being the result of compounding two 
equal ratios. The proof of vi. 19 does in fact exhibit the single alteration 
which produces the effect of two. And the oferation was of the essence of 
the Greek geometry, because it was the manipulation of ratios in this manner, 
by simplification and transformation, that gave it so much power, as every one 
knows who has read, say, Archimedes or Apollonius. Hence the introduction 
of the necessary oferation, as well as the theoretical proof, in this proposition 
seems to me to have been distinctly worth while, and, as it is somewhat 
simpler in this case than in the more general case of vi. 23, it was in 
accordance with the plan of enabling the difficulties of Book vi. to be more 
easily and gradually surmounted to give the simpler case first. 

That Euclid wished to emphasise the importance of the method adopted, 
as well as of the result obtained, in vi. 19 seems to me clearly indicated by 
the Porism which follows the proposition. It is as if he should say: “I have 
shown you that similar triangles are to one another in the duplicate ratio of 
corresponding sides; but I have also shown you incidentally how it is possible 
to work conveniently with duplicate ratios, viz. by transforming them into 
simple ratios between straight lines. I shall have occasion to illustrate the 
use of this method in the proof of vi. 22.” 

The Porism to vi. r9 presents one difficulty. It will be observed that it 
speaks of the f£gwre («l8os) described on the first straight line and of that which 
is similar and similarly described on the second. If "figure" could be 
regarded as loosely used for the figure of the proposition, i.e. for a triangle, 
there would be no difficulty. If on the other hand “the figure” means any 
rectilineal figure, i.e. any polygon, the Porism is not really established until 
the next proposition, vi. 20, has been proved, and therefore it is out of place 
here. Yet the correction tptywvov, ¢riangle, for eldos, figure, is due to Theon 
alone ; P and Campanus have “figure,” and the reading of Philoponus and 
Psellus, rerpaywvor, sguare, partly supports «ios, since it can be reconciled with 
elóos but not with rocyovov. Again the second Porism to vi. 20, in which this 
Porism is reasserted for any rectilineal figure, and which is omitted by 
Campanus and only given by P in the margin, was probably interpolated by 
Theon. Heiberg concludes that Euclid wrote “figure” (los), and Theon, 
seeing the difficulty, changed the word into “triangle” here and added Por. 2 
to VI. 20 in order to make the matter clear. If one may hazard a guess as to 
how Euclid made the slip, may it be that he first put it after vt 20 and then, 
observing that the expression of the duplicate ratio by a single ratio between 
two straight lines does not come in vi. 20 but in vi. 19, moved the Porism to 
the end of vi. 19 in order to make the connexion clearer, without noticing 
that, if this were done, «lóo« would need correction ? 

The following explanation at the end of the Porism is bracketed by 
Heiberg, viz. “Since it was proved that, as CB is to BG, so is the triangle 
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ABC to the triangle ABG, that is DEF” Such explanations in Porisms are 
not in Euclid’s manner, and the words are not in Campanus, though they date 
from a time earlier than Theon. 


PROPOSITION 20. 


Similar polygons are divided into stmilar triangles, and 
into triangles equal in multitude and in the same ratio as 
the wholes, and the polygon has to the polygon a ratio duplicate 
of that which the corresponding side has to the corresponding 

5 Side. 


Let ABCDE, FGHKL be similar polygons, and let 48 
correspond to FG; 


I say that the polygons ABCDE, FGH KZL are divided into 
similar triangles, and into triangles equal in multitude and in 

io the same ratio as the wholes, and the polygon ABCDE has 
to the polygon FGĦ KZL a ratio duplicate of that which 48 
has to FG. 


Let BE, EC, GL, LH be joined. 


A 


C o H 


Now, since the polygon ABCDE is similar to the polygon 
is FGHKL, 


the angle BAZ is equal to the angle GFL ; 
and, as BDA is to A E, so is GF to FL. (vi. Def. 1] 


Since then ABE, FGL are two triangles having one 

angle equal to one angle and the sides about the equal angles 
20 proportional, 

therefore the triangle ABE is equiangular with the triangle 

(vi. 6] 

so that it is also similar; — (vr. 4 and Def. 1] 


therefore the angle ABE is equal to the angle FGZ. 
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25 | But the whole angle ABC is also equal to the whole angle 
FGH because of the similarity of the polygons ; 


therefore the remaining angle EBC is equal to the angle 
LGH. 


. And, since, because of the similarity of the triangles 4 BZ, 
30 FGL, 
as ED is to BA, so is LG to GF, 
and moreover also, because of the similarity of the polygons, 
as AB is to BC, so is FG to GĦ, 
therefore, ex aegua£t, as EB is to BC, sois LG to GH ; [v. 22] 


35 that is, the sides about the equal angles EBC, LGH are 
proportional ; 


therefore the triangle EAC is equiangular with the triangle 


LGA, (vi. 6] 
so that the triangle ZAC is also similar to the triangle 
4 LGH. (vi. 4 and Def. t] 


For the same reason 
the triangle ECD is also similar to the triangle Z 77K. 

Therefore the similar polygons ABCDE, FGAKL have 
been divided into similar triangles, and into triangles equal in 

45 multitude. 

I say that they are also in the same ratio as the wholes, 
that is, in such manner that the triangles are proportional, 
and ABE, EBC, ECD are antecedents, while FGL, LG, 
LAK are their consequents, and that the polygon ABCDE 

so has to the polygon FGZZKL a ratio duplicate of that which 
the corresponding side has to the corresponding side, that is 
AB to FG. 
For let 4C, FH be joined. 
Then since, because of the similarity of the polygons, 
ss the angle ABC is equal to the angle FGH, 
and, as AB is to BC, so is FG to GH, 
the triangle 4 AC is equiangular with the triangle FG// ; 
(vı. 6] 
therefore the angle BAC is equal to the angle GFĦ, 
and the angle BCA to the angle GH/F. 
é And, since the angle BAM is equal to the angle GFN, 


and the angle 74 2// is also equal to the angle (GN, 
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therefore the remaining angle AMB is also equal to the 

remaining angle FG ; (1. 32] 

therefore the triangle ABM is equiangular with the triangle 
65 FGN. 

Similarly we can prove that 
the triangle BMC is also equiangular with the triangle GV Z7. 

Therefore, proportionally, as 4M is to MB, so is FN to 

7o and, as BM is to MC, so is GN to NH; 
so that, in addition, ex aeguali, 
as AM is to MC, so is FN to NA. 

But, as AM is to MC, so is the triangle ABM to MBC, 

and AME to EMC; for they are to one another as their 
75 bases. [vi. 1] 
Therefore also, as one of the antecedents is to one of the 
consequents, so are all the antecedents to all the consequents ; 
V. I2 
SES as the triangle 4MB is to BMC, so is p E 
80 But, as AMB is to BMC, so is AM to MC; 
therefore also, as AM is to MC, so is the triangle ABE to 
the triangle ZAC. 

For the same reason also, 
as FN is to NA, so is the triangle FGZ to the triangle 

8s, GLH. 

And, as A M is to MC, so is FN to NA; 
therefore also, as the triangle ABE is to the triangle BEC, 
so is the triangle FGZ to the triangle GL77; 
and, alternately, as the triangle ABE is to the triangle FGL, 

go so is the triangle BEC to the triangle GLA. 

Similarly we can prove, if BD, GX be joined, that, as the 
triangle BEC is to the triangle ZLGH, so also is the triangle 
ECD to the triangle LHK. 

And since, as the triangle ABE is to the triangle FGL, 

95 so is EBC to LGH, and further ECD to LAK, 
therefore also, as one of the antecedents is to one of the 


consequents. so are all the antecedents to all the consequents ; 
[v. 12 


therefore, as the triangle ABE is to the triangle FGL, 
so is the polygon ABCDE to the polygon FGHKL. 
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ro But the triangle ABE has to the triangle FGZ a ratio 
duplicate of that which the corresponding side 4B has to the 
corresponding side FG; for similar triangles are in the 
duplicate ratio of the corresponding sides. (vı. 19] 
Therefore the polygon ABCDE also has to the polygon 
15 FGHĦHKL a ratio duplicate of that which the corresponding 
side AB has to the corresponding side /G. 
Therefore etc. 


PonrsM. Similarly also it can be proved in the case of 
quadrilaterals that they are in the duplicate ratio of the 
110 Corresponding sides. And it was also proved in the case of 
triangles ; therefore also, generally, similar rectilineal figures 
are to one another in the duplicate ratio of the corresponding 


sides. 
Q. E. D. 


2, in the same ratio as the wholes. The same word duddoyos is used which I have 
generally translated by * corresponding." But here it is followed by a dative, óuóXoya rois 
bras ‘ homologous with the wholes,” instead of being used absolutely. The meaning can 
therefore here be nothing else but “in the same ratio with" or *' proportional to the 
wholes"; and Euclid seems to recognise that he is making a special use of the word, 
because he explains it lower down (I. 46): ‘‘the triangles are homologous to the wholes, that 
is, in such manner that the triangles are proportional, and 4BZ, EBC, ECD are ante- 
cedents, while (GL, LGH, LHX are their consequents.” 

49. éwédueva abray, ‘ their consequents,” is a little awkward, but may be supposed to 
indicate which triangles correspond to which as consequent to antecedent. 


An alternative proof of the second part of this proposition given after the 
Porisms is relegated by August and Heiberg to an Appendix as an interpolation. 
It is shorter than the proof in the text, and is the only one given by many 
editors, including Clavius, Billingsley, Barrow and Simson. It runs as follows: 

‘We will now also prove that the triangles are homologous in another and 
an easier manner. 


C D H K 


Again, let the polygons ABCDE, FGHKL be set out, and let BE, EC, 
GL, LH be joined. 

I say that, as the triangle 4 BE is to FGL, so is EBC to LGA and CDE 
to HKZ. 

For, since the triangle ABZ is similar to the triangle “GZ, the triangle 
ABE has to.the triangle FGZ a ratio duplicate of that which B£ has to GZ. 
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For the same reason also 


the triangle BEC has to the triangle GZH a ratio duplicate of that which 
BE has to GZ. 


Therefore, as the triangle ABE is to the triangle FGZ, so is BEC 
to GLH. 


Again, since the triangle EZC is similar to the triangle ZG.Z, 


EBC has to LG a ratio duplicate of that which the straight line CZ has 
to HL. 


For the same reason also 


the triangle ECD has to the triangle ZX a ratio duplicate of that which 
CE has to AL. 


Therefore, as the triangle EBC is to LGH, so is ECD to LAK. 
But it was proved that, 


as EBC is to LGA, so also is ABE to FGL. 


Therefore also, as ABE is to FGL, so is BEC to GLH and ECD to 
LHK. 


Q. E. D.” 


Now Euclid cannot fail to have noticed that the second part of his 
proposition could be proved in this way. It seems therefore that, in giving 
the other and longer method, he deliberately wished to avoid using the result 
of vı. 19, preferring to prove the first two parts of the theorem, as they can be 
proved, independently of any relation between the areas of similar triangles. 

The first part of the Porism, stating that the theorem is true of guadrilaterals, 
would be superfluous but for the fact that technically, according to Book 1. 
Def. 19, the term “polygon” (or figure of many sides, roAvrAevpov) used in the 
enunciation of the proposition is confined to rectilineal figures of more than 
four sides, so that a quadrilateral might seem to be excluded. The mention 
of the triangle in addition fills up the tale of '* similar rectilineal figures." 

The second Porism, Theon's interpolation, given in the text by the editors, 
but bracketed by Heiberg, is as follows : 

* And, if we take O a third proportional to AB, FG, then B4 has to O a 
ratio duplicate of that which 4B has to FG. 

But the polygon has also to the polygon, or the quadrilateral to the 
quadrilateral, a ratio duplicate of that which the corresponding side has to 
the corresponding side, that is 472 to FG; 
and this was proved in the case of triangles also ; 


so that it is also manifest generally that, if three straight lines be proportional, 
as the first is to the third, so will the figure described on the first be to the 
similar and similarly described figure on the second." 


PROPOSITION 21. 


Figures which are similar to the same rectilineal figure 
are also similar to one another. 


For let each of the rectilineal figures 4, P be similar to C; 
I say that 74 is also similar to Z. 


240 BOOK VI (vi. 21, 22 


For, since 4 is similar to C, 


it is equiangular with it and has the sides about the equal 
angles proportional. [vi. Def. 1] 


O Uu 


Again, since Z is similar to C, 


it is equiangular with it and has the sides about the equal 
angles proportional. 


Therefore each of the figures 44, Z is equiangular with C 
and with C has the sides about the equal angles proportional; 


therefore 4 is similar to Z. 
Q. E. D. 
It will be observed that the text above omits a step which the editions 
generally have before the final inference “ Therefore 4 is similar to B.” The 
words omitted are ‘“‘so that 4 is also equiangular with B and [with 2] has the 


sides about the equal angles proportional.” Heiberg follows P in leaving 
them out, conjecturing that they may be an addition of Theon’s. 


PROPOSITION 22. 


If four straight lines be proportional, the rectilineal figures 
similar and similarly described upon them will also be pro- 
portional ; and, if the rectilineal figures similar and similarly 
described upon them be proportional, the straight lines will 
themselves also be proportional. 


Let the four straight lines 44, CD, EF, GH be pro- 
portional, 
so that, as 4B is to CD, so is EF to GH, 


and let there be described on 4 Z, C2 the similar and similarly 
situated rectilineal figures XAB, LCD, 

and on EF, GAH the similar and similarly situated rectilineal 
figures MF, NH ; 

I say that, as XA B is to LCD, so is MF to NA. 


For let there be taken a third proportional O to AB, CD, 
and a third proportional P to EF, G/T. (vi. rr] 
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Then since, as AB is to CD, so is EF to GH, 
and, as CD is to O, so is GH to P, 
therefore, ex aegualz, as AB is to O, so is EF to P. [v. 22] 
But, as AB is to O, so is XAB to LCD, 
and, as EF 'is to P, so is ME to NH; 
therefore also, as XAB is to LCD, so is MEF to NH. (v. 11) 


(vr. 19, Por.] 


K 








Next, let ME be to NH as KAB is to LCD; 
I say also that, as 42 is to CD, so is EF to GĦ. 
For, if EF is not to GH as AB to CD, 
let EF be to QR as AB to CD, (vi. 12] 


and on QR let the rectilineal figure SR be described similar 
and similarly situated to either of the two WF, NH. [v1. 18) 


Since then, as 4B is to CD, so is EF to QR, 


and there have been described on AB, CD the similar and 
similarly situated figures XA B. LCD, 


and on EF, QR the similar and similarly situated figures 
MF, SR, 
therefore, as KAB is to LCD, so is MF to SK. 
But also, by hypothesis, 
as XAB is to LCD, so is MF to NH; 
therefore also, as M F is to SR, so is MF to NH. [v. 11] 


Therefore MF has the same ratio to each of the figures 
NA, SR; 
therefore VH is equal to SÈ. (v. 9] 
But it is also similar and similarly situated to it ; 
therefore GĦ is equal to QR. 
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And, since, as ABZ is to CD, so is EF to QR, 
while QA is equal to GĦ, 
therefore, as AB is to CD, so is EF to GH. 
Therefore etc. 
Q. E. D. 


The second assumption in the first step of the first part of the proof, viz. 
that, as CD is to O, so GH to P, should perhaps be explained. It is a 
deduction [by v. 11] from the facts that 


AB is to CD as CD to O, 
EF isto GH as GH to P, 
and AB is to CD as EF to GH. 


The defect in the proof of this proposition is well known, namely the 
assumption, without proof, that, because the figures /VZZ, .S& are equal, 
besides being similar and similarly situated, their corresponding sides GH, QR 
are equal. Hence the minimum addition necessary to make the proof 
complete is a proof of a lemma to the effect that, if two similar figures are also 
equal, any patr of corresponding sides are equal. 

To supply this lemma is one alternative; another is to prove, as a 
preliminary proposition, a much more general theorem, viz. that, ¿f the 
duplicate ratios of two ratios are equal, the two ratios are themselves equal. 
When this is proved, the second part of vi. 22 is an immediate inference (rom 
it, and the effect is, of course, to substitute a new proof instead of 
supplementing Euclid's. 


I. It is to be noticed that the lemma required as a minimum is very like 
what is needed to supplement vi. 28 and 29, in the proofs of which Euclid 
assumes that, tf two similar parallelograms are unequal, any side in the greater 
ts greater than the corresponding side in the smaller. Therefore, on the whole, it 
seems preferable to adopt the alternative of proving the simpler lemma which 
will serve to supplement all three proofs, viz. that, if of two similar rectilineal 
figures the first is greater than, equal fo, or less than, the second, any side of the 
first is greater than, equal to, or less than, the corresponding side of the second 
respectively. 

The case of egua/ity of the figures is the case required for vi. 22 ; and the 
proof of it is given in the Greek text after the proposition. Since to give such 
a “lemma” after the proposition in which it is required is contrary to Euclid's 
manner, Heiberg concludes that it is an interpolation, though it is earlier than 
Theon. The lemma runs thus: 


“But that, if rectilineal figures be equal and similar, their corresponding 
sides are equal to one another we will prove thus. 


Let NWH, SR be equal and similar rectilineal figures, and suppose that, 
as HG is to GW, so is RQ to QS; 
I say that RQ is equal to HG. 
For, if they are unequal, one of them is greater ; 
let RQ be greater than AG. 
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Then, since, as RQ is to QS, so is HG to GN, 
alternately also, as RQ is to HG, so is QS to GN; 
and QA is greater than HG ; 

therefore QS is also greater than GV ; 
so that RS is also greater than ZZ/V *. 

But it is also equal : which is impossible. 

Therefore QA is not unequal to GH; 
therefore it is equal to it." 


[The step marked * is easy to see if it is remembered that it is only 
necessary to prove its truth in the case of ¢riangles (since similar polygons are 
divisible into the same number of similar and similarly situated triangles 
having the same ratio to each other respectively as the polygons have). If the 
triangles be applied to each other so that the two corresponding sides of each, 
which are used in the question, and the angles included by them coincide, 
the truth of the inference is obvious.] 


The lemma might also be arrived at by proving that, ¿f a ratio is greater than 
a ratio of equality, the ratio which is its duplicate îs also greater than a ratio of 
equality; and if the ratio which ts duplicate of another ratio is greater than a 
ratio of equality, the ratio of which it ts the duplicate ts also greater than a ratio 
of equality. It is not difficult to prove this from the particular case of v. 25 in 
which the second magnitude is equal to the third, 1.e. from the fact that in 
this case the sum of the extreme terms is greater than double the middle term. 


II. We nowcome to the alternative which substitutes a new proof for the 
second part of the proposition, making the whole proposition an immediate 
inference from one to which it is practically equivalent, viz. that 

(1) Lf two ratios be equal, their duplicate ratios are equal, and (2) con- 
versely, if the duplicate ratios of two ratios be equal, the ratios are equal. 

The proof of part (1) is after the manner of Euclid’s own proof of the first 
part of v1. 22. 

Let 4 be to Z as C to D, 
and let X be a third proportional to 4, B, and Ya third proportional to C, D, 


so that 
A isto Bas B to X, 


and Cisto Das Dto Y; 
whence A is to X in the duplicate ratio of 4 to B, 
and C is to Y in the duplicate ratio of C to D. 
Since A isto Bas Cis to D, 
and B isto X as A is to B, 
i.e. as C is to D, [v. 21] 
ie. as D is to Y, 
therefore, ex aequa/t, A is to X as C is to Y. 


Part (2) is much more difficult and is the crux of the whole thing. _ 

Most of the proofs depend on the assumption that, Z being any magnitude 
and 2 and Q two magnitudes of the same kind, there does exist a magnitude 
A which is to Z in the same ratio as P to Q. It is this same assumption 
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which makes Euclid’s proof of v. 18 illegitimate, since it is nowhere proved 
in Book v. Hence any proof of the proposition now in question which 
involves this assumption even in thè case where B, P, Q are all straight lines 
should not properly be given as an addition to Book v. ; it should at least be 
postponed until we have learnt, by means of vi. 12, giving the actual 
construction of a fourth proportional, that such a fourth proportional exists. 

Two proofs which are given of the proposition depend upon the following 
lemma. 

Jf A, B, C be three magnitudes of one kind, and D, E, F three magnitudes 
of one kind, then, if 


the ratio of A fo B is greater than that of D fo E, 
and the ratio of B fo C greater than that of E fo F, 
ex aequali, Zhe ratio of A fo C is greater than that of D fo F. 


One proof of this does not depend upon che assumption referred to, and 
therefore, if this proof is used, the theorem can be added to Book v. The 
proof is that of Hauber (Camerer's Euclid, p.-358 of Vol. 11.) and is reproduced 
by Mr H. M. Taylor. For brevity we will use symbols. 

Take equimultiples #4, mD of A, D and nB, nE of B, E such that 


mA>nB, but mD >nE£. 


Also let 22, ?E be equimultiples of B. Z and gC, gF equimultiples of 
C, F such that 
AB »4C, but E P2 F. 


Therefore, multiplying the first line by ? and the second by z, we have 


mA »pnB, 5m D PpnE, 
and npB » nC, npE ug F, 
whence m4 »ngC, bmD n F. 
Now mA, pmD are equimultiples of mA, mD, 
and ngC, ng F equimultiples of gC, ¢F. 
Therefore [v. 3] they are respectively equimultiples of 4, D and of C, F. 
Hence [v. Def. 7] A:C>D:F. 


Another proof given by Clavius, though depending on the assumption 
referred to, 1s neat. 
Take G such that 








G:C=E:F 
A — — D 
Da — E 
Cc F 
Q 
H 
Therefore B:C>G:C, [v. 13] 
and BG. [v. 10] 


Therefore A:G>A:B. [v. 8] 
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But A: B>D:E. 
Therefore, a fortiori, 4: G>D: E. 
Suppose ZZ taken such that 
H:G=D:E£ 
Therefore A » H. [v. 13, 10] 
Hence A:C>H:C. [v. 8] 
But H:G=D:E, 
G: Csi 
Therefore, ex aeguals, H:C=D:F. [v. 22] 
Hence A:C>D:F. [v. 13] 
Now we can prove that 
Ratios of whitch equal ratios are duplicate are equal. 
Suppose that A: B=B:C, 
and D:E=E :f, 
and further that A:C=D:F. 
it is required to prove that 
A: B=D:E. 
For, if not, one of the ratios must be greater than the other. 
Let A : B be the greater. 
Then, since A:B=B:6, 
and D:E-2E:F, 
while A: B>D:E, 
it follows that B: C>E:F [v. 13] 
Hence, by the lemma, ¢x aegualt, 
A:C>D:Ff, 


which contradicts the hypothesis. 
Thus the ratios 4: 8 and ): £ cannot be unequal; that is, they are equal. 
Another proof, given by Dr Lachlan, also assumes the existence of a 
fourth proportional, but depends upon a simpler lemma to the effect that 
It is impossible that two different ratios can have the same wuplicate ratio. 
E if possible, let the ratio 44 : Z.be duplicate both of 4 : X and 4 : Y, 
so that 


A:X=X:B, 
and 4: Y2 Y: B. 
Let X be greater than Y. 
Then A:X<A: Y; [v. 8] 
that is, X:B<Y: B, [v. 11, 13] 
or X « Y. [v. 10] 


But X is greater than Y : which is absurd, etc. 
Hence x= Y. 
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Now suppose that A:B-B:C, 
D:EZE:fF, 
and A:C=D:F. 
To prove that A: B=D:E. 


If this is not so, suppose that 


A= BaD: Z. 
Since A:C=D:F, 
therefore, inversely, C:A=F: 
Therefore, ex aequali, 
C:B=F:Z2Z, [v. 22] 
or, inversely, BECS 
Therefore A: B=Z2:F. [v. 11] 
But A: B=D: Z, by hypothesis. 
Therefore D:Z=Z:F. (v. 11] 
Also, by hypothesis, D:E=E:F; 
whence, by the lemma, E=Z. 
Therefore A:B-D:E 


De Morgan remarks that the best way of remedying the defect in Euclid 
is to insert the proposition (the lemma to the last proof) that ¿f ss smpossible 
thal two different ratios can have the same duplicate ratio, “which,” he says, 
“immediately proves the second (or defective) case of the theorem.” But this 
seems to be either too much or too little: too much, if we choose to make 
the minzmum addition to Euclid (for that addition is a lemma which shall prove 
that, if a duplicate ratio is a ratio of equality, the ratio of which it is duplicate 
is also one of equality), and too little if the proof is to be altered in the more 
fundamental manner explained above. 

I think that, if Euclid’s attention had been drawn to the defect in his 
proof of vi. 22 and he had been asked to remedy it, he would have done so 
by supplying what I have called the minimum lemma and not by making the 
more fundamental alteration. This I infer from Prop. 24 of the Dafa, where 
he gives a theorem corresponding to the proposition that ratios of which equal 
ratios are duplicate are equal. The proposition in the Dafa is enunciated 
thus: Jf three straight lines be proportional, and the first have to the third a 
given ratio, tt will also have to the second a given ratio. 

A, B, C being the three straight lines, so that 

A:B=8B:C, 
and 4: C being a given ratio, it is required to prove that 4: B is also a 
given ratio. 

Euclid takes any straight line D, and first finds another, Æ such that 

D:FH=A:C, 
whence D : ¥ must be a given ratio, and, as D is given, F is therefore given. 
Then he takes E a mean proportional between D, Æ so that 
D:E=E:F. 
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It follows [vr. 17] that 
the rectangle D, F is equal to the square on £. 
But D, Fare both given ; 
therefore the square on Æ is given, so that Æ is also given. 

(Observe that De Morgan’s lemma is here assumed without proof. It 
may be proved (1) as it is by De Morgan, whose proof is that given above, 
p. 245, (2) in the manner of the “minimum lemma,” pp. 242—3 above, or 
(3) as it is by Proclus on t. 46 (see note on that proposition). ] 

Hence the ratio D : £ is given. 


Now, since A:C-D:F 
and A ; C= (square on 4): (rect: 4, C), 
while D : F= (square on D): (rect. D, F), (vr. 1] 
therefore (square on 4) : (rect. 4, C) = (square on D): (rect. D, F). [v. 11] 
But, since 4 : B = B : C, (rect. A, C) - (sq. on B); (vi. 17] 


and (rect. D, F) - (sq. on £), from above ; 
therefore (square on 4) : (square on B) = (sq. on 2D) : (sq. on E). 
Therefore, says Euclid, 
A: B=D:E, 
that is, he assumes the truth of vi. 22 for squares. 


Thus he deduces his proposition from vi. 22, instead of proving vi. 22 by 


means of it (or the corresponding proposition used by Mr Taylor and 
Dr Lachlan). 


PROPOSITION 23. 
Equiangular paratlelograms have to one another the ratto 
compounded of the ratios of thetr sides. 
Let AC, CF be equiangular parallelograms having the 
angle BCD equal to the angle ECG; 


s I say that the parallelogram AC has to the parallelogram 
CF the ratio compounded of the ratios of the sides. 


K 
L 
M 





For let them be placed so that AC is in a straight line 
with CG ; 
therefore DC is also in a straight line with CZ. 
10 Let the parallelogram DG be completed ; 
let a straight line A be set out, and let it be contrived that, 
as BC isto CG, so is X to L, 
and, as DC is to C£, so is Z to M. [vi. 12] 
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Then the ratios of X to £L and of Z to M are the same 
15 as the ratios of the sides, namely of BC to CG and of DC 
to C£. 
But the ratio of Æ to M is compounded of the ratio of X 
to Z and of that of L to M; 
so that Æ has also to M the ratio compounded of the ratios 
20 of the sides. 


Now since, as BC is to CG, so is the parallelogram AC 


to the parallelogram CH, [vi. 1] 

while, as BC is to CG, so is K to £L, 

therefore also, as Æ is to £, so is AC to CH. (v. 11] 
25 Again, since, as DC is to CE, so is the parallelogram CH 

to CF, (vr. 1] 


while, as DC is to CZ, so is L to M, 


therefore also, as Z is to M, so is the parallelogram CH to 
the parallelogram CF. [v. 11) 


30 Since then it was proved that, as Æ is to Z, so is the 
parallelogram AC to the parallelogram C//, 


and, as Z is to ™, so is the parallelogram CAH to the 
parallelogram CF, 


therefore, ex aegua/z, as K is to M, so is AC to the parallelo- 
3; gram C. 


But Æ has to M the ratio compounded of the ratios of 
the sides ; 


therefore 4C also has to CF the ratio compounded of the 
ratios of the sides. 


40 Therefore etc. 
Q. E. D. 


1,6, 19, 36. the ratio compounded of the ratios of the sides, Adyow rdv cuyKelpevor 
éx Ta» wevpay which, meaning literally ‘the ratio compounded of the sides,” is negligently 
written here and commonly for Aóyor và» avyxeluevov éx töv TÖ» mAevpåv (sc. Mryuv). 

11. let it be contrived that, as BC is to CG, so is K to L. The Greek phrase is 
of the usual terse kind, untranslatable literally : xal yeyovérw ws uà» 7 BI rpòs rhv TH, 
obrws 7 K mpds 7d A, the words meaning ''and let (there) be made, as BC to CG, so K to 
L," where Z is the straight line which has to be constructed. 


The second definition of the Data says that A ratio is said to be given if 
we can find (ropicad6at) [another ratio that is| the same with tt. Accordingly 
v1. 23 not only proves that equiangular parallelograms have to one another a 
ratio which is compounded of two others, but shows that that ratio is “given” 
when its component ratios are given, or that it can be represented as a simple 
ratio between straight lines. 
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Just as vi. 23 exhibits the operation necessary for compounding two 
ratios, a proposition (8) of the Dafa indicates the operation by which we may 
divide one ratio by another. The proposition proves that Things which 
have g given ratio to the same thing have also a given ratio to one another. 
Euclid's procedure is of course to compound one ratio with the inverse of the 
other; but, when this is once done and the result of Prop. 8 obtained, he 
uses the result in the later propositions as a substitute for the method of 
composition. Thus he uses the division of ratios, instead of composition, 
in the propositions of the Data which deal with the same subject-matter as 
vi, 23. The effect is to represent the ratio of two equiangular parallelograms 
as a ratio between straight lines one of which is one side of one of the 
parallelograms. Prop. 56 of the Data shows us that, if we want to express 
the ratio of the parallelogram AC to the parallelogram CF in the figure 





of vi. 23 in the form of a ratio in which, for example, the side AC is the 
antecedent term, the required ratio of the parallelograms is BC: X, where 


DC: CE=CG: X, 
or X is a fourth proportional to DC and the two sides of the parallelogram CF. 
Measure CX along CB, produced if necessary, so that 
DC: CE=CG: CK 
(whence CX is equal to X). 
[This may be simply done by joining DG and then drawing EX parallel 
to it meeting CZ in K.] 
Complete the parallelogram 4X. 


Then, since DC: CE- CG : CK, 
the parallelograms DX, CF are equal. [vi. 14] 
Therefore (4C): (CF) 2 (4C) : (DK) [v. 4] 
-BC:CK [vi. 1] 
= BC: X. 


Prop. 68 of the Dafa uses the same construction to prove that, Zf two 
equiangular parallelograms have to one another a given ratio, and one side have 
fo one side a given ratio, the remaining side will also have to the remaining side 
a given ratio. 

I do not use the figure of the Dafa but, for convenience’ sake, I adhere 
to the figure given above. Suppose that the ratio of the parallelograms is 
given, and also that of CD to CE. 

- Apply to CD the parallelogram DX equal to CF and such that CX, CB 


coincide in direction. (1. 45] 
Then the ratio of 4C to AD is given, being equal to that of AC to CF. 
And (AC):(KD)=CB: CK; 


therefore the ratio of CB to CX is given. 
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But, since KD = CF, 
CD: CE=CG: CK. [vr. 14] 
Hence CG : CK is a given ratio. 
And CB : CK was proved to be a given ratio. 
Therefore the ratio of CB to CG is given. [ Data, Prop. 8] 
Lastly we may refer to Prop. 70 of the Daéa, the first part of which proves 
what corresponds exactly to vi. 23, namely that, 7f in two eguiangular paral- 
lelograms the sides containing the equal angles have a given ratio to one another 
(i.e. one side in one to one side in the other], he parallelograms themselves will 
also have a given ratto to one another. [Here the ratios of BC to CG and of 
CD to CE are given. | 
The construction is the same as in the last case, and we have AD equal 
to CF, so that 
CD: CE- CG : CK. (vi. 14] 
But the ratio of CD to CE is given; 
therefore the ratio of CG to CX is given. 


And, by hypothesis, the ratio of CG to CB is given. 

Therefore, by dividing the ratios [ Dafa, Prop. 8], we see that the ratio of 
CB to CK, and therefore [vi. 1] the ratio of AC to DK, or of AC to CF, 
IS given. 

Euclid extends these propositions to the case of two parallelograms which 
have gizen but not equal angles. 

Pappus (vit. p. 928) exhibits the result of vi. 23 in a different way, 
which throws new light on compounded ratios. He proves, namely, that a 
parallelogram is to an equiangular parallelogram as the rectangle contained by 


the adjacent sides of the first ts to the rectangle contained by the adjacent sides 
of the second. 


A 


B G C E H 


Let AC, DE be equiangular parallelograms on the bases BC, EF, and let 
the angles at 2, £ be equal. 

Draw perpendiculars AG, DH to BC, EF respectively. 

Since the angles at Z, G are equal to those at £, 77, 


the triangles 4BG, DEA are equiangular. 


Therefore BA: AG=ED: DH. : [vi. 4] 
But BA * AG = (rect. BA, BC) : (rect. AG, BC), 
and ED: DH=(rect. ED, EF): (rect. DA, EF). [vi. 1] 


Therefore [v. 11 and v. 16] 

(rect. 4B, BC) : (rect. DE, EF) - (rect. AG, BC): (rect. DH, EF) 
=(AC): (DF). 

Thus it is proved that the ratio compounded of the ratios 48 : DE and 


BC: EF is equal to the ratio of the rectangle 48, BC to the rectangle 
DE, EF. 
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Since each parallelogram in the figure of the proposition can be divided 
into pairs of equal triangles, and all the triangles which are the halves of either 
parallelogram have two sides respectively equal and the angles included by 
them equal or supplementary, it can be at once deduced from vi. 23 (or it 
can be independently proved by the same method) that /r/ang/es which have 
one angle of the one equal or supplementary-to one angle of the other are in the 
ratio compounded of the ratios of the sides about the equal or supplementary 
angles. Cf. Pappus vit. pp. 894— 6. 

vi. 23 also shows that rectangles, and therefore parallelograms or triangles, 
are fo one another tn the ratio compounded of the ratios of their bases and 
heights. 

The converse of vi. 23 is also true, as is easily proved by reductio ad 
absurdum. More generally, z/ ^o paralfelograms or triangles are in the ratio 
compounded of the ratios of two adjacent sides, the angles included by those sides 
are etther equal or supplementary. 


PROPOSITION 24. 
In any parallelogram the parallelogranis about the diameter 
are similar both to the whole and to one another. 


Let ABCD be a parallelogram, and AC its diameter. 
and let EG, HK be parallelograms 


about AC ; A E B 
| say that each of the parallelograms F i 
EG, HK is similar both to the whole 9 


ABCD and to the other. 


For, since EF has been drawn 
parallel to AC, one of the sides of the D K c 
triangle ABC, 


proportionally, as BE is to EA, so is CF to FA. [vi. 2] 


Again, since FG has been drawn parallel to CD, one of 
the sides of the triangle ACD, 


proportionally, as CEF is to FA, so is DG to GA. (vi. 2) 
But it was proved that, 
as CF is to FA, so also is BE to FA; 
therefore also, as BE is to EA, so is DG to GA, 
and therefore, componendo, 


as BA is to AE, so is DA to AG, [v. 18] 
and, alternately, 
as BA isto AD, so is EA to AG. [v. 16] 


Therefore in the parallelograms ABCD, EG, the sides 
about the common angle BAD are proportional. 


And, since GF is parallel to DC, 
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the angle AFG is equal to the angle DCA ; 
and the angle DAC is common to the two triangles ADC, 
AGF; 


therefore the triangle 4 DC is equiangular with the triangle 
AGF. 


For the same reason 


the triangle 4CZ is also equiangular with the triangle 
AFE, 


and the whole parallelogram ABCD is equiangular with the 
parallelogram ZG. 
Therefore, proportionally, 
as AD is to DC, so is AG to GF, 
as DC is to CA, sois GF to FA, 
as ÁC is to CB, so is AF to FE, 
and further, as CB is to BA, so is FE to ZA. 
And, since it was proved that, 
as DC is to CA, sois GF to FA, 
and, as AC is to CB, so is AF to FEL, 
therefore, ex aegualt, as DC is to CB, so is GF to FE. [v. 22| 


Therefore in the parallelograms ABCD, EG the sides 
about the equal angles are proportional ; 


therefore the parallelogram 4 8CD is similar to the parallelo- 
gram EG. [vi. Def. 1] 
For the same reason 
the parallelogram ABCD is also similar to the parallelogram 
therefore each of the parallelograms EG, A’X is similar to 
ABCD. 
But figures similar to the same rectilineal figure are also 
similar to one another ; [vi. 21] 


therefore the parallelogram ÆG is also similar to the parallelo- 
gram HK. 


Therefore etc. 
Q. E. D. 


Simson was of opinion that this proof was made up by some unskilful 
editor out of two others, the first of which proved by parallels (vi. 2) that 
the sides about the common angle in the parallelograms are proportional, 
while the other used the similarity of triangles (vi. 4). It is of course true 
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that, when we have proved by vi. 2 the fact that the sides about the common 
angle are proportional, we can infer the proportionality of the other sides 
directly from 1. 34 combined with v. 7. But it does not seem to me unnatural 
that Euclid should (1) deliberately refrain from making any use of 1. 34 and 
(2) determine beforehand that he would prove the sides proportional in a 
definite order beginning with the sides £4, 4G and BA, AD about the 
common angle and then taking the remaining sides in the order indicated 
by the order of the letters 4, G, F, E. Given that Euclid started the proof 
with such a fixed intention in his mind, the course taken presents no difficulty, 
nor is the proof unsystematic or unduly drawn out. And its genuineness 
seems to me supported by the fact that the proof, when once the first two 
sides about the common angle have been disposed of, follows closely the 
order and method of vi. 18. Moreover, it could readily be adapted to the 
more general case of two polygons having a common angle and the other 
corresponding sides respectively parallel. 

The parallelograms in the proposition are of course similarly situated as 
well as similar; and those “about the diameter” may be “about” the 
diameter Produce! as well as about the diameter itself. 

From the first part of the proof it follows that parallelograms which have 
one angle equal to one angle and the sides about those angles proportional 
are similar. 

Prop. 26 is the converse of Prop. 24, and there seems to be no reason 
why they should be separated as they are in the text by the interposition of 
Vi. 25. Campanus has vi. 24 and 26 as vi. 22 and 23 respectively, vi. 23 as 
VI. 24, and vi. 25 as we have it. 


PROPOSITION 25. 


To construct one and the same figure similar to a given 
recttlineal figure and equal to another given rectilineal figure. 


Let ABC be the given rectilineal figure to which the 
figure to be constructed must be similar, and D that to which 
it must be equal ; 


thus it is required to construct one and the same figure similar 
to ABC and equal to D. 





G H 


Let there be applied to BC the parallelogram BE equal 
to the triangle 74 BC (x. 44), and to CË the parallelogram CM 
equal to D in the angle FCE which is equal to the angle 
CBL. (1. 45] 
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Therefore BC is in a straight line with CF, and LE with 
EM. 

Now let GH be taken a mean proportional to BC, CF 
[vt. 13], and on GH/ let KGH be described similar and similarly 
situated to 44 DC. [vr. 18] 

Then, since, as BC is to GH, so is GA to CF, 


and, if three straight lines be proportional, as the first is to 
the third, so is the figure on the first to the similar and 
similarly situated figure described on the second, (vi. 19, Por.] 


therefore, as BC is to CF, so is the triangle ABC to the 
triangle XGA. 
But, as BC is to CF, so also is the parallelogram BE to 
the parallelogram ZF. [vi. 1] 
Therefore also, as the triangle ABC is to the triangle 
KGA, so is the parallelogram BÆ to the parallelogram FF; 


therefore, alternately, as the triangle ABC is to the parallelo- 


gram BE, so is the triangle AG// to the parallelogram ZF. 
[v. 16} 


But the triangle ABC is equal to the parallelogram BE ; 
therefore the triangle AG// is also equal to the parallelogram 
EF. 

But the parallelogram EZ is equal to D ; 
therefore KGH is also equal to D. 


And XGA is also similar to ABC. 
Therefore one and the same figure KGH has been con- 
structed similar to the given rectilineal figure 48C and equal 


to the other given figure D. 
Q. E. D. 


3. to which the figure to be constructed must be similar, literally ** to which it 
is required to construct (one) similar," @ det Suoov cvarioacOa. 


This is the highly important problem which Pythagoras is credited with 
having solved. Compare the passage from Plutarch (Symp. viii. 2, 4) quoted 
in the note on 1. 44 above, Vol. 1. pp. 343—4- 


We are bidden to construct a rectilineal figure which shall have the form of 
one and the size of another rectilineal figure. The corresponding proposition 
of the Data, Prop. 55, asserts that, “if an area (xwptov) be given in form 
(eie) and in magnitude, its sides will also be given in magnitude.” 

Simson sees signs of corruption in the text of this proposition also. In 
the first place, the proof speaks of the /rzangle ABC, though, according to the 
enunciation, the figure for which 4AC is taken may be any rectilineal figure, 
<iOvypappov “rectilineal figure” would be more correct, or eldos, ‘“‘figure”; the 
mistake, however, of using rpéyevov is not one of great importance, being no 
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doubt due to the accident by which the figure was drawn as a triangle in the 
diagram. 
The other observation is more important. After Euclid has proved that 
(fig. ABC) : (fig. KGH) = (BE) : (EF) 


he might have inferred directly from v. 14 that, since ABC is equal to BE, 
KGH is equal to EF. For v. 14 includes the proof of the fact that, if 4 is 
to B as C is to D, and 4 is equal to C, then Z is equal to D, or that of four 
proportional magnitudes, if the first is equal to the third, the second is equal 
to the fourth. Instead of proceeding in this way, Euclid first permutes the 
proportion by v. 16 into 

(fig. ABC) : (BEL) = (fig. KGH) : (EF), 


and then infers, as if the inference were easier in this form, that, since the 
first is equal to the second, the ¢Aird is equal to the fourth. Yet there is no 
proposition to this effect in Euclid. The same unnecessary step of permutation 
is also found in the Greek text of xr. 25 and xii. 2, S5, 11, 12 and 18. In 
reproducing the proofs we may simply leave out the steps and refer to v. 14. 


PROPOSITION 26. 


If from a parallelogram there be taken away a parallelo- 
gram similar and similarly situated to the whole and having 
a common angle with it, it is about the same diameter with the 
whole 


For from the parallelogram ABCD let there be taken 
away the parallelogram 4¥ similar and 
similarly situated to 4BCD, and having 
the angle DAB common with it ; G 


I say that ABCD is about the same 
diameter with 74. 


For suppose it is not, but, if possible, 
let AHC be the diameter < of ABCD >, 


let GF be produced and carried through 
to Ħ, and let (7X be drawn through Æ 





parallel to either of the straight lines 4D, BC. (r. 31] 
Since, then, 4 BCD is about the same diameter with AG, 
therefore, as DA is to AÐ, so is GA to AK. (vi. 24] 


But also, because of the similarity of ABCD, EG, 
as DA is to AB, so is GA to AE; 
therefore also, as GA is to AK, so is GA to AE. [v. 11] 


Therefore GA has the same ratio to each of the straight 
lines AK, AE. 
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Therefore AZ is equal to AX [v. 9}, the less to the 
greater: which is impossible. 

Therefore ABCD cannot but be about the same diameter 
with AE; 


therefore the parallelogram ABCD is about the same diameter 
with the parallelogram AF. 


Therefore etc. 
Q. E. D. 


* For suppose it is not, but, if possible, let 477C be the diameter." What 
is meant is “For, if AFC is not the diameter of the parallelogram AC, let 
AHC be its diameter." The Greek text has éero abróy diaperpos ) AOT ; 
but clearly atrav is wrong, as we cannot assume that one straight line is the 
diameter of both parallelograms, which is just what we have to prove. F and 
V omit the atrav, and Heiberg prefers this correction to substituting avrov 
after Peyrard. I have inserted “<of ABCD >” to make the meaning clear. 

If the straight line 477C does not pass through Æ, it must meet either 
GF or GF produced in some point Æ. The reading in the text “and let 
GF be produced and carried through fo HP. (xai êxpìànbeisa 4 HZ 8yxOw éri 
Tò ©) corresponds to the supposition that Æ is on GF produced. The words 
were left out by Theon, evidently because in the figure of the mss. the letters 
E, Z and K, © were interchanged. Heiberg therefore, following August, has 
preferred to retain the words and to correct the figure, as well as the passage in 
the text where AZ, AX were interchanged to be in accord with the Ms. figure. 


It is of course possible to prove the proposition directly, as is done by 
Dr Lachlan. Let AF, AC be the diagonals, and let us make no assumption 
as to how they fall. 

Then, since E is parallel to 4G and therefore to BC, 


the angles AZF, ABC are equal. 
And, since the parallelograms are similar, 
AE: EF=AB: BC. [vr. Def. 1] 
Hence the triangles AEF, ABC are similar, (vi. 6] 
and therefore the angle FAE is equal to the angle CAB. 
Therefore AF falls on AC. 


The proposition is equally true if the parallelogram which is similar and 
similarly situated to the given parallelogram is not “ taken 
away" from it, but is so placed that it is entirely outside the  £ € 
other, while two sides form an angle vertically opposite to 
an angle of the other. In this case the diameters are not 
“the same,” in the words of the enunciation, but are in G 
a straight line with one another. This extension of the 
proposition is, as will be seen, necessary for obtaining, 
according to the method adopted by Euclid in his solu- 
tion of the problem in vi. 28, the second solution of that 
problem. 


Q 
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PROPOSITION 27. 


Of all the parallelograms applied to the same straight line 
and deficient by parallelogrammic figures similar and similarly 
sttuated to that described on the half of the straight line, that 
parallelogram is greatest which is applied to the half of the 
straight line and ts stmilar to the defect. 


Let AB be a straight line and let it be bisected at C; 

let there be applied to the straight 
line AB the parallelogram AD 
deficient by the parallelogrammic 
figure DB described on the half of 
A B, that is, CB; 
I say that, of all the parallelograms 
applied to AB and deficient by 
parallelogrammic figures similar and 
similarly situated to DB, AD is greatest. 

For let there be applied to the straight line AZ the 
parallelogram AF deficient by the parallelogrammic figure 
FB similar and similarly situated to DB; 

I say that 4/ is greater than AF. 


For, since the parallelogram DZ is similar to the parallelo- 
gram £F, 

they are about the same diameter. [vi. 26] 

Let their diameter DZ be drawn, and let the figure be 
described. 

Then, since CZ is equal to FZ, (1. 43) 
and FB is common, 
therefore the whole CH is equal to the whole KZ. 

But C77 is equal to CG, since AC is also equal to CZ. 

(1. 36] 





Therefore GC is also equal to EX. 
Let CF be added to each ; 


therefore the whole 4 F is equal to the gnomon LMN ; 


so that the parallelogram DZ, that is, 4D, is greater than 
the parallelogram 24. 


Therefore etc. 
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We have already (note on 1. 44) seen the significance, in Greek geometry, 
of the theory of *the application of areas, their exceeding and their falling- 
short.” In 1. 44 it was a question of “applying to a given straight line 
(exactly, without ‘excess’ or ‘defect’) a parallelogram equal to a given 
rectilineal figure, in a given angle.” Here, in vi. 27—29, it is a question 
of parallelograms applied to a straight line but “deficient (or exceeding) by 
parallelograms similar and similarly 
situated to a given parallelogram.” 
Apart from size, it is easy to construct 
any number of parallelograms “‘de- 
ficient” or “exceeding” in the manner 
described. Given the straight line 
AMB to which the parallelogram has to eese 
be applied, we describe on the base M N K 
CB, where C is on AB, or on BA 
produced beyond 4, any parallelogram “similarly situated” and either equal 
or similar to the given parallelogram (Euclid takes the similar and similarly 
situated parallelogram on half the line), draw the diagonal BD, take on it 
(produced if necessary) an; points as E, &, draw EF, or KZ, parallel to CD 
to meet 42 or 4B produced and complete the parallelograms, as 4 H, ML. 

If the point E is taken on BD or BD produced beyond J, it must be so 
taken that ZF meets AB between 44 and Z. Otherwise the parallelogram 
AE would not be applied to ABZ itself, as it is required to be. 

The parallelograms BD, BL, being about the same diameter, are similar 
[v1. 24], and BE is the defect of the parallelogram AE relatively to AZ. 
AE is then a parallelogram applied to 42 but deficient by a parallelogram 
similar and similarly situated to BD. 

If X is on DB produced, the parallelogram BX is similar to BD, but it 
is the excess of the parallelogram AX relatively to the base 4B. AK isa 
parallelogram applied to AZ but exceeding by a parallelogram similar and 
similarly situated to BD. 

Thus it is seen that BD produced both ways is the /ocus of points, such 
as E or K, which determine, with the direction of CD, the position of 4, and 
the direction of 4S, parallelograms applied to AB and deficient or exceeding 
by parallelograms similar and similarly situated to the given parallelogram. 

The importance of vi. 27—29 from a historical point of view cannot be 
overrated. They give the geometrical equivalent of the algebraical solution 
of the most general form of quadratic equation when that equation has a real 
and positive root. It will also enable us to find a real negative root of a 
quadratic equation ; for such an equation can, by altering the sign of x, be 
turned into another with a real positive root, when the geometrical method 
again becomes applicable. It will also, as we shall see, enable us to represent 
both roots when both are real and positive, and therefore to represent both 
roots when both are real but either positive or negative. 

The method of these propositions was constantly used by the Greek 
geometers in the solution of problems, and they constitute the foundation of 
Book x. of the Elements and of Apollonius’ treatment of the conic sections. 
Simson’s observation on the subject is entirely justified. He says namely on 
vi. 28, 29: “These two problems, to the first of which the 27th Prop. is 
necessary, are the most general and useful of all in the Elements, and are 
most frequently made use of by the ancient geometers in the solution of 
other proolems ; and therefore are very ignorantly left out by Tacquet and 
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Dechales in their editions of the Elements, who pretend that they are scarce 
of any use.” 

It is strange that, with this observation before him, even Todhunter should 
have written as follows. “We have omitted in the sixth Book Propositions 
27, 28, 29 and the first solution which Euclid gives of Proposition 30, as they 
appear now to be never required, and have been condemned as useless by 
various modern commentators ; see Austin, Walker and Lardner.” 

Vi. 27 contains the dnopiapos, the condition for a real solution, of the 
problem contained in the proposition following it. The maximum of all the 
parallelograms having the given property which can be applied to a given 
straight line is that which is described upon half the line (Tò d: rs yueias 
avaypadopevov). This corresponds to the condition that an equation of the 
form 

éx — px! — 4 

may have a real root. The correctness of the result may be seen by taking 
the case in which the parallelograms are 
rectangles, which enables us to leave out 
of account the sine of the angle of the 
parallelograms without any real loss of 
generality. Suppose the sides of the rect- 
angle to which the defect is to be similar 
to be as 2 to c, b corresponding to the 
side of the defect which lies along 4JZ. 
Suppose that 4X FG is any parallelogram 
applied to AB having the given property, that AB =a, and that FX - x. 
Then 





KB= x, and therefore AX =a — : x. 
Hence (« — : x) x= S, where S is the area of the rectangle 4X FG. 


Thus, given the equation 
ax — ° x =S, 


where S is undetermined, vi. 27 tells us that, if x is to have a real value, S 
cannot be greater than the rectangle C£. 


Now CB= , and therefore CD = i = ; 
ca 
whence SP 5* 4’ 


which is just the same result as we obtain by the algebraical method. 

In the particular case where the defect of the parallelogram is to be x 
square, the condition becomes the statement of the fact that, sf a straight line 
be divided into two parts, the rectangle contained by the parts cannot exceed the 
square on half the line. 

Now suppose that, instead of taking F on BD as in the figure of the 
proposition, we take F on BD produced beyond 2 but so that D is less 
than BD. 

Complete the figure, as shown, after the manner of the construction in 
the proposition. 
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Then the parallelogram FX BJ is similar to the given parallelogram to 
which the defect is to be similar. Hence the parallelogram GAX‘F is also a 
parallelogram applied to 4B and satisfying 
the given condition. 

We can now prove that GAXF is less 
than CZ or AD. 

Let ED produced meet AG in O. 

Now, since SBF is the diagonal of the 
parallelogram XH, the complements XD, 
DA are equal. 

But 


DH = DG, and DG is greater than OF. 
Therefore KD» OF. 

Add OX to each; 
and AD, or CE, > AF. 


This other “‘case” of the proposition is found in all the mss., but Heiberg 
relegates it to the Appendix as being very obviously interpolated. The 
reasons for this course are that it is not in Euclid’s manner to give a separate 
demonstration of such a “case”; it is rather his habit to give one case only 
and to leave the student to satisfy himself about any others (cf. 1. 7). Internal 
evidence is also against the genuineness of the separate proof. It is put after 
the conclusion of the proposition instead of before it, and, if Euclid had intended 
to discuss two cases, he would have distinguished them at the beginning of 
the proposition, as it was his invariable practice to do. Moreover the second 
“case” is the less worth giving because it can be so easily reduced to the 
first. For suppose Æ” to be taken on 2 so that FD - F'D. Produce BF 
to meet AG produced in P7. Complete the parallelogram BA PQ, and draw 
through /” straight lines parallel to and meeting its opposite sides. 

Then the complement /’Q is equal to the complement 4". 

And it is at once seen that 4/7, F’Q are equal and similar. Hence the 
solution of the problem represented by 4 or F'Q gives a parallelogram of 
the same size as 4/” arrived at as in the first “ case.” 

It is worth noting that the actual difference between the parallelogram 
AF and the maximum area AD that it can possibly have is represented in 
the figure. The difference is the small parallelogram DF. 





PROPOSITION 28. 


To a given straight line to apply a parallelogram equal to 
a given rectilineal figure and deficient by a parallelogrammic 
figure similar to a given one: thus the given rectilineal figure 
must not be greater than the parallelogram described on the 
half of the straight line and similar to the defect. 


Let AZ be the given straight line, C the given rectilineal 
figure to which the figure to bè applied to 4Z is required to 
be equal, not being greater than the parallelogram described 
on the half of AR and similar to the defect, and D the 
parallelogram to which the defect is required to be similar; 
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thus it is required to apply to the given straight line 4B a 
parallelogram equal to the given rectilineal figure C and 
deficient by a parallelogrammic figure which is similar to D. 

Let AB be bisected at the point E, and on EB let EBFG 
be described similar and similarly situated to D ; (vi. 18] 
let the parallelogram AG be completed. 

If then AG is equal to C, that which was enjoined will 
have been done ; 

for there has been applied to the given straight line 4B 
the parallelogram AG equal to the given rectilineal figure C 


and deficient by a parallelogrammic figure GB which is similar 
to D. 





But, if not, let AE be greater than C. 
Now /7E is equal to GZ ; 


therefore GB is also greater than C. 


Let KLMN be constructed at once equal to the excess 
by which GB is greater than C and similar and similarly 


situated to D. [vi. 25] 
But J is similar to GR; 
therefore XM is also similar to G7. (vi. 21] 


Let, then, AZ correspond to GE, and LM to GF. 
Now, since GB is equal to C, XM, 


therefore GB is greater than KM ; 
therefore also GE is greater than AZ, and GF than LM. 


Let GO be made equal to XL, and GP equal to LM; 
and let the parallelogram OGPQ be completed ; 


therefore it is equal and similar to XM. 
Therefore GQ is also similar to GR; [vi. 21] 
therefore GQ is about the same diameter with GA, [vt. 26] 
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Let GOB be their diameter, and let the figure be described. 
Then, since ZG is equal to C, KM, 


and in them GQ is equal to KM, 


therefore the remainder, the gnomon U WV, is equal to the 
remainder C. 


And, since PA is equal to OS, 
let QP ie added to each ; 
therefore the whole PZ is equal to the whole OZ. 


But OB is equal to TÆ, since the side AZ is also equal 
to the side £7 ; (1. 36] 


therefore TE is also equal to PB. 
Let OS be added to each ; 


therefore the whole Z'S is equal to the whole, the gnomon 
VWU. 


But the gnomon VWU was proved equal to C; 
therefore Z'S is also equal to C. 


Therefore to the given straight line 42 there has been 
applied the parallelogram SZ equal to the given rectilineal 
figure C and deficient by a parallelogrammic figure QB which 
is similar to D. 

Q. E. F. 


The second part of the enunciation of this proposition which states the 
ĉıopıispós appears to have been considerably amplified, but not improved in 
the process, by Theon. His version would read as follows. ‘But the given 
rectilineal figure, that namely to which the applied parallelogram must be 
equal (@ Set ivory rapa JaAeiv), must not be greater than that applied to the half 
(wapaPadAopévov instead of avaypagopévov), the defects being similar, (namely) 
that (of the parallelogram applied) to the half and that (of the required 
parallelogram) which must have a similar defect” (dpofwy ovrwy rav éAAeup- 
patwy Tov Te ard THS ypuceias xai à Ó«t ópoiov éAAeímew). The first amplification 
* that to which the applied parallelogram must be equal” is quite unnecessary, 
since “the given rectilineal figure” could mean nothing else. The above 
attempt at a translation will show how difficult it is to make sense of the 
words at the end ; they speak of ¢wo defects apparently and, while one may 
well be the ** defect on the half,” the other can hardly be the given parallelogram 
* to which the defect (of the required parallelogram) must be similar.” Clearly 
the reading given above (from P) is by far the better. 

In this proposition and the next there occurs the tacit assumption (already 
alluded to in the note on vi. 22) that sf, of two similar parallelograms, one ts 
greater than the other, either side of the greater is greater than the corresponding 
side of the less. 
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As already remarked, vi. 28 is the geometrical equivalent of the solution 
of the quadratic equation 


gee Boe 
c 


subject to the condition necessary to admit of a real solution, namely that 


The corresponding proposition in the Dafa is (Prop. 58), Zf a given (area) 
be applied (i.e. in the form of a parallelogram) ¢0 a given straight line and be 
deficient by a figure (ie. a parallelogram) given in species, the breadths of the 
defect are given. 

To exhibit the exact correspondence between Euclid’s geometrical and 
the ordinary algebraical method of solving the equation we will, as before 
(in order to avoid bringing in a constant dependent on the sine of the angle 
of the parallelograms), suppose the parallelograms to be rectangles. To solve 
the equation algebraically we change the signs and write it 


tarz- S. 
3 
We may now complete the square by adding 5 A 
b ca cg 
Thus QUU EM DI 





2 
(en — P1 


and 





He first describes G.EBF on EZ (half of 442) similar to the given 
parallelogram D. 

He then places in one angle FGE of GEBF a similar and similarly 
situated parallelogram GQ, equal to the difference between the parallelogram 
GB and the area C. 


With our notation, GO : OQ =c: b, 


whence OQ=GO. *. 
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Similarly < -EB-GE. 2 
so that GE * a. 
2° 


Therefore the parallelogram GQ = Gore = 


and the parallelogram G&S = 


on 


s 
4 
Thus, in taking the parallelogram GQ equal to (GB — S), Euclid really 
finds GO from the equation 


The value which he finds is 


TENE B =-S), 


and he finds QS (or x) by subtracting GO from GE; whence 


DE. Ee a ) 
b'a 5M 4 i 


It will be observed that Euclid only gives one solution, that corresponding 
to the zegative sign before the radical. But the reason must be the same as that 
for which he only gives one “case” in v1. 27. He cannot have failed to see how 
to add GO to GE would give another solution. As shown under the iast 
proposition, the other solution can be arrived at 
(x) by placing the parallelogram GOQP in ® gy A 
the angle vertically opposite to FGE so that À 
GQ lies along BG produced. ‘The parallelo- 
gram 4 Q' then gives the second solution. The 
side of this parallelogram lying along 42 is 
equal to SB. ‘The other side is what we have 
called x, and in this case 


x=EG+GO 


2 1 
I TTE A E S B 


(2 A ——— similar and to 4Q’ can also be obtained by 
producing ZG till it meets 44 7 produced and completing the parallelogram 
B'A B Á', whence it is seen that the complement QA is equal to the comple- 
ment AQ, besides being equal and similar and similarly situated to 4 Q'. 

A particular case of this proposition, indicated in Prop. 85 of the Dada, is 
that in which the sides of the defect are equal, so that the defect is a rhombus 
with a given angle. Prop. 85 proves that, Jf so straight lines contain a 
given area in a given angle, and the sum 
of the straight lines be given, each of them E A 
will be given also. AB, BC being the 
given straight lines “containing a given 
area AC in a given angle ABC,” one 
side CB is produced to D so that BD à 5 
is equal to AZ, and the parallelograms are 
completed. Then, by hypothesis, C2 is of given length, and AC is a parallelo- 
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gram applied to CD falling short by a rhombus (4D) with a given angle 
EDB. ‘The case is thus a particular case of Prop. 58 of the Dafa quoted 
above (p. 263) as corresponding to vi. 28. 
A particular case of the last, that namely in which the defect is a square, 
corresponding to the equation 
ax- X = »5, 


is important. This is the problem of applying to a given straight line a 
rectangle equal to a given area and falling short by a square; and it can be 
solved, without the aid of Book vi., as shown above under 11. 5 (Vol. 1. 


pp. 383—4). 


PROPOSITION 20. 


To a gwen straight line to apply a parallelogram equal to 
a gwen rectilineal figure and exceeding by a parallelogrammic 
igure similar to a given one. 


Let AB be the given straight line, C the given rectilineal 
figure to which the figure to be applied to 4A is required to 
be equal, and 2 that to which the excess is required to be 
similar ; 
thus it is required to apply to the straight line 74 P a parallelo- 
gram equal to the rectilineal figure C and exceeding by a 
parallelogrammic figure similar to D. 





Let AB be bisected at £; 


let there be described on Æ the parallelogram B&F similar 
and similarly situated to D ; 


and let GH be constructed at once equal to the sum of BF, 
C and similar and similarly situated to D. [vi. 25] 


Let XAH correspond to FL and AKG to FE. 
Now, since G/7 is greater than F7, 


therefore XÆ is also greater than FZ, and AG than FZ. 
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Let FL, FE be produced, 
let FLM be equal to KH, and FEN to AG, 
and let MN be completed ; 

therefore MN is both equal and similar to GÆ. 
But GA is similar to EZ ; 
therefore JZN is also similar to EL ; [vi. 21] 
therefore EZ is about the same diameter with 47V. — [vr. 26] 

Let their diameter FO be drawn, and let the figure be 
described. 

Since GĦ is equal to EL, C, 
while GĦ is equal to MN, 
therefore MN is also equal to EŻ, C. 

Let EL be subtracted from each ; 

therefore the remainder, the gnomon X WV, is equal to C. 

Now, since AZ is equal to ZB, 

AN is also equal to VB [i. 36], that is, to LP [r. 43). 
Let £O be added to each ; 

therefore the whole 40 is equal to the gnomon V WX. 
But the gnomon VWX is equal to C; 

therefore AO is also equal to C. 

Therefore to the given straight line 42 there has been 
applied the parallelogram AO equal to the given rectilineal 
figure C and exceeding by a parallelogrammic figure QP 
which is similar to D, since PQ is also similar to EZ [v1. 24]. 

Q. E. F. 


The corresponding proposition in the Dafa is (Prop. 59), Zf a given (area) 
be applied (i.e. in the form of a parallelogram) ¢o a given straight line exceeding 
by a figure given in species, the breadths of the excess are given. 

The problem of vi. 29 corresponds of course to the solution of the 
quadratic equation 


axe ate S 


The algebraical solution of this equation gives 


c a cfc a 
eii ir) 


The exact correspondence of Euclid's method to the algebraical solution 
may be seen, as in the case of vi. 28, by supposing the parallelograms to be 
rectangles. In this case Euclid’s construction on £8 of the parallelogram 
EL similar to D is equivalent to finding that 


FE=5.=, and EL = 
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His determination of the similar parallelogram 44V equal to the sum of EZ 
and .S corresponds to proving that 


.- +S, 
€ 


3 
FN=,/ 5 (£ — 
* 1T ) 


whence x is found as 


cfíc a c a 
se FN- FE AJ (5. E 5) - 6.2. 


Euclid takes, in this case, the solution corresponding to the positive sign 
before the radical because, from his point of view, that would be the only 
solution. 

No dtoptopes is necessary because a real geometrical solution is always 
possible whatever be the size of .S. 

Again the Dafa has a proposition indicating the particular case in which 
the excess is a rhombus with a given angle. Prop. 84 proves that, Zf two 
straight lines contain a given area in a given angle, and one of the straight lines 
ts greater than the other by a given straight line, each of the two straight lines ts 
given also. The proof reduces the proposition to a particular case of Data, 
Prop. 59, quoted above as corresponding to vi. 29. 

Again there is an important particular case which can be solved by means 
of Book it. only, as shown under i1. 6 above (Vol. t. pp. 386—8), the case namely 
in which the excess is a square, corresponding to the solution of the equation 


ax 4r x- P 


This is the problem of applying to a given straight line a rectangle equal toa 
given area and exceeding by a square. 


T 
4 


PROPOSITION 30. 
Jo cut a given finite straight line in extreme and mean 
ratto. 
Let 74 B be the given finite straight line ; 
thus it is required to cut AZ in extreme and mean ratio. 
On AB let the square BC be described ; 


and let there be applied to 4C the parallelo- ¢ F wu 
gram CD equal to BC and exceeding by 
the fipure 44D similar to BC. [vi. 29] 


Now BC is a square ; 
therefore AD is also a square. 
And, since BC is equal to CD, A B 
let CE be subtracted from each ; 


therefore the remainder BF is equal to 
the remainder 4D. 
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But it is also equiangular with it ; 


therefore in BF, AD the sides about the equal angles are 
reciprocally proportional ; [vi. 14] 


therefore, as FE is to ED, so is AE to EB. 


But FE is equal to AB, and £D to AF. 
Therefore, as BA is to AE, so is AE to EB. 
And AB is greater than AZ ; 


therefore A Æ is also greater than ÆÐ. 


Therefore the straight line 4B has been cut in extreme 
and mean ratio at Æ, and the greater segment of it is A £. 
Q. E. F.. 


It will be observed that the construction in the text is a direct application 
of the preceding Prop. 29 in the particular case where the excess of the 
parallelogram which is applied is a syware. This fact coupled with the 
position of vi. 30 is a sufficient indication that the construction is Euclid's. 

In one place Theon appears to have amplified the argument. The text 
above says “But FE is equal to 442," while the Mss. B, F, V and p have 
‘But FZ is equal to AC, that is, to 4B.” 

The mss. give after Smep če momoa an alternative construction which 
Heiberg relegates to the Appendix. The text-books give this construction 
alone and leave out the other. It will be remembered that the alternative 
proof does no more than refer to the equivalent construction in Il. r1. 

“Let AB be cut at C so that the rectangle 4B, BC is equal to the 


square on CA. (1u. r1] 
Since then the rectangle 428, BC is equal to the square on CA, 
therefore, as BA is to AC, so is AC to CB. [vi. 17] 


Therefore 48 has been cut in extreme and mean ratio at C." 

It is intrinsically improbable that this alternative construction was added 
to the other by Euclid himself. It is however just the kind of interpolation 
that might be expected from an editor. If Euclid had preferred the alternative 
construction, he would have been more likely to give it alone. 


PROPOSITION 31. 


In right-angled triangles the figure on the side subtending 
the right angle ws equal to the similar and similarly described 
figures on the sides containing (he right angle. 


Let ABC be a right-angled triangle having the angle BAC 
right ; 
I say that the figure on SC is equal to the similar and 
similarly described figures on BA, AC. 

Let AD be drawn perpendicular. 

Then since, in the right-angled triangle 4BC, AD has 
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been drawn from the right angle at 4 perpendicular to the 
base BC, 


the triangles 4BD, ADC adjoin- 
ing the perpendicular are similar 
both to the whole ABC and to 
one another. (vi. 8] 
And, since ASC is similar to 
ABD, 
therefore, as CB is to BA, so is 
AB to BD. (vi. Def. 1] 
And, since three straight lines 
are proportional, 
as the first is to the third, so is the figure on the first to the 
similar and similarly described figure on the second. (vi. r9, Por.] 


Therefore, as CB is to BD, so is the figure on CB to the 
similar and similarly described figure on BA. 
For the same reason also, 


as BC is to CD, so is the figure on DC to that on CA; 
so that, in addition, 


as BC is to BD, DC, so is the figure on AC to the similar 
and similarly described figures on BA, AC. 


But BC is equal to BD, DC; 


therefore the figure on BC is also equal to the similar and 
similarly described figures on BA, AC. 


Therefore etc. 





Q. E. D. 


As we have seen (note on 1. 47), this extension of I. 47 is credited by 
Proclus to Euclid personally. 

There is one inference in the proof which requires examination. Euclid 
proves that 

CB : BD - (figure on CP) : (figure on BA), 
and that BC : CD= (figure on BC) : (figure on CA), 
and then infers directly that 
BC : (BD + CD) = (fig. on BC) : (sum of figs. on BA and AC). 


Apparently v. 24 must be relied on as justifying this inference. But it is not 
directly applicable ; for what it proves is that, if 


a:b=¢:4, 
and e:b=f: 4, 
then (a * e) : o2 (e * ) :d. 


Thus we should :nver? the first two proportions given above (by Simson's 
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Prop. B which, as we have seen, is a direct consequence of the definition of 
proportion), and thence infer by v. 24 that 


(BD + CD) : BC =(sum of figs. on BA, AC) : (fig. on BC). 
But BD+CD is equal to BC; 


therefore (by Simson’s Prop. A, which again is an immediate consequence of 
the definition of proportion) the sum of the figures on BA, AC is equal to 
the figure on BC. 

The Mss. again give an alternative proof which Heiberg places in the 
Appendix. It first shows that the similar figures on the three sides have the 
same ratios to one another as the squares on the sides respectively. Whence, 
by using 1. 47 and the same argument based on v. 24 as that explained above, 
the result is obtained. 

If it is considered essential to have a proof which does not use Simson's 
Props. B and A or any proposition but those actually given by Euclid, no 
method occurs to me except the following. 

Eucl. v. 22 proves that, 1f a, b, c are three magnitudes, and a, e, f three 
others, such that 


a:b-d:e, 

b:c=e:f, 

then, ex aegua/s, a:c=aif. 
If now in addition a:b=b:6, 
so that, also, a@:e=e:/f, 


the ratio a : « is duplicate of the ratio a : 2, and the ratio 4 : / duplicate of 
the ratio d : e, whence the ratios which are duplicate of equal ratios are equal. 
Now (fig. on AC) : (fig. on 4) = the ratio duplicate of AC: AB 
= the ratio duplicate of CD : DA 


= CD: BD. 
Hence (sum of figs. on AC, AS) : (fig. on AB) = BC: BD. [v. 18] 
But (fig. on BC) : (fig. on AB)= BC: BD 


(as in Euclid’s proof). 

Therefore the sum of the figures on AC, AB has to the figure on 47 the 
same ratio as the figure on BC has to the figure on AB, whence 

the figures on AC, AZ are together equal to the figure on BC. (v. 9] 


PROPOSITION 32. 


Jf two triangles having two sides proportional to two sides 
be placed together at one angle so that their corresponding sides 
are also parallel, the remaining sides of the triangles will be 
in a straight line. 

Let ABC, DCE be two triangles having the two sides 
BA, AC proportional to the two sides DC, DE, so that, as 
AB isto AÇ, so is DC to DE, and AB parallel to DC, and 
AC to DE; 

I say that AC is in a straight line with CZ. 
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For, since AB is parallel to DC, 
and the straight line 4C has fallen upon them, 
the alternate angles BAC, ACD 
are equal to one another.  [t. 29] 

For the same reason 


the angle CDE is also A 
equal to the angle ACD; 


so that the angle BAC is equal 
to the angle CDE. 


And, since ABC, DCE are ° 2 E 
two triangles having one angle, the angle at 74, equal to one 
angle, the angle at D, 


and the sides about the equal angles proportional, 

so that, as BA is to AC, so is CD to DE, 

therefore the triangle ABC is equiangular with the 
triangle DCE ; (vi. 6] 

therefore the angle 4 BC is equal to the angle DCE. 

But the angle 4CD was also proved equal to the angle 
BAC; 

therefore the whole angle ACE is equal to the two angles 
ABC, B AC. 

Let the angle 4CB be added to each ; 
therefore the angles ACE, ACB are equal to the angles BAC, 
ACB, CBA. 

But the angles BAC, ABC, ACB are equal to two right 
angles ; (1. 32] 

therefore the angles ACE, ACB are also equal to two 
right angles. 


Therefore with a straight line AC, and at the point C on 
it, the two straight lines BC, CE not lying on the same side 
make the adjacent angles ACE, ACB equal to two right 
angles ; | 

therefore BC is in a straight line with CZ. [1. 14] 

Therefore etc. 


Q. E. D. 


It has often been pointed out (e.g. by Clavius, Lardner and Todhunter) 
that the enunciation of this proposition is not precise enough. Suppose that 


272 BOOK VI [vi. 32 


. ABC is a triangle. From C draw CD parallel to BA and of any length. 
From D draw DE parallel to CA and of such length that 

CD: DE=BA: AC. 
Then the triangles 48C, ECD, which have the angular point C common 
literally satisfy Euclid’s enunciation ; but by no possi- 
bility can CZ be in a straight line with CB if, as E 
in the case supposed, the angles included by the A 
corresponding sides are supplementary (unless both are 
right angles). Hence the included angles must be 0 
egual, so that the triangles must be similar. ‘That 
being so, if they are to have nothing more than one C 
angular point common, and two pairs of corresponding 
sides are to be parallel as distinguished from one or both being in the same 
straight line, the triangles can only be placed so that the corresponding sides 
in both are on the same side of the third side of either, and the sides (other 
than the third sides) which meet at the common angular point are not corre- 
sponding sides. 

'Todhunter remarks that the proposition seems of no use. Presumably he 
did not know that it ss used by Euclid himself in xir. 17. This is so 
however, and therefore it was not necessary, as several writers have thought, to 
do away with the proposition and find a substitute which should be more useful. 


t. De Morgan proposes this theorem: “If two similar triangles be placed 
with their bases parallel, and the equal angles at the bases towards the same 
parts, the other sides are parallel, each to each; or one pair of sides are in 
the same straight line and the other pair are parallel.” 

2. Dr Lachlan substitutes the somewhat similar theorem, “If two similar 
triangles be placed so that two sides of 
the one are parallel to the corresponding 
sides of the other, the third sides are 
parallel.” 

But it is to be observed that these 
propositions can be proved without 
using Book vi. at all; they can be 
proved from Book t., and the triangles 
may as well be called ‘‘equiangular” 
simply. It is true that Book vi. is no more than formally necessary to 
Euclid’s proposition. He merely uses vi. 6 because his enunciation does not 
say that the triangles are similar; and he only proves them to be similar in 
order to conclude that they are equiangular. From this point of view 
Mr Taylor's substitute seems the best, viz. 

3. “If two triangles have sides parallel in pairs, the straight lines joining 
the corresponding vertices meet in a point, 
or are parallel." A D 

Simson has a theory (unnecessary in E 
the circumstances) as to the possible 
object of vi. 32 as it stands. He points 
out that the enunciation of vi. 26 might F 
be more general so as to cover the case 
of similar and similarly situated parallelo. © 
grams with equal angles not coincident 
but vertically opposite. It can then be proved that the diagonals drawn 
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through the common angular point are in one straight line. If ABCF, CDEG 
be similar and similarly situated parallelograms, 
so that BCG, DCF are straight lines, and if 
the diagonals 4C, CE be drawn, the triangles 
ABC, CDE are similar and are placed exactly 
as described in v1. 32, so that 4C, CE are ina 
straight line. Hence Simson suggests that 
there may have been, in addition to the in- 
direct demonstration in vi. 26, a dire proof 
covering the case just given which may have 
used the result of vi. 32. I think however 
that the place given to the latter proposition in Book vr. is against this view. 





PROPOSITION 33. 


£n equal circles angles have the same ratio as the circum- 
ferences on which they stand, whether they stand at the centres 
or at the circumferences. 


Let ABC, DEF be equal circles, and let the angles BGC, 
EHF be angles at their centres G, H, and the angles BAC, 
EDF angles at the circumferences ; 


I say that, as the circumference BC is to the circumference 
EF, so is the angle BGC to the angle E77F, and the angle 
BAC to the angle EDF. 





For let any number of consecutive circumferences CX, 
KL be made equal to the circumference ZC, 


and any number of consecutive circumferences FM, MN equal 
to the circumference EZ; 
and let GK, GL, HM, HN be joined. 

Then, since the circumferences BC, CK, KL are equal 
to one another, 


the angles BGC, CGK, KGL are also equal to one another ; 
(111. 27] 
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therefore, whatever multiple the circumference BZ is of BC, 
that multiple also is the angle BGL of the angle BGC. 


For the same reason also, 


whatever multiple the circumference MZ is of £F, that 
multiple also is the angle WAVE of the angle EHF. 


If then the circumference BZ is equal to the circumference 
EWN, the angle BGZ is also equal to the angle EZZN ; (ui. 27] 


if the circumference ZZ is greater than the circumference 
EWN, the angle Z GL is also greater than the angle EN ; 
and, if less, less. 


There being then four magnitudes, two circumferences 
BC, EF, and two angles BGC, EHF, 
there have been taken, of the circumference BC and the angle 
BGC equimultiples, namely the circumference BL and the 
angle BGL, 
and of the circumference EF and the angle ÆHF equi- 
multiples, namely the circumference EM and the angle EN. 
And it has been proved that, 
if the circumference AZ is in excess of the circumference EN, 
the angle BGZ is also in excess of the angle E7ZN ; 
if equal, equal ; 
and if less, less. 


Therefore, as the circumference ZC is to EF, so is the 
angle BGC to the angle EHF. (v. Def. 5] 

But, as the angle BGC is to the angle E/7F, so is the 
angle BAC to the angle EDF; for they are doubles respec- 
tively. 

Therefore also, as the circumference AC is to the circum- 
ference EF, so is the angle BGC to the angle EF, and 
the angle BAC to the angle EDF. 

Therefore etc. 

Q. E. D. 


This proposition as generally given includes a second part relating to sectors 
of circles, corresponding to the following words added to the enunciation: 
“and further the sectors, as constructed at the centres " (ér, àé xai of ropets are 
[or ore] mpós rots kévrpows avviorapevot.— There is of course a corresponding 
addition to the **definition" or **particular statement,” “and further the sector 
GBOC to the sector HEQF.” These additions are clearly due to Theon, as 
may be gathered from his own statement in his commentary on the ua85uaruc) 
avvra£is of Ptolemy, ** But that sectors in equal circles are to one another as 
the angles on which they stand, has been proved by me in my edition of the 
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Elements at the end of the sixth book." Campanus omits them, and P has them 
only in a later hand in the margin or between the lines. Theon’s proof scarcely 
needs to be given here in full, as it can easily be supplied. From the equality 
of the arcs BC, CK he infers (111. 29] the equality of the chords BC, CX. 
Hence, the radii being equal, the triangles GBC, GCK are equal in all 
respects [1. 8, 4]. Next, since the arcs BC, CX are equal, so are the arcs 
BAC, CAK. ‘Therefore the angles at the circumference subtended by the 
latter, i.e. the angles in the segments BOC, CP, are equal (111. 27], and the 
segments are therefore similar (111. Def.. 11] and equal (iri. 24]. 

Adding to the equal segments the equal triangles GBC, GCK respectively, 
we see that 

the sectors GBC, GCK are equal. 


Thus, in equal circles, sectors standing on equal arcs are equal; and the rest 
of the proof proceeds as in Euclid’s proposition. 


As regards Euclid’s proposition itself, it will be noted that (1), besides 
quoting the theorem in 111. 27 that in equal circles. angies which stand on 
equal arcs are equal, the proof assumes that the angle standing on a greater 
arc is greater and that standing on a less arc is less. This is indeed a suff- 
ciently obvious deduction from 111. 27. 

(2) Any equimultiples zeZa£ever are taken of the angle BGC and the arc 
BC, and any equimultiples whatever of the angle EHF and the arc EF 
(Accordingly the words “any eguimultiples whatever” should have been used in 
the step immediately preceding the inference that the angles are proportional 
to the arcs, where the text merely states that there have been taken of the 
circumference BC and the angle BGC equimultiples BL and BGL.) But, if 
any multiple of an angle is regarded as being itself an angle, it follows that the 
restriction in I. Deff. 8, 10, 11, 12 of the term angie to an angle “ess than two 
right angles is implicitly given up; as De Morgan says, “the angle breaks 
prison.” Mr Dodgson (Euclid and his Modern Rivals, p. 193) argues that 
Euclid conceived of the multiple of an angle as so many separate angles not 
added together into one, and that, when it is inferred that, where two such 
multiples of an angle are equal, the arcs subtended are also equal, the argu- 
ment is that the sum total of the first set of angles is equal to the sum total 
of the second set, and hence the second set can be broken up and put 
together again in such amounts as to make a set equal, each to each, to the 
first set, and then the sum total of the arcs will evidently be equal also. If 
on the other hand the multiples of the angles are regarded as single angular 
magnitudes, the equality of the subtending arcs is not inferrible directly from 
Euclid, because 42s proof of 111. 26 only applies to cases where the angle is 
less than the sum of two right angles. (As a matter of fact, it is a question of 
inferring equality of angles or multiples of angles from equality of arcs, and 
not the converse, so that the reference should have been to 111. 27, but this 
does not affect the question at issue.) Of course it is against this view of 
Mr Dodgson that Euclid speaks throughout of “the angle BGL” and “ the 
angle EHN” (Ņ $vó BHA ywvia, ) vrò EON ywvia). I think the probable 
explanation is that here, as in 111. 20, 21, 26 and 27, Euclid deliberately took 
no cognisance of the case in which the multiples of the angles in question 
would be greater than two right angles. If his attention had been called to 
the fact that 111. 20 takes no account of the case where the segment is less 
than a semicircle, so that the angle in the segment is obtuse, and therefore the 
* angle at the centre " in that case (if the term were still applicable) would be 
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greater than two right angles, Euclid would no doubt have refused to regard 
the latter as an angle, and would have represented it otherwise, e.g. as the 
sum of two angles or as what is left when an angie in the true sense is sub- 
tracted from four right angles. Here then, if Euclid had been asked what 
course he would take if the multiples of the angles in question should be 
greater than two right angles, he would probably have represented them, I 
think, as being egual to so many right angles plus an angle less than a right 
angle, or so many times two right angles plus an angle, acute or obtuse. Then 
the equality of the arcs would be the equality of the sums of so many circum- 
ferences, semi-circumferences or quadrants plus arcs less than a semicircle or 
a quadrant. Hence I agree with Mr Dodgson that vi. 33 affords no evidence 
of a recognition by Euclid of “angles ” greater than two right angles 

Theon adds to his theorem about sectors the Porism that, As the sector ts 
to the sector, so also ts the angle to the angle. This corollary was used by 
Zenodorus in his tract wept ivopérpwy oynudrwy preserved by Theon in his 
commentary on Ptolemy’s cvvragis, unless indeed Theon himself interpolated 
the words (ws ô à roues mpós róv rouéa, 4 Ud EOA ywria mpòs ty vrò MOA). 


BOOK VII. 


DEFINITIONS. 


I. An unit is that by virtue of which each of the things 
that exist is called one. 


2. A number is a multitude composed of units. 


3. A number is a part of a number, the less of the 
greater, when it measures the greater ; 


4. but parts when it does not measure it. 


5. The greater number is a multiple of the less when 
it is measured by the less. 


6. An even number is that which is divisible into two 
equal parts. 


7. An odd number is that which is not divisible into 
two equal parts, or that which differs by an unit from an 
even number. 


8. An even-times even number is that which is 
measured by an even number according to an even number. 


9. An even-times odd number is that which is 
measured by an even number according to an odd number. 


tco. An odd-times odd number is that which is 
measured by an odd number according to an odd number. 
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II. A prime number is that which is measured by an 
unit alone. 


12. Numbers prime to one another are those which 
are measured by an unit alone as a common measure. 


I3. A composite number is that which is measured 
by some number. 


14. Numbers composite to one another are those 
which are measured by some number as a common measure. 


15. A number is said to multiply a number when that 
which is multiplied is added to itself as many times as there 
are units in the other, and thus some number is produced. 


16. And, when two numbers having multiplied one 
another make some number, the number so produced is 
called plane, and its sides are the numbers which have 
multiplied one another. 


17. And, when three numbers having multiplied one 
another make some number, the number so produced is 
solid, and its sides are the numbers which have multiplied 
one another. 


18. A square number is equal multiplied by equal, or 
a number which is contained by two equal numbers. 


19. Anda cube is equal multiplied by equal and again 
by equal, or a number which is contained by three equal 
numbers. 


20. Numbers are proportional when the first is the 
same multiple, or the same part, or the same parts, of the 
second that the third is of the fourth. 


21. Similar plane and solid numbers are those which 
have their sides proportional. 


22. A perfect number is that which is equal to its own 
parts, 
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DEFINITION r. 


Movds otw, xab’ Ñv &xaa Tov ràv Óvrov fy Aéyerac. 


Iamblichus (fl. circa 300 A.D.) tells us (Comm. on Nicomachus, ed. Pistelli, 
p. 11, 5) that the Euclidean definition of an unit or a monad was the definition 
given by “more recent” writers (of vewrepor), and that it lacked the words 
“even though it be collective” («dy cvernpariudy 7). He also gives (ibid. 
p. 11) a number of other definitions. (1) According to * some of the Pytha- 
goreans,” “an unit is the boundary between number and parts” (povas otw 
dpBpod xai popiwy pebopiov), “because from it, as from a seed and eternal 
root, ratios increase reciprocally on either side," i.e. on one side we have 
multiple ratios continually increasing and on the other (if the unit be sub- 
divided) submultiple ratios with denominators continually increasing. (2) A 
somewhat similar definition is that of Thymaridas, an ancient Pythagorean, 
who defined a monad as ''limiting quantity" (mepaívovca Tocórygs), the 
beginning and the end of a thing being equally an extremity (répas). Perhaps 
the words together with their explanation may best be expressed by “limit of 
fewness.” Theon of Smyrna (p. 18, 6, ed. Hiller) adds the explanation that 
the monad is "that which, when the multitude is diminished by way of 
continued subtraction, is deprived of all number and takes an abiding position 
(povyv) and rest." If, after arriving at an unit in this way, we proceed to divide 
the unit itself into parts, we straightway have multitude again. (3) Some, ac- 
cording to Iamblichus (p. 11, 16), defined it as the "form of forms" («iov «l6os) 
because it potentially comprehends all forms of number, e.g. it is a polygonal 
number of any number of sides from three upwards, a solid number in all 
forms, and so on. (We are forcibly reminded of the latest theories of number 
as a “Gattung” of “ Mengen" or as a “class of classes.”) (4) Again an 
unit, says Iamblichus, is the first, or smallest, in the category of Ao: many 
(srocóv), the common part or beginning of how many. Aristotle defines it as 
“the indivisible in the (category of) quantity," ró xarà ró mocóv áDuiperov 
(Metaph. 1089 b 35), woody including in Aristotle continuous as well as 
discrete quantity ; hence it is distinguished from a point by the fact that it 
has not position: ‘Of the indivisible in the category of, and gué@, quantity, 
that which is every way (indivisible) and destitute of position is called an 
unit, and that which is every way indivisible and has position is a point” 
(Metaph. 1016 b 25). (5) In accordance with the last distinction, Aristotle 
calls the unit “a point without position,” orypn aberos (Melaph. 1084 b 26). 
(6) Lastly, Iamblichus says that the school of Chrysippus defined it in a con- 
fused manner (ovyxeyupévws) as “multitude one (tAnBos év),” whereas it is 
alone contrasted with multitude. On a comparison of these definitions, it 
would seem that Euclid intended his to be a more popular one than those 
of his predecessors, 6999s, as Nicomachus called Euclid's definition of an 
even number. 

The etymological signification of the word ;ovds is supposed by Theon of 
Smyrna (p. 19, 7—13) to be either (1) that it remains unaltered if it be 
multiplied by itself any number of times, or (2) that it is separated and ssolated 
(pepovwcGa) from the rest of the multitude of numbers. Nicomachus also 
observes (1. 8, 2) that, while any number is half the sum (1) of the adjacent 
numbers on each side, (2) of numbers equidistant on each side, the unit is 
most solitary (wovwrary) in that it has not a number on each side but only on 
one side, and it is half of the latter alone, i.e. of 2. 
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DEFINITION 2. 
"ApOpos 5é Tò éx povadwy ovyxeipevov mÀAÑOOosS. 


The definition of a umber is again only one out ot many that are on 
record. Nicomachus (t. 7, 1) combines several into one, saying that it is 
“a defined multitude (rÀ58o« wpropeévov), or a collection of units (uovaSov 
ovornpa), or a flow of quantity made up of units” (xocoryros yupa éx povadwy 
ovyxeipevov). Theon, in words almost identical with those attributed by 
Stobaeus (Eclogae, 1. 1, 8) to Moderatus, a Pythagorean, says (p. 18, 3—5): 
“A number is a collection of units, or a progression (zpomodicpos) of mul- 
titude beginning from an unit and a retrogression (dva:rodiopos) ceasing at an 
unit.” According to Iamblichus (p. 10) the description *' collection of units" 
(&ovaówv cverqgua) was applied to the Zo?e many, i.e. to number, by Thales, 
following the Egyptian view (xarà rò Alyumriaxov dpeorxov), while it was 
Eudoxus the Pythagorean who said that a number was “a defined multitude” 
(rA58os woropeévov). Aristotle has a number of definitions which come to the 
same thing: "limited multitude" (7A50os ró memepaauévov, Metaph. 1020 a 
13), * multitude" (or * combination ") * of units" or " multitude of indivi- 
sibles ” (ibid. 1053 a 30, 1039 a 12, 1085 b 22), "several oves" (éva mec, 
Phys. ui. 7, 207 b 7), *multitude measurable by one” (Metaph. 1057 a 3) 
and * multitude measured and multitude of measures," the ** measure” being 
unity, rò év (ibid. 1988 a 5). 


DEFINITION 3. 


^ ^ 4 ^ 
Mépos éoriv dpiüuós àpi où 6 éAdcowy rov peiLoyos, Grav Katapetpy Tov 
petCova. 


By a part Fuclid means a submultiple, as he does in v. Def. 1, with which 
definition this one is identical except for the substitution of number (åptĝpos) 
for magnitude (péyeBos) ; cf. note on v. Def. 1. Nicomachus uses the word 
“submultiple” (vzomodAamAacros) also. He defines it in a way corresponding 
to his definition of multiple (see note on Def. 5 below) as follows (1. 18, 2): 
“The submultiple, which is by nature first in the division of inequality 
(called) less, is the number which, when compared with a greater, can 
measure it more times than once so as to fill it exactly (wAnpovvrws).” Simi- 
larly szb-double (vmoderAacws) is found in Nicomachus meaning Za//, and 
sO on. 


DEFINITION 4. 
Mépy Óé, órav 11) karaperpy. 


By the expression farts (uépn, the plural of &épos) Euclid denotes what we 
should call a proper fraction. ‘That is, a part being a submultiple, the rather 
inconvenient term farts means any number of such submultiples making up 
a fraction less than unity. I have not, found the word used in this special 
sense elsewhere, e.g. in Nicomachus, Theon of Smyrna or Iamblichus, except 
in one place of Theon (p. 79, 26) where it is used of a proper fraction, of 
which 2 is an illustration. 
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DEFINITION 5. 


TodAarddoros S¢ 6 peiLwy rod éXdaocovos, Grav xaraperpyrat td Tov €Adccovos. 


The definition of a multiple is identical with that in v. Def. 2, except that 
the masculine of the adjectives is used agreeing with åpiĝuós understood 
instead of the neuter agreeing with 4éy«8os understood. — Nicomachus (1. 18, 
I) defines a multiple as being “a species of the greater which is naturally 
first in order and origin, being the number which, when considered in com- 
parison with another, contains it in itself completely more than once.” 


DEFINITIONS 6, 7. 
6. “Aprios apOpos dor ô ixa dtatpovpevos. 
7. Teptoads 88 5 py Scatpovpevos diya 7 [5] povad: Siadépwv apriov apOpov. 


Nicomachus (1. 7, 2) somewhat amplifies these definitions of even and odd 
numbers thus. ‘‘That is ever which is capable of being divided into two 
equal parts without an unit falling in the middle, and that is odd which cannot 
be divided into two equal parts because of the aforesaid intervention (pes. 
retav) of the unit.” He adds that this definition is derived “from the popular 
conception " (éx rs 9gpu8ovs vroAsyews). In contrast to this, he gives (1. 7, 3) 
the Pythagorean definition, which is, as usual, interesting. “An eren number 
is that which admits of being divided, by one and the same operation, into the 
greatest and the least (parts), greatest in size (wnAcxoryre) but least in quantity 
(rocórgr:).. while an o42 number is that which cannot be so treated, but is 
divided into two unequal parts.” ‘That ts, as Iamblichus says (p. 12, 2—9), an 
even number is divided into parts which are the greatest possible “parts,” namely 
halves, and into the fewest possible, namely two, two being the first “ num- 
ber” or ‘“‘ collection of units.” According to another ancient definition quoted 
by Nicomachus (1. 7, 4), an even number is that which can be divided both 
into two equal parts and into two unequal parts (except the first one, the 
number 2, which is only susceptible of division into equals), but, however it 
is divided, must have its two parts of the same kind, i.e. both even or both 
odd; while an odd number is that which can only be divided into two 
unequal parts, and those parts always of different kinds, i.e. one odd and 
one even. Lastly, the definition of odd and even “by means of each other” 
says that an odd number is that which differs by an unit from an even 
number on both sides of it, and an even number that which differs by an 
unit from an odd number on each side. ‘This alternative definition of an 
odd number is the same thing as the second half of Euclid’s definition, “the 
number which differs by an unit from an even number.” This evidently 
pre-Euclidean definition is condemned by Aristotle as unscientific, because 
odd and even are coordinate, both being differentiae of number, so that one 
should not be defined by means of the other (Topics vi. 4, 142 b 7—10). 


DEFINITION 8. 
"Apridacs aprios aptOuds otiw ò rò åpriov àåpiĝðpoù peTpovpevos katà apTtiov 
apOpov. 
Euclid’s definition of an even-times even number diflers from that given by 


the later writers, Nicomachus, Theon of Smyrna and Iamblichus ; and the 
inconvenience of it is shown when we come to iX. 54, where it is proved 
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that a certain sort of number is ZofA ** even-times even" and "even-times odd.” 
According to the more precise classification of the three other authorities, the 
* even-times even" and the '"  even-times odd " are mutually exclusive and are 
two of three subdivisions into which even numbers fall. Of these three sub- 
divisions the **even-times even " and the ‘“‘even-times odd” form the extremes, 
and the “odd-times even” is as it were intermediate, showing the character 
of both extremes (cf. note on the following definition). ‘The even-times even is 
then the number which has its halves even, the halves of the halves even, and 
so on, until unity is reached. In short the even-times even number is always 
of the form 2%. Hence Iamblichus (pp. 20, 21) says Euclid’s definition of it 
as that which is measured by an even number an even number of times is 
erroneous. In support of this he quotes the number 24 which is four times 6, 
or six times 4, but yet is not “even-times even” according to Euclid himself 
(oùðè xar' abróv), by which he must apparently mean that 24 is also 8 times 3, 
which does not satisfy Euclid's definition. ‘There can however be no doubt that 
Euclid meant what he said in his definition as we have it ; otherwise 1X. 32, 
which proves that a number of the form 2” is even-times even only, would be quite 
superfluous and a mere repetition of the definition, while, as already stated, 
IX. 34 clearly indicates Euclid's view that a number might at the same time 
be both even-times even and even-times odd. Hence the povws which some 
editor of the commentary of Philoponus on Nicomachus found in some 
copies, making the definition say that the even-times even number is oz/y 
measured by even numbers an even number of times, is evidently an interpo- 
lation by some one who wished to reconcile Euclid's definition with the 
Pythagorean (cf. Heiberg, Exklid-studien, p. 200). 

A consequential characteristic of the series of even-times even numbers 
noted by Nicomachus brings in a curious use of the word Svvajus (generally 
power in the sense of square, or square root). He says (1. 8, 6—7) that any 
part, i.e. any submultiple, of an even-times even number is called by an even- 
times even designation, while it also has an even-times even va/ve (it is 
dprid«is. ápr.oóvvauor) when expressed as so many actual units. That is, the 


sath part of 2" (where m is less than z) is called after the even-times even 


number 2", while its actual &a/ue (Óvvajas) in. units is 2*7", which is also an 
even-times even number. Thus all the parts, or submultiples, of even-times 
even numbers, as well as the even-times even numbers themselves, are con- 
nected with one kind of number only, the even. 


DEFINITION 9. 


"Apridxes 5€ weptoads éorw 6 bd apriou apiOpov perpovpevos Kata Tepuraóv 
aprOpov. 

Euclid uses the term even-times odd (apreaxts epwraós), whereas Nicomachus 
and the others make it one word, ever-odd (aptiorépirros). According to the 
stricter definition given by the latter (1. 9, 1), the even-odd number is related to 
the ezen-times even as the other extreme. It is such a number as, when once 
halved, leaves as quotient an odd number ; that is, it is of the form 2(27 4 1). 
Nicomachus sets the even-odd numbers out as follows, 


6, 10, 14, 18, 22, 26, 30, etc. 


In this case, as Nicomachus observes, any part, or submultiple, is called by a 
name zot corresponding in kind to its actual value (Svvapes) in units. Thus, 
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in the case of 18, the 1 part is called after the even number 2, but its va/ue is 
the odd number 9, and the 3rd part is called after the odd number 3, while its 
value is the even number 6, and so on. 

The third class of even numbers according to the strict subdivision is the 
odd-even (repu apros). Numbers are of this class when they can be halved 
twice or more times successively, but the quotient left when they can no 
longer be halved is an odd number and not unity. They are therefore of 
the form 2^*! (274 4 1), where 7 » are integers. They are, so to say, inter- 
mediate between, or a mixture of. the extreme classes even-¢imes even and even- 
odd, for the following reasons. (1) Their subdivision by 2 proceeds for some 
way like that of the even-times even, but ends in the way that the division of 
the even-odd by 2 ends. (2) The numbers after which submultiples are 
called and their value (vvas) in units may be both of one kind, i.e. both odd 
or both even (as in the case of the even-times even), or again may be one odd 
and one even as in the case of the even-odd. For example 24 is an odd-even 
number; the Jth, 5th, ;th or $ parts of it are even, but the jrd part of it, 
or 8, is even, and the 1th part of it, or 3, is odd. (3) Nicomachus shows 
(1. 10, 6—9) how to form all the numbers of the odd-even class. Set out two 
lines (a) of odd numbers beginning with 3, (4) of even-times even numbers 
beginning with 4, thus: 

(a) 3:5) 7 9,11, 13, 15 ete. 
(b) 4, 8, 16, 32, 64, 128, 256 etc. 


Now multiply each of the first numbers into each df the second row. Let 
the products of one of the first into all the second set make horizontal rows ; 
we then get the rows 


12, 24, 48, 96, 192, 384, 768 etc. 
20, 40, 80, 160, 320, 640, 1280 etc. 
28, 56, 112, 224, 448, 896, 1792 etc. 


36, 72, 144, 288, 576, 1152, 2304 etc. 
and so on. 


Now, says Nicomachus, you will be surprised to see (@avycerat cor Gavpac- 
tws) that (a) the vertical rows have the property of the even-odd series, 6, 10, 
14, 18, 22 etc., viz. that, if an odd number of successive numbers be taken, 
the middle number is half the sum of the extremes, and if an even number, 
the two middle numbers together are equal to the sum of the extremes, 
(b) the horizontal rows have the property of the even-times even series 4, 8, 16 
etc., viz. that the product of the extremes of any number of successive terms 
is equal, if their number be odd, to the square of the middle term, or, if their 
number be even, to the product of the two middle terms. 
Let us now return to Euclid. His gth definition states that an even-times 
odd number is a number which, when divided by an even number, gives an 
odd number as quotient. Following this definition in our text comes a roth 
definition which defines an oda-times even number; this is stated to be a 
number which, when divided by an odd number, gives an even number as 
quotient. According to these definitions any even-times odd number would 
also be odd-times even, and, from the fact that Iamblichus notes this, we may 
fairly conclude that he found Def. 10 as well as Def. 9 in the text of Euclid 
which he used. But, if both definitions are genuine, the enunciations of 1x. 33 
and IX. 34 as we have them present difficulties. 1x. 33 says that “If a num- 
ber have its half odd, it is even-times odd oz/y " ; but, on the assumption that 
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both definitions are genuine, this would not be true, for the number would be 
odd-times even as well. 1X. 34 says that “ If a number neither be one of those 
which are continually doubled from 2, nor have its half odd, it is both even- 
times even and even-times odd.” The term odd-times even (mepiacaxis aprios) 
not occurring in these propositions, nor anywhere else after the definition, that 
definition becomes superfluous. Iamblichus however (p. 24, 7—14) quotes 
these enunciations differently. In the first he has instead of '** even-times odd 
only " the words “ doth even-times odd and oda-times even” ; and, in the second, 
for “both even-times even and even-times odd” he has “is both even-times 
even and at the same time even-times odd and odd-times even.” In both 
cases therefore “‘odd-times even” is added to the enunciation as Iamblichus 
had it; the words cannot have been added by Iamblichus himself because 
he himself does not use the term odd-times even, but the one word odd-even 
(weptocaprios). In order to get over the difficulties involved by Def. 10 and 
these differences of reading we have practically to choose between (1) accept- 
ing Iamblichus’ reading in all three places and (2) adhering to the reading of 
our MSS. in 1X. 33, 34 and rejecting Def. 10 altogether as an interpolation. 
Now the readings of our text of Ix. 33, 34 are those of the Vatican Ms. 
and the Theonine Mss. as well; hence they must go back to a time before 
Theon, and must therefore be almost as old as those of Iamblichus. 
Heiberg considers it improbable that Euclid would wish to maintain a point- 
less distinction between even-times odd and odd-times even, and on the whole 
concludes that Def. 10 was first interpolated by some ignorant person who 
did not notice the difference between the Euclidean and Pythagorean classi- 
fication, but merely noticed the absence of a definition of odd-times even 
and fabricated one as a companion to the other. When this was done, it 
would be easy to see that the statement in 1x. 33 that the number referred 
to is ‘“‘even-times odd only” was not strictly true, and that the addition of 
the words “and odd-times even” was necessary in IX. 33 and IX. 34 as 
well. 


DEFINITION IO. 


Nlepiocants S€ mepiocds apiOuds éorw 6 tro mepiocod apiOpov perpovpevos 
Kata — — 

The odd-times odd number is not defined as such by Nicomachus and 
Iamblichus ; for them these numbers would apparently belong to the com- 
posite subdivision of odd numbers. Theon of Smyrna on the other hand 
says (p. 23, 21) that odd-times odd was one of the names applied to prime 
numbers (excluding 2), for these have two odd factors, namely 1 and the 
number itself. This is certainly a curious use of the term. 


DEFINITION II. 

IIporos apiÓpós srw 6 povdds povn petpovpevos. 

A prime number (mparos dpOuds) is called by Nicomachus, Theon, and 
Iamblichus a “‘ prime and incomposite (GovvOeros) number.” Theon (p. 23, 9) 
defines it practically as Euclid does, viz. as a number “measured by no number, 
but by an unit only.” Aristotle too says that a prime number is not measured by 
any number (Aza/. post. 1. 13, 96 a 36), an unit not being a number (AMefap4. 
1088 a 6), but only the beginning of number (Theon of Smyrna says the same 
thing, p. 24, 23). According to Nicomachus (1. 11, 2) the prime number is a 
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subdivision, not of numbers, but of odd numbers; it is “an odd number 
which admits of no other part except that which is called after its own name 
(rapwrvpov éavrw).” The prime numbers are 3, 5, 7 etc., and there is no 
submultiple of 3 except 3rd, no submultiple of 11 except j';th, and so on. In 
all these cases the only submultiple is an unit. According to Nicomachus 3 
is the first prime number, whereas Aristotle (Zofics vill. 2, 157 a 39) regards 
2 as a prime number: ‘as the dyad is the only even number which is prime," 
showing that this divergence from the Pythagorean doctrine was earlier than 
Euclid. The number 2 also satisfies Euclid’s definition of a prime number. 
Iamblichus (p. 3o, 27 sqq.) makes this the ground of another attack upon Euclid. 
His argument (the text of which, however, leaves much to be desired) appears 
to be that 2 is the only even number which has no other part except an 
unit, while the subdivisions of the even, as previously explained by him (the 
even-times even, the even-odd, and odd-even), all exclude primeness, and he has 
previously explained that 2 is Potentially even-odd, being obtained by 
multiplying by 2 the potentially odd, i.e. the unit; hence 2 is regarded by him 
as bound up with the subdivisions of even, which exclude primeness. Theon 
seems to hold the same view as regards 2, but supports it by an apparent 
circle. A prime number, he says (p. 23, 14—23), is also called odd-times odd ; 
therefore only odd numbers are prime and incomposite. Even numbers are 
not measured by the unit alone, except 2, which therefore (p. 24, 7) is odd-Z/&e 
(mepwra0có9s) without being prime. 

A variety of other names were applied to prime numbers. We have 
already noted the curious designation of them as odd-times odd. According to 
Iamblichus (p. 27, 3—5) some called them exthymetric (<dOvperpixds), and 
Thymaridas rectilinear (eb0vypappixds), the ground being that they can only be 
set out in one dimension with no breadth (drAarns yap év rH éxbeoa ep &v 
povov óuarapevos). The same aspect of a prime number is also expressed by 
Aristotle, who (Metaph. 1020 b 3) contrasts the composite number with that 
which is only in one dimension (povov é¢’ év wv). Theon of Smyrna (p. 23, 12) 
gives ypappixos (/inear) as the alternative name instead of evOvypappixds. In 
either case, to make the word a proper description of a prime number we have 
to understand the word only; a prime number is that which is Zzzearz, or 
rectilinear, only, For Nicomachus, who uses the form “ear, expressly says 
(11. 13, 6) that a// numbers are so, i.e. all can be represented as linear by dots 
to the required amount placed in a line. 

A prime number was called prime or first, according to Nicomachus 
(1. 11, 3), because it can only be arrived at by putting together a certain 
number of units, and the unit is the beginning of number (cf. Aristotle's 
second sense of mpáros *'as not being composed of numbers,” ws ui) avyketa Qa. 
e£ apOpav, Anal. Post. 11. 13, 96 a 37), and also, according to Iamblichus, 
because there is no number before it, being a collection of units (povadwy 
acvotnua), of which it is a multiple, and it appears first as a basis for other 
numbers to be multiples of. 


DEFINITION 12. 


IIpórot pos aAXyAovs apcOpoé cio of povdd: povy uerpoc, ::ot kowd péTpW. 

By way of further emphasising the distinction between “prime” and 
“prime to one another,” Theon of Smyrna (p. 23, 6—8) calls the former 
“prime absolutely” (árAos), and the latter “prime to one another and zof 
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absolutely” or “not in themselves” (ov xaG’ avrovs). The latter (p. 24, 8—10) 
are “ measured by the unit [sc. only] as common measure, even though, taken 
by themselves (ws wpos éavrovs), they be measured by some other numbers.” 
From Theon’s illustrations it is clear that with him as with Euclid 
a number prime to another may be even as well as odd. In Nicomachus 
(1. 11, 1) and Iamblichus (p. 26, 19), on the other hand, the number which is 
* in itself secondary (Sevrepos) and composite (avvOeros), but in relation to 
another prime and incomposite,” is a subdivision of odd. I shall call more 
particular attention to this difference of classification when we have reached 
the definitions of “composite” and “composite to one another”; for the 
present it is to be noted that Nicomachus (1. 13, 1) defines a number prime to 
another after the same manner as the absolutely prime ; it is a number which 
“is measured not only by the unit as the common measure but also by some 
other measure, and for this reason can also admit of a part or parts called by 
a different name besides that called by the same name (as itself), but, when 
examined in comparison with another number of similar character, is found 
not to be capable of being measured by a common measure in relation to the 
other, nor to have the same part, called by the same name as (any of) those 
simply (arAws) contained in the other; e.g. 9 in relation to 25, for each of 
these is in itself secondary and composite, but, in comparison with one 
another, they have an unit alone as a common measure and no part is called 
by the same name in both, but the //izd in one is not in the other, nor is the 
fifth in the other found in the first." 


DEFINITION 13. 


LirGeros apOpos ior ó appo rive perpovmevos. 

Euclid’s definition of composite is again the same as Theon’s definition 
of numbers “composite in relation to themselves,” which (p. 24, 16) are 
"numbers measured by any less number," the unit being, as usual, not 
regarded as a number. Theon proceeds to say that “of composite numbers 
they call those which are contained by two numbers f/ame, as being 
investigated in two dimensions and, as it were, contained by a length and a 
breadth, while (they call) those (which are contained) by three (numbers) 
solid, as having the third dimension added to them.” To a similar effect is 
the remark of Aristotle (Metaph. 1020 b 3) that certain numbers are 
“composite and are not only in one dimension but such as the plane and the 
solid (figure) are representations of (uipnpa), these numbers being so many 
times so many (Tocdxus Tocoí), Or so many times so many times SO many 
(mocdxis Tocaxis rogoi) respectively.” These subdivisions of composite 
numbers are, of course, the subject of Euclid’s definitions 17, 18 respectively. 
Euclid’s composite numbers may be either even or odd, like those of Theon, 
who gives 6 as an instance, 6 being measured by both 2 and 3. 


DEFINITION 14. 

SwwOeroe 5% mpds aAAnAovs apiOpol alow of apg rie perpovpevor Kowp 
uérpo. 

Theon (p. 24, 18), like Euclid, defines numbers composite to one another as 
“those which are measured by any common measure whatever” (excluding 
unity, as usual), Theon instances 8 and 6, with 2 as common measure, and 
6 and 9, with 3 as common measure. 
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As hinted above, there is a great difference between Euclid’s classification 
of prime and composite numbers, and of numbers prime and composite 
to one another, and the classification found in Nicomachus (1. 11—13) and 
Iamblichus. According to the latter, all these kinds of numbers are sub- 
divisions of the class of og numbers only. As the class of eve» numbers is 
divided into three kinds, (1) the even-times even, (2) the even-odd, which 
form the extremes, and (3) the odd-even, which is, as it were, intermediate to 
the other two, so the class of odd numbers is divided into three, of which the 
third is again a mean between two extremes. The three are : 


(1) the prime and incomposite, which is like Euclid’s prime number except 
that it excludes 2 ; 


(2) the secondary and composite, which is *odd because it is a distinct 
part of one and the same genus (8ià ró é£ évós xai tov avrovd yévous Seaxexpiobat) 
but has in it nothing of the nature of a first principle (apxo«óés) ; for it arises 
from adding some other number (to itself), so that, besides having a part 
called by the same name as itself, it possesses a part or parts called by another 
name.” Nicomachus cites 9, 15, 21, 25, 27, 33; 35» 309. It is made clear that 
not only must the factors be both odd, but they must all be prime numbers. 
This is obviously a very inconvenient restriction of the use of the word 
composite, a word of general signification. 


(3) is that which is “secondary and composite in. itself but prime and 
incomposite to another.” The actual words in which this is defined have been 
given above in the note on Def. 12. Here again all the factors must be odd 
and prime. 

Besides the inconvenience of restricting the term composite to odd numbers 
which are composite, there is in this classification the further serious defect, 
pointed out by Nesselmann (Die Algebra der Griechen, 1842, p. 194), that 
subdivisions (2) and (3) overlap, subdivision (2) including the whole of 
subdivision (3). The origin of this confusion is no doubt to be found in 
Nicomachus’ perverse anxiety to be symmetrical; by hook or by crook he 
must divide odd numbers into three kinds as he had divided the even. 
Iamblichus (p. 28, 13) carries his desire to be logical so far as to point out 
why there cannot be a fourth kind of number contrary in character to (3), 
namely a number which should be “prime and incomposite in itself, but 
secondary and composite to another " ! 


DEFINITION 15. 
“ApOpos apOpov ToXXamAagid(ew: Aéyerat, orav, daa eriy dv aired povades, 
rogavrans cuvreOy ô moAdarAactalopevos, Kai yévyrai tis. 


This is the well known primary definition of multiplication as an 
abbreviation of addition. 


DEFINITION 16. 


"Orav &è Sv0 apOpot rodAarAacrdcavres aAAyAOUS Towi Tiva, ô yevópevos 
érimedos xadeirat, tevpai Sé abrov of roAAarAaciacavres GAANAOUS apiÔpoi. 

The words P/ane and solid applied to numbers are of course adapted from 
their use with reference to geometrical figures. A number is therefore called 
linear (ypappuxós) when it is regarded as in one dimension, as being a /ength 
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(uynKos). When it takes another dimension in addition, namely breadth 
(rAaàros), it is in two dimensions and becomes Plane (ériredos). The 
distinction between a p/ane and a plane number is marked by the use of the 
neuter in the former case, and the masculine, agreeing with ap:Oy0s, in the 
latter case. So with a sguare and a square number, and so on. The most 
obvious form of a plane number is clearly that corresponding to a rectangle in 
geometry ; the number is the product of two linear numbers regarded as sides 
(7Aevpatc) forming the length and breadth respectively. Such a number is, as 
Aristotle says, “so many times so many," and a plane is its counterpart 
(nigga). So Plato, in the Z/caetetus (147 E—148 R), says: '* We divided all 
numbers into two kinds, (1) that which can be expressed as equal multiplied 
by equal (róv óvvapevov tcov ivaxts yiyveoOac), and which, likening its form to 
the square, we called sguare and equilateral; (2) that which is intermediate, 
and includes 3 and 5 and every number which cannot be expressed as equal 
multiplied by equal, but is either less times more or more times less, being 
always contained by a greater and a less side, which number we likened to 
the oblong figure (xpopyxes oxnpare) and callea an od/ong number.... Such 
lines therefore as square the equilateral and plane number (i.e. which can 
form a plane number with equal sides, or a square] we defined as /ength 
(uxjkos) ; but such as square the oblong (here érepopy«ns) [i.e. the square of 
which is equal to the oblong] we called roots (Svvapes) as not being com- 
mensurable with the others in length, but only in the plane areas (érerédas), 
to which the squares on them are equal (à Óvvavra))." This passage seems 
to make it clear that Plato would have represented numbers as Euclid does, 
by straight lines proportional in length to the numbers they represent (so far 
as practicable) ; for, since 3 and 5 are with Plato oblong numbers, and ¿ines 
with him represent the sides of oblong numbers (since a line represents the 
“root,” the square on which is equal to the oblong), it follows that the zz: 
representing the smaller side must have been represented as a line, and 3, the 
larger side, as a line of three times the length. But there is another possible way 
of representing numbers, not by lines of a certain length, but by points disposed 
in various ways, in straight lines or otherwise. Iamblichus tells us (p. 56, 27) 
that “in old days they represented the quantuplicities of number in a more 
natural way (@vorxwrepov) by splitting them up into units, and not, as in our 
day, by symbols” (cvpPBorrxws). Aristotle too (Metaph. 1092 b 10) mentions 
one Eurytus as having settled what number belonged to what, such a number 
to a man, such a number to a horse, and so on, “copying their shapes” 
(reading rovrov, with Zeller) “ zth pebbles (tais ynpors), just as those do who 
arrange numbers in the forms of triangles or squares." We accordingly find 
numbers represented in Nicomachus and Theon of Smyrna by a number of 
a's ranged like points according to geometrical figures. According to this 
system, any number could be represented by points in a straight line, in which 
case, says Iamblichus (p. 56, 26), we shall call it rectilinear because it is 
without breadth and only advances in length (amAaras mì póvov tò piros 
mpoeow). ‘The prime number was called by Thymaridas rectilinear par 
excellence, because it was without breadth and in one dimension only (èp ê 
póvov Suardpevos). By this must Þe meant the impossibility of representing, 
say, 3 as a plane number, in Plato’s sense, i.e. as a product of two numbers 
corresponding to a rectangle in geometry ; and this view would appear to rest 
simply upon the representation of a number by points, as distinct from lines. 
Three dots in a straight line would have zo breadth ; and if breadth were 
introduced in the sense of producing a rectangle, ie. by placing the same 
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number of dots in a second line below the first line, the first ?/ane number 
would be 4, and 3 would not be a plane number at all, as Plato says itis. It 
seems therefore to have been the alternative representation of a number by 
points, and not lines, which gave rise to the different view of a plane number 
which we find in Nicomachus and the rest. By means of separate points we 
can represent numbers in geometrical forms other than rectangles and squares. 
One dot with two others symmetrically arranged below it shows a ¢riangle, 
which is a figure in ‘wo dimensions as much as a rectangle or parallelogram is. 
Similarly we can arrange certain numbers in the form of regular pentagons or 
other polygons. According therefore to this mode of representation, 3 is the 
first p/ane number, being a ¢riangu/ar number. The method of formation of 
triangular, square, pentagonal and other polygonal numbers is minutely 
described in Nicomachus (11. 8—11), who distinguishes the separate series of 
gnomons belonging to each, i.e. gives the law determining the number which 
has to be added to a polygonal number with z in a side, in order to make it 
into a number of the same form but with # + 1 in a side (the addend being of 
course the gnomon). Thus the gnomonic series for triangular numbers is 
I, 2, 3, 4, 5... ; that for squares 1, 3, 5, 7... ; that for pentagonal numbers 
I, 4, 7, 10..., and so on. The subject need not detain us longer here, as we 
are at present only concerned with the different views of what constitutes a 
plane number. 

Of plane numbers in the Platonic and Euclidean sense we have seen that 
Plato recognises wo kinds, the sguave and the odlong (xpopyxys or érepounnys). 
Here again Euclid’s successors, at all events, subdivided the class more 
elaborately. Nicomachus, Theon of Smyrna, and Iamblichus divide plane 
numbers with unequal sides into (1) érepousxes, the nearest thing to squares, 
viz. numbers in which the greater side exceeds the less side by 1 only, or 
numbers of the form ^ ("n * 1), e.g. 1.2, 2.3, 3. 4, etc. (according to Nico- 
machus), and (2) rpouyxes, or those whose sides differ by 2 or more, i.e. are of 
the form 7 (n * $i), where 7 is not less than 2 (Nicomachus illustrates by 2. 4, 
3.6, etc.). Theon of Smyrna (p. 3o, 8—14) makes rpoprxes include érepopyxes, 
saying that their sides may differ by 1 or more; he also speaks of parallelogram- 
numbers as those which have one side different from the other by 2 or more; 
I do not find this latter term in Nicomachus or Iamblichus, and indeed it 
seems superfluous, as parallelogram is here only another name for oblong. 
Iamblichus (p. 74, 23 sqq.), always critical of Euclid, attacks him again here 
for confusing the subject by supposing that the érepouxnxns number is the pro- 
duct of any two different numbers multiplied together, and by not distinguishing 
the oblong (mpouxj«ys) from it: '*for his definition declares the same number 
to be square and also érepouxkvs, as for example 36, 16 and many others: 
which would be equivalent to the odd number being the same thing as the 
even.” No importance need be attached to this exaggerated statement ; it is 
in any case merely a matter of words, and it is curious that Euclid does not in 
fact use the word érepoykys of numbers at all, but only of geometrical oblong 
figures as opposed to squares, so that Iamblichus can apparently only have 
inferred that he used it in an unorthodox manner from the geometrical use of 
the term in the definitions of Book 1. and from the fact that he does not give 
the two subdivisions of p/ane numbers which are not square, but seems only 
to divide plane numbers into square and not-square. The argument that 
érepopyjxecs numbers are a natural, and therefore essential, subdivision 
Iamblichus appears to found on the method of successive addition by which 
they can be evolved; as square numbers are obtained by successively adding 
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odd numbers as gnomons, so érepoysjkeis are obtained by adding even numbers 
asgnomons. Thus 1.2=2, 2.3=2+4, 3-4=2+4+6, and so on. 


DEFINITION 17. 


"Orav Sé tpeis dpO0t moAAatAaciacavres GAAyAOUS Toug Twa, Ó *y«vóp.evos 
` ^ , 
orepeds €ottv, mAevpai Sé abrovd of rroAAamAactácayres áÀAAyjAovs ápiBpoí. 


What has been said of the two apparently different ways of regarding a 
plane number seems to apply equally, mutatis mutandis, to the definitions of a 
solid number. Aristotle regards it as a number which is so many times so 
many times so many (7ocdxts moadxis roadv). Plato finishes the passage about 
lines which represent the sides of sgzare numbers and lines which are ‘roots 
(Svvapecs), i.e. the squares on which are equal to the rectangle representing a 
number which is oblong and not square, by adding the words, ** And another 
similar property belongs to solids " (xai epi rà arepeà GÀXo rovovrov). That is, 
apparently, there would be a corresponding term to zoo (Bvvaj«s)— practically 
representing a surd—to denote the side of a cube equal to a parallelepiped 
representing a solid number which is the product of three factors but 
not a cube. Such is a solid number when numbers are represented by 
straight lines: it corresponds in general to a parallelepiped and, when all 
the factors are equal, to a cube. 

But again, if numbers be represented by points, we may have solid numbers 
(i.e. numbers in three dimensions) in the form of pyramids as well. The first 
number of this kind is 4, since we may have three points forming an 
equilateral triangle in one plane and a fourth point placed in another plane. 
The length of the sides can be increased by 1 successively ; and we can have 
a series of pyramidal numbers, with triangles, squares or polygons as bases, 
made up of layers of triangles, squares or similar polygons respectively, each 
of which layers has one less in the side than the layer below it, until the top 
of the pyramid is reached, which of course, is one point representing unity. 
Nicomachus (1 13—16), Theon of Smyrna (p. 41—2), and Iamblichus 
(p. 95, 15 sqq.), all give the different kinds of pyramidal solid numbers in 
addition to the other kinds. 

These three writers make the following further distinctions between solid 
numbers which are the product of three factors. 


I. First there is the equal by equal by equal (icaxis icaxts (eos), which is, 
of course, the cube. 


2. "The other extreme is the unequal by unequal by unequal (avaxis 
avuraxis avoos), or that in which all the dimensions are different, e.g. the 
product of 2, 3, 4 or 2, 4, 8 or 3, 5, 12. These were, according to Nicomachus 
(11. 16), called scadene, while some called them o¢nvioxo: (wedge-shaped), others 
odyxtoxot (from ong, a wasp), and others Bwpioxo (a/far-shaped). Theon 
appears to use the last term only, while Iamblichus of course gives all three 
names. 


3. Intermediate to these, as it were, come the numbers “whose panes 
form érepoxyxecs numbers” (i.e. numbers of the form ‘(z+ 1)). These, says 
Nicomachus, are called parallelepipedal. 

Lastly come two classes of such numbers each of which has two equal 
dimensions but not more. 
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4. If the third dimension is less than the others, the number is egual by 
equal by less (ivaxts ioos éXarrovaxts) and is called a plinth (rdw6is), e.g. 
8.8. 3. 


5. If the third dimension is greater than the others, the number is egual 
by equal by greater (iadxs toos peLovaxes) and is called a deam (Soxis), e.g. 
3-3.7. Another name for this latter kind of number (according to 
Iamblichus) was oryAis (diminutive of aA»). 


Lastly, in connexion with pyramidal numbers, Nitomachus (11. 14, §) dis- 
tinguishes numbers corresponding to /rusfa of pyramids. These are truncated 
(xoAoupor), twice-truncated (BwoXovpot), thrice-truncated (tpixodovpor) pyramids, 
and so on, the term being used mostly in theoretic treatises (év ovyypappaci 
padiora Tois Oewpnparixois). The ¢runcated pyramid was formed by cutting 
off the point forming the vertex. The fwice-truncated was that which lacked 
the vertex and the next plane, and so on. Theon of Smyrna (p. 42, 4) only 
mentions the ‘runcated pyramid as “that with its vertex cut off? (y riv 
Kopupyy arorerunuévn), Saying that some also called it a trapezium, after the 
similitude of a plane trapezium formed by cutting the top off a triangle 
by a straight line parallel to the base. 


DEFINITION 18. 


,Terpéyuvos ápiópós éorw ó ioáris (aos ù (6] dd Svo tewv ápiÜpnov Tepi- 
€xój.€vos. 


A particular kind of square distinguished by Nicomachus and the rest was 
the square number which ended (in the decimal notatior) with the same 
number as its side, e.g. 1, 25, 36, which are the squares of 1, 5 and 6. These 
square numbers were called «cydic (xvxAuot) on the analogy of circles in 
geometry which return again to the point from which they started. 


DEFINITION 19. 
Kiflos 8$ 6 laáxis toos ladxis 7) [0] iio rpuàv towv ápiÓav rreptexópevos. 


Similarly cube numbers which ended with the same number as their sides, 
and the squares of those sides a/so, were called sgAeriza/ (oawpwot) or. recurrent 
(aroxatacrarixot). One might have expected that the term spherical would be 
applicable also to the cubes of numbers which ended with the same digit as the 
side but not necessarily with the same digit as the square of the side also. 
E.g. the cube of 4, i.e. 64, ends with the same digit as 4, but not with the 
same digit as 16. But apparently 64 was not called a spherical number, the 
only instances given by Nicomachus and the rest being those cubed from 
numbers ending with 5 or 6, which end with the same digit if sguared. A 
Spherical number is in fact derived from a circular number only, and that by 
adding another equal dimension. Obviously, as Nesselmann says, the names 
cyclic and spherical applied to numbers appeal to an entirely different principle 
from that on which the figured numbers so far dealt with were formed. 
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DEFINITION 20. 


"ApOnot avaAoyor ciow, Grav & mpwros rov Sevrépov Kai 6 tpiros Tov Terdprou 
ivaxts 7 ToXXaAdavos Ñ TÒ avrò pépos Ñ Tà aùrà pépy Gow. 

Euclid does not give in this Book any definition of ratio, doubtless because 
it could only be the same as that given at the beginning of Book v., with 
numbers substituted for “homogeneous magnitudes” and “in respect of size” 
(xXtxoryra) omitted or altered. We do not find that Nicomachus and the 
rest give any substantially different definition of a ratio between numbers. 
Theon of Smyrna says, in fact (p. 73, 16), that “ratio in the sense of 
proportion (Aéyos ó xar' avaAoyov) is a sort of relation of two homogeneous 
terms to one another, as for example, double, triple.” Similarly Nicomachus 
says (11. 21, 3) that ‘‘a ratio is a relation of two terms to one another,” the word 
for * relation" being in both cases the same as Euclid’s (cxéors). Theon of 
Smyrna goes on to classify ratios as greater, less, or equal, i.e. as ratios of greater 
inequality, less inequality, or equality, and then to specify certain arithmetical 
ratios which had special names, for which he quotes the authority of Adrastus. 
The names were zoAAamAadcios, émpopios, emimepys, moXXamAaateripopiuos, 
voAAarAagerusepyjs (the first of which is, of course, a multiple, while the rest 
are the equivalent of certain types of improper fractions as we should call 
them), and the reciprocals of each of these described by prefixing tro or sud. 
After describing these particular classes of arithmetical ratios, Theon goes on 
to say that numbers still have ratios to one another even if they are different 
from all those previously described. We need not therefore concern ourselves 
with the various types; it is sufficient to observe that any ratio between 
numbers can be expressed in the manner indicated in Euclid’s definition of 
arithmetical proportion, for the greater is, in relation to the less, either one or 
a combination of more than one of the three things, (1) a multiple, (2) a 
submultiple, (3) a proper fraction. 

It is when we come to the definition of proportion that we begin to find 
differences between Euclid, Nicomachus, Theon and Iamblichus. “Proportion,” 
says Theon (p. 82, 6), **is similarity or sameness of more ratios than one,” 
which is of course unobjectionable if it is previously understood what a ratio 
is ; but confusion was brought in by those (like Thrasyllus) who said that 
there were /Aree proportions (avadoyia), the arithmetic, geometric, and 
harmonic, where of course the reference is to arithmetic, geometric and 
harmonic means (peoornres). Hence it was necessary to explain, as Adrastus 
did (Theon, p. 106, 15), that of the several means “the geometric was called 
both proportion par excellence and primary...though the other means were 
also commonly called proportions by some writers.” Accordingly we have 
Nicomachus trying to extend the term “proportion” to cover the various 
means as well as a proportion in three or four terms in the ordinary sense. He 
says (11. 21, 2): “ Proportion, par excellence (xvpiws), is the bringing together 
(avAAnyis) to the same (point) of two or more ratios; or, more generally, (the 
bringing together) of two or more relations (cxéoewv), even though they be 
subjected not to the same ratio but to a difference or some other (law).” 
Iamblichus keeps the senses of the word more distinct. He says, like Theon, 
that “proportion is similarity or sameness of several ratios" (p. 98, 14), and 
that “it is to be premised that it was the geometrical (proportion) which the 
ancients called proportion par excellence, though it is now common to apply 
the name generally to all the remaining means as well” (p. 100, 15). Pappus 
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remarks (111. p. 70, 17), “A mean differs from a proportion in this respect that, if 
anything is a proportion, it is also a mean, but not conversely. For there are 
three means, of which one is arithmetic, one geometric and one harmonic.” 
The last remark implies plainly enough that there is only one proportion 
(avaAoyía) in the proper sense. So, too, says Iamblichus in another place 
(p. 104, 19): “the second, the geometric, mean has been called proportion 
par excellence because the terms contain the same ratio, being separated 
according to the same proportion (ava rév aùròv Aóyov Oworores) The 
natural conclusion is that of Nesselmann, that originally the geometric 
proportion was called avaAoyía, the others, the arithmetic, the harmonic, etc., 
means ; but later usage had obliterated the distinction. 

Of proportions in the ancient and Euclidean sense Theon (p. 82, ro) 
distinguished the continuous (cvvexys) and the separated (Sinpnpdvn), using the 
same terms as Aristotle (Z¢h. Mic. 1131 a 32). The meaning is of course 
clear: in the continuous proportion the consequent of one ratio is the ante- 
cedent of the next; in the separated proportion this is not so. Nicomachus 
(11. 21, 5—6) uses the words connected (cuvnppévn) and aisjoined (SueCevypévn) 
respectively. Euclid regularly speaks of numbers in continuous proportion as 
* proportional in order, or successively " (é{9s avaXoyov). 


DEFINITION 2r. 
'Oporor rimedo: kai orepeol àpibpoi eivi of dvadoyov &xovres ràs mÀevpas. 


Theon of Smyrna remarks (p. 36, 12) that, among plane numbers, aZ 
squares are similar, while of érepouzxes those are similar “whose sides, that 
is, the numbers containing them, are proportional.” Here érepouyxns must 
evidently be used, not in the sense of a number of the form ^ ( ^ 1), but.as 
synonymous with mpouýxys, any oblong number; so that on this occasion 
Theon follows the terminology of Plato and (according to Iamblichus) of 
Euclid. Obviously, if the strict sense of érepounxns is adhered to, no two 
numbers of that form can be similar unless they are also egual. We may 
compare Iamblichus’ elaborate contrast of the square and the érepounxns. 
Since the two sides of the square are equal, a square number might, as he 
says (p. 82, 9), be fitly called iStounxns (Nicomachus uses ravropyjxns) in 
contrast to érepopznxns; and the ancients, according to him, called square 
numbers “the same” and “similar” (rabrovs re xat dpotous), but érepopyxecs 
numbers “dissimilar and other " (dvouoéovs xai Óarépovs). 

With regard to solid numbers, Theon remarks in like manner (p. 37, 2) 
that a/l cube numbers are similar, while of the others those are similar whose 
sides are proportional, i.e. in which, as length is to length, so is breadth to 
breadth and height to height. 


DEFINITION 22. 
TéA«os dpiÓuós écrww Ó rois éavrov uépeaw igos wv. 


Theon of Smyrna (p. 45, 9 sqq.) and Nicomachus (tr. 16) both give 
the same definition of a perfect number, as well as the law of formation of 
such numbers which Euclid proves in the later proposition, 1x. 36. They 
add however definitions of two other kinds of numbers in contrast with ìt, 
(1) the over-perfect (vmepreAjs in Nicomachus, vmepréAeos in Theon), the 
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sum of whose parts, i.e. submultiples, is greater than the number itself, e.g. 12, 
24 etc., the sum of the parts of 12 being 6+4+3+2+1=16, and the 
sum of the parts of 24 being 12+8+6+4+3+2+1 = 36, (2) the defective 
(éA\Aurys), the sum of whose parts is less than the whole, e.g. 8 or 14, the 
parts in the first case adding up to 4 + 2+1, or 7, and in the second case to 
7+2+1,o0r1o. All three classes are however made by Theon subdivisions 
of numbers in general, but by Nicomachus subdivisions of even numbers. 

The term perfect was used by the Pythagoreans, but in another sense, of 
10; while Theon tells us (p. 46, 14) that 3 was also called perfect “ because 
it is the first number that has beginning, middle and extremity; it is also both 
a Jine and a plane (for it is an equilateral triangle having each side made up 
of two units), and it is the first link and potentiality of the solid (for a solid 
must be conceived of in three dimensions)." 


There are certain unexpressed axioms used in Book vil. as there are in 
earlier Books. 


The following may be noted. 
I. If A measures B, and B measures C, A will measure C. 


2. If A measures B, and also measures C, A will measure the difference 
between Z and C when they are unequal. 


3. If A measures B, and also measures C, A will measure the sum of B 
and C. 


It is clear, from what we know of the Pythagorean theory of numbers, of 
musical intervals expressed by numbers, of different kinds of means etc., that 
the substance of Euclid Books vi1.—1x. was no new thing but goes back, at 
least, to the Pythagoreans. It is well known that the mathematics of Plato's 
Timaeus is essentially Pythagorean. It is therefore a priors probable (if not 
perhaps quite certain) that Plato rv@ayopife even in the passage (32 A, B) where 
he speaks of numbers “whether solid or square” in continued proportion, 
and proceeds to say that between f/anes one mean suffices, but to connect 
two solids two means are necessary. This passage has been much discussed, 
but I think that by “planes” and “solids” Plato certainly meant square and 
solid numbers respectively, so that the allusion must be to the theorems 
established in Eucl. virt. 11, 12, that between two square numbers there is 
one mean proportional number, and between two cube numbers there are 
two mean proportional numbers!. 


2 It is true that similar plane and solid numbers have the same property (Eucl. vit. 18, 
19) ; but, if Plato had meant similar plane and solid numbers generally: I think it would 
have been necessary to specify that they were ‘‘ similar,” whereas, seeing that the 7imacus is 
as a whole concerned with regular figures, there is nothing unnatural in allowing segu/ar or 
equilateral to be understood. Further Plato speaks first of óvrdue«s and Syxo and then of 
‘“planes” (éxlxeda) and ‘‘solids” (creped) in such a way as to suggest that durduecs cor- 
respond to éxlreda and byxo to areped. Now the regular meaning of dévauis is square (or 
sometimes square root), and I think it is here used in the sense of sguare, notwithstanding 
that Plato seems to speak of ¢hvee squares in continued proportion, whereas, in general, the 
mean between two squares as extremes would not be square but oblong. And, if duvduecs are 
squares, it is reasonable to suppose that the Sy«o are also equilateral, i.e. the '* solids" are 
cubes. I am aware that Th. Habler (Bidsiotheca Mathematica, Vit13, 1908, pp- 173—4) 
thinks that the passage is to be explained by reference to the problem of the duplication of 
the cube, and does not refer to numbers at all. Against this we have to put the evidence of 
Nicomachus (11. 24, 6) who, in speaking of “a certain Platonic theorem,” quotes the very 
same results of Eucl. v111. 11, 12. Secondly, it is worth noting that Hábler's explanation is 
distinctly ruled out by Democritus the Platonist (3rd cent. A.D.) who, according to Proclus 
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It is no less clear that, in his method and line of argument, Euclid was 
following earlier models, though no doubt making improvements in the ex- 
position. The tract on the Sectio Canonts, xararopy xavovos (as to the genuine- 
ness of which see above, Vol. 1., p. 17) is in style and in the form of the 
propositions generally akin to the Z/ements. In one proposition (2) the author 
says “we learned (éuaopev) that, if as many numbers as we please be in (con- 
tinued) proportion, and the first measures the last, the first will also measure 
the intermediate numbers" ; here he practically quotes Z/em. vil. 7. In the 
3rd proposition he proves that no number can be a mean between two 
numbers in the ratio known as èrıpópos, the ratio, that is, of #+1 to 2, where 
n is any integer greater than unity. Now, fortunately, Boethius, De institutione 
musica, 111. 11 (pp. 285—6, ed. Friedlein), has preserved a proof by Archytas 
of this same proposition ; and the proof is substantially identical with that 
of Euclid. The two proofs are placed side by side in an article by Tannery 
(Bibliotheca Mathematica, vis, 1905/6, p. 227). Archytas writes the smaller 
term of the proportion first (instead of the greater, as Euclid does). Let, he 
says, A, Z be the “superparticularis proportio ” (êmıuópiov &iac ja in Euclid). 
Take C, DE the smallest numbers which are in the ratio of 4 to B. (Here 
DE means D + E: and in this respect the notation is different from that of 
Euclid who, as usual, takes a line DF divided into two parts at G, GF 
corresponding to Æ, and DG to D, in Archytas’ notation. The step of taking 
C, DE, the smallest numbers in the ratio of 4 to B, presupposes Eucl. vui. 
33-] Then DE exceeds C by an aliquot part of itself and of C (cf. the 
definition of émpopios apOuos in Nicomachus, 1. 19, 1}. Let D be the excess 
(i.e. Æ is supposed equal to C]. “I say that D is not a number but an unit.” 

For, if D is a number and a part of DE, it measures DE; hence it 
measures E, that is, C. Thus D measures both C and DE, which is 
impossible ; for the smallest numbers which are in the same ratio as any 
numbers are prime to one another. [This presupposes Eucl. vı1. 22.} There- 
fore D is an unit; that is, DE exceeds C by an unit. Hence no number can 
be found which is a mean between two numbers C, DE. Therefore neither 
can any number be a mean between the original numbers 4, B which are in 
the same ratio (this implies Eucl. vit. 20). 

We have then here a clear indication of the existence at least as early as 
the date of Archytas (about 430—365 B.c.) of an Elements of Arithmetic in 
the form which we call Euclidean; and no doubt text-books of the sort 
existed even before Archytas, which probably Archytas himself and Eudoxus 
improved and developed in their turn. 


(n Platonis Timaeum commentaria, 149 C), said that the difficulties of the passage of the 
Timaeus had misled some people into connecting it with the duplication of the cube, 
whereas it really referred to similar planes and solids with sides in rasional numbers. 
Thirdly, I do not think that, under the supposition that the Delian problem is referred to, 
we get the required sense. The problem in that case is not that of finding two mean 
proportionals defween two cubes but that of finding a second cube the content of which 
shall be equal to twice, or & times (where & is any number not a complete cube), the content 
of a given cube (a3). Two mean proportionals are found, not between cubes, but between 
two straight lines in the ratio of 1 to 4, or between a and 4a, Unless & is a cube, there 
would be no point in saying that two means are necessary to connect 1 and 4, and not one 
mean ; for 8/2 is no more natural than \/4, and would be less natural in the case where 4 
happened to be square. On the other hand, if 4 is a cube, so that it is a question of finding 
means between cube numbers, the dictum of Plato is perfectly intelligible ; nor is any real 
difficulty caused by the generality of the statement that two means are a/ways necessary to 
connect them, because any property enunciated generally of two cube numbers should 
obviously be true of cubes as such, that is, it must hold in the extreme case of two cubes 
which are prime to one another. 


BOOK VII. PROPOSITIONS. 


PROPOSITION I. 


Two unequal numbers being set out, and the less being 
continually subtracted in turn from the greater, uf the number 
which ts left never measures the one before it until an unit ts 
left, the original numbers will be prime to one another. 


For, the less of two unequal numbers 48, CD being 
continually subtracted from the greater, let the 
number which is left never measure the one 
before it until an unit is left ; H 


O 


I say that AB, CD are prime to one another, 
that is, that an unit alone measures 4B, CD. 


For, if AB, CD are not prime to one another, 
some number will measure them. 

Let a number measure them, and let it be 
E; let CD, measuring £F, leave FA less than 
itself, 


let AF, measuring DG, leave GC less than itself, 
and let GC, measuring FH, leave an unit HA. 

Since, then, & measures CD, and CD measures &/, 
therefore Æ also measures BF. 


E 


o 


But it also measures the whole P4 ; 
therefore it will also measure the remainder 74 F. 
But AF measures DG ; 
therefore E also measures DG. 


vit. 1] PROPOSITION 1 297 


But it also measures the whole DC: 
therefore it will also measure the remainder CG. 
But CG measures 777 ; 
therefore Æ also measures FH. 
But it also measures the whole FA ; 


therefore it will also measure the remainder, the unit 4477, 
though it is a number: which is impossible. 


Therefore no number will measure the numbers 42, CD; 
therefore 4, CD are prime to one another. [vr. Def. 12] 
Q. E. D. 


It is proper to remark here that the representation in Books vii. to 1x. of 
numbers by straight lines is adopted by Heiberg from the mss. The method 
of those editors who substitute sorats for lines is open to objection because it 
practically necessitates, in many cases, the use of specific numbers, which is 
contrary to Euclid’s manner. 

“Let CD, measuring BF, leave FA less than itself.” This is a neat 
abbreviation for saying, measure along BA successive lengths equal to CD 
until a point / is reached such that the length 4 remaining is less than 
— other words, let BF be the largest exact multiple of CD contained 
in BA. 

Euclid’s method in this proposition is an application to the particular 
case of prime numbers of the method of finding the greatest common measure 
of two numbers not prime to one another, which we shall find in the next 
proposition. With our notation, the method may be shown thus. Supposing 
the two numbers to be a, 4, we have, say, 


b)a(p 
pb 
c)5(9 
ge 
d)e(r 
ra 


I 


If now a, 5 are not prime to one another, they must have a common 
measure ¢, where ¢ is some integer, not unity. 
And since e measures a, 4, it measures a — på, i.e. c. 


Again, since e measures å, c, it measures 4 — ¢¢, i.e. d, 
and lastly, since e measures c, Z, it measures c— 74, i.e. 1: 
which is impossible. 


Therefore there is no integer, except unity, that measures a, å, which are 
accordingly prime to one another. 

Observe that Euclid assumes as an axiom that, if a, ? are both divisible by 
¢, so is a—pb, In the next proposition he assumes as an axiom that ¢ will in 
the case supposed divide a + fd. 
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PROPOSITION 2. 


Given two numbers not prime to one another, to find their 
greatest common measure. 


Let AB, CD be the two given numbers not prime to one 
another. 

Thus it is required to find the greatest 4 
common measure of 4B, CD. c 

If now CD measures 4B—and it also € E 
measures itself —C/ is a common measure of | 
CD, AB. 

And it is manifest that it is also the greatest ; | 
for no greater number than CD will measure B ^ 
CD. 

But, if CD does not measure 48, then, the less of the 
numbers 48, CD being continually subtracted from the 
greater, some number will be left which will measure the one 
before it. 

For an unit will not be left; otherwise 48, CD will be 
prime to one another [vr 1], which is contrary to the 
hypothesis. 

Therefore some number will be left which will measure 
the one before it. 

Now let CD, measuring ZE, leave ZA less than itself, 
let A, measuring DF, leave FC less than itself, 


and let CF measure AL. 

Since then, CF measures AE, and AE measures DF, 
therefore CF will also measure DF. 

But it also measures itself ; 


^o 


therefore it will also measure the whole CD. 
But CD measures BE ; 
therefore CF also measures BE. 
But it also measures E ; 
therefore it will also measure the whole BA. 
But it also measures CD ; 
therefore CF measures 44 P, CD. 
Therefore CF is a common measure of 442, CD. 
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I say next that it is also the greatest. 

For, if CF is not the greatest common measure of 4B, 
CD, some number which is greater than CF will measure the 
numbers 48, CD. 

Let such a number measure them, and let it be G. 

Now, since G measures CD, while CD measures BEL, 
G also measures BE. 

But it also measures the whole BA ; 


therefore it will also measure the remainder A £F. 
But AE measures DF; 

therefore G will also measure DF. 
But it also measures the whole DC ; 


therefore it will also measure the remainder CF, that is, the 
greater will measure the less: which is impossible. 


Therefore no number which is greater than CF will measure 
the numbers 44, CD; 


therefore CF is the greatest common measure of 44 B, CD. 


Porism. From this it is manifest that, if a number 
measure two numbers, it will also measure their greatest 
common measure. Q. E. D.. 


Here we have the exact method of finding the greatest common measure 
given in the text-books of algebra, including the zedwe/to ad absurdum proof 
that the number arrived at is not only a common measure but the greatest 
common measure. The process of finding the greatest common measure 
is simply shown thus : 


b)a(p 
pe 
c)o(g 
qc 
d)e(r 
dd 


We shall arrive, says Euclid, at some number, say d, which measures the one 
before it, ie. such that c=rd. Otherwise the process would go on until we 
arrived at unity. This is impossible because in that case a, 4 would be prime 
to one another, which is contrary to the hypothesis. 

Next, like the text-books of algebra, he goes on to show that g will be some 
common measure of a, b. For @ measures ¢; 
therefore it measures gc ^ d, that is, 4, 
and hence it measures >b + c, that is, a. 

Lastly, he proves that d@ is the greates¢ common measure of a, 4 as follows. 

Suppose that e is a common measure greater than 4. 

Then e, measuring a, 2, must measure a — £2, Or c. 
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Similarly e must measure ? - qc, that is, 7: which is impossible, since e is 
by hypothesis greater than 4. 

Therefore etc. 

Euclid's proposition is thus identical with the algebraical proposition as 
generally given, e.g. in Todhunter's algebra, except that of course Euclid's 
numbers are integers. 

Nicomachus gives the same rule (though without proving it) when he 
shows how to determine whether two given odd numbers are prime or not 
prime to one another, and, if they are not prime to one another, what is their 
common measure. We are, he says, to compare the numbers in turn by 
continually taking the less from the greater as many times as possible, 
then taking the remainder as many times as possible from the less of the 
original numbers, and so on; this process “will finish either at an unit or at 
some one and the same number,” by which it is implied that the division of a 
greater number by a less is done by separate subtractions of the less. Thus, 
with regard to 21 and 49, Nicomachus says, ‘‘I subtract the less from the 
greater; 28 is left; then again I subtract from this the same 21 (for this is 
possible); 7 is left; I subtract this from 21, 14 is left; from which I again 
subtract 7 (for this is possible); 7 will be left, but 7 cannot be subtracted from 
7." The last phrase is curious, but the meaning of it is obvious enough, as 
also the meaning of the phrase about ending “at one and the same number." 

The proof of the Porism is of course contained in that part of the propo- 
sition which proves that G, a common measure different from CF, must 
measure CF: The supposition, thereby proved to be false, that G is greater 
than CF does not affect the validity of the proof that G measures CF in any 
case. 


PROPOSITION 3. 


Given three numbers not prime to one another, to find their 
greatest common measure. 

Let A, B, C be the three given numbers not prime to 
one another ; 
thus it is required to find the greatest 
common measure of 4, B, C. 


Forletthegreatest common measure, ,| , 





D, of the two numbers 4, & be taken ; e 
(vir. 2] 0| E] F| 
then D either measures, or does not 


measure, C. 


First, let it measure it. 
But it measures 4, B also; 


therefore D measures 44, B, C; 
therefore D is a common measure of 4, D, C. 
I say that it is also the greatest. 
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For, if D is not the greatest common measure of 4, B, C, 
some number which is greater than D will measure the numbers 
A, D, C. 

Let such a number measure them, and let it be Æ. 

Since then Æ measures 4, B, C, 


it will also measure 4, B; 


therefore it will also measure the greatest common measure 
of A, B. (vit. 2, Por.] 


But the greatest common measure of 4, B is D; 
therefore Æ measures D, the greater the less: which is 
impossible. 

Therefore no number which is greater than D will measure 
the numbers 4, Ð, C; 


therefore D is the greatest common measure of 4, B, C. 


Next, let D not measure C; 
I say first that C, D are not prime to one another. 


For, since 4, P, C are not prime to one another, some 
number will measure them. 
Now that which measures 4, B, C will also measure 4, 
B, and will measure D, the greatest common measure of 4, 2. 
(vu. 2, Por.] 
But it measures C also ; 


therefore some number will measure the numbers D, C; 
therefore D, C are not prime to one another. 


Let then their greatest common measure Æ be taken. 
(vir. 2] 
Then, since £ measures D, 


and D measures 4, B, 
therefore Æ also measures 4, B. 
But it measures C also ; 
therefore E measures A, B, C; 
therefore £ is a common measure of A, B, C. 


I say next that it is also the greatest. 


For, if Æ is not the greatest common measure of 4, P, C, 
some number which is greater than Æ will measure the 
numbers 4, B, C. 

Let such a number measure them, and let it be F. 
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Now, since F measures 4, B,C, 
it also measures 4, B; 


therefore it will also measure the greatest common measure 
of 4, B. (vit. 2, Por.] 


But the greatest common measure of A, B is D; 
therefore F measures D. 

And it measures C also ; 
therefore F measures D, C; 


therefore it will also measure the greatest common measure 
of D, C. (vr. 2, Por.] 


But the greatest common measure of D, Cis E; 
therefore Æ measures Æ, the greater the less: which is 
impossible. 

Therefore no number which is greater than Æ will measure 
the numbers 4, B, C; 


therefore Æ is the greatest common measure of 4, B, C. 
Q. E. D. 


Euclid’s proof is here longer than we should make it because he 
distinguishes two cases, the simpler of which is really included in the other. 

Having taken the greatest common measure, say d, of a, 4, two of the 
three given numbers a, 4, c, he distinguishes the cases 


(1) in which Z measures ¢, 
(2) in which Z does not measure c. 


In the first case the greatest common measure of d, c is d itself; in the 
second case it has to be found by a repetition of the process of vit. 2. In 
either case the greatest common measure of a, 4, ¢ is the greatest common 
measure of d, ¢. 

But, after disposing of the simpler case, Euclid thinks it necessary to 
prove that, if @ does not measure ¢, d and ¢ must necessarily Aave a greatest 
common measure. This he does by means of the original hypothesis that 
a, 6, ¢ are not prime to one another. Since they are not prime to one another, 
they must have a common measure; any common measure of a, 4 is a measure 
of d, and therefore any common measure of a, 4, ¢ is a common measure of 
d, c; hence d, c must have a common measure, and are therefore not prime to 
one another. 

The proofs of cases (1) and (2) repeat exactly the same argument as we 
saw in VII. 2, and it is proved separately for 7 in case (1) and e in case (2), 
where e is the greatest common measure of d, c, 


(a) that it is a common measure of a, 4, c, 
(B) that it is the greatest common measure. 


Heron remarks (an-Nairizi, ed. Curtze, p. 191) that the method does 
not only enable us to find the greatest common measure of ¢hvee numbers ; 
it can be used to find the greatest common measure of as many numbers 
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as we please. This is because any number measuring two numbers also 
measures their greatest common measure ; and hence we can find the G.c.m. 
of pairs, then the G.c.M. of pairs of these, and so on, until only two numbers 
are left and we find the c.c.M. of these. Euclid tacitly assumes this extension 
in vil. 33, where he takes the greatest common measure of as many numbers 
as we please. 


PROPOSITION 4. 


Any number ts either a part or parts of any number, the 
less of the greater. 

Let 4, BC be two numbers, and let BC be the less ; 
I say that BC is either a part, or parts, of 4. 

For 4, BC are either prime to one another 
or not. 

First, let 4, BC be prime to one another. 

Then, if BC be divided into the units in it, 
each unit of those in BC will be some part of 4; 
so that BC is parts of A. 

Next let .4, BC not be prime to one another; 
then AC either measures, or does not measure, 4. 

If now BC measures 4, BC is a part of A. 

But, if not, let the greatest common measure D of 4, BC 
be taken ; (vir. 2] 
and let BC be divided into the numbers equal to D, namely 
BE, EF, FC. 

Now, since D measures 4, D is a part of A. | 

But 2 is equal to each of the numbers BE, EF, FC; 
therefore each of the numbers BZ, EF, FC is also a part of 4; 
so that BC is parts of A. 

Therefore etc. 


O nM 


Q. E. D. 


The meaning of the enunciation is of course that, if a, ? be two numbers 
of which å is the less, then å is either a sudmultiple or some proper fraction of a. 


(1) If a,b are prime to one another, divide each into its units; then 2 
contains 4 of the same parts of which a contains a. Therefore 4 is “ parts” or 
a proper fraction of a. 

(2) If a,b be not prime to one another, either 4 measures a, in which 
case 6 is a submultiple or “part” of a, or, if g be the greatest common 
measure of a, b, we may put a@=mg and J= ng, and ò will contain z of the 
same parts (g) of which a contains m, so that 4 is again “parts,” or a proper 
fraction, of a. 
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PROPOSITION 5. 


Jf a number be a part of a number, and another be the 
same part of another, the sum will also be the same part of the 
sum that the one 1s of the one. 


For let the number 4 be a part of BC, 
and another, D, the same part of another EF that 4 is of BC; 
I say that the sum of 4, D is also the same 





part of the sum of BC, FF that 4 is of BC. B : 
For since, whatever part 4 is of BC, D 
is also the same part of EF, 1 2 lo H 
therefore, as many numbers as there are in 
F 


BC equal to 4, so many numbers are there 
also in EF equal to D. 


Let BC be divided into the numbers equal to 4, namely 
BG, GC, 
and EF into the numbers equal to D, namely EZ, HF; 


then the multitude of BG, GC will be equal to the multitude 
of EH, HF. 
And, since BG is equal to 4, and £H to D, 
therefore BG, ZEH are also equal to A, D. 
For the same reason 
GC, HF are also equal to 4, D. 
Therefore, as many numbers as there are in BC equal to 
A, so many are there also in BC, EF equal to A, D. 
Therefore, whatever multiple BC is of A, the same multiple 
also is the sum of BC, EF of the sum of 4, D. 
Therefore, whatever part 4 is of BC, the same part also 


is the sum of 4, D of the sum of BC, EF. 
Q. E. D. 


If a— Lb, and c- 14, then 
n n 
atc- (? + d). 
The proposition is of course true for any quantity of pairs of numbers 


similarly related, as is the next proposition also; and both propositions are 
used in the extended form in vit. 9, 10. 
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PROPOSITION 6. 


Jf a number be parts of a number, and another be the same 
parts of another, the sum will also be the same parts of the sum 
that the one zs of the one. 


For let the number 4B be parts of the number C, 


and another, DZ, the same parts of another, 
F, that AP is of C; 
I say that the sum of AB, DE is also the 


same parts of the sum of C, F that ABis — |^ |. D 
of C. ul 
For since, whatever parts 48 is of C, cs : 


DE is also the same parts of F, 
therefore, as many parts of C as there are 
in AB, so many parts of F are there also in DE. 
Let AB be divided into the parts of C, namely 4G, GB, 
and DE into the parts of F, namely DA, HE ; 
thus the multitude of 4G, GB will be equal to the multitude 
of DH, HE. 
And since, whatever part 4G is of C, the same part is 
DH of F also, 
therefore, whatever part 4G is of C, the same part also is the 
sum of AG, DH of the sum of C, F. (vit. 5] 
For the same reason, 
whatever part G7 is of C, the same part also is the sum of 
GB, HE of the sum of C, F. 


Therefore, whatever parts AB is of C, the same parts also 
is the sum of AB, DE of the sum of C, F. 


Q. E. D. 
If a=” L, ana c= d, 
n n 
then a+c=— (b+d). 
More generally, if 
m » M 
a=— b c= ^ p ^ 


then (a+c+e+g+... =Z (b+d+f+h+..) 
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In Euclid’s proposition m <n, but the generality of the result is of course 
not affected. This proposition and the last are complementary to v. 1, which 
proves the corresponding result with multiple substituted for “part” or 


“parts.” 


PROPOSITION 7. 


If a number be that part of a number, which a number 
subtracted 7s of a number subtracted, the remainder will also 
be the same part of the remainder thut the whole is of the 
whole. 


For let the number AZ be that part of the number CD 
which 4£ subtracted is of CF subtracted ; 


I say that the remainder ZZ is also the same part of the 
remainder FD that the whole 4B is of the whole CD. 


E B 
G C F D 








For, whatever part A£ is of C7, the same part also let 
EB be of CG. 

Now since, whatever part AE is of CF, the same part 
also is EB of CG, 


therefore, whatever part AE is of CF, the same part also is 
AB of GF. (vn. 5] 


But, whatever part A Æ is of CF, the same part also, by 
hypothesis, is 42 of CD; 


therefore, whatever part AB is of GF, the same part is it of 
CD also ; 


therefore GF is equal to CD. 
Let CF be subtracted from each ; 
therefore the remainder GC is equal to the remainder FD. 


. Now since, whatever part AE is of CF, the same part 
also is EB of GC, 


while GC is equal to ED, 


therefore, whatever part 4£ is of CF, the same part also is 
EB of FD. 


But, whatever part A È is of CF, the same part also is 4B 
of CD; 
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therefore also the remainder FZ is the same part of the 
remainder FD that the whole AZ is of the whole CD. 
Q. E. D. 


If a =~) and => d, we are to prove that 
I 
a-—c-— » (à - d), 
a result differing from that of vil. 5 in that minus is substituted for plus. 


Euclid's inethod is as follows. 
Suppose that e 1s taken such that 


I 
a-t= 7 C. ees eespoeeooeeococo s tooeeoroe (1) 
I 
Now c=-d. 
n 
Therefore a= - (d ^ e), (vir. 5] 
whence, from the hypothesis, d+e=), 
so that e=b-d, 
and, substituting this value of e in (1), we have 
I 
a-6- m (ò = d). 


PROPOSITION 8. 


Jf a number be the same parts of a number that a number 
subtracted ts of a number subtracted, the remainder will also 
be the same parts of the remainder that the whole is of the 
whole. 


For let the number AB be the same parts of the number 
CD that AE subtracted is of CF 
subtracted ; c F D 
I say that the remainder FB is Gg mk nH 
also the same parts of the re- 
mainder FD that the whole ABS  4——t—t—8 
is of the whole CD. 

For let GH be made equal to AZ. 

Therefore, whatever parts GĦ is of CD, hé same parts 
also is AE of CF. 

Let GH be divided into the parts of CD, namely GA, K 7, 
and AE into the parts of CZ, namely AZ, LE; 
thus the multitude of GX, KA will be equal to the multitude 
of AL, LE. 
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Now since, whatever part GA is of CD, the same part 
also is AL of Cf, 
while. CD is greater than CF, 
therefore GX is also greater than AL. 

Let GM be made equal to AL. 


Therefore, whatever part GX is of CD, the same part also 
is GM of CF; 
therefore also the remainder MK is the same part of the 
remainder FD that the whole GØ is of the whole CD. [vu. 7] 
Again, since, whatever part A// 1s of CD, the same part 
also is EL of CF, 
while CD is greater than CF, 
therefore /7K is also greater than EZ. 


Let AW be made equal to EZ. 
Therefore, whatever part XÆ is of CD, the same part 
also is KN of CF; 


therefore also the remainder WH is the same part of the 
remainder FD that the whole XH is of the whole d 
VIL. 7 

But the remainder MK was also proved to be the same 
— of the remainder FD that the whole GX is of the whole 
therefore also the sum of MK, NH is the same parts of DF 
that the whole ÆG is of the whole CD. 

But the sum of 77K, NH is equal to £P, 
and ÆG is equal to BA ; 
therefore the remainder E is the same parts of the remainder 
FD that the whole 447 is of the whole CD. 

Q. E. D. 


If a- 75 and (n Td, (m « n) 


then a-c - T (^ - d). 
Euclid's proof amounts to the following. 
Take e equal to : 6, and f equal to - d. 


Then since, by hypothesis, ^» d, 
e» f, 


and, by vil. 7, e-f=-(b-d). 
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Repeat this for all the parts equal to e and / that there are in a, 2 respec- 
tively, and we have, by addition (a, 4 containing ™ of such parts respectively), 
m (e-f)- T (b- d). 
But m(e—f)=a-e. 
Therefore a—C= z (6-2). 


The propositions vit. 7, 8 are complementary to v. 5 which gives the 
corresponding result with mx/fp/e in the place of “ part” or “ parts.” 


PROPOSITION 9. 


If a number be a part of a number, and another be the 
same part of another, alternately also, whatever part or parts 
the first ts of the third, the same part, or the same parts, will 
the second also be of the fourth. 


For let the number 4 be a part of the number AC, 
and another, D, the same part of another, EF, 


that 4 is of BC; E 
I say that, alternately also, whatever part or B 

parts 4 is of D, the same part or parts is BC S 5 ? 
of £F also. ^| s | E 


For since, whatever part 4 is of BC, the 
same part also is D of EF, 
therefore, as many numbers as there are in BC equal to 4, 
so many also are there in EF equal to 2. 

Let BC be divided into the numbers equal to 4, namely 
BG, GC, 
and EF into those equal to D, namely £H, HE ; 
thus the multitude of BG, GC will be equal to the multitude 
of EH, HF. 

Now, since the numbers BG, GC are equal to one another, 
ard the numbers £7, 77F are also equal to one another, 
while the multitude of BG, GC is equal to the multitude of 
EH, HF, 
therefore, whatever part or parts BG ıs of EH, the same 
part or the same parts is GC of A/F also; 
so that, in addition, whatever part or parts BG is of ZA, 


the same part also, or the same parts, is the sum BC of the 
sum EF. (vu. 5, 6) 
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But ZG is equal to 44, and EZ to D; 


therefore, whatever part or parts 4 is of D, the same part or 
the same parts is BC of EF also. 
Q. E. D. 


If a- 1 $ and c- - d, then, whatever fraction (“ part” or * parts") a is of 
a " P pa 


¢, the same fraction will 4 be of 4. 

Dividing 4 into each of its parts equal to a, and 4 into each of its parts 
equal to e, it is clear that, whatever fraction one of the parts a is of one of the 
parts c, the same fraction is any other of the parts a of any other of the parts c. 

And the number of the parts a is equal to the number of the parts c, viz. n. 

Therefore, by vit. 5, 6, za is the same fraction of zc that a is of c, i.e. 4 is 
the same fraction of Z that a is of c. 


PROPOSITION IO. 


[f a number be parts of a number, and another be the 
same parts of another, alternately also, whatever parts or part 
the first 1s of the third, the same parts or the same part will 
the second also be of the fourth. 


For let the number 747 be parts of the number C, 
and another, DZ, the same parts of another, 


I say that, alternately also, whatever parts or 


part AB is of DE, the same parts or the 4 i 

same part is C of F also. c at 
For since, whatever parts 447 is of C, 9 

the same parts also is DE of F, B E 


therefore, as many parts of C as there are 
in 4B, so many parts also of F are there in DZ. 


Let 4B be divided into the parts of C, namely AG, GB, 
and DE into the parts of F, namely DH, HE; 


thus the multitude of 4G, GB will be equal to the multitude 
of DA, HE. 


Now since, whatever part AG is of C, the same part also 
is DH of F, 


alternately also, whatever part or parts 4G is of DH, 
the same part or the same parts is C of F also. [vit. 9] 
For the same reason also, 


whatever part or parts GB is of HE, the same part or the 
same parts is C of F also; 


Vil. 10, 1 1] PROPOSITIONS 9—11 311 


so that, in addition, whatever parts or part 4B is of DE, 
the same parts also, or the same part, is C of F. [vu. 5, 6] 
Q. E. D. 


m m , : 
Ifa= - b and c= 74, then, whatever fraction a is of c, the same fraction 


is à of d. 

To prove this, @ is divided into its m parts equal to 4/#, and c into its 
m parts equal to djn. 

Then, by vil. 9, whatever fraction one of the 7 parts of a is of one of the 
m parts of c, the same fraction is » of d. 

And, by vri. 5, 6, whatever fraction one of the » parts of a is of one of 
the m parts of c, the same fraction is the sum of the parts of a (that is, a) of 
the sum of the parts ot c (that is, c). 

Whence the result follows. 

In the Greek text, after the words “so that, in addition” in the last line 
but one, is an additional explanation making the reference to vit. 5, 6 clearer, 
as follows: “whatever part or parts .4G is of DH, the same part or the 
same parts is GB of HE also; 
therefore also, whatever part or parts 4G is of DA, the same part or the same 
parts is 4B of DE also. [vir. 5, 6] 

But it was proved that, whatever part or parts AG is of DA, the same 
part or the same parts is C of / also; 


therefore also " etc. as in the last two lines of the text. 


Heiberg concludes, on the authority of P, which only has the words in 
the margin in a later hand, that they may be attributed to Theon. 


PROPOSITION II. 


If, as whole is to whole, so zs a number subtracted to a 
number subtracted, the remainder will also be to the remainder 
as whole to whole. 


As the whole 4 B is to the whole CD, so iet A E subtracted 
be to CF subtracted; 


I say that the remainder E is also to the remainder A 
FD as the whole AZ to the whole CD. 


Since, as AB is to CD, so is AE to CF, SE 
whatever part or parts AB is of CD, the same part 
or the same parts is AZ of CF also; (vu. Def. 20) 8' o 
Therefore also the remainder EZ is the same 
part or parts of FD that 442 is of CD. (vit. 7, 8] 
Therefore, as EB is to FD, so is AB to CD. [vu. Def. 20] 
Q. E. D. 


It will be observed that, in dealing with the proportions in Props. 11—13, 
Euclid only contemplates the case where the first number is “a part” or 
“parts” of the second, while in Prop. 13 he assumes the first to be “a part” 


312 BOOK VII (vir. 11, 12 


or “parts” of the third also; that is, the first number is in all three propositions 
assumed to be less than the second, and in Prop. 13 less than the third also. 
Yet the figures in Props. 11 and 13 are inconsistent with these assumptions. 
If the facts are taken to correspond to the figures in these propositions, it is 
necessary to take account of the other possibilities involved in the definition 
of proportion (vit. Def. 20), that the first number may also be a multiple, or 
a multiple 7?7zs **a part" or * parts" (including once as a multiple in this case), 
of each number with which it is compared. Thus a number of different cases 
would have to be considered. The remedy is to make the ratio which is in 
the lower terms the first ratio, and to invert the ratios, if necessary, in order 
to make “a part” or “ parts” literally apply. 

If @:b=¢:4, (a > c, b> d) 
then (a—c):(6-—d)=a:b. 

This proposition for numbers corresponds to v. 19 for magnitudes. The 
enunciation is the same except that the masculine (agreeing with ap:Ouds) 
takes the place of the neuter (agreeing with péyeĝos). 

The proof is no more than a combination of the arithmetical definition of 
proportion (vri. Def. 20) with the results of vii. 7, 8. The language of propor- 
tions is turned into the language of fractions by Def. 20 ; the results of vit. 7, 8 
are then used and the language retransformed by Def. 2o into the language of 
proportions. 


PROPOSITION 12. 


If there be as many numbers as we please in proportion, 
then, as one of the antecedents 1s to one of the consequents, so 
are all the antecedents to all the consequents. 


Let A, B, C, D be as many numbers as we please in 
proportion, so that, 


as 4 is to Z, sois C to D; 








I say that, as 4 is to P, so are A, C to B, D. 
For since, as 4 is to B, so is C to D, A el c| o 
whatever part or parts 4 is of 4, the same part 
or parts is C of D also. [vii. Def. 20] 
Therefore also the sum of 4, C is the same 
part or the same parts of the sum of B, D that A is of A. 
vil. 5, 6 
Therefore, as A is to B, so are A, C to P, D. Du — 


If ad Ebb Ell En 
then each ratio is equal to (a +ġ+c+...): (a +5 +d +...) 

The proposition corresponds to v. 12, and the enunciation is word for word 
the same with that of v. 12 except that apiOuos takes the place of péyeĝos. 

Again the proof merely connects the arithmetical definition of proportion 
(vit. Def. 20) with the results of vii. 5, 6, which are quoted as true for any 


number of numbers, and not merely for two numbers as in the enunciations of 
VII. 5, 6. 
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PROPOSITION 13. 
If four numbers be proportional, they will also be propor- 
tional alternately. 
Let the four numbers 4, B, C, D be proportional, so that, 
as 4 is to D, so is Cto D; 
I say that they will also be proportional alternately, so that, 
as A is to C, so will Z be to D. 
For since, as 4 is to B, sois C to D, A 
therefore, whatever part or parts 4 is of B, 


the same part or the same parts is C of D also. 
(vir. Def. 20] 

Therefore, alternately, whatever part or 

parts 44 is of C, the same part or the same 

parts is B of D also. [vit. 10] 
Therefore, as 4 is to C, so is B to D. [vlt. Def. 20] 

Q. E. D. 

If a@:b=¢:42, 

then, alternately, a:c=b:d. 


The proposition corresponds to v. 16 for magnitudes, and the proof 
consists in connecting vir. Def. 20 with the result of vir. ro. 


PROPOSITION 14. 


If there be as many numbers as we please, and others equal 
to them in multitude, which taken two and two are in the same 
ratio, they will also be in the same ratio ex aequali. 

Let there be as many numbers as we please 4, PD, C, 
and others equal to them in multitude D, Æ, F, which taken 
two and two are in the same ratio, so that, 

as Á is to D, so is D to &, 
and, as P is to C, so is £ to F; 
| say that, ex aequat, 
as A is to C, so also is D to F. 


— — 


— — D 
E 
— — 


For, since, as 4 is to &, so is D to &, 


therefore, alternately, 
as A is to D, so is B to £F. (vr. 13] 
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Again, since, as Z is to C, so is E to F, 
therefore, alternately, 
as Z is to £, so is C to F. [vit. 13] 
But, as Z is to Æ, so is Æ to D; 
therefore also, as 4 is to D, so is C to F. 
Therefore, alternately, 
as Á is to C, so is D to F. lid.] 


If 
and 


& QA 
nan SN QM 
ll 
RON A 
Sova 


we 


then, ex aequat, 
and the same is true however many 
The proof is simplicity itself. 


uccessive numbers are so related. 


N 


By vit. 13, alternately, a:dzó:e 
and b:e=e:f. 
Therefore a:d=c:f, 
and, again alternately, a:c=d:f. 


Observe that this simple method cannot be used to prove the corresponding 
proposition for magnitudes, v. 22, although v. 22 has been preceded by the 
two propositions in that Book corresponding to the propositions used here, 
viz. v. 16 and v. rr. The reason of this is that this method would only prove 
v. 22 for six magnitudes aZ of the same kind, whereas the magnitudes in v. 22 
are not subject to this limitation. 

Heiberg remarks in a note on vit. to that, while Euclid has proved 
several propositions of Book v. over again, by a separate proof, for numbers, 
he has neglected to do so in certain cases; e.g., he often uses v. rt in these pro- 
positions of Book vtr., v. 9 in vit. 19, V. 7 in the same proposition, and so on. 
Thus Heiberg would apparently suppose Euclid *o use v. r1 in the last step 
of the present proof (Ratios which are the same with the same ratto are also the 
same with one another). Y think it preferable to suppose that Euclid regarded 
the last step as axiomatic; since, by the definition of proportion, the first 
number is the same multiple ur the same part or the same parts of the second 
that the third is of the fourth: the assumption is no more than an assumption 
that the numbers or proper fractions which are respectively equal to the same 
number or proper fraction are equal to one another. 

Though the proposition is only proved of six numbers, the extension to as 
many as we please (as expressed in the enunciation) is obvious. 


PROPOSITION 15. 


Jf an unit measure any number, and another number measure 
any other number the same number of times, alternately also, 
the unit will measure the third number the same number of 
times that the second measures the fourth. 
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For let the unit 4 measure any number BC, 
and let another number D 


measure any other number EF  -^— EN EN NR 
the same number of times ; D 
I say that, alternately also, the * K L F 





unit 4 measures the number | 
D the same number of times that BC measures EF. 


For, since the unit 4 measures the number BC the same 
number of times that D measures £F, 
therefore, as many units as there are in BC, so many numbers 
equal to D are there in £F also. 

Let BC be divided into the units in it, BG, GA, AC, 
and £F into the numbers EK, KL, LF equal to D. 

Thus the multitude of BG, GH, HC will be equal to the 
multitude of EX, AL, LF. 

And, since the units ZG, GĦ, HC are equal to one another, 
and the numbers E K, KL, LF are also equal to one another, 
while the multitude of the units ZG, GĦ, HC is equal to the 
multitude of the numbers EK, KL, LF, 


therefore, as the unit BG is to the number £4, so will the 
unit GH be to the number AZ, and the unit AC to the 
number LF. 

Therefore also, as one of the antecedents is to one of 
the consequents, so will all the antecedents be to all the 
consequents ; (vu. 12] 
therefore, as the unit BG is to the number ZX, so is BC to 
EF. 

But the unit BG is equal io the unit 4, 
and the number EK to the number D. 

Therefore, as the unit 4 is to the number D, so is BC to 


EF. 
Therefore the unit A measures the number J the same 
number of times that BC measures EF. Q. E. D. 


If there be four numbers 1, m, a, ma (such that 1 measures m the same 
number of times that a measures ma), 1 measures a the same number of 
times that m measures ma. 

Except that the first number is unity and the numbers are said to measure 
instead of being a part of others, this proposition and its proof do not differ 
from vri. 9 ; in fact this proposition is a particular case of the other. 
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PROPOSITION 16. 


Jf two numbers by multiplying one another make certain 
numbers, the numbers so produced will be equal to one another. 


Let 4A, B be two numbers, and let 4 by multiplying B 
make C, and B by multiplying 








A make D; A 
I say that C is equal to D. suia cB 
For, since 4 by multiply- c = 
ing B has made C, D 
therefore Z measures C ac- —E 


cording to the units in 4. 


But the unit Æ also measures the number 4 according to 
the units in it; 


therefore the unit Z measures 4 the same number of times 
that P7 measures C. 


Therefore, alternately, the unit Æ measures the number B 
the same number of times that 4 measures C. [vit. 15] 
Again, since B by multiplying 44 has made 2, 


therefore 4 measures D according to the units in 2. 


But the unit £ also measures 7 according to the units 
in it; 

therefore the unit Æ measures the number B the same 
number of times that 4 measures D. 


But the unit measured the number & the same number 
of times that 4 measures C ; 


therefore 4 measures each of the numbers C, D the same 
number of times. 


Therefore C is equal to D. Q. E. D. 


‘2. The numbers so produced. The Greek has oi yevópevo: é adray, “the (numbers) 
produced from them.” By "from them” Euclid means ‘‘from the original numbers,” though 
this is not very clear even in the Greek. I think ambiguity is best avoided by leaving out 
the words. 


This proposition proves that, ¿f any numbers be multiplied together, the order 
of multiplication 1s indifferent, or ab — ba. 

It is important to get a clear understanding of what Euclid means when 
he speaks of one number multiplying another. vii. Def. 15 states that the 
effect of “a multiplying 4” is taking @ times 4. We shall always represent 
“a times 6” by ad and “6 times a” by da. This being premised, the proof 
that ab = ġa may be represented as follows in the language of proportions. 
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By vir. Def. 20, 1:a=6:; ab. 
Therefore, alternately, 1:5=a: ab, (vir. 13] 
Again, by vii. Def. 20, 1:d=a: ba. 

Therefore a:ab=a: ba, 

or ab = ba, 


Euclid does not use the language of proportions but that of fractions or 
their equivalent measures, quoting vil. 15, a particular case of vil. 13 
differently expressed, instead of vil. 13 itself. 


PROPOSITION 17. 


If a number by multiplying two numbers make certain 
numbers, the numbers so produced will have the same ratio 
as the numbers multiplied. 

For let the number 4 by multiplying the two numbers B, 
C make D, £ ; 

I say that, as B is to C, so is D to £. 

For, since 4 by multiplying Z has made Ø, 

therefore B measures D according to the units in A. 


But the unit P also measures the number 4 according to 
the units in it ; 
therefore the unit / measures the number 4 the same number 
of times that Z measures D. 

Therefore, as the unit F is to the number 4, so is B to D. 

[vit. Def. 20] 

For the same reason, 
as the unit F is to the number 4, so also is C to £; 
therefore also, as Z is to D, so is C to £F. 

Therefore, alternately, as B is to C, so is D to E. (vi. 13] 

Q. E. D. 
b:¢=ab: ae. 

In this case Euclid translates the language of measures into that of 

proportions, and the proof is exactly like that set out in the last note. 


By vir. Def. 20, I :a=b : ab, 
and I:@=¢: a. 
Therefore b:abz=e: at, 


and, alternately, b:¢=ab: ae. [vir. 13] 
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PROPOSITION 18. 


If two numbers by multiplying any number make certain 
nunibers, the numbers so produced will have the same ratio as 
the multipliers. 


For let two numbers 4, & by multiplying any number C 
make 2, £; 


I say that, as Æ is to B, sois D © A 
to £. 5 
For, since 4 by multiplying E 
C has made D, 
therefore also C by multiplying 4 has made D. [vu. 16] 


For the same reason also 
C by multiplying B has made £. 

Therefore the number C by muli.plying the two numbers 
A, B has made D, £. 


Therefore, as 44 is to 7, so is D to £F. (vir. 17] 
It is here proved that a:b=ac: be. 
The argument is as follows. 
ac - ca. (vir. 16] 
Similarly à - c. 
And a:óz-ca: d; (vir. 17] 
therefore a:b=ac: be. 


PROPOSITION 19. 


Jf four numbers be proportional, the number produced from 
the first and fourth will be equal to the number produced from 
the second and third; and, 1f the number produced from the 
first and fourth be equal to that produced from the second and 
third, the four numbers will be proportional. 


Let A, B, C, D be four numbers in proportion, so that, 
as d is to P, so is C to D; 
and let 4 by multiplying D make Æ, and let B by multiply- 
ing C make F; 
I say that Æ is equal to Z. 
For let 4 by multiplying C make G. 
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Since, then, 4 by multiplying C has made G, and by 
multiplying D has made E, 
the number 4 by multiplying the two 
numbers C, D has made G, Æ. 
Therefore, as C is to D, so is G to £. 
(vi. 17) 4) 8 
But, as C is to J, so is A to B; 


therefore also, as Æ is to 2, so is G 


C| D| EJ F| QG 








to E 
Again, since A by multiplying C | 
has made G, 
but, further, Z has also by multiplying 
C made F, 


the two numbers 4, B by multiplying a certain number C 
have made G, F. 


Therefore, as 74 1s to B, so is G to F. (vri. 18] 
But further, as 4 is to B, so is G to £ also; 
therefore also, as G is to Æ, so is G to £. 
Therefore G has to each of the numbers Z, F the same 
ratio ; 
therefore Æ is equal to F. [cf. v. 9] 
Again, let Æ be equal to F; 
I say that, as 4 is to B, so is C to D. 
For, with the same construction, 
since E is equal to F, 


therefore, as G is to £, so is G to F. cf. v. 7] 
But, as G is to Æ, so is C to D, (vu. 17] 
and, as G is to F, so is A to B. (vu. 18] 
Therefore also, as Æ is to B, so is C to D. 

Q. E. D. 
If a:b=¢:4, 
then ad= lc; and conversely. 
The proof is equivalent to the following. 
(1) ac:ad=c:a (vi. 17] 
=a:6. 
But a:b=ac: be. (vir. 18] 
Therefore ac: ad=ac: be, 


or ad = be. 
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(2) Since ad = be, 
ac : ad — ac : &. 
But ac : ad -« :d, [vir. 17] 
and ac: be=a: b. (vi. 18) 
Therefore a:b=ce:d. 


As indicated in the note on vil. 14 above, Heiberg regards Euclid as 
basing the inferences contained in the last step of part (1) of this proof and 
in the first step of part (2) on the propositions v. 9 and v. 7 respectively, 
since he has not proved those propositions separately for numbers in this 
Book. I prefer to suppose that he regarded the inferences as obvious and 
not needing proof, in view of the definition of numbers which are in pro- 
portion. E.g., if ac is the same fraction (* part" or '' parts") of ad that ac is 
of &, it is obvious that ad must be equal to X. 

Heiberg omits from his text here, and relegates to an Appendix, a 
proposition appearing in the manuscripts V, p, ¢ to the effect that, if three 
numbers be proportional, the product of the extremes is equal to the square 
of the mean, and conversely. It does not appear in P in the first hand, B has 
it in the margin only, and Campanus omits it, remarking that Euclid does 
not give the proposition about ‘ree proportionals as he does in vi. 17, since 
it is easily proved by the proposition just given. Moreover an-Nairizi quotes 
the proposition about three proportionals as an observation on v11. 19 probably 
due to Heron (who is mentioned by name in the preceding paragraph). 


PROPOSITION 20. 


The least numbers of those which have the same ratio with 
them measure those which have the same ratzo the same number 
of times, the greater the greater and the less the less. 


For let CD, EF be the least numbers of those which have 
the same ratio with 4, B; 

I say that CD measures 4 the same number 
of times that E measures Z. 

Now CD is not parts of 4. 

For, if possible, let it be so; C| ,E 
therefore E is also the same parts of B à le 
that CD is of A. (vu. 13 and Def. 20] F 

Therefore, as many parts of 4 as there D 
are in CD, so many parts of P are there also 
in EF, 

Let CD be divided into the parts of 4, namely CG, GD, 
and E into the parts of B, namely £H, HF; 
thus the multitude of CG, GD will be equal to the multitude 
of EH, HF. 
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Now, since the numbers CG, GD are equal to one another, 
and the numbers £77, HF are also equal to one another, 


while the multitude of CG, GD is equal to the multitude of 
EH, HF, 
therefore, as CG is to EH, so is GD to HF. 


Therefore also, as one of the antecedents is to one of 
the consequents, so will all the antecedents be to all the 
consequents. [vit. 12] 

Therefore, as CG is to EH, so is CD to EF. 

Therefore CG, EH are in the same ratio with CD, £F, 


being less than they : 


which is impossible, for by hypothesis CD, £F are the least 
numbers of those which have the same ratio with them. 


Therefore CD is not parts of A ; 
therefore it is a part of it. (vir. 4] 


And £F is the same part of & that CD is of A ; 
[vir. 13 and Def. 20] 


therefore CD measures 4 the same number of times that EF 


measures Æ. 
Q. E. D. 


If a, ^ are the least numbers among those which have the same ratio 
(i.e. if ajà is a fraction in its lowest terms), and e, 2 are any others in the same 


ratio,.i.e. if 
a:ó-c:d, 


I I : 
then a = and b=- 4, where * is some integer. 


The proof is by reductio ad absurdum, thus. 
[Since @ <c, a is some proper fraction (“ part” or “parts ”) of ¢, by vit. 4.] 


Now a cannot be equal to Za where » is an integer less than # but 
greater than 1. 

For, if a= = b= z d also. [vir. 13 and Def. 20] 

Take each of the » parts of @ with each of the m parts of 4, two and two; 
the ratio of the members of all pairs is the same ratio - a: —* 


Therefore 


la:Žb=a:b. (vir. r2] 
m `m 


I [ ; ; 
But 5^ and 6 are respectively less than a, 4 and they are in the same 


ratio: which contradicts the hypothesis. 
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Hence a can only be “a part” of c, or 


: I 
a is of the form PL 


and therefore à is of the form d. 


Here also Heiberg omits a proposition which was no doubt interpolated 
by Theon (B, V, p, $ have it as vil. 22, but P only has it in the margin 
and in a later hand; Campanus also omits it) proving for numbers the ex 
aequali proposition when “the proportion is perturbed,” i.e. (cf. enunciation 


of v. 22) if 
4D. usu ies (1) 
and DOIX gue ou EE (2) 
then a:c=d:f: 
The proof (see Heiberg’s Appendix) depends on vil. 19. 
From (1) we have af = be, 
and from (2) be = cd. (vir. 19] 
Therefore af = «d, 
and accordingly a:c-d : f. (vit. 19] 


PROPOSITION 21. 


Numbers prime to one another are the least of those which 
have the same ratio with them. 


Let 4, B be numbers prime to one another ; 
I say that 4, B are the least of 
those which have the same ratio 
with them. ; c| o) 

For, if not, there will be some 
numbers less than 4, B which are 
in the same ratio with 4, B. 

Let them be C, D. 

Since, then, the least numbers of those which have the 
same ratio measure those which have the same ratio the 
same number of times, the greater the greater and the less 
the less, that is, the antecedent the antecedent and the 
consequent the consequent, (vit. 20] 
therefore C measures 4 the same number of times that D 
measures B. 


Now, as many times as C measures 4, so many units let 
there be in £, 
Therefore D also measures 2 according to the units in Æ. 
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And, since C measures 4 according to the units in Æ, 
therefore Æ also measures 4 according to the units in C. 


[vir. 16) 

For the same reason 
E also measures Z according to the units in D. (vir. 16] 
Therefore Æ measures 4, B which are prime to one 
another: which is impossible. (vir. Def. 12] 


Therefore there will be no numbers less than 4, B which 
are in the same ratio with 44, B. 
Therefore 4, P are the least of those which have the same 
ratio with them. 
Q. E. D. 


In other words, if a, ? are prime to one another, the ratio a : ? is “ in its 
lowest terms." 

The proof is equivalent to the following. 

If not, suppose that ¢, d are the /eas¢ numbers for which 

a:ózc:d. 

[Euclid only supposes some numbers «c, d in the ratio of a to 4 such that 
c <a, and (consequently) <b. It às however necessary to suppose that 
c, d are the /eas¢ numbers in that ratio in order to enable vit. 20 to be 
used in the proof. ] 

Then (vii. 20) a = mc, and 6 = md, where m is some integer. 


Therefore a=cm, b=dm, (vi. 16] 


and m is a common measure of a, 2, though these are prime to one another. 
which is impossible. (vi. Def. 5| 
Thus the least numbers in the ratio of a to ? cannot be less than a, 
themselves. 
Where I have quoted vii. 16 Heiberg regards the reference as being to 
vil. :5. I think the phraseology of the text combined with that of Def. 15 
suggests the former rather than the latter. 


PROPOSITION 22. 


The least numbers of those which have the same ratio with 
them are prime to one another. 


Let A, B be the least numbers of those which have the 
same ratio with them; 


I say that 4, B are prime to one 
another. à 
For, if they are not prime to one p 
another, some number will measure  &£ 
them. 
Let some number measure them, and let it be C. 


A 
B 
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And, as many times as C measures 4, so many units 
let there be in 2, 


and, as many times as C measures Z, so many units let there 
be in E 
Since C measures 4 according to the units in J, 
therefore C by multiplying D has made 4. (vit. Def. 15] 
For the same reason also 
C by multiplying Æ has made 2. 


Thus the number C by multiplying the two numbers D, 
E has made 4, B; 
therefore, as D is to Æ, so is £ to B; [vir. 17] 
therefore D, E are in the same ratio with 4, Ð, being less 
than they : which is impossible. 

Therefore no number will measure the numbers 4, B. 

Therefore 4, B are prime to one another. 

Q. E. D. 
If a : ^ is in its lowest terms," a, 5 are prime to one another. 
Again the proof is indirect. 
a a, ò are not prime to one another, they have some common measure v, 
an 
a=m, b=ne. 
Therefore m:n=a:b. [vir. 17 or 18] 


But m, 2 are less than a, 4 respectively, so that a : ? is not in its lowest 
terms: which is contrary to the hypothesis. 
Therefore etc. 


PROPOSITION 23. 


Jf two numbers be prime to one another, the number which 
measures the one of them will be prime to the remaining 
number. 


Let 4, B be two numbers prime to one another, and let 
any number C measure 4 ; 
I say that C, B are also prime to one another. 

For, if C, B are not prime to one another, 
some number will measure C, B. 

Let a number measure them, and let it be D. 


Since D measures C, and C measures 4, | | 
therefore D also measures 4. ABC 


But it also measures Z2 ; 
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therefore D measures 4, B which are prime to one another : 
which is impossible. [vir. Def. 12] 


Therefore no number will measure the numbers C, P. 
Therefore C, P are prime to one another. 
Q. E. D. 


If @, mb are prime to one another, 4 is prime to a. For, if not, some 
number 4 will measure both a and £, and therefore both a and mb: which is 
contrary to the hypothesis. 

Therefore etc. 


PROPOSITION 24. 


Jf two numbers be prime to any number, their product also 
will be prime to the same. 


For let the two numbers 4, P be prime to any number C, 
and let 4 by multiplying Z make D ; 
I say that C, D are prime to one another. 

For, if C, D are not prime to one another, 
some number will measure C, D. 


Let a number measure them, and let it 8 E 
be Æ. 

Now, since C, A are prime to one B 
another, D 
and a certain number Æ measures C, 
therefore 4, E are prime to one another. (vir. 23] 


As many times, then, as £ measures D, so many units let 
there be in Æ; 


therefore F also measures D according to the units in Æ. 
[vir. 16) 


Therefore Æ by multiplying F has made D. Ivn. Def. 15] 
But, further, 4 by multiplying Z has also made 2 ; 
therefore the product of Æ, F is equal to the product of 44, B. 
But, if the product of the extremes be equal to that of the 
means, the four numbers are proportional ; (vir. 19] 
therefore, as Æ is to A, so is B to F. 
But 4, Æ are prime to one another, 
numbers which are prime to one another are also the least of 
those which have the same ratio, (vi. 21] 


and the least numbers of those which have the same ratio 
with them measure those which have the same ratio the same 
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number of times, the greater the greater and the less the less, 
that is, the antecedent the antecedent and the consequent the 
consequent ; [vit. 20] 
therefore Æ measures 2. 

But it also measures C ; 


therefore Æ measures Ø, C which are prime to one another: 
which is impossible. [vit. Def. 12] 


Therefore no number will measure the numbers C, D. 
Therefore C, D are prime to one another. 
Q. E. D. 


1. their product. ó é aùrôr yevóuevos, literally ** the (number) produced from them," 
will henceforth be translated as “their product.” 


If a, ? are both prime to e, then a2, c are prime to one another. 

The proof is again by reductio ad absurdum. 

If ab, c are not prime to one another, let them be measured by a and be 
equal to md, nd, say, respectively. 

Now, since 2, c are prime to one another and Z measures c, 


a, d are prime to one another. [vit. 23] 
But, since ab = mi, 
d:azb:m. [vir. 19] 
Therefore [v11. 20] d measures 4, 
or b = pd, say. 
But c=nd. 


Therefore Z measures both 4 and ¢, which are therefore not prime to one 
another: which is impossible. 
Therefore etc. 


PROPOSITION 25. 


If two numbers be prime to one another, the product of one 
of them into itself will be prime to the remaining one. 
Let 4, B be two numbers prime to one another, 
and let 4 by multiplying itself make C: 
I say that Z, C are prime to one another. 
For let D be made equal to 4. ^ 
Since 4, P are prime to one another, 
and 74 is equal to D, 
therefore D, B are also prime to one another. 
Therefore each of the two numbers D, 4 is 
prime to B; 
therefore the product of D, A will also be prime to 2. (vi. 24) 





D 
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But the number which is the product of D, 4 is C. 
Therefore C, B are prime to one another. Q. E. D. 


1. the product of one of them into itself. The Greek, 6 é« rod évds abréy yevduevos, 
literally **the number produced from the one of them,” leaves ‘‘ multiplied into itself” to be 
understood. 

If a, b are prime to one another, 

a* is prime to 2. 
Euclid takes g equal to a, so that d, a are both prime to 4. 
Hence, by vil. 24, da, i.e. a’, is prime to 4. 

The proposition is a particular case of the preceding proposition ; and the 
method of proof is by substitution of different numbers in the result of that 
proposition. 


PROPOSITION 26. 


If two numbers be prime to two numbers, both to each, their- 
products also will be prime to one another. 

For let the two numbers 4, B be prime to the two 
numbers C, D; both to each, 
and let 4 by multiplying Z 
make £, and let C by multi- 
plying D make 7; 

I say that £, F are prime to 
one another. 

For, since each of the numbers 4, B is prime to C, 
therefore the product of 4, B will also be prime to C. (vr. 24] 

But the product of 4, B is £ ; 
therefore E, C are prime to one another. 

For the same reason 
E, D are also prime to one another. 


Therefore each of the numbers C, D is prime to Æ. 
Therefore the product of C, D will also be prime to Æ. 


[vir. 24} 
But the product of C, D is F. 
Therefore E, Fare prime to one another. Q. E. D. 
If both a and 4 are prime to each of two numbers c d, then a£, cd will be 


prime to one another. 
Since a, 4 are both prime to c, 


C 
D 


"m Oo» 


ab, ¢ are prime to one another. [vit. 24] 
Similarly ab, d are prime to one another. 
Therefore t. d are both prime to a4, 


and so therefore is cd. [vit. 24] 
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PROPOSITION 27. 


If two numbers be prime to one another, and each by 
multiplying itself make a certain number, the products will be 
prime to one another, and, tf the original numbers by multi- 
plying the products make certain numbers, the latter will also 
be prime to one another [and this ts always the case with the 
extremes |. 


Let A, B be two numbers prime to one another, 
let 4 by multiplying itself make C, and by 








multiplying C make D, 

and let B by multiplying itself make Z,and ^ 

by multiplying & make /;; 

| say that both C, Æ and D, F are prime * t 
C 


to one another. 7 
For, since 4, Z are prime to one another, | 

and A by multiplying itself has made C, 

therefore C, P are prime to one another. [vir. 25] 
Since then C, P are prime to one another, 

and B by multiplying itself has made £, 

therefore C, Æ are prime to one another. [24 
Again, since 4, B are prime to one another, 

and & by multiplying itself has made £, 

therefore 4, £ are prime to one another. CA 


Since then the two numbers 4, C are prime to the two 
numbers Z, £, both to each, 


therefore also the product of 4, C is prime to the product of 
B, E. [vir. 26] 
And the product of 4, C is D, and the product of B, £ 
is £F. 
Therefore D, F are prime to one another. 
Q. E. D. 


If a, 6 are prime to one another, so are a’, & and so are a’, 4; and, 
generally, a^, 5" are prime to one another. 

The words in the enunciation which assert the truth of the proposition for 
any powers are su spected and bracketed by Heiberg because (1) in «pi rovs 
dxpovs the use of axpoe is peculiar, for it can only mean “the last products,” 
and (2) the words have nothing corresponding to them in the proof, much 
less is the generalisation proved. Campanus omits the words in the enuncia- 
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tion, though he adds to the proof a remark that the proposition is true of any, 
the same or different, powers of a, 46, Heiberg concludes that the words are 
an interpolation of date earlier than Theon. 

Euclid's proof amounts to this. 

Since a, 6 are prime to one another, so are a’, 2 [vir. 25], and therefore 
also a*, 2. [vir. 25] 

Similarly [vit. 25) æ, 7? are prime to one another. 

Therefore a, a? and 2, 2? satisfy the description in the enunciation of 
vil. 26. 

Hence a’, & are prime to one another. 


PROPOSITION 28. 


Jf two numbers be prime to one another, the sum will also 
be prime to each of them, and, uf the sum of two numbers be 
prime to any one of them, the original numbers will also be 
prime to one another. 


For let two numbers 48, BC prime to one another be 
added ; 


I say that the sum AC is also prime 43——————$à- 6 
to each of the numbers AB, BC. 


For, if CA, AB are not prime to 
one another, 


some number will measure CA, AB. 


Let a number measure them, and let it be D. 
Since then D measures CA, AB, 


therefore it will also measure the remainder AC. 
But it also measures BA ; 


therefore D measures 4 B, BC which are prime to one another: 
which is impossible. [vir. Def. 12] 


Therefore no number will measure the numbers CA, AP; 
therefore CA, AZ are prime to one another. 
For the same reason 


AC, CB are also prime to one another. 
Therefore CA is prime to each of the numbers 42, BC. 
Again, let CA, AB be prime to one another ; 

I say that AB, BC are also prime to one another. 
For, if 48, BC are not prime to one another, 

some number will measure 48, BC. 





330 BOOK VII (vi. 28, 29 


Let a number measure them, and let it be D. 

Now, since D measures each of the numbers 4B, BC, it 
will also measure the whole CA. 

But it also measures 4A; 
therefore D measures CA, AB which are prime to one another: 
which is impossible. [vit. Def. 12] 

Therefore no number will measure the numbers 42, AC. 


Therefore 48, BC are prime to one another. 
Q. E. D. 


If a, b are prime to one another, a + b will be prime to both a and ^; and 
conversely. 

For suppose (a 2), a are not prime to one another. They must then 
have some common measure d. 

Therefore d also divides the difference (a + 4) — a, or b, as well as a; and 
therefore a, 4 are not prime to one another: which is contrary to the 


hypothesis. 
Therefore a + b is prime to a. 
Similarly a +b is prime to 4. 


The converse is proved in the same way. 

Heiberg remarks on Euclid’s assumption that, if ¢ measures both a and 4, 
it also measures a+b. But it has already (vit. 1, 2) been assumed, more 
generally, as an axiom that, in the case supposed, ¢ measures a + pb. 


PROPOSITION 29. 


Any prime number zs prime to any number which tt does 
not measure. 


Let A be a prime number, and let it not measure Z ; 
I say that B, 4 are prime to one another. 

For, if P, A are not prime to one —————A 
another, eg 
some number will measure them. 

Let C measure them. 

Since C measures 7, 
and 74 does not measure P, 
therefore C is not the same with 4. 

Now, since C measures 2, 4, 
therefore it also measures 74 which is prime, though it is not 
the same with it : 
which is impossible. 
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Therefore no number will measure B, 4. 
Therefore A, B are prime to one another. 
Q E. D. 


L’ 


If a is prime and does not measure 4, then a, 4 are prime to one another. 
The proof is self-evident. 


PROPOSITION 30. 


Jf two numbers by multiplying one another make sone 
number, and any prime number measure the product, zt will 
also measure one of the original numbers. 


For let the two numbers 44, B by multiplying one another 
make C, and let any prime number 
D measure C ; 


I say that D measures one of the $4 ———— 


numbers 4, B. REDE 
For let it not measure 4. — 
Now J is prime ; — 

therefore A, D are prime to one 

another. [vit. 29] 


And, as many times as D measures C, so many units let 
there be in Æ. 


Since then D measures C according to the units in Æ, 
therefore D by multiplying Æ has made C. [vir. Def. 15] 
Further, 4 by multiplying Z has also made C; 


therefore the product of D, E is equal to the product of 
A, B. 


Therefore, as D is to A, so is Z to £. (vi. 19] 
But D, A are prime to one another, 
primes are also least, (vit. 21] 


and the least measure the numbers which have the same 
ratio the same number of times, the greater the greater and 
the less the less, that is, the antecedent the antecedent and 
the consequent the consequent ; [vir. 20] 
therefore D measures 7. 

Similarly we can also show that, if D do not measure Ð, 
it will measure 4. 

Therefore D measures one of the numbers 4, 7. 

Q. E. D. 
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If c, a prime number, measure aZ, c will measure either a ur 4. 
Suppose c does not measure a. 


Therefore c, a are prime to one another. (vi. 29] 
Suppose ab = me. 

Therefore c:a=b:m. {vi. 19] 
Hence (vii. 20, 21] c measures 64. 


Similarly, if c does not measure 4, it measures c. 
Therefore it measures one or other of the two numbers a, 4. 


PROPOSITION 31. 
Any composite number ts measured by some prime number. 


Let 4 be a composite number ; 
I say that 4 is measured by some prime number. 
For, since 4 is composite, 








s some number will measure it. A 
Let a number measure it, and let it B 
be P. C 


Now, if B is prime, what was en- 
joined will have been done. 
1o But if it is composite, some number will measure it. 
Let a number measure it, and let it be C. 
Then, since C measures 2, 


and & measures 4, 
therefore C also measures A. 
1s And, if C is prime, what was enjoined will have been 


done. 
But if it is composite, some number will measure it. 
Thus, if the investigation be continued in this way, some 
prime number will be found which will measure the number 
20 before it, which will also measure A. 
For, if it is not found, an infinite series of numbers will 
measure the number A, each of which is less than the other: 


which is impossible in numbers. 


Therefore some prime number will be found which will 
25 measure the one before it, which will also measure 4. 
Therefore any composite number is measured by some 
prime number. 
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8. if B is prime, what was enjoined will have been done, i.e. the implied 
problem of finding a prime number which measures 4. 

18. some prime number will be found which will measure. In the Greek the 
sentence stops here, but it is necessary to add the words “the number before it, which will 
also measure 4,” which are found a few lines further down. It is possible that the words 
may have fallen out of P here by a simple mistake due to òpororéñevrov (Heiberg). 


Heiberg relegates to the Appendix an alternative proof of this proposition, 
to the following effect. Since 4 is composite, some number will measure it. 
Let B be the /eas¢ such number. I say that B is prime. For, if not, B is 
composite, and some number will measure it, sey C; so that C is less than B. 
But, since C measures Z, and B measures 4, C must measure 4. And C is 
less than Z: which is contrary to the hypothesis. 


PROPOSITION 32. 


Any number etther is prime or is measured by some prime 
number. 


Let 4 be a number; 


I say that 4 either is prime or is measured by some prime 
number. 


If now 44 is prime, that which was a 
enjoined will have been done. 
But if it is composite, some prime number will measure it. 
VII. 31 
Therefore any number either is prime or is nena by 
some prime number. 
Q. E. D. 


PROPOSITION 33. 


Given as many numbers as we please, to find the least of 
those which have the same ratio with them. 


Let A, B, C be the given numbers, as many as we please ; 
thus it is required to find the least of 
s those which have the same ratio with | 
A, B, C. A B| c| ò 
A, B, C are either prime to one 
another or not. 
Now, if 4, B, C are prime to one | | 
io another, they are the least of those 
which have the same ratio with them. 
[vir 21] 
But, if not, let D the greatest common measure of 4, B, C 
be taken, (vir. 3] 








L F 
M G 
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and, as many times as D measures the numbers 4, B, C 
i5 respectively, so many units let there be in the numbers 
E, F, G respectively. 
Therefore the numbers Æ, F, G measure the numbers 4, 
B, C respectively according to the units in D. [vu. 16) 
Therefore £, F, G measure 4, B, C the same number of 
20 times ; 
therefore £, /, G are in the same ratio with 4, B, C. 
[vir. Def. 20] 
I say next that they are the least that are in that ratio. 
For, if Æ, F, G are not the least of those which have the 
same ratio with 4, Ð, C, 
25 there will be numbers less than E, F, GŒ which are in the 
same ratio with 4, B, C. 
Let them be H, K, L; 
therefore /7 measures 4 the same number of times that the 
numbers A, £ measure the numbers Z, C respectively. 
30 Now, as many times as Æ measures 74, so many units let 
there be in M; 
therefore the numbers A, Z also measure the numbers 2, C 
respectively according to the units in M. 
And, since 77 measures A according to the units in M, 
35 therefore 4/ also measures 4 according to the units in Æ. 
[vn. 16] 
For the same reason 
M also measures the numbers B, C according to the units in 
the numbers A, Z respectively ; 
Therefore M measures 4, P, C. 
4 Now, since Æ measures 4 according to the units in M, 
therefore 77 by pe M has made A. [vir. Def. 15) 
For the same reason also 
E by multiplying D has made A. 
Therefore the product of Æ, D is equal to the product of 
45 H, M. | 
Therefore, as Æ is to 77, so is M to D. (vir. 19] 
But Æ is greater than 77; 
therefore M is also greater than D. 
And it measures 4, B, C: 
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so which is impossible, for by hypothesis D is the greatest 
common measure of A, PD, C. 
Therefore there cannot be any numbers less than £, F, G 
which are in the same ratio with 4, B, C. 
Therefore £, F, G are the least of those which have the 
ss same ratio with £, B, C. 
Q. E. D. 


17. the numbers E, F, G measure the numbers A, B, C respectively, 
ean (as usual) “each of the numbers Æ, F. G measures each of the numbers 4, 


Given any numbers a, 4, c, ..., to find the least numbers that are in the 
same ratio. 

Euclid’s method is the obvious one, and the result is verified by reductio 
ad absurdum. 

We will, like Euclid, take three numbers only, a, 4, ¢. 

Let g, their greatest common measure, be found [vir. 3), and suppose that 


a = mg, i.e. gm, (vir 16] 
b= ng, ie. gn, 
c=pg, ie. gP. 


It follows, by vil. Def. 20, that 
m:n: p=a:bie 
m, n, ~ shall be the numbers required. 
For, if not, let x, y, z be the least numbers in the same ratio as a, 4, c, 
being less than m, 2, p. 


Therefore a — Ex (or xA, vit. 16), 
b= ky (or yk), 
c=kz (or zk), 
where & is some integer. (vii. 20] 
Thus mg =a = Xk. 
Therefore m:x=kŘ: g. [vir. 19) 


And m > x; therefore 4» g. 

Since then & measures a, 4, ¢, it follows that g is not the greatest common 
measure: which contradicts the hypothesis. 

Therefore etc. 


It is to be observed that Euclid merely supposes that x, y, z are smaller 
numbers than m, n, p in the ratio of a, 4, ¢; but, in order to justify the next 
inference, which apparently can only depend on vri. 20, x, y, z must also be 
assumed to be the /eas¢ numbers in the ratio of a, 2, c. 

The inference from the last proportion that, since m > x, 2 > g is supposed 
by Heiberg to depend upon vil. 13 and v. 14 together. I prefer to regard 
Euclid as making the inference quite independently of Book v. E.g, the 
proportion could just as well be written 

x:m=g:k, 
when the definition of proportion in Book vit. (Def. 20) gives all that we want, 
since, whatever proper fraction x is of m, the same proper fraction is g of 4. 
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PROPOSITION 34. 


Given two numbers, to find the least number which they 
measure. 

Let A, B be the two given numbers ; 
thus it is required to find the least number which they 
measure. 

Now A, P are either prime to one x 
another or not. e 

First, let 4, B be prime to one 5 
another, and let 4 by multiplying Z 
make C; E 
therefore also Z7 by multiplying 4 has 
made C. [vir. 16] 

Therefore A, 7 measure C 


I say next that it is also the least number they measure. 

For, if not, 4, B will measure some number which is less 
than C. 

Let them measure D. 

Then, as many times as 4 measures D, so many units let 
there be in Æ, 
and, as many times as B measures D, so many units let there 
be in F; 
therefore 4 by multiplying E has made D, 











and B by multiplying F has made D ; [vit. Def. 15] 

therefore the product of 4, £ is equal to the product of B, ZF. 
Therefore, as 74 is to D, so is F to £. (vir. 19] 
But A, B are prime, 

primes are also least, (vis. 21] 


and the least measure the numbers which have the same ratio 
the same number of times, the greater the greater and the less 
the less ; (vi. 20] 
therefore Z measures Æ, as consequent consequent. 
And, since 4 by multiplying Z, Æ has made C, D, 
therefore, as B is to £, so is C to D. (vir. 17] 
But Z measures £ ; 
therefore C also measures D, the greater the less : 
which is impossible. 
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Therefore 4, B do not measure any number less than C ; 
therefore C is the least that is measured by 4, 7. 

Next, let 4, B not be prime to one another, 
and let F, Æ, the least numbers of those which have the same 
ratio with 4, B, be taken; [vit. 33] 
therefore the product of 4, Æ is equal to the product of B, F. 


[vit. 19] 
And let 44 by multiplying Æ 








make C; A ld s 
therefore also B by multiplying © —-F E 
has made C; 
therefore 4, B measure C. as 

I say next that it is also the least ——G  ——H 


number that they measure. 

For, if not, 4, P will measure some number which is less 
than C. 

Let them measure JD. 

And, as many times as 4 measures D, so many units let 
there be in G, 


and, as many times as J measures 2, so many units let there 
be in 77. 
Therefore 4 by multiplying G has made D, 
and Z by multiplying 77 has made 2. 
3 2 eee the product of 4, G is equal to the product of 
therefore, as A is to B, so is 77 to G. (vit. 19) 
But, as Æ is to D, so is F to Æ. 


Therefore also, as F is to £, so is £ to G. 
But Æ £ are least, 


and the least measure the numbers which have the same ratio 
the same number of times, the greater the greater and the 
less the less ; [vit. 20] 


therefore E measures G. 
And, since 4 by multiplying Z, G has made C, D, 
therefore, as E is to G, so is C to D. (vir. 17] 
But Æ measures G ; 
therefore C also measures D, the greater the less : 
which is impossible. 
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Therefore 4, B will not measure any number which is less 
than C. 
Therefore C is the least that is measured by 4, B. 
Q. E. D. 


This is the problem of finding the /east comman multiple of two numbers, 
as a, à. 


I. Ifa, d be prime to one another, the L.C.M. is aå. 


For, if not, let it be d, some number less than ab. 


Then d= ma = nb, where m, n are integers. 
Therefore a:b=n:m, (vir. 19] 
and hence, a, 4 being prime to one another, 
6 measures m. [vit. 20, 21] 
But b:m=ab:am (vir. 17] 
— ab : d. 


Therefore ad measures 7: which is impossible. 


II. If a, ? be not prime to one another, find the numbers which are the 


least of those having the ratio of a to 2, say m, 5; (vir. 33] 
then a:b=m:n, 
and an=bm (=¢, say); (vir. 19] 


c is then the L.C.M. 
For, if not, let it be @ (< ¢), so that 
ap = bg = d, where 5, g are integers. 


Then a:b=q:)f, [vir. 19] 
whence m:n-g:f, 
so that ” measures P. [vir. 20, 21] 
And n:p=an:ap=c: a, 
so that c measures d: 


which is impossible. 
Therefore etc. 


By vit. 33, 


3 
tt 
E- Mu 


, Where p is the G.c.M. of a, ò. 


2 
ll 


| S. oq 


. ab 
Hence the L.c.M. is —. 


Oy 
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PROPOSITION 35. 


If two numbers measure any number, the least number 
measured by them will also measure the same. 


For let the two numbers 4, 7 measure any number CD, 
and let Æ be the least that they 
measure ; 


I say that Æ also measures CD. 


For, if Æ does not measure E 
CD, let £, measuring DF, leave CF less than itself. 
Now, since 4, B measure £, 


and Æ measures DF, 
therefore 4, B will also measure DF. 
But they also measure the whole CD ; 


therefore they will also measure the remainder CF which is 
less than Æ: 


which is impossible. 
Therefore Æ cannot fail to measure CD; 
therefore it measures it. 





C D 





Q. E. D. 


The 4eas? common multiple of any two numbers must measure any other 
common multiple. 

The proof is obvious, depending on the fact that, if any number divides a 
and å, it also divides a — 0. 


PROPOSITION 36. 


Given three numbers, to find the least number which they 
MEASUTE. 


Let A, B, C be the three given numbers ; 


thus it is required to find the least 
number which they measure. 


Let D, the least number mea- 
sured by the two numbers 4, B, 
be taken. (vir. 34] 

Then C either measures, or 
does not measure, D. 

First, let it measure it. 








moon > 
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But 4, B also measure D ; 
therefore 4, B, C measure D. 

I say next that it is also the least that they measure. 

For, if not, 4, B, C will measure some number which is 
less than D. 

Let them measure Æ. 

Since 4, B, C measure £, 
therefore also 4, B measure Æ. 

Therefore the leas; number measured by 4, B will also 
measure £. (vit. 35] 

But D is the least number measured by 4, B; 


therefore D will measure Æ, the greater the less : 
which is impossible. 
Therefore A, B, C will not measure any number which is 
less than D; 
therefore D is the least that 4, B, C measure. 
Again, let C not measure D, 
and let Æ, the least number measured by 





C, D, be taken. (vit. 34] : 
Since 4, P measure D, C 

and D measures £, o 

therefore also 44, 7 measure Æ. Se 
But C also measures £ ; fep 


therefore also 4, B, C measure Æ. 
I say next that it is also the least that they measure. 
For, if not, 4, 8, C will measure some number which 
is less than Æ. 
Let them measure F. 
Since A, B, C measure Æ, 
therefore also 4, B measure Z^; 
therefore the least number measured by 4, B will also 
measure /. (vit. 35] 
But D is the least number measured by 4,°8; 
therefore D measures 7. 
But C also measures FF ; 
therefore D, C measure 7, 
so that the least number measured by Ø, C will also measure £F. 
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But Æ is the least number measured by C, D; 
therefore Æ measures Æ, the greater the less: 
which is impossible. 

Therefore A, 8, C will not measure any number which is 
less than Æ. 


Therefore Æ is the least that is measured by 4, B, C. 
Q. E. D. 


Euclid's rule for finding the L.c.M. of /Aree numbers a, 4, ¢ is the rule with 
which we are familiar. The L.C.M. of a, 4 is first found, say ¢@, and then the 
L.C.M. of d and c is found. 

Euclid distinguishes the cases (1) in which ¢ measures d, (2) in which c 
does not measure Z. We need only reproduce the proof of the general case 
(2) The method is that of reductto ad absurdum. 

Let e be the L.C.M. of d, c. 

Since a, b both measure d, and d measures e, 

a, ò both measure e. 

So does c. 

Therefore ¢ is some common multiple of a, 4, c. 

If it is not the Z&as*, let f be the L.C.M. 

Now a, 4 both measure /; 


therefore d, their L.C.M., also measures f. (vu. 35] 
Thus 4, ¢ both measure /; 
therefore e, their L.c.m., measures /: [vtt. 35] 


which is impossible, since f < e. 
Therefore etc. 


The process can be continued ad /ibitum, so that we can find the L.C.M., 
not only of three, but of as many numbers as we please. 


PROPOSITION 37. 


Jf a number be measured by any number, the number which 
is measured will have a part called by the same name as the 
measuring number. 

For let the number 4 be measured by any number 2; 

I say that 4 has a part called by the same 
name as Z. A 

For, as many times as B measures 4, — 
so many units let there be in C. č 

Since B measures A according to the p— 
units in C, 
and the unit D also measures the number C according to the 
units in it, 
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therefore the unit D measures the number C the same number 
of times as B measures 4. 

Therefore, alternately, the unit D measures the number 2 
the same number of times as C measures 4 ; (vir. 15] 
therefore, whatever part the unit D is of the number Ø, the 
same part is C of 4 also. 

But the unit D is a part of the number B called by the 
same name as it ; 
therefore C is also a part of A called by the same name as BZ, 
so that 4 has a part C which is called by the same name as 2. 

Q. E. D. 


If ? measures a, then 5th of a is a whole number. 


Let a=m.b, 
Now mam... 
Thus 1, m, 4, a satisfy the enunciation of vil. 15; 
therefore » measures a the same number of times that 1 measures 3. 


But I is ;th part of 4; 
therefore mìs ;th part of a. 


PROPOSITION 38. 


If a number have any part whatever, it will be measured 
by a number called by the same name as the part. 


For let the number 4 have any part whatever, £, 


and let C be a number called by the same 
name as the part Z; 


I say that C measures 4. n 


For, since B is a part of A called by 
the same name as C, 


and the unit D is also a part of C called 
by the same name as it, 


therefore, whatever part the unit D is of the number C, 
the same part is B of A also; 


therefore the unit D measures the number C the same number 
of times that Z measures A. 





———C 
—o0 
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Therefore, alternately, the unit D measures the number B 
the same number of times that C measures 4. (vir. 15] 
Therefore C measures 4. 
Q. E. D. 


This proposition is practically a restatement of the preceding proposition. 
It asserts that, if 2 is = th part of a, 


Lt I 
Le., if b = — A, 
m 
then m measures a. 
I 
We have 6=— a, 
m 
I 
and I = — M. 
m 


Therefore 1, m, 4, a, satisfy the enunciation of vil. 15, and therefore m 
measures à the same number of times as 1 measures 4, or 


m-lg 
b e 


PROPOSITION 39. 


To find the number which is the least that will have given 
parts. 
Let A, B, C be the given parts ; 
thus it is required to find the number which is the least thar 
will have the parts 4, B, C. 
A 8 c 


— 


D 


— — e 





H 


Let D, E, F be numbers called by the same name as the 
parts 4, B, C, 

and let G, the least number measured by D, E, F, be taken. 

[vu. 36] 

Therefore G has parts called by the same name as D, £, F. 


[vir. 37] 
But 4, B, C are parts called by the same name as D, £, F; 


therefore G has the parts 4, P, C. 
I say next that it is also the least number that has. 
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For, if not, there will be some number less than G which 
will have the parts 4, B, C. 

Let it be £7. 

Since /7 has the parts 4, B, C, 


therefore Æ will be measured by numbers called by the same 
name as the parts 4, B, C. ſvu. 38] 


But D, Æ, F are numbers called by the same name as the 
parts 4, B, C; 


therefore 77 is measured by D, £, F. 


And it is less than G: which is impossible. 
Therefore there will be no number less than G that will 
have the parts 4, B, C. 


Q. E. D. 


This again is practically a restatement in another form of the problem of 
finding the L.C.M. 


To find a number which has = th, 
Let d be the L.C.M. of a, 4, c. 
Thus @ has = th 


I 


I 
j th and 7 th parts. 


: ;th and -th parts. [vit. 37] 


If it is not the least number which has, let the least such number be e. 
Then, since e has those parts, 

e is measured by a, 5, c; ande «d: 

which is impossible. 


BOOK VIII. 


PROPOSITION t. 


Jf there be as many numbers as we please in continued 
proportion, and the extremes of them be prime to one another, 
the numbers are the least of those whith have the same ratio 
with them. 


Let there be as many numbers as we please, 4, B, C, D, 
in continued proportion, 








and let the extremes of them A E— 
A, D be prime to one another; & pa 
I say that 4, B, C, D are the © G 
least of those which have the ? H 





same ratio with them. 

For, if not, let E, F, G, H be less than A, B, C, D, and 
in the same ratio with them. 

Now, since 4, B, C, D are in the same ratio with. £, F, 
G, H, 
and the multitude of the numbers 4, B, C, D is equal to the 
multitude of the numbers Z, F, G, 77, 


therefore, ex aequa/t, 


as A is to D, so is £ to /7. (vit. 14] 
But A, D are prime, 
primes are also least, (vit. 21] 


and the least numbers measure those which have the same 
ratio the same number of times, the greater the greater and 
the less the less, that is, the antecedent the antecedent and 
the consequent the consequent. (vit. 20] 
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Therefore A measures Æ, the greater the less : 
which is impossible. 


Therefore E, F, G, H which are less than 4, P, C, D 
are not in the same ratio with them. 
Therefore 4, B, C, D are the least of those which have 
the same ratio with them. 
Q. E. D. 

What we call a geometrical progression is with Euclid a series of terms “in 
continued proportion" (é£y« avaAoyov). 

This proposition proves that, if a, 5, c, ... k are a series of numbers in 
geometrical progression, and if a, & are prime to one another, the series is in 
the lowest terms possible with the same common ratio. 

The proof is in form by reductio ad absurdum. | We should no doubt 
desert this form while retaining the substance. If a', £', &', ... &' be any other 
seres of numbers in c.P. with the same common ratio as before, we have, 
ex aequal:, 

a:k=a':k, (vi. 14] 
whence, since a, & are prime to one another, a, & measure a’, &’ respectively, so 
that a’, 4’ are greater than a, k respectively. 


PROPOSITION 2. 


To find numbers in continued proportion, as many as may 
be prescribed, and the least that are in a given ratio. 


Let the ratio of Æ to B be the given ratio in least 
numbers ; 
thus it is required to find numbers in continued proportion, 


as many as may be prescribed, and the least that are in the 
ratio of A to 2. 


——A Cc 





B. — ———0 





Let four be prescribed ; 


let A by multiplying itself make C, and by multiplying Z let 
it make D ; 


let B by multiplying itself make E ; 
further, let 4 by multiplying C, D, E make F, G, 77, 
and let B by multiplying & make K. 
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Now, since 4 by multiplying itself has made C, 
and by multiplying Z has made D, 
therefore, as 4 is to B, so is C to D. [vn. 17] 
Again, since 4 by multiplying B has made D, 
and Ø by multiplying itself has made Æ, 
therefore the numbers 4, B by multiplying Z have made the 
numbers D, £ respectively. 
Therefore, as A is to B, so is D to £. [vit. 18] 
But, as A is to Z, so is C to D; 
therefore also, as C is to D, so is D to £. 
And, since 4 by multiplying C, D has made F, G, 
therefore, as C is to D, so is F to G. (vi. 17] 
But, as C is to D, so was A to B; 
therefore also, as 4 is to B, so is F to G. 
Again, since 4 by multiplying D, £ has made G, 77, 
therefore, as D is to £, so is G to H. [vir. 17] 
But, as D is to Æ, so is A to P. 
Therefore also, as 4 is to B, so is G to H. 
And, since 4, B by multiplying & have made Æ, Ķ, 
therefore, as 44 is to Z, so is 77 to K. (vit. 18] 
But, as 4 is to B, so is F to G, and G to H. 
Therefore also, as F is to G, so is G to H, and H to K; 
therefore C, D, £, and £F, G, H, K are proportional in the 
ratio of 4 to B. 


I say next that they are the least numbers that are so. 
For, since 4, B are the least of those which have the 
same ratio with them, 
and the least of those which have the same ratio are prime 
to one another, [vit. 22] 


therefore 4, B are prime to one another. 

And the numbers 4, B by multiplying themselves re- 
spectively have made the numbers C, Æ, and by multiplying 
the numbers C, Æ respectively have made the numbers Æ, K; 
therefore C, £ and F, Ķ are prime to one another respectively. 

[vir. 27] 

But, if there be as many numbers as we please in continued 

proportion, and the extremes of them be prime to one another, 
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they are the least of those which have the same ratio with 


them. [vin. 1] 
Therefore C, D, E and F, G, 77, K are the least of those 
which have the same ratio with 4, B. Q. E. D. 


Porism. From this it is manifest that, if three numbers 
in continued proportion be the least of those which have the 
same ratio with them, the extremes of them are squares, and, 
if four numbers, cubes. 


To find a series of numbers in geometrical progression and in the least 
terms which have a given common ratio (understanding by that term ¢he ratio 
of one term to the next). 

Reduce the given ratio to its lowest terms, say, a: 4. (This can be done 
by vit. 33.) 

Then a^, a^-7!0, a^ ^P, ... a*D*7?, an, ^ 
is the required series of numbers if (» 4 1) terms are required. 

That this is a series of terms with the given common ratio is clear from 
VH. I7, 18. 

That the G.P. is in the smallest terms possible is proved thus. 

a, are prime to one another, since the ratio a : 4 is in its lowest terms. 


[vir 22] 
Therefore a’, 4 are prime to one another; so are «’, & and, generally, 
a^, 5". [vit. 27] 


Whence the c.P. is in the smallest possible terms, by virt. 1. 
The Porism observes that, if there are ^ terms in the series, the 
extremes are (4 — 1)th powers. 


PROPOSITION 3. 


Jf as many numbers as we please in continued proportion 
be the least of those whith have the same ratio with them, the 
extremes of them are prime to one another. 


Let as many numbers as we please, 4, B, C, D, in con- 
tinued proportion be the least of those which have the same 
ratio with them ; 
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I say that the extremes of them A, D are prime to one 
another. 


For let two numbers Æ, Æ, the least that are in the ratio 


of A, B, C, D, be taken, [vu. 33] 
then three others G, 77, K with the same property ; 
and others, more by one continually, [vitr. 2] 


until the multitude taken becomes equal to the multitude of 
the numbers 4, B, C, D. 


Let them be taken, and let them be Z, M, N, O. 
Now, since £, F are the least of those which have the 
same ratio with them, they are prime to one another.  [vit. 22] 
And, since the numbers Æ, F by multiplying themselves 
respectively have made the numbers G, X, and by multiplying 
the numbers G, K respectively have made the numbers Z, O, 
[vin. 2, Por.] 


therefore both G, X and Z, O are prime to one another. [vu. 27] 


And, since 4, B, C, D are the least of those which have 
the same ratio with them, 


while Z, 17, N, O are the least that are in the same ratio with 
A, B,C, D, 


and the multitude of the numbers 4, B, C, D is equal to the 
multitude of the numbers Z, M, N, O, 


therefore the numbers 4, B, C, D are equal to the numbers 
L, M, N, O respectively ; 


therefore 4 is equal to Z, and D to O. 


And Z, O are prime to cne another. 
Therefore 4, D are also prime to one another. 
Q. E. D. 


The proof consists in merely equating the given numbers to the terms of 
a series found in the manner of vri. 2. 

If a, à, c, ... A (n terms) be a geometrical progression in the lowest terms 
having a given common ratio, the terms must respectively be of te form 


at! a*~?8, — a?g^-?, aB*-* Br 
found by viii. 2, where a : f is the ratio a : ? expressed in its lowest terms, so 
that a, B are prime to one another (vii. 22], and hence a"^*!, 8*^' are prime 
to one another (vii. 27]. 
But the two series must be the same, so that 


a=a", à-*- 


350 BOOK VIII (v. 4 


PROPOSITION 4. 


Given as many ratios as we please in least numbers, to find 
numbers tn continued proportion which are the least in the 
given ratios. 


Let the given ratios in least numbers be that of 4 to B, 
s that of C to D, and that of £ to F; 
thus it is required to find numbers in continued proportion 
which are the least that are in the ratio of 4 to B, in the 
ratio of C to D, and in the ratio of £ to F. 











A— 8—— 
o— p— 
E —— F 
— a 
o H 
M 
— —— L 


Let G, the least number measured by B, C, be taken. 
VII. 
1» And, as many times as P measures G, so many ines ibo 
let 4 measure AH, 
and, as many times as C measures G, so many times also let 
D measure K. 
Now Z either measures or does not measure K. 
ıs First, let it measure it. 
And, as many times as Æ measures A, so many times let 
F measure Z also. 
Now, since 4 measures Æ the same number of times that 
B measures G, 
20 therefore, as 4 is to B, so is H to G. (vi. Def. 20, vi. 13) 
For the same reason also, ° 
. as C is to D, so is G to X, 
and further, as Æ is to F, sois X to L; 
therefore Æ, G, K, L are continuously proportional in the 
25 ratio of A to Ø, in the ratio of C to D, and in the ratio of E 
to F. 
I say next that they are also the least that have this 
property. 
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For, if Æ, G, K, L are not the least numbers continuously 
30 proportional in the ratios of 4 to B, of C to D, and of E 
to F, let them be N, O, M, P. 
Then since, as 7d is to Z, so is N to O, 
while 4, B are least, 
and the least numbers measure those which have the same 
3; ratio the same number of times, the greater the greater and 
the less the less, that is, the antecedent the antecedent and the 
consequent the consequent ; 


therefore B measures O. [vi1. 20] 
For the same reason 
4o C also measures O ; 
therefore B, C measure O ; 


therefore the least number measured by 7, C will also 
measure O. [vir. 35) 


But G is the least number measured by Ø, C; 
45 therefore G measures O, the greater the less : 
which is impossible. 


Therefore there will be no numbers less than 7, G, K, L 


which are continuously in the ratio of 4 to B, of C to D, and 
of E to F. 


50 Next, let & not measure A. 











A — c— E 
B-—— o— F 
G H 
K pu Q 
R 





oz o3 


Let M, the least number measured by Z, K, be taken. 
And, as many times as Æ measures M, so many times let 
H, G measure N, O respectively, 


and, as many times as Æ measures M, so many times let F 
s; measure P also. 


Since Æ measures M the same number of times that G 
measures O, 


therefore, as 77 is to G, so is N to O. [vit. 13 and Def. 20] 
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But, as Æ is to G, so is d to B; 
60 therefore also, as 4 is to B, so is N to O. 
For the same reason also, 
as C is to D, so is O to M. 
Again, since Æ measures M the same number of times that 
F measures P, 

6s therefore, as E is to F, so is M to P; (vii. 13 and Def. 20] 
therefore N, O, M, P are continuously proportional in the 
ratios of A to B, of C to D, and of £ to F. 

I say next that they are also the least that are in the ratios 
A:D,C:D, E:F. 

70 For, if not, there will be some numbers less than N, O, 
M, FP continuously proportional in the ratios 4:8, C:D, 
E:F. 

Let them be Q, R, S, T. 
Now since, as Q is to &, so is A to B, 

75 While 4, B arc least, 
and the least numbers measure those which have the same 
ratio with them the same number of times, the antecedent the 
antecedent and the consequent the consequent, (vit. 20] 
therefore B measures M. 

8o For the same reason C also measures A ; 
therefore Z, C measure K. 

Therefore the least number measured by Z, C will also 
measure A. ſvu. 35] 
But G is the least number measured by B, C; 

85 therefore G measures KA. 

And, as G is to R, so is X to S: (vir. 13] 
therefore AK also measures S. 

But Æ also measures S; 
therefore E, X measure S. 

g0 Therefore the least number measured by £, X will also 

measure S. [vir 35] 
But M is the least number measured by Æ, A; 
therefore M measures S, the greater the less : 
which is impossible. 
95 Therefore there will not be any numbers less than N, O, 


M, P continuously proportional in the ratios of 4 to B, of 
C to D, and of £ to F; 


Vill. 4] PROPOSITION 4 353 


therefore V, O, M, P are the least numbers continuously 
proportional in the ratios 4 : B, C: D, E: F. Q. E. D. 


69, 71, 99: the ratios A: B, C: D, E: F. This abbreviated expression is in the 
Greek ol AB, PA, EZ Adyou. 


The terin “in continued proportion” is here not used in its proper sense, 
Since a geometrical progression is not meant, but a series of terms each of 
which bears to the succeeding term a given, but not the same, ratio. 

The proposition furnishes a good example of the cumbrousness of the 
Greek method of dealing with non-determinate numbers. The proof in fact 
is not easy to follow without the help of modern symbolical notation. If 
this be used, the reasoning can be made clear enough. 

Euclid takes ‘Aree given ratios and therefore requires to find four numbers. 
We will leave out the simpler particular case which he puts first, that namely 
in which Æ accidentally measures Æ, the multiple of D found in the first few 
lines; and we will reproduce the general case with /Aree ratios. 

Let the ratios in their lowest terms be 


a:b, e:d, esf 
Take 4, the L.C.M. of 2, c, and suppose that 


4 = mb = NC. 
Form the numbers ma, mb p nd. 
- nn 


These are in the ratios of a to ò and of c to d respectively. 
Next, let 4 be the L.C.M. of nd, e, and let 
1, = pnd = ge. 
Now form the numbers 
pma, pmb J pna J 2f, 
= pne = ge 
and these are the four numbers required. 

If they are zo the least in the given ratios, let 


X, I, Z, U 
be less numbers in the given ratios. 
Since a : 4 is in its lowest terms, and 


a:b=x:yY, 
b measures y. 
Similarly, since c:d=y:3, 
¢ measures y. 
Therefore /,, the L.c.M. of 4, ¢, measures y. 
But A :nd[=e:dj=y: 2. 
Therefore nd measures z. 
And, since e:f=3: u, 


e measures 3. 

Therefore 4, the L.C.M. of zad, e, measures z: which is impossible, since 
z« or pnd. 

The step (line 86) inferring that G: R=X: S is of course alternando 
from G: K(=C: DJ=R:S. 

It will be observed that virt. 4 corresponds to the portion of vt. 23 which 
shows how to compound two ratios between straight lines. 
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PROPOSITION 5. 


Plane numbers have to one another the roti compounded 
of the ratios of their sides. 


Let A, B be plane numbers, and let the numbers C, D 
be the sides of 4, and E, F of B; 








5Isay that 74 has to 7 the ratio com- B f 
pounded of the ratios of the sides. c — 
For, the ratios being given which C e —F 
has to Æ and D to F, let the least G 


numbers G, 77, K that are continuously 
i10 jn the ratios C: E, D: F be taken, so 
that, 





as C is to Æ, so is G to H, 
and, as D is to F, so is 77 to K. [vu 4) 
And let D by multiplying Æ make Z. 


1s Now, since D by multiplying C has made A, and by 
multiplying E has made Z, 


therefore, as C is to Æ, so is 4 to L. (vir. 17) 
But, as C is to Æ, so is G to 77; 
therefore also, as G is to 77, so is A to L. 


2 . Again, since Æ by multiplying D has made Z, and further 
by multiplying / has made 8, 
therefore, as J is to , so is L to P. (vir. 17] 
But, as D is to /, sois H to A; 
therefore also, as Æ is to K, so is L to Z. 
25 Butit was also proved that, 
as G is to /7, sois A to L ; 
therefore, ex aequa, 
as G is to K, so is A to Ð. [vir. 14] 
But G has to Æ the ratio compounded of the ratios of the 
30 sides ; 
therefore 4 also has to Z the ratio compounded of the ratios 
of the sides. Q. E. D. 


5, 29, 31- compounded of the ratios of their sides. As in vi. 23, the Greek 
has the less exact phrase, ** compounded of their sides.” 
If a=ca, bz-e 
then a has to 2 the ratio compounded of c : e and 4 : f. 
Take three numbers the least which are continuously in the given ratios. 
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If Zis the L.C.M. of e, d and Z= me = nd, the three numbers are 


me, me | , a (vir. 4] 
= ñd 
Now de: de=c:e [vir 17] 
= mc : me = mce : nd. 
Also ed:ef=d:f [vir. 17] 
=nd: nf. 
Therefore, ex dequali, ed : ef — me: nf 


= (ratio compounded of c : e and d: f). 


It will be seen that this proof follows exactly the method of vi. 23 for 
parallelograms. 


PROPOSITION 6. 


Jf there be as many numbers as we please in continued 
proportion, and the first do not measure the second, neither 
will any other measure any other. 


Let there be as many numbers as we please, 4, B, C, D, £, 
in continued proportion, and let 44 not measure Z ; 


I say that neither will any other measure any other. 


A 





——F 
a 





H 


Now it is manifest that 74, P, C, D, E do not measure 
one another in order ; for A does not even measure 7. 

] say, then, that neither will any other measure any other. 

For, if possible, let 4 measure C. 

And, however many 4, B, C are, let as many numbers 
F, G, H, the least of those which have the same ratio with 
A, B, C, be taken. [vu. 33] 

Now, since F G, H are in the same ratio wv ith 4, B, C, 
and the multitude of the numbers 4, B, C is equal to the 
multitude of the numbers /; G, 77, 


therefore, ex aequali, as A is to C, so is F to 77. (vu. 14] 
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And since, as 7d is to P, so is F to G, 
while Æ does not measure 2, 


therefore neither does F measure G; (vit. Def. 20] 
therefore F is not an unit, for the unit measures any number. 
Now F, H are prime to one another. (vin. 3] 


And, as F is to H, so is 4 to C ; 
therefore neither does 4 measure C. 


Similarly we can prove that neither will any other measure 
any other. 


Q. E. D. 


Let a, 5, ¢... 4 be a geometrical progression in which a does not measure 3. 
Suppose, if possible, that a measures some term of the series, as f. 
Take x, y, z, u, v, 1» the /eas? numbers in the ratio a, £, c, d, e, f. 


Since x:y=a:h, 

and a does not measure 4, 

x does not measuré y; therefore x cannot be unity. 
And, ex aeguals, x:w=a:f. 

Now x, w are prime to one another. (viu. 3) 
Therefore a does not measure f. 


We can of course prove that an intermediate term, as 4, does not measure 
a later term J by using the series 4, c, d, e, f and remembering that, since 
6:¢=a:6, à does not measure c. 


PROPOSITION 7. 


Jf there be as many numbers as we please in continued 
proportion, and the first measure the last, it will measure the 
second also. 


Let there be as many numbers as we please, 4, B, C, D, 
in continued proportion; and 
let A measure D; Acces 
I say that 4 also measures B. 8 
For, if A does not measure © 
B, neither will any other of the 0——————————  — — 
numbers measure any other. (vin. 6] 
But A measures D. 
Therefore 744 also measures Z. 





An obvious proof by reductio ad absurdum from vi. 6. 
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PROPOSITION 8. 


If between two numbers there fall numbers in continued 
proportion with them, then, however many numbers fall between 
them in continued proportion, so many will also fall in con- 
tinued proportion between the numbers which have the same 
ratio with the original numbers. 


Let the numbers C, D fall between the two numbers 4, 
B in continued proportion with them, and let Æ be made in 
the same ratio to Fas A is to B; 
I say that, as many numbers as have fallen between 4, B in 


continued proportion, so many will also fall between Æ, F in 
continued proportion. 





0o o 0 > 
"n 22 m 


Q—— 

H——— 
K 
L 








For, as many as 4, P, C, D are in multitude, let so many 
numbers G, H, K, L, the least of those which have the same 
ratio with 44, C, D, P, be taken ; [vit. 33] 
therefore the extremes of them G, Z are prime to one another. 

(vin. 3} 
2 2 since 4, C, D, B are in the same ratio with GC, 77, 
and the multitude of the numbers 4, C, D, B is equal to the 
multitude of the numbers G, 7Z, K, Z, 
therefore, ex aeguali, as A is to B, so is G to L. (vir. 14] 

But, as 4 is to PD, so is Æ to Æ; 
therefore also, as G is to L, so is Æ to £F. 

But G, Z are prime, 
primes are also least, (vir. 21] 


and the least numbers measure those which have the same 
ratio the same number of times, the greater the greater and 
the less the less, that is, the antecedent the antecedent and the 
consequent the consequent. (vir. 20] 
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Therefore G measures Æ the same number of times as Z 
measures 7. 
Next, as many times as G measures £, so many times let 
H, K also measure M, N respectively ; 
therefore G, H, K, L measure £, M, N, F the same number 
of times. 
Therefore G, H, K, L are in the same ratio with Æ, M, 
, F., (vu. Def. 20] 
But G, H, K, L are in the same ratio with 4, C, D, B; 
therefore 4, C, D, B are also in the same ratio with £, M, 
N, F. 
But 4, C, D, B are in continued proportion ; 
therefore £, M, N, F are also in continued proportion. 
Therefore, as many numbers as have fallen between 4, B 
in continued proportion with them. so many numbers have also 
fallen between Æ, Æ in continued proportion. 
Q. E. D. 
t. fall. The Greek word is éuwlwrew, ‘fall in" ="*can be interpolated.” 


If a:5=¢:f, and between a, 4 there are any number of geometric 
means e, d, there will be as‘many such means between e, f. 

Let a, B, y, ..., 9 be the least possible terms in the same ratio as a, 
e, d, ... à. 


Then a, ô are prime to one another, (vui. 3] 
and, ex aequali, a:0-a:ó 
ze :f. 
Therefore e = ma, f = mẹ, where m is some integer. [vit. 20] 
Take the numbers a, mp, my,... mò. 


This is a series in the given ratio, and we have the same number of 
geometric means between ma, m8, or e, f, that there are between a, 2. 


PROPOSITION 9. 


Lf two numbers be prime to one another, and numbers fall 
between them in continued proportion, then, however many 
numbers fall between them tn continued proportion, so many 
will also fall between each of them and an unit in continued 
proportion. 

Let 4, B be two numbers prime to one another, and let 
C, D fall between them in continued proportion, 
and let the unit E be set out ; 

I say that, as many numbers as fall between 4, B in con- 


vill. g] PROPOSITIONS 8, 9 359 
tinued proportion, so many will also fall between either of 
the numbers 4, 7 and the unit in continued proportion. 


For let two numbers /, G, the least that are in the ratio 
of A, C, D, B, be taken, 


three numbers 77, A, L with the same property, 
and others more by one continually, until their multitude is 





equal to the multitude of 4, C, D, B. (vit. 2] 

A H—— 
C K—— 
0 L 
B 

E- M 

F— N 

a— o 

P 


Let them be taken, and let them be M, N, O, P. 

It is now manifest that / by multiplying itself has made 
H and by multiplying Æ has made M, while G by multiplying 
itself has made Z and by multiplying Z has made 2. 

(vin. 2, Por.] 

And, since M, N, O, P are the least of those which have 
the same ratio with F, G, 
and A, C, D, B are also the least of those which have the 
same ratio with F, G, [virt. 1] 
while the multitude of the numbers M, N, O, P is equal to the 
multitude of the numbers A, C, D, B, 
therefore M, N, O, P are equal to 4, C, D, B respectively ; 
therefore M is equal to 4, and P to B. 

Now, since F by multiplying itself has made Æ, 
therefore 7 measures /7 according to the units in 7. 

But the unit Æ also measures F according to the units in it; 
therefore the unit E measures the number / the same number 
of times as F measures A. 

Therefore, as the unit Æ is to the number Æ, so is F to 77. 

[vir. Def. 20] 

Again, since F by multiplying Æ has made M, 


therefore Æ measures M according to the units in F, 
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But the unit Æ also measures the number F according to 
the units in it; 
therefore the unit Æ measures the number / the same number 
of times as Æ measures M. 

Therefore, as the unit Æ is to the number /, so is Æ to M. 

But it was also proved that, as the unit Æ is to the number 
F, sois F to H; 
therefore also, as the unit Æ is to the number Æ, so is F to 77, 
and Æ to M. 

But M is equal to 4 ; 
therefore, as the unit Æ is to the number PF, so is F to 77, 
and 77 to A. 

For the same reason also, 
as the unit Æ is to the number G, so is G to Z and Z to 7. 

Therefore, as many numbers as have fallen between 4, 
B in continued proportion, so many numbers also have fallen 
between each of the numbers 4. B and the unit Æ in continued 
proportion. 

Q. E. D. 


Suppose there are # geometric means between a, 4, two numbers prime to 
one another ; there are the same number (#) of geometric means between t 
and a and between 1 and ô. 

If c, d... are the # means between a, 4, 

a 6 d...5 
are the least numbers in that ratio, since a, ? are prime to one another. (vi. 1] 
The terms are therefore respectively identical with 


a^", a^ p, a"... agn p", 


where a, B is the common ratio in its lowest terms. (vu. 2, Por.] 
Thus a=a™}, $= f**?, 
Now 1:a=a:a?=a': a’... =a": a"*, 
and 1:B8=8:8= 6: Bf... = B*: fp"; 


whence there are » geometric means between 1, a, and between 1, 4. 


PROPOSITION 10. 


Jf numbers fall between each of two numbers and an untt 
zn continued proportion, however many numbers fall between 
each of them and an unit in continued proportion, so many 
also will fall between the numbers themselves in continued 
proportion. 
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For let the numbers D, E and F, G respectively fall 

between the two numbers 4, B and the unit C in continued 
proportion ; 
I say that, as many numbers as have fallen between each of 
the numbers 4, P and the unit C in continued proportion, so 
many numbers will also fall between 74, B in continued pro- 
portion. 


For let D by multiplying PF make Æ, and let the numbers 
D, F by multiplying Æ make A, Z respectively. 








o— A 

8 
0 — 
E — H 
F — K 
G L 





Now, since, as the unit C is to the number D, so is D to £, 


therefore the unit C measures the number D the same number 
of times as D measures £. (vu. Def. 20] 


But the unit C measures the number D according to the 
units in D; 
therefore the number D also measures Æ according to the units 
in D; 
therefore D by multiplying itself has made £. 

Again, since, as C is to the number J, so is £ to 4, 


therefore the unit C measures the number D the same number 
of times as Æ measures 4. 


But the unit C measures the number 2 according to the 
units in D; 
therefore Æ also measures 4 according to the units in D ; 
therefore D by multiplying Æ has made 4. 

For the same reason also 
F by multiplying itself has made G, and by multiplying G has 
made 2. 


And, since D by multiplying itself has made Æ and by 
multiplying F has made Æ, 


therefore, as D is to F, so is £ to 77. [vir. 17] 
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For the same reason also, 
as D is to F, so is /7 to G. [vir. 18) 
Therefore also, as Æ is to Æ, so is H to G. 
Again, since D by multiplying the numbers Æ, Æ has 
made 4, K respectively, 
therefore, as Æ is to Æ, so is A to K. (vu. 17] 
But, as £ is to H, so is D to F; 
therefore also, as D is to F, so is A to K. 
Again, since the numbers D, F by multiplying Æ have 
made K, Z respectively, 
therefore, as D is to Æ, so is & to L. (vi. 18] 
But, as D is to Æ, so is A to K ; 
therefore also, as 4 is to K, so is & to L. 
Further, since Æ by multiplying the numbers Æ, G has 
made Z, B respectively, 
therefore, as 77 is to G, so is Z to B. (v. 17] 
But, as Æ is to G, so is D to F; 
therefore also, as D is to Æ, so is Z to P. 
But it was also proved that, 
as D is to Æ, so is A to K and X to L; 
therefore also, as 4 is to K, so is K to Z and ZL to B. 


Therefore 4, K, L, P are in continued proportion. 
Therefore, as many numbers as fall between each of the 
numbers 4, B and the unit C in continued proportion, so 
many also will fall between 4, B in continued proportion. 
Q. E. D. 


If there be 2 geometric means between 1 and a, and also between 1 and 
à, there will be ?» geometric means between a and 7. 

The proposition is the converse of the preceding. 

The 5 means with the extremes form two geometric series of the form 


I, a, a... a, a't, 


, B, g'..gp. gm, 
where a"'!zg, Btl=4, 


By multiplying the last term in the first line by the first in the second, 
the last but one in the first line by the second in the second, and so on, we 


get the series 
a*l, a"B, a'H... aß, af”, RY 
and we have the » means between a and 2. 


It will be observed that, when Euclid says ‘“ For the same reason also, as 
D is to £F, so is Z to G," the reference is really to vit. 18 instead of vii. 17. 
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He infers namely that Dx fF: Fx F=D: F. But since, by vit. 16, the 
order of multiplication is indifferent, he is practically justified in saying “for 
the same reason.” ‘The same thing occurs in later propositions. 


PROPOSITION 11. 


Between two square numbers there is one mean proportional 
number, and the square has to the square the ratio duplicate 
of that which the side has to the side. 

Let 4, B be square numbers, 
and let C be the side of 4, and D of 2; 


I say that between A, B there is one mean proportional 
number, and 4 has to Z2 the ratio 








duplicate of that which C has to D. A 
For let C by multiplying D make E. æ 
Now, since 4 is a square and C is c—— D 
its side, 
therefore C by multiplying itself has 
made 4. 


For the same reason also 
D by multiplying itself has made 2. 


Since then C by multiplying the numbers C, D has made 
A, E respectively, 


therefore, as C is to D, so is A to £. (vir. 17] 
For the same reason also, 20 
as C is to D, so is E to 7. (vii. 18] 


Therefore also, as 4 is to £, so is £ to B. 
Therefore between 4, Z there is one mean proportional 
number. 


I say next that 4 also has to B the ratio duplicate of 
that which C has to D. 


For, since 4, Æ, B are three numbers in proportion, 


therefore 4 has to 7 the ratio duplicate of that which 4 has 
to Æ. [v. Def. 9] 
But, as A is to Æ, so is C to D. 
Therefore 4 has to Z the ratio duplicate of that which 
the side C has to D. Q. E. D. 


According to Nicomachus the theorems in this proposition and the next, 
that two squares have one geometric mean, and two cubes /to geometric 
means, between them are Platonic. Cf. Timaeus, 32 a sqq. and the note 
thereon, p. 294 above. 
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a’, & being two squares, it is only necessary to form the product ad and 
to prove that 
a’, ab P? 


are in geometrical progression. Euclid proves that 
a? : ab = ab : P? 
by means of vir. 17, 18, as usual. 


In assuming that, since a? is to 2! in the duplicate ratio of a? to ab, a? is 
to & in the duplicate ratio of a to 4, Euclid assumes that ratios which are 
the duplicates of equal ratios are equal. This, an obvious inference from 
V. 22, can be inferred just as easily for numbers from vil. 14. 


PROPOSITION 12. 


Between two cube numbers there are two mean proportional 
numbers, and the cube has to the cube the ratio triplicate of that 
which the side has to the side. 

Let 4, B be cube numbers, 
and let C be the side of 4, and D of B; 

I say that between 4, B there are two mean proportional 


numbers, and 4 has to Z the ratio triplicate of that which C 
has to D. 








A E—— 
 —— ———————————— F 
c— H———— G 





— K 

For let C by multiplying itself make E, and by multiplying 
D let it make F; 
let D by multiplying itself make G, 
and let the numbers C, D by multiplying F make F, K 
respectively. 

Now, since 4 is a cube, and C its side, 
and C by multiplying itself has made £, 


therefore C by multiplying itself has made Æ and by multiply- 
ing Æ has made 4. 


For the same reason also 
D by multiplying itself has made G and by multiplying G has 
made Ø. 

And, since C by multiplying the numbers C, D has made 
E, F respectively, 
therefore, as C is to D, so is Æ to F. [vir 17] 
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For the same reason also, 
as C is to D, sois F to G. (vit. 18] 


Again, since C by multiplying the numbers Æ, Æ has 
made 4, H respectively, 


therefore, as Æ is to /, so is 4 to H. (vir. 17] 


But, as Æ is to F, so is C to D. 

Therefore also, as C is to D, so is A to 77. 

Again, since the numbers C, D by multiplying Æ have 
made H, K respectively, 


therefore, as C is to D, sois H to K. (vir. 18) 


Again, since D by multiplying each of the numbers Z, G 
has made A, & respectively, 


therefore, as F is to G, so is X to Z. (vir. 17] 
But, as F is to G, so is C to D; 

therefore also, as C is to D, sois A to H, H to K, and K to B. 
Therefore 77, K are two mean proportionals between 4, B. 


I say next that 4 also has to & the ratio triplicate of that 
which C has to D. 

For, since 74, 77, K, B are four numbers in proportion, 
therefore 4 has to Z the ratio triplicate of that which 4 has 
to 27. [v. Def. ro] 

But, as 4 is to H, so is Ç to D; 
therefore 4 also has to Z the ratio triplicate of that which C 
has to D. 

Q. E. D. 


The cube numbers æ, & being given, Euclid forms the products a?5, a/* 
and then proves, as usual, by: means of vil. 17, 18 that 


a, a, af, PF 
are in continued proportion. 


He assumes that, since a? has to 7? the ratio triplicate of a* : a*^, the 
ratio a? : ) is triplicate of the ratio a: 4 which is equal to a3? : aà*^. This 
is again an obvious inference from vit. 14. 


PROPOSITION 13. 


If there be as many numbers as we please in continued 
proportion, and each by multiplying itself make some number, 
the products will be proportional ; and, 1f the original numbers 
by multiplying the products make certain numbers, the latter 
will also be proportional. 
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Let there be as many numbers as we please, 4, B, C, in 
continued proportion, so that, as 4 is to Z, so is P to C; 


let 4, B, C by multiplying themselves make D, £, F, and by 
multiplying D, £, F let them make G, H, K; 


I say that D, £, F and G, H, K are in continued proportion. 








A — G 
8 H 
C K 
: M 
E 

F N 
L P 
Q Q 


For let 4 by multiplying Z make Z, 


and let the numbers 4, B by multiplying Z make M. N 
respectively. 


And again let B by multiplying C make O, 


and let the numbers Z, C by multiplying O make P, Q 
respectively. 


Then, in manner similar to the foregoing, we can prove 
that 


D, L, E and G, M, N, H are continuously proportional in the 
ratio of 4 to B, 


and further E, O, F and H, P, Q, K are continuously propor- 
tional in the ratio of B to C. 


Now, as A is to B, so is Bto C; 
therefore D, L, £ are also in the same ratio with Z, O, F, 
and further G, M, N, H in the same ratio with H, P, Q, K. 


And the multitude of D, L, E is equal to the multitude of 
E, O, F, and that of G, M, N, H to that of H, P,Q, K; 


therefore, ex acgualz, 
as D is to Æ, so is Æ to Æ, 
and, as G is to 77, so is H to K. (vir. 14] 


VIII. 13, 14] PROPOSITIONS 13, 14 367 


If a, b, ¢... be a series in geometrical progression, then 
au y uuu 
and a, Be... ! are also in geometrical progression. 
Heiberg brackets the words added to the enunciation which extend the 
theorem to any powers. The words are ‘‘and this always occurs with the 
extremes " (xai aei epi rovs axpovs Tovro cupBaiva). ‘They seem to be rightly 
suspected on the same grounds as the same words added to the enunciation 


of vit. 27. There is no allusion to them in the proof, much less any proof 
of the extension. 

Euclid forms, besides the squares and cubes of the given numbers, the 
products ab, ab, ab, be, Pe, be? When he says that “we prove in manner 
similar to the foregoing,” he indicates successive uses of vil. 17, 18 as 
in VII. 12. 


With our notation the proof is as easy to see for any powers as for squares 
and cubes. 


To prove that a", J", c*... are in geometrical progression. 
Form all the means between a", J", and set out the series 


a^ a", a"? ... ab", x. 
The common ratio of one term to the next is a : 4, 
Next take the geometrical progression 
Du uiu JI V PL ou 
the common ratio of which is 2 : c. 
Proceed thus for all pairs of consecutive terms. 
Now a:ózb:cz... 
Therefore any pair of succeeding terms in one series are in the same ratio as 
any pair of succeeding terms in any other of the series. 


And the number of terms in each is the same, namely (2 + 1). 
Therefore, ex aegualt, 


a°: b= bt: =en.. 


PROPOSITION 14. 


Jf a square measure a square, the side will also measure 
the side; and, tf the side measure the side, the square will also 
measure the square. 


Let 4, B be square numbers, let C, D be their sides, and 
let A measure Z; 


I say that C also measures D. A— 

For let C by multiplying D make E; — 8 
therefore 4, £, B are continuously pro- —c — 
portional in the ratio of C to D. — (vur. i1] E——— 


And, since A, E, P are continuously 
proportional, and A measures B, 


therefore 4 also measures £. (vin. 7] 
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And, as 4d is to £, so is C to D; 
therefore also C measures D. [vit. Def. 20] 


Again, let C measure D ; 
| say that 74 also measures 7. 


For, with the same construction, we can in a similar 
manner prove that 4, £, B are continuously proportional in 
the ratio of C to D. 

And since, as C is to D, so is A to £, 


and C measures D, 
therefore A also measures £. [ vit. Def. 20] 
And A, £, P are continuously proportional ; 
therefore A also measures 7. 
Therefore etc. 
Q. E. D. 
If a? measures 4°, a measures /; and, if a measures 4, a? measures /*. 


(1) à, a2, 7? are in continued proportion in the ratio of a to 2. 


Therefore, since a? measures 2? 

a? measures aj. (viu. 7] 
But @è : ab =a: b. 
Therefore a measures . 


(2) Since a measures 4, a? measures aJ. 
And a’, ad, 6* are continuously proportional. 


Thus ab measures 2?, 
And a’? measures ad, 
Therefore a’ measures 8. 


It will be seen that Euclid puts the last step shortly, saying that, since 
a? measures ab, and «^, ad, & are in continued proportion, @* measures 3°. 
The same thing happens in vill. 15, where the series of terms is One more 
than here. 


PROPOSITION 15. 


Jf a cube number measure a cube number, the side will also 
measure the side; and, tf the side measure the side, the cube 
will also measure the cube. 

For let the cube number A measure the cube &, 
and let C be the side of 4 and D of B; 

I say that C measures D. 
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For let C by multiplying itself make Æ, 
and let D by multiplying itself make G ; 
further, let C by multiplying D make /, 
and let C, D by multiplying F make H, K respectively. 





A——— 

B 

c- H 
D— K 
E — 


O —— 
¢—— 
Now it is manifest that E, F, G and 4, 77, K, B are 


continuously proportional in the ratio of C to D. (vin. 11, 12] 
And, since A, H, K, P are continuously proportional, 


and A measures Z, 


therefore it also measures 77. [vin. 7] 
And, as 4 is to H, so is C to D; 
therefore C also measures D. [vit. Def. 20] 


Next, let C measure D; 

I say that 4 will also measure B. 

For, with the same construction, we can prove in a similar 
manner that 4, H, KX, B are continuously proportional in the 
ratio of C to D. 

And, since C measures D, 
and, as C is to D, so is A to 77, 
therefore 4 also measures 77, [vir. Def. 20] 


so that 4 measures Æ also. 
Q. E. D. 


If a® measures 4, @ measures 4; and vice versa. The proof is, mufatis 
mutandis, the same as for squares. 

(1) @, @b, aò, & are continuously proportional in the ratio of @ to 4; 
and a* measures 2. 

Therefore a° measures a° ; (vur. 7] 
and hence a measures 4. 

(2) Since a measures 2, a? measures a*d. 

And, a*, a*), aP*, P being continuously proportional, each term measures the 
succeeding term ; 
therefore a’ measures 6’. 
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PROPOSITION 16. 


Jf a square number do not measure a square number, neither 
will the side measure the side ; and, if the side do not measure 
the side, neither will the square measure the square. 


Let A, B be square numbers, and let C, D be their sides; 
and let 4 not measure Z ; 





I say that neither does C measure D. A 
For, if C measures D, A will also 8 
measure B. (un. 14] | c0— 

But 4 does not measure Z ; o—— 


therefore neither will C measure D. 


Again, let C not measure D ; 
I say that neither will 4 measure 7. 
For, if 4 measures Z, C will also measure 2. [virr. 14] 
But C does not measure 2 ; 
therefore neither will 4 measure 7. 
Q. E. D. 
If a? does not measure 47, a will not measure 4; and, if a does not 


measure 4, a? will not measure 2. 
The proof is a mere reductio ad absurdum using VIIL. 14. 


PROPOSITION 17. 


If a cube number do not measure a cube number, neither 
will the side measure the side; and, if the side do not measure 
the side, neither will the cube measure the cube. 


For let the cube number 4 not measure the cube 
number 2, 


and let C be the side of 4, and D A 
of B; B 


I say that C will not measure D. 


For if C measures D, 4 will 
also measure 2. (vin. 15] 
But 4 does not measure Z ; 


therefore neither does C measure D. 





Ce — 


Again, let C not measure D; 
I say that neither will 4 measure B. 
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For, if A measures B, C will also measure D. [vin. 15) 
But C does not measure D; 
therefore neither will 44 measure 2. 
Q. E. D. 


If a* does not measure 2’, a2 will not measure 5; and wice versa. 
Proved by reductio ad absurdum employing Vill. 15. 


PRoPOSITION 18. 


Between two similar plane numbers there is one mean 
proportional number ; and the plane number has to the plane 
number the ratio duplicate of that which the corresponding 
side kas to the corresponding side. 


Let A, B be two similar plane numbers, and let the numbers 
C, D be the sides of 4, and £, F of 7. 








A c— 

B————————————— 0 — 
E 

s F 





Now, since similar plane numbers are those which have 
their sides proportional, (vir. Def. 21] 
therefore, as C is to D, so is Æ to £. 

I say then that between 4, B there is one mean propor- 
tional number, and 4 has to 2 the ratio duplicate of that 
which C has to Æ, or D to Æ, that is, of that which the corre- 
sponding side has to the corresponding side. 

Now since, as C is to D, so is & to F, 
therefore, alternately, as C is to Æ, so is D to F. [vi. 13] 

And, since 4 is plane, and C, D are its sides, 
therefore D by multiplying C has made A. 

For the same reason also 
E by multiplying F has made 2. 

Now let D by multiplying Æ make G. 

Then, since D by multiplying C has made 4, and by 
multiplying Æ has made G, 


therefore, as C is to Æ, so is A to G. [vit. 17] 
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But, as C is to E, sois Dto F; 
therefore also, as D is to Æ, so is A to G. 


Again, since Æ by multiplying D has made G, and by 
multiplying P has made Ø, 


therefore, as D is to F, so is G to B. (vat. 17] 


But it was also proved that, 
as D is to F, so is A to G; 
therefore also, as 4 is to G, so is G to B. 


Therefore 4, G, B are in continued proportion. 
Therefore between 4, B there is one mean proportional 
number. 


] say next that 4 also has to B the ratio duplicate of 
that which the corresponding side has to the corresponding 
side, that is, of that which C has to £ or D to F, 

For, since 44, G, B are in continued proportion, 

A has to Z the ratio duplicate of that which it has to G. 
[v. Def. 9] 

And, as 4 is to G, so is C to Æ, and so is D to F. 

Therefore 74 also has to & the ratio duplicate of that which 
C has to £ or D to F. 


Q. E. D. 


If ab, cd be “similar plane numbers,” i.e. products of factors such that 
a:b=c:d, 


there is one mean proportional between ad and cd; and a? is to cd in the 
duplicate ratio of a to c or of 2 to 4. 


Form the product dc (or ad, which is equal to it, by vii. 19). 


Then ab, a , «d 
-ad|' 
is à series of terms in geometrical progression. 
For a:ózc:d. 
Therefore a:c-b:d. (vir. 13] 
Therefore ab : be = be : cd. (vir. 17 and 16] 


Thus X (or a4) is a geometric mean between aJ, cd. 


And a? is to c in the duplicate ratio of ad to dc or of òc to cd, that is, of 
a to c or of » to 4. 
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PROPOSITION 19. 


Between two stmilar solid numbers there fall two mean 
proportional numbers; and the solid number has to the similar 
solid number the ratio triplicate of that which the corresponding 
side has to the corresponding side. 


Let 4, B be two similar solid numbers, and let C, D, £ 
be the sides of A, and /, G, H of B. 

Now, since similar solid numbers are those which have 
their sides proportional, [vir. Def. 21] 
therefore, as C is to D, so is F to G, 

and, as D is to Æ, so is G to H. 

I say that between 4, Ø there fall two mean proportional 
numbers, and 4 has to & the ratio triplicate of that which C 
has to F, D to G, and also Z to 77. 











A — 
B 
cC- pe N 
D— G—— o 
E — H 

K— 

L 

M—— 


For let C by multiplying D make X, and let F by 
multiplying G make ZL. 

Now, since C, D are in the same ratio with /, G, 
and X is the product of C, D, and Z the product of F, G, 
K, L are similar plane numbers ; (vit. Def. 21] 


therefore between X, L there is one mean proportional number. 
(vur. 18] 


Let it be M 
Therefore M is the product of D, F, as was proved in the 
theorem preceding this. [vin 18] 


Now, since D by multiplying C has made K, and by 
multiplying Æ has made M, 
therefore, as C is to F, so is Æ to M. (vir. 17] 

But, as X is to M, so is M to L. 

Therefore X, M, L are continuously proportional in the 
ratio of C to 7. 
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And since, as C is to D, so is F to G, 
alternately therefore, as C is to F, so is D to G. (vit. 13] 

For the same reason also, 

as D is to G, so is £ to H. 

Therefore X, M, L are continuously proportional in the 
ratio of C to F, in the ratio of D to G, and also in the ratio 
of E to H. 

Next, let E, H by multiplying M make N, O respectively. 

Now, since A is a solid number, and C, D, £ are its sides, 
therefore £ by multiplying the product of C, D has made A. 

But the product of C, D is K ; 
therefore £ by multiplying A has made 4. 

For the same reason also 

H by multiplying Z has made Z. 

Now, since £ by multiplying A has made 4, and further 
also by multiplying M has made V, 
therefore, as K is to M, so is 4 to N. (vir. 17] 

But, as X is to M, so is C to F, D to G, and also £ to Æ; 
therefore also,as C is to F, D to G,and £ to Ħ, so is £ to N. 

Again, since £, H by multiplying M have made V, O 
respectively, 
therefore, as E is to 77, so is N to O. (vir. 18] 

But, as Æ is to H, so is C to Fand D to G; 
therefore also, as C is to F, D to G, and Æ to 77, so is 4 to 
N and N to O. 

Again, since Æ by multiplying M has made O, and further 
also by multiplying Z has made 2, 
therefore, as 74 is to L, so is O to P. (vu. 17] 

But, as M is to L, so is C to F, D to G, and £ to 77. 

Therefore also, as C is to F, D to G, and Æ to A, so not 
only is O to B, but also 4 to V and .N to O. 

Therefore 4, N, O, B are continuously proportional in the 
aforesaid ratios of the sides. 


I say that A also has to Z the ratio triplicate of that which 
the corresponding side has to the corresponding side, that is, 
of the ratio which the number C has to F, or D to G, and 
also E to 77. 
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For, since A, N, O, P are four numbers in continued 


proportion, 
therefore A has to Æ the ratio triplicate of that which 4 has 
to N. [v. Def. 10] 


But,as 74 is to /V, so it was proved that C is to F, D to G, 
and also £ to H. 

Therefore 74 also has to Z the ratio triplicate of that which 
the corresponding side has to the corresponding side, that is, 
of the ratio which the number C has to F, D to G, and also 
E to H. Q. E. D. 


In other words, if a : ò :c=d : e: f, then there are two geometric means 
between abc, def; and adc is to def in the triplicate ratio of a to d, or å to e, 
ot c to f. 

mai first takes the plane numbers aż, de (leaving out c, f) and forms 
the product d. Thus, as in vin. 18, 

ab, bd\, de 
=¢a 
are three terms in geometrical progression in the ratio of a to d, or of ? to e. 
He next forms the products of ¢, f respectively into the mean Z4. 


Then ak, còd, fod, def 
are in geometrical progression in the ratio of a to 4 etc. 
For abe: chd=ab: bd=a:a 
bd: fod=e:f | (vir. 15] 
fod : def =bd : de =b: e 
And a:dzó:ezce:f. 


The ratio of abc to def is the ratio triplicate of that of abc to cbd, i.e. of 
that of a to 4 etc. 


PROPOSITION 20. 


Lf one mean proportional number fall between two numbers, 
the numbers will be similar plane numbers. 
For let one mean proportional number C fall between the 
two numbers 4, B; 
s I say that 4, B are similar plane numbers. 
Let D, £, the least numbers of those which have the same 


ratio with 74, C, be taken ; [vir. 33] 
therefore D measures 4 the same number of times that E 
measures C. (vir. 20] 


10 Now, as many times as D measures A, so many units let 
there be in F; 
therefore F by multiplying D has made 4, 
so that 4 is plane, and D, Æ are its sides. 
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Again, since 2), Æ are the least of the numbers which have 
15 the same ratio with C, B, 


therefore D measures C the same number of times that £ 





measures 7. [vit. 20] 
A pm 
8 —— E 
O —ų— — 
F ——— 
G 


As many times, then, as Æ measures 3, so many units let 
there be in G; 


20 therefore E measures B according to the units in G ; 
therefore G by multiplying Æ has made P. 


Therefore B is plane, and £, G are its sides. 
Therefore 4, P are plane numbers. 


I say next that they are also similar. 
as For, fsince F by multiplying D has made A, and by 
multiplying Æ has made C, 
therefore, as D is to Æ, so is £ to C, that is, C to B. (vir. 17] 
Again,¢ since Æ by multiplying F, G has made C, B 
respectively, 
3o therefore, as F is to G, so is C to P. (vit. 17] 
But, as C is to B, so is Dto E; 
therefore also, as D is to Æ, so is F to G. 


And alternately, as D is to F, so is Æ to G. (vit. 13] 
Therefore 4,8 are similar plane numbers; for their sides 
3s are proportional. Q. E. D. 


35. For, since F...... 47. CtoB. The text has clearly suffered corruption here. It 
is not necessary to infer from other facts that, as D is to Æ, so is 4 to C; for this is part of 
the hypotheses (ll. 6, 7) ain, there is no explanation of the statement (l. 25) that / by 
multiplying X has made C. Ít is the statement and explanation of this latter fact which are 
alone wanted ; after which the proof proceeds as in l. 28. We might therefore substitute for 
11. 25—28 the following. 

“For, since Æ measures C the same number of times that D measures 4 (1. 8), that is, 
according to the units in Æ [l. to], therefore F by multiplying Æ has made C. 

And, since Æ by multiplying F, G,” etc. etc. 


This proposition is the converse of viir. 18. If a, c, b are in geometrical 
progression, a, ô are “similar plane numbers." 
Let a: B be the ratio a : ¢ (and therefore also the ratio c : 4) in its lowest 
terms. 
Then [vrt. 20] 
a-mo, c-— mf, where m is some integer, 
c=na, b-np, where ^ is some integer. 
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Thus a, ? are both products of two factors, i.e. plane. 


Again, a:B=a:¢=c:b 
= m:n, (vir. 18] 
Therefore, alternately, a:m-p:n, (vir. 13] 


and hence ma, #B are similar plane numbers. 
(Our notation makes the second part still more obvious, for ¢= mf = xa.] 


PROPOSITION 21. 
Jf two mean proportional numbers fall between two numbers, 
the numbers ave similar solid numbers. 


For let two mean proportional numbers C, D fall between 
the two numbers 4, B; 


I say that 4, P are similar solid numbers. 





A — E 
————————————————————— F— 
e ————— G 
— — — H- 
N— K — 
o— L— 
M — 


For let three numbers Æ, F G, the least of those which 
have the same ratio with A, C, D, be taken; [vu. 33 or vuu. 2] 
therefore the extremes of them £, G are prime to one another. 

(vin. 3] 


Now, since one mean proportional number Æ has fallen 
between Æ, G, 


therefore Æ, G are similar plane numbers. (viu. 20] 
Let, then, Æ, K be the sides of Æ, and Z, M of G. 
Therefore it is manifest from the theorem before this that 

E, F, G are continuously proportional in the ratio of Æ to Z 

and that of K to 7f. 

Now, since Æ, F, G are the least of the numbers which 

have the same ratio with 4, C, D, 

and the multitude of the numbers Æ, ZF, G is equal to the 

multitude of the numbers 4, C, D, 


therefore, ex aeguali, as E is to G, so is A to D. (vin. 14] 
But £, G are prime, 
primes are also least, (vir. 21] 


and the least measure those which have the same ratio with 
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them the same number of times, the greater the greater and 
the less the less, that is, the antecedent the antecedent and the 
consequent the consequent ; [vit. 20] 
therefore Æ measures 4 the same number of times that G 
measures J. 

Now, as many times as Æ measures 4, so many units let 
there be in N. 

Therefore V by multiplying Z has made 4. 

But Æ is the product of H, K ; 
therefore V by multiplying the product of 77, K has made A. 

Therefore A is solid, and H, K, V are its sides. 


Again, since Æ, F, G are the least of the numbers which 
have the same ratio as C, D, B, 


therefore E measures C the same number of times that G 
measures 7. 

Now, as many times as Æ measures C, so many units let 
there be in O. 

Therefore G measures Z according to the units in O; 
therefore O by multiplying G has made 7. 

But G is the product of Z, M ; 
therefore O by multiplying the product of Z, M has made Z. 

Therefore Z is solid, and Z, M, O are its sides ; 
therefore A, B are solid. 


I say that they are also similar. 
For since N, O by multiplying Æ have made 4, C, 
therefore, as V is to O, so is 4 to C, that is, Æ to F. (vu. 18] 
But, as Æ is to Æ, so is H to L and X to M; 
therefore also, as Æ is to L, so is X to M and N to O. 
And Z, K, N are the sides of 4, and O, L, M the sides 
of 2. 
Therefore 4, B are similar solid numbers. Q. E. D. 
The converse of vill. 19. If a, c, d, b are in geometrical progression, a, 4 


are “similar solid numbers.” 
Let a, B, y be the least numbers in the ratio of a, c, d (and therefore also 


of c, d, b). fvi 33 or VUI. 2 
Therefore a, y are prime to one another. (vin. 3 
They are also “similar plane numbers.” (vu. 20 
Let a=mn, Y=, 


where m:n-p:q. 
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Then, by the proof of vill. 20, 
a:B=m:pzniy. 
Now, ex aequat, a:dza:y, [vit 14] 
and, since a, y are prime to one another, 
a-ra, d-ry, wherer is an integer. 


But a= mn: 
therefore a = mn, and therefore a is “solid.” 
Again, ex aequali, c:b=a:y, 
and therefore c=sa, b=sy, where s is an integer. 
Thus ? 2 sg, and 4 is therefore “solid.” 
Now a: B=a:c=ra: sa 
=r is. (vir. 18] 
And, from above, a: B=m:p=n:49. 
Therefore ris=m:ip=n:4, 


and hence a, 4 are similar solid numbers. 


PROPOSITION 22. 
If three numbers be in continued proportion, and the first 
be square, the third will also be square. 
Let A, B, C be three numbers in continued proportion, 
and let 4 the first be square ; 
I say that C the third is also square. 


For, since between 4, C there is one 

mean proportional number, Z, 

therefore 4, C are similar plane numbers. (vin. 20] 
But 4 is square ; 

therefore C ts also square. Q. E. D. 


A 





A mere application of virt. 20 to the particular case where one of the 
“similar plane numbers” is square. 


PROPOSITION 23. 
Jf four numbers be in continued proportion, and the first be 
cube, the fourth will also be cube. 


Let A, B, C, D be four numbers in continued proportion, 
and let 4 be cube; 
I say that D is also cube. 


For, since between 4, D there 


are two mean proportional numbers 
B, C, 


therefore 4, D are similar solid numbers. (vin. 20] 


A 
B 
c 
D 
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But A is cube; 
therefore D is also cube. 
Q. E. D. 


A mere application of vri. 2t to the case where one of the " similar solid 
numbers " is a cube. 


PROPOSITION 24. 


Jf two numbers have to one another the ratto which a square 
number has to a square number, and the first be square, the 
second will also be square. 


For let the two numbers 4, B have to one another the 
ratio which the square number C has 
to the square number D,and let 4 be ^ 
square ; B 
; c 
I say that B is also square. D 
For, since C, D are square, 
C, D are similar plane numbers. 


Therefore one mean proportional number falls between 
C, D. [vitr. 18] 
And, as C is to D, so is A to B; 


therefore one mean proportional number falls between 4, B 





also. [vir. 8] 
And A is square ; 
therefore ZB is also square. [viti. 22] 
Q. E. D. 
If a : b= c? : Z", and a is a square, then 4 is also a square. 
For c?, d?’ have one mean proportional cd. (vrir. r8] 
Therefore a, ?, which are in the same ratio, have one mean proportional. 
(vu. 8 
And, since a is square, 4 must also be a square. (vin. 22 


PROPOSITION 25. 


If two numbers have to one another the ratio which a cube 
number has to a cube number, and the first be cube, the second 
well also be cube. | 


For let the two numbers 4, B have to one another the 
ratio which the cube number C has to the cube number J, 
and let 4 be cube ; 


I say that B is also cube. 
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For, since C, D are cube, 
C, D are similar solid numbers. 

Therefore two mean proportional numbers fall between 
C, D. (vui. 19] 
— E 
————— F 





ooo» 


And, as many numbers as fall between C, D in continued 
proportion, so many will also fall between those which have 
the same ratio with them ; (viu. 8] 
so that two mean proportional numbers fall between 4, B 
also. 

Let Æ, F so fall. 

Since, then, the four numbers 4, £, F, B are in continued 


proportion, 

and 4 is cube, 

therefore Z is also cube. (vu. 23] 

Q. E. D. 

If a : b= c : d*, and a is a cube, then 2 is also a cube. 
For c*, 4* have two mean proportionals. (vin. 19 
Therefore a, 5 also have two mean proportionals. (vin. 8 
And a is a cube: 

therefore 2 is a cube. [vin. 23] 


PROPOSITION 26. 
Similar plane numbers have to one another the ratto which 
a square number has toa square number. 
Let 4, B be similar plane numbers ; 


I say that 4 has to Z the ratio which a square number has 
to a square number. 





A——— B 
c 
0— e——— Ff 
For, since 4, P are similar plane numbers, 


therefore one mean proportional number falls between E B. 
vii. 18 
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Let it so fall, and let it be C ; 


and let D, £, F, the least numbers of those which have the 
same ratio with 4, C, B, be taken; [vit. 33 or vin. 2] 


therefore the extremes of them D, F are square. [vii 2, Por.] 
And since, as D is to F, so is A to B, 
and D, F are square, 


therefore 4 has to 2 the ratio which a square number has to 
a square number. 


Q. E. D. 
If a, ? are similar “plane numbers,” let c be the mean proportional 
between them. ile 18 
Take a, B, y the smallest numbers in the ratio of a,¢,2. (vil. 33 Or VIII. 2 
Then a, y are squares. (vii. 2, Por. 


Therefore a, 2 are in the ratio of a square to a square. 


PROPOSITION 27. 


Similar solid numbers have to one another the ratio which 
a cube number has to a cube number. 
Let 4, Z be similar solid numbers , 


I say that 4 has to Z the ratio which a cube number has to 
a cube number. 


E— | F— Q—— H 
For, since 4, Z are similar solid numbers, 
therefore two mean proportional numbers fall between 4, B. 


(vu. 19] 
Let C, D so fall, 
and let Z, F, G, H, the least numbers of those which have 
the same ratio with 4, C, D, B, and equal with them in 
multitude, be taken ; (vir. 33 or vin. 2] 
therefore the extremes of them Æ, H are cube. (viri. 2, Por.] 
And, as E is to 77, so is ÆA to B; 


therefore 4 also has to P the ratio which a cube number has 
to a cube number. 
Q. E. D. 
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The same thing as vill. 26 with cubes, It is proved in the same way 
except that vilL 19 is used instead of vin. 18. 

The last note of an-Nairizi in which the name of Heron is mentioned is 
on this proposition. Heron is there stated (p. 194—5, ed. Curtze) to have 
added the two propositions that, 


1. Jf two numbers have to one another the ratio of a square to a square, the 
numbers are similar plane numbers ; 


2. If two numbers have to one another the ratio of a cube to a cube, the numbers 
are similar solid numbers. 

The propositions are of course the converses of vill. 26, 27 respectively. 
They are easily proved. 
(1) If a:b=c?: a’, 
then, since there is one mean proportional (c2) between c’, 2*, 

(vir. 11 or 18] 

there is also one mean proportional between a, . (vm. 8) 

Therefore a, 4 are similar plane numbers. (vmu. 20] 


(2) is similarly proved by the use of vii. 12 Or 1y, VII. 8, VIIL. 21. 


The insertion by Heron of the first of the two propositions, the converse 
of viii. 26, is perhaps an argument in favour of the correctness of the text of 
IX. 10, though (as remarked in the note on that proposition) it does not give 
the easiest proof Cf. Heron’s extension of vil. 3 tacitly assumed by Euclid 
in VII. 33. 


BOOK IX. 


PROPOSITION I. 


If two similar plane numbers by multiplying one another 
make some number, the product will be square. 


Let 4, B be two similar plane numbers, and let 4 by 
multiplying Z make C ; 
I say that C is square. 

For let 4 by multiplying itself 
make D. 

Therefore D is square. 

Since then 4 by multiplying itself has made D, and by 
multiplying Z has made C, 
therefore, as 44 is to Z, so is D to C. [vir. 17] 

And, since 44, P are similar plane numbers, 


therefore one mean proportional number falls between 4, B. 
[vin. 18] 
But, if numbers fall between two numbers in continued 
proportion, as many as fall between them, so many also fall 
between those which have the same ratio ; [viii 8] 
so that one mean proportional number falls between J, C also. 
And D is square ; 
therefore C is also square. (viu. 22] 
Q. E. D. 


Qoo» 


The product of two similar plane numbers is a square. 
Let a, ? be two similar plane numbers. 


Now a:b=a"; ab. (vir. 17] 
And between a, 4 there is one mean proportional. (vir. 18 
Therefore between a’ : ad there is one mean proportional. (vur. 8 


And a? is square ; 
therefore a? is square. [viu. 22] 
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PROPOSITION 2. 
Tf two numbers by multiplying one another make a square 
number, they are similar plane numbers. 


Let 4, 2 be two numbers, and let 4 by multiplying Z 
make the square number C ; 


I say that 4, Bare similar plane ^ 
numbers. 2 

For let A by multiplying itself © — 
make D; B 


therefore D is square. 


Now, since 4 by multiplying itself has made 2, and by 
multiplying B has made C, 


therefore, as 4 is to B, so is D to C. (var. 17] 
And, since D is square, and C is so also, 
therefore D, C are similar plane numbers. 


Therefore one mean proportional number falls between 
D; € [vin 18] 
And, as D is to C, so is d to P; 


therefore one mean proportional number falls between 4,. 8 


also. (vuu. 8] 
But, if one mean proportional number fall between two 
numbers, they are similar plane numbers ; (viti. 20] 


therefore 4, P are similar plane numbers. 
Q. E. D. 


If ad is a square number, a, 2 are similar plane numbers. (The converse 
of Ix. 1.) 


For a:b=a": av. (vin. 17] 
And a’, ad being square numbers, and therefore similar plane numbers, 
they have one mean proportional. [virr. 18] 
Therefore a, b also have one mean proportional. (vin. 8] 
whence a, ? are similar plane numbers. [vitr. 20] 


PROPOSITION 3. 


Lf a cube number by multiplying itself make some number, 
the product will be cube. 


For let the cube number 4 by multiplying itself make B ; 
I say that B is cube. 
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For let C, the side of 4, be taken, and let C by multiplying 
itself make D. 
It is then manifest that C by multiplying A— 
D has made A. 8 
Now, since C by multiplying itself has c- o— 
made 2, 
therefore C measures D according to the units in itself. 
But further the unit also measures C according to the units 
in it; 
therefore, as the unit is to C, so is C to D. [vit. Def. 20] 
Again, since C by multiplying D has made 4, 
therefore D measures 4 according to the units in C. 
But the unit also measures C according to the units in it ; 
therefore, as the unit is to C, so is D to A. 
But, as the unit is to C, so is C to D; 
therefore also, as the unit is to C, so is C to D, and D to A. 


Therefore between the unit and the number 4 two mean 
proportional numbers C, D have fallen in continued proportion. 


Again, since 4 by multiplying itself has made B, 
therefore A measures 7! according to the units in itself. 

But the unit also measures 74 according to the units in it; 
therefore, as the unit is to 4, so is 74 to 7. [vit. Def. 20] 

But between the unit and 74 two mean proportional numbers 
have fallen ; 
therefore two mean proportional numbers will also fall between 
A, B. (vu. 8] 

But, if two mean proportional numbers fall between two 
numbers, and the first be cube, the second will also be cube. 


(vir. 23] 
And A is cube; 
therefore Z is also cube. Q. E. D, 
'The product of a? into itself, or à? . à?, is a cube. 
For I:@=a:a@=a': a. 
Therefore between 1 and a’ there are two mean proportionals. 
Also 1:@=a': a. a’. 
‘Therefore two mean proportionals fall between a? and a? . a*. (viui. 8] 


(It is true that viii. 8 is only enunciated of two pairs of numbers, but the 
proof is equally valid if one number of one pair is unity.) 
And à! is a cube number: 


therefore a? . à? is also cube. [vur. 23] 
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PROPOSITION 4. 


Lf a cube number by multiplying a cube number make some 
number, the product will be cube. 


For let the cube number 4 by multiplying the cube number 
B make C; 








I say that C is cube. A — 

For let A by multiplying B-- — 
itself make D ; es 
therefore D is cube. [1x. 3] DIU 


And, since 4 by multiply- 
ing itself has made D, and by multiplying Z has made C 
therefore, as 4 is to B, so is D to C. (vir. 17] 
And, since 4, & are cube numbers, 
A, B are similar solid numbers. 
Therefore two mean proportional numbers fall between 


A, B; (vin. 19] 
so that two mean proportional numbers will fall betweer. 2, 
C also. [viri. 8] 
And D is cabe; 
therefore C is also cube ſvm. 23)] 
Q. E. D. 
The product of two cubes, say a*. 2), is a cube. 
For a: P=@.a: a5. 8. (vu. 17] 
And two mean proportionals fall between a‘, 4 which are similar solid 
numbers. (vuu. 19 
Therefore two mean proportionals fall between 4°. a’, a*. P (vii. 8 
But à). à? is a cube: [1x. 3 
therefore a*. & is a cube. (vin. 23] 


PROPOSITION 5. 


Lf a cube number by multiplying any number make a cube 
number, the multiplied number will also be cube. 


For let the cube number 4 by multiplying any number Z 
make the cube number C; 
I say that Z is cube. 


For let 4 by multiplying 
itself make 2 ; 


therefore D is cube.  [ix. 3] 


oO 8 > 
i 
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Now, since 4 by multiplying itself has made D, and by 
multiplying Z has made C, 
therefore, as 4 is to B, so is D to C. (vi. 17] 
And since D, C are cube, 
they are similar solid numbers. 


Therefore two mean proportional numbers fall between 
D, C. (vur. 19] 
And, as D is to C, so is 4 to B; 


therefore two mean proportional numbers fall between 4, B 


also. [viir. 8] 
And A is cube; 
therefore ZB is also cube. (vin. 23] 


If the product æ% is a cube number, ^ is cube. 
By 1x. 3, the product a.a’ is a cube. 


And a.a:@b=a': b. [vir. 17] 
The first two terms are cubes, and therefore “similar solids”; therefore 
there are two mean proportionals between them. [viii. 19 
Therefore there are two mean proportionals between a’, 4. [vin. 8 
And a’ is a cube: 
therefore 4 is a cube number. (vur. 23) 


PROPOSITION 6. 


Jf a number by multiplying itself make a cube number, tt 
will itself also be cube. 
For let the number 4 by multiplying itself make the cube 
number B ; 
I say that 4 is also cube. Ac 
For let A by multiplying 2 make C. B 
Since, then, 4 by multiplying itself © 
has made Z, and by multiplying 2 has 
made C, 
therefore C is cube. 
And, since 4 by multiplying itself has made 2, 
therefore 4 measures B according to the units in itself. 
But the unit also measures 4 according to the units in it. 
Therefore, as the unit is to 4, sois 4 to D. (vu. Def. 20] 
And, since 4 by multiplying B has made C, 
therefore B measures C according to the units in A. 
But the unit also measures 4 according to the units in it. 
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Therefore, as the unit is to 74, so is B to C. (vu. Def. 29] 
But, as the unit is to A, so is 4 to B; 
therefore also, as A is to B, so is B to C. 
And, since Z, C are cube, 
they are similar solid numbers. 
Therefore there are two mean proportional numbers 
between Z2, C. (vir. 19] 
And, as P is to C, so is 4 to B. 


Therefore there are two mean proportional numbers 


between 4, P also. (vin. 8] 
And B is cube ; 
therefore A is also cube. [cf. viri. 23] 
Q. E. D. 
If a^ is a cube number, a is also a cube. 
For 1:0-a:a* 2a! :ag* 
Now a’, à! are both cubes, and therefore “similar solids”; therefore there 
are two mean proportionals between them. [viri 19 
Therefore there are two mean proportionals between a, a’. (vin. 8 
And a? is a cube: 
therefore a is also a cube number. (vir. 23] 


It will be noticed that the last step is not an exact quotation of the result 
of viri. 23, because it is there the frs¢ of four terms which is known to be a 
cube, and the /as/ which is proved to be a cube ; here the case is reversed. 
But there is no difficulty. Without inverting the proportions, we have only 
to refer to vill. 21 which proves that a, a?, having two mean proportionals 
between them, are two similar solid numbers; whence, since a? is a cube, 
a is also a cube. 


PROPOSITION 7. 


Jf a composite number by multiplying any number make 
some number, the product will be sold. 


For let the composite number 4 by multiplying any number 
B make C; 


I say that C is solid. E 
For, since 4 is composite, c 
it will be measured by some p E 


number. (vit. Def. 13] 
Let it be measured by D; 
and, as many times as D measures 74, so many units let there 


be in Æ. 
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Since then. measures 4 according to the units in Æ, 
therefore £ by multiplying D has made 4. (vi: Def. 15) 
And, since 4 by multiplying B has made C, 
and 4 is the product of D, £, 
therefore the product of D, £ by multiplying B has made C. 
Therefore C is solid, and D, E, P are its sides. 
Q. E. D. 
Since. a composite number is the product of two factors, the result of 


multiplying it by another number is to produce a number which is the 
product of three factors, i.e. a “solid number.” 


PROPOSITION 8. 


Jf as many numbers as we please beginning from an unit be 
in continued proportion, the third from the unit will be square, 
as will also those which successively leave out one; the fourth 
will be cube, as will also all those which leave out two; and the 
seventh will be at once cube and square, as wll also those which 
leave out five. 


Let there be as many numbers as we please, 4, B, C, D, 
E, F, beginning from an unit and in con- 
tinued proportion ; A—— 





| say that. Z, the third from the unit, is — e 
square, as are also all those which leave p 
out one; C, the fourth, is cube, as are E 
also all those which leave out two; and F 





F, the seventh, is at once cube and 
square, as are also all those which leave out five. 


For since, as the unit is to 4, so is 4 to P, 


therefore the unit measures the number 4 the same number 
of times that 4 measures. 2. (vit. Def. 20] 


But the unit measures the number 4 according to the 
units in ıt; 
therefore 4 also measures 2 according to the units in 4. 
Therefore 4 by multiplying itself has made Z ; 
therefore B is square. 


And, since B, C, D are in continued proportion, and 2 is 
square, 


therefore D is also square. (vi. 22] 


ix. 8] PROPOSITIONS 7, 8 391 


For the same reason 
F is also square. 

Similarly we can prove that all those which leave out one 
are square, 

I say next that C, the fourth from the unit, is cube, as are 
also all those which leave out two. 

For since, as the unit is to 4, so is B to C, 


therefore the unit measures the number 4 the same number 
of times that Z measures C. 


But the unit measures the number 74 according to the units 
in 4; 
therefore Z also measures C according to the units in 4. 

Therefore A by multiplying B has made C. 

Since then 4 by multiplying itself has made Z, and by 
multiplying B has made C, 


therefore C is cube. 


And, since C, D, £, F are in continued proportion, and C 
is cube, 


therefore F is also cube. fv. 23] 
But it was also proved square ; 
therefore the seventh from the unit is both cube and square. 


Similarly we can prove that all the numbers which leave 
out five are also both cube and square. 
Q. E. D. 


If 1, a, az, 4$, ... be a geometrical progression, then a,, 44, ds, ... are 
Squares; 
Az, 04; 4, ... are cubes ; 
4,, 455, ... are both squares and cubes. 
Since I:Q0—-d:4d;, 
a, = a", 
And, since 2, 4, @, are in geometrical progression and a, (= a’) is a square, 
a, is a square. (vin. 22] 
Similarly &,, a4, ... are squares. 
Next, I. @=@yius 
=a’; A3, 
whence a; =a’, a cube number. 
And, since a;, a,, 4, 4, are in geometrical progression, and a; is a cube, 
a, is a cube. (vit. 23] 
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Similarly a;, 2;,, ... are cubes. 

Clearly then a,, 25, 45, ... are both squares and cubes. 

The whole result is of course obvious if the geometrical progression is 
written, with our notation, as 


PROPOSITION 9. 


If as many numbers as we please beginning from an unit be 
in continued proportion, and the number after the unit be square, 
all the rest will also be square. And, uf the number after the 
unit be cube, all the rest will also be cube. 


Let there be as many numbers as we please, 4, B. C, D, 
E, F, beginning from an unit and in con- 
tinued proportion, and let 4,the number ^—— 
after the unit, be square ; B 


I say that all the rest will also be square. 


Now it has been proved that B, the — — 
third from the unit, is square, as are also e —————————— 
all those which leave out one; [1x. 8] 


I say that all the rest are also square. 
For, since A, B, C are in continued proportion, 


and A is square, 

therefore C is also square. (vu. 22] 
Again, since Z, C, D are in continued proportion, 

and P is square, 

D is also square. (vin. 22] 
Similarly we can prove that all the rest are also square. 


Next, let 4 be cube; 
I say that all the rest are also cube. 


.. Now it has been proved that C, the fourth from the unit, 
is cube, as also are all those which leave out two; fix. 8] 


I say that all the rest are also cube. 
For, since, as the unit is to 4, so is 4 to B, 


therefore the unit measures 4 the same number of times as 4 
measures 7. 


But the unit measures 4 according to the units in it; 
therefore 4 also measures Z according to the units in itself ; 
therefore 4 by multiplying itself has made 7. 
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And 4A is cube. 
But, if a cube number by multiplying itself make some 
number, the product is cube. [1x. 3] 
Therefore & is also cube. 
And, since the four numbers 4, B, C, D are in continued 
proportion, 
and 4 is cube, 
D also is cube. (vin. 23] 
For the same reason 
E is also cube, and similarly all the rest are cube. 


Q. E. D. 
If 1, à?, a5, 25, 4,, ... are in geometrical progression, a,, a5, 4,, ... are all 
squares ; 
and, if r, à?, a5, a5, 44, ... are in geometrical progression, q,, q;, ... are all cubes. 
(1) By 1x. 8, @, a, @, ... are all squares. 
And, a’, a,, a, being in geometrical progression, and a? being a square, 
a, is a square. (vin. 22] 
For the same reason 4,, @;, ... are all squares. 
(2) By 1x. 8, d3, @g, a, ... are all cubes. 
Now I1:@=a°': a. 
Therefore a, = @° ..a’, which is a cube, by ix. 3. 
And, a’, a, 43, a being in geometrical progression, and a’ being cube, 
a, is cube. (vin. 23] 


Similarly we prove that a, is cube, and so on. 

The results are of course obvious in our notation, the series being 
(1) 1, @, a, a’, ... a™, 
(2) 1, a, a’, a, ... a. 


PROPOSITION IO. 


If as many numbers as we please beginning from an unit be 
zn continued proportion, and the number after the unit be not 
square, netther will any other be square except the third from 
the unit and all those which leave out one. And, tf the number 
after the unit be not cube, neither wil] any other be cube except 
the fourth from the unit and all those which leave out two. 


Let there be as many numbers as we please, 4, B, C, D. 
E, F, beginning from an unit and in continued proportion, 


and let A, the number after the unit, not be square ; 


394 | BOOK IX [1x. 1o 


I say that neither will any other be square except tlie third 
from the unit «and those which 





leave out one >. — 
For, if possible, let C be square. B 
But Ø is also square; (ix. 8] — 
[therefore Z, C have to one another B 
the ratio which a square number : 


has to a square number]. 
And, as # is to C, sois 4 to B; 
therefore 4, B have to one another the ratio which a square 
number has to a square number ; 
[so that 4, B are similar plane numbers]. (virt. 26, converse] 
And P is square ; 
therefore 74 is also square : 
which is contrary to the hypothesis. 
Therefore C is not square. 
Similarly we can prove that neither is any other of the 


numbers square except the third from the unit and those which 
leave out one. 


Next, let Æ not be cube. 

I say that neither will any other be cube except the fourth 
from the unit and those which leave out two. 

For, if possible, let D be cube. 

Now C is also cube ; for it is fourth from the unit.  [ix. 8] 

And, as C is to D, so is P to C; 


therefore Z also has to C the ratio which a cube has to a cube. 
And C is cube; 

therefore Z is also cube. [vur. 25] 
And since, as the unit is to 4, so is A to Ø, 

and the unit measures 74 according to the units in it, 

therefore 44 also measures 7 according to the units in itself ; 

therefore 4 by multiplying itself has made the cube number Z. 


But, if a number by multiplying itself make a cube number, 
it is also itself cube. [1x. 6] 
Therefore 4 is also cube: 


which ts contrary to the hypothesis. 
Therefore D is not cube. 
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Similarly we can prove that neither is any other of the 
numbers cube except the fourth from the unit and those which 
leave out two. 

Q. E. D. 


If 1, @, a, a3, a, ... be a geometrical progression, then (1), if a is not a 
square, none of the terms will be square except 4,, 44, ag, ...; 
and (2), if a is not a cube, none of the terms will be cube except a, a, ay, -- 

With reference to the first part of the proof, viz. that which proves that, if 
a, is a square, a must be a square, Heiberg remarks that the words which 
I have bracketed are perhaps spurious ; for it is easier to use vill. 24 than 
the converse of vill. 26, and a use of viil. 24 would correspond better to the 
use of viir. 25 in the second part relating to cubes. I agree in this view and 
have bracketed the words accordingly. (See however note, p. 383, on 
converses of vill. 26, 27 given by Heron.) If this change be made, the 
proof runs as follows. 


(1) If possible, let a; be square. 
Now d,:05-d8 > Aye 
But a, is a square. (tx. 8] 
Therefore a is to a, in the ratio of a square to a square. 
And a, is square ; 
therefore a is square [viri 24): which is impossible. 
(2) If possible, let a, be a cube. 


Now A; : A4 = A; : Az. 
And a, is a cube. [1x. 8] 
Therefore a, is to a, in the ratio of a cube to a cube. 
And a, is a cube: 
therefore a; is a cube. [vin. 25] 
But, since I:@=@: 4, 
a; = a*. 


And, since a? is a cube, 
a must be a cube [1x. 6]: which is impossible. 

The propositions vill. 24, 25 are here not quoted in their exact form in 
that the first and second squares, or cubes, change places. But there is no 


difficulty, since the method by which the theorems are proved shows that 
either inference is equally correct. 


PROPOSITION II. 


Jf as many numbers as we please beginning from an unit be 
zn continued proportion, the less measures the greater according 
to some one of the numbers which have place among the propor- 
tional numbers. 
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Let there be as many numbers as we please, Z, C, D, E, 
beginning from the unit 4 and in con- 





tinued proportion ; — 

I say that Z, the least of the numbers B, 8 

C, D, E, measures Æ according to some c 

one of the numbers C, D. 0 
For since, as the unit 4 is to B, so E 

is D to £, 


therefore the unit 44 measures the number Z the same number 
of times as 7? measures £ ; 


therefore, alternately, the unit 4 measures D the same number 
of times as Æ measures Æ. (vir. 15] 


But the unit 4 measures D according to the units in it; 
therefore Z also measures Æ according to the units in D ; 


so that Z the less measures Æ the greater according to some 
number of those which have place among the proportional 
numbers.— 


Porism. And it is manifest that, whatever place the 
measuring number has, reckoned from the unit, the same 
place also has the number according to which it measures, 
reckoned from the number measured, in the direction of the 
number before it.— 

Q. E. D. 


The proposition and the porism together assert that, if 1, a, a,, ... a, be a 
geometrical progression, a, measures a, and gives the quotient a,_, (7 < 2). 
Euclid only proves that a, =@.a,_,, as follows. 
I : a= ap : d. 
Therefore 1 measures a the same number of times as a,_, Measures a,. 
Hence r measures a,., the same number of times as a measures 4, ; 


[vii. 15] 
that is, d, 74.04. 
We can supply the proof of the porism as follows. 
I: @=@, : Arey 
A : Qy = Arty | rga, 
z Og r1 any — Gg an» 
whence, ex aequali, 
1 : Anr =â, : Ap- [vir. 14] 


It follows, by the same argument as before, that 
d, — 4, . Qr. 

With our notation, we have the theorem of indices that 
g"*"—q", ar, 
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PROPOSITION I2. 


Jf as many numbers as we please beginning from an unit be 
zn continued proportion, by however many prime numbers the 
last is measured, the next to the unit will also be measured by 
the same. 


Let there be as many numbers as we please, 4, B, C, D, 
beginning from an unit, and in continued proportion ; 


I say that, by however many prime numbers D is measured, 
A will also be measured by the same. 











A— P 
8 G 
o H 
o 

E— 


For let D be measured by any prime number Æ; 
I say that & measures A. 
For suppose it does not ; 


now £ is prime, and any prime number is prime to any which 
it does not measure ; (vir. 29] 


therefore Æ, A are prime to one another. 
And, since Æ measures J, let it measure it according to 7, 
therefore Æ by multiplying F has made D. 


Again, since 4 measures D according to the units in C, 
(ix. 11 and Por.] 


therefore 4 by multiplying C has made JP. 
But, further, E has also by multiplying F made D; 
therefore the product of 4, C is equal to the product of Æ, Z. 


Therefore, as 4 is to £, so is F to C. [vit. 19] 
But 4, Æ are prime, 
primes are also least, [vir. 21] 


and the least measure those which have the same ratio the 
same number of times, the antecedent the antecedent and the 
consequent the consequent ; (vi. 20] 


therefore Æ measures C. 
Let it measure it according to G ; 
therefore Æ by multiplying G has made C. 
But, further, by the theorem before this, 
A has also by multiplying Z made C. [1x. 11 and Por.] 
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Therefore the product of 4, B is equal to the product of 
E, G. 


Therefore, as A is to £, so is G to B. (vit. 19] 
But 4, £ are prime, 
primes are also least, (vir. 21] 


and the least numbers measure those which have the same 
ratio with them the same number of times, the antecedent the 
antecedent and the consequent the consequent : [ vii. 20] 


therefore Æ measures 2. 
Let it measure it according to 77; 
therefore Æ by multiplying Æ has made Z. 


But further 4 has also by multiplying itself made Z 
ix. 8 


therefore the product of Æ, H is equal to the square on 4. 


Therefore, as Æ is to A, so is A to H. (vn. 19) 
But A, £ are prime, 
primes are also least, [vir. 21] 


and the least measure those which have the same ratio the 
same number of times, the antecedent the antecedent and the 
consequent the consequent ; (vil. 20] 
therefore Æ measures A, as antecedent antecedent. 

But, again, it also does not measure it : 
which is impossible. 

Therefore Æ, 4 are not prime to one another. 

Therefore they are composite to one another. 

But numbers composite to one another are measured by 
some number. ivi. Def. 14] 

And, since Æ is by hypothesis prime, 
and the prime is not measured by any number other than itself, 
therefore Æ measures 4, £, 
sa that Æ measures 4. 

[But it also measures D ; 
therefore Æ measures 4, D.] 


Similarly we can prove that, by however many prime 
numbers 2 is measured, 4 will also be measured by the same. 
Q. E. D. 


If 1, a, a3, ... 4, be a geometrical progression, and a, be measured by any 
prime number 2, a will also be measured by ꝓ. 
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For, if possible, suppose that ^ does not measure aj then, ? peing prime, 
v 


p, @ are prime to one another. it. 29] 
Suppose ap = M.P. 

Now A, =â . âai" [1x. 11] 
Therefore a. an EM. P, 

and A: P =M : aai: (vi. 19] 
Hence, a, ? being prime to one another, 

f measures 4... [vit. 20, 21] 


By a repetition of the same process, we can prove that ? measures 4,.; 
and therefore a,.,, and so on, and finally that ? measures a. 

But, by hypothesis, does not measure a: which is impossible. 

Hence f, a are not prime to one another : 


therefore they have some common factor. (vu. Def. 14] 
But ? is the only number which measures 2; 
therefore ? measures a. 
Heiberg remarks that, as, in the éxOeors, Euclid sets himself to prove that 
E measures A, the words bracketed above are unnecessary and therefore 
perhaps interpolated. 


PROPOSITION 13. 


If as many numbers as we please beginning from an unit be 
an continued proportion, and the number after the unit be prime, 
the greatest will not be measured by any except those which, have 
a place among the proportional numbers. 


Let there be as many numbers as we please, 4, B, C, D, 
beginning from an unit and in continued proportion, and let 4, 
the number after the unit, be prime ; 

I say that D, the greatest of them, will not be measured by any 
other number except 4, B, C. 


A ———— E-— 
B F 
— a 
D H- 





For, if possible, let it be measured by Æ, and let Æ not be 
the same with any of the numbers 4, B, C. 

It is then manifest that E is not prime. 

For, if Æ is prime and measures D, 
it will also measure 74 [ix. 12], which is prime, though it is not 
the same with it : 


which is impossible. 
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Therefore £ is not prime. 

Therefore it is composite. 

But any composite number is measured by some prime 
number ; [vir. 31] 
therefore Æ is measured by some prime number. 

I say next that it will not be measured by any other prime 
except 4. 

For, if E is measured by another, 


and E measures D, 
that other will also measure 2 ; 


so that it will also measure 74 (ix. 12), which is prime, though 
it is not the same with it: 
which is impossible. 

Therefore 4 measures Æ. 

And, since Æ measures D, let it measure it according to F. 

I say that F is not the same with any of the numbers 
A, B,C. 

For, if F is the same with one of the numbers 4, B,C, 
and measures D according to £, 
therefore one of the numbers Z4, Z, C also measures D according 
to Æ. 

But one of the numbers 4, B, C measures D according to 
some one of the numbers 4, B, C; (1x. 11] 
therefore Æ is also the same with one of the numbers 4, B, C: 
which is contrary to the hypothesis. 

Therefore F is not the same as any one of the numbers 
A. B,C. 

Similarly we can prove that FÆ is measured by 44, by 
proving again that F is not prime. 

For, if it is, and measures J, 
it will also measure 74 [1x. 12), which is prime, though it is not 
the same with it : 
which is impossible ; 
therefore F is not prime. 


Therefore it is composite. 
But any composite number is measured by some prime 
number ; (vu. 31] 


therefore F is measured by some prime number. 
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I say next that it will not be measured by any other prime 
except 4. 

For, if any other prime number measures Æ, 
and F measures 2, 


that other will also measure D; 


so that it will also measure 4 [1x. 12), which is prime, though it 
is not the same with it: 


which is impossible. 

Therefore 4 measures 7. 

And, since E measures D according to F, 
therefore £ by multiplying F has made D. 

But, further, 4 has also by multiplying C made D; [1x. 11] 
therefore the product of 4, C is equal to the product of £, F. 


Therefore, proportionally, as 4 is to £, so is F to C. 


(vir. 19) 
But 4 measures £ ; 


therefore Æ also measures C. 


Let it measure it according to G. 

Similarly, then, we can prove that G is not the same with 
any of the numbers 4, B, and that it is measured by 4. 

And, since F measures C according to G 


therefore F by multiplying G has made C. 
But, further, 4 has also by multiplying B made C;; (ix. 11] 
therefore the product of 4, B is equal to the product of F, G. 


Therefore, proportionally, as 4 is to F, so is G to m 
VII. 19 
But 4 measures /; 


therefore G also measures 7. 


Let it measure it according to 77. 

Similarly then we can prove that 7/7 is not the same 
with 4. 

And, since G measures B according to 77, 


therefore G by multiplying 77 has made 2. 


But further 4 has also by multiplying itself made 2 Es 
IX. 


therefore the product of Æ, G is equal to the square on A. 
Therefore, as 77 is to A, so is A to G. (vit. 19] 
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But A measures G 


therefore 77 also measures 74, which is prime, though it is not 
the same with it : 


which is absurd. 


Therefore D the greatest will not be measured by any 
other number except 4, B, C. 
Q. E. D. 


If 1, a, a;, ... à, be a geometrical progression, and if a is prime, a, will not 
be measured by any numbers except the preceding terms of the series. 

If possible, let a, be measured by 4, a number different from all the 
preceding terms. 

Now b cannot be prime, for, if it were, it would measure a. [1x. 12] 

Therefore b is composite, and hence will be measured by some prime 
number [vit 31], say 2. 

Thus ? must measure a, and therefore a [1x. 12]; so that ? cannot be 
different from a, and d is not measured by any prime number except a. 


Suppose that a,=b.6. 
Now c cannot be identical with any of the terms a, a, ... @,-,; for, if it 
were, 4 would be identical with another of them: [1x. 11] 


which is contrary to the hypothesis. 


We can now prove (just as for 2) that ¢ cannot be prime and cannot be 
measured by any prime number except a. 

Since b.¢=a,=@.a,-4, [1x. 11] 
whence, since a measures 4, 


Let aaa =C. d. 


We now prove in the same way that 4 is not identical with any of the terms 
A, ds, ... Q& a, iS not prime, and is not measured by any prime except a, and 
also that 

d Measures @,_9. 


Proceeding in this way, we get a last factor, say Å, which measures a 
though different from it: 


which is absurd, since a is prime. 


Thus the original supposition that @, can be measured by a number 4 
different from all the terms a, ao, ... @,-, must be incorrect. 
Therefore etc. 


PROPOSITION 14. 


Jf a number be the least that is measured by prime numbers, 
tt well not be measured by any other prime number except those 
originally measuring it. 


For let the number 4 be the least that is measured by the 
prime numbers Z, C, D; 
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I say that 4 will not be measured by any other prime number 
except Z, C, D. 

For, if possible, let it be measured by the prime number 
Æ, and let E not be the same with any one of the numbers 
5, C, D. 


A — B-— 
C —— 


D 








Now, since £ measures A, let it measure it according 
to F; 
therefore £ by multiplying / has made 4. 


And 4 is measured by the prime numbers A, C, D. 

But, if two numbers by multiplying one another make some 
number, and any prime number measure the product, it will 
also measure one of the original numbers ; (vit. 30] 


therefore B, C, D will measure one of the numbers Æ, Z. 
Now they will not measure Z ; 
for E is prime and not the same with any one of the numbers 
A, C, D. 
Therefore they will measure 7, which is less than 4 : 


which is impossible, for 4 is by hypothesis the least number 
measured by 2, C, D. 
Therefore no prime number will measure 4 except 


D, C, D. 
Q. E. D. 


In other words, a number can be resolved into prime factors in only 


onc way. 
Let a be the least number measured by each of the prime numbers 
b, e, d, ... k. 
Tf possible, suppose that a has a prime factor 2 different from /, «, d, ... k. 
Let a=p.m. 
Now /, c, d, ... &, measuring a, must measure one of the two factors p, m. 


(vir. 30] 
They do not, by hypothesis, measure ? ; 
therefore they must measure 7 a number less than a : 
which is contrary to the hypothesis. 
Therefore a has no prime factors except 4, «c, d, ... 4. 
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PROPOSITION 15. 


Jf three numbers in continued proportion be the least of 
those which have the same ratio with them, any two whatever 
added together will be prime to the remaining number. 


Let 4, B, C, three numbers in continued proportion, be 
the least of those which have the same 





ratio with them ; A — 8 
I say that any two of the numbers c 
A, B, C whatever added together are o—t e 


prime to the remainingnumber, namely 
4A, B to C; B, C to A ; and further ZA, C to P. 
For let two numbers DE, £F, the least of those which 
have the same ratio with 4, B, C, be taken. (vit. 2) 
It is then manifest that DZ by multiplying itself has made 
A, and by multiplying £F has made J, and, further, £F by 


multiplying itself has made C. [vur. 2) 
Now, since DE, EF are least, 

they are prime to one another. (vit. 22] 
But, if two numbers be prime to one another, 

their sum is also prime to each ; [vir. 28] 


therefore DF is also prime to each of the numbers DE, £F. 
But further DZ is also prime to EZ; 
therefore DF, DE are prime to EF. 
But, if two numbers be prime to any number, 
their product is also prime to the other ; [vu. 24] 
so that the product of FD, DE is prime to EF; 
hence the product of FD, DE is also prime to the square 


on EF. (vit. 25] 
But the product of FD, DE is the square on DE together 
with the product of DE, EF; i. 3) 


therefore the square on D together with the product of DE, 
EF is prime to the square on EF. 


And the square on DE is A, 
the product of DE, ZF is B, 
and the square on EF is C; 
therefore 4, B added together are prime to C. 
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Similarly we can prove that &, C added together are 
prime to A. 


I say next that 4, C added together are also prime to B. 
For, since DF is prime to each of the numbers DE, EF, 


the square on DF ts also prime to the product of DE, EF. 


(vir. 24, 25] 
But the squares on DE, EF together with twice the pro- 
duct of DZ, EF are equal to the square on DE; (1. 4] 


therefore the squares on DE, £F together with twice the 
product of DE, EF are prime to the product of DE, EF. 
Separando, the squares on DE, EF together with once 
the product of DE, EF are prime to the product of DE, EF. 
Therefore, separando again, the squares on DE, EF are 
prime to the product of DE, EF. 
And the square on DE is 4, 
the product of DE, EF is B, 
and the square on EF is C. 


Therefore 4, C added together are prime to B. 
Q. E. D. 
If a, 4, ¢ be a geometrical progression in the least terms which have a 
given common ratio, (ó + <), (c + a), (a + b) are respectively prime to a, 4, c. 


Let a : B be the common ratio in its lowest terms, so that the geometrical 
progression is 


c? ap, p (vin. 2] 
Now, a, B being prime to one another, 
a + is prime to both a and f. [vir. 28] 
Therefore (a+ B), a are both prime to £. 
Hence (a * B) « is prime to B, (vir. 24] 
and therefore to f’; (vir. 25] 
i.e. a’ + af is prime to f°, 
or a +b is prime to c. 
Similarly, aß + Bis prime to a’, 
or 5 * cis prime to a. 
Lastly, a+ being prime to both a and $£, 
(a+ BY is prime to af, [vir. 24, 25] 
or a? 4 f? 4 2a8 is prime to af: 
whence a’ + f’ is prime to af. 


The latter inference, made in two steps, may be proved by reductio ad 
absurdum as Commandinus proves it. 

If a? 4 f? is not prime to of, let x measure them ; 
therefore x measures a’ + 8* * 2af as well as a8 ; 
hence a? + 8* * 2a and af are not prime to one another, which is contrary 
to the hypothesis. 
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PROPOSITION 16. 


Jf two numbers be prime to one another, the second will not 
be to any other number as the first ts to the second. 


For let the two numbers 4, P be prime to one another ; 
I say that B is not to any other number as 








A isto B. A E 
For, if possible, as 4 is to Z, solet 7 be s = 

to C. —— 
Now 4, P are prime, 

primes are also least, [vit. 21] 


and the least numbers measure those which have the same 
ratio the same number of times, the antecedent the antecedent 
and the consequent the consequent ; [vit. 20] 
therefore A measures PD as antecedent antecedent. 

But it also measures itself ; 
therefore 4 measures 4, B which are prime to one another : 
which is absurd. 

Therefore Z will not be to C, as A is to P. 

Q. E. D. 

If a, 5 are prime to one another, they can have no integral third 
proportional. 

If possible, let a:b=b:x, 


Therefore [vi1. 20, 21] @ measures ^; and a. ^ have the common measure 
a, which is contrary to the hypothesis. 


PROPOSITION 17. 


If there be as many numbers as we please in continued 
proportion, and the extremes of them be prime to one another, 
the last will not be to any other number as the first to the 
second. 

For let there be as many numbers as we please, 4, B,C, D, 
in continued proportion, 
and let the extremes of them, 4, 
D, be prime to one another ; v 
I say that D is not to any other 
number as 4 1s to Z. 

For, if possible, as 4 is to B, so let D be to £; 
therefore, alternately, as 4 is to D, so is B to Æ. [vir. 13] 


A— 8 








E 
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But 4, D are prime, 
primes are also least, (vir. 21] 
and the least numbers measure those which have the same 
ratio the same number of times, the antecedent the antecedent 
and the consequent the consequent. [vit. 20] 


Therefore 4 measures B. 
And, as 4 is to D, so is & to C. 
Therefore B also measures C ; 


so that 74 also measures C. 
And since, as P is to C, so is C to D, 
and & measures C, 
therefore C also measures D. 
But 44 measured C ; 
so that 4 also measures D. 
But it also measures itself ; 
therefore 4 measures 4, D which are prime to one another: 
which is impossible. 
Therefore D will not be to any other number as 4 is to B. 
Q. E. D. 


If a, d3, a,, ... a, be a geometrical progression, and a, a, are prime to one 
another, then a, a, a, can have no integral fourth proportional. 


For, if possible, let a:0,—44 : X. 
Therefore a:d4,-74,:4, 
and hence [vit. 20, 21) & measures 43. 
Therefore 2, measures a;, (vu. Def. 20] 


and hence a measures a;, and therefore also ultimately a,. 
Thus a, a, are both measured by a: which is contrary to the hypothesis. 


PROPOSITION 18. 


Given two numbers, to investigate whether it is possible to 
find a third proportional to them. 


Let A, B be the given two numbers, and let it be required 
to investigate whether it is possible to find a third proportional 
to them. 

Now A, B are either prime to one another or not. 

And, if they are prime to one another, it has been proved 


that it is impossible to find a third proportional to them. 
[1x. 16) 
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Next, let 4, B not be prime to one another, 
and let B by multiplying itself make C. 
Then A either measures C or does not measure it. 


A 
8 








D 





C 





First, let it measure it according to D; 
therefore 4 by multiplying D has made C. 
But, further, B has also by multiplying itself made C ; 
therefore the product of 4, D is equal to the square on 2. 
Therefore, as 4 is to B, sois P to D; [vir. 19] 


therefore a third proportional number 2 has been found to 
A, B 


Next, let £ not measure C ; 


I say that it is impossible to find a third proportional number 
to A, B. 5 


f n if possible, let D, such third proportional, have been 
ound. 
Therefore the product of 4, D is equal to the square on Z. 
But the square on Z is C ; 
therefore the product of 4, D is equal to C. 
Hence 4 by multiplying D has made C; 
therefore 4 measures C according to 2. 
But, by hypothesis, it also does not measure it : 
which is absurd. 


Therefore it is not possible to find a third proportional 
number to 4, 8 when 7d does not measure C. Q. E. D. 


Given two numbers a, 2, to find the condition that they may have an 
integral third proportional. 
(1) a, b must not be prime to one another. [1x. 16] 
(2) a must measure 2’. 

For, if a, b, c be in continued proportion, 

ac = 8. 

Therefore a measures 4”. 
Condition (1) is included in condition (2) since, if 4?= ma, a and 4 cannot 
be prime to one another. 


The result is of course easily seen if the three terms in continued 
proportion be written 
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PROPOSITION I9. 


Given three numbers, to investigate when it 1s possible to 
find a fourth proportional to them. 


Let A, B, C be the given three numbers, and let it be 
required to investigate when it is 4 
possible to find a fourth proportional 
to them. 

Now either they are not in con- 
tinued proportion, and the extremes 
of them are prime to one another ; 
or they are in continued proportion, and the extremes of them 
are not prime to one another ; 
or they are not in continued proportion, nor are the extremes 
of them prime to one another ; 
or they are in continued proportion, and the extremes of them 
are prime to one another. 

If then A, Z, C are in continued proportion, and the 
extremes of them 4, C are prime to one another, 
it has been proved that it is impossible to find a fourth pro- 
portional number to them. [1x. 17] 

TNext, let 4, B, C not be in continued proportion, the 
extremes being again prime to one another ; 

I say that in this case also it is impossible to find a fourth 
proportional to them. 

For, if possible, let D have been found, so that, 

as A is to P, so is C to D, 
and let it be contrived that, as B is to C, so is D to £. 

Now, since, as 4d is to P, so is C to D, 

and, as Æ is to C, so is D to £, 





moo o 


therefore, ex aegualz, as A is to C, so is C to £F. [vri. 14] 
But 4, C are prime, 
primes are also least, [vir. 21] 


and the least numbers measure those which have the same 

ratio, the antecedent the antecedent and the consequent the 

consequent. (vit. 20] 
Therefore A measures C as antecedent antecedent. 
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But it also measures itself ; 
therefore 4 measures 4, C which are prime to one another : 
which is impossible. 

Therefore it is not possible to find a fourth proportional 
to 4, B, C1 

Next, let 4, B, C be again in continued proportion, 
but let 4, C not be prime to one another. 

] I say that it is possible to find a fourth proportional to 
them. 

For let B by multiplying C make D; 
therefore 4 either measures D or does not measure it. 

First, let it measure it according to Z ; 
therefore 4 by multiplying E has made P. 

But, further, P has also by multiplying C made D ; 
therefore the product of 4, Æ is equal to the product of 
therefore, proportionally, as Æ is to B, so is C to Æ; [vu. 19] 
therefore Æ has been found a fourth proportional to 4, B, C. 

Next, let 4 not measure D; 

I say that it is impossible to find a fourth proportiona! number 
to A, B, C. 

For, if possible, let Æ have been found ; 

therefore the product of 4, Æ is equal to the product of P, C. 


[vir. 19] 

But the product >f B, C is D; 
therefore the product of A, £ is also equal to D. 

Therefore A by multiplying Æ has made 2 ; 
therefore 4 measures D according to £, 
so that 4 measures D. 

But it also does not measure it : 
which is absurd. 

Therefore it is not possible to find a fourth proportional 
number to 4, B, C when 4 does not measure D. 

Next, let 4, B, C not be in continued proportion, nor the 
extremes prime to one another. 

And let & by multiplying C make D. 

Similarly then it can be proved that, if 4 measures D, 
it is possible to find a fourth proportional to them, but, if it 
does not measure it, impossible. Q. E. D. 
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Given three numbers a, 4, ¢, to find the condition that they may have an 
integral fourth proportional. — . e 

The Greek text of part of this proposition is hopelessly corrupt. Accord- 
ing to it Euclid takes four cases. 
(1) a, 4, ¢ not in continued proportion, and a, ¢ prime to one another. 
(2) a, b, c in continued proportion, and a, c not prime to one another. 
(3) a, 6, ¢ not in continued proportion, and a, ¢ not prime to one another. 
(4) a, b, c in continued proportion, and a, c prime to one another. 


(4) is the case dealt with in 1x. 17, where it is shown that on hypothesis 
(4) a fourth proportional cannot be found. 


The text now takes case (1) and asserts that a fourth proportional cannot 
be found in this case either. We have only to think of 4, 6, 9 in order to see 
that there is something wrong here. The supposed proof is also wrong. If 
possible, says the text, let Z be a fourth proportional to a, b, c, and let e 
be taken such that 

bigsd:e, 

Then, ex aequa/i, icc he 
whence a measures c : [vil. 20, 21] 
which is impossible, since @, ¢ are prime to one another. 

But this does not prove that a fourth proportional Z cannot be found ; it 
only proves that, if d is a fourth proportional, no integer e can be found to 
satisfy the equation 


b:¢=d:e. 
Indeed it is obvious from 1x. 16 that in the equation 
a:c-c:e 


e cannot be integral. 


The cases (2) and (3) are correctly given, the first in full, and the other as 
a case to be proved *'similarly" to it. 

These two cases really give all that is necessary. 

Let the product 4c be taken. 

Then, if a measures c, suppose dc = ad; 


therefore a:b=¢:4, 
and @ is a fourth proportional. 


But, if a does zo! measure 4c, no fourth proportional can be found. 
For, if x were a fourth proportional, ex would be equal to /c and a would 
measure A. 

The sufficient condition in any case for the possibility of finding a fourth 
proportional to a, 2, c is that a should measure dc. 

Theon appears to have corrected the proof by leaving out the incorrect 
portion which I have included between daggers and the last case (3) dealt 
with in the last lines. Also, in accordance with this arrangement, he does not 
distinguish four cases at the beginning but only two. “Either 4, B, C are 
in continued proportion and the extremes of them A, C are prime to one 
another; or not." Then, instead of introducing case (2) by the words 
“Next let 4, B, C...to find a fourth proportional to them," immediately 
following the second dagger above, Theon merely says “But, if not,” [i.e. 
if it is not the case that a, , c are in G.P. and a, ¢ prime to one another] “let 
B by multiplying C make D,” and so on. 
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August adopts Theon's form of the proof. Heiberg does not feel able to 
do this, in view of the superiority of the authority for the text as given above 
(P); he therefore retains the latter without any attempt to emend it. 


PROPOSITION 20. 


Prime numbers ave more than any assigned multitude of 
prime numbers. 
Let A, B, C be the assigned prime numbers ; 


I say that there are more 
prime numbers than 4, B,C. A— 





For let the least number 8— q 
measured by 4, B, C be c—— 
taken, p——— o.c ÉD 


and let it be DE; 
let the unit DF be added to DZ. 
Then £F is either prime or not. 
First, let it be prime ; 
then the prime numbers 4, B, C, EF have been found which 
are more than 4, P, C. 
Next, let EF not be prime; 
therefore it is measured by some prime number. (vir. 31] 
Let it be measured by the prime number G. 
I say that G is not the same with any of the numbers 
A, B, C. 
For, if possible, let it be so. 
Now 4, B, C measure DE ; 
therefore G also will measure D. 
But it also measures E. 
Therefore G, being a number, will measure the remainder, 
the unit DF: 
which is absurd. 
Therefore G is not the same with any one of the numbers 


A, B, C. 
And by hypothesis it is prime. 
Therefore the prime numbers 4, B, C, G have been found 
which are more than the assigned multitude of 4, B, C. 
Q. E. D. 
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We have here the important proposition that the number of prime numbers 
is infinite. 

The proof will be seen to be the same as that given in our algebraical 
text-books. Let a, b, c, ... Å be any prime numbers. 

Take the product adc ... 4 and add unity. 

Then (adc... 4 + 1) is either a prime number or not a prime number. 

(1) If it zs, we have added another prime number to those given. 

(2) If it is not, it must be measured by some prime number [vii. 31], say P. 

Now ? cannot be identical with any of the prime numbers a, 4, ¢, ... &. 

For, if it is, it will divide adc... &. 
Therefore, since it divides (abc... k+ 1) also, it will measure the difference, 
or unity : 
which is impossible. 

Therefore in any case we have obtained one fresh prime number. 

And the process can be carried on to any extent. 


PROPOSITION 21. 


If as many even numbers as we please be added together, 
the whole ts even. 


For let as many even numbers as we please, 44, BC, CD, 
DE, be added together ; 





I say that the whole 4& A_8 c DUE 
is even. 

For, since each of the uumbers 48, BC, CD, DE is even, 
it has a half part ; (vi. Def. 6] 


so that the whole 74 £ also has a half part. 

But an even number is that which is divisible into two 
equal parts ; (4d. ] 
therefore A Æ is even. 

Q. E. D. 


In this and the following propositions up to 1X. 34 inclusive we have a 
number of theorems about odd, even, “even-times even” and “ even-times 
odd” numbers respectively. They are all simple and require no explanation 
in order to enable them to be followed easily. 


PROPOSITION 22. 
Lf as many odd numbers as we please be added together, and 
their multitude be even, the whole will be even. 
For let as many odd numbers as we please, 48, BC, CD, 
DE, even in multitude, be added together ; 
I say that the whole 4 £ is even. 
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For, since each of the numbers 48, BC, CD, DE is odd, 
if an unit be subtracted from each, each of the remainders will 
be even ; (vir. Def. 7] 
so that the sum of them will be even. [1x. 21] 


A 8 9 o E 


But the multitude of the units is also even. 
Therefore the whole 74 Z is also even. [1x. 21] 
Q. E. D. 


PROPOSITION 23. 
Jf as many odd numbers as we please be added together, 
and their multitude be odd, the whole will also be odd. 
For let as many odd numbers as we please, 48, JC, CD, 


the multitude of which is odd, 
be added together ; á à EB 


I say that the whole 4D is — — — 
also odd. 
Let the unit DZ be subtracted from CD; 
therefore the remainder CZ is even. (vir. Def. 7] 
But CA is also even ; (1x. 22] 
therefore the whole 4 Z£ is also even. (1x. 21] 
And DE is an unit. 
Therefore 74 D is odd. (vit, Def. 7] 
Q. E. D. 


3. Literally “let there be as many numbers as we please, of which /e the multitude de 
odd." This form, natural in Greek, is awkward in English. 


PROPOSITION 24. 


Lf from an even number an even number be subtracted, the 
remainder will be even. 

For from the even number AB let the even number BC 
be subtracted : 
I say that the remainder C.4 is even. A c 8 


For, since AB is even, it has a half 
part. (vir. Def. 6) 
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For the same reason BC also has a half part ; 


so that the remainder [C4 also has a half part, and] AC is 
therefore even. 


Q. E. D. 


PROPOSITION 25. 


Jf from an even number an odd number be subtracted, the 
remainder will be odd. 


For from the even number 48 let the odd number BC be 
subtracted ; 
I say that the remainder CA is odd. 4 cO B 


For let the unit CD be sub- 
tracted from BC; 





therefore DB is even. (vit. Def. 7] 
But AB is also even ; 
therefore the remainder 4D is also even. (1x. 24] 
And CD is an unit ; 
therefore CA is odd. (vin. Def. 7] 
Q. E. D. 


PROPOSITION 26. 


Jf from an odd number an odd number be subtracted, the 
remainder will be even. 


For from the odd number AB let the odd number BC be 
subtracted ; 
I say that the remainder CA is even. A c OB 


—_—_— OOo tt 
For, since 48 is odd, let the unit 
BD be subtracted ; 


therefore the remainder 74 D is even. [vir. Def. 7] 
For the same reason CD is also even; (vit. Def. 7] 
so that the remainder C4 is also even. [1x. 24] 


Q. E. D. 
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PROPOSITION 27. 


If from an odd number an even number be subtracted, the 
remainder will be odd. 

For from the odd number 747 let the even number BC be 
subtracted ; 
I say that the remainder C4 is odd. 





Let the unit 4D be subtracted ; Ae Ç 9 
therefore DB is even. (vii. Def. 7] 
But AC is also even; 
therefore the remainder CD is even. (tx. 24] 
Therefore CA is odd. (vit. Def. 7] 
Q. E. D. 


PROPOSITION 28. 
Jf an odd number by multiplying an even number make 
some number, the product will be even. 
For let the odd number 4 by multiplying the even number 
B make C; 
I say that C is even. 
For, since A by multiplying B has œo 


A — 


made C, 
therefore C is made up of as many numbers equal to Z as 
there are units in 4. (vii. Def. 15] 


And P is even ; 
therefore C is made up of even numbers. 
But, if as many even numbers as we please be added 
together, the whole is even. [1x. 21] 
Therefore C is even. 
Q. E. D. 
PROPOSITION 29. 


Jf an odd number by multiplying an odd number make 
some number, the product will be odd. 

For let the odd number 4 by multiplying the odd number 
B make C; 
I say that C is odd. D 

For, since 4 by multiplying B has — 
made C, 
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therefore C is made up of as many numbers equal to Ž as 
there are units in 4. [vrt. Def. 15] 
And each of the numbers 4, B is odd; 


therefore C is made up of odd numbers the multitude of which 
is odd. 


"Thus C is odd. [1x. 23] 
Q. E. D. 
PROPOSITION 30. 


Jf an odd number measure an even number, it will also 
measure the half of it. 


For let the odd number 74 measure the even number 7 ; 
| say that it will also measure the half 





of it. — 
For, since 4 measures Ø, B 
let it measure it according to C ; c 


I say that C is not odd. 

For, if possible, let it be so. 

Then, since A measures Z according to C, 
therefore 4 by multiplying C has made 7. 

Therefore B is made up of odd numbers the multitude 
of which is odd. 

Therefore B is odd: [1x. 23] 
which is absurd, for by hypothesis it is even. 

Therefore C is not odd ; 
therefore C is even. 

Thus 4 measures Z an even number of times. 

For this reason then it also measures the half of it. 

Q. E. D, 


PROPOSITION 31. 


Jf an odd number be prime to any number, tt will also be 


prime to the double of 1t. 


For let the odd number 4 be prime to any number A, 
and let C be double of B; 
I say that 4 is prime to C. 
For, if they are not prime 
to one another, some number 
will measure them. 





A 
B 





— 
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Let a number measure them, and let it be D. 
Now 4 is odd; 


therefore D is also odd. 
And since D which is odd measures C, 
and C is even, 
therefore [D] will measure the half of C also. (1x. 30] 
But 72 is half of C ; 
therefore D measures B. 
But it also measures 4 ; 
therefore D measures 4, & which are prime to one another : 
which is impossible. 
Therefore 4 cannot but be prime to C. 
Therefore A, C are prime to one another. 
Q. E. D. 


PROPOSITION 32. 


Each of the numbers which are continually doubled beginning 
Jom a dyad ts even-times even only. 


For let as many numbers as we please, B, C, D, have been 
continually doubled beginning 
from the dyad 4 ; 


I say that S, C, D are even- 
times even only. 
Now that each of the 


numbers 8, C, D is even-times even is manifest; for it is 
doubled from a dyad. 


I say that it is also even-times even only. 
For let an unit be set out. 
Since then as many numbers as we please beginning from 
an unit are in continued proportion, 
and the number 4 after the unit is prime, 
therefore D, the greatest of the numbers 4, B, C, D, will not 
be measured by any other number except 4, B, C.  [Ix. 13] 
And each of the numbers 4, B, C is even; 
therefore D is even-times even only. [vir. Def. 8] 


Similarly we can prove that each of the numbers Z, C is 
even-times even only. 





ooo» 





Q. E. D. 
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See the notes on viri. Deff. 8 to 11 for a discussion of the difficulties 
shown by Iamblichus to be involved by the Euclidean definitions of “ even- 
times even," *even-times odd" and '"*odd-times even." 


PROPOSITION 33. 


Ifa number have its half odd, it 1s even-times odd only. 
For let the number 4 have its half odd ; 
I say that 4 is even-times odd only. 
Now that it is even-times odd is 
manifest; for the half of it, being odd, 
measures it an even number of times. (vit. Def. 9) 
I say next that it is also even-times odd only. 
For, if A is even-times even also, 
it will be measured by an even number according to an even 
number ; (vit. Def. 8) 
so that the half of it will also be measured by an even number 
though it is odd : 
which is absurd. 
Therefore 4 is even-times odd only. Q. E. D. 


PROPOSITION 34. 


Jf a number neither be one of those which are continually 
doubled from a dyad, nor have tts half odd, it is both even- 
temes even and even-times odd. 

For let the number 4 neither be one of those doubled 
from a dyad, nor have its half odd ; 

I say that 4 is both even-times even A 
and even-times odd. 

Now that 4 is even-times even is manifest ; 
for it has not its half odd. (vit. Def. 8} 

I say next that it is also even-times odd. 

For, if we bisect 4, then bisect its half, and do this con- 
tinually, we shall come upon some odd number which will 
measure 44 according to an even number. 

For, if not, we shall come upon a dyad, 
and A will be among those which are doubled from a dyad : 
which is contrary to the hypothesis. 
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Thus 4 is even-times odd. 

But it was also proved even-times even. 

Therefore 4 is bcth even-times even and even-times odd. 
Q. E. D. 


PROPOSITION 35. 


If as many numbers as we please be in continued proportion, 
and there be subtracted from the second and the last numbers 
egual to the first, then, as the excess of the second is to the 
first, so will the excess of the last be to all those before it. 


Let there be as many numbers as we please in continued 


proportion, 4, BC, D, EF, 


beginning from A as least, A— 
and let there be subtracted B-G-C 
from Z2 C and £F the numbers pM 
BG, FH, each equal to 4; — £—— ———————tqt———i* 


{ say that, as GC is to A, so 
is E to A, DC, D. 
For let FK be made equal to BC, and FZ equal to D. 
Then, since FX is equal to BC, 
and of these the part FH is equal to the part BG, 
therefore the remainder 7X is equal to the remainder GC. 
And since, as EF is to D, so is D to BC, and BC to A, 
while D is equal to FZ, JC to FK, and 4 to FH, 
therefore, as EF' is to FL, so is LE to FK, and FK to FAH. 
Separando, as EL is to LF, so is LK to FK, and KH 
to FH. (vi. 11, 13} 
Therefore also, as one of the antecedents is to one of the 
consequents, so are all the antecedents to all the consequents; 
[vu. 12] 
therefore, as XH is to FH, so are EL, LK, KH to LF, 
FK, HF. 
But XH is equal to CG, FA to A, and LF, FK, HF to 
D, BC, A; 
therefore, as CG is to A, so is EA to D, BC, A. 
Therefore, as the excess of the second is to the first, so is 
the excess of the last to all those before it. 
Q. E. D. 
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This proposition is perhaps the most interesting in the arithmetical Books, 
since it gives a method, and a very elegant one, of summing any series of 
terms in geometrical progression. 

Let a, 4;, 45,...0,, 2,4, be a series of terms in geometrical progression. 
Then Euclid’s proposition proves that 

(@q4,— %) : (a+ a+... + an) = (@,—4,) : q4n. 

For clearness’ sake we will on this occasion use the fractional notation of 
algebra to represent proportions. 

Euclid’s method then comes to this. 


Qn4, C4 Q4 


Since * 
a, OQ. -1 a 


we have, separando, 


Anti — An Sn — Ani _ -2A aidi 


an Gn,» O a ’ 
whence, since, as one of the antecedents is to one of the consequens, so is 
the sum of all the antecedents to the sum of all the consequents, = {vil. 12] 


444170] — 04—4 
d, *ü ate td] d? 
which gives a, + da + ... + an, OU Sa- 
If, to compare the result with that arrived at in algebraical text-books, we 
write the series in the form 








a, ar, ar,...ar™' (n terms), 
ara ar-a 
S. a’ 
a (7* — 1) 
— 








we have 


or Sn 


PROPOSITION 36. 


Lf as many numbers as we please beginning from an uni 
be set out continuously zn double proportion, until the sum of all 
becomes prime, and tf the sum multiplied into the last make 
some number, the product will be perfect. 


For let as many numbers as we please, 4, B, C, D, 
beginning from an unit be set out in double proportion, until 
the sum of all becomes prime, 
let Æ be equal to the sum, and let Æ by multiplying D 
make FG; 

I say that FG is perfect. 

For, however many 4, B, C, D are in multitude, let so 
many Æ, HK, L, M be taken in double proportion beginning 
from £ ; 


therefore, ex aequali, as A is to D, so is E to M. (vin. 14] 
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Therefore the product of Æ, D is equal to the product of 
A, M. [vii. 19] 
And the product of £, D is FG; 
therefore the product of 44, M is also FG. 
Therefore A by multiplying 7 has made FG ; 
therefore Jf measures FG according to the units in 4. 
And 4 is a dyad; 
therefore FG is double of M. 











—A ——B 
Cc 

D 
t E 

E H 
— M 

F o ---..Q0 N 
pP— a 


But M, L, HK, E are continuously double of each other; 
therefore £, HX, L, M, FG are continuously proportional in 
double proportion. 

Now let there be subtracted from the second HA and the 
last FG the numbers ÆN, FO, each equal to the first £ ; 
therefore, as the excess of the second is to the first, so is the 
excess of the last to all those before it. (1x. 35] 

Therefore, as VX is to Æ, so is OG to M, L, KA, E. 

And NK is equal to £; 
therefore OG is also equal to M, L, HK, E. 

But FO is also equal to Æ, 
and Z is equal to 4, B, C, D and the unit. 

Therefore the whole FG is equal to £, HK, L, M and 
4A, B, C, D and the unit ; 
and it is measured by them. 


I say also that FG will not be measured by any other 
number except 4, B, C, D, E, HK, L, M and the unit. 

For, if possible, let some number P measure FG, 
and let P not be the same with any of the numbers 4, P, C, 
D, E, HK, L, M. 

And, as many times as P measures FG, so many units let 
there be in Q; 
therefore Q by multiplying P has made FG. 
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But, further, E has also by multiplying D made FG ; 
therefore, as E is to Q, so is P to D. (vi. 19] 
And, since A, B, C, D are continuously proportional 
beginning from an unit, 
therefore D will not be measured by any other number except 
A, B, C. (1x. 13] 
And, by hypothesis, P is not the same with any of the 
numbers 4, B, C; 


therefore P will not measure D. 
But, as P isto D, sois E to Q; 

therefore neither does Æ measure Q. (vir. Def. 20] 
And Æ is prime; 

and any prime number is prime to any number which it does 


not measure. [vu1. 29] 
Therefore Æ, Q are prime to one another. 
But primes are also least, (vir. ar] 


and the least numbers measure those which have the same 
ratio the same number of times, the antecedent the antecedent 
and the consequent the consequent ; (vu. 20) 
and, as Æ is to Q, so is P to D; 
therefore Æ measures P the same number of times that Q 
measures 2. 
But D is not measured by any other number except 
A,B,C; 
therefore Q is the same with one of the numbers 4, B, C. 
Let it be the same with 7. 
And, however many Z, C, D are in multitude, let so many 
E, HK, L be taken beginning from Æ. 
Now Æ, HK, L are in the same ratio with Z2, C, D; 
therefore, ex aegua/z, as P is to D, so is E to L. [vir. 14] 
Therefore the product of B, £L is equal to the product of 


yd. (vir. 19] 
But the product of D, Æ is equal to the product of Q, P ; 
therefore the product of Q, P is also equal to the product of 


Therefore, as Q is to 2, so is L to P. ſvu. 19) 
And Q is the same with Z ; 
therefore Z is also the same with 7: 
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which is impossible, for by hypothesis P is not the same with 
any of the numbers set out. 

Therefore no number will measure FG except A, Ð, C, 
D, E, HK, L, M and the unit. 

And FG was proved equal to 4, B, C, D, E, HK, L, M 
and the unit; 
and a perfect number is that which is equal to its own parts ; 

(vi. Def. 22] 
therefore FG is perfect. 
Q. E. D. 


If the sum of any number of terms of the series 
125.202? 
be prime, and the said sum te multiplied by the last term, the product will be 
a “perfect” number, i.e. equal to the sum of all its factors. 
Let 1 4 2 * 2? & ... 4 2"^! (—.S,) be prime; 
then shall S, . 2*'! be ** perfect." 
Take (7 — 1) terms of the series 
54525,5255. 2027 a 
These are then terris proportional to the terms 
425 25.4.25 
Therefore, ex aequa, 


2321-9 5253285. (vi. 14] 
or 2,3939 = a8"... Sy. (vu. 19] 
(This is of course obvious algebraically, but Euclid's notation requires him to 


prove it.) 

Now, by ix. 35, we can sum the series S, + 2.5, * ... £ 2"7*S., 
and (2.55, — S,) : S, 2 (2 S, — S) : (So 25S, 9 o0 2" ?,). 

Therefore Sp + 2S, + 27S, +... + 2"775, = 2" 7S, —S,, 
or 2°-1S, = 5S, + 2.5, + 27.5, +... + 2% 48, + S, 

= Sy, + 25, +... +27 7S, + (1+ 2427+... 4 2°77), 

and 2"-!.S, is measured by every term of the right hand expression. 

It is now necessary to prove that 2"^'.S, cannot have any factor except 


those terms. 
Suppose, if possible, that it has a factor x different from all of them, 


and let 2° 1S, = 4. Me 
Therefore So mee 2" [vi1. 19] 
Now 2""' can only be measured by the preceding terms of the series 
0, 2,4254:2' [1x. 13] 


and x is different from all of these ; 
therefore x does not measure 2*^!, 
so that S, does not measure 7. (vu. Def. 20] 
And S, is prime; therefore it is prime to m. (vu. 29] 
It follows [vii. 20, 21] that 
7t measures 2" !, 
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Suppose that m= 2". 
Now, ex aequali, 26349 e S o4 QhoreI S 
Therefore 20.2 E [vir 19] 


= x. m, from above. 

And m= 2"; 
therefore x — 2"7*-! .S, , one of the terms of the series S,, 2.5,, 2? S,, ... 2"7*S,: 
which contradicts the hypothesis. 

There 2*-' S, has no factors except 

585, 2:5, 255,555 2^7 1S, 1,2, 25 5.2", 

Theon of Smyrna and Nicomachus both define a ** perfect" number and 
give the law of its formation. Nicomachus gives four perfect numbers and no 
more, namely 6, 28, 496, 8128. He says they are formed in “ ordered” 
fashion, there being one among the units (i.e. less than 10), one among the 
tens (less than 100), one among the hundreds (less than 1000) and one among 
the thousands (less than 10000); he adds that they terminate in 6 or 8 
alternately. They do all terminate in 6 or 8, as can easily be proved by 
means of the formula (2*—1) 2"~) (cf. Loria, Ze scienze esatte nel? antica 
Grecia, pp. 840—1), but not alternately, for the fifth and sixth perfect numbers 
both end in 6, and the seventh and eighth both end in 8. Iamblichus adds 
a tentative suggestion that perhaps there may be, in like manner, one perfect 
number among the “first myriads” (less than 100007), one among the “second 
myriads” (less than 10000°), and so on. This is, as we shall see, incorrect. 

It is natural that the subject of perfect numbers should, ever since Euclid’s 
time, have had a fascination for mathematicians. Fermat (1601—- 1655), in a 
letter to Mersenne (Œuvres de Fermat, ed. Tannery and Henry, Vol. 11, 
1894, pp. 197—9), enunciated three propositions which much facilitate the 
investigation whether a given number of the form 2"— r is prime or not. If 
we write in one line the exponents r, 2, 3, 4, etc. of the successive powers of 
2 and underneath them respectively the numbers representing the correspond- 
ing powers of 2 diminished by r, thus, 


12 3 4 5 6 7 8 9 10 II 

I 3 7 I5 3I 63 127 255 S11 1023 2047..2"— 1, 
the following relations are found to subsist between the numbers in the first 
line and those directly below them in the second line. 


1. If the exponent is not a prime number, the corresponding number is 
not a prime number either (since a”? — 1 is always divisible by a? — 1 as well 
as by a? - 1). 

2. If the exponent is a prime number, the corresponding number dimi- 
nished by 1 is divisible by twice the exponent. [(2"— 2)/27 2 (2"7! — 1)/4 ; so 
that this is a special case of ** Fermat's theorem " that, if ? is a prime number 
and a is prime to f, then a?^' is divisible by 2.) 

3. If the exponent z is a prime number, the corresponding number is 
only divisible by numbers of the form (2m2+1). If therefore the corre- 
sponding number in the second line has no factors of this form, it has no 
integral factor. 

The first and third of these propositions are those which are specially 
useful for the purpose in question. As usual, Fermat does not give his proofs 
but merely adds: ‘‘ Voila trois fort belles propositions que j'ay trouvées et 
prouvées non sans peine. Je les puis appeller les fondements de l'invention 
des nombres parfaits.” 
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I append a few details of discoveries of further perfect numbers after the 
first four. The next are as follows : 
fifth, — 2!*(22 — 1) 2 33 550 336 
sixth, — 2! (27 — 1) 2 8 589 869 o56 
seventh, 27? (27? — 1) 2 137 438 691 328 
eighth, 29 (23 — 1) 2 2 305 843 008 139 952 128 
ninth, 29 (2? —1) 22 658 455 991 569 831 744 654 692 615 953 842 176 
tenth, | 25 (29 — r). 

It has further been proved that 2!" — 1 is prime, and so is 2'- r. Hence 
2195 (217.— f) and 219 (21? — t) are two more perfect numbers. 

The fifth perfect number may have been known to Ive mblichus, though he 
does not give it; it was however known, with all its factors, in the fifteenth 
century, as appears from a tract written in German which was discovered by 
Curtze (Cod. lat. Monac. 14908). The first eight perfect numbers were 
calculated by Jean Prestet (d. 1670). Fermat had stated, and Euler proved, 
that 2°- 1 is prime. The ninth perfect number was found by P. Seelhoff 
(Zeitschrift für Math. u. Physik, xxx1., 1886, pp. 174—8) and verified by 
E. Lucas (Mathésis, vii., 1887, pp. 45—6). The tenth was discovered by 
R. E. Powers (see Bulletin of the American Mathematical Society, XVN., 1912, 
p. 162). 2'"—1: was proved to be prime by E. Fauquembergue and R. E 
Powers (1914), while Fauquembergue proved that 217 — : is prime. 

There have been attempts, so far unsuccessful, to solve the question 
whether there exist other “ perfect numbers” than those of Euclid, and, in 
particular, perfect numbers which are odd. (Cf. several notes by Sylvester in 
Comptes rendus, CV1., 1888 ; Catalan, “ Mélanges mathématiques ” in Mém. de 
la Soc. de Liége, 2° Série, XV., 1888, pp. 205—7 ; C. Servais in Mathésis, vil., 
pp. 228—30 and viii., pp. 92—93, 135; E. Cesàro in Mathésis, vir, 
pp. 245—6 ; E. Lucas in Mathésis, X., pp. 74—6). 

For the detailed history of the whole subject see L. E. Dickson, History 
of the Theory of Numbers, Vol. 1., 1919, pp. iii—iv, 3—33- 


INDEX OF GREEK WORDS AND FORMS. 


&xpos, extreme (of numbers in a series) 328, 
367: Axpor xal uéaoy Xyor rerutja0a:, **to 
be cut in extreme and mean ratio" 189 

&Xoyos, irrational 117-8 

dyaXoyia, proportion: definitions of, inter- 
polated 119 

dráXoyor — ávà Ad-yov, proportional or in pro- 
portion: used as indeclinable adj. and as 
adv. 129, 165: yéon dvddoyor, mean pro- 
portional (of straight line) 129, similarly 
pécos dvddoyor of numbers 295, 363 etc.: 
tplrn (rplros) dvddoyov, third proportional 
114, 407-8: rerápry (rérapros) áváAoyor, 
fourth proportional 215, 409 : é£7s dváAXovyor 
in continued proportion 346 

dydwadty (Adyos), inverse (ratio), inversely 134 

dracerpéyarri, convertendo 135 

dyagrpoph Abyou, conversion of a ratio 135 

dvicducs dvicdus (cos, unequal by unequal 
by equal (of solid numbers) = scalene, 
opnvisxos, odnkloxos or Bwyuloxos 290 

dvopolws reraypevwr ray Adyww (of perturbed 
proportion) in Archimedes 136 

áyravalpeaus, ?) abr), definition of sare ratio 
in Aristotle (dvOudalpeocs Alexander) 120: 
terms explained 121 

dyriwewovOéra ocxtpara, reciprocal (=reci- 
PIERI related) figures, interpolated def. 
of, 18 

daneric: bresdililess (of prime numbers) 285 

dwoxaracrarixés, recurrent (=spherical), of 
numbers 291 

dwrecOa:, to meet, occasionally to fouch 
(instead of é$ásrec0at) 2: also=to pass 
through, to lie on 7 

dpiÓuós, number, definitions of, 280 

dpridxs dpriodvvayov (Nicomachus) 282 

dpriduis üprios, even-(imes even. 181-2 

dpriáxis. mepuaaós, even-times odd 382-4 

dpriowéperros, even-odd (Nicomachus etc.) 282 

dprvos (áp0pós), even (number) 281 

dovwOeros, (prime and) incomposite (of 
numbers) 284 


BeByxéva:, to stand (of angle standing on 
circumference) 4 

Buploxos, altar-shapfed (of “scalene” solid 
numbers) 290 


yeyovérw (in constructions), “let it be made” 
248 


yeyorós ü» ety Tà. évirax0év, **what was en- 
joined will have been done" 8o, 261 

yevópevos, 6 €€ adrdy, “their product” 316, 
326 etc.: à éx ToU dvds yevduevor= ‘‘ the 
square of the one" 337 

‘yvwpwy, gnomon: Democritus wept iago- 
pis ywwpovor (yrduns or ywrlns?) 7 wept 
yaúsıos kúrħov Kal odalpns 40: (of numbers) 
28 

sake linear (of numbers in one dimen- 
sion) 287: (of prime numbers) 285 

ypdper@a, ‘to be proved” (Aristotle) 120 


8evrepos, secondary (of numbers): in Nico- 
machus and Iamblichus a subdivision of 
odd 286, 287 

Sexónevor, '*admitting" (of segment of circle 
admitting or containing an angle) s 

ScatpetrOar (used of *'separation" of ratios): 
ScatpeOdvra, separando, opp. to avykeluera, 
componendo 168 

dialpeots Abyov, separation, literally division, 
of ratio 135 

õıetevyuévn (dvadoyla), disjoined, =discrete 
(proportion) 293 

dceddvre, separando, literally dividendo (of 
proportions) 135 

Senpnuevy (dvadoyla), discrete (proportion), i.e. 
in four terms, as distinct from continuous 
(cvrexts, avruupérn) in three terms 131, 


293 

«exo (&dyew), **let it be drawn through” 
or “across” 7 

åt’ loov, ex aeguali (of ratios) 136: 8i trov év 
Terapayuévy åvaħoylg, ex aeguali in per- 
turbed proportion” 136 

Sixddoupos, fwice-trumcated (of pyramidal 
numbers) 29! 

ScwAdowos Adyos, double ratio: drdaclwy 
Abyos, «uplscate ratio, contrasted with, 133 

dtvajus, power: =actual value of a sub- 
multiple in units (Nicomachus) 282: =side 
of number not a complete square (i.e. root 
or surd) in Plato 288, 290: =sguare in 
Plato 294-5 


elóos, figure 134: =form 254 

É«acros, each: curious use of, 79 

Prcippa, defect (in application of areas) 262 

€d\Nelwew, *'fall short" (in application of 
areas) 262 


428 


dusixrey, fall in (=be interpolated) 358 
fa whelw, ‘‘several ones” (def. of number) 


280 
évadndk (Adyos), alternate (ratio): alternately, 


alternando 1 

érapuójew, to * in (active), Iv. Def. 7 and 
IV. 1, 79, 6o, 81 

érrós, within (of internal contact of circles) 


13 

ékis dvddoyor, in continued proportion (of 
terms in geometrical progression) 346 

éxipbpios Ddyos, superparticularis ratio, 
zz the ratio (5-- 1) : s 295 

ém(sedos (ápi0uós), plane Cumba) 287-8 

éxdueva, consequents (=“ following” terms) 
in a proportion 134, 238 

érepouhxns, oblong (of numbers): in Plato 
= wpouhans, which however is distinguished 
from érepouyxns by Nicomachus etc. 389- 


» 293 
ebOuvypaypuixds, rectilinear (term for prime 
numbers) 285 
eUüvuerpuós, euthymetric (of primes) 285 


sryoópnera, antecedents ('**leading" terms) in 
a proportion 134 

fep, than: construction after ó«rAacío» etc. 
133 


l&voudkns, of square number (Iamblichus) 293 

leáxis lod«ss loos, equal multiplied by equal 
and again by equal (of a cube number) 
190, 291 

lcárs (cos, equal multiplied by equal (of 
a square number) 291 

laáxis toos édarrovdacs (uecforákis), species of 
solid numbers, z s)u»6(s (6okís or argA(s) 


291 


kaħelaĝw, “ let it be called,” indicating origi- 
nality of a definition 129 

karayerpeir, measure 115: without remainder, 
completely (rAypoírres) 380 

karackevátw, construct: TÓ» a/ra» xara- 
c xevagÓévrow, ** with the same construc- 
tion" r1 

karaToyul) xavóros, Sectio canonis of Euclid 


2 

— centre: % éx Tov x.=raadius 2 

reparoedns ywrla, hornlike angle 4, 39, 40 

nay, to break off, inflect: xexrdcOw bn wdduy 
47: Kxexdrdoda, def. of, alluded to by 
Aristotle 47 

xédoupos, truncated (of pyramidal number 
minus vertex) 291 

xuxdixds, cyclic, a particular species of square 
number 291 


Aéyos, ratio: meaning r17: definition of, 
116-9: original meaning (of something 
expressed) accounts for use of dAoyos, 
having no ratio, irrational 117 


pepovacba, to be isolated, of povás (Theon 
of Smyrna) 279 
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pépos, part: two meanings 115: generallyz 
submultiple 380: pn, parts (=proper 
fraction) 115, 280 

péay dváoyor (e00cia), uécos dváXovyor (dp0- 
pós), mean proportional (straight line or 
number) 129, 395, 363 etc. 

M?) yáp, "suppose it is not” 7 

ufjkos, length (of number in one dimension): 
=side of complete square in Plato 288 

pords, unit, monad: supposed etymological 
connexion with yévos, solitary, por}, rest 
279 


Suocos, similar: (of rectilineal figures) 188: 
(of plane and solid numbers) 293 

ópoiórys Mryo», ‘similarity of ratios" (inter- 
polated def. of proportion) 119 

óuóAoyot, homologous, corresponding 134: 
exceptionally ‘‘in the same ratio with” 
238 


5pos, term, in a proportion 131 


wapaBdddew dwo, used, exceptionally, instead 
of wapaBdddew wapd or dvaypdgerw dd 262 

wapadddrrw, ‘fall sideways” or “awry” 54 

wevrdypappor 99 

repalvovsa mocérns, “limiting quantity” 
(Thymaridas’ definition of unit) 279 

wepiogdus Aprios, odd-times even 283-4 

wepuraáxus wepiogss, odd-times odd 284 

wepicodprios, odd-even (Nicomachus etc.) 283 

wepoods, odd 281 

*y»Axos, how great: refers to continuous 
(geometrical) magnitude as rooéds to discrete 
(multitude) 116-7 

wxndxérns, used in v. Def. 3, and spurious 
Def. 5 of vi.: = sise (not quantuplicity as it 
is translated by De Morgan) 116-7, 189- 

: supposed multiplication of myuxóryres 

fu: Def. 5) 132: distinction between 
wnuxorns and péyeOos 117 

widros, breadth: (of numbers) 288 

wAevpá, side: (of factors of “plane” and 
* solid " numbers) 388 

wAfjfos opu uévor or sexepaauéror, defined or 
finite multitude (definition of number) 380: 
éx povddwy cvykelpevor $Afj6os (Euclid's 
def.) 280 

voAAawAacidjew, multiply: defined 287 

zoÀÀamAaciac pós, multiplication : xaÓ' ómoior- 
oU» xoXAasaciacpuór *' (arising) from any 
multiplication whatever " 120 

zoAAasAácis, multiple: leáx«s soX Nas áoia, 
equimultiples 130 etc. 

wodUw\evpov, multilateral: excludes rerpd- 
wieupor, quadrilateral 239 

woploacOa, to find 248 

roodxi: woods wogol, ‘‘so many times so 
many times so many” (of solid numbers, 
in Aristotle) 286, 290 

woodxis mogol, “so many times so many” (of 
plane numbers, in Aristotle) 286 

xosé», quantity, in Aristotle 115: refers 
Sener: as T9M«or to magnitude 
116-7 
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wpouykns, oblong (of numbers): in Plato= 
érepoujkys, but distinguished by Nico- 
machus etc. 289-90, 293 

wpocavaypdyat, to draw on fo: (of a circle) to 
complete, when segment is given 56 

wpogeupeiy, to find in addition (of finding 
third and fourth proportionals) 214 

wpwros, prime 284- 

wpwrot mpòs d\AnAous, (numbers) prime to 
one another 285-6 


bnros, rational (literally ‘* expressible”) 117 


ouvexns, continuous: cuvexhs dvadoyia, '' con- 
tinuous proportion” (in three terms) 131 

AU dvadoyla, connected (i.e. con- 
tinuous) proportion 131, 293: ovurnuudvos, 
of bein pound ‘atic ia” Archimedes 133 

govvôévri, componendo 134-5 

gaúrÂeoıs Adyou, composition of a ratio, dis- 
tinct from compounding of ratios 134-5 

ovrGeros, composite (of numbers): in Nico- 
machus and Iamblichus a subdivision of 
odd 286 

cuvloracba, construct: ob avaraÜnoerat 53 

evyrión,u, acykeuaa (of ratios) 135, 189-90: 
avykelueva and ĉiaipebévra (componendo and 
separando) u:ed relatively to one another 
168, 170 

ovornua uorádw», ‘collection of units” (def. 
of number) 280 

gvornuarikés, collective 379 

opapixds, spherical (of a particular species of 
cube Number) 291 

ognxloxos, or odnvlexos, of solid number 
with all three sides unequal (= “ scalene ”) 


290 


429 


axées, “relation”: wrod oxéocs, ‘a sort of 
relation” (in def. of ratio) 116-7 


ravrouyxns, of square number (Nicom.) 293 

rabrérns Néywe, ‘sameness of ratios” 119 

réAeios, perfect (of a class of numbers) 293-4 

rerayyudvn (dvadoyla), “ordered (proportion) "' 
137 

rerapaypérn dvadoyla, perturbed proportion 
136 

rerpdmw\eupoy, quadrilateral, not a ‘ polygon” 


239 

ruñuua (abxNov), ent (of circle): ruhparos 
ywvla, angle of a segment 4: & ruhpare 
ywrla, angle i^ a segment 4 

roueds (kóxXov), sector lof circle): exvroro- 
pikós. Toueís, "shoemaker's knife" 5 

ropoeadns (of figure), sector-like $ 

rogavram\dotoy, ‘‘the same multiple” 146 

Tploywvor : Tò rTparAoU», Tó & AAA», triple, 
interwoven triangle, — pentagram 99 

TpurAáctos, triple, rpurAag(w», triplicate (of 
ratios) 133 

Tvyxárew, happen: ħa, å truxer, loans 
wodAawAdora, ‘‘other, chance, equimulti- 
ples” 143-4: ruxotva ywvrla, ‘any angle” 
212 


uwepredns or Uweprddecos, ‘‘over-perfect” (of 
a class of numbers) 293-4 

irodiwhaows, sub-duplicate, = half (Nico- 
machus) 280 

Yrowo\\ar\dovos, submultiple (Nicomachus) 
280 

Syos, height 189 


xwploy, area 254 
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Adrastus 292 

Alcinous 98 

Alternate and alternately (of ratios) 134 

Alternative proofs, interpolated (cf. 111. 9 
and following) 32: that in III. 10 claimed 
by Heron 23-4 

Amaldi, Ugo, 30, 126 

Ambiguous case of V1. 7, 308-9 

Anaximander 111 

Anaximenes (11 

Angle: angles not less than two right angles 
not recogni as angles (cf. Heron, 
Proclus, Zenodorus) 47-9: ollow-angled 
figure (the re-entrant angle was exterior) 
48: did Euclid extend ‘‘angle” to angles 
greater than two right angles in VI. 33? 
275-6: ‘angle of semicircle” and ‘‘ of 
segment” 4: horniike angle 4, 39, 40: 
controversies about ‘ angle of semicircle ” 
and horniske angle 39-42 (see also Hornitke) 

Antecedents (leading terms in proportion) 134 

Antiparallels: may be used [oi construction 
of V1. 12, 21$ 

Apollonius: Plane veugess, problem from, 81, 
lemma by Pappus on, 64-5: Plane Loci, 
theorem from (arising out of Eucl. vi. 3), 
also found in Aristotle 198-200: 75, 190, 
258 

Application of areas (including exceeding and 
Uh ling short) corresponding to solution of 
quadratic equations 187, 258-60, 263-5, 
2 

— : 7/§ as approximation to ./2 
(Pythagoreans and Plato) 119: approxi- 
mations to ,/3 in Archimedes and (in 
sexagesimal fractions) in Ptolemy 119: to 


* (Archimedes) 119: to V/4500 (Theon of 
Alexandria) 119 

Archimedes: Method of, 40: Liber assump- 
torum, proposition from, 65: approxima- 
tions to 4/3, square roots of large numbers, 
and to v 119: extension of a proportion in 
commensurablesto cover incommensurables 
193: 136, 1 

Archytas: proof that there is no numerical 

eometric mean between # and #+1 295 

Aristotle: indicates proof (pre- Euclidean) that 
angle in semicircle is right 63: on def. of 
same ratio (=same árraralpecis) 130-1: 
on proportion as ‘* equality of ratios” 119: 
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on theorem in proportion not proved 
generally till his time 113: on proportion 
in three terms (cvrex/js, continuous), and 
in four terms (9uppnuérz, discrete) 131, 293 : 
on alternate ratios 134: on zmverse ratio 
t34, 149: on similar rectilineal neues 188: 
has locus-theorem (arising out of Eucl. vi. 
3) also given in Apollonius’ Plane Loci 
198-200: on uit 279: on number 280: 
on non-applicability of arithmetical proofs 
to magnitudes if these are not numbers 
113: on definitions of odd and even by one 
another 381: on prime numbers 384-5: 
on composite numbers as plane and solid 
286, 288, 390: on representation of 
numbers by pebbles forming figures 388 
Arithmetic, Elements of, anterior to Euclid 


395 
August, E. F. 33, 35, 149, 238, 256, 413 
Austin, W. 172, 188, 211, 259 
Axioms tacitly assumed: in Book v. 137: 
in Book VII. 294 


Babylonians 113 

Baermann, G. F. 213 

Baltzer, R. 30 

Barrow: on Eucl. v. Def. 3, 117: on v. 
Def. 5, 121: 56, 186, 238 

Billingsley, H. 56, 238 

Boethius 295 

Borelli, G. A. 2, 84 

Breadth (of numbers) 2 second dimension or 
factor 288 

Briggs, H. 143 


Camerer, J. G. 22, 25, 28, 33, 34) 40, 67, 
127, 137, 189, 213, 244 

Campanus 28, 41, §6, 90, 116, 119,121, 146, 
189, 211, 234, 335, 253, 175, 310, 311, 318 

Candalla 189 

Cantor, Moritz 5, 40, 97 

Cardano, Hieronimo 41 

Case: Greeks did not infer limiting cases, 
but proved them separately 75 

Casey, J. 227 

Catalan 426 


. Cesàro, E. 416 


‘* Chance equimultiples” in phrase “ other, 
chance, equimultiples”’ 143-4 
Circle: definition of equal circles 2: circles 


432 


touching, meaning of definition, 3: ‘‘ circle” 
in sense of ‘‘ circumference” 23: circles 
intersecting and touching, difficulties in 
Euclid’s treatment of, 25-7, 28-9, modern 

, treatment of, 30-2 

Clavius 2, 4t, 42, 47, 49. 53, 56, 67, 70. 73, 
130, 170, £90, 231, 238, 244, 271 

Commandinus 47, 130, 190 

Componendo (cvv8évr:), denoting “ composi- 
tion” of ratios g.v.: com and 
separando used relatively to each other 
168, 170 | 

Composite numbers, in Euclid 386: with 
Eucl. and Theon of Smyrna may be even, 
but with Nicom. and Iambi. are a sub- 
division of odd 286: plane and solid 
numbers species of, 286 

** Composite to one another" (of numbers) 
286-4 

Composition of ratios (eú»vôĝesıs Adbyou), de- 
noted by componendo (avvbévrs), distinct 
from compounding ratios 134-5 

Compound ratio: explanation of, 132-3: 
questionable definition of, 18 : com- 
pounded ratios in V. 20-23, 17 

Consequents (‘‘ following” terms in propor- 
tion) 134, 238 

Continuous proportion (avrexys or aevenuuévn 
dvadoyla) in three terms 131 

Conversion of ratio (avacrpogy Xévyov), de- 
noted by corsvertendo (ávaarpéy arri) 135: 
convertendo theorem not established by v. 
19, Por. 174-5, but proved by Simson's 
Prop. E 175 

Convertendo denoting " conversion " of ratios, 


g.v. 

Corresponding magnitudes 134 

Cube: duplication of, reduced by Hippo- 
crates to problem of two mean pro- 
portionals 133 : cube number, def. of, 291 : 
two mean proportionals between two cube 
numbers, 294, 364-5 

Curtze, M. 426 

Cyclic, of a particular kind of square number 


291 
Cyclomathia of Leotaud 42 


Data of Euclid: Def. 2, 248: Prop. 8, 249- 
50: Prop. 24, 246-7: Prop. 55, 254: 
Props. 56 and 68, 249: Prop. 58, 263, 268 : 
Props. 59 and 84, 266-7: Prop. 67 assumes 
part of converse of Simson's Prop. B (Book 
VI.) 224 : Prop. 70, 250: Prop. 85, 264: 
Prop. 87, 228: Prop. 93, 227 

Dechales 259 

Dedekind’s theory of irrational numbers 
corresponds exactly to Eucl. v. Def. 5, 
124-6 

Democritus : “On difference of gnomon” etc. 
(? on ** angle of contact ") 4o: on parallel 
and infinitely near sections of cone 4o: 
stated, without proving, propositions about 
volumes of cone and pyramid 40 

De Morgan, A.: on definition of ratio 116-7: 
on extension of meaning of ratio to cover 
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incommensurables 118: means of express- 
ing ratios between incommensurables by 
approximation to any extent 118-9: de- 
fence and explanation of v. Def. 5, 122-4: 
on necessity of proof that tests for greater 
and less, or greater and equal, ratios can- 
not coexist 130-1, t $7 : on compound ratio 
1 32-3, 234: sketch of proof of existence of 
fourth proportional (assumed in V. 18) 171: 
proposed lemma about duplicate ratios as 
alternative means of proving v1. 32, 246-7: 
5» 7» 9-1O, 1t, 15, 20, 22, 29, 56, 76-7, 
83, 101, 104, ir» 120, 730, 139, 145, 
197, 202, 217-8, 332, 233, 234, 272, 275 

Deve yllides 111 

Dickson, L. E. 426 

Diorismus for solution of a quaaratic 259 

Discrete proportion, dippnudvn or dcefevyudvyn 
dvadoyla, in four terms 131, 293 

“ Dissimilarly ordered” proportion (dvopotws 
Tera'yuévur rà». Aóyov) in Archimedes 
=“ perturbed proportion” 136 

Dividendo (of ratios), see Separation, separ- 
ando 

** Division (of ratios)," see Separation 

Divisions (of figures), On, treatise by Euclid, 
proposition from, § 

Dodecahedron : decomposition of faces into 
elementary triangles, 98 

n, C. L. 48, 275 

Duplicate ratio 133: &xAaclwe, duplicate, 
distinct from &m)dowos, double (=ratio 
3 : 1), though use of terms not uniform 133: 
“duplicate” of given ratio found by v1. 
It, 214: lemma on duplicate ratio as al- 
ternative to method of vr. 23 (De Morgan 
and others) 342-7 

Duplication of cube: reduction of, by Hippo- 
crates, to problem of finding two mean 
proportional 133: wrongly supposed to 

e alluded to in Zemaeus 32 A, B, 294-5 2. 


Egyptians 112: Egyptian view of numéber 280 

Farques (F.) and Amaldi (U.) 30, 126 

Equimultiples: ‘‘any equimultiples what- 
ever," icdxus $ToNAasmAágia kað’ òrorovoty 
voXAaxAaciacuó» 120: stereotyped phrase 
* other, chance, equimultiples" 143-4: 
should include once each magnitude 145 

Eratosthenes: measurement of obliquity of 
ecliptic (23? s1' 320"): 111 

Escribed circles of triangle 85, 86-7 

Eudemus 99, 111 

Eudoxus g9, 380, 295: discovered general 
theory of proportionals covering incom- 
mensurables 112-3: was first to prove 
scientifically the propositions about volumes 
of cone and pyramid 40 

Euler 426 

Eutocius: on *'' vt. Def. 5" and meaning of 
wntxérns 116, 132, 189-90: gives locus- 
theorem from Apollonius’ Plane Loci 108- 


200 
Even (number) : definitions by Pythagoreans 
and in Nicomachus 281: definitions of odd 
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and even by one another unscientific 
(Aristotle) 281: Nicom. divides even into 
three classes (1) even-times even and (2) even- 
limes odd as extremes, and (3) odd-times 
even as intermediate 282-3 

Even-times even: Euclid's use differs from 
use by Nicomachus, Theon of Smyrna and 
Iamblichus 381-3 

Even-times odd in Euclid different from even- 
edd of Nicomachus and the rest 382-4 

Ex aequals, of ratios, 136: ex aeguali pro- 
positions (V. 20, 22), and ex aequali *‘in 
perturbed proportion” (V. 21, 33) 176-8 


Faifofer 126 

Fauquembergue, E. 426 

Fermat, 425, 426 

Fourth proportional: assumption of existence 
of, in V. 18, and alternative methods for 
avoiding (Saccheri, De Morgan, Simson. 
Smith and Bryant) 170-4: Clavius made 
the assumption an axiom 170: sketch of 
proof of assumption by De Morgan 171: 
condition for existence of number which 
is fourth proportional to three numbers 


409-11 


Galileo Galilei: on angle of contact 42 

Geometric means 357 sqq.: one mean between 
square numbers 294, 363, or between 
similar plane numbers 371-2: two means 
between cube numbers 394, 364-5, or 
between similar solid numbers 373-5 

Geometrical progression 346 sqq.: summation 
of » terms of (Ix. 35) 420-1 

Gherard of Cremona 47 

Gnomon (of numbers) 28 

Golden section (section in extreme and mean 
ratio), discovered by Pythagoreans 99: 
theory carried further by Plato and Eu- 
doxus 

Greater ratio: Euclid’s criterion not tHe only 
one 130: arguments from greater to less 
ratios etc. unsafe unless they go back to 
original definitions (Simson on v. 10) 156-7: 
test for, cannot coexist with test for equal 
or less ratio 130-1 

Greatest common measure: Euclid's method 
of finding corresponds exactly to ours 138, 
299: Nicomachus gives the same method 300 

Gregory, D. 116, 143 


Habler, Th. 294 #. 

Hankel, H. 116, 117 

Hauber, C. F. 244 

Heiberg, J. L. passim 

Henrici and Treutlein 30 

Heron of Alexandria: Eucl. 111. 12 interpo- 
lated from, 28: extends 111. 20, 21 to angles 
in segments less than semicircles 47-8: does 
not recognise angles equal to or greater than 
two right angles 47-8: proof of formula for 
area of triangle, A z/s (s — a) (s — 4) (s —¢) 
87-8: 5, 16-17, 24, 28, 34, 36, 44» 116, 
189, 301, 320, 383. 395 
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Hippasus 97 

Hippocrates of Chios 133 

Hornlike angle (xeparoe:dns ywvla) 4, 39, 40: 
hornithe angle and angle of semicircle, con- 
troversies on, 39-42: Proclus on, 39-40: 
Democritus may have written on horslske 
angle 40: Campanus (“not angles in saime 
sense”) 41: Cardano (guantities of different 
orders or kinds): Peletier (hornlike angle 
no angle, no quantity, nothing; angles of 
all semicircles right angles and equal) 41: 
Clavius 42: Vieta and Galileo (‘‘angle of 
contact no angle") 432: Wallis (angle of 
contact not inclination at all but degree of 
curvature) 42 

Hultsch, F. 133, 190 


Iamblichus 97, 1216, 279, 280, 281, 283, 284, 
285, 286, 287, 288, 289, 290, 291, 292, 293, 
419, 425, 426 

Icosahedron 98 

Incommensurables: method of testing incom- 
mensurability (process of finding G.c.M.) 
118: means of expression consist in power 
of approximation without limit (De Morgan) 
119: approximations to ,/2 (by means of 
side- and diagonal-numbers) 119, to 4/3 
and to v, 119: to 4500 by means of 
sexagesimal fractions 119 

Incomposite (of number)=prime 284 

Ingrami, G. 30, 126 

Inverse (ratio), inversely (árára) 134: in- 
version is subject of V. 4, Por. (Theon) 
144: and of v. 7, Por. 149, but is not 
pooper put in either place 149: Simson’s 

rop. B on, directly deducible from v. 
Def. 5, 144 

Isosceles triangle of 1v. 10: construction of, 

by Pythagoreans 97-9 


Jacobi, C. F. A. 188 


Lachlan, R. 226, 227, 245-6, 247, 256, 272 

Lardner, D. 58, 359, 271 

Least common multiple 336-41 

Legendre 30: proves vi. 1 and similar pro- 
positions in two parts (1) for commen- 
surables, (3) for incommensurables 193-4 

Lemma assumed in vt. 33, 242-3: alternative 
propositions on duplicate ratios and ratios 
of which they are duplicate (De Morgan 
and others) 242-7 

Length, 4f«os (of numbers in one dimension) 
387: Plato restricts term to side of inte- 
gral square number 287 

beotid. Vincent 42 . 

Linear (of numbers) :(1) in one dimension 
287, (2) prime 285 

Logical inferences, not made by Euclid 22, 29 

Loria, G. 42 

Lucas, E. 42 

Lucian 99 


Means: three kinds, arithmetic, geometric 
and harmonic 292-3: geometric mean is 
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‘proportion par excellence”? (xuplws) 292-3: 
one geometric mean between two square 
numbers, two between two cube numbers 
(Plato) 294, 363-5: one geometric mean 
between similar plane numbers, two be- 
tween similar solid numbers 371-5: no 
numerical geometric mean between # and 
n+ 1 (Archytas and Euclid) 295 
Moderatus, a Pythagorean 280 
Multiplication, definition of 287 


an-Nairizi 8, 16, 28, 34, 36, 44, 47» 302, 320, 


3 

Nastraddin at-Tüsi 38 

Nesselmann, G. H. F. 287, 293 

Nicomachus 116, 119, 131, 279, 280, 381, 
282, 283, 284, 285, 286, 287, 288, 289, 290, 
491, 2932, 293, 194, 300, 363, 415 
ixon, R. C. J. 16 

Number: defined by Thales, Eudoxus, 
Moderatus, Aristotle, Euclid 280: Nico- 
machus and Iamblichus on, 280: repre- 
sented by lines 288, and by points or dots 
288-9 


Oblong (of number): in Plato either xpoytuns 
or érepophans 288: bunt these terms denote 
two distinct divisions of plane numbers in 
Nicomachus, Theon of Savina and Iam- 
blichus 289-90 

Octahedron 98 

Odd (number): defs. of in Nicomachus 381: 
Pythagorean definition 281: def. of odd 
and even by one another unscientific 
(Aristotle) 281: Nicom. and Iambi. dis- 
tinguish three classes of odd numbers 
(1) prime and incomposite, Gi secondary 
and composite, as extremes, (3) secondary 
and composite in itself but prime and in- 
composite to one another, which is inter- 
mediate 287 

Odd-times even (number): definition in Eucl. 
spurious 283-4, and differs from definitions 
by Nicomachus etc. ibid. 

Odd-times odd (number): dcfined in Eucl. but 
not in Nicom. and Iambl. 384: Theon of 
Smyrna applies term to prime numbers 


294 

Oenopides of Chios 111 

*! Ordered" proportion (rerayuéry ávaXoyla), 
interpolated definition of, 137 


Pappus: lemma on Apollonius’ Plane veúses 
4-5: problem from same work 81: assumes 
case of VI. 3 where external angle bisected 
(Simson’s vi. Prop. A) 197: theorem from 
Apollonius’ Plane Loci 198: theorem that 
ratio compounded of ratios of sides is equal 
to ratio of rectangles contained by sides 
150: 4, 37, 29, 67, 79, 81, 113, 133, 211, 
250, 251, 292 
e Peralleie pipe) " (solid) numbers: two of 
the three factors differ by unity (Nicoma- 
chus) 390 
Peletarius (Peletier): on angle of contact and 
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angle of semicircle 41: 47, 56, 84, 146, 

190 

Pentagon: decomposition of regular pentagon 
into 30 elementary triangles 98: relation to 
pentagram 99 

Pentagonal numbers 289 

** Perfect" (of a class of numbers) 393-4, 
411-6: Pythagoreans applied term to 10, 
294: 3 also called ‘‘ perfect” 294 

— oportion (rerapaypéyn dvadoyla) 
130, 170-7 

Pfleiderer, C. F. 2 

Philoponus 234, 282 

Plane numbers, product of two factors 
(‘‘sides” or ‘‘length” and ‘‘ breadth”) 
287-8: in Plato either square or oblong 
287-8: similar plane numbers 293: one 
mean proportional between similar plane 
numbers 371-2 

Plato: construction of regular solids trom 
triangles 97-8: op golden section 99: 715 
as Mena to A/2, 119: on square 
and oblong numbers 388, 393: on ĝuráue:s 
(square roots or surds) 388, 390: theorem 
that between square numbers one mean 
suffices, between cube numbers two means 
necessary 294, 364 

Playfair, John 2 

Plutarch 98, 254 

FPorism (corollary) to proposition precedes 
* Q. E. D." or '*Q. E. F." 8, 64: Porism to 1v. 
15 mentioned by Proclus 109: Porism to 
VI. 19, 234 

Polygonal numbers 289 

Powers, R. E. 426 

Prestet, Jean 426 

Prime (number): definitions of, 284-5: Aris- 
totle on two senses of ‘‘ prime” 285; ‘2 
admitted as prime by Eucl. and Aristotle, 
but excluded by Nicomachus, Theon of 
Smyrna and Iamblichus, who make prime 
a subdivision of odd 284-5: ‘‘prime and 
incomposite (4sór0eros) " 384: different 
names for prime, '* odd-times odd ” (T heon), 
**]inear" (Theon), *'rectilinear? (Thy- 
maridas), ‘‘euthymetric” (Iamblichus) 285: 
prime absolutely or in themselves as dis- 
tinct from prime to one another (Theon 
285: definitions of ‘‘ prime to one another” 
285-6 

Proclus: on absence of formal divisions of 
proposition in certain cases, e.g. IV. 10, 
100: on use of ‘‘quindecagon” for as- 
tronomy 111: 4, 39, 49, 193, 247, 169 

Proportion: complete theory applicable to 
incommensurables as well as commen- 
surables is due to Eudoxus r12: old 
(Pythagorean) theory practically repre- 
sented by arithmetical theory of Eucl. vit. 
113. in giving older theory as well Euclid 
simply followed tradition 113: Aristotle 
on general proof (new in his time) of 
theorem (alternando) in proportion 113: 
X. 5 as connecting two theories 113: 
Morgan on extension of meaning of ratio 
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to cover incommensurables 118: power of 
expressing incommensurable ratio is power 
of approximation without limit 119: in- 
terpolated definitions of proportion as 
''sameness" or ''similarity of ratios" 119 
definition in v. Def. 5 substituted for that 
of vil. Def. 20 because latter found inade- 
uate, not vice versa 121: De Morgan’s 
efence of v. Def. 5 as necessary and 
sufficient 122-4: v. Def. § corresponds to 
Weierstrass’ conception of number in 
general and to Dedekind's theory of ir- 
rationals 124-6 : alternatives for v. Def. 5 
by a geometer-friend of Saccheri, by 
Faifofer, Ingrami, Veronese, Enriques and 
Amaldi 126 : proportionals of vit. Def. 20 
(numbers) a. particular case of those of v. 
Def. s (Simson's Props. C, D and notes) 
126-9: proportion in three terms (Aristotle 
makes it four) the “least” 131: ''con- 
tinuous ” proportion (cuvexhs or evrguuérm 
dyadoyla,in Euclid é&4s dvdAoyov) 131, 293: 
three ** proportions " 292, but proportion 
par excellence or primary is continuous or 
geometric 292-3: ‘‘discrete” or *'dis- 
joined” (Scppnudévn, dsegevypévn) 131, 293: 
“ordered ” proportion (Terayuévn), inter- 
polated definition of, 137: ‘‘ perturbed ” 
proportion (rerapayuévn) 136, 176-7 : ex- 
tensive use of proportions in Greek 
geometry 187: proportions enable any 
quadratic equation with real roots to be 
solved 187: sup use of propositions of 
Book v. in arithmetical Books 314, 320 

Psellus 254 

Ptolemy, Claudius: lemma about quadri- 
lateral in circle (Simson's vi. Prop. D) 
225-7: III, 117, IIg 

Pyramidal numbers 290: pyramids truncated, 
twice-truncated etc. 391 

Pythagoras : reputed discoverer of construc- 
tion of five regular solids 97: introduced 
“the most perfect proportion in four terms 
and specially called 'harmonic'" into 
Greece 112: construction of figure equal 
to one and similar to another rectilineal 
figure 254 

Pythagoreans : construction of dodecahedron 
in sphere 97: construction of isosceles 
triangle of 1V. 1o and of regular pentagon 
due to, 97-8: possible method of discovery 
of latter 97-9: theorem about only three 
regular polygons filling space round a 
point 98: distinguished three sorts of 
means, arithmetic, geometric, harmonic 
t12: had theory of proportion applicable 
to commensurables only 112: 7/5 as ap- 
proximation to ,/2, 119: definitions of 
unit 279: of even and odd 281: called 10 
** perfect” 294 


Quadratic equations: solution by means of 
proportions 187, 263-5, 266-7: iopo uós 
or condition of possibility of solving 
equation of Eucl. vi. 28,259: one solution 


435 


only given, for obvious reasons 260, 264, 
267 : but method gives both roots if real 
258: exact correspondence of geometrical 
to algebraical solution 263-4, 266—7 

Quadrilateral: inscribing in circle of quadri- 
lateral equiangular to another 9t-2: con- 
dition for inscribing circle in, 93, 95: 
quadrilateral in circle, Ptolemy's lemma 
on (Simson’s v1. Prop. D), 228-7: quadri- 
lateral not a *' polygon ? 239 

‘* Quindecagon” (fifteen-angled figure): use- 
ful for astronomy 111 


Radius: no Greek word for, 2 

Ramus, P. 121 

Ratio: definition of, 116-9, no sufficient 
ground for regarding it as spurious 117, 
Barrow’s defence of it 117: method of 
transition from arithmetical to more general 
sense covering incommensurables 118: 
means of expressing ratio of incommen- 
surables is by approximation to any degree 
of accuracy 119: def. of greater ratio only 
one criterion (there are others) 130: tests 
for greater equal and less ratios mutually 
exclusive 130-1: test for greater ratio 
easier to apply than that for equal ratio 
129-30: arguments about greater and less 
ratios unsafe unless they go back to original 
definitions (Simson on v. 10) 156-7: com- 
pound ratio 133-3, 189-90, 234: operation 
of compounding ratios 234: "ratio com- 
pounded of their sides" (careless expres- 
Sion) 248: duplicate, triplicate etc. ratio 
as distinct from double, triple etc. 133: 
alternate ratio, alternando 134: imverse 
ratio, ssversely 134: composition of ratio, 
componendo, different from  compoundin, 
ratios 134-5: separation of ratio, separ. 
(commonly dividendo) 135: conversion of 
ratio, convertendo 135: ratio ex aeguali 
136, ex aequali in ferturbed proportion 
136: division of ratios used in Dafa as 
general method alternative to compounding 
249-50: names for particular arithmetical 
ratios 292 

Reciprocal or reciprocally related figures: 
definition spurious 189 I 

Reductio ad absurdum, the only possible 
method of proving 111. 1, 8 

“ Rule of three": vr. 12 equivalent to, 215 


Saccheri, Gerolamo 126, 130: proof of ex- 
istence of fourth proportional by vil. 1, 2, 
12, 170 

Savile, H. 190 

Scalene, a class of solid numbers 290 

Scholia: rv. No. 2 ascribes ‘Book Iv. to 
Pythagoreans 97: V. No. 1 attributes 
Book v. to Eudoxus 112 

Scholiast to C/owds of —— 99 

Sectio canonis attributed to Euclid 295 

Sector (of circle) : explanation of name: two 
kinds (1) with vertex at centre, (2) with 
vertex at circumference 5 
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Sector-like (figure) §: bisection of such a 
figure by straight line 5 

Seelhoff, P. 426 

Segment of circle: angle of, 4 : similar seg- 
ments 

Semicircle: angle of, 4, 39-41 (see Angle): 
angle in semicircle a right angle, pre- 
Euclidean proof 63 

Separation of ratio, dtalpeois Adbyou, and 
separando (Gıeħóvri) 135: separando and 
componendo used relatively to one another, 
not to original ratio 168, 170 

Servais, C. 426 

Sides of plane and solid numbers 287-8 

Similar plane and solid numbers 293: one 
mean between two similar plane numbers 
371-2, two means between two similar 
solid numbers 294, 373-5 

Similar rectilineal oue: def. of, given in 
Aristotle 188: def. gives at once too little 
and too much 188: similar figures on 
straight lines which are proportional are 
themselves proportional and conversely 
(VI. 22), alternatives for proposition 342-7 

Similar segments of circles 5 

Simon, Max 1234, 134 

Simpson, Thomas 121 

Simson, R.: Props. C, D (Book v.) connect- 
ing proportionals of vr1. Def. 20 as par- 
ticular case with those of v. Def. s, 126-9: 
Axioms to Book v. 137: Prop. B (inver- 
sion) 144: Prop. E (convertendo) 175: 
shortens v. 8 by compressing two cases 
into one 152-3: important note showing 
flaw in v. 10 and giving alternative 156-7: 
Book v1. Prop. A extending v!. 3 to case 
where external angle bisected 197: Props. 
B, C, D 222-7: remarks on VI. 27-9, 


158-9: 3, 3, 8, 22, 23, 33, 34: 37» 43» 49 
$3, 70, 73: 79, 99, 117, 131, 132, 140, 
14376 I45, 146, 148, 154, 161, 163, 163, 
168, 170-2, 177, 179, 180, 182, 183, 184, 
185, 186, 189, 193. 195, 209, 211, 212, 
230-1, 238, 252, 269, 270, 272-3 

Size, proper translation of wndxdrqs in v. 
Def. 3, 116-7, 189-90 

Smith and Bryant, alternative proofs of v. 16, 
17, 18 by means of v1. 1, where magnitudes 
are straight lines or rectilineal areas 165-6, 
109, 173-4 us : 

Solid numbers, three varieties according to 
relative length of sides 290-1 

Spherical number, a particular kind of cube 
number 291 

Square number, product of equal numbers 


289, 291: one mean between square 
numbers 294, 363-4 
Stobaeus 280 
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SU BAS of any ratio found by vi. t3, 
21 

Swinden, J. H. van 188 

Sylvester, J. 426 


Tacquet, A. 121, 258 

Tannery, P. 112, 113 

Tartaglia, Niccolò 2, 47 

Taylor, H. M. 16, 22, 29, 56, 75, 102, 227, 
244, 247, 2723 

Tetrahedron 98 

Thales rrr, 280 

Theodosius 37 

Theon of Alexandria: interpolation in v. 13 
and Porism 144: interpolated Porism to 
VI. 20, 239: additions to vi. 33 (about 
sectors) 274-6: 43, 109, 117, 119, 149, 152, 
161, 186, 190, 234, 235, 240, 242, 356, 262, 
311, 322, 411 

Theon of Smyrna: 111, 119, 279, 380, 381, 
284, 285, 286, 288, 289, 290, 291, 292, 
393, 294, 425 

Thrasyllus 292 

Thymaridas 279, 285 

Timaeus of Plato 97-8, 294-5, 363 

Todhunter, I., 3, 7, 22, 49, 51, 52, 67, 73, 90, 
99, 172, 195, 202, 304, 208, 259, 271, 272, 
00 

Tpenum: name applied to truncated 
pyramidal numbers (Theon of Smyrna) 291 

Triangle: Heron’s proof of expression for 
area in terms of sides, V's (5 — a) (5 - 6) (5 -¢) 
87-8: right-angled triangle which is half 
of equilateral triangle used for construction 
of tetrahedron, octahedron and icosahedron 
( Timaeus of Plato) 98 

Triangular numbers 28 

Triplicate, distinct from ¢riple, ratio 133 

at-TiisI, see Nasiraddin 


Unit: definitions of, by Thymaridas, ‘‘some 
Pythagoreans,” Chrysippus, Aristotle and 
others 279: Euclid's definition was that 
of the ** more recent” writers 379: povás 
connected etymologically by Theon of 
Smyrna and Nicomachus with pévor (soli- 
tary) or posh (rest) 279 


Veronese, G. 30, 126 
Vieta: on angle of contact 42 


Walker 204, 208, 259 

Wallis, John: on angle of contact (“degree 
of curvature ”) 42 

Weierstrass 124 

Woepcke 5 


Zenodorus 276 
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BOOK X. 


INTRODUCTORY NOTE. 


We have seen (Vol. t., p. 351 etc.) that the discovery of the irrational is 
due to the Pythagoreans. The first scholium on Book x. of the E/ements 
states that the Pythagoreans were the first to address themselves to the in- 
vestigation of commensurability, having discovered it by means of their obser- 
vation of numbers. They discovered, the scholium continues, that not all 
magnitudes have a common measure. ‘They called all magnitudes measure- 
able by the same measure commensurable, but those which are not subject to 
the same measure incommensurable, and again such of these as are measured 
by some other common measure commensurable with one another, and such 
as are not, incommensurable with the others. And thus by assuming their 
measures they referred everything to afferent commensurabilities, but, though 
they were different, even so (they proved that) not all magnitudes are com- 
mensurable with any. (They showed that) all magnitudes can be rational 
(pyra) and all irrational (aAoya) in a relative sense (ws mpós te); hence the 
commensurable and the incommensurable would be for them zatural (kinds) 
(pvoe), while the rational and irrational would rest on assumption or con- 
uention (0éo«)." 'The scholium quotes further the legend according to which 
*the first of the Pythagoreans who made public the investigation of these 
matters perished in a shipwreck,” conjecturing that the authors of this story 
* perhaps spoke allegorically, hinting that everything irrational and formless 
is properly concealed, and, if any soul should rashly invade this region of life 
and lay it open, it would be carried away into the sea of becoming and be over- 
whelmed by its unresting currents.” There would be a reason also for keeping 
the discovery of irrationals secret for the time in the fact that it rendered un- 
stable so much of the groundwork of geometry as the Pythagoreans had based 
upon the imperfect theory of proportions which applied only to numbers. We 
have already, after Tannery, referred to the probability that the discovery 
of incommensurability must have necessitated a great recasting of the whole 
fabric of elementary geometry, pending the discovery of the general theory 
of proportion applicable to incommensurable as well as to commensurable 
magnitudes. 

It seems certain that it was with reference to the length of the diagonal of 
a square or the hypotenuse of an isosceles right-angled triangle that the irra- 
tional was discovered. Plato (Z7eae/efus, 147 D) tells us that Theodorus of 
Cyrene wrote about square roots (Óvvdgues), proving that the square roots of 
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three square feet and five square feet are not commensurable with that of one 
square foot, and so on, selecting each such square root up to that of 17 square 
feet, at which for some reason he stopped. No mention is here made of ,/2, 
doubtless for the reason that its incommensurability had been proved before. 
Now we are told that Pythagoras invented a formula for finding right-angled 
triangles in rational numbers, and in connexion with this it was inevitable that 
the Pythagoreans should investigate the relations between sides and hypo- 
tenuse in other right-angled triangles. They would naturally give special 
attention to the isosceles right-angled triangle ; they would try to measure the 
diagonal, would arrive at successive approximations, in rational fractions, to 
the value of ,/2, and would find that successive efforts to obtain an exact 
expression for it failed. It was however an enormous step to conclude that 
such exact expression was impossible, and it was this step which the Pytha- 
goreans made. We now know that the formation of the side- and diagonal- 
numbers explained by Theon of Smyrna and others was Pythagorean, and 
also that the theorems of Eucl. 11. 9, 10 were used by the Pythagoreans in 
direct connexion with this method of approximating to the value of ,/2. The 
very method by which Euclid proves these propositions is itself àn indication 
of their connexion with the investigation of ,/2, since he uses a figure made 
up of two isosceles right-angled triangles. 

The actual method by which the Pythagoreans proved the incommensura- 
bility of ./2 with unity was no doubt that referred to by Aristotle (42a/. prior. 
I. 23, 41a 26—7), a reductio ad absurdum by which it is proved that, if the 
diagonal is commensurable with the side, it will follow that the same number 
is both odd and even. The proof formerly appeared in the texts of Euclid as 
x. 117, but it is undoubtedly an interpolation, and August and Heiberg 
accordingly relegate it to an Appendix. It is in substance as follows. 

Suppose 4C, the diagonal of a square, to be commen- A B 
surable with 44, its side. Let a : B be their ratio expressed 
in the smallest numbers. 

Then a> f and therefore necessarily > 1. 


Now AC? : AB? za? : F, 
and, since AC*=2AB, [Eucl. 1. 47] 
a’ = 2f. D 


Therefore a” is even, and therefore a is even. 
Since a : f is in its lowest terms, it follows that 9 must be oZ4. 


Put a= 2y; 
therefore 4y =2fF, 
or 8? = 2y’, 
so that 6’, and therefore 8, must be even. 

But f was also odd : 


which is impossible. 


This proof only enables us to prove the incommensurability of the 
diagonal of a square with its side, or of ,/2 with unity. In order to prove 
the incommensurability of the sides of squares, one of which has /Aree times 
the area of another, an entirely different procedure is necessary ; and we find 
in fact that, even a century after Pythagoras’ time, it was still necessary to use 
separate proofs (as the passage of the Zheaefetus shows that Theodorus did) 
to establish the incommensurability with unity of ./3, ./5,... up to ,/17. 
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This fact indicates clearly that the general theorem in Eucl. x. 9 that squares 
which have not to one another the ratio of a square number to a square number 
have their sides incommensurable in length was not arrived at all at once, but 
was, in the manner of the time, developed out of the separate consideration 
of special cases (Hankel, p. 103). 

The proposition x. 9 of Euclid is definitely ascribed by the scholiast to 
Theaetetus. Theaetetus was a pupil of Theodorus, and it would seem clear 
that the theorem was not known to Theodorus. Moreover the Platonic 
passage itself ( ZAeaef. 147 D sqq.) represents the young Theaetetus as striving 
after a general conception of what we call a surd. “The idea occurred to 
me, seeing that sguare roots (Svvdues) appeared to be unlimited in multitude, 
to try to arrive at one collective term by which we could designate all these 
square roots....I divided number in general into two classes. The number 
which can be expressed as equal multiplied by equal (ivov iodxs) I likened 
to a square in form, and I called it square and equilateral....The intermediate 
number, such as three, five, and any number which cannot be expressed as 
equal multiplied by equal, but is either less times more or more times less, so 
that it is always contained by a greater and less side, I likened to an oblong 
figure and called an oblong number. ... Such straight lines then as square the 
equilateral and plane number I defined as length (15«os), and such as square 
the oblong sguare roots (Svvayes), as not being commensurable with the 
others in length but only in the plane areas to which their squares are 
equal.” 

There is further evidence of the contributions of Theaetetus to the theory 
of incommensurables in a commentary on Eucl. x. discovered, in an Arabic 
translation, by Woepcke (Mémoires présentés à l Académie des Sciences, XI., 
1856, pp. 658—720). It is certain that this commentary is of Greek origin. 
Woepcke conjectures that it was by Vettius Valens, an astronomer, apparently 
of Antioch, and a contemporary of Claudius Ptolemy (2nd cent. a.p.). 
Heiberg, with greater probability, thinks that we have here a fragment of the 
commentary of Pappus (Euklid-studien, pp. 169—711), and this is rendered 
practically certain by Suter (Die Mathematiker und Astronomen der Araber 
und ihre Werke, pp. 49 and 211). This commentary states that the theory 
of irrational magnitudes “ had its origin in the school of Pythagoras. It was 
considerably developed by Theaetetus the Athenian, who gave proof, in this 
part of mathematics, as in others, of ability which has been justly admired. 
He was one of the most happily endowed of men, and gave himself up, with a 
fine enthusiasm, to the investigation of the truths contained in these sciences, 
as Plato bears witness for him in the work which he called after his name. As 
for the exact distinctions of the above-named magnitudes and the rigorous 
demonstrations of the propositions to which this theory gives rise, I believe 
that they were chiefly established by this mathematician ; and, later, the 
great Apollonius, whose genius touched the highest point of excellence in 
mathematics, added to these discoveries a number of remarkable theories 
after many efforts and much labour. 

* For Theaetetus had distinguished square roots [puissances must be the 
Suvdues of the Platonic passage] commensurable in length from those which 
are incommensurable, and had divided the well-known species of irrational 
lines after the different means, assigning the medial to geometry, the binomial 
to arithmetic, and the afofome to harmony, as is stated by Eudemus the 
Peripatetic. 

* As for Euclid, he set himself to give rigorous rules, which he established, 
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relative to commensurability and incommensurability in general; he made 
precise the definitions and the distinctions between rational and irrational 
magnitudes, he set out a great number of orders of irrational magnitudes, and 
finally he clearly showed their whole extent." 

The allusion in the last words must apparently be to x. 115, where it is 
proved that from the media! straight line an unlimited number of other 
irrationals can be derived, all different from it and from one another. 

The connexion between the medial straight line and the geometric mean 
is obvious, because it is in fact the mean proportional between two rational 
straight lines “commensurable in square only.” Since $ (x +y) is the arithmetic 
mean between x, y, the reference to it of the binomial can be understood. 
The connexion between the apotome and the harmonic mean is explained by 
some propositions in the second book of the Arabic commentary. The 


; 2: gu i. 
harmonic mean between x, y is — and propositions of which Woepcke 
quotes the enunciations prove that, if a rational or a medial area has for one 
of its sides a dinomia/ straight line, the other side will be an apotome of corre- 
sponding order (these propositions are generalised from Eucl. x. 111—4); the 


2Xy 2xy 
fact is that ~ Ta. .(x— y). 

One other predecessor of Euclid appears to have written on irrationals, 
though we know no more of the work than its title as handed down by 
Diogenes Laertius'. According to this tradition, Democritus wrote epi 
àÀóywy ypappúv xai vasrov B', two Books on irrational straight lines and 
solids (or atoms). Hultsch (Meue Jahrbücher für Philologie und Pädagogik, 
1881, pp. 578—9) conjectures that the true reading may be mepè áóywv 
ypaypyv xAacray, “on irrational broken lines.” Hultsch seems to have 
in mind straight lines divided into two parts one of which is rational 
and the other irrational (* Aus einer Árt von Umkehr des Pythagoreischen 
Lehrsatzes über das rechtwinklige Dreieck gieng zunáchst mit Leichtigkeit 
hervor, dass man eine Linie construiren kónne, welche als irrational zu 
bezeichnen ist, aber durch Brechung sich darstellen lässt als die Summe 
einer rationalen und einer irrationalen Linie"). But I doubt the use of xAaorós 
in the sense of breaking one straight line into parts ; it should properly mean 
a bent line, i.e. two straight lines forming an angle or roken short off at their 
point of meeting. It is also to be observed that vaeróv is quoted as a 
Democritean word (opposite to xevdv) in a fragment of Aristotle (202). I see 
therefore no reason for questioning the correctness of the title of Democritus’ 
book as above quoted’. 

I will here quote a valuable remark of Zeuthen’s relating to the classifi- 
cation of irrationals. He says (Geschichte der Mathematik im Altertum und 
Mittelalter, p. 56) “Since such roots of equations of the second degree as are 
incommensurable with the given magnitudes cannot be expressed by means 
of the latter and of numbers, it is conceivable that the Greeks, in exact 
investigations, introduced no approximate values but worked on with tie 
magnitudes they had found, which were represented by straight lines obtained 
by the construction corresponding to the solution of the equation. "That is 
exactly the same thing which happens when we do not evaluate roots but content 
ourselves with expressing them by radical signs and other algebraical symbols. 
But, inasmuch as one straight line looks like another, the Greeks did not get 


! Diog. Laert. 1X. 47, p. 239 (ed. Cobet). 
? Cf. ante, Vol. 1., p. 413. 
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the same clear view of what they denoted (ie. by simple inspection) as our 
system of symbols assures to us. For this reason it was necessary to under- 
take a classification of the irrational magnitudes which had been arrived at by 
successive solution of equations of the second degree.” To much the same 
effect Tannery wrote in 1882 (De la solution géométrigue des probièmes du 
second degré avant Euclide in Mémoires de la Société des sciences physiques et 
naturelles de Bordeaux, 2* Série, iv. pp. 395—416). Accordingly Book x. 
formed a repository of results to which could be referred problems which 
depended on the solution of certain types of equations, quadratic and biquad- 
ratic but reducible to quadratics. 
Consider the quadratic equations 
x'*2ax.pt.p'-o, 

where p is a rational straight line, and a, f are coefficients. Our quadratic 
equations in algebra leave out the p; but I put it in, because it has always to 
be remembered that Euclid’s x is a straight line, not an algebraical quantity, 
and is therefore to be found in terms of, or in relation to, a certain assumed 
rational straight line, and also because with Euclid p may be not only of the 


. n 
form a, where a represents a units of length, but also of the form v 4,9 


which represents a length “commensurable in square only” with the unit of 
length, or J4 where 4 represents a number (not square) of units of area. 
The use therefore of p in our equations makes it unnecessary to multiply 
different cases according to the relation of p to the unit of length, and has the 
further advantage that, e.g., the expression p+ ./4.p is just as general as the 
expression /&.p+./d.p, since p covers the form /%.p, both expressions 
covering a length either commensurable in length, or “commensurable in 
square only,” with the unit of length. 
Now the positive roots of the quadratic equations 


x!'t2ax.ptB.p-o 

can only have the following forms 

x,=p(a+ Va? — B), x, -2p(a-— Vai — B) | 

x; 2 p (Va? 4 B * a), x; 2 p( Va? 4 B - a) i 

The negative roots do not come in, since x must be a straight line. The 

omission however to bring in negative roots constitutes no loss of generality, 
since the Greeks would write the equation leading to negative roots in another 
form so as to make them positive, 1.e. they would change the sign of x in the 
equation. 


Now the positive roots x;, x;', x;, x, may be classified according to the 
character of the coefticents a, 8 and their relation to one another. 


I. Suppose that a, 8 do not contain any surds, i.e. are either integers or 
of the form m/n, where m, n are integers. 
Now in the expressions for x,, x, it may be that 


2 
(1) B is of the form 7E a. 
n? 


Euclid expresses this by saying that the square on ap exceeds the square 
on pĒa?-— B by the square on a straight line commensurable in length with ap. 
In this case x, is, in Euclid’s terminology, a frst binomial straight line, 

and x,' a first apotome. 
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3 
(2) In general, B not being of the form 0, 


x, is a fourth binomial, 
x; a fourth apotome. 
Next, in the expressions for x,, x,’ it may be that 
2 
(1) B is equal to (a? + B), where 7, 7 are integers, i.e. B is of the form 
m? 
7 
Euclid expresses this by saying that the square on pa’ + B exceeds the 
square on ap by the square on a straight line commensurable in length with 
pal 4. B. 
In this case x, is, in Euclid’s terminology, a second binomial, 
Xa a second apotome, 


a’, 


(2) In general, 8 not being of the form 


x is a Aflh binomial, 
xz a fifth apotome. 





2 
P a 


II. Now suppose that a is of the form v =, where m, n are integers, and 


let us denote it by /A. 
Then in this case 
a -p(JA* JA- B) xz p( /A- JX — B), 
xm p (X B JA), x =p (VN +B JA). 
Thus x,, x,’ are of the same form as x, x,. ES 
If J/À - B in x,, x, is not surd but of the form min, and if JA * B in x, x, 
is not surd but of the form m/#, the roots are comprised among the forms 
already shown, the first, second, fourth and fifth binomials and apotomes. 


If VÀ- B in x, x is surd, then 








2 
(1) we may have £ of the form ^ À, and in this case 
x, is a /Aird binomial straight line, 
x a third apotome; 
9 
(2) in general, 8 not being of the form TA 
<, is a sixth binomial straight line, 
Ay a sixth apotorne. 
With the expressions for x;, xy the distinction between the third and sixth 
binomials and apotomes is of course the distinction between the cases 
2 2 
(1) in which B= A (À + B), or B is of the form ^ 


mm 
and (2) in which f is not of this form. 
If we take the square root of the product of p and each of the six 
binomials and six apotomes just classified, i.e. 


p^ (ax Ja? — B), p (Va! * B a), 





"n 
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in the six different forms that each may take, we find six new irrationals with 
a positive sign separating the two terms, and six corresponding irrationals with 
a negative sign. These are of course roots of the equations 
x*+ 20x*.p? +B. pt=o. 
These irrationals really come before the others in Euclid's order (x. 36— 
41 for the positive sign and x. 73—78 for the negative sign). As we shall 
see in due course, the straight lines actually found by Euclid are 


I. p+ Jk.p, the binomial (4 éx Svo dvopdruwv) 
and the ago/ome (dxoropy), 
which are the positive roots of the biquadratic (reducible to a quadratic) 
x4 —2(1 +h) p?. 27+ (1 - 4)? pf=o.. 
2. kins 4p, the first bimedial (èx óo péowv xpury) 
and the first apotome of a medial (péons axoropy xputn), 
which are the positive roots of 
x*—aJk (1 £&) !. x? &(y - 4 pt o. 


3: ps * p, the second bimedial (éx 80 péowy dSevrépa) 


and the second apotome of a medial (péons aroropy Sevtépa), 
which are the positive roots of the equation 





— x? + ad D. - Oo. 
T 7 NI E JR 


the »ajor (irrational straight line) (uedwv) 
and the minor (irrational straight line) (darw), 
which are the positive roots of the equation 





A= 2p. x3 + = -— 


5. pira tht 3s (ri ETEA, -&, 


the “stde” of a rational plus a medial (area) (pyrov xai péoov duvapevn) 


and the “side” of a medial minus a rational area (in the Greek 9 pera pyrod 
pécov TO dAov ruovea), 


which are the positive roots of the equation 


3 





+ 4 
E +p? = 0, 
E 5o 
V At Ti 


the “side” of the sum of two — areas (4 Svo péoa Svvapéry) 


and the “side” of a medial minus a medial area (in the Greek 5j perd péoov 
págov Tò ov frowvca), 


which are the positive roots of the equation 
A2 A PHA 


o 





p =o. 


P 
1+? 
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'The above facts and formulae admit of being stated in a great variety of 
ways according to the notation and the particular letters used. Consequently 
the summaries which have been given of Eucl. x. by various writers differ 
much in appearance while expressing the same thing in substance. The first 
summary in algebraical form (and a very elaborate one) seems to have been 
that of Cossali (Origine, trasporto in talia, primi progressi in essa del- 
7 Algebra, Vol. 1., pp. 242—65) who takes credit accordingly (p. 265). In 
1794 Meier Hirsch published at Berlin an Algebraischer Commentar über das 
zehente Buch der Elemente des Eukitdes which gives the contents in algebraical 
form but fails to give any indication of Euclid’s methods, using modern forms 
of proof only. In 1834 Poselger wrote a paper, Ueber das zehnte Buch der 
Elemente des Euklides, in which he pointed out the defects of Hirsch's repro- 
duction and gave a summary of his own, which however, though nearer to 
Euclid's form, is difficult to follow in consequence of an elaborate system of 
abbreviations, and is open to the objection that it is not algebraical enough 
to enable the character of Euclid's irrationals to be seen at a glance. Other 
summaries will be found (1) in Nesselmann, Die Algebra der Griechen, 
pp. 165—84; (2) in Loria, Le scienze esatte nell antica Grecia, 1914, 
pp. 221—34; (3) in Christensen’s article “ Ueber Gleichungen vierten Grades 
im zehnten Buch der Elemente Euklids” in the Zeitschrift für Math. u. 
Phy stk (Historisch-litterarische Abthetlung), Xxxiv. (1889), pp. 201—17. The 
only summary in English that I know is that in the Penny Cyclopaedia, under 
‘Irrational quantity,” by De Morgan, who yielded to none in his admiration of 
Book x. “ Euclid investigates,” says De Morgan, “every possible variety of 
lines which can be represented by ,/(,/a+./6), @ and b representing two 
commensurable lines....This book has a completeness which none of the 
others (not even the fifth) can boast of: and we could almost suspect that 
Euclid, having arranged his materials in his own mind, and having completely 
elaborated the roth Book, wrote the preceding books after it and did not live 
to revise them thoroughly.” 

Much attention was given to Book x. by the early algebraists. Thus 
Leonardo of Pisa (fl. about 1200 A.D.) wrote in the 14th section of his Ziber 
Abact on the theory of irrationalities (de tractatu binomiorum et recisorum), 
without however (except in treating of irrational trinomials and cubic irra- 
tionalities) adding much to the substance of Book x.; and, in investigating 
the equation 

x8 + 2x5 10x — 20, 


propounded by Johannes of Palermo, he proved that none of the irrationals 
in Eucl. x. would satisfy it (Hankel, pp. 344— 6, Cantor, 1, p. 43). Luca 
Paciuolo (about 1445— 1514 A.D.) in his algebra based himself largely, as he 
himself expressly says, on Euclid x. (Cantor, 115, p. 293). Michael Stifel 
(1486 or 1487 to 1567) wrote on irrational numbers in the second Book of 
his Arithmetica integra, which Book may be regarded, says Cantor (11, p. 402), 
as an elucidation of Eucl. x. The works of Cardano (1501—76) abound in 
speculations regarding the irrationals of Euclid, as may be seen by reference to 
Cossali (Vol. 1., especially pp. 268—78 and 382—99); the character of 
the various odd and even powers of the binomials and apotomes is therein 
investigated, and Cardano considers in detail of what particular forms of equa- 
tions, quadratic, cubic, and biquadratic, each class of Euclidean irrationals can 
be roots. Simon Stevin (1548—1620) gave an Appendice des incommensurables 
grandeurs en laquelle est sommairement déclaré le contenu du Dixiesme Livre 
a’ Euclide (Ocuvres mathématiques, Leyde, 1634, pp. 218-22) ; he speaks thus 
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of the book: ''La difficulté du dixiesme Livre d’Euclide est à plusieurs 
devenue en horreur, voire jusque à l'appeler la croix des mathématiciens, 
matière trop dure à digérer, et en la quelle n'apercoivent aucune utilité," a 
passage quoted by loria (op. cit., p. 222). 

It will naturally be asked, what use did the Greek geometers actually 
make of the theory of irrationals developed at such length in Book x.? The 
answer is that Euclid himself, in Book xitr., makes considerable use of the 
second portion of Book x. dealing with the irrationals affected with a negative 
sign, the apotomes etc. One object of Book xii. is to investigate the relation 
of the sides of a pentagon inscribed in a circle and of an icosahedron and 
dodecahedron inscribed in a sphere to the diameter of the circle or sphere 
respectively, supposed rational. The connexion with the regular pentagon of 
a straight line cut in extreme and mean ratio is well known, and Euclid first 
proves (xiii. 6) that, if a rational straight line is so divided, the parts are the 
irrationals called afotomes, the lesser part being a first apotome. Then, on 
the assumption that the diameters of a circle and sphere respectively are 
rational, he proves (xt. 11) that the side of the inscribed regular pentagon is 
the irrational straight line called zor, as is also the side of the inscribed 
icosahedron (xi. 16), while the side of the inscribed dodecahedron is the 
irrational called an afofome (xii. 17). 

Of course the investigation in Book x. would not have been complete if 
it had dealt only with the irrationals affected with a negative sign. Those 
affected with the positive sign, the binomials etc., had also to be discussed, 
and we find both portions of Book x., with its nomenclature, made use of by 
Pappus in two propositions, of which it may be of interest to give the enun- 
ciations here. 

If, says Pappus (tv. p. 178), 4 7 be the rational diameter of a semicircle, and 
if 48 be produced to C so that BC is equal to the radius, if CD be a tangent, 


D 


A F B 


if E be the middle point of the arc 8D, and if C£ be joined, then CZ is the 
irrational straight line called winor. As a matter of fact, if p is the radius, 


CE = p?(5 — 2,/3) and CE- AJ 55 i3 = $- 413 à 
2 


If, again (p. 182), CD be equal to the radius of a semicircle supposed 
B 


C 


rational, and if the tangent DB be drawn and the angle 4D7 be bisected by 
DF meeting the circumference in A, then DZ is the excess by which the 
binomial exceeds the straight line which produces with a rational area a medial 
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whole (see Eucl. x. 77). (In the figure DØ is the binomial and KF the other 
irrational straight line.) As a matter of fact, if p be the radius, 
KD-p. WS and KF=p. J J3 —1=f — — 
Proclus tells us that Euclid left out, as alien to a selection of elements, the 
discussion of the more complicated irrationals, **the unordered irrationals which 
Apollonius worked out more fully” (Proclus, p. 74, 23), while the scholiast 
to Book x. remarks that Euclid does not deal with all rationals and irrationals 
but only the simplest kinds by the combination of which an infinite number 
of irrationals are obtained, of which Apollonius also gave some. The author 
of the commentary on Book x. found by Woepcke in an Arabic translation, 
and above alluded to, also says that *it was Apollonius who, beside the 
ordered irrational magnitudes, showed the existence of the wzordered and by 
accurate methods set forth a great number of them." It can only be vaguely 
gathered, from such hints as the commentator proceeds to give, what the 
character of the extension of the subject given by Apollonius may have been. 
See note at end of Book. 


DEFINITIONS. 


1. Those magnitudes are said to be commensurable 
which are measured by the same measure, and those incom- 
mensurable which cannot have any common measure. 


2. Straight lines are commensurable in square when 
the squares on them are measured by the same area, and 
incommensurable in square when the squares on them 
cannot possibly have any area as a common measure. 


3. With these hypotheses, it is proved that there exist 
straight lines infinite in multitude which are commensurable 
and incommensurable respectively, some in length only, and 
others in square also, with an assigned straight line. Let 
then the assigned straight line be called rational, and those 
straight lines which are commensurable with it, whether in 
length and in square or in square only, rational, but those 
which are incommensurable with it irrational. 


4. And let the square on the assigned straight line be 
called rational and those areas which are commensurable 
with it rational, but those which are incommensurable with 
it irrational, and the straight lines which produce them 
irrational, that is, in case the areas are squares, the sides 
themselves, but in case they are any other rectilineal figures, 
the straight lines on which are described squares equal to 
them. 


X. DEFF. 1— 3) DEFINITIONS AND NOTES II 


DEFINITION I. 


Lvpperpa peyeOn A€yerar ta 1H arg pérpw perpovpeva, dovppetpa S€, dy 
pydey dvddxerat Kowov pérpoy yevéaOa: 


DEFINITION 2. 


Ei@etar Suvdpet a ópp.erpot cow, Gray rà ám aUràv TeTpd-yova TQ aUrd xupig 
perpirat, aovpperpor 5€, Orav Trois dm nUrv rerpayovots piv évSéynra xwpiov 
Kowwov pérpov yevér Bat. 


Commensurable in square is in the Greek Suvaper ovpperpos. In earlier 
translations (e.g. Williamson’s) duraxec has been translated ‘in power,” but, 
as the particular fewer represented by Óuvajus in Greek geometry is square, 
I have thought it best to use the latter word throughout. It will be observed 
that Euclid’s expression commensurable in square only (used in Def. 3 and 
constantly) corresponds to what Plato makes Theaetetus call a square root 
(8vvajus) in the sense of a surd. If @ is any straight line, a and a,/m, or 
u m and a,/a (where m, ^" are integers or arithmetical fractions in their 
lowest terms, proper or improper, but not square) are commensurable in square 
only. Of course (as explained in the Porism to x. 10) all straight lines 
commensurable in length (pue), in Euclid’s phrase, are commensurable in 
square also ; but not all straight lines which are commensurable 74 square are 
commensurable i” /ength as well. On the other hand, straight lines sacom- 
mensurable in square are necessarily incommensurable ia /ength also; but not 
all straight lines which are incommensurable in length are incommensurable 
in square. In fact, straight lines which are commensurable tn square only are 
incommensurable sn /ength, but obviously not incommensurable in square. 


DEFINITION 3. 


Tovrwy troxepevuy Ŝeikvvrat, Ore T mpor«Ücíioy edOeia tmdpxovow eùbeiat 
wAnOe arepo TUMpETPOL TE KaL GOVppeTpor ai pev pyret povoy, al dé xai Suvaper. 
xadcioOw ovv 9 pey mporeOeioa evOetu pyTy, kal ai ravTy 
Suvdyec etre Suvdpee povov prrai, ai 8€ ruvty dovuperpor dAoyot xadciobwoar. 


The first sentence of the definition is decidedly elliptical. It should, 
strictly speaking, assert that “with a given straight line there are an infinite 
number of straight lines which are (1) commensurable either (a) in square 
only or (2) in square and in length also, and (2) incommensurable, either 
(a) in length only or (2) in length and in square also." 

The relativity of the terms rational and irrational is well brought out in 
this definition. We may set out any straight line and call it rational, and it 
is then with reference to this assumed rational straight line that others are 
called rational or irrational. 

We should carefully note that the signification of rational in Euclid is wider 
than in our terminology. With him, not only is a straight line commensurable /z 
length with a rational straight line rational, but a straight line is rational which 
is commensurable with a rational straight line iz square only. That is, if p isa 


s r 5 . mM " . 
rational straight line, not only is 2p rational, where 7; 4 are integers and 
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— m . . 
mjn in its lowest terms is not square, but ze is rational also. We should 


in this case call ay 7 .p irrational. It would appear that Euclid’s termino- 


logy here differed as much from that of his predecessors as it does from 
ours. We are familiar with the phrase appgros Óuperpos Tis T«uTabos by 
which Plato (evidently after the Pythagoreans) describes the diagonal of a 
square on a straight line containing 5 units of length. This “inexpressible 
diameter of five (squared)" means 4/50, in contrast to the jr? &aperpos, the 
* expressible diameter” of the same square, by which is meant the approxi- 


— m 
mation 50-1, or 7. Thus for Euclid's predecessors z.p would 


apparently not have been rational but appyros, '' inexpressible," i.e. irrational. 

I shall throughout my notes on this Book denote a rationa/ straight line in 
Euclid's sense by p, and by p and e when two different rational straight lines are 
required. Wherever then I use p or ø, it must be remembered that p, « may 
have either of the forms a, ,/4. a, where a represents a units of length, a being 
either an integer or of the form »:/z, where », 7 are both integers, and Å is an 
integer or of the form m/n (where both m, 2 are integers) but not square. In 
other words, p, 7 may have either of the forms a or ./A4, where 4 represents 
A units of area and A is integral or of the form m/n, where m, n are both 
integers. It has been the habit of writers to give a and ʻa as the alternative 
forms of p, but I shall always use J4 for the second in order to keep the 
dimensions right, because it must be borne in mind throughout that p is an 
irrational straight line. 

As Euclid extends the signification of rationa/ (pros, literally expressible), 
so he limits the scope of the term aAoyos (literally Aauing no ratio) as applied 
to straight lines. That this limitation was started by himself may perhaps be 
inferred from the form of words **/z/ straight lines incommensurable with it 
be called irrational.” Irrational straight lines then are with Euclid straight lines 
commensurable neither in length nor in sguare with the assumed rational 
straight line.  /4. a where Å is not square is not irrational; ./&. @ is irrational, 
and so (as we shall see later on) is (,/4+ ./A) a. 


DEFINITION 4. 


K ` a A 9 ^ ^ ` 6 , » , , « , ` ` , 
at TO pév aTO TS TporeÜecons «vÜ«ias TéTpayovov p*rov, Kat Ta ToUTW 

9 , 
ovUpperpa pyrd, rà Óé rovTw avupperpa adoya xaAeíaÓ«, xai a& Óvvapevac avrà 
a 3 ` , Y 3 ^ e , * A y , b , e 
doyo, « m TeTpaywva eun, aurat at mXevpat, «t oe €repa, Twa evOvypappa, at 
tga avrOts TETpaywva avaypagougat. 


As applied to areas, the terms rational and irrational have, on the other 
hand, the same sense with Euclid as we should attach to them. According 
to Euclid, if p is a rational straight line in Zis sense, p? is rational and any 
area commensurable with it, i.e. of the form p° (where Å is an integer, or of 
the form m/n, where m, 2 are integers), is rational ; but any area of the form 
Jk. p? is trrational. Euclid’s rational area thus contains A units of area, 
where A is an integer or of the form m/n, where m, ” are integers ; and his 
irrational arta is of the form ,/4. 4. His irrational area is then connected 
with his irrational straight dine by making the latter the square root of the 
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former. This would give us for the irrational straight line 4/k. JA, which of 
course includes 4/4. a. 

ai Óvváueva, abra. are the straight lines the squares on which are equal to 
the areas, in accordance with the regular meaning of dvvacOa. It is scarcely 
possible, in a book written in geometrical language, to translate Óvrauévy as 
the sguare root (of an area) and dvwacGa as fo be the sguare root (of an area), 
although I can use the term “square root” when in my notes I am using an 
algebraical expression to represent an area ; I shall therefore hereafter use the 
word “side” for dvvayévn and “to be the side of” for dvvac8a, so that 
“side” will in such expressions be a short way of expressing the “side of 
a sguare equal to (an area).” In this particular passage it is not quite practi- 
cable to use the words *' side of" or “‘ straight line the square on which is equal 
to,” for these expressions occur just afterwards for two alternatives which the 
word duvazévm covers. I have therefore exceptionally translated ‘the straight 
lines which produce them " (i.e. if squares are described upon them as sides). 

ai (ca atrus Terpaywva avaypagdovwat, literally “the (straight lines) which 
describe squares equal to them": a peculiar use of the active of avaypad«w, 
the meaning being of course “the straight lines on which are described the 
squares ” which are equal to the rectilineal figures. 


BOOK X. PROPOSITIONS. 


PROPOSITION I. 


Two unequal magnitudes being set out, if from the greater 
there be subtracted a magnitude greater than its half, and from 
that which is left a magnitude greater than its half, and if 
this process be repeated continually, there will be left some 
magnitude which will be less than the lesser magnitude set out. 


Let AB, C be two unequal magnitudes of which AZ is 





the greater: a 
I say that, if from 42 there be A—————8 c 
subtracted a magnitude greater = SE 


than its half, and from that which 

is left a magnitude greater than its half, and if this process be 
repeated continually, there will be left some magnitude which 
will be less than the magnitude C. 


For C if multiplied will sometime be greater than 747. 
(cf. v. Def. 4 


Let it be multiplied, and let DZ be a multiple of C, an 
greater than. 4B; 
let DE be divided into the parts DF, FG, GE equal to C, 
from AZ let there be subtracted BH greater than its half. 
and, from AH, HK greater than its half, 
and let this process be repeated continually until the divisions 
in AB are equal in multitude with the divisions in DÆ. 

Let, then, AK, KH, HB be divisions which are equal in 
multitude with DF, FG, GE. 

Now, since DE is greater than 745, 
ae from DE there has been subtracted ÆG less than its 
and, from 74 B, BH greater than its half, 
therefore the remainder GD is greater than the remainder /74. 
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And, since GD is greater than HA, 

and there has been subtracted, from GJ, the half GF, 

and, from ÆA, HK greater than its half, 

therefore the remainder D is greater than the remainder 4 K. 
But DF is equal to C; 

therefore C is also greater than 44. 


Therefore AX is less than C. 
Therefore there is left of the magnitude 4 Z the magnitude 
AK which is less than the lesser magnitude set out, namely C. 
Q. E. D. 


And the theorem can be similarly proved even if the parts 
subtracted be halves. 


This proposition will be remembered because it is the lemma required in 
Euclid's proof of xit. 2 to the effect that circles are to one another as the 
squares on their diameters. Some writers appear to be under the impression 
that xit. 2 and the other propositions in Book xu. in which the method of 
exhaustion is used are the only places where Euclid makes use of x. 1 ; and it 
is commonly remarked that x. 1 might just as well have been deferred till the 
beginning of Book xu. Even Cantor (Gesch. d. Math. 13, p. 269) remarks 
that * Euclid draws no inference from it [x. 1], not even that which we should 
more than anything else expect, namely that, if two magnitudes are incom- 
mensurable, we can always form a magnitude commensurable with the first 
which shall differ from the second magnitude by as little as we please.” But, 
so far from making no use of x. 1 before xu. 2, Euclid actually uses it in the 
very next proposition, X. 2. This béing so, as the next note will show, it 
follows that, since X. 2 gives the criterion for the incommensurability of two 
magnitudes (a very necessary preliminary to the study of incommensurables), 
X: 1 comes exactly where it should be. 

Euclid uses X. 1 to prove not only xit. 2 but xit. 5 (that pyramids with the 
same height and triangular bases are to one another as their bases), by means 
of which he proves (xit. 7 and Por.) that any pyramid is a third part of the 
prism which has the same base and equal height, and xit. 10 (that any cone 
is a third part of the cylinder which has the same base and equal height), 
besides other similar propositions. Now xii. 7 Por. and xit. ro are theorems 
specifically attributed to Eudoxus by Archimedes (On the Sphere and Cylinder, 
Preface), who says in another place (Quadrature of the Parabola, Preface) that 
the first of the two, and the theorem that circles are to one another as the 
squares on their diameters, were proved by means of a certain lemma which 
he states as follows: “Of unequal lines, unequal surfaces, or unequal solids, 
the greater exceeds the less by such a magnitude as is capable, if added 
[continually] to itself, of exceeding any magnitude of those which are 
comparable with one another,” i.e. of magnitudes of the same kind as the 
original magnitudes. Archimedes also says (/oc. cit.) that the second of 
the two theorems which he attributes to Eudoxus (Eucl. xi 10) was 
proved by means of ‘‘a lemma similar to the aforesaid.” The lemma 
stated thus by Archimedes is decidedly different from x. 1, which, however, 
Archimedes himself uses several times, while he refers to the use of it 
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in xu. 2 (On the Sphere and Cylinder, \. 6). As I have before suggested 
(The Works of Archimedes, p. xlviii), the apparent difficulty caused by the 
mention of /:eo lemmas in connexion with the theorem of Eucl. xit. 2 may be 
explained by reference to the proof of x. 1. Euclid there takes the lesser 
magnitude and says that it is possible, by multiplying it, to make it some time 
exceed the greater, and this statement he clearly bases on the 4th definition of 
Book v., to the effect that “magnitudes are said to bear a ratio to one another 
which can, if multiplied, exceed one another.” Since then the smaller 
magnitude in x. 1 may be regarded as the difference between some two 
unequal magnitudes, it is clear that the lemma stated by Archimedes is in 
substance used to prove the lemma in x. 1, which appears to play so much 
larger a part in the investigations of quadrature and cubature which have come 
down to us. 

Besides being employed in Eucl. x. 1, the ** Axiom of Archimedes" appears 
in Aristotle, who also practically quotes the result of x. 1 itself. Thus he 
says, Physics vill. 10, 266 b 2, “ By continually adding to a finite (magnitude) 
I shall exceed any definite (magnitude), and similarly by ‘continually subtract- 
ing from it I shall arrive at something less than it," and /2;Z. i1. 7, 207 b 10 
“For bisections of a magnitude are endless." It is thus somewhat misleading 
to use the term ‘Archimedes’ Axiom” for the “lemma” quoted by him, 
since he makes no claim to be the discoverer of it, and it was obviously much 
earlier. 

Stolz (see G. Vitali in Question? riguardanti le matematiche elementari, 1., 
pp. 129— 30) showed how to prove the so-called Axiom or Postulate of Archi- 
medes by means of the Postulate of Dedekind, thus. Suppose the two magni- 
tudes to be straight lines. It is required to prove that, given two straight lines, 
there always exists a multiple of the smaller which ts greater than the other. 

Let the straight lines be so placed that they have a common extremity and 
the smaller lies along the other on the same side of the common extremity. 

If AC be the greater and 4B the smaller, we have to prove that there 
exists an integral number # such that 2. AB> AC. 

Suppose that this is not true but that there are some points, like Z, not 
coincident with the extremity 4, and such that, z being any integer however 
great, 2. AB< AC; and we have to prove that this assumption leads to an 
absurdity. 





A X Y B C 


The points of 4 C may be regarded as distributed into two “parts,” namely 
(1) points Z for which there exists no integer z such that z. AH > AC, 

(2) points A for which an integer # does exist such that n. AK > AC. 

This division into parts satisfies the conditions for the application of 
Dedekind’s Postulate, and therefore there exists a point M such that the 
points of AM belong to the first part and those of MC to the second part. 

Take now a point Y on MC such that MY < AM. The middle point (X) 
of AY will fall between 4 and M and will therefore belong to the first part ; 
but, since there exists an integer 7 such that #. AY > AC, it follows that 
2n. AX » AC: which is contrary to the hypothesis. 
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PROPOSITION 2. 


Lf, when the less of two unequal magnitudes is continually 
subtracted in turn from the greater, that which is left never 
measures the one before it, the magnitudes will be incom- 
mensurable. 

For, there being two unequal magnitudes AB, CD, and 
AB being the less, when the less is continually subtracted 
in turn from the greater, let that which is left over never 
measure the one before it; 

I say that the magnitudes 48, CD are incommensurable. 


E A—$ — ——— —8 
SS SSS SSS 
For, if they are commensurable, some magnitude will 


measure them. 
Let a magnitude measure them, if possible, and let it be Æ; 


let AB, measuring FD, leave CË less than itself, 
let CF measuring BG, leave AG less than itself, 
and let this process be repeated continually, until there is left 
some magnitude which is less than Æ. 
Suppose this done, and let there be left 4G less than £. 
Then, since Z measures 4 8, 
while 48 measures DF, 
therefore Æ will also measure FD. 
But it measures the whole CD also ; 
therefore it will also measure the remainder CF. 
But CF measures BG ; 
therefore Æ also measures BG. 
But it measures the whole AZ also; 
therefore it will also measure the remainder 4G, the greater 
the less : 
which is impossible. 
n das no magnitude will measure the magnitudes 4 A, 
therefore the magnitudes 48, CD are incommensurable. 
[x. Def. 1] 





T herefore etc. 
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This proposition states the test for incommensurable magnitudes, founded 
on the usual operation for finding the greatest common measure. The sign 
of the incommensurability of two magnitudes is that this operation never 
comes to an end, while the successive remainders become smaller and smaller 
until they are less than any assigned magnitude. 

Observe that Euclid says “let this process be repeated continually until 
there is left some magnitude which is less than Æ.” Here he evidently 
assumes that the process wii some time produce a remainder less than any 
assigned magnitude Æ. Now this is by no means self-evident, and yet 
Heiberg (though so careful to supply references) and Lorenz do not refer to 
the basis of the assumption, which is in reality x. 1, as Billingsley and 
Williamson were shrewd enough to see. The fact is that, if we set off a 
smaller magnitude once or oftener along a greater which it does not exactly 
measure, until the remainder is less than the smaller magnitude, we take away 
from the greater more than tts half. Thus, in the figure, JD is more than the 
half of CD, and 8G more than the half of 42. If we continued the process, 
AG marked off along CF as many times as possible would cut off more than 
its half; next, more than half 4G would be cut off, and so on. Hence along 
CD, AB alternately the process would cut off more than half, then more than 
half the remainder and so on, so that on Soff lines we should ultimately 
arrive at a remainder less than any assigned length. 

The method of finding the greatest common measure exhibited in this 
proposition and the next is of course again the same as that which we use and 
which may be shown thus: 


b)a(p 
p 


c) (9 
Qc 
4)c(r 

rd 
€ 


The proof too is the same as ours, taking just the same form, as shown in the 
notes to the similar propositions vil. 1, 2 above. In the present case the 
hypothesis is that the process never stops, and it is required to prove that a, 4 
cannot in that case have any common measure, as f. For suppose that f is a 
common measure, and suppose the process to be continued until che remainder 
e, Say, is less than /. 

Then, since // measures a, 2, it measures a — 24, or c. 

Since f measures 4, c, it measures à — ge, or d ; and, since f measures <, d, 
it measures c — zd, or e: which is impossible, since e < f. 

Euclid assumes as axiomatic that, if f measures a, 2, it measures ma + nd, 

In practice, of course, it is often unnecessary to carry the process far in 
order to see that it will never stop, and consequently that the magnitudes are 
incommensurable. A good instance is pointed out by Allman (Greek Geometry 
from Thales to Euclid, pp. 42, 137—8). Euclid proves in xut. 5 that, if 4B 
be cut in extreme and mean ratio at C, and if 
DA equal to AC be added, then DZ is also cut 0 A c 8 
in extreme and mean ratio at 4. This is indeed 
obvious from the proof of t1. 11. It follows conversely that, if BD is cut into 
extreme and mean ratio at 44, and AC, equal to the lesser segment 4D, be 
subtracted from the greater 48, AZ is similarly divided at C. We can then 
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mark off from AC a portion equal to CZ, and AC will then be similarly 
divided, and so on. Now the greater segment in a line thus divided is greater 
than half the line, but it follows from xin. 3 that it is less than twice the 
lesser segment, i.e. the lesser segment can never be marked off more than 
once from the greater. Our process of marking off the lesser segment from the 
greater continually is thus exactly that of finding the greatest common measure. 
If, therefore, the segments were commensurable, the process would stop. But 
it clearly does not ; therefore the segments are incommensurable. 

Allman expresses the opinion that it was rather in connexion with the line 
cut in extreme and mean ratio than with reference to the diagonal and side 
of a square that the Pythagoreans discovered the incommensurable. But the 
evidence seems to put it beyond doubt that the Pythagoreans did discover 
the incommensurability of ./2 and devoted much attention to this particular 
case. The view of Allman does not therefore commend itself to me, though 
it is likely enough that the Pythagoreans were aware of the incommensura- 
bility of the segments of a line cut in extreme and mean ratio. At all events 
the Pythagoreans could hardly have carried their investigations into the in- 
commensurability of the segments of this line very far, since Theaetetus is 
said to have made the first classification of irrationals, and to him is also, with 
reasonable probability, attributed the substance of the first part of Eucl. xir, 
in the sixth proposition of which occurs the proof that the segments of a 
rational straight line cut in extreme and mean ratio are apotomes. 

Again, the incommensurability of ,/2 can be proved by a method 
practically equivalent to that of x. 2, and without carrying the process very 
far. This method is given in Chrystal’s Text- 
book of Algebra (1. p. 270). Let d, a be the B ä A 
diagonal and side respectively of a square 
ABCD. Mark off AF along AC equal to a. 

Draw FE at right angles to AC meeting BC 


in Æ. 
It is easily proved that a 
BE=EF= FC, a h 
CF=AC-AB=d-a......... (1). ^ 
CE-CB- CF-a-(d-a) 1 
=28 -d......... (2) 


Suppose, if possible, that 2, « are commensurable. If d, a are both 
commensurably expressible in terms of any finite unit, each must be an 
integral multiple of a certain finite unit. 

But from (1) it follows that C, and from (2) it follows that CZ, is an 
integral multiple of the same unit. 

And C¥, CE are the side and diagonal of a square CFEG, the side of 
which is /ess than half the side of the original square. 1f a,, d, are the side and 
diagonal of this square, 

a,-d-a ) 
d, = 248 - d ° 
Similarly we can form a square with side a, and diagonal d, which are less 


than half a,, d, respectively, and a,, d, must be integral multiples of the same 
unit, where 


a,-d,—-4, 
d, = 28, — d; ; 
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and this process may be continued indefinitely until (x. 1) we have a square 
as small as we please, the side and diagonal of which are integral multiples of 
a finite unit: which is absurd. 

Therefore a, d are incommensurable. 

Jt will be observed that this method is the opposite of that shown in the 
Pythagorean series of side- and diagonal-numbers, the squares being 
successively smaller instead of larger. 


PROPOSITION 3. 


Given two commensurable magnitudes, to find their greatest 
common measure. 


Let the two given commensurable magnitudes be 48, CD 
of which 4B is the less ; 
thus it is required to find the greatest common measure of 
AB, CD. 

Now the magnitude 7/47 either measures CD or it does 
not. 

If then it measures it—and it measures itself also—4 B is 
a common measure of 4B, CD. 

And it is manifest that it is also the greatest ; 


for a greater magnitude than the magnitude 4B will not 


measure ASB. 
G F 


— a 





c 





Next, let AB not measure CD. 

Then, if the less be continually subtracted in turn from 
the greater, that which is left over will sometime measure 
the one before it, because 42, CD are not incommensurable ; 

cf. x. 2 
let AB, measuring ED, leave EC less than itself, 


let EC, measuring FB, leave AF less than itself, 
and let AF measure CE. 
Since, then, AF measures CE, 
while CZ measures FB, 
therefore AF will also measure FB. 
But it measures itself also ; 
therefore AF will also measure the whole 4B. 
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But AB measures DE ; 
therefore AF will also measure £D. 
But it measures C£ also; 
therefore it also measures the whole CD. 
Therefore AF is a common measure of AB, CD. 


I say next that it is also the greatest. 
For, if not, there will be some magnitude greater than 4F 
which will measure 4B, CD. 


Let it be G. 
Since then G measures AB, 


while 4B measures £D, 
therefore G will also measure E. 
But it measures the whole C2 also ; 
therefore G will also measure the remainder CZ. 
But C£ measures F7; 
therefore G will also measure FÐ. 
But it measures the whole 74 P also, 
and it will therefore measure the remainder 4 F, the greater 
the less : 
which is impossible. 
Therefore no magnitude greater than AF will measure 
AB, CD; 
therefore 74 is the greatest common measure of AB, CD. 
Therefore the greatest common measure of the two given 
commensurable magnitudes 48, CD has been found. 
Q. E. D. 


Porism. From this it is manifest that, if a magnitude 
measure two magnitudes, it will also measure their greatest 
common measure. 

This proposition for two commensurable magnitudes is, mutatis mutandis, 
exactly the same as vil. 2 for numbers. We have the process 

b)a(p 
pb 
c)o(q 
ge 
d) c(r 
rd 


where c is equal to »4 and therefore there is no remainder, 
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It is then proved that @ is a common measure of a, 4; and next, by a 
reductio ad absurdum, that it is the greatest common measure, since any 
common measure must measure d, and no magnitude greater than d can 
measure d. The reductio ad absurdum is of course one of form only. 

The Porism corresponds exactly to the Porism to VII. 2. 

The process of finding the greatest common measure is probably given in 
this Book, not only for the sake of completeness, but because in x. 5 a 
common measure of two magnitudes 4, B is assumed and used, and therefore 
it is important to show that such a measure can be found if not already 
known. 


PROPOSITION 4. 
Given three commensurable magnitudes, to find their greatest 
common measure. 


Let A, B, C be the three given commensurable magnitudes; 
thus it is required to find the greatest 
common measure of 4, B, C. A 
Let the greatest common measure B 
of the two magnitudes 4, B be taken,  c———— 
and let it be D; [x. 3] D 
then 2 either measures C, or does 
not measure it. 
First, let it measure tt. 
Since then J measures C, 
while it also measures 74, 5, 
therefore D is a common measure of A, B, C. 
And it is manifest that it is also the greatest ; 
for a greater magnitude than the magnitude D does not 
measure 4, PD. 


E— F—— 





Next, let D not measure C. 
I say first that C, D are commensurable. 
For, since 4, B, C are commensurable, 


some magnitude will measure them, 

and this will of course measure 4, B also ; 

so that it will also measure the greatest common measure of 

A, B, namely D. [x. 3, Por.] 
But it also measures C ; 

so that the said magnitude will measure C, D; 

therefore C, D are commensurable. 
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Now let their greatest common measure be taken, and let 
it be Æ. [x. 3] 
Since then £ measures 2, 


while D measures 4, B, 
therefore E will also measure 4, B. 
But it measures C also ; 
therefore Æ measures 44, P, C ; 
therefore Æ is a common measure of A, B, C. 


I say next that it is also the greatest. 

For, if possible, let there be some magnitude F greater than 
E, and let it measure 4, B, C. 

Now, since F measures 4, D, C, 


it will also measure 4, B, 


and will measure the greatest common measure of 4, B. 
[x. 3, Por.] 
But the greatest common measure of 4, B is D; 


therefore F measures D. 
But it measures C also ; 
therefore F measures C, D ; 
therefore F will also measure the greatest common measure 
of C, D. [x. 3, Por.] 
But that is £ ; 
therefore F^ will measure Æ, the greater the less : 
which is impossible. 
Therefore no magnitude greater than the magnitude Æ 
will measure 4, B, C; 
therefore E is the greatest common measure of 4, B, C if D 
do not measure C, 


and, if it measure it, D is itself the greatest common measure. 


Therefore the greatest common measure of the three given 
commensurable magnitudes has been found. 


PorismM. From this it is manifest that, if a magnitude 
measure three magnitudes, it will also measure their greatest 
common measure. 

Similarly too, with more magnitudes, the greatest common 
measure can be found, and the porism can be extended. 

Q. E. D. 
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This proposition again corresponds exactly to vil. 3 for numbers. As 
there Euclid thinks it necessary to prove that, 2, 2, c not being prime to one 
another, Z and c are also not prime to one another, so here he thinks it 
necessary to prove that d, c are commensurable, as they must be since any 
common measure of a, ó must be a measure of their greatest common 
measure Z (x. 3, Por.). 

The argument in the proof that e, the greatest common measure of d, c, is 
the greatest common measure of a, 4, ¢, is the same as that in vil. 3 and x. 3. 

The Porism contains the extension of the process to the case of four 
or more magnitudes, corresponding to Heron’s remark with regard to the 
similar extension of vit. 3 to the case of four or more numbers. 


PROPOSITION 5. 


Commensurable magnitudes have to one another the ratio 
which a number has to a number. 
Let 4, B be commensurable magnitudes ; 


I say that 4 has to Z the ratio which a number has to a 
number. 


For, since 4, B are commensurable, some magnitude will 
measure them. 
Let it measure them, and let it be C. 


A B c 


— 
E 
And, as many times as C measures A, so many units let 
there be in D; 


and, as many times as C measures B, so many units let there 
be in Æ. 


Since then C measures 4 according to the units in D, 
while the unit also measures D according to the units in it, 


therefore the unit measures the number D the same number 
of times as the magnitude C measures 4 ; 


therefore, as C is to A, so is the unit to D; [vi. Def. 20] 


therefore, inversely, as 4 is to C, so is D to the unit. 
[cf. v. 7, Por.] 


Again, since C measures B according to the units in Æ, 
while the unit also measures Æ according to the units in it, 
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therefore the unit measures Æ the same number of times as C 
measures Z7; 


therefore, as C is to B, so is the unit to Æ. 
But it was also proved that, 
as A is to C, so is D to the unit ; 
therefore, ex aequa/, 
as A is to B, so is the number 2 to £. [v. 22] 


Therefore the commensurable magnitudes 4, Z have to 
one another the ratio which the number 2 has to the number Æ. 
Q. E. D. 


The argument is as follows. If a, be commensurable magnitudes, they 
have some common measure c, and 


a =m, 
b =n, 
where m, ^ are integers. 
It follows that Cas I3 d doa edu ai ei E (1), 
or, inversely, Q:C=M:1; 
and also that c:b=1: 4K, 
so that, ex aequa/t, a:b=m:n. 


It will be observed that, in stating the proportion (1), Euclid is merely 
expressing the fact that a is the same multiple of c that is of 1. In other 
words, he rests the statement on the definition of proportion in vir. Def. 20. 
This, however, is applicable only to four zumders, and c, a are not numbers but 
magnitudes. Hence the statement of the proportion is not legitimate unless 
it is proved that it is true in the sense of v. Det. 5 with regard to magnitudes 
in general, the numbers 1, m being magnitudes. Similarly with regard to the 
other proportions in the proposition. 

There is, therefore, a hiatus. Euclid ought to have proved that magnitudes 
which are proportional in the sense of vii. Def. 20 are also proportional in the 
sense of v. Def. s, or that the proportion of numbers is included in the 
proportion of magnitudes as a particular case. Simson has proved this in his 
Proposition C inserted in Book v. (see Vol. i1. pp. 126—8). The portion of 
that proposition which is required here is the proof that, 


if a = mò 
c=md } f 
then a:ó-c:d, in the sense of v. Def. 5. 
Take any equimultiples 2, 5 of a, c and any equimultiples $2, gd of 2, d. 
Now pa= pmb 
pe =pmd } ` 


But, according as pmb > =< gb, pmd > =< 9d. 
Therefore, according as pa > = < gb, fa > = < gd. 


And ża, pc are any equimultiples of a, c, and gb, gd any equimultiples 
of à, d. 


Therefore a:b=¢:4, [v. Def. 5.] 
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PROPOSITION 6. 


Jf two magnitudes have to one another the ratio which a 
number has to a number, the magnitudes will be commensurable. 
For let the two magnitudes 4, B have to one another the 
ratio which the number D has to the number £ ; 
s I say that the magnitudes 4, B are commensurable. 
8———— € 





A 





D 
£ —— F 
For let 4 be divided into as many equal parts as there 
are units in D, | 
and let C be equal to one of them ; 
and let F be made up of as many magnitudes equal to C as 
io there are units in £. 
Since then there are in 4 as many magnitudes equal to C 
as there are units in D, 
whatever part the unit is of D, the same part is C of 4 also; 
therefore, as C is to A, so is the unit to D. [vit. Def. 20] 
15 But the unit measures the number D ; 
therefore C also measures 4. 
And since, as C is to A, so is the unit to D, 
therefore, inversely, as 4 is to C, so is the number D to the 
unit. [cf. v. 7, Por.] 
2 Again, since there are in F as many magnitudes equal 
to C as there are units in Æ, 
therefore, as C is to F, so is the unit to Æ. [vit. Def. 20] 
But it was also proved that, 
as A is to C, so is D to the unit; 


25 therefore, ex aequali, as A is to F, so is D to £. [v. 22] 
But, as D is to Æ, so is ÆA to B; 
therefore also, as 4 is to B, so is it to F also. v. 11] 


Therefore 4 has the same ratio to each of the magnitudes 
B, F; 
30 therefore B is equal to F. [v. 9] 
But C measures Æ; 
therefore it measures Æ also. 
Further it measures 4 also; 
therefore C measures 4, P. 
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35 Therefore A is commensurable with 2. 
Therefore etc. 


PorismM. From this it is manifest that, if there be two 
numbers, as D, Æ, and a straight line, as 4, it is possible to 
make a straight line [F] such that the given straight line is to 

4o it as the number J is to the number Æ. 

And, if a mean proportional be also taken between 4, F, 
as 5, 

as A is to F, so will the square on 4 be to the square on B, 
that is, as the first is to the third, so is the figure on the first 

45 to that which is similar and similarly described on the second. 
[vr. r9, Por.] 


But, as 4 is to /, so is the number J to the number Æ; 
therefore it has been contrived that, as the number J is to 
the number Æ, so also is the figure on the straight line 4 to 
the figure on the straight line 2. Q. E. D. 


15. But the unit measures the number D; therefore C also measures A. 
These words are redundant, though they are apparently found in all the Mss. 


The same link to connect the proportion of numbers with the proportion 
of magnitudes as was necessary in the last proposition is necessary here. This 
being premised, the argument is as follows. 

Suppose a:b=m:n, 
where m, # are (integral) numbers. 

Divide a into m parts, each equal to e, say, 


so that a= me. 
Now take d such that d= nc. 
Therefore we have a:c-m:t, 

and CAZIN, 

so that, ex aequali, a:d=m:n 


=a:6, by hypothesis. 
Therefore ò = d = nc, 
so that ¢ measures 4 2 times, and a, 4 are commensurable. 
The Porism is often used in the later propositions. It follows (1) that, if 
a be a given straight line, and m, n any numbers, a straight line x can be 
found such that 
A:xX= Min. 
(2) We can find a straight line y such that 
aiy-m:m. 
For we have only to take y, a mean proportional between a and x, as 
reviously found, in which case a, y, x are in continued proportion and 
Fy. Def. 9] 
G27 Hain 
= Min. 
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PROPOSITION 7. 


Incommensurable magnitudes have not to one another the 
ratto which a number has to a number. 

Let 4, B be incommensurable magnitudes ; 
I say that 4 has not to Z2 the ratio which a number has to a 
number. 

For, if A has to Æ the ratio which a number has to a 
number, 4 will be commensurable with B. (x. 6] 

But it is not ; x 
therefore 4 has not to Z the ratio which a S 
number has to a number. 

Therefore etc. 








PROPOSITION 8, 


If two magnitudes have not to one another the ratio which 
a number has to a number, the magnitudes will be incom- 
mensurable. 

For let the two magnitudes 74, Z not have to one another 
the ratio which a number has to a number ; 
I say that the magnitudes 4, B are incom- 
mensurable. 

For, if they are commensurable, 4 will have to B the 
ratio which a number has to a number. (x. s] 

But it has not; 
therefore the magnitudes 4, B are incommensurable. 

Therefore etc. 


A 
8 





PROPOSITION 9. 


The squares on straight lines commensurable in length have 
to one another the ratio which a square number has to a square 
number; and squares which have to one another the ratio 
whith a square number has to a square number will also have 
their sides commensurable in length. But the squares on 
straight lines incommensurable in length have not to one 
another the ratio which a square number has to a square 
number ; and squares which have not to one another the ratio 
which a square number has toa square number will not have 
their sides commensurable in length either. 
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For let 4, B be commensurable in length ; 
I say that the square on 4 i " 
has to the square on B the E 

ratio which a square number — 
has to a square number. — 

For, since 4 is commensurable in length with Z, 
therefore 4 has to B the ratio which a number has to a 
number. [x- 5] 

Let it have to it the ratio which C has to D. 

Since then, as 4 is to B, so is C to D, 
while the ratio of the square on 4 to the square on B is 
duplicate of the ratio of 4 to B, 
for similar figures are in the duplicate ratio of their corre- 
sponding sides ; [vi. 20, Por.] 
and the ratio of the square on C to the square on D is duplicate 
of the ratio of C to D, 


for between two square numbers there is one mean proportional 
number, and the square number has to the square number the 
ratio duplicate of that which the side has to the side ; [vur. rr] 


therefore also, as the Square on 4 is to the square on B, so 
is the square on C to the square on D. 


Next, as the square on 4 is to the square on Ø, so let 
the square on C be to the square on D; 
I say that 4 is commensurable in length with 2. 

For since, as the square on 4 is to the square on Ø, so is 
the square on C to the square on D, 
while the ratio of the square on 4 to the square on B is 
duplicate of the ratio of 4 to B, 
and the ratio of the square on C to the square on 2 is duplicate 
of the ratio of C to D, 
therefore also, as 4 is to B, so is C to D. 

Therefore A has to B the ratio which the number C has 
to the number D; 
therefore 4 is commensurable in length with 2. [x. 6] 


Next, let 4 be incommensurable in length with Z; 
I say that the square on 74 has not to the square on Z the 
ratio which a square number has to a square number. 

For, if the square on 4 has to the square on Z the ratio 
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which a square number has to a square number, 4 will be 
commensurable with B. 

But it is not ; 
therefore the square on 74 has not to the square on 7 the 
ratio which a square number has to a square number. 


Again, let the square on 4 not have to the square on B 
the ratio which a square number has to a square number ; 


I say that 4 is incommensurable in length with B. 


For, if 4 is commensurable with Ø, the square on 71 will 
have to the square on Z the ratio which a square number has 
to a square number. 

But it has not ; 


therefore 4 is not commensurable in length with Z. 
Therefore etc. 


Porism. And it is manifest from what has been proved 
that straight lines commensurable in length are always com- 
mensurable in square also, but those commensurable in square 
are not always commensurable in length also. 


(LEMMA. It has been proved in the arithmetical books 
that similar plane numbers have to one another the ratio 
which a square number has to a square number, [virt 26] 


and that, if two numbers have to one another the ratio which 
a square number has to a square number, they are similar 
plane numbers. (Converse of vin. 26] 


And it is manifest from these propositions that numbers 
which are not similar plane numbers, that is, those which 
have not their sides proportional, have not to one another 
the ratio which a square number has to a square number. 

For, if they have, they will be similar plane numbers: 
which is contrary to the hypothesis. 

Therefore numbers which are not similar plane numbers 
have not to one another the ratio which a square number has 
to a square number. ] 

A scholium to this proposition (Schol. x. No. 62) says categorically that 
the theorem proved in it was the discovery of Theaetetus. 

If a, b be straight lines, and 

a:b=min, 
where m, n are numbers, 
then aꝰ: = m:n; 
and conversely. 


X. 9, 10] PROPOSITIONS 9, ro 31 


This inference, which looks so easy when thus symbolically expressed, was 
by no means so easy for Euclid owing to the fact that a, ? are straight lines, 
and »t, ^ numbers. He has to pass from a :? to a? : 6? by means of v1. 20, Por. 
through the duplicate ratio; the square on a is to the square on 2 in the 
duplicate ratio of the corresponding sides a, &. On the other hand, », 2 
being z125ers, it is Vil. 11 which has to be used to show that m?: 2? is the 
ratio duplicate of 7 : n. 

Then, in order to establish his result, Euclid assumes that, sf two ratios are 
equal, the ratios which are their duplicates are also equal. This is nowhere 
proved in Euclid, but it is an easy inference from v. 22, as shown in my note 
on VI. 22. 

The converse has to be established in the same careful way, and Euclid 
assumes that ratios the duplicates of which are equal are themselves equal. 
This is much more troublesome to prove than the converse; for proofs I refer 
to the same note on VI. 22. 

The second part of the theorem, deduced by reductio ad absurdum from 
the first, requires no remark. 

In the Greek text there is an addition to the Porism which Heiberg 
brackets as superfuous and not in Euclid’s manner. It consists (1) of a sort 
of proof, or rather explanation, of the Porism and (2) of a statement and 
explanation to the effect that straight lines incommensurable in length are 
not necessarily incommensurable in square also, and that straight lines 
incommensurable in square are, on the other hand, always incommensurable 
in length also. 


The Lemma gives expressions for two numbers which have to one another 
the ratio of a square number to a square number. Similar plane numbers 
are of the form pm . pn and gm . gn, or mnf and mng’, the ratio of which is 
of course the ratio of 2° to g. 

The converse theorem that, if two numbers have to one another the ratio 
of a square number to a square number, the numbers are similar plane 
numbers is not, as a matter of fact, proved in the arithmetical Books. It is 
the converse of vill. 26 and is used in 1x. ro. Heron gave it (see note on 
viil. 27 above). 

Heiberg however gives strong reason for supposing the Lemma to be an 
interpolation. It has reference to the next proposition, x. 10, and, as we shall 
see, there are so many objections to x. 1o that it can hardly be accepted as 
genuine. Moreover there is no reason why, in the Lemma itself, numbers 
which are zo similar plane numbers should be brought in as they are. 


[PROPOSITION 10. 


To find two straight lines incommensurable, the one in 
length only, and the other in square also, with an assigned 
straight line. 

Let 4 be the assigned straight line ; 


thus it is required to find two straight lines incommensurable, 
the one in length only, and the other in square also, with 4. 


Let two numbers 2, C be set out which have not to one 
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another the ratio which a square number has to a square 
number, that is, which are not similar plane 
numbers ; 





and let it be contrived that, D 
as B is to C, so is the square on 4 to : 
the square on D C 
—for we have learnt how to do this— 
[x. 6, Por.] 
therefore the square on 4 is commensurable with the square 
on D. [x. 6] 


And, since Z has not to C the ratio which a square number 
has to a square number, 


therefore neither has the square on 74 to the square on 2 the 
ratio which a square number has to a square number ; 


therefore 4 is incommensurable in length with 2. [x. 9] 
Let Æ be taken a mean proportional between 4, D; 


therefore, as 4 is to D, so is the square on 4 to the square 
on Z. [v. Def. 9] 


But 4 is incommensurable in length with D; 


therefore the square on 4 is also incommensurable with the 
square on £ ; [x. 11] 


therefore 4 is incommensurable in square with Æ. 


Therefore two straight lines D, Æ have been found in- 
commensurable, D in length only, and Æ in square and of 
course in length also, with the assigned straight line 74. | 


It would appear as though this proposition was intended to supply a 
justification for the statement in x. Def. 3 that i7 is proved that there are an 
infinite number of straight lines (2) incommensurable in length only, or 
commensurable in square only, and (4) incommensurable in square, with any 
given straight line. 

But in truth the proposition could well be dispensed with; and the 
positive objections to its genuineness are considerable. 

In the first place, it depends on the following proposition, x. 11; for the 
last step concludes that, since 

a’: y=a: x, 
and a, x are incommensurable in length, therefore a°, y? are incommensurable. 
But Euclid never commits the irregularity of proving a theorem by means of 
a later one. Gregory sought to get over the difficulty by putting x. ro after 
X. 11; but of course, if the order were so inverted, the Lemma would still be 
in the wrong place. 

Further, the expression épaÜOoyuev yap, **for we have learnt (how to do this)," 
is not in Euclid's manner and betrays the hand of a learner (though the same 
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expression is found in the &ctio Canonis of Euclid, where the reference is 
to the Elements). 

Lastly the manuscript P has the number to, in the first hand, at the top 
of ate t, from which it may perhaps be concluded that x. ro had at first no 
number. 

It seems best therefore to reject as spurious both the Lemma and x. 10. 

The argument of x. ro is simple. If a be a given straight line and m, 2 
— which have not to one another the ratio of square to square, take x 
such that 


a?:xi=m:n, [x. 6, Por.] 
whence a, x are incommensurable in length. [x. 9] 
Then take y a mean proportional between a, x, whence 
a*:y*-a:x [v. Def. 9] 
[5 Jm : Jn], 


and x is incommensurable in length only, while y is incommensurable in 
square as well as in length, with a. 


PROPOSITION 11. 


Jf four magnitudes be proportional, and the first be com- 
mensuvable with the second, the third will also be commensurable 
with the fourth, and, tf the first be incommensurable with the 
second, the third will also be incommensurable with the fourth. 


Let 4, B, C, D be four magnitudes in proportion, so 
that, as 4 is to B, so ts C 





to D, Nue er eB 
and let 4 be commensurable € ————— o 
with Z ; 


I say that C will also be commensurable with D. 
For, since 4 is commensurable with B, 
therefore 4 has to Æ the ratio which a number has to a 
number. (x. 5] 
And, as 4 isto B, so is C to D; 
therefore C also has to J the ratio which a number has to a 
number ; 
therefore C is commensurable with D. [x. 6] 


Next, let A be incommensurable with Z; 
I say that C will also be incommensurable with D. 

For, since 4 is incommensurable with 2, 
therefore 4 has not to Z the ratio which a number has to a 
number. (x. 7] 
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And, as 4 is to B, sois C to D; 


therefore neither has C to D the ratio which a number has to 
a number ; 


therefore C is incommensurable with D. (x. 8] 
Therefore etc. 


I shall henceforth, for the sake of brevity, use symbols for the terms 
“ commensurable (with)” and “incommensurable (with)” according to the 
varieties described in x. Deff. 1—4. The symbols are taken from Lorenz 
and seem convenient. 

Commensurable and commensurable with, in relation to areas, and com- 
mensurable in length and commensurable in length with, in relation to straight 
lines, will be denoted by ^. 

Commensurable in square only or commensurable in square only with (terms 
applicable only to straight lines) will be denoted by ~. 

Incommensurable (with), of areas, and incommensurable (with), of straight 
lines will be denoted by v. 

Incommensurable in square (with) (a term applicable to straight lines only) 
will be denoted by —. 

Suppose a, 4, ¢, d to be four magnitudes such that 


a:b-c:d. 
Then (1), if a ^ 4, a:b=m:n, where m, n are integers, [x. 5] 

whence c:d-m:n, 
and therefore € ^ d. [x. 6] 
(2) Ifa 4, a:ósm:n, [x. 7] 

so that cid m: n, 
whence € v d. [x. 8] 


PROPOSITION 12. 


Magnitudes commensurable with the same magnitude are 
commensurable with one another also. 


For let each of the magnitudes 4, 7 be commensurable 
with C ; 


] say that 4 is also commensurable with 2. 


A————  Q-————— B 
D 

—— ——E 

——F — 


—6 











For, since 4 is commensurable with C, 


therefore 4 has to C the ratio which a number has to a 
number. [x. 5] 
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Let it have the ratio which D has to £. 
Again, since C is commensurable with Ø, 


therefore C has to Æ the ratio which a number has to a 
number. (x. 5] 


Let it have the ratio which Æ has to G. 


And, given any number of ratios we please, namely the 
ratio which J has to Æ and that which Æ has to G, 


let the numbers 77, K, L be taken continuously in the given 
ratios ; [cf. vii. 4] 


so that, as D is to Æ, so is # to K, 
and, as F is to G, so is K to L. 
Since, then, as 4 is to C, so is D to &, 
while, as D is to £, so is 77 to K, 
therefore also, as 74 is to C, so is Æ to K.. [v. 11] 
Again, since, as C is to B, so is F to C, 
while, as F is to G, so is X to L, 


therefore also, as C is to B, so is & to L. (v. r1] 
But also, as Æ is to C, so is H to K; 
therefore, ex aeguali, as A is to B, so is Æ to L. [v. 22] 


Therefore A has to Æ the ratio which a number has to a 
number ; 


therefore 4 is commensurable with 2. (x. 6] 


Therefore etc. 
Q. E. D. 


We have merely to go through the process of compounding two ratios in 
numbers. 


Suppose a, à each ^ «c. 
Therefore @:C=M:N, Say, [x. 5] 
c:b6=p: 4, Say. 
Now m:n=mp: np, 
and p:q7np: nq. 
Therefore @:c=mp: np, 
c:b=np: ng, 
whence, ex aegualt, a:b=mp: ng, 


so that a ^ b. [x. 6] 
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PROPOSITION 13. 


Lf two magnitudes be commensurable, and the one of them 
be incommensurable with any magnitude, the remaining one 
will also be incommensurable with the same. 


Let 4, B be two commensurable magnitudes, and let one 
of them, 4, be incommensurable with 
any other magnitude C; 


A 
I say that the remaining one, Z2, wil o 
also be incommensurable with C. 8 


For, if B is commensurable with C, 
while 4 is also commensurable with 2, 
A is also commensurable with C. (x. 12] 
But it is also incommensurable with it: 
which is impossible. 
Therefore Z is not commensurable with C; 
therefore it is incommensurable with it. 
Therefore etc. 


LEMMA. 
Given two unequal straight lines, to find by what square the 
square on the greater is greater than the square on the less. 


Let AB, C be the given two unequal straight lines, and 
let AB be the greater of them ; 


thus it is required to find by what D 

square the square on 447 is greater 

than the square on C. (~~ 
Let the semicircle ADB be de- 


A B 
scribed on AB, 
and let 4D be fitted into it equal to C; fiv. 1) 
let DB be joined. 
It is then manifest that the angle 4 DBZ is right, — (in. 31] 


and that the square on AZ is greater than the square on 
AD, that is, C, by the square on DB. [r. 47] 

Similarly also, if two straight lines be given, the straight 
line the square on which is equal to the sum of the squares 
on them is found in this manner. 
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Let AD, DB be the given two straight lines, and let it be 
required to find the straight line the square on which is equal 
to the sum of the squares on them. 

Let them be placed so as to contain a right angle, that 
formed by AD, DB; 
and let ABZ be joined. 


It is again manifest that the straight line the square on 
which is equal to the sum of the squares on AD, DB is AB. 
[t. 47] 

Q. E. D. 


The lemma gives an obvious method of finding a straight line (c) equal to 
Ja? x, where a, ò are given straight lines of which a is the greater. 





PROPOSITION 14. 


If four straight lines be proportional, and the square on 
the first be greater than the square on the second by the square 
on a straight line commensurable with the first, the square on 
the third will also be greater than the square on the fourth by 

5 the square on a straight line commensurable with the third. 

And, tf the square on the first be greater than the square 
on the second by the square on a straight line incommensurable 
with the first, the square on the third will also be greater than 
the square on the fourth by the square on a straight line in- 

10 commensurable with the third. 


Let 4, P, C, D be four straight lines in proportion, so 
that, as 4 isto B, sois C to D; 


and let the square on 4 be greater than 
the square on Z by the square on Æ, and 
islet the square on C be greater than the 
square on D by the square on Æ; i F 


I say that, if Æ is commensurable with Æ, 
C is also commensurable with Z, 


and, if 4 is incommensurable with Æ, C is 
20 also incommensurable with 7. 


For since, as 4 is to B, so is C to D, 


therefore also, as the square on 4 is to the square on 7, so is 
the square on C to the square on D. (vi. 22] 


But the squares on £, B are equal to the square on 4, 
25 and the squares on D, F are equal to the square on C. 


A B co 
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Therefore, as the squares on Æ, B are to the square on 
B, so are the squares on D, F to the square on D; 


therefore, separando, as the square on Æ is to the square on 
B, so is the square on FF to the square on D; [v. 17] 


3o therefore also, as E is to 5, so is Fto D; (vi. 22] 
therefore, inversely, as B is to Æ, so is D to F. 
But, as 4 is to &, so also is C to D; 
therefore, ex aegualz, as A is to E, so is C to F. [v. 22] 


Therefore, if 4 is commensurable with Æ, C is also com- 
35 mensurable with FF, 


and, if Æ is incommensurable with Z, C is also incommen- 
surable with 7. [x. 11] 


Therefore etc. 


3, 5, 8, 10. Euclid speaks of the square on the first (third) being greater than the square 
on the second (fourth) by the square on a straight line commensurable (incommensurable) 
** with z/se/f (éavrp)," and similarly in all like phrases throughout the Book. For clearness’ 
sake I substitute *'the first," ** the third," or whatever it may be, for ** itself" in these cases. 


Suppose a, 2, c, 4 to be straight lines such that 
BEDDOW: uiscera opos ENS INED dede (1). 
It follows [vi. 22] that PEO SOLE oleate silences: (2). 
In order to prove that, convertendo, 
a’; (a? — b*) =e? : (¢?- a?) 

Euclid has to use a somewhat roundabout method owing to the absence of a 
convertendo proposition in his Book v. (which omission Simson supplied by 
his Prop. E). 

It follows from (2) that 


(e -P) 2) :2-((2—4) 49 :d, 


whence, separando, (a? - 6°): P= (c?-—a") : a’, [v. 17] 
and, inversely, B: (a’-— B)=a* : (c?~d"). 
From this and (2), ex aeguali, 
a’; (a? — 8) =e? : (c? —d’). [v. 22] 
Hence a : Ja! - ei Jet — (vi. 22] 
According therefore as — a^ or » Ja? — &?, 
c ^or a - d. (x. 11] 


If a ^ Ja* — £, we may put Ja -i= ka, where & is of the form m/n 
and m, n are integers. And if ~a- =ka, it follows in this case that 


Jc - d? - ke. 
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PROPOSITION I5. 


Jf two commensurable magnitudes be added together, the 
whole will also be commensurable with each of them; and, if 
the whole be commensurable with one of them, the original 
magnitudes will also be commensurable. 


For let the two commensurable magnitudes 4B, BC be 
added together ; 
I say that the whole 4C is also A 


commensurable with each of the 5 
magnitudes AL, BC. 


For, since 48, BC are commensurable, some magnitude 
will measure them. 

Let it measure them, and let it be D. 

Since then 2 measures AB, BC, it will also measure the 
whole AC. 

But it measures 48, BC also; 


therefore D measures 4B, BC, AC; 

therefore AC is commensurable with each of the magnitudes 

AB, BC. [x. Def. 1] 
Next, let 4C be commensurable with 42; 

I say that 4B, BC are also commensurable. 


For, since 4C, AB are commensurable, some magnitude 
will measure them. 

Let it measure them, and let it be D. 

Since then D measures CA, AB, it will also measure the 
remainder AC. 

But it measures 74 7? also ; 


therefore D will measure 42, BC; 
therefore 48, BC are commensurable. [x. Def. 1] 
Therefore etc. 


S c 





(1) If a, b be any two commensurable magnitudes, they are of the form 
mc, nc, where c is a common measure of a, 6 and m, 2 some integers. 

It follows that aróz(m4n)e; 
therefore (a + 4), being measured by c, is commensurable with both a and 4. 


(2) If a * ? is commensurable with either a or b, say a, we may put 
a+b= m a=nc, Where c is a common measure of (a * 2), a, and m, n are 
integers. 

Subtracting, we have b= (m—n)c, 
whence 2 ^ a: 
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PROPOSITION 16. 


If two incommensurable magnitudes be added together, the 
whole will also be incommensurable with each of them ; and, 2f 
the whole be incommensurable with one of them, the original 
magnitudes will also be incommensurable. 

For let the two incommensurable magnitudes 4B, BC be 
added together ; 

I say that the whole AC is also incommensurable a 
with each of the magnitudes 48, BC. 

For, if CA, AB are not incommensurable, some 
magnitude will measure them. 

Let it measure them, if possible, and let itbe D. & 

Since then J) measures CA, AB, 
therefore it will also measure the remainder BC. 

But it measures AB also ; C 
therefore D measures AB, BC. 

Therefore AB, BC are commensurable ; 
but they were also, by hypothesis, incommensurable : 
which is impossible. 

Therefore no magnitude will measure C4, AB; 
therefore CA, AB are incommensurable. [x. Def. 1] 

Similarly we can prove that AC, CB are also incom- 
mensurable. 


Therefore AC is incommensurable with each of the magni- 
tudes AB, BC. 


Next, let 4C be incommensurable with one of the magni- 
tudes 4B, BC. 
First, let it be incommensurable with 4B; 


I say that AB, BC are also incommensurable. 

For, if they are commensurable, some magnitude will 
measure them. 

Let it measure them, and let it be D. 

Since then D measures A B, BC. 
therefore it will also measure the whole AC. 

But it measures 4B also; 


therefore D measures CA, AB. 
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Therefore CA, AB are commensurable ; 
but they were also, by hypothesis, incommensurable : 
which is impossible. 
Therefore no magnitude will measure 42, BC; 
therefore AB, BC are incommensurable. (x. Def. 1] 
Therefore etc. 
LEMMA. 


Jf to any straight line there be applied a parallelogram 
deficient by a square figure, the abplzed parallelogram is egual 
to the rectangle contained by the segments of the straight line 
resulting from the application. 


For let there be applied to the straight line 742 the 
parallelogram AD deficient by the 5 


square figure DB; 
I say that 4D is equal to the rectangle 
contained by AC, CB. A e 


This is indeed at once manifest ; 
for, since DB is a square, 
DC is equal to CB; 
a AD is the rectangle AC, CD, that is, the rectangle AC, 


Therefore etc. 


If a be the given straight line, and x the side of the square by which the 
applied rectangle is to be deficient, the rectangle is equal to ax — x*, which is 
of course equal to x(a—x). The rectangle may be written xy, where 
x+y=a. Given the area x(a- x), or xy (where x 4 y-a), two different 
applications will give rectangles equal to this area, the sides of the defect 
being x or à — x (x or y) respectively ; but the second mode of expression 
shows that the rectangles do not differ in form but only in position. 


PROPOSITION 17. 


Jf there be two unequal straight lines, and to the greater 
there be applied a parallelogram equal to the fourth part of 
the square on the less and deficient by a square figure, and if 
wt divide it into parts which are commensurable in length, then 

s the sguare on the greater will be greater than the square on 
the less by the sguare on a straight line commensurable with 
the greater. 

And, if the sguare on the greater be greater than the sguare 
on the less by the sguare on a straight line commensurable with 
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10 the greater, and if there be applied to the greater a parallelogram 
equal to the fourth part of the square on (he less and deficient 
by a square figure, tt will divide it into parts which are com- 
mensurable in length. 

Let A, BC be two unequal straight lines, of which BC is 

15 the greater, 
and let there be applied to C a parallel- A 
ogram equal to the fourth part of the 
square on the less, 4, that is, equal to c7 
the square on the half of 4, and deficient 

2 by a square figure. Let this be the è + € 0 € 
rectangle BD, DC, (cf. Lemma] 
and let BD be commensurable in length with DC; 

I say that the square on AC is greater than the square on 4 
by the square on a straight line commensurable with BC. 

25 For let BC be bisected at the point Æ, 
and let EF be made equal to DZ. 

Therefore the remainder DC is equal to BF. 
And, since the straight line BC has been cut into equal 
parts at Æ, and into unequal parts at D, 


30 therefore the rectangle contained by BD, DC, together with 
the square on ÆD, is equal to the square on EC; (1. 5] 
And the same is true of their quadruples ; 
therefore four times the rectangle BD, DC, together with 
four times the square on DÆ, is equal to four times the square 
ss on £C. 
But the square on 74 is equal to four times the rectangle 
BD, DC; 
and the square on DF is equal to four times the square on 
DE, for DF is double of DE. 
40 And the square on AC is equal to four times the square 
on EC, for again BC is double of CZ. 
Therefore the squares on 4, DF are equal to the square 
on BC, 
so that the square on AC is greater than the square on 4 by 
45 the square on DF. 


It is to be proved that BC is also commensurable with DF. 
Since BD is commensurable in length with DC, 


therefore C is also commensurable in length with CD. [x. 15] 
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But CD is commensurable in length with CD, BF, for 

so CD is equal to BF. (x. 6] 

Therefore BC is also commensurable in length with BF, 

CD, [x. 12] 

so that BC is also commensurable in length with the remainder 

FD; [x. 15] 

ss therefore the square on BC is greater than the square on 4 
by the square on a straight line commensurable with BC. 


Next, let the square on BC be greater than the square on 
A by the square on a straight line commensurable with BC, 


let a parallelogram be applied to BC equal to the fourth part 
6» of the square on 4 and deficient by a square figure, and let 
it be the rectangle BD, DC. 


It is to be proved that BD is commensurable in length 
with DC. 

With the same construction, we can prove similarly that 

és the square on BC is greater than the square on 4 by the 

square on FD. 

But the square on JC is greater than the square on 4 
by the square on a straight line commensurable with BC. 

Therefore BC is commensurable in length with FD, 


70 so that ZC is also commensurable in length with the remainder, 
the sum of BF, DC. (x. 15] 


Bat the sum of BF, DC is commensurable with DC, [x. 6] 
so that AC is also commensurable in length with CD; (x. 12] 


and therefore, separando, BD is commensurable in length 
7s with DC. (x. 15] 
Therefore etc. 


45. After saying literally that ‘the square on AC is greater than the square on A by the 
square on DF,” Euclid adds the equivalent expression with Ó/rara« in its technical sense, 
h BT dpa ris A pettor divarac ry AZ. As this is untranslatable in English except by a 
paraphrase in practically the. same words as have preceded, I have not attempted to 
reproduce it. 


This proposition gives the condition that the roots of the equation in x, 
as - at = B(- 5. say), 
are commensurable with a, or that x is expressible in terms of a and integral 
numbers, i.e. is of the form Td. No better proof can be found for the fact 


that Euclid and the Greeks used their solutions of quadratic equations for 
numerical problems. On no other assumption could an elaborate discussion 
of the conditions of incommensurability of the roots with given lengths or 
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with a given number of units of length be explained. In a purely geometrical 
solution the distinction between commensurable and incommensurable roots 
has no point, because each can equally easily be represented by straight lines. 
On the other hand, on the assumption that the svmerica/ solution of quadratic 
equations was an important part of the system of the Greek geometers, 
the distinction between the cases where the roots are commensurable and 
incommensurable respectively with a given length or unit becomes of great 
importance. Since the Greeks had no means of expressing what we call an 
irrational number, the case of an equation with incommensurable roots could 
only be represented by them geometrically ; and the geometrical representations 
had to serve instead of what we can express by formulae involving surds. 

Euclid proves in this proposition and the next that, x being determined 
from the equation 


x, (a - x) are commensurable in length when Ja? — P, a are so, and incom- 


mensurable in length when Va? — 2, a are incommensurable ; and conversely. 
Observe the similarity of his proof to our algebraical method of solving 
the equation. a being represented in the figure by BC, and x by CD, 


EF-ED-5-x 





9 
and x (a-x)4 E — x) = 4 ; by Eucl. tt. 5. 
If we multiply throughout by 4, 
4x (a— x) * 4 E -a) =a, 


whence, by (1), B+ (a— 2x) =a’, 
or à) — P=(a—2x)', 
and Ala? — 2 a- ax. 


We have to prove in this proposition 
(1) that, if x, (a — x) are commensurable in length, so are a, Va? — 2, 


(2) that, if a, Ja? — ^ are commensurable in length, so are x, (a — x). 


(1) To prove that a, a — 2x are commensurable in length Euclid employs 
several successive steps, thus. 


Since (a —- x) ^ x, a ^x. (x. 15] 
But X^ 2x. [x. 6] 
Therefore a ^ 2x [x. 12] 
^ (a - 2x). [x. 15] 
That is, a ^ Ja! — P. 
(2) Since a ^ Ja- ë, an a-—2x, 
whence a ^ 2x. [x- 15] 
But ax ^x; [x. 6] 
therefore a ^x, [x. 12] 


and hence (a - x) ^ x. [x- 15] 
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. It is often more convenient to use the symmetrical form of equation in 
this and similar cases, viz. 


p 
= aba 
x+y=a 
The result with this mode of expression is that 
(1) if x ^y, thena- Ja*—8; and 
(2) if a ^ a3 2, then x ^ y. 


The truth of the proposition is even easier to see in this case, since 
(x y) - (a! - 9). 


PROPOSITION 18, 


[f there be two unequal straight lines, and to the greater 
there be applied a parallelogram equal to the fourth part of 
the square on the less and defictent by a square figure, and 
tf it divide wt into parts which are incommensurable, the square 
on the greater will be greater than the square on the less by 
the square ona straight line tncommensurable with the greater. 

And, tf the square on the greater be greater than the square 
on the less by the square on a. straight line tncommensurable 
with the greater, and if there be applied to the greater a 
parallelogram equal to the fourth part of the square on the 
less and deficient by a square figure, it divides it into parts 
which are tncommensurable. 


Let 4, BC be two unequal straight lines, of which BC is 
the greater, 


and to BC let there be applied a parallelogram equal 
to the fourth part of the square on the less, 4, and 
deficient by a square figure. Let this be the rect- 
angle BD, DC, [cf. Lemma before x. 17] 


and let ZD be incommensurable in length with DC; 


I say that the square on AC is greater than the 
square on 4 by the square on a straight line incom- 
mensurable with BC. 





For, with the same construction as before, we can prove 
similarly that the square on AC is greater than the square on 
A by the square on FD. 


It is to be proved that BC is incommensurable in length 
with DF. 
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Since BD is incommensurable in length with DC, 


therefore BC is also incommensurable in length with CD. 
[x. 16] 


But DC is commensurable with the sum of BF, DC; [x. 6] 
therefore BC is also incommensurable with the sum of BE, 


C [x. 13] 
so that BC is also incommensurable in length with the remainder 
FD. (x. 16] 


And the square on BC is greater than the square on 4 
by the square on FD; 
therefore the square on AC is greater than the square on 4 
by the square on a straight line incommensurable with BC. 


Again, let the square on BC be greater than the square on 
A by the square on a straight line incommensurable with BC, 
and let there be applied to BC a parallelogram equal to the 
fourth part of the square on 4 and deficient by a square figure. 
Let this be the rectangle BD, DC. 

It is to be proved that BD is incommensurable in length 
with DC. 

For, with the same construction, we can prove similarly 
that the square on ZC is greater than the square on 4 by 
the square on FD. 

But the square on BC is greater than the square on 4 by 
the square on a straight line incommensurable with BC; 


therefore BC is incommensurable in length with FD, 


so that BC is also incommensurable with the remainder, the 

sum of BF, DC. [x. 16] 

But the sum of BF, DC is commensurable in length with 

C; [x. 6] 
therefore BC is also incommensurable in length with DC, 

[x. 13] 

so that, separando, BD is also incommensurable in length with 

C. [x. 16] 

T herefore etc. 


With the same notation as before, we have to prove in this proposition that 
(1) if (a — x), x are incommensurable in length, so are a, ^/a* — 3’, and 
(2) if a, /a?— & are incommensurable in length, so are (a — x), x. 

Or, with the equations 








xy = — 
9 
x+y=a 
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(1) if x uy, then av Ja? — 6", and 


The steps are exactly the same as shown under (1) and (2) of the last 
note, with v instead of ^, except only in the lines *x ^ 2x" and *2x ^ x" 
which are unaltered, while, in the references, x. 13, 16 take the place of x. 
12, 15 respectively. 


[LEMMA. 


Since it has been proved that straight lines commen- 
surable in length are always commensurable in square also, 
while those commensurable in square are not always com- 
mensurable in length also, but can of course be either 
commensurable or incommensurable in length, it is manifest 
that, if any straight line be commensurable in length with a 
given rational straight line, it is called rational and commen- 
surable with the other not only in length but in square also, 
since straight lines commensurable in length are always 
commensurable in square also. 

But, if any straight line be commensurable in square with 
a given rational straight line, then, if it is also commensurable 
in length with it, it is called in this case also rational and 
commensurable with it both in length and in square; but, if 
again any straight line, being commensurable in square with a 
given rational straight line, be incommensurable in length 
with it, it is called in this case also rational but commensurable 
in square only. | 


PROPOSITION 19. 
The rectangle contained by rational straight lines commen- 
surable in length is rational. 


For let the rectangle 4C be contained by the rational 
straight lines 48, BC commensurable in 
length ; D 
I say that AC is rational. 


For on AB let the square 4D be de- 
scribed ; 
therefore 4D is rational. [x. Def. 4] 

And, since AB is commensurable in A B 


length with BC, 
while 42 is equal to BD, 
therefore BD is commensurable in length with BC. 
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And, as BD is to JC, so is DA to AC. [vi. 1] 
Therefore DA is commensurable with AC. [x. 11] 
But DA is rational ; 

therefore AC is also rational. [x. Def. 4] 


Therefore etc. 


There is a difficulty in the text of the enunciation of this proposition. 
The Greek runs 10 umd pyrav pene oupperpwr xard Tiva TOv Tpottpnp£voy 
TpoTwv «vÜeuiv. weprexopevov opBoywvrov pxyrov éorw, where the rectangle is 
said to be contained by “rational straight lines commensurable in length 7» 
any of the aforesaid ways.” Now straight lines can only be commensurable 
in length in one way, the degrees of commensurability being commensurability 
in length and commensurability in square only, But a straight line may be 
rational in two ways in relation to a given rational straight line, since it may 
be either commensurable in length, or commensurable in square only, with the 
latter. Hence Billingsley takes xara rwa Trav Tpoepnpévwv [pómov with pnra, 
translating “ straight lines commensurable in length and rational in any of the 
aforesaid ways," and this agrees with the expression in the next proposition 
* a straight line once more rational in any of the aforesaid ways"; but the 
order of words in the Greek seems to be fatal to this way of translating 
the passage. 

The best solution of the difficulty seems to be to reject the words “in 
any of the aforesaid ways” altogether. They have reference to the Lemma 
which immediately precedes and which is itself open to the gravest suspicion. 
It is very prolix, and cannot be called necessary; it appears moreover in 
connexion with an addition clearly spurious and therefore relegated by 
Heiberg to the Appendix. The addition does not even pretend to be Euclid’s, 
for it begins with the words “for Ze ca//s rational straight lines those... .” 
Hence we should no doubt relegate the Lemma itself to the Appendix. 
August does so and leaves out the suspected words in the enunciation, as I 
have done. 

Exactly the same arguments apply to the Iemma added (without the 
heading * Lemma ") to x. 23 and the same words “in any of the aforesaid 
ways" used with *''raedial straight lines commensurable in length” in the 
enunciation of x. 24. The said Lemma must stand or fall with that now in 
question, since it refers to it in terms: “And in the same way as was explained 
in the case of rationals...” 

Hence I have bracketed the Lemma added to x. 23 and left out the 
objectionable words in the enunciation of x. 24. 


If p be one of the given rational straight lines (rational of course in the 
sense of x. Def. 3), the other can be denoted by 4p, where 7 is, as usual, of 
the form m/n (where m, n are integers). Thus the rectangle is $p, which is 
obviously rational since it is commensurable with pọ. (x. Def. 4.] 

A rational rectangle may have any of the forms aé, ka’, kA or 4, where 
a, are commensurable with the unit of length, and 4 with the unit of area. 

Since Euclid is not able to use p as a symbol for a straight line 
commensurable in length with p, he has to put his proof in a form corre- 
sponding to 

p°: kp? =p: kp, 
whence, p, p being commensurable, p°, $p” are so also. (x. 11] 
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PROPOSITION 20. 


Lf a rational area be applied to a rational straight line, it 
produces as breadth a straight line rational and commensurable 
in length with the straight line to which it is applied. 


For let the rational area AC be applied to 4B, a straight 
line once more rational in any of the aforesaid 
ways, producing BC as breadth ; 
I say that BC is rational and commensurable in 
length with BA. 
For on AB let the square 4D Le described ; al A 
therefore 74 D is rational. [x. Def. 4] 
But AC is also rational ; 
therefore DA is commensurable with AC. 
And, as DA is to AC, so is DB to BC. e 


Vl. I 
Therefore DB is also commensurable with e (x. rr] 


and DB is equal to BA ; 
therefore 4B is also commensurable with BC. 
But 428 is rational ; 
therefore ÆC is also rational and commensurable in length 


with 4 B. 
Therefore etc. 


The converse of the last. If p is a rational straight line, any rational area 
is of the form p°. If this be “applied” to p, the breadth is 49 commensurable 
in length with p and therefore rational. We should reach the same result if 
we applied the area to another rational straight line ø. The breadth is then 


2 2 
—** 


m , 
=—k.oor Eo, say. 
T c n 


PROPOSITION 21. 


The rectangle contained by rational strawght lines commen- 
surable in square only is irrational, and the side of the square 
egual to it is irrational. Let the latter be called medial. 


For let the rectangle AC be contained by the rational 
straight lines 4B, BC commensurable in square only ; 
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I say that AC is irrational, and the side of the square equal 
to it is irrational ; 


and let the latter be called medial. D 
For on AB let the square AD be described ; 
therefore 74 D 1s rational. [x. Def. 4] 8 A 


And, since 44 B is incommensurable in length 

with BC, 

for by hypothesis they are commensurable in c 

square only, 

while AZ is equal to BD, 

therefore DB is also incommensurable in length with BC. 
And, as DP is to BC, so is AD to AC; [v. 1] 

therefore DA is incommensurable with AC. [x. 11] 
But 24 is rational ; 

therefore AC is irrational, 

so that the side of the square equal to AC is also irrational. 

[x. Def. 4] 


And let the latter be called medial. 
Q. E. D. 


A medial straight line, now defined for the first time, is so called because 
it is a mean proportional between two rational straight lines commensurable 
in square only. Such straight lines can be denoted by p, p./&. A medial 


straight line is therefore of the form Jp*,/4 or ktp. Euclid’s proof that this is 
irrational is equivalent to the following. Take o, p,/4 Commensurable in 
square only, so that they are incommensurable in length. 

Now pipa/& — ph: pf, 
whence (x. 11] p?,/& is incommensurable with p? and therefore irrational 
[x. Def. 4], so that ./p*,/2 is also irrational [śbid.]. 

A medial straight line may evidently take either of the forms /a./B or 
Hi AB, where of course Z is not of the form 44. 





LEMMA. 


If there be two straight lines, then, as the first is to the 
second, so is the square on the first n É E 


to the rectangle contained by the 
two straight lines. ||. 
Let FE, EG be two straight 


lines. E 
I say that, as FE is to ÆG, so is the square on FE to 
the rectangle FZ, EG. 
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For on FE let the square DF be described, 
and let GD be completed. 

Since then, as FE is to EG, so is FD to DG, (vr. 1] 
and FD is the square on FE, 
and DG the rectangle DE, EG, that is, the rectangle FE, EG, 
therefore, as FE is to EG, so is the square on FE to the 
rectangle FZ, EG. 

Similarly also, as the rectangle GZ, EF is to the square 
on £F, that is, as GD is to FD, so is GE to EF. | 

Q. E. D. 


If a, 6 be two straight lines, 
a:b=a':ab. 


PROPOSITION 22. 


The square om a medial straight line, if applied to a 
rational straight line, produces as breadth a straight line 
rational and incommensurable in length with that to which it 
ts applied. 

Let 4 be medial and CB rational, 


and let a rectangular area BD equal to the square on 4 be 

applied to BC, producing CD as 

breadth ; B 

I say that C2 is rational and incom- 

mensurable in length with CZ. G 
For,since 4 is medial, the square 

on it is equal to a rectangular area 

contained by rational straight lines 

ccmmensurable in square only. 


X. 2I 

Let the square on it be Eu o GF. 

But the square on it is also equal to BD ; 
therefore BD is equal to GF. 

But it is also equiangular with it ; 
and in equal and equiangular parallelograms the sides about 
the e.jual angles are reciprocally proportional ; [vt. 14] 
therefore, -<opcrtionally, as BC is to EG, so is EF to CD. 


Therefore aiso, as the square on BC is to the square on 
EG, so is the square on E to the square on CD. [vi. 22] 
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But the square on CB is commensurable with the square 
on £G, for each of these straight lines is rational ; 


therefore the square on EF is also commensurable with the 


square on CZ. [x. 11] 
But the square on £F is rational ; 
therefore the square on CD is also rational ; (x. Def. 4] 


therefore CD is rational. 

And, since EF is incommensurable in length with EG, 
for they are commensurable in square only, 
and, as EF is to EG, so is the square on ZF to the rectangle 


FE, EG, [Lemma] 
therefore the square on. EF is incommensurable with the 
rectangle FE, EG. [x. 11] 


But the square on CD is commensurable with the square 
on £F, for the straight lines are rational in square ; 


and the rectangle DC, CB is commensurable with the rect- 
angle FE, EG, for they are equal to the square on 4 ; 


therefore the square on CD is also incommensurable with the 


rectangle DC, CB. [x. 13] 
But, as the square on CD is to the rectangle DC, CB, so 
is DC to CB; [Lemma] 


therefore DC is incommensurable in length with CZ. (x. 11] 


Therefore CD is rational and incommensurable in length 
with CZ. 
Q. E. D. 


Our algebraical notation makes the result of this proposition almost self- 
evident. We have seen that the square of a medial straight line is of the form 
Jk.p*. If we “apply” this area to another rational straight line e, the 

2 


breadth is . P : 
JE. p? 
c? 


straight line, which we may express, if we please, in the form ./4’. ø, is clearly 
commensurable with o in square only, and therefore rational but incom- 
mensurable in length with ø. 

Euclid’s proof, necessarily longer, is in two parts. 

Suppose that the rectangle J$. pP =F. x. 

Then (1) o:p=Jk.p:4, (v1. 14] 
whence a? : p? = Rp? : x7, (vr. 22] 

But o° ^ p, and therefore $p? ^ x?. [x. 11] 


This is equal to TIL JR. z c, where m, n are integers. The latter 


X. 22, 23] PROPOSITIONS 22, 23 53 


And 4p? is rational , 


therefore x’, and therefore x, is rational. [x. Def. 4] 
(2) Since J£. p ^- p, JA.p v» p. 
But [Lemma] JA. p: pm Eph: JR. p, 

whence Ap! o JA. p*. [x. 11] 
But JÅ. p =x, and 4p! ^ x* (from above) ; 

therefore x'uox; [x. 13] 

and, since x*:ox 2 x:6, | [Lemma] 

xv Gd. 


PROPOSITION 23. 
A straight line commensurable with a medial straight line 
zs medial. 
Let A be medial, and let B be commensurable with 4 ; 


I say that B is also medial. 
For let a rational straight line CD 





be set out, A 2 
and to CD let the rectangular area CE e 
equal to the square on 4 be applied, 
producing £2 as breadth ; 
therefore ED is rational and incommen- 
surable in length with CD. (x. 22] 

And let the rectangular area CF — 


equal to the square on ß be applied to 
CD, producing D as breadth. 

Since then 4 is commensurable with Z, 
the square on 4 is also commensurable with the square on B. 

But ÆC is equal to the square on 4, - 
and CF is equal to the square on &; 
therefore ÆC is commensurable with CF. 

And, as EC is to CF, so is ED to DF; [vi. 1] 
therefore ED is commensurable in length with D. [x. 11] 
po ED is rational and incommensurable in length with 
therefore D is also rational (x. Def. 3) and incommensurable 
in length with DC. [x. 13] 


Therefore CD, DF are rational and commensurable in 
square only. 
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But the straight line the square on which is equal to the 
rectangle contained by rational straight lines commensurable 
in square only is medial ; [x. 21] 


therefore the side of the square equal to the rectangle C2, 
DF is medial. 


And B is the side of the square equal to the rectangle 
CD, DF; 
therefore B is medial. 


Porism. From this it is manifest that an area commen- 
surable with a medial area is medial. 


[And in the same way as was explained in the case of 
rationals [Lemma following x. 18] it follows, as regards medials, 
that a straight line commensurable in length with a medial 
straight line is called medial and commensurable with it not 
only in length but in square also, since, in general, straight 
lines commensurable in Jength are always commensurable in 
square alsc. 

But, if any straight line be commensurable in square with 
a medial straight line, then, if it is also commensurable in 
length with it, the straight lines are called, in this case too, 
medial and commensurable in length and in square, but, if in 
square only, they are called medial straight lines commen- 
surable in square only. ] 

As explained in the bracketed passage following this proposition, a straight 
line commensurable with a medial straight line & square on/y, as well as a 


straight line commensurable with it in length, is medial. 
Algebraical notation shows this easily. 


If 4i be the given straight line, A£ip is a straight line commensurable 


in length with it and VÀ. Rp a straight line commensurable with it in square 
only. 

But Ap and ,/A.p are both rational [x. Def. 3] and therefore can be 
expressed by p’, and we thus arrive at Rp’, which is clearly medial. 

Euclid’s proof amounts to the following. 

Apply both the areas ,|/£.p* and A*J/&.p? (or AA. p?) to a rational 
straight line c. 


2 2 2 
The breadths /& £ and A? /k £ (or ASR . e) are in the ratio of the 


areas J/A. p? and A*JA. p? (or A &.p*) themselves and are therefore com- 
mensurable. 
3 
Now [x. 22] /4 E is rational but incommensurable with ø. 


2 2 
Therefore A? /k. J (or A JA. E is so also; 
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whence the area A’,/&. p* (or A,/&. p”) is contained by two rational straight 


lines commensurable in square only, so that ratp (or Jd. ktp) is a medial 
straight line. 


It is in the Porism that we have the first mention of a medial avea. It is 
the area which is equal to the square on a medial straight line, an area, there- 


fore, of the form AM, which is, as a matter of fact, arrived at, though not 
named, before the medial s/rargA dine itself (x. 21). 


The Porism states that NI is a medial area, which is indeed obvious. 


PROPOSITION 24. 


The rectangle contained by medial straight lines commen- 
surable in length is medial. 


For let the rectangle ÆC be contained by the medial 
straight lines 48, BC which are commensurable 
in length ; o 
I say that AC is medial. 

For on AB let the square AD be described ; 
therefore 4D is medial. 


And, since AB is commensurable in length 
with BC, 


while 44 Z is equal to BD, D 
therefore DBZ is also commensurable in length 


with BC; 


so that DA is also commensurable with AC. (vr. 1, x. rr] 
But DA is medial ; 
therefore AC is also medial. [x. 23, Por.] 
Q. E. D. 


There is the same difficulty in the text of this enunciation as in that of 
x. 19. The Greek says “ medial straight lines commensurable in length in 
any of the aforesaid ways”; but straight lines can only be commensurable in 
length in one way, though they can be medial in two ways, as explained in the 
addition to the preceding proposition, i.e. they can be either commensurable 
in length or commensurable in square only with a given medial straight line. 
For the same reason as that explained in the note on x. r9 I have omitted 
“in any of the aforesaid ways" in the enunciation and bracketed the addition 
to X. 23 to which it refers. 


kp and Mp are medial straight lines commensurable in length. The 


rectangle contained by them is Mp, which may be written pip’ and is there- 
fore clearly medial. 

Euclid’s proof proceeds thus. Let x, Ax be the two medial straight lines 
commensurable in length. 

Therefore X: x. Ax = x Ax. 
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But x.^ Ax, so that x? - x. Ax. [x. 11] 
Now x? is medial [x. 21]; 
therefore x. Ax is also medial. [x. 23, Por.] 


We may of course write two medial straight lines commensurable in length 
in the forms mp, nE p; and these may either be m Ja JB, n.a. D, or 
mN AB, n3 AB. 


PROPOSITION 25. 


The rectangle contained by medial straight lines commen- 
surable in square only is either rational or meatal. 


For let the rectangle AC be contained by the medial 
straight lines 4B, BC which are 
commensurable in square only ; A 
I say that AC is either rational 
or medial. 

For on AB, BC let the C 
squares AD, BE be described ; 
therefore each of the squares o UE 
AD, BE is medial. 

Let a rational straight line 
FG be set out, 
to FG let there be applied the rectangular parallelogram GH 
equal to AD, producing FH as breadth, 
to /7M let there be applied the rectangular parallelogram MX 
equal to AC, producing /7K as breadth, 


and further to AW let there be similarly applied AZ equal to 
BE, producing AZ as breadth ; 


therefore FH, HK, KL are in a straight line. 
Since then each of the squares 4D, BE is medial, 
and AD is equal to GH, and BE to NL, 
therefore each of the rectangles GH, NZ is also medial. 
And they are applied to the rational straight line FG ; 


therefore each of the straight lines FH, KL is rational and 
incommensurable in length with FG. [x. 22] 


And, since A D is commensurable with BE, 
therefore GÆ is also commensurable with NZL. 

And, as GĦ is to NL, so is FH to KL ; [vr 1] 
therefore FÆ is commensurable in length with AZ. — (x. ::) 
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Therefore FH, KL are rational straight lines commen- 
surable in length ; 


therefore the rectangle FĦ, KL is rational. [x. 19] 

And, since DP is equal to BA, and OB to BC, 
therefore, as DB is to BC, so is AB to BO. 

But, as DB is to BC, so is DA to AC, (vr. 1] 
and, as AB is to DO, so is AC to CO; (ZA 
therefore, as DA is to AC, so is AC to CO. 

But 44 D is equal to G7, AC to .WK and CO to NL ; 
therefore, as GH is to MK, sois MK to NL; 
therefore also, as FH isto HK, sois HK toAL; [vi.1,v. 11] 
therefore the rectangle FH, KZ is equal to the square on 77K. 

VI. I 

But the rectangle F/7, KL is rational ; — 
therefore the square on 77K is also rational. 

Therefore 77K is rational. 

And, if it is commensurable in length with FG, 

FIN is rational ; [x. 19] 
but, if it is incommensurable in length with ZG, 


K H, H M are rational straight lines commensurable in square 
only, and therefore /7N is medial. [x. 21] 


Therefore ÆN is either rational or medial. 
But ÆN is equal to AC; 

therefore 4C is either rational or medial. 
Therefore etc. 


Two medial straight lines commensurable in square only are of the form 


Bp, / A. a p 

The rectangle contained by them is JA. ktp? Now this is in general 
medial; but, if /A=2' /&, the rectangle is £4’p*, which is rational. 

Euclid’s argument is as follows. Let us, for convenience, put x for &lp, SC 
that the medial straight lines are x, JÀ. x. 

Form the areas x°, x. /A. x, Ax’, 


and let these be respectively equal to ox, av, ow, where o is a rational 
straight line. 
Since x*, Ax? are medial areas, 
SO are ou, dt, 
whence x, w are respectively rational and ~ o. 
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But La Ar, 

so that | Tu ^ Tw, 

or WS ec 666 A): 
Therefore, u, w being both rational, uw is rational .. ................-. (2). 
Now iSi Ana N 

or TU : OV = 07:010, 

so that u: V=V: W, 

and uw =v. 
Hence, by (2), ??, and therefore 2, is rational .......................... (3). 


Now (a) ifv ^, ev or /A. x? is rational ; 
(B) if v v c, so that v ~ ø, ov or JA. x? is medial. 


PROPOSITION 26. 


4 medial area does not exceed a medial area by a rational 
area. 


For, if possible, let the medial area 4B exceed the medial 
area AC by the rational area 
DB, A F E 
and let a rational straight line 
EF be set out ; 


to EF let there be applied the K a 
rectangular parallelogram FH » 

equal to 744 5, producing £/7 as H 
breadth, 


and let the rectangle FG «ual to AC be subtracted ; 
therefore the remainder 8/7 is equal to the remainder KZ. 
But DB is rational ; 
therefore K 77 is also rational. 
Since, then, each of the rectangles 48, AC is medial, 
and .4B is equal to FH, and AC to FG, 
therefore each of the rectangles FH, FG is also medial. 
And they are applied to the rational straight line EZ; 


therefore each of the straight lines HE, EG is rational and 
incommensurable in length with EF. (x. 22] 


And, since [DP is rational and is equal to KH, 
therefore] XH is [also] rational ; 
and it is applied to the rational straight line EZ; 


X. 26] PROPOSITIONS 25, 26 59 


therefore GÆ is rational and commensurable in length with 
EF. [x. 20]: 


But ÆG is also rational, and is incommensurable in length 


with EF; 
therefore EG is incommensurable in length with GÆ. (x. 13] 


And, as ÆG is to GĦ, so is the square on ÆG to the 
rectangle EG, GH; 


therefore the square on EG is incommensurable with the 
rectangle EG, GH. (x. 11] 


But the squares on EG, GH are commensurable with the 
square on EG, for both are rational ; 


and twice the rectangle ÆG, GH is commensurable with the 


rectangle EG, G 77, for it is double of it ; [x. 6] 
therefore the squares on EG, GH are incommensurable with 
twice the rectangle £G, GH ; (x. 13] 


therefore also the sum of the squares on EG, GH and twice 
the rectangle ÆG, GĦ, that is, the square on E77 [(u. 4], is 


incommensurable with the squares on EG, G/Z. (x. 16] 
But the squares on EG, G// are rational ; 
therefore the square on £77 is irrational. — [x. Def. 4] 


Therefore £H is irrational. 
But it is also rational : 
which is impossible. 


Therefore etc. 
Q. E. D. 


* Apply" the two given medial areas to one and the same rational straight 


line p. They can then be written in the form p; k?p, p. Ap. 

The difference is then (,/4 — ,/A) p?; and the proposition asserts that this 
cannot be rational, i.e. (J£ — ./A) cannot be equal to &’. Cf. the proposition 
corresponding to this in algebraical text-books. 


'To make Euclid's proof clear we will put x for kbp and y for Ad. 
Suppose p(x —y) = pz, 

and, if possible, let pz be rational, so that z must be rational and ^ p ...(1). 
Since px, py are medial, 


x and y are respectively rational and v p ............... (2). 
From (1) and (2), yur 
Now y:iz2y:ys, 


so that y!» yz. 


60 BOOK X [x. 26, 27 


But yraay', 
and 2yz ^ yz. 
Therefore rou 2yz, 
whence (y * zy vu (y? * 29), 
or L u (P +z). 


And (y* + 2°) is rational ; 

therefore x’, and consequently x, is irrational. 
But, by (2), x is rational : 

which is impossible. 
Therefore pz is not rational. 


PROPOSITION 27. 


To find medial straight lines commensurable in square only 
whch contain a rational rectangle. 


Let two rational straight lines 4, 8 commensurable in 
square only be set out ; 
let C be taken a mean proportional between 
A, B, (vi. 13] 
and Jet it he contrived that, o 
as A is to B, so is C to D. (vi. 12] 8 


Then, since 4, B are rational and com- 
mensurable in square only, | 


the rectangle 4, &, that is, the square on C 
(vi 17], is medial. [X- 21] 


Therefore C is medial. (x. 21] 
And since, as 4 is to D, so is C to D, 


and 4, B are commensurable in square only, 

therefore C, D are also commensurable in square only. [x. 11] 
And C is medial ; 

therefore D is also medial. [x. 23, addition] 


Therefore C, D are medial and commensurable in square 
only. | 





I say that they also contain a rational rectangle. 
For since, as 4 is to Z, so is C to D, 


therefore, alternately, as 4 is to C, so is Z to D. [v. 16] 
But, as Æ is to C, so is C to Z7; 

therefore also, as C is to B, so is B to D; 

therefore the rectangle C, D is equal to the square on B. 
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But the square on Z is rational ; 
therefore the rectangle C, D is also rational. 
Therefore medial straight lines commensurable in square 
only have been found which contain a rational rectangle. 
Q. E. D. 


Euclid takes two rational straight lines commensurable in square only, say 
P, hp, 

Find the mean proportional, i.e. Hp. 

Take x such that p y: = Rp cecus tesis (1). 

This gives x = kp, 
and the lines required are ko, kîp. 

For (a) kt is medial. 

And (B), by (1), since p ~ 4p, 

ktp ~ Bp, 
whence [addition to x. 23], since ktp is medial, 
kip is also medial. 
The medial straight lines thus found may take either of the forms 


(1) Va/B, — or (2) VAB, V 35. 


PROPOSITION 28. 


To find medial straight lines comnensurable in square only 
which contain a medial rectangle. 


Let the rational straight lines 4, B, C commensurable in 
square only be set out ; 


let D be taken a mean proportional between A, B, (vi. 13] 
and let it be contrived that, 
as B is to C, sois D to £. [vi. 12] 
A 
B———— — —— Sa 
Qo E 


Since 4, B are rational straight lines commensurable in 
square only, 
therefore the rectangle 4, B, that is, the square on 2 (vi. 17], 
is medial. [x. 21] 
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Therefore D is medial. (x. 21] 
And since &, C are commensurable in square only, 

and, as Z7! is to C, so is D to £, 

therefore D, & are also commensurable in square only. [x. 11] 
But 2 is medial ; 

therefore Æ is also medial. [x. 23, addition] 


Therefore D, Æ are medial straight lines commensurable 
in square only. 


I say next that they also contain a medial rectangle. 
For since, as Æ is to C, so is D to £, 

therefore, alternately, as Ø is to D, so is C to Æ. [v. 16] 
But, as Z is to D, so is D to A; 

therefore also, as D is to A, so is C to £; 

therefore the rectangle 4, C is equal to the rectangle D, Æ. 


(vi. 16] 
But the rectangle 4, C is medial ; [x. 21] 


therefore the rectangle D, Æ is also medial. 
Therefore medial straight lines commensurable in square 


only have been found which contain a medial rectangle. 
Q. E. D. 


Euclid takes three straight lines commensurable in square only, i.e. of the 
form p, Bp, ai , and proceeds as follows. 


Take the mean proportional to p, Ap, i.e. Bp. 
Then take x such that 


Mp:Mp pix. sse (1), 
so that x = vipat. 
kp, Adj id are the required medial straight lines. 
For kp is medial. 
Now, by (1), since kp ~ Nip, 
p~ x, 


whence x is also medial [x. 23, addition], while —— ko. 


Next, by (1), Mp: x= Alp: bt 
= a P:P 
whence a. kp = Aħp?, which is medial. 


The straight lines £p, rto/at of course take different forms according as 
the original straight lines are of the forms (1) a, JB, JC, (2) V4, ~B, ~C, 
(3) JA, 4, JG, and (4) J/4, JB, c. 
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E.g. in case (1) they are /a,/B, Js: 


in case (2) they are VAB, oe j 
and so on. 
LEMMA I. 


To find two square numbers such that their sum ts also 
square. 


Let two numbers AB, BC be set out, and let them be 
either both even or both odd. 

Then since, whether an even 4 5  —6 8 
number is subtracted from an 
even number, or an odd number from an odd number, the 
remainder is even, [1x. 24, 26] 


therefore the remainder AC is even. 


Let AC be bisected at D. 

Let AB, BC also be either similar plan. numbers, or 
square numbers, which are themselves also similar plane 
numbers. 


Now the product of AB, BC together with the square on 
CD is equal to the square on BD. [11. 6] 


And the product of 48, BC is square, inasmuch as it 
was proved that, if two similar plane numbers by multiplying 
one another make some number the product is square. [1x. :] 


Therefore two square numbers, the product of 4B, BC, 
and the square on CD, have been found which, when added 
together, make the square on BD. 


And it is manifest that two square numbers, the square 
on BD and the square on CD, have again been found such 
that their difference, the product of AB, BC, is a square, 
whenever AZ, BC are similar plane numbers. 

But when they are not similar plane numbers, two square 
numbers, the square on BD and the square on DC, have been 
found such that their difference, the product of AB, BC, is 
not square. 

Q. E. D. 

Euclid's method of forming right-angled triangles in integral numbers, 
already alluded to in the note on 1. 47, is as follows. 


Take two similar plane numbers, e.g. sp", mng’, which are ether both even 
or both odd, so that their difference is divisible by 2. 
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Now the product of the two numbers, or 7?7#’g’, is square, [1x. 1] 
and, by rt. 6, 
mnf? . mng?’ + 


(aS ming j- (m * ^ 


so that the numbers mpg, } (snp? — nq") satisfy the condition that the sum 
of their squares is also a square number. 

It is also clear that $ (mup + mng”), mnpg are numbers such that the 
difference of their squares is also square. 


LEMMA 2. 


To find two square numbers such that their sum is not 
square. 


For let the product of 48, BC, as we said, be square, 
and CA even, | 
and let CA be bisected by D. 
E 


A 6 HD F ó 8 


It is then manifest that the square product of 48, BC 
together with the square on CZ is equal to the square on BD. 
[See Lemma 1] 


Let the unit DZ be subtracted ; 
therefore the product of 48, BC together with the square on 
CE is less than the square on BD. 

I say then that the square product of AB, BC together 
with the square on C£ will not be square. 

For, if it is square, it is either equal to the square on BZ, 
or less than the square on ZZ, but cannot any more be 
greater, lest the unit be divided. 

First, if possible, let the product of 48, BC together 
with the square on CZ be equal to the square on BZ, 
and let GA be double of the unit DZ. 

Since then the whole AC is double of the whole CD, 
and in them 4G is double of DZ, 
therefore the remainder GC is also double of the remainder EC; 
therefore GC is bisected by £. 

Therefore the product of GB, BC together with the square 
on CZ is equal to the square on BE. | [1. 6) 

But the product of AB, BC together with the square on 
CE is also, by hypothesis, equal to the square on BE ; 
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therefore the product of GB, BC together with the square on 
CE is equal to the product of 4, BC together with the 
square on CF. 

And, if the common square on CE be subtracted, 
it follows that AB is equal to GB: 
which is absurd. 

Therefore the product of AB, BC together with the square 
on CZ is not equal to the square on BE. 


I say next that neither is it less than the square on BE. 

For, if possible, let it be equal to the square on £7, 
and let FA be double of DF. 

Now it will again follow that 77C is double of CF; 
so that CH has also been bisected at Æ, 
and for this reason the product of /72, BC together with the 
square on FC is equal to the square on BF. (11. 6] 

But, by hypothesis, the product of 48, BC together with 
the square on CZ is also equal to the square on BF. 

Thus the product of 772, BC together with the square 
on CF will also be equal to the product of AB, BC together 
with the square on CE: 
which is absurd. 

Therefore the product of 4, BC together with the square 
on CE is not less than the square on BEL. 

And it was proved that neither is it equal to the square 
on BE. 

Therefore the product of 4.8, BC together with the square 
on CZ is not square. 

Q. E. D. 


We can, of course, write the identity in the note on Lemma 1 above (p. 64) 
in the simpler form 


mP -mN _ (ME + mg’? 
npe (rst ety 
where, as before, mp’, mg? are both odd or both even. 
Now, says Euclid, 


e 3 
mp’. mg + ("=r - r) is not a square number. 
This is proved by reductio ad absurdum. 
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The number is clearly less than mp. mg? + (E "ey, i.e. less than 
mp + mg? 


2 
If then the number is square, its side must be greater than, equal to, or 


2. mp? + mg? 
less than (up 3! the number next less than — 


2 
But (1) the side canna be > (Ar J without being equal to 
mp? + mg 


— since they are consecutive numbers. 


(2) (mp? — 2) mg? + C fee : me r) = (Enr - p (11. 6] 


2 2 2 2 2 
If then mf". mq? + (ape : Pu -1) is a/so equal to (207 B r) 
we must have (mp? — 2) mg? 2 mp? . mg’, 
Or mp -2-mf: 
which is impossible. 


(O) I me. mta ("EZE r) < (MEME vy, 


2 


2 2 
suppose it equal to (um = r). 
EC 
But [u. 6! (up? - 2r) m2? + (ert - r) = (Eert = rJ. 


Therefore 


(mp? — z2r) mg + (EE r) =m. m+ (eee y: 


which is impossible. 
Hence all three hypotheses are false, and the sum of the squares 


2 2 2 
m^. mg? and (7 - ) is mot square. 


PROPOSITION 209. 


To find two rational straight lines commensurable in square 
only and such that the square on the greater is greater than 
tke square on the less by the square on a straight line commen- 
surable in length with the greater. 


For let there be set out any rational straight line 42, 
and two square numbers CD, DE such that their difference 
CE is not square ; [Lemma 1] 


let there be described on AA the semicircle AFB, 
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and let it be contrived that, 
as DC is to CE, so is the square on BA to the square 
on AF. [x. 6, Por.] 
Let FB be joined. K 
Since, as the square on BA is to 
the square on AF, so is DC to CE, 


therefore the square on BA has to 





the square on AF the ratio which the 4 B 

number DC has to the number CZ ; 6 — 

therefore the square on BA is com- 

mensurable with the square on AF. [x. 6] 
But the square on A is rational ; [x. Def. 4] 

therefore the square on 4 F is also rational ; A 


therefore 74 F is also rational. 

And, since DC has not to CE the ratio which a square 
number has to a square number, 
neither has the square on BA to the square on AF the ratio 
which a square number has to a square number ; 
therefore 4B is incommensurable in length with AF. [x.9] 

Therefore BA, AF are rational straight lines commen- 
surable in square only. 

And since, as DC is to C£, so is the square on BA to 
the square on AF, 
therefore, convertendo, as CD is to DE, so is the square on 
AB to the square on BF. [v. 19, Por., ri. 31, 1. 47] 

But CD has to DE the ratio which a square number has 
to a square number : 
therefore also the square on AB has to the square on BF 
the ratio which a square number has to a square number ; 
therefore 4B is commensurable in length with 2. [x. 9] 

And the square on 4B is equal to the squares on AF, FB; 
therefore the square on 4B is greater than the square on AF 
by the square on BF commensurable with 4B. 

Therefore there have been found two rational straight 
lines 8.4, AF commensurable in square only and such that 
the square on the greater 4B is greater than the square on 
the less AF by the square on BF commensurable in length 
with AB. 
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Take a rational straight line p and two numbers s? n? such that (m? — n?) 
is not a square. 
Take a straight line x such that 


HW CH pig eoa eas ot e E eU (1), 
me = m 

whence diim x 
and x -pN1-— f£, where £ =<. 

Ther. p, pv 1 — # are the straight lines required. 

It follows from (1) that x* ^p 
and x is rational, but X o p. 

By (1), convertendo, mm-pi:p-x,y 


so that 4/p* — x* ^ p, and in fact — 4p. 
According as p is of the form a@ or ,/A, the straight lines are (1) a, Ja? - ?! 
or (2) JA, VA —#A. 


PROPOSITION 30. 


To find two rational straight lines commensurable in square 
only and such that the square on the greater ts greater than 
the square on the less by the square on a straight line incom- 
mensurable in length weth the greater. 


Let there be set out a rational straight line 4B, 
and two square numbers CZ, ED 
such that their sum CD is not 


square ; [Lemma 2] ^ 

let there be described on AF the 

semicircle 4/8, 

let it be contrived that, 

as DC is to CE, so is the square 8 
on BA to the square on AF, ó" € D 


[x. 6, Por.] 
and let FB be joined. 

Then, in a similar manner to the preceding, we can prove 
that BA, AF are rational straight lines commensurable in 
square only. 

And since, as DC is to C£, so is the square on BA to 
the square on AF, 
therefore, convertendo, as CD is to DE, so is the square on 
AB to the square on BF. [V. 19, Por., ri. 31, 1. 47] 

But CD has not to DEZ the ratio which a square number 
has to a square number ; 
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therefore neither has the square on 48 to the square on BF 
the ratio which a square number has to a square number ; 


therefore 4B is incommensurable in length with B7.  (x.9] 


And the square on AB is greater than the square on AF 
by the square on FB incommensurable with 4B. 

Therefore AB, AF are rational straight lines commen- 
surable in square only, and the square on AZ is greater than 
the square on AF by the square on FB incommensurable in 
length with 42. 











Q. E. D. 
In this case we take 72, 2? such that #?+ 2? is not square. 
Find x such that m+ n>: m? = p?: x, 
2 m? 2 
whence e re 
p n 
or x= - where 4 - —. 
Jr f "n 
"Then p, £ satisfy the condition. 
VI +A 


The proof is after the manner of the proof of the preceding proposition 
and need not be repeated. 
According as p is of the form a or ,/.4, the straight lines take the 


2,2 — 
— that is, a, Va? — B, or (2) JA, VA — B and 





form (1) a, Je- 


J4, JA- Ë. 


PROPOSITION 31. 


To find two medial straight lines commensurable tn square 
only, containing a rational rectangle, and such that the square 
on the greater is greater than the square on the less by the 
square on a straight line commensurable in length with the 
greater, 


Let there be set out two rational straight lines 4, B 
commensurable in square only and such that the 
square on 4, being the greater, is greater than 
the square on B the less by the square on a 
straight line commensurable in length with 4. 

X. 29 

And let the square on C be equal S de 
rectangle 4, B. 

Now the rectangle 4, B is medial; [x. 21] 


therefore the square on C is also medial ; 
therefore C is also medial. [x- 21] 


ago D 
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Let the rectangle C, D be equal to the square on B. 
Now the square on Z is rational ; 
therefore the rectangle C, D is also rational. 
And since, as 4 is to B, so is the rectangle 4, B to the 
square on 5, 
while the square on C is equal to the rectangle 4, B, 
and the rectangle C, D is equal to the square on 7, 
therefore, as 4 is to B, so is the square on C to the rectangle 
But, as the square on C is to the rectangle C, D, so is C 
to D; 
therefore also, as A is to B, so is C to D. 
But 4 is commensurable with Z in square only ; 
therefore C is also commensurable with D in square only. [x. 11] 
And C is medial ; 
therefore D is also medial. [x. 23, addition] 
And since, as 4 is to B, so is C to D, 
and the square on 4 is greater than the square on Z by the 
square on a straight line commensurable with 4, 
therefore also the square on C is greater than the square on 
D by the square on a straight line commensurable with C. 
[x. 14] 
Therefore two medial straight lines C, D, commensurable 
in square only and containing a rational rectangle, have been 
found, and the square on C is greater than the square on D 


by the square on a straight line commensurable in length 
with C. 


Similarly also it can be proved that the square on C 
exceeds the square on D by the square on a straight line 
incommensurable with C, when the square on 4 is greater 
than the square on Z by the square on a straight line incom- 
mensurable with 4. [x. 30] 


I. Take the rational straight lines commensurable in square only found 
in X. 20, ie. p, pV1 — 22. 
Take the mean proportional p (1 — py and x such that 
p (1 - p :pV1-#=pV1-F ix. 


Then p(1 - ej, x, or p(1— Ret p(t - pj are straight lines satisfying the 
given conditions. 
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For (a) p? V1 — £ is a medial area, and therefore p( - py is a medial 
straight s PA D Mieter eee LED U Pee Ru tue url FER (1); 


and x. p(1- py = p* (1 — &*) and is therefore a rational area. 

(B) p, p(1- py, p V 1 — £, x are straight lines in continued proportion, by 
construction. 
Therefore p:pVi- Pop(i— By ix ................. (2). 
(This Euclid has to prove in a somewhat roundabout way by means of the 
lemma after x. 21 to the effect that a : 6 = ad: 0°.) 

From (2) it follows [x. t1] that x ^— p (1 — &Y ; whence, since p (1 - 49) is 
medial, x or p(1 — ps is medial also. 

(y) From (2), since p, p V 1 — Æ satisfy the remaining condition of the 


problem, p (t - yl, p(t - £y! do so also [x. 14]. 
According as p is of the form a or ./A, the straight lines take the forms 








I Jav ai — — 
Ja Jat - &' 
— — A — £A 
or (2) A (A — £A), JA(A—PA) 


II. To find medial straight lines commens irable in square only contain- 
ing a rational rectangle, and such that the square on one exceeds the square 
on the other by the square on a straight line zzco»zmensurab/e with the former, 
we simply begin with the rational straight lines having the corresponding 


, and we arrive at the straight lines 





property [x. 30], viz. p, AIR 


— TE LH 
(rm (ree 
According as p is of the form a or ./A, these (if we use the same 
transformation as at the end of the note on x. 30) may take any of the forms 


o Mau, PoE, 
or (2) MA (A-— B), VIDE 
or VA(A-P), as: 


PROPOSITION 32. 


To find two medial straight lines commensurable in square 
only, containing a medial rectangle, and such that the square 
on the greater is greater than the square on the less by the 
square on a straight line commensurable with the greater. 
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Let there be set out three rational straight lines 4, B, C 
commensurable in square only, and such that the square on 4 
is greater than the square on C by the square on a straight 
line commensurable with 4, (x. 29] 


and let the square on D be equal to the rectangle 4, B. 


A 


D 
B 


C 


Therefore the square on 2 is medial ; 
therefore D is also medial. [x. 21] 
Let the rectangle D, E be equal to the rectangle B, C. 


Then since, as the rectangle 4, B is to the rectangle Z, C, 
so is A to G, 


while the square on D is equal to the rectangle 4, B, 
and the rectangle D, £ is equal to the rectangle Z, C, 
— as A is to C, so is the square on D to the rectangle 
D, 
But, as the square on Z is to the rectangle D, £, sois D 
to E; 
therefore also, as 7d is to C, so is D to Æ. 
But 44 is commensurable with C in square only ; 
therefore D is also commensurable with Æ in square only. (x. :1] 
But D is medial ; 
therefore Æ is also medial. (x. 23, addition] 
And, since, as 4 is to C, so is D to £, 
while the square on 4 is greater than the square on C by 
the square on a straight line commensurable with 4, 
therefore also the square on D will be greater than the square 
on Æ by the square on a straight line commensurable with D. 


X. 14 

I say next that the rectangle D, Æ is also medial. J— 

For, since the rectangle Z, C is equal to the rectangle 2, £, 

while the rectangle B, C is medial, (x. 21] 
therefore the rectangle D, £ is also medial. 

Therefore two medial straight lines D, Æ, commensurable 

in square only, and containing a medial rectangle, have been 

found such that the square on the greater is greater than the 
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square on the less by the square on a straight line commen- 
surable with the greater. 


Similarly again it can be proved that the square on D 
is greater than the square on E by the square on a straight 
line incommensurable with D, when the square on .4 is 
greatėr than the square on C by the square on a straight line 


incommensurable with 4. [x. 30] 
I. Euclid takes three straight lines of the form p, p JA, p 1 — &, 
takes the mean proportional pat between the first twO ..................... (1), 
and then finds x such that 
p iA Sp ET x eese (2), 


whence x = pat J/ 1 - £, 
and the straight lines pA, pM 1 — # satisfy the given conditions. 

Now (a) pA? is medial. 

(8) We have, from (1) and (2), 

p:pNt— H2 pM ix (3) 

whence x ~ p; and x is therefore medial and ~ pat. 

(y) x.pM ep JA. p 1- Ë. 

But the latter is medial ; [x. 21] 
therefore x. pÀ*, or pA. pM A1 — #, is medial. 

Lastly (8) p, p /1 — 2! have the remaining property in the enunciation ; 
therefore p, prt A1 — Æ have it also. [x. 14] 


(Euclid has not the assistance of symbols to prove the proportion (3) above. 
He therefore uses the lemmas ad: d¢=a:c¢ and 4? : dez d :e to deduce from 
the relations 





ab zd? 
and 22 
that a:c-d:e) 


The straight lines pM, pM J 1— may take any of the following forms 
according as the straight lines first taken are | 


(1) a, JB, J-E, (2) JA, JB, JA- PA, (3) JA, 5, JA—- PA. 
— 4B(s-28) 
(1) Ja JB, — 
— AVB(A-# 
(2) 4A B, — m 


b A— BA 
(3 54A, "MAT 
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II. If the other conditions are the same, but the square on the first 
medial straight line is to exceed the square on the second by the square on a 
straight line zzommensurable with the first, we begin with the three straight 


lines p, p JA, Jg , and the medial straight lines are 


prt 
Je 
The possible forms are even more various in this case owing to the more 

various forms that the original lines may take, e.g. 
(1) a, JB, Je- C; 
(2 44, 4, JA — c 
(4) JA, JB, JÀA-6d; 
(5) JA, JB, VA — C; 

the medial straight lines corresponding to these being 


—— 4B(e-C). 
(1) Ja JB, Ja JB ) 


prt, 


i. Sea. Age 
(3) MÀ JA, EO ; 
() 4 AB, — 
(5) AB, 1 9. 
LEMMA. 


Let ABC be a right-angled triangle having the angle 4 
right, and let the perpendicular 4D be 
drawn ; 
| say that the rectangle CZ, BD is 
equal to the square on #4, 
the rectangle BC, CD equal to the $705 — 
square on C4, 
the rectangle BD, DC equal to the square on AD, 
and, further, the rectangle BC, AD equal to the rectangle 
BA, AC. 


A 
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And first that the rectangle CB, BD is equal to the square 
on BA. 

For, since in a right-angled triangle 44 D has been drawn 
from the right angle perpendicular to the base, 


therefore the triangles ABD, ADC are similar both to the 


whole 4 BC and to one another. (vi. 8] 
And since the triangle 4 BC is similar to the triangle 4 BD, 
therefore, as CB is to BA, so is BA to BD; (vi. 4] 


therefore the rectangle CB, BD is equal to the square on AZ. 
[vi. 17] 
For the same reason the rectangle BC, CD is also equal 

to the square on AC. 


And since, if in a right-angled triangle a perpendicular 
be drawn from the right angle to the base, the perpendicular 
so drawn is a mean proportional between the segments of the 
base, [vr. 8, Por.] 
therefore, as BD is to DA, sois AD to DC; 


therefore the rectangle 8D, DC is equal to the square on AD. 


(vi. 17] 
I say that the rectangle BC, AD is also equal to the rect- 
angle BA, AC. 
For since, as we said, ABC is similar to ABD, 
therefore, as BC is to CA, so is BA to AD. [vi. 4] 
Therefore the rectangle BC, AD is equal to the rectangle 
BA, AC. (vi. 16] 
Q. E. D. 


PROPOSITION 33. 


To find two strazg At [ines incommensurable in square which 
make the sum of the squares on them rational but the rectangle 
contained by them medial. 


Let there be set out two rational straight lines 4B, BC 
commensurable in square only 
and such that the square on the 
greater 4 P is greater than the F 
square on the less BC by the 
square on a straight line in- | 
commensurable with 4B, a EB O0 © 
[x. 30] 
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let BC be bisected at D, 


let there be applied to 74 Z a parallelogram equal to the square 
on either of the straight lines BD, DC and deficient by a 
square figure, and let it be the rectangle AE, EB ; [v. 28] 


let the semicircle AFB be described on AB, 
let EF be drawn at right angles to AB, 
and let AF, FB be joined. 
Then, since AB, BC are unequal straight lines, 


and the square on AB is greater than the square on BC by 
the square on a straight line incommensurable with 74 5, 


while there has been applied to 74 7 a parallelogram equal to 
the fourth part of the square on BC, that is, to the square on 
half of it, and deficient by a square figure, making the rect- 
angle A E, EB, 


therefore A Æ is incommensurable with EMB. [x. 18] 


And, as 44 E is to £ B, so is the rectangle BA, AE to the 
rectangle AB, BE, 


while the rectangle BA, AE is equal to the square on AF, 
and the rectangle 48, BE to the square on BF; 


therefore the square on AF is incommensurable with the 
square on FB; 


therefore AF, FB are incommensurable in square. 
And, since 4B is rational, 
therefore the square on AZ is also rational ; 


so that the sum of the squares on AF, FB is also rational. 
[t. 47] 
And since, again, the rectangle A4 E, EB is equal to the 
square on EF, 


and, by hypothesis, the rectangle 44 E, EP is also equal to the 
square on BD, 


therefore FZ is equal to BD; 
therefore BC is double of FE, 


so that the rectangle AZ, BC is also commensurable with the 
rectangle 4B, EF. 


But the rectangle AZ, BC is medial ; [x. 21] 
therefore the rectangle 48, EF is also medial. [x. 23, Por.] 
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But the rectangle 48, EF is equal to the rectangle 44 F, 
FB; [Lemma] 


therefore the rectangle 44 F, F7 is also medial. 


But it was also proved that the sum of the squares on these 
straight lines is rational. 

Therefore two straight lines AF, FB incommensurable 
in square have been found which make the sum of the 
squares on them rational, but the rectangle contained by them 
medial. 

Q. E. D. 








Euclid takes the straight lines found in x. 30, viz. p, Jm 
I + 


He then solves geometrically the equations 
x+y=p 
— 
MEPTEY | 
If x, y are the values found, he takes x, v such that 
u? = px 
coy } E (2), 
and #, v are straight lines satisfying the conditions of the problem. 
Solving algebraically, we get (if x » y) 


— 














whence w= — ⸗ : 
NE e (3) 
pack. i s 
/2 JI +Ë 


Euclid’s proof that these straight lines fulfil the requirements is as follows. 


(a) The constants in the equations (1) satisfy the conditions of x. 18 ; 


therefore X v y. 
But x: y=: Y. 
Therefore i? o v, 


and u, v are thus zscommensurable in square. 


(B) += p, which is rational. 


_ p 
(y By (1), Vay = 
By (2), uv=p. Vay 
p 


aN tte 
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But n a medial area, 








E 


therefore «v is — 








Since p, 7 ii may have any of the three forms 


(1) a, J-B, (2) JA, VA-B, (3) JA, VA-B, 
u, V may have any of the forms 





2 2 


» eim, veia 


PROPOSITION 34. 


To find two straight lines encommensurable in square which 
make the sum of the squares on them medial but the rectangle 
contained by them rational. 


Let there be set out two medial straight lines 4B, BC, 
commensurable in square only, such that the rectangle which 
they contain is rational, and the square on AZ is greater than 
the square on SC by the square on a straight line incom- 
mensurable with 4&8; (x. 31, ad fin.] 


—— —— 


A F B E c 


let the semicircle ADB be described on AB, 
let BC be bisected at £, 


let there be applied to 42 a parallelogram equal to the square 
on BE and deficient by a square figure, namely the rectangle 
AF, FB; [vi. 28] 


therefore 4F is incommensurable in length with FB. (x. :8] 
Let FD be drawn from £ at right angles to AB, 
and iet AD, DB be joined. 
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Since 4F is incommensurable in length with FB, 
therefore the rectangle BA, AF is also incommensurable with 
the rectangle 42, BF. (x. 11] 

But the rectangle BA, AF is equal to the square on AD, 
and the rectangle AB, BF to the square on DAB; 
therefore the square on 442 is also incommensurable with the 
square on DB. 

And, since the square on AB is medial, 
therefore the sum of the squares on 4D, DB is also medial. 


(art. 31, 1. 47] 
And, since AC is double of DF, 
therefore the rectangle 48, BC is also double of the rectangle 
AB, FD. 
But the rectangle 74 B, BC is rational ; 


therefore the rectangle 4B, FD is also rational. [x. 6] 
But the rectangle AB, FD is equal to the rectangle 4D, 
DB; [Lemma] 


so that the rectangle 4D, DB is also rational. 

Therefore two straight lines 4D, DB incommensurable 
in square have been found which make the sum of the squares 
on them medial, but the rectangle contained by them rational. 

Q. E. D. 


In this case we take [x. 31, 2nd part] the medial straight lines 





p E edes 
(1 +e) (1 +) 
Solve the equations 
ETT. 


Bonis. 


xy = — 
4 (1 « el 
Take v, v such that, if x, y be the result of the solution, 


u= — x 


a 
Ue) | (2), 


ga? .y| 
(1 "E = | 
and z, v are straight lines satisfying the given conditions. 
Euclid's proof is similar to the preceding. 
(a) From (1) it follows [x. 18] that 
XJ, 
whence wut, 
and x, v are thus incommensurable in square. 
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2 
(B) #+e%= J—À , which is a medial area. 
I+ 





(y) uy=—P 
y (1 + ef 
I p e . . 

=o which is a rational area. 


Therefore zv is rational. 
To find the actual form of x, v, we have, by solving the equations (1) 
(if x » y), 


x= —?P __(J/1T+# +8), 
ocu pe +k°—k); 


and hence u = —— JJI tË +k 
2 (1 4 £) j 


DOE Au BU th k. 


Bearing in mind the forms which 








may take (see note 
(14 pi (1+ pt 
on Xx. 31), we shall find that », v may have any of the forms 


o JEDE, JEDER 
o) OTIB B, f qa 18)414- 8. 
JUTRI, JODIT 


PROPOSITION 35. 


To find two straight lines incommensurable in square which 
make the sum of the squares on them medial and the rectangle 
contained by them medial and moreover incommensurable with 
the sum of the squares on them. 


Let there be set out two medial straight lines 42, BC 
commensurable in square only, containing a medial rectangle, 
and such that the square on AZ is greater than the square on 
BC by the square on a straight line incommensurable with 
AB; [x. 32, ad fín.] 
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let the semicircle ADB be described on AB, 
and let the rest of the construction be as above. 


A FB E C 


Then, since 74 F is incommensurable in length with FB, 
[x. 18] 
AD is also incommensurable in square with DA. (x. 11] 
And, since the square on 4B is medial, 
therefore the sum of the squares on AD, DB is also medial. 
[ur. 31, 1. 47] 
And, since the rectangle AF, FB is mA to the square 
on each of the straight lines AE, DF, 


therefore BE is equal to DF; 
therefore AC is double of FD, 
so that the rectangle 48, BC is also double of the rectangle 
AB, FD. 
But the rectangle 48, BC is medial ; 
therefore the rectangle 48, FD is also medial. (x. 32, Por.] 
And it is equal to the rectangle 4D, DB; 


[Lemma after x. 32] 
therefore the rectangle 4D, DB is also medial. 
And, since AZ is incommensurable in length with BC, 
while CB is commensurable with BE, 
therefore 44 B is also incommensurable in length with BZ, 

[x- 13] 
so that the square on 4B is also incommensurable with the 
rectangle 48, BE. (x. 14] 

But the squares on 4D, DB are equal to the square on 
AB, (r. 47) 
and the rectangle 4B, FD, that is, the rectangle 4D, DB, is 
equal to the rectangle 4B, BE; 


therefore the sum of the squares on 4D, DB is incommen- 
surable with the rectangle 4D, DB. 


82 BOOK X [x. 35 


Therefore two straight lines 4D, DB incommensurable 
in square have been found which make the sum of the squares 
on them medial and the rectangle contained by them medial 
and moreover incommensurable with the sum of the squares 
on them. 

Q. E. D. 

Take the medial straight lines found in x. 32 (2nd part), viz. 


pas, pXt [A 1 TE. 
Solve the equations 


x+y = prt 
z p M .** AREA RR RR (1), 
97 (re B) 
and then put w= prt x sa teaAd (2) 
v= pat. y 


where x, y are the ascertained values of x, y. 
Then x, v.are straight lines satisfying the given conditions. 
Euclid proves this as follows. 

(a) From (1) it follows [x. 18) that x » y. 








Therefore i By, 
and um v. 
(8) u? + U? = p? JA, which is a medial area .................. (3). 
(y) uv = pat xy 
2 
B : A which is a medial area ............ (4); 
therefore uv is medial. 
X 
ô MUI, 
(9) p 2 Jr £ 
2 A 
whence NE P : 
PA» B 


That is, by (3) and (4), 
: (wv? +°) o wv. 
The actual values are found thus. Solving the equations (1), we have 
ł 
p^ 


o 


a ; ) 
yet quee) 
2 "TES 
_pM 


EE 


—— 
/2 Jr 








whence u“ 
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According as p is of the form a or ,/4, we have a variety of forms for 
u, v, arrived at by using the same transformations as in the notes on X. 30 
and x. 32 (second part), e.g. 


(a+ JC) JB (a- JC) JB 
" qm Jed, 
o) JUON, JUO, 


o JELE, , [4-248 
and the expressions in (2), (3) with 4 in place of /B. 


PROPOSITION 36. 

If two rational straight lines commensurable in square 
only be added together, the whole is irrational ; and let it be 
called binomial. 

For let two rational straight lines 4B, BC commen- 

ssurable in square only be added 
together ; 
| say that the whole AC is ir- 4 i e 
rational. 

For, since ABZ is incommensurable in length with BC— 

io for they are commensurable in square only— 
and, as AB is to BC, so is the rectangle 4B, BC to the 
square on BC, 
therefore the rectangle 4B, BC is incommensurable with the 
square on BC. [x. 11] 
15 But twice the rectangle 48, BC is commensurable with 
the rectangle 48, BC [x. 6], and the squares on AB, BC are 
co:nmensurable with the square on BC—for AB, BC are 
rational straight lines commensurable in square only— (x. 15] 
therefore twice the rectangle 4B, BC is incommensurable 
20 With the squares on AB, BC. (x. 13] 

And, componendo, twice the rectangle AB, BC together 
with the squares on AB, BC, that is, the square on AC [n. 4], 
is incommensurable with the sum of the squares on 4B, BC. 

X. 16 
But the sum of the squares on 4B, BC is rational ; — 
as therefore the square on AC is irrational, 
so that AC is also irrational. [x. Def. 4] 
And let it be called binomial. 
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Here begins the first hexad of propositions relating to compound irrational 
straight lines. The six compound irrational straight lines are formed by 
adding two parts, as the corresponding six in Props. 73—78 are formed by 
subtraction. The relation between the six irrational straight lines in this and 
the next five propositions with those described in Definitions 11. and the 
Props. 48—53 following thereon (the first, second, third, fourth, fifth and 
sixth binomials) will be seen when we come to Props. 54—59 ; but it may be 
stated here that the six compound irrationals in Props. 36—41 can be found 
by means of the equivalent of extracting the square root of the compound 
irrationals in x. 48—53 (the process being, strictly speaking, the finding of the 
sides of the squares equal to the rectangles contained by the latter irrationals 
respectively and a rational straight line as the other side), and it is therefore 
the further removed compound irrational, so to speak, which is treated first. 

In reproducing the proofs of the propositions, I shall for the sake of 
simplicity call the two parts of the compound irrational straight line x, y, 
explaining at the outset the forms which x, y really have in each case; x will 
always be supposed to be the greater segment. 

In this proposition x, y are of the form p, ./&. p, and (x +.y) is proved to 
be irrational thus. 

x ~y, so that x v y. 


Now xs y=x?: xy, 
so that x! xy. 
But x? ^ (x? + 5?), and xy ^ 2xy; 
therefore (x? + y?) v 2xy, 
and hence (x? 9?  2xy) » (x! 4 »?). 


But (x? + 5?) is rational ; 
therefore (x + y)*, and therefore (x + y), is irrational. 


This irrational straight line, p+ ./.p, is called a d:nomia/ straight line. 
This and the corresponding afofome (p— J/.p) found in x. 73 are the 
positive roots of the equation 


x4—2(1+)p?. x?+ (1 —&f pt=o. 


PROPOSITION 37. 


If two medial straight lines commensurable in sguare only 
and containing a rational rectangle be added together, the 
whole is irrational; and let it be called a first bimedial 
straight line. 


For let two medial straight lines 42, BC commensurable 
in square only and containing 
a rational rectangle be added ù ó c 
together ; 
I say that the whole AC is irrational. 

For, since 44 Z is incommensurable in length with BC, 


therefore the squares on 4B, BC are also incommensurable 
with twice the rectangle 4B, BC; [cf. x. 36, Il. 9— 20] 
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and, componendo, the squares on AB, BC together with twice 
the rectangle 48, BC, that is, the square on AC [n. 4], is 
incommensurable with the rectangle 48, BC. (x. 16] 

But the rectangle 4B, BC is rational, for, by hypothesis, 
AB, BC are straight lines containing a rational rectangle ; 
therefore the square on AC is irrational ; 


therefore AC is irrational. (x. Def. 4] 
And let it be called a first bimedial straight line. 
Q. E. D. 


Here x, y have the forms &lp, Rp respectively, as found in x. 27. 
Exactly as in the last case we prove that 
x? y! 2xy, 
whence (x * yy » 2xy. 
But xy is rational ; 
therefore (x + y}, and consequently (x + y), is irrational. 
The irrational straight line ktp + k?p is called a first bimedial straight line. 


This and the corresponding first apotome of a medial (kp — kīp) found in 
x. 74 are the positive roots of the equation 


xt — 2 JE (1 B) pia? E (1 — A) pt o. 


PROPOSITION 38. 


If two medial straight lines commensurable tn square only 
and containing a medial rectangle be added together, the whole 
is irrational; and let it be called a second bimedial straight 
line. 

5 For let two medial straight lines 48, BC commensurable 
in square only and containing 
a medial rectangle be added A B oc 
together ; B H a 
I say that AC is irrational. 

ro For let a rational straight 
line DE be set out, and let the 





parallelogram DF equal to the € F 

square on AC be applied to DZ, 

producing DG as breadth. (1. 44] 
ıs Then, since the square on AC is equal to the squares on 

AB, BC and twice the rectangle AB, BC, (1t. 4] 


let £ /7, equal to the squares on AB, BC, be applied to DZ; 
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therefore the remainder 777 is equal to twice the rectangle 
AB, BC. 


2 And, since each of the straight lines 432, BC is medial, 
therefore the squares on AB, BC are also medial. 


But, by hypothesis, twice the rectangle 48, BC is also 
medial. 
And EZ is equal to the squares on AB, BC, 


25 while FH is equal to twice the rectangle 42, BC; 
therefore each of the rectangles £H, HF is medial. 
And they are applied to the rational straight line DÆ ; 


therefore each of the straight lines DH, HG is rational and 
incommensurable in length with DÆ. [x. 22] 


30 Since then A7 is incommensurable in length with BC, 


and, as AB is to BC, so is the square on AZ to the rectangle 
AB, BC, 


therefore the square on AZ is incommensurable with the rect- 


angle AB, BC. [x. 11] 
35 — But the sum of the squares on 744 P, BC is commensurable 
with the square on 48, (x. 15] 
and twice the rectangle 48, BC is commensurable with the 
rectangle 4B, BC. (x. 6] 
Therefore the sum of the squares on AB, BC is incom- 

4o mensurable with twice the rectangle 4B, BC. (x. 13] 


But £77 is equal to the squares on 4B, BC, 
and //F is equal to twice the rectangle 48, BC. 
Therefore EA is incommensurable with A/F, 


so that DH is also incommensurable in length with ÆG. 
(vi. 1, x. 11] 


4s Therefore DH, HG are rational straight lines commen- 
surable in square only ; 


so that DG is irrational. [x. 36] 
But DÆ is rational ; 


and the rectangle contained by an irrational and a rational 
so straight line is irrational ; [cf. x. 20] 


therefore the area DF is irrational, 
and the side of the square equal to it is irrational. —_[x. Def. 4] 
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But AC is the side of the square equal to DF; 
therefore AC is irrational. 


55 And let it be called a second bimedial straight line. 
Q. E. D. 
After proving (1. 21) that each of the squares on AB, BC is medial, Euclid 
states (Il. 24, 26) that EH, which is equal to the sum of the squares, is a 
medial area, but does not explain why. It is because, by hypothesis, the 
squares on AB, BC are commensurable, so that the sum of the squares is 
commensurable with either [x. 15] and is therefore a medial area [x. 23, Por.]. 


In this case [x. 28, note] x, y are of the forms Ho, Alp d respectively. 
Apply each of the areas (x? « j?) and 2xy to a rational straight line c, Le. 
suppose 
X? 4+ y’ =u, 
2xy - gv. 
Now it follows from the hypothesis, x. 15 and x. 23, Por. that (x? + y*) is 
a medial area ; and so is 2xy, by hypothesis ; 
therefore ou, cv are medial areas. 


Therefore each of the straight lines x, v is rational and v e. ........ (1). 
Again Koy; 

therefore x! xy. 
But x? ^ x! y! and xy ^ 2xy; 

therefore x! y!o2xy, 

or TU w OV, 

whence WU ciones e NNUS (2). 


Therefore, by (1), (2), 4, v are rational and ^-. 

It follows, by x. 36, that (x 4 v) is irrational. 

Therefore (4 4 v) « is an irrational area [this can be deduced from x. 20 
by reductio ad absurdum], 


whence (x + y)’, and consequently (x +.y), 1s irrational. 
i 
The irrational straight line Ap + Ap is called a second bimedial straight 


k 


line. 
. . e JA 
This and the corresponding second apotome of a medial (d - P p) 


found in x. 75 are the positive roots of the equation 


23M 
soit E ra p =o. 





PROPOSITION 39. 


Jf two straight lines incommensurable in square which 
make the sum of the squares on them rational, but the rectangle 
contained by them medtal, be added together, the whole straight 
line is irrational : and let tt be called major. 
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For let two straight lines 48, BC incommensurable in 
square, and fulfilling the given con- 
ditions [x. 33], be added together ; A 8 c 
I say that AC is irrational. 
For, since the rectangle 42, BC is medial, 
twice the rectangle 48, BC is also medial. _[x. 6 and 23, Por.] 
But the sum of the squares on 48, BC is rational ; 
therefore twice the rectangle AB, BC is incommensurable 
with the sum of the squares on AB, BC, 
so that the squares on 4B, BC together with twice the rect- 
angle 4B, BC, that is, the square on AC, is also incommen- 





surable with the sum of the squares on 48, BC; (x. 16] 
therefore the square on AC is irrational, 
so that 4C is also irrational. (x. Def. 4] 


And let it be called major. 
Q. E. D. 


Here x, y are of the form found in x. 33, viz. 


Bi quee. ag iene 
NE Jr P. J2 Jr 


By hypothesis, the rectangle xy is medial ; 
therefore 2xy is medial. 

Also (x? + y’) is a rational area. 

Therefore P+ yu 2xy, 
whence (x+y) v (x? + y*), 
so that (x + y), and therefore (x ^ y), is irrational. 





— * * 
The irrational straight line -^- J ee ge k - —=— 1 
— Ja Tra AN O Jrk 
called a major (irrational) straight line. 
This and the corresponding minor irrational found in x. 76 are the 
positive roots of the equation 








-— 2. 2 t= 
x4— 2p at ph =o. 


PROPOSITION 40. 


Jf two straight lines incommensurable in square which 
make the sum of the squares on them medial, but the rectangle 
contained by them rational, be added together, the whole straight 
line ts irrational ; and let it be called the side of a rational 
plus a medial area. 
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For let two straight lines 48, BC incommensurable in 
square, and fulfilling the given con- 
ditions [x. 34], be added together ; A 8 o 
I say that AC is irrational. 
For, since the sum of the squares on AB, BC is medial, 
while twice the rectangle 48, BC is rational, 
therefore the sum of the squares on 48, BC is incommen- 
surable with twice the rectangle 48, BC; 
so that the square on AC is also incommensurable with twice 
the rectangle 48, BC. (x. 16] 
But twice the rectangle 4B, BC is rational ; 
therefore the square on AC is irrational. 
Therefore AC is irrational. [x. Def. 4] 
And let it be called the side of a rational plus a 
medial area. 





Q. E. D. 


Here x, y have [x. 34] the forms 
p gm p IY 
Jug ——— Jup Në- 
In this case (x? 4 5?) is a medial, and 2xy a rational, area ; thus 
x? 4 y! o 2xy. 
Therefore (x+y)? » 2xy, 
whence, since 2xy is rational, 
(x + y}, and consequently (x ^ y), is irrational. 
The irrational straight line 


Fa +k? ++ Zu 593 
J2 (1 2 (1 
is called (for an obvious reason) the “side” of a rational plus a medial (area). 
This and the corresponding irrational with a minus sign found in x. 77 
are the positive roots of the equation 
—— p 
Vise?” +P 





PROPOSITION 41. 


Jf two straight lines incommensurable in square which 
make the sum of the squares on them medial, and the rectangle 
contained by them medial and also incommensurable with the 
sum of (he squares on them, be added together, the whole straight 
line is irrational ; and let it be called the side of the sum 
of two medial areas. 
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For let two straight lines 48, BC incommensurable in 
square and satisfying the given conditions 
(x. 35] be added together ; 

I say that AC is irrational. 

Let a rational straight line DZ be set out, 
and let there be applied to DE the rectangle 
DF equal to the squares on 48, BC, and G F 
the rectangle GÆ equal to twice the rectangle 
AB, BC; 
therefore the whole D 77 is equal to the square 
on AC. [11. 4] 

Now, since the sum of the squares on 


AB, BC is medial, i E 
and is equal to DF, i á 6 


therefore DF is also medial. 


And it is applied to the rational straight line DE ; 
therefore DG is rational and incommensurable in length with 
DE. (x. 22] 

For the same reason GX is also rational and incommen- 
surable in length with GF, that is, DZ. 

And, since the squares on 4AB, BC are incommensurable 
with twice the rectangle 4B, BC, 

DF is incommensurable with GĦ ; 
so that DG is also incommensurable with GX. (vi. 1, x. 11] 

And they are rational ; 
therefore DG, GK are rational straight lines commensurable 
in square only ; 
therefore DK is irrational and what is called binomial. (x. 36] 

But DE is rational ; 
therefore DH is irrational, and the side of the square which 
is equal to it is irrational. [x. Def. 4] 

But AC is the side of the square equal to HD; 
therefore 4C is irrational. 

And let it be called the side of the sum of two medial 
areas. 


Q. E. D. 
In this case x, y are of the form 


"s TR JE ESOS JR 
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By hypothesis, (x? * »?) and 2xy are medial areas, and 


Py oat iea a (1). 
‘ Apply’ these areas respectively to a rational straight line ø, and suppose 
pu E Te | — — — (2). 
2xy —0U 
Since then oz and ov are both medial areas, », v are rational and both 
e E (3). 
Now, by (1) and (2), 
Tu v OV, 
so that u“ v v. 


By this and (3), x, v are rational and ~. 

Therefore [x. 36] (x + v) is irrational. 

Hence ø (u ^ v) is irrational (deduction from x. 2o]. 
Thus (x + y}, and therefore (x ^ y), is irrational. 
The irrational straight line 


pd & pr / 7 

— I+ -= + I- ——— 

/2 T9 X" Jr £ 
is called (again for an obvious reason) the “side” of the sum of two medtals 
(medial areas). 


This and the corresponding irrational with a minus sign found in x. 78 
are the positive roots of the equation 


xt~2 Jr. xp? +X 





2 


£s 
14 80^ 79 





LEMMA. 


And that the aforesaid irrational straight lines are divided 
only in one way into the straight lines of which they are the 
sum and which produce the types in question, we will now 
prove after premising the following lemma. 

Let the straight line 4B be set out, let the whole be cut 
into unequal parts at each of 
the points C, D, 
and let 4 C be supposed greater ^ wap e a 
than DB; 


I say that the squares on AC, CB are greater than the squares 
on AD, DB. 


For let AB be bisected at Æ. 
Then, since AC is greater than DB, 
let DC be subtracted from each ; 


therefore the remainder 74 D is greater than the remainder CZ. 
But AE is equal to FB; 


therefore DE is less than EC; 
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therefore the points C, D are not equidistant from the point 
of bisection. 


And, since the rectangle AC, CB together with the square 


on EC is equal to the square on £7, (11. 5] 
and, further, the rectangle AD, DB together with the square 
on DE is equal to the square on £7, [éa.] 


therefore the rectangle 4C, CB together with the square on 
EC is equal to the rectangle 44D, DP together with the 
square on DE. 


And of these the square on DEZ is less than the square 
on EC; 


therefore the remainder, the rectangle AC, CB, is also less 
than the rectangle 4D, DB, 
so that twice the rectangle AC, CB is also less than twice 
the rectangle 4D, DB. 
Therefore also the remainder, the sum of the squares on 
AC, CB, is greater than the sum of the squares on AD, DB. 
Q. E. D. 


3. and which produce the types in question. The Greek is rocovody rd rpoxelueva 
dôn, and I have taken eió5 to mean *'types (of irrational straight lines)," though the expression 
might perhaps mean “ satisfying the conditions in question.” 


This proves that, if x +y =u +v, and if x, v are more nearly equal than 
x, y (i.e. if the straight line is divided in the second case nearer to the point 
of bisection), then 
(x? 4 y?) > (u* + 27). 
It is first proved by means of 11. 5 that 
2xy « 2Uv, 
whence, since (x +y)? = (u +v)’, the required result follows. 


PROPOSITION 42. 


A binomial straight line ts divided into its terms at one 
point cnly. 


Let AB be a binomial straight line divided into its terms 
at C; 


therefore 4C, CB are rational 4—— — — 6 6 B 
straight lines commensurable in 
square only. [x. 36] 


I say that AB is not divided at another point into two 
rational straight lines commensurable in square only. 
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For, if possible, let it be divided at D also, so that AD, 
DB are also rational straight lines commensurable in square 
only. 

It is then manifest that 4C is not the same with DZ. 

For, if possible, let it be so. 

Then AD will also be the same as CZ, 


and, as AC is to CB, so will BD be to DA; 


thus 4472 will be divided at D also in the same way as by the 
division at C : 


which is contrary to the hypothesis. 


Therefore AC is not the same with DZ. 

For this reason also the points C, D are not equidistant 
from the point of bisection. 

Therefore that by which the squares on AC, CB differ 
from the squares on AD, DB is also that by which twice 
the rectangle AD, DB differs from twice the rectangle 
AC, CB, 
because both the squares on 4C, CB together with twice the 
rectangle 4C, CB, and the squares on 4D, DB together 
with twice the rectangle 4D, DB, are equal to the square 
on AB. (ur. 4] 


But the squares on AC, CB differ from the squares on 
AD, DB by a rational area, 


for both are rational ; 


therefore twice the rectangle 4D, DB also differs from twice 

the rectangle 4C, CB by a rational area, though they are 

medial [x. 21]: 

which is absurd, for a medial area does not exceed a medial 

by a rational area. [x. 26] 
Therefore a binomial straight line is not divided at different 

points ; 

therefore it is divided at one point only. 


Q. E. D. 
This proposition proves the equivalent of the well.known theorem in 
surds that, 
if a+ Jo=x+ Jy, 
then @=x, b=y, 
and if Ja * Jo= x * Sy, 


then a=x, b=y (or a=y, b=x). 
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The proposition states that a dinomia/ straight line cannot be split up into 
terms (Gvopara) in two ways. For, if possible, let 
Xxty- x +y 1 
where x, y, and also x', y’, are the ferms of a binomial straight line, x’, y 
being different from x, y (or y, x). 


One pair is necessarily more nearly equal than the other. Let x’, y’ be 
more nearly equal than x, y. 


Tben (x? + y*) — (x? + y?) z ax'y' — 2xy. 
Now by hypothesis (x? + 3°), (x° + y?) are rational areas, being of the form 
P? + kp? ; 


but 2x'y’, 2xy are medta/ areas, being of the form JÅ. p°; 

therefore the difference of two medial areas is rational : 

which is impossible. [x. 26] 
Therefore x’, y' cannot be different from x, y (or'y, x). 


PROPOSITION 43. 


A first brmedial straight line ts divided at one point only. 


Let 4B be a first bimedial straight line divided at C, so 
that 4C, CZ are medial straight 
lines commensurable in square 
only and containing a rational 
rectangle ; (x. 37] 


I say that 4Z is not so divided at another point. 


For, if possible, let it be divided at D also, so that 4D, 
DB are also medial straight lines commensurable in square 
only and containing a rational rectangle. 

Since, then, that by which twice the rectangle 4D, DB 
differs from twice the rectangle 4C, CB is that by which the 
squares on AC, CB differ from the squares on 4D, DB, 


while twice the rectangle 4D, DB differs from twice the 
rectangle 4C, C2 by a rational area—for both are rational— 


therefore the squares on 4C, CB also differ from the squares 
on 4D, DB by a rational area, though they are medial : 


which is absurd. [x. 26] 


Therefore a first bimedial straight line is not divided into 
Its terms at different points ; 


therefore it is so divided at one point only. 
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In this case, with the same hypothesis, viz. that 
xty=x'+y’, 

and x’, y' are more nearly equal than x, y, 
we have as before (x? + y*) — (x5 & y?) 2 2x'y' — 2xy. 

But, from the given properties of x, y, and x’, y', it follows that 2x), 2x/y' 
are rational, and. (x? * 59), (x? - y?) medial, areas. 

Therefore the difference between two medial areas is rational : 
which is impossible. [x. 26] 


PROPOSITION 44. 


A second bimedial straight line is divided at one point only. 


Let AB be a second bimedial straight line divided at C, 
so that AC, CB are medial straight lines commensurable in 
square only and containing a medial rectangle ; [x. 38] 
it is then manifest that C is not at the point of bisection, 
because the segments are not commensurable in length. 


I say that 4B is not so divided at another point. 


A D C B 
——————————————— 
E M H N 
F L G K 


For, if possible, let it be divided at D also, so that AC is 
not the same with DB, but AC is supposed greater ; 
it is then clear that the squares on 4D, DB are also, as we 
proved above [Lemma], less than the squares on AC, CB; 
and suppose that 4D, DB are medial straight lines commen- 
surable in square only and containing a medial rectangle. 
Now let a rational straight line E be set out, 
let there be applied to E the rectangular parallelogram £X 
equal to the square on AB, 
and let EG equal to the squares on AC, CB be subtracted ; 
therefore the remainder //X is equal to twice the rectangle 
AC, CB. (it. 4] 
Again, let there be subtracted EZ, equal to the squares 


on AD, DB, which were proved less than the squares on 
AC, CP [Lemma]; 
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therefore the remainder M is also equal to twice the rect- 
angle AD, DB. 
Now, since the squares on AC, CB are medial, 
therefore EG is medial. 
And it is applied to the rational straight line EF; 
therefore £7 is rational and incommensurable in length with 
[x. 22] 
For the same reason 
HN is also rational and incommensurable in length with £F. 
And, since AC, CB are medial straight lines commen- 
surable in square only, 
therefore 4C is incommensurable in length with CB. 
But, as AC is to CB, so is the square on AC to the rect- 
angle 4C, CB; 
therefore the square on AC is incommensurable with the rect- 
angle AC, CB. (x. rr] 
But the squares on 4C, CB are commensurable with the 
square on AC; for AC, CB are commensurable in "dune 
| X. 1$ 
And twice the rectangle 4C, CB is commensurable with 


the rectangle 4C, CB. [x. 6] 
Therefore the squares on AC, CB are also incommen- 
surable with twice the rectangle 4C, CB. [x. 13] 


But ZG is equal to the squares on AC, CB, 
and Æ is equal to twice the rectangle AC, CB; 
therefore EG is incommensurable with 77K, 
so that £7 is also incommensurable in length with ÆN. 

VI. I, X. IT 

And they are rational ; | i 
therefore EH, HN are rational straight lines commensurable 
in square only. 

But, if two rational straight lines commensurable in square 
only be added together, the whole is the irrational which is 
called binomial. [x. 36] 

Therefore EM is a binomial straight line divided at Æ. 

In the same way EM, MN will also be proved to be 
rational straight lines commensurable in square only ; 
and EWN will be a binomial straight line divided at different 
points, Æ and M. 
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And ZH is not the same with MN. 

For the squares on AC, CZ are greater than the squares 
on AD, DB. 

But the squares on 4D, DZ are greater than twice the 
rectangle 4D, DB; 


therefore also the squares on AC, CB, that is, EG, are much 
greater than twice the rectangle 4D, DB, that is, MØ, 


so that ZH is also greater than MN. 


Therefore E77 is not the same with MN. Q. E. D. 


As the irrationality of the second bimedia/ straight line [x. 38] is proved by 
means of the irrationality of the binomial straight line [x. 36}, so the present 
theorem is reduced to that of x. 42. 

Suppose, if possible, that the second bimedial straight line can be divided 
into its terms as such in two ways, i.e. that 

xty=x'+y’, 
where x’, y’ are nearer equality than x, y. 
Apply x? * »?*, 2xy to a rational straight line c, i.e. let 
X? +y’ = Trh, 
2xy = oV. 

Then, as in x. 38, the areas x? +°, 2xy are medial, so that ou, ov are 
medial ; 
therefore u, v are both rational and v e. .................. eere (1). 


Again, by hypothesis, x, y are medial straight lines commensurable in 
square only ; 


therefore X wy. 
Hence x! xy. 
And z?^(x*45*?, while xy ^ 2xy ; 
therefore (x? + y?) » 2xy, 
or Ou og, 
and hence WU. "dinotectendtptud aids (2). 


Therefore, by (1) and (2), s, v are rational straight lines commensurable 
in square only ; 
therefore u +v is a dinomia/ straight line. 

Similarly, if x? « y? ov' and 2x'y' s av, 

w' * v' will be proved to be a binomial straight line. 

And, since (x + y)?’ = (x' * y", and therefore (w 4 v) = (u' + v’), it follows that 
a binomial straight line is divided as such in two ways: 
which is impossible. [x. 42] 

Therefore x+y, the given second bimedial straight line, can only be so 
divided in one way. 

In order to prove that s 4 v, «’ +’ represent a different division of the 
same straight line, Euclid assumes that x*- 5?» 2xy. This is of course an 
easy inference from 11. 7 ; but the assumption of it here renders it probable 
that the Lemma after X. 59 is interpolated. 
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PROPOSITION 45. 


A major straight line ts divided at one and the same point 
only. 


Let AB be a major straight line divided at C, so that 
AC, CB are incommensurable in CT 
square and make the sum of the — 4 — ————————3 
squares on AC, CB rational, but the 
rectangle 4C, CB medial ; [x. 39] 


I say that 48 is not so divided at another point. 


For, if possible, let it be divided at D also, so that 4D, 
DB are also incommensurable in square and make the sum 
of the squares on AD, DB rational, but the rectangle con- 
tained by them medial. 

Then, since that by which the squares on 4C, CB differ 
from the squares on 4D, DB is also that by which twice the 
rectangle 4D, DB differs from twice the rectangle AC, CB, 


while the squares on AC, CB exceed the squares on 4D, 
DB by a rational area—for both are rational— 


therefore twice the rectangle 4D, DB also exceeds twice the 
rectangle 4C, CZ by a rational area, though they are medial : 


which is impossible. (x. 26) 
Therefore a major straight line is not divided at different 
points ; 
therefore it is only divided at one and the same point. 
Q. E. D. 


If possible, let the mayor irrational straight line be divided into terms in 
two ways, viz. as (x * y) and (x' * y), where x’, y are supposed to be nearer 
equality than x, y. 

We have then, as in x. 42, 43, 

(x? & y?) — (x? 4 »9) 2 2x^y' — 2xy. 

But, by hypothesis, (x? + 4°), (x+y) are both rational, so that their 

difference is rational. 


Also, by hypothesis, 2x'y', 2xy are both medta/ areas ; 

therefore the difference of two medial areas is a rational area : 

which is impossible. (x. 26] 
Therefore etc. 
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PROPOSITION 46. 
The side of a rational plus a medial area is divided at ong 
point only. 


Let AB be the side of a rational plus a medial area 
divided at C, so that AC, CB are 


incommensurable in square and make 4^ 6$ ó B 
the sum of the squares on AC, CB 
medial, but twice the rectangle AC, CB rational; (x. 40] 


I say that 4B is not so divided at another point. 

For, if possible, let it be divided at D also, so that 4D, 
DB are also incommensurable in square and make the sum 
of the squares on 74D, DB medial, but twice the rectangle 
AD, DB rational. 

Since then that by which twice the rectangle 4C, CB 
differs from twice the rectangle 4D, DZ is also that by 
which the squares on 4D, DB differ from the squares on 
AC, CB, | 
while twice the rectangle 4C, CB exceeds twice the rectangle 
AD, DB by a rational area, 
therefore the squares on 4D, DB also exceed the squares 
on AC, CB by a rational area, though they are medial : 
which is impossible. [x. 26] 

Therefore the side of a rational plus a medial area is not 
divided at different points ; 
therefore it is divided at one point only. 


Here, as before, if we use the same notation, 
(334 y!) - (3? € y?) 2 2xy' — 2x, 
and the areas on the left side are, by hypothesis, both medial, while the areas 
on the right side are both rational. 
Thus the result of x. 26 is contradicted, as before. 
Therefore etc. 


PROPOSITION 47. 
The side of the sum of two medial areas is divided at one 
point only. 


Let AB be divided at C, so that 4C, CB are incommen- 
surable in square and make the sum of the squares on AC, 
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CB medial, and the rectangle 4C, CB medial and also in- 
commensurable with the sum of the squares on them ; 


I say that AZ is not divided at another point so as to fulfil 
the given conditions. 


a E€ MH " 
D 
c 
F LG 5 
B 
For, if possible, let it be divided at D, so that again AC 
is of course not the same as BD, but AC is supposed greater; 
let a rational straight line E be set out, 
and let there be applied to E the rectangle EG equal to the 
squares on AC, CB, 
and the rectangle 77 equal to twice the rectangle AC, CB; 
therefore the whole EX is equal to the square on AZ. |u. 4] 
Again, let EL, equal to the squares on 4D, DB, be applied 
to EF; 
therefore the remainder, twice the rectangle 4D, DB, is equal 
to the remainder MK. 
And since, by hypothesis, the sum of the squares on 4C, 
CB is medial, 
therefore EG is also medial. 


And it is applied to the rational straight line EZ; 
therefore 77Z is rational and incommensurable in length with 
e X. 22 

For the same reason P 
HN is also rational and incommensurable in length with £Z. 

And, since the sum of the squares on 4C, CB is incom- 
mensurable with twice the rectangle 4C, CB, 
therefore ÆG is also incommensurable with GN, 
so that Æ H is also incommensurable with HN. (vi. 1, x. 11] 

And they are rational ; 
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therefore EH, HN are rational straight lines commensurable 
in square only ; 
therefore E is a binomial straight line divided at 77. (x. 36] 


Similarly we can prove that it is also divided at 7f. 
And ZZ is not the same with MN ; 


therefore a binomial has been divided at different points : 
which is absurd. [x. 42] 


Therefore a side of the sum of two medial areas is not 
divided at different points ; 


therefore it is divided at one point only. 


Using the same notation as in the note on X. 44, we suppose that, if 
possible, 
x+y=x' ty’, 
and we put 
— Hu wt oy’ 
x+y 22 and x 1E 2 
2xy = ov 2x'y —07U 
Then, since x? + y?, 2xy are medial areas, and c rational, 
u, v are both rational and o o. ............... ss. (1). 
Also, by hypothesis, x! 4 y! vo 2xy, 
whence USD cant ERR CRAS — Des ra REI (2). 


Therefore, by (1) and (2), #, v are rational and ~. 
Hence «+v is a dinomial straight line. (x. 36] 
Similarly «’ +’ is a binomial straight line. 


But uw*U-uw-U; 

therefore a binomial straight line is divided into terms in two ways: 

which is impossible. [x. 42] 
Therefore etc. 


DEFINITIONS II. 


I. Given a rational straight line and a binomial, divided 
into its terms, such that the square on the greater term is 
greater than the square on the lesser by the square on a 
straight line commensurable in length with the greater, then, 
if the greater term be commensurable in length with the 
rational straight line set out, let the whole be called a first 
binomial straight line; 


2. but if the lesser term be commensurable in length 
with the rational straight line set out, let the whole be called 
a second binomial; 
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3. and if neither of the terms be commensurabie in length 
with the rational straight line set out, let the whole be called 
a third binomial. 


4. Again, if the square on the greater term be greaer 
than the square on the lesser by the square on a straight line 
incommensurable in length with the greater, then, if the 
greater term be commensurable in length with the rational 
straight line set out, let the whole be called a fourth 
binomial; 

s. if the lesser, a fifth binomial ; 

6. and if neither, a sixth binomial. 


PROPOSITION 48. 


To find the first binomial straight line. 


Let two numbers AC, CB be set out such that the sum 
of them AB has to AC the ratio 
which a square number has to a 


square number, but has not to C4 a N. 


the ratio which a square number 
has to a square number ; A C B 
[Lemma 1 after x. 28] 


let any rational straight line D be set out, and let £F be 
commensurable in length with D. 
Therefore E is also rational. 
Let it be contrived that, 
as the number BA is to AC, so ts the square on ZF to the 
square on FG. (x. 6, Por.] 
But ABZ has to AC the ratio which a number has to a 
number ; . 
therefore the square on EF also has to the square on FC 
the ratio whith a number has to à number, 
so that the square on ÆF is commensurable with the square 
on FG. (x. 6] 
And £F is rational ; 
therefore FG is also rational. 
And, since BA has not to AC the ratio which a square 
number has to a square number. | 





H 





D 
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neither, therefore, has the square on EF to the square on FG 

the ratio which a square number has to a square number ; 

therefore EF is incommensurable in length with FG. (x 9] 
Therefore EF, FG are rational straight lines commen- 

surable in square only ; 

therefore EG is binomial. (x. 36] 


I say that it is also a first binomial straight line. 
For since, as the number 24 is to AC, so is the square 
on EF to the square on FG, 
while BA is greater than AC, 
therefore the square on EZ is also greater than the square 
on FG. 
z Let then the squares on FG, H be equal to the square on 
F. 
Now since, as BA is to AC, so is the square on EF to the 
square on FG, 
therefore, convertendo, 
as AB is to BC, so is the square on E to the square on Æ. 
[v. 19, Por.] 
But AZ has to AC the ratio which a square number has 
to a square number ; 
therefore the square on E also has to the square on Æ the 
ratio which a square number has to a square number. 
Therefore EF is commensurable in length with 77; [x. 9] 
therefore the square on E is greater than the square on FG 
by the square on a straight line commensurable with EF. 
And EF, FG are rational, and EF is commensurable in 
length with D. 
Therefore ZF is a first binomial straight line. 
Q. E. D. 
Let Ap be a straight line commensurable in length with p, a given rational 
straight line. 
The two numbers taken may be written 2 (m? — n), pn’, where (s? — n°) is 
not a square. 


Take x such that 
pm! : (m? — n) s Apt nan esee (1), 


2... »2 
whence x= kp va — 





acs 


Then kp + x, or 4p + kp , is a first binomial straight line ...... (2). 
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To prove this we have, from (1), 
xo p, 

and x is rational, but x v 4p; 
that is, x is rational and ^— 4p, 
so that 4p + x is a binomial straight line. 

Also, £p! being greater than x’, suppose 4’p? — x? = y’. 

Then, from (1), pm: pr! - Ep! iy, 
whence y is rational and ^ 4p. 

Therefore $p + x is a first binomial straight line [x. Deff. 11. 1]. 

This binomial straight line may be written thus, 

kp + kp J1 = X. 

When we come to x. 85, we shall find that the corresponding straight line 

with a negative sign is the frs! apotome, 
kp — kp V1 = N. 

Consider now the equation of which these two expressions are the roots. 

The equation is 
x? — 2kp.x + XRP = o0. 

In other words, the first binomial and the first apotome correspond to the 

roots of the equation 
x? — zax + Xa? = o, 

where a = £p. 


PROPOSITION 49. 
To find the second binomial straight line. 


Let two numbers AC, CB be set out such that the sum 
of them 4B has to AC the ratio which 
a square number has to a square number, 








but has not to AC the ratio which a ^ E 
square number has to a square number ; D " 
let a rational straight line D be set out, F 


and let EF be commensurable in length © 
with D; E 
therefore E is rational. a 
Let it be contrived then that, 
as the number CA is to AB, so also is the square on EF to 


the square on FG ; (x. 6, Por.] 
therefore the square on EF is commensurable with the square 
on FG. (x 6] 


Therefore FG is also rational. 
Now, since the number CA has not to 4B the ratio which 
a square number has to a square number, neither has the 
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square on EF to the square on FG the ratio which a square 
number has to a square number. 
Therefore ZF is incommensurable in length with FG ; 
[x. 9] 
therefore EF, FG are rational straight lines commensurable 
in square only ; 


therefore EG is binomial. [x. 36] 


It is next to be proved that it is also a second binomial 
straight line. 


For since, inversely, as the number BA is to AC, so is 
the square on G to the square on FE, 


while BA is greater than 4C, 

therefore the square on GF is greater than the square on FE. 
Let the squares on EZ, 77 be equal to the square on GF; 

therefore, convertendo, as AB is to BC, so is the square on 

FG to the square on 4. [v. 19, Por.] 
But ABZ has to BC the ratio which a square number has 

to a square number ; 

therefore the square on FG also has to the square on Æ the 

ratio which a square number has to a square number. 
Therefore FG is commensurable in length with 77; [x. 9] 

so that the square on FG is greater than the square on FE 

by the square on a straight line commensurable with FG. 


And FG, FE are rational straight lines commensurable 
in square only, and EF, the lesser term, is commensurable in 
length with the rational straight line D set out. 

Therefore EG is a second binomial straight line. 


Q. E. D. 


Taking a rational straight line p commensurable in length with p, and 
selecting numbers of the same form as before, viz. ? (m! — n°), pn’, we put 








D (m — w): PMP a RP? ü22..--—- (1), 
m 
so that x= kp nh 
pe (2) 


Just as before, x is rational and ~ Åp, 
whence 4p + x is a dinomia/ straight line. 
By (1), x? > kip’. 
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Let x? — kp? = y?, 
whence, from (1), pm’: pariax:y’, 
and y is therefore rational and ^ x. 
The greater term of the binomial straight line is x and the lesser 4p, and 
kp 
—=— +k 
ESAE Y 
satisfies the definition of the second binomial straight line. 
The corresponding second apotome [x. 86] is 
kp 
J1-X 
The equation of which the two expressions are the roots is 
2kp A ane 
x? ema a =0, 
or x? — 2ax + Na? =0, 


kp 
where B E 
D y I-A! 








— p. 














PROPOSITION 50. 


To find the third binomial straight line. 


Let two numbers 4C, CB be set out such that the sum 
of them 4B has to BC the ratio which a square number has 
to a square number, but has not to 4C the ratio which a square 
number has to a square number. 


K A c 8 





E 


F 8 H 





Let any other number J, not square, be set out also, and 
let it not have to either of the numbers 84. AC the ratio 
which a square number has to a square number. 

Let any rational straight line Æ be set out, 


and let it be contrived that, as D is to AÐ, so is the square 


on Æ to the square on FG ; [x. 6, Por.] 
therefore the square on Æ is commensurable with the square 
on FG. [x. 6] 


And Z ts rational ; 
therefore FG is also rational. 
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And, since D has not to ABZ the ratio which a square 
number has to a square number, 
neither has the square on Æ to the square on FG the ratio 
which a square number has to a square number ; 


therefore Æ is incommensurable in length with FG. [x. 9] 


Next let it be contrived that, as the number BA is to AC, 


so is the square on FG to the square on GH’; [x. 6, Por.] 
therefore the square on FG is commensurable with the square 
on GH. [x. 6] 


But FG is rational ; 
therefore GH is also rational. 
And, since BA has not to AC the ratio which a square 
number has to a square number, 
neither has the square on FG to the square on HG the ratio 
which a square number has to a square number ; 
therefore FG is incommensurable in length with GH. — [x. 9] 
Therefore FG, GH are rational straight lines commen- 
surable in square only ; 
therefore FH is binomial. [x. 36] 


I say next that it is also a third binomial straight line. 
For since, as D is to AB, so is the square on Æ to the 
square on FG, 
and, as BA is to AC, so is the square on FG to the square 
on GH, 
therefore, er aegualt, as D is to AC, so is the square on Æ to 
the square on GH. [v. 22] 
But J has not to AC the ratio which a square number 
has to a square number ; 
therefore neither has the square on Æ to the square on GH 
the ratio which a square number has to a square number ; 
therefore Æ is incommensurable in length with GH. (x. 9] 
And since, as BA is to AC, so is the square on FG to 
the square on GH, 
therefore the square on FG is greater than the square on GH. 
Let then the squares on GH’, K be equal to the square 
on FG; 
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therefore, convertendo, as AB is to BC, so is the square on FG 
to the square on X. [v. 19, Por.] 


But 4B has to BC the ratio which a square number has 
to a square number ; 
therefore the square on FG also has to the square on K the 
ratio which a square number has to a square number ; 


therefore FG is commensurable in length with X. [x. 9] 


Therefore the square on FG is greater than the square on 
GH by the square on a straight line commensurable with FG. 

And FG, G are rational straight lines commensurable 
in square only, and neither of them is commensurable in length 
with Æ. 

Therefore FH is a third binomial straight line. 

Q. E. D. 
Let p be a rational straight line. 
Take the numbers 4 (5 — »?), g^, 


and let ? be a third number which is not a square and which has not to gm? 
or g (m’* — 5?) the ratio of square to square. 


Take x such that d sS! IAS usos pu d ee nvA E ARS UA (1). 
Thus x is rational and o p ........................... (2). 
Next suppose that =. gmt? 9 (ml? — A) = XP e (3). 
It follows that y is rational and ^- x... nes (4). 


Thus (x * y) is a &nomia! straight line. 
Again, from (1) and (3), ex aegualt, 


DEON AMA sy Bs ERES (5), 
whence EE nee (6). 
Suppose that x? — y? = 27, 


Then, from (3), convertendo, 
gm : gn =x? ; 2°, 
whence BAX 
Thus Ax — yi ^ x, 
and x, y are both v p; 
therefore x+y is a third binomial straight line. 


Now, from (1), x=p. "i, 
: 3 4. 
and, by (5), y-p. M. 


Thus the Mird binomial is 


V/A oin alm? = n°), 


which we may write in the form 
mJk.p+m Jk. pJt—™. 
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The corresponding third apotome [x. 87] is 
m Jk.p—m Jk. pNi—M 
The two expressions are accordingly the roots of the equation 
x?—am Jk. px + Mm*kp! — o, 
or x? — 2ax + A707 = 0, 
where a=m JA. p. 
See also note on x. 53 (ad fin.). 


PROPOSITION 51. 


To find the fourth binomial straight line. 


Let two numbers AC, CA be set out such that 4B 
neither has to ABC, nor yet to AC, the ratio 
which a square number has to a square number. 

Let a rational straight line be set out, A E 
and let EF be commensurable in length with D; p 
therefore ZF is also rational. 


Let it be contrived that, as the number BA © 


is to AC, so is the square on E to the square z 
on FG; [x. 6, Por.] H 
therefore the square on £F is commensurable 

with the square on FG; [x. 6] a 


therefore FG is also rational. 


Now, since BA has not to AC the ratio which a square 
number has to a square number, 
neither has the square on E to the square on FG the ratio 
which a square number has to a square number ; 
therefore E is incommensurable in length with FG. (x. 9] 


Therefore EF, FG are rational straight lines commen- 
surable in square only ; 


so that EG is binomial. 


I say next that it is also a fourth binomial straight line. 
For since, as BA is to AC, so is the square on E to the 
square on FG, 
therefore the square on £ is greater than the square on FG. 


Let then the squares on FG, H be equal to the square 
on EF; 
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therefore, convertendo, as the number AB is to BC, so is the 
square on EF to the square on 77. [v. r9, Por.] 
But AB has not to BC the ratio which a square number 
has to a square number ; 
therefore neither has the square on EF to the square on Æ 
the ratio which a square number has to a square number. 
Therefore £F is incommensurable in length with 7 ; [x. 9] 
therefore the square on E is greater than the square on GF 
by the square on a straight line incommensurable with £F. 
And EF, FG are rational straight lines commensurable in 
square only, and E is commensurable in length with D. 
Therefore £G is a fourth binomial straight line. 
Q. E. D. 


Take numbers », ^ such that (m +) has not to either » or z the ratio of 
square to square. 








Take x such that (m+n): m=k'p*: x, 
whence x=kp K 2 
m+n 
Lee 
Jian 


kp . — 
Then Åp + x, or Èp + is a fourth binomial straight line. 
AEE T a 8 





For 4/£p!—2z* is incommensurable in length with 4p, and 4p is com- 
mensurable in length with p. 
The corresponding fourth apotome x. 88] is 


kp 
JTrÀ 
The equation of which the two expressions are the roots is 





&p — 





A 2.2 
x 2hp.x + —— kip =0, 


a? — o, 





Or x?— 2ax 4 E 
I+A 
where a= kp. 


PROPOSITION 52. 


To find the fifth binomial straight line. 


Let two numbers ÆC, CB be set out such that AB has 
not to either of them the ratio which a square number has 
to a square number ; 


let any rational straight line D be set out, 
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and let EF be commensurable with D; 
therefore E is rational. 
Let it be contrived that, as CA is to AB, so is the 


square on EF to the square on FG. [x. 6, Por.] 
But CA has not to AB the ratio which a a 


E 
square number has to a square number ; — 
therefore neither has the square on EF to the 
square on FG the ratio which a square number  , F 
has to a square number. 

Therefore EF, FG are rational straight œ 
lines commensurable in square only ; (x. 9] Ha 
therefore EG is binomial. [x. 36] 





I say next that it is also a fifth binomial straight line. 
For since, as CA is to AB, so is the square on EF tc 
the square on FG, 


inversely, as BA is to AC, so is the square on FG to the 
square on FE ; 


therefore the square on GF is greater than the square on FE. 


Let then the squares on £F, /7 be equal to the square 
on GF; 


therefore, convextendo, as the number AB is to BC, so is the 
square on GF to the square on 77. [v. 19, Por.] 


But AZ has not to BC the ratio which a square number 
has to a square number ; 


therefore neither has the square on FG to the square on 
the ratio which a square number has to a square number, 
Therefore FG is incommensurable in length with Æ ; (x. 9] 
so that the square on FG is greater than the square on FE 
by the square on a straight line incommensurable with FG. 


And GF, FE are rational straight lines commensurable 
in square only, and the lesser term EZ is commensurable in 
length with the rational straight line D set out. 

Therefore EG is a fifth binomial straight line. 


Q. E. D. 


If m, 2 be numbers of the kind taken in the last proposition, take x such 
that 
m:(m+n)= kip? ; x. 
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In this case — +r 
= hp J/1 +A, say, 
and x > Åp. 


Then 4p /1 +A + 4p is a fifth binomial straight line. 
For Vx? — £p, or JA. &p, is incommensurable in length with 4p A/1 4 AÀ, 
Or x; 
and 4p, but not 4p A/1 4 À, is commensurable in length with p. 
The corresponding fifth apotome (x. 89] is 
kp V1 + — kp. 


The equation of which the fifth binomial and the fifth apotome are the 
roots is 


x*— 2p 14 X. x +k =o, 


or | Wipes ze 
r+A 
where a=kpvJ/1 +X. 


PROPOSITION 53. 


To find the sixth binomial straight line. 


Let two numbers 4C, CB be set out such that 4B has 
not to either of them the ratio which a 
square number has to a square number ; A F 
and let there also be another number D ol le 
which is not square and which has not to 
either of the numbers BA, AC the ratio ¢ 
which a square number has to a square 


number. B K 

Let any rational straight line Æ be set 
out, H 
and let it be contrived that, as D is to AB, 
so is the square on Z to the square on FG ; [x. 6, Por.) 
therefore the square on Æ is commensurable with the square 
on FG. (x. 6] 


And Æ is rational ; 
therefore FG is also rational. 


Now, since D has not to AB the ratio which a square 
number has to a square number, 


X. 53] PROPOSITIONS 52, 53 IIj 


neither has the square on Æ to the square on FG the ratio 
which a square number has to a square number ; 
therefore Æ is incommensurable in length with FG. (x. 9] 
Again, let it be contrived that, as BA is to AC, so is the 
square on FG to the square on G 77. [x. 6, Por.] 
Therefore the square on FG is commensurable with the 
square on HG. (x. 6] 
Therefore the square on //G is rational ; 
therefore /7G is rational. 
And, since BA has not to AC the ratio which a square 
number has to a square number, 
neither has the square on FG to the square on GA the ratio 
which a square number has to a square number; 
therefore FG is incommensurable in length with GÆ. — (x. 9] 
Therefore FG, GH are rational straight lines. commen- 
surable in square only ; 
therefore FÆ is binomial. [x. 36) 


It is next to be proved that it is also a sixth binomial 
straight line. 
For since, as D is to AB, so is the square on Æ to the 
square on FG, | 
and also, as 2A is to AC, so is the square on FG to the 
square on GA, 
therefore, ex aeguali, as D is to AC, so is the square on Æ 
to the square on G/Z. [v. 22] 
But D has not to AC the ratio which a square number 
has to a square number ; 
therefore neither has the square on Æ to the square on GH! 
the ratio which a square number has to a square number ; 
therefore Æ is incommensurable in length with GA. (x. 9] 
But it was also proved incommensurable with FG ; 
therefore each of the straight lines FG, G/7 is incommen- 
surable in length with £. 
And, since, as BA is to AC, so is the square on FG to 
the square on GH, 
therefore the square on FG is greater than the square on GH’. 
Let then the squares on GH, K be equal to the square 
on FG ; 


114 BOOK X [x. 53 


therefore, convertendo, as AB is to BC, so is the square on FG 
to the square on K. [v. 19, Por.) 


But AZ has not to BC the ratio which a square number 
has to a square number ; 


so that neither has the square on FG to the square on X the 
ratio which a square number has to a square number. 


Therefore FG is incommensurable in length with A ; (x. 9] 


therefore the square on FG is greater than the square on G// 
by the square on a straight line incommensurable with FG. 


And FG, GH are rational straight lines commensurable in 
square only, and neither of them is commensurable in length 
with the rational straight line Æ set out. 

Therefore FH is a sixth binomial straight line. 


Q. E. D. 


Take numbers m, such that (m+) has not to either of the numbers 
m, n the ratio of square to square ; take also a third number 2, which is not 
square, and which has not to either of the numbers (m + n), m the ratio of 
square to square. 

Let P ines) p 5x osse oto re rens (1) 
and ſſſſ (2). 

Then shall (x + y) be a sixth binomial straight line. 

For, by (1), x is rational and ~v p. 
By (2), since x is rational, 

y is rational and v x. 

Hence x, y are rational and commensurable in square only, so that (x + y) 
is a binomial straight line. 

Again, ex aeguali, from (1) and (2), 


whence y {v p. 
Thus x, y are both incommensurable in length with p. 
Lastly, from (2), convertendo, 
(mt5n):n2x*:(x* - y), 
so that Ja! — 5? » x. 
Therefore (x + y) is a sixth binomial straight line. 
Now, from (1) and (3), 
m+n 
x=p. = eas say, 


Y=p. 5^ say, 


and the sixth binomial straight line may be written 


NR. p+ JA. p. 
The corresponding sixth apotome is [x. 90] 


vk. p- JÀ. p; 
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and the equation of which the two expressions are the roots is 
x!—2,JE.px *(&—X)pzo, 


— 





or x 2ax +95 


where a — JA. p. 

Tannery remarks (“De la solution géométrique des problèmes du second 
degré avant Euclide” in Mémoires de la Société des sciences physiques et naturelles 
de Bordeaux, 2* Série, T. 1v.) that Euclid admits as binomials and apotomes 
the /Aird and sixrA binomials and apotomes which are the square roots of first 
binomials and apotomes respectively. Hence the third and sixth binomials 
and apotomes are the positive roots of Jiguadratic equations of the same form 
as the quadratics which give as roots the first and fourth binomials and 
apotomes. But this remark seems to be of no value because (as was pointed 
out a hundred years ago by Cossali, 1. p. 260) the squares of aZ /Ae six 
binomials and apotomes (including the first and fourth) give /£rs/ binomials 
and apotomes respectively. Hence we may equally well regard them all as 
roots of biquadratics reducible to quadratics, or generally as roots of equations 


of the form 
xf £24.37  *9-0; 
and nothing is gained by raising the degree of the equations in this way. 
It is, of course, easy to see that the most general form of binomial and 
apotome, viz. 
p. Exp. J^, 
give first binomials and apotomes when squared. 


For the square is p {(A+A)p+2 JAA. p}; and the expression within the 
bracket is a first binomial or apotome, because 


(1) &+A>2VJA2A, 
(2) V(R*A9- 44A — & — à, which is > (4 +A), 
(3 (A+A)prp. 


LEMMA. 


Let there be two squares 4B, BC, and let them be placed 
so that D is in a straight line with BE ; 
therefore F7 is also in a straight line with — G c 
* — 

Let the parallelogram AC be completed; © E 
I say that AC is a square, that DG is a 
mean proportional between 4B, BC, and 
further that DC is a mean proportional A F 
between AC, CB. 

For, since DB is equal to BF, and BE to BG, 
therefore the whole DE is equal to the whole FG. 

But DE is equal to each of the straight lines 4477, KC, 
and FG is equal to each of the straight lines 4K, AC; [t. 34] 
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therefore each of the straight lines 4H, KC is also equal to 
each of the straight lines 44 K, 77C. 


Therefore the parallelogram AC is equilateral. 
And it is also rectangular ; 


therefore AC is a square. 
And since, as FB is to BG, so is DB to BE, 
while, as FB is to BG, so is AB to DG, 
and, as DB is to BE, so is DG to BC, (vi. 1] 
therefore also, as 4B is to DG, so is DG to BC. [v. 11] 


Therefore DG is a mean proportional between AS, BC. 


I say next that DC is also a mean proportional between 
AC, CB. 
For since, as 44D is to DK, so is KG to GC— 
for they are equal respectively — 
and, componendo, as AK is to KD, so is KC to CG,  [v. 18] 
while, as 4 is to KD, so is AC to CD, 
and, as KC is to CG, so is DC to CB, (vı. 1] 
therefore also, as AC is to DC, so is DC to BC. [v. 11] 
Therefore DC is a mean proportional between AC, CB. 
Being what it was proposed to prove. 
It is here proved that 
x): xy=ay:y', 
and (x+y) i (xt+y)y=(x+y)y sy. 
The first of the two results is proved in the course of x. 25 (lines 6—8 on 


P. 57 above). This fact may, I think, suggest doubt as to the genuineness 
of this Lemma. 


PROPOSITION 54. 


Jf an area be contained by a rational straight line and the 
first binomial, the “side” of the area is the irrational straight 
line which is called binomial. 

For let the area 4C be contained by the rational straight 
line 4B and the first binomial 4D ; 

I say that the “side” of the area AC is the irrational straight 
line which is called binomial. 

For, since 44D is a first binomial straight line, let it be 
divided into its terms at Æ, 
and let AZ be the greater term. 


X. 54] PROPOSITION 54 117 


[t is then manifest that .4 E, ED are rational straight lines 
commensurable in square only, 


the square on AZ is greater than the square on £D by the 
square on a straight line commensurable with 4 Æ, 


and AE is commensurable in length with the rational straight 
line AB set out. [x. Deff. 1. 1] 


Let ED be bisected at the point F. 


A GE F D R Q 
i E n [T 
S 


Then, since the square on 4£ is greater than the square 
on ED by the square on a straight line commensurable with 
AE, 
therefore, if there be applied to the greater 4£ a parallelogram 
equal to the fourth part of the square on the less, that is, to 
the square on E, and deficient by a square figure, it divides 
it into commensurable parts. [x- 17] 


Let then the rectangle 4G, GE equal to the square on 
EF be applied to A4 £ ; 


therefore AG is commensurable in length with ÆG. 


Let GH, EK, FL be drawn from G, £, F parallel to 
either of the straight lines 42, CD ; 


let the square SV be constructed equal to the parallelogram 
AH, and the square VQ equal to GK, (11. 14] 


and let them be placed so that AZM is in a straight line with 


therefore RN is also in a straight line with VP. 
And let the parallelogram SQ be completed ; 
therefore SQ is a square. [Lemma] 


Now, since the rectangle 4G, GE is equal to the square 
on EF, 


therefore, as AG is to EF, so is FE to EG; (vi. 17) 
therefore also, as AH is to EL, so is EZ to KG ; (vı. 1] 
therefore EZ is a mean proportional between 44 Ħ, GK. 

But AF is equal to SN, and GK to NQ; 
therefore EL is a mean proportional between SN, NQ. 
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But MR is also a mean proportional between the same 
SN, NQ; [Lemma] 
therefore EZ is equal to MR, 
so that it is also equal to PO. 

But AH, GK are also equal to SV, VQ; 


therefore the whole AC is equal to the whole SQ, that is, to 
the square on MO ; 


therefore MO is the “side” of AC. 


I say next that MO is binomial. 
For, since AG is commensurable with GE, 


therefore A Æ is also commensurable with each of the straight 
lines AG, GE. [x. 15] 
But 4 E is also, by hypothesis, commensurable with 42 ; 
therefore AG, GE are also commensurable with 4B. [x. 12] 
And AB is rational ; 
therefore each of the straight lines 4G, GZ is also rational ; 
therefore each of the rectangles 4, GX is rational, (x. 19] 
and AH is commensurable with G. 
But AH is equal to SV, and GK to NQ; 
therefore SN, NQ, that is, the squares on MN, NO, are 
rational and commensurable. 


And, since A Æ is incommensurable in length with £D, 
while AF is commensurable with 4G, and DE is commen- 
surable with E, 
therefore AG is also incommensurable with E, [x. 13] 
so that AH is also incommensurable with EZ. [vi 1, x. 11] 

But AH is equal to SN, and EZ to MR; 
therefore SN is also incommensurable with MR. 

But, as SW is to MR, so is PN to NR; (vi. 1] 
therefore PN is incommensurable with MR. (x. 11] 

But PN is equal to MN, and NR to NO; 
therefore MN is incommensurable with VO. 

And the square on MN is commensurable with the square 
on NO, 
and each is rational ; 
therefore MN, NO are rational straight lines commensurable 
in square only. 
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Therefore MO is binomial [x. 36] and the “side” of AC. 
Q. E. D. 

2. ‘‘side.” I use the word “side” in the sense explained in the note on x. Def. 4 
(p. 13 above), i.e. as short for ‘‘side of a square equal to." The Greek is 4 rà xwplo» 
Ovvapér. 

A first binomial straight line being, as we have seen in x. 48, of the form 

kp + kpi — X, 
the problem solved in this proposition is the equivalent of finding the square 
root of this expression multiplied by p, or of 
p (p + kp JT = M), 
and of proving that the said square root represents a dinomia/ straight line 
as defined in x. 36. 


The geometrical method corresponds sufficiently closely to the algebraical 
one which we should use. 
First solve the equations 


we+U= kp 
uv = MÜg (1 — 2?) } —— ceasele hasan, (1). 
Then, if v, v represent the straight lines so found, put 
x*- pu ) 
CES 2); 
y= pv e) 


and the straight line (x + y) is the square root required. 
The actual algebraical solution of (1) gives 


u—u=kp.A, 
so that “z=thp(1 +A), 
v=thhkp(r — À), 


and therefore x=py/ (2 +A), 
— 
you 5G - À), 
k 
and xey- buf 5 eX) eoa SG 72. 


This is clearly a binomial straight line as defined in x. 36. 

Since Euclid has to express his results by straight lines in his figure, and 
has no symbols to make the result obvious by inspection, he is obliged to 
prove (1) that (x 4 y) is the square root of p(&p + kp /1—2?), and (2) that 
(x + y) is a binomial straight line, in the following manner. 

First, he proves, by means of the preceding Lemma, that 


xy-2-p4i1-A Se ER eT ee eee ore (3); 
therefore (x+y) = ax ey + axy 
=p (u + v) t 2Xy 


= kp? + Ap! V1 — Aj, by (1) and (3), 


so that x + y =Ë p (kp + kpvt — A’). 


5 
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Secondly, it results from (1), [by x. 17), that 


u^, 

so that v, v are both ^ (s 4 v), and therefore ^ p... (4); 
thus x, v are rational, 

whence pu, pv are both rational, and 





pu ^ pv. 
Therefore x?, 5? are rational and commensurable ........................ (5). 
Next, 4p v Ap A1 — X, 
and Ap ^ u, while 4p VI-A? ^ 1p VI-A; 
therefore u v lkp Ni- A, 
whence pu v 1Àp! J 1 A, 
or x* o xy, 
so that X v . 
By this and (5), x, y are rational and ^-, so that (x y) is a binomial 
straight line. x. 36] 


x. gt will prove in like manner that a like theorem holds for afofomes, 


viz. that 
p Jta * X) - p Af *ü —d) = Vp (hp — kp J1 - X). 


Since the first dinon:tal straight line and the first apotome are the roots of 
the equation 
x’ — 2kp. x 4 Mp! — o, 
this proposition and x. 91 give us the solution of the biquadratic equation 
x4 — 2hp?. x2 + NRP = O. 


PROPOSITION 55. 


Lf an area be contained by a rational straight line and the 
second binomial, the “side” of the area ts the irrational straight 
line which ts called a first bimedial. 


For let the area ABCD be contained by the rational 
straight line 4 and the second binomial 4D ; 
I say that the ‘‘side” of the area AC is a first bimedial straight 
line. 

For, since AD is a second binomial straight line, let it be 
divided into its terms at £, so that AF is the greater term ; 


io therefore 4, ED are rational straight lines commensurable 


15 


in square only, 


the square on AZ is greater than the square on ED by the 
square on a straight line commensurable with 42Z, 


and the lesser term ED is commensurable in length with 4B. 


[x. Deff. 11. 2] 
Let ED be bisected at F, 
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and let there be applied to 4£ the rectangle 4G, GE equal 

to the square on E and deficient by a square figure ; 

therefore 4G is commensurable in length with GE. — (x. 17] 

Through G, Æ, F let GĦ, EK, FL be drawn parallel to 

2 AB, CD, 

let the square SM be constructed equal to the parallelogram 

Aff, and the square VQ equal to GK, 

p let them be placed so that MAN is in a straight line with 
as therefore AN is also in a straight line with VP. 


R_@ 
A GE F D y 
B HK L C 
SP 


Let the square SQ be completed. 

It is then manifest from what was proved before that MR 
is a mean proportional between SV, VQ and is equal to EZ, 
and that MO is the “side” of the area AC. 

30 Itisnow to be proved that MO is a first bimedial straight line. 

Since A Æ is incommensurable in length with £D, 
while ED is commensurable with 4B, 
therefore AE is incommensurable with 4B. (x. 13] 

And, since AG is commensurable with £G, 

35 JE is also commensurable with each of the straight lines 
AG, GE. [x. 15] 

But 44 £ is incommensurable in length with 42; 

therefore 4G, GE are also incommensurable with 74 Z. (x. 13) 


Therefore BA, AG and BA, GE are pairs of rational 
go Straight lines commensurable in square only ; 


so that each of the rectangles 4H, GK is mediai. (x. 21] 


Hence each of the squares SV, VQ is medial. 
Therefore MN, NO are also medial. 
And, since AG is commensurable in length with GZ, 


45 A H is also commensurable with G&A, [vi. rz, x. 11] 
that is, SM is commensurable with VQ, 
that is, the square on MAN with the square on VO. 
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And, since 4£ is incommensurable in length with £D, 
while AE is commensurable with 4G, 
so and ÆD is commensurable with £F, 
therefore AG is incommensurable with ZZ; (x. 13] 
so that 4/7 is also incommensurable with FZ, 
that is, SW is incommensurable with MÈ, 
that is, ZN with VR, [vi. 1, x. 11] 
ss that is, MAN is incommensurable in length with VO. 
But MN, NO were proved to be both medial and com- 


mensurable in square ; 


therefore MN, NO are medial straight lires commensurable 
in square only. 


6 I say next that they also contain a rational rectangle. 
For, since DE is, by hypothesis, commensurable with each 
of the straight lines AB, £F, 


therefore EF is also commensurable with E X. "x. 12] 
And each of them is rational ; 
6s therefore E, that is, MR is rational, (x. 19] 


and MR is the rectangle MN, NO. 


But, if two medial straight lines commensurable in square 
only and containing a rational rectangle be added together, the 
whole is irrational and is called a first bimedial straight line. 

e e e e e [x. 37] 
70 Therefore MO is a first bimedial straight line. 
Q. E. D. 
Therefore BA, AG and BA, GE are pairs of rational straight lines com- 
mensurable in square only. The text has ‘‘Therefore BA, AG, GE are rational straight 
lines commensurable in square only,” which I have altered because it would naturally convey 
the impression that axy two of the three straight lines are commensurable in square only, 


whereas AG, GE are commensurable in length (l. 18), and it is only the other two pairs 
which are commensurable in square only. 


A second binomial straight line being (x. 49) of the form 





the present proposition is equivalent to finding the square root of the expression 


(3 t0). 
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As in the last proposition, Euclid finds s, v from the equations 





kp 
utU- 
NIA | e Nn (1), 
uv = 4} Èp 
then finds x, y from the equations 
x? = pu 
Pa j l ET E (2), 


and then proves (a) that 


x+y= V» (Ss sate, + He), 


and (£) that (x + y) is a first bimedial — line [x. 37]. 


The steps in the proof are as follows. 
For (a) reference to the corresponding part of the previous proposition 
suffices. | 


(B) By (1) and x. 17, 


unv; 
therefore «, v are both rational and ^ (u +v), and therefore v p [by (1)]...(3). 
Hence pz, pt, or x?, y), are medial areas, 
so that x, y are also médial pe o ero DH ERA DRAN CUP KRPX TERRE (4). 
But, since 4& ^ v, 





: PAT E aiatu i eet: (5) 
Again (s * v), or E ,v4p, 
so that u o Lp, 
whence pu v kp, 
or x? xy, 
and BOD Shalt ee es (6). 


Thus {(4), (5), (6)] x, y are medial and ~. 
Lastly, xy = 4} kp?’ ,, which i is rational. 

Therefore (x + y) is a first bimedia/ straight line. 
The actual straight lines obtained from (1) are 








=} k 

CREME TE 
I—-À A 

USE nc 








— 
so that x+y= NEI es "NT (>) 


The corresponding frst apotome ) a medial straight line found in x. 92 
being the same thing with a minus sign between the terms, the two expressions 
are the roots of the biquadratic 

2Àp? A? 
x*-— gt — x ^p" - o, 
VI-A t 


being the equation in x? corresponding to that in x in X. 49. 
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PROPOSITION 56. 


Jf an area be contained by a rational straight line and the 
third binomial, the “side” of the area is the irrational straight 
line called a second bimedial. 


For let the area ABCD be contained by the rational 
straight line 4 and the third binomial 4D divided into its 
terms at Æ, of which terms 4 Æ is the greater ; 

I say that the “side” of the area AC is the irrational straight 
line called a second bimedial. 

For let the same construction be made as before. 


R Q 
A GE F oO 
8 WK UL C 
8 


Now, since 4D is a third binomial straight line, 
therefore AZ, ED are rational straight lines commensurable 
in square only, 
the square on 4 Æ is greater than the square on £2 by the 
square on a straight line commensurable with 4 Æ, 


and neither of the terms 4£, £D is commensurable in length 
with 4 Ð. (x. Deff. 11. 3] 


Then, in manner similar to the foregoing, we shall prove 
that 77O is the “side” of the area AC, 
and MN, NO are medial straight lines commensurable in 
square only ; 
so that MO is bimedial. 


It is next to be proved that it is also a second bimedial 
straight line. 


Since DE is incommensurable in length with 42, that is, 
with EK, 
and DË is commensurable with EZ, 
therefore EF is incommensurable in length with EX. (x. 13] 
And they are rational ; 
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therefore FE, EK are rational straight lines commensurable 
in square only. 


Therefore EZ, that is, MAR, is medial. (x. 21] 
And it is contained by MN, NO; 
therefore the rectangle MN, NO is medial. 
Therefore MO is a second bimedial straight line. — (x. 38] 
Q. E. D. 


This proposition in like manner is the equivalent of finding the square 
190t of the product of p and the third binomial {x. 50}, i.e. of the expression 


p(Jk.pt Jk. pJt—d?). 
As before, put 


u+v=J/k.p | (1) 
uu sd Apt (isa oe ee ; 
Next, v, v being found, let 
x? = pu, 
J = pv; 
then (x + y) is the square root required and is a second bimedial E] 
X. 3 


For, as in the last proposition, it is proved that (x + y) is the square root, 
and x, y are medial and ~. 


Again, xy = } Jk. pP S1- which is medial. 
Hence (x + y) is a second bimedial straight line. 
By solving equations (1), we find 
u=z (k. p+À Jk. ph 
1 =3( Jk. p—d JE. p) 


and styap fein ay o 5 aca, 


The corresponding second apotome of a medial found in X. 93 is the same 
thing with a minus sign between the terms, and the two are the roots (cf. note 
on x. 50) of the biquadratic equation 


x* — 2 Jk. PE + Nko =o. 


PROPOSITION 57. 


If an area be contained by a rational straight line and the 
fourth binomial, the “side” of the area is the irrational straight 
line called major. 


For let the area 4C be contained by the rational straight 
line AB and the fourth binomial 4D divided into its terms 
at £, of which terms let 4£ be the greater ; 

I say that the “side” of the area AC is the irrational straight 
line called major. 
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For, since 44D is a fourth binomial straight line, 
therefore AE, ED are rational straight lines commensurable 
in square only, 
the square on A Æ is greater than the square on £D by the 
square on a straight line incommensurable with 4 £, 
and 44 £ is commensurable in length with 4B.  [x. Deff. 11. 4] 

Let DE be bisected at 7, 
and let there be applied to 4Z a parallelogram, the rectangle 
AG, GE, equal to the square on EZ; 
therefore 4G is incommensurable in length with GÆ. [x. 18] 

Let GĦ, EK, FL be drawn parallel to 4B, 
and let the rest of the construction be as before ; 
it is then manifest that MO is the ''side" of the area AC. 


R Q 
A GE F D 
8 K tL C 
8 P 
It is next to be proved that MO is the irrational straight 
line called major. 


Since AG is incommensurable with £G, 
AH is also incommensurable with GA, that is, SV with VQ; 


(vi. 1, x. 11] 
therefore MN, NO are incommensurable in square. 
And, since A Æ is commensurable with 74 B, 
AK is rational ; (x. 19] 
and it is equal to the squares on MN, NO; 
therefore the sum of the squares on WN, NO is also rational. 
And, since DE is incommensurable in length with 4B, 
that is, with EK, 
while DE is commensurable with £F, 
therefore EF is incommensurable in length with EX. (x. 13) 
Therefore EK, EF are rational straight lines commen- 
surable in square only ; 
therefore LZ, that is, MAR, is medial. (x. 21] 
And it is contained by MN, NO; 
therefore the rectangle MN, NO is medial. 
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And the [sum] of the squares on MN, NO is rational, 
and MN, NO are incommensurable in square. 


But, if two straight lines incommensurable in square and 
making the sum of the squares on them rational, but the 
rectangle contained by them medial, be added together, the 


whole is irrational and is called major. [x. 39] 
Therefore MO is the irrational straight line called major 
and is the “side” of the area AC. Q. E. D. 


The problem here is to find the square root of the expression (cf. x. 51] 


kp 
A + RE.) i 
á ( f Ji +X 
The procedure is the same. 
Find s, v from the equations 





u+v=khp 
— tr | — (1), 

and, if x? = pu 
ERAS (2), 


(x +y) is the required square root. 


To prove that (x * y) is the major irrational straight line Euclid argues 
thus. 





By x. 18, M v7, 
therefore pu py, 
or x vy’ 
so that Be REY stat EA (3). 
Now, since (u +v) ^p, 
(1 * v) p, or (x? * y*), is a rational area.................. (4). 
2 
Lastly, xy - à — which is a medial area  ............... esses (5). 
Jr +X 
Thus [(3), (4), (5)) (x *) is a mayor irrational straight line. [x. 39] 


Actual solution gives 


À 
zl — 
JENESI 
À 
»- o (1 Ic). 
wt reife C I 
IEP:N 27t A F 5 (3 r+A 


The corresponding square root found in x. 94 is the minor irrational 
straight line, the terms being separated by a minus sign, and the two straight 
lines are the roots (cf. note on x. sr) of the biquadratic equation 


À 
KAS 2 — &pt = i 
2hp* , x8 + — kip o 
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PROPOSITION 58. 


If an area be contained by a rational straight line and the 
Sifth binomial, the “side” of the area is the irrational straight 
line called the side of a rational plus a medial area. 


For let the area AC be contained by the rational straight 
line AZ and the fifth binomial 4D divided into its terms at 
Æ, so that AF is the greater term ; 

I say that the “side” of the area 4C is the irrational straight 
line called the side of a rational plus a medial area. 

For let the same construction be made as before shown ; 
it is then manifest that MO is the "side" of the area AC. 


A G E F D R Q 
| |i — M N Oo 
HK L c 
| 
S P 


It is then to be proved that ZO is the side of a rational 
plus a medial area. | 

For, since 4G is incommensurable with SE, [x. 18) 
therefore A H is also commensurable with HZ, (vi. 1, x. 11] 
that is, the square on MN with the square on NO ; 
therefore MN, NO are incommensurable in square. 

And, since 4D is a fifth binomial straight line, and ED 
the lesser segment, 


therefore ED is commensurable in length with 747. 
[x. Deff. i1. 5] 


But A Æ is incommensurable with Z2; 
therefore AZ is also incommensurable in length with 4 Æ. 
[x. 13] 
Therefore AX, that is, the sum of the squares on MN, 


NO, is medial. [x. 21] 
And, since DE is commensurable in length with 4B, that 


is, with EK, 
while DE is commensurable with £F, 
therefore EF is also commensurable with EK. [x. 12] 
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And ££ is rational ; 
therefore EL, that is, MR, that is, the rectangle MN, NO, is 
also rational. (x. 19] 

Therefore MN, NO are straight lines incommensurable 
in square which make the sum of the squares on them medial, 
but the rectangle contained by them rational. 

Therefore MO is the side of a rational plus a medial area 
(x. 40] and is the ‘‘side” of the area AC. 

Q. E. D. 


We have here to find the square root of the expression (cf. x. 52] 


p (&p J1 +A + kp). 
As usual, we put 


u+v=kp I +A 
— 86 DET (1). 
Then, x, v being found, we take 
2 
y = : : } E LE EN (2), 
and (x +y), so fouuu, 1s our required square root. 
Euclid's proof of the c/ass of (x * y) is as follows: 
By x. 18, “ud; 
therefore pu e pv, 
so that xy, 
and auem ouo bos a (3). 
Next u +v v kp 
Vp 
whence p (wu * v), or (x? 4 y^), isa medial area .................. (4). 
Lastly, xy = } ko, which is a rational area ........... suus (5). 
Hence [(3), (4), (5)] (x * y») is the side of a rational plus a — — 
X. 40 


If we solve algebraically, we obtain 


«2 PP Lfiex e JA), 


o - e (Jr ex JA), 


and x4y-p Jasin es 


The corresponding “side” found in x. 9§ 1s a straight line which produces 
with a rational area a medial whole, being of the form (x — y), where x, y 
have the same values as above. 

'The two square roots are (cf. note on X. 52) the roots of the biquadratic 
equation 


x* — alp J'1 +X. 12+ Ak pt =o, 
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PROPOSITION 59. 


Lf an area be contained by a rational straight line and the 
sixth binomial, the “side” of the area is the irratzonad straight 
line called the side of the sum of two medial areas. 

For let the area ABCD be contained by the rational 
straight line 4Z and the sixth binomial AD, divided into its 
terms at £, so that AF is the greater term ; 

I say that the “side” of ÆC is the side of the sum of two 
medial areas. 

Let the same construction be made as before shown. 


A GE F D R Qa 
| [LII M[——-N|  |9 
8 HK LC 

$  — P 


It is then manifest that MO is the "side" of AC, and 
that MN is incommensurable in square with NO. 

Now, since £A is incommensurable in length with 4B, 
therefore EA, AB are rational straight lines commensurable 
in square only ; 
therefore AX, that is, the sum of the squares on MN, NO, 


is medial. [x. 21] 
Again, since ED is incommensurable in length with 4B, 
therefore FE is also incommensurable with £X ; (x. 13] 


therefore FE, EK are rational straight lines commensurable 
in square only ; 


therefore EZ, that is, MA, that is, the rectangle MN, NO, is 


medial. (x. 21] 
And, since .4£ is incommensurable with E, 
AK is also incommensurable with £L. [vi. 1, X. 11] 


But AX is the sum of the squares on MN, NO, 
and £Z is the rectangle 77V, NO; 


therefore the sum of the squares on MN, NO is incommen- 
surable with the rectangle MN, NO. 


And each of them is medial, and MN, NO are incom- 
mensurable in square. 
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Therefore MO is the side of the sum of two medial areas 
[x. 41], and is the “side” of AC. 
Q. E. D. 
Euclid here finds the square root of the expression (cf. x. 53] 


p(k. p+ JA. p). 


As usual, we solve the equations 


u+v=Jk.p 
uv = 4p? } AE PEE O OTT (1); 
then, x, v being found, we put 
X = pu 
ae } 009«09992*925»00099€4999000999999900* (2), 


and (x + y) is the square root required. 

Euclid proves that (x + y) is the side of (the sum of) two medial areas, as 
follows. 
. As in the last two propositions, x, y are proved to be incommensurable 
in square. 

Now J£. p, p are,commensurable in square only ; 


therefore p (4 * v), or (x* * y?), is a medial area. .L................ (3). 
Next, xy = 4 JA. pP, which is again a »edia/ area ............... (4). 
Lastly, NVR. pu} JA. p, 

so that A. p! o i JA. p; 

that is, PE) E che (5). 


Hence [(3), (4), (5)] (x * ») is the side of the sum of two medial areas. 
Solving the equations algebraically, we have 


u=" (e+ Je-d), 
v= P (J&- JE-X) 
and xy-pVi(Jb* VEA) * pM A (JA — JE - À). 


The corresponding square root found in x. 96 is x — y, where x, y are the 


same as here. | 
The two square roots are (cf. note on X. 53) the roots of the biquadratic 


equation 
x5-2 JA. px! * (& — A) pi zo. 


[ LEMMA. 


If a straight line be cut into unequal parts, the squares 
on the unequal parts are greater 
than twice the rectangle con- A ——— 
tained by the unequal parts. 

Let AB be a straight line, and let it be cut into unequal 
parts at C, and let ÆC be the greater ; 
I say that the squares on 4C, CB are greater than twice the 
rectangle 4C, CB. 
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For let AB be bisected at D. 

Since then a straight line has been cut into equal parts 
at D, and into unequal parts at C, 
therefore the rectangle AC, CB together with the square on 
CD is equal to the square on 4D, [1t. 5] 
so that the rectangle AC, CB is less than the square on AD; 
therefore twice the rectangle ÆC, CB is less than double of 
the square on 4D. 

But tne squares on AC, CB are double of the squares on 
AD, DC; (11. 9] 
therefore the squares on AC, CA are greater than twice the 
rectangle 4C, CB. 

Q. E. D.] 


We have already remarked (note on x. 44) that the Lemma here proving 
that 
x* y! oxy 
can hardly be genuine, since the result is used in x. 44. 


PROPOSITION 60. 


The square on the binomial straight line applied to a 
rational straight line produces as breadth the first binomial. 


Let AB be a binomial straight line divided into its terms 
at C, so that AC is the greater term; 
let a rational straight line DE be 
set out, 
and let DE FG equal to the square 
on AB be applied to DE producing 
DG as its breadth ; 

I say that DG is a first binomial 
straight line. 

For let there be applied to DE the rectangle D/H equal 
to the square on AC, and AL equal to the square on BC; 
therefore the remainder, twice the rectangle AC, CB, is equal 
to MF. 

Let MG be bisected at VV, and let VO be drawn parallel 
[to ML or GF]. 

Therefore each of the rectangles MO, NF is equal to 
once the rectangle AC, CB. 

Now, since 4B is a binomial divided into its terms at C, 
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therefore AC, CB are rational straight lines commensurable 
in square only ; (x. 36] 
therefore the squares on 4C, CB are rational and commen- 
surable with one another, 

so that the sum of the squares or AC, CB is also rational. 


— [x. 15] 

And it is equal to DZ ; 
therefore DZ is rational. 

And it is applied to the rational straight line DZ ; 
therefore DM is rational and commensurable in length with 
DE. [x. 20] 

Again, since 4C, CB are rational straight lines commen- 
surable in square only, 
therefore twice the rectangle AC, CB, that is A/F, is medial. 


[x. 21] 
And it is applied to the rational straight line MZ ; 


therefore MG is also rational and incommensurable in length 

with ML, that is, DE. (x. 22] 
But MD is also rational and is commensurable in length 

with DE; 

therefore DM is incommensurable in length with MG. {x. 13] 
And they are rational ; 

therefore DM, MG are rational straight lines commensurable 

in square only ; 

therefore DG is binomial. (x. 36] 


It is next to be proved that it is also a first binomial 
straight line. 

Since the rectangle 4C, CB is a mean proportional between 
the squares on AC, CB, (cf. Lemma after x. 53] 
therefore MO is also a mean proportional between DÆ, KL. 

Therefore, as DH is to MO, so is MO to KL, 


that is, as DĶ is to MN, so is MN to MK; (vi. 1] 
therefore the rectangle DX, KM is equal to the square 
on MN. [vi. 17] 


And, since the square on AC is commensurable with the 


square on CZ, 
DH is also commensurable with XZL, 
so that DX is also commensurable with XM. [vi. 1, x. 11] 
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And, since the squares on AC, CA are greater than twice 


the rectangle AC, CB, [Lemma] 
therefore DZ is also greater than MF, 
so that DM is also greater than MG. (vi. 1] 


And the rectangle DX, KM is equal to the square on 
MN, that is, to the fourth part of the square on MG, 


and DX is commensurable with XM. 


But, if there be two unequal straight lines, and to the greater 
there be applied a parallelogram equal to the fourth part of 
the square on the less and deficient by a square figure, and 
if it divide it into commensurable parts, the square on the 
greater is greater than the square on the less by the square 
on a straight line commensurable with the greater ; [x. 17] 


therefore the square on DM is greater than the square on 
MG by the square on a straight line commensurable with DM. 
And DM, MG are rational, 


and DM, which is the greater term, is commensurable in length 
with the rational straight line D set out. 


Therefore DG is a first binomial straight line. [x. Deff. n. 1] 
Q. E. D. 


In the hexad of propositions beginning with this we have the solution of 
the converse problem to that of x. 54—59. We find the sguares of the 
irrational straight lines of x. 36—41 and prove that they are respectively equal 
to the rectangles contained by a rational straight line and the frst, second, 
third, fourth, fifth and sixth binomials. 

In x. 60 we prove that, p+ /%.p being a dinomial straight line [x. 36], 

(p+ Jk. pY 
g 
is a frst binomial straight line, and we find it geometrically. 
The procedure may be represented thus. 
Take x, y, z such that 
ox = p, 
ay = kp’ 
o.22=2,/k. p’, 
p*, &p! being of course the squares on the terms of the original binomial, 
and 2 J£ . p? twice the rectangle contained by them. 


1 
Then (zy) + az= CENE) 7 


and we have to prove that (x + y) + 2z is a frst binomial straight line of which 
(x+y), 2z are the terms and (x + y) the greater. 

Euclid divides the proof into two parts, showing first that (x + y) + 23 is 
some binomial, and secondly that it is the 47s¢ binomial. 


x. 60, 61] PROPOSITIONS 60, 61 | 135 


(a) p^- J.p, so that p*, ko? are rational and commensurable ; 

therefore p!- kp’, or o (x +y), is a rational area, 

whence (x+y) is rational and ^0 .................. ..... (1). 
Next, 2p . /&. p is a medial area, 

so that o . 22 is a medial area, 


whence 22 is rational but o o ......... cece ees —E (2). 
Hence [(1), (2)] (* + y), 22 are rational and commensurable in square 

ONY Sacer iai cite: denins ven E T E E E E E a (3); 

thus (x + y) + 22 is a binomial straight line. [x. 36] 

(B) ep: Jk. pt = Sh. p?: hp’, 

so that OX : 02 =02 : GY, 

and —— 

or pues: (4). 


Now p, 4p? are — so that a.v, qy are commensurable, and 
therefore 


A. coca 66 E (s). 
And, since [Lemma] p? + 4p? - 2 JA . p', 
X yz 
© . p? + kp? 
But (x + y) is given, Mh equal to gomme (6). 


And (x « y), 22 are — aha ~~ K 3)) 
while (x * y) ^ c [(1)]. 

Hence (x + y) + 22 is a first binomial. 

The actual value of (x + y) + 22 is, of course, 


e (UA + 2 JA). 


PROPOSITION 61. 


The square on the first bimedial straight line applied to a 
rational straight line produces as breadth the second binomial. 

Let 42 be a first bimedial straight line divided into its 
medials at C, of which medials 4C 
is the greater ; 
let a rational straight line DZ be set 
out, 
and let there be applied to DE the 
parallelogram DF equal to the square 
on A B, producing DG as its breadth; € HL 
I say that DG is a second binomial A cB 
straight line. 

For let the same construction as before be made. 


K M N G 
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Then, since 4B is a first bimedial divided at C, 
therefore AC, CB are medial straight lines commensurable in 


square only, and containing a rational rectangle, (x. 37] 
so that the squares on 4C, CB are also medial. [x. 21] 
Therefore DZ is medial. (x. 15 and 23, Por.] 


And it has been applied to the rational straight line DE ; 
therefore MD is rational and incommensurable in length 
with DE. [x. 22] 

Again, since twice the rectangle AC, CB is rational, /F is 
also rational. 

And it is applied to the rational straight line AZZ ; 
therefore MG is also rational and commensurable in length 
with W/Z, that is, DZ; [x. 20] 
therefore DJ is incommensurable in length with MG. [x. 13] 

And they are rational ; 
therefore DM, MG are rational straight lines commensurable 
in square only ; 
therefore DG is binomial. [x. 36] 


It is next to be proved that it is also a second binomial 
straight line. 


For, since the squares on 4C, CB are greater than twice 
the rectangle 4C, CB, 


therefore DZ is also greater than MF, 

so that DM is also greater than MG. (vi. 1) 
And, since the square on AC is commensurable with the 

square on CB, 

DH is also commensurable with XZL, 

so that DX is also commensurable with KM. (vi. x, X. 11] 
And the rectangle DX, KM is equal to the square on MN; 

therefore the square on DM is greater than the square on 

MG by the square on a straight line commensurable with DM. 


X. 17 
And MG is commensurable in length with DE. m 


Therefore DG is a second binomial straight line. [x. Deff. 1. 2] 


In this case we have to prove that, (4p t kp) being a first bimedial 
straight line, as found in x. 37, 


(Hp + Ap)? 


is a second binomial straight line. 
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The form of the proposition and the figure being similar to those of x. 60, 
I can somewhat abbreviate the reproduction of the proof. 


Take x, y, z such that 
ox = 23 p 
gy kip, 
T.22 = 2kp’, 
Then shall (x + y) + 22 be a second binomial. 
(a) Alp, Atp are medial straight lines commensurable in square only and 
containing a rational rectangle. [x- 37] 
The squares Jp), hip? are medial ; 
thus the sum, or c (x + y), is medial. (x. 23, Por.] 
Therefore (x + y) is rational and v ø. 
And ø . 22 is rational ; 


therefore 27 is rational and 0 .... . . . . . . . . . . . . . . . (1). 

Therefore (x + y), 22 are rational and ~— ........... sse (2), 
so that (x + y) + 22 is a binomial. 
(B) As before, (x + y) > 22. 

Now, Jp), ktp? being commensurable, 

X ^y. 
And xY = 2°, 
ia 2 

while arya i Pte 

Hence [x. 17] J(x Hy) = (222 (xy) «esee .. . (3). 


But 22 ^ c, by (1). 
Therefore [(1), (2), (3)] (x * ») * 22 is a second binomial straight line. 


Of course (x + y) + 2z = e {/&(1 +4) + 2h}. 


PROPOSITION 62. 


The square on the second bemedial straight line applied to 
a rational straight line produces as breadth the third binomial. 
Let AB be a second bimedial straight line divided into 
its medials at C, so that AC is the 
greater segment ; D ROM oN 2G 
let DZ be any rational straight line, 
and to DE let there be applied the 
parallelogram DF equal to the square 
on AB and producing DG as its Hio F 
breadth ; 
I say that DG is a third binomial 
straight line. 
Let the same construction be made as before shown. 
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Then, since AB is a second bimedial divided at C, 
therefore 4C, CB are medial straight lines commensurable in 
square only and containing a medial rectangle, [x. 38] 
so that the sum of the squares on AC, CB is also medial. 


(x. 15 and 23 Por.] 

And it is equal to DZ ; 
therefore DZ is also medial. 

And it is applied to the rational straight line DE ; 
therefore 77D is also rational and incommensurable in length 
with DE. [x. 22] 

For the same reason, 

MG is also rational and incommensurable in length with ML, 
that is, with DÆ ; 

therefore each of the straight lines DM, MG is rational and 
incommensurable in length with DÆ. 

And, since 4C is incommensurable in length with CB, 
and, as AC is to CB, so is the square on AC to the rectangle 
AC, CB, 
therefore the square on AC is also incommensurable with the 


rectangle 4C, CB. [x. 11] 
Hence the sum of the squares on AC, CB is incommen- 
surable with twice the rectangle A4C,' C5, (x. 12, 13] 


that is, DZ is incommensurable with MA, 

so that DM is also incommensurable with MG.  [vi. 1, x. 11] 
And they are rational ; 

therefore DG is binomial. [x. 36] 


Itis to be proved that it is also a third binomial straight line. 
In manner similar to the foregoing we may conclude that 
DM is greater than MG, 
and that DX is commensurable with XM. 


And the rectangle DX, KM is equal to the square on 
MN; 
therefore the square on DM is greater than the square on 
MG by the square on a straight line commensurable with 
DM. 

And neither of the straight lines DM, MG is commen- 
surable in length with DÆ. 

Therefore DG is a third binomial straight line. [x. Deff. 1. 3] 

Q. E. D. 
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We have to prove that [cf. x. 38] 


2 
1 (3 2j 
: (4 p+ m 
is a third binomial straight line. 
Take x, y, 2 such that 
ox = Bh? 
2 
gy — —1» 
& 


c .2222 JÀ. p. 


i 
(a) Now Ato, Er are medial straight lines commensurable in square only 


y: 
and containing a medial rectangle. (x. 38] 
The sum of the squares on them, or c (x 4 y), is medta/; 
therefore (x + y) is rational and v o ....... esee (1). 
And ø . 22 being medial also, 
2e2 is rational and . . .... ..................... (2). 
4 
i at, XP _ cpt, - pty. dP 
No p zA (&*py : £*p m 
= OX : 02, 


whence ox v oz. 


4 
But (4p)? a Goy + C , or ox^oc(x * y), and ez^c.2:; 


therefore e(x*y)eooc.2z, 
or (PAY) HOS on TEE (3). 
Hence [(1), (2), (3)) (x 4 ») * 22 is a binomial straight line............ (4). 
(B) As before, (x + y) > 22, 
and X ^y. 
Also xy = 2°, 


Therefore (x. 17] V(x +)? — (22)? > (x+y). 
And [(1), (2)] neither (x + y») nor 22 is ^ c. 
Therefore (x + y) + 22 is a third binomial da line. 


Obviously (x+y)+2z=- aan Ji +2 TE 


PROPOSITION 63. 
The square on the major straight line applied to a rational 
straight line produces as breadth the fourth binomial. 
Let AB be a major straight line divided at C, so that 4C 
is greater than CZ ; 
let DE be a rational straight line, 


140 BOOK X [x. 63 


and to DE let there be applied the parallelogram DF equal 
to the square on AZ and producing DG as its breadth ; 
I say that DG is a fourth binomial 
straight line. D KM N G 
Let the same construction be 
made as before shown. 
Then, since AB is a major 
straight line divided at C, 
AC, CB are straight lines incom- 
mensurable in square which make 
the sum of the squares on them 
rational, but the rectangle contained by them medial. (x. 39] 
Since then the sum of the squares on AC, CB is rational, 
therefore DZ is rational ; 
therefore DM is also rational and commensurable in length 
with DE. x. 20] 
Again, since twice the rectangle 4C, CB, that is, /7F, is 
medial, 
and it is applied to the rational straight line MZ, 
therefore MG is also rational and incommensurable in length 


with DE; (x. 22] 
therefore DM is also incommensurable in length with MG. 
[x. 13] 


Therefore DM, MG are rational straight lines commen- 
surable in square only ; 


therefore DG is binomial. (x. 36] 


It is to be proved that it is also a fourth binomial straight line. 
In manner similar to the foregoing we can prove that 
DM is greater than MG, 
and that the rectangle DX, XM is equal to the square on MN. 
Since then the square on AC is incommensurable with the 
square on CB, 
therefore DA is also incommensurable witk XZ, 
so that D& is also incommensurable with XM. (vi 1, x. 11] 
But, if there be two unequal straight lines, and to the 
greater there be applied a parallelogram equal to the fourth 
part of the square on the less and deficient by a square 
figure, and if it divide it into incommensurable parts, then the 
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square on the greater will be greater than the square on the 
less by the square on a straight line incommensurable in 
length with the greater ; [x. 18] 
therefore the square on DM is greater than the square on 
MG by the square on a straight line incommensurable with 


DM. 


And DM, MG are rational straight lines commensurable 
in square only, 


and DM is commensurable with the rational straight line DE 
set out. 


Therefore DG isa fourth binomial straight line. [x. Deff. 11. 4] 


Q. E. D. 
We Fave to prove that cf. X. 39] 


t mE 


is a fourth binomial straight line. 
For brevity we must call this expression 











- (u +v’. 


Ox =u? 
oy = 1° ’ 
OW. 22 = 2KNVU 


wherein it has to be remembered [x. 39) that x, v are incommensurable in 
square, (#? + 4°) is rational, and vv is medial. 


Take x, y, 2 such that 


(a) (u*+v*), and therefore o (x + y), is rational ; 


therefore (x * y) is rational and ^ e ............ ee. (1). 
2uz, and therefore o. 22, is medial ; 

therefore 2g is rational and UG ..........e eee cence (2). 
Thus (x + y), 2z are rational and œ~ ...............ssss (3), 

so that (x + y) + 22 is a binomial straight line. 

(B) As before, x+y > 22, 

and xy = 2". 


Now, since 2? » v, 
ox voy, Orxuy. 
Hence [x. 18] Væ + yP (22)? u (x+y). — (4). 
And (x * y) ^ e, by (1). 
Therefore ((3), (4)) (x ^») * 22 is a fourth binomial straight line. 


2 
It is of P {x + =}. 
is of course : Ji. 
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PROPOSITION 64. 


The square on the side of a rational plus a medial area 
applied to a rational straight line produces as breadth the fifth 
binomial. 

Let AB be the side of a rational plus a medial area, 
divided into its straight lines at C, 
so that AC is the greater ; D | KM N G 
let a rational straight line DE be set 
out, 
and let there be applied to DE the 
ee DF oe to E eR 
on AB, producing as its breadth; — 

I say that DG is a fifth binomial — ^ — 
straight line. 

Let the same construction as before be made. 

Since then AZ is the side of a rational plus a medial 
area, divided at C, 
therefore AC, CZ are straight lines incommensurable in square 
which make the sum of the squares on them medial, but the 
rectangle contained by them rational. (x. 4o] 

Since then the sum of the squares on AC, CB is medial, 
therefore DZ is medial, 
so that DM is rational and incommensurable in length with 
DE. [x. 22] 

Again, since twice the rectangle 4C, CB, that is MF, is 
rational, 
therefore MG is rational and commensurable with DE. [x. 20] 

Therefore DM is incommensurable with MG ; [x. 13] 
therefore DM, MG are rational straight lines commensurable 
in square only ; 
therefore DG is binomial. [x. 36] 


I say next that it is also a fifth binomial straight line. 

For it can be proved similarly that the rectangle DK, KM 
is equal to the square on AN, 
and that DK is incommensurable in length with KM ; 
therefore the square on DM is greater than the square on MG 


by the square on a straight line incommensurable with — 
x. 18 
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And DM, MG are commensurable in square only, and the 
less, MG, is commensurable in length with DÆ. 
Therefore DG is a fifth binomial. 


To prove that (cf. x. 40] 
tf Padre Beet PtH ap 
5 uate ci J|2( 4e 
is a fifth binomial straight line. 
For brevity denote it by = (u + v), and put 


ox = 27, 
cy = a", 
©, 22 = 240. 
Remembering that [x. 40] #? Uv’, (1? + 2%) is medial, and 2wv is rational, 
we proceed thus. 


(a) o (x+y) is medial ; 


therefore (x +v) is rational and v c ........... AAN (1). 
Next, ø . 2z is rational ; 
therefore 22 is rational and ^ c................... eese (2). 
Thus (x +y), 22 are rational and ~ ....................- (3), 
so that (x + y) + 22 is a binomial straight line. 
(B) As before, x+y> 22, 
xy=2", 
and X v). 
Therefore [x. 18] J(x * yy (22)! o (x y) sees (4). 


Hence ((2), (3), (4)) (x + y) + 2z is a fifth binomial straight line. 


2 I I 


e TE ta ME 


It is of course 


PRoPOSITION 65. 


The square on the side of the sum of two medial areas 
applied to a rational straight line produces as breadth the 
sixth binomial. 


Let AB be the side of the sum of two medial areas, 
divided at C, 


let DE be a rational straight line, 


and let there be applied to DE the parallelogram DF equal 
to the square on AV, producing DG as its breadth ; 
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I say that DG is a sixth binomial straight line. 


For let the same construction be made as before. 
Then, since AB is the side of 
the sum of two medial areas, divided 


at C, 


therefore /4C, CP are straight lines 

incommensurable in square which 

make the sum of the squares on 

them medial, the rectangle contained € HL F 
by them medial, and moreover the A C B 
sum of the squares on them incom- 

mensurable with the rectangle contained by them, (x.4:] 





so that, in accordance with what was before proved, each of 
the rectangles DZ, MF is medial. 

And they are applied to the rational straight line DZ ; 
therefore each of the straight lines DM, MG is rational and 
incommensurable in length with DZ. [x- 22] 

And, since the sum of the squares on 4C, CB is incom- 
mensurable with twice the rectangle 4C, CB, 
therefore DZ is incommensurable with MF. 


Therefore OM is also incommensurable with MG ; 
(vi. 1, x. 11] 
therefore DM, MG are rational straight lines commensurable 
in square only ; 


therefore DG is binomial. (x. 36] 


I say next that it is also a sixth binomial straight line. 
Similarly again we can prove that the rectangle DA, KM 
is equal to the square on MN, 


and that DÆ is incommensurable in length with KM; 
and, for the same reason, the square on DM is greater than 


the square on MG by the square on a straight line incom- 
mensurable in length with DM. - | 


And neither of the straight lines DM, MG is commen- 
surable in length with the rational straight line DZ set out. 
Therefore DG is a sixth binomial straight line. 


Q. E. D. 
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To prove that [cf. x. 41] 


1 A /5 LM - E 
* ATP Az 


is a sixth binomial dco line. 
Denote it by = (u + v), and put 


ox = 2, 
oy =v’, 
C.22= 2K. 
Now, by x. 41, #@ e V, (^w) is medial 2uv is medial, and 
(x? + v?) v 2v. 
(a) In this case o (x +) is medial ; 





therefore (x +y) is rational and v o ............... esses (1). 
In like manner, 2z 1s rational and vo .............. —— A) 
And, since ø (x + y) v ©. 23, 

(4-63) ww 22 oues E (3). 
Therefore (x + y) * 2z is a binomial straight line. 
(8) As before, X+y> 22, 
Xy = 2*, 
Xv»; 

therefore [x. 18] A (x * yy - (2z59 o (x y) eee (4). 

Hence [(1), (2), (3), (4)] : + y) + 22 is a sixth binoméal straight line. 
A 
It is obviously E [s +o "E 


PROPOSITION 66. 


A straight line commensurable in length with a binomial 
straight line is itself also binomial and the same in order. 


Let AB be binomial, and let CD be commensurable in 
length with 42; 


C D 





I say that CD is binomial and the same in order with AZ. 
For, since 4B is binomial, 

let it be divided into its terms at £, 

and let AZ be the greater term ; 
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therefore AE, EB are rational straight lines commensurable 


in square only. [x. 36] 
Let it be contrived that, 

as AB is to CD, so is AE to CF; [vi. 12) 

therefore also the remainder Æ is to the remainder FD as 

AB is to CD. [v. 19] 


But AB is commensurable in length with CD; 
therefore AF is also commensurable with CF, and £P with 
: [x. 11] 
And 4 £, EP are rational ; 
therefore CF, FD are also rational. 
And, as AF is to CF, so is EB to FD. (v. 11] 
Therefore, alternately, as Æ is to ÆÐ, so is CE to FD. 
[v. 16] 
But AE, EB are commensurable in square only ; 
therefore CF, FD are also commensurable in square only. 
[x. 11] 
And they are rational ; 
therefore CD is binomial. [x. 36] 


I say next that it is the same in order with AZ. 

For the square on AZ is greater than the square on EB 
either by the square on a straight line commensurable with 
AE or by the square on a straight line incommensurable 
with it. 

If then the square on 4Z is greater than the square on 
EB by the square on a straight line commensurable with 4 Æ, 
the square on C7 will also be greater than the square on FD 
by the square on a straight line commensurable with CF. 

[x. 14] 

And, if AZ is commensurable with the rational straight 
line set out, CF will also be commensurable with it, [x. 12] 
and for this reason each of the straight lines 447, CD is a 
first binomial, that is, the same in order. [x. Deff. u. 1] 

But, if ÆB is commensurable with the rational straight line 
set out, FD is also commensurable with it, (x. 12] 


and for this reason again C2 will be the same in order with 
A B, 
for each of them will be a second binomial. (x. Deff. 1. 2] 
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But, if neither of the straight lines AE, EB is commen- 
surable with the rational straight line set out, neither of the 
straight lines CF, FD will be commensurable with it, (x. :3] 
and each of the straight lines 48, CD is a third binomial. 

(x. Deff. 11. 3] 

But, if the square on AZ is greater than the square on 
EB by the square on a straight line incommensurable with 
AE, 
the square on CF is also greater than the square on FD by 
the square on a straight line incommensurable with CF. [x. 14] 

And, if AE is commensurable with the rational straight 
line set out, CE is also commensurable with it, 
and each of the straight lines 4B, CD is a fourth binomial. 

(x. Deff. 11. 4] 

But, if ÆB is so commensurable, so is FD also, 

and each of the straight lines 48, CD will be a fifth binomial. 
[x. Deff. 11. 5] 

But, if neither of the straight lines 44 £, EZ is so com- 
mensurable, neither of the straight lines CF, FD is commen- 
surable with the rational straight line set out, 
and each of the straight lines 4 P, CD will be a sixth binomial. 

(x. Deff. 11. 6] 

Hence a straight line commensurable in length with a 

binomial straight line is binomial and the same in order. 
Q. E. D. 


The proofs of this and the following propositions up to x. 70 inclusive are 
easy and require no elucidation. They are equivalent to saying that, if in each 


— o m, : ; 
of the preceding irrational straight lines 7 o is substituted for p, the resulting 


irrational is of the same kind as that from which it is altered. 


PROPOSITION 67. 
A straight line commensurable in length with a bimedtal 
straight line ts itself also bimedial and the same in order. 


Let AB be bimedial, and let CD be commensurable in 
length with AB; 


I say that CD is bimedial and the same ^ 1€ B 
in order with 74 P. c FE 0 


For, since 48 is bimedial, 
let it be divided into its medials at £ ; 


148 BOOK X [x. 67 


therefore 4, EZB are medial straight lines commensurable 

in square only. [x. 37, 38] 
And let it be contrived that, 

as AB isto CD, so is AE to CF; 


therefore also the remainder EZ is to the remainder FD as 
AB is to CD. [v. 19] 


But AB is commensurable in length with CD; 
therefore AE, EB are also commensurable with CF, FD 


respectively. (x. 11)] 
But 44 £, £7 are medial ; 

therefore CF, FD are also medial. [x- 23] 
And since, as A Æ is to EP, so is CF to FD, [v. 11] 

and AZ, EB are commensurable in square only, 

CF, FD are also commensurable in square only. [x. 11] 


But they were also proved medial ; 
therefore CD is bimedial. 


I say next that it is also the same in order with 42. 
For since, as JA E is to EZ, so is CF to FD, 


therefore also, as the square on AZ is to the rectangle 4Z£, 
E B, so is the square on CF to the rectangle CF, FD; 


therefore, alternately, 


as the square on AE is to the square on C7, so is the rect- 
angle AE, EB to the rectangle CF, FD. [v. 16] 


But the square on AZ is commensurable with the square 
on CF; 


therefore the rectangle AE, ÆB is also commensurable with 
the rectangle CF, FD. 


If therefore the rectangle AZ, ZZ is rational, 
the rectangle CF, FD is also rational, 


[and for this reason CD is a first bimedial]; (x. 37] 
but if medial, medial, (x. 23, Por.] 
and each of the straight lines 4.8, CD is a second n 

X. 38 


And for this reason CD will be the same in order with 42. 
Q. E. D. 
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PROPOSITION 68. 


A straight line commensurable with a major straight 
line is itself also major. 


Let AB be major, and let CD be commensurable with 4 B; 
I say that CD is major. 

Let AB be divided at £; A 
therefore AE, EB are straight lines incommensur- c 
able in square which make the sum of the squares œ 
on them rational, but the rectangle contained by 
them medial. [x 39 e! 

Let the same construction be made as before. 

Then since, as AB is to CD, so is AE to CF, and EB 
to FD, 
therefore also, as A Æ is to CF, so is EB to FD. [v. 11] 

But AP is commensurable with CD: 
therefore AE, EB are also commensurable with CF, FD 
respectively. [x. 11] 

And since, as AE is to CF, so is EP to FD, 
alternately also, 


as AE is to EB, sois CF to FD; (v. 16] 
therefore also, componendo, 

as 4B isto BE, sois CD to DF; [v. 18] 
therefore also, as the square on AZ is to the square on BE, 
so is the square on CD to the square on DEF. [vi. 20] 


Similarly we can prove that, as the square on AB is to 
the square on A Æ, so also is the square on CD to the square 
on CF. 

Therefore also, as the square on AZ is to the squares on 
AE, EB, so is the square on CD to the squares on CF. FD ; 
therefore also, alternately, 
as the square on AB is to the square on CD, so are the 
squares on A E, EB to the squares on CF, FD. [v. 16] 

But the square on 4B is commensurable with the square 
on CD; 
therefore the squares on AZ, EZ are also commensurable 
with the squares on CF, FD. 
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And the squares on AZ, EB together are rational ; 
therefore the squares on CF, FD together are rational. 
" Similarly also twice the rectangle 44 £, EJ is commen- 
surable with twice the rectangle CF, FD. 
And twice the rectangle AE, ÆÐ is medial ; 


therefore twice the rectangle CF, FD is also medial. 
[x. 23, Por.] 


Therefore CF, FD are straight lines incommensurable in 
square which make, at the same time, the sum of the squares 
on them rational, but the rectangle contained by them medial; 
therefore the whole C2 is the irrational straight line called 
major. [x. 39] 

Therefore a straight line commensurable with the major 


straight line is major. 
Q. E. D. 


PROPOSITION 69. 

A straight line commensurable with the side of a rational 
plus a medial area s itself also the side of a rational plus a 
medial area. 

Let ABZ be the side of a rational plus a medial area, 
and let CD be commensurable with 447 ; 
it is to be proved that CD is also the side of a a 
rational plus a medial area. 


Let AZ be divided into its straight lines at £ ; j 
therefore AE, EB are straight lines incommensur- 
able in square which make the sum of the squares € , 
on them medial, but the rectangle contained by them E 
B 


rational. [x. 40] 
Let the same construction be made as before. 
We can then prove similarly that 

CF, FD are incommensurable in square, 

and the sum of the squares on AZ, EB is commensurable 

with the sum of the squares on CF, FD, 

and the rectangle 4£, EP with the rectangle CF, FD; 

so that the sum of the squares on CF, FD is also medial, and 

the rectangle CF, FD rational. 


Therefore CD is the side of a rational plus a medial area. 
Q. E. D. 
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PROPOSITION 70. 
A straight line commensurable with the side of the sum 
of two medial areas is the side of the sum of two medial areas. 


Let AB be the side of the sum of two medial areas, and 
CD commensurable with 4B; 


it is to be proved that CØ is also the side of the A 


sum of two medial areas. C 
For, since 4B is the side of the sum of two 

medial areas, ete 

let it be divided into its straight lines at £ ; 

therefore AZ, EZ are straight lines incommensur- Ü 


able in square which make the sum of the squares 8 
on them medial, the rectangle contained by them 
medial, and furthermore the sum of the squares on 4E, EB 
incommensurable with the rectangle AE, EB. [x. 41] 
Let the same construction be made as before. 
We can then prove similarly that 
CF, FD are also incommensurable in square, 
the sum of the squares on AE, EB is commensurable with 
the sum of the squares on CF, FD, 
and the rectangle AE, EB with the rectangle CF, FD; 
so that the sum of the squares on CF, FD is also medial, 
the rectangle CF, FD is medial, 
and moreover the sum of the squares on CF, FD is incom- 
mensurable with the rectangle CF, FD. 
Therefore CØ is the side of the sum of two medial areas. 
Q. E. D. 


PROPOSITION 71. 


If a rational and a medial area be added together, four 
irrational straight lines arise, namely a binomial or a first 
bimedial or a major or a side of a rational plus a medial 
area. 

Let. AB be rational, and CD medial ; 

I say that the “side” of the area AD is a binomial or a first 


bimedial or a major or a side of a rational plus a medial 
area. 
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For 1 is either greater or less than CD. 
First, let it be greater ; 


let a rational straight line EF be set out, 
let there be applied to EF the rectangle EG equal to ABZ, 
producing £77 as breadth, 
and let 77/, equal to DC, be applied to E, producing HK 
as breadth. 

A c 


Then, since AZ is rational and is equal to £G, 
therefore ÆG is also rational. 
And it has been applied to EF, producing £H as breadth; 
therefore Z// is rational and commensurable in length with 
[x. 20] 
Again, since CD is medial and is equal to 777, 
therefore 777 is also medial. 
And it is applied to the rational straight line EF, pro- 
ducing /7K as breadth ; 


therefore /7A is rational and incommensurable in length 
with EF [x. 22] 


And, since CD is medial, 
while 74 P is rational, 
therefore AB is incommensurable with CD, 
so that ÆG is also incommensurable with /7/. 
But, as EG is to H/, sois EH to HK; [vi. 1] 


therefore £77 is also incommensurable in length with FX. 


[x. 11] 
And both are rational ; 


therefore EH, HK are rational straight lines commensurable 
in square only ; 


therefore EX is a binomial straight line, divided at Æ. [x. 36] 
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And, since AB is greater than CD, 
while AB is equal to EG and CD to /7/, 
therefore EG is also greater than 777 ; 
therefore E77 is also greater than HØ. 


The square, then, on. ZZ :s greater than the square on 
HK either by the square on a straight line commensurable 
in length with ÆÆH or by the square on a straight line in- 
commensurable with it. 

First, let the square on it be greater by the square on a 
straight line commensurable with itself. 

Now the greater straight line ZTE is commensurable in 
length with the rational straight line E set out ; 
therefore ZX is a first binomial. [x. Deff. ir. 1] 

But E is rational ; 
and, if an area be contained by a rational straight line and the 
first binomial, the side of the square equal to the area is 
binomial. (x. 54] 

Therefore the "side" of £7 is binomial ; 
so that the ''side" of 44D is also binomial. 


Next, let the square on E/7 be greater than the square 
on /ZK by the square on a straight line incommensurable 
with £77. 

Now the greater straight line ÆÆ is commensurable in 
length with the rational straight line £F set out ; 
therefore E K is a fourth binomial. [x. Deff. i. 4] 

But EF is rational ; 
and, if an area be contained by a rational straight line and the 
fourth binomial, the “side” of the area is the irrational straight 
line called major. [x- 57] 

Therefore the “side” of the area £7 is major ; 
so that the “side” of the area 4D is also major. 


Next, let 44 P be less than CD ; 
therefore ÆG is also less than 777, 
so that £7 is also less than 77X. 

Now the square on /7K is greater than the square on £H 
either by the square on a straight line commensurable with 
HK or by the square on a straight line incommensurable 
with it. 
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First, let the square on it be greater by the square on a 

wee line commensurable in length with itself. 
ow the lesser straight line AA is commensurable in 

length with the rational straight line E set out ; 
therefore ZX is a second binomial. (x. Deff. it. 2] 

But £F is rational , 
and, if an area be contained by a rational straight line and 
the second binomial, the side of the square equal to it is a 
first bimedial ; [x. 55] 
therefore the “side” of the area E7 is a first bimedial, 
so that the “side” of AD is also a first bimedial. 


Next, let the square on /7K be greater than the square 
on HE by the square on a straight line incommensurable 
with 77K. 

Now the lesser straight line ÆÆ is commensurable with 
the rational straight line EZ set out ; 
therefore ZA is a fifth binomial. [x. Deff. it. 5] 

But ZF is rational ; 
and, if an area be contained by a rational straight line and the 
fifth binomial, the side of the square equal to the area is a 
side of a rational plus a medial area. [x. 58) 

Therefore the “side” of the area £7 is a side of a rational 
plus a medial area, 
so that the “side” of the area 4D is also a side of a rational 
plus a medial area. 

Therefore etc. Q. E. D. 


A rational area being of the form p°, and a medial area of the form 
JA. p, the problem is to classify 


JRP + Jd. p? 
according to the different possible relations between &, A. 
Put ou = kp’, 
ov = J A. p". 


Then, since the former rectangle is rational, the latter medial, 
u is rational and ^ c, 
v is rational and v ø. 
Also the rectangles are incommensurable ; 
so that wud. 
Hence », v are rational and ~ ; 
whence (x +v) is a binomial straight line. 
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The possibilities now are as follows : 
IL vv. 
Then either 
(1). Ju ou, 
or (2) Jw -w., 
while in both cases u ^ c. 
In case (1) (u +v) is a first binomial straight line, 
and in case (2) (u +v) is a fourth binomial straight line. 
Thus Vø (u + v) is either (1) a binomial straight line [x. 54] or (2) a major 
irrational straight line [x. 57]. 
IIl. v>u. 
Then either 
(1) 4v -—u* ^v, 
or (2) V- o, 
while in both cases v v ø, but ^a. 
Hence, in case (1), (v + u) is a second binomial straight line, 
and, in case (2), (v + u) is a fth binomial straight line. 


Thus Jo (7 + u) is either (1) a first bimedial straight line [x. 55], or (2) a 
side of a rational Mus a medial arra x. 58). 


PROPOSITION 72. 


If two medial areas incommensurable with one another be 
added together, the remaining two irrational straight lines 
arise, namely either a second bimedial or a side of the sunt of 
two medial areas. 


For let two medial areas AB, CD incommensurable with 
one another be added together ; 


I say that the ‘‘side” of the area AD is either a second 
bimedial or a side of the sum of two medial areas. 


A C 
E F 
| B D K 
For AB is either greater or less than CD. 


First, if it so chance, let 48 be greater than CD. 
Let the rational straight line ZF be set out, 


and to £F let there be applied the rectangle EG equal to 
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4B and producing E77 as breadth, and the rectangle 777 
equal to CD and producing Æ as breadth. 

Now, since each of the areas 48, CD is medial, 
therefore each of the areas EG, HZ is also medial. 

And they are applied to the rational straight line FZ, 
producing EH, HK as breadth ; 
therefore each of the straight lines £H, HK is rational and 
:ncommensurable in length with EF. [x. 22] 

And, since 74 7 is incommensurable with C2, 
and AZ is equal to FG, and C2 to /77, 
therefore ÆG is also incommensurable with 777. 

But, as ÆG is to A/, sois FH to HK; (vi. 1] 
therefore E/7 is incommensurable in length with ZZA. (x. ::] 

Therefore £77, HK are rational straight lines commen- 
surable in square only ; 
therefore Æ is binomial. (x. 36] 

But the square on E77 is greater than the square on HK 
either by the square on a straight line commensurable with 
— or by the square on a straight line incommensurable 
witn it. 

First, let the square on it be greater by the square on a 
straight line commensurable in length with itself. 

Now neither of the straight lines E77, 7K is commen- 
surable in length with the rational straight line E set out ; 
therefore ££ is a third binomial. [x. Deff. 11. 3] 

But EF is rational ; 
and, if an area be contained by a rational straight line and the 
third binomial, the ‘‘side” of the area is a second bimedial ; 

X. 56 
therefore the “side” of ÆZ, that is, of A D, is a second — 


Next, let the square on E/7 be greater than the square 
on HK by the square on a straight line incommensurable in 
length with £77. 

Now each of the straight lines £H, HK is incommen- 
surable in length with ZZ; 
therefore EK is a sixth binomial. [x. Deff. 11. 6] 


But, if an area be contained by a rational straight line and 
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the sixth binomial, the “side” of the area is the side of the 
sum of two medial areas; [x- 59] 
so that the "side" of the area AD is also the side of the 
sum of two medial areas. 


Therefore etc. 
Q. E. D. 


We have to classify, according to the different possible relations between 
A, ^, the straight line 
JB p JA p 
where J£. p! and JA. p are incommensurable. 
Suppose that ou= A. p, 
gy - AJ. p". 


It is immaterial whether JÅ. p? or J/N. p is the greater. Suppose, e.g., 
that the former is. 


Now, JŘ. P, Jà. p being both medial areas, and ø rational, 


u, v are both rational and v ø ...... eR E (1). 
Again, by hypothesis, cu v» Ov, 
Or GED). onere Eds anii erus (2). 


Hence [(1), (2)] (4 +) is a binomial straight line. 
Next, //u?—v? is either commensurable or incommensurable in length 
with z. 
(a) Suppose Vi =i ^ u. 
In this case (4 4 v) is a /Aird binomial straight line, 
and therefore [x. 56) 
vø (u + v) is a second bimedial straight line. 


(B) If J-i vo u, 
(u + v) is a sixth binomial straight line, 
and therefore [x. 59] 
o (u + v) is a side of the sum of two medial areas. 


The binomial straight line and the irrational straight lines 
after it are neither the same with the medial nor with one 
another. 

For the square on a medial, if applied to a rational straight 
line, produces as breadth a straight line rational and incom- 
mensurable in length with that to which it is applied. — (x. 22] 

But the square on the binomial, if applied to a rational 
straight line, produces as breadth the first binomial. (x. 60] 

he square on the first bimedial, if applied to a rational 
straight line, produces as breadth the second binomial. [x. 61] 
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The square on the second bimedial, if applied to a rational 
straight line, produces as breadth the third binomial. — [x. 62] 

The square on the major, if applied to a rational straight 
line, produces as breadth the fourth binomial. [x. 63] 

The square on the side of a rational plus a medial area, if 
applied to a rational straight line, produces as breadth the fifth 
. binomial. [x. 64] 

The square on the side of the sum of two medial areas, if 
applied to a rational straight line, produces as breadth the 
sixth. binomial. (x. 65] 

And the said breadths differ both from the first and from 
one another: from the first because it is rational, and from 
one another because they are not the same in order ; 


so that the irrational straight lines themselves also differ from 
one another. 


The explanation after x. 72 is for the purpose of showing that all the 
irrational straight lines treated hitherto are different from one another, viz. the 
medial, the six irrational straight lines beginning with the binomial, and the 
six consisting of the first, second, third, fourth, fifth and sixth binomials. 


PROPOSITION 73. 


Jf from a rational straight line there be subtracted a 
rational straight line commensurable with the whole tn square 
only, the remainder is irrational; and let it be called an 
apotome. 


For from the rational straight line 42 let the rational 
straight line BC, commensurable with 
the whole in square only, be sub- a G6 
tracted ; 

I say that the remainder AC is the irrational straight line 
called apotome. 

For, since 4B is incommensurable in length with BC, 
and, as ÁB is to BC, so is the square on 42 to the rectangle 
AB, BC, 
therefore the square on 4B is incommensurable with the 





rectangle AB, BC. [x. tr] 
But the squares on AZ, BC are commensurable with the 
square on AB, (x. 15] 


and twice the rectangle 4.8, BC is commensurable with the 


rectangle 4B, BC. [x. 6] 
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And, inasmuch as the squares on AB, BC are equal to 
twice the rectangle AB, BC together with the square on CA, 


[u. 7] 
therefore the squares on AB, BC are also incommensurable 
with the remainder, the square on AC. [x. 13, 16] 

But the squares on AB, BC are rational ; 
therefore AC is irrational. (x. Def. 4] 
And let it be called an apotome. 
Q. E. D. 


Euclid now passes to the irrational straight lines which are the difference 
and not, as before, the sum of two straight lines. Apofome (‘portion cut off ") 
accordingly takes the place of binomial and the other terms follow mutatis 
mutandis. The first hexad of propositions (73 to 78) exhibit the six irrational 
straight lines which are really the result of extracting the square root of the six 
irrationals in the later propositions 85 to 9o (or, strictly speaking, of finding 
the sides of squares equal to the rectangles formed by each of those six 
irrational straight lines respectively with a rational straight line). "Thus, just 
as in the corresponding propositions about the irrational straight lines formed 
by addition, the further removed irrationals, so to speak, come first. 

We shall denote the afotome etc. by (x — y), which is formed by subtracting 
a certain lesser straight line y from a greater x. In x. 79 and later propositions 
J is called by Euclid the annex (4 mpocappolovea), being the straight line which, 
when added to the apotome or other irrational formed by subtraction, makes 
up the greater x. 

The methods of proof are exactly the same as in the preceding propositions 
about the irrational straight lines formed by addition. 

In this proposition x, y are rational straight lines commensurable in square 
only, and we have to prove that (x — y), the apotome, is irrational. 


x œ~ y, so that x o y: 


therefore, since xiycudx xg 
x? xy. 
But x? ^ (x? * y?), and xy ^ 24y; 
therefore x y*o axy, 
whence (x —y)? v (x? + y’). 


But (x? * y?) is rational , 
therefore (x — y)", and consequently (x — y), is irrational. 


The apotome (x — y) is of the form p ~ ./&. p, just as the binomial straight 
line is of the form p * JA. p. 


PROPOSITION 74. 


Tf from a medial straight line there be subtracted a medial 
straight line which is commensurable with the whole in square 
only, and which contains with the whole a rational rectangle, 
the remainder is irrational. And let it be called a first 
apotome of a medial strazght line. 
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For from the medial straight line 42 let there be sub- 
tracted the medial straight line BC 
which is commensurable with 4B in ^ E i 
square only and with 4B makes the 
rectangle 48, BC rational ; 
I say that the remainder AC is irrational; and let it be 
called a first apotome of a medial straight line. 


For, since AB, BC are medial, 
the squares on 4B, BC are also medial. 
But twice the rectangle 4B, BC is rational ; 


therefore the squares on 4B, BC are incommensurable with 
twice the rectangle 42, BC; 


therefore twice the rectangle 4B, BC is also incommensurable 
with the remainder, the square on AC, [cf. n. 7] 





since, if the whole is incommensurable with one of the magni- 
tudes, the original magnitudes will also be incommensurable. 


[x. 16] 
But twice the rectangle 48, BC is rational ; 


therefore the square on AC is irrational ; 
therefore 4C is irrational. [x. Def. 4] 


And let it be called a first apotome of a medial straight 
line. 


The first apotome of a medial straight line is the difference between straight 


lines of the form Bo, Bio, which are medial straight lines commensurable in 
square only and forming a rational rectangle. 


By hypothesis, x, y? are medial areas. 
And, since xy is rational, — (x? * y?) » xy 
v 2Xy, 
whence (x — yy » 2xy. 
But 2xy is rational ; 
therefore (x — y)*, and consequently (x — y), is irrational. 
This irrational, which is of the form (lp ~ kp), is the first apotome of a 


medial straight line; the term corresponding of course to first bimedial, which 
applies where the sign is positive. 
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PROPOSITION 75. 


Jf from a medial straight line there be subtracted a medial 
straight line which is commensurable with the whole in square 
only, and which contains with the whole a medial rectangle, 
the remainder is irrational; and let it be called a second 
apotome of a medial straight line. 


For from the medial straight line 7447 let there be sub- 
tracted the medial straight line CØ which is commensurable 
with the whole 44 J in square only and such that the rectangle 
AB, BC, which it contains with the whole 4 8B, is medial; (x. 28] 
I say that the remainder AC is irrational; and let it be called 
a second apotome of a medial straight line. 


A C B 
— — — 


l HE 


For let a rational straight line DZ be set out, 
let DE equal to the squares on AB, BC be applied to D/, 
producing DG as breadth, 
and let DH equal to twice the rectangle AB, BC be applied 
to D/, producing DF as breadth ; 
therefore the remainder FZ is equal to the square on AC. 
(11. 7] 
Now, since the squares on AS, BC are medial and 
commensurable, 
therefore D is also medial. [x- 15 and 23, Por.] 
And it is applied to the rational straight line D/, producing 
DG as breadth ; 
therefore DG is rational and incommensurable in length 
with DZ. (x. 22] 
Again, since the rectangle 4B, BC is medial, 


therefore twice the rectangle 4B, BC is also medial. 
[x. 23, Por.] 
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And it is equal to D77; 
therefore DA is also medial. 


And it has been applied to the rational straight line DI, 
producing D¥ as breadth ; 


therefore DF is rational and incommensurable in length 
with DZ. [x. 22] 
And, since 48, BC are commensurable in square only, 
therefore AB is incommensurable in length with ZC; 
therefore the square on 4B is also incommensurable with the 


rectangle 447, BC. (x. 11] 

But the squares on 48, BC are commensurable with the 
square on 74 B, [x. 15] 
and twice the rectangle 438, BC is commensurable with the 
rectangle 48, BC; [x. 6] 
therefore twice the rectangle AB, BC is incommensurable with 
the squares on 4B, BC. [x. 13] 


But D£& is equal to the squares on AB, BC, 
and DA to twice the rectangle 42, BC; 
therefore DZ is incommensurable with DÆ. 
But, as DE is to DH, so is GD to DF; [vi. 1] 
therefore GD is incommensurable with DAF. [x- 11] 
And both are rational ; 
therefore GD, DF are ational straight lines commensurable 
in square only ; 
therefore /G is an apotome. (x. 73] 
But DJ is rational, 
and the rectangle contained by a rational and an irrational 
straight line is irrational, (deduction from x. 20] 
and its “side” is irrational. 
And 4C is the “side” of FE; 
therefore 74 C is irrational. 
And let it be called a second apotome of a medial 
straight line. 
Q. E. D. 


We have here the difference between Hp, JA. p/k, two medial straight 
lines commensurable in square only and containing a medial rectangle. 
Apply each of the areas (a? --5?), 2xy to a rational straight line c, i.e. 
suppose that 
xi. y = CHU, 


2xy = ov. 
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Then ou, ov are medial areas, 


so that u, v are both rational and u «e. ....... eee (1). 
Again, XY; 

therefore x32 xy, 

and consequently +p ary, 

or Cu w CU, 

and M Iv D sso AE UM E Lud (2). 


Thus [(1), (2)] « v are rational and ~; 
therefore [x. 73] ( — v) is an agotome, 
and, (« — v) being thus irrational, 
(% —v)o@ is an irrational area. 
Hence (x — y)*, and consequently (x — y), is irrational. 





The irrational straight line kp ~ ee is called a second apotome of a 


medial straight line. 


PROPOSITION 76. 


Lf from a straight line there be subtracted a straight line 
which ts incommensurable in square with the whole and which 
with the whole makes the squares on them added together 
rational, but the rectangle contained by them medtal, the 
remainder is irrational ; and let tt be called minor. 


For from the straight line 742 let there be subtracted the 
straight line BC which is incom- 


mensurable in square with the whole A é B 


and fulfils the given conditions. __ (x. 33] 


I say that the remainder AC is the irrational straight line 
called minor. 


For, since the sum of the squares on AB, BC is rational, 
while twice the rectangle 42, BC is medial, 


therefore the squares on 4B, BC are incommensurable with 
twice the rectangle 42, BC; 


and, convertendo, the squares on AB, BC are incommensurable 
with the remainder, the square on AC. (1r. 7, x. 16] 


But the squares on ABZ, BC are rational ; 
therefore the square on AC is irrational ; 
therefore AC is irrational. 

And let it be called minor. 
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x, y are here of the form found in x. 33, viz. 


B aiios ——— 
/2 i Ji+kh v42 NES 


By hypothesis (x? + y’) is a rational, xy a medial, area. 
Therefore (x? + »?) » 2xy, 

whence (x -»y v (+y). 
Therefore (x — y), and consequently (x — y), is irrational. 
The minor (irrational) straight line is thus of the form 


Observe the use of converfendo (avaotpéwartc) for the inference that, since 
(x? + 5?) o 22y, (X +3) v (x-y). The use of the word corresponds exactly 
to its use in proportions. 





PROPOSITION 77. 


Jf from a straight line there be subtracted a straeght line 
which 1s incommensurable in square with the whole, and which 
with the whole makes the sum of the squares on them medial, 
but twice the rectangle contained by them rational, the remainder 
ts irrational: and let it be called that which produces with 
a rational area a medial whole. 


For from the straight line 447 let there be subtracted the 


straight line BC which is incommensurable in square 
with AB and fulfils the given conditions ; [x34] A 


I say that the remainder AC is the irrational straight 
line aforesaid. | 
For, since the sum of the squares on 48, BC is 
medial, 
while twice the rectangle AZ, BC is rational, 
therefore the squares on 48, BC are incommensurable 8 
with twice the rectangle 428, BC; 
therefore the remainder also, the square on AC, is incom- 
mensurable with twice the rectangle 42, BC. [u. 7, x. 16] 
And twice the rectangle 42, BC is rational ; 
therefore the square on AC is irrational ; 
therefore 4C is irrational. 


And let it be called that which produces with a 
rational area a medial whole. 
Q. F. D. 
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Here x, y are of the form (cf. x. 34] 


——P XX 1 Be, E NET TIS +k? — k, 


NITET 4 P) A2 (1 4 £) 
By hypothesis, (x? + y°) is a medial, xy a rational, area ; 
thus (x? + y?) o 2xy, 
and therefore (x— y)? u 2xy, 


whence (x —y)’, and consequently (x — y), is irrational. 
The irrational straight line 


"rye MU REP ry 
— — NE Im TE) : 
is called that which produces with a rational area a medial whole or more 
literally that which with a rational area makes the whole medial (yn pera pyrov 
pécoy TO GAov wovotca). Here “produces” means “produces when a square 
is described on it.” A clearer way of expressing the meaning would be to call 
this straight line the “side” of a medial minus a rational area corresponding 
to the “side” of a rational plus a medial area [x. 40}. 


PROPOSITION 78. 


If from a straight line there be subtracted a straight line 
which is incommensurable in square with the whole and which 
with the whole makes the sum of the squares on them medial, 
twice the rectangle contained by them medial, and further the 
squares on them incommensurable with twice the rectangle 
contained by them, the remainder is irrational ; and let tt be 
called that which produces with a medial area a 
medial whole. 


For from the straight line 42 let there be subtracted the 
straight line BC incommensurable in 
square with AZ and fulfilling the p FG 
given conditions ; [x- 35] 
I say that the remainder AC is the 
irrational straight line called that 
which produces with a medial 





area a medial whole. ! HE 
For let a rational straight line D/ a ug B 
be set out, 


to D/ let there be applied D equal to the squares on AB, 
BC, producing DG as breadth, 


and let DH equal to twice the rectangle 4B, BC be 
subtracted. 
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Therefore the remainder FE is equal to the square 
on AC, [u. 7] 
so that AC is the “side” of FZ. 


Now, since the sum of the squares on 48, BC is medial 
and is equal to DE, 


therefore DE is medial. 


And it is applied to the rational straight line D/, producing 
DG as breadth ; 


therefore DG is rational and incommensurable in length 
with DZ. [x. 22] 


Again, since twice the rectangle 4B, BC is medial and is 
equal to DA, 


therefore DA is medial. 


And it is applied to the rational straight line DZ, producing 
DF as breadth ; 


therefore DF is also rational and incommensurable in length 
with DZ. [x. 22] 


And, since the squares on 48, BC are incommensurable 
with twice the rectangle 48, BC, 


therefore DÆ is also incommensurable with DÆ. 
But, as DE is to DÆ, so also is DG to DF; [vi. 1] 
therefore DG is incommensurable with DF. [x. 11] 
And both are rational ; 


therefore GD, DF are rational straight lines commensurable 
in square only. 


Therefore FG is an apotome. [x. 73] 
And FH is rational ; 


but the rectangle contained by a rational straight line and an 
apotome is irrational, [deduction from x. 2] 
and its “side” is irrational. 

And 4C is the “side” of FE; 
therefore AC is irrational. 


And let it be called that which produces with a 
medial area a medial whole. 
Q. E. D. 
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In this case x, y have respectively the forms [cf. x. 35] 


Essi. EL ea 
NE 148 4/2 Vit 





Suppose that X? + yY? = 0U, 
2xy = ov. 
By hypothesis, the areas ow, ov are medial ; 
therefore », v are both rational and © o ......... cece cence eee ee nsec eee ee ees (1). 
Further Tu v OU, 
so that MEU I OE E E T Gk sate (2). 


Hence [(1), (2)] #, v are rational and ~, 

so that (u — v) is the irrational straight line called apotome [X. 73]. 
Thus ø (u — v) is an irrational area, 

so that (x — y)*, and consequently (x — y), is irrational. 
The irrational straight Jine 


pO. RA Mf t. 
J2 r4 £ RE J1+F 


is called that which produces (i.e. when a square is described on it] with a 
medial area a medial whole, more literally ‘hat which with a medial area makes 
the whole medial (y peta pévov pévov 7d oAov movovoa). A clearer phrase (to 
us) would be the “side” of the diference between two medial areas, correspond- 
ing to the “side” of (the sum of) two medial areas (x. 41]. 





PROPOSITION 79. 


To an apotome only one rational straight line can be 
annexed which ts commensurable with the whole in square only. 


Let AB be an apotome, and BC an annex to tt ; 
therefore ÆC, CB are rational 
straight lines commensurable in 
square only. (x. 73] 

I say that no other rational 
straight line can be annexed to 48 which is commensurable 
with the whole in square only. 

For, if possible, let 2D be so annexed ; 
therefore 4D, DB are also rational straight lines commen- 
surable in square only. (x. 73] 


Now, since the excess of the squares on AD, D& over 
twice the rectangle 4D, DB is also the excess of the squares 
on AC, CB over twice the rectangle AC, CB, 


for both exceed by the same, the square on 4B, [u. 7) 
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therefore, alternately, the excess of the squares on 4D, DB 
over the squares on AC, CB is the excess of twice the rect- 
angle AD, DB over twice the rectangle AC, CB. 


But the squares on 44D, DB exceed the squares on 4C, 
CB by a rational area, 


for both are rational ; 


therefore twice the rectangle 4D, DB also exceeds twice the 
rectangle 4C, C2 by a rational area: 


which is impossible, 
for both are medial [x. 21], and a medial area does not exceed 
a medial by a rational area. [x. 26] 


Therefore no other rational straight line can be annexed 
to AB which is commensurable with the whole in square only. 
Therefore only one rational straight line can be annexed 
to an apotome which is commensurable with the whole in 
square only. 
Q. E. D. 


This proposition proves the equivalent of the well-known theorem of surds 
that, 


if a — Jb = x — Jy, then a =x, b=y; 
and, if Ja — Jb = Jx - Jy, then a= x, b =y. 
The method of proof corresponds to that of x. 42 for positive signs. 


Suppose, if possible, that an apotome can be expressed as (x-y) and also 
as (x'—y'), where x, y are rational straight lines commensurable in square only, 
and x’, y’ are so also. 


Of x, x’, let x be the greater. 
Now, since x-y=x'-y,, 
x2 + y— (x2 + y") = oxy — 2x'y’, 

But (x? + y*), (x7 +") are both rational, so that their difference is a 

rational area. 
2 the other hand, 2xy, 2x'y’ are both medial areas, being of the form 

p ; 
therefore the difference between two medial areas is rational : 
which is impossible [x. 26]. 

Therefore etc. 


PROPOSITION 8o. 


To a first apotome of a medial straight line only one 
medial straight line can be annexed which is commensurable 
weth the whole in square only and which contains with the 
whole a rational rectangle. 
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For let AB be a first apotome of a medial straight line, 
and let BC be an annex to 4B; 
therefore AC, CB are medial Ae ie 
straight lines commensurable in 
square only and such that the rectangle AC, CB which they 
contain is rational ; (x. 74] 
I say that no other medial straight line can be annexed to 
AB which is commensurable with the whole in square only 
and which contains with the whole a rational area. 


For, if possible, let DB also be so annexed ; 


therefore 4D, DB are medial straight lines commensurable 
in square only and such that the rectangle 4D, DB which 
they contain is rational. (x. 74] 


Now, since the excess of the squares on AD, DB over 
twice the rectangle AD, DB is also the excess of the squares 
on AC, CB over twice the rectangle 4C, CB, 


for they exceed by the same, the square on 48, (1. 7] 


therefore, alternately, the excess of the squares on AD, DB 
over the squares on AC, CB is also the excess of twice the 
rectangle AD, DB over twice the rectangle AC, CB. 


But twice the rectangle AD, DB exceeds twice the rect- 
angle AC, CB by a rational area, 


for both are rational. 


Therefore the squares on 4D, DB also exceed the squares 
on AC, CB by a rational area: 


which is impossible, 


for both are medial [x. 15 and 23, Por.], and a medial area does 
not exceed a medial by a rational area. [x. 26] 


Therefore etc. 
Q. E. D. 


Suppose, if possible, that the same /írs/ agotome of a medial straight line 

can be expressed in terms of the required character in two ways, so that 
x—-y-x-y, 

and suppose that x > +’. 

In this case x? + y?, (x? + y) are both medial areas, and 2xy, 2x’y’ are both 
rational areas ; 
and x! y! — (x" * y?) z 2xy — ax'y'. 

Hence x. 26 is contradicted again ; 
therefore etc. 
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PROPOSITION 81. 


Jo a second apotome of a medial straight line only one 
medial straight line can be annexed which is commensurable 
with the whole in square only and which contains with the 
whole a medial rectangle. 


Let AB be a second apotome of a medial straight line 
and BC an annex to AB; 
therefore 4C, CB are medial straight ^ 8 
lines commensurable in square only and ¢- 
such that the rectangle 4C, CB which 1 
they contain is medial. (x. 75] 

I say that no other medial straight line 
can be annexed to AB which is commen- 
surable with the whole in square only and 
which contains with the whole a medial 
rectangle. 

For, if possible, let BD also be so 
annexed ; 
therefore 4D, DB are also medial straight 
lines commensurable in square only and 
such that the rectangle AD, DB which 
they contain is medial. [x- 75] 

Let a rational straight line EF be set out, 


let EG equal to the squares on AC, CB be applied to EF, 
producing £74 as breadth, 


and let /7G equal to twice the rectangle 4C, CB be sub- 
tracted, producing 77747 as breadth ; 


therefore the remainder EZ is equal to the square on AB, 


[u. 7] 
so that AZ is the “side” of EZ. 


Again, let E/ equal to the squares on 4D, D7 be applied 
to EF, producing E as breadth. 
But £Z is also equal to the square on AB; 


therefore the remainder /// is equal to twice the rectangle 
AD, DB. (11. 7] 


O 


D 





=m 


l N 


Now, since AC, CZ are medial straight lines, 
therefore the squares on AC, CBZ are also medial. 
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And they are equal to EG ; 
therefore EG is also medial. (x. 15 and 23, Por.] 


And it is applied to the rational straight line EF, producing 
E M as breadth ; 


therefore ÆM is rational and incommensurable in length 
with EF. [x. 22] 


Again, since the rectangle 4C, CB is medial, 

twice the rectangle 4C, CB is also medial. (x. 23, Por.] 
And it is equal to HG; 

therefore ÆG is also medial. 


And it is applied to the rational straight line EZ, producing 
HM as breadth ; 


therefore ÆM is also rational and incommensurable in length 
with EF. [x. 22] 


And, since 4C, CB are commensurable in square only, 
therefore ÆC is incommensurable in length with CB. 


But, as AC is to CB, so is the square on AC to the rect- 
angle AC, CB; 


therefore the square on AC is incommensurable with the 
rectangle 4C, CB. [x. 11] 


But the squares on AC, CB are commensurable with the 
square on 4C, 


while twice the rectangle 4C, CB is commensurable with the 


rectangle AC, CA; [x. 6] 
therefore the squares on 4C, CB are incommensurable with 
twice the rectangle 4C, CB. (x. 13] 


And ÆG is equal to the squares on AC, CB, 
while GĦ is equal to twice the rectangle 4C, CB; 
therefore EG is incommensurable with ÆG. 
But, as ÆG is to ÆG, so is EM to HM; vi. 1] 
therefore EM is incommensurable in length with 2747. (x. ::] 
And both are rational ; 


therefore EM, MH are rational straight lines commensurable 
in square only ; 


therefore Z// is an apotome, and /7// an annex to it. [x. 73] 
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Similarly we can prove that ÆN is also an annex to it; 


therefore to an apotome different straight lines are annexed 
which are commensurable with the wholes in square only : 


which is impossible. [x. 79] 
Therefore etc. 
Q. E. D. 


As the irrationality of the second apotome of a medial straight line was 
deduced [x. 75] from the irrationality of an apotome, so the present theorem 
is reduced to x. 79. 


Suppose, if possible, that (x -y), (x’—,y’) are the same second apotome of 
a medial straight line ; 
and let (say) x be greater than x’. 

Apply (x? * »?), 2xy and also (x? + y), 2x'y’ to a rational straight line c, 
i.e. put 

* rues and Eug noU E 

2xy — gU 2x'y' S gv 

Dealing with (x — y) first, we have: 

(x? + 5?) is a medial area, and 2xy is also a medial area. 


Therefore u, v are both rational and v e. P.... .......... ................. (1). 
Also, since x ~- y, Xy, 

so that x? xy, 

whence, as usual, x* y! o 2xy, 

that is, cu v» c, 

and therefore WOU, Besser termite qoa ette hebQ (2). 


Thus [(1) and (2)] 4, v are rational and ^-, 

so that (4 — v) is an apofome. 
Similarly (z' — v’) is proved to be the seme apotome. 
Hence this apotome is formed in two ways: 

which contradicts x. 79. 


Therefore the original hypothesis is false, and a second apotome of a 
medial straight line is uniquely formed. 


PROPOSITION 82. 


To a minor straight line only one straight line can be 
annexed which 1s incommensurable in square with the whole 
and which makes, with the whole, the sum of the squares on 
them rational but twice the rectangle contained by them medial. 


Let AB be the minor straight line, and let BC be an 
annex to AB; 


therefore AC, CB are straight A B C D 
lines incommensurable in square 
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which make the sum of the squares on them rational, but 
twice the rectangle contained by them medial. [x. 76] 
I say that no other straight line can be annexed to 4B 
fulfilling the same conditions. 
For, if possible, let BD be so annexed ; 
therefore AD, DB are also straight lines incommensurable 
in square which fulfil the aforesaid conditions. [x. 76] 


Now, since the excess of the squares on 4D, DB over 
the squares on AC, CB is also the excess of twice the rect- 
angle 4D, DB over twice the rectangle 4C, CB, 
while the squares on 4D, DB exceed the squares on AC, 
CB by a rational area, 


for both are rational, 


therefore twice the rectangle 4D, DB also exceeds twice 
the rectangle AC, CB by a rational area: 


which is impossible, for both are medial. [x. 26] 


Therefore to a minor straight line only one straight 
line can be annexed which is incommensurable in square with 
the whole and which makes the squares on them added 
together rational, but twice the rectangle contained by them 
medial. 

Q. E. D. 


Suppose, if possible, that, with the usual notation, 
x-y2ax-y; 

and let x (say) be greater than x. 

In this case (x? + y*), (x? + y’*) are both rational areas, 
and 2xy, 2x'y' are both medial areas. 

But, as before, = (x? + y*) — (x° +y?) = axy—2zx'y’, 
so that the difference between two medial areas is rational : 
which is impossible [x. 26]. 

Therefore etc. 


PROPOSITION 83. 


To a straight line which produces with a rational area a 
medial whole only one straight line can be annexed whitch ts 
incommensurable in square with the whole straight line and 
which with the whole straight line makes the sum of the squares 
on — medial, but. twice the rectangle contained by them 
rational. 
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Let AB be the straight line which produces with a rational 
area a medial whole, 
and let BC be an annex to AB ; a. po uoce D 
therefore 4C, CZ are straight lines 
incommensurable in square which fulfil the given conditions. ! 
| [x- 77 
I say that no other straight line can be annexed to AB 
which fulfils the same conditions. 
For, if possible, let BD be so annexed ; 
therefore 4D, DB are also straight lines incommensurable in 
square which fulfil the given conditions. (x. 77] 
Since then, as in the preceding cases, 
the excess of the squares on 4D, DB over the squares on 
AC, CB is also the excess of twice the rectangle 4D, DB 
over twice the rectangle 4C, CB, 
while twice the rectangle 4D, DB exceeds twice the rectangle 
AC, CB by a rational area, 
for both are rational, 
therefore the squares on AD, DB also exceed the squares 
on AC, CB by a rational area: 
which is impossible, for both are medial. (x. 26] 
Therefore no other straight line can be annexed to AB 
which is incommensurable in square with the whole and which 
with the whole fulfils the aforesaid conditions ; 
therefore only one straight line can be so annexed. 
Q. E. D. 


Suppose, with the same notation, that 
x—-y-2x-y. (x> x’) 
Here, (x° +°), (x+y) being both medial areas, and 2xy, 2x’y’ both 
rational areas, 
while (x? 4 y?) — (x? 4 y?) z 2xy - 2x'y', 
X. 26 is contradicted again. 
Therefore etc. 


PROPOSITION 84. 


Jo a straight line which produces with a medial area a 
medial whole only one straight line can be annexed which is 
incommensurable in square with the whole straight line and 
which with the whole straight line makes the sum of the squares 
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on them medial and twice the rectangle contained by them both 
medial and also incommensurable with the sum of the squares 
on them. 


Let AB be the straight line which produces with a medial 
area a medial. whole, 


and BC an annex to it; 
therefore 4C, C2 are straight lines incommensurable in square 


which fulfil the aforesaid conditions. (x. 78] 
A B Cc D 
EH M N 
FL G i 


I] say that no other straight line can be annexed to 4B 
which fulfils the aforesaid conditions. 

For, if possible, let BD be so annexed, 
so that AD, DB are also straight lines incommensurable in 
square which make the squares on 4D, DB added together 
medial, twice the rectangle AD, DB medial, and also the 
squares on 4 D, DB incommensuvable with twice the rectangle 
AD, DB. (x. 78] 

Let a rational straight line E be set out, 


let EG equal to the squares on AC, CB be applied to EF, 
producing £ as breadth, 


and let /7G equal to twice the rectangle 4C, CB be applied 
to EF, producing 77/7 as breadth ; 


therefore the remainder, the square on AZ (mu. 7], is equal 
to EZ; 


therefore AB is the “side” of EL. 


Again, let ÆZ equal to the squares on AD, DB be applied 
to EF, producing EN as breadth. 

But the square on 74Z is also equal to EL; 
therefore the remainder, twice the rectangle AD, DB (n. 7], 
is equal to 777. 
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Now, since the sum of the squares on AC, CB is medial 
and is equal to EG, 
therefore EG is also medial. 

And it is applied to the rational straight line EF, pro- 
ducing E/ as breadth ; 
therefore E/ is rational and incommensurable in length 
with EF. [x. 22] 


Again, since twice the rectangle 4C, CB is medial and is 
equal to AG, 


therefore ÆG is also medial. 


And it is applied to the rational straight line ZF, pro- 
ducing HM as breadth ; 


therefore //M is rational and incommensurable in length 
with EF. [x. 22] 


And, since the squares on AC, CB are incommensurable 
with twice the rectangle 4C, CB, 
ÆG is also incommensurable with ÆG ; 
therefore Æ M is also incommensurable in length with 7777. 


[vi. 1, x. 11] 
And both are rational ; 


therefore EM, MA are rational straight lines commensurable 
in square only ; 
therefore E /7 is an apotome, and /7//7 an annex to it. (x. 73] 


Similarly we can prove that £77 is again an apotome and 
FIN an annex to it. 

Therefore to an apotome different rational straight lines 
are annexed which are commensurable with the wholes in 
square only: 


which was proved impossible. (x. 79] 


Therefore no other straight line can be so annexed to 4B. 
Therefore to AB only one straight line can be annexed 
which is incommensurable in square with the whole and which 
with the whole makes the squares on them added together 
medial, twice the rectangle contained by them medial, and 
also the squares on them incommensurable with twice the 


rectangle contained by them. 
Q. E. D. 
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With the usual notation, suppose that 


x-yza-y. (x > x’) 
Let e x+y? = gy' 
and ; ; } 
2xy = ov 2x'y = ov 


Consider (x — y) first ; 
it follows, since (x? + y*), 2xy are both medial areas, that 


uw, v are both rational and Go ............cscesceceecesceeenecs see soeescsecscess (1). 
But x +y v 2Xy, 

that 1s, ou v Ov, 

and therefore MGM) EE R E, (2). 


Therefore [(1) and (2)) s, v are rational and ^- ; 
hence (1 — 7») is an agofome. 
Similarly (v' — 72‘) is proved to be ‘he same apotome. 
Thus the same apotome is formed as such in two ways: 
which is impossible [x. 79]. 
Therefore, etc. 
DEFINITIONS III. 


I. Giver a rational straight line and an apotome, if the 
square on the whole be greater than the square on the annex 
by the square on a straight line commensurable in length with 
the whole, and the whole be commensurable in length with 
the rational straight line set out, let the apotome be called a 
first apotome, 


2. But if the annex be commensurable in length with 
the rational straight line set out, and the square on the whole 
be greater than that on the annex by the square on a straight 
line commensurable with the whole, let the apotome be called 
a second apotome. 


3. But if neither be commensurable in length with the 
rational straight line set out, and the square on the whole be 
greater than the square on the annex by the square on a 
straight line commensurable with the whole, let the apotome 
be called a third apotome. 


4. Again, if the square on the whole be greater than 
the square on the annex by the square on a straight line 
incommensurable with the whole, then, if the whole be com- 
mensurable in length with the rational straight line set out, 
let the apotome be called a fourth apotome ; 


5. if the annex be so commensurable, a fifth ; 
6. and, if neither, a sixth. 
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PROPOSITION 85. 


To find the first apotome. 

Let a rational straight line 4 be set out, 
and let BG be commensurable in length with 4 ; 
therefore BG is also rational. 
8 c G 

E F D 

Let two square numbers DE, EF be set out, and let their 
difference /D not be square ; 
therefore neither has ED to DF the ratio which a square 
number has to a square number. 

Let it be contrived that, 
as ED is to DF, so is the square on BG to the square on GC; 





H 


[x. 6, Por.] 
therefore the square on BG is commensurable with the square 
on GC. [x. 6] 


But the square on BG is rational ; 
therefore the square on GC is also rational ; 
therefore GC is also rational. 
And, since £D has not to DF the ratio which a square 
number has to a square number, 
therefore neither has the square on BG to the square on GC 
the ratio which a square number has to a square number ; 
therefore G is incommensurable in length with GC. _[x. 9] 
And both are rational ; 
therefore BG, GC are rational straight lines commensurable 
in square only ; 
therefore BC is an apotouic. [x- 73] 


I say next that it is also a first apotome. 

For let the square on 77 be that by which the square on 
BG is greater than the square on GC. 

Now since. as ED is to FD, so is the square on BG to 
the square on GC, 
therefore also, convertendo, [v. 19, Por.] 
as DE is to EF, so is the square on G7 to the square on 77. 
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But DE has to EF the ratio which a square number has 
to a square number, 


for each is square ; 


therefore the square on GB also has to the square on Æ the 
ratio which a square number has to a square number ; 


therefore ZG is commensurable in length with Æ. [x. 9] 
And the square on BG is greater than the square on GC 
by the square on 77; 


therefore the square on ZG is greater than the square on GC 
by the square on a straight line commensurable in length 
with BG. 


And the whole BG is commensurable in length with the 
rational straight line 4 set out. 
Therefore BC is a first apotome. [x. Deff. ur. 1] 
Therefore the first apotome BC has been found. 
(Being) that which it was required to find. 


Take 4p commensurable in length with p, the given rational straight line. 
Let m, 27? be square numbers such that (m? — n?) is not square. 
Take x such that m: (mA) ERPE uoo coo eee (1), 


Mm! — nt 





so that x=kp 


m 
= kp I-A, say. 

Then shall 4p — x, or &p - 4p 4/1 — X3, be a first apotome. 

For (a) it follows trom (1) that x is rational but incommensurable with 4p, 
whence Åp, x are rational and ~, 
so that (Åp = x) is an apotome. 
(B) 1f y! 2 £p? — 33, then, by (1), convertendo, 

om: n= Bp y, 

whence y, that is, / 4g! — x, is commensurable in length with 4p. 

And 4p.^ p ; 
therefore $p — x is a first apotome. 

As explained in the note to x. 48, the first apotome 

kp —kpJ/1 — 3 
is one of the roots of the equation 
x? —2kp.x + Ap =o. 


180 BOOK X (x. 86 


PROPOSITION 86. 


To find the second apotome. 


Let a rational straight line 4 be set out, and GC com- 
mensurable in length with 4 ; 
therefore GC is rational. xo 

Let two square numbers DE, 9 9 G 
EF be set out, and let their H 
difference DF not be square. 

Now let it be contrived that, € É D 
as FD is to DE, so is the square 
on CG to the square on G7. (x. 6, Por.] 

Therefore the square on CG is commensurable with the 
square on G7. (x. 6] 

But the square on CG is rational ; 
therefore the square on G7 is also rational ; 
therefore BG is rational. 

And, since the square on GC has not to the square on GB 
the ratio which a square number has to a square number, 

CG is incommensurable in length with GB. [x. 9] 

And both are rational ; 
therefore CG, GB are rational straight lines commensurable 
in square only ; 
therefore BC is an apotome. [x. 73] 





I say next that it is also a second apotome. 

For let the square on Æ be that by which the square on 
BG is greater than the square on GC. 

Since then, as the square on BG is to the square on GC, 
so is the number ZV to the number DF, 


therefore, convertendo, 
as the square on ZG is to the square on 77, so is DE to EF. 


[v. 19, Por.) 
And each of the numbers DZ, EF is square ; 
therefore the square on BG has to the square on 77 the ratio 
which a square number has to a square number ; 
therefore BG is commensurable in length with 77. (x. 9] 
And the square on ZG is greater than the square on GC 
by the square on 77; 
therefore the square on AG is greater than the square on GC 
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by the square on a straight line commensurable in length 
with BG. 


And CG, the annex, is commensurable with the rational 
straight line 4 set out. 


Therefore BC is a second apotome. [x. Deff. ur. 2] 
Therefore the second apotome BC has been found. 
Q. E. D. 


Take, as before, kp commensurable in length with p. 
Let m’, n? be again square numbers, but (m? — n?) not square. 





Take x such that (m* 0?) sp cx ae sese sitse M (1), 
whence x= kp — 
Jaan 
- 
“Jr 


Thus x is greater than 4p. 


&p 
Then x — p, or JE 





— kp, is a second apotome. 





For (a), as before, x is rational and ~ 4p. 
(B) If x1 — £p? - y’, we have, from (1), 
me. wax? sy 
Thus y, or 43? — k?p, is commensurable in length with x. 
And &p is ^ p. 
Therefore x — 4p is a second apotome. 
As explained in the note on X. 49, the second apotome 


kp 
——— —- E 
V1 —2? e 
is the lesser root of the equation 
à 2kp A? 
L- x+ — 





Gas rae 


PROPOSITION 87. 
To find the third apotome. 


Let a rational straight line 74 be set out, 
let three numbers Z, BC, CD be à 


set out which have not to one ——————— 


another the ratio which a square 9 a 


number has to a square number, 





but let CB have to BD the ratio — 
which a square number has to a ae 
square number. | 

Let it be contrived that, as £ 8 © C 


is to BC, so is the square on 74 to the square on FG, 
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and, as BC is to CD, so is the square on FG to the square 
on GH. [x. 6, Por.] 


Since then, as Æ is to BC, so is the square on 4 to the 
square on FG, 


therefore the square on 4 is commensurable with the square 

on FG. [x. 6] 
But the square on 4 is rational ; 

therefore the square on FG is also rational ; 

therefore FG is rational. 


And, since E has not to BC the ratio which a square 
number has to a square number, 


therefore neither has the square on 4 to the square on FG 
the ratio which a square number has to a square number ; 
therefore 74 is incommensurable in length with FG. [x. 9] 


Again, since, as BC is to CD, so is the square on FG to 
the square on GH, 


therefore the square on FG is commensurable with the square 
on GĦ. [x. 6) 
But the square on FG is rational ; 
therefore the square on GA is also rational ; 
therefore GĦ is rational. 
And, since BC has not to CD the ratio which a square 
number has to a square number, 
therefore neither has the square on FG to the square on GH 
the ratio which a square number has to a square number ; 
therefore FG is incommensurable in length with GÆ. — (x. 9] 
And both are rational ; 
therefore FG, GH are rational straight lines commensurable 
in square only ; 
therefore FH is an apotome. (x. 73] 


I say next that it is also a third apotome. 
For since, as Æ is to BC, so is the square on 4 to the 
square on FG, 


and, as BC is to CD, so is the square on FG to the square 
on A/G, 


therefore, ev aegua/z, as E is to CD, so is the square on 4 
to the square on HG. (v. 22] 
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But E has not to CD the ratio which a square number 
has to a square number ; 
therefore neither has the square on 4 to the squate on GH 
the ratio which a square number has to a square number ; 
therefore 4 is incommensurable in length with GH. _[x. 9] 
Therefore neither of the straight lines FG, GH is 
commensurable in length with the rational straight line 4 
set out. 
Now let the square on X be that by which the square on 
FG is greater than the square on GH. 
Since then, as BC is to CD, so is the square on FG to 
the square on G 77, 
therefore, convertendo, as BC is to BD, so is the square on 
FG to the square on KX. [v. 19, Por.] 
But BC has to BD the ratio which a square number has 
to a square number ; 
therefore the square on FG also has to the square on Æ the 
ratio which a square number has to a square number. 
Therefore FG is coramensurable in length with A, (x. 9] 
and the square on FG is greater than the square on GĦ by 
the square on a straight line commensurable with FG. 


And neither of the straight lines FG, G/7 is commen- 
surable in length with the rational straight line 4 set out ; 


therefore F/7 is a third apotome. [x. Deff. ur. 3] 
Therefore the third apotome 77 has been found. 
Q. E. D. 


Let p be a rational straight line. 

Take numbers 5, q»*, g (m? — n?) which have not to one another the ratio 
of square to square. 

Now let x, y be such that 


Jig piat r a (1) 
and gm* : g(m*—n29) = Pic cccccecescseeenenees (2). 


Then shall (x — y) be a Mird apotome. 
For (a), from (1), 


a5 Cational DüE op 2e ete due ede sce n Re (3). 


And, from (2), y is rational but v x. 
Therefore x, y are rational and ~, 


so that (x — y) is an apotome. 
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(B) By (1), (2), ex aeguali, 
pig(m—n)-p:y, 
whence y v p. 


Thus, by this and (3), x, y are both o p. M (4). 
Lastly, let z? = x° — y’, so that, from (2), convertendo, 


qw? : g=: 2; 
therefore z, or J/a$—J*, ^ X «sss HH eee ..(5). 


Thus ((4) and (5)) (x —y) is a third apotome. 
To find its form, we have, from (1) and (2), 





so that z-y= a/f. p(m- dmi) 


This may be written in the form 
m Jk.p-m/Jk.pĒNi-N. 
As explained in the note on x. 50, this is the lesser root of the equation 
x*—~ am Jk. px + Nmikp?’ = o. 


PROPOSITION 88. 


To find the fourth apotome. 


Let a rational straight line 4 be set out, and BG com- 
mensurable in length with it ; 
therefore BG is also rational. 


A————— —— 


H 





D F E 


Let two numbers DF, FE be set out such that the whole 
DE has not to either of the numbers DF, EF the ratio 
which a square number has to a square number. 

Let it be contrived that, as DE is to EF, so is the square 


on BG to the square on GC; (x. 6, Por.] 
therefore the square on BG is commensurable with the square 
on GC. [x- 6] 


But the square on AG is rational ; 
therefore the square on GC is also rational ; 
therefore GC is rational. 
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Now, since DE has not to EF the ratio which a square 
number has to a square number, 
therefore neither has the square on BG to the square on GC 
the ratio which a square number has to a square number ; 
therefore ZG is incommensurable in length with GC. — [x. 9) 
And both are rational ; 
therefore BG, GC are rational straight lines commensurable 
in square only ; 
therefore BC is an apotome. | [x. 73] 


Now let the square on Æ be that by which the square on 
BG is greater than the square on GC. 

Since then, as DE is to EF, so is the square on BG to 
the square on GC, 
therefore also, convertendo, as ED is to DF, so is the square 
on GZ to the square on 77. [v. 19, Por.] 

But £2 has not to DF the ratio which a square number 
has to a square number ; 
therefore neither has the square on GZ to the square on Æ 
the ratio which a square number has to a square number ; 
therefore BG is incommensurable in length with Æ. [x. 9] 

And the square on BG is greater than the square on GC 
by the square on 77; 
therefore the square on AG is greater than the square on GC 
by the square on a straight line incommensurable with BG. 

And the whole BG is commensurable in length with the 
rational straight line 4 set out. 

Therefore BC is a fourth apotome. (x. Def. u1. 4) 

Therefore the fourth apotome has been found. 

Q. E. D. 


Beginning with p, 4p, as in X. 85, 86, we take numbers m, 2 such that 
(m +n) has not to either of the numbers m, 2 the ratio of a square number to 
a square number. 








Take x such that (m+n): n=RpP at uoces o (1), 
whence * A * Z 
kp 





Then shall (4p — x), or (4p i ) , be a fourth agotome. 


Jr +A 
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For, by (1), x is rational and ~ 4p. 
Also 4/4*p* — x* is incommensurable with 4p, since 
(m n) : m - Ep : (Pp — x’), 
and the ratio (# + 2): m is not that of a square number to a square number. 


And 4p ^ p. 
As explained in the note on x. 51, the fourth apotome 


hp - tp 
Jr+X 
is the lesser root of the quadratic equation 


À 2 
a — 2kp. x + co UP =0. 


PROPOSITION 89. 
To find the fifth apotome. 


Let a rational straight line 4 be set out, 
and let CG be commensurable in length 


with 4 ; pg, |? 
therefore CG is rational. 
Let two numbers DF, FE be set out c 


such that DE again has not to either of the jA 


numbers DF, FE the ratio which a square " 

number has to a square number ; ol iF 

and let it be contrived that, as FZ is to ED, 

so is the square on CG to the square on G7. E 
Therefore the square on GB is also 

rational ; [x. 6] 


therefore BG is also rational. 

Now since, as DE is to EF, so is the square on BG to 
the square on GC, 
while DE has not to EF the ratio which a square number 
has to a square number, 


therefore neither has the square on BG to the square on GC 
the ratio which a square uumber has to a square number ; 


therefore BG is incommensurable in length with GC. — [x. 9) 
And both are rational ; 

therefore BG, GC are rational straight lines commensurable 

in square only ; 

therefore BC is an apotome. [x. 73] 
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I say next that it is also a fifth apotome. 

For let the square on 77 be that by which the square on 
BG is greater than the square on GC. 

Since then, as the square on AG is to the square on GC, 
so is DE to EF, 


therefore, convertendo, as ED is to DF, so is the square on 
BG to the square on 77. [v. 19, Por.] 


But £D has not to DF the ratio which a square number 
has to a square number ; 
therefore neither has the square on BG to the square on H 
the ratio which a square number has to a square number ; 
therefore BG is incommensurable in length with 77. [x- 9] 


And the square on ZG is greater than the square on GC 
by the square on 77; 


therefore the square on GZ is greater than the square on GC 
by the square on a straight line incommensurable in length 


with GB. 


And the annex CG is commensurable in length with the 
rational straight line 4 set out ; 


therefore AC is a fifth apotome. [x. Deff. mm. 5] 
Therefore the fifth apotome BC has been found. 
Q. E. D. 


Let p, kp and the numbers m, z of the last proposition be taken. 
Take x such that 52 (n ER) SRP a arana ete (1). 


In this case x > dp, and == Ap, / M2” 


=kp/1 +X, say. 
Then shall (x — 4p), or (&pA/ 1 4 X — kp), be a fifth apotome. 
For, by (1), x is rational and ~ 4p. 
And since, by (1), (m * 8) : mz x* : (x13 — Bp’), 
| x — Ap" is incommensurable with x. 
Also $p ^ p 
As explained in the note on x. 52, the fifth apotome 


ŘpN 1 +À — kp 


is the lesser root of the quadratic 
a — akp 1 +A. x + Akp =o. 
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PROPOSITION 9o. 
To find the sixth apotome. 


Let a rational straight line 4 be set out, and three 
numbers £, BC, CD not having 


to one another the ratio which A 
a square number has toa square ——— — 
number ; k 


and further let CZ also not have 
to BD the ratio which a square 
number has to a square number, 8 5 © 


Let it be contrived that, as 
E is to BC, so is the square on 4 to the square on FG, 


and, as BC is to CD, so is the square on FG to the square 
on GH. (x. 6, Por.] 


Now since, as Æ is to BC, so is the square on A to the 
square on FG, 


therefore the square on 4 is commensurable with the square 


on FG. [x. 6] 
But the square on 74 is rational ; 

therefore the square on FG is also rational ; 

therefore FG is also rational. 


And, since Æ has not to AC the ratio which a square 
number has to a square number, 


therefore neither has the square on 4 to the square on FG 
the ratio which a square number has to a square number ; 


therefore 4 is incommensurable in length with FG. [x. 9] 





Again, since, as BC is to CD, so is the square on FG to 
the square on GH, 


therefore the square on FG is commensurable with the square 
on GĦ. (x. 6] 


But the square on FG is rational ; 
therefore the square on G7 is also rational ; 
therefore GH is also rational. 


And, since BC has not to CD the ratio which a square 
number has to a square number, 
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therefore neither has the square on FG to the square on GĦ 

the ratio which a square number has to a square number ; 

therefore FG is incommensurable in length with GÆ.  [x. 9) 
And both are rational ; 

therefore FG, G/7 are rational straight lines commensurable 

in square only ; 

therefore F/7 is an apotome. [x 73] 


I say next that it is also a sixth apotome. 

For since, as Æ is to go so is the square on 4 to the 
square on FG, 
and, as BC is to CD, so is the square on FG to the square 
on GĦ, 
therefore, ex aegualt, as E is to CD, so is the square on 4 to 
the square on GH. [v. 22] 


But Æ has not to CD the ratio which a square number 
has to a square number ; 


therefore neither has the square on 4 to the square on GH 
the ratio which a square number has to a square number ; 
therefore 4 is incommensurable in length with GH; _[x. 9] 


therefore neither of the straight lines FG, GĦ is commen- 
surable in length with the rational straight line 4. 


Now let the square on X be that by which the square on 
FG is greater than the square on GH. 

Since then, as BC is to CD, so is the square on FG to 
the square on GH, 


therefore, convertendo, as CB is to BD, so is the square on 
FG to the square on X. [v. 19, Por.] 


But CZ has not to BD the ratio which a square number 
has to a square number ; 
therefore neither has the square on FG to the square on K 
the ratio which a square number has to a square number ; 
therefore FG is incommensurable in length with X. (x. 9] 
And the square on FG is greater than the square on GĦ 
by the square on & ; 
therefore the square on FG is greater than the square on GY 


by the square on a straight line incommensurable in length 
with FG. 
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And neither of the straight lines FG, GH is commen- 
surable with the rational straight line 4 set out. 


Therefore 77 is a sixth apotome. (x. Deff. 111. 6] 
Therefore the sixth apotome 77 has been found. 
Q. E. D. 


Let p be the given rational straight line. 

Take numbers 2, (m+ n), ^ which have not to one another the ratio of a 
square number to a square number, m, n being also chosen such that the 
ratio (m + n): m is not that of square to square. 


Take x, y such that 3$ (nd) pi ates eorr (1) 
(MIRJE nE EP o PRO enee sees (2). 

Then shall (x — y) be a sixth apotome. 
For, by (1), x is rational and v p ............................ (3). 
By (2), since x is rational, 

y is rational and v x .............. bise (4). 
Thus [(3), (4)] (x -») is an apotome. 
Again, ex aequa, (00 p:nzpl: y, 

whence y v p. 


Thus x, y are both v p. 
Lastly, convertendo from (2), 
(m+n): max: (8 -y), 
whence 4/33 — à v x. 


Therefore (x —y) is a sixth apotome. 
From (1) and (2) we have 


— [m+n ! 
R 
J= N >` 
so that the sixth apotome may be written 
Ve Lu 
P P p p 


or, more simply, AJ & . p — JA. p. 
As explained in the note on x. $3, the six/A apotome is the lesser root of 


the equation 
X — 2, k. px + (k—A) p=o. 








PROPOSITION 9r. 
If an area be contained by a rational straight line and a 
first apotome, the "side" of the area ts an apotome. 


For let the area 747 be contained by the rational straight 
line AC and the first apotome AD; 


I say that the “side” of the area 4Z is an apotome. 
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For, since AD is a first apotome, let DG be its annex ; 
therefore 4G, GD are rational straight lines commensurable 
in square only. [x. 73] 

And the whole AG is commensurable with the rational 
straight line AC set out, 
and the square on AG is greater than the square on GD 
by the square on a straight line commensurable in length 
with AG; (x. Def. uu. 1) 
if therefore there be applied to .4G a parallelogram equal to 
the fourth part of the square on DG and deficient by a square 


figure, it divides it into commensurable parts. [x- 17] 
A D E F G 
C UK 





Let DG be bisected at £, 


let there be applied to 4G a parallelogram equal to the square 
on £G and deficient by a square figure, 


and let it be the rectangle AF, FG; 
therefore 4AF is commensurable with FG. 


And through the points Æ, F, G let EH, FL; GK be drawn 
parallel to AC. 


Now, since AF is commensurable in length with FG, 


therefore AG is also commensurable in length with each of 
the straight lines AF, FG. [x. 15] 


But AG is commensurable with AC; 


therefore each of the straight lines AF, FG is commensurable 
in length with AC. [x. 12] 
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And AC is rational ; 
therefore each of the straight lines 44 F, FG is also rational, 
so that each of the rectangles 4/, FX is also rational. [x. 19) 
Now, since DE is commensurable in length with EG, 


therefore DG is also commensurable in length with each of 

the straight lines DE, EG. [x. 15] 
But DG is rational and incommensurable in length 

with 4C; 

therefore each of the straight lines DE, ÆG is also rational 

and incommensurable in length with 4C; [x. 13] 

therefore each of the rectangles D77, EK is medial. (x. 21] 


Now let the square LM be made equal to 747, and let 
there be subtracted the square VO having a common angle 
with it, the angle LPM, and equal to FK; 
therefore the squares LM, NO are about the same diameter. 

[vi. 26] 

Let PR be their diameter, and let the figure be drawn. 

Since then the rectangle contained by AF, FG is equal to 
the square on EG, 


therefore, as AF is to EG, so is EG to FG. (vi. 17] 
But, as AF is to EG, so is A/ to EK, 
and, as EG is to FG, so is EK to KF; [vi. 1] 


therefore EK is a mean proportional between 4/, XF. (v. 11] 


But MN is also a mean proportional between LM, NO, 
as was before proved, [Lemma after x. 53] 


and 747 is equal to the square LM, and XF to NO; 
therefore MN is also equal to £K. 

But ££ is equal to DH, and MN to LO; 
therefore DK is equal to the gnomon UVW and NO. 
But 4X is also equal to the squares LM, NO; 
therefore the remainder 4 is equal to ST. 

But ST is the square on ZN ; 
therefore the square on ZA is equal to 442 ; 
therefore ZN is the “side” of AB. 
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I say next that £N is an apotome. 
For, since each of the rectangles 47, FK is rațional, 


and they are equal to £77, NO, 


therefore each of the squares LM, NO, that is, the squares on 
LP, PN respectively, is also rational ; 


therefore each of the straight lines LP, PN is ao rational. 
Again, since DH is medial and is equal to ZO, 

theretore ZO is also medial. 
Since then ZO is medial, 

while AO is rational, 

therefore ZO is incommensurable with NO. 
But, as LO is to NO, so is LP to PN; [vr. 1] 

therefore LP is incommensurable in length with PA. — fx. ii] 
And both are rational ; 

therefore LP, PN are rational straight lines commensurable 

in square only ; 

therefore LV is an apotome. [x. 73] 
And it is the “side” of the area AB; 

therefore the “side” of the area 4B is an apotome. 
Therefore etc. " 


This proposition corresponds to x. 54, and the problem solved in it is to 
find and to classify the side of a sguare equal to the rectangle contained by a 
first apotome and p, or (algebraically) to find 


3 al p (kp — &p J/1 — X3). 
First find u, v from the equations 
u+v=kp 
uv = +p? (1 — X!) } 
If u, v represent the values so found, put 


x? = pu } A EN (2), 


J = pv 
and (x — y) shall be the square root required. 
To prove this Euclid argues thus. 


By (1), u : Mod -À e Mpxt-À 0 
whence pu : Mp! NT-N = hko VI-A : pu, 
or x 1 Ap? J'1— Mz tp? VI-X : ye, 

But (Lemma after x. 53] 

X? i XY = XY : Y’, 


so that xy =} kp? ALTGRAN dou ie ci eL TE ERE (3). 
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Therefore (x — y)? = x? + y? - axy 
- p(u v) - A A 1-X 
= k- RPN 1 — A. 
Thus (x — y) is equal to Jp (tp -kp 1 — Àj. 


It has next to be proved that (x — y) is an aotorne. 
From (1) it follows, by x. 17, that 


unv; 
thus z, v are both commensurable with (x +v) and therefore with p...... (4). 
Hence x, v are both rational, 
so that pu, pv are rational areas ; 
therefore, by (2), x’, »? are rational and commensurable .................. (5), 
whence also x, y are rational straight lines ... ... . ........................ (6). 
Next, £p A/1 — À* is rational and v p ; 
therefore 44p?V1—A? is a medial area. 


That is, by (3), xy is a medial area. 
But [(5)] 9” is a rational area ; 


therefore xy o y, 
or X v y. 
But [(6)] x, y are both rational. 
Therefore x, y are rational and ~ ; 
so that (x—y) is an apotome. 
To find the form of (x — y) algebraically, we have, by solving (1), 
u=hkp(1 +d), 
a= $ kp (1- A), 


whence, from (2), x=p Jt (1 +A), 


and «yp, 37 o N. 


As explained in the note on X. 54, (x — y) is the lesser positive root of the 
biquadratic equation 











x*— 2p? . x* 4 A* £p! 2 o. 


PROPOSITION 92. 


If an area be contained by a rational straight line and a 
second apotome, the “sede” of the area rs a first apotome of a 
medial straight line. 


For let the area 4B be contained by the rational straight 
line AC and the second apotome 4D; 
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I say that the “side” of the area AB isa first apotome of a 
medial straight line. 





For let DG be the annex to 4D; 
therefore 4G, GD are rational straight lines commensurable 
in square only, [x. 73] 
and the annex DG is commensurable with the rational straight 
line AC set out, 
while the square on the whole AG is greater than the square 
on the annex G D by the square on a straight line commen- 
surable in length with 4G. (x. Deff. ni. 2] 
Since then the square on AG is greater than the square 
on GD by the square on a straight line commensurable 
with AG, 
therefore, if there be applied to 4G a parallelogram equal to 
the fourth part of the square on GD and deficient by a square 
figure, it divides it into commensurable parts. [x. 17] 
Let then DG be bisected at Æ, 
let there be applied to 4G a parallelogram equal to the square 
on £G and deficient by a square figure, 
and let it be the rectangle AF, FG; 
therefore 74 F is commensurable in length with FG. 
Therefore AG is also commensurable in length with each 
of the straight lines AF, FG. (x. 15] 
But AG is rational and incommensurable in length 
with AC; 
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therefore each of the straight lines AF, FG is also rational 
and incommensurable in length with AC; [x. 13] 
therefore each of the rectangles 47, FK is medial. (x. 21] 
Again, since DÆ is commensurable with £G, 
therefore DG is also commensurable with each of the straight 
lines DE, EG. (x. 15] 
But DG is commensurable in length with AC. 
Therefore each of the rectangles DÆ, £K is rational. ! 
(x. 19 
Let then the square LM be constructed equal to 47, 
and let there be subtracted WO equal to FX and being about 
the same angle with LM, namely the angle LPM; 


therefore the squares LM, NO are about the same diameter. 
[vi. 26] 
Let PA be their diameter, and let the figure be drawn. 
Since then 447, FK are medial and are equal to the squares 
on LP, PN, 
the squares on £L P, PN are also medial ; 


therefore LP, PN are also medial straight lines commen- 
surable in square only. 


And, since the rectangle AF, FG is equal to the square 
on EG, 


therefore, as AF is to EG, so is ÆG to FG, (vr. 17] 
while, as AF is to EG, so is 4/ to EK, 
and, as EG is to FG, so is EK to FK ; [vi. 1] 


therefore EK is a mean proportional between 47, FK. (v. 11] 


But MN is also a mean proportional between the squares 
LM, NO, 


and 47 is equal to LM, and FK to NO; 
therefore MN is also equal to E K. 
But DH is equal to EX, and ZO equal to MN; 


therefore the whole D& is equal to the gnomon UVW 
and NO. 


Since then the whole 44 is equal to LM, NO, 
and, in these, DX is equal to the gnomon VV W and NO, 
therefore the remainder AZ is equal to 75. 
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But ZS is the square on LAV; 
therefore the square on LM is equal to the area 4B; 
therefore LW is the “side” of the area AZ. 


I say that LM is a first apotome of a medial straight line. 
For, since EK is rational and is equal to ZO, 


therefore LO, that is, the rectangle LP, PAX, is rational. 

But NO was proved medial ; 
therefore ZO is incommensurable with VO. 

But, as LO is to NO, so is LP to PN; (vi. 1] 
therefore LP, PN are incommensurable in length. [x. 11] 


Therefore LP, PN are medial straight lines commen- 
surable in square only which contain a rational rectangle ; 


therefore LA is a first apotome of a medial straight line. 
| [x- 74] 
And it is the “side” of the area 74 B. 
Therefore the “side” of the area 4B is a first apotome 
of a medial straight line. 
Q. E. D. 


There is an evident flaw in the text in the place (Heiberg, p. 282, 
ll. 17—20: translation p. 196 above) where it is said that “since then 4/, FK 
dre medial and are equal to the squares on ZZ, PN, the squares on LP, PN 
are also medial ; therefore LP, PN are also medial straight lines commensurable 
in square only.” Itis not till the last lines of the proposition (Heiberg, p. 284, 
ll. 17, 18) that it is proved that LP, PN are incommensurable in length. What 
should have been proved in the former passage is that the sguares on LP, PN 
are commensurable, so that ZZ, PN are commensurable in square (not 
commensurable in square on/y). I have supplied the step in the note below: 
* Also x? ^ yè, since z ^v." "Theon seems to have observed the omission and 
to have put “and commensurable with one another” after ** medial" in the 
passage quoted, though even this does not show wy the squares on LP, PV 
are commensurable. One Ms. (V) also has "only" (uovov) erased after 
* commensurable in square." 





This proposition amounts to finding and classifying 


—— — ——— 


Ve (g) 


The method is that of the last proposition. Euclid solves, first, the 
equations 
utz DEP. 
Ul ee P oie obesis — shed (1). 
uv = tk’ 
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Then, using the values of v, v so found, he puts 





— | lest Anodes duet (2), 

and (x — y) is the square root required. 

That (x-y) = p (7#) 
is proved in the same way as is the corresponding fact in x. 9r. 

From (1) u:Mp-3p:v, 
so that pu : $ kp = } kp : pv. 

But X: LY=EL: I, 
whence, by (2), a N aa (3). 

Therefore: (x—-yf-2x4y-— 

=p(u+v)— 7. 


kp ) 
= ———— - hp}. 
(Js " 
Next, we have to prove that (x — y) is a first apotome of a medial straight 
line. 
From (t1) it follows, by x. 17, that 


US tU cover eu (4), 
therefore u, v are both ^ (x + v). 


But [(1)] (v * v) is rational and v p; 


therefore u, v are both rational and v p ......... "cm (5). 
Therefore pz, pv, or x’, y’, are both medial areas, and x, y are medial 

(6). 
Also à*.^ 35, since 4 ^9 [(4) | e eto ier tas doute sois (7). 
Now xy, or $p, is a rational area ; 

therefore xy o y 

and Xv y. 


Hence ((6), (7), (3)] x, y are medial straight lines commensurable i in square 
only and containing a rational rectangle ; 


therefore (x — y) is a first apotome of a medial straight line. 
Algebraical solution of the equations gives 





1+A 
u = Yen 
idtm 





and x-y- ES, igo 


As explained in the note on X. 55, this is the lesser positive root of the 
equation 
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PROPOSITION 93. 


Jf an area be contained by a rational straight [ine and a 
third apotome, the “side” of the area ts a second apotome of a 
medial straight line. 

For let the area 4B be contained by the rational straight 
line AC and the third apotome 4D; | 
I say that the “‘side” of the area 4B is a second apotome of 
a medial straight line. 

For let DG be the annex to 4D; 
therefore AG, GD are rational straight lines commensurable 
in square only, 
and neither of the straight lines 4G, GD is commensurable 
in length with the rational straight line 4C set out, 
while the square on the whole AG is greater than the square 
on the annex G by the square on a straight line commen- 
surable with 4G. [x. Deff. 11. 3] 





Since then the square on AG is greater than the square 
on GD by the square on a straight line commensurable 
with AG, 
therefore, if there be applied to 4G a parallelogram equal to 
the fourth part of the square on DG and deficient by a square 
figure, it will divide it into commensurable parts. [x. 17] 

Let then DG be bisected at Æ, 


let there be applied to AG a parallelogram equal to the 
square on EG and deficient by a square figure, 


and let it be the rectangle AF, FG. 
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Let EH, FI, GK be drawn through the points E, F, G 
parallel to AC. 
Therefore AF, FG are commensurable : 


therefore 4/ is also commensurable with FK. [Vr. 1, x. 11] 
And, since A F, FG are commensurable in length, 

therefore AG is also commensurable in length with each of 

the straight lines AF, FG. [x. 15) 


But AG is rational and incommensurable in length 
with AC; 


so that AF, FG are so also. (x. 13] 
Therefore each of the rectangles 47, FK is medial. (x. 2:] 


Again, since DE is commensurable in length with EG, 


therefore DG is also commensurable in length with each of 
the straight lines DE, EG. [x. 15] 


But GD is rational and incommensurable in length 


with 4C: 


therefore each of the straight lines DE, EG is also rational 
and incommensurable in length with 4C; [x. 13] 


therefore each of the rectangles DH, EK is medial. [x 21] 
And, since 4G, GD are commensurable in square only; 
therefore 4G is incommensurable in length with GD. 


But AG is commensurable in length with AF, and DG 
with EG; 


therefore AF is incommensurable in length with ÆG. [x. 13] 
But, as 4F is to EG, so is A/ to EK; (vi. 1] 
therefore 4/ is incommensurable with £4. [x. 11] 


Now let the square LM be constructed equal to 47, 


and let there be subtracted VO equal to FK and being about 
the same angle with LM ; 


therefore LM, NO are about the same diameter. (v1. 26] 


Let PA be their diameter, and let the figure be drawn. 
Now, since the rectangle AF, FG is equal to the square 
on £G, 


therefore, as 4F is to EG, so is EG to FG. [vt. 17] 
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But, as AF is to EG, so is A/ to EK, 
and, as EG is to FG, so is EK to FK; (vı. 1] 
therefore also, as 447 is to EK, sois EK to FK ; (v. 11] 
therefore EK is a mean proportional between 747, FK. 

But MN is also a mean proportional between the squares 
LM, NO, 
and A/ is equal to LM, and FK to NO; 
therefore EX is also equal to MN. 

But MN is equal to LO, and £ K equal to D77; 
therefore the whole D is also equal xo the gnomon OV W7 
and VO. 

But AK is also equal to LM, NO; 
therefore the remainder ABZ is equal to ST, that is, to the 
square on LN; 
therefore LA is the “side” of the area 4 B. 


; I say that LV is a second apotome of a medial straight 
ine. 

For, since 447, FK were proved medial, and are equal to the 
squares on LP, PN, 
therefore each of the squares on LP, PN is also medial ; 
therefore each of the straight lines LP, PV is medial. 

And, since AZ is commensurable with FK, [vi. 1, x. 11] 
therefore the square on ZP is also commensurable with the 
square on PV. 

Again, since /47 was proved incommensurable with EK, 
therefore LM is also incommensurable with MN, 
that is, the square on ZP with the rectangle ZP, PN; 


so that ZP is also incommensurable in length with PV; 

(vi. 1, xX. 11] 
therefore Z P, PN are medial straight lines commensurable in 
square only. 


I say next that they also contain a medial rectangle. 

For, since EK was proved medial, and is equal to the 
rectangle LP, PN, 
therefore the rectangle LP, PN is also medial, 
so that ZP, PN are medial straight lines commensurable in 
square only which contain a medial rectangle. 
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Therefore ZA is a second apotome of a medial straight 
line ; [x- 75] 
and it is the “side” of the area AZ. 


Therefore the “side” of the area 4B is a second apotome 
of a medial straight line. 
Q. E. D. 


Here we are to find and classify the irrational straight line 


Jo( J&.p — J&.p 4 1 — X). 


Following the same method, we put 


u+tv= Jk .p 
uv) —-1l£p(1 - A9) | (1). 
Next, x, v being found, let 
xꝰ pu 
Pap | Mobil Urdu (2); 


then (x — y) is the square root required and is a second apotome of a medial 
straight line. 


That (x — y) is the square root required and that x?, y? are medial areas, so 
that x, y are medial straight lines, is proved exactly as in the last proposition. 


The rectangle xy, being equal to 3 /4 . e? /1 — A’, is also medial. 


Now, from (1), by x. 17, u^, 
whence u--U^wu. 

But (u +v), or J£. p, v 3 JA. p 1-23 
therefore uo 3 Jk. p N1—À, 
and consequently pu o $ JE. p J1- X, 
or x? o xy, 
whence X v y. 

And, since 4 ^ v, pu ^ pv, 
or Lay 


Thus x, y are medial straight lines commensurable in square only. 
And xy is a medial area. 

Therefore (x — y) is a second apotome of a media! straight line. 

Its actual form is found by solving equations (1), (2) ; 


thus “w=3(J/k.ptrAJk.p), 
v=} (V. p—-A Jk. p), i 
and x- yop af 3 ex) -o f 3b a9, 


As explained in the note on x. 56, this is the lesser positive root of the 
equation 
x a2 Jk. PE + Nk =o. 
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PROPOSITION 94. 


If an area be contained by a rational straight line and a 
fourth apotome, the “side” of the area ts minor. 

For let the area 74 7 be contained by the rational straight 
line AC and the fourth apotome 4D; 
I say that the "side" of the area 42 is minor. 

For let DG be the annex to AD; 
therefore 4G, GD are rational straight lines commensurable 
in square only, 
AG is commensurable in length with the rational straight line 
AC set out, 
and the square on the whole 4G is greater than the square 


on the annex DG by the square on a straight line incommen- 
surable in length with 4G, (x. Deff. m1. 4] 





Since then the square on 4G is greater than the square 
on GD by the square on a straight line incommensurable 
in length with AG, 
therefore, if there be applied to AG a parallelogram equal to 
the fourth part of the square on DG and deficient by a square 
figure, it will divide it into incommensurable parts. (x. 18] 

Let then DG be bisected at Æ, 
let there be applied te 4G a parallelogram equal to the square 
on ZG and deficient by a square figure, 
and let it be the rectangle 447, FG ; 
therefore 44 F is incommensurable in length with FG. 
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Let £H, FI, GK be drawn through Æ, F, G parallel to 
AC, BD. 


Since then 4G is rational and commensurable in length 
with AC, 
therefore the whole 4 is rational. (x. 19] 
Again, since DG is incommensurable in length with AC, 
and both are rational, 
therefore DX is medial. [x. 21] 
Again, since 44 F is incommensurable in length with FG, 
therefore 447 is also incommensurable with FX.  [vi. 1, x. 11] 
Now let the square LM be constructed equal to 747, 
and let there be subtracted AO equal to FK and about the 
same angle, the angle LPM. 
Therefore the squares LM, NO are about the same 
diameter. (vi. 26] 
Let PA be their diameter, and let the figure be drawn. 


Since then the rectangle AF, FG is equal to the square 
on EG, 
therefore, proportionally, as 4F is to EG, so is EG to FG. 


VI. I 

But, as A F is to EG, so is 447 to EK, — 
and, as EG is to FG, so is EK to FK; (vi. 1] 
therefore EK is a mean proportional between 747, FK. (v. 11] 

But ZN is also a mean proportional between the squares 
LM, NO, 
and 747 is equal to LM, and FK to NO; 
therefore EK is also equal to MN. 

But DH is equal to EX, and LO is equal to WN; 
therefore the whole DX is equal to the gnomon UVW 
and ANO. 

Since, then, the whole 4A is equal to the squares 
LM, NO, 
and, in these, DK is equal to the gronin UVW and the 
square VO, 
therefore the remainder 747 is equal to ST, that is, to the 
square on LN; 
therefore LN is the "side" of the area AZ. 
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I say that £V is the irrational straight line called minor. 
For, since AX is rational and is equal to the squares on 


LP, PN, 
therefore the sum of the squares on ZP, PN is rational. 
Again, since DK is medial, 
and DK is equal to twice the rectangle LP, PN, 
therefore twice the rectangle LP, PN is medial. 
And, since 447 was proved incommensurable with FX, 


therefore the square on ZP is also incommensurable with the 
square on PN. 


Therefore LP, PN are straight lines incommensurable in 
square which make the sum of the squares on them rational, 
but twice the rectangle contained by them medial. 

Therefore LN is the irrational straight line called minor; 





"" Ix [x. 76] 
and it is the “side” of the area AB. 
Therefore the “side” of the area 4Z is minor. 
Q. E. D. 
We have here to find ánd classify the straight line 
kp ) 
ipo a. 
V^ ( f Vr+A 
As usual, we find x, v from the equations 
u+v=kp 
es a ee ee (1), 
HO 4a THe | 
and then, giving z, v their values, we put 
x* = pu 
Fap } TES (2). 


Then (x — y) is the required square root. 
This is proved in the same way as before, and, as before, it is proved that 


_ 4 ŻE 
geile 
Now, from (1), by x. 18, “u v V; 
therefore pu v po, 
or x “J, 


so that x, y are incommensurable in square. 
And x? + 3°, or p (u + v), is a rational area (p°). 


3 
But 2xy = -5 , which is a medial area. 
Hence [x. 76] (x-y) is the irrational straight line called minor. 
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Algebraical solution gives 


u=} kp ( + — 
USA (: 2 J; +A 
whence pe ( + naa - — 


As explained in the note on x. 57, this is the lesser positive root of the 
equation 








> 
— “ꝰ 





A 
a* — 2kp?. x? k?p = o. 
VS aap et ee aS 


PROPOSITION 95. 


[f an area be contained by a rational straight line and a 
Sif th apotome, the “ sede” of the area is a straight line which 
produces with a rational area a medial whole. 


For let the area AB be contained by the rational straight 
line AC and the fifth apotome AD; 


I say that the "side" of the area AZ is a straight line which 
produces with a rational area a medial whole. 
For let DG be the annex to 4D; 


therefore 4G, GD are rational straight lines commensurable 
in square only, 





the annex GD is commensurable in length with the rational 
straight line AC set out, 


and the square on the whole AG is greater than the square 
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on the annex DG by the square on a straight line incommen- 

surable with AG, [x. Deff. ur. 5] 
Theretore, if there be applied to AG a parallelogram 

equal to the fourth part of the square on DG and deficient 

by a square figure, it will divide it into incommensurable 

parts. (x. 18] 
Let then DG be bisected at the point £, 


let there be applied to AG a parallelogram equal to the 
square on EG and deficient by a square figure, and let it be 
the rectangle AF, FG; 


therefore AF is incommensurable in length with FG. 


Now, since 4G is incommensurable in length with CA, 
and both are rational, 


therefore AX is medial. [x. 21] 
Again, since DG is rational and commensurable in length 

with AC, 

DK is rational. [x- 19] 
Now let the square LM be constructed equal to 7447, and 


let the square WO equal to FK and about the same angle, the 
angle LPM, be subtracted ; 


therefore the squares LM, NO are about the same diameter. 
(v1. 26] 


Let PA be their diameter, and let the figure be drawn. 
Similarly then we can prove that LN is the "side" of the 
area AB. 


I say that ZL is the straight line which produces with a 
rational area a medial whole. 

For, since AX was proved medial and is equal to the 
squares on LP, PN, 


therefore the sum of the squares on LP, PN is medial. 
Again, since D is rational and is equal to twice the 


rectangle LP, PN, 
the latter is itself also rational. 
And, since 447 is incommensurable with FX, 


therefore the square on ZP is also incommensurable with the 
square on PN ; 


therefore LP, PN are straight lines incommensurable in 
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square which make the sum of the squares on them medial 
but twice the rectangle contained by them rational. 


Therefore the remainder LN is the irrational straight line 
called that which produces with a rational area a medial 
whole ; (x. 77] 
and it is the “side” of the area 4B. 

Therefore the “side” of the area AZ is a straight line 


which produces with a rational area a medial whole. 
Q. E. D. 


Here the problem is to find and classify 
Np (kp Ji +A- Ap). 


u+uv=kpNI +À | 
uv = } kp 


As usual, we put 


and, z, ? being found, we take 
x? = pu | 
ep. Ne que qv VERUS VV E A 2). 
— (2) 
Then (x — y) so found is our required square root. 
This fact is proved as before, and, as before, we see that 


xy = $ kp. 
Now from (1), by x. *8, M v 0, 
whence pu v pv, 
or xy 


and x, y are incommensurable in square. 


Next (x° + 3°) = p (u + v) = kp? A/ 1 +A, which is a medial area. 

And 2xy = &p*, which is a razional area. 

Hence (x — y) is the “ side” of a medial, minus a rational, area. [x. 77] 
Algebraical solution gives 


u- T rex. JA), 


y= (Sr eX- Jd), 


and therefore 


x-y=p — JA) - p A/ * (Jr *X- JA), 


which is, as explained in the note to x. 58, the lesser positive root of the 
equation 


x4 — 2Àp? MJ 1 À ax e AR piso. 
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PROPOSITION 96. 


Jf an area be contained by a rational straight line and a 
sexth apotome, the ‘‘ side” of the area ts a straight line which 
produces with a medial area a medial whole. 


For let the area 48 be contained by the rational straight 
line AC and the sixth apotome 4D ; 


I say that the ‘‘side” of the area AZ is a straight line which 
produces with a medial area a medial whole. 


D 
H l K 
N 
L "2l 
8 O 
R T 


For let DG be the annex to AD; 


therefore 4G, GD are rational straight lines commensurable 
in square only, 


neither of them is commensurable in length with the rational 
straight line 4C set out, 


and the square on the whole AG is greater than the square 
on the annex DG by the square on a straight line incommen- 
surable in length with AG. [x. Deff. 111. 6] 
Since then the square on AG is greater than the square 
on GD by the square on a straight line incommensurable in 
length with AG, 
therefore, if there be applied to 4G a parallelogram equal to 
the fourth part of the square on DG and deficient by a square 
figure, it will divide it into incommensurable parts. (x. 18 
Let then DG be bisected at £, 


let there be applied to 4G a parallelogram equal to the square 
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on ÆG and deficient by a square figure, and let it be the 
rectangle AF, FG ; 


therefore 4AF is incommensurable in length with FG. 
But, as AF is to FG, so is A47 to FK; [vi .1] 
therefore AZ is incommensurable with FX. (x. 11] 


And, since 4G, AC are rational straight lines commensur- 
able in square only, 


AK is medial. (x. 21] 
Again, since AC, DG are rational straight lines and 
incommensurable in length, 
DK is also medial. [x- 21] 
Now, since 4G, GD are commensurable in square only, 
therefore AG is incommensurable in length with GD. 
But, as AG isto GD, so is AK to KD; [vi. 1] 
therefore A K is incommensurable with XD. (x. 11] 


Now let the square LM be constructed equal to 4/, 
and let VO equal to FK, and about the same angle, be 
subtracted ; 
therefore the squares L/W, NO are about the same diameter. 
[vi. 26] 
Let PX be their diameter, and let the figure be drawn. 


Then in manner similar to the above we can prove that 
LN is the " side" of the area 47. 


| say that LN is a straight line which produces with a 
medial area a medial whole. 

For, since AA was proved medial and is equal to the 
squares on LP, PN, 


therefore the sum of the squares on LP, PN is medial. 


Again, since DA was proved medial and is equal to twice 
the rectangle LP, PN, 


twice the rectangle LP, PN is also medial. 
And, since 4 X was proved incommensurable with DX, 


the squares on LP, PN are also incommensurable with twice 
the rectangle LP, PN. 


And, since 747 is incommensurable with FX, 


therefore the square on Z is also incommensurable with the 
square on PN ; 
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therefore LP, PN are straight lines incommensurable in 
square which make the sum of the squares on them medial, 
twice the rectangle contained by them medial, and further the 
squares on them incommensurable with twice the rectangle 
contained by them. 


Therefore LN is the irrational straight line called that 
which produces with a medial area a medial whole; [x. 78] 


and it is the “side” of the area A B. 


Therefore the “side” of the area is a straight line which 
produces with a medial area a medial whole. 


Q. E. D. 
We have to find and classify 
Vp (Jk. p—./d. p). 
Put, as usual, 
u+v=/k.p 
— Me | T (1), 
and, z, v being thus found, let 
xX = pu 
y= | P Cove d u ees Deseo M qn (2). 
Then, as before, (x — y) is the square root required. 
For, from (1), by x. 18, uv, 
whence p p, 
or x? VE 


and x, y are incommensurable in square. 
Next, x° + y! - p(u * ) - Jk. p°, which is a medial area. 
Also 2xy — JA . p*, which is again a media/ area. 
Lastly, /2. p, ./A. p are by hypothesis ^-, so that 


Jk. p v AA. p, 
whence AA. p? o JA. p%, 
or (x? + y?) 2 2xy. 


Thus (x — y) is the “side” of a medial, minus a medial, area [x. 78]. 
Algebraical solution gives 


u= (J£ Jk =A), 


v- E (Jk - JE- X), 
whence x -y- p Y( Ja J£ X) - pV 1 ( J& — M4 — X). 


This, as explained in the note on x. 59, is the lesser positive root of the 
equation 
x* — 2 JE . p'x* 4 (& — X) p* — o. 
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PROPOSITION 97. 
The square on an apotome applied to a rational straight 
line produces as breadth a first apotome. 


Let AB be an apotome, and CP rational, 


and to CØ let there be applied C£ equal to the square on 
AB and producing CF as breadth ; 


I say that CF is a first apotome. 


A B G 
————————— 
C F N K M 
D E O H L 


For let BG be the annex to AB; 
therefore AG, GB are rational straight lines commensurable 
in square only. [x. 73] 


To CD let there be applied CH equal to the square on 
AG, and KZ equal to the square on BG. 
Therefore the whole CZ is equal to the squares on AG, GB, 
and, in these, CZ is equal to the square on AB; 
therefore the remainder FZ is equal to twice the rectangle 
AG, GB. [u. 7] 
Let FM be bisected at the point V, 
and let AO be drawn through MW parallel to CD; 
therefore each of the rectangles FO, LN is equal to the 
rectangle AG, GB. 
Now, since the squares on AG, GB are rational, 
and D 7/ is equal to the squares on 4G, G7, 
therefore DM is rational. 
And it has been applied to the rational straight line CD, 
producing C77 as breadth ; 
therefore CM is rational and commensurable in length with 
[x. 20] 
Again, since twice the rectangle 4G, GB is medial, and 
FL is equal to twice the rectangle 4G, GB, 
therefore FZ is medial. 
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And it is applied to the rational straight line CD, producing 
FM as breadth ; 


therefore FM is rational and incommensurable in length with 
[x. 22] 


And, since the squares on 4G, GB are rational, 
while twice the rectangle 4G, GB is medial, 


therefore the squares on 4G, GB are incommensurable with 
twice the rectangle AG, GB. 


And CZ is equal to the squares on AG, GB, 
and FL to twice the rectangle 4G, GB; 
therefore DM is incommensurable with FZ. 
But, as DM is to FL, so is CM to FM; [vt. 1] 
therefore CM is incommensurable in length with FM. [x. 11] 
And both are rational ; 


therefore CM, MF are rational straight lines commensurable 
in square only ; 


therefore CF is an apotome. [x. 73] 


I say next that it is also a first apotome. 
For, since the rectangle 4G, GZ is a mean proportional 
between the squares on 4G, GB, 


and CZ is equal to the square on AG, 
KL equal to the square on ZG, 
and NZ equal to the rectangle AG, GB, 
therefore VZ is also a mean proportional between CZ, KZ ; 
therefore, as CH’ is to NL, so is NL to KL. 
But, as CH is to NL, so is CK to NM, 
and, as VZ isto KL, so is NM to KM; (vi. 1) 


therefore the rectangle CX, KM is equal to the square on 
NM [vi. 17], that is, to the fourth part of the square on FM. 


And, since the square on AG is commensurable with the 
square on GB, 


CH is also commensurable with XZ. 
But, as CH isto KL, sois CK to KM; (vi. 1] 
theretore CK is commensurable with XM. [x. 11] 
Since then CM, MF are two unequal straight lines, 
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and to CM there has been applied the rectangle CK, KM 
equal to the fourth part of the square on FM and deficient by 
a square figure, 

while CX is commensurable with XM, 


therefore the square on CM is greater than the square on MF 
by the square on a straight line commensurable in length 
with CM. [x. 17] 
And CM is commensurable in length with the rational 
straight line CD set out; 
therefore CF is a first apotome. (x. Def. 11. 1] 
Therefore etc. 
Q. E. D. 
Here begins the hexad of propositions solving the problems which are the 
converse of those in the hexad just concluded. Props. 97 to 102 correspond 


of course to Props. 60 to 65 relating to the binomials etc. 
We have in x. 97 to prove that, (p — ,/&. p) being an afotome, 


(p ~ k. p} 


is a first apotome, and we have to find it geometrically. 


Euclid's procedure may be represented thus. 
Take x, y, 2 such that 


ox =p’ 
oy = hp? 3a Vau pu ice Ao UR e uA Y E (1). 
c.az2224R.p 
m 3 
Thus (x4) - as ZEIT 


and we have to prove that (xt y) — 2z is a fers? apotore. 


(a) Now p + kp, or ø (x + y), is rational ; 


therefore (x + y) is rational and ^ « ........ sse (2). 
And 2 J£. p^, ore . 2z, is medial: 
therefore 22 is rational and v e.......... eee (3). 


But, ø (x + y) being rational, and a . 2z medial, 
o(x+y)uc. 22, 
whence (x+ y) o 22. 
Therefore, since (x + y), 22 are both rational [(2), (3)], 
(x +y), 2z are rational and ~ ........ eene nee eee (4). 
Hence (x + y) - 2z is an afofome. 


(B) Since J£. p? is a mean proportional between p', £’, 
cz is a mean proportional between ex, ay [by (1)). 

That is, . OX : O2 = 02 : OY, 
or X:222:), 


and MY mS, OF 148) - oorr ear uid tos (5). 


X. 97, 98] PROPOSITIONS 97, 98 215 


And, since p? ^ £p!, ox ~ Gy, 
or RS yo eosdem Vete dece rate EE (6). 
Hence [(5), (6)], by x. 17, 
Vx X y — (229 A (x +y). 
And [(4)] (x 4 y), 2z are rational and ~, 
while [(2)) (x & ») ^ e; 
therefore (x + y) — 22 is a first apotome. 
The actual value of (x + y) — 2z is of course 


Éi & 4) - 2 JA]. 


PROPOSITION 98. 


TÀe square om a ftrst apotome of a medial straight line 
applied to a rational straight line produces as breadth a second 
apotome. | 

Let AB be a first apotome of a medial straight line and 
CD a rational straight line, 
and to CD let there be applied CZ equal to the square on 
AB, producing CEF as breadth ; 
| say that CF ' is a second apotome. 

For let BG be the annex to 47 ;. 
therefore AG, GB are medial straight lines commensurable in 


square only which contain a rational rectangle. [x. 74] 
A B G 
C F N K M 
D E O L 


To CD let there be applied CH equal to the square on 
AG, producing CA as breadth, and AZ equal to the square 
on GB, producing XM as breadth ; 
therefore the whole CZ is equal to the squares on AG, GB; 
therefore CZ is also medial. [x. 15 and 23, Por.] 

And it is applied to the rational straight line CD, pro- 
ducing CM as breadth ; 
therefore CM is rational and incommensurable in length with 


(x. 22] 
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Now, since CZ is equal to the squares on 4G, GB, 
and, in these, the square on AZ is equal to CE, 
therefore the remainder, twice the rectangle AG, GB, is equal 
to FL. [u. 7] 
But twice the rectangle 4G, GB is rational ; 
therefore FZ is rational. 
And it is applied to the rational straight line FÆ, producing 
FM as breadth ; 
therefore FM is also rational and commensurable in length 
with CD. [x. 20] 
Now, since the sum of the squares on AG, GB, that is, 
CL, is medial, while twice the rectangle AG, GB, that is, FL, 
is rational, 
therefore CZ is incommensurable with FZ. 
But, as CZ isto FL, so is CM to FM; (vi. 1] 
therefore CM is incommensurable in length with FM. (x. 11] 
And both are rational ; 
therefore CM, MEF are rational straight lines commensurable 
in square only ; 
therefore CF is an apotome. [x. 73] 


I say next that it is also a second apotome. 
For let FM be bisected at V, 


and let VO be drawn through V parallel to CD ; 


therefore each of the rectangles FO, WŁ is equal to the 
rectangle AG, GB. 

Now, since the rectangle 4G, GB is a mean proportional 
between the squares on 4G, GB, 
and the square on AG is equal to CH, 
the rectangle AG, GB to NL, 
and the square on BG to KZ, 
therefore WZ is also a mean proportional between CH, KL; 
therefore, as CH is to NL, so is NL to AL. 

But, as CH is to NL, so is CK to NM, 
and, as VZ isto KL, sois VM to MK ; [vi. 1] 
therefore, as CK isto VM, sois NM to KM; [v. 11] 
therefore the rectangle C, KM is equal to the square on 
AM (vi. 17], that is, to the fourth part of the square on FM. 
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Since then CM, M/F are two unequal straight lines, and 
the rectangle CX, KM equal to the fourth part of the square 
on MF and deficient by a square figure has been applied to 
the greater, CM, and divides it into commensurable parts, 
therefore the square on CM is greater than the square on MEF 
by the square on a straight line commensurable in length with 

[x. 17] 

And the annex is commensurable in length with the 

rational straight line C2 set out ; 


therefore CF is a second apotome. (x. Deff. iu. 2] 


‘Therefore etc. 
Q. E. D. 


In this case we have to find and classify 


(Atp ~ kip} 
g 
Take x, y, z such that 
ox = Rip? 
oy= Rip? Cece cere es ceeecse esos svececes ( 1). 


o. 22 = 2kp’ 


(a) Now ktp, Rip? are medial areas ; 
therefore ø (x + y) is medial, 
whence (x + y) is rational and v o. ..... udo rct I a MU Cn (2). 
But 2&p" ; and therefore o . 2z, is rational, 
whence 22 is rational and ^ e. ........... osse eee (3). 
And, ø (x + y) being medial, and o . 2z ational, 
o(x+y) uc. 2%, 
or (x+y) » 22. 
Hence (x + y), 22 are rational straight lines commensurable in square only, 
and therefore (a +9’) — 22 1s an apotome. 
We prove, as before, that 
qe B xy c d (a8)! odisse ovt ie Eyed evo Eee: (4). 
Also £?p? « k? ^, or ox ^ ay, 
so that ROY: eode op IN AERE TUR ECIn I PEE) (5). 
[This step is omitted in P, and Heiberg accordingly brackets it. The 
result is, however, assumed.] 
Therefore [(4), (5)], by x. 17, 
JETIP as o Ge. 
And 22 ^ oc. 
Therefore (x 4 y) — 22 is a second apotome. 


Obviously (x*y)-22- E {Jk (1 + &) — 24]. 
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PROPOSITION 99. 


The square on a second apotome of a medial straight line 
applied to a vatzonal straight line produces as breadth a third 
ahotome. 


Let AB be a second apotome of a medial straight line, 
and CD rational, 


and to CD let there be applied CE equal to the square on 
44 B, producing CF as breadth ; 


I say that CF is a third apotome. 


—— —— 
C F N K M 
D E O H L 


For let BG be the annex to AB; 
therefore 4G, GB are medial straight lines commensurable 
in square only which contain a medial rectangle. [x. 75] 


Let CH equal to the square on 4G be applied to CD, 
producing CX as breadth, 


and let AZ equal to the square on BG be applied to KZ, 
producing XM as breadth ; 


therefore the whole CZ is equal to the squares on AG, GB; 
therefore CZ is also medial. (x. 15 and 23, Por.] 


And it ts applied to the rational straight line CD, producing 
CM as breadth ; 


therefore CM is rational and incommensurable in length with 


[x. 22] 


Now, since the whole CZ is equal to the squares on 4G, 
GB, and, in these, CZ is equal to the square on AB, 


therefore the remainder ZF is equal to twice the rectangle 

AG, GB. (11. 7] 
Let then FM be bisected at the point JV, 

and let MVO be drawn parallel to CD; 


therefore each of the rectangles FO, NZL is equal to the rect- 
angle 4G, GB. 
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But the rectangle 4G, GZ is medial ; 
therefore FL is also medial. 


And it is applied to the rational straight line EZ, producing 
FM as breadth ; 


therefore FM is also rational and incommensurable in length 

with CD. (x. 22] 
And, since 4G, GB are commensurable in square only, 

therefore 4G is incommensurable in length with GB; 


therefore the square on 4G is also incommensurable with the 
rectangle AG, GB. [vi. 1, x. 11] 


But the squares on AG, GB are commensurable with the 
square on 4G, 


and twice the rectangle 4G, GB with the rectangle AG, GB; 
therefore the squares on 4G, GB are incommensurable with 
twice the rectangle 4G, GB. [x- 13] 
But CZ is equal to the squares on AG, GB, 
and FZ is equal to twice the rectangle AG, GB; 
therefore CZ is also incommensurable with FZ. 
But, as CZ isto FL, sois CM to FM; (vr. :] 
therefore CM is incommensurable in length with FM. (x. 11] 
And both are rational ; 


therefore CM, MEF are rational straight lines commensurable 
in square only ; 


therefore CF is an apotome. |x- 73] 


I say next that it is also a third apotome. 
For, since the square on AG is commensurable with the 
square on GB, 


therefore CH is also commensurable with AZ, 
so that CK is also commensurable with XM. (vi. 1, x. 11] 


And, since the rectangle 4G, GB is a mean proportional 
between the squares on AG, GB, 


and CZ is equal to the square on AG, 

KL equal to the square on G7, 

and NZ equal to the rectangle AG, GB, 

therefore VZ is also a mean proportional between CH, KL ; 
therefore, as CH’ isto NL, so is NZ to KL. 


220 BOOK X [x. 99 


But, as CH is to NL, so is CK to NM, 
and, as VZ isto KL, sois VM to KM; (vi. 1] 
therefore, as CK is to MN, so is MN to KM; [v. 11] 


therefore the rectangle CK, AM is equal to [the square on 
MN, that is, to] the fourth part of the square on FM. 


Since then CM, MF are two unequal straight lines, and 
a parallelogram equal to the fourth part of the square on FM 
and deficient by a square figure has been applied to CM, and 


divides it into commensurable parts, 


therefore the square on CM is greater than the square on 
MF by the square on a straight line commensurable with 


CM. [x. 17] 


And neither of the straight lines CM, M/F is commensur- 
able in length with the rational straight line CD set out ; 


therefore CF is a third apotome. (x. Deff. 111. 3] 


Therefore etc. 
Q. E. D. 


We have to find and classify 


E (ap " ay . 
c At 
Take x, y, z such that 
ox = k.p 
À 4 
mue JA p 
o.22=2,/rA. p’ 
(a) Then c (x 4 y) is a medial area, 
whence (x + y) is rational and v o. ........... eese ent ee eens (1). 
Also e . 2z is medial, 
whence 22 is rational and ............. eee IH (2). 


Again Hp s — 
whence MJ. p! o JA. pt. 

And Jo (JE t n). 
while VM. ^ 24A. ph; 
therefore (ve. p+ ah”) v» 24A. p 


Or c(x*y)ec.ez, 
and (XE) u22 oseete sa v rre cest in area (3). 
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Thus [(1), (2), (3)] (« +), 22 are rational and ~, 
so that (x + y) — 22 is an apotome. 


(B) ox ^ oy, so that x ^ y. 
And, as before, xy = 1(2zz)y. 


Therefore [x. 17] A (x * yy - (22)! ^ (x * y). 
And neither (x y) nor 22 is ^ c. 
Therefore (x y) — 22 is a third apotome. 


It is of course equal to 
(BA 
Fi J: T 2 J^ : 


PROPOSITION 100. 





The square ona minor straight line applied to a rational 
straight line produces as breadth a fourth apotome. 

Let AB be a minor and CV a rational straight line, and 
to the rational straight line CD let CZ be applied equal to the 
square on AB and producing C¥ as breadth ; 

I say that CF is a fourth apotome. 


A B G 
Cc F N K M 
D E Oo H L 


For let BG be the annex to AB; 
therefore AG, GB are straight lines incommensurable in 
square which make the sum of the squares on 4G, GB 
rational, but twice the rectangle 4G, GB medial. _[x. 76] 


To CD let there be applied C77 equal to the square on 
AG and producing CX as breadth, 


and KZ equal to the square on BG, producing KV as breadth; 
therefore the whole CZ is equal to the squares on AG, GB. 

And the sum of the squares on 4G, GB is rational ; 
therefore CZ is also rational. 


And it is applied to the rational straight line CD, producing 
CM as breadth ; 


therefore CM is also rational and commensurable in length 
with CD. | [x. 20] 
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And, since the whole CZ is equal to the squares on AG, 
G B, and, in these, CZ is equal to the square on AB, 


therefore the remainder FZ is equal to twice the rectangle 
AG, GB. [u. 7] 
Let then FM be bisected at the point JV, 
and let WO be drawn through V parallel to either of the 
straight lines CD, ML ; 
therefore each of the rectangles FO, NZ is equal to the rect- 
angle 4G, GB. 
And, since twice the rectangle AG, GB is medial and is 
equal to FL, 
therefore FL is also medial. 
And it is applied to the rational straight line FE, producing 
FM as breadth ; 
therefore FM is rational and incommensurable in length with 
(x. 22] 
And, since the sum of the squares on AG, GB is rational, 
while twice the rectangle 4G, GB is medial, 
the squares on 4G, GB are incommensurable with twice the 
rectangle AG, GB. 
But CZ is equal to the squares on AG, GB, 
and FL equal to twice the rectangle AG, GB; 
therefore CZ is incommensurable with FZ. 
But, as CL is to FL, so is CM to MEF; (vi. 1] 
therefore CM is incommensurable in length with MEF. [x. 11] 
And both are rational ; 
therefore CM, MEF are rational straight lines commensurable 
in square only ; 
therefore CF is an apotome. [x. 73] 


I say that it is also a fourth apotome. 
For, since AG, GB are incommensurable in square, 


therefore the square on 4G is also incommensurable with the 
square on GB. 
And CZ is equal to the square on AG, 
and AZ equal to the square on GB; 
therefore CH is incommensurable with XZ. 
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But, as CH is to XL, so is CK to KM; [vi. 1] 
therefore CX is incommensurable in length with XM. [x. 11] 


And, since the rectangle 4G, GB is a mean proportional 
between the squares on AG, GB, 


and the square on AG is equal to C77, 
the square on GB to KL, 
and the rectangle AG, GP to NL, 
therefore VL is a mean proportional between C77, KZ ; 
therefore, as CH is to VL, so is NL to KL. 
But, as CZ is to NL, so is CK to NM, 
and, as VZ is to XL, so is NM to KM; [vi. 1] 
therefore, as CK is to MN, so is MN to KM; (v. rr] 


therefore the rectangle CK, KM is equal to the square on 
MN (m1. 17), that is, to the fourth part of the square on FM. 
Since then CM, MEF are two unequal straight lines, and 
the rectangle CX, KM equal to the fourth part of the square 
on MEF and deficient by a square figure has been applied to 
CM and divides it into incommensurable parts, 
therefore the square on CM is greater than the square on 
MEF by the square on a straight line incommensurable with 
CM. [x. 18] 
And the whole CM is commensurable in length with the 
rational straight line CD set out ; 
therefore CF is a fourth apotome. [x. Deff. ur. 4] 


Therefore etc. 


We have to find and — 








If p 7 
c F 2 A 1+# — 2 Jit Bl 
We will call this, for brevity, 


: (4 — oy. 


ox =x? 
oy =% ’ 


Take x, y, 2 such that 


0. 22> 2uyv 


where it has to be remembered that :/?, v? are incommensurable, (2? + #7) is 
rational, and 27v medial. 
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It follows that ø (x + y) is rational and o . 2z medial, 


so that (x + y) is rational and ^ g... esee (1), 
while 2z is rational and v o. ..... 1... see (2), 
and o(x+y) uc. 22, 

so that (by) 39:28 AN (3). 


Thus [(1), (2), (3)] (x 4»), 2z are rational and ~, 
so that (x * y) — 2z is an afoftome. 


Next, since 2 o, 
OX v OY, 
or X). 
And it is proved, as usual, that 
xy = 2? = } (22)? 


Therefore [x. 18) V(x +y)P— (22)? & (x+y). 
But (x * y) ^ o, 
therefore x * y — 2z is a fourth apotome. 


2 
Its value is of course E ( = a=) 
y "EV 





PROPOSITION 101. 


The square on the straight line which produces with a 
rational area a medial whole, uf applied to a rational straight 
line, produces as breadth a fifth apotome. 

Let AB be the straight line which produces with a 
rational area a medial whole, and CD a rational straight line, 
and to CD let CE be applied equal to the square on AZ and 
producing C as breadth ; 

I say that C is a fifth apotome. 


A B G 
——— — — 
Cc F N K M 
D E O H L 


For let BG be the annex to AB; 
therefore AG, GB are straight lines incommensurable in 
square which make the sum of the squares on them medial 
but twice the rectangle contained by them rational. [x. 77] 
To CD let there be applied C// equal to the square on 
AG, and KZ equal to the square on G7 ; 
therefore the whole CZ is equal to the squares on AG, GB. 
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But the sum of the squares on 4G, GB together is 
medial ; 
therefore CZ is medial. 
And it is applied to the rational straight line CD, producing 
CM as breadth ; 
therefore CJ is rational and incommensurable with CD. [x. 22] 
And, since the whole CZ is equal to the squares on 4G, GB, 
and, in these, CZ is equal to the square on 48, 


therefore the remainder FZ is equal to twice the rectangle 
AG, GB. [1 7) 


Let then FM be bisected at J, 


and through V let NO be drawn parallel to either of the 
straight lines CD, ML; 


therefore each of the rectangles FO, NZ is equal to the rect- 
angle AG, GB: 


And, since twice the rectangle AG, GB is rational and 
equal to FL, 


therefore FL is rational. 


And it is applied to the rational straight line EF, producing 
FM as breadth ; 


therefore FM is rational and commensurable in length with 
[x. 20] 


Now, since CZ is medial, and FZ rational, 
cherefore CL is incommensurable with ZZ. 
But, as CZ is to FL, so is CM to MF; (vi. 1] 
therefore CM is incommensurable in length with MEF. [x. 11] 
And both are rational; 


therefore CM, MF are rational straight lines commensurable 
in square only ; 


therefore CF is an apotome. [x. 73] 


I say next that it is also a fifth apotome. 

For we can prove similarly that the rectangle CK, KM 
is equal to the square on VY, that is, to the fourth part of the 
square on FM. 

And, since the square on 4G is incommensurable with the 
square on GB, 
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while the square on 4G is equal to CH, 
and the square on GZ to KL, 
therefore CH is incommensurable with XZL. 

But, as CZ is to KL, so is CK to KM; [vi. 1] 
therefore CK is incommensurable in length with XM. (x. 11] 

Since then CM, MF are two unequal straight lines, 
and a parallelogram equal to the fourth part of the square 
on FM and deficient by a square figure has been applied to 
CM, and divides it into incommensurable parts, 
therefore the square on CM is greater than the square on 
MEF by the square on a straight line incommensurable with 
CM. [x. 18] 

And the annex FM is commensurable with the rational 
straight hne C2 set out ; 
therefore C is a fifth apotome. |X- Deff. 111. 5] 

Q. E. D. 
We have to find and classify 


{ spa) Seg bee a4) Jae — ay. 


v 2 (1« À) V2 (1« &) 
Call this Z (* — v, and take x, y, z such that 
ox =u? 
oy = 1 i 
Cc .22-—2u7 


In this case x’. v? are incommensurable, (x? + v’) is a medial area and 2uv 
a rational area. 
Since ø (x + y) is medial and ø . 2z rational, 
(x+y) is rational and v ø, 
2z is rational and ^ c, 
while (x+y) v 22. 
It follows that (x +y), 2z are rational and ~, 
so that (x * y) - <z is an apotome. 


Again, as before, xy = 2? =4(22)’, 
and, since x? v» 2’, TX o oY, 
or X v. 
Hence [x. 18]: V(x +)? — (22)? u (x +9). 
And 2z ^ c. 


Therefore (x + y) — 22 is a fi/th apotome. 
It ts of course equal to 


s rua i2) 
s Ure 1+) 
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PROPOSITION 102. 


The square on the straight line which produces with a 
medial area a medial whole, if applied to a rational straight 
line, produces as breadth a sixth apotome. 


Let AZ be the straight line which produces with a medial 
area a medial whole, and CD a rational straight line, 


and to CD let C£ be applied equal to the square on 4B and 
producing CF as breadth; 


I say that CF is a sixth apotome. 


— — —— — 
C F N K M 
D E O H C 


For let BG be the annex to 4B; 


therefore 4G, GB are straight lines incommensurable in 
square which make the sum of the squares on them medial, 
twice the rectangle 4G, GB medial, and the squares on AG, 
GB incommensurable with twice the rectangle 4G, GB. [x. 78] 


Now to CD let there be applied CAH equal to the square 
on 44 G and producing CX as breadth, 


and KZ equal to the square on BG ; 
therefore the whole CZ is equal to the squares on AG, GB; 
therefore CZ is also medial. 


And it is applied to the rational straight line CD, produc- 
ing CM as breadth; 


therefore CM is rational and incommensurable in length 
with CD, [x. 22] 


Since now CZ is equal to the squares on AG, GB, 
and, in these, CZ is equal to the square on AB, 


therefore the remainder FZ ts equal to twice the rectangle 
AG, GB. [u. 7] 


And twice the rectangle 4G, GB& is medial ; 
therefore FZ is also medial. 
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And it is applied to the rational straight line FE, pro- 
ducing FM as breadth ; 


therefore FM is rational and incommensurable in length 


with CD. [x. 22] 


And, since the squares on 4G, GB are incommensurable 
with twice the rectangle 4G, G7, 


and CZ is equal to the squares on AG, GB, 
and FZ equal to twice the rectangle 4G, GB, 
therefore CZ is incommensurable with FZ. 
But, as CZ is to FL, so is CM to MF; (vi. 1] 
therefore CM is incommensurable in length with MEF. {x. 11] 


And both are rational. 
Therefore CM, MF are rational straight lines commen- 
surable in square only ; 


therefore CF is an apotome. [x. 73] 


I say next that it is also a sixth apotome. 
For, since FZ is equal to twice the rectangle 4G, GB, 
let FM be bisected at N, 


and let VO be drawn through N parallel to CD ; 


therefore each of the rectangles FO, NZ is equal to the rect- 
angle 4G, GB. 


And, since 4G, GB are incommensurable in square, 


therefore the square on ÆG is incommensurable with the 
square on GB. 


But CH is equal to the square on 4G, 
and KZ is equal to the square on GB; 
therefore CH is incommensurable with XZL. 

But, as CH is to XL, so is CK to KM; [vi. 1] 
therefore CK is incommensurable with XM. [x. 11] 


And, since the rectangle 4G, GB is a mean proportional 
between the squares on 4G, GB, 


and CH is equal to the square on AG, 

KL equal to the square on GB, 

and NZ equal to the rectangle 4G, GB, 

therefore VL is also a mean proportional between CZZ, KL ; 
therefore, as CH is to NL, so is NL to KL. 
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And for the same reason as before the square on CAM is 
greater than the square on ME by the square on a straight 
line incommensurable with CM. [x. 18] 

And neither of them is commensurable with the rational 
straight line CD set out ; 


therefore CF is a sixth apotome. [x. Deff. ur. 6] 


Q. E. D. 
We have to find and classify 


rjpd ORE S Of o — Roy 
ANE "PED J2 : — 


Call this (4 — vf, and put 





ox = 4’, 
oy =V, 
O . 22 = 24v. 
Here 7^, v’ are incommensurable, 
(4 +1°), 2uv are both medial areas, 
and (W +IP) v 2uv. 
Since ø (x + y), e. 2z are medial and incommensurable, 
(x + y) is rational and v ø, 
22 is rational and v o, 
and (x+y) v 22. 
Hence (x * y), az are rational and ~, 
so that (x * y) — 22 is an apotome. 
Again, since 4’, 1, or ox, oy, are incommensurable, 
Xv. 
And, as before, xy = 2 = 4 (227. 
Therefore (x. 18] (x 4 yy — (22)! o (x * y). 
And neither (x * y) nor 22 is ^ 2; 
therefore (x + y) — 22 is a sixth apotome. 


2 A 
It is of course P ( À-— y^ c. 
c v Jt +Å 





PROPOSITION 103. 
A straight line commensurable in length with an apotome 
1s an apotome and the same in order. 
Let AB be an apotome, 
and let CD be commensurable in A B € 
length with 4B; g x 
$E elo. s T 


I say that CD is also an apotome and 
the same in order with 74 7. 
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For, since ABZ is an apotome, let BZ be the annex to it; 
therefore AE, EB are rational straight lines commensurable 


in square only. [x. 73] 

Let it be contrived that the ratio of BE to DF is the same 
as the ratio of AB to CD; (vi. 12] 
therefore also, as one is to one, so are all to all ; [v. 12] 


therefore also, as the whole A Æ is to the whole CF, so is AB 
to CD. 


But 42 is commensurable in length with CD. 
Therefore A4£ is also commensurable with CF, and BE 
with DF. [x. 11] 


And A E, EB are rational straight lines commensurable in 
square only ; 


therefore CF, FD are also rational straight lines commensur- 
able in square only. [x- 13] 


Now since, as 4£ is to CF, so is BE to DF, 
alternately therefore, as A Æ is to EP, so is CF to FD. [v.16] 


And the square on 4 is greater than the square on EB 
either by the square on a straight line commensurable with 
AE or by the square on a straight line incommensurable 
with it. 

If then the square on AF is greater than the square on 
E B by the square on a straight line commensurable with 4 £, 
the square on CF will also be greater than the square on FD 
by the square on a straight line commensurable with CF. 

[x. 14] 

And, if AZ is commensurable in length with the rational 

straight line set out, 


CF is so also, [x. 12] 
if BZ, then DF also, A 
and, if neither of the straight lines 44, EZ, then neither of 
the straight lines CZ, FD. [x. 13] 


But, if the square on A£ is greater than the square on EB 
by the square on a straight line incommensurable with 4 £, 
the square on C£ will also be greater than the square on FD 
by the square on a straight line incommensurable with CF. 

[x. 14] 
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And, if AE is commensurable in length with the rational 
straight line set out, 


CF is so also, 


if BE, then DF also, (x. 12] 
and, if neither of the straight lines AE, EZ, then neither of 
the straight lines CF, FD. (x. 13] 


Therefore CD is an apotome and the same in order 
with 4B. 
Q. E. D. 


This and the following propositions to 107 inclusive (like the correspond- 
ing theorems x. 66 to 70) are easy and require no elucidation. They are 
eouvalent to saying that, if in any of the preceding irrational straight lines 


Z p is substituted for p, the resulting irrational is of the same kind and order 


as that from which it is altered. 


PROPOSITION 104. 


A straight line commensurable with an apotome of a 
medial straight line rs an apotome of a medial straight line 
and the same in order. 


Let AB be an apotome of a medial straight line, 


and let CD be commensurable in 
length with 48; A B E 


I say that CD is also an apotome ofa œ D F 
medial straight line and the same in 
order with 4B. 


For, since AB is an apotome of a medial straight line, let 
EB be the annex to it. 
Therefore 4, EB are medial straight lines commensur- 





able in square only. [x- 74, 75] 
Let it be contrived that, as 44 2 is to CD, so is BE to DF; 

[vi. 12] 

therefore 4£ is also commensurable with CF, and BE 
with DF. [v. 12, x. 11] 


But AE, EB are medial straight lines commensurable in 
square only ; 


therefore CF, FD are also medial straight lines (x. 23) com- 
mensurable in square only ; (x. 13] 


therefore CD is an apotome of a medial straight line. [x. 74, 75] 
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I say next that it is also the same in order with 747. 
Since, as AEF is to EB, so is CF to FD, 


therefore also, as the square on AZ is to the rectangle AZ, 
EB, so is the square on CF to the rectangle CF, FD. 


But the square on 4£ is commensurable with the square 


on CF; 
therefore the rectangle 44 EZ, £7 is also commensurable with 


the rectangle CF, FD. [v. 16, x. 11] 
Therefore, if the rectangle AE, EB is rational, the rect- 
angle CF, FD will also be rational, [x. Def. 4' 
and if the rectangle A Æ, EB is medial, the rectangle CF, FD 
is also medial. [x. 235, Por.] 
Therefore CD is an apotome of a medial straight line and 
the same in order with 4 2. (x. 74, 75] 
Q. E. D. 


PROPOSITION 105. 

A straight line commensurable with a minor straight line 
is minor, 

Let AB be a minor straight line, and CD commensurable 
with AB; 
I say that CD is also minor. 

Let the same construction be made 
as before ; 
then, since 4E, EP are incommensur- 
able in square, (x. 76] 
therefore CF, FD are also incommensurable in square. [x. 13] 

Now since, as AF is to EB, so is CF to FD, [v. 12, v. 16] 
therefore also, as the square on AZ is to the square on EZ, 
so is the square on CF to the square on FD. [vi. 22] 

Therefore, componendo, as the squares on AZ, EB are to 
the square on EZ, so are the squares on CF, FD to the 
square on FD. [v. 18] 

But the square on BE is commensurable with the square 
on DF; 
therefore the sum of the squares on A £, EB is also commen- 
surable with the sum of the squares on CF, FD. (v. 16, x. 11] 


But the sum of the squares on AZ, FB is rational; [x. 76] 


therefore the sum of the squares on CF, FD is also rational. 
[x. Def. 4] 
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Again, since, as the square on A Æ is to the rectangle A Æ, 
EB, so is the square on CF to the rectangle CF, FD, 


while the square on AE is commensurable with the square 
on CF, 

therefore the rectangle AE, EB is also commensurable with 
the rectangle CF, FD. 

But the rectangle 4 £, EZ is medial ; [x. 76] 
therefore the rectangle CF, FD is also medial ; [x- 23, Por.] 
therefore CF, FD are straight lines incommensurable in square 
which make the sum of the squares on them rational, but the 
rectangle contained by them medial. 


Therefore CD is minor. [x. 76] 
Q. E. D. 


PROPOSITION 106. 


A straight line commensurable with that which produces 
with a rational area a medial whole is a straight line which 
produces with a rational area a medial whole. 


Let AB be a straight line which produces with a rational 
area a medial whole, 
and CD commensurable with 4B ; 

I say that CD is also a straight line 
which produces with a rational area a 
medial whole. 

For let BE be the annex to AB; 
therefore AE, EB are straight lines incommensurable in 
square which make the sum of the squares on AE, EB 
medial, but the rectangle contained by them rational. (x. 77] 

Let the same construction be made. 


Then we can prove, in manner similar to the foregoing, 
that CF, FD are in the same ratio as AE, EB, 


the sum of the squares on AÆ, EB is commensurable with 
the sum of the squares on CF, FD, 

and the rectangle AE, EB with the rectangle CF, FD; 

so that CF, FD are also straight lines incommensurable in 
square which make the sum of the squares on CF, FD medial, 
but the rectangle contained by them rational. 


A B E 
C p F 
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Therefore CD is a straight line which produces with a 
rational area a medial whole. [x. 77] 
Q. E. D. 


PROPOSITION 107. 


A straight line commensurable with that which produces 
with a medial area a medial whole is itself also a straight line 
which produces with a medial area a medial whole. 


Let AB be a straight line which produces with a medial 
area a medial whole, 


and let CD be commensurable with 4 B; 


I say that CD is also a straight line 
which produces with a medial area a —— — ——— —— 
medial whole. 


For let BE be the annex to AB, 
and let the same construction be made ; 


therefore AZ, ZB are straight lines incommensurable in 
square which make the sum of the squares on them medial, 
the rectangle contained by them medial, and further the sum 
of the squares on them incommensurable with the rectangle 
contained by them. (x. 78] 


Now, as was proved, Af, EP are commensurable with 
CF, FD, 


the sum of the squares on AE, EB with the sum of the 
squares on CF, FD, 


and the rectangle 4E, EP with the rectangle CF, FD; 


therefore CF, FD are also straight lines incommensurable in 
square which make the sum of the squares on them medial, 
the rectangle contained by them medial, and further the sum 
of the squares on them incommensurable with the rectangle 
contained by them. 


Therefore CD is a straight line which produces with a 
medial area a medial whole. [x. 78] 
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PROPOSITION 108. 


If from a rational area a medial area be subtracted, the 
“side” of the remaining area becomes one of two irrational 
straight lines, either an apotome or a minor strarght line. 


For from the rational area BC let the medial area ZD be 
subtracted ; 
I say that the “side” of the A € B 
remainder ÆC becomes one 
of two irrational straight lines, 
either an apotome or a minor 
straight line. 


For let a rational straight C D 
line FG be set out, E G 
to FG let there be applied the | ] | 
rectangular parallelogram GĦ 4 K F 
equal to BC, 


and let G&A equal to D# be subtracted ; 
therefore the remainder EC is equal to LH. 
Since then AC is rational, and BD medial, 
while BC is equal to GĦ, and BD to GK, 
therefore GH is rational, and GX medial. 
And they are applied to the rational straight line FG ; 
therefore FH is rational and commensurable in length with 


FG, [x. 20] 
while FK is rational and incommensurable in length with FG; 
[x. 22] 


therefore FH is incommensurable in length with FX. (x. 13) 
Therefore FH, FK are rational straight lines commen- 
surable in square only ; 
therefore KAZ is an apotome [x. 73], and A# the annex to it. 
Now the square on //F is greater than the square on FK 
by the square on a straight line either commensurable with 
HF or not commensurable. 
First, let the square on it be greater by the square on a 
straight line commensurable with it. 
Now the whole ÆF is commensurable in length with the 
rational straight line FG set out ; 
therefore XÆ is a first apotome. (x. Deff. in. 1) 
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But the “side” of the rectangle contained by a rational 
straight line and a first apotome is an apotome. (x. 91] 

Therefore the “side” of LA, that is, of EC, is an apotome. 

But, if the square on A/F is greater than the square on 
FK by the square on a straight line incommensurable 
with AF, 


while the whole FH is commensurable in length with the 
rational straight line FG set out, 


KH is a fourth apotome. [x. Def. 111. 4] 

But the “side” of the rectangle contained by a rational 

straight line and a fourth apotome is minor. (x. 94] 
Q. E. D. 


A rational area being of the form &p’, and a medial area of the form 
AJA. pP, the problem is to classify 


Nw Ap! — JA. p 
according to the different possible relations between 4, A. 
Suppose that ou = kp’, 
ey — JA. p*. 


Since ow is rational and ov medial, 
u is rational and ^ c, 
while v is rational and v ø. 
Therefore “uv; 
thus x, v are rational and ~, 
whence (u — v) is an apotome. 
The possibilities are now as follows. 
(1) ^w -2*^wu, 
(2 JPP v u. 
In both cases s ^ c, 
so that (u — v) is either (1) a frst apotome, 
or (2) a fourth apotome. 
In case (1) Je (v —v) isan apotome (x. 91], 
but in case (2) Jo (u — v) is a minor irrational straight line (x. 94]. 


PROPOSITION 109. 


Jf from a medial area a rational area be subtracted, there 
arise two other irrational straight lines, either a first apotome 
of a medial straight line or a straight line which produces with 
a rational area a medial whole. 


For from the medial area AC let the rational area BL) be 
subtracted. 
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I say that the “side” of the remainder EC becomes one 
of two irrational straight lines, either a first apotome of a 
medial straight line or a straight line which produces with a 
rational area a medial whole. 


F KH 


L 


For let a rational straight line FG be set out, 
and let the areas be similarly applied. 

It follows then that FH is rational and incommensurable 
in length with FG, 
while AF is rational and commensurable in length with FG ; 
therefore FH, FK are rational straight lines commensurable 
in square only ; [x. 13] 
therefore XÆ is an apotome, and FĶ the annex to it. (x. 73] 

Now the square on //F is greater than the square on FK 
either by the square on a straight line commensurable with 
HF or by the square on a straight line incommensurable 
with it. 

If then the square on //F is greater than the square on 
FK by the square on a straight line commensurable with HA, 
while the annex FK is commensurable in length with the 
rational straight line /G set out, 

KH is a second apotome. [x. Deff. i1. 2] 

But FG is rational ; 
so that the “side” of L//, that is, of EC, is a first apotome of 
a medial straight line. [x. 92] 

But, if the square on 7/ZF is greater than the square on 
FK by the square on a straight line incommensurable with ZZ, 
while the annex FK is commensurable in length with the 
rational straight line FG set out, 

KH is a fifth apotome ; [x. Def. u1. 5] 
so that the “side” of ÆC is a straight line which produces 
with a rational area a medial whole. (x. 95] 
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In this case we have to classify 
V JA . p? — Ap), 
Suppose that ou= JA. p), 
ov = Xp’. 
Thus, oz being medial and cv rational, 
u is rational and v c, 
while v is rational and ^ c. 
Thus, as before, x, v are rational and ~, 
so that (4 — v) is an apotome. 
Now either 


(1) 4uw-2*^u, 
or (2) v-v u, 


while in both cases v is commensurable with ø. 
Therefore (#—v) is either (1) a second apotome, 
or (2) a fifth apotome, 


and hence in case (1) Vo (u — v) is the first apotome of a medial straight line, 


[x. 92] 
and in case (2) Jc (u — v) is the “ side” of a medial, minus a rational, area. ) 
[x. 95 


PROPOSITION 110. 


Jf from a medial area there be subtracted a medial area 
incommensurable with the whole, the two remaining irrational 
straight [ines arise, either a second apotome of a medial straight 
line or a straight line which produces with a medial area a 
medial whole. 

For, as in the foregoing figures, let there be subtracted 
from the medial area BC the medial area BD incommensur- 


able with the whole ; 
F KH 


G L 


I say that the “side” of EC is one of two irrational straight 
lines, either a second apotome of a medial straight line or a 
straight line which produces with a medial area a medial whole. 
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For, since each of the rectangles BC, BD is medial, 
and C is incommensurable with BD, 
it follows that each of the straight lines FH, FK will be 
rational and incommensurable in length with FG. [x. 22] 
And, since BC is incommensurable with BD, 
that is, GH with GA, 
HF is also incommensurable with ZK ; (vi. 1, x. 11) 
therefore FH, FK are rational straight lines commensurable 
in square only ; 
therefore XÆ is an apotome. (x. 73] 


If then the square on FH is greater than the square on 
FK by the square on a straight line commensurable with 777, 


while neither of the straight lines FH, FK is commensurable 

in length with the rational straight line FG set out, 

KH is a third apotome. [x. Deff. 111. 3] 
But KL is rational, 

and the rectangle contained by a rational straight line and a 

third apotome is irrational, 

and the "side" of it is irrational, and is called a second 

apotome of a medial straight line ; [x. 93] 

so that the "side " of £77, that is, of EC, is a second apotome 

of a medial straight line. 


But, if the square on FH is greater than the square on 
FK by the square on a straight line incommensurable with FA, 
while neither of the straight lines HF, FK is commensurable 
in length with FG, 

KH 1s a sixth apotome. (x. Deff. 1. 6] 

But the "side" of the rectangle contained by a rational 
straight line and a sixth apotome is a straight line which 
produces with a medial area a medial whole. [x. 96] 

Therefore the “side” of LA, that is, of EC, is a straight 


line which produces with a medial area a medial whole. 


Q. E. D. 
We have to classify JR. pt JA . p), 
where ,/&. p? is incommensurable with ,/A . p*. 
Put ou = JA. p, 


a? — Jà. p. 
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Then v is rational and v ø, 
7 is rational and v c. 
and Ho v. 
Therefore x, v are rational and ~. 
so that (x = v) is an apotome. 
Now either 
(1) Ju -w ^u, 
or (2) v-t ou, 
while in both cases both x and v are v o. 
In case (1) (4-7) is a third apotome, 
and in case (2) (« - v) is a sixtÀ apotome, 


sc that Ve (u — 2) is either (1) a second apotome of a media! straight line [x. 93], 
or (2) a “side” of the difference between two medial areas (Xx. 6l 


PROPOSITION III. 
The apotome ts not the same with the binomial straight line. 


Let AB be an apotome ; 
I say that AZ is not the same with the 
binomial straight line. 

For, if possible, let it be so; D G E F 
let a rational straight line DC be set out, 
and tc CD let there be applied the 


rectangle CE equal to the square on 
AB and producing DE as breadth. 


Then, since AZ is an apotome, 
DE is a first apotome. (x. 97] 
Let ZF be the annex to it; 


therefore DF, FE are rational straight 
lines commensurable in square only, 


the square on DF is greater than the square on FE by the 
square on a straight line commensurable with DF, 


and DF is commensurable in length with the rational straight 


line DC set out. (x. Def. mm. 1] 
Again, since 48 is binomial, 
therefore DZ is a first binomial straight line. [x. 60] 


Let it be divided into its terms at G, 
and let DG be the greater term ; 


therefore DG, GE are rational straight line. commensurable 
in square only, 
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the square on DG is greater than the square on GZ by the 
Square on a straight line commensurable with DG, and the 
greater term DG is commensurable in length with the rational 
straight line DC set out. ` [x. Deff. 11. 1) 


Therefore DF is also commensurable in length with DG ; 


[x. 12] 


therefore the remainder GF is also commensurable in length 
with DF. (x. 15) 


But DF is incommensurable in length with EF; 
therefore FG is also incommensurable in length with EF. (x. 13] 


Therefore GF, FE are rational straight lines commensur- 
able in square only ; 
therefore ZG is an apotome. (x. 73] 

But it is also rational : 
which is impossible. 

Therefore the apotome is not the same with the binomial 
straight line. 

Q. E. D. 


This proposition proves the equivalent of the fact that 
/x * Jy cannot be equal to ,/x’ — ,/y’, and 
x+ „y cannot be equal to x' - Jy. 


We should prove these results by squaring the respective expressions; and 
Euclid’s procedure corresponds to this exactly. 
He has to prove that 


p * J^. p cannot be equal to p' — JA. p". 
For, if possible, let this be so. 


2 P ^2 
Take the straight lines (p* e. p , e NAE. 


these must be equal, and therefore 


p p 
zo tra A) -— (1X2 A5) TERT E (1). 
p p? 
Now 5 +Å), = (1 * À) are rational and ^; 
n 2 2 
p p AUR: 
therefore (e (1+A)— z (1+ 2 5 (1 +A) 
p^ A 
ws a 2,/ e 


And, since both sides are rational, it follows that 


p^ P k p? A . . ; 
{Er +ay- 2 (r+ )-£.2J is an apotome. 
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2 
But, by (1), this expression is equal to E . 2 Jk, which is rational. 


Hence an apotome, which is irrational, is also rational : 
which is impossible. 

This proposition is the connecting link which enables Euclid to prove that 
ali the compound irrationals with positive signs above discussed are different 
from al the corresponding compound irrationals with negative signs, while the 
two sets are all different from one another and from the medial straight line. 
The recapitulation following makes this clear. 





The apotome and the irrational straight lines following it 
are neither the same with the medial straight line nor with one 
another. 

For the square on a medial straight line, if applied to a 
rational straight line, produces as breadth a straight line 
rational and incommensurable in length with that to which it 


is applied, [x. 22] 
while the square on an apotome, if applied to a rational 
straight line, produces as breadth a first apotome, (x. 97] 


the square on a first apotome of a medial straight line, if 
applied to a rational straight line, produces as breadth a 
second apotome, [x. 98] 
the square on a second apotome of a medial straight line, if 
applied to a rational straight line, produces as breadth a third 
apotome, [x. 99] 
the square on a minor straight line, if applied to a rational 
straight line, produces as breadth a fourth apotome, — (x. roo] 
the square on the straight line which produces with a rational 
area a medial whole, if applied to a rational straight line, 
produces as breadth a fifth apotome, (x. 101) 
and the square on the straight line which produces with a 
medial area a medial whole, if applied to a rational straight 
line, produces as breadth a sixth apotome. [x. 102] 

Since then the said breadths differ from the first and from 
one another, from the first because it is rational, and from one 
another since they are not the same in order, 
it is clear that the irrational straight lines themselves also 
differ from one another. 

And, since the apotome has been proved not to be the 
same as the binomial straight line, ; (x. r11] 
but, if applied to a rational straight line, the straight lines 
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following the apotome produce, as breadths, each according 
to its own order, apotomes, and those following the binomial 
straight line themselves also, according to their order, produce 
the binomials as breadths, 
therefore those following the apotome are different, and those 
following the binomial straight line are different, so that there 
are, in order, thirteen irrational straight lines in all, 

Medial, 

Binomial, 

First bimedial, 

Second bimedial, 

Major, 

“Side” of a rational plus a medial area, 

“ Side” of the sum of two medial areas, 

Apotome, 

First apotome of a media! straight line, 

Second apotome of a medial straight line, 

Minor, 

Producing with a rational area a medial whole, 

Producing with a medial area a medial whole. 


PROPOSITION 112. 


The square om a rational straight line applied to the 
binomial straight line produces as breadth an apotome the 
terms of which are commensurable with the terms of the bt- 
nomial and moreover in the same ratio; and further the 
apotome so arising will have the same order as the binomial 
straight line. 


Let 4 be a rational straight line, 
let BC be a binomial, and let DC be its greater term ; 
let the rectangle BC, EF be equal to the square on 4 ; 
A 


B D C G 








K É É H 


I say that EF is an apotome the terms of which are commen- 
surable with CD, DB, and in the same ratio, and further EF 
will have the same order as AC. 
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For again let the rectangle BD, G be equal to the square 
on A. 

Since then the rectangle BC, EF is equal to the rectangle 
BD, G, 


therefore, as CB is to BD, so is G to EF. (vi. r6] 
But CZ is greater than 52D ; 
therefore G is also greater than E. [v. 16, v. 14] 


Let EH be equal to G; 
therefore, as CB is to BD, so is HE to EF; 
therefore, separando, as CD is to BD, so is HF to FE. [v. 17] 


Let it be contrived that, as H/F is to FZ, so is FK 
to KE; 


therefore also the whole HÆK is to the whole XF as FK 
is to KE; 


for, as one of the antecedents 1s to one of the consequents, so 


are all the antecedents to all the consequents. [v. 12] 

But, as FK is to KE, sois CD to DP; [v. 11] 
therefore also, as Æ is to KF, sois CD to DJ. [/2-) 

But the square on CD is commensurable with the square 
on DB; [x- 36] 
therefore the square on 77K is also commensurable with the 
square on KF. [Vi. 22, x. 11] 


And, as the square on 77K is to the square on K7, so is 
HK to KE, since the three straight lines HK, KF, KE are 
proportional. [v. Def. 9] 

Therefore /7 is commensurable in length with KZ, 


so that ME is also commensurable in length with EK. [x. 15] 


Now, since the square on 74 is equal to the rectangle 
EH, BD, 


while the square on 4 is rational, 
therefore the rectangle EH, BD is also rational. 
And it is applied to the rational straight line BD; 


therefore E/7 is rational and commensurable in length 
with BD; [x. 20] 


so that EK, being commensurable with it, is also rational and 
commensurable in length with BD. 
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Since, then, as CD is to DB, so is FK to KE, 


while CD, DP are straight lines commensurable in square 
only, 


therefore ZA, KE are also commensurable in square — 
X. II 


But KE is rational ; 
therefore FK is also rational. 


Therefore FK, KE are rational straight lines commen- 
surable in square only ; 


therefore EF is an apotome. [x. 73] 


Now the square on CZ is greater than the square on DB 
either by the square on a straight line commensurable with 
CD or by the square on a straight line incommensurable 
with it. | 

If then the square on C2 is greater than the square on 
DB by the square on a straight line commensurable with CD, 
the square on FK is also greater than the square on KE by 
the square on a straight line commensurable with FX. (x. 14] 

And, if CD is commensurable in length with the rational 
straight line set out, 


so also is FK ; [x- 11, 12] 
if BD is so commensurable, 
so also is KE ; [x. 12] 


but, if neither of the straight lines CD, DB is so commensur- 
able, 
neither of the straight lines FK, KE is so. 

But, if the square on C2 is greater than the square on 


DB by the square on a straight line incommensurable 
with CD, 


the square on FK is also greater than the square on KZ by 
the square on a straight line incommensurable with FX. (x. 14] 


And, if CD is commensurable with the rational straight 
line set out, 
so also is FK ; 
if BD is so commensurable, 
so also is KE ; 
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but, if neither of the straight lines CD, DB is so commensur- 
able, 


neither of the straight lines FK, KE is so; 


so that FE is an apotome, the terms of which FK, KE are 
commensurable with the terms CD, DP of the binomial 


straight line and in the same ratio, and it has the same order 
as BC. 


Q. E. D 


Heiberg considers that this proposition and the succeeding ones are inter- 
polated, though the interpolation must have taken place before Theon's time. 
His argument is that X. 112—115 are nowhere used, but that x. 111 rounds 
off the complete discussion of the 13 irrationals (as indicated in the recapitu- 
lation), thereby giving what was necessary for use in connexion with the 
investigation of the five regular solids. For besides x. 73 (used in xui. 6, 11) 
X. 94 and 97 are used in xii. 11, 6 respectively; and Euclid could not have 
stopped at X. 97 without leaving the discussion of irrationals imperfect, for 
x. 98— 102 are closely connected with x. 97,and x. 103—111 add, as it were, 
the coping-stone to the whole doctrine. On the other hand, x. 112—115 are 
not connected with the rest of the treatise on the 13 irrationals and are not 
used in the stereometric books. They are rather the germ of a new study and 
a more abstruse investigation of irrationals im /4Aemse/ves. Prop. 115 in 
particular extends the number of the different kinds of irrationals. As 
however X. 112—115 are old and serviceable theorems, Heiberg thinks that, 
though Euclid did not give them, they may have been taken from Apollonius. 

I will only point out what seems to me open to doubt in the above, namely 
that x. 112—114 (excluding 115) are not connected with the rest of the 
exposition of the 13 irrationals. It seems tc me that they ave so connected. 
X. 111 has shown us that a binomial straight line cannot also be an afofome. 
But x. 112—114 show us Aow either of them can be used to rationalise the other, 
thus giving what is surely an important relation between them. 


x. 112 is the equivalent of rationalising the denominators of the fractions 
a a 
JA+J/B’ a+ /B’ 
by multiplying numerator and denominator by J4 — JB and a- JB 
respectively. 


Euclid proves that = Àp — JÅ . àp (È < 1), and his method enables 


g? 
P+ k.p 
us to see that A = o7/(p* — &p’). 

The proof is a remarkable instance of the dexterity of the Greeks in using 
geometry as the equivalent of our algebra. Like so many proofs in Archimedes 
and Apollonius, it leaves us completely in the dark as to how it was evolved. 
That the Greeks must have had some analytical method which suggested the 
steps of such proofs seems certain ; but wat it was must remain apparently 
an insoluble mystery. 

I will reproduce by means of algebraical symbols the exact course of 
Euclid's proof. 


o? : : ; 
He has to prove that aea is an apotome related in a certain way to 
p . 
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the binomial straight line p+ /%.p. If u be the straight line required, 
(u+w)-w is shown to be an apotome of the kind described, where w is 
determined in the following manner. 


We have (p JÀ.p)u 2 o* 2 JÀ.p. x, say, 
whence x n. | Gaana (1). 
Let X-HtU. 
Then (p * J&.p) : J&.p(u *v):, 
and hence J (2). 
‘Let w be taken such that 
O: u= (uF W) Wein esa nonse (3). 
Thus V: u =(u +U +w): (u +W) (4), 
and therefore p : Jk. p=(u +v + w): (u+ w). 


From the last proportion, 
(wu * v - wy ^ (u * wy, 


and, from the two preceding, («x + w) is a mean proportional between 
(u+v+ w), w, so that 


(u +v +w’ : (u +w’? = (u +v + w): w. 


Therefore (€ * v ^ to) ^ 2, 
whence (u +v) ^w. 
Now Jk. p(u+v) = 07, which is rational ; 
therefore (u +v) is rational and ^ J/4.p; 
hence w is also rational and ^ J&.p ........seeeeees (5). 


Next, by (2), (3), Since p, ./&. p are ~, 


(u+ w) ~ w, 
and w is rational ; 


therefore (u + w) is rational, 
and (u +w), w are rational and ~. 
Hence (u + w)-w is an apotome. 
Now either (I) Sp? — Ap) ^ p, 
or (II) Jp! — &p* » p. 
In case (I) AJ ( *- 2) — 1? ^ (u+ w), [(2), (3) and x. 14] 
and in case (II) NJ (u 4 20 — wo (u + w). lid.] 
Then, since [(5)] wo Ssk.p, 
by x. 11 and (2), (3), (25 30) SB. onn N (6). 


(This step is omitted in Euclid, but the result is assumed.] 

If thereforep^c, (u470 ^20; 
if Jk. poo, woo; ((5)] 
and, if neither p nor J/4. p is ^ ø, neither (u + 10) nor 2» will be ^ c. 


Thus the order of the apotome (u+w)—w is the same as that of the 
binomial straight line p+ /4.p; while [(2), (3)] the terms are sroportional 
and [(5), (6)] commensurable respectively. 
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We find (u + w), w algebraically thus. 


a? 








By (1), “ordkp 
“tw P 
and, by (2), (3), w "ua E p' 
u. k.p 
whence w= 
p-Jk-p 
2905. JA. p 
| p-Apc 
Do 0p 
Thus ee ae deg 
—— p—Jk.p 
Therefore (u+ wj- w=. slg 
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The square on a rational straight line, uf applied to an 
apotome, produces as breadth the binomial straight line the 
terms of whith are commensurable with the terms of the 
apotome and in the same ratio, and further the binomial 
so arising has the same order as the apotome. 


Let A be a rational straight line and BD an apotome, 
and let the rectangle BD, KH be equal to 
the square on 4, so that the square on the C K 
rational straight line 4 when applied to the 
apotome BD produces 77 as breadth ; A 
Į say that XH is a binomial straight line the 
terms of which are commensurable with the D E 
terms of BD and in the same ratio; and 
further XA has the same order as BD. H 


For let DC be the annex to BD; B 


therefore BC, CD are rational straight lines commensurable 
in square only. (x. 73] 


Let the rectangle ZC, G be also equal to the square on 4. 
But the square on / is rational ; 


therefore the rectangle BC, G is also rational. 
And it has been applied to the rational straight line BC ; 


therefore G is rational and commensurable in length with BC. 
[x. 20] 
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Since now the rectangle BC, G is equal to the rectangle 
BD, KH, 


therefore, proportionally, as CB is to BD, so is KH to G. 
(vi. 16] 
But BC is greater than BD ; 


therefore K'77 is also greater than G. [v. 16, v. 14] 
Let KE be made equal to G; 

therefore XE is commensurable in length with ZC. 
And since, as CB is to BD, so is HK to KE, 


therefore, convertendo, as BC is to CD, so is KH to HE. 
[v. 19, Por.) 


Let it be contrived that, as XH is to HE, so is HF 
to FE; 
therefore also the remainder AF is to FH as KH is to HEL, 
that is, as BC is to CD. [v. 19] 
But BC, CD are commensurable in square only ; 
therefore XF, FH are also commensurable in square only. 


X. II 

And since, as A// 1s to HE, so is KF to FAH, 
while, as XH is to HE, so is HE to FE, 

therefore also, as KF is to FAH, so is HE to FE, [v. 11] 

so that also, as the first is to the third, so is the square on the 

first to the square on the second ; [v. Def. 9] 


therefore also, as KF is to FZ, so is the square on KF to the 
square on FH. 


But the square on AF is commensurable with the square 
on FH, 


for XF, FH are commensurable in square ; 

therefore KF is also commensurable in length with FZ, (x. 11] 

so that AF is also commensurable in length with XÆ. [x. 15] 
But XÆ is rational and commensurable in length with 2C; 

therefore AF is also rational and commensurable in length 


with BC. {x. 12] 
And, since, as BC is to CD, so is KF to FH, 
alternately, as BC is to KF, so is DC to FH. [v. 16] 


But ZC is commensurable with XE; 
therefore FH is also commensurable in length with CD. [x. 11] 
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But BC, CD are rational straight lines commensurable in 
square only ; 
therefore KF, FH are also rational straight lines [x. Def. 3] 
commensurable in square only ; 
therefore KH is binomial. (x. 36] 


If now the square on AC is greater than the square on CD 
by the square on a straight line commensurable with BC, 


the square on KF will also be greater than the square on FZ 
by the square on a straight line commensurable with XA. {x 1:4] 


And, if BC is commensurable in length with the rational 
straight line set out, 


so also is AF: 


if CD is commensurable in length with the rational straight 
line set out, | 


so also is FA, 
but, if neither of the straight lines BC, CD, 
then neither of the straight lines AF, FH. 


But, if the square on BC is greater than the square on CD 
by the square on a straight line incommensurable with ZC, 


the square on AF is also greater than the square on FH by 
the square on a straight line incommensurable with AF. [x. 14] 


And, if BC is commensurable with the rational straight 
line set out, 


so also is AF; 

if CD is so commensurable, 

30 also is FA; 

but, if neither of the straight lines BC, CD, 
then neither of the straight lines XF, FH. 


Therefore A// is a binomial straight line, .he terms of 
which XEF, FH are commensurable with the terms BC, CD of 
the apotome and in the same ratio, 


and further KÆ has the same order as 8D. 
Q. E. D. 


This proposition, which is companion to the preceding, gives us the equiva- 
lent of the rationalisation of the denominator of 


c? e 
JAIJ ane 
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Euclid (or the wnter) por that 


= Àp + À A. p, (& « 1) 
—* s Ap +À 
and his method enables us to see s A = |P — kp’). 
2 
Let — = u; 
P— NR. p 


and it is proved that « is the binomial! straight line (# — 7) + w, where w is 
determined as shown below. 


u (p= „k . p) = 0° = px, Say, 


whence p:(p— JR.p)om:x..... Vi EM e (1), 
so that x «wu. 
Let then x=u-U. 
Since (u—v)p =o", a rational area, 
(4 —v) is rational and ^ p.......................- (2). 
And [(1)] p:(p—Jk.p)=u i (u-2), 
so that, convertendo, p: Jk. p=urv. 
Suppose that uiv=w:(v-@), 
so that [v. 19] (u—w):wau:v=w:(v-w). 


Thus, w being a mean proportional between (u - w), (v - w), 
(4 — wy : w? = (u — w) : (v — w). 


But (u -wF : w? = u? : 1° 
=p: kp? — Qus s ve e Sine ves eV o Yon (3), 
so that (u — wy? ^ a". 
Therefore (u — w) ^ (v — v) 
^ dc mw) - (v - w) 
^a (u =v). 
Therefore [(2)] (4 — 129) is rational and ^p ..................... (4). 
And, since p: JŘ. p (u —): w 
w is rational and ^ JŘ. pP suse (5). 
Hence [(4), (5)) (x - w), w are rational and ~, 
so that (u—w)+w is a binomial straight line. 
Now either (I) NP — RP ^A p, 
or (11) — v p. 
In case (I) A/(u — wy! — uw! ^ (u — vw), 
and in case (II) N (u = w) — 1? & (u — w). [(3) and x. 14] 
-~ And, if pa, (u-w)0; [(4)] 
if /k. pra, t^; [5] 


while, if neither p nor J/4.p is ^ c, neither (1 — 2) nor 2t' is ^ o. 
Hence (u -w)+ w is a binomial straight line of the same order as the 


apotome p — J/£. p, its terms are proportional to those of the ^notome ((3)], 
and commensurable with them respectively [(4), (5)]. 
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To find (u — w), w algebraically we have 
o g? 
| p-X&.p' 
u—10 p 
w  Jfk.p 
u. k.p 
From the latt w = —- 
om the latter "ru 
_o?. Jk. p 
7 p! — 4p? 


u“ 











P 
Jk P-k 


p+ /k.p 
Therefore (u—w)+w=o". 2 s 


Thus H—1TU — Q0. 





PROPOSITION 114. 


Jf an area be contained by an apotome and the binomial 
straight line the terms of whith are commensurable with the 
terms of the apotome and in the same ratio, the ‘ side” of the 
area is rational. 


For let an area, the rectangle 42, CD, be contained by 
the apotome 48 and the binomial 
straight line CD, 
and let C£ be the greater term of 
the latter ; Cc — E D 
let the terms CZ, £D of the 
binomial straight line be commen- 


surable with the terms A F, FB of 


the apotome and in the same ratio; K—-c bM 
and let the “side” of the rectangle 
AB, CD be G ; 


I say that G is rational. 

For let a rational straight line 77 be set out, 
and to CD let there be applied a rectangle equal to the square 
on // and producing AZ as breadth, 


Therefore AZ is an apotome. 
Let its terms be XM, ML commensurable with the terms 
CE, ED of the binomial straight line and in the same ratio. 
[x. 112] 
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But CZ, ED are also commensurable with AF FB and in 

the same ratio; 

therefore, as AF is to FB, so is KM to ML. 


Therefore, alternately, as dF is to KM, sois BF to LM: 
therefore also the remainder 482 is to the remainder AZ as 


AF is to KM. [v. 19] 

But AF is commensurable with KXM ; (x. 12] 
therefore 74 P is also commensurable with XZ. [x. 11] 

And, as 4B is to KEL, so is the rectangle CD, AB to the 
rectangle CD, KL ; [vi. 1] 
therefore the rectangle CD, AB is also commensurable with 
the rectangle CD, KL. [x. 11] 


But the rectangle CD, KZ is equal to the square on 77; 


therefore the rectangle CD, AB is commensurable with the 
square on 77. 


But the square on G is equal to the rectangle CD, AB; 


therefore the square on G is commensurable with the square 
on 77. 


But the square on 77 is rational ; 
therefore the square on G is also rational ; 
therefore G is rational. 


And it is the “side” of the rectangle CD, AB. 
Therefore etc. 


Porism. And it is made manifest to us by this also that 
it is possible for a rational area to be contained by irrational 
straight lines. 


Q. E. D. 
This theorem is equivalent to the proof of the fact that 
— 
and J@~ JB) a * X JB) - Ax (a B) 
The result of the theorem x. 112 is used for the purpose thus. 
We have to prove that 


0. Vip- JR. p) (àp +A J.p) 
is rational. 
By x. 112 we have, if ø is a rational straight line, 


gi 
— — — 2 — — A. €9*0625000600000€09009900* e 
Apt+ASk.p APENAS e) 
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Now  p:Xpz JR. p: JR.p (p—- J&.p) : (Np - X J&.p), 
so that (p- J£ .p) ^ NVp- X JÀ.p). 
Multiplying each by (Ap + à J£. p), we have 
(p— JA. p) Qo * X J&. p) ^ Qp * X JA. p) (Vp - X JA. p) 


na’, by (1). 
That is, (p— Jk. p)(Ap+A/k.p) is a rational area, 
and therefore Jip- JR. p) (Àp +À JÈ. p) is rational. 


PROPOSITION 115. 


From a medial straight line there arise irrational straight 
lines infinite in number, and none of them is the same us any 
of the preceding. 

Let 4 be a medial straight line ; 

I say that from 4 there arise 
irrational straight lines infinite in 
number, and none of them is the 
same as any of the preceding. 

Let a rational straight line B 
be set out, 
and let the square on C be equal 
to the rectangle Z, 4 ; 
therefore C is irrational ; (x. Def. 4] 
for that which is contained by an irrational and a rational 
straight line is irrational. [deduction from x. 20] 

And it ts not the same with any of the preceding ; 
for the square on none of the preceding, if applied to a rational 
straight line produces as breadth a medial straight line. 

Again, let the square on D be equal to the rectangle B, C; 
therefore the square on Ø is irrational. [deduction from x. 20] 

Therefore D is irrational ; (x. Def. 4] 
and it is not the same with any of the preceding, for the 
square on none of the preceding, if applied to a rational 
straight line, produces C as breadth. 

Similarly, if this arrangement proceeds ad infinitum, it 
is manifest that from the medial straight line there arise 
irrational straight lines infinite in number, and none is the 
same with any of the preceding. 


Oo Oo» 


Q. E. D. 
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Heiberg is clearly right in holding that this proposition, at all events, is 
alien to the general scope of Book x, and is therefore probably an interpola- 
tion, made however before Theon’s time. It is of the same character as a 
scholium at the end of the Book, which is (along with the interpolated proposi- 
tion proving, in two ways, the incommensurability of the diagonal of a square 
with its side) relegated by August as well as Heiberg to an Appendix. 


The proposition amounts to this. 


The straight line kp being medial, if ø be a rational straight line, ~ Boa 
is a new irrational straight line. So is the mean proportional between this 
and another rational straight line g’, and so on indefinitely. 


ANCIENT EXTENSIONS OF THE THEORY OF BOOK X. 


From the hints given by the author of the commentary found in Arabic 
by Woepcke (cf. pp. 3—4 above) it would seem probable that Apollonius’ 
extensions of the theory of irrationals took two directions: (1) generalising 
the media/ straight line of Euclid, and (2) forming compound irrationals by the 
addition and subtraction of more than two terms of the sort composing the 
binomials, apotomes, etc. The commentator writes (Woepcke’s article, pp. 694 
sqq.) : 
* It is also necessary that we should know that, not only when we join 
together two straight lines rational and commensurable in square do we obtain 
the binomial straight line, but three or four lines produce in an analogous 
manner the same thing. In the first case, we obtain the trinomial straight 
line, since the whole line is irrational ; and in the second case we obtain the 
quadrinomial, and so on ad infinitum. The proof of the (irrationality of the) 
line composed of three lines rational and commensurable in square is exactly 
the same as the proof relating to the combination of two lines. 

* But we must start afresh and remark that not only can we take one sole 
medial line between two lines commensurable in square, but we can take three 
or four of them and so on ad infinitum, since we can take, between any two 
given straight lines, as many lines as we wish in continued proportion. 

* Likewise, in the lines formed by addition not only can we construct the 
binomial straight line, but we can also construct the trinomial, as well as the 
first and second trimedial ; and, further, the line composed of three straight 
lines incommensurable in square and such that the one of them gives with 
each of the two others a sum of squares (which is) rational, while the rectangle 
contained by the two lines is medial, so that there results a mayor (irrational) 
composed of three lines. 

“And, in an analogous manner, we obtain the straight line which is the 
‘side’ of a rational plus a medial area, composed of three straight lines, and, 
likewise, that which is the ‘side’ of (the sum of) two medials.” 

The generalisation of the medial is apparently after the following manner. 
Let x, y be two straight lines rational and commensurable in square only and 
suppose that m means are interposed, so that 

ea eae aay HS ee oD: 
: ; xo (x\" 
We easily derive herefrom m (2) ; 


Xi 


X : 


z? 
J 
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and hence yo = Xp xT}, 
Xin =y. Xm. 
so that (sarta (an) 
and therefore xmi Lam-rel yr 
1 
or Bea eee eget he 


which is the generalised medial. 


‘Ve now pass to the trinomial etc., with the commentator’s further remarks 
about them. 


(1) The trinomial. “Suppose three rational straight lines commensurable in 
square only. The line composed of two of these lines, that is, the binomial 
straight line, is irrational, and, in consequence, the area contained by this line 
and the remaining line is irrational, and, likewise, the double of the area 
contained by these two lines will be irrational. Thus the square on the 
whole line composed of three lines is irrational and consequently the line is 
irrational, and it is called a trinomial straight line.” 

It is easy to see that this “proof” is not conclusive as stated. Nor does 
Woepcke seem to show how the proposition can be proved on Euclidean 
lines. But I think it would be somewhat as follows. 


Suppose x, y, z to be rational and ~. 

Then x’, y*, 2? are rational, and 2yz, 22x, 2xy are all medial. 
First, (2y2 + 22x + 2xy) cannot be rational. 

For suppose this sum equal to a rational area, say o°. 


Since 2y2 ^ 22X t 2xy - o), 
22x + 2xy=o" — 2y2, 


or the sum of two medial areas incommensurable with one another is equal to 
the difference between a rational area and a medial area. 

But the “side” of the sum of the two medial areas must [x. 72] be one of 
two irrationals with a positive sign; and the “side” of the difference between a 
rational area and a medial area must [x. 108] be one of two irrationals with a 
negative sign. 

And the first *side" cannot be the same as the second (x. 111: and ex- 
planation following]. 


Therefore 22X + 2xy+0°— 2yz, 
and 2yz + 22x + 2xy is consequently irrational. 
Therefore (x? +y? + 27) U (2yz + 22x + 2xy), 
whence (x * ytzy o (x8 4 y? 2), 


so that (x + y + z}, and therefore also (x +y + z), is irrational. 


The commentator goes on: 


“ And, if we have four lines commensurable in square, as we have said, the 
procedure will be exactly the same ; and we shall treat the succeeding lines in 
an analogous manner.” 

Without speculating further as to how the extension was made to the 
guadrinomial etc., we may suppose with Woepcke that Apollonius probably 
investigated the multinomial 


p* Jk.p À.p+ /p.pt... 
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(2) The frst trimedial straight line. 


The commentator here says: “Suppose we have three medial lines com- 
mensurable in square [only], one of which contains with each of the two others 
a rational rectangle; then the straight line composed of the two lines is 
irrational and is called the first bimedial ; the remaining line is medial, and 
the area contained by these two lines is irrational. Consequently the square 
on the whole line is irrational.” 

To begin with, the conditions here given are incompatible. If x, y, z be 
medial straight lines such that xy, xz are both rational, 


yiz-xyixz-m:, 


and y, z are commensurable én /ength and not t2 square only. 

Hence it seems that we must, with Woepcke, understand '*three medial 
straight lines such that one is commensurable with each of the other two in 
square only and makes with it a rational rectangle.” 

If x, y, z be the three medial straight lines, 

(x? + y? + 29) 0 x3, 


so that (x? + y? + 2”) is medial. 

Also we have 2xy, 2x£ both rational and 2yz medial. 

Now (x° + y? + 2°) + 2ys + 2xy + 2x2 cannot be rational, for, if it were, the 
sum of two mediat areas, (x*+ y*+ 2°), 2yz, would be rational: which is im- 
possible. [Cf. x. 72.] 


Hence (x +y+ 4) is irrational. 


(3) The second trimedial straight line. 


Suppose x, y, z to be medial straight lines commensurable in square only 
and containing with each other medial rectangles. 

Then (x? + _y? + 2") ~ x*, and is medial. 

Also 2y2, 22x, 2xy are all medial areas. 


To prove the irrationality in this case I presume that the metnod would 
be like that of x. 38 about the second bimedtal. 
Suppose e to be a rational straight line and let 


(+y + 2°) = øf 


2yz —0«4 
22% = OV 
2xy =ow 
Here, since, e.g., XZ: XY =V: W, 
or 2:y 20:120, 
and similarly X:2210:M, 
u, V, w are commensurable in sguare only. 
Also, since (x? + y? + 2%) 0 x? 
v Xy; 


£ is incommensurable with w. 
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Similarly t is incommensurable with x, v. 
But t, 4, v, w are all rational and ~ ø. 
Therefore (¢ + u +v + w) is a quadrinomial and therefore irrational. 
Therefore ø (f+ u +u+ w), or (x * y * s), is irrational, 
whence (x +y +z) is irrational. 


(4) The major made up of three straight lines. 


The commentator describes this as “the line composed of three straight 
lines incommensurable in square and. such that one of them gives with each 
of the other two a sum of squares (which is) rational, while the rectangle 
contained by the two lines is medial." 

If x, y, s are the three straight lines, this would indicate 


(x? + y*) rational, 
(x? + 2") rational, 
2yz medial. 


Woepcke points out (pp. 696—8, note) the difficulties connected with this 
supposition or the supposition of 


(x? + y*) rational, 
(x° + 2?) rational, 
2xy (or 2xz) medial, 
and concludes that what is meant is the supposition 


(x? + y*) rational 
xy medial 
xz medial 

(though the text is against this). 

The assumption of (27+ y*) and (x? + 2%) being concurrently rational is 
certainly further removed from Euclid, for x. 33 only enables us to find one 
pair of lines having the property, as x, y. 

But we will not pursue these speculations further. 


As regards further irrationals formed by subfractzon the commentator 
writes as follows. 

* Again, it is not necessary that, in the irrational straight lines formed by 
means of subtraction, we should confine ourselves to making one subtraction 
only, so as to obtain the apotome, or the first apotome of the medial, or the 
second apotome of the medial, or the minor, or the straight line which 
produces with a rational area a medial whole, or that which produces with a 
medial area a medial whole; but we shall be able here to make two or three 
or four subtractions. 

* When we do that, we show in manner analogous to the foregoing that 
the lines which remain are irrational and that each of them is one of the lines 
formed by subtraction. That is to say that, if from a rational line we cut off 
another rational line commensurable with the whole. line in square, we obtain, 
for remainder, an apotome; and, if we subtract from this line (which is) 
cut off and rational—that which Euclid calls the annex (rpocappofovca)— 
another rational line which is commensurable with it in square, we obtain, as 
the remainder, an apotome ; likewise, if we cut off from the rational line cut 
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off from this line (i.e. the annex of the apotome last arrived at) another line 
which is commensurable with it in square, the remainder is anapotome. The 
same thing occurs in the subtraction of the other lines.” 

As Woepcke remarks, the idea is the formation of the successive apotomes 
Ja- Jb, Jd— Je, e- d, etc. We should naturally have expected to see 
the writer form and discuss the following expressions 

(Va - Jb) - Já 
(( Ja — Jb) - Je - Jd, etc. 


BOOK XI. 


DEFINITIONS. 
t. A solid is that which has length, breadth, and depth. 
2. An extremity of a solid is a surface. 


3. A straight line is at right angles to a plane, 
when it makes right angles with all the straight lines which 
meet it and are in the plane. 


4. A plane is at right angles to a plane when the 
straight lines drawn, in one of the planes, at right angles to 
the common section of the planes are at right angles to the 
remaining plane. 


s. The inclination of a straight line to a plane 
is, assuming a perpendicular drawn from the extremity of 
the straight line which is elevated above the plane to the 
plane, and a straight line joined from the point thus arising 
to the extremity of the straight line which is in the plane, 
the angle contained by the straight line so drawn and the 
straight line standing up. 


6. The inclination of a plane to a plane is the acute 
angle contained by the straight lines drawn at right angles 
to the common section at the same point, one in each of the 
planes. 


7. A plane is said to be similarly inclined to a plane 
as another is to another when the said angles of the inclina- 
tions are equal to one another. 


8. Parallel planes are those which do not meet. 
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9. Similar solid figures are those contained by similar 
planes equal in multitude. 


io. Equal and similar solid figures are those con- 
tained by similar planes equal in multitude and in magnitude. 


11. A solid angle is the inclination constituted by more 
than two lines which meet one another and are not in the 
same surface, towards all the lines. 

Otherwise : A solid angle is that which is contained by 
more than two plane angles which are not in the same plane 
and are constructed to one point. 


12. A pyramid is a solid figure, contained by planes, 
which is constructed from one plane to one point. 


13. A prism is a solid figure contained by planes two 
of which, namely those which are opposite, are equal, similar 
and parallel, while the rest are parallelograms. 


14. When, the diameter of a semicircle remaining fixed, 
the semicircle is carried round and restored again to the same 
position from which it began to be moved, the figure so 
comprehended is a sphere. 


15. The axis of the sphere is the straight line which 
remains fixed and about which the semicircle is turned. 


16. The centre of the sphere is the same as that 
of the semicircle. 


17. A diametet of the sphere is any straight line 
drawn through the centre and terminated in both directions 
by the surface of the sphere. 


18. When, one side of those about the right angle in a 
right-angled triangle remaining fixed, the triangle is carried 
round and restored again to the same position from which it 
began to be moved, the figure so comprehended is a cone. 

And, if the straight line which remains fixed be equal to 
the remaining side about the right angle which is carried 
round, the cone will be right-angled; if less, obtuse-angled ; 
and if greater, acute-angled. 


19. The axis of the cone is the straight line which 
remains fixed and about which the triangle is turned. 
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20. And the base is the circle described by the straight 
line which is carried round. 


21. When, one side of those about the right angle in a 
rectangular parallelogram remaining fixed, the parallelogram 
is carried round and restored again to the same position from 
which it began to be moved, the figure so comprehended is a 
cylinder. 


22. The axis of the cylinder is the straight line which 
remains fixed and about which the parallelogram is turned. 


23. And the bases are the circles described by the two 
sides opposite to one another which are carried round. 


24. Similar cones and cylinders are those in which 
the axes and the diameters of the bases are proportional. 


25. A cube is a solid figure contained by six equal 
squares. 


26. An octahedron is a solid figure contained by eight 
equal and equilateral triangles. 


27. An icosahedron is a solid figure contained by 
twenty equal and equilateral triangles. 


28. A dodecahedron is a solid figure contained by 
twelve equal, equilateral, and equiangular pentagons. 


DEFINITION I. 


Srepeov dott TO pyKos Kat TÀdros xai [JáÜos &xov. 


This definition was evidently traditional, as may be inferred from a number 
of passages in Plato and Aristotle. Thus Plato speaks (Sophist, 235 D) of 
making an imitation of a model (wapdderypa) “in length and breadth and 
depth” and (Zaws, 817 E) of “the art of measuring length, surface and depth” 
as one of three pa@npara. Depth, the third dimension, is used alone as a 
description of “ body ” by Aristotle, the term being regarded as connoting the 
other two dimensions ; thus (Metaph. 10204 13, 11) “length is a line, breadth a 
surface, and depth body” ; “ that which is continuous in one direction is length, 
in two directions breadth, and in three depth.” Similarly Plato (Ae. 528 B, D), 
when reconsidering his classification of astronomy as next to (plane) geometry: 
“although the science dealing with the additional dimension of depth is next in 
order, yet, owing to the fact that it is studied absurdly, I passed it over and 
put next to geometry astronomy, the motion of (bodies having) depth." In 
Aristotle ( Zopics vi. 5, 142 b 24) we find “the definition of body, that which 
has three dimensions (d:acracecs)” ; elsewhere he speaks of it as “that which 
has all the dimensions” (De cae/o 1. 1, 268 56), “that which has dimension 
every way” (ro vravry &iaraaw. &xov, Metaph. 1066 b 32) etc. In the Physics 
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(1v. 1, 208 b 13 sqq.) he speaks of the “dimensions” as six, dividing each of 
the three into two opposites, “up and down, before and behind, right and left,” 
though of course, as he explains, these terms are relative. 

Heron, as might be expected, combines the two forms of the definition. 
“A solid body is that which has length, breadth, and depth: or that which 
possesses the three dimensions.” (Def. 11.) 

Similarly Theon of Smyrna (p. 111, 19, ed. Hiller): ‘that which is extended 
(Suacrarov) and divisible in three directions is solid, having length, breadth 
and depth.” 

DEFINITION 2. 

XrepeoU St wépas éemepdveta. 

In like manner Aristotle says (Metaph. 1066 b 23) that the notion (Acyos) 
of body is “that which is bounded by surfaces” (émurédos in this case) and 
(Metaph. 1060 b 15) “surfaces (émipdvetac) are divisions of bodies.” 

So Heron (Def. 11): * Every solid is bounded (reparovrat) by surfaces, and 
is produced when a surface is moved from a forward position in a backward 
direction." 

DEFINITION 3. 


EvÓ«to mpós érímre8ov 0pÜsj darw, Órav srpós mácas Tras Grropévas abrys «vÜcíac 
nai ovvas ev ro émmédw ópÜüs mou ywvias. 

(D This definition and the next are given almost word for word by Heron 
ef. 115). 

That a straight line can be so related to a plane as described in Def. 3 is 
established in xi. 4. The fact has been made the basis of a definition of a 
plane which is attributed by Crelle to Fourier, and is as follows. “A plane is 
formed by the totality of all the straight lines which, passing through one and 
the same point of a straight line in space, stand perpendicular to it.” Stated 
in this form, the definition is open to the objection that the conception of a 
right angle, involving the measurement of angles, presupposes a plane, inasmuch 
as the measurement of angles depends ultimately upon the superposition of two 
planes and their coincidence throughout when two lines in one coincide with 
two lines in the other respectively. Cf. my note on 1. Def. 7, Vol. 1. pp. 173— 5. 


DEFINITION 4. 


"Emtredov mpos trimedov phór etiv, Grav ai rp Kowp top trav éremédwv mpos 
épOas ayopevat ciOcias dy évi ray émemédwv 1G Aoury érurédw mpos dpOas wor. 

Both this definition and Def. 6 use the common sectton of two planes, 
though it is not till x1. 3 that this common section is proved to be a straight 
line. The definition however, just like Def. 3, is legitimate, because the object 
is to explain the meaning of terms, not to prove anything 

The definition of perpendicular planes is made by Legendre a particular 
case of Def. 6, the limiting case, namely, where the angle representing the 
* inclination of a plane to a plane” is a right angle. 


DEFINITION 6. 


a" 8 


EvOclas mpos émimedov xdiows éoriv, Gravy dmó ToU pLereopov Téparos TNS 
5 ^ » 85 85 y? , » ^ ` ` a , ^ ov 8 8 a 
eOelas éwi 76 éwimedov xaberos ayOp, Kat dro Tov yevopévov onpeiov ¿mì TÒ év TH 
, ^ ^ ^ e 
éraréóo mépas rijs eUUeías «Uia. émri(evxOp, *) Tepuexopnévg ywvia brs rhs åxheions 
«ai rs éje«o roms. 
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In other words, the inclination of a straight line to a plane is the angle 
between the straight line and its projection on the plane. This angle is of 
course less than the angle between the straight line and any other straight line 
in the plane through the intersection of the straight line and plane; and the 
fact is sometimes made the subject of a proposition in modern text-books. It 
is easily proved by means of the propositions x1. 4, I. 19 and 18. 


DEFINITION 6. 


"Emrébov wpos éximeSov xrXious eoriv 9 weptexopevyn ófeia. yovía. 0x0 rov Tpos 
0pÜàs rjj «ow]) rop] ayopévov mpòs TG aUrQ aep €v éxarépo rov éroariov. 

When two planes meet in a straight line, they form what is called in 
modern text-books a dihedral angle, which is defined as the opening or angular 
opening between the two planes. This dihedral angle isan “angle” altogether 
different in kind from a plane angle, as again it is different from a solid angle 
as defined by Euclid (i.e. a trihedral, tetrahedral, etc. angle). Adopting for 
the moment Apollonius’ conception of an angle as the “bringing together of a 
surface or solid towards one point under a broken line or surface " (Proclus, 
p. 123, 16), we may regard a dihedral angle as the bringing together of the 
broken surface formed by two intersecting planes not to a porn? but to a straight 
line, namely the intersection of the planes. Legendre, in a proposition on the 
subject, applied provisionally the term corner to describe the dihedral angle 
between two planes; and this would be a better word, I think, than opening 
to use in the definition. 

The distinct species of “angle” which we call dihedral is, however, 
measured by a certain plane angle, namely that which Euclid describes in the 
present definition and calls the inclination of a plane to a plane, and which in 
some modern text-books is called the plane angle of the dihedral angle. 

It is necessary to show that this plane angle is a proper measure of the 
dihedral angle, and accordingly Legendre has a proposition to this effect. In 
order to prove it, it is necessary to show that, given two planes meeting in a 
straight line, 

(1) the plane angle in question. is the same at all points of the straight line 
forming the common section ; 

(2) if the dihedral angle between two planes increases or diminishes in a 
certain ratio, the plane angle in question will increase or diminish in the same 
ratio. 

(1) If MAN, MAP be two planes intersecting in AA, and if AN, AP 
be drawn in the planes respectively and at right angles to 
MA, the angle VAP is the inclination of the plane to the 
plane or the plane angle of the dihedral angle. c 


Let MC, MB be also drawn in the respective planes Sel) 
at right angles to MA. 


Then since, in the plane MAN, MC and AN are 
drawn at right angles to the same straight line MA, 


MC, AW are parallel. 


For the same reason, MB, AF are parallel. A N 
Therefore [x1. 10] the angle BMC is equal to the 
angle PAWN. 


And M may be any point on MA. Therefore the 
plane angle described in the definition is the same at all 
points of A M. 
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(2) In the plane WAP draw the arc NDP of any circle with centre A, 
and draw the radius 4D. 
Now the planes VAP, CMB, being both at right angles to the straight 


line MA, are parallel ; [xi. 14] 
therefore the intersections 4D, ME of these planes with the plane MAD are 
parallel, [xt. 16] 
and consequently the angles BME, PAD are equal. [x1. 10] 


If now the plane angle VAD were equal to the plane angle DAP, the 
dihedral angle VAMD would be equal to the dihedral angle DAMP ; 
for, if the angle PAD were applied to the angle DAN, AM remaining the 
same, the corresponding dihedral angles would coincide. 

Successive applications of this result show that, if the angles VAD, DAP 
each contain a certain angle a certain number of times, the dihedral angles 
NAMD, DAMP will contain the corresponding dihedral angle the same 
number of times respectively. 

Hence, where the angles VAD, DAP are commensurable, the dihedral 
angles corresponding to them are in the same ratio. 

Legendre then extends the proof to the case where the plane angles are 
incommensurable by reference to an exactly similar extension in his proposition 
corresponding to Euclid vi. 1, for which see the note on that proposition. 

Modern text-books make the extension by an appeal to zs. 


DEFINITION 7. 


, A , e , 
Eérebov mpós émérebov ópoéus kexAiaÜau Aéyerat xai črepov mpòs črepov, orav 
^ * 
ai eipgp.évac Ty kMaeav yoviat irae adAHAAats Gov. 


DEFINITION 8. 
TlapaAAnAa éximeda fore Tà aovprrwra. 
Heron has the same definition of parallel planes (Def. 115). The Greek 


word which is translated “which do not meet” is aovprrwra, the term which 
has been adopted for the asympfotes of a curve. 


DEFINITION 9. 


@ ` , , » ‘A e \ € , 2 £O , y s 
Opora orepea oynpata ¿oTe Tà ùrò ópoiwy miméðwv mepiexópeva iTwv TÒ 
wA7 60s. 


DEFINITION 10. 

"Ica 5é xai opo ocrepea oxýpata core ta bird Opotwy éxcmédwy weprexopeva 
iwy ty WADE Kai tro peyeBee. 

These definitions, the second of which practically only substitutes the 
words “equal and similar” for the word “similar” in the first, have been the 
mark of much criticism. 

Simson holds that the equality of solid figures is a thing which ought to be 
proved, by the method of superposition, or otherwise, and hence that Def. ro 
is not a definition but a ¢heorem which ought not to have been placed among 
the definitions. Secondly, he gives an example to show that the definition or 
theorem is not universally true. He takes a pyramid and then erects on the 
base, on opposite sides of it, two equal pyramids smaller than the first. The 
addition and subtraction of these pyramids respectively from the first give two 


266 BOOK XI [xt. Dr. 1o 


solid figures which satisfy the definition but are clearly not equal (the smaller 
having a re-entrant angle); whence it also appears that two unequal solid 
angles may be contained by the same number of equal plane angles. 

Maintaining then that Def. 1o is an interpolation by “an unskilful hand,” 
Simson transfers to a place before Def. 9 the definition of a solid angle, and 
then defines similar solid figures as follows : 

Similar solid figures are such as have all ther solid angles equal, each fo each, 
and which are contained by the same number of similar planes. 

Legendre has an invaluable discussion of the whole subject of these 
definitions (Note xu1., pp. 323—336, of the r4th edition of his Evéments de 
Géométrie). He remarks in the first place that, as Simson said, Def. 10 is not 
properly a definition, but a theorem which it is necessary to prove ; for it is 
not evident that two solids are equal for the sole reason that they have an 
equal number of equal faces, and, if true, the fact should be proved by super- 
position or otherwise. ‘The fault of Def. 10 is also common to Def. 9. For, 
if Def. 10 is not proved, one might suppose that there exist two unequal and 
dissimilar solids with equal faces; but, in that case, according to Definition 9, 
a solid having faces similar to those of the two first would be similar to both 
of them, ie. to two solids of different form: a conclusion implying a con- 
tradiction or at least not according with the natural meaning of the word 
“similar.” 

What then is to be said in defence of the two definitions as given by 
Euclid? It is to be observed that the figures which Euclid actually proves 
equal or similar by reference to Deff. 9, 10 are such that their solid angles do 
not consist of more than /Zzee plane angles ; and he proves sufficiently clearly 
that, if three plane angles forming one solid angle be respectively equal to 
three plane angles forming another solid angle, the two solid angles are equal. 
If now two polyhedra have their faces equal respectively, the corresponding 
solid angles will be made up of the same number of plane angles, and the 
plane angles forming each solid angle in one polyhedron will be respectively 
equal to the plane angles forming the corresponding solid angle in the other. 
Therefore, if the plane angles in each solid angle are not more than three in 
number, the corresponding solid angles will be equal. But if the correspond- 
ing faces are equal, and the corresponding solid angles equal, the solids must 
be equal; for they can be superposed, or at least they will be symmetrical 
with one another. Hence the statement of Deff. 9, 10 is true and admissible 
at all events in the case of figures with trihedral angles, which is the only case 
taken by Euclid. 

Again, the example given by Simson to prove the incorrectness of Def. ro 
introduces a solid with a re-entrant angle. But it is more than probable that 
Euclid deliberately intended to exclude such solids and to take cognizance of 
convex polyhedra only ; hence Simson's example is not conclusive against the 
definition. 

Legendre observes that Simson's own definition, though true, has the 
disadvantage that it contains a number of superfluous conditions. To get 
over the difficulties, Legendre himself divides the definition of similar solids 
into two, the first of which defines similar ¢riangular pyramids only, and the 
second (which defines similar polyhedra in general) is based on the first. 

Two triangular pyramids are similar uhen they have pairs of faces respectively 
similar, similarly placed and equally inclined to one another. 

Then, having formed a triangle with the vertices of three angles taken on 
the same face or base of a polyhedron, we may imagine the vertices of the 
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different solid angles of the polyhedron situated outside of the plane of this 
base to be the vertices of as many triangular pyramids which have the triangle 
for common base, and each of these pyramids will determine the position of 
one solid angle of the polyhedron. This being so, 

Two polyhedra are similar when they have similar bases, and the vertices of 
their. corresponding solid angles outside the bases are determined by triangular 
pyramids similar each to each. 

As a matter of fact, Cauchy proved that two convex solid figures are equal 
if they are contained by equal plane figures similarly arranged. Legendre 
gives a proof which, he says, is nearly the same as Cauchy's, depending on two 
lemmas which lead to the theorem that, Given a convex polyhedron in which all 
the solid angles are made up of more than three plane angles, it is impossible to 
vary the inclinations of the planes of this solid so as to produce a second polyhe- 
dron formed by the same planes arranged in the same manner as tn the given 
polyhedron. The convex polyhedron ta which all the solid angles are made up 
of more than three plane angles is obtained by cutting off from aay given 
polyhedron all the triangular pyramids forming trihedral angles (if one and the 
same edge is common to £o trihedral angles, only one of these angles is 
suppressed in the first operation). This is legitimate because trihedral angles 
are invariable from their nature. 

Hence it would appear that Heron’s definition of equal solid figures, which 
adds * similarly situated " to Euclid’s “ similar ” is correct, if it be understood to 
apply to convex polyhedra only: gual solid figures are those which are 
contained by equal and similarly situated planes, equal in number and magnitude: 
where, however, the words ** equal and " before *' similarly situated " might be 
dispensed with. 

Heron (Def. 118) defines similar solid figures as those which are contained 
by planes similar and similarly situated. If understood of convex polyhedra, 
there would not appear to be any objection to this, in view of the truth of 
Cauchy’s proposition about equal solid figures. 


DEFINITION I1. 


Xrepeà. yovía éariv 7] vró mAeivov 7) Ó/o ypaypdv arropévev dAdyAwv Kai p17 
èv t aùr ériaveiQ. otav mpós Tácaws Tais ypappais KAiows. “AAAws- orepea 
yuvia stiv y) $ró TÀeidvov Ñ Óvo yovusv. émruréóoy Tepuexopévy p] ova dv év rà 
air@ érurédw. rpos évi onpetw avvirrapévov. 

Heiberg conjectures that the first of these two definitions, which is not in 
Euclid’s manner, was perhaps taken by him from some earlier Elements. 

The phraseology of the second definition is exactly that of Plato when he 
is speaking of solid angles in the Timaeus (p. 55). Thus he speaks (1) of four 
equilateral triangles so put together (gvvicrapeva) that each set of three plane 
angles makes one solid angle, (2) of eight equilateral triangles put together so 
that each set of four plane angles makes one solid angle, and (3) of six squares 
making eight solid angles, each composed of three plane right angles. 

As we know, Apollonius defined an angle as the * bringing together of a 
surface or solid to one point under a broken line or surface." Heron (Def. 22) 
even omits the word “broken” and says that A solid angle is in general (xowws) 
the bringing together of a surface which has tts concavity tn one and the same 
direction to one point. It is clear from an allusion in Proclus (p. 123, 1—6) to 
the half of a cone cut off by a triangle through the axis, and from a scholium to 
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this definition, that there was controversy as to the correctness of describing as a 
solid angle the “ angle” enclosed by fewer than three surfaces (including curved 
surfaces). Thus the scholiast says that Euclid’s definition of a solid angle as 
made up of three or more plane angles is deficient because it does not e.g. cover 
the case of the angle of a “ fourth part of a sphere,” which is contained by more 
than two surfaces, though not all plane. But he declines to admit that the 
half-cone forms a solid angle at the vertex, for in that case the vertex of the 
cone would itself be an angle, and a solid angle would then be formed both 
by two surfaces and by one surface: “which is not true.” Heron on the 
other hand (Def. 22) distinctly speaks of solid angles which are not contained 
by plane rectilineal angles, “e.g. the angles of cones.” The conception of the 
latter “angles” as the /#e¢ of solid angles with an infinite number of infinitely 
small constituent plane angles does not appear in the Greek geometers so far 
as I know. 

In modern text-books a polyhedral angle is usually spoken of as formed 
(or bounded) by three or more planes meeting at a potnt, or it is the angular 
opening between such planes at the point where they meet. 


DEFINITION 12. 


IIvpapis écart a Xrpa. oT€peov. éruréóows meprexopevov aro évòs éruredov mpós évt 
c) €i TWETTUS. 


This definition is by no means too clear, nor is the slightly amplified 
definition added to it by Heron (Def. 99). A pyramid ts the figure brought 
together to one point, by putting together triangles, from a triangular, quadri- 
lateral or polygonal, that ts, any rectilineal, base. 

As we might expect, there is great variety in the definitions given in 
modern text-books. Legendre says a pyramid is the solid formed when several 
triangular planes start from one point and are terminated at the different sides 
of one polygonal plane. 

Mr H. M. Taylor and Smith and Bryant cal! it a polyhedron all but one of 
whose faces meet in a point. 

Mehler reverses Legendre’s form and gives the content of Euclid’s in 
clearer language. “An n-sided pyramid 1s bounded by an n-sided polygon as base 
and n triangles which connect its sides with one and the same point outside it.” 

Rausenberger points out that a pyramid is the figure crt off from a solid 
angle formed of any number of plane angles by a plane which intersects the 
solid angle. 


DEFINITION 13. 


II , 2 ` ^ ^ » , 4 e ô 4 . 2 , v 

piopa èstri onpa orepeoy emmédors mepiexópevov, àv Óvo rà drevavtiov ica 
LU 22 s , * ` * s 

TE KaL OLOLA EOT. Kat Tapana, Tà 8€ Xourà wapadAyACypapypa. 


Mr H. M. Taylor, followed by Smith and Bryant, defines a prism as a 
polyhedron all but two of the faces of which are parallel to one straight line. 

Mehler calls an z-sided prism a body contained between two parallel planes 
and enclosed by n other planes with parallel lines of intersection. 

Heron’s definition of a prism is much wider (Def. 105). Prisms are those 
figures which are connected (avvarrovra) from a rectilineal base to a rectilineal 
area by rectilineal collocation (xar eOvypappov avvÜecw). By this Heron must 
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apparently mean any convex solid formed by connecting the sides and angles 
of two polygons in different planes, and 
each having any number of sides, by F 


straight lines forming triangular faces G 
(where of course two adjacent triangles 
may be in one plane and so form one 


quadrilateral face) in the manner shown 
in the annexed figure, where ABCD, 
EFG represent the base and its 
opposite. 

Heron goes on to explain that, if p 


the face opposite to the base reduces to C 
a straight line, and a solid is formed by 
connecting the base to its extremities by 


straight lines, as in the other case, the A B 
resulting figure is neither a pyramid nor 
a prism. 


Further, he defines Para//elogramrite (in the body of the definition parallel- 
sided) prisms as being those prisms which have six faces and have their 
opposite planes parallel. 


DEFINITION 14. 


Z$aipd écrw, Órav yuicvediov pevovoys Týs ĉıapérpov mweprevexOev rò 
nyuxvixrAov els Tò abro maddy droxatracraby, obey yp~ato PépecOar, rd weprngdbiv 
oxqua. 

The scholiast observes that this definition is not properly a definition ot a 
sphere but a description of the mode of generating it. But it will be seen, in 
the last propositions of Book xit1., why, Euclid put the definition in this form. 
It is because it is this particular view of a sphere which he uses to prove that 
the vertices of the regular solids which he wishes to ** comprehend " in certain 
spheres do lie on the surfaces of those spheres. He proves in fact that the 
said vertices lie on semicircles described on certain diameters of the spheres. For 
the real definition the scholiast refers to Theodosius’ Sphaerica. But of course 
the proper definition was given much earlier. In Aristotle the characteristic 
of a sphere is that ss extremity is equally distant from tts centre (10 ioov dmréxew 
To) uécov Td éxyarov, De caelo 11. 14, 297 a 24). Heron (Def. 76) uses the 
same form as that in which Euclid defines the circle: 4 sphere ts a solid 
figure bounded by one surface, such that all the straight lines falling on it from 
one point of those which lie within the figure are equal to one another. So the 
usual definition in the text-books: 4 sphere ts a closed surface such that all 
points of tt are equidistant from a fixed point within it. 


DEFINITION I5. 
"ACuv 82 ris odaipas éoriv y uévovca evOela, repi Hy To yytxixdov orpéeperat. 


That any diameter of a sphere may be called an axis is made clear by 
Heron (Def. 78). 77e diameter of the sphere is called an axis, and is any 
straight line drawn through the centre and bounded in both directions by the 
sphere, immovable, about which the sphere is moved and turned. Cf. Euclid’s 
Def. 17. 
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DEFINITION 16. 
Kévrpov 0€ rs 0 paípas éaTi T0 abro, ô kal rod nucxuxALov. 


Heron, Def. 77. Zhe middle ( point) of the sphere ts called sts centre ; and 
this same point is also the centre of the hemisphere. 


DEFINITION 17. 
Acduerpos S¢ ris odaipas éoriv eba tis &à ToU Kévrpov ypévy Kai repa- 
roupévyn ép” éxdrepa ta pépn Uxo ms éemipaveias THS opaipas. 


DEFINITION 18. 


Kôvos drev, tav opOoywriov tptywvou pevovons mids TAevpüs TOv Tepi riv 
ophi ywviav weprevex Oey 1d Tpiywvoy eis TÒ aurò madw droxaractaGy, Dev npfato 
$ép«cÜa,, 7d reprypbey oxjpa. xdy piv y pévovoa wOeia lon 1) rjj Aovrp (i) 
mepi tv opOnv wepipepopery, opOoywrios éorar ô xavos, dav Se éAdrrwv, duBdrv- 
yovtos, dis 86€ pelwv, ofvywnos. 

This definition, or rather description of the genesis, of a (right) cone is 
interesting on account of the second sentence distinguishing between right- 
angled, obtuse-angled and acute-angld cones. This distinction is quite 
unnecessary for Euclid's purpose and is not used by him in Book x11.; it is no 
doubt a relic of the method, still in use in Euclid's time, by which the earlier 
Greek geometers produced conic sections, namely, by cutting right cones only 
by sections always perpendicular to an edge. With this system the parabola 
was a section of a right-angled cone, the hyperbola a section of an obfusc-angled 
cone, and the ellipse a section of an acute-angled cone. The conic sections were 
so called by Archimedes, and generally until Apollonius, who was the first to 
give the complete theory of their generation by means of sections not perpen- 
dicular to an edge, and from cones which are in general obligue circular cones. 
Thus Apollonius begins his Conics with the more scientific definition of a cone. 
If, he says, a straight line infinite in length, and passing always through a fixed 
point, be made to move round the circumference of a circle which is not in the 
same plane with the point, so as to pass successively through every point of 
that circumference, the moving straight line will trace out the surface of a double 
cone, or two similar cones lying in opposite directions and meeting in the fixed 
point, which is the afex of each cone. The circle about which the straight line 
moves is called the dase of the cone lying between the said circle and the fixed 
point, and the axis is defined as the straight line drawn from the fixed point, 
or the apex, to the centre of the circle forming the base. Apollonius goes on 
to say that the cone is a scalene or obligue cone except in the particular case 
where the axis is perpendicular to the base. In this latter case it is a right 
cone. 

Archimedes called the right cone an ésosceles cone. This fact, coupled 
with the appearance in his treatise On Conoids and Spheroids (7, 8, 9) of 
sections of acute-angled cones (ellipses) as sections of conical surfaces which are 
proved to be oblique circular cones by finding their circular sections, makes it 
sufficiently clear that Archimedes, if he had defined a cone, would have 
defined it in the same way as Apollonius does. 
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DEFINITION t9. 


“A€wv 52 rot kuvov éari *) uévovaa evOeia, wept ]v TÓ rp/yovov arpé$ erac 


DEFINITION 20. 
Báo 96 ó kvkAos & td ris wepipepopévys edOeias ypaddpevos. 


DEFINITION 21. 

KvAuwópos écrit, órav opfoywviov mapadAndoypappov pevovans pias whevpas 
Tov wept THY OpOnv ywviav weptevexOev Td mapadANAcypappov eis TO abrÓ máAw 
droxatacraGy, Sev npfaro pépecOat, Td weprnPOey cyypa. 

DEFINITION 22. 


“A€gwy 5¢ tov xvdivSpou éoriv 5) pévovoa «Uia, wepi Ñv rÒ rapadAyAdypappor 
orpéperat. 


DEFINITION 23. 


Bdoas 5¢ of xvxAoe oi bmÓ rov dmrevavriov meptayopévuw So -mievpav 


ypapopevor. 


DEFINITION 24. 


@ a e 
Oporoe xovoe xai xvAwdpoi cic, wv of te doves xai ai Siduerpor trav Bacewv 


dvaAoyóv elaw. 


DEFINITION 25. 


Kvflos dari aXjpa arepsóv vr t£ rerpayavov (Gov mepiexópevov. 


DEFINITION 26. 


"OxracSpov éort oyna orepedy tro oxtd tprywvev  icov xai icomAtvpov 
T'€pLEXOJACVOV. 


DEFINITION 27. 


Eixocd«ópóv dor. oxijpà orepedy dnd «xoci rpvyavov (cuv xai icomAeipov 
TpLexoj.evov. 


DEFINITION 28. 


Awdexdedpev dare cyjpa orepedy td ÓuBtxa mevra yovv (cov xai icomAeUpov 
xai icoywriwy meprexopevov. 


BOOK XI. PROPOSITIONS. 


PROPOSITION 1. 


A part of a straight line cannot be en the plane of reference 
and a part in a plane more elevated. 


For, if possible, let a part AZ of the straight line ABC 
be in the plane of reference, and a part 
BC in a plane more elevated. 

There will then be in the plane of 
reference some straight line continuous 
with AZ in a straight line. 

Let it be BD ; 
therefore AB is a common segment of the 
two straight lines ABC, ABD: 


which is impossible, inasmuch as, if we 
describe a circle with centre & and distance 
A B, the diameters will cut off unequal circumferences of the 
circle. 
Therefore a part of a straight line cannot be in the plane 
of reference, and a part in a plane more elevated. 
Q. E. D. 


C 





I. the plane of reference, 70 troxelyevow éxlwedov, the plane laid down or assumed. 
2. more elevated, nerewporépy. 


There is no doubt that the proofs of the first three propositions are 
unsatisfactory owing to the fact that Euclid is not able to make any use of his 
definition of a plane for the purpose of these proofs, and they really depend 
upon truths which can only be assumed as axiomatic. The definition of a plane 
as that surface which lies evenly with the straight lines on itself, whatever its 
exact meaning may be, is nowhere appealed to as a criterion to show whether 
a particular surface is or is not a plane. If the meaning of it is what I conjec- 
ture in the note on Book r., Def. 7 (Vol. 1. p. 171), if, namely, it only tries to 
express without an appeal to sight what Plato meant by the * middle covering 
the extremities” (i.e. apparently, in the case of a plane, the fact that a plane 
looked at edgewise takes the form of a straight line), then it is perhaps 
possible to connect the definition with a method of generating a plane which 
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has commended itself to many writers as giving a better definition. Thus, if 
we conceive a straight line in space and a point outside it placed so that, in 
Plato’s words, the line “covers” the point as we look at them, the line will 
also “cover” every straight line which passes through the given point and 
some one point on the given straight line. Hence, if a straight line passing 
always through a fixed point moves in such a way as to pass successively 
through every point of a given straight line which does not contain the given 
point, the moving straight line describes a surface which satisfies the Euclidean 
definition of a plane as I have interpreted it. But if we adopt the definition 
of a plane as the surface described by a straight line which, passing through a 
given point, turns about tt in such a way as always to intersect a given straight 
line not passing through the given point, this definition, though it would help us 
to prove Eucl.-x1t. 2, does not give us the fundamental properties of a plane; 
some postulate is necessary in addition. The same is true even if we take a 
definition which gives more than is required to determine a plane, the defini- 
tion known as Simson’s, though it is at least as early as the time of Theon of 
Smyrna, who says (p. 112, §) that @ plane is a surface such that, tf a straight line 
meet it in two points, the straight line lies wholly in it (6An aire épappolerar). 
This is also called the axiom of the plane. (For some attempts to prove this on 
the basis of other definitions of a plane see my note on the definition of a plane 
surface, \. Def. 7.) If this definition or axiom be assumed, Prop. 1 becomes 
evident, for, as Legendre says, ** In accordance with the definition of the plane, 
when a straight line has two points common with a plane, it lies wholly in the 
plane." 

Euclid practically assumes the axiom when he says in this proposition 
“there will be in the plane of reference some straight line continuous with 
4B." Clavius tries, unsuccessfully, to deduce this from Euclid’s own 
definition of a plane; and he seems to admit his 
failure, because he proceeds to try another tack. p 
Draw, he says, in the plane 2E, the straight line 
CG at right angles to 4C, and, again in the plane 
DE, CF at right angles to CG [t. 11. Then AC, 
CF make right angles with CG in the same plane ; 
therefore (1. 14) ACF is a straight line. But this 
does not really help, because Euclid assumes tacitly, 
in Book 1. as well as Book x1., that a straight line joining two points in a 
plane lies wholly in that plane. 

A curious point in Euclid’s proof is the reason given why two straight lines 
cannot have a common segment. The argument is precisely that of the 
* proof" of the same thing given by Proclus on i. r (see note on Book rt. 
Post. 2, Vol. 1. p. 197) and is of course inconclusive. The fact that two 
straight lines cannot have a common segment must be taken to be involved 
in the definition of, and the postulates relating to, the straight line; and the 
* proof " given here can hardly, I should say, be Euclid's, though the interpo- 
lation, if it be such, must have been made very early. 

The proof assumes too that a circle can be described so as to cut BA, BC 
and BD, or, in other words, it assumes that 44D, BC are in one plane; that 
is, Prop. 1 as we have it really assumes the result of Prop. 2. There is there- 
fore ground for Simson's alteration of the proof (after the point where BD has 
been taken in the given plane in a straight line with 4 Z) to the following: 


“Let any plane pass through the straight line 4D and be turned about it 
until it pass through the point C. 
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And, because the points B, C are in this plane, the straight line BC is 
in it. [Simson's def.) 
Therefore there are two straight lines 4BC, ABD in the same plane that 
have a common segment 4B : 
which is impossible.” 

Simson, of course, justifies the last inference by reference to his Corollary 
to 1. 11, which, however, as we have seen, is not a valid proof of the assump- 
tion, which is really implied in 1. Post. 2. 

An alternative reading, perhaps due to Theon, says, after the words 
* which is impossible " in the Greek text, “for a straight line does not meet a 
straight line in more points than one; otherwise the straight lines will 
coincide." Simson (who however does not seem to have had the second 
clause beginning '' otherwise" in the text which he used) attacks this alterna- 
tive reading in a rather confused note chiefly directed against a criticism by 
Thomas Simpson, without (as it seems to me) sufficient reason. It contains 
surely a legitimate argument. The supposed straight lines 4BC, ABD meet 
in more than two points, namely in all the points between 4 and B. But two 
straight lines cannot have two points common without coinciding altogether ; 
therefore 4 Z C must coincide with 4 22. 


PROPOSITION 2. 

If two straight lines cut one another, they are in one plane, 
and every triangle ts in one plane. 

For let the two straight lines 4, CD cut one another at 
the point Æ ; 
I say that 4B, CD are in one plane, 
and every triangle is in one plane. 

For let points F, G be taken at 
random on EC, EB, 
let CB, FG be joined, 
and let FH, GK be drawn across ; 
I say first that the triangle ECB is 
in one plane. c H K B 

For, if part of the triangle ECB, 
either FHC or GBK, is in the plane of reference, and the rest 
in another, 
a part also of one of the straight lines EC, £7 will be in the 
plane of reference, and a part in another. 

But, if the part CBG of the triangle ECB be in the 
plane of reference, and the rest in another, 
a part also of both the straight lines EC, £7 will be in the 
plane of reference and a part in another: 
which was proved absurd. (x1. 1] 
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Therefore the triangle ECP is in one plane. 
But, in whatever plane the triangle ECB is, in that plane 
also is each of the straight lines EC, EB, 


and, in whatever plane each of the straight lines EC, EP is, 
in that plane are 74 2, CD also. (xn. 1] 


Therefore the straight lines 42, CD are in one plane, 


and every triangle is in one plane. 
Q. E. D. 


It must be admitted that the * proof" of this proposition is not of any 
value. For one thing, Euclid only takes certain triangles and a certain 
quadrilateral respectively forming part of the original triangle, and argues 
about these. But, for anything we are supposed to know, there may be some 
part of ‘he triangle bounded (let us say) by some curve which is not in the 
same plane with the triangle. 

We may agree with Simson that it would be preferable to enunciate the 
proposition as follows. 

Two straight lines which intersect are in one plane, and three straight lines 
which intersect two and two are in one plane. 

Adopting Smith and Bryant’s figure in preference to Simson’s, we suppose 
three straight lines PQ, RS, XY to intersect 
two and two in Æ, B, C. R 

Then Simson's proof (adopted by Legen- 
dre also) proceeds thus. 

Let any plane pass through the straight 
line PQ, and let this plane be turned about 
PQ (produced indefinitely) as axis until it 
passes through the point C. 

Then, since the points 4, C are in this 
plane, the straight line 4C (and therefore 
the straight line AS produced indefinitely) 
lies wholly in the plane. [Simson's def.) 

For the same reason, since the points B, C are in the plane, the straight 
line XY lies wholly in the plane. 

Hence all three straight lines PQ, RS, XY (and of course any pair of 
them) lie in one plane. 

But it has still to be proved that there is oz/y one plane passing through 
the three straight lines. 

This. may be done, as in Mr Taylor's Euclid, thus. 

Suppose, if possible, that there are “wo different planes through 4, B, C. 

The straight lines BC, CA, AB then lie wholly in each of the two planes. 

Now any straight line in one of the two planes must intersect at least two 
of the straight lines (produced if necessary) ; 





let it intersect two of them in X, Z. 


Then, since K, Z are also in the second plane; the line KZ lies wholly in 
that plane. 

Hence every straight line in either of the planes lies wholly in the other 
also ; and therefore the planes are coincident throughout their whole surface. 
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It follows from the above that 
A plane is determined (i.e. uniquely determined) by any of the following data: 
(1) by three straight lines meeting one another two and two, 
(2) by three points not in a straight Jine, 
(3) 4y two straight lines meeting one another, 
(4) dy a straight line and a point without it. 


PROPOSITION 3. 


If two planes cut one another, their common section is a 
straight line. 


For let the two planes 4B, BC cut one another, 


and let the line DB be their common 
section ; 


I say that the line DZ is a straight line. 


For, if not, from D to Z let the straight 

line DEB be joined in the plane 42, and 

in the plane AC the straight line DFZ. D A 
Then the two straight lines DEB, DFB 

will have the same extremities, and will 

clearly enclose an area: 


which is absurd. 


Therefore DEB, DFB are not straight lines. 

Similarly we can prove that neither will there be any 
other straight line joined from D to B except DB the common 
section of the planes 4B, BC. 

Therefore etc. 

Q. E. D. 


I think Simson is right in objecting to the words after “ which is absurd,” 
to the effect that DEB, DFB are not straight lines, and that neither can there 
be any other straight line joined from D to B except DB, as being unneces- 
sary. It is right to conclude at once from the absurdity that BD cannot but 
be a straight line. 

Legendre makes his proof depend on Prop. 2. “ For, if, among the points 
common to the two planes, three should be found which are not in a straight 
line, the two planes in question, each passing through three points, would only 
amount to one and the same plane.” (This of course assumes that three 
points determine one and only one plane, which, strictly speaking, involves 
more than Prop. 2 itself, as shown in the last note. ] 

A favourite proposition in modern text-books is the following. The proof 
seems to be due to von Staudt (Killing, Grundlagen der Geometrie, Vol. 11. 


P- 43). 
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Lf two planes meet in a point, they meet ina straight line. 


Let ABC, ADE be two given planes meeting 
at A. B 

Take any points B, C lying on the plane 4 BC, 
and not on the plane ADE but on the same side 
of it. 

Join AB, AC, and produce BA to F. 

Join CF. 

Then, since B, Fare on opposite sides of the 
plane ADE, 
C, F are also on opposite sides of it. V 

Therefore CF must meet the plane ADE in F 
some point, say G. 

Then, since 4, G are both in each of the planes ASC, ADE, the straight 
line AG is in both planes. [Simson’s def. ] 


This is also the place to insert the proposition that, // three planes intersect 
two and two, thetr lines of intersection etther meet in a point or are parallel two 
and two. 

Let there be three planes intersecting in the straight lines 48, CD, EF. 
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Now 4B, EF are in a plane ; therefore they either meet in a point or are 
parallel. 


(1) Let them meet in O. 

Then O, being a point in 47, lies in the plane 44D, and, being also a 
point in £7, lies also in the plane ED. 

Therefore O, being common to the planes 4D, DE, must lie on CD, the 


line of their intersection ; 
i.e. CD, if produced, passes through O. 


(2) Let AB, EF not meet, but let them be parallel. 

Then CD cannot meet 442 ; for, if it did, it must necessarily meet E, 
by the first case. 

Therefore CD, AB, being in one plane, are parallel. 


Similarly CD, EF are parallel. 


PROPOSITION 4. 


Jf a straight line be set up at right angles to two straight 
lines which cut one another, at their common point of section, 
wt will also be at right angles to the plane through them. 
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For let a straight line EF be set up at right angles to the 
two straight lines 48, CD, which 
cut one another at the point Z, 
from £; 
| say that EF is also at right 
2 to the plane through 747, 





For let JE, EB, CE, ED be 
cut off equal to one another, 
and let any straight line GEA be drawn across through Æ, 
at random ; 
let AD, CB be joined, 
and further let F4, FG, FD, FC, FH, FB be joined from 
the point F taken at random «on EF». 


Now, since the two straight lines 44, ED are equal to 
the two straight lines CE, EP, and contain equal angles, (t. 15] 


therefore the base 74 D is equal to the base C, 
and the triangle 44 E D will be equal to the triangle CE; (r4) 
so that the angle DAZ is also equal to the angle EAC. 

But the angle 44 EG is also equal to the angle BEH ;(1. 15] 


therefore AGE, BEF are two triangles which have two 
angles equal to two angles respectively, and one side equal 
to one side, namely that adjacent to the equal angles, that 
is to say, AE to EB; 

therefore they will also have the remaining sides equal to the 
remaining sides. [. 26] 


Therefore GE is equal to £H, and AG to BH. 
And, since A Æ is equal to £7, 
while FE is common and at right angles, 
therefore the base FA is equal to the base FZ. [1. 4] 
For the same reason 
FC is also equal to FD. 
And, since 4D Is equal to CB, 
and F4 is also equal to F5, 
the two sides F4, AD are equal to the two sides FB, BC 
respectively ; 
and the base FD was proved equal to the base FC; 
therefore the angle FAD is also equal to the angle FBC. [1. 8] 
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And since, again, 4G was proved equal to 577, 
and further FA also equal to FB, 
the two sides FA, AG are equal to the two sides FB BH. 
And the angle FAG was proved equal to the angle FBA; 
therefore the base FG is equal to the base FA. (1. 4] 


Now since, again, GZ was proved equal to £//, 
and E is common, 
the two sides GE, EF are equal to the two sides HE, EF; 
and the base FG is equal to the base FH ; 
therefore the angle GE is equal to the angle HEF. [1.8] 
Therefore each of the angles GEF, HEF is right. 
Therefore FE is at right angles to GH drawn at random 
through Æ. 


Similarly we can prove that FE will also make right 
angles with all the straight lines which meet it and are in the 
plane of reference. 

But a straight line is at right angles to a plane when it 
makes right angles with all the straight lines which meet it 
and are in that same plane ; fxr. Def. 3] 
therefore FZ is at right angles to the plane of reference. 


But the plane of reference is the plane through the straight 
lines 4B, CD. 
Therefore FZ is at right angles to the plane through 
AB, CD. 
Therefore etc. 
Q. E. D. 


The steps to be successively proved in order to establish this proposition 
by Euclid's method are 


(1) triangles 4 £D, BEC equal in all respects, [by 1. 4] 
(2) triangles 4EG, &.E equal in all respects, [by 1. 26] 
so that 4G is equal to 277, and GE to EZ, 

(3) triangles 4E, BEF equal in all respects, [t. 4] 


so that AF is equal to BF, 
(4) likewise triangles CEF, DEF, 
so that CF is equal to DA, 


(5) triangles FAD, FBC equal in all respects, [1. 8] 
so that the angles FAG, PBA are equal, 
(6) triangles FAG, FBA equal in all respects, [by (2), (3), (5) and 1. 4] 


so that FG 1s equal to FH, 
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(7) triangles FEG, FEH equal in all respects, [by (2), (6) and r. 8] 
so that the angles FEG, FEF are equal, 
and therefore FZ is at right angles to GH. 

In consequence of the length of the above proof others have been 
suggested, and the proof which now finds most general acceptance is that of 
Cauchy, which is as follows. 

Let AB be perpendicular to two straight lines BC, BD in the plane MN 
at their point of intersection J. 

In the plane A/V draw BE, any straight line 
through Z. 

Join CD, and let CD meet BE in £. 

Produce AB to F so that BF is equal to AB. 

Join 4C, AE, AD, CF, EF, DF. 

Since BC is perpendicular to 4 at its 
middle point B, 

AC is equal to CF. 

Similarly AD is equal to DF. 

Since in the triangles ACD, FCD the two 
sides 4C, CD are respectively equal to the two 
sides FC, CD, and the third sides 4D, FD are 
also equal, 





the angles ACD, FCD are equal. (1. 8] 
The triangles 4 CE, FCE thus have two sides and the included angle 
equal, whence 


EA is equal to EF. [1. 4] 
The triangles ABE, KBE have now all their sides equal respectively ; 
therefore the angles ABE, FBE are equal, [1. 8] 


and AS is perpendicular to BE. 
And SE is in any straight line through Z in the plane MN. 


Legendre’s proof is not so easy, but it is interesting. We are first required 
to draw through any point E within the angle 
CBD a straight line CD bisected at Æ. B D 
To do this we draw ÆX parallel to DB 
meeting BC in &, and then mark off AC equal K 
to BK. 
CE is then joined and produced to D; and c 
CD is the straight line required. 
Now, joining 4C, AE, AD in the figure 
above, we have, since C2 is bisected at £, 
(1) in the triangle 4 CD, 
AC * AD 23AE* e 2 EL, 
and also (2) in the triangle BCD, 
BC’ + BP =2BE*+2ED". 
Subtracting, and remembering that the triangles 4BC, ABD are right- 


angled, so that 

AC! — BC APP, 
and AP-BP= AB, 
we have 24D —-24E* —-2BE, 
or AFE = ABP + BE 
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whence [1. 48] the angle ABS is a right angle, and 447 is perpendicular 
to BE. 


It follows of course from this proposition that the perpendicular 4 is the 
shortest distance from A to the plane MN. 

And it can readily be proved that, 

Lf from a point without a plane oblique straight lines be drawn to the plane, 


(1) those meeting the plane at equal distances from the foot of the perpendicular 
are equal, and 


(2) of two straight lines meeting the plane at unequal distances from the foot of 
the perpendicular, the more remote is the greater. 
Lastly, it is easily seen that 


From a point outside a plane only one perpendicular can be drawn to that 
plane. 


For, if possible, let there be two perpendiculars. Then a plane can be 
drawn through them, and this will cut the original plane in a straight line. 

This straight line and the two perpendiculars will form a plane triangle 
which has two right angles: which is impossible. 


PROPOSITION 5. 


Ifa straight tine be set up at right angles to three straight 
lines which meet one another, at thetr common point of section, 
the three straight lines are in one plane. 


For let a straight line 4B be set up at right angles to the 
three straight lines BC, BD, BE, at 
their point of meeting at B; 

I say that BC, BD, BE are in one plane. 

For suppose they are not, but, if 
possible, let BD, BE be in the plane of 
reference and AC in one more elevated ; 
let the plane through AZ, BC be 
produced ; 
it will thus make, as common section in the plane of reference, 
a straight line. (x1. 3] 

Let it make BF. 

Therefore the three straight lines 438, BC, BF are in one 
plane, namely that drawn through AB, BC. 





Now, since 747 is at right angles to each of the straight 
lines BD, BE, 


therefore AZ is also at right angles to the plane through 
BD, BE. (x1. 4] 
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But the plane through BD, BE is the plane of reference ; 
therefore ABZ is at right angles to the plane of reference. 

Yhus AB will also make right angles with all the straight 
lines which meet it and are in the plane of reference. 

[xr. Def. 3] 

But BF which is in the plane of reference meets it ; 
therefore the angle ABF is right. 

But, by hypothesis, the angle 4 LC is also right ; 
therefore the angle 4 BF is equal to the angle 4 AC. 

And they are in one plane: 
which is impossible. 


Therefore the straight line BC is not in a more elevated 
plane ; 


therefore the three straight lines BC, BD, BE are in one 
plane. 


Therefore, if a straight line be set up at right angles to 
three straight lines, at their point of meeting, the three straight 
lines are in one plane. Q. E. D. 


It follows that, sf a right angle be turned about one of the straight lines 
containing 1 the other will describe a plane. 

At any point in a straight line it is possible to draw only one plane which 
is at right angles to the ‘straight line. 

One such plane can be found by taking any two planes through the given 
straight line, drawing perpendiculars to the straight 
line in the respective planes, e.g. BO, CO in the 
planes AOB, AOC, each perpendicular to 440, 
and then drawing a plane (BOC) through the 
perpendiculars. 

If there were another plane through O per- 
pendicular to 4O, it must meet the plane through 
AO and some perpendicular to it as OC in a 
straight line OC' different from OC. 

Then, by x1. 4, AOC” is a right angle, and in 
the same plane with the right angle 4OC: which is impossible. 





Next, one plane and only one can be drawn through a point outside a straight 
line at right angles to that line. 

Let P be the given point, AB the given straight 
line. 

In the plane through P and 4B, draw PO per- 
pendicular to 4B, and through O draw another straight 
line OQ at right angles to 447. 

Then the plane through OP, OQ is perpendicular 
to AB. 

If there were another plane through P perpendicular 
to AB, either 
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(1) it would intersect 48 at O but not pass through OQ, or 
(2) it would intersect 48 at a point different from O. 
In either case, an absurdity would result. 


PROPOSITION 6. 


Jf two straight lines be at right angles to the same plane, 
the straight lines will be parallel. 


For let the two straight lines 48, CD be at right angles 
to the plane of reference ; 
I say that AB Its parallel to CD. 


For let them meet the plane of 
reference at the points B, D, 


let the straight line BD be joined, 


let DE be drawn, in the plane of pé 
reference, at right angles to BD, — 


let DE be made equal to 4B, 
and let BE, AL, AD be joined. 


C A 


Now, since Af is at right angles to the plane of reference, 
it will also make right angles with all the straight lines which 
meet it and are in the plane of reference. (x1. Def. 3] 

But each of the straight lines BD, BZ is in the plane of 
reference and meets 48; 


therefore each of the angles 4 BD, ABE is right. 
For the same reason 


each of the angles CDB, CDE is also right. 


And, since 74 P is equal to DE, 
and 8D is common, 
the two sides 42, BD are equal to the two sides ED, DA; 
and they include right angles ; 
therefore the base 74D 1s equal to the base BL. 1. 4] 


And, since AZ is equal to DZ, 
while 4D is also equal to BE, 
the two sides 48, BE are equal to the two sides ED, DA ; 
and 4 is their common base ; 
therefore the angle ABE is equal to the angle EDA. — [: 8] 
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But the angle 4 BE is right ; 
therefore the angle EDA is also right ; 
therefore EP is at right angles to DA. 
But it is also at right angles to each of the straight lines 
BD, DC: 
therefore ED is set up at right angles to the three straight 
lines BD, DA, DC at their point of meeting ; 
therefore the three straight lines BD, DA, DC are in one 
plane. [xr 5] 
| But, in whatever plane 27, DA are, in that plane is 4B 
also, 
for every triangle is in one plane ; (x1. 2] 
therefore the straight lines 48, BD, DC are in one plane. 
And each of the angles 4BD, BDC is right ; 
therefore AZ is parallel to CD. (1. 28] 
Therefore etc. Q. E. D. 


If anyone wishes to convince himself of the real necessity for some 
general agreement as to the order in which propositions in elementary 
geometry should be taken, let him contemplate the hopeless result of too 
much independence on the part of editors in the matter of this proposition 
and its converse, x1. 8. 

Legendre adopts a different, and elegant, method of proof ; but he applies 
it to x1. 8, which he gives first, and then deduces xi. 6 from it by reductio ad 
absurdum. Dr Mehler uses Legendre's method of proof but applies it to 
XI. 6, and then gives xi. 8 as a deduction from it. Lardner follows Legendre. 
Holgate, the editor of a recent American book, gives Euclid's proof of xi. 6 
and deduces x1. 8 by reductio ad absurdum. His countrymen, Schultze and 
Sevenoak, give x1. 8 first, but put it after, and deduce it from, Eucl. x1. 10; 
they then give xi. 6, practically as a deduction from x1. 8 by reductio ad 
absurdum, after a proposition corresponding to Eucl. x1. 11 and r2, and a 
corollary to the effect that through a given point one and only one perpen- 
dicular can be drawn to a given plane. 

We will now give the proof of x1. 6 by Legendre’s method (adopted by 
Smith and Bryant as well as by Mehler). 

Let AB, CD be both perpendicular to the 
same plane MN. 

Join BD. 

Now, since BD meets AB, CD, both of 
which are perpendicular to the plane MN in 
which BD is, 


the angles ABD, CDB are right angles. 


AB, CD will therefore be parallel provided 
that they are in the same plane. 

Through D draw EDA, in the plane MN, 
at right angles to BD, and make ÆD equal to DF. 
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Join BE, BF, AE, AD, AF. 
Then the triangles BDZ, BDF are equal in all respects (by 1. 4), so that 
BE is equal to BF. 
It follows, since the angles ABE, ABF are right, that the triangles 4 BE, 
ABF are equal in all respects, and 
AE is equal to AF. 


{Mehler now argues elegantly thus. If CZ, CF be also joined, it is clear 
that 
CE is equal to CF. 


Hence each of the four points 4, P, C, D is equidistant from the two 
points £, F. 
Therefore the points A, B, C, D are in one piane, so that AB, CD are 
rallel. 
= If, however, we do not use the locus of points equidistant from two fixed 
points, we proceed as follows. } 
The triangles AED, AFD have their sides equal respectively ; 


hence (1. 8] the angles ADE, ADF are equal, 
so that ED is at right angles to 42. 
Thus ED is at right angles to BD, AD, CD; 
therefore CD is in the plane through 4D, BD. (x1. 5] 
But AZ is in that same plane ; (x1. 2] 
therefore AB, CD are in the same plane. 
And the angles ABD, CDB are right ; 
therefore AB, CD are parallel. 


PROPOSITION 7. 


If two straight lines be parallel and points be taken at 
random on each of them, the straight line joining the points ts 
in the same plane with the parallel straight lines. 


Let AZ, CD be two parallel straight lines, 
and let points Æ, F be taken at random 
on them respectively ; E 
I say that the straight line joining the ^ ý 
points Æ, F is in the same plane with 
the parallel straight lines. 

For suppose it is not, but, if possible, € F D 
let it be in a more elevated plane as 
EGF, 
and let a plane be drawn through EGE; 
it will then make, as section in the plane of reference, a 
straight line. [xt. 3] 
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Let it make it, as EF; 
therefore the two straight lines EG/, EF will enclose an 
area : 
which is impossible. 

Therefore the straight line joined from Æ to Æ is not in a 
plane more elevated ; 


therefore the straight line joined from Æ to Æ is in the plane 
through the parallel straight lines 42, CD. 


Therefore etc. 
Q. E. D. 


It is true that this proposition, in the form in which Euclid enunciates it, 
is hardly necessary if the plane is defined as a surface such that, if any two 
points be taken in it, the straight line joining them lies wholly in the surface. 
But Euclid did not give this definition ; and, moreover, Prop. 2 would be 
usefully supplemented by a proposition which should prove that fo parallel 
straight lines determine a plane (i.e. one plane and one only) which also 
contains all the straight lines which join a point on one of the parallels to a point 
on the other. That there cannot be zwo planes through a pair of parallels 
would be proved in the same way as we prove that two or three intersecting 
straight lines cannot be in two different planes, inasmuch as each transversal 
lying in one of the two supposed planes through the parallels would lie wholly 
in the other also, so that the two supposed planes must coincide throughout 
(cf. note on Prop. 2 above). 

But, whatever be'the value of the proposition as it is, Simson seems to 
have spoilt it completely. He leaves out the construction of a plane through 
EGF, which, as Euclid says, must cut the plane containing the parallels in 
a straight line; and, instead, he says, “In the plane ABCD in which the 
parallels are draw the straight line LHF from E to FE" Now, although we 
can easily draw a straight line from E to Æ to claim that we can draw it 77 
the plane in which the parallels are is surely to assume the very result which is 
to be proved. All that we could properly say is that the straight line joining 
E to F is in some plane which contains the parallels; we do not know that 
there is no more than ove such plane, or that the parallels determine a plane 
uniguely, without some such argument as that which Euclid gives. 

Nor can I subscribe to the remarks in Simson's noté on the proposition. 
He says (1) “ This proposition has been put into this book by some unskilful 
editor, as is evident from this, that straight lines which are drawn from one 
point to another in a plane are, in the preceding books, supposed to be in that 
plane ; and if they were not, some demonstrations in which one straight line 
is supposed to meet another would not be conclusive. For instance, in 
Prop. 30, Book 1, the straight line GX would not meet ZF, if GX were not in 
the plane in which are the parallels 48, CD, and in which, by hypothesis, the 
straight line ÆF is.” But the subject-matter of Book 1. and Book xt. is quite 
different ; in Book 1. everything is in one plane, and when Euclid, in defining 
parallels, says they are straight lines é# the same plane etc., he only does so 
because he must, in order to exclude non-intersecting straight lines which are 
not parallel. Thus in 1. 30 there is nothing wrong in assuming that there may 
be three parallels in one plane, and that the straight line GZZK cuts all three. 
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But in Book xi. it becomes a question whether there can be more than one 
plane through parallel straight lines. 

Simson goes on to say (2) “ Besides, this 7th Proposition is demonstrated 
by the preceding 3rd ; in which the very same thing which is proposed to be 
demonstrated in the 7th is twice assumed, viz., that the straight line drawn 
from one point to another in a plane is in that plane.” But there is nothing 
in Prop. 3 about a plane in which two parallel straight lines are; therefore 
there is no assumption of the result of Prop. 7. What is assumed is that, 
given two points in a plane, they can be joined by a straight line in the plane: 
a legitimate assumption. 

Lastly, says Simson, ** And the same thing is assumed in the preceding 
6th Prop. in which the straight line which joins the points B, P that are in 
the plane to which 447 and CD are at right angles is supposed to be in that 
plane." Here again there is no question of a plane in which two parallels are ; 
so that the criticism here, as with reference to Prop. 3, appears to rest ona 
misapprehension. 


PROPOSITION 8. 


If two straight lines be parallel, and one of them be at 
right angles to any plane, the remaining one will also be at 
right angles to the same plane. 

Let 44, CD be two parallel straight lines, 
and let one of them, AB, be at right 
angles to the plane of reference ; 

I say that the remaining one, CD, will 
also be at right angles to the same 
plane. 

For let AB, CD meet the plane of 
reference at the points B, D, 


and let BD be joined ; 

therefore AB, CD, BD are in one plane. (x1. 7] 
Let DE be drawn, in the plane of reference, at right angles 

to BD, 

let DE be made equal to AB, 

and let BE, AE, AD be joined. 


A 





Now, since 4B is at right angles to the plane of reference, 
therefore AZ is also at right angles to all the straight lines 
which meet it and are in the plane of reference ; [x1. Def. 3] 
therefore each of the angles ABD, ABE is right. 


And, since the straight line BD has fallen on the parallels 
AB, CD, | 
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therefore the angles ABD, CDB are equal to two right 

angles. [t. 29] 
But the angle ABD is right; 

therefore the angle C7 is also right ; 

therefore CD is at right angles to BD. 


And, since 74 Z is equal to DE, 
and BD is common, 
the two sides AB, BD are equal to the two sides ED, DB; 
and the angle 4 8D is equal to the angle ED, 
for each is right ; 
therefore the base 74D is equal to the base B. 


And, since AB is equal to DE, 
and BE to AD, 
the two sides A, BE are equal to the two sides ED, DA 
respectively, 
and AE is their common base ; 
therefore the angle ABE is equal to the angle EDA. 
But the angle ABE is right; 
therefore the angle EDA is also right ; 
therefore ED is at right angles to AD. 


But it ts also at right angles to DB; 
therefore ED is also at right angles to the plane through 
BD, DA. (xt. 4] 
Therefore ED will also make right angles with all the 


straight lines which meet it and are in the plane through 
BD, DA. 


But DC is in the plane through BD, DA, inasmuch as 
AB, BD are in the plane through BD, DA, (xr. 2] 
and DC is also in the plane in which ABZ, BD are. 

Therefore ED is at right angles to DC, 
so that CD is also at right angles to DE. 


But CD is also at right angles to BD. 
Therefore C2 is set up at right angles to the two straight 


lines DE, DB which cut one another, from the point of section 
at D; 
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so that C2 is also at right angles to the plane through 

DE, DB. [x1. 4] 
But the plane through DE, DB is the plane of reference ; 

therefore C2 is at right angles to the plane of reference. 


Therefore etc. 
Q. E. D. 


Simson objects to the words which explain why DC is in the plane through 
BD, DA, viz. “inasmuch as AB, BD are in the plane through BD, DA, and 
DC is also in the plane in which 4B, BD are,” as being too roundabout. 
He concludes that they are corrupt or interpolated, and that we ought only to 
have the words “because all three are in the plane in which are the parallels 
AB, CD” (by Prop. 7 preceding). But I think Euclid’s words can be 
defended. Prop. 7 says nothing of a plane determined by zwo transversals as 
BD, DA are. Hence it is natural to say that DC is in the same plane in 
which 4B, AD are [Prop. 7], and 42, BD are in the same plane as SD, 
DA [Prop. 2], so that DC is in the plane through BD, DA. 

Legendre's alternative proof is split by him into two propositions. 


(1) Let AB be a perpendicular to the plane MN and EF a tine situated in that 
plane ; tf from B, the foot of the perpendicular, BD be drawn perpendicular to 
EF, and AD be joined, [ say that AD will be perpendicular to EF. 


(2) Z AB is perpendicular to the plane MN, every straight line CD parallel to 
AB will be perpendicular to the same plane. 


To prove both propositions together we suppose CD given, join BD, 
and draw £F perpendicular to BD in the 
plane ALN. 

(1) As before, we make DE equal to DF and 
join BE, BF, AE, AF. 

Then, since the angles BDE, BDF are 
nght, and DZ, DF equal, 

BE is equal to BF. [1. 4] 

And, since 4B is perpendicular to the 
plane, 





the angles ABZ, ABF are both right. 
Therefore, in the triangles ABE, ABF, 
AE is equal to AF. 1. 4] 


Lastly, in the triangles ADE, ADF, since AE is equal to AF, and DE 
to DF, while AD is common, 


the angle 4DZ is equal to the angle 4DF; [1. 8] 
so that 44D is perpendicular to EF 


(2 ÆD being thus perpendicular to DA, and also (by construction) 
perpendicular to DB, 
ED is perpendicular to the plane ADA. (x1. 4] 
But CD, being parallel to AZ, is in the plane 4BD; 
therefore ED is perpendicular to CD. [x1. Def. 3] 
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Also, since AB, CD are parallel, 
and ABD is a right angle, 
CDB is also a right angle. 


Thus CD is perpendicular to both DZ and DB, and therefore to the 
plane MN through DE, DB. 


PROPOSITION 9. 


Straight lines which are parallel to the same straight line 
and are not in the same plane with zt are also parallel to one 
another. 


For let each of the straight lines 42, CD be parallel to 
EF, not being in the same plane 


with it; 8 H A 
I say that 74 P is parallel to CD. 

For let a point G be takenat f G E 
random on £7, S 
and from it let there be drawn D K 6 


GJ, in the plane through £F, 
4B, at right angles to EF, and GØ in the plane through 
FE, CD again at right angles to EF. 


Now, since EZ is at right angles to each of the straight 
lines GH, GK, 


therefore EZ is also at right angles to the plane through 
GH, GK. [x1. 4] 
And £F is parallel to AZ; 


therefore AZ is also at right angles to the plane through 
HG, GK. (x1. 8] 


For the same reason 
CD is also at right angles to the plane through HG, GX; 


therefore each of the straight lines 42, CD is at right angles 
to the plane through 7Z7G,. GK. 


But, if two straight lines be at right angles to the same 
plane, the straight lines are parallel ; [x1. 6] 


therefore Æ B is parallel to CD. 
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PROPOSITION 10. 


If two straight lines meeting one another be parallel to 
two straight lines meeting one another not tn the same plane, 
they will contain equal angles. 


For let the two straight lines 48, BC meeting one 
another be parallel to the two straight lines DE, EF meeting 
one another, not in the same plane ; 


I say that the angle ABC is equal to the angle DEF. 


A 


KEPT 


For let BA, BC, ED, EF be cut off equal to one another, 
and let 4D, CF, BE, AC, DF be joined. 


Now, since BA is equal and parallel to ED, 
therefore 4D is also equal and parallel to BZ. (1. 33] 

For the same reason 
CF is also equal and parallel to BL. 

Therefore each of the straight lines 4D, CF is equal and 
parallel to BE. 

But straight lines which are parallel to the same straight 
line and are not in the same plane with it are parallel to one 
another ; [xi. 9] 
therefore AD is parallel and equal to CF. 

And AC, DF join them ; 
therefore AC is also equal and,parallel to DF. [1. 33] 

Now, since the two sides 48, BC are equal to the two 
sides DE, EF, 
and the base 44 C is equal to the base DF, 
therefore the angle ABC is equal to the angle DEF. [r. 8] 

Therefore etc. 
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The result of this proposition does not appear to be quoted in Euclid until 
xi. 3; but Euclid no doubt inserted it here advisedly, because it has the 
effect of incidentally proving that the “inclination of two planes to one 
another,” as defined in xı. Def. 6, is one and the same angle at whatever 
point of the common section the plane angle measuring it is drawn. 


PROPOSITION I1. 


From a given elevated point to draw a straight line perpen- 
dicular to a given plane. 


Let A be the given elevated point, and the plane of 
reference the given plane; 
thus it is required to draw from the 
point 44 a straight line perpendicular to 
the plane of reference. 

Let any straight line BC be drawn, 
at random, in the plane of reference, 
and let 4D be drawn from the point 4 
perpendicular to BC. [r. 12] 

If then 442 is also perpendicular to 
the plane of reference, that which was 
enjoined will have been done. 





But, if not, let DE be drawn from the point D at right 


angles to BC and in the plane of reference, (00 [rri 
let AF be drawn from 4 perpendicular to DZ, (1. 12] 
and let GĦ be drawn through the point F parallel to BC. 

[r. 31] 


Now, since BC is at right angles to each of the straight 
lines DA, DE, 


therefore BC is also at right angles to the plane through 

ED, DA. (x1. 4] 
And GA is parallel to it; 

but, if two straight lines be parallel, and one of them be at 

right angles to any plane, the remaining one will also be at 

right angles to the same plane ; (x1. 8] 


therefore GH’ is also at right angles to the plane through 
ED, DA. 
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Therefore GH is also at right angles to all the straight 
lines which meet it and are in the plane through ED, DA. 
(x1. Def. 3] 
But AF meets it and is in the plane through ED, DA; 
therefore GH is at right angles to FA, 
so that FA is also at right angles to GH. 
But AF is also at right angles to DE ; 


therefore AF is at right angles to each of the straight lines 
GH, DE. 


But, if a straight line be set up at right angles to two 
deu lines which cut one another, at the point of section, 
it will also be at right angles to the plane through them ; (xi. 4] 


therefore FA is at right angles to the plane through £D, GH. 
But the plane through ÆD, GH is the plane of reference ; 
therefore AF is at right angles to the plane of reference. 


Therefore from the given elevated point 4 the straight 


line AF has been drawn perpendicular to the plane of 
reference. 


Q. E. F. 


The text-books differ in the form which they give to this proposition rather 
than in substance. They commonly assume the construction of a plane 
through the point 4 at right angles to any straight line BC in the given plane 
(the construction being effected in the manner shown at the end of the note 
on XL. 5 above). The advantage of this method is that it enables a 
perpendicular to be drawn from a point in the plane also, by the same 
construction. (Where the letters for the two figures differ, those referring to 
the second figure are put in brackets.) 





We can include the construction of the plane through 4 perpendicular to 
BC, and make the whole into one proposition, thus. 

BC being any straight line in the given plane MN, draw AD perpendicu- 
lar to BC. 

In any plane passing through ZC but not through 4 draw DE at right 
angles to BC. 

Through DA, DE draw a plane ; this will intersect the given plane AN 
in a straight line, as FD (4D). 

In the plane 4G draw 4477 perpendicular to FG (42). 

Then AZ is the perpendicular required. 
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In the plane MN, through 77 in the first figure and 4 in the second, draw 
KL parallel to BC. 

Now, since BC is perpendicular to both 24 and DE, BC is perpendicular 
to the plane AG. (xi. 4] 

Therefore AZ, being parallel to BC, is also perpendicular to the plane 
AG [x1.. 8], and therefore to 477 which meets it and is in that plane. 

Therefore 477 is perpendicular to both FD (42) and KZ at their point 
of intersection. 

Therefore AX is perpendicular to the plane MAN: 


Thus we have solved the problem in x1. 12 as well as that in XI. 11; and 
this direct method of drawing a perpendicular to a plane from a point zx it is 
obviously preferable to Euclid’s method by which the construction of a 
perpendicular to a plane from a point without it is assumed, and a line is 
merely drawn from a point in the plane parallel to the perpendicular obtained 
in XI. Ir. 


PROPOSITION 12. 
To set up a straight line at right angles to a given plane 
from a given potnt tn it. 
Let the plane of reference be the given plane, 
and A the point in it ; 


thus it is required to set up from the point 
A a straight line at right angles to the 
plane of reference. 


Let any elevated point Z be conceived, 
from Z let BC be drawn perpendicular to 


the plane of reference, [xi. 11] 
and through the point 74 let 44 D be drawn 
parallel to BC. (1. 31] 


Then, since 4D, CB are two parallel straight lines, 
while one of them, BC, is at right angles to the plane of 
reference, 


therefore the remaining one, 4D, is also at right angles to 
the plane of reference. (x1. 8] 


Therefore 4D has been set up at right angles to the given 
plane from the point 4 in ‘t. 
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PROPOSITION 13. 


From the same point two straight lines cannot be sei up at 
right angles to the same plane on the same side. 


For, if possible, from the same point 4 let the two straight 
lines AB, AC be set up at right 
angles to the plane of reference and on 
the same side, 


and let a plane be drawn through 24, 
AC; 


it will then make, as section through 4 
in the plane of reference, a straight line. 
(x1. 3] 





Let it make DAZ ; 
therefore the straight lines 4B, AC, DAE are in one plane. 


And, since CA is at right angles to the plane of reference, 
it will also make right angles with all the straight lines which 
meet it and are in the plane of reference. (x1. Def. 3] 

But DAE meets it and is in the plane of reference ; 


therefore the angle CAF is right. 


For the same reason 

the angle BAE is also right; 

therefore the angle CA E is equal to the angle BAL. 
And they are in one plane: 

which is impossible. 


T herefore etc. 
Q. E. D. 


Simson added words to this as follows: 


* Also, from a point above a plane there can be but one perpendicular to 
that plane ; for, if there could be two, they would be parallel to one another 
[xi. 6], which is absurd." 


Euclid does not give this result, but we have already had it in the note 
above to x1. 4 (ad fín.). 
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PROPOSITION 14. 


Planes to which the same straight line ts at right angles 
well be parallel. 


For let any straight line 4Z be at right angles to each of 
the planes CD, EF; 


I say that the planes are 
parallel. 


For, if not, they will meet 
when produced. 
Let them meet ; 


they wil then make, as 
common section, a straight line. (x1. 3] 


Let them make GH ; 
let a point A be taken at random on G/7, 
and let 4K, BK be joined. 
Now, since 4Z is at right angles to the plane E, 


therefore 4 B is also at right angles to BX which is a straight 
line in the plane ZF produced ; [x1. Def. 3] 


therefore the angle ABK is right. 





For the same reason 
the angle BAK is also right. 


Thus, in the triangle ABK, the two angles ABK, BAK 
are equal to two right angles : 


which is impossible. (1. 17] 


Therefore the planes CD, EF will not meet when 
produced ; 


therefore the planes CD, E are parallel. (x1. Def. 8] 


Therefore planes to which the same straight line is at right 
angles are parallel. 
Q. E. D. 
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PROPOSITION 15. 


Jf two straight lines meeting one another be parallel to two 
straight lines meeting one another, not being in the same plane, 
the planes through them are parallel. 

For let the two straight lines 44 P, BC meeting one another 
be parallel to the two straight lines 


DE, EF meeting one another, not 

being in the same plane ; 

I say that the planes produced 

through 44 Z, BC and DE, £F will 

not meet one another. 
For let BG be drawn from the 

point Æ perpendicular to the plane 

through DE, EF (xr. 11), and let it : 

meet the plane at the point G; 

through G let GH be drawn 

parallel to ED, and GK parallel to E. (1. 31] 
Now, since BG is at right angles to the plane through 

DE, EF, 

therefore it will also make right angles with all the straight 

lines which meet it and are in the plane through DZ, EF. 

[xr. Def. 3] 


But each of the straight lines G/7, GA meets it and is in 
the plane through DE, EF; 
therefore each of the angles BGH, BGK is right. 


And, since BA is parallel to GH, (x1. 9] 
therefore the angles GBA, BGH are equal to two right angles, 


(1. 29] 
But the angle BGH is right; 
therefore the angle GBA is also right ; 
therefore G is at right angles to BA. 


For the same reason 


GB is also at right angles to BC. 


Since then the straight line GZ is set up at right angles 
to the two straight lines BA, BC which cut one another, 
therefore GB is also at right angles to the plane through 
BA, BC. (x1. 4] 
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But planes to which the same straight line is at right 
angles are parallel ; (x1. 14] 


therefore the plane through 4B, BC is parallel to the plane 
through DE, EF. 


Therefore, if two straight lines meeting one another be 
parallel to two straight lines meeting one another, not in the 
same plane, the planes through them are parallel. 

Q. E. D. 


This result is arrived at in the American text-books already quoted by 
starting from the relation between a plane and a straight line parallel to it. 
The series of propositions is worth giving. A straight line and a plane being 
parallel if they do not meet however far they may be produced, we have the 
following propositions. 


1. Any plane containing one, and only one, of two parallel straight lines ts 
parallel to the other. 

For suppose AB, CD to be parallel and CD to lie in the plane MN. 

Then 48, CD determine a plane intersecting AZ in the straight line CD 

Thus, if AB meets MN, it must meet 
it at some point in CD. 

But this is impossible, since AZ is 
parallel to CD. 

Therefore 48 will not meet the plane 
MN, and is therefore parallel to it. 

[This proposition and the proof are in 
Legende 

The following theorems follow as corollaries. 





2. Through a given straight line a plane can be drawn parallel to any other 
given straight line; and, if the lines are not parallel, only one such plane can be 
drawn. 

We have simply to draw through any point on the first line a straight line 
parallel to the second line and then pass a plane through these two intersecting 
lines. This plane is then, by the above proposition, parallel to the second 
given straight line. 


3. Through a given point a plane can be drawn parallel to any two straight 
lines in space; and, 1f. the latter are not parallel, only one such plane can be 
drawn. 

Here we draw through the point straight lines parallel respectively to the 
given straight lines and then draw a plane through the lines so drawn. 

Next we have the partial converse of the first proposition above. 


4. Lf a straight line is parallel to a plane, it ts also parallel to the inter- 
section of any plane through tt with the given plane. 


B 
Let ABZ be parallel to the plane AZM, and let 
any plane through 4B intersect MN in CD. 


Now AB and CD cannot meet, because, if A a 
they did, 4B would meet the plane MN. 
And 4B, CD are in one plane. 


Therefore AB, CD are parallel. 
From this follows as a corollary : 
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S. Lf each of two intersecting straight lines ts parallel to a given plane, 
the plane containing them is parallel to the gtven 
plane. 


Let AB, AC be parallel to the plane 
MN. 


B 
— 
C 
Then, if the plane ABC were to meet the " 
plane MN, the intersection would be parallel 
both to 42 and to AC: which is impossible. 
Lastly, we have Euclid's proposition. M 


6. Jf two straight lines forming an angle are respectively parallel to two 
other straight lines forming an angle, the plane of 
the first angle is parallel to the plane of the second. 


Let ABC, DEF be the angles formed by — 
straight lines parallel to one another respectively. 


Then, since 4B is parallel to DE, 


the plane of DEF is parallel to 4B [(1) above]. 
Similarly the plane of DEF is parallel to 
BC. 


Hence the plane of DE is parallel to the 
plane of ABC [(s)}. 


Legendre arrives at the result by yet another method. He first proves 
Eucl. xi. 16 to the effect that, ¿f two parallel planes are cut by a third, the lines 
of intersection are parallel, and then deduces from this that, if two parallel 
straight lines are terminated by two parallel planes, the straight lines are equal 
in length. 

(The latter inference is obvious because the plane through the parallels 
cuts the parallel planes in parallel lines; which 
therefore, with the given parallel lines, form a 
parallelogram. ) 

Legendre is now in a position to prove 
Euclid's proposition X1. 15. 

If ABC, DEF be the angles, make 4B 
equal to DE, and BC equal to ZF, and join 
CA, FD, BE, CF, AD. 

Then, as in Eucl. x1. ro, the triangles 
ABC, DEF are equal in all respects ; 


and AD, BE, C are all equal. 


It is now proved that the planes are 
parallel by reductio ad absurdum from the 
last preceding result. For, if the plane 4BC 
is not parallel to the plane DE, let the plane drawn through B parallel to the 
plane DEF meet CF, AD in H, G respectively. 

Then, by the last result BZ, HF, GD will all be equal. 

But BE, CF, AD are all equal: 


which is impossible. 
Therefore etc. 
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PROPOSITION 16. 
If two parallel planes be cut by any plane, their common 
sections are parallel. 
For let the two parallel planes 4, CD be cut by the 
plane EF GH, 
and let EF, (77 be their common sections ; 
I say that ZF is parallel to GH. 





For, if not, EF, GH will, when produced, meet either in 
the direction of F, H or of Æ, G. 

Let them be produced, as in the direction of F, H, and 
let them, first, meet at A. 


Now, since EK is in the plane AB, 
therefore all the points on EF are also in the plane AZ. 


[xr. 1] 
But K is one of the points on the straight line EFK ; 


therefore Æ is in the plane AZ. 

For the same reason 
K is also in the plane CD; 
therefore the planes 428, CD will meet when produced. 

But they do not meet, because they are, by hypothesis, 
parallel ; 
therefore the straight lines EZ, GH will not meet when 
produced in the direction of F, 77. 

Similarly we can prove that neither will the straight lines 
EF, GH meet when produced in the direction of Æ, G. 

But straight lines which do not meet in either direction 
are parallel. [1. Def. 23] 

Therefore £F is parallel to GH. 

Therefore etc. Q. E. D. 
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Simson points out that, in here quoting 1. Def. 23, Euclid should have 
said “ But straight lines 2” one plane which do not meet in either direction are 
parallel.” 

From this proposition is deduced the converse of x1. 14. 

Jf a straight line is perpendicular to one of two parallel. planes, tt is 
perpendicular to the other also. 

For suppose that MN, PQ are two parallel planes, and that 4 is perpen- 
dicular to MN. 

Through 48 draw any plane, and let it intersect 
the planes MN, PQ in AC, BD respectively. 

Therefore AC, BD are parallel. (xi. 16] 

But 4C is perpendicular to AB; 
therefore 4 is also perpendicular to BD. 

That is, 47 is perpendicular to any line in PQ 
passing through Z ; 
therefore AB is perpendicular to PQ. 

It follows as a corollary that 

Through a given point one plane, and only one, can be drawn parallel to a 
given plane. 

In the above figure let 4 be the given point and PQ the given plane. 

Draw AB perpendicular to PQ. 

Through 4 draw a plane AZN at right angles to AB (see note on xi. 5 
above). 

Then ALN is parallel to PQ. (x1. 14] 

If there could pass through 4 a second plane parallel to PQ, AZ would 
also be perpendicular to it. 

That is, 47 would be perpendicular to two different planes through 4: 
which is impossible (see the same note). 

Also it is readily proved that, 

Lf two planes are parallel to a third plane, they are parallel to one another. 





PROPOSITION 17. 


Jf two straight lines be cut by parallel planes, they will be 
cut in the same ratios. 


For let the two straight 
lines 4B, CD be cut by the 
parallel planes GH, KL, UN 
at the points 4, £, B and C, 
F, D; 

I say that, as the straight line 
A E is to EB, so is CF to FD. 

For let AC, BD, AD be 
joined, 
let 4D meet the plane KL 
at the point O, 
and let £O, OF be joined. 
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Now, since the two parallel planes KZ, MN are cut by 
the plane EBDO, 


their common sections £O, BD are parallel. (x1. 16] 


For the same reason, since the two parallel planes G//, 
AL are cut by the plane 4 OFC, 


their common sections AC, OF are parallel. [/2-] 


And, since the straight line EO has been drawn parallel to 
BD, one of the sides of the triangle 4 BD, 
therefore, proportionally, as 4£ is to EB, so is AO to sat 
[vi. 2 
Again, since the straight line OF has been drawn parallel 
to AC, one of the sides of the triangle ADC, 
proportionally, as 4O is to OD, so is CF to FD. lid.] 


But it was also proved that, as 4O is to OD, so is AE 
to EB; 
therefore also, as AF is to EB, so is CF to FD. (v. 11] 


Therefore etc. 


PROPOSITION 18. 


Jf a straight line be at right angles to any plane, all the 
planes through it will also be at right angles to the same plane. 


For let any straight line AZ be at right angles to the 
plane of reference; 

I say that all the planes through 
AB are also at right angles to the 
plane of reference. 

For let the plane DZ be drawn 
through 44, C 
let CE be the common section of 
the plane DZ and the plane of 
reference, 
let a point F ‘be taken at random on CE, 
and from F let FG be drawn in the plane DZ at right 
angles to CF. [1. 11] 


Now, since 74 2 is at right angles to the plane of reference, 
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AB is also at right angles to all the straight lines which meet 
it and are in the plane of reference ; (xi. Def. 3] 


so that it is also at right angles to CZ ; 

therefore the angle ABF is right. 
But the angle GFZ is also right ; 

therefore AZ is parallel to FG. [r. 28] 
But AZ is at right angles to the plane of reference ; 


therefore FG is also at right angles to the plane of reference. 

(x1. 8] 

Now a plane is at right angles to a plane, when the 

straight lines drawn, in one of the planes, at right angles to 

the common section of the planes are at right angles to the 

remaining plane. [x1. Def. 4] 

And FG, drawn in one of the planes D at right angles 

to C£, the common section of the planes, was proved to be 
at right angles to the plane of reference; 


therefore the plane D is at right angles to the plane of 
reference. 


Similarly also it can be proved that all the planes through 
4 B are at right angles to the plane of reference. 
Therefore etc. 
Q. E. D. 


Starting as Euclid does from the definition of perpendicular planes as 
planes such that all straight lines drawn in one of the planes at right angles to 
the common section are at right angles to the other plane, it is necessary for 
him to show that, if F be any point in CE, and FG be drawn in the plane 
DE at right angles to CE, FG will be perpendicular to the plane to which 
AB is perpendicular. 

It is perhaps more scientific to make the definition, as Legendre makes it, 
a particular case of the definition of the eaciination of planes. Perpendicular 
planes would thus be planes such that the angle which (when it is acute) 
Euclid calls the inclination of a plane to a plane is a right angle. When to this 
is added the fact incidentally proved in x1. 10 that the “inclination of a plane to 
a plane” is the same at whatever point in their common section it is drawn, it 
is sufficient to prove the perpendicularity of two planes if ove straight line 
drawn, in one of them, perpendicular to their common section is perpendicular 
to the other. 

If this point of view is taken, Props. 18, 19 are much simplified (cf. 
Legendre, H. M. Taylor, Smith and Bryant, Rausenberger, Schultze and 
Sevenoak, Holgate). The alternative proof is as follows. 

Let AB be perpendicular to the plane MN, and CÈ any plane through 
AB, meeting the plane MN in the straight line CD. 

In the plane MN draw BF at right angles to CD. 
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Then 4A BF is the angle which Euclid calls (in the case where it is acute) 
the “inclination of the plane to the plane." 





But, since Æ is perpendicular to the plane AZM, it is perpendicular to 
BF in it. 
Therefore the angle 4B is a right angle ; 


whence the plane CE is perpendicular to the plane MN. 


PROPOSITION 19. 


Jf two planes which cut one another be at right angles to 
any plane, their common section will also be at right angles to 
the same plane. 


For let the two planes 44, BC be at right angles to the 
plane of reference, 
and let BD be their common section ; 
I say that BD is at right angles to the 8 
plane of reference. 
For suppose it is not, and from the 
point D let DE be drawn in the plane 
AB at right angles to the straight line 
AD, and DF in the plane AC at right 
angles to CD. 


Now, since the plane 4 2 is at right 
angles to the plane of reference, 
and DE has been drawn in the plane 4Z at right angles to 
AD, their common section, 
therefore DE is at right angles to the plane of reference. 
[xi. Def. 4] 


A C 
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Similarly we can prove that 
DF is also at right angles to the plane of reference. 


Therefore from the same point D two straight lines have 
been set up at right angles to the plane of reference on the 
same side : 


which is impossible. [xt. 13) 


Therefore no straight line except the common section DB 
of the planes 48, BC can be set up from the point D at right 
angles to the plane of reference. 

Therefore etc. 

Q. E. D. 


Legendre, followed by other writers already quoted, uses a preliminary 
proposition equivalent to Euclid's definition of planes at right angles to one 
another. 


Jf two planes are perpendicular to one another, a straight line drawn in one 
of them perpendicular to their common section will be perpendicular to the other. 


Let the perpendicular planes CZ, ACN (figure of last note) intersect in 
CD, and let AB be drawn in CE perpendicular to CD. 
In the plane MN draw BF at right angles to CD. 
Then, since the planes are perpendicular, the angle ABE (their inclination) 
is a right angle. 
Therefore AZ is perpendicular to both CD and BF, and therefore to the 
plane MN. 
We are now in a position to prove XI. 19, viz. Zf two planes be ^erpendicular 
to a third, their intersection is also perpen- 
dicular to that third plane. 
Let each of the two planes 4C, AD 
intersecting in 4Z be perpendicular to the 
plane MN. N 
Let AC, AD intersect MN in BC, BD 
respectively. 
In the plane MN draw BE at right 
angles to AC and SF at right angles to 
BD. M 
Now, since the planes 4C, MN are at 
right angles, and BZ is drawn in the latter perpendicular to BC, BE is 
perpendicular to the plane AC. 
Hence 4 is perpendicular to BE. [xt. 4] 
Similarly 48 is perpendicular to BF: 
Therefore AB is perpendicular to the plane through BE, BA, i.e. to the 
plane MN. 


An useful problem is that of drawing a common perpendicular to two 
straight lines not in one plane, and in connexion with this the following 
proposition may be given. 
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Given a plane and a straight line not perpendicular to it, one plane, and only 
one, can be drawn through the straight line perpen- 
dicular to the plane. 

Let AB be the given straight line, MAN the 
given plane. 

From any point C in AB draw CD perpen- 
dicular to the plane MAV. 

Through 4B and CD draw a plane AZ. 

Then the plane AE is perpendicular to the 
plane MN. [xi. 18] 

If any other plane could be drawn through 
AB perpendicular to MN, the intersection 4B of 
the two planes perpendicular to MN would itself 
be perpendicular to MN: (xt. 19] 
which contradicts the hypothesis. 


To draw a common perpendicular to two straight lines not in the same plane. 

Let AB, CD be the given straight lines. 

Through CD draw the plane MN parallel to 4B (Prop. 2 in note 
to XI. 15). 

Through 4B draw the plane AF perpendicular to the plane MN (see the 
last preceding proposition). 








Let the planes AF, MN intersect in EF, and let EF meet CD in G. 

From. G, in the plane A47, draw GE at right angles to EF, meeting 4 B in H. 

GH is then the required perpendicular. 

For AB is parallel to ZF (Prop. 4 in note to xt. 15); therefore GA, 
being perpendicular to E, is also perpendicular to 447. 

But, the plane AF being perpendicular to the plane AZM, and GH being 
perpendicular to EF, their intersection, 

GH is perpendicular to the plane ACW, and therefore to CD. 

Therefore G7 is perpendicular to both 472 and C2. 


Only one common perpendicular can be drawn to two straight lines not in 
one plane. 

For, if possible, let AZ also be perpendicular to both AB and CD. 

Let the plane through KZ, AB meet the plane MN in ZQ. 

Then 4 is parallel to ZQ (Prop. 4 in note to Xt. 15), so that KZ, being 
perpendicular to 44 B, is also perpendicular to ZQ. 

Therefore KZ is perpendicular to both CZ and ZQ, and consequently to 
the plane MN. 

But, if XP be drawn in the plane 4 perpendicular to ZF, XP is also 
perpendicular to the plane MN. 
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Thus there are two perpendiculars from the point Æ to the plane MN: 
which is impossible. 


Rausenberger’s construction for the same problem is more elegant. Draw, 
he says, through each straight line a plane parallel 
to the other. Then draw through each straight line 
a plane perpendicular to the plane through the 
other. The two planes last drawn will intersect 
in a straight line, and this straight line is the 
common perpendicular required. 


The form of the construction best suited for 
examination purposes, because the most self- 
contained, is doubtless that given by Smith and 
Bryant. 

Let AB, CD be the two given straight lines. 

Through any point E in CD draw E parallel to 4B. 

From any point G in AB draw GH perpendicular to the plane CDA, 
meeting the plane in ZZ. 

Through AZ in the plane CD draw B 
HK parallel to FE or AB, to cut CD 
in X. 

Then, since 42, 77K are parallel, 
AGHK is a plane. 

Complete the parallelogram GAXZ. 

Now, since LX, G# are parallel, and 
GH is perpendicular to the plane CDF, 

LK is perpendicular to the plane 
CDF. 

Therefore ZX is perpendicular to CD and AZ, and therefore to 4B which 
is parallel to KZ. 








PROPOSITION 20. 


Ifa solid angle be contained by three plane angles, any two, 
taken together in any manner, are greater than the remaining 
one, 


For let the solid angle at 4 be contained by the three 
plane angles BAC, CAD, DAB; 


I say that any two of the angles 
BAC, CAD, DAB, taken to- 
gether in any manner, are greater 


than the remaining one. = 
If now the angles BAC, CAD, 5 


E 
DAB are equal to one another, 
it is manifest that any two are greater than the remaining one. 
But, if not, let BAC be greater, 


and on the straight line 4, and at the point 4 on it, let the 


D 
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angle BAE be constructed, in the plane through BA, AC, 
equal to the angle DAB; 


let AE be made equal to 4D, 


and let BEC, drawn across through the point £, cut the 
straight lines 48, AC at the points B, C; 


let DB, DC be joined. 


Now, since DA is equal to 4 £E, 
and AB is common, 
two sides are equal to two sides ; 
and the angle DAB is equal to the angle BAE; 
therefore the base DB is equal to the base BL. (1. 4] 


And, since the two sides BD, DC are greater than BC, 


[1. 20] 
and of these DB was proved equal to BE, 
therefore the remainder DC is greater than the remainder EC. 


Now, since DA is equal to AE, 
and AC is common, 
and the base DC is greater than the base EC, 


therefore the angle DAC is greater than the angle EAC. 
[!. 25] 


But the angle DAB was also proved equal to the angle 
BAE; 


therefore the angles DAB, DAC are greater than the angle 
BAC. 


Similarly we can prove that the remaining angles also, 
taken together two and two, are greater than the remaining 
one. 


Therefore etc. 
Q. E. D. 


After excluding the obvious case in which all three angles are equal, 
Euclid goes on to say “If not, let the angle BAC be greater,” without adding 
greater than what. Heiberg is clearly right in saying that he means greater 
than BAD, i.e. greater than one of the adjacent angles. This is proved by 
the words at the end “Similarly we can prove,” etc. Euclid thus excludes 
as obvious the case where one of the three angles is not greater than either of 
the other two, but proves the remaining cases. This is scientific, but he might 
further have excluded as obvious the case in which one angle is greater than 
one of the others but equal to or less than the remaining one. 
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Simson remarks that the angle BAC may happen to be egza/ to one of 
the other two and writes accordingly “ If they fall three angles] are not [equal], 
let BAC be that angle which is not less than either of the other two, and is 
greater than one of them DAZ.” He then proves, in the same way as Euclid 
does, that the angles DAB, DAC are greater than the angle BAC, adding 
finally : “ But BAC is not less than either of the angles DAB, DAC; there- 
fore BAC, with either of them, is greater than the other.” 

It would be better, as indicated by Legendre and Rausenberger, to begin 
by saying that, “If one of the three angles is either equal to or less than either 
of the other two, it is evident that the sum of those two is greater than the 
first. It is therefore only necessary to prove, for the case in which one angle is 
greater than each of the others, that the sum of the two latter is greater than 
the former. 

Accordingly let BAC be greater than each of the other angles.” We then 
proceed as in Euclid. 


PROPOSITION 21. 


Any solid angle ts contained by plane angles less than four 
right angles. 


Let the angle at 4 be a solid angle contained by the plane 
angles BAC, CAD, DAB; 
I say that the angles BAC, CAD, 
DAB are less than four right angles. 
For let points Z, C, D be taken 


at random on the straight lines 42, 
AC, AD respectively. 


and let BL, CD, DB be joined. e 


Cc 


Now, since the solid angle at B is contained by the three 
plane angles CBA, ABD, CBD, 


any two are greater than the remaining one; [xt. 20] 


therefore the angles CBA, ABD are greater than the angle 
CBD. 


For the same reason 
the angles BCA, ACD are also greater than the angle BCD, 
and the angles CDA, ADB are greater than the angle CDB ; 


therefore the six angles CBA, ABD, BCA, ACD, CDA, 
ADB are greater than the three angles CBD, BCD, CDB. 

But the three angles CBD, BDC, BCD are equal to two 
right angles ; (1. 32] 
therefore the six angles CBA, ABD, BCA, ACD, CDA, 
ADB are greater than two right angles. 
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And, since the three angles of each of the triangles ABC, 
ACD, ADB are equal to two right angles, 


therefore the nine angles of the three triangles, the angles 
CBA, ACB, BAC, ACD, CDA, CAD, ADB, DBA, BAD 
are equal to six right angles ; 


and of them the six angles ABC, BCA, ACD, CDA, ADB, 
DBA are greater than two right angles ; 


therefore the remaining three angles BAC, CAD, DAB 
containing the solid angle are less than four right angles. 


Therefore etc. 
Q. E. D. 


It will be observed that, although Euclid enunciates this proposition for 
any solid angle, he only proves it for the particular case of a /rzAZedra/ angle. 
This is in accordance with his manner of proving one case and leaving the 
others to the reader. The omission of the convex polyhedral angle here 
corresponds to the omission, after 1. 32, of the proposition about the interior 
angles of a convex polygon given by Proclus and in most books. The proof 
of the present proposition for any convex polyhedral angle can of course be 
arranged so as not to assume the proposition that the interior angles of a 
convex polygon together with four right angles are equal to twice as many 
right angles as the figure has sides. 

Let there be any convex polyhedral angle with V as vertex, and let it be 
cut by any plane meeting its faces in, say, the 
polygon ABCDE. 

Take O any point within the polygon, and 
in its plane, and join OA, OB, OC, OD, OE. 

Then all the angles of the triangles with 
vertex O are equal to twice as many right angles 
as the polygon has sides ; [1. 32] 
therefore the interior angles of the polygon to- 
gether with all the angles round O are equal to 
twice as many right angles as the polygon has 
sides. 

Also the sum of the angles of the triangles 
VAB, VBC, etc., with vertex V are equal to twice as many right angles as the 
polygon has sides ; 
and all the said angles are equal to the sum of (1) the plane angles at V 
forming the polyhedral angle and (2) the base angles of the triangles with 
vertex V. 


This latter sum is therefore equal to the sum of (3) all the angles 
round O and (4) all the interior angles of the polygon. 

Now, by Euclid’s proposition, of the three angles forming the solid angle at 
A, the angles VAL, VA B are together greater than the angle £4 B. 

Similarly, at Z, the angles VBA, VBC are together greater than the angle 
ABC. 

And so on. 

Therefore, by addition, the base angles of the triangles with vertex V 
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(4) above]. 
Hence, by way of compensation, the sum of the plane angles at V [(1) 
above] is less than the sum of the angles round O [(3) above]. 
But the latter sum is equal to four right angles; therefore the plane angles 
forming the polyhedral angle are together less than four right angles. 


(2) or} are together greater than the sum of the angles of the polygon 


The proposition is only true of convex polyhedral angles, i.e. those in 
which the plane of any face cannot, if produced, ever cut the solid angle. 

There are certain propositions relating to equal (and symmetrical) trihe- 
dra] angles which are necessary to the consideration of the polyhedra dealt 
with by Euclid, all of which (as before remarked) have trihedral angles only. 


1. wo trihedral angles are equal if two face angles and the included 
dihedral angle of the one are respectively equal to two face angles and the included 
dihedral angle of the other, the equal parts being arranged in the same order. 


2. Two trihedral angles are equal tf two dihedral angles and the included 
face angle of (he one are respectively equal to two dihedral angles and the included 
face angle of the other, all equal parts being arranged in the same order. 


These propositions are proved immediately by superposition. 


3. Two trihedral angles are equal if the three face angles of the one are 
respectively equal to the three face angles of the other, and all are arranged in the 
same order. 


Let V—ABC and V'—4' B'C' be two trihedral angles such that the angle 
AVB is equal to the angle 4' V" £', the angle JC to the angle Z'V'C', and 
the angle CVA to the angle C'V' A'. 





We first prove that corresponding püirs of face angles include equal dihedral 
angles. 

E.g., the dihedral angle formed by the plane angles CVA, AVB is equal 
to that formed by the plane angles C'V'A, 4'V'S. 

Take points 4, B, C on VA, VB, VC and points 4', B', C' on V'A', 
V'B', V'C', such that VA, VB, VC. V'A', V'B', V'C are all equal. 

Join BC, CA, AB, B'C', C'A', A'B'. 

Take any point D on AV, and measure 4'D' along 4'V' equal to AD. 

From 2 draw DE in the plane AVS, and DF in the plane CVA, 
perpendicular to A V. Then DE, DF will meet 42, AC respectively, the 
angles VAB, VAC, the base angles of two isosceles triangles, being less than 
right angles. 

Jon EF 

Draw the triangle D’Z’/” in the same way. 
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Now, by means of the hypothesis and construction, it appears that the 
triangles VA B, V'A' B' are equal in all respects. 

So are the triangles VAC, V’A'C", and the triangles VBC, V'B'C". 

Thus BC, CA, AB are respectively equal to B’C’, C’A’', A’B’, and the 
triangles 44 B C, 4' B'C' are equal in all respects. 


Now, in the triangles ADE, A'D'E', 
the angles ADE, DAE are equal to the angles A4' D'E', D' 4'E' respectively, 
and AD is equal to A'D. 


Therefore the triangles 4D E, 4' D'E' are equal in all respects. 
Similarly the triangles 4 D, A4' D'F' are equal in all respects. 


Thus, in the triangles AEF, A'E F, 
EA, AF are respectively equal to £’A’, A'F’, 
and the angle ZAF is equal to the angle £’4'F’ (from above) ; 
therefore the triangles 4, 4' E'F' are equal in all respects. 
Lastly, in the triangles DEZ, D'E'F, the three sides are respectively 
equal to the three sides ; 


therefore the triangles are equal in all respects. 
Therefore the angles EDF, E'D'F' are equal. 


But these angles are the measures of the dihedral angles formed by the 
planes CVA, AVB and by the planes C’ V'A’, A'V'B' respectively. 
Therefore these dihedral angles are equal. 


Similarly for the other two dihedral angles. 
Hence the trihedral angles coincide if one is applied to the other ; 
that is, they are equal. 


To understand what is implied by "taken in the same order" we may 
suppose ourselves to be placed at the vertices, and to take the faces in clock- 
wise direction, or the reverse, for doth angles. 

If the face angles and dihedral angles are /a&en i» reverse directions, i.e. 
in clockwise direction in one and in counterclockwise direction in the other, 
then, if the other conditions in the above three propositions are fulfilled, the 
trihedral angles are not equal but symmetrical. 

If the faces of a trihedral angle be produced beyond the vertex, they form 
another trihedral angle. It is easily seen that these vertical trihedral angles 
are symmetrical. 


PROPOSITION 22. 


Jf there be three plane angles of which two, taken together 
in any manner, are greater than the remaining one, and they 
are contained by egual straight lines, it is possible to construct 
a triangle out of the straight lines joining the extremities of 
the egual straight lines. 


Let there be three piane angles ABC, DEF, GHK, of 
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which two, taken together in any manner, are greater than 
the remaining one, namely 


the angles ABC, DEF greater than the angle G//K, 
the angles DE +, GH greater than the angle 4 BC, 
and, further, the angles GHK, ABC greater than the angle 

DEF; 

let the straight lines 4B, BC, DE, EF, GH, HK be equal, 
and let 4C, DF, GK be joined ; 

I say that it is possible to construct a triangle out of straight 


lines equal to AC, DF, GK, that is, that any two of the 
straight lines 4C, DF, GK are greater than the remaining 


one. 
B | P 
A C D F dà K 


Now, if the angles 48C, DEF, GHK are equal to one 
another, it is manifest that, 4C, DF, GK being equal also, 


it is possible to construct a triangle out of straight lines equal 
to AC, DF, GK. 


But, if not, let them be unequal, 


and on the straight line /7K, and at the point Æ on it, let 
the angle K77L be constructed equal 


to the angle ARC; H 
let /7L be made equal to one of the 
straight lines 48, BC, DE, EF, GH, : 


and let KL, GZ be joined. 


Now, since the two sides AB, BC & 5 
are equal to the two sides KA, AL, 
and the angle at 7 is equal to the angle A//Z, 
therefore the base 74 C is equal to the base KZ. [1. 4] 


And, since the angles 48C, GAYK are greater than the 
angle DEF, 
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while the angle 44 2C is equal to the angle KHL, 
therefore the angle G//Z is greater than the angle DEF. 


And, since the two sides G77, /7L are equal to the two 
sides DE, EF, 


and the angle G//Z is greater than the angle DEF, 
therefore the base GZ is greater than the base DF. (1. 24] 


But GA, KL are greater than GL. 
Therefore GA, KZ are much greater than DF. 


But AZ is equal to AC; 


therefore AC, GX are greater than the remaining straight 
line DF. 


Similarly we can prove that 
AC, DF are greater than CK, 
and further DF, G& are greater than AC. 


Therefore it is possible to construct a triangle out of 
straight lines equal to 4C, DF, GK. 
Q. E. D. 


The Greek text gives an alternative proof, which is relegated by Heiberg 
to the Appendix. Simson selected the alternative proof in preference to that 
given above; he objected however to words near the beginning, “If not, let 
the angles at the points B, Æ, H be unequal and that at ZB greater than either 
of the angles at Æ, Æ,” and altered the words so as to take account of the 
possibility that the angle at B might be equal to one of the other two. 

As will be seen, Euclid takes no account of the relative magnitude of the 
angles except as regards the case when all three are equal. Having proved 
that oze base is less than the sum of the two others, he says that “similarly 
we can prove" the same thing for the other two bases. 

If a distinction is to be made according to the relative magnitude of the 
three angles, we may say, as in the corresponding place in x1. 21, that, if one 
of the three angles is either equal to or less than esther of the other two, the 
bases subtending those two angles must obviously be together greater than the 
base subtending the first. Thus it is only necessary to prove, for the case in 
which one angle is greater than either of the others, that the surn of the bases 
subtending those others is greater than that subtending the first. This is 
practically the course taken in the interpolated alternative proof. 


PROPOSITION 23. 


Jo construct a solid angle out of three plane angles two of 
which, taken together in any manner, are greater than the 
remaining one: thus the three angles must be less than four 
right angles. 
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Let the angles 4BC, DEF, GHK be the three given 
plane angles, and let two of these, taken together in any 
manner, be greater than the remaining one, while, further, 
the three are less than four right angles ; 


thus it is required to construct a solid angle out of angles 
equal to the angles ABC, DEF, GHK. 


8 
/N Z | a /\ 
o ô F à K 
Let AB, BC, DE, EF, GH, HK be cut off equal to one 
another, 


and let 4C, DF, GK be joined ; 

it is therefore possible to construct a triangle out of straight 

lines equal to 4C, DF, GK.  [xi. 22] 
Let LMN be so constructed that 

AC is equal to LM, DF to MN, and 

further GX to NL, 

let the circle LMAN be described about 

the triangle LMN, 

let its centre be taken, and let it be O; 

let LO, MO, NO be joined ; 

I say that 42 is greater than ZO. 





For, if not, AB is either equal to ZO, or less. 
First, let it be equal. 
Then, since AZ is equal to ZO, 


while 42 is equal to BC, and OL to OM, 

the two sides 48, BC are equal to the two sides LO, OM 

respectively ; 

and, by hypothesis, the base 4C is equal to the base LM ; 

therefore the angle ABC is equal to the angle LOM. — (r.8] 
For the same reason 

the angle DEF is also equal to the angle MON, 

and further the angle G7/ZK to the angle NOL ; 
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therefore the three angles ABC, DEF, GHK are equal to 
the three angles LOM, MON, NOL. 


But the three angles LOM, MON, NOL are equal to 
four right angles ; 
therefore the angles 48C, DEF, GHK are equal to four 
right angles. 


But they are also, by hypothesis, less than four right angles: 
which 1s absurd. 


Therefore ABZ is not equal to LO. 
I say next that neither is 42 less than ZO. 
For, if possible, let it be so, 
and let OP be made equal to 48, and OQ equal to BC, 
and let PQ be joined. 
Then, since AB is equal to BC, 
OP is also equal to OQ, 
so that the remainder ZL is equal to QM. 


Therefore LM is parallel to PỌ, [vi. 2] 
and £MO is equiangular with PQO ; [1. 29] 
therefore, as OL is to LM, so is OP to PQ; (vi. 4] 


and alternately, as LO is to OP, so is LM to PY. [v. 16] 
But ZO is greater than OP; 
therefore LJ is also greater than PQ. 
But LM was made equal to AC; 
therefore ÆC is also greater than PQ. 
Since, then, the two sides 48, BC are equal to the two 
sides PO, OQ, 
and the base AC is greater than the base PQ, 
therefore the angle ABC is greater than the angle POQ. 


— [1. 25] 
Similarly we can prove that 


the angle DE is also greater than the angle MON, 
and the angle G/7K greater than the angle VOL. 

Therefore the three angles 442 C, DEF, GH K are greater 
than the three angles LOM, MON, NOL. 

But, by hypothesis, the angles 4BC, DEF, GHK are 
less than four right angles; 
therefore the angles LOM, MON, NOL are much less than 
four right angles. 
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But they are also equal to four right angles: 
which is absurd. 


Therefore AZ is not less than LO. 
And it was proved that neither is it equal ; 


therefore AB is greater than LO. 


Let then OR be set up from the point O at right angles 
to the plane of the circle LMN, (xt. 12] 


and let the square on OR be equal to that area by which 
the square on 4A 1s greater than the square on LO; [Lemma] 


let RL, RM, RN be joined. 


Then, since AO is at right angles to the plane of the circle 
LMN, 


therefore AO is also at right angles to each of the straight 
lines LO, MO, NO. 


And, since ZO is equal to OM, 
while OF is common and at right angles, 
therefore the base RZ is equal to the base AM. (1. 4] 


For the same reason 
AN is also equal to each of the straight lines RZ, RM; 


therefore the three straight lines RL, RM, RN are equal to 
one another. 


Next, since by hypothesis the square on OR is equal to 
that area by which the square on 4B is greater than the 
square on LO, 


therefore the square on 4 B is equal to the squares on LO, OR. 

But the square on LA is equal to the squares on ZO, OR, 
for the angle LOR is right ; [1. 47] 
therefore the square on AZ is equal to the square on AL ; 
therefore 4B is equal to RL. 


But each of the straight lines BC, DE, EF, GH, HK is 
equal to 4B, 


while each of the straight lines RM, RN is equal to AZ ; 


therefore each of the straight lines 432, BC, DE, EF, GĦ, 
HK is equal to each of the straight lines RZ, RM, RN. 
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And, since the two sides LA, RM are equal to the two 
sides 48, BC, 
and the base LM is by hypothesis equal to the base 4C, 
therefore the angle LRM is equal to the angle 4BC. [r8] 


For the same reason 
the angle MRN is also equal to the angle DEF, 
and the angle LRN to the angle GZZK. 


Therefore, out of the three plane angles LRM, MRN, 
LRN, which are equal to the three given angles 4 BC, DEF, 
GHK, the solid angle at Æ has been constructed, which is 
contained by the angles LRM, MRN, LRN. 

Q. E. F. 


LEMMA. 
But how it is possible to take the square on OR equal to 


that area by which the square on AZ is 
greater than the square on LO, we can show C 


as follows. 
Let the straight lines 42, LO be 
set out, 


and let 44 B be the greater ; : E 
let the semicircle ABC be described on 4B, 
and into the semicircle ABC let AC be fitted equal to the 
straight line ZO, not being greater than the diameter 4B; (1v. 1] 
let CB be joined 

Since then the angle ACB is an angle in the semicircle 


ACB, 


therefore the angle ACB is right. (111. 31] 
Therefore the square on AZ is equal to the squares on 
AC, CB. [t. 47] 


Hence the square on 747 is greater than the square on 
AC by the square on CB. 

But AC is equal to ZO. 

Therefore the square on AZ is greater than the square on 
LO by the square on CB. 

If then we cut off OR equal to BC, the square on AB will 
be greater than the square on LO by the square on OR. 

Q. E. F. 


The whole difficulty in this proposition is the proof of a fact which makes 
the construction possible, viz. the fact that, if ZMN be a triangle with sides 
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respectively equal to the bases of the isosceles triangles which have the 
given angles as vertical angles and the equal sides all of the same length, then 
one of these equal sides, as 4B, is greater than the radius ZO of the circle 
circumscribing the triangle ZMAN. 

Assuming that 4B is greater than ZO, we have only to draw from O a 
perpendicular OA to the plane of the triangle ZA/N, to make OR of such a 
length that the sum of the squares on ZO, OR is equal to the square on 45, 
and to join AZ, RM, RN. (The manner of finding OR such that the square 
on it is equal to the difference between the squares on 4B and ZO is shown 
in the Lemma at the end of the text of the proposition. We have already 
had the same construction in the Lemma after x. 13.) 

—— RL, RM, RN are equal to AB and to one another [1. 4 
and 1. 47]. 

Therefore the triangles LRM, MRN, NRL have their three sides 
respectively equal to those of the triangles ABC, DEF, GAK respectively. 

Hence their vertical angles are equal to the three given angles respectively ; 
and the required solid angle is constructed. 


We return now to the proposition to be proved as a preliminary to the 
construction, viz. that, in the figures, 447 is greater than ZO. 

It will be observed that Euclid, as his manner is, proves it for one case 
only, that, namely, in which C, the centre of the circle circumscribing the 
triangle LMM, falls within the triangle, leaving the other cases for the reader 
to prove. As usual, however, the two other cases are found in the Greek text, 
after the formal conclusion of the proposition, as above, ending with the words 
Grep é5e momoa This position for the proofs itself suggests that they are not 
Euclid’s but are interpolated ; and this is rendered certain by the fact that 
words distinguishing three cases at the point where the centre O of the 
circumscribing circle is found, **It [the centre] will then be either within the 
triangle ZMN or on one of its sides or without. First let it be within,” are 
found in the Mss. B and V only and are manifestly interpolated. Nevertheless 
the additional two cases must have been inserted very early, as they are found 
in all the best Mss. 

In order to give a clear view ot the proof of all three cases as given in the 
text, we will reproduce all three (Euclid’s as well as the others) with abbrevia- 
tions to make them catch the eye better. 

In all three cases the proof is by reductio ad cbsurdum, and it is proved 
first that 42 cannot be egua/ to LO, and secondly that 4B cannot be /ess 
than ZO. 

Case I. 

(1) Suppose, if possible, that 4B = ZO. 

Then AB, BC are respectively equal to ZO, OM; 
and AC = LM (by construction). 

Therefore LABC=L LOM. 

Similarly i DEF=2 MON, 

4 GHK= NOL, 
Adding, we have 
LABC+ L DEF+ L GHK=L LOM +L MON +4 NOL 
= four right angles : 
which contradicts the hypothesis. 
Therefore 4B + LO. 
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(2) Suppose that 47 - ZO. 

Make OP, OQ (measured along OZ, O^) each equal to AB. 

Thus, OL, OM being equal also, it follows that 

PQ is || to ZM. 

Hence LM : PQ= LO : OP; 
and, since ZO > OP, 
LM, i.e. AC, > PQ. 

Thus, in As POQ, ABC, two sides are equal to two sides, and base 
AC > base PQ; 


therefore L ABC>+ POQ, ie L LOM. 
Similarly L DEF>. MON, 
L GHK> NOZ, 


and it follows by addition that 
LABC* . DEF«* GHK > (four right angles) : 
which again contradicts the hypothesis. 


Case II. 
(1) Suppose, if possible, that 4B = ZO. L 
Then (AB + BC), or (DE + EF) = MO+ OL 
= MN 


which contradicts the hypothesis. 


(2) The supposition that 4B < LO is even more 
impossible ; for in this case it would result that 


DE + EF< DF. 


Case III. 


(1) Suppose, if possible, that 4B = ZO. 

Then, in the triangles 48C, LOM, two sides 4B, BC are respectively 
equal to two sides ZO, OM, and the bases 
AC, L M are equal ; 
therefore LABC=2 LOM. 

Similarly 2. GHK=2 NOL. 

Therefore, by addition, 

LMON=LABC+LGHK 
> L DEF (by hypothesis). 

But, in the triangles DEF, MON, which 

are equal in all respects, 
LMON= c DEF. 

But it was proved that MON > L DEF: 

which is impossible. 





(2) Suppose, if possible, that AB < ZO. 
Along OZ, OM measure OP, OQ each equal to 4B. 


XI. 23] PROPOSITION 23 321 


Then LM, PQ are parallel, and 
LM : PQ= L0: OP, 
whence, since ZO > OP, 

LM, or AC, > PQ. 

Thus, in the triangles 48C, POQ, 
L ABC> POQ, ie. L LOM. 

Similarly, by taking OR along ON equal to AB, we prove that 

L GHĦHK> LON. 
Now, at O, make ¿ POS equal to 4 ABC, and L POT equal to 


L GHK. 
Make OS, OT each equal to OP, and join ST, SP, TP. 
Then, in the equal triangles 4 BC, POS, 


AC = PS, 
so that LM - PS. 
Similarly LN - PT. 


Therefore in the triangles MZN, SPT, since L MLN > 2 SPT [this is 
assumed, but should have been explained], 
MN > ST, 
or DF > ST. 
Lastly, in ^s DEF, SOT, which have two sides equal to two sides, since 
DF» ST, 
LDEF»-L.SOT 
>L ABC +L GHK (by construction): 
which contradicts the hypothesis. 


Simson gives rather different proofs for all three cases; but the essence of 
them can be put, I think, a little more shortly than in his text, as well as more 
clearly 


Case I. (O within AZMN.) 
(1) Let AB be, if possible, equal to ZO. 


Then the 4s ABC, DEF, GHK must be identically equal to the As 
LOM, MON, NOL respectively. 


AAA 


Therefore the vertical angles at O in the 
latter triangles are equal respectively to the angles 
at B, E, A. 

The latter are therefore together equal to four 

right angles: 
which is impossible. 
(2) If AB be less than ZO, construct on the 
bases LM, MN, NL triangles with vertices 
P, Q, R and identically equal to the As ABC, 
DER, GHK respectively. 
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Then 2, Q, A will fall within the respective angles at O, since PZ = PM 
and < ZO, and similarly in the other cases. 


Thus [. 21] the angles at P, Q, A are respectively greater than the angles 
at O in which they lie. 

Therefore the sum of the angles at P, Q, R, i.e. the sum of the angles at 
B, E, H, is greater than four right angles : 


which again contradicts the hypothesis. 


Case II. (O lying on MN.) 

In this case, whether (1) 4B = ZO, or (2) AB < LO, a triangle cannot 
be formed with MJN as base and each of the other sides equal to 4B. In other 
words, the triangle DEF either reduces to a straight line or is impossible. 


H 
B 





Case III. (O lying outside the A LMN.) 
(1) Suppose, if possible, that 4B = ZO. 


Then the triangles LOM, MON, NOL are identically equal to the 
triangles ABC, DEF, GHK. 


Since LLOM+LLON=L MON, 
LABC+LGHK=LDEF: 
which contradicts the hypothesis. 


(2) Suppose that AB « OL. 


Draw, as before, on LM, MN, INL as bases triangles with vertices P, Q, £ 
and identically equal to the As ABC, DEF, GHK. 

Next, at /V on the straight line VR, make 2 RMS equal to the angle 
PLM, cut off MS equal to LM and join RS, ZS. 

Then A VRS is identically equal to A ZPM or A ABC. 


Now (.LNR+2LRNS)<(4NZLO+20LM), 
that is, L LNS < L NLM. 


Thus, in As LWS, NLM, two sides are equal to two sides, and the included 
angle in the former is less than the included angle in the other. 


Therefore LS < MN. 
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Hence, in the triangles M QN, LAS, two sides are equal to two sides, and 
MN» LS.. 


Therefore LMQN-.LRS 
>(LLRN +4 SRN) 
>(LLRN+L LPM). 

That is, LDEF>(LGHK+LABC): 


which is impossible. 





PROPOSITION 24. 


Lf a solid be contained by parallel planes, the opposite planes 
in tl are equal and paraldelogrammac. 


For let the solid CDHG be contained by the parallel planes 
AC, GF, AH, DF, BF, AE; 
I say that the opposite planes 
in it are equal and parallelo- 
grammic. 

For, since the two parallel 
planes BG, CE are cut by the 
plane 4C, 
their common sections are 


parallel. (xL 16] 
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Therefore 48 is parallel to DC. 


Again, since the two parallel planes BF, AZ are cut by 
the plane 4C, 
their common sections are parallel. (x1. 16] 
Therefore BC is parallel to 4D. 
But 447 was also proved parallel to DC ; 
therefore 4C is a parallelogram. 


Similarly we can prove that each of the planes DF, FG, 
GB, BF, AE isa parallelogram. 


Let AH, DF be joined. 

Then, since AB is parallel to DC, and BH to CF, 
the two straight lines 4B, BH which meet one another are 
parallel to the two straight lines DC, CF which meet one 
another, not in the same plane ; 
therefore they will contain equal angles ; [xi. 10) 
therefore the angle ABH is equal to the angle DCF. 

And, since the two sides 48, BA are equal to the two 
sides DC, CF, (1. 34] 
and the angle 44 877 is equal to the angle DCF, 
therefore the base 74 77 is equal to the base DF; 
and the triangle ABH is equal to the triangle DCF. (t. 4) 

And the parallelogram BG is double of the triangle ABA, 
and the parallelogram CE double of the triangle DCF;; [1. 34] 
therefore the parallelogram G is equal to the parallelo- 


gram CE 


Similarly we can prove that 
AC is also equal to GF, 
and AE to BF. 


Therefore etc. 
Q. E. D. 


As Heiberg says, this proposition is carelessly enunciated. Euclid means 
a solid contained by six planes and not more, the planes are parallel Awo and 
two, and the opposite faces are equal in the sense of identically equal, or, as 
Simson puts it, equal and similar. The similarity is necessary in order to 
enable the equality of the parallelepipeds in the next proposition to be inferred 
from the roth definition of Book xı. Hence a better enunciation would be: 

Jf a solid be contained by six planes parallel two and two, the opposite faces 
respectively are equal and similar paralleloyrams. 

The proof is simple and iequires no elucidation. 
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PROPOSITION’ 25. 


If a parallelepipeda! solid be cut by a plane which ts 
parallel to the opposite planes, then, as the base ts to the base, so 
will the solid be to the solid. 


For let the parallelepipedal solid ABCD be cut by the 
plane FG which is parallel to the opposite planes RA, DA; 


I say that, as the base 4 EFV is to the base EZZCF, so is the 
solid 44 BFU to the solid EGCD. 


À 
LLLI 


For let A be produced in each direction, 
let any number of straight lines whatever, 4K, KZ, be made 
equal to AZ, 
and any number whatever, 77, £N, equal to E; 


and let the parallelograms LP, KV, HW, MS and the solids 
LQ, KR, DM, MT be completed. 


Then, since the straight lines LK, KA, AZ are equal to 
one another, 


the parallelograms Z P, KV, AF are also equal to one another, 
KO, KB, AG are equal to one another, 


and further LX, KQ, AR are equal to one another, for they 
are opposite. (x1. 24] 





For the same reason 
the parallelograms EC, HW, MS are also equal to one another, 
HG, HI, IN are equal to one another, 
and further D/H, MY, NT are equal to one another. 


Therefore in the solids LQ, KR, AU three planes are 
equal to three planes. 
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But the three planes are equal to the three opposite ; 


therefore the three solids LQ, KR, AU are equal to one 
another. 


For the same reason 
the three solids ED, DM, MT are also equal to one another. 


Therefore, whatever multiple the base ZF is of the base 
AF, the same multiple also is the solid Z U of the solid 4 U. 


For the same reason, 


whatever multiple the base VF is of the base FH, the same 
multiple also is the solid WVU of the solid HU. 


And, if the base ZF is equal to the base VF, the solid Z U 
is also equal to the solid VU; 


if the base LF exceeds the base WF, the solid ZU also 
exceeds the solid VU; 


and, if one falls short, the other falls short. 


Therefore, there being four magnitudes, the two bases 
AF, FH, and the two solids 4 U, UH, 


equimultiples have been taken of the base AF and the solid 
AU, namely the base ZF and the solid LU, 


and equimultiples of the base 777 and the solid HU, namely 
the base VF and the solid VU, 


and it has been proved that, if the base LF exceeds the base 
£N, the solid Z U also exceeds the solid VU, 


if the bases are equal, the solids are equal, 
and if the base falls short, the solid falls short. 


Therefore, as the base AF is to the base FH, so is the 
solid 4 U to the solid UH. (v. Def. s] 


Q. E. D. 


It is to be observed that, as the word parallelogrammic was used in Book 1. 
without any definition of its meaning, so rapaAAnderinedos, parallelepipedal, is 
here used without explanation. While it means simply **with parallel planes," 
ie. "faces," the term is appropriated to the particular solid which has ssx 
plane faces parallel two and two. The proper translation of crepedv 
mapadAnrerimedoy is parallelepipedal solid, not solid parallelepiped, as it is 
usually translated. Still less is the solid a parallelopiped, as the word is not 
uncommonly written. 

The opposite faces in each set of parallelepipedal solids in this proposition 
are not only equal but equal and similar. Euclid infers that the solids in each 
set are equal from Def. 10; but, as we have seen in the note on Deff. 9, 10, 
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though it is true, where no solid angle in the figures is contained by more 
than three plane angles, that two solid figures are equal and similar which are 
contained by the same number of equal and similar faces, similarly arranged, 
the fact should have been proved. To do this, we have only to prove the 
proposition, given above in the note on X1. 21, that “wo trihedral angles ave 
equal if the three face angles of the one ave respectively equal to the three face 
angles in the other, and all are arranged in the same order, and then to prove 
equality by applying one figure to the other as is done by Simson in his 
proposition C. 

Application will also, of course, establish what is assumed by Euclid of 
the solids formed by the multiples of the original solids, namely that, if 


LF? NF, the solid ZU 7 the solid NU. 


PROPOSITION 26. 


On a given straight line, and at a given point on tt, to 
construct a solid angle equal to a given solid angle. 


Let AB be-the given straight line, 4 the given point on 
it, and the angle at D, contained by the angles EDC, EDF, 
FDC, the given solid angle ; 
thus it is required to construct on the straight line 74 Z, and at 
the point 4 on it, a solid angle equal to the solid angle at 2. 


H 





For let a point / be taken at random on DF, 
let FG be drawn from F perpendicular to the plane through 
ED, DC, and let it meet the plane at G, (xı. 11] 
let DG be joined, 
let there be constructed on the straight line 447 and at the 
point 4 on it the angle BAL equal to the angle EDC, and 
the angle BAX equal to the angle EDG, (1. 23] 


let AK be made equal to DG, 
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let KH be set up from the point A at right angles to the 
plane through BA, AL, [xi. 12] 


let XH be made equal to GF, 
and let A be joined ; 


I say that the solid angle at 4, contained by the angles BAL, 
BAH, HAL is equal to the solid angle at D contained by 
the angles EDC, EDF, FDC. 


For let 44 B, D£ be cut off equal to one another, 
and let HB, KB, FE, GE be joined. 


Then, since ZG is at right angles to the plane of reference, 
it will also make right angles with all the straight lines which 
meet it and are in the plane of reference ; [xi. Def. 3] 


therefore each of the angles FGD, FGE is right. 
For the same reason 
each of the angles HKA, HKB is also right. 


And, since the two sides KA, AB are equal to the two 
sides GD, DE respectively, 


and they contain equal angles, 

therefore the base AZ is equal to the base GZ. (1. 4] 
But XH is also equal to GF, 

and they contain right angles ; 

therefore ÆB is also equal to FE. (1. 4] 


Again, since the two sides 44 K, KH are equal to the two 
sides DG, GF, 


and they contain right angles, 
therefore the base 74 77 is equal to the base FD. (1. 4] 
But AB is also equal to DE ; 


therefore the two sides FA, AB are equal to the two sides 
DF, DE. 


And the base 777 is equal to the base FE ; 
therefore the angle BAH is equal tc the angle EDF. u. 8)] 


For the same reason 
the angle 774 L is also equal to the angle FDC. 


And the angle BAZ is also equal to the angle EDC. 
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Therefore on the straight line 4, and at the point 4 on 
it, a solid angle has been constructed equal to the given solid 
angle at D. 

Q. E. F. 
This proposition again assumes the equality of two trihedral angles which 


have the three plane angles of the one respectively equal to the three plane 
angles of the other taken in the same order. 


PROPOSITION 27. 


On a given straight line to describe a parallelepipedal solid 
stemular and similarly situated to a given parallelep:pedal solid. 


Let AB be the given straight line and CD the given 
parallelepipedal solid ; 
thus it is required to describe on the given straight line 4B 
a parallelepipedal solid similar and similarly situated to the 
given parallelepipedal solid CD. | 


B 


For on the straight line 42 and at the point 4 on it let 
the solid angle, contained by the angles BA H, HAK, KAB, 
be constructed equal to the solid angle at C, so that the angle 
BAH is equal to the angle ECF, the angle BAK equal to 
the angle ECG, and the angle XAA to the angle GCE; 
and let it be contrived that, 
as EC is to CG, so is BA to AK, 


and, as GC is to CF, so is KA to AH. (vi. 12] 
Therefore also, ex aeguals, 
as EC is to CF, so is BA to AX. [v. 22] 


Let the parallelogram “72 and the solid AZ be completed. 


Now since, as EC is to CG, so is BA to AK, 
and the sides about the equal angles ECG, BAX are thus 
proportional, 
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therefore the parallelogram GÆ is similar to the parallelo- 
gram KB, 


For the same reason 
the parallelogram XJ is also similar to the parallelogram GF, 
and further FZ to HB; 
therefore three parallelograms of the solid CD are similar to 
three parallelograms of the solid 4Z. 
But the former three are both equal and similar to the 
three opposite parallelograms, 
and the latter three are both equal and similar to the three 
opposite parallelograms ; 
therefore the whole solid C2 is similar to the whole solid AZ. 
(xı. Def. 9] 
Therefore on the given straight line 42 there has been 
described AL similar and similarly situated to the given 


parallelepipedal solid CD. 
Q. E. F. 


PROPOSITION 28. 


Jf a parallelepipedal solid be cut by a plane through the 
diagonals of the opposite planes, the solid will be bisected by the 
plane. 


For let the parallelepipedal solid 42 be cut by the plane 
CDEF through the diagonals CF, DE of 


opposite planes ; B F 
I say that the solid AZ will be bisected by 
the plane CDEF. H 

For, since the triangle CGF is equal à 
to the triangle CFB, (1. 34) 
and ADE to DEH, A 


while the parallelogram C4 is also equal 

to the parallelogram ÆÐ, for they are opposite, 

and GE to CH, 

therefore the prism contained by the two triangles CGF, 
ADE and the three parallelograms GZ, AC, CE is also equal 
to the prism contained by the two triangles CFB, DEH and 
the three parallelograms CH, BE, CE; 
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for they are contained by planes equal both in multitude and 


in magnitude. [x1. Def. 10] 
Hence the whole solid 42 is bisected by the plane CDEF. 
Q. E. D. 


Simson properly observes that it ought to be proved that the diagonals of 
two opposite faces are in one plane, before we speak of drawing a plane 
through them. Clavius supplied the proof, which is of course simple enough. 

Since EF, CD are both parallel to 4G or 77, they are parallel to one 
another. 

Consequently a plane can be drawn through CD, EF and the diagonals 
DE, CF are in that plane [xi. 7). Moreover CD, E are equal as well as 
parallel; so that CF, DE are also equal and parallel. 


Simson does not, however, seem to have noticed a more serious difficulty. 
The two prisms are shown by Euclid to be contained by equal faces—the faces 
are in fact equal and similar—and Euclid then infers at once that the prisms 
are egual. But they are not equal in the only sense in which we have, at 
present, a right to speak of solids being equal, namely in the sense that they 
can be applied, the one to the other. They cannot be so applied because the 
faces, though equal respectively, are not similarly arranged ; consequently the 
prisms are symmetrical, and it ought to be proved that they are, though not 
equal and similar, equal in content, or equivalent, as Legendre has it. 

Legendre addressed himself to proving that the two prisms are equivalent, 
and his method has been adopted, though his 
name is not mentioned, by Schultze and Seven- 
oak and by Holgate. Certain preliminary pro- 
positions are necessary. 


1. The sections of a prism made by parallel 
planes cutting all the lateral edges are equal 


polygons. 
Suppose a prism V cut by parallel planes 
which make sections 4 BCDE, A'B'CD E. 
Now 4 B, BC, CD, ... arerespectively parallel 
to 4B, B'C', C'D,,.... xi. 16] 
Therefore the angles ABC, BCD,... are 
equal to the angles 4'5' C', B'C'D, ... respec- 





tively. [xi. 10] 
Also 4B, BC, CD, ... are respectively equal 
to A45, B'C', C'D,.... [1. 34] 


Thus the polygons ABCDE, A'B'C'D'E' are equilateral and equiangular 
to one another. 


2. Two prisms are equal when they have a solid angle in each contained by 
three faces equal each to each and similarly arranged. 


Let the faces 4BCDE, AG, AL be equal and similarly placed to the 
faces ABODE, A'G', A'L'. 
Since the three plane angles at 4, A’ are equal respectively and are 
similarly placed, the trihedral angle at 4 is equal to the trihedral angle at 4’. 
[(3) in note to x1. 21] 
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Place the trihedral angle at 4 on that at 4’. 

Then the face ABCDE coincides with the face A’B’C’ DE, the face AG 
with the face 4’G’, and the face AZ with the face 4’L’. 

The point C falls on C’ and D on D’. 





Since the lateral edges of a prism are parallel, CZZ will fall an C'Z", and 
DK on D'K. 
And the points Æ G, Z coincide respectively with F, G’, Z', so that 


the planes GK, G'K' coincide. 


Hence 77, K coincide with 77', K" respectively. 

Thus the prisms coincide throughout and are equal. 

In the same way we can prove that two “rus ated prisms with three faces 
forming a solid angle related to one another as in the above proposition are 
identically equal. 

In particular, 


Cor. Two right prisms having equal bases and equal heights are equal. 


3. An oblique prism is equivalent to a right prism whose base is a right 
section of the oblique prism and whose 
height ts equal to a lateral edge of the 
oblique prism. 


Suppose GZ to be a right section of 
the oblique prism 4D’, and let GZ be 
a right prism on GZ as base and with 
height equal to a lateral edge of 4D’. 

Now the lateral edges of GZ’ are 
equal to the lateral edges of AD’. 

Therefore 4G — 4G, BHE- B H', 
CK = C’K’, etc. 

Thus the faces AH, BK, CL are 
equal respectively to the faces A'A”, 
BK, cL. 

Therefore [by the proposition 
above] 

(truncated prism 4 Z) = (truncated 

prism 4’Z’). 

Subtracting each from the whole solid 4 Z’, we see that 

the prisms 4D’, GL’ are equivalent. 
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Now suppose the parallelepiped of Euclid’s proposition to be cut by the 
plane through 4G, DF. 

Let AZMN be a right section of the parallelepiped 
cutting the edges 4D, BC, GF, HE. 

Then ZMN is a parallelogram; and, if the 
diagonal Kf be drawn, 

AKLM-^MNK. 

Now the prism of which the As ABG, DCF are 
the bases is equal to the right prism on A XZM as 
base and of height 42D. 

Similarly the prism of which the As AGA, DFE 
are the bases is equal to the right prism on A MNK 





as base and with height 42. ((3) above} 
And the right prisms on As ZM, MNK as bases and of equal height 
AD are equal. ((2), Cor. above] 


Consequently the two prisms into which the parallelepiped is divided are 
equivalent. 


PROPOSITION 29. 


Parallelepipedal solids which are on the same base and of 
(he same height, and in which the extremities of the sides which 
stand up are on the same straight lines, are egual to one 
another. 


Let CM, CN be parallelepipedal solids on the same base 
AB and of the same height, 


and let the extremities of their E H K 
sides which stand up, namely 
AG, AF, LM, LN, CD, CE, 
B H, B K,be on the same straight 
lines FN, DK; 

I say that the solid CM is equal 
to the solid CN. 

For, since each of the figures Á L 

CH, CK is a parallelogram, CZ 

is equal to each of the straight lines DZ, EK, (1. 34] 


hence DH is also equal to E K. 
Let EZ be subtracted from each ; 
therefore the remainder D is equal to the remainder HK. 


Hence the triangle DCE is also equal to the triangle 
HBK, (1. 8, 4] 


and the parallelogram DG to the parallelogram HN. _ [t. 36] 


G M 


n 
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For the same reason 
the triangle 44 FG is also equal to the triangle MLN. 

But the parallelogram CF is equal to the parallelogram BM, 
and CG to BN, for they are opposite ; 
therefore the prism contained by the two triangles 44 FG, DCE 
and the three parallelograms AD, DG, CG is equal to the 
prism contained by the two triangles MLN, HBK and the 
three parallelograms BM, HN, BN. 

Let there be added to each the solid of which the 
parallelogram 4B is the base and GE //M its opposite ; 
therefore the whole parallelepipedal solid C/ is equal to the 
whole parallelepipedal solid CV. 


T herefore etc. 
Q. E. D. 


As usual, Euclid takes one case only and leaves the reader to prove for 
himself the two other possible cases shown in the subjoined figures. Euclid's 
proof holds with a very slight change in each case. With the first figure, the 





only difference is that the prism of which the As GAL, ECB are the bases 
takes the place of “the solid of which the parallelogram 4B is the base and 
GEH M its opposite”; while with the second figure we have to subtract the 
prisms which are proved equal successively from the solid of which the 
parallelogram AZ is the base and FDØÆN its opposite. 

Simson, as usual, suspects mutilation by “some unskilful editor,” but gives 
a curious reason why the case in which the two parallelograms opposite to 
AB have a side common ought not to have been omitted, namely that this 
case “is immediately deduced from the preceding 28th Prop which seems for 
this purpose to have been premised to the 29th." But, apart from the fact that 
Euclid's Prop. 28 does o£ prove the theorem which it enunciates (as we have 
seen), that theorem is not in the least necessary for the proof of this case of 
Prop. 29, as Euclid's proof applies to it perfectly well. 


PROPOSITION 30. 


Parallelepipedal solids which are on the same base and of 
the same height, and in which the extremities of the sides which 
stand up are not on the same straight lines, are equal to one 
another. 
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Let C4, CNN be parallelepipedal solids on the same base 
AB and of the same height, 
and let the extremitiesof their 
sides which stand up, namely 
AF, AG, LM, LN, CD,CE, 
BH, BK, not be on the same 
straight lines ; 

I say that the solid CM is 
equal to the solid CN. 

For let VX, DH be pro- 
duced and meet one another 
at A, 
and further let FM, GE be 
produced to P, Q; 
let 40, LP, CQ, BR be joined. 

Then the solid CM, of which the parallelogram ACBL is 
the base, and FDHM its opposite, is equal to the solid CP, 
of which the parallelogram ACBL is the base, and OQRP its 
opposite ; 
for they are on the same base 4C BZ and of the same height, 
and the extremities of their sides which stand up, namely A F, 
AO, LM, LP, CD, CQ, BH, BR, are on the same straight 
lines FP, DR. [x1. 29] 

But the solid CP, of which the parallelogram ACBL is 
the base, and OQAP its opposite, is equal to the solid CM, 
of which the parallelogram 44 CAL is the base and GE KN its 
opposite ; 
for they are again on the same base ACBL and of the same 
height, and the extremities of their sides which stand up, 
namely AG, AO, CE, CQ, LN, LP, BK, BR, are on the 
same straight lines GQ, VR. | 

Hence the solid C77 is also equal to the solid CW. 

Therefore etc. 





Q. E. D. 

This proposition completes the proof of the theorem that 

Two parallelepipeds on the same base and of the same height are equivalent. 

Legendre deduced the useful theorem that 

Every parallelepiped can be changed into an equivalent rectangular parallele- 
piped having the same height and an equtvalent base. 


For suppose we have a parallelepiped on the base ABCD with EFGH for 
the opposite face. 
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Draw 47, BK, CL, DM perpendicular to the plane through EFGH and 
all equal to the height of the parallelépiped 4G. Then, on joining ZK, KZ, 
LM, MI, we have a parallelepiped equivalent to the original one and having 
its lateral faces 4X, BL, CM, D/ rectangles. 
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If ABCD is not a rectangle, draw 40, DN in the plane 4C perpendicu- 
lar to BC, and ZP, MQ in the plane /Z perpendicular to KZ. 

Joining OP, NQ, we have a rectangular parallelepiped on A OND as base 
which is equivalent to the parallelepiped with ABCD as base and /KZM as 
opposite face, since we may regard these parallelepipeds as being on the same 
base 4DM/ and of the same height (40). 

That is, a rectangular parallelepiped has been constructed which is 
equivalent to the given parallelepiped and has (1) the same height, (2) an 
equivalent base. 

The American text-books which I have quoted adopt a somewhat different 
construction shown in the subjoined figure. 


2 OSS 6 OOF OSES OT TEESE HOTS SESE OTEOEASS 





A' e" 
The edges 4B, DC, EF, HG of the original parallelepiped are produced 
B 


and cut at right angles by two parallel planes at a distance apart 4 
to AB. 

Thus a parallelepiped is formed in which all the faces are rectangles except 
AH, BG. 


equal 
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Next produce D'A’, C’B’, G'F’, H'E' and cut them perpendicularly by two 
parallel planes at a distance apart Z” C” equal to D'C”. 

The points of section determine a rectangular parallelepiped. 

The equivalence of the three parallclepipeds is proved, not by Eucl. x1. 
29, 30, but by the proposition about a right section of a prism given above in 
the note to x1. 28 (3 in that note). 


PROPOSITION 31. 
Parallelepipedal soleds which are on equal bases and of the 


same height are equal to one another. 

Let the parallelepipedal solids 44 E, CF, of the same height, 
be on equal bases 44 P, CD. 

I say that the solid AZ is equal to the solid C. 





First, let the sides which stand up, WA, BE, AG, LM, 
PQ, DF, CO, RS, be at right angles to the bases 42, CD; 
let the straight line AZ be produced in a straight line 
with CR; 
on the straight line RZ, and at the point A on it, let the 
angle TRU be constructed equal to the angle AZB, — [i 23] 
let A 7 be made equal to AZ, and RU equal to L7, 
and let the base RW and the solid XU be completed. 


Now, since the two sides TR, RU are equal to the two 
sides AL, LB, 


and they contain equal angles, 


therefore the parallelogram RW is equal and similar to the 
parallelogram 77Z. 


Since again 74 Z is equal to A7, and £74 to AS, 
and they contain right angles, 
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therefore the parallelogram RX is equal and similar to the 
parallelogram 4M. 


For the same reason 
LE is also equal and similar to SU; 
therefore three parallelograms of the solid 4Z are equal and 
similar to three parallelograms of the solid .X U. 

But the former three are equal and similar to the three 
opposite, and the latter three to the three opposite; —— [xi 24] 
therefore the whole parallelepipedal solid 4 is equal to the 
whole parallelepipedal solid X U. (x1. Def. 10} 


Let Dk, WU be drawn through and meet one another 
at Y, 
let 275 be drawn through T parallel to DY, 
let PD be produced to a, 
and let the solids YX, RZ be completed. 


Then the solid X Y, of which the parallelogram AX is the 
base and Yc its opposite, is equal to the solid XU of which 
the parallelogram AX is the base and UV its opposite, 
for they are on the same base AX and of the same height, and 
the extremities of their sides which stand up, namely RY, RU, 
Tb, TW, Se, Sd, Xc, XV, are on the same straight lines 
YW, eV. (x1. 29] 

But the solid XU is equal to AE: 
therefore the solid XY is also equal to the solid 4£. 


And, since the parallelogram RUWT is equal to the 
parallelogram YT 
for they are on the same base ÆT and in the same parallels 
RT, YW, [1. 35] 
while RU WT is equal to CD, since it is also equal to 4B, 
therefore the parallelogram YT is also equal to CD. 

But DT is another parallelogram ; 
therefore, as the base CD is to DT, so is YT to DT. (v. 7] 

And, since the parallelepipedal solid CZ has been cut by 
the plane AF which is parallel to opposite planes, 
as the base CD is to the base D7, so is the solid CF to the 
solid A7. (xı. 25] 
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For the same reason, 


since the parallelepipedal solid Y7 has been cut by the plane 
AX which is parallel to opposite planes, 


as the base Y 7 is to the base TD, so is the solid YX to the 
solid A. (x1. 25] 
But, as the base CD is to DT, so is YT to DT; 


therefore also, as the solid CF is to the solid AZ, so is the 
solid VX to R/. [v. 11] 


Therefore each of the solids CF, YX has to RZ the same 
ratio ; 
therefore the solid CF is equal to the solid Y X. [v. 9] 
But Y'X was proved equal to AZ ; 
therefore A Æ is also equal to CF 


Next, let the sides standing up, 4G, HK, BE, LM, CN, 
PQ, DF, RS, not be at right angles to the bases 4B, CD; 


I say again that the solid AZ is equal to the solid CZ: 





For from the points A, £, G, 44, Q, F, N, Slet KO, £T, 
GU, MV, QW, FX, NY, S/ be drawn perpendicular to the 
plane of reference, and let them meet the plane at the points 
O, 7; U, V, WW, X, Y, 1, 
and let OT, OU, UV, TV, WX, WY, YZI, IX be joined. 

Then the solid AV is equal to the solid Q/, 
for they are on the equal bases KZ, QS and of the same 
height, and their sides which stand up are at right angles to 


their bases. [First part of this Prop.] 
But the solid AV is equal to the solid AZ, 
and Q/ to CF; : 


for they are on the same base and of the same height, while 
the extremities of their sides which stand up are not on the 
same straight lines. [x1. 30] 
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Therefore the solid Æ is also equal to the solid CF. 


Therefore etc. 
Q. E. D. 


It is interesting to observe that, in the figure of this proposition, the bases 
are represented as lying “in the plane of the paper,” as it were, and the third 
dimension as “standing up” from that plane. The figure is that of the 
manuscript P slightly corrected as regards the solid AL. 

Nothing could well be more ingenious than the proof of this proposition, 
which recalls the brilliant proposition 1. 44 and the proofs of vi. 14 and 23. 

As the proof occupies considerable space in the text, it will no doubt be 
well to give a summary. 


I. First, suppose that the edges terminating at the angular points of the 
bases are perpendicular to the bases. 

AB, CD being the bases, Euclid constructs a solid identically equal to 
AE (he might simply have moved AE itself), placing it so that AS is the edge 
corresponding to HK (RS= HK because the heights are equal), and the face 
AX corresponding to ME is in the plane of CS. 

The faces CD, RW are in one plane because both are perpendicular to 
RS. Thus DR, WU meet, if produced, in Y say. 

Complete the parallelograms YZ, DZ and the solids YX, FT. 

Then (solid YX) = (solid UX), 
because they are on the same base SZ and of the same height. (xt. 29] 


Also, CZ, Y7 being parallelepipeds cut by planes A7, AX parallel to pairs 
of opposite faces respectively, 

(solid CF) : (solid 27) 2 £7 CD:£22D1, (xı. 25] 
and (solid YX) : (solid £7) 277 YT:£2 DT. 

But (1. 35] O YT=0 UT 

=O AB 

— [7 CD, by hypothesis. 
Therefore (solid CF) = (solid YX) 

= (solid UX) 

= (solid 4 E). 

II. If the edges terminating at the base are ^o perpendicular to it, turn 
each solid into an equivalent one on the same base with edges perpendicular 
to it (by drawing four perpendiculars from the angular points of the base to 
the plane of the opposite face). (Xt. 29, 30 prove the equivalence.) 

Then the equivalent solids are equal, by Part 1.; so that the original solids 
are also equal. 

Simson observes that Euclid has made no mention of the case in which 
the bases of the two solids are egusangular, and he prefixes this case to Part 1. 
in the text. This is surely unnecessary, as Part 1. covers it well enough: the 
only difference in the figure is that UW would coincide with YS and dV 
with er. 

Simson further remarks that in the demonstration of Part 11. it is not 
proved that the new solids constructed in the manner described are parallele- 
pipeds. The proof is, however, so simple that it scarcely needed insertion 
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into the text. He is correct in his remark that the words “while the 
extremities of their sides which stand up are not on the same straight lines” 
just before the end of the proposition would be better absent, since they may 
be “on the same straight lines.” 


PROPOSITION 32. 


Parallelepipedal solids which are of the same height are to 
one another as thetr bases. 
Let AB, CD be parallelepipedal solids of the same height; 


[ say that the parallelepipedal solids 48, CD are to one 
another as their bases, that is, that, as the base 4£ is to the 
base CF, so is the solid 442 to the solid C2. 


B D K 
A ie G H 


For let FH equal to AE be applied to FG, (1. 45) 
and on FH as base, and with the same height as that of CD, 
let the parallelepipedal solid G be completed. 

Then the solid 4B is equal to the solid GK ; 
for they are on equal bases 4, FH and of the same m 

[xi. 31 

And, since the parallelepipedal solid C is cut by the plane 
DG which is parallel to opposite planes, 
therefore, as the base CF is to the base FH, so is the solid 
CD to the solid DH. (x1. 25] 

But the base FH is equal to the base 4£, 
and the solid GK to the solid AB; 
therefore also, as the base 4£ is to the base CF; so is the 
solid 4B to the solid CD. 

Therefore etc. 

Q. E. D. 


As Clavius observed, Euclid should have said, in applying the parallelo- 
gram FH to FG, that it should be applied “in the angle FGH equal to the 
angle LCG.” Simson is however, I think, hypercritical when he states as 
regards the completion of the solid GÆ that it ought to be said, “ complete 


342 BOOK XI (x1. 32, 33 


the solid of which the base is FH, and one of sts insisting straight lines ts FD.” 
Surely, when we have two faces DG, FA meeting in an edge, to say “complete 
the solid" is quite sufficient, though the words “on FH as base” might 
perhaps as well be left out. The same “completion” of a parallelepipedal 
solid occurs in XI. 31 and 33. 


PROPOSITION 33. 


Similar parallelepipedal solids are to one another in the 
triplicate ratio of their corresponding sides. 

Let AB, CD be similar parallelepipedal solids, 
and let 44 £ be the side corresponding to CF; 


I say that the solid 447 has to the solid C2 the ratio triplicate 
of that which AZ has to CF. 





For let EK, EL, EM be produced in a straight line with 
AE, GE, HE, 


let EK be made equal to CF, EZ equal to FA, and further 
EM equal to FR, 


and let the parallelogram AZ and the solid XP be completed. 


Now, since the two sides KZ, EZ are equal to the two 
sides CF, FN, 


while the angle KZ is also equal to the angle CFN, 
inasmuch as the angle 4£G is also equal to the angle CEN 
because of the similarity of the solids 42, CD, 
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therefore the parallelogram AZ is equal <and similar > to the 
parallelogram CN. 


For the same reason 
the parallelogram XM is also equal and similar to CR, 
and further EP to DF; 
therefore three parallelograms of the solid AP are equal and 
similar to three parallelograms of the solid CD. 

But the former three parallelograms are equal and similar 
to their opposites, and the latter three to their opposites; [x1. 24] 


therefore the whole solid A is equal and similar to the whole 
solid CD. (xı. Def. 1o] 


Let the parallelogram GX be completed, 
and on the parallelograms GA, KZ as bases, and with the 
same height as that of AB, let the solids FO, LQ be 
completed. 


Then since; owing to the similarity of the solids 442, CD, 
as AF is to CF, so is EG to FN, and EZ to FR, 
while CF is equal to EK, FN to EL, and FA to EM, 
therefore, as AE is to EK, so is GE to EL, and HE to EM. 


But, as AE is to EK, so is AG to the parallelogram GK, 
as GE isto EL, so is GK to AL, 
and, as HE isto EM, sois QE to KM; (vi. 1] 
therefore also, as the parallelogram AG is to GK, so is GK 
to KL, and QE to KM. 

But, as AG is to GK, so is the solid 4 to the solid. ZO, 
as GK is to KZ, so is the solid OE to the solid QL, 
and, as QE is to KY, so is the solid QZ to the solid AP; 

[xt. 32] 
therefore also, as the solid 42 is to EO, so is EO to QL, and 
QL to KP. 

But, if four magnitudes be continuously proportional, the 
first has to the fourth the ratio triplicate of that which it has 
to the second ; [v. Def. ro] 
therefore the solid 4B has to AP the ratio triplicate of that 
which AB has to EO. 

But, as AB is to ZO, so is the parallelogram AG to GØ, 
and the straight line 44 to EMX [vi. 1); 
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hence the solid 4Z has also to KP the ratio triplicate of that 
which A£ has to EK. 


But the solid KP is equal to the solid CD, 
and the straight line EK to CF; 


therefore the solid B has also to the solid CD the ratio 
triplicate of that which the corresponding side of it, AE, has 
to the corresponding side C7. 


Therefore etc. 
Q. E. D. 


PorisM. From this it is manifest that, if four straight 
lines be < continuously > proportional, as the first is to the 
fourth, so will a parallelepipedal solid on the first be to the 
similar and similarly described parallelepipedal solid on the 
second, inasmuch as the first has to the fourth the ratio 
triplicate of that which it has to the second. 


The proof may be summarised as follows. 
The three edges AZ, GE, HE of the parallelepiped 42 which meet at 
E, the vertex corresponding to £ in the other parallelepiped, are produced, 
and lengths EK, EZ, EM are marked off equal respectively to the edges C, 
FN, FR of CD. 
The parallelograms and solids are then completed as shown in the figure. 
Euclid first shows that the solid CD and the new solid PK are equal and 
similar according to the criterion in x1. Def. 10, viz. that they are contained 
by the same number of equal and similar planes. (They are arranged in the 
same order, and it would be easy to prove equality by proving the equality of 
a pair of solid angles and then applying one solid to the other.) 
We have now, by hypothesis, 
AE: CF=EG:FN=EH: FR; 
that is, AE: EK=EG:EL=EH: EM. 
But AE : EK - 2 AG : £2 GK, (vr. 1] 
EG: EL-(2GK:(C2 KL, 
EH:EMz( HK:C KM. 
Again, by x1. 25 or 32, 
L2 AG :£2 GK = (solid AB) : (solid EO), 
£2 GK : £2 KL -= (solid £O): (solid QZ), 
£2 HK :£C2 KM = (solid QZ) : (solid XP). 
Therefore 
(solid 4 2) : (solid EO) - (solid ZO): (solid QL) = (solid QZ) : (solid XP), 
or the solid 42 is to the solid KP (that. is, CD) in the ratio triplicate of that 


which the solid 4B has to the solid EO, i.e. the ratio triplicate of that which 
AE has to EK (or CF). 


Heiberg doubts whether the Porism appended to this proposition is 
genuine. 
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Simson adds, as Prop. D, a useful theorem which we should have expected 
to find here, on the analogy of vi. 23 following vi. 19, 20, viz. that Solid 
parallelepipeds contained by parallelograms equiangular to one another, each to 
cach, that ts, of which the solid angles are equal, each to each, have to one another 
the ratio compounded of the ratios of their sides. 

The proof follows the method of the proposition x1. 33, and we can use 
the same figure. In order to obtain one ratio between lines to represent the 
ratio compounded of the ratios of the sides, after the manner of vi. 23, we 
take any straight line a, and then determine three other straight lines 4, ¢, d, 


such that 
AE: CF=a: 6, 
EG: FN=6: 6, 
EH: FR=c: 4, 
whence a : d represents the ratio compounded of the ratios of the sides. 
We obtain, in the same manner as above, 
(solid 42) : (solid £O) 2 7 AG: GK- AE: EK- AE: CF 


=4: òb, 
(solid ZO) : (solid QZ) =O GK : O KL = GE : EL = GE : FN 

=b:6, 
(solid QZ) : (solid &P) 2 C7 AK: CO KM=EH:EM=EH: FR 

=¢:4d, 


whence, by composition [v. 22], 
(solid 4B) : (solid KP) =a: d, 
or (solid 4B) : (solid CD) =a : d. 


PROPOSITION 34. 


In equal parallelepipedal solids the bases are reciprocally 
proportional to the heights; and those parallelepipedal solids in 
which the bases are reciprocally proportional to the heights are 
equal. 

Let AB, CD be equal parallelepipedal solids ; 


I say that in the parallelepipedal solids 48, CD the bases are 
reciprocally proportional to the heights, 


that is, as the base ZA is to the base VQ, so is the height 
of the solid CD to the height of the solid AZ. 


First, let the sides which stand up, namely 4G, EF, LB, 
HK, CM, NO, PD, QR, be at right angles to their bases ; 


I say that, as the base EH is to the base VQ, so is CM 
to AG 


If now the base £77 is equal to the base VQ, 
while the solid 42 is also equal to the solid CD, 
CM will also be equal to AG. 
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For parallelepipedal solids of the same height are to 
one another as the bases ; [xr. 32] 


and, as the base £H is to NỌ, so will CM be to AG, 


and it is manifest that in the parallelepipedal solids AB, CD 
the bases are reciprocally proportional to the heights. 


Next, let the base E77 not be equal to the base NQ, 
but let £77 be greater. 





Now the solid 4B is equal to the solid CD ; 
therefore CM is also greater than 4G. 

Let then CT be made equal to 4G, 
and let the parallelepipedal solid VC be completed on V Q as 
base and with CT as height. 

Now, since the solid 4B is equal to the solid CD, 
and CF is outside them, 
while equals have to the same the same ratio, [v. 7] 
therefore, as the solid AB is to the solid CV, so is the solid 
CD to the solid CV. 

But, as the solid AZ is to the solid CV, so is the base 
EH to the base VQ, 
for the solids 4B, CV are of equal height ; [x1. 32] 
and, as the solid CD is to the solid CV, so is the base MQ to 
the base TQ [xi. 25] and C77 to CT [vı 1]; 
therefore also. as the base EZ is to the base WQ, so is MC 
to C7. 

But CT is equal to 4G ; , 
therefore also, as the base EH is to the base VQ, so is MC 
to AG. 
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Therefore in the parallelepipedal solids 44, CD the bases 
are reciprocally proportional to the heights. 


Again, in the parallelepipedal solids 47 CP let the bases 
be reciprocally proportional to the heights, chat is, as the base 
EH is to the base AQ, so let the height of the solid CD be 
to the height of the solid 447 ; 

I say that the solid 4B is equal to the solid CD. 
Let the sides which stand up be again at rigut angles to 


the bases. 
Now, if the base E77 is equal to the base VQ, 


and, as the base EZ is to the base VQ, so is the height of 
the solid CD to the height of the solid 44, 


therefore the height of the solid CD is also equal to the 
height of the solid AB. 


But parallelepipedal solids on equal bases and of the same 
height are equal to one another ; (x1. 31] 


therefore the solid 42 is equal to the solid CD. 
Next, let the base ZZ not be equal to the base VQ, 
but let ZH be greater ; 


therefore the height of the solid C2 is also greater than the 
height of the solid 4B, 


that is, CM is greater than 4G. 
Let CT be again made equal to 4G, 
and let the solid CV be similarly completed. 


Since, as the base EA is to the base VQ, so is MC 
to AG, 
while AG is equal to CT, 
— as the base EA is to the base VQ, so is CM 
to ‘ 

But, as the base E77 is to the base /VQ, so is the solid 
AB to the solid CV, 


for the solids 42, CV are of equal height ; [x 32] 
and, as CM is to C7, so is the base MỌ to the base QT [v:. 1] 
and the solid CJD to the solid CV. [xt. 25] 


Therefore also, as the solid 47 is to the solid CV, so 1s 
the solid CD to the solid CV ; 


therefore each of the solids 442, CD has to C*' the same 
ratio. 
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Therefore the solid 47 is equal to the solid CD. — (v. 9] 


Now let the sides which stand up, FE, BL, GA, AK, 
ON, DP, MC, RQ, not be at right angles to their bases ; 
let perpendiculars be drawn from the points /, G, Ð, K, O, 
M, D, R to the planes through ZH, NVQ, and let them meet 
the planes at S, 7, U, V, W, X, Y,a, 
and let the solids FV, Oa be completed ; 
I say that, in this case too, if the solids 438, CD are equal, 
the bases are reciprocally proportional to the heights, that is, 
as the base E/7 1s to the base VQ, so is the height of the 
solid CD to the height of the solid 42. 





Since the solid 4B is equal to the solid CD, 
while AB is equal to B7, 
for they are on the same base FK and of the same height; 


(xi. 29, 30] 
and the solid CD is equal to DX, 
for they are again on the same base RO and of the same 
height ; (44-] 
therefore the solid BT is also equal to the solid DX. 


Therefore, as the base FX is to the base OQ, so is the 
height of the solid DX to the height of the solid BT. 


[Part 1.] 
But the base FK is equal to the base EH, 
and the base OR to the base NQ ; 
therefore, as the base EZ is to the base VQ, so is the height 
of the solid DX to the height of the solid Z7. 
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But the solids DX, BT and the solids DC, BA have the 
same heights respectively ; 


therefore, as the base EZ is to the base JVQ, so is the height 
of the solid DC to the height of the solid AZ. 


Therefore in the parallelepipedal solids 442, CD the bases 
are reciprocally proportional to the heights. 


Again, in the parallelepipedal solids 42, CD let the bases 
be reciprocally proportional to the heights, 


that is, as the base E/7 is to the base VQ, so let the height 
of the solid CD be to the height of the solid AB; 


I say that the solid 42 is equal to the solid CD. 
For, with the same construction, 


since, as the base ZÆ is to the base VQ, so is the height of 
the solid CD to the height of the solid 42, 


while the base E77 is equal to the base FK, 
and VQ to OR, 


therefore, as the base FK is to the base OX, so is the height 
of the solid CD to the height of the solid 4B. 


But the solids 48, CD and BT, DX have the same 
heights respectively ; 


therefore, as the base FK is to the base OA, so is the height 
of the solid DX to the height of the solid 77. 


Therefore in the parallelepipedal solids 27, DX the bases 
are reciprocally proportional to the heights ; 


therefore the solid BZ is equal to the solid DX. (Part 1.] 
But BT is equal to BA, 
for they are on the same base FK and of the same height ; 


[x1. 29, 30] 

and the solid DX is equal to the solid DC. (74 
Therefore the solid 4Z is also equal to the solid CD. 
Q. E. D. 


In this proposition Euclid makes two assumptions which require notice, 
(1) that, if two parallelepipeds are equal, and have equal bases, their heights 
are equal, and (2) that, if the bases of two equal parallelepipeds are unequal, 
that which has the lesser base has the greater height. In justification of the 
former statement Euclid says, according to what Heiberg holds to be the 
genuine reading, “for parallelepipedal solids of the same height are to one 
another as their bases” [x1. 32]. This apparently struck some very early 
editor as not being sufficient, and he added the explanation appearing in 
Simson’s text, * For if, the bases E77, VQ being equal, the heights 4G, CM 
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were not equal, neither would the solid 4B be equal to CD. But it is by 
hypothesis equal. Therefore the height CA is not unequal to the height 4G; 
therefore it is equal.” Then, it being perceived that there ought not to be two 
explanations, the genuine one was erased from the inferior Mss. While the 
interpolated explanation does not take us very far, the truth of the statement 
may be deduced with perhaps greater ease from xt. 31 than from XI. 32 
quoted by Euclid. For, assuming one height greater than the other, while the 
bases are equal, we have only to cut from the higher solid so much as will 
make its height equal to that of the other. Then this pert of the higher solid 
is equal to the whole of the other solid which is by hypothesis equal to the 
higher solid itself. That is, the whole is equal to its part: which is impossible. 

The genuine text contains no explanation of the second assumption that, 
if the base ZA be greater than the base /VQ, while the solids are equal, the 
height CA is greater than the height 4G; for the added words “ for, if not, 
neither again will the solids 48, CD be equal; but they are equal by 
hypothesis " are no doubt interpolated. In this case the truth of the assump- 
tion is easily deduced from xi. 32 by reducto ad absurdum. If the height CM 
were egua/ to the height 4G, the solid 42 would be to the solid CD as the 
base £7 is to the base VQ, i.e. as a greater to a less, so that the solids would 
not be equal, as they are by hypothesis. Again, if the height C were /ess 
than the height 4G, we could increase the height of CD till it was equal to 
that of 4, and it would then appear that 4JZ is greater than the heightened 
solid and a fortiori greater than CD: which contradicts the hypothesis. 

Clavius rather ingeniously puts the first assumption the other way, saying 
that, if the heights are equal in the equal parallelepipeds, the bases must be 
equal This follows d#vectly from x1. 32, which proves that the parallelepipeds 
are to one another as their bases; though Clavius deduces it indirectly from 
XI. 31. The advantage of Clavius’ alternative is that it makes the second 
assumption unnecessary. He merely says, if the eights be not equal, let CM 
be the greater, and then proceeds with Euclid’s construction. 

It is also to be observed that, when Euclid comes to the corresponding 
proposition for cones and cylinders [x11. 15} he begins by supposing the 
heights equal, inferring by x11. 11 (corresponding to xI. 32) that, the solids 
being equal, the bases are also equal, and then proceeds to the case where the 
heights are unequal without making any preliminary inference about the 
bases. The analogy then of x11. 15, and the fact that he quotes x1. 32 here 
(which directly proves that, if the solids are equal, and also their heights, their 
bases are also equal), make Clavius’ form the more convenient to adopt. 

The two assumptions being proved as above, the proposition can be put 
shortly as follows. 

I. Suppose the edges terminating at the corners of the base to be per- 
pendicular to it. 

Then (a), if the base ZA be equal to the base VQ, the parallelepipeds 
being also equal, the heights must be equal (converse of x1. 31), so that the 
bases are reciprocally proportional to the heights, the ratio of the bases and 
the ratio of the heights being both ratios of equality. 

(5) If the base EZ be greater than the base VQ, and consequently (by 
deduction from xi. 32) the height CAf greater than the height 4G, cut off 
CT from CM equal to 4G, and draw the plane 7V through 7’ parallel to the 
base VQ, maxing the parallelepiped CV, with CT (= AG) for its height. 

Then, since the solids 48, CD are equal, 


(solid 4B) : (solid CV) = (solid CD) : (solid CV). [v. 7] 
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But (solid 4.8) : (solid CV) 2 £7 HE :£2 NQ, (x1. 32] 
and (solid CD) : (solid CV) 2 C2 MQ:£2 TQ (xı. 25] 
= CM: CT. [vi. 1] 
Therefore (2 HE:C)NQ-CM:CT 
=CM: AG. 


Conversely (a), if the bases E77, VQ be equal and reciprocally proportional 
to the heights, the heights must be equal. 


Consequently (solid 4S) = (solid CD). [xi. 31] 
(4) Ifthe bases EH, MQ be unequal, if, e.g. O EH >C NQ, 
then, since (2 EH:C)NQsCM:4AG, 
CM » AG. 
Make the same construction as before. 
Then LJ EH :C NQ = (solid 45) : (solid CV), [xi. 32] 
and CM:AG=CM:CT 
=O M2:0 702 (vz. 1] 
= (solid CD) : (solid CV). (xı. 25] 
Therefore 


(solid 4B) : (solid CV) =(solid CD): (solid CV), 
whence (solid 42) = solid CD. [v. 9] 


II. Suppose that the edges terminating at the corners of the bases are not 
perpendicular to it. 


Drop perpendiculars on the bases from the corners of the faces opposite 
to the bases. 


We thus have two parallelepipeds equal to 4B, CD respectively, since 
they are on the same bases FK, AO and of the same height respectively. 


[x1. 29, 30] 
If then (1) the solid 4 is equal to the solid CD, 


(solid BT) = (solid DX), 
and, by the first part of this proposition, 
OKF:OGOR=MX:GT, 


or (C HE:C) NQ- MX:GT. 
(2) If C HE:UONQ- MX:G1, 
then O KF: O OR= MX: GT, 


so that, by the first half of the proposition, the solids 27; DX are equal, and 
consequently 
(solid 42) 2 (solid C2). 


The text of the second part of the proposition four times contains, after 
the words “of the same height,” the words “in which the sides which stand 
up are not on the same straight lines.” As Simson -observed, they are inept, 
as the extremities of the edges may or may not be “on the same straight 
lines"; cf. the similar words incorrectly inserted at the end of xti. 31. 

Words purporting to quote the result of the first part of the proposition 
are also twice inserted; but they are rejected as unnecessary and as containing 
an absurd expression—“ (solids) in which ¢he heights are at right angles to their 
bases,” as if the Aeights could be otherwise than perpendicular to the bases. 
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PROPOSITION 35. 


Jf there be two equal plane angles, and on their vertices 
there be set up elevated straight lines containing equal angles 
wth the original straight lines respectively, tf on the elevated 
straight lines points be taken at random and perpendiculars be 
drawn from them to the planes in which the original angles 
are, and zf from the points so arising in the planes straight 
lines be 7ozned to the vertices of the original angles, they will 
contain, with the elevated straight lines, equal angles. 


Let the angles BAC, EDF be two equal rectilineal angles, 
and from the points 4, D let the elevated straight lines AG, 
DM be set up containing, with the original straight lines, 
equal angles respectively, namely, the angle MDE to the 
angle GAB and the angle “DF to the angle GAC, 
let points G, 17 be taken at random on AG, DM, 
let GZ, MN be drawn from the points G, M perpendicular to 
the planes through B4, AC and ED, DF, and let them meet 
the planes at Z, N, 
and let L4, ND be joined ; 


I say that the angle GAZ is equal to the angle MDN. 





Let AH be made equal to DM, 
and let /ZZK be drawn through the point 77 parallel to GZ. 
But GZ is perpendicular to the plane through BA, AC; 
therefore Æ is also perpendicular to the plane through. 
BA, AC. (x1. 8] 
From the points X, V let KC, NF, KB, NE be drawn 
perpendicular to the straight lines 4C; DF, AB, DE, 
and let HC, CB, MF, FE be joined. 
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Since the square on HA is equal to the squares on /7K, 

and the squares on KC, CA are equal to the square on a 

I. 47 
therefore the square on ÆA is also equal to the squares on 
HK, KC, CA. 

But the square on ÆC is equal to the squares on 
HK, KC; (1. 47] 
therefore the square on ÆA is equal to the squares on 
HC, CA. 

Therefore the angle //CA is right. (1. 48] 


For the same reason 
the angle DFM is also right. 
Therefore the angle ACH is equal to the angle DFM. 
But the angle ÆAC is also equal to the angle MDF. 
Therefore MDF; HAC are two triangles which have two 
angles equal to two angles respectively, and one side equal to 
one side, namely, that subtending one of the equal angles, 
that is, 7A equal to WD; 
therefore they will also have the remaining sides equal to the 
remaining sides respectively. [1. 26] 


Therefore AC is equal to DF. 


Similarly we can prove that AZ is also equal to DE. 
Since then AC is equal to DF, and AP to DE, 
the two sides CA, AB are equal to the two sides FD, DE. 
But the angle CAB is also equal to the angle FDE ; 
therefore the base AC is equal to the base ZF, the triangle to 
the triangle, and the remaining angles to the remaining 
angles ; (1. 4] 
therefore the angle ACB is equal to the angle DFE. 
But the right angle ACK is also equal to the right angie 
V 


therefore the remaining angle CK is also equal to the 
remaining angle EF AX. 


For the same reason 
the angle CBX is also equal to the angle FEN. 
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Therefore BCK, EFN are two triangles which have two 
angles equal to two angles respectively, and one side equal to 


one side, namely, that adjacent to the equal angles, that is, 
BC equal to EF; 


therefore they will also have the remaining sides equal to the 
remaining sides. (1. 26] 


Therefore CK is equal to FN. 
But AC is also equal to DF; 
therefore the twe sides AC, CK are equal to the two sides 
DF, FN; 
and they contain right angles. 
Therefore the base 4X is equal to the base DN. [1. 4] 
And, since AH is equal to DM, 
the square on AH is also equal to the square on DM. 


But the squares on AK, KH are equal to the square 
on AH, 


for the angle A4 K 77 is right ; (1. 47] 


and the squares on DN, NM are equal to the square 
on DM, 


for the angle DNM is right; [t. 47] 
therefore the squares on AK, KH are equal to the squares 
on DN, NM ; 
and of these the square on 4X is equal to the square on DN; 
therefore the remaining square on XÆ is equal to the square 
on NM; 
therefore HX is equal to ALN. 
And, since the two sides HA, AK are equal to the two 
sides MD, DN respectively, 
and the base 47K was proved equal to the base MN, 
therefore the angle MAK is equal to the angle MDN. [1. 8] 
Therefore etc. 


PonisM. From this it is manifest that, if there be two 
equal plane angles, and if there be set up on them elevated 
straight lines which are equal and contain equal angles with 
the original straight lines respectively, the perpendiculars 
drawn from their extremities to the planes in which are 
the original angles are equal to one another. 

Q. E. D. 
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This proposition is required for the next, where it is necessary to know 
that, if in two equiangular parallelepipeds equal angles, one in each, be 
contained by three plane angles respectively, one of which is an angle of the 
parallelogram forming the dase in one parallelepiped, while its equal is likewise 
in the dase of the other, and the edges in which the two remaining angles 
forming the solid angles meet are egua/, the parallelepipeds are of the same 
hesght. 

Bearing in mind the definition of ¢he inclination of a straight line to a 
plane, we might enunciate the proposition more shortly thus. 


Lf there be two trihedral angles identically equal to one another, corresponding 
edges in each are equally inclined to the planes through the other two edges 
respectively. 

The proof, which is necessarily somewhat long, may be summarised thus. 

It is required to prove that the angles GAZ, MDN in the figure are equal, 
G, M being any points on 4G, DM, and GL, MN perpendicular to the 
planes BAC, EDF respectively. 

If AH is made equal to DM, and 77K is drawn in the plane GAZ parallel 
to GL, 

H K is also perpendicular to the plane BAC. (x1. 8] 


Draw XB, XC perpendicular to 4B, AC respectively and VE, NF 
perpendicular to DE, DF respectively, and complete the figures. 


Now (1) HA’ = HK? + KA? 
= HK + KC* + CA? [t. 47] 
= HC + CA? 
Therefore 4 HCA = a right angle. 
Similarly L MFD - a right angle. 
(2 Os HAC, MDF have therefore two angles equal and one side. 
Therefore AHACZ=4MDF, and AC=DF. (1. 26} 


(3) Similarly ^774B2 A MDE, and 4B = DE. 
(4) Hence As ABC, DEF are equal in all respects, so that BC = EF; 
and LABC=L DEF, 
4 ACB =. DFE. 
(5) Therefore the complements of these angles are equal, 
i.e. L KBC=L NEF, 
and L KCB = NFE. 
(6) The As KBC, NEF have two angles equal and one side, and are 
therefore equal in all respects, so that 
KB = NE, 
KC = NF. 


(7) The right-angled triangles KAC, NDF are equal in all respects, since 
AC- DF [(2) above], KC = NF. 


Consequently AK - DN. 
(8 In ^s HAK, MDN, 
HK’? + KA = HA? 
= MD*, by hypothesis, 
= MN? + ND. 
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Subtracting the equals K4?, ND’, 
we have HK? = MN’, 
or HK = MN. 
(9) As HAK, MDN are now equal in all respects, by 1. 8 and 1. 4, and 
therefore 
L HAK =. MDN. 


The Porism is merely a statement of the result arrived at in (8). 


Legendre uses, practically, the construction and argument of this propo- 
sition to prove the theorem given under (3) of the note on xı. 21 above that 
In two equal trihedral angles, corresponding pairs of face angles include equal 
dihedral angles. This fact is readily deduced from the above proposition. 

Since [(1)] AC, KC are both perpendicular to 4C, and MF, NF both 
perpendicular to DF, the angles HCK, MFM are the measures of the 
dihedral angles between the planes HAC, BAC, and MDF, EDF respec- 


tively. (xr. Def. 6] 
By (6), KC= NF, 
and, by (8), HK = MN, 
while the angles ÆC, MNF, both being right, are equal. 
Consequently the As HCK, MEN are equal in all respects, (t. 4] 
so that  LHCK-2. MFN. 


Simson substituted a different proof of (1) in the above summary, as 
follows. 


Since HX is perpendicular to the plane BAC, the plane AB, passing 
through 77K, is also perpendicular to the plane BAC. [xi. 18] 

And AS, being drawn in the plane BAC perpendicular to BA, the 
common section of the planes HBX, BAC, is perpendicular to the plane 
HBK [x1. Def. 4], and is therefore perpendicular to every straight line 
meeting it in that plane [x1. Def. 3}. 

Hence the angle ABH is a right angle. 

I think Euclid’s proof much preferable to this with its references to 
definitions which are more of the nature of theorems. 


PROPOSITION 36. 


Jf three straight lines be proportional, the parallelepipedal 
solid formed out of the three is equal to the parallelepipedal 
solid on the mean which 1s equilateral, but equiangular wrth 


the aforesaid solid. 


Let 4, B, C be three straight lines in proportion, so that, 
as 4 is to D, sois BtoC; 
I say that the solid formed out of 4, B, C is equal to the 
solid on & which is equilateral, but equiangular with the 
aforesaid solid. 


Let there be set out the solid angle at E contained by the 
angles DEG, GEF, FED, 
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let each of the straight lines DE, GZ, EF be made equal to 
D, and let the parallelepipedal solid £X be completed, 

let LM be made equal to 4, 

and on the straight line LM, and at the point Z on it, let there 
be constructed a solid angle equal to the solid angle at Æ, 
namely that contained by VZO, OLM, MLN ; 

let LO be made equal to B, and ZN equal to C. 


— i 


——À 


Now, since, as 4 is to B, so is P to C, 
while Æ is equal to LM, B to each of the straight lines ZO, 
ED, and C to LV, 
therefore, as LM is to EF, so is DE to LN. 

Thus the sides about the equal angles WLM, DEF are 
reciprocally proportional ; 
therefore the parallelogram MAN is equal to the parallelogram 
DF. (vi. 14] 

And, since the angles DEF, NLM are two plane recti- 
lineal angles, and on them the elevated straight lines ZO, EG 
are set up which are equal to one another and contain equal 
angles with the original straight lines respectively, 
therefore the perpendiculars drawn from the points G, O to 
the planes through NL, LM and DE, EF are equal to one 
another ; [xt. 35, Por.] 
hence the solids LÆ, EK are of the same height. 

But parallelepipedal solids on equal bases and of the same 
height are equal to one another ; [x1. 31] 
therefore the solid 77Z is equal to the solid EK. 

And LZ is the solid formed out of 4, P, C, and E K the 
solid on Z ; 
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therefore the parallelepipedal solid formed out of A, B,-C is 
equal to the solid on B which is equilateral, but equiangular 
with the aforesaid solid. 

Q. E. D. 


The edges of the parallelepiped AZ being respectively equal to 4, B, C, 
and those of the equiangular parallelepiped AZ being all equal to B, we 
regard MN (uat containing the edge OZ equal to Z) as the base of the first 
parallelepiped, and consequently FD, equiangular to MN, as the base of KE. 


Then the solids have the same height. [x1. 35, Por.] 

Hence (solid AZ) : (solid KZ) = O MN: OJ FD. [xi. 32] 

But, since 4, B, C are in continued proportion, 

4A:B-B:C, 

Or LM:EFzDE:LN. 

Thus the sides of the equiangular 77s MN, FD are reciprocally pro- 
portional, whence 

OMN=O0 FD, [vi. 14] 

and therefore (solid AL) = (solid KE). 


PROPOSITION 37. 


Jf four straight lines be proportional, the parallelepipedal 
solids on them which are similar and similarly described will 
also be proportional; and, tf the parallelepipedal solids on them 
which are similar and. similarly described be proportional, the 
straight lines will themselves also be proportional. 

Let AB, CD, Ef, GH be four straight lines in proportion, 
so that, as 4B is to CD, so is EF to GH; 
and let there be described on 43, CD, EF, GH the similar 
and similarly situated parallelepipedal solids KA, LC, ME, 


I say that, as AA is to LC, so is ME to NG. 


N 
i M 
| ry [1 [d 
[1] D E F H 
For, since the parallelepipedal solid AKA is similar to LC, 


therefore KA has to LC the ratio triplicate of that which AB 
has to CD. (xi. 33] 
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For the same reason 
ME also has to NG the ratio triplicate of that which EF has 
to GH. [sa] 


And, as AB is to CD, so is EF to GH. 
Therefore also, as AK is to LC, so is ME to NG. 


Next, as the solid 4X is to the solid ZC, so let the solid 
ME be to the solid NG ; 
I say that, as the straight line AZ is to CD, so is EF to GĦ. 
For since, again, XA has to LC the ratio triplicate of that 


which 4B has to CD, (xr. 33] 
and WE also has to NG the ratio triplicate of that which EF 
has to GH, —2 


and, as KA is to LC, so is ME to NG, 
therefore also, as AB is to CD, so is EF to GH. 


Therefore etc. Q. E. D. 


In this proposition it is assumed that, if two ratios be equal, the ratio 
triplicate of one is equal to the ratio triplicate of the other and, conversely, 
that, if ratios which are the triplicate of two other ratios are equal, those other 
ratios are themselves equal. 

To avoid the necessity for these assumptions Simson adopts the alternative 
proof found in the Ms. which Heiberg calls b, and also adopted by Clavius, 
who, however, gives Euclid's proof as well, attributing it to Theon. The 
alternative proof proceeds after the manner of vi. 22, thus. 

Make 4B, CD, O, P continuous proportionals, and also EF, GH, Q, &. 


N 
L M 
K 
p 
L1 | 1 
A B Cc D E F G H 
Q R 


O P 





I. Then, since y 
AB:CD=EF: GHA, 
we have, ex aeguali, 
AB:P=EF:R. [v. 22} 
But (solid 4): (solid CZ) = AB: P, 
[xt. 33 and Por.} 8 T 
and (solid EA): (solid GN) z EF: R. 


Therefore 
(solid 4X) : (solid CZ) = (solid £47) : (solid GN ) 
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II. Ifthe solids are proportional, take .$7' such that 
AB: CD=EF: ST, 

and on ST describe the parallelepiped SV similar and similarly situated to 
either of the parallelepipeds EM, G.V. 

Then, by the first part, 

(solid 4.&) : (solid CZ) — (solid £A) : (solid SV), 
whence it follows that 
(solid GV) = (solid SV). 

But these solids are similar and similarly situated ; 
therefore their faces are similar and equal ; (xı. Def. 10] 
therefore the corresponding sides G7, .S 7 are equal. 

For this inference cf. note on vi. 22. The equality of GH, S7' may 
readily be proved by application of the two parallelepipeds to one another, 
since, being similar, they are equiangular.] 

Hence AB: CD=EF: GH. 


The text of the mss. has here a proposition which is as badly placed as it 
is unnecessary. Zf a plane be at right angles to a plane,and from any one of the 
points in one of the planes a perpendicular be drawn to the other plane, the 
perpendicular so drawn will fall on the common section of the planes. It is of 
the nature of a lemma to x11. 17, where 
alone the fact is made use of. Heiberg 6 
observes that it is omitted in b and that the 
copyist of P knew other texts which did not D 
contain it. From these facts it is fairly con- A 
cluded that the proposition was interpolated. B 
The truth of it is of course immediately 
obvious by reductio ad absurdum. Let the plane CAD be perpendicular to 
the plane 48, and let a perpendicular be drawn to the latter from any point 
£ in the former. 

P it does not fall on 4D, the common section, let it meet the plane 48 
in Æ 

Draw FG in AB perpendicular to 4D, and join ÆG. 

Then FG is perpendicular to the plane CAD [x1. Def. 4], and therefore 
to GE (x1. Def. 3]. Therefore 4 EGF is right 

Also, since £F is perpendicular to 42, 
the angle ZG is right. 

That is, the triangle EGF has two right angles : 
which is impossible. 


PROPOSITION 38. 


Lf the sides of the opposite planes of a cube be bisected, and 
planes be carried through the points of section, the common 
section of the planes and the diameter of the cube bisect one 
another. 


For let the sides of the opposite planes CF, AH of the 
cube AF be bisected at the points X, L,.M, N, 0, Q, P, R, 
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and through the points of section let the planes AN, OR be 
carried ; 


let US be the common section of the planes, and DG the 
diameter of the cube 4/. 

I say that UT is equal to TS, and DT to TG. 

For let DU, UE, BS, SG be joined. 

Then, since DO is parallel to PZ, 
the alternate angles DOU, UPE are equal to one another. 


L2 
And, since DO is equal to PZ, and OU to UP, — 
and they contain equal angles, 
therefore the base DU is equal to the base UZ, 
the triangle DOU is equal to the triangle PUE, 
and the remaining angles are equal to the remaining angles; 


[1. 4] 
therefore the angle OUD is equal to the angle PUE. 





For this reason DUE is a straight line. (1. 14) 
For the same reason, ZSG is also a straight line, 
and BS is equal to SG. 


Now, since CA is equal and parallel to DB, 
while C4 is also equal and parallel to ZG, 
therefore DZ is also equal and parallel to ZG. [x1. 9] 
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And the straight lines DZ, BG join their extremities ; 


therefore DZ is parallel to BG. (1. 33] 
Therefore the angle ÆDT is equal to the angle BGT, 

for they are alternate ; (1. 29] 

and the angle DTU is equal to the angle GTS. [t. 15) 


Therefore DTU, GTS are two t iangles which have two 
angles equal to two angles, and one side equal to one side, 
namely that subtending one of the equal angles, that is, DU 
equal to GS, 


for they are the halves of DE, BG; 


therefore they will also have the remaining sides equal to the 
remaining sides. (1. 26] 


Therefore DT is equal to TG, and UT to TS. 
Therefore etc. 
Q. E. D. 


Euclid enunciates this proposition of a cube only, though it is true of any 
parallelepiped, no doubt because its truth for a cube is all that was wanted for 
the only proposition where it is needed, viz. X111. 17. 

Simson remarks that it should be proved that the straight lines bisecting 
the corresponding opposite sides of opposite planes ave in one plane. This is, 
however, clear because e.g. since DX, CZ are equal and parallel, AZ is equal 
and parallel to CD. And, since KZ, AB are both parallel to DC, KZ is 
parallel to 4B. And lastly, since XZ, MN are both parallel to 42, KZ is 
parallel to MN and therefore in one plane with it. 

The essential thing to be proved is that the plane passing through the 
opposite edges DB, EG passes through the straight line US, since, only if 
this be the case, can US, DG intersect one another. 

To prove this we have only to prove that, if DU, UE and BS, SG be 
joined, DUE and BSG are both straight lines. 

Now, since DO is parallel to PE, 


4l DOU =L EPU. 


Thus, in the As DUO, E UP, two sides DO, OU are equal to two sides 
EP, PU, and the included angles are equal. 


Therefore ADUO=A EOP, 
DU= UE, 
and L DUO =+ EUP, 


so that DUE is a straight line, bisected at U. Similarly BSG is a straight 
line, bisected at 5S. 

Thus the plane through DB, EG (DB, EG being equal and parallel) 
contains the straight lines DUE, BSG (which are therefore equal and parallel 
also) and also (x1. 7] the straight lines U.S, DG (which accordingly intersect). 

In As DTU, GTS, the angles UDT, SGT are equal (being alternate), 
and the angles UZD, STG are also equal (being vertically opposite), while 
DU (half of DE) is equal to GS (half of BG). 
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Therefore [1. 26] the triangles DTU, GT'S are equal in all respects, so that 
DT = TG, 
UT= TS. 


PROPOSITION 39. 


Jf there be two prisms of equal height, and one have a 
parallelogram as base and the other a triangle, and if the 
parallelogram be double of the triangle, the prisms will be 
egual. 

Let ABCDEF, GHKLMN be two prisms of equal 
height, 
let one have the parallelogram 74 F as base, and the other the 
triangle GZ7K, 
and let the parallelogram AF be double of the triangle CHK; 
I say that the prism ABCDEF is equal to the prism 
GHKLMN. 


D 


— 


AT... N 
E F 





For let the solids 40, GP be completed. 

Since the parallelogram 4 F is double of the triangle GK, 
while the parallelogram 7K is also double of the triangle 
GHK, (1. 34] 
a the parallelogram AF is equal to the parallelogram 


But parallelepipedal solids which are on equal bases and 
of the same hcight are equal to one another ; [x1. 31] 


therefore the solid 4 O is equal to the solid GP. 
And the prism ABCDEF is half of the solid 40, 
and the prism GZ/ZK LN is half of the solid GP; (xi. 28] 


therefore the prism ABCDEF is equal to the prism 
GHKLMN. 


Therefore etc. 
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This proposition is made use of in xit. 3, 4. The phraseology is interest- 
ing because we find one of the Para//e/ogramtmic faces of one of the triangular 
prisms called its dase, and the perpendicular on this plane from that vertex of 
either ¢vianyudar face which is not in this plane the AegA. 

The proof is simple because we have only to complete parallelepipeds 
which are double the prisms respectively and then use xi. 31. It has to be 
borne in mind, however, that, if the parallelepipeds are not rectangular, the 
proof in xi. 28 is not sufficient to establish the fact that the parallelepipeds 
are double of the prisms, but has to be supplemented as shown in the note on 
that proposition. x11. 4 does, however, require the theorem in. its general 
form. 


BOOK XII. 


HISTORICAL NOTE. 


The predominant feature of Book x11. is the use of the method of 
exhaustion, which is applied in Propositions 2, 3—5, 10, 11, 12, and (in a 
slightly different form) in Propositions 16—18. We conclude therefore that 
for the content of this Book Euclid was greatly indebted to Eudoxus, to whom 
the discovery of the method of exhaustion is attributed. The evidence for 
this attribution comes mainly from Archimedes. (1) In the preface to On 
the Sphere and Cylinder 1., after stating the main results obtained by himself 
regarding the surface of a sphere or a segment thereof, and the volume and 
surface of a right cylinder with height equal to its diameter as compared with 
those of a sphere with the same diameter, Archimedes adds: * Having now 
discovered that the properties mentioned are true of these figures, I cannot 
feel any hesitation in setting them side by side both with my former investiga- 
tions and with those of the theorems of Eudoxus on solids which are held to be 
most irrefragably established, namely that any pyramid ts one third part of the 
prism which has the same base with the pyramid and equal height (i.e. Eucl. 
Xu. 7], and that any cone 1s one third part of the cylinder which has the same 
base with the cone and equal height [i.e. Eucl. xu. 10}. For, though these 
properties also were naturally inherent in the figures all along, yet they were 
in fact unknown to all the many able geometers who lived before Eudoxus 
and had not been observed by any one.” (2) In the preface to the treatise 
known as the Quadrature of the Parabola Archimedes states the “lemma” 
assumed by him and known as the '*Axiom of Archimedes" (see note on x. 1 
above) and proceeds: ‘Earlier geometers (oi spórepov yeopnérpa:) have also 
used this lemma; for it is by the use of this same lemma that they have 
shown that circles are to one another tn the duplicate ratio of their diameters 
[Eucl. xit. 2], and that spheres are to one another in the triplicate ratio of their 
diameters [Eucl. xit. 18], and further that evezy pyramid is one third part of the 
prism which has the same base with the pyramid and equal height [Eucl. xit. 7]; 
also, that every cone is one third part of the cylinder which has the same base 
with the cone and equal height ( Eucl. x11. 10] they proved by assuming a certain 
lemma similar to that aforesaid.” Thus in the first passage two theorems of 
Eucl. xit. are definitely attributed to Eudoxus ; and, when Archimedes says, 
in the second passage, that “earlier geometers” proved these two theorems 
by means of the lemma known as the “Axiom of Archimedes” and of a 
lemma similar to it respectively, we can hardly suppose him to be alluding to 
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any other proof than that given by Eudoxus. As a matter of fact, the lemma 
used by Euclid to prove both propositions (x11. 3—5 and 7, and x11. 10) is the 
theorem of Eucl. x. 1. As regards the connexion between the two “lemmas” 
see note on x. 1. 

We are not, however, to suppose that none of the results obtained by 
the method of exhaustion had been discovered before the time of Eudoxus 
(fl. about 368— 5 B.c.). Two at least are of earlier date, those of Eucl. xit. 2 
and XII. 7. 


(a) Simplicius (Comment. in Aristot. Phys. p. 61, ed. Diels) quotes 
Eudemus as saying, in his ZZisfozy of Geometry, that Hippocrates of Chios 
(fl. say 430 B.C.) first laid it down (£0ero) that similar segments of circles are 
in the ratio of the squares on their bases and that he proved this (éOeixvvev) by 
proving (éx ro? 8ei£a«) that the squares on the diameters have the same ratio 
as the (whole) circles. We know nothing of the method by which Hippo- 
crates proved this proposition; but, having regard to the evidence from 
Archimedes quoted above, it is not permissible to suppose that the method 
was the fully developed method of exhaustion as we know it. 


(6) As regards the two theorems about the volume of a pyramid and of 
a cone respectively, which Eudoxus was the first to prove, we now have 
authentic evidence in the short treatise by Archimedes discovered by Heiberg 
in a MS. at Constantinople in 1906 and published in Hermes the following 
year (see now Archimedis opera omnia, ed. Heiberg, 2. ed., Vol. 11., 1913, 
pp. 425—507; T. L. Heath, Zhe Method of Archimedes, Cambridge, 1912). 
The said treatise, complete in all essentials, bears the title 'Apxuióovs repi trav 
pyxavixar Oewpynpdrwv pos "EparocGévyy épodos. This “Method” (or “Plan of 
attack "), addressed to Eratosthenes, is none other than the ég¢odcorv on which, 
according to Suidas, Theodosius wrote a commentary, and which is several 
times cited by Heron in his Metrica ; its discovery adds a new and important 
Chapter to the history of the integral calculus. In the preface to this work 
Archimedes alludes to the theorems which he first discovered by means of 
mechanical considerations, but proved afterwards by geometry, because the 
investigation by means of mechanics did not constitute a rigid proof; he 
observes, however, that. the mechanical method is of great use for the discovery 
of theorems, and it is much easier to provide the rigid proof when the fact 
to be proved has once been discovered than it would be if nothing were 
known to begin with. He goes on: “Hence too, in the case of those 
theorems the proof of which was first discovered by Eudoxus, namely those 
relating to the cone and the pyramid, that the cone is one third part of the 
cylinder, and the pyramid one third part of the prism, having the same base 
and equal height, no small part of the credit will naturally be assigned to 
Democritus, who was the first to make the statement (of the fact) regarding 
the said figure [i.e. property], though without proving it.” Hence the descovery 
of the two theorems must now be attributed to Democritus (fl. towards the 
end of sth cent. B.c.). The words “ without proving it” (xwpis drodefews) do 
not mean that Democritus gave no sort of proof, but only that he did not give 
a proof on the rigorous lines required later; for the same words are used by 
Archimedes of his own investigations by means of mechanics, which, however, 
do constitute a reasoned argument. The character of Archimedes’ mechanical 
arguments combined with a passage of Plutarch about a particular question in 
infinitesimals said to have been raised by Democritus may perhaps give a clue 
to the line of Democritus’ argument as regards the pyramid. The essential 
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feature of Archimedes’ mechanical arguments in this tract is that he regards 
an area as the sum of an infinite number of straight dines parallel to one 
another and terminated by the boundary or boundaries of the closed figure 
the area of which is to be found, and a volume as the sum of an infinite 
number of 2/a7e sections parallel to one another: which is of course the same 
thing as taking (as we do in the integral calculus) the sum of an infinite 
number of strips of breadth dx (say), when dx becomes indefinitely small, or 
the sum of an infinite number of parallel laminae of depth dz (say), when dz 
becomes indefinitely small. To give only one instance, we may take the 
case of the area of a segment of a parabola cut off by a chord. 

Let CBA be the parabolic segment, CE the tangent at C meeting the 





TG 


diameter EAD through the middle point of the chord CA in Æ, so that 
EB = BD. 

Draw AF parallel to ED meeting CE produced in Æ Produce CB to 
H so that CK = KH, where X is the point in which CH meets AF; and 
suppose CH to be a lever. 

Let any diameter MNPO be drawn meeting the curve in P and CA, CX, 
CA in M, N, O respectively. 

Archimedes then observes that 

CA.AO=MO: OP 

(“for this is proved in a lemma”), 
whence HK: KN= MO: OP, 


so that, if a straight line 7G equal to PO be placed with its middle point at 
H, the straight line AMO with centre of gravity at /V, and the straight line 7G 
with centre of gravity at Æ, will balance about X. 

Taking all other parts of diameters like PO intercepted between the curve 
and CA, and placing equal straight lines with their centres of gravity at 27, 
these straight lines collected at A will balance (about X) all the lines like 
MO parallel to FA intercepted within the triangle CFA in the positions in 
which they severally lie in the figure. 

Hence Archimedes infers that an area equal to that of the parabolic 
segment hung at Æ will balance (about Æ) the triangle CFA hung at its 
centre of gravity, the point X (a point on CX such that CK — 3 XÆ), and 
therefore that 


(area of triangle CFA) : (area of segment) = HX: KX 


=3:1, 
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from which it follows that 
area of parabolic segment = 4 A ABC. 

The same sort of argument is used for solids, A/ane sections taking the 
place of straight lines. 

Archimedes is careful to state once more that this method of argument 
does not constitute a proof. Thus, at the end of the above proposition about 
the parabolic segment, he adds: “This property is of course not proved by 
what has just been said; but it has furnished a sort of indication (iupaciv twa) 
that the conclusion is true.” 

Let us now turn to the passage of Plutarch (De Comm. Not. adv. Sfotcos 
XXXIX 3) about Democritus abuve referred to. Plutarch speaks of Democritus 
as having raised the question in natural philosophy (dvorxws): “if a cone 
were cut by a plane parallel to the base [by which is clearly meant a plane 
indefinitely near to the base], what must we think of the surfaces of the 
sections, that they are equal or unequal? For, if they are unequal, they will 
make the cone irregular, as having many indentations, like steps, and uneven- 
nesses ; but, if they are equal, the sections will be equal, and the cone will 
appear to have the property of the cylinder and to be made up of equal, not 
unequal circles, which is very absurd.” The phrase ‘“‘made up of equal...circles" 
(4€ tcuv. ovyxeipevos...kUxAov) shows that Democritus already had the idea of 
a solid being the sum of an infinite number of parallel planes, or indefinitely 
thin laminae, indefinitely near together: a most important anticipation of the 
same thought which led to such fruitful results in Archimedes. If then one 
may hazard a conjecture as to Democritus' argument with regard to a pyramid, 
it seems probable that he would notice that, if two pyramids of the same 
height and equal triangular bases are respectively cut by planes parallel to the 
base and dividing the heights in the same ratio, the corresponding sections of 
the two pyramids are equal, whence he would infer that the pyramids are 
equal as being the sum of the same infinite number of equal plane sections 
or indefinitely thin laminae. (This would be a particular anticipation of 
Cavalieri's proposition that the areal or solid contents of two figures are equal 
if two sections of them taken at the same height, whatever the height may be, 
always give equal straight lines or equal surfaces respectively.) And 
Democritus would of course see that the three pyramids into which a prism 
on the same base and of equal height with the original pyramid is divided (as 
in Eucl. xu. 7) satisfy this test of equality, so that the pyramid would be one 
third part of the prism. The extension to a pyramid with a polygonal base 
would be easy. And Democritus may have stated the proposition for the 
cone (of course without a: absolute proof) as a natural inference from the 
result of increasing indefinitely the number of sides in a regular polygon 
forming the base of a pyramid. 
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PROPOSITION I. 


Similar polygons inscribed in circles ave to one another as 
(he squares on the diameters. 


Let ABC, FGH be circles, 


let ABCDE, FGHKL be similar polygons inscribed in them, 
and let 5/7, GN be diameters of the circles ; 


Į say that, as the square on BM is to the square on GV, so 
is the polygon ABCDE to the polygon FGAKL. 


A 


C 


For let BE, AM, GL, FN be joined. 
Now, since the polygon ABC DE is similar to the polygon 
FGHKL, 


the angle BAE is equal to the angle GFL, | 
and, as BA isto AL, so is GF to FL. (vi. Def. 1] 
Thus BAL, GFL are two triangles which have one angie 


equal to one angle, namely the angle BAE to the angle 
GFL, and the sides about the equal angles proportional ; 


therefore the triangle 42£ is equiangular with the triangle 
FGL. (vi. 6] 


Therefore the angle AZZ is equal to the angle FLG. 
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But the angle A ZA is equal to the angle AMB, 
for they stand on the same circumference ; [ur. 27] 
and the angle FLG to the angle AENG ; 
therefore the angle 74777 is also equal to the angle FNG. 
But the right angle BAM is also equal to the right angle 


GEFN ; (u. 31) 
therefore the remaining angle is equal to the remaining angle. 
[1. 32] 


Therefore the triangle ABM is equiangular with the 
triangle FGN. 

Therefore, proportionally, as BM is to GN, so is BA 
to GF. | [vt. 4] 

But the ratio of the square on BM to the square on GW 
is duplicate of the ratio of BM to GN, 


and the ratio of the polygon ABCDE to the polygon FGHAL 
is duplicate of the ratio of BA to GF; (vı. 20] 


therefore also, as the square on BM is to the square on GN, 
so is the polygon ABCDE to the polygon FGHKL. 


Therefore etc. 
Q. E. D. 


As, from this point onward, the text of each proposition usually occupies 
considerable space, I shall generally give in the notes a summary of the 
argument, to enable it to be followed more easily. 

Here we have to prove that a pair of corresponding sides are in the ratio 
of the corresponding diameters. 

Since s BAE, GFL are equal, and the sides about those angles 
proportional, 

As ABE, FGL are equiangular, 


so that LAEB-ZLFLG 


Hence their equals in the same segments, 4. s AMB, FNG, are equal. 
And the right angles BAM, GFN are equal. 
Therefore ^s ABM, FGN are equiangular, so that 


BM : GN= BA : GF. 
The duplicates of these ratios are therefore equal, 
whence (polygon ABCDE) : (polygon FGHKTL) 
= duplicate ratio of BA to GF 
= duplicate ratio of BM to GN 
= BM’: GN’. 
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PROPOSITION 2. 


Circles are to one another as the squares on the diameters. 


Let ABCD, EFGH be circles, and BD, FH thei 


diameters ; 
I say that, as the circle ABCD is to the circle EFGH, so is 
the square on LD to the square on FÆ. 





| 


For, if the square on BD is not to the square on FH as 
the circle ABCD is to the circle EFGH, 
then, as the square on £2 is to the square on FH, so will 
the circle ABCD be either to some less area than the circle 
EFGH, or to a greater. 

First, let it be in that ratio to a less area S. 

Let the square GH be inscribed in the circle EGA ; 
then the inscribed square is greater than the half of the circle 
EFGH, inasmuch as, if through the points Æ, F, G, H we 
dr.w tangents to the circle, the square EFGA is half the 
square circumscribed about the circle, and the circle is less 
than the circumscribed square ; 
hence the inscribed square E/G// is greater than the half of 
the circle EF G/. 

Let the circumferences EF, FG, GH, HE be bisected at 
the points X, L, M, N, 
and let EK, KF, FL, LG, GM, MH, HN, NE be joined ; 
therefore each of the triangles EKF, FLG, GMH, HNE is 
also greater than the half of the segment of the circle about 
it, inasmuch as, if through the points A, Z, M, N we draw 
tangents to the circle and complete the parallelograms on the 
straight lines EF, FG, G/7, HE, each of the triangles EKF, 
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FLG, GMH, HNE will be half of the parallelogram 
about it, 


while the segment about it is less than the parallelogram ; 


hence each of the triangles EKF, FLG, GMH, HNE 
is greater than the half of the segment of the circle 
about it. 


Thus, by bisecting the remaining circumferences and 
joining straight lines, and by doing this continually, we shall 
leave some segments of the circle which will be less than the 
excess by which the circle E FG/7 exceeds the area S. 

For it was proved in the first theorem of the tenth book 
that, if two unequal magnitudes be set out, and if from the 
greater there be subtracted a magnitude greater than the half, 
and from that which is left a greater than the half, and if this 
be done continually, there will be left some magnitude which 
will be less than the lesser magnitude set out. 


Let segments be left such as described, and let the 
segments of the circle EFGH on EK, KF, FL, LG, GM, 
MH, HN, NE be less than the excess by which the circle 
EFGH exceeds the area S. 

Therefore the remainder, the polygon EKFLGMZN, is 
greater than the area S. 

Let there be inscribed, also, in the circle 4 BCD the poly- 
gon 4OBPCQDR similar to the polygon EKFLGMZN ; 
therefore, as the square on BD is to the square on 777, so is 
the polygon 4 OBPCQDR to the polygon EKFLGMAN. 

(xu. 1] 

But, as the square on ZD is to the square on FH, so also 
is the circle ABCD to the area SS ; 
therefore also, as the circle ABCD is to the area S, so is the 
polygon AOBPCQODR to the polygon EKFLGMBHN ; 

(v. rr] 
therefore, alternately, as the circle ABCD is to the polygon 
inscribed in it, so is the area S to the polygon FA FLGMAN. 

[v. 16] 

But the circle 4 BCD is greater than the polygon inscribed 
in it; 
therefore the area S is also greater than the polygon 
EKFLGMAN. 
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But it is also less: 
which is impossible. 

Therefore, as the square on BD is to the square on FH, 
so is not the circle ABCD to any area less than the circle 
EFGKH. 

Similarly we can prove that neither is the circle EFGH 
to any area less than the circle 4472 CD as the square on FH 
is to the square on BD, 


I say next that neither is the circle ABCD to any area 
greater than the circle E/GA/ as the square on BD is to the 
square on £77. 

For, if possible, let it be in that ratio to a greater area S. 

Therefore, inversely, as the square on FH is to the square 
on DB, so is the area S to the circle ABCD. 

But, as the area S is to the circle ABCD, so is the circle 
E FG H to some area less than the circle ABCD ; 
therefore also, as the square on FH is to the square on BD, 
so is the circle E#GH/ to some area less than the circle 
ABCD: [v. 14] 
which was proved impossible. 


Therefore, as the square on BD is to the square on ///, 
so is not the circle ABCD to any area greater than the circle 


EFGÉH. 


And it was proved that neither is it in that ratio to any 
area less than the circle EFG 77 ; 
therefore, as the square on BD is to the square on FF, so is 
the circle 4 2CD to the circle E/ GAH. 


Therefore etc. 


LEMMA. 


I say that, the area S being greater than the circle 
E FG H, as the area S is to the circle 4 BCD, so is the circle 
EFGH to some area less than the circle ABCD. 

For let it be contrived that, as the area S is to the circle 
ABCD), so is the circle EFGZ to the area T. 

I say that the area 7 is less than the circle ABCD. 

For since, as the area S is to the circle 4 RCD, so is the 
circle EGA to the area 7, 
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therefore, alternately, as the area S is to the circle EFGH, so 
is the circle 4 BCD to the area T. [v. 16] 


But the area S is greater than the circle EFGH ; 
therefore the circle 4 BCD is also greater than the area 7. 


Hence, as the area S is to the circle ABCD, so is the 
circle ZFGZZ to some area less than the circle ABCD. 
Q. E. D. 


Though this theorem is said to have been proved by Hippocrates, we may 
with tolerable certainty attribute the proof of it given by Euclid to Eudoxus, 
to whom xii. 7 Por. and xit. 10 (which Euclid proves in exactly the same 
manner) are specifically attributed by Archimedes. As regards the lemma 
used herein (Eucl. x. 1) and the somewhat different lemma by means of which 
Archimedes says that the theorems of xil. 2, xir. 7 Por. and xit. 18 were 
proved, see my note on x. 1 above. | 

The first essential in this proposition is to prove that we can exhaust a 
circle, in the sense of x. 1, by successively inscribing in it regular polygons, 
each of which has twice as many sides as the preceding one. We take first 
an inscribed square, then bisect the arcs subtended by the sides and so form 
an equilateral polygon of eight sides, then do the same with the latter, forming 
a polygon of 16 sides, and so on. And we have to prove that what is left 
over when any one of these polygons is taken away from the circle is more 
— half exhausted when the next polygon is made and subtracted from the 
circle. 

Euclid proves that the inscribed square is greater than half the circle and 
that the regular octagon when subtracted takes away more than half of what 
was left by the square. He then infers that the same 
thing will happen whenever the number of sides is o c 
doubled. A 

This can be seen generally by taking any arc of a 
circle cut of by a chord 4B. Bisect the arc in C. 

Draw a tangent to the circle at C, and let AD, BE 
be drawn perpendicular to the tangent. Join 4C, C7. 

Then DE is parallel to 43, since 


L ECB - . CAB, in alternate segment, [ut. 32] 
=4 CBA. (u1. 29, 1. 5) 
Thus 4BED isa O; 
and it is greater than the segment 4CB. 
Therefore its half, the ^ 4 CZ, is greater than half the segment. 
Thus, by x. 1, Euclid's construction of successive regular polygons in 
a circle, if continued far enough, will at length leave segments which are 
together less than any given area. 
Now let X, X’ be the areas of the circles, d, d’ their diameters, respectively. 
Then, if X :X' xd? : d^, 
d':id-X:Sc 
where .S is some area either greater or less than X’. 
I. Suppose S <x". 
Continue the construction of polygons in X’ until we arrive at one which 


om 
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leaves over segments together less than the excess of X’ over S, i.e. a polygon 
such that 
X' » (polygon in X’) > S. 
Inscribe in the circle X a polygon similar to that in X . 
Then (polygon in X) : (polygon in X") 2 2? : 4^ (xu. 1] 
= X : S, by hypothesis ; 
and, alternately, 
(polygon in X) : X = (polygon in X’): S. 

But (polygon in X) « X ; 
therefore (polygon in X") « .S. 

But, by construction. — (polygon in X^)» S: 
which is impossible. 

Hence SS cannot be Zess than X’ as supposed. 

II. Suppose S> x’. 


Since d':d"-X:$S, 

we have, inversely, d°: d'= S: X. 
Suppose that S:X=X':T, 

whence, since S> X', X » T. [v. 14] 
Consequently @2°;@=X': 7, 

where 7 « X. 


This can be proved impossible in exactly the same way as shown in Part I. 
Hence S cannot be greater than X’ as supposed. 
Since then SS is neither greater nor less than X’, 


$SzX 
and therefore d'i:d"z»xX:x. 
With reference to the assumption that there js some space S such that 
d*i:d"-X:3, 


i.e. that there is a fourth proportional to the areas 4*, d”, X, Simson observes 
that it is sufficient, in this and the like cases, that a thing made use of in the 
reasoning can possibly ex£s/, though it cannot be exhibited by a geometrical 
construction. As regards the assumption see note on v. 183 above. 


There is grave reason for suspecting the genuineness of the Lemma at the 
end of the proposition ; though, if it be rejected, it will be necessary to delete 
the words “as was before proved” in corresponding places in xit. 5, 18. 

It will be observed that Euclid proves the impossibility in the second case 
by reducing it to the first. If it is desired to prove the second case indepen- 
dently, we must circumscribe successive polygons to the circles instead of 
inscribing them, in the way shown by Archimedes in his first proposition on 
the Measurement of a circle. Of course we require, as a preliminary, the 
proposition corresponding to xir. r, that A 
Similar polygons circumscribed about Les 
circles are to one another as the squares © s 


on the diameters. B4 
Let AB, A'S’ be corresponding sides aN 
of the two similar polygons. Then cs 


OAB, O'A'B are equal, since 40, A'O’ 
bisect equal angles. 
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Similarly 2420-2. A'B'O.. 

Therefore As AOR, A'O'B' are similar, so that their areas are in the 
duplicate ratio of AB to A'S’. 

The radii OC, O'C' drawn to the points of contact are perpendicular to 
AB, A' B', and it follows that 

AB: AB=CO:CO. 

Thus the polygons are to one another in the duplicate ratio of the radii, 
and therefore of the diameters. 

Now suppose a square ABCD described about 
a circle. 

Make an octagon described about the circle by 
drawing tangents at the points Æ etc., where OA etc. 
meet the circle. 

Then shall the tangent at Æ cut off more than 
half of the area between 4K, AH and the arc 
HEK. 

For the angle AEG is right, and is therefore 
> LEAG. 





‘Therefore AG> EG 
> GK. 
Therefore LAGE> OEGK. 
Similarly AAFE > OEFH. 
Hence A AFG > } (re-entrant quadniateral 4 HEX), 


and a fortiori, OAFG>} (area between 4H, AX and the arc). 


Thus the octagon takes from the square more than half the space between 
the square and the circle. 

Similarly, if a figure of 16 equal sides be circumscribed by cutting off 
symmetrically the corners of the octagon, it will take away more than half of 
the space between the octagon and circle. 

Suppose now, with the original notation, that 

d!:d^-X:S, 
where S is greater than X". 

Continue the construction of circumscribed polygons about X' until the 
total area between the polygon and the circle is less than the difference 
between S and X’, i.e. till 

S > (polygon about X’) > X’. 
Circumscribe a similar polygon about X. 
Then (polygon about X) : (polygon about X’) = d? : d” 
= X: S, by hypothesis, 
and, alternately, 
(polygon about X) : X - (polygon about X") : S. 


But (polygon about X) > X. 
Therefore (polygon about X")» .S. 
But S> (polygon about X’): | [above] 


which is impossible. 
Hence S cannot be greater than X”. 
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Legendre proves this proposition by a method equally rigorous but not, I 
think, possessing any advantages over Euclid’s. It depends on a lemma 
corresponding to Eucl. x11. 16, but with another part added to it. 

Two concentric circles being yiven, we can always tnscribe in the greater a 
regular polygon such that its sides do not meet the circumference of the lesser, and 
we can also circumscribe about the lesser a regular 
polygon such that its sides do not meet the circum- B 
ference of the greater. D 

Let CA, CB be the radii of the circles. 


I. At 4 on the inner circle draw the tangent 
DE meeting the outer circle in D, Æ. 
Inscribe in the outer circle any of the regular 
polygons which we can inscribe, e.g. a square. 
Bisect the arc subtended by a side, bisect 
the half, bisect that again, and so on, until we 
arrive at an arc less than the arc DBE. 
Let this arc be MN, and suppose it so placed 
that B is its middle point. 
Then the chord AZM is clearly more distant from the centre C than DE 
is; and the regular polygon, of which AZM is a side, does not anywhere meet 
the circumference of the inner circle. 


II. Join CM, CN, meeting DE in P, Q. 
_ Then PQ will be the side of a polygon circumscribed about the inner 
circle and similar to the polygon inscribed in the outer ; 


and the circumscribed pulygon of which PQ is a side will not anywhere meet 
the outer circle. 


Ne 


Legendre now proves x11. 2 after the following manner. 
For brevity, let us denote the area of the circle with radius CA by 
(circ. CA). 
Then it is required to prove that, if OZ be the radius of a second circle, 
(circ. CA) : (circ. OB) = CA?: OB. 


JIN 
| | 


FY 


Suppose, if possible, that this relation is not true. Then C4? will be to 
OP" as (circ. CA) is to an area greater or less than (circ. OB). 
I. Suppose, first, that 
CA’: OB = (circ. CA) : (circ. OD), 
where OD is less than OZ. 
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Inscribe in the circle with radius OZ a regular polygon such that its sides 
do not anywhere meet the circumference of the circle with centre OD; 


— — [Lemma] 
and inscribe a similar polygon in the other circle. 


The areas of the polygons will then be in the duplicate ratio of CA to OB, 


or [xu. 1] 


(polygon in circ. CA): (polygon in circ. OZ) 
=CA’: OF? 
= (circ. CA) : (circ. OD), by hypothesis. 
But this is impossible, because the polygon in (circ. CA) is /ess than (circ. 
CA), but the polygon in (circ. OB) is greater than (circ. OD). 
Therefore CA’ cannot be to OF as (circ. CA) is to a /ess circle than 
(circ. OB). | 
Ii. Suppose, if possible, that 
CA? : OB" — (circ. CA) : (some circle » circ. OZ). 
Then inversely 
OB ; CA? = (circ. OB) : (some circle < circ. CA), 
and this is proved impossible exactly as in Part I. 
Therefore CA? : OP? — (circ. CA) : (circ. OD). 


PROPOSITION 3. 


Any pyramid which has a triangular base is divided into 
two pyramids equal and similar to one another, similar to the 
whole and having triangular bases, and into two equal prisms ; 


and the two prisms are greater than the half of the whole 
pyramid. 


Let there be a pyramid of which the triangle ABC is the 

base and the point D the vertex ; 
J say that the pyramid ABCD is 
divided into two pyramids equal to 
one another, having triangular bases 
and similar to the whole pyramid, 
and into two equal prisms; and the 
two prisms are greater than the half 
of the whole pyramid. 

For let AB, BC, CA, AD, DB, 
DC be bisected at the points E, F, 
G, HA, K, L, and let HE, EG, GH, HK, KL, LH, KF, FG 
be joined. 

Since AF is equal to EB, and AA to DH, 
therefore £// is parallel to DZ. (vi. 2] 


D 
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For the same reason 
HK is also parallel to AB. 
Therefore HER is a parallelogram ; 
therefore /7K is equal to EZ. [1. 34] 
But £P is equal to FA ; 
therefore 4Z is also equal to 7X. 
But 44 Z is also equal to 77D ; 
therefore the two sides EA, AH are equal to the two sides 
KH, HD respectively , 
and the angle £4 77 is equal to the angle K77D ; 
therefore the base E77 is equal to the base KD. (1. 4] 


Therefore the triangle AEZH is equal and similar to the 
triangle 77K D. 


For the same reason 
the triangle 4HG is also equal and similar to the triangle 


Now, since two straight lines ÆW, HG meeting one 
another are parallel to two straight lines KD, DZ meeting 
one another, and are not in the same plane, they w:il contain 
equal angles. [xt. 1o] 

Therefore the angle LAG is equal to the angle XDZ. 

And, since the two straight lines EH, HG are equal to the 
two KD, DL respectively, 
and the angle EG is equal to the angle KDZ, 
therefore the base EG is equal to the base KZ ; (1. 4] 


therefore the triangle E/7G is equal and similar to the 
triangle ADL. 


For the same reason 
the triangle 44 EG is also equal and similar to the triangle 


Therefore the pyramid of which the triangie 44 EG is the 
base and the point Æ the vertex is equal and similar to the 
pyramid of which the triangle HZ is the base and the point 
D the vertex. (x1. Def. 10] 


And, since 7K has been drawn parallel.to 42, one of the 
sides of the triangle 4 DB, 
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the triangle ADB is equiangular to the triangle D//K, [1. 29] 

and they have their sides proportional ; 

therefore the triangle ADB is similar to the triangle DHX. 
vi. Def. 1 

For the same reason | 
the triangle D&C is also similar to the triangle DAZ, and 
the triangle ADC to the triangle DLA. 

Now, since the two straight lines B4, AC meeting one 
another are parallel to the two straight lines XH, HL meeting 
one another, not in the same plane, they will contain equal 
angles. (x1. 10] 

Therefore the angle BAC is equal to the angle KAHL. 

And, as BA is to AC, so is XH to HL; 
therefore the triangle ABC is similar to the triangle 7Z7KZ. 

Therefore also the pyramid of which the triangle ABC is 
the base and the point D the vertex is similar to the pyramid 
of which the triangle 7/7 XZ is the base and the point D the 
vertex. 

But the pyramid of which the triangle HAZ is the base 
and the point D the vertex was proved similar to the pyramid 
of which the triangle 44 EG is the base and the point Æ the 
vertex. 

Therefore each of the pyramids AEGH, HKLD is 
similar to the whole pyramid ABCD. 


Next, since BF is equal to FC, 
the parallelogram E.BFG is double of the triangle GFC. 

And since, if there be two prisms of equal height, and one 
have a parallelogram as base, and the other a triangle, and if 
the parallelogram be double of the triangle, the prisms are 
equal, [xt. 39] 
therefore the prism contained by the two triangles BKF, 
E HG, and the three parallelograms EB FG, EBKAH, HKFG 
is equal to the prism contained by the two triangles GC, 
FTKL and the three parallelograms AFCL, LCGH, HKFG. 

And it is manifest that each of the prisms, namely that in 
which the parallelogram EBFC is the base and the straight 
line 77K is its opposite, and that in which the triangle GFC is 
the base and the triangle /Z7KL its opposite, is greater than 
each of the pyramids of which the triangles 4 2G, HAL are 
the bases and the points Æ, D the vertices, 
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inasmuch as, if we join the straight lines EF, EK, the prism 
in which the parallelogram E 7/FG is the base and the straight 
line 7ZX its opposite is greater than the pyramid of which the 
triangle EB is the base and the point K the vertex. 


But the pyramid of which the triangle EZ is the base 
and the point Æ the vertex is equal to the pyramid of which 
the triangle 44 EG is the base and the point 77 the vertex ; 


for they are contained by equal and similar planes. 


Hence also the prism in which the parallelogram EZFG 
is the base and the straight line Æ its opposite is greater 
than the pyramid of which the triangle AÆG is the base and 
the point 77 the vertex. 

But the prism in which the parallelogram ZG is the 
base and the straight line //A its opposite is equal to the 
prism in which the triangle GFC is the base and the triangle 
H KL its opposite, 


and the pyramid of which the triangle 4/G is the base and 
the point 77 the vertex is equal to the pyramid of which the 
triangle /7AZ is the base and the point J the vertex. 


Therefore the said two prisms are greater than the said 
two pyramids of which the triangles AEG, HKL are the 
bases and the points Æ, D the vertices. 

Therefore the whole pyramid, of which the triangle ABC 
is the base and the point D the vertex, has been divided into 
two pyramids equal to one another and into two equal prisms, 
and the two prisms are greater than the half of the whole 
pyramid. 

Q. E. D. 


We will denote a pyramid with vertex D and base ABC by D (ABC) or 
D-ABC and the triangular prism with triangles GCF, HLK for bases by 
(GCF, HLK). 

The following are the steps of the proof. 

I. To prove pyramid ZZ (4.EG) equal and similar to pyramid D (HKL). 

Since sides of A DA P are bisected at 77, E, K, 

HE || DB, and HK || AB. 

Hence HK =EB= EA, 

HE = KB= DK. 

Therefore (1) As HAZ, DHK are equal and similar. 

Similarly (2) As HAG, DAZ are equal and similar. 

Again, LH, HK are respectively || to GA, AZ in a different plane ; 
cherefore LGAE-L.LHK. 
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And LZ, HK are respectively equal to GA, AE. 

Therefore (3) As. GAZ, LAK are equal and similar. 

Similarly (4) ^s HGE, DLK are equal and similar. 

Therefore [xi. Def. 10] the pyramids Z(A4£EG) and D (HKL) are equal 
and similar. 


II. To prove the pyramid D (77K Z) similar to the pyramid D (ABC). 

(1) The As DHK, DAB are equiangular and therefore similar. 

Similarly (2) As DZH, DCA are similar, as also (3) the As DLX, DCB. 

Again, BA, AC are respectively parallel to XH, HZ in a different plane ; 
therefore LBAC=2 KHL. 

And BA: AC= KH. HL. 


Therefore (4) As BAC, XHL are similar. 
Consequently the pyramid D(A BC) is similar to the pyramid D (HKL), 
and therefore also to the pyramid H (AEG). 


III. To prove prism (GCF, HLK) equal to prism (HGE, KFB). 

The prisms may be regarded as having the same Aeight (the distance 
between the planes XZ, ABC) and having for bases (1) the A CGF and 
(2) the £7 EBFG, which is the double of the A CGF. 

Therefore, by xt. 39, the prisms are equal. 


IV. To prove the prisms greater than the small pyramids. 
Prism (HG, XK FB) is clearly greater than pyramid X (EFB) and there- 
fore greater than pyramid ZZ (AEG). 


Therefore each of the prisms is greater than each of the small pyramids ; 


and the sum of the two prisms is greater than the sum of the two small 
pyramids, which, with the two prisms, make up the whole pyramid. 


PROPOSITION 4. 


Lf there be two pyramids of the same height which have 
triangular bases, and cach of them be divided into two pyramids 
egual to one another and similar to the whole, and into two 
egual prisms, then, as the base of the one pyramid is to the 
base of the other pyramid, so will all the prisms in the one 
pyramid be to all the prisms, being equal in multitude, in the 
other pyramid. 


Let there be two pyramids of the same height which 
have the triangular bases BC, DEF, and vertices the 
points G, ÆA, 
and let each of them be divided into two pyramids equal to 
one another and similar to the whole and into two equal 
prisms ; (xu. 3] 
| say that, as the base AAC is to the base DEF, so are 
all the prisms in the pyramid 447 CG to all the prisms, being 
equal in multitude, in the pyramid DE FH, 
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For, since BO is equal to OC, and AL to LC, 
therefore ZO is parallel to 4 B, 
and the triangle 4 S&C is similar to the triangle LOC. 


G 





For the same reason 
the triangle DE is also similar to the triangle AF. 
And, since BC is double of CO, and EF of FV, 
therefore, as BC is to CO, so is EF to FV. 


And on BC, CO are described the similar and similarly 
situated rectilineal figures 4 BC, LOC, 


and on EF, FV the similar and similarly situated figures 
DEF, RVF; 


therefore, as the triangle 4 AC is to the triangle LOC, so is 
the triangle DEF to the triangle RVF; [vt. 22] 


therefore, alternately, as the triangle 4 AC is to the triangle 
DEF, so is the triangle LOC to the triangle RVF. [v. 16] 


But, as the triangle LOC is to the triangle RVF, so is 
the prism in which the triangle ZOC is the base and PMN its 
opposite to the prism in which the triangle AF is the base 
and STU its opposite ; (Lemma following) 


therefore also, as the triangle ABC is to the triangle DEF, 
so is the prism in which the triangle LOC is the base and 
PMN its opposite to the prism in which the triangle AF 
is the base and STU its opposite. 

But, as the said prisms are to one another, so is the prism 
in which the parallelogram KROL is the base and the straight 
line PM its opposite to the prism in which the parallelogram 
QE VR is the base and the straight line S7 its opposite. 

(x1. 39; cf. xu. 3] 
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Therefore also the two prisms, that in which the parallelo- 
gram KBOL is the base and P/M its opposite, and that in 
which the triangle LOC is the base and P/N its opposite, 
are to the prisms in which QE VR is the base and the straight 
line SZ its opposite and in which the triangle AZ is the 
base and STU its opposite in the same ratio [v. 12] 

Therefore also, as the base 74 BC is to the base DEF, so 


are the said two prisms to the said two prisms. 


And similarly, if the pyramids PMNG, STUH be divided 
into two prisms and two pyramids, 
as the base PMN is to the base STU, so will the two prisms 
in the pyramid PMNG be to the two prisms in the pyramid 
STUH. 

But, as the base PMN is to the base STU, so is the base 
ABC to the base DEF; 
for the triangles PMN, STU are equal to the triangles Z OC, 
RVF respectively. 

Therefore also, as the base ABC is to the base DEF, so 
are the four prisms to the four prisms. 


And similarly also, if we divide the remaining pyramids 
into two pyramids and into two prisms, then, as the base 
ABC is to the base DEF, so will all the prisms in the 
pyramid ABCC be to all the prisms, being equal in multitude, 
in the pyramid DE FZ. 


Q. E. D. 


LEMMA. 


But that, as the triangle LOC is to the triangle AF, 
so is the prism in which the triangle ZOC is the base and 
PMN its opposite to the prism in which the triangle RV F is 
the base and STU its opposite, we must prove as follows. 

For in the same figure let perpendiculars be conceived 
drawn from G, H to the planes ABC, DEF; these are of 
course equal because, by hypothesis, the pyramids are of equal 
height. 

AN ow, since the two straight lines GC and the perpendicular 
from G are cut by the parallel planes ALC, PMN, 


they will be cut in the same ratios. (xt. 17] 
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And GC is bisected by the plane PMN at N; 


therefore the perpendicular from G to the plane ABC will 
also be bisected by the plane P/N. 


For the same reason 


the perpendicular from #7 to the plane DEF will also be 
bisected by the plane STU. 


And the perpendiculars from G, H to the planes ABC, 
DEF are equal; 


therefore the perpendiculars from the triangles PMN, STU 
to the planes ABC, DEF are also equal. 


Therefore the prisms in which the triangles LOC, RVF 
are bases, and PMN, STU their opposites, are of equal 
height. 

Hence also the parallelepipedal solids described from the 
said prisms are of equal height and are to one another as their 
bases ; [x1. 32] 


therefore their halves, namely the said prisms, are to one another 
as the base LOC is to the base AF. 
Q. E. D. 


We can incorporate the lemma at the end of the proposition and sum- 
marise the proof thus. 
Since ZO is parallel to 4B, 
As ABC, LOC are similar. 
In like manner As DEF, RVF are similar. 
And, since BC: CO- EF: FV, 
AABC:ALOC-ADEF:ARVF, [vi. 22] 


and, alternately, 
AABC:ADEF=ALOC:ARVFE. 


Now the prisms (ZOC, PMN) and (RVF, STU) are equal in height : 
for the perpendiculars from G, Æ on the bases ABC, DEF are divided by 
the planes PMN, STU (parallel to the bases) in the same proportion as GC, 
HF are divided by those planes (x1. 17], i.e. they are bisected ; 
hence the heights of the prisms, being half the equal heights of the pyramids, 
are equal. 
And the prisms are the halves respectively of parallelepipeds of the same 
height on parallelogrammic bases double of the As LOC, RVF respectively ; 
(x1. 28 and note] 
hence they are in the same ratio as those parallelepipeds, and therefore as 
their bases [x1. 32]. | 
Therefore 
(prism ZOC, PMN) : (prism RVF, STU)- ALOC:A^RVF 
=A4BC: A DEF. 
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And since the other prisms in the pyramids are equal to these prisms 
respectively, 
(sum of prisms in GABC) : (sum of prisms in HDEF)=A ABC :4 DEF. 


Similarly, if the pyramids GPA4N, HSTU be divided in like manner, and 
also the pyramids PAXZ, SDQR, we shall have e.g. 


(sum of prisms in GPA) : (sum of prisms in HSTU) =O PMN: AS STU 
-AABC:ADEF, 


and similarly for the second pair of pyramids. 
The process may be continued indefinitely, and we shall always have 
(sum of prisms in GABC) : (sum of prisms in ZZDEF) 2AABC:ADEF. 


PROPOSITION $5. 


Pyramids which are of the same height and have triangular 
bases are to one another as the bases. 

Let there be pyramids of the same height, of which the 
triangles 44 PC, DEF are the bases and the points G, Æ the 
vertices ; 

I say that, as the base ABC is to the base DEF, so ts the 
pyramid ABCG to the pyramid DEFH. 





For, if the pyramid 4 BCG is not to the pyramid DE FH 
as the base ABC is to the base DEF, 
then, as the base ABC is to the base DEF, so will the 
pyramid ABCG be either to some solid less than the pyramid 
DEFH or to a greater. 

Let it, first, be in that ratio to a less solid W, and let the 
pyramid DEFH be divided into two pyramids equal to one 
another and similar to the whole and into two equal prisms ; 
then the two prisms are greater than the half of the whole 
pyramid. [xir 3] 
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Again, let the pyramids arising from the division be 
similarly divided, 
and let this be done continually until there are left over from 
the pyramid DEH some pyramids which are less than the 
excess by which the pyramid DE FA exceeds the solid 77. 
(x. 1) 
Let such be left, and let them be, for the sake of argument, 
DORS, STUH; 
therefore the remainders, the prisms in the pyramid DE FĦ, 
are greater than the solid PV. 


Let the pyramid BCG also be divided similarly, and a 
similar number of times, with the pyramid DE FA ; 
therefore, as the base AAC is to the base DEF, so are the 
prisms in the pyramid ACG to the prisms in the pyramid 
DEFKH. [xu.. 4] 

But, as the base AAC is to the base DEF, so also is the 
pyramid ABCG to the solid W; 
therefore also, as the pyramid ABCG is to the solid W, so 
are the prisms in the pyramid BCG to the prisms in the 
pyramid DEFZT ; [v. 11] 
therefore, alternately, as the pyramid 48CG is to the prisms 
in it, so is the solid W to the prisms in the pyramid — 

[v. 16 

But the pyramid BCG is greater than the prisms in it; 
therefore the solid W is also greater than the prisms in the 
pyramid DEFZ. 

But it is also less : 
which is impossible. 

Therefore the prism 744 CG is not to any solid less than 
the pyramid DE FH as the base AAC is to the base DEF. 

Similarly it can be proved that neither is the pyramid 
DE FH to any solid less than the pyramid 744 CG as the base 
DEF is to the base ABC. 


I say next that neither is the pyramid 48CG to any 
solid greater than the pyramid DE FF as the base ABC is 
to the base DEF. 

For, if possible, let it be in that ratio to a greater solid W; 
therefore, inversely, as the base DEF is to the base AAC, 
so is the solid W to the pyramid 4 BCG. 
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But, as the solid W is to the solid 4ABCG, so is the 
pyramid DEFH to some solid less than the pyramid ABCG, 
as was before proved ; [xit. 2, Lemma] 


therefore also, as the base DEF is to the base 74 BC, so is 
the pyramid DEF/Z to some solid less than the pyramid 
ABCG: [v. 11] 


which was proved absurd. 


Therefore the pyramid ACG is not to any solid greater 
than the pyramid DE F// as the base AAC is to the base 
DEF. 


But it was proved that neither is it in that ratio to a less 
solid. 
Therefore, as the base AAC is to the base DEF, so is 
the pyramid ABCG to the pyramid DE FH. 
Q. E. D. 


In the two preceding propositions it has been shown how we can divide a 
pyramid with a triangular base into (1) two equal prisms which are together 
greater than half the pyramid and (2) two equal pyramids similar to the 
original one, and that, if this process be continued with the two pyramids, 
then with the four resulting pyramids, and so on, and if, further, another 
pyramid of the same height as the original one be similarly divided, the sub- 
division being made the same number of times, the sum of all the prisms in 
one pyramid is to the sum of all the prisms in the other as the base of the 
first is to the base of the second. 

We can now prove in the manner of xu. 2 that the volumes of the 
pyramids themselves are as the bases. 

Let us call the pyramids Z, P’ and their respective bases B, B’. 


If P:P+B:B, 
suppose that B:B =P: W. 
I. Let Whe < P. 
Divide P' into two prisms and two pyramids, subdivide the latter similarly, 


and so on, until the sum of the pyramids remaining is less than the difference 
between P' and JW [x. 1], so that 


P' » (prisms in P’) > W. 
Then divide 2 similarly, the same number of times. 
Now (prisms in P) : (prisms in P)-2 2:5 (xu. 4] 
=P: W, by hypothesis, 
and, alternately, 
(prisms in P) : P= (prisms in P^) : W. 

But (prisms in P) < P; 
therefore (prisms in Z’) < W. 

But, by construction, (prisms in P’) > W. 

Hence W cannot be less than Z’. 
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II. Suppose, if possible, that W> P'. 
Then, inversely, B:B=W:P. 
=P’; V, 
where V is some solid less than P. [Cf. xtt. 2, Lemma, and note.] 
But this can be proved impossible exactly as in Part I. 
Therefore W is neither less nor greater than Z’, 
so that BB =P: r: 


Legendre, followed by the American editors already mentioned, and by 
others, approaches the subject by a different route, proving the following 
propositions. 


I. Zf a pyramid be cut by a plane parallel to the base, (a) the lateral edges 
and the height will be cut in the same proportion, (b) the section by the plane 
will be a polygon similar to the base. 





(a) Since a lateral face VAB of the pyramid V (ABCDE) is cut by two 
parallel planes in AS, ab, 
AB || ad; 
Similarly BC || 4c, and so on. 
Therefore VA: Va- VB:VbzVC:Vez.... 
And, if VO the height be cut in O, o, 
BO || ġo ; and each of the above ratios is equal to VO: Vo. 


(4) Since BA || da, and BC || dc, 


L ABC - Lak. (x1. 10] 

Similarly for all the other angles of the polygons, which are therefore 
equiangular. 

Also, by similar triangles, 

A:Va=AB: ab, 

and so on. 

Therefore, by the ratios above, 

AB:ab=BC: be=.... 


Therefore the polygons are similar. 


2. Lf two pyramids of the same height be cut by planes which are at the 
same perpendicular distance from the vertices, the sections are as the respective 
bases. 
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For, if we place the pyramids so that the vertices coincide and the bases 
are in one plane, the planes of the sections will coincide. 
If, e.g., the base of the second pyramid be X YZ and the section xyz, we 
shall have, by the argument of the last proposition, 
VX : Vx VY : W= VZ: Vz = VO : Vo= VA : Va=...ľ 
and X YZ, xyz will be similar. 
Now (polygon ABCDE) : (polygon abcde) = AB: ab? 
= VA’: Va’, 
and AXYZ : ^xyz2 XY?: xy! 
= VX? : Væ 
= VA’ : Væ. 
Therefore 
(polygon ABCDE) : (polygon abcde) = ^ X YZ : A xyz. 
As a particular case, ¿f the bases of the two pyramids are equivalent, the 
sections are also equivalent, 


Two triangular pyramids which have equivalent bases and egual heights 
are equivalent. 
Let VA BC, vai be pyramids with equivalent bases ABC, adc, which for 
convenience we will suppose placed in one plane, and let 774 be the common 
height. 





Then, if the pyramids are not equivalent, one must be greater than the other. 

Let VABC be the greater; and let 4X be the height of a prisin on ABC 
as base which is equal in volume to the difference of the pyramids. 

Divide the height 4 7 into equal parts such that each is less than 4X, and 
let each part be equal to z. 

Through the points of division draw planes parallel to the bases cutting 
both pyramids in the sections DEF, GH/,... and def, ght, .... 

The sections DEF, def will then be equivalent; so will the sections G77, 
ghi, and so on. [(2) above] 

On the triangles ABC, DEF, GH/,... as bases draw exterior prisms 
having for edges the parts 4D, DG, GA, ... of the edge A V; 
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and on the triangles def, ght, ... as bases draw inferror prisms having for edges 
the parts ad, dg, ... of av. 


All the partial prisms will then have the same height z. 


Now the sum of the exterior prisms of the pyramid VABC is greater than 
that pyramid ; 
and the sum of the intenor prisms in the pyramid va& is /ess than that 
pyramid. 

Consequently the difference between the sum of the first set of prisms and 


the sum of the second set of prisms is greater than the difference between the 
two pyramids. 


Again, if we start from the bases ABC, adc, the second exterior prism 
DEFG is equivalent to the f£zs/ interior prism defa, since their bases are 
equivalent and they have the same height z. [x1. 28 and note ; xi. 32] 

Similarly the third extenor prism is equivalent to the second interior 
prism, and so on, until we arrive at the last of each. 

Therefore the prism ABCD, the frst exterior prism, is the difference 
between the sums of the exterior and interior prisms respectively. 

Therefore the difference between the «wo pyramids is /ess than the prism 
ABCD, which should therefore be greater than the prism with base 4BC 
and height 4X. 

But the prism ABCD is, by hypothesis, less than the latter prism : 
which is impossible. 

Poids e the pyramid VABC cannot be greater than the pyramid 
vabe. 

Similarly it may be proved that vac cannot be greater than VA BC. 

Therefore the pyramids are egutvalent. 


Legendre next establishes a proposition corresponding to Eucl. xu. 7, viz. 


4. Any triangular pyramid ts one third of the triangular prism on the same 
base and of the same height, 


and from this he deduces that 


Cor. The volume of a triangular pyramid is egual toa third of the product 
of its base by its height. 

He has previously proved that the volume of a triangular prism is equal to 
the product of its base and height, since (1) the prism is half of a parallele- 
piped of the same height and with a parallelogram for base which is double of 
the base of the prism, and (2) this parallelepiped can be transformed into an 
equivalent rectangular parallelepiped with the same height and an equivalent 
base. 

The theorem (4) is then extended to aay pyramid in the proposition 


5. <Any pyramid has for tts measure the third part of the product of tts base 
and tts height, from which follow 


Con. I. Any pyramid is the third part of the prism on the same base and 
of the same height. 

Cor. II. Two pyramids of the same height are to one another as thar 
bases, and two pyramids on the same base are to one another as their heights. 


The first part of the second corollary corresponds to the present 
proposition as extended by the next, xii. 6. 
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PROPOSITION 6. 


Pyramids which are of the same height and have polygonal 
bases are to one another as the bases. 


Let there be pyramids of the same height of which the 
polygons 4BCDE, FGHKL are the bases and the points 
M, N the vertices; 

I say that, as the base ABCDE is to the base FGHKL, 
so is the pyramid ABCDEM to the pyramid FGHALN. 


M N 


For let AC, AD, FH, FK be joined. 

Since then 4BCM, ACDM are two pyramids which have 
triangular bases and equal height, 
they are to one another as the bases ; (xi. 5] 
therefore, as the base AAC is to the base ACD, so is the 
pyramid 4 8CM to the pyramid 4CDM. 

And, componendo, as the base ABCD is to the base ACD, 
so is the pyramid 48C DM to the pyramid 4CDM. _ [v. 18] 

But also, as the base ACD is to the base 4 DE, so is the 
pyramid 4CDM to the pyramid ADEM. (xi. 5] 

Therefore, ex aequa/t, as the base ABCD is to the base 
ADE, so is the pyramid ABCDM to the pyramid ADEM. 


[v. 22] 

And again componendo, as the base ABCDE is to the 
base ADE, so is the pyramid ABCDEM to the pyramid 
ADEM. [v. 18] 


Similarly also it can be proved that, as the base FGHAL 
is to the base FGĦ, so is the pyramid FG/ZKZLN to the 
pyramid FGZN. 
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And, since ADEM, FGHN are two pyramids which have 
triangular bases and equal height, 
therefore, as the base ADE is to the base FG, so is the 
pyramid 44 DEM to the pyramid FGZZN. [xit. 5] 

But, as the base ADE is to the base ABCDE, so was 
the pyramid ADEM to the pyramid ABCDEM. 

Therefore also, ex aeguatz, as the base ABCDE is to the 
base FGH, so is the pyramid ABCDEM to the pyramid 
FGHN. [v. 22] 

But further, as the base FGA is to the base FGA AZ, so 
also was the pyramid FG//N to the pyramid FGHKLN. 

Therefore also, ex aegualt, as the base ABCDE is to the 
base FGH KL, so is the pyramid 48C DEM to the pyramid 


FGHKLN. [v. 22] 
Q. E. D. 


It will be seen that, in order to obtain the proportion 
(base ABCDE) : A ADE = (pyramid MABCDE) : (pyramid MADE), 


Euclid employs v. 18 (componendo) twice over, with an ex aeguali step [v. 22] 
intervening. 


We might arrive at it more concisely by using v. 24 extended to any 
number of antecedents. 


Thus 
SABC: ADE = (pyramid MABC) : (pyramid MADE), 
SACD: SADE = (pyramid MACD) : (pyramid MADE), 

and lastly 

AADE: SADE = (pyramid MADE) : (pyramid MADE). 

Therefore, adding the antecedents [v. 24], we have 

(polygon ABCDE) : A ADE = (pyramid MABCDE) : (pyramid MADE). 

Again, since the pyramids MADE, NFGAZ are of the same height, 

AADE : A FGH - (pyramid MADE): (pyramid NFGA). 


Lastly, using the same argument for the pyramid A VFGZZKL as for 
MABCDE, and inverting, we have 


A FGH: (polygon FGHKL) = (pyramid MFGZ): (pyramid VFGHKL). 
Thus from the three proportions, ex aeguali, 
(polygon 45 CDE): (polygon FGZZKL) n 
- (pyramid 14 BCDE) : (pyramid NCEE) 
i 
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PROPOSITION 7. 


Any prism which has a triangular base ts divided into three 
pyramids equal to one another which have triangular bases. 


Let there be a prism in which the triangle BC is the 
base and DEF its opposite ; 
I say that the prism ABCDEF is 
divided into three pyramids equal to 
one another, which have triangular 
bases. 
For let BD, EC, CD be joined. 
Since 4 BED is a parallelogram, 
and D is its diameter, 
therefore the triangle 4BD is equal 3 5 
to the triangle EAD; (1. 34] 


therefore also the pyramid of which the triangle 42D is the 
base and the point C the vertex is equal to the pyramid of 
which the triangle DEZ is the base and the point C the 
yertex. (xu. 5) 
But the pyramid of which the triangle DEP is the base 
and the point C the vertex is the same with the pyramid of 
which the triangle EBC is the base and the point D the 
vertex ; 
for they are contained by the same planes. 


Therefore the pyramid of which the triangle 42D is the 
base and the point C the vertex is also equal to the pyramid 
of which the triangle EBC is the base and the point D the 
vertex. 


Again, since FC BE is a parallelogram, 
and CZ is its diameter, | 
the triangle CE is equal to the triangle CBE. [1. 34] 
Therefore also the pyramid of which the triangle BCZ is 
the base and the point D the vertex is equal to the pyramid 
of which the triangle ECF is the base and the point D the 
vertex. fxs. 5] 
But the pyramid of which the triangle BCE is the base 
and the point D the vertex was proved equal to the pyramid 
of which the triangle 42D is the base and the point C the 


vertex ; 
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therefore also the pyramid of which the triangle CEF is the 
base and the point D the vertex is equal to the pyramid of 
which the triangle ABD is the base and the point C the 


vertex ; 


therefore the prism ABCDEF has been divided irto three 
pyramids equal to one another which have triangular bases. 


And, since the pyramid of which the triangle ABD is the 
base and the point C the vertex is the same with the pyramid 
of which the triangle CAB is the base and the point D the 
vertex, | 
for they are contained by the same planes, 


while the pyramid of which the triangle 4 BD is the base and 
the point C the vertex was proved to be a third of the prism 
in which the triangle ABC is the base and DEF its opposite, 


therefore also the pyramid of which the triangle ABC is the 
base and the point D the vertex is a third of the prism which 
has the same base, the triangle ABC, and DEF as its 


opposite. 


PorisM. From this it is manifest that any pyramid is a 
third part of the prism which has the same base with it and 
equal height. 

Q. E. D. 


If we denote by C-A BD a pyramid with vertex C and base 4.3D, Euclid’s 
argument is easily followed thus. 
The (7 ABED being bisected by BD, 


(pyramid C-A BD) = (pyramid C-DEP) [xu 5] 
= (pyramid D-E BC). 

And, the (7 EBCF being bisected by EC, 

(pyramid D-EZC) - (pyramid 2-ECF). 

Thus (pyramid C-4B D) = (pyramid D-E BC) - (pyramid D-E CF), and 
these three pyramids make up the whole prism, so that each is one-third of the 
prism. 

And, since (pyramid C-ABD) = (pyramid D-ABC), 

(pyramid D-A BC) = 1 (prism ABC, DEF). 


PROPOSITION 8%. 


Similar pyramids which have triangular bases ave in the 
triplicate ratto of thetr corresponding sides. 


Let there be similar and similarly situated pyramids of 
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which the triangles 442 C, DEF, are the bases and the points 
G, 77 the vertices ; 

I say that the pyramid BCG has to the pyramid DE FH 
the ratio triplicate of that which BC has to £F. 





For let the parallelepipedal solids BGWL, EHQP be 
completed. 

Now, since the pyramid BCG is similar to the pyramid 
DEFH, 


therefore the angle ABC is equal to the angle DEF, 
the angle GAC to the angle HEF, 
and the angle ABG to the angle DEZ ; 
and, as 4A P is to DE, so is BC to EF, and BG to EH. 

And since, as ABZ is to DE, so is BC to EF, 
and the sides are proportional about equal angles, 
therefore the parallelogram SM is similar to the parallelo- 
gram EQ. 

For the same reason 
BN is also similar to ER, and BK to EO; 
therefore the three parallelograms 78, BK, BN are similar 
to the three EQ, £O, ER. 

But the three parallelograms 772, BK, BN are equal and 
similar to their three opposites, 
and the three EQ, £O, ER are equal and similar to their 
three opposites. (xt. 24] 


Therefore the solids 2GML, EHQP are contained by 
similar planes equal in multitude. 

Therefore the solid 2G7ZL is similar to the solid £ZZQP. 

But similar parallelepipedal solids are in the triplicate ratio 
of their corresponding sides. [xt. 33] 
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Therefore the solid GML has to the solid EHQP the 
ratio triplicate of that which the corresponding side BC has to 
the corresponding side E. 

But, as the solid BGA/L is to the solid E/70QP, so is the 
pyramid A BCG to the pyramid DE FF, 


inasmuch as the pyramid is a sixth part of the solid, because 
the prism which is half of the parallelepipedal solid [x1. 28] is 
also triple of the pyramid. (xu. 7] 


Therefore the pyramid BCG also has to the pyramid 
DEFH the ratio triplicate of that which BC has to EF. 
Q. E. D. 


Porism. From this it is manifest that similar pyramids 
which have polygonal bases are also to one another in the 
triplicate ratio of their corresponding sides. 

For, if they are divided into the pyramids contained in 
them which have triangular bases, by virtue of the fact that 
the similar polygons forming their bases are also divided into 
similar triangles equal in multitude and corresponding to the 
wholes [v1. 20], 


then, as the one pyramid which has a triangular base in the 
one complete pyramid is to the one pyramid which has a 
triangular base in the other complete pyramid, so also will all 
the pyramids which have triangular bases contained in the 
one pyramid be to all the pyramids which have triangular 
bases contained in the other pyramid [v. 12], that is, the 
pyramid itself which has a polygonal base to the pyramid 
which has a polygonal base. 


But the pyramid which has a triangular base is to the 
pyramid which has a triangular base in the triplicate ratio of 
the corresponding sides ; | 


therefore also the pyramid which has a polygonal base has to 
the pyramid which has a similar base the ratio triplicate of 
that which the side has to the side. 


It is at once proved that, the pyramids being similar, the parallelepipeds 
constructed as shown in the figure are also similar. 

Consequently, as these latter are in the triplicate ratio of their corre- 
sponding sides (xi. 33], so are the pyramids which are their sixth parts 
respectively (being one third of the respective prisms on the same bases, i.e. 
of the halves of the respective parallelepipeds, x1. 28). 

As the Porism is not used where Euclid might have been expected to use 
it (see note on xri. 12, p. 416), there is some reason to doubt its genuineness. 
P only has it in the margin, though in the first hand. 
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PROPOSITION 9. 


ln equal pyramids which have triangular bases the bases 
are reciprocally proportional to the heights; and those pyramids 
wn which the bases are reciprocally proportional to the heights 
are egual. 


For let there be equal pyramids which have the triangular 
bases /4 BC, DEF and vertices the points G, 77; 
| say that in the pyramids 4BCG, DEFH the bases are 
reciprocally proportional to the heights, that is, as the base 
ABC is to the base DEF, so is the height of the pyramid 
DE FH to the height of the pyramid 4 8CG. 


L H Oo 


— — 


| SCA, 
NK LÀ 
dx 


Q 


For let the parallelepipedal solids BGML, EHQP be 
completed. 

Now, since the pyramid BCG is equal to the pyramid 
DEFH, 
and the solid BGA/L is six times the pyramid 4 BCG. 
and the solid EZZQP six times the pyramid DE F//, 
therefore the solid BG/WL is equal to the solid E HQP. 

But in equal parallelepipedal solids the bases are recipro- 
cally proportional to the heights ; (x1. 34] 
therefore, as the base BM is to the base £Q, so is the height 
of the solid EZZQP to the height of the solid BGM L. 

But, as the base BM is to £Q, so is the triangle ABC to 
the triangle DEF, (1. 34] 

Therefore also, as the triangle ABC is to the triangle 
DEF, so is the height of the solid E77QP to the height of 
the solid BGML. (v. 11} 
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But the height of the solid E/7QP is the same with the 
height of the pyramid DEFA, 
and the height of the solid BGA/L is the same with the 
height of the pyramid 48CG, 
therefore, as the base ABC is to the base DEF, so is the 
height of the pyramid DEZFZ to the height of the pyramid 
ABCG. 

Therefore in the pyramids 4 2CG, DEFA the bases are 
reciprocally proportional to the heights. 


Next, in the pyramids ABCG, DEFHF let the bases be 
reciprocally proportional to the heights ; 
that is, as the base ABC is to the base DEF, so let the height 
of the pyramid DEF/7 be to the height of the pyramid 
ABCG ; 

I say that the pyramid ABCG is equal to the pyramid 
DEFH. 

For, with the same construction, 
since, as the base 4BC is to the base DEF, so is the height 
of the pyramid DEFA to the height of the pyramid 4 LCG, 
while, as the base ABC is to the base DEF, so is the 
parallelogram BM to the parallelogram EQ, 
therefore also, as the parallelogram BM is to the parallelogram 
EQ, so is the height of the pyramid DEFH to the height of 
the pyramid ABCG. — [v. 11] 

But the height of the pyramid DEZ is the same with 
the height of the parallelepiped E77QP, 
and the height of the pyramid 44 ZCG is the same with the 
height of the parallelepiped BGML ; 
therefore, as the base BM is to the base £Q, so is the height 
of the parallelepiped E/QP to the height of the parallelepi- 
ped BGML. 

But those parallelepipedal solids in which the bases are 
reciprocally proportional to the heights are equal ; [x1. 34] 
therefore the parallelepipedal solid BGA/L is equal to the 
parallelepipedal solid EA/QP. 

And the pyramid 4B CG is a sixth. part of BGML, and 
the pyramid DEFH a sixth part of the parallelepiped 
EHQP ; 
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therefore the pyramid 48CG is equal to the pyramid DEF. 
Therefore etc 
Q. E. D. 


The volumes of the pyramids are respectively one sixth part of the volumes 
of the parallelepipeds described, as in the figure, on double the bases and with 
the same heights as the pyramids. 


I. Thus the parallelepipeds are equal if the pyramids are equal. 


And, the parallelepipeds being equal, their bases are reciprocally propor- 
tional to their heights ; XI. 34] 


hence the bases of the equal pyramids (which are the halves of the bases of 
the parallelepipeds) are proportional to their heights. 


II. If the bases of the pyramids are reciprocally proportional to their 
heights, so are the bases of the parallelepipeds to their heights (since the bases 
of the parallelepipeds are double of the bases of the pyramids respectively). 

Consequently the parallelepipeds are equal. (x1. 34] 

Therefore their sixth parts, the pyramids, are also equal. 


PROPOSITION 10. 


Any cone ts a third part of the cylinder which has the same 
base with it and egual height. 


For let a cone have the same base, namely the circle 
ABCD, with a cylinder and equal 
height ; 

I say that the cone is a third part 
of the cylinder, that is, that the 
cylinder is triple of the cone. 


For if the cylinder is not triple 
of the cone, the cylinder will be 
either greater than triple or less 
than triple of the cone. 

First let it be greater than 
triple, 
and let the square ABCD be 
inscribed in the circle 4 BCD ; (1v. 6) 


then the square ABCD is greater than the half of the circle 
ABCD. 


From the square ABCD let there be set up a prism of 
equal height with the cylinder. 


Then the prism so set up is greater than the half of the 
cylinder, 
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inasmuch as, if we also circumscribe a square about the circle 
4A BCD [v. 7), the square inscribed in the circle 442 CD is half 
of that circumscribed about it, 


and the solids set up from them are parallelepipedal prisms of 
equal height, 
while parallelepipedal solids which are of the same height are 
to one another as their bases ; (x1. 32] 
therefore also the prism set up on the square ABCD is half 
of the prism set up from the square circumscribed about the 
circle ABCD; [cf. x1. 28, or xir. 6 and 7, Por.] 
and the cylinder is less than the prism set up from the square 
circumscribed about the circle ABCD; 
therefore the prism set up from the square ABCD and of 
equal height with the cylinder is greater than the half of the 
cylinder. 

Let the circumferences 48, BC, CD, DA be bisected at 
the points £, F, G, Ħ, 
and let AE, EB, BF, FC, CG, GD, DH, HA be joined; 
then each of the triangles AEB, BFC, CGD, DHA is greater 
than the half of that segment of the circle ABCD which is 
about it, as we proved before. (xir. 2] 


On each of the triangles 422, BFC, CGD, DHA let 
prisms be set up of equal height with the cylinder ; 


then each of the prisms so set up is greater than the half part 
of that segment of the cylinder which is about it, 


inasmuch as, if we draw through the points E, F, G, H 
parallels to 4B, BC, CD, DA, complete the parallelograms 
on AB, BC, CD, DA, and set up from them parallelepipedal 
solids of equal height with the cylinder, the prisms on the 
triangles JE 2B, BFC, CGD, DHA are halves of the several 
solids set up ; 

and the segments of the cylinder are less than the parallelepi- 
pedal solids set up; 


hence also the prisms on the triangles AEB, BFC, CGD, 
DHA are greater than the half of the segments of the 
cylinder about them. 


Thus, bisecting the circumferences that are left, joining 
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a lines, setting up on each of the triangles prisms of 

equal height with the cylinder, 

and doing this continually, 

we shall leave some segments of the cylinder which will be 

less than the excess by which the cylinder exceeds the triple 

of the cone. [x. 1] 
Let such segments be left, and let them be AZ, ZB, BF, 

FC, CG, GD, DHA, HA; 


therefore the remainder, the prism of which the polygon 
A EBFCGDH is the base and the height is the same as that 
of the cylinder, is greater than triple of the cone. 


But the prism of which the polygon 4 EBFCGDH is the 
base and the height the same as that of the cylinder is triple 
of the pyramid of which the polygon 4EBFCGDZA is the 
base and the vertex is the same as that of the cone; [xu. 7, Por.] 


therefore also the pyramid of which the polygon AE BFCGDH 
is the base and the vertex is the same as that of the cone is 
greater than the cone which has the circle 4 BCD as base. 


But it is also less, for it is enclosed by it: 
which is impossible. 
Therefore the cylinder is not greater than triple of the cone. 


I say next that neither is the cylinder less than triple of 
the cone, 


For, if possible, let the cylinder be less than triple of the 
cone , 


therefore, inversely, the cone is greater than a third part of 
the cylinder. 


Let the square 48BCD be inscribed in the circle ABCD ; 


therefore the square ABCD is greater than the half of the 
circle ABCD. 


Now let there be set up from the square 4 BCD a pyramid 
having the same vertex with the cone; 


therefore the pyramid so set up is greater than the half part 
of the cone, 


seeing that, as we proved before, if we circumscribe a square 
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about the circle, the square ABCD will be half of the square 
circumscribed about the circle, 


and if we set up from the squares parallelepipedal solids of 
equal height with the cone, which are also called prisms, the 
solid set up from the square 4BCD will be half of that set up 
from the square circumscribed about the circle; 


for they are to one another as their bases. [x1. 32] 


Hence also the thirds of them are in that ratio ; 


therefore also the pyramid of which the square 4BCD is the 
base is half of the pyramid set up from the square circum- 
scribed about the circle. 


And the pyramid set up from the square about the circle 
is greater than the cone, 


for it encloses it. 


Therefore the pyramid of which the square 442 CD is the 
base and the vertex is the same with that of the cone is 
greater than the half of the cone. 

Let the circumferences 482, BC, CD, DA be bisected at 
the points £, F, G, 77, 
and let AZ, EB, BF, FC, CG, GD, DH, HA be joined; 
therefore also each of the triangles 4 EZ, BFC, CGD, DHA 
is greater than the half part of that segment of the circle 
ABCD which is about it. 

Now, on each of the triangles 4EB, BFC, CGD, DHA 
let pyramids be set up which have the same vertex as the 
cone ; 
therefore also each of the pyramids so set up is, in the same 
manner, greater than the half part of that segment of the cone 
which is about it, 

Thus, by bisecting the circumferences that are left, joining 
straight lines, setting up on each of the triangles a pyramid 
which has the same vertex as the cone, 
and doing this continually, 
we shzll leave some segments of the cone which will be less 
than the excess by which the cone exceeds the third part of 
the cylinder. [x. 1] 

Let such be left, and let them be the segments on AZ, 
EB, BF. FC, CG, GD, DH, HA; 
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therefore the remainder, the pyramid of which the polygon 
A EBFCGDH is the base and the vertex the same with that 
of the cone, is greater than a third part of the cylinder. 


But the pyramid of which the polygon AEBFCGDH is 
the base and the vertex the same with that of the cone is a 
third part of the prism of which the polygon AE BFCGDH 
is the base and the height is the same with that of the 
cylinder ; 
therefore the prism of which the polygon AE BFCGD/ is 
the base and the height is the same with that of the cylinder 
is greater than the cylinder of which the circle ABCD is the 
base. 


But it is also less, for it is enclosed by it: 
which is impossible. 
Therefore the cylinder is not less than triple of the cone. 


But it was proved that neither is it greater than triple ; 
therefore the cylinder is triple of the cone; 
hence the cone is a third part of the cylinder. 
Therefore etc. 
Q. E. D. 


We observe the use in this proposition of the term “ parallelepipedal 
prism,” which recalls Heron's * parallelogrammic " or ** parallel-sided prism." 

The course of the proof is exactly the same as in xti. 2, except that an 
arithmetical fraction takes the place of a ratio which, being incommensurable, 
could only be expressed as a ratio. Consequently we do not need proportions 
in this proposition, as we did in x11. 2, and shall again in xu. 11, etc. 

Euclid exhausts the cylinder and cone respectively by setting up prisms 
and pyramids of the same height on the successive regular polygons inscribed 
in the circle which is the common base, viz. the square, the regular polygon 
of 8 sides, that of 16 sides, etc. 

If AB be the side of one polygon, we obtain two sides of the next by 
bisecting the arc 4CB and joining 4C, CB. Draw the 
tangent DE at C and complete the parallelogram 
ABED. M 

Now suppose a prism erected on the polygon of 
which 4B is a side, and of the same height as that of 
the cylinder. 

To obtain the prism of the same height on the next 
polygon we add all the triangular prisms of the same 
height on the bases 44 C7 and the rest. 

Now the prism on 4C is half the prism of the 
same height on the (7 ABED as base. 


[cf. x1. 28] 
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And the prism on /7 4 ED includes, and is greater than, the portion of 
the cylinder standing on the segment 4 CZ of the circle. 

The same thing is true in regard to the other sides of the polygon of 
which AB is one side. 

Thus the process begins with a prism on the square inscribed in the circle, 
which is more than half the cylinder, the next prism (with eight lateral faces) 
takes away more than half the remainder, and so on ; 


hence [x. t], if we proceed far enough, we shall ultimately arrive at a prism 
leaving over portions of the cylinder together less than any assigned volume. 


The construction of pyramids on the successive polygons exhausts the cone 
in exactly the same way. 


Now, if the cone is not equal to one-third of the cylinder, it must be either 
greater or less. 

I. Suppose, if possible, that, V, O being their volumes respectively, 

O> 3V. 

Construct successive inscribed polygons in the bases and prisms on them 
until we arrive at a prism / leaving over portions of the cylinder together less 
than (O -— 3V), i.e. such that 

O> P> 3V. 

But P is triple of the pyramid on the same base and of the same height ; 

and this pyramid is included by, and is therefore less than, 7 ; 


therefore P « 3V. 
But, by construction, P-3V: 
which is impossible. 
Therefore O F 3r. 
II. Suppose, if possible, that O < 3V. 
Therefore V > iO. 


Construct successive pyramids in the cone in the manner described until 
we arrive at a pyramid II leaving over portions of the cone together less than 
(V — 40), t.e. such that 

V -» Y 1O. 


Now Il is one-third of the prism on the same base and of the same height; 
and this prism is included by, and is therefore less than, the cylinder ; 
therefore II « 30. 

But, by construction, II » 1O: 
which is impossible. 

Therefore O is neither greater nor less than 3 V, so that 

O = 3V. 

It will be observed that here, as in x11. 2, Euclid always exhausts the solid 
by (as it were) building up to it from inside. Hence the solid to be exhausted 
must, with him, be supposed greater than the solid to which it is to be proved 
equal ; and this is the reason why, in the second part, the initial supposition 
is turned round. 

In this case too Euclid might have approximated to the cone and cylinder 
by circumscribing successive pyramids and prisms in the way shown, after 
Archimedes, in the note on xil. 2. 
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PROPOSITION II. 


Cones and cylinders which are of the same height are to 
one another as their bases. 

Let there be cones and cylinders of the same height, 
let the circles ABCD, EFGH be their bases, KL, MN their 
axes and AC, EG the diameters of their bases ; 


I say that, as the circle ABCD is to the circle EFGH, so is 
the cone AZL to the cone EN. 


D 
T. WL 
A C g 
U V 
B 


For, if not, then, as the circle ABCD is to the circle 
EFGH, so will the cone AL be either to some solid less 
than the cone EV or to a greater. 

First, let it be in that ratio to a less solid O, and let the 
solid X be equal to that by which the solid O is less than the 
cone EN ; 
therefore the cone EV is equal to the solids O, X. 

Let the square EGA be inscribed in the circle £FGZ; 
therefore the square is greater than the half of the circle. 

Let there be set up from the square EFG/ a pyramid of 
equal height with the cone; 
therefore the pyramid so set up is greater than the half of the 
cone, 
inasmuch as, if we circumscribe a square about the circle, and 
set up from it a pyramid of equal height with the cone, the 
inscribed pyramid is half of the circumscribed pyramid, 
for they are to one another as their bases, (x11. 6] 
while the cone is iess than the circumscribed pyramid. 
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Let the circumferences EF, FG, GH, HE be bisected at 
the points P, Q, R, S, 
and let HP, PE, EQ, OF, FR, RG, GS, SH be joined. 

Therefore each of the triangles HPE, EQF, FRG, GSH 
is greater than the half of that segment of the circle which is 
about it. 

On each of the triangles APE, EQF, FRG, GSH let 
there be set up a pyramid of equal height with the cone ; 
therefore, also, each of the pyramids so set up is greater than 
the half of that segment of the cone which is about it. 

Thus, bisecting the circumferences which are left, joining 
straight lines, setting up on each of the triangles pyramids of 
equal height with the cone, 
and doing this continually, 
we shall leave some segments of the cone which will be less 
than the solid X. [x. 1] 

Let such be left, and let them be the segments on AP, 
PE. EQ, OF, FR, RG, GS, SH ; 
therefore the remainder, the pyramid of which the polygon 
HPEQFRGS is the base and the height the same with that 
of the cone, is greater than the solid O. 


Let there also be inscribed in the circle ABCD the 
polygon D7AUBVCW similar and similarly situated to the 
polygon HPEQFRGS, 
and on it let a pyramid be set up of equal height with the cone 
AL. 


Since then, as the square on AC is to the square on EG, so 
is the polygon DTA UBVCW to the polygon HPE — 
XI. I 
while, as the square on AC is to the square on EG, so is the 
circle ABCD to the circle EFGH, (xu. 2) 
therefore also, as the circle ABCD is to the circle E GH, so 
is the polygon D7A UBVCW to the polygon HPEQFRGS. 
But, as the circle ABCD is to the circle E/G#H, so is the 
cone AZ to the solid O, 
and, as the polygon DTAUBVCW is to the polygon 
HPEQFRGS, so is the pyramid of which the polygon 
DTAUBVCW is the base and the point Z the vertex to the 
pyramid of which the polygon HPEQFRGS is the base and 
the point AV the vertex. | [xir. 6] 
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Therefore also, as the cone AZ is to the solid O, so is the 
pyramid of which the polygon D774 UBVC W is the base and 
the point Z the vertex to the pyramid of which the polygon 
HPEQFRGS is the base and the point N the vertex ; [v. 11] 
therefore, alternately, as the cone 4Z is to the pyramid in it, 
so is the solid O to the pyramid in the cone EN. [v. 16] 

But the cone AZ is greater than the pyramid in it ; 
therefore the solid O is also greater than the pyramid in the 
cone EN. 

But it is also less: 
which is absurd. 


Therefore the cone AZ is not to any solid less than the 
cone EN as the circle ABCD is to the circle EF GH. 


Similarly we can prove that neither is the cone EN to 
any solid less than the cone AZ as the circle E/G// is to the 
circle 4BCD. 


I say next that neither is the cone 4Z to any solid greater 
than the cone EN as the circle ABCD is to the circle 
EFGH. 

For, if possible, let it be in that ratio to a greater solid O; 
therefore, inversely, as the circle EFG/Z is to the circle 
ABCD, so is the solid O to the cone AL. 

But, as the solid O is to the cone AZ, so is the cone EV 
to some solid less than the cone AZ ; 
therefore also, as the circle EGA is to the circle ABCD, so 
is the cone ÆN to some solid less than the cone AL: 
which was proved impossible. 

Therefore the cone AZ is not to any solid greater than 
the cone EW as the circle 4 BCD is to the circle EFGH. 

But it was proved that neither is it in this ratio to a less 
soltd ; 
therefore, as the circle 4 2CD is to the circle EFGH. so is 
the cone AZ to the cone EVN. 


But, as the cone is to the cone, so is the cylinder to the 
cylinder, 
for each is triple of each ; [xu 10] 
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Therefore also, as the circle ABCD is tb the circle 
EFGH, so are the cylinders on them which are of equal 
height. 


Therefore etc. 
Q. E. D. 


We need not again repeat the preliminary construction of successive 
pyramids and prisms exhausting the cones and cylinders. 
Let Z, Z' be the volumes of the two cones, 8, B' their respective bases. 


If B:B+Z:Z, 
then must B:B'2Z:0, 
where QO is either less or greater than Z’. 


I. Suppose, if possible, that O is /ess than 2’. 


Inscribe in Z’ a pyramid (f1’) leaving over portions of it together less than 
(Z’ — O), i.e. such that 
Z »1I-O. 
Inscribe in Z a pyramid II on a polygon inscribed in the circular base of 
Z similar to the polygon which is the base of II’. 
Now, if d, d’ be the diameters of the bases, 


B: B =a?:d" (xu. 2] 
= (polygon in £): (polygon in 8") (xu. 1] 
=T1: 17". [xu. 6] 
Therefore Z:O=T1: Ir, 
and, alternately, Z:I1-z0O:II. 
But Z » II, since it includes it ; 
therefore O » Y. 
But, by construction, OQ « II': 
which is impossible. 
Therefore O 4 Z. 
II. Suppose, if possible, that 
B:B 22:0, 
where O is greater than Z'. 
Therefore B: -0:Z, 
where O’ is some solid less than Z 
That is, B:B=2':0, 


where O < Z. 


This is proved impossible exactly in the same way as the assumption in 
Part I. was proved impossible. 


Therefore Z has not either to a less solid than Z' or to a greater solid than 
Z the ratio of B to f’; 


therefore B:B=2:2. 
The same is true of the cylinders which are equal to 32, 32’ respectively. 
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PROPOSITION 12. 


Similar cones and cylinders are to one another in the 
triplicate ratto of the diameters in their. bases. 


Let there be similar cones and cylinders, 


let the circles ABCD, EFGH be their bases, BD, FH the 
diameters of the bases, and AZ, MN the axes of the cones 
and cylinders ; 


I say that the cone of which the circle 4 8CD is the base and 
the point Z the vertex has to the cone of which the circle 
EFGH is the base and the point V the vertex the ratio 
triplicate of that which BD has to FH. 





For, if the cone ABCDL has not to the cone EFGHN 
the ratio triplicate of that which BD has to FH, 


the cone ABCDL will have that triplicate ratio either to 
some solid less than the cone EFG//N or to a greater. 

First, let it have that triplicate ratio to a less solid O. 

Let the square EGA be inscribed in the circle EFGH ; 

[iv. 6] 

therefore the square E/G// is greater than the half of the 
circle EFGH. 

Now let there be set up on the square E/G// a pyramid 
having the same vertex with the cone ; 
therefore the pyramid so set up is greater than the half part 
of the cone. 
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Let the circumferences EF, FG, GH, HE be bisected at 
the points P, Q, R, S, 
and let EP, PF, FQ, OG, GR, RH, HS, SF be joined. 

Therefore each of the triangles EPF, Z 2G, GRH, HSE 
is also greater than the half part of that segment of the circle 
EFGKH which is about it. 

Now on each of the triangles EPF, FOG, GRH, HSE 
let a pyramid be set up having the same vertex with the cone; 
therefore each of the pyramids so set up is also greater than 
the half part of that segment of the cone which is about it. 

Thus, bisecting the circumferences so left, joining straight 
lines, setting up on each of the triangle- pyramids having the 
same vertex with the cone, 
and doing this continually, 
we shall leave some segments of the cone which will be less 
than the excess by which the cone EFG/ZN exceeds the 
solid O. [x. 1] 

Let such be left, and let them be the segmer..5 on EP, 
PF, FQ, QG, GR, RH, HS, SE; 
therefore the remainder, the pyramid of which the polygon 
EPFQGRHS is the base and the point V the vertex, is 
greater than the solid O. 


Let there be also inscribed in the circle ABCD the 
polygon 4 7BUCV DW similar and similarly situated to the 
polygon EPFOGRHS, 
and let there be set up on the polygon ATBLU’'CVDW a 
pyramid having the same vertex with the cone; 
of the triangles containing the pyramid of which the polygon 
ATBUCVDW is the base an* ^e point Z the vertex let 
LBT be one, 
and of the triangles containing the pyramid of which the 
polygon EPFOGRAĦS is the base and the point N the vertex 
let V FP be one; 


and let XT, MP be joined. 


Now, since the cone ABRCDL is similar to the cone 


EFGHN, 


therefore, as BD is to FH, so is the axis XZ to th: axis MN. 
[x1. Def. 24} 
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But, as BD is to FH, so is BK to FM; 
therefore also, as BX is to FM, so is XL to MN. 
And, alternately, as BX is to KL, so is FM to MN. : 
V. I 
And the sides are proportional about equal angles, ET 
the angles BAL, FMN ; 
therefore the triangle BAZ is similar to the triangle FMN. 
(vi. 6] 
Again, since, as BX is to KT, so is FM to MP, 
and they are about equal angles, namely the angles BKT, 
FM P, 
inasmuch as, whatever part the angle BÆT is of the four 
right angles at the centre K, the same part also is the angle 
FMP of the four right angles at the centre M; 
since then the sides are proportional about equal angles, 


therefore the triangle BKT is similar to the triangle FMP. 
[vi. 6] 


Again, since it was proved that, as BX is to KZ, so is FM 
to MN, | 
while BE is equal to XT, and FM to PM, 
therefore, as TK is to XL, so is PM to MN ; 


and the sides are proportional about equal angles, namely 

the angles TKL, PMN, for they are right; 

therefore the triangle LÆT is similar to the triangle NMP. 
(vı. 6] 


And since, owing to the similarity of the triangles Z ÆÐ, 
NMF, 
as LB is to BK, so is NF to FM, 
and, owing to the similarity of the triangles BKT, FMP, 
as KB is to BT, so is MF to FP, 
therefore, ex aegua/t, as LB is to BT, so is NF to FP. [v. 22] 


Again since, owing to the similarity of the triangles Z TX, 


» 


as LT is to TK, so is VP to PM, 

and, owing to the similarity of the triangles TXB, PMF, 

as KT is to 78, sois MP to PF; 

therefore, ex aeguali, as LT is to TB, so is NP to PF. [v. 22] 
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But it was also proved that, as 7B is to BL, so is PF 
to FN. 
Therefore, ex aequaZz, as TL is to LP, so is PN to NF. 
[v. 22] 
Therefore in the triangles LTB, MPF the sides are 
proportional ; 


therefore the triangles L TB, NPF are equiangular; — [vi 5] 
hence they are also similar. [vi. Def. 1] 


Therefore the pyramid of which the triangle BÆT is the 
base and the point Z the vertex is also similar to the pyramid 
of which the triangle FP is the base and the point V the 
vertex, 


for they are contained by similar planes equal in multitude. 
[xr. Def. 9] 

Dut similar pyramids which have triangular bases are to 

one another in the triplicate ratio of their corresponding sides. 
(xu. 8) 

Therefore the pyramid BX 7Z has to the pyramid FM PN 
the ratio triplicate of that which ZØ has to FM. 

Similarly, by joining straight lines from 4, W, D, V, C, U 
to A, and from Æ, S, H, R, G, Q to M, anc setting up on 
each of the triangles pyramids which have the same vertex 
with the cones, 


we can prove that each of the similarly arranged pyramids 
will also have to each similarly arranged pyramid the ratio 
triplicate of that which the corresponding side B& has to the 
corresponding side FM, that is, which BD has to FH. 


And, as one of the antecedents is to one of the conse- 
quents, so are all the antecedents to all the consequents ; 

(v. 12] 
therefore also, as the pyramid BATZL is to the pyramid 
FMPN, so is the whole pyramid of which the polygon 
ATBUCVDW is the base and the point Z the vertex to the 
whole pyramid of which the polygon EPFQGRAZS is the 
base and the point V the vertex; 


hence also the pyramid of which 4d 7BUCVDW is the base 
and the point Z the vertex has to the pyramid of which the 
polygon EPFQGRHS is the base and the point V the 
vertex the ratio triplicate of that which BD has to FH. 


But, by hypothesis, the cone of which the circle ABCD 
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is the base and the point Z the vertex has also to the solid 
O the ratio triplicate of that which 8D has to FH ; 


therefore, as the cone of which the circle ABCD is the base 
and the point Z the vertex is to the solid O, so is the pyramid 
of which the polygon A 7BUCVDW is the base and Z the 
vertex to the pyramid of which the polygon EPFQGRHS is 
the base and the point V the vertex ; 


therefore, alternately, as the cone of which the circle ABCD 
is the base and Z the vertex is to the pyramid contained in 
it of which the polygon 44 Z8UCV DW is the base and Z 
the vertex, so is the solid O to the pyramid of which the 
polygon EPFQGRHS is the base and V the vertex. (v. 16] 


But the said cone is greater than the pyramid in it ; 
for it encloses it. 


Therefore the solid O is also greater than the pyramid of 
which the polygon EPFQGRHS is the base and NV the 
vertex. 

But it is also less : 


which is impossible. 


Therefore the cone of which the circle ABCD is the base 
and Z the vertex has not to any solid less than the cone of 
which the circle E/GH is the base and the point V the 
vertex the ratio triplicate of that which BD has to FH: 


Similarly we can prove that neither has the cone EFGHN 
to any solid less than the cone ABCDL the ratio triplicate 
of that which FA has to BD. 


I say next that neither has the cone ABCD to any 
solid greater than the cone EFGZZN the ratio triplicate of 
that which BD has to FH. 

For, if possible, let it have that ratio to a greater solid O. 

Therefore, inversely, the solid O has to the cone ABCDL 
the ratio triplicate of that which FA has to BD. 

But, as the solid O is to the cone ABCD, so is the 
cone EFG//N to some solid less than the cone ABCDL. 

Therefore the cone E FG /ZN also has to some solid less 
than the cone ABCDLE the ratio triplicate of that which FH 
has to BD: 


which was proved impossible. 
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Therefore the cone 44 CD has not to any solid greater 
than the cone EFG/7N the ratio triplicate of that which BD 
has to FH. 

But it was proved that neither has it this ratio to a less 
solid than the cone EFGHN. 

Therefore the cone 4 8CDZL has to the cone EFGHN 
the ratio triplicate of that which BD has to FH. 


But, as the cone is to the cone, so is the cylinder to the 
cylinder, 
for the cylinder which is on the same base as the cone and 
of equal height with it is triple of the cone; [xu. 10] 


therefore the cylinder also has to the cylinder the ratio 
triplicate of that which BD has to FA. 
Therefore etc. 
Q. E. D. 


The method of proof is precisely that of the previous proposition. The 
only addition is caused by the necessity of proving that, if similar equilateral 
polygons be inscribed in the bases of two similar cones, and pyramids be 
erected on them with the same vertices as those of the cones, the pyramids 
(are similar and) are to one another in the triplicate ratio of corresponding 
edges. 

ao KL, MN be the axes of the cones, Z, N the vertices, and let B7, FP? 
be sides of similar polygons inscribed in the bases. Join BK, TK, BL, TL, 
PM, FM, PN, FN. 


L 
T, N 


Now BXL, FMA are right-angled triangles, and, since the cones are 


similar, 
BK: KL=FM: MN. [x1. Def. 24] 
Therefore (1) Ls BKL, FMN are similar. [vr. 6] 
Similarly (2) As TKL, PMN are similar. 


Next, in As BAT, FMP, the angles BK7, FMP are equal, since each is 
the same fraction of four right angles ; and the sides about the equal angles are 
proportional ; 
therefore (3) As BKT, FMP are similar. 
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Again, since from the similar As BAZ, FMN, and the similar As BAT, 
FMP respectively, 

IB: BK= NF: FM, 
BK: B= MF: FP, 
ex aequali, LB:BT = NFE: FP. 

Similarly LT: TB = NP: PF. 

Inverting the latter ratio and compounding it with the preceding one, we 
have, ex aeguali, 

LB:LT= NF: NP. 

Thus in As ZTB, NPF the sides are proportional in pairs ; 
therefore (4) As LTB, NPF are similar. 

Thus the partial pyramids Z-BK7, V- FMP are similar. 

In exactly the same way it is proved that all the other partial pyramids are 
similar. 

Now 

(pyramid Z-BXT) : (pyramid V-FA/P) = ratio triplicate of (BK: FM). 

The other partial pyramids are to one another in the same triplicate ratio. 

The sum of the antecedents is therefore to the sum of the consequents in 
the same triplicate ratio, 

i.e. (pyramid Z-A TBU...) : (pyramid N-EPFQ...) 
= ratio triplicate of ratio (BA: FA) 
= ratio triplicate of ratio (BD: FA). 

(The fact that Euclid makes this transition from the partial pyramids to 
the whole pyramids in the body of this proposition seems to me to suggest 
grave doubts as to the genuineness of the Porism to xir. 8, which contains a 
similar but rather more general extension from the case of triangular pyramids 
to pyramids with polygonal bases. Were that Porism genuine, Euclid would 
have been more likely to refer to it than to repeat here the same arguments 
which it contains.) 

Now we are in a position to apply the method of exhaustion. 

If X, X' be the volumes of the cones, d, d’ the diameters of their bases, and if 

(ratio triplicate of 4 : 4") X : X', 
then must (ratio triplicate of 7:42") 2 X : O, 
where O is either less or greater than X". 

I. Suppose that O is Zess than X". 

Construct in the way described a pyramid (II') in X’ leaving over portions 
of X’ together less than (X’ — O), so that X’> II’ > O, 
and construct in X a pyramid (N), with the same vertex as X has, on a 
polygon inscribed in its base similar to the base of N’. 

Then, by what has just been proved, 

T : 11’ = (ratio triplicate of d : 7) 
= X : O, by hypothesis, 


and, alternately, 1:xX=':0. 

But X includes, and is therefore greater than, Il ; 
therefore O » Il'. 

But, by construction, O « II': 


which is impossible. . 
Therefore O cannot be less than X’. 
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II. Suppose, if possible, that 
(ratio triplicate of 2: 7") 2 X : O, 
where O is greater than X’; 
then (ratio triplicate of 2:2") 2 Z: X', 
or, inversely, (ratio triplicate of 2' : 2) 2 X' : Z, 
where Z is some solid less than X. 


This is proved impossible by the exact method of Part I. 
Hence O cannot be either greater or less than X’, 


and X : X’ = (ratio triplicate of ratio d : d’). 


PROPOSITION 13. 


If a cylinder be cut by a plane which is parallel to its 
opposite planes, then, as the cylinder ts to the cylinder, so will 
the axis be to the axts. 


For let the cylinder AD be cut by the plane GA which 
is parallel to the opposite planes 42, CD, 
and let the plane GH’ meet the axis at the point X; 


I say that, as the cylinder BG is to the cylinder GØ, so is 
the axis EX to the axis AF: 


See ove 


B H" O U W 





For let the axis EF be produced in both directions to the 
points Z, M, 
and let there be set out any number whatever of axes EV, NL 
equal to the axis EK, 
and any number whatever FO, OM equal to FK; 


and let the cylinder PW on the axis LM be conceived of 
which the circles PQ, V W are the bases. 


Let planes be carried through the points V, O parallel to 
AB, CD and to the bases of the cylinder PW, 
and let them produce the circles AS, 7U about the centres 
N, O. 


Then, since the axes LN, NE, EK are equal to one 
another, 
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therefore the cylinders OR, RB, BG are to one another as 
their bases. [xu. 11] 
But the bases are equal ; 
therefore the cylinders QR, RB, BG are also equal to one 
another. 
Since then the axes LN, NE, EX are equal to one 
another, 
and the cylinders QA, RB, BG are also equal to one another, 
and the multitude of the former is equal to the multitude of 
the latter, 
therefore, whatever multiple the axis XZ is of the axis EK, 
the same multiple also will the cylinder QG be of the 
cylinder GB. 


For the same reason, whatever multiple the axis MK is 
of the axis AK, the same multiple also is the cylinder WG 
of the cylinder GD. 

And, if the axis AZ is equal to the axis KM, the cylinder 
QG will also be equal to the cylinder GW, 
if the axis is greater than the axis, the cylinder will also be 
greater than the cylinder, 
and if less, less. 

Thus, there being four magnitudes, the axes FA, AF 
and the cylinders BG, GD, 
there have been taken equimultiples of the axis EK and of 
the cylinder BG, namely the axis L and the cylinder QG, 
and equimultiples of the axis AF and of the cylinder GD, 
namely the axis XM and the cylinder GW ; 
and it has been proved that, 
if the axis AZ is in excess of the axis KM, the cylinder QG 
is also in excess of the cylinder GW, 
if equal, equal, 
and if less, less. 

Therefore, as the axis ££ is to the axis KF, so is the 


cylinder BG to the cylinder GD. [v. Def. 5} 
Q. E. D. 


It is not necessary to reproduce the proof, as it follows exactly the method 
of vi. 1 and XI. 25. 
The fact that cylinders described about axes of equal length and having 
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equal bases are equal is inferred from xir. 11 to the effect that cylinders of 
equal height are to one another as their bases. 

That, of two cylinders with unequal axes but equal bases, the greater is 
that which has the longer axis is of course obvious either by application or by 
cutting off from the cylinder with the longer axis a cylinder with an axis of the 
same length as that of the other given cylinder. 


PROPOSITION 14. 


Cones and cylinders which are on equal bases are to one 
another as their heights. 

For let EZ, FD be cylinders on equal bases, the circles 
AB, CD: 
I say that, as the cylinder ZZ is E 


to the cylinder FD, so is the axis 
GA to the axis KZ. 





c D 
For let the axis AZ be pro- 
duced to the point JV, 
let LV be made equal to the axis M 


GH, 
and let the cylinder CM be conceived about ZAN as axis. 
Since then the cylinders EB, CM are of the same height, 
they are to one another as their bases. (xit. rr] 
But the bases are equal to one another : 
therefore the cylinders £3, CM are also equal. 
And, since the cylinder FM has been cut by the plane 
CD which is parallel to its opposite planes, 
therefore, as the cylinder CM is to the cylinder FD, so is the 
axis LA to the axis KL. [xu. 13] 
But the cylinder CM is equal to the cylinder ZZ. 
and the axis LN to the axis GZ; 
therefore, as the cylinder EZ is to the cylinder FD, so is the 
axis GH to the axis XZL. 
But, as the cylinder EP is to the cylinder F2, so is the 
cone ABG to the cone CDK. (xu. 10] 
Therefore also, as the axis GH is to the axis AZ, so is 
the cone ABG to the cone CDK and the cylinder ZB to the 
cylinder FD. Q. E. D. 
No separate proposition corresponding to this 1s necessary in the case of 


parallelepipeds, for x1. 25 really contains the property corresponding to that in 
this proposition as well as the property corresponding to that in XIL 13. 
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PROPOSITION 15. 


In equal cones and cylinders the bases are reciprocally 
proportional to the heights; and those cones and cylinders in 
which the bases are reciprocally proportional to the heights are 
egual. 

Let there be equal cones and cylinders of which the circles 
ABCD, EFGH are the bases; 
let AC, EG be the diameters of the bases, 
and KL, MN the axes, which are also the heights of the 
cones or cylinders ; 
let the cylinders 440, EP be completed. 

I say that in the cylinders 40, £P the bases are re- 
ciprocally proportional to the heights, 
that is, as the base ABCD is to the base EFGH, so is the 
height MN to the height KZ. 


ANI 
B 


For the height ZX is either equal to the height MAN or 


not equal. 

First, let it be equal. 

Now the cylinder 4 is also equal to the cylinder EP. 

But cones and cylinders which are of the same height are 
to one another as their bases ; [xu. 11] 
therefore the base 4 BCD is also equal to the base EFGH. 


Hence also, reciprocally, as the base 4 BCD is to the base 
EFGH, so is the height AZM to the height XZ. 


Next, let the height LÆ not be equal to MN, 
but let MN be greater ; 
from the height MN let QN be cut off equal to KZ, 


through the point Q let the cylinder EP be cut by the plane 
T US parallel to the planes of the circles EFGH, RP, 
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and let the cylinder ES be conceived erected from the circle 
EFGH as base and with height VQ. 


Now, since the cylinder 40 is equal to the cylinder £P, 


therefore, as the cylinder 40 is to the cylinder E'S, so ts the 
cylinder EP to the cylinder ZS. (v. 7] 


But, as the cylinder 40 is to the cylinder ES, so is the 
base ABCD to the base E FG /7, | 


for the cylinders 40, £S are of the same height ; (xa. rr] 


and, as the cylinder EP is to the cylinder ZS, so is the height 
MN to the height QN, 


for the cylinder EP has been cut by a plane which is parallel 


to its opposite planes. (x11. 13] 
Therefore also, as the base ABCD is to the base EF GH, 
so is the height MAN to the height QN. [v. 11] 


But the height QW is equal to the height KZ ; 


therefore, as the base 4 ACD is to the base EF GZ, so 1s the 
height MA to the height AZ. 


Therefore in the cylinders 40, EP the bases are re- 
ciprocally proportional to the heights. 


Next, in the cylinders 4O, EP let the bases be reciprocally 
proportional to the heights, 


that is, as the base A BCD is to the base EFGH, so let the 
height MN be to the height KZ ; 


I say that the cylinder 4O is equal to the cylinder EP. 
For, with the same construction, 


since, as the base ABCD is to the base EFGH, so is the 
height MN to the height XZL, 


while the height KZ is equal to the height QV, 


therefore, as the base 4 BCD is to the base EFGH, so is the 
height MN to the height QN 


But, as the base ABCD is to the base EFGH, so is the 
cylinder 4O to the cylinder ZS, 


for they are of the same height ; [xu. 11] 
and, as the height MN is to QN, so is the cylinder EP to the 
cylinder ZS ; (xu. 13] 


therefore, as the cylinder 40 is to the cylinder ZS, so is the 
cylinder ZF to the cylinder ZS. v. 11] 
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Therefore the cylinder 4O is equal to the cylinder EP. 
(v. 9] 


Q. E. D. 


I. If the heights of the two cylinders are equal, and their volumes are 
equal, the bases are equal, since the latter are proportional to the enu 
XI. II 
If the heights are 7o equal, cut off from the higher cylinder a cylinder of 
the same height as the lower. 
Then, if ZX, QW be the equal heights, 
we have, by xit. r1, 
(base ABCD) : (base EFGH) = (cylinder AO) : (cylinder ZS) 
= (cylinder EP) : (cylinder ES), 
by hypothesis, 
=MN: QN (xu. 13] 
=MN: KL. 


II. In the converse part of the proposition, Euclid omits the case where 
the cylinders have equal heights. In this case of course the reciprocal ratios 
are both ratios of equality; the bases are therefore equal, and consequently the 
cylmders. 

If the heights are nof equal, we have, with the same construction as before, 

(base ABCD) : (base EFGH)= MN: KL. 
But [xu 11] 
(base ABCD) : (base EFGH) = (cylinder AO) : (cylinder ZS), 
and MN: KL=MN: QN 
= (cylinder EP): (cylinder ZS). (xi. 13] 


And the same is true for the cones also. 


Therefore . 
(cylinder 40) : (cylinder ZS) = (cylinder EP) : (cylinder ES), 
and consequently (cylinder 40) = (cylinder £P). 


Similarly for the cones, which are equal to one-third of the cylinders 
respectively. 


Legendre deduces these propositions about cones and cylinders from two 
others which he establishes by a method similar 
to that adopted by him for the theorem of xir. 2 
(see note on that proposition). 

The first (for the cylinder) is as follows. 

The volume of a cylinder is equal to the 
product of tts base by tts height. 

Suppose CA to be the radius of the base of 
the given cylinder, A its height. 

For brevity let us denote by (surf. C4) the 
area of the circle of which C4 is the radius. 

If (surf. CA) x À is not the measure of the 
given cylinder, it will be the measure of a 
cylinder greater or less than it. 

I. First let it be the measure of a less 
cylinder, that, for example, of which the circle with radius CD is the base. and 
À is the height. 
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Circumscribe about the circle with radius C2 a regular polygon GZ77... 
such that its sides do not anywhere meet the circle with radius CA. [See note 
on XII. 2, p. 393 above, for Legendre's lemma relating to this construction. } 

Imagine a prism erected on the polygon as base and with height A. 


Then (volume of prism) - (polygon G77...) x 4. 


[Legendre has previously proved this proposition, first for a parallelepiped 
(by transforming it into a rectangular one), then for a triangular prism (half of 
a COUPE of the same height), and lastly for a prism with a polygonal 
base. 


But (polygon GZ77...) « (surf. C.A). 
Therefore (volume of prism) < (surf. CA) x 4 
< (cylinder on circle of rad. CD), 
by hypothesis. 

But the prism is greafer than the latter cylinder, since it includes it : 
which is impossible. 

II. In order not to multiply figures let us, in this second case, suppose 
that CD is the radius of the base of the given cylinder, and that (surf. CD) x À 
is the measure of a cylinder greater than it, e.g. a cylinder on the circle with 
radius CA as base and of height 4. 

Then, with the same construction, 

(volume of prism) = (polygon G 777...) x A. 
And (polygon GAZ...) » (surf. CD). 
Therefore (volume of prism) > (surf. CD) x 4 
> (cylinder on surf. C4), by hypothesis. 

But the volume of the prism is also Æss than that cylinder, being included 
by it: 
which is impossible. 

Therefore (volume of cylinder) = (its base) x (its height). 

It follows as a corollary that 

Cylinders of the same height are to one another as their bases (xu. 13], and 
cylinders on the same base are to one another as their heights (xu. 14]. 

Also 

Similar cylinders are as the cubes of their heights, or as the cubes of the 
diameters of their bases [Eucl. xit. 12]. 

For the bases are as the squares on their diameters; and, since the 
cylinders are similar, the diameters of the bases are as their heights. 

Therefore the bases are as the squares on the heights, and the bases 
— by the heights, or the cylinders themselves, are as the cubes of the 

eights. 

s need not reproduce Legendre’s proofs of the corresponding propositions 
for the cone. 


PROPOSITION 16. 


Given two circles about the same centre, to inscribe in the 
greater circle an equilateral polygon with an even number of 
sides which does not touch the lesser circle. 
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Let ABCD, EFGH be the two given circles about the 
same centre X ; 


thus it is required to inscribe in the 
greater circle ABCD an equilateral 
polygon with an even number of 
sides which does not touch the circle 
EFGH. 


For let the straight line BAD 
be drawn through the centre K, 


and from the point G let GA be 


drawn at right angles to the straight 
line ZD and carried through to C ; 


therefore AC touches the circle £FGZ. (11. 16, Por.) 


Then, bisecting the circumference BAD, bisecting the 
half of it, and doing this continually, we shall leave a circum- 
ference less than 4D. [x. 1] 

Let such be left, and let it be LD; 


from Z let LM be drawn perpendicular to BD and carried 
through to JV, 


and let LD, DN be joined ; 

therefore LD is equal to DN. (an. 3, 1. 4] 
Now, since ZA is parallel to AC, 

and AC touches the circle EFGAĦ, 

therefore LN does not touch the circle EFGH ; 

therefore £D, DN are far from touching the circle £FGZ. 





If then we fit into the circle ABCD straight lines equal 
to the straight line LD and placed continuously, there will 
be inscribed in the circle 4 8CD an equilateral polygon with 
an even number of sides which does not touch the lesser 
circle EF GH. Q. E. F. 


It must be carefully observed that the polygon inscribed in the outer circle 
in this proposition is such that not only do its own sides not touch the inncr 
circle, but also. she chords, as LN, joining angular points next but one to each 
other do not touch the inner circle either. In other words, the polygon is the 
second in order, not the first, which satisfies the condition of the enunciation. 
This is important, because such a polygon is wanted in the next proposition ; 
hence in that proposition the exact construction here given must be followed. 
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PROPOSITION I7. 


Given two spheres about the same centre, to inscribe in the 
greater sphere a polyhedral solid which does not touch the 
lesser sphere at its surface. 


Let two spheres be conceived about the same centre 4 ; 


thus it is required to inscribe in the greater sphere a poly- 
hedral solid which does not touch the lesser sphere at its 
surface. 





Let the spheres be cut by any plane through the centre ; 
then the sections will be circles, 
inasmuch as the sphere was produced by the diameter 
remaining fixed and the semicircle being carried round it ; 

[x1. Def. 14] 
hence, in whatever position we conceive the semicircle to be, 
the plane carried through it will produce a circle on the 
circumference of the sphere. 

And it is manifest that this circle is the greatest possible, 
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inasmuch as the diameter of the sphere, which is of course 
the diameter both of the semicircle and of the circle, is greater 
than all the straight lines drawn across in the circle or the 
sphere. 

Let then BCDE be the circle in the greater sphere, 
and FGZ the circle in the lesser sphere ; 
let two diameters in them, BD, CZ. ve drawn at right angles 
to one another ; 
then, given the two circles BCDE, FGH about the same 
centre, let there be inscribed in the greater circle BCDE an 
equilateral polygon with an even number of sides which does 
not touch the lesser circle (GH, 
let BK, KL, LM, ME be its sides in the quadrant BL. 
let KA be joined and carried through to N, 
let 4O be set up from the point 4 at right angles to the 
plane of the circle SCDE, and let it meet the surface of the 
sphere at O, 
and through 40 and each of the straight lines BD, XN let 
planes be carried ; 
they will then make greatest circles on the surface of the 
sphere, for the reason stated. 

Let them make such, 
and in them let BOD, KON be the semicircles on BD, KN. 


Now, since OA is at right angles to the plane of the circle 
BCDE, 
therefore all the planes through OA are also at right angles 
to the plane of the circle BCDE ; [x1. 18] 
hence the semicircles BOD, KON are also at right angles to 
the plane of the circle BCDE. 

And, since the semicircles BED, BOD, KON are equal, 
for they are on the equal diameters BD, KN, 
therefore the quadrants BZ, BO, KO are also equal to one 
another. 

Therefore there are as many straight lines in the quadrants 
BO, KO equal to the straight lines BK, KL, LM, ME as 
there are sides of the polygon in the quadrant BZ. 

Let them be inscribed, and let them be ZP, PO, QR, RO 
and XS, ST, TU, UO, 
let SP, TQ, UR be joined, 
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and from P, S let perpendiculars be drawn to the plane of the 
circle BCDE ; (xı. 11] 
these will fall on BD, KN, the common sections of the planes, 


inasmuch as the planes of BOD, KON are also at right angles 
to the plane of the circle BCDE. [cf. xr. Def. 4] 


Let them so fall, and let them be PV, SW, 
and let WV be joined. 


Now since, in the equal semicircles BOD, KON, equal 
straight lines BP, KS have been cut off, 
and the perpendiculars PV, SW have been drawn, 
therefore PV is equal to SW, and BV to KW. — [ui 27, 1. 26] 
But the whole Z4 is also equal to the whole K4 ; 
therefore the remainder V4 is also equal to the remainder WA ; 
therefore, as BV is to VA, so is KW to WA; 
therefore WV is parallel to XB. [vi. 2] 


And, since each of the straight lines PV, SW is at right 
angles to the plane of the circle BCDE, 


therefore PV is parallel to SW. (x1. 6] . 
But it was also proved equal to it ; 
therefore WV, SP are also equal and parallel. (t. 33] 


And, since WV is parallel to SP, 
while WV is parallel to KZ, 
therefore. SP is also parallel to KZ. [xi. 9] 
And BP, KS join their extremities ; 
therefore the quadrilateral XBPS is in one plane, 
inasmuch as, if two straight lines be parallel, and points be 
taken at random on each of them, the straight line joining the 
points is in the same plane with the parallels. [xt. 7] 
For the same reason 
each of the quadrilaterals .SPQ 7, ZQRU is also in one plane. 
But the triangle RO is also in one plane. [xi. 2] 
If then we conceive straight lines joined from the points 
P, S. O, T, R, U to A, there will be constructed a certain 
polyhedral solid figure between the circumferences BO, KO, 
consisting of pyramids of which the quadrilaterals XBPS, 
SPQT, TQRU and the triangle URO are the bases and the 
point 4 the vertex. 
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And, if we make the same construction in the case of each 
of the sides KZ, LM, ME as in the case of BA, and further 
in the case of the remaining three quadrants, 


there will be constructed a certain polyhedral figure in- 
scribed in the sphere and contained by pyramids, of which 
the said quadrilaterals and the triangle U/AO, and the others 
corresponding to them, are the bases and the point 4 the 
vertex. 


I say that the said polyhedron will not touch the lesser 
sphere at the surface on which the circle FGH is. 

Let 4X be drawn from the point 4 perpendicular to the 
plane of the quadrilateral A BPS, and let it meet the plane at 
the point X ; (xr. 11] 
let XB, X K be joined. 


Then, since 4X is at right angles to the plane of the 
quadrilateral KBPS, 
therefore it is also at right angles to all the straight lines 
which meet it and are in the plane of the quadrilateral. 

[xr. Def. 3] 

Therefore 4X is at right angles to each of the straight 
lines BX, XK. 

And, since 4B is equal to AK, 


the square on 4B is also equal to the square on 4 X. 


And the squares on AX, XB are equal to the square 
on AB, 
for the angle at X is right ; (1. 47] 
and the squares on 4X, XX are equal to the square on AX. 

[ia.] 

Therefore the squares on 4.X, XB are equal to the squares 
on AX, XK. 

Let the square on 4X be subtracted from each ; 
therefore the remainder, the square on BX, is equal to the 
remainder, the square on XX ; 
therefore BX is equal to XX. 


Similarly we can prove that the straight lines joined 
from X to P, S are equal to each of the straight lines 5X, 
XK. 
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Therefore the circle described with centre X and distance 
one of the straight lines XZ, XX will pass through P, S also, 


and KBPS will be a quadrilateral in a circle. 


Now, since KZ is greater than WY, 
while WV is equal to SP, 
therefore KB is greater than SP. 
But KB is equal to each of the straight lines KS, BP; 
therefore each of the straight lines A'S, BP is greater than SP. 
And, since KBPS is a quadrilateral in a circle, 
and K B, BP, KS are equal, and PS less, 
and PX is the radius of the circle, 


therefore the square on. KJ is greater than double of the 
square on BX. 


Let KZ be drawn from X perpendicular to BV. 

Then, since BD is less than double of DZ, 
and, as BD is to DZ, so is the rectangle DB, BZ to the 
rectangle DZ, ZB, 
if a square be described upon Z and the parallelogram on 
ZD be completed, 
then the rectangle DB, BZ is also less than double of the 
rectangle DZ, ZB. 

And, if KD be joined, 
the rectangle DB, BZ is equal to the square on BK, 


and the rectangle DZ, ZB equal to the square on KZ ; 
[1t.. 31, vi. 8 and Por.] 


therefore the square on KZ is less than double of the square 
on KZ. | 

But the square ou. KZ is greater than double of the square 
on BX ; 
therefore the square on KZ is greater than the square on BX. 


And, since BA is equal to KA, 
the square on BA is equal to the square on AK. 
And the squares on BX, XA are equal to the square on BA, 
and the squares on KZ, ZA equal to the square on K4 ; ; 
[i 47 


therefore the squares on BX, XA are equal to the squares on 
KZ. ZA, 
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and of these the square on KZ is greater than the square 
on BX; 


therefore the remainder, the square on Z4, is less than the 
square on XA. 


Therefore 4X is greater than 4Z; 
therefore 4X is much greater than 4G. 


And AX is the perpendicular on one base of the poly- 
hedron, 


and AG on the surface of the lesser sphere ; 


hence the polyhedron will not touch the lesser sphere on its 
surface. 


Therefore, given two spheres about the same centre, a 
polyhedral solid has been inscribed in the greater sphere 
which does not touch the lesser sphere at its surface. 

Q. E. F. 


PonisM. But if in another sphere also a polyhedral solid 
be inscribed similar to the solid in the sphere BCDE, 


the polyhedral solid in the sphere BCDE has to the poly- 
hedral solid in the other sphere the ratio triplicate of that 
which the diameter of the sphere BCDE has to the diameter 
of the other sphere. 


For, the solids being divided into their pyramids similar 
in multitude and arrangement, the pyramids will be similar. 

But similar pyramids are to one another in the triplicate 
ratio of their corresponding sides ; (xu. 8, Por.] 


therefore the pyramid of which the quadrilateral A BPS is 
the base, and the point 4 the vertex, has to the similarly 
arranged pyramid in the other sphere the ratio triplicate of 
that which the corresponding side has to the corresponding 
side, that is, of that which the radius 482 of the sphere about 
A as centre has to the radius of the other sphere. 


Similarly also each pyramid of those in the sphere about 
A as centre has to each similarly arranged pyramid of those 
in the other sphere the ratio triplicate of that which 447 has 
to the radius of the other sphere. 

And, as one of the antecedents is to one of the conse- 
quents, so are all the antecedents to all the consequents ; 


[v. 12] 
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hence the whole polyhedral solid in the sphere about 4 as 
centre has to the whole polyhedral solid in the other sphere 
the ratio triplicate of that which 74 P has to the radius of the 
other sphere, that is, of that which the diameter BD has to 
the diameter of the other sphere. 

Q. E. D. 


This proposition is of great length and therefore requires summarising in 
order to make it easier to grasp. Moreover there are some assumptions in it 
which require to be proved, and some omissions to be supplied. "The figure 
also is one of some complexity, and, in addition, the text and the figure treat 
two points Z and V, which are really one and the same, as different. 

The first thing needed is to know that all sections of a sphere by planes 
through the centre are circles and equal to one another (great circles or 
* greatest circles " as Euclid calls them, more appropriately). Euclid uses his 
definition of a sphere as the figure described by a semicircle revolving about 
its diameter. This of course establishes that all planes through the particular 
diameter make equal circular sections ; but it is also assumed that the same 
sphere is generated by any other semicircle of the same size and with its 
centre at the same point. | 





The construction and argument of the proposition may be shortly given 
as follows. 

A plane through the centre of two concentric spheres cuts them in great 
circles of which BZ, GF are quadrants. 

A regular polygon with an even number of sides is inscribed (exactly as in 
Prop. 16) to the outer circle such that its sides do not touch the inner circle. 
BK, KL, LM, ME are the sides in the quadrant BE. 
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AO is drawn at right angles to the plane ABE, and through AO are 
drawn planes passing through B, X, Z, M, E, etc., cutting the sphere in great 
circles. 

OB, OX are quadrants of two of these great circles. 

As these quadrants are equal to the quadrant BÆ, they will be divisible 
into arcs equal in number and magnitude to the arcs BA, AL, LM, ME. 

Dividing the other quadrants of these circles, and also all the quadrants of 
the other circles through O4, in this way we shall have in all the circles a 
polygon equal to that in the circle of which BE is a quadrant. 

BP, PQ, QR, RO and KS, ST, TU, UO are the sides of these polygons 
in the quadrants BO, KO. 

Joining PS, QZ, RU, and making the same construction all round the 
circles through AO, we have a certain polyhedron inscribed in the outer 
sphere. 

Draw PV perpendicular to AB and therefore (since the planes OAS, 
BAE are at right angles) perpendicular to the plane BAEZ ; (xt. Def. 4] 
draw SW perpendicular to 4X and therefore (for a like reason) perpendicular 
to the plane BAL. 

Draw KZ perpendicular to BA. (Since BK = BP, and D&. BV= BP’, 
DB .BZ= BR’, it follows that BV = BZ, and Z, V coincide.) 

Now, since 4s PAV, SA W, being angles subtended at the centre by 
equal arcs of equal circles, are equal, 


and since Ls PVA, SWA are right, 
while 4S= AP, 
As PAV, SA W are equal in all respects, {1. 26] 
and AV=AW. 
Consequently AB: AV=AK:AW; 


and VW, BX are parallel. 

But PV, SW are parallel (being both perpendicular to one plane) and 
equal (by the equal As PAV, SAW), 
therefore VW, PS are equal and parallel. 

Therefore BX (being parallel to VW) is parallel to PS. 

Consequently (1) BPSK is a quadrilateral in one plane. 

Similarly the other quadnilaterals PQ7S, QRUT are in one plane ; and 
the triangle ORU is in one plane. 

In order now to prove that the plane BPSK does not anywhere touch the 
inner sphere we have to prove that the shortest distance from A to the plane 
is greater than AZ, which by the construction in xii. 16 is greater than AG. 

Draw AX perpendicular to the plane BPSK. 

Then AX*+ XB = AX? + XK? = AX? + XS*= AX'+ XP? = AB, 
whence XB=XK=XS= XP, 
or (2) the quadrilateral BPSK is inscribable in a circle with X as centre and 
radius XB. 

Now BK> VW 

> PS; 
therefore in the quadrilateral BPSK three sides BX, BP, XS are equal, but 


PS is less. 
Consequently the angles about X are three equal angles and one smaller 


angle ; 
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therefore any one of the equal angles is greater than a right angle, ie. 2 BX 
is obtuse. 


Therefore (3) BK?*> 2BX’. [u. 12] 
Next, consider the semicircle AK D with AZ drawn perpendicular to £2. 
We have BD «23DZ, 

so that DB.BZ«aDZ-ZB, 

or BK? «aKZ!; 

therefore, a fortiori, [by (3) above} 
(4) BX? < KZ. 
Now AK*=AB; 

therefore AZ? + ZK? = AX? + XB. 
And BX? < KZ’; 

therefore AX? > AZ’, 

or (5) AX > AZ. 


But, by the construction in xu. 16, AZ> AG; therefore, a fortiori, 
AX > AG. 

And, since the perpendicular 4X is the shortest distance from A to the 
plane BPSK, 


(6) the plane BPSK does not anywhere meet the inner sphere. 


Euclid omits to prove that, a fortiori, the other quadrilaterals PQ T'S, 
QA UT, and the triangle ROU, do not anywhere meet the inner sphere. 

For this purpose it is only neeessary to show that the radii of the circles 
circumscribing BPSK, POTS, QR UT and ROT are in Gace e order of 
magnitude. 





We have therefore to prove that, if ABCD, A' B'C' D' are two quadrilaterals 

inscribable in circles, and 
AD=BC=AD=BC, 

while 44 2 is not greater than AD, A’B = CD, and 4B» CD» C'D,, 
then the radius OA of the circle circumscribing the first quadrilateral is greater 
than the radius O'A’ of the circle circumscribing the second. 

Clavius, and Simson after him, prove this by reductio ad absurdum. 

(1) If O4 O' A', 
it follows that ^ s 40D, BOC, A'O'D', B'O'C' are all equal. 

Also LAOB»-L.A'O' B, 

LCOD-.COD, 


whence the four angles about O are together greater than the four angles 
about O’, i.e. greater than four right angles ; 


which is impossible. 
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(2) If O'A’ > OA, 
cut off from O'A’, O' B', O'C', OD’ lengths equal to OA, and draw the inner 
quadrilateral as shown in the figure (X YZW ). 

Then AB> AB > XY, 

CD>C'D> ZW, 
AD=A'D > WX, 
BC=BC'> YZ. 
Consequently the same absurdity as in (1) follows @ fortiori. 
Therefore, since OA is neither equal to nor less than O'4’, 
. OA > OA’, 

The fact is also sufficiently clear if we draw MO, NO bisecting DA, DC 
perpendicularly and therefore meeting in O, the centre of the circumscribed 
circle, and then suppose the side DA with the perpendicular MO to turn 
inwards about D as centre. Then the intersection of MO and WO, as P, will 
gradually move towards JV. 

Simson gives his proof as “Lemma 11.” immediately before xu. 17. 
He adds to the Porism some words explaining how we may construct a 
similar polyhedron in another sphere and how we may prove that the 
polyhedra are similar. 

The Porism is of course of the essence of the matter because it is the 
porism which as much as the construction is wanted in the next proposition. 
It would therefore not have been amiss to include the Porism in the enuncia- 
tion of x11. 17 so as to call attention to it. 


PROPOSITION 18, 


Spheres are to one another in the triplicate ratio of their 
respective diameters. 


Let the spheres 4BC, DEF be conceived, 
and let BC, ZF be their diameters ; 
I say that the sphere 74 2C has to the sphere DEF the ratio 
triplicate of that which BC has to £7. 

For, if the sphere AAC has not to the sphere DEF the 
ratio triplicate of that which BC has to EF, 
then the sphere ARC will have either to some less sphere 
than the sphere DEF, or to a greater, the ratio triplicate of 
that which BC has to EF. 

First, let it have that ratio to a less sphere GĦ, 
let DEF be conceived about the same centre with GAC, 
let there be inscribed in the greater sphere DEF a poly- 
hedral solid which does not touch the lesser sphere G77K at 
its surface, (xu. 17] 
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and let there also be inscribed in the spnere 4C a poly- 
hedral solid similar to the polyhedral solid in the sphere DEF; 


therefore the polyhedral solid in ABC has to the polyhedral 
solid in DEF the ratio triplicate of that which BC has to EF, 
(xu. 17, Por.] 


A D 


But the sphere ABC also has to the sphere GZZK the 
ratio triplicate of that which BC has to EF; 


therefore, as the sphere AC is to the sphere GZ7K, so is 
the polyhedral solid in the sphere 43C to the polyhedral 
solid in the sphere DEF; 

and, alternately, as the sphere ASC is to the polyhedron in 
it, so is the sphere G/7KX to the polyhedral solid in the 
sphere DEF. [v. 16] 


But the sphere 74 PC is greater than the polyhedron in it ; 


therefore the sphere G77X is also greater than the polyhedron 
in the sphere DEF. 


But it is also less, 
for it is enclosed by it. 


Therefore the sphere 48C has not to a less sphere than 
the sphere DEF the ratio triplicate of that which the diameter 
BC has to EF. 
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Similarly we can prove that neither has the sphere DEF 
to a less sphere than the sphere AAC the ratio triplicate of 
that which £7 has to AC. 


I say next that neither has the sphere 4 AC to any greater 
sphere than the sphere DEF the ratio triplicate of that which 
BC has to EF. 

For, if possible, let it have that ratio to a greater, LMN ; 


therefore, inversely, the sphere ZAZN has to the sphere 4 BC 
the ratio triplicate of that which the diameter ZF has to the 
diameter BC. ! 


But, inasmuch as LMN is greater than DEF, 


therefore, as the sphere LMAN is to the sphere ABC, so is the 
sphere DEF to some less sphere than the sphere 74 BC, as 
was before proved. (x11. 2, Lemma] 


Therefore the sphere DEF also has to some less sphere 
than the sphere ABC the ratio triplicate of that which FF 
has to BC: 


which was proved impossible. 


Therefore the sphere ABC has not to any sphere greater 
than the sphere DEF the ratio triplicate of that which BC 
has to EF. 

But it was proved that neither has it that ratio to a less 
sphere. 

Therefore the sphere ABC has to the sphere DEF the 
ratio triplicate of that which BC has to EF. 

Q. E. D. 


It is the method of this proposition which Legendre adopted for his proof 
of x11. 2 (see note on that proposition). 

The argument can be put very shortly. We will suppose S, S’ to be the 
volumes of the spheres, and æg, d’ to be their diameters; and we will for brevity 
express the triplicate ratio of 7 to a’ by 4? : 4". 

If did? S:S, 
then d*:d^? -.S:7, 
where Tis the volume of some sphere either greater or less than S’. 


I. Suppose, if possible, that 7'« .S'. 


Let T be supposed concentric with S”. 
As in XII. 17, inscribe a polyhedron in .S" such that its faces do not any- 
where touch 7’; 


and inscribe in S a polyhedron similar to that in .S". 
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Then 5:74 :2 
= (polyhedron in S) : (polyhedron in S’); 
or, alternately, 
S : (polyhedron in S) = Z: (polyhedron in S’). 

And S> (polyhedron in S); 
therefore T > (polyhedron in S’). 

But, by construction, 7 < (polyhedron in S’): 
which is impossible. 


Therefore Tq S. 

II. Suppose, if possible, that 7 » S’. 

Now d!'!d?zS:T 

EGGS, 

where X is the volume of some sphere less than .S, (xu. 2, Lemma] 
or, inversely, 4? Pa S 2X, 
where X < S. 

This is proved impossible exactly as in Part T. 

Therefore Tp S. 


Hence 7, not being greater or less than S’, is equal to it, and 
d:d’ =S: S. 


BOOK XIII. 


HISTORICAL NOTE. 


I have already given, in the note to Iv. 10, the evidence upon which the 
construction of the five regular solids is attributed to the Pythagoreans. Some 
of them, the cube, the tetrahedron (which is nothing but a pyramid), and the 
octahedron (which is only a double pyramid with a square base), cannot but 
have been known to the Egyptians. And it appears that dodecahedra have 
been found, of bronze or other material, which may belong to periods earlier 
than Pythagoras’ time by some centuries (for references see Cantor’s Geschichte 
der Mathematik 1, pp. 175—6). 

It is true that the author of the scholium No. 1 to Eucl. xtit. says that the 
Book is about *the five so-called Platonic figures, which however do not 
belong to Plato, three of the aforesaid five figures being due to the Pythagoreans, 
namely the cube, the pyramid and the dodecahedron, while the octahedron 
and the icosahed:on are due to Theaetetus.” This statement (taken probably 
from Geminus) may perhaps rest on the fact that Theaetetus was the first to 
write at any length about the two last-mentioned solids. We are told indeed 
by Suidas (s. v. @eairyros) that Theaetetus “first wrote on the ‘five solids’ as 
they are called.” This no doubt means that Theaetetus was the first to write 
a complete and systematic treatise on all the regular solids; it does not 
exclude the possibility that Hippasus or others had already written on the 
dodecahedron. The fact that Theaetetus wrote upon the regular solids agrees 
very well with the evidence which we possess of his contributions to the 
theory of irrationals, the connexion between which and the investigation of 
the regular solids is seen in Euclid’s Book x11. 

Theaetetus flourished about 380 B.c., and his work on the regular solids 
was soon followed by another, that of Aristaeus, an elder contemporary of 
Euclid, who also wrote an important book on Solid Loca, i.e. on conics treated 
as loci. This Aristaeus (known as “the elder”) wrote in the period about 
320 B.C. We hear of his Comparison of the five regular solids from Hypsicles 
(2nd cent. B.c.), the writer of the short book commonly included in the editions 
of the E/ements as Book xiv. Hypsicles gives in this Book some six proposi- 
tions supplementing Eucl. x11.; and he introduces the second of the 
propositions (Heiberg’s Euclid, Vol. v. p. 6) as follows: 

“ The same circle circumscribes both the pentagon of the dodecahedron and the 
triangle of the tcosahedron when both are inscribed in the same sphere. This is 
proved by Aristaeus in the book entitled Comparison of the five figures.” 
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_ Hypsicles proceeds (pp. 7 sqq.) to give a proof of this theorem. Allman 
pointed out (Greek Geometry from Thales to Euclid, 1889, pp. 201—2) that this 
proof depends on eight theorems, six of which appear in Euclid’s Book xui. 
(in Propositions 8, 10, 12, 15, 16 with Por., 17); two other propositions not 
mentioned by Allman are also used, namely xu. 4 and 9. This seems, as 
Allman says, to confirm the inference of Bretschneider (p. 171) that, as 
Anstaeus’ work was the newest and latest in which, before Euclid’s time, this 
subject was treated, we have in Eucl. xin. at least a partial recapitulation of 
the contents of the treatise of Aristaeus. 

After Euclid, Apollonius wrote on the comparison of the dodecahedron 
and the icosahedron inscribed in one and the same sphere. This we also 
learn from Hypsicles, who says in the next words following those about 
Aristaeus above quoted: ' But it is proved by Apollonius in the second 
edition of his Comparison of the dodecahedron with the icosahedron that, as the 
surface of the dodecahedron is to the surface of the icosahedron [inscribed 
in the same sphere}, so is the dodecahedron itself [i.e. its volume] to the 
icosahedron, because the perpendicular is the same from the centre of the 
sphere to the pentagon of the dodecahedron and to the triangle of the 
icosahedron.” 
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PROPOSITION 1. 


If a straight line be cut in extreme and mean ratio, the 
square on the greater segment added to the half of the whole 


as five times the square on the half. 


For let the straight line 42 be cut in extreme and mean 


ratio at the point C, 
and let AC be the greater segment; 
let the straight line AD be pro- 
duced in a straight line with C4, 
and let AD be made half f AB; 
I say that the square on C2 is 
five times the square on AD. 
For let the squares 4E, DF 
be described on AB, DC, 
and let the figure in DF be drawn ; 
let FC be carried through to G. 
Now, since 74 Z7 has been cut in 
extreme and mean ratio at C, 
therefore the rectangle 44 B, BC is 


equal to the square on AC. 
[vi. Def. 3, vi. 17] 





And CE is the rectangle 48, BC, and FH the square 


on AC; 
therefore CE is equal to FH. 


And, since BA is double of AD, 
while BA is equal to KA, and AD to AX, 
therefore KA is also double of AA. 

But, as AA is to AH, sois CK to CH; 


therefore CX is double of CH. 


But ZH, HC are also double of CH. 
Therefore KC is equal to LH, HC. 


[vi. 1] 
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But C£ was also proved equal to H/F; 
therefore the whole square 74 E is equal to the gnomon MNO. 
And, since 24 is double of 4D, 
the square on BA is quadruple of the square on 4D, 
that is, 4£ is quadruple of D//. 
But AE is equal to the gnomon MNO ; 
therefore the gnomon MNO is also quadruple of 4P; 
therefore the whole DF is five times AP. 
And DF is the square on DC, and AP the square on DA; 
therefore the square on CD is five times the square on DA. 


Therefore etc. 
Q. E. D. 


The first five propositions are in the nature of lemmas, which are required 
for later propositions but are not in themselves of much importance. 

It will be observed that, while the method of the propositions is that of 
Book 11., being strictly geometrical and not algebraical, none of the results of 
that Book are made use of (except indeed in the Lemma to xir. 2, which is 
probably not genuine). It would therefore appear as though these propositions 
were taken from an earlier treatise without being revised or rewritten in the 
light of Book 11. It will be remembered that, according to Proclus (p. 67, 6), 
Eudoxus “ greatly added to the number of the theorems which originated with 
Plato regarding the section” (i.e. presumably the ** go/de& section "); and it is 
therefore probable that the five theorems are due to Eudoxus. 

That, if AB is divided at C in extreme and mean ratio, the rectangle 
AB, BC is equal to the square on AC is inferred from vi. 17. 

AD is made equal to half 4B, and we have to prove that 


(sq. on CD) = § (sq. on AD). 
The figure shows at once that 


CJ CH « C1 HL, s 
sothat OCH+ O HL=2:(0 CH) 
= (7 AG. 
Also sq. HF = (sq. on AC) 
=rect. AB, BC A B 
= CE. 
By addition, 
(gnomon MNO) = sq. on AB R 


= 4(sq. on AD); 
whence, adding the sq. on AD to each, we have 
(sq. on CD) = 5 (sq. on AD). 

The result here, and in the next propositions, E 
is really seen more readily by means of the figure 
of 11. 11. 

In this figure SR = 4C 4 4.4 B, by construction; 
and we have therefore to prove that 

(sq. on SR) = 5 (sq. on AR). 
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This is obvious, for 
(sq. on S&R) = (sq. on £B) 
= sum of sqs. on AB, AR 
= $ (sq. on 4X). 


The Mss. contain a curious addition to xi1t. 1—5 in the shape of analyses 
and syntheses for each proposition prefaced by the heading : 

*" What is analysis and what is synthesis. 

** Analysis is the assumption of that which is sought as if it were admitted 
« and the arrival 2 by means of its consequences at something admitted to 
be true. 

* Synthesis is an assumption of that which is admitted «and the arrival > 
by means of its consequences at something admitted to be true." 

There must apparently be some corruption in the text; it does not, in the 
case of synthesis, give what is wanted. B and V have, instead of “ something 
admitted to be true,” the words “the end or attainment of what is sought.” 

The whole of this addition is evidently interpolated. To begin with, the 
analyses and syntheses of the five propositions are placed all together in four 
MSS. ; in P,q they come after an alternative proof of xu. 5 (which alternative 
proof P gives after x111. 6, while q gives it instead of x11. 6), in B (which has 
not the alternative proof of xir. 5) after x11. 6, and in b (in which x11. 6 is 
wanting, and the alternative proof of xiii. 5 is in the margin, in the first hand) 
after Xii. 5, while V has the analyses of 1—3 in the text after x1. 6 and 
those of 4—5 in the same place in the margin, by the second hand: Further, 
the addition is altogether alien from the plan and manner of the Léements. 
The interpolation took place before Theon’s time, and the probability is that 
it was originally in the margin, whence it crept into the text of P after xir. 5. 
Heiberg (after Bretschneider) suggested in his edition (Vol. v. p. Ixxxiv.) that 
it might be a relic of analytical investigations by Theaetetus or Eudoxus, and 
he cited the remark of Pappus (v. p. 410) at the beginning of his 
“comparisons of the five [regular solid] figures which have an equal surface,” 
to the effect that he will not use “the so-called analytical investigation by 
means of which some of the ancients effected their demonstrations.” More 
recently (Paralipomena zu Euklid in Hermes xxxviii., 1903) Heiberg con- 
jectures that the author is Heron, on the ground that the sort of analysis and 
synthesis recalls Heron’s remarks on analysis and synthesis in his commentary 
on the beginning of Book 11. (quoted by an-Nairizi, ed. Curtze, p. 89) and his 
quasi-algebraical alternative proofs of propositions in that Book. 

To show the character of the interpolated matter I need only give the 
analysis and synthesis of one proposition. In the case of xu. r it is in 
substance as follows. The figure is a mere 
straight line. D A c B 

Let AB be divided in extreme and mean ——————1—————— ——^ 
ratio at C, AC being the greater segment ; 


and let ADz-1AB. 
I say that (sq. on C2) — 5 (sq. on AD). 
(Analysis.) 
* For, since (sq. on CD) = 5 (sq. on AD),” 


and =e (sq. on CD) = (sq. on CA) + (sq. on AD) + 2 (rect. CA, AD), 
therefore (sq. on CA) + 2 (rect. CA, AD) = 4(sq. on AD). 

But rect. BA. AC =2 (rect. CA. AD), 
and (sq. on CA) =(rect. AB, BC). 
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Therefore 
| (rect. BA, AC) + (rect. AB, BC) - 4 (sq. on AD), 
or (sq. on AB) = 4(sq. on AD): 
and this ts true, since AD=}AB. 
(Synthesis. ) 
Since (sq. on AB) = 4 (sq. on 42), 
and (sq. on AB) = (rect. BA, AC) + (rect. AB, BC), 
therefore 4(sq. on AD) = 2(rect. DA, AC) +sq. on AC. 
Adding to each the square on 4D, we have 
(sq. on CD) = 5 (sq. on AD). 


PROPOSITION 2. 


Jf the square on a straight line be five times the square on 
a segment of wt, then, when the double of the said segment ts cut 
in extreme and mean ratio, the greater segment ts the remaining 
part of the original straight line. 

For let the square on the straight line 42 be five times 
the square on the segment 4C 
of it, 
and let CD be double of AC; 
Isaythat, when CD is cut in extreme 
and mean ratio, the greater segment 


is CB, 

Let the squares AF, CG be de- 
scribed on 4B, CD respectively, "E 
let the figure in AF be drawn, A e 
and let BZ be drawn through. 

Now, since the square on BA is 
five times the square on AC, 

AF is five times 74 77. 

Therefore the gnomon MNO is 
quadruple of 4/7. 

And, since DC is double of CA, 
therefore the square on DC is quadruple of the square on CA, 
that is, CG is quadruple of AH. 

But the gnomon MNO was also proved quadruple of AH; 
therefore the gnomon MNO is equal to CG. 

And, since DC is double of CA, 
while DC is equal to CK, and AC to CH, 
therefore KB is also double of BH. | (vi. 1} 
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But LZ, H7 are also double of 7772 ; 
therefore KB is equal to 77, HB. 
But the whole gnomon MNO was also proved equal to 
the whole CG; 
therefore the remainder 77F is canal to BG. 
And BG is the rectangle CD, DB, 
for CD is equal to DG; 
and //F is the square on CB; 
therefore the rectangle CD, DZ is equal to the square on CB. 
Therefore, as DC is to CB, so is CB to BD. 
But DC is greater than CB; 
therefore CZ is also greater than BD. 
Therefore, when the straight line CD is cut in extreme and 
mean ratio, CZ is the greater segment. 
Therefore etc. 
Q. E. D. 


LEMMA. 


That the double of AC is greater than BC is to be proved 
thus. 

If not, let BC be, if possible, double of CA. 

Therefore the square on BC is quadruple of the square 
on CA; 
therefore the squares on BC, CA are five times the square 
on CA. 

But, by hypothesis, the square on BA is also five times 
the square on C4 ; 
therefore the square on BA is equal to the squares on BC, CA: 
which is impossible. [u. 4] 

Therefore CB is not double of AC. 

Similarly we can prove that neither is a straight line less 
than CB double of CA ; 
for the absurdity is much greater. 

Therefore the double of AC is greater than CB. 

Q. E. D. 

This proposition is the converse of Prop. 1. We have to prove that, if 

AB be so divided at C that 
(sq. on 4 B) 2 5 (sq. on AC), 

and if CD = 24C, 
then (rect. CD, DB) = (sq. on CB). 
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Subtract from each side the sq. on AC; 
then (gnomon MNO) = 4 (sq. on AC) 

= (sq. on CD). 

Now, as in the last proposition, 

LC CE=2(0 BHA) 
= 0O BH + 0 HL. 

Subtracting these equals from the equals, the square on CD and the 

gnomon MNO respectively, we have 
C7 BG = (square HF), 
i.e. (rect. CD, DB) = (sq. on CB). 

Here again the proposition can readily be proved by means of a figure 
similar to that of 11. 11. 

Draw CA through C at right angles to CB and of length equal to CA in 
the original figure; make CD double of C4; 
produce AC to R so that CA - CB. 

Complete the squares on CB and CD, and 
join AD. 

Now we are given the fact that 

(sq. on AR) = § (sq. on CA). 





But C 
§ (sq. on AC) =(sq. on AC) + (sq. on CD) 
= (sq. on AD). 
Therefore 
(sq. on AX) = (sq. on AD), A 
or Ak = AD. 
Now 
(rect. KR, RC) + (sq. on AC) =(sq. on AR) K E 
= (sq. on AD) 
= (sq. on 4C) * (sq. on CD). 
Therefore (rect. KR . RC) = (sq. on CD). 
That is, (rectangle RE) = (square CG). 
Subtract the common part C£, 
and (rect. BG) = (sq. RB), 
or rect. CD, DB = (sq. on CB). 


Heiberg, with reason, doubts the genuineness of the Lemma following this 
proposition. 


PROPOSITION 3. 


Lf a straight line be cut in extreme and mean ratto, the 
sguare on the lesser segment added to the half of the greater 
segment is five times the square on the half of the greater 
segment, 
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For let any straight line 42 be cut in extreme and mean 
ratio at the point C, 
let AC be the greater segment, 
and let 4C be bisected at D; 
I say that the square on Z2 is 
five times the square on DC. 


For let the square AZ be 
described on AB, 


and let the figure be drawn 
double. 


Since AC is double of DC, 
therefore the square on AC is 
quadruple of the square on DC, 
that is, RS is quadruple of FG. 


And, since the rectangle 48, BC is equal to the square 
on AC, 


and CZ is the rectangle 42, BC, 
therefore C£ is equal to RS. 
But AS is quadruple of FG ; 
therefore CE is also quadruple of FG. 
Again, since 4D is equal to DC, 
HK is also equal to XF. 
Hence the square G is also equal to the square 77Z. 


Therefore GX is equal to KZ, that is, MN to NE; 
hence MF is also equal to FE, 
But MF is equal to CG; 
therefore CG is also equal to FZ. 
Let CN be added to each ; 
therefore the gnomon OPQ is equal to CE. 
But CZ was proved quadruple of GF; 
therefore the gnomon OPQ is also quadruple of the square FG. 


Therefore the gnomon OPQ and the square FG are 
five times FG. 

But the gnomon OPQ and the square FG are the 
square DN. 

And DN is the square on DB, and GF the square on DC. 


Therefore the square on DB is five times the square 
on DC. Q. E. D. 
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In this case we have 
(sq. on BD) = (sq. FG) + (rect. CG) + (rect. CV) 

= (sq. FG) + (rect. FE) + (rect. CN) 
= (sq. FG) + (rect. CE) 
= (sq. FG) + (rect. AB, BC) 
= (sq. FG) + (sq. on AC), by hypothesis, 
= 5 (sq. on DC). 

The theorem is still more obvious if the figure 


of 11. r1 be used. Let CF be divided in extreme 
and mean ratio at E, by the method of 11. 11. 


Then, since 
(rect. 4B, BC) + (sq. on CD) C E F 
= sq. on BD 
=sqs. on CD, CA, 
(rect. AB, BC) = (sq. on CF) 


= (sq. on CA), 7 
and AB is divided at C in extreme and mean ratio. 
And (sq. on 2D) - (sq. on DF) 
= § (sq. on CD). A G 


PROPOSITION 4. 


Jf a straight line be cut in extreme and mean ratio, the 
square on the whole and the square on the lesser segment together 
are triple of the square on the greater segment. 

Let AZ be a straight line, 
let it be cut in extreme and mean ratio at C, 
and let AC be the greater segment ; 

I say that the squares on AB, BC are 
triple of the square on C4. 


For let the square ADEB be de- 
scribed on AB, 


and let the figure be drawn. 

Since then 42 has been cut in extreme 
and mean ratio at C, 
and AC is the greater segment, 


therefore the rectangle 42, BC is equal to the square on AC. 
[vr. Def. 5, vi. 17] 


And AX is the rectangle AB, BC, and HG the square 
on AC; 


therefore AX is equal to HG. 
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And, since AF is equal to FZ, 
let CA be added to each ; 
therefore the whole 74 K is equal to the whole CZ ; 
therefore AX, CE are double of AK. 

But AK, CE are the gnomon LMN and the square CK; 
therefore the gnomon LMN and the square CX are double 
of AK. 

But, further, 4X was also proved equal to ÆG ; 
therefore the gnomon LVN and the squares CX, HG are 
triple of the square HG. 

And the gnomon LMN and the squares CK, HG are 
the whole square 4£ and CX, which are the squares on 
AB, BC, 
while ÆG is the square on AC. 

Therefore the squares on 42, BC are triple of the square 
on AC. 

Q. E. D. 


Here, as in the preceding propositions, the results are proved de novo by 
the method of Book 11., without reference to that Book. Otherwise the proof 
might have been shorter. 

For, by 1l. 7, 

(sq. on AB) + (sq. on BC) = 2 (rect. AB, BC) + (sq. on AC) 
= 3(sq. on AC). 


PROPOSITION $5. 


Jf a straight line be cut in extreme and mean ratio, and 
there be added to tt a straight line equal to the greater segment, 
the whole straight line has been cut in extreme and mean ratio, 
and the original straight line ts the greater segment. 


For let the straight line AØ be cut in extreme and mean 
ratio at the point C, 


let AC be the greater segment, 
and let AD be equal to AC. 


I say that the straight line 
PB has been cut in extreme and ü K 
mean ratio at 4, and the original 
straight line 7447 is the greater E 
segment. 

For let the square AL be described on AS, 


and let the figure be drawn. 


A c 8 


r 
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Since AB has been cut in extreme and mean ratio at C, 


therefore the rectangle 48, BC is equal to the square on AC. 
(vi. Def. 3, vi. 17] 


And CE is the rectangle 48, BC. and CH the square 
on AC; 
therefore CE is equal to HC. 
But HE is equal to CZ, 
and DA is equal to HC; 
therefore DH is also equal to HEL. 
Therefore the whole DØ is equal to the whole AZ. 
And DK is the rectangle BD, DA, 
for AD is equal to DL; 
and AE is the square on 42; 
therefore the rectangle BD, DA is equal to the square 
on AB. 
Therefore, as DB is to BA, so is BA to AD. (vi. 17] 
And DB is greater than £4 ; 


therefore 8A is also greater than 4D, [v. 14] 


Therefore DB has been cut in extreme and mean ratio at 
A, and AB is the greater segment. 


Q. E. D. 
We have (sq. DH) = (sq. HC) 
= (rect. CE), by hypothesis, 
= (rect. HE). 


Add to each side the rectangle 44, and 
(rect. DK) = (sq. AE), 
or (rect. BD, DA) = (sq. on 4B). 
The result is of course obvious from 11. 11. 
o is an alternative proof given in P after xii. 6, which depends on 
Book v. 


By hypothesis, BA: AC=AC: CB, 
or, inversely, AC:AB=CB: AC. 
Componendo, (AB+AC):AB=AB: AC, 
or DB: BA= BA: AD. 


PROPOSITION 6. 


If a rational straight line be cut in extreme and mean ratto, 
each of the segments ts the trrational straight line called 
apotome. 
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Let AB be a rational straight line, 


let it be cut in extreme and mean 
ratio at C, D A o 8 


and let 4C be the greater segment ; 


I say that each of the straight lines 4C, CB is the irrational 
straight line called apotome. 


For let BA be produced, and let 4D be made half of BA. 
Since then the straight line 42 has been cut in extreme 
and mean ratio, 


and to the greater segment AC is added AD which is half 
of AB, 


therefore the square on CD is five times the square on DA. 
(xm. 1) 


Therefore the square on CD has to the square on DA the 
ratio which a number has to a number ; 


therefore the square on CD is commensurable with the square 
on DA. (x. 6] 


But the square on DA is rational, 
for DA is rational, being half of 4B which is rational ; 
therefore the square on CD is also rational ; (x. Def. 4] 
therefore C2 is also rational. 





And, since the square on CD has not to the square on 
DA the ratio which a square number has to a square number, 


therefore CD is incommensurable in length with DA; {x. 9] 
therefore CD, DA are rational straight lines commensurable 
in square only ; 

therefore AC is an apotome. (x. 73] 


Again, since 48 has been cut in extreme and mean ratio, 
and AC is the greater segment, 
therefore the rectangle 44, BC is equal to the square on AC. 
(vi. Def. 3, vi. 17] 
lherefore the square on the apotome AC, if applied to 
the rational straight line 4.28, produces BC as breadth. 
But the square on an apotome, if applied to a rational 
straight line, produces as breadth a first apotome ; (x. 97] 
therefore CZ is a first apotome. 
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And CA was also proved to be an apotome. 
Therefore etc. 
Q. E. D 


It seems certain that this proposition is an interpolation. P has it, but the 
copyist (or rather the copyist of its archetype) says that “this theorem is not 
found in most copies of the new recension, but is found in those of the old.” 
In the first place, there is a scholium to xttt. 17 in P itself which proves the 
same thing as XitI. 6, and which would therefore have been useless if x1. 6 
had preceded. Hence, when the scholium was written, this proposition had 
not yet been interpolated. Secondly, P has it before the alternative proof of 
XIII. 5; this proof is considered, on general grounds, to be interpolated, and 
it would appear that it must have been a /aéfer interpolation (xu. 6) which 
divorced it from the proposition to which it belonged. Thirdly, there is cause 
for suspicion in the proposition itself, for, while the enunciation states that 
each segment of the straight line is an apotome, the proposition adds that the 
lesser segment is a first apotome. The scholium in P referred to has not this 
blot. What is actually wanted in xt. 17 is the fact that the greater segment 
is an apotome. It is probable that Euclid assumed this fact as evident enough 
from xii. 1 without further proof, and that he neither wrote xit. 6 nor the 
quotation of its enunciation in xl. 17. 


PROPOSITION 7. 


If three angles of an equilateral pentagon, taken either in 
order or not in order, be equal, the pentagon will be equiangular. 


For in the equilateral pentagon ABCDE let, first, three 
angles taken in order, those at 4, B, C, 
be equal to one another ; A 
I say that the pentagon ABCDE is 
equiangular. 
For let AC, BE, FD be joined. p S 
Now, since the two sides CB, BA 
are equal to the two sides BA, AE 
respectively, 


and the angle CBA is equa! to the G 0 
angle BAL, 


therefore the base AC is equal to the base BZ, 
the triangle ABC is equal to the triangle A BEL, 


and the remaining angles will be equal to the remaining angles, 
namely those which the equal sides subtend, (1. 4] 


that is, the angle BCA to the angle BEA, and the angle 
ABE to the angle CAB; 


hence the side 4F is also equal to the side BF. [1. 6] 
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But the whole 4C was also proved equal to the whole BE ; 
therefore the remainder FC is also equal to the remainder FEZ. 
But C2 is also equal to DE. 
Therefore the two sides FC, CD are equal to the two 
sides FE, ED; 
and the base /D is common to them; 
therefore the angle FC is equal to the angle FED. [1 8) 


But the angle BCA was also proved equal to the angle 
AEB; 
therefore the whole angle BCD is also equal to the whole 
angle AED. 

But, by hypothesis, the angle BCD is equal to the angles 
at 4, B; 
therefore the angle AÆD is also equal to the angles at 4, B. 


Similarly we can prove that the angle CDE is also equal 
to the angles at 4, B,C; | 


therefore the pentagon 4 8CDE is equiangular. 


Next, let the given equal angles not be angles taken in 
order, but let the angles at the points 4, C, D be equal ; 
I say that in this case too the pentagon ABCDE is equiangular. 

For let BD be joined. 

Then, since the two sides BA, AE are equal to the two 
sides BC, CD, 


and they contain equal angles, 
therefore the base BZ is equal to the base BD, 
the triangle ABE is equal to the triangle BCD, 


and the remaining angles will be equal to the remaining angles, 
namely those which the equal sides subtend ; [1. 4] 


therefore the angle AEB is equal to the angle CDB. 
But the angle BED is also equal to the angle BDZ, 
since the side BE is also equal to the side BD. [1. 5] 


Therefore the whole angle AED is equal to the whole 
angle CDE. 


But the angle CD is, by hypothesis, equal to the angles 
at A, C; 
therefore the angle A ED is also equal to the angles at 4, C. 
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For the same reason 
the angle 4 7C is also equal to the angles at A, C, D. 
Therefore the pentagon 4 2CDE is equiangular. 
Q. E. D. 
This proposition is required in xiii. 17. 
The steps of the proof may be shown thus. 


I. Suppose that the angles at 4, B, C are all equal. 
Then the isosceles triangles BAZ, ABC are equal in all respects ; 


thus BE=AC, tBCA=LBEA, LCAB=LEBA. 
By the last equality, FA = FB, 
so that, since BE = AC, FC = FE. 
The 4s FED, FCD are now equal in all respects, (1. 8, 4] 
and L FCD =| FED. 
But L ACB =L AEB, from above, 
whence, by addition, L BCD =L AED. 


Similarly it may be proved that 2 CDE is also equal to any one of the 
angles at 4, B, C. 

II. Suppose the angles at 4, C, D to be equal. 

Then the isosceles triangles 4 BZ, CBD are equal in all respects, and 
hence BE = BD (so that c BDE=c BED), 
and L CDB =L AEB. 

By addition of the equal angles, 

LCDE=2 DEA. 

Similarly it may be proved that 2 4 BC is also equal to each of the angles 

at 4, C, D. 


PROPOSITION 8. 


If in an eguilateral and eguiangular pentagon straight 
lines subtend two angles taken in order, they cut one another 
in extreme and mean ratto, and their greater segments are egual 
to the side of the pentagon. 


For in the equilaterai and equiangular pentagon ABCDE 
let the straight lines AC, BE, cutting 
one another at the point //, subtend 
two angles taken in order, the angles 
at A, B; 

I say that each of them has been 
cut in extreme and mean ratio at 
the point Æ, and their greater seg- 
ments are equal to the side of the 
pentagon. D 5 


For let the circle ABCDE be 
circumscribed about the pentagon ABCDE, (iv. 14] 


A 
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Then, since the two straight lines £A, AB are equal to 
the two AB, BC, 


and they contain equal angles, | 
therefore the base BE is equal to the base AC, 
the triangle ABE is equal to the triangle ABC, 


and the remaining angles will be equal to the remaining angles 
respectively, namely those which the equal sides subtend. (1. 4] 


Therefore the angle BAC is equal to the angle 4 BE ; 
therefore the angle 4 /7E£ is double of the angle BAZ. [i. 32] 
But the angle EAC is also double of the angle BAC, 


inasmuch as the circumference EDC is also double of the 
circumference CB; (111. 28, vt. 33] 


therefore the angle HA E is equal to the angle AHE ; 
hence the straight line ÆÆ is also equal to £4, that is, to 4B. 
1. 6 

And, since the straight line BA is equal to AE, se 

the angle ABE is also equal to the angle AEB. (1. 5] 
But the angle ABE was proved equal to the angle BAH; 

therefore the angle BZA is also equal to the angle BAL. 
And the angle ABE is common to the two triangles ABE 

and ABFA; 

therefore the remaining angle BAZ is equal to the remaining 

angle AHB; (1. 32] 

therefore the triangle 44A is equiangular with the triangle 

ABH; 

therefore, proportionally, as EB is to BA, so is AB to BH. 


[vi. 4] 
But BA is equal to FF ; 
therefore, as BE is to EH, so is EH to HB. 
And BE is greater than £77; 
therefore E /7 is also greater than 777. (v. 14] 


Therefore BE has been cut in extreme and mean ratio at 
H, and the greater segment /7£ is equal to the side of the 
pentagon. 


Similarly we can prove that AC has also been cut in 
extreme and mean ratio at Æ, and its greater segment CH 
is equal to the side of the pentagon. 

Q. E. D. 
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In order to prove this theorem we have to show (1) that the ^s 4EB, 
HA B are similar, and (2) that EAH = EA (= AB). 
To prove (2) we have 
As AEB, BAC equal in all respects, 


whence EB= AC, 
and LBAC=LABE. 
Therefore LAHE=22 BAC 
—-L EAC, 
so that EH=EA 
= AB. 
To prove (1) we have, in the As AEB, HAB, 
4 BAHA =| EBA 
= AEB, 
and LABE is common, 
therefore the third 4s 4ĦB, EAB are equal, 
and As AEB, HAB are similar. 


Now, since these triangles are similar, 
EB : BA = BA : BA, 
or (rect. EB, BA) =(sq. on BA) 
= (sq. on EA), 
so that £P 1s divided in extreme and mean ratio at 77. 
Similarly its equal, CA, is divided in extreme and mean ratio at Æ. 


PROPOSITION 9. 


Lf the side of the hexagon and that of the decagon inscribed 
in the same circle be added together, the whole straight line 
has been cut zn extreme and mean ratio, and its greater segment 
is the side of the hexagon. 

Let ABC be a circle ; 


of the figures inscribed in the circle 4 AC let BC be the side 
of a decagon, CD that of a hexagon, 


and let them be in a straight line ; 
] say that the whole straight line 


BD has been cut in extreme and 

e e . g A 
mean ratio, and CD is its greater 
segment. 


For let the centre of the circle, 
the point Æ, be taken, 


let EZ, EC, ED be joined, 
and let BZ be carried through to 44. D 
Since BC is the side of an equilateral decagon, 
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therefore the circumference ACB is five times the circum- 
ference BC; 


therefore the circumference 4C is quadruple of CB. 


But, as the circumference AC is to CB, so is the angle 
AEC to the angle CEB; (vt. 33] 


therefore the angle A ZC is quadruple of the angle CEB. 
And, since the angle EC is equal to the angle ECB, [1. 5] 

therefore the angle AEC is double of the angle ECZ. [1. 32] 
And, since the straight line EC is equal to CD, 


for each of them is equal to the side of the hexagon inscribed 
in the circle 4 AC, -—— (rv. x5, Por.] 


the angle CE is also equal to the angle CDE ; [1. 5] 
therefore the angle ECB is double of the angle EDC. [t. 32] 
But the angle A ÆC was proved double of the angle ECB; 
therefore the angle 4 EC is quadruple of the angle EDC. 
But the angle AFC was also proved quadruple of the 
angle BEC; 
therefore the angle EDC is equal to the angle BEC. 
But the angle EBD is common to the two triangles BEC 
and BED; 
therefore the remaining angle BED is also equal to the 
remaining angle ECB; (1. 32] 
D the triangle EAD is equiangular with the triangle 
Therefore, proportionally, as DB is to BZ, so is EB to BC. 


[vr. 4] 
But £7 is equal to CD. 
Therefore, as BD is to DC, so is DC to CB. 
And BD is greater than DC; 


therefore DC is also greater than CZ. 


Therefore the straight line BD has been cut in extreme 
and mean ratio, and DC is its greater segment. 
Q. E. D. 


BC is the side of a regular decagon inscribed in the circle; CD is the 
side of the inscribed regular hexagon, and is therefore equal to the radius BE 
or EC. 

Therefore, in order to prove our theorem, we have only to show that she 
triangles EBC, DBE are similar. 
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Since BC is the side of a regular decagon, 
(arc BCA) =5 (arc BC), 


so that (arc CFA) = 4 (arc BC), 
whence L CEA =4L BEC. 
But L CEA =2 |L ECB. 
Theretore LIECHssasaLHEC. uos aai (1). 
But, since CD = CE, 
LCDE=LCED, 
so that L ECB =2 | CDE. 


It follows from (1) that 4 BEC =. CDE. 
Now, in the As EBC, DBE, 
LBEC-L.BDE, 


and L EBC is common, 
so that LECB=2 DEB, 
and As EBC, DBE are similar. 
Hence DB : BE = EB : BC, 
or (rect. DB, BC) z (sq. on EB) 
= (sq. on CD), 


and DB is divided at C in extreme and mean ratio. 


To find the side of the decagon algebraically in terms of the radius we 
have, if x be the side required, 
(r * x)x 27, 


whence “= r (J5 — 1). 


PROPOSITION 10. 


If an equilateral pentagon be inscribed in a circle, the 
square on the side of the pentagon ts equal to the squares on 
the sede of the hexagon and on that of the decagon —— zn 
the same circle. 


Let ABCDE be a circle, 
and let the equilateral pentagon ABCDE be inscribed in the 
circle ABCDE. 

I say that the square on the side of the pentagon ABCDE 
is equal to the squares on the side of the hexagon and on 
that of the decagon inscribed in the circle ABCDE. 

For let the centre of the circle, the point Æ, be taken, 
let AF be joined and carried through to the point G, 
let FB be joined, 
let FH be drawn from 7 perpendicular to 4B and be carried 
through to K, 
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let AX, KB be joined, 
let FZ be again drawn from 7 perpendicular to AK, and be 
carried through to M, 
and let KW be joined. 


Since the circumference 
A BCG is equal to the circum- 
ference AEDG, 


and in them ASC is equal to 
AED, 


therefore the remainder, the 
circumference CG, is equal to 
the remainder GJ. 

But CD belongs to a pen- 
tagon ; 
therefore CG belongs to a 
decagon. 

And, since FA is equal to FB, 
and FH is perpendicular, 
therefore the angle AFK is also equal to the angle KFZ. 

[t. 5, 1. 26] 

Hence the circumference 4 is also equal to XB ; [m. 26) 
therefore the circumference 4 B is double of the circumference 
BK; 
therefore the straight line 4 K is a side of a decagon. 





For the same reason 
AK is also double of KM. 

Now, since the circumference 4B is double of the circum- 
ference BA, 
while the circumference CØ is equal to the circumference 4B, 


therefore the circumference CD is also double of the circum- 
ference BA. 


But the circumference CD is also double of CG . 


therefore the circumference CG is equal to the circumference 
BK. 


But K is double of KM, since XA is so also; 
therefore CG is also double of KM. 
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But, further, the circumference CZ is also double of the 
circumference BK, 
for the circumference CZ is equal to BA. 

Therefore the whole circumference GZ is also double 
of BM; 
hence the angle GFZ is also double of the angle AF. (vi. 33] 

But the angle GF is also double of the angle FA B, 
for the angle FAB is equal to the angle 4 BF. 

Therefore the angle BEN is also equal to the angle F4 B. 

But the angle ABF is common to the two triangles ABF 
and BFN ; 
therefore the remaining angle AFB is equal to the remaining 
angle BNF; [1. 32] 
therefore the triangle 447 is equiangular with the triangle 
BFN. 

Therefore, proportionally, as the straight line 442 is to BF, 
so is FB to BN; [vi. 4] 
therefore the rectangle 48, BN is equal to the square on BF. 

[vi. 17] 

Again, since AZ is equal to LX, 
while ZY is common and at right angles, 
therefore the base AK is equal to the base AN ; (1. 4] 
therefore the angle LN is also equal to the angle LAN. 

But the angle LAN is equal to the angle KANN ; 
therefore the angle LAN is also equal to the angle XZN. 

And the angle at 4 is common to the two triangles AXB 
and AKN. 

Therefore the remaining angle AXB is equal to the 
remaining angle AVA ; (1. 32] 
therefore the triangle ABA is equiangular with the triangle 
KNA. 

Therefore, proportionally, as the straight line BA is to 
AK, so is KA to AN; [vi. 4] 
therefore the rectangle BA, AN is equal to the square on AX. 

(vi. 17] 

But the rectangle 48, BN was also proved equal to the 

square on BF; 
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therefore the rectangle 48, BN together with the rectangle 
BA, AN, that is, the square on B4 (i. 2], is equal to the 
square on £F together with the square on AK, 


And BA is a side of the pentagon, BF of the hexagon 
[1v. 15, Por.], and AK of the decagon. 
Therefore etc. 
Q. E. D. 


ABCDE being a regular pentagon inscribed in a circle, and AG the 
diameter through 4, it follows that 


(arc CG) = (arc GD), 
and CG, GD are sides of an inscribed regular decagon. 


FHK being drawn perpendicular to 4B, it follows, by t. 26, that 
Ls AFK, BFK are equal, and PK, KA are sides of the regular decagon. 
Similarly it may be proved that, FLM being perpendicular to 4K, 


AL=LK, 
and (arc AM) = (arc MK). 
The main facts to prove are that 


(1) the triangles ABF, FBN are similar, and (2) the triangles 48K, AKN 
are similar. 


(1) 2 (arc UG) = (arc CD) 
= (arc AB) 
= 2 (arc BX), 
or (arc CG) = (arc BX) = (arc AX) 
= 2 (arc KM). 
And (arc CB) = 2 (arc BX). 


Therefore, by addition, 
(arc BCG) = 2(arc BKM). 


Therefore L BFG =2 L BEN. 
But L BFG =2 |L FAB, 
so that L4 FAB =| BEN. 


Hence, in the As ABS, FBN, 

LFAB-LBFN, 
and L ABF is common; 
therefore LAFB-LBNF, 
and As ABF, FBNare similar. 

(2) Since AZ = LK, and the angles at Z are right, 
AN= NK, 
and L NKA = a NAK 
=4 KBA. 
Hence, in the As ABK, AKN, 

-ABK =L AKN, 
and L KAN is common, 
whence the third angles are equal ; 
therefore the triangles ABK, AKN are similar. 
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Now from the similarity of As ABF, FBN it follows that 
AB: BF=BF: BN, 
or (rect. AB, BN) =(sq. on BF). 
And, from the similarity of ABK, AKN, 
BA: AK=AK: AN, 
or (rect. BA, AN) =(sq. on AX). 
Therefore, by addition, 
(rect. AB, BN) + (rect. BA, AN) = (sq. on BF) + (sq. on AX), 


that is, (sq. on 4B) = (sq. on BF) + (sq. on AX). 
If r be the radius of the circle, we have seen (xiit. 9, note) that 
AK =~ (J5 — 1). 
Therefore (side of pentagon” = 7? + Z (6 — 2 Js) 
- T (10-2 Js), 
so that (side of pentagon) = - Vio- 2/5. 


PROPOSITION II. 


Jf tn a circle which has tts diameter rational an equilateral 
pentagon be inscribed, the side of the pentagon is the irrational 
straight line called minor. 


For in the circle ABCDE which has its diameter rational 
let the equilateral pentagon 4 BCDE be inscribed ; 


I say that the side of the pentagon is the irrational straight 
line called minor. 


For let the centre of the circle, the point F, be taken, 
let A‘, FB be joined and carried through to the points, G, Æ, 
let AC be joined, 
and let FX be made a fourth part of AF. 
Now AF is rational ; 
therefore FK is also rational. 
But B&E is also rational ; 
therefore the whole BØ is rational. 


And, since the circumference ACG is equal to the circum- 
ference ADG, 


and in them ASC is equal to A ED, 
therefore the remainder CG is equal to the remainder GD. 
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And, if we join AD, we conclude that the angles at Z 
are right, 


and CD is double of CL. 

For the same reason 
the angles at M are also right, 
and AC is double of CM. 





Since then the angle ALC is equal to the angle AMF, 


and the angle LAC is common to the two triangles 4CL 
and AMF, 


therefore the remaining angle A4 CZ is equal to the remaining 

angle MFA ; (1. 32] 

therefore the triangle ACZ is equiangular with the triangle 

AMF; 

therefore, proportionally, as LC is to CA, so is MF to FA. 
And the doubles of the antecedents may be taken ; 


therefore, as the double of ZC is to CA, so ts the double of 
MF to FA. 


But, as the double of MEF is to FA, so is WF to the half 
of FA; 


therefore also, as the double of ZC is to CA, so is MEF to the 
half of FA. 
And the halves of the consequents may be taken ; 


therefore, as the double of ZC is to the half of CA, so is WF 
to the fourth of FA. 
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And DC is double of ZC, CM is half of CA, and FA a 
fourth part of FA ; 


therefore, as DC is to CM, so is ME to FK. 


Componendo also, as the sum of DC, CM is to CM, so is 
MK to KF; (v. 18] 


therefore also, as the square on the sum of DC, CJ is to the 
square on CM, so is the square on MX to the square on KF. 


And since, when the straight line subtending two sides of 
the pentagon, as ÆC, is cut in extreme and mean ratio, the 
greater segment is equal to the side of the pentagon, that is, 
to DC, | (xm. 8] 


while the square on the greater segment added to the half 
of the whole is five times the square on the half of the 
whole, (xu. 1) 


and CM is half of the whole 4C, 


therefore the square on DC, CM taken as one straight line is 
five times the square on CM. 


But it was proved that, as the square on DC, CM taken 
as one straight Jine is to the square on CM, so is the square 
on MK to the square on XE; 


therefore the square on MK is five times the square on KF. 
But the square on AF is rational, 

for the diameter is rational ; 

therefore the square on MK is also rational ; 

therefore MK is rational 


And, since BF is quadruple of FX, 
therefore ABA is five times AF’; 


therefore the square on BX is twenty-five times the square 
on KF. 


But the square on MK is five times the square on KE; 
therefore the square on ZK is five times the square on KM; 
therefore the square on BØ has not to the square on KAZ 
the ratio which a square number has to a square number ; 
therefore BX is incommensurable in length with XM. [x. 9] 

And each of them is rational. 


Therefore BA, KM are rational straight lines commen- 
surable in square only. 
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But, if from a rational straight line there be subtracted a 
rational straight line which is commensurable with the whole 
in square only, the remainder is irrational, namely an apotome; 


therefore 777 is an apotome and 77K the annex to it. [x. 73] 


I say next that 777 is also a fourth apotome. 

Let the square on N be equal to that by which the square 
on BK is greater than the square on XM ; 
therefore the square on BX is greater than the square on KM 
by the square on X. 


And, since KZ is commensurable with FB, 


componendo also, XB is commensurable with FB. [x. 15] 
But BF is commensurable with 277 ; 
therefore PK is also commensurable with 577. (x. 12] 


And, since the square on BX is five times the square 
on KM, 
therefore the square on BX has to the square on XM the 
ratio which 5 has to 1. 

Theretore, convertendo, the square on BX has to the square 
on JV the ratio which s has to 4 [v. 19, Por.}, and this is not the 
ratio which a square number has to a square number ; 
therefore BX is incommensurable with V ; [x. 9] 
therefore the square on AA is greater than the square on AM 
by the square on a straight line incommensurable with BA. 

Since then the square on the whole AK is greater than 
the square on the annex A by the square on a straight line 
incommensurable with BA, 
and the whole BX is commensurable with the rational straight 
line, BH, set out, 
therefore 772 is a fourth apotome. [x. Deff. ur. 4) 

But the rectangle contained by a rational straight line and 
a fourth apotome is irrational, 
and its square root is irrational, and is called minor. (x. 94] 

But the square on AZ is equal to the rectangle 7725, BM, 
because, when 74 77 is joined, the triangle 44 277 is equiangular 
with the triangle ABM, and, as HB is to BA, so is AB 
to BM. 
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Therefore the side Z of the pentagon is the irrational 
straight line called minor. 
Q. E. D. 


Here we require certain definitions and propositions of Book x. 

First we require the definition of an apotome |see x. 73], which is a straight 
line of the form (p ~ ./&. p), where p is a “rational” straight line and 4 is any 
integer or numerical fraction, the square root of which is not integral or 
expressible in integers. The lesser of the straight lines p, ./&.p is the annex. 

Next we require the definition of the fourth apotome |x. Deft. 111. (after 
x. 84)], which is a straight line of the form (x— y), where x, y (being both 
ratjonal and comme able in square only) are also such that x? - j* is 
incommensurable wit. x, while x is commensurable with a given rational 
straight line p. As shown on x. 88 m the fourth apotome is of the form 


Bg E 

( Y A 1+. 
Lastly the minor (straight line) is the irrational straight line defined in 

x. 76. It is of the form (x — y), where x, y are incommensurable in square, 

and (x? +?) is ‘rational,’ while xy is ‘medial.’ As shown in the note on 

x. 76, the ménor irrational straight line is of the form 


P V QoS LL T. [uen 
J2 J1«g X? Jr 


The proposition may be put as follows. ABCDE being a regular 
pentagon inscribed in a circle, 4G, BH the diameters through 4, Z meeting 
CD in Land AC in M respectively, FK is made equal to }4 F 

Now, the radius 4 F (r) being rational, so are FK, BK. 

The arcs CG, GD are equal ; 
hence cs at Z are right, and CD - 2CZ 

Similarly ^ s at M are right, and 4C = 2 CM. 


We have to prove 
(1) that BM is an apotome, 
(2) that BM is a fourth apotome, 
(3) that BA is a minor irrational straight line. 
Remembering that, if C4 is divided in extreme and mean ratio, the 
greater segment is equal to the side of the pentagon [x111. 8], and that accord 
ingly [xim. 1] (CD + $CA)? = 5 (4C4), we work towards a proportion con- 


taining the ratio (CD + CMF : CM”, thus. 
The As ACL, AFM are equiangular and therefore similar. 





Therefore LC: CA- MF : FA, 
and accordingly 2LC: CA- MF: MFA; 
thus 2LC:YCA - MF:1FA, 
or DC: CM - MF: FK; 


whence, componendo, and squaring, 
(DC + CMF : CM? = MK’: KF". 
But (DC * CMF =5 CM; 
therefore MK? = s KF°, 
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(This means that MK? = 57, 
9r MK = vs z.) 


It follows that, A being rational, MÆ?, and therefore MK, is rational. 
(1) To prove that BAT is an apfotome and MK its annex. 


We have BF=4FK; 
therefore BK = 5FK, 
BK? = 25 FK? 


= 5K", from above ; 
therefore BÆ? has not to MK? the ratio of a square number to a square 
number ; 


therefore BX, MK are incommensurable in length. 

They are therefore rational and commensurable in square only ; 
accordingly BM is an apotome. 

[BE = 5MK = $7, and BK - 5r. 


Consequently BK- MK= P r- ws r) | 


(2) To prove that BM is a fourth apotome. 
First, since KL, FB are commensurable, 


BK, BF are commensurable, i.e. BX is commensurable with 277, a given 
rational straight line. 


Secondly, if N*-BKEC- KM) 
since BKR*:KM?*-5:1, 
it follows that BK*':N?-25$:4 


whence BØ, N are incommensurable. 
Therefore BM is a fourth apotome. 
(3) To prove that BA is a minor irrational straight line. 


If a fourth apotome form a rectangle with a rational straight line, the side 
of the square equivalent to the rectangle is minor [x. 94]. 


Now BA: = HB. BM, 
HB is rational, and AM is a fourth apotome ; 
therefore BA is a minor irrational straight line. 


BA=r,/2. J S_ v5 =" - : 
[ r4 ere J10- 2/5 
If this is separated into the difference between two straight lines, we have 


BA -* 453 Js -L 573 Js. 


PROPOSITION I2. 


Tf an equilateral triangle be inscribed in a circle, the square 


on the side of the triangle ts triple of the square on the radius 
of the circle. 
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Let ABC be a circle, 
and let the equilateral triangle 4 BC be inscribed in tt ; 
I say that the square on one side of 


the triangle 4 AC is triple of the square ^ 
on the radius of the circle. 
For let the centre D of the circle 
ABC be taken, 
let AD be joined and carried through 
to Æ, g b 
and let BE be joined. 
Then, since the triangle ABC is E 


equilateral, 
therefore the circumference BFC is a third part of the circum- 
ference of the circle A BC. 


Therefore the circumference BE is a sixth part of the 
circumference of the circle ; 
therefore the straight line BE belongs to a hexagon ; 
therefore it is equal to the radius DZ. [1v. 15; Por.] 
And, since A Æ is double of DZ, 


the square on AZ is quadruple of the square on ZZ, that is, 
of the square on BE. 


But the square on AZ is equal to the squares on AB, BE; 
liu. 31, 1. 47] 
therefore the squares on 48, BE are quadruple of the square 


on BE. 


Therefore, separando, the square on AB is triple of the 
square on BE. 
But BE is equal to DE ; 


therefore the square on 74 Z is triple of the square on DZ. 


Therefore the square on the side of the triangle is triple 
of the square on the radius. 
Q. E. D. 


PROPOSITION I3. 


To construct a pyramid, to comprehend it in a given sphere, 
and to prove that the square on the diameter of the sphere is 
one and a half times the square on the side of the pyramid. 
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Let the diameter AZ of the given sphere be set out, 
and let it be cut at the point C so that AC is double of C2; 
let the semicircle 4DB be described on AB, 
let CD be drawn from the point C at right angles to 4B, 
and let DA be joined ; 


let the circle E/G which has its radius equal to DC be 
set out, 


let the equilateral triangle EG be inscribed in the circle EFG, 
[1v. 2] 


let the centre of the circle, the point 77, be taken, (uit. 1] 
let EH, HF, HG be joined ; 


from the point 77 let /7K be set up at right angles to the plane 
of the circle EG, [xi. 12] 


let AK equal to the straight line AC be cut off from AK, 
and let XE, KF, KG be joined. 


C 


Now, since XH is at right angles to the plane of the 
circle EFG, 


therefore it will also make right angles with all the straight 
lines which meet it and are in the plane of the circle EFG. 
(x1. Def. 3] 
But each of the straight lines HE, HF, HG meets it: 


therefore //X is at right angles to each of the straight lines 
HE, HF, HG. 
And, since AC is equal to HX, and CD to HE, 
and they contain right angles, 
therefore the base DA is equal to the base KE. (1. 4] 
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For the same reason 
each of the straight lines A, KG is also equal to DA ; 


therefore the three straight lines XE, KF, KG are equal to 
one another. 


And, since AC ts double of CB, 
therefore AZ is triple of BC. 


But, as ABZ is to BC, so is the square on 44 D to the square 
on DC, as will be proved afterwards. 

Therefore the square on 4D is triple of the square on DC. 

But the square on FZ is also triple of the square on £77, 


[xitt. 12] 

and DC is equal to £7; 
therefore DA is also equal to EF. 

But DA was proved equal to each of the straight lines 
KE, KF, KG; 
therefore each of the straight lines EF, FG, GE is also equal 
to each of the straight lines KE, KF, KG; 
therefore the four triangles EFG, KEF, KFG, KEG are 


equilateral. 


Therefore a pyramid has been constructed out of four 
equilateral triangles, the triangle E FG being its base and the 
point K its vertex. 


It is next required to comprehend it in the given sphere 
and to prove that the square on the diameter of the sphere 
is one and a half times the square on the side of the pyramid. 

For let the straight line 777 be produced in a straight 
line with AZ, 


and let 7Z7Z be made equal to CZ. 

Now, since, as 4C is to CD, so is CD to CB, (vi. 8, Por.] 
while AC is equal to XH, CD to HE, and C2 to AL, 
therefore, as XH is to HE, so is EH to HL; 
therefore the rectangle AH, HZ is equal to the square on 
EH. (vi. 17] 

And each of the angles KHE. EHL is right; 


therefore the semicircle described on XZ will pass through 
E also. [cf. vr. 8, ur. 31] 
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If then, AZ remaining fixed, the semicircle be carried round 
and restored to the same position from which it began to be 
moved, it will also pass through the points /, G, 
since, if FL, LG be joined, the angles at F, G similarly become 
right angles ; 
and the pyramid will be comprehended in the given sphere. 


For KZ, the diameter of the sphere, is equal to the 
diameter AB of the given sphere, inasmuch as K/7 was 
made equal to AC, and AL to CB. 


I say next that the square on the diameter of the sphere 
is one and a half times the square on the side of the 
pyramid 

For, since AC is double of C2, 
therefore 4B is triple of BC; 
and, convertendo, BA is one and a half times AC. 

But, as BA is to AC, so is the square on BA to the square 
on AD. 

Therefore the square on BA is also one and a half times 
the square on 4D. 

And BA is the diameter of the given sphere, and 4D is 
equal to the side of the pyramid. 

Therefore the square on the diameter of the sphere is 
one and a half times the square on the side of the pyramid. 

Q. E. D. 
LEMMA. 

It is to be proved that, as 4B is to BC, so ıs the square 
on AD to the square on DC. 

For let the figure of the semi- D 
circle be set out, 
let DB be joined, 
let the square ÆC be described 
on AC, 
and let the parallelogram FB be 
completed. 

Since then, because the tri- 
angle DAB is equiangular with 
the triangle DAC, 
as BA is to AD, so is DA to AC, € F 

[vi. 8, vi. 4] 
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therefore the rectangle BA, AC is equal to the square on AD. 


[vi. 17] 
And since, as AB is to BC, so is EB to BF, (vi. 1] 


and £P is the rectangle BA, AC, for EA is equal to AC, 
and BF is the rectangle AC, CB, 


therefore, as AB is to BC, so is the rectangle BA, AC to the 
rectangle AC, CB. 


And the rectangle BA, AC is equal to the square on AD, 
and the rectangle 4C, CB to the square on DC, 


for the perpendicular DC is a mean proportional between the 
segments AC, CB of the base, because the angle ADB is 
right. [vi. 8, Por.] 

Therefore, as 4B is to BC, so is the square on AD to 
the square on DC. 


Q. E. D. 


The Lemma is with reason suspected. Euclid commonly takes more 
difficult theorems for granted in the stereometrical Books. It is also clumsy 
in itself, while, from a gloss in the proposition rejected as an interpolation, it 
is clear that the interpolator of the gloss had not the Lemma. With the 
Lemma should disappear the words “as will be proved afterwards ” (p. 469). 


In the figure of the proposition, the semicircle really represents half of 
a section of the sphere through its centre and one edge of the inscribed 
tetrahedron (AD being the length of that edge). 

The proof is in three parts, the object of which is to prove 
(1) that KEFG is a tetrahedron with all its edges equal to 4D, 


(2) that it is inscribable in a sphere of diameter equal to 4 3B, 


(3) that AB*z2AD: 
To prove (1) we have to show 
(a) that KE = KF= KG = AD, 
(6) that AD=EF. 
(a) Since HE = HF- HG - CD, 
KH - AC, 
and |s ACD, KHE, KHF, KHG are right, 
As ACD, KHE, KHF, KHG are equal in all respects ; 
therefore KE = KF= KG -= 4D. 
(6) Since AB-3BC, 
and AB: BC=AB.AC:AC.CB 
=AD?*: CD’, 
it follows that AD? - 3CD'. 
But (xin. 12] EF’ =3£F° ; 


and EH = CD, by construction 


472 BOOK XIII [xitr. 13 


Therefore AD= EF. 
Thus EFG is a regular tetrahedron. 


(2) We now observe the usefulness of Euclid’s description of a sphere 
[in xt. Def. 14]. 

Producing KÆ (= AC) to Z so that HZ = CB, 
we have KZ equal to 47 ; 
thus KZ is a diameter of the sphere which should circumscribe our tetra- 
hedron, 
and we have only to prove that Æ, Æ G lie on semicircles described on ‘KZ 
as diameter. 

E.g. for the point £, 


since AC: CD CD: CB, 

while ACsKH, CD- HE, CDs HL, 
we have KH.: HE = HE.: AL, 

or KA. HL=HE?, 


whence, the angles KHE, ZEAL being right, 
EKL is a triangle right-angled at £ [cf. v1. 8]. 

Hence E lies on a semicircle on XZ as diameter. 

Similarly for Æ G. 

Thus a semicircle on AZ as diameter revolving round KZ passes 
successively through Æ, Æ G. 


(3) AB=38C; 
therefore BA =3AC. 
And BA:AC=BA':BA.AC 
= BÆ: AD.. 
Therefore BA -$AD* 
If z be the radius of the circumscribed sphere, 


(edge of tetrahedron) = zd r-$46.r. 


It will be observed that, although in these cases Euclid's construction is 
equivalent to inscribing the particular regular solid in a given sphere, he does 
not actually construct the solid ïz the sphere but constructs a solid which a 
sphere egua/ to the given sphere will circumscribe. Pappus, on the other 
hand, in dealing with the same problems, actually constructs the respective 
solids in the given spheres. His method is to find circular sections in the 
given spheres containing a certain number of the angular points of the given 
solids. His solutions are interesting, although they require a knowledge of 
some properties of a sphere which are of course not found in the Elements 
but belonged to treatises such as the Sphaerizca of Theodosius. 


Pappus' solution of the problem of Eucl. XIII. 13. 


In order to inscribe a regular pyramid or tetrahedron in a given sphere, 
Pappus (tit. pp. 142—144) finds two circular sections equal and parallel to one 
another, each of which contains one of two opposite edges as its diameter. In 
this and the other similar problems he proceeds in the orthodox manner by 
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analysis and synthesis. The following is a reproduction of his solution of 
this case. 


Analysis. 


Suppose the problem solved, 4, B, C, D being the angular points of the 
required pyramid. 

Through 4 draw £F parallel to CD; this will make equal angles with 
AC, AD; and, since AB does so too, EF 
is perpendicular to 4B (Pappus has a lemma 
for this, p. 140, 12—24], and is therefore a 
tangent to the sphere (for E is parallel to 
CD, the base of the triangle ACD, and 
therefore touches the circle circumscribing 
it, while it also touches the circular section 
AB made by the plane passing through 438 
and EF perpendicular to it). 

Similarly GÆ drawn through D parallel 
to AB touches the sphere. 

And the plane through GA, CD makes 
a circular section equal and parallel to 42. 

Through the centre A of that circular 
section, and in the plane of the section, draw ZM perpendicular to CD and 
therefore parallel to 42. Join BZ, BM. 

BM is then perpendicular to 4B, LM, and ZB is a diameter of the sphere. 

Join MC. 





Then LM =2MC, 
and BC-AB-LM, 
so that BC?*zaMC* 


And BM, being perpendicular to the plane of the circle ZA, is perpen- 
dicular to CM, 


whence BC? = BMU? + MC’, 
so that BM= MC. 

But BC= LM; 
therefore LM? =2 BM". 


And, since the angle ZMB is right, 
BD-LM'«MB*-2LM'. 

Synthesis. 

Draw two parallel circular sections of the sphere with diameter d’, 
such that 

4^ - 84^, 
where d is the diameter of the sphere. 

[This is easily done by dividing BZ, any diameter of the sphere, at P, so 
that ZP=2/P8, and then drawing PAZ at right angles to ZB meeting the 
great circle LA/B of the sphere in 4. Then ZA7?: LAB°=LP: LB=2: 3.] 

Draw sections through M, B perpendicular to MB, and in these sections 
respectively draw the parallel diameters ZLM, AB. 


Lastly, in the section ZM draw CD through the centre Æ perpendicular 
to LM. 


ABCD is then the required regular pyramid or tetrahedron. 
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PROPOSITION 14. 


To construct an octahedron and comprehend it in a sphere, 
as in the preceding case, and to prove that the square on the 
diameter of the sphere rs double of the square on the side of the 
octahedron. 

Let the diameter 74 P of the given sphere be set out, 
and let it be bisected at C ; 
let the semicircle 4 D 7 be described on 4B, 
let CD be drawn from C at right angles to AB, 
let DB be joined ; 


let the square £FG/7, having each of its sides equal to DB, 
be set out, 


let /7F, EG be joined, 


from the point X let the straight line AZ be set up at rigat 
angles to the plane of the square EGA [x:. 12), and let it be 
carried through to the other side of the plane, as KM ; 


from the straight lines KZ, KM let KL, KM be respectively 
cut off equal to one of the straight lines EX, FK, GK, HAK, 


and let LE, LF, LG, LH, ME, MF, MG, MH be joined. 


L 


F G 


Then, since K'E is equal to K 7, 
and the angle EAA is right, 
therefore the square on 7ZZ is double of the square on EK. 


s (1. 47] 
Again, since LK is equal to XE, 


and the angle LK is right, 


therefore the square on EZ is double of the square on ZX. 
(id) 
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But the square on /7Z was also proved double of the 
square on EK; 


therefore the square on ££ is equal to the square on £77; 
therefore LZ is equal to EH. 


For the same reason 
ZH is also equal to HE ; 
therefore the triangle LA is equilateral. 
Similarly we can prove that each of the remaining tri- 


angles of which the sides of the square EGA are the bases, 
and the points Z, M the vertices, is equilateral ; 


therefore an octahedron has been constructed which is con- 
tained by eight equilateral triangles. 


It is next required to comprehend it in the given sphere, 
and to prove that the square on the diameter of the sphere is 
double of the square on the side of the octahedron. 

For, since the three straight lines LK, KM, KE are equal 
to one another, 


therefore the semicircle described on LY will also pass 
through Æ. 


And for the same reason, 


if, LM remaining fixed, the semicircle be carried round and 
restored to the same position from which it began to be 
moved, 


it will also pass through the points 7, G, 77, 

and the octahedron will have been comprehended in a sphere. 
I say next that it is also comprehended in the given sphere. 
For, since LF is equal to XM, 

while KE is common, 

and they contain right angles, 


therefore the base ZF is equal to the base E M. [1. 4] 
And, since the angle LEM is right, for it is in a semicircle, 
[t 31] 


therefore the square on L M is double of the square on LEZ. 
[1 47] 
Again, since AC is equal to CB, 
AB is double of AC. 
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But, as AB is to C, so is the square on 4B to the square 
on BD; 
therefore the square on AB is double of the square on BD. 

But the square on ZM was also proved double of the 
square on ZE. 

And the square on DB is equal to the square on ZÆ, for 
EH was made equal to DP. 


Therefore the square on 4B is also equal to the square 
on LM; 
therefore 4B is equal to LM. 

And AB is the diameter of the given sphere ; 
therefore LM is equal to the diameter of the given sphere. 

Therefore the octahedron has been comprehended in the 
given sphere, and it has been demonstrated at the same time 
that the square on the diameter of the sphere is double of the 
square on the side of the octahedron. 

Q. E. D. 


I think the accompanying figure will perhaps be clearer than that in 
Euclid's text. 

EFGH being a square with side equal to BJ, it follows that KZ, KF, 
KG, KH are all equal to CZ. 


se 


So are KZ, KM, by construction ; 
hence ZE, LE, LG, LH and ME, MF, MG, MH are all equal to EF or BD. 
Thus (1) the figure is made up of eight equilateral triangles and is therefore 
a regular octahedron. 
(2) Since KE=KL= KM, 
the semicircle on ZM in the plane LXE passes through £. 
Similarly Æ G, Æ lie on semicircles on ZM as diameter. 
Thus all the vertices of the tetrahedron lie on the sphere of which LM is 
a diameter. 


(3) LE = EM-= BD; 
therefore LM” =2 EL = 28D’ 
= AB’, 


or LM = AB. 
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(4) AB? =2BD* 
-2EF 
If » be the radius of the circumscribed sphere, 
(edge of octahedron) = ,/2 .7. 


Pappus’ method. 


Pappus (111. pp. 148—150) finds the two equal and parallel sections of the 
sphere which circumscribe two opposite faces of the octahedron thus. 


Analysis. 

Suppose the octahedron inscribed, 4, B, C; D, Æ, F being the vertices. 

Through ABC, DEF describe planes 
making the circular sections ABC, DEF. 

Since the straight lines DA, D3, DE, DF 
are equal, the points 4, Æ, Æ B lie on a circle 
of which D is the pole. 

Again, since 48, BF, FE, EA are equal, 
A BFE is a square inscribed in the said circle, 
and AB, E are parallel. 

Similarly DE is parallel to BC, and DF 
to AC. 

Therefore the circles through D, Æ, Fand 
A, B, C are parallel; and they are also equal 
because the equilateral triangles inscribed in 
them are equal. 

Now, ABC, DEF being equal and parallel circular sections, and 4B, EF 
equal and parallel chords “not on the same side of the centres,” 


AF is a diameter of the sphere. 

(Pappus has a lemma for this, pp. 136—138]. 
And AE = EF, so that AF? = 2 FE”. 
But, if Z' be the diameter of the circle DEF, 

d^-$EF:. [cf. xim. 12] 
Therefore, if d be the diameter of the sphere, 

did" - 3:2. 
Now d is given, and therefore 4" is given; hence the circles DEF, ABC 
are given. 


Synthesis. 
Draw two equal and parallel circular sections with diameter g’, such that 
d*-$4" 
where d is the diameter of the sphere. 
Inscribe an equilateral triangle ABC in either circle (48C). 
In the other circle draw E F equal and parallel to 4B but on the opposite 


side of the centre, and complete the inscribed equilateral triangle DEF. 
ABCDEF is the octahedron required. 


It will be observed that, whereas in the problem of x11. 13 Euclid first 
finds the circle circumscribing a face and Pappus first finds an edge, in this 
problem Euclid finds the edge first and Pappus the circle circumscribing 
a face. 
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PROPOSITION 15. 


To construct a cube and comprehend it in a sphere, like the 
pyramid ; and to prove that the square on the diameter of the 
sphere ws triple of the square on the side of the cube. 

Let the diameter AZ of the given sphere be set out, 
and let it be cut at C so that AC is double of CB ; 
let the semicircle 442 P be described on AB, 
let CD be drawn from C at right angles to AB, 
and let DB be joined ; 
let the square EF G7 having its side equal to DZ be set out, 
from £, F, G, let EK, FL, GM, H.N be drawn at right 
angles to the plane of the square EFGZ, 
fron EK, FL, GM, HN let EK, FL, GM, HN respectively 
be cut off equal to one of the straight lines EF, FG, 
GH, HE, 
and let KZ, LM, MN, NK be joined ; 
therefore the cube FW has been constructed which is contained 
by six equal squares. 


L M 


It is then required to comprehend it in the given sphere, 
and to prove that the square on the diameter of the sphere is 
triple of the square on the side of the cube. 

For let KG, EG be joined. 

Then, since the angle KZG is right, because KZ is also 
at right angles to the plane ZG and of course to the straight 
line EG also, (xi. Def. 3] 
therefore the semicircle described on KG will also pass through 
the point Æ. 

Again, since GF is at right angles to each of the straight 
lines FL, FE, 


GF is also at right angles to the plane FX ; 
hence also, if we join FK, GF will be at right angles to FK; 
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and for this reason again the semicircle described on GX will 
also pass through Z. 

Similarly it will also pass through the remaining angular 
points of the cube. 

If then, AG remaining fixed, the semicircle be carried 
round and restored to the same position from which it began 
to be moved, 


the cube will be comprehended in a sphere. 


I say next that it is also comprehended in the given 
sphere. 
For, since GF is equal to FZ, 
and the angle at F is right, 
therefore the square on ÆG is double of the square on E. 
But £F is equal to EK; 
therefore the square on EG is double of the square on EX ; 
hence the squares on GE, EK, that is the square on GF [r. 47], 
is triple of the square on EX. 
And, since AZ is triple of BC, 


while, as AB is to BC, so is the square on AB to the square 
on BD, 


therefore the square on AZ is triple of the square on BD. 
But the square on GX was also proved triple of the square 
on KE. 
And XE was made equal to DB; 
therefore KG is also equal to AZ. 
And AB is the diameter of the given sphere ; 


therefore KG is also equal to the diameter of the given 
sphere. 


Therefore the cube has been comprehended in the given 
sphere ; and it has been demonstrated at the same time that 
the square on the diameter of the sphere is triple of the square 
on the side of the cube. 

Q. E. D. 


AB is divided so that 4C=2CB; CD is drawn at right angles to AB, 
and BD is joined. 

KG is, by construction, a cube of side equal to BD. 

To prove (1) that it is inscribable in a sphere. 

Since XÆ is perpendicular to EH, EF, 
KE is perpendicular to EG. 
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Thus, XEG being a right angle, Æ lies on a semicircle with diameter XG. 

The same thing is proved in the same way of the other vertices 
£ H, L, M, N. 

Thus the cube is inscribed in the sphere of which XG is a diameter. 


(2) KG’? = KE? + EG’ 
= KE’? + 2EF? 
= 32K". 

Also AB=3BC, 

while AB:BC- AB*: AB. BC 
=AB*: BD’; 
therefore AB?* = 3BD". 

But BD=EK; 

therefore KG = AB. 

(3) AB’ = 3BD* 
= 3K E*. 


If 7 be the radius of the circumscribed sphere, 
2 


(edge of cube) = as aaah 


Pappus’ solution. 


In this case too Pappus (111. pp. 144—148) gives the full analysis and 
synthesis. 

Analysis. 

Suppose the problem solved, and let the vertices of the cube be 
4, B, C, D, £, F, G, H. 

Draw planes through 4, B, C, D and 
E, F, G, H respectively ; these will produce 
parallel circular sections, which are also equal 
since the inscribed squares are equal. 

And CE will be a diameter of the sphere. 

Join EG. 

Now, since EG? z 2EH? - 2GC?, 
and the angle CGE is right, 

CE? = GC? + EG? =8£G* 

But CE? is given; 
therefore EG? is given, so that the circles 
EFGH, ABCD, and the squares inscribed in them, are given. 

Synthesis. 

Draw two parallel circular sections with equal diameters g’, such that 

d* z 32^, 

where æ is the diameter of the given sphere. 

Inscribe a square in one of the circles, as ABCD. 

In the other circle draw FG equal and parallel to ZC, and complete the 
square on FG inscribed in the circle EFG A. 

The eight vertices of the required cube are thus determined. 
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PROPOSITION 16. 


.. To construct an 1cosahedron and comprehend tt in a sphere, 
like the aforesaid figures; and to prove that the side of the 
wcosahedron is the irrational straight line called minor. 


Let the diameter 482 of the given sphere be set out, 
and let it be cut at C so that AC is quadruple of CB, 
let the semicircle 4 DF be described on 48, 


let the straight line CD be drawn from C at right angles 
to AB, 


and let DZ be joined ; 





let the circle EFGHK be set out and let its radius be equal 
to DB, 


let the equilateral and equiangular pentagon EFGHK be 
inscribed in the circle EFGAK, 


let the circumferences EF, FG, GH, HK, KE be bisected at 
the points L, M, N, O, P, 


and let LM, MN, NO, OP, PL, EP be joined. 
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Therefore the pentagon £7 OP is also equilateral, 
and the straight line EP belongs to a decagon. 

Now from the points E, F, G, H, K let the straight lines 
EQ, FR, GS, HT, KU be set up at right angles to the plane 
of the circle, and let them be equal to the radius of the circle 
EFGHK, 
let QR, RS, ST, TU, UQ, QL, LR, RM, MS, SN, NT, 
TO, OU, UP, PQ be joined. 

Now, since each of the straight lines EQ, AU is at right 
angles to the same plane, 
therefore EQ is parallel to XU. (x1. 6] 

But it is also equal to it ; 
and the straight lines joining those extremities of equal and 
parallel straight lines which are in the same direction are equal 
and parallel. (1. 33] 


Therefore QU is equal and parallel to EX. 
But EK belongs to an equilateral pentagon ; 


therefore QU also belongs to the equilateral pentagon inscribed 
in the circle EP GA K. 
For the same reason 


each of the straight lines QA, AS, S7, TU also belongs to 
the equilateral pentagon inscribed in the circle EPGHK ; 
therefore the pentagon QRSTU is equilateral. 


And, since Q£ belongs to a hexagon, 
and EP to a decagon, 
and the angle QEP is right, 
therefore QP belongs to a pentagon ; 
for the square on the side of the pentagon is equal to the 
square on the side of the hexagon and the square on the side 
of the decagon inscribed in the same circle. (xur. 10] 


For the same reason 
PU is also a side of a pentagon. 

But QU also belongs to a pentagon ; 
therefore the triangle QPU is equilateral. 


For the same reason 
each of the triangles QLR, RMS, SNT, TOU is also equi- 


lateral. 
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And, since each of the straight lines QZ, QP was proved 
to belong to a pentagon, 
and ZF also belongs to a pentagon, 
therefore the triangle QP is equilateral. 


For the same reason 
each of the triangles LRM, MSN, NTO, OUP is also equi- 
lateral. 


Let the centre of the circle E/GAK. the point V, be 
taken ; 
from V let VZ be set up at right angles to the plane of the 
circle, 
let it be produced in the other direction, as VX, 
let there be cut off VW, the side of a hexagon, and each of 
the straight lines VX, WZ, being sides of a decagon, 
and let QZ, QW, UZ, EV, LV, LX, XM be joined. 


Now, since each of the straight lines VW, QE is at right 
angles to the plane of the circle, 


therefore VW is parallel to QE. [x1. 6] 
But they are also equal ; 
therefore E V, QW are also equal and parallel. [1. 33] 


But E belongs to a hexagon ; 
therefore QW also belongs to a hexagon. 
And, since Q W belongs to a hexagon, 
and W’Z to a decagon, 
and the angle QW is right, 
therefore QZ belongs to a pentagon. [xiri. 10] 


For the same reason 
UZ also belongs to a pentagon, 
inasmuch as, if we join VA, WU, they will be equal and 
opposite, and VK, being a radius, belongs to a hexagon ; 
[1v. 15, Por.] 
therefore WU also belongs to a hexagon. 
But WZ belongs to a decagon, 
and the angle U WZ is right ; 
therefore UZ belongs to a pentagon. (xi. 10) 
But QU also belongs to a pentagon ; 
therefore the triangle QUZ is equilateral. 
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For the same reason 


each of the remaining triangles of which the straight lines 
QR, RS, ST, TU are the bases, and the point Z the vertex, 
is also equilateral. 


Again, since VL belongs to a hexagon, 
and VX to a decagon, 
and the angle Z VX is right, 
therefore LX belongs to a pentagon. — [x 16] 


For the same reason, 
if we join MV, which belongs to a hexagon, 
MX is also inferred to belong to a pentagon. 
But ZM also belongs to a pentagon ; 
therefore the triangle LMX is equilateral. 


Similarly it can be proved that each of the remaining 
triangles of which MN, NO, OP, PL are the bases, and the 
point X the vertex, is also equilateral. 

Therefore an icosahedron has been constructed which is 
contained by twenty equilateral triangles. 


It is next required to comprehend it in the given sphere, 
and to prove that the side of the icosahedron is the irrational 
straight line called minor. 

For, since VW belongs to a hexagon, 
and WZ to a decagon, 
therefore VZ has been cut in extreme and mean ratio at W, 
and VW is its greater segment ; (xin. 9) 
therefore, as ZV is to VW, sois VW to WZ. 

But VW is equal to VE, and WZ to VX; 
therefore, as ZV is to VE, sois EV to VX. 

And the angles ZVE, E VX are right ; 
therefore, if we join the straight line EZ, the angle X EZ 
will be right because of the similarity of the triangles X ZZ, 
VEZ. 


For the same reason, 
since, as ZV is to VW, so is VW to WZ, 
and ZV is equal to X W, and VW to WỌ, 
therefore, as XW is to WQ, sois QW to WZ. 
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And for this reason again, 


if we join QX, the angle at Q will be right ; (vi. 8] 
therefore the semicircle described on XZ will also pass 
through Q. (ur. 31] 


And if, XZ remaining fixed, the semicircle be carried 
round and restored to the same position from which it began 
to be moved, it will also pass through Q and the remaining 
angular points of the icosahedron, 
and the icosahedron will have been comprehended in a 
sphere. 


I say next that it is also comprehended in the given sphere. 

For let VW be bisected at 4’. 

Then, since the straight line VZ has been cut in extreme 
and mean ratio at W, 
and ZW is its lesser segment, 
therefore the square on ZW added to the half of the greater 
segment, that is WA’, is five times the square on the half 
of the greater segment ; (xm. 3) 
therefore the square on ZA’ is five times the square on 
A'W. 

And ZX is double of ZA’, and VW double of A'W; 
therefore the square on ZX is five times the square on 


And, since 4C is quadruple of CB, 
therefore 4B is five times ZC. 

But, as 4B is to BC, so is the square on ABZ to the square 
on BD; (v1. 8, v. Def. 9] 
therefore the square on 747 is five times the square on BD. 

But the square on ZX was also proved to be five times 


the square on VW. 
And DB is equal to VW, 


for each of them is equal to the radius of the circle £FG77K; 
therefore 42 is also equal to XZ. 

And AB is the diameter of the given sphere; 
therefore XZ is also equal to the diameter of the given sphere. 


Therefore the icosahedron has been comprehended in the 
given sphere 
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I say next that the side of the icosahedron is the irrational 
straight line called minor. 
or, since the diameter of the sphere is rational, 


and the square on it is five times the square on the radius 
of the circle £FGZ7K, 


therefore the radius of the circle E/G/K is also rational ; 
hence its diameter is also rational. 


But, if an equilateral pentagon be inscribed in a circle 
which has its diameter rational, the side of the pentagon is 
the irrational straight line called minor. (xın. 11] 

And the side of the pentagon E*G//K is the side of the 
icosahedron. 

Therefore the side of the icosahedron is the irrational 
straight line called minor. 


PorisM. From this it is manifest that the square on the 
diameter of the sphere is five times the square on the radius 
of the circle from which the icosahedron has been described, 
and that the diameter of the sphere is composed of the side 
of the hexagon and two of the sides of the decagon inscribed 
in the same circle. 

Q. E. D. 


Euclid's method is 
(1) to find the pentagons in the two parallel circular sections of the sphere, 
the sides of which form ten (five in each circle) of the edges of the icosahedron, 
(2) to find the two points which are the poles of the two circular sections, 
(3) to prove that the triangles formed by joining the angular points of the 
pentagons which are nearest to one another two and two are equilateral, 
(4) to prove that the triangles of which the poles are the vertices and the 
sides of the pentagons the bases are also equilateral, 
(s) that all the angular points other than the poles lie on a sphere the 
diameter of which is the straight line joining the poles, 
(6) that this sphere is of the same size as the given sphere, 
(7) that, if the diameter of the sphere is rational, the edge of the icosahedron 
is the minor irrational straight line. 

I have drawn another figure which will perhaps show the pentagons, and 
s position of the poles with regard to them, more clearly than does Euclid's 

gure. 
(1) If ABZ is the diameter of the given sphere, divide AB at C so that 
AC=4CB; 

draw CD at right angles to 4B meeting the semicircle on 47 in D. 

Join BD. 
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BD is the radius of the circular sections containing the pentagons. 
[If x is the radius of the sphere, 


since AB: BC=AB':AB.BC 
= AB’: BD’, 

while AB=5BC, 

it follows that AB? 2 5BD!, 

or (radius of section)* = $77. 


Thus [xiri. 10, note] (side of pentagon)? = : (10 — 2,/5)-] 





Inscribe the regular pentagon EFG HK in the circle EFGHK of radius 
equal to BD. 

Bisect the arcs £F, FG, ..., so forming a decagon in the circle. 

Joining successive points of bisection, we obtain another regular pentagon 
LMNOP. 

LMNOP ts one of the pentagons containing fve edges of the icosahedron. 

The other circle and inscribed pentagon are obtained by drawing perpen- 
diculars from Æ, Æ G, H, K to the plane of the circle, as EQ, FR, GS, 
HT, KU, and making each of these perpendiculars equal to the radius of the 
circle, or, as Euclid says, the side of the regular hexagon in it. 

QRSTU ‘ss the second pentagon (of course equal to the first) containing five. 
edges of the icosahedron. 

Joining each angular point of one of the two pentagons to the two nearest 
angular points in the other pentagon, we complete ten triangles each of which 
has for one side a side of one or other of the two pentagons. 

V, W are the centres of the two circles, and VW is of course perpen- 
dicular to the planes of both. 


(2) Produce VW in both directions, making VX and WZ both equal to 
a side of the regular decagon in the arcle (as EL). 
Joining X, Z to the angular points of the corresponding pentagons, we 
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have five more triangles formed with the sides of each pentagon as bases, ten 
more triangles in all. 


Now we come to the proof. 
(3) Taking two adjacent perpendiculars, EQ, KU, to the plane of the circle 
EFG HK, we see that they are parallel as well as equal; 
therefore QU, EX are equal and parallel. 

Similarly for QA, EF etc. 

Thus the pentagons have their sides equal. 

To prove that the triangles QPZ etc., are equilateral, we have, e.g. 

QL = LE? + EQ? 
= (side of decagon)? + (side of hexagon)? 


= (side of pentagon)’, (xir. 10] 
i.e. QL - «side of pentagon in circle) 
EXE 
Similarly QP = LP, 
and A QPL is equilateral. 


So for the other triangles between the two pentagons. 
(4) Since VW, EQ are equal and parallel, 
VE, WQ are equal and parallel. 
Thus WQ is equal to the side of a regular hexagon in the circies. 
Now the angle Z WQ is right; 
therefore LÆ = ZW? + WQ 
= (side of decagon)’ + (side of hexagon)’ 
= (side of pentagon)”. (xu. 10] 
Thus ZQ, ZR, ZS, ZT, ZU are all equal to QR, RS etc.; and the 
triangles with Z as vertex and bases QA, RS etc. are equilateral. 
Similarly for the triangles with X as vertex and ZLM, MN etc. as bases. 
Hence the figure is an icosahedron, being contained by twenty equal 
equilateral triangles. 
(5) To prove that all the vertices of the icosahedron lie on the sphere 
which has XZ for diameter. 


VW being equal to the side of a regular hexagon, and WZ to the side of 
a regular decagon inscribed in the same circle, 


VZ is divided at W in extreme and mean ratio. (xni. 9] 
Therefore ZV: VW = VW : WZ, 
or, since VW = VE, W2 = VX, 
ZV : VE = VE : VX. 
Thus Æ lies on the semicircle on ZX as diameter. {vi. 8] 


Similarly for all the other vertices of the icosahedron. 
Hence the sphere with diameter XZ circumscribes it. 
(6) To prove XZ- 47. | 


Since VZ is divided in extreme and mean ratio at W, and VW is 
bisected at 4’, 


A'Z? =5A'W?. (xa. 3] 
Taking the doubles of 4’Z, A’ W, we have 
XL = 5 VW" 
= 58D 


= AB. [see under (1) above] 
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That is, XZ= AB. 
[If » is the radius of the sphere, 


VW= BD=-—-r, 
A5 
VX = (side of decagon in circle of radius BZD) 
= PP s — 1) [xitr. 9, note] 
r 
EE (J5 - 1) 
Consequently XZ-2 VW «2VX 
2 2 
=- r+ r — 1 
is ag 
= 27.] 


(6) The radius of the circle £FGZZK is equal to a 


v5 
“rational ” in Euclid’s sense. 
Hence the side of the inscribed pentagon is the irrational straight line 


r, and is therefore 


called minor. (xur. rr) 
[The side of this pentagon is the edge of the icosahedron, and its value is 
(note on xii. 10) 
22 Jio~ 295 
y — 
= —— IO—2 
J; x 107 25 


r aS 
= 5 /10(5— /5)-] 
Pappus' solution. 


This solution (Pappus, 111. pp. 150—6) differs considerably from that of 
Euclid. Whereas Euclid uses ‘wo circular sections of the sphere (those- 
circumscribing the pentagons of his construction), Pappus finds four parallel 
circular sections each passing through ¢hree of the vertices of the icosahedron ; 
two of the circles are small circles circumscribing two opposite triangular 
faces respectively, and the other two circles are between these two circles, 
parallel to them and equal to one another. 


Analysts. 

Suppose the problem solved, the vertices of the icosahedron being 4, 2, C; 
D, £, F; G, A, K; L, M, N. 

Since the straight lines BA, BC, BF, BG, BE drawn from 7 to the 
surface of the sphere are equal, 


A, C, F, G, E are in one plane. 
And AC, CF, FG, GE, £A are equal ; 
therefore ACFGE is an equilateral and equiangular pentagon. 


So are the figures KEBCD, DHFBA, AKLGB, AKNHC, and 
CHMGB. 
Join EF, KH. 
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Now AC will be parallel to ZF (in the pentagon ACFGE£) and to KH 
(in the pentagon AX NAC), so that EF, K 7 are also parallel ; 


and further £/ is parallel to Z4/ (in the pentagon LKDHM). 


«e 





Similarly BC, ED, GH, LN are all parallel ; 
and likewise 2.4, FD, GE, MN are all parallel. 


Since BC is equal and parallel to ZV, and BA to MN, the circles ABC, 
LM N are equal and parallel. 

Similarly the circles DEF, KG Z are equal and parallel; for the triangles 
inscribed in them are equal (since each of the sides in both is the chord 
subtending an angle of equal pentagons), and their sides are parallel re- 
spectively. 

Now in the equal and parallel circles DEZ, KGZ the chords EF, KH 
are equal and parallel, and on opposite sides of the centres ; 


therefore FK is a diameter of the sphere [ Pappus' lemma, pp. 1 36—8], and the 
angle FEX is right (Pappus' lemma, p. 138, 20—26]. 

(The diameter FX is not actually drawn in the figure.] 

In the pentagon GEACA, if EF be divided in extreme and mean ratio, 


the greater segment is equal to AC. [Eucl. xiii. 8] 
Therefore EF : AC = (side of hexagon) : (side of decagon in same circle). 
[xur 9 

And EF°+AC=EF*+EK* =a’, 


where Z is the diameter of the sphere. 


Thus FK, EF, AC are as the sides of the pentagon, hexagon and decagon 
respectively inscribed in the same circle. (xım. 10] 
But FK, the diameter of the sphere, is given ; 
therefore EF, AC are given respectively ; 


thus the radii of the circles EFD, ACB are given (if rz, 7 are their radii, 
DSILEEF?r"-kbAC). 
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Hence the circles are given : 


and so are the circles KHG, LMN which are equal and parallel to them 
respectively. 


Synthesis. 


If d be the diameter of the sphere, set out two straight lines x, y, such 
that d, x, y are in the ratio of the sides of the pentagon, hexagon and decagon 
respectively inscribed in one and the same circle. 

Draw (1) two equal and parallel circular sections in the sphere, with radii 
equal to 7, where £? 2 4x3, as DEF, KG H, 
and (2) two equal and parallel circular sections as 48 C, LM N, with radius »' 
such that +? = 

In the circles (1) draw EF, KZ as sides of inscribed equilateral triangles, 
parallel to one another, and on opposite sides of the centres ; 
and in the circles (2) draw AC, LM as sides of inscribed equilateral triangles 
parallel to one another and to EF, KH, and so that 4C, ZF are on opposite 
sides of the centres, and likewise KH, LM. 

Complete the figure. 

The correctness of the construction is proved as in the analysis. 

It follows also (says Pappus) that 

(diam. of sphere)? = 3 (side of pentagon in DEF)’. 

For, by construction, KF: FE =p: h, 
where 9, A are the sides of the pentagon and hexagon inscribed in the same 
circle DEF. 

And FE : À - the ratio of the side of an equilateral triangle to that of a 
hexagon inscribed in the same circle ; 


that is, FE:AÀ-43:1 
whence KF: p=./3: 3, 
or KF? = 39°. 


Another construction. 


Mr H. M. Taylor has a neat construction for an icosahedron of edge a. 
Let / be the length of the diagonal of a regular pentagon with side equal 
to a. 
Then (figure of x11. 8), by Ptolemy’s theorem, 
P=lat+a’. 
Construct a cube with edge equal to 2 
Let O be the centre of the cube. 
From O draw OL, OM, ON perpendicular to three adjacent faces, and in 
these draw PP", QQ', RR’ parallel to 4B, AD, AE respectively. 
Make ZP, LP, MQ, MQ, NR, NR all equal to ła. 
Let 5, 7, 2, 2, 7, 7 be the reflexes of P, P', Q, Q', R, R’ respectively. 
Then will P, P, Q, Z, R, R, LP pI, " r’ be the vertices of a regular 
icosahedron. 
The projections of PQ on AB, AD, AE are equal to 1(/— a), $a, 3 
respectively. 
Therefore PQ21-ayj-124 417 
= ġġ (l =al +a’) 
=e. 
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Therefore PQ - a. 
Similarly it may be proved that every other edge is equal to a. 
All the angular points lie on a sphere with radius OP, and 


OP' - 1 (à « P). 


i. 


* 
* 


3 
o 


s $ 
^ z- -- "eere uo ee 
¢ $ 
` 8 





Each solid pentahedral angle is composed of five equal plane angles, each 
ot which is the angle of an equilateral triangle. 
Therefore the icosahedron is regular. 


[dà 2 40P? — 7, 
And, from the equation / = /a + a’, we derive 


= 5 (/5 +1). 
Therefore, if *-be the radius of the sphere, 
afis (s+) — 
4 
whence a = 4r/J10 + 2,/5 
= 4r J 10 — 24/5/A/ 8o 
j 
=—- yIo-2 
ys "19 - 35 
== V10(5— V5), 


as above. | 
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PROPOSITION 17. 


To construct a dodecahedron and comprehend it in a sphere, 
like the aforesaid figures, and to prove that the side of the 
dodecahedron ts the irrational straight lene called apotome. 


Let ABCD, CBEF, two planes of the aforesaid cube at 
right angles to one another, be set out, 
let the sides 4B, BC, CD, DA, EF, EB, FC be bisected at 
G, H, K, L, M, N, O respectively, 
let GK, HL, MH, NO be joined, 
let the straight lines WP, PO, HQ be cut in extreme and 
mean ratio at the points A, S, 7 respectively, 
and let RP, PS, TQ be their greater segments ; 
from the points A, S, T let RU, SV, TW be set up at right 


— to the planes of the cube towards the outside of the 
cube, 


let them be made equal to £P, PS, TỌ, 
and let UB, BW, WC, CV, VU be joined. 





I say that the pentagon. UB WC is equilateral, and in 
one plane, and is further equiangular. 


For let RB, SB, VB be joined. 
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Then, since the straight line MP has been cut in extreme 
and mean ratio at A, 
and AP is the greater segment, 
therefore the squares on PN, NR are triple of the square 
on AP. (xin. 4] 

But PN is equal to NÐ, and PA to RU; 
therefore the squares on BN, NR are triple of the square 
on RU. 

But the square on AA is equal to the squares on BN, NR; 

[t. 47] 
therefore the square on BA is triple of the square on RU; 
hence the squares on BR, RU are quadruple of the square 
on RU. 

But the square on AU is equal to the squares on BR, RU; 
therefore the square on AU is quadruple of the square on RU; 
therefore BU is double of RU. 

But VU is also double of UR, 
inasmuch as SZ is also double of PR, that is, of RU; 
therefore BU is equal to UV. 

Similarly it can be proved that each of the straight lines 
BW, WC, CV is also equal to each of the straight lines 
BU, UV. 

Therefore the pentagon BUVCW is equilateral. 


I say next that it 1s also in one plane. 

For let PX be drawn from P parallel to each of the 
straight lines RU, SV and towards the outside of the cube, 
and let XH, HW be joined ; 

I say that .X /7W is a straight line. 

For, since /7Q has been cut in extreme and mean ratio at 
T, and QT is its greater segment, 
therefore, as HQ is to QT, so is OT to TH. 

But 77Q is equal to ÆP, and QT to each of the straight 
lines TW, PX ; 
therefore, as ÆP is to PX, so is WT to TH. 

-~ And ÆP is parallel to TW, 
for each of them is at right angles to the plane BD; [xı. 6) 
and TH is parallel to PX, 
for each of them is at right angles to the plane BF. ^ [i2] 
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But if two triangles, as XPH, HTW, which have two 
sides proportional to two sides be placed together at one 
angle so that their corresponding sides are also parallel, 


the remaining straight lines will be in a straight line; (vi. 32] 
therefore X 77 is in a straight line with Æ W. 

But every straight line is in one plane ; [xi. 1] 
therefore the pentagon UB WCYV is in one plane. 


I say next that it is also equiangular. 

For, since the straight line WP has been cut in extreme 
and mean ratio at A, and PA is the greater segment, 
while PA is equal to 2S, 


therefore VS has also been cut in extreme and mean ratio 
at P, 


and VP is the greater segment ; [xi 5] 
therefore the squares on WS, SP are triple of the square 
on NP. [xi. 4] 


But VP is equal to VB, and PS to SV; 


therefore the squares on VS, SV are triple of the square 
on VB; 


hence the squares on VS, SN, NB are quadruple of the square 
on VB, 


But the square on SB is equal to the squares on SV, NB; 


therefore the squares on BS, SV, that is, the square on BV 
—for the angle VSB is right—is quadruple of the square 
on VB; 


therefore VB is double of BN. 
But AC is also double of BN; 
therefore BV is equal to BC. 


And, since the two sides BU, Ul are equal to the two 
sides BW, WC, 


and the base AV is equal to the base BC, 
therefore the angle BU V is equal to the angle BWC. [1.8] 


Similarly we can prove that the angle UVC is also equal 
to the angle BWC ; 


therefore the three angles BWC, BUV, UVC are equal to 
one another. 
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But if in an equilateral pentagon three angles are equal to 
one another, the pentagon will be equiangular, [xur. 7] 
therefore the pentagon BUVC W is equiangular. 

And it was also proved equilateral ; 
therefore the pentagon BUVCW is equilateral and equi- 
angular, and it is on one side BC of the cube. 

Therefore, if we make the same construction in the case 
of each of the twelve sides of the cube, 

a solid figure will have been constructed which is contained 
by twelve equilateral and equiangular pentagons, and which ts 
called a dodecahedron. 


It is then required to comprehend it in the given sphere, 
and to prove that the side of the dodecahedron is the irrational 
straight line called apotome. 

For let XP be produced, and let the produced straight 
line be XZ; 
therefore PZ meets the diameter of the cube, and they bisect 
one another, 
for this has been proved in the last theorem but one of the 
eleventh book. [xi. 38] 

Let them cut at Z; 
therefore Z is the centre of the sphere which comprehends 
the cube, 
and ZP is half of the side of the cube. 

Let UZ be joined. 

Now, since the straight line WS has been cut in extreme 
and mean ratio at P, 
and VF is its greater segment, 
therefore the squares on VS, SP are triple of the square 
on NP. [xnr. 4) 

But WS is equal to XZ, 
inasmuch as VP is also equal to PZ, and XP to PS. 

But further PS is also equal to XU, 
since it is also equal to RP; 


therefore the squares on ZX, XU are triple of the square 
on NP. 


But the square on UZ is equal to the squares on ZX, XU; 
therefore the square on UZ is triple of the square on VP. 
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But the square on the radius of the sphere which compre- 
hends the cube is also triple of the square on the half of the 
side of the cube, 


for it has previously been shown how to construct a cube and 
comprehend it in a sphere, and to prove that the square on 
the diameter of the sphere is triple of the square on the side 
of the cube. (xin. 15] 


But, if whole is so related to whole, so is half to half also; 
and AP is half of the side of the cube ; 


therefore UZ is equal to the radius of the sphere which com- 
prehends the cube. 


And Z is the centre of the sphere which comprehends the 
cube ; 


therefore the point U is on the surface of the sphere. 


Similarly we can prove that each of the remaining angles 
of the dodecahedron is also on the surface of the sphere ; 


therefore the dodecahedron has been comprehended in the 
given sphere. 


I say next that the side of the dodecahedron is the irrational 
straight line called apotome. 

For since, when VP has been cut in extreme and mean 
ratio, AP is the greater segment, 


and, when PO has been cut in extreme and mean ratio, PS 
is the greater segment, 


therefore, when the whole AO is cut in extreme and mean 
ratio, AS is the greater segment. 


(Thus, since, as VP is to PR, so is PR to RN, 
the same is true of the doubles also, 
for parts have the same ratio as their equimultiples; (v. 15] 
therefore as VO is to RS, so is RS to the sum of VR, SO. 
But VO is greater than 2S; 
therefore AS is also greater than the sum of VR, SO; 
therefore VO has been cut in extreme and mean ratio, 
and RS is its greater segment. ] 
But XS is equal to UV; 


therefore, when VO is cut in extreme and mean ratio, UV is 
the greater segment. 
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And, since the diameter of the sphere is rational, 


and the square on it is triple of the square on the side of the 
cube, 


therefore MO, being a side of the cube, is rational. 


[But if a rational line be cut in extreme and mean ratio, 
each of the segments is an irrational apotome. | 

Therefore UV, being a side of the dodecahedron, is an 
irrational apotome. (xir. 6] 


Porism. From this it is manifest that, when the side of 
the cube is cut in extreme and mean ratio, the greater segment 
is the side of the dodecahedron. 

Q. E. D. 


In this proposition we find Euclid using two propositions which precede 
but are used nowhere else, notably v1. 32, which some authors, in consequence 
of their having overlooked its use here, have been hard put to it to explain. 

Euclid's construction in this case is really identical with that given by 
Mr H. M. Taylor, and also referred to by Henrici and Treutlein under “‘ crystal- 
formation." 

Euclid starts from the cube inscribed in a sphere, as in XIII. 15, and then 
finds the side of the regular pentagon in which the side of the cube is a 
diagonal. | 

Mr Taylor takes / to be the diagonal of a regular pentagon of side a, 
so that, by Ptolemy’s theorem, 

P=al+ a’, 
constructs a cube of wnich / is the edge, and gets the side of the pentagon 
by drawing ZX from Z, the centre of the cube, perpendicular to the face BF 
and equal to 4(/+ a), then drawing UV through X parallel to BC, and 
making UX, XV both equal to $a. 

Euclid finds UV thus. 

Draw NO, AZ bisecting pairs of opposite sides in the square BF and 
meeting in P. 

Draw GX, AZ bisecting pairs of opposite sides in the square BD and 
meeting in Q. 

Divide PN, PO, QH respectively in extreme and mean ratio at R, S, 7 
(PR, PS, QT being the greater segments); draw RU, SV, TW outwards 
perpendicular to the respective faces of the cube, and all equal in length 
to PR, PS, TQ. 

Join BU, UV, VC, CW, WB. 

Then BUVCW is one of the pentagonal faces of the dodecahedron ; 
and the others can be constructed in the same way. 


Euclid now proves 

(1) that the pentagon BUVC W is equilateral, 
(2) that it is in one plane, 

(3) that it is equiangular, 
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(4) that the vertex U is on the sphere which circumscribes the cube, and 
hence 

(5) that all the other vertices lie on the same sphere, 
and (6) that the side of the dodecahedron is an apotome. 


(1) To prove that the pentagon BUVCW is equilateral. 
We have BU*= BR + RU? 
= (BN? + NR’) + RP? 
= (PN? + NR) + RP? 
= 3RP? + RP? [xiii. 4)] 
= 4R P’ 
= UV.. 
Therefore BU = UV. 





Similarly it may be proved that BW, WC, CV are all equal to UV 
or BU. 
Mr Taylor proceeds in this way. With his notation, the projections of 
BU on BA, BC, BE are respectively 4a, 3 (/ - a), 4. 
Therefore BU'-zisa!'«l(-af«H^ 
- d *-2 a!) 


Similarly for BW, WC etc.] 


(2) To prove that the pentagon BUVC W is tn one plane. 
Draw PX parallel to RU or SV meeting OV in X. 
Join XH, HW. 
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Then we have to prove that XH, HW are in one straight line. 

Now HP, WT, being both perpendicular to the face SD, are parallel. 
For the same reason XP, 777 are parallel. 

Also, since QH is divided at T in extreme and mean ratio, 


QH: QT=QT: TH. 
And QH = HP, QT= WT= PX. 
Therefore HP : PX = WT : TH. 


Consequently the triangles HPX, WTH satisfy the conditions of Vi. 32; 
hence XÆW is a straight line. 
(Mr Taylor proves this as follows : 


The projections of WH, WX on BE are $a and 4 (a + 2), 
and the projections of WH, WX on BA are 4$ (/ — a) and 4; 
and a:(a*/)-(/7-a):/, 
since aj -P-—a. 

Therefore WAX is a straight line. } 


(3) To prove that the pentagon BUVC W is equiangular. 


We have BV*=BS*+ SV? 
=(BN*+ NS’) + SP? 
= PN*+(NS* + SP") 
= PN* +3 PN’, 
since VS is divided in extreme and mean ratio at [x11 5], so that 
NS? + SP? = 3PN* (xur. 4] 
Consequently BV*-4PN* 
= BC, 
or BV = BC. 
The As UBV, WBC are therefore equal in all respects, 
and L BUV = L BWC. 
Similarly 4 CVU = L BWC. 
Therefore the pentagon is eguiangular. (xu. 7) 


(4) To prove that the sphere which circumscribes the cube also circum- 

scribes the dodecahedron we have only to prove that, if Z be the centre of 
the sphere, ZU = ZB, for example. 

Now, by x1. 38, XP produced meets the diagonal of the cube, and the 
portion of X produced which is within the cube and the diagonal bisect 
one another. 


And ZU zZX*4 XU? 
= NS? + PS? 
=3PN’*, 
as before. 
Also (cf. xii. 15) 
ZB = ZP + PR 
= ZP’ + PN? + NB 
= 3 PN". 
Hence ZU -= ZB. 


(5) Similarly for ZV, ZW etc. 
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(6) Since P is divided in extreme and mean ratio at A, 
NP: PR=PR: RN. 
Doubling the terms, we have 
NO: RS=RS: (NR + SO), 

so that, if VO is divided in extreme and mean ratio, the greater segment 
is equal to RS. 

Now, since the diameter of the sphere is rational, 
and (diam. of sphere)! - 3 (edge of cube), 
the edge of the cube (i.e. VQ) is rational. 

Consequently S is an apotome. 

[This is proved in the spurious x11. 6 above; Euclid assumes it, and the 
words purporting to quote the theorem are probably interpolated, like xin. 6 


itself.] 
As a matter of fact, with Mr Taylor's notation, 
P= la + aè, 


Since, if 7 is the radius of the circumscribing sphere, 7 = 4/3. 


o=— 5 t)=2 (15 — V3) 
Pappus’ solution. 


Here too Pappus (111. pp. 156—162) finds four circular sections of the 
sphere all parallel to one another and all passing through five of the vertices 
of the dodecahedron. 

Analysis. 

Suppose (he says) the problem solved, and let the vertices of the 
dodecahedron be 4, B, C, D E; F G H, EL; M, N, 0O, P,Q; 
R, S, T, U, V. 

Theh, as before, E is parallel to FZ, and 4Z to FG ; therefore the 
planes 4BCDE, FG HKL are parallel. 

But, since PA is parallel to BH, and BH to OC, PA is parallel to OC; 
and they are equal; therefore PO, AC are parallel, so that .$7, ED are also 

lel 


el. 

Similarly RS, DC are parallel, and likewise the pairs (TU, E&A), 
(UV, AB), (VR, BC). 

Therefore the planes 4BCDE, RSTUV are parallel; and the circles 
ABCDE, RSTUV are equal, since the inscribed pentagons are equal. 

Similarly the circles FGHKL, MNOPQ are equal, since the pentagons 
inscribed in them are equal. 

Now CZ, OU are parallel because each is parallel to KV; 
therefore Z, C, O, U are in one plane. 

And ZC, CO, OU, UL are all equal, since they subtend angles of equal 
pentagons. 

Also Z, C, O, U are on a plane section, i.e. a circle ; 
therefore ZCOU is a square. 

Therefore OP =2LC?=2LF? 
(for LC, LF subtend angles of equal pentagons). 
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And the angle OZF is right; for PO, ZF are equal and parallel chords 
in two * and parallel circular sections of a.sphere [Pappus’ lemma, p. 138, 
20—26]. 

Therefore OF? = OL + FL? = 3FL’. [from above] 

And OF is a diameter of the sphere; for PO, FZ are on opposite sides 
of the centres of the circles in which they are [Pappus' lemma, pp. 136—8]. 





Now suppose 2, 4, 4 to be the sides of an equilateral pentagon, triangle 
and hexagon in the circle FG ZKZ, d the diameter of the sphere. 


Then d: FL=,/3:1 [from above} 
=: h; [Eucl. xır. 12] 
and it follows alternando (since FL = p) that 
d:t-p:AÀ. 


Now let 4", 7', X be the sides of a regular decagon, pentagon and hexagon 
respectively inscribed in amy one circle. 
Since, if FZ be divided in extreme and mean ratio, the greater segment is 
equal to .E D, (xir. 8] 
FL: ED-A :d'. (vr. Def. 3, xin. 9] 
And FL : ED is the ratio of the sides of the regular pentagons inscribed 
in the circles FGZZKZ, 4BCDE, and is therefore equal to the ratio of the 
sides of the equilateral triangles inscribed in the same circles. 


Therefore t : (side of A in ABCDE) = X : a’. 
But d:t=p:h 
=p: kh; 


therefore, ex aeguali, d : (side of ^ in ABCDE) = f : 2. 

Now d is given; 
therefore the sides of the equilateral triangles inscribed in the circles 48 CDE, 
FG HKL respectively are given, whence the radii of those circles are also 
given. 
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Thus the two circles are given, and so accordingly are the equal and 
parallel circular sections. 
Synthesis. 


Set out two straight lines x, y such that 4, x, y are in the ratio of the sides 
of a regular pentagon, hexagon and decagon respectively inscribed in one and 
the same circle. 

Find two circular sections of the sphere with radii 7, 7’, where 

Paha, ratty’ 

Let these be the circles FGHKL, ABCDE respectively, and draw the 
equal and parallel circles on the other side of the centre, namely MNOPQ, 
ARSTUV. 

In the first two circles inscribe regular pentagons with their sides respec- 
tively parallel, ED being parallel to FZ. 

Draw equal and parallel chords (on the other sides of the centres) in the 
other two circles, namely .$7' equal and parallel to ED, and PO equal and 
parallel to FZ ; and complete the regular pentagons on .$7, PO inscribed in 
the circles. 

Thus all the vertices of the dodecahedron are determined. 

The proof of the correctness of the construction is clear from the analysis. 

Pappus adds that the construction shows that the circles containing five 
vertices of the dodecahedron are the same respectively as those containing 
three vertices of the icosahedron, and that the same circle circumscribes the 
triangle of the icosahedron and the pentagonal face of the dodecahedron in 
the same sphere. 


PROPOSITION 18. 


To set out the sides of the five figures and to compare them 
with one another. 


Let AB, the diameter of the given sphere, be set out, 


and let it be cut at C so that 
AC is equal to CZ, and at D 
so that 74 D is double of D7 ; 


let the semicircle 447 be de- 
scribed on AB, 


from C, D let CE, DF be drawn 
at right angles to AB, 


and let AF, FB, EB be joined. 


Then, since AD is double 
of DB, 


therefore 4B is triple of 52D. A K oO DL B 
Convertendo, therefore, BA is one and a half times 4D. 


G 
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But, as BA is to AD, so is the square on BA to the 
square on AF, [v. Def. 9, vi. 8] 
for the triangle AFB is equiangular with the triangle 47D; 
therefore the square on BA is one and a half times the square 
on AF, 

But the square on the diameter of the sphere is also one 
and a half times the square on the side of the pyramid. 


[xur. 13] 
And 4B is the diameter of the sphere ; 


therefore AF is equal to the side of the pyramid. 


Again, since 4D is double of DB, 
therefore 4 B is triple of BD. 
But, as 4B is to BD, so is the square on 4B to the square 
on BF; (v1. 8, v. Def. 9} 
therefore the square on 747 is triple of the square on BF. 
But the square on the diameter of the sphere is also triple 
of the square on the side of the cube. (xin. 15] 
And AB is the diameter of the sphere ; 
therefore BF is the side of the cube. 


And, since AC is equal to CA, 
therefore 74 P is double of BC. 
But, as A B is to BC, so is the square on 48 to the square 
on BE; 
therefore the square on 74 Z is double of the square on BE. 
But the square on the diameter of the sphere is also double 
of the square on the side of the octahedron. (xu. 14] 
And AB is the diameter of the given sphere; 
therefore BZ is the side of the octahedron. 


Next, let 4G be drawn from the point 4 at right angles 
to the straight line 4B, 
let AG be made equal to 4B, 
let GC be joined, 
and from Æ let 77K be drawn perpendicular to 4B. 
Then, since GA is double of AC, 
for GA is equal to 4B, 
and, as GA is to AC, so is HK to KC, 
therefore 77K is also double of KC. 
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Therefore the square on Æ is quadruple of the square 
on KC; 


therefore the squares on AK, KC, that is, the square on ÆC, 
is five times the square on KC. 
But HC is equal to CB; 
therefore the square on SC is five times the square on CK. 
And, since AB is double of CZ, 
and, in them, 4J is double of DB, 
therefore the remainder BD is double of the remainder DC. 
Therefore AC is triple of CD ; 
therefore the square on BC is nine times the square on CD. 
But the square on BC is five times the square on CK ; 
therefore the square on CX is greater than the square on CD; 
therefore CX is greater than CD. 
Let CZ be made equal to CA, 
from Z let LM be drawn at right angles to 4B, 
and let MB be joined. 
Now, since the square on BC is five times the square 
on CK, 
and AB is double of BC, and XZ double of CK, 
therefore the square on 74 Z is five times the square on KZ. 
But the square on the diameter of the sphere is also five 
times the square on the radius of the circle from which the 
icosahedron has been described. [xirr. 16, Por.) 
And AB is the diameter of the sphere ; 
therefore KZ is the radius of the circle from which the icosa- 
hedron has been described ; 
therefore XZ is a side of the hexagon in the said circle. 
(iv. 15, Por.] 
And, since the diameter of the sphere is made up of the 
side of the hexagon and two of the sides of the decagon 
inscribed in the same circle, (xui. 16, Por.] 
and AZ is the diameter of the sphere, 
while AZ is a side of the hexagon, 
and AX is equal to ZB, 
therefore each of the straight lines 4X, LB is a side of the 


decagon inscribed in the circle from which the icosahedron 
has been described. 
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And, since ZLB belongs to a decagon, and MZ to a 
hexagon,, 
for ML is equal to KZ, since it is also equal to HX, being 
the same distance from the centre, and each of the straight 
lines AK, KZ is double of AC, 


therefore MB belongs to a pentagon. (xii. 19] 
But the side of the pentagon is the side of the icosa- 
hedron ; (XIU. 16] 


therefore 772 belongs to the icosahedron. 


‘Now, since FB is a side of the cube, 
let it be cut in extreme and mean ratio at JV, 
and let VB be the greater segment ; 
therefore VB is a side of the dodecahedron. [xitt. 17, Por.] 


And, since the square on the diameter of the sphere was 
proved to be one and a half times the square on the side 4F 
of the pyramid, double of the square on the side BE of the 
octahedron and triple of the side A of the cube, 
therefore, of parts of which the square on the diameter of the 
sphere contains six, the square on the side of the pyramid 
contains four, the square on the side of the octahedron three, 
and the square on the side of the cube two. 

Therefore the square on the side of the pyramid is four- 
thirds of the square on the side of the octahedron, and double 
of the square on the side of the cube ; 
and the square on the side of the octahedron is one and a half 
times the square on the side of the cube. 

The said sides, therefore, of the three figures, I mean the 
pyramid, the octahedron and the cube, are to one another in 
rational ratios. 

But the remaining two, I mean the side of the icosa- 
hedron and the side of the dodecahedron, are not in rational 
ratios either to one another or to the aforesaid sides ; 
for they are irrational, the one being minor (xui. 16) and the. 
other an apotome (xin. 17]. 

That the side MB of the icosahedron is greater than the 
side MB of the dodecahedron we can prove thus. 

For, since the triangle FDB is equiangular with the 
triangle 7745, [vi. 8] 
proportionally, as DB is to JF, sois BF to BA. [vi. 4] 
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And, since the three straight lines are proportional, 
as the first is to the third, so is the square on the first to the 
square on the second ; [V. Def. 9, vt. 2o, Por.] 
therefore, as DZ is to BA, so is the square on DP to the 
square on BF; 
therefore, inversely, as 4B is to BD, so is the square on FB 
to the square on BD. - 
But AZ is triple of BD; 
therefore the square on FP is triple of the square on BD. 
But the square on AD is also quadruple of the square 
on DB, 
for AD is double of D&B; 
therefore the square on 74 D is greater than the square on FB; 
therefore AD is greater than F7; | 
therefore 4 Z is by far greater than FZ. 
And, when AZ is cut in extreme and mean ratio, 
KL is the greater segment, 
inasmuch as LX belongs to a hexagon, and KA to a decagon; 
(xur. 9] 
and, when P7 is cut in extreme and mean ratio, WB is the 
greater segment ; 
therefore AZ is greater than VA. 
But KZ is equal to LM; 
therefore LM is greater than NB. 
Therefore MB, which is a side of the icosahedron, is by 


far greater than VB which is a side of the dodecahedron. 
Q. E. D 


I say next that xo other figure, besides the said five figures, 
can be constructed which ts contained by equilateral and equt- 
angular figures equal to one another. 

For a solid angle cannot be constructed with two triangles, 
or indeed planes. 

With three triangles the angle of the pyramid is constructed, 
with four the angle of the octahedron, and with five the angle 
of the icosahedron ; 


but a solid angle cannot be formed by six equilateral and equi- 
angular triangles placed together at one point, 
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for, the angle of the equilateral triangle being two-thirds of a 

right angle, the six will be equal to four right angles : 

which is impossible, for any solid angle is contained by angles 

less than four right angles. (x1. ar] 
For the same reason, neither can a solid angle be con- 

structed by more than six plane angles. 


By three squares the angle of the cube is contained, but 
by four it is impossible for a solid angle to be contained, 
for they will again be four right angles. 

By three equilateral and equiangular pentagons the angle 
of the dodecahedron is contained ; 
but by four such it is impossible for any solid angle to be 
contained, 
for, the angle of the equilateral pentagon being a right angle 
and a fifth, the four angles will be greater than four right 
angles : 
which is impossible. 


Neither again will a solid angle be contained by other 
polygonal figures by reason of the same absurdity. 
Therefore etc. 
Q. E. D. 


LEMMA. 


But that the angle of the equilateral and equiangular 
pentagon ts a right angle and a fifth we must prove thus. 


Let ABCDE be an equilateral and  equiangular 
pentagon, A 
let the circle ABCDE be cir- 
cumscribed about it, 
let its centre F be taken, E 
and let FA, FB, FC, FD, FE 
be joined. 

Therefore they bisect the 
angles of the pentagon at 4, 

B, C, D, E. 

And, since the angles at F D 
are equal to four right angles A 
and are equal, 


xii. 18] PROPOSITION 18 509 


therefore one of them, as the angle AFB, is one right angle 
less a fifth ; 
therefore the remaining angles FAB, ABF consist of one 
right angle and a fifth. 

But the angle FAB is equal to the angle FBC; 
therefore the whole angle ABC of the pentagon consists of 
one right angle and a fifth. 

Q. E. D. 


We have seen in the preceding notes that, if » be the radius of the sphere 
circumscribing the five solid figures, 


(edge of tetrahedron) = 3 ./6. 7, 
(edge of octahedron) = ,/2. », 
(edge of cube) = § ./3.7, 


(edge of icosahedron) = : NETTI 5—45) 
(edge of dodecahedron) = ; 15 — J3). 


Euclid here exhibits the edges of all the five regular solids in one figure. 
(1) Make AD equal to 227. 


Thus BA-$4D, 
and BA:A4AD-2 BA! : AF? ; 
therefore BA* = 2 AF*. 
Thus AF= 2 .ar= 5/6. 7 = (edge of tetrahedron). 
(2) AB! : BF'-AB: BD 
23:1. 
Therefore BF* =} AB’, 
2 2 
or BF=—.r=- 7 = (edge of cube). 
J1 03 Vire (ne of ode) 
(3) AB =2BE*. 
Therefore BE = ,/2. 7 = (edge of octahedron). 


(4) Draw AG perpendicular and equal to 48. Join GC, meeting the 
semicircle in 4, and draw AX perpendicular to AB. 


Then GA=2AC; 
therefore, by similar triangles, AK = 2XC. 
Hence HK? = ,KC*, 
and therefore SKC? = HK? + KC? 
= HC? 
= CB. 
Again, since AB=2CB, and 4D - 2DB, 
by subtraction, BD -23DC, 


or BC» 3DC. 
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Therefore 9DC? » BC? 
-5KEC* 
Hence KC > CD. 
Make CZ equal to KC, draw LM at right angles to AJ, and join 
AM, MB. 


Since CB = 5 KC*%, 
AB =s XL’. 
It follows that XZ (= s/§.7) is the radius of, or the side of the regular 


hexagon in, the circle containing the pentagonal sections of the I 
xui. 16] 


And, since 


2r — (side of hexagon) + 2 (side of decagon in same circle) 
(xm. 16, Por.) 


AK = LB = (side of decagon in the said circle). 


But LM = HK = KL = (side of hexagon in circle). 
Therefore LM? + LB’ (= BM?) = (side of pentagon in circle} — [xur. 10] 
= (edge of icosahedron)’, 
and BM = (edge of icosahedron). 
[More shortly, HK = 2KC, 
whence HK? - 4KC*, 
and | sKC?^-2 HC* - £5. 
Also AK-r- CK» r(1- =): 
Js) 
Thus BM = HK*+ AK* 
gapn(1--1 ) 
=- + I=- -— 
( AS 
E (= a —) 
5 X5 
p 
= 5 (10 — 24/5), 
and BM= : to (s — J5) = (edge of icosahedron).] 


(5) Cut BE (the edge of the cube) in extreme and mean ratio at V. 
Then, if BV be the greater segment, 

BN = (edge of dodecahedron). (xin. 17] 
[Solving, we obtain 


an=“S—*. Br 





ASI. , 
| 2 'd3 
= 5 (Wis - 3) 


= (edge of dodecahedron). | 
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(6) If £, o, c are the edges of the tetrahedron, octahedron and cube 
respectively, 
47 = 32? = 207 = 32. 
If each of these equals is put equal to X, 


47 - X, 

P=2.X, 

o -j.X, 

C=4.X, 
whence 4: P:P: C=6:4:3:2, 


and the ratios between 27, /, o, c are all rational (in Euclid’s sense). 

The ratios between these and the edges of the icosahedron and the 
dodecahedron are trrational. 

(7) To prove that 

(edge of icosahedron) > (edge of dodecahedron), 

Le. that MB > NB. 

By similar As FDB, AFB, 

DB : BF= BF: BA, 


or DB : BA = DP : BF’. 
But 3DB- BA; 
therefore BF’ = 3 DD". 
By hypothesis, AD =4DB'; 
therefore AD» BF, 
and, a fortiori, AL > BF. 


Now LX is the side of a hexagon, and AX the side of a decagon in the 
same circle ; 


therefore, when AZ is divided in extreme and mean ratio, XZ is the greater 
segment. 


And,-when BZ is divided in extreme and mean ratio, BW is the greater 
segment. 
Therefore, since AL> BF, 


KL > BN, 
or LM» BN. 
And therefore, a fortiori, MB > BN. 


APPENDIX. 


I. THE CONTENTS OF THE SO-CALLED BOOK XIV. 
BY HYPSICLES. 


This supplement to Euclid's Book xit. is worth reproducing for the sake 
not only of the additional theorems proved in it but of the historical notices 
contained in the preface and in one or two later passages. Where I translate 
literally from the Greek text, I shall use inverted commas; except in such 
passages I reproduce the contents in briefer form. 

I have already quoted from the Preface (Vol. t. pp. 5—6), but I will 
repeat it here. 


* Basilides of Tyre, O Protarchus, when he came to Alexandria and met 
my father, spent the greater part of his sojourn with him on account of the 
bond between them due to their common interest in mathematics. And on 
one occasion, when looking into the tract written by Apollonius about the 
comparison of the dodecahedron and icosahedron inscribed in one and the 
same sphere, that is to say, on the question what ratio they bear to one 
another, they came to the conclusion that Apollonius' treatment of it in this 
book was not correct; accordingly, as I understood from my father, they 
proceeded to amend and rewrite it. But I myself afterwards came across 
another book published by Apollonius, containing a demonstration of the 
matter in question, and I was greatly attracted by his investigation of the 
problem. Now the book published by Apollonius is accessible to all; for it 
has a large circulation in a form which seems to have been the result of later 
careful elaboration. 

“For my part, I determined to dedicate to you what I deem to be 
necessary by way of commentary, partly because you will be able, by reason 
of your proficiency in all mathematics and particularly in geometry, to pass an 
expert judgment upon what I am about to write, and partly because, on 
account of your intimacy with my father and your friendly feeling towards 
myself, you will lend a kindly ear to my disquisition. But it is time to have 
done with the preamble and to begin my treatise itself. 


[Prop. 1.] “The perpendicular drawn from the centre of any circle to the 
side of the pentagon inscribed in the same circle is half the sum of the side of the 
hexagon and of the side of the decagon inscribed in the same circle.” 
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Let ABC be a circle, and BC the side of the inscribed regular pentagon. 

Take D the centre of the circle, draw DÆ from D perpendicular to BC, 
and produce DE both ways to meet the circle in Æ 4. 

I say that DE is half the sum of the side of the hexagon and of the side 
of the decagon inscribed in the same circle. 

Let DC, CF be joined; make GE equal to EZ, and join GC. 

Since the circumference of the circle is five 


times the arc BFC, A 
and half the circumference of the circle is the arc 
ACF, 


while the arc FC is half the arc BFC, 

therefore (arc ACF) = 5 (arc FC) 

or (arc AC) = 4(arc CF). 
Hence LADC=4 L CDF, 

and therefore cAFC=2 |L CDF. 
Thus + CGF=4L AFC=2 | CDF; 

therefore (1. 32} 4 CDG = 4 DCG, 





so that DG=GC=CF. 
And GE= EF; 

therefore DE=EF + FC. 
Add DE to each ; 

therefore aDE = DF + FC. 


And DF is the side of the regular hexagon, and FC the side of the regular 
decagon, inscribed in the same circle. 
Therefore etc. 





“Next it is manifest from the theorem [12] in Book xi. that the perpen- 
dicular drawn from the centre of the circle to the side of. fhe equilateral triangle 
[inscribed in it] is half of the radius of the circle. 


(Prop. 2.) “The same circle circumscribes both the pentagon of the dodeca- 
hedron and the triangle of the icosahedron inscribed in the same sphere. 


“This is proved by Aristaeus in his work entitled Comparison of the five 
figures. But Apollonius proves in the second edition of his comparison of the 
dodecahedron with the icosahedron that, as the surface of the dodecahedron 
is to the surface of the icosahedron, so also is the dodecahedron itself to the 
icosahedron, because the perpendicular from the centre of the sphere to the 
pentagon of the dodecahedron and to the triangle of the icosahedron is the 
same. 

‘But it is right that I too should prove that 


[Prop. 2] Zhe same circle circumscribes both the pentagon of the dodecahedron 
and the triangle of the tcosahedron inscribed in the same sphere. 


* For this I need the following 
Lemma. 


* Jf an equilateral and equiangular pentagon be inscribed in a circle, the sum 
of the squares on the straight line subtending two sides and on the side of the 
pentagon ts five times the square on the radius.” 
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Let ABC be a circle, AC the side of the pentagon, D the centre ; 
draw DF perpendicular to AC and produce it to 
B,E; B 
join A B, AE. 
I say that 
BA! AC  5DE. 
For, since ZE - 2ED, 


BE = 4ED. 
And BE? = BA’+ AE; 
therefore BA: + AE + ED = 5sED. 
But AC? = DE*+ EA’; 
(Eucl. x11. 10] n — 


therefore BA? + AC* =5 DE". 


“This being proved, it is required to prove that the same circle circum- 
scribes both the pentagon of the dodecahedron and the triangle of the 
icosahedron inscribed in the same sphere.” 

Let AB be the diameter of the sphere, and let a dodecahedron and an 
icosahedron be inscribed. 


c A 8 K 


Let CDEFG be one pentagon of the dodecahedron, and XZH one 
triangle of the icosahedron. 
I say that the radii of the circles circumscribing them are equal. 
Join DG ; then DG is the side of a cube inscribed in the sphere. 
l Eucl. xir. 17] 
Take a straight line 7M such that 43? = 5AN*. 
Now the square on the diameter of the sphere is five times the square on 
the radius of the circle from which the icosahedron is described. 
(xrm. 16, Por.] 
Therefore ALN is equal to the radius of the circle passing through the five 
vertices of the icosahedron which form a pentagon. 
Cut MN in extreme and mean ratio at O, MO being the greater segment. 
Therefore MO is the side of the decagon in the circle with radius MN. 
[xrit. 9 and 5, converse] 
Now sMN’ = AB: = 3DE. (xi. 15] 
But 3D : 3C = 5M N? : sMO 
(since, if DG is cut in extreme and mean ratio, the greater segment is equal 
to CG, and, if two straight lines are cut- in extreme and mean ratio, their 
segments are in the same ratio : see lemma later, pp. 518—9). 
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And 5MO! - 5S MAN? - s KZ. 
[This follows from x11. 10, since KZ is, by the construction of x11. 16, the 
side of the regular pentagon in the circle with radius equal to ACV, that is, the 
circle in which AN is the side of the inscribed hexagon and AZO the side of 
the inscribed decagon. } 


Therefore SKL’ = 3C + 3 DC. 
But SAL? = 15 (radius of circle about XZ)’, (xur. 12] 
and 3DG' * 3CG! - 15 (radius of circle about COEFGY). 
(Lemma above] 
Therefore the radii of the two circles are equal. 
Q. E. D. 


[Prop. 3.] “If there be an equilateral and equiangular pentagon and a 
circle circumscribed about it, and if a perpendicular be drawn from the centre to 
one side, then 

30 times the rectangle contained by the side and the perpendicular is equal to 
the surface of the dodecahedron.” 


Let ABCDE be the pentagon, FJ the centre of the circle, FG the 
perpendicular on a side CD. 
I say that A 
30CD . FG = 12 (area of pentagon). 
Let C£, FD be joined. 
Then, since 
CD.FG=2(ACDF), 
5CD. FG =10(ACDF), 
whence 30CD. FG = 12 (area of pentagon). G D 
Similarly we can prove that, 
[Prop. 4] Z/ ABC de an equilateral triangle in a 
circle, D the centre, and DE perpendicular to BC, 
30BC . DE = (surface of icosahedron). 
For DE.BC=2(ADBC); 
therefore 3DE. BC-6(^DBC) 


c CN p 
whence 39DE . BC« 30(^ ABC). B xe de 


It follows that [Prop. 5] 
(surface of dodecahedron) : (surface of icosahedron) 
= (side of pentagon) . (its perpendicular) : (side of triangle) . (sts perp.). 


“This being clear, we have next to prove that, 


(Prop. 6] As the surface of the dodecahedron is to the surface of the icosahedron, 
so is the side of the cube to the side of the icosahedron.” 
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Let ABC be the circle circumscribing the pentagon of the dodecahedron 
and the triangle of the icosahedron, and let CD 
be the side of the triangle, AC that of the 
pentagon. 

Let Æ be the centre, and EF, EG perpen- 
diculars to CD, AC. 

Produce EG to meet the circle in B and 
join BC. D o 

Set out 77 equal to the side of the cube in- 
scribed in the same sphere. 

I say that 

(surface of dodecahedron) : (surface of icosahedron) 
=A: CD. 

For, since the sum of EZ, BC is divided at Z in extreme and mean ratio, 
and BE is the greater segment, (xm. 9] 
and EG =} (EB + BC), [Prop. 1] 
while EF- BE, [see p. $13 above] 
therefore, if EG is divided in extreme and mean ratio, the greater segment is 
equal to EF [that is to say, since EZ is the greater segment of EB + BC 
divided in extreme and mean ratio, 1E7 is the greater segment of 
3 (EB * BC) similarly divided]. 

But, if /7 is also divided in extreme and mean ratio, the greater segment 


H 


A B 


is equal to CA. l [xn 17, Por.] 
Therefore H:CA=EG: EF, 
or FE .H=CA.EG. 
And, since H:CD-FE.H:FE.CD, 
and FE.H-CA.EG, 
therefore H:CD=CA.EG:FE.CD 
= (surface of dodecahedron) : (surf. of icos.). 
[Prop. 5] 


Another proof of the same theorem. 

Preliminary. 

Let ABC be a circle and AB, AC sides of an inscribed regular pentagon. 

Join BC; take D the centre of the circle, join AD and produce it to 
meet the circle at Æ. Join BD. 

Let DF be made equal to 142, and CZ equal 
to 3 CG. 

I say that 

rect. AF, BH = (area of pentagon). 
For, since AD = 2DF 





AF=3AD. 
And, since GC = 3H, 
GC -3GH. 
Therefore FA: AD=CG: GA, 
so that AF. GH=AD. CG 


=AD. BG 
=2(AABD). 
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Therefore 
54F. GH= 10( 4A ABD) = 2 (area of pentagon). 
And GH=2HC; 
therefore 5A. HC = (area of pentagon), 
or AF. BH = (area of pentagon). 
Proof of theorem. 
This being clear, let the circle be set out which circumscribes the pentagon 


of the dodecahedron and the triangle of the icosahe- 
dron inscribed in the same sphere. A 


Let ABC be the circle, and 48, AC two sides of 
the pentagon ; join BC. V4. 


Take Æ the centre of the circle, join AZ and pB aS 
v EN 
NES 

— 





Let AE =2EG, KC=3CH. \ 
Through G draw DM at right angles to AF p 
meeting the circle at D, M ; 


DM is then the side of the inscribed equilateral F 
triangle. 


Join AD, AM, which are equal to DM. 

Now, since AG . BH = (area of pentagon), 
and AG . G D = (area of triangle), 
therefore BH : GD = (area of pentagon) : (area of triangle), 
and 128 : 20G D - (surface of dod.) : (surface of icos.). 

But 12BH=108C, since BH=5HC, and BC=6HC; 
and 20GD - 10DM ; 
therefore (surface of dodecahedron) : (surface of icosahedron) 

= (side of cube) : (side of icosahedron). 


produce it to Æ / 


* Next we have to prove that, 


| Prop. 7] 7f any straight line whatever he cut in extreme aud mean ratio, then, 
as ts (1) the straight line the square on which ts equal to the sum of the squares 
on the whole line and on the greater segment to (2) the straight line the square on 
which ts equal to the sum of the squares on the whole and on the lesser segment, 
so ts (3) the side of the cube to (4) the side of the icosahedron.” 


Let AHB be the circle circumscribing both the pentagon of the dodeca- 
hedron and the triangle of the icosahedron inscribed 
in the same sphere, C the centre of the circle, and A 
CB any radius divided at D in extreme and mean 
ratio, CD being the greater segment. 

CD is then the side of the decagon inscribed in 
the circle. [xiii. 9 and 5, converse] B 

Let Æ be the side of the icosahedron, Æ that of 
the dodecahedron, and G that of the cnbe, inscribed 
in the sphere. 

Then Æ, Fare the sides of the equilateral triangle 
and pentagon inscribed in the circle, and, if G is 
divided in extreme and mean ratio, the greater ^^^ 
segment is equal to Æ [xn 17; Por.) G~ 
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Thus E -3BC3 (xan. 12] 
and CB + BIP = 3CD*. (xi. 4] 
Therefore E : CE = (CB + BD) : C, 
or E : (CBP + BD) = CE: : CD 
- (GF. 


Therefore, alternately and inversely, 
C : P= F : (CE + BD). 
But F? = BC’ + CD’; for the square on the side of the pentagon is equal 


to the sum of the squares on the sides of the hexagon and decagon inscribed 
in the same circle. (xir. 10] 


Therefore G: B= (BC? + CD?) : (CE + BD), 
which is the result required. 


It has now to be proved that 
(Prop. 8) (Side of cube) : (side of icosahedron) 


= (content of dodecahedron) ; (content of icosahedron). 


Since equal circles circumscribe the pentagon of the dodecahedron and 
the triangle of the icosahedron inscribed in the same sphere, 


and in a sphere equal circular sections are equally distant from the centre, 


the perpendiculars from the centre of the sphere to the faces of the two solids 
are equal ; 


in other words, the pyramids with the centre as vertex and the pentagons of 
the dodecahedron and the triangles of the icosahedron respectively as bases 
are of equal height. 


Therefore the pyramids are to one another as their bases. 
Thus (12 pentagons) : (20 triangles) 
=(12 pyramids on pentagons) : (20 pyramids on triangles), 
or (surface of dodecahedron) : (surface of icosahedron) 


= (content of dod.) : (content of icos.). 
Therefore | 


(content of dodecahedron) : (content of icosahedron) 
= (side of cube) : (side of icosahedron). [Prop. 6] 
Lemma. 


Jf two straight lines be cut in extreme and mean ratio, the segments of both 
are in one and the same ratio. 


Let AB be cut in extreme and mean ratio at C, AC being the greater 
segment ; 


and let DZ be cut in extreme and mean ratio at Æ DÆ being the greater 
Segment. 


I say that 48: AC- DE: DF. A c 8 
Since AB.BC=AC", o F Ee 
and DE .EF= DF’, e m 


AB.BC:AC*-DE.EF: DF*, 
and 44B.BC: AC?! x 4DE. EF: DF. 
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Componendo, 
(44B.BC* AC?) : AC Z(4DE. EF- DF?) DF, 

or (AB+ BC): AC=(DE+ EF): DF’; [u. 8] 
therefore (AB + BC): AC=(DE + EF): DF. 

Componendo, 

(AB + BC+ 40): AC=(DE + EF + DA): DF, 

or 2AB:AC=2DE: DF; 
that is, AB: AC=DE: DF. 


Summary of results. 


_If AB be any straight line divided at C in extreme and mean ratio, 4C 
being the greater segment, and if we have a cube, a dodecahedron and an 
icosahedron inscribed in one and the same sphere, then : 


(1) (side of cube) : (side of icosahedron) = y (48 + AC?) : J (AB? + BC?) ; 


(2) (surface of dod.) : (surface of icos.) 
= (side of cube) : (side of icosahedron) ; 
(3) (content of dod.) : (content of icos.) 


z (surface of dod.) : (surface of icos.) ; 
and (4) (content of dodecahedron) : (content of icos.) 
za (AB AC’): J (AB + BC’). 


I. NOTE ON THE SO-CALLED “BOOK XV.” 


The second of the two Books added to the genuine thirteen is also 
supplementary to the discussion of the regular solids, but is much inferior 
to the first, ‘‘ Book xiv.” Its contents are of less interest and the exposition 
leaves much to be desired, being in some places obscure and in others 
actually inaccurate. It consists of three portions unequal in length. The 
first (Heiberg, Vol. v. pp. 40——48) shows how to inscribe certain of the 
regular solids in certain others, (a) a tetrahedron (“pyramid ”) in a cube, 
(6) an octahedron in a tetrahedron (“ pyramid ”), (¢) an octahedron in a cube, 
(d) a cube in an octahedron and (e) a dodecahedron in an icosahedron. 
The second portion (pp. 48—50) explains how to calculate the number of 
edges and the number of solid angles in the five solids respectively. The 
third (pp. 50—66) shows how to determine the angle of inclination between 
faces meeting in an edge of any one of the solids. The method is to con- 
struct an isosceles triangle with vertical angle equal to the said angle of 
inclination ; from the middle point of any edge two perpendiculars are drawn 
to it, one in each of the two faces intersecting in that edge ; these perpen- 
diculars (forming an angle which is the inclination of the two faces to one 
another) are used to determine the two equal sides of an isosceles triangle, 
and the base of the triangle is easily found from the known properties of the 
particular solid. The rules for drawing the respective isosceles triangles are 
first given all together in general terms (pp. 50—52) ; and the special interest 
of the passage consists in the fact that the rules are attributed to ** Isidorus 
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our great teacher.” This Isidorus is no doubt Isidorus of Miletus, the 
architect of the Church of St Sophia at Constantinople (about 532 A.D.), 
whose pupil Eutocius also’ was ; he is often referred to by Eutocius (Comm. 
on Archimedes) as &6 Magjoros pyyavexés ‘Io®wpos ypérepos Sidacxados. Thus 
the third portion of the Book at all events was written by a pupil of Isidorus 
in the sixth century. Kluge (De Euclidis elementorum libris gui feruntur XIV 
et XV, Leipzig, 1891) has closely examined the language and style of the 
three portions and conjectures that they may be the work of different authors; 
the first portion may, he thinks, date from the end of the third century (the 
time of Pappus), and the second portion too may be older than the third. 
Hultsch however (art. “ Eukleides ” in Pauly-Wissowa’s Real-Encyclopädie der 
classischen Altertumswissenschaft, 1907) does not think his arguments con- 
vincing. | 

It may be worth while to set out the particulars of Isidorus' rules for 
constructing isosceles triangles with vertical angles equal respectively to 
the angles of inclination between faces meeting in an edge of the several 
regular solids. A certain base is taken, and then with its extremities as 
centres and a certain other straight line as radius two circles are drawn; 
their point of intersection determines the vertex of the particular isosceles 
triangle. In the case of the cube the triangle is of course right-angled ; in 
the other cases the bases and the equal sides are as shown below. 


Equal sides of 





Base of tsosceles triangle isosceles triangle 
For the tetrahedron the side of a triangular face the perpendicular from the 
vertex of a triangular face 
to its base 
For the octahedron the diagonal of the square ditto 
on one side of a triangular 
face 
For the icosahedron the chord joining two non- ditto 
consecutive angular points 
of the regular pentagon on 


an edge (the “pentagon of 
the icosahedron ”’) 


For the dudecahedron the chord joining two non- | the perpendicular from the 
consecutive angular points middle point of the chord 
of a pentagonal face [BC joining two non-consecu- 
in the figure of Eucl. xiu. tive angular points of a 
17] face to the parallel side of 

that face [ZX in the figure 


of Eucl. xin. 17] 


GENERAL INDEX OF GREEK WORDS 
AND FORMS. 


[The references are to volumes and pages. ] 


dywnor, angle-less (figure) 1. 187 

addvarov: 7 els 7d a5. dwaywyh, 7 da Tov 45. 
Geits, Ñ els TÒ 48. dyouoa dwddectes 1. 136 

axcdoecdys, baró-/i&e 1. 188 

dxpos, extreine (of numbers in a series) 11. 
328, 367: (els) dxpov xal pdoow Adyow 
Teruel, to be cut in extreme and 
mean ratio" 1I. 189 

ddoyos, having no ratio, irrational 11. 117-8: 
a relative term, resting on assumption or 
convention (Pythagoreans) III. 1, rt: use 
of term restricted in Euclid 111. 12 

dufAcia (ywrla), obtuse (angle) 1. 181 

duBAvyorios, obtuse-angled 1. 187 

dwepys, indivisible 1. 41, 268 

dudixocdos (of curvilineal angles) 1. 178 

duplxupros (of curvilineal angles) 1. 178 

avaypdgew dwb, to describe on, contrasted 
with to construct (avorhoacba) 1. 348: 
peculiar use of active participle, al ta 
rerpdywva dvaypdgovoa = straight lines on 
which equal squares are described 1M. 13 

dvadoyla, proportion: definitions of, inter- 
polated 11. 119 

dyddoyor = dvd Nbyor, proportional or in pro- 
portion: used as indeclinable adj. and as 
adv. II, 129, 165: péon dyddoyor, mean 
proportional (of straight line) it. 129, 
similarly péoos áráNoyor of numbers II. 
295, 363 etc.: rplrn (rpiros) dáváňoyov, 
third proportional t1. 214, 407-8: rerápry 
(rérapros) ávdXoyor, fourth proportional 
11. 215, 409: é£fjs áráXoyor, in continued 
proportion Il. 346 

dyadudpevos (rówos), Treasury of Analysis, 
I. 8, 10, 11, 138 

árásar (Noyos), inverse (ratio), inversely t1. 
134 

áraeTpéjarr., convertendo, in proportions II. 
135: analogous use otherwise than in 
proportions 111. 164 

dvaorpogpn Abyou, “conversion” of a ratio II. 


135 
dvacrpogixés (species of locus) 1. 330 


drusdx«s dviodaes (cos, unequal by unequal 
by equal (of solid numbers) = scalene, 
og¢nvlaxos, apyxloxos or Bwploxos II. 290 

dvopoopeps, non-uniform 1. 40, 161-2 

dvopolws reraypyerww Taw Néyww (of perturbed 
proportion) in Archimedes 11. 136 

dvravalpeots, 7 avrn, definition of same ratio 
in Aristotle (dv@upalpeors Alexander) 11. 
120: terms explained 11. rar 

dyriwewovObra a x?para, reciprocal (—recipro- 
cally related) figures, interpolated def. of, 
II. 189 

dvriorpogy, conversion 1. 256-7: leading 
variety, ù mwporyounévyn or 7 Kuplws, shed. 

dvirapxros, non-existent I. 129 

diwy, axis II. 269 

ddporos, indeterminate: (of lines or curves) 
1. 160: (of problems) I. 129 

drauf, reduction 1. 1357 els rà. dóiraror 
I. 13 

dmwecpos, infinite: 7 éw’ dw. éxBaddoudvn of 
line or curve extending without limit and 
not '* forming a figure” 1. 160-1 : ér’ år. or 
els dw. adverbial I. 190: ¢x’ dw. divacpeto Oar 
I. 268: Aristotle on 7ò drepov 1. 232-4 

éniarys, breadthless: in definition of a line, 
pikos ámħurés, breadthless length I. 158: 
(of prime numbers) 11. 285 

awhous, simple : (of lines or curves) 1. 161-3: 
(of surfaces) 1. 170 

awddeées, proof (one of necessary divisions of 
a proposition) 1. 129, 130 

áxoxaracrarikós, recurrent. (—spherical), of 
numbers If. 291 

aworouy, apotome, a compound irrational, 
difference of two terms 11I. 7: defined itr. 
158-9: péons dworouh wporm (bevrépa), 
first (second) apotome of a medial (straight 
line) 111. 7, defined i11. 159-60 

GwrecOat, to meet, occasionally to Zouch 
(instead of épdwrecOat) 1. 57, 1. 2: also 
=to pass through, to lie on 11. 79 

dpcOuos, number, definitions of, 11. 280 

dppnros, inexpressible, s7vational: of Aéyos 
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I. 137: dppyros ddperpos ris wepwados, 
** irrational diameter of 5” (Plato) = 4/50, 
I. 399, 111. 12, 525 

ápridkis. ápriobóvauor. (Nicomachus) 11. 282 

ápridkis. áprios, even-Gmes even M. 281-2 

dpridxi$. weptogds, even-times odd i. 282-4 

apriowéprros even-odd (Nicomachus etc.) II. 
282 

Aprios (ap:Ou5s), even (number) 11. 281: 

aovpBaros, incompatible I. 129 

dovpperpos, incommensurable: d. u5jxet (nóvov) 
incommensurable in length (only), àvrayet 
‘(in square " 111. 11 

dovurrwros, not-meeting, non-secant, asynt- 
plotic 1. 40, 161, 203: (of parallel planes) 
I1. 265 

dovvGeros, incomposite : (of lines) 1. 160, 161: 
(of surfaces) 1. 170: (prime and) incom- 
posite (of numbers) 11. 284 

&raxros, unordered: (of problems) 1. 128: 
(of irrationals) 1. 115, ri. £0 

árouot *ypaupal, **indivisible lines” 1. 268 


Ba8os, depth 1. 158-9 

Basis, base I. 24 

Peßnxévai, to stand (of angle standing on 
circumference) II. 4 

Buploxos, altar-shaped (of ‘‘scalene” solid 
numbers) 11. 290 


yeyovérw (in constructions), “let it be (Aave 
been) made” 11. 248 

yeyouds ay eln rò émtraxOév, “what was 
enjoined will have been done " ir. 8o, 261 

yeypà8o, ** let it be (lit. Aave deen) drawn” 
I. 242 

,t€vÓóuevos, ò é abrüv, "their product” 11. 
316, 326 etc.: ó éx ToU évós yevdmevos 
=“ the sguare of the one” 11. 327 

yvúópw, gnomon g.v.: Democritus wepi ĉia- 
popis "yvàpuorvos (yrvópums or ywrigs?) » mep 
yaícios kÜkAov xal odalpys 1. 40: (of 
numbers) 11. 289 

ypapu), line-(or curve) g.v. 

ypauuexéds, linear (of numbers in one dimen- 
sion) 1. 287: (of prime numbers) 11. 283: 
ypauuxws, graphically 1. 400 

ypaperIa, ‘Sto be proved” (Aristotle) 11. 120 


dedoudvos, given, different senses 1. 132-3: 
Euclid's 9eóouéva or Data q.v. 

Selypara, illustrations, of Stoics 1. 329 

ó« 5n, ‘thus it is required” (or "is neces- 
sary”), introducing diopeopds 1. 293 

devrepos, secondary (of numbers): in Nico- 
machus and lamblichus a subdivision of 
odd 11. 286, 287 

dex buevov, ** admitting ” (of segment of circle 
admitting or containing an angle) 11. 5 

ĉıdypauua = proposition (Aristotle) 1. 252 

Siacpeio Oat (used of ** separation "' of ratios): 
diarpeOévra, separando, opp. to ovyreipeva, 
componendo M. 168 

dialpeocs, point of division (Aristotle) 1. 165, 
170, 171: method of division (exhaustion) 
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I. 285: Euclid’s wept dcatpécewr, On divi- 
sions (of figures) 1. 8, 9, 18, 87, 110: &al- 
peois dbyou, separation, literally dsviston, 
of ratio 1I. 135 

Siauerpos, diameter: ofa circle, parallelogram 
etc. 1. 185, 325: of sphere tl. 270 

dcagrdges, almost = “dimensions” 1. 157, 
158, 111. 262 : Aristotle speaks of sz 111. 263 

dcacrarby, extended, ip lv one way, iml ĉo 
two ways, iwl rpla three ways (of lines, 
surfaces and solids respectively) 1. 158, 
170, 111. 263 

daornpua, distance 1. 166, 167, 207 : (of radius 
of circle) 1. 199: (of an angle) = divergence 
1. 176-7 

Stefevyuévn (dvadoyla), disjoined = discrete 
(proportion) II. 293 

dceddvri, separando, literally dividendo (of 
proportions) IH. 135 

dcefodixds (of a class of loci) 1. 330 

dippnudvy (dvadoyla), aiscrete (proportion), i.e. 
in four terms, as distinct from continuous 
(cuvexrs, cuvnupévn) in ¢hree terms 11. 131, 
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sino, “let it be drawn through” (= pro- 
duced) or **across"' 1t. 280, i1. 7 

õe’ loov, ex aequali (of ratios) 11. 136: 9 
[cov ér rerapa»yuévy draXoylg, ‘ex aeguali 
in perturbed proportion” II. 136 

éxóAovpos, ftce-truncated (of pyramidal 
numbers) 11. 291 

&vpirpós — (1) particular statement or defini- 
tion, one of the formal divisions of a pro- 
position 1. 129: (2) statement of condition 
of possibility 1. 128, 129, 130, 131, 234, 
243, 293 

demAdovos Noyos, double ratio: dirAaclwy ASyos, 
duplicate ratio, contrasted with, 11. 133 

óórajus, power: =actual value of a sub- 
multiple in units (Nicomachus) 11. 282: 
—side of number not a complete square 
(i.e. roof or surd) in Plato 11. 288, 290, 
Il. 1, 2, 3: =syuare in Plato 11. 294-5 

õúvagðaı, “to be side of square equal to” 
111. 13: al óvrayevac abrá, sides of squares 
equal to them 11I. 13: ?) BV rips A ueijor 
óvrara« rg AZ, ‘‘the square on BC is 
greater than the square on A by the square 
on DF,” literally *' BC is in power greater 
than A by DF" Il. 43 


eldos, figure 11. 234: —form 11. 254 

eloayuryn appounn, Introduction to Harmony, 
by Cleonides 1. 17 

fxacros, each: curious use of, II. 79 

éxarépa éxarépg, meaning respectively 1. 248, 
350 

éxBeBrAjoPwoav, use of, I. 244 

éxecvos= Euclid 1. 400 

ExOeows, selting-out, one of formal divisions 
of proposition f. 129: may sometimes be 
omitted I. 130 

éxrós, xarà TÒ (of an exterior angle in sense 
of re-entrant) t. 263: ù éxròs ywrla, the 
exterior angle I. 280 
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é\aoouw, minor (irrational) straight line 111. 
7 etc. 

ékocófs, spiral-shaped I. 159 

Adecupa, defect (in application of areas) 11.262 

d\Aelwew, ‘‘fall short” (in application of 
areas) II. 262 

Areyvis, falling-short (in application of areas) 
I. 36, 343-5» 383-4 . 

Ourés wpd8rnua, a deficient (=indetermi- 
nate) problem 1. 129 

duxlarev, fall in (=be interpolated) 11. 358 

évadrdé, alternately or (adjectivally) alternate 
I. 308: vaid Adyos, alternate ratio, 
alternando 1l. 134 

Eva whelw, ‘‘several ones" (def. of number) 
II. 380 

dvappotew, to fit in (active) Book Iv. Def. 7 
and Prop. 1, 1. 79, 80, 81 

Evvoa, notion, use of, 1. 221 

Evoracis, objection 1. 135 

évrós, within: (of internal contact of circles) 
lI. 13: xarà rà évrós or ?) érrós (yevía), of 
an interior angle I. 263, 380: 1) évràs xal 
ásrerarrlor ^juvía, the interior and opposite 
angle I. 280 

dijs áváXoyorv, in continued proportion (of 
terms in geometrical progression) 1I. 346 

dwefetxOwoay (émiferyrus, Join) I. 242 

éwcudpios NOyos, superparticularis ratio=ratio 
(n - 1) : 5, 11. 295 

éxlxedov, plane in Euclid, used for surface 
also in Plato and Aristotle 1. 169, 111. 263 

éwiwedos (4p:0u0s), plane (number) It. 287-8 

ésumpogÓeip, ésíwpos0er elvai, to stand in 
front of (hiding from view), in Plato's 
definitions of straight line and plane r. 
165, 166 

lvi dre, surface: in Euclid 1. 169: in 
Aristotle 111. 263 

émóueva, consequents (= “‘ following” terms) 
in a proportion II. 134, 238 

érepoptxns, oblong: érepdunxes, oblong (figure) 
I. 181, 188: (of numbers) in Plato = rpo- 
phxns, which however is distinguished from 
érepousjkys by Nicomachus etc. II. 289-90, 
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«00, the straight 1. 159: ed6eia (pap), 
straight line 1. 165-9 

evOvypayyuxds, rectilinear (term for prime 
numbers) 11. 285 

evOvypauuos, rectilineal 1. 187: neuter as 
substantive I. 346 

evOuperpixos, euthymetric (of prime numbers) 
1, 285 

éparrecOat, to louch 1. 57 

é$apuójew, to coincide, épapubfgecba, to be 
applied to 1. 168, 324-5, 249 

égexrixés (of a class of loci) 1. 330 

édetfis, ** in order " 1. 181: of adjacent angles 
I. 181, 278 


tryobmeva, antecedents (‘‘ leading” terms) in 
a proportion II. 134 
rep, than: construction after d:wAagiwy etc. 


11. 133 
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Oewpnua, theorem, g.v. 
0vpeós (shield) =ellipse 1. 165 


ldcouhuns, of square number (Iamblichus) 11. 
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tess wé5n, hippopede (horse-fetter), name 
for a certain curve I. 162-3, 17 

laaxis lodxis foos, equal multiplied by equal 
and again by equal (of a cube number) 11. 
390, 291 

leáxis toos, equal multiplied by equal (of a 
square number) 11. 291 

lodxis loos &Aarrordxis (uevporáxis), species of 
solid numbers, —:wóls (Soxís or eros) 
II. 291 

lone pos oxnparwy, wepl, On isometric 
figures (Zenodorus) 1. 26, 27, 333 


xdberos (evOeia ypauuh), perpendicular 1. 
181-2, 271: ‘‘plane” and “solid” per- 
pendicular 1. 272 

xadnynrhs 1. 20 

xadelaOw, “let it be called,” indicating 
originality of a definition II. 129 

xapavdos, curved (of lines) I. 159 

karauerpeiv, measure Il. 165: without re- 
mainder, ‘‘completely ”’(#Anpodvrws) 11. 280 

«arackevágw, construct: rà» a/rà» xara- 
cxevadOérrur, ** with the same construc- 
tion" rt. r1 

Karacxeuh, construction, or machinery, one 
of the divisions of a proposition 1. 129: 
sometimes unnecessary I. 130 

Kkararopy xavdvos, Sectio canonts attributed to 
Euclid r. 17, 1t. 295 

xelgĝw, “let it be made” 1. 269 

xexaupern, bent (of lines) 1. 159, 176 

xévrpov, centre I. 183, 184, 199: of sphere 111. 
270: 7 éx rod Kévrpou=radius 1. 190. II. 2 

xeparoedns (ywwla), horn-like (angle) 1. 177, 
178, 182, II. 4, 39, 40 

Kay, to break off, deflect, or inflect: nexddo Bat, 
def. of, alluded to by Aristotle 1. 118, 150, 
176, 178, Il. 47: KexNaopévn ypaupy, 
defined by Heron 1. 150, (59: xexddcOw 
6m wade II. 47 

«káos, breaking (of lines) 1. 176 

xXlows, inclination: (of line to line) 1. 176: 
(of straight line to plane or of plane to 
plane) 111. 263-4: opolws xexdloda, to be 
similarly inclined 111. 265 

xehoywnov, hollow-angled (igure), in Zeno- 
dorus I. 27, 188 

kowal €yyoac, Common Notions (=axioms) 
1. 221-2: called also rd xowd, cowal-ddéac 
(Aristotle) 1. 120, 221 

kouwl) wporxelaOw, agnprodw, ‘‘let there be 
added to, subtracted from, each” 1. 276 

— Touń, common section (of planes) 111. 
203 

KóNovpos, truncated (of pyramidal number 
minus vertex) Il. 291 

xopupy, vertex: xara xopudiy, vertical (angles) 
I. 278 

xplxos, ring (Heron) 1. 163 
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xuxMxòs, cyclic, a particular species of square 
number 11. 291 

kÜMrópos, cylinder 111. 271 

c@vos, cone III. 270 


Ajuua, Lemma (=something assumed, dap- 
Pavópevov) 1. 133-4 

Aóyos, ratio: meaning II. 117: definition of, 
I1. 116-9: original meaning (of something 
expressed) accounts for use of 4)oyos, 
haviny no ratio, irrational 11. 117 

Aorrós, remaining: Aocwy ?) AA Aurp rý BH 
lon éoriv 1. 245 


pelfwv, major (irrational straight line) 111. 7, 
87-8 etc. 

Hepov@cba:, to be isolated, of povás, unit 
(Theon of Smyrna) 11. 279 

Lépos, part: two meanings 1I. 115: generally 
z:submultiple 11. 280: ép, parts (= proper 
fraction) 11. 115, 280: pép (= direction) 
I. 190, 308, 323: (=side) I. 271 

éen aváħoyov (eU0eia), nécos áváXovyor (dp6- 
uós), mean proportional (straight line or 
number) 1i. 129, 295, 363 etc. 

Lécos, *'medial" (of a certain irrational 
straight line or area) 111. 49, 50: ù éx ĝúo 
uéowy mporn (ĉevrépa), '* the ist (second) 
bimedial (straight line)” 111. 7, 84-6: 
Héans dároTrou) mpwrn (devrépa), ‘* first 
(second) apotome of a medial (straight 
line) " 111. 7, 159-62: pynrdv Kal pécor 
Suvauéyn, ‘side of (square equal to) the 
sum of a rational and a medial area" 
I1I. 7, 88-9: d00 uéca õvvauévn, *‘side of 
the sum of two medial areas" 1i. 7, 
89-90 : 7 nerá pyroó (uécov) uécor 7d oXov 
wowovoa, ‘‘side of (square equal to) the 
difference between a medial and a rational 
(medial) area 111. 7, 164-7 

ueréwpos, elevated (above a plane) 111. 372 

Hh ydp, ** suppose it is not " 11. 7 

Los, length 1. 158-9: in Plato = side of 
complete square or length commensurable 
with unit of length 11. 288, 111. 3: more 
generally, of number im one dimension 
11, 287-8 

Bnvoedis, lune-like (of angle) 1. 26, 201: ro 
unvoetôes (oxñua), lune ĩ. 187 

pcos, “mixed ” (of lines or curves) 1. 161, 
162 : (of surfaces) t. 170 

Lorás, unit, monad : supposed etymological 
connexion with pévos, solitary, pov), rest 
Il. 279: uoràs wpoaAaBoíca 06aw, definition 
of a point 1. 155 

povóaTpodos EX, *' single-turn spiral " 1. 122- 
3 "i 164-5 : in Pappus = cylindrical helix 
I. 165 


vevoas, inclinations, a class of problems 
I, 180-1: vevew, to verge 1. 118, 150 


Evorpoecdyis, scraper-like (of angle) 1. 178 


opoedijs, ‘‘of the same form” I. 250 
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dpocouephs, uniform (of lines or curves) I. 40, 
161-2 

Spocos, similar: (of rectilineal figures) 11. 188: 
(of angles) = equal (Thales, Aristotle) 1. 
252: (of segments of circles) 11. 5; (of 
plane and solid numbers) 1. 357, 1I. 393 

óuoiórns Mrywr, '"* similarity of ratios " (inter- 
polated def. of proportion) 11. 119 

óuóňoyos, homologous, corresponding Il. 134: 
exceptionally “in the same ratio with” 
Il. 238 

óvoua, name or ferm, in such expressions as 
N éx úo Órvouárwv, the binomial (straight 
line) 111. 7 etc. 

é£eia. (ywría), acute (angle) 1. 181: 

dévywreos, acute-angled 1. 187 

öTep Ede bei£at (or 90:504) Q.E.D. (or F.) I. 57 

ópBo'yov«os, right-angled : as used of quadri- 
laterals = rectangular 1. 188-9 

opiouds, definition 1. 143 

ópos, definition 1. 143: original meaning of, 
I. 143: z boundary, limit 1. 182: —4erm 
in a proportion 1l. 13t 

dyes, visual ray 1. 166 


Távrm wevarapBardpeva, ‘‘ taken together in 
any manner " 1. 282 

wapaBdddew, to apply (an area) : rapaBáANew 
dwd used, exceptionally, instead of rapa- 
Badd\ew wapd or avaypddew aad I. 262 

rapaBodn Tv xwplwy, application of areas 
1. 36, 343-5: contrasted with UrepBodh 
(exceeding) and. &AXeujus. (falfing-short) 1. 
343: *apaBoX) contrasted with cicracs 
(construction) Y. 343: application of terms 
to conics by Apollonius 1. 344-5 

wapddotos rémwos, 6, The Treasury of Para- 
doxes 1. 329 

xapaMAárroe, "fall beside," '**sideways" or 
*" awry" 1. 262, M. 54 

wapaddnrerlwedos (adj.), parallelepipedal = 
“with parallel planes or faces”: ovepeoy 
xapaAAgAemimeóor = ‘* parallelepipedal 
solid,” not ‘solid parallelepiped ” 111. 326 

wapadAndAbypaypos, parallelogrammic (= pa- 
rallel-lined) : xapaAAgAóypaupuor — xwpior 
*' parallelogrammic area," shortened to 
*apaXAmAéypaupor, parallelogram 1. 325 

xapawX)pwua, complement (of a parallelo- 
gram) 4.v. 

wevrá'ypauuor II. 99 

wepalvovca mwogérns, ‘limiting quantity” 
(Thymaridas’ definition of unit) 11. 279 

wépas, extremity I. 165, 182: wépas cvyxdetov 
(Posidonius' definition of figure) 1. 183 

vepiexopérn (of angle), wepiexóueror (of rect- 
angle), contained 1. 370: Tò Óls mepeexó- 
pevoy, twice the rectangle contained 1. 380: 
(of figure) contained or bounded 1. 182, 
183, 184, 186, 187 

Weprogdns dprios, odd-(imes even M. 282-4 

wepusoants wepioads, oda-times odd M. 284 

wepioodprios, odd-even  (Nicomachus etc.) 
I1. 283 

wepoods, odd (number) 11. 281 
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wrepipéepeca, circumference (includes arc) 1. 184 

Trepuhep?s, circular 1. 159 

wepbepóypauuos, contained by a circum- 
ference of a circle or by arcs of circles 
I. 182, 184 

mnàlkos, how great: refers to continuous 
(geometrical) magnitude as woods to discrete 
(multitude) 11. 116-7 

wytxérns, used in v. Def. 3 and vi. Def. 5: 
= size (not guantuplicity as it is translated 
by De Morgan) 11. 116-7, 189-90: sup- 

sed multiplication of wndtxérynres (VI. 
ef. 5) 1r. 133: distinction. between 

TyMkórgs and uéyeOos 11. 117 

sAdros, breadth 1. 158-9: (of numbers) 11. 288 

sAeovágor (rpógAnua), ** (problem) in excess " 
I, 12 

E side: (of factors of “plane” and 
*' solid" numbers) 11. 288 

wAÀ780s opucuévov or semepacuévor, defined 
or finite multitude (definition of number) 
Il. 280: éx povddwy ouvyxeluevov mA7Oos 
(Euclid's def.) 11. 280 

voAAasAacidfew, multiply: defined i1. 287 

xoAAamAaciacuós, multiplication: xa6' ósor- 
ovoüy oXAasAaciaguór, '* (arising) from any 
multiple whatever" 11. 120 

roddawldovos, multiple: leáxus soXXasAáat:a, 
equimultiples 11. 120 etc. 

wédos, a mathematical instrument I. 370 

woduwAeupoy, multilateral, many-sided figure 
1. 187: excludes rerpárňevpov, quadri- 
lateral 11. 239 

woploac@a, to ‘‘find” or “furnish” 3. 125, 
Il. 248 

wéptoua, porism g.v. 

woodus woodas rogol, ‘fso many times so 
many times so many” (of solid numbers, 
in Aristotle) 11. 286, 290 

wood«s wogol, ‘so many times so many ” (of 
plane numbers, in Aristotle) 11. 286 

woobv, guantsty, in Aristotle 11. 115: refers 
to ee as wnAlxov to magnitude 11. 
11 

wplopa, prism 111. 268 

wpé8inua, problem g.v. 

wporryoupevos, leading: (of conversion) = 
complete 1. 256-7: xporryoupevor (Oewpnua), 
leading (theorem), contrasted with converse 
1. 257 

wpouhcns, oblong (of numbers): in Plato 
= ¢repounans, but distinguished from it by 
Nicomachus etc. 11. 289-90, 293 

wpés, in geometry, various meanings of, I. 277 

mpogava^ypáya:, to draw on to: (of a circle) to 
complete, when segment is given II. 56 

wpocapubfouca (evOeia) — ' annex," thestraight 
line which, when added to a compound ir- 
rational straight line formed by subtraction, 
makes up the greater “ term,” i.e. the 
negative **term" IIl. 15 

wpogeupeivy, to find in addition (of finding 
third and fourth proportionals) 11. 214 

wpórasis, ensurciation 1. 129-30 

wporelyw, to propound 1. 128 
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wpor.Odva:, to propose: 7 wpore&eica. eU0eta, 
any assigned straight line (11. 11 

xpüro. wpos d\X ous, (numbers) prime to 
one another II. 285-6 

wpwros, prime: two senses of, 1. 146: II. 284-5 

wrwots, case I. 134 

wupauls, pyramid III. 268 


pnrés, rational (literally *'expressible") t. 
137, I. 1147, Ul. I1: a relative term, un- 
like dgúuuerpos (incommensurable) which 
is a nalural kind (Pythagoreans) Ul. 1: 
purh diduerpos ris weuwddos, ‘rational 
diameter of 5" (=7, as approximation to 
V/ 50) I. 399, III. 12, §25: pnrov Kal uégov 
duvayuévy (=side of square equal to sum of 
a rational and a medial area) etc. III. 7 


onuetov, point I. 155-6 

eráÓuy, a mathematical instrument I. 371 

orepeds, Solid 111. 262-3: of solid numbers 
II. 290-1: orepea ywrla, solid angle iit. 
267-8: dpoa oreped oxtpara, similar 
solid figures i11. 265-7 

ervcypj, point I. 156 

aroixeîov, element 1. 114-6 

arpoyyúňov, rà, the round (circular), in Plato 
I. 159, 184 

orpoyyvAdérns, roundness I. 182 

aópuerpos, commensurable : uet, in length, 
óvrápuec uóvor, in square only II. tr 

cvu*épagcua. comc/usiom (of a proposition) 
I. 129, 130 

gúvevgıs, convergence I. 282 

cuvexhs, continuous: ocuvexhs dvadoyla, 
* continuous proportion " (in three terms) 
II. 131 

ournupéry dvadoyla, connected (i.e. continuous) 
proportion II. 131, 293: ouvnupévos of 
compound ratio in Archimedes II. 133 

owOdvri, componendo Il. 134-5 

obubecis Aóyov, *'composition of a ratio," 
distinct from compounding of ratios II. 
134-5 

avvOeros, composite: (of lines or curves) 
I. 160: (of surfaces) t. 170: (of numbers), 
in Nicomachus and Iamblichus a sub- 
division of odd 11. 286 

auvicracOa:, construct: special connotation 
I. 259, 289 : with évrós I. 289 : contrasted 
with sapaBáAXew (apply) 1. 343: ob avara- 
0:jcerat, cuo raÓ8*jcorra:, '' there cannot be 
constructed " 1. 259, 11. 53 

cuvrlOnys, a &ykeuiac (of ratios) II. 135, r89- 
go: ovyxelueva and diatpeddvra (com- 
ponendo and separando) used relatively to 
one another 11. 168, 170 

ctvornua povddwy, “ collection of units ” (def. 
of number) t1. 280 

ocvornuarixds, collective II. 279 

c $aipa, sphere 111. 269 ; 

opapixds, spherical (of a particular species of 
cube number) tI. 291 . 

e$xiakos or e$nv(akos, of solid number wit 
all three sides unequal (= scalene) lI. 290 
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oxéots, “relation”: woid oxéors, ‘Sa sort of 
relation" (in def. of ratio) 11. 116-7 

TXNMAToYpageiv, cxnLaToypadia, representing 
(numbers) by figures of like shape 1. 359 

exnuaromou0ca or ax?jua Toca, ' forming 
a figure” (of a line or curve) I. 160-1 


ratroun«ns, of square number (Nicomachus) 
Il. 293 

— Adywr, ‘sameness of ratios” 11. 119 

TéAevs, Perfect (of a class of numbers) 11. 
293-4 

— “ordered”: reraypévov rpóßinua, 
“ordered” problem 1. 128: rerayyuédvn 
dvadoyla, ‘‘ ordered” proportion II. 137 

ope dvaroyla, perturbed praportion 
II. 13 

rerpa^yuvisuós, squaring, definitions of, 1. 149- 
50, 41O 

TeTpá^ywvov, square: sometimes (but not in 
Euclid) any four-angled figure 1. 188 

rerpdw\evpoy, quadrilateral 1. 187: not a 
*" polygon" 11. 239 

Tuma kükNov, segment of a circle: ru/juaros 
ywvla, angle of a segment I1. 4: é» rufuart 
ywvla, angle 15 a segment II. 4 

roueds (kUkXov), sector (of a circle): exvroro- 
puxds Touess, '* shoemaker's knife" 11. § 

rouy, section, =point of section 1. 170, 171, 
278: xowh rou, '* common section " 111. 
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— (of figure), sector-A£e 11. 5 

romxdy Oewpnua, locus-theorem 1. 329 

réwos, locus 1. 339-31: =room or space 
I. 23 n.: place (where things may be 
found), thus réwos dvadubpevos, Treasury 
of Analysis 1. 8, 10, wapddotos Toros, 
Treasury of Paradoxes, 1. 329 
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répvos, instrument for drawing a circle 1. 371 

rocavramAácior, ** the same multiple " tt. 146 

rpiywvor, triangle: rà rpurAo0r, rà. 8e dAMj- 
Awy, triple, interwoven triangle, = penta- 
gram II. 99 | 

rpurAdoios, triple, rp«rAac(ev, triplicate (of 
ratios) Il. 133 

rplxevpov, three-sided figure 1. 187 

ruyxavewy, happen: ruxdv onpetov, any point 
af random 1. 252: ruxotca ywrla, ‘any 
angle" i. 212 : 4a, à (Tvxe», ladxis ro- 
AawAdota, ‘Sother, chance, equimultiples " 
Il. 143-4 


vwepBonh, exceeding, with reference to method 
of application of areas I. 36, 343-5, 
386-7 

urepredhs or Uweprédacos, ‘‘over-perfect” (of 
a class of numbers) 1I. 293-4 

iwé, in expressions for an angle (4 6x9 BAT 
ywvla) I. 249, and a rectangle I. 370 

vrodimiacwws, sub-duplicate, =half (Nico- 
machus) 11. 280 

Umoxeluevos, laid down or assumed: 7d ùro- 
xeluevoy éxlwedov, the plane of reference 
MI, 272 

umdxecrar, ‘‘is by hypothesis” 1. 303, 312 

úroroħariáoios, submultiple (Nicomachus) 
II. 280 

Ümorelve:w, subtend, with acc. or bwd and acc. 
I. 249, 283, 350 

Üyos, height 11. 189 


xwplov, area 1I. 254 


epuruévn ypauuy, determinate line (curve), 
* forming a figure" 1. 160 
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(The references are to volumes and pages.] 


al-Abbás b. Sa'id al.Jauhari 1. 85 

** Abthiniathus" (or “ Anthisathus”’) 1. 203 

Abi ’l ‘Abbas al-Fadl b. Hatim, see an- 
Nairizi 

A ‘Abdallah Muh. b. Mu ‘adh al-Jayyani 

Aba Al al-Basri 1. 88 

Abū 'Ali al-Hasan b. al-Hasan b. al-Haitham 


I. 88, 89 

Abi Da’id Sulaiman b. "Uqba 1. 85, 9o 

Abü Ja'far al-Kházin 1. 77, 85 

Abi Jafar Muh. b. Muh. b. al-Hasan 
Nasiraddin at-Tüsi, see Nasiraddin 

Abü Muh. b. Abdalbáqi al- Bagdádi al- Faradi 
1. 8 5*., 90 

Abi Muh. al-Hasan b. ‘Ubaidallah b. Sulai- 
mån b. Wahb ı. 87 

Abū Naşr Gars al-Na'ma 1. 9o 

Abi Nasr Mansir b. ‘All b. ‘Iraq I. 9o 

Abi Nasr Muh. b. Muh. b. Tarkhan b. 
Uzlag al-Farabt 1. 88 

Abii Sahl Wijan b. Rustam al-Kihi 1. 88 

Abi Said Sinán b. Thabit b. Qurra.1. 88 

Abi ‘Uthman ad- -Dimashqi I. 25, 77 

Abü, '] Wafa al-Büzjàni I. 77, 85, 86 

Abü Yüsuf Ya qüb b. Isháq b. as- ‘Sabbah al- 
Kindi 1. 86 

Abi Yisuf Ya'gib b. Muh. ar-Razi 1. 86 

Adjacent (épetijs), meaning 1. 181 

Adrastus 1I. 292 

Aenaeas (or Aigeias) of Hierapolis 1. 38, 311 

nis 1. 27-8, 191 

Ahmad b. al-Husain al-Ahwazi al-Kátib 1. 89 

Ahmad b. ‘Umar al-Karábisi 1. 85 

al-Ahwázl 1. 89 

Aigeias (? Aenaeas) of Hierapolis 1. 38, 311 

Alcinous 11. 9 

Alexander Aphrodisiensis 1. 77%., 29, II. 120 

Algebra, geometrical 1. 372-4: — 
method was that of Eucl. 11. (cf. A 
lonius) I. 373: preferable to semi-a a 
braical method 1. 377-8: semi-algebraical 
method due to Heron 1. 373, and favoured 
by Pappus 1. 373 : geometrical equivalents 
of algebraical operations 1. 374: algebraical 
equivalents of porn in Book 11., I. 
372-3: equivalents in Book x. of pro- 
Sonne 1 in algebra, ./4-./ cannot be 


equal to 4’, 111. 58-60: if a /ó— x & y, 
then a 2x, ó— y, III. 93-4, 167-8 

Ali b. Ahmad Aba ’] Qasim al-Antaki 1. 86 

Allman, G. J. 1. 135^, 318, 353, 111. 18- 
9: 439 ; 

Alternate: (of angles) I. 308: (of ratios), 
alternately 11. 134 

Alternative proofs, interpolated I. 58, 59: 
cf. 111. 9 and following II. 22: that in 
III. 10 claimed by Heron 11. 23-4 

Amaldi, Ugo I. 175, 179-80, 193, 201, 313; 
328, II. 30, 126 

Ambiguous case 1. 306-7 : in VI. 7, 11. 208-9 

Amphinomus I. 125, 128, (50 7. 

Amyclas of Heraclea 1. 117 

Analysis (and synthesis) 1. 18: definitions 
of, interpolated, 1. 138, ILI. 442: described 
by Pappus 1. 138-9: mystery of Greek 
— Ill. 246: modern studies of Greek 
analysis 1. 139: theoretical and problem- 
atical analysis 1. 138: Treasury of Analy- 
sis (réwos dvadvdpevos) I. 8, 10, 11, 138: 
method of analysis and precautions neces- 
sary to, I. 139-40: analysis and synthesis 
of problems 1. 140-2: two parts of analysis 
(a) trans — (b) resolution, and two 
parts of synthesis, (a) construction, (b) 
demonstration ï. 141: example from 
Pappus I. 141-2: analysis should also 
reveal ĉıopıguós (conditions of possibility) 
1. 141: interpolated alternative proofs of 
XIII. 1-5 by analysis and synthesis 1. 137, 
Ill. 442-3 

Analytical method t. 36: supposed discovery 
of, by Plato 1. 134, 137 

Anaximander 1. 370, Il. 111 

Anaximenes 11. 111 

Anchor-ring I. 163 

Andron 1. 126 

Angle: curvilineal and rectilineal, Euclid's 
definition of, 1. 176 definition criti- 
cised by Syrianus 1. 176: S Aristolles notion 
of angle as xAdats 1. 176: Apollonius’ view 
of, as contraction 1.176, 177: Plutarch and 
Carpus on, I. 177: to which category does 
it belong? guantum, Plutarch, Carpus, 
* Aganis" 1. 177, Euclid 1. 178; quae, 
Aristotle and Eudemus 1. 177-8: relation, 
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Euclid 1. 178: Syrianus’ compromise 
I. 178: treatise on /Ae Angle by Eudemus 
I. 34. 38, 177-8: classification of angles 
(Geminus) I. 178-9: curvilineal and 
‘t mixed” angles 1. 26, 178—9, Aorn-li&e 
(xeparoeiðhs) 1. 177, 178, 182, 265, 11. 4, 
39, 40, /une-like (unvoesdis) 1. 26, 178-0, 
scraper-like (Evorpoedys) 1. 178: angle of a 
segment 1. 253, II. 4: angle of a semi- 
circle 1. 182, 253, II. 4: controversies about 
“angle of semicircle” and Aorm/i&e angle 
II. 39-42: definitions of angle classified 
1. 179: recent Italian views 1. 179-81: 
angle as cluster of straight lines or -rays 
1. 180-1, defined by Veronese 1. 180: as 
part of a plane (‘‘ angular sector”’) 1. 179- 
80: flat angle (Veronese etc.) 1. 180-1, 
269: three kinds of angles, which is prior 
(Aristotle)? I. 181-2: angles not less than 
two right angles not recognised as angles 
(cf. Heron, Proclus, Zenodorus) 11. 47-9: 
did Euclid extend ‘‘angle” to angles 
greater than two right angles in v1. 33? 
11. 275-6: adjacent angles 1. 181: alternate 
1. 308: similar (=equal) 1. 178, 182, 252: 
vertical 1. 278: exterior and interior 
(to a figure) 1. 263, 280: exterior when 
re-entrant I. 263, in which case we have a 
hollow-angled figure 1. 27, 188, 11. 48: 
interior and opposite 1. 280: construction 
by Apollonius of angle equal to angle 
I. 296: angle in a semicircle, theorem of, 
I. 317-9: trisection of angle, by con- 
choid of Nicomedes I. 265-6, by quadratrix 
of Hippias 1. 266, by spiral of Archimedes 
1. 267: dihedral angle 111. 264-5: solid 
angle 111. 261, 267-8 

Annex (nxpocapysfovea) =the straight line 
which, when added to a compound ir- 
rational straight line formed by subtraction, 
makes up the greater “term,” i.e. the 
negative ''term" III. 159 

al-Antaki 1. 86 

Antecedents (leading terms in proportion) 11. 


134 
« Anthisathus ” (or ‘‘ Abthiniathus ”) 1. 203 
Antiparallels: may be used for constriction 
of VI. 12, I1. 21$ 
Antiphon I. 7 »., 35 


Apastamba-Sulba-Sutra I. 352: evidence in, 
as to early discovery of Eucl. 1. 47 and use 
of gnomon I. 360-4: Biirk’s claim that 
Indians had discovered the irrational 1. 
363-4: approximation to ,/2 and Thibaut's 
explanation I. 361, 363-4: inaccurate 
values of w in, I. 364 

Apollodorus “ Logisticus” 1. 37, 319, 351 

Apollonius: disparaged by Pappus in com- 
parison with Euclid 1. 3: supposed by 
some Arabians to be author of the Ææ- 
ments 1. 5: a “carpenter” 1. 5: on ele- 
mentary geometry I. 42: on the /ene 1. 
reg: on the angle 1. 176: general defini- 
tion of diameter 1. 325: tried to prove 
axioms I. 42, 62, 222-3: his ‘‘general 
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treatise" 1. 43: constructions by, for 
bisection of straight line 1. 268, for a 
perpendicular I. 270, for an angle equal to 
an angle 1. 296: on parallel-axiom (?) 
I. 42-3: adaptation to conics of theory of 
application of areas I. 344-5: geometrical 
algebra in, 1. 373: Plane Loci, 1.14, 359,330, 
theorem from (arising out of Eucl. vr. 3), 
also found in Aristotle 11. 198-300: Plane 
veUcets I. 151, problem from, 11. 81, lemma 
by Pappus on, 11. 64-5: comparison of do- 
decahedron and icosahedron I. 6, III. 439: 
512, 513: on the cocAlias 1. 34, 42, 162: 
on "unordered ” irrationals t. 42, I 15, I1. 
3, 10, 246, 255-9: general definition of ob- 
lique (circular) cone III. 270: I. 138, 188, 
221, 222, 246, 259, 370, 373, 11. 75, 190, 
258, 111, 264, 267 

A potome: compound irrational straight line 
(difference between two ‘‘terms”’) III. 7: 
defined 111. 158-9: connected by Theae- 
tetus with harmonic mean II. 3, 4: 
biquadratic from which it arises 111. 7: 
uniquely formed 111. 167-8: first, second, 
third, fourth, fifth and sixth apotomes, 
— from which arising 111. 5-6, 

efined I1!. 177, and found respectively 

(x. 85-90) 111. 178-90: apotome equivalent 
to square root of first apotome III. 190-4: 
first, second, third, fourth, fifth and sixth 
apotomes equivalent to squares of afotome, 
first agotome of a medial etc. YM. 112-29: 
apotome cannot be binomial also II. 240-2: 
different from medial (straight line) and 
from other irrationals of same series with 
itself 111. 242: used to rationalise binomial 
with proportional terms 111. 243-8, 252-4 

A potome Ja medial (straight line): first and 
second, and biquadratics of which they are 
roots 111. 7: first apotome of a medial 
defined 111. «59-60, uniquely formed UI. 
168-9, equivalent to square root of second 
apotome III. 194-8: second apotome of a 
medial, defined 111. 161-2, uniquely formed 
III. 170-2, equivalent to square root of 
third apotome III. 199-202 

Application of areas 1. 36, 343-5: contrasted 
with exceeding and falling-short 1. 343: 
complete method equivalent to geometrical 
solution of mixed quadratic equation I. 
344-5. 383-5, 386-8, 11. 187, 258-60, 
263-5, 266—7 : adaptation to conics (Apol- 
lonius) 1. 344-5: application contrasted 
with construction (Proclus) 1. 343 

Apron. : 7/5 as approximation to 4/3 
(Pythagoreans and Plato) 11. 119: approxi- 
mations to 4/3 in Archimedes and (in 
sexagesimal fractions) in Ptolemy 11. 119: 


to * (Archimedes) it. tt9: to N 4500 
(Theon of Alexandria) 11. 119: remarkably 
close approximations (stated in sexagesimal 
fractions) in scholia to Book X. , !. 74 ». 

*' Aqaton " r. 88 

Arabian editors and commentators I. 7$- 


go 


GENERAL INDEX 


Arabic numerals in scholia to Book x., 
11th c., I. 71 

Archibald, R. C. r. 9 »., 10 

Archimedes: “postulates” in, I. 120, 123: 
'' porisms " in, I. 11 7#., 13: on straight 
Jine 1. 166: on plane 1. 171-2: Liber 
assumptoritmi, proposition from, 11. 65: 
approximations to ,/3, square roots of large 
numbers and to m, II. 119: extension of 
a proportion between commensurables to 
cover incommensurables 11. 193: “Axiom” 
of (called however *‘ lemma,” assumption, 
by A. himself) 1. 234: relation of “ Axiom ” 
to X. 1, IN. £§-6: ‘ Axiom” already 
used by Eudoxus and mentioned by 
Aristotle ili. 16: proved by means of 
Dedekind’s Postulate (Stolz) 111. 16: on 
discovery by Eudoxus of method of ex- 
haustion 111. 365-6, 374: new fragment 
of, ‘‘ Method (€podos) of Archimedes about 
mechanical theorems,” or ¢dédov, dis- 
covered by Heiberg and published by 
him 1I. 40, 111. 366-8, adds new chapter to 
history of integral calculus, which the 
method actually is, 111. 366-7: application 
to area of parabolic segment, :/id. : spiral 
of Archimedes 1. 26, 267: 1. 20, 21, 116, 
142, 225, 249, 370, 1I. 136, 190, 11I. 246, 
370, 375 

Archytas 1. 20: proof that there is no 
numerical geometric mean between » and 
"? t1 1l. 295 

Areskong, M. E. 1. 113 

Arethas, Bishop of Caesarea I. 48: owned 
Bodleian ms. (B) i. 47-8: had famous 
Plato Ms. of Patmos (Cod. Clarkianus) 
written 1. 48. 

Argyrus, Isaak 1. 74 

Arnstaeus I. 138 : on conics 1. 3: Solid Loci 
1. 16, 329: comparison of five (regular 
solid) figures 1. 6, 111. 438-9, 513 

Aristotelian Proólems 1. 166, 182, 187 

Aristotle: on nature of elements 1. 116: on 
first principles I. 117 sqq. : on definitions 
I. 177, 119-20, 143-4, 146-50: on distinc- 
tion between hypotheses and definitions 
1. 119, 120, between hypotheses and 
postulates 1. 118, 119, between hypotheses 
and axioms 1. 120 : on axioms 1. 119-21: 
axioms indemonstrable 1. 121: on defini- 
tion by negation 1. 156-7: on points 1. 
155-6, 165: on /imes, definitions of, 1. 
158-9, classification of, 1. 159-60 : quotes 
Plato’s definition of strasght line 1. 166: 
on definitions of surface 1. 170: definition 
of ''body" as that which has three 
dimensions or as “ depth ” 111. 262 : body 
** bounded by surfaces" (éxuméóoss). 111. 
263 : speaks of s#x ** dimensions " i11. 263: 
definition of sphere 111. 269: on the ang/e 
I. 176-8 : on priority as between right and 
acute angles 1. 181-3: on figure and 
definition of, 1 182-3: definitions of 
“squaring” 1. 149-50, 410: on parallels 
I. 190-2, 308-9: on gnomon 1. 351, 355, 
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359 : on attributes xarà xavrós and xpwrov 
xaBóXov 1. 319, 320, 325: on the objection 
I. 138: on reduction 1. 135: On reductio aa 
absurdum 1. 136: on the infinite L. 232-4: 
supposed postulate or axiom about diver- 
gent lines taken by Proclus from, I. 45, 
207: gives pre-Euclidean proof of Eucl. 1. 
5, I. 252-3: on theorem of angle in a semi- 
circle 1. 149; has proof (pre-Euclidean) 
that angle in semicircle is right it. 63: 
on sum of angles of triangle I. 319-21: 
on sum of exterior angles of polygon t. 
322: on def. of same ratio (—same 
árvraralpeais) 11. 120-1 : on proportion as 
'* equality of ratios" 1t. 119: on theorem in 
proportion (alternando) not proved generally 
till his time t1. 113: on proportion in three 
terms (cvvex%s, continuous), and in four 
terms (denpnuévn, discrete) 11. 131, 293: On 
alternate ratios 11. 134: ON inverse ratio Il. 
134, 149: on similar rectilineal figures II. 
188: has locus-theorem (arising out of 
Eucl. vi. 3) also given in Apollonius’ 
Plane Loci 11. 198-200: on unit I1. 279: 
on number 11. 280: on non-applicability of 
arithmetical proofs to magnitudes if these 
are not numbers 11. 113: on definitions of 
odd and even by one another 11. 281: on 
prime numbers II. 284-5: on composite 
numbers as plane and solid 11. 286, 288, 
190: on representation of numbers by 
pebbles forming figures 11. 288: gives 
proof (no doubt Pythagorean) of incom- 
mensurability of ./2, II. 2: 1. 38, 45, 117. 
150 *t., 181, 184, 185, 187, 188, 195, 202, 
203, 221, 222, 223, 226, 259, 262-3, 283, 
411, II. 2, 4, 22, 79, 112, 135, 149, 159, 
160, 165, 184, 188, 189, IIl. 4 

Arithmetic, Elements of, anterior to Euclid 
II. 295 

Araci calculationsin scholia to Book X., 


I. 75 74 zt 

al-Arjani, Ibn Rahawaihi 1. 86 

Ashkal at-ta’sis I. 5”. 

Ashraf Shamsaddin as-Samarqandi, Muh. b. 
1. $5 2t., 89 

Astaroff, Ivan 1. 113 

Asymptotic (non-secant): of lines 1. 40, 161, 
203: of parallel planes 111. 265 

Athelhard of Bath 1. 78, 93-6 

Athenaeus of Cyzicus I. 117 

Athenaeus I. 20 

August, E. F. t. 103, 11. 23, 35, 149, 238. 
250, 412, It. 2, 48 

Austin, W. 1. 103, t 11, II. 172, 188, a11, 259 

Autolycus, On the moving sphere, 1. 17 

Avicenna, 1. 77, 89 

* Axiom of Archimedes " 111. 15-6: already 
used by Eudoxus, 111. 15, and mentioned by 
Aristotle, 111. 16 : relation of, to Eucl. x. 
9, III. 15-6 

Axioms, distinguished from postulates by 
Aristotle 1. 118-9, by Proclus (Geminus 
and ''others") 1. 40, 121-3: Proclus on 
difficulties in distinctions 1. 123-4 : distin- 
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guished from hypotheses, by Aristotle 1. 
120-1, by Proclus 1. 121-2: indemonstrable 
I. 128: attempt by Apollonius to prove I. 
223-3 : = “common (things) ” or * common 
opinions” in Aristotle I. 120, 221: com- 
mon to all sciences I. 119, 120: called 
“common notions ” in Euclid 1. 121, 221: 
which are genuine? I. 221 sqq. : Proclus 
recognises Rie 1. 222, HervA three I. 222: 
interpolated axioms I. 224, 232: Pappus’ 
additions to axioms I. 25, 223, 224, 232: 
axioms of congruence, (1) Euclid’s Common 
Notion 4, 1. 224-7, (2) modern systems 
(Pasch, Veronese and Hilbert) 1. 228-31 : 
*axiom" with Stoics — every simple 
declaratory statement I. 41, 221: axioms 
tacitly assumed, in Book v., II. 137, in 
Book VII., If. 294 

Axis: of sphere 111. 261, 269: of cone III. 
261, 271: of cylinder 111. 262, 271 


Babylonians : supposed discoverers of “ kar- 
monic proportion " 11. t12 

Bacon, Roger 1. 94, 416 

Baermann, G. F. i1. 213 

Balbus, Ve sensuris 1. 9t 

Baltzer, R. 11. 30 

Barbarin 1. 219 

Barlaam, arithmetical commentary on Eucl. 
Il., I. 74 

Barrow: on Eucl. v. Def. 3, 1t. 117: on 
v. Def. 5, 11. 121: I. t03, 105, 110, 111, 
W. 56, 186, 238 

Base: meaning 1. 248-9 : of cone III. 262: 
of cylinder 111. 262 : 

Basel editio princeps of Eucl., 1. 100-1 

Basilides of Tyre 1. 5, 6, nI. 512 

Baudhayana Sulba-Sitra 1. 360 

Bayfius (Baif, Lazare) 1. 100 

Becker, J. K. 1. 174 

Beez 1. 176 

Beha-ad-din 1. 417 

Beltrami, E. 1. 219 

Benjamin of Lesbos 1. 113 

Bergh, P. 1. 400-1 

Bernard, Edward 1. 102 

Besthorn and Heiberg, edition of al Hajjaj’s 
translation and an-Nairizi’s commentary 
L 22, 272%., 79. 

Bhaskara 1. 355, 418 

Billingsley. Sir Henry, 1. 109-10, 418, 11. 56, 
238, 111. 48 

Bimedial (straight line): first and second, 
and biquadratic equations of which they 
are roots I1I. 7 ; first bimedial defined III. 
84-5, equivalent to square root of second 
binomial 111. 84, 120-3, uniquely divided 
Ill. 9475: second bimedial defined 111. 
85-7, equivalent to square root of third 
binomial i11. 84, 124-5, uniquely divided 
nl. 95- | 

Binomial (straight line): compound ir- 
rational straight line (sum of two ** terms ") 
I1. 7: defined tti. 83, 84: connected by 
Theaetetus with arithmetic mean 11t. 3, 4: 
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biquadratic of which binomial is a positive 
root 111. 7: first, second, third, fourth, 
Sifth and sixth binomials, quadratics from 
which arising 111. 5-6, defined 111. 101-2, 
and found respectively (X. 48-53) 111. 102- 
15, are equivalent to squares of binomial, 
first bimedial etc. 111. 132-45: binomial 
equivalent to square root of fs? binomial 
111. 116-20: binomial uniquely divided, 
and algebraical equivalent of this fact 11. 
92-4: cannot be afotome also II. 240-2: 
different from medial (straight line) and 
from other irrationals (first bimedial etc.) 
of same series with itself 111. 342 : used to 
rationalise apotome with proportional terms 
I1I. 248-52, 252-4 

al-Birüni 1. 

Bjórnbo, Axel Anthon 1. 17 »., 93 

Boccaccio 1. 

Bodleian Ms. (B) 1. 47, 48 

Boeckh 1. 351, 371 

Boethius 1. 92, 95, 184, 11. 295 

Bologna Ms. (b) I. 49 

Bolyai, J. t. 219 

Bolyai, W. 1. 174-5, 219, 328 

Bolzano 1. 167 

Boncompagni 1. 93 7%., 104 s. 

Bonola, R. 1. 202, 219 

Borelli, Giovanni Alfonso I. 106, 194, 11. 3,84 

Boundary (8pos) 1. 182, 183 

Brakenhjelm, P. R. 1. r13 

Breadth (of numbers)=second dimension or 
factor 11. 288 

Breitkopf, Joh. Gottlieb Immanuel 1. 97 

Bretschneider 1. 136 »., 137, 395, 304, 344; 
354: 358, 111. 439, 442 

Briconnet, Francois 1. 100 

— Theorem of the” =Eucl. 1. 47. 1. 
417- 

“ Bride's Chair,” name for Eucl. 1. 47, L 
417-8 

Briggs, Henry 1. 102, 11. 143 

Brit. Mus. palimpsest, 7th—8th c., 1. so 

Bryson, 1. 87. 

Burk, A. 1. 352, 360-4 

Bürklen 1. 179 

Buteo (Borrel), Johannes 1. 104 


Cabasilas, Nicolaus and Theodorus 1. 72 

Caiani, Angelo 1. 101 

Camerarius, Joachim I. 101 

Camerer, J. G. I. 103, 293, II. 23, 25, 28, 
33> 34, 40, 67, 121, 131, 189, 213, 244 

—— Rodrigo, 1. 112 
ampanus, Johannes 1. 3, 78, 94-6, 104, 
106, 110, 407, II. 28, 41, 56, 90, 116, 119, 
121, 146, 189, 211, 234, 235, 253, 275» 
320, 322, 328 

Candalla, Franciscus Flussates (Francois de 
ae ie de Candale) 1. 3, 104, 110, 
I 

Cantor, Moritz 1. 272, 304, 318, 320, 333, 
352, 355, 357-8, 360, 401, II. §, 40, 97> 
In. 8, 15, 43 

Cardano, Hieronimo 11. 41, 111. 8 
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Carduchi, L. 1. 112 

Carpus, on Astronomy, I. 34, 43: I. 45, 127, 
128, 177 

Case, technical term 1. 134 : cases interpola- 
ted 1. 58, 59: Greeks did not /»/er limiting 
cases but proved them separately 11. 75 

Casey, J. 11. 227 

Casiri, 1. ¢#., 17”. 

Cassiodorus, Magnus Aurelius 1. 92 

Catalan, 11. 426 

Cataldi, Pietro Antonio, 1. 106 

Catoptrica, attributed to Euclid, probably 
Theon's 1. 17 : Catoptrica of Heron 1. 21, 
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* Cause " : consideration of, omitted by com- 
mentators 1. 19, 45 : definition should state 
cause (Aristotle) 1. 149: cause- middle 
term (Aristotle) 1. 149: question whether 
geometry should investigate cause (Gemi- 
nus), 1. 45, 150". 

Censorinus 1. 91i 

Centre, xérrpor 1. 184-5 

Ceria Aristotelica 1. 35 

Cesàro, E. 11. 426 

‘* Chance equimultiples” in phrase ‘‘ other, 
chance, equimultiples” 11. 143-4 

Chasles on Porisms of Euclid 1. 10, 11, 14, 15 

Chaucer, Dulcarnon in, 1. 416-7, 418 

Chinese, knowledge of triangle 3, 4, 5; 
I. 352, 363: ''Chóu pei" t. 355 

Chou Kung 1. 363 

Christensen 115. 8 

Chrysippus I. 330 

Chrystal, G. ni. 19 

Cicero 1. 91, 351 

Circle: definition of, 1. 183-5: =round, 
erpoyyó^or (Plato), 1. 184: =wepipeps- 
ypaupor (Aristotle) 1. 184: a plane figure 
I. 183-4 : exceptionally in sense of *'cir- 
cumference " II. 23: centre of, 1. 184-5 : 
pole of, 1. 185: bisected by diameter 
(Thales) 1. 185, (Saccheri) 1. 185-6: inter- 
sections with straight line 1. 237-8, 2732-4, 
with another circle 1. 238-40, 241-3, 
293-4: definition of ‘equal circles” 11. 2: 
circles touching, meaning of definition, 
11, 3: circles intersecting and touching, 
difficulties in Euclid’s treatment of, 11. 
25-7, 28-9, modern treatment of, 11. 30-2 

Circumference, reppépaa, 1. 184 

Cissoid, 1. 161, 164, 176, 330 

Clairaut 1. 328 

Clavius (Christoph Klau?) t. 103, t05, 194, 
232, 381, 391, 407, II. 2, 41, 42, 47» 49 
53, 50,67, 70, 73» 130, 170, 190, 231, 238, 
244» 271, Ill. 273, 331, 341. 350. 359» 433 

Claymundus, joan. 1. tot 

Cleonides, Znfroduction to Harmony, V. 17 

Cochlias or cochlion (cylindrical helix) 1. 162 

Codex Leidensis 399, 1: 1. 22, 27 %-, 79%. 

Coets, Hendrik, 1. 109 

Commandinus 1. 4, 102, 103, 104-5, 106, 110, 
1 1 t. 407, 1I. 47, £30, 190: scholia includ- 
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ed in translation of E/emen/s 1. 23: edited 
(with Dee) 2e divisionibus 1. 8, 9, 110 

Commensurable: defined i11. 10: com- 
mensurable 2» Jengt^, commensurable 7» 
square, and commensurable in square only 
defined 111. 10, 11: symbols used in notes 
for these terms III. 34 

Commentators on Eucl. criticised by Proclus 
1. 19, 26, 45 

Common Notions: =axioms I. 62, 120-1, 
221-2: which are genuine? I. 221 sq.: 
meaning and appropriation of term 1.221: 
called ** axioms " by Proclus 1. 221 

Complement, sapamNnpwua: meaning of, I. 
341: ''about diameter" 1. 341: not 
necessarily parallelograms 1. 341 : use for 
application of areas 1. 342-3 

Componendo (avévr.), denoting **composi- 
tion" of ratios g.v.: componendo and 
separando used relatively to each other 
11. 168, 170 

Composite, aór0eros: (of lines) t. 160: (of 
surfaces) 1. 170: (of numbers) 11. 286: 
with Eucl. and Theon of Smyrna composite 
numbers may Le even, but with Nicom. 
and Iamblichus are a subdivision of odd 11. 
286, plane and solid numbers are species 
of, 11. 386 

* Composite to one another" (of numbers) 
IT. 386-7 

Composition of ratio (cv»0esus Aéyov), de- 
noted by componendo (avrOÉvri), distinct 
from compounding ratios II. 134-5 

Compound ratio: explanation of, 11. 132-4: 
(interpolated?) definition of, 11. 189-90: 
compounded ratios in v. 20-3, II. 176-8 

Conchoids 1. 160-1, 265-6, 330 

Conclusion, cupwépagpa: necessary part of a 
proposition I. 4129-30: particular con- 
clusion immediately made general 1. 131: 
definition merely stating conclusion 1. 149 

Cone: definitions of, by Euclid 111. 262, 270, 
by Apollonius itt. 270: distinction between 
right-angled, obtuse-angled and acute- 
angled cones a relic of old theory of 
conics 111. 270: similar cones, definition 
of, 111. 262, 271 

Congruence-Axioms or Postulates: Common 
Notion 4 in Euclid 1. 224-5: modern 
systems of (Pasch, Veronese, Hilbert) 1. 
228-31 

Congruence theorems for triangles, recapitu- 
lation of, 1. 305-6 

Conics, of Euclid, 1. 3, 16: of Aristaeus, I. 3, 
16 : of Apollonius 1. 3, 16: fundamental 
property as proved by Apollonius equi- 
valent toCartesian equation 1. 344-5 : focus- 
directrix property proved by Pappus I. 
15 

Consequents. ( following” terms in a pro- 
portion) 11. 134, 238 

Constantinus Lascaris I. 3 

Construct (avvloragda:) contrasted with 
describe on 1. 348, with apply to 1. 343: 
special connotation 1. 259, 289 
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Construction, xaragxevn, one of formal 
divisions of a proposition I. 129: some- 
times unnecessary I. £30: turns nominal 
into real definition 1. 146: mechanical 
constructions 1. 151, 387 

Continuity, Principle of, 1. 234 sq., 242, 272, 
194 

Continuous proportion (evwex?s or evrguuévm 
dvadoyla) in three terms II. 131 

Conversion, geometrical: distinct from /ogical 
I. 256: ‘‘leading” and partial varieties 
of, 1. 256-7, 337 

Conversion of ratio (ávaerpo$?) Aóyov), de- 
noted by convertendo (dvaorpéyarrt) 11. 
135: convertendo theorem not established 
by v. 19, Por. 11. 174-5, but proved by 
Simson's Prop. E. 11. 175, 111. 38: Euclid's 
roundabout substitute 111. 38 

Convertendo denoting ‘‘conversion ” of ratios, 
gv. 

Copernicus 1I. 101 

Cordonis, Mattheus 1. à 

Corresponding magnitudes II. 134 

Cosmic figures (2 five regular solids) 1. 413-4 

Cossali 111. 8 

Cratistus I. 133 

Crelle, on the plane 1. 172-4, HI. 263 

Ctesibius 1. 20, 21, 39 ^. 

Cube: defined 111. 262: problem of in- 
scribing in sphere, Euclid’s solution 11. 
478-80, Pappus’ solution 111. 480: dupli- 
cation of cube reduced by Hippocrates of 
Chios to problem of two mean propor- 
tionals 1. 135, II. 133: cube number, de- 
fined Il. 291: two mean proportionals 
between two cube numbers 11. 294, 364-5 

Cunn, Samuel 1. rrr 

Curtze, Maximilian, editor of an-Nairizi 
I. 22, 78, 92, 94, 96, 97 7., 11. 426 

Curves, classification of: see line 

Cyclic, of a particular kind of square number 
II. 291 

Cyclomathia of Leotaud 11. 42 

Cylinder: definition of, 111. 262: similar 
cylinders defined 111. 262 

Cylindrical helix 1. 161, 162, 329, 330 

Czecha, Jo. 1. 113 


Dasypodius (Rauchfuss) Conrad 1. 73, 102 

Data of Euclid: 1. 8, 132, 141, 385, 391: 
Def. 2, 11. 248: d^ 8, Il. 249-50: 
Prop. 24, 11. 246-7: Prop. 55, Il. 284: 
Props. 56 and 68, 11. 249: Prop. $58, i1. 
263-5: Props. 59 and 84, 11. 266-7: 
Prop. 67 assumes part of converse of 
Simson's Prop. B (Book vi.) 11. 224: 
Prop. 70. 11. 250: Prop. 85, II. 264: 
Prop. 87, 11. 238: Prop. 93, 11. 227 

Deahna I. 174 

Dechales, Claude Francois Milliet 1. 106, 
107, 108, 110, II. 259 

Dedekind's theory of irrational numbers 
corresponds exactly to Eucl. v. Def. s, 
I. 124-6; Dedekind’s Postulate and 
applications of, 1. 235-40, III. 16 
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Dee, John t. 109, 110; discovered De 
divisionibus 1. 8, 9 

Definition, in sense of 'closer statement" 
(&«opwo 6s), one of formal divisions of a pro- 
position I. 129: may be unnecessary I. 130 

Definitions: Aristotle on, I. 117, 119, £20, 
143: a class of ¢hesss (Aristotle) I. 120: 
distinguished from hypotheses 1. 119, but 
confused therewith by Proclus t. 121-2: 
must be assumed 1. 117-9, but say nothing 
about existence (except in the case of a few 
primary things) I. 119, 143: terms for, 
Spos and dprouds 1. 143: veal and nominal 
definitions (real=nominal f/us postulate 
or proof), Mill anticipated by Aristotle, 
Saccheri and Leibniz 1. 143-5: Aristotle's 
requirements in, I. 146-50, exceptions 
1. 148: should state cause or middle term 
and be genetic 1. 149-50: Aristotle on un- 
scientifc definitions (éx mh vporépwr) 1. 
148-9: Euclidls definitions agree generally 
with Aristotle’s doctrine I. 146: inter- 
polated definitions 1. 61, 62: definitions 
of technical terms in Aristotle and Heron, 
not in Euclid 1. 150 

De levi et fonderoso, tract 1. 18 

Demetrius Cydonius t. 72 

Democritus t. 38 : ** On difference of gnomon" 
etc. (on **angle of contact") II. 40: on 
parallel and infinitely near sections of cone, 
II. 40, IN. 368: stated, without proving, 
propositions about volumes of cone and 
pyramid, 11. 40, 111. 366: was evidently 
on the track of the infinitesimal calculus 
111. 368: treatise on irrationals (rept d\dyur 
yeaupar cal vagray B) 1. 413, IIL. 4 

De Morgan, A.: 1. 246, 260, 269, 284, 291, 
298, 300, 309, 313: 314; 315, 369, 376, 
11. $, 7; 9-10, 11, 15, 20, 22, 29, 56, 76-7, 
83, 10t, 104, 116-9, 120, 130, 139, 145, 
197, 201, 117-8, 232, 233. 234. 2713, 275: 
on definition of ratio 11. 116-7: on ex- 
tension of meaning of ratio to cover 
incommensurables tt. 118: means of ex- 
pressing ratios between incommensurables 
by approximation to any extent II. 118-9: 
defence and explanation of v. Def. s, 11. 
121-4: on necessity of proof that tests 
for greater and less, or greater and equal, 
ratios cannot coexist II. 130-1, 157: on 
compound ratio 11. 132-3, 234: sketch of 
roof of existence of fourth proportional 
assumed in V. 18) II. 171; pro 
lemma about duplicate ratios as alternative 
means of proving VI. 22, 1I. 246-7: on 
Book x., i11. 8 

Dercyllides 11. 111 

Desargues 1. 193 

Describe on (dvaypdgew dws) contrasted with 
construct 1. 348 

De Zolt 1. 328 

Diagonal (&ayúvios) 1. 185 

** Diagonal" numbers: see ‘‘Side-” and 
** diagonal- " numbers 

Diameter (Báperpos), of circle or parallelo- 
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gram I. 185: of sphere i11. 261, 269, 
270: as applied to figures generally t. 325; 
“rational?” and *''irrational" diameter of 
§ (Plato) 1. 399, 413, taken from Pytha- 
goreans I. 399-400, III. 12 

Dickson, L. E. 11. 426 

Diels, H. 1. 412 

Dihedral angle - inclination of plane to plane, 
measured by a plane angle 111. 264-5 

Dimensions (ef. diaordoes), 1. 157, 158: 
Aristotle's view of, 1. 158-9, III. 262-3, 
speaks of six 111. 263 

Dinostratus 1. 117, 366 

Diocles 1. 164 

Diodorus 1. 203 

Diogenes Laertius 1. 37, 305, 317, 351, I11. 4 

Dionysius, friend of Heron, 1. 2t 

Diophantus 1. 86 

Diorismus (S:opoubs) =(a) ‘‘ definition” or 
' specification," a formal division of a 
roposition 1. 129: (4) condition of possi- 
bility I. 138, determines how far solution 
possible and in how many ways 1. 130-1, 
243: diorismi said to have been discovered 
by Leon 1. 116; revealed by analysts 
I. 142: introduced by set 84 1. 293: first 
instances in Elements 1. 234, 293: for 
solution of quadratic t1. 259 

Dippe I. 108 

Direction, as primary notion, discussed 1. 
179: direction-theory of parallels t. 191-3 

Discrete proportion, óuppgguérm or &vejevyuévm 
dvadoyla, in four terms, 11. 131, 293 

" Dissimilarly ordered" proportion (dvopolws 
rerayuévov  rTOy. dAbywy) in Archimedes 
=‘ perturbed proportion" Il. 136 

Distance, didornua: =radius 1|. 199: in 
Aristotle has usual general sense and 
z dimension 1. 199 

Dividendo (of ratios): see 
separando 

Division (method of), Plato’s 1. 134 

Divisions (of figures), treatise by Euclid, 1. 
8, 9: translated by Muhammad al- Bagdadi 
I. 8: found by Woepcke in Arabic I. 9, 
and by Dee in Latin translation 1. 8, 9: 
1. 110: proposition from, II. § 

Dodecahedron: in sphere 1. 411: decomposi- 
tion of faces into elementary triangles 11. 
98: definition of, 111. 262: dodecahedra 
found, apparently dating from centuries 
before Pythagoras 111. 438, though said to 
have been discovered by Pythagoreans 
ibid.: problem of inscribing in sphere, 
Euclid's solution 111. 493, Pappus' solution 
Ill. 501-3 

Dodgson, C. L. 1. 194, 254, 261, 313, 11. 48, 
275 

Dou, Jan Pieterszoon 1. 108 

Duhamel, J. M. C. 1. 139, 328 

Dulcarnon, name for Eucl. I. 47, 1. 416, 418 

Duplicate ratio t1. 133; 9urAaciov, duplicate, 
distinct from é«rAácios, double (=ratio 
2:1), though use of terms not uniform 
11. 133: ‘‘duplicate”’ of given ratio found 


Separation, 
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by Vi. 11, If. 214: lemma on duplicate 
ratio as alternative to method of vi. 22 
(De Morgan and others) 11. 242-7 

Duplication of cube; reduction of, by Hippo- 
crates, to problem of finding two mean 
proportionals 1. 135, 11. 133: wrongly sup- 
posed to be alluded to in Timaeus 32A, B, 
II. 294-5 22. 


Egyptians it. 112: knowledge of 3? 4 4?= 57, 
1. 352: view of number 11. 380 

Eibe, Thyra 1I. 113 

Elefuga, name for Eucl. 1. 5, 1. 416-7 

Elements: pre-Euclidean Elements, by Hip- 
pocrates of Chios, Leon 1. 116, Theudius 
I. 117: contributions to, by Eudoxus t. t, 
37, M. 112, III. 15, 365-6, 374, 441, The- 
aetetus !. I, 37, III. 3, 438, Hermotimus of 
Colophon 1. 117; Euclid's Elements, ulti- 
mate aims of, I. 2, 115-6; commentators 
on, I. 19-45, Proclus I. 19, 29-45 and 
passim, Heron 1. 30-4, an-Nairizl I. 21-4, 
Porphyry I. 24, Pappus 1. 24-7, Sim- 
plicius 1. 28, Aenaeas (Aigeias) I. 28: 
MSS. of, 1. 46-51: Theon's changes in text 
I. 54-8: means of comparing Theonine 
with ante-Theonine text I. 51-3: inter- 
polations before Theon’s time 1. 58-63: 
scholia 1. 64--74: external sources throw- 
ing light on text, Heron, Taurus, Sextus 
Empiricus, Proclus, Iamblichus 1. 62-3: 
Arabic translations (1) by al-Hajjaj 1. 
75, 76, 79. 80, 83-4, (2) by Ishaq and 
Thabit b. Qurra I. 75-80, 83-4, (3) Nasirad- 
din at-Tüsi 1. 77-80, 84: Hebrew transla- 
tion by Moses b. Tibbon or Jakob b. 
Machir 1. 76: Arabian versions compared 
with Greek text I. 79-83, with one another 
I. 83, 84: translation by Boethius I. 93: 
old translation of roth c. 1.92; translations 
by Athelhard 1. 93-6, Gherard of Cremona 
I. 93-4; Campanus 1. 94-6, 97-100 etc., 
Zamberti 1. 98- 100, Commandinus I. 104- 
5: introduction into England, ioth c., 
I. 95: translation by Billingsley 1. 109-10: 
Greek texts, editio princeps 1. 100-1, 
Gregory's 1. 102-3, Peyrard's I. 103, 
August's I. 103, Heiberg's passim: trans- 
lations and editions generally 1. 97-113: 
writers on Book x., 111. 8-9: on the nature 
of elements (Proclus) t. 114-6, (Menaech- 
mus) 1. 114, (Aristotle) 1. 116: Proclus on 
advantages of Euclid's Elements 1. 115: 
immediate recognition of, 1. 116: first 
principles of, definitions, postulates, com- 
mon notions (axioms) 1. 117-24: technical 
terms in connexion with, I. 125-42: no 
definitions of such technical terms 1. 150: 
sections of Book 1., I. 308 

Elinuam 1. 95 

Engel and Stáckel 1. 219, 311 

Enriques, F. 1. 113, 157, 175, 193, 195, 201, 
313, Il. 30, 126 

Enunciation (xpbracts), one of formal di- 
visions of a proposition I. 129-30 
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Epicureans, objection to Eucl. 1. 20, 1. 41, 
287: Savile on, 1. 287 

Equality, in sense different from that of 
congruence (= ‘‘ equivalent,” Legendre) 1. 

27-8: two senses of equal (1) '' divisibly- 

equal " (Hilbert) or ** equivalent by sum "' 
(Amaldi), (2) “equal in content" (Hilbert) 
or “equivalent by difference” (Amaldi) 
I. 328: modern definition of, 1. 228 

Equimultiples: ‘‘any equimultiples what- 
ever," ladxits wodXN\awAdora rað’ Ómoiovoüv 
woAÀawAaciacuó» II. 120: stereotyped 
phrase ‘‘other, chance, equimultiples” 
II. 143-4: should include once each magni- 
tude II. 145 

Eratosthenes: I. 1: contemporary with Ar- 
chimedes 1. 1, 3: Archimedes’ ‘‘ Method ” 
addressed to, I1I. 366: measurement of 
obliquity of ecliptic (23° §1’ 20”) I. 111 

Errard, Jean, de Bar-le-Duc I. 108 

Erycinus I. 27, 390, 339 

Escribed circles of triangle 11. 85, 86-7 

Euclid: account of, in Proclus’ summary 1. 1: 
date I. 1-2: allusions to, in Archimedes 
I. r: (according to Proclus) a Platonist 
I. 4: taught at Alexandria 1. 2: Pappus 
on personality of, I. 3: story of (in 
Stobaeus) 1. 3: not **of Megara" I. 3, 4: 
supposed to have been born at Gela 1. 4: 
Arabian traditions about, 1. 4, 5: '*of Tyre" 
I. 4-6: ''of Tüs" |. 4, $7: Arabian 
derivation of name ("key of geometry ") 
1.6: Elements, ultimate aim of, 1. 2, 115-6: 
other works, Comics 1. 16, Pseudaria 1.7, 
Data 1. 8, 132, 141, 385, 391, On divisions 
(of figures) 1. 8, 9, Porisms 1. 10-15, Sur- 
Sace-loct 1. 1§, 16, Phaenomena 1. 16, 17, 
Optics 1.17, Elements of Music or Sectto 
Canonis 1. 17, 11. 295: on "'three- and 
four-line locus" 1. 3: Arabian list of works 
I. 17, 18: bibliography t. 91-113 

Eudemus 1. 29: On the Angle 1. 34, 38, 
177-8: History of Geometry 1. 34, 35-8, 
278, 295, 304, 317, 310, 387, 412, II. 99, 
IE, WL. 3, 3 

Eudoxus I. 1, 37; 74, £16, Il. 40, 99, 280, 295: 
discoverer of theory of proportion covering 
incommensurables as expounded generally 
in Bks. V., VI., t. 137, 351, II. r12: on the 
golden section 1. 137: discoverer of method 
of exhaustion I. 234, 111. 365-6, 374: used 
“Axiom of Archimedes” 111. 15: first to 
prove theorems about volume of pyramid 
(Eucl. xit. 7? Por.) and cone (Eucl. X11. 10), 
also theorem of Eucl. xit. 2, HI. 15: 
theorems of Eucl. xiir. 1-5 probably due 
to, Ill. 441: inventor of a certain curve, 
the Asppopede, horse-fetter 1. 163: possibly 
wrote SpAaerica 1. 17: III. 443 

Euler, Leonhard 1. 401, 11. 426 

Eutocius: I. 25, 35, 39, 143, 161, 164, 259, 
317, 329, 330, 373: on '' vi. Def. 5” and 
meaning of rndexérns 11. 116, 132, 189-90: 
gives locus-theorem from Apollonius’ Plane 
Loct 11. 198-200 
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Even (number): definitions by Pythagoreans 
and in Nicomachus 11. 281: definitions of 
odd and even by one another unscientific 
(Aristotle) 1. 148-9, II. 281: Nicom. 
divides even into three classes (1) even- 
times even and (2) even-times odd as ex- 
tremes, and (3) odd-times even as interme- 
diate tI. 282-3 

Even-times even : Euclid's use differs from 
use by Nicomachus, Theon of Smyrna and 
Tamblichus 11. 281-2 

Even-times odd in Euclid different from even- 
odd of Nicomachus and the rest 11. 282-4 

Ex aequali, of ratios, 11. 136: ex aequali pro- 
positions (v. 20, 23). and ex aequali **in 
perturbed proportion" (v. 41, 23) 11. 176-8 


Exhaustion, method of: discovered by 
Eudoxus 1. 234, IIL. 225.0 evidence of 
Archimedes 111. 365-6: 111. 374-7 


Exterior and interior (of angles) 1. 3263, 280 
Extreme and mean ratio (line cut in): defined, 
11. 188: known to Pythagoreans 1. 403, 
I1. 99, III. 19: irrationality of segments of 


(apotomes) 111. 19, 449-51 
Extremity, wépas, 1. 182, 183 


Faifofer 11. 126 

Falk, H. 1. 113 

al-Faradi 1. 87., go 

Fauquembergue, E. 11. 426 

Fermat 11. 425, 426 

Figure, as viewed by Plato 1. 183, by Aris- 
totle I. 182-3, by Éuclid I. 183: according 
to Posidonius is confining boundary only I. 
41, 183: figures bounded bytwo lines classi- 
fied 1. 187 : asegle-Jess (&-yórior) figure I. 187 

Figures, printing of, 1. 97 

Fihrist 1. 4 n., 5%., 17, 21, 24, 15, 27 ; list 
of Euclid's works in, 1. 17, 18 

Finaeus, Orontius (Oronce Fine) 1. 10t, 104 

Flauti, Vincenzo I. 107 

Florence Ms. Laurent. xxvitt. 3 (F) 1. 47 

Flussates, see Candalla 

Forcadel, Pierre I. 108 

Faurier: definition of plane based on Eucl. 
XI. 4, 1. 173-4, UL 263 

Fourth proportional: assumption of existence 
of, in v. 18, and alternative methods for 
avoiding (Saccheri, De Morgan, Simson, 
Smith and Bryant) 11. 170-4: Clavius made 
the assumption an axiom tt. 170: sketch of 
proof of assumption by De Morgan 11. 171: 
condition for existence of number which 
is a fourth proportional to three numbers 
Ii. 409-11 

Francisci tunica, ‘‘Franciscan's cowl,’”? name 
for Eucl. 1. 47, 1. 418 

Frankland, W. B. 1. 173, 199 

Frischauf, J. 1. 174 


Galileo Galilei: on angle of contact 11. 42 

Gartz 1. 17 

Gauss I. 172, 193, 194, 202, 219, 321 

Geminus: name Latin or Greek? 1. 389: 
title of work ($xXAoxaMay quoted from by 
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Proclus t. 39, and by Schol., t. 74: elements 
of astronomy I. 38: comm. on Posidonius 
1. 39: Proclus’ obligations to, 1. 39-42: on 
postulates and axioms I. 122-3: on theorems 
and problems I. 128: two classifications of 
lines (or curves) I. 160-2: on homoeomeric 
pci lines 1. 162: on "' mixed" lines 
curves) and surfaces 1. 162: classification 
of surfaces 1. 170, of angles 1. 178-9: on 
parallels 1. 191: on Postulate 4, 1. 300: on 
stages of proof of theorem of 1. 32, 1. 317- 
20: 1. 27-8, 37, 44. 45, 74, 133 ?'-, 203, 
165, 330 

Geometrical algebra 1. 372-4: Euclid’s me- 
thod in Book 11. evidently the classical 
method 1. 373: preferable to semi-alge- 
braical method 1. 377-8 

Geometrical progression 11. 346 sqq.: sum- 
mation of ^ terms of (1X. 35) II. 420-1 

Geometric means 11. 357 sqq.: one mean 
between square numbers II. 294, 363, or be- 
tween similar plane numbers 1. 371-2: two 
means bet weencube numbers 11. 294, 364-5, 
or between similar solid numbers t1. 373-5 

Georgius Pachymeres I. 417 

Gherard of Cremona, translator of Elements 
I. 93-4 : of an-Nairizi's commentary 1. 22, 
17 ^i., 94, 11. 47: of tract De divisionibus 
l. 9, 10 2. 

Giordano, Vitale 1. 106, 176 

Given, Sedouévos, different senses, 1. 132-3 

Gnomon : literally **that enabling (something) 
to be known” 1.64, 370: successive senses 
of, (1) upright marker of sundial, 1. 181, 
185, 271-2, introduced into Greece by 
Anaximander 1. 370, (2) carpenter's square 
for drawing right angles 1. 371, (3) figure 
placed round — to make larger square 
1. 351, 371, Indian use of gnomon in this 
sense 1. 362, (4) use extended by Euclid to 
parallelograms 1. 371, (5) by Heron and 
Theon to any figures 1. 371-2: Euclid's 
method of denoting in figure 1. 383: arith- 
metical use of, 1. 358-60, 371, 11. 289 

'! Gnomon- wise" (xarà *y»oóuora), old name 
for perpendicular (xd@eros) 1. 36, 181, 272 

Gorland, A. 1. 233, 234 

Golden section (section in extreme and mean 
ratio), discovered by Pythagoreans 1. 137, 
403, 1l. 99: connexion with theory of irra- 
tionals 1. 137, 111. 19: theory carried further 
by Plato and Eudoxus 1. 99: theorems of 
Eucl. x111. 1-§ on, probably due to Eu- 
doxus Il. 44! 

“ Goose's foot " (fes asseris), name for Eucl. 
Il. 7, 1. 99, 418 

Gow, James 1. t35 ». 

Gracilis, Stephanus 1. 101-2 

Grandi, Guido 1. 107 

Greater ratio : Euclid's criterion not the only 
one II. 130: arguments from greater to less 
ratios etc. unsafe unless they go back to 
original definitions (Simson on v. 10) tt. 
156-7: test for, cannot coexist with test 
for equal or less ratio 11. 130-1 
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Greatest common measure : Euclid's method 
of finding corresponds exactly to ours 11. 
118, 299, 111. 18, 21-2: Nicomachus gives 
the same method 11. 300 : method used to 
prove incommensurability 1. 18-9; for 
this purpose often unnecessary to carry it 
far (cases of extreme and mean ratio and 
of 4/2) 111. 18-9 

Greenhill, Sir George, 1. 415, 418 

(sregory, David 1. 103~3, 11. 116, 143, III. 32 

Gregory of St Vincent 1. 401, 404 

Gromalici 1. QI n., 95 

Grynaeus !. 100-1 


Häbler, Th. it. 294 n. 

al-Haitham 1. 88, 89 

al-Hajjaj b. Yüsuf b. Matar, translator of the 
Elements 1. 32, 75, 76, 79, 80, 83, 84 

Halifax, William 1. 108, r10 

Halliwell (-Phillips) 1. 95 2. 

Hankel, H. 1. 139, 141, 232, 234. 344, 354. 
H. 116, 117, 111. 8 

Harmonica of Ptolemy, Comm. on, t. 17 

Harmony, Introduction to, not by Euclid, t. 


17 

Harũn ar-Rashid i. 75 

al-Hasan b. 'Ubaidallàh b. Sulaimàn b. 
Wahb 1. 87 

Hauber, C. F. Il. 244 

Hauff, J. K. F. 1. 108 

‘ Heavy and Light,” tract on, 1. 18 

Heiberg, L L. passim 

Helix, cylindrical 1. 161, 162, 329, 330 

Helmholtz 1. 226, 227 

Henrici and Treutlein 1. 313, 404, 1I. 30 

Hennon, Denis 1. 108 — 

Hérigone, Pierre 1. 108 

Herlin, Christian 1. roo 

Hermotimus of Colophon r. r, 117 

Herodotus I. 37%., 370 

** Heromides" 1. 158 

Heron of Alexandria, mechanicus, date of, 
I. 20-1 : Heron and Vitruvius 1. 40-1: 
commentary on Euclid's Elements 1. 20-4: 
direct proof of 1. 35, 1. 301: comparison 
of areas of triangles in 1. 24, I. 334-5 : 
addition to I. 47, 1. 366-8: apparently 
originated curae aid method of 
proving theorems of Book !1., 1, 373, 378: 

ucl. i11. 12 interpolated from, ir. 28: 

extends !1I. 20, 21 to angles in segments 
less than semicircles 11. 47-8: does not 
recognise anglesequal toor greater than two 
right angles 11. 47-8 : proof of formula for 
area of triangle, A zv s (s — a) (s -4) (s- 2), 
1i. 87-8: 1. 137 7., 159, 163, 168, 170; 
171-2, 176, 183, 184, 185, 188, 189, 222, 
223, 243, 253, 285, 287, 299, 351, 360, 
371, 405, 407, 408, II. 5, 16-7, 24, 28, 
33. 36, 44. 47, 48, 116, 18 » 302, 320, 
383, 395; 111. 24, 263, 265, 267, 268, 269, 
270, 366, 404, 442 

Heron, Proclus’ instructor 1. 29 

* Herundes" 1. 156 

Hieronymus of Rhodes t. 305 
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Hilbert, D. 1. 157, 193, 201, 228-31, 249, 
313, 328 

Hipparchus 1. 4», 30, 30 »., 74 ^i. 

Hippasus 1. 411, 11. 97, 11I. 438 

Hippias of Elis 1. 42, 265-6, 413 

Hippocrates of Chios 1. 8 #., 29, 35, 38, 110, 
135, 136 ., 386-7, 413, lI. 133: first 
proved that circles (and similar segments of 
circles) are to one another as the squares 
on their diameters 111. 366, 374 

— (Irov mén), a certain curve used 
by Eudoxus r. 162-3, 17 

Hoffmann, Heinrich 1. 107 

Hoffmann, Joh. Jos. Ign. 1. 108, 365 

Holgate, T. F. ut. 284, 303, 331 

Holtzmann, Wilhelm (Xylander) 1. 107 

Homoeomeric (uniform) lines 1. 40, 161, 162 

Hornlike angle (xeparoesdhs ywvia) 1. 177, 
178, 182, 265, II. 4, 39, 40: Aornlike angle 
and angle of semicircle, controversies on, 
II. 39-42: Proclus on, I1: 39-40: Demo- 
critus may have written on Aorn/i&c angle 
1. 40 : view of Campanus ('*not angles in 
same sense") II. 41 : of Cardano(guantsties 
of different orders or kinds): of Peletier 
(hornlske angle no angle, no quantity, 
nothing; angles of a// semicircles right 
ange and equal) 11. 41 : oí Clavius 11. 42: 
of Viefa and Galileo (“angle of contact no 
angle”) 11. 42: of Wallis (angle of contact 
not inclination at all but degree of curvature) 
Il, 42 

Horsley, Samuel 1. 106 

Hoiiel, J. 1. 219 

Hudson, John 1. 102 

Hultsch, F. 1. 17 5., 74, 329, 400, II. 133, 
190, 111. 4 ' 

Hunain b. Ishaq al-‘Ibad! 1. 75 

Hypotheses, in Plato 1. 122: in Aristotle 
I. 118-30: confused by Proclus with 
definitions I. 121-2: geometer's hypo- 
theses not false (Aristotle) 1. 119 

Hypothetical construction 1. 199 

Hypsicles 1. 5: author of Book Xiv. I. 5, 6, 
ILI. 438-9, 512 


Iamblichus 1. 63, 83, 417, 11. 97, 116, 279, 
280, 281, 283, 284, 285, 286, — 289, 
290, 29!, 392, 293, 419, 425, 42 

Ibn^al.*Amid 1. 86 di 

Ibn al-Haitham 1. 88, 89 

Ibn al-Lubidi 1. 

Ibn Rahawaihi al-Arjáni 1. 86 

Ibn Sina (Avicenna) 1. 77, 89 

Icosahedron it. 98: defined i11. 262: dis. 
covery of, attributed to Theaetetus 111. 
438: problem of inscribing in sphere, 
Euclid’s solution 111. 481-9, Pappus’ solu- 
tion 11I. 489-9t : Mr H. M. Taylor's con- 
struction III. 491-3 

** Iflaton" 1. 88 

Inclination (xMets) of straight line to plane, 
defined 111. 260, 263-4: of plane to plane 
(=dihedral angle) 111. 260, 264 

Incommensurables: discovered by Pytha- 
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goreans Ill. i, 2, 3, and with reference 
to 4/2, 1. 351, III. 1, 2, 19: incommensur- 
able a safura/kind, unlike trrafional which 
depends on convention or assumption 
(Pythagoreans) 111. 1: proof of incommen- 
surability of ./2 no doubt Pythagorean t11. 
2, proof in Chrystal’s Algebra i11. 19-30 : 
incommensurable ¿»s length and incommen- 
surable t# sguare defined Ill. 10, r1: 
symbols for, used in notes 111. 34: method 
of testing incommensurability (process of 
finding G.C.M.) 11. r18, 111. 18-9: means 
of expression consist in power of approxi- 
mation without limit (De Morgan) it. 1t9: 
approximations to ,/a by means of sid. 
and diagonal-numbers 1. 399-401, 1I. 119, 
by means of sexagesimal fractions 1. 747., 


to ./3, 1. 74%., I 119: to /4500 by 
means of sexagesimal fractions 11. 119 : to 
7, )l. 119 

Incomposite : (of lines) t. 160-1, (of surfaces) 
I. 170 : (of number) 2 prime t1. 384 

Indivisible lines (rouo ^ypaupal), theory of, 
rebutted 1. 268 

Infinite, Aristotle on the, 1. 332-4 : infinite 
division not assumed, but proved, by geo- 
meters 1. 268 

Infinity, parallels meeting at, I. 192-3 

Ingrami, G. 1. 175, 193, 195, 201, 227-8, 
II. 30, 136 

Integral calculus, in new fragment of Archi- 
medes I11. 366-7 

Interior and exterior (of angles) 1. 263, 280: 
inferior and opposite angle 1. 380 

Interpolations in the E/ements before Theon’s 
time 1. 5$8—63: by Theon 1. 46, 55-6 : Eucl. 
I. 40 interpolated 1. 338: other proposi- 
tions interpolated, (111. 12) 11. 28, (propo- 
sition after XI. 37) 111. 360, (xitt. 6) rit. 
449-51: cases in XI. 23, IIl. 319-31: 
defs. of analysis and synthesis, and proofs 
of x1II. 1-$ by, 111. 442-3 

Inverse (ratio), inversely (dvámaM») 11. 134: 
inversion is subject of v. 4, Por. (Theon) 
II. 144, and of v. 5, Por. 11. 149, but is 
not properly put in either place 1I. 149: 
Simons. Prop. B on, directly deducible 
from v. Def. .5, 11. 144 

Irrational: discovered by Pythagoreans 1. 
351, 411, 412-3, IM. 1-2, 3, and with 
reference to 4/2, I. 351, III. I, 2, 19: de- 
pends on assumption or convention, unlike 
incommensurable which is a nalural kind 
(Pythagoreans) 111. 1: claim of India to 
priority of discovery t. 363-4; ‘‘ irrational 
diameter of 5" (Pythagoreans and Plato) 
I. 399-400, 413, III. £2: approximation to 
A/1 by means of ‘‘side-” and “ diagonal-” 
numbers t. 399-401, II.,119, to ./2 and 
A/3 in sexagesimal fractions I. 74.: In- 
dian approximation to 4/2, I. 361, 363-4: 
unordered irrationals (Apollonius) I. 42, 
tiS, III. 3, 10, 246, 255-9: irrational 
ratio (Appnros Adyos) I. 137 : an irrational 
straight line is so relatively to any siraigh/ 
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dine taken as rational 111. 10, 11: irrational 
area incommensurable with rational area 
or square on rational straight line 111. 10, 
12: Euclid's irrationals, object of classifi- 
cation of, III. 4, 5: Book x. a repository 
of results of solution of different types of 
quadratic and biquadratic equations 111. 5 : 
types of equations of which Euclid's irra- 
tionals are positive roots 111. $-7 : actual 
use of Euclid's irrationals in Greek geo- 
metry III. 9-10: compound irrationals in 
Book x. all different 111. 242-3 

Isaacus Monachus (or Argyrus) 1. 73-4, 407 

Ishaq b. Hunain b. Ishaq al-‘Ibadi, Abu 
Ya qüb, translation of Elements by, 1. 75- 
80, 83-4 

[sidorus of Miletus 111. 52a 

[sma'il b. Bulbul 1. 88 

/soperimetric (or isometric) figures : Pappus 
and Zenodorus on, I. 26, 27, 333 

Jsosceles (loooxedhs) 1. 187: of numbers (= 
even) I. 188: isosceles right-angled tri- 
angle I. 352: isosceles triangle of 1v. 10, 
construction of, due to Pythagoreans t. 


414, 1I. 97-9 


Jacobi, C. F. A. ir. 188 

Jakob b. Machir 1. 76 

Jan, C. 1. 17 

al-Jauhari, al-Abbàs b. Sa'id 1. 85 

al-Jayyani 1. go 

Joannes Pediasimus 1. 72-3 

Johannes of Palermo 111. 8 

Junge, G., on attribution of theorem of 1. 47 
and discovery of irrationals to Pythagoras 


l. 351, 411, 413 


Kästner, A. G. 1, 78, 97, 101! 

al-Karābisi 1. 85 

Katyayana Sulba-Sütra 1. 360 

Keill, John t. 105, 110-11 

Kepler I. 193 

al-Khazin, Abi Jafar 1. 77, 85 

Killing, W. 1. 194, 219, 225-6, 235, 242, 
272, III. 276 

al-Kindi 1. 57, 86 

Klamroth, M. 1. 75-84 

Klau (?), Christoph = Clavius g.v. 

Kliigel, G. S. 1. 212 

Kluge 111. 520 

Knesa, Jakob 1r. 112 

Knoche 1. 327., 337%., 73 

Kroll, W. 1. 399-400 

al-Kühi 1. 88 


Lachlan, R. 11. 226, 227, 245-6, 247, 256, 272 
Lambert, J. H. I. dri — 
Lardner, Dionysius 1. 112, 246, 250, 298, 
404, 1I. 58, 259, 271 
aris, Constantinus 3 
Leading theorems (as distinct from converse) 1. 
257: leading variety of conversion 1. 2 56-7 
Least common multiple r1.. 336-41 
Leeke, John 1. 110 
Lefévre, Jacques 1. 100 
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Legendre, Adrien Marie 1. 112, 169, 213-9, 
I. 30, 111. 263, 364, 265, 266, 267, 268, 
273, 275, 298, 309, 356, 436: proves VI. 1 
and similar propositions in two parts (1) for 
commensurables, (2) for incommensurables 
11. 193-4: proof of Eucl. XI. 4, 111. 280, 
of Xi. 6, 8, 111. 284, 289, of XI. 15, UI. 
299, of XI. 19, III. 305: definition of 
planes at right angles 111. 303: alternative 
proofs of theorems relating to prisms III. 
331-3: on equivalent parallelepipeds 111. 
335-6 : proof of Eucl. xit. 2, 111. 377-8: 
propositions on volumes of pyramids 111. 
389-91, of cylinders and cones III. 422-3 

Leibniz 1. 145, 169, 176, 194 

Leiden Ms. 399, 1 of al-Hajjàj and an- 
Nairizi 1. 22, 27 7., 79 n. 

Lemma \. (14: meaning (=assumption) 1. 
133-4: lemmas interpolated 1. 59-60, 
especially from Pappus 1. 67: lemma 
assumed in VI. 22, 11. 242-3 : alternative 
propositions on duplicate ratios and ratios 
of which they are duplicate (De Morgan 
and others) 11. 242-7: lemmas interpo- 
lated, (after x. 9) 111. 30-1, (after x. 59) III. 
97, 131-2: lemmas suspected, (those added 
to x. 18, 23) 111. 48, (that after x11. 2) 
Ill. 375, (that after XIII. 2) IIT. 444-5 

Length, 45xos (of numbers in one dimension) 
I1. 287: Plato restricts term to side of 
integral ae number II. 287 

Leodamas of Thasos 1. 36, 134 

Leon 1. 116 

Leonardo of Pisa 1. 9 #., 10, III. 8 

Leotaud, Vincent il. 42 

Leucippus 1. 413 

Linderup, H. C. t. 113 

Line: Platonic definition 1. 158: objection 
of Aristotle 1. 158: ‘‘ magnitude extended 
one way” (Aristotle, ‘‘ Heromides ") r. 
158: ‘‘ divisible or continuous one way’’ 
(Aristotle) 1. 158-9: ‘‘ flux of point’? 1. 
159: Apollonius on, 1. 159: classification 
of lines, Plato and Aristotle 1. 159-60, 
Heron 1. 159-60, Geminus, first classifica- 
tion 1. 160-1, second 1. 161: straight 
(evOeta), curved (xauzwvAn), circular (wepipe- 
pys), spiral-shaped (éAcxoecdy}js), bent (xexap- 
pévn), broken (xexAaauévg), round (rà 
eTpoyyóAov) 1. 159, composite (aírÓeros), 
incomposite (dad» er 0s), ‘forming a figure ” 
(cxnuarowootca), determinate (wpopérn), 
indeterminate (dópwrros) 1. 160: “ asym- 
ptotic” or non-secant (dovurrwros), secant 
(cvuuwrwrds) 1. 161: simple, “ mixed” 1. 
161-2: homoeomeric (uniform) 1. 161-2: 
Proclus on lines without extremities I. 165: 
loci on lines 1. 329, 330 

Linear, loci 1. 330: problems 1. 330: num- 
bers=(1) in one dimension II. 287, (2) 
prime 11. 285 

Lionardo da Vinci, proof of 1. 47, 1. 365-6 

Lippert 1. 88 2. 

Lobachewsky, N. I. 1. 174-5, 213, 219 

Locus-theorems (rowixda Oewphuara) and loci 
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(rómo)) : locus defined by Proclus 1. 329: 
loci likened by Chrysippus to Platonic 
ideas |. 330-1: locus-theorems and loci 
(1) on Lines (a) plane \oci (straight lines and 
circles) (b) solid loci (conics), (2) on sur- 
faces 1. 339 : corresponding distinction be- 
tween plane and solid problems, to which 
Pappus adds /snear problems 1. 330 : fur- 
ther distinction in Pappus between (1) 
édexrinol (2) dreodexol (3) dvacrpogixol 
Tómro. I. 330: Proclus regards locus in 
I. 35 III. 21, 31 as an area which is locus 
of area (parallelogram or triangle) 1. 330 

Logical conversion, distinct from geometrical 
1. 256 

Logical deductions I. 256, 284-5, 300: not 
made by Euclid 11. 22, 29: logical equi- 
valents I. 309, 314-5 

Lorenz, J. F. t. 107-8, 1't. 34 

Loria, Gino 1. 77., IO., 113., 12., 1I. 
425, III. 8, 9 

Luca Paciuolo 1. 98-9, 100, 41%, 11. 8 

Lucas, E. 1. 418, 11. 426 

Lucian 1I. 99 

Lundgren, F. A. A. i. 113 


Machir, Jakob b. 1. 76 

Magni, Domenico |. 106 

Magnitude: common definition vicious I. 148 

al-Mahani t. 85 

Major (irrational) straight line: biquadratic 
of which it is positive root 111. 7: defined 
111. 87-8: equivalent to square root of 
fourth binomial 111. 84, 125-7: uniquely 
divided 111. 98: extension of meaning to 
irrational straight line of Z4ree terms 111. 258 

al-Ma’min, Caliph 1. 75 

Manitius, C. 1. 38 

Mansion, P. I. 2t9 

al-Mansür, Caliph 1. 75 

Manuscripts of Elements 1. 46-51 

'' Marriage, Figure of” (Plutarch), name for 
Pythagorean triangle (3, 4, 35), 1. 417 

Martianus Capella 1. 9t, t55 

Martin, T. H. I. 20, 29 #., 30 7. 

Mas'üd b. al-Qass al-Bagdadi 1. 9o 

Maximus Planudes, scholia and lectures on 
Elements 1. 7a 

Means: three kinds, arithmetic, geometric 
and harmonic 1]. 292-3: geometric mean 
is “proportion par excellence” (xuplws) 11. 
291-3 : one geometric mean between two 
square numbers, two between two cube 
numbers (Plato) 11. 294, 363-5: one geo- 
metric mean between similar plane num- 
bers, two between similar solid numbers 
1l. 371-5: no numerical geometric mean 
between 2 and z: + 1 (Archytas and Euclid) 
11. 295 : 

Medial (straight line) : connected by Theae- 
tetus with grometric mean 111. 3, 4: deħned 
Il. 49, 50: medial area 111. 54-5: an un- 
limited number of irrationals can be de- 
rived from medial straight line, IlI. 254-5 

Mepuar —axis 1. 93 
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Mehler, F. G. r. 404, tit. 268, 284-5 
Menaechmus : story of M. and Alexander 1. 
1: on elements 1. 114: 1. 117, 125, 133 ^. 
Menelaus I. 21, 23: direct proof of 1. 25, t. 300 

Menge, H. t. 16 n., 17 

Middle term, or cause, in geometry, illus- 
trated by Eucl. ul. 31, 1. 149 

Mill, J. S. t. 144 

Minor (irrational) straight line: biquadratic 
of which it is root 11. 7: defined i11. 
163-4 : uniquely formed 111. 172-3: equi- 
valent to square root of fourth apotome 
IIl. 203-6 

* Mixed " (lines) 1. 161-2 : (surfaces) 1. 1632, 
170: different meanings of ** mixed" r. 162 

Mocenigo, Prince 1. 97-8 

Moderatus, a Pythagorean 11. 280 

Mollweide, C. B. 1. 108 

Mondoré (Montaureus), Pierre 1. 102 

Moses b. Tibbon 1. 76 

Motion, in mathematics 1. 226: motion with- 
oul deformation considered by Helmholtz 
necessary to geometry 1. 226-7, but shown 
by Veronese to be petitio principii 1. 226-7 

Müller, J. H. T. 1. 189 

Müller, J. W. 1. 365 

Muhammad (b.' Abdalbàqi) al- Bagdadi, trans- 
lator of De divisionibus 1. 82., 9o, 110 

Muh. b. Ahmad Abi ’r-Raihan al. Birüni I. 9o 

Muh. b. Ashraf Shamsaddin as-Samarqandi 
1. 89 | 

Muh. b.'Isà Abü Abdallah al-Mahani 1. 85 

Multinomial (straight line): an extension 
from binomial, probably investigated by 
Apollonius, 111. 256 

Multiplication, definition of, 11. 287 

Munich Ms. of enunciations (R) I. 9475 

Musa b. Muh. b. Mahmüd Qadizade ar- Rümi 
l. 5 5., 90 

Music, Elements of. (Sectio Canonis), attri- 
buted to Euclid, 1. 17, II. 295, III. 33 

al-Musta'sim, Caliph 1. 9o 

al-Mutawakkil, Caliph 1. 75 


an-Nairizi, Abü '] Abbas al-Fadl b. IIàátim, 
1. 21-4, BF, 184, 190, 191, 195, 223, 232, 
258, 270, 285, 299, 303, 326, 364, 367, 
369, 373. 405, 408, 11. 5, 16, 28, 34, 36, 
44» 47, 302, 320, 383 

Napoleon 1. 103 

Nasiraddin at-Tasi 1. 4, §7., 77, 84, 89, 
208-10, 11. 28 

Nazif b. Yumn (Yaman) al-Qass 1. 76, 77,87 

Neide, J. G. C. 1. 103 

Nesselmann, G. H. F. 11. 287, 293, 111. 8 

Nicomachus 1. 92, 417, I. 116, 119, 130, 
279, 280, 281, 282, 283, 284, 285, 286, 
287, 288, 289, 290, 291, 292, 293, 294, 
300, 363, 425 

Nicomedes 1. 42, 160-1. 265-6 

Nipsus, Marcus Junius 1. 305 

Nixon, K. C. J. ir. 16 

Nominal and real definitions: see Definitions 

Number: defined by Thales, Eudoxus, 
Moderatus, Aristotle, Euclid 1t. 280: 
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Nicomachus and Iamblichus on, 11. 280: 
represented by lines 11. 287, and by points 
or dots 11. 288-9 

* Nuptial Number” = Plato’s Geometrical 
Number in Republic, 1. 407 


Objection (Evoracis), technical term, in peo- 
metry I. 135, 257, 260, 265: in logic 
(Aristotle) 1. 135 

Oblong : (of geometrical figure) 1. 62, 151, 
188 : (of number) in Plato either spouskns 
Or érepouskns I1. 288: but these terms 
denote two distinct divisions of plane num- 
bers in Nicomachus, Theon of Smyrna and 
Iamblichus t1. 289-90 

Octahedron 11. 98: definition of, 111. 262: 
discovery of, attributed to Theaetetus 111. 
438: problem of inscribing in sphere, 
Euclid s solution 111. 474-7, Pappus’ solu- 
tion III. 477 

Odd (number) : defs. of in Nicomachus 11. 
281: Pythagorean definition 11. 281: def. 
of odd and even by one another unscientific 
(Aristotle) 1. 148-9, 11. 281: Nicom. and 
Iambl. distinguish three classes of odd 
numbers (r) prime and  incomposite, 
(2) secondary and composite, as extremes, 
(3) secondary and composite in themselves 
but prime and incomposite to one another, 
which is intermediate 11. 287 

Odd-times even (number): definition in Eucl. 
spurious II. 283-4, and differs from defi- 
nitions by Nicomachus etc. s7d. 

Odd-times odd (number): defined in Eucl. 
but not in Nicom. and Iambl. ir. 284: 
Theon of Smyrna applies term to prime 
numbers II. 284 

Oenopides of Chios 1. 34, 36, 126, 271, 295, 
371, 414, I. Unt 

Ofterdinger, L. F. 1. 9 

Olympiodorus I. 29 

Oppermann I. 151 

Optics of Euclid 1. 17 

“Ordered” proportion (revayyévn dvadoyia), 
interpolated definition of, I1. 137 

Oresme, N. 1. 

Orontius Finaeus (Oronce Fine) 1. tor, 104 

Ozanam, Jaques 1. 107, 108 


Paciuolo, Luca 1. 98-9, 100, 418, I. 8 

Pamphile I. 317, 319 

Pappus: contrasts Euclid and Apollonius 
1.3: on Euclid’s Portsms 1. 10—14, Surface- 
loci 1. 18, 16, Data t. 8: on Treasury of 
Analysis 1. 8, 10, 11, 138: commentary 
on Elements 1. 24-7, partly preserved in 
scholia 1. 66: evidence of scholia as to 
Pappus’ text 1. 66-7: commentary on 
Book x. survives in Arabic 11i. 3: quo- 
tations from it, 111. 3-4, 255-9: lemmas 
in Book x. interpolated from, I. 67: on 
Analysis and Synthesis 1. 138-9, 141-2: 
additional axioms by, 1. 25, 223, 224, 232: 
on converse of Post. 4, !. 25, 201: proof 
of 1. 5 by, 1. 254: extension of I. 47, I. 366: 
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semi-algebraical methods in, 1. 373, 378: 
on loci I. 329, 330: on conchoids 1. 161, 
266: on quadratrix I. 266: on isoperi- 
metric figures 1. 26, 27, 333: on paradoxes 
of Erycinus I. 27, 290: lemma on Apollo- 
nius’ Plane vetoes 11. 64-5: problem from 
same work r1. 81: assumes case of VI. 3 
where external angle bisected (Simson’s 
VI. Prop. À) ri. 197: theorem from Apol- 
lonius’ Plane Loct 11. 198: theorem that 
ratio compounded of ratios of sides (of 
equiangular parallelograms) is equal to 
ratio of rectangles contained by sides 1. 
aso: use of Euclid’s irrationals 111. 9, 10: 
methods of inscribing regular solids in 
sphere, tetrahedron 111. 472-3, octahedron 
111. 477, cube tI. 480, icosahedron ti. 
489-91, dodecahedron 111. 501-3: 1. 20, 
39, 1337., 137, I5I, 225, 388, 391, 401: 
II. 4, 27, 29, 67, 79, 8t, 113, 133, 211, 
250, 251, 292 

Papyrus, Herculanensis No. 1061, 1. 50, 
184: Oxyrhynchus I. 5o: Fayüm I. 51, 
337, 338: Rhind I. 304, 352 

Paradoxes, in geometry I. 188: of Erycinus 
I. 27, 290, 329: an ancient ''Budget of 
Paradoxes” 1. 32 

** Parallelepipedal" — with parallel planes or 
faces: ‘‘parallelepipedal solid” (not ‘solid 
parallelepiped ”) or “ parallelepiped ” 111. 
326: generally has six faces but sometimes 
more (‘‘ parallelepipedal prism ") 111. 401, 
404: ''parallelepipedal" (solid) numbers 
in Nicomachus have two of sides differing 
by unity 11. 290 

Parallelogram (=parallelogrammic area), first 
introduced 1. 325: rectangular parallelo- 
gram I. 370 

Parallels: Aristotle, on I. 190, 191-2: defi- 
nitions, by ** Aganis" 1. 191, Geminus 1. 
191, Posidonius 1. 19o, Simplicius I. 190: 
as equi-distants I. 190-1, 194: direction- 
theory of, I. 191-2, 194: definitions 
classified 1. 192-4: Veronese’s definition 
and postulate 1. 194: Parallel Postulate, 
see Postulate 5: Legendre’s attempt to 
establish theory of, i. 213-9: parallel 
planes, definition of, 111. 260, 265 

Paris Mss. of Elements, (p) t. 49, (q) 1. 50 

Pasch, M. 1. 157, 238, 250 

'" Peacock's tail," name for Eucl. 111. 8, 1. 99, 
418 

Pediasimus, Joannes 1. 72-3 

Peet, T. Eric i. 352 

Peithon 1. 203 

Peletarius (Jacques Peletier) 1. 103, 104, 249, 
407, 1l. 47, 56, 84, 146, 190: on angle of 
contact and angle of semicircle 11. 41 

Pena 1. 104 

Pentagon: decomposition of regular pentagon 
into 3o elementary triangles 11. 98: relation 
to pentagram 1I. 99 

Pentagonal numbers 11. 389 

** Perlect"' (of a class of numbers) t1. 293-4, 
421-6: Pythagoreans applied term to 10, 
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11. 294: 3 also calied *' perfect" 1. 417, 11. 
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Perpendicular (xá8eros): definition 1. 181: 
“plane” and *'solid" 1. 272: perpendi- 
cular and obliques 1. 291: perpendicular to 
plane, 111. 260, 263: perpendicular to two 
straight lines not in one plane 111. 306-7 

Perseus I. 42, 162-3 

Perturbed proportion (rerapaypévn avadoyla) 
11. 136, 176-7 

Pesch, J. G. van, De Procli fontióus 1. 23Sqq., 
297. 

Petrus Montaureus (Pierre Mondoré) 1. 102. 

Peyrard and Vatican Ms. 19o (P) 1. 46, 47, 
103: 1. 108 

Pfleiderer, C. F. 1. 168, 298, 11. 2 ` 

Phaenomena of Euclid 1. 16, 17 

Philippus of Medma I. 1, 116 

Phillips, George 1. 112 

Philo Ed Byzantium 1. 20, 23: proof of 1. 8, 
I. 203-4 

Philolaus 1. 34, 351, 371, 399, 411 

Philoponus 1. 45, 191-2, II. 234, 282 

Pirckenstein, A. E. Burkh. von, 1. 107 

Plane (or plane surface) : Plato's definition 

of, 1. 171, III. 272-3: Proclus! and Sim- 

plicius’ interpretation of Euclid's def. t. 

171: possible origin oí Euclid's def. 1. 171: 

Archimedes’ assumption 1.171, 172: other 

ancient definitions of, in Proclus, Heron, 

Theon of Smyrna, an-Nairizi 1. 171-2: 

*" Simson's" definition. (*axiom of the 

plane") I. 172-3, III. 273, and Gauss 

on, I. 172-3: Crelle's tract on, 1. 172-4: 

other definitions by Fourier 1. 173, Deahna 

1.174. J. K. Becker 1. 174, Leibniz 1. 176, 

Beez 1. 176: evolution of, by Bolyai and 

Lobachewsky 1. 174-§: Enriques and 

Amaldi, Ingrami, Veronese and Hilbert 

on, I. 175: plane at right angles to plane, 

Euclid's definition of, 111. 260, 263, and 

alternative definition making it a particular 

case of ‘‘ inclination” 111. 303-4: parallel 

planes defined 111. 260, 265 

Plane loci” !..329-30: Plane Loci of Apol- 

lonius I. 14, 259, 330, II. 198-200 

Plane numbers, product of two factors 
(‘‘sides” or ‘‘length” and ‘‘breadth”) 11. 
287-8: in Plato either square or oblong 
I1. 287-8: similar plane numbers r1. 293: 
one mean proportional between similar 
plane numbers 1I. 371-2 

" Plane problems" I. 329 

Planudes, Maximus I. 72 

Plato: 1. 1, 2, 3, 137, 155-6, 159, 184, 187, 
203, 221, 4I1, 417, III. 1, 33 supposed 
invention of Analysis by, 1. 134: def. of 
straight line I. 165-6: def. of plane surface 
1.170: on golden section 11. 99: on art of 
stereometry (length, breadth, and depth) 
as one of three ua8juara, next to geometry 
but commonly put after astronomy because 
little advanced III. 262: generation of 
cosmic figures by putting together triangles, 
I. 226, 413-4, 11. 97-8, 111. 267: rule for 
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rational right-angled triangles t. 356, 357, 
359, 360, 385: "'rational diameter of 5” 
I. 399, 413, gives 7/5 as approximation 
to A/2, II. £19: passage of Theactetus on 
Suvdwecs (SQuare roots or surds) 1.411, 412-3, 
11. 288, 290, 111. 1-3: on square and oblong 
numbers 11. 288, 290: theorem that between 
square numbers one mean suffices, between 
cube numbers two means are necessary 11. 
194, 364 

“Platonic” figures I. 2, 413-4: scholium on, 
I11. 438 

Playfair, John 1. 103, r11: *''Playfair's" 
Axiom 1I. 220: used to prove Eucl. 1. 29, 
I. 312,and Eucl. Post. 5,1. 313: comparison 
of Axiom with Post. 5, 1. 313-4: 11. 2 

Pliny 1. 333 

Plutarch 1. 29, 37, 177, 343» 351, 417, 11. 98, 
254, III. 368 

Point: Pythagorean definition of, 1. 155: in- 
terpretation of Euclid's definition 1. 155: 
Plato's view of, and Aristotle's criticism 
I. 1556: attributes of, according to Aris- 
totle 1. 156: terms for (areyuf, ouetor) 
I. 156: other definitions by ** Herundes," 
Posidonius 1I. 156, Simplicius I. 157: ne- 
gative character of Euclid's def. 1. 156: is 
it sufficient? I. 156: motion of, produces 
line 1. 157: an-Nairizi on, 1. 157: modern 
explanations by abstraction I. 157 

Polybius I. 331 

Polygon: sum of interior angles (Proclus' 
proof) 1. 322: sum of exterior angles I. 322 

Polygonal numbers 11. 289 

Polyhedral angles, extension of XI. 21 to, 
III. 310-1 

“Pons Asinorum” 1. 415-6: Pont aux ânes, 
ibid. 

Porism: two senses I. 13: (1)=corollary I. 
134, 278-9: as corollary to proposition 
precedes *' Q.E.D." or '* Q.E.F." I1. 8, 64: 
Porism to Iv. 15 mentioned by Proclus 
1. 109: Porism to VI. 19, Il. 234: inter- 

olated Porisms (corollaries) 1. 60-1, 381: 
(2) as used in Forisms of Euclid, distin- 
guished from theorems and problems 1. 
t0, 11: account of the Zorzssis given by 
Pappus I. 10-13: modern restorations 
by Simson and Chasles 1. 14: views of 
Heiberg 1. 11, 14, and of Zeuthen 1. 15 

Porphyry 1. 17: commentary on Euclid I. 24: 
Symmi&ta 1. 24, 34, 44: 1. 136, 277, 283, 287 

Poselger 111. 8 

Posidonius, the Stoic 1. 20, 27, 28 ., 39, 189, 
197: book directed against the Epicurean 
Zeno I. 34, 43: on parallels 1. 40, 190: 
definition of figure t. 41, 183 

Postulate, distinguished from axiom, by 
Aristotle 1. 118-9, by Proclus (Geminus 
and '* others ") 1. (21-3: from hypothesis, 
by Aristotle I. 120-1, by Proclus 1. 121-2: 
postulates in Archimedes |. 120, 123: 
Euclid’s view of, reconcileable with Aris- 
totle’s I. 119-20, 124: postulates do not 
confine us to ruler and compasses 1. 124: 
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Postulates 1, 2, significance of, 1. 195-6: 
famous ‘‘ Postulate” or ‘‘ Axiom of Richi. 
medes” I. 234, III. (5-6 

Postulate 4: significance of, 1. 200: proofs 
of, resting on other — I. 200-1, 
230: converse true only when angles recti- 
lineal (Pappus) t. 201 

Postulate $: probably due to Euclid himself 
I. 202: Proclus on, I. 202-3: attempts to 
prove, Ptolemy 1. 204-6, Proclus 1. 206-8, 
Nasiraddin at-Tüsi 1. 208-10, Wallis 1. 
210-1, Saccheri 1. 211-2, Lambert I. 212- 
3: substitutes for, '' Playfair's" axiom (in 
Proclus) 1. 220, others by Proclus 1. 207, 
220, Posidonius and Geminus I. 220, Le- 
gendre r. 213, 214, 220, Wallis t. 220, 
Carnot, Laplace, Lorenz, W. Bolyai, Gauss, 
Worpitzky, Clairaut, Veronese, Ingrami 1. 
220: Post. § proved from, and compared 
with, ** Playfair's " Axiom I. 313-4: 1. 30 
is Jogical equivalent of, 1. 220 

Potts, Robert t. 112, 246 

Powers, R. E. 11. 426 

Prestet, Jean 11. 426 

Prime (number): definitions of, 11. 284-5: 
Aristotle on two senses of “prime” 1. 146, 
II. 285: 2 admitted as prime by Eucl. and 
Aristotle, but excluded by Nicomachus, 
Theon of Smyma and Iamblichus, who 
make prime a subdivision of odd 11. 284-5: 
‘* prime and incomposite (dovveros)” 11. 
284: different names for prime, ‘‘odd- 
times odd” (Theon), ‘‘linear” (Theon), 
*‘ rectilinear’? (Thymaridas), ‘‘ euthyme- 
tric” (Iamblichus) 11. 285: prime abso- 
lutely or in themselves as distinct from 
prime to one another (Theon) r1. 285: defi- 
nitions of ** prime to one another” 11. 285—6 

Principles, First, 1. 117-24 

Prism, definition of, by Euclid IM. 261, 
by others 111. 268-9: *'parallelepipedal 
prisms” 11. 404 

Problem, distinguished from theorem 1. 124- 
8 : problems classified according to number 
of solutions (a) one solution, ordered (re- 
ra'yuéra) (^) a definite number, interme- 
diate (ulsa) (c) an infinite number of solu- 
tions, wsordered (Araxra) 1. 128: in widest 
sense anything propounded (possible or 
not) but generally a construction which is 
possible 1. 128-9: another classification 
(1) problem tn excess (xeovdtov), asking 
too much 1. 129, (1) deficient problem (eAX«- 
vés wpófiAnua), giving too little I. 129 

Proclus : details of career 1. 29-30 : remarks 
on earlier commentators I. 19, 33, 45: 
commentary on Eucl. 1, sources of, t. 39- 
45, object and character of, 1. 31-3 : com- 
mentary probably not continued, though 
continuation intended 1. 33-3: books 
quoted by name in, 1. 34: famous “ sum- 
mary" I. 37-8: list of writers quoted 
I. 44: his own contributions I. 44-5: 
character of Ms. used by, 1. 62, 63: on 
the nature of elements and things elemen- 


tary 1. 114-6 : on advantages of Euclid's 
Elements, and their object 1. 115-6 : on 
first principles, hypotheses, postulates, 
axioms I. 121-4: on difficulties in three 
distinctions between postulates and axioms 
I. 123 : on theorems and problems I. 124-9: 
on: formal divisions of proposition I. 129- 
31, II. 100: attempt to prove Postulate 5, 
I. 206-8: commentary on Plato's Republic, 
allusion in, to **side-" and “ diagonal-”’ 
numbers in connexion with Eucl. 11. 9, 10, 
I. 399-400: on use of ** quindecagon " for 
astronomy IJ. rit: I. 412, If. 4, 39, 40» 193, 
247, 269, III. 10, 264, 267, 273, 310, 441 


Proof (àáxóbeds), necessary part of proposi- 


tion I. 129-30 


Proportion : complete theory applicable to 


incommensurables as well as commensur- 
ables is due to Eudoxus 1. 137,351, I1. t 12: 
old (Pythagorean) theory practically repre- 
sented by arithmetical theory of Eucl. vit., 
II. 113: in giving older theory as well 
Euclid simply followed tradition 11. 113: 
Aristotle on general proof (new in his 
time) of theorem (alternando) in proportion 
II. 113: X. § as connecting two theories 
I1. 113: De Morgan on extension of mean- 
ing of ralio to cover incommensurables 11. 
118: power of expressing incommensurable 
ratio is power of approximation without 
limit 1I. 119: interpolaced definitions of 
proportion as ** sameness " or *' similarity 
of ratios” It. 119: definition in v. Def. 5 
substituted for that of vir. Def. 20 because 
latter found inadequate, not vice versa 11. 
121 : De Morgan's defence of v. Def. 5 as 
necessary and sufficient 11. 122-4: v. Def. 
§ corresponds to Weierstrass’ conception 
of number in general and to Dedekind’s 
theory of irrationals 11. 124-6: alternatives 
for v. Def. 5 by a geometer-friend of Sac- 
cheri, by Faifofer, Ingrami, Veronese, 
Enriques and Amaldi 11. 126: propor- 
tionals of vit. Def. 20 (numbers) a par- 
ticular case of those of v. Def, 5 (Simson’s 
Props. C, D and notes) r1. 126-9, It1. 35: 

roportion in three terms (Aristotle makes 
it four) the '* least" 1t. 131: **continuous " 
proportion (evvex3s or avrnupérn ávaXoy(a, 
in Euclid é£$s áráXoyor) 11. 131, 293: 
three ** proportions" 11. 292, but propor- 
tion par excellence or primary is continuous 
or geometric II. 292-3: ‘‘discrete” or 
'* disoined" (Guppnuérn, biegevyuérn) 11. £31, 
2393: “ordered” proportion (rera-yuérn), 
interpolated definition of, 11. 137: ''per- 
turbed"' proportion (rerapa»yuér9) 11. 136, 
176-7: extensive use of proportions in 
Greek geometry 11. 187: proportions enable . 
any quadratic equation with real roots to 
be solved 11. 187: supposed use of pro- 
positions of Book v. in arithmetical Books 
Il. 314, 320 


Proposition, formal divisions of, 1. 139-31 
Protarchus 1. 5, III. 542 
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Psellus, Michael, scholia by, 1. 70, 7 1, 11. 234 

Pseudaria of Euclid 1.7: Pseudographemata 
I. 2 4. 

Pseudoboethius 1. 92 

Ptolemy I.: 1. 1, 2: 
Ptolemy 1. 1 

Ptolemy II. Philadelphus 1. 20 

Ptolemy VII. (Euergetes II.), Physcon, I. 20 

Ptolemy, Claudius!. 21, 30 ”.: Harmonica of, 
and commentary on, I. 17: on Parallel- 
Postulate 1. 28 5., 34, 43, 45: attempt to 
prove it I. 204-6: lemma about quadri- 
lateral in circle (Simson's vi. Prop. D) 
I1. 225-7 : II. 110, £17, 119 

Punch on Pons Asinorum 1. 416 

Pyramid, definitions of, by Euclid r1. 261, 
by others 111. 268 

Pyramidal numbers If. 290: pyramids trun- 
cated, twice-truncated etc. ii. 291 

Pythagoras I. 4 »., 36 : supposed discoverer 
of the irrational 1. 351, 411, 412, Of appii- 
cation of areas 1. 343-4, of theorem of 
1. 47» 1. 343-4, 350-4, 411, 412, of con- 
struction of five regular solids I. 413-4, 11. 
97: story of sacrifice I. 37, 343, 350: pro- 
bable method of discovery of 1. 47 and proof 
of, 1. 352-5; suggestions by Bretschneider 
and Hankel 1. 354, by Zeuthen 1. 355-6: 
rule for forming right-angled triangles in 
rational numbers 1. 3513, 356-9, 385: con- 
struction of figure equal to one and similar 
to another rectilineal figure 11. 254: intro- 
duced ‘‘the most perfect proportion in 
four terms and specially called ‘harmonic’” 
into Greece 11. 112 

Pythagoreans 1. 19, 36, 155, 188,379, 411-4: 
term for surface (xpoá) 1. 169: angles of 
triangle equal to two right angles, theorem 
and proof I. 317-20: three polygons which 
in contact fill space round point 1. 318, 11. 
98 : method of application of areas (includ- 
ing exceeding and falling-short) 1. 343, 
384, 403, 11. 187, 258-60, 263-5, 266-7 : 
gnomon Pythagorear 1. 351: “rational” 
and ‘‘irrational diameter of 5’’ 1. 399-400, 
413: story of Pythagorean who, having di- 
vulged the irrational, perished by shipwreck 
1. 411, UI. 1: 7/5 as approximation to 4/2, 
I1. 119: approximation to 4/2 by ‘‘side-” 
and ‘‘diagonal-” numbers 1. 398-400, 111. 
2, 20: proof of incommensurability of 4/2, 
141. 2: construction of isosceles triangle of 
Eucl. 1v. ro, and of regular pentagon, 1. 
414, 11. 97-8: possible method of discovery 
of latter 11. 97-9: distinguished three sorts 
of means, arithmetic, geometric and har- 
monic 11. 112: had theory of proportion 
applicable to commensurables only 11. 112: 
construction of dodecahedron in sphere 11. 
97, and of other regular solids 1. 413-4, 111. 
438: definitions of unit 11. 279, of even 
and odd r1. 281: called ro *' perfect? j1. 294 


story of Euclid and 


Qadizade ar-Rümi 1. 57t., go 
Q.E.D. (or F.) I. 57 
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al-Qifti 1. 4”., 94 

Quadratic equations: solution assumed by 
Hippocrates 1. 386-7: geometrical solu- 
tion of particular quadratics 1. 383-5, 
386-8: solution of general quadratic by 
means of proportions t1. 187, 263-5, 266-7 : 
diopiouds or condition of possibility of solv- 
ing equation of Eucl. vi. 38, 11. 259: one 
solution only given, for obvious reasons 
H. 260, 264, 267: but method gives both 
roots if real 11. 258 : exact correspondence 
of geometrical to algebraical solution, 11. 
263-4, 266-7: indication that Greeks 
solved them numerically 111. 43-4 

Quadratrix 1. 265-6, 330, 413 

Quadrature (rerpaywviouós), definitions of, 
I. 14 

—— varieties of, 1. 188-9o: in- 
scribing in circle of quadrilateral equi- 
angular to another 11. 9t-2: condition for 
inscribing circle in, 11. 93, 95: quadri- 
lateral in circle, Ptolemy's lemma (Simson's 
vi. Prop. D) 11. 225-7: quadrilateral not 
a “polygon” 11. 239 

Quadrinomial (straight line), compound ir- 
rational (extension from d:nomial) 111. 256 

** Quindecagon" (fifteen-angled figure) : use- 
ful for astronomy r1. 111: 

Quintilian 1. 333 

Qustà b. Lüqa al-Balabakki, translator of 
* Books xiv, xv” 1. 76, 87, 88 


Radius, no Greek word for, 1. 199, 11. 2 

Ramus, Petrus (Pierre de la Ramée) t. 104, 
I. 121 

Ratdolt, Erhard 1. 78, 97 

Ratio: definition of, 11. 116-9, no sufficient 
ground for regarding it as spurious II. 117,- 
Barrow’s defence of it t1. 117: method of 
transition from arithmetical to more general 
sense covering incommensurables 11. 118; 
means of expressing ratio of incommen- 
surables is by approximation to any degree 
of accuracy 11. 119: def. of greater ratio 
only one criterion (there are others) tI. 
130: tests for greater, equal and less ratios 
mutually exclusive 11. 130-1: test for 
greater ratio easier to apply than that for 
equal ratio 1I. 129-30: arguments about 
greater and less ratios unsafe unless they 
go back to original definitions (Simson on 
V. 10) Il. 156-7: compound ratio 11. 132-3, 
189-90, 234: Operation of compounding 
ratios 11. 234: ‘‘ratio compounded of their 
sides " (careless expression) 13. 248: dupli- 
cate, triplicate etc. ratio as distinct from 
double, triple etc. 11. 133: alternate ratio, 
alternando 11. 134: inverse ratio, inversely 
11. 134: composition of ratio, componendo, 
different from compounding ratios 11. 134-5: 
separation of ratio, separando (commonly 
dividendo) 1. 135: conversion of ratio, 
convertendo 11. 135: ratio ex aequali 1. 
136, ex aequali in perturbed proportion 11. 
136: division of ratios used in Da/a as 
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general method alternative to compounding 
II. 249-50: names for particular arith- 
metical ratios 11. 292 

Rational (fpy70s): (of ratios) 1. 137: ‘‘rational 
diameter of 5”’1. 399-400, 413: rational right- 
angled triangles, see right-angled triangles: 
any straight line may be taken as rational 
and the irrational is irrational in relation 
thereto 1H. 10: rational straight line is 
still rational if commensurable with rational 
straight line é# square only (extension of 
meaning by Euclid) 111. 10, 11-12 

Rationalisation of fractions with denominator 
of form ay B or JA NVA, 111. 243-52 

Rauchfuss, see Dasypodius 

Rausenberger, O. 1. 137, 175, 313, 111. 307, 
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ar Ré, Abü Yüsuf Yaqüb b. Mub. 1. 86 

Reciprocal or reciprocally-related figures: de- 
finition spurious 11. 189 

Rectangle: =rectangular parallelogram 1. 
370: ‘‘rectanyle contained by” 1. 370 

Rectilineal angle: definitions classified 1. 
179-81 : rectilineal figure 1. 187: ‘‘recti- 
lineal segment” 1. 196 

Reductio ad absurdum |. 134: described by 
Aristotle and Proclus 1. 136: synonyms 
for, in Aristotle 1. 136: a variety of Analy- 
sis 1. 140: by exhaustion I. 285, 293: 
nominal avoidance of, 1. 369: the only 
possible method of proving Eucl. 111, !, 
H. 8 

Reduction (&ma^wy?), technical term, ex- 
ae by Aristotle and Proclus 1. 135: 
rst ** reduction" of a difficult construction 
due to Hippocrates 1. 135, 11. 13 

Regiomontanus (Johannes Müller of Konigs- 
berg) 1. 93, 96, 100 

Reyher, Samuel |. 107 

Rhaeticus 1. 101 

Rhind Papyrus 1. 304, 352 

Rhomboid 1. 62, 151, 189 

Rhombus 1. 62, 151, meaning and derivation 
I. 189 

Riccardi, P. 1. 96, 112, 202 

Riemann, B. 1. 219, 273, 274, 280 

Right angle: definition 1. 181: drawing 
straight line at right angles to another, 
Apollonius’ construction for, 1. 270: con- 
struction when drawn at extremity of second 
line (Heron) 1. 270 

Right-angled triangles, rational: rule for 
finding, by Pythagoras 1. 356-9, by Plato 
1. 356, 357, 359 360, 385, by Euclid 111. 
63-4: discovery of rules by means of 
gnomons 1. 358-60: connexion of rules 
with Eucl. 11. 4. 8, 1. 360: rational right- 
angled triangles in Apastamba 1. 361, 363 

Róth 1. 357-8 

Rouché and de Comberousse 1. 313 

Rudd, Capt. Thos. 1. 110 

Ruellius, Joan. (Jean Ruel) 1. 100 

** Rule of three ": Eucl. vi. 12 equivalent to, 
Il. 215 

Russell, Bertrand 1. 227, 249 
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Saccheri, Gerolamo 1. 106, 144-5, 167-8, 
185-6, 194, 197-8, 100-1, II. 126, 130: 
proof of existence of fourth proportional by 
Eucl. vi. 1, 2 and 12, II. 170 

ae b. Mas üd b. al-Qass 1. 9o 
athapatha-Brahmana 1. 362 

Savile, Henry 1.105, 166, 245, 250, 262, II. 190 

Scalene (oxadnves or cxadnvis) I. 187-8: of 
numbers ( = odd) 1. 188: a class of solid 
numbers 11. 290: of cone (Apollonius) 1. 188 

Schessler, Chr. 1. 107 

Scheubel, Joan. 1. 101, 107 

Schiaparel i, G. V. r. 163 

Schmidt, Max C. P. 1. 304, 3!9 

Scholia to Evements and Mss. of, 1. 64-74: 
historical information in, 1. 64: evidence 
in, as to text 1. 64-5, 66-7 : sometimes in- 
terpolated in text.1. 67: classes of, ‘*Schol. 
Vat." 1, 65-9, “Schol. Vind.” 1. 69-70, 
miscellaneous!. 71-4: ‘‘Schol. Vat.” partly 
derived from Pappus’ commentary 1. 66: 
many scholia partly extracted from Proclus 
on Bk. 1., 1. 66, 69, 72: many from Geminus 
solely 1. 74: numerical illustrations in, 
in Greek and Arabic numerals 1. 71, 
74 #.: scholia by Psellus 1. 70-1, by 
Maximus Planudes 1. 72, Joannes Pediasi- 
mus I. 72-3: Scholia in Latin published by 
G. Valla, Commandinus, Conrad Dasypo- 
dius 1. 73: scholia on Eucl. II. 13, I. 407: 
Scholium iv. No. 2 ascribes Book Iv. to 
Pythagoreans I. 414, 11. 97: Scholium v. 
No. 1 attributes Book v. to Eudoxus 11. 112: 
Scholium x. No. 1 attributes discovery of 
irrational and incommensurable to Pytha- 
goreans 11. 1: scholium published later 
by Heiberg attributes Scholium x. No. 62 
to Proclus 1. 33 ». 

Scholiast to. C/oud's of Aristophanes 1I. 99 

Schooten, Franz van 1. 108 

Schopenhauer I. 227, 354 

Schotten, H. 1. 167, 174, 179, 192-3, 202 

Schultze, A. and Sevenoak, F. L. 111. 284, 
303, 33! 

Schumacher 1. 321 

Schur, F, 1. 328 

Schweikart, F. K. 1. 219 

Scipio Vegius I. 99 

Sectio Canonis attributed to Euclid 1. 17, 
“HI. 395, Ill. 33 

Section (7045): — point of section I. 170, 171, 
383 : “‘/he section ” = “ golden section ” g.v. 

Sector (of circle): explanation of name: two 
kinds (1) with vertex at centre, (2) with 
vertex at circumference 11. 5 

Sector-like (figure) 11. §: bisection of such a 
figure by straight line 11. 5 

Seelhoff, P. 11. 426 

Segment of circle: angle of, 1. 253, 1. 4: 
similar segments Il. §: segment less than 
semicircle called ayis 1. 187 

Semicircle: 1. 186: centre of, 1. 186: angle 
of, 1. 182, 253, 1l. 4, 39-41 (see Angle): 
angle in semicircle a right angle, pre- 
Euclidean proof 11. 63 
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Separation of ratio, d:alpeois Adyou, and 
separando (dtedbvrt) 11. 135: separando and 
componendo used relatively to one another, 
not to original ratio 11. 168, 170 

Segt 1. 304 

Serenus of Antinoeia 1. 203 

Serle, George 1. 110 

Servais, C. II. 426 

Setting-out (&xOeors), one of formal divisions 
of a proposition 1. 129 : may be omitted 1. 


130 
Sexagesimal fractions in scholia !. 74 
Sextus Empiricus 1. 62, 63, 184 | 
Shamsaddin as-Samarqandi 1. 5 s., 89 
* Side-" and "*diagonal-" numbers, described 
I. 398-400: due to Pythagoreans I. 400, 
III. 2, 20: connexion with Eucl. 11. 9, 10, 
1. 398-400: use for approximation to 4/2, 


1. 3 

S Side of a medial minus a medial area " (in 
Euclid “that which produces with a medial 
area a medial whole"), a compound ir- 
rational straight line : biquadratic of which 
it is a root 111. 7: defined 111. 165-6: 
uniquely formed 111. 174-7: equivalent to 
square root of sixth apotome 111. 209-11 

‘*Side of a medial minus a rational area” (in 
Euclid ‘‘that which produces with a rational 
area a medial whole”), a compound ir- 
rational straight line: biquadratic of which 
it is a root III. 7: defined 111, 164: 
uniquely formed 111. 173-4: equivalent to 
square root of f/th afotome 111. 206-8 

“Side of a rational plus a medial area,” a 
compound irrational straight line : biquad- 
ratic equation of which it is a root III. 7: 
defined 111. 88-9: uniquely divided 111. 99: 
si ha to square root of fifth binom:al 
I1. 84, 12 

tı Side of the sum of two medial areas,” a 
compound irrational straight line: biquad- 
ratic of which it is a root 111. 7: defined 
I1. 89-91 : uniquely divided 111. 99-101: 
equivalent to square root of sixth binomial 
HI. 84, 130-1 

* Side" used in translation of Book x. for 9 
óvrauévg (ró xeplov), ‘‘side of a square 
equal to (the area)” Il. 13, 119 

Sides of plane and solid numbers, 11. 287-8 

Sigboto I. 94 

* Similar" ( 2equal) angles 1. 182, 253 

* Similarly inclined " (of planes) 111. 260, 365 

Similar plane and solid numbers 1. 357, 1I. 
293: one mean between two similar plane 
numbers 11. 294, 371-2, two means between 
two similar solid numbers 11. 394, 373-5 

Similar rectilineal figures: def. of, given in 
Aristotle 11. 188: def. gives at once too 
little and too much IJ. 188: similar figures 
on straight lines which are proportional 
are themselves proportional and conversely 
(vi. 22), alternatives for proposition 31. 
242-7 

Similar segments of circles t1. $ 

Similar solids: definitions of, 111. 261, 265-7 
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Simon, Max I. 108, 155, 157-8, 167, 202, 
328, Il. (24, 134 

Simplicius: commentary on Euclid 1. 27-8 : 
on lunes of Hippocrates 1. 29, 35, 386-7 : 
on Eudemus' style I. 35, 38 : on parallels 
I. 190-1 : 1. 22, 167, 171, 184, 185, 197, 
203, 223, 234, 413, Il. 366 

Simpson, ‘Thomas, If. 121, 111. 274 

Simson, Robert: on Euclid’s Porisms 1. 14: 
on ‘‘vitiations” in Elements due to Theon 
I. 46, 103, 104, 106, 111, 148: definition 
of plane I. 172-3: Props. C, D (Bk. v.) 
connecting proportionals of vit. Def. 20as 
particular case with those of v. Def. s, 11. 
126-9, 111. 25: Axioms to Bk. v., II. 137: 
Prop. B (inversion) 11. 144: Prop. E (con- 
vertendo) 11. 175: shortens Vv. 8 by com- 
pressing two cases into one 1l. (52-3: 
important note showing flaw in V. ro and 
giving alternative 1t. 156-7: Bk. vi. 
Prop. A extending vi. 3 to case where 
external angle bisected 11. 197 : Props. B, 
C, D 11. 222-7: remarks on vI. 27-9, 11. 
258-9: Prop. D, Book X1., 111. 345: 1. 185, 
186, 255, 259, 287, 293, 296, 322, 328, 
384, 387, 403, 11. 2, 3, 8, 22, 33, 33, 34 
37» 43» 49» 53» 79; 73» 79: 99, 117, 131, 
132, 140, 143-4, 145, 140, 148, 154, 161, 
102, (63, 165, 170-2, 177, 179, 180, 182, 
183, 184, 185, 186, 189, 193, 195, 209, 211, 
212, 230-1, 238, 252, 269, 270, 272-3, III. 
265, 206, 273-4, 275, 276, 286-7, 289, 295, 
o A s 335» 336 334 

40, » 349» 351, 389, 302, 375, , 

Sind b. Ani Aba "tlayib 1. 86 4 

Size, proper translation of syXuxórms in v. 
Def. 3, 11. 116-7, 18 

Smith and Bryant, alternative proofs of v. 16. 
17, 18 by means of vt. t, where magnitudes 
are straight lines or rectilineal areas 11. 
165-6, i65. 173-4: I. 404, III. 268, 275, 
284, 303, 307 

Smith, D. E. 1. 362, 417 

Solid : definition of, 111. 260, 362-3 : similar 
solids, definitions of, 111. 261, 265-7: 
equal and similar solids, 153d. 

Solid angle : definitions of, 111. 261, 267-8 : 
solid ‘‘angle” of ‘‘quarter of sphere,” of 
cone, or of half-cone 111. 268 

** Solid loci" 1. 329, 330: Solid Loci of 
Aristaeus I. 16, 329 

Solid numbers, three varieties according to 
relative lengths of sides 1t. 290-1 

'* Solid problems” 1. 329, 330 

Speusippus 1. 125 

Sphaerica, early treatise on, I. 17 

Sphere: definitions of, by Euclid ttt. 261, 

. 269, by others 111. 269 

Spherical number, a particular species of cube 
number 1I. 291 

Spiral, *' single-turn," 1. 122-73 s, 164-5: in 
APPa nora helix 1. 165 

Spiral of Archimedes 1. 26, 267 

Spire (tore) or Spiric surface 1. 163, 170; 
varieties of, 1. 163 
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Spiric curves or sections, discovered by 
Perseus 1. 161, 162-4 

Square number, product of equal numbers 
11. 289, 291: one mean between square 
numbers 11. 294, 363-4 

Staudt, Ch. von 111. 276 

Steenstra, Pybo 1. 109 

Steiner, Jakob 1. 193 

Steinmetz, Moritz 1. 101 

Steinschneider, M. 1. 8 »., 76 sqq. 

Stephanus Gracilis 1. 101-2 

Stephen Clericus 1. 47 

Stevin, Simon 111. 8 

Stifel, Michael 111. 8 

Stobaeus 1. 3, ir. 280 

Stoic * axioms" I. 41,221: sllustrations (3ely- 
para) 1. 329 

Stolz, O. 1. 338, 111. 16 

Stone, E. 1. 10$ 

Straight line: pre-Euclidean (Platonic) de- 
finition 1. 165-6: Archimedes’ assumption 
respecting, 1. 166: Euclid’s definition, inter- 
reted by Proclus and Simplicius 1. 166-7: 
anguage and construction of, 1. 167, and 
conjecture as to origin 1. 168: other def- 
nitions I. 168-9, in Heron 1. 168, by Leib. 
niz I. 169, by Legendre 1. 169: two straight 
lines cannot enclose a space 1. 195—6, can- 
not have a common segment I. 196-9, 111. 
273: one or two cannot make a figure 1. 
169, 183: division of straight line into any 
number of equal parts (an-Nairizi) 1. 326: 
straight line at right angles to plane, defi- 
nition of, 111. 260, alternative constructions 
for, 111. 293-4 

Strómer, Márten 1. 113 

Studemund, W. t. 92 5. 

St Vincent, Gregory of, 1. 401, 404 

Subduplicate of any ratio found by Eucl. vr. 
13, 1I. 216 

Subtend, meaning and construction 1. 249, 
283, 350 

Suidas I. 370, 413, I!I. 360, 438 

Sulaiman b. ‘Usma (or 'U ba) I. 85, 90 

Superposition: Euclid’s dislike of method 
of, I. 225, 249: apparently assumed by 
Aristotle as legitimate 1. 226: used by 
Archimedes 1. 225: objected to by Pele- 
tarius I. 249: no use theoretically, but 
merely furnishes practical test of equality 
I. 227: Bertrand Russell on, 1. 227, 
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Succes Pythagorean term for, xpord (=co- 
lour, or skin) 1. 169: terms for, in Plato 
and Aristotle I. 169: éwipdveca in Euclid 
(not éxlwedov) 1. 169: alternative definition 
of, in Aristotle I. 170: produced by motion 
of line 1. 170: divisions or sections of solids 
are surfaces 1. 170, 171; classifications of 
surfaces by Heron and Geminus 1. 170: 
composite, incomposite, simple, mixed 1. 
170: sfiric surfaces 1. 163, 170: Aomoeo- 
meric (uniform) surfaces 1. 170: spheroids 
1.170: plane surface, see plane: loci on 
surfaces I. 329, 330 
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Surface-locí of Euclid 1. 15, 16, 330: Pappus 
lemmas on, I. 15, 16 

Suter, H. 1. 82.,172., 182., 25 2., 78 2., 
85-90, III. 3 

Suvoroff, Pr. 1. 113 

Swinden, J. H. van t. 169, 11. 188 

Sylvester, J. 11. 426 

Synthesis, see Analysis and Synthesis 

Syrianus I. 30, 44, 176, 178 


Tacquet, André 1. 103, 105, 1 11, 11. 121, 338 

TAittiriya-Samhita 1. 36 

Tannery, P. I. 7 *t., 37-40, 44, 160, 163, 221, 
223, 224, 225, 232, 305, 353, 412, 417, II. 
112, 113, III. 1, § 

Za'-ri&h al-Hukamà 1. 4 n. 

Tartaglia, Niccolo I. 3, 103, 106, II. 2, 47 

Taurinus, F. A. I. 219 

Taurus 1. 62, 184 

Taylor, H. M. 1. 248, 377-8, 404, 11. 16, 22, 
19, 56, 75, 1032, 227, 244, 247, 271, III. 
268, 275, 303, 491-2, 498 

Taylor, Th. 1. 259 

Tetrahedron, regular: 11.98: problem of in- 
scribing in given sphere, Euclid’s solution 
Ul. 467-72, Pappus' solution ItI. 472-3 

Thabit b. Qurra, translator of Elements 1. 42, 
75-80, 82, 84, 87, 94: proof of I. 47, 


I. 304-5 

Thales 1. 36, 37, 185, 252, 2§3, 278, 3175 
318, 319, 11. t 11, 280: on distance of ship 
from shore I. 304-5 

Theaetetus I. 1, 37: contributions to theory 
of incommensurables 111. 3: Eucl. x. 9 
attributed to, III. 3, 30: supposed to have 
discovered octahedron and icosahedron i11. 
438: was the first to write a treatise on 
regular solids 111. 438: IIS. 442 

Theodorus Antiochita 1. 71 

"Theodorus Cabasilas 1. 72 

Theodorus of Cyrene: proved incommen- 
surability of 4/3, A/s etc. up to ^/17, I. 411, 
4121-3, III. 1, 2 

Theodorus Metochita, I. 3 

Theodosius 11. 37, III. 269, 366, 472 

Theognis 1. 371 

Theon of Alexandria: edition of Elements 
I. 46: changes made by, I. 46: Simson 
on “ vitiations” by, I. 46: principles for 
detecting his alterations, by comparison 
of P, ancient papyri and ** Theonine" Mss. 
I. 51-3: character of changes by, 1. 54-8: 
interpolation in v. 13 and Porism II. 144: 
interpolated Porism to vi. 30, 1I. 239: ad- 
ditions to VI. 33 (about sectors) 11. 374-6: 
1l. 43, IOQ, 117, 119, 149, 152, 161, 186, 
IQO, 234» 235, 240, 242, 256, 262, 311, 
322, 412 

Theon of Smyrna: I. 172, 357, 358, 37! 
398, II. LET, 119, 279, 280, 281, 284, 285, 
286, 288, 289, 290, 291, 292, 293, 294, 
425, Ul. 2, 263, 273 

Theorem and problem, distinguished by 
Speusippus I. 125, Amphinomus I. 12$, 
128, Menaechmus I. 125, Zenodotus, Posi- 
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donius 1. 126, Euclid 1. 126, Carpus 1. 127, 
128: views of Proclus 1. 127-8, and of 
Geminus 1. 138: “general” and “ not- 
general” (or partial) theorems (Proclus) 


I. 325 

Theudius of Magnesia 1. 117 

Thibaut, B. F. 1. 321 

Thibaut, C.: On Sulvasütras 1. 360, 363-4 

Thompson, Thomas Perronet I. 112 

Thrasyllus 11. 292 

Thucydides 1. 333 

Thymaridas II. 279, 285 

Tibbon, Moses b. 1. 76 

(aed of Plato I. 413-4, 11. 97-8, 294-5; 
203 

Tiraboschi I. 94 si 

Tittel, K. 1..38, 39 

Todhunter, I. t. 112, 189, 246, 258, 277, 
383, 393. 298, 307, 1I. 3, 7, 22, 49, 51, 52, 
67, 73. 90, 99. 1732, 195, 202, 204, 208, 
259, 271, 272, 300 

Tonstall, Cuthbert 1. 100 

Tore 1. 163 

Transformation of areas I. 346-7, 410 

Trapezium: Euclid’s definition his own 1. 
189: further division into trapezia and 
— (Posidonius, Heron) 1I. 189-90: 
a theorem on area of parallel-trapezium 1. 
338-9: nameapplied totruncated pyramidal 
numbers (Theon of Smyrna) 11. 291 

Treasury of Analysts (dvadudpevos rémros) 1. 8, 
10, 11, 138 

Trendelenburg, F. A. 1. 146 n., 148, 149 

Treutlein, P. 1. 358-60 

Triangle: seven species of, 1. 188: *'four- 
sided” triangle, called also ‘‘ barb-like” 
(dxcdoedés) and (by Zenodorus) xoAoyworov 
1. 27, 188: construction of isosceles and 
scalene triangles I. 243: Heron's proof 
of expression for area in terms of sides, 
/s(s—a) (5-0) (S—c), m. 87-8: right- 
angled triangle which is half of equilateral 
triangle used for construction of tetrahe- 
dron, octahedron and icosahedron (Timaeus 
of Plato) 11. 98 

Triangular numbers 1I. 389 

Trihedral angles: conditions of equality 111. 
311-2: symmetrical trihedral angles 111. 
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Thimedial (straight line), first and second, 
corresponding to bimedial 111. 257-8 
Trinomial (straight line), extension from bi- 
nomial 111. 35 
Triplicate, distinct from riple, ratio II. 133 
Trisection of an angle 1. 265-7 
at-Tisi, see Nasiraddin 


Unger, E. S. 1. 108, 1 
Unit: definitions of, b» Tissudidus * some 


Pythagoreans," Chrysippus, Aristotle and 
others I1. 279: Euclid s definition that of 
the ‘‘ more recent” writers II. 279: uovás 
connected etymologically by Theon of 
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Smyrna and Nicomachus with uóvos (soli- 
tary) or ov} (rest) IT. 279 

Vacca, Giovanni I. 113 

Vachtchenko-Zakhartchenko 1. 113 

Vailati, G. 1. 144%., 145 7%. 

Valerius Maximus I. 3 

Valla, G., De expetendis et fugiendis rebus 
1. 73, 98 

Van Swinden, J. H. 1. 169, I1. 188 

Vatican Ms. t9o (P) 1. 46, 47 

Vaux, Carra de, 1. 20 

Verona palimpsest I. 9t 

Veronese, G. I. 157, 168, 175, 180, 193-4, 
IQS, 201, 226-7, 228, 249, 328, II. 30, 126 

Vertical (angles) 1. 278 

Vettius Valens 11. 3 

Viennese MS. (V) 1. 48, 49 

Vieta: on angle of contact 11. 42 

Vinci, Lionardo da 1. 365-6 

Vitali, G. t. 237 

Vitruvius I. 352: Vitruvius and Heron t. 20, 
11 

Viviani, Vincenzo I. 107, 40t 

Vogt, Heinrich, 1. 360, 364, 411-4 

Vooght, C. J. 1. 108 


Wachsmuth, C. I. 33 #., 73 

Walker, John 11. 204, 208, 259 

Wallis, John 1. 103: edited Comm. on Pto- 
lemy’s Harmonica |. 17: attempt to prove 
Post. §, 1. 210-11: on angle of contact 
(** degree of curvature ") 11. 42 

Weber (H.) and Wellstein (J.) 1. 157 

Weierstrass II. 124 

Weissenborn, H. 1. 782., 9218., 94 "t., 95, 

J, 97 7, 418 

iston, W. 1. 111 

Williamson, James 1. 111, 393 

Witt, H. A. I. 113 

Woepcke, F., discovered 2e divisionibus in 
Arabic and published translation 1. 9: on 
Pappus' commentary on E/ements 1. a5, 
66, 77: 1. 85 n., 86, 87, 11. 5, III. 3, 355, 
256, 258, 259 


Xenocrates I. 268, 413 
Ximenes, Leonardo 1, 107 
Xylander 1. 107 


Yahya b. Khalid b. Barmak 1. 75 

Yahya b. Muh. b. ‘Abdan b. ‘Abdalwahid 
(Ibn al-Lubüdi) 1. go 

Yrinus= Heron 1. 22 

Yühanna b. Yüsuf b. al-Hárith b. al.Bitriq 
al-Qass 1. 76, 87 


— Bartolomeo 1. 98- 100, 101, 104, 
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Zeno the Epicurean I. 34, 196, 197, 199, 242 

Zenodorus 1. 26, 27, 188, 2 I. 126 

Zenodotus I. 126 

Zeuthen, H. G. I. 15, 113, 139, 141, 146 72., 
(51, 355-6, 360, 363, 387, 398, 399, 111. 4 
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DEFINITIONS 


1. Ler it be assumed that lin:s drawn directly from the 
eve pass through a space of great extent; 

2. and that the form of the space included within our 
visun is a cone, with its apex in the eye and its base at the 
limits of our vision; 

3. and that those things upon which the vision falis are 
«vn. and that those things upon which the vision does not 
(all are not seen; 

d. and that those things seen within a larser angle 
appear larger, and those seen within a smaller angle appear 
smaller, and those seen within equal angles appear to be of 
the same size; 

5. and that things seen within the higher visual range 
appear higher, while those within the lower range appear 
lower; 

6. and, similarly, that those seen within the visual range 
on the right appear on the right. while those within that on 
the lelt appear on the left; 

1. but that things seen within several angles appear to 
lv more clear. 


Nothing tha! 1s seen ss seen al once sn ils enisrety. (Fig. 1). 

For let the thing seen be AD, and let the eye be B, from 
»hich let the rays of vision fall, BA, BG, BK, and BD. 
So, since the rays of vision, as they fall, diverge from one 
another, they could not fall in continuous line upon AD; 
so that there would be spaces also in AD upon which the 
rays of vision would not fall. So AD will not be seen in its 
entirety at the same time. But it seems to be seen all at 
once because the rays of vision shift rapidly. 


Objecis Located nearby are seen more clearly than objects of 
equal size located af a distance. (Fig. 2.) 
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' Professor. Charles X. Haskins. Professor of Mathematics at Dart- 
mouth Coliege, us largely responsible for this translation of tbe Optic: 
~ Bucha. A year ago. when he was doing research for the Dartmouth 
Eye Institute, he had occasion to use Euclid's easay and asked me if 
i would translate it. Strangely enough. it had never been translated 
ZR Englisb. ] agreed to undertake the task. Before the work was 

ished Professor Haskins died. The Dartmouth Eye Iustitute decided 
that ine translation should be completed and published. and ] wish to 
apes my own gratitude to the Optical Society of America for iis 


tion. 
Euclid was a teacher of mathematica at Alexandria in the eariy part 
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Let B represent the eye and let GD ard KL :epreser: the 
objects seen; and we must understand that they are equal 
and parallel, and let GD be nearer to the eye; and ‘et the 
rays of visio. fall, BG, BD, BK, and BL. For we could not 
say that tn2 rays falling from the eve upon KL will pass 
through the points G and D. For in the triangle BDLKGB 
the line AL would be longer than the line GD; but they are 
supposed to be of equa! length. So GD is seen by more rays 
of the eye than KL. So GL will appear more clear than KL; 
for objects seen within more argles appear more clear. 


Every objecl seen has a certain limi! of distance, and when 
thas is reached st 48 seen no longer. (Fig. 3.) 

For let the eye be B, and Jet the object seen be GD. 
] say that GD, placed at a certain distance, will be. seen no 
longer. For let GD lie midway in th» divergence of ‘he rays, 
at the limit of which is K. So, none of the rays from B will 
fall upon K. Anc the thing upon which rays do not fall is 
not seen. Therefore, every object seen !:2s a certain limit 
of distance, and, when this is reached, the object is seen no 
longer. 


Of equal spaces located ution the same strasght line, those 
seen from a greater distance appear shorter. (Fig. 4.) 

Let AB, BG, and GD represent equal spaces upon one 
straight line, and let the perpendicular AE be diawn, upon 
which :et E renresent tie eye. I] say that 4 will appear 
longer than BG and BG longer than SL. xor let the rays 
fall, £B, Ev, and ED, and th- ugn the point B let BZ he 
drawn parallel t> the straight line SS Now AŻ is equal to 
EZ. For, since paral'ei to Gc, one sice of t= triangle AEG, 
the straight line .3Z has been drawn, it fol’ vs also that EZ 
is related to ZA as GB to BA. So, as has been said AZ is 
equa! to ZE. But the side BZ is longer than ZA; and so, 


A B G ) 
G D 
E E 
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of the third centary before Christ. Alment nothing is known of hia life. 
He was a voluminous writer op mathematics and kindred subjecta, bis 
principal work being the Elements of Geometry in thirteen books. The 
Optics i2 an essay on the mathematic of optics. It ia crtant in two forma. 
one written hy Euclid himself. the other a recension by TSeon. written 
in the fourth century efter Christ. In its original form. which is here 
translated, it is the e.ribest extant work on mathematical optics. 
[Profeseor Burton died or March 20, 1945. before his translation of 
the Opiics was ect up in galley proof. His colleagues, in seeing the trans- 
lation through tbe press, have endeavored only to secure in printed form 
the exact rep-oductian of Professor Burton‘s typewritten manuscript.) 
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it is longer than ZE. Therefore the angle ZEB is greater 
than the angle ZBE; and the angle ZBE is equal to the 
angle BEG; and the angle ZEB is greater than the angle 
GEB. So, AB will seem longer than BG. Again in the same 
way, if through the point G a line parallel to DE is drawn, 
BG will seem longer than GD. 


Objects of equal size unequally distant appear unequal and 
the one lying nearer to the eye always appears larger. (Fig. 5.) 

Let there be two objects of equal size, AB and GD, and 
let the eye be indicated by £, from which let the objects 
be unequally distant, and let AB be nearer. I say that AB 
will appear larger. Let the rays fall, EA, EB, EG, and ED. 
Now, since things seen within greater angles appear larger, 
and the angle AEB is greater than the angle CED, AP will 
appear to be larger than GD. 


Parallel lines, when seen from a distance, appear nol to be 
equally distant from cach other. (Fig. 6.) 

Let there be two parallel lines, AB and GD, and let the 
eye be indicated by E. I say that AB and GD appear not 
to be parallel, and that the nearer space always appears 
greater than that farther away. Let the rays fall, EB, EZ, 
ET, ED, EL, and EK, and let these points be joined by 
the straight lines, BD, ZL, and TK. Now, since the angle 
BED is greater than the angle ZEL, BD appears longer 
than ZL. Again, since the angle ZEL is greater than the 
angle TEK, ZL appears longer than TK. So the space BD 
appears greater than the space ZL and the space ZL 
greater than the space TK. Therefore, lines equally distant 
from each other will no longer seem to be parallel, but will 
seem to be of varying distance apart. 


In spaces lying at a higher level let the perpendicular AB 
be lel down from the point A to the plane lying below, and let 
there be the parallels LX, KN, and TM. I say that so also 
the lines GD and EZ appear lo be not parallel. (Fig. 6a.) 

Let a perpendicular BR be drawn from B to LX, and 
let BR be continued to O, and let the ravs fall, AL, AK, 
AT, AX, AN, and AM, and let AR, AP, and AO be con- 
nected. Now, since a straight line, AR, from a higher point 
has been connected with RX, then AR is a perpendicular 
upon RX, and AO upon OM, and AP upon PN. So, ARX, 
APN, and AOM are right-angled triangles. Since, then, 
they are right-angled tnangles, and since PN is equal to 
RX, and since PA is longer than 4R, the angle XAR is 


greater than the angle PAN. Therefore, RX will appear 
longer than PN. Similarly, RZ appears longer than PK. 
So, the whole line LX will appear longer than the whole 
line XN. And thus the lines DG and ZE will seem to bea 
varying distance apart. 


Objects of equal size upon the same straight line, if not 
placed nexi lo each other and if unequally distant from the 
eye, appear unequal, (Fig. 7.) 

Let there be two objects of equal size, AB and GD, upon 
the same straight line, but not next to each other, and 
unequally distant from the eye, E, and let the rays Ej 
and ED fall upon them and let EA be longer than ED. 
I say that GD will appear larger than AB. Let the ravs EB 
and EG fall vpon them, and let the circle, AED, be circum- 
scribed about the triangle, AED. And let the straight lines 
BZ and GL 5e added as a continuation of the straight lines 
EB and EG, and from the points B and G let the equal 
straight lines BT and GK be drawn at right angles. And 
A B is equal to GD, but also the angle ABT is equal to the 
angle DGK. And so the arc AT is equal to the arc DK. 
Thus, the arc KD is greater than the arc ZA. So the arc LD 
is much greater than the arc ZA. But upon the arc Z4 
rests the angle A EZ, and upon the arc LD rests the angle 
LED. So the angle LED is greater than the angle 4£Z. 
But within the angle AEZ, AB is seen, and within the 
angle LED, GD is seen. Therefore, GD appears larger 
than AB. 


Lines of equal length and parallel, if placed at unequal 
distances from the eye, are nol seen tm proportion to the 
distances. (Fig. 8.) 

Let there be two lines, AB and GD, unequally distant 
from the eye E. I say that, as it appears, BE is not in the 
same relation to ED as GD is to AB. For let the rays fall. 
AE and EG, and with E as the central point and at the 
distance EZ let an arc be drawn, LZT. Now, since the 
triangle EZG is greater than the section EZL, and «ince 
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he triangle EZD is less than the section EZT, the triangle 
‘ZG, compared with the section EZL, has a greater ratio 
nan the triangle EZD, when compared with the section 
‘ZT. And, alternately, the triangle EZG, compared with 
he triangle EZD, has a greater ratio than the section EZL 
as, when compared with the section EZT, and, when put 
xether, the triangle EGD, compared with the triangle 
‘ZD, has a greater ratio than the section ELT, compared 
ith the section EZT. But as the triangle EDG 1s to the 
rangle EZD, so is GD to DZ. But GD ìs equal to AB, 
nd, as AB is to DZ, so ia BE to ED. Now, BE in com- 
arison with ED has a greater ratio than the section ELT 
| comparison with the section EZT. And as one section is 
> the other section, so the angle LET is to the angle ZET. 
o the straight line BE, compared with the straight line 
D, has a greater ratio than the angle LET compared with 
ve angle ZET. And from the angle LET, GD is seen, and 
om the angle ZET, AB is seen. So lines of equal length 
re not seen in proportion to the distances. 


Rectangular objects, when seen from a distance, appear 
und. (Fig. 9.) 

For let the rectangle BG, standing upright, be seen from 
distance. Now, since each thing that is seen has a certain 
mit of distance beyond which it is no longer seen, the 
ngle G is not seen, but only the points D and Z are visible. 
n the same way also in the case of the other angles this 
all happen. so that the whole thing will appear round. 


In the case of flat surfaces lying below the level of the eye, 
he more remote parts appear higher. (Fig. 10.) 

Let the eye be A, at a level higher than BEDG, and let 
he rays fali, AB, AE, AD, and AG, of which rays let AB 
e perpendicular upon the plane below. I say that GD 
ppears higher than DE, and DE higher than BE. For 
onewhere upon the line BE let the point Z be taken, and 
t the perpendicular ZL be drawn. Since the lines of 
iion fall upon ZL before they reach ZG, let the line AG 
xet ZL at the point L, the line AD at the point T, and 
line AE at the point X. Now, since L is higher than T 
ad T higher than X, but G on the same line as L, and D on 
1e same line as T, and E on the same line as K, and, since 
etween the lines AG and AD, DG is seen, and between the 
oes AD and AE, DE is seen, GD appears higher than DE. 
nd, similarly, DE will appear higher than BE; for things 
ven by higher rays appear to be higher. 

And it is clear that things seen on a higher plane will 
ppear to be concave. 


In the case of flat surfaces located above the level of the eye, 
x parts farther away appear lower. (Fig. 11.) 
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Let the eye be indicated by A in a position lower than 
the plane BG, and let the rays fall, 4B, AD, AE, and AG, 
and of these let AB be a perpendicular to the assumed 
plane. I say that GE appears lower than ED. Now, accord- 
ing to the theorem before stated, the ray AG is lower than 
AE, AE lower than AD, and AD lower than AB. But 
between the lines GA and AE, GE is seen, and between EA 
and AD, ED is seen, and between DA and BA, DB is seen. 
So GE appears lower than ED, and ED lower than DB. 


In the case of lines extending forward, those on the right 
seem lo be tnclsmed toward the left, and those on the left seem 
lo be inclined toward the right. (Fig. 12.) 

Let two lines be seen, AB and GD, and let the eye be 
indicated by E, from which let the rays fall, ET, EX, EA, 
EZ, EL, and EG. I say that EZ, EL, and EG seem to be 
inclined toward the left, and ET, EK, and EA toward the 
right. For since EZ is more to the right than EZ, and EL 
more than EG, hence EG seems to be inclined to the left 
of EL, and EL to the left of EZ. Similarly, also EA, EK, 
and ET seem to be inclined to the right. 


In the case of lines of equal lengih, lying below the level 
of the eye, those lying farther away appear to be higher. 
(Fig. 13.) 

Let there be lines of equal length, AB, GD, and EZ, and 
let the eye be indicated by L, located above these lines, 
and let the rays fall, LA, LG, and LE. I say that AB 
appears higher than GD, and GD higher than EZ. For, 
since LA is higher than LG, and LG higher than LE, and 
since the points A, G, and E are on the lines LA, LG, and 
LE, and since the lines AB, GD, and EZ extend from the 
points A, G, and E, then AB seems higher than GD, and 
GD higher than EZ. 


Im the case of lines of equal length lying above the level 
of the eye, those farther away appear lower. (Fig. 14.) 

Let there be lines of equal length, AB, GD, and EZ, 
lying above the level of the eye, L. I say that AB appears 
lower than GD, and GD lower than EZ. Let the rays fall, 
LB, LD, and LZ. So, since the ray LB is lower than LD, 
and LD lower than LZ, but the points B, D, and Z are on 
the lines LB, LD, and LZ, and since the lines AB, GD, and 
EZ extend from B, D, and Z, then AB appears lower than 
GD, and GD lower than EZ. 


In the case of objects below the level of tke eye which rise 
one above another, as the eye approaches the objects, the taller 
one appears lo gatn heighi, bul as the eye recedes, the shorier 
one appears to gain. (Fig. 15.) 

Let there be two unequal lines, AB and GD, and let AB 
be the taller, and let E be the eye, and from this let a ray, 
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EZ, fall through G. Now, since below the level of the eye 
and below the ray EZ, ZB, and GD are seen, AB appears 
above GD by the length of AZ. Let the eye be moved 
nearer and let it be L, and from this let the ray LT fall 
through G. Then, since below the level of the eye and below 
the ray LT, GD, and TB are seen, AB will appear taller 
than GD by the length of AT. And from the point E, AB 
was seen to be taller by the length of AZ, and AT 1s longer 
than AZ. So, as the eye approaches the objects, the taller 
one appears to gain height, but, as the eye recedes, the 
shorter one appears to gain. 


In the case of objects of unequal s12e above the level of the 
eye which rise one above another, as the eye approaches the 
objects, the shorier one appears to gain height, bul, as the eye 
recedes, the taller one appears to gain. (Fig. 16.) 

Let there be the lines AB and GD, of unequal length, 
and of these let AB be the taller. Let E represent the eye, 
and from this let the ray EZ fall through G. Now, since 
the lines ZB and GD are included under the ray EZ, BZ 
and GD appear equal to each other. So, AB appears taller 
than GD by the length of AZ. Now let the eye be moved 
nearer, and let it be L, from which let the ray LT fall 
through G. Now, since BT and GD are included under the 
ray LT, and since ZB and GD are included under the ray 
EZ, and since ZA is longer than AT, as the eye approaches 
the objects the shorter one appears to gain height, but, as 
the eye recedes, the taller one appears to gain. 


In the case of objects that rise one above another, if the eye 
approaches the lesser one or recedes from ï at a right angle, 
the taller one will always appear to rise above the shorter one 
by an equal amount. (Fig. 17.) 

Let there be two lines of unequal length, AB and GD, 
and let 4B be the longer, and let the eye be Z, located on a 
line at right angles to the end of GD, that is, at G. I say 
that whether the eye Z approaches or recedes, if it is on the 
same horizontal line, AB will seem to be taller than GD 
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by an equal amount. For, let the ray ZE fall through G. 
Thus, AB appears taller than GD by the length oí AE. 
Now let the eye be moved, and let it be farther awav, and 
let it be L on the horizontal line. So, the ray, falling from 
the eye L, will pass through the point G and will be con. 
tinued as far as the point E, and AB will rise above GD 
by the same amount. 


To know how great is a given elevation when the sun is 
Shining. (Fig. 18.) 

Let the given elevation be AB, and we have to know how 
great it is. Let the eye be D, and let GA be a ray of the sun 
falling upon the end of the line AB, and let it be prolonged 
as far as the eye D. And let DB be the shadow of AB. And 
let there be a second line, EZ, meeting the ray, but not at 
all illuminated by it below the end of the line at Z. So, into 
the triangle ABD has been fitted a second triangle, EZD. 
Thus, as DE is to ZE, so is DB to BA. But the ratio of 
DE to EZ is known; and, therefore, the ratio of DB to 
BA is known. Moreover, DB is known: so, AB also is 
known. 


To know how greal is a given elevation when the sun is 
nol shining. (Fig. 19.) 

Let there be a certain elevation, A B, and let the cve be G, 
and let it be necessary to know how high is AB when the 
sun is not shining. Let a mirror be placed, DZ, and let DB 
be prolonged in a straight line continuous with ED, to the 
point where it touches B, the end of AB, and let a rav fall, 
GL, from the eye G, and let it be reflected to the point 
where it touches A, the end of AB, and let ET be a pro 
longation of DE, and from G let the perpendicular GT be 
drawn upon ET. Now, since the ray GL has fallen and the 
ray LA has been refiected, they have been reflected at 
equal angles, as is said in the Catopirsca; thus, the angle 
GLT is equal to the angle ALB. But also the angle ABL is 
equal to the angle GTL; and the remaining angie LOT ss 
equal to the remaining angle LAB. So, the triangle ALB is 
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equiangular with the triangle GLT. But the sides of equi- 
angular triangles are proportionate. Thus, as GT is to TL, 
so is AB to BL. But the ratio of GT to TL is known; and 
the ratio of BA to BL is known. But LB is known. And so, 
AB is known. 


To know how great is a giten depth. (Fig. 20.) 

Let the given depth be AD, and let the eye be E, and 
let it be necessary to know how great is the depth. Let a 
rav of the sun fall before the eye, meeting the plane at the 
point B, and the depth at the point D. And let BZ be con- 
tinued {rom B in a straight line, and let the perpendicular 
EZ be drawn from E to the horizontal line BZ. Now, since 
the angle EZB is equal to the angle BAD and the angle 
ABD is equal to the angle EBZ, the third angle also, BEZ, 
ts equal to the angle ADB. So, the triangle ADB is equi- 
angular with the triangle BEZ. And thus the sides will be 
proportionate. Then, as EZ is to ZB, so is DA to AB. But 
the ratio of EZ to ZB is known: and the ratio of DA to AB 
i$ known. And also AB is known. And thus AD is known. 


To know how great ts a given length. (Fig. 21.) 

Let the given length be AB, and let the eye be G, and 
let it be necessary to know how great is the length of AB. 
Let the rays fall, GA and GB, and near the eye, G, let the 
point D be taken somewhere upon the ray (GA), and 
through the point D let the horizontal line DE be drawn, 
parallel to AB. Now, since DE has been drawn parallel to 
BA, one of the sides of the triangle ABG, as GD is to DE, 
9018 GA to AB. But the ratio of GD to DE is known; and 
the ratio of AG to AB is known. And AG is known. So, AB 
also is known. 


If an arc of a circle 1s placed on the same plane as the eye, 
the arc appears to be a stratghi line. (Fig. 22.) 

Let BG be an arc lying on the same plane as the eye A, 
from which let the rays fall, AB, AD, AE, AZ, AL, AT, 
and AG. I say that the arc BG appears to be a straight line. 
Let K be the center of the arc, and let the straight lines 
KB, KD, KE, KZ, KL, KT, and KG be drawn. Now, 
since KB is seen within the angle KAB, and KD within 
the angle KAD, KB will appear longer than KD, and KD 
longer than KE, and KE ionger than KZ, and, on the other 
side, KG will appear longer than K T, and KT longer than 
EL, and KL longer than KZ. On this account, KA re- 
maining a straight line, BG is always a perpendicular. 
And the same things will happen also in the case of a 
Concave arc. 

An addiiton. It is possible to say these things also with 
reference to the visual rays themselves, that the ray be- 
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tween the eye A and the diameter is shortest, and that the 
ray nearer to it is always shorter than the one farther 
away. And the same things happen when AZ is a per- 
pendicular upon the diameter. On this account the arc 
gives an impression of a straight line, and especially if it 
should be seen from a greater distance, so that we do not 
perceive the curve. On this account ropes not stretched 
tightly, when seen from the side, appear to sag, but seen 
from below, seem to be straight, and also the shadows of 
rings lying on the same plane with the source of light 
become straight. 


An addition. If an arc of a circle ts placed on the same plane 
as the eye, the arc appears to be a strasghi line. (Fig. 22a.) 

Let BG be an arc, and let D be the eye, on the same plane 
as the arc BG, from which let the rays fall, DB, DZ, and 
DG. So, since nothing that is seen is seen at once in its 
entirety, BZ is a straight line. Similarly, also ZG. Thus, 
the whole arc, BG, will seem straight. 


Of a sphere seen 15 whatever way by one eye, less than a 
hemisphere ts always seen, and the pari of the sphere thal is 
seen stself appears as an arc. (Fig. 23.) 

Let there be a sphert, of which A is the center, and let B 
be the eye. And let 4 and B be joined, and let the plane be 
continued along the line BA. So it will make a circular 
section. Let it make the circle GDTL, and around the 
diameter AB let the circle GBD be inscribed, and let the 
straight lines be drawn, GB, BD, AD, and AG. Now, since 
AGB is a semicircle, the angle AGB is a right angle; 
similarly, also the angle BDA. So, the lines GB and BD 
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touch the sphere. Now, let G and D be joined, and let LT 
be drawn through the point A parallel to GD. So, the 
angles at K are right angles. Now, with AB remaining in 
its place, if the triangle BGA ìs revolved about the right 
angle K, and is restored to the same position from which 
it started, the line BG will touch the sphere at one point 
and the line KG will make a circular section. So, an arc will 
be seen in the sphere. And I say that it is less than a 
hemisphere. For, since LT is a semicircle, GD 1s less than a 
semicircle. And the same part of the sphere is seen by the 
ravs BG and BD. So, GD is less than a hemisphere; and it is 
seen by the rays BG and BD. 


When the eye approaches the sphere, the part seen will be 
less, bui will seem 1o be more. (Fig. 24.) 

Let there be a sphere, of which the center 1s A, and let 
the eye be B, from which let the straight line AB be drawn. 
And around AB let the circle GBD be inscribed, and from 
the point A let the straight line EZ be drawn, perpendicular 
to the straight line AB in either direction, and let the plane 
be produced along EZ and AB. So it will make a circular 
section. Let it be GEZD, and let GA, AD, DB, BG, and GD 
be drawn. So, according to the theorem given before, the 
angles at the points G and D are right angles. Thus, BG 
and BD, whatever rays there are, touch the sphere. And 
the part of the sphere, GD, is seen by the eye, B. Now let 
the eye be moved nearer to the sphere, and let it be at 7, 
from which let the straight line TA be drawn, and let the 
circle ALK be inscribed, and let the straight lines TK, KA, 


AL, and LT be drawn. Now, similarly, by the eye at T is 
seen the part of the sphere, KL, and by the eye at B the 
part GD was seen. And KL is less than GD. So, as the eve 
approaches, the part seen is less. But it seems to be more: 
for the angle ATL is greater than the angle GBD. 


When a sphere is seen by both eyes, if the diameter of the 
sphere ts equal to the straight line marking the distance of 
the eyes from each other, the whole hemisphere will be seen. 
(Fig. 25.) 

Let there be a sphere, of which A is the center, and on 
the sphere let the circle BG be inscribed about the center 4, 
and let BG be drawn as its diameter, and at right angles 
from B and G let lines be drawn, BD and GE, and let DE 
be parallel to BG, and upon this (DE), let D and E repre- 
sent the eyes. I say that the complete hemisphere will be 
seen. Through A let AZ be drawn parallel to each of the 
lines, BD and GE; then ABZD 1s a parallelogram. Now, if 
the inscribed figure is revolved and then restored to the 
same position whence it started, AZ remaining in its place. 
it will start from B and B will come over G, and the figure 
formed under AB will be a circle through the center of the 
sphere. So a hemisphere will be seen by the eyes D and E. 


If the distance between the eyes ss greater than the diameter 
of the sphere, more than the hemisphere will be seen. (Fig. 26.) 
Let there be a sphere, of which A is the center, and about 
the center A let the circle E7-DL be inscribed, and let the 
eyes be B and G, and let the distance between the eves 
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and G be greater than the diameter of the sphere, and let 
and G be joined. I say that more than the hemisphere will 
e seen. Let the rays fall, BE and GD, and let them be 
roduced beyond the points E and D; they approach each 
ther because the diameter is less than BG. So let them 
eet at the point Z. Now, since from some point outside 
he circle the straight lines ZE and ZD have touched the 
ircumference, DTE is jess than a semicircle. So, ELD is 
yore than a semicircle. But ELD is seen by the eyes at 
| and G. So, more than half of the circle will be seen by 
he eyes at B and G. The same part of the sphere too will 
e seen. 


If the distance between the eyes is less than the diameter 
if the sphere, less than a hemisphere will be seen. (Fig. 27.) 

Let there be a sphere, the center of which ts the mark A, 
ind let the circle BG be inscribed around the mark Á, 
ind let the distance between the eves, DE, be less than the 
liameter of the sphere, and from the eyes let the same rays 
ye drawn, DB and EG, touching the sphere. I say that less 
than a hemisphere will be seen. For let BD and GE be 
sroduced; they will fall upon the section GLB, since DE is 
ess than the diameter of the sphere. Let them meet at the 
point Z. Now, since Írom a certain mark, Z, the straight 
lines have fallen, ZG and ZB, BLG is less than a semicircle. 
But the section of the sphere corresponds to the section 
BLG. So, the rays include less than a hemisphere. 


If a cylinder 11; whatever way is seen by one eye, less than 
half a cylinder will be seen. (Fig. 28.) 

Let there be a cylinder, and let the mark A be the center 
of its base, and let the circle BG be inscribed around A, 
and let the eye D be on the same plane as BG, the base of 
the cylinder, and from D to A let the line DA be drawn, 
and from D let the rays DB and DG be drawn, and let 
them touch the cylinder, and from the marks B and G let 
the sides of the cylinder rise at right angles, and let the 
plane through DB and BE and the one through DG and 
GZ be produced. So, neither of them cuts the cylinder: 
for DB, DG and BE, GZ touch the cylinder. Therefore, BG 
is seen by the rays BD and DG, and BG is less than a semi- 
circle. In the same way less than half a cylinder will be 
seen. 

lf a cylinder should be seen by two eyes, it is clear that 
what has been said regarding the sphere will be true also 
in this case. 

An adduson. (Fig. 28a.) Let there be a circle, and let A 
be its ccnter, and outside let there be the point Z, and from 
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A to Z let AZ be drawn. And from the point A let GD be 
drawn at right angles to AZ in both directions; so GD is 
the diameter of the circle. And around AZ let the circle 
A BZE be inscribed, and let AB, BZ, ZE, and EA be drawn. 
So, ZB and ZE touch the circle, since the angles at the 
points B and E are right angles. Now, since from a certain 
point Z the rays ZB and ZE have fallen upon the circum- 
ference of the circle, the part of the circle, BE, will be seen. 
But GBED is a semicircle. Hence, BE is less than a semi- 
circle. 

But this theorem was concerned with cones and cyl- 
inders. For, if from the points B and E the sides of the 
cylinders rise at right angles, the rays will touch them at 
the points where they fall, and the part of the vision indi- 
cated by BGDE will be cut off, while the part of the semi- 
circle indicated by BE will be seefi. So, the same lesser 
part of cones also will be seen. 


When the eye is moved nearer the cylinder, the part of the 
cylinder reached by the rays ss less, but a geeater pari will 
appear to be visible. (Fig. 29.) 

Let there by a cylinder, the base of which is the circle 
BG, and let A be the center, and let E be the eye, from 
which let EA be drawn to the center, and let the rays fall, 
EB and EG, and from the points B and G let the sides of 
the cylinder, GZ and BD, rise at nght angles. Now, accord- 
ing to what has been said before, DBGZ is less than half a 
cylinder; and it is seen by the eye, E. Now let the eye, T, 
be moved nearer. I say that the part reached by the eye, 
T, seems to be greater than ZBGD, but is actually less. 
Let the rays fall, TK and TL, and from the points K and L 
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let the sides of the cylinder rise at right angles, K M and 
LN. Now the part of the cylinder, MKLN, vill be seen by 
the rays ZK and TL. But ZGBD was seen by the rays EB 
and EG. And ZGBD is greater than MKLN; but it seems 
to be less, since the angle at T is greater than the angle at E. 


If a cone having a circle as ts base and the axts at right 
angles to the base ss seen by one eye, less than half the cone 
will be seen. (Fig. 30.) 

Let there be a cone, the base of which is the circle BG, 
and the apex the point A, and let D be the eye, from which 
let the rays fall, DB and DG. And since the rays DG and 
DB have fallen, touching BG, BC is less than a semicircle, 
according to what has been proved before. From the apex 
of the cone, A, let the sides of the cone, AB and AG, be 
drawn to the points B and G. So the part included by the 
straight lines, AB and AG, and the arc BG is less than 
half a cone, since BG is less than a semicircle. Less than 
half a cone will be seen. 


If the eye is brought nearer on the same plane on which is 
the base of the cone, the part included within the vision will 
be less, but a larger part will seem to be vsssdle. (Fig. 31.) 

Let there be a cone, the base of which is the circle AB, 
and the apex the point G, and let the eye be D, and let G 
be taken also as the center of the circle, and let the straight 
line, DG, be drawn, and let the rays fall, DA and DB, and 
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let the sides of the cone be drawn, AG and GB. So, under 
the eye, D, and the lines of vision, DA and DB, the part 
of the cone indicated by ABG ìs included, and it is less 
than half a cone. Now fet the eye come nearer, and let it 
be E, and let the rays fall, EZ and EL, and let the sides 
be drawn, ZG and GL. So again, under the eye E and the 
lines of vision, EZ and EL, the part cf the cone ZGL is 
included. And ZGL is less than ABG; but it seems to be 
more, since the angle ZEL is greater than the angle .1DB. 
And it 1s clear that in the case of a cone, when seen by 
both eyes, the same things will occur as in the case of the 
sphere and the cylinder, when seen in the same wav. 


If rays fall from the eye upon the base of the cone, and 
sf from the rays tha! fall and touch the cone straight lines are 
drawn from the points of contact over the surface of the cone 
to the apex of ü, and if planes are produced through the lines 
that hare been drawn and that fall from the eye upon the 
base of the cone, and sf the eye 1s placed upon their point of 
contact, thal is, upon the common secison of the planes, the 
part of the cone that ts seen will be quite the same, if the eye 
remains upon a plane parallel to the original plane. (Fig. 32.) 

Let there be a cone, the base of which is the circle BG 
and the apex the point A, and let the eye be D, from which 
let the rays fall, DZ and DG, and from the points of con- 
tact, Z and G, let the sides of the cone, ZA and GA, be 
drawn to the apex of the cone, and let the plane through 
DZ and ZA, and the one through GD and GA be produced. 
Thus it will make a straight line the common section. Let 
it be AED. I say that, if the eye is moved upon the line 
AED, the same part of the cone will be seen, as much as 
was seen by the ravs DG and DZ. For upon the line AED 
let the eye rest at E, from which let rays fall upon the cone. 
They will reach AZ and AG, since the eye rests upon a 
parallel plane, and the rays travel along straight lines. 
For, if they fall outside of AG and AZ, the rays will be 
broken: which is impossible. So,-let ET and EL stand. 
Now, since the rays move upon a parallel plane in straight 
lines, and since things seen at equal angles appear equal, 
and since all the parallel! rays upon the straight line AED 
contain equal angles, an equal part of the cone will be seen. 


A goin, tf the eye ts shifted from a low position, when ti is 
raised, the part of the cone thai ss seen will be greater, but will 
seem to be less, but, on the other hand, sf the eye is lowered, 
the part seen will be less, bui will seem to be greater. (Fig. 33.) 

Let there be a cone, the base of which is the circle BG, 
and the apex the point A, and let BA and AG be the sides 
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of the cone. Let B and G be joined, and let BL continue 
the line of BG, and through the point T taken at random 
let TK be drawn parallel to AB. I say that the part of the 
cone that is seen will be greater, but will seem to be less, 
if the eve is placed at the point T than if it is placed at X. 
Let A and K be joined and A and 7, and let AT be pro- 
duced to L and AK to I. So, if the eye is placed at L and 
then at J, the parts of the cone that are seen will seem 
unequal, and the part seen from L will be greater, and the 
part seen from J, though less, will seem greater. But the 
part seen from L is equal to the part seen from T, and the 
part seen from 1 is equal to the part seen from K, as has 
been shown before. So, if the eye is placed at 7, the part 
of the cone seen will be greater than if the eye is placed 
at K, but it will seem to be less. 


If a straight line 4s erected from the center of a circle, at 
right angles to the plane of the circle, and the eye is placed 
upon this, all the diameters crossing upon the plane of the 
circle will appear equal. (Fig. 34.) 

Let there be a circle, the center of which is the point A, 
and fre it let the line AB be erected at right angles to 
the plane of the circle, and upon this let the eye B rest. 
| say that tne diameters will appear equal. Let there be 
two diameters, GD and EZ, and let the lines be drawn, 
BG, BE, BD, and BZ. Now, since ZA is equal to AG, and 
AB is common to them, and the angles are mght angles, 
then the base ZB is equal to the base BG, and the angles 
at the bases are equal. So the angle at ZB, BA is equal to 
the angle at AB, BG. Similarly, also the angle at EBA 1s 
equal to the angle at ABD. Then the angie at GA, BD is 
equal to the angle at EB, BZ. And the parts seen at equal 
angles appear equal. Then GD is equal to EZ. 


And if the line drawn from the cenier is not af righi angles 
to the plane, bul is equal to the line from the center (tho ss, 
the radius of the circle), all the diameters will appear equal. 
(Fig. 34a.) 

Let there be a circle, ABGD, and in it let two diameters 
be drawn, AB and GD, and, leading from the point E, let 
there be a line, ZE, upon which is the eye Z, not at right 
angles, but equal to each one of the lines from the center, 
and let the rays be drawn, ZA, ZG, ZB, and ZD. Now, 
since BE is equal to EZ, but also EA is equal to EZ, the 
three lines, EZ, EA, and EB, are equal. So the semicircle 
drawn in the plane through AB and EZ about the diameter 
AB will go through Z. So the angle at AZ, ZB is a right 
angle. Similarly, also the angle at GZ, ZD isa nght angle. 
The right angles are equal, and things seen at the same 
angles appear equal. So AB will appear equal to GD. 
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Bul let AZ be not equal to the line from the center (thai 1s, 
ihe radius), and not al right angles to «he plane of the circle, 
but lei t make equal the ongles DAZ and ZAG, and the angles 
EAZ and ZAB. I say that even so the diameters making the 
equal angles will appear equal. (Fig. 348.) 

For, since GA, AZ are equal to ZA, AD, and since BA, 
AZ are equal to ZA, AE, and since the angles are equal, 
then the base DZ is equal to the basa ZG; so that also the 
angle DZA is equal to the angle AZG. Now similarly we 
shall show that also the angle EZA is equal to the angle 
AZG. So, the whole angle DZB is equal to EZG. So that 
also the diameters DB and EG will appear equal. 


Bul sf the line falling from the eye to the center of the circle 
is not al right angles to the plane of the circle nor equal to 
the radius and does not enclose equal angles, the diameters 
with which u makes unequal angles will appear unequal. 
(Fig. 35.) 

Let there be a circle ABGD, and let two diameters be 
drawn, AG and BD, cutting each other at right angles at 
the point E, and let the line ZE, starting from the point E, 
upon which rests the eye, be neither at right angles to the 
plane nor equal to the radius nor, with AG and DB, en- 
closing right angles. I say that the diameters AG and DB 
will appear unequal. For let ZG, ZA, ZD, and ZB be 
drawn. So the line EZ is either greater than the radius or 
less. On this account either the angle at DZ, ZB is greater 
than the angle at GZ, ZA, or the angle at GZ, ZA is greater 
than the angle at DZ, ZB, as we shall next prove. Thus 
the diameters will appear unequal. 


Theorem. Let there be a circle, and lel the center of it be the 
poini A, ond let B be the eye, and from this let a perpendicular 
drawn to the circle mol fall upon the center A, bul outside, ond 
let this be BG, and from A let AG be drawn to G, and from A 
let AB be drawn to B. I say that of all the angles formed by 
Ihe strasghi lines drawn through A and making an angle with 
the line AB, the least 3s the angle a4 GA, AB. (Fig. 35a.) 
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Let the straight line DAE be drawn through A. 
I say that the angle GAB is less than the angle EAB. 
For from G to DE let the perpendicular GZ be drawn 
in the plane, and let B and Z be joined. Then BZ also 
is a perpendicular upon DE. Now, since the angle 
GZA is a right angle, the angle AGZ is less than a 
right angle. And the greater side subtends the greater 
angle. So, AG is greater than AZ. But the angle 
AG, GB, and the angle BZ, ZA, are mght angles; 
so that GB and BZ are unequal. And, therefore, the 
angle Z4, AB is greater than the angle GA, AB. Now, 
similarly, it will be proved that of all the angles formed by 
the straight lines drawn through A and making an angle 
with the straight line 4B, the least is the angle GA, AB. 

And it is clear that, if also some other straight line is 
drawn through A, as AT, which is farther than AZ from 
AG, the angle BAT will be greater than the angle BAZ. 
For again, if the perpendicular GA is drawn to AT, B and 
K being joined will be similarly perpendicular to AT. 
And, since AJ is greater than AX (for it subtends the right 
angle AKI), AZ is much greater than AK. And the angles 
BZA and BKA are right angles. So BZ is less than BK, 
on account of the fact that the distances from BZ, ZA and 
the distances from BK, KA, are equal to the distance from 
BA, and equal to one another, and again the angle BAK 
is greater than the angle BAZ. And of all the angles made 
with BA by the lines drawn through A, the greatest is 
the angle BAL, GA being produced to L, since aiso the 
angle B.4G is less than all. And the lines are equal that are 
equally distant on either side from MA, the line which 
forms the least angle with BA. For, let MN be equal to 
EM, and let EM, MN, EG, GN, BA, BN, and AN be 
drawn. Now, since M N is equal to ME, and MG is common, 
and they form equal angles, then EG also is equal to GN. 
And GB is a common perpendicular. So, EB 1s equal to BN. 
But also EA is equal to AN; and AB is common. And the 
angle EAB is equal to the angie NAB. 


Let there be a circle, ABGD, the center of which is Z, and 
in this lel straight lines be draum from A, B, G, and D, 
cutting each other at right angles, and lel E be the eye, from 
which let there be a line to the center, joined al righ! angles to 
GD, but with AB lel it form any angle; and let this isine, EZ, 
be longer than the radius of the circle. I say that the diameters 
AB and GD will appear unegual, thai GD will appear longer 
and AB shorter, and always the one nearer to the shorter one 
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wel appear shorter than the one farther away, and only tue 
diameters will appear equal, those equaliy dtstant on either 
side of the shorter one. (Figs. 358 and 35c.) 

For, since GD is at right angles to both AB and EZ, als 
all the planes produced through GD are at right angles to 
the planes through EZ and AB; so that it is true also of the 
plane of the circle lving below, upon which is GD. So, leta 
perpendicular be drawn from the point E to the plane 
below. It falls upon the common section of the planes, .1B. 
Now let EK also fall, and let JM, equal to the diameter of 
the circle, be drawn and let it be cut in two at the point .\, 
and from N, at right angles to ZM, let the straight line VA 
be erected, and let NX be equal to EZ. Now the arc in- 
scribed around IM and passing through X is greater than 
a semicircle, since the line NX is longer than either IV 
or NM. Let the arc be 7X M, and let XI and X Al be 
joined. The angle at X formed by the straight lines IX 
and X M is equal to the angle at the point E formed by E 
and by GD. On the straight line ZN and at the point X let 
the angle IN, NO be formed, equal to the angle LZ, ZE, 
and let NO be equal to EZ, and let JO and OM be joined, 
and let the arc JOM be inscribed around the triangle JOM. 
Now the angle at the point O will be equal to the angle at É, 
formed by LET. Again on the straight line IN and at the 
point N upon it let the angle I.N, NP be formed equal to 
the angie AZE, and let NP be equal to EZ, and let IP and 
PM be joined, and around the triangle IPM let the arc 
of a circle IPM be inscribed. Now the angle at the point P 
will be equal to the angle 4 EB. Now, since the angle at X is 
greater than the angle at O, but the angle at the point 
X is equal to the angle GED, and the angle at O is equal 
to the angle LET, GD will appear longer than LT. Again, 
since the angle at the point O is equal to the angle LET. 
and the angle at P ia equal to the angle AEB, and since 
the angle at O is greater than the angle at P, also the 
angle LET is greater than the angle AEB. So LT will 
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appear longer than AB. Now of all the straight lines drawn 
through Z and making angles with EZ, GD will seem to be 
the longest and AB the shortest, because, of the angles 
formed at E, GED is the greatest and AEB is the least. 
And only one other, FES, wiil be proved equal to the angle 
LET, AF, which is equal to LA, being excluded, and FZ 
being joined and produced to S. And this is clear from the 
angles at X, O, and P. For the least of these is P, since the 
angle PNI is equal te the least angle, EZA, and the 
greatest is X, on account of the fact that NX is a per- 
pendicular, the longest of the straight lines drawn through 
N ìn the arc IXM, and because the arc IX M falls above 
the equal line, and because X is the innermost point and 
P the outermost, since no angle is less than PNJ. And the 
angle EZF, being equal to the angle EZL, as has been 
proved, also the adjacent angle, EZS, is equal to the angle 
EZT, that is, to the angle ON M. So that each of the angles, 
FES and LET, is equal to the angle at O. So, LT will 
appear equal to FS. 


Let the line drawn from the eye to the center be less than the 
radius. Now about the diameters the reverse ts true; for the 
one appearing longer before now will appear shorter, and the 
shorter one will appear longer. (Figs. 35d and 35e.) 

Let there be a circle, ABGD, and let two diameters be 
drawn, 4B and GD, cutting each other at right angles, 
and let another diameter, EZ, be drawn at random, and 
let the eye be T, from which let the line LT be drawn to 
the center, and let it be shorter than either of the radii. 
And let K F be drawn, equal to the diameter of the circle, 
and let it be cut in two at M, and from the point M let 
AIN be erected at right angles, and let ALN be equal to TL, 
and let an arc of a circle, NKF, be inscribed about K F and 
the point N. Now it is less than a semicircle, since AYN is 
less than the radius. Now the angle at N formed by KN 
and FN will be equal to the angle at T formed by GT 
and 7D. Again, let the angle K MX be equal to the angle 
ELT, and let MX be equal to LT, and let an arc, KXF, 
be inscribed about KF and the point X. Now the angle at 
the point X formed by KX F is equal to the angle at T 
formed by ZTE. Again, let the angle KM, MO be equal 
to the angle AL, LT, and let MO be equal to LT, and about 
KF and O let an arc be inscribed. Now the angle at O 
formed by KOF will be equal to the angle at T formed by 
ATB. So, since the angle at O is greater than the angle 
at X, and the angle at O is equal to the angle at T formed 
by ATB, and the angle at X is equal to the angle at T 
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formed by ETZ, AB will appear longer than EZ. Again, 
since the angle at T formed by ET, TZ is greater than the 
angle at T formed by GT D, EZ will appear longer than GD. 


The wheels of the charsots appear somelimes circular, some- 
limes distorted, (Fig. 36.) 

Let there be the wheel ABGD, and let the diameters be 
drawn, BA and GD, cutting each other at right angles at 
the point E, and let the eye not be on the plane of the 
circle. Now, if the line drawn from the eve to the center 
is at right angles to the plane or is equal to the radius, all 
the diameters will appear equal; so that the wheel appears 
circular. But if the line drawn from the eye to the center 
is not at right angles to the plane or equal to the radius, 
the diameters will appear unequal, one longer and one 
shorter, and to every other one which is drawn between 
the longer and shorter diameters only one other will appear 
equal, the one drawn to the opposite side; so that the wheel 
appears distorted. 


There ss a place where, if the eye remains in the same 
postison, while the thing seen is moved, the thing seen always 
appears of the same size. (Fig. 37.) 

Let the eye be A, and the size of the thing seen be indi- 
cated by BG, and from the eye let rays fall, AB and AG, 
and about ABG let a circle, A BG, be inscribed. I aay that 
there is a place where, if the eye remains in the same 
position, while the thing seen is moved, the thing seen 
always appears of the same size. 

For let the object be moved and let it be indicated by the 
line DG, and let AD be equal to AB. Now, since BA is 
equal to AD and BG to GD, also BAG is equal to DAG. 
For they are upon equal arcs; so that they are equal. So 
the thing seen will appear of the same size. 

And the same thing will happen also if the eye should 
remain at the center of the circle, and the thing seen 
should move upon the arc. 


There ts a place where, if ihe position of ihe eye is changed, 
while the thing seen remains in the same place, the thing seen 
always appears of the same size. (Fig. 38.) 

For let BG be the thing seen and let Z be the eye, from 
which let rays fall, ZB and ZG, and about the triangle BZG 
let the arc of a circle, BZG, be inscribed, and let the eye, Z, 
be shifted to D, and let the rays fall, DB and DG. Now 
the angle D is equal to the angle Z; for they are on the same 
arc. And things seen at the same angle appear equal. So BG 
will always appear of the same size, when the eye is shifted 
upon the arc BDC. 


A 
B G 
D >< 
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If some object is perpendicular to the plane lying below, 
and tf the eye is placed upon some point of the plane, and tf the 
thine seen 3s shifted upon the circumference of a circle which 
has the eye as a center, the thing seen will always appear of 
the same size when +f 1s moved to a postiton parallel to is 
original position. (Fig. 39.) 

Let AB be some object that is seen, located at right 
angles to the piane, and let G be the eye. And let G and B 
be joined, and with G as the center and GB as the radius 
let the circle BD be inscribed. I say that if, upon the 
circumference of the circle, the object A B is moved, as seen 
by the eye G, AB will appear to be of the same size. For AB 
is a perpendicular and makes a right angle with BG, and 
all the straight lines falling from the center G upon the 
circumference of the circle make equal angles. So the 
object seen will appear to be of the same size. 

And if from the center G a straight line rises at a right 
angle and the eye is placed upon this, and the object seen 
is moved along the circumference of the circle, parallel to 
the straight line upon which is the eye, the thing seen will 
always appear to be of the same size. 


But sf the thing seen is not at right angles io the plane lying 
below, and, being equal to the radius, is moved upon the 
circumference of the circle, uf will appear sometimes equal to 
tiself, somelimes unequal, if 24 is shifted io a position parallel 
to sts original position. (Fig. 40.) 

Let AD be a circle and let the mark D be taken on its 
circumference, and let the line DZ, which is equal to the 
radius, rise not at right angles to the circle, and let E be 
the eye. I say that DZ, if it is moved on the circumference 
of the circle, will appear sometimes equal, sometimes 
greater, sometimes less. Now through E, which is the 
center, let GE be drawn, parallel to DZ, and let EG be 
equal to DZ. And from the point G let the perpendicular GL 
be drawn to the plane lying below and let it reach the plane 
at the point L. And let EL be connected and produced, 
and let it reach the circumference at the point A, and 
through A let AB be drawn parallel to GE, and let AB be 
equal to DZ. I say that AB, of all the straight lines moved 
upon the circumference of the circle, will appear the 
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shortest. For let the straight lines, ED, GZ, GB, EB, and 
£ E, be drawn. Now, since GE is parallel and equal to AB, 
also EA is equal and parallel to GB. So, AEGB is a 
parallelogram. For the same reasons also EDZG is a paral- 
lelogram. And it remains to prove that the same thing 
appears smaller and greater. Now it is clear that the angle 
GEA is less than the angle GED, since it has been proved 
that of all the straight lines drawn through the center and 
making an angle, the angle GEA is the smallest. So it is 
smaller than the angle GED also. And the angle BEA is 
half the angle GEA; for BE is an equilateral parallelogram: 
and the angle ZED is half the angle GED; for ZE also is an 
equilateral parallelogram. And so the angle BEA 1s less 
than the angle ZED. So that also the object AB will appear 
less than the object DZ. 

And it is clear from the thesis before proved that it will 
appear least at the point A, and greatest when diametrically 
opposite to the point A, and equal at an equal distance on 
either side of the point A. 


But sf the thing seen ts al right angles to the plane lying 
below, and the eye moves upon the circumference of a circle 
which has as is center the point at which the object meets 
the plane, the thing seen will always appear of the same size. 
(Fig. 41.) 

Let the object seen be AB, at right angies to the plane 
lying below, and let the eye be G. And with B'as a center 
and the radius BG, let the circle GD be inscribed. I say 
that if G moves upon the circumference of the circle, AB 
will always appear the same. And this is clear. For all the 
rays from the point G falling upon AB fall at equal angles, 
since the angle at B is a right angle. So the thing seen will 
appear of the same size. 


If the thing seen remains sn ifs original position and the 
eye moves in a siraighi line that ss oblique to the object seen, 
the object appears somelimes of the same size, sometimes of 
different size. (Fig. 42.) 

Let AB be the thing seen and let E be the eye, and let 
GD be a straight oblique line, and let GA be a continuation 
of BA in a straight line, and let it meet DG at G, and let 
the eye be moved upon it. I say that AB appears sometimes 
of the same size, sometimes of different size. For, let GE be 
taken as a mean proportional of the lines BG and GA, and 
let E be the eye and let it be moved, and let it be on the 
same straight line at D. I aay that the thing seen from E 
and D appears to be of different size. Let the straight lines 
AE, EB, AD, and BD be drawn, and about the triangle 
A EB let the arc AEB be inscribed, and let the angle formed 
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by GA and AZ be equal to the angle formed by GD and DB, 
and let BZ be joined. Now B, A, Z, and D are points in a 
circle. So, since the angle A EB is greater than the angle 
AZB, and the angle AZB is equal to the angle formed 
by AD and DB, since it is on the same arc, also the angle 
AEB is greater than the angle ADB. But under the angle 
ADB, AB is seen when the eye is at D, and under the 
angle AEB the same AB is seen when the eye is at E. So 
the thing seen appears of different size when the eye 
moves along the straight line ED. And it is clear also that 
when the eye moves along the line EG, the thing seen 
appears of different size, and that it appears largest from 
the position at E, but always larger in a position nearer to 
E on either of the straight lines, ED and EG, and of the 
same size at Z and D and places taken in like manner to 
them, on account of the fact that the angles are on the 
same arc. 

In addition. (Fig. 42a.) For let KD be the thing seen and 
let BG be a straight line falling upon KD produced. Let 
GZ be taken as a mean proportional of GD and GK, and 
let ZK and ZD be drawn, and about KD let an arc be 
inscribed, which contains the angle KZD. Now it will 
touch the straight line BG, since as KG is to GZ, so 1s 
GZ to GD. Now let the eye be at the point B, and let DB 
and BK be added. And let S and D be joined. So the angle 
P is equal to the angle S; for they are on the same arc. 
And the angle S is greater than the angle B; and so the 
angle P is greater than the angle B. Thus the eye being 
at Z, KD appears greater than when the eye is at B. 


And the same thing will kappen, eren if the straight line 43 
parallel with the object seen. (Fig. 43.) 

Let AB be the object seen and let it be cut in two at 
the point E, and from E let EZ be erected at right angles 
to AB, upon which line let the eye rest at Z, and let the 
straight lines ZA and ZB be drawn, and about the triangle 
AZB let the arc AZB be inscribed, and let ZD be drawn 
through Z parallel to AB, and let the eye move to D, 
and let the rays fall, DA and DB. I say that from the 
points D and Z things will appear of different size. Let A 
and L be joined. Now, since the angle AZB is equal to the 
angle ALB, but the angle ALB is greater than the angle 
ADB, the angle AZB also is greater than the angle ADB. 
And AB is seen under the angle AZB when the eye is at Z, 
and similarly under the angle ADB when the eye is at D. 
So the thing seen appears of different size from the paints 
D and Z. 

And if ZG is drawn equal to DZ, the object appears 
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smaller from G than from Z, but from G and D it appears 
the same. 


There are places where, tf the eye ts moved to them, objects 
thai are of equal size and close to one another appear some- 
times of the same size, somelsmes of different sizes, (Fig. 44.) 

Let T be the eye, and let 4B and BG be the objects, 
and from B let BZ be drawn at right angles, and let it be 
produced to D. Now it is clear that if the eve is placed on 
any part whatever of the line ZD, AB and BG will appear 
equal. Now let the eye be moved and let it be E. I say that 
from E the objects appear of unequal size. Let the rays 
fall, EA, EB, and EG, and around the triangle AGE let 
the circle A EDG be inscribed, and let BL be a continuation 
of EB. Now, since the arc AD is equal to the arc DG, and 
since the arc ADL is greater than the arc LG, AB will 
appear greater than BG. And if the eye moves upon the 
line EL, the objects will appear similarly unequal; and if 
it is placed upon the parts of the circle outside the per- 
pendicular, the objects appear unequal, and if it is placed 
outside the circle, not in line with DZ, they appear unequal. 

In addition. (Fig. 44a.) For let BG be equal to GD, and 
about BG let the semicircle BZG be inscribed, and about 
GD let GZD, more than a semicircle, be inscribed; and it is 
clear that it wil] cut the semicircle before mentioned. And 
it is possible to inscribe upon GD an arc greater than a 
semicircle. For if we assume a certain acute angle, it is 
possible for us to inscribe upon GD an arc of a circle con- 
taining an angle equal to the acute angle below, as (is clear) 
from the 33rd proposition of the third book of the Ele- 
ments, and the arc imposed upon it will be greater than a 
semicircle, as (is clear) from the 31st proposition of the 
third book of the Elements. And let BZ, ZG, and ZD be 
drawn. So the angie in the semicircle is greater than the 
angle in the greater arc. And the things seen at a greater 
angle appear larger; so BG appears larger than GD. But it 
was equal. There 1s, then, a common place, where, if the 
eye is placed there, equal things appear unequa!. But they 
will appear equal when . . . . (The remainder of this 
sentence is corrupt in the Greek text, and cannot be 
translated.) 
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There is a certain place from which objects of unequal size 
appear equal, (Fig. 45.) 

For let BG be greater than GD, and around BG let an 
arc greater than a semicircle be inscribed, and around GD 
an arc like the one around BG, that is, one containing an 
angle equal to the one in BZG. Now the arcs will cut each 
other. Let them cut each other at Z, and let ZB, ZG, and 
£D be drawn. So, since the angles in the similar arcs are 
equal to each other, also the angles in the arcs BZG and 
GZD are equal to each other. And the things seen under 
equal angles appear equal. For if the eye is placed at the 
point Z, BG would appear equal to GD. But it really is 
greater. So there is a common place, from which objects 
of unequal size appear equal. 


There are places to which the eye may be moved and objects 
of equal size that are perpendicular to the plane below appear 
somelimes of equal size, somelimes of unequal size. (Fig. 46.) 

Let AB and GD be objects of equal size perpendicular to 
the plane below. I say that there is a place where, if the 
eye is located there, AB and GD appear equal. Let BD be 
drawn from B to D, and let it be cut in two at the point E, 
and from E let EZ be drawn at right angles to DB. I say 
that if the eve is placed upon EZ, AB and GD will appear 
equal. For let the eye rest upon EZ, and let Z mark the 
position of the eye, and let the rays fall, ZA, ZB, ZE, ZD, 
and ZG. Now the straight line ZB is equal to ZD. But also 
AB is equal to GD. So the two lines, AB and BZ, are equal 
to the two, GD and DZ. And they contain equal angles; 
for the angle BZA is equal to the angle DZG. So AB and GD 
will appear equal. 

I say, however, that they may appear also unequal. 

Now let the eye move, and let it be indicated by L, 
and let L and E be joined, and jet the rays fall, LB, LA, 
LG, and LD. So, LB is longer than LD. From LB let BT 
be taken, equal to LD, and let A and T be joined. Now the 
angle BTA is equal to the angle GLD. But the angle BTA 
is greater than the angle BLA, the exterior angle greater 
than the interior. And so the angle GLD is greater than 
the angle BLA. Therefore, GD will appear greater than AB. 
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There are certain places where the eye may be located, and 
objects of unequal ssze placed tm contact will together appear 
equal to each of the unequal objects. (Fig. 47.) 

For let BG be larger than GD, and about BG and GD 
let semicircles be inscribed and another about the whole 
BD. So the angle in the semicircle BAD is equal to the 
angle in BAG; for each of them is a right angle. So BG 
appears equal to BD. And in like manner also BD appears 
equal to GD, when the eyes are upon the semicircles BAD 
and GZD. There are, then, certain places where two objects 
of unequal size, when placed in contact, together appear 
equal to each of the unequal objects. 


To find places from which an object of equal size appears 
half or a quarter as large, or in general appears of a size 
proportionate to Ihe cutisng of the angle. (Fig. 48.) 

Let AZ be equal to BG, and about AZ let a semicircle be 
inscribed, and in it let the right angle K be drawn; and let 
BG be equal to AZ, and about BG let an arc be inscribed 
which will contain half of the angle at K. So the angle K is 
double the angle D. So AZ appears twice the size of BG, 
when the eyes are upon the arcs AKZ and BDG. 


Let AB be the object seen. I say that there are places where 
the eye may be located and the same thing appears sometimes 
half the size, somettmes the whole size, sometimes quarter 
size, and in general in the given proporison. (Fig. 49.) 

About AB let the circle AEB be inscribed, so that AB ts 
not the diameter, and let the center of the circle be taken 
and let it be G, upon which let the eye rest, and let the 
straight lines AG and GB be drawn. So AB is seen under 
the angle AGB. Now let the eye rest upon the circumference 
of the circle and let it be indicated by E, and let the ray’ 
fall, EA and EB. Now, since the angle AGB is double the 
angle AEB, from G, AB seems twice as large as when 
seen from E. Similarly also, it will appear a fourth as large 
if one angle is a fourth as great as the other angle, and 
(it will always be seen) in the given proportion. 


If objects move a! equal speed, and have their ends on the 
same side of a straight line which ss af right angles to their 
course, as they advance toward a line drawn through the goin! 
where the eye is located, which is parallel to the straight irme 
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before mentioned, the one farther away from the eye will seem 
to be ahead of the nearer one, bul when they have passed (the 
direct line of vision), the one that was in the lead will seem 
to follow, and the one that followed will seem to be in the lead. 
(Fig. 50.) 

For let BG, DZ, and KA move with equal speed, having 
their ends, G, Z, and A, on the same side of a straight line, 
GA, which is at right angles to their course, and from the 
eye, M, let ML be drawn parallel to GA, and let MG, MZ, 
and AfA be drawn. So BG seems to be in the lead and KA 
seems to follow, on account of the fact that, of the ravs 
falling from the eye, MG, leading to G, seems to have 
diverged (to the right) more than the other rays. So BG 
will seem to be in the lead of the moving objects, as has 
been said. But when BG, DZ, and KA have passed (the 
direct line of vision), and have become NX, PR, and ST, 
let the rays fall, MN, MP, and MS. So NX seems to have 
moved in the direction of N (that is, toward the left), on 
account of the fact that the ray MN has been diverted to 
N more than the other rays; so ST has moved in the 
direction of T (that is, toward the right), on account of 
the fact that MS has been diverted toward J more than 
the other rays. So when BG, which seemed to be in the lead, 
has become NX, it will seem to follow, but when KA, 
which seemed to follow, has become ST, it will seem to be 
in the lead. 


If, when several objects move a4 unequal speed, the eye also 
moves in the same directton, some objects, moving with the 
same speed as the eye, will seem to stand still, others, moving 
more Slowly, will seem to move in the opposite direcion, and 
others, moving more quickly, will seem to move ahead. 
(Fig. 51.) 

For, let B, G, and D move at unequal speed, and let B 
move most slowly, and G at the same speed as the eye, K, 
and D more quickly than G. And from the eye, K, let the 
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X rays fall, XB, KG, and KD. So, G, moving with the 
eve, will seem to stand still, and B, left behind, will 
seem to move in the opposite direction, and D, 
which moves more quickly than these, will seem to 
T move forward; for it will be more distant from these. 


If, when certain objects are moved, one is obviously 
not moved, the object that is noi moved will seem to move 
backward. (Fig. §2.) 

For, let B and D move, and let G remain un- 
moved, and from the eye let the rays fall, ZB, ZG, 
and ZD. So B, as it moves, will be nearer to G, and 
D, receding, will be farther away; therefore, G will 
seem to move in the opposite direction. 


When the eye moves nearer the object seen, the object will 
seem to grow larger. (Fig. 53.) 

For, the eye being at Z, let BG be seen by the rays ZB 
and ZG, and let the eye move nearer to BG, and let it be 
at D, and let the same thing be seen by the rays DB 
and DG. So the angle D is greater than the angle Z; and 
things seen under a wider angle appear larger. Therefore 
BG will seem to be larger when the eve is at D, than when 
it is at Z. 


When objects move at equal speed, those more remote seem 
to move more slowly. (Fig. 54.) 

For let B and K move at equal speed, and from the eye, 
A, let rays be drawn, AG, AD, and AZ. So, B has longer 
rays than K extending from the eye. Therefore it will 
cover a greater distance, and, later, passing the line of 
vision, AZ, will seem to move more slowly. 

An.addition. (Fig. 54a.) For let two points, A and B, 
move on parallel straight lines, and let Z be the eve, from 
which let the rays fall, ZA, ZB, ZE, and ZD. 1 say that the 
more remote object, A, seems to move more slowly than B. 
For, since AZ and ZD form a smaller angle than ZB and 
ZE, BE appears greater than AD. (The fo'lowing sentence 
is corrupt in the Greek text, and no satisfactory translation 
is possible.) Therefore, if we extend the ray ZE in a straight 
line, since in the case of objects moving at the same speed 
B reaches the ray ZE later than the things moving at the 
same speed, the more remote objects seem to move more 
slowly. 

An addition. (Fig. 545). Let two points, A and B, move 
evenly on the parallel straight lines, AD and BE; they will 
cover the same distances in the same time. So, let AD and 
BE be equal distances, and from the eye, Z, let the rays 
fall, ZA, ZD, ZB, and ZE. Now, since the angle AZD is 
less than the angle BZE, therefore the distance AD will 
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appear less than the distance BE. So that A will appear 
to move more slowly. 


If the eye remains a! rest, while the things seen are moved, 
the more remote of the things seen wil seem to be left behind. 
(Fig. 55.) 

Let A and G be the things seen, located on the straight 
lines, AB and GD, and let E be the eye, from which let 
the rays fall, EG, ED, EA, and EB. I say that the object 
at A will seem to have been left behind. Let ED be extended 
to a point where it meets AB, and let it be EB. Now, since 
the angle GEB is greater than the angle AEB, the distance 
GD appears greater than AB. So that if the eye remains 
at E, the rays, moving in the direction of A and G, will 
pass A more quickly than G. So AB will seem to be left 
behind. 


Objects increased in size will seem to approach the eye. 
(Fig. 56.) 

Let AB represent the size of the object seen, and let G be 
the eye, from which let the rays fall, GA and GB. And let 
BA be increased, and let it be BD, and let the ray fall, GD. 
Now, since the angle BGD is greater than the angle BGA, 
BD appears greater than BA. But things thought to be 
greater than themselves seem to be increased, and the 
things nearer the eye appear greater. So objects increased 
in size will seem to approach the eye. 


When things lie a4 the same distance and the edges are not 
sn lime with the middle, $1 makes the whole figure sometimes 
concave, somelimes convex. (Fig. 57.) 

For let GBD be seen by the eye located at K, and let 
the rays fall, KG, KB, and KD. So the whole figure will 
seem to be concave. Now let the thing seen in the middle 
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be moved back, and let ít be nearer 
the eye. So DBG will seem to be 


convex. 





If from the meeling-point of the 
diameters of a square a perpendicu- 
lar 1s drawn, ond the eye rests upon 
this, the sides of the square will ap- 
pear equal and the diameters also will 
appear equal. (Fig. 58.) 

G Let ABGD bea square and let the 
diagonals DB and GA be drawn, and 
from E let the straight line EZ be 

drawn perpendicular tò the plane, and upon this line let Z 
indicate the position of the eye, and let the rays fall, Z.4. 
ZB, 2G, and ZD. Now, since DE is equal to EG, and EZ is 
common to them, and the angles are right angles, the base ZG 
is equal to the base DZ, and of the angles at the bases those 
are equal upon which equal sides subtend. So the angle 
EZG is equal to the angle EZD. Therefore EG will appear 
equal to ED. Similarly also the angle AZE is equal to the 
angle BZE. Therefore AG will appear equal to BD. Again, 
since GZ is equal to ZB, but also AB to GD, the three are 
equal to the three others, and one angle is equal to another 
angle. So one side will appear equal to the other, as also 
the remaining sides will appear equal. 

But if a line is drawn from the eye to the meeting-paiiit 
of the diameters, and if it is not perpendicular to the plane 
or equal to each one of the lines drawn from the meeting- 
point to the angles of the square, and if it does not make 
equal angles with them, the diameters will appear unequal. 
For similarly we shall prove what happens, just as in the 
case of circles. 
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Introduction 


Euclid’s Elements is by far the most famous mathematical work of classical antiquity, and also has the distinction 
of being the world’s oldest continuously used mathematical textbook. Little is known about the author, beyond 
the fact that he lived in Alexandria around 300 BCE. The main subjects of the work are geometry, proportion, and 
number theory. 


Most of the theorems appearing in the Elements were not discovered by Euclid himself, but were the work of 
earlier Greek mathematicians such as Pythagoras (and his school), Hippocrates of Chios, Theaetetus of Athens, and 
Eudoxus of Cnidos. However, Euclid is generally credited with arranging these theorems in a logical manner, so as to 
demonstrate (admittedly, not always with the rigour demanded by modern mathematics) that they necessarily follow 
from five simple axioms. Euclid is also credited with devising a number of particularly ingenious proofs of previously 
discovered theorems: e.g., Theorem 48 in Book 1. 


The geometrical constructions employed in the Elements are restricted to those which can be achieved using a 
straight-rule and a compass. Furthermore, empirical proofs by means of measurement are strictly forbidden: i.e., 
any comparison of two magnitudes is restricted to saying that the magnitudes are either equal, or that one is greater 
than the other. 


The Elements consists of thirteen books. Book 1 outlines the fundamental propositions of plane geometry, includ- 
ing the three cases in which triangles are congruent, various theorems involving parallel lines, the theorem regarding 
the sum of the angles in a triangle, and the Pythagorean theorem. Book 2 is commonly said to deal with “geometric 
algebra”, since most of the theorems contained within it have simple algebraic interpretations. Book 3 investigates 
circles and their properties, and includes theorems on tangents and inscribed angles. Book 4 is concerned with reg- 
ular polygons inscribed in, and circumscribed around, circles. Book 5 develops the arithmetic theory of proportion. 
Book 6 applies the theory of proportion to plane geometry, and contains theorems on similar figures. Book 7 deals 
with elementary number theory: e.g., prime numbers, greatest common denominators, etc. Book 8 is concerned with 
geometric series. Book 9 contains various applications of results in the previous two books, and includes theorems 
on the infinitude of prime numbers, as well as the sum of a geometric series. Book 10 attempts to classify incommen- 
surable (i.e., irrational) magnitudes using the so-called “method of exhaustion”, an ancient precursor to integration. 
Book 11 deals with the fundamental propositions of three-dimensional geometry. Book 12 calculates the relative 
volumes of cones, pyramids, cylinders, and spheres using the method of exhaustion. Finally, Book 13 investigates the 
five so-called Platonic solids. 


This edition of Euclid’s Elements presents the definitive Greek text—i.e., that edited by J.L. Heiberg (1883- 
1885)—accompanied by a modern English translation, as well as a Greek-English lexicon. Neither the spurious 
books 14 and 15, nor the extensive scholia which have been added to the Elements over the centuries, are included. 
The aim of the translation is to make the mathematical argument as clear and unambiguous as possible, whilst still 
adhering closely to the meaning of the original Greek. Text within square parenthesis (in both Greek and English) 
indicates material identified by Heiberg as being later interpolations to the original text (some particularly obvious or 
unhelpful interpolations have been omitted altogether). Text within round parenthesis (in English) indicates material 
which is implied, but not actually present, in the Greek text. 


My thanks to Mariusz Wodzicki (Berkeley) for typesetting advice, and to Sam Watson & Jonathan Fenno (U. 
Mississippi), and Gregory Wong (UCSD) for pointing out a number of errors in Book 1. 
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Definitions 

1. A point is that of which there is no part. 

2. And a line is a length without breadth. 

3. And the extremities of a line are points. 

4. A straight-line is (any) one which lies evenly with 
points on itself. 

5. And a surface is that which has length and breadth 
only. 

6. And the extremities of a surface are lines. 

7. A plane surface is (any) one which lies evenly with 
the straight-lines on itself. 

8. And a plane angle is the inclination of the lines to 
one another, when two lines in a plane meet one another, 
and are not lying in a straight-line. 

9. And when the lines containing the angle are 
straight then the angle is called rectilinear. 

10. And when a straight-line stood upon (another) 
straight-line makes adjacent angles (which are) equal to 
one another, each of the equal angles is a right-angle, and 
the former straight-line is called a perpendicular to that 
upon which it stands. 

11. An obtuse angle is one greater than a right-angle. 

12. And an acute angle (is) one less than a right-angle. 

13. A boundary is that which is the extremity of some- 
thing. 

14. A figure is that which is contained by some bound- 
ary or boundaries. 

15. A circle is a plane figure contained by a single line 
[which is called a circumference], (such that) all of the 
straight-lines radiating towards [the circumference] from 
one point amongst those lying inside the figure are equal 
to one another. 

16. And the point is called the center of the circle. 

17. And a diameter of the circle is any straight-line, 
being drawn through the center, and terminated in each 
direction by the circumference of the circle. (And) any 
such (straight-line) also cuts the circle in hal£.! 

18. And a semi-circle is the figure contained by the 
diameter and the circumference cuts off by it. And the 
center of the semi-circle is the same (point) as (the center 
of) the circle. 

19. Rectilinear figures are those (figures) contained 
by straight-lines: trilateral figures being those contained 
by three straight-lines, quadrilateral by four, and multi- 
lateral by more than four. 

20. And of the trilateral figures: an equilateral trian- 
gle is that having three equal sides, an isosceles (triangle) 
that having only two equal sides, and a scalene (triangle) 
that having three unequal sides. 
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21. And further of the trilateral figures: a right-angled 
triangle is that having a right-angle, an obtuse-angled 
(triangle) that having an obtuse angle, and an acute- 
angled (triangle) that having three acute angles. 

22. And of the quadrilateral figures: a square is that 
which is right-angled and equilateral, a rectangle that 
which is right-angled but not equilateral, a rhombus that 
which is equilateral but not right-angled, and a rhomboid 
that having opposite sides and angles equal to one an- 
other which is neither right-angled nor equilateral. And 
let quadrilateral figures besides these be called trapezia. 

23. Parallel lines are straight-lines which, being in the 
same plane, and being produced to infinity in each direc- 
tion, meet with one another in neither (of these direc- 
tions). 


t This should really be counted as a postulate, rather than as part of a definition. 


Aityuata. 
oe. “Hitho0w dnd mavto¢g onuctov ext x&v onustov 
CLVELAV YOAUUY)Y &yayciy. 

D. Koi nenrcpacuévny sovetay xatà TO cuveyec ên’ 
cuvetac exBarety. 

y Kal navtl xEvte@ nal Siacthuatt xOxAov yedgeovan. 

©. Koal trácas tàs dptàs ywvias toas AAs civar. 

c. Kal av cic O00 evvetac coveta gumintovog tàc EvTOC 
Kol ETL TH HUTA YEON Yov(ac dvo óp9Gv &£Aácoovac nof, 
exBarhrAouevac tac OVO evvelac En Ameilpov ouunintery, EQ 
& uégr| etolv ot. vv 000 óp06v EAdaooveEc. 


Postulates 


1. Let it have been postulated! to draw a straight-line 
from any point to any point. 

2. And to produce a finite straight-line continuously 
in a straight-line. 

3. And to draw a circle with any center and radius. 

4. And that all right-angles are equal to one another. 

5. And that if a straight-line falling across two (other) 
straight-lines makes internal angles on the same side 
(of itself whose sum is) less than two right-angles, then 
the two (other) straight-lines, being produced to infinity, 
meet on that side (of the original straight-line) that the 
(sum of the internal angles) is less than two right-angles 
(and do not meet on the other side).* 


t The Greek present perfect tense indicates a past action with present significance. Hence, the 3rd-person present perfect imperative Hiroto 


could be translated as “let it be postulated", in the sense “let it stand as postulated”, but not “let the postulate be now brought forward". The 


literal translation “let it have been postulated” sounds awkward in English, but more accurately captures the meaning of the Greek. 


tł This postulate effectively specifies that we are dealing with the geometry of flat, rather than curved, space. 


Kowal £vvotat. 


a. Tà 16 aóxG too xol &XAfXow &oxiv toa. 

B’. Koi àv toos toa npooceOf,, xà ó^a &oiv toa. 

Y. Koi cay and towv toa apapedh, xà xoroeixóuevá 
cot ton. 

O°. Kol te EMaoudsCovta én’ GAAYAa toa Gov &ostv. 

e. Kol tò Öàov toŭ uépous UetCdv [Eotty]. 


Common Notions 


1. Things equal to the same thing are also equal to 
one another. 

2. And if equal things are added to equal things then 
the wholes are equal. 

3. And if equal things are subtracted from equal things 
then the remainders are equal.! 

4. And things coinciding with one another are equal 
to one another. 

5. And the whole [is] greater than the part. 


* As an obvious extension of C.N.s 2 & 3—if equal things are added or subtracted from the two sides of an inequality then the inequality remains 
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an inequality of the same type. 


f 


Q. 
En ts Sovstong sudelac menepaouévrnc Ttelywvov 


IGGORXMCOCOV ocuvotýcaucůa. 


L 


"Hotw 1) Soveion coveta nencpacuévn ñ AB. 

Aci ù éni týs AB evdeiac tplYovov ioónAcupov 
ovothoacvan. 

Kévtem yey 7 A diaotyyatt d& 76H AB xóx^oc 
yevyedo0e 6 BLA, xal néAw xévtoew u&v x6 B daotuat 68 
t& BA xóxňoc yeyodoðw ó ATE, xoi ànó tot [ onuetou, 
xo9' Ó véuvouotv dAÀfAouc oi xóxAot, Ext te A, B onueta 
ereCevydwoay evdetoa at DA, UB. 

Kot éxel t6 A onuctov xévteov éoti 1:00 DAB xÓxAou, 
ton éotty W AD th AB: náv, Exel to B onustov xévtoov 
£c xoU DAE x0xAov, tor) £oxv À BI t BA. cdetydn d¢ 
xoi WTA th AB ton: exatéon àpac xv D'A, DB cf; AB écouv 
iov). tà 6€ 16) axG toa xol GO A otc Coty tow xol WTA gow 
tf TB éotw ton: at toete doa ot TA, AB, BP fow 69 otc 
eiotv. 

ToónAeugov &po £oxi vó ABI xgtyovov. xoà cuvéovotot 
eni tc GoOetorc eoOc(ac renepaouévric thc AB. ónep &6& 
NOLO. 
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Proposition 1 


To construct an equilateral triangle on a given finite 
straight-line. 


C 


Let AB be the given finite straight-line. 

So it is required to construct an equilateral triangle on 
the straight-line AB. 

Let the circle BC D with center A and radius AB have 
been drawn [Post. 3], and again let the circle ACE with 
center B and radius BA have been drawn [Post. 3]. And 
let the straight-lines CA and CB have been joined from 
the point C, where the circles cut one another, to the 
points A and B (respectively) [Post. 1]. 

And since the point A is the center of the circle C DB, 
AC is equal to AP [Def. 1.15]. Again, since the point 
B is the center of the circle CAE, BC is equal to BA 
[Def. 1.15]. But CA was also shown (to be) equal to AB. 
Thus, C A and CB are each equal to AB. But things equal 
to the same thing are also equal to one another [C.N. 1]. 
Thus, CA is also equal to CB. Thus, the three (straight- 
lines) CA, AB, and BC are equal to one another. 

Thus, the triangle ABC is equilateral, and has been 
constructed on the given finite straight-line AB. (Which 
is) the very thing it was required to do. 


t The assumption that the circles do indeed cut one another should be counted as an additional postulate. There is also an implicit assumption 


that two straight-lines cannot share a common segment. 


D. 

IIgóc x6 6090évu onucio TH SoVEton cvdeig tony coVEtav 
VEoVan. 

"Ecco tO yey doveyv onuctoy tO A, ¥ be doeioa covera 
?, BI" 88i 87) ngóc 74 A onueto tH Sodeton codete tH BI 
lon eó0ctav 0£o900ot. 

EneCevy vw yuo ano tol A onuetov ext t6 B onustov 
cevveta À AB, xal ovveotata én’ adth¢ tTolywvov ioótàcupov 
tò AAB, xa éxBePAfodwoay èr’ còðelas tos AA, AB 


Proposition 2t 


To place a straight-line equal to a given straight-line 
at a given point (as an extremity). 

Let A be the given point, and BC the given straight- 
line. So it is required to place a straight-line at point A 
equal to the given straight-line BC. 

For let the straight-line AB have been joined from 
point A to point B [Post. 1], and let the equilateral trian- 
gle DAB have been been constructed upon it [Prop. 1.1]. 
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cevveta at AB, BZ, xol xévtow uev xG B dtaxothyats Oe TH 
BI' xóxAoc yeyedoda 6 THO, xot nddw xévtow 16 A xoi 
Otxo tfjuot tT AH xóxňos yeyodgðo o HKA. 


And let the straight-lines AE and BF have been pro- 
duced in a straight-line with DA and DB (respectively) 
[Post. 2]. And let the circle CGH with center B and ra- 
dius BC have been drawn [Post. 3], and again let the cir- 
cle GK L with center D and radius DG have been drawn 


[Post. 3]. 





‘Enet obv 10 B onuetoyv xévteoy éott tot THO, ton £oxiv 
À BI t BH. nédw, éxet t6 A onustov xévteov gott tot 
HKA xóxAov, ton £oxv f) AA cf; AH, Gv f| AA tH AB ton 
éotty. Aowny àpa Y) AA Xowf, xfj BH otv ton. £0c(y 0r] 68 
xoi 7) BE th BH ton: exatéoa tow tov AA, BI th BH otv 
fon. Ta Oe TE HDT toa xal GAAKAOIC Eotty toa xot 7 AA 
&pa th BI otv ton. 

Ilpòc wow 165 SovEvTL onuct và A TH Sodeton codetx 
tfj BI' tor, cocta xeivot Y; AA: ónep £oec rovfjcot. 


Therefore, since the point B is the center of (the cir- 
cle) CGH, BC is equal to BG [Def. 1.15]. Again, since 
the point D is the center of the circle GK L, DL is equal 
to DG [Def. 1.15]. And within these, DA is equal to DB. 
Thus, the remainder AL is equal to the remainder BG 
[C.N. 3]. But BC was also shown (to be) equal to BG. 
Thus, AL and BC are each equal to BG. But things equal 
to the same thing are also equal to one another [C.N. 1]. 
Thus, AL is also equal to BC. 

Thus, the straight-line AL, equal to the given straight- 
line BC, has been placed at the given point A. (Which 
is) the very thing it was required to do. 


t This proposition admits of a number of different cases, depending on the relative positions of the point A and the line BC. In such situations, 


Euclid invariably only considers one particular case—usually, the most difficult—and leaves the remaining cases as exercises for the reader. 


wv. 

Ato dovecv cv0Ev àvioov àxó tfj; uctCovoc f| 
£Aáccow tory eoUstav GeAciv. 

"Eocoocav oi Go9cicot 600 coUctot Gwoot o. AB, D, Gv 
uelCwv gotw f, AB: 66i 87) ànxó xfjc ue(Govoc vfjc AB tf 
£A&ccow cf; P terv eó9ctav óqeAciv. 

Ketodw mode 16 A onucio tH TD cddety ton ġ AA: xol 
xévtpo uev TH A Staotyuatt b¢ 165 AA xdxuro¢ veyed de 
6 AEZ. 

Kol énet tO A onuetov xévteov goti to AEZ xbxrov, 


Proposition 3 


For two given unequal straight-lines, to cut off from 
the greater a straight-line equal to the lesser. 

Let AB and C be the two given unequal straight-lines, 
of which let the greater be AB. So it is required to cut off 
a straight-line equal to the lesser C from the greater AB. 

Let the line AD, equal to the straight-line C, have 
been placed at point A [Prop. 1.2]. And let the circle 
DEF have been drawn with center A and radius AD 
[Post. 3]. 
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toy gotty AE th AA: Ag xt WD tH AA Eotw ton, 
exatéoa toa tév AB, I th AA éotw ton ote xa Y; AE 
tfj I £ouv tor. 


I 


Z 


Ato toa doveioGy cvVeLOv dvicwy tõv AB, I and tic 
uetCovoc fic AB «f| £A&ocov tH ton xpfenta Y, AE; once 
Edel roroa. 


—* 

"Edy 500 tetywva tae S00 TAELVEdS [Tolle] SVOL TACUEAS 
lous EXN CKATEOAY EXATEOY Mal TV YHVlaV TH Yavia tony 
£yy| tjv LTO THY towv evVELBSv mEeoveyouevny, xoà vv 
Bác tH Baos tony E&et, xol vó volyovov xG Torywova toov 
£o ot, xal Ol AOLTAL yovlar tos onos yæwvioc toot £o0vtot 
EXATEOA EXATEOA, LY dic at too NAcvEal DroTElvovOLy. 


A A 


B | E Z 


"Eotw 500 totywva tà ABT, AEZ tàs úo nAcvede 
tac AB, AT tais duo nàcupois tois AE, AZ toas ëyovta 
exatéoay Exatéoy THY uev AB tý AE tv Se ALT th AZ 
xal ywoviay tùy Ond BAT ywovig tH bro0 EAZ tony. Aévo, 
óu xoi Dáow; À BIT Bács th EZ ton éotty, xal to ABI 
totywvoyv t AEZ teryave toov ota, xal ot Aotmal yoovton 
toc Aotnalig ywrvloug toon Ecovta Exatéoa Exatéog, LP Ac 
at too TAcveal Dmotetvovaty, À uèv òrò ABT tH òrò AEZ, 
fj 66 ónó ATB t bro AZE. 

"EgepuoCouévou Yàp toO ABI' xpgvyóvou ên tò AEZ 
toiyavoyv xal tUEUEvon ToD uev A onuetou éml to A onuetov 
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And since point A is the center of circle DEF, AE 
is equal to AD [Def. 1.15]. But, C is also equal to AD. 
Thus, AE and C are each equal to AD. So AE is also 
equal to C [C.N. 1]. 


C 


F 
Thus, for two given unequal straight-lines, AB and C, 
the (straight-line) AE, equal to the lesser C, has been cut 
off from the greater AB. (Which is) the very thing it was 
required to do. 


Proposition 4 


If two triangles have two sides equal to two sides, re- 
spectively, and have the angle(s) enclosed by the equal 
straight-lines equal, then they will also have the base 
equal to the base, and the triangle will be equal to the tri- 
angle, and the remaining angles subtended by the equal 
sides will be equal to the corresponding remaining an- 
gles. 

A D 


B C E F 


Let ABC and DEF be two triangles having the two 
sides AB and AC equal to the two sides DE and DF, re- 
spectively. (That is) AB to DE, and AC to DF. And (let) 
the angle BAC (be) equal to the angle EDF. I say that 
the base BC is also equal to the base EF, and triangle 
ABC will be equal to triangle DEF, and the remaining 
angles subtended by the equal sides will be equal to the 
corresponding remaining angles. (That is) ABC to DEF, 
and ACB to DFE. 

For if triangle ABC is applied to triangle DEF,' the 
point A being placed on the point D, and the straight-line 
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thc be AB cbVetac Ext thy AE, &gapuóoci xoi xó B onyciov 
emt tO E àià xó tony eivoc t&v AB cf; AE: &goguooóor| 97 
thc AB ént thy AE é&goguóoet xoà W AD codeta ext thy AZ 
did TÒ tony eiva THY oxó BAT yovtay tH Ond EAZ: ote xol 
tò I onuetoy én tò Z onuciov égapudoet oie tò tony táv 
elvot xY|v AT xfj AZ. &AX& urjv xoi xó B &ri xó E &gnouóxev 
óote Dóoic Y, BI ent Baow thy EZ &oapuóoce. et vào xoO 
u£v B &ni xó E; &papuóocavroc xo o£ I' &ri xo Z f| BI Báoic 
&ri THY EZ ovx Epaoudoet, Svo0 cvVeton ywotov neeréfovot: 
ónep FOTlV Gvvatov. &dgopuóoe. üpa Y, BI åo Ext thy 
EZ xal ton ùt gota ote xa dhov t6 ABI tetywvov 
&ri óAov tò AEZ xgiyovov &qaguóoet xol tcov a6 ČOT, 
xal o, Xovrot Yoovtou Ent tac AoimaS Ywvlac EPaoUdcovor xot 
toot avtoiic Eoovta, A wev Od ABI th bro AEZ ¥ de Ono 
ATB tf òrò AZE. 

Eàv goa S00 tolywva tac 900 mAcupüc [toic] O00 
Tàcupols toas Fyn ċxatépav éxatépx xal THY ywvlay TH 
yovia tony yn THY LTO TOV towy svvELOy TMEpLEyOUEVNY, 
xoi tHY Baow tH Pao tony EFer, xal tO tolywvov x6 
TOLYWOVG toov Eota, xo al Aowmal ywvlou toto Aotmoitc 
YOVLALS Too EGOVTAL EXATEOA EXATEOY, VY dic at toon MAEVE 
Onocc(vouotv: ónep &oct Dergo. 


AB on DE, then the point P will also coincide with E, 
on account of AB being equal to DE. So (because of) 
AB coinciding with DE, the straight-line AC will also 
coincide with DF, on account of the angle B AC being 
equal to EDF. So the point C will also coincide with the 
point F, again on account of AC being equal to DF. But, 
point P certainly also coincided with point E, so that the 
base BC will coincide with the base EF. For if B coin- 
cides with E, and C with F, and the base BC does not 
coincide with EF, then two straight-lines will encompass 
an area. The very thing is impossible [Post. 1].^ Thus, 
the base BC will coincide with EF, and will be equal to 
it [C.N. 4]. So the whole triangle ABC will coincide with 
the whole triangle DEF, and will be equal to it [C.N. 4]. 
And the remaining angles will coincide with the remain- 
ing angles, and will be equal to them [C.N. 4]. (That is) 
ABC to DEF, and ACB to DFE [C.N. 4]. 

Thus, if two triangles have two sides equal to two 
sides, respectively, and have the angle(s) enclosed by the 
equal straight-line equal, then they will also have the base 
equal to the base, and the triangle will be equal to the tri- 
angle, and the remaining angles subtended by the equal 
sides will be equal to the corresponding remaining an- 
gles. (Which is) the very thing it was required to show. 


t The application of one figure to another should be counted as an additional postulate. 


t Since Post. 1 implicitly assumes that the straight-line joining two given points is unique. 


f 


Ci 


TGv icooxeAGv tpvyovov oi xpóc th Dáoec Yovtor toot 
Gf otc eiotv, xol NoooexBAnderay tHyv towy evdedsy ait 
LTO THY Baow ywvion toa GJ Aoc Ecovot. 


A 





A E 
"Hota tetywvov icocxeàès tò ABP tony £yov thv 
AB nxAeupàv tý AT tAsved, xol noooexBeBAnodwoay én’ 
evvetac tatc AB, AD cvdeton ai BA, DE: ^évo, óu f| uev 


Proposition 5 


For isosceles triangles, the angles at the base are equal 
to one another, and if the equal sides are produced then 
the angles under the base will be equal to one another. 


A 





D E 
Let ABC be an isosceles triangle having the side AB 
equal to the side AC, and let the straight-lines BD and 
CE have been produced in a straight-line with AB and 


bro ABIL yovla tH bn6 ATB ton éotiy, A è òrò TBA tH AC (respectively) [Post. 2]. I say that the angle ABC is 


òrò BTE. 
EtAjode yuo &ri vfjc BA tuyòv onuciov tò Z, xo 


equal to ACB, and (angle) CBD to BCE. 
For let the point F have been taken at random on BD, 


àgrnofjo0c dnd th¢ ustCovoc thc AE th £Aáooow tH AZ and let AG have been cut off from the greater AE, equal 


11 


S TOIXEION a. 


ton | AH, xoà &éneCeoy 9ocav oi ZL', HB eó9ciox. 

Enel oŬv ton otv 9; uev AZ th AH ¥ de AB th AT, 
dvo on ot ZA, AD dvot totic HA, AB tom cioty &xaxépa 
exaTteon’ ual Yuvlay xoivyy negi&y ouot thy Ono ZAHM: Beouc 
gon 1) ZIP Bdoet th HB ton éotty, xal t6 AZT totywvoy x6 
AHB «ptyóvo toov £ocot, xol ot Aona yœovia volic Aouxoüc 
Ycvtouc toot ECOVTIAL EXATEOA EXATEOEA, LM" dic ott toot, TA eupott 
bxott(vouow, f, u£v òrò ATZ tH òrò ABH, ¥ be òrò AZI 
tý òrò AHB. xoà &xei óAv) Y, AZ OAn th AH éotw ton, Ov 
À AB tý AT otv ton, Aan) Kou À BZ Aor tý TH otv 
ton. &Oc(y 0 6€ xoi Y, ZU tý HB torn: 600 67 at BZ, ZI duol 
tois TH, HB tom stoly exatéoa exatéow xal yovla Y, oro 
BZI' vov xv; Ono THB ton, xal åo wbt&v xowy 7 BI: 
xal TO BZD Gow tetywvoy 165 D'HB xerycóvo toov £ocot, xol 
o Aovrod vcovtot xoc Aovwroüc Yeovtotc toot £covtot Exateoa 
EXATEOA, VY àc ot toot TAeupot oxote(vouot: tor) Koa Eotlv 
ñ uev òrò ZBP t òrò HIB 5; 6€ òrò BIZ tý òrò L'BH. 
nel oŬy CAN Å òrò ABH yovia čan th bro ATZ yovig 
£Oc(y Or tov, Gv y, óxó TBH th òrò BIZ ton, Aor vou ¥ 
òrò ABT àon tý òrò ATB otv ton xal elo. nod TY; 
D&ce. x00 ABTI toyóvov. sdety0n de xol À òrò ZBP qf 
bno HI'B ton xot ciowy bro thy Baou. 

TGv &pa (oooxeA6v Toryovey al Ted¢ TH Bosi yovlar 
toot Gf) Aotc eiotv, xoà npooexDAvÜeuoG v TOV towy euvelasy 
al LTO THY Bao ywvlon too GAAKAaS Ecovta’ OME EdeL 
Octeot. 


f 

T * 
E&v Tory@vou at SLO Ycovior toot AAAs otv, xal 
oi UNO Ta toacg YvcwVtac oroctetvoucotr xÀeupolt toot GA otc 
ÉGOVTOL. 


B T 


"Eoo tolywvov tò ABT tony ëyov ty òrò ABT yoviav 
tfj oxó ATB vovíiqr Aévo, ów xoà xAcupgà Y; AB meup tř 
AT otw ïon. 
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to the lesser AF [Prop. 1.3]. Also, let the straight-lines 
FC and GB have been joined [Post. 1]. 

In fact, since AF is equal to AG, and AB to AC, 
the two (straight-lines) FA, AC are equal to the two 
(straight-lines) GA, AB, respectively. They also encom- 
pass a common angle, PAG. Thus, the base FC is equal 
to the base GB, and the triangle AFC will be equal to the 
triangle AGB, and the remaining angles subtendend by 
the equal sides will be equal to the corresponding remain- 
ing angles [Prop. 1.4]. (That is) ACF to ABG, and AFC 
to AGB. And since the whole of AF is equal to the whole 
of AG, within which AB is equal to AC, the remainder 
BF is thus equal to the remainder CG [C.N. 3]. But FC 
was also shown (to be) equal to GB. So the two (straight- 
lines) BF, FC are equal to the two (straight-lines) CG, 
GB, respectively, and the angle B FC (is) equal to the 
angle CGB, and the base BC is common to them. Thus, 
the triangle BFC will be equal to the triangle CGB, and 
the remaining angles subtended by the equal sides will be 
equal to the corresponding remaining angles [Prop. 1.4]. 
Thus, FBC is equal to GCB, and BCF to CBG. There- 
fore, since the whole angle ABG was shown (to be) equal 
to the whole angle ACF, within which CBG is equal to 
BCF, the remainder ABC is thus equal to the remainder 
AC B [C.N. 3]. And they are at the base of triangle ABC. 
And FBC was also shown (to be) equal to GCB. And 
they are under the base. 

Thus, for isosceles triangles, the angles at the base are 
equal to one another, and if the equal sides are produced 
then the angles under the base will be equal to one an- 
other. (Which is) the very thing it was required to show. 


Proposition 6 


If a triangle has two angles equal to one another then 
the sides subtending the equal angles will also be equal 
to one another. 


A 


B C 
Let ABC be a triangle having the angle ABC equal 
to the angle AC E. I say that side AB is also equal to side 
AC. 
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Ei yàp &voós ot f| AB cf; AT, 5| &xépat aóxGv uetCov 
cotty. Eotw ustCwv 7 AB, xal apnofodw ano fic ustCovoc 
tfic AB «fj £A&áxxowt xf; AT tov À AB, xoi &neGeoy 90 A AT. 

"Ex& ov tor] £oxiv À AB xfj AT xowr, 8€ 5| BI, 600 67) 
ot AB, BI óo tas AT, IB fou etoty éxatépa txatépog, xal 
yovta 4 òrò ABT voto t òrò ATB &ov tory D&otc hoa f, 
AT Båosı tý AB ton ċotiyv, xo tò ABT tolywvov tă ATB 
TOLYOVG toov Eota, TO EAacooy TG) uclCow: nreo &tTonrov' 
ovx toa &nuads ouy À AB tý AT ton oa. 

Eàv wou Tovy@von al SVO yovlar toar AAAs Doty, xo 
ol bxOÓ tüc too Yc vta; oxote(voucot xAeupot tao GAAHAaC 
£covto Ónep £Oct Ocieod. 
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For if AB is unequal to AC then one of them is 
greater. Let AB be greater. And let DB, equal to 
the lesser AC, have been cut off from the greater AB 
[Prop. 1.3]. And let DC have been joined [Post. 1]. 

Therefore, since DB is equal to AC, and BC (is) com- 
mon, the two sides DB, BC are equal to the two sides 
AC, CB, respectively, and the angle DBC is equal to the 
angle AC B. Thus, the base DC is equal to the base AB, 
and the triangle DBC will be equal to the triangle ACB 
[Prop. 1.4], the lesser to the greater. The very notion (is) 
absurd [C.N. 5]. Thus, AB is not unequal to AC. Thus, 
(it is) equal.! 

Thus, if a triangle has two angles equal to one another 
then the sides subtending the equal angles will also be 
equal to one another. (Which is) the very thing it was 
required to show. 


t Here, use is made of the previously unmentioned common notion that if two quantities are not unequal then they must be equal. Later on, use 


is made of the closely related common notion that if two quantities are not greater than or less than one another, respectively, then they must be 


equal to one another. 


e. 

"Em tfj; aótfjc &OO€(oac O00 toüc abtoüc eOUctotc GA Aot 
000 eOUciot toot &xorcépat &xorcépo. o0 cuota ficovtot nooc 
GAA xal GAA orjus(o &mi xà abtxà uépr xà abtxà népora 
&youcot tos £& deys cvdetauc. 


I 


A B 

Et yao Suvatéy, Ent the adth¢ cbVetauc th¢ AB dúo tole 
aotatc evVetac totic AP, DB ®Am dúo cbVetan ot AA, AB 
loo. Exatéoa Exatéoa ovveotatwoay npóc AAA xol OX 
creo t te T xa A Ext xà abtà uépr xà otà néÉpaa 
eyovoa, dote tony elvou tiv wev TA th AA xo abxó népac 
£y oucav acf; 1o À, xrjv 66 PB th AB tò abt6 népag Eyou- 
cav at tò B, xa &neCeóoy 00 f; A. 

‘Exel ody ton otv fj AT vf; AA, ton £o xoà vovía f, 
òrò ATA th bro AAT: uetlav gow Y, òrò AAT ts nò 
ATB: roAAG &pa f|) nrò TAB uet&ov &osí vfjc ónó ATB. 
náAty nel ton otv À TB «fj AB, fon £o xoà yovia À 
bro TAB yovig tH Ono ATB. edsetydy 0€ aocfic xal MoAAG 
ustCwv' ónep &oviv dO0varxov. 

Ovx goa Ent THe HOTH¢ eOVEtac Dúo toic a colic coUctotc 
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Proposition 7 


On the same straight-line, two other straight-lines 
equal, respectively, to two (given) straight-lines (which 
meet) cannot be constructed (meeting) at a different 
point on the same side (of the straight-line), but having 
the same ends as the given straight-lines. 


C 
D 


A B 


For, if possible, let the two straight-lines AC, CB, 
equal to two other straight-lines AD, DB, respectively, 
have been constructed on the same straight-line AB, 
meeting at different points, C and D, on the same side 
(of AB), and having the same ends (on AB). So CA is 
equal to DA, having the same end A as it, and CB is 
equal to DB, having the same end P as it. And let CD 
have been joined [Post. 1]. 

Therefore, since AC is equal to AD, the angle ACD 
is also equal to angle ADC [Prop. 1.5]. Thus, ADC (is) 
greater than DC B [C.N. 5]. Thus, C DB is much greater 
than DC B [C.N. 5]. Again, since CB is equal to DB, the 
angle C DB is also equal to angle DC B [Prop. 1.5]. But 
it was shown that the former (angle) is also much greater 
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n. 
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B E 

"Eotw 500 tolywva tà ABTI, AEZ tàs úo nAcvede 
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&y&tc Oe xal Baow tHY BI Baoet tH EZ tony: AEyo, OT xal 
yovia 4 ond BAT yovie th Ond EAZ otv ton. 
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ts BI &ri thy EZ éqagudcovuc xat at BA, TA èm tàs EA, 
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dé BA, AT rAeupoi êm tàs EA, AZ ovx Egaoudcovoww 
OAKK TapahAdZovow @¢ at KH, HZ, cvotadjoovton nl tc 
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trv bro EAZ éqapudoet xat ton woth Eota. 

'"Eàv goa dbo totywva taco 900 mAcupüc [Toc] Bo 
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(than the latter). The very thing is impossible. 

Thus, on the same straight-line, two other straight- 
lines equal, respectively, to two (given) straight-lines 
(which meet) cannot be constructed (meeting) at a dif- 
ferent point on the same side (of the straight-line), but 
having the same ends as the given straight-lines. (Which 
is) the very thing it was required to show. 


Proposition 8 


If two triangles have two sides equal to two sides, re- 
spectively, and also have the base equal to the base, then 
they will also have equal the angles encompassed by the 
equal straight-lines. 


A D 


G 


B E 

Let ABC and DEF be two triangles having the two 
sides AB and AC equal to the two sides DE and DF, 
respectively. (That is) AB to DE, and AC to DF. Let 
them also have the base BC equal to the base EF. I say 
that the angle B AC is also equal to the angle EDF. 

For if triangle ABC is applied to triangle DEF, the 
point B being placed on point E, and the straight-line 
BC on EF, then point C will also coincide with F, on 
account of BC being equal to EF. So (because of) BC 
coinciding with EF, (the sides) BA and C A will also co- 
incide with ED and DF (respectively). For if base BC 
coincides with base EF, but the sides AB and AC do not 
coincide with ED and DF (respectively), but miss like 
EG and GF (in the above figure), then we will have con- 
structed upon the same straight-line, two other straight- 
lines equal, respectively, to two (given) straight-lines, 
and (meeting) at a different point on the same side (of 
the straight-line), but having the same ends. But (such 
straight-lines) cannot be constructed [Prop. 1.7]. Thus, 
the base BC being applied to the base EF, the sides BA 
and AC cannot not coincide with ED and DF (respec- 
tively). Thus, they will coincide. So the angle BAC will 
also coincide with angle E DF, and will be equal to it 
[C.N. 4]. 

Thus, if two triangles have two sides equal to two 
side, respectively, and have the base equal to the base, 
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then they will also have equal the angles encompassed 
by the equal straight-lines. (Which is) the very thing it 
was required to show. 


Proposition 9 


To cut a given rectilinear angle in half. 


A 


F 
B C 


Let BAC be the given rectilinear angle. So it is re- 
quired to cut it in half. 

Let the point D have been taken at random on AB, 
and let AE, equal to AD, have been cut off from AC 
[Prop. 1.3], and let DE have been joined. And let the 
equilateral triangle DEF have been constructed upon 
DE [Prop. 1.1], and let AF have been joined. I say that 
the angle BAC has been cut in half by the straight-line 
AF. 

For since AD is equal to AE, and AF is common, 
the two (straight-lines) DA, AF are equal to the two 
(straight-lines) EA, AF, respectively. And the base DF 
is equal to the base EF. Thus, angle DAF is equal to 
angle EAF [Prop. 1.8]. 

Thus, the given rectilinear angle B AC has been cut in 
half by the straight-line AF. (Which is) the very thing it 
was required to do. 


Proposition 10 


To cut a given finite straight-line in half. 

Let AB be the given finite straight-line. So it is re- 
quired to cut the finite straight-line AB in half. 

Let the equilateral triangle ABC have been con- 
structed upon (AB) [Prop. 1.1], and let the angle AC B 
have been cut in half by the straight-line C D [Prop. 1.9]. 
I say that the straight-line AB has been cut in half at 
point D. 

For since AC is equal to CB, and CD (is) common, 
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dy) i AT, TZ Svot tac EL, TZ ow ciol éxatépa txatépg 
xa Båcis À AZ Béost tý ZE fon £oxtv: vota. Goa Y) ono 
ATZ yovi tý òrò ETZ tor, £ox(v: xot eiow &oe&fjc. óxav 
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the two (straight-lines) AC, C D are equal to the two 
(straight-lines) BC, CD, respectively. And the angle 
ACD is equal to the angle BCD. Thus, the base AD 
is equal to the base BD [Prop. 1.4]. 


C 


A D B 


Thus, the given finite straight-line AB has been cut 
in half at (point) D. (Which is) the very thing it was 
required to do. 


Proposition 11 


To draw a straight-line at right-angles to a given 
straight-line from a given point on it. 


F 


A B 
D C E 


Let AB be the given straight-line, and C the given 
point on it. So it is required to draw a straight-line from 
the point C at right-angles to the straight-line AB. 

Let the point D be have been taken at random on AC, 
and let CE be made equal to C D [Prop. 1.3], and let the 
equilateral triangle FDE have been constructed on DE 
[Prop. 1.1], and let FC have been joined. I say that the 
straight-line FC has been drawn at right-angles to the 
given straight-line AB from the given point C on it. 

For since DC is equal to CE, and CF is common, 
the two (straight-lines) DC, CF are equal to the two 
(straight-lines), EC, CF, respectively And the base DF 
is equal to the base FE. Thus, the angle DCF is equal 
to the angle ECF [Prop. 1.8], and they are adjacent. 
But when a straight-line stood on a(nother) straight-line 
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Th soa dSoveton cbVetx tH AB and tot npòc abt 
6o0évroc onustou x00 I' ngóc ópgOàc vovíac eó0cia voor, 
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xoi Dáociz; Y, TH Béoe: th TE éotw ton yovia &pa Y; ono 
LOH yovig th bro EOT éotw toy. nat stow &petfjc. óxav 
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makes the adjacent angles equal to one another, each of 
the equal angles is a right-angle [Def. 1.10]. Thus, each 
of the (angles) DCF and FCE is a right-angle. 

Thus, the straight-line CF has been drawn at right- 
angles to the given straight-line AP from the given point 
C on it. (Which is) the very thing it was required to do. 


Proposition 12 


To draw a straight-line perpendicular to a given infi- 
nite straight-line from a given point which is not on it. 


F 


A 


G E 


D 

Let AB be the given infinite straight-line and C the 
given point, which is not on (AB). So it is required to 
draw a straight-line perpendicular to the given infinite 
straight-line AB from the given point C, which is not on 
(AB). 

For let point D have been taken at random on the 
other side (to C) of the straight-line AB, and let the 
circle EFG have been drawn with center C and radius 
CD [Post. 3], and let the straight-line EG have been cut 
in half at (point) H [Prop. 1.10], and let the straight- 
lines CG, CH, and CE have been joined. I say that the 
(straight-line) CH has been drawn perpendicular to the 
given infinite straight-line AB from the given point C, 
which is not on (AB). 

For since GH is equal to HE, and HC (is) common, 
the two (straight-lines) GH, HC are equal to the two 
(straight-lines) EH, HC, respectively, and the base CG 
is equal to the base CE. Thus, the angle CHG is equal 
to the angle EHC [Prop. 1.8], and they are adjacent. 
But when a straight-line stood on a(nother) straight-line 
makes the adjacent angles equal to one another, each of 
the equal angles is a right-angle, and the former straight- 
line is called a perpendicular to that upon which it stands 
[Def. 1.10]. 

Thus, the (straight-line) CH has been drawn perpen- 
dicular to the given infinite straight-line AB from the 
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&rel *| ónó D'BE 806i voi; ónó TBA, ABE ton &ocxtv, xow?) 
npgooxeío90o Å òrò EBA- oi &pa onó TBE, EBA taol toic 
òrò TBA, ABE, EBA ïo% cioty. náv, éxet ġ òrò ABA 
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ABT &pa 8uolv óp9Ooüc tco etoty. 
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given point C, which is not on (AB). (Which is) the very 
thing it was required to do. 


Proposition 13 


If a straight-line stood on a(nother) straight-line 
makes angles, it will certainly either make two right- 
angles, or (angles whose sum is) equal to two right- 
angles. 


B A 


D B C 

For let some straight-line AB stood on the straight- 
line CD make the angles CBA and ABD. I say that 
the angles C BA and ABD are certainly either two right- 
angles, or (have a sum) equal to two right-angles. 

In fact, if CBA is equal to ABD then they are two 
right-angles [Def. 1.10]. But, if not, let BE have been 
drawn from the point B at right-angles to [the straight- 
line] CD [Prop. 1.11]. Thus, CBE and EBD are two 
right-angles. And since CBE is equal to the two (an- 
gles) CBA and ABE, let EB D have been added to both. 
Thus, the (sum of the angles) C BE and EBD is equal to 
the (sum of the) three (angles) CBA, ABE, and EBD 
[C.N. 2]. Again, since DBA is equal to the two (an- 
gles) DBE and EBA, let ABC have been added to both. 
Thus, the (sum of the angles) DBA and ABC is equal to 
the (sum of the) three (angles) DBE, EBA, and ABC 
[C.N. 2]. But (the sum of) CBE and EBD was also 
shown (to be) equal to the (sum of the) same three (an- 
gles). And things equal to the same thing are also equal 
to one another [C.N. 1]. Therefore, (the sum of) CBE 
and EBD is also equal to (the sum of) DBA and ABC. 
But, (the sum of) CBE and EBD is two right-angles. 
Thus, (the sum of) ABD and ABC is also equal to two 
right-angles. 

Thus, if a straight-line stood on a(nother) straight- 
line makes angles, it will certainly either make two right- 
angles, or (angles whose sum is) equal to two right- 
angles. (Which is) the very thing it was required to show. 
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Proposition 14 


If two straight-lines, not lying on the same side, make 
adjacent angles (whose sum is) equal to two right-angles 
with some straight-line, at a point on it, then the two 
straight-lines will be straight-on (with respect) to one an- 
other. 


A E 


C B D 

For let two straight-lines BC and BD, not lying on the 
same side, make adjacent angles ABC and ABD (whose 
sum is) equal to two right-angles with some straight-line 
AB, at the point P on it. I say that B D is straight-on with 
respect to C B. 

For if BD is not straight-on to BC then let BE be 
straight-on to C B. 

Therefore, since the straight-line AB stands on the 
straight-line CBE, the (sum of the) angles ABC and 
ABE is thus equal to two right-angles [Prop. 1.13]. But 
(the sum of) ABC and ABD is also equal to two right- 
angles. Thus, (the sum of angles) CBA and ABE is equal 
to (the sum of angles) CBA and ABD [C.N. 1]. Let (an- 
gle) CBA have been subtracted from both. Thus, the re- 
mainder ABE is equal to the remainder ABD [C.N. 3], 
the lesser to the greater. The very thing is impossible. 
Thus, BE is not straight-on with respect to CB. Simi- 
larly, we can show that neither (is) any other (straight- 
line) than BD. Thus, CB is straight-on with respect to 
BD. 

Thus, if two straight-lines, not lying on the same side, 
make adjacent angles (whose sum is) equal to two right- 
angles with some straight-line, at a point on it, then the 
two straight-lines will be straight-on (with respect) to 
one another. (Which is) the very thing it was required 
to show. 


Proposition 15 


If two straight-lines cut one another then they make 
the vertically opposite angles equal to one another. 
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For let the two straight-lines AP and CD cut one an- 
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cea bro TEA, AEA tog brd AEA, AEB toon eiotv. xo?) 
àprnerjo9o Å óxó AEA: Aou &ga f) óxó D'EA Aou xfj ono 
BEA 1o, &oxiv: óuotoc 87) 6er fioe vot, óxt xol o òrò DEB, 
AEA ïo% cioty. 

Edy &pa 600 eóOctot véuvooty AAMAS, Tao KATH xo- 
ELOY Yavlac toacg HAAYjAac rotvo0otv: ónep £e Gel&ot. 


IF. 

Ilavto¢g xptyovou yui&c 6v nÀAeugGv noooexBAnvetone 
f| êxtòc ywvla êxatépac xGv &vxóc xol &revavtov Yowov 
uei Gov &otv. 

"Eotw totywvoy tò ABD, xoi xpooexpepArjo9c adtob 
uta tAcved À BT ni tò A: Ae&vo, Öt f| &xvóc vovia f| ono 
ATA uet@av éotly &xorépoc vGv &£vvóc xol àmevavitov tGv 
bro IBA, BAT yovv. 

Tetuńoðo À AT õiya xatà tò E, xoi EmCevyVeton À BE 
&xDepAfio 9o &x' eoOc(ac &ri xo Z, xoi xeí(oO9o cf; BE tor, f, 
EZ, xoi &neCeóOy 90 ñ ZI, xa uy o Y, AD &ri tò H. 

‘Enel oby ton £c xv f| u£v AE t EL, 5j 66 BE cfj EZ, 900 
dy at AE, EB dvot totic TE, EZ tom etoty exatéon exatéox: 
xal yYovla n bro AEB yovig xfj òrò ZET ton &oxtv: xoà 
noovony ydo: Bd&oic doa ń AB Bdoet tH ZT ton cotiv, xoi tO 
ABE tetywvoyv 76 ZED tevyove &oxiv tcov, xol ot Aovrol 
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(angle) DEB, and (angle) C EB to (angle) AED. 
A 


B 
For since the straight-line AE stands on the straight- 
line CD, making the angles CEA and AED, the (sum 
of the) angles CEA and AED is thus equal to two right- 
angles [Prop. 1.13]. Again, since the straight-line DE 
stands on the straight-line AB, making the angles AED 
and DEB, the (sum of the) angles AED and DEB is 
thus equal to two right-angles [Prop. 1.13]. But (the sum 
of) CEA and AED was also shown (to be) equal to two 
right-angles. Thus, (the sum of) CEA and AED is equal 
to (the sum of) AED and DEB [C.N. 1]. Let AED have 
been subtracted from both. Thus, the remainder CEA is 
equal to the remainder BED [C.N. 3]. Similarly, it can 
be shown that C EB and DEA are also equal. 
Thus, if two straight-lines cut one another then they 
make the vertically opposite angles equal to one another. 
(Which is) the very thing it was required to show. 


Proposition 16 


For any triangle, when one of the sides is produced, 
the external angle is greater than each of the internal and 
opposite angles. 

Let ABC be a triangle, and let one of its sides BC 
have been produced to D. I say that the external angle 
ACD is greater than each of the internal and opposite 
angles, CBA and BAC. 

Let the (straight-line) AC have been cut in half at 
(point) E [Prop. 1.10]. And BE being joined, let it have 
been produced in a straight-line to (point) F.! And let 
EF be made equal to BE [Prop. 1.3], and let FC have 
been joined, and let AC have been drawn through to 
(point) G. 

Therefore, since AE is equal to EC, and BE to EF, 
the two (straight-lines) AE, EB are equal to the two 
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Ycovtot xoc Aouxoliz Yowtotuc toot etolv éxatéoen exatéey, bo’ (straight-lines) CE, EF, respectively. Also, angle AEB 

XS at tom mAcveal brotetvovow: ton Yow otv Å òrò BAE is equal to angle FEC, for (they are) vertically opposite 

tfj óxó ETZ. ust@ov dé &ouv f| óxó ELA täs òrò ETZ: [Prop. 1.15]. Thus, the base AB is equal to the base FC, 

uelCav goa À òrò ATA cfi òrò BAE. 'Ouotoc 87, jc Bl and the triangle ABE is equal to the triangle FEC, and 

tetunuévne tya Deytńceta xoa A òrò BIH, tovtéoty f, the remaining angles subtended by the equal sides are 

oro ALIA, uetCov xoà ts òrò ABP. equal to the corresponding remaining angles [Prop. 1.4]. 
Thus, BAF is equal to ECF. But ECD is greater than 
ECF. Thus, ACD is greater than BAE. Similarly, by 
having cut BC in half, it can be shown (that) BCG—that 
is to say, AC D—(is) also greater than ABC. 


gx Z A F 
B A B D 
UR C 
H G 
Ilavtóc &pa cpuyovou utc TÓv mÀeupv mpootx- Thus, for any triangle, when one of the sides is pro- 
DAwmOctornc Å êxtòs Yow(a &xorépauc xGv ëvtòç xa ànec- duced, the external angle is greater than each of the in- 
vayttov youédy ustCwv &oxtv: ónep Eder Dega. ternal and opposite angles. (Which is) the very thing it 


was required to show. 


t The implicit assumption that the point F lies in the interior of the angle ABC should be counted as an additional postulate. 


I. Proposition 17 
IIlovxóc xovyovou ot 000 Yowvt(ot 600 óp0Gv &Aá&cocovéc For any triangle, (the sum of) two angles taken to- 
eiot n&vtf| uevo au parvóue vot. gether in any (possible way) is less than two right-angles. 
B LU A B C D 
"Eoo t1oetvovov xó ABI" Aéyo, óu to ABT tayóvou Let ABC be a triangle. I say that (the sum of) two 
oi vo yovi 600 óp0Gv £Aáxtovéc elov návty uexoAou- angles of triangle ABC taken together in any (possible 
Darvóue vot. way) is less than two right-angles. 
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"Expep^ro9o yuo Y, BI émi tò A. 

Koi nel vpvy vou tot ABT éxtd¢ got: ywrvia f, ono 
ATA, uetGov &oxi vfjc &vxóc xoi &nevavitov vfic oxó ABT. 
xoi?) ngooxeío90 Y, ónó ADB: oi &pa oxó ADA, ADB xGv 
òrò ABI, BTA ue(Covéc eiow. GAA’ at Ord ATA, ATB 
000 ópUoic (cot ceiotv: ot &pa bro ABI, BIA dúo óp90Gv 
£Aó&occovéc eio. óuotoc 97) 8c(&ouev, ów xoi at ONO BAT, 
ATB úo óp96v &A&coovéc eov xoi étt o òrò TAB, ABT. 

Ilavtéc tow tety@vou at S00 yovlar dvo ptv Ados- 
OVES SlOL NAVTH UsTtahauBavouevan OnEO Eder Setcou. 


f 
W * 
IIavxóc xpgvyovou f| uetiGov xAeupa tjv UelCova vovtav 
UTMOTELVEL. 


A 


B l 

"Ecto yàp telywvov tò ABI yustQova Éyov vv AT 
TAevedy tfjc AB: Aévo, óvt xoà vovia Y, oxó ABI uctCov 
£cl ts brò BTA: 

Enel yuo yetCwv éotiy 4) AD thc AB, xeiodw th AB ton 
f| AA, xoi &neCeoy90 v) BA. 

Kal énel toryovov tot BPA éxtdé¢ tots ova f; ono 
AAB, ystGwv Eotl the Evtoc ual amevavttoy xfi; ónó ATB: 
tcv 0€ f| ónó AAB tf brd ABA, &ncl xoi nAcupa y, AB «f| 
AA &ov tory uetCov ópa xoi À òrò ABA ts òrò ATB: 
TOAAGS Hou Å òrò ABT vetCwv éoti th¢ bnd ATB. 

Tlavté¢ dou torymvou f, uc(Gov nxAcupà tyjv uctCova 
YGVIOV Ornoce(ivev. ónep £oet OciGot. 


v". 


Ilavtòs teryevou onó c? uctCova vow(av *| uetCov 
T AÀeup& Onoe(vet. 

"Eoco totywvov tò ABT us(Cova £yov tijv óxó ABT 
yovlay th¢ bro BDAÀ: Aévo, ów xoi xAeupgà | AT rAeupáic 
thc AB uetGov &octv. 
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For let BC have been produced to D. 

And since the angle AC D is external to triangle ABC, 
it is greater than the internal and opposite angle ABC 
[Prop. 1.16]. Let ACB have been added to both. Thus, 
the (sum of the angles) ACD and ACB is greater than 
the (sum of the angles) ABC and BC A. But, (the sum of) 
AC D and ACB is equal to two right-angles [Prop. 1.13]. 
Thus, (the sum of) ABC and BC is less than two right- 
angles. Similarly, we can show that (the sum of) BAC 
and ACB is also less than two right-angles, and further 
(that the sum of) CAB and ABC (is less than two right- 
angles). 

Thus, for any triangle, (the sum of) two angles taken 
together in any (possible way) is less than two right- 
angles. (Which is) the very thing it was required to show. 


Proposition 18 


In any triangle, the greater side subtends the greater 
angle. 


A 


p C 

For let ABC be a triangle having side AC greater than 
AB. I say that angle ABC is also greater than BC A. 

For since AC is greater than AB, let AD be made 
equal to AB [Prop. 1.3], and let BD have been joined. 

And since angle ADB is external to triangle BCD, it 
is greater than the internal and opposite (angle) DCB 
[Prop. 1.16]. But ADB (is) equal to ABD, since side 
AB is also equal to side AD [Prop. 1.5]. Thus, ABD is 
also greater than ACB. Thus, ABC is much greater than 
ACB. 

Thus, in any triangle, the greater side subtends the 
greater angle. (Which is) the very thing it was required 
to show. 


Proposition 19 


In any triangle, the greater angle is subtended by the 
greater side. 

Let ABC be a triangle having the angle ABC greater 
than BCA. I say that side AC is also greater than side 
AB. 


22 


S TOIXEION a. 


Ei yàp uń, Ato ton £o v À AT xfj AB 7| £A&ooov: tor 
u£v obv oóx E£ouv À AT tý AB: ton yàp àv Ñy xoà yovla À 
òrò ABT t òrò ATB: oòx £o 8€: 00x &pa tor) £o Y, AT 
tfj; AB. oè uy &A&coov gotiv ġ APT týs AB: £Aácoov 
yàp å&v Hv xa yovi Y; òrò ABP tis òrò ATB: oòx £o 
Dé oùx Kou EAdoowy Eotly Y, AI ts AB. ¿elyn 66, óu 
ovde ton gottv. uetCwov &pa ċoty h AD th¢ AB. 


A 
| 
I 
Tlavtd¢ dou tory@vou nO THY UstCova yoviay ¥ UetCoov 


TAcved Drotetver, OnEO Eder cié. 


f 


X. 


IIavxóc torymvou oi S00 rÀeugol tfjg Aowrfjc uc(Covéc 
ElOL NAVTY uexootuporvóue vot. 


A 
A 
B p 


"Eoto vàp xotyovov tò ABI" Aévo, óu toŭð ABP 


ELEMENTS BOOK 1 


For if not, AC is certainly either equal to, or less than, 
AB. In fact, AC is not equal to AB. For then angle ABC 
would also have been equal to ACB [Prop. 1.5]. But it 
is not. Thus, AC is not equal to AB. Neither, indeed, is 
AC less than AB. For then angle ABC would also have 
been less than AC B [Prop. 1.18]. But it is not. Thus, AC 
is not less than AB. But it was shown that (AC) is not 
equal (to AB) either. Thus, AC is greater than AB. 


A 
C 
Thus, in any triangle, the greater angle is subtended 


by the greater side. (Which is) the very thing it was re- 
quired to show. 


Proposition 20 


In any triangle, (the sum of) two sides taken to- 
gether in any (possible way) is greater than the remaining 


(side). 
D 
Á 
B C 


For let ABC be a triangle. I say that in triangle ABC 


toryovou ai 600 mÀeupo tfjg Aownfj; uc(Qovéc eiov návt (the sum of) two sides taken together in any (possible 
uezooaupovóuevos, ot u£v BA, AT tc BI, œi òè AB, BT way) is greater than the remaining (side). (So), (the sum 
tho AT, oi 6€ BI, TA «fic AB. of) BA and AC (is greater) than BC, (the sum of) AB 
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Ayo yàp À BA éxi t6 A onuetoy, xal xetode tH TA 
ton À AA, xa &£reCeóy 0o 7| AT. 

"Enc ov tcv) ov À AA cf; AL, tov, £o xa yovia 
5 ónó AAT tfj óxnó ALA- ustGov &pa y) óxó BI'A tc òrò 
AAT: xal ênel tolywvóv cti tò APB usiCova £yov tijv oro 
BTA yoviav týs òrò BAT, O20 8€ tjv uelCova yæoviav À 
uelCwv tràcvpà onocetvet, 7| AB tow th¢ BE ott yeiCav. ton 
0€ Y AA tH AD’ vetCovec doa at BA, AT th¢ BI ópotoc 
07 Ge(&ouev, óu xoi oi uev AB, BI ts DÀ ustCovéc eto, 
oi 6€ BI, VA thc AB. 

Ilavvóc You terym@vou at O00 mÀeupoi ts Aans 
ustCoves elo. mavtn uetoAauBavouevon Omee Eder SetEau. 


xa. 

"E&àv vgtycovou &ri ut&c THY TACLODY dnd TÕV nepótoV 
0600 cOüUctot £vxóc svaTtavao, at cuota cicot tv Aotnóv 
toU tTory@vou 000 nAcupGvy &Aáxtovec uev £covrot, ue(Cova 
6€ YOv(av nepié&ouoty. 


A 
E 


B XE 

Tetyóvou yàp tol ABI &ri wide tv nAcvedsy the BL 
Ono TOY nepåtwv t&v B, T úo evvdetan Evtdg ouveotdtwoay 
at BA, AT" Aévo, ówu ot BA, AT xGv AowtGv to torywvou 
600 rAeupGv x&v BA, AT' £A&ccovec uév stow, uetCova de 
Yowtav negiéyouot zv ónó BAT qts òrò BAF. 

Af 9o yuo Y, BA &ri tò E. xol Exel navtd¢ tovyovou 
at S00 nzÀeupol ts Aone uc(Covéc ciow, tol ABE toa 
Toly@vou at 600 nxÀAcupol at AB, AE tic BE usiCovéc 
elo’ xotvy) ToooxetoVe À ET: ot goa BA, AT x&v BE, 
ET vetCovés ctow. nédw, éxet 00 TEA tetyavou at úo 
rAcvedt at TE, EA th¢ TA ustCoves stow, xown nooaxetodo 
? AB: ot TE, EB goa x&v DA, AB yustCovéc eio. à^à 
x&v BE, ED ustCovec édeiy0noav at BA, AD’ noAAG deo ait 
BA, AT xGv BA, AT uectCovéc etow. 

II&Atv, &nel navtog Terymvou f, &xxóc vota tfjc &vxoc 
xoi à&mevaviiov uetGov éotty, x00 DAE &pa tpuyóvou fj 
éxtog Yov(a À òrò BAT vetCwv ot tc òrò TEA. ôw 
TaÙTÀ Tolvuy xal tol ABE toryavou Å éxtòcs yovia Å òrò 
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and BC than AC, and (the sum of) BC and CA than 
AB. 

For let BA have been drawn through to point D, and 
let AD be made equal to CA [Prop. 1.3], and let DC 
have been joined. 

Therefore, since DA is equal to AC, the angle ADC 
is also equal to ACD [Prop. 1.5]. Thus, BC D is greater 
than ADC. And since DCB isa triangle having the angle 
BCD greater than B DC, and the greater angle subtends 
the greater side [Prop. 1.19], DB is thus greater than 
BC. But DA is equal to AC. Thus, (the sum of) BA and 
AC is greater than BC. Similarly, we can show that (the 
sum of) AB and BC is also greater than C A, and (the 
sum of) BC and CA than AB. 

Thus, in any triangle, (the sum of) two sides taken to- 
gether in any (possible way) is greater than the remaining 
(side). (Which is) the very thing it was required to show. 


Proposition 21 


If two internal straight-lines are constructed on one 
of the sides of a triangle, from its ends, the constructed 
(straight-lines) will be less than the two remaining sides 
of the triangle, but will encompass a greater angle. 


A 
E 


B C 

For let the two internal straight-lines BD and DC 
have been constructed on one of the sides BC of the tri- 
angle ABC, from its ends B and C (respectively). I say 
that BD and DC are less than the (sum of the) two re- 
maining sides of the triangle B.A and AC, but encompass 
an angle B DC greater than B AC. 

For let B D have been drawn through to E. And since 
in any triangle (the sum of any) two sides is greater than 
the remaining (side) [Prop. 1.20], in triangle ABE the 
(sum of the) two sides AB and AE is thus greater than 
BE. Let EC have been added to both. Thus, (the sum 
of) BA and AC is greater than (the sum of) BE and EC. 
Again, since in triangle C ED the (sum of the) two sides 
C E and ED is greater than C D, let DB have been added 
to both. Thus, (the sum of) C E and EB is greater than 
(the sum of) CD and DB. But, (the sum of) BA and 
AC was shown (to be) greater than (the sum of) BE and 
EC. Thus, (the sum of) BA and AC is much greater than 
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l'EB ueiGov ŝoti týs òrò BAT. hà tc òrò TEB ustGov 
edely0y Y, óxó BAI" xoAAG dou Å òrò BAT usiCav eott 
tfjc ónó BAT. 

Eàv Gea Toty@vou ent wdc TH TAcvEdy ano Tov 
TEOatwv 600 eoUOclot £vxóc cuota otv, ol cuoco eloot t6 
Aowt toU tgtyovou 000 mAevedsyv &Aáttovec uév cioty, 
ueiCova è yovlav nepiéyouotv: ónep EOet clea. 


xp. 

Ex tgiv cvver@y, al etow too tool tos dovetoac 
lcevVetaug], tolyavov ovothogovan: Set bE tàs 600 tfjc Aouxfic 
uetCovac stvar té&vtyn uetaaubavouévas [drà tÒ xa ravtòc 
ToLY@VoU Tag SU0 TAELEdS THe AoiTAe UstCovac civar TÅVTY) 
uexoAouporvouévac]. 





A 
B 
DU 





"Eorocav oi Oóo0ctoot tpeic eoUctot o. A, B, D, Gv oi 
Dúo tfic Aourfic uctCovec £ovocav n&vrtr, uexoaA ou orvóus vot, 
oi uev A, B xfjc L', ot 6& A, I ts B, xoi &w oi B, P xfic A’ 
Oct 07) £x. x&v toov xolic A, B, D xetvovov cvuotficac9ot. 

"ExxeíoOco cuc eó0cta Y, AE, nenegaoyévr, uev xoxà 1 
A &meipog 90€ xoaxà xó E, xoà xe(oOco tfj uev A ton ġ AZ, 
tfj 6€ B tov fj ZH, cf; òè r ton y; HO^ xoà xévtem uèv x6 
Z, (aotfjuon 68 165 ZA xdurocg vevoégoo ô AKA: tráv 
xévxoo uev 1G H, euxotrfjuo 68 x6 HO xóxAoc Yevoóooo 
ô KAO, xal &neCeoy906av oi KZ, KH: Aévo, óx èx tov 
cevverdv tõv towy toic A, B, [ totywvov ovvéotata TÒ 
KZH. 

Enel yàp tò Z onuetov xévtoov Eott tol AKA xbxAou, 
tov) £c v Y; ZA tH ZK: ^à À ZA t A Eotw ton. xol À 
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(the sum of) BD and DC. 

Again, since in any triangle the external angle is 
greater than the internal and opposite (angles) [Prop. 
1.16], in triangle C DE the external angle B DC is thus 
greater than CHD. Accordingly, for the same (reason), 
the external angle CEB of the triangle ABE is also 
greater than B AC. But, B DC was shown (to be) greater 
than CEB. Thus, BDC is much greater than BAC. 

Thus, if two internal straight-lines are constructed on 
one of the sides of a triangle, from its ends, the con- 
structed (straight-lines) are less than the two remain- 
ing sides of the triangle, but encompass a greater angle. 
(Which is) the very thing it was required to show. 


Proposition 22 


To construct a triangle from three straight-lines which 
are equal to three given [straight-lines]. It is necessary 
for (the sum of) two (of the straight-lines) taken together 
in any (possible way) to be greater than the remaining 
(one), [on account of the (fact that) in any triangle (the 
sum of) two sides taken together in any (possible way) is 
greater than the remaining (one) [Prop. 1.20] ]. 

A 


B 
C 








Let A, B, and C be the three given straight-lines, of 
which let (the sum of) two taken together in any (possible 
way) be greater than the remaining (one). (Thus), (the 
sum of) A and B (is greater) than C, (the sum of) A and 
C than B, and also (the sum of) B and C than A. So 
it is required to construct a triangle from (straight-lines) 
equal to A, B, and C. 

Let some straight-line DE be set out, terminated at D, 
and infinite in the direction of E. And let DF made equal 
to A, and FG equal to B, and GH equal to C [Prop. 1.3]. 
And let the circle DK L have been drawn with center F 
and radius FD. Again, let the circle KLH have been 
drawn with center G and radius GH. And let K F and 
KG have been joined. I say that the triangle KFG has 
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KZ &pa th A got ton. méAw, Exel TO H onuciov xévtoov 
éotl o0 AKO x0xAou, tcr, £cv f, HO cf; HK- 60 à y, HO 
tfj I otw ton xa À KH &pa tý T otv ton. otl òè xol À 
ZH «fj B tory ot tesic Hou cvVetan at KZ, ZH, HK totol toig 
A, B, TF tco ciotv. 

Ex tgiv dow cuvderdy tv KZ, ZH, HK, of etow 
(cot tpiol tolic do0eioace cvdetarc tote A, B, [, totyawvov 
ovveotata TÒ KZH: once ede roroa. 


xy’. 
Ilpóc tf Soveton cbVeia xa tõ npòs AUTH onuety 
TH Sovelon yovia coduyeduUa tony yovlav côðúypauuov 
cvothowova. 


A 


A H B 


"Eccc f| u£v 609ctca ceó0cta Y) AB, xó 6& npóc aotf| 
crjueiov tò A, Ñ oè 6o9€ica Yov(a còðúypauuos ġ òrò ATE! 
det OH Ted TH Soveion cdVeix tH AB xoà v npoòs adt 
creo v A th doveton ywvie eoduyeduue tH bro ATE 
tony yoviav còðúypauuoyv ouvotýoacůa. 

EtAfove ty’ &£xaxégac vv DA, DE tuydvta onusta tà 
A, E, xal émeCevy0w À AE xal èx tory cvVetdy, af etotv 
toa total tote TA, AE, TE, tetywvov ouveotéta tò AZH, 
ote tony civa thy ywev TA th AZ, thy Se TE th AH, xa 
ett THY AE tf ZH. 

"Exci oov 500 a AT, TE óo totic ZA, AH too sioi 
EXATEOA EXATEOY, “al Baorg 7} AE Bdoe: th ZH tov, vovia 
goa ¥) bro ATE ywovig tH òrò ZAH otv ton. 

IIpóc &pa tH Soveton cdVetx tH AB xal 16 npòs aòtf 
onucio 16 A th Sovcton yovig cev0vuyeduum tH bro ATE 
fon yovla eoO00Ypapuoc cuvéccaxor Y óxó ZAH- oreo den 
NOLO. 
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been constructed from three straight-lines equal to A, B, 
and C. 

For since point F is the center of the circle DK L, FD 
is equal to FK. But, FD is equal to A. Thus, KF is also 
equal to A. Again, since point G is the center of the circle 
LKH,GH is equal to GK. But, GH is equal to C. Thus, 
KG is also equal to C. And FG is also equal to B. Thus, 
the three straight-lines K F, FG, and GK are equal to A, 
B, and C (respectively). 

Thus, the triangle KFG has been constructed from 
the three straight-lines KF’, FG, and GK, which are 
equal to the three given straight-lines A, B, and C (re- 
spectively). (Which is) the very thing it was required to 
do. 


Proposition 23 


To construct a rectilinear angle equal to a given recti- 
linear angle at a (given) point on a given straight-line. 


D 


n G B 


Let AB be the given straight-line, A the (given) point 
on it, and DCE the given rectilinear angle. So it is re- 
quired to construct a rectilinear angle equal to the given 
rectilinear angle DCE at the (given) point A on the given 
straight-line AB. 

Let the points D and E have been taken at random 
on each of the (straight-lines) CD and CE (respectively), 
and let DE have been joined. And let the triangle AFG 
have been constructed from three straight-lines which are 
equal to C D, DE, and C E, such that CD is equal to AF, 
CE to AG, and further DE to FG [Prop. 1.22]. 

Therefore, since the two (straight-lines) DC, C E are 
equal to the two (straight-lines) FA, AG, respectively, 
and the base DE is equal to the base FG, the angle DCE 
is thus equal to the angle F AG [Prop. 1.8]. 

Thus, the rectilinear angle FAG, equal to the given 
rectilinear angle DCE, has been constructed at the 
(given) point A on the given straight-line AB. (Which 
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f 
x0” 

"Eàv 800 tolywva tàs 600 tAcved [tate] 900 xAcupoüc 
(cac Éyy | £xoaxépav èxatépg, tAv è yœoviav ts yævlac 
ustCova ëyn TAY Und THY owy cev repieyouévny, xol 
try Bdow tho Baosws yeiCova ččer. 


A A 


H Z 
I 

"Eoto 900 totywva ta ABI, AEZ tàs 800 mAeugàc 
tac AB, AT tac úo nÀcugolc toic AE, AZ {oas Eyovta 
exatéoay éxatéog, thy uev AB th AE tv 88 AT' xfj AZ, f$ 
dé Ted 16 A ywvia the node TH A yovlac ustCwv Eate: 
Eva), OTL ual Pa&oug A BE Bdoews the EZ ust@wv éotiy. 

"Enc vào uc(Qov y òrò BAT yowa ts òrò EAZ 
yovlag, cuveotáTt® toedc TH AE cdveta xal 16 npóc abf 
onuctes xG A tH Ono BAT vovt(ator y, ónó EAH, xoà xe(oco 
ónotéoq t&v AT, AZ ton f, AH, xoà ExeCevy0wouy at EH, 
ZH. 

"Ene 00v tcr £oxiv 7| uev AB cf; AE, 5| 6€ AT «fj AH, 
dvo dy at BA, AT duol ts EA, AH ïou eiolv éxatéog 
&xorépor xoà Yowta À òrò BAT ywvig th bro EAH tory 
Bács àpa Y, BI Dácae xf; EH otw ton. náv, Exel ton 
éotly À AZ tý AH, ton ot xa À òrò AHZ ywovia tH ond 
AZH: uct&ov &pa f, oxó AZH «fj ónó EHZ: no0AAG doa 
uelCwv éotly À òrò EZH tc ónó EHZ. xoi &xci votyovóv 
got tÒ EZH usc(Cova £yov xy òrò EZH yœviav ts ono 
EHZ, 2x6 öè ty uctGCova yYowav f| uetGov rAeupà Drotetvet, 
uelCwv doa xal mAcved ġ EH tic EZ. ton òè 5; EH th BI: 
uelCov doa xal À BI ts EZ. 

Eàv goa d00 totywva tac Dúo TAEvEdS uvol tàcupoe 
toas eyn exatéoav exatéoy, thy d& ywviav tic ywvlac 
ustCova éyyn THY Ond THY flowy eo0et6v nepieyouévrv, xoi 
thv B&ow cfjc Báoecoc ue(Cova E£&ev. ónep Eder Seton. 
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is) the very thing it was required to do. 


Proposition 24 


If two triangles have two sides equal to two sides, re- 
spectively, but (one) has the angle encompassed by the 
equal straight-lines greater than the (corresponding) an- 
gle (in the other), then (the former triangle) will also 
have a base greater than the base (of the latter). 


A D 


C G^ ^ 

Let ABC and DEF be two triangles having the two 
sides AB and AC equal to the two sides DE and DF, 
respectively. (That is), AB (equal) to DE, and AC to 
DF. Let them also have the angle at A greater than the 
angle at D. I say that the base BC is also greater than 
the base EF. 

For since angle BAC is greater than angle EDF, 
let (angle) EDG, equal to angle BAC, have been 
constructed at the point D on the straight-line DE 
[Prop. 1.23]. And let DG be made equal to either of 
AC or DF [Prop. 1.3], and let EG and FG have been 
joined. 

Therefore, since AB is equal to DE and AC to DG, 
the two (straight-lines) BA, AC are equal to the two 
(straight-lines) ED, DG, respectively. Also the angle 
BAC is equal to the angle EDG. Thus, the base BC 
is equal to the base EG [Prop. 1.4]. Again, since DF 
is equal to DG, angle DGF is also equal to angle DFG 
[Prop. 1.5]. Thus, DFG (is) greater than EGF. Thus, 
EFG is much greater than EGF. And since triangle 
EFG has angle EFG greater than EGF, and the greater 
angle is subtended by the greater side [Prop. 1.19], side 
EG (is) thus also greater than EF. But EG (is) equal to 
BC. Thus, BC (is) also greater than EF. 

Thus, if two triangles have two sides equal to two 
sides, respectively, but (one) has the angle encompassed 
by the equal straight-lines greater than the (correspond- 
ing) angle (in the other), then (the former triangle) will 
also have a base greater than the base (of the latter). 
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xg’. 


"Eàv 600 tolywva tae Dúo nàcupàs duol nàcupois toasc 
ëyn xatépav ExaTtéog, tHV 6& Dóotw cfi; Dáoeoc uetCova 
EXN, xal THY yovlayv th¢ ywvlac uelCova Ee, thy Ono xGv 
toov £O0e.6v nepreyouévrv. 


A 


E Z 


"Eote 900 totywva xà ABI, AEZ tàs 800 mAeugàc 
tac AB, AD tac úo nAcugolc toic AE, AZ {oas Eyovta 
&xarxépav éxatépa, THY UEY AB tH AE, thy de AL th AZ: 
Bao 6€ *| BI' Báceoc cfjc EZ ucttGov ote Aévo, Öt xol 
yovia y bro BAT vovtac xfjc ónó EAZ ustCov &octv. 

PX vàp uf, Tjxot tor) £odv aócf| f, £A&cocov: tor u£v obv 
oOx &cuv fj óxó BAT' «fj ónó EAZ: tor và àv Yv xoi Dáoic 
? BI' Báce tH EZ: obx £o 96. oóx pa ton otl yovia À 
ono BAT cf; ónó EAZ: oó08& ury &Aáocov omiy Ñ òrò BAT 
tfi; ónó EAZ: &Aácoov Yàp àv fv xoi Dáow Y, BU Gáozoc 
tfi; EZ ox čom Dé: ox pa &£A&coov &ody À òrò BAT 
yovla th¢ bro EAZ. delyn Dé, ów o00€ tory uciCov &pa 
éotly Ñ òrò BAT ts òrò EAZ. 

Eàv &pa vo tolywva tac Dúo nàcupàs SULOL TAEUEAIIC 
loug Eyn éxatépay éxátepa, trv dé Bactv the Bdoewe 
uetCova éyn, xoal THY yworlav tii¢ ywvlac uetCova Efe, trv 
LTO THY towy soVELBy mepieyouevyny’ OTEE det Settau. 


XS. 

Eàv 00 totywva tàs dvo ywvias 6uol Yo vto toas Ey) 
EXATEOAY EXATEOA Xa Ulav TAEVEdY ULa TASVES Tony tot TV 
TOOS Talc toas Ywviouc Y, THY Lmotelvoucay onó utav TOV 
towy youdsy, Kal tac Aoimdc rÀAeupac tols Aonais nàcupois 
{oac &&er |[Exatéoav exatéog| ual thy Aoimyy yoviav tH onf 
YOVG. 

"Ecto dúo tolywva tà ABT, AEZ tàs 900 ywrviag tàs 
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(Which is) the very thing it was required to show. 


Proposition 25 


If two triangles have two sides equal to two sides, 
respectively, but (one) has a base greater than the base 
(of the other), then (the former triangle) will also have 
the angle encompassed by the equal straight-lines greater 
than the (corresponding) angle (in the latter). 


E F 

Let ABC and DEF be two triangles having the two 
sides AB and AC equal to the two sides DE and DF, 
respectively (That is), AB (equal) to DE, and AC to DF. 
And let the base BC be greater than the base EF. I say 
that angle P AC is also greater than EDF. 

For if not, (B AC) is certainly either equal to, or less 
than, (EDF). In fact, BAC is not equal to EDF. For 
then the base BC would also have been equal to the base 
EF [Prop. 1.4]. But it is not. Thus, angle BAC is not 
equal to EDF. Neither, indeed, is BAC less than EDF. 
For then the base BC would also have been less than the 
base EF [Prop. 1.24]. But it is not. Thus, angle B AC is 
not less than EDF. But it was shown that (B AC is) not 
equal (to EDF) either. Thus, BAC is greater than EDF. 

Thus, if two triangles have two sides equal to two 
sides, respectively, but (one) has a base greater than the 
base (of the other), then (the former triangle) will also 
have the angle encompassed by the equal straight-lines 
greater than the (corresponding) angle (in the latter). 
(Which is) the very thing it was required to show. 


Proposition 26 


If two triangles have two angles equal to two angles, 
respectively, and one side equal to one side—in fact, ei- 
ther that by the equal angles, or that subtending one of 
the equal angles—then (the triangles) will also have the 
remaining sides equal to the [corresponding] remaining 
sides, and the remaining angle (equal) to the remaining 
angle. 


S TOIXEION a. 


bro ABD, BIA vol tos brd AEZ, EZA ícoc Éyovta 
&xaxépav éxatép, Tùy uèv oónó ABI th òrò AEZ, tùy 
dé bnd BLA tf òrò EZA: éyéte è xol ulay nàcvpày uğ 
Tàcupoč tony, noótepov TŇY noòcs tos tows yæovlas TÙY 
BI tý EZ: Aya, ÖT xal tàs Aornàs nàcupàs tos Aonais 
TAEvedic toug Ee, Exatéoay Exatéoeg, THY wev AB th AE 
ty b¢ AD th AZ, xa tyv Aownyy yooviorw tH Aownh yovig, 
tùy òrò BAT «fj ónó EAZ. 


A 


A 


H 
E 


B Eu 

Ei yàp &woóc &ouv f; AB tfj AE, uta aóxGv uetCov 
éotiv. gotw velCov 1) AB, xat xetodw tH AE ton ñ BH, xol 
&neCeoy 0o Y, HT. 

‘Enet ody ton £c xv fj u£v BH «fj AE, f; 6€ BI' «f; EZ, 600 
dy) at BH, BI' duol voc AE, EZ toot ctolv &xaxépa &xorvépoc 
xal Yovla Y, ónó HBTI^ Yoví(a xfj; oxó. AEZ tor &oxtv: D&otc 
&pa Y HI' Bác tH AZ ton éottv, xal t6 HBT totywvoy x6 
AEZ tayóvw toov Eotty, xat at Aotnal yavtan toli¢ Aottoite 
yoviaig toa, Eoovta, VY Ac al toa tàcupal oxotetvouotv 
ton dea ġ òrò HIB yovía tÅ òrò AZE. àAAà f| ónó AZE 
tf Ono BLA brdxeita torn: xal À òrò BTH &pa tfj óxó BIA 
ton gatty, f; £A&ccov tH uclCow: önecp &dDúvatov. obx doa 
gad, got f) AB xfj AE. ton dow. got Se xot À BPT tÅ EZ 
for 600 97, of AB, BI uol tas AE, EZ tow cioty éxatéoa 
exatéox “al ywvia À bro ABT ywvig th bro AEZ otv 
ton Bao &pa Y, AI Bác xfj AZ tor) &oxtv, xol Xov) Yovía 
Å òrò BAT t onf yoviy tý òrò EAZ ton Eotty. 

AAAA OY náv čotwcav ai oxó tàs toas yovlas nàcupol 
brotelvouvoa (cot, óc Y; AB vf; AE* Aéve náv, öt xol ol 
Aotxol rAcupot volic Aouxolic rAeupolic toot £covcot, Y) u£v AT 
tfj AZ, fj 6€ BI xfj EZ xoi £v 7| Aout?) vovta À òrò BAT 
t Aan yovi tH órò EAZ ton éotty. 

Ei yàp &voós ċoty Å BT tÅ EZ, uta aòtõyv uctov eotty. 
čato uet(Gov, el dvvatéy, Ù BPI, xal xetoto tÅ EZ ton Y BO, 
xol &xeCeOy 90 Y| AO. xoi &x& tor) ovy f; uev BO «fj EZ 
ñ òè AB t AE, 900 87) ot AB, BO duo tois AE, EZ too 
cicìiy éxatépa êxapépa: xal ywvias toas nepiéyovoiv: Bács 
hoa Å AO Báce tfj AZ ton Eotty, xoi xó ABO totywvoy t& 
AEZ tayövo toov gotty, xol oi Aovurot yavlou tote Aone 
yovlais toot Ecovtoa, DY Gc ot tooc nàeceupal onoce(vouotv: 
ton wou Eotly 7) LTO BOA yovla tÅ òrò EZA. Ad A ONS 
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Let ABC and DEF be two triangles having the two 
angles ABC and BC A equal to the two (angles) DEF 
and FFD, respectively. (That is) ABC (equal) to DEF, 
and BCA to EF D. And let them also have one side equal 
to one side. First of all, the (side) by the equal angles. 
(That is) BC (equal) to EF. I say that they will have 
the remaining sides equal to the corresponding remain- 
ing sides. (That is) AB (equal) to DE, and AC to DF. 
And (they will have) the remaining angle (equal) to the 
remaining angle. (That is) BAC (equal) to EDF. 


D 
A 


G 
E F 


B H C 

For if AB is unequal to DE then one of them is 
greater. Let AB be greater, and let BG be made equal 
to DE [Prop. 1.3], and let GC have been joined. 

Therefore, since BG is equal to DE, and BC to EF, 
the two (straight-lines) GB, BC' are equal to the two 
(straight-lines) DE, EF’, respectively. And angle GBC is 
equal to angle DEF. Thus, the base GC is equal to the 
base DF, and triangle GBC is equal to triangle DEF, 
and the remaining angles subtended by the equal sides 
will be equal to the (corresponding) remaining angles 
[Prop. 1.4]. Thus, GC B (is equal) to DFE. But, DFE 
was assumed (to be) equal to BCA. Thus, BCG is also 
equal to BC, the lesser to the greater. The very thing 
(is) impossible. Thus, AP is not unequal to DE. Thus, 
(it is) equal. And BC is also equal to EF. So the two 
(straight-lines) AB, BC are equal to the two (straight- 
lines) DE, EF, respectively. And angle ABC is equal to 
angle DEF. Thus, the base AC is equal to the base DF, 
and the remaining angle B AC is equal to the remaining 
angle EDF [Prop. 1.4]. 

But, again, let the sides subtending the equal angles 
be equal: for instance, (let) AB (be equal) to DE. Again, 
I say that the remaining sides will be equal to the remain- 
ing sides. (That is) AC (equal) to DF, and BC to EF. 
Furthermore, the remaining angle B AC is equal to the 
remaining angle EDF. 

For if BC is unequal to EF then one of them is 
greater. If possible, let BC be greater. And let BH be 
made equal to EF [Prop. 1.3], and let AH have been 
joined. And since BH is equal to EF, and AB to DE, 
the two (straight-lines) AB, BH are equal to the two 
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EZA tf ond BIA &cxv tory xpvyovou 97, xo0 AOT f| £xxóc 
Yovíta Y, óxó BOA tor) £o xfj &vxóc xol &xevavitov TH ONO 
BI'A: ónep àoOvaxov. oOx pa à&vioóc &ovw f, BI tH EZ: ton 
&po. otl è xa À AB tý AE toy. d00 dy at AB, BI' 600 
toic AEB, EZ tom etolv éxatéoa éxattoy xal yaviac toac 
negiéyouov. D&ocic goa À AT Bácsi tÅ AZ ton Eotty, xal tO 
ABT tetywvoy tõ AEZ tovyoves foov xat Aoiny) yovia À 
òrò BAT t Aoin yovig tH òrò EAZ tor. 

Ev &pa dúo totyava tàs dvo ywvlas duol ywvias toas 
yy EXATEOAV EXATEOA Kal UlaV TAEVEaY Wa TASLEY tony 
fiot tyjv TED voüc tootc Ywvlouc, A THY ONOTElvoLcAY DITO 
Ulav TOY towy ywVdsy, xol xàc Aowrdc rÀAeupóc xolic oros 
rAEUpoüc tooc &&et xol THY Aoinyy vovtav xfj Aowrfj yovtoc 
OnE Eder ctoa. 


t The Greek text has “BG, BO”, which is obviously a mistake. 


Wc. 
àv cic 000 eóUc(ac cocta Eunintovoa tàs E£vaAAGG 
ywvlac toas AAAs nofi, tegi mot £oovro. (XY) ot at 
cuvetan. 


A 





Eis yàp Dúo ev¥etac tac AB, TA eó9cia &uníntouca f| 
EZ tag EvoAAGE ywvlac tàs òrò AEZ, EZA toag óÀAfjotc 
noveite’ A€yw, StL TAOGAANASS Eotiv 4) AB th TA. 

Ei yàp uń, exBoarAduevar at AB, TA cuunecobyvto toL 
eni xà B, A yer) fj &ri tà A, I. &xpepArioOocav xoi cuyu- 
nixxévocavy éni tà B, A uéer) xaxà xó H. guy óvou 97) 1o 
HEZ 7, &xxóc vowta f; óxó AEZ tor) £o tfj £vxóc xoi àme- 
vavziov cf; ónó EZH-: ónxep &oxiv a&dbvatov: ovx goo at AB, 
AD éxPorAduevon cuuncootvta ent tà B, A uéer. ópuotoc 
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(straight-lines) DE, EF, respectively. And the angles 
they encompass (are also equal). Thus, the base AH is 
equal to the base DF’, and the triangle ABH is equal to 
the triangle DEF, and the remaining angles subtended 
by the equal sides will be equal to the (corresponding) 
remaining angles [Prop. 1.4]. Thus, angle BHA is equal 
to EFD. But, EFD is equal to BCA. So, in triangle 
AHC, the external angle BH A is equal to the internal 
and opposite angle BCA. The very thing (is) impossi- 
ble [Prop. 1.16]. Thus, BC is not unequal to EF. Thus, 
(it is) equal. And AB is also equal to DE. So the two 
(straight-lines) AB, BC are equal to the two (straight- 
lines) DE, EF, respectively. And they encompass equal 
angles. Thus, the base AC is equal to the base DF, and 
triangle ABC (is) equal to triangle DEF, and the re- 
maining angle BAC (is) equal to the remaining angle 
EDF [Prop. 1.4]. 

Thus, if two triangles have two angles equal to two 
angles, respectively, and one side equal to one side—in 
fact, either that by the equal angles, or that subtending 
one of the equal angles—then (the triangles) will also 
have the remaining sides equal to the (corresponding) re- 
maining sides, and the remaining angle (equal) to the re- 
maining angle. (Which is) the very thing it was required 
to show. 


Proposition 27 


If a straight-line falling across two straight-lines 
makes the alternate angles equal to one another then 
the (two) straight-lines will be parallel to one another. 








For let the straight-line FF’, falling across the two 
straight-lines AB and CD, make the alternate angles 
AEF and EFD equal to one another. I say that AB and 
CD are parallel. 

For if not, being produced, AB and C D will certainly 
meet together: either in the direction of B and D, or (in 
the direction) of A and C [Def. 1.23]. Let them have 
been produced, and let them meet together in the di- 
rection of B and D at (point) G. So, for the triangle 


S TOIXEION a. 


07) 6ecy joe xot, Öt ovdE Ext và A, I at OF Ext uNdéteoa xà 
uégr) cuum(xxoucot ropóX vot Slow’ TAEdAANAGS Koa Eotly 
? AB «fj L'A. 

Hav &po eic 600 &oOc(ac coO€to &un(rtouco tàc &vo Ade 
Ycwtac too AAAs xov, topi Amor £oovcot at cveta 
Órep £oet Ocl&on. 


f 
“YN. 
àv eig 000 sb0etac cudela Euntntovoa THY ExXTOC 
YcVtay. xfj £vxóc xoà AMEVAVTLOV xal nl Tà HOTA UEEN tony 
ToL Ñ TÒS &vvóc xoi &nri Ta HUTA EET ðuolv ptos toas, 
tapdA rot £covrot GA YAotc ol eo€tot. 
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GEF, the external angle AEF is equal to the interior 
and opposite (angle) EFG. The very thing is impossible 
[Prop. 1.16]. Thus, being produced, AB and CD will not 
meet together in the direction of B and D. Similarly, it 
can be shown that neither (will they meet together) in 
(the direction of) A and C. But (straight-lines) meeting 
in neither direction are parallel [Def. 1.23]. Thus, AB 
and C D are parallel. 

Thus, if a straight-line falling across two straight-lines 
makes the alternate angles equal to one another then 
the (two) straight-lines will be parallel (to one another). 
(Which is) the very thing it was required to show. 


Proposition 28 


If a straight-line falling across two straight-lines 
makes the external angle equal to the internal and oppo- 
site angle on the same side, or (makes) the (sum of the) 
internal (angles) on the same side equal to two right- 
angles, then the (two) straight-lines will be parallel to 
one another. 





Eis yàp Dúo ev¥etac tac AB, TA eó9cia &yníntouca f| 
EZ tùy &xxóc Yowviav vy ónó EHB t êvtòcs xal &nevavtiov 
yovle th bnd HOA tony xotc(vo f, xàc &vxóc xoi &ri tà 
avTe YEON Tac UO BHO, HOA dvoly pois toas: éy, 
OTL TAOGAANASS Eotty ġ AB tH TA. 

‘Enel yao ton £cdiv fj óxó EHB t òrò HOA, DAG YH 
EHB tf bro AHO otv on, xal A òrò AHO koa tH dnd 
HOA otv ïon: xal clow EvohAdE: raedAANAo? &pa &ociv f 
AB «fj L'A. 

Hév, nel i òrò BHO, HOA úo dpois tow cioty, 
ciol è xa ai òrò AHO, BHO voiy dodaic tom, at koa 
òrò AHO, BHO «oi; óxó BHO, HOA tom cioci xow 
àprnofjo9«c Y, ónó BHO: Aou &pa Å òrò AHO oan tf 
òrò HOA otv ton xal cio £vaAAó&: nopó noc &pa 
éotly 7) AB tH TA. 

"E&v toa cic 000 eóOc(ac eo0ctia Eunintovog Try Extd¢ 
— Evtos xal àxevavziov xoi &ri xà avTa UEON tony 


c * 


UTO 


31 


For let EF, falling across the two straight-lines AB 
and CD, make the external angle EGB equal to the in- 
ternal and opposite angle GH D, or the (sum of the) in- 
ternal (angles) on the same side, BGH and GH D, equal 
to two right-angles. I say that AB is parallel to CD. 

For since (in the first case) EGB is equal to GH D, but 
EGB is equal to AGH [Prop. 1.15], AGH is thus also 
equal to GH D. And they are alternate (angles). Thus, 
AB is parallel to C D [Prop. 1.27]. 

Again, since (in the second case, the sum of) BGH 
and GHD is equal to two right-angles, and (the sum 
of) AGH and BGH is also equal to two right-angles 
[Prop. 1.13], (the sum of) AGH and BGH is thus equal 
to (the sum of) BGH and GH D. Let BGH have been 
subtracted from both. Thus, the remainder AGH is equal 
to the remainder GH D. And they are alternate (angles). 
Thus, AB is parallel to C D [Prop. 1.27]. 


S TOIXEION a. 


ToL Ñ T&S &£vtóc xoi &ri xà abcà uéer SLOlV ópÜoüc toas, 
TAHOMAANAGL Ecovta ot. ebOeto. ónep Eds deio. 


f 
xu. 
H eic tàs napa AfjXouc eó9ctac eó0ctla &untrvouca tác 
TE EVAAA yovlacs toas Ahha rowr xal ty ëxtòs t 
EVTOS MAL ATEVAVTIOV LoNV Kal Tac EVTOS xal nl TÒA QÛTA 
ueen Svoly dedvoiic toac. 
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Thus, if a straight-line falling across two straight-lines 
makes the external angle equal to the internal and oppo- 
site angle on the same side, or (makes) the (sum of the) 
internal (angles) on the same side equal to two right- 
angles, then the (two) straight-lines will be parallel (to 
one another). (Which is) the very thing it was required 
to show. 


Proposition 29 


A straight-line falling across parallel straight-lines 
makes the alternate angles equal to one another, the ex- 
ternal (angle) equal to the internal and opposite (angle), 
and the (sum of the) internal (angles) on the same side 
equal to two right-angles. 





Eis yàp mapadArfAoucg evvetag tac AB, TA evdeta 
EUTMLNTETO À EZ: Ayw, Öt tàs EVOAAAE ywviag tae ONO 
AHO, HOA tcac notet xoi thy Extd¢ Yovlay thy bnd EHB 
Th Evto¢ nal anevavtioy th bnd HOA tony xol tae Evtd¢ 
xol &mi TA HOTA UEON Tac UNO BHO, HOA dvoly doedoic 
tous. 

Ei yàp &vioós Coty Å òrò AHO tý òrò HOA, ula aróxGv 
uelCwv gotiv. čotw ustCwv ġ òrò AHO: xowy npoooxelotw 
¥) bro BHO: at &pa òrò AHO, BHO tév bro BHO, HOA 
uetCoves cio. &Aàà o òrò AHO, BHO duol dodaiic toon 
ciciv. [xa] at dou bnd BHO, HOA 900 óp0Gv &A&ocovéc 
clot. ol Oè àr’ £Aacoóvov fj 600 óp0Gv ExBarAduUEvon 
cic &xeipov ovuurintovow: ot dow AB, TA éxBoarAduevon 
eic &retpov cuunecoÜvtav o0 cuumí(ntouct Oè Otà TO Ta- 
pA Aous avtac DroxetaVou ovx wom &vicds Coty HUME 
AHO qt òrò HOA: ton Gow. GAAG ñ òrò AHO «fj óxó EHB 
cot ton xal À OmO FEHB go fj óxó HOA otv torn: xow 
teooxstaove Y, ond BHO: at dea bro KEHB, BHO tos dnd 
BHO, HOA tom cioty. GAG at òrò EHB, BHO úo ptos 
too etotv: xoi oi oxó BHO, HOA &pa dúo dpois tow ctotv. 

H &pa eic xàc noo fAouc có9c(ac eóOcta &éun(irtouca 
TAS TE EVAAA Yeovlac toac &AXAXfXotc rowr xal THY ExTOC 
tfj £vxóc xoà ànevavitov tov|v xol xàc EvTOS xol &ri xà orbc 
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For let the straight-line EF fall across the parallel 
straight-lines AB and C D. I say that it makes the alter- 
nate angles, AGH and GH D, equal, the external angle 
EGB equal to the internal and opposite (angle) GH D, 
and the (sum of the) internal (angles) on the same side, 
BGH and GH D, equal to two right-angles. 

For if AGH is unequal to GHD then one of them is 
greater. Let AGH be greater. Let BGH have been added 
to both. Thus, (the sum of) AGH and BGH is greater 
than (the sum of) BGH and GHD. But, (the sum of) 
AGH and BGH is equal to two right-angles [Prop 1.13]. 
Thus, (the sum of) BGH and GHD is [also] less than 
two right-angles. But (straight-lines) being produced to 
infinity from (internal angles whose sum is) less than two 
right-angles meet together [Post. 5]. Thus, AB and CD, 
being produced to infinity, will meet together. But they do 
not meet, on account of them (initially) being assumed 
parallel (to one another) [Def. 1.23]. Thus, AGH is not 
unequal to GH D. Thus, (it is) equal. But, AGH is equal 
to EGB [Prop. 1.15]. And EGB is thus also equal to 
GHD. Let BGH be added to both. Thus, (the sum of) 
EGB and BGH is equal to (the sum of) BGH and GHD. 
But, (the sum of) EGB and BGH is equal to two right- 


S TOIXEION a. 


ueen Svoly deVolic toac’ Óónep Eoe. OclGon. 


A. 


Ai t ato xfj co OcCo. ttp éd vot xol 60 jo ciol rapan- 
AOL. 


A H B 
E e Z 
r K A 


"Ectw éxatépa tõv AB, TA th EZ napgóAnoc: Aévo, 
öt xoi *| AB tÅ TA got xapéA^noc. 

Eunntétw yàp Elo HOTA coDEta Y, HK. 

Kat émet cic mapadArouc evvetac tac AB, EZ cvveta 
£unérvoxev À HK, ton doa  Ond AHK «fj oxó HOZ. 
Tåňv, &xcel eig napoAAfouc eOO0€tac tac EZ, TA eó9cta 
&£unéntoxev f| HK, tor, £cdv À òrò HOZ th bro HKA. 
£Oc(y 0r 86€ xoà Å ònò AHK t òrò HOZ ton. xoi À òrò AHK 
&pa tfj ónó HKA otw ton xal ciow EvorAdE. naodAAnroc 
con éotly fj AB tH TA. 

[Ai wou tH adty còðeiy napsáno xa Aao ciol 
raodAAnAo.'] Smee Eder Seton. 


ho’, 

Artà vob 6o9évxoc orstou Th SoVEton codeix rapáňnàov 
cLUEtAV YOAUUY)Y &yoryelv. 

"Ecco tO vey dovev onuctoy tO A, ¥ be 6o0cica có0cio 
Å BI” der öd dA toŭ A onuetov th BI cb0etx napdrAnrov 
coUclav voopuv cxyayety. 

EU «990 &ri xfjc BL tuydyv onuetoy 10 A, xoi &neCeoy 9o 
f| AA xoi cuveoxáto npóc tfj AA eóOeto xoi tT npóc atf] 
ornucío tH A tH òrò AAT yovia ton À òrò AAE: xol 
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angles [Prop. 1.13]. Thus, (the sum of) BGH and GH D 
is also equal to two right-angles. 

Thus, a straight-line falling across parallel straight- 
lines makes the alternate angles equal to one another, the 
external (angle) equal to the internal and opposite (an- 
gle), and the (sum of the) internal (angles) on the same 
side equal to two right-angles. (Which is) the very thing 
it was required to show. 


Proposition 30 


(Straight-lines) parallel to the same straight-line are 
also parallel to one another. 


A G B 
E H F 
C K D 


Let each of the (straight-lines) AB and CD be parallel 
to EF. I say that AB is also parallel to C D. 

For let the straight-line Gk fall across (AB, CD, and 
EF). 

And since the straight-line Gk has fallen across the 
parallel straight-lines AB and EF, (angle) AG'K (is) thus 
equal to GH F [Prop. 1.29]. Again, since the straight-line 
GK has fallen across the parallel straight-lines EF and 
CD, (angle) GHF is equal to GK D [Prop. 1.29]. But 
AG K was also shown (to be) equal to GH F. Thus, AGK 
is also equal to GK D. And they are alternate (angles). 
Thus, AB is parallel to C D [Prop. 1.27]. 

[Thus, (straight-lines) parallel to the same straight- 
line are also parallel to one another.] (Which is) the very 
thing it was required to show. 


Proposition 31 


To draw a straight-line parallel to a given straight-line, 
through a given point. 

Let A be the given point, and BC the given straight- 
line. So it is required to draw a straight-line parallel to 
the straight-line BC, through the point A. 

Let the point D have been taken a random on BC, and 
let AD have been joined. And let (angle) DAE, equal to 
angle ADC, have been constructed on the straight-line 


S TOIXEION a. 


&xDepAfioo én’ evdetac tH EA eo9cta Å AZ. 


H A 


B LU 
A 


Kot énet cic O00 eb¥Vetac tac BV, EZ eó9cta &un(inxouca 
À AA tag EvoAAdE yoviac tac òrò EAA, AAT toac 
GMOIC CROIMEV, TCOOCCSOC àpa &oxv f) EAZ f; BT. 

Aig tob dovEvtoc Kou oNuEtov Tob A tH Sodetaon eoOc(o 
th BI rapéA^roc eó9cta Yooguu| Yoon Y, EAZ: ónep £o 
NOLO. 


AD 
IIavxóc xptyovou mås 16v nÀAeugGv nooosxBAnvetone 
fj £xvóc Yovía Guoi toic &vxóc xol àmevavrtov tor Eotly, xatl 
ob £vxóc tTOŬ toryOovou tocs yovi ðuoly pts tow cioty. 


A E 


B D ZN 


"Eoo totywvoy tò ABD, xoi npooexpepArjo9c adtod 
uia tAcved Y, BI' &ri xó. Ac Aévo, Öt f| &xxóc vowvia f| ono 
ATA ton éott duol tois èvtòc xol à&nevavtiov tois òrò DAB, 
ABT, xa at £vvóc x00 toryóvou tois yovi ot òrò ABT, 
BTA, TAB 8voly devote tom cioty. 

"Hyde yoo ue toB TL onuetov th AB cbV¥cia napdAAndoc 
5 lE. 

Kal énel rapóAArAóc &£ouv f, AB xfj DE, xoi cic atta 
&unér vooxev Y, AT, ot EvoAAdE yovin af Ond BAT, ATE tom 
cAAnAos clotv. mé&Auy, Emel maodAAnAds &owv f, AB th TE, 
xol sig aUTaS Eunentwxev cbVeta À BA, À êxtòs yovia À 
brò ETA ton éotl tH êvtòs xol ànevavtlov t òrò ABT. 
édety0n Se xal Å òrò ATE t òrò BAT toy: ČAN Gow Hh ONO 
ATA yovia toy goth Svol toile EvtO¢ “al &nevavtlov Tos ÙTÒ 
BAT, ABT. 


34 


ELEMENTS BOOK 1 


DA atthe point A on it [Prop. 1.23]. And let the straight- 
line AF have been produced in a straight-line with FA. 


E 2 F 


B C 
D 


And since the straight-line AD, (in) falling across the 
two straight-lines BC and EF, has made the alternate 
angles HAD and ADC equal to one another, E AF is thus 
parallel to BC [Prop. 1.27]. 

Thus, the straight-line AF has been drawn parallel 
to the given straight-line BC, through the given point A. 
(Which is) the very thing it was required to do. 


Proposition 32 


In any triangle, (if) one of the sides (is) produced 
(then) the external angle is equal to the (sum of the) two 
internal and opposite (angles), and the (sum of the) three 
internal angles of the triangle is equal to two right-angles. 


A E 


B C D 

Let ABC be a triangle, and let one of its sides BC 
have been produced to D. I say that the external angle 
AC D is equal to the (sum of the) two internal and oppo- 
site angles CAB and ABC, and the (sum of the) three 
internal angles of the triangle—ABC, BCA, and CAB— 
is equal to two right-angles. 

For let CE have been drawn through point C parallel 
to the straight-line AB [Prop. 1.31]. 

And since AB is parallel to CE, and AC has fallen 
across them, the alternate angles BAC and ACE are 
equal to one another [Prop. 1.29]. Again, since AB is 
parallel to CE, and the straight-line BD has fallen across 
them, the external angle HCD is equal to the internal 
and opposite (angle) ABC [Prop. 1.29]. But ACE was 
also shown (to be) equal to BAC. Thus, the whole an- 


S TOIXEION a. 


Ko? xpgooxsto00 f, oxó ATB: ot &pa òrò ATA, ATB 
Total taic OnO ABT’, BVA, P'AB toos etotv. GAN’ at Ono ATA, 
ATB uoiv ptos tom etotv: xot at Ond ATB, TBA, TAB 
goa Sualy devolic toon stoly. 

Ilavtocg tea telyovou utc TOv mÀcupGv mpoosex- 
DArOc(onc À ëxtòs ywvla duol tos £vxóc xol ànevavciov 
ton eotlv, xal al êvtòc TOŬ toryðövou toeic yæwvia Ouolv 
ópUoüc tcot ciotv: GnEo Eder Setgoau. 


Ay 
Ai vàc toas te xal napao ouc ên) và obrà uépr| &ni- 
Cevywovou evveton xal aùtal toa te xal NapdAAnNAot etot. 


B A 


A D 


"Eococav ioot x& xoà nopóA^not ot. AB, DA, xoi &nv- 
Cevywtmoay avtac Em tk avte weorn cbVeta at AT, BA: 
AéEvya, OTL nal at AT, BA fow te xo napdAAnAot etou. 

EneCevyte ¥ BI. xoi &ncei noapóAAnAóc &owv f; AB tH 
TA, xoi eic obtàc &uxénvoxev Y, BI, o& £voAAà& vowtot ot 
onrò ABT, BTA tow G0 joue eiotv. xoi &xei tor £o v f| AB 
t TA xoà dè Y; BI, 660 87; oà AB, BI 800 tote BV, TA toon 
elotv' xal yavla Å òrò ABI yoviy tÅ òrò BTA tory Báotc 
coat) AU Dá&ce tý BA otw ton, xa to ABT tetywvov x6 
BTA tayóvo toov &ozív, xol ot Aona yovi toas Aonais 
yovlar toot EGOVTAL EXATEOA EXATEOY, VD ic ait Toon MASUEAL 
Ltotetvovaly’ ton goa ¥ bnO ATB yavia th bro TBA. xa 
&nel eic 600 eo9c(ac xàc AT, BA eó0cta &uníxxouca 7, BI 
THUS EVOAARE yeovlacg toas AAAs nenoixev, rapéAAnXoc 
goa éotly Å AT tÅ BA. &6e(y Or) 66 acf xoà tor. 

Al &pa tae {oas Te xa TaparhAYAouc Ex TA AUTH LEON 
émiCevywovoa evveton xal avtol too te xal mapddAnAot 
clotv’ OnNEO Eder Seteou. 
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gle ACD is equal to the (sum of the) two internal and 
opposite (angles) BAC and ABC. 

Let AC B have been added to both. Thus, (the sum 
of) ACD and ACB is equal to the (sum of the) three 
(angles) ABC, BC A, and C AB. But, (the sum of) ACD 
and ACB is equal to two right-angles [Prop. 1.13]. Thus, 
(the sum of) ACB, CBA, and CAB is also equal to two 
right-angles. 

Thus, in any triangle, (if) one of the sides (is) pro- 
duced (then) the external angle is equal to the (sum of 
the) two internal and opposite (angles), and the (sum of 
the) three internal angles of the triangle is equal to two 
right-angles. (Which is) the very thing it was required to 
show. 


Proposition 33 


Straight-lines joining equal and parallel (straight- 
lines) on the same sides are themselves also equal and 


parallel. 
B A 


D C 


Let AB and CD be equal and parallel (straight-lines), 
and let the straight-lines AC and BD join them on the 
same sides. I say that AC and BD are also equal and 
parallel. 

Let BC have been joined. And since AB is paral- 
lel to CD, and BC has fallen across them, the alter- 
nate angles ABC and BCD are equal to one another 
[Prop. 1.29]. And since AB is equal to CD, and BC 
is common, the two (straight-lines) AB, BC are equal 
to the two (straight-lines) DC, C B.! And the angle ABC 
is equal to the angle BC D. Thus, the base AC is equal 
to the base BD, and triangle ABC is equal to triangle 
DCB*, and the remaining angles will be equal to the 
corresponding remaining angles subtended by the equal 
sides [Prop. 1.4]. Thus, angle ACB is equal to CBD. 
Also, since the straight-line BC, (in) falling across the 
two straight-lines AC and BD, has made the alternate 
angles CAC B and C B D) equal to one another, AC is thus 
parallel to BD [Prop. 1.27]. And (AC) was also shown 
(to be) equal to (BD). 

Thus, straight-lines joining equal and parallel (straight- 


S TOIXEION a. 


t The Greek text has “BC, C.D”, which is obviously a mistake. 
t The Greek text has “DC B”, which is obviously a mistake. 


AO 
TGv napoAnovoéuuov ycptov ot &mxevovitov xAeupot 
t€ Xo YcvCGott toot, A jos eiotv, xoi Y, 6 &uetpoc arb xà ota 
TÉU. VeL. 


A B 


D A 

"Eoco napahanhóypauuov ywptoy tò ATAB, õráuetpos 
dé abtob F BI’ A€éyoo, Öt toŭ ATAB naparAnroyeduuon att 
à&nevarvxtov mAeupot x& xol yovlar toot 6X otc cioty, xol À 
BI' àápexpoc aco Obya xéu vet. 

"Enci vàp nopóAArAóc £ouv f, AB cf; DA, xoà eic aùtàc 
£unéncoxev eó0cta Y; BI, ot vait yovi at bro ABT, 
BTA toa AMA cioty. náv ënel rapåianàós čoty 9| AD 
tfj BA, xoi eic abxàc &unénvoxev À BI, at vahit yovior 
oi oxó ATB, F'BA toot 69 Aot statv. d00 SY Totywvd Eott 
tà ABI, BTA «xàc 960 Yowtac tàs òrò ABT, BTA uo 
tos brò BTA, [TBA toasc ëyovta êxatépav &xorxépo xal utav 
TACLPAYV UČ TAcup& tony THY TEd¢ Tollc toos yovlar xoy 
aùtõv ty BI” xal xàc Aowràc Koa MAEVE tas Aonoie 
Laoac &Get éxatépav éxatépa xol TAY Aoary yæoviav xfj Aou fj 
yovia ton doa À uèv AB nAcugà xfj DA, ġ 6€ AT tH BA, 
xol Ett ton Eotly À òrò BAT yovia t òrò TAB. xot &nel 
ton gotly ġ uèv òrò ABT voví(a cf; óxó BIA, 5j 66 9x0 BA 
tf bxnd ATB, SAN dom À nò ABA An th Ono ATA otv 
ton. £Oc(y 0r] 6€ xol yj ónó BAT «fj oxó L'AB tor. 

TGv ton nzoapoAAvovoóuuov yxoptov oi ónevavitov 
Tàcupal te xal yovlar toot. XY) Aotc etotv. 

Aévco Dý, Öt xal À Dáuetpoc aróxà dlya téuver. Emel yao 
ton éotly À AB tH TA, xow de 4 BI, S00 dy of AB, BT 
duol tos TA, BI toon etolv éxatéoa exatéox xal yavla À 
bro ABP yovig th òrò BTA ton. xal Baorc gow 4 AT tH 
AB ton. xa tò ABT [čepa] vetyovov tă BEA xeuyoóvo toov 
cotty. 

H &pa BI 8&pexpoc dtya téyver tò ABTA napad- 
Anàóypauuov: once Eder Sete au. 
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lines) on the same sides are themselves also equal and 
parallel. (Which is) the very thing it was required to 
show. 


Proposition 34 
In parallelogrammic figures the opposite sides and angles 
are equal to one another, and a diagonal cuts them in half. 


A B 


C D 

Let ACDB be a parallelogrammic figure, and BC its 
diagonal. I say that for parallelogram AC DB, the oppo- 
site sides and angles are equal to one another, and the 
diagonal BC cuts it in half. 

For since AB is parallel to C D, and the straight-line 
BC has fallen across them, the alternate angles ABC and 
BCD are equal to one another [Prop. 1.29]. Again, since 
AC is parallel to BD, and BC has fallen across them, 
the alternate angles ACB and CBD are equal to one 
another [Prop. 1.29]. So ABC and BCD are two tri- 
angles having the two angles ABC and BCA equal to 
the two (angles) BCD and CBD, respectively, and one 
side equal to one side—the (one) by the equal angles and 
common to them, (namely) BC. Thus, they will also 
have the remaining sides equal to the corresponding re- 
maining (sides), and the remaining angle (equal) to the 
remaining angle [Prop. 1.26]. Thus, side AB is equal to 
CD, and AC to BD. Furthermore, angle BAC is equal 
to CDB. And since angle ABC is equal to BCD, and 
CBD to ACB, the whole (angle) ABD is thus equal to 
the whole (angle) ACD. And BAC was also shown (to 
be) equal to C DB. 

Thus, in parallelogrammic figures the opposite sides 
and angles are equal to one another. 

And, I also say that a diagonal cuts them in half. For 
since AB is equal to C D, and BC (is) common, the two 
(straight-lines) AB, BC are equal to the two (straight- 
lines) DC, C Bt, respectively. And angle ABC is equal to 
angle BC D. Thus, the base AC (is) also equal to DB, 


S TOIXEION a. 


t The Greek text has “CD, BO”, which is obviously a mistake. 
t The Greek text has “A BC D”, which is obviously a mistake. 


Ke. 


Tà naparhaAnroy pao Te énl týs KOTH¢ Bacews Ovta Katt 
£v volic oboli; tatpo A ou toa (X otc Coty. 


A A E Z 
B D 

"Ectw mnxopgoAArn^óvoogua tà ABDA, EBIZ êm th 
aotfic D&cecoc xfjc BI' xoi Ev tote avtoiic naparAnAoic taic 
AZ, BI" Aévo, óutcov otl tò ABTA 16 EBIZ napodAn- 
^oYeóuuo. 

‘Enel yuo TapadkAndoyeauuoy £o tò ABTA, ton éotiv 
À AA t BT. dà xà aóxà 97) xoi WY EZ th BI otw tory 
ote xal Y, AA cf; EZ otv ton xa xow Y; AE: ^r] &pa 
À AE óAn xf; AZ &cuv tor. £o 9€ xoi À AB xfj AT tory 
000 oy at EA, AB úo toic ZA, AT (cot etolv Exatéog 
exatéox’ “al ywvia À òrò ZAT yovi tH bro EAB otv 
ton vj £x xoc xfj £vxóc: D&oic àpa Å EB Bácsi t ZT ton cotty, 
xal TO EAB totywvoy tõ AZTI toryove {oov čata xowòv 
àgrnofjo9o to AHE: Aoindov &oa TO ABHA toanéCiov Aon 
t6) EHT'Z toaneCiw &oxiv tcov: xowóv noooxeto0w tò HBI 
totywvoy' dAov goa TO ABTA rapaàinàóypauuov ÖAW xà 
EBUZ napoAAnkoveóéuuo toov £otv. 

Tà Koa TAPArhANASY PAULUS TH ENL Tho ALTHS Bacews OvTa 


xal ëv toic orb xoic MapAAANAOIC tam GAAKAoIc Eotiv’ ONEE Eder 
Octeot. 


ELEMENTS BOOK 1 


and triangle ABC is equal to triangle BC D [Prop. 1.4]. 
Thus, the diagonal BC cuts the parallelogram AC D B* 
in half. (Which is) the very thing it was required to show. 


Proposition 35 


Parallelograms which are on the same base and be- 
tween the same parallels are equal! to one another. 


A D E F 
B C 

Let ABC D and EBCF be parallelograms on the same 
base BC, and between the same parallels AF and BC. I 
say that ABCD is equal to parallelogram EBCF. 

For since ABCD is a parallelogram, AD is equal to 
BC [Prop. 1.34]. So, for the same (reasons), EF is also 
equal to BC. So AD is also equal to EF. And DE is 
common. Thus, the whole (straight-line) AF is equal to 
the whole (straight-line) DF. And AB is also equal to 
DC. So the two (straight-lines) EA, AB are equal to 
the two (straight-lines) F D, DC, respectively. And angle 
FDC is equal to angle EAB, the external to the inter- 
nal [Prop. 1.29]. Thus, the base EB is equal to the base 
FC, and triangle EAB will be equal to triangle DFC 
[Prop. 1.4]. Let DGE have been taken away from both. 
Thus, the remaining trapezium ABG/D is equal to the re- 
maining trapezium HGCF’. Let triangle GBC have been 
added to both. Thus, the whole parallelogram ABCD is 
equal to the whole parallelogram EBCF. 

Thus, parallelograms which are on the same base and 


between the same parallels are equal to one another. 
(Which is) the very thing it was required to show. 


t Here, for the first time, “equal” means “equal in area”, rather than “congruent”. 


— 


Tà xapoAAnAóvpoupa xà &ri toov Badoewy ðvta xal ëv 
toic otóofi napao toa Aho oti. 

"Ectw napahanàióypauua tà ABTA, EZHO èm ícov 
Dáceov Övta tõv BI, ZH xoi &v toas atc maparAnAoic 
ts AO, BH: àéyw, Sti toov ot tò ABTA napal- 


Proposition 36 


Parallelograms which are on equal bases and between 
the same parallels are equal to one another. 

Let ABCD and EFGH be parallelograms which are 
on the equal bases BC and FG, and (are) between the 
same parallels AH and BG. I say that the parallelogram 


aT 
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Anióypauuov tă EZHO. 
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ABCD is equal to EFGH. 


AÀ A E © A D E H 
B D Z H B C F G 


EneCevydwoay yoo at BE, TO. xoi Enel ton Eotiv À 
BP th ZH, à v, ZH «f; EO £o ton, xot v, BI dou tH 
EO éotw toy. ciol 6& xoà ropóAAnAot. xoi &riGeovvoouoty 
aótàc oi EB, OI" oi 6€ tàc toas te xal maoarAfAouc Ent 
TH UTA LEON EmCevYVWOLOM foo te xal TaCdAANAOL Etor 
lxat of EB, OL Gow too té ciot xol napdAAnAot]. mapa 
Anàóypauuov &pa &oxi xó EBI'O. xot &owv toov x6 ABTA: 
Baow te yuo até THY aDUTYY Eyet xYv BI, xoà £v voc oro xoc 
ropa fiot £oiv a6 tois BI, AO. dla tà “OTH OY al TO 
EZHO t6 a0:G 16 EBI'O otv toov: ote xa tò ABTA 
tapah nióypauuov tõ EZHO &owv tcov. 

Tà &pa napahanióypauua tà &ri toov Dé&oeov Óóvca xoi 
Ev toc awts napao toa GAAHAOIC Eotlv) OnEO EEL 
Ocie on. 


AC 
Tà toiyova ta Em the adth¢ Bacewe Övta xal êv tos 
ytc TAPAAAHAOIS tow GAANAOtC &oxtv. 


E A A Z 


B I 

"Eoo totywva tà ABT, ABT Ent th¢ wdtH¢ Bdoews the 
BI' xoi èv vofic aco roo foi xo; AA, BI" Aévo, óx 
{oov ot) tò ABT totywvoy 76 ABT xevyóvo. 

ExBeBanodw rh AA tg’ éxátepa tà uéon èni tà E, Z, xol 
Dà uèv ToD B tH TA napddAnioc HyVw ¥ BE, dia 68€ 100 T tf 
BA noapóA^noc fy90 ATZ. rapaanióypauuov &pa éatlv 
exatepoy Tv EBPA, ABZ xat ciow toa Ext te yuo tH 
atis Baoe sioi tis BI xal £v tote wvtoitc maparAnAoic 
ts BI, EZ: xal got toŭ uev EBTA napahànhoypoáuuou 
fuco tò ABT tolywvov À yàp AB diduetooe avtd dtya 
téuvet’ tol 66 ABDZ nxagoArnAovoéuuou Furov to ABI 
totywvov' À yàp AT diduetoog avtd Stya téyver. [tà 0è 
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For let BE and CH have been joined. And since BC is 
equal to FG, but FG is equal to EH [Prop. 1.34], BC is 
thus equal to EH. And they are also parallel, and EB and 
HC join them. But (straight-lines) joining equal and par- 
allel (straight-lines) on the same sides are (themselves) 
equal and parallel [Prop. 1.33] [thus, EP and HC are 
also equal and parallel]. Thus, E BCH is a parallelogram 
[Prop. 1.34], and is equal to ABC D. For it has the same 
base, BC, as (ABC D), and is between the same paral- 
lels, BC and AH, as (ABC D) [Prop. 1.35]. So, for the 
same (reasons), EFGH is also equal to the same (par- 
allelogram) EX BCH [Prop. 1.34]. So that the parallelo- 
gram ABCD is also equal to EFGH. 

Thus, parallelograms which are on equal bases and 
between the same parallels are equal to one another. 
(Which is) the very thing it was required to show. 


Proposition 37 


Triangles which are on the same base and between 
the same parallels are equal to one another. 
A D 
E 


B C 

Let ABC and DBC be triangles on the same base BC, 
and between the same parallels AD and BC. I say that 
triangle ABC is equal to triangle DBC. 

Let AD have been produced in both directions to E 
and F, and let the (straight-line) BE have been drawn 
through B parallel to CA [Prop. 1.31], and let the 
(straight-line) CF have been drawn through C parallel 
to BD [Prop. 1.31]. Thus, EBCA and DBC*F are both 
parallelograms, and are equal. For they are on the same 
base BC, and between the same parallels BC and EF 
[Prop. 1.35]. And the triangle ABC is half of the paral- 
lelogram EBCA. For the diagonal AB cuts the latter in 


S TOIXEION a. 


(Sv tocv fiutor) toa 600 fX otc &oxtv|. toov dow éott tò ABT 
totywvoy 165 ABIL xevyróvo. 

Tà &pa Totywva TH ENL THe KTH Bdosws vta xal év tos 
ooo rogo A Xov tow GAAHAoIc &oxtv: ónep der deoa. 


t This is an additional common notion. 


An 
Td tetywva ta Ent lowy Baoswy dvta xal Ev toll¢ wdtolic 
rato fou toa GAANAoic Eotty. 


H A A © 


B DU H Z 

"Eote totywva ta ABP, AEZ èm towy Báåoecwv x&v BI, 
EZ xol év tolic avtoiic rapah o tois BZ, AA’ Aéyoo, ÖT 
toov gott tò ABT totywvov tõ AEZ tayovo. 

‘ExBerAfo ve yàp À AA &po' &xétega tà éon Ext tà H, 
O, xoi &ux u&v oO B xfj DÀ xapéX^roc fy 9o 79, BH, ta 98 
100 Z tfj AE napóAAnoc fyc 4 ZO. napadAnrdyeauoyv 
&po, £o xlv &xóátegov x&v HBI'A, AEZQG: xoi tcov t6 HBTA 
1G AEZQO: én( ve vàp toov Dóáceov eiov xv BD, EZ xoi 
£v toic aoi: rapoAfAow xoc BZ, HO* xat £o toO uev 
HBI'A xopoA^noveóuuou ňwou tò ABP tolywvov. À yàp 
AB ,üperpoc aóró iya téuver tot d¢ AEZO rnapodAn- 
Loyeduuov fiucu xó ZEA tetywvovy h yuo AZ diayetoeoc 
goto dtya téuver [tà dè t&v towv ulon toa Aho Eotty]. 
tcov &pa atl tO ABT totywvoy 165 AEZ tayóvo. 

Tà soa totywva tà &ri toov Dé&oeov Ovta xol Ev xoc 
ooo napao toa GAAHAotg Eotiv: Smee oec Oct on. 


AV’, 
Ta toa totyava ta Ent tho adTH¢ D&oeoc Óvta xoi &ri 
TH KUTA UEOEN xal EV Tolle avTOt¢ MapahAYAOIc EoTly. 
"Eote toa tetyava te ABT, ABT Ent the adtih¢ Bacewe 
Óvta xoi &mi xà aotà uéer vfjc BI" Aéyo, Óu xoà &v roc 
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half [Prop. 1.34]. And the triangle DBC (is) half of the 
parallelogram DBCF. For the diagonal DC cuts the lat- 
ter in half [Prop. 1.34]. [And the halves of equal things 
are equal to one another.]! Thus, triangle ABC is equal 
to triangle DBC. 

Thus, triangles which are on the same base and 
between the same parallels are equal to one another. 
(Which is) the very thing it was required to show. 


Proposition 38 


Triangles which are on equal bases and between the 
same parallels are equal to one another. 


G A D H 


B C E F 

Let ABC and DEF be triangles on the equal bases 
BC and EF, and between the same parallels BF and 
AD. I say that triangle ABC is equal to triangle DEF. 

For let AD have been produced in both directions 
to G and H, and let the (straight-line) BG have been 
drawn through B parallel to CA [Prop. 1.31], and let the 
(straight-line) FH have been drawn through F parallel 
to DE [Prop. 1.31]. Thus, GBC A and DEFH are each 
parallelograms. And GBC is equal to DEFH. For they 
are on the equal bases BC and EF, and between the 
same parallels BF and GH [Prop. 1.36]. And triangle 
ABC is half of the parallelogram GBC A. For the diago- 
nal AB cuts the latter in half [Prop. 1.34]. And triangle 
FED (is) half of parallelogram DEF H. For the diagonal 
DF cuts the latter in half. [And the halves of equal things 
are equal to one another.] Thus, triangle ABC is equal 
to triangle DEF. 

Thus, triangles which are on equal bases and between 
the same parallels are equal to one another. (Which is) 
the very thing it was required to show. 


Proposition 39 


Equal triangles which are on the same base, and on 
the same side, are also between the same parallels. 

Let ABC and DBC be equal triangles which are on 
the same base BC, and on the same side (of it). I say that 


S TOIXEION a. 


aOtoic topo forc &ozív. 
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they are also between the same parallels. 


B DU B C 


EneCevyve yuo 1) AA: Aéyoo, Sti ropóáXArAóc &ouv À 
AA th BI. 

Ei yàp uń, Tjy9c OX tob A onuctov tH BI covetx 
ropé&A^rnoc Y, AE, xoi &neCeoy 90 ¥ ED. toov dou otl tò 
ABD tetywvoyv 164 EBD xpi veo: exit te yao the abtiic 
Bacsm¢ cot xT tho BI xal év tos avtoiic MaparANAotc. 
HAG TO ABI 16 ABT otv tcov: xoi tò ABT &pa x6 EBD 
toov Eotl TÒ UsiCov xG &Aá&ocovv ónepo &oxiv GO0vaxov: oOx 
pa ropéAArAóc ouv f, AE, xfj BI. óuotoc 97) 6c(&ouev, 
OTL OVD BAN Tic TAY ts AA: A AA bow tH BI éot 
xao Aoc. 

Td toa toa totywva ta Ent xfjc aoxfjc Déáoeoc Óvca xoi 
ETL TH HUTA UEON xal ëv taic avTOic NApAAAYAoIc &oxtv: ónep 
Ede, Setcau. 


u 
Tà toa tolywva xà &rài toov Dáoeov Óvtoa xoi &ri xà orbc 
UEEN Mal EV Tolle orb xoüic napao &ostv. 


B T E 

"Ecto toa tetywva tà ABT, TAE ên towv Báocwy tõv 
BI’, TE xoi &ri tà atà uéon. Ayw, StL xal &v tac aÙTtc 
topo YAotc EOTtY. 

Encteóy90 yuo Y, AA A&vo, ÖT napéAArAóc £ouv f) 
AA fj BE. 

EX vàp uf, fy9o Ou voO A tH BE napgó^Anoc f; AZ, 
xoi éneCeOy 00 À ZE. {oov tow éoti tO ABT tetywvov 
tS ZTE toryove ni te vào toov D&ogov ctor tv BI, 
TE xal êv tas aòùtos napao ts BE, AZ. GAAX tò 
ABT tolywvov tooyv éott tõ ATE [teiyovo] xa tò ATE 
&pa |xotyovov] toov £o 16 ZTE teryava tò uctov tæ 
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For let AD have been joined. I say that AD and BC 
are parallel. 

For, if not, let AE have been drawn through point A 
parallel to the straight-line BC [Prop. 1.31], and let EC 
have been joined. Thus, triangle ABC is equal to triangle 
EBC. For it is on the same base as it, BC, and between 
the same parallels [Prop. 1.37]. But ABC is equal to 
DBC. Thus, DBC is also equal to EBC, the greater to 
the lesser. The very thing is impossible. Thus, AE is not 
parallel to BC. Similarly, we can show that neither (is) 
any other (straight-line) than AD. Thus, AD is parallel 
to BC. 

Thus, equal triangles which are on the same base, and 
on the same side, are also between the same parallels. 
(Which is) the very thing it was required to show. 


Proposition 40! 


Equal triangles which are on equal bases, and on the 
same side, are also between the same parallels. 


A D 


B C E 

Let ABC and CDE be equal triangles on the equal 
bases BC and CE (respectively), and on the same side 
(of BE). I say that they are also between the same par- 
allels. 

For let AD have been joined. I say that AD is parallel 
to BE. 

For if not, let AF have been drawn through A parallel 
to BE [Prop. 1.31], and let FE have been joined. Thus, 
triangle ABC is equal to triangle FCE. For they are on 
equal bases, BC and CE, and between the same paral- 
lels, BE and AF [Prop. 1.38]. But, triangle ABC is equal 
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&£Aáccow Ónep &oxiv àG0voxov: obx Gow naedAAnAos A AZ to [triangle] DCE. Thus, [triangle] DC E is also equal to 
t BE. óuotoc 97, Gc(&ouev, óx od’ AAN tis MANY tHe AA’ triangle FC E, the greater to the lesser. The very thing is 
f, AA &pa xfj BE got ĩ noc. impossible. Thus, AF is not parallel to B E. Similarly, we 
Te koa tow totywva te &ri toov Dáceov ðvta xol êm tà can show that neither (is) any other (straight-line) than 
“OTe UEON Kal Ev tole avtoic napao ċotiv onco Ede. AD. Thus, AD is parallel to BE. 
Seton. Thus, equal triangles which are on equal bases, and 
on the same side, are also between the same parallels. 
(Which is) the very thing it was required to show. 


t This whole proposition is regarded by Heiberg as a relatively early interpolation to the original text. 


f 


ua. Proposition 41 


Eàv napaànàióypauuov tayóvy Bdé&ow te Eyy tiv If a parallelogram has the same base as a triangle, and 
Q“UTHY Xab EV toüc abcoüc napao FH, StmAcordy oti is between the same parallels, then the parallelogram is 
TO TAOOAANAGY PaULOV TOU TOLY@VoL. double (the area) of the triangle. 


E A D FE 


B ] B C 


IlagoAArAóvoougov yàp tò ABTA towave x6 EBT For let parallelogram ABCD have the same base BC 
Baow te eyéta THY adtHY THY BI xol èv tos aòtos na- as triangle HBC, and let it be between the same parallels, 
poU otc &oxo. voc BI, AE: Aévo, óx OwuA&otóv £ow tò BC and AE. I say that parallelogram ABCD is double 
ABTA nopoAnrdyeauyoy tol BED toryovou. (the area) of triangle BEC. 

EneCevy uw yàp Å AT. oov dý ot xó ABI totywvov For let AC have been joined. So triangle ABC is equal 
- EBD tayóvo èni te yàp ts adtiic Bdoeme éouv to triangle HBC. For it is on the same base, BC, as 
aot tfjc BI' xoi &v toc òta napao ts BT, AE. (EBC), and between the same parallels, BC and AE 
AY TO ABTA ropordAnrdyeuuoy SinAdody got: top) ABT [Prop. 1.37]. But, parallelogram ABCD is double (the 
toryovou' y yuo AD didueteoe avtd lya téuver Gote area) of triangle ABC. For the diagonal AC cuts the for- 
tò ABTA rapaànióypauuov xo toŭð EBT toyóvov ot mer in half [Prop. 1.34]. So parallelogram ABCD is also 
SiuTACOLOY. double (the area) of triangle EBC. 

Eady bow mapodAnrAdypauoy teryovw Báo te Eyn THY Thus, if a parallelogram has the same base as a trian- 
otv xoà £v Tole abtaic mapaAAHAotc H, SitAcovdy cti tò gle, and is between the same parallels, then the parallel- 
napahAnióypauuov voO tayóvov: önep čer deté. ogram is double (the area) of the triangle. (Which is) the 

very thing it was required to show. 


up. Proposition 42 
TG 800évu tayovy toov nrapoAAnAóYvpouuov cuotf- To construct a parallelogram equal to a given triangle 
coacta év xfj 6o9ctor] vov eoOvYoóuuo. in a given rectilinear angle. 
"Eo: tO yey dodev tolywvoy tO ABT, 1 dé d00etoe Let ABC be the given triangle, and D the given recti- 


yovia £000 Yoouuoc A A’ Set Oy tõ ABT tayóvo toov ra- linear angle. So it is required to construct a parallelogram 
poU nAóypauuov oucotýcacůa êv tH A vovia eóOvvoóuuo. equal to triangle ABC in the rectilinear angle D. 


Al 
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B E I 

Texufio9o 4 BI 86ya xoxà tò E, xa &£xeCeóoy 00 y) AE, 
xoi cuveotáxo npoc tf; EI cbVetx xal 165 med¢ HTH onuste 
TG) E th A yovig ton ġ òrò TEZ, xol òà uèv xoO A cf; ET 
naodAAnAos Hy Y, AH, à 6& vo0 I tý EZ napdAAnroc 
Ty 9c Y, VCH: napwAnrdyeauuov doa gott ó ZEDLH. xoi &nei 
tcr) £c dv 4 BE xfj EL, tcov &oxi xoi tò ABE tolyovov x6 
AED xpo vox &ní ve Yàp toov Dáoeov eio xóv BE, ET xoi 
£v toic oo xofic xotg otc xoi; BD, AH: 8 otov koa ot 
tò ABD totywvoyv tol AEDT tetyavovu. got b¢ xal tO ZETH 
ropa ^Y óYvoouov GuxA&ovov ToD ABT terymvou: Báo te 
yàp ALTE THY ALTHY Eyer wal Ev Tollc avTOli¢ FOTIV ALTO 
rapoAAYAotc toov &pa otl TO ZETH rapaàinióypauuov 
tq ABI tovyove. vol Eyer thy On0 TEZ ywviay tony tf 
doveton vfj A. 

TG &pa 809évu tpi ovo tă ABT toov rapadAnrdyoau- 
uov ovvéotata TO ZEVH év yovia th Ono LEZ, Ftc otv 
ton tH A: önep čet roon. 


UY 

Tlavtog napadhAndoyeduuou T6yv mel Try Guiuetpov TA- 
COAANACY OGUUOYV TH TapaTANodUaTA toa GAAKHAoS Eotly. 

"Eo*o mxepo^AArAóvoouuov tò ABTA, diduetoog 9€ 
avtot À AT, regi òè thv AT nrapainióypauua uev Eat 
tà EO, ZH, xà 8€ Aevóueva napan^npoouaxa xà BK, KA 
AÉévo, Öt tcov otl tò BK napon^fjooua tă KA tapa- 
TÀNPOUATI. 

"Encei vàp ropoA Ar óYvoouuóv &ow tò ABTA, didueteoc 
dé avtod 9| AL, tcov gott to ABT toetywvoyv 14 ATA 
TOLYOVO).  TdALV, Enel napahanàóypauuóv otu tò EO, 
diduetoos b€ avtod gatw Å AK, toov oti 0 AEK totywvov 
tT) AOK toryove. Dà tà atà OA xa tò KZI totywvov 
t& KHT otv oov. £&x& o0v tò uèv AEK tolywovoyv x6 
AOK toryova &cziv toov, tò 6€ KZI' xG KHT, tò AEK 
tolywvoy uetà toŭð KHTI tcov got 14 AOK toryova ueTtà 
toŭ KZT* £c 8€ xoi óAov xó ABT toiywovov öin 165 AAT 
(cov: Aoóv goa tò BK xogonxAfpoua Aoi 1&6 KA rapa- 
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B E C 

Let BC have been cut in half at E [Prop. 1.10], and 
let AE have been joined. And let (angle) CEF, equal to 
angle D, have been constructed at the point E on the 
straight-line EC [Prop. 1.23]. And let AG have been 
drawn through A parallel to EC [Prop. 1.31], and let CG 
have been drawn through C parallel to EF [Prop. 1.31]. 
Thus, FECG is a parallelogram. And since B E is equal 
to EC, triangle ABE is also equal to triangle AEC. For 
they are on the equal bases, BE and EC, and between 
the same parallels, BC and AG [Prop. 1.38]. Thus, tri- 
angle ABC is double (the area) of triangle AEC. And 
parallelogram F ECG is also double (the area) of triangle 
AEC. For it has the same base as (AEC), and is between 
the same parallels as (AFC) [Prop. 1.41]. Thus, paral- 
lelogram F'ECG is equal to triangle ABC. (F ECG) also 
has the angle C EF equal to the given (angle) D. 

Thus, parallelogram FECG, equal to the given trian- 
gle ABC, has been constructed in the angle CEF, which 
is equal to D. (Which is) the very thing it was required 
to do. 


Proposition 43 


For any parallelogram, the complements of the paral- 
lelograms about the diagonal are equal to one another. 

Let ABCD be a parallelogram, and AC its diagonal. 
And let EH and FG be the parallelograms about AC, and 
BK and KD the so-called complements (about AC). I 
say that the complement BK is equal to the complement 
FD. 

For since ABC D is a parallelogram, and AC its diago- 
nal, triangle ABC is equal to triangle AC D [Prop. 1.34]. 
Again, since EH is a parallelogram, and AK is its diago- 
nal, triangle AEK is equal to triangle AH K [Prop. 1.34]. 
So, for the same (reasons), triangle KFC is also equal to 
(triangle) KGC. Therefore, since triangle AEK is equal 
to triangle AH K, and KFC to KGC, triangle AEK plus 
KGC is equal to triangle AHK plus KFC. And the 
whole triangle ABC is also equal to the whole (triangle) 
ADC. Thus, the remaining complement BK is equal to 
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TANOMUATL čoty toov. 


A © A 


Ak h 


B H T 


Ilavtéc &po napoaAAvrAovoóuuou ywplou t&v nepli TÅY 
OLAUETOOY TAPAAANAOCY EGUUOY xà TaPATANEMUaATaA toa GAAT- 
hoig Eotty’ Oreo sder deita. 


uo. 
IIopà tr»v 609€tcotv eo0ctav 1G 600&vtt teur ovo toov ra- 
pa nióypauuov rapabaiciv £v xfj oo0etor) vovio eo9uYoóu- 
uo. 


LE | 


Q A A 

"Eco f| uev Soveton cuveta y AB, 10 d¢ d00Ev Telywvov 
:ó D, fj 8€ 6o9€ica Yov(a eó00Ypouuoc Y, A Set OH raed 
t/jv dovetoay evdetav Thy AB xG 800évu xpvroóvo tõ T 
(cov nopoA AY óYoouuov rapaoActiv èv ton t A yovig. 

SXuveotóto 1G D tovywove toov tapahinióypauuov tò 
BEZH &v vowvíq vf; nó EBH, f, tot tor) vf; A xoi xeíoOo 
ote ên còÛelas civa tùy BE tý AB, xa hyo f, ZH 
eni tÒ O, xoi à x00 A ônrotépg tõv BH, EZ napáňňnňoc 
Ti 9o 4 AO, xoi ExeCevyVo f, OB. xoi &nel etc rapah ouc 
tàc AO, EZ cocta événeoev À OZ, oi &pa òrò AOZ, OZE 
Ycowtot duoly pts stow tom. at goa bro BOH, HZE 
dv0 dp0dy Ehdoooves Elow: at $F aNd £Aacoóvov fj 000 
ÓQ06v cic &xeipov &xpoAXóuevot ouuninvouow: oà OB, ZE 
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the remaining complement K D. 


D 


FS 1 


B G C 


Thus, for any parallelogramic figure, the comple- 
ments of the parallelograms about the diagonal are equal 
to one another. (Which is) the very thing it was required 
to show. 


Proposition 44 


To apply a parallelogram equal to a given triangle to 
a given straight-line in a given rectilinear angle. 


H A L 

Let AB be the given straight-line, C the given trian- 
gle, and D the given rectilinear angle. So it is required to 
apply a parallelogram equal to the given triangle C to the 
given straight-line AB in an angle equal to (angle) D. 

Let the parallelogram BE F'G, equal to the triangle C, 
have been constructed in the angle E BG, which is equal 
to D [Prop. 1.42]. And let it have been placed so that 
BE is straight-on to AB.! And let FG have been drawn 
through to H, and let AH have been drawn through A 
parallel to either of BG or EF [Prop. 1.31], and let HB 
have been joined. And since the straight-line HF’ falls 
across the parallels AH and EF, the (sum of the) an- 
gles AHF and HFE is thus equal to two right-angles 


S TOIXEION a. 


hoa ExBarhAduevon ouunecotvta. exBeBAnodwoay xal ouu- 
MLNTETWOAY XATA TÒ K, xal Sie tod K onustov dnotéoy 
tv EA, ZO napgó^Anoc fy 9o fj KA, xoi £xBepArio9ocav 
oi OA, HB &ri tà A, M onusta. xapoAAnAóvoouuov pa 
£o xó OAKZ, didustooc b€ avtob Y, OK, negli 68 thy OK 
ropoA^rnAóYvooupa uev và AH, ME, xà 66 Aevóueva napa- 
TAnowuata ta AB, BZ oov dea éott to AB 16 BZ. &^à 
tò BZ 16) T towove &oxiv toov: xoi xó AB &pa 1G DP ouy 
(cov. xoi &nei tor) £o xiv À òrò HBE vowvía tý òrò ABM, 
&ÀAà Y, ónó HBE fj A otv ton, xal ġ òrò ABM oa th A 
YOvig cotly ton. 

IIapà vv do0cioay doa cbVetav thy AB 1G 6o0évu 
Toryave ta [ toov napodAnrdyeoumoy napaBéeBAnta tò AB 
êv yvig t òrò ABM, Ñ otv ton tÅ A: ónxep Eds roon. 


t This can be achieved using Props. 1.3, 1.23, and 1.31. 


ue’. 

TG 600£vu eóOuvoéuuo toov trapahànióypauuov oLoT- 
caca sv tH Soveton yovia eoOuYoóuuo. 

"Eota tO yev doveyv có90Ypaupov xó ABTA, f| Se 
6o0cica Yov(a eóO00Ypappoc À E oci ù tõ ABTA evd0v- 
Yeéuuo toov xapo Yr ÓóYvpouuov cuotfjcaoot &v tf ðoðelon 
yov xf, E. 

'"Encteóy90o 4 AB, xal ovveotéta 16 ABA teryove 
tcov napaAAnAdyeayuoyv TO ZO év tH òrò OKZ vow, T 
cot ton tH E xal napaBebAjove naps thy HO cvvdetay x6 
ABT toawóvy toov rapainióypauuov tò HM êv xfj ono 
HOM yovig, 4 got toy tH E. xot éxel WE yovia exatéog 
t&v ónó OKZ, HOM &ov tor, xoi Y, óxó OKZ how th Ord 
HOM ctw ïon. xow!| ngooxcío9co À òrò KOH: of koa 
òrò ZKO, KOH «oic oxó KOH, HOM tco etotv. Grr’ at 
ónó ZKO, KOH voty devoitc cot eiotv: xoi oi ónó KOH, 
HOM &pa 600 ópÜolc toot clotv. npóc 0f) vw có0ciy TH HO 
XA TG TES AUTH onuciw tă O 600 cocto. oi KO, OM ur) 
ETL TH HUTA UEON uElUEVO Tao EMEchc ywrvlac dVO deEDolic 
toas mototow én codetac doa cotiv y? KO tÅ OM: xal 
Enel eic ropa fjAouc tac KM, ZH evddeta &véneoev f, OH, 
al Evag yovlar at rò MOH, OHZ tom &Aàńàouc cioty. 
xot) TooaxetoVe ġ òrò OHA: ot &pa òrò MOH, OHA tog 
bro OHZ, OHA tom ciow. GA’ at bnd MOH, OHA 9500 
ópUoic too cicit xa o òrò OHZ, OHA pa dúo doedoic 
too elotv: én’ cudetac wow éotiy À ZH t HA. xa nel ñ 
ZK tñ OH ïon te xal napáňàniócs otv, Aà xat Y, OH tH 
MA, xoà *| KZ &pa tH MA fon te xa mapcAAnrde Eat’ xo 


44 


ELEMENTS BOOK 1 


[Prop. 1.29]. Thus, (the sum of) BHG and GFE is less 
than two right-angles. And (straight-lines) produced to 
infinity from (internal angles whose sum is) less than two 
right-angles meet together [Post. 5]. Thus, being pro- 
duced, HB and FE will meet together. Let them have 
been produced, and let them meet together at K. And let 
K L have been drawn through point K parallel to either 
of EA or FH [Prop. 1.31]. And let HA and GB have 
been produced to points L and M (respectively). Thus, 
HLKF is a parallelogram, and HK its diagonal. And 
AG and ME (are) parallelograms, and LB and BF the 
so-called complements, about H K. Thus, LB is equal to 
BF [Prop. 1.43]. But, BF is equal to triangle C. Thus, 
LB is also equal to C. Also, since angle GB E is equal to 
ABM [Prop. 1.15], but GBE is equal to D, ABM is thus 
also equal to angle D. 

Thus, the parallelogram LB, equal to the given trian- 
gle C, has been applied to the given straight-line APB in 
the angle AB M, which is equal to D. (Which is) the very 
thing it was required to do. 


Proposition 45 


To construct a parallelogram equal to a given rectilin- 
ear figure in a given rectilinear angle. 

Let ABCD be the given rectilinear figure,! and E the 
given rectilinear angle. So it is required to construct a 
parallelogram equal to the rectilinear figure ABCD in 
the given angle E. 

Let DB have been joined, and let the parallelogram 
FH, equal to the triangle ABD, have been constructed 
in the angle H K F, which is equal to E [Prop. 1.42]. And 
let the parallelogram GM, equal to the triangle DBC, 
have been applied to the straight-line GH in the angle 
GH M, which is equal to E [Prop. 1.44]. And since angle 
E is equal to each of (angles) H KF and GH M, (an- 
gle) H KF is thus also equal to GH M. Let K HG have 
been added to both. Thus, (the sum of) FKH and KHG 
is equal to (the sum of) KHG and GHM. But, (the 
sum of) FKH and KHG is equal to two right-angles 
[Prop. 1.29]. Thus, (the sum of) KHG and GHM is 
also equal to two right-angles. So two straight-lines, K H 
and H M, not lying on the same side, make adjacent an- 
gles with some straight-line GH, at the point H on it, 
(whose sum is) equal to two right-angles. Thus, K H is 
straight-on to HM [Prop. 1.14]. And since the straight- 
line HG falls across the parallels KM and FG, the al- 
ternate angles M HG and HGF are equal to one another 
[Prop. 1.29]. Let HGL have been added to both. Thus, 
(the sum of) MHG and HGL is equal to (the sum of) 
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emiCevy voovow autac cuveton d KM, ZA: xa at KM, ZA 
pa too te xal maodAAndot ciow mapadkAnAdyeaumoy Koa 
éotl tò KZAM. xal nel toov oth tò uèy ABA tolywvov 
t ZO napadAndoyeduue, to 6¢ ABI 74 HM, ov koa 
tò ABTA eó00voouuov óc x KZAM naparAndroyeduu 


&oclv (oov. 
A 
l 
A 
E 
B 
P H A 
K © M 


TG &pa 6o0évu cóOuvoópuuo tă ABTA ïoov napad- 
Av» óYvpouuov ovvéotata TO KZAM év ywovig tý òrò ZKM, 
A got ton th Soveton th E’ once Eder norhom. 


HGF and HGL. But, (the sum of) MHG and HGL is 
equal to two right-angles [Prop. 1.29]. Thus, (the sum of) 
HGF and HGL is also equal to two right-angles. Thus, 
FG is straight-on to GL [Prop. 1.14]. And since FK is 
equal and parallel to HG [Prop. 1.34], but also HG to 
ML [Prop. 1.34], KF is thus also equal and parallel to 
ML [Prop. 1.30]. And the straight-lines KM and FL 
join them. Thus, X M and FL are equal and parallel as 
well [Prop. 1.33]. Thus, K& FLM is a parallelogram. And 
since triangle ABD is equal to parallelogram FH, and 
DBC to GM, the whole rectilinear figure ABC D is thus 
equal to the whole parallelogram K F LM. 


D 
C 
A 
E 
B 
F G L 
K H M 


Thus, the parallelogram KFLM, equal to the given 
rectilinear figure ABC D, has been constructed in the an- 
gle FK M, which is equal to the given (angle) E. (Which 
is) the very thing it was required to do. 


t The proof is only given for a four-sided figure. However, the extension to many-sided figures is trivial. 


UT. 
Ano th¢ Sovetone cvdetac tetodywvov avayoeddan. 
"Ecco f, 900cica evdeta y, AB: det dy and tH¢ AB 
cevvelac tetpáywvov dvayoddau. 
"Hyde th AB cvdetx dno tot med¢ abt onuctou tod 
A node pàs 9| AT, xoi xeío90 tH AB ton Yj AA: xoi Gu 
uev tol A onuetov vf; AB xapé^nAoc fy9o Y, AE, à 
dé tol B onuciou th AA napddAndos HyDw ý BE. tapa- 
Anàóypauuov &pa ċott tò AAEDB: tor] wow éotiv h uev AB 
tf, AE, 5; 66€ AA «fj BE. ààA&à Hh AB xfj AA otuv tor 
oi xéocopec àpa ot BA, AA, AE, EB toot 6A Aot ctotv: 
icónAeupov &pa otl tò AAEDB nagpo) mA óvoouuov. Aévo 
Of, Óxt xol ópOovo vov. &nel yàp cic rapoA fAouc tàs AB, 
AE eó9€ia &véneoev f| AA, oi àpa 0nó BAA, AAE vowvíiot 
000 ópOoüc too etatv. óp è W bnd BAA’ dp oa xo 
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Proposition 46 


To describe a square on a given straight-line. 

Let AB be the given straight-line. So it is required to 
describe a square on the straight-line AB. 

Let AC have been drawn at right-angles to the 
straight-line AB from the point A on it [Prop. 1.11], 
and let AD have been made equal to AB [Prop. 1.3]. 
And let DE have been drawn through point D parallel to 
AB [Prop. 1.31], and let BE have been drawn through 
point B parallel to AD [Prop. 1.31]. Thus, ADEB isa 
parallelogram. Therefore, AB is equal to DE, and AD to 
BE [Prop. 1.34]. But, AB is equal to AD. Thus, the four 
(sides) BA, AD, DE, and EB are equal to one another. 
Thus, the parallelogram ADEB is equilateral. So I say 
that (it is) also right-angled. For since the straight-line 
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À òrò AAE. x&v 6€ ropo^AroYoóuuov ycopliov oi àme- 
vaviítov mAeupoí te xal yovlar toar AAAAos cioty: pù &pa 
mal Exatéoa t&v ånevavtlov tõv òrò ABE, BEA yowdsy: 
òptoyöviov ğpa Eotl TO AAEB. edetyOn 66 xoi toónAeupov. 


D 
A E 
A B 


Tetedywvoyv toa gotiv: xat got dno thc AB cdVetac 
àvayeypauuévoy: önep čder roroa. 


ue. 

Ev tois ôptoywvios tTayovo TO UNO THe THY ópnv 
ywovlay Drotetvovoncs nÀeupüc vetpéycovov toov &od toic 
ATÒ THY THY pty vow(av —— 
tpoYovotc. 

"Eoco cpí(vovov ógüovowov xó ABI ópO7|v £yov trjv 
brò BAT' yov(av: Aéyo, óu tò ànó tc BI tetoed&ywvov 
(cov oTt) tois and tHvV BA, AT tetoayavore. 

Avayeyedotve yuo and uèv týc BI tetoáywvov tò 
BAET, àxó 86€ tHv BA, AD tà HB, OT, xa dÙ toŬ 
A òrotéog tõv BA, TE noapó^ArAoc fy9c Y| AA: xol 
&neCeOy9ccav oi. AA, ZI. xoi nel òp otv éxatépa 
tv bnd BAT, BAH yowdsy, node OH ww cvei xfj BA 
“ol TES TEdS ALTY oNnust 1G A Dúo còca i AT, AH ur) 
ETL TH KUTA YEON xElUSVaL Tac EMEEHc Ywrlac ouotv óptolc 
foac nototow én’ cv¥eiac Kou éotiv f| L'À xfj AH. à tà 
gute A xa y BA th AO éotw En’ cvdetac. nal Exel ton 
éotly ¥) bro ABT yovla xfj óxó ZBA: óp07) Yvàp &xaxépor 
xot?) ngooxeío90 Y, bxó ABI: ón oa fj ónó ABA O^ tH 
ono ZBI' otv ton. xal ênel ton ċoty 9| uev AB tf BT, f$ 
d¢ ZB vf; BA, 8600 97; ot AB, BA 9000 tote ZB, BE tom etotv 
&xartépat &xoarcépoe xol Ycv(ac Y| oxó ABA voto tfj oxó ZBIT 
ton: Bács toa À AA Bécsi t ZI [otv] ton, xù tò ABA 
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AD falls across the parallels AB and DE, the (sum of 
the) angles BAD and ADE is equal to two right-angles 
[Prop. 1.29]. But BAD (is a) right-angle. Thus, ADE 
(is) also a right-angle. And for parallelogrammic figures, 
the opposite sides and angles are equal to one another 
[Prop. 1.34]. Thus, each of the opposite angles ABE 
and BED (are) also right-angles. Thus, ADF B is right- 
angled. And it was also shown (to be) equilateral. 


C 
D E 
A B 


Thus, CADEB) is a square [Def. 1.22]. And it is de- 
scribed on the straight-line AB. (Which is) the very thing 
it was required to do. 


Proposition 47 


In right-angled triangles, the square on the side sub- 
tending the right-angle is equal to the (sum of the) 
squares on the sides containing the right-angle. 

Let ABC be a right-angled triangle having the angle 
B ACa right-angle. I say that the square on BC is equal 
to the (sum of the) squares on BA and AC. 

For let the square BDEC have been described on 
BC, and (the squares) GB and HC on AB and AC 
(respectively) [Prop. 1.46]. And let AL have been 
drawn through point A parallel to either of BD or CE 
[Prop. 1.31]. And let AD and FC have been joined. And 
since angles B AC and B AG are each right-angles, then 
two straight-lines AC and AG, not lying on the same 
side, make the adjacent angles with some straight-line 
BA, at the point A on it, (whose sum is) equal to two 
right-angles. Thus, C A is straight-on to AG [Prop. 1.14]. 
So, for the same (reasons), B A is also straight-on to AH. 
And since angle DBC is equal to FBA, for (they are) 
both right-angles, let ABC have been added to both. 
Thus, the whole (angle) DBA is equal to the whole (an- 
gle) FBC. And since DB is equal to BC, and FB to 
BA, the two (straight-lines) DB, BA are equal to the 
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totywvoyv t6) ZBI tayóvo čotiv tcov: xot [£o] x00 uev 
ABA tety@vou ditAdotoy tò BA rapanióypauuov: Bác 
tE yàp TÅV aÙTÀY čyovor THY BA xal &v Tolle avtoit¢c etor 
ropa forc totic BA, AA: tod d¢ ZBI tayóvou ðrigoiov 
to HB teteaymvov Paow te yàp náv TAY avTHY EyovoL 
tHY ZB val év tos awts slot NapaAdAhAotc toas ZB, HI. 
[xà 8& 16v owy drigo toa Aoc &oív:] toov &pa ot 
xal tò BA napo Ar óvoouuov 16 HB xevgaovo. óuotoc 
07»| &riCevvvuuévov vv AE, BK 9eo0fioexot xoi to TA 
trapo ÀYAóYvooapuov toov 1G OL xexgayo vo: óAov Koa TÒ 
BABET tetoe&ywvoyv Svot toi¢ HB, OP tetoayavoig toov 
éotly. xat oti tÒ uèy BAET tetodyovoy and th¢ BLE àva- 
Yeoxpév, xà 6¢ HB, OF dnd x&v BA, AT. tò &pa ànó tic 
BI' rAeugóic vexpóvcovov tcov ot xoiz ànró tõv BA, AT 
TASLEDY TETOAY@VOLC. 





A. A 


E 

Ev doa tois deVoywvloic Telty@voig TO ATÒ TAC TV 
óp0T|v vcoviav oxotetwoborjc nAeupüc xevpéovov toov &oi 
toic àxó THY THY God |vovt(av| negeyouoGv rAcupGv te- 
tpoOvoiz: óneo &Oet Ocieon. 


t The Greek text has “F B, BC”, which is obviously a mistake. 


t This is an additional common notion. 
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two (straight-lines) CB, BF,’ respectively. And angle 
DBA (is) equal to angle FBC. Thus, the base AD [is] 
equal to the base FC, and the triangle AB D is equal to 
the triangle FBC [Prop. 1.4]. And parallelogram BL 
[is] double (the area) of triangle ABD. For they have 
the same base, BD, and are between the same parallels, 
BD and AL [Prop. 1.41]. And square GB is double (the 
area) of triangle FBC. For again they have the same 
base, FB, and are between the same parallels, FB and 
GC [Prop. 1.41]. [And the doubles of equal things are 
equal to one another]* Thus, the parallelogram BL is 
also equal to the square GB. So, similarly, AE and BK 
being joined, the parallelogram C'L can be shown (to 
be) equal to the square HC. Thus, the whole square 
BDEC is equal to the (sum of the) two squares GP and 
HC. And the square BDEC is described on BC, and 
the (squares) GB and HC on BA and AC (respectively). 
Thus, the square on the side BC is equal to the (sum of 
the) squares on the sides B A and AC. 
H 





D L 


E 

Thus, in right-angled triangles, the square on the 
side subtending the right-angle is equal to the (sum of 
the) squares on the sides surrounding the right- [angle]. 
(Which is) the very thing it was required to show. 
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uj 
"Edy TelyY@voU TO óàmró utc tv nÀeUpGv TETEaYWVOY 
toov J| toic ànò tõv AÀowGv toO tptyovou 000 nA&tUQGY 
t&tpaYOvoic, À NEPleyoUevN Ywvla LTO xGv AowGv TOD 
TOLYWVOU SLO TAELEGY OPDY EoTIV. 


D 


A A B 

Towóvov yàp tol ABT xo óxó mae tHe BI tàcvoðs 
TeTOdyWvoyv {oov čotw tois àxó x&v BA, AT' xAceupGvy te- 
tpatyovotz: Aévo, óx ópOf, &cwuvy fj ónó BAT yovia. 

"Hyde yuo and x00 A onuctou tý AT ceilg npóc ópOdc 
f| AA xoà xeio9o tH BA ton Y, AA, xoi &neCeoy9o 9, AT. 
&nel ton éotiv À AA th AB, toov &od xoi tO ano tiS 
AA tetpoåywvov 6) and th¢ AB teteaymve. xowoóv ngo- 
oxctode tO dnd thc AT tetodywmvov tk doa and tõv AA, 
AT tetodywva toa ot tote dnd tv BA, AT tetoawyavote. 
AAAA Ttotc uev and tév AA, ALT tcov &oxi xó ànxó the AT: 
óp0T) Yáp &cuv Y) o0xó AAT ywvia tote è ano tv BA, 
AT toov ot) tò and tis BI" Ondxertoa yao: tO how and 
týs AT xexpévovov tcov &od 1G and vfjc BD tetpayóvo 
aote val tAcved À AT xfj BI otw tory xoi &nel tov) £o xiv 
À AA tÑ AB, xavi è 5| AD, 600 97) ai AA, AT' 800 xoc 
BA, AD tom stotv: xat B&otg 4 AT Bdoe vf; BP ton: yovta 
goa Å òrò AAT yæovig tÅ òrò BAT [Zot] ton. óp97, 66 Å 
brò AAT" óp sou xot Å òrò BAT. 

“Ey dod TOLYQ@VOL TO ONO ULdic THY TASUEOY TEeTEdywvoV 
ícov Y| toic ànó TOv AownrGv tod Terymvou dVO TAEUEOY 
tetporvOvoic, f| xepgieyouévr, vovta oxó tGv AowGv TOD 
tpuyovou 800 TAEUEaY óp otv: önep Eder Seton. 
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Proposition 48 
If the square on one of the sides of a triangle is equal 


to the (sum of the) squares on the two remaining sides of 
the triangle then the angle contained by the two remain- 


ing sides of the triangle is a right-angle. 


D A B 

For let the square on one of the sides, BC, of triangle 
ABC be equal to the (sum of the) squares on the sides 
BA and AC. I say that angle B AC is a right-angle. 

For let AD have been drawn from point A at right- 
angles to the straight-line AC [Prop. 1.11], and let AD 
have been made equal to BA [Prop. 1.3], and let DC 
have been joined. Since DA is equal to AB, the square 
on DA is thus also equal to the square on AB.! Let the 
square on AC have been added to both. Thus, the (sum 
of the) squares on DA and AC is equal to the (sum of 
the) squares on B A and AC. But, the (square) on DC is 
equal to the (sum of the squares) on DA and AC. For an- 
gle DAC is a right-angle [Prop. 1.47]. But, the (square) 
on BC is equal to (sum of the squares) on BA and AC. 
For (that) was assumed. Thus, the square on DC is equal 
to the square on BC. So side DC is also equal to (side) 
BC. And since DA is equal to AB, and AC (is) com- 
mon, the two (straight-lines) DA, AC are equal to the 
two (straight-lines) BA, AC. And the base DC is equal 
to the base BC. Thus, angle DAC [is] equal to angle 
BAC [Prop. 1.8]. But DAC isa right-angle. Thus, BAC 
is also a right-angle. 

Thus, if the square on one of the sides of a triangle is 
equal to the (sum of the) squares on the remaining two 
sides of the triangle then the angle contained by the re- 
maining two sides of the triangle is a right-angle. (Which 
is) the very thing it was required to show. 


t Here, use is made of the additional common notion that the squares of equal things are themselves equal. Later on, the inverse notion is used. 


48 


ELEMENTS BOOK 2 


Fundamentals of Geometric Algebra 
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VTOIXEION D. 


“Opor. 

a. lav nraparànióypauuov ôptoyðovov neoieycoDat 
Ačyeta brò O00 THY THY py yovlay nepieyovoðv 
COUELOY. 

D. IIavxóc 6& xapo^Arovoéuuou ycpotou xGv negl THY 
Ote xpov axoO roapoA^Tovoóuuov £v órotovoOv oov toic 
OVOL TAPATANOWUAGL YYOUOV xoActoDe. 


ar. 

‘Edy Got 600 eo90ciot, cur|9fj 66 Å étÉpa oróxGv eic óoa- 
ONTNOTODY xufjuata, TÒ nepieyóuevov ópUovowov OxÓ 1GV 
600 £09O€.GYy tcov £o vol UNG TE TC &xuY|xou xoi &xáotou 
TOY TUNUATWY TEELEYOUEVOIC GODOYWVIOLC. 


A 


B A E 


H 
A © 
v 


"Eotwoay 900 cve ot. A, BI, xoi vexurjoOc nh BI, 
Gc £xoyev, xaxà xà A, E ovncior Aévo, Ott TO ONO THSv A, 
BI' negteyouévov ópOovcwov tcov &oci 1G te onÓ 16v À, 
BA nepieyouévo ópOovowvio xoi TG brò tõv A, AE xo £u 
t& brò 1Gv À, ET. 

"Hyo yàp &nò xo0 B tfj BI npóc óp9àc y BZ, xoi 
xetodw tH Aton Y; BH, xoi à uev toč H vf; BD xapéA^noc 
fiy9o Y, HO, à òè t&v A, E, I «f; BH napóAAnot ry oooav 
at AK, EA, To. 

"Icov 95, otu tò BO tois BK, AA, EO. xal ot tò 
uev BO tò òrò tõv A, BI” nepéyeta uev yuo bro TOV 
HB, BT, ton òè ñ BH t A: tò 86€ BK xo ono xGv A, BA 
nepgiéyexot uev Yàp ono tõv HB, BA, ton è 5| BH tÅ A. tò 
de AA xó onó 1v A, AE ton yàp ġ AK, tovtéoty ġ BH, 
tfj ÀÁ. xoi £x ôuolwc tò EO tò brò tõv A, ED: 10 àpa ono 
t&v A, BI foov &ox x6 te òrò A, BA xal 16 Ono A, AE 
xoi &xt x6) oro À, ET. 

Eàv goa ó30v 600 £OÓ9Octiot, tunit dè y) £xéga. a0 xOv eic 
ócaórnotoÜv tuYjiaro, tÓ nxepieyóuevov ópUüovowov ÙTÒ 
t&v 600 ELDELHYV tcov £o toi; o0xÓ tE TS &vuY|[tou xol 
EXAOTOU THY TUNUATWY nxepuieyouévow ópüovcovlowc Óónep 


K 
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Definitions 
1. Any rectangular parallelogram is said to be con- 
tained by the two straight-lines containing the right- 
angle. 
2. And in any parallelogrammic figure, let any one 
whatsoever of the parallelograms about its diagonal, 
(taken) with its two complements, be called a gnomon. 


Proposition 1' 


If there are two straight-lines, and one of them is cut 
into any number of pieces whatsoever, then the rectangle 
contained by the two straight-lines is equal to the (sum 
of the) rectangles contained by the uncut (straight-line), 
and every one of the pieces (of the cut straight-line). 


A 
B D E C 


" H 
F 

Let A and BC be the two straight-lines, and let BC 
be cut, at random, at points D and F. I say that the rect- 
angle contained by A and BC is equal to the rectangle(s) 
contained by A and BD, by A and DE, and, finally, by A 
and EC. 

For let BF have been drawn from point B, at right- 
angles to BC [Prop. 1.11], and let BG be made equal 
to A [Prop. 1.3], and let GH have been drawn through 
(point) G, parallel to BC [Prop. 1.31], and let DK, EL, 
and CH have been drawn through (points) D, E, and C 
(respectively), parallel to BG [Prop. 1.31]. 

So the (rectangle) BH is equal to the (rectangles) 
BK, DL, and EH. And BH is the (rectangle contained) 
by A and BC. For it is contained by GB and BC, and BG 
(is) equal to A. And B K (is) the (rectangle contained) by 
A and BD. For it is contained by GB and BD, and BG 
(is) equal to A. And DL (is) the (rectangle contained) by 
A and DE. For DK, that is to say BG [Prop. 1.34], (is) 
equal to A. Similarly EH (is) also the (rectangle con- 
tained) by A and EC. Thus, the (rectangle contained) 
by A and BC is equal to the (rectangles contained) by A 


K L 
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ede, Stiga. and BD, by A and DE, and, finally, by A and EC. 

Thus, if there are two straight-lines, and one of them 
is cut into any number of pieces whatsoever, then the 
rectangle contained by the two straight-lines is equal 
to the (sum of the) rectangles contained by the uncut 
(straight-line), and every one of the pieces (of the cut 
straight-line). (Which is) the very thing it was required 
to show. 


t This proposition is a geometric version of the algebraic identity: a (64+ c+d+---)=ab+ac+ad+---. 


p'. Proposition 2! 


'"Eàv eo9cto Yooguy) vurfj, c Ééxvyev, TO ONO tie GAN If a straight-line is cut at random then the (sum of 
xol, &xorxépou x&v xuruózov nepieyóuevov ógüovowovícov the) rectangle(s) contained by the whole (straight-line), 
oT} T &NO Tic GANS TETOAYOVE. and each of the pieces (of the straight-line), is equal to 

the square on the whole. 


A T B A C B 


A Z E D F E 


Evveta yàp À AB tetuńoðw, s ëtuyev, xatà tò T For let the straight-line AB have been cut, at random, 
cruciov Aévo, óu tò brò tõv AB, BPI zegeyóuecevov at point C. I say that the rectangle contained by AB and 
ógÜovcowov uexà toŭ rò BA, AT xegieyouévou óp0o- BC, plus the rectangle contained by BA and AC, is equal 


yovtou toov éotl 16 and th¢ AB tetpayóvo. to the square on AB. 

Avayeyedova yuo and 1fjc AB xvevo&yovov xó AAEDB, For let the square ADEB have been described on AB 
xol Hyw Dà to D' ónoxégy xGv AA, BE napg&áAAn^oc f, [Prop. 1.46], and let CF have been drawn through C, 
LUZ. parallel to either of AD or BE [Prop. 1.31]. 


"Icov 95, £o xó AE tois AZ, DE. xot £o x6 u£v AE So the (square) AE is equal to the (rectangles) AF 
tO and tfjc AB tetpoáywvov, tò è AZ tò òrò tõv BA, and CE. And AE is the square on AB. And AF (is) the 
AT xepieyóuevov ópOovowov: repiéyetor uèv yàp òrò tõv rectangle contained by the (straight-lines) BA and AC. 
AA, AT, tor, 6€ Y, AA vf; AB: xó òè TE tò ono xv AB, For it is contained by DA and AC, and AD (is) equal to 
BI" on yàp Y, BE xf; AB. xó &pa oóxó xv BA, AU uexà AB. And CE (is) the (rectangle contained) by AB and 
toč rò t&v AB, BT toov é&oxi xG àxó xfjc AB xvexgayóvo. | BC. For BE (is) equal to AB. Thus, the (rectangle con- 

"Eàv &po eo9cto YoouuT, tunt, ðs ëtuyev, tò òrò tc tained) by BA and AC, plus the (rectangle contained) by 
ONS Mol &xorxépou t&v xurjuáxov negeyóuevov ópgQovovov AB and BC, is equal to the square on AB. 

(cov ot) t àxó tfjc ÓArjc tetowyave’ neo Eder Seton. Thus, if a straight-line is cut at random then the (sum 
of the) rectangle(s) contained by the whole (straight- 
line), and each of the pieces (of the straight-line), is equal 
to the square on the whole. (Which is) the very thing it 
was required to show. 
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t This proposition is a geometric version of the algebraic identity: a 5 -- a c = a? if a = b + c. 


Y. 

Eàv coveta yoouuy tunt, Qc Etvyev, TO ONO tfjc SANS 
XAL EVOG TOY TUNUATOYV nepueyóuevov ópOovowvov toov oTt) 
TG) TE DMO TOY TUNUATOV xepgieyou£vo óp0ovovio xal t 
ATÒ TOŬ npociprjuiévou vufjuaxoc tvexpary vo. 


A p B 


Z A E 


Eó9cta yàp Y, AB tetunodw, a Etvyey, xatà tò T 
Aévo, óu TO ONO THY AB, BI negieyduevoy ópðoyóvov 
toov éotl t6 te brò tõv AT, TB nepieyouévo ópoyovi 
uecxà& tod and tic BI’ teteayavou. 

Avayeyedove yuo and th¢ DB vexoéyovov tò DAEB, 
xol Gufjy oo À EA èni tò Z, xoi Qux oO À ónoxéoa x&v DPA, 
BE nopóA^roc Hyd AZ. toov ý ot tò AE tois AA, 
TE: xal got: tO u£v AE tò rò x&v AB, BI negueyduevoy 
ópÜovowvov: repgiéyexot u&v Yàp oro tõv AB, BE, ton d¢ ¥ 
BE tý BI” tò è AA tò oxó x&v AT, EB: fon yàp ġ AT 
tf ITB: tò òè AB tò ånò týs ITB tetoáywvov: tò &pa ono 
tv AB, BI repieyóuevov dedoyawoy toov gotl 16 ONO 
tv AT, TB zepieyouévo dptoywviw usta to and tHe BI 
TETONYQVOD. 

Eay doa evveta yoouuun tunt, ac Etvyey, TO ONO Thc 
Ó^T|c xoi &voc TOY TUNUATOYV xepgieyóuevov ópOovowov toov 
E0Tl TG) Te UNO TOV t1urjsé&xov nepueyouévo ógDovcovio xoi 
T& ONO TOU TOOSLONUEVOL TUYUATOS TETOAYM@VW’ OTEO EdEL 
Ete an. 


Proposition 3! 


If a straight-line is cut at random then the rectangle 
contained by the whole (straight-line), and one of the 
pieces (of the straight-line), is equal to the rectangle con- 
tained by (both of) the pieces, and the square on the 
aforementioned piece. 


A C B 


F D E 


For let the straight-line AB have been cut, at random, 
at (point) C. I say that the rectangle contained by AB 
and BC is equal to the rectangle contained by AC and 
C B, plus the square on BC. 

For let the square C DEB have been described on C B 
[Prop. 1.46], and let ED have been drawn through to 
F, and let AF have been drawn through A, parallel to 
either of C D or BE [Prop. 1.31]. So the (rectangle) AE 
is equal to the (rectangle) AD and the (square) C E. And 
AE is the rectangle contained by AB and BC. For it is 
contained by AB and B E, and BE (is) equal to BC. And 
AD (is) the (rectangle contained) by AC and CB. For 
DC (is) equal to CB. And DB (is) the square on CB. 
Thus, the rectangle contained by AB and BC is equal to 
the rectangle contained by AC and CB, plus the square 
on BC. 

Thus, if a straight-line is cut at random then the rect- 
angle contained by the whole (straight-line), and one of 
the pieces (of the straight-line), is equal to the rectangle 
contained by (both of) the pieces, and the square on the 
aforementioned piece. (Which is) the very thing it was 
required to show. 


t This proposition is a geometric version of the algebraic identity: (a +b) a = a b 4- a?. 


ð. 


‘Hav còÛecia ypauu tun, Oc čtuyev, TO aNd Thc 
OANS TetEdywvoy taov Eotl tToic Te aNO THY TUNUATWY TE- 
TONY QVOIS xal TÆ öls ONO THY vuruétov negreyxouévo óp00- 


Proposition 4! 


If a straight-line is cut at random then the square 
on the whole (straight-line) is equal to the (sum of the) 
squares on the pieces (of the straight-line), and twice the 
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rectangle contained by the pieces. 


A C B 


Eó9cta yao yoouun ;j AB vexurjo9o, óc Évuyev, xoà 
tO TD. Aéyoo, óu 1ó ànó tfjc AB xexp&yovov toov oti toic 
t€ àxó t&v AT, DB tetpayóvo xa tõ Oi; onó tõv AT, 
IB negieyouévo ópüovowvto. 

Avayeyedove yao ano thc AB tetedywvoy tò AAEB, 
xoi &neCeOy 90 Å BA, xal dà uev vo0 I' ónoxépe x&v AA, 
EB nxapóAnAoc fy 9c 7, D'Z, 8t è o0 H ónocégo xv AB, 
AE xopéáA^noc fy 9c f, OK. xoi &xei napéAAnAÓóc otv f| 
IZ 1f, AA, xoi eic abxàc &unéxvoxev 9| BA, fj £xxóc vov(a 
Å òrò THB ton £o tfj £vxóc xoi àxevavtov xfj óxnó AAB. 
&AA' À òrò AAB t òrò ABA éow ton, Exel xal tàcupà ñ 
BA tf AA éotw ton: xo ġ òrò THB doe Youd tH Ond HBE 
cot toy ote xal tAcved Y| BI' xAeupg tH CH éotw ton: 
AAA fj uev EB «fj HK otv ton. ñ òè TH tfj KB: xoi Y; HK 
&pa tfj KB otw tory toónAcupov ipa otl tò L'HKB. A£yo 
0f, ó* xot ópUovowov. enel Yàp napéáAArAóc ouv A TH 
tf; BK [xoà eic abxàc &unéntoxev eó0cta i TBI, at dou bxd 
KBI, HI B yovtot 600 ógpUoüc ciow tom. dpt de H LTO 
KBI* óp07, &pa xoi Y, rò BTH: ote xal at anevavtiov 
at bro THK, HKB óge9aí eiow.  ógO0ovowov gox ott tO 
VHKB: cdetydn Se xot todmAsupOV’ TetTEd&ywvoy Koa cotty’ 
xal Coty Ano tho DB. ore te HOTA OY) Xa TO OZ xexpiyovóv 
touv: xal otv ànó tiH¢ OH, toutéotw [ånò] týs AI" tà 
toa OZ, KT tetoáywva ano x&v AT, DB etow. xol ênel 
(cov £o tò AH x6 HE, xat cot, t6 AH tO òrò xGv AT, 
TPB: ton yoo ġ HI xfj; ITB: xa tò HE &pa tcov £o 16 
òrò AT, TB: tà &pga. AH, HE toca éoti té dic bro tov 
AT, DB. £c 9& xoi xà OZ, UK xevoéyvova and xGv AT, 
TB: tà kom técoapa tà OZ, TK, AH, HE tow éoti xoic ce 
ano TOV AD, PB tetoayóvo xa 16) otc onó x&v AT, DB 
regieyouévo ópÜovovio. Aà xà OZ, UK, AH, HE óXov 
éott tò AAEB, 6 éotw and tic AB vevoévovov: tò koa 
ano tic AB tetpáywvov {oov oti tois te dnd tõv AT, 
[B tetpayóvo xal t& 8c ono THY AT, TB regueyouéves 
ptoywvie). 

"E&v toa coveta youn tunt, ©c £vuyev, 16 áxoó tfc 
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For let the straight-line AB have been cut, at random, 
at (point) C. I say that the square on AB is equal to 
the (sum of the) squares on AC and CB, and twice the 
rectangle contained by AC and CB. 

For let the square ADEB have been described on AB 
[Prop. 1.46], and let BD have been joined, and let CF 
have been drawn through C, parallel to either of AD or 
EB [Prop. 1.31], and let H K have been drawn through 
G, parallel to either of AB or DE [Prop. 1.31]. And since 
CF is parallel to AD, and BD has fallen across them, the 
external angle CGB is equal to the internal and opposite 
(angle) ADB [Prop. 1.29]. But, ADB is equal to ABD, 
since the side BA is also equal to AD [Prop. 1.5]. Thus, 
angle CGB is also equal to GBC. So the side BC is 
equal to the side CG [Prop. 1.6]. But, CB is equal to 
Gk, and CG to KB [Prop. 1.34]. Thus, GK is also equal 
to KB. Thus, CGK B is equilateral. So I say that (it is) 
also right-angled. For since CG is parallel to BK [and the 
straight-line C B has fallen across them], the angles KBC 
and GC B are thus equal to two right-angles [Prop. 1.29]. 
But KBC (is) a right-angle. Thus, BCG (is) also a right- 
angle. So the opposite (angles) CGK and GK B are also 
right-angles [Prop. 1.34]. Thus, CGKB is right-angled. 
And it was also shown (to be) equilateral. Thus, it is a 
square. And it is on CB. So, for the same (reasons), 
HF is also a square. And it is on HG, that is to say [on] 
AC [Prop. 1.34]. Thus, the squares HF’ and KC are 
on AC and CB (respectively). And the (rectangle) AG 
is equal to the (rectangle) GE [Prop. 1.43]. And AG is 
the (rectangle contained) by AC and CB. For GC (is) 
equal to CB. Thus, GF is also equal to the (rectangle 
contained) by AC and CB. Thus, the (rectangles) AG 
and GE are equal to twice the (rectangle contained) by 
AC and CB. And HF and CK are the squares on AC 
and C B (respectively). Thus, the four (figures) HF, CK, 
AG, and GE are equal to the (sum of the) squares on 
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odye tetedyavoy tooyv goth totic te Gnd THY tunudtwv te- AC and BC, and twice the rectangle contained by AC 

TEUYAVOLS Kal TE Sle DNS THY tUnuUdtoOY neeieyouevas 6o00- and CB. But, the (figures) HF, CK, AG, and GE are 

yore oreo eder Seton. (equivalent to) the whole of ADEB, which is the square 
on AB. Thus, the square on AB is equal to the (sum 
of the) squares on AC and C B, and twice the rectangle 
contained by AC and CB. 

Thus, if a straight-line is cut at random then the 
square on the whole (straight-line) is equal to the (sum 
of the) squares on the pieces (of the straight-line), and 
twice the rectangle contained by the pieces. (Which is) 
the very thing it was required to show. 


t This proposition is a geometric version of the algebraic identity: (a +b)? = a? + 6? + 2ab. 


e. Proposition 5! 

"Edy cvveta yoouuun vue fi eic toot xol dvioa, TO ONO TOV If a straight-line is cut into equal and unequal (pieces) 
aviowy tic 6Ane tunudtoy nepieyéuevoy GoVoymwoy uete then the rectangle contained by the unequal pieces of the 
tot) and tic uetagb tv toudyv tetoxyovovu tooyv éott té whole (straight-line), plus the square on the (difference) 


ONO tfjc fjutce(ac TETAY. between the (equal and unequal) pieces, is equal to the 
square on half (of the straight-line). 
A D A B A C D B 





F 


Edveta ydo ts Å AB tetuńoðw eic uev toa xaxà xo For let any straight-line AB have been cut—equally at 
[', eic 6€ &woa xaxà tò Av Aévo, óu tò ónó x&v AA, AB C, and unequally at D. I say that the rectangle contained 
nepeyóucvov covoyawoy yeta tod dnd tTH¢ TA tetowymvou by AD and DB, plus the square on CD, is equal to the 
tcov &o 165 ano ts [TB tetpayovo. square on C B. 

À vore oó0o Yàp àxó vfi; UB tetoáywvov tò TEZB, For let the square C EF B have been described on C B 
xol &xeCeoy 0o f, BE, xoi Qux u£v x00 A érnotéey tv TE, ([Prop. 1.46], and let BE have been joined, and let DG 
BZ nzapgéáAAnAoc fjj90 f, AH, à 6€ tot O Snotéey téHv have been drawn through D, parallel to either of CE or 
AB, EZ napdAnroc nédw fy9o f, KM, xoi név 8i toč A BF [Prop. 1.31], and again let KM have been drawn 
óxocéog x&v DA, BM xopóX aoc foro f, AK. xoi éxnei tcov. through H, parallel to either of AB or EF [Prop. 1.31], 
otl tò TO zopomAfpoua x OZ roapanAnoóuau, xowov and again let AK have been drawn through A, parallel to 
npgooxzio0o tO AM: ddov tox tò TM öy tæ AZ toov either of CL or BM [Prop. 1.31]. And since the comple- 
&£ot(v. Aà tò TM 716 AA toov éotty, exet xoat À AT tă ment CH is equal to the complement HF [Prop. 1.43], 
[TB otv ïon xoi tò AA bow tõ AZ {oov éottv. xowòy let the (square) DM have been added to both. Thus, 
noooxsiode :ó DO: 6Aov &pa tó AO x MN&E! vvóuow the whole (rectangle) CM is equal to the whole (rect- 
icov &ox(v.. DAY tO AO t6 òrò tõv AA, AB éotw: ton angle) DF. But, (rectangle) CM is equal to (rectangle) 
yuo Wf AO tH AB’ xot ô MNE bow yvauwv {ooç £o tă AL, since AC is also equal to CB [Prop. 1.36]. Thus, 
oóxó AA, AB. xowóv xgooxscio00 xó AH, ö otuv {oov tă (rectangle) AL is also equal to (rectangle) DF. Let (rect- 
àxró tfic DA: 6 &poa MNE yvóuwv xal tò AH toa £c x angle) CH have been added to both. Thus, the whole 
òrò t&v AA, AB nepieyouévo ógÜovovio xoi tõ and vfic (rectangle) AH is equal to the gnomon NOP. But, AH 
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TA tetexyavw. &XXà& ó MNZ vvouov xoi xó AH óAov &odi 
tO [EZB xexpévovov, 6 ouv ànó tis L'B: 16 àpa ono tõv 
AA, AB nepieyóuevov ópüovowvov ugxà toðŭ ànó thc TA 
te&tparyovou toov £o 1G ànó tfjc TB xexpayovo. 

Eay doa evveta yoouun tundf cic toa xal &vioa, TO DMO 
TOV à&vtoov tfjc ÓAnc TUNUATOYV repieyóuecvov CEOYVLOV 
usta TOU Ano th¢ ysTagh T&v xouGv xexparyovou toov &odi 
1G ATÒ tfjc Y|utce(oc vexpoovo. OnE Eder Seigan. 
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is the (rectangle contained) by AD and DB. For DH 
(is) equal to DB. Thus, the gnomon NOP is also equal 
to the (rectangle contained) by AD and DB. Let LG, 
which is equal to the (square) on C D, have been added to 
both. Thus, the gnomon NOP and the (square) LG are 
equal to the rectangle contained by AD and DB, and the 
square on CD. But, the gnomon NOP and the (square) 
LG is (equivalent to) the whole square C EF B, which is 
on CB. Thus, the rectangle contained by AD and DB, 
plus the square on C D, is equal to the square on C P. 

Thus, if a straight-line is cut into equal and unequal 
(pieces) then the rectangle contained by the unequal 
pieces of the whole (straight-line), plus the square on the 
(difference) between the (equal and unequal) pieces, is 
equal to the square on half (of the straight-line). (Which 
is) the very thing it was required to show. 


t Note the (presumably mistaken) double use of the label M in the Greek text. 


t This proposition is a geometric version of the algebraic identity: ab + [(a + 6)/2 — b]? = [(a + 6) /2]?. 


g. 

Eàv coveta yoouuuy tunt otya, moootedh O€ tic a1 
cevveta en’ eudetac, TO DMO Tc CANS cov tfj npooxeiuévr,) xal 
tfjc npooxeiévrc nepgueyóuevov ópUüóvcoviov UETA TOŬ aNd 
ts Yjutoetoc xexpary vou toov £o 1G amo tfjc ovYxeugévr)c 
£x tE tfjc Y|utce(oc xoi TS npooxeiuévric vevpory ovo. 


A 





E H Z 


Evveta yéo tic À AB tetuńoðw diya xatà tò T onuetoy, 
npooxtío0co Dé tis at ceia êr’ cvdetac À BA: Aévo, 
ott TO UNO Tv AA, AB repieyduevoy do0o0yauoyv uetà 
tob and thc TB teteayavou toov éott 16 dno th¢ TA te- 
TOOLY OVO). 

Avayeyedove yuo å&nò ts TA tetodéywvoy tò TEZA, 
xol &rneCeOy 00 7| AE, xoi ài uev tol B onuctov dnotéeg 
Gy ED, AZ napgéAnoc fiy9o f, BH, ài 6€ x00 O onuctou 
onotéeg THY AB, EZ napóArnoc fiy9co 9, KM, xoi £v àu 
tol A énotéoy tv TA, AM napóAAnoc fiy9o f| AK. 

‘Enet obv toy éotiy Wy AD th TB, toov éoti xa tò AA 
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Proposition 6! 


If a straight-line is cut in half, and any straight-line 
added to it straight-on, then the rectangle contained by 
the whole (straight-line) with the (straight-line) having 
being added, and the (straight-line) having being added, 
plus the square on half (of the original straight-line), is 
equal to the square on the sum of half (of the original 
straight-line) and the (straight-line) having been added. 





For let any straight-line AP have been cut in half at 
point C, and let any straight-line B D have been added to 
it straight-on. I say that the rectangle contained by AD 
and DB, plus the square on CB, is equal to the square 
on C D. 

For let the square CEF D have been described on 
CD [Prop. 1.46], and let DE have been joined, and 
let BG have been drawn through point P, parallel to 
either of EC or DF [Prop. 1.31], and let KM have 
been drawn through point H, parallel to either of AB 
or EF [Prop. 1.31], and finally let AK have been drawn 
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tH TO. Mà tò TO tõ OZ toov &cxtv. xoi xó AA &eu 16 through A, parallel to either of CL or DM [Prop. 1.31]. 
OZ otw toov. xowóv noooxetodw tò TM: ddov &pa x Therefore, since AC is equal to CB, (rectangle) AL is 
AM t NEZO vvóuovt otv toov. dAXà xó AM ot tò òrò also equal to (rectangle) CH [Prop. 1.36]. But, (rectan- 
tév AA, AB: ton yao éotw f; AM t AB: xo ô NEO &ọa gle) CH is equal to (rectangle) HF [Prop. 1.43]. Thus, 
Yvoyuov tcoc £o 16$ ono tõv AA, AB [nepieyouévo óp90o- (rectangle) AL is also equal to (rectangle) H F. Let (rect- 
yovi]. xowóv npooxcío0o tò AH, ó otv toov tă ånò angle) CM have been added to both. Thus, the whole 
ts BI tetowyave tò You bnd tHv AA, AB nepieyduevov (rectangle) AM is equal to the gnomon NOP. But, AM 
ópgÜovowov uetà toŬŭ ånò tc [TB tetoayóvov řoov coth is the (rectangle contained) by AD and DB. For DM is 
tõ NZO yvóuov xoi x AH. à ô NEO vvópov xoà equal to DB. Thus, gnomon NOP is also equal to the 
tò AH ddov éott tò TEZA tetoáywvov, ó otuv ånò xfjc [rectangle contained] by AD and DB. Let LG, which 
TA: 16 dex bnd xGOv AA, AB ncpieyóuevov ógüovowov | is equal to the square on BC, have been added to both. 
uexà Tob ano th¢ TB tetpayóvov {oov ot xG ånò täs TA Thus, the rectangle contained by AD and DB, plus the 
TETONY OVE). square on CB, is equal to the gnomon NOP and the 
'Eàv &pa eó0cta Ypouuy| vurofj Svo, npooteO0f| 66 uc (square) LG. But the gnomon NOP and the (square) 
guty sv0eta èn’ evdetac, TO DMO tfjc ÓAvc cov tfj npo- LG is (equivalent to) the whole square CEF D, which is 
OXEIUEVN xoi tfj; xgooxeiwuévrne negueyóuevov ógüóvowvov on CD. Thus, the rectangle contained by AD and DB, 
uetà toU ånò ctfjc fjuce(ac vevpayovou toov ot t àxó plus the square on CB, is equal to the square on C D. 
tfc coYxeuévrnc £x te tc fluuoetoc xot vfjc xpooxeuévrc Thus, if a straight-line is cut in half, and any straight- 
tetoayova óneo &oet Ociton. line added to it straight-on, then the rectangle contained 
by the whole (straight-line) with the (straight-line) hav- 
ing being added, and the (straight-line) having being 
added, plus the square on half (of the original straight- 
line), is equal to the square on the sum of half (of the 
original straight-line) and the (straight-line) having been 
added. (Which is) the very thing it was required to show. 


t This proposition is a geometric version of the algebraic identity: (2a + 6) b+ a? = (a+6)?. 


C. Proposition 7! 


Edy ev0eia yoo tun, ac Etvyev, TO dnd tHe ČANG If a straight-line is cut at random then the sum of 
xol TÒ ÀQ’ évóc xGv xuruóxov Ta GUVaUOdtEOY tetodywva the squares on the whole (straight-line), and one of the 
fou ott TG te dic ONS tHe GANe nal Tob cionuévou tuńuatos pieces (of the straight-line), is equal to twice the rectan- 
nepeyouévo poywviw xal TG ENO tot Aotnod tunuato¢g gle contained by the whole, and the said piece, and the 
TETOLNY OVO. Square on the remaining piece. 


B A B 





A N E D N E 


Ejó9cta. Yáp cc Y AB xexuYjo90, óc ëtuyev, xatà tò T For let any straight-line AB have been cut, at random, 
onuciov: Aévo, óu xà &xó x&v AB, BI xexoáyova ica £c at point C. I say that the (sum of the) squares on AB and 
tæ te Gic ono x&v AB, BI xepieyouévo ógOovowvt(o xoà x6. BC is equal to twice the rectangle contained by AB and 
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ànó tfic L'À vexvparvovo. 

Avayeyedove yuo ano thc AB tetedywvoy tò AAEB: 
Xa KATHVEVEAPVG TO oy Tuc. 

‘Exel obv tooy gott to AH 165 HE, xowdy ngooxsío0o 
tO TZ: ov goa tò AZ öv tõ TE {oov éotty xà hoa 
AZ, TE dirAdovd éott to AZ. àAXAà xà AZ, UE 6 KAM 
EOTL YYOUOY xal tò ITZ tetoáywvov: 6 KAM doa yvauov 
xal tò [Z óutAé&otó ot tol AZ. ott è toŭ AZ OutAóotov 
xal tò ðs oró x&v AB, BI* tcr) yàp À BZ tH BI’ 6 Koa 
KAM vvogucov xoi tò D'Z xexeévovov toov &oxi 1G Olc ono 
:Gv AB, BI. xowóv roooxetodw tò AH, 6 éotw and the 
AT tetoáywvov: 6 goa KAM yvauav xoa tà BH, HA 
tetoayuva toa oti tõ te Sic ono tõv AB, BI nepieyouévo 
òptoywvio xal tõ ànò týs AT tetpayovw. aà ò KAM 
YYVOuUY xa tà BH, HA cexeéyova óAov £o xó AAEB xol 
tò [Z, & otv and Tv AB, BI tetodyova td bon &nd TOY 
AB, BI tetoåywva toa £o 165 [te] dic Ond tHv AB, BI 
TEPLEYOUEVWD OOVOYOVIW UETa TOD and tHe AD tetpayövov. 

Edy goa cbv0cia yoouur tundf, oc Etvyeyv, TÒ and 
THe GANS xal TÒ AP’ VÒS TÕV TUNUÁTOV TÀ CUVAUPÓTEPA 
teEToåywva toa oth t& Te ls DMO Thc SANS xal TOD 
clONUEVOL TUYMATOS xepieyou£vo ópoywviw xol TH AMO 
tov Aoitnod tunuatos tetoayove’ Onee Eder Seton. 
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BC, and the square on C A. 

For let the square ADEB have been described on AB 
[Prop. 1.46], and let the (rest of) the figure have been 
drawn. 

Therefore, since (rectangle) AG is equal to (rectan- 
gle) GE [Prop. 1.43], let the (square) CF have been 
added to both. Thus, the whole (rectangle) AF is equal 
to the whole (rectangle) CE. Thus, (rectangle) AF plus 
(rectangle) CE is double (rectangle) AF. But, (rectan- 
gle) AF plus (rectangle) CE is the gnomon KLM, and 
the square CF. Thus, the gnomon KLM, and the square 
CF, is double the (rectangle) AF. But double the (rect- 
angle) AF is also twice the (rectangle contained) by AB 
and BC. For BF (is) equal to BC. Thus, the gnomon 
KLM, and the square CF, are equal to twice the (rect- 
angle contained) by AB and BC. Let DG, which is 
the square on AC, have been added to both. Thus, the 
gnomon KLM, and the squares BG and GD, are equal 
to twice the rectangle contained by AB and BC, and the 
square on AC. But, the gnomon KLM and the squares 
BG and GD is (equivalent to) the whole of ADEB and 
CF, which are the squares on AB and BC (respectively). 
Thus, the (sum of the) squares on AB and BC is equal 
to twice the rectangle contained by AB and BC, and the 
Square on AC. 

Thus, if a straight-line is cut at random then the sum 
of the squares on the whole (straight-line), and one of 
the pieces (of the straight-line), is equal to twice the rect- 
angle contained by the whole, and the said piece, and the 
square on the remaining piece. (Which is) the very thing 
it was required to show. 


t This proposition is a geometric version of the algebraic identity: (a + 6)? + a? =2(a+b)a+4+0?. 


n. 

Edy cvveta yoouun tundh, oc £ruyev, xó vevpóouc onó 
Thc GANS Kal EvOs THY vurjuáxov nepgieyóuevov ópÜoYvowvov 
METÈ TOČ &TÒ toU AowroÜU tuńuaTtos tetTpay©vou toov ¿ot 
1G ànÓ te tC ÖANG xal TOD cionuévou tvufjuatoc Oc ATÒ 
LUXS AVAYPAPÉVTL TETPAYOVO. 

Eó9cta vóáp uc Å AB tetuńcůw, ©S ČTUYEV, XATA TÒ 
D onuciov Aéyo, Öt tÒ tetos brò tõv AB, BI me- 
gieyxóuevov ópDovówov uexà toŬ nò ts AT tetpayóvov 
toov éotl tT ånò ts AB, BI òc and wae dvaypapévt 
TETONY OVO). 

"ExpepAWo0o yàp &x^ codetac [tf AB có9cia] À BA, 
xoi xe(o9«c tfj DB ton 4 BA, xoi avayeyedqoda dno tic 
AA xexoévovov 70 AEZA, xal xatayeyedove dimAoby tO 
OX NYS. 


Proposition 8' 


If a straight-line is cut at random then four times the 
rectangle contained by the whole (straight-line), and one 
of the pieces (of the straight-line), plus the square on the 
remaining piece, is equal to the square described on the 
whole and the former piece, as on one (complete straight- 
line). 

For let any straight-line AB have been cut, at random, 
at point C. I say that four times the rectangle contained 
by AB and BC, plus the square on AC, is equal to the 
square described on AB and BC, as on one (complete 
straight-line). 

For let BD have been produced in a straight-line 
[with the straight-line AB], and let BD be made equal 
to CB [Prop. 1.3], and let the square AEF D have been 
described on AD [Prop. 1.46], and let the (rest of the) 
figure have been drawn double. 
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A Z 

‘Enel obv ton gotiv HTB xfj BA, à$XAà f; uev DB tH HK 
cot ton, Foe BA th KN, xa À HK dow tH KN otv tor. 
Orde TH HOTA OY xo FH ITP tH PO cotw toy. “al Enet ton Eotiv 
? BI ty BA, 5; 6€ HK «7j; KN, tcov gow otl xa tò uèv 
DK t KA, tò 6€ HP tă PN. à tò UK x6 PN otv 
loov’ napartAnpmyata yuo tol TO napodAnroyeduyou: xo 
tO KA dow 165 HP toov éotiv: ta técoaon tow ta AK, PK, 
HP, PN ica &AAfjAotz &o(v. xà TEccaoa Kou TetoanAdard 
éott tov L'K. náv &nei tov) £ov 5| DB tfj BA, &AA& 5| uev 
BA tf BK, tovutéot cf; UH tor, 5; 6€ EB vf; HK, xouvéo 
ifj HII, cotw ton, xoi 1 CH vow tH HIT ton cottv. xal &nei 
tor) £o uv f; uev PH «fj HIT, ġ òè ITP «fj PO, toov oti xal tò 
uev AH x6 MII, tò òè IIA x6) PZ. (AAG tO MII t& IA otw 
toov' TapatAnpmuata yuo tol MA napadAnroyeduuou’ xot 
tO AH &pa 1&6 PZ tcov &oxiv: xà téooapa wow te AH, MIT, 
IA, PZ toa Aios oti xà téocapa &pa x00 AH ot 
tetoarAdota. edety0n de xal tà téocapa te TK, KA, HP, 
PN x00 L'K x&xporA&otoc xà üpot óxto, à nepiéyei vóv LTY 
Yvóu ova, x&xpamA &ot& £oxt x00 AK. xoi &nel xó AK 10 O20 
:Gv AB, BA éotw: ton yuo 4) BK tý BA: TÒ how tetedxtc 
brò tõv AB, BA tetparàdoióv gott tol AK. edety0n d¢ 
to AK xexgomAóéotoc xoi ó LTY yvöuwv: tÒ pa xexoéouc 
bno tv AB, BA fooy éott 16 LTY yvóuov. xowòv zoo- 
oxciode tò ZO, 6 tot toov TG and the AT teteayove TO 
hoa tetoduic bro tv AB, BA negiceyduevoy dodoyawov 
uexà tol ånò AT tetpoayóvou toov otl t% LTY yvóuovi 
xal t& Z0. dà ô ETY vvopuov xoi xó ZO ddrov Eotl tO 
AEZA tetodyavoy, 6 got and the AA’ tO how tetodutc 
brò t&v AB, BA vets tot and AT toov éoti 16 and AA 
tetoayave ton de Y; BA cf; BE. tò pa vexpóouc ono Gv 
AB, BI' regieyóuevov ógOovowov ugxà xoO ànó AT te- 
toayavou toov éotl 163 and the AA, toutéott TH dno THe 
AB xoi BI óc &nó puóic évorvpopévu. TeTEAYOVO). 

"Ev &po eó0cto. Yoouu| vurjof,, oc £vuyev, xó tetpóouc 
— tfic ÓÀr|c xoi &voc x&v vurju&xov nepuey óuevov ópOoYo- 
VLOV UETÒ TOD ano Tov AoLNOD txuYjuatoc vetporyovou toou 
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L 


F 
Therefore, since CB is equal to BD, but CB is equal 
to GK [Prop. 1.34], and BD to KN [Prop. 1.34], GK is 
thus also equal to K N. So, for the same (reasons), QR is 
equal to RP. And since BC is equal to BD, and GK to 
K N, (square) C K is thus also equal to (square) K D, and 
(square) GR to (square) RN [Prop. 1.36]. But, (square) 
CK is equal to (square) RN. For (they are) comple- 
ments in the parallelogram CP [Prop. 1.43]. Thus, 
(square) KD is also equal to (square) GR. Thus, the 
four (squares) DK, CK, GR, and RN are equal to one 
another Thus, the four (taken together) are quadruple 
(square) CK. Again, since CB is equal to BD, but BD 
(is) equal to B K—that is to say, CG—and CB is equal 
to GK—that is to say, GQ—CG is thus also equal to GQ. 
And since CG is equal to GQ, and QR to RP, (rectan- 
gle) AG is also equal to (rectangle) MQ, and (rectangle) 
QL to (rectangle) RF [Prop. 1.36]. But, (rectangle) MQ 
is equal to (rectangle) QL. For (they are) complements 
in the parallelogram ML [Prop. 1.43]. Thus, (rectangle) 
AG is also equal to (rectangle) RF. Thus, the four (rect- 
angles) AG, MQ, QL, and RF are equal to one another. 
Thus, the four (taken together) are quadruple (rectan- 
gle) AG. And it was also shown that the four (squares) 
CK, KD, GR, and RN (taken together are) quadruple 
(square) CK. Thus, the eight (figures taken together), 
which comprise the gnomon STU, are quadruple (rect- 
angle) AK. And since AK is the (rectangle contained) 
by AB and BD, for BK (is) equal to BD, four times the 
(rectangle contained) by AB and BD is quadruple (rect- 
angle) Ak. But the gnomon STU was also shown (to 
be equal to) quadruple (rectangle) Ak. Thus, four times 
the (rectangle contained) by AB and BD is equal to the 
gnomon STU. Let OH, which is equal to the square on 
AC, have been added to both. Thus, four times the rect- 
angle contained by AB and BD, plus the square on AC, 
is equal to the gnomon STU, and the (square) OH. But, 
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Eotl TG Gnd te tHe GAN uot tol elonucvou tunuatog Ho the gnomon STU and the (square) OH is (equivalent to) 
&xó Ut&c &vorvporpévt. xevooryG vor Önep Eder deter. the whole square AEF D, which is on AD. Thus, four 
times the (rectangle contained) by AB and BD, plus the 
(square) on AC, is equal to the square on AD. And BD 
(is) equal to BC. Thus, four times the rectangle con- 
tained by AB and BC, plus the square on AC, is equal to 
the (square) on AD, that is to say the square described 
on AB and BC, as on one (complete straight-line). 
Thus, if a straight-line is cut at random then four times 
the rectangle contained by the whole (straight-line), and 
one of the pieces (of the straight-line), plus the square 
on the remaining piece, is equal to the square described 
on the whole and the former piece, as on one (complete 
straight-line). (Which is) the very thing it was required 
to show. 


t This proposition is a geometric version of the algebraic identity: 4 (a + b) a + 6? = [(a +b) J- a]?. 


v. Proposition 9! 


'Eàv eó9cia yoauu tunt sic toa xal &vica, Ta dnd If a straight-line is cut into equal and unequal (pieces) 
cv àv(oov tfc óAnc tunUdtwYV tetedywva SimAdoww got. then the (sum of the) squares on the unequal pieces of the 
tot) te dnd tHe Hutcetac xol tol and xfjc ueva&o zv xouGv whole (straight-line) is double the (sum of the) square 
TETQOY VOU. on half (the straight-line) and (the square) on the (dif- 

ference) between the (equal and unequal) pieces. 


E E 


A IR A B A C D B 


Edveta vóáp uc 5 AB tetuńoðw eic uev toa xaxà tÒ For let any straight-line AP have been cut—equally at 
D[', eic 6€ Goa xoà xó Ac Aévo, óu xà àxó xv AA, AB C, and unequally at D. I say that the (sum of the) squares 
xe oer o vat vr &ot& £o x TV dnd TOV AT, TA tetoayaveyv. on AD and DB is double the (sum of the squares) on AC 

"Hy9o yuo and tol T tH AB xgóc óg0àc 5, UE, xoi. and CD. 
xetoda ton &xoxépo x&v AT', DB, xoi éneCeoy906av ot EA, For let CE have been drawn from (point) C, at right- 
EB, xoi à u£v toŭ A «f; ED napéáAAroc fjy9o f, AZ, &à angles to AB [Prop. 1.11], and let it be made equal to 
d¢ tol Z tx AB À ZH, xoi éneCeOy 90 f, AZ. xoi énet ior, each of AC and CB [Prop. 1.3], and let EA and EB 
&oxv f, AU cf; DE, tov, £o xoà À òrò EAT yœvia tý òrò have been joined. And let DF have been drawn through 
AED. xoà Exel óp otuv A node tõ T, Aowtot &pa oi oxó (point) D, parallel to EC [Prop. 1.31], and (let) FG 
EAT, AET uğ pð too etotv: xat eiow too nutoera dou (have been drawn) through (point) F, (parallel) to AB 
ópgÜfic £c v &xorépa. x&v bnd TEA, TAE. Da tà aùtà ù [Prop. 1.31]. And let AF have been joined. And since 
“ol Exatéoa x&v órnó TEB, EBT ñuiociá £ouv óg0fic: Ó, AC is equal to CE, the angle EAC is also equal to the 
wou Å òrò AEB pý otuv. xa ênel 5| òrò HEZ fjícevá (angle) AEC [Prop. 1.5]. And since the (angle) at C is 
£c uv óp0fic, óp0T, 6€ f óxó EHZ: tov, vóáp cot tf, £vióc xoà a right-angle, the (sum of the) remaining angles (of tri- 
ànevavtiov tH òrò ETB: Aor &oa f, 0x0 EZH fjuteei&écuv. angle AEC), EAC and AEC, is thus equal to one right- 
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dedviic: ton how [Eotly] 7 Ond HEZ yovia tH òrò EZH: ote 
xoà xAeupa Y, EH tH HZ otw ton. xóX«v £nel Y ngóc 16 B 
Yovta Yjutoe.& &owuv ópOTjc, óp07, o6 y), ono ZAB' tor] vào 
THALY EOTL tfj £vxóc xai àxevavitov vf; oxó EI'B: Aout) “oa 
fj 0nd BZA tfjutoet& &ouv dedfic: ton dea 1 Teds TH Bywovla 
t òrò AZB: Gote xal rÀeupà y) ZÀ nÀAeug& tH AB &oxv 
iov. xoi &nel tor) £oxiv 7| AI xfj DE, toov oti xoa tò ano AT 
1G àxó DE: xà &pa àxnó xGv AT, DE xexoévova óvtAGot& 
£o 100 ànó AT. toic 6€ àxó x&v AT, l'E tcov &ox xo àrxó 
thc EA vevpéávovov: pð vào Å òrò ATE yovi: tò koa 
àxó tfjc EA OuxA&otÓv &ox x00 àxó tic AT. nóDuv, &nel tor, 
£ciy f| EH cf; HZ, toov xoà tò ànxó tfjc EH t& and th¢ HZ: 
to Koa ano x&v EH, HZ tetedyova dinAcows Eott toU ano 
tic HZ tetoaymvou. toic O¢ and Tv EH, HZ xexporyovotc 
toov Eotl TO aNd Tic EZ tetod&ywvov tO Koa and Thc EZ 
TETONYWVOY OiNAdGLOV EoTL TOD ano TH¢ HZ. ton o£ v, HZ 
tfj L'A: tò pa àxó tfi; EZ Ou &oóv got x00 ànó the TA. 
&ctt 6€ xol vo àxó Thc EA ditAdotov tot and th¢ AT tà 
goa ano tT&v AEB, EZ tetodyova dinddoud ott Ty dnd TOV 
AT, TA xexpaYovov. tois 06 dnd tv AE, EZ toov éott 
TO ONO Thc AZ tetod&ywvov' óp0)7) áp &ov f, oxó AEZ 
yovia TO toa and vfjc AZ. xexpéyovov uxAGotÓv OTL TV 
à&nó t&v AD, TA. tõ d¢ dnd th¢ AZ toa tà dnd tõv AA, 
AZ: óp yàp h med¢ TH A ywovia xà dow dnd tov AA, AZ 
ditAdord got, THY and tõv AT, TA tetoayovery. tor) € f) 
AZ tf; AB: xà &pga ànó xGv AA, AB tetod&yova dimAdord 
£c t&v ànó x&v AT, DÀ cevoévovov. 

Eàv àpot coto. Y potu] vurofj eic too xot woo, Ta &MO 
TOV EVOWY Thc CANS TUNUATWY TETOdywWva SiTAdOLA EoTL 
TOU TE UNO Thc Nurcetac Kal TOD aNO THe uETAEÙU TV TOUV 
TETONYWVOU' ONEE Eder Sete. 
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angle [Prop. 1.32]. And they are equal. Thus, (angles) 
CEA and CAE are each half a right-angle. So, for the 
same (reasons), (angles) CEB and EBC are also each 
half a right-angle. Thus, the whole (angle) AEB is a 
right-angle. And since GEF is half a right-angle, and 
EGF (is) a right-angle—for it is equal to the internal and 
opposite (angle) EC B [Prop. 1.29]—the remaining (an- 
gle) EFG is thus half a right-angle [Prop. 1.32]. Thus, 
angle GEF [is] equal to EFG. So the side EG is also 
equal to the (side) GF [Prop. 1.6]. Again, since the an- 
gle at P is half a right-angle, and (angle) FDB (is) a 
right-angle—for again it is equal to the internal and op- 
posite (angle) EC B [Prop. 1.29]—the remaining (angle) 
BFD is half aright-angle [Prop. 1.32]. Thus, the angle at 
B (is) equal to DF B. So the side FD is also equal to the 
side DB [Prop. 1.6]. And since AC is equal to C' E, the 
(square) on AC (is) also equal to the (square) on CE. 
Thus, the (sum of the) squares on AC and CE is dou- 
ble the (square) on AC. And the square on EA is equal 
to the (sum of the) squares on AC and C E. For angle 
ACE (is) a right-angle [Prop. 1.47]. Thus, the (square) 
on EA is double the (square) on AC. Again, since EG 
is equal to GF, the (square) on EG (is) also equal to 
the (square) on GF. Thus, the (sum of the squares) on 
EG and GF is double the square on GF. And the square 
on EF is equal to the (sum of the) squares on EG and 
GF [Prop. 1.47]. Thus, the square on EF is double the 
(square) on GF. And GF (is) equal to C D [Prop. 1.34]. 
Thus, the (square) on EF is double the (square) on C D. 
And the (square) on EA is also double the (square) on 
AC. Thus, the (sum of the) squares on AE and EF is 
double the (sum of the) squares on AC and CD. And 
the square on AF is equal to the (sum of the squares) 
on AF and EF. For the angle AFF is a right-angle 
[Prop. 1.47]. Thus, the square on AF is double the (sum 
of the squares) on AC and C D. And the (sum of the 
squares) on AD and DF (is) equal to the (square) on 
AF. For the angle at D is a right-angle [Prop. 1.47]. 
Thus, the (sum of the squares) on AD and DF is double 
the (sum of the) squares on AC and CD. And DF (is) 
equal to DB. Thus, the (sum of the) squares on AD and 
DB is double the (sum of the) squares on AC and C D. 
Thus, if a straight-line is cut into equal and unequal 
(pieces) then the (sum of the) squares on the unequal 
pieces of the whole (straight-line) is double the (sum of 
the) square on half (the straight-line) and (the square) on 
the (difference) between the (equal and unequal) pieces. 
(Which is) the very thing it was required to show. 


t This proposition is a geometric version of the algebraic identity: a? + 6? = 2[([a + b]/2)? + ([a + b]/2 — b)?]. 
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E 
"E&v eó0cta Yoouu| vurjofj o0xo, npoote0f| o£ xc atf] 
ceuveta ex’ evtetac, TO HNO Th¢ CANS obv TH necoxswEevy 
xol TÒ ATÒ TS TPOOXELUÉVNS TÀ GLVAUMOTEON TETORYWVa 
Ott A&ot& cot TOD Te ANO Thc Nutcetug xal tol ANO tfjc ouY- 
HELUEVNS Ex tE Tijs fjuostac xoi tfjc tpooxeuévrc óc ATÒ 
UL AHVAYEAPEVTOS TETONYWVOD. 


E Z 


A 


H 


Evveta yao tic Å AB tetuńoðw iya xatà tò I, tpo- 
ox&(c0c Dé tis HOTA cOVEIa En’ covetac 7 BA’ Ayu, óu tà 
ano tésv AA, AB tetodyava ditAdowd tot tV TÒ TV 
AT, TA tetoayovoy. 

"Hy Vo yuo ano tol TP onuetov th AB npóc óg9àc À TE, 
xoa xetode fon exatéogy tv AD, UB, vat &neCeoy9oocav 
oi EA, EB: xoi óià u&v x00 E tfj AA rapddAnhos fiy90 f| 
EZ, ðA 6€ voO A cf; l'E xagéAAnoc Ty90 À ZA. xa nel 
cic rapa Aouc eóO96ctoc xàc EI', ZA eó90ciá xc &événeocv 
5 EZ, at òrò TEZ, EZA &pa 9u0ociv ópOoüc icot ciotv: at 
goa önd ZEB, EZA 900 óp0Gv £Aáccovéc stow: at de 
àT’ &£Aacoóvov f, 600 óp0G6v ExParAduEvan couunintouoctv: 
at ton EB, ZA éxBorAduevon Ext xà B, A ween ovp- 
nrecovvta. ExBeBAhovMoay xal ovuumInTeTWoaAV xatà tò H, 
xoi &xeCeOy 9o Y, AH. xoi &rei tor] £ov f; AT xfj DE, tor 
£cl xal ywvia Y; óxó EAT xf; ónó AET" xoi óg97| f| npóc x6 
I fpiocio &po ópOfjc [£oxtv| êxatépa tõv òrò EAT, ABT. 
Otà xà or xà 67) xoi, &xarxépoc xGy ono L'EB, EBT fjutecuó £oxv 
òpe: öp wou Eotly 4) Ond AED. xoi &nel f|utoeta pts 
otv Ù òrò EBT, ñuiocia ópo: ópOfjc xoà Y, óxó ABH. £o 
6€ xoi Å òrò BAH öp ton yáåg £o tý òrò ATE &£vo à 
yao: Aowny) ğoa ġ òrò AHB ju(cei& £owv ópOfjc: Y) &poc ono 
AHB fj óxó ABH Eotw ton ote xa nàcvpà ñ BA tàecvpoğ 
th HA otw fon. náv, &£x& f| rò EHZ fjutcei& &oxv 
ÓpUfjc, óp0T) 6€ f) npóc 1G Z ton yáp oti t ANEvavttoy TH 
ngoc 1G I" Aou! àpa f| óxó ZEH rjutoeu& otv ptc: ton 
gon Y, ónó EHZ xvowv(a xfj ónó ZEH- óo& xoi nAeupà 7, HZ 
ncup tý EZ éotw ton. xoà énel [ton éotly À ET tÑ TAJ, 
toov éott [xat] to and thc ED tetedywvoy 16 dno vfic TA 
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Proposition 10! 


If a straight-line is cut in half, and any straight-line 
added to it straight-on, then the sum of the square on 
the whole (straight-line) with the (straight-line) having 
been added, and the (square) on the (straight-line) hav- 
ing been added, is double the (sum of the square) on half 
(the straight-line), and the square described on the sum 
of half (the straight-line) and (straight-line) having been 
added, as on one (complete straight-line). 


E F 


D 


G 


For let any straight-line AB have been cut in half at 
(point) C, and let any straight-line BD have been added 
to it straight-on. I say that the (sum of the) squares on 
AD and DB is double the (sum of the) squares on AC 
and CD. 

For let CE have been drawn from point C, at right- 
angles to AB [Prop. 1.11], and let it be made equal to 
each of AC and CB [Prop. 1.3], and let EA and EB have 
been joined. And let EF have been drawn through E, 
parallel to AD [Prop. 1.31], and let FD have been drawn 
through D, parallel to C E [Prop. 1.31]. And since some 
straight-line ÆF falls across the parallel straight-lines EC 
and FD, the (internal angles) C EF and EF D are thus 
equal to two right-angles [Prop. 1.29]. Thus, FEB and 
EF D are less than two right-angles. And (straight-lines) 
produced from (internal angles whose sum is) less than 
two right-angles meet together [Post. 5]. Thus, being pro- 
duced in the direction of P and D, the (straight-lines) 
EB and FD will meet. Let them have been produced, 
and let them meet together at G, and let AG have been 
joined. And since AC is equal to C E, angle E AC is also 
equal to (angle) AEC [Prop. 1.5]. And the (angle) at 
C (is) a right-angle. Thus, EAC and AEC [are] each 
half a right-angle [Prop. 1.32]. So, for the same (rea- 
sons), CEB and EBC are also each half a right-angle. 
Thus, (angle) AEB is a right-angle. And since EBC 
is half a right-angle, DBG (is) thus also half a right- 
angle [Prop. 1.15]. And B DG is also a right-angle. For 
it is equal to DCE. For (they are) alternate (angles) 
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TETONYOVE TK Koa dnd THY ED, TA tetodyava uA ot 
éott to ano tho TA tetoxywvov. tois ¢ and Tv ED, TA 
foov gotl TO and thc EA’ 10 tow and the EA teted&ywvoy 
ditAGoLov Eott TOD and thc AD tetowyovou. náv, Enel ton 
cotly 1 ZH th EZ, toov oti xal tò and thc ZH tH ano thc 
ZE: tà &pa &xó x&v HZ, ZE &xA&oi& £o 100 àró tis EZ. 
toic 0€ ànó 1v HZ, ZE toov otl tò &nò tc EH: tò vou 
ano tho EH ou &otóv £o 100 ànó tc EZ. ton òè ñ EZ tH 
TA: tò &pa àxó tfjc EH xexpéyovov GuxAGotóvy £o ToD and 
tfjc DA. &6cCy 0v] è xal tò ànó txfjc EA OuA&otiov xoO dro 
thc AD tà Koa dno THY AB, EH tetpoåywva nido tot 
tv ano TOV AD, TA tetoanyovayv. tote d¢ and tv AB, 
EH teteayavoig toov goth TO and thc AH tetedywvoyv tO 
con and tho AH dinAdordy got: tv ano THY AD, TA. 16 
dé dno tic AH toa gotl xà àxó xGv AA, AIT. xà don ard 
tev AA, AH [tetodyaval 9uxA&ot& gott tiv and 16v AT, 
TA [xexvgov vov]. ton d¢ Å AH tÅ AB: xà &pa ànó 16v 
AA, AB [|xexoéyova| OutA&ot& £o tõv ànó x&v AT, TA 
TETONY OVO, 

Eàv tou sb0eta youuun tnd ya, moooteDh Oé tic 
auth evuveta en covetac, TO AMO The GANS obv tfj npo- 
OXELMEVY Kal TO ONO The TPOOXELUÉVNSG TA oLVALPdTEEA 
t&tpóv ova. GuxA&ot& Cot, TOU te Ano THe Hurcetac xal too 
ONO Tho SVYXELWEVNS Ex te ts Nurostac xoi thc npo- 
OXEIWEVIS QC AMO UAC AvaAyEAPEYTOS TETOEAYWVOU' OTE 
Eder Setcau. 
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[Prop. 1.29]. Thus, the remaining (angle) DGB is half 
aright-angle. Thus, DGB is equal to DBG. So side BD 
is also equal to side GD [Prop. 1.6]. Again, since EG'F is 
half a right-angle, and the (angle) at F (is) a right-angle, 
for it is equal to the opposite (angle) at C [Prop. 1.34], 
the remaining (angle) FEG is thus half a right-angle. 
Thus, angle EGF (is) equal to FEG. So the side GF 
is also equal to the side EF [Prop. 1.6]. And since [EC 
is equal to CA] the square on EC is [also] equal to the 
square on CA. Thus, the (sum of the) squares on EC 
and CA is double the square on CA. And the (square) 
on EA is equal to the (sum of the squares) on EC and 
C A [Prop. 1.47]. Thus, the square on EA is double the 
square on AC. Again, since FG is equal to EF, the 
(square) on FG is also equal to the (square) on FE. 
Thus, the (sum of the squares) on GF and FE is dou- 
ble the (square) on EF. And the (square) on EG is equal 
to the (sum of the squares) on GF and FE [Prop. 1.47]. 
Thus, the (square) on EG is double the (square) on EF. 
And EF (is) equal to C D [Prop. 1.34]. Thus, the square 
on EG is double the (square) on CD. But it was also 
shown that the (square) on EA (is) double the (square) 
on AC. Thus, the (sum of the) squares on AE and EG is 
double the (sum of the) squares on AC and C D. And the 
square on AG is equal to the (sum of the) squares on AE 
and EG [Prop. 1.47]. Thus, the (square) on AG is double 
the (sum of the squares) on AC and C D. And the (sum 
of the squares) on AD and DG is equal to the (square) 
on AG [Prop. 1.47]. Thus, the (sum of the) [squares] on 
AD and DG is double the (sum of the) [squares] on AC 
and CD. And DG (is) equal to DB. Thus, the (sum of 
the) [squares] on AD and DB is double the (sum of the) 
squares on AC and C D. 

Thus, if a straight-line is cut in half, and any straight- 
line added to it straight-on, then the sum of the square 
on the whole (straight-line) with the (straight-line) hav- 
ing been added, and the (square) on the (straight-line) 
having been added, is double the (sum of the square) on 
half (the straight-line), and the square described on the 
sum of half (the straight-line) and (straight-line) having 
been added, as on one (complete straight-line). (Which 
is) the very thing it was required to show. 


t This proposition is a geometric version of the algebraic identity: (2 a 4- b)? + 6? = 2 [a? + (a + 6)?]. 


f 
Ux. 
Try 6o0cicav eo0ctav xeueiv Mote TO DMO TIS CANS xoi 
toU Etépou THY TUNUATWY nepueyóuevov ópÜovowov toov 
civar T ATÒ TOŬ AOLTOŬ TuUnuatocs xetponv ovo. 
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Proposition 11! 


To cut a given straight-line such that the rectangle 
contained by the whole (straight-line), and one of the 
pieces (of the straight-line), is equal to the square on the 
remaining piece. 
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"Eoo ¥) dovetoa cv0eta À AB oct OH thy AB tevetv 
GOT TÒ UNO THC CANS xal ToD eEtép0v THY TUNUATWY 
TEplsyOUsvoy OpVoYavVioY toov civa TG àxó toU AotnoD 
TUNUATOS TETONY OVO. 

Avayeyedove yàp årò ts AB tetoáywvov tò ABAT, 
xoi tetunove À AT diya xatà 16 E onustov, xal ExeCebyVw 
?, BE, xoi ow 9o ATA &ri tò Z, xoi xe(o9o tf; BE ton ñ 
EZ, xoi avayeyedove àxó vfjc AZ vexpé&vovov xó ZO, xoi 
Oy 9o A HO &ri xó K^ Aévo, ów f| AB tétunta xatà tò O, 
ote TÒ TÒ xGv AB, BO ncpveyóuevov ópgÜovowov tcov 
nociv té) and tfjc AO tetoayove. 

‘Enel yao evdeta À AT tétunto iya xatà tò E, 
noócxerta è at Å ZA, to tow bnd xGv D'Z, ZA me- 
peyóuevov öptoyóvov uet tol and th¢ AE tetoxywvou 
toov oTt) t and the EZ tetoayove. ton ¢ 1 EZ th EB: 
tO toa ono THY TZ, ZA vets tod and th¢ AE toov ot 
ts ano EB. $AAà tõ and EB tow Eott ta and x&v BA, 
AE: pñ yàp Å npóc xG A yovi 10 doa ONO tõv IZ, 
ZA yety tol ano th¢ AE toov &ox tois ånò tõv BA, AE. 
xoivòyv aopnenode tO &no thc AE: Aownov gow TO ONO TOV 
TZ, ZA nepveyóuevov ópOovowov toov ott tT dnd ts AB 
tego vo. xal &ox xó ue£v ono THY TZ, ZA tò ZK: toy 
yàp Å AZ t ZH: tò òè ånò týs AB t6 AA: 10 doa ZK toov 
otl tõ AA. xowòv Gprjofjo9o xó AK: Aowóv ipa xó ZO 
tG OA (cov &oziv. xoí £o tÒ u£v OA tò nrò x&v AB, 
BO: ton yàp *; AB tý BA: tò òè ZO tò ånò THe AO’ tò 
“oa bro tiv AB, BO negueyduevoyv depdoyauoy toov ot 
TG) and OA Tetoayavo. 

'H &pa 9090cica có9cta Y; AB tétunta xatà tò O Hote 
tO ONO xGv AB, BO nepieyóuevov ópOovowov toov roteiv 
TG) dnd Thc OA tetoanyaven Step Eder roro. 
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Let AB be the given straight-line. So it is required to 
cut AB such that the rectangle contained by the whole 
(straight-line), and one of the pieces (of the straight- 
line), is equal to the square on the remaining piece. 

For let the square ABDC have been described on AB 
[Prop. 1.46], and let AC have been cut in half at point 
E [Prop. 1.10], and let BE have been joined. And let 
C A have been drawn through to (point) F, and let EF 
be made equal to BE [Prop. 1.3]. And let the square 
FH have been described on AF [Prop. 1.46], and let GH 
have been drawn through to (point) K. I say that AB has 
been cut at H such as to make the rectangle contained by 
AB and BH equal to the square on AH. 

For since the straight-line AC has been cut in half at 
E, and FA has been added to it, the rectangle contained 
by CF and FA, plus the square on AF, is thus equal to 
the square on EF [Prop. 2.6]. And EF (is) equal to EB. 
Thus, the (rectangle contained) by CF and FA, plus the 
(square) on AE, is equal to the (square) on EB. But, 
the (sum of the squares) on BA and AF is equal to the 
(square) on EB. For the angle at A (is) a right-angle 
[Prop. 1.47]. Thus, the (rectangle contained) by CF and 
FA, plus the (square) on AZ, is equal to the (sum of 
the squares) on BA and AE. Let the square on AE have 
been subtracted from both. Thus, the remaining rectan- 
gle contained by CF and FA is equal to the square on 
AB. And FK is the (rectangle contained) by CF and 
FA. For AF (is) equal to FG. And AD (is) the (square) 
on AB. Thus, the (rectangle) FK is equal to the (square) 
AD. Let (rectangle) AK have been subtracted from both. 
Thus, the remaining (square) F.H is equal to the (rectan- 
gle) HD. And HD is the (rectangle contained) by AB 
and BH. For AB (is) equal to BD. And FH (is) the 
(square) on AH. Thus, the rectangle contained by AB 
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and BH is equal to the square on HA. 

Thus, the given straight-line AB has been cut at 
(point) H such as to make the rectangle contained by 
AB and BH equal to the square on H A. (Which is) the 
very thing it was required to do. 


t This manner of cutting a straight-line—so that the ratio of the whole to the larger piece is equal to the ratio of the larger to the smaller piece—is 


sometimes called the “Golden Section”. 


(D. 

Ev toic; éuDAuveov(o:w; tptyovoui; TO GMO tfj; "v 
ouBActav yaviay Drotewwovans rAeupóic texpónrovov uettóv 
£cu TOv nÒ tV tf óuDActav vYcov(iav mxepuexoucGv 
TAEVEDY TETONXYOVOY TES repgeyouévo oic UNO TE WC TOY 
regi tv óuAetav Ycovtav, &g' Tfjv Y) xéáüexoc nitet, xol tc 
à&noAoupoevouévr &xxóc onó The xaVEtOL TEdS TH éàuDAsto 
yovig. 


B 


A À I 


"Ecto duBbAvyavoy totywvoy tò ABT aubAciay Eyov 
tùy òrò BAT, xa 4x9 and tot B onustov émi tày TA 
&£xpAnOcicav xéOcroc À BA. Aéyo, Ott tO dnd tHe BI 
TETONYWVOY LElCdyv Eat THY and THY BA, AT tetpayóvov 
TG) Sig ONS THY TA, AA nxepieyouévo ópDovovio. 

‘Enel yao cuveta Y; DA tétunta, @¢ Etvyey, xata TO A 
oyuetoy, to doa ano the AT ftoov éotl tote dnd tHv TA, 
AA tetoeayovoig xol 16 dic bnd tHyv TA, AA nepgieyouévo 
ópÜovcov(o. xowóv npooxcíoOo TO dno tfjc AB: t& doa 
and tév TA, AB tow otl tois te àxó x&v TA, AA, AB te- 
Toayavois xal TG dic rò tõv DÀ, AA [nepieyouévo pto- 
yovi]. GAA tois uèv and 16v DA, AB tcov goth tO and 
ts ITB: óp yao fj npoc x6 A Yowtor oic 6e ànó tõv AA, 
AB tcov tò ànó txfjc AB: xó &pa and tHe TB tetpoáywvov 
(cov £o tois te à&nò Gv DA, AB tetoayavoig val x65 oic 
oro vv DA, AA nepveyouévo ópOovovio: oce TO and Tic 
ITB xexpéyvovov vóv ànó x&v TA, AB xexgoyovov uciCóv 
£c TG) dle ONO THY TA, AA nxepieyouévo ópOovovio. 

Ev toa toto GUBAVYWVloLg TeLY@VoLc TO UNO TH¢ THY 
ouUBActav yavlay brotetvobang mMAcvedc vexpónrovov uetCóv 
cot, THY ONO THV THY GuDActav vYov(av mepueyouocGv 
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Proposition 12! 


In obtuse-angled triangles, the square on the side sub- 
tending the obtuse angle is greater than the (sum of the) 
squares on the sides containing the obtuse angle by twice 
the (rectangle) contained by one of the sides around the 
obtuse angle, to which a perpendicular (straight-line) 
falls, and the (straight-line) cut off outside (the triangle) 
by the perpendicular (straight-line) towards the obtuse 
angle. 


B 


D A C 

Let ABC be an obtuse-angled triangle, having the an- 
gle BAC obtuse. And let BD be drawn from point B, 
perpendicular to CA produced [Prop. 1.12]. I say that 
the square on BC is greater than the (sum of the) squares 
on BA and AC, by twice the rectangle contained by C A 
and AD. 

For since the straight-line CD has been cut, at ran- 
dom, at point A, the (square) on DC is thus equal to 
the (sum of the) squares on C A and AD, and twice the 
rectangle contained by CA and AD [Prop. 2.4]. Let the 
(square) on DB have been added to both. Thus, the (sum 
of the squares) on CD and DB is equal to the (sum of 
the) squares on CA, AD, and DB, and twice the [rect- 
angle contained] by CA and AD. But, the (square) on 
C B is equal to the (sum of the squares) on C D and DB. 
For the angle at D (is) a right-angle [Prop. 1.47]. And 
the (square) on AB (is) equal to the (sum of the squares) 
on AD and DB [Prop. 1.47]. Thus, the square on CB 
is equal to the (sum of the) squares on C A and AB, and 
twice the rectangle contained by CA and AD. So the 
square on CB is greater than the (sum of the) squares on 
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TASLEDY TETOUYOVWV TG TEeLtyouevo Sic ON6 te wdc tHv CA and AB by twice the rectangle contained by C A and 

Teel TAV GuBActav ywviay, Eo" fjv fj xáOexoc n(ntet, xoi vfic AD. 

amoAauBavouevnc Exto¢ UNO The xadEtov TEd¢ TH GUBActy Thus, in obtuse-angled triangles, the square on the 

yovig’ oneo Eder Seteon. side subtending the obtuse angle is greater than the (sum 
of the) squares on the sides containing the obtuse an- 
gle by twice the (rectangle) contained by one of the 
sides around the obtuse angle, to which a perpendicu- 
lar (straight-line) falls, and the (straight-line) cut off out- 
side (the triangle) by the perpendicular (straight-line) to- 
wards the obtuse angle. (Which is) the very thing it was 
required to show. 


t This proposition is equivalent to the well-known cosine formula: BC 2? = AB? + AC? — 2AB AC cos BAC, since cos BAC = —AD/AB. 
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Ly’. Proposition 13t 


Ev tote 6€uywvioig teryMvoig TO àró tfj; vv ó&etav In acute-angled triangles, the square on the side sub- 
yGviov oxotewoÜ0ornc xÀeupüc cvetpóyovov ÉAavtóv got. tending the acute angle is less than the (sum of the) 
TOY à&xÓ vy tiv Ó&ciav Yow(av nepieyoucG y rAcupGv te- squares on the sides containing the acute angle by twice 
TOUYOVUY TE nepueyouéwo Sig ONG te ULE THY negl vv the (rectangle) contained by one of the sides around the 
ó&ctav vcViav, &g' Tjv Tj x&0exoc nitet, xoà vfjc àxoXouDao- acute angle, to which a perpendicular (straight-line) falls, 


vouévr évxóc ono cfjc xoéxou npóc tH ôčely yovig. and the (straight-line) cut off inside (the triangle) by the 
perpendicular (straight-line) towards the acute angle. 
A A 
B A I B D C 
"Eoto ó&uvowov tetywvoy tò ABT d&etav Eéyov thy Let ABC be an acute-angled triangle, having the an- 


neo tõ B yoviav, xa AyV@ and toh A onuctou Ext thy gle at (point) B acute. And let AD have been drawn from 
BIT xáðetos WF AA’ EY, StL TO GO TH¢ AT tetodéywvoyv point A, perpendicular to BC [Prop. 1.12]. I say that the 
Ehattov got, THY and Hv TB, BA teteayavey tH Sic òrò square on AC is less than the (sum of the) squares on 


tv TB, BA reqeyougves do00yHvIo. C B and BA, by twice the rectangle contained by C B and 
Enel yàp eó9cia 5| TB tétunta, óc čtuyev, xatà tò BD. 
A, xà tow and tv L'B, BA tetoáywva {oa oth tH te For since the straight-line CB has been cut, at ran- 


dic ónó x&v FB, BA nzepieyouévo poywviw xa tă and dom, at (point) D, the (sum of the) squares on CB and 
týs AT tetpayóovw. xowóv necoxctodw tO dnd th¢ AA BD is thus equal to twice the rectangle contained by CB 
tetodywvoy’ ta toa ano tv TB, BA, AA tetedywva toa and BD, and the square on DC [Prop. 2.7]. Let the 
£c v6) te ls òrò t&v ITB, BA nepieyouévo ógO9ovovio square on DA have been added to both. Thus, the (sum 
xoà toic àró xGv AA, AT' xexpavowoc. &AA& xoiz u£v àxó. of the) squares on CB, BD, and DÀ is equal to twice 
tv BA, AA {oov xo àxó tfic AB: óg07, vàp f; ngóc x6 A. the rectangle contained by C B and B D, and the (sum of 
youve toic 6 dnd tHv AA, AT tcov xó àxó tfi AI" xà. the) squares on AD and DC. But, the (square) on AB 
tou and tv [B, BA tow éoti x6 € àmxó ts AT xo tõ Gic (is) equal to the (sum of the squares) on BD and DA. 
bro tv TB, BA’ ote uóvov xó ànó týs AT čàattóv ot For the angle at (point) D is a right-angle [Prop. 1.47]. 
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THY ono THY CB, BA tetoanyovey 165 8i; oxó 16v DB, BA 
repgueyouévo ógOovovíto. 

Ev &pa totic OFLYWVOLS TOLY@VOLS TO UNO THe THY O€Etav 
yovlay Drotewvovonsg TAcvedic TEeTEXyWVOV EhaTtTOV OTI 
TOV ATO TOY THY OCElav YWVlaY TEPLEYOLOĞYV TACLEGIY TE- 
TONYOVUOV TH TEOLEYOUEVW dic ONG TE Wd THY TEEl THY 
ÓGctav yovlay, EO Ay H xavetoc ninte, xal xfjc àxoAXoua- 
vou£vrc &vxóc ono Tic “aVETOL TEdS TH O€elx YVia ONE 
Eder Setcau. 
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And the (square) on AC (is) equal to the (sum of the 
squares) on AD and DC [Prop. 1.47]. Thus, the (sum of 
the squares) on CB and BA is equal to the (square) on 
AC, and twice the (rectangle contained) by CB and B D. 
So the (square) on AC alone is less than the (sum of the) 
squares on C P and BA by twice the rectangle contained 
by CB and BD. 

Thus, in acute-angled triangles, the square on the side 
subtending the acute angle is less than the (sum of the) 
Squares on the sides containing the acute angle by twice 
the (rectangle) contained by one of the sides around the 
acute angle, to which a perpendicular (straight-line) falls, 
and the (straight-line) cut off inside (the triangle) by 
the perpendicular (straight-line) towards the acute angle. 
(Which is) the very thing it was required to show. 


t This proposition is equivalent to the well-known cosine formula: AC? = AB? + BC? — 2 AB BC cos ABC, since cos ABC = BD/AB. 


(o. 


TG 6090évu cotuyeduu@ toov tetpéyovov ovotfjcac- 


Proposition 14 


To construct a square equal to a given rectilinear fig- 


Dou. ure. 
| / O | / H 
C [e | a 
DU A C D 


"Eot tO dovev codvypauuoy to A’ dei OY TH A 
ELULYEGUUG tooyv TETOdyWVOY ouotfjcaoat. 

Muveotata yuo 74 A sudvuyeduua toov maoarAnrAd- 
yeauuov optoyavoy to BA: et yey obv ton gotly ġ BE 
th EA, yeyovoc dy ely 10 EmtayVEv. cvvéotata yuo TH 
A ev¥uyeduua toov tetodyavoyv tò BA’ ci è oÙ, ula xGv 
BE, EA ust@wv éottv. ote ueiCav f, BE, xoi £xpepAYjooo 
&ri vÓ Z, xoi xe(o90 tH EA ton Y, EZ, xoi tetujodw 1 BZ 
Oiya xatà tò H, xa xévtoo 16 H, Siacthuats 6€ £V. TOV 
HB, HZ ġuxúxňov yeyedqte tò BOZ, xa ExBebrAjovu À 
AE êm tò O, xal EneCevydw 7, HO. 

‘Enel obv eoveta ý) BZ tétunta eic uev toa xoà tò H, eic 
òè &vica xatà tÒ E, tò &pa òrò t&v BE, EZ nepeyóuecvov 
ópÜoYówov uetà TOU ånò ts EH tetpayovou toov ot 
1G ànó tfjc HZ tetowywove. ior] o£ Y, HZ tý HO: tò doa 
ónó 1Gv BE, EZ uexà xoO ànó tfjc HE tcov oti t ano 
thc HO. 165 de and ts HO toa £o xà àxó xv OE, EH 
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Let A be the given rectilinear figure. So it is required 
to construct a square equal to the rectilinear figure A. 

For let the right-angled parallelogram BD, equal to 
the rectilinear figure A, have been constructed [Prop. 
1.45]. Therefore, if BE is equal to ED then that (which) 
was prescribed has taken place. For the square B D, equal 
to the rectilinear figure A, has been constructed. And if 
not, then one of the (straight-lines) BE or ED is greater 
(than the other). Let BE be greater, and let it have 
been produced to F, and let EF be made equal to ED 
[Prop. 1.3]. And let BF have been cut in half at (point) 
G [Prop. 1.10]. And, with center G, and radius one of 
the (straight-lines) GB or GF, let the semi-circle BHF 
have been drawn. And let DE have been produced to H, 
and let GH have been joined. 

Therefore, since the straight-line BF has been cut— 
equally at G, and unequally at E—the rectangle con- 
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TETONYWVa’ TO dow DO x&v BE, EZ uexà vo0 ànó HE toa 
£o toic dnd tov OF, EH. xowov àqrofjo9o 10 and th\¢ HE 
TETONYWVOV’ AoLTOY doa TO UNO TOY BE, EZ negusyousvoy 
oevoywwoy toov Eotl TH Nd Tho EO tetoeaywvean. GAAG TO 
ono t&v BE, EZ tò BA éotw: ton yuo À EZ tý EA: tò 
pa BA naporAnddyeaumoy toov gotl 165 å&nò ts OE te- 
Toayave. toov d¢ T6 BA 76 A evduyeduue. xal T6 A doo 
cevvoyeauoyv toov £o 16 and tho EO &vopodrnooguévo 
TETONY vo. 

TG &pa 8o0évu eóOuvoóuuo 16 A toov tetedywvov 
cuvéotatot tó ENO Tio EO avayeupnoduevov’ once Eder 
NOLO. 
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tained by BE and EF, plus the square on EG, is thus 
equal to the square on GF [Prop. 2.5]. And GF (is) equal 
to GH. Thus, the (rectangle contained) by BE and EF, 
plus the (square) on GE, is equal to the (square) on GH. 
And the (sum of the) squares on H E and EG is equal to 
the (square) on GH [Prop. 1.47]. Thus, the (rectangle 
contained) by BE and EF, plus the (square) on GE, is 
equal to the (sum of the squares) on H E and EG. Let 
the square on GE have been taken from both. Thus, the 
remaining rectangle contained by B E and EF is equal to 
the square on EH. But, B D is the (rectangle contained) 
by BE and EF. For EF (is) equal to ED. Thus, the par- 
allelogram B D is equal to the square on HE. And BD 
(is) equal to the rectilinear figure A. Thus, the rectilin- 
ear figure A is also equal to the square (which) can be 
described on EH. 

Thus, a square—(namely), that (which) can be de- 
scribed on E H—has been constructed, equal to the given 
rectilinear figure A. (Which is) the very thing it was re- 
quired to do. 
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Fundamentals of Plane Geometry Involving 
Circles 


MTOITXEION y. 


“Opor. 

a. "Icot xOxXÀo cloty, OV al ou&uetpor toot eotv, Y) v oi 
Ex TOV XEVTOWY toa cioty. 

D'. Koveta xvxAov Eganteodar ASyeta, Ati¢ antouEVY 
toU xOüxAou xot EXxBaAAOMEVN OL TEUVEL TOV XUXAOY. 

vy’. Koxror Eganteodan GAAAAwY A€vyovta otuvec &TTÓ- 
UEVOL GAARAWY Ob TELVOUOLW GAANAOUC. 

0. Ev x0xA@ toov anéyetv amo xoO xévtpou eoUciot 
Aévovrot, Ótxav oü nÒ toU xévrpou &m' abtüc xóOcroi 
óvóuevot toot (Ot. 

e. MeiCov d€ anéyew Agyeta, Ep’ Hy A uelCav xadetoc 
TUMTEL. 

v. LTuftua xvxAov gotl tO xepieyóuevov oyxtjua onÓ cc 
cOUc(otc xol xOxAou nepupepstac. 

C. Tuńuatos b& ywvia éotly h nepieyouevn bond te 
ceuvetac xal xUxAOL nepupepstac. 

N. Ev tuńuat o€ yaovla cotly, Ötav £mi tfl; meg 
Qepetac xoO tuńuatoc Ang tt oNuetov xal an’ avtod ent 
tà népata týs còÛelac, Å cti Bác tol tuńuaTtTos, Èt- 
CevydGow eoUctot, Y nepeyouévr, Yovía ornó tõv nke- 
yveroOyv evverdsy, 

O'. “Otay € of TeoLleyovom THY ywvlav coVEeton ómo- 
AauBávwoi tva Tepipeosiay, En exstvnco Acyetoar BeBnxévan 
À yovia. 

t. Touecùs 6€ xóxAou Eotty, 6tav nods TG xEvTEGS TOD 
XOüXxÀou cuoco YWVIA, TO TEPLEYOUSVOY OYFUA UME Te TOV 
THY YOMAY Tepleyoudy cvVeiBy xal ts EnoAaUBavouEevnc 
UM KUTOY TEELpEostatc. 

la’. “Ouota tuywata x0xAcov goth xà Oeyóueva. voto 
toac, Ñ êv ois o Ycvtot toot GA YjAotc etotv. 


o. 

To0 600évtoc xOxAou 16 xévtpov eopelv. 

"Ecco 6 8090clc xóxAoc ó ABI" Set 07, o0 ABI xóxAov 
tÓ XÉVtpov £Upelv. 

Ayw cc eic aótÓv, óc Etvyey, cvVEta À AB, xol 
tetunovw diya xate TO A onuetoy, xol dno tot A AB 
ted¢ de0dc HyVw Hh AT xot Gui c &ri tò E, xoi vexurjo9o 
f, DE diya xatà tò Z Aéyw, Öt tò Z xévxgov &£oxi xo0 ABT 
IxóxAou]. 

My yde, GAM’ et SUvatéy, ote tò H, xa &neCeoy 9oocav 
oi HA, HA, HB. xoi &nei tor] £ow 5| AA tH AB, xowy de ¥ 
AH, 800 dy at AA, AH 800 voic HA, AB toon cioty éêxatépa 
exatéey xa Dáocic Y, HA Gáce tý HB otw ton: &x xévxpou 
yao: ywovia goa 1 bnd6 AAH yovi tH òrò HAB tor &oxv. 
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Definitions 

1. Equal circles are (circles) whose diameters are 
equal, or whose (distances) from the centers (to the cir- 
cumferences) are equal (i.e., whose radii are equal). 

2. A straight-line said to touch a circle is any (straight- 
line) which, meeting the circle and being produced, does 
not cut the circle. 

3. Circles said to touch one another are any (circles) 
which, meeting one another, do not cut one another. 

4. In a circle, straight-lines are said to be equally far 
from the center when the perpendiculars drawn to them 
from the center are equal. 

5. And (that straight-line) is said to be further (from 
the center) on which the greater perpendicular falls 
(from the center). 

6. Asegment of a circle is the figure contained by a 
straight-line and a circumference of a circle. 

7. And the angle of a segment is that contained by a 
straight-line and a circumference of a circle. 

8. And the angle in a segment is the angle contained 
by the joined straight-lines, when any point is taken on 
the circumference of a segment, and straight-lines are 
joined from it to the ends of the straight-line which is 
the base of the segment. 

9. And when the straight-lines containing an angle 
cut off some circumference, the angle is said to stand 
upon that (circumference). 

10. And a sector of a circle is the figure contained by 
the straight-lines surrounding an angle, and the circum- 
ference cut off by them, when the angle is constructed at 
the center of a circle. 

11. Similar segments of circles are those accepting 
equal angles, or in which the angles are equal to one an- 
other. 


Proposition 1 


To find the center of a given circle. 

Let ABC be the given circle. So it is required to find 
the center of circle ABC. 

Let some straight-line AP have been drawn through 
(ABC), at random, and let (AB) have been cut in half at 
point D [Prop. 1.9]. And let DC have been drawn from 
D, at right-angles to AB [Prop. 1.11]. And let (C D) have 
been drawn through to E. And let CE have been cut in 
half at F [Prop. 1.9]. I say that (point) F is the center of 
the [circle] ABC. 

For (if) not then, if possible, let G (be the center of the 
circle), and let GA, GD, and GB have been joined. And 
since AD is equal to DB, and DG (is) common, the two 
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Otay b& cvuveia Ex’ cvdetav otadetoa tac Egethc ywviac 
toas AAAs tofi, pÀ éxatépa Gv toov Yowóv otuv 
òp &pa éotiy Å ONO HAB. oti o£ xoi À òrò ZAB pt 
ton goa Å òrò ZAB «fj ónó HAB, f| uc(Cov tfj £Aávxove 
one Eotly Gbvatov. obx doa xó H xévxgov &oxi x00 ABT 
xüxAou. Óuotcc 97) 6c(&ouev, OTL OVO’ GAAO TL TANY TO Z. 


ve M 
C3 


E 


Tò Z &oa onuciov xévteoyv éoti xo0 ABI [xbxAoul. 


7 
IIógtoyua. 
Ex Oy) voótou qoavegóv, OTL àv £v XOxAÀc eOU0ciá tic 
cevvetay tive Otya Kal npóc ópOàc xéuvr, &ri vfjc veu voborc 
£cti tÓ xévtpov 100 xOÓxAou. — Ónep £oet nofjoot. 


t The Greek text has “G D, DB”, which is obviously a mistake. 


D. 

àv xóxAou éni tc nepupepetac Avxpüf| 600 tuxóvta 
onucta, Y; &ri xà orjueto &riCeo Y vuuévr) eóOeta &vvóc neocicot 
toU xXOxAou. 

"Eoo xóxXAoc ó ABD, xoi &mi vfjc mepupepeíac oto0 
ctAjove dbo tuydvta onusta tà À, B: Aévo, Öt Å å&nò 
tol A éxi xó B émiCeuvvuuévr) eoOcta &vróc neotitor toO 
XÜXÀOU. 

M váp, &AX' ei 8uvartóv, ruxézo &xxóc óc AEB, xol 
giAYypOc tO xévtoov tol ABT xdxAovu, xol Eotw tò A, xol 
&reCeOy 906av ol AA, AB, xoi diyo À AZE. 

Enel oŬðv ton £cxiv 5| AA cf; AB, tov &po xa yovia À 
òrò AAE th ono ABE: xot Exet toerywvou tod AAE uta 
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(straight-lines) AD, DG are equal to the two (straight- 
lines) BD, DG," respectively. And the base GA is equal 
to the base GB. For (they are both) radii. Thus, angle 
ADG is equal to angle GDB [Prop. 1.8]. And when a 
straight-line stood upon (another) straight-line make ad- 
jacent angles (which are) equal to one another, each of 
the equal angles is a right-angle [Def. 1.10]. Thus, GDB 
is a right-angle. And F DB is also a right-angle. Thus, 
FDB (is) equal to GDB, the greater to the lesser. The 
very thing is impossible. Thus, (point) G is not the center 
of the circle ABC. So, similarly, we can show that neither 
is any other (point) except F. 

C 


ve VN 
C3 


E 
Thus, point F is the center of the [circle] ABC. 


Corollary 


So, from this, (it is) manifest that if any straight-line 
in a circle cuts any (other) straight-line in half, and at 
right-angles, then the center of the circle is on the for- 
mer (straight-line). — (Which is) the very thing it was 
required to do. 


Proposition 2 


If two points are taken at random on the circumfer- 
ence of a circle then the straight-line joining the points 
will fall inside the circle. 

Let ABC be a circle, and let two points A and B have 
been taken at random on its circumference. I say that the 
straight-line joining A to B will fall inside the circle. 

For (if) not then, if possible, let it fall outside (the 
circle), like AEB (in the figure). And let the center of 
the circle ABC have been found [Prop. 3.1], and let it be 
(at point) D. And let DA and DB have been joined, and 
let DF E have been drawn through. 

Therefore, since DA is equal to DB, the angle DAE 
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c * 


TAELEd TeocexPEPAnta À AEB, us(Gov vou fy Ono AEB 
yovla thc bro AAE. ton 6€ Å òrò AAE qt òrò ABE: 
ustCwv goa À òrò AEB ts óxnó ABE. nò òè thv uetCova 
Ycowv(av *| uetGov mAsved brotetver’ uetCov doa ñ AB tc 
AE. ton òè 4 AB «fj AZ. ue(&ov goa 7 AZ th¢ AE ÈÌ 
&£Aátvov tfjc ue(Govoc: Ónxep &odiv &b0VvaTOV. oOx wou Å 
gno tot A éxt 16 B &miCevuyvuyévr, eóOcia &xtvóc neocivot 
TOU xLXAOL. uolos OY) SelGouUEv, OTL OLDE EM AUTH tfjc 
TEeLpeostac’ EvTOS Kou. 


A 


B 


Eàv üpot x 0xAou £rni 1fjc nepupepetac Anf, 600 tux óvta 
crjueto, *| &ri xà orjueto &ri Ceu Y vuuévr, eóOeta &vxóc neocirot 
toU xOxAou: ónep &oct OclG ot. 


Ys 

Eàv ev x0xAw cvdetd ttc Ou 100 xévtpou eo0ctáv tiva 
UY) Sid TOD KEVtOOU 66a xéu vr], xoi TEdS GEDaS ALTHY TEUveEL’ 
xal &£àv npóc pàs ALTYY TEUVY, Kal dlya HOTHY TEUVEL. 

"Eoxo xóxAoc ó ABL, xoà £v adtés cdvVetd tis Ste 100 
xévteou 1 TA eovetay tiva uy did ToD xévtoou thy AB diya 
TEUVETO KATH TO Z onuctov’ A€ya, Ott Kal TENS CEVA AUTYYV 
TÉ. VEL. 

EtAfovw yae to xévtooy x00 ABI xÓxAou, xoi £otO 
tò E, xo &neCeoy 0906av oi EA, EB. 

Kod &nei tor] £o xiv f| AZ tÅ ZB, xow òè ġ ZE, 660 8uclv 
too [etoty| xoi Bá&cic Y, EA B&ce vf; EB tory yovia dou ¥ 
brò AZE ywvig th 0nd BZE ton éotty. Stay d€ codeta En’ 
cuvetay atatetoa tac Epeciic yYwviac taac GAAHAac xo, 
ÓpUT eExatéoa Tv lowy ywwdy éotiv Exatéoa doa TOV 
òrò AZE, BZE óp9f, £ouv. À TA doa St& tod xévtoov 
oboa THY AB un did xoO xévxpou obcoav Gba xéuvouca xol 
TEOS GEV TEUVEL. 
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(is) thus also equal to DB E [Prop. 1.5]. And since in tri- 
angle DAE the one side, AEB, has been produced, an- 
gle DEB (is) thus greater than DAE [Prop. 1.16]. And 
DAE (is) equal to DBE [Prop. 1.5]. Thus, DEB (is) 
greater than DBE. And the greater angle is subtended 
by the greater side [Prop. 1.19]. Thus, DB (is) greater 
than DE. And DB (is) equal to DF. Thus, DF (is) 
greater than DE, the lesser than the greater. The very 
thing is impossible. Thus, the straight-line joining A to 
B will not fall outside the circle. So, similarly, we can 
show that neither (will it fall) on the circumference itself. 
Thus, (it will fall) inside (the circle). 


C 


A 


E B 


Thus, if two points are taken at random on the cir- 
cumference of a circle then the straight-line joining the 
points will fall inside the circle. (Which is) the very thing 
it was required to show. 


Proposition 3 


In a circle, if any straight-line through the center cuts 
in half any straight-line not through the center then it 
also cuts it at right-angles. And (conversely) if it cuts it 
at right-angles then it also cuts it in half. 

Let ABC be a circle, and, within it, let some straight- 
line through the center, C D, cut in half some straight-line 
not through the center, AB, at the point F. I say that 
(C D) also cuts (AB) at right-angles. 

For let the center of the circle ABC have been found 
[Prop. 3.1], and let it be (at point) E, and let EA and 
EB have been joined. 

And since AF is equal to FB, and FE (is) common, 
two (sides of triangle AF E) [are] equal to two (sides of 
triangle BF E). And the base EA (is) equal to the base 
EB. Thus, angle AF E is equal to angle BF E [Prop. 1.8]. 
And when a straight-line stood upon (another) straight- 
line makes adjacent angles (which are) equal to one an- 
other, each of the equal angles is a right-angle [Def. 1.10]. 
Thus, AFE and BFE are each right-angles. Thus, the 
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AAXA& 87) Y; DA cv AB nxpóc pàs veuvévor Aévo, óu 
xal Stya aLTHY TÉUVEL, TOUTEOTLY, OTL ton Eotiv À AZ t ZB. 

TOv yao avt&v xatacxevacdEvtwy, Enel ton eotly À 
EA «Tfj EB, tov, £oxi xoi yovla À òrò EAZ t òrò EBZ. 
oti è xa pù Å òrò AZE óg9f| vf; oxó BZE tory úo 
&pa toywvá otu EAZ, EZB tàs Dúo ywvias duol yævtoas 
tco &yovca xoà utov TAsUEdY Ue TASLEY tony XOLVHY arb tGv 
thv EZ onotc(voucav ùnò utav xv (oov vovv: xol xc 
AOLTÀS &pa TAcupàs tos Aontas nàcupois toas Ečer ton &pa 
4, AZ th ZB. 

Eàv &poc £v x0xAc eoU0ctióà Tic Oi TOD xEvteOU evVETav 
TIVae UY OL& TOD XEVTEOL lya téuvn, xal TEOS OEDAC HDTYY 
TEUVEL’ Kal EXV TEDS GEDA ALTYY TEUYH, xal Stya aDTY)Y 
Téuvet’ OnEO Eden Setgau. 


D 

"Eitv £v X0xqo úo ceia véu vooty dA Yoc ur ota xo 
xévtpou o000t, o0 téuvouoty GAAKAaS Otya. 

"Eoco xóxAoc ó ABTA, xol èv òt dúo còca o AT, 
BA teuvétwcav Aas xatà tò E uù ð tot xévteou 
oboa AYO, ÖT oÙ tÉuvovov &AAńAgs ölya. 

Ei yuo Suvatey, TEUVETWOAY GAAHAAC dlya ote tony 
civa tùy uèv AE t EL, tùy òè BE tý EA: xol ceiàńgtw tò 
xévtoov toŭ ABTA xóxAov, xoi Eatw TÒ Z, xoi &neCeoy 0o 
1) ZE. 

‘Eel obv evveté tic Sia ToD xéEvtoou A ZE evvetay tia 
ur Sic tot xévtoov thy AD dtya téuver, xal modc dedac 
QUTHY Tevet CODY Kou Eotly Å bnd ZEA: ndAt, Exet codete 
tig Å ZE eó0ctáv uva xrjv BA Oa téuver, xal npóc ópoàc 
aot" téuvev ópU7) dpa À òrò ZEB. &£6cty 0r 6€ xoi Å oro 
ZEA óQp9fr tov) go ¥) OnO ZEA th Ond ZEB | £A&xxov TY; 
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(straight-line) C D, which is through the center and cuts 
in half the (straight-line) AB, which is not through the 
center, also cuts (AB) at right-angles. 


C 


D 


And so let CD cut AB at right-angles. I say that it 
also cuts (AB) in half. That is to say, that AF’ is equal to 
FB. 

For, with the same construction, since EA is equal 
to EB, angle EAF is also equal to EBF [Prop. 1.5]. 
And the right-angle AF E is also equal to the right-angle 
BFE. Thus, EAF and EFB are two triangles having 
two angles equal to two angles, and one side equal to 
one side—(namely), their common (side) EF, subtend- 
ing one of the equal angles. Thus, they will also have the 
remaining sides equal to the (corresponding) remaining 
sides [Prop. 1.26]. Thus, AF (is) equal to FB. 

Thus, in a circle, if any straight-line through the cen- 
ter cuts in half any straight-line not through the center 
then it also cuts it at right-angles. And (conversely) if it 
cuts it at right-angles then it also cuts it in half. (Which 
is) the very thing it was required to show. 


Proposition 4 


In a circle, if two straight-lines, which are not through 
the center, cut one another then they do not cut one an- 
other in half. 

Let ABC D be a circle, and within it, let two straight- 
lines, AC and BD, which are not through the center, cut 
one another at (point) E. I say that they do not cut one 
another in half. 

For, if possible, let them cut one another in half, such 
that AE is equal to EC, and BE to ED. And let the 
center of the circle ABC D have been found [Prop. 3.1], 
and let it be (at point) F, and let FE have been joined. 

Therefore, since some straight-line through the center, 
FE, cuts in half some straight-line not through the cen- 
ter, AC, it also cuts it at right-angles [Prop. 3.3]. Thus, 
FEA is a right-angle. Again, since some straight-line FE 
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uetCow ónep &oxiv àG0varxov. ovx koa at AD, BA xéuvouotv 
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Eàv dow Ev xOxAw dúo cveca téuvwow &AAYac uT dla 
toU xévtpou o0oot, OD TEUVOLvaLY aAAYAUC Olya Önep če 
Etc au. 


g’. 


Eàv 000 x0xAot xéuvootv GAAAOUC, OLX EGTA aro tGV 
TÒ QÛTÒ XÉVTEOV. 





A00 Yàp x0x^ov ot ABT, TAH teuvétwcav &AXfAouc 
xatà tà B, T onucia. Aya, StL Obx EotaL AÙTÕV TÒ QAÙTÒ 
XÉVTOOV. 

Et yao Suvatéy, Eotw tò E, xa &neCeoy 90 ñ EL, xo 
owjy 0o À EZH, ðs Etvyev. xal Exel tO E onuctov xévtoov 
éott tov ABT xbxAou, ton gotly W ED th EZ. nédw, éxet tò 
E onustov xévteov éott tol TAH xvxAou, fon gotiv 4 ED 
th EH: édety0n o£ Y, EI' xoà th EZ tory xoi y) EZ vow th EH 
otv ton ¥) EAdoowy TH ustCow once Eotly óG0vaxov. oOx 
coa tO E onustov xévtooyv éotlt tv ABI, TAH xtxrov. 

"Eàv &pa Dúo xOüxAot téuvwoiv AAAA ouc, ox EoTIV 
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cuts in half some straight-line BD, it also cuts it at right- 
angles [Prop. 3.3]. Thus, F EB (is) a right-angle. But 
FEA was also shown (to be) a right-angle. Thus, FEA 
(is) equal to FEB, the lesser to the greater. The very 
thing is impossible. Thus, AC and BD do not cut one 
another in half. 


A 
B 


Thus, in a circle, if two straight-lines, which are not 
through the center, cut one another then they do not cut 
one another in half. (Which is) the very thing it was re- 
quired to show. 


Proposition 5 


If two circles cut one another then they will not have 
the same center. 





For let the two circles ABC and CDG cut one another 
at points B and C. I say that they will not have the same 
center. 

For, if possible, let E be (the common center), and 
let EC have been joined, and let EFG have been drawn 
through (the two circles), at random. And since point 
E is the center of the circle ABC, EC is equal to EF. 
Again, since point E is the center of the circle C DG, EC 
is equal to EG. But EC was also shown (to be) equal 
to EF. Thus, EF is also equal to EG, the lesser to the 
greater. The very thing is impossible. Thus, point E is not 
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AUTOV TO ALTO NEVTOOYV’ OTEE de Seigan. 
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T * 
E&v 600 x0xAot &q&novtot GAAYcv, ox £otot ao tGV 
TO QUTO XEVTOOY. 
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Ato yàp xúxňor oi ABT, TAE ċyantéoðwoav AAA Awy 
xatà tò I onuciov: Ayw, StL OLX EoTaL AÛTÕV TÒ QAÛTÒ 
XÉVTOOV. 

Et yuo Suvatéyv, ot TO Z, nol ExeCevyVa À ZI, xo 
Owjy 90, cc Evyev, f, ZEB. 

‘Enel obv tò Z onuetoyv xévteov éotl tol) ABT xóxAov, 
ton géotty Y, ZU «xf; ZB. nó, &xei xo Z onuctov xévtoov 
£cl tol PAE xvxdou, ton gotly h ZD tH ZE. edelydy de ñ 
ZI «f; ZB tory xa ġ ZE doa th ZB &owv tor, Y; £Aáxtov 
tH uetCow ónep &oxiv ào0vatov. oOx soa TO Z onuetov 
xévtoov cotl Tv ABI, TAE xvdxrwv. 

Eàv goa 600 xÜxAov &gáxtcovtot GAAYcov, oox Eocot 
oOTOV tÓ atO xévtpov: Ónep &óoct OclGon. 


es 

"Ev x0xAou &ni tfjc Otxuévpou Arypof| vt ovjuetov, Ó ur 
EOTL KEVTOOV toU xOÓxAou, ànó Ot toO orus(ou MEDC TOV 
XOXAov npoomníntoow eoU0cio( vtvec, uevtotr uev EoTaL, ED 
fic tó xévtpov, &Aaytocr Oe À Aan, tv è Awy cl Y) 
EYYLOV tfc Dla toU xévtpou tfjg &mOepov uct(Gov &ostv, 
000 0& uóvov tcot TÒ 100 orucíou npooncooÜUvtot npoc 
TÒV XOxAov &q' &xávepa vfic &£Aoytotrc. 
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the (common) center of the circles ABC and CDG. 

Thus, if two circles cut one another then they will not 
have the same center. (Which is) the very thing it was 
required to show. 


Proposition 6 


If two circles touch one another then they will not 
have the same center. 
C 


A 

For let the two circles ABC and C DE touch one an- 
other at point C. I say that they will not have the same 
center. 

For, if possible, let F be (the common center), and 
let FC have been joined, and let FEB have been drawn 
through (the two circles), at random. 

Therefore, since point F is the center of the circle 
ABC, FC is equal to FB. Again, since point F is the 
center of the circle CDE, FC is equal to FE. But FC 
was shown (to be) equal to FB. Thus, FE is also equal 
to FB, the lesser to the greater. The very thing is impos- 
sible. Thus, point F is not the (common) center of the 
circles ABC and CDE. 

Thus, if two circles touch one another then they will 
not have the same center. (Which is) the very thing it was 
required to show. 


Proposition 7 


If some point, which is not the center of the circle, 
is taken on the diameter of a circle, and some straight- 
lines radiate from the point towards the (circumference 
of the) circle, then the greatest (straight-line) will be that 
on which the center (lies), and the least the remainder 
(of the same diameter). And for the others, a (straight- 
line) nearer! to the (straight-line) through the center is 
always greater than a (straight-line) further away. And 
only two equal (straight-lines) will radiate from the point 
towards the (circumference of the) circle, (one) on each 
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© 
K 

"Eoto x0x^oc ó ABI'A, àiáugtpoc 8€ at00 £oto f| AA, 
xal ent tho AA eU opo xt onuciov tò Z, 9 uf £o xévtgov 
toU XOÜxAov, xévtpov 0€ x00 xOxAou EoTtw TÒ E, xal eno tod 
Z moog tov ABTA xbxrov nooomntétwoay evvetat tives at 
ZB, ZI, ZH: ^éyo, Öt uevíozr) uév &ouv ¥ ZA, edaytoty 
dé J| ZA, x&v 6€ GA Xov f| u£v ZB cfic ZU uetCov, 4 Oe ZL 
tc ZH. 

"EncCeóy90oav vào at BE, CE, HE. xo nel navtd< 
ToLry@vou at 500 mAcueal THe Aone uetCovéc clot, at doa 
EB, EZ tij¢ BZ uetCoves etowv. ton 96 Y, AE xfj BE [ot dou 
BE, EZ to% cio tý AZ) uciGov &pa *| AZ týs BZ. nó, 
&rel tor] £oxiv À BE tñ DE, xown òè À ZE, òo ù o BE, 
EZ dvot totc TE, EZ tom siotv. Gà xot vovta Y, oxó BEZ 
yovtag the ond TEZ yetlav Baouc doa Y, BZ Bdoews tie 
TZ uciGov gotty. Oa và abcà OH xoà À TZ ts ZH uetCov 
£olv. 

Hév, êzet o HZ, ZE tc EH ue(Covéc iow, ton òè À 
EH tf EA, ot &oa HZ, ZE tňs EA uelCovég cio. xov 
àprnoefjo9c Y, EZ: Aowr) &pa Y; HZ onis ts ZA ustGov 
&oz(v. uey(ocr) uev doa y ZA, tdaytoty be Y) ZA, uetCov 96€ 
À vèv ZB tc ZI, 5j 6€ ZI ts ZH. 

Aéy&, Öt xol &TÒ toŬ Z onuctov 800 uóvov (cot npo- 
onecoŬŭvta noòs tòy ABTA xóxàov êg éxátepa tc ZA 
Aayiotne. cuveoxáo yàp rpoòs tÅ EZ còÛeig xal tõ med 
aut onuclo t E t òrò HEZ ywvig ton À òrò ZEO, xol 
&neCeOy 0o 7| ZO. &rc obv tor) £cuv f| HE xfj EO, xow? 
òè f| EZ, vo oh at HE, EZ uol tos OE, EZ tom ctotv: 
xoi vowta Y, oxó HEZ ywvig th bro OEZ torn Bdorc koa 
À ZH B&ca «fj ZO tor &oxtv.. Aévo 85, óu TH ZH BAH 
ton où ToooTEcEita nrpóc tOv X0xÀov àno toU Z orucíou. 
ci yàp Suvatéyv, Tooomntétw Å ZK. xa nel À ZK t ZH 
ton gotty, (AX À ZO th ZH on ċotiy|, xà À ZK Sow ty 
ZO gow ton, 7| £y yvov. xfjc Sid tol xévteou TH anwteooyv 
toy Oreo “Ovatov. ovx koa and toh Z onuetou Eteoa Tic 
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(side) of the least (straight-line). 


G 


SX 
M 
S 


K 

Let ABC D bea circle, and let AD be its diameter, and 
let some point F, which is not the center of the circle, 
have been taken on AD. Let E be the center of the circle. 
And let some straight-lines, FB, FC, and FG, radiate 
from F towards (the circumference of) circle ABCD. I 
say that FA is the greatest (straight-line), F D the least, 
and of the others, FB (is) greater than FC, and FC than 
EG, 

For let BE, CE, and GE have been joined. And since 
for every triangle (any) two sides are greater than the 
remaining (side) [Prop. 1.20], EB and EF is thus greater 
than BF. And AE (is) equal to BE [thus, BE and EF 
is equal to AF]. Thus, AF (is) greater than BF. Again, 
since B E is equal to CE, and FE (is) common, the two 
(straight-lines) BE, EF are equal to the two (straight- 
lines) CE, EF (respectively). But, angle BEF (is) also 
greater than angle CEF .* Thus, the base BF is greater 
than the base CF’. Thus, the base BF is greater than the 
base C'F [Prop. 1.24]. So, for the same (reasons), CF is 
also greater than FG. 

Again, since GF and FE are greater than EG 
[Prop. 1.20], and EG (is) equal to ED, GF and FE 
are thus greater than ED. Let EF have been taken from 
both. Thus, the remainder GF is greater than the re- 
mainder FD. Thus, FA (is) the greatest (straight-line), 
FD the least, and F B (is) greater than FC, and FC than 
FG. 

I also say that from point F only two equal (straight- 
lines) will radiate towards (the circumference of) circle 
ABCD, (one) on each (side) of the least (straight-line) 
FD. For let the (angle) FEH, equal to angle GEF, have 
been constructed on the straight-line EF, at the point E 
on it [Prop. 1.23], and let FH have been joined. There- 
fore, since GE is equal to EH, and EF (is) common, 
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TOOONECELTA TEOS TOY ROXAOY ton TH HZ uta &pa uóvn. 
“Edy toa xUXAOU Ent THe Siayeteov AnpdH tt onuctoy, 
O UN cti KEVtTOOY ToD xUXAOL, NO SE TOD oNUElOL Ted 
TOV XUXAOV TOOCOTINTWOLY sLVEtat tives, UEYlOTH UEV EoTOL, 
ED Ho TO XEVTOOY, EAaytoTty OE Å Aon, tõv ðè GAAOY &el ñ 
EYYLOV vfjc Ola. x00 xévtpou cfjc àrxocepov uetCov &osítv, 600 
o£ uóvov toot &xó ToD avtOD oNUstoL npooneooUvtot npóc 
TOV KXUXAOV EM EXATEOA tfjc £Aoytotr)c ónep Eder Setgau. 


t Presumably, in an angular sense. 


t This is not proved, except by reference to the figure. 


; 
n. 

àv xóxAou Ano t oruseiov &xtóc, dno Se toO 
onustov Teds tóv xOxAov Ov 0001v cóUctlot tvec, Ov uta 
u&v OtX toU xévtpou, oi 6€ Aortal, c Exuyev, TOV WEY TED 
THY KOLANY TEELMECELAY npoomuxtouocóv cvDELV UsytoTy 
uév Eotty f| 8uX xoU xévxpou, x&v 8& Gov del Y) £y vov tic 
Otà toU xévrpou tfjc &moepov uct(Gov &oxiv, xv 8€ npóc 
tW xugptiv NEOLPECELAV MECOTINTOLEDY cvvElv &Aor(otr) 
uév &cuv f| uexa&o xoO ce orjuctou xoà vfjc Guruétpou, TV 
dé GAAcOV óc Y| £v ytov. xfjz &Aaytotr)c TÄS &moepóv &ouv 
EAATTWY, SUO OE LOVOY toat ATÒ TOD onuciov nrpgooneooUvrot 
TEOS TOV XVKAOV EM’ ExaTEOA tfjc &Aoytotr|c. 

"Eoco xóxAoc ô ABT, xa toŭ ABT stAfode tt onuetov 
&x1Óc 16 A, xol à. aoxoO OufyOooav cóOctiat vvec at AA, 
AE, AZ, AT, £oto òè f, AA àà xo0 xévipou.  AévG, 
óu tjv uev npóc THY AEZI xotAny nepupépewrv npoomi- 
rtouoGv g00cGv uevíotr uév &ouv f| àuà 100 x£vtpou f| 
AA, uc(Cov de 9| u£v AE ts AZ f| 66 AZ cvfjic AT, xGv 
de Tedc THY OAKH xvoethy nepupépewtv npoonuttoUucGv 
cevvelv éhaytoty uév cot À AH ġ uetačù tod onuetov xatl 
the Stauetoov th¢ AH, del Se A Eyytov th¢ AH édaytotye 
&£Aátvov EOTL The amatepoy, h uev AK cfjc AA, ġ de AA 
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the two (straight-lines) GE, EF are equal to the two 
(straight-lines) H E, EF (respectively). And angle GEF 
(is) equal to angle H EF. Thus, the base FG is equal to 
the base F'H [Prop. 1.4]. So I say that another (straight- 
line) equal to FG will not radiate towards (the circumfer- 
ence of) the circle from point F. For, if possible, let FK 
(so) radiate. And since FK is equal to FG, but FH [is 
equal] to FG, FK is thus also equal to FH, the nearer 
to the (straight-line) through the center equal to the fur- 
ther away. The very thing (is) impossible. Thus, another 
(straight-line) equal to GF will not radiate from the point 
F towards (the circumference of) the circle. Thus, (there 
is) only one (such straight-line). 

Thus, if some point, which is not the center of the 
circle, is taken on the diameter of a circle, and some 
straight-lines radiate from the point towards the (circum- 
ference of the) circle, then the greatest (straight-line) 
will be that on which the center (lies), and the least 
the remainder (of the same diameter). And for the oth- 
ers, a (straight-line) nearer to the (straight-line) through 
the center is always greater than a (straight-line) further 
away. And only two equal (straight-lines) will radiate 
from the same point towards the (circumference of the) 
circle, (one) on each (side) of the least (straight-line). 
(Which is) the very thing it was required to show. 


Proposition 8 


If some point is taken outside a circle, and some 
straight-lines are drawn from the point to the (circum- 
ference of the) circle, one of which (passes) through 
the center, the remainder (being) random, then for the 
straight-lines radiating towards the concave (part of the) 
circumference, the greatest is that (passing) through the 
center. For the others, a (straight-line) nearer! to the 
(straight-line) through the center is always greater than 
one further away. For the straight-lines radiating towards 
the convex (part of the) circumference, the least is that 
between the point and the diameter. For the others, a 
(straight-line) nearer to the least (straight-line) is always 
less than one further away. And only two equal (straight- 
lines) will radiate from the point towards the (circum- 
ference of the) circle, (one) on each (side) of the least 
(straight-line). 

Let ABC be a circle, and let some point D have been 
taken outside ABC, and from it let some straight-lines, 
DA, DE, DF, and DC, have been drawn through (the 
circle), and let DA be through the center. I say that for 
the straight-lines radiating towards the concave (part of 
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the ZO. 





EX fpc yàp xó xévxpov o0 ABI xóxAou xoi £oto TO 
M: xa &neCeoy 900av of ME, MZ, MT, MK, MA, MO. 

Koi &rei tov] £oxiv Y, AM cf; EM, xov?) ngooxeío0« | 
MA: f| &pa. AA ton £o tas EM, MA. àX at EM, MA 
tfic EA uetCovéc cio: xa À AA doa the EA uetCov &otvy. 
náAtv, &nel tov] £oxiv Y; ME cf; MZ, xowr òè Y) MA, oi EM, 
MA ó&pa voic ZM, MA tco eiotv: xol yYov(a ñ òrò EMA 
yovtag xfi; ónó ZMA us(Gov &oxtv. Dácic &pa Y) EA Dáceoc 
tfic ZA ustGov &oxtv: óuotoc 97) 8c(&ouev, ó xol fj ZA cfjc 
L'A uciCov &octv: uevtotr) u£v pa | AA, uctCov 8€ T) uev 
AE fic AZ, f| 66 AZ tHe AT. 

Kat éxet oi MK, KA «fic MA usí(Covéc eio, tor] o£ Y) 
MH «f; MK, ñan) &ea Y; KA ons ts HA usetGov &octv: 
ote Ù HA týs KA háttov čotiv xal Exel tevywvou tod 
MAA ni mõs x&v nàcvpoðõv tc MA úo csövet Evtd¢ 
cuveoxátürncav oi MK, KA, oi &pa MK, KA tõv MA, AA 
éhattoves ciow ton è À MK «fj MA: Aou] àga Y, AK 
Aownfjc tfjg AA &Aé&xxov gotty. duotwe dy) Oc(&ouev, óu 
xol Y| AA tio AO &Aávtov &osív: ErAayloty uev goa Y, AH, 
&Aá&txov sé 9| uev AK ts AA fj 6€ AA tic AO. 

Aéyo, Öt xoi 000 uóvov too ånò toŭ A onuelou 
TeoconecoUvta Ted¢ TOV XxÓxAov &g' &xóárega tňc AH 
£Aoyiotre' cuveotáto npóc th MA cvdetax xal 16 npóc 
auth onueta tõ M tÅ òrò KMA yovig ton yovia Y, oro 
AMB, xoà &xeCeóoy 90 4 AB. xot Exet fon Eotlv À MK tf 
MB, xowy de Y, MA, úo 87; ot KM, MA úo tas BM, MA 
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the) circumference, AE FC, the greatest is the one (pass- 
ing) through the center, (namely) AD, and (that) DE (is) 
greater than DF, and DF than DC. For the straight-lines 
radiating towards the convex (part of the) circumference, 
HLKG, the least is the one between the point and the di- 
ameter AG, (namely) DG, and a (straight-line) nearer to 
the least (straight-line) DG is always less than one far- 
ther away, (so that) DK (is less) than DL, and DL than 
than DH. 
D 


For let the center of the circle have been found 
[Prop. 3.1], and let it be (at point) M [Prop. 3.1]. And let 
ME, MF, MC, MK,ML,and M H have been joined. 

And since AM is equal to EM, let MD have been 
added to both. Thus, AD is equal to EM and M D. But, 
EM and MD is greater than ED [Prop. 1.20]. Thus, 
AD is also greater than ED. Again, since M E is equal 
to MF, and MD (is) common, the (straight-lines) EM, 
M D are thus equal to FM, MD. And angle EMD is 
greater than angle FM D.* Thus, the base ED is greater 
than the base FD [Prop. 1.24]. So, similarly, we can 
show that FD is also greater than CD. Thus, AD (is) the 
greatest (straight-line), and DE (is) greater than DF, 
and DF than DC. 

And since M K and K D is greater than M D [Prop. 
1.20], and MG (is) equal to MK, the remainder KD 
is thus greater than the remainder GD. So GD is less 
than K D. And since in triangle MLD, the two inter- 
nal straight-lines M K and K D were constructed on one 
of the sides, M D, then M K and KD are thus less than 
ML and LD [Prop. 1.21]. And MK (is) equal to ML. 
Thus, the remainder DK is less than the remainder DL. 
So, similarly, we can show that DL is also less than DH. 
Thus, DG (is) the least (straight-line), and DK (is) less 
than DL, and DL than DH. 

I also say that only two equal (straight-lines) will radi- 
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toa cloly éxatéoa Exatéey xal yovla Y| òrò KMA yovig 
tf, bro BMA ton: Baotc dow ) AK Béoet tH AB ton éotiy. 
Eyes [54], Ott tH AK codety GAN ton od noooneceitan 
Teds TOV ROXAOV and TOD A onuetov. sl yao SuvatOV, npo- 
OMNTET ual Eotw Y, AN. &xei oov f| AK cf; AN otv ton, 
AX Y AK cf; AB otw tor, xoi f, AB &pa th AN &oxv 
ton, À ëyylov týs AH &Aoytotrie tfj àmóepov |[£ouv| tory 
ónep àObvaxov £Oc(yUr. oOx You TAclouc Ñ OVO toon TeEd¢ 
tov ABT xvxAov and tot A onustou gy’ Exdteoa th¢ AH 
eAaylotys MeconecoUvtan. 

E&v óépa xOxAou ANPUF tT oNUEtoV Extd¢, ano SE TOD 
onustov Teds TOV XLXAOY dLayVBow coVetat tives, OV Ula 
u&v Ot& 100 xévtpou ot 6& Aouxot, c Etuyev, 1v uev nooc 
t! xo(Àvy mepupépetuv NoooTINTOVaY cbDEIV Usytoty 
ÉV oti Ñ OGuà toU xévrou, THY bE Gov óc Y) &v viov cfjc 
Otà toU xévrpou tfjc &moepov ue(Gov &oxiv, x&v dè npóc 
THY XVETHY NEPLPEPELAV TECOTINTOLEDY cvdElBv Eraytoty 
uév &cuv F UETAEL TOD te oNUsloL xal Tho StaMUETOOL, TOV 
dé Ahoy del A Eyytov thc EAayloths Th¢ &moepóv &ouv 
CAATTWOY, SUO OE UOVOY tom AO xoO orjuetou nrpooneooUvrot 
TEOS TOV XLXAOV EM ExaTEOA TH¢ cAaylathHc’ ONEE Eder 
Oct on. 


t Presumably, in an angular sense. 


t This is not proved, except by reference to the figure. 
D. 

BEéàv xóx^ou Andy t onustov &£vtóc, ano è 
onustov Ted¢ TOY XUXAOY TECOTintwWOoL TAELOUCS F OVO tom 
cvci, vó ArpOEv onuciov xévtpov &£oti xoU X0XAoU. 

"Eoo xóxAoc ó ABT, &£vxóc 86 abco0 orjuetov xo A, xol 
ano tol A npóc tov ABT xbxAov nooomntétwouy TActoucg 


Ñ dúo too có9ctot ot. AAA, AB, AT" Aévo, óx xó A onuetov 
xévtoov ot} toŭ ABT xóxAov. 


TOU 
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ate from point D towards (the circumference of) the cir- 
cle, (one) on each (side) on the least (straight-line), DG. 
Let the angle DM B, equal to angle KMD, have been 
constructed on the straight-line M D, at the point M on 
it [Prop. 1.23], and let DB have been joined. And since 
MK is equal to MB, and MD (is) common, the two 
(straight-lines) KM, M D are equal to the two (straight- 
lines) BM, MD, respectively. And angle KMD (is) 
equal to angle BM D. Thus, the base DK is equal to the 
base DB [Prop. 1.4]. [So] I say that another (straight- 
line) equal to DK will not radiate towards the (circum- 
ference of the) circle from point D. For, if possible, let 
(such a straight-line) radiate, and let it be DN. There- 
fore, since DK is equal to DN, but DK is equal to DB, 
then DB is thus also equal to DN, (so that) a (straight- 
line) nearer to the least (straight-line) DG [is] equal to 
one further away. The very thing was shown (to be) im- 
possible. Thus, not more than two equal (straight-lines) 
will radiate towards (the circumference of) circle ABC 
from point D, (one) on each side of the least (straight- 
line) DG. 

Thus, if some point is taken outside a circle, and some 
straight-lines are drawn from the point to the (circumfer- 
ence of the) circle, one of which (passes) through the cen- 
ter, the remainder (being) random, then for the straight- 
lines radiating towards the concave (part of the) circum- 
ference, the greatest is that (passing) through the center. 
For the others, a (straight-line) nearer to the (straight- 
line) through the center is always greater than one fur- 
ther away. For the straight-lines radiating towards the 
convex (part of the) circumference, the least is that be- 
tween the point and the diameter. For the others, a 
(straight-line) nearer to the least (straight-line) is always 
less than one further away. And only two equal (straight- 
lines) will radiate from the point towards the (circum- 
ference of the) circle, (one) on each (side) of the least 
(straight-line). (Which is) the very thing it was required 
to show. 


Proposition 9 


If some point is taken inside a circle, and more than 
two equal straight-lines radiate from the point towards 
the (circumference of the) circle, then the point taken is 
the center of the circle. 

Let ABC be a circle, and D a point inside it, and let 
more than two equal straight-lines, DA, DB, and DC, ra- 
diate from D towards (the circumference of) circle ABC. 
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‘EneCevytwcay yuo at AB, BI xo xevufjoOoocav 
Diya xatà tà E, Z onusta, ual emCevydetoa ot EA, ZA 
Oy 9ocav &ri xà H, K, O, A onucia. 

Ernel oðv ton £cxv *| AE tý EB, xavi Se ġ EA, úo 
07» oi AE, EA 900 tas BE, EA ïou cioiv xoà Báotc À AA 
Baoet th AB tox yovia gow ġ òrò AEA ovt tý òrò BEA 
ton &ox(v: óp07) &pa éxatépa tõv òrò AEA, BEA ywwdsy: ¥ 
HK goa thy AB téuver Stya xal mod¢ deVdC. xa Enel, Edev 
EV xUxAw evvetd tic cvvEetdyv tiva dlya te xal TEdS dEDdC 
TEUVY), ETL Tho TEeUVoVONS EoTL TO xEVTEOV TOD xOxAOL, Er 
thc HK dex Eotl vo xévxpov xoO xOxAov. Oui xà o rà O7) xod 
&ri thc OA éott to xévtoov tol) ABI' xóxAou. xoà o08&v 
&vepov xotvóv £youow oi HK, OA evdeton f to A onuctov: 
tO A toa onuetoy xévtooyv gott tol ABI xóxAov. 

E&v &pa xúxiou Ang tt onuctov Evtdc, ano Se toO 
onustou medc tóv xOxAov npoonírto0t nÀAc(ouc fj 600 too 
coUctot, xó Arypü£v orjuetov xévtpov £oxi 100 xóxAov: ónep 
Eder Setcau. 


b: 
KOxAoc x0xAOV OD TEUvEL KATH TActova ongcia 7, 600. 
Ei yao Suvatév, xbxAoc 6 ABI xóxAov tov ABZ 
TEUVETO KATH TAStova onucta Ñ) úo tà B, H, Z, O, xoi 
enCevycica ai BO, BH dtya teuveodwouy xatà tà K, A 
onveta’ xal and tov K, A toic BO, BH redc 600d ay Veto 
oat KT, AM difydaouy ext ta A, E onueta. 


SO 


I say that point D is the center of circle ABC. 


H 

For let AB and BC have been joined, and (then) 
have been cut in half at points E and F (respectively) 
[Prop. 1.10]. And ED and FD being joined, let them 
have been drawn through to points G, K, H, and L. 

Therefore, since AE is equalto EB, and ED (is) com- 
mon, the two (straight-lines) AE, ED are equal to the 
two (straight-lines) BE, ED (respectively). And the base 
DA (is) equal to the base DB. Thus, angle AED is equal 
to angle BED [Prop. 1.8]. Thus, angles AED and BED 
(are) each right-angles [Def. 1.10]. Thus, Gk cuts AB in 
half, and at right-angles. And since, if some straight-line 
in a circle cuts some (other) straight-line in half, and at 
right-angles, then the center of the circle is on the former 
(straight-line) [Prop. 3.1 corr.], the center of the circle is 
thus on Gk. So, for the same (reasons), the center of 
circle ABC is also on HL. And the straight-lines Gk and 
HL have no common (point) other than point D. Thus, 
point D is the center of circle ABC. 

Thus, if some point is taken inside a circle, and more 
than two equal straight-lines radiate from the point to- 
wards the (circumference of the) circle, then the point 
taken is the center of the circle. (Which is) the very thing 
it was required to show. 


Proposition 10 


A circle does not cut a(nother) circle at more than two 
points. 

For, if possible, let the circle ABC cut the circle DEF 
at more than two points, B, G, F, and H. And BH and 
BG being joined, let them (then) have been cut in half 
at points K and L (respectively). And KC and LM be- 
ing drawn at right-angles to BH and BG from K and 
L (respectively) [Prop. 1.11], let them (then) have been 
drawn through to points A and E (respectively). 


MTOLXEION y. 





"Enc o0v £v xóxAco tă ABT eó0ctá cuc Y, AI có0ciáv 
tuva THY BO diya xal medc¢ Goda véuveu &ri ts APT &pa 
éotl TO xevteov to ABT xvxAovu. nó, &£xel Ev xOxAw TH 
ute 1G ABT cóOciá cc Y, NE eó0ctávy tiva thy BH Stya 
xoi nrpóc ópO0üc téuver, &mb tfjc NE Opa Eotl TO xEVTEOV 
:00 ABD xóxAovu. &Oc(y0r | o£ xoi ém ts AT, xa xar 
ovdeyv ouuBdAAovow of AD, NEZ eó9Octiot fj xoaxà tO O° TO 
O &pa onuctov xévxgov &oxi x00 ABI xóxAov. óuotoc 97 
Oc(&ouev, óvt xol xoÜ AEZ x0üxAou xévteov gat xó O: 600 
hoa xUxAWY TEeUvdvtWY àAAXfXouc x&v ABD, AEZ xo aocó 
EotT, XEVTOOV TO O° OnE EoTIy GdVVaTOY. 

Oùx &pa xúxňoç xúxňov téuvet xoà nAetovo. orta T) 
000' óÓrep det Setgau. 


Lo’. 

“EY O00 XOXAOL EPANTVTAL GAATHAWY EvTOC, xoà Avo 
QUTEY TH XEVTOM, Å êm tà xévtoa aUTHY EmCevYVOUEVH 
ceuveta xal exBarAouevn Eml THY cuvagůy nececito TOV 
XÜXAÀOY. 

Ato yàp xóxňo oi ABT, AAE &qanzéo906oaov Gov 
Evtos KATH TO A oNUEtoY, nal ciAnodw tot uev ABT xvxAovu 
xévtpov TO Z, tol de AAE 16 H: Aéyoo, Óóx fj àxó x00 H &ri 
tÒ Z émitevyvwyevy coveta exBorrouevy Ext tO A neceitou. 

My yao, GAN’ ef Suvatédy, martéto oc 1 ZHO, xoi 
éreCevydwoay at AZ, AH. 

Enet odv at AH, HZ tic ZA, xouxéou fic ZO, uc(Covéc 
elawv, xowvy) apnonode Y, ZI: Aou) wou Y; AH Aans tis 
HO ys(Cov éotiv. ton òè À AH tý HA: xa À HA Sou 
tfic HO ue(Cov &oxly À Adttwv ctfi; uetCovoc: ónep oiv 
à60votov: oOx toa 4 dno tol Z £n xó H &mCeuvvuuévrn 
cevvela ExtO¢ neocitar nate TO A Yom Ext tfjg cuvafic 
NEOELTAL. 
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Therefore, since in circle ABC some straight-line 
AC cuts some (other) straight-line BH in half, and at 
right-angles, the center of circle ABC is thus on AC 
[Prop. 3.1 corr.]. Again, since in the same circle ABC 
some straight-line NO cuts some (other straight-line) BG 
in half, and at right-angles, the center of circle ABC is 
thus on NO [Prop. 3.1 corr.]. And it was also shown (to 
be) on AC. And the straight-lines AC and NO meet at 
no other (point) than P. Thus, point P is the center of 
circle ABC. So, similarly, we can show that P is also the 
center of circle DEF. Thus, two circles cutting one an- 
other, ABC and DEF, have the same center P. The very 
thing is impossible [Prop. 3.5]. 

Thus, a circle does not cut a(nother) circle at more 
than two points. (Which is) the very thing it was required 
to show. 


Proposition 11 


If two circles touch one another internally, and their 
centers are found, then the straight-line joining their cen- 
ters, being produced, will fall upon the point of union of 
the circles. 

For let two circles, ABC and ADE, touch one another 
internally at point A, and let the center F of circle ABC 
have been found [Prop. 3.1], and (the center) G of (cir- 
cle) ADE [Prop. 3.1]. I say that the straight-line joining 
G to F, being produced, will fall on A. 

For (if) not then, if possible, let it fall like FGH (in 
the figure), and let AF and AG have been joined. 

Therefore, since AG and GF is greater than FA, that 
is to say FH [Prop. 1.20], let FG have been taken from 
both. Thus, the remainder AG is greater than the re- 
mainder GH. And AG (is) equal to GD. Thus, GD is 
also greater than GH, the lesser than the greater. The 
very thing is impossible. Thus, the straight-line joining F 
to G will not fall outside (one circle but inside the other). 
Thus, it will fall upon the point of union (of the circles) 


MTOITXEION y. 





T 


Eàv oa S00 ubuAot Epdrntavta GAAHAwv &vróc, [xo 
Anpoh, adbtasyv ta xévtoa], A emt ta xévtoa avToyv nev- 
Y vuuévr, ebOeto. [xol ExBadrAouevy] Ext thy ovvaPHY TEcEitat 
TOY XOXADV’ OTEO Eder clé. 


f 
D. 
àv 600 x0üxAot &o&rtovtot GAAYcov &xtóc, Y éni tà 
“KEVTOM AUTEY EmCELYVUUEVY Oia Tio Enapiic EAcboetau. 


V 
E 

Ato vàp xOóxAot oi ABT, AAE égantéotwoay DAHAwY 
£x1Oc xarà tO À orucov, xoi eiÀYyp0c tod yey ABI 
xEvtooy tO Z, tov 8€ AAE tò H: AÉvo, Óu f| ànó tod 
Z ên tò H èmCeuyvuuévn còÛera dià fic xoà xó À &nxougfic 
EAeOceTot. 

MÌ yao, àAX ci Guvaxóv, &oyéo9o óc f; ZLAH, xoi 
&neCeoy 9ocav oi AZ, AH. 

Enel obv t6 Z onuetoy xévtoov goth tol) ABT xóxAov, 


ton gotlv À ZA th ZT. náv, nel tò H onuciov xévtoov 
oti toŭ AAE xúxàov, ton gotiv À HA t HA. edetydy 
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at point A. 


H 


S 


Thus, if two circles touch one another internally, [and 
their centers are found], then the straight-line joining 
their centers, [being produced], will fall upon the point 
of union of the circles. (Which is) the very thing it was 
required to show. 


Proposition 12 


If two circles touch one another externally then the 
(straight-line) joining their centers will go through the 
point of union. 


B 





For let two circles, ABC and ADE, touch one an- 
other externally at point A, and let the center F of ABC 
have been found [Prop. 3.1], and (the center) G of ADE 
[Prop. 3.1]. Isay that the straight-line joining F to G will 
go through the point of union at A. 

For (if) not then, if possible, let it go like FC DG (in 
the figure), and let AF and AG have been joined. 

Therefore, since point F is the center of circle ABC, 
FA is equal to FC. Again, since point G is the center of 
circle ADE, GA is equal to GD. And FA was also shown 


MTOIXEION y. 


òè xal À ZA tH ZT ton ot Goa ZA, AH totic ZV, HA toot 
eiotv: ote Ody À ZH tõv ZA, AH ue(Cov &ociv: Gà xol 
&£Aá&tvov: Órep £oxiy àGOvaxov. oOx Ópa Å ano tod Z Ext 
tO H émCevyvuyevy £ó9cto. oux tfjc xoxà tò A &Eropfic oox 
SAEVGETAL’ OU ALTAC How. 

Eàv koa úo xDxAOL EMantwVTa GAARAGY ExTOc, Ĥ Ett 
TH MEVTON aOTOY EniCevyvoEevy [ebVeia] Sid tio Exaprie 
EAcúoctar OnE Eden Oetgoau. 


ly. 
KóxAoc x0xAou oOx &gántecxot xoà nActova. orta. ñ 
nad’ Ev, EXV TE EVTOS EGY TE EXTOS EMANTHTAL. 





Ei yàp duvatéyv, xvxAo¢ 6 ABTA xóxAou to} EBZA 
EPUNTEGUG MEOTEPOV EVTOS KATH TAstova onusta Ñ Èv tà A, 
B. 

Kol ei^ fco 100 u£v ABTA xúxňou xévtoov to H, tot 
ds¢ EBZA tò O. 

H goa and tol H én tò O éEmCevyvuouevny &ri xà B, 
A neogita. mmtéta Oc ?| BHOA. xoi éxel 6 H onuetov 
“xEvteov éotl tol ABTA xvxA0ou, ton éotly À BH th HA: 
uelCwv goa À BH tsc OA: tori & &pa uetGov f| BO tic OA. 
TdALY, ETEL TO O onuetoyv xévtooyv éotl tol EBZA xvxAou, 
ton gotly 4) BO th OA: edetyOn OE aot nal TOAAGD uetCov 
ÖTE àO0vatov: oOx &pa xOxAoc xOxAou &gártetot £vrOG 
Kata TAclova onueta | Ev. 

Aéyo Of, Sti OSE &xtÓc. 

Ei yao dSuvatéy, xvxAo¢g 6 ATK xóxňouv toč ABTA 
epantéada &xtóc xaxà nActova orjucta Y, £v xà A, T, xol 
ereCevyda 7| AT. 

"Enel obv xvxAwv tv ABTA, ATK cinnt ext tie 
nepupepetoc éxatépou S00 tuyóvta onuecta ta A, T, A êm 
TH ONusta EmCevyvuuevny cudeta Evtdoc Exatéoou necettau 
OAAG® to uev ABTA évtdo¢ Exeoeyv, tol d¢ ATK £&xxóc 
OTEO &UTOTOV’ OLX Hoa XVXAOG KOXAOL EMaNTETAL EXTOS KATH 
TActova onucta 4 Ev. cdelyOn OE, OTL OLdE Evtdc. 
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(to be) equal to FC. Thus, the (straight-lines) FA and 
AG are equal to the (straight-lines) FC and GD. So the 
whole of FG is greater than FA and AG. But, (it is) also 
less [Prop. 1.20]. The very thing is impossible. Thus, the 
straight-line joining F to G cannot not go through the 
point of union at A. Thus, (it will go) through it. 

Thus, if two circles touch one another externally then 
the [straight-line] joining their centers will go through 
the point of union. (Which is) the very thing it was re- 
quired to show. 


Proposition 13 


A circle does not touch a(nother) circle at more than 
one point, whether they touch internally or externally. 





For, if possible, let circle AB DC' touch circle E B F D— 
first of all, internally—at more than one point, D and B. 

And let the center G of circle ABDC have been found 
[Prop. 3.1], and (the center) H of EBF D [Prop. 3.1]. 

Thus, the (straight-line) joining G and H will fall on 
B and D [Prop. 3.11]. Let it fall like BGH D (in the 
figure). And since point G is the center of circle ABDC, 
BG is equal to GD. Thus, BG (is) greater than H D. 
Thus, B H (is) much greater than H D. Again, since point 
H is the center of circle EBF D, BH is equal to HD. 
But it was also shown (to be) much greater than it. The 
very thing (is) impossible. Thus, a circle does not touch 
a(nother) circle internally at more than one point. 

So, I say that neither (does it touch) externally (at 
more than one point). 

For, if possible, let circle ACK touch circle ABDC 
externally at more than one point, A and C. And let AC 
have been joined. 

Therefore, since two points, A and C, have been taken 
at random on the circumference of each of the circles 
ABDC and ACK, the straight-line joining the points will 
fall inside each (circle) [Prop. 3.2]. But, it fell inside 
ABDC, and outside ACK [Def. 3.3]. The very thing 
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KOóxAoc &po xOxAou oOx &dq&ne cot xorcà xAet(ova. orjuetot 
f| xar0"] £v, &&v te évxvóc &&v te &xxóc &ogóntrav ónep Eder 
Oct ot. 


t The Greek text has “A BC D”, which is obviously a mistake. 
f 
na 
Ev xóxA«q ob toot có0ciot toov à&méyouocty àxÓ toO 
XEVTOOV, xoà oi tcov anéyovom and ToD xEévteov tom 
AAV Aus sloty. 


A 


D 
AÀ 


"Eoo xóxXoc ó ABTA, xal êv yòt tcot cóUctot &oo- 
cav oà AB, DA: Aévo, óu oi AB, DÀ tcov &néyovow and 
TOU XEVTEOD. 

EX pc) Yàp tò xévtov toh ABTA xúxàou xal EOTO TÒ 
E, xoi àró vo0 E &ri xàc AB, DÀ xó90ecot fy 9ocav oi EZ, 
EH, xoà $£neCeoy0906av ot AE, ET. 

"Emei oOv eó9€i& tic dla tot xévtoou A BZ evvetav tiva 
ur) dia tol xévteou thy AB node pàs téuvet, xa Stya 
auTyy xéuvet. fon goa AZ th ZB: Sind dow ñ AB tc 
AZ. &à và abcà 97) xoi Y; L'A xfjc DH tot nif xot £ouv 
ton ġ AB vf; DA: tov) &pac xoi Y; AZ tý TH. xo &rei ter) £oxiv 
f, AE xfj ET, tcov xoà tò ànò ts AE t& &nó cfjc EP. àAAà 
TG u£v dro tfjc AE ica xà àxó xv AZ, EZ: pù yàp À 
tens TH) Z yovi t dè àxó tfjc ET toa tà àxó «Gv EH, HI" 
ood yuo fh npóc tă H yovi xà &pa àxó xGv AZ, ZE toa 
£c toic and xGv PH, HE, Gv xó ànó vfjc AZ ioov &od x6 
àxó tfjc L'H: tov) Yáp &cuv fj AZ vf; DH: Aowróv koa tò &nò 
thc ZE x6 ànó tfjc EH toov &ostv: tor) àpa Y, EZ tfj EH. êv 
dé XUXAW toov ánxéye àxó x00 xévtpou eoUO€tot A&vovcat, 
Otay at dno tol xévtoou én’ avtae xdVetor &yduevan toot 
Go: ot goa AB, TA toov anéyovow and tod xévteou. 

AAA& 87, oft AB, TA cdVeta toov aneyétwouy &nd tod 
xévtpou, touxécuv tor] £oxo À EZ th EH. Aévo, óu tor 
£c xoà Y, AB «fj DA. 
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(is) absurd. Thus, a circle does not touch a(nother) circle 
externally at more than one point. And it was shown that 
neither (does it) internally. 

Thus, a circle does not touch a(nother) circle at more 
than one point, whether they touch internally or exter- 
nally. (Which is) the very thing it was required to show. 


Proposition 14 


In a circle, equal straight-lines are equally far from the 
center, and (straight-lines) which are equally far from the 
center are equal to one another. 


D 


C 


A 


Let ABDC! be a circle, and let AB and C D be equal 
straight-lines within it. I say that AP and CD are equally 
far from the center. 

For let the center of circle ABDC have been found 
[Prop. 3.1], and let it be (at) E. And let EF and EG 
have been drawn from (point) E, perpendicular to AB 
and C D (respectively) [Prop. 1.12]. And let AE and EC 
have been joined. 

Therefore, since some straight-line, EF, through the 
center (of the circle), cuts some (other) straight-line, AB, 
not through the center, at right-angles, it also cuts it in 
half [Prop. 3.3]. Thus, AF (is) equal to FB. Thus, AB 
(is) double AF. So, for the same (reasons), C D is also 
double CG. And AB is equal to CD. Thus, AF (is) 
also equal to CG. And since AF is equal to EC, the 
(square) on AF (is) also equal to the (square) on EC. 
But, the (sum of the squares) on AF and EF (is) equal 
to the (square) on AE. For the angle at F (is) a right- 
angle [Prop. 1.47]. And the (sum of the squares) on EG 
and GC (is) equal to the (square) on EC. For the angle 
at G (is) a right-angle [Prop. 1.47]. Thus, the (sum of 
the squares) on AF and FE is equal to the (sum of the 
squares) on CG and GE, of which the (square) on AF 
is equal to the (square) on CG. For AF is equal to CG. 


84 


S TOIXEION Y. 


TGv vàp aÓxGv xotaoxeuacOÉévtov óuo(oc Oc(Couev, 
ÖT TAN £ouv f| uev AB cfjic AZ, fj 68 L'A týs TH xol ênel 
lov) £cuv *| AE tfj DE, tcov otl tò ànó vfjc AE, xG ónó 
tfc l'E: &AA& 1G uèv à&noó tc AE toa £o. xà ànó tõv EZ, 
ZA, x6 6€ ànó tic [E toa xà àxó xov EH, HI. cà pa ànó 
tv EZ, ZA toa gat totic and tév EH, HI" Gv có ànó cfjc 
EZ 1G nò tis EH otw toov: ton và f, EZ xf, EH: Aowxóv 
hoa tO àxó tfi AZ toov &oxi 1G &nò tc DH: tov) &pac y| AZ 
th TH: xat got vfjc u£v AZ ound À AB, týs 6€ PH ow 
?, DA: tov, &pa À AB «f; DA. 

Ev x0xA@ Goa at too eo0ciot toov anéyovot ano 
toU xévtpou, xXal al toov aNEyovoM “NO TOU xEvTEOL toon 
Gf Kot eiotv: Once Eder Seton. 


t The Greek text has “A BC D", which is obviously a mistake. 


f 


le. 

Ev x0xAo YEYLOTH YEV Y OidUETOOC, THY OE dAAOYV Kel 
f| £v vtov. xoO xévtpou cfc àxoepov uctCov &ostv. 

"Eoto x0x^oc ó ABIA, 8&iáugtpoc 8€ at00 £oto f| AA, 
xévtxpov 6& xó E, xoi čyyiov uèv ts AA Gupérpou &oco f| 
BI, &natepoy be 9; ZH: Aévo, Öt ueylotn uév &ouv fj AA, 
uetCav òè *| BI «fic ZH. 

"Hydwoay yuo ano tot E xévtoov ém tac BI, ZH 
xáðeto ai EO, EK. xal nel čyyiov vey tod xEvteou &oriv 
Å BI, &nótepov òè ñ ZH, uetCov koa f, EK cfjc EO. xeto9o 
th EO ton ġ EA, xa die tot A th EK npòcs óptàs aydetoa 
7, AM difyde èm tò N, xa &neCeoy 9ocav at ME, EN, ZE, 
EH. 

Koi énet ton gotiv À EO tÅ EA, ton goth xoi À Br q 
MN. záv, énet ton £oxiv 5| u£v AE cf; EM, 5| 66 EA qf 
EN, f; &pa AA tote ME, EN ton &ox(v. àAX' ot u£v ME, EN 
thc MN ustCovéc etow [xoi Y, AA fic MN ustCov &osty|, 
ton òè | MN «fj BI 5| AA &ga cfjc BI uctCov £&os(v.. xoi 
Enel úo at ME, EN úo tos ZE, EH tom etoty, xol yavla 
7 bnd MEN yovias ts òrò ZEH vetCov [Eatty], Báo hoa 
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Thus, the remaining (square) on FE is equal to the (re- 
maining square) on EG. Thus, EF (is) equal to EG. And 
straight-lines in a circle are said to be equally far from 
the center when perpendicular (straight-lines) which are 
drawn to them from the center are equal [Def. 3.4]. Thus, 
AB and CD are equally far from the center. 

So, let the straight-lines AB and C D be equally far 
from the center. That is to say, let EF be equal to EG. I 
say that AB is also equal to C D. 

For, with the same construction, we can, similarly, 
show that AB is double AF, and CD (double) CG. And 
since AE is equal to CE, the (square) on AE is equal to 
the (square) on CE. But, the (sum of the squares) on 
EF and FA is equal to the (square) on AE [Prop. 1.47]. 
And the (sum of the squares) on EG and GC (is) equal 
to the (square) on C E [Prop. 1.47]. Thus, the (sum of 
the squares) on EF and FA is equal to the (sum of the 
squares) on EG and GC, of which the (square) on EF is 
equal to the (square) on EG. For EF (is) equal to EG. 
Thus, the remaining (square) on AF is equal to the (re- 
maining square) on CG. Thus, AF (is) equal to CG. And 
AB is double AF, and CD double CG. Thus, AP (is) 
equal to CD. 

Thus, in a circle, equal straight-lines are equally far 
from the center, and (straight-lines) which are equally far 
from the center are equal to one another. (Which is) the 
very thing it was required to show. 


Proposition 15 


In a circle, a diameter (is) the greatest (straight-line), 
and for the others, a (straight-line) nearer to the center 
is always greater than one further away. 

Let ABC D be a circle, and let AD be its diameter, 
and E (its) center. And let BC be nearer to the diameter 
AD," and FG further away. I say that AD is the greatest 
(straight-line), and BC (is) greater than FG. 

For let £H and EK have been drawn from the cen- 
ter E, at right-angles to BC and FG (respectively) 
[Prop. 1.12]. And since BC is nearer to the center, 
and FG further away, EK (is) thus greater than EH 
[Def. 3.5]. Let EL be made equal to EH [Prop. 1.3]. 
And LM being drawn through L, at right-angles to EK 
[Prop. 1.11], let it have been drawn through to N. And 
let M E, EN, FE, and EG have been joined. 

And since EH is equal to EL, BC is also equal to 
MN [Prop. 3.14]. Again, since AE is equal to EM, and 
ED to EN, AD is thus equal to M E and EN. But, ME 
and EN is greater than MN [Prop. 1.20] [also AD is 


MTOLXEION y. 


? MN Béoews tic ZH usiCeyv gotiv. oAAa Y, MN th BPT 
edety0n ton [xa | BI xfjc ZH. uetGov &oxtv]. ueytoty yev 
&pa Y) AA didueteoc, yetCav è WY BI thc ZH. 





Ev x0x^o &po ueíotr, uev EaTIV F SidUETOEOG, THY OE 
GA CV del Y) £y vtov xoO xévrpou cfjc àmoepov uctGov &oiv: 
Órep &Eoet Ocl&on. 
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greater than M N], and M N (is) equal to BC. Thus, AD 
is greater than BC. And since the two (straight-lines) 
ME, EN are equal to the two (straight-lines) FE, EG 
(respectively), and angle MEN [is] greater than angle 
FEG,* the base MN is thus greater than the base FG 
[Prop. 1.24]. But, MN was shown (to be) equal to BC 
[(so) BC is also greater than FG]. Thus, the diameter 
AD (is) the greatest (straight-line), and BC (is) greater 
than FG. 





Thus, in a circle, a diameter (is) the greatest (straight- 
line), and for the others, a (straight-line) nearer to the 
center is always greater than one further away. (Which 
is) the very thing it was required to show. 


t Euclid should have said “to the center”, rather than ”to the diameter AD”, since BC, AD and FG are not necessarily parallel. 


t This is not proved, except by reference to the figure. 


IF. 

H t à&agéxpo to xvxAov med¢ dodac am’ ğxpacs 
&Youévr EXTOS TECEttaL v00 XOxAÀou, xoi cic TOV UETAgU 
TONOV Thc Te &OOc(ac xol tfj; nepupepetoc &xépga. cvdEta ov 
ropeunectirot, xol y| u£v TOU YuLxLxAlov yaovla andone 
yovtag ó&c(ac evutuyeduyou pelCwv &oc(v, À Oè Aou) 
EEATT. 

"Eoco x0xXoc ô ABT nepi xévtoov to A xat didueteov 
Uv AB: AÉyo, óu fj ànó tod A tH AB npóc dptàc àn 
Gxpoc &vouévr) &xxóc neocitot xoU XOxAou. 

M?) Yáp, &AX' ei Govaxóv, muxxévo £vxóc óc Y) D'À, xoi 
&neCeoy 90 Y; AT. 

Exel ton otv ġ AA t AT, ion écot xa yovia f| ono 
AAT vowví(a tfj òrò ATA. dp õè 4 rò AAT: pù doa 
xoi jj òrò ATA: tayóvouv ñ tol ATA at d00 ywovion at 
òrò AAT, ATA úo pois o ciolv: ónep &£oxiv &dúvaTov. 
ovx dea 7H and tol A conuelou tÀ BA npòs pàs &youévn 
Evtog nececito tol xúxàou. uolwc o7 óci&ouev, Öt ob 
&ri tfj; repupeostac: &xtóc ópa. 
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Proposition 16 


A (straight-line) drawn at right-angles to the diameter 
of a circle, from its end, will fall outside the circle. And 
another straight-line cannot be inserted into the space be- 
tween the (aforementioned) straight-line and the circum- 
ference. And the angle of the semi-circle is greater than 
any acute rectilinear angle whatsoever, and the remain- 
ing (angle is) less (than any acute rectilinear angle). 

Let ABC be a circle around the center D and the di- 
ameter AB. I say that the (straight-line) drawn from A, 
at right-angles to AB [Prop 1.11], from its end, will fall 
outside the circle. 

For (if) not then, if possible, let it fall inside, like CA 
(in the figure), and let DC have been joined. 

Since DA is equal to DC, angle DAC is also equal 
to angle ACD [Prop. 1.5]. And DAC (is) a right-angle. 
Thus, ACD (is) also a right-angle. So, in triangle AC D, 
the two angles DAC and ACD are equal to two right- 
angles. The very thing is impossible [Prop. 1.17]. Thus, 
the (straight-line) drawn from point A, at right-angles 
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IIixxévo óc fj, AE: Aévo OF, OTL Sic TOV YETAgD TOTOV 
ts te AE cvvetac ual ts TOA nepipepcing tépa cocta 
OU TAPEUNEOEITAL. 

Et yuo Suvatéy, napsumiATetW Oc f| ZA, xoi Ty 9c and 
tot A onuetov ént thy ZA xadetoc AH. xot éxel dody 
éotiv À òrò AHA, &Aávxov è dps 9| ónó AAH, uctCov 
&pa À AA tc AH. ton òè Y, AA xfj AO" uctGov soa À AO 
ts AH, Å £Aávxov tic uelCovos: ónep ĉčotiv &ðúvatov. oùx 
&pa cic TOV UETAEL TONOY Thc Te eoOctoc xoi xfjc repupepetoc 
tépa EvVEla MAPSUTECEITAL. 

Aév«, Óct xol Y) uev xoO HuLxLxAtov yavla f| xepgiey oué vr) 
bró te Tho BA edVetac xal tic TOA xepupepetac ànáorc 
Yowtac ó&etac eóDuYoóuuou uetCov &octv, À 6€ Aor) Å te- 
peyouévn bró te týs TOA nepupepetoc xoi vfjc AE, eoOctac 
àn&or|c Yoviac ó&ctac eoOvuvYoóiuuou &£Aávtov &osiv. 

Ei yàp &ox( uc Yow(a eó90Ypauuoc uciCov uev fic 
rnepgieyouévri; oxnó te týs BA eó9c(ac xoi vfjc TOA tep- 
Qepetac, &Aáv:ov 0€ rfj; nepieyouévri; UNG te tho TOA 
nepupepe(oc xol tàs AE, eóOc(oc, eic xóv uevato vónov cfc 
te TOA mepupepetoc xoi vfjc AE eó9c(ac cóO€ia mapey- 
nececito, fiuc rowjoet uc(Gova u£v tfjg repieyouévri; TÒ 
te thc BA cdVetac xal tHe TOA negipepsing On coter 
TECLEYOUEVNHY, EAATTOVA ðè tc NEPLEyOUEVNS UNO TE TH<c 
TOA nepupepetoc xoi xfjc AE evdetac. ob napeuntnter dé: 
o0X üpa tfj; Megreyouevnc ywvlac bró te ts BA evVetac 
nal the TOA xegupepetoc &oxot uetGov ó&cia ond cvderosv 
TEPLEXYOUEVY, OVOE UNV EAATTWV tfjc nepieyouévr UNS TE 
thc TOA nepipcosiacg xot thc AE cvdetac. 
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to BA, will not fall inside the circle. So, similarly, we 
can show that neither (will it fall) on the circumference. 
Thus, (it will fall) outside (the circle). 

B 





Let it fall like AF (in the figure). So, I say that another 
straight-line cannot be inserted into the space between 
the straight-line AF and the circumference CH A. 

For, if possible, let it be inserted like FA (in the fig- 
ure), and let DG have been drawn from point D, perpen- 
dicular to FA [Prop. 1.12]. And since AGD is a right- 
angle, and DAG (is) less than a right-angle, AD (is) 
thus greater than DG [Prop. 1.19]. And DA (is) equal 
to DH. Thus, DH (is) greater than DG, the lesser than 
the greater. The very thing is impossible. Thus, another 
straight-line cannot be inserted into the space between 
the straight-line (AF) and the circumference. 

And I also say that the semi-circular angle contained 
by the straight-line BA and the circumference CHA is 
greater than any acute rectilinear angle whatsoever, and 
the remaining (angle) contained by the circumference 
CH A and the straight-line AF is less than any acute rec- 
tilinear angle whatsoever. 

For if any rectilinear angle is greater than the (an- 
gle) contained by the straight-line BA and the circum- 
ference CH A, or less than the (angle) contained by the 
circumference CH A and the straight-line AE, then a 
straight-line can be inserted into the space between the 
circumference C'H A and the straight-line AE—anything 
which will make (an angle) contained by straight-lines 
greater than the angle contained by the straight-line BA 
and the circumference CH A, or less than the (angle) 
contained by the circumference CH A and the straight- 
line AE. But (such a straight-line) cannot be inserted. 
Thus, an acute (angle) contained by straight-lines cannot 
be greater than the angle contained by the straight-line 
BA and the circumference CH A, neither (can it be) less 
than the (angle) contained by the circumference CH A 
and the straight-line AL. 


ST 
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IIóptoga. 

"Ex 07) tob toU qavepóv, Óxt Y xfj Quuévpo xoU X0xAou 
Teds pàs år’ d&xoac åyouéyn EVdnteta to xvxAOU 
[xol StL codeta xdxAov xa Ev Udvov Epanteta onuciov, 
ETSLOYTES KL TY) KATH OVO ALTE cuupéAAouca EvTOS aUTOD 
nintovog dety0y|' neo Ter Seton. 


iC 
Ano tob 800évcoc onucíou vo0 6o0£vtoc xóxAou &ga- 
rtouévrv eo9ctav voouuT|v iyoryelv. 


uz 


Sf 


"Ecco TO uev doveyv onucioy tò A, ó 6& Go0clc xOoxAoc 
6 BLA: det 54 ano tod A onustov tol BPA xóxAou &oa- 
TTOMEVYY EvUEtTAV YOQUUY)Y cyayety. 

Bikfjode yàp tO xévteov toU xóxXou tò E, xal 
éreCevy0w f| AE, xol xévrpo uèv t& E dactýuat oe 16 
EA xóxAoc veveóáqg9co ó AZH, xoat and tod A th EA ngóc 
óp0àc Tc À AZ, xa ExneCevyduoay at EZ, AB: AEvu, 
ott gro tov A onustov toh BVA xbxrovu &qorouévr, fpccon 
5 AB. 

‘Enel yuo 0 E xévtoov éott tv BPA, AZH x0xAov, 
torn doa gotiv f| u£v EA th EZ, fj 6€ EA «fj EB: 860 87 
oi AE, EB úo coc ZE, EA tcot etotiv: xol Yovtav xowrv 
NEOLEYOUGL THY npóc x E» Déoic pa Y; AZ Baoe th AB 
torn éotty, xal to AEZ totywvov 6 EBA teryave tcov 
cotly, xal at Aornal yæœvlar toas Aotmaitc ywrvlaic ton Koa v 
brò EAZ t ónó EBA. de0y dé 5| ónó EAZ: óg917) &pa xoi f| 
oro EBA. xaí &cuv f, EB &x 100 xévrpou: fj 6€ tH DauétTow 
toU xOÓxAou npóc pàs x ä&xpac HYOUEVN EManteta TOD 
xOóxAov: fj AB dou Epanteta toh BPA x0xXov. 

Ano toU &pa 8o0évroc orcíou tol À coU 8o0évroc 
xóxAou to BTA égantouevyn cd0eta yoouuur Axtoa Y; AB: 
OTEO EOEL roroa. 
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Corollary 


So, from this, (it is) manifest that a (straight-line) 
drawn at right-angles to the diameter of a circle, from 
its extremity, touches the circle [and that the straight-line 
touches the circle at a single point, inasmuch as it was 
also shown that a (straight-line) meeting (the circle) at 
two (points) falls inside it [Prop. 3.2] ]. (Which is) the 
very thing it was required to show. 


Proposition 17 


To draw a straight-line touching a given circle from a 
given point. 


A 


F 


— 


Let A be the given point, and BCD the given circle. 
So it is required to draw a straight-line touching circle 
BCD from point A. 

For let the center E of the circle have been found 
[Prop. 3.1], and let AE have been joined. And let (the 
circle) AFG have been drawn with center E and radius 
EA. And let DF have been drawn from from (point) D, 
at right-angles to EA [Prop. 1.11]. And let EF and AB 
have been joined. I say that the (straight-line) AB has 
been drawn from point A touching circle BCD. 

For since E is the center of circles BCD and AFG, 
EA is thus equal to EF, and ED to EB. So the two 
(straight-lines) AE, EB are equal to the two (straight- 
lines) FE, ED (respectively). And they contain a com- 
mon angle at E. Thus, the base DF is equal to the 
base AB, and triangle DEF is equal to triangle EBA, 
and the remaining angles (are equal) to the (corre- 
sponding) remaining angles [Prop. 1.4]. Thus, (angle) 
EDF (is) equal to EBA. And EDF (is) a right-angle. 
Thus, EBA (is) also a right-angle. And EB is a ra- 
dius. And a (straight-line) drawn at right-angles to the 
diameter of a circle, from its extremity, touches the circle 
[Prop. 3.16 corr.]. Thus, AB touches circle BCD. 

Thus, the straight-line AB has been drawn touching 
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f 
W * 
E&v xóxAou £oánrtrntot xc cuveta, àmó Dè toU xévtpou 
£rl vv óxpr|v &riCeuy Of] vic eoa, fj ériCeoy Ocioa xéexoc 
COTA ENL THY SEPUNTOUEVYY. 





E 


KóxAou yàp 100 ABT &gaxxéc90 tis eó0cia Y, AE xoà 
tO [ onuctoy, xol ei fyc xó xévrpov o0 ABD xóxAou 1 
Z, xal àxó 100 Z &ri xó T éneCeóy 9o f| ZI" Aévo, óx f, ZU 
xáÜüetóc &ouv &ri THY AEB. 

Et yao uh, jy '9c and toŭ Z èm tv AE xáåðetos ġ ZH. 

Enel oùv ġ òrò ZHI ywvia dpt £ov, ó&ctia &pa otv 
5 ónó ZDLH- òrò dè vv us(Cova vovíav Y, uetGov nAeupa 
Drotetver’ uelCwov toa À ZI týs ZH: tor 66 7; ZP xf; ZB: 
uetCov &pa xoi À ZB xfjc ZH *| &Aáxxov cfic uetCovoc: ónep 
£cclv ào0vaxov. oóx àpa f) ZH xéáOexóc ot Ext tijv AE. 
óuotcc 97) ocitouev, OTL ODD’ HAAN Tic TANY tHe ZT y ZT 
gpa xá&0exóc otv êm ty AE. 

Eàv ä&pa xúxàov párttal tic cvveta, ano de tod 
“EVTOOL ETL THY Kory EmCevy df tic cvdeta, n EmCevydetoa 
HQVETOS FOTO ENL THY EMANTOUEVNY’ ONEE Fdet Setcau. 


19. 


"Ev xóxAou cgoantytat tic cvVEta, and OE tc Apc Ttf 
Epantopevyn meds dedde [ywvlac] evVEta yoouur àx, Ent 
tho ayvetoncg Eota TO xEvtTEOY ToD xUXAOD. 

KóxAou vào 100 ABT &ganxéc90 ic eó0cta Y, AE xoà 
tò I onucioyv, xa and tol I tý AE. ngóc pàs Hyde f| 
TA: A€yoo, tt Ext ts AT ot xó xévxgov x00 x0xAov. 
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the given circle BC' D from the given point A. (Which is) 
the very thing it was required to do. 


Proposition 18 


If some straight-line touches a circle, and some 
(other) straight-line is joined from the center (of the cir- 
cle) to the point of contact, then the (straight-line) so 
joined will be perpendicular to the tangent. 





E 


For let some straight-line DE touch the circle ABC at 
point C, and let the center F of circle ABC have been 
found [Prop. 3.1], and let FC have been joined from F 
to C. I say that FC is perpendicular to DE. 

For if not, let FG have been drawn from F, perpen- 
dicular to DE [Prop. 1.12]. 

Therefore, since angle FGC is a right-angle, (angle) 
FCG is thus acute [Prop. 1.17]. And the greater angle is 
subtended by the greater side [Prop. 1.19]. Thus, FC (is) 
greater than FG. And FC (is) equal to FB. Thus, FB 
(is) also greater than FG, the lesser than the greater. The 
very thing is impossible. Thus, F'G is not perpendicular to 
DE. So, similarly, we can show that neither (is) any other 
(straight-line) except FC. Thus, FC is perpendicular to 
DE. 

Thus, if some straight-line touches a circle, and some 
(other) straight-line is joined from the center (of the cir- 
cle) to the point of contact, then the (straight-line) so 
joined will be perpendicular to the tangent. (Which is) 
the very thing it was required to show. 


Proposition 19 


If some straight-line touches a circle, and a straight- 
line is drawn from the point of contact, at right- [angles] 
to the tangent, then the center (of the circle) will be on 
the (straight-line) so drawn. 

For let some straight-line DE touch the circle ABC at 
point C. And let CA have been drawn from C, at right- 
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A H 
I 

My yao, GA’ st Suvatéyv, £oxo 1o Z, xoi ExeCebyVu ñ 
IZ. 

"Ene |o0v| xóxXou xo0 ABT &gánexoí xc còðeia À AE, 
ano dé Tob xEvteou Ent thy Kony &néCeux xot Y) ZL', Y, ZU Kou 
xáUüctóc &ouy &ni tHY AE: dey dow gotlv ¥ nò ZIE. ot 
6€ xoi À òrò ATE ptr: fon wou éotiv Å òrò ZIE t rò 
ATE ¥ éAdttev th ueclCow: Önep otv &dúvatov. oùx koa 
tO Z xévtpov ot} x00 ABI xóxAou. ógoícoc 97 öecléouev, 
OTL OVS AAO ct TAY Ext the AL. 

Eàv doa xvxAov EMantytal tig cobeta, aNd OE tfjc o«pfic 
TH SMANTOUEVH TENS COVA cLUETA YoaUUY àx, Emi tc 
ayvetong Eotat TO XEvTOOY ToD xbxAOU’ OnEe Eder Seigau. 


X. 

Ev XOxÀo f| npóc x6 xévtgo vovta outAootov EOTL THe 
TOOS vf; repupepeto, óvav tY|v abc?|v nepupégeav Bao Eyw- 
Giv al yovlar. 

"Eoto xóxAoc ó ABD, xoi roòcs u£v tŒ XÉVTEW acoO 
Ycowtat £oxo f; ónó BET, ngóc 0€ xfj negupegeto À òrò BAT, 
SXETWOAY OF THY ALTYY TEeLpeoeLav Baow thy BI’ A£vo, 
ott SitAaciwy éotly ġ òrò BET yævia týs Ono BAT. 

Emevyveion yoo À AE dufyde éni tò Z. 

‘Enet ody ton éotly ġ EA th EB, ton xa yœovia 4 oro 
EAB tf òrò EBA: oi &pa òrò EAB, EBA yovi th¢ bd 
EAB 8wAaotouc ctotv. tor d€ fj oxnó BEZ toc òrò EAB, 
EBA: xa 5; óxó BEZ pa týs òrò EAB ot UTAN. oux xà 
gute oy) xal Å örò ZET ts nrò EAT ott nà. AN Kou 
f, ónó BET óAnc cfi oxó BAT éco Ouf. 


UTO 
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angles to DE [Prop. 1.11]. I say that the center of the 
circle is on AC. 


A 


D C E 

For (if) not, if possible, let F be (the center of the 
circle), and let CF have been joined. 

[Therefore], since some straight-line DE touches the 
circle ABC, and FC has been joined from the center to 
the point of contact, FC is thus perpendicular to DE 
[Prop. 3.18]. Thus, FCE is a right-angle. And ACE 
is also a right-angle. Thus, FCE is equal to ACE, the 
lesser to the greater. The very thing is impossible. Thus, 
F is not the center of circle ABC. So, similarly, we can 
show that neither is any (point) other (than one) on AC. 


Thus, if some straight-line touches a circle, and a straight- 
line is drawn from the point of contact, at right-angles to 
the tangent, then the center (of the circle) will be on the 
(straight-line) so drawn. (Which is) the very thing it was 
required to show. 


Proposition 20 


In a circle, the angle at the center is double that at the 
circumference, when the angles have the same circumfer- 
ence base. 

Let ABC be a circle, and let BEC be an angle at its 
center, and BAC (one) at (its) circumference. And let 
them have the same circumference base BC. I say that 
angle BEC is double (angle) BAC. 

For being joined, let AE have been drawn through to 
F. 

Therefore, since EA is equal to EB, angle EAB (is) 
also equal to EBA [Prop. 1.5]. Thus, angle EAB and 
EBA is double (angle) EAB. And BEF (is) equal to 
FAB and EBA [Prop. 1.32]. Thus, BEF is also double 
EAB. So, for the same (reasons), FEC is also double 
EAC. Thus, the whole (angle) BEC is double the whole 
(angle) BAC. 
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B 


Kexrdode dy náv, xal Eotw Etéoa ywvia ġ òrò BAT, 
xal emiCevyVetoa 4) AE éxBePAfo Va &ri xó H. ógotoc 97) 
detEouey, OTL SiTAH oti Å òrò HET ywrla thc Ono EAT, 
Gv Å òrò HEB drà got tfjc ónó EAB: Aoi?) &pac f, ox 
BET nà éou týs òrò BAF. 

Ev xúxiw ð&pa À MOOS TH XEVTOW YOVia SITAMOLWY EOTl 
tfjc MOOS TH nepyepelg, Gtav THY aLTYYV TEELPeEELAV Boot 
Exywou lat yarvlon|’ Gmeo der déo. 


f 


Xa. 


Ey x0xAG® al EV TH UOTE tuńuati yovlar toot. GA otc 


Stoty. 
A 


I 
"Eota xvxdo¢g ô ABTA, nal év 16 abdté tuf T 
BAEA yowvlo Eotwoav at bro BAA, BEA’ dévoo, StL att 
òrò BAA, BEA yooviou toot G0 otc etotv. 
EtA Kode yao tol ABTA xvxAovu t6 xévteoy, xal Eota 
tO Z, ual ereCevyVwouy at BZ, ZA. 
Koi &n& Y) uev óxó BZA xowv(a ngóc vG xévxpo &oiy, f) 
Oè nrò BAA node cf nepupepeto, xoi Eyouot tjv aiv ne- 
erpéoeiayv Bdow thy BTA, f| pa oxó BZA yovla ditAactwv 
éoth thc bnd BAA. && t& avt& OH H Ono BZA xoi tfjc oro 
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B 


So let another (straight-line) have been inflected, and 
let there be another angle, B DC. And DE being joined, 
let it have been produced to G. So, similarly, we can show 
that angle GEC is double EDC, of which GEB is double 
EDB. Thus, the remaining (angle) BEC is double the 
(remaining angle) BDC. 

Thus, in a circle, the angle at the center is double that 
at the circumference, when [the angles] have the same 
circumference base. (Which is) the very thing it was re- 
quired to show. 


Proposition 21 


In a circle, angles in the same segment are equal to 
one another. 


C 

Let ABCD be a circle, and let BAD and BED be 
angles in the same segment BAED. I say that angles 
BAD and BED are equal to one another. 

For let the center of circle ABCD have been found 
[Prop. 3.1], and let it be (at point) F. And let BF and 
FD have been joined. 

And since angle BFD is at the center, and BAD at 
the circumference, and they have the same circumference 
base BCD, angle BF'D is thus double BAD [Prop. 3.20]. 
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BEA £o dtrActay ton doa Y, òrò BAA qt òrò BEA. 
Ev x0xXo Goa oi Ev t aÙTt& tuńuate yovlar toot 
AAA Aoc eiotv: ónep Eder Seton. 


f 
xp. 
T&v èv tole xOxXAOLE TETOUTAEDOMY al dmevayvttoy yoviou 
duotv CeVoiic toot ciotv. 


B 


A 


"Eoco xóxAoc ó ABTA, xal êv ad74 tetodrAeveoy Eat 
tò ABI'A: Aévo, Óvt o &xevovitov vcovtot Guolv ópOoüc toot 
etotv. 

"EncCeóy9060av oi AT, BA. 

mei ov navxóc xptYcvou oi xpelc Ycvtor óuciy ópOoüc 
tom etotvy, tol ABI goa tetymvou ot toete yoovlan oi on 
IAB, ABT, BTA uov pos too statv. ton de Å uèv ono 
TAB «fj óxnó BAT" &v yàp x66 aoxG tuńuati sioi tă BAAT 
Å è ónó ALB cf; ónó AAB: êv yàp T abt16$ tuńuatíi ciot 
t6) AAT'B: ody tow Å òrò AAT toc rò BAT, ATB ton 
éotty. xo!) npooxscío0o À òrò ABI œ goa òrò ABF, 
BAT, APB «xoi; 0xó ABL, AAT toot eiotv. GAA’? at dnd 
ABT, BAT, ATB dvoly óp9Ooüc toot eiotv. xoi ot oro ABT, 
AAT &pa Guciv pais fom ciotv. óuotoc 97 SetGouey, Stu 
xa ai òrò BAA, ATB yovi 80otv óp9Ootc toot cioty. 

TGv &pa £v voic xOÓxAotz vetvpanAe0pov oi àmevavitov 
yavtat Svoly ptas toa elotv: Gneo Eder Setgou. 


XY 
"En tfj; abtfjc c0Oc(oc 600 vufiuaat xóxAcv Óuoto xot 
AVOA OÙ CUOTAÜÁOETAL ÈT. TÈ HOTA YEON). 
Et yao Suvatéy, èni ts atc cvVelac tH¢ AB úo 
TUYUATA XVXAWY GOLA Xal Avioae ovveotatw Ent Ta HOTS 
uéon ta APB, AAB, xa Gut Oo 9| ADA, xoi &neCeoy9ocav 
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So, for the same (reasons), BF D is also double BED. 
Thus, BAD (is) equal to BED. 

Thus, in a circle, angles in the same segment are equal 
to one another. (Which is) the very thing it was required 
to show. 


Proposition 22 


For quadrilaterals within circles, the (sum of the) op- 
posite angles is equal to two right-angles. 


B 


D 


Let ABCD be a circle, and let ABCD be a quadrilat- 
eral within it. I say that the (sum of the) opposite angles 
is equal to two right-angles. 

Let AC and BD have been joined. 

Therefore, since the three angles of any triangle are 
equal to two right-angles [Prop. 1.32], the three angles 
CAB, ABC, and BCA of triangle ABC are thus equal 
to two right-angles. And C'AB (is) equal to BDC. For 
they are in the same segment BADC [Prop. 3.21]. And 
ACB (is equal) to ADB. For they are in the same seg- 
ment ADCB [Prop. 3.21]. Thus, the whole of ADC is 
equal to BAC and ACB. Let ABC have been added to 
both. Thus, ABC, BAC, and ACB are equal to ABC 
and ADC. But, ABC, BAC, and ACB are equal to two 
right-angles. Thus, ABC and ADC are also equal to two 
right-angles. Similarly, we can show that angles BAD 
and DCB are also equal to two right-angles. 

Thus, for quadrilaterals within circles, the (sum of 
the) opposite angles is equal to two right-angles. (Which 
is) the very thing it was required to show. 


Proposition 23 


Two similar and unequal segments of circles cannot be 
constructed on the same side of the same straight-line. 

For, if possible, let the two similar and unequal seg- 
ments of circles, ACB and ADB, have been constructed 
on the same side of the same straight-line AB. And let 
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oat CB, AB. 


A 


‘Enel odv duotdy got: TO ADB ty fue 165 AAB tuńuat, 
OUOLA OF TURUATA ROXAWY EOTL TA OEYOUEVA YWVIaC toac, 
fon koa éotly ġ òrò ATB yovía xfj óxó AAB Ñ êxtòs tf 
ÈVTÓC' ÖTEP &oxiv ADÚVATOV. 

Ovx ğpa &mi xfjg aótfjc cbVEelac S00 TUnUaTta XÓXAWV 


OUOLA Xa Avica ovotavhaeton Ent TH HUTA UEON’ OTEO EdeL 
Octeot. 


xo. 


Tà &ri toov eo9860v Cuore TUAMATA KROADY toa GAAHAOIC 
cotty. 


E 


D A 


"Eotwoay yoo én fowy evderdv tv AB, TA óuouw 
tuńuata xóxwyv tà AEB, TZA: Aévo, Öt toov £o tO 
AEB tuñua 76 TZA tuńuat. 

"ExpaguoCouévou yàp toŭ AEB tuńuatocs &ri tò TZA xo 
twWeuevou tol uev A onuctov éxi to T th¢ è AB cdVetac 
eni xiv DA, &goguóoce xoi tò B onuetoy ên tò A onueiov 
did TO tony civar THY AB tA TA: týs è AB éni tùy TA tyap- 
uocáocry &gopuóoect xa tò AEB tuñua èni tò TZA. ci yàp 
7, AB cbVeta Exit thy TA éqgapudce, tò òè AEB tuua èni 
tO TZA uñ epapudcet, Ato. Evtd¢ avtOD neceiton Ñ êxtÒG 
Ñ apa Aó&e óc xó DHA, nal xdxA0¢ xOxAOY xégu vet xoà 
TActova onusta Ñ 060: ónep &ox(v GVvatoyv. ovx hoa Epao- 
uoCouevns the AB eó9s(ac éni thv TA odx Egaoudoer xa 
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AC D have been drawn through (the segments), and let 
C B and DB have been joined. 


D 


A B 


Therefore, since segment ACB is similar to segment 
ADB, and similar segments of circles are those accept- 
ing equal angles [Def. 3.11], angle ACB is thus equal 
to ADB, the external to the internal. The very thing is 
impossible [Prop. 1.16]. 

Thus, two similar and unequal segments of circles 
cannot be constructed on the same side of the same 
straight-line. 


Proposition 24 


Similar segments of circles on equal straight-lines are 
equal to one another. 


E 


C D 

For let AEB and C FD be similar segments of circles 
on the equal straight-lines AB and CD (respectively). I 
say that segment AEB is equal to segment CF D. 

For if the segment AEB is applied to the segment 
CFD, and point A is placed on (point) C, and the 
straight-line AB on CD, then point B will also coincide 
with point D, on account of AB being equal to CD. And 
if AB coincides with CD then the segment AEB will also 
coincide with CF D. For if the straight-line AB coincides 
with CD, and the segment AEB does not coincide with 
CF D, then it will surely either fall inside it, outside (it),! 
or it will miss like CGD (in the figure), and a circle (will) 
cut (another) circle at more than two points. The very 


MTOIXEION y. 


tO AEB tuñua èni tò TZA: ċyapuóoce ipo, xol toov a6 
Ec Ot. 

Tà &pa nl toov eó9ct6v Óuotx tunuata xoxrAwv toa 
Gov; &oxív: Önep Eder Gcl&on. 


t Both this possibility, and the previous one, are precluded by Prop. 3.2 


f 


Ke. 


KóxAou xufjuaxoc 6o9évtoc npocavoryoópot xóv x0xAov, 
OUnEE EOTL TUR. 





A A 
B E B A B A 
D D D 





"Eoo 1o 909£v xufjua xoxAou xó ABI" oct 675) xobD ABT 
TUNUATOS TOCOAVayedda TOV KUXAOY, OUNRES EoTL TUF. 

Texufjio9o vàp AD diya xata to A, vat HyVw and tod 
A onustou xfj, AI' xgóc óg0àc 5, AB, xoi &ngCeoy 0o Y, AB: 
5 ónó ABA vowví(a &pa tic Ord BAA fixo uetGov &odv f) 
tor) f) £Aáctov. 

"Eoo ngótepov ue(Qov, xol cuveotáto ngóc tfj BA 
cevvety xal TG npóc aotfj onucio TH A tH Ord ABA yovig 
ton ġ òrò BAE, xa Sify À AB ext xó E, xoi &neCeoy 9o 
À EL. &rei obv tcr) £oxiv f| óró ABE vyovía th òrò BAE, 
ton koa £o xoi Y, EB eó9cia xfj EA. xoa &nel tov) &oxiv f) 
AA tfj AT, xowr, 9€ Y, AE, úo č oi AA, AE úo tc 
TA, AE fou ciolv éxatéen exatéoy xal ywvia À bro AAF 
yovi th bro DAE otw fon: p yàp Exatéoa Béare toa 
À AE Baoet tH TE otv on. dà 4) AE th BE édetyOy 
tory xoi 1) BE doa tH TE éotw ton at tosic dow at AE, EB, 
ET toa Aos eiotv: ó &pa xévxpG TH E dtacthuats O¢ 
evi tiv AB, EB, ET' xóxA^oc veocóuevoc fi&ct xoi oux Gv 
Aownéjv orvjusícov xoà £oxot rpocavoevoopuévoc. X0XAÀoU 
&pa tuYjuaxoc SovEvtog npoocavayévoonrtot Ó xXOXAoc. xo 
dffAov, óc xó ABI' xufjua čAattóv &ouv fjuxuxA(ou Ou tO 
TÒ E xévteoyv &xxóc aùtoŭ tuyyávety. 

Ouoltoc [866] x&v 3i Å òrò ABA yovia ton th Ond BAA, 
the AA tone yevouevng éxatéoy tv BA, AT at toete at 
AA, AB, AT toot GA fjAotc £covrot, xol Eotoa To A xévteov 
toÜ npoocavanenAnoouévou x0üxAou, xoi OrjAoOy  £otot TO 
ABT fyjuxóxAvov. 

"Eàv 8& f| nó ABA &Aá&tov f| xfjc ónó BAA, xal ovu- 
otroouc9a npóc tH BA evvety xol 16 mod¢ avTH onusto 


2. 
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thing is impossible [Prop. 3.10]. Thus, if the straight-line 
AB is applied to CD, the segment AFB cannot not also 
coincide with CFD. Thus, it will coincide, and will be 
equal to it [C.N. 4]. 

Thus, similar segments of circles on equal straight- 
lines are equal to one another. (Which is) the very thing 
it was required to show. 


Proposition 25 


For a given segment of a circle, to complete the circle, 
the very one of which it is a segment. 
A 








C C 


Let ABC be the given segment of a circle. So it is re- 
quired to complete the circle for segment ABC, the very 
one of which it is a segment. 

For let AC have been cut in half at (point) D 
[Prop. 1.10], and let DB have been drawn from point 
D, at right-angles to AC [Prop. 1.11]. And let AP have 
been joined. Thus, angle ABD is surely either greater 
than, equal to, or less than (angle) BAD. 

First of all, let it be greater. And let (angle) BAE, 
equal to angle ABD, have been constructed on the 
straight-line BA, at the point A on it [Prop. 1.23]. And 
let DB have been drawn through to E, and let EC have 
been joined. Therefore, since angle ABE is equal to 
BAE, the straight-line EB is thus also equal to EA 
[Prop. 1.6]. And since AD is equal to DC, and DE (is) 
common, the two (straight-lines) AD, DE are equal to 
the two (straight-lines) C D, DE, respectively. And angle 
ADE is equal to angle C DE. For each (is) a right-angle. 
Thus, the base AE is equal to the base CE [Prop. 1.4]. 
But, AE was shown (to be) equal to BE. Thus, BE is 
also equal to CE. Thus, the three (straight-lines) AE, 
EB, and EC are equal to one another. Thus, if a cir- 
cle is drawn with center E, and radius one of AE, EB, 
or EC, it will also go through the remaining points (of 
the segment), and the (associated circle) will have been 
completed [Prop. 3.9]. Thus, a circle has been completed 
from the given segment of a circle. And (it is) clear that 
the segment ABC is less than a semi-circle, because the 
center E happens to lie outside it. 


S TOIXEION Y. 


t& A ty bro ABA yovig tony, évt6¢ toŭ ABT tuńuatoc 
neocita TÒ xévtoov Ent thc AB, xat Eota dyAady tò ABP 
xufjua uet Gov HurxvxAtov. 

KóxAou &pa tufjdaroc 6090évtoc npocovovéYvpomtot Ó 
XÜXxÀoc: ónep £Oct n ofjcot. 


f 
XT 
"Ey tois toos xóxào oü (oot Ycvtiot &ri toov nepupe- 
pev DeDrjxaciv, &&v TE MOOG TOlc XEVTEOIC EV TE TEdC 
Tollg MEELpEestouc Wot PeBnxutan. 





K 

"Eoxooav tcov x0xAov ot ABI, AEZ xa Ev adtote too 
yovi EoOTWOAY TEOS uèv tois xEVTEOIC al brò BHT, EOZ, 
npóc 8€ tois neppepeloas o òrò BAT, EAZ: Aévo, óu ton 
éotly À BKT nepipgeera th EAZ nepoepela. 

EneCebydwoav yao ot BI, EZ. 

Kot énet toot eioiv oi ABD, AEZ xÓxXAo, toot ciolv ot 
£x 1G xévxpov: SLO OF at BH, HI’ 900 xoiz EO, OZ toa: 
xoà Ycvtat Y; xpóc TH H yavia th nods 16 O ton Báo pa 
À BIT Bácsi t EZ otv ton. xal Enel tor) £oxiv Y| ngóc x6 
A yovia th roòs t& A, óuotov gow Eotl tò BAT xufjua x6 
EAZ tuńuat “at elow ént fowvy eoderdv [tõv BI, EZ|: tà 
0€ éni towv côÛsÕv ðuora vufjuaxa. xóxAcov toa. (A Yotc 
éotiv: toov dea tO BAT xufjua v EAZ. £o 98 xoi óAoc ó 
ABI xóxAoc óc 16 AEZ xóxAo tcoc: Aou) gow Y; BK 
nepupéoetat vf; EAZ, xepgupepeto. &oxiv tor. 

Ev oa xoic toot xóxXAotc o toot Ycwtor &ri toov TEQ- 
Qepeusv DeBfixaotv, &&v v& npóc volc xévroouz Edy TE TEdE 
toic Meeipeestac Wot BeBrxvtou Once Eder Setcou. 
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[And], similarly, even if angle ABD is equal to BAD, 
(since) AD becomes equal to each of BD [Prop. 1.6] and 
DC, the three (straight-lines) DA, DB, and DC will be 
equal to one another. And point D will be the center 
of the completed circle. And ABC will manifestly be a 
semi-circle. 

And if ABD is less than BAD, and we construct (an- 
gle BAE), equal to angle ABD, on the straight-line BA, 
at the point A on it [Prop. 1.23], then the center will fall 
on DB, inside the segment ABC. And segment ABC will 
manifestly be greater than a semi-circle. 

Thus, a circle has been completed from the given seg- 
ment of a circle. (Which is) the very thing it was required 
to do. 


Proposition 26 


In equal circles, equal angles stand upon equal cir- 
cumferences whether they are standing at the center or 
at the circumference. 

A 


K 

Let ABC and DEF be equal circles, and within them 
let BGC and EHF be equal angles at the center, and 
BAC and EDF (equal angles) at the circumference. I 
say that circumference B KC is equal to circumference 
ELF. 

For let BC and EF have been joined. 

And since circles ABC and DEF are equal, their radii 
are equal. So the two (straight-lines) BG, GC (are) equal 
to the two (straight-lines) HH, HF (respectively). And 
the angle at G (is) equal to the angle at H. Thus, the base 
BC is equal to the base EF [Prop. 1.4]. And since the 
angle at A is equal to the (angle) at D, the segment BAC 
is thus similar to the segment EDF [Def. 3.11]. And 
they are on equal straight-lines [BC and EF]. And simi- 
lar segments of circles on equal straight-lines are equal to 
one another [Prop. 3.24]. Thus, segment B AC is equal to 
(segment) EDF. And the whole circle ABC is also equal 
to the whole circle DEF. Thus, the remaining circum- 
ference BKC is equal to the (remaining) circumference 
ELF. 

Thus, in equal circles, equal angles stand upon equal 
circumferences, whether they are standing at the center 


S TOIXEION Y. 


f 
xC’. 
Ev tois toos xúxàos at ën towyv neprpeperv Deprpcuton 
yovlar toa AAAs cioiv, &&v TE MEDS Toc KEVTEOLC &&v TE 
TEOS Talc Neerpeostouc Wot BeBnxvtaun. 


K 

Ev yàp too xóxňow tois ABT, AEZ êm toov nep- 
ocosiiy tv BI’, EZ ngóc u£v tois H, O xEvteoig ywrviou 
Bebynxétwoay ot DO BHI’, EOZ, ngóc 9& volic negupepetouc 
oi oxó BAT, EAZ: Aévo, óx f; uev ónó BH yovía xfj ono 
EOZ otw ior, fj 6€ ónó BAT tÅ òrò EAZ otv ton. 

Ei yàp &vcócs Coty Å òrò BHI t òrò EOZ, ula advtosv 
ustwv éotty. čotw yetCwv À òrò BHI, xoi ovveotato 
meds tH BH evvety xat 16 moog abtH onuelw t& H t oro 
EOZ yovi ton ñ òrò BHK: ai è toa yovi ëm towv 
nepupepeuv Deprjxaoty, Óóxav npóc xoic xévtpoic Gov: tor) 
zoa À BK nepupégeta xf; EZ. nepupepeta. Aà Y, EZ xf; BE 
£cuv tory xoi y BK dea tH BI Eotw ton ġ chatty tH 
uetCow’ OnE Eotly Hd0vatoyv. obx soa &node Eotw ¥ ONO 
BHI yovia th òrò EOZ: ton &pa. xot £o tfj; u£v LTO 
BHT fjutoeta 7| npóc 16 A, tc è òrò EOZ ulosia h med 
tõ A tor] &pat xoà Y) rpóc tõ A yovla tH modc 165 A. 

Ev &pa toic tootz x0xAoic ot &£ri toov nepupepeuv Be- 
Bryxutou yoovton toot GAA clot, Sav TE MOOS tolc xévtpotc 
EXV TE TEdS toic nepupepetouc Got Deprpculav Oneo Eder Seton. 


xvj. 

Ev voic tcotz x0xAotc oi toot eoO€iot tooc nepupepetoc 
àgotpoUot t?jv uev uetCova vf; uetCow xrjv è &Aátxova TH 
£AóttOM. 

"Eoxooav toot xoxo ot ABI, AEZ, xoà £v xoic xOxAotc 
(cot eoOciot £oxooav ot AB, AE tàs vèv ATB, AZE nep- 
oeoctag uetCovoac àqotpoUcoot xàc 6€ AHB, AOE &Aéctxovac: 
Ayo, öt Å u£v ATB yus(Cov nepupépera ton ot th AZE 
uetCow nepgupeocta Y è AHB &A&ctxov nepupégeux vf; AOE. 


96 


ELEMENTS BOOK 3 


or at the circumference. (Which is) the very thing which 
it was required to show. 


Proposition 27 


In equal circles, angles standing upon equal circum- 
ferences are equal to one another, whether they are 
standing at the center or at the circumference. 

A D 


C 
K 


For let the angles BGC and EHF at the centers G 
and H, and the (angles) BAC and EDF at the circum- 
ferences, stand upon the equal circumferences BC and 
EF, in the equal circles ABC and DEF (respectively). I 
say that angle BGC is equal to (angle) EH F, and BAC 
is equal to EDF. 

For if BGC is unequal to FHF’, one of them is greater. 
Let BGC be greater, and let the (angle) BGK, equal to 
angle EH F, have been constructed on the straight-line 
BG, at the point G on it [Prop. 1.23]. But equal angles 
(in equal circles) stand upon equal circumferences, when 
they are at the centers [Prop. 3.26]. Thus, circumference 
BK (is) equal to circumference EF. But, EF is equal 
to BC. Thus, BK is also equal to BC, the lesser to the 
greater. The very thing is impossible. Thus, angle BGC 
is not unequal to ÆHF. Thus, (it is) equal. And the 
(angle) at A is half BGC, and the (angle) at D half EHF 
[Prop. 3.20]. Thus, the angle at A (is) also equal to the 
(angle) at D. 

Thus, in equal circles, angles standing upon equal cir- 
cumferences are equal to one another, whether they are 
standing at the center or at the circumference. (Which is) 
the very thing it was required to show. 


Proposition 28 


In equal circles, equal straight-lines cut off equal cir- 
cumferences, the greater (circumference being equal) to 
the greater, and the lesser to the lesser. 

Let ABC and DEF be equal circles, and let AB 
and DE be equal straight-lines in these circles, cutting 
off the greater circumferences ACB and DFE, and the 
lesser (circumferences) AGB and DHE (respectively). I 
say that the greater circumference AC B is equal to the 
greater circumference DFE, and the lesser circumfer- 


S TOIXEION Y. 


T Z 
H © 


BiAjova yuo ta xévtea tHv xvxAwyv tà K, A, xoi 
&neCeoy9ocav ot AK, KB, AA, AE. 

Kol nel (oov xÓxAov ciotv, (oot ciol xal i ex TOV 
xévvpoyv: 000 85] at AK, KB duo tas AA, AE toon etoty: 
xol Dá&oiw À AB Bao th AE ton ywovia gow À òrò AKB 
yovie th bro AAE ton éottv. ai d¢ too yovtou &ri toov 
TepipeoelGy Belhxaotv, STAY MEdS xoic xévtpotc ot’ ton 
gpa À AHB nepupépera tH AOE. éotl dé xal dAoc 6 ABI 
xOxAoc àw (à AEZ xOóx^o (coc xoà Aou gow Y, AUB 
nepupéoeux Aowrf xf; AZE nepupepeto tov] &oxítv. 

Ev goa tois toos xOxAotcz oü toon coUciot toas ne- 
pupepetac ópotpoÜci tyjv u&v us(Cova tfj uetCow trjv 96 
EAATTOVA TH EAATIOM’ OmEO Eder Seton. 


xu. 


Ev toic tootz XOxAot tàs toas negupeoetoc toot eoetot 
LUTOTELVOLOLY. 


ÀA A 


H © 


"Hotwoay ooi xóxào oi ABT, AEZ, xal ëv adtotc toon 
neppépern anetAjovwoay ot BHT’, EOZ, xoi £xeCeoy 9ooav 
oi BI', EZ eó9ctav Aévo, ów tor] £oxv 7) BI xfj EZ. 

PEAAYypüc yàp xà xévtpa t6v xOxAov, xoi £orco tà K, 
A, xoi &neCeoy9ooav ot BK, KT, EA, AZ. 

Koi &nei tov) £c xiv Y; BHI' nepupégeiu cf; EZ nepupepeto,, 
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ence AGB to (the lesser) DH E. 


C F 
G H 


For let the centers of the circles, K and L, have been 
found [Prop. 3.1], and let AK, KB, DL, and LE have 
been joined. 

And since (ABC and DEF) are equal circles, their 
radii are also equal [Def. 3.1]. So the two (straight- 
lines) AK, K B are equal to the two (straight-lines) DL, 
LE (respectively). And the base AP (is) equal to the 
base DE. Thus, angle AK B is equal to angle DLE 
[Prop. 1.8]. And equal angles stand upon equal circum- 
ferences, when they are at the centers [Prop. 3.26]. Thus, 
circumference AGB (is) equal to DH E. And the whole 
circle ABC is also equal to the whole circle DEF. Thus, 
the remaining circumference ACB is also equal to the 
remaining circumference DFE. 

Thus, in equal circles, equal straight-lines cut off 
equal circumferences, the greater (circumference being 
equal) to the greater, and the lesser to the lesser. (Which 
is) the very thing it was required to show. 


Proposition 29 


In equal circles, equal straight-lines subtend equal cir- 
cumferences. 
A D 


Let ABC and DEF be equal circles, and within them 
let the equal circumferences BGC and EHF have been 
cut off. And let the straight-lines BC and EF have been 


joined. I say that BC is equal to EF. 


For let the centers of the circles have been found 
[Prop. 3.1], and let them be (at) K and L. And let BK, 


MTOITXEION y. 


ton cti xa Yowvta Y, òrò BKT tý òrò EAZ. xal Enel toon 
eiclv oi ABT, AEZ xóxAot, toon etal xol of Ex Tv xEvTOWY: 
dvo oy at BK, KT uol totic EA, AZ too ciotv: xal ywvlac 
icac negiéy ovo: D&otc wow À BIT Béost tý EZ ton cotty: 

Ev “oa toic toow; xOxAot; tàs toas neppepelas toa 
cevvela bnrotetvovov: Once Eden Setgan. 


he 


Try dovetoay neoipgociayv dlya teuc. 


À D B 


"Eccc f| 6o9€ica. nepgupégeux À AAB: de où thy AAB 
TEPLMEOELAY Oya TEUELY. 

"Enctcoy90 9; AB, xoi vexufjo0c iya xatà tò T, xo 
ano tol TP onuctov th AB cbVcig mod¢ pàs HyDw f| DA, 
xol ereCevy0woayv at AA, AB. 

Kot énel ton éotiv À APT t ITB, xow è ñ TA, úo 
dy) oft AT, TA dvol totic BL, TA foa cici xa yova ñ 
brò ATA yæovia t òrò BTA ton: pù yao Exatéoa Béatc 
gpa *|) AA Dáce th AB fon £ox(v. at dé too evdetan toas 
nepupeoetoc óxpotpoUoi t?jv u&v ue(Cova. tfj uetCow try òè 
EAaTTOVa TH EAdtTow’ “du Eottv Exatéoa tov AA, AB qe- 
pupepeuv &Aáxov fjuxoxAtou: ter doa n AA zepryépea t 
AB nepupepeto. 

H dea Sovetoa nepipéoeia Stya tTÉTUNTA “ata tO A 
onuciov: önep Ede tooa. 


ha’. 


"Ev X0XA«p f) u£v &v 165 Y|uocuxAGo voto. ópOf, otv, À è 
£v v(à uetCow xufiuoc. &Aá&txov ógOfic, Yj 66 &v v &Aávxov 
tufiuor uetCov ópOfjc xoi Enc fj uev x00 uctCovoc tuńuatocs 
yovia uelCwv &orlv ópOfjc, Y 6€ tol &£Aátrovoc vufjuatoc 
Yea, £Aáxxov ópOfic. 
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KC, EL, and LF have been joined. 

And since the circumference BGC is equal to the cir- 
cumference EH F, the angle BKC is also equal to (an- 
gle) ELF [Prop. 3.27]. And since the circles ABC and 
DEF are equal, their radii are also equal [Def. 3.1]. So 
the two (straight-lines) Bk, KC are equal to the two 
(straight-lines) EL, LF (respectively). And they contain 
equal angles. Thus, the base BC is equal to the base EF 
[Prop. 1.4]. 

Thus, in equal circles, equal straight-lines subtend 
equal circumferences. (Which is) the very thing it was 
required to show. 


Proposition 30 


To cut a given circumference in half. 


D 


A C B 


Let ADB be the given circumference. So it is required 
to cut circumference ADB in half. 

Let AB have been joined, and let it have been cut in 
half at (point) C [Prop. 1.10]. And let CD have been 
drawn from point C, at right-angles to AB [Prop. 1.11]. 
And let AD, and DB have been joined. 

And since AC is equal to CB, and CD (is) com- 
mon, the two (straight-lines) AC, CD are equal to the 
two (straight-lines) BC, CD (respectively). And angle 
ACD (is) equal to angle BC D. For (they are) each right- 
angles. Thus, the base AD is equal to the base DB 
[Prop. 1.4]. And equal straight-lines cut off equal circum- 
ferences, the greater (circumference being equal) to the 
greater, and the lesser to the lesser [Prop. 1.28]. And the 
circumferences AD and DB are each less than a semi- 
circle. Thus, circumference AD (is) equal to circumfer- 
ence DB. 

Thus, the given circumference has been cut in half at 
point D. (Which is) the very thing it was required to do. 


Proposition 31 


In a circle, the angle in a semi-circle is a right-angle, 
and that in a greater segment (is) less than a right-angle, 
and that in a lesser segment (is) greater than a right- 
angle. And, further, the angle of a segment greater (than 
a semi-circle) is greater than a right-angle, and the an- 
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B 


"Eoco x0x^oc ó ABTA, 6ituexeoc 9& oróxo0 £oxo f) BI, 
xévtpov 0€ tò E, xoa éneCeoy906av oi BA, AD, AA, AT: 
Aévc, 6 Y| u£v £v v BAD fjuxoxA(o yovla À òrò BAT 
oe éotty, 4 Oe Ev T ABT yetCow to fjuxuxAtou tuńuaTI 
Yowta Y, ónó ABT é&A&cxxov &oxiv ópÜfjc, H Oe êv tõ AAT 
&£A&txow x00 fjuxuxAtou vufjuax vota À òrò AAT uetCov 
£ctlv ópUfic. 

‘EnmeCevyte f| AE, xoi wxw A BA êm tò Z. 

Kat énelt ton gotiv À BE t EA, fon ot xa yovia À 
ono ABE tf òrò BAE. náv, éxel ton gotiv À TE tH EA, 
ton oti xa Ñ òrò ATE t òrò TAE: ón gow Å òrò BAT 
dvol totic OnO ABT, ATB ton Eotty. éoti Se xa À òrò ZAT 
extocg to} ABT tetyovou dvol voi; óxó ABD, ATB yoovicng 
tory ton gow xol ġ bnd BAT yoovla th bnd6 ZAT: Gedy koa 
exatéoa À ea èv tæ BAT fjuooxAto yova Y; oxó BAT 
ÓpUf otw. 

Kot éxet to} ABI toiywvou 800 yovi at bro ABT, 
BAI $00 óp0Gv Erattovées ciow, dedy dé À òrò BAT, 
cAatIOV goa pts ot À oxó ABT yovi vat Eotw £v 
t6) ABT ustGow vo0O fjuixuxAtou vua. 

Kat énel &v xO0xA« tetodmAcupdy éott tò ABTA, téSv be 
EV Toig XUXAOLE TETOUTAEVOWY at amevayvttov «vto Ouolv 
pois tou cioty [oi &oa òrò ABT, AAT yavlan duvcty dedoitc 
{oas cioty], xal ot Å nò ABT 2ddttwv ptc: Aor &oa 
fj ónó AAT yovia uctCov ógOfjc £ouv: xot &oxv &v x AAT 
&£Aá&txow 100 fjuuxoxAtou tTuńuaTI. 

Aévo, Óxt xoi Y) u£v x00 uetCovoc vufiuaxoc vota f| me- 
peyouévr onó xe] tfjc ABT nepupepetoc xot ts AT còvetac 
uetCwv éotly ópOfic, fj 6€ xoU &Aátxovoc xufjuaxoc vovía f) 
regieyouévr, ond [te] tic AA[T| nepupegetoc xoà týs AT 
cevvetac cAdttwv &cxlv ópOfjic. xot &owv abóOev qavepóv. 
enel yàp Å òrò xGv BA, AT eó9ceiGv óp0f| £cuv, f| goa 
brò týs ABI" nepupepetac xoi vfjc AD' eóOe(oc negieyouevr, 
ue(Gov &oxlv ópÜfic. nó, &xel ġ òrò x&v AT, AZ eo0etGv 
bpt cot, Å wou Oxo tfjc D'À eó9c(oc xoi týs AA|D]| nepi- 
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gle of a segment less (than a semi-circle) is less than a 
right-angle. 
F 


B 


Let ABC D bea circle, and let BC be its diameter, and 
E its center. And let BA, AC, AD, and DC have been 
joined. I say that the angle B AC in the semi-circle BAC 
is a right-angle, and the angle ABC in the segment ABC, 
(which is) greater than a semi-circle, is less than a right- 
angle, and the angle ADC in the segment ADC, (which 
is) less than a semi-circle, is greater than a right-angle. 

Let AE have been joined, and let BA have been 
drawn through to F. 

And since BE is equal to EA, angle ABE is also 
equal to BAE [Prop. 1.5]. Again, since C E is equal to 
EA, ACE is also equal to CAE [Prop. 1.5]. Thus, the 
whole (angle) B AC is equal to the two (angles) ABC 
and ACB. And FAC, (which is) external to triangle 
ABC, is also equal to the two angles ABC and ACB 
[Prop. 1.32]. Thus, angle B AC (is) also equal to FAC. 
Thus, (they are) each right-angles. [Def. 1.10]. Thus, the 
angle B AC in the semi-circle B AC is a right-angle. 

And since the two angles ABC and BAC of trian- 
gle ABC are less than two right-angles [Prop. 1.17], and 
BAC is aright-angle, angle ABC is thus less than a right- 
angle. And it is in segment ABC, (which is) greater than 
a semi-circle. 

And since ABCD is a quadrilateral within a circle, 
and for quadrilaterals within circles the (sum of the) op- 
posite angles is equal to two right-angles [Prop. 3.22] 
[angles ABC and ADC are thus equal to two right- 
angles], and (angle) ABC is less than a right-angle. The 
remaining angle ADC is thus greater than a right-angle. 
And it is in segment ADC, (which is) less than a semi- 
circle. 

I also say that the angle of the greater segment, 
(namely) that contained by the circumference ABC and 
the straight-line AC, is greater than a right-angle. And 
the angle of the lesser segment, (namely) that contained 
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Qepetac reg.eyou£vr £A&vvov £oxiv ópUfic. 

Ev xOxAq üpot Y, u£v êv x65 YjuocoxAGo Yovta cody £oxtv, 
5 6 év v ue(Cow tuuc &Aávvov ópÜ0fic, f| dè Ev TH 
&£Aávxow [xu iuam] uetGov ópO fic wal Em Å uèv tov uetCovoc 
tuńuatoc [yovia] uetGov |£oxiv| ópOfic, Y, 6€ o0 &A&txovoc 
tuńuatoç [yovia] &A&vvov ópOfjc: ónep Ecc Ocizon. 


M. 

Eàv x0xAou &gántrntoí tis eo0cto, &xoó o£ tfjc opfic eic 
TÒV xúxàov day tic cvoveta TEUVOVGAa TOV XDXAOY, Ac 
Tost YOvlag MEd TH EMantouevyn, loo Ecovta totic Ev xoc 
EVOAAGE to xOxAOv xuYjuaot Yovítotc. 


A 


E F 
B 


KóxAou yàp toŭð ABTA égantéodw tic cvdeia y) EZ 
xarà tó B ornuciov, xoi and told B onustov &wjy9o c 
cevveta sic tov ABTA xóxAov xéuvouca aov f| BA. AÉYo, 
Ótt Gc roit vov(ac Y; BA uetà ts EZ ég~antouévne, toac 
ECOVTAL toic £v xoic &vaA Axe Tudor ToD xUxAOv Yaviate, 
TOUTEOTLY, óuw f| uev òrò ZBA yovia tonon xfj £v x BAA 
TUufjsaxt cu vo xouévy) veto, À è òrò EBA voa tor] ot 
tfj £v tõ ATB vua covioxogévy) vovía. 

"Hy9o yàp àxó tod B ifj EZ npóc deduce À BA, xoi 
eiAYypOc ext thc BA nepupepetoc vuxóv onuciov to T, xoi 
&neCeóoy 9o0o0av at AA, AT, TB. 

Kot énet xvxAov tod ABTA égdrtetat "c cocta f) EZ 


by the circumference AD|C] and the straight-line AC, is 
less than a right-angle. And this is immediately apparent. 
For since the (angle contained by) the two straight-lines 
BA and AC is a right-angle, the (angle) contained by 
the circumference ABC and the straight-line AC is thus 
greater than a right-angle. Again, since the (angle con- 
tained by) the straight-lines AC and AF is a right-angle, 
the (angle) contained by the circumference AD|C] and 
the straight-line CA is thus less than a right-angle. 

Thus, in a circle, the angle in a semi-circle is a right- 
angle, and that in a greater segment (is) less than a 
right-angle, and that in a lesser [segment] (is) greater 
than a right-angle. And, further, the [angle] of a seg- 
ment greater (than a semi-circle) [is] greater than a right- 
angle, and the [angle] of a segment less (than a semi- 
circle) is less than a right-angle. (Which is) the very thing 
it was required to show. 


Proposition 32 


If some straight-line touches a circle, and some 
(other) straight-line is drawn across, from the point of 
contact into the circle, cutting the circle (in two), then 
those angles the (straight-line) makes with the tangent 
will be equal to the angles in the alternate segments of 
the circle. 

A 


E F 
B 


For let some straight-line EF touch the circle ABC D 
at the point B, and let some (other) straight-line BD 
have been drawn from point B into the circle ABC D, 
cutting it (in two). I say that the angles BD makes with 
the tangent EF will be equal to the angles in the alter- 
nate segments of the circle. That is to say, that angle 
FBD is equal to the angle constructed in segment BAD, 
and angle EB D is equal to the angle constructed in seg- 
ment DC B. 

For let BA have been drawn from B, at right-angles 
to EF [Prop. 1.11]. And let the point C have been taken 
at random on the circumference BD. And let AD, DC, 


100 


MTOITXEION y. 


HATA TO B, xa ANO TH KH Yutou tH Epantouevyn npóc 
devas À BA, ént th¢ BA &pa tò xévtpov éott tol ABTA 
xüxAou. f| BÀ &pa diduetd¢ ot toč ABTA xvxAou: ¥ doo 
ónó AAB vovía &v fjuxuxAGo o0ca óp9Y, £ouv. Aona ipa 
at ord BAA, ABA yi& óp9f| toot eio(v. ot òè xal Å ono 
ABZ 6ed%; 4 &pa ónó ABZ fon £oxi totic Ond BAA, ABA. 
xot) &qnerjo9o ?, ónó ABA Aor) gow 4 Ond ABZ yovia 
Coy SoTL TH EV 166 &voAA&S xurjuo voO xóxAou ywvia TH 
onto BAA. xal énel £v x0xA« xexpánAecupóv £o tò ABTA, 
ot. &xevavitov ax00 Ycowtot Loly ptos tow stoly. ciol òè 
xa ot òrò ABZ, ABE uoiv pois toar oi &oa òrò ABZ, 
ABE tois òrò BAA, BTA toa cioty, Ov Å òrò BAA «fj ono 
ABZ édetydy ton Aowrr) Koa ġ òrò ABE «fj £v x6 varig 
tot xbxAov tuyuatt 76 ADB tý rò ATB yovig otv ton. 
Eàv &pa xúxiou čgåntTal tig cvBeta, UNO 6€ tfjc o«pfic 
cic tóv XOxAov Oto 0f, vic cvVVEta TEUVOVEM TOV XUXAOY, Ac 
Tost Ywviac Meds TH Epantouevy, toot Ecovtot toic Ev toic 
EVIAAKE TOD xOXAOL TUYACL YOViaic’ OnE Eder Seton. 


AY’. 
Ent ti\¢ Sovetone cbVetac year tuflua xvxAovu dey due- 
vov ywvlav tony xfj 6o9etor) vov( eov Yvoóuguo. 





A r bu 

A A A A A A 
© 

E 
Z 

B 

B 

E B E 


"Eoco f| 800cica có0cia y, AB, y, 06 6o90ctca vowia 
coO0Ypougoc f) npóc x&G I Set OF Ent the Sovetone cdVEtac 
tfic AB ypoába xufjua xÓxAou 9eyóuevov ywvtayv tony tH 
rnpgóc x6 T. 

H $7» node tõ DL |vow(a] fiov ó£ci& &ov fj óp91| f) 
àuDAeior £otc npótepov O<eta, xal OS nl TÄS nporjc xa- 
xa ooxpfic cou veoxóázo npóc xfj AB evdety xal tH A onucto 
tfj npóc tõ T vota ton ġ òrò BAA- ó&cta Goa oti xoa À 
òrò BAA. hyde tH AA ngóc ópOàc Å AE, xal teturyodw 
7) AB dtya xat& tò Z, xal rjy9o and tod Z onustov th AB 
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and C B have been joined. 

And since some straight-line EF touches the circle 
ABCD at point B, and BA has been drawn from the 
point of contact, at right-angles to the tangent, the center 
of circle ABC D is thus on BA [Prop. 3.19]. Thus, BA 
is a diameter of circle ABC D. Thus, angle ADB, being 
in a semi-circle, is a right-angle [Prop. 3.31]. Thus, the 
remaining angles (of triangle ADB) BAD and ABD are 
equal to one right-angle [Prop. 1.32]. And AB F is also a 
right-angle. Thus, ABF is equal to BAD and ABD. Let 
ABD have been subtracted from both. Thus, the remain- 
ing angle DBF is equal to the angle BAD in the alternate 
segment of the circle. And since ABCD is a quadrilateral 
in a circle, (the sum of) its opposite angles is equal to 
two right-angles [Prop. 3.22]. And DBF and DBE is 
also equal to two right-angles [Prop. 1.13]. Thus, DBF 
and DBE is equal to BAD and BCD, of which BAD 
was shown (to be) equal to DBF. Thus, the remaining 
(angle) DBE is equal to the angle DCB in the alternate 
segment DCB of the circle. 

Thus, if some straight-line touches a circle, and some 
(other) straight-line is drawn across, from the point of 
contact into the circle, cutting the circle (in two), then 
those angles the (straight-line) makes with the tangent 
will be equal to the angles in the alternate segments of 
the circle. (Which is) the very thing it was required to 
show. 


Proposition 33 


To draw a segment of a circle, accepting an angle 
equal to a given rectilinear angle, on a given straight-line. 


— +. +, 


A 





D 











E E 

Let AB be the given straight-line, and C the given 
rectilinear angle. So it is required to draw a segment 
of a circle, accepting an angle equal to C, on the given 
straight-line AB. 

So the [angle] C is surely either acute, a right-angle, 
or obtuse. First of all, let it be acute. And, as in the first 
diagram (from the left), let (angle) BAD, equal to angle 
C, have been constructed on the straight-line AB, at the 
point A (on it) [Prop. 1.23]. Thus, BAD is also acute. Let 
AE have been drawn, at right-angles to DA [Prop. 1.11]. 
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teoc óp0àc À ZH, xa &neCeoy 00 Y, HB. 

Kod &nxei tov) otv À AZ tÀ ZB, xow Se f, ZH, 800 87) 
oi AZ, ZH d00 totic BZ, ZH toot eiotv: xal yæovla À oro 
AZH [vowia| 1f; ónó BZH ton: Báciz &pa Y AH Báce tH 
BH ton £ox(v. ó àpa xévtgo u£v x H dtacthuats O€ t 
HA x0óxAoc veo«óuevoc Ti&et xoi oux xoO B. YevoóOco xol 
cots) 6 ABE, xoi &neCeoy 00 f| EB. &xei oOv àx' Gxpac cfjc 
AE 9twupéxpou ànó voU A xfj AE, npóc pás otw À AA, 
À AA &pa &pánxexvou o0. ABE xóxAou: &rel oDv X0xAou 
tol ABE égadntetat tic eo0cto Y| AA, xol &nó vfjc xoxà TÒ 
A afc sic tov ABE xóxAov Gfjxxo( xc eó9cia Y) AB, Ñ 
&po oro AAB Yowv(a tor £oxi xfj £v tT &voAà& xo x0xXou 
tU fioc Yovta t òrò AEB. AX À òrò AAB «fj npóc x TE 
cot ton xal Y) ngóc THT how yovia ton oti th bro AEB. 

‘Ent th¢ Sovetone doa evdetac the AB tuñua x0xAou 
yéyparta tO AEB deyduevoy ywviay thy nrò AEB tony 
tH SoVEton TH meds THT. 

AXAà 87, óp97) £oxo f| npóc xG I" xoi 66ov néAw Eatw 
&ri vfic AB voódox vufjuo x0xXovu deyduevoyv yuoviay tony TH 
teds 76 T óg9Ofi |vow(a]. cuveoxáo [nó] xfj poc 1 T 
òp yovig ton ġ òrò BAA, we Eyer Ent vfjc 6cuvépoc xoxa- 
Yeo«pfc, xoi tetunodw ý AB iya xatà tò Z, xa xévtoo x6 
Z, saothuatt b¢ 6notéew tv ZA, ZB, xvxroc yeyeaovo 
ô AEB. 

"Expánxexot ğpa Å AA còca x00 ABE xúxňou &u tò 
òpÛÀy civar THY TEdOS TH A yæoviav. xa ton otv f| onÓ 
BAA yovta th év 7 AEB tuńuat: pù yàp xal aùTtÀ &v 
ÅuxuxAlw oŬoa. AAAà xal À brò BAA «f| ngóc xG T tov 
éotly. xat 4 év 76 AEB wou ton ot th noòs tõ r. 

Tévyopantou vou méAty éni týs AB tufua xdxAov tò AEB 
dEYOUEVOV YHOVLaY tony TH Tedc TAT. 

AXA& 87 fj npóc 16H D duBActa Eotw xoi ovveotato 
of tov) npóc 1f; AB eo9c(q xoi xG À onusto À òrò BAA, 
a> Eye. Ent tH tolths xatayeapric, xal xfj AA npóc ópOdc 
xto À AE, xal xexufjo9o nó Wy AB iya xatà tò Z, xo 
tf; AB xgóc óg08c riy9co 9; ZH, xoi ènetevyðv v, HB. 

Kat énet néAw ton otv À AZ «fj ZB, xoi xov? Y; ZH, 
dv0 oy at AZ, ZH úo ts BZ, ZH toa etotv: xol yovia Å 
üro AZH yoviy tý òrò BZH tory Dáotz &pa Y; AH Bdoer 
tf; BH ton £oxtv: ó &pa xévxpo uev 1G H Otxotfjuo 68 x6 
HA x0xAXoc Ygo«óuevoc Ti&e xoi Già xo B. &pyéc90 óc ó 
AEB. xot éxel tH AE dtayétew an’ dxoucg med¢ 600d Eat 
f| AA, f| AA tow Eparnteta tot AEB xbxrov. xal and tic 
“ata TO A nagis Axta À AB: 4 tow bnd BAA yovia 
lon £cl TH Ev TG vat tod xdxAov tuńuati t% AOB 
cuvwotauévn yoviy. GAA’ ¥ bro BAA yovla tH mode 16 TE 
ton éotty. xal 4 év 76 AOB doa tufyatt ywvia ton ot t 
rpgoc THT. 

Ent th¢ dou Sovetang cdVetac thc AB yévyoanta xufjuo 
xuxdov TO AOB deyduevoy yoviay tony th med¢ t& I" önep 
Edel NOLO. 
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And let AB have been cut in half at F [Prop. 1.10]. And 
let FG have been drawn from point F’, at right-angles to 
AB [Prop. 1.11]. And let GB have been joined. 

And since AF is equal to FB, and FG (is) common, 
the two (straight-lines) AF, FG are equal to the two 
(straight-lines) BF, FG (respectively). And angle AFG 
(is) equal to [angle] B FG. Thus, the base AG is equal to 
the base BG [Prop. 1.4]. Thus, the circle drawn with 
center G, and radius GA, will also go through P (as 
well as A). Let it have been drawn, and let it be (de- 
noted) ABE. And let EB have been joined. Therefore, 
since AD is at the extremity of diameter AE, (namely, 
point) A, at right-angles to AF, the (straight-line) AD 
thus touches the circle ABE [Prop. 3.16 corr.]. There- 
fore, since some straight-line AD touches the circle ABE, 
and some (other) straight-line AB has been drawn across 
from the point of contact A into circle AB E, angle DAB 
is thus equal to the angle AEB in the alternate segment 
of the circle [Prop. 3.32]. But, DAB is equal to C. Thus, 
angle C is also equal to AEB. 

Thus, a segment AFB of a circle, accepting the angle 
AEB (which is) equal to the given (angle) C, has been 
drawn on the given straight-line AB. 

And so let C be a right-angle. And let it again be 
necessary to draw a segment of a circle on AB, accepting 
an angle equal to the right-[angle] C. Let the (angle) 
BAD [again] have been constructed, equal to the right- 
angle C [Prop. 1.23], as in the second diagram (from the 
left). And let AB have been cut in half at F [Prop. 1.10]. 
And let the circle AEB have been drawn with center F, 
and radius either FA or FB. 

Thus, the straight-line AD touches the circle ABE, on 
account of the angle at A being a right-angle [Prop. 3.16 
corr.]. And angle BAD is equal to the angle in segment 
AEB. For (the latter angle), being in a semi-circle, is also 
a right-angle [Prop. 3.31]. But, BAD is also equal to C. 
Thus, the (angle) in (segment) AEB is also equal to C. 

Thus, a segment AFB of a circle, accepting an angle 
equal to C, has again been drawn on AB. 

And so let (angle) C be obtuse. And let (angle) BAD, 
equal to (C), have been constructed on the straight-line 
AB, at the point A (on it) [Prop. 1.23], as in the third 
diagram (from the left). And let AE have been drawn, at 
right-angles to AD [Prop. 1.11]. And let AP have again 
been cut in half at F [Prop. 1.10]. And let FG have been 
drawn, at right-angles to AB [Prop. 1.10]. And let GB 
have been joined. 

And again, since AF is equal to FB, and FG (is) 
common, the two (straight-lines) AF, FG are equal to 
the two (straight-lines) BF, FG (respectively). And an- 
gle AFG (is) equal to angle BG. Thus, the base AG is 
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Oo” 
Ano tod dsovévtog xbxAovu tTufua apedety Seyduevov 
yovlay tony th Soveton ywovia sotuyeduUUa. 


D 
25 


A 

E A 

"Ecco 6 dovetc xbxkoc ô ABT, ġġ be SodEtca ywovia 
ceoO0Yoouuoc f, npóc xG A Oct G7, ànró o0 ABT xóxAou 
tuua Aperety Seydusvoy yuovlay tony t Soveton vot 
ELULYEaUUW TY Tedc 1G A. 

"Hyde tod ABI égpantouévyn W EZ xaté 16 B onuetoy, 
xa OLVEOTaTW TEdS TH ZB cvVety xal 165 MEd¢ AUTH oNusteo 
1G B cf| npóc 16 A yovi ton ġ òrò ZBP. 

‘Enel obv xbxAovu tol ABI égantetat xc eó0cia Å EZ, 
xoi àró tfjc xaxa TO B Ena xta À BI, 4 Ono ZBI Kou 
yovla ton otl t év 76 BAT évohAde tunuatt comotayevy 
yovi. GAM’ À òrò ZBI tf; ngóc tH A Eotw ton xoà yj &v 
ta) BAT &pa tuńuat ton £o tH mod¢ xG A [voviq]. 

Ano tol d00Evto¢ tow xbxAov tol ABI tufuc aphontou 
tO BAT deyduevov ywvtay tony tH Soveton ywvig eov Y póu- 
uo tfj npgóc 1G A Oreo Eder noron. 
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equal to the base BG [Prop. 1.4]. Thus, a circle of center 
G, and radius GA, being drawn, will also go through B 
(as well as A). Let it go like AEB (in the third diagram 
from the left). And since AD is at right-angles to the di- 
ameter AE, at its extremity, AD thus touches circle AFB 
[Prop. 3.16 corr.]. And AB has been drawn across (the 
circle) from the point of contact A. Thus, angle BAD is 
equal to the angle constructed in the alternate segment 
AH B of the circle [Prop. 3.32]. But, angle BAD is equal 
to C. Thus, the angle in segment AH B is also equal to 
C. 

Thus, a segment AH P of a circle, accepting an angle 
equal to C, has been drawn on the given straight-line AB. 
(Which is) the very thing it was required to do. 


Proposition 34 


To cut off a segment, accepting an angle equal to a 
given rectilinear angle, from a given circle. 


p C 


F A 

Let ABC be the given circle, and D the given rectilin- 
ear angle. So it is required to cut off a segment, accepting 
an angle equal to the given rectilinear angle D, from the 
given circle ABC. 

Let EF have been drawn touching ABC at point B.1 
And let (angle) F BC, equal to angle D, have been con- 
structed on the straight-line FB, at the point B on it 
[Prop. 1.23]. 

Therefore, since some straight-line EF’ touches the 
circle ABC, and BC has been drawn across (the circle) 
from the point of contact B, angle FBC is thus equal 
to the angle constructed in the alternate segment BAC 
[Prop. 1.32]. But, FBC is equal to D. Thus, the (angle) 
in the segment B AC is also equal to [angle] D. 

Thus, the segment BAC, accepting an angle equal to 
the given rectilinear angle D, has been cut off from the 
given circle ABC. (Which is) the very thing it was re- 
quired to do. 


t Presumably, by finding the center of ABC [Prop. 3.1], drawing a straight-line between the center and point B, and then drawing EF through 
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point B, at right-angles to the aforementioned straight-line [Prop. 1.11]. 


f 
Ke. 
àv év x0xAq@ vO evVEton TEUVWo GAANAaC, TO LTO 


TOY THC WS TUNUATWY tepeyóuevov ðptoywviov toov oTt 
TE) DMO TOY THC ETEOAS TUNUATOY TEPLEyYOUEVD OPVOY VIO. 


B A AN 


"Ev vàp xóxAco tæ ABTA 900 còca w AT, BA 
TEUVETOORY OAAKAaS “ata TO E onustov Aévo, óu tó oxó 
tv AE, ED negieyóuevov ópOoyvowov toov £o tŒ 0nd 
tv AE, EB nepieyouévo ógOovovto. 

Fi vev ody of AD, BA & roO xévtpou ctolv Hote tO E 
xévtpov civar toŭ ABTA x0xXov, pavepdy, ott lowyv obaéSy 
t&v AE, EI, AE, EB xa tò O26 téHv AB, ED negteyóuevov 
ópÜovowvov tcov &ox x6 onó x&v AE, EB nepieyouévo 
ópüoYowvto. 

My éo:ocav 895 at AD, AB à xoÜ xévtpou, xol 
ctAnodvw to xévtoov toŭ ABTA, xol £oxo xó Z, xoi dro 
tot Z ént tac AD, AB cvVetac xaVetoar Hydwouy at ZH, 
ZO, xoi &neCeOy 900av oi ZB, ZI', ZE. 

Kol énet coVeta tic OL xoO xévrgou f, HZ eó0ctiáv vwva 
ur) à x00 xévrpou tyjv AT mgóc pàs céuvet, xol Stya 
autyy téuver torn gow Y; AH xfj HI. &nei oov eó9cia Y, AT 
TETUNTOL cic uev toa xoà xó H, eic 6€ &vca xaxà tò E, tO 
gpa rò tæv AE, EL repieyóuevov ópOovowov uexà too 
ono th¢ EH tetewyavou toov éott tH and th¢ HT: [xowóv| 
teooxetada tO and tfjc HZ: tò &pa òrò tõv AE, ED uetà 
tov and TOV HE, HZ tcov oti tois and tv TH, HZ. àAA&à 
toic uev ànó xGv EH, HZ toov ot) tò &nò tis ZE, tolc 
o£ àroó tõv [H, HZ tcov ot) tò ånò tis ZI“ tÒ pa ono 
tv AB, ED uetà toŭ and tii¢ ZE toov éott 163 dnd cfc 
ZI. ton òè ġ ZI xfj ZB: tò gow Ono tHv AB, ED yeté tot 
ano th¢ EZ toov éott 16 ano the ZB. Dà Tà KOTH OY ral 
tO onó x&v AE, EB uetà tot ànó vfic ZE icov &od 16 &nò 
thc ZB. edety0n de xal tO Ord THY AE, ED uetà xoO dno 
ts ZE {oov tă ano th¢ ZB tò &pa nrò tõv AE, ET uecà 
tol å&nò ts ZE {oov ot t& ono tõv AE, EB uetà tot 
ànó tfj; ZE. xowov ópfiofjo9o xó ànó tis ZE Aonòv goa 
to Uno THY AB, ED negisyduevov dovoyamoy toov ot) t 
òrò t&v AE, EB nepteyouévo ópOovovio. 

"àv üpa &v x0xAÀ« evVEta Dúo TEUvWow GAAYAAC, TO 


* 


DMO TOY TH¢ Wd TUNUATOYV neg.eyóuevov ópüovowov toov 
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Proposition 35 


If two straight-lines in a circle cut one another then 
the rectangle contained by the pieces of one is equal to 
the rectangle contained by the pieces of the other. 


B D AN 


For let the two straight-lines AC and BD, in the circle 
ABCD, cut one another at point Æ. I say that the rect- 
angle contained by AE and EC is equal to the rectangle 
contained by DE and EB. 

In fact, if AC and BD are through the center (as in 
the first diagram from the left), so that E is the center of 
circle ABC D, then (it is) clear that, AE, EC, DE, and 
EB being equal, the rectangle contained by AE and EC 
is also equal to the rectangle contained by DE and EB. 

So let AC and DB not be though the center (as in 
the second diagram from the left), and let the center of 
ABC D have been found [Prop. 3.1], and let it be (at) F. 
And let FG and FH have been drawn from F, perpen- 
dicular to the straight-lines AC and DB (respectively) 
[Prop. 1.12]. And let FB, FC, and F E have been joined. 

And since some straight-line, GF, through the center, 
cuts at right-angles some (other) straight-line, AC, not 
through the center, then it also cuts it in half [Prop. 3.3]. 
Thus, AG (is) equal to GC. Therefore, since the straight- 
line AC is cut equally at G, and unequally at E, the 
rectangle contained by AE and EC plus the square on 
EG is thus equal to the (square) on GC [Prop. 2.5]. Let 
the (square) on GF have been added [to both]. Thus, 
the (rectangle contained) by AE and EC plus the (sum 
of the squares) on GE and GF is equal to the (sum of 
the squares) on CG and GF. But, the (square) on FE 
is equal to the (sum of the squares) on EG and GF 
[Prop. 1.47], and the (square) on FC is equal to the (sum 
of the squares) on CG and GF [Prop. 1.47]. Thus, the 
(rectangle contained) by AE and EC plus the (square) 
on FE is equal to the (square) on FC. And FC (is) 
equal to FB. Thus, the (rectangle contained) by AE 
and EC plus the (square) on F E is equal to the (square) 
on FB. So, for the same (reasons), the (rectangle con- 
tained) by DE and EB plus the (square) on FE is equal 
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EOTL TG UNO TOY Thc ETECUS TUNUATWV xepreyouévo óp00- 
yovi Oneo Eder Océ. 


AF’. 


Eàv xóxAou ArQÜf, x onusiov éxtóc, xal AT’ avTod 
TOOS TOV XUXAOV TECOTintTwWot VO eLVEta, Xal Y UEV ADTESV 
TEUVY) TOY XUXAOY, Y) OE EMAaNTHTA, Cota TO ONO ČANS TÄS 
TEUVOUONS XO The ExTOS KNOAMUBaAVOUEVNS UETAgD Too TE 
onustou xal xfj; xupcfjc nepupepetac toov 1G ànó tfjc &qa- 
TMTOUEVYS TETOAY OVO. 


A 


A 

KóxAou yàp 100 ABI e «0o 1t onuciov &xxóc 1o A, 
xal dro to A node tov ABI xbxdov nooonmntétwoay S00 
cveta å ATA], AB: xa Y, uév ADA teyvétw tov ABI 
XxOxAÀov, fj 6€ BA &ganxéc0c: AEyo, StL TO ONO THY AA, 
AT negieyduevoy dedoyawoy toov éotl 1G and the AB 
TETONY vo. 

'H &pga [AITA tor ià tot xévtoou Eotiy 4 ot. Eotw 
npócepov ie TOU xévtpou, “al Eotw TO Z xévteov to} ABI 
XOxAOoU, xol £xeCeOy 00 À ZB: öp wou Eativ A bnd ZBA. 
xol &xei evdeia À AT Diya tétunton xatk TÒ Z, nodoxertou 
dé goth FTA, tO pa òrò tõv AA, AT vet& tod and the 
ZI’ tcov éotl 16 dno the ZA. ton de H ZT tH ZB tO dow 
ono Tv AA, AT uetà tot and th¢ ZB {oov ŝoti t dnd 
tH ZA. 14 dé ànó tis ZA toa Eotl ta and THY ZB, BA: 
tO Gon rò tõv AA, AT uetà tod dno th¢ ZB toov £o 
toic àno xGv ZB, BA. xowoóv óqnofioOc xó ànó cfjc ZB: 
Aowxóv goa TO Ono THY AA, AT toov éotl 6 and tH¢ AB 
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to the (square) on FB. And the (rectangle contained) 
by AE and EC plus the (square) on FE was also shown 
(to be) equal to the (square) on FB. Thus, the (rect- 
angle contained) by AE and EC plus the (square) on 
FE is equal to the (rectangle contained) by DE and EB 
plus the (square) on FE. Let the (square) on FE have 
been taken from both. Thus, the remaining rectangle con- 
tained by AE and EC is equal to the rectangle contained 
by DE and EB. 

Thus, if two straight-lines in a circle cut one another 
then the rectangle contained by the pieces of one is equal 
to the rectangle contained by the pieces of the other. 
(Which is) the very thing it was required to show. 


Proposition 36 


If some point is taken outside a circle, and two 
straight-lines radiate from it towards the circle, and (one) 
of them cuts the circle, and the (other) touches (it), then 
the (rectangle contained) by the whole (straight-line) 
cutting (the circle), and the (part of it) cut off outside 
(the circle), between the point and the convex circumfer- 
ence, will be equal to the square on the tangent (line). 

A 


D 

For let some point D have been taken outside circle 
ABC, and let two straight-lines, DC|A] and DB, radi- 
ate from D towards circle ABC. And let DCA cut circle 
ABC, and let BD touch (it). I say that the rectangle 
contained by AD and DC is equal to the square on DB. 

|D|CA is surely either through the center, or not. Let 
it first of all be through the center, and let F be the cen- 
ter of circle ABC, and let FB have been joined. Thus, 
(angle) FBD is a right-angle [Prop. 3.18]. And since 
straight-line AC is cut in half at F, let CD have been 
added to it. Thus, the (rectangle contained) by AD and 
DC plus the (square) on FC is equal to the (square) on 
FD [Prop. 2.6]. And FC (is) equal to FB. Thus, the 
(rectangle contained) by AD and DC plus the (square) 
on FB is equal to the (square) on FD. And the (square) 
on FD is equal to the (sum of the squares) on FB and 
BD [Prop. 1.47]. Thus, the (rectangle contained) by AD 
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Ego oué vri. 

AAA& 85 f| ADA uy Eco Ox vo xévxpou toh ABI 
XOXÀov, xol eic tò xévtoov tò E, xal àxó tot E ext 
thv AD xáðetos xvw Å EZ, xal &neCeoy 900av oi EB, ET, 
EA: óp7) &pac &o iy fj óxó EBA. xoi &nei codeté vic Oui toO 
xévtpou VY) EZ eovdetay tiva wr à Tob xévtoov thy ALD ned¢ 
òpÛàc téuver, xal dlya aty xéuvev T] AZ &pa xfj ZL &£oxv 
fon. xoà &xei cvVeta Wy AD tétunton siya xatk t6 Z onuetoy, 
nedoxetta 0è ùt Y) DÀ, vó &pa oxó 16v AA, AT yeta tod 
ATÒ ts ZI toov £o 16) ànxó tfjc ZA. xowóv npgooxcioo0 
TÒ TÒ tc ZE: xó &pa bro 16v AA, AT uecà vv ámxó viv 
IZ, ZE tcov &ox xoic ànó x&v ZA, ZE. tois òè ànó tGv 
LZ, ZE tcov £o tò àxó tfj EI* óg07, yàp |£oxv| f; ono 
EZT [vovíia]: xoiz 6€ ànoó xGv AZ, ZE {oov otl tò ànò ts 
EA: tò &pa nò 16v AA, AT uexà xoO àxó tfjc EI toov 
£c TG) dno th¢ EA. ton òè ñ ELI th EB: tò àpa oro xGv 
AA, AT uetà tod and th¢ EB {oov ot 16 ànxó tic EA. 
TG) SE and Thc EA toa goth te and Tv EB, BA’: óp yàp 
Å bn6 EBA yovia 10 goa bnd THY AA, AT veta tod and 
tfi EB (cov éotl totc dnd tv EB, BA. xowov óéqrnofjo90 
TO aNO tfjc EB: Aotxóv koa 10 DO THY AA, AT toov ot 
1G ànó tfjc AB. 

"Eitv vou x0xAov ANnPOF tt onuciov Extdc, xal an’ avtod 
TOOS TOV XUXAOV TOCOTinTwWot SVO EvVEtAL, Xa Y) EV HDTESV 
TEUVY) TOV KOXAOY, Ĥ OF EMANTYTOL, EoTa TO DMO DAN Thc 
teu vobor|c xoà vfi; &xxóc àxoAaupovouévric uevaGo xoO TE 
onustov xal Thc xupcfjc nepupepetac toov 1G ànxó tfjc &qa- 
RTOMUEVIS vEtTpo vo: ónep Oel Ocio. 


AC. 
àv xOóxAou Arf, x onusiov éxtdc, amo de ToD 
onustou medc TOV xOxAOV ToocoTintwot 000 cóOciot, aol 
Å u£v aótGv TEUvy TOV xOXAOY, FOE NOOONintH, 7 OE TO 
òrò [thc] óAvc tic teuvobone wal The Extd¢ d&noAauBa- 
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and DC plus the (square) on FB is equal to the (sum 
of the squares) on FB and BD. Let the (square) on 
FB have been subtracted from both. Thus, the remain- 
ing (rectangle contained) by AD and DC is equal to the 
(square) on the tangent DB. 

And so let DCA not be through the center of cir- 
cle ABC, and let the center E have been found, and 
let EF have been drawn from E, perpendicular to AC 
[Prop. 1.12]. And let EB, EC, and ED have been joined. 
(Angle) EBD (is) thus a right-angle [Prop. 3.18]. And 
since some straight-line, EF, through the center, cuts 
some (other) straight-line, AC, not through the center, 
at right-angles, it also cuts it in half [Prop. 3.3]. Thus, 
AF is equal to FC. And since the straight-line AC is cut 
in half at point F, let C D have been added to it. Thus, the 
(rectangle contained) by AD and DC plus the (square) 
on FC is equal to the (square) on FD [Prop. 2.6]. Let 
the (square) on FE have been added to both. Thus, the 
(rectangle contained) by AD and DC plus the (sum of 
the squares) on CF and FE is equal to the (sum of the 
squares) on FD and FE. But the (square) on EC is equal 
to the (sum of the squares) on CF and FE. For [angle] 
EFC [is] a right-angle [Prop. 1.47]. And the (square) 
on ED is equal to the (sum of the squares) on DF and 
FE [Prop. 1.47]. Thus, the (rectangle contained) by AD 
and DC plus the (square) on EC is equal to the (square) 
on ED. And EC (is) equal to EB. Thus, the (rectan- 
gle contained) by AD and DC plus the (square) on EB 
is equal to the (square) on ED. And the (sum of the 
squares) on EP and BD is equal to the (square) on ED. 
For EBD (is) a right-angle [Prop. 1.47]. Thus, the (rect- 
angle contained) by AD and DC plus the (square) on 
EB is equal to the (sum of the squares) on EB and BD. 
Let the (square) on EB have been subtracted from both. 
Thus, the remaining (rectangle contained) by AD and 
DC is equal to the (square) on B D. 

Thus, if some point is taken outside a circle, and two 
straight-lines radiate from it towards the circle, and (one) 
of them cuts the circle, and (the other) touches (it), then 
the (rectangle contained) by the whole (straight-line) 
cutting (the circle), and the (part of it) cut off outside 
(the circle), between the point and the convex circumfer- 
ence, will be equal to the square on the tangent (line). 
(Which is) the very thing it was required to show. 


Proposition 37 


If some point is taken outside a circle, and two 
straight-lines radiate from the point towards the circle, 
and one of them cuts the circle, and the (other) meets 
(it), and the (rectangle contained) by the whole (straight- 
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VOUEVYS UETAEL ToD te onuctov mall Tho xUOETHC Teeipeoetac 
{oov T ànxoó tfjc npooniuxtxobor|, f) xpooníxxouca &qáde cot 
toU xOxAÀov. 


A 


B A 


KodxAou yee toh ABP ciAnode tt onuetoy Extd¢ to A, 
xal ard to A node tov ABT xbxdov nooonmntétwoay S00 
cevvetor at ATA, AB, xal À uèv ATA teyvéta tov xvxAov, Ĥ 
d¢ AB nooomntéta, £otxo 08 160 oxnó 16v AA, AT tcov tõ 
ano the AB. Aévo, óu À AB &gáxxexot x00 ABD xóxXov. 

"Hy9o yàp x00 ABT &gorouévr) Y; AE, xoà ei «0c tò 
xév1pov xo0 ABT xóxAov, xoà Eotw 10 Z, xal EneCevyVwouy 
at ZE, ZB, ZA. ¥ dea óxó ZEA pth £cuv. xoi &x& | AE 
épanteta tov ABI xbxAov, téuver d¢ 7) ATA, xvó &pa ono 
tav AA, AT toov éotl tH dno thc AE. Fy d€ xal tO DO 
:Gv AA, AT tcov 1G àxó tfj; AB: xó &pa ànó tfjc AE 
toov éotl 16$ ànó tfj AB: tor] &pa À AE tý AB. oti òè 
xal À ZE tH ZB ton: dbo by at AE, EZ dv0 totic AB, BZ 
foot eiotv: xoi Dácic atv xor) Y; ZA ywovia doa À ond 
AEZ yovi tý òrò ABZ otw ton. pt dè Å òrò AEZ: 
òp poa xal À òrò ABZ. xal otuv À ZB exBardAouevy 
SiduEtooc Å Oè TH StaETtTOW T00 xóxAou npóc ópO0üc aT’ 
upas ådyouévyn Emanteta tol xvxAou AB sow Epantetou 
tol) ABT xvxAov. dyoiws dy SetyDYoeta, xnav TO xEVTOOV 
eni ts AT tuyydvy. 

Eàv óépa xOxAou Àvypof xt ovjueiov éxtóc, &nò Se tod 
onuelou rpoòs tòv xOxAov TooOTintwot dbo cbVEta, xol Å 
UEV aLTOY TEUVYN TOV XOXAOY, fj 66 ngooníinty, 7j 66 1o ÖTÒ 
OANS TH¢ TEeLVOLONS Kal The ExTOS àmoAaupavou£vrc UETAED 
tol te onuciov xal Thc xvetic repupepetac toov 165 dro 
TH¢ TecomntoOvON,, | ngooní(xtouca &oáevot vo X0xXou: 
ONES Eder cté. 
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line) cutting (the circle), and the (part of it) cut off out- 
side (the circle), between the point and the convex cir- 
cumference, is equal to the (square) on the (straight-line) 
meeting (the circle), then the (straight-line) meeting (the 
circle) will touch the circle. 


D 
F 


B A 


For let some point D have been taken outside circle 
ABC, and let two straight-lines, DCA and DB, radiate 
from D towards circle ABC, and let DCA cut the circle, 
and let DB meet (the circle). And let the (rectangle con- 
tained) by AD and DC be equal to the (square) on DB. 
I say that DB touches circle ABC. 

For let DE have been drawn touching ABC [Prop. 
3.17], and let the center of the circle ABC have been 
found, and let it be (at) F. And let FE, FB, and FD 
have been joined. (Angle) FED is thus a right-angle 
[Prop. 3.18]. And since DE touches circle ABC, and 
DCA cuts (it), the (rectangle contained) by AD and DC 
is thus equal to the (square) on DE [Prop. 3.36]. And the 
(rectangle contained) by AD and DC was also equal to 
the (square) on DB. Thus, the (square) on DE is equal 
to the (square) on DB. Thus, DE (is) equal to DB. And 
FE is also equal to FB. So the two (straight-lines) DE, 
EF are equal to the two (straight-lines) DB, BF (re- 
spectively). And their base, F D, is common. Thus, angle 
DEF is equal to angle DBF [Prop. 1.8]. And DEF (is) 
a right-angle. Thus, DBF (is) also a right-angle. And 
FB produced is a diameter, And a (straight-line) drawn 
at right-angles to a diameter of a circle, at its extremity, 
touches the circle [Prop. 3.16 corr.]. Thus, DB touches 
circle ABC. Similarly, (the same thing) can be shown, 
even if the center happens to be on AC. 

Thus, if some point is taken outside a circle, and two 
straight-lines radiate from the point towards the circle, 
and one of them cuts the circle, and the (other) meets 
(it), and the (rectangle contained) by the whole (straight- 
line) cutting (the circle), and the (part of it) cut off out- 
side (the circle), between the point and the convex cir- 
cumference, is equal to the (square) on the (straight-line) 
meeting (the circle), then the (straight-line) meeting (the 
circle) will touch the circle. (Which is) the very thing it 
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was required to show. 
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Construction of Rectilinear Figures In and 
Around Circles 
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"Opot. 

ac. Myfjuo eo96 Ypoguov etc oxfjua eoduyoauuoy cy yeae- 
cova Aveo, óxov &xáotr) xGv TOD &YYpoqouévou oyfiua- 
OG YOWGv &x&or|c rAcupüc vo0, eic 6 ëyYPETAL, ATTNTA. 

D". yua 6€ óuotoc neci oyua reper póeoDot A&Ye ot, 
ÖTAV &xá&otr) rtAeupà toU mepuypo«pou£vou &xá&otrjc YWVlaCc 
TOŬ, TEPL Ö TEPLIYPAPETAL, ATTNTAL. 

Y. 3yfjua £o 0 Yoouuov eic XOxAov ëyyp&ycota AéyETAL, 
ÖTV xot yvi tol Eyyeaupouevou AntTHTH TS Tov 
XUXAOL TEPLPEoOstac. 

0. Lyfua oe cóO0Ypouuov negl xOxAov meptrpóe- 
oto Agéyeto, dtav exdotyn rÀAeupà xoÜ meptyporouévou 
SHANTHTAL TH¢ ToD xUxXAOU nepupepetac. 

e^. Kóxňoc è cic oyfua duotws Eyyedqeotan Aéyetan, 
ÖTAV Y) TOU “UXAOL TEoIpsosia ExdoTHc TACLEaS TOD, eic ð 
SYYOUDETAL, ATTNTAL. 

«. KOóxAoc 6€ negl oyfjua nepvypóqeoDor AéYeotu, ÖTAV 
f| o0 xOxAou nepupépeua &xó&otr vov(ac vo0, regi Ò te- 
OLYPAETAL, ATTNTA. 

C’. Eovdeta cis xóxiov &vapguóCeo0ot Aévetot, OTaV TÀ 
TEOATA AUTAS EML Thc Meeipeostac ¥) TOD xOxAOD. 


f 
a * 
Eis tòv 800évra xÓxAov tH 8oOc(oy] cóOc(o ur) uctCovi 
oboy| tfjc vo0 xóxAou SiaMETEOL tony soVElaAV Evaoudon. 


A 


Z 


"Ecco ó 800eic xoóx^oc ô ABT, fj 6$ 600cica cocta ur 
ue(Cov tfjc xoU xóxAou 8upyérpou FW A. det OF ele tov ABI 
X0xAov TH A cvvety tony cdUciav Evapudoa. 

"Hyde tot ABI xóxAou Oituevgoc Å BP. et u&v oOv tor, 


3 


éotty À BI t A, yeyovòc &y etn xó &£nvxayüév: &vfouootot 
Y) NA yey X e 
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Definitions 

l. A rectilinear figure is said to be inscribed in 
a(nother) rectilinear figure when the respective angles 
of the inscribed figure touch the respective sides of the 
(figure) in which it is inscribed. 

2. And, similarly, a (rectilinear) figure is said to be cir- 
cumscribed about a(nother rectilinear) figure when the 
respective sides of the circumscribed (figure) touch the 
respective angles of the (figure) about which it is circum- 
scribed. 

3. A rectilinear figure is said to be inscribed in a cir- 
cle when each angle of the inscribed (figure) touches the 
circumference of the circle. 

4. And a rectilinear figure is said to be circumscribed 
about a circle when each side of the circumscribed (fig- 
ure) touches the circumference of the circle. 

5. And, similarly, a circle is said to be inscribed in a 
(rectilinear) figure when the circumference of the circle 
touches each side of the (figure) in which it is inscribed. 

6. And a circle is said to be circumscribed about a 
rectilinear (figure) when the circumference of the circle 
touches each angle of the (figure) about which it is cir- 
cumscribed. 

7. A straight-line is said to be inserted into a circle 
when its extremities are on the circumference of the circle. 


Proposition 1 


To insert a straight-line equal to a given straight-line 
into a circle, (the latter straight-line) not being greater 
than the diameter of the circle. 


_ dD . 


Let ABC be the given circle, and D the given straight- 
line (which is) not greater than the diameter of the cir- 
cle. So it is required to insert a straight-line, equal to the 
straight-line D, into the circle ABC. 

Let a diameter BC of circle ABC have been drawn." 
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yàp cic xóv ABI" xóxAov th A codeta ton Y, BI. ei 6€ uetCov 
£ouv À BPI cfjc A, xe(o90 tH A ton *; DE, xoi xévtpo 
t6) DP dtaothuats è 166 DE, xóxAoc vevoóo9o ô EAZ, xol 
&neCeoy 0o *| PA. 

‘Enet obv to [ onuciov xévxgov &oxi x00 EJAZ xOxAov, 
ton &cxiv 7; DÀ xfj DE. 6A& xfj A ATE otv ton xa À A 
goa tH TA otv ton. 

Eic doa tov dodEvta xOxAOV TOV ABT tH Sodeton codeta 
th A ton éviouoota Y) L'A: óxep £e nodfjoon. 
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Therefore, if BC is equal to D then that (which) was 
prescribed has taken place. For the (straight-line) BC, 
equal to the straight-line D, has been inserted into the 
circle ABC. And if BC is greater than D then let C E be 
made equal to D [Prop. 1.3], and let the circle HAF have 
been drawn with center C and radius CE. And let CA 
have been joined. 

Therefore, since the point C is the center of circle 
EAF, CA is equal to CE. But, CE is equal to D. Thus, 
D is also equal to C A. 

Thus, C A, equal to the given straight-line D, has been 
inserted into the given circle ABC. (Which is) the very 
thing it was required to do. 


t Presumably, by finding the center of the circle [Prop. 3.1], and then drawing a line through it. 
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Ec xóv 600évta x0xAov 16$ 600évxt tpuy ovo (GoYOWOV 
tolywvoyv éyyoeddan. 
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"Eoxo ó 9090eic xO0xAoc ó ABL, 16 d¢ S00Ev Torywvoy 
tO AEZ: ðc dy cic tov ABT xóxAov 16 AEZ teryave 
icoyauoy tetywvoy éyyedbau. 

"Hyw 100 ABI xóxAou &oornou£vr, Y; HO xaxà xo A, 
xol cu veotáxo ngóc TH AO cvodety ual TH npóc atf] orueio 
tõ A t òrò AEZ yovig ton Hh Ono OAT, ngóc òè xfj AH 
cûÛely xal TG Teds avTH onuclw tõ A tH òrò AZE [yovga] 
tcr] ?j ono HAB, xoi &neCeoy 90 4 Br. 

‘Enel obv x0xAov tot ABT égantetat tig cocta | AO, 
xol àxó THe Hata TO A Eafe cle TOV KOXAOY Oif{xton cbVeta 
Å AT, À doa òrò OAT ton Eotl tH Ev x6 EvaAAGE tod xvxAOv 
tuńuat yovie tH òrò ABT. GAA’ ġ òrò OAT t òrò AEZ 
cot ton xal À òrò ABT pa yovia t òrò AEZ otv 
ton. Dà tà HOT SY) xal WY ONO ATB th òrò AZE &ouv 
tory xoà Aou gow À òrò BAT onf tý òrò EAZ éotw ton 
licoyauoyv koa éott tO ABT tetywvov tH AEZ tovyave, 
nal eyyéyeanta eic xóv ABT xóxAoy]. 

Bic tov dovEvta wou xvxAov tÆ O00évu Teryave 
icoyYOuOoY Tolywvoyv éyyeyoeunta Once Ede Toho. 


Proposition 2 


To inscribe a triangle, equiangular with a given trian- 
gle, in a given circle. 


B E 
F 
C 
S D 
A 
H 


Let ABC be the given circle, and DEF the given tri- 
angle. So it is required to inscribe a triangle, equiangular 
with triangle DEF, in circle ABC. 

Let GH have been drawn touching circle ABC at A." 
And let (angle) HAC, equal to angle DEF, have been 
constructed on the straight-line AH at the point A on it, 
and (angle) GAB, equal to [angle] DF E, on the straight- 
line AG at the point A on it [Prop. 1.23]. And let BC 
have been joined. 

Therefore, since some straight-line AH touches the 
circle ABC, and the straight-line AC has been drawn 
across (the circle) from the point of contact A, (angle) 
H AC is thus equal to the angle ABC in the alternate 
segment of the circle [Prop. 3.32]. But, H AC is equal to 
DEF. Thus, angle ABC is also equal to DEF. So, for the 
same (reasons), AC B is also equal to DFE. Thus, the re- 
maining (angle) BAC is equal to the remaining (angle) 
EDF [Prop. 1.32]. [Thus, triangle ABC is equiangu- 
lar with triangle DEF, and has been inscribed in circle 
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t See the footnote to Prop. 3.34. 


z: 
IIcgi tov 600évxa x xAov x6 OOVEVTL TOLYOVO) LGOY@VLOV 
tpiyevov. xegvy oon. 
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"Eoo 6 ovelis xóxAoc ô ABT, tò òè 600£v tolywvov 
tò AEZ: Sei dy nepot tòyv ABT xóxàov 16 AEZ teryove 
icoyauoy tetywvoyv meoryeddau. 

BExDeDAro9o yn EZ ey’ exatecoa ta weon xata tà H, O 
onueta, xal ciAnoda tot} ABI xóxAou xévtoov tò K, xo 
Oy 90, Qo Etvyey, cbVeta 7 KB, xol cvuveotatw medc tH 
KB cvvety xol tH med¢ adTH onucio 1H K tH uev Ond AEH 
yovia ton ġ òrò BKA, t dé Ord AZO toy ñ òrò BKT, xol 
did tõv A, B, IT onueiwv qydoouy égantéuevar tol ABI 
xoxdovu at AAM, MBN, NIA. 

Kot énel €gantovta toh ABIL xóxAovu oi AM, MN, NA 
xnata ta A, B,D onueta, and d¢ tol K xévteou én xà A, B, 
I onucta éxeCevypévan etoty at KA, KB, KT’, pol &po ciol 
at rgóc toic A, B, T onustoug yovion. xol Exel to) AMBK 
TETOUTAEUVEOL al TEcauoES Yvan TETOAOLY CEVaic foo cioty, 
ereronneo xol cis 6VO0 Totywva Staroettat TO AMBK, rat etotv 
poa ai òrò KAM, KBM *xowtot, Aoro gow at Ond AKB, 
AMB duoly devote tom etotv. eio 0€ xoi oi òrò AEH, 
AEZ uov doas tow at gow bro AKB, AMB tole ond 
AEH, AEZ ïou cioty, Ov ġ òrò AKB t òrò AEH otv 
torn Aou?) gow 9| òrò AMB Aoinf tý òrò AEZ Eotw toy. 
óuo(oc 87) 6c 0Yjoevot, StL xal ġ òrò ANB qt òrò AZE 
cot on: xa Aou] &pac À òrò MAN Moan] t òrò EAZ 
£ccuv tor. toovowov goa éott to AMN toetywvoy tă AEZ 
TOLYOVG)’ Mal nepryéypanrta neci tov ABT xóxAov. 

Ilegt tov dodEvta &pa xOxAov 1G SovEYTL tptYOwvo 
icOY@MOY Telyw@voy Teplyeyeantar OnE Edel roroa. 


ELEMENTS BOOK 4 


ABC]. 

Thus, a triangle, equiangular with the given triangle, 
has been inscribed in the given circle. (Which is) the very 
thing it was required to do. 


Proposition 3 


To circumscribe a triangle, equiangular with a given 
triangle, about a given circle. 


L C N " 


Let ABC be the given circle, and DEF the given tri- 
angle. So it is required to circumscribe a triangle, equian- 
gular with triangle DEF, about circle ABC. 

Let EF have been produced in each direction to 
points G and H. And let the center K of circle ABC 
have been found [Prop. 3.1]. And let the straight-line 
K B have been drawn, at random, across (ABC). And 
let (angle) BKA, equal to angle DEG, have been con- 
structed on the straight-line KB at the point K on it, 
and (angle) BKC, equal to DFH [Prop. 1.23]. And let 
the (straight-lines) LAM, MBN, and NCL have been 
drawn through the points A, B, and C (respectively), 
touching the circle ABC.! 

And since LM, MN, and NL touch circle ABC at 
points A, B, and C (respectively), and K A, K B, and 
KC are joined from the center K to points A, B, and 
C (respectively), the angles at points A, B, and C are 
thus right-angles [Prop. 3.18]. And since the (sum of the) 
four angles of quadrilateral AM BK is equal to four right- 
angles, inasmuch as AM BK (can) also (be) divided into 
two triangles [Prop. 1.32], and angles K AM and K BM 
are (both) right-angles, the (sum of the) remaining (an- 
gles), AKB and AM B, is thus equal to two right-angles. 
And DEG and DEF is also equal to two right-angles 
[Prop. 1.13]. Thus, AKB and AMB is equal to DEG 
and DEF, of which AK B is equal to DEG. Thus, the re- 
mainder AM B is equal to the remainder DEF. So, sim- 
ilarly, it can be shown that LNB is also equal to DFE. 
Thus, the remaining (angle) MLN is also equal to the 
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t See the footnote to Prop. 3.34. 
0. 


Eic xó 8090&v volyevov xOxAXov Eyyeddan. 


B 


"Ecco tO dovev totywvoy To ABI’ det dy cic tò ABT 
tolywvoyv x0xAov éyyodbau. 

Tetujovwoay ot bro ABI, APB ywvin dtya totic BA, 
TA evvetoc, ual cuuDoAAÉvocav GAAYAouc xoà tò A 
cnusiov, xoi Tjy0c cav ànó 100 A êm tac AB, BI, TA 
cuvetac xaVetor ot AE, AZ, AH. 

Kol énel fon gotlv 5| òrò ABA yovia th bro TBA, 
otl è xal pt Å òrò BEA pt t ónó BZA tor, 000 
dy) tolywva got: te EBA, ZBA tae S00 yuviag toile dual 
yoviaig loag Eyovta xal ulav mAcvedy We TASVEy tony TV 
Óxote(voucav ono utav 1Gv loov Yowvuv xotwrv aoxGv tv 
BA: xat tae Aoinde how TAELES volic Aouolic rAeupoltc tooc 
etovow ton vou Y) AE th AZ. did tà aùtà OH xoi Y, AH 
tfj AZ otv ïon. œ toeic koa cdVetan af AE, AZ, AH 
loot GA iXotc clot: 6 dow xévtes tH A xol Stactywatt Evi 
t&v E, Z, H xóx^oc vgo«óuevoc AEet xot Orde xGv Aoinddv 
onuctwv xol éoddeta tv AB, BL, TA eó9ev à 1o 
oevacs civa tàs MOOS toic E, Z, H onuctorg ywvlac. et yàp 
TEUEL ALTAC, čata YH TH Siavetow toU xvxAov node dEDaC 





On wou ayouevy Evtoc Tintovog Tob xvxAou OnE &TO- 
Tov édety0n ovx soa 6 xévtow TH A Staotyati 0è Evi TH 
E, Z, H vego«póuevoc x0xAoc teuet tac AB, BLP, TA cdVetac: 
epabetar how avtéy, xa čota 6 x0xAoc &YYeyvpopuiévoc eic 
tO ABT totywvov. éyyeyedote óc ô ZHE. 

Bic dou tò SoVEv Tolywvov 16 ABT xbxdo¢ Ey yeEvyountat 
oO EZH: once der roro. 
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[remaining] (angle) EDF [Prop. 1.32]. Thus, triangle 
LMN is equiangular with triangle DEF. And it has been 
drawn around circle ABC. 

Thus, a triangle, equiangular with the given triangle, 
has been circumscribed about the given circle. (Which is) 
the very thing it was required to do. 


Proposition 4 


To inscribe a circle in a given triangle. 


B 


Let ABC be the given triangle. So it is required to 
inscribe a circle in triangle ABC. 

Let the angles ABC and AC B have been cut in half by 
the straight-lines B D and C D (respectively) [Prop. 1.9], 
and let them meet one another at point D, and let DE, 
DF, and DG have been drawn from point D, perpendic- 
ular to the straight-lines AB, BC, and CA (respectively) 
[Prop. 1.12]. 

And since angle ABD is equal to CBD, and the right- 
angle BED is also equal to the right-angle BF D, EBD 
and FBD are thus two triangles having two angles equal 
to two angles, and one side equal to one side—the (one) 
subtending one of the equal angles (which is) common to 
the (triangles)—(namely), BD. Thus, they will also have 
the remaining sides equal to the (corresponding) remain- 
ing sides [Prop. 1.26]. Thus, DE (is) equal to DF. So, 
for the same (reasons), DG is also equal to DF. Thus, 
the three straight-lines DE, DF, and DG are equal to 
one another. Thus, the circle drawn with center D, and 
radius one of E, F, or G,! will also go through the re- 
maining points, and will touch the straight-lines AB, BC, 
and CA, on account of the angles at E, F, and G being 
right-angles. For if it cuts (one of) them then it will be 
a (straight-line) drawn at right-angles to a diameter of 
the circle, from its extremity, falling inside the circle. The 
very thing was shown (to be) absurd [Prop. 3.16]. Thus, 
the circle drawn with center D, and radius one of E, F, 
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t Here, and in the following propositions, it is understood that the radius 
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Iegi xó 8600&v voíyeyvov xÓxAXov neevyroóqon. 
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"Eoo 16 800&v tolywvov tò ABP Der è neol tò 600&v 
totywvoy 70 ABT xvxdov neoryeddau. 

Tetufotocay at AB, AD cbVetan dtya xata tà A, E 
oyueta, xal and tév A, E onustwv tatc AB, AT ned¢ 600d 
HyVwoay at AZ, EZ: ouuncoobvta 97) Tivov &vxóc toh ABL 
TOLY@VOU ¥ ent Tho BY cvvetauc A Extd¢ tH¢ BI’. 

MUUTMINTETWOAY TOOTEPOV EVTOS KATH TO Z, nal EneCevy0- 
coov ot ZB, ZI, ZA. xa nel ton £o dv f| AA th AB, xown 
6€ xol npóc ópOdc Y; AZ, Dáotc &pa Y) AZ Dáca xf; ZB ott 
fon. Ouotwc 87) 6c(&ouev, óu xoi A TZ t AZ otuv tory 
Hote xal Å ZB t ZI otv torn o toeic Kou ot ZA, ZB, ZV 
too GAAKAaS stotv. O hoa xEvTOW TH Z Otxotfjuo € év 
t:Gv A, B, D xóxAoc vgotóuevoc fj&et xol Dà Gv Aouxóv 
onuelwv, xal oto nepryeyepauuevoc ó xóxAoc negl xó ABT 
tolywvoy. neoryeyedo0w ae o ABT. 

AAA& 87) oi. AZ, EZ ovuumintétwoay &ri týs BI eó9e(ac 
“ata TÒ Z, Oc Éy& &mi rfj; Öcutépacs xoopokpfjc, xol 
&neCeOy 0o f| AZ. óuo(oc Où Gc(&ouev, Öt xó Z onyuctov 
xévxpov cth vo0 negl xó ABT totywvov negtypotpouévou 
XÜXÀOU. 

Aà 09» oi AZ, EZ ovumntétwoav &xvóc 00 ABI 
TOLYWOVOU xaTa TO Z dA, Go Eyer El the toeltyne xata- 
yeaons, xat émeCebyDwoav ot AZ, BZ, LZ. xoi &xei nó . 
tcr] £c v 4) AA «fi AB, xoi? 68 xoi ngóc ôptàs f| AZ, Dá&otc 
goa Å AZ Báosi tý BZ otv tor. óuotoc 9r) oc(&ouev, óu 
xoi WZ th AZ éotw ton ote xa À BZ tH ZI otv ton: 
6 bow [ndAvy] xévtow 165 Z &aotfuou ðè év tv ZA, ZB, 
ZV uburog yeupouevog Aer xol Oia TOV AoiTOY onuctoy, 
xoà Eaton Teoryeyoauuevos neol tO ABT totywvoy. 

Ieo tò do00EvV goa tg(Yovov x0x^oc nepryéypanrta 
ONEO EOEL roroa. 
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or G, does not cut the straight-lines AB, BC, and C A. 
Thus, it will touch them and will be the circle inscribed 
in triangle ABC. Let it have been (so) inscribed, like 
FGE (in the figure). 

Thus, the circle EFG has been inscribed in the given 
triangle ABC. (Which is) the very thing it was required 
to do. 


is actually one of DE, DF, or DG. 


Proposition 5 


To circumscribe a circle about a given triangle. 


A A 
/N JA B 
EEA ^ 
Let ABC be the given triangle. So it is required to 


cet 
circumscribe a circle about the given triangle ABC. 

Let the straight-lines AP and AC have been cut in 
half at points D and E (respectively) [Prop. 1.10]. And 
let DF and EF have been drawn from points D and E, 
at right-angles to AB and AC (respectively) [Prop. 1.11]. 
So CDF and EF) will surely either meet inside triangle 
ABC, on the straight-line BC, or beyond BC. 

Let them, first of all, meet inside (triangle ABC) at 
(point) F, and let FB, FC, and FA have been joined. 
And since AD is equal to DB, and DF is common and 
at right-angles, the base AF is thus equal to the base F B 
[Prop. 1.4]. So, similarly, we can show that CF is also 
equal to AF. So that FB is also equal to FC. Thus, the 
three (straight-lines) FA, FB, and FC are equal to one 
another. Thus, the circle drawn with center F’, and radius 
one of A, B, or C, will also go through the remaining 
points. And the circle will have been circumscribed about 
triangle ABC. Let it have been (so) circumscribed, like 
ABC (in the first diagram from the left). 

And so, let DF and EF meet on the straight-line 
BC at (point) F, like in the second diagram (from the 
left). And let AF have been joined. So, similarly, we can 
show that point F is the center of the circle circumscribed 
about triangle ABC. 

And so, let DF and EF meet outside triangle ABC, 
again at (point) F, like in the third diagram (from the 
left). And let AF, BF, and CF have been joined. And, 
again, since AD is equal to DB, and DF is common and 
at right-angles, the base AF is thus equal to the base BF 
[Prop. 1.4]. So, similarly, we can show that CF is also 
equal to AF. So that BF is also equal to FC. Thus, 
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Eic xóv 800évta x0xXov vexpéovov &vyoódon. 


"Eoo fj 600celc xóxAoc ò ABTA: Set OF cic tov ABTA 
XOXxAov vetpávovov &YYoódon. 

"Hy9$ocav o0 ABI'A xóxAov úo 0tápet1pot nopóc ópOdc 
AAAs oi. AD, BA, xoi éneCeoy90cav oi AB, BI, TA, 
AA. 

Koi &xei tor &cxiv Y, BE vf; EA: xévxgov vàp xó E» xow?, 
0€ xol npóc ópOàc À EA, åo ča À AB Bácsi t AA tor, 
éotiv. Dà và aórà OT) xod éxatépa tõv BI, TA éxatéog 
:Gv AB, AA ïon &ox(v: icónAeugov gow ot tò ABTA 
tETEATACLpOV. Aéyw Of, ÖT xal OEDOYMMOY. Enel yao 7 
BA cvdveta Sidueted¢e £o o0 ABTA xúxňov, hurxdxArov 
koa oth TÒ BAA: pù koa Å Dro BAA ywvla. ià tà 
Huta on xal Exdoty tõv Dro ABI, BPA, TAA óp otv: 
dpvoyavoyv &pa ctl tò ABTA tetodnAsupoy. sdetydr o6 
xol toóxAeupov: vexpéryovov ipa &otv. xol &YYévpomtot eic 
t:óv ABTA xóxàov. 

Eis gow tov d00EvtTa xOxAOV TETOdywMVvoyv Eyyeyoantat 
tò ABTA: éree eet nofiom. 
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[again] the circle drawn with center F, and radius one 
of FA, FB, and FC, will also go through the remaining 
points. And it will have been circumscribed about trian- 
gle ABC. 

Thus, a circle has been circumscribed about the given 
triangle. (Which is) the very thing it was required to do. 


Proposition 6 


To inscribe a square in a given circle. 


A 


C 


Let ABCD De the given circle. So it is required to 
inscribe a square in circle ABC D. 

Let two diameters of circle ABC D, AC and BD, have 
been drawn at right-angles to one another.! And let AB, 
BC, CD, and DA have been joined. 

And since BE is equal to ED, for E (is) the center 
(of the circle), and EA is common and at right-angles, 
the base AB is thus equal to the base AD [Prop. 1.4]. 
So, for the same (reasons), each of BC and CD is equal 
to each of AB and AD. Thus, the quadrilateral ABCD 
is equilateral. So I say that (it is) also right-angled. For 
since the straight-line BD is a diameter of circle ABC D, 
BAD is thus a semi-circle. Thus, angle BAD (is) a right- 
angle [Prop. 3.31]. So, for the same (reasons), (angles) 
ABC, BCD, and CDA are also each right-angles. Thus, 
the quadrilateral ABCD is right-angled. And it was also 
shown (to be) equilateral. Thus, it is a square [Def. 1.22]. 
And it has been inscribed in circle ABCD. 

Thus, the square ABCD has been inscribed in the 
given circle. (Which is) the very thing it was required 
to do. 


t Presumably, by finding the center of the circle [Prop. 3.1], drawing a line through it, and then drawing a second line through it, at right-angles 


to the first [Prop. 1.11]. 


d 


Iegi xóv 8090évta xóxňov tetoåywvov nepiypáņþor. 


Proposition 7 
To circumscribe a square about a given circle. 
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"Eote 0 d00Elc xUxA0c 6 ABTA: Set 57 nel tov ABTA 
XUXAOV TEeTEaYwVOY TEoLyedWau. 
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"Hytooay tot ABTA xóxAov 060 0tápetpot npóc ópÜdc 
&AAfXotc o. AT, BA, xoi 6 vv A, B, T, A enustov ry9o- 
cav &gaxxóuevot ToD ABDAÀ xóxAou oi ZH, HO, OK, KZ. 

Enel oŬv ċyánteta À ZH toč ABTA xúxňouv, àxó 9€ 
toŬ E xévtpou éxt thy xata tÒ A Enaory exéCevxta À 
EA, ai doa npòs TH A yovi pal ciow. Dà xà ac 
dy xol at modc totic B, T, A onuelois yœovioar pai siot. 
“ol Enel GOVY otuv Å òrò AEB yovia, otl è dpt xol À 
brò EBH, nopóA^roc &pa &ociv Y, HO «fj AT. ài xà aoc 
0r] xoi A AT tÅ ZK ot xapéAAnAoc. óoe xoi y HO «f| 
ZK &o xapáAAvoc. óuot(oc 97 6c(Gouev, óc xoi &xoxépa 
tv HZ, OK th BEA éott napdAAnhoc. maparAnrdy eae 
goa éotl te HK, HE, AK, ZB, BK: ton wou éotiv ġ uèv 
HZ «fj, OK, ý è HO t ZK. xal nel ton £oxiv fj AT. «fj 
BA, àAA& xoi *| u£v AT &xoxéga tõv HO, ZK, 5| 6€ BA 
&xoxéoy x&v HZ, OK otv ton [xo Exatéon tou tv HO, 
ZK &xoxépo xGv HZ, OK &ouvtor|, toónAcupov &pa Eotl tO 
ZHOK «expóánAeupgov. Aéyw Oh, dtr xal doVoywwoyv. nel 
yàp napahànióypauuóv got, TO HBEA, xal otv pù f, 
òrò AEB, öp &oa xoa À òrò AHB. duolws dy detZouey, 
OTL Kal at TEd¢ Toic O, K, Z yavion do0at ctow. dodoyawov 
&pa £o tò ZHOK. sdeiyOy de val iodrAcveoy’ tetod&ywvov 
tou éottv. xal meoryeyoanta neol tov ABTA xóxAov. 


Ileol tov SoVEVTA Gow ROXAOY TETO“YWVOV TEOLYEY PUNTA 


ONEO SOEL TOLHOOL. 


t See the footnote to the previous proposition. 
t See the footnote to Prop. 3.34. 
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Let ABC D be the given circle. So it is required to 
circumscribe a square about circle ABC D. 


G A F 
B D 
H C K 


Let two diameters of circle ABCD, AC and BD, have 
been drawn at right-angles to one another.’ And let FG, 
GH, HK, and KF have been drawn through points A, 
B, C, and D (respectively), touching circle ABC D. 

Therefore, since FG touches circle ABC D, and EA 
has been joined from the center E to the point of contact 
A, the angles at A are thus right-angles [Prop. 3.18]. So, 
for the same (reasons), the angles at points B, C, and 
D are also right-angles. And since angle AFB is a right- 
angle, and E BG is also a right-angle, GH is thus parallel 
to AC [Prop. 1.29]. So, for the same (reasons), AC is 
also parallel to FK. So that GH is also parallel to FK 
[Prop. 1.30]. So, similarly, we can show that GF and 
H K are each parallel to BED. Thus, GK, GC, AK, FB, 
and BK are (all) parallelograms. Thus, GF’ is equal to 
H K,and GH to F K [Prop. 1.34]. And since AC is equal 
to BD, but AC (is) also (equal) to each of GH and FK, 
and BD is equal to each of GF and HK [Prop. 1.34] 
[and each of GH and FK is thus equal to each of GF 
and HK], the quadrilateral FGH K is thus equilateral. 
So I say that (it is) also right-angled. For since GBEA 
is a parallelogram, and AEB is a right-angle, AGB is 
thus also a right-angle [Prop. 1.34]. So, similarly, we can 
show that the angles at H, K, and F are also right-angles. 
Thus, FGH K is right-angled. And it was also shown (to 
be) equilateral. Thus, it is a square [Def. 1.22]. And it 
has been circumscribed about circle ABCD. 

Thus, a square has been circumscribed about the 
given circle. (Which is) the very thing it was required 
to do. 
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Fic to d00Ev vexoéyovov xOxAov &Yyoóudon. 
"Eoo tò 9000£v tetodywvoy to ABTA. det dy eic to 
ABTA teted&yavoy xbxrov éyyeddan. 
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Tetuńcůw xatépa tõv AA, AB iya xatà tà E, Z 
oyueta, xol drà uèv toŭ E onotéoy tv AB, TA napddAnhoc 
xvw ó EO, 1a sé tot Z onotéoy tv AA, BI napdAAndoc 
fy9o A ZK: naparAnrodyeaumov wou eotly Exaotov TOV 
AK, KB, AO, OA, AH, HT, BH, HA, xol o a&nevavtiov 
oOT6v rÀeupol 8rAovótti toon |clo(v|]. xo &mel lon Eotiv H 
AA tfj AB, xat £o tho uev AA fjutoeut À AE, ts è AB 
piocio À AZ, ton oa xa À AE t AZ: ote xa oi àme- 
vavtlov: ton &oa xal Y, ZH tý HE. uolws of Seigouev, Öt 
xal éxatépa x&v HO, HK éexatéoy tv ZH, HE otw torn 
at teacups tow ot HE, HZ, HO, HK tow Aos [etotv]. 
Ó &pa xévtpgo u£v TG H àwuwerfau 66 £X tõv E, Z, O, K 
XÜXAoc Ypotpóuevoc ési xal dà tV AouxGv oruetov: xol 
&pádevot Gv AB, BD, TA, AA eó9eGv dià xó ópOdc civot 
tàc npóc toic E, Z, O, K vowv(ac: ei Yàp veuct ó x0xAoc tàc 
AB, BI', TA, AA, ¥ tH ñauétow x00 xÓxAou ngóc ópůàc 
an &xoac KYOUEVH Evtos TNecetta toO xOxAovu': ONE AtoTOV 
£Oc(y 0r. oóx doa 6 xévtew TH) H dtaotyuats Sé Evi Ty E, 
Z, O, K xbdxro¢ yeapduevocs teuei tac AB, BI, TA, AA 
cevvelac. emddeta dou avtéyv nat goto eyyeyoauuevoc eic 
tO ABTA tetod&ywvoy. 

Eis wow TO SoVEV TeToOdywvov “XAOS EYYEYOUTTOL’ 
ONEO EDEL noron. 


U; 


IIcegi 16 S00Ev tetodywvoyv xóxňov repoypábar. 
"Ectw tO dovev tetodyavoy tò ABTA: det dy reel tO 
ABTA «expévovov xÓxXov repvroótos. 
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Proposition 8 


To inscribe a circle in a given square. 
Let the given square be ABCD. So it is required to 
inscribe a circle in square ABC D. 


A E D 
F K 
B H C 


Let AD and AB each have been cut in half at points E 
and F (respectively) [Prop. 1.10]. And let EH have been 
drawn through E, parallel to either of AB or C D, and let 
FK have been drawn through F, parallel to either of AD 
or BC [Prop. 1.31]. Thus, AK, KB, AH, HD, AG, GC, 
BG, and GD are each parallelograms, and their opposite 
sides [are] manifestly equal [Prop. 1.34]. And since AD 
is equal to AB, and AE is half of AD, and AF half of 
AB, AE (is) thus also equal to AF’. So that the opposite 
(sides are) also (equal). Thus, FG (is) also equal to GE. 
So, similarly, we can also show that each of GH and GK 
is equal to each of FG and GE. Thus, the four (straight- 
lines) GE, GF, GH, and GK [are] equal to one another. 
Thus, the circle drawn with center G, and radius one of 
E, F, H,or K,will also go through the remaining points. 
And it will touch the straight-lines AB, BC, CD, and 
DA, on account of the angles at E, F, H, and K being 
right-angles. For if the circle cuts AB, BC, CD, or DA, 
then a (straight-line) drawn at right-angles to a diameter 
of the circle, from its extremity, will fall inside the circle. 
The very thing was shown (to be) absurd [Prop. 3.16]. 
Thus, the circle drawn with center G, and radius one of 
E, F, H,or K, does not cut the straight-lines AB, BC, 
CD, or DA. Thus, it will touch them, and will have been 
inscribed in the square ABC D. 

Thus, a circle has been inscribed in the given square. 
(Which is) the very thing it was required to do. 


Proposition 9 


To circumscribe a circle about a given square. 
Let ABC D be the given square. So it is required to 
circumscribe a circle about square ABC D. 
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MTOIXEION ð. 


Emevyvetoa yoo at AT, BA teuvétwoav Ahac 
xatà tò E. 
A 


] 

Koi &nel tov] £ov ġ AA tH AB, nowy Se ġġ AT, 600 
o» oi AA, AT uol tas BA, AT ícot eiotv: xoà Báo À 
AT Båosi th BI ton yovia doa À òrò AAT yovi tfj oxó 
BAT ïon ċctiv: Ñ &pa önrò AAB yovia diya tétunTa Oxo 
thc AT. uolos 87) 8c(&ouev, öt xal éxáotn THY Ond ABT, 
BIA, TAA dtya tétuntoa dnd tv AD, AB cvdvedv. xol 
&nel tor) gotlv À òrò AAB yovia tý òrò ABT, xal gots 
tfc u&v ónó AAB fce 4 òrò EAB, tc è òrò ABT 
fiutceut À òrò EBA, xal À òrò EAB doa tH òrò EBA otv 
ton ote xa nàcvpà À EA tý EB otv ton. ópotoc 97 
Oc(£ouev, Óu xoà éxoxépga x&v EA, EB [có9eiGv| éxoxépo 
tv ED, EA ton éotiv. at técoapes tow at EA, EB, ET, 
EA too “Aras clotv. 6 toa xéEvtew 1& E xoi Goto 
£v x&v A, B, D, A xóxAoc veocóuevoc AEer xol Sid tov 
AowxGv ornusiov xoi £oxot nepryeypauuévos repi tò ABTA 
tEtpáYOvov. Teplysyedote ðs ó ABTA. 

Ileol xó 600€&v &pa. xevoéYovov xOóxAoc TEELYEYOUTTOL’ 
óÓnep &Oet TOLOA. 


Es 

‘Toooxedts tetywvov ovotyjoaoda Eyov Exatéeav TOV 
TOEOS TH Ba&os: YOUdY euxAaotova fic Aouxfic. 

Exxetoda uc có9cta À AB, xa tetufjode xatk tO 
D ornuciov, Gote tO brò tõv AB, BI negueyduevoy 
ópÜovowov tcov civar tH and tHe TA teteayave xol 
xEvYTOW TH A xol Staotyyat. 74 AB xOx^oc yeyodoðo 
ô BAE, xal &vnguóc90 cic vóv BAE xóxAov cf; AT eó9cí(o 
uU?) uetCow obo, xfjc to BAE x0xAou Owpuécpou tor) eo0cta 
5 BA: xoi éneCeóy9ocav ok. AA, AT, xol negryevoó«oo 
neo tò ATA xetyvovov xóxXoc 6 ATA. 
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AC and BD being joined, let them cut one another at 
E. 


A 


C 


And since DA is equal to AB, and AC (Gis) common, 
the two (straight-lines) DA, AC are thus equal to the two 
(straight-lines) BA, AC. And the base DC (is) equal to 
the base BC. Thus, angle DAC is equal to angle BAC 
[Prop. 1.8]. Thus, the angle DAB has been cut in half 
by AC. So, similarly, we can show that ABC, BCD, and 
CDA have each been cut in half by the straight-lines AC 
and DB. And since angle DAB is equal to ABC, and 
EAB is half of DAB, and EBA half of ABC, EAB is 
thus also equal to EBA. So that side FA is also equal 
to EB [Prop. 1.6]. So, similarly, we can show that each 
of the [straight-lines] EA and EB are also equal to each 
of EC and ED. Thus, the four (straight-lines) EA, EB, 
EC, and ED are equal to one another. Thus, the circle 
drawn with center E, and radius one of A, B, C, or D, 
will also go through the remaining points, and will have 
been circumscribed about the square ABC D. Let it have 
been (so) circumscribed, like ABCD (in the figure). 

Thus, a circle has been circumscribed about the given 
square. (Which is) the very thing it was required to do. 


Proposition 10 


To construct an isosceles triangle having each of the 
angles at the base double the remaining (angle). 

Let some straight-line AB be taken, and let it have 
been cut at point C so that the rectangle contained by 
AB and BC is equal to the square on C A [Prop. 2.11]. 
And let the circle B DE have been drawn with center A, 
and radius AB. And let the straight-line BD, equal to 
the straight-line AC, being not greater than the diame- 
ter of circle BDE, have been inserted into circle BDE 
[Prop. 4.1]. And let AD and DC have been joined. And 
let the circle AC D have been circumscribed about trian- 
gle ACD [Prop. 4.5]. 
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®©: 


Kal éxel tò òrò tõv AB, Br toov oti tă ànò tc 
AT, ton òè 4 AD th BA, 10 dog òrò tõv AB, Br toov 
£o TG) and thc BA. xol Exel xvxrov tod ATA etAnntot tu 
onuectoyv éxtoc tò B, xal &nd tot B node tov ATA xdxAov 
TecoTEntwmxaa, Dvo svV_eta at BA, BA, xal Y, u£v aótGv 
téuvel, 7) OE Toooninte1, xal ott TO UNO tõv AB, BI toov 
TG) and thc BA, 4 BA dou Eparnteta tob ATA xbxAov. nel 
obv éoanteta uev 1) BA, and dé Thc xaxà tò A rags 
Axta Y, AT, 5| gon ONO BAT youd tor, £o t èv 14H 
EVAAA xoO xóxAou tuńuati yoviy t òrò AAT. énel oov 
ton otv À òrò BAT vf; ónó AAT, xor, ngooxeíoo f| 
Oxo D'AA: óÀv) &pa f) 0x0 BAA tor £o 800i voli; óxó TAA, 
AAT. àAA& toc Dro TAA, AAT ton &oxiv f| &xxóc Ñ ono 
BIA: xoi Å òrò BAA pa tor ot t òrò BTA. Mà ff 
òrò BAA «fj ónó TBA otv ïon, ênel xal nàcvpoà Y, AA 
tfj AB otv tory ote xa Å òrò ABA t nò BTA otv 
ton. at tocic dow of òrò BAA, ABA, BI'A toot 60 Aou 
cioty. xa émel ton éotiv À òrò ABI ywvia tÅ òrò BTA, 
ton éotl xal nàecupà À BA rAcved tH AT. àAAà À BA «f 
TA ónóxewot tory xoà Y, D'À &pa tý TA éotw ton ote xal 
yovia n bro TAA yovig th òrò AAT otv ton ot vou 
bro TAA, AAT qts òrò AAT etow dtmAactouc. ton se Å 
òrò BTA xoc ónó DAA, AAT" xoà f; óxó BTA Soa the ONO 
TAA &o àuAfj. fon dé 4 Ond BTA xatépa tõv òrò BAA, 
ABA: xoi éxatépa &pa tõv òrò BAA, ABA ts rò AAB 
cot. OMA, 

Toooxedte toa tetywvov ovvéotata to ABA éyov 
exatéoay xGv npgóc vfj AB Bdos: yowuddy dimAactova tic 
KOUTRAS ONE Eder roroa. 


ta. 


Eic xóv 600évra xOxAov nevvávovov icónAcupóv ce xol 
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©: 


And since the (rectangle contained) by AB and BC 
is equal to the (square) on AC, and AC (is) equal to 
BD, the (rectangle contained) by AB and BC is thus 
equal to the (square) on BD. And since some point B 
has been taken outside of circle ACD, and two straight- 
lines BA and BD have radiated from B towards the cir- 
cle ACD, and (one) of them cuts (the circle), and (the 
other) meets (the circle), and the (rectangle contained) 
by AB and BC is equal to the (square) on BD, BD thus 
touches circle ACD [Prop. 3.37]. Therefore, since BD 
touches (the circle), and DC has been drawn across (the 
circle) from the point of contact D, the angle BDC is 
thus equal to the angle DAC in the alternate segment of 
the circle [Prop. 3.32]. Therefore, since BDC is equal 
to DAC, let CDA have been added to both. Thus, the 
whole of BDA is equal to the two (angles) CDA and 
DAC. But, the external (angle) BCD is equal to CDA 
and DAC [Prop. 1.32]. Thus, BDA is also equal to 
BCD. But, BDA is equal to CBD, since the side AD is 
also equal to AB [Prop. 1.5]. So that DBA is also equal 
to BCD. Thus, the three (angles) BDA, DBA, and BCD 
are equal to one another. And since angle DBC is equal 
to BCD, side BD is also equal to side DC [Prop. 1.6]. 
But, BD was assumed (to be) equal to CA. Thus, CA 
is also equal to CD. So that angle CDA is also equal to 
angle DAC [Prop. 1.5]. Thus, CD A and DAC is double 
DAC. But BCD (is) equal to CDA and DAC. Thus, 
BCD is also double CAD. And BCD (is) equal to to 
each of BDA and DBA. Thus, BDA and DBA are each 
double DAB. 

Thus, the isosceles triangle ABD has been con- 
structed having each of the angles at the base BD double 
the remaining (angle). (Which is) the very thing it was 
required to do. 


Proposition 11 


To inscribe an equilateral and equiangular pentagon 
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S TOIXEIGN 6. 


icoyauoy éyyoedudan. 


A 
D Z 
B E | v 
D A H (9 


"Eoxo ó 90090€c xóx^oc ó ABDAE: Set dy cic tov 
ABDAE xÓxAov nevvávcovov toónAeupgóv xe xol tlooyavioyv 
EY Ypódot. 

‘Exxetodw tetywvoy toooxedAec tò ZHO OwAaotova 
&yov &xaxépay x&v npóc xoic H, O yowGv cfi; npóc 1G Z, 
xal Eevyyeyedove eic xóv ABPAE xóxXov x6 ZHO teryave 
isoywmuoy totywvoyv tò ATA, ote tfj u£v ngóc xG Z Yovío 
tony civa tùy òrò TAA, éxatépav 0&6 16v ngóc xoic H, O 
tony exatéoy t&yv bro ATA, TAA: xol Exatéoa hoa tov 
òrò ATA, TAA tic rò TAA otm Sindh. cexufjoOo 97 
êxatépa tõv ond ATA, TAA iya onó &xaxépgac x&v DE, 
AB evdetayv, xoi &neCeoyO0ocav ot AB, BI, AE, EA. 

‘Enel obv exatéoa tõv bro ATA, TAA yowdsy ð- 
TAgotwYV &od tfj; Ono TAA, vol tetunuevon stot dtya Ord 
t&v Dl'E, AB eó9e&G6v, oi névte Gow ywvloa at òrò AAT, 
ATE, EPA, TAB, BAA tom &AXfjAotc stotv. at Oè (oot 
— PeLýxaciv: al tévte pa te- 
eupégeuot ot. AB, BI, L'A, AE, EA toot &AXfjAotc eiotv. on 
Oè TÒS toas nepupepetac toot eoOclot oxote(vouotv: o. té VTE 
goa còca å AB, BT, TA, AE, EA fowm hioc stat: 
icónAcupov goa éotl tò ABI'AE mevréyeovov.  Aévo 9f, 
OTL xal icovow ov. nel yàp Wy AB negupégewx xfj, AE qe- 
pupepet(o. &oviv tov, xow?| toooxetodw À BTA: An pa f) 
ABTA mnegupégua ban tH EATB xepupegeto &oxlv ton. xo 
BéByxev Ext uèv ts ABTA nepupegetoc vov(a Y) óxnó AEA, 
eni òè týs EAT'B neeupepetac vovta À òrò BAE xoi f; ono 
BAE &pa vov(a th bro AEA otv ïon. dià tà atà ÖA 
xa Exdoty tTHv bro ABI, BPA, TAE yowudy exatéogy tov 
vmod BAB, AEA éotw ton tooyavoyv goa éotl tò ABTAE 
TEvtaywvoy. edety0y 0€ xol toónAeupov. 

Eic oa xóv 600évxa x0xAov nevxávovov icónAcupóv TE 
xal looyavoy éyyéyoantat’ Önep čer roroa. 





f 
3". 
Ilegt tov d00Evta xOxAOV nevtáywvoyv LodTAELEOY TE 
xol icoYO vtov repr oótpot. 
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in a given circle. 


A 
B E |. 
C D G H 


Let ABCDE be the given circle. So it is required to 
inscribed an equilateral and equiangular pentagon in cir- 
cle ABCDE. 

Let the the isosceles triangle FGH be set up hav- 
ing each of the angles at G and H double the (angle) 
at F [Prop. 4.10]. And let triangle ACD, equiangular 
to FGH, have been inscribed in circle ABCDE, such 
that CAD is equal to the angle at F, and the (angles) 
at G and H (are) equal to ACD and CDA, respectively 
[Prop. 4.2]. Thus, ACD and CDA are each double 
CAD. So let ACD and CDA have been cut in half by 
the straight-lines C E and DB, respectively [Prop. 1.9]. 
And let AB, BC, DE and EA have been joined. 

Therefore, since angles AC D and CDA are each dou- 
ble CAD, and are cut in half by the straight-lines CE and 
DB, the five angles DAC, ACE, ECD, CDB, and BDA 
are thus equal to one another. And equal angles stand 
upon equal circumferences [Prop. 3.26]. Thus, the five 
circumferences AB, BC, CD, DE, and EA are equal to 
one another [Prop. 3.29]. Thus, the pentagon ABCDE 
is equilateral. So I say that (it is) also equiangular. For 
since the circumference AB is equal to the circumfer- 
ence DE, let BCD have been added to both. Thus, the 
whole circumference ABCD is equal to the whole cir- 
cumference #DCB. And the angle AED stands upon 
circumference ABC D, and angle BAE upon circumfer- 
ence EDCB. Thus, angle BAF is also equal to AED 
[Prop. 3.27]. So, for the same (reasons), each of the an- 
gles ABC, BCD, and CDE is also equal to each of BAE 
and AED. Thus, pentagon ABCDE is equiangular. And 
it was also shown (to be) equilateral. 

Thus, an equilateral and equiangular pentagon has 
been inscribed in the given circle. (Which is) the very 
thing it was required to do. 


Proposition 12 


To circumscribe an equilateral and equiangular pen- 
tagon about a given circle. 
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K E A 


"Eotw ô 9000cei; xóx^Aoc ó ABDAE: et è neol tòv 
ABDAE xÓxAov nevtáywvov tadncvuedy Te xal iooyðvov 
Teery econ. 

Nevoyjove tod éyyeyPUUUEVOL TEVTAYOVOD TOY YOO 
onueta tà A, B, T, A, E, ote oas civa tac AB, BI, 
TA, AE, EA nepocpcias: xa dà tõv A, B, T, A, E 
Hyvooay tol xvxAov Egantouevan at HO, OK, KA, AM, 
MH, xoi eiAYyp0co o0 ABDAE xóxAou xévxpov xó Z, xoi 
&neCeoy9o60av ot ZB, ZK, ZI, ZA, ZA. 

Kot &xe f, u£v KA eóOcia &oánxevos o0 ABDAE xoà 
tO DT, ano òè toU Z xévxpou ent THY xata TO TD exagyyy 
&néCeux cot 7| ZI, À ZI pa xáðetós Eotw Ext thy KA: dedy 
hoa gatly exatéoa Ty Ted¢ TH I yovv. Dà Tà atà 67) 
xol oi rpóc toic B, A onustoig ywvion dovat elow. xol Enel 
pth otv f) rò ZIK ywvia, tò Goa ano tho ZK toov Eott 
toic and x&v ZI, UK. ote te OTH OF KROL tois àxó THY ZB, 
BK toov éott 10 and the ZK Hote ta and x&v ZI, UK 
toic and x&v ZB, BK éotw toa, Ov 6 and the ZT tH aNd 
tfjc ZB &ov toov: Aowtóv wow TO and THo PK tH and tH 
BK éotw toov. ton dou Y, BK «fj L'K. xoi &rxei tov) £oxiv 
À ZB tÑ ZI, xa xov Y, ZK, 600 6r) oi BZ, ZK ðuol toc 
TZ, ZK tom etotv: xat Béou A BK Béce cf; UK |&£oxv] ton: 
yovla toa Å uèyv òrò BZK |yovig) vf; óxnó KZI cot ton: 
5j 66 óró BKZ «fj ónó ZKI" OwAfj &pa fj u£v òrò BZIP tic 
brò KZI, 4 òè òrò BKT tis òrò ZKT. ià xà ocà OA xol 
5 u£v òrò [TZA tc òrò D'ZA &ox xf, Y, 66 ónó AAT 
tc òrò ZAT. xoà &xei tov) £ov f| BI' negupégei vf; DA, 
fon £c xoi yovia A ond BZD tH Ond TZA. xot &ouv f 
uev oónó BZT rfj; ónó KZI irağ, f| 66 òrò AZT the Ono 
AZT: toy &pa xoi Y òrò KZI tý òrò AZI oth è xa Å 
òrò ZIK yovta tH ónó ZLA tor. 900 DÙ tolyovå Eott xà 
ZKT, ZAT tàs S00 yaviag tois val ywvlaig toa Eyovta 
xal Ulav TASLOEdY We TASUEe tony xotwhy oaótGv tv ZI" 
xal Ta AOITAS Kou TALES Toile Aotxoic rAeupolic tous Eger 
Xl THY AOLAYY YOVlaY TH Aoith yovia ton oa Y; uev KT 
cevveta th DA, Y; 9€ oxó ZKT' vow(a tÅ òrò ZAT. xal Enel toy 
éotiy À KT th DA, dunt doa Y, KA tis KT. Dà xà aca OY 
ciy oe xot xot Y, OK týs BK irağ. xat otuv Y, BK tH KT 
tory xoi Y, OK &pga xf; KA &oxv tov. óuotoc 97) 8ec 0 fioe vo 
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K C L 


Let ABC DE be the given circle. So it is required 
to circumscribe an equilateral and equiangular pentagon 
about circle ABC DE. 

Let A, B, C, D, and E have been conceived as the an- 
gular points of a pentagon having been inscribed (in cir- 
cle ABC DE) [Prop. 3.11], such that the circumferences 
AB, BC,CD, DE,and EA are equal. And let GH, H K, 
KL, LM,and MG have been drawn through (points) A, 
B, C, D, and E (respectively), touching the circle.! And 
let the center F of the circle ABC DE have been found 
[Prop. 3.1]. And let FB, FK, FC, FL, and FD have 
been joined. 

And since the straight-line K L touches (circle) ABCDE 
at C, and FC has been joined from the center F to the 
point of contact C, FC is thus perpendicular to KL 
[Prop. 3.18]. Thus, each of the angles at C is a right- 
angle. So, for the same (reasons), the angles at B and 
D are also right-angles. And since angle FCK is a right- 
angle, the (square) on FK is thus equal to the (sum of 
the squares) on FC and CK [Prop. 1.47]. So, for the 
same (reasons), the (square) on FK is also equal to the 
(sum of the squares) on FB and BK. So that the (sum 
of the squares) on FC and CK is equal to the (sum of 
the squares) on FB and BK, of which the (square) on 
FC is equal to the (square) on FB. Thus, the remain- 
ing (square) on CK is equal to the remaining (square) 
on BK. Thus, BK (is) equal to CK. And since FB is 
equal to FC, and FK (is) common, the two (straight- 
lines) BF, FK are equal to the two (straight-lines) CF, 
FK. And the base BK [is] equal to the base CK. Thus, 
angle BFK is equal to [angle] KFC [Prop. 1.8]. And 
BKF (is equal) to FKC [Prop. 1.8]. Thus, BFC (is) 
double KFC, and BKC (is double) FKC. So, for the 
same (reasons), CFD is also double CFL, and DLC (is 
also double) FLC. And since circumference BC is equal 
to CD, angle BFC is also equal to CFD [Prop. 3.27]. 
And BFC is double KFC, and DFC (is double) LFC. 
Thus, K FC is also equal to LFC. And angle FCK is also 
equal to FCL. So, FKC and FLC are two triangles hav- 
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xal &x&ocr, xXGv OH, HM, MA xatépa x&v OK, KA tory 
icónAeupov dea oti TO HOKAM mevxóávovov.. Evo of, 
OTL XL LGOYQVMOV. Enel yàp ton otv ġ òrò ZKT yæviæ tf 
òrò ZAT, xot edety0n tho wev Ord ZKT rà ġ òrò OKA, 
tfj; 6€ ónó ZAT nñ A òrò KAM, xal À òrò OKA koa 
th bnO KAM &ov tor. óuotoc 97 Geo 0Yjoe vot xal Excoty 
t&v òrò KOH, OHM, HMA éxaxégo xGv ónó OKA, KAM 
tor ot névte Koa ywrian at bDnO HOK, OKA, KAM, AMH, 
MHO tco. &AAYjXotc eiotv. toovowov &pa &oxi xó HOKAM 
TEVTAYWVOY. EdelyVny OE xol toónàcupov, xal TEPLIYÉYPATTAL 
reol tov ABTAE xvxdov. 

[Tleot tov d00Evta how xUxAOV Tevtd&yavoy todrAcuedv 
t€ Xol looYawoV NepLryeyounta]’ Sneo Eder norfjoon. 


T See the footnote to Prop. 3.34. 


LY. 
Eic tò do0Ev nevtáywvov, 6 EotW ioónAecupóv te xol 
(COYOVOV, X0XXov &Yoódot. 
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ing two angles equal to two angles, and one side equal 
to one side, (namely) their common (side) FC. Thus, 
they will also have the remaining sides equal to the (cor- 
responding) remaining sides, and the remaining angle to 
the remaining angle [Prop. 1.26]. Thus, the straight-line 
KC (is) equal to CL, and the angle FKC to FLC. And 
since KC is equal to CL, KL (is) thus double KC. So, 
for the same (reasons), it can be shown that H K (is) also 
double Bk. And BK is equal to KC. Thus, HK is also 
equal to KL. So, similarly, each of HG, GM, and ML 
can also be shown (to be) equal to each of HK and KL. 
Thus, pentagon GH KLM is equilateral. So I say that 
(it is) also equiangular. For since angle FKC is equal to 
FLC, and HKL was shown (to be) double FKC, and 
KLM double FLC, HKL is thus also equal to KL M. 
So, similarly, each of KHG, HGM, and GML can also 
be shown (to be) equal to each of H K L and KLM. Thus, 
the five angles GHK, HKL, KLM, LMG, and MGH 
are equal to one another. Thus, the pentagon GH KLM 
is equiangular. And it was also shown (to be) equilateral, 
and has been circumscribed about circle ABC DE. 

[Thus, an equilateral and equiangular pentagon has 
been circumscribed about the given circle]. (Which is) 
the very thing it was required to do. 


Proposition 13 


To inscribe a circle in a given pentagon, which is equi- 
lateral and equiangular. 





A 


he K 

"Hote 0 d00ev Revtdywvoy todTAcvuedy TE Kal toovovr- 
ov tO ABTAE: det ò) eic tò ABDAE revtéywvoy xóxňov 
eyyvyoddau. 

Tetunode yuo éxatéoa tHv bro BTA, TAE yovðyv 
Diya nò &xotépac vv TZ, AZ eó9ev: xol àxó tod Z 
cnetou, xo9' ó cuuBéAXoucty à fAotc ot TZ, AZ ceio, 
&neCeoy 00o0av ot ZB, ZÀ, ZE còca. xol &nel tor &oxiv 


C K D 


Let ABC DE be the given equilateral and equiangular 
pentagon. So it is required to inscribe a circle in pentagon 
ABCDE. 

For let angles BCD and CDE have each been cut 
in half by each of the straight-lines CF and DF (re- 
spectively) [Prop. 1.9]. And from the point F, at which 
the straight-lines CF and DF meet one another, let the 
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S TOIXEIGN 6. 


? BI tfj L'À, xowr, òè ñ TZ, óo ð at BT, TZ uol toc 
AT, TZ too ciot xoi yovia y, oxó BI'Z yovi th ond 
ATZ |ėèoty]| ton: Bács &oa A BZ Bdoe tH AZ Eotw toy, 
xal tò BIZ tolywvov t& ATZ toyóvo otv tcov, xol oi 
Aonal yæovia toas Aonais ywvlas toa Ecovta, DY’ Ae ol 
tom tàcvupal bnrotelvovoiv: ton koa A Ono BZ yovia tf 
òrò L'AZ. xoi &£xei Sid Eotw f; óró TAE tic bro TAZ, 
tor) o£ f| uev ono DAE «fj oxó ABE, 7; 6&6 òrò TAZ tH Ono 
TBZ, xa ġġ òrò TBA wea thc bro TBZ tot indy: ton 
goa À bn0 ABZ yovia tH Ono ZBI’ Y; &pa óxó ABT yæovia 
Olya TETUNTOAL DTO TH BZ cvvetac. dota ON SeryDhoetoan, 
OTL Kal Exatéoa Tv OO BAKE, AEA Stya tétuntoa ond 
&xorépac vv ZA, ZE eó9& v. Ty0ooav O7, ànó 100 Z 
cruetou &ri tac AB, BI', TA, AB, EA evVetac xadetor 
oi ZH, ZO, ZK, ZA, ZM. xo &r& tcr) £oxiv ġ òrò OTZ 
yovla ty, bro KZ, £o 6€ xoi óp07, Å bro ZOT [6004] 
tf bro ZKT ton, S00 OF tetyova éou tà ZOL, ZKI tàs 
000 Ycov(ac Oucl veovtotc toas Eyovta xal ulav TASVEaY We 
TAcLEy tony xowny avtedy trv ZIT vrotetvoucay ONO Ute 
TOY owy yovv nal Tac AoiTaS Hoa TAEvEdE xolic Xouroüc 
TAEUEAICc Toug FEEL ton Koa H ZO xdVetoc TH ZK xaðéto. 
óuo(oc ù Geo OYjoexot, Óx xol &x&otr, xv ZA, ZM, ZH 
exateoy TOY ZO, ZK ton cottv’ al nEvte Hoa covetoan at ZH, 
ZO, ZK, ZA, ZM too arArrac ciotv. 6 doa xévtow 1G Z 
Ovxc tuo. 68 évi tõv H, O, K, A, M xóxAoc veoqóuevoc 
Ti&et xol Gà x&v AowxGv orjueíov xoi &gédyevot x&v AB, BT, 
TA, AE, EA eó9et6Gv àu tò óptàs civa tàs toòs tois H, 
O, K, A, M onustoig ywviacg. ci yàp oóx &poádbecot atGv, 
AAAÙ teue aÙTtÁc, ouuLýcetTA TŇY TŇ dauÉTEY TOČ xúxňoL 
npóc ópO0üc x Oxpac dyouévr &vxóc nire 100 xOÓxAov: 
OTEO ATOTOV EdslyUy. OVX Yon O XEVTOW TH Z OraotHwate oe 
evi tv H, O, K, A, M onuetwv youpduevocg xbxdrog teuei 
tac AB, BI, TA, AE, EA cdVetac: Epddeton hoa adtéSv. 
yevyedode ðc 6 HOKAM. 

Bic doa vó 0600&£v nevrvéyovov, ó OTV toónxAeupóv TE 
xoà LooYOWov, XOxXxAoc ëyyéypanrtav Öneco čet toroa. 


LO. 


Ieo t6 SoV0EV nevtáywvov, ó £ouv icónAcupóv te xol 
(COYOVOV, XÜ0XAov neprroótpot. 
"Eoo tò 8600&v nevvévovov, ó £o icónAeuUpóv te xal 
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straight-lines FB, FA, and FE have been joined. And 
since BC is equal to CD, and CF (is) common, the two 
(straight-lines) BC, CF are equal to the two (straight- 
lines) DC, CF. And angle BCF [is] equal to angle 
DCF. Thus, the base BF is equal to the base DF, and 
triangle BCF is equal to triangle DCF, and the remain- 
ing angles will be equal to the (corresponding) remain- 
ing angles which the equal sides subtend [Prop. 1.4]. 
Thus, angle CBF (is) equal to CDF. And since CDE 
is double CDF, and CDE (is) equal to ABC, and CDF 
to CBF, CBA is thus also double CBF. Thus, angle 
ABF is equal to FBC. Thus, angle ABC has been cut 
in half by the straight-line BF. So, similarly, it can be 
shown that BAE and AED have been cut in half by the 
straight-lines FA and FE, respectively. So let FG, FH, 
FK, FL, and FM have been drawn from point F, per- 
pendicular to the straight-lines AB, BC, CD, DE, and 
EA (respectively) [Prop. 1.12]. And since angle HCF 
is equal to KCF, and the right-angle FHC is also equal 
to the [right-angle] FKC, FHC and FKC are two tri- 
angles having two angles equal to two angles, and one 
side equal to one side, (namely) their common (side) FC, 
subtending one of the equal angles. Thus, they will also 
have the remaining sides equal to the (corresponding) 
remaining sides [Prop. 1.26]. Thus, the perpendicular 
FH (is) equal to the perpendicular FK. So, similarly, it 
can be shown that FL, FM, and FG are each equal to 
each of FH and FK. Thus, the five straight-lines FG, 
FH, FK, FL, and FM are equal to one another. Thus, 
the circle drawn with center F, and radius one of G, H, 
K, L, or M, will also go through the remaining points, 
and will touch the straight-lines AB, BC, CD, DE, and 
EA, on account of the angles at points G, H, K, L, and 
M being right-angles. For if it does not touch them, but 
cuts them, it follows that a (straight-line) drawn at right- 
angles to the diameter of the circle, from its extremity, 
falls inside the circle. The very thing was shown (to be) 
absurd [Prop. 3.16]. Thus, the circle drawn with center 
F, and radius one of G, H, K, L, or M, does not cut 
the straight-lines AB, BC, CD, DE, or EA. Thus, it will 
touch them. Let it have been drawn, like GH KLM (in 
the figure). 

Thus, a circle has been inscribed in the given pen- 
tagon which is equilateral and equiangular. (Which is) 
the very thing it was required to do. 


Proposition 14 


To circumscribe a circle about a given pentagon which 
is equilateral and equiangular. 
Let ABC DE be the given pentagon which is equilat- 
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icoymuoyv, To ABTAE: det 54 reel to ABTAE revtéywvov 
xUxXAOV TEpLyeddan. 
A 


D A 


Tetuńcůw dy éxatéoa xGv oxnó BIA, DAE yovv 
dtya Ond Exatéoue THv TZ, AZ, xal and to} Z onuciov, 
xo9' 0 avuubdAdovow at codetou, Ext ta B, A, E onueta 
éreCevydwoay cuvdeta ot ZB, ZA, ZE. duotw> 54 16) 10d 
Touto dsetyOhoeta, OTL xol Exdoty THY Dro TBA, BAE, 
AEA yowudy dtya tétuntar Ond exdotync Tv ZB, ZA, ZE 
cevvelv. xal Enel fon gotiv f| ónó BIA yovla th bro TAB, 
xal oti tc uèv òrò BTA futoeww Y, ónó ZDA, cfjc 6& ono 
DAE pioc Y, óxó DAZ, xoi À òrò ZTA gow tH òrò ZAT 
cot ton oce xoi rÀeupoà Y, ZI xAcup& vf; ZA otv ton. 
óuo(oc 87) 6ccyüfjcevot, Óx xol &xé&otr, xGv ZB, ZA, ZE 
exatéoy Tv ZT, ZA otw ton at névte Goa còÛecro atl 
ZA, ZB, ZV, ZA, ZE too dArAae ctatv. 6 toa xévtew 
1G Z xoi Siaothuats evi tv ZA, ZB, ZPD, ZA, ZE xbxr0o¢ 
Yeo«póuevoc AEet nol Side THv AoinBdy onuetwov nol oTa TE- 
eYeveouuévoc. negvrevoó«0o xoi £oxo ó ABDAE. 

leet &pa tò SOVEY Tevtdywvoy, 6 Eat lodTAELEOY TE 
xoà LOOYWWOYV, KOXAOS TEOLYEYEANTAL’ óneo &oet toron. 


E’. 

Eic tov 0600évta xOxAov &&óvovov icónAcupóv te xal 
iooyóvov éyyoddan. 

PBocco ó 809cig xoóx^oc ó ABDAEZ: det dy eic tov 
ABTAEZ xóxňov é&é&vovov iocónňcuvpóv te xol iooyðvov 
eyyeddan. 

"Hy8o tot ABPAEZ xvxrovu diduetoog A AA, xoi 
ctAnovw TÒ xévtpoov tol xbxAov tO H, xal xEvtoew uèv 
tG A Staotyuat: è tă AH xúxňocs yeyododu ô EHTO, 
xa EmiCevyVetoo oi. EH, D'H 8wjy9ooav &ri tà B, Z onueta, 
xoi &neCeoy9ocav o. AB, BD, DA, AE, EZ, ZA: Xévo, óu 
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eral and equiangular. So it is required to circumscribe a 
circle about the pentagon ABCDE. 


A 


C D 


So let angles BCD and CDE have been cut in half by 
the (straight-lines) CF and DF’, respectively [Prop. 1.9]. 
And let the straight-lines FB, FA, and FE have been 
joined from point F, at which the straight-lines meet, 
to the points B, A, and E (respectively). So, similarly, 
to the (proposition) before this (one), it can be shown 
that angles CBA, BAE, and AED have also been cut 
in half by the straight-lines FB, FA, and FE, respec- 
tively. And since angle BC D is equal to CDE, and FCD 
is half of BCD, and CDF half of CDE, FCD is thus 
also equal to F DC. So that side FC is also equal to side 
FD [Prop. 1.6]. So, similarly, it can be shown that FB, 
FA, and FE are also each equal to each of FC and FD. 
Thus, the five straight-lines FA, FB, FC, FD, and FE 
are equal to one another Thus, the circle drawn with 
center F, and radius one of FA, FB, FC, FD, or FE, 
will also go through the remaining points, and will have 
been circumscribed. Let it have been (so) circumscribed, 
and let it be ABC DE. 

Thus, a circle has been circumscribed about the given 
pentagon, which is equilateral and equiangular. (Which 
is) the very thing it was required to do. 


Proposition 15 


To inscribe an equilateral and equiangular hexagon in 
a given circle. 

Let ABCDEF be the given circle. So it is required to 
inscribe an equilateral and equiangular hexagon in circle 
ABCDEF. 

Let the diameter AD of circle ABCDEF have been 
drawn,! and let the center G of the circle have been 
found [Prop. 3.1]. And let the circle HGCH have been 
drawn, with center D, and radius DG. And EG and CG 
being joined, let them have been drawn across (the cir- 
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tO ABTAEZ é&&vovov tcónAeugóv té £c xol icovowov. 





Enc yàp tò H onuctov xévtoov &ou xo0 ABDAEZ 
XOxXAov, tcr) &cxiv ġ HE t HA. náv, éxet to A onuetov 
xévxpov gotl tov HO xvxAov, ton éotiv À AE t AH. 
OAM’ HE th HA edety0n ton xoi Y; HE gow th EA toy 
&ct(v: ioónAeugov Yow éotl tò EHA toetyavov: xa at tote 
koa avtod yovi i òrò EHA, HAE, AEH toot à otc 
cloty, ENELONTEO THY lOOOXEADY TOLYWOVOY al MEOS TH Bdoet 
yovlar toa AAAs ciol xal cio at toelis tob tovymvou 
yovtan Sualy dpc toar À &oa rò EHA yævia toltov £o 
000 óp0Gv. åuolws dy) SeryDYoeta xa À rò AHP toitov 
000 Op0Gv. xoi &nel TH coVeta ext thy EB otaveion tac 
emetic ywoviag tac bn6 EHD’, THB dvoly devote touc notet, 
xoà Aowr| Goa Y, rò PHB qtoltov otl dúo óp0Gv: o. pat 
òrò EHA, AHT, THB yoovtou too GAA eiotv: óoce xoi 
al KATH KOELONY avTol¢ at DRO BHA, AHZ, ZHE to% cioty 
[tos bnO EHA, AHT’, PHB). ot €F ow yovin at Ond EHA, 
AHT, THB, BHA, AHZ, ZHE fom ias etotv. at 6€ 
tom ywvion etl toov neoropcest@yv Belhxaciw al €g Koa nte- 
erpeociat of AB, BD, L'A, AE, EZ, ZA teot G0 fioc eiotv. 
UNO de Ta toas nepupepetac oi toot eoUctot Droce(vouotv: 
oi EC àpar coOelot toot. (Aoc etotv: ioónAeupov &pa ot 
to ABDAEZ &&óéyvovov. Aéveo 0f, óu xol icovowov. nel 
yuo ton éotlv À ZA nepupégeix tH EA nepupepeto, xotvr) 
reooxetode 1 ABTA nepipgosia SAN doa WY ZABLA dAy 
tf, EATBA otw ton xa BéBnxev &ri vev thc ZABLA 
negupepgetac À rò ZEA yovia, Ext dé thc EATBA tep- 
qepetac À òrò AZE yovla tor] &pa Y rò AZE yæœvia tf 
ono AEZ. duotu¢ oh deryShoetoa, OTL xoa of AotTaL Yovtou 
1:00 ABDAEZ &&oco vou xaxà utav tom cioty êxatépg t&v 
òrò AZE, ZEA ywoudsv: tooyawuoyv goa ot tò ABTAEZ 
eCayuwvoy. edelyOn è xal ioónràscupov: xal ëyyéypantar eic 
tov ABTAEZ xóxiov. 

Bic toa tov SodEvtTa xOxXov &&évcovov (oónAgUpóv ce 


ELEMENTS BOOK 4 


cle) to points B and F (respectively). And let AB, BC, 
CD, DE, EF, and FA have been joined. I say that the 
hexagon ABC DEF is equilateral and equiangular. 

H 





For since point G is the center of circle ABCDEF, 
GE is equal to GD. Again, since point D is the cen- 
ter of circle GCH, DE is equal to DG. But, GE was 
shown (to be) equal to GD. Thus, GE is also equal to 
ED. Thus, triangle EGD is equilateral. Thus, its three 
angles EGD, GDE, and DEG are also equal to one an- 
other, inasmuch as the angles at the base of isosceles tri- 
angles are equal to one another [Prop. 1.5]. And the 
three angles of the triangle are equal to two right-angles 
[Prop. 1.32]. Thus, angle EGD is one third of two right- 
angles. So, similarly, DGC can also be shown (to be) 
one third of two right-angles. And since the straight-line 
CG, standing on EB, makes adjacent angles EGC and 
CGB equal to two right-angles [Prop. 1.13], the remain- 
ing angle CGB is thus also one third of two right-angles. 
Thus, angles EGD, DGC, and CGB are equal to one an- 
other. And hence the (angles) opposite to them BGA, 
AGF, and FGE are also equal [to EGD, DGC, and 
CGB (respectively)] [Prop. 1.15]. Thus, the six angles 
EGD, DGC, CGB, BGA, AGF, and FGE are equal 
to one another. And equal angles stand on equal cir- 
cumferences [Prop. 3.26]. Thus, the six circumferences 
AB, BC, CD, DE, EF, and FA are equal to one an- 
other. And equal circumferences are subtended by equal 
straight-lines [Prop. 3.29]. Thus, the six straight-lines 
(AB, BC, CD, DE, EF, and FA) are equal to one 
another. Thus, hexagon ABCDEF is equilateral. So, 
I say that (it is) also equiangular. For since circumfer- 
ence FA is equal to circumference ED, let circumference 
ABCD have been added to both. Thus, the whole of 
F ABCD is equal to the whole of EDCBA. And angle 
FED stands on circumference FABCD, and angle AFE 
on circumference EDCBA. Thus, angle AF E is equal 


125 


MTOLXEION ð. 


xal laoywwoy EYYEyeaNTaL’ OTMEO EdEL TOLHoou. 


lópioua. 

"Ex 0f, xo0xou qaveoóv, ót f) X00 £&oyovou Tàcupà ton 
£cl tfj £x 100 xévtpou TOD xbxAov. 

"Ouoíoc 6& tois &ni vo0 xevrayo vou &àv Oux TÕV XATA 
TOV XOXAOY Guottpéoeov &poxouévac toU xóxAou dyévouev, 
KeptYpotpficetot Teel tÓv xÓxAov &&Gá&yovov icónAeUpóv 
te xal tooya@vov óxoAo00€c toic énb xoÜ0 mevtoYOvou 
cienu£votc. xoi £x Ou x&v óu otov voic &£ri o0 mevteryovou 
cieruévoiz eic TO SovEV E€dywvoyv xUxhov Eyyedouey TE 
“al Teeryed&ouey’ Smee Eder Torfjoa. 


t See the footnote to Prop. 4.6. 
IF. 


Eic tov So0Evta xOXAOV TevTExadexdyWVov toGónAeUpóv 
te xol looywmwuoy éyyoddan. 


A 


"Ecco 6 d0veic xbxAocg ô ABTA: det OH cic tov ABTA 
XÜXÀov nevcxexouoexóáycovov lodTAELEGY TE Kal LaoyYw@VOV 
eyyeddau. 

‘Eyyeyedove cic tov ABTA xúxňov toryövov uèv ico- 
TAcveOU toU cic adTOV Eyyeapouevou nÀeupà Y) AT, zev- 
tay@vou O& tconAe0gou f; AB: oiov &pa &oxiv ò ABTA 
xOÓxAoc toov tuńuatwov Sexamévte, vouw00Ov f| uév ABT 
reerpteeta vp(vov obca. x00 xÓxAou gota névte, yj 6€ AB 
TNEPLPECELA TEUTOV OVOM TOU xUxXAOL EoTa TEV? AcITY Koa 
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to DEF [Prop. 3.27]. Similarly, it can also be shown 
that the remaining angles of hexagon ABC DEF are in- 
dividually equal to each of the angles AFE and FED. 
Thus, hexagon ABC DEF is equiangular. And it was also 
shown (to be) equilateral. And it has been inscribed in 
circle ABC DE. 

Thus, an equilateral and equiangular hexagon has 
been inscribed in the given circle. (Which is) the very 
thing it was required to do. 


Corollary 


So, from this, (it is) manifest that a side of the 
hexagon is equal to the radius of the circle. 

And similarly to a pentagon, if we draw tangents 
to the circle through the (sixfold) divisions of the (cir- 
cumference of the) circle, an equilateral and equiangu- 
lar hexagon can be circumscribed about the circle, analo- 
gously to the aforementioned pentagon. And, further, by 
(means) similar to the aforementioned pentagon, we can 
inscribe and circumscribe a circle in (and about) a given 
hexagon. (Which is) the very thing it was required to do. 


Proposition 16 


To inscribe an equilateral and equiangular fifteen- 
sided figure in a given circle. 


A 


Let ABC D be the given circle. So it is required to in- 
scribe an equilateral and equiangular fifteen-sided figure 
in circle ABC D. 

Let the side AC of an equilateral triangle inscribed 
in (the circle) [Prop. 4.2], and (the side) AB of an (in- 
scribed) equilateral pentagon [Prop. 4.11], have been in- 
scribed in circle ABC D. Thus, just as the circle ABC D 
is (made up) of fifteen equal pieces, the circumference 
ABC, being a third of the circle, will be (made up) of five 
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À BI t&v (oov 000. tetufodw A BI dtya xatà tò E 
êxatépa koa Tv BE, ED negupepgeiv nevvexouoéxoóv £o 
100 ABDA xÓóxAov. 

"Hav dow émCeveavtes tac BE, ET' tooc obxolic xoà tÒ 
cuveyec eOOc(ac évapguóccopuev cic xóv ABPA|E| xóxAov, 
EOTAL ELE MUTOV EY YEYOQUUEVOYV TEVTEXMLOEKAYWVOV LOOTAEL- 
póv te xal iooyovnoyv: ÖTEp EEL TOÑA. 

"Ouo(oc 6€ tois nl tol mevtaymvou àv did TOV 
KATA tÓv XOXAov Owüpéceov &garrouévac to xbxAov 
OYAYOUEV, nepiypaphoecta Tepl xÓv XÜÓXÀov mevcexau- 
Oexàycovov icónAcupóv te xal icoYvowov. £u 0&£ Ou 
THY óuoíov toic ênl toŬ mevtaywvou dei{ewv xol cic tO 
SovEeyv nevtexadexdywvoy “xOxAov Eyyeddouey xe xol ne- 
eYeódouev: óxep &oet rofjcon. 
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such (pieces), and the circumference AB, being a fifth of 
the circle, will be (made up) of three. Thus, the remain- 
der BC (will be made up) of two equal (pieces). Let (cir- 
cumference) BC have been cut in half at E [Prop. 3.30]. 
Thus, each of the circumferences BE and EC is one fif- 
teenth of the circle ABC DE. 

Thus, if, joining BE and EC, we continuously in- 
sert straight-lines equal to them into circle ABCD|F| 
[Prop. 4.1], then an equilateral and equiangular fifteen- 
sided figure will have been inserted into (the circle). 
(Which is) the very thing it was required to do. 

And similarly to the pentagon, if we draw tangents to 
the circle through the (fifteenfold) divisions of the (cir- 
cumference of the) circle, we can circumscribe an equilat- 
eral and equiangular fifteen-sided figure about the circle. 
And, further, through similar proofs to the pentagon, we 
can also inscribe and circumscribe a circle in (and about) 
a given fifteen-sided figure. (Which is) the very thing it 
was required to do. 
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Proportion' 


tThe theory of proportion set out in this book is generally attributed to Eudoxus of Cnidus. The novel feature of this theory is its ability to deal 
with irrational magnitudes, which had hitherto been a major stumbling block for Greek mathematicians. Throughout the footnotes in this book, 
a, B, y, etc., denote general (possibly irrational) magnitudes, whereas m, n, I, etc., denote positive integers. 
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“Opor. 

a. Mépoc &ou uéyeO0oc ueyéOouc tO É£Aaccov tod 
ue(Covoc, óxav xaxoauecpf| xó ueicov. 

B’. HoAAanA&octov 6€ 1ó uciCov vo0 &Aárxovoc, óxav xo 
touexofitou oxó TOU EAATTOVOS. 

Y. Aóvoc ot) 600 ueve0Gv OuoyevOv f| xoaxà TN- 
AuxótY|v& rout YEO. 

0. Aóvov &yew npóc Gra uevéOr, A&vecon, à Govarot 
toA Xon Aoc óue va dco onepéyew. 

c. Ev 16 aùt Aóvo ueyéðn Aéyeceta civar mpOTov 
rpóc O0cÓ0TEpOV Xo TO[TOY MOOG TETUETOY, STAY Ta TOD 
Tewtov xat tottov todxi¢ moAAanAdom THY tot ðcutépou 
xoà TEeTHOTOL loduic ToAAaTAaciny xad’ órovovoOv xoAAa- 
TAUOLUCUOV EXATECOY EXATEOOL VY) Gua ùnrepéxy Vj Gua toa | 
7; ua cAAcing Anovevta xatarAAnara. 

¢. [à è tòv avtov Eyovta Adyov ueyéðn d&vddovoY 
xoAcstave. 

C. Otavy b€ tõv ioóxuc xoAAaxAacíov tÒ uèy TOČ 
TEWTOD nxoAÀÀanRAGoiov bnepéyy | 100 toO Ogutépou moÀ- 
AaxAoo(ou, TO d& toU teltou moAAaMAdoLOV Un DrEetynH 
tot tot xetáptou noÀAanAao(ou, tót& tO np ov npóc tO 
OcOtepov ue(Cova AóYvov &yew Aéverot, Ameo TO tp(xov noóc 
tÓ tÉTOQpTOV. 

yn. Avoroyta dé &v totaly dpoic EAaytotH eotty. 

0. “Otay 8€ tola uevéOr, àvéAovov T, xó nobxov npóc 
TO Tottov üurAaolova Aóvov &£yew Aévetou Tjnep mpóc TÒ 
OEUTEOOY. 

V. "Oxav 6€ téocapa uceyéðn dváioyov Å, TO npOov 
TOONS TO TETAPTOV TELTAACLOVa AdyoY EyEly Aéyeta Aree 
TODOS TO OELTEOOY, Kal Gel égés Ouotoc, óc AV Y) &vaAoyta 
UNGOY 1). 

wx. OuóAoya uevéUr AéYetot Ta UEV TY|YoOueva tols 
fiYouuévotc xà 6€ &nóueva volc &xouévorc. 

ID". "EvoAAS& Aóvoc £o Abis x00 fyrouuévou npóc TO 
f'robuevov xol toU &rouévou npóc xo &rÓuevov. 

w^. AvánoMv Aóvoc &odu Afi x00 &nouévou óc 
f'rouu£vou npóc 1o fyrobuevov Wc EMOMEVOY. 

|o. XovOcotc Aóvou &oxi Afibic x00 fYouuévou uecxà xoO 
ETOUEVOLD GE EVOS TOO MOTO TO ENGUEVOY. 

ie’. Atatoeoug Adyou atl Afidic thc bnegoy fe, 7 bneeé yet 
TO YYOUUEVOY TOD ENOUEVOL, MEDS AUTO TO ENOUEVOY. 

ir. Avacteogy Adyou goth Afthic xoO fiyouuévou npóc 
THY UTEEOYNHY, 7) LTEEsyEL TO HyobUEsvoy Tob EmouEevov. 

C. AV toou Adyog EoTtl nàcióvov évtwv ueyedGSv nal 
HArAwv agvtoi¢ towy tO TATVo abvdvoe Aaupovouévov xol 
EV 165 avTGS Adyw, StaV FW Ev Tog TOMToLe ueyéðeo TO 
TOEDTOV TENS TO ECYATOY, OVTWC EV xoic 6cutépotc uevéOcot 


2 


tó np6 ov npóc TO Eoyatov’ Ñ Aws: Afi xGv &xpwv 
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Definitions 

1. A magnitude is a part of a(nother) magnitude, the 
lesser of the greater, when it measures the greater.! 

2. And the greater (magnitude is) a multiple of the 
lesser when it is measured by the lesser. 

3. A ratio is a certain type of condition with respect to 
size of two magnitudes of the same kind.? 

4. (Those) magnitudes are said to have a ratio with re- 
spect to one another which, being multiplied, are capable 
of exceeding one another.’ 

5. Magnitudes are said to be in the same ratio, the first 
to the second, and the third to the fourth, when equal 
multiples of the first and the third either both exceed, are 
both equal to, or are both less than, equal multiples of the 
second and the fourth, respectively, being taken in corre- 
sponding order, according to any kind of multiplication 
whatever." 

6. And let magnitudes having the same ratio be called 
proportional." 

7. And when for equal multiples (as in Def. 5), the 
multiple of the first (magnitude) exceeds the multiple of 
the second, and the multiple of the third (magnitude) 
does not exceed the multiple of the fourth, then the first 
(magnitude) is said to have a greater ratio to the second 
than the third (magnitude has) to the fourth. 

8. And a proportion in three terms is the smallest 
(possible).? 

9. And when three magnitudes are proportional, the 
first is said to have to the third the squared! ratio of that 
(it has) to the second." 

10. And when four magnitudes are (continuously) 
proportional, the first is said to have to the fourth the 
cubed?! ratio of that (it has) to the second.33 And so on, 
similarly, in successive order, whatever the (continuous) 
proportion might be. 

11. These magnitudes are said to be corresponding 
(magnitudes): the leading to the leading (of two ratios), 
and the following to the following. 

12. An alternate ratio is a taking of the (ratio of the) 
leading (magnitude) to the leading (of two equal ratios), 
and (setting it equal to) the (ratio of the) following (mag- 
nitude) to the following. ‘4 

13. An inverse ratio is a taking of the (ratio of the) fol- 
lowing (magnitude) as the leading and the leading (mag- 
nitude) as the following.** 

14. A composition of a ratio is a taking of the (ratio of 
the) leading plus the following (magnitudes), as one, to 
the following (magnitude) by itself.** 
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nav’ Dnetatocow Thy UECOY. 

wj. Texopoyuévr, 6& &vahoyta gotly, Stay tory dévtwv 
ueYeUGv xol Gov atac toov TO NAAVOS yivntor @¢ UEV 
EV TOLS NOWTOLS USYEVEOLY NYOUUEVOY Teds ENOUEVOY, OUTWC 
£v toic SeUTEpOIC UEYEVEOLY YyOUUEVOY Teds ENOUEVOY, Gc 
0€ £v toic npooic UEYEVEOLY ENOUEVOYV TEdS AAO Tl, OUTOS 
EV toic SEUTEEOIC HAAO TL MOOS NYOUMEVOY. 


t In other words, a is said to be a part of 8 if 8 = ma. 
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15. A separation of a ratio is a taking of the (ratio 
of the) excess by which the leading (magnitude) exceeds 
the following to the following (magnitude) by itself. |! 

16. A conversion of a ratio is a taking of the (ratio 
of the) leading (magnitude) to the excess by which the 
leading (magnitude) exceeds the following." 

17. There being several magnitudes, and other (mag- 
nitudes) of equal number to them, (which are) also in the 
same ratio taken two by two, a ratio via equality (or ex 
aequali) occurs when as the first is to the last in the first 
(set of) magnitudes, so the first (is) to the last in the sec- 
ond (set of) magnitudes. Or alternately, (it is) a taking of 
the (ratio of the) outer (magnitudes) by the removal of 
the inner (magnitudes).*** 

18. There being three magnitudes, and other (magni- 
tudes) of equal number to them, a perturbed proportion 
occurs when as the leading is to the following in the first 
(set of) magnitudes, so the leading (is) to the following 
in the second (set of) magnitudes, and as the following 
(is) to some other (i.e., the remaining magnitude) in the 
first (set of) magnitudes, so some other (is) to the leading 
in the second (set of) magnitudes.?3$ 


t In modern notation, the ratio of two magnitudes, o and 5, is denoted a : 8. 


3 In other words, « has a ratio with respect to 8 if m » 8 and n 8 7 a, for some m and n. 


T In other words, a : 8 :: y : 6 if and only if ma > n 8 whenever my > nô, and ma = n 8 whenever m^ — nó, and mo « n B whenever 


my < nó, for all m and n. This definition is the kernel of Eudoxus’ theory of proportion, and is valid even if o, 8, etc., are irrational. 


* Thus if œ and 8 have the same ratio as y and ô then they are proportional. In modern notation, «a : 8 :: "y : ô. 


$ In modern notation, a proportion in three terms—a, 8, and y—is written: a : B :: B : y. 


l Literally, “double”. 

tt In other words, if œ : 8 :: B : y then a : y :: a? : 82. 

H Literally, “triple”. 

38 In other words, ifa: 8: B:y:2y:édthena:d::a7: 8%. 


1*5 In other words, if o : 8 :: y : ó then the alternate ratio corresponds to o : "y :: 8: 6. 


** Tn other words, if o : 8 then the inverse ratio corresponds to 8 : o. 


$8 In other words, if o : 8 then the composed ratio corresponds to aœ + £ : 8. 


I! In other words, if o : 8 then the separated ratio corresponds to a — 8 : 8. 


tit In other words, if o : 8 then the converted ratio corresponds to o : o — 8. 


ttt Tn other words, if a, 3, y are the first set of magnitudes, and ô, €, & the second set, and o : 8 : y :: 0 : €: C, then the ratio via equality (or ex 


aequali) corresponds to o : y :: ó : G. 


388 In other words, if o;, 8," are the first set of magnitudes, and à, e, ¢ the second set, and a : 8 :: 6: cas wellas 8 : y :: ¢ : 6, then the proportion 


is said to be perturbed. 


f 

es 
2 ` Yy c ~ Z c ~ m~ 3 * 
Ev ¥) Onocaoby ueyéðn Onocwvoby ueve06v toov TO 
TARVOS ExMOtoOYV ExcdaTtov lodxic NOAAATAGOLOY, OOANAGOLOV 
otv Ev Tv uevyed@yv Evdc, TocautamAdcowm Foto xol và 


Proposition 1! 


If there are any number of magnitudes whatsoever 
(which are) equal multiples, respectively, of some (other) 


magnitudes, of equal number (to them), then as many 
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TAVTA TOV TAVTOY. 


A H b LI © A 
— — — —— — — 
E—— Z— e— 


"Eota onooaoty usyédy ta AB, TA onoowvoby ue- 
Ye£968v Gv E, Z toov 1ó nAfidoc Exaotoy Exdotov todnic 
rOAÀAoanAÓG&Otov: Àéyvo, Óxt ócoaxAÓ&oióv ot tò AB x00 E, 
tooautanAdoia cota xat te AB, TA tésv E, Z. 

‘Enel yuo toduig Eotl noAAamAdotov tò AB toč E xo 
tO TA tod Z, d0a don éotiv év 76) AB ueyédy tow 165 EH, 
tocaba xoà £v 165 TA toa tH Z. Stppfo de tò uèv AB eis tà 
t& E ueyéðn toa xà AH, HB, to de TA cic tà tõ Z toa tà 
TO, OA: čota 97) cov xó xAfi9oc x&v AH, HB xG noe 
tv TO, OA. xoi &nel tcov &ox xó u£v AH x6 E, xó 6e TO 
1G Z, tcov &pa xó AH x6 E, xoi xà AH, TO tois E, Z. òà 
TH UTE Où toov otl tò HB x6 E, xoi xà HB, OA «oic E, 
Z' óca wow gotiv év 16) AB toa 16 E, tooatita xat êv toic 
AB, TA tica xoiz E, Z: ócanA&otov &pga oti tò AB x00 E, 
tocauoamxA&ota &ocot xoi và AB, DA x&v E, Z. 

Eàv àpa Y, ónoocoao0v ueyéür ónooovoUv ueYe00v 
ioov to nÀf[j0oc Exaotov &£xáotou laduic ToAAaTAdoLOY, 
ócaxAGociÓv Eotlv Ev Tv ueYe00jv &vóc, tvocautomAGota 
&otot MOL TH MAVTA TOV TavVtTwV Oreo Eden Seigan. 
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times as one of the (first) magnitudes is (divisible) by 
one (of the second), so many times will all (of the first 
magnitudes) also (be divisible) by all (of the second). 


A G B C H D 
——— 


E— — F |- — 

Let there be any number of magnitudes whatsoever, 
AB, CD, (which are) equal multiples, respectively, of 
some (other) magnitudes, E, F, of equal number (to 
them). I say that as many times as AB is (divisible) by F, 
so many times will AB, C D also be (divisible) by E, F. 

For since AB, C D are equal multiples of E, F, thus 
as many magnitudes as (there) are in AB equal to E, so 
many (are there) also in CD equal to F. Let AB have 
been divided into magnitudes AG, GB, equal to E, and 
CD into (magnitudes) CH, HD, equal to F. So, the 
number of (divisions) AG, GB will be equal to the num- 
ber of (divisions) CH, HD. And since AG is equal to E, 
and CH to F, AG (is) thus equal to E, and AG, CH to E, 
F'. So, for the same (reasons), GB is equal to E, and GB, 
HD to E, F. Thus, as many (magnitudes) as (there) are 
in AB equal to E, so many (are there) also in AB, CD 
equal to E, F. Thus, as many times as AB is (divisible) 
by E, so many times will AB, C D also be (divisible) by 
BEP. 

Thus, if there are any number of magnitudes what- 
soever (which are) equal multiples, respectively, of some 
(other) magnitudes, of equal number (to them), then as 
many times as one of the (first) magnitudes is (divisi- 
ble) by one (of the second), so many times will all (of the 
first magnitudes) also (be divisible) by all (of the second). 
(Which is) the very thing it was required to show. 


t In modern notation, this proposition reads ma +mZ+---=m(a+684---). 


D. 

Eàv Tedstov Seuteeou ioóotc Y, room otov xol TOLTOY 
t&xápou, T) 6€ xoi néunxtov Ocurépou (oódouc xoAXaTAGotoV 
Mal EXTOV TeTdoeTOL, xXal ouvteDEv mxpG Tov xol TÉUTTOV 
SeuTeOOL lodui¢ Eotat ToAAaTAdoLov xal toltov xal Éxtov 
TETÓpTOU. 

IIpGixov yàp t0 AB Seutépou tot T toduig gotw nrod- 
LaTAgcoLOY xat toftov tO AE tetéetov tot Z, gate è xol 
néuniov tò BH deutéeou tot T taduig nodAAanAdotoyv xa 
Extov TO EO tetdotov tot Z Aéyo, Ott “al ovvte ev 
npGov xoi néuntov tó AH 9eucépou tod TL tad gota 
TodAatAdcaoy xal xp(xov xoi Exvov xó AO tetéetovu tod Z. 


Proposition 2! 


If a first (magnitude) and a third are equal multiples 
of a second and a fourth (respectively), and a fifth (mag- 
nitude) and a sixth (are) also equal multiples of the sec- 
ond and fourth (respectively), then the first (magnitude) 
and the fifth, being added together, and the third and the 
sixth, (being added together), will also be equal multiples 
of the second (magnitude) and the fourth (respectively). 

For let a first (magnitude) AB and a third DE be 
equal multiples of a second C and a fourth F (respec- 
tively). And let a fifth (magnitude) BG and a sixth EH 
also be (other) equal multiples of the second C and the 
fourth F (respectively). I say that the first (magnitude) 
and the fifth, being added together, (to give) AG, and the 
third (magnitude) and the sixth, (being added together, 
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A B H 
— —— —— 
| — 
A E © 


Z'———4 

Enel yàp todxs ot} roAXonAó&ovov xó AB x00 I xoi tò 
AE 100 Z, óca &pa &oxlv £v 165 AB toa tõ l, vocato xoi 
£v tõ AE tow 16 Z. Quà te “ota OH nal dou Eotly év 165 BH 
ica 1G L', tooabta xal éy tõ EO tow 65 Z doa dou gotiv Ev 
ÓAQ 16) AH toca 16 T, xocoa xoà èv dAw 145 AO toa t Z: 
ócanAG&otov goa gott tO AH tot T, tooautanAcotoyv Eaton 
xal TO AO tod Z. xal ovvtedev gow TodStov nal TÉUTTOV TÒ 
AH Seutépou tot [I toduic Eaton moAAanAdotoyv xal tottov 
nal Extov To AO tetdéoetov tov Z. 

Eàv toa medtoy Seutéeou ioóouc 7) NoAAaTAcotoyv xoi 
TOLTOY TETHETOL, Ye xal MEuNTOV SeLTeeoL toduic TOÀ- 
LaTAGGLOY xol EXTOV TETdoTOL, xal ovvTEvEV TEdStOV xa 
TEUTTOV OEVTEOOD logxis čata MOAAATAGOLOY Xa TOLTOY xatl 
EXTOV TeTHOTOU’ StEO Eder Seton. 


t In modern notation, this propostion reads ma +na=(m-+n)a. 


; 
ax 

Eàv meditov Seutéeou todxic 7) xXoAAonA&otov xol xplxov 
t&tóptoU, AND SE todxic noAAaTtAdoLY ToD TE TE@TOL 
xal vpítou, xoi OV (cou x&v ArkpOévxov &xátepov &xarépou 
loduic ota NToAAaMAdGOLOV TO UEV TOD deUTépoL TO SE TOD 
TETHOTOU., 

Ilpéstov yuo tO A Seutépov tot B toduic Eatw nod- 
AoanA&ociov xoi teitoy to T tetéetov tob A, xol cigoto 
TV A, I toóoxuc roAXanAGot xà EZ, HO: AEva, Str lode 
£cl toAAanA&cioy vó EZ toč B xœ tò HO x00 A. 

Enei yàp ioáxis &oxi noAAanAdotoy tò EZ tot A xo 
tò HO tot T, 500 how Eotly év 165 EZ tow 165 A, tooatta 
xal év 74 HO toa 16 T. àwjrjo9o tò uèv EZ cis tà t A 
ueyéðn toa tà EK, KZ, tò d¢ HO cic ta 76 I toa tà HA, 
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to give) DH, will also be equal multiples of the second 
(magnitude) C and the fourth F (respectively). 


A B G 


—ñ—— — — — 
C = 


D E H 


— — — — — 


B —7— 

For since AB and DE are equal multiples of C and F 
(respectively), thus as many (magnitudes) as (there) are 
in AB equal to C, so many (are there) also in DE equal to 
F. And so, for the same (reasons), as many (magnitudes) 
as (there) are in BG equal to C, so many (are there) 
also in EH equal to F. Thus, as many (magnitudes) as 
(there) are in the whole of AG equal to C, so many (are 
there) also in the whole of DH equal to F. Thus, as many 
times as AG is (divisible) by C, so many times will DH 
also be divisible by F. Thus, the first (magnitude) and 
the fifth, being added together, (to give) AG, and the 
third (magnitude) and the sixth, (being added together, 
to give) DH, will also be equal multiples of the second 
(magnitude) C and the fourth F (respectively). 

Thus, if a first (magnitude) and a third are equal mul- 
tiples of a second and a fourth (respectively), and a fifth 
(magnitude) and a sixth (are) also equal multiples of the 
second and fourth (respectively), then the first (magni- 
tude) and the fifth, being added together, and the third 
and sixth, (being added together), will also be equal mul- 
tiples of the second (magnitude) and the fourth (respec- 
tively). (Which is) the very thing it was required to show. 


Proposition 3! 


If a first (magnitude) and a third are equal multiples 
of a second and a fourth (respectively), and equal multi- 
ples are taken of the first and the third, then, via equality, 
the (magnitudes) taken will also be equal multiples of the 
second (magnitude) and the fourth, respectively. 

For let a first (magnitude) A and a third C be equal 
multiples of a second B and a fourth D (respectively), 
and let the equal multiples EF and GH have been taken 
of A and C (respectively). I say that EF and GH are 
equal multiples of B and D (respectively). 

For since EF and GH are equal multiples of A and 
C (respectively), thus as many (magnitudes) as (there) 
are in EF equal to A, so many (are there) also in GH 
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AO: gota Sh toov 6 TARVOs TOV EK, KZ 765 nAfj0et v6v 
HA, AO. xoi &nei ioóouc Eott moAAatAdotoyv tò A toč B xol 
tò I’ tot A, toov de tò uev EK 165 A, tò 8€ HA «x6 T, 
ioduic dow ott moAAatAdoov tò EK toŭ B xa tò HA tod 
A. dik te aOTa OH todxs Eotl NoAAaTAdoLoY TO KZ tot B 
xal tÒ AO tot A. Exel obv rodtov 16 EK devutépou tot B 
loduig Eotl ToAAatAdcoLov xal toitov tO HA tetéetou tot 
A, got d€ xol méuntov TO KZ Seutégou tot B iodxui¢e rod- 
AatAgcoLOY xal Extov TÒ AO tetdéotov to A, xol cuvxeOev 
doa xp ov xoi néunxtov To EZ deutéeou tot B tad £o 
TohAanAdotov xal teitoy xal Extov To HO tetéetou tod A. 


A © 
SSS E: 

Eàv toa moditov scutépou ioóouc Y| xoAAoanAGotoV 
xol tpí(tov t&tóprou, Arkpüf; 6& txoÜU mowtov xal teitou 
(oóouG roAAXanA&ow, xol oU toou x&v ArgOÉvrov &xéátepov 
&xoépou Loódouc Coto NOAAaTAdOLOY TO EY TOU SeUTEPOU 
tO SE To vetáprou: ónep Oel Ocito. 


T In modern notation, this proposition reads m(n aœ) = (mn) a. 
o. 

àv ngGrov npóc 0c01epov tOÓv aOxÓv čyy Aóyov xal 
TOLTOV MOOS TETAETOV, XAL TÀ ioóouc NOAAaTAdKOLA TOD TE 
TOGTOV Xa TELTOL TED và Ladue TOAAATAdOLA TOD SeLTEPOU 
xal TeTdOTOL xad’ OnoLovoDY TOAAaTAMOLAOUOY TOV ADTOY 
EccL AÓvov ATO vcra xoá va. 

IIpóixov yàp tÒ A ngóc ðcútepov xó B xov axóv &yéxo 
Aóvov xoi toltov tÒ I npòc tétaptov tÒ A, xoa cigoto 
tv uev A, TD toduic nod\AanAdoww tà E, Z, xv 66€ B, A 
Aha, & EtL¥EV, loduic MohAAanAdOLA tà H, O^ Aévo, OTL 
Eotly ¢ T0 E node tO H, ot tw¢ TO Z node 10 O. 
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equal to C. Let EF have been divided into magnitudes 
EK, KF equal to A, and GH into (magnitudes) GL, LH 
equal to C. So, the number of (magnitudes) EK, KF 
will be equal to the number of (magnitudes) GL, LH. 
And since A and C are equal multiples of P and D (re- 
spectively), and EK (is) equal to A, and GL to C, EK 
and GL are thus equal multiples of P and D (respec- 
tively). So, for the same (reasons), K F and LH are equal 
multiples of B and D (respectively). Therefore, since the 
first (magnitude) EK and the third GL are equal mul- 
tiples of the second P and the fourth D (respectively), 
and the fifth (magnitude) KF and the sixth LH are also 
equal multiples of the second B and the fourth D (re- 
spectively), then the first (magnitude) and fifth, being 
added together, (to give) EF, and the third (magnitude) 
and sixth, (being added together, to give) GH, are thus 
also equal multiples of the second (magnitude) B and the 
fourth D (respectively) [Prop. 5.2]. 
Ae — — 


B =m 


E K F 


— 
C = 
Dt 


G L H 


— — — — — 

Thus, if a first (magnitude) and a third are equal mul- 
tiples of a second and a fourth (respectively), and equal 
multiples are taken of the first and the third, then, via 
equality, the (magnitudes) taken will also be equal mul- 
tiples of the second (magnitude) and the fourth, respec- 
tively. (Which is) the very thing it was required to show. 


Proposition 4! 


If a first (magnitude) has the same ratio to a second 
that a third (has) to a fourth then equal multiples of the 
first (magnitude) and the third will also have the same 
ratio to equal multiples of the second and the fourth, be- 
ing taken in corresponding order, according to any kind 
of multiplication whatsoever. 

For let a first (magnitude) A have the same ratio to 
a second B that a third C (has) to a fourth D. And let 
equal multiples E and F have been taken of A and C 
(respectively), and other random equal multiples G and 
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BiAAe vw yàp tõv vèv E, Z ioóouc xoAXanA&ota tà K, 
A, tõv 6€ H, O &AAa, & Exuyev, toóouc NoAAaTAdcOLa xà M, 
N. 


|IKoi| &xet tocouc &oxt xoAAamxA&otov xó u&v E toŭ A, tò 

6€ Z voU L', x 2. e rot tv E, Z todxs toriando tà K, 
A, todxc — goth moAAarAdotoyv TO K tot A xat tò A tot 
T. Dà te HOTA OF todxtc Eotl roAAaTAdCLOY tò M 100 B xoi 
tò N tot A. xal ēnei otv ðs TÒ A roòs tò B, oŬtws tò T 
Teds tÒ A, nal efAnntou tõv uèv A, T icáxis nodAAanAdore 
tà K, A, tév 5¢ B, A Ga, & čtuyev, loxis ROAAaTAdOLE 
tà M, N, ci dow Drepéyes tO K tod M, dnepéyer xal tò A 


Ü N, xoà et toov, toov, xoà et &Aaxxov, &Aotxov. xot &ott 
in uev K, A x&v E, Z toóoac roAXonAGott, tà òè M, N x&v 
H, O &AXo, & £xoyxev, toduic NoAAaTAdoLa Eotiv koa G¢ TO 
E ngóc 1ó H, oxoc 1o Z npóc xó Q. 

Eàv àpa np ov Ted 06601epov xÓv aOxÓv Éyy) Aóyov 
XAL TEÍTOV MOOS TETHOTOYV, xoi xà loduic xoAXomA Got TOD TE 
TOGTOL XA TOLTOL MEDS TH Laduic TOAAaTAdOLA TOD SeUTEPOU 
xal TETHOTOU TOV QÒTÒV Čet Aóyov xað ônrorovoŬy toid- 


TAAOLAGUOV ANOVEVTA XATOAANAM OEE Eder Sete. 
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H of B and D (respectively). I say that as E (is) to G, so 
F (is) to H. 


N m= —À 

For let equal multiples K and L have been taken of E 
and F (respectively), and other random equal multiples 
M and N of G and H (respectively). 

[And] since E and F are equal multiples of A and 
C (respectively), and the equal multiples X and L have 
been taken of E and F (respectively), K and L are thus 
equal multiples of A and C (respectively) [Prop. 5.3]. So, 
for the same (reasons), M and N are equal multiples of 
B and D (respectively). And since as A is to B, so C (is) 
to D, and the equal multiples kK and L have been taken 
of A and C (respectively), and the other random equal 
multiples M and N of B and D (respectively), then if K 
exceeds M then L also exceeds N, and if (K is) equal (to 
M then £L is also) equal (to N), and if (K is) less (than M 
then Ł is also) less (than N) [Def. 5.5]. And K and L are 
equal multiples of E and F (respectively), and M and N 
other random equal multiples of G and H (respectively). 
Thus, as E (is) to G, so F (is) to H [Def. 5.5]. 

Thus, if a first (magnitude) has the same ratio to a 
second that a third (has) to a fourth then equal multi- 
ples of the first (magnitude) and the third will also have 
the same ratio to equal multiples of the second and the 
fourth, being taken in corresponding order, according to 
any kind of multiplication whatsoever. (Which is) the 
very thing it was required to show. 


t In modern notation, this proposition reads that if o : 8 :: y : ó then ma : n B: my : nó, for all m and n. 
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y 
eis 
Eàv uéve00oc uevéOouc (oóouc Y, moAAanAdcowoy, Once 
apapsvey apaoevevtoc, xal xó Aouxóv TOD AoLMOD todxic 
cota. ToAAaTAdOLOV, OoaTAdoLOV Cott TO GAOY TOU OAOL. 


A E B 
HI ZA 
etl 


MéYe90c yuo to AB ueyéedouc tob TA todute Eatw nod- 
AaxAé&otov, oreo dpapsdev TO AE agapedévtog tol TPZ: 
EY, OTL xat Aotrdov TO EB Aownod tod ZA todxe Eotou 
nodhAaTAgotoy, CoandAdatov Eotw GAov tO AB ddov to TA. 

‘Ooankdovoyv yéo got: TO AE tot} [Z, tocavtanAdovov 
veyvovécxo xoi tò EB toč LH. 

Kol énet toóouc &oxt xoAAanA&otov xó AE x00 LZ xoà xo 
EB tot HI, toduic doa Eoti noAAanA&ociov T6 AE tot [Z 
xoa tò AB tot HZ. xetton 6€ ioóouc noAAanAdotov TO AE 
toO [Z xo tò AB x00 DA. toóouc Kom Eotl moA\AaTAdatov TO 
AB &xaxégou x&v HZ, L'A: toov &ga tò HZ x6 UA. xowoóv 
aoneyovw tò PZ: Aonóv goa tO HL AoixG 16 ZA toov 
£ot(v. xol enet todmic Eotl moAAatAdotov t6 AE x00 TZ 
xal tO EB to} HI, toov d¢ :ó HI' x6 AZ, ioóouc Kou Eotk 
nodAanAdotoyv T6 AE tot TZ xat t6 EB tot ZA. toéouc 0€ 
broxettat ToAAanAdoLov tò AE toč TZ xo tò AB tod TA: 
loduig wou Eotl ToAAaTAdovoyv tò EB toŭ ZA xa tò AB 
100 DA. xoi Aowtóv &pa xó EB Aowo0 100 ZA iocouc £ocot 
nodAAUTAGOLOY, CoanAdatov Eotw GAov tO AB óAou vob LA. 

Eàv &pa uéyeOoc uevéO9ouc taduic Å moAAatAdcovoy, 
Ónep O«poupeOEv óxpotpeUévroc, xol tó Aowxóv toU Aowuo0 
iodxic &oxot noAAanAdoLOY, OoatAdotdy Eat. Xa TO GAOV 
to) dAou: OnEe Eder Setgau. 


t In modern notation, this proposition reads ma — m 8 = m (a — B). 


g. 

Eàv 600 uevéOr] 600 ueve08v (oóouc Y, noAXomxA Got, 
xo d«potpe OE vro. xtvà. x6v. ab tGvy Loóouc Y) roAXomA ota, xod 
TH AOLNAK toic obtoic FtoL tow Eotly Ñ iodxis aVTdV TOÀ- 
Xam ota. 

A00 yàp ueyéðn tà AB, TA 800 ueve0Gv tõv E, Z 
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Proposition 5! 


If a magnitude is the same multiple of a magnitude 
that a (part) taken away (is) of a (part) taken away (re- 
spectively) then the remainder will also be the same mul- 
tiple of the remainder as that which the whole (is) of the 
whole (respectively). 


A E B 
[_ y 


G C FP D 


For let the magnitude AB be the same multiple of the 
magnitude C D that the (part) taken away AE (is) of the 
(part) taken away CF (respectively). I say that the re- 
mainder FB will also be the same multiple of the remain- 
der FD as that which the whole AB (is) of the whole C D 
(respectively). 

For as many times as AF is (divisible) by CF’, so many 
times let FB also have been made (divisible) by CG. 

And since AFE and EB are equal multiples of CF and 
GC (respectively), AE and AB are thus equal multiples 
of CF and GF (respectively) [Prop. 5.1]. And AE and 
AB are assumed (to be) equal multiples of CF and CD 
(respectively). Thus, AB is an equal multiple of each 
of GF and CD. Thus, GF (is) equal to CD. Let CF 
have been subtracted from both. Thus, the remainder 
GC is equal to the remainder FD. And since AE and 
EB are equal multiples of CF and GC (respectively), 
and GC (is) equal to DF, AE and EB are thus equal 
multiples of CF and FD (respectively). And AE and 
AB are assumed (to be) equal multiples of CF and CD 
(respectively). Thus, EB and AB are equal multiples of 
FD and C D (respectively). Thus, the remainder EB will 
also be the same multiple of the remainder FD as that 
which the whole AB (is) of the whole C D (respectively). 

Thus, if a magnitude is the same multiple of a magni- 
tude that a (part) taken away (is) of a (part) taken away 
(respectively) then the remainder will also be the same 
multiple of the remainder as that which the whole (is) of 
the whole (respectively). (Which is) the very thing it was 
required to show. 


Proposition 6! 


If two magnitudes are equal multiples of two (other) 
magnitudes, and some (parts) taken away (from the for- 
mer magnitudes) are equal multiples of the latter (mag- 
nitudes, respectively), then the remainders are also either 
equal to the latter (magnitudes), or (are) equal multiples 
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lodxic Eotw NoAAanAdcora, xal apapeVEvta ta AH, TO x&v 
aOtQV TOV EB, Z toduic Eotw nNodAatAdow A€yw, STL Kal 
Aow&à xà HB, OA «oic E, Z fixo toa &oxv f) toóouc aDx6v 
xoAAon Aot. 


A H B 


p= e e a p—— — 


Em 
K l © A 
J — 


"Ecto yàp noótepov tò HB t& E toov: Aéyw, Öt xol 
tÒ OA TÕ Z toov Eotty. 

Keto0w yuo t& Z toov tò TK. nel ioáxis oth tod- 
AaxA&ociov tò AH toč E xo tò D'O 100 Z, toov 8€ xó uev HB 
t& E, tò òè KT 16 Z, ioóouc Kom &oxi rorňanigoiov tò AB 
tot E xal to KO 0D Z. toóouc 6€ orÓxewot MoAAUTAGOLOY 
tO AB tot E xat t6 TA tot Z: toduig dow Eotl NOAAUTAGOLOV 
tO KO tot Z xol tò TA tot Z. Enxet odv Exdtepov tõv KO, 
TA to Z toduig ott mod\AatAdotov, toov dow Eotl T6 KO 
ta) TA. xowoóv &onoefjo9o tò D'O: Aomóv gow to KT Aowó 
tG OA tcov &oxlv.. GAAà xó Z x6 KT otv toov: xoa tò 
OA pa 1G Z tcov &oxtv. Gote et to HB 16 E foov Ectty, 
xal tò OA tcov gota 6) Z. 

"Ouotcoc 97) oc(&ouev, ót, x&v roAAanAGowv Y, xó HB 
t1o0 E, xocauxomxAóotov Éoxot xoi xó OA tod Z. 

Eàv goa S00 ueyéðn 000 ueye06v ioóouc Y| Toà- 
LamAcova, xal KpoupsVEvta tive tGv aO v (oóouc T) xoA- 
AomA&otat, xol xà Aowrà xoic ALTOIC Ato tow Eotly F todxic 
aÓtGV TohAatAdoie OnEO Eder Setgan. 


t In modern notation, this proposition reads ma — na = (m — n) a. 


EN 
Ta tox med¢ TO AVTO TOY ADTOV Exel AGYOV Kal TO AUTO 
TOOS TH toa. 
"Ecto toa ueyédn xà A, B, ®dAo SE tw, O EtvxEY, 
ueévyedoo xó TI" Aévo, Sti Exdtepov tv A, B node tO TP 
TOV GUTOY ExEL AGyoy, xal tò I node Exdtepoy x&v A, B. 
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of them (respectively). 

For let two magnitudes AB and C D be equal multi- 
ples of two magnitudes E and F (respectively). And let 
the (parts) taken away (from the former) AG and CH be 
equal multiples of E and F (respectively). I say that the 
remainders GB and H D are also either equal to E and F 
(respectively), or (are) equal multiples of them. 


A G B 


.— ú — — 


E =m 

K C H D 
— — d + + 

| 


For let GB be, first of all, equal to E. I say that H D is 
also equal to F. 

For let CK be made equal to F. Since AG and CH 
are equal multiples of E and F (respectively), and GB 
(is) equal to E, and KC to F, AB and K H are thus equal 
multiples of E and F (respectively) [Prop. 5.2]. And AB 
and C D are assumed (to be) equal multiples of E and F 
(respectively). Thus, KH and CD are equal multiples of 
F and F (respectively). Therefore, KH and CD are each 
equal multiples of F. Thus, KH is equal to CD. Let CH 
have be taken away from both. Thus, the remainder KC 
is equal to the remainder HD. But, F is equal to KC. 
Thus, H D is also equal to F. Hence, if GB is equal to E 
then H D will also be equal to F. 

So, similarly, we can show that even if GB is a multi- 
ple of E then H D will also be the same multiple of F. 

Thus, if two magnitudes are equal multiples of two 
(other) magnitudes, and some (parts) taken away (from 
the former magnitudes) are equal multiples of the latter 
(magnitudes, respectively), then the remainders are also 
either equal to the latter (magnitudes), or (are) equal 
multiples of them (respectively). (Which is) the very 
thing it was required to show. 


Proposition 7 


Equal (magnitudes) have the same ratio to the same 
(magnitude), and the latter (magnitude has the same ra- 
tio) to the equal (magnitudes). 

Let A and B be equal magnitudes, and C some other 
random magnitude. I say that A and B each have the 
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Lama Zam — 

EtAfovw yuo x&v u£v A, B ioåxıs norñàanàdoia tà A, 
E, toŭ òè I' àAAo, Ó Exuxyev, roAAanAGotov 16 Z. 

"Eme oOv toóouc &oxi toAAanxAÁ&ovov xó /X x00 À xoi tO 
E tod B, toov de 16 A 165 B, toov dow xat tò A xG E. Ao 
0€, 6 Etvyey, TO Z. Ei dow breptye: to A tod Z, onepéyet 
xal tò E toč Z, xal ei toov, toov, xal cl EAQTTOV, EAQTTOV. 
xal oti TÀ uèv A, E xGv A, B iocouc noXAanAÓott, tO o£ 
Z toU T dAdo, 6 £xoyev, roAXaxA&otov: £couv üpa cc xó À 
teog tol., obra to B toc toT: 

Aéyw [0h], öt xoà tò T mode Exdtepoyv tv A, B tov 
QUTOY Exel AÓYOV. 

Tõv yàp avty xatacxevacVEvtTwY uolas deloucy, 
ou tcov oTt) TÒ A v& Er GAXo dé t tÒ Z ci ipa Onepéyet 
to Z 00 A, Onepéyet xoi xo E, xoi et toov, toov, xoà ci 
cAATTOV, EAaTTOV. xal coti xó uev Z to T' xoAAamnA&otov, 
ta O¢ A, E tõv A, B dda, à ëtuyev, iocouc xoAXAXoxA Gott 
cot Goa Wo TOT npóc tò A, oŬtas TOT node TO B. 

Td toa koa med¢ TO AUTO TOV aUTOYV EyeL AdYOV Kal TO 
aUTO TOdS Te fou. 


7 
lópioua. 
‘Ex OY TOUTOL pavepóv, ÖT àv ueyéùnN Tivà àváAovov 
Y, xoà avenoAw &váAovov Eoxot. Órep EOct OclGon. 


t The Greek text has *E", which is obviously a mistake. 


t In modern notation, this corollary reads that if a : 8 :: y: 6 then 8 : a x 


; 
n. 

TGv àvicov ueveo0Gv xó uctCov noóc TO AUTO UElCova 
AOYOV EXEL NEE TO EAATTOV. Xa TO ALVTO TEOS TO EAATTOV 
ustCova Adyoy Eyet hme Med TO uceicov. 

"Eoo &woa uevéor) xà AB, T, xoi Eotw uciCov to AB, 
&AAo 8é, Ó Éxuyev, tÒ Av AMÉvo, óu xó AB npóc x0 A 
ustCova Adyoy éyer Anco TOT node tò A, xoi xó A ngóc 
tò I ustCova Adyoy Eye Ameo med¢ TO AB. 
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same ratio to C, and (that) C (has the same ratio) to 
each of A and B. 


C |= E m= 

For let the equal multiples D and E have been taken 
of A and B (respectively), and the other random multiple 
F of C. 

Therefore, since D and E are equal multiples of A 
and B (respectively), and A (is) equal to B, D (is) thus 
also equal to E. And F (is) different, at random. Thus, if 
D exceeds F then E also exceeds F, and if (D is) equal 
(to F then E is also) equal (to F), and if (D is) less 
(than F then E is also) less (than F). And D and E are 
equal multiples of A and P (respectively), and F another 
random multiple of C. Thus, as A (is) to C, so B (is) to 
C [Def. 5.5]. 

[So] I say that C' also has the same ratio to each of A 
and B. 

For, similarly, we can show, by the same construction, 
that D is equal to E. And F (has) some other (value). 
Thus, if F exceeds D then it also exceeds E, and if (F is) 
equal (to D then it is also) equal (to E), and if (F is) less 
(than D then it is also) less (than E). And F is a multiple 
of C, and D and E other random equal multiples of A 
and B. Thus, as C (is) to A, so C (is) to B [Def. 5.5]. 

Thus, equal (magnitudes) have the same ratio to the 
same (magnitude), and the latter (magnitude has the 
same ratio) to the equal (magnitudes). 


Corollary* 


So (it is) clear, from this, that if some magnitudes are 
proportional then they will also be proportional inversely. 
(Which is) the very thing it was required to show. 


Proposition 8 


For unequal magnitudes, the greater (magnitude) has 
a greater ratio than the lesser to the same (magnitude). 
And the latter (magnitude) has a greater ratio to the 
lesser (magnitude) than to the greater. 

Let AB and C be unequal magnitudes, and let AB be 
the greater (of the two), and D another random magni- 
tude. I say that AB has a greater ratio to D than C (has) 
to D, and (that) D has a greater ratio to C than (it has) 
to AB. 
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A E B 
— — 





Enel yàp uetCéov &ox tò AB tod T, xetodw tõ I tcov 
tò BE: tò 87) £Aaccov x&v AE, EB noA^anAaocuCÓuevov 
&£ctot rote t00 A uciQov. £o modtepov TO AE Edattov 
tol EB, xot nenodAAanAaoido0w tò AE, xal É£otxo o0t00 
roAAanA&ociv t0 ZH yetCov ov tot A, xot doanAdcody Eott 
tò ZH tot AB, tocautanAdovoy yeyovéta xol tò uèy HO 
tol EB tò òè K 100 I" xoi ei fyc 100 A GuxA&otov uev 
tO A, tormAdovoy è TO M, xa E€fi¢ Evil nàciov, čas AV TO 
AauBavouevoy toAAanAdotoy uev yévrnta Tob A, nowt ÕÈ 
ustCov tot K. eiAnpde, xal Eotw xó N xetpanAGotov uev 
toU A, npóoc 0€ uciCov xoÜ K. 

‘Exel obv tò K tot N motes Eotly £Aaxxov, xó K bow 
toU M o0x &otv EAattov. xal Enel ladxic EoTL MOAAUTAAOLOV 
tO ZH tot AE xat tò HO x00 EB, toduic dou Eotl toà- 
LantAcovoy tO ZH tol} AE xo tò ZO tod AB. toduic O€ 
£o roAAanA&ciov tò ZH toč AE xa tò K 100 I ioóouc 
&po. &o xl toÀAAarA&octov xó ZO toč AB xo tò K toðŭ T. tà 
ZO, K &pa t&v AB, I toóoac &oxi roñanrigoia. náv, Emel 
toóDuc otl toAAanAGovov xó HO to EB xat tò K x00 T, 
toov è tò EB 76 DL, tcov &pa xoi xó HO x K. tò de K 
toU M. oOx &owv £Aaxxov: o08. &pa tò HO toŭ M £Aaxxóv 
&£cuv. uceitov d¢ t6 ZH xo0 A: ÓAov koa tò ZO ovvay- 
Qoxégov x&v A, M ucitóv &oxv.. dà covouqgócepa xà A, 
M 763 N éotw toa, Exerdyjneo t6 M tod A xpi &octóv &ouvy, 
ouvapdteea ðè và M, A tot A ot xexpgamA ota, ott dé 
xa tò N tod A tetpanàdciov: ouvauyótepa toa ta M, A 
tõ N toa éotty. àAAà tò ZO tõv M, A yuciCóv otuv: tò 
ZO &oa toŭ N bnepéyev tò dè K x00 N oóy Onepéyet. xal 
£c xà uev ZO, K xGv AB, T ioáxis nod\AanAdoa, tò òè N 
tol A &AXo, Ó Éxuyev, TOAAaTAdOLOY’ TO AB tow npòc tò 
A ustCova Aóvov éyet neo tò I ngóc 1o A. 

Aéyw öh, öt xa tò A npóc tò TI uetCova Aóvov É£y& 
fep TO A node tò AB. 

T&v yàp avtdy xataoxevacVEvtwy ouolwc deigoucy, 
ott TO UeV N tot K brepgyer, t6 de N tob ZO ovy dneogyet. 
xal got. TO UEV N tot A nxoAAanAÓovwov, tà òè ZO, K xGv 
AB, T ®ha, & Etvyey, toduic nmoAAanAdoia tÒ A toa mod¢ 
tO T ustGova Adyov Eyer Ameo TO A med¢ tO AB. 

AAG Sf TO AE tot EB yueilov got. tO OH EAattov 
tò EB noAAaxAacwCÓuevov Cota note tol A uetCov. me- 
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A E B A E B 
— —ñ — ———4 
C Ex C 


J——— K ——3 


D D ——3 


L L m 


M m — M m 


N m ——— 

For since AB is greater than C, let B E be made equal 
to C. So, the lesser of AE and EB, being multiplied, will 
sometimes be greater than D [Def. 5.4]. First of all, let 
AE be less than EB, and let AE have been multiplied, 
and let FG be a multiple of it which (is) greater than 
D. And as many times as FG is (divisible) by AFE, so 
many times let GH also have become (divisible) by EB, 
and K by C. And let the double multiple L of D have 
been taken, and the triple multiple M, and several more, 
(each increasing) in order by one, until the (multiple) 
taken becomes the first multiple of D (which is) greater 
than K. Let it have been taken, and let it also be the 
quadruple multiple N of D—the first (multiple) greater 
than K. 

Therefore, since K is less than N first, K is thus not 
less than M. And since FG and GH are equal multi- 
ples of AE and EB (respectively), FG and FH are thus 
equal multiples of AE and AB (respectively) [Prop. 5.1]. 
And FG and K are equal multiples of AE and C (re- 
spectively). Thus, FH and K are equal multiples of AB 
and C (respectively). Thus, FH, K are equal multiples 
of AB, C. Again, since GH and K are equal multiples 
of EB and C, and EB (is) equal to C, GH (is) thus also 
equal to K. And K is not less than M. Thus, GH not less 
than M either. And FG (is) greater than D. Thus, the 
whole of FH is greater than D and M (added) together. 
But, D and M (added) together is equal to N, inasmuch 
as M is three times D, and M and D (added) together is 
four times D, and N is also four times D. Thus, M and D 
(added) together is equal to N. But, FH is greater than 
M and D. Thus, FH exceeds N. And K does not exceed 
N. And FH, K are equal multiples of AB, C, and N 
another random multiple of D. Thus, AB has a greater 
ratio to D than C (has) to D [Def. 5.7]. 

So, I say that D also has a greater ratio to C than D 
(has) to AB. 

For, similarly, by the same construction, we can show 
that N exceeds K, and N does not exceed FH. And 
N is a multiple of D, and FH, K other random equal 
multiples of AB, C (respectively). Thus, D has a greater 


N m1 — — — 
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TohAartAdadove, xal got tò HO noAAanAGotov u&£v toŬ 
EB, vetCov de tot A: xol ôcanàdoióv £o tò HO tots EB, 
TOOUUTATAGOLOV YEYOVETW xal TO UEY ZH tol AH, to de K 
tot TD. éuotu¢ 97) 6c(GSouev, öt và ZO, K x&v AB, D' icóouc 
cotl mohAanAcoa xal ctAhova duotwc tò N troàaridorov 
uev tol A, npotoc 6e ucitcov tol ZH: Gote nó tò ZH 
1:00 M. ox &oxv £Aaccov. ucitov 6€ vó HO tod A’ dAov 
cea tò ZO x&v A, M, toutéot: tot N, dnepéyer. tò è K 
to0 N oóy bnepéyet, &mnetof|nep xoà vó ZH yetCov dv tov 
HO, tovtéott to} K, x00 N oóy Omnepéyeu xod dGoadtwe 
KATAKOAOLVVODYTES TOIg ENAVW TEPALVOUEY THY AMOdELELY. 

TGv &pa óàwvícov ueve0Gv tÒ UEtCov npóc TÒ qÙTÒ 
uetCova Adyoy Eyet nep TO EAATTOV’ XL TO AVTO MEd TO 
EAatxov uetiCova Aóvov Eye Tjxep npóc TO UEiCov’ ónep &oet 
Octeot. 


v 

T& ned¢g TO AUTO TOY AUTOV EyovTa ADYOY tow &AAńAoc 
Eotly’ Kal MOOS & TO KUTO TOV AUTOY EyeL AOYoyY, Exetva toa 
cotty. 

Am Bee“ 
l IJ 

Eyéto yuo exdtepoyv tæv A, B node tO T tov adtdv 
hOvoV' AEYO, StL toov Cott TO A tÕ& B. 

Et yao uh, ovx àv &xéáxepov x&v À, B ngóc tò I tòv 
otOv eye Aóvov: &yei Dé: toov Gow Eotl tO A 6G B. 

"Ex éco) 87; n&Aty 1ó P ngóc &xó&xegov tév A, B tov avtov 
hOvOV' AEYO, StL toov &ox xó À xG B. 

Ei vàp uf, oóx àv tò I ngóc &xéávepov x&v A, B xov 
otOv eye Aóvov: &yei OE toov Gow Eotl tO A tH B. 

Tà tea npóc TO ALTO TOV ALTOV čyovta Aóyov toa 
&AXfotc &oxív: xol npóc A TO AUTO TOV aLTOV EyeL ADYOY, 
&xelva too &ox(v: Ööneco Eder SetEau. 


f 


l. 


Tõv med¢g tò atò Adyoyv EydvTwWY TO UEiCova AdYOY 
eyov exetvo ustCdv Eottv’ Ted 6 OE TO AUTO uelCova Aóyov 
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ratio to C than D (has) to AB [Def. 5.5]. 

And so let AE be greater than EB. So, the lesser, 
EB, being multiplied, will sometimes be greater than D. 
Let it have been multiplied, and let GH be a multiple of 
EB (which is) greater than D. And as many times as 
GH is (divisible) by EB, so many times let FG also have 
become (divisible) by AE, and K by C. So, similarly 
(to the above), we can show that FH and K are equal 
multiples of AB and C (respectively). And, similarly (to 
the above), let the multiple N of D, (which is) the first 
(multiple) greater than FG, have been taken. So, FG 
is again not less than M. And GH (is) greater than D. 
Thus, the whole of FH exceeds D and M, that is to say 
N. And K does not exceed N, inasmuch as FG, which 
(is) greater than GH—that is to say, K—also does not 
exceed N. And, following the above (arguments), we 
(can) complete the proof in the same manner. 

Thus, for unequal magnitudes, the greater (magni- 
tude) has a greater ratio than the lesser to the same (mag- 
nitude). And the latter (magnitude) has a greater ratio to 
the lesser (magnitude) than to the greater. (Which is) the 
very thing it was required to show. 


Proposition 9 


(Magnitudes) having the same ratio to the same 
(magnitude) are equal to one another. And those (mag- 
nitudes) to which the same (magnitude) has the same 
ratio are equal. 


For let A and B each have the same ratio to C. I say 
that A is equal to B. 

For if not, A and B would not each have the same 
ratio to C [Prop. 5.8]. But they do. Thus, A is equal to 
B. 

So, again, let C have the same ratio to each of A and 
B. I say that A is equal to B. 

For if not, C would not have the same ratio to each of 
A and B [Prop. 5.8]. But it does. Thus, A is equal to B. 

Thus, (magnitudes) having the same ratio to the same 
(magnitude) are equal to one another. And those (magni- 
tudes) to which the same (magnitude) has the same ratio 
are equal. (Which is) the very thing it was required to 
show. 


Proposition 10 


For (magnitudes) having a ratio to the same (mag- 
nitude), that (magnitude which) has the greater ratio is 
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evel, exetvo EAATTOV EOTIY. 


Ate — — B —ñ —] 
l -——————— B — 

Eyéto vàp TO A xnpóc xó D uet(Cova Aóvov finep xó B 
meds tò I> Aéyw, Öt uciCóv &ox 1o À oO B. 

Ei yàp uń, tot oov ctl tò A 6G B f| £Aacoov. tcov 
uèv oŬv oŬx otl tò A t B: éxátepov yàp åy tõv A, B 
Tpoòc TÒ I xóv aov elye Aóvov. oox Eye OE" 00x Koa toov 
éotl to A 165 B. ovde unyv EAaoody ċott tò A toŭðŭ B’ tò A 
yuo a meds 70 T EAdooova Adyoy styey ýnrep tò B tpòs tò 
I. obx Eyer OE ovx Koa EAacady oti TO A TOD B. edetyOn 
d€ ovde toov’ UstCov gow ~oti TO A x00 B. 

"Exyéxo Où náv tò I zoòs tò B uetCova Aóvov rep tò 
I node tO A’ EY, Ott ELacady Eot: TO B tov A. 

Et yao ur, Ato foov &oxy fj ueiCov. toov u&v oov oOx 
£c TO B x6 A: x6 L' yàp àv npóc &xóáxegov x&v A, B tòv 
oÓtOv eby& Aóvov. oOx Eye bE oOx Gpa toov oth tÒ A 
1G B. o08€ uv uceiCóv oti tò B x00 A: x6 D' Yàp àv noóc 
tò B é&A&ccova AóYvov ciyev finep ngóc tò À. oóx Éy&e OE 
oOx üpo. uet Cóv ċott tò B x00 A. &6c(y 0r] o6, ów o00€ toov 
&Aotvov Koa Eotl xó B tod A. 

T&v koa Ted¢ TO KOTO AdYoV EydYTWY TO YEtTova Adyov 
Eyov yetCdv Cott’ “ol Teds O TO AUTO UEiTova Adyov Exel, 
exetvo EAattév got’ One Eden Seton. 


ta. 


Ol TH abTES AGYW Ot ADTOL Kal GAAHAOLS Eloly ot root. 


ARS T — Ee 
BEA A = T, — 
H H -—_+— K — 


N m — 

"Eotwoay yuo ©sş uèv 1ó À npóc 1ó B, obtoc 16 ' ngóc 
tÓ A, óc 0€ 1o T' ngóc 16 A, ottw¢ 10 E rede 16 Z Evo, 
ott &o1lv óc 16 À ngóc xó B, o0voc tò E npóc 1o Z. 

Eglo yàp tõv A, T, E icáxis noAAonA&ow xà H, O, 
K, tõv 6€ B, A, Z &X^a, à Éxuyev, ioóouc noAXanAóotat xà 
AM, N. 

Kot énet &owv óc xó À npóc xó B, obvoc xvó TI' npóc tò 
A, val etAnnta tv uev A, TD ioóouc noAXanxAGota tà H, O, 
tov 6€ B, A dAa, & čtuyev, toxics MoAAaTAdoLa xà A, M, 
el doa Oneotyet To H tov A, dnepgyet xal to O xoO M, xoi i 
toov éotty, toov, xol et cAAetmer, cAActmer. náv, enel Cot 
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(the) greater. And that (magnitude) to which the latter 
(magnitude) has a greater ratio is (the) lesser. 


For let A have a greater ratio to C than B (has) to C. 
I say that A is greater than B. 

For if not, A is surely either equal to or less than B. 
In fact, A is not equal to B. For (then) A and B would 
each have the same ratio to C [Prop. 5.7]. But they do 
not. Thus, A is not equal to B. Neither, indeed, is A less 
than B. For (then) A would have a lesser ratio to C than 
B (has) to C [Prop. 5.8]. But it does not. Thus, A is not 
less than B. And it was shown not (to be) equal either. 
Thus, A is greater than B. 

So, again, let C have a greater ratio to P than C (has) 
to A. I say that B is less than A. 

For if not, (it is) surely either equal or greater. In fact, 
B is not equal to A. For (then) C would have the same 
ratio to each of A and P [Prop. 5.7]. But it does not. 
Thus, A is not equal to B. Neither, indeed, is B greater 
than A. For (then) C would have a lesser ratio to P than 
(it has) to A [Prop. 5.8]. But it does not. Thus, B is not 
greater than A. And it was shown that (it is) not equal 
(to A) either. Thus, P is less than A. 

Thus, for (magnitudes) having a ratio to the same 
(magnitude), that (magnitude which) has the greater 
ratio is (the) greater. And that (magnitude) to which 
the latter (magnitude) has a greater ratio is (the) lesser. 
(Which is) the very thing it was required to show. 


Proposition 11! 


(Ratios which are) the same with the same ratio are 
also the same with one another. 


Ate Cr— E— — 
B— D = E — 
Gm H m] K — — 


öL —————3 Mmm 

For let it be that as A (is) to B, so C (is) to D, and as 
C (is) to D, so E (is) to F. I say that as A is to B, so E 
(is) to F. 

For let the equal multiples G, H, K have been taken 
of A, C, E (respectively), and the other random equal 
multiples L, M, N of B, D, F (respectively). 

And since as A is to B, so C (is) to D, and the equal 
multiples G and H have been taken of A and C (respec- 
tively), and the other random equal multiples L and M 
of B and D (respectively), thus if G exceeds L then H 
also exceeds M, and if (G is) equal (to L then H is also) 


Nt 
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Gc TÒ T node to A, obtoc tò E npóc tO Z, ual efAnntou 
tov TL, E ioóoac roAAanAGow tà O, K, tõv 6€ A, Z BaAaq, 
& &£xuyev, lading NoAAanAdora xà M, N, ei dpa onepéyet 1o 
© x00 M, Onepéyet xoi xó K x00 N, xoi eL toov, toov, xoà ci 
cAAATOV, £Aottxov. GAA& et onepelye xó O 1o0 M, bnepelye 
xal tò H x00 A, xoà ei toov, tcov, xoà ei EAattov, EAattov’ 
Gore xal et breotye. tO H tod A, dreptyer val tO K tot 
N, xal et toov, toov, xol cl CAattov, €Aattov. “at cot, TH 
uèv H, K tõv A, E ioóouc xoAXonxA&ot, tà 68 A, N tõv B, 
Z &AXa, & ETVXEY, laduic TohAatAdata’ Eotiy Goa Wo TO A 
Teds TO B, obtw¢ TO E ngóc 16 Z. 

Ot sea xG aO1G AóY« oi aotol xoi GAAHAoIC eiotv oi 
gutol’ Once der Setgau. 


t In modern notation, this proposition reads that if o : 8 :: y : ó and y : ó 


f 
D. 
àv f| ónocaobv uevéOr | àváAovov, Eoo, Gc Ev xGV 
fvouuévov mxpóc Ev xGv Éxouévov, oUtocG ünavta c 
yobbevo npóc àravra. xà &róueva. 


Am [F—— Em 


BRC At 7 L—34 


Hr ——3JÀ Ae € 


H) ——————À Me 


kK M4 N 

"Eotwoay onocaoty ueyéðn àváXovov xà A, B, D, A, 
BE, Z, @¢ 70 A nod¢ 10 B, obtw¢ t6 T ngóc xó A, xoi x6 E 
npóc to Zr AEya, OTL EoTly Wo TO A npóc xó B, obtoc tà 
A, T, E nod¢ tà B, A, Z. 

EtA neve yao Tv uev A, D, E ioóouc xoAAonxA&ota tà H, 
O, K, x&v 6€ B, A, Z Dada, & Etvyxev, toduic xoAAXomxA&otat 
ta A, M,N. 

Kat énet cotw we tO A ted¢ T6 B, otbtwe t6 T ngóc xo 
A, xoi t6 E ned¢ 16 Z, wot etAnnta tõv vev A, T, E todnte 
nxoAAanxA&ow tà H, O, K x&v 8€ B, A, Z &AAa, à £xoyev, 
toóouc noAXanA&owut xà A, M, N, ei &pa ónepéye tò H toð A, 
Óneoéyet xoi xó O x00 M, xoi xó K x00 N, xal ei toov, toov, 
xol €i &£Aotxov, &XAarxxov. óoce xol ei breotye: to H tod A, 
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equal (to M), and if (G is) less (than L then H is also) 
less (than M) [Def. 5.5]. Again, since as C is to D, so 
E (is) to F, and the equal multiples H and K have been 
taken of C and E (respectively), and the other random 
equal multiples M and N of D and F (respectively), thus 
if H exceeds M then K also exceeds N, and if (H is) 
equal (to M then K is also) equal (to N), and if (H is) 
less (than M then K is also) less (than N) [Def. 5.5]. But 
(we saw that) if H was exceeding M then G was also ex- 
ceeding L, and if (H was) equal (to M then G was also) 
equal (to L), and if (H was) less (than M then G was 
also) less (than L). And, hence, if G exceeds L then K 
also exceeds N, and if (G is) equal (to L then K is also) 
equal (to N), and if (G is) less (than L then K is also) 
less (than N). And G and K are equal multiples of A 
and E (respectively), and L and N other random equal 
multiples of B and F (respectively). Thus, as A is to B, 
so E (is) to F [Def. 5.5]. 

Thus, (ratios which are) the same with the same ratio 
are also the same with one another. (Which is) the very 
thing it was required to show. 


se: Cthena: B::€:¢. 


Proposition 12! 


If there are any number of magnitudes whatsoever 
(which are) proportional then as one of the leading (mag- 
nitudes is) to one of the following, so will all of the lead- 
ing (magnitudes) be to all of the following. 

A Cm E — 


B ——4 Dmm E = 


GC — — — L ——— — 


K ç 

Let there be any number of magnitudes whatsoever, 
A, B, C, D, E, F, (which are) proportional, (so that) as 
A (is) to B, so C (is) to D, and €E to F. I say that as A is 
to B, so A, C, E (are) to B, D, F. 

For let the equal multiples G, H, K have been taken 
of A, C, E (respectively), and the other random equal 
multiples L, M, N of B, D, F (respectively). 

And since as A is to B, so C (is) to D, and E to F, and 
the equal multiples G, H, K have been taken of A, C, E 
(respectively), and the other random equal multiples L, 
M, N of B, D, F (respectively), thus if G exceeds L then 
H also exceeds M, and K (exceeds) N, and if (G is) 
equal (to L then H is also) equal (to M, and K to N), 
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2 


Onepéyet xoi xà H, O, K x&v A, M, N, xal ei toov, too, xoi 
cil EAaTTOV, ÉAarrova. xof oti tÒ uèy H xa tà H, ©, K 
tot À xoi x&v A, L', E ioóouc xoAXoaxA&oat, &£xeiorinep &àv 
Y, órocaoDv uevéOr, ónocovoOv ueve0Gv toov TO TARVOC 
EXMOTOV Exdotov todxic MoAAaTAcOLOV, ÓconAÓ&cLÓv £o 
Ev tÓv ueYve0Gv Evdc, TooaLTtanAdora ČOTAL XAL TÀ TNÅVTA 
TOV TEVTOV. OL TK GOTH OF ual TO A xoà xà A, M, N cob 
B xoi x&v B, A, Z todxs ot) noAAatAdom čaty how G¢ 
TÒ A npóc 10 B, ottwe xà À, L', E ngóc xà B, A, Z. 

Eàv àpa Y, ónoocaoÜ0v ueyéOr &vàAoyov, Eotot óc EV 
t&v Yjvouuévov MOOS EV TOV ENOMEVWY, ODTWS ATAVTA TA 
YYOUUEVA MOOS UOMAVTA TH ENOUEVa OTEO EHEt Setgau. 
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and if (G is) less (than L then H is also) less (than M, 
and K than N) [Def. 5.5]. And, hence, if G exceeds L 
then G, H, K also exceed L, M, N, and if (G is) equal 
(to L then G, H, K are also) equal (to L, M, N) and 
if (G is) less (than L then G, H, K are also) less (than 
L, M, N). And G and G, H, K are equal multiples of 
A and A, C, E (respectively), inasmuch as if there are 
any number of magnitudes whatsoever (which are) equal 
multiples, respectively, of some (other) magnitudes, of 
equal number (to them), then as many times as one of the 
(first) magnitudes is (divisible) by one (of the second), 
so many times will all (of the first magnitudes) also (be 
divisible) by all (of the second) [Prop. 5.1]. So, for the 
same (reasons), L and L, M, N are also equal multiples 
of B and B, D, F (respectively). Thus, as A is to B, so 
A, C, E (are) to B, D, F (respectively). 

Thus, if there are any number of magnitudes whatso- 
ever (which are) proportional then as one of the leading 
(magnitudes is) to one of the following, so will all of the 
leading (magnitudes) be to all of the following. (Which 
is) the very thing it was required to show. 


t In modern notation, this proposition reads that if a: a’ :: 8: B! :: »y : ^y/ etc. then o : o :: (a 4-84 yT-):(o 8 ry T). 


f 
Ly’. 
àv ngGtov moed¢ öðcútepov TOV AOTOV EyN AOYOYV xol 
toltov Teds tétaptov, teltov S€ npòçs tÉTApTOV uelCova 
LOY OV EXN Y, NEUNTOV TENS EXTOYV, Kal MEGSTOV MOdS SEUTEPOV 
uetCova Adyoy fet f} néuntov MEd ExTov. 








A /-— ['—— E= — 

B —* Ate —N 

M! iH 0 

N m KR —— A! | 








IIgósxov yàp tò A ngóc ocoxepov xó B xóv aitov &yévo 
Aóvov xoà toltov tò I' ngóc tétaptov tÒ A, toltov è tò T 
Teds TÉTApTOV TÒ A uelCova Adyoy éyétw Y, néunvov xó E 
npóc Exxov 1o Z. Aévo, Óx xol noõTtTov TÒ À npóc 860tepov 
tò B usct(Cova Aóvov fer Aree néuntov tO E node Extov TO 
Z. 

Enei yàp Eott tive tõv uèv I, E todure nohAanAdcowg, 
tav b¢ A, Z ha, & Etvyev, toóouc noAXonA ot, xol TO uèv 
tol I nodkanddovov to x00 A nodAarndactov dreetyet, 
tO O€ TOD E noAAaxAÓ&cvov x00 tot Z xoAAanAaoctou oOy 
ünepéyet, ciga, xa gota TOV uev l, E ioáx toà- 
AarA&ow xà H, O, x&v è A, Z Wada, & Etvyev, todonuc 
ntoAÀAanAó&cut tà K, A, ote tò uèv H toðŭ K bnecpéyew, tò 
dé © tod A uù ùncpéyeiv: xal ôcanàgoiov év ot tò H 
1:00 L', xocauxanA&oiov Éoxo xoi xó M toŬŭ A, ôcanàgoov 
6€ tò K tot A, xocauxanAGotov Éoxo xoi xó N tot B. 


Proposition 13! 


If a first (magnitude) has the same ratio to a second 
that a third (has) to a fourth, and the third (magnitude) 
has a greater ratio to the fourth than a fifth (has) to a 
sixth, then the first (magnitude) will also have a greater 
ratio to the second than the fifth (has) to the sixth. 








ÅA = — C —— E ——— 

Br Dt E =~~ 

M' 1 Gt 1 Hi 

N mm K — — L | 





For let a first (magnitude) A have the same ratio to a 
second B that a third C (has) to a fourth D, and let the 
third (magnitude) C have a greater ratio to the fourth 
D than a fifth E (has) to a sixth F. I say that the first 
(magnitude) A will also have a greater ratio to the second 
B than the fifth E (has) to the sixth F. 

For since there are some equal multiples of C and 
E, and other random equal multiples of D and F, (for 
which) the multiple of C exceeds the (multiple) of D, 
and the multiple of E does not exceed the multiple of F 
[Def. 5.7], let them have been taken. And let G and H be 
equal multiples of C and E (respectively), and K and L 
other random equal multiples of D and F (respectively), 
such that G exceeds kK, but H does not exceed L. And as 
many times as G is (divisible) by C’, so many times let M 
be (divisible) by A. And as many times as K (is divisible) 
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Koi nel otv ðs TÒ À npóc xó B, obvoc tò I ngóc 
to A, xal ethynntoa tv uev A, TD toduc nodAamAcore tà 
M, H, t&v è B, A Aa, & Exuyev, todxig MoAAaTAdOLE TH 
N, K, ei &pa Drepgye: tO M tot N, onegéyet xoi tO H tod 
K, xal ei toov, toov, xal et EAattov, EAAatov. Oneesyet Oe 
tò H *o0 K- onegéyet àpa xot tò M tod N. 10 d¢ © tod 
A ovy Ònepéyer xal £ow tà u£v M, O x&v A, E ioóouc 
tohAanAdova, ta òè N, A x&v B, Z &AXa, & £xoyev, toóouc 
ntoAAanA&cwur x6 Goo. À npóc xó B uc(Cova Aóyvov Eye Ane 
tó E npóc tò Z. 

"Ev doa np ov Ted SEUTEPOY TOY AUTOY yy Aóyov 
xal TEtTOY Teds TETAOTOYV, xp(xvov 6€ npóc xéxaprov uetCova 
Aóv ov Ey) Y, &un xov ngóc Extov, xoi MOGTOV Mods SEVTEPOY 
ustCova Adyoy Eten Y, MEUMTOV TEdS Extov’ Stee Eder Seton. 


t In modern notation, this proposition reads that if o : 8 :: y : ô and y 
LO’. 


Eàv noðtov noòc öðcútepov TOV HOTOV EyN AOYOV xol 
toitov TpÒc TÉTApPTOV, TÒ SE TOdtov tot toitou uetCov ñ, 
xoà tó Og0tepov xoU xexápxou uciCov &oxot, xàv toov, toov, 
XAV EXattov, EXattoyv. 


A= [5 
Be — Akt 

Ilpéstov yao xó A nxpóc Sevtegov TO B avtdv éyétw 
Aóvov xal tottoy 70 [ ned¢ tétaptov 1ó A, uciGov o£ Eoo 
tó À x00 I Aéyo, ów xoi tò B 100 A ucitóv otw. 

Enei yàp tò A x00 D' uciCóv &oxuv, &AXo 9€, Ó Éxuyev, 
luéveOoc] xó B, tò A &pa npóc xó B uectCova Aóvov Eyer 
fep xó D ngóc tò B. òs è tò A node có B, obtoc 1 
D' rgóc 1ó A xoi tò T &pa npóc tò A ueiGova Aóvov &yet 
fnep tò I ngóc tò B. npóc Ó 8€ TO adTO UElCova Aóyov 
&yet, &xelvo £Aatooóv &ouv: £Aacoov wou tO A tot B: Gote 
uciCév éott TO B tot A. 

‘Ouotw¢ SY detGouey, Str xdv toov Å tò A 165 T, oov 
cota xol tò B 16$ A, x&v EAacooy Ff t6 A toU T, EAaooov 
&ctot xol tò B x00 A. 

“Edy doa npó$tov npóc SeUTEPOV TOV aLTOY EyNH AdYOV 
Xo TOITOV NOdE TETAOTOV, TO 66 noGixov TOD TeitoL UEICov f, 
xoà TO SeUTEPOV Tol teté&oeTtOL UEtCov Eaton, xàv toov, toov, 
x&v EAattov, Ehattov’ neo Eden Setean. 
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by D, so many times let N be (divisible) by B. 

And since as A is to B, so C (is) to D, and the equal 
multiples M and G have been taken of A and C (respec- 
tively), and the other random equal multiples N and K 
of B and D (respectively), thus if M exceeds N then G 
exceeds K, and if (M is) equal (to N then G is also) 
equal (to K), and if (M is) less (than N then G is also) 
less (than K) [Def. 5.5]. And G exceeds K. Thus, M 
also exceeds N. And H does not exceeds L. And M and 
H are equal multiples of A and E (respectively), and N 
and L other random equal multiples of B and F (respec- 
tively). Thus, A has a greater ratio to B than F (has) to 
F [Def. 5.7]. 

Thus, if a first (magnitude) has the same ratio to a 
second that a third (has) to a fourth, and a third (magni- 
tude) has a greater ratio to a fourth than a fifth (has) 
to a sixth, then the first (magnitude) will also have a 
greater ratio to the second than the fifth (has) to the 
sixth. (Which is) the very thing it was required to show. 


:ó» e:Gtheno:8 » e:i. 


Proposition 147 


If a first (magnitude) has the same ratio to a second 
that a third (has) to a fourth, and the first (magnitude) 
is greater than the third, then the second will also be 
greater than the fourth. And if (the first magnitude is) 
equal (to the third then the second will also be) equal (to 
the fourth). And if (the first magnitude is) less (than the 
third then the second will also be) less (than the fourth). 


At—_ ~CGre — 


B — — D m Nii 

For let a first (magnitude) A have the same ratio to a 
second B that a third C (has) to a fourth D. And let A be 
greater than C. I say that B is also greater than D. 

For since A is greater than C, and B (is) another ran- 
dom [magnitude], A thus has a greater ratio to B than C 
(has) to B [Prop. 5.8]. And as A (is) to B, so C (is) to 
D. Thus, C also has a greater ratio to D than C (has) to 
B. And that (magnitude) to which the same (magnitude) 
has a greater ratio is the lesser [Prop. 5.10]. Thus, D (is) 
less than B. Hence, B is greater than D. 

So, similarly, we can show that even if A is equal to C 
then B will also be equal to D, and even if A is less than 
C then B will also be less than D. 

Thus, if a first (magnitude) has the same ratio to a 
second that a third (has) to a fourth, and the first (mag- 
nitude) is greater than the third, then the second will also 
be greater than the fourth. And if (the first magnitude is) 
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equal (to the third then the second will also be) equal (to 
the fourth). And if (the first magnitude is) less (than the 
third then the second will also be) less (than the fourth). 
(Which is) the very thing it was required to show. 


‘ s * > > 
t In modern notation, this proposition reads that if o : 8 :: y : ó then o = 7 as 8 = Ô. 


le. 
Tà uépn totc Goavtwc noAharAactoig TOV aLTOV EyEL 
Aóvov Angvervta natarAnra. 
— —— — 


AK AE ‘7 +$-— 

"Ecto yuo toduig noAAanAdotov TO AB 100 D xoi xo AE 
toU Z' ÀéYo, Óu &cxlv óc 16 TP ngóc tò Z, oŬtws tò AB 
toog TO AEB. 

‘Enel yuo toduic £o xoAAanAGowov xó AB x00 D xoi 
tO AE tob Z, 6ca &pa &oxiv èv tă AB ueyéðn toa 1H 
I', tocaŭta xal £v 166 AE toa 16$ Z. 8morjo9o 1ó uev AB 
cic tà t& T toa tà AH, HO, OB, tò Se AEF cic xà 1G Z 
toa tà AK, KA, AE: £oxot ù {oov tò nàğðoc tõv AH, 
HO, OB :6& nAff9& xGv AK, KA, AE. xoi &ncl toa ŝoti tà 
AH, HO, OB óAAfjxoic, £o SE xa te AK, KA, AE toa 
&AAfkowc, &ouv Goa Oe TO AH ngóc 16 AK, ottw¢ tò HO 
toog T0 KA, xoi tò OB ngóc tò AE. ota &oa xol we Ev 
TOV YYOUUEVOYV TODOS EV TOY ETOUEVWY, OUTWS EMavta TH 
fYouuéva npóc &navta Ta ENdUEva’ Eottv koa Go tO AH 
Teds tò AK, o0xoc tò AB nxgóc xó AE. (cov 96 xó uev AH 
tT, tò è AK tõ Z: É£ov &pa óc 10 T node 16 Z ovtw¢ 
tò AB npóc tò AE. 

Tà doa YEE Tole Goavtw¢ toàanhaoclois TÒV QÙTÒV 
eye. Adyoyv Angévta xatna Öönep čec. deté. 


t In modern notation, this proposition reads that o : 8 :: ma : m f. 


I. 

"E&v xéocopo ueyéðn vé oov Y, xol £vo Aà& évéXovov 
EOT. 

"Hote téocapa ueyéðn à&váñoyov xà A, B, T, A, we TÒ 
A neds tò B, oŬtwg tò T mode 16 A’ Ayco, STL Ma EVOAAGE 
làváAovov| Éoxot, O¢ TO A ned¢ TOT, obtaw¢ tò B ned¢ tH 
s 

EXAfpOc yàp tõv uev A, B ioóxtcz noAXanA o tà E, 
Z, tv bE T, A Ga, & Exuyev, toócouc xoXXonAó&ocu tà H, 


©; 


Proposition 15! 


Parts have the same ratio as similar multiples, taken 
in corresponding order. 


A G H B 


n Ch uc 
D K L E 
m E = 


For let AB and DE be equal multiples of C and F 
(respectively). I say that as C is to F, so AB (is) to DE. 

For since AB and DE are equal multiples of C and 
F (respectively), thus as many magnitudes as there are 
in AB equal to C, so many (are there) also in DE equal 
to F. Let AB have been divided into (magnitudes) AG, 
GH, HB, equal to C, and DE into (magnitudes) DK, 
KL, LE, equal to F. So, the number of (magnitudes) 
AG, GH, HB will equal the number of (magnitudes) 
DK, KL, LE. And since AG, GH, H B are equal to one 
another, and DK, KL, LE are also equal to one another, 
thus as AG is to DK, so GH (is) to KL, and HB to LE 
[Prop. 5.7]. And, thus (for proportional magnitudes), as 
one of the leading (magnitudes) will be to one of the fol- 
lowing, so all of the leading (magnitudes will be) to all of 
the following [Prop. 5.12]. Thus, as AG is to DK, so AB 
(is) to DE. And AG is equal to C, and DK to F. Thus, 
as C is to F, so AB (is) to DE. 

Thus, parts have the same ratio as similar multiples, 
taken in corresponding order. (Which is) the very thing 
it was required to show. 


Proposition 16! 


If four magnitudes are proportional then they will also 
be proportional alternately. 

Let A, B, C and D be four proportional magnitudes, 
(such that) as A (is) to B, so C (is) to D. I say that they 
will also be [proportional] alternately, (so that) as A (is) 
to C, so BP (is) to D. 

For let the equal multiples E and F have been taken 
of A and B (respectively), and the other random equal 
multiples G and H of C and D (respectively). 
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A = 


BR 


Kot énet todurc Goth NoAAanAdotoyv T6 E tot A xat to Z 
toU B, xà 6& u£pr) xoic óooabtoc TOAAUTAMOLOLS TOV ADTOV 
Exel AÓYOv, £octv ópa cc 16 À npóc xó B, o0voc xó E npóc 
TÒ Z. c 6€ xó À npóc xó B, obtoc xó I' ngóc 1ó Ac xol We 
&poa tÒ I ngóc xó A, o0xoc xó E ngóc tÒ Z. nó, Enel xà 
H, O x&v I, A icáxs £o xoAXonA&otat, £o &oa ðs tò T 
todos TO A, OUTOU toH npóc 16 O. We 6€ x6 I' ngóc xo A, 
lobvtoc| 1ó E npóc tò Z: xa ðs pa tò E npóc 1o Z, obtoc 
tO H nodc TO O. Edy OE xéocopa uevéor àvóXovov Y, xo o6 
Totoy voU vo(xou uctCov Y, xoi xó 6c0tepov voU veváptou 
ueitov gota, xd&v toov, toov, x&v EAattov, EAattov. et koa 
breesyet TÒ E toŭ H, onepeyer xal to Z 100 ©, xal ci toov, 
(cov, xol et EAaTttoV, EAaTtTtov. xal oti tÀ uèv E, Z Gv 
A, B todutc roAAanA&ow, xà 6€ H, O x&v D, A dra, & 
ETLYEV, loduic ToAAaTAdoLa’ Eat doa wo TO A Tod TOT, 
obtws TO B node TO A. 

Eàv ópa téocopa ueyéUr avddoyoyv Y, xoi vahid 
&v&Aovov gota once Eder Setgau. 


t In modern notation, this proposition reads that if o : 8 :: y : ó then o: 


f 
ic 
‘Hav cuYvxeiueva uevéor] d&vddoyoy F, xal diopedevta 
&váovov Éocat. 


A E B r ZA 
m — — 
H © K ci 

A M N II 


"Eoo cuvxectueva uevéor, àváAovov xà AB, BE, IA, 
AZ, oc tò AB ngóc xó BE, o0xoc tò TA ngóc xó AZ: 
éy, Čt xa Oto pe Dé vro. àváAovov Éocot, óc vó AE ngóc 
tO EB, obzoc x6 L'Z ngóc tò AZ. 

BU pOc Yàp tv u£v AE, EB, LZ, ZA ioóoac noA- 
AaxA&ow xà HO, OK, AM, MN, «Gv 6€ EB, ZA &XAa, & 
&TUXEV, Loóotc xoAAonAGow tà KZ, NII. 

Koi &nel toóouc gott xoAXanA&oiov tò HO x00 AE xol 
tò OK tod EB, icáxıc Kon Eotl noAAanAG&ovov xó HO tod 
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FEF — H = 

And since E and F are equal multiples of A and B 
(respectively), and parts have the same ratio as similar 
multiples [Prop. 5.15], thus as A is to B, so F (is) to F. 
But as A (is) to B, so C (is) to D. And, thus, as C (is) 
to D, so E (is) to F [Prop. 5.11]. Again, since G and H 
are equal multiples of C and D (respectively), thus as C 
is to D, so G (is) to H [Prop. 5.15]. But as C (is) to D, 
[so] E (is) to F. And, thus, as E (is) to F, so G (is) to 
H [Prop. 5.11]. And if four magnitudes are proportional, 
and the first is greater than the third then the second will 
also be greater than the fourth, and if (the first is) equal 
(to the third then the second will also be) equal (to the 
fourth), and if (the first is) less (than the third then the 
second will also be) less (than the fourth) [Prop. 5.14]. 
Thus, if E exceeds G then F also exceeds H, and if (E is) 
equal (to G then F is also) equal (to H), and if (E is) less 
(than G then F is also) less (than H). And E and F are 
equal multiples of A and B (respectively), and G and H 
other random equal multiples of C and D (respectively). 
Thus, as A is to C, so B (is) to D [Def. 5.5]. 

Thus, if four magnitudes are proportional then they 
will also be proportional alternately. (Which is) the very 
thing it was required to show. 


"S e. 


Proposition 177 


If composed magnitudes are proportional then they 
will also be proportional (when) separarted. 


A E B C F D 
— — — — 
G H K O 
m y — — 
L M N P 


Let AB, BE, CD, and DF be composed magnitudes 
(which are) proportional, (so that) as AB (is) to BE, so 
CD (is) to DF. I say that they will also be proportional 
(when) separated, (so that) as AF (is) to EB, so CF (is) 
to DF. 

For let the equal multiples GH, Hk, LM, and MN 
have been taken of AE, EB, CF, and FD (respectively), 
and the other random equal multiples KO and NP of 
EB and FD (respectively). 
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AE xoà xó HK x00 AB. toócouc 66 £o roAXanxAGotov tò HO 
t:oU0 AE xa tò AM x00 [Z todxs tow ath noAAaTAdoLov 
tò HK tot AB xat tò AM tot TZ. nédw, &nei ioóouc Eott 
xoAAonA&octov 1ó AM toh D'Z xoi xó MN x00 ZA, toóouc &po 
&oxl roAAanA&otoy xó AM x00 L'Z xo tò AN tot TA. todnte 
0€ Ay roAAanA&ciov tò AM tot TZ xat to HK tot AB: 
ioduic Yow €otl noh\AanAdotoyv xó HK xo0 AB xal tò AN x00 
TA. ta HK, AN du tév AB, TA toduts atl nodkAamAdcoum. 
TOA, ETEL toduic Cott NoAAaTAaotov TO OK tot EB xa to 
MN x00 ZA, £o 9€ xoi xó KE x00 EB iocoac roAXoanA&otov 
xol tò NII toŭ ZA, xal ouvteðèv xó OX x00 EB ioóoxuc &oxi 
TOoAAÀanA&OwY xol tO MIT tod ZA. xot énet otv ðc tò AB 
ngoc TO BE, obtoc tò L'A npóc xó AZ, xoi erro vv 
uev AB, TA icáxis noAXanxAGci tà HK, AN, x&v 6&6 EB, 
ZA toduic roAXanAócu ta OF, MIT, ct doa bnepéyer tO 
HK tot OF, oónepéyet xoi xó AN x00 MII, xoà et toov, toov, 
xol ei £Aotxov, EAattov. bnepeyétw Of tO HK tod OF, 
xoà xotvoU apaoeDEvtos To OK onepeyer &pa xa tò HO 
tol KE. ohAw st Onepstye t0 HK tot OF ncpeïye xal tò 
AN tot MIT: drepéyer &po xoi xó AN xoO MII, xoà xotvoO 
apapedévtoc tol MN bdrepéyer xol tò AM tot NIT Gote 
el breptye: TO HO xvo0 KE, onepéyet xoi xó AM tod NII. 
uolos 967) 6ctGouev, óuw xàv toov f, TO HO 165 KE, tcov 
cota xat TO AM x65 NIL, xàv £Aaxxov, &Aaxxov. xot &oxt xà 
uev HO, AM «Gv AE, IZ icáxis roAXoanA&ota, xà òè KE, 
NII t&v EB, ZA &Aa, & £xoyev, todxs roAXornA&octr £ottv 
toa wo TO AE ngóc tò EB, o0xoc 1ó L'Z ngóc 16 ZA. 

Eàv “oa ovuyxsiueva usyedn àvó^oyov Y, xoi Otou- 
eevevta avéAoyoy &otov ónep Eder Seton. 
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And since GH and H K are equal multiples of AE and 
EB (respectively), GH and GK are thus equal multiples 
of AE and AB (respectively) [Prop. 5.1]. But GH and 
LM are equal multiples of AE and CF (respectively). 
Thus, Gk and LM are equal multiples of AB and CF 
(respectively). Again, since LM and M N are equal mul- 
tiples of C F and F D (respectively), LM and LN are thus 
equal multiples of CF and C D (respectively) [Prop. 5.1]. 
And LM and GK were equal multiples of CF and AB 
(respectively). Thus, GK and LN are equal multiples 
of AB and CD (respectively). Thus, Gk, LN are equal 
multiples of AB, CD. Again, since HK and MN are 
equal multiples of EB and FD (respectively), and KO 
and NP are also equal multiples of EB and FD (respec- 
tively), then, added together, HO and M P are also equal 
multiples of EB and FD (respectively) [Prop. 5.2]. And 
since as AB (is) to BE, so CD (is) to DF, and the equal 
multiples Gk, LN have been taken of AB, CD, and the 
equal multiples HO, M P of EB, FD, thus if GK exceeds 
HO then LN also exceeds MP, and if (GK is) equal (to 
HO then LN is also) equal (to M P), and if (GK is) less 
(than HO then LN is also) less (than M P) [Def. 5.5]. 
So let GK exceed HO, and thus, H K being taken away 
from both, GH exceeds KO. But (we saw that) if GK 
was exceeding HO then LN was also exceeding M P. 
Thus, LN also exceeds MP, and, MN being taken away 
from both, LM also exceeds N P. Hence, if GH exceeds 
KO then LM also exceeds NP. So, similarly, we can 
show that even if GH is equal to KO then LM will also 
be equal to NP, and even if (GA is) less (than KO then 
LM will also be) less (than NP). And GH, LM are equal 
multiples of AE, CF, and KO, NP other random equal 
multiples of EB, FD. Thus, as AE is to EB, so CF (is) 
to FD [Def. 5.5]. 

Thus, if composed magnitudes are proportional then 
they will also be proportional (when) separarted. (Which 
is) the very thing it was required to show. 


t In modern notation, this proposition reads that if a + 8 : 8 :: y 4-ó:ó thenao: B zy :ó. 


f 


ue 
Eàv éwprnuéva ucyéðn a&vdAoyoy Å, “al ouvteDevta 
&váovov Éocot. 
A E B 


— — — —— — — — —œ )— 


DU ZH A 


"Ecto &wrnuéva uevéor àváXoyvov xà AE, EB, LZ, ZA, 
Oc TÒ AE npóc 16 EB, otttwo 16 TZ med¢ 16 ZA’ Evo, 
OTL Kal ouvtTeVEevta &váAoYvov ota, @¢ TO AB node tò BE, 


Proposition 18! 


If separated magnitudes are proportional then they 
will also be proportional (when) composed. 


A E B 
—— — — — — — — 
C F G D 


-———————— n 
Let AE, EB, CF, and FD be separated magnitudes 
(which are) proportional, (so that) as AE (is) to EB, so 
CF (is) to FD. I say that they will also be proportional 
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ovtws TO [T'A ngóc tò ZA. 

Ei yàp uf, £oiv óc TO AB node tO BE, obxoc tò TA 
npóc tò AZ, Éotot óc 1ó AB ngóc tO BE, obtoc 1ó IA 
Fto. Tod EAaoady tt to AZ ¥ medc ucicov. 

"Ecto noótepov ted EAacooy T0 AH. nol Enet Eatw we 
tò AB nod¢ 10 BE, oŬtws tò TA nod¢ 16 AH, cvyxetueva 
ueyéðn &v&Aovóv otv: Gate xal siamoeVEvta &váAovov 
Eoto. Eottv dou Wo TO AE npóc tò EB, obtoc tò [TH node 
tO HA. drdxeiton è xal ðs TÒ AE noòs tò EB, obtoc 1 
I'Z ngóc xó ZA. xoi óc &pga xó D'H ngóc tò HA, oŬtws tÒ 
[Z ngóc xó ZA. uciCov è tò ngGov xó D'H to toeitov too 
TZ usiGov toa xat tO Seutepov tO HA x00 tetéetou roO 
ZA. GAA Kol EAattov’ OnE Eotly GUVvatov’ ovx dea éotty 
Oc tÒ AB npóc 16 BE, ottwe 160 TA node Ehkacoov tov 
ZA. dvotw¢ 97) Gc(&ouev, StL OLSE TEdS UEtCoV’ MEdE ADT 
Koa. 

Eàv àpo owmerjuéva uevéUr &vàAoYov T, xot oovxeoévca 
&váAovov Eotat Ónep Eoec OclGot. 
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(when) composed, (so that) as AB (is) to BE, so C D (is) 
to FD. 

For if (it is) not (the case that) as AB is to BE, so 
CD (is) to FD, then it will surely be (the case that) as 
AB (is) to BE, so CD is either to some (magnitude) less 
than DF, or (some magnitude) greater (than DF’). 

Let it, first of all, be to (some magnitude) less (than 
DF), (namely) DG. And since composed magnitudes 
are proportional, (so that) as AB is to BE, so CD (is) to 
DG, they will thus also be proportional (when) separated 
[Prop. 5.17]. Thus, as AE is to EB, so CG (is) to GD. 
But it was also assumed that as AE (is) to EB, so CF 
(is) to FD. Thus, (it is) also (the case that) as CG (is) 
to GD, so CF (is) to FD [Prop. 5.11]. And the first 
(magnitude) CG (is) greater than the third CF. Thus, 
the second (magnitude) GD (is) also greater than the 
fourth FD [Prop. 5.14]. But (it is) also less. The very 
thing is impossible. Thus, Cit is) not (the case that) as AB 
is to BE, so CD (is) to less than FD. Similarly, we can 
show that neither (is it the case) to greater (than FD). 
Thus, (it is the case) to the same (as FD). 

Thus, if separated magnitudes are proportional then 
they will also be proportional (when) composed. (Which 
is) the very thing it was required to show. 


t In modern notation, this proposition reads that if o : 8 :: y : ó then 4- 8 : B : y 4-6 :Ó. 


t Here, Euclid assumes, without proof, that a fourth magnitude proportional to three given magnitudes can always be found. 


v. 


"Ev f| óc óAov npóc óAov, oto OotpeUev xpóc óot- 
oeVév, xal TO AoLNOV Ted TO AOLTOV EoTA G¢ GAOV npóc 
cr 
ÓAÀOY. 


A E b 


E —————À————————————À4 
D Z A 

"Eotw Yàp óc óAov TO AB node SAov tò TA, ottae 
cpaoedev tò AE nxpóc doewpeOev tò TZ Aéyw, Öt xol 
Aowóv tò EB node àorròv tò ZA Eota ðs SAov 76 AB 
todos SAov tò TA. 

Enei ye otv ðs tò AB node tò TA, oŬbtos tò AE 
toeog T0 TZ, xoà &vaAAA& ðs tO BA rode 10 AE, ot tw¢ 
tO AT node 10 IZ. xoà &ncl cuvxetueva uevéor àvéXovóv 
£ottv, Xo OuopeUevxa. véáXovov £ocot, @¢ TO BE med¢ TO 
EA, obtoc 6 AZ node t6 PZ: nat EvahAdé, @¢ tO BE ned¢ 
tO AZ, ottwo TO EA ned¢ tò ZI. Oo 66 1:6 AE npóc 106 LZ, 
ovtws DndxEettTa dAoV TO AB npóc ÓAov xó DA. xoi Aowxóv 
toa tò EB node Aoindv 16 ZA £ocot óc óAov tò AB npóc 
— tó LA. 

Eàv &pa 7| c ÓAov npóc SAOY, OUTS HPaLoEDEV TOEd¢ 


Proposition 19! 


If as the whole is to the whole so the (part) taken 
away is to the (part) taken away then the remainder to 
the remainder will also be as the whole (is) to the whole. 


A E B 
— — — — — 
C F D 
m y E 


For let the whole AB be to the whole C D as the (part) 
taken away AF (is) to the (part) taken away CF. I say 
that the remainder EB to the remainder F D will also be 
as the whole AB (is) to the whole CD. 

For since as AB is to CD, so AF (is) to CF, (it is) 
also (the case), alternately, (that) as BA (is) to AE, so 
DC (is) to CF [Prop. 5.16]. And since composed magni- 
tudes are proportional then they will also be proportional 
(when) separated, (so that) as BE (is) to EA, so DF (is) 
to CF [Prop. 5.17]. Also, alternately, as BE (is) to DF, 
so EA (is) to FC [Prop. 5.16]. And it was assumed that 
as AE (is) to CF, so the whole AB (is) to the whole C D. 
And, thus, as the remainder EB (is) to the remainder 
FD,so the whole AB will be to the whole C D. 
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apapevey, xal TO AoLNOV Ted TO AOLMOV EoTaL Gc OAOV 
neds GArov [Sree Eder Seteau]. 

[Kat énxet dety0n @¢ tO AB nod¢ 160 L'A, o0xoc tò EB 
todos TÒ ZA, nal EvoAAdE Go TO AB node tò BE ottw¢ tÒ 
TA node to ZA, suyxeiueva doa ueyédn àváXovóv &ouv 
£Oc(y Or, 66 óc xó BA npóc 10 AE, ottwo to AT rede tò 
TZ: xal otuv d&vaoteédvaytt]. 


IIógwya. 


Ex 675 tovtov qavepóv, ó* &àv ouyxetueva Usyedy 
&v&AoYov Y, xoi àávootpégovu àváXovov Eota’ Sree eden 
OELE au. 
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Thus, if as the whole is to the whole so the (part) 
taken away is to the (part) taken away then the remain- 
der to the remainder will also be as the whole (is) to 
the whole. [(Which is) the very thing it was required to 
show.] 

[And since it was shown (that) as AB (is) to C D, so 
EB (is) to FD, (it is) also (the case), alternately, (that) 
as AB (is) to BE, so CD (is) to FD. Thus, composed 
magnitudes are proportional. And it was shown (that) 
as BA (is) to AE, so DC (is) to CF. And (the latter) is 
converted (from the former).] 


Corollary? 


So (it is) clear, from this, that if composed magni- 
tudes are proportional then they will also be proportional 
(when) converted. (Which is) the very thing it was re- 
quired to show. 


t In modern notation, this proposition reads that if a : 8 :: y :ó then: 8: — y : 8 — ó. 


t [n modern notation, this corollary reads that if à : 8 :: y :ó then: — B y:y—ô. 


f 


X * 

"E&v T, vp(a ueyéOr) xoi &AAa obcoic ica xo nAfj9oc, 
ovvove AguBavoueva xol Ev TH aT Aóy%w, dt toou SE TO 
mTedtov tol teitov uetCov 3j, xoi TO xévaptov toU Éxtou 
uetCov Eota, x&v toov, toov, x&v EAATTOV, EAATTOV. 


AR — — 
B m — 


| —— 

"Ecco tola ueyéðn tà A, B, T, xal dra adtoi¢ {oa tò 
nAfjDoc xà A, E, Z, cóv8uo Aaupoavóueva &v 165 Ùt AÓY«, 
Gc u£v 1ó À ngóc xó B, o0voc 16 A npóc xó E, óc 66 tò B 
npóc tó D, obzoc tÒ E roòs tò Z, òr (cou è uciCov £oto 
tO A toU I" Aéyo, ó xoi 1ó A toO Z uciCov £ocot, xàv 
toov, taoov, x&v EXattov, EAaTTOV. 

Enel yàp uet óv oti TÒ À x00 L', AAO SE tı tò B, 16 5e 
ustCov Ted¢ TO HOTS UElCova Adyoy Eye Ameo TO Erattoy, 
tO A oa Teds TO B ustCova Adyoy Eyer Anco 76 T rede tO 
B. àÀX' óc u&v xó À ngóc xó B [obxoc| ó A npóc xo E, óc 
0€ xo I' ngóc xó B, &vánoDuv obtoc x6 Z ngóc TO E» xoi xo 
A &pa. npóc xó E uetCova AóYov Eye fjnep tò Z npóc xo E. 
TOV OE TEDS TO AUTO AdYOY EySYTWY xo uc(Cova Aóvov Eyov 
ustCdv otv. uetCov toa t6 A tot Z. duolwc¢ Sy) delCouey, 
ott xav toov Å 70 A tH) T, toov gota xot to A tH Z, “av 


Proposition 20! 


If there are three magnitudes, and others of equal 
number to them, (being) also in the same ratio taken two 
by two, and (if), via equality, the first is greater than the 
third then the fourth will also be greater than the sixth. 
And if (the first is) equal (to the third then the fourth 
will also be) equal (to the sixth). And if (the first is) less 
(than the third then the fourth will also be) less (than the 
sixth). 


C RH 

Let A, B, and C be three magnitudes, and D, E, F 
other (magnitudes) of equal number to them, (being) in 
the same ratio taken two by two, (so that) as A (is) to B, 
so D (is) to E, and as B (is) to C, so E (is) to F. And let 
A be greater than C, via equality. I say that D will also 
be greater than F. And if (A is) equal (to C then D will 
also be) equal (to F). And if (A is) less (than C then D 
will also be) less (than F). 

For since A is greater than C, and P some other (mag- 
nitude), and the greater (magnitude) has a greater ratio 
than the lesser to the same (magnitude) [Prop. 5.8], A 
thus has a greater ratio to B than C (has) to B. But as A 
(is) to B, [so] D (is) to E. And, inversely, as C (is) to B, 
so F (is) to E [Prop. 5.7 corr.]. Thus, D also has a greater 
ratio to E than F (has) to E [Prop. 5.13]. And for (mag- 
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nitudes) having a ratio to the same (magnitude), that 
having the greater ratio is greater [Prop. 5.10]. Thus, 
D (is) greater than F. Similarly, we can show that even if 
A is equal to C then D will also be equal to F, and even 
if CA is) less (than C then D will also be) less (than F). 

Thus, if there are three magnitudes, and others of 
equal number to them, (being) also in the same ratio 
taken two by two, and (if), via equality, the first is greater 
than the third, then the fourth will also be greater than 
the sixth. And if (the first is) equal (to the third then the 
fourth will also be) equal (to the sixth). And (if the first 
is) less (than the third then the fourth will also be) less 
(than the sixth). (Which is) the very thing it was required 
to show. 


t In modern notation, this proposition reads that if a : 8 :: ô: eand 8 : y :: € : ¢ then a - ^y as ó Z C 


XO. 

Eàv ¥) tola ueyéðn xal dAka avtotc toa tO TARVOC 
cóv6uo Aaupovóueva val Ev TH aT AdYO, FOF TETO- 
pevuévr, aóxGv Y, AVvaAoyta, Ob toou S€ TO npoGtov toO 
toitou ueitov 4, xal TÒ TéEtTXOTOV ToD Extov UEtCov Eota, 
Xàv toov, oov, X&V EAaTTOYV, EAQTTOV. 


A—— — — 
Bm — 


['—————À 
"Ecco rgía uevéOr, xà A, B, D xoi Xo abtoic toa tò 
nAfjooc xà A, E, Z, cóv6uo Aoupavóueva xoi &v tT atói 
KOYO, ECT OF xexoparyuevr) aOtG v Y) &vaXovto, c uev TO 
A ngóc 10 B, otttwo 16 E nod¢ t6 Z, Wo Se 16 B node TOT, 
o0tOc 16 A ngóc 16 E, à cou 86 t6 A tot TP uciCov £oxox 
— 6tt ual TO A voO Z uciCov &oxot, xàv toov, toov, xàv 
EXATTOV, EAATTOV. 

Enel vào uciCóv £o TO À x00 T, &AAo é t tò B, tÒ 
A dea npóc xó B ue(Cova Aóvov čys nep tò D ngóc xo B. 
OAM’ Gc u£v xó À ngóc tO B, ottwe TO E node tO Z, W¢ 
d¢ TO T mod¢ tO B, &vdrnadw obDtoc xó E npóc tò A. xal 
TÒ E tow node tO Z uetCova Adyov Eyer Anco tò E xpóc tò 
A. med¢ 6 OE TO aUTO UEiCova Adyoy Exel, Exetvo EAacodv 
cot’ Ehaccov tow gotl tO Z tol A’ vetCov doa Eatl tò A 
tol Z. duotw¢ oy detfouev, ott xdv toov Å tò A 165 T, toov 
cota xol TO A 6) Z, x&v EXattov, EAattov. 

Hav doa fH teta usyedyn xal dra avtotc too tò TARVO, 
ovvdvo AauBavéueva “ol Ev TH abTGS óy, Å öè teta- 
PUYUEVY ALTOY F avaroyia, du toou OE TO TEdTOY TOD TeitoU 
ueiCov Ñ, xal TO TETHOTOY TOD Extov UEtCov &ocot, xàv toov, 


Proposition 21! 


If there are three magnitudes, and others of equal 
number to them, (being) also in the same ratio taken two 
by two, and (if) their proportion (is) perturbed, and (if), 
via equality, the first is greater than the third then the 
fourth will also be greater than the sixth. And if (the first 
is) equal (to the third then the fourth will also be) equal 
(to the sixth). And if (the first is) less (than the third then 
the fourth will also be) less (than the sixth). 


Let A, B, and C be three magnitudes, and D, E, F 
other (magnitudes) of equal number to them, (being) in 
the same ratio taken two by two. And let their proportion 
be perturbed, (so that) as A (is) to B, so E (is) to F, and 
as B (is) to C, so D (is) to E. And let A be greater than 
C, via equality. I say that D will also be greater than F. 
And if (A is) equal (to C then D will also be) equal (to 
F). And if (A is) less (than C then D will also be) less 
(than F). 

For since A is greater than C, and B some other (mag- 
nitude), A thus has a greater ratio to B than C (has) to 
B [Prop. 5.8]. But as A (is) to B, so E (is) to F. And, 
inversely, as C (is) to B, so E (is) to D [Prop. 5.7 corr.]. 
Thus, E also has a greater ratio to F than E (has) to D 
[Prop. 5.13]. And that (magnitude) to which the same 
(magnitude) has a greater ratio is (the) lesser (magni- 
tude) [Prop. 5.10]. Thus, F is less than D. Thus, D is 
greater than F. Similarly, we can show that even if A is 
equal to C then D will also be equal to F, and even if (A 
is) less (than C then D will also be) less (than F’). 
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Thus, if there are three magnitudes, and others of 
equal number to them, (being) also in the same ratio 
taken two by two, and (if) their proportion (is) per- 
turbed, and (if), via equality, the first is greater than the 
third then the fourth will also be greater than the sixth. 
And if (the first is) equal (to the third then the fourth 
will also be) equal (to the sixth). And if (the first is) less 
(than the third then the fourth will also be) less (than the 
sixth). (Which is) the very thing it was required to show. 


t In modern notation, this proposition reads that if a : 8 :: €: ¢ and 8 : y :: ô : € then a - ^y as ó - C. 


f 
xp. 
'E&v f; ónooaoUv ueyéðn xol Aa awtos tou TO TARHVO, 
cóv8uo Aouporvóueva xoi ëv TŒ aÙT& Aóyw, xal ðr toou Ev 
TE ÙT AGU) EOTAL. 











A— — B ——— T — 
A E— "Z E —À4 
Hi 10 M 
€ A N 

















"Eotw onocaoby yeyedn xà A, B, D xoi &AXa abcoic toa 
tÒ nAfjjoc xà A, E, Z, oúvõuvo AouBavéueva Èv t abt16 
AóYG, Gc uev TÒ A TEd¢ tò B, oŬtas TO A tpòs 16 E, óc 
dè TO B node tO DL', oŬtwgs tò E ngóc xó Z- Aévo, Óxt xol 
OL toou £v 65 aut AGya) EoTaL. 

EtAfovw yuo tõv uèv A, A toduic noAAanAdow xà H, 
O, tv de B, E dAka, & Etvyey, todxic noAAatAdota xà K, 
A, xa ët tõv T, Z &hha, & Etvyev, toduic MoAAaTA dota TH 
M, N. 

Koal &ne( &oxuv óc TO A nod xó B, obxoc x6 A npóc TO 
BE, xot etAnnto tõv uèv A, A (oócouc noAXanA&ow tà H, ©, 
t&v 6€ B, E &AAa, & éxoyev, loduic noràanàdow tà K, A, 
cot goa ðs tò H ngóc tò K, obxoc xó O ngóc tò A. Ola 
tà otà O7 xol oc TO K npóc tò M, obtoc 16 À npóc 1 
N. énel ody tota ueyéðn £oxi tà H, K, M, xoi &AAo ocoic 
toa TO TARVOs xà O, A, N, cóv8uo Aappavóueva xoi £v xà 
aut Adya, OU toou wou, et breeéyet To H. xoU M, Onegéyet 
xat TÒ O toŭ N, xal ei tcov, tcov, xoà ei &£Aorvxov, EAQATTOV. 
xal £o ta UEV H, O x&v A, A toduic noAAamAdota, TÀ è 
M, N xGv DL, Z taka, & Etvyey, todmic moAAaMAGOLA. EOTIV 
&pa cc TO A ted0¢ TOT, ottwe TO A ngóc tO Z. 

E&v àpa f| ónocaoUDv ueyéðn xal GXAa obtolc tco. tO 
TARVOS, cóv6uo AauDovóueva &v 1G a6 Aóyw, xal ðr toou 
EV T Ùt óy Cota’ Stee Eder cigo. 


Proposition 22! 


If there are any number of magnitudes whatsoever, 
and (some) other (magnitudes) of equal number to them, 
(which are) also in the same ratio taken two by two, then 
they will also be in the same ratio via equality. 











Ate BH G L—————3 
Dt E —5 — FR — 
G Kt | M! 
H L ———————34A N 








Let there be any number of magnitudes whatsoever, 
A, B, C, and (some) other (magnitudes), D, E, F, of 
equal number to them, (which are) in the same ratio 
taken two by two, (so that) as A (is) to B, so D (is) to 
E, and as B (is) to C, so E (is) to F. I say that they will 
also be in the same ratio via equality. (That is, as A is to 
C,soD isto F.) 

For let the equal multiples G and H have been taken 
of A and D (respectively), and the other random equal 
multiples kK and L of B and E (respectively), and the 
yet other random equal multiples M and N of C and F 
(respectively). 

And since as A is to B, so D (is) to E, and the equal 
multiples G and H have been taken of A and D (respec- 
tively), and the other random equal multiples K and L 
of B and E (respectively), thus as G is to K, so H (is) to 
L [Prop. 5.4]. And, so, for the same (reasons), as K (is) 
to M, so L (is) to N. Therefore, since G, K, and M are 
three magnitudes, and H, L, and N other (magnitudes) 
of equal number to them, (which are) also in the same 
ratio taken two by two, thus, via equality, if G exceeds M 
then H also exceeds N, and if (G is) equal (to M then H 
is also) equal (to N), and if (G is) less (than M then H is 
also) less (than N) [Prop. 5.20]. And G and H are equal 
multiples of A and D (respectively), and M and N other 
random equal multiples of C and F (respectively). Thus, 
as A is to C, so D (is) to F [Def. 5.5]. 

Thus, if there are any number of magnitudes what- 
soever, and (some) other (magnitudes) of equal number 
to them, (which are) also in the same ratio taken two by 


151 


MTOLXEION z’. 


ELEMENTS BOOK 5 


two, then they will also be in the same ratio via equality. 
(Which is) the very thing it was required to show. 


t In modern notation, this proposition reads that ifa: 8 ::€:¢and B:7::¢:nandy:6::9:@thena:d::€:80. 


XY. 

Eàv Å tola uevéOr xoi XAXa abtoic ica TO TAOS 
cóv6uo Aaupovóueva £v 1G a6 AóYco, f| 6€ xvexopoaryuévr 
oOx63y Y) &voXovto, xoi oU toou &v 1G aotx6 Aóvo Eoo. 
AK BE 
Ate Re 
H-n Hm — 
K ———— M— Nma 

"Ectw tola ueyéðn tà A, B, IT xal dra adtotc tow to 
nAfjooc cóv6uo AauDavóueva &v TGS at Ady tà A, E, Z, 
Eata OE TETAHOAYUEVY AUTH Å &varoyia, @¢ UeY TO A Ted 
tò B, oŬtws 70 E ngóc xo Z, óc 6€ 1ó B npoóc 1o L', oDtoc 
tO A npóc vó E» Aévo, Öt &oxlv óc 1o ÅA npóc tò I, obxoc 
TÒA NDOC TÒ Z; 

EiAńoto tõv uèv A, B, A toáxis roM^anridow tà H, O, 
K, t&v č L', E, Z &ÀAXAa, & Exoyev, toduic TOMAAT xà 
A, M, N. 

Kat énet toduic otl rodando tà H, O x&v A, B, xà 
6€ uépr| volc Gooaoc xoAAoanAaotou TOV ADTOY Eye AÓYOV, 
&£ottv &pa Gc TÒ A ngóc xó B, obtoc 1:ó H roog tò O. cià 
tà otóxà O7) xoi cc 1ó E npóc tO Z, OVtTWS TO M Ted TO N° 
xal Eottv G¢ TO A Tod¢ xó B, obtoc 1ó E npóc 1ó Z: xoà cc 
Aea to H npóc xó O, obtoc TO M Ted TON. nol Exel Eottw 
c 1ó B ngóc tò I, oŬtws 16 A node tò E, nat EvorAd de 
Gc TO B node tò A, ottwo 1o T ngóc tò E. xoi &nei tà 
O, K x&v B, A ioóxic &oxl noAAanAÓGow, và 8€ uépr] xoic 
lodxic xoAAXanAaotow; xóv abxóv &yet Aóvov, Eoxv pa óc 
tó B ngóc 1ó A, ovoc 1ó O npgóc 1ó K. àAX' óc xó B npóc 
to A, obtw¢ 70 l nobe to E xa óc You T6 O rooe to kK, 
oŬtws TÒ I node tò E. ná, &nei xà A, M x&v D, E teóoac 
£o xoAAoaxAGott, Coty Hoa We TOT node T6 E, obtoc TÒ 
A xpóc tò M. GAN’ Be T6 T ngóc xó E, oovoc xó O ngóc 
tó K: xoi óc &pa xó O ngóc tò K, oŬtws tò A ngóc tò M, 
xol EVIAAE G¢ xó O npóc xó A, tò K rode TO M. delyOn 
© xa oc TO H med¢ TO O, oŬtws tò M ngóc tò N. net 
obv tota ueyédn oti tà H, O, A, xa Dra adtorg tow tO 
TARVOS xà K, M, N oóv6uo AauBavdueva év tT aot Ado), 
xal COTY aLUTOYV TetTaoayUevy Y) &voovyíta, àv toou soa, ef 
onepéyet tò H toč A, brepéyer ual tO K x00 N, xoi ei toov, 
toov, xoi ei £Aoxxov, Ehattov. xal £o xà uev H, K x&v A, 
A icáxis troàanidoia, xà 0€ À, N x&v T, Z. otv &pa óc 
tÒ À npóc 16 T', obxoc 1vó A node TO Z. 

"E&v &pa Å tola uevéor) xoi à Xo aro xoic toa To TARO 
cóv86uo Aoaupoavóueva £v 1G atG Aóvo, Y) 66 tetTapayuévn 


Proposition 23! 


If there are three magnitudes, and others of equal 
number to them, (being) in the same ratio taken two by 
two, and (if) their proportion is perturbed, then they will 
also be in the same ratio via equality. 

At B = 


DRC | 2] 3 


GC ——— — Hama 

K ———3 Meet Nr 

Let A, B, and € be three magnitudes, and D, E and F 
other (magnitudes) of equal number to them, (being) in 
the same ratio taken two by two. And let their proportion 
be perturbed, (so that) as A (is) to B, so E (is) to F, and 
as B (is) to C, so D (is) to E. I say that as A is to C, so 
D (is) to F. 

Let the equal multiples G, H, and K have been taken 
of A, B, and D (respectively), and the other random 
equal multiples L, M, and N of C, E, and F (respec- 
tively). 

And since G and H are equal multiples of A and B 
(respectively), and parts have the same ratio as similar 
multiples [Prop. 5.15], thus as A (is) to B, so G (is) to 
H. And, so, for the same (reasons), as E (is) to F, so M 
(is) to N. And as A is to B, so E (is) to F. And, thus, as 
G (is) to H, so M (is) to N [Prop. 5.11]. And since as P 
is to C, so D (is) to E, also, alternately, as B (is) to D, so 
C (is) to E [Prop. 5.16]. And since H and K are equal 
multiples of B and D (respectively), and parts have the 
same ratio as similar multiples [Prop. 5.15], thus as P is 
to D, so H (is) to K. But, as P (is) to D, so C (is) to 
E. And, thus, as H (is) to K,so C (is) to E [Prop. 5.11]. 
Again, since L and M are equal multiples of C and E (re- 
spectively), thus as C is to E, so L (is) to M [Prop. 5.15]. 
But, as C (is) to E, so H (is) to K. And, thus, as H (is) 
to K,so L (is) to M [Prop. 5.11]. Also, alternately, as H 
(is) to L, so K (is) to M [Prop. 5.16]. And it was also 
shown (that) as G (is) to H, so M (is) to N. Therefore, 
since G, H, and L are three magnitudes, and K, M, and 
N other (magnitudes) of equal number to them, (being) 
in the same ratio taken two by two, and their proportion 
is perturbed, thus, via equality, if G exceeds L then K 
also exceeds N, and if (G is) equal (to L then K is also) 
equal (to N), and if (G is) less (than L then K is also) 
less (than N) [Prop. 5.21]. And G and K are equal mul- 
tiples of A and D (respectively), and L and N of C and 
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F (respectively). Thus, as A (is) to C, so D (is) to F 
[Def. 5.5]. 

Thus, if there are three magnitudes, and others of 
equal number to them, (being) in the same ratio taken 
two by two, and (if) their proportion is perturbed, then 
they will also be in the same ratio via equality. (Which is) 
the very thing it was required to show. 


t In modern notation, this proposition reads that if à: 8:: e: Gand 8: y ::ó: ethena:y :ó :C. 


xo. 
àv npGtov npóc 0E601epov tOÓv aOxOÓv Éyr) AÓYOV xol 
tpltov npóc tétaptov, Eyy| 0€ xoà néuntov npóc OEÓTEQOV 
TOV QUTOV AGYOV Kal EXTOY TEOS TETAOTOYV, Kal OLYTEDEY 
rpGcov xol néuntov npóc SEevUTEEOYV TOV aLTOV Efe AGYOV 
XAL TEÍTOV XO EXTOV TEOS TETAETOV. 


IIgésxov yàp 1xó AB npóc 0e0pepov xo I xóv aóxóv &yévo 
Aóyov xal toltov tÒ AE ngóc xéxaprov tÒ Z, &yévo 9€ xoi 
réuntov tó BH nodc debtepoyv tò I xóv aóxóv Aóvov xo 
EXTOV TO EO ngóc tétaptov xó Ze Aévo, Ót xol cuvteOev 
npgGov xoi néuntov xó AH ngóc Sevtep0v 16 TI tov adtdv 
ecer Aóyov, xal toltov xal Extov TO AO npóc TÉTAPTOV TÒ 
Z. 

mne Yóp £c wv óc tò BH ngóc 1o L', ob two T6 EO ngóc 
tO Z, avaTOAW poa cc 16 P ngóc xó BH, obxoc xo Z ngóc 
tO EO. £&nxei ov &ov óc xó AB ngóc xó T, oóvoc tò AE 
rpóc tO Z, Oc 0€ TO I' ngóc xó BH, obcxoc xó Z npóc tò 
EO, dv toov goa Eotly Go tò AB med¢ xó BH, o0voc tò AE 
Teds TO KO. xo Enel Sinonueva usyedn avdAoydy oti, xoi 
ouvtevévta avddoyoy Eota’ Eotiv doa oc TO AH nxpóc xo 
HB, oŬtws tò AO node tò OE. £ox 9€ xoi óc tò BH ngóc 
tò [', oŬtos tò EO roòs tò Z: &V (cou goa Eotly Wo tò AH 
rpgóc 16 L', obxoc x6 AO npóc 1o Z. 

Eàv doa npGrov npóc SevTEPOV TOY AUTOYV Éyy) Aóyov 
xoà TOLTOY MOOS TETUETOY, EY OF Xa NEUMTOV MEDS SEVTEPOV 
TOV GUTOV AGYOV Kal EXTOY MOOS TETAOTOYV, Kal OLYTEDEY 
TEGTOV XXL MEUNTOY TOdS SEVTEEOY TOV HUTOY EEE ADYOV 
xal toltov wal Extov Mod¢ TéTAOTOV’ OTE Eder SetEou. 


Proposition 24! 


If a first (magnitude) has to a second the same ratio 
that third (has) to a fourth, and a fifth (magnitude) also 
has to the second the same ratio that a sixth (has) to the 
fourth, then the first (magnitude) and the fifth, added 
together, will also have the same ratio to the second that 
the third (magnitude) and sixth (added together, have) 
to the fourth. 


For let a first (magnitude) AB have the same ratio to 
a second C that a third DE (has) to a fourth F. And let 
a fifth (magnitude) BG also have the same ratio to the 
second C that a sixth EH (has) to the fourth F. I say 
that the first (magnitude) and the fifth, added together, 
AG, will also have the same ratio to the second C that the 
third (magnitude) and the sixth, (added together), DH, 
(has) to the fourth F. 

For since as BG is to C, so EH (is) to F, thus, in- 
versely, as C (is) to BG, so F (is) to EH [Prop. 5.7 corr.]. 
Therefore, since as AB is to C, so DE (is) to F, and as C 
(is) to BG, so F (is) to FH, thus, via equality, as AB is to 
BG, so DE (is) to EH [Prop. 5.22]. And since separated 
magnitudes are proportional then they will also be pro- 
portional (when) composed [Prop. 5.18]. Thus, as AG is 
to GB, so DH (is) to H E. And, also, as BG is to C, so 
EH (is) to F. Thus, via equality, as AG is to C, so DH 
(is) to F [Prop. 5.22]. 

Thus, if a first (magnitude) has to a second the same 
ratio that a third (has) to a fourth, and a fifth (magni- 
tude) also has to the second the same ratio that a sixth 
(has) to the fourth, then the first (magnitude) and the 
fifth, added together, will also have the same ratio to the 
second that the third (magnitude) and the sixth (added 
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together, have) to the fourth. (Which is) the very thing it 
was required to show. 


t In modern notation, this proposition reads that ifa: 8 ::y:dande:6:¢:dthena+e:B:2y+¢:6. 


f 


XE. 


"Eàv véocapa uevéOv àváXovov A, TO uéyiotov [atv] 
“Ol TO EAdyLOTOY SUO THY AowGv uciCová& oT. 


H 


A— — bB 


"Eotw xéccoaopa uevé9r, àváXovov xà AB, DÀ, E, Z, óc 
tò AB ngóc x6 L'A, obxoc 1ó E ngóc xó Z, Eote SE UEYLOTOV 
uev axGv to AB, éAéytoxov 8€ xó Zr Aévo, ött tà AB, Z 
t&v TA, E uctCová otw. 

Keto90 vàp và uèv E oov tò AH, t& 968 Z toov tò TO. 

"Exc |obv| &oxv óc tò AB node t6 TA, obtaw¢ tò E 
Teds tÒ Z, toov è tò uèv E 163 AH, 10 de Z 165 TO, Eotw 
ton Go TO AB red¢ 16 TA, ottwe tò AH node 16 TO. 
xoi &ne( &ov óc ÖAov tò AB node SAov tò TA, ottw< 
conoevev T0 AH mngóc GoupeOev t6 TO, xot Aoizdv koa 
tO HB nod¢ Aowxóv tò OA čota ðs dAov tò AB npóc ÓAov 
tO TA. uceiCov 6£ xó AB xoO DA: uciGov &pa xoi tò HB tod 
OA. xoi nel tcov ot) tò u£v AH x6 E, tò d¢ TO tő Z, 
tax toa AH, Z tou éott totic rO, E. xo lėne] àv favicon 
toa moooteDH, Ta Cha Gvicd Eotiv, xv Koa] tõv HB, OA 
à&viocv óvxov xoi uciCovoc vo0 HB t& uèv HB roootedf 
tà AH, Z, 16 è OA noootedh ta TO, E, ouvéyeta xà 
AB, Z ustCova xGv DA, E. 

Eàv doa técoapa uevéOr àv&Aovov Y, TO YeYLOTOY 
— TÒ &Aé&yto xov 000 t&v Aowr&v uei Cová &o v. ónep 
&Oct Occ ot. 


Proposition 25! 


If four magnitudes are proportional then the (sum of 
the) largest and the smallest [of them] is greater than the 
(sum of the) remaining two (magnitudes). 


Let AB, CD, E, and F be four proportional magni- 
tudes, (such that) as AB (is) to CD, so E (is) to F. And 
let AB be the greatest of them, and F the least. I say that 
AB and F is greater than C D and E. 

For let AG be made equal to E, and CH equal to F. 

[In fact,] since as AB is to CD, so E (is) to F, and 
E (is) equal to AG, and F to CH, thus as AB is to C D, 
so AG (is) to CH. And since the whole AB is to the 
whole CD as the (part) taken away AG (is) to the (part) 
taken away CH, thus the remainder GB will also be to 
the remainder H D as the whole AB (is) to the whole CD 
[Prop. 5.19]. And AB (is) greater than CD. Thus, GB 
(is) also greater than H D. And since AG is equal to E, 
and CH to F, thus AG and F is equal to CH and E. 
And [since] if [equal (magnitudes) are added to unequal 
(magnitudes) then the wholes are unequal, thus if] AG 
and F are added to GB, and CH and E to H D—GB 
and H D being unequal, and GB greater—it is inferred 
that AB and F (is) greater than CD and E. 

Thus, if four magnitudes are proportional then the 
(sum of the) largest and the smallest of them is greater 
than the (sum of the) remaining two (magnitudes). 
(Which is) the very thing it was required to show. 


t In modern notation, this proposition reads that if a : 8 :: y : 6, and a is the greatest and ô the least, then a +ô > 8 4- y. 
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S TOIXEION s. 


e, 

Opor. 
a.  "Ouout oyfjuava eoU00Yoouuá& Eotiv, doa Thc TE 
Ycwtac tooac &yet xoà ulav xol tàs Meel Tac toag ywrvlac 
TASLES KVaAOYOY. 

B’. "Axpov xoi uécov Aóvov eo0cta tetufoda Agyeta, 
OTaY Å Oc f| GAN MOOS xo uciGov vufjua, obtoc TO UStCoVv 
TOOS TO EAUTTOY. 

Y. "Y doc &oxi n&vtoc oyfjuaxoc f| &rxó fic xogugfjc ên 
tfv Dáotv x&oexoc &youévn. 

f 
a * 

Td tetywva xol xà xopoA^rAÓóYvoouuo TH DMO TO HDTO 

bog Svta TEdS ANAK Eat WC al BdoEtc. 


E A Z 


© H B Tr A K A 


"Eote totywva uev te ABI, ATA, napa Anrdyeaue 
dé ta ED, TZ bnd tò aòtò Wdhog t6 AT: A€ywo, Sti Eatlv we 
7) BE’ Béoug node thy TA Báo, otos tò ABT totywvov 
meds 70 ATA totywvoy, xoi xó ED napahànhóypauuov ned¢ 
tO DZ naparhAnrdyeauuoy. 

"ExpepAfo9o yàp Y, BA &g' &xérepga tà uépon êm tà O, A 
onusta, xa xclodwoay tH uev BE Bdoet tom |oomdynotoby| 
oi BH, HO, tñ òè TA Bde toon domdynnotoby at AK, KA, 
xoi EreCevyVwoayv at AH, AO, AK, AA. 

Koi &nei toot ctoiv ot DB, BH, HO SAAY oc, toot £o cl xol 
tà AOH, AHB, ABT tetywva àÀAfjXowz.. ócaxAactiov doa 
cotty y OL Bao the BI Baoewc, tocoavtanAdardy £o 
xoi tò AOT totywvoy tot ABT tetymvovu. S& Tà adte 
07| 6oanAactwy éotly 4) AT Ba&oug the TA Bd&oews, tocav- 
tamAdcoveyv cti xa tò AAT totywvoy tot ATA toryavou: 
xol et tor) £o iv f, OI Báo xfj TA Båosi, toov otl xal tò 
AOT veivovov x ATA xevyóvo, xoà ei ónegéyer f| OT Badong 
thc TA Bd&oews, breptye: xo t6 AOT totywvoy tot ATA 
TOLY@VOL, xol ei £Aácoov, £Aacoov. teooópov O7) ÓvtoV 
ueve0Gv 800 u£v Dáceov x&v BT, LA, úo è xpvroóvov 
:Gv ABT, ATA cinnt ioóouc xoAAaxA&ot tHe yey BI 
Bdoews xat xo0 ABI vegiyóvou f, xe OL Báotc xoi xó AOT 
totyavoy, the 6¢ TA Báceoc xoi xo0 AAT teryavou dra, 
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Definitions 

1. Similar rectilinear figures are those (which) have 
(their) angles separately equal and the (corresponding) 
sides about the equal angles proportional. 

2. A straight-line is said to have been cut in extreme 
and mean ratio when as the whole is to the greater seg- 
ment so the greater (segment is) to the lesser. 

3. The height of any figure is the (straight-line) drawn 
from the vertex perpendicular to the base. 


Proposition 1! 


Triangles and parallelograms which are of the same 
height are to one another as their bases. 


E A F 


H G B C D K L 

Let ABC and ACD be triangles, and EC and C F par- 
allelograms, of the same height AC. I say that as base BC 
is to base C D, so triangle ABC (is) to triangle AC D, and 
parallelogram EC to parallelogram CF. 

For let the (straight-line) BD have been produced in 
each direction to points H and L, and let [any number] 
(of straight-lines) BG and GH be made equal to base 
BC, and any number (of straight-lines) DK and KL 
equal to base CD. And let AG, AH, Ak, and AL have 
been joined. 

And since CB, BG, and GH are equal to one another, 
triangles AHG, AGB, and ABC are also equal to one 
another [Prop. 1.38]. Thus, as many times as base HC 
is (divisible by) base BC, so many times is triangle AHC 
also (divisible) by triangle ABC. So, for the same (rea- 
sons), as many times as base LC is (divisible) by base 
CD, so many times is triangle ALC also (divisible) by 
triangle AC D. And if base HC is equal to base CL then 
triangle AHC is also equal to triangle AC L [Prop. 1.38]. 
And if base HC exceeds base CL then triangle AHC 
also exceeds triangle AC L.* And if (HC is) less (than 
CL then AHC is also) less (than ACL). So, their being 
four magnitudes, two bases, BC and C D, and two trian- 
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& Evuyev, ioóouc xoAAanxAGota 4 te ALD Bács xal tò AAT 
tolywvov' xal Séderntoau, OTL, et oxggéyet À OT Bács týs TA 
Baoewe, brepéyet xal tO AOL totywvov tot AAT tetyavou, 
xal ci ton, toov, xal et Ehacowy, £Aacocov: Eoxv wow We FH 
BT Bács npòs tùy T'A Bow, oŭŬtws tò ABI totywvoy moed¢ 
tò ATA totywvov. 

Kot éxet tot uev ABT teryovou dinAdovdyv got: tO ED 
ropoA^rnAóYvooupgov, ToD de ATA toryovovu ditAdcotdy Eott 
TÒ ZI naparaAnrAdyeaumoy, TX OE WEEN TOIc WoAvTWS TOA- 
LamAgotoig TOV avtTOYV Eye. AdyoY, Eotiv doa Wc TO ABI 
totywvoy npòs tò ATA tolywvoy, ottw¢ TO ED napad- 
Anàóypauuov medc TO ZI napadAndAcdyeaumoyv. emel ovdv 
édety0n, ac vev À BPT Baouc nod¢ thy TA, obtw¢ t6 ABL 
totywvoyv todc TO ATA totywvoy, ac d¢ 6 ABT totywvov 
ngóc TO ATA totywvoy, ottw¢ tò EI napahànhóypauuov 
tedc tÒ [Z nrapanàóypauuov, xat O¢ doa À BT Béas ned¢ 
trv TA Béow, obta¢ tò ET trapaàinióypauuov rpòs tò ZI 
TAPAAANAóypauuov. 

Tà &po tolywva xal Ta napahànióypauua Tà DMO TO 
auto WYO óvra TODS &AANAd &£oxv óc ol D&oeuc ónep Eder 
O€te on. 
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gles, ABC and ACD, equal multiples have been taken of 
base BC and triangle ABC—(namely), base HC and tri- 
angle AHC—and other random equal multiples of base 
C D and triangle ADC—(namely), base LC and triangle 
ALC. And it has been shown that if base HC exceeds 
base CL then triangle AHC also exceeds triangle ALC, 
and if (HC is) equal (to CL then AHC is also) equal (to 
ALC), and if (HC is) less (than CL then AHC is also) 
less (than ALC). Thus, as base BC is to base C D, so 
triangle ABC (is) to triangle ACD [Def. 5.5]. And since 
parallelogram EC is double triangle ABC, and parallelo- 
gram F'C is double triangle AC D [Prop. 1.34], and parts 
have the same ratio as similar multiples [Prop. 5.15], thus 
as triangle ABC is to triangle AC D, so parallelogram EC 
(is) to parallelogram FC. In fact, since it was shown that 
as base BC (is) to CD, so triangle ABC (is) to triangle 
ACD, and as triangle ABC (is) to triangle ACD, so par- 
allelogram EC (is) to parallelogram CF’, thus, also, as 
base BC (is) to base C D, so parallelogram EC (is) to 
parallelogram F'C [Prop. 5.11]. 

Thus, triangles and parallelograms which are of the 
same height are to one another as their bases. (Which is) 
the very thing it was required to show. 


t As is easily demonstrated, this proposition holds even when the triangles, or parallelograms, do not share a common side, and/or are not 


right-angled. 


t This is a straight-forward generalization of Prop. 1.38. 


oP 
Eàv tTory@vou rapà ulay tõv nàcvpõv yf tic cvdeta, 
àváňoyov teuc Tac TOD Torymvou nÀeupác xol Edy at TOD 
TOLY@VoU TAguEdl avédoyvyoy Tundddoy, f| &rl Tae touce Emt- 
CeuYvuuévr, eóOcta. napà TAY Aoinyy ota Tol Torya@vou 
TASLORY. 


A 


B I 


Toryövov yàp toŭ ABT nrapåňňnàos mw& tõv tàcupõv 
tý BT yo Y, AE: Aévo, ów &£oxlv óc f; BA trpòs ty AA, 
obcoc *| DE ngóc trjv EA. 


Proposition 2 


If some straight-line is drawn parallel to one of the 
sides of a triangle then it will cut the (other) sides of the 
triangle proportionally. And if (two of) the sides of a tri- 
angle are cut proportionally then the straight-line joining 
the cutting (points) will be parallel to the remaining side 
of the triangle. 


A 


B C 
For let DE have been drawn parallel to one of the 
sides BC of triangle ABC. I say that as BD is to DA, so 
C E (is) to EA. 
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"Encteóy90cav yuo at BE, TA. 

"Tcov soa Eott TO BAE totywvov 16 DAE cgeryovor 
ETL Yàp vfjc aócfjc D&ceoc otu tfjg AE xal &v tolic adtoltc 
ropa forc xoc AE, BI" &AAo dé ti tò AAE totywvov. xà 
0€ Loa MOOS TO KUTO TOV ALTOV EyEL AOYOV' EoTLY Koa W<¢ TO 
BAE «g(vovov xngóc xó AAE [xetyovov|, obvoc tò TAE 
totywvov moog T0 AAE totywvov. aX óc uev tò BAE 
totywvoy tedc tò AAE, oŭtws À BA npóc tjv AA: ono 
yde TO avTO Dog dvta tHv gd Tob E Ent thy AB x&Vetov 
KYOUEVNY TEOS GAANAd Elo G<¢ at Baosic. Oi TH HOTA OF 
óc 70 LAE tetywvoyv rpoòs tò AAE, oŭtos TE mode tùy 
EA: xoi óc koa Y; BA rede thy AA, obta¢ ATE node thy 
BA. 

AAAà 85 at tol ABI toryovou nevoa of AB, AT 
àv&Aovov vexufjoO90oav, óc Y| BÀ ngóc vv AA, obtoc 
À TE nzgóc tv EA, xoi &neCeoy0o À AE: AMévo, Stu 
nmapdAAnAds cot Y, AE xfj BI. 

Tõv yàp aO1Gv xotaoxeuaoUévtov, nel EaTIV Ho À 
BA node thy AA, ottwe f| DE mode thy EA, àAX oc 
uev 5| BA node thy AA, ottw>o tò BAE g(yovov npóc 
tÒ AAE «giyovov, óc 9& 4) TE mode thy EA, ottwe tÒ 
TAE telywvov mode 10 AAEF tolywvov, xal ðs toa TÒ 
BAE tetywvoyv mec tò AAE tolywvoyv, obtw¢ tO TAE 
totywvoyv ted TO AAE totywvov. exdteoov goa Tv BAF, 
TAE teryavov med¢ tò AAE tov adtov Eyer Adyoy. toov 
&pa £011 tò BAE totywvoy 16) TAE toeryove xot eto ent 
tfj; aótfjc D&cecoc tho AB. tà òè foa tolywva xa èni tc 
aOtfic Dácecc Óvta xoi &v toc atc napao &ostv. 
TraodAAnAos àpa otv 7) AE «fj BT. 

àv &pa tayovou nxapà ulay Gv nAcupOv yÜ Tic 
euvela, avdAOYOY TeUEl Tae TOD TorymvoU rAeupác: xol £v 
oi to0 Tptyovou mÀeupoi avdAoyoy tunddoty, y ENL tàs 
touàc émCevyvuyevyn cvdeta nape trv Aoinyy gota too 
ToLY@VOU TAEvVEdY’ OnEe den SetZau. 


Y 

"EQY TOLY@VOU Y YOVIA dlya tuni, Y, è véuvouca. tv 
yoviay coveta téuvy xal try Ba&oty, xà cfjc Dáoeoc tuńuata 
TOV auTOV E€et AdYov Tolic Aotmaite toU torywvou xÀeupoüc: 
xal àv TA tfjc D&oecc tuńuata TOV ALTOV Ey AOYOY Talc 
Aoindic tod tovywvou nÀeupoüc, Y| UNO The KOEUY~AS EnL TYYV 
TONY EmiCevy vue cvVEta Stya teust tiv toD toerywvou 
voovlay. 

"Eot totywvoy tò ABT, xoa tetufoda fh Ondo BAT 
yovla Stya bro tfjc AA eóOetac: Aévo, Öt &odv óc Å BA 
meds THY TA, obtw¢ À BA rode thy ATL. 

"Hyw yàp Dà tod rT th AA napddAndog 4 TE, xot 
Oto 0etca Y; BÀ cuumuxéxo acf xaxà tò E. 
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For let BE and C D have been joined. 

Thus, triangle B DE is equal to triangle C DE. For 
they are on the same base DE and between the same 
parallels DE and BC [Prop. 1.38]. And ADE is some 
other triangle. And equal (magnitudes) have the same ra- 
tio to the same (magnitude) [Prop. 5.7]. Thus, as triangle 
BDE isto [triangle] ADE, so triangle CDE (is) to trian- 
gle ADE. But, as triangle BDE (is) to triangle ADE, so 
(is) BD to DA. For, having the same height—(namely), 
the (straight-line) drawn from E perpendicular to AB— 
they are to one another as their bases [Prop. 6.1]. So, for 
the same (reasons), as triangle CDE (is) to ADE, so CE 
(is) to EA. And, thus, as BD (is) to DA, so C E (is) to 
E A [Prop. 5.11]. 

And so, let the sides AB and AC of triangle ABC 
have been cut proportionally (such that) as BD (is) to 
DA, so CE (is) to EA. And let DE have been joined. I 
say that DF is parallel to BC. 

For, by the same construction, since as BD is to DA, 
so CE (is) to FA, but as BD (is) to DA, so triangle BDE 
(is) to triangle ADE, and as C E (is) to EA, so triangle 
C DE (is) to triangle ADE [Prop. 6.1], thus, also, as tri- 
angle B DE (is) to triangle ADE, so triangle CDE (is) 
to triangle ADE [Prop. 5.11]. Thus, triangles BDE and 
CDE each have the same ratio to ADE. Thus, triangle 
BDE is equal to triangle CDE [Prop. 5.9]. And they are 
on the same base DE. And equal triangles, which are 
also on the same base, are also between the same paral- 
lels [Prop. 1.39]. Thus, DE is parallel to BC. 

Thus, if some straight-line is drawn parallel to one of 
the sides of a triangle, then it will cut the (other) sides 
of the triangle proportionally. And if (two of) the sides 
of a triangle are cut proportionally, then the straight-line 
joining the cutting (points) will be parallel to the remain- 
ing side of the triangle. (Which is) the very thing it was 
required to show. 


Proposition 3 


If an angle of a triangle is cut in half, and the straight- 
line cutting the angle also cuts the base, then the seg- 
ments of the base will have the same ratio as the remain- 
ing sides of the triangle. And if the segments of the base 
have the same ratio as the remaining sides of the trian- 
gle, then the straight-line joining the vertex to the cutting 
(point) will cut the angle of the triangle in half. 

Let ABC be a triangle. And let the angle BAC have 
been cut in half by the straight-line AD. I say that as BD 
is to CD, so BA (is) to AC. 

For let CE have been drawn through (point) C par- 
allel to DA. And, BA being drawn through, let it meet 
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B A p 

Kol nel cic mapadAnAouc tac AA, ET còca &véneoev 
À AT, À dea òrò ATE yoovia fon goth tH Ono TAA. AX 
5 oóró TAA th òrò BAA dndxerta ton xa À òrò BAA 
&pa xfj rò ATE otw fon. náv, nel cic maoadArAouc 
tàc AA, EDI' có9cia &£véncoev ġ BAE, À êxtòs yœovia Ñ òrò 
BAA toy éotl th êvtòs tH nd AED. edety0n dè xa Å nò 
ATE tf ond BAA tory xoi 4 bn0 ATE dea yovia xfj ono 
AET otw {orn oce xoi nrAcved Y, AE, rAeup& tý AT otv 
fon. xol émel torymvou tot BE nape utav tv xAeugGv 
thv ET xta À AA, &vóáXovov &pa &oxiv óc Y) BA rede tHy 
AT, obcoc * BA mode thy AE. ton Se *j AE xf; AI" óc ipa 
À BA node thy AT, obxoc f| BA ngóc vv AT. 

AAXAà 87, £cxo éc f; BÀ npóc xrjv AT, ob two F BA tpòs 
thv AL, xoi &neCeoy 90 Y, AA Aévo, Öt diya tétuNTa Å 
nó BAT Yowv(a onó tfjc AA có9ectac. 

TGv vàp ob xGv xarxacoxeuocévcov, &net otv ðs Å BA 
ngóc t"|v AT, obvoc f| BÀ ngóc xijv AD, àAAà xoi óc f) BA 
ngoc t'y AT, obczoc Eotlv f, BA npóc vv AE; vpuyóvou 
yoo tol BPE rapà utav tv ET Axton À AA: xal Oc dpa À 
BA node thy AT, oŭŬtwc À BA mode thy AE. ton gow 4 AT 
th AE: ote xa yovia Å òrò AET t òrò ATE &oxv ton. 
OAM’ Å uèv Ond AET tH Extd¢ tH brd BAA [éotty] ton, 4 
de DO ATE th évadAde tH rò TAA otv ton xa Ñ òrò 
BAA ou tH bro TAA otw ton. f| &pa òrò BAT yovia 
Oiya TéTUNToL LTO THe AA evdetac. 

“Edy &pa toayövou ý yoviæ dlya tunt, Y) 6€ xéuvouoa 
THY Yovlay evveta TEuvy xal THY Baotv, tà tc Båccwc 
TUNUATA TOV ALTOV EfEt ADYOY Tolic Aontas ToD ToLrywvou 
rAE£Upoüc: xoi £àv tà tfj; D&oeoc tuńuatTa TOV avTOV ExN 
Aóvov tos Monos TOD tTorywvou nrAcupoüc, Y| àrO tc xo- 
PLYS ëm TAV Touny éniCevy vugévr cvdeta tya tTéEUvEL THY 
tot torywovou yavlay’ OnE Eder Setean. 
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(CE) at (point) E.! 


B D C 


And since the straight-line AC falls across the parallel 
(straight-lines) AD and EC, angle ACE is thus equal to 
CAD [Prop. 1.29]. But, (angle) CAD is assumed (to 
be) equal to BAD. Thus, (angle) BAD is also equal to 
AC E. Again, since the straight-line BAE falls across the 
parallel (straight-lines) AD and EC, the external angle 
BAD is equal to the internal (angle) AEC [Prop. 1.29]. 
And (angle) AC E was also shown (to be) equal to BAD. 
Thus, angle AC E is also equal to AEC. And, hence, side 
AE is equal to side AC [Prop. 1.6]. And since AD has 
been drawn parallel to one of the sides EC of triangle 
BCE, thus, proportionally, as BD is to DC, so BA (is) 
to AE [Prop. 6.2]. And AE (is) equal to AC. Thus, as 
BD (is) to DC, so BA (is) to AC. 

And so, let BD be to DC, as BA (is) to AC. And let 
AD have been joined. I say that angle BAC has been cut 
in half by the straight-line AD. 

For, by the same construction, since as BD is to DC, 
so BA (is) to AC, then also as BD (is) to DC, so BA is 
to AE. For AD has been drawn parallel to one (of the 
sides) EC of triangle BCE [Prop. 6.2]. Thus, also, as 
BA (is) to AC, so BA (is) to AE [Prop. 5.11]. Thus, AC 
(is) equal to AE [Prop. 5.9]. And, hence, angle AEC 
is equal to AC E [Prop. 1.5]. But, AEC [is] equal to the 
external (angle) BAD, and ACE is equal to the alternate 
(angle) CAD [Prop. 1.29]. Thus, (angle) BAD is also 
equal to CAD. Thus, angle BAC has been cut in half by 
the straight-line AD. 

Thus, if an angle of a triangle is cut in half, and the 
straight-line cutting the angle also cuts the base, then the 
segments of the base will have the same ratio as the re- 
maining sides of the triangle. And if the segments of the 
base have the same ratio as the remaining sides of the 
triangle, then the straight-line joining the vertex to the 
cutting (point) will cut the angle of the triangle in half. 
(Which is) the very thing it was required to show. 


t The fact that the two straight-lines meet follows because the sum of AC E and C AE is less than two right-angles, as can easily be demonstrated. 
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See Post. 5. 
O 
T6&v toovoviov TOLYOVOY aVEAOYOY cio ai xAeupol ot 


Teol tàs toas ywuviac xal OUdAOYOL al DTO Tac toa ywvlac 
Uünoceivoucot. 


B p E 


"Eoo icovowa vetvova xà ABI, ATE fony £yovza tyjv 
uev bro ABI yæovtav tý ònò ATE, ty o£ ónó BAT cfj ono 
DAE xot £u tyv òrò ATB xfj ónó l'EA: Aévo, óu x&v ABL, 
ATE cetyóvov àváAXovóv eicty o. xAeupot oi regi tàs toas 
yovtac xal oudroyot at DMO Tas toa ywvla¢ DmoTEtvouca. 

Ketodw yàp én’ cbVetac 4 BI tÅ TE. xal Emel of Oro 
ABI, ATB vow(o 800 óp0Gv &£Aéávtovéc iow, ton o6 
? òrò ATB qt òrò AFET, oi àpa òrò ABI, AED $00 
óp0Gv &A&ctxovéc stow’ of BA, EA dou ExBorAduevan ouu- 
necoUvta. exBePAnoVMoay val CLUTMINTETWOMY KATA TO Z. 

Kat éxet ton otv Wy bnd ATE yovia tH ond ABT, 
nopéA^nAóc &oxv f; BZ cf; DA. né, &nel tor) otv Ñ brò 
ATB t ond ABD, noapéAAnAóc &£ouv fj AT vf; ZE. tapad- 
Anàóypauuov toa gott tO ZATA: ton doa 4 ev ZA tH AT, 
Å oè AT th ZA. vat Exel terywvou tot ZBE raed uta tyjv 
ZE ğxta À AT, otv koa wo À BA red¢ thy AZ, obcoc f 
BI node thy D'E. tor] 98 5| AZ xvf; LA: óc &pa Y| BA ngóc civ 
lA, oot1oc ?) BI' góc vjv DE, xoi £vaAAà€& óc 9|, AB ngóc 
tv BI, obxoc f| AU npóc thy TE. néAtv, Exel napddAAnrdc 
cot f; L'A cf; BZ, &oxv &pa óc f| BI node thy TE, ot tw 
f| ZA node thy AB. ton de Å ZA t AT: òs ea ñ BI red¢ 
tv PE, ottw> À AT node thy AE, xoà £voAAà& óc À BP 
npóc t?v DA, obcoc f| l'E mode thy EA. énel ody edetydy 
óc uev ) AB ngóc xijv BI, oozoc f| AT ngóc xy PE, óc 
o£ Y, BP node thy TA, ottwe À TE ngóc vv EA, à toov 
goa ðs Y) BÀ ngóc tùy AT, oŬtos ATA mode thy AE. 

Tv Goa taoyYWVUIOV TOLYOVOYV àvéoYvóv eiotv ot t eupot 
o tegi Tac loac Ywviacg xal OUOAODYOL ot DTO Tae tous Ywvlac 
brotetvovoa’ nee sder Setgou. 
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Proposition 4 


In equiangular triangles the sides about the equal an- 
gles are proportional, and those (sides) subtending equal 
angles correspond. 


F 


B C E 

Let ABC and DCE be equiangular triangles, having 
angle ABC equal to DCE, and (angle) BAC to CDE, 
and, further, (angle) ACB to CED. I say that in trian- 
gles ABC and DCE the sides about the equal angles are 
proportional, and those (sides) subtending equal angles 
correspond. 

Let BC be placed straight-on to CE. And since 
angles ABC and ACB are less than two right-angles 
[Prop 1.17], and ACB (is) equal to DEC, thus ABC 
and DEC are less than two right-angles. Thus, BA and 
ED, being produced, will meet [C.N. 5]. Let them have 
been produced, and let them meet at (point) F. 

And since angle DC E is equal to ABC, BF is parallel 
to CD [Prop. 1.28]. Again, since (angle) AC B is equal to 
DEC, AC is parallel to FE [Prop. 1.28]. Thus, FACD 
is a parallelogram. Thus, FA is equal to DC, and AC to 
FD [Prop. 1.34]. And since AC has been drawn parallel 
to one (of the sides) FE of triangle FBE, thus as BA 
is to AF, so BC (is) to CE [Prop. 6.2]. And AF (is) 
equal to CD. Thus, as BA (is) to CD, so BC (is) to CE, 
and, alternately, as AB (is) to BC, so DC (is) to CE 
[Prop. 5.16]. Again, since CD is parallel to BF’, thus as 
BC (is) to CE, so FD (is) to DE [Prop. 6.2]. And FD 
(is) equal to AC. Thus, as BC is to CE, so AC (is) to 
DE, and, alternately, as BC (is) to CA, so CE (is) to 
ED [Prop. 6.2]. Therefore, since it was shown that as 
AB (is) to BC, so DC (is) to CE, and as BC (is) to CA, 
so C E (is) to ED, thus, via equality, as B A (is) to AC, so 
C D (is) to DE [Prop. 5.22]. 

Thus, in equiangular triangles the sides about the 
equal angles are proportional, and those (sides) subtend- 
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f 
cs 
“Ey O00 telyava tac TAcuedc aVdAOYoY Ey, laoyawa 
čata TÒ tolywva ual toac Ee, Tac ywvlac, LY Oc oi 
OUOAOYOL TACUVEAL DTOTELVOUOLY. 


AÀ A 
E Z 
T H 


B 


"Ecto vo tolywva tà ABT, AEZ tàs nàcupàs àvéAovov 
eyovta, O¢ uev THY AB rpoòs ty BIT, oŬtws ty AE tpòs 
t? EZ, óc 9€ vv BI ngóc vv DÀ, oŬtos thv EZ tpoòs 
Uv ZA, xoi &uw óc vv BA node thy AT, ootoc vy EA 
ngóc tv AZ. Aévo, ów icovowóv ot tò ABT totywvov 
tõ AEZ tpvówo xoi tcoac £&Gouci vàc YowWac, og Gc oi 
óUuÓAoYvot rÀA£Upot Oxocc(vouoty, THY u£v oxó ABT cfj ono 
AEZ, tùy 86€ nò BITA t òrò EZA xa £u thy òrò BAT 
th òrò EAZ. 

MUVESOTAT UO TEOS TH EZ coveia xal tors noòs adti] 
onuctoic xoic E, Z xfj u£v òrò ABT yovig ton ġ Ono ZEH, 
tfj 9€ ónó ADB fon f| ónó EZH: Aou!) &pa 7; npóc x6 A 
Aowtf; 1f; ngóc t& H otw ton. 

"Icovowov &pa &oxt xó ABT xgtyovov x66 EHZ [xevyóv- 
wl. tv doa ABT, EHZ toryovey avédroysy eio at mAcveat 
al Teel tàs toas ywvias xal OUdAOYOL at ONO Tae toa Ywrvlac 
brotetvovoa otuv čo c fj AB node thy BI, [obtae] 
À HE npóc t'y EZ. àAX óc 5; AB ngóc tv BI, obvoc 
onóx&ot Ù AE xnpóc trjv EZ: óc &pa f, AE ngóc t'y EZ, 
otc 1) HE ngóc thy EZ. éxatéon tow t6v AE, HE red 
trv EZ tov avtoy éyet Adyov: ton dow éotiv 9| AE cf; HE. 
Dà TÀ KOT SÀ xa À AZ tÅ HZ Eotw toy. Enet odv ton Eativ 
fj, AE cf; EH, xow) òè ġ EZ, S00 64 at AE, EZ Svot toc HE, 
EZ toot etotv: xoi Bdoug H AZ Baoe tH ZH [£owv| tevy yovia 
goa Å Ond ABZ yovig th òrò HEZ otv ton, xa tò AEZ 
totywvoy tõ HEZ toyóovy toov, xoi oi Xovxod Ycwtor xoc 
Aowroüc Ycwtotc toot, Dg’ às al toar tAcvEal oxoce(vouow. 
ton &pat £c xoi À uèv òrò AZE yovia tý òrò HZE, fj oe 
òrò EAZ t ónó EHZ. xoa Exet J| u£v òrò ZEA qt oro 
HEZ otv fon, &AX? À bnd HEZ tH Ord ABT, xal f| ono 
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ing equal angles correspond. (Which is) the very thing it 
was required to show. 


Proposition 5 


If two triangles have proportional sides then the trian- 
gles will be equiangular, and will have the angles which 
corresponding sides subtend equal. 


A D 


C G 
B 

Let ABC and DEF be two triangles having propor- 
tional sides, (so that) as AB (is) to BC, so DE (is) to 
EF, and as BC (is) to CA, so EF (is) to FD, and, fur- 
ther, as BA (is) to AC, so ED (is) to DF. I say that 
triangle ABC is equiangular to triangle DEF, and (that 
the triangles) will have the angles which corresponding 
sides subtend equal. (That is), (angle) ABC (equal) to 
DEF, BCAto EFD, and, further, BAC to EDF. 

For let (angle) F EG, equal to angle ABC, and (an- 
gle) EFG, equal to ACB, have been constructed on the 
straight-line EF at the points E and F on it (respectively) 
[Prop. 1.23]. Thus, the remaining (angle) at A is equal 
to the remaining (angle) at G [Prop. 1.32]. 

Thus, triangle ABC is equiangular to [triangle] EGF. 
Thus, for triangles ABC and EGF, the sides about the 
equal angles are proportional, and (those) sides subtend- 
ing equal angles correspond [Prop. 6.4]. Thus, as AB 
is to BC, [so] GE (is) to EF. But, as AP (is) to BC, 
so, it was assumed, (is) DE to EF. Thus, as DE (is) to 
EF,so GE (is) to EF [Prop. 5.11]. Thus, DE and GE 
each have the same ratio to EF. Thus, DE is equal to 
G E [Prop. 5.9]. So, for the same (reasons), DF is also 
equal to GF. Therefore, since DE is equal to EG, and 
EF (is) common, the two (sides) DE, EF are equal to 
the two (sides) GE, EF (respectively). And base DF 
[is] equal to base FG. Thus, angle DEF is equal to 
angle GEF [Prop. 1.8], and triangle DEF (is) equal 
to triangle GEF, and the remaining angles (are) equal 
to the remaining angles which the equal sides subtend 
[Prop. 1.4]. Thus, angle DF E is also equal to GF E, and 
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ABT &pa vowv(a xfj óxnó AEZ éotw fon. Dà ta Hote OY xol 
7) bro ADB th Ono AZE éotw ton, xol £u f| npóc v6 A «f| 
Teo t& A’ isoywwov goa éotl T6 ABI totywvoy tă AEZ 
TOLY vo. 

Eàv &pa O00 Telywva tac nàcupàs aVaAOYOY ExN, 


ICOYQVLA TOTAL TH Tolywva nal toa Efe, tac Ywvlac, LY 


&c oi Ou ÓAoYOt rÀeupol Oroce(vouctv: óxep Eder Seton. 


f 


Ta 


Eàv 00 tolywva utav yovlav w& yæwvig tony čxN, Tepl 
OÈ TÒS toas ywvlas TAS TACLUS &véAovov, icovowvuar £otot 
TH Totywva xal toas E€er Taco Ywrvlac, Wp Ac at OUdAOYOL 
rA&upol oónotc(vouotw. 
A 


A 


B I 


"Ecco 900 tolywva tà ABI, AEZ utav yoviay try bro 
BAD w& yovig th rò EAZ tony éyovta, nepli 6€ tàs toas 
yovlag tag TAevede &védovyoy, @¢ THY BA node tyy AT, 
ovtws THY EA ned thy AZ: Evo, Ott icoymudy &ou 1o 
ABT tetywvoy 165 AEZ tovyave xol tony £& xrjv òrò ABT 
Yowtav xfj òrò AEZ, tùy è òrò ATB t nrò AZE. 

MXuveotáto yàp ted¢ tH AZ cdVety xal tote node avTH; 
onuelois tois A, Z édnotéoy yey tv òrò BAT, EAZ ïon 
Å òrò ZAH, tH Se Ond ATB fon ġ òrò AZH: Aowry &ea À 
meds TH B ywvia Aownf th moog t& H toy eotty. 

Tooyauoy goa tott tO ABT totywvov xà AHZ 
TOLYOVW. &váAXovov wou otv ðs ) BA node thy AT, ot tw 
4) HA nedc thy AZ. Ondxerta 0è xal Oc WBA ned¢ THY AT, 
obcoc À EA npóc tijv AZ: xol óc &pa EA rode thy AZ, 
ovtw¢ À HA node thy AZ. ton Gow À EA tý AH: xo xow? 
f| AZ: 660 Sy at EA, AZ uo tas HA, AZ tooc ctotv: xoi 
yovla į òrò EAZ yovig tH òrò HAZ [éotwy] ton Béas 
con Y) EZ Bácsi tý HZ otv ton, xa tò AEZ totywvov 6 
HAZ «xevyovo toov &oztv, xol ot Aovxol Yowvtot tas Aonais 
yuviaicg toag Ecovta, VY Uc toac rAeupot oroce(vouotv. tor 
&poa &otv f| u£v òrò AZH th bro AZE, fh Se 0nd AHZ 
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(angle) EDF to EGF. And since (angle) FED is equal 
to GEF, and (angle) GEF to ABC, angle ABC is thus 
also equal to DEF. So, for the same (reasons), (angle) 
ACB is also equal to DF E, and, further, the (angle) at A 
to the (angle) at D. Thus, triangle ABC is equiangular 
to triangle DEF. 

Thus, if two triangles have proportional sides then the 
triangles will be equiangular, and will have the angles 
which corresponding sides subtend equal. (Which is) the 
very thing it was required to show. 


Proposition 6 


If two triangles have one angle equal to one angle, 
and the sides about the equal angles proportional, then 
the triangles will be equiangular, and will have the angles 
which corresponding sides subtend equal. 


D 


B C 


Let ABC and DEF be two triangles having one angle, 
BAC, equal to one angle, EDF (respectively), and the 
sides about the equal angles proportional, (so that) as BA 
(is) to AC, so ED (is) to DF. I say that triangle ABC is 
equiangular to triangle DEF, and will have angle ABC 
equal to DEF, and (angle) ACB to DFE. 

For let (angle) FDG, equal to each of BAC and 
EDF, and (angle) DFG, equal to AC B, have been con- 
structed on the straight-line AF at the points D and F on 
it (respectively) [Prop. 1.23]. Thus, the remaining angle 
at P is equal to the remaining angle at G [Prop. 1.32]. 

Thus, triangle ABC is equiangular to triangle DGF. 
Thus, proportionally, as BA (is) to AC, so GD (is) to 
DF [Prop. 6.4]. And it was also assumed that as BA 
is) to AC, so ED (is) to DF. And, thus, as ED (is) 
to DF, so GD (is) to DF [Prop. 5.11]. Thus, ED (is) 
equal to DG [Prop. 5.9]. And DF (is) common. So, the 
two (sides) ED, DF are equal to the two (sides) GD, 
DF (respectively). And angle EDF [is] equal to angle 
GDF. Thus, base EF is equal to base GF, and triangle 
DEF is equal to triangle GDF’, and the remaining angles 
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tfj ónó AEZ. àAX' Å òrò AZH «fj ónó AT'B otv torn xoi 
? òrò ATB &pa tý òrò AZE otw ton. Ordxeita de xo 
? bro BAD th nrò EAZ tory xoà Aou) &pa y npóc xG B 
Aarf xfj npóc xG E tor) £ozív: ioovowov &pa £o xó ABE 
totywvov x6. AEZ veu ovo. 

Eàv &pa 600 tolyova ulay yovlay wğ& yoviy tony EXN, 
Teol O€ Tae toacg ywvlag tac TAEVEdC &váňoyovy, tcovawvta 
COTO tà Tolywva xal toas čet Tac yYwvlac, DY ac all 
OUoAoyot TAcvLEaL DTOTElvovaLY’ OEE EEL Setgan. 


'Eàv 000 tolyova ulav yoviey wae yavie tony EXN, 
neol d& dAhacg yuvlag tac TAcvEdc àvá^ovov, TY dé 
KOLRGV EXATEOAY Oa Ytor cCAdooova FUN cAaccova oevfic, 
loOOYOVULA Cota TÀ tolywva xal toasc Eget tàs yavas, nep 
àc Av&hoyóv cioty ai tàcvpol. 


A 


H £A 


E 

"Eoto 900 totyava tà ABI, AEZ ulav ywoviav we 
yovia tony éyovta thy òrò BAT tf bnd EAZ, reol de 
wrkag ywvlag tàs òrò ABT, AEZ tàs rnAeupàc &védoyoy, 
oc thv AB nxgóc vv BD, obtoc vv AE node thy EZ, 
tv 06€ Aowunóv Tv npóc toic DL, Z nodtepov exatéoav 
&ua &Aáccova ópOfjc Aévo, ówu (covowvóv got: TO ABI 
xpi ovov x& AEZ xeu ovo, xoi tor) £oxot À òrò ABT yovía 
xfj nó AEZ, xoà Xov) 0rAovóu f| ngóc 1G D Aot xfj npóc 
1G Z lor. 

Ei yàp &woóc otuv Å òrò ABT yovia t òrò AEZ, 
ula oróvGv ueiGov &oxiv. čëotw uelCwv À òrò ABT. xoa ov- 
— npoòc t AB cvvety xal 16 npóc abTH onusto 1G 
B t òrò AEZ yovig ton ġ òrò ABH. 

Kot énet ton Eotiv Å uèv A ywvia tH A, 4 Oe òrò ABH 
tfj ónó AEZ, on goa  DnO AHB àon t òrò AZE 
otv ton. tooyóvov goa éotl tò ABH totywvoy 165 ABZ 
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will be equal to the remaining angles which the equal 
sides subtend [Prop. 1.4]. Thus, (angle) DFG is equal 
to DFE, and (angle) DGF to DEF. But, (angle) DFG 
is equal to ACB. Thus, (angle) ACB is also equal to 
DFE. And (angle) BAC was also assumed (to be) equal 
to EDF. Thus, the remaining (angle) at B is equal to the 
remaining (angle) at E [Prop. 1.32]. Thus, triangle ABC 
is equiangular to triangle DEF. 

Thus, if two triangles have one angle equal to one 
angle, and the sides about the equal angles proportional, 
then the triangles will be equiangular, and will have the 
angles which corresponding sides subtend equal. (Which 
is) the very thing it was required to show. 


Proposition 7 


If two triangles have one angle equal to one angle, 
and the sides about other angles proportional, and the 
remaining angles either both less than, or both not less 
than, right-angles, then the triangles will be equiangular, 
and will have the angles about which the sides are pro- 
portional equal. 


A 


G F 


C 


Let ABC and DEF be two triangles having one an- 
gle, BAC, equal to one angle, EDF (respectively), and 
the sides about (some) other angles, ABC and DEF (re- 
spectively), proportional, (so that) as AB (is) to BC, so 
DE (is) to EF, and the remaining (angles) at C and F, 
first of all, both less than right-angles. I say that triangle 
ABC is equiangular to triangle DEF, and (that) angle 
ABC will be equal to DEF, and (that) the remaining 
(angle) at C (will be) manifestly equal to the remaining 
(angle) at F. 

For if angle ABC is not equal to (angle) DEF then 
one of them is greater. Let ABC be greater. And let (an- 
gle) ABG, equal to (angle) DEF, have been constructed 
on the straight-line AB at the point B on it [Prop. 1.23]. 

And since angle A is equal to (angle) D, and (angle) 
ABG to DEF, the remaining (angle) AGB is thus equal 
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ToLyYovn. čaty ğa ðc Y) AB ngóc xy BH, obxoc 4 AE 
neds THY EZ. Go 5 h AE nod¢ thy EZ, lotta] Ondxerton Å 
AB npóc vv BI Y; AB &pa npóc Exatéoay THY BI’, BH tov 
aóxóv Eye Aóvov: tor] &pa *, BI' «fj BH. oce xoi vovía À 
meds TH DP youve th nrò BHI otv ton. dttv òè ptc 
OxÓxewot Y, npóc 1G I" &A&vvov Hou Eotiv pts xal ùnò 
BHI" óose 7| &ge&fic aocf| vovta ġ òrò AHB us(Cov &oiv 
ÓpUfjc. xoi &ocCy Or) tov) ooa tfj npóc 1G Z: xal Y) npóc 16 Z 
&pot ue(Gov &oxlv ópÜfjc. DxÓxerxot 0€ £Aácoov ópOfjc: óneo 
éotly &tonov. ovx &pa &vicóc otv f| óxó ABI yowvía tf 
bro ABZ: ton dea. £oxt 0£ xoi Y) npóc 16 A ton tfj poc tõ 
A: xoi Xov?) &pa Y, npóc x6 D Aowrf, xfj neóc 16 Z tor) &octv. 
icoyavuoy gow otl tò ABT tolywvov 165 AEZ tovyove. 

AAG OY TEAL DroxstoVe Exatéoa t&v npóc voic D, Z ur 
£A&coov ptic Ayw nó, óxt xoi o0xoc &odv ioovowov 
tO ABT totywvoyv 165 ABZ tevyavo. 

Tv yuo atv xatacxevacVEvtTwY uolas delgouEy, 
óu tor] £cuv f, BI th BH: Gote xal ywvia Y, npóc x6 I tH 
ónó BHI' ton £ox(v. oóx &£Aátov 0€ pts Y, noóc xG I^ 
oOx &A&ttov ipo ópUfic oó0£ Å oxó BHI'. tery@vou oy too 
BHT ai vo yovlar vo óp0Gv oOx ciow &Aáttovec: ónep 
£ody à60votov. oOx &pa nó ó&wwoóc &£ouv FH ONO ABT 
Yowvta. vf; óxó. AEZ: tov] &pa. £o 6€ xol fj npóc xG A TH 
npóc 1G A tory Aou &pa f| góc xG I Aon tH nodc¢ 16 Z 
icr) &ot(v. taooyavuoyv goa gotl tò ABT tolywvov 165 ABZ 
TOLY GVO). 

Eàv &pa dúo tolywova uav yovlav w& yoviy tony EXN, 
Teel 6€ GAhag Ywrvlacg xàc rAeupàc &véáXoYvov, xGv 6€ Aotnóv 
EXATEOAY GUA EAATTOVA FV UN EAATTOVA dpc, looyava 
COTA TH Tolywva nal loac ECet Tac Ywviac, neol às &váňoyóv 
cico al TMAcupat OnE Eder Setgau. 


; 
n. 

"Hav év dovoyavio toryava ànxó tfjc ópOfjc Yovt(ac &ri 
tiv D&ow xá9e1oc dy 9f, và npóc TH xadEtH votycva óuot& 
Eott T TE ÓÀc xol GAAfA oC. 

"Ecto tetywvov devoyawoy to ABT dehy Eyov ty 
bro BAT ywoviay, xal Hyw dnd tob A ext thy BE xaVetoc 
f| AA: Aévo, Öt uoy otv Exdtepov tHv ABA, AAT 
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to the remaining (angle) DF E [Prop. 1.32]. Thus, trian- 
gle ABG is equiangular to triangle DEF. Thus, as AB is 
to BG, so DE (is) to EF [Prop. 6.4]. And as DE (is) to 
EF, [so] it was assumed (is) AB to BC. Thus, AB has 
the same ratio to each of BC and BG [Prop. 5.11]. Thus, 
BC (is) equal to BG [Prop. 5.9]. And, hence, the angle 
at C is equal to angle BGC [Prop. 1.5]. And the angle 
at C was assumed (to be) less than a right-angle. Thus, 
(angle) BGC is also less than a right-angle. Hence, the 
adjacent angle to it, AGB, is greater than a right-angle 
[Prop. 1.13]. And (AGB) was shown to be equal to the 
(angle) at F. Thus, the (angle) at F is also greater than a 
right-angle. But it was assumed (to be) less than a right- 
angle. The very thing is absurd. Thus, angle ABC is not 
unequal to (angle) DEF. Thus, (it is) equal. And the 
(angle) at A is also equal to the (angle) at D. And thus 
the remaining (angle) at C is equal to the remaining (an- 
gle) at F [Prop. 1.32]. Thus, triangle ABC is equiangular 
to triangle DEF. 

But, again, let each of the (angles) at C and F be 
assumed (to be) not less than a right-angle. I say, again, 
that triangle ABC is equiangular to triangle DEF in this 
case also. 

For, with the same construction, we can similarly 
show that BC is equal to BG. Hence, also, the angle 
at C is equal to (angle) BGC. And the (angle) at C (is) 
not less than a right-angle. Thus, BGC (is) not less than 
a right-angle either. So, in triangle BGC the (sum of) 
two angles is not less than two right-angles. The very 
thing is impossible [Prop. 1.17]. Thus, again, angle ABC 
is not unequal to DEF. Thus, (it is) equal. And the (an- 
gle) at A is also equal to the (angle) at D. Thus, the 
remaining (angle) at C is equal to the remaining (angle) 
at F [Prop. 1.32]. Thus, triangle ABC is equiangular to 
triangle DEF. 

Thus, if two triangles have one angle equal to one 
angle, and the sides about other angles proportional, and 
the remaining angles both less than, or both not less than, 
right-angles, then the triangles will be equiangular, and 
will have the angles about which the sides (are) propor- 
tional equal. (Which is) the very thing it was required to 
show. 


Proposition 8 


If, in a right-angled triangle, a (straight-line) is drawn 
from the right-angle perpendicular to the base then the 
triangles around the perpendicular are similar to the 
whole (triangle), and to one another. 

Let ABC be a right-angled triangle having the angle 
BAC a right-angle, and let AD have been drawn from 
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` 


toyóvoy dAw@ tõ ABIT xoi Ett AAA hioc. 


A 


B A I 


‘Enel yao ton otv À òrò BAT th bro AAB: pà 
yuo éxatéea xal xov THY SUO ToLryYOvey toðŭ te ABT xo 
toŭ ABA 1| ngóc 16 B, Aou!) &pa ñ nò ATB Aoinf, tH 
bro BAA otw {or isoywmwuoy gow éott to ABI tetywvov 
t ABA tayovwy. £ouv doa ao Å BI óxoxe(vouca tiv 
oevry tol ABI tovyovou med¢ thy BA onxoccivoucav tijv 
pty tol ABA tetymvou, obta¢ abth 7 AB onoccivouca 
tv Teds t& T ywviay tot ABI terymvou ngóc wv BA 
Lmotetvovoay Thy tony thy bnd BAA tot ABA tetyovou, 
xoi £x. Y] AD npóc xijv AA bdrotetvouscay thy npóc xG B 
yovtay xouny Tv dúo vpvyóvov. TO ABT soa tetywvov 
t& ABA tayóvo icoyóvóv té ot Kal tàs neol tàs toas 
yavlag xAeupüc éváXovov £yev.. óuovov gua [Eotl] tò ABT 
tolywvov tă ABA cpuyóvo. óuotoc 97, 6c(&ouev, óc xoi 
t& AAT xpvyróvo óuovóv ot tò ABT tolywvov: &xéátegov 
goa tiv ABA, AAT [tayóovwoy]| uay gotw 6Aw tõ ABI. 

Aévco Of, ów xol GAAHAOLG EotlyY uow tà ABA, AAT 
Toly va. 

Enc yàp pt j ónó BAA óg901f| tý nrò AAT otw 
lon, Aà uy xat y) oxó BAA «fj npóc 16 I edety0n ton, 
xol ATÀ &oa Y; rgoc 1G B Aowrj tý òrò AAT otw torn 
iooyövov goa éott TO ABA toetywvoyv 165 AAT towovg. 
čaty àpa óc Y; BA tot ABA toeryovou brotetvouog thy 
brò BAA node thy AA tod AAT teryovou brotetvoucay 
t/jv Tod t& I tony th bro BAA, obtw¢ adty | AA cob 
ABA teryovou brotetvoucg thy Ted¢ TH B voviav ngóc 
tv AT drotetvoucay thy bro AAT tot} AAT tetyavov 
tony TY med xG B, xoi £u *| BA npóc trjv AT ónocxe(voucot 
tàüc ópOÜéc Suotov koa Eotl tO ABA totywvov tă AAT 
TOLY OVO). 

"Ei&kv hoa Ev COVOYOM® TELYOVO ATO TH¢ GEDA Ywvtac 
&ri vv Dáow xéOexoc dy Of, và npóc tfj xoOévo Telywva 
duos Eott TG) Te GAG) Kal GAANAots [nce Eder Seitz an]. 
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A, perpendicular to BC [Prop. 1.12]. I say that triangles 
ABD and ADC are each similar to the whole (triangle) 
ABC and, further, to one another. 


A 


B D C 


For since (angle) BAC is equal to ADB—for each 
(are) right-angles—and the (angle) at B (is) common 
to the two triangles ABC and ABD, the remaining (an- 
gle) ACB is thus equal to the remaining (angle) BAD 
[Prop. 1.32]. Thus, triangle ABC is equiangular to tri- 
angle ABD. Thus, as BC, subtending the right-angle in 
triangle ABC, is to B A, subtending the right-angle in tri- 
angle ABD, so the same AB, subtending the angle at C 
in triangle ABC, (is) to BD, subtending the equal (an- 
gle) BAD in triangle ABD, and, further, (so is) AC to 
AD, (both) subtending the angle at B common to the 
two triangles [Prop. 6.4]. Thus, triangle ABC is equian- 
gular to triangle AB D, and has the sides about the equal 
angles proportional. Thus, triangle ABC [is] similar to 
triangle ABD [Def. 6.1]. So, similarly, we can show that 
triangle ABC is also similar to triangle ADC. Thus, [tri- 
angles] ABD and ADC are each similar to the whole 
(triangle) ABC. 

So I say that triangles ABD and ADC are also similar 
to one another. 

For since the right-angle BDA is equal to the right- 
angle ADC, and, indeed, (angle) BAD was also shown 
(to be) equal to the (angle) at C, thus the remaining (an- 
gle) at B is also equal to the remaining (angle) DAC 
[Prop. 1.32]. Thus, triangle ABD is equiangular to trian- 
gle ADC. Thus, as BD, subtending (angle) BAD in tri- 
angle ABD, is to DA, subtending the (angle) at C in tri- 
angle ADC, (which is) equal to (angle) BAD, so (is) the 
same AD, subtending the angle at B in triangle ABD, to 
DC, subtending (angle) DAC in triangle ADC, (which 
is) equal to the (angle) at B, and, further, (so is) BA to 
AC, (each) subtending right-angles [Prop. 6.4]. Thus, 
triangle ABD is similar to triangle ADC [Def. 6.1]. 

Thus, if, in a right-angled triangle, a (straight-line) 
is drawn from the right-angle perpendicular to the base 
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IIógwya. 

Ex OY TOUTOL Mavepdy, OTL EXY y poyo tpuovo 
à&nó tfjc ópOfic vcovóuc Ext tHY Bdorc xdVetoc dy Of, Y, 
ayvetoa THY Thc Baoews tunuátov YEOH avdAOYOY EoTIV’ 
Órep Eder cto. 


t In other words, the perpendicular is the geometric mean of the pieces. 


Us 


Tc dovetone cudetac 10 meootayVEv UEpOC HEdety. 


L 


AÀ Z B 


"Eoo f| 809cica có9cta Y, AB: oct 97) vfjc AB tò rpo- 
otoay ev u£poc ómpeAeiv. 

Entetáyůw Dù tÒ toltov. [xa] Áyo tig and tod A 
ceuveta 7) AT ywviayv nepréyovog ueta thc AB tuyotioay: xat 
eiAYypOc xuxyóv onuciov Ext thc AL to A, xa xeiodwoauy 
tfj AA toot o. AE, ET. xoi &neCeóy 90 4 BI, xat die tot A 
TapdAAnAos ath Ayda À AZ. 

‘Eret obv tovrya@vou tol ABI nao& utav tay mAcuediy 
ty BIT ğxta 4 ZA, &véAoyoy dea éotly ðc Å TA node thy 
AA, obtoc À BZ node thy ZA. Sindh 66 Y; DA the AA: 
ATAN Koa ual À BZ tc ZA: tani Koa ñ BA tis AZ. 

Tc &oa doðelons celas tc AB 10 Emtaydev toitov 
uépoc &yfentTa tÒ AZ: önep Eder roroa. 


f 


UL. 


Try dovetcay covetay &tuntoy th doVveton tetunuevy 
óuotoc TEUEly. 
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then the triangles around the perpendicular are similar 
to the whole (triangle), and to one another. [(Which is) 
the very thing it was required to show.] 


Corollary 


So (it is) clear, from this, that if, in a right-angled tri- 
angle, a (straight-line) is drawn from the right-angle per- 
pendicular to the base then the (straight-line so) drawn 
is in mean proportion to the pieces of the base.’ (Which 
is) the very thing it was required to show. 


Proposition 9 


To cut off a prescribed part from a given straight-line. 


A F B 


Let AB be the given straight-line. So it is required to 
cut off a prescribed part from AB. 

So let a third (part) have been prescribed. [And] let 
some straight-line AC have been drawn from (point) A, 
encompassing a random angle with AB. And let a ran- 
dom point D have been taken on AC. And let DE and 
EC be made equal to AD [Prop. 1.3]. And let BC have 
been joined. And let DF have been drawn through D 
parallel to it [Prop. 1.31]. 

Therefore, since FD has been drawn parallel to one 
of the sides, BC, of triangle ABC, then, proportionally, 
as CD is to DA, so BF (is) to FA [Prop. 6.2]. And CD 
(is) double DA. Thus, BF (is) also double FA. Thus, 
BA (is) triple AF. 

Thus, the prescribed third part, AF, has been cut off 
from the given straight-line, AB. (Which is) the very 
thing it was required to do. 


Proposition 10 


To cut a given uncut straight-line similarly to a given 
cut (straight-line). 
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A 4 H B 

"Eoto ¥) yey Soveton cb¥eta &tuntoc 7 AB, 5| 6& ce- 
tunuevy À AT xatà ta A, E onucta, xal xetodwoauy Hote 
Yowv(av xuxoÜcav nepiéyetv, xoi &neCeoy90 Y| D'B, xoi àu 
t:Gv A, E xfj BI Tο ryy0ooav oi AZ, EH, à 6€ 
tot A th AB napóA^noc fy9co ñ AOK. 

IIapgoA^nAóYvpopuov &pa &oxiv &xéxegov x&v ZO, OB: 
ior) àpa ?| u£v AO xf; ZH, Y, 6€ OK «f; HB. xoà &nel vpuyóvou 
tol AKT rood utav x&v nAeugGv tijv KT còca xto Å 
OE, &véAovov &pa &oxv óc f; L'E ngóc xy EA, obtwe À 
KO rede thy OA. ton de f| uev KO «jj BH, 9; 6€ OA «f 
HZ. £cuv &pa óc f, DE ngóc vv EA, obcoc f, BH ngóc viv 
HZ. nérw, énet torymvou xo0 AHE xoà utov tõv rÀAeugGv 
tAv HE ğxta À ZA, &váXovov goa &£oxiv óc Y, EA rede thy 
AA, obtta¢ À HZ node xf ZA. &6c(yOr) 6€ xol ðc Å TE 
ngoóc t'y EA, oboc f; BH xgóc vjv HZ: &oxv &pa óc uev 
4) TE node thy EA, ootoc f| BH ngóc xv HZ, óc òè ñ EA 
ngoóc tv AA, obcoc À HZ mode thy ZA. 

"H &pa 6o9€ica có9ctia &tuntos À AB tÅ 6o0c(or) coco 
tetunuevy tH AD ovotws tétunto nep čest roroa 


Lo’. 

Ato dSo¥eodv evvdery teitny avddAoyoy TeoceveeEly. 

"Eotwoay at Sodciom [S00 cb0cta) oi BÀ, AD xoi 
xelovwoayv ywoviay nepiéyovoan tuyotoay. det 07) xv BA, 
AT xpí(tr|v àváAovov npootupeiv. &xpeQAYjo9ooav yàp &ri 
tà A, E concio, xoà xetodw xfj AU ter Y BA, xoi éneCeoy 9o 
?, BI, xoi Sta tod A trapáňànios aùt Hyto 7, AE. 

‘Exet obv toryo@vou tol) AAE xoà utov Gv xAeupGv 
tv AE xta | BD, àvóáAovóv &ouv óc f; AB ngóc tijv 
BA, obcoc *| AT ngóc xrjv DE. tor òè 5| BA «fj AT. £oxv 
&po ðs fj AB ngóc vv AT, oovoc 9j AT ngóc vv DE. 
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C 


A F G B 

Let AB be the given uncut straight-line, and AC a 
(straight-line) cut at points D and E, and let (AC) be 
laid down so as to encompass a random angle (with AB). 
And let C B have been joined. And let DF and EG have 
been drawn through (points) D and E (respectively), 
parallel to BC, and let DH K have been drawn through 
(point) D, parallel to AB [Prop. 1.31]. 

Thus, FH and HB are each parallelograms. Thus, 
DH (is) equal to FG, and H K to GB [Prop. 1.34]. And 
since the straight-line H E has been drawn parallel to one 
of the sides, KC, of triangle DKC, thus, proportionally, 
as CE is to ED, so KH (is) to HD [Prop. 6.2]. And 
KH (is) equal to BG, and HD to GF. Thus, as CE is 
to ED, so BG (is) to GF. Again, since FD has been 
drawn parallel to one of the sides, GE, of triangle AGE, 
thus, proportionally, as ED is to DA, so GF (is) to FA 
[Prop. 6.2]. And it was also shown that as CE (is) to 
ED, so BG (is) to GF. Thus, as CE is to ED, so BG (is) 
to GF,and as ED (is) to DA, so GF (is) to F A. 

Thus, the given uncut straight-line, AB, has been cut 
similarly to the given cut straight-line, AC. (Which is) 
the very thing it was required to do. 


Proposition 11 


To find a third (straight-line) proportional to two 
given straight-lines. 

Let BA and AC be the [two] given [straight-lines], 
and let them be laid down encompassing a random angle. 
So it is required to find a third (straight-line) proportional 
to BA and AC. For let (B A and AC) have been produced 
to points D and E (respectively), and let BD be made 
equal to AC [Prop. 1.3]. And let BC have been joined. 
And let DE have been drawn through (point) D parallel 
to it [Prop. 1.31]. 

Therefore, since BC has been drawn parallel to one 
of the sides DE of triangle ADE, proportionally, as AB is 
to BD, so AC (is) to CE [Prop. 6.2]. And BD (is) equal 
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A 
B 
DU 
A 
E 


Abo ğpa doðeročyv covery tv AB, AT totty åváňoyov 
autotc mooceventa NTE: once der roroa. 


f 
(D. 
Tav dovteody covey tetdetny avéAoyov noo- 
OE€UQElv. 


D= E 
H 
A © Z 


"Eotwoay at do0cion toeic cea oat A, B, Ie öer oy 
tv A, B, T tetoátny åváħňoyov npoccvpeňv. 

‘Exxetodwoay dvo cvveta ot AE, AZ yaviay neeiéyouc- 
a [tuyoDoay| thy bnd EAZ: xot xelodw tH ev A ton AH, 
tf 6€ B tor] f| HE, xoà ëu t T on ) AO: vot EmCevyVetone 
thc HO napdAAnroc woth Hydw oc tod E Å EZ. 

‘Exet ody toryo@vou tol AEZ nope ulav tày EZ Axta À 
HO, éotw toa ae f| AH ngóc cv HE, obcoc Y, AO ngóc 
tiv OZ. ton de *| u£v AH «f| À, 5 66 HE vf; B, fj 66 AO «f 
I: otv &pa óc fj À npóc tjv B, obtoc f| ' ngóc xy OZ. 

Tov goa dsoverciiv cvdertiv Gv. ÀA, B, P tetéoty 
avarkoyoY Teoceventa Y, OZ: once Eder nodfjoot. 
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to AC. Thus, as AB is to AC, so AC (is) to CE. 


A 
B 
C 
D 
E 


Thus, a third (straight-line), CE, has been found 
(which is) proportional to the two given straight-lines, 
AB and AC. (Which is) the very thing it was required to 
do. 


Proposition 12 


To find a fourth (straight-line) proportional to three 
given straight-lines. 
At’ 


G—— — — E 
G 
D H F 


Let A, B, and C be the three given straight-lines. So 
it is required to find a fourth (straight-line) proportional 
to A, B, and C. 

Let the two straight-lines DE and DF be set out en- 
compassing the [random] angle EDF. And let DG be 
made equal to A, and GE to B, and, further, DH to C 
[Prop. 1.3]. And GH being joined, let EF have been 
drawn through (point) E parallel to it [Prop. 1.31]. 

Therefore, since GH has been drawn parallel to one 
of the sides EF of triangle DEF, thus as DG is to GE, 
so DH (is) to HF [Prop. 6.2]. And DG (is) equal to A, 
and GE to B, and DH to C. Thus, as A is to B, so C (is) 
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f 


LY. 


Ato doveoiy covery ugony &vddoyoy TeccevueEly. 


A 


A B D 


"Eococav ot 6o0€i6ot dúo cóOctiot ot. AB, BI" Set dy tv 
AB, BT uéony àváAovov npootcupelv. 

Ketodwoay én’ evvdetac, xa yeyodoðw èm ts AT 
fiuocoxAvov xó. AAT, xoà fyc ànó toŭ B onuetou t AT 
cevveta medc do0dc BA, xol ExeCevyDuwoav at AA, AT. 

"Eme &v fjuocoxAtGo Yovta oty bro AAT, óg0f, £o. 
“ol Emel Ev doVoywvin toryovw tH AAT àxó rfi; ópOfjc 
yovtag én thy Baow xadetog Auto À AB, Y; AB tow tév 
Thc Bdoews tunudtwoyv tv AB, BT uéon àvéáXovóv otv. 

Ato goa Soveroyv ceo0&.Gvy x&v AB, BI uéon àvó^ovov 
teooeventa Y; AB: ónep Eder norfiom. 


t In other words, to find the geometric mean of two given straight-lines. 


LO. 


TGv toov te xal tooyWVlWY TAPAAANACYOAUUWY OYTI- 
TETOVUAOL ol MAEVE ol TEOl Tac toac Ycoviac xol Gv too- 
YOVUOY TACKAANADYEaUUOY àvunxenóvüaotv oi nàcupal ott 
Teol Tac toa ywvlac, low Eotly Exetva. 

"Ecco toa t€ xoi tooyaua napodAnAdyoauua ta AB, 
BI ícac čyovta xàc ngóc v6 B ywrviac, xa uetodwouy én’ 
evvetac at AB, BE: én’ eo0ctoc how ciot xa a ZB, BH. 
Aévo, öt x&v AB, BI' ávunenóvOaot at mAcvoat oi negl 
tac toug ywviag, xoutéo uv, OTL Eotiv óc f; AB npóc viv 
BE, obcoc ý HB qrpòs thy BZ. 
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to HF. 

Thus, a fourth (straight-line), HF, has been found 
(which is) proportional to the three given straight-lines, 
A, B, and C. (Which is) the very thing it was required to 
do. 


Proposition 13 


To find the (straight-line) in mean proportion to two 
given straight-lines.! 


A B C 


Let AB and BC be the two given straight-lines. So it 
is required to find the (straight-line) in mean proportion 
to AP and BC. 

Let (AB and BC) be laid down straight-on (with re- 
spect to one another), and let the semi-circle ADC have 
been drawn on AC [Prop. 1.10]. And let BD have been 
drawn from (point) B, at right-angles to AC [Prop. 1.11]. 
And let AD and DC have been joined. 

And since ADC is an angle in a semi-circle, it is a 
right-angle [Prop. 3.31]. And since, in the right-angled 
triangle ADC, the (straight-line) DB has been drawn 
from the right-angle perpendicular to the base, DB is 
thus the mean proportional to the pieces of the base, AB 
and BC [Prop. 6.8 corr.]. 

Thus, DB has been found (which is) in mean propor- 
tion to the two given straight-lines, AB and BC. (Which 
is) the very thing it was required to do. 


Proposition 14 


In equal and equiangular parallelograms the sides 
about the equal angles are reciprocally proportional. 
And those equiangular parallelograms in which the sides 
about the equal angles are reciprocally proportional are 
equal. 

Let AB and BC be equal and equiangular parallelo- 
grams having the angles at B equal. And let DB and BE 
be laid down straight-on (with respect to one another). 
Thus, FB and BG are also straight-on (with respect to 
one another) [Prop. 1.14]. I say that the sides of AB and 
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A A 


MXuunenxAnooo00 yàp tÒ ZE taparinióypauuov. ène 
obv tcov ŝoti tò AB napaàinióypauuov tă BI rapain- 
Aoypåuuw, &Aào Dé 1. 10 ZE, Eotw &pa ðs tò AB ngóc TO 
ZE, obtw¢ TO BI node tò ZE. &AX' óc uèv tò AB npóc 
tò ZE, oŭtwos 7) AB ngóc thy BE, s è tò BI npòs tò 
ZE, oŬtos ?*; HB xpóc vv BZ: xoi óc &pa f, AB npóc viv 
BE, ottw¢ 4 HB node thy BZ. tv dea AB, BI rapal- 
ANAOCYEGUUOY àvurenóvOüacty oi TAcLEAL al neol tàs tonc 
YOVac. 

A)A& dh Eotw G¢ 7 AB ned¢ thy BE, obtwe¢ 1) HB rede 
uv BZ: Aévo, óx toov oti tò AB naparAnrAdyeauyoy TH 
BI naporAnroyeduua. 

‘Exel ydo £ouv óc 5| AB ngóc thy BE, ottw>¢ f| HB 
ngoc t" BZ, àAX' óc uev f; AB ngoóc thy BE, obtwe¢ tò 
AB nrapahànàóypauuov roòc tò ZE napahAnroyeauoy, @¢ 
o£ * HB nxgóc thy BZ, oŬtws tò BI napahànióypauuov 
ngóc TO ZE napadAnddyeauuoy, xal do goa tò AB npóc 
tO ZE, obtxoc tò BI nod¢ tò ZE: {oov gow Eoti tO AB 
topo Avóvoougov xG BI naparAnroyeduuo. 

TGv üpa toov xe xoà icoYov(ov napahànioypåuuwyv 
&v1xexóvüoctv oi TAcupal ai repli tàs tooc Ycovíiac: xol Gv 
ICOYWOVMIOY TAPAAANACYEGUUMY àvxrenóvOoacty oi tàcupol 
al Teel tac touc yYwWvlac, low Eotly Exciva Once Eder Ocie. 


f 
IE * 

TGv toov xoi utov ut tony &yóveov veovíav teur avov 
AVUNENOVUAOL al TALEO ol MEEl tàs toas yoviac: Kall dv 
ulay w& Tony EYOVTOV YWVIAY TOLYWOVOY i&vunrenóvOaot atl 
TAcvLeal al Teel Tac laa ywvlac, tow Eotly Exeiva. 

"Eotw toa totywva te ABT, AAE utav we tony Eéyovta 
Yowv(tav xy òrò BAT t òrò AAE: Aévo, óx tõv ABT, 
AAE towóvov ávuneróvýaciv o nàcvpoa oi repli vàc toas 

? i er 2 ` c c * x er 
yavas, xouxéovv, óu &odlv óc H TA moed¢ thy AA, obtoc 
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BC about the equal angles are reciprocally proportional, 
that is to say, that as DB is to BE, so GB (is) to BF. 


E C 


A D 


For let the parallelogram FE have been completed. 
Therefore, since parallelogram AB is equal to parallelo- 
gram BC, and FE (is) some other (parallelogram), thus 
as (parallelogram) AB is to FE, so (parallelogram) BC 
(is) to FE [Prop. 5.7]. But, as (parallelogram) AB (is) to 
FE,so DB (is) to BE, and as (parallelogram) BC (is) to 
FE, so GB (is) to BF [Prop. 6.1]. Thus, also, as DB (is) 
to BE, so GB (is) to BF. Thus, in parallelograms AB 
and BC the sides about the equal angles are reciprocally 
proportional. 

And so, let DB be to BE, as GB (is) to BF. I say that 
parallelogram AB is equal to parallelogram BC. 

For since as DB is to BE, so GB (is) to BF, but as 
DB (is) to BE, so parallelogram AB (is) to parallelo- 
gram FE, and as GB (is) to BF, so parallelogram BC 
(is) to parallelogram F'E [Prop. 6.1], thus, also, as (par- 
allelogram) AB (is) to FE, so (parallelogram) BC (is) 
to FE [Prop. 5.11]. Thus, parallelogram AB is equal to 
parallelogram BC [Prop. 5.9]. 

Thus, in equal and equiangular parallelograms the 
sides about the equal angles are reciprocally propor- 
tional. And those equiangular parallelograms in which 
the sides about the equal angles are reciprocally propor- 
tional are equal. (Which is) the very thing it was required 
to show. 


Proposition 15 


In equal triangles also having one angle equal to one 
(angle) the sides about the equal angles are reciprocally 
proportional. And those triangles having one angle equal 
to one angle for which the sides about the equal angles 
(are) reciprocally proportional are equal. 

Let ABC and ADE be equal triangles having one an- 
gle equal to one (angle), (namely) BAC (equal) to DAE. 
I say that, in triangles ABC and AD FE, the sides about the 
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Å EA xpóc vv AB. 


A E 


Ketotu yuo Gote én’ cdVetac etvoun thy DA th AA? én’ 
cOUc(ac dpa &o xoi Y) EA vf; AB. xoi &neCeóy 90 f| BA. 

"Enei oov tcov &oxi tò ABT totywvoy 16) AAE toryave, 
GAA O€ TL TO BAA, Eotw &pa óc 70 TAB totywvov ned¢ 
tO BAA tolyavoy, obtw¢ 76 EAA tolywvoy moog T6 BAA 
totywvoy. aA’ a uev tò DAB ngóc tò BAA, obcoc f 
D'ÀA ngóc ctv AA, óc o£ tò EAA npóc xó BAA, obtoc | 
EA npóc tv AB. xoi óc &pa Å TA mode thy AA, obxac 
? EA ngóc vv AB. xv ABI, AAE &pa vovyóvov àvu- 
TETOVUAOLY al TAEVEAL ol MEOl Tac Toac ywrviac. 

AAA& 87, &vtinetowEétwoay at tAcveat ty ABI, AAE 
TOLYOVOY, xa Eotw Go FTA node thy AA, obxoc f; EA 
ngóc tv AB: Aéyo, óu (cov ot xó ABD tolywvoy x6 
AAE tpvróvo. 

‘Emevyvetons yàp tráv týs BA, éxet Eotw wo 4 TA 
npóc t? AA, oü0toc ? EA xpóc vv AB, &XX' óc uiv 
À TA xpóc vv AA, obtvoc tò ABP vgíyovov ngóc tò 
BAA «piyovov, óc 906 9| EA ngóc xy AB, obxoc tò EAA 
totywvov Teds T0 BAA totywvov, @¢ doa T6 ABT totyawvov 
toeog T0 BAA tolywvov, obtwe tò EAA tolywvov ned¢ 
tO BAA toetywvoyv. exdtepov goa tiv ABT, EAA nod¢ 
tO BAA tov adtoyv éyet Adyoyv. toov čega écot tò ABT 
Ixecyovov| 16 EAA xevrovo. 

TGv é&pa towv xal ulay uu tony &yóvxov Yoviayv 
tpiYO vov àvunxenóvOaoiuy oat mxÀeupol oi mepi Tac toag 
yoviac xoi O¢ ulav we fony &yóvvov voviav xpvrovov 
OVTLTETOVUGOLY of MAEVE of reol tàs toas YuViac, Exetvor 
toa €otlv’ Omee Eder Seton. 


f 


— 


2 ` i 5 ^ 2 / ry * c * c 
Eàv xéocoapec eóUciou àvÓáAovov Mot, TO ONO THY 
&xpov xepieyóuevov ópÜovowuov tcov £o tT ONO TOV 
uécov nxepieyouévo ópUoyvov(o: xàv TO DO TOV d&xewv 
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equal angles are reciprocally proportional, that is to say, 
that as CA is to AD, so EA (is) to AB. 


B C 


D E 


For let CA be laid down so as to be straight-on (with 
respect) to AD. Thus, EA is also straight-on (with re- 
spect) to AP [Prop. 1.14]. And let B D have been joined. 

Therefore, since triangle ABC is equal to triangle 
ADE, and BAD (is) some other (triangle), thus as tri- 
angle C AB is to triangle BAD, so triangle EAD (is) to 
triangle BAD [Prop. 5.7]. But, as (triangle) CAB (is) 
to BAD, so CA (is) to AD, and as (triangle) EAD (is) 
to BAD, so EA (is) to AB [Prop. 6.1]. And thus, as CA 
(is) to AD, so EA (is) to AB. Thus, in triangles ABC and 
ADE the sides about the equal angles (are) reciprocally 
proportional. 

And so, let the sides of triangles ABC and ADE be 
reciprocally proportional, and (thus) let CA be to AD, 
as EA (is) to AB. I say that triangle ABC is equal to 
triangle ADE. 

For, B D again being joined, since as CA is to AD, so 
EA (is) to AB, but as CA (is) to AD, so triangle ABC 
(is) to triangle BAD, and as EA (is) to AB, so triangle 
EAD (is) to triangle BAD [Prop. 6.1], thus as triangle 
ABC (is) to triangle BAD, so triangle EAD (is) to tri- 
angle BAD. Thus, (triangles) ABC and EAD each have 
the same ratio to BAD. Thus, [triangle] ABC is equal to 
triangle EAD [Prop. 5.9]. 

Thus, in equal triangles also having one angle equal to 
one (angle) the sides about the equal angles (are) recip- 
rocally proportional. And those triangles having one an- 
gle equal to one angle for which the sides about the equal 
angles (are) reciprocally proportional are equal. (Which 
is) the very thing it was required to show. 


Proposition 16 


If four straight-lines are proportional then the rect- 
angle contained by the (two) outermost is equal to the 
rectangle contained by the middle (two). And if the rect- 
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TNEPLEXOUEVOYV CEVOYMVOV taoy # TG UNO THY UEOWY TEPLE- 
youévo ógOovovío, at TEcoapes cuveta vé oYvov £covtoat. 


©) 
A B Lr A 


EE— — —ñN — 

"Eotwoay técoapes còca avédoyoy at AB, TA, E, Z, 
oc Å AB ngóc thY TA, obta¢ hE ngóc viv Z- Aévo, Öt 
tO Uno xGv AB, Z nepieyóugvov ópüovowvwov toov &oci TH 
brò tõv T'A, E nepveyouévo ópOovovio. 

"Hy9ocav [yàp] àxó xv A, T onustov xoic AB, DA 
coUc(otc npóc ópg0àc oi. AH, I'O, xoi xe(o9o th uev Z ton 
?, AH, «fj 6€ E tor) 5 D'O. xoà cuunen^npooc9o ta BH, AO 
Topo AY potuto. 

Koi &ne( &ouv óc Y, AB rod thy TA, o0toc f, E, ngóc 
try Z, ton o¢ ġ uev E th VO, ¥ Se Z th AH, Eotw doa óc 
? AB node thy TA, obta¢ 4 TO node thy AH. xóv BH, 
AQ dou naparAnrdoyeduoy &vunrenóvOaot oi rÀeupol ot 
TEEl Tac load YWVLAC. WY OF LODYWVIWY TAPAAANAODY PAUUWY 
&vcxixexóvOoctv oi rAeupot o repli Tae toa ywvduc, low otv 
éxetva’ toov &pa éotl TO BH nrapaànàóypauuov tæ AO 
nopoA^roveáuuo. xot £ox xó u£v BH tò ono x6v AB, Z 
ton yàp ġ AH tÅ Z: tò dé AO tO dnd x&v L'A, E" tor yao ¥ 
E tf TO: tò &pa òrò tõv AB, Z nepieyóuevov ópðoyóvov 
tcov £o t& onó xGv TA, E nepieyouévo ópDovovup. 

AAXAà 87, xo ono Gv AB, Z nepieyóuevov ógOovowov 
(cov ëotw t rò xGv DÀ, E nepgieyouévo. ógOovowvio. 
EVO), OTL al TEcoapec cvVeta dv oov Ecovta, c Y; AB 
meds THY TA, obtaw¢ f| E node thy Z. 

Tõv yao abtdv xataoxevacvevtwy, Emel TO ONO TOV 
AB, Z foov éott 16 bnd tHv TA, E, xal ott T6 uev nó 
tõv AB, Z 10 BH: ton yéo éotw fj AH tÅ Z: tò 0è brò tõv 
TA, E tò AO: ton yao ATO t E tò goa BH toov éott 
t% AO. xal otuv icoyóva. tV dé towyv nat tooywvtwy 
topo nioypduuwyv &vtuneróvůaciv ai nàcupoal at nep Tac 
toas yoviac. £ouv àpa óc f| AB ngóc tv DA, obcoc fj D'O 
meds thy AH. ton Se H uev TO «fj E, 5| 66 AH «fj Z: &ouv 
&po ðs Å AB ngóc xy DA, ooxoc f| E mode thy Z. 

Eàv doa técoapecs evvetan avaAoYOV Ooty, TÒ UNO TOV 
&xpov nepgieyóuevov ópÜoroviov tcov £o TH ÙTÒ TOV 
uécov nepieyouévo deVoyuviw xa&v TO DMO TOV d&xewv 
reptey óuevov ópÜovowuov tcov f TG ONO THY UECWY TEPLE- 
YOVEV ópÜovcowvio, oi xéocopsc eoU6tot véAovov £covtar 
Órep Òc OciGon. 
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angle contained by the (two) outermost is equal to the 
rectangle contained by the middle (two) then the four 
straight-lines will be proportional. 


H 
mE mE 
A b C D 
UL — — F— — 

Let AB, CD, E, and F be four proportional straight- 
lines, (such that) as AB (is) to CD, so E (is) to F. I say 
that the rectangle contained by AB and F is equal to the 
rectangle contained by C D and E. 

[For] let AG and CH have been drawn from points 
A and C at right-angles to the straight-lines AB and CD 
(respectively) [Prop. 1.11]. And let AG be made equal to 
F, and CH to E [Prop. 1.3]. And let the parallelograms 
BG and DH have been completed. 

And since as AB is to CD, so E (is) to F, and E 
(is) equal CH, and F to AG, thus as AB is to CD, so 
C H (is) to AG. Thus, in the parallelograms BG and DH 
the sides about the equal angles are reciprocally propor- 
tional. And those equiangular parallelograms in which 
the sides about the equal angles are reciprocally propor- 
tional are equal [Prop. 6.14]. Thus, parallelogram BG 
is equal to parallelogram DH. And BG is the (rectangle 
contained) by AP and F. For AG (is) equal to F. And 
DH (is) the (rectangle contained) by C D and E. For E 
(is) equal to CH. Thus, the rectangle contained by AB 
and F is equal to the rectangle contained by C D and E. 

And so, let the rectangle contained by AB and F be 
equal to the rectangle contained by C D and E. I say that 
the four straight-lines will be proportional, (so that) as 
AB (is) to CD, so E (is) to F. 

For, with the same construction, since the (rectangle 
contained) by AB and F is equal to the (rectangle con- 
tained) by CD and E. And BG is the (rectangle con- 
tained) by AB and F. For AG is equal to F. And DH 
(is) the (rectangle contained) by CD and E. For CH 
(is) equal to E. BG is thus equal to DH. And they 
are equiangular. And in equal and equiangular parallel- 
ograms the sides about the equal angles are reciprocally 
proportional [Prop. 6.14]. Thus, as AB is to CD, so CH 
(is) to AG. And CH (is) equal to E, and AG to F. Thus, 
as AB is to CD, so E (is) to F. 

Thus, if four straight-lines are proportional then the 
rectangle contained by the (two) outermost is equal to 
the rectangle contained by the middle (two). And if the 
rectangle contained by the (two) outermost is equal to 
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C. 

Eàv tpeic eóUetot &váAovov Got, TO DLO THY &xowy 
regiexyóuevov óp0ovowov toov oT. T ATÒ TS ueorc ve- 
TONY OVE’ XAV TO DMO TOY &XOWY NEELEYOUEVOYV CEDOYOVLOV 
toov Y tH GMO tfj; uéorc tetpoYOwo, oi tpeic sbDEtou 
OVOAOY OV EGOVTAL. 


At’ 
Nm 


[ |m 

"Eotwoay tocic cvveta &váñoyov ot A, B, I, óc f| A 
rgóc t? B, obtoc À B ngóc cv I^ Aévo, óu vó oxó TOV 
A, I regieyóuevov ópOovówov toov £o 1G and thc B 
TETONY OVO. 

Ketodw th B ton A. 

Kal énet otv ðc Å A mode thy B, obtw¢ HB mod¢ ty 
I, toy d¢ 4 B th A, Eotw &pa óc 7| À ngóc cy B, 5| A ngóc 
try TD. àv òè xéoocopec eo0etot ivé&Aovov Got, xó TÒ TV 
&xpcov negieyóuevov |ópOovowov| toov £o xà Ondo tæv 
uécov nepiey ouévo ópOovovi. TO &pa rò tõv A, T toov 
£cl 76 oro v&v B, A. &AAà tò onó x&v B, A xó ànó ts B 
£cuv' tor) vào À B tÅ A’ tò &pa òrò tõv A, I nepieyóuevov 
opvoyauoy tooy cotl 1G ano thc B tetoxyave. 

AAA&à 65 tò dnd THY A, T toov Eotw tH dno tHe B: 
Eva, OTL Eatly Oe WA TOd¢ THY B, obtw¢ HB node THVT. 

TOV yuo atv xataoxevacVEevtoy, Enel TO ONO TOV A, 
I' tcov £o 1G ànoó tfjc B, àAA& xó aNd týs B tO xO THY 
B, A &cuv tcr) yàp ġ B tý A: tò &pa onó xGv A, I' tcov 
£cl 165 brò tõv B, A. àv öè tò nò 16v Gxpov tcov Y, xà 
UNO TOY UEOWY, al TEcoupsc sLVEta &váAovóv eioty. ČOT 
&pa. Gc *; À npóc tjv B, obtoc f) A npóc cv D. tor o8 Å B 
th A: a> toa A neóc trv B, ooxoc f; B ngóc vy TE. 

"Eiàtv &pot voeic eoU€tot avadoyoy Baw, TO ONO TOV &xowy 
TEPLEYOUEVOY COVOYWWOV toov oT TH AMO Tho UÉONG TE- 
tpaty cover: XAV TÒ oxó THY &XOwWY NEoLEyOUEVOYV CEDOYMVLOV 
tcov Ý t àxó tfj; uéorc vetpoYOwo, oi vpeic cóUclot 
avdACYOYV čcovtav ÖnEp Eder Settau. 
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the rectangle contained by the middle (two) then the four 
straight-lines will be proportional. (Which is) the very 
thing it was required to show. 


Proposition 17 


If three straight-lines are proportional then the rect- 
angle contained by the (two) outermost is equal to the 
square on the middle (one). And if the rectangle con- 
tained by the (two) outermost is equal to the square on 
the middle (one) then the three straight-lines will be pro- 
portional. 


A —— — — — 
B mÁ —— D |m — 


G —— 

Let A, B and C be three proportional straight-lines, 
(such that) as A (is) to B, so B (is) to C. I say that the 
rectangle contained by A and C is equal to the square on 
B. 

Let D be made equal to B [Prop. 1.3]. 

And since as A is to B, so B (is) to C, and B (is) 
equal to D, thus as A is to B, (so) D (is) to C. And if 
four straight-lines are proportional then the [rectangle] 
contained by the (two) outermost is equal to the rectan- 
gle contained by the middle (two) [Prop. 6.16]. Thus, 
the (rectangle contained) by A and C is equal to the 
(rectangle contained) by B and D. But, the (rectangle 
contained) by P and D is the (square) on B. For B (is) 
equal to D. Thus, the rectangle contained by A and C is 
equal to the square on BP. 

And so, let the (rectangle contained) by A and C be 
equal to the (square) on B. I say that as A is to B, so B 
(is) to C. 

For, with the same construction, since the (rectangle 
contained) by A and C is equal to the (square) on B. 
But, the (square) on B is the (rectangle contained) by B 
and D. For B (is) equal to D. The (rectangle contained) 
by A and C is thus equal to the (rectangle contained) by 
B and D. And if the (rectangle contained) by the (two) 
outermost is equal to the (rectangle contained) by the 
middle (two) then the four straight-lines are proportional 
[Prop. 6.16]. Thus, as A is to B, so D (is) to C. And B 
(is) equal to D. Thus, as A (is) to B, so BP (is) to C. 

Thus, if three straight-lines are proportional then the 
rectangle contained by the (two) outermost is equal to 
the square on the middle (one). And if the rectangle con- 
tained by the (two) outermost is equal to the square on 
the middle (one) then the three straight-lines will be pro- 
portional. (Which is) the very thing it was required to 
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"m. 
Anó tfj; GoOc(or eó9c(ac và Go0évu có9uYpóuuo 
ÓuotÓóv 1e xoi óuotoc xe(uevov eo00vpouqiov a&vayeddan. 


E 
Z 


H 


D A A B 


"Hot f, u£v dovdetaa evdeta y, AB, có O£ dodEv 
ceoO0vooauuov vó DE: 8c o7) àxó tfjc AB eó9c(ac tH TE 
EVULVYECUUG Óóuolóv xe xol óuotoc xc(uevov eoO0vpouov 
&voty pátpott. 

"EncCeóy 90 f| AZ, xol cuveotáxo npóc xfj; AB eo0cío 
xol toic nrpóc acf onuelois tois A, B xfj u£v ngóc tă T 
yovia ton ġ òrò HAB, t òè òrò TAZ ton ġ òrò ABH. orh 
&pa Y ono DZA «fj; óxnó AHB octy ton: icoyóvov &pa ot 
tO ZA tetywmvoy 74 HAB tetyavn. àváXovov &pa éotlv 
óc *| ZA ngóc vy HB, oóxoc f; ZI ngóc vy HA, xoà f| 
TA node tùy AB. nédw ovveotéte ngóc vf; BH eó96íq xoi 
toic npóc acf| orjuctow; xoiz B, H xfj uev oxó AZE yovi 
ton ġ nrò BHO, t òè rò ZAE tor f, óxó HBO. Aou &pa 
Å TENS t& E Aan t meds 76H O Eotw ton iooyovov doa 
éott tO ZAE tolywvoyv 165 HOB toryava àváňoyov goa 
éotiy ac ZA ngóc vv HB, o0xoc f; ZE ngóc vv HO xoi 
À EA ngóc vy OB. &0c(y 0r] 86 xol cc *| ZA ngóc xiv HB, 
ovtws À ZI ngóc thy HA xt WTA xgóc xy AB: xoi óc 
&pat Y) ZU ngóc vv AH, oboc 4 te TA med¢ thy AB xatt ¥ 
ZE nxgóc tjv HO xoà ën f, EA ngóc cv OB. xoi &nel tor, 
éotly 9| u&v ónó D'ZA vowta t òrò AHB, fj 6€ ónó AZE «f| 
ono BHO, 9r) &pa 4 bxnd TZE ön t òrò AHO otv ton. 
Dà xà UTE OF xa FOTO TAE tA òrò ABO £o tcr. £o 
0€ xoi Y) u£v npóc t& TD tH node 16) A ton, A SE npóc tõ E 
tfj xpóc x6 O. icoyówov &pa otl tò AO 16 TE: xoa tàs 
Tepl tàs toasc yovlas obxGv rAeupac &vdAOYOY Exel’ GUOLOV 
hoa otl TÒ AO eó96Yvpaupov xG DL'E eó9vuvoóuuo. 

Ano tfj; 6oO0c(orc goa cvdetac thc AB 16 GOo0évu 
ceóOuYoóuguo vG DE óuotóv te xal óuotoc xe(uevov eo00Ypa- 
uuov &vayeyeunta TÒ AO" ónep Eder roro. 
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show. 


Proposition 18 


To describe a rectilinear figure similar, and simi- 
larly laid down, to a given rectilinear figure on a given 
straight-line. 


F 


C D A B 


Let AB be the given straight-line, and CE the given 
rectilinear figure. So it is required to describe a rectilinear 
figure similar, and similarly laid down, to the rectilinear 
figure CE on the straight-line AB. 

Let DF have been joined, and let GAB, equal to the 
angle at C, and ABG, equal to (angle) CDF, have been 
constructed on the straight-line AB at the points A and 
B on it (respectively) [Prop. 1.23]. Thus, the remain- 
ing (angle) CFD is equal to AGB [Prop. 1.32]. Thus, 
triangle FCD is equiangular to triangle GAB. Thus, 
proportionally, as FD is to GB, so FC (is) to GA, and 
CD to AB [Prop. 6.4]. Again, let BGH, equal to an- 
gle DFE, and GBH equal to (angle) FDE, have been 
constructed on the straight-line BG at the points G and 
B on it (respectively) [Prop. 1.23]. Thus, the remain- 
ing (angle) at E is equal to the remaining (angle) at H 
[Prop. 1.32]. Thus, triangle FDE is equiangular to tri- 
angle GHB. Thus, proportionally, as FD is to GB, so 
FE (is) to GH, and ED to HB [Prop. 6.4]. And it was 
also shown (that) as FD (is) to GB, so FC (is) to GA, 
and C D to AB. Thus, also, as FC (is) to AG, so C'D (is) 
to AB, and FE to GH, and, further, ED to HB. And 
since angle CF D is equal to AGB, and DF E to BGH, 
thus the whole (angle) CF E is equal to the whole (an- 
gle) AGH. So, for the same (reasons), (angle) CDE is 
also equal to ABH. And the (angle) at C is also equal 
to the (angle) at A, and the (angle) at E to the (angle) 
at H. Thus, (figure) AH is equiangular to C E. And (the 
two figures) have the sides about their equal angles pro- 
portional. Thus, the rectilinear figure AH is similar to the 
rectilinear figure CE [Def. 6.1]. 

Thus, the rectilinear figure AH, similar, and similarly 
laid down, to the given rectilinear figure CE has been 
constructed on the given straight-line AB. (Which is) the 
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t. 


Tè dora totywva Teds HAAnAa Ev SitAactovu AóYo &£od 
TOY OLOADYOY TAEUOOSY. 


A 
JAN ÁN, 
B H l E Z. 


"Ecto uow tolywva tà ABT, AEZ tony čyovta tiv 
Teds 165 B ywviay xfj npóc v6 E, Wo OE thv AB rpòs ty Br, 
ovtw¢ THY AE nodc thy EZ, ote 6uddoyoy civ. thy BE 
th EZ: Avo, ów tò ABT tolywvov node 10 AEZ totywvov 
ditAactova Advoy exer Anco À BI nedc thy EZ. 

BiAneve yao tv BI, EZ coícr) &vàXovov v, BH, óoce 
evo cc tv BI' neóc xijv EZ, ooxoc try EZ ngóc thy BH: 
xol, &xeCeOy 0o ñ AH. 

Enel obv &cuv óc f| AB ngóc cv BI, obtoc f, AE nooóc 
tAv EZ, &vaAXà& &po &ociv óc Y; AB mod¢ tHY AB, obtwe À 
BI' ngóc trjv EZ. àAX' óc f, BI ngóc EZ, obxoc otw Ñ EZ 
npóc BH. xoi óc àpa fj AB ngóc AE, obxoc f| EZ npóc BH: 
1:Gv ABH, AEZ &po xevyc vov àvxnenóvüoo al tAecupot ot 
Teel Ta tooc Ycvótc. Ov o£ utav uà tory &xóvxov vovtav 
TOLYOVOV CVILTENOVOAOLY at TAEVEGL al neol Ta too Yovátc, 
tow &c xlv &xelva. toov dow got tO ABH totywvoy 165 AEZ 
TOLYOVO. xal Enel ouy ðs Y; BD nodc thy EZ, o0xoc f 
EZ nedoc thy BH, eav o& tpeic cvVeta avddoyoy cw, Å 
TOWTH TES THY TEITHY diTAactova AOYOY EyeL nep npòs 
tH Seutéoay, 4 BI’ àpa npóc thy BH dirhactova Adyov 
£y& Timeo Y; l'B npóc thy EZ. we dé 4 TB node thy BH, 
ovtw¢ TO ABI totywvoyv mod¢ xó ABH toeltywvov: xal tÒ 
ABT da tetywvov ngóc xó ABH &uxAaoctova Aóvov &yet 
fep ?| BD ngóc tùy EZ. toov d¢ tò ABH telywvov 16 
AEZ toeryovo. xoat to ABI doa telywvov mode tO AEZ 
tolywvoy oitAactova Advoy Eyer Anco À BI nedc thy EZ. 

Td goa Suotx totywva Teds HAANAY Ev SitAGCtom AÓóYvo 
EotlL THY OUOASYuY rAcupGv. [önce Eder Seton. | 


lópioua. 


» s P A er 22 pd 5 d 2 / 
Ex. 67) xo0xou Mavepdy, óxt, £v xpelc eo€elot (vá. oYvov 
WOW, ECT OC Y TEWTH MEO THY TEITHY, OUTWS TO ATÒ 
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very thing it was required to do. 


Proposition 19 


Similar triangles are to one another in the squared! 
ratio of (their) corresponding sides. 


A 
JAN AN 
B G C E F 


Let ABC and DEF be similar triangles having the 
angle at B equal to the (angle) at E, and AB to BC, as 
DE (is) to EF, such that BC corresponds to EF. I say 
that triangle ABC has a squared ratio to triangle DEF 
with respect to (that side) BC (has) to EF. 

For let a third (straight-line), BG, have been taken 
(which is) proportional to BC and EF, so that as BC 
(is) to EF, so EF (is) to BG [Prop. 6.11]. And let AG 
have been joined. 

Therefore, since as AB is to BC, so DE (is) to EF, 
thus, alternately, as AB is to DE, so BC (is) to EF 
[Prop. 5.16]. But, as BC (is) to EF, so EF is to BG. 
And, thus, as AB (is) to DE, so EF (is) to BG. Thus, 
for triangles ABG and DEF, the sides about the equal 
angles are reciprocally proportional. And those triangles 
having one (angle) equal to one (angle) for which the 
sides about the equal angles are reciprocally proportional 
are equal [Prop. 6.15]. Thus, triangle ABG is equal to 
triangle DEF. And since as BC (is) to EF, so EF (is) 
to BG, and if three straight-lines are proportional then 
the first has a squared ratio to the third with respect to 
the second [Def. 5.9], BC thus has a squared ratio to BG 
with respect to (that) CB (has) to EF. And as CB (is) 
to BG, so triangle ABC (is) to triangle ABG [Prop. 6.1]. 
Thus, triangle ABC also has a squared ratio to (triangle) 
ABG with respect to (that side) BC (has) to EF. And 
triangle ABG (is) equal to triangle DEF. Thus, trian- 
gle ABC also has a squared ratio to triangle DEF with 
respect to (that side) BC (has) to EF. 

Thus, similar triangles are to one another in the 
squared ratio of (their) corresponding sides. [(Which 
is) the very thing it was required to show]. 


Corollary 


So it is clear, from this, that if three straight-lines are 
proportional, then as the first is to the third, so the figure 
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MTOLXEION «s. 


THC MEWTIHS Eld0¢ MEGS TO UNO TH¢ SELTEPAC TO SYOLOYV xoi 
OUOLWS avayeapouUsvoy. OnE Eder eta. 


t Literally, “double”. 


x. 

Tà duo nroAOYvcova eic Te uow tolywva dapcita xal 
eic toa TO TARVOS Kal OUOAOY a tois OAOIC, xal TÒ TOADYWVOY 
TOOS TO TOADYWVOY OiTAKotova AOYOV Exel Aree H OUdADYOC 
TASVE TEOS THY OUOADYOY nAgup&v. 


A 


© K 


D A 

"Eoo uoa roAOYova xà ABIAE, ZHOKA, óuó^ovoc 
d¢ got f| AB tý ZH: Aévo, óu xà ABIAE, ZHOKA 
TohkOywva ele Te Sota vgbYo va. Ovtpeltot xal cic toa TÒ 
nAfj9oc xoi óuóAova tois ào, xa tò ABDAE xoAOYovov 
npóc xó ZHOKA noAOYvovov OuAaotova Aóvov &yet fimeg f) 
AB rede thy ZH. 

‘ExeCeby0woay at BE, ET, HA, AO. 

Koi éxnc& Óuotóv &ou :ó ABDAE mxoAóvovov x6 
ZHOKA nodvyove, ton gotiy f| Ord BAE yovla th brò 
HZA. xal otuv ðc Å BA npóc AE, obtoc f| HZ ngóc ZA. 
&nel ov 000 tolywvå ot xà ABE, ZHA yuítav vovtav ui 
Yowvia tony čyovta, nepli è tac toac ywrvlag Tac nAcupüc 
avédhoyoy, icoyavoyv goa gott to ABE totywvov tõ ZHA 
ToLyYaven ote xa uov ton &pa éotiv Å òrò ABE yovia 
t òrò ZHA. čom è xa GAN Å ond ABI SAN tH oro 
ZHO ïon ðA tùy duorótNta t&v touvyöovwv: ATÀ &oa Y) 
bro EBD yov(a xfj ónó AHO &ouv tor. xoi nel dà TAV 
óuotótrra TOV ABE, ZHA tetymveyv £oxiv óc f, EB ngeóc 
BA, obcoc f; AH xeóc HZ, àXAà ur|v xoi oux THY GUOLdTHTEA 
xGv roÀuYOvOv &oy óc f| AB ngóc BI, obtoc f| ZH npgóc 
HO, dv’ (cou &pa &oxiv óc f; EB ngóc BI, obxoc Y, AH ngóc 
HO, xoà regi vàc tooc Yovótc tàs òrò EBT, AHO ai nàcupol 
&v&AovÓv eiotv: toovoviov goa £o tò EBI xet(yovov xG 
AHO teryove Gote xal duotdy got: tO EBL totywvov 
tõ AHO «xptyóvo. Ox xà abtà OA xal TO ETA totywvov 
óÓuotóv ot tT% AOK toyóvw. xà &pa uoir roAO ova. và 
ABTAE, ZHOKA ete te ðuoia tolyova donta xol cis toa 
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(described) on the first (is) to the similar, and similarly 
described, (figure) on the second. (Which is) the very 
thing it was required to show. 


Proposition 20 


Similar polygons can be divided into equal numbers 
of similar triangles corresponding (in proportion) to the 
wholes, and one polygon has to the (other) polygon a 
squared ratio with respect to (that) a corresponding side 
(has) to a corresponding side. 


A 


H K 


C D 

Let ABCDE and FGH KL be similar polygons, and 
let AB correspond to FG. I say that polygons ABCDE 
and FGH K L can be divided into equal numbers of simi- 
lar triangles corresponding (in proportion) to the wholes, 
and (that) polygon ABCDE has a squared ratio to poly- 
gon FGH K L with respect to that AB (has) to FG. 

Let BE, EC, GL, and LH have been joined. 

And since polygon ABCDE is similar to polygon 
FGH K L, angle BAE is equal to angle GF L, and as BA 
is to AE, so GF (is) to FL [Def. 6.1]. Therefore, since 
ABE and FGL are two triangles having one angle equal 
to one angle and the sides about the equal angles propor- 
tional, triangle ABE is thus equiangular to triangle FGL 
[Prop. 6.6]. Hence, (they are) also similar [Prop. 6.4, 
Def. 6.1]. Thus, angle ABE is equal to (angle) FGL. 
And the whole (angle) ABC is equal to the whole (angle) 
FGH, on account of the similarity of the polygons. Thus, 
the remaining angle EBC is equal to LGH. And since, 
on account of the similarity of triangles ABE and FGL, 
as EB isto BA, so LG (is) to GF, but also, on account of 
the similarity of the polygons, as AB is to BC, so FG (is) 
to GH, thus, via equality, as EB is to BC, so LG (is) to 
GH [Prop. 5.22], and the sides about the equal angles, 
EBC and LGH, are proportional. Thus, triangle E BC is 
equiangular to triangle LGH [Prop. 6.6]. Hence, triangle 
EBC is also similar to triangle LGH [Prop. 6.4, Def. 6.1]. 
So, for the same (reasons), triangle EC D is also similar 
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MTOLXEION F’. 


TO TARVOS. 

Aévo, Öt xal óuóAova toic dAolc, Toutéotiv Hote 
àváňoyov civar xà xolycovot, xol Yyooueva uev etvou xà ABE, 
EBT, ETA, énóueva 9€ aóxGv xà ZHA, AHO, AOK, xol 
öt tó ABDAE nxoAóYovov npóc xó ZHOKA noA0Yovov 
OvxAaotova Aóvov &xet Tjxep Y) ouÓAovoc nAeupa npóc tlv 
óUuÓAoYvov rÀeupáv, xoutéouw 7| AB npóc tùy ZH. 

"Enctceóy9o0oav yàp oi ADI, ZO. xoi nel ðA TÀV 
OUOLOTHTA THY xoAvovov tor &oxiv Å òrò ABT yovía tf 
òrò ZHO, xal otv ðs Å AB ngóc BI, ooxoc f, ZH ngóc 
HO, icovówóv £ou tò ABT totywvoy tõ ZHO towyóv 
ton &pa £o y f; u£v òrò BAT ywvia xfj ónó HZO, fj o£ ono 
BIA «fj òrò HOZ. xal &ne tor £oxiv À òrò BAM yovla 
tfj nó HZN, čom è xa À òrò ABM q òrò ZHN ton, 
xal Aarh &pa Y; oxó AMB Aoinf tý òrò ZNH ton éottv: 
icoy@vuoy goa éott TO ABM toetywvov 165 ZHN toryovo. 
ouoíoc ON Setgousy, OT. xal TO BMT’ tetywvoy tooyawoy 
£c tă HNO «xptyóvo. àvéáXovov &pa &osív, óc uev Y; AM 
rgóc MB, obcoc f| ZN npóc NH, óc è Å BM ngóc MI, 
o0toc f, HN npóc NO: óoce xoi 9v (oou, óc 7) AM rede 
MLI', oboc f| ZN ngóc NO. àAX' óc f| AM ngóc MI', obvoc 
:ó ABM |xetvovov| ngóc tò MBT, xa tò AME node tò 
EMI" modo &AAva vóp slow óc oi Déoctc. xoà óc koa 
EV TOV YYOUUEVWY MOOS EV THY ENOUEVWY, ODTUS AMAVTA 
tà fjvoóueva TOOS &Mavta Ta EmduEva’ Go goa TO AMB 
totywvoyv tTedo¢ TO BMT’, ottwe tO ABE mode 10 TBE. aA)? 
oc tò AMB ngóc 16 BMT, ottwo FAM rode MI: xat 
Gc &pa Y; AM node MI’, obtw¢ tò ABE totywvov med¢ tò 
EBD totywvov. oie tà atà OA xa ðc Å ZN xpóc NO, 
ottw¢ tò ZHA tolywvov node 76 HAO totywvoyv. xat Eotiw 
jc Å AM npóc MI, obxoc À ZN npóc NO: xoi óc toa 
tO ABE totywvov noóc tò BEL zvgtyovov, o0xoc 16 ZHA 
totywvov moog TO HAO tolyavoy, xoi &£vaAAà& cóc xó ABE 
totywvoyv moog tò ZHA totywvoy, ottw>¢ tò BET totywvov 
ted¢ TO HAO totywvoy. Guotwd Ò) SeiZouev EmCevyVeraGiv 
t&v BA, HK, öt xal ðs tO BET totywvov moog tò AHO 
tolywvoy, oŬtws tÒ ETA tolywvov noòs tò AOK totywvov. 
nol Enel Eotiv ðc TÒ ABE tolywvov noòs tò ZHA totywvoy, 
oŬtws TO EBD nod¢ tò AHO, xa ët tò ETA node 16 AOK, 
xal coc Hou EV TOY WYOLMEVOY Teds EV TOY ENOUEVWY, OUTWC 
&ravta xà YjYoOueva npóc Amavta Ta EnduEva’ Eotiv Koa 
Gc TO ABE totywvov moog tò ZHA totywvoyv, ottw¢ TO 
ABTAE rnodvywvoy node tò ZHOKA nxoAOYvcovov. Aà tÒ 
ABE toltywvoyv node 10 ZHA totywvoy dtmAactova Aóyov 
&y& Tinep Y; AB óuóAovoc nAeupà ngóc tiv ZH óuóAovov 
TÀcupåv: tà yàp Öuowa tolywva ëv àuAaotow Aóyw ot 
THY ÓóuoAóYvcov nàcvpõv. xal tò ABTAE wow norAvywvov 
npgóc T0 ZHOKA mnoAOYovov uxAaotova Aóvov Eye nep ¥ 
AB óyóAoYvoc nÀeupà npóc THY ZH óuóXovov nAcup&v. 

Tà &pa ópuota ToADyYwWva ele Te GUOLA Tolywva SrowpEet ton 
xoi cic toa tÒ mxAfjüoc xoi óuóAova toic ÓAotc, xoi TÒ 
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to triangle LH K. Thus, the similar polygons ABCDE 
and FGH K L have been divided into equal numbers of 
similar triangles. 

I also say that (the triangles) correspond (in propor- 
tion) to the wholes. That is to say, the triangles are 
proportiona: ABE, EBC, and ECD are the leading 
(magnitudes), and their (associated) following (magni- 
tudes are) FGL, LGH, and LH K (respectively). (I) also 
(say) that polygon ABC DE has a squared ratio to poly- 
gon FGH K L with respect to (that) a corresponding side 
(has) to a corresponding side—that is to say, (side) AB 
to FG. 

For let AC and FH have been joined. And since angle 
ABC is equal to FGH, and as AB is to BC, so FG (is) to 
GH, on account of the similarity of the polygons, triangle 
ABC is equiangular to triangle FGH [Prop. 6.6]. Thus, 
angle BAC is equal to GF H, and (angle) BCA to GHF. 
And since angle BAM is equal to GFN, and (angle) 
ABM is also equal to FGN (see earlier), the remaining 
(angle) AM B is thus also equal to the remaining (angle) 
FNG [Prop. 1.32]. Thus, triangle ABM is equiangular 
to triangle FGN. So, similarly, we can show that triangle 
BMC is also equiangular to triangle GNH. Thus, pro- 
portionally, as AM is to MB, so FN (is) to NG, and as 
BM (is) to MC, so GN (is) to NH [Prop. 6.4]. Hence, 
also, via equality, as AM (is) to MC, so FN (is) to NH 
[Prop. 5.22]. But, as AM (is) to MC, so [triangle] ABM 
is to M BC, and AM E to EMC. For they are to one an- 
other as their bases [Prop. 6.1]. And as one of the leading 
(magnitudes) is to one of the following (magnitudes), so 
(the sum of) all the leading (magnitudes) is to (the sum 
of) all the following (magnitudes) [Prop. 5.12]. Thus, as 
triangle AM B (is) to BMC, so (triangle) ABE (is) to 
CBE. But, as (triangle) AM B (is) to BMC, so AM (is) 
to MC. Thus, also, as AM (is) to MC, so triangle ABE 
(is) to triangle EBC. And so, for the same (reasons), as 
FN (is) to NH, so triangle FGL (is) to triangle GLH. 
And as AM is to MC,so FN (is) to NH. Thus, also, as 
triangle ABE (is) to triangle BEC, so triangle FGL (is) 
to triangle GLH, and, alternately, as triangle ABE (is) 
to triangle FGL, so triangle BEC (is) to triangle GLH 
[Prop. 5.16]. So, similarly, we can also show, by joining 
BD and GK, that as triangle B EC (is) to triangle LGH, 
so triangle EC D (is) to triangle LHK. And since as tri- 
angle ABE is to triangle FGL, so (triangle) EBC (is) 
to LGH, and, further, (triangle) ECD to LH K, and also 
as one of the leading (magnitudes is) to one of the fol- 
lowing, so (the sum of) all the leading (magnitudes is) to 
(the sum of) all the following [Prop. 5.12], thus as trian- 
gle ABE is to triangle FGL, so polygon ABCDE (is) to 
polygon FGH K L. But, triangle ABE has a squared ratio 
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MTOLXEION «s. 


TOADYWVOV TODS TO TOADYWYVOY SiTAMotova AOYOV Eyet Aree 
fj óuóAoYvoc nAcupà npóc THY OUdAOYOY TAELOdY [SnEO Eder 
deta]. 


lópioua. 

‘Qowbvtas¢ è xa èni tõv [ôuotwyv] tetoamAcvowy ciy- 
oeta, OTL EV OITAMOtOW AdYW ciol tõv OUOADYOYV TACLEOY. 
cdetyOn è xal ëm TOV tptyovov  óote xoi xo0óXou tà 
óuoux eóU0Yoouua oyfjuoata xpóc s&AANAM EV OwtAaotow 
Aóy& ciol TOY OUOADYOY TAELEDY. OTEe ser OclGon. 


XO. 


Tà 16 aot evtuyeduuw duowm xol AAAA o éoTtiy 
ÖUOLA. 


"Eotw yàp exdteooyv xGv A, B eó0vvoóupov tH PT 
óuotov: eyo, Ott xol TO A tÕ B otv Suotov. 

‘Enel yuo óuotóv ot TO A tÕ T, icovowóv té Eottv 
KUT xal Tac MEEl Tac toa ywvlac TAEVEdC &váAoyvov Exe. 
TOA, Emel Suotdv got: TO B 16) D, tooyowdy té eotiw 
vt xol tàc regi tàc toac ywvlac MAsvEdc &vdAOYOY Exel. 
exateoov tow tv A, B 1G D icovowóv té £o xol txàc 
Teel tac toag ywriac TAsvedc avédoyoy Eyer [Hote xal TO 
A t B icovówóv té otu xal tàs neol tàs toas yoviacs 
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to triangle FGL with respect to (that) the corresponding 
side AB (has) to the corresponding side FG. For, similar 
triangles are in the squared ratio of corresponding sides 
[Prop. 6.14]. Thus, polygon ABCDE also has a squared 
ratio to polygon FGH K L with respect to (that) the cor- 
responding side AB (has) to the corresponding side FG. 

Thus, similar polygons can be divided into equal num- 
bers of similar triangles corresponding (in proportion) to 
the wholes, and one polygon has to the (other) polygon a 
squared ratio with respect to (that) a corresponding side 
(has) to a corresponding side. [(Which is) the very thing 
it was required to show]. 


Corollary 


And, in the same manner, it can also be shown for 
[similar] quadrilaterals that they are in the squared ratio 
of (their) corresponding sides. And it was also shown for 
triangles. Hence, in general, similar rectilinear figures are 
also to one another in the squared ratio of (their) corre- 
sponding sides. (Which is) the very thing it was required 
to show. 


Proposition 21 


(Rectilinear figures) similar to the same rectilinear fig- 
ure are also similar to one another. 


Let each of the rectilinear figures A and B be similar 
to (the rectilinear figure) C. I say that A is also similar to 
B. 

For since A is similar to C, (A) is equiangular to (C), 
and has the sides about the equal angles proportional 
[Def. 6.1]. Again, since B is similar to C, (B) is equian- 
gular to (C), and has the sides about the equal angles 
proportional [Def. 6.1]. Thus, A and B are each equian- 
gular to C, and have the sides about the equal angles 
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MTOLXEION «s. 


rAeupüc &váAoYvov yet]. óuovov &pa otl tò A 16) B: Sree 
eden Seton. 


f 
xD. 

"Eiàv xécoopec eo0€tot &vdAoyoy Got, xol và à aO 
EVUUVYOCOUUG OUOLE TE Kal OUOLWS &vayeypauuéva d&varoyov 
COTO XAV TÀ AT’ aÙTtÕV cÒúypauua uord te xa uols 
Avaycypauuéva vao ov Y, xal atà at coVEto &våňoyov 


K 
/\ 
A B D A 


M N 
| d H € 
E Z 


2. 
H 1n. N o | J 
II P 


"Eotwoay xécoopec eo9ctot àváAovov at AB, TA, EZ, 
HO, óc 7 AB rede tHY TA, otoc f| EZ ngóc cv HO, xoi 
&vatveYoóO9ooavy ànó uev x&v AB, L'A óuou& te xoi óuotoc 
xeiueva. eoO0Yoouua tà KAB, ATA, àxó 6€ xGv EZ, HO 
Ópot& te xal oóuotoc xetugvo eo00 poa xà MZ, NO AéYo, 
öt £oly óc 1ó KAB ngóc t6 ATA, obtoc xó MZ noóc 1 
NO. 

EAAfyp9o yàp x&v u£v AB, IA tolt àtváAovov f; &, tov 
òè EZ, HO tolt &véáAovov f, O. xoi &£ne( &owv óc uev f; AB 
meds THY TA, obtw¢ À EZ node thy HO, we Se 9| DA rode 
tiy =; otoc h HO node thy O, 0r toov doa cony- öc h 
AB node thy =, otos f| EZ mode thy O. GAN’ óc uev f 
AB nod¢ thy &, obtwe [xa] xó KAB npóc xó ATA, óc 9€ 
? EZ node thy O, obtoc tO MZ node tò NO: xol ðc Kou 
tò KAB node tò ATA, obxoc tò MZ rode 16 NO. 

A)AX OY) EotW Ge TO KAB rede tò ATA, obxoc tò MZ 
npóc TO NO: Aéya, öt oti nal Wo Å AB ngóc vv TA, 
obta¢ Å EZ nodoc thy HO. cei vàp uf; £ouv, óc f; AB ngóc 
tfv DA, obtoc f| EZ neóc xy HO, oto óc fj AB ngóc viv 
TA, ottw¢ 7 EZ node thy IIP, xoi àvoyevoódqoo ànò tis 
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proportional [hence, A is also equiangular to B, and has 
the sides about the equal angles proportional]. Thus, A 
is similar to B [Def. 6.1]. (Which is) the very thing it was 
required to show. 


Proposition 22 


If four straight-lines are proportional then similar, and 
similarly described, rectilinear figures (drawn) on them 
will also be proportional. And if similar, and similarly 
described, rectilinear figures (drawn) on them are pro- 
portional then the straight-lines themselves will also be 
proportional. 


K 
/\ | 
A B C D 
M N 
[ G H 
S 
Q R 

Let AB, CD, EF, and GH be four proportional 
straight-lines, (such that) as AB (is) to CD, so EF (is) 
to GH. And let the similar, and similarly laid out, rec- 
tilinear figures KAB and LCD have been described on 
AB and CD (respectively), and the similar, and similarly 
laid out, rectilinear figures MF and NH on EF and GH 
(respectively). I say that as KAB is to LCD, so MF (is) 
to NH. 

For let a third (straight-line) O have been taken 
(which is) proportional to AB and CD, and a third 
(straight-line) P proportional to EF and GH [Prop. 6.11]. 
And since as AB is to CD, so EF (is) to GH, and as CD 
(is) to O, so GH (is) to P, thus, via equality, as AB is to 
O, so EF (is) to P [Prop. 5.22]. But, as AP (is) to O, so 
[also] K AB (is) to LCD, and as EF (is) to P, so MF 
(is) to NH [Prop. 5.19 corr.]. And, thus, as K AB (is) to 
LCD,so MF (is) to NH. 

And so let KAB be to LCD, as MF (is) to NH. Isay 


also that as AB is to CD, so EF (is) to GH. For if as AB 
is to CD, so EF (is) not to GH, let AB be to CD, as EF 
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MTOLXEION F’. 


IIP 6notéew x&v MZ, NO óuotóv xe xoi óuotoc xc(uevov 
evvuyoeauoy tO UP. 

"Ene o0v £o uv óc f| AB ngóc rv DA, obcoc f, EZ noóc 
trjv TIP, xot avayéyounton and uev Tv AB, TA ðuog te 
xoi óuotoc xe(ueva tà KAB, ATA, àxó Se tHv EZ, IP 
OUOLE TE Kal Oot xe(ueva và MZ, XP, £ouv koa we TO 
KAB rede tò ATA, ottw¢ xó MZ ngóc xó XP. onóxevcot 
0€ xol oc tÒ KAB node tò ATA, otttwe tO MZ rede tO 
NO: xoi óc &pa xó MZ npóc tO UP, obtWo TO MZ red¢ 
tò NO. tò MZ doa node Exdtepov tv NO, UP tov avtov 
exe. Advyov’ toov wou ott tò NO 163 UP. Eot è avtG xoi 
óu otov xoi óuotoc xet(uevov: ton Koa v, HO tH TIP. xot exet 
£cuv óc f, AB ngóc vv DÀ, obtoc f| EZ ngóc cy IP, tov 
de 4 TIP tH HO, Eotw soa s À AB rede thy TA, odtw À 
EZ nods thy HO. 

àv doa tEcoapes cvveta avddoyoyv Bow, xal TA Ar 
aÓtGv eOU00Ypouua Ópuoi& TE xoi Ouoloc &vayceypauuéva 
&váAovov čata XAV TA AT’ aOtGV cOU0Ypopuo Óuoux T€ 
xoà óuotcc &vayeypauuéva vé oov T), xol axo o. eo eio 
&v&Aovov Eoovta’ OTEE Eder Setgau. 
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(is) to QR [Prop. 6.12]. And let the rectilinear figure SR, 
similar, and similarly laid down, to either of MF or NH, 
have been described on Q R [Props. 6.18, 6.21]. 

Therefore, since as AB is to CD, so EF (is) to QR, 
and the similar, and similarly laid out, (rectilinear fig- 
ures) KAB and LCD have been described on AB and 
C D (respectively), and the similar, and similarly laid out, 
(rectilinear figures) MF and SR on EF and QR (re- 
sespectively), thus as K AB is to LCD, so MF (is) to 
SR (see above). And it was also assumed that as KAB 
(is) to LCD, so MF (is) to NH. Thus, also, as M F (is) 
to SR, so MF (is) to NH [Prop. 5.11]. Thus, MF has 
the same ratio to each of NH and SR. Thus, NH is equal 
to SR [Prop. 5.9]. And it is also similar, and similarly laid 
out, to it. Thus, GH (is) equal to QR.’ And since AB is 
to CD, as EF (is) to QR, and QR (is) equal to GH, thus 
as AB is to CD, so EF (is) to GH. 

Thus, if four straight-lines are proportional, then sim- 
ilar, and similarly described, rectilinear figures (drawn) 
on them will also be proportional. And if similar, and 
similarly described, rectilinear figures (drawn) on them 
are proportional then the straight-lines themselves will 
also be proportional. (Which is) the very thing it was 
required to show. 


t Here, Euclid assumes, without proof, that if two similar figures are equal then any pair of corresponding sides is also equal. 


xy’. 

Tà icoyawa naparAnroyoauua Teds &AAnàa Aóyoyv čyer 
tÓv cuYvxe(uevov &x xGv nÀeupGv. 

"Hote tooyavua nropo^Ar^óvooauua tà AT, TZ tony 
eyovta thy nrò BTA yoviav t òrò ETH: Aévo, óu tò AT 
TapaAAnAóypauuov xpgóc tò TZ naparAnkdyeaumoyv Aóyov 
EXEL TOV ouyxeluevov éx xGv nAeupGv. 

Ketodw yàp dote én’ coVetac civa thy BI t TH: êr 
cevvetac how cott xat À AT xfj L'E. xoà ouunerinpoctw tò 
AH zrapanióypauuov, xa éxxetoðw tis cdVeta HK, xott 
yeyovetw a¢ wev H BI’ nodc thy TH, oŬtos À K medc¢ thy 
A, óc 9€ fj AT ngóc viv D'E, obxoc f| À ngóc viv M. 

Ot doa Adyou tho te K node thy A xa tc A nxpóc 
t'y M. oi aóxo( eiov tois Aóvoiz x&v nAeupgGv, The te BI 
meds THY CH xoà xfj; AT node thy TE. Ad’ 6 the K node 
M Aóvoc ocóvxevot &x te to thc K mod¢ A Adyou xoà 
tol tic A moog M: dote xa À K nmed¢ thy M Adyovy Eyer 
TOV OuYxElUEVOY EX THY TAELEDY. xal Enel Eotiv Oo Y; BE 
zpóc t» TH, oŬtws tò AT napa AndAdypauuov npóc tò 
TO, AV’ a À BIr node thy TH, ottwo 4 K rede tyy A, 
xoi Gc toa Å K node thy A, obxoc tò AT med¢ tò TO. 
táv, net outy ðc Å AT node thy TE, ottw¢ tò rO to- 
go nAóypauuov tpòs xó DZ, àAX' óc f, AT node thy TE, 


5 


Proposition 23 


Equiangular parallelograms have to one another the 
ratio compounded! out of (the ratios of) their sides. 

Let AC and CF be equiangular parallelograms having 
angle BCD equal to ECG. I say that parallelogram AC 
has to parallelogram CF the ratio compounded out of 
(the ratios of) their sides. 

For let BC be laid down so as to be straight-on to 
CG. Thus, DC is also straight-on to CE [Prop. 1.14]. 
And let the parallelogram DG have been completed. And 
let some straight-line K have been laid down. And let it 
be contrived that as BC (is) to CG, so K (is) to L, and 
as DC (is) to CE, so L (is) to M [Prop. 6.12]. 

Thus, the ratios of K to L and of L to M are the same 
as the ratios of the sides, (namely), BC to CG and DC 
to CE (respectively). But, the ratio of K to M is com- 
pounded out of the ratio of K to L and (the ratio) of L 
to M. Hence, K also has to M the ratio compounded 
out of (the ratios of) the sides (of the parallelograms). 
And since as BC is to CG, so parallelogram AC (is) to 
CH [Prop. 6.1], but as BC (is) to CG, so K (is) to L, 
thus, also, as K (is) to L, so (parallelogram) AC (is) to 
CH. Again, since as DC (is) to CE, so parallelogram 
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ovtw¢ À A meds thy M, xoà óc àpa Y) À mod THY M, obtoc 
TÒ O napahànióypauuov tpòs tò TZ rapoAXnAóYvpouuov. 
émel obv édelydn, ðs uèv Å K npóc viv A, obvoc xó AT 
Tapah nióypauuov ngóc xó TO tapahànàóypauuov, ðc òè 
f| A ngóc thy M, obvoc tò TO naparAnrdypouuoy mod¢ TO 
TZ napoA^nAóvoouguov, 8U toou &pa &oxiv óc Y, K npóc tiv 
M, obvoc tO AD nod¢ 16 TZ rapainióypauuov. fj 66 K 
ngoc tv M Aóvov Eyer 1xóv cuYvxetuevovy Ex THY xÀeupGv 
xoi TO ALD toa mode tO TZ Adyoy Eyer tov ovyxetuevoyv Ex 
TOY TASLEOY. 


E Z 


Td goa icoymua maparhAnAdypauua TEOS AANA Aóyov 
EVEL TOV OvYxXElUsvOY Ex THY TAELEdSV’ OnEE Eder Seteau. 


t In modern terminology, if two ratios are “compounded” then they are 
f 
xÒ’. 


Ilavtòcs ropoAAvrAoYoóuuou tà neol THY ðráueETEOY TA- 
COAANACY PQA OUOLa EoTL TH TE CAD xal otc. 

"Eota mxepoAArAóvoouuov tò ABTA, diduetoog 9€ 
auto Å AT, neol òè tùy AT napodAnAdyoouua ote và EH, 
OK: Aéyoo, öt êxåtepov tõv EH, OK naparAndroyeduuwv 
óuotóv got óc x ABTA xol Aor. 

‘Enel yuo tory@vou tol ABI rapà utav tõv mAcuedsy 
tHY BI feta n EZ, avedoydoyv gotiv @¢ ù BE ngóc tv 
EA, ottw¢ À TZ mpd thy ZA. nó, Exel tory@vou tod 
ATA raped utav thy DA Tocco y; ZH, àvóXovóv &oxuv óc f| 
[TZ node thy ZAÀ, o0toc fj AH ngóc vv HA. &AX' óc ff 
TZ nods thy ZA, obtoc &6c(y 0r xoi BE node thy EA: 
xa ðc ğa Å BE ngóc thy EA, ottwe À AH mode tiv 
HA, xoi ovwévt č&pa ðs Å BA med¢ AE, ottwo À AA 
npóc AH, xoà &£voAAà& óc Å BA npgóc tv AA, obcoc f 
EA npóc tvjv AH. xGv &pga ABTA, EH xopoXAwvXovoéuuov 
&vOX.o Óv eioty o nàcupal o MEE THY XOLVAY YOVIaY TY)V UTO 
BAA. xoi &ncei rapéA^nóc cuv f, HZ cf; AT, tov otv 
f uev Ond AZH vowvía tH bro ATA: xal xow tõv úo 
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CH (is) to CF [Prop. 6.1], but as DC (is) to CE, so L 
(is) to M, thus, also, as L (is) to M, so parallelogram 
CH (is) to parallelogram CF’. Therefore, since it was 
shown that as K (is) to L, so parallelogram AC (is) to 
parallelogram CH, and as L (is) to M, so parallelogram 
CH (is) to parallelogram C F, thus, via equality, as K is 
to M, so (parallelogram) AC (is) to parallelogram CF 
[Prop. 5.22]. And K has to M the ratio compounded out 
of (the ratios of) the sides (of the parallelograms). Thus, 
(parallelogram) AC also has to (parallelogram) CF the 
ratio compounded out of (the ratio of) their sides. 


A D H 


b F 
Thus, equiangular parallelograms have to one another 
the ratio compounded out of (the ratio of) their sides. 
(Which is) the very thing it was required to show. 


multiplied together. 


Proposition 24 


In any parallelogram the parallelograms about the di- 
agonal are similar to the whole, and to one another. 

Let ABCD be a parallelogram, and AC its diagonal. 
And let EG and H K be parallelograms about AC. I say 
that the parallelograms EG and H K are each similar to 
the whole (parallelogram) ABC D, and to one another. 

For since EF has been drawn parallel to one of the 
sides BC of triangle ABC, proportionally, as BF is to 
EA, so CF (is) to FA [Prop. 6.2]. Again, since FG has 
been drawn parallel to one (of the sides) CD of trian- 
gle ACD, proportionally, as CF is to FA, so DG (is) to 
GA [Prop. 6.2]. But, as CF (is) to FA, so it was also 
shown (is) BE to EA. And thus as BE (is) to EA, so 
DG (is) to GA. And, thus, compounding, as BA (is) to 
AE, so DA (is) to AG [Prop. 5.18]. And, alternately, as 
BA (is) to AD, so EA (is) to AG [Prop. 5.16]. Thus, 
in parallelograms ABCD and EG the sides about the 
common angle BAD are proportional. And since GF is 
parallel to DC, angle AFG is equal to DCA [Prop. 1.29]. 
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tpe vov xv AAT, AHZ f| óxó AAT yovi tooyavoy 
cea gotl tO AAT xgtvovov 145 AHZ toryove. die ta OTE 
07) xoi tò ATB tolyovov icovowóv £o t AZE veu ovo, 
xoi óAov tò ABTA mxoagoAAn^óvoouuov v EH rapain- 
Aoveáuuo Looyavey Eotly. avéAoyoy doa čotiy ðs WY AA 
meds tHY AL, obtwo AH nodc¢ thy HZ, òs è Y, AI npóc 
thv DA, obxoc ù HZ mode thy ZA, óc 6&6 fj AU npóc viv 
I'B, oboc fj, AZ ngóc thy ZE, xoi &u óc A IB ngóc cv 
BA, obtoc f|, ZE ngóc thy EA. xoi &xei &0c(y 0r] óc uev 
À AT nodc thy TA, obtw¢ 4 HZ node thy ZA, we de $ 
AT rede thy TB, ottw¢ À AZ ngóc cv ZE, 9V toou koa 
éotly wc 4) AT' ngóc t'y DB, obxoc f, HZ ngóc vv ZE. 
t:Gv &pa ABTA, EH napahAnroyeduuwy &véXovóv cot 
at nàcupal at neol tàs toas ywvlas: Öuoroy wou oT) TÒ 
ABTA xapo^AnAovoópuuov 76 EH noapo^Avr^ovoópuo. oux 
tH ata OF) tÒ ABTA napahànàóypoauuov xai TH KO na- 
pgoaA^nAovoéuuo GuoLoy čaty: éxátepov wow t&v EH, OK 
napoadAnroyeduuay t% ABTA [napadAnroyeduye] óuovóv 
COTY. THOS TH AUTO EODUYEdUUD Óuotut xoi (Yo &£ociv 
óuoto xal tò EH po nopoXAvAóyvpoouuov 165 OK naoakAn- 
KOYOEUUUG OUOLOV EOTLY, 


A E B 


T 


A K D 
IIavxóc àpa nopoAAvrAovoóuuou và xepi t?|v Ote toov 
TACKAANAGYOUUUG OUOLE EOTL TG TE ÖA xal AX orc: ónep 
Eder Setcau. 
XE. 
T6 6090évu evduyeduu duoLtov xal DAw TH Sodevtr 
(cov 1o axo cuotfjcac9ot. 
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And angle DAC (is) common to the two triangles ADC 
and AGF’. Thus, triangle ADC is equiangular to triangle 
AGF [Prop. 1.32]. So, for the same (reasons), triangle 
AC B is equiangular to triangle AF E, and the whole par- 
allelogram ABC D is equiangular to parallelogram EG. 
Thus, proportionally, as AD (is) to DC, so AG (is) to 
GF, and as DC (is) to CA, so GF (is) to FA, and as AC 
(is) to CB, so AF (is) to FE, and, further, as CB (is) 
to BA, so FE (is) to EA [Prop. 6.4]. And since it was 
shown that as DC is to CA, so GF (is) to FA, and as 
AC (is) to CB, so AF (is) to FE, thus, via equality, as 
DC is to CB, so GF (is) to FE [Prop. 5.22]. Thus, in 
parallelograms ABC D and EG the sides about the equal 
angles are proportional. Thus, parallelogram ABCD is 
similar to parallelogram HG [Def. 6.1]. So, for the same 
(reasons), parallelogram ABCD is also similar to par- 
allelogram K H. Thus, parallelograms EG and H K are 
each similar to [parallelogram] ABCD. And (rectilin- 
ear figures) similar to the same rectilinear figure are also 
similar to one another [Prop. 6.21]. Thus, parallelogram 
EG is also similar to parallelogram HK. 


A E B 


C 
T 


D K C 


Thus, in any parallelogram the parallelograms about 
the diagonal are similar to the whole, and to one another. 
(Which is) the very thing it was required to show. 


Proposition 25 


To construct a single (rectilinear figure) similar to a 
given rectilinear figure, and equal to a different given rec- 
tilinear figure. 
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K 











“Hot tO uèv Soveyv sutuyopauuoy, @ det OUoLoy 
cuotfcao0o, tò ABI, @ de det toov, to A det dy TH 
uev ABT duotoy, x& è A tcov xó axo cuotficacot. 

IIagapepBAYjo9o yàp ropà u£v vv BI tă ABT tayövy 
toov napaànióypauuov TO BE, napd d¢ thy TE t& A toov 
trapo ÀYAóvooaauov 1ó ITM êv Yovía t óxó ZIE, f) £oxv 
ton t òrò L'BA. &r' eó9c(ac àpa &oxiv fj u£v BT vf; LZ, À 
6€ AE cf; EM. xoi eO fp0c) x&v BD, PZ uéor, àvéXovov f 
HO, xoi &vovevoóqo ànó týs HO t& ABT Čuoróv te xol 
ouotcoc xetuevov tò KHO. 

Kol éxet &£ouv óc Å BI roòs thy HO, ottw¢ À HO 
meds THY PZ, exv Oe tesic coVEto avdACYOY Wot, EoTIV 
Oc Y NOMTH MOOS THY TEitHY, OUTWS TO UNO TH TOMTH< 
ciooc ngóc 1o àxó tfjc 0ceutépac xo Óuotov xoi óuotcc dva 
yeapduevoy, čaty àpa óc Y| BI ngóc trjv DZ, obtoc 1o 
ABT vgivovov ngóc xó KHO «e(yovov. àAXà xoi óc Y, BE 
rpgóc tv LZ, o0toc xó BE napoAAn^óvoouuov npgóc tò EZ 
TAOUAANHAGYoaUUoV. xal O¢ goa tO ABT totywvoyv npóc 1o 
KHO tetyavoy, obtwc tò BE napoAAvAóvoouuov npóc TO 
EZ rapoAArnAóvoouuov: &voaAAà& &pa oc xó ABT totywvov 
rpóc xó BE nxagoA^nAóvoopuov, obxoc tò KHO tolywvov 
ngóc xó EZ napahàanàóypauuov. toov è tò ABT totywvov 
TH BE napa Andoyeduua: taov doa xal tò KHO tolywvov 
1G EZ napoAAvovo&uuo. &AAà TO EZ rapahàinàóypauuov 
tG A &cuv tcov: xoà xó KHO &pa xà A otv toov. Eotr 
dé TO KHO xoi 16 ABT Óópovov. 

TG &pa 800évu eóO9uvoéuuo TH ABI óuotov xoi 600» 
tG) SoVEVTL TG A {oov tò ùt ovveotata tÒ KHO: Sree 
EOEL NOLO. 


f 


HTa 
Eàv ànó nrapahàinioypáuuou tapahinióypauuov à&a- 
peU Öuoróv te T ÖAW xal ðuolwc xe(uevov xowr|v Yovíav 
Éyov ALTE, TEEl THY avLTHY Guiuevoóv &ox xG SAW. 
Ano yuo TapadAnroyeduuov toč ABTA napadAnrdoyoo- 
uuov órnofo9co tO AZ ðuorov tă ABTA xa uolos 
XELUEVOY XOLVHY YwViay Eyov avtGs thy rò AAB: Aévo, 


ELEMENTS BOOK 6 














L E M 


Let ABC be the given rectilinear figure to which it is 
required to construct a similar (rectilinear figure), and D 
the (rectilinear figure) to which (the constructed figure) 
is required (to be) equal. So it is required to construct 
a single (rectilinear figure) similar to ABC, and equal to 
D. 

For let the parallelogram BE, equal to triangle ABC, 
have been applied to (the straight-line) BC [Prop. 1.44], 
and the parallelogram CM, equal to D, (have been ap- 
plied) to (the straight-line) CE, in the angle FCE, which 
is equal to CBL [Prop. 1.45]. Thus, BC is straight-on to 
CF,and LE to EM [Prop. 1.14]. And let the mean pro- 
portion GH have been taken of BC and CF [Prop. 6.13]. 
And let KGH, similar, and similarly laid out, to ABC 
have been described on GH [Prop. 6.18]. 

And since as BC is to GH, so GH (is) to CF, and if 
three straight-lines are proportional then as the first is to 
the third, so the figure (described) on the first (is) to the 
similar, and similarly described, (figure) on the second 
[Prop. 6.19 corr.], thus as BC is to CF, so triangle ABC 
(is) to triangle KGH. But, also, as BC (is) to CF, so 
parallelogram BFE (is) to parallelogram EF [Prop. 6.1]. 
And, thus, as triangle ABC (is) to triangle KGH, so par- 
allelogram BE (is) to parallelogram EF. Thus, alter- 
nately, as triangle ABC (is) to parallelogram BE, so tri- 
angle KGH (is) to parallelogram EF [Prop. 5.16]. And 
triangle ABC (is) equal to parallelogram BE. Thus, tri- 
angle KGH (is) also equal to parallelogram EF’. But, 
parallelogram FF is equalto D. Thus, kK GH is also equal 
to D. And KGH is also similar to ABC. 

Thus, a single (rectilinear figure) KGH has been con- 
structed (which is) similar to the given rectilinear figure 
ABC, and equal to a different given (rectilinear figure) 
D. (Which is) the very thing it was required to do. 


Proposition 26 


If from a parallelogram a(nother) parallelogram is 
subtracted (which is) similar, and similarly laid out, to 
the whole, having a common angle with it, then (the sub- 
tracted parallelogram) is about the same diagonal as the 
whole. 

For, from parallelogram ABCD, let (parallelogram) 
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OTL Teel THY KUTHY ðráuetpóvy got, TO ABTA x6 AZ. 


A 


B D 


My ydo, DA’ et Duvatóv, ëotw |aoxGv| Gugerooc f| 
AOT, xa &£xDAn9cica y, HZ Ouiy9o éni xó O, xoi fy 9o 
Ot& xoU O ónxogépo x&v AA, BI napgóAnoc 5, OK. 

‘Enel oBv negl tjv aot? Oi&uetpóv ot tò ABTA x6 
KH, £cxv &pa óc f| AA npóc vy AB, obxoc 7 HA rede 
tv AK. £o òè xal Dà tvjv óuotótrva xv ABIA, EH xoi 
Gc Å AA ngóc vv AB, obvoc f; HÀ ngóc thy AE: xal We 
gpa 7) HA node thy AK, ottwe 4 HÀ npgóc xv AE. Y) HÀ 
hoa Teo Exatéoayv tv AK, AE tov avtov éyet Adyoy. ton 
koa gotiv À AE ty AK Ñ ëàáttov tH ueiCow ónep &oxiv 
QOUVATOV. OLX Hoa OVX EoTL TEPL TAV KOTHY OidUETEOYV TO 
ABTA xG AZ: negl cijv abt?|v &pa got! Sidueteov To ABTA 
Tapah nAóypauuov t AZ napadkAnroyeduuo. 

"àv &pa ànó nopoA^nAovoóuuou nopo^AYAÓYpouuov 
àqotpe0f;, óuotóv xe 1G ÓNo xoi óuot(oc xctuevov xotwrjv 
Ycv(av £yov a6, negl tr]v ab tr)v Gu&uexpóv £oxt 1G ÖAW 
Órep &Eoet Ocl&on. 


XC. 

II&vxov tõv nropà tyjv ot? ceó9cioav nopopoAXouévov 
topo Ao póqueov xoi &XXevrxóvrov etóeot ropa) Ao oóu- 
uou; óuototc 1e xoi óuotoc xeuévowc TE UNO THe NuLostac 
&vopotouévo uéYwotóv £o TÒ ATÒ Thc Åuoeclas napa- 
Do Xóuevov [nopoamAóvpoguov| óuotov Óv x6 £XXetuuavat. 

"Ecco có9cia 5 AB xoi vexufjo9o iya xatà tò DL, 
xol ropopeDAfo0o napà vv AB ecòÛeciav tò AA tapal- 
Anàóypauuoy &AAetxov elder TapahAnroyeduya xG AB àva- 
Yoawevt and the huroetac vfjc AB, vouxéou cvfjic L'B: Aévo, 
OTL T&VTOYV 16v noapà tv AB mnopopoAXouévov nopoAT- 
Aoveóuucov xoi &£AXewxóvxov c(oeot [nopoA Av oYveóuuote| 
uolos xe xoi óuotoc xeiuévow xG AB uéyviotóv OTL TÒ 
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AF have been subtracted (which is) similar, and similarly 
laid out, to ABC D, having the common angle DAB with 
it. I say that ABCD is about the same diagonal as AF’. 


A G D 


B C 

For (if) not, then, if possible, let AH C be [ABC Ds] 
diagonal. And producing GF’, let it have been drawn 
through to (point) H. And let HK have been drawn 
through (point) H, parallel to either of AD or BC 
[Prop. 1.31]. 

Therefore, since ABC D is about the same diagonal as 
KG, thus as DA is to AB, so GA (is) to AK [Prop. 6.24]. 
And, on account of the similarity of ABC D and EG, also, 
as DA (is) to AB, so GA (is) to AE. Thus, also, as GA 
(is) to AK, so GA (is) to AE. Thus, GA has the same 
ratio to each of AK and AE. Thus, AE is equal to AK 
[Prop. 5.9], the lesser to the greater. The very thing is 
impossible. Thus, ABCD is not not about the same di- 
agonal as AF’. Thus, parallelogram ABCD is about the 
same diagonal as parallelogram AF. 

Thus, if from a parallelogram a(nother) parallelogram 
is subtracted (which is) similar, and similarly laid out, 
to the whole, having a common angle with it, then (the 
subtracted parallelogram) is about the same diagonal as 
the whole. (Which is) the very thing it was required to 
show. 


Proposition 27 


Of all the parallelograms applied to the same straight- 
line, and falling short by parallelogrammic figures similar, 
and similarly laid out, to the (parallelogram) described 
on half (the straight-line), the greatest is the [parallelo- 
gram] applied to half (the straight-line) which (is) similar 
to (that parallelogram) by which it falls short. 

Let AB be a straight-line, and let it have been cut in 
half at (point) C [Prop. 1.10]. And let the parallelogram 
AD have been applied to the straight-line AB, falling 
short by the parallelogrammic figure DB (which is) ap- 
plied to half of AB—that is to say, C B. I say that of all 
the parallelograms applied to AB, and falling short by 
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AA. xoapopepDArjoOo yàp napà thy AB evdetav 16 AZ noe 
poaAAnAGYeaUUOV cAAsinoy elder TapadAnAoyeduUe t& ZB 
Ouot® ce xol óuotoc xeuévo và AB’ AEvoo, OTL UEtCdv EoTtr 
tò AA tov AZ, 





r K B 


Enel yàp Ouotdyv got: tò AB napadAnAdyeauyoy 165 ZB 
TACAAANACYOGUUG, Teel THY avLTHY ciot ðáuetpov. yv% 
autésy didueteocs À AB, xol xatayeyedg0w tò oyua. 

‘Enet obv toov ot tò [Z t& ZE, xowov d€ tò ZB, 
ÓAov àpa tò TO ðw t KE otv toov. àAAà tò L'O :G 
TH got tooy, éxet xal À AT tH UB. xot to HD vow 76 EK 
cot toov. xotvov Toooxetodw tò DZ: óAov &pa xó AZ x6 
AMN yvóuoví &ouv toov: Gote TO AB napahànióypauuov, 
toutéott TO AA, tol AZ napadAnroyeduuou yeiCév otw. 

Iévtov goa tv rapà THY adTYy eó0ctov mopoo^- 
KOUEVOY TACUAANAOY PGUUOV Kal EAASLMOVTY ELSEOL tapad- 
AvAoveéuuotz óuotow; t& xoà óuotoc xeuévotc TE ATÒ TAS 
fjutoetac &vorrpocouévo uévioxóvy EOTL x6 áo cfic fjuoctac 
tapaBantév: nep čer Deiča. 


xr. 

lao thy o6o0cicav eó0ciav t& 0oo00é£vu cóU0uvoóuuo 
loov napadAnddyeauuoy mxoapopoAciv &£AAcinov cetòsi na- 
po^Aroveéuuo Sol TH SovEvTL Set OE TO örðóuecvov 
coO0Yooupov [G Oct tloov napaBoreiv] uy yetCov etvar too 
ONO tfjc fjutoetoc dvayeapouevov Suotov x& &Xetupuo [roO 
TE ONO cfjc Yjucetac xol & Set óuovov &XXctrev]. 

"Eoxo fj u$v doveton evdcia Å AB, tò Se dover 
coU Ypopuov, G Get toov rapa thy AB xopooAciv, tò T uñ 
uetCov [dv] toU and the Autoetac tic AB d&vayoupouevou 
óuotou T65 EAActuUaTL, © OE Set öuorov EAkelnerv, TO A’ Set OF 
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[parallelogrammic] figures similar, and similarly laid out, 
to DB, the greatest is AD. For let the parallelogram AF 
have been applied to the straight-line AB, falling short by 
the parallelogrammic figure FB (which is) similar, and 
similarly laid out, to DB. I say that AD is greater than 
AF. 


D E 


\ Nu h 


A C K B 


For since parallelogram DB is similar to parallelo- 
gram FB, they are about the same diagonal [Prop. 6.26]. 
Let their (common) diagonal DB have been drawn, and 
let the (rest of the) figure have been described. 

Therefore, since (complement) CF is equal to (com- 
plement) FE [Prop. 1.43], and (parallelogram) FB is 
common, the whole (parallelogram) CH is thus equal 
to the whole (parallelogram) KE. But, (parallelogram) 
CH is equal to CG, since AC (is) also (equal) to CB 
[Prop. 6.1]. Thus, (parallelogram) GC is also equal 
to EK. Let (parallelogram) CF’ have been added to 
both. Thus, the whole (parallelogram) AF’ is equal to 
the gnomon LM N. Hence, parallelogram DB—that is to 
say, AD—is greater than parallelogram AF. 

Thus, for all parallelograms applied to the same 
straight-line, and falling short by a parallelogrammic 
figure similar, and similarly laid out, to the (parallelo- 
gram) described on half (the straight-line), the greatest 
is the [parallelogram] applied to half (the straight-line). 
(Which is) the very thing it was required to show. 


Proposition 28! 


To apply a parallelogram, equal to a given rectilin- 
ear figure, to a given straight-line, (the applied parallel- 
ogram) falling short by a parallelogrammic figure similar 
to a given (parallelogram). It is necessary for the given 
rectilinear figure [to which it is required to apply an equal 
(parallelogram)] not to be greater than the (parallelo- 
gram) described on half (of the straight-line) and similar 
to the deficit. 

Let AB be the given straight-line, and C the given 
rectilinear figure to which the (parallelogram) applied to 
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TAOS THY Sovetoay cvdetay thy AB 165 dodevt coVL edu 
t I toov napadAnrdypaupoy napaboArety éAActnovy elder tae 
go AmXovoápuo óuot(o óvu 1G A. 





Tetuyove y) AB iya xatà xó E ornguciov, xoi &vo- 
yeyedove and thc EB x A óuovov xoi óuotoc xcíuevov 
:ó EBZH, xoà cuunenAnpoóoc0o tò AH rapaànàóypauuov. 

EX u&v obvtcov £o tò AH 16 D, vevovóc àv ety tÒ n- 
toy 9&v: TAEABEBANTOL yuo tapà THY SOvEtoay eDVEtay THY 
AB 76 d00Evtt ceóOuvoóuuo TH I toov rapahanióypauuov 
tO AH é)Actnoy cetòsi napadAnroyeduue t& HB uolo óvu 
tG A. ei 0€ of, uetCév Eotw tò OE x00 I. tcov 6$ xó OE 
t& HB: ueitov &pga xoi tò HB x00 E. G 97) ucicóv &ou 
tò HB «00 I, xar, tfj onepoy| toov, tõ 6€ A Ógotov xoi 
óuotoc xe(uevov vó axo cuveotáxo xó KAMN. àAAà xó A 
:& HB |éoxv| óuowv: xoà xó KM ea tõ HB otv Óóuovv. 
£cto o0v óuóAoYvoc fj u£v KA tH HE, 4 Se AM «fj HZ. 
xoà &xei tcov £oxi xó HB tote T, KM, uctov vou £o tò 
HB :o0 KM' uciGov &pa oti xa À vèv HE ts KA, Ñ ôè 
HZ thc AM. xeloðw t uèv KA ton Y, HZ, xfj 6£ AM tor 
?, HO, xoi cupxenAnpoc90 tò EHOII rapaànióypauuov: 
(cov &pa xoi óuotov ŝoti [tò HIT] tă KM [Aà tò KM x6 
HB ógoióv &£cwv|. xot xó HII &pa x6 HB ópotóv otv: nepi 
THY ALTYY wou Siduetedv éott TO HII 16 HB. £oxo aox6v 
dtduetoos Y) HIIB, xal xatayeyeaqde tò oyua. 

"Emei oov tcov éott to BH tois I, KM, &v tò HII 10 
KM éotw tooy, Aoitog How 6 TX® Yvóucv AowG 16$ L' tcoc 
&ot(v. xoà énel toov otl tò OP 14 EX, xowóv noooxcioVe 
1o IIB: óAov &pa xó OB Ac 1G EB tcov £ox(v. &AAà xó EB 
t& TE ot tcov, &nel xoi rAeupà Y, AE rAeup vf; EB otv 
tory xoi vó TE &pa x6 OB otw tcov. xowoóv ngooxtcioo0 
TO ED) OAV Kon TO TH SAW tă PXT yvauovl otv toov. 
AX ò PXT vvouov tõ I &6c(y 0r] tooc xoi xó TX pa t 
I' £ouv tcov. 

IIapà cv 809cicav &pa cóO0ciav vv AB c6 800évu 
ceoUuvoóuuo 6 I toov napoA^nAÓvoouuov mapasebAntou 
xó MT &AXeUirov etóet maparAnrAoyoduua tă IB uoto Övt 
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AB is required (to be) equal, [being] not greater than 
the (parallelogram) described on half of AB and similar 
to the deficit, and D the (parallelogram) to which the 
deficit is required (to be) similar. So it is required to apply 
a parallelogram, equal to the given rectilinear figure C, to 
the straight-line AB, falling short by a parallelogrammic 
figure which is similar to D. 


G P F 


A E S B 
K N 

Let AB have been cut in half at point E [Prop. 1.10], 
and let (parallelogram) EBFG, (which is) similar, and 
similarly laid out, to (parallelogram) D, have been de- 
scribed on EB [Prop. 6.18]. And let parallelogram AG 
have been completed. 

Therefore, if AG is equal to C then the thing pre- 
scribed has happened. For a parallelogram AG, equal 
to the given rectilinear figure C, has been applied to the 
given straight-line AB, falling short by a parallelogram- 
mic figure GB which is similar to D. And if not, let HE 
be greater than C. And H E (is) equal to GB [Prop. 6.1]. 
Thus, GB (is) also greater than C. So, let (parallelo- 
gram) KLM N have been constructed (so as to be) both 
similar, and similarly laid out, to D, and equal to the ex- 
cess by which GB is greater than C [Prop. 6.25]. But, 
GB [is] similar to D. Thus, KM is also similar to GP 
[Prop. 6.21]. Therefore, let K L correspond to GE, and 
LM to GF. And since (parallelogram) GB is equal to 
(figure) C and (parallelogram) K M, GB is thus greater 
than KM. Thus, GE is also greater than KL, and GF 
than LM. Let GO be made equal to KL, and GP to LM 
[Prop. 1.3]. And let the parallelogram OGPQ have been 
completed. Thus, [GQ] is equal and similar to KM [but, 
KM is similar to GB]. Thus, GQ is also similar to GB 
[Prop. 6.21]. Thus, GQ and GB are about the same diag- 
onal [Prop. 6.26]. Let GQB be their (common) diagonal, 
and let the (remainder of the) figure have been described. 

Therefore, since BG is equal to C and K M, of which 
GQ is equal to K M, the remaining gnomon UW V is thus 
equal to the remainder C. And since (the complement) 
PR is equal to (the complement) OS [Prop. 1.43], let 
(parallelogram) QB have been added to both. Thus, the 
whole (parallelogram) PB is equal to the whole (par- 
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ts A lénevdsyneo tO IIB 16 HIT dyody éotw): önecp eden 
TOLVOOL. 


t This proposition is a geometric solution of the quadratic equation x? 
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allelogram) OB. But, OB is equal to TE, since side 
AE is equal to side EB [Prop. 6.1]. Thus, TE is also 
equal to PB. Let (parallelogram) OS have been added 
to both. Thus, the whole (parallelogram) T.S is equal to 
the gnomon VWU. But, gnomon VWU was shown (to 
be) equal to C. Therefore, (parallelogram) TS is also 
equal to (figure) C. 

Thus, the parallelogram ST, equal to the given rec- 
tilinear figure C, has been applied to the given straight- 
line AB, falling short by the parallelogrammic figure QB, 
which is similar to D [inasmuch as QB is similar to GQ 
[Prop. 6.24] ]. (Which is) the very thing it was required 
to do. 


—a&gz+8 = 0. Here, x is the ratio of a side of the deficit to the corresponding 


side of figure D, a is the ratio of the length of AB to the length of that side of figure D which corresponds to the side of the deficit running along 


AB, and f is the ratio of the areas of figures C and D. The constraint corresponds to the condition 8 < a?/4 for the equation to have real roots. 


Only the smaller root of the equation is found. The larger root can be found by a similar method. 


xU. 
IIopà t'v 600€icav eo0ciav tQ Ooo0€£vu cóUuYvoóuuo 


tcov napoaAAnAóYpoupov nopoDoActv oneoDÓAXov ctoer ra- 
pa AmAoveóuueo óuoto 1G SOVEVTL. 








N H. | H 


"Ecto f, u£v dovdetoa evdeta Å AB, tò è dodEv 
eoO0voouuov, 6 8cl toov napà thy AB xopopoAciv, xó T, 
& 6& Oct Óuovov OxcpDóAAew, xó A Geb Or) rapà thy AB 
ceuvetay tõ DI' eóüvvoóuuuo toov napa AnAóYvpoouuov rapa- 
Badety breeBdAAoy elder mapadAnAoyeduue óuoto ta) A. 

Tetujovw f, AB 8(ya xarà tò E, xa dvayeyedda 
ano tho EB 16 A óÓpgotov xoi ópoioc xeiuevov mxopoA- 
An^óvoouuov tò BZ, xa cuvaugotépois uèv tois BZ, T 
toov, 6) d& A dyotov xal duolws xeluevov xó ato oL- 
veotata to HO. dudroyoc b€ čotw f| u£v KO «f| ZA, f| 6€ 
KH «fj ZE. xoà &nei uciCóv £o xó HO x00 ZB, uc(Cov &pa 
£c xoi À uèv KO ts ZA, f| 66€ KH t ZE. &xpepArvio9oocav 
oi ZA, ZE, xoi tH uèv KO ton čotw À ZAM, t 6€ KH tov 
À ZEN, xoà cuuxenAnpoo9o0 :ó MN: tò MN doa tă HO 
{oov TÉ &o xol óuotov. &Aàà tò HO 165 EA otv óuovov: 


Proposition 29t 


To apply a parallelogram, equal to a given rectilin- 
ear figure, to a given straight-line, (the applied parallelo- 
gram) overshooting by a parallelogrammic figure similar 
to a given (parallelogram). 


K H 








Let AB be the given straight-line, and C the given 
rectilinear figure to which the (parallelogram) applied to 
AB is required (to be) equal, and D the (parallelogram) 
to which the excess is required (to be) similar. So it is 
required to apply a parallelogram, equal to the given rec- 
tilinear figure C, to the given straight-line AB, overshoot- 
ing by a parallelogrammic figure similar to D. 

Let AB have been cut in half at (point) E [Prop. 1.10], 
and let the parallelogram BF, (which is) similar, and 
similarly laid out, to D, have been described on EB 
[Prop. 6.18]. And let (parallelogram) GH have been con- 
structed (so as to be) both similar, and similarly laid out, 
to D, and equal to the sum of BF and C [Prop. 6.25]. 
And let K H correspond to F L, and KG to FE. And since 
(parallelogram) GH is greater than (parallelogram) FB, 
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xoi TO MN goa tă EA Suordy got: reel THY abTHY Koo 
diduetodyv ot tÒ EA 16 MN. fy9o aóxGv Ouetpoc f 
LZ, XL XKATAVEVEAPVG TO OY FUM. 

Erei toov otl tò HO tote EA, T, AAG t6 HO t& MN 
tcov £oziv, xoi xó MN &pa xoiz EA, I' tcov &ox(v. xotoóv 
àprnofjo9c *ó EA: Aoixóc &pa ó VX9O vvouov 14 I £ouv 
icoc. xoi &nel tor &oxiv À AE tÀ EB, toov oti xol tò AN c6 
NB, toutéot: t65 AO. xowòv npgooxcío0co tò E= hov gow 
tO A& tooy ot t% PXY vvóuow. àAXà ó PX vvouov 
t& D' tooc &ox(v: xoà xó AZ &pa 1G T toov éotty. 

Tlap& thy d00ciony don ceóOctav vv AB 1G 6o0évu 
ceuvuyeduua tH I toov napadAndoyeouumoy napapebAntat 
tO AZ oneebdAAov elder naparhAnrdoyeduue t& IIO uot 
ove, T65 A, Enet xal 4) EA otv ðuorov tò OIL neo ée 
Toroa. 
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KH is thus also greater than FL, and KG than FE. 
Let FL and FE have been produced, and let FLM be 
(made) equal to KH, and FEN to KG [Prop. 1.3]. And 
let (parallelogram) MN have been completed. Thus, 
MN is equal and similar to GH. But, GH is similar to 
EL. Thus, MN is also similar to EL [Prop. 6.21]. EL is 
thus about the same diagonal as MN [Prop. 6.26]. Let 
their (common) diagonal FO have been drawn, and let 
the (remainder of the) figure have been described. 

And since (parallelogram) GH is equal to (parallel- 
ogram) EL and (figure) C, but GH is equal to (paral- 
lelogram) MN, MN is thus also equal to EL and C. 
Let EL have been subtracted from both. Thus, the re- 
maining gnomon XWV is equal to (figure) C. And since 
AE is equal to EB, (parallelogram) AN is also equal to 
(parallelogram) NB [Prop. 6.1], that is to say, (parallel- 
ogram) LP [Prop. 1.43]. Let (parallelogram) KO have 
been added to both. Thus, the whole (parallelogram) AO 
is equal to the gnomon VW X. But, the gnomon VW X 
is equal to (figure) C. Thus, (parallelogram) AO is also 
equal to (figure) C. 

Thus, the parallelogram AO, equal to the given rec- 
tilinear figure C, has been applied to the given straight- 
line AB, overshooting by the parallelogrammic figure QP 
which is similar to D, since PQ is also similar to EL 
[Prop. 6.24]. (Which is) the very thing it was required 
to do. 


t This proposition is a geometric solution of the quadratic equation x? J-o x — 8 = 0. Here, x is the ratio of a side of the excess to the corresponding 


side of figure D, o is the ratio of the length of AB to the length of that side of figure D which corresponds to the side of the excess running along 


A B, and 8 is the ratio of the areas of figures C and D. Only the positive root of the equation is found. 


À. 


Try dovetoay svvetayv nercpoacuévny &xpov xal uécov 


KOYOY TEVELY. 
DU Z O 


E 


A 


"Ecto f| Sovcion cb0cia rencpaouévn Y, AB: oet o7 viv 
AB eo9ciav Gxpov xol u£cov Aóvov xeuciv. 


Proposition 30! 


To cut a given finite straight-line in extreme and mean 


ratio. 
C F H 
A pB 
D 


Let AB be the given finite straight-line. So it is re- 
quired to cut the straight-line AB in extreme and mean 
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A vovevoóoo ànó vfic AB xvexpéyovov xó BI, xoi ta- 
popeBAYjoOc rapà ty AT t& BI toov trapahànióypauuov 
to TA óncppáhhov ctet 76 AA uolo t& Br. 

Tetoáywvov ðé ot tò BI” tetoáywvov tow ot xol 
tó AA. xoi &xcei toov £oxi 1ó BI t& TA, xowòvyv &ynpńow 
tò D'E: Aowtóv &pga tò BZ Xow 1G AA éotw toov. EotT 
0€ otG xoi tcovowov: 16v BZ, AA &pa àvxnrenóvOaot ot 
TASUEaL al neol Tac taac ywrlac’ Eotiv hoa Ho  ZE nedc 
trv EA, obcoc ) AE medc try EB. ton 9€ 5| u£v ZE vf; AB, 
5 o£ EA «fj AE. £cuv &pa óc À BA rpoòs ty AE, oŬtos À 
AE ngóc thy EB. ue(Gov 68€ Y, AB xfjc AE: uctCov àpa xoi 
ñ AE ts EB. 

H goa AB cv¥eta Gotpov xoi UEcov Adyoy TETUNTOL KATH 
tÒ E, xoi xó ucitov aótfjc vufju& got, to AE’ Sneo dder 
rojou. 
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ratio. 

Let the square BC have been described on AB [Prop. 
1.46], and let the parallelogram C D, equal to BC, have 
been applied to AC, overshooting by the figure AD 
(which is) similar to BC [Prop. 6.29]. 

And BC is a square. Thus, AD is also a square. 
And since BC is equal to CD, let (rectangle) CE have 
been subtracted from both. Thus, the remaining (rect- 
angle) BF is equal to the remaining (square) AD. And 
it is also equiangular to it. Thus, the sides of BF and 
AD about the equal angles are reciprocally proportional 
[Prop. 6.14]. Thus, as FE is to ED, so AE (is) to EB. 
And FE (is) equal to AB, and ED to AE. Thus, as BA is 
to AE, so AE (is) to EB. And AB (is) greater than AF. 
Thus, AE (is) also greater than EB [Prop. 5.14]. 

Thus, the straight-line AB has been cut in extreme 
and mean ratio at E, and AE is its greater piece. (Which 
is) the very thing it was required to do. 


t This method of cutting a straight-line is sometimes called the “Golden Section"—see Prop. 2.11. 


ha’. 


Ev tols ôptoywvios tTayovo TO UNO THe THY Gedy 
ywovlay brotewovans TAsuEds Eld0c toov otl tois ATÒ tV 
trv OpDHY yYwviayv Tepleyovody TAsUEdY eldeat voic óuototc 
TE xoi óuotoc AvaAyEAPOUEVOLC. 





"Eoco cgí(vovov óg0ovowov xó ABI ptv éyov thy 
brò BAT yoviav: Aévc, óu xo ànxó tfjc BI etoc toov otl 
toic ànró xGv BA, AT e(6eot tois uolos te xol uolas 
& votypapou e vote. 

"Hy9o xé9etoc fj AA. 

‘Enel obv év d900vavlw vovyóvo 16 ABI àxó cfjc noóc 
1G AÀ ópOfic vcowv(ac &ri xrjv BD. B&ow xéOexoc fiot Y; AA, 
ta ABA, AAT rode xfj xoOéxo tolywva uord oT T Te 
óc tT ABT xol Aos. xoa &xel óuovóv £o xó ABT x6 
ABA, éotw &pa óc f| UB ngóc xv BA, ooxoc f| AB ngóc 
tv BA. xoi &nel vpeic ceia &vóáAovóv cio, £ov óc f| 
TOGTY TEdS THY ToltHY, OUTWS TO ANDO THe TEMTH¢ Eldo0¢ MEd 


Proposition 31 


In right-angled triangles, the figure (drawn) on the 
side subtending the right-angle is equal to the (sum of 
the) similar, and similarly described, figures on the sides 
surrounding the right-angle. 





Let ABC be a right-angled triangle having the angle 
BAC aright-angle. I say that the figure (drawn) on BC is 
equal to the (sum of the) similar, and similarly described, 
figures on B A and AC. 

Let the perpendicular AD have been drawn [Prop. 
1.12]. 

Therefore, since, in the right-angled triangle ABC, 
the (straight-line) AD has been drawn from the right- 
angle at A perpendicular to the base BC, the trian- 
gles ABD and ADC about the perpendicular are sim- 
ilar to the whole (triangle) ABC, and to one another 
[Prop. 6.8]. And since ABC is similar to ABD, thus 
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TO ONO Thc SELTEPAS TO GUOLOV Kal OUOLWS AVAYPAPŐUEVOV. 
óc &pa f| TB node thy BA, ottw¢ 16 dnd tHe TB etdoc 
Teds TÒ nò ts BA tO duoLoyv xoi óuotcc &vaypapóuevov. 
Orde TH oróxà O7) xoi cx; Y| BI' góc trjv TA, od tw¢ 16 aNd tHe 
BI' ei6oc npóc xo ànó tfjc L'A. oce xoi óc Å BI ngóc tàs 
BA, AT, obdta¢ 16 and the BI' et6oc ngóc tà àxó xv BÀ, 
AT tà ópota xoi óuo(oc å&vaypagóueva. ton è Hh BI tote 
BA, AT: tcov &pa xoi 10 &xd týs BI eld0¢ tote and tõv 
BA, AT eideor xoiz óuototc te xal óuotoc &vaypapouévors. 
‘Ev doa toic ópÜoYcov(otz tpryovow; TÒ ATÒ TH¢ TÅV 
py yovlav ùrotewoúvcng nàecupðs clos toov oth toic 
ONO TEV THY OOUHY YOVIAYV TepLEyOLGGY TACLEGDSY eteco tois 
uolos TE xal OUOLWS AVAYEAPOUEVOLC’ OTEE Cet Setgau. 


dB’ 

E&v 600 tolywva ouvteOT| xoà utov veovtav tàs dúo 
TACUEUS toic Ouoci TAELEAdIC O&vóAovov EÉxyovta Oote tüc 
OUOAOYOUS ATHY TASVEKS Kal TaAPAAAYAOUS elvot, ot Aouroti 
TOY TOLYWOVOY TAELEaL En evVEtac Ecovtat. 


A 


B I E 


"Eote 500 totywva ta ABT, ATE t&¢ Dúo nàcupàs tàs 
BA, AT tac duo rAeupoüc tote AT, AE avédoyoy Eyovta, 
óc uev tv AB ngóc xr|v AT, oovoc trjv AT ngóc cv AE, 
ropáA rov 88 vv uev AB cf; AT, cv 68 AT vf; AE: Aévo, 
ou én cvvetac &cxiv À BT tH TE. 

‘Enel yuo roapóAAnAóc otuv Å AB t AT, xa cic aùtàs 
éurentoxey cuveta Y; AI, ok vadid yovi ot Dro BAT, 
ATA foo Ava clotv. Dà xà o xà 97) xoi Y ono DAE tH 
oxó AT'A ter) &oxiv. óo1& xoi f| óxó BAT «fj ónó DAE otv 
lor. xoà &nel 000 tolyová £o xà ABD, ATE utav yoviav 
Uv npóc x6 A uu& Yovia xfj npóc TH A tony Eyovta, negl 
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as CB is to BA, so AB (is) to BD [Def. 6.1]. And 
since three straight-lines are proportional, as the first is 
to the third, so the figure (drawn) on the first is to the 
similar, and similarly described, (figure) on the second 
[Prop. 6.19 corr.]. Thus, as CB (is) to BD, so the fig- 
ure (drawn) on CB (is) to the similar, and similarly de- 
scribed, (figure) on BA. And so, for the same (reasons), 
as BC (is) to CD, so the figure (drawn) on BC (is) to 
the (figure) on CA. Hence, also, as BC (is) to BD and 
DC, so the figure (drawn) on BC (is) to the (sum of the) 
similar, and similarly described, (figures) on BA and AC 
[Prop. 5.24]. And BC is equal to BD and DC. Thus, the 
figure (drawn) on BC (is) also equal to the (sum of the) 
similar, and similarly described, figures on BA and AC 
[Prop. 5.9]. 

Thus, in right-angled triangles, the figure (drawn) on 
the side subtending the right-angle is equal to the (sum of 
the) similar, and similarly described, figures on the sides 
surrounding the right-angle. (Which is) the very thing it 
was required to show. 


Proposition 32 


If two triangles, having two sides proportional to two 
sides, are placed together at a single angle such that the 
corresponding sides are also parallel, then the remaining 
sides of the triangles will be straight-on (with respect to 
one another). 

D 


B C E 


Let ABC and DCE be two triangles having the two 
sides BA and AC proportional to the two sides DC and 
DE—so that as AB (is) to AC, so DC (is) to DE—and 
(having side) AB parallel to DC, and AC to DE. I say 
that (side) BC is straight-on to C E. 

For since AB is parallel to DC, and the straight-line 
AC has fallen across them, the alternate angles BAC and 
AC D are equal to one another [Prop. 1.29]. So, for the 
same (reasons), CDE is also equal to ACD. And, hence, 
BAC is equal to CDE. And since ABC and DCE are 
two triangles having the one angle at A equal to the one 
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dé Tac loag ywriag Tae TASUEdC &váovov, óc vv BA noóc 
tyy AD, obta¢ thy TA node thy AE, taoyauoy dea Eotl 
tò ABT tolywvov tæ ATE toeryove ton koa ġ òrò ABT 
Yovíta xfj oxó ATE. &6e(y 0r) Se xal Å òrò ATA xfj ónó BAT 
tory ČAN &pa Å òrò ATE duol tos òrò ABT, BAT Yon &octv. 
xoi? tpocoxeloðw À òrò ATB: oi &pa òrò ATE, ATB toc 
òrò BAT, ATB, TBA tom ciotv. sd’ at brd BAT, ABT, 
ATB volv ps toa cici xa o òrò ATE, ATB oa 
Ouclv ópUOoüc (cot elotv.. npóc Of, xw eóOc(a xfj AD xoi xà 
ngoc oOcf| onusío tH T 9600 eó9cto ot. BD, TE uh ent tà 
acd uépr) xe(uevor TÒS &ge&fic Yovóuc tàs òrò ATE, ATB 
Ouolv ópUoüc toac notobow: én’ coVetac Hoa &oxiv Y, BT «fj 
DE. 

Eàv goa S00 totyava ouvteDY xoxà utav Yovtav tae 
OVO TASUEaS Tollc OVAL TACLEAIC AVOAOYOY EyOVTA Gate Tac 
OUOAOYOUS ATHY TASVEKS Kal topo AXouc elvot, ot Aourott 
tGV tQuyOvov rÀeupod &x' eUctac &covxav. ónep &oet OclGot. 


ÀY. 
Ev toi; toot; x0üxAow at ywvian TOV aOTOV ČyOLOL 
Aóvov tos nxepupepetouc, ED’ v DeDYjxaotww, &&v Te Ted¢ 
toic xév1potc &&v xe npóc toic repupepetouo eov Deprxuton. 





"Eoocav toot xóxXov oi ABI, AEZ, xoi npóc uev coic 
XEVTOOLS aUTHY voi; H, O vowv(ot £oxocav oat Ord BHI, 
EOZ, ngóc 9€ volic nepupepetotc ot onó BAT, EAZ: Ey, 
ou £odv óc BI nepipgesia modo thy EZ nepipgeeiay, 
ovtws Å te rò BHI ywvia node thy bro EOZ xoi f| ono 
BAT ned¢ thy òrò EAZ. 

Ke(o906av Yàp xfj u£v BI' negupeeeto toot xoà tò EES 
domdynnotoby at TK, KA, th 66 EZ nepupepeío toot boa- 
Syrotoby ai ZM, MN, xoi éexeCevydwoay at HK, HA, OM, 
ON. 

‘Enel ody tom etolv ot BD, DK, KA xegupépetot 60 A ouc, 
{ow sioù xa o òrò BHI, THK, KHA yovi 8 otc 
ócanAacíov tou totlv Wy BA nepiptosia the BL, tocaute- 
nAaoiov &o xoi Y; ónó BHA vota tfj óxó BHE. àà cà 
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angle at D, and the sides about the equal angles pro- 
portional, (so that) as BA (is) to AC, so CD (is) to 
DE, triangle ABC is thus equiangular to triangle DCE 
[Prop. 6.6]. Thus, angle ABC is equal to DC E. And (an- 
gle) AC D was also shown (to be) equal to BAC. Thus, 
the whole (angle) AC E is equal to the two (angles) ABC 
and BAC. Let ACB have been added to both. Thus, 
ACE and ACB are equal to BAC, ACB, and CBA. 
But, BAC, ABC, and ACB are equal to two right-angles 
[Prop. 1.32]. Thus, AC E and AC B are also equal to two 
right-angles. Thus, the two straight-lines BC and CE, 
not lying on the same side, make adjacent angles ACE 
and AC B (whose sum is) equal to two right-angles with 
some straight-line AC, at the point C on it. Thus, BC is 
straight-on to C E [Prop. 1.14]. 

Thus, if two triangles, having two sides proportional 
to two sides, are placed together at a single angle such 
that the corresponding sides are also parallel, then the 
remaining sides of the triangles will be straight-on (with 
respect to one another). (Which is) the very thing it was 
required to show. 


Proposition 33 


In equal circles, angles have the same ratio as the (ra- 
tio of the) circumferences on which they stand, whether 
they are standing at the centers (of the circles) or at the 
circumferences. 


D 


C 
K F M N 


Let ABC and DEF be equal circles, and let BGC and 
EHF be angles at their centers, G and H (respectively), 
and BAC and EDF (angles) at their circumferences. I 
say that as circumference BC is to circumference EF, so 
angle BGC (is) to EH F, and (angle) BAC to EDF. 

For let any number whatsoever of consecutive (cir- 
cumferences), C K and K L, be made equal to circumfer- 
ence BC, and any number whatsoever, FM and MN, to 
circumference EF. And let GK, GL, HM,and H N have 
been joined. 

Therefore, since circumferences BC, C K,and K L are 
equal to one another, angles BGC, CGK, and KGL are 
also equal to one another [Prop. 3.27]. Thus, as many 
times as circumference BL is (divisible) by BC, so many 
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otoxàt 07) xoi. ócomAototov £oxiy Y, NE nepupégeu týs EZ, to- 
cauamAaotov &oci xoi Y| rò NOE yævia tc òrò EOZ. ci 
gpa ton otv Y; BA nepipgoeia th EN nepoecpet, ton écot 
xoi Ycv(a Y, óxó BHA «fj ónó EON, xoà ei uctGov &odiv Y BA 
nepupéoeta xfjc EIN nepupepetac, uctGov &oi xoi Ñ òrò BHA 
Yovta. tfjc óxó EON, xoi ei £Aàcoov, £Aáoocov. teooópov 
OŇ Óvxov ueve0Gv, 600 uev xegupegeusv tv BI, EZ, 600 
0£ YoOWGv t&v óró BHI', EOZ, etAnnto ts uèv BI repi- 
Qepostoc xoi Thc ONO BHI' yovtac toóouc noAAoanAaotov T, t€ 
BA negupépoeta xoà À O26 BHA yovla, th¢ be EZ nepupeestac 
xal tc òrò HOZ ywvlac hte EN nepupégua xot Y, oxó EON 
yovia. “ol déderxta, Sti ef Drepéyer BA nepupépera cfjc 
EN mepupepetoc, oxepéyet xoà  bnO BHA yoovia tic bro 
EON vowtoc, xoi ei tor, tov, xoi ei £A&coov, &A&ooov. 
cot ipa, cc Y, BI' negupégewx npóc trjv EZ, odtw¢ H ONO 
BHI ova xpóc trjv òrò EOZ. &AX' óc fj ono BHI' ova 
ngoóc t'y rò EOZ, oŬtos Å òrò BAT npgóc trjv òrò EAZ. 
OiTAKOLA YUO EXATEPA ExATEOAC. xal c &pa À BT nepupeosiar 
Teds THY EZ nepipépeiay, obtw¢ ý te nrò BHI yovia tpoòs 
try òrò EOZ xal 4 bro BAT node thy òrò EAZ. 

Ev &pa toic toow xOÓxAotc ot Ycv(ot tóv otótóv £youot 
Aóyov xolic repupepetouc, &g' àv DepYprcaow, &&v TE TOO tois 
XEVTOOLS EY TE npóc toic repupepetouc eov Deprpxular. rep 
Eder Setcau. 


t This is a straight-forward generalization of Prop. 3.27 
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times is angle BGL also (divisible) by BGC. And so, for 
the same (reasons), as many times as circumference NE 
is (divisible) by EF’, so many times is angle NHE also 
(divisible) by EHF’. Thus, if circumference BL is equal 
to circumference EN then angle BGL is also equal to 
EHN [Prop. 3.27], and if circumference BL is greater 
than circumference EN then angle BGL is also greater 
than EH N,! and if (BL is) less (than EN then BGL is 
also) less (than EH N). So there are four magnitudes, 
two circumferences BC and EF, and two angles BGC 
and EHF. And equal multiples have been taken of cir- 
cumference BC and angle BGC, (namely) circumference 
BL and angle BGL, and of circumference EF and an- 
gle EH F, (namely) circumference EN and angle EH N. 
And it has been shown that if circumference BL exceeds 
circumference EN then angle BGL also exceeds angle 
EHN, and if (BL is) equal (to EN then BGL is also) 
equal (to EH N), and if (BL is) less (than EN then BGL 
is also) less (than EH N). Thus, as circumference BC 
(is) to EF, so angle BGC (is) to EHF [Def. 5.5]. But as 
angle BGC (is) to EHF, so (angle) BAC (is) to EDF 
[Prop. 5.15]. For the former (are) double the latter (re- 
spectively) [Prop. 3.20]. Thus, also, as circumference BC 
(is) to circumference EF, so angle BGC (is) to EHF, 
and BAC to EDF. 

Thus, in equal circles, angles have the same ratio as 
the (ratio of the) circumferences on which they stand, 
whether they are standing at the centers (of the circles) 
or at the circumferences. (Which is) the very thing it was 
required to show. 
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Elementary Number Theory! 


'The propositions contained in Books 7-9 are generally attributed to the school of Pythagoras. 
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“Opor. 

a. Movås oti, xard’ Hv Exaotoy x&v Óvxov Ev AeYeot. 

BY. Apiüuóc 6& TO Ex Lovadw@y ovyxetusvoy TARVO. 

Y. Mégpoc otiv à&prðuòc åprðuoŭŬ ó Ehdcowyv TOD 
uetCovoc, óvav xaxouecpf| TOV UstCova. 

©. Méprn o£, óxav ur) xaxoauecef,. 

&. IIoAXanAG&otoc 6€ ó uctGov voU £Aáccovoc, óxav xa- 
TOMETOF Ta UNO 100 £A&ooovoc. 

v. "Apuoc ópi0uóc &ouvy ó Gba Oupobugvoc. 

C. IIepgiocóc 9& ó uj àvipoóouevoc &ya f, [ó] uováà 
Otopépcov ópíou ópiuoU. 

n. Aptiáxis otos àpuiüuóc &oxty 6 onó ópíou àpiDuo0 
USTOPOUUEVOS KATH KOTLOV LOLUUOy. 

0. "Aotidamic è nepiocóc &ouv Ò 
USTPOUUEVOS KATA TEELOTOY GoLOUdY. 

U. Llequoodnic 0€ nepuocóc àpiüuóc &oxv O UNO nepuoco0 


c * 2 ? 


— dpotiou ópuOuo0 


à&pvOuo0 uetpobuevoc xarà repguooov iovduóv. 

ux. IHpeóxoc àpi0uóc &owv ó uovét uóvr uevgobuevoc. 

('. Ho&o ngóc &AAfAouc &prðuol eioty oi yováðt uóvy, 
USTOOUUEVOL KOLVGS UETOW. 

vy". XóvOeroc àpi0uóc otv 6 dovduds tit UetoobUEVos. 

(o. MOvGetor SE MEd HAAYAOUS å&pirðuoí clot oi pru 
TIVL UETOOUUEVOL KOLVG) UETON. 

E. ‘Aowdud¢s dewuov modkAanAnodCew Agyeta, Stay, 
ócot eiolv &v aot) uováoec, TooauTduic ouvteUT| O xoÀ- 
AaxAoaoctatCóuevoc, xol Yévrjvat vic. 

is’. “Otay d€ d00 dprðuol NoAAaTAMoLdoavtes GAAKAOUC 
Toot tva, O Yevóuevoc &mxí(neOoc xoAcirot, mMACvEaL O& 
a100 oi roAAanAooitoovtec AAA fAouc àpuDuot. 

C. Otavy dè Toetc dovduol noAAaTAaaidoavtes GAA oud 
roiGo( tiva, O YEvOUEVOS OTEOEOS EOTLY, TAEUVEGL OF aLTOD 
oi xoAAamAaoctácavtec o XYouc å&prðuol. 

wy. Texe&yovoc àpi9uóc éotw ô ioáxs toog f| [ó] ono 
000 tocv pruv nep.ey Óuevoc. 

D. KóBoc 8& ó toóouc tooc toócoac ñ [ól 
Apuy nepieyóuevoc. 

x'. ApvOuot &véAoYvÓóv etotw, órav ó npG oc vo0 Gcutépou 
xal Ò xpíxoc 100 xexáprou Loóouc Y, roAAamnAotoc f) xó ato 
uépoc fj và AUTH UEON DOL. 

xa. Opotot &níneOo( xol ocepeol ópu0uol stow ot 
AVOAOY OV EYOVTES Tac TASUEKC. 

xp. TéAewc àpiOuóc &£ovtv Ó toi¢ ExuTtOD uépeoiv toog 


c * 


ÜnOÓ tpuv toOV 


ÖV. 
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Definitions 

1. A unit is (that) according to which each existing 
(thing) is said (to be) one. 

2. And a number (is) a multitude composed of units.t 

3. A number is part of a(nother) number, the lesser of 
the greater, when it measures the greater.* 

4. But (the lesser is) parts (of the greater) when it 
does not measure it.’ 

5. And the greater (number is) a multiple of the lesser 
when it is measured by the lesser. 

6. An even number is one (which can be) divided in 
half. 

7. And an odd number is one (which can)not (be) 
divided in half, or which differs from an even number by 
a unit. 

8. An even-times-even number is one (which is) mea- 
sured by an even number according to an even number." 

9. And an even-times-odd number is one (which 
is) measured by an even number according to an odd 
number.* 

10. And an odd-times-odd number is one (which 
is) measured by an odd number according to an odd 
number? 

11. A prime! number is one (which is) measured by a 
unit alone. 

12. Numbers prime to one another are those (which 
are) measured by a unit alone as a common measure. 

13. A composite number is one (which is) measured 
by some number. 

14. And numbers composite to one another are those 
(which are) measured by some number as a common 
measure. 

15. A number is said to multiply a(nother) number 
when the (number being) multiplied is added (to itself) 
as many times as there are units in the former (number), 
and (thereby) some (other number) is produced. 

16. And when two numbers multiplying one another 
make some (other number) then the (number so) cre- 
ated is called plane, and its sides (are) the numbers which 
multiply one another. 

17. And when three numbers multiplying one another 
make some (other number) then the (number so) created 
is (called) solid, and its sides (are) the numbers which 
multiply one another. 

18. A square number is an equal times an equal, or (a 
plane number) contained by two equal numbers. 

19. And a cube (number) is an equal times an equal 
times an equal, or (a solid number) contained by three 
equal numbers. 
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t In other words, a “number” is a positive integer greater than unity. 
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20. Numbers are proportional when the first is the 
same multiple, or the same part, or the same parts, of 
the second that the third (is) of the fourth. 

21. Similar plane and solid numbers are those having 
proportional sides. 

22. A perfect number is that which is equal to its own 
parts. 


t In other words, a number a is part of another number b if there exists some number n such that na = b. 


8 In other words, a number a is parts of another number b (where a < b) if there exist distinct numbers, m and n, such that na = mb. 


" In other words. an even-times-even number is the product of two even numbers. 


* [n other words, an even-times-odd number is the product of an even and an odd number. 


$ In other words, an odd-times-odd number is the product of two odd numbers. 


ll Literally, “first”. 


tf In other words, a perfect number is equal to the sum of its own factors. 


d 
Ato devOudy avicowy &xxewiévov, ivOugorpouuévou ðè 
&ei to0 &Aáccovoc àxó toU usc(Qovoc, éàv Ó Aewóuevoc 
UNDENOTE XRATAVETOF TOV TOO EaUTOD, Ew o0 AeupOf| uovác, 
oi €& G&pyfjc àpiüuol npGou npóc GAATAouUc £covzat. 


AT@ 


Z D 
H 

E 
B A 


Abo yuo [&vicwy] &pgiuGv x&v AB, DA av0uga- 
pgouuévou dei TOD EAdacovos nó roO uctCovoc ó Aewtóuevoc 
undénote xatayetocitw tÓóv npó &autoD, Écoc o0 AcupOf| 
uovác: Aéveo, ów oi AB, TA nxgGtot npóc dAXfjouc ctotv, 
toutéot Ott tovs AB, TA uovàc uóvr uetoet. 

Ei yao un etow ot AB, TA zoéitot mod¢ GAAKAOUE, 
UsTEYoEL 
uev TA tov BZ vetody Acimétes Eautob &£A&ocova tov ZA, 
ó 6€ AZ tov AH yvetedsy Acizétw Eavtot éAdocova tov HI, 
ó 6€ HI' xóv ZO vetodsy Acinéta wovdda thy OA. 

‘Exet obv 6 E tov TA uetoet, 6 b¢ TA tov BZ yvetoet, 
xoi ó E &pa tòv BZ uvetoet: uetoet o£ xal dAov tov BA: 
xoi Aotxóv goa Tov AZ vetorjoe. 6 66 AZ tov AH uerpet 
xoi ó E wow tov AH yetoet uetoet òè xot dAov tov AT: 
xoi Aowtóv goa tov [TH uetpýosi. ô è [TH tov ZO yvetoet: 


Proposition 1 


Two unequal numbers (being) laid down, and the 
lesser being continually subtracted, in turn, from the 
greater, if the remainder never measures the (number) 
preceding it, until a unit remains, then the original num- 
bers will be prime to one another. 


A 
H 


F C 


E 
B D 


For two [unequal] numbers, AP and CD, the lesser 
being continually subtracted, in turn, from the greater, 
let the remainder never measure the (number) preceding 
it, until a unit remains. I say that AP and C D are prime 
to one another—that is to say, that a unit alone measures 
(both) AB and CD. 

For if AB and CD are not prime to one another then 
some number will measure them. Let (some number) 
measure them, and let it be E. And let CD measuring 
BF leave FA less than itself, and let AF measuring DG 
leave GC less than itself, and let GC measuring FH leave 
a unit, H A. 

In fact, since E measures CD, and CD measures BF, 
E thus also measures BF.! And (E) also measures the 
whole of BA. Thus, CE) will also measure the remainder 
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xoi ó E &pa tov ZO yuetoet? ustest de xal SAov tov ZA’ 
xoà Aoimhy goa thy AO vovdda uetofoe worduoc Ov Stee 
Eotly àG0vaxov. oOx toa tob¢ AB, T'A àpi0uobc yetoroet 
"c àpgiüuóc: oi AB, TA &pa xpGot npóc àAAfjXouc ctotv: 
Ónep £oet Ocl&on. 
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AF. And AF measures DG. Thus, E also measures DG. 
And (E) also measures the whole of DC. Thus, CE) will 
also measure the remainder CG. And CG measures FH. 
Thus, E also measures FH. And (E) also measures the 
whole of FA. Thus, (E) will also measure the remaining 
unit AH, (despite) being a number. The very thing is 
impossible. Thus, some number does not measure (both) 
the numbers AP and C D. Thus, AB and C D are prime 
to one another. (Which is) the very thing it was required 
to show. 


t Here, use is made of the unstated common notion that if a measures b, and b measures c, then a also measures c, where all symbols denote 


numbers. 


t Here, use is made of the unstated common notion that if a measures b, and a measures part of b, then a also measures the remainder of b, where 


all symbols denote numbers. 


9: 
A00 godudy dodEvtwy UN TEWTWY Tps GAAKAOUS TO 
UEYLOTOY “UTOSY XOLVOY UETOOY ELEELY. 


A 


E p 
Z 


H 
B A 


"Eotwoay ot 600évrvec 000 ópiÜuol uy) TodiStoL Ted¢ 
&AAfXouc ot AB, L'A. 68i 07) xGv AB, DA xo uéytoxov xotóv 
uÉTOOV &Opelv. 

EX u£v ov ó DA xóv AB uetoet, uetoet è xal Eautdy, ô 
TA &pa xGv DA, AB xowoóv uévgov &ocíiv. xoà maveedy, Stu 
xol uéYwo vov: oó8elc vàp uct(Cov vo0 L'A tov TA yeteyoet. 

Ei è oò yeto 6 TA tov AB, x&v AB, LÀ àvougos- 
pgouuévou del voU &Aácoovoc ànxó TOU UEtCovocs Actodyoetat 
tic Govudc, O¢ YETofoe. TOV Tod EauTOD. Uovdc uev 
Y&p oO AeupÜrjcevar et d¢ uf, Ecovta ot AB, TA redstor 
npóc &AAfAouc: Óónep oOx DTdxEITH. AsLODYoETat Tic Kou 
àpgiüuóc, O¢ UETONGEL TOV TEd EauTtOD. xoi ó u£v DA tòv 
BE vetedy Actnéta eavutot £Aácoova tov EA, 6 6¢ EA tov 
AZ vetody Actnétw Eautod EAdooova tov ZT, 6 6€ LZ xóv 
AE vetoetta. énxet obv 6 [TZ tov AE uetoet, 6 d¢ AE tov 
AZ uetoci, xol 0 TZ toa tov AZ uvetonoe. yetoet Se xot 
&aUtÓv: xol óXov &pa tov TA vetofoe. ó è TA tov BE 
uetoet’ xal 0 TZ &oa tov BE vetoet: uetoet 5€ wot tov EA: 
xal OAov Goa tov BA uecefjoev. yetoet Se xal tov TA: 6 TZ 
goa tobe AB, TA uetoet. 6 TZ &pga x&v AB, TA xowòv 


Proposition 2 


To find the greatest common measure of two given 
numbers (which are) not prime to one another. 


A 
E C 
F 


G 
B D 


Let AB and CD be the two given numbers (which 
are) not prime to one another. So it is required to find 
the greatest common measure of AB and CD. 

In fact, if CD measures AB, CD is thus a common 
measure of C D and AB, (since C D) also measures itself. 
And (it is) manifest that (it is) also the greatest (com- 
mon measure). For nothing greater than C D can mea- 
sure C D. 

But if CD does not measure AB then some number 
will remain from AB and CD, the lesser being contin- 
ually subtracted, in turn, from the greater, which will 
measure the (number) preceding it. For a unit will not be 
left. But if not, AP and CD will be prime to one another 
[Prop. 7.1]. The very opposite thing was assumed. Thus, 
some number will remain which will measure the (num- 
ber) preceding it. And let CD measuring BE leave EA 
less than itself, and let £A measuring DF leave FC less 
than itself, and let CF measure AE. Therefore, since CF 
measures AE, and AE measures DF, CF will thus also 
measure DF. And it also measures itself. Thus, it will 
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uétpov cotty. Agyoo OY, OTL Kal UEYLOTOV. cl yàp uÁ EoTIV Ò 
IZ t&v AB, TA uéytoxov xowóv uéxgov, UETEÁÝOEL TIG TOÙG 
AB, DA àpiüuobc deiduec ueitav Ov tob lZ. uetpeltTo, 
xoi £cxt9 6 H. xoi énei ó H tov TA uetoet, ô de TA tov 
BE vetoet, xot 6 H gow tov BE uetoet: uetoet b¢ xal ddov 
tóv BA: xoà Aowtóv àpa xóv AE uevprjoet. ô è AE tov 
AZ uexgeU xoi ó H toa tov AZ yetorjoer uevpel ðè xol 
óAov xóv AI" xoi Aowóv Goa tov [Z ysteyjoe 6 uciCav 
TOV EAdcoova’ STEO EoTly GSOvatov’ obx goa tobe AB, TA 
cortuods åprðuós tis UETOYoEL UEiCav Ov vob LZ: 6 LZ &pga 
tv AB, TA uéyiotóv gots xowvov uétpov |őnep Eder Sete on]. 


IIógwya. 
Ex 07, vo0xou qavepóv, óxt &iv ópi0uoóc 600 dpiüuoUc 
UETOF, Kol TO UEYLOTOV MUTOY KOLVOY UETOOV UETOYOEL’ OTEO 
Eder Setcau. 


f 
T * 
Tov covuay dodEvtwyv UA TEOTWY MEd AAAA ous TO 
UEYLOTOV aUTESY KOLVOY uétpov eopelv. 


A B I A EH Z 


"Eoroocav oi 600évtec tpelc ópuüuoi uy) npGot ngóc 
&AAfXouc oi A, B, I" 8ct 07) v A, B, T tò uéyiotov xowòv 
UETOOY ELPELY. 

Et 0d Yàp 000 xGv A, B xó uévio xov xowóv uéxpov ó 
A: 6 89] A xóvT Ato uexeel T| oó uexpel. uexpetvo npórepov: 
uetoet 8€ xoi xobc A, B: ô A &pa toùs A, B, T yetoet: 6 
A &pa. x&v A, B, T xowòv uétpov éotty. Aéyoo OF, StL Kal 
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also measure the whole of CD. And CD measures BE. 
Thus, CF also measures BE. And it also measures EA. 
Thus, it will also measure the whole of BA. And it also 
measures CD. Thus, CF measures (both) AB and CD. 
Thus, CF is a common measure of AB and CD. So I say 
that (it is) also the greatest (common measure). For if 
CF is not the greatest common measure of AB and CD 
then some number which is greater than CF will mea- 
sure the numbers AB and CD. Let it (so) measure (AB 
and CD), and let it be G. And since G measures C D, 
and CD measures BE, G thus also measures BE. And it 
also measures the whole of BA. Thus, it will also mea- 
sure the remainder AE. And AE measures DF. Thus, G 
will also measure DF. And it also measures the whole 
of DC. Thus, it will also measure the remainder CF, 
the greater (measuring) the lesser. The very thing is im- 
possible. Thus, some number which is greater than CF 
cannot measure the numbers AB and CD. Thus, CF is 
the greatest common measure of AB and CD. [(Which 
is) the very thing it was required to show]. 


Corollary 


So it is manifest, from this, that if a number measures 
two numbers then it will also measure their greatest com- 
mon measure. (Which is) the very thing it was required 
to show. 


Proposition 3 


To find the greatest common measure of three given 
numbers (which are) not prime to one another. 


A B C D E FE 


Let A, B, and C be the three given numbers (which 
are) not prime to one another. So it is required to find 
the greatest common measure of A, B, and C. 

For let the greatest common measure, D, of the two 
(numbers) A and B have been taken [Prop. 7.2]. So D 
either measures, or does not measure, C. First of all, let 
it measure (C). And it also measures A and B. Thus, D 
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uévio xov. £i yàp uý ouv ó A x&v A, B, T uéyiotov xowòv 
UeTOOY, UETonoet tic tobe A, B, T óápiouobc &prðuòs uctCov 
OV to A. vetosite, xal €otw O B. nel obv 6 E tov< A, B, 
I' uexeet, xoi vobc À, B &pa uexerjoev xoi xó x&v A, B koa 
uévio vov xowóv uévpov uevefjoet. TO de x&v A, B uéyiotov 
xotóv uétgov &oxlv ó A: ó E toa tov A petoet ò uctov 
tóv &Àáccovar ónep &oxiv àO0vaxov. oOx koa tovs A, B, P 
àpiüuobc àpiüuóc xc uexprioe. uetGov àv vo0 A: ô A ipa 
t&v A, B, T uéyiotóv &ox xowoóv uétpov. 

My uetoeitw dñ ô A tov [> Aéyw noõtov, öt oi T, A 
oŬx ciot noto MOOS GAAHAOUc. Exel yuo ot A, B, T oùŭx 
clo. TEGTOL MEDS &AAfAouc, ueterjoet tic AVTOLS KeLDUdC. O 
o» vobc A, B, I' uexvoGv xoi toùs A, B uetpońoci, xoa tò 
tõv A, B uéyiotov xowòv uétooyv tov A yetorjoe uetoci 
6€ xoi TOV Ts tobc A, T koa dovOuobe dorbude tig UETONceEt 
oi A, I' &pa oOx ciot medtor mod¢ HAAKAOUc. stAfpva obv 
aOt6)V 1Ó uévioxov xowóv uétpov ó E. xoi &xei ó E xóv A 
uetoet, ô è A xobc A, B uetoet, xoa ô E dou tobe A, B 
uetoet’ wetoet òè xat tòv I" 6 E gow tobe A, B, I uetoci. 
ô E &pa x&v A, B, P xowóv &ox uétpov. Agyoo OF, STL xol 
uéyiotov. el yàp uý got ô E x&v A, B, T tò uéyiotov 
XOLVOY YETOOY, YETOY CEL tis tToùs A, B, T &pruoùs &prðuòs 
uelCwv v toŬ E. uetoeita, xol &oxo Ó Z. xoi ênel ô Z tove 
A, B, T uetoci, xa toùs A, B uetoct xo tò tõv A, B hoo 
UEYLOTOYV XOLVOY LETEOY UEToYoEl. TO 06 tõV A, B uéyiotov 
xotwóv uétxpov &otlv ô A’ 6 Z doa tov A yetoet uetoet òè 
xat TOV I 6 Z You tovg A, T uetoct xa tò x&v A, T koa 
UEYLOTOYV XOLVOY LETEOY UEToYost. TO de THY A, TD uéyiotov 
xowóv uérgov &oxlv ô E ô Z dou tov E uetoet ô uctov 
tóv &Àáccovar ónep &oxiv àO0vaxov. oOx &pa toùs A, B, P 
àpiüuobc àpiOuóc tic uexerjoec ue(Cov àv vo0 Er ó E &pa 
t&v A, B, T uéyiotóv &ox xowóv uéxgov: Oreo Eden Seton. 


o. 
“Anac épiüuóc ravtóc &pi0uo0 ó &A&ocov toO uc(Covoc 
Ttov uégoc £o Ñ uépn. 
"Eotwoay 900 àpgi0üuoi oi A, BI, xoi £oxo &Aó&ocov ò 
BI" Aéyo, ów ó BI toŭ A rfixot uégoc &cciv f) u£er. 
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measures A, B, and C. Thus, D is a common measure 
of A, B, and C. So I say that (it is) also the greatest 
(common measure). For if D is not the greatest common 
measure of A, B, and C then some number greater than 
D will measure the numbers A, P, and C. Let it (so) 
measure (A, B, and C), and let it be E. Therefore, since 
E measures A, B, and C, it will thus also measure A and 
B. Thus, it will also measure the greatest common mea- 
sure of A and P [Prop. 7.2 corr.]. And D is the greatest 
common measure of A and B. Thus, E measures D, the 
greater (measuring) the lesser. The very thing is impossi- 
ble. Thus, some number which is greater than D cannot 
measure the numbers A, B, and C. Thus, D is the great- 
est common measure of A, B, and C. 

So let D not measure C. I say, first of all, that C 
and D are not prime to one another. For since A, B, C 
are not prime to one another, some number will measure 
them. So the (number) measuring A, B, and C will also 
measure A and B, and it will also measure the greatest 
common measure, D, of A and P [Prop. 7.2 corr.]. And 
it also measures C. Thus, some number will measure the 
numbers D and C. Thus, D and C are not prime to one 
another. Therefore, let their greatest common measure, 
E, have been taken [Prop. 7.2]. And since E measures 
D, and D measures A and B, E thus also measures A 
and B. And it also measures C. Thus, E measures A, B, 
and C. Thus, E is a common measure of A, B, and C. So 
I say that (it is) also the greatest (common measure). For 
if E is not the greatest common measure of A, B, and C 
then some number greater than E will measure the num- 
bers A, B, and C. Let it (so) measure (A, B, and C), and 
let it be F. And since F measures A, B, and C, it also 
measures A and B. Thus, it will also measure the great- 
est common measure of A and B [Prop. 7.2 corr.]. And 
D is the greatest common measure of A and B. Thus, F 
measures D. And it also measures C. Thus, F measures 
D and C. Thus, it will also measure the greatest com- 
mon measure of D and C [Prop. 7.2 corr.]. And E is the 
greatest common measure of D and C. Thus, F measures 
E, the greater (measuring) the lesser. The very thing is 
impossible. Thus, some number which is greater than E 
does not measure the numbers A, B, and C. Thus, E is 
the greatest common measure of A, B, and C. (Which 
is) the very thing it was required to show. 


Proposition 4 


Any number is either part or parts of any (other) num- 
ber, the lesser of the greater. 

Let A and BC be two numbers, and let BC be the 
lesser. I say that BC is either part or parts of A. 
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nN 


Ot A, BI yde fiov ngótot npóc àAAfjAouc ctoly 7| o0. 
cotwaay Todtepov ot A, BI moditor med¢ &AAńAous. öron- 
eeVEvtoc OF Tob BI cic tàs Èv ÔT uováoac £ocot Exckoty 
uovac x&v èv x6$ BI' uégoc x 100 A’ oce uégr] &oxiv ó BE 
tol A. 


N m w 


I 


A A 


M7, £oxocav 97, oi A, BI' ngGtot npóc GAAYjAouc: Ó 6r) 
BI tov A tot uexpei f, oO uecpget. ei uev obv 6 BI tov 
A yetoet, uépos otly 6 BI tod A. et d€ od, ciAKoda xGv 
A, BT véyiatoy xowoy uétpov 0 A, xat dinofjodw ô Br eic 
toüc 6 A tooug tobe BE, EZ, ZIP. wot éxct 6 A tov A 
uetoet, Uéopog Eotiv 6 A tol A’ toog è 6 A Exdotw Gv 
BE, EZ, ZI" xoà Exactog bow tv BE, EZ, ZT tot A uépoc 
éotiv’ Hote ween éaotiv o BI tod A. 

“Anas ða åprðuòcs navróc dpui0uoU 6 &Aóáocov Tob 
uetCovoc to. ueeoc Eotly f) uéery ónep Eder Seton. 


f 


es 


Eàv àpiuoóc épu0uo0 uépoc Y, xoi Évepoc &xépou TO 
aOtO uÉpoc Å, xal CUVAUPÓTEPOŞ DLVAUMOTEPOL TO AUTO 
ueeos Coto, ONEO O El¢ TOU Evdc. 


B 


M 


Aovduec yuo 6 A [åprðuo où] tot BI uépgoc £oto, xoi 
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For A and BC are either prime to one another, or not. 
Let A and BC, first of all, be prime to one another. So 
separating BC into its constituent units, each of the units 
in BC will be some part of A. Hence, BC is parts of A. 


F 


AC D 


So let A and BC be not prime to one another. So BC 
either measures, or does not measure, A. Therefore, if 
BC measures A then BC is part of A. And if not, let the 
greatest common measure, D, of A and BC have been 
taken [Prop. 7.2], and let BC have been divided into B E, 
EF, and FC, equal to D. And since D measures A, D is 
a part of A. And D is equal to each of BE, EF, and FC. 
Thus, BE, EF, and FC are also each part of A. Hence, 
BC is parts of A. 

Thus, any number is either part or parts of any (other) 
number, the lesser of the greater. (Which is) the very 
thing it was required to show. 


Proposition 5! 


If a number is part of a number, and another (num- 
ber) is the same part of another, then the sum (of the 
leading numbers) will also be the same part of the sum 
(of the following numbers) that one (number) is of an- 
other. 

B 


H 


A Cp F 


For let a number A be part of a [number] BC, and 
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Etepoc Ô A Etépou vo0 EZ 1o aóxó uépoc, ónep Ò Å toO 
BI" Aévo, ó xoi cuvaudoócegoc ó À, A ouvaugotéeou tod 
BI’, EZ tò wotd yépoc Eativ, 6neo 6 A tod BI’. 

‘Enet yde, ó uépoc £c xiv ô À xoÜ BI, x6 axo uépoc £o 
xol ò A tod EZ, dco dow cioty èv tă BI àpiQuol toot x6 
A, tooobtot ciot xol év tõ EZ àpiuol tco. vG A. àdfjofjo9o 
ó u£v BI eic vobc 16 A tooug toùs BH, HT, ô òè EZ eic 
toUc 1G) A {oou toùs EO, OZ: čota Où toov to rAVoc 
:Gv BH, HI' :& xAfüec xv EO, OZ. xoi &xc tooc &odiv 
ó u£v BH 765 A, 6 de EO 10 A, xoi oi BH, EO Spa tote 
A, A foo. Dà tà abt Où xat oi HI, OZ tois A, A. ócot 
&pa. |eiociv| &v tă BI pruo foo. 14 A, tocoŬtoí ciot xo 
èv tots BI, EZ toot tois A, A. ócanAací(ov oa &oxiv ó BD 
tot A, tooautanhactwy éotl xal ouvaugótepos ó BI', EZ 
ouvaupotéoou tot A, A. 6 &pa uépoc &oxiv ô A tod BI, to 
ato uépoc ocTi xal cuvauyótepoc O A, A ovvaygotépov 
tot BI’, EZ: once eden Seiten. 
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another (number) D (be) the same part of another (num- 
ber) EF that A (is) of BC. I say that the sum A, D is also 
the same part of the sum BC, EF that A (is) of BC. 

For since which(ever) part A is of BC, D is the same 
part of EF, thus as many numbers as are in BC equal 
to A, so many numbers are also in EF equal to D. Let 
BC have been divided into BG and GC, equal to A, and 
EF into EH and HF, equal to D. So the multitude of 
(divisions) BG, GC will be equal to the multitude of (di- 
visions) EH, HF. And since BG is equal to A, and EH 
to D, thus BG, EH (is) also equal to A, D. So, for the 
same (reasons), GC, H F (is) also (equal) to A, D. Thus, 
as many numbers as [are] in BC equal to A, so many are 
also in BC, EF equal to A, D. Thus, as many times as 
BC is (divisible) by A, so many times is the sum BC, EF 
also (divisible) by the sum A, D. Thus, which(ever) part 
A is of BC, the sum A, D is also the same part of the 
sum BC, EF. (Which is) the very thing it was required 
to show. 


T In modern notation, this proposition states that if a = (1/1) b and c — (1/n) d then (a 4- c) — (1/n) (b-4- d), where all symbols denote numbers. 


e 
Eàv épiuóc àpi0uoU u£pr Y xoi £tepoc &1épou tà 
aótà uégpr Y xoà cuvouótepoc cuvoggporépou tà oO 
UsEEN EoTaAL, OTEO O El¢ TOD Evdc. 


A 
A 


H 
©) 


B E 
U Z 


ApÛuòs vàp ó AB å&pruoŬ toŭ I ućon čotw, xol čtepoc 
6 AE étéoou tot Z ta avta uéon, aneo 6 AB vo0 I^ Aévo, 
OTL Kal cuvapdtegoc 6 AB, AE ovvaugotéeov tot T, Z 
TH GUTH UEOH Eotiy, Eneo 6 AB toO T. 

‘Enel ydo, & ween éotiv 6 AB tot T, t& adta uéon xa 
ô AE x00 Z, 6ca dou éotiy év 165 AB veer tot T, tocatté 
£c xol &v 1G AE uéer tod Z. àwjofjo9c ó u£v AB eic tà 
tol [ uéen tà AH, HB, ô òè AE eic xà vo0 Z uéer] xà 
AO, OE: goto 07) toov xó nAfj9oc xGv AH, HB xG nAfjoet 
tGv AO, OE. xoi énc(, Ó uépoc Eotiv 6 AH tot T, tò 


Proposition 6! 


If a number is parts of a number, and another (num- 
ber) is the same parts of another, then the sum (of the 
leading numbers) will also be the same parts of the sum 
(of the following numbers) that one (number) is of an- 
other. 


A 


G 
H 


b c E p 


For let a number AB be parts of a number C, and an- 
other (number) DE (be) the same parts of another (num- 
ber) F that AB (is) of C. I say that the sum AB, DE is 
also the same parts of the sum C, F that AB (is) of C. 

For since which(ever) parts AB is of C, DE (is) also 
the same parts of F, thus as many parts of C as are in AB, 
so many parts of F are also in DE. Let AB have been 
divided into the parts of C, AG and GB, and DE into the 
parts of F, DH and H E. So the multitude of (divisions) 
AG, GB will be equal to the multitude of (divisions) DH, 
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aO0tO uépoc &o xal 6 AO cob Z, 9 &pga uégoc &oxiv ô AH 
1:00 D', 1xó abt1ó uépoc &oxi xoi covauqgósegoc ó AH, AO 
ovvaupotépou ToD DI', Z. 6X xà aà 97) xoi Ö UEEOS EOTLY ô 
HB 090 I, tò aóxó uégoc £o xoi ouvoudoócegoc ó HB, OE 
cuvouopoxépou x00 D, Z. à &pa uéer) &oxiv ô AB xo0 DL, tà 
otoxà uépr| oTi xal cuvaugótepos ô AB, AE ovvaygotépov 
toO [', Z: once Eder Seton. 
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HE. And since which(ever) part AG is of C, DH is also 
the same part of F, thus which (ever) part AG is of C, 
the sum AG, DH is also the same part of the sum C, F 
[Prop. 7.5]. And so, for the same (reasons), which (ever) 
part GB is of C, the sum GB, HE is also the same part 
of the sum C, F. Thus, which(ever) parts AB is of C, 
the sum AB, DE is also the same parts of the sum C, F. 
(Which is) the very thing it was required to show. 


T In modern notation, this proposition states that if a — (m/n) b and c — (m/n) d then (a -- c) = (m/n) (b -- d), where all symbols denote 


numbers. 


C 
"E&v épuiuóc dprðuoŭŬ uépoc Y, Ónep OnotpeUelc ó«pot- 
pgeUévroc, xol ó Aowróc toU AowoÜU t1ó aótÓ uépoc Eocou, 
ónep Ó ÓAoc 1oO ÓAoU. 


A E B 


p—— 51——————3 


H D Z A 


eo — — —— 

Apuòs yàp 6 AB goduod toŭ TA uépoc &oxo, Ónep 
àotpeOelc ó AE &potpeOévcoc xo0 D'Z: Aévo, óxt xol Aowróc 
© EB Aoixo0 x00 ZA x6 ato u£poc &oziv, ónep óAoc ó AB 
óAoU tot TA. 

"O vào uépoc &oxlv ô AE tol PZ, to avtd ugpog Eotw 
xat ô EB tot TH. at énet, ó uégoc &oxiv ó AE 100 LZ, xo 
a0106 uégoc £o xoi ó EB tot TH, ô &pa uépoc &oxiv ó AE 
tol DL'Z, tò aóxó uégoc &ox xoi ó AB xob HZ. 9 9& uégoc 
cotly 0 AE xoO LZ, xó axo uépoc onóxevcot xoi ó AB tod 
TA: ô &pa uégoc $oxi xoi ó AB 100 HZ, xó axo uépoc &odi 
xoi x00 TA: {oos àpa &oxiv ó HZ xG DA. xowóc óonefjo9o 
ô TZ: oind¢ Kou 6 HI Aotn&) 1G ZA otv oog. nat Exet, 
9 uégoc &oxiv ô AE tot TZ, tò advt6 yépos [Ett] xot 6 EB 
toč HI, toos è ô HI t& ZA, 6 &pa uégoc £oxiv ó AE x00 
TZ, tò aòtò uépgoc £o xoi ó EB tod ZA. àÀA& Ó uégoc 
éotlv ò AE tot L'Z, 1ó axo uépoc oti xat ò AB 100 L'A: 
xoi Aowróc Koa ô EB Aowto0 tol ZA x6 ato uégoc &otv, 
ónep óAoc ô AB dAov tot TA: Sree eden Seton. 


Proposition 7! 


If a number is that part of a number that a (part) 
taken away (is) of a (part) taken away then the remain- 
der will also be the same part of the remainder that the 
whole (is) of the whole. 


A E B 


r 


G C F D 


— — yt — — — 

For let a number AB be that part of a number CD 
that a (part) taken away AF (is) of a part taken away 
CF. I say that the remainder EB is also the same part of 
the remainder FD that the whole AB (is) of the whole 
C D. 

For which(ever) part AE is of CF, let EB also be the 
same part of CG. And since which(ever) part AE is of 
CF, EB is also the same part of CG, thus which (ever) 
part AE is of CF, AB is also the same part of GF 
[Prop. 7.5]. And which(ever) part AF is of CF, AB is 
also assumed (to be) the same part of CD. Thus, also, 
which(ever) part AB is of GF, (AB) is also the same 
part of C D. Thus, GF is equal to C D. Let CF have been 
subtracted from both. Thus, the remainder GC is equal 
to the remainder FD. And since which(ever) part AE is 
of CF, EB [is] also the same part of GC, and GC (is) 
equal to FD, thus which(ever) part AE is of CF, EB is 
also the same part of FD. But, which(ever) part AE is of 
CF, AB is also the same part of CD. Thus, the remain- 
der EB is also the same part of the remainder FD that 
the whole AB (is) of the whole C D. (Which is) the very 
thing it was required to show. 


* In modern notation, this proposition states that if a — (1/3) b and c — (1/n) d then (a — c) — (1/n) (b — d), where all symbols denote numbers. 


/ 
Eàv ópi0uóc cortuod uéen Y, Gmep &poapetels Apa- 
peOévtoc, xol ó Aowóc vo0 ÀowtoÜ xà avTa UEoN Eota, 
&nep Ô ÓAoc toO ÓAov. 


Proposition 8! 


If a number is those parts of a number that a (part) 
taken away (is) of a (part) taken away then the remain- 
der will also be the same parts of the remainder that the 


201 


MTOIXEION C. 


D Z A 


— —— —— — 


H MK N® 
A A E B 


ApÛuòs yàp ó AB àpi0uo0 vo0 TA uéer) £oxo, ance 
àotpeDelc ó AE &dgapeðévtos xo0 D'Z: Aévo, óxt xol Aowróc 
© EB Aou o0 tot ZA tà aùtà uéon ĉotiv, àmep óAoc ó AB 
óAoU tol TA. 

Ketodw yuo 1G AB toos 6 HO, à &pa uéer £oxiv ó HO 
tol TA, te aote ugen goth xat O AE tot PZ. dinefodw ô 
uèv HO eic xà vo0 L'À éon ta HK, KO, ô è AE eic và tod 
TZ uéern ta AA, AE: ota 7| toov xó nAfj9oc xGy HK, KO 
TG) TAYVEL tev AA, AE. xol émet, ó uépgoc &oxiv ó HK tod 
L'A, xó axo uégoc &oxi xoi ó AA x00 LZ, uetGov 66 ó DÀ 
xoU LZ, uetCov &pa xoi ó HK x00 AA. xc(oO9o 16$ AA toos 
ô HM. ô hou uégoc £oxiv ó HK x00 DA, xó abt uégoc £o 
xoi ó HM 100 D'Z: xoi Aowóc &pa ó MK Aowto0 toč ZA 
tó aDt1OÓ uégoc &oziv, ónep óAoc ó HK SGdov tot L'A. nó 
ēnei, Ó uégoc &cxiv ó KO x00 DÀ, xó axo uégoc toti xol Ò 
EA x00 LZ, uctCov 9€ 6 TA tot LUZ, ue(Cov gow xat 6 OK 
tol EA. xetodw 16 EA (coc ó KN. 9 &pa uégoc £oiv ô KO 
tot TA, tÒ abxó uégoc &oci xoi ò KN toŭ TZ: xa Aotxóc 
goa 0 NO Aoirot x00 ZA xo axo uépoc &ostv, ónep ÓAoc Ó 
KO óAou vob DA. &oc(y0r 66 xoi Aowxóc ó MK Aotxob x00 
ZA xó axo uégoc &v, ónep óAoc ó HK óAou xo0 DA: xoi 
ouvaupoteoos toa 6 MK, NO tod AZ xà aóxà uéer,) &ostv, 
gneo SAog 6 OH Sdovu x00 DÀ. tcoc 8&6 cuvaudqócegoc uev 
ó MK, NO 16 EB, 6 6€ OH x6 BA: xoi Aoxóc &oa ô EB 
Aotrob tot ZA te abt& ugen Eotiv, &mee dAoc 6 AB ÓAXou 
tol TA: éneo der Set&ou. 
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whole (is) of the whole. 


C F D 


—ñ— — — — — 


G MK NH 


— — —— 
A L E B 
— H 


For let a number AB be those parts of a number C D 
that a (part) taken away AE (is) of a (part) taken away 
CF. I say that the remainder EB is also the same parts 
of the remainder FD that the whole AB (is) of the whole 
C D. 

For let GH be laid down equal to AB. Thus, 
which(ever) parts GH is of CD, AE is also the same 
parts of CF. Let GH have been divided into the parts 
of CD, GK and KH, and AE into the part of CF, AL 
and LE. So the multitude of (divisions) GK, K H will be 
equal to the multitude of (divisions) AL, LE. And since 
which(ever) part GK is of C D, AL is also the same part 
of CF, and CD (is) greater than CF, GK (is) thus also 
greater than AL. Let GM be made equal to AL. Thus, 
which(ever) part GK is of CD, GM is also the same part 
of CF. Thus, the remainder M K is also the same part of 
the remainder FD that the whole GK (is) of the whole 
CD [Prop. 7.5]. Again, since which(ever) part KH is of 
CD, EL is also the same part of CF, and CD (is) greater 
than CF, HK (is) thus also greater than EL. Let KN be 
made equal to EL. Thus, which(ever) part KH (is) of 
CD, KN is also the same part of CF. Thus, the remain- 
der NH is also the same part of the remainder FD that 
the whole K H (is) of the whole C D [Prop. 7.5]. And the 
remainder M K was also shown to be the same part of 
the remainder FD that the whole GK (is) of the whole 
CD. Thus, the sum MK, NH is the same parts of DF 
that the whole HG (is) of the whole CD. And the sum 
MK, NH (is) equal to EB, and HG to BA. Thus, the 
remainder EB is also the same parts of the remainder 
FD that the whole AB (is) of the whole C D. (Which is) 
the very thing it was required to show. 


t In modern notation, this proposition states that if a — (m/n) b and c — (m/n) d then (a — c) — (m/n) (b — d), where all symbols denote 


numbers. 
Y 
‘Hav àpiuóc épu0uo0 uépoc ň, xal Etepoc Etéoo0v TO 
avTO UeeOS f, Kal EvoAAKE, © uépoc &odlv f| u£pgr) ó npóxoc 
toU TtoÍTOL, TÒ QÙTÒ uépoc čota Y) tà HUTA EON Ral O 
ÖSCÚTEPOG TOŬ TETÉÇTOU. 


Proposition 9t 


If a number is part of a number, and another (num- 
ber) is the same part of another, also, alternately, 
which(ever) part, or parts, the first (number) is of the 
third, the second (number) will also be the same part, or 
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E 
B 
© 
H 
T Z 
A 


ApÛuòs yàp ó À àpiOuoD vo0 BI' uégoc £oxo, xoà Éce- 
poc ó A éxégou voO EZ xo axo uépoc, ónep ó À tot BI: 
Eva), OTL KROL EVOAAGE, Ö uépoc otv ô À xoÜ A f| uéer, tò 
ato u£poc &o1i xoi ó BI' vo0 EZ f) uéer. 

Enel yàp ó uégoc &oxtv ô A toŭ BI, tò a1 uégoc otl 
xol ò A tod EZ, dco dow etoty év 165 BLE àpiüuol toot x6 
A, tocodtot ctor xat év 165 EZ too 16 A. &wpofioOo ô uèv 
BT cig tobe 163 A tooug tobe BH, HT, ô òè EZ eic tobe ta 
A tooug tovc EO, OZ: čotoa 97) toov xó xAfi9oc x&v BH, 
HD t& tite tõv EO, OZ. 

Kol énet too. cioly oi BH, HI ópi0uoli GAAfjAotc, ciol 
o£ xoi oi EO, OZ àprðuol toot GAAKAoc, xal otv oov TÒ 
rAfioc x&v BH, HI' 1G nave: tv EO, OZ, 6 pa uépos 
cotly 0 BH x00 EO f| uégr, xó aoro uépoc &ox xoi ó HI 
toU O7 f| xà aóxà u£pry oce xoi 0 u£poc &coxiv ò BH tod 
EO ñ uépon, TO HOTO EEO £oi xoi ovuvaguózegoc ó BI 
ovvaupotéeou tov EZ f, xà abx&à uéer. tcoc 66 ó uev BH 
1G A, ô 6€ EO 163 A’ 6 hoa uégoc &oxiv ó A toŭ A Ñ uépn, 
tó axo uépoc écot} xal ô BI toč EZ ñ tà aóxà uéery Once 
Ede, Setcan. 


t In modern notation, this proposition states that if a — (1/n) 6 and c — 


numbers. 


f 


UL. 


Hav àpgi0uóc àpu0uo0 uépr, fj, xoi £vepoc &xépou xà abt 
uégr) Y, xoà £vaAAóS, à uépr | £oxiv Ó ngGtoc toO toltou T) 
uépoc, và otà u£pr £oxot xoi ó Ogotepoc toU vexáptou T) 
TO AUTO UEOOS. 

Agituoc yuo 6 AB ġprðuoŬ toŭ I uéer £cxo, xoi Éxegoc 
ó AE éxégou 100 Z tà aóxà uégry Aévo, StL ual EvarAAdE, 
& uégr) &cxiv ó AB voO AE 7| uégoc, ta adt& UEON EoTL xa 


£ 


ó I' x00 Z f) 1ó aoo uégoc. 
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the same parts, of the fourth. 


E 
B 
H 
G 
AC pF 


For let a number A be part of a number BC, and an- 
other (number) D (be) the same part of another EF that 
A (is) of BC. I say that, also, alternately, which(ever) 
part, or parts, A is of D, BC is also the same part, or 
parts, of EF. 

For since which(ever) part A is of BC, D is also the 
same part of EF, thus as many numbers as are in BC 
equal to A, so many are also in EF equal to D. Let BC 
have been divided into BG and GC, equal to A, and EF 
into EH and HF, equal to D. So the multitude of (di- 
visions) BG, GC will be equal to the multitude of (divi- 
sions) HH, HF. 

And since the numbers BG and GC are equal to one 
another, and the numbers EH and H F are also equal to 
one another, and the multitude of (divisions) BG, GC 
is equal to the multitude of (divisions) EH, HC, thus 
which(ever) part, or parts, BG is of EH, GC is also 
the same part, or the same parts, of HF. And hence, 
which(ever) part, or parts, BG is of EH, the sum BC 
is also the same part, or the same parts, of the sum EF 
[Props. 7.5, 7.6]. And BG (is) equal to A, and EH to D. 
Thus, which(ever) part, or parts, A is of D, BC is also 
the same part, or the same parts, of EF. (Which is) the 
very thing it was required to show. 


(1/n) d then if a — (k/I) c then b = (k/I) d, where all symbols denote 


Proposition 10! 


If a number is parts of a number, and another (num- 
ber) is the same parts of another, also, alternately, 
which(ever) parts, or part, the first (number) is of the 
third, the second will also be the same parts, or the same 
part, of the fourth. 

For let a number AB be parts of a number C, and 
another (number) DE (be) the same parts of another F. 
I say that, also, alternately, which(ever) parts, or part, 
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© 
H 


B E 
I Z 

‘Enel yao, & uépn &éoxiv ó AB toŭ T, tà atà ween Eotl 
xa ô AE tod Z, d0a doa éotiv év xà) AB uéen toð I, 
tooalta xal év 76 AE ugen tod Z. dinofodw o uev AB eic 
tà toŭ I ugen te AH, HB, 6 d¢ AE cic ta tod Z ugon xà 
AO, OE: gota d7 toov 16 xAfj9oc xGv AH, HB 76 n^fjoet 
t&v AO, OE. xual énet, 6 uégoc &oxiv 6 AH toB T, tO avtd 
uépoc ott xal 6 AO tod Z, ual EvokAdE, 6 uepod Eotly 6 
AH tot AO ¥ uégr, xó axo uégoc &ox xoi ó D x00 Z f| 
TÒ QÛTA uÉ. ÖA và o tà O7) xot, Ó u£poc £oxiv ó HB tod 
OE f, ween, TÒ aóxó uégoc &od xoi ó TL 100 Z fj xà aoa 
učo ote xal [ð uépoc &cxiv ó AH x00 AO Tj uéer, tO 
ato uégoc otl xal ó HB toŭ OE fj xà aùtà uépry xal oO 
&po uégoc &cxiv ó AH tol AO 1| uéer, TÒ aóxó uégoc &od 
xoi ó AB oO AE f| xà abxà uéery GAR’ 0 uégoc &ov ô AH 
tot AO Tj uégr, xó aoxó uégoc &8cGy 0r] xoi 6 T tod Z T) xà 
o0tà uéer, xoà| & [čepa] uér &oxtv ô AB toč AE 7| uégoc, 
TH KUTA UEOY EotL xal OT x00 Z f) xó axo uégoc: Ónep &oct 
Occ on. 


T In modern notation, this proposition states that if a = (m/n) b and c — 


numbers. 


ta. 

"Eav 7j c óAoc ngóc ÓAov, o0toc óotpeUcic npoc óot- 
oeVEvta, Kol 6 AOLTOSG TOSS 1óv Aowtóv £ocot, c ÓAoC npoc 
ÓAOV. 

"Eoco óc óAoc 6 AB ngóc óAov tov L'A, obcoc óqot- 
pe9elc ó AE npóc óqoupeOévca vóv D'Z: Aévo, óxt xoà Aoixóc 
ô EB ngóc Aowtóv xóv ZA otw, Os Šos ô AB ngóc ÓAov 
TOV TA, 
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AB is of DE, C is also the same parts, or the same part, 
of F. 


D 
A 

H 
G 
2 NE M. 


For since which(ever) parts AB is of C, DE is also 
the same parts of F, thus as many parts of C as are in 
AB, so many parts of F (are) also in DE. Let AB have 
been divided into the parts of C, AG and GB, and DE 
into the parts of F, DH and H E. So the multitude of 
(divisions) AG, GB will be equal to the multitude of (di- 
visions) DH, HE. And since which(ever) part AG is 
of C, DH is also the same part of F, also, alternately, 
which(ever) part, or parts, AG is of DH, C is also the 
same part, or the same parts, of F [Prop. 7.9]. And so, 
for the same (reasons), which(ever) part, or parts, GB is 
of H E, C is also the same part, or the same parts, of F 
[Prop. 7.9]. And so [which(ever) part, or parts, AG is of 
DH, GB is also the same part, or the same parts, of HF. 
And thus, which(ever) part, or parts, AG is of DH, AB is 
also the same part, or the same parts, of DE [Props. 7.5, 
7.6]. But, which(ever) part, or parts, AG is of DH, C 
was also shown (to be) the same part, or the same parts, 
of F. And, thus] which(ever) parts, or part, AB is of DE, 
C is also the same parts, or the same part, of F. (Which 
is) the very thing it was required to show. 


(m/n) d then if a — (&/l) c then b — (k/l) d, where all symbols denote 


Proposition 11 


If as the whole (of a number) is to the whole (of an- 
other), so a (part) taken away (is) to a (part) taken away, 
then the remainder will also be to the remainder as the 
whole (is) to the whole. 

Let the whole AB be to the whole C D as the (part) 
taken away AE (is) to the (part) taken away CF’. I say 
that the remainder EB is to the remainder FD as the 
whole AB (is) to the whole C D. 
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U 
Z 
A 
E 
B= A 


Enei £cuv óc 6 AB node tov L'A, oóvoc ó AE ngóc 
tov DZ, ó &pa uégoc &oxv ó AB x00 L'A f| uépgr, 1ó ato 
uégoc &oxi xoi ó AE tod [Z ñ tà aóxà uépr. xoà Aotxóc 
&pa ô EB Aotrod tod ZA 19 axo uépgoc &odiv fj uégr, Geo 
6 AB tot TA. éotw àpa óc 6 EB node tov ZA, obtw¢ 6 
AB node tov TA: éreoe Eder déo. 
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C 
F 
A 
E 
B- D 


(For) since as AB is to CD, so AE (is) to CF, thus 
which(ever) part, or parts, AB is of CD, AE is also the 
same part, or the same parts, of CF [Def. 7.20]. Thus, 
the remainder EB is also the same part, or parts, of the 
remainder FD that AB (is) of CD [Props. 7.7, 7.8]. 
Thus, as EB is to FD, so AB (is) to CD [Def. 7.20]. 
(Which is) the very thing it was required to show. 


t In modern notation, this proposition states that if a : b :: c : d then a : b :: a — c:b — d, where all symbols denote numbers. 


f 
ID. 
"Eàv Gow ÓónxocotoU0v ópi0uol &váAovov, Éctot Oc cic 
x&v Yyvouuévov TODS Eva TOY ENOUEVWY, OUTS &MavTEs oi 
YYOUUEVOL MOOS UMAVTAG TOUS ENOUEVOUC. 


A B DI A 


"Eocrocav ónocow0v àpgiDuol àvóAovov oi A, B, T, A, 
Gc Ó ÅA npóc xóv B, obtoc 6 L' ngóc xóv Ac EVO, Öt otv 
Gc 6 A nods tov B, obtwe ot A, TP ngóc xobc B, A. 

‘Enel ydo &owv óc ô À ngóc tòv B, oŬtws ó I npóc 
tov A, 6 &pa uépoc &oxiv ô A toŭ B ñ upon, TÒ axo uégoc 
£ctl xol ó l' vo0 A fj uéegr. xol covouoócepgoc àpa ó A, 
I' cuvauqozégou toč B, A TÒ abtó uégoc &ody f| xà abtà 
uéon, aneo ô A toŭ B. £cxtv pa óc Óó À npóc xóv B, obtoc 
ot A, T node tobe B, A: oreo der SetEou. 


Proposition 12! 


If any multitude whatsoever of numbers are propor- 
tional then as one of the leading (numbers is) to one of 
the following so (the sum of) all of the leading (numbers) 
will be to (the sum of) all of the following. 


A B C D 


Let any multitude whatsoever of numbers, A, B, C, 
D, be proportional, (such that) as A (is) to B, so C (is) 
to D. I say that as A is to B, so A, C (is) to B, D. 

For since as A is to B, so C (is) to D, thus which (ever) 
part, or parts, A is of B, C is also the same part, or parts, 
of D [Def. 7.20]. Thus, the sum A, C is also the same 
part, or the same parts, of the sum B, D that A (is) of B 
[Props. 7.5, 7.6]. Thus, as A is to B, so A, C (is) to B, D 
[Def. 7.20]. (Which is) the very thing it was required to 
show. 
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t In modern notation, this proposition states that if a : b :: c : d then a : b :: a + c : b + d, where all symbols denote numbers. 


f 
LY’. 
'"Eàv véooopec ópi0uol avédAoyoy Mat, xal &vaAAOe 
OVEAGY OV EGOVTOL. 


A B DI A 


"Eotwoay xéocopec àpi0uot &váAoyvov oi A, B, T, A, 
c ó À npóc 1óv B, obtoc ó T' ngóc xóv Ac Aévo, Óxt xol 
&£voAAà& àváXoYvov &covcot, c Ó À npgóc xóv T, ob0xoc Óó B 
xpóc tÓv A. 

"Enel Yápo &oxtw óc ó À noóc xóv B, o0voc ó I' ngóc xov 
A, 5 &pa uépoc &oxiv ô A toŭ B Ñ uéon, TÒ aùTtò uépoc &odi 
xal ó I' o0 A f) xà aóxà uépr.. EvoAAKE Koa, d UEEOS EoTlv 
6 A x00 T f) uégr, xó ato uégoc &oxi xoi ó B x00 A f| xà 
qÒTÀ ween. Eotiv doa Wo O A xpóc xóv TL', obxoc ó B npóc 
tóv AA: Ónep Eder cigo. 


* In modern notation, this proposition states that ifa : b :: c: d then a: c 


f 
n» 
"Eàv Got ónocow Uv ópiüuol xol Aor adtot¢ toot TO 


rAfjDoc cóvOouo AouDovóuevo xal Èv T ÙT AóYv«, xol oU 
(cou &v 1G) axG AÓYvG £covrot. 


Ar-H — — Ae 4 
Bre SH ;_K-e—— 
['5—3 "V E—————À 


"Eoxocav órocoto0v åġorðuo ot A, B, D' xoà &AXot arb xoic 
tcov TÒ nAfjüoc coovouo Aaupavóuevoi £v 1G a6 óy% ol 
A, E, Z, oc u£v ó À ngóc tov B, ottwe 6 A mode tov E, 
c 6€ ô B ngóc tov T, ottwo 6 E node tov Z Evo, St 
xoà GU tcou gotly Gc 6 A node TOV T, ottwe 6 A rede tov 
Z. 

Encl yá &owuv óc ó À npóc tòv B, oŬtws 6 A node 
TOV EB, EvoAA dE tow Eotly Bo 6 A npóc 1óv A, obvoc Óó B 
rpóc vóv E. nói, &re( &owuv óc ó B ngóc xóv L', oovoc ô 


Proposition 13! 


If four numbers are proportional then they will also 
be proportional alternately. 


A B C D 


Let the four numbers A, B, C, and D be proportional, 
(such that) as A (is) to B, so C (is) to D. IL say that they 
will also be proportional alternately, (such that) as A (is) 
to C, so B (is) to D. 

For since as A is to B, so C (is) to D, thus which (ever) 
part, or parts, A is of B, C is also the same part, 
or the same parts, of D [Def. 7.20]. Thus, alterately, 
which(ever) part, or parts, A is of C, B is also the same 
part, or the same parts, of D [Props. 7.9, 7.10]. Thus, as 
A is to C, so B (is) to D [Def. 7.20]. (Which is) the very 
thing it was required to show. 


:: 6: d, where all symbols denote numbers. 


Proposition 14! 


If there are any multitude of numbers whatsoever, 
and (some) other (numbers) of equal multitude to them, 
(which are) also in the same ratio taken two by two, then 
they will also be in the same ratio via equality. 

A m= D-H ——— ——e — 


B FF Kk --- — — 


C “4 — —— 

Let there be any multitude of numbers whatsoever, A, 
B, C, and (some) other (numbers), D, E, F, of equal 
multitude to them, (which are) in the same ratio taken 
two by two, (such that) as A (is) to B, so D (is) to E, 
and as B (is) to C, so E (is) to F. I say that also, via 
equality, as A is to C, so D (is) to F. 

For since as A is to B, so D (is) to E, thus, alternately, 
as Á is to D, so P (is) to E [Prop. 7.13]. Again, since 
as B is to C, so E (is) to F, thus, alternately, as P is 
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E med¢ tov Z, EvaAAGE &pa &oxiv óc ô B ngoóc xóv E, obvoc 
OT node tòv Z. óc 6€ ó B ngóc xvóv E, obtoc 6 A ngóc 
tÓv A xol Gc tow 6 A mode xóv A, obtoc ô I' npóc vov 
ZL’ EVOAAGE tow Eotly O¢ 6 A node xóv I, obtoc Óó A npóc 
tov Z OnEO Eden cigo. 


t In modern notation, this proposition states that if a :b::d:eandb:c: 


f 


te. 
'"E&v uov&c àpi0uóv tiva uetpof, ioaxic òè Exepoc ópiüuóc 


&AAov utvà& KOLUUOV USTEF, xal £vaAXS iodouc Y) uovac xov 
tplxov àpiüuov uecprjoer xol Ò ÖCÚTEPOG TÒV TÉTAPTOV. 


B H © TPT 


Am 


K A Z 


Am me Sb y ë 

Moves yao 1 A àpiOuóv xac xóv BI uetpeitw, toóouc 9€ 
£cepoc ópi0üuóc ô A e&hAov tive aorduov tov EZ uetoette 
MEY, OTL Kal EvaAAAE toduic Å A uovic vóv A derdudv 
uetoet xal Oo BI’ tov EZ. 

"Enc yàp toduic À A uovac tov BL ópiouov uecpct xoi ó 
A tov EZ, dom wow cetol év 165 BP uováéec, xoco0coí eiot 
xal êv x6 EZ àpiüuol toor t A. 8wmorjo9o o u£v BT eic tac 
Ev EautGs wovédac tac BH, HO, OT, ô òè EZ cic tobe 15 A 
tooug tov EK, KA, AZ. Eotat 99) toov xó nAfj9oc x&v BH, 
HO, OF t& mýte v EK, KA, AZ. xoi &xei too cioty ot 
BH, HO, OL uováðes AAAs, cio 68 xoi oi EK, KA, AZ 
àprûuol toor &AAYjAotc, xot £oxv toov xó nAfiUoc xov BH, 
HO, OF povdday 16 nÀff0« x&v EK, KA, AZ ópiuGv, 
cota toa wc Y; BH. uovàc ngóc tov EK óàpiuóv, obcac ñ 
HO povàc npóc xóv KA ópiOuov xoi Y, OI' uovàcz npóc tov 
AZ àpiOuóv. £ocot pac xol ðc elc vOv frouuévov ngóc Eva 
TOV ENOUEVWY, OUTWS &navtec oi fjyoouevor xpóc ümarvtac 
tous &£xouévouc £ouv Koa Go Y, BH uovàs moog tov EK 
àpiüuóv, obvoc ô BPI ngóc xóv EZ. tcr 9€ BH uovàs tf 
A uováà, ó 6€ EK óépi0uóc t A ópi0uG. £ov Goa. Oc f) 
A uovàc ngóc tov A óàpi0uóv, oOvoc ó BI ngóc xvóv EZ. 
locus toa 1) A yovac tov A àpiðuòv uetoet xat 6 BI tov 
EZ: one Eder SetEau. 


t This proposition is a special case of Prop. 7.9. 
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to E, so C (is) to F [Prop. 7.13]. And as B (is) to E, 
so A (is) to D. Thus, also, as A (is) to D, so C (is) to F. 
Thus, alternately, as A is to C, so D (is) to F [Prop. 7.13]. 
(Which is) the very thing it was required to show. 


:e:f thena:c: d: f, where all symbols denote numbers. 


Proposition 15 


If a unit measures some number, and another num- 
ber measures some other number as many times, then, 
also, alternately, the unit will measure the third num- 
ber as many times as the second (number measures) the 
fourth. 


B G H C 


Aw— 


K L F 

DKA 

For let a unit A measure some number BC, and let 
another number D measure some other number EF as 
many times. I say that, also, alternately, the unit A also 
measures the number D as many times as BC (measures) 
EF. 

For since the unit A measures the number BC as 
many times as D (measures) EF, thus as many units as 
are in BC, so many numbers are also in EF equal to 
D. Let BC have been divided into its constituent units, 
BG,GH,and HC, and EF into the (divisions) EK, KL, 
and LF, equal to D. So the multitude of (units) BG, 
GH, HC will be equal to the multitude of (divisions) 
EK, KL, LF. And since the units BG, GH, and HC 
are equal to one another, and the numbers EK, K L, and 
LF are also equal to one another, and the multitude of 
the (units) BG, GH, HC is equal to the multitude of the 
numbers EK, KL, LF, thus as the unit BG (is) to the 
number EK, so the unit GH will be to the number K L, 
and the unit HC to the number LF’. And thus, as one of 
the leading (numbers is) to one of the following, so (the 
sum of) all of the leading will be to (the sum of) all of 
the following [Prop. 7.12]. Thus, as the unit BG (is) to 
the number EK, so BC (is) to EF. And the unit BG (is) 
equal to the unit A, and the number EK to the number 
D. Thus, as the unit A is to the number D, so BC (is) to 
EF. Thus, the unit A measures the number D as many 
times as BC (measures) EF [Def. 7.20]. (Which is) the 
very thing it was required to show. 
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f 
UT x 
Eàv 000 deol mohAamAnodouvtes AAAA ous roio 
Tivol, OL YEvOuEvoL EF aÛùtõV toor GA Aotc £oovcot. 


"Eotwoay dbo &prðuol ot A, B, xal ô uèv A tòv B zoà- 
AanxAaoci&cac vóv D roito, ó 6e B tòv À roAAanAaoctéoac 
TÒV A note(xox Aévo, Öt toos &oxv o6 T x6 A. 

Exel yàp ó A xóv B noAXanAaoct&coc tov TP nenotrpev, 
ó B &pa xóv I' uexoet xoxà vàc &v 165 A uováoac. uecpet o& 
xoi | E, uovàc xóv A àprÛuòv xatà xàc &v abxG uovábac: 
tocotc Apa Y| E uovàs tov À àpiüuóv uerpei xoi ó B tov 
TD. EvoAAKE tow todxic } E wovac tov B cevduov uetpet xol 
6 A tov T. nda, éxet 0 B tov A nodAarAaoidoag tov A 
nexoinxev, ó A pa tov A uetost xaté tae Ev TH B uovábac. 
ustoet O& xal À E uovac tòv B xatà tàs £v Ôt Yovadac: 
loduic to Ĥ E uovàs tòv B &porðuòv uevpci xol ó A tòv A. 
todxs è Y, E uovàs xóv B àpiüuóv &uécxpet xoi ó A tòv I 
ioduic toa 6 A exdtepov tv T, A uesget. tooc how &oxiv 
OT tă A’ éneo Eder cigo. 


Mt 


e 


Proposition 16! 


If two numbers multiplying one another make some 
(numbers) then the (numbers) generated from them will 
be equal to one another. 


— — 


Let A and B be two numbers. And let A make C (by) 
multiplying B, and let B make D (by) multiplying A. I 
say that C is equal to D. 

For since A has made C (by) multiplying B, B thus 
measures C according to the units in A [Def. 7.15]. And 
the unit E also measures the number A according to the 
units in it. Thus, the unit E measures the number A as 
many times as B (measures) C. Thus, alternately, the 
unit measures the number B as many times as A (mea- 
sures) C [Prop. 7.15]. Again, since B has made D (by) 
multiplying A, A thus measures D according to the units 
in B [Def. 7.15]. And the unit E also measures B ac- 
cording to the units in it. Thus, the unit E measures the 
number P as many times as A (measures) D. And the 
unit E was measuring the number B as many times as 
A (measures) C. Thus, A measures each of C and D an 
equal number of times. Thus, C is equal to D. (Which is) 
the very thing it was required to show. 


t In modern notation, this proposition states that ab = ba, where all symbols denote numbers. 


f 
C. 
"Eàv ópiQuóc 860 dpiOuobc noAXanAaciócoc TOL TUVAS, 
ol yevouevot && aóxGv xóv abtóv E&Gouoct AóYov volc roAAa- 
TAMOLAOVDELOLY. 


ApÛuòcs yàp 6 A d00 Gpi0uobc toùs B, IT noa- 
tàgcigcas toùs A, E note(to Aévo, StL EaTtly Go 6 B nod¢ 
tov [', oŬtos 6 A modc tov E. 

‘Exel yuo 6 A tov B xoAAaxAact&cac vóv A nenotrpxev, 
6B toa tov A uetoet xat& tue Ev 165 A uováðac. Uetoet 


Proposition 177 


If a number multiplying two numbers makes some 
(numbers) then the (numbers) generated from them will 
have the same ratio as the multiplied (numbers). 

At 


B OU— — 


D ——— öE — — — — 


E = 

For let the number A make (the numbers) D and 
E (by) multiplying the two numbers B and C (respec- 
tively). I say that as B is to C, so D (is) to E. 

For since A has made D (by) multiplying B, B thus 
measures D according to the units in A [Def. 7.15]. And 
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Oè xal Å Z uovàc tov A dowyov xata tac Ev abTES UOvadac’ 
logxis doa 1) Z uovac tov A à&prÛuòv uetoet xal 6 B tov A. 
cotly hoa Go Y| Z uovàc ngóc tòv A åpruóv, oŬtoc ô B 
Teds TOV A. Dà và arà OT) xol óc Y) Z uovàc npóc xóv À 
à&pi0uóv, o0xoc o I' ngóc xóv E» xoi óc &pa ô B npóc vov 
A, ottw¢ 6 T node tov E. vahid &po £olv ðc ô B npóc 
tov T', oŬtos 6 A mode tov E: Oreo Eder Deréon. 
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the unit F also measures the number A according to the 
units in it. Thus, the unit P measures the number A as 
many times as B (measures) D. Thus, as the unit F is 
to the number A, so B (is) to D [Def. 7.20]. And so, for 
the same (reasons), as the unit F (is) to the number A, 
so C (is) to E. And thus, as BP (is) to D, so C (is) to E. 
Thus, alternately, as B is to C, so D (is) to E [Prop. 7.13]. 
(Which is) the very thing it was required to show. 


t In modern notation, this proposition states that if d — ab and e — acthen d : e :: b : c, where all symbols denote numbers. 


f 
W * 
Eàv óo dópi0uol ópi0uóv uva TOAAATAACIÅCAVTES 
Tool Tiyas, ot Yevóuevor €& KUTOV TOV ALTOV ECovat ADYOY 
TOC TOAAATAMOLEOMOLY. 


Ato yao à&pi0uol oi A, B àpiOuóv va xóv I roria- 
tAaoidoavtec tole A, E rot(xooav: Aévo, Sti Eotly Go 6 
A nxgóc tov B, obtw¢ 6 A node tov E. 

Enei yàp o A tov T nodkAanAaordoug tov A nenotnxey, 
xoi ó I' &pa xóv A nodAAandacidoag tov A nenotnxey. oux 
TH HUTS OF xl OT tov B nodAAarhaordoac tov E nenotnxey. 
àpiüuóc öd ô I úo ápiOuobc xvobc A, B noAXanAactácoc 
toUc A, E nenotnxey. Eottv pa óc ó À npóc xóv B, obtoc 
Ó A noóc tov Ev oreo der Deiča. 


Proposition 18! 


If two numbers multiplying some number make some 
(other numbers) then the (numbers) generated from 
them will have the same ratio as the multiplying (num- 
bers). 


For let the two numbers A and P make (the numbers) 
D and E (respectively, by) multiplying some number C. 
I say that as A is to B, so D (is) to E. 

For since A has made D (by) multiplying C, C has 
thus also made D (by) multiplying A [Prop. 7.16]. So, for 
the same (reasons), C has also made E (by) multiplying 
B. So the number C has made D and E (by) multiplying 
the two numbers A and B (respectively). Thus, as A is to 
B, so D (is) to E [Prop. 7.17]. (Which is) the very thing 
it was required to show. 


t In modern notation, this propositions states that if ac = d and bc = e then a : b :: d : e, where all symbols denote numbers. 


Lv’. 


"E&v 1véocopec óptüuol &véAovov Got, Ô éx TOWTOL xoi 
texáptou vevóuevoc ápi0uóc tooc &£ocotr T £x Ocutépou xoi 
Tolto Yevouévo ópvOuG* xoi &&v Ò Ëx npotou xoi tetáptou 
Yevóuevoc dpiüuoc tooc T) 1G x ÖcutéÉpou xal toltou, oi 
técoaopec dpi0uol idvéAovov Ecovrtot. 

"Eotocav técoapes ópiüuol àváXovov oi A, B, T, A, 
ac 6 A nxpóc 1óv B, obtoc 6 T ngóc xóv A, xoi ó uév À 
tov A noddandkacidoas tov E rovcitw, 6 6€ B xóv I Toà- 
ANatAaoidcac tov Z novette’ AEyw, Sti toog Eotly ò E x6 Z. 


Proposition 19! 


If four number are proportional then the number cre- 
ated from (multiplying) the first and fourth will be equal 
to the number created from (multiplying) the second and 
third. And if the number created from (multiplying) the 
first and fourth is equal to the (number created) from 
(multiplying) the second and third then the four num- 
bers will be proportional. 

Let A, B, C, and D be four proportional numbers, 
(such that) as A (is) to B, so C (is) to D. And let A make 
E (by) multiplying D, and let B make F (by) multiplying 
C. I say that E is equal to F. 
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O yàp A xóv P roAXAanAaciácoac xóv H xotí(xo. enel 
ov ó A xóv I' noAAanxAaotácac xóv H. xexotrxev, xóv 6€ 
A noÀXanAaci&oac tòv E nenoinxev, àpuiüuóc ù ò A dúo 
åprÛuoùs toùs I’, A roàaniaocigoas tovs H, E nenotnxev. 
cotw toa @¢ OT node tov A, oŬtws ô H rpoòs tòv E. GAX’ 
wo OT node tov A, ottwo Óó À ngóc xóv B: xoi óc tow 
6 A nod¢ tov B, obtw¢ 6 H node tòv E. náv, eExet 6 A 
tov [l nodAkandacidoag tov H neroinxev, &Aàà uy xol 6 
B tov T noAAanxAaotcoc tov Z nenotnxey, dvo0 dy å&prðuol 
ot A, B covdudyv tia tov [ roàarigcigcavtes toùs H, Z 
neToijxacty. Eottv toa dco 6 A med¢ xóv B, obvoc ó H npóc 
tov Z. GAAd UAV xal @¢ ô A xgóc xóv B, obtoc ô H npóc 
tóv Er xoà óc tow 6 H node tov E, obtwo 6 H mode tov 
Z. OH toa medc Exdtepoyv x&v E, Z xóv abxóv £yev AÓvov: 
(coc &pa otv ô E x6 Z. 

"Ectw ù náv toos ó E x6 Z: Ayw, Ott Eotly c O A 
Todos TOV- B, oútoc 6 T node tov A. 

Tv yàp aùtõv xataoxevacvEvtwy, Emel taog Eotlv O 
E t@ Z, Eotw &pa óc ó H ngóc xóv E, obtoc ó H xeóc xov 
Z. GAX. óc uev ó H ngóc xóv E, obtoc ó T npgóc xov A, óc 
d¢ 6 H node xóv Z, oboc ó À npóc xóv B. xoi óc àpa ó À 
Teds tòv B, oŬtws ó I node tov A’ neo Eder oci&on. 


A 


— — 
e 
— — — 
N 


ELEMENTS BOOK 7 


UJ 


C E F G 


| 


—ñ — — 2» 


For let A make G (by) multiplying C. Therefore, since 
A has made G (by) multiplying C, and has made F (by) 
multiplying D, the number A has made G and E by mul- 
tiplying the two numbers C and D (respectively). Thus, 
as C is to D, so G (is) to E [Prop. 7.17]. But, as C (is) to 
D, so A (is) to B. Thus, also, as A (is) to B, so G (is) to 
E. Again, since A has made G (by) multiplying C, but, 
in fact, B has also made F (by) multiplying C, the two 
numbers A and P have made G and F (respectively, by) 
multiplying some number C. Thus, as A is to B, so G (is) 
to F [Prop. 7.18]. But, also, as A (is) to B, so G (is) to 
E. And thus, as G (is) to E, so G (is) to F. Thus, G has 
the same ratio to each of E and F. Thus, E is equal to F 
[Prop. 5.9]. 

So, again, let # be equal to F. I say that as A is to B, 
so C (is) to D. 

For, with the same construction, since Æ is equal to F, 
thus as G is to E, so G (is) to F [Prop. 5.7]. But, as G 
(is) to E, so C (is) to D [Prop. 7.17]. And as G (is) to F, 
so A (is) to B [Prop. 7.18]. And, thus, as A (is) to B, so 
C (is) to D. (Which is) the very thing it was required to 
show. 


t In modern notation, this proposition reads that if a : b :: c: d then ad = bc, and vice versa, where all symbols denote numbers. 


X. 

Oi &A&yioxot ópiüuol Gv xóv abóxóv Aóvov &yÓvtOov 
avtotc UsteoUoL Tobe 1tÓóv abtxOv ÀóYvov Éyovtoc ioóouc Ó 
t€ uetCov xóv uctCova xoi ó £Aácoov xóv £Aácoova. 

"Eoroocav yàp &A&yvoxot &piüuol x&v vov abxóv AóYvov 
£yóvvov toic A, B ot L'A, EZ: Aévo, óu ioóxic ó DA xov 
A uetoci xal 6 EZ tov B. 


Proposition 20 


The least numbers of those (numbers) having the 
same ratio measure those (numbers) having the same ra- 
tio as them an equal number of times, the greater (mea- 
suring) the greater, and the lesser the lesser. 

For let CD and EF be the least numbers having the 
same ratio as A and B (respectively). I say that C D mea- 
sures A the same number of times as EF (measures) B. 
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A B 
D 


E 
© 
H 
Z 


A 


‘O TA yao tot A obx got: eon. el yàp Duvatóv, EOT% 
xoi ó EZ wou tot B ta atte ugen ĉotiv, anco 6 TA tod 
A. 60a dou gotly év 76 TA uéprn tot A, tooabté& ott xoi 
£v và EZ uéorn tod B. àmorfjo9o 6 uev TA eic xà tod A 
ugon ta TH, HA, ô òè EZ eis tà toŭ B uéon ta EO, OZ: 
cota 07) toov tO xAfj9oc xv DH, HA x6 zAf0e xGv EO, 
OZ. xo &ne tcov ciol oi LH, HA ópiouot GAAYotc, eiol 
0€ xol oi EO, OZ àpiOuoi toot GA Aotc, xot £oxtv toov 1 
nAfjooc xGv DH, HA x6 xAfj9ei xv EO, OZ, čoty &pa óc 
ô [H rede tov EO, obxoc ó HA ngóc xóv OZ. £ocxot &pa 
xoà cc eic x&v fYouuévov ngóc Eva. x&v &xouévov, o0tOG 
à&navcec oi YYoouevot npóc Anavtac tTols EMOUEVOUC. EOTLV 
toa Go O TH node tov EO, ottw¢ 6 TA node tov EZ: ot 
TH, EO dow tote TA, EZ &v 16$ a1 AóY( ctolv £A&ccovec 
Óvtec abtO v: Ónep &oxiv &Dúvatov: Önróxewta yao ot TA, 
EZ &A&ytoxov x&v xov abróv Aóvov &yóvtov abtolc. oOx 
hcoa uton £oxlv 6 DÀ xoO À* uépoc boa. xal 6 EZ tod B tò 
auto Uéeos Eotty, 6neo 6 TA tot A: ioduic How 6 TA tov 
A uetoci xol ô EZ tov B: oreo eder créon. 


xa. 

Oi totor npoòs GAAfjXouc &prðuol EAdyLotot tot THY TOV 
QUTOV ADYOY EYOVTWY QAÛTOÑG. 

"Eotwoay meéitot tod GAA KAous derOuol ot A, B: Aévo, 
óu oi A, B &A&ytoxol cov x&v xóv abtóv Aóvov &yóvtov 
oütolc. 

Et yao uy, £covxat tives tõv A, B &Aáccovec ópu0uol 
Ev T ùt óy Óvtec xoic À, B. éovocav ot T, A. 
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For CD is not parts of A. For, if possible, let it be 
(parts of A). Thus, EF is also the same parts of B that 
C D (is) of A [Def. 7.20, Prop. 7.13]. Thus, as many parts 
of A as are in C D, so many parts of B are also in EF. Let 
C D have been divided into the parts of A, CG and GD, 
and EF into the parts of B, EH and H F. So the multi- 
tude of (divisions) CG, GD will be equal to the multitude 
of (divisions) EH, H F. And since the numbers CG and 
GD are equal to one another, and the numbers EH and 
HF are also equal to one another, and the multitude of 
(divisions) CG, GD is equal to the multitude of (divi- 
sions) EH, HF,thusas CG isto EH,so GD (is) to H F. 
Thus, as one of the leading (numbers is) to one of the 
following, so will (the sum of) all of the leading (num- 
bers) be to (the sum of) all of the following [Prop. 7.12]. 
Thus, as CG is to EH, so CD (is) to EF. Thus, CG 
and EH are in the same ratio as C D and EF, being less 
than them. The very thing is impossible. For C D and 
EF were assumed (to be) the least of those (numbers) 
having the same ratio as them. Thus, C D is not parts of 
A. Thus, (it is) a part (of A) [Prop. 7.4]. And EF is the 
same part of P that C D (is) of A [Def. 7.20, Prop 7.13]. 
Thus, C D measures A the same number of times that EF 
(measures) B. (Which is) the very thing it was required 
to show. 


Proposition 21 


Numbers prime to one another are the least of those 
(numbers) having the same ratio as them. 

Let A and B be numbers prime to one another. I say 
that A and B are the least of those (numbers) having the 
same ratio as them. 

For if not then there will be some numbers less than A 
and B which are in the same ratio as A and B. Let them 
be C and D. 
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‘Enel ody ot cAdytoton &pråuol t&v tTÒV avtTOV AGYOV 
EYOVTOY UETEOUOL Tob TOV avTOV AOYOYV Eyovtacg lodxiC 
Ö te ue(Gov xóv us(Cova xoi ó &Aáv:ov TOV EAdTTOVE, 
TOUTEGTIY O TE NYOUMEVOS TOY HYOUUEVOYV xoà ó &móuevoc 
TOV ETOUEVOY, toduic tow OT tov A vetoet xat o A tov B. 
ooduic 674) OT tov A vetoet, tocatta uovddec Eotwoay ÈV 
1G E. xoà ô A &pa tòv B uetoci xatà tàs êv tõ E uováoac. 
xal énel OT tov A uetoet xatà xàc £v x6 E uová6ac, xot ô 
E doa tov A vetoet xatd& tke êv tõ D' uováoac. ià TÀ QTA 
dy) ô E xal tòv B uevpet xoà vàc £v tH A uováðas. 6 E 
gwoa tobe A, B uetoet nowtoug dévtacg Mod¢ HAAKAOUC’ OTE 
Eotly GOVVATOV. OLX Kou Eoovtat tivec THY A, B EAdoooves 
covduol £v TG abtG Adyw Svtec totc A, B. ot A, B dow 
chdytotot cio Tv TOV aLTOV AOYOY EYOVTWY aALTOIC’ OREO 
Ede, Setcau. 


f 
xD. 
Oi &A&ytoxot ópvOuol xv xóv abxóv Aóvov &yÓvtov 
avTOIS MEGStoL MEdS aAAYAOUE eiotv. 


"Eotooav &Aé&ywtot ópi0uol xGv tÓv otov Aóyov 
éyovtwyv toc oi A, B: Aéyo, ów oi A, B noo ngóc 
GA AYjAouc eiotvy. 

Ei yàp uf, etot noto npóc AAAA ouc, ETOL TiS 
avtovs οŸ.. uetpeltTw, xal čotw ô I. xal ôcåx uèv 
ô I tòv A yeteet, tooatta uovdde¢ Eatwoayv v t A, 


A B C D E 


Therefore, since the least numbers of those (num- 
bers) having the same ratio measure those (numbers) 
having the same ratio (as them) an equal number of 
times, the greater (measuring) the greater, and the lesser 
the lesser—that is to say, the leading (measuring) the 
leading, and the following the following—C thus mea- 
sures A the same number of times that D (measures) B 
[Prop. 7.20]. Soas many times as C measures A, so many 
units let there be in E. Thus, D also measures P accord- 
ing to the units in E. And since C measures A according 
to the units in E, E thus also measures A according to 
the units in C [Prop. 7.16]. So, for the same (reasons), E 
also measures P according to the units in D [Prop. 7.16]. 
Thus, E measures A and B, which are prime to one an- 
other. The very thing is impossible. Thus, there cannot 
be any numbers less than A and B which are in the same 
ratio as A and B. Thus, A and B are the least of those 
(numbers) having the same ratio as them. (Which is) the 
very thing it was required to show. 


Proposition 22 


The least numbers of those (numbers) having the 
same ratio as them are prime to one another. 


Let A and B be the least numbers of those (numbers) 
having the same ratio as them. I say that A and B are 
prime to one another. 

For if they are not prime to one another then some 
number will measure them. Let it (so measure them), 
and let it be C. And as many times as C measures A, so 
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ooduc b¢ OT tov B yetoet, xooaxot uováoec £otxooav ËV 
tõ E. 

Enel 0 T tov A uetoci xatà vàc &v 16$ A povddac, 6 
I goa tov A nxoA^anAaoci&oac tov A nenoinxev. due TH 
auta on xa oT tov E nohAanAacikoug tov B nenotyxev. 
àpiüuóc öd ô TP úo å&pruoùs toùs A, E noAXanAoactácoc 
toùs A, B neno(rxev: £ouv doa Oc 6 A npóc xóv E, obtoc 
ó À ngóc xóv B: oi A, E &pa tois A, B &v xG aoxG Aóvo 
eiclv &£Aácoovec Óvxec abxGwv: Smee Eotly GSvvatov. ovx 
&pa vobc A, B ópiüyuobc àpiüuóc vc uexprjoei. oi A, B &pa 
TEGITOL TEOS HAAHAOUS slotv’ OnEe Eder Setgau. 


f 
XY * 
Eàv 600 ópi0uol npGo npóc AA Aous ðow, Ò xóv Eva 
aÓtGv uegtoGv àpi0uoc npóc tov Aoutóv noG oc £ocot. 


| 
A B r A 


"Eococav 000 dpi0uol npójvot npóc àdAAfouc oi A, B, 
tóv 6€ À uexpe(xo ic dpiüuóc ó I" Aévo, ów xoi ot DL, B 
TEGSTOL MOOS GAAHAOUS slot. 

EX Yàp uf, etow oi D, B ng&Gtot ngóc GAAfjAouc, uexprjoet 
[ttc] tobe T, B ápgiouóc. uecpe(xo, xoi &ovo ô A. Enel 6 
A 1óv T uevget, ó 66 D xóv A vetoet, xat 6 A koa tov A 
uetget. getoel òè xol tòv B: ô A wow tobe A, B peret 
TOEWTOUS Óvtac npóc AAAA ouc: Önep £otrlv &O0vartov. oOx 
cea tous T’, B óàpiouobc àpiOuóc tis uevprioe. oi l, B &pa 
TeEGITOL TOEOS GAAHAouS sloty’ nee Eder Seigau. 


XO. 


Eàv 000 ópi0uol xpóc tiva àpuiüuoóv noGtot Got, Xo O 
EE “uty YEevouUevos Mod TOV AUTOV TEdSTOS EoTOL. 


many units let there be in D. And as many times as C 
measures B, so many units let there be in Æ. 

Since C measures A according to the units in D, C 
has thus made A (by) multiplying D [Def. 7.15]. So, for 
the same (reasons), C has also made B (by) multiplying 
E. So the number C has made A and B (by) multiplying 
the two numbers D and E (respectively). Thus, as D is 
to E, so A (is) to B [Prop. 7.17]. Thus, D and E are in 
the same ratio as A and B, being less than them. The 
very thing is impossible. Thus, some number does not 
measure the numbers A and B. Thus, A and B are prime 
to one another. (Which is) the very thing it was required 
to show. 


Proposition 23 


If two numbers are prime to one another then a num- 
ber measuring one of them will be prime to the remaining 
(one). 


| 


A B C D 


Let A and B be two numbers (which are) prime to 
one another, and let some number C measure A. I say 
that C and B are also prime to one another. 

For if C and B are not prime to one another then 
[some] number will measure C and B. Let it (so) mea- 
sure (them), and let it be D. Since D measures C, and C 
measures A, D thus also measures A. And (D) also mea- 
sures B. Thus, D measures A and B, which are prime 
to one another. The very thing is impossible. Thus, some 
number does not measure the numbers C and B. Thus, 
C and BP are prime to one another. (Which is) the very 
thing it was required to show. 


Proposition 24 


If two numbers are prime to some number then the 
number created from (multiplying) the former (two num- 
bers) will also be prime to the latter (number). 
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A EH 


DU Z 

A00 yàp åprðuo ot A, B noós tiva &orðuòv vóv I nodstor 
Eotwoav, xal ò A tòv B nodAandaoidoaue tov A Tolto 
Evo, OTL oi l, A noõtoi tpòs &àńious cioty. 

Et yao uy cta oi D, A ngo npóc HAAKAouc, uexerioet 
[tis] tobe T, A dowude. uetoetta, xat Eotw ò E. xo Enet 
oi L', A notor med¢ GAAHAous cioty, tov dé T uetoet tig 
covuocg ó E, ot A, E doa noditot mode GAAYjouc cioty. 
dads OH O E tov A vetoet, tooatta wovade¢ Eotwoay Èv 
1G Z' xol Ò Z bow tov A uetoet xatd& tac Ev 1G E uováoac. 
ô E &pa tov Z noAX^anAaci&cac xóv A memoinxev. dà 
unv xat 6 A tov B xoAAanxAact&cac 1óv A nenoírxev tooc 
&pa &otlv o éx Tv BE, Z tH £x xGv A, B. àv è ô nó 
THY &xOWY too Fi TH UNO THY UEOWY, Ol TEcoupEs HoLOUOL 
&váAoYÓv cio: čaty toa @¢ ó E ngóc tov A, ottwo 6 B 
meds tov Z. oi òè A, E nedéstot, oi 6& npóGxot xoi £Aáytoot, oi 
d& EAdytotor GoLOol THY TOY aDTOYV AGYOY &yóvtov abcolc 
UetooUal Tous xóv abxóv Aóvov EyovTtac toduic 6 Te uelCwv 
TOV UEtCova xol 6 EAdaowy TOV EAdooova, TOUTEOTIV Ö TE 
YYOUUEVOS TOY TYOUUEVOY ä ENOUEVOS TOV EMOMEVOV' Ô 
E &pa xóv B uexpei. uecxoet o& xoi vóv I 6 E &pa toùs B, T 
UstpEel MOWTOUS OVTAS TODS GAAYAOUC’ OTEO COTY GOVVATOY., 


ovx toa tous T, A àpiüuobc àpiOuóc tic etoos. o r, A 
&po. xp& ot ngóc HAAYAous Eloty’ Once Eder Seton. 


£ 


XE. 


Eàv 000 àpi0uol npGxot npóc GAAfXouc Go, Ô x ToŬ 
£voc dOtOV Yvevóuevoc ngóc xóv Aowxóv ng6xoc Eotot. 
"Eococav 000 dpi0uol npóivot npóc àAAfouc oi A, B, 


rol O A Eautov nodAAarAaotdoac tov TP novetta A€yw, STL 
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A B C D E F 


For let A and B be two numbers (which are both) 
prime to some number C. And let A make D (by) multi- 
plying B. I say that C and D are prime to one another. 

For if C and D are not prime to one another then 
[some] number will measure C and D. Let it (so) mea- 
sure them, and let it be E. And since C and A are prime 
to one another, and some number E measures C, A and 
E are thus prime to one another [Prop. 7.23]. So as 
many times as E measures D, so many units let there 
be in F. Thus, F also measures D according to the units 
in E [Prop. 7.16]. Thus, E has made D (by) multiply- 
ing F [Def. 7.15]. But, in fact, A has also made D (by) 
multiplying B. Thus, the (number created) from (multi- 
plying) E and F is equal to the (number created) from 
(multiplying) A and B. And if the (rectangle contained) 
by the (two) outermost is equal to the (rectangle con- 
tained) by the middle (two) then the four numbers are 
proportional [Prop. 6.15]. Thus, as E is to A, so B (is) 
to F. And A and E (are) prime (to one another). And 
(numbers) prime (to one another) are also the least (of 
those numbers having the same ratio) [Prop. 7.21]. And 
the least numbers of those (numbers) having the same 
ratio measure those (numbers) having the same ratio as 
them an equal number of times, the greater (measuring) 
the greater, and the lesser the lesser—that is to say, the 
leading (measuring) the leading, and the following the 
following [Prop. 7.20]. Thus, E measures P. And it also 
measures C. Thus, E measures P and C, which are prime 
to one another. The very thing is impossible. Thus, some 
number cannot measure the numbers C and D. Thus, 
C and D are prime to one another. (Which is) the very 
thing it was required to show. 


Proposition 25 


If two numbers are prime to one another then the 
number created from (squaring) one of them will be 
prime to the remaining (number). 

Let A and P be two numbers (which are) prime to 
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S TOIXEIGN C. 


oi B, I' ng&óixot ngóc GAANAouc eiotv. 


A B F A 


Ketode yuo 165 A tcoc ô A. &nel oi A, B ngG tot ngóc 
&AXfAouc eio(v, tcoc 66 ó À xG A, xat ot A, B &pa npGtoi 
ngóc GAAfouc clotv: éxátepos pa tõv A, À npóc xov B 
TEGITOS otv: xa ó &x THY A, A poa vevóuevoc ngóc xóv B 
npGoc Éotot. Ó 0€ &x GV A, À vevóuevoc àpiüuóc &oxv ó 
l. ot L', B &pa ngGcot npóc of ouc ciotv: önep čer deito. 


f 
XT. 

Eàv 000 óàpi0uoi npóc 600 åprðuoùs dugótepou npóc 
EXATEPOV TEDTOL WOLV, xol oi £& aotGv YEVOUEVOL TOGTOL 
TEOS GAAYAOUS EGOYTOL. 

— — — — 


Ato yàp goduot ot A, B node 900 ópiOuobc toùe I, 
A aupdtegar Ted¢ ExdTEPOY TEGtoL EotwWoay, xol Ô uev 
A tov B noAÀAanAaoi&coac tov E novettw, 6 5¢ D' xóv A 
Toàanriacidcas tTÒY Z movette Aévo, Öt oi E, Z toto 
Teo GAAYAOUS Eloty. 

"Emnci vàp &x&tepoc vv À, B npóc xóv npdstd¢ Eotw, 
xol ô £x 16v A, B &pa Yevóuevoc ngóc vóv I noóixoc čota. 
6 oe &% THY A, B yevéuevde éottv 6 E: ot E, T dow roditor 
nrpóc dAAfjouc cioty. OuX Tk GUTH OY “al ot E, A rodstor 
Teds àAAfAouc eio(v. &xátegoc tow Tv I, A mode tov E 
Tedtd¢ £ouv. xol ó &x THVT, A &pa Yevóuevoc npgóc 1óv 
E notos čota. ô òè èx xGv DL, A vevóuevóc &ouv ó Z. oł 
E, Z &pa noto moog GAAYAOUs cioiv: onee Eder Seton. 
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one another. And let A make C (by) multiplying itself. I 
say that B and C are prime to one another. 


A B C D 


For let D be made equal to A. Since A and B are 
prime to one another, and A (is) equal to D, D and B are 
thus also prime to one another. Thus, D and A are each 
prime to B. Thus, the (number) created from (multily- 
ing) D and A will also be prime to B [Prop. 7.24]. And C 
is the number created from (multiplying) D and A. Thus, 
C and B are prime to one another. (Which is) the very 
thing it was required to show. 


Proposition 26 


If two numbers are both prime to each of two numbers 
then the (numbers) created from (multiplying) them will 
also be prime to one another. 

A— C r—————À 


B «4 D —⸗⸗—— 


öE— — — — — 


öF— e —,— — 

For let two numbers, A and B, both be prime to each 
of two numbers, C and D. And let A make F (by) mul- 
tiplying B, and let C make F (by) multiplying D. I say 
that E and F are prime to one another. 

For since A and B are each prime to C, the (num- 
ber) created from (multiplying) A and B will thus also 
be prime to C [Prop. 7.24]. And E is the (number) cre- 
ated from (multiplying) A and B. Thus, E and C are 
prime to one another. So, for the same (reasons), E and 
D are also prime to one another. Thus, C and D are each 
prime to E. Thus, the (number) created from (multiply- 
ing) C and D will also be prime to E [Prop. 7.24]. And 
F is the (number) created from (multiplying) C and D. 
Thus, E and F are prime to one another. (Which is) the 
very thing it was required to show. 
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XC. 
Eàv 600 ópi0uoi npé$vot npóc GAAYjXouc Gov, xol Toà- 
— EXATEPOS EXVTOV TOLY) tiva, oi Yevóuevo. && 
aOtÓv noto npóc AAAA ous £covrou, xàv oi && Opyfic 
toUc vevouévouc xoAAomAoact&oovtec rovot vtvoic, XoXelvot 
ro6itou npóc dAAYAouc Écovton [xoà óel Meal tobe &xeouc 
toto ovupBatver|. 


A B r A E Z 


"Eotwoay 000 pruo noõtor npoòs &AAńàovus ot A, B, 
xal Ò A &auróv uèy xoAAoaxAaciAcoac tov I noretta, tov 
òè I xoAAanAaoci&coac tov A xoxo, ô òè B éouxóv pev 
nod\AarAaoidoas TOV E notettw, tov d¢ E nodAAarAaordoac 
tov Z novetta’ Acyw, Čt ol te T, E vat ot A, Z nodstor nod¢ 
Gf ouc etotv. 

‘Enel yuo ot A, B np&xot npóc óAAfjouc ctotv, xol 6 
A éautoy noAXanAaow&coac tov I renotrxev, ot D, B &pa 
rgGcot npóc &AAfXouc eiotv. &xei oOv oi l, B ngGrot npóc 
&AAfouc eiotv, xoi ó B éauxóv xoAAanAaowukcac xóv E 
rexoirxev, oi D, E &oa ng&ot npóc àAAfjAouc slaty. náv, 
&nel ot A, B ngGtot npóc óAA f Xouc ciotv, xoi ó B &autóv 
nxoAAanAaoukcoc xóv E nenotnxey, ot A, E dow neéitor ned¢ 
&AAfAouc eioí(v. Enel obv Dúo Gpi0uol oi A, I ngóc 900 
àpiüuoUc vobc B, E óy«oócepot npóc &xá&xepov nobixol eio, 
xal ò èx tõv A, T &pa vevóuevoc nods tov éx tv B, E 
npgGóc £ouv. xal otv ó u£v &x tõv A, IT ô A, ô è &x 
tõv B, E ô Z. oi A, Z goa nedtor noòs &àńious sioiv' 
Önco deL ÖTE. 


t In modern notation, this proposition states that if a is prime to b, then a 


numbers. 


f 
XN. 

Eàv 600 áàpiüuoi npGot ngóc HAAYAOUS Boty, xal cuv- 
vaupótepoc MOOS ExdTEPOY ALTOY notos čotar xol ëv 
cuvop«pótepoc npóc Eva TIVe KUTHY NOEGSTOS Å, Kal ol EF 
dox ñc åprÛuol neato. med¢ HAAKAouc Ecovta. 
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Proposition 27! 


If two numbers are prime to one another and each 
makes some (number by) multiplying itself then the num- 
bers created from them will be prime to one another, and 
if the original (numbers) make some (more numbers by) 
multiplying the created (numbers) then these will also be 
prime to one another [and this always happens with the 


extremes]. 
A B C D E F 


Let A and B be two numbers prime to one another, 
and let A make C (by) multiplying itself, and let it make 
D (by) multiplying C. And let B make E (by) multiplying 
itself, and let it make F by multiplying E. I say that C 
and E, and D and F, are prime to one another. 

For since A and B are prime to one another, and A has 
made C (by) multiplying itself, C and B are thus prime 
to one another [Prop. 7.25]. Therefore, since C and B 
are prime to one another, and B has made F (by) mul- 
tiplying itself, C and E are thus prime to one another 
[Prop. 7.25]. Again, since A and B are prime to one an- 
other, and B has made E (by) multiplying itself, A and 
E are thus prime to one another [Prop. 7.25]. Therefore, 
since the two numbers A and C are both prime to each 
of the two numbers P and E, the (number) created from 
(multiplying) A and C is thus prime to the (number cre- 
ated) from (multiplying) B and E [Prop. 7.26]. And D is 
the (number created) from (multiplying) A and C, and F 
the (number created) from (multiplying) P and E. Thus, 
D and F are prime to one another. (Which is) the very 
thing it was required to show. 


? is also prime to &?, as well as a? to 5?, etc., where all symbols denote 


Proposition 28 


If two numbers are prime to one another then their 
sum will also be prime to each of them. And if the sum 
(of two numbers) is prime to any one of them then the 
original numbers will also be prime to one another. 
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A B ] 


—ñ uü —ñî re ———— 


A 


Luyxetavwcay yuo 600 ópu0uoi npGtot npóc AAAA- 
ouc oi AB, BI" ^éyo, Óóx xoi cuvouqgóxepoc ó AT' npóc 
exatepoyv tv AB, BI' ngóxóc é&cuv. 

Et yuo uh elow oi TA, AB ng&xov npóc GAXfAouc, 
uecprioe tis xobc L'A, AB áàpiüuóc. uexpet(xo, xol £ovo 6 A. 
&rel obv ò A tovc TA, AB vetoet, xal Aotndov goa tov BI 
uUstoyjos. yetoet Se xal tov BA: 6 A goa tobe AB, BI ye- 
tpel npotouc Óvtac npóc HAAYAOUC’ OEE EOTLY GOVVATOY. 
oOx gea tobe TA, AB óàpiüuobc dpi0uóc tis uetpńoev ol 
TA, AB doa reéitor med¢ àAAfjAouc slotv. Ode TK AUTH OF 
xal ot AT, UB ng&tot npóc àAXfjAouc etoty. 6 TA soa mod¢ 
&xávegov t&v AB, BI ngGróc &ouv. 

"Eocoocav oy táv oi TA, AB xeó6ixot ngóc ó6AAYouc: 
Aévo, ót xoi oi AB, BI ngóot ngóc AA fjXouc citotv. 

Et yao uf, ciow ot AB, BI ngGtot npóc GAAfAouc, 
uetonoet tic toUc AB, BI àpiüuóc. uecpeico, xoi £ovo ô A. 
xoà &xel ó A &xó&xegov x&v AB, BT uesget, xoi Xov Kou tov 
TA uexprfioei. uexpet o8 xoi xóv AB: ô A &pa xobc TA, AB 
uetpel npo touc óvrac npóc dAAYAouc: ónep &oxiv GOVVATOY. 
oOx àpa vobc AB, BI' &piouobc dpiOuóc tic uevprioe.. oi 
AB, BI' &pga npóixot ngóc àAAfjAouc eiotv: onee Eder Seigau. 





xU. 


“Anas npGoc ópuüuóc npóc ğravta ådprðuóv, Öv uñ us- 
TOEÑ, npGÓc ČOT. 


"Eoco teditog å&prðuòc ô A xol tòv B uñ uetpeito Aéyo, 
ott ot B, A ngGtot npóc GA fjAouc ctotv. 

Et yao uy ctow ot B, A meditot ned¢ GAAKAous, uexprfioet 
tig avtobe dorWude. vetoettw OT. éxet 6 T tov B uetoet, 
ó 0€ À tov B ov uetoet, OT dow t& A oŬx Eotw 6 avtdc. 
xoi &xei ô I vobc B, À uecpet, xoi xóv A &pa uetpei Medtov 
OVTA UY) OV aÙT Ó abótóc: Ónep &otiv &o0vatov. o0x üpa 
tobc B, À uerefjoet xc ópi0uóc. oi A, B &pa npGtor npóc 
GA fiXouc etotv: Sree Eder deté. 
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A B C 


SSS 


Dmm 

For let the two numbers, AB and BC, (which are) 
prime to one another, be laid down together. I say that 
their sum AC is also prime to each of AB and BC. 

For if CA and AB are not prime to one another then 
some number will measure C A and AB. Let it (so) mea- 
sure (them), and let it be D. Therefore, since D measures 
C A and AB, it will thus also measure the remainder BC. 
And it also measures BA. Thus, D measures AP and 
BC, which are prime to one another. The very thing is 
impossible. Thus, some number cannot measure (both) 
the numbers CA and AB. Thus, CA and AB are prime 
to one another. So, for the same (reasons), AC and CB 
are also prime to one another. Thus, C A is prime to each 
of AB and BC. 

So, again, let C A and AB be prime to one another. I 
say that AB and BC are also prime to one another. 

For if AB and BC are not prime to one another then 
some number will measure AB and BC. Let it (so) mea- 
sure (them), and let it be D. And since D measures each 
of AB and BC, it will thus also measure the whole of 
CA. And it also measures AB. Thus, D measures CA 
and AB, which are prime to one another. The very thing 
is impossible. Thus, some number cannot measure (both) 
the numbers AB and BC. Thus, AB and BC are prime 
to one another. (Which is) the very thing it was required 
to show. 


Proposition 29 


Every prime number is prime to every number which 
it does not measure. 


Let A be a prime number, and let it not measure P. I 
say that B and A are prime to one another. For if B and 
A are not prime to one another then some number will 
measure them. Let C measure (them). Since C measures 
B, and A does not measure B, C is thus not the same as 
A. And since C measures P and A, it thus also measures 
A, which is prime, (despite) not being the same as it. 
The very thing is impossible. Thus, some number cannot 
measure (both) B and A. Thus, A and B are prime to 
one another. (Which is) the very thing it was required to 


Zit 


MTOIXEION C. 


A. 


Eàv 600 àpi0uot xoAAamnAootUoovtec AAAAous tolol 
Tiva, TOV OF YEVOUEVOY EF ALTOY UETEF Tic TEATS ipu uóc, 
xoà £va TOV EE HOY Fc UETOEYoEL. 


Ato yao éerduol ot A, B roràaniacidoavtecs AAAA ouc 
tov I' novettwoay, tov òè I uetoette tis noditoc Kertudc ô 
A: dévyo, 611 6 A Eva téHv A, B uetoet. 

Tov yuo A un vetosita vat got: moditog 6 A’ ot A, 
A, &pa. rpGot ngóc df ouc eiotv. xol ócóouc 6 A tov Tl 
ustoet, tooalta Uovddes Eotwouy £v 1G E. éncel o0v Ó A 
tov [ uetoet xata& tàs êv tõ E uováoac, ó A àpa xóv E 
toAharAacidouc TOV T nenotnxev. AAAà uy xal ò A xov 
B nxoAAaxAacikcac tov D xenotínxev: tcoc àpa &oxiv ò èx 
t&v A, E x6 èx xGv A, B. éouv &pa óc Óó A npóc tov A, 
o0tOc ô B xpóc xóv E. ot 6€ A, A ngGot, of Se noto xal 
£A&ytotot, oi 6€ &£A&ytoxor uexpoDot ToL¢s TOV ADTOV ADYOV 
&yovcac toóouc 6 xe uetGov vóv uc(Cova xol ó £Aácocov xov 
&£Aó&ccova, TOUTEGTIV O TE HryYOUUEVOS TOV YyoUUEVOY xal O 
&róuevoc vóv &nóuevov: ó A &pa xóv B vetoet. óuotoc 97 
Oc(&ouev, óu xoi &àv xóv B ur| uevefj, xóv À uevefioet. 6 A 
tou éva tv A, B uetoet önco čer deito. 


Ag. 
“Anac oúvůevtoc &orðuòc TÒ toOTOL Tivòç &prÛuoŬ us- 
TOELTOL. 


"Eoo oóvOevroc àpiüuóc ó A: Aévo, ów ó À onó TO@TOL 
tivoc àpi0uo0 uecpelcoa. 
‘Exel yao cOvOeróc &ouv Ó A, uetpfjoet Tic avtdOV 
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show. 


Proposition 30 


If two numbers make some (number by) multiplying 
one another, and some prime number measures the num- 
ber (so) created from them, then it will also measure one 
of the original (numbers). 


For let two numbers A and B make C (by) multiplying 
one another, and let some prime number D measure C. I 
say that D measures one of A and B. 

For let it not measure A. And since D is prime, A 
and D are thus prime to one another [Prop. 7.29]. And 
as many times as D measures C, so many units let there 
be in E. Therefore, since D measures C according to 
the units E, D has thus made C (by) multiplying E 
[Def. 7.15]. But, in fact, A has also made C (by) multi- 
plying B. Thus, the (number created) from (multiplying) 
D and E is equal to the (number created) from (mul- 
tiplying) A and B. Thus, as D is to A, so B (is) to E 
[Prop. 7.19]. And D and A (are) prime (to one another), 
and (numbers) prime (to one another are) also the least 
(of those numbers having the same ratio) [Prop. 7.21], 
and the least (numbers) measure those (numbers) hav- 
ing the same ratio (as them) an equal number of times, 
the greater (measuring) the greater, and the lesser the 
lesser—that is to say, the leading (measuring) the lead- 
ing, and the following the following [Prop. 7.20]. Thus, 
D measures B. So, similarly, we can also show that if 
(D) does not measure B then it will measure A. Thus, 
D measures one of A and B. (Which is) the very thing it 
was required to show. 


Proposition 31 


Every composite number is measured by some prime 
number. 

Let A be a composite number. I say that A is measured 
by some prime number. 

For since A is composite, some number will measure 
it. Let it (so) measure (A), and let it be B. And if B 
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` 


&pguiüuóc. uecoetto, xol £ovo ô B. xol eil uev moditd¢ &ouv Ó 
B, yeyovòc &v ety TO EmtayVEv. el 66 covOetoc, uetprjoet 
Tic avUtOV GorWude. uerpe(to, xol čotw ô T. xa ênet ò T 
tov B uetoci, ô òè B tòv A uetoci, xot ò I &pa xóv A 
UuETgel. xoà ei u&v ngGóc &ouv OT, yeyovoc a cin tO 
emitayveyv. et d& ovvietoc, YETONaet Tic aLVTOV OpuOuóc. 
totaótrjs 97) Ytvou£vric Emroxédewms Angdyoetat tic Noeditoc 
à&pu0uóc, Óc uetprjoer. ei Yàp oO Arxpürjoexot, uexprjcouot 
tóv À ópiOu ov &netpot épiüuot, Gv £xepoc &xégou &Aácoov 
cotty’ Onee Eatly &DúvatTov £v dpiOuolc. ArgOrjoecxat ttc ipo 
ngGoc dpiüuóc, óc uevpfioet vóv noo EaUTOD, Óc xoi xóv Å 
uetprjoet. 


"Arno toa obwevtos gortuos DLO TOGTOL TIvds GoLDUOD 
uetocitar Oneo Eder Setgau. 


dB 

“Anas óàpuiüuóc fivov npGóc &ouv f| 

àpi0uoÜ0 uerpelcon. 
ARR 

"Eoco ópuiüuóc 6 A’ Aéyw, ÖT Ò A Htot nedtd¢ Eotw 7 
LUMO TOWTOL Tivos &puOuo0 uetpelcot. 

Ei u&v oOv npoðtóc £ouv Ó A, vevovóc àv civ tó 
emitayveyv. el 0€ cOvÜeroc, uetpfjoe. vi; abróv NETOS 
corde. 

“Anas toa aovduoc ytor meditd¢ Eotty 7 
tivocg GoLNUOD UETtoetton Omee Eder SetEau. 


c X 


DIO TEWTOV TLVOC 


c * 


ÙTÒ TOWTOU 


ÀY. 

Apu do0Evtayv 6tocwvoby ebeety xobc &Aoylorouc 
TEV TOV AVTOV AGYOY EXYOVTWY KUTOIC. 

"Eoccoocav oi 609évxec ónocoto0v ópi0uol oi A, B, D: det 
On ebesty tovs &Aaoyíovouc xGv xóv abtóv AÓóvov &£yÓvtov 
toic A, B, T. 

Oi A, B, I yàp Ato. neGixtot xpóc à fi Xouc eol f| o0. 
ei u&v oOv oi A, B, P ngóxot npgóc 6A fAouc eiotv, &A&yiocot 
EloL TOY TOV AUTOV AdYOV EYOVTWY abcoic. 
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is prime then that which was prescribed has happened. 
And if (B is) composite then some number will measure 
it. Let it (so) measure (B), and let it be C. And since 
C measures B, and B measures A, C thus also measures 
A. And if C is prime then that which was prescribed has 
happened. And if (C is) composite then some number 
will measure it. So, in this manner of continued inves- 
tigation, some prime number will be found which will 
measure (the number preceding it, which will also mea- 
sure A). And if (such a number) cannot be found then an 
infinite (series of) numbers, each of which is less than the 
preceding, will measure the number A. The very thing is 
impossible for numbers. Thus, some prime number will 
(eventually) be found which will measure the (number) 
preceding it, which will also measure A. 


Thus, every composite number is measured by some 
prime number. (Which is) the very thing it was required 
to show. 


Proposition 32 


Every number is either prime or is measured by some 
prime number. 

A = ee] 

Let A be a number. I say that A is either prime or is 
measured by some prime number. 

In fact, if A is prime then that which was prescribed 
has happened. And if Cit is) composite then some prime 
number will measure it [Prop. 7.31]. 

Thus, every number is either prime or is measured 
by some prime number. (Which is) the very thing it was 
required to show. 


Proposition 33 


To find the least of those (numbers) having the same 
ratio as any given multitude of numbers. 

Let A, B, and C be any given multitude of numbers. 
So it is required to find the least of those (numbers) hav- 
ing the same ratio as A, B, and C. 

For A, B, and C are either prime to one another, or 
not. In fact, if A, B, and C are prime to one another then 
they are the least of those (numbers) having the same 
ratio as them [Prop. 7.22]. 


219 


S TOIXEIGN C. 


A BT 





Ei 0€ o0, eO fypOco xv A, B, P tò uéyiotov xowòv 
uétoov ô A, xol óoóouc 6 A Exaccxov x&v A, B, I' uevpei, 
tocaÜtot uová6ec čotwoav £v Exdotm xGv E, Z, H. xal 
exactos ipa t&v E, Z, H £xaoxov xGv A, B, T uevoet xoà 
tàc êv tõ A povddac. ot E, Z, H doa tobe A, B, TP toduic 
uexpoDow: oi E, Z, H &oa tors A, B, T êv tõ ùt Aóvo 
clotv. Aéya OY, OTL Xa &£A&yvotot. c Yàp uf, etow ol E, Z, 
H &Aó&yioxot 16v xóv abxóv Aóvov &yóvtov xoiz A, B, T, 
ëcovtæ |uvec| x&v E, Z, H &Aóocovec ópiDuoi &v tõ a16 
LOY Ovtes toic A, B, PT. £oxoocav ot O, K, A iodute Kou 6 
O tòv A uetoci xol &xóácegoc x&v K, A &xéátepov xGv B, DI. 
ooduic b¢ 6 O tov A Uetoet, vocato uováoec £ovoocay ÈV 
1G M: xoà &xé&xepoc &pa x&v K, A &xéávegov tõv B, T uetoci 
KATY Tuc EV TH M Yovddac. xal Exel 6 O tov A vetoet xatd 
TÒS êv 1G M. uová6ac, xoi ó M how tov A Uetoet xat& the 
EV TH) O uováðac. DA xà arà 67, ó M xoi &x&vepgov x&v B, 
I uexeet xoà tàs £v exatéow tõv K, A uováðac: ô M boa 
toUc A, B, I uetoet. wot Exel 6 O tov A uetoci xatà tàs 
év tă M uováðac, ó O tow tov M nodAanAaoidoug tov A 
nemoinxev. Si TH “UTA OH xal O E; xóv A noAAanAooctécac 
tov A nenoinxey. toos koa gotilv ô èx x&v E, A x6 èx 
t&v O, M. £oxv &pa óc ó E; ngóc vóv O, obtoc 0 M ngóc 
tóv A. ue(Gov 66 ó E, vo0 O* uct(Gov &pa xoi ó M tod A. 
xoi uevgei vobüc A, B, I" ónxep &oxiv àOÓvaxov: onóxevcot 
yàp ó A x&v A, B, T tò uévioxov xotwóv uéxpov. oOx koa 
&£covtaí xwec x&v E, Z, H &A&ccovec àpi0uol £v 1G a1 
Aóvt« övtes tois A, B, T. ot E, Z, H &pa &A&ytoxot eov x&v 
TOV aUTOV AdVOY EydvTwWY tols A, B, I" ónep gder Seton. 


Oo. 


Avo aodudy dovévtwy eveety, dv EAdytotoy ueteotow 
coroudy. 
"Eocooav oi 800évtec 000 àpiOuol oi A, B: Set OF edoety, 
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And if not, let the greatest common measure, D, of 
A, B, and C have be taken [Prop. 7.3]. And as many 
times as D measures A, B, C, so many units let there 
be in E, F, G, respectively And thus E, F, G mea- 
sure A, B, C, respectively, according to the units in D 
[Prop. 7.15]. Thus, E, F, G measure A, B, C (respec- 
tively) an equal number of times. Thus, E, F, G are in 
the same ratio as A, B, C (respectively) [Def. 7.20]. So I 
say that (they are) also the least (of those numbers hav- 
ing the same ratio as A, B, C). For if E, F, G are not 
the least of those (numbers) having the same ratio as A, 
B, C (respectively), then there will be [some] numbers 
less than E, F, G which are in the same ratio as A, B, C 
(respectively). Let them be H, K, L. Thus, H measures 
A the same number of times that K, L also measure B, 
C, respectively. And as many times as H measures A, so 
many units let there be in M. Thus, K, L measure B, 
C, respectively, according to the units in M. And since 
H measures A according to the units in M, M thus also 
measures A according to the units in H [Prop. 7.15]. So, 
for the same (reasons), M also measures B, C accord- 
ing to the units in K, L, respectively. Thus, M measures 
A, B, and C. And since H measures A according to the 
units in M, H has thus made A (by) multiplying M. So, 
for the same (reasons), E has also made A (by) multiply- 
ing D. Thus, the (number created) from (multiplying) 
E and D is equal to the (number created) from (multi- 
plying) H and M. Thus, as E (is) to H, so M (is) to 
D [Prop. 7.19]. And E (is) greater than H. Thus, M 
(is) also greater than D [Prop. 5.13]. And (M) measures 
A, B, and C. The very thing is impossible. For D was 
assumed (to be) the greatest common measure of A, B, 
and C. Thus, there cannot be any numbers less than E, 
F, G which are in the same ratio as A, B, C (respec- 
tively). Thus, E, F, G are the least of (those numbers) 
having the same ratio as A, B, C (respectively). (Which 
is) the very thing it was required to show. 


Proposition 34 


To find the least number which two given numbers 
(both) measure. 
Let A and B be the two given numbers. So it is re- 
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MTOIXEION C. 


Ov &A&ytoxov uexpoDotv dpiOuóv. 


Ot A, B yàp fjivov npGov npóc óAAfAouc cioty Ñ où. 
£ctTO00vy noócxepov oi A, B noGou ngóc GAAHAouc, xal 6 A 
t:óv B noàanàiagcigcas tov [ rotettea xa ô B &oa tov A 
tohAandacidoac tov [ nenotyxev. ot A, B dex tov T ue- 
toovow. Evo) OF, OTL Xa £Aóyto xov. ei Yàp uf, uexerjoovot 
tiva govuoyv ot A, B &Aáoccova Óóvxa tot IT. uetoettwoav 
tov A. xat daduic 6 A tov A yetost, tooatita wovddec 
cotwoay év xG E, daduic d¢ 6 B tov A yuetoet, tocatton 
uovades Eotwouv év 1G Z. 6 uèv A wou tov E xoAAa- 
TAaoidoug TOV A nenxoirnxev, ó 6€ B xóv Z roAAanxAactácac 
tov A nenotyxev’ tooc dou Eotlv 6 éx Thy A, E 1G &x vGv 
B, Z. éotw toa ao 6 A ngóc tòv B, oŬtws 6 Z npóc vov 
E. oi 6€ A, B noto, ol S& moditor xol EAdytotot, oi òè 
cAAYLOTOL UETOOUOL TOUS TOY HUTOYV AOYoYV Exyovac Loóouc Ó 
t€ ue(Gov Tov uetCova xol ó &Aácoov Tov EAdooova’ ô B 
cow tov E uetoci, ao Emduevoc Enduevov. xa Emet 6 A tobe 
B, E xnoAAanAaoct&cac voUc D, A nenotrpev, Eotiv how 
ó B ngóc xóv E, obxoc 6 I' ngóc tòv A. uexocei è ô B tòv 
E* vetoet dou xal oT tov A ó ue(Cov tov EXdocova’ once 
éotiy advUvatoy. ovx gea ot A, B ueteotot tiva dodudv 
&£A&ccova óvxa 100 L'. ó D &pa &A&ytoxoc ðv ono xGv A, B 
UETOELTOL. 


(9 ——3 

My £otxocav O9? oi A, B mgGtot npóc OAAfjouc, 
xoà eiÀYypOccav &Aó&yvotoi ópiOuol xGv tóv otov AÓYOY 
éyovtwy totic A, B oi Z, E {oos &pa éotiy 6 éx tHv A, E 16 


quired to find the least number which they (both) mea- 
sure. 


E, 7 — 

For A and B are either prime to one another, or not. 
Let them, first of all, be prime to one another. And let A 
make C (by) multiplying B. Thus, P has also made C 
(by) multiplying A [Prop. 7.16]. Thus, A and B (both) 
measure C. So L say that (C) is also the least (num- 
ber which they both measure). For if not, A and B will 
(both) measure some (other) number which is less than 
C. Let them (both) measure D (which is less than C). 
And as many times as A measures D, so many units let 
there be in E. And as many times as P measures D, 
so many units let there be in F. Thus, A has made D 
(by) multiplying E, and B has made D (by) multiply- 
ing F. Thus, the (number created) from (multiplying) 
A and E is equal to the (number created) from (multi- 
plying) B and F. Thus, as A (is) to B, so F (is) to E 
[Prop. 7.19]. And A and B are prime (to one another), 
and prime (numbers) are the least (of those numbers 
having the same ratio) [Prop. 7.21], and the least (num- 
bers) measure those (numbers) having the same ratio (as 
them) an equal number of times, the greater (measuring) 
the greater, and the lesser the lesser [Prop. 7.20]. Thus, 
B measures E, as the following (number measuring) the 
following. And since A has made C and D (by) multi- 
plying B and E (respectively), thus as B is to E, so C 
(is) to D [Prop. 7.17]. And B measures E. Thus, C also 
measures D, the greater (measuring) the lesser. The very 
thing is impossible. Thus, A and B do not (both) mea- 
sure some number which is less than C. Thus, C is the 
least (number) which is measured by (both) A and B. 

A = — B — —A 


E = E — — 


CF 
D + — ——— 
G = H = 
So let A and B be not prime to one another. And 


let the least numbers, F and E, have been taken having 
the same ratio as A and B (respectively) [Prop. 7.33]. 
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&x x&v B, Z. xoi ó À xóv E xoAAanAoot&coac xóv D rotor 
xoi ó B koa tov Z roAXanAaoct&cac xóv I' rexotnxev: oi A, 
B &pa xóv I' ugxgoOoty. Aévo 8f, óxt xol £A&ytoxov. cl yàp 
uf, uetońcovoí tva &prðuòv ot A, B &Aácoova Óvxa. xoO 
I. vetositwoay tov A. xal doduic uev 6 A tov A uerpet, 
Tooalita Uovades Eotwouy év 1G H, óoóxuc è ô B tov A 
uetoet, tooatta wovddec Eatwoav év 165 O. 6 vev A dou 


$ 


tov H noAdanhaoiacacg tov A nenotyxev, ó 66 B tòv O 
nohAanAacidoug tov A nenotnxey. tooc ipa &oxiv 6 Ex TOV 
A, H 76 &x x&v B, Q: £owv toa ae 6 A nod¢ tov B, ot tw 
ô © node tov H. we d€ ó À npóc xóv B, obtoc ó Z npóc 
tóv E» xoà óc &pa ô Z ngóc xóv E, obvoc 6 O nxpoóc xov 
H. oi òè Z, E £A&ytoxot, ot 6€ &£A&ytotot uevpoDot toUc TOV 
qÙÒTÒV AóYov &yovxac toóouc Ó te ue(Gov vóv uetCova xol ó 
£A&coov xov £Aáocovo: ò E wow tov H vetoet. xoi &xel o 
A robc E, H noAAanAaociácac xoUc I', À nexotrnxev, £ouv 
goa ðs ô E ngóc xóv H, obtoc ó I ngóc xóv A. ó 66 E xov 
H pecpet" xoi ó D koa tov A uexpct ó ue(Cov xóv £Aáocovor 
ónep &odly àOo0varov. oOx &pa oi A, B uetońcovoí tva 
àpiüuóv &A&ccova óvxa 100 I. ò T &pa &A&yioxoc GY ONO 
t&v A, B uetocitar ónep &net Oci&on. 


AE. 


“Eay O00 corOuol covOudy tiva uetpoõocy, xoi ó £Aéytoxoc 
UM KUTV UETOCOUUEVOS TOV KUTOV YETOYOEL. 


A= | B— —— 


D Z A 


—ñ — — — — 


H | — 

Aúo yàp å&orðuo oit A, B dowudy twa tov TA ue- 
1pe(vocav, &£Aáyioxov 8& xóv E» Aévo, óu xa ô E tov TA 
UESTOEL. 

Ei yao ob uetoet ô E tov TA, 6 E tov AZ uetoðv 
— EaUTOD EAdooova xóv D'Z. xoi nel oi A, B tov E 
uetoovaw, 6 d¢ E tov AZ uetoet, xoi oi A, B hoa tdv 
AZ uetpňoovow. uetpoðo è xal óXov xóv DA xoà Aowtóv 
goa tov PZ yuetoyoovow &A&coova óvta xoO E; ónep &oxiv 
gobvatoyv. ovx koa ob uetpei ô E tov TA: yetost tow Sree 
EosL cico. 
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Thus, the (number created) from (multiplying) A and E 
is equal to the (number created) from (multiplying) E 
and F’ [Prop. 7.19]. And let A make C (by) multiplying 
E. Thus, B has also made C (by) multiplying F. Thus, 
A and B (both) measure C. So I say that (C) is also the 
least (number which they both measure). For if not, A 
and B will (both) measure some number which is less 
than C. Let them (both) measure D (which is less than 
C). And as many times as A measures D, so many units 
let there be in G. And as many times as B measures D, 
so many units let there be in H. Thus, A has made D 
(by) multiplying G, and B has made D (by) multiplying 
H. Thus, the (number created) from (multiplying) A and 
G is equal to the (number created) from (multiplying) B 
and H. Thus, as A is to B, so H (is) to G [Prop. 7.19]. 
And as A (is) to B, so F (is) to E. Thus, also, as F (is) 
to E, so H (is) to G. And F and E are the least (num- 
bers having the same ratio as A and B), and the least 
(numbers) measure those (numbers) having the same ra- 
tio an equal number of times, the greater (measuring) 
the greater, and the lesser the lesser [Prop. 7.20]. Thus, 
E measures G. And since A has made C and D (by) mul- 
tiplying E and G (respectively), thus as E is to G, so C 
(is) to D [Prop. 7.17]. And E measures G. Thus, C also 
measures D, the greater (measuring) the lesser. The very 
thing is impossible. Thus, A and B do not (both) mea- 
sure some (number) which is less than C. Thus, C (is) 
the least (number) which is measured by (both) A and 
B. (Which is) the very thing it was required to show. 


Proposition 35 


If two numbers (both) measure some number then the 
least (number) measured by them will also measure the 
same (number). 


A -+&-—- B— —— 


C F D 


may — —— 


E ö— — — — 

For let two numbers, A and B, (both) measure some 
number CD, and (let) E (be the) least (number mea- 
sured by both A and B). I say that E also measures C D. 

For if E does not measure C D then let E leave CF 
less than itself (in) measuring DF. And since A and B 
(both) measure E, and E measures DF, A and B will 
thus also measure DF. And (A and B) also measure the 
whole of C D. Thus, they will also measure the remainder 
CF, which is less than E. The very thing is impossible. 
Thus, E cannot not measure CD. Thus, (E) measures 
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AS 


Tav ópi0uGv O6o0Éévtov copslv, Ov &£A&yiotov uS- 
toovow àpiüuóv. 

"Eotwoay ot SovEvtEs toeic à&prðuol oi A, B, Te öt ñ 
cevosty, Ov EAdytotoy yetooDow &prðuóv. 


Et fyc yàp ono 600 x&v A, B &£Aóytoxoc uevpobugvoc 
ô A. 6 ù T tov A fiov yeto Y), oó uetpel. uecpetvo 
npgótepov. getxpoUov 868 xoi oi A, B xóv A oL A, B, TD 
&po tÓv A uexpoUotv. Aéyo Of, Óxt xol &£A&ytoov. ei yàp 
uf, uexerjoouoty [tva] &prðuòv oi A, B, T &£Aá&ocova Óóvta 
tot A. uetpeltwcav xóv E. &xei oi A, B, D xóv E uexpoDov, 
xal oi A, B &pa tòv E uetpoŭow. xal ò &Aéytoxoc pa ono 
tiv A, B yetoobuevoc [tov E] uetońoci. &A&yto xoc 96 ono 
:Gv À, B uetpovuevós &ouv 6 A: 6 A &pa xóv E uevpfioe 
ó uetCov tov EAdooova’ Stee Eotly GSOvatov. oOx Goo. ol 
A, B, T uexefjcouct uva àpiOuóv &Aáccova óvxa to A: ot 
A, B, T &pga &A&ytoxov xóv A uexpoDow. 

My uexee(xo 97) né 6 T tov A, nat ciAnode dro tov 
T, A &Aá&yioxoc uevpgobuevoc óàpiüuóc ô E. nel oit A, B 
tov A uetootion, ô è A tov E uetoci, xo oi A, B &oa 
tov E uetpoðŭow. uecpei 8€ xoi ô I [tòv E xo] oi A, B, 
l goa tov E uecetpoðŭow. Aéyw Of, OTL xal &£A&yiotov. ci 
yàp uý, uevericouoct tiva ot A, B, T éAdocove évta tot E. 
uetocitwoav tov Z. énet ot A, B, [ tov Z uetootiony, xo of 
A, B &a tov Z uexpoUoiv: xoà ó &A&yioxoc Kou onÓ tv 
A, B uexpoüuevoc xóv Z uexefjoe.. £Aóyioxoc 66 oro tv 
A, B uexpotuevóc otv 6 A’ 6 A &pa xóv Z uexoci. uetpei 
de xal 6 T tov Z ot A, T doa tov Z yetootiow: ote xol Ô 
&£Aóytoxoc oro xGv A, I' uevxgobuevoc xóv Z uexpfjoer. Ó 6€ 
&£Aó&yioxoc oró THVT, A yetootuevdc Eotiv 6 E ô E koa 
tov Z yeteet 6 ustCwv tov éAdooova Stee Eatly Kd0vaToy. 
oùòx ğ&pa ol A, B, T uetońcovoí tva ġprðuòv gAdooova évte 
tol E. 6 E toa &A&ytoxoc àv ono tõv A, B, T uetpeřtav 
Onee edet Setgan. 
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(C D). (Which is) the very thing it was required to show. 


Proposition 36 


To find the least number which three given numbers 
(all) measure. 

Let A, B, and C be the three given numbers. So it is 
required to find the least number which they (all) mea- 
sure. 


For let the least (number), D, measured by the two 
(numbers) A and P have been taken [Prop. 7.34]. So C 
either measures, or does not measure, D. Let it, first of 
all, measure (D). And A and B also measure D. Thus, 
A, B, and C (all) measure D. So I say that (D is) also 
the least (number measured by A, BE, and C). For if not, 
A, B, and C will (all) measure [some] number which 
is less than D. Let them measure E (which is less than 
D). Since A, B, and C (all) measure E then A and B 
thus also measure E. Thus, the least (number) measured 
by A and B will also measure [E] [Prop. 7.35]. And D 
is the least (number) measured by A and B. Thus, D 
will measure E, the greater (measuring) the lesser. The 
very thing is impossible. Thus, A, B, and C cannot (all) 
measure some number which is less than D. Thus, A, B, 
and C (all) measure the least (number) D. 

So, again, let C not measure D. And let the least 
number, E, measured by C and D have been taken 
[Prop. 7.34]. Since A and B measure D, and D measures 
E, A and B thus also measure E. And C also measures 
[E]. Thus, A, B, and C [also] measure E. So I say that 
CE is) also the least (number measured by A, P, and C). 
For if not, A, B, and C will (all) measure some (number) 
which is less than E. Let them measure F (which is less 
than E). Since A, B, and C (all) measure F, A and B 
thus also measure F. Thus, the least (number) measured 
by A and P will also measure F [Prop. 7.35]. And D 
is the least (number) measured by A and B. Thus, D 
measures F. And C also measures F. Thus, D and C 
(both) measure F. Hence, the least (number) measured 
by D and C will also measure F [Prop. 7.35]. And E 
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AC. 
“Hay àpiüuóc ùró tivos àpu0uo0 uecpfixot, Ó uexpoouevoc 
oucvuuov uépoc Eget tT UETOODVTL. 


ART 


Apituoc ydo 6 A bn6 tivoc Godot tod B uetostode: 
Aévo, óxt Ó À óuovuuov uégoc ye tă B. 

"Ocóxc Yàp ô B tòv A uetoci, vocoacot uováoec &oto- 
cay £v 76) [. éxel 6 B tov A etoc xoxà tàs êv tă T 
uováðac, ueTtoet Se xal A) A povac xóv I' àpiOuóv xoà tàs 
Ev “Ute Uovadac, todxic doa Y, A uovàc xóv P épiouov ue- 
tpe xoi ó B xóv A. &£vaAAà& &pa (oóouc Y, A uovàc xóv B 
covduoy uetoet xal oT tov A’ 6 &pa uépgoc &oiv f| A uovàc 
1:00 B &prðuoŬ, 16 abtO Ugeog Eotl xal oT tot A. 4 oe A 
uovac tol B aortuod ugeoc Eotly OUM@VULOY tõ: xal ô T 
&pa to0 A uégoc &oxiv óuovuuov 165 B. ote ô A uégoc 
&y& 1óv I' óucvuuov óvza tõ B: ónep £oct Seton. 


AT. 
"E&v àpiüuoc uégoc &yr| óxtoDv, oró óuovouou àpuOuo0 
UETtonUYoEta TH UEEL. 


Aovduoc yuo ô A uépos êyétw Stioby tov B, xot t& B 
uépet óucvuuoc £ovo |épiouoc] ó r: Aévo, óu ô P tòv A 
UETOEL. 

"Exc yàp ô B x00 A uépoc &oxiv óuóvuyov x6 D, £c 
O& xoà Y) A uovàc vo ' uépgoc óuóvuuov aotG, © pa uégoc 
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is the least (number) measured by C and D. Thus, E 
measures F, the greater (measuring) the lesser. The very 
thing is impossible. Thus, A, B, and C cannot measure 
some number which is less than E. Thus, E (is) the least 
(number) which is measured by A, B, and C. (Which is) 
the very thing it was required to show. 


Proposition 37 


If a number is measured by some number then the 
(number) measured will have a part called the same as 
the measuring (number). 


For let the number A be measured by some number 
B. T say that A has a part called the same as B. 

For as many times as P measures A, so many units 
let there be in C. Since P measures A according to the 
units in C, and the unit D also measures C according 
to the units in it, the unit D thus measures the number 
C as many times as P (measures) A. Thus, alternately, 
the unit D measures the number P as many times as C 
(measures) A [Prop. 7.15]. Thus, which(ever) part the 
unit D is of the number B, C is also the same part of A. 
And the unit D is a part of the number P called the same 
as it (i.e., a Bth part). Thus, C is also a part of A called 
the same as B (i.e., C is the Bth part of A). Hence, A has 
a part C which is called the same as B (i.e., A has a Bth 
part). (Which is) the very thing it was required to show. 


Proposition 38 


If a number has any part whatever then it will be mea- 
sured by a number called the same as the part. 


For let the number A have any part whatever, B. And 
let the [number] C be called the same as the part P (i.e., 
B is the Cth part of A). I say that C measures A. 

For since B is a part of A called the same as C, and 
the unit D is also a part of C called the same as it (i.e., 
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éotly Ñ A uovàc toŭ I àpiOuo0, xó axo uépoc &oxi xoi ó B 
toU A: ioóouc pa À A uovàc xóv D àpiouóv uecpct xoi ó B 
tOV A. EVOAAKE toa toduic À A uovàc xóv B å&prðuòv uetpci 
xoal OT tov A. OT goa tov A yvetoet’ oreo Eder SelEan. 


AV’, 


Api0uoy eveety, O¢ EAdytotoc Oy Fer xà SOVEVTA UsON,. 


A B D 


es a 


— — — — 

"Eota ta Sodévta uépn xà A, B, I" oci ù dprðuòv 
cüpelv, óc &A&ytoxoc àv E&e. xà A, B, T uépr. 

"Eorocav vào xoi; A, B, T uégeotw óuovuuor ópuOuol 
ol A, E, Z, xa ceiAfypOco brò tõv A, E, Z &A&ytoxoc ue- 
toobuevos &prðuòs ô H. 

O H doa d6umvuua ween eye tois A, E, Z. tote de A, 
E, Z óuovuua uéer) oxi tà A, B, r: ô H dou &ye xà À, B, 
I' uégr. Aye 0f, ów xoi £A&ytotoc Gv, cl yàp UÁ, Fata Tic 
toŭ H &A&coov àpiüuóc, óc Fer tà A, B, T uéer. &£oxo ô 
©. énel 6 O čyet tà A, B, T uépon, 6 O gow oxó óuovouov 
covdudy uetontýoctæ totic A, B, I uépeow. tots de A, B, 
I' uépeow óucvuuot ópiOuot cio oi A, E, Z: 6 © goa bro 
tõv A, E, Z etoeto. xal otv &A&coov xo0 H Sree 
EOTLY MOVVATOY. OVX Koa ota tic toU H EAdoowy &prðuóc, 
öc ččer tà A, B, T uéorn: önecp Eder Deléon. 
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D is the Cth part of C), thus which(ever) part the unit D 
is of the number C, B is also the same part of A. Thus, 
the unit D measures the number C as many times as B 
(measures) A. Thus, alternately, the unit D measures the 
number B as many times as C (measures) A [Prop. 7.15]. 
Thus, C measures A. (Which is) the very thing it was 
required to show. 


Proposition 39 


To find the least number that will have given parts. 


A B C 


KS — — — 


D E 


F 
—ñ— — — 


— — — — 

Let A, B, and C be the given parts. So it is required 
to find the least number which will have the parts A, B, 
and C (i.e., an Ath part, a Bth part, and a Cth part). 

For let D, E, and F be numbers having the same 
names as the parts A, B, and C (respectively). And let 
the least number, G, measured by D, E, and F, have 
been taken [Prop. 7.36]. 

Thus, G has parts called the same as D, E, and F 
[Prop. 7.37]. And A, B, and C are parts called the same 
as D, E, and F (respectively). Thus, G has the parts A, 
B, and C. So I say that (G) is also the least (number 
having the parts A, B, and C). For if not, there will be 
some number less than G which will have the parts A, 
B, and C. Let it be H. Since H has the parts A, B, and 
C, H will thus be measured by numbers called the same 
as the parts A, B, and C [Prop. 7.38]. And D, E, and 
F are numbers called the same as the parts A, B, and C 
(respectively). Thus, H is measured by D, E, and F. And 
(H) is less than G. The very thing is impossible. Thus, 
there cannot be some number less than G which will have 
the parts A, B, and C. (Which is) the very thing it was 
required to show. 
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Continued Proportion' 


'The propositions contained in Books 7-9 are generally attributed to the school of Pythagoras. 
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MTOIXEION n. 


f 
Oo * 
Eàv cw doovdynrotoby &prðuol és àvéAovov, oi o£ 
&xpov aÓtÓv npGou npóc &AAfouc Got, &A&ytoxot eiot 
THY TOV AVTOV ADYOY EXYOVTWY KUTOIC. 





"Eocxocav órocowÜ0v pruo écc avéAoyoy ot A, B, 
I', A, oi è &xpor adtév ot A, A, modstor mode HAAKAOUC 
cotwoay’ Aéyw, ott ot A, B, P, A éAdyiotot ciot x&v xóv 
QUTOV AGYOV EYOVTOY AUTOIC. 

Ei yàp uń, Eotwoay éAdttoves tv A, B, TP, A oi E, 
Z, H, O év tH abt Adyw dvteq abtote. xoà &mel ot. À, 
B, T, A év x6 a01G AóvO ciol tois E, Z, H, ©, xal &ouv 
{oov tò nàğðos [x&v A, B, D, A] xG màńðc kõv E, Z, H, 
QO], 5 tcou gow Eotly Gc 6 A noòs tòv A, ó E ngóc xóv 
O. oi 6€ À, A npGtot, oi 66 npG ot xol &Aáytocot, oi de 
&A&yto xov &pi0uol uexpoUot xobc xóv abtóv AÓóvov £yovcac 
loduic 6 te ueiCev xóv ue(Cova xol ó £Aácotov xóv £Aácoova, 
TOUTEGTIY O TE YYOUMEVOS TOY HYOUUEVOYV xoà ó &róuevoc 
tóv énóuevov. uetpet po ó À xóv E ó uetGov vóv £Aácocovar 
ONEO EOTLY ào0varov. oOx wow ot BE, Z, H, O &Aóccovec 
éyvtec TOV A, B, T, A &v xG ùt AGyw etotv adtoic. ot A, 
B, T, A &pa &A&ytoxot cia, tH&v TOV adTtOV Adyov EydVTWV 
avtolc’ ONES Eder Setgan. 


D. 

AgpiDuobc eopelv &&fjc àváAovov &Aoyloxouc, ócouc àv 
ETITA Tic, EV TH 6006vu AóYvo. 

"Eotw 0 dovelc AOYoo Ev čàådylotois KorDuotc O tod 
A ted¢ tov B: det SY dpiOuoUc cópciv &&fjc àvó^oYov 
éhaytotouc, daouc & tig Emitde, Ev TG tol A med¢ tov B 
NOYO). 

‘Emtetaydwoay O7) técoagec, ual ô A &autóv tohia- 
TAaoidoac tòv I noteite, tov 5¢ B nodhAanAaordoac tov A 
Totetto, Kal Ett O B Equtov moAAanAacrdoas TOV E rotto, 
xa Ett. O A tobe T, A, E roddarracidcae tobe Z, H, O 
rotc(xo, ó 0€ B tov E nodAanAaoidouc tov K notcí(to. 
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Proposition 1 


If there are any multitude whatsoever of continuously 
proportional numbers, and the outermost of them are 
prime to one another, then the (numbers) are the least 
of those (numbers) having the same ratio as them. 


Let A, B, C, D be any multitude whatsoever of con- 
tinuously proportional numbers. And let the outermost 
of them, A and D, be prime to one another. I say that 
A, B, C, D are the least of those (numbers) having the 
same ratio as them. 

For if not, let E, F, G, H be less than A, B, C, D 
(respectively), being in the same ratio as them. And since 
A, B, C, Dare in the same ratio as E, F, G, H, and the 
multitude [of A, B, C, D] is equal to the multitude [of E, 
F,G, H], thus, via equality, as A is to D, (so) E (is) to H 
[Prop. 7.14]. And A and D (are) prime (to one another). 
And prime (numbers are) also the least of those (numbers 
having the same ratio as them) [Prop. 7.21]. And the 
least numbers measure those (numbers) having the same 
ratio (as them) an equal number of times, the greater 
(measuring) the greater, and the lesser the lesser—that 
is to say, the leading (measuring) the leading, and the 
following the following [Prop. 7.20]. Thus, A measures 
E, the greater (measuring) the lesser. The very thing is 
impossible. Thus, E, F, G, H, being less than A, B, C, 
D, are not in the same ratio as them. Thus, A, B, C, D 
are the least of those (numbers) having the same ratio as 
them. (Which is) the very thing it was required to show. 


Proposition 2 


To find the least numbers, as many as may be pre- 
scribed, (which are) continuously proportional in a given 
ratio. 

Let the given ratio, (expressed) in the least numbers, 
be that of A to B. So it is required to find the least num- 
bers, as many as may be prescribed, (which are) in the 
ratio of A to B. 

Let four (numbers) have been prescribed. And let A 
make C (by) multiplying itself, and let it make D (by) 
multiplying B. And, further, let B make E (by) multiply- 
ing itself. And, further, let A make F, G, H (by) mul- 
tiplying C, D, E. And let B make K (by) multiplying 
E. 
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A = I—ñ— — — 


BR Am — — 


Koi net ó A éauxóv uév noàanriacigcas tov TP 
nexo(nxev, vóv 6€ B moAAaxAaoct&coac tóv A nenotnxey, 
cotty You Go 6 A nxpóc xóv B, [obxoc] ó I' ngóc xov A. 
táv, nel ô uèv A tov B roddandacidoug tov A nerotnxey, 
o 6€ B &auxóv nohAandaotdsouc tov E nenotnxey, exateeoc 
goa Tv A, B tov B noAAaxAacikcac &xátepov t&v A, E 
netotnxey. gottv doa DW O A node TOV B, obtoc 6 A npóc 
TOV E. GAM’ @¢ ô A node tov B, 6 T node tov Ac xoi c 
toa OT node tov A, 6 A node tov E. xa éxet 6 A tobe T, 
A noAXanAaoukcoc tove Z, H nenotnxey, Eotiv doa c o T 
nmeog tov A, lottw<] 6 Z nod¢ tov H. Go õè 6 T ned¢ tov 
A, ottw<¢ Av 6 A med¢ tov B: val O¢ doa ô A rpòs tòv B, 6 
Z ngóc tov H. nédtv, Exel 6 A tov A, E noAAanAootécoc 
tole H, O nenoinxey, gottv goa we ô A nod¢ tov E, ô H 
TONS TOV O. GAA’ Go O A nods TOV E, 6 A med¢ tov B. xoi 
wc tea 6 A node tov B, obtoc ô H xgóc tòv O. xol Enel 
ot A, B xóv E xoAXanAacikcavrec xoUc O, K nenoufjxaow, 
&£cov oa Gc Ó À npóc 1óv B, o0voc ó O npóc TOV K. GAX’ 
ÖS å A mods TOV B, obxoc Ó xe Z ngóc xóv H xoi ó H ngóc 
tóv ©. xal ðc àpa ô Z npóc tov H, obxoc ó te H ngóc 
tóv O xoi ó O npóc xóv K: oi D, A, E &pa xoà oi Z, H, 
O, K &véáAoYvÓv etow év 1G to A nmod¢ tov B Adya. Aévo 
Oy, OTL nal EAdyLotor. nel yàp oit A, B éAdyotot ciot t&v 
TOV KUTOV AGYOY EYOVTWY AUTOIC, OL bE EAdyLOTOL THY TOV 
QUTOYV AGYOV EYOVTWY TOEdToL Ted¢ GAAYAoUE cioty, ot A, B 
hoa meéitor ted¢ GAAYAouc cioty. nal Exdtepoc uev tv A, 
B &autóv nodAanAnovdauc exatcoov Tv I, E nenotnxey, 
exatepoy 6€ x&v D, Ej xoAAanAaoct&cac &xátepov x&v Z, K 
renoirxev: oi L', E &pa xoà oi Z, K np&ou npóc HAAKAOUC 
eio(v. &àv 6& Got ónrocoio0v dpiOuol &&fjc &váAXovov, oi 
OS Gotpot AVTHY TEaTOL TOdS GAAHAOUS Boy, EAdytoTtot Elot 
TOV TOV aUTOV Adyoy EyévtTwY avdtotc. of [, A, E dow xo 
oi Z, H, O, K &A&yioxot eiot x&v vóv abxóv Aóvov &yÓvxov 
toic A, B: ónep &6ct oci&ox. 
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And since A has made C (by) multiplying itself, and 
has made D (by) multiplying B, thus as A is to B, [so] C 
(is) to D [Prop. 7.17]. Again, since A has made D (by) 
multiplying B, and B has made E (by) multiplying itself, 
A, B have thus made D, E, respectively, (by) multiplying 
B. Thus, as A is to B, so D (is) to E [Prop. 7.18]. But, as 
A (is) to B, (so) C (is) to D. And thus as C (is) to D, (so) 
D (is) to Æ. And since A has made F, Œ (by) multiplying 
C, D, thus as C is to D, [so] F (is) to G [Prop. 7.17]. 
And as C (is) to D, so A was to B. And thus as A (is) 
to B, (so) F (is) to G. Again, since A has made G, H 
(by) multiplying D, E, thus as D is to E, (so) G (is) to 
H [Prop. 7.17]. But, as D (is) to E, (so) A (is) to BP. 
And thus as A (is) to B, so G (is) to H. And since A, B 
have made H, K (by) multiplying E, thus as A is to B, 
so H (is) to K. But, as A (is) to B, so F (is) to G, and 
G to H. And thus as F (is) to G, so G (is) to H, and H 
to K. Thus, C, D, E and F,G, H, K are (both continu- 
ously) proportional in the ratio of A to B. So I say that 
(they are) also the least (sets of numbers continuously 
proportional in that ratio). For since A and B are the 
least of those (numbers) having the same ratio as them, 
and the least of those (numbers) having the same ratio 
are prime to one another [Prop. 7.22], A and B are thus 
prime to one another. And A, B have made C, E, respec- 
tively, (by) multiplying themselves, and have made F, K 
by multiplying C, E, respectively. Thus, C, E and F, K 
are prime to one another [Prop. 7.27]. And if there are 
any multitude whatsoever of continuously proportional 
numbers, and the outermost of them are prime to one 
another, then the (numbers) are the least of those (num- 
bers) having the same ratio as them [Prop. 8.1]. Thus, C, 
D, E and F,G, H, K are the least of those (continuously 
proportional sets of numbers) having the same ratio as A 
and B. (Which is) the very thing it was required to show. 
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VTOIXEION n. 


IIóptoga. 


‘Ex ù voOtou qavepóv, óu &àv toeic àprûuol cfe 
&váAovov &Aéytoxor Govt xGv vóv aórov ÀóYvov &yÓvtov 
AUTOS, Ol “XOOV ALTOY TetEd&ywvot clot, Exv OE TÉCOAPES, 
xot. 


Y 
'E&v óotv óxocoto0v ópi0uol &&fjc &vóAXovov &A&yto- 
Ol THY TOY ALUTOV AOYOYV &yóvtov abtolc, oi Oo«pov AÙTÕV 
TEGITOL TEOS HAAKAOUS cioty. 


Ht 
(4) HK 


K — 


"Eotoocav órocow0v &pruol &&fjc éváXovov &A&ytocxot 
tGv xóv aov AóYvov &yóvov atoic ot A, B, D, A' Aévo, 
Ótt oi &xpor aóvGv oi À, A meditor Ted HAAKAOUE cioty. 

EXAfpücoav yàp 000 u£v ó&pi0uol £Aáytoxor £v. xG TOV 
A, B, D, A Aóvo oi E, Z, toeic è oi H, O, K, xa &&fic 
£v rAetouc, Eoc xó Aaupavóuevov nAfjOoc toov yévnta x6 
nAfoe, x&v A, B, D, A. eiAf«p0cooav xoi £oxocav oi A, M, 
N, &. 

Koi &£rei oi E, Z &A&ytoxot eiov 1Gv vov abxóv Aóvov 
EYOVTIOY “KUTOIC, npGtot npóc GAAHAOUS cioty. xol nel 
&xátrepoc t&v E, Z eautov yev nohAarAaciioue Exatepov 
tõv H, K nenotnxey, exdtepov è tõv H, K moÀAa- 
nAdowkcoc &xátepov t6v A, = neroinxey, xoa ot H, K koa 
xol oi À, = meditor mode &AAńAoug eiotv. xol &nel oi A, B, 
T, A &Actyto xot eiot x&v xóv abxóv AóYvov &yóvtov abcoic, 
ciol òè xol ot A, M, N, E éAóytoxo £v 1G a6 AÓóYvo Óvrec 
toic A, B, T, A, xot &ouv tcov tò xAfj9oc x&v A, B, T, 
A 16 nAnde tv A, M, N, &, Exaotog dou tõv A, B, T, 
A éxdotw tv A, M, N, & {oog éotiv: toog bow Eotlv 6 
uèv A tÕ A, ô 66 A 16 &. vat ciow ot A, € npGitot npóc 
&AAfAouc. xoà oi À, A Goa ngGov npóc GAAfjXouc ctotv: 
Ónep Òc OciGot. 
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Corollary 


So it is clear, from this, that if three continuously pro- 
portional numbers are the least of those (numbers) hav- 
ing the same ratio as them then the outermost of them 
are square, and, if four (numbers), cube. 


Proposition 3 


If there are any multitude whatsoever of continu- 
ously proportional numbers (which are) the least of those 
(numbers) having the same ratio as them then the outer- 
most of them are prime to one another. 


A— — E ——3 G 


B— — — F = Hm —4 


C—— — — K ——— 


D |m ——4À 


Let A, B, C, D be any multitude whatsoever of con- 
tinuously proportional numbers (which are) the least of 
those (numbers) having the same ratio as them. I say 
that the outermost of them, A and D, are prime to one 
another. 

For let the two least (numbers) E, F (which are) 
in the same ratio as A, B, C, D have been taken 
[Prop. 7.33]. And the three (least numbers) G, H, K 
[Prop. 8.2]. And (so on), successively increasing by one, 
until the multitude of (numbers) taken is made equal to 
the multitude of A, B, C, D. Let them have been taken, 
and let them be L, M, N, O. 

And since E and F are the least of those (numbers) 
having the same ratio as them they are prime to one an- 
other [Prop. 7.22]. And since E, F have made G, K, re- 
spectively, (by) multiplying themselves [Prop. 8.2 corr.], 
and have made L, O (by) multiplying G, K, respec- 
tively, G, K and L, O are thus also prime to one another 
[Prop. 7.27]. And since A, B, C, D are the least of those 
(numbers) having the same ratio as them, and L, M, N, 
O are also the least (of those numbers having the same 
ratio as them), being in the same ratio as A, B, C, D, and 
the multitude of A, B, C, D is equal to the multitude of 
L, M, N, O, thus A, B, C, D are equal to L, M, N, O, 
respectively. Thus, A is equal to L, and D to O. And L 
and O are prime to one another. Thus, A and D are also 
prime to one another. (Which is) the very thing it was 
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O 
Aéyov sovévtwy ônrocwvoŭv Ev Ehaytotoig dpuüuolc 


corduods ebeety &&fjc &vdAovoy Ehaytotouc év xoic GoOciol 
NOY OLE. 


Man 
() -— — 

"Eotwoay oi 6o90£vvec Aóvot &v &Aoyíotow; &prðuoïs Ó 
te tol A node tov B xat 6 tot [ node tov A xal Ett 6 
toU E medc tov Z det On Horduobs ebosiv écc &våňoyov 
éhaylotouc £v te T tol A node tov B óy xal êv 16 xoO 
I' ngóc tòv A xol ét TG tot E mode tov Z. 

BIA vw yao ô òrò tõv B, I &A&ytoxoc uexpoouevoc 
àgiDuóc ó H. xoi doduic uev ô B tov H uvetoet, tooavutdnic 
xol ò A tov O uerpe(xo, óoóouc 66 ó D xóv H uetoet, to- 
cautéuic xat o A tov K uetecite. ô dè E tòv K Ato ueteet 
fj oO uetpel. uexpe(xo npótegov. xol óoóouc O E tov K ye- 
tpel, vocautóouc xoà Ó Z xóv A uerpge(xo. xoi &rel toduic 6 
A tov © yvetoet xal 6 B tov H, Eottv doa Wo 6 A mode TOV 
B, oŭtws ó O npóc xóv H. à tà ût 67) xoi óc 6 I' ngóc 
tov A, obtOc 6 H node tov K, vat Ett Wo 6 E node tov Z, 
ovtws 0 K mode tov A’ ot O, H, K, A how ee àvóAovóv 
cioty év te TG) to A node tov B xoi &v x6) x00 T' ngóc vov 
A xa čt év 1G toO E ngóc xóv Z Adyo. Aévo 85, Öte xol 
&£A&yictot. et yuo uy etow oi ©, H, K, A é&&fjc àvóá^ovov 
&£A&ytoxot £v te totic tol A node tov B xol toŭ I npóc tòv 
A xal êv 165 tol E node tov Z Adyotc, Eotwoay ot N, &, 
M, O. xoà &nce( otuv We 6 A nods tòv B, o0xoc ô N nod¢ 
tóv E, oi 66 A, B éAóytoxot, oi 66 &A&yto xot uexvpoDot toùe 
tóv abtÓv ÀAóvov Éxyovtac ioóouc Ó xe uciCov xvóv uetCova 
xol ó &Aá&coov TÒV &£Aáocova, toutéouv Ó t€ T|YoOuevoc 
TÒV f)YoOuevov xoi ó &xóuevoc xóv &nóuevov, ó B &pa xov 
Z= uetgel. Ouà và atà O7) xoi Ó DL' xóv Z uevpet ot B, T 
&pa tóv Z uetgobDoiv: xol ó &A&ytoxoc &pa rò t&v B, T 
uetpgobuevoc 1óv E uetgfjoei. £A&yvoxoc 66 oxó xv B, P 
uetosita OH: 6 H &pa xóv E uexpei ó uetCov xóv £Aáccovar 
Órep &otiy ào0vcaxov. oOx üpa &covrat vec x&v O, H, K, 
A &Aá&ccovec ópi0uol &&fic &v te xG xoU À npóc xóv B xoi 


1G toU P ngóc xóv A xoi éx v& 100 E ngóc xóv Z AóyÕ. 
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required to show. 


Proposition 4 


For any multitude whatsoever of given ratios, (ex- 
pressed) in the least numbers, to find the least numbers 
continuously proportional in these given ratios. 


Let the given ratios, (expressed) in the least numbers, 
be the (ratios) of A to B, and of C to D, and, further, 
of E to F. So it is required to find the least numbers 
continuously proportional in the ratio of A to B, and of 
C to B, and, further, of E to F. 

For let the least number, G, measured by (both) B and 
C have be taken [Prop. 7.34]. And as many times as B 
measures G, so many times let A also measure H. And as 
many times as C measures G, so many times let D also 
measure K. And E either measures, or does not measure, 
K. Let it, first of all, measure (X). And as many times as 
E measures K, so many times let F also measure L. And 
since A measures H the same number of times that B also 
(measures) G, thus as A is to B, so H (is) to G [Def. 7.20, 
Prop. 7.13]. And so, for the same (reasons), as C (is) to 
D, so G (is) to K, and, further, as E (is) to F, so K (is) 
to L. Thus, H, G, K, L are continuously proportional in 
the ratio of A to B, and of C to D, and, further, of E to 
F. So I say that (they are) also the least (numbers con- 
tinuously proportional in these ratios). For if H, G, K, 
L are not the least numbers continuously proportional in 
the ratios of A to B, and of C to D, and of E to F, let N, 
O, M, P be (the least such numbers). And since as A is 
to B, so N (is) to O, and A and B are the least (numbers 
which have the same ratio as them), and the least (num- 
bers) measure those (numbers) having the same ratio (as 
them) an equal number of times, the greater (measur- 
ing) the greater, and the lesser the lesser—that is to say, 
the leading (measuring) the leading, and the following 
the following [Prop. 7.20], B thus measures O. So, for 
the same (reasons), C also measures O. Thus, B and C 
(both) measure O. Thus, the least number measured by 
(both) B and C will also measure O [Prop. 7.35]. And 
G (is) the least number measured by (both) B and C. 


231 


MTOIXEION n. 


My vetesitw on ô E tòv K, xal cigo oxó téyv E, 
K &A&ytotoc uetpgoüuevoc ópuüuoc ô M. xal doduic ev 
ô K tòv M uetoci, tooautáxis xal Exateoog x&v ©, H 
&xárepov t&v N, = uetocitw, dodcanic 66 ô E tov M ue- 
Tol, xocauóouc xol ó Z xóv O uecpe(xo. &nel toóouc ô O 
tov N yvetoet xal ò H tov =, Éoxv &pa óc ó O npóc vov 
H, obtaw¢ 6 N nodcg tov &. we b€ ó O ngóc tòv H, obcxoc 
ô A nxpóc tóv B: xoi óc &pa ó À ngóc xvóv B, obtwco ô N 
npóc vóv E. Otà xà o xà 97) xoi óc ó I' góc xóv A, obtoc 
Oo c ngóc tóv M. nó, &nel todxic O E tov M vetoet xol 
0 Z tov O, Eotw &pa óc ó E ngóc xóv Z, o0voc ô M ngóc 
tóv O' oi N, E, M, O &pa &&fjc àvéXovóv eioty &v xoic tod 
t€ À noóc 1óv B xoi to T rode tov A xot Ett to E ngóc 
tóv Z Àóvowg. Aéyco OH, StL nal EAdytatot Ev totic A B, T 
A, E Z àóyo. ci yàp uń, čoovtæl «vec vv N, £5, M, O 
£Aó&ccovec dpi0uol &&fic àváAovov &v volg AB, A, EZ 
Aóvow;. éoxooav oi IT, P, X, T. xoà &net £owv óc ó II ngóc 
tóv P, obtoc 6 À ngóc 1óv B, oi 6€ A, B é&Aóytoxot, oi 6€ 
&£A&ytoxov uexpoU0ot xoc xóv abxóv Aóvov &yovtac abcolc 
logxis & Te YyoUUEVOS TOV HyoUUEVOY xXal O EndUEVOS TOV 
&nóuevov, ó B goa tov P uetoet. Dià xà abxà O7) xoi o6 D 
tov P vetoet’ oi B, D &pa xóv P uexpoÜOotv. xoà 6 &£A&ytoxoc 
cea Ondo tõv B, I uexobuevoc xóv P uexprfjoev. £Aé&ytoxoc 
6€ oxó 1Gv B, l' uexeoüuevoc otuv ò H: ò H àga xóv P 
uecpel. xal otuv ðc ô H node tov P, ottwe 6 K npóc vov 
> xol ó K goa tov © vetoet. uevpet o6 xoi ó E xóv 37 ot E, 
K ğpa tòv X ucetpoŭow. xal ó &Aóytotoc Hou Dro THY E, K 
uerpoouevoc TOV Ui uexerjoet. &Aéyioxoc ðè brò tõv E, K 
uexgoüuevóc &ouy ó M: 6 M pa xóv X uexpet ó uetCov vov 
&£Aá&ccovor óneo &oxiv àO0vorxov. oOx hoa Eoovtatl tives TOV 
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Thus, G measures O, the greater (measuring) the lesser. 
The very thing is impossible. Thus, there cannot be any 
numbers less than H, G, K, L (which are) continuously 
(proportional) in the ratio of A to B, and of C to D, and, 
further, of E to F. 


B RF 


D ———4À 


So let E not measure K. And let the least num- 
ber, M, measured by (both) E and K have been taken 
[Prop. 7.34]. And as many times as K measures M, so 
many times let 7, G also measure N, O, respectively. 
And as many times as E measures M, so many times let 
F also measure P. Since H measures N the same num- 
ber of times as G (measures) O, thus as H is to G, so 
N (is) to O [Def. 7.20, Prop. 7.13]. And as H (is) to G, 
so A (is) to B. And thus as A (is) to B, so N (is) to 
O. And so, for the same (reasons), as C (is) to D, so O 
(is) to M. Again, since E measures M the same num- 
ber of times as F (measures) P, thus as E is to F, so 
M (is) to P [Def. 7.20, Prop. 7.13]. Thus, N, O, M, P 
are continuously proportional in the ratios of A to B, and 
of C to D, and, further, of E to F. So I say that (they 
are) also the least (numbers) in the ratios of A B, C D, 
E F. For if not, then there will be some numbers less 
than N, O, M, P (which are) continuously proportional 
in the ratios of A B, C D, E F. Let them be Q, R, S, 
T. And since as Q is to R, so A (is) to B, and A and B 
(are) the least (numbers having the same ratio as them), 
and the least (numbers) measure those (numbers) hav- 
ing the same ratio as them an equal number of times, 
the leading (measuring) the leading, and the following 
the following [Prop. 7.20], B thus measures R. So, for 
the same (reasons), C also measures R. Thus, P and C 
(both) measure R. Thus, the least (number) measured by 
(both) B and C will also measure R [Prop. 7.35]. And G 
is the least number measured by (both) B and C. Thus, 
G measures R. And as G is to R, so K (is) to S. Thus, 
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N, Z, M, O éA&ccovec àprðuol étc avéAoyoy čv te toic 
tot A npòç tòv B xal toŭ I npoòs tòv A xal £x xoO E tpòc 
tóv Z Aóvowz oi N, £, M, O àpa &&fjc &våňoyov čňáyotoí 
cio év totic AB, TA, E Z Adyouc: Sree eden Setgou. 


f 
c * 
Ol Extnedor dprðuol npóc àAÀYjAouc AÓóvov Exyouot 1ÓV 
cuYxeiuevov &x TOY rÀAeupGv. 
AR — — 


BR —— — 


"Eotwoay éntredor dovuot of A, B, xoi tot uèv A 
TAcveal Eotwoav of T, A corduot, tod d¢ B ot E, Z: AYO, 
ött Ò À ngóc tòv B Aóyov Éye& xóv cuYvxec(uevov £x vv 
TALEO. 

Adéyov yao SodEvtwv tod te dv Eyer 6 T node tov E xo 
6 A nod¢ tov Z cihfodwoay gorduol E€fic EAdyiatot Ev toic 
I E, A Z ^óvoic, o H, O, K, ó&oce etvot óc uev xóv T ngóc 
tóv E, oDtoc tòv H ngóc xóv O, we 66 xóv A ngóc xov Z, 
o0tOc 1óv O npóc tòv K. xa ô A tov E xoAXonAaoct&cac 
TOV A- KOLETO: 

Kot ène ô A tov pev D roddAandacrdcag tov A 
rexoi(nxev, xóv 6& E nodAamAaoisoac tov A nenotnxey, 
cotw boa Wo OT node tov E, ottw¢e 6 A node tov A. xq 
d¢ OT node tov BE, obxoc ó H ngóc 1óv O xal Be koa 6 
H node tov O, obtwe 6 A node tòv A. táv, Exel 6 E tov 
A nohdardaoiioug Tov A nenolnxev, &AAà uy xal tòv Z 
roAAanAaci&coc xóv B nenxoirxev, čotv pa oc ô A ngóc 
tóv Z, oŬtws ô A npóc 1óv B. AX óc Ó A npóc tov Z, 
o0tOc Ó O npóc xóv K^ xol óc &pa 0 O npóc xóv K, obvoc 
ó À rpóc xóv B. &6c(y 0r öè xal ðc ô H xngóc xóv O, obtoc 
6 A npóc tóv A: QV toou tow Eotly wo ô H mode tov K, 
loUtas] ó À npóc tov B. 6 8¢ H ned¢ tov K Adyov Eyer 
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K also measures S [Def. 7.20]. And E also measures 
S [Prop. 7.20]. Thus, and K (both) measure S. Thus, 
the least (number) measured by (both) E and K will also 
measure 5 [Prop. 7.35]. And M is the least (number) 
measured by (both) E and K. Thus, M measures 5S, the 
greater (measuring) the lesser. The very thing is impos- 
sible. Thus there cannot be any numbers less than N, O, 
M, P (which are) continuously proportional in the ratios 
of A to B, and of C to D, and, further, of E to F. Thus, 
N, O, M, P are the least (numbers) continuously propor- 
tional in the ratios of A B, C D, E F. (Which is) the very 
thing it was required to show. 


Proposition 5 


Plane numbers have to one another the ratio compoun- 
ded! out of (the ratios of) their sides. 
A—— — — — — 


B ———————3À 


C= Dr — — 


E — F— — 


Cl— 
H 


K = — 


L |m — — — 

Let A and B be plane numbers, and let the numbers 
C, D be the sides of A, and (the numbers) E, F (the 
sides) of B. I say that A has to B the ratio compounded 
out of (the ratios of) their sides. 

For given the ratios which C has to E, and D (has) to 
F, let the least numbers, G, H, K, continuously propor- 
tional in the ratios C E, D F have been taken [Prop. 8.4], 
so that as C is to E, so G (is) to H, and as D (is) to F, so 
H (is) to K. And let D make L (by) multiplying E. 

And since D has made A (by) multiplying C, and has 
made L (by) multiplying E, thus as C is to E, so A (is) to 
L [Prop. 7.17]. And as C (is) to E, so G (is) to H. And 
thus as G (is) to H, so A (is) to L. Again, since E has 
made L (by) multiplying D [Prop. 7.16], but, in fact, has 
also made B (by) multiplying F, thus as D is to F, so L 
(is) to P [Prop. 7.17]. But, as D (is) to F, so H (is) to 
K. And thus as H (is) to K, so L (is) to B. And it was 
also shown that as G (is) to H, so A (is) to L. Thus, via 
equality, as G is to K, [so] A (is) to B [Prop. 7.14]. And 
G has to K the ratio compounded out of (the ratios of) 
the sides (of A and B). Thus, A also has to B the ratio 
compounded out of (the ratios of) the sides (of A and B). 
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TOV ovyxElusvoy Ex THY TAELEdV xol ó À &pa npóc TOV 
B Aóvov Eyer tov ovyxetuevoyv éx tõv TAsvEdv Oneo Eder 
Oct ot. 


t ie., multiplied. 


f 


T 


Eàv ow Onocowby cowWyol ethic avdAoyoy, O de 
x 27 


TOGTOS TOV OEUTEOOY LY) UET, o0 Aoc oùdòels obo£va 
uetprjoet. 


"Eocxocav órocow0v ópiDuoi &&fic à&váňoyov ot A, B, 
I', A, E, 6 6¢ A tov B uh uevee(xoy Aévo, ów o00& HAO 
ovdel¢ OVSEVA USTEYCEL. 

“Ot ywev obv ot A, B, TP, A, E é€h¢ aAAnAoue où ue- 
tootiow, waveodv’ ovde yao ô A tov B uetoet. Aéyo 
0f, StL OV5E AOS ObdELC ODSEVa UETEYjoEL. el yàp õu- 
vatóv, uetoeita 6 A tov T. xa oa ciol o A, B, T, 
tooovtat ciAnovmoay grdytoto. dprðuol TV TÒV qÙÒTÒV 
Aóvovy &yóvxov toic A, B, T oi Z, H, O. xoi éExei ot Z, 
H, O &v x& a6 óy ciol tois A, B, T, xat otv {oov tò 
nAfjoc xGv A, B, I x6 mýte xGv Z, H, O, àv tcou &pa 
£ctlv Gc Ó À npóc xóv T, obtoc ó Z ngóc xóv O. xol nei 
&cuv Gc Ô ÅA ngóc xóv B, o0toc Ó Z npgóc xóv H, o0 uere 
de 6 A tov B, ov vetoet dow onde 6 Z tov H: obx how uovés 
&£cuv Ó Z' fj Yàp uovàc návta àpi0uoóv uectoci. xat cio oi 
Z, O noto npóc dAAfjAouc joù? 6 Z &pa xóv O uespei]. 
xo& £oxtv (c Ó Z ngóc 1óv O, obtoc 6 A node xóv T" oó6€ 
ô A toa tov TD uetoet. óuotoc 87) Ge(&ouev, óu o08& GAXoc 
ob66lc ob6Ééva uetprjcev OnEO Eder Sete. 


C 
"Eàv Got ónxocow0v óàpiuoi |É&fic| àvóáAovov, ó O& 
TOEGTOS TOV ECYATOV VETO, Kal TOV SEUTEPOV UETONOEL. 
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(Which is) the very thing it was required to show. 


Proposition 6 


If there are any multitude whatsoever of continuously 
proportional numbers, and the first does not measure the 
second, then no other (number) will measure any other 
(number) either. 

A’ 


B— — — 


Let A, B, C, D, E be any multitude whatsoever of 
continuously proportional numbers, and let A not mea- 
sure B. I say that no other (number) will measure any 
other (number) either. 

Now, (it is) clear that A, B, C, D, E do not succes- 
sively measure one another. For A does not even mea- 
sure B. So I say that no other (number) will measure 
any other (number) either. For, if possible, let A measure 
C. And as many (numbers) as are A, P, C, let so many 
of the least numbers, F, G, H, have been taken of those 
(numbers) having the same ratio as A, B, C [Prop. 7.33]. 
And since F, G, H are in the same ratio as A, B, C, and 
the multitude of A, B, C is equal to the multitude of F, 
G, H, thus, via equality, as A is to C, so F (is) to H 
[Prop. 7.14]. And since as A is to B, so F (is) to G, 
and A does not measure B, F does not measure G either 
[Def. 7.20]. Thus, F is not a unit. For a unit measures 
all numbers. And F and H are prime to one another 
[Prop. 8.3] [and thus F does not measure H]. And as 
F is to H,so A (is) to C. And thus A does not measure 
C either [Def. 7.20]. So, similarly, we can show that no 
other (number) can measure any other (number) either. 
(Which is) the very thing it was required to show. 


Proposition 7 


If there are any multitude whatsoever of [continu- 
ously] proportional numbers, and the first measures the 
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YTIOIXEION n. 


"Eocooav óxocouw0v pruo ¿ts &véXoyvov oi A, B, T, 
A, 6 6€ À xóv A uetpeltw' Aéyw, Öt xa ó À xóv B uetpei. 

Ei yao ob uetost 6 A tov B, 005 Gog ovddele ODdEvar 
uetonoet’ uetoet be 6 A tov A. vetoet dow xal o A tov B: 
One Eder Setean. 


; 
n. 

Eàv úo ópi0uóv uevoa$b xoà tó ouveyec &váoYvov 
&unírtoo0ty coLouot, Ooo sic ALTOS YETAgLD KATH TO ou- 
vey&c àvÓAoYvov &un(rxxouot àpuO0uot, vocoÜtot xol eic voc 
tóv aov Aóvov Éyovcoac [avtOIc] ueva&o xoxà xó cuvéyec 
& VG ovov &unecoUvrat 


A" — E — 


D— — M = 
N mÁ N — 


BRS. —— — — 


Ato yuo àpi0u6v vv A, B uetačù xatà xó cuveyec 
&váAovov égumntétwoay pruo ot D, A, xoi rexowjo9o oc 
ô A ted¢ tov B, obta¢ 6 E ned¢ tov Z Evo, StL Goot Ete 
tobc À, B uexa&b xaxà TÒ ouveyèc &vdAoyoy EUTENTHXAOLY 
à&piüuot, vocoÜot xol eic toùs E, Z uetačù xatà tÒ ouveyèc 
avdAoyoy éuTecoDvtat. 

“Ooo. yéo ciot 76 rAAVer oi A, B, T, A, tocottor 
ctAypvwoay éghdyiotor pruo t&v tov avtdov AóYvov 
éyévtwy totic A, T, A, B oi H, O, K, A: oi goa d&xeoar 
autésv ot H, A moditot ned¢ AA fXouc eio(v. xol &nel oi A, 
T, A, B tos H, O, K, A êv tõ wdtG Ady ctotv, xot &oxtv 
toov tò nÀfjooc xGv A, T, A, B xG mýs tõv H, O, K, 
A, &V toou goa Eotly Gc 6 A roòs tòv B, oŬtws ó H roòs 
tov A. @¢ d¢ 6 A med¢ tòv B, oŭŬtws 6 E npóc xóv Z xoi 


last, then (the first) will also measure the second. 


Let A, B, C, D be any number whatsoever of continu- 
ously proportional numbers. And let A measure D. I say 
that A also measures B. 

For if A does not measure B then no other (number) 
will measure any other (number) either [Prop. 8.6]. But 
A measures D. Thus, A also measures B. (Which is) the 
very thing it was required to show. 


Proposition 8 


If between two numbers there fall (some) numbers in 
continued proportion then, as many numbers as fall in 
between them in continued proportion, so many (num- 
bers) will also fall in between (any two numbers) having 
the same ratio [as them] in continued proportion. 

At E — 


C m 


Dm= —⸗— — N— — — 


B— — — — — 


For let the numbers, C and D, fall between two num- 
bers, A and B, in continued proportion, and let it have 
been contrived (that) as A (is) to B, so E (is) to F. I say 
that, as many numbers as have fallen in between A and 
B in continued proportion, so many (numbers) will also 
fall in between E and F in continued proportion. 

For as many as A, B, C, D are in multitude, let so 
many of the least numbers, G, H, K, L, having the same 
ratio as A, B, C, D, have been taken [Prop. 7.33]. Thus, 
the outermost of them, G and L, are prime to one another 
[Prop. 8.3]. And since A, P, C, D are in the same ratio 
as G, H, K, L, and the multitude of A, B, C, D is equal 
to the multitude of G, H, K, L, thus, via equality, as A is 
to B, so G (is) to L [Prop. 7.14]. And as A (is) to B, so 
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OS toa ó H nmed¢ tov A, obtwc 6 E node xóv Z. ot 6€ H, A 
TEGITOL, OL OF NEGTOL xal CAGyLOTOL, OL OE &Aóyto xor &priuol 
uexpoUot vobc TOV aUTOY AdYOY EyovTac toduic 6 TE uetGov 
tóv ue(Cova xoi Ò &Aácoov vóv &Aáocova, tToutéoty 6 TE 
YYOUUEVOS TOV HYOUUEVOY Xal O ENOUEVOS TOV ENOUEVOY. 
ioduic dea O H tov E vetoet xat ò A tov Z. 6oóouc 0 ô H 
TÒV E uevgei, vocauóouc xoi &£xá&tepoc xv O, K &xátepov 
t&v M, N vetoettes ot H, O, K, A dou toùs E, M, N, Z 
ioduic uetooŭčow. oi H, O, K, A &oa tots E, M, N, Z êv xà 
autées Ady ciciv. &ààà ot H, O, K, A xoic A, D, A, B &v xà 
avuté AóY« eiotv: xoi ot A, D, A, B &ea tois E, M, N, Z êv 
TG) “OTE AóYo cioty. oi òè A, T, A, B égñs &våħoyóv eio: 
xoi oi E, M, N, Z &pa &&f|c àváAovÓv eiow. dcot how sic 
tole A, B uetagv xatd 10 ovveyes i&váAovov éunentoxootv 
&piüuot, vocoUto: xol eic tobe BE, Z uetačù xat& tO ovveyec 
OVOAOYOV EUTENTMRAGLY Kool’ OmEE Eder Seton. 


v. 


Eàv úo pruo xpó ot npóc GAAYAOUC Bow, xal 
EIC AÛTOÙG UETAČÙ xat& TO ouveyec avdAoyoy éurintwoty 
corduot, doo eic HDTOUS UETAELD KATH TO GUVEXES UVaAOYOY 
&un(irrouctvy ópiOuot, vocoÜto( xoi &xoaxépou aOtOV xol 
uováðoc ueTtagh wate TO ouveyes &váAovov &unecoUvran. 


A (3) ———— 





kK — — 


E = 

N «4 
Zt mK} 
H CO) |= — — 


"Eotwoay 000 pruo noõto npoòs Aous of A, 
B, xoi cics abtovc uetačù xatà tÒ ovveyec avddoyoy 
éumimtetwoay ot T, A, xa éxxctodw À E uovác: AéYvo, 
ott Scot cis toùs A, B uetačù xatà xó cuveyec iváAovov 
£unentÓXxooty GoLUol, vocoÜtoi xoà Exatéoov tÕV A, 
B wal tho Ywovadog ustago xat& TO ocuveyec avddoyoy 
EUTEGOUVTOL. 

EiAfypOccav Yàp 000 u&v àpi0uol &£A&ytotot £v xG TOY 
A, T, A, B àóyo övtes oi Z, H, toeic òè ot O, K, A, xol &el 
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E (is) to F. And thus as G (is) to L, so E (is) to F. And 
G and L (are) prime (to one another). And (numbers) 
prime (to one another are) also the least (numbers hav- 
ing the same ratio as them) [Prop. 7.21]. And the least 
numbers measure those (numbers) having the same ratio 
(as them) an equal number of times, the greater (measur- 
ing) the greater, and the lesser the lesser—that is to say, 
the leading (measuring) the leading, and the following 
the following [Prop. 7.20]. Thus, G measures E the same 
number of times as L (measures) F. So as many times as 
G measures E, so many times let H, K also measure M, 
N, respectively. Thus, G, H, K, L measure E, M, N, 
F (respectively) an equal number of times. Thus, G, H, 
K, L are in the same ratio as E, M, N, F [Def. 7.20]. 
But, G, H, K, L are in the same ratio as A, C, D, B. 
Thus, A, C, D, B are also in the same ratio as E, M, N, 
F. And A, C, D, B are continuously proportional. Thus, 
E, M, N, F are also continuously proportional. Thus, 
as many numbers as have fallen in between A and B in 
continued proportion, so many numbers have also fallen 
in between E and F in continued proportion. (Which is) 
the very thing it was required to show. 


Proposition 9 


If two numbers are prime to one another and there 
fall in between them (some) numbers in continued pro- 
portion then, as many numbers as fall in between them 
in continued proportion, so many (numbers) will also fall 
between each of them and a unit in continued proportion. 


E 3 
N— —4 
E = Qt — — 
G P — ———À 


Let A and B be two numbers (which are) prime to 
one another, and let the (numbers) C and D fall in be- 
tween them in continued proportion. And let the unit E 
be set out. I say that, as many numbers as have fallen 
in between A and B in continued proportion, so many 
(numbers) will also fall between each of A and B and 
the unit in continued proportion. 

For let the least two numbers, F and G, which are in 
the ratio of A, C, D, B, have been taken [Prop. 7.33]. 
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Ec fc évi mMAstouc, Ecc àv toov vévrivot xó xAfj9oc atOv x6 
nàs tõv A, T, A, B. ctAfpdwoay, xoi £ovocav oi M, N, 
=, O. gavepoy of, ów ó uev Z &autóv roÀXanAaciooc tóv 
O nenotnxev, tov d¢ O noAAanAactiicac vóv M nenotrxev, 
xal ò H éautòv u£v noAAaxAaoUtooc tov A nenotnxey, TOV 
dé A nodAanAacidoug tóv O neno(rpxev. xoi &xei oi M, N, 
€, O &Aóytocot eiov 1Gv tov avtov Adyoy &£yóvtov toic Z, 
H, etot òè xal oi A, T, A, B &A&ytoxot xGv xóv aóxóv AóYov 
eyovtwy totic Z, H, xal ot toov tò nAf|9oc x&v M, N, =, 
O 76 rAAVe tv A, TD, A, B, čxaotos &pa tõv M, N, =, 0 
exgote Tv A, T, A, B toog éotiv: toos &oa &oxiv ô uèv M 
t& A, ô è O tõ B. xa Exet 6 Z Equtdov roAAonAact&cac 
tov O nenoinxey, 6 Z &pa xóv O uetpel xaxà tac Ev TH Z 
uováOac. uetpel 6€ xoà Y| E uovàc xóv Z xaxà tag Ev avrg 
Uovadac’ toóouc üpo Y, Ej uova xóv Z àpi0uov uetpsi xoi ó Z 
tóv O. £cuv pa ðs Å E uovàc ngóc xvóv Z ópiüuóv, oDtoc 
Oo A ngóc tov O. nét, Exel ô Z tov O noÀAanAaot&coac 
tov M nenotynxey, 6 O doa xóv M uerpet xaxa vàc ÊV T Z 
uováGoc. uecpei 66 xoà Y E uovàc vóv Z &prÛuòv xatà tàs Èv 
avtG Uovddac todxic doa À E wovac tov Z &prðuòv uetpei 
xal ó O xóv M. £ov doa We Y) E uovac nodc tov Z &prðuóv, 
o0tOc ó O npóc TOV M. edetyDy Oe xal Oc Å E wovac med¢ 
tov Z dowdudy, obta¢ 6 Z med¢ TOV O° val W¢ Hoa  E uovàc 
Too TOV Z dowdy, obtws 6 Z Ted¢ xóv O xoi ó O ngóc 
tov M. too be 6 M 163 A’ oti pa ðs Å E uova npóc vov 
Z àpgiOuóv, o0xoc Ó Z ngóc xóv O xoi ó O npóc xóv A. Dà 
TH HOT OÙ xal Oo Å E uovàc npóc xóv H àpi0uóv, obtoc 6 
H nod¢ tòv A xal 6 A mode tov B. door hou cig tobe A, B 
UETagD KATH xó cuveyec &váAovov &unertoxoaoty dpuDuot, 
tocoUtot xol &xoxégou x&v A, B xa uováðos tc E uetačù 
KATY TO OVVEXES AVGAOYOV EUTENTWRAGLY &prðuol: önep £oet 
Ocie. 


f 


l. 


‘Edy 000 pruv &xotépou xal uováðoç uectačù xoà 
tó cuveyec avdAoyoy &unírtootv ópiOuot, ócov éxatépou 
QUTEY xal uováooc uetaGb xotà xÓó cuveyec a&VaAOYOV 
éumintova àpiOuot, vocoÜUtot xoà EiS AÙTOÙG UETAÙ xoà 
tÓ cuveyec àváovov &uneco0vcat. 

Ato vàp ópi0uGv tv A, B xoi uováGoc tfj; Dl ue- 
TAED KATH TO OUvEyes &VoAOYOY EUTIMTETWOAY pruo of 
te A, E xa oi Z, I: Aéyo, öt óoot &xaxégou x&v A, 
B xal uováðos tc I uetačù xatà tÒ cuveyec &véAoyoy 
EUTENTHOXAOLY GoLOol, xocoUcot xoi eic toù A, B uetačù 
XATY TO OvvEyss &våhoyoy čunccoŬvTaAL. 
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And the (least) three (numbers), H, K, L. And so on, 
successively increasing by one, until the multitude of the 
(least numbers taken) is made equal to the multitude of 
A, C, D, B [Prop. 8.2]. Let them have been taken, and 
let them be M, N, O, P. So (it is) clear that F has made 
H (by) multiplying itself, and has made M (by) multi- 
plying H. And G has made L (by) multiplying itself, and 
has made P (by) multiplying L [Prop. 8.2 corr]. And 
since M, N, O, P are the least of those (numbers) hav- 
ing the same ratio as F, G, and A, C, D, B are also the 
least of those (numbers) having the same ratio as F, G 
[Prop. 8.2], and the multitude of M, N, O, P is equal 
to the multitude of A, C, D, B, thus M, N, O, P are 
equal to A, C, D, B, respectively. Thus, M is equal to 
A, and P to B. And since F has made H (by) multiply- 
ing itself, F thus measures H according to the units in F 
[Def. 7.15]. And the unit E also measures F according to 
the units in it. Thus, the unit E measures the number F 
as many times as F (measures) H. Thus, as the unit Æ is 
to the number F, so F (is) to H [Def. 7.20]. Again, since 
F has made M (by) multiplying H, H thus measures M 
according to the units in F [Def. 7.15]. And the unit E 
also measures the number PF according to the units in it. 
Thus, the unit E measures the number F as many times 
as H (measures) M. Thus, as the unit E is to the number 
F,so H (is) to M [Prop. 7.20]. And it was shown that as 
the unit E (is) to the number F, so F (is) to H. And thus 
as the unit E (is) to the number F, so F (is) to H, and H 
(is) to M. And M (is) equal to A. Thus, as the unit F is 
to the number F, so F (is) to H, and H to A. And so, for 
the same (reasons), as the unit E (is) to the number G, 
so G (is) to L, and L to B. Thus, as many (numbers) as 
have fallen in between A and B in continued proportion, 
so many numbers have also fallen between each of A and 
B and the unit E in continued proportion. (Which is) the 
very thing it was required to show. 


Proposition 10 


If (some) numbers fall between each of two numbers 
and a unit in continued proportion then, as many (num- 
bers) as fall between each of the (two numbers) and the 
unit in continued proportion, so many (numbers) will 
also fall in between the (two numbers) themselves in con- 
tinued proportion. 

For let the numbers D, E and F, G fall between the 
numbers A and B (respectively) and the unit C in con- 
tinued proportion. I say that, as many numbers as have 
fallen between each of A and B and the unit C in contin- 
ued proportion, so many will also fall in between A and 
B in continued proportion. 
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OO A yuo tov Z xoAA^anAaciácac tov O Tolto, 
exatepog d¢ Tv A, Z tov O nxoAA^anAaciácoac Exdteoov 
tv K, A notetto. 

Kat énet got eo f| D' uovàc ngóc tov A deidudy, obtw<¢ 
Ó A ngóc TÒV E, ioóouc &pa ÀT uovàc xóv A àpiüuóv uecpei 
xal ô A vóv E. fj 6€ D uovàc xóv A ópiüuóv uecpcit xoà tàs 
év 165 A uovábac: xoi ó A goa àpiüuóc vóv E uecpet xoà 
TÒS Èv 165 A povddac: 6 A tou éautov modkAanAnoidoas TOV 
E nenotyxeyv. néaw, enet got @¢ WT [ova] node tov 
A deidudy, obta¢ 6 E mod¢ tov A, todaute doa WT uovàc 
tov A dorOuoyv uetget xoi ó E tov A. ġ òè D' uovàc xóv 
A düpvOuov uerpet xoà tàs £v 165 A uováGac xoi ó E dou 
tov A uetoet xatd tàs êv tõ A uovóbac: ó A toa tov E 
todhAanAacidoac Tov A nxenoi(xev. Oux và abc OT| xo Ô 
uev Z &avtóv noAAanAaoti&oac tov H nenotnxev, tov oe H 
tohAanrAacidcoas vóv B xenoixev. xoi &xel ó A &autóv uev 
toAAonAootooc xóv E nenoinxev, tov òè Z mokAanAnordoac 
tóv O nenoírpev, Eotwy toa c 6 A ngóc xóv Z, o0xoc ô E 
Teds TOV O. Sie TK OTE OY Kal Wc 6 A Ted¢ TOV Z, OUTWE 6 
O nod tov H. xal óc &pa ó Ej ngóc vóv O, ob0toc 0 O ngóc 
tóv H. nó, &nel 6 A &xóátepgov xGv E, O noAAonAact&cac 
&x&tepov x&v À, K nenotyxey, čot ipa óc ô E ngóc vóv O, 
o0tOc 6 À ngóc xóv K. àAX' óc ó E/ ngóc xóv O, o0xoc Ó A 
Teds TOV Z xoi cc Koa Ó A npóc vov Z, o0toc Ó À Teds TOV 
K. néAw, Emel &xáxepoc xGv A, Z tov O noAAoanAaoct&cac 
exaitepoy tv K, A nenotyney, Eottv dou Wo 6 A med¢ TOV 
Z, otag 6 K node tov A. GAN’ Wo 6 A ted¢ Tov Z, ObTH¢ 6 
À ngóc tov K: xal Oo Goa 6 A med¢ TOV K, ottwe 6 K ngóc 
tov A. ët ncl ô Z Exdteoov tv O, H xoAAonAaoct&cac 
exatepoy Tv A, B nenoinxey, Eottv dou Go 6 O Ted¢ TOV 
H, obxoc ó A ngóc 1óv B. óc è ô O ngóc tòv H, obtoc 
Ó A npóc 1tóv Z xal Go toa 6 A node tov Z, obtw¢ 6 A 
ngóc xóv B. &oc(y 0r dè xal ðc ô A med¢ tov Z, obtwe 6 TE 
A npóc tov K xoi ó K npóc xóv A: xoi óc &pa ó À npgóc 
tov K, obtw¢ ô K node tov A xal 6 A node tov B. ot A, 
K, A, B &pa xaxà 1ó cuveyec é&fjc eiotw d&véhoyoy. Scot 
&poa &xoxépou tõv A, B xa týs I uováGoc uetačù xatà 
tó cuvey&c àváAXovov &unirxouot &priuol, tocoŬto xal eic 
toc A, B uetačù xatà 16 ovveyec Eunecotivia dneo gder 
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For let D make H (by) multiplying F. And let D, F 
make K, L, respectively, by multiplying H. 

As since as the unit C is to the number D, so D (is) to 
E, the unit C thus measures the number D as many times 
as D (measures) E [Def. 7.20]. And the unit C measures 
the number D according to the units in D. Thus, the 
number D also measures E according to the units in D. 
Thus, D has made E (by) multiplying itself. Again, since 
as the [unit] C is to the number D, so E (is) to A, the 
unit C thus measures the number D as many times as E 
(measures) A [Def. 7.20]. And the unit C measures the 
number D according to the units in D. Thus, E also mea- 
sures A according to the units in D. Thus, D has made 
A (by) multiplying E. And so, for the same (reasons), F 
has made G (by) multiplying itself, and has made B (by) 
multiplying G. And since D has made E (by) multiplying 
itself, and has made H (by) multiplying F’, thus as D is to 
F,so E (is) to H [Prop 7.17]. And so, for the same rea- 
sons, as D (is) to F, so H (is) to G [Prop. 7.18]. And thus 
as E (is) to H, so H (is) to G. Again, since D has made 
A, K (by) multiplying E, H, respectively, thus as F is to 
H, so A (is) to K [Prop 7.17]. But, as E (is) to H, so D 
(is) to F. And thus as D (is) to F, so A (is) to K. Again, 
since D, F have made K, L, respectively, (by) multiply- 
ing H, thus as D is to F, so K (is) to L [Prop. 7.18]. But, 
as D (is) to F, so A (is) to K. And thus as A (is) to K, 
so K (is) to L. Further, since F has made L, B (by) mul- 
tiplying H, G, respectively, thus as H is to G, so L (is) to 
B [Prop 7.17]. And as H (is) to G, so D (is) to F. And 
thus as D (is) to F, so L (is) to B. And it was also shown 
that as D (is) to F, so A (is) to K, and K to L. And thus 
as A (is) to K, so K (is) to L, and L to B. Thus, A, K, 
L, B are successively in continued proportion. Thus, as 
many numbers as fall between each of A and B and the 
unit C in continued proportion, so many will also fall in 
between A and B in continued proportion. (Which is) 
the very thing it was required to show. 
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Oct ot. 


f 
IQ. 
Abo tetpayóvwv pruv clc uécoc &våhoyóv &ouv 
&pi0uóc, xol Ó TetedywWvocg npóc TÒV TteTEáywvov ðt- 
TAMStOVa AOYOV EXEL AMEE Å nàcupà TEOS THY TACLEdY. 


"Eotwoay tetogywvot àpiüuot ot A, B, xoi o0 uev A 
nrAeupà €ota OT, tot è B ô Ac Aévo, óu xGv A, B cic 
uécoc óàváAovóv &ouv ópuiüuóc, xa © A moog tov B ot 
nÀaotova Aóvov Eye Anco OT npdc tov A. 

O T yàp tov A xoAXanAacikcoac xóv E motto. xol 
Enel vevoávovóc £ov Ô A, nàcupà è aoxoO éouv 6T, 6T 
&pot &aUxóv xoAAaxAoct&coac xóv À nenxoirxev. oux xà abc 
OÙ xal ó A &avuxóv roAAanxAaoctácoac tov B nenotynxev. Enel 
oŬv ô T &xáepov xGv T, A noAXonAaotécoc &xátepov vv 
A, E nenotnxey, £ouv àpga óc ó I' ngóc vóv A, o0voc Ó À 
Teds TÒV E. dià xà oxà 87) xoi óc ó D' ngóc xóv A, obtoc Ó 
E) npóc xóv B. xoi óc doa 6 A nod¢ tov E, obtoc ó E ngóc 
1óv B. x&v A, B &pa eic uécoc àvéAovóv otv àpiOuóc. 

Aéyo 54, öt xal Ó A npóc xóv B OuAaotova Aóvov &ye 
Anco OT node tov A. Enel yao tecic &prðuol àvéXovóv etotv 
oi A, E, B, ó À &ga ngóc xóv B OutAactova Aóvov £ye Timeo 
ô À npóc tòv E. ðs è ô A node xóv E, o0voc ô T npgóc 
tov A. 6 A doa npóc xóv B OuAactova Aóvov Eye Tine f| 
I nàcupà npóc thy A: Ónep der Seton. 
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Proposition 11 


There exists one number in mean proportion to two 
(given) square numbers.! And (one) square (number) 
has to the (other) square (number) a squared? ratio with 
respect to (that) the side (of the former has) to the side 
(of the latter). 


At —— 
B —— —— 
C —— Dn 


E E) 

Let A and B be square numbers, and let C be the side 
of A, and D (the side) of B. I say that there exists one 
number in mean proportion to A and B, and that A has 
to B a squared ratio with respect to (that) C (has) to D. 

For let C make E (by) multiplying D. And since A is 
square, and C is its side, C has thus made A (by) multi- 
plying itself. And so, for the same (reasons), D has made 
B (by) multiplying itself. Therefore, since C has made A, 
E (by) multiplying C, D, respectively, thus as C is to D, 
so A (is) to E [Prop. 7.17]. And so, for the same (rea- 
sons), as C (is) to D, so E (is) to P [Prop. 7.18]. And 
thus as A (is) to E, so E (is) to B. Thus, one number 
(namely, E) is in mean proportion to A and B. 

So I say that A also has to B a squared ratio with 
respect to (that) C (has) to D. For since A, E, B are 
three (continuously) proportional numbers, A thus has 
to B a squared ratio with respect to (that) A (has) to E 
[Def. 5.9]. And as A (is) to E, so C (is) to D. Thus, A has 
to P a squared ratio with respect to (that) side C (has) 
to (side) D. (Which is) the very thing it was required to 
show. 


t In other words, between two given square numbers there exists a number in continued proportion. 


t Literally, double". 


D. 

A00 xov àpiüuov 600 uécot àváAovóv cioty óprDuot, 
xoi ó xoc ngóc xov xópov vouxAaoctova AóYvov čys fixe À 
TAELVOY TODS THY TAELEY. 

"Eococav xópot govduot ot A, B xal tot uev A mAcved 
&ct ô I, toč 8€ B ó A: Aévo, öt xGv A, B $00 uéca 
&v&AoYvÓv eicty ópiüuot, xol ó À npóc xóv B touxAactova 
AóYvov Eyet Ameo OT mpd¢ tov A. 


Proposition 12 


There exist two numbers in mean proportion to two 
(given) cube numbers.’ And (one) cube (number) has to 
the (other) cube (number) a cubed? ratio with respect 
to (that) the side (of the former has) to the side (of the 
latter). 

Let A and B be cube numbers, and let C be the side 
of A, and D (the side) of B. I say that there exist two 
numbers in mean proportion to A and B, and that A has 
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O yàp T éautov uèy nodAAanAacidoae xóv E tolto, 
tov 6& Á nodhAandaoidoac tov Z noilta, 6 è A Eautdv 
roààaniacigcac tòv H nowí(to, &xátegoc 0€ THVT, A tov 
Z roAAanAaci&coac &xátepov t&v O, K noveite. 

Koi &nei xópoc ċotiv ò A, nàcupà òè aùtoŭ ó T, xol ô 
TP équtoyv uèv roàaniaoigoas tòyv E neroinxev, ò I &pa 
EXUTOV èv nroMàanriagcidoas tòy E nenolnxev, tòv òè E 
nmodhAanAacidoac Tov A nenolnxev. Dà TÀ avTH SY) xol Ô 
A &auxóv u£v roAAanxAaociukooac vóv H zerolnxev, tov è H 
roAAonAaoikoac tóv B neno(rp«ev. xot nel ò I éxåtepov 
tv DT, A noAXaxAact&coac &xéávepov 16v E, Z nenotnxey, 
cot tow Go OT node tov A, ottwo 6 E node tov Z. 
Sik TH UTE OH xal Wo OT node tov A, obtw¢ 6 Z ned 
tòv H. náv, ênel ô T exdtepoy tiv BE, Z xoAXaxAaoctocac 
exaitepoyv Tv A, O neroinxev, čoty toa ao 6 E med¢ tòv 
Z, o0xOc Ô A npóc xóv O. oc 66 6 E node tov Z, obtw¢ OT 
tTods TOV A: xal Wo Gow 6T node tov A, obtwe 6 A ted¢ TOV 
©. náv, Enel exdtepoe THVT, A tov Z xoAXanAaoct&cac 
exatepov Tv O, K nenolrnxev, £ouv ipa óc ó Il npóc xov 
A, ottw¢ 6 O node tov K. náv, nel ô A &xóátepov Gv 
Z, H xoAAanAaciácac &xéávepov x&v K, B nenotnxey, Eottv 
goa OS Ô Z ngóc tov H, obxoc ô K npóc xóv B. óc 06 6 Z 
moos tov H, ottwo OT node tov A’ xat we ow 6 T ned¢ 
tov A, ottawa Č Tte À noóc xóv O xal ô O npóc xóv K xal 
ô K npóc tòv B. x&v A, B &pga 800 u£cot &váAoYvÓv ctotw 
oi O, K. 

Aéyo 6%, Öt xol ó À npóc vóv B vpuxAactova Aóvov £y 
finep ó I' npóc tov A. Enel yuo xécoopec ópiDuol àvéAovóv 
ctow oi A, O, K, B, 6 A doa med¢ tov B tornAactova Adyov 
ëyer nep ô A npóc vóv O. óc 06 Ó À npóc xóv O, obtxoc 6 
T node tov A: xat 6 A [hoa] mod¢ tov B teitAactova AGyov 
eye. Aree OT nod¢ tov A’ Sree Eder SeiEau. 
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to B a cubed ratio with respect to (that) C (has) to D. 


For let C make E (by) multiplying itself, and let it 
make F (by) multiplying D. And let D make G (by) mul- 
tiplying itself, and let C, D make H, K, respectively, (by) 
multiplying PF. 

And since A is cube, and C (is) its side, and C has 
made E (by) multiplying itself, C has thus made E (by) 
multiplying itself, and has made A (by) multiplying E. 
And so, for the same (reasons), D has made G (by) mul- 
tiplying itself, and has made B (by) multiplying G. And 
since C has made E, F (by) multiplying C, D, respec- 
tively, thus as C is to D, so E (is) to F [Prop. 7.17]. And 
so, for the same (reasons), as C (is) to D, so F (is) to G 
[Prop. 7.18]. Again, since C has made A, H (by) multi- 
plying E, F, respectively, thus as E is to F, so A (is) to 
H [Prop. 7.17]. And as E (is) to F, so C (is) to D. And 
thus as C (is) to D, so A (is) to H. Again, since C, D 
have made H, K, respectively, (by) multiplying F, thus 
as C is to D, so H (is) to K [Prop. 7.18]. Again, since D 
has made K, B (by) multiplying F, G, respectively, thus 
as F is to G, so K (is) to B [Prop. 7.17]. And as F (is) 
to G, so C (is) to D. And thus as C (is) to D, so A (is) 
to H, and H to K, and K to B. Thus, H and K are two 
(numbers) in mean proportion to A and B. 

So I say that A also has to B a cubed ratio with re- 
spect to (that) C (has) to D. For since A, H, K, B are 
four (continuously) proportional numbers, A thus has 
to B a cubed ratio with respect to (that) A (has) to H 
[Def. 5.10]. And as A (is) to H, so C (is) to D. And 
[thus] A has to B a cubed ratio with respect to (that) C 
(has) to D. (Which is) the very thing it was required to 
show. 


t In other words, between two given cube numbers there exist two numbers in continued proportion. 


t Literally, “triple”. 


LY’. 

Edy Gow dcodnnotoby dewWuol Eiic avéAoyoy, xatl 
TOAKATAAGIAGAG EXAOTOS EXUTOY TOLF Tiva, Ol YEvoUsvoL 
EC avtTaY é&váAovov Eoovta’ xal Edv ol EF Opyfjc tooc 
Yevouévouc nohAanAgotdoayvtes Toot tivas, xal avTOl 


åváňoyov čcovta [mat cet neel tobe &xpouc toto ovuBatver]. 


"Eotwoay ónocoioŬv pruo &&fjc avéAoyoy, ot A, B, 


Proposition 13 


If there are any multitude whatsoever of continuously 
proportional numbers, and each makes some (number 
by) multiplying itself, then the (numbers) created from 
them will (also) be (continuously) proportional. And if 
the original (numbers) make some (more numbers by) 
multiplying the created (numbers) then these will also 
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T, ð 6 A node tov B, ottw¢ 6 B node tov T, xol ot 
A, B, T éavtobc u£v noAAanAaociácavtec; voUc A, E, Z 
rote(xt00av, xoUc 0€ A, E, Z noAXanAaotiéácavtec vobc H, 
O, K note(:00av: Aévo, ów o te A, E, Z xa oi H, O, K 
ethic à&váoyoyv cio. 


A F— — —34 


B = — 


[1] 


D m — M m — 


N m — —— 
A = 

(y [I— ——————————4 
-E tM“ 

er 
Z | ⸗ — — 


H m 
O ml 
K -—————À 
'O uev yoo A tov B noddandaoidoug tov A Tolto, 
exaiteoos be tév A, B tov A noddardaocidouacs Exatepov TOV 
M, N nxote(xo. xoi nó ó uev B xóv I' roAAonAaciácoc Tov 
= novettw, exateoo¢g Se Ty B, [ tov = roAAanAacicac 
&xá&tegov x&v O, II note(xo. 
"Ouoloc 97 voiz &n&vo 9ci&ougv, ów oi A, A, E xoi oi 
H, M, N, © ñc eiow avédroyoy &v xG tot A mode tov 
B AóYvo, xoi £u oi E, 2, Z xoi oi O, O, IL, K &8fjc stow 
&váAoYov &y tă toŭ B ngóc xóv P Aóvo. xot £ouv oc ó À 
1góc 1óv B, ootoc ó B npóc tov I xat ot A, A, E how tote 
BE, &, Z év 63 avtG Adyo ciol xa ët oi H, M, N, © «oic 
O, O, II, K. xat £ouv tcov 1o uev x&v A, A, E ntos t 
t&v E, =, Z rAfde, 10 de tv H, M, N, O tH x&v O, O, 
IT, K: &’ toou dow éotlv a uèv 6 A node tov E, obtaw¢ 6 
Ej ngóc xov Z, óc 6€ ó H npóc tòv O, oŬtws 6 O Ted TOV 
K* ónxep Eder cté. 


LO. 


"Hay TEtTeEdyWVOS TETOAYWVOYV UETEF, xoi Y| xAeupà trjv 
TAELERY UETEY|OEL’ xoi &àv Yj rAeupá tY|v nAeupaty uecpf|, xol 
O TETONYWVOS xóv texpéYovov uecprjoet. 

"Eotoocav vexoécovot pruo ot A, B, xAeugot 66 atv 
čotwocay oi D, A, ó 86 À xóv B uexoe(xox Aévo, óvt xol ó 
[ tov A yetoet. 
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be (continuously) proportional [and this always happens 
with the extremes]. 

Let A, B, C be any multitude whatsoever of contin- 
uously proportional numbers, (such that) as A (is) to B, 
so P (is) to C. And let A, B, C make D, E, F (by) 
multiplying themselves, and let them make G, H, K (by) 
multiplying D, E, F. I say that D, E, F and G, H, K are 
continuously proportional. 

Ate — 
B ——4 


C rH 


For let A make L (by) multiplying B. And let A, B 
make M, N, respectively, (by) multiplying L. And, again, 
let B make O (by) multiplying C. And let B, C make P, 
Q, respectively, (by) multplying O. 

So, similarly to the above, we can show that D, L, 
E and G, M, N, H are continuously proportional in the 
ratio of A to B, and, further, (that) E, O, F and H, P, Q, 
K are continuously proportional in the ratio of B to C. 
And as A is to B, so B (is) to C. And thus D, L, E are in 
the same ratio as E, O, F, and, further, G, M, N, H (are 
in the same ratio) as H, P, Q, K. And the multitude of 
D, L, E is equal to the multitude of E, O, F, and that of 
G, M, N, H to that of H, P, Q, K. Thus, via equality, as 
D is to E, so E (is) to F, and as G (is) to H, so H (is) to 
K [Prop. 7.14]. (Which is) the very thing it was required 
to show. 


Proposition 14 


If a square (number) measures a(nother) square 
(number) then the side (of the former) will also mea- 
sure the side (of the latter). And if the side (of a square 
number) measures the side (of another square number) 
then the (former) square (number) will also measure the 
(latter) square (number). 

Let A and B be square numbers, and let C and D be 
their sides (respectively). And let A measure B. I say that 
C also measures D. 


2A] 
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YTIOIXEION n. 


‘OT yao tov A noAXanAaot&cac vóv E xotc(xox oi A, E, 
B &pa &&fic àvéáXovóv eio &v 16& x00 TP ngóc xóv A AÓóvo. 
xol &xei oi A, E, B &&fjc &vóXovóv cio, xoi ugxpel 0 A tov 
B, uecpet &pa xoi ó À xóv E. xal otv ðc ô A ngóc tov E, 
obt ô [I mod¢ tov A’ yetoet Kou xat 6 T tov A, 

IIGOGV 87) 6 ' xóv A uevgetxox Aévo, óx xoi ó ÀA tov B 
UETOEL. 

TGv vàp abtGv xotaoxeuao0évtov uolas delgoucy, 
ott ot A, E, B &&fic &véXoYvóv eiow &v xG 100 L' góc xóv A 
LOY). nal Enel Cott Go OT node tov A, oŬtws ô À ngóc 
tov E, vetoet 6¢ 0 T tov A, uetoet dou xot 6 A tov E. xal 
elow oi A, E, B ¿čs avéAoyov uetoet Gow xal 6 A tov B. 

T&v Goa TETONYWVOS vevgéyovov uetpf, xoi Y, xAeupá 
tjv rAeupdvy uetprjoev xal Sav FH TASUOe THY TAELVEdY uecpf|, 
xal O TETEYWYOS TOV TETEaYWVOV YETEYOEL Ómep &Oct 
OEte au. 


le. 

'E&v xópoc Hous xúßov å&prðuòv uet, xal Å TAcupà 
t/jv rAeupavy uecprjoev xal Sav HF) TASUO THY TAELEdY ETON, 
xal o xóDoc TOV XUBoOV uetpýosı. 

Kófoc yàp àpi0uoóc ó A xópov xóv B uecpeíto, xoi voO 
uev À nAeugà čotw OT, tot è B ó A: Aévo, óu 6 T xov 
A yecpet. 


OT yàp &aU1óv xoAXaxAació&cac xóv E xotí(co, ó 66 A 


C = 


D—— 


E — — 

For let C make E (by) multiplying D. Thus, A, EF, 
B are continuously proportional in the ratio of C to D 
[Prop. 8.11]. And since A, E, B are continuously pro- 
portional, and A measures P, A thus also measures E 
[Prop. 8.7]. And as A is to E, so C (is) to D. Thus, C 
also measures D [Def. 7.20]. 

So, again, let C measure D. I say that A also measures 
B. 

For similarly with the same construction, we can 
show that A, E, P are continuously proportional in the 
ratio of C to D. And since as C is to D, so A (is) to E, 
and C measures D, A thus also measures E [Def. 7.20]. 
And A, E, B are continuously proportional. Thus, A also 
measures B. 

Thus, if a square (number) measures a(nother) square 
(number) then the side (of the former) will also measure 
the side (of the latter). And if the side (of a square num- 
ber) measures the side (of another square number) then 
the (former) square (number) will also measure the (lat- 
ter) square (number). (Which is) the very thing it was 
required to show. 


Proposition 15 


If a cube number measures a(nother) cube number 
then the side (of the former) will also measure the side 
(of the latter). And if the side (of a cube number) mea- 
sures the side (of another cube number) then the (for- 
mer) cube (number) will also measure the (latter) cube 
(number). 

For let the cube number A measure the cube (num- 
ber) B, and let C be the side of A, and D (the side) of B. 
I say that C measures D. 

A = —— 


For let C make E (by) multiplying itself. And let 
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EaUTOV ToAAaTAdoLdoac TOV H xoxo, xoi £u ó D xóv A 
rodhrhanraodoas tov Z [novetwo], xáxepoc 8€ vv D', A tov 
Z roAAanAaoi&ooac &xátepov THvV O, K towltwo. gavepòv 
0f, óu oi E, Z, H xoi oi A, O, K, B &&fjc àvóáAovóv eto 
£v 165 tov [ node tov A Aóv«. xoi &nel oi A, O, K, B &&fic 
&v&AoYÓv eto, xal uetoet Oo A xóv B, uecpet ipa xoi xov 
©. xal ouy ðc Ò A npóc xóv O, ob0toc ó I' mode tov A’ 
uetoet doa xal OT tov A. 

AAXA& 87) uexvpet(xo ó D xóv Ac Aévo, öt xa ô A xóv B 
uetprjoet. 

T Gv yàp ató1Gv xoxatoxeuaoc£evctov óuoíoc 0r) 6c(Couev, 
öt oi A, O, K, B é£fjc àváAoYvÓv eiow èv t& toðŭ [ rede 
tov A Adyu. nol énel 6 T tov A yetoet, xat cotw ac 6 T 
teog tov A, ottwe å. ÅA noc tóv O, xal 6 A &pa xóv O 
uetoel’ Gate xal Tov B uetoet 6 A’ oreo Eder Seton. 


IF. 

‘Edy tetoáywvoçs aovuog tetod¢ywvov doouov uy 
uetpfj, ode Y, nAeupa t?|v rAeupav uetprjoeu xàv Y, xAeupá 
trjv rAeupoty uy; uexof|, ob0& Ó tetpiyovoc vov tetpityovov 
uetprjoet. 


A’ — [Į = 
B e A m 

"Eotwocav tetoàywvo pruo ot A, B, tàcupal òè aùtõv 
čotwoay oi l, A, xal uù uetoeltw 6 À xóv B: A&vo, óvt 006€ 
ô I tòv A uetoci. 

Ei yàp uetoet ô I tòv A, uetońosi xal ò A tov B. od 
uetoci òè ô A tòv B: oè &pa ô T tòv A uetpýos. 

M, uexpetxo [69] rév ô T tòv A: Aéyw, Öt oòõè ô A 
tov B usteyoet. 

Et yao uetoet 6 A tov B, uetoyoe xal o TF tov A. od 


uetoet è 6 T tov A’ oò’ doa 6 A tov B uetoyoe Sree 
Eder Setcau. 


C. 
"E&v xópoc épiüuóc xópov åprðuòv uñ ueto, Obde 7 
TACLE THY TASUEaY YETOKOEL “aV TH TACVEd TY TACLEdY 
UY) UETEF, ODdE O xUBOC TOV xUBOV UETEYoEL. 
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D make G (by) multiplying itself. And, further, [let] C 
[make] F (by) multiplying D, and let C, D make H, K, 
respectively, (by) multiplying F. So it is clear that E, F, 
G and A, H, K, B are continuously proportional in the 
ratio of C to D [Prop. 8.12]. And since A, H, K, B are 
continuously proportional, and A measures B, (A) thus 
also measures H [Prop. 8.7]. And as A is to H, so C (is) 
to D. Thus, C also measures D [Def. 7.20]. 

And so let C measure D. I say that A will also mea- 
sure B. 

For similarly with the same construction, we can 
show that A, H, K, B are continuously proportional in 
the ratio of C to D. And since C measures D, and as C is 
to D, so A (is) to H, A thus also measures H [Def. 7.20]. 
Hence, A also measures B. (Which is) the very thing it 
was required to show. 


Proposition 16 


If a square number does not measure a(nother) 
square number then the side (of the former) will not 
measure the side (of the latter) either. And if the side (of 
a square number) does not measure the side (of another 
square number) then the (former) square (number) will 
not measure the (latter) square (number) either. 

A «&-— C = 


B — — — — — D l 

Let A and B be square numbers, and let C and D be 
their sides (respectively). And let A not measure B. I say 
that C does not measure D either. 

For if C measures D then A will also measure B 
[Prop. 8.14]. And A does not measure B. Thus, C will 
not measure D either. 

[So], again, let C not measure D. Isay that A will not 
measure B either. 

For if A measures B then C will also measure D 
[Prop. 8.14]. And C does not measure D. Thus, A will 
not measure B either. (Which is) the very thing it was 
required to show. 


Proposition 17 


If a cube number does not measure a(nother) cube 
number then the side (of the former) will not measure the 
side (of the latter) either. And if the side (of a cube num- 
ber) does not measure the side (of another cube number) 
then the (former) cube (number) will not measure the 
(latter) cube (number) either. 
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A’ — [I = 
B el A — 

Kópoc yàp àpiüuóc 6 A xvBov pöy tov B uù ue- 
tocitw, xal tov uev A mAcved gotw OT, tod è Bô A 
Evo, OTL 6 T tov A ov yetoroer. 

Ei yàp uetoci 6 T tov A, xal 6 A tov B uetoyoes. od 
uetoet o 6 A tov B: 008’ tow 6 T tov A yere. 

AAXA& O7 uf) uexpe(vo ó D tov A’ Aéyw, StL OVE 6 
tov B uetoroet. 

Ei yàp ô A tov B yuetoet, xal 6 TP tov A usteyoe. ob 
ustost b¢ 6 T tov A’ oò’ doa 6 A tov B ueteyoe ónep 
Eder Setcau. 


f 

tr * 
Ado Óóuotcv &ruxéo0v dpvOuGv eic uécoc iváAXovóv &oxtv 
&piOuÓc xal O Entnedoc Ted TOV &n(neO0v OutAaotova Aóvov 
evel. rep  OUOAOYOS TAELE& TEOS TYV OUOAOYOY TAELONY. 


A= BRR —— — — 


[> |m kK, — 


A l V, l 
H — — 

"Eotwoay dúo uow &níixe8ot àpiüuol oi A, B, xoi x00 
u&v À nAcupoi £otocav oi L', A ópi0uot, vo0 66 B oi E, 
Z. xol Enel Guoror Enimedot elow ol avadoyoy £yovtec tc 
TAcuvedc, Eativ dow Wo OT node tov A, ottwe 6 E node 
tov Z. AEvyw obv, öt 1v À, B clc uécoc &vó^ovóv Eottv 
àpu0uóc, xol ó À npóc xóv B GuxAac(ova Aóvov £ye Timeo ô 
I góc 1vóv E f| ó A ngóc xov Z, xouxéo v fjnep fj óuóÓAoYvoc 
rAeupà npóc t" óuóAovov [nAeup&v]. 

Kot énet cotw wo OT ngóc xóv A, obtwe ô E ngóc xov 
Z, EVOAAGE how Eatlv Go OT node tov E, 6 A node tov Z. 
“ol Emel Extneddc Cot ô A, TAcveal d€ avtob of T, A, 6 A 
&poa tóv T nodkAanAaoidoug tov A nenolnxev. Dà TÒ KOTE 
07) xoi ó E, xóv Z  noAAanAact&cac xóv B. nexoírxev. ô A 
0r] xóv Ej roAAanAaotiácoc 1óv H. xoxo. xoi &nel ó A tov 
uèv I roAAanAactácoac xóv À nenxoirxev, xóv 6£ E noAAa- 
rAaoci&coc xóv H xenotnxev, £ouv &pa cc ó D npóc xóv E, 
oltac 6 A ned¢ tov H. àXX' óc ó E ngóc xóv E, [ooo 
6 A ned¢ tov Z “al @¢ àpa ó A ngóc xóv Z, o0toc ô A 
xngóc 1tóv H. náv, &nei ô E tòv uèv A noAXanAaci&ooc tóv 
H nenotnxey, tov ¢ Z noràanriacigoas tov B nenotnxey, 
cottv goa Gc 6 A med¢ tóv Z, o0toc ô H mngóc tòv B. 
édety0n de xal ðs ô A npóc xóv Z, obtoc ó A npóc xov 
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For let the cube number A not measure the cube num- 
ber B. And let C be the side of A, and D (the side) of B. 
I say that C will not measure D. 

For if C measures D then A will also measure B 
[Prop. 8.15]. And A does not measure B. Thus, C does 
not measure P either. 

And so let C not measure PD. 
measure P either. 

For if A measures B then C will also measure D 
[Prop. 8.15]. And C does not measure D. Thus, A will 
not measure B either. (Which is) the very thing it was 
required to show. 


I say that A will not 


Proposition 18 


There exists one number in mean proportion to two 
similar plane numbers. And (one) plane (number) has to 
the (other) plane (number) a squared! ratio with respect 
to (that) a corresponding side (of the former has) to a 
corresponding side (of the latter). 


Let A and P be two similar plane numbers. And let 
the numbers C, D be the sides of A, and E, F (the sides) 
of B. And since similar numbers are those having pro- 
portional sides [Def. 7.21], thus as C is to D, so E (is) to 
F. Therefore, I say that there exists one number in mean 
proportion to A and B, and that A has to P a squared 
ratio with respect to that C (has) to E, or D to F—that is 
to say, with respect to (that) a corresponding side (has) 
to a corresponding [side]. 

For since as C is to D, so E (is) to F, thus, alternately, 
as C is to E, so D (is) to F [Prop. 7.13]. And since A is 
plane, and C, D its sides, D has thus made A (by) mul- 
tiplying C. And so, for the same (reasons), E has made 
B (by) multiplying F. So let D make G (by) multiplying 
E. And since D has made A (by) multiplying C, and has 
made G (by) multiplying E, thus as C is to E, so A (is) to 
G [Prop. 7.17]. But as C (is) to E, [so] D (is) to F. And 
thus as D (is) to F, so A (is) to G. Again, since E has 
made G (by) multiplying D, and has made B (by) multi- 
plying F, thus as D is to F, so G (is) to P [Prop. 7.17]. 
And it was also shown that as D (is) to F, so A (is) to G. 
And thus as A (is) to G, so G (is) to B. Thus, A, G, P are 
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` 


H: xal @¢ don 6 A ted¢ tov H, oŭtas ô H roòs tòv B. ot 
A, H, B &pa &&fic &váXovóv eiow. t&v A, B dow cic uécoc 
àváAoYvóv otv &průuóc. 

Aéyo Of, óu xoi ó À npóc xóv B Owaoctova Aóvov 
EXEL NNEO VY) OUOAOYOS TASUEY TES TYV OUdACYOY TASUOY, 
touxéov nep ô I npoòs tòv E Ñ ô A node tov Z. &nc yàp 
oi A, H, B é&fjc å&váňoyóv ctotw, ó À npóc xóv B OuAaoctova 
Aóvov Eye nep noòc tòv H. xal otv ðc ô A ngóc xóv H, 
ovtw¢ 6 te [ roòs tòv E xal 6 A npòs tòv Z. xa ô A &oa 
ngóc TOV B ðnàagclova Adyoy Eyer Anco OT node tov E f) 
6 A mod tov Z Once Eder Sete. 


t Literally, “double”. 
f 
Ù. 
A00 uolwv otepeðyv aovdudy dbo uéoo. &váňoyov 
EUMIMTOVALY GOLDUOl xal Ò OTEOSOS MEDS TOY OUOLOY OTEEEOV 
tpixAactova Aóvov &£ye Timeo Y, óuóAovoc TASLEd MEDS TYYV 


OUÓAOYOY tAÀE£UpÓv. 
AR — 


KR —— 
M — — 
— ⸗ — — H 
"Ectwoav 900 óuotot ocegeol oi À, B, xoi tod uev A 
TAcveadl &ovooav ot D, A, E, tot 96€ B oi Z, H, ©. xoa ène 
OUOLOL o tepeoí etotv oi vá oov &yovcxec Tac xAeupác, EOTIV 
toa aco uev OT npóc 1óv A, oDtoc Ó Z ngóc tov H, óc 9€ 
ô A ngoóc 1óv E, obtoc ó H ngóc tòv O. éy, öt 1Gv A, 
B 800 uécot &véáAovóv &uninvouot &orðuol, xa ô A xpóc 
tov B teitAactova Advyoy Eyer Anco OT nodc tov Z xa ò 
A ngóc xóv H xoi ët ó E ngóc xov ©. 
O T yàp tov A xoAXanAaoci&coac tov K noto, ô òè 
Z tov H noddAandaoidoas tov A noteito. xa nsl oi T, 
A toks Z, H èv t aóxG Aóvo ctioty, xat Ex uev tæv T, 
A ouy ô K, éx 6€ tõv Z, H ô A, à K, A [poa] uovo 
éentnedsot ciow oruot tõv K, À &pa elc uécoc àváAoYvóv 
£cuv àpiüuóc. čotw ó M. 6 M dou Eotiv 6 èx tõv A, 
Z, QS ev T Ted ToUtTov Veworyuatt sdetyOy. xol Emel ò 
A xóv uev T' noAAanAaciácoac xóv K nenotynxey, tov è Z 
roAAanAaotu&ooc tov M. nenotryxev, £ouv üpa cc ó I npoc 
tov Z, ovtTw¢ Óó K ngóc xóv M. àAX' óc ô K ngóc tòv M, 
ô M node tov A. oi K, M, A &gpa &&fic ciow avédroyoy év 
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continously proportional. Thus, there exists one number 
(namely, G) in mean proportion to A and B. 

So I say that A also has to B a squared ratio with 
respect to (that) a corresponding side (has) to a corre- 
sponding side—that is to say, with respect to (that) C 
(has) to E, or D to F. For since A, G, B are continuously 
proportional, A has to B a squared ratio with respect to 
(that A has) to G [Prop. 5.9]. And as A is to G, so C (is) 
to E, and D to F. And thus A has to P a squared ratio 
with respect to (that) C (has) to E, or D to F. (Which 
is) the very thing it was required to show. 


Proposition 19 


Two numbers fall (between) two similar solid num- 
bers in mean proportion. And a solid (number) has to 
a similar solid (number) a cubed! ratio with respect to 
(that) a corresponding side (has) to a corresponding side. 

A m — — C —— 
Dt — 


E, 15 9—— —4A 


F = 
Gm 
H= — 
K | Ós— 


M — ———4À4 Nt —— — — 


[, — —— — O |Á 

Let A and B be two similar solid numbers, and let 
C, D, E be the sides of A, and F, G, H (the sides) of 
B. And since similar solid (numbers) are those having 
proportional sides [Def. 7.21], thus as C is to D, so F 
(is) to G, and as D (is) to E, so G (is) to H. I say that 
two numbers fall (between) A and B in mean proportion, 
and (that) A has to B a cubed ratio with respect to (that) 
C (has) to F, and D to G, and, further, E to H. 

For let C make K (by) multiplying D, and let F make 
L (by) multiplying G. And since C, D are in the same 
ratio as F, G, and K is the (number created) from (mul- 
tiplying) C, D, and L the (number created) from (multi- 
plying) F, G, [thus] K and LF are similar plane numbers 
[Def. 7.21]. Thus, there exits one number in mean pro- 
portion to K and L [Prop. 8.18]. Let it be M. Thus, M is 
the (number created) from (multiplying) D, F, as shown 
in the theorem before this (one). And since D has made 
K (by) multiplying C, and has made M (by) multiplying 
F,thus as C is to F,so K (is) to M [Prop. 7.17]. But, as 
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t6) 100 I' npgóc vov Z AóYvG. xoi &xe( £ov cc ó I' ngóc xov 
A, otta¢ 6 Z node tov H, EvodAdAde dou Eotiv ac 6 T node 
tov Z, o0xoc Ò A npgóc xóv H. dià te AUTH 97) xoi ðs ô A 
ngoc tóv H, obtoc ô E ngóc xóv O. oi K, M, A &pa &&fjc 
ciciy &vá&Aovov Év te 76) tol I node tov Z Aóvo xoi xG 
toU A node tov H xot Ett 76 tot EK mpd¢ tov O. Exatepoc 
0» x&v E, O tov M noAAaxAaociRoonc &xátepov x&v N, E 
xOt£(t0). Xolj &xel ovepeóc &oxtv Ó À, nAeupol 6€ ato cioty 
oi I', A, E, ó E &ga xóv £x x&v DL, A xoAXonAact&coac tÒv 
À neno(rxev. ó è éx 16v D, A couv ô K: ò E &pa tòv K 
tohAanrkacidoac Tov A nemotyxev. die TK HOTA OH xal 0 O 
tov A nodAAathaoacacg tov B nenoinney. xal Emel o E tov 
K nxoAX^anAaciu&Rcac xóv ÁÀ nxenoixev, GAAG UAV xal tov M 
roààaniagcigcac TOV N nenotnxey, Eotiv doa Go O K nooc 
tóv M, obtoc Ó À ngóc tov N. we 06 ó K node tov M, 
o0Oc 6 1e D' ngóc xóv Z xoi ó A npgóc xóv H xoi &u ô E 
Teds tóv Q' xol óc toa 6 T mpd¢ tov Z xoi ó A npóc xov 
H xoi ó E/ npóc tòv O, o0xoc ô A npóc tòv N. táv, Exel 
exatepos TV E, O tov M nxoAAanAaci&coac &xátepov TOV 
N, = nenotnxey, £ouv hoa ac ó E med¢ tov O, obvoc 6 N 
TOOS TOV E. GAA’ Oo O E ngóc xóv O, obtwe 6 te L' npóc xov 
Z xa ò A npgóc xóv H: xoi óc hon 6T med¢ tov Z xa ô A 
roòs tòv H xoà ó E/ ngóc xóv O, obtoc 6 te A tod xov N 
xal ò N mod¢ tov =. nó, &nel ó O vóv M xoAAanxAact&coc 
tóv E nenoí(rnpev, GAA UNV wal TOY A noAXaxAaotiooc TOV 
B nenotnxey, Eottv dou Mo 6 M node tov A, obtw¢ ó Z ngóc 
tóv B. GAN’ @¢ ô M med tov A, o0xoc 6 te T ngóc xóv Z 
xoi ó A mod¢ tòv H xa ô E mode tov O. xoi óc toa 6 T 
xnpóc tov Z val 6 A ngóc tov H xat 6 E node tov O, ot tw 
ov uóvov ô & mode xóv B, àAA& xoi ó À npóc xóv N xal ò 
N nod¢ tov &. ot A, N, &, B dou &&fjc eot àváAovov £v 
toic clonUevoic THY TAELEESY AdYOLC. 

Aévo, ott xal ô A node tov B toinAactova Adyov 
SYEL NNEO VY) OUOAOYOS TAEUEY TEdS TV OUdAOYOY TACO, 
toutxéouv fjixep ó D' àpiüuóc npóc tov Z f) ô A node tov 
H xa ët ò E ngóc tov O. Enel yuo xéocoapec &prðuol &&fjc 
&váAoYÓv ciow oi A, N, =, B, 6 A &pa ngóc xóv B to- 
TAactova Adyov éyet nep ô A npòc tov N. GAA’ wo OA 
ngóc TOV N, obtwe edety0y 6 te [ nod¢ tov Z xoi ó A ngóc 
tov H xa ëun ô E mode tòv O. xal 6 A doa node Tov B 
tpixAacotova. Aóvov &xe Timeo Y, ouóAovoc TACLEd MEDS TYYV 
OuUdAOYOY rxAcupáv, xouxécuv nep ô l àpiüuóc npóc vov 
Z xol ô A node tov H xo Ett 6 E rede tov O° Sree Eder 
OSL an. 


t Literally, “triple”. 


f 


Xx s 


"E&v 600 àpi0uGv cic uécoc avdAoyoy Euninth coud, 
Óuotor ENIMESOL EooVTat ot àpuuot. 
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K (is) to M, (so) M (is) to L. Thus, K, M, L are contin- 
uously proportional in the ratio of C to F. And since as 
C isto D, so F (is) to G, thus, alternately, as C is to F’, so 
D (is) to G [Prop. 7.13]. And so, for the same (reasons), 
as D (is) to G, so E (is) to H. Thus, K, M, L are contin- 
uously proportional in the ratio of C to F, and of D to G, 
and, further, of E to H. Solet E, H make N, O, respec- 
tively, (by) multiplying M. And since A is solid, and C, 
D, FE are its sides, # has thus made A (by) multiplying 
the (number created) from (multiplying) C, D. And K 
is the (number created) from (multiplying) C, D. Thus, 
E has made A (by) multiplying A. And so, for the same 
(reasons), H has made B (by) multiplying L. And since 
E has made A (by) multiplying K, but has, in fact, also 
made N (by) multiplying M, thus as K is to M, so A (is) 
to N [Prop. 7.17]. And as K (is) to M, so C (is) to F, 
and D to G, and, further, E to H. And thus as C (is) to 
F, and D to G, and E to H, so A (is) to N. Again, since 
E, H have made N, O, respectively, (by) multiplying M, 
thus as E is to H, so N (is) to O [Prop. 7.18]. But, as 
E (is) to H, so C (is) to F, and D to G. And thus as C 
(is) to F, and D to G, and E to H, so (is) A to N, and 
N to O. Again, since H has made O (by) multiplying M, 
but has, in fact, also made P (by) multiplying L, thus as 
M (is) to L, so O (is) to P [Prop. 7.17]. But, as M (is) 
to L, so C (is) to F, and D to G, and E to H. And thus 
as C (is) to F, and D to G, and E to H, so not only (is) 
O to B, but also A to N, and N to O. Thus, A, N, O, 
B are continuously proportional in the aforementioned 
ratios of the sides. 

So I say that A also has to B a cubed ratio with respect 
to (that) a corresponding side (has) to a corresponding 
side—that is to say, with respect to (that) the number C 
(has) to F, or D to G, and, further, E to H. For since A, 
N, O, B are four continuously proportional numbers, A 
thus has to B a cubed ratio with respect to (that) A (has) 
to N [Def. 5.10]. But, as A (is) to N, so it was shown (is) 
C to F, and D to G, and, further, E to H. And thus A has 
to B a cubed ratio with respect to (that) a corresponding 
side (has) to a corresponding side—that is to say, with 
respect to (that) the number C (has) to F, and D to G, 
and, further, E to H. (Which is) the very thing it was 
required to show. 


Proposition 20 


If one number falls between two numbers in mean 
proportion then the numbers will be similar plane (num- 
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A00 yàp doWudy Hy A, B cic; uécoc a&védoyov 
EUMINTETH àpiüuóc ó I^ Aévo, öt oi A, B óuot Extredot 
eiotv. ài uot. 


Et\hovwoay [yàp] £A&yioxov åorðuol x&v xóv abtóv 
Aóvov &yóvxov tols A, T oi A, Er ioóouc Hon 6 A tov A 
uetoet xal ó E; vóv I. óoóoac 67) 6 A xóv À uexpet, vocat 
uovades Eaotwoay év 165 Z ô Z dou tov A roAXoanAact&cac 
tov A nenotynxeyv. Gote Ô A énineddc &ouv, nÀeupol 6&8 
gautot ot A, Z. nó«v, &xel oi A, E &A&ytoxot eov xGv xóv 
gavTOV Adyoy &yóvcov coic I', B, ioóouc àpa ô A xóv T ue- 
tpe xoi ó E, xóv B. óoóoac öd ô E tòv B uetgei, voootot 
uováoec £oxoocav êv t& H. ó E dow tov B vetoet xatà tàs 
£v 16 H pováoac: ó H goa xóv E roAAanAaoctiácac xóv B 
renoi(mxev. ó B wow Extmedoc Eott, TAcvEaL dE “DTOD slow 
ol E, H. oi A, B gow Exinedot ciow àpiOuot. Aévo Of, óu 
xal uoto. Enel yuo O Z tov uev A xoAAaxAaciácoG tÓV 
A nenoirnxev, xóv o£ E; xoAAonAaciscoc tov [ nenotnxey, 
cot toa do ô A ned¢ tov E, obtoc 6 A node tov I, 
toutéotiy OT nmod¢ tov B. tráv, nel 0 E exatepoy tHy Z, 
H xoAAoanAaotkcac tobe T, B nenotynxey, Eat àpa óc òô Z 
moog TOV H, ottw¢ ó I' ngóc xóv B. óc 66 6 TP ngóc xov B, 
o0tOc 6 A npóc tóv E» xoi óc pa ô A npóc vóv E, oDtoc 
0 Z nods tov H: xat EvakAdE Wo 6 A ngóc xov Z, o0voc Ó 
E nod tov H. ot A, B dow Soto Exinedor Gerduot cio oi 
yàp tàcupal aùtõv &véAoydy clot étEe Eden Seton. 
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bers). 

For let one number C fall between the two numbers A 
and B in mean proportion. I say that A and B are similar 
plane numbers. 

Dt 


- FS 


kK -———— 
Gt 

[For] let the least numbers, D and F, having the 
same ratio as A and C have been taken [Prop. 7.33]. 
Thus, D measures A as many times as E (measures) C 
[Prop. 7.20]. So as many times as D measures A, so 
many units let there be in F. Thus, F has made A (by) 
multiplying D [Def. 7.15]. Hence, A is plane, and D, 
F (are) its sides. Again, since D and E are the least 
of those (numbers) having the same ratio as C and B, 
D thus measures C as many times as E (measures) B 
[Prop. 7.20]. So as many times as E measures B, so 
many units let there be in G. Thus, E measures B ac- 
cording to the units in G. Thus, G has made B (by) mul- 
tiplying E [Def. 7.15]. Thus, P is plane, and E, G are 
its sides. Thus, A and B are (both) plane numbers. So I 
say that (they are) also similar. For since F has made A 
(by) multiplying D, and has made C (by) multiplying F, 
thus as D is to E, so A (is) to C—that is to say, C to B 
[Prop. 7.17].! Again, since E has made C, B (by) multi- 
plying F, G, respectively, thus as F is to G, so C (is) to 
B [Prop. 7.17]. And as € (is) to B, so D (is) to E. And 
thus as D (is) to E, so F (is) to G. And, alternately, as D 
(is) to F, so E (is) to G [Prop. 7.13]. Thus, A and B are 
similar plane numbers. For their sides are proportional 
[Def. 7.21]. (Which is) the very thing it was required to 
show. 


t This part of the proof is defective, since it is not demonstrated that P x E — C. Furthermore, it is not necessary to show that D : E :: A : C, 


because this is true by hypothesis. 
xa. 

Eàv 000 Gpi0uGv 000 u£couv Aváňoyoyv éurintwou 
àpvOuot, óuotot ocxepeot eot ol &prðuol. 

Avo yàp ópi0uGv Gv A, B 000 uécov àvóAovov 
eumintetwoay goduot of [, A’ Aéyw, Stt of A, B uow 
oteocol ctoty. 

BiAnpdwoav yuo gAdyioto. åprðuol T&V TOY aAvDTOV 
MOyov éydvtwy totic A, T, A teste ot E, Z, H: oi Kou &xoor 
autéyv ot KE, H ngGtot npóc GAAYjAouc eiotv. xol Emel TOV 
E, H eic uécoc àvóAovov &unéntoxev àpuiüuoc ó Z, ol E, 
H oa pruo uow Extnedot ciow. Eotwoay oby to uèv 


Proposition 21 


If two numbers fall between two numbers in mean 
proportion then the (latter) are similar solid (numbers). 

For let the two numbers C and D fall between the two 
numbers A and B in mean proportion. I say that A and 
B are similar solid (numbers). 

For let the three least numbers E, F, G having the 
same ratio as A, C, D have been taken [Prop. 8.2]. Thus, 
the outermost of them, E and G, are prime to one an- 
other [Prop. 8.3]. And since one number, F, has fallen 
(between) E and G in mean proportion, E and G are 
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E nAsupat ot O, K, tod d¢ H ot A, M. gavepoyv soa gotiv 
x TOŬ rpò toûtou, ÖT oi E, Z, H &&fjic elow avédoyoy Ev 
te 165 to © node tov A Adya@ xoi TH tod K mode tov M. 
xoi &nei oi E, Z, H &A&yioxol eiov tHv tov abtov Adyov 
éyovtwy totic A, L', A, xal otv toov tò nAfj0oc x&v E, 
Z, H 16 xAf0& xGv A, T, A, dv toov dea Eotiv we ô E 
todos tov H, ottw¢ 6 A node tov A. oi òè E, H xeóitot, oi 
d€ TEGTOL Kal EAdyLoTOL, Ol bE SAAYLOTOL UETEODOL TOUS TOV 
QUTOV AGYOY Eyovtag AvTOIC lodmic 6 Te uetCov vóv ue(Cova 
xoi Óó &Àácoov tóv &Aáocova, toutéotv Ó t€ T|YoOuevoc 
tóv f|Yoouevov xoi ó &nóuevoc tov énóuevov: ioóouc Koa 
ô E tov A uergei xoi ó H xóv A. daduic SY ô E tòv A 
uetpel, vocat ot uováoec Eotwoay év TH N. ON bow tov E 
roAAanAoaot&cac xóv A nenxoi(nxev. ô dè E gotw 6 éx vGv 
O, K: ó N &ga tov éx x&v O, K noAAanAaotécoac tov A 
nenoixev. oxepeóc dpa. &otlv 6 A, mAcveal Se avto elotv 
ol O, K, N. náv, nel oi E, Z, H &A&ytoxot eiot tv tov 
gvutov Aoyoy éydvtwy toic T, A, B, toduic ã&pa ô E tòv T 
uetpet xoi ó H xóv B. óoóouc 967, 6 E tov I' uexpet, vocat ot 
uovades Eotwoay év 765 =. O H wow tov B vetoet xat& tke 
£v 76) = yovddac’ ô = toa tov H nohAardacidoue tov B 
neno(mxev. ó 6£ H otv ô &x x&v A, M: ò € &pa xóv èx 
tov A, M noAAanAacié&cac tòv B nenoinxev. otepeòc pa 
cotlv ô B, mAcvoal òè avtob etow of A, M, & ot A, B doa 
otepecot eiotv. 


Aéyo [Dh], öt xa uow. &xel yàp oi N, E xóv E no^- 
AaxAoci&cavrec toùs A, I rexoujxact, éouv pa óc 6 N 
npóc tóv &, 6 A mod¢ tov I, toutéotiw 6 E node tov Z. 
AAN óc ó E ngóc xóv Z, ó O ngóc vóv À xoi ó K npóc vov 
M: xal ðs dou 6 O med¢ xóv A, o0toc ó K npóc xóv M xoi 
ô N npóc xóv E. xaí etow ot uev O, K, N xAeupot voO A, 
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thus similar plane numbers [Prop. 8.20]. Therefore, let 
H, K be the sides of E, and L, M (the sides) of G. Thus, 
it is clear from the (proposition) before this (one) that E, 
F, G are continuously proportional in the ratio of H to 
L, and of K to M. And since E, F, G are the least (num- 
bers) having the same ratio as A, C, D, and the multitude 
of E, F, G is equal to the multitude of A, C, D, thus, 
via equality, as E is to G, so A (is) to D [Prop. 7.14]. 
And E and G (are) prime (to one another), and prime 
(numbers) are also the least (of those numbers having 
the same ratio as them) [Prop. 7.21], and the least (num- 
bers) measure those (numbers) having the same ratio as 
them an equal number of times, the greater (measuring) 
the greater, and the lesser the lesser—that is to say, the 
leading (measuring) the leading, and the following the 
following [Prop. 7.20]. Thus, E measures A the same 
number of times as G (measures) D. So as many times as 
E measures A, so many units let there be in N. Thus, N 
has made A (by) multiplying E [Def. 7.15]. And F is the 
(number created) from (multiplying) H and K. Thus, N 
has made A (by) multiplying the (number created) from 
(multiplying) H and K. Thus, A is solid, and its sides are 
H, K, N. Again, since E, F, G are the least (numbers) 
having the same ratio as C, D, B, thus E measures C the 
same number of times as G (measures) B [Prop. 7.20]. 
So as many times as E measures C, so many units let 
there be in O. Thus, G measures P according to the units 
in O. Thus, O has made B (by) multiplying G. And 
G is the (number created) from (multiplying) L and M. 
Thus, O has made B (by) multiplying the (number cre- 
ated) from (multiplying) L and M. Thus, B is solid, and 
its sides are L, M, O. Thus, A and B are (both) solid. 


A— — — Ht 
CH — — K 
D — —- N «4 


[So] I say that (they are) also similar. For since N, O 
have made A, C (by) multiplying E, thus as N is to O, so 
A (is) to C—that is to say, E to F [Prop. 7.18]. But, as 
E (is) to F, so H (is) to L, and K to M. And thus as H 
(is) to L, so K (is) to M, and N to O. And H, K, N are 
the sides of A, and L, M, O the sides of B. Thus, A and 
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YTIOIXEION m. 


ot 6¢ &, A, M nAeugot x00 B. oi A, B oa &orðuol uoo 
oteceol cio’ oneo Eder SetEau. 


t The Greek text has “O, L, M”, which is obviously a mistake. 


f 
xp. 
Eàv toeic &pu0uol &&fjc àváAovov Got, ó 0& npGtoc 
texpéyovoc Y, xoi Ò xpglxoc vetpiyovoc ČOTAL. 


"Eococav xpeic å&pruol &&fic àvéXovov oi A, B, I', ó 6€ 
npGroc ó À vevpgévovoc Eotw’ AEY, STL xal O Toftoc 6 DP 
TETONYWVOS EOTLY. 

Enel yàp tõv A, D cic uécoc àvéáAovóv &oxv ópiDuóc 
ô B, oi A, T vou dyotot Extnedot cio. tetod&ywvocg ðè ô A' 
tetodyuwvos toa xat oT: önco Eder ociton. 


f 
XY * 
Eàv téocapes àpuiuot £&7jc vé oYvov &otv, ó 6€ npGtoc 
xüpoc Y, xoi ô xéxaptoc xópoc £ocot. 


"Eococav xécoopec ópiDuol &&fic &véXoyvov ot A, B, T, 
A, ô 6€ A x0Bo0¢ Eatw Aévo, ów xol ó A xópoc &osív. 

Ernel yàp tõv A, A S00 uécot àváAovóv ciot pruo 
ot B, T, oi A, A %ou dyotot siot otepeol àpiüuot. xópoc 6€ 
6 A’ xbBoc &pa xa ô A: bree Eder SetEau. 


xo. 


Eàv 600 ópi0uoi npóc GAXAYAouc Aóvov čywow, Öv 
tetpéáYOvoc ópi0uóc mxpóc tetoåywvov &průuóv, ô dé 
rpGtoc vevo&yovoc Y, xoi ó 6cóvepoc vevpónrovoc E£oot. 

At 7e— [D = 


Dee A 
Ato yàp guo ot A, B mode haous Aóyov 


B are similar solid numbers [Def. 7.21]. (Which is) the 
very thing it was required to show. 


Proposition 22 


If three numbers are continuously proportional, and 
the first is square, then the third will also be square. 


Let A, B, C be three continuously proportional num- 
bers, and let the first A be square. I say that the third C 
is also square. 

For since one number, B, is in mean proportion to 
A and C, A and C are thus similar plane (numbers) 
[Prop. 8.20]. And A is square. Thus, C is also square 
[Def. 7.21]. (Which is) the very thing it was required to 
show. 


Proposition 23 


If four numbers are continuously proportional, and 
the first is cube, then the fourth will also be cube. 


Let A, B, C, D be four continuously proportional 
numbers, and let A be cube. I say that D is also cube. 

For since two numbers, B and C, are in mean propor- 
tion to A and D, A and D are thus similar solid numbers 
[Prop. 8.21]. And A (is) cube. Thus, D (is) also cube 
[Def. 7.21]. (Which is) the very thing it was required to 
show. 


Proposition 24 


If two numbers have to one another the ratio which 
a square number (has) to a(nother) square number, and 
the first is square, then the second will also be square. 

A—— — C ——3 


B -—_. Dr—— 
For let two numbers, A and B, have to one another 


249 


VTOIXEION n. 


eyeTwWoav, OV TeTo&ywvoc àpiüuóc ó IT ned¢ xexpiyovov 
corduov tov A, 6 be A tetod&ywvog Eotu’ AEyW, STL Kal O 
B teto&yavoc Coty. 

‘Enel yoo ot T, A tetod&ywvot etow, oi I, A gow duoror 
éntnedsot ectow. tv DT, A &pa eic uécoc àvé^ovov &unirtet 
&pi0uóc. xal otv ðs ó I ngóc xóv A, ó À ngóc xóv B: 
xoi x&v À, B &pa eic u£coc àváXovov &unintet &prðuós. xot 
&cuv Ó À xexoévo voc: xol ó B dou tetodywvde Eotiv’ OnEe 
Eder Setcau. 


XE. 
Eàv 600 ópi0uoi npóc GAAYAouc Aóvov čywow, Öv 
xüDoc àpi0uoóc ngóc xópov àpu0uóv, ó 6e npgGoc xopoc Fi, 
xoà O SeUTEPOS XUBOC EoTOL. 


Ato yàp gruo ot A, B mode d&AAfAouc Adyov 
&£yévooav, Öv xopoc àpiOuóc ô I npóc xópov ópiüuóv xov 
A, xófoc 6€ £o ó À: Aévo [6f], ów xoi ó B xófoc &ostv. 

Enc vào oi D, À xópot eotv, oi D, A ðuoiot ote- 
peot eic: ty D, A &pa 000 uécot &váAovov &unixtouctv 
cgoduot. dcaor dé sic tobe T, A uetačù xatà tÒ ouveyèc 
avéhoyoy éuntntovaty, tocottot wal ei¢ Tobe TOV QUTOV 
Aóyov Eyovtag avtotc’ ote xal vv A, B úo uéoot 
&vé&Aovov éunintovow àpiOuot. éunuéxocav oi E, Z. énet 
obv xécoapec poruo oi A, E, Z, B &&fjc àvóáXovóv stow, 
xal oti xOBoc 6 A, xbBoc ğpa xa ó B: ónep Eder deion. 


XS. 
Oi Čuo &ríneG0t dprðuol rpoòs Aous Aóyov čyou- 


OW, OV TeTOdywvog prus MEd? TeTOdywvov dovOuUdy. 


A — — NA m 


U |1 — — E = 


B s 7 | — 
"Eotwoay uoo é&níine8ot àpiüuol oi A, B: Aévo, Óu 
ó À ngóc xvóv B Aóvov £ye&, Óv xexvpévovoc àpiüuóc npóc 
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the ratio which the square number C (has) to the square 
number D. And let A be square. I say that P is also 
square. 

For since C and D are square, C and D are thus sim- 
ilar plane (numbers). Thus, one number falls (between) 
C and D in mean proportion [Prop. 8.18]. And as C is 
to D, (so) A (is) to B. Thus, one number also falls (be- 
tween) A and B in mean proportion [Prop. 8.8]. And A 
is square. Thus, P is also square [Prop. 8.22]. (Which is) 
the very thing it was required to show. 


Proposition 25 


If two numbers have to one another the ratio which 
a cube number (has) to a(nother) cube number, and the 
first is cube, then the second will also be cube. 


For let two numbers, A and B, have to one another 
the ratio which the cube number C (has) to the cube 
number D. And let A be cube. [So] I say that B is also 
cube. 

For since C and D are cube (numbers), C and D are 
(thus) similar solid (numbers). Thus, two numbers fall 
(between) C and D in mean proportion [Prop. 8.19]. 
And as many (numbers) as fall in between C and D in 
continued proportion, so many also (fall) in (between) 
those (numbers) having the same ratio as them (in con- 
tinued proportion) [Prop. 8.8]. And hence two numbers 
fall (between) A and B in mean proportion. Let E and F 
(so) fall. Therefore, since the four numbers A, E, F, B 
are continuously proportional, and A is cube, B (is) thus 
also cube [Prop. 8.23]. (Which is) the very thing it was 
required to show. 


Proposition 26 


Similar plane numbers have to one another the ratio 
which (some) square number (has) to a(nother) square 
number. 


Let A and P be similar plane numbers. I say that A 
has to P the ratio which (some) square number (has) to 
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TETONYWVOV GoLOUdyY. 

Enel yàp ot A, B duo éxtnedot etow, tv A, B gow 
cig UEoOS KVaAOYoOY EuTinter Gordudc. EUMINTETW XAL ČOTW Ô 
I, xoi eiAfypücicatv &A&yto xot dprðuol Tay TOV HDTOV AGYOV 
éyovtwy totic A, T, B o A, E, Z ot doa &xpot aùtõv oi 
A, Z tetoáåywvoí cio. xa ênel otv s Ò A TÒS TÒV Z, 
ovtw¢ 6 A mod¢ vov B, xo etow ot A, Z tetod&ywvar, 6 A 
&pa npóc xóv B Aóyov Eye, Óv xexoéyovoc ópi0uóc MEd 
TETONYWVOYV àpiDuóv: ónep Eder OciGon. 


XC. 
Oi óuotot oxepeol àpi0uol npóc GAAHAOUS Adyoy Eyou- 
otv, Óv xópoc àpgi0uóc npóc xópov óàpiOuóv. 


B [E —ñ — — (+) —ñ — — 

"Eococav óuotot ovepeot ópiüuot oi A, B: Aévo, Öt ò 
A nxpóc vóv B Aóvov Éyeu Óv xópoc àpiüuóc npóc xópov 
à&prðuóv. 

"Enc yàp ot A, B uoo otepeol ciow, tõv A, B &pa dúo 
uécot àvé&Aovov &un(rxouoty puol. gumimtétwoay ot TL, 
A, xat cihhpvacay cAdyiotot &prðuol tV TÒV aDTOYV AdYOV 
£yóvtov tois A, D, A, B toov abtoi¢g vo nAfj9oc oi E, Z, H, 
O: oi &pa Gxpor axOv ol E, O xúßo cioty. xal otv óc Ò 
E nod¢ tòv O, oŬtws ô À ngóc tòv B' xa 6 A &pa ngóc 
tóv B AóYvov Eye, OV KUBO HoLDUdS TEdS XUBOV &prðuóv' 
OnNEO Eder Setean. 
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a(nother) square number. 

For since A and B are similar plane numbers, one 
number thus falls (between) A and B in mean propor- 
tion [Prop. 8.18]. Let it (so) fall, and let it be C. And 
let the least numbers, D, E, F, having the same ratio 
as A, C, B have been taken [Prop. 8.2]. The outermost 
of them, D and F , are thus square [Prop. 8.2 corr.]. And 
since as D is to F, so A (is) to B, and D and F are square, 
A thus has to B the ratio which (some) square number 
(has) to a(nother) square number. (Which is) the very 
thing it was required to show. 


Proposition 27 


Similar solid numbers have to one another the ratio 
which (some) cube number (has) to a(nother) cube num- 
ber. 


Let A and B be similar solid numbers. I say that A 
has to B the ratio which (some) cube number (has) to 
a(nother) cube number. 

For since A and BP are similar solid (numbers), two 
numbers thus fall (between) A and B in mean proportion 
[Prop. 8.19]. Let C and D have (so) fallen. And let the 
least numbers, E, F, G, H, having the same ratio as A, 
C, D, B, (and) equal in multitude to them, have been 
taken [Prop. 8.2]. Thus, the outermost of them, E and 
H, are cube [Prop. 8.2 corr.]. And as E is to H, so A (is) 
to B. And thus A has to B the ratio which (some) cube 
number (has) to a(nother) cube number. (Which is) the 
very thing it was required to show. 
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Applications of Number Theory! 


'The propositions contained in Books 7-9 are generally attributed to the school of Pythagoras. 
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f 
Q * 
àv 600 óuotov &níneO00t àpiüuol xoAAomAootioavtec 
GAANAOUS TOLWot xtvo, Ó Yevóuevoc TETPÅYWVOS ČOTAL. 


"Eotwoay 000 uoo éninsõot Gpiüuol oi A, B, xoi Ó 
A tov B nxoAAanAacikoac xov D novettw Aéyo, ów 6 TD 
TETOMYWVOS ČOT. 

O yuo A éautov nohAanAaoidoasg tov A notettw. 6 A 
oa tetpé&yvovóc got. Enel oUv Ó À éautxóv u£v noAAa- 
rAaow&coc tov A nxenoírxev, vóv 6€ B xoAAanxAactócac 1Óv 
| xenoi(xev, ouv &pa cc ó À ngóc 1óv B, obvoc 6 A 
moog TOV’. xa Exet ot A, B Suotor Exinedot etow corduot, 
t&v A, B &pa eic uécoc avddoyoy Euntnter dowude. Edy Oe 
DÚO ApPLÛUÕV UETAČÙ XATA TÒ cuveyec &véAovov &untrtoot 
coruol, dool eic AÛÒTOÙS ÊUNÍTTOLOL, TOCOŬTOL xal EIS TOÙG 
tóv aOtOv Aóvov Eyovtac Gore xol tv A, D cic uécoc 
&váAovov éuninter àpuiüuóc. xal £o tetpéáyovoc Ó A 
tetodyuwvos toa xat oT: once eden Seton. 


B 
Eàv 600 &prðuol xoAXanAootUtoovtec AAAA ous too 
TETONYWVOY, ðu énincdot ciotv &prðuol. 


"Eotocav 800 ópi0uot ot A, B, xoi ó A xóv B xoAAa- 
tàaciácas tetToåywvov tov [ xowí(zox. Aévo, öt oi A, B 
Öuoro Eninedot cto &prðuol. 

O yàp A éavutoyv rohàanriacigcacs tov A rowito 6 A 
hoa tetoáywvócs éotiv. mol Emel Oo A Eqgutdv uèy noÀAa- 
TAaoidoug TOV A nenotynxey, tov b¢ B nodhAanAaaidoug Tov 
[ nenotynxev, Eottv doa Mo 6 A med¢ tov B, 6 A npóc xóv 
['. xoi &net ó A tetoáywvós got, DAG xot OT, ot A, T 
gow Suotot Extredsot cto. tov A, TD koa cis uécocs &váhoyov 
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Proposition 1 


If two similar plane numbers make some (number by) 
multiplying one another then the created (number) will 
be square. 


A | — — 


Let A and B be two similar plane numbers, and let A 
make C (by) multiplying B. I say that C is square. 

For let A make D (by) multiplying itself. D is thus 
square. Therefore, since A has made D (by) multiply- 
ing itself, and has made C (by) multiplying B, thus as A 
is to B, so D (is) to C [Prop. 7.17]. And since A and 
B are similar plane numbers, one number thus falls (be- 
tween) A and B in mean proportion [Prop. 8.18]. And if 
(some) numbers fall between two numbers in continued 
proportion then, as many (numbers) as fall in (between) 
them (in continued proportion), so many also (fall) in 
(between numbers) having the same ratio (as them in 
continued proportion) [Prop. 8.8]. And hence one num- 
ber falls (between) D and C in mean proportion. And D 
is square. Thus, C (is) also square [Prop. 8.22]. (Which 
is) the very thing it was required to show. 


Proposition 2 


If two numbers make a square (number by) multiply- 
ing one another then they are similar plane numbers. 


Let A and B be two numbers, and let A make the 
square (number) C (by) multiplying B. I say that A and 
B are similar plane numbers. 

For let A make D (by) multiplying itself. Thus, D is 
square. And since A has made D (by) multiplying itself, 
and has made C (by) multiplying B, thus as A is to B, so 
D (is) to C [Prop. 7.17]. And since D is square, and C 
(is) also, D and C are thus similar plane numbers. Thus, 
one (number) falls (between) D and C in mean propor- 
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éuminter. xat éotiv ac 6 A node vóv L', o0xoc Ó À npóc TOV 
B: xoi t&v A, B dow eic uécoc àvóAovov Euninter. Edv be 
000 àpiOuGv cic uécoc &vdAOVOY EuTinty, SuotoL Extnedot 
cio [ot] covuol: ot goa A, B Suotot ciow éexinedor Sree 
Ede, Setcau. 


Y 
Eàv xópoc épuüuóc Eavtov mohAanAnordoac MoLf, xtvar, 
o vevóuevoc xoc £ocot. 


Kófoc yàp ópiüuóc ó À Eautdov roAXanAaci&cac vóv B 
rotto) Agya, öt ó B xópoc &ostv. 

EU «9c yàp toŭ A mAcved OT, xat 6 ' &aoxóv noAAa- 
TAacidouc tov A noteitw. Yaveody oF otv, O11 OT tov A 
nodhAanAacidouc tov A nenotnxey. xal éxet 6 [ Eautov noA- 
AaxAoaoct&cac xóv A nenoirnxev, ó D goa tov A uecpet xoà 
TAS EV ADTE uováonac. XA uv xoi Y) uovàc xóv I uecpei 
HATS Tac EV HVT uováoGac: E£ottv üpa &c Y| uovàic npoc tov 
I', ó  ngóc 1óv A. náv, &nei ó D xóv A xoAAonAact&cac 
tov A nenotnxey, 6 A &pa xóv À uexpet xatà xàc £v v T 
uovédac. uetoet S& xal Å wovac tov [ xatd xàc £v abtó 
uovábac: Éoctv toa G¢ T) uovic npóc tTOVT, 6 A npóc xóv 
A. àXX' óc f; uovàc ngóc xóv I', ó I' ngóc xóv Ac xoi óc 
hoa vy) uovag Ted xóv L', obxoc ó I' ngóc xóv A xa ô A 
Teds TOV A. Tic dou uováGoc xoi xoO À ópiOuo0 600 uécot 
àváňoyov xatà xó cuveyec &unexo»xaot ópuiuol oi D, A. 
nod, &xel Ó A &auxóv nroAXanAaci&cac 1óv B. nenotrnxev, 
ó A &pa xóv B uexpet xoxà tàs Ev AUT uováðac' uetoci dè 
xol Y| uovàc TÒV À xarà Tae Ev HTH uovábac: Eotiv how W¢ 
f| uovàc npóc xóv À, ó À ngóc xov B. cfic 66 uováooc xoi 
toŬ A Dúo ué£cot àváAovov &uxentoxoaot ópi0uot xol viv 
A, B &pga úo uécot àváXovov &uxeooÜ0vcor &orðuol. àv o£ 
000 àpiOuGv 000 uécot &váAovov &unintoot, Ò è notoc 
xoc Y, xoi ó 6covegoc xoc £otot. xoí &ouv ó A xópoc: 
xoi ó B &pa xópoc &ox(v: onee Eder Seton. 


o. 


"E&v xópoc àpi0uoóc xópov Gpi0uóv noAXanAactcac 
TOUf) Tlva, O Yevóuevoc xópoc Eoo. 
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tion [Prop. 8.18]. And as D is to C, so A (is) to B. Thus, 
one (number) also falls (between) A and P in mean pro- 
portion [Prop. 8.8]. And if one (number) falls (between) 
two numbers in mean proportion then [the] numbers are 
similar plane (numbers) [Prop. 8.20]. Thus, A and B are 
similar plane (numbers). (Which is) the very thing it was 
required to show. 


Proposition 3 


If a cube number makes some (number by) multiply- 
ing itself then the created (number) will be cube. 


For let the cube number A make P (by) multiplying 
itself. I say that P is cube. 

For let the side C of A have been taken. And let C 
make D by multiplying itself. So it is clear that C has 
made A (by) multiplying D. And since C has made D 
(by) multiplying itself, C thus measures D according to 
the units in it [Def. 7.15]. But, in fact, a unit also mea- 
sures C according to the units in it [Def. 7.20]. Thus, as 
a unit is to C, so C (is) to D. Again, since C has made A 
(by) multiplying D, D thus measures A according to the 
units in C. And a unit also measures C according to the 
units in it. Thus, as a unit is to C, so D (is) to A. But, 
as a unit (is) to C, so C (is) to D. And thus as a unit (is) 
to C, so C (is) to D, and D to A. Thus, two numbers, C 
and D, have fallen (between) a unit and the number A 
in continued mean proportion. Again, since A has made 
B (by) multiplying itself, A thus measures P according 
to the units in it. And a unit also measures A according 
to the units in it. Thus, as a unit is to A, so A (is) to B. 
And two numbers have fallen (between) a unit and A in 
mean proportion. Thus two numbers will also fall (be- 
tween) A and B in mean proportion [Prop. 8.8]. And if 
two (numbers) fall (between) two numbers in mean pro- 
portion, and the first (number) is cube, then the second 
will also be cube [Prop. 8.23]. And A is cube. Thus, B 
is also cube. (Which is) the very thing it was required to 
show. 


Proposition 4 


If a cube number makes some (number by) multiply- 
ing a(nother) cube number then the created (number) 
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Kópoc yàp àpgi0uoóc ó A xópov ópiüuoóv xóv B roa- 
rAaot&cac vóv I' row(xox aéy, öt ó D xópoc £&ostv. 

O yàp A éautdov noÀAanAaciócoac tov A rotetta: 6 
A ü&pa xópoc gotiv. xol nel 0 A Eautov Uev TOAAG 
TAaoidoug TOV A nenotnxey, vóv 6€ B xoAAanxAactócac tTÒv 
I rexotrxev, £oxtv pa óc ô A npgóc xov B, obxoc Óó A ngóc 
xóv D. xoi &nei oi A, B xúbo cioty, óuotot oxepeot eiot ot A, 
B. x&v À, B &pa 600 uécot &vóXovov &un(ixxovot Gpibuot 
ote xoi tõv A, D 900 uécot &váAovov &unxecoUvcot 
covduot. xat £o xópoc ó A' xópoc àpa xoi ó I" ónep 
£Oct Oci&ot. 


f 


Ss 


"Extv xópoc épu0uóc dprðuóv tiva toÀAXomAotoiooc x0pDov 
rof, xol ô TOAAATAMOLAOVELS xUBOS FOTO. 


Kópoc yàp épi0uóc ó A ópi0uóv uva xóv B roa- 
rAaoct&cac xópov xóv I' row»: Aévo, ów ó B xópoc &ostv. 

'O vàp À &auxóv roAAXanxAaci&cac xóv A now xóoc 
&pot &o (v Ó A. xol &xel ó À ÊQUTÒV ÈV TOAAATAACLAOAS TÒV 
A renoinxev, xóv 6€ B xoAAanxAaociácoc tov [ nenotnxey, 
čati pa ðs Ô A npoóc xvóv B, ó A npóc xóv T. xoi Exet 
oi A, P xóo etotv, óuotov ovepeot ciow. tõv A, T koa 
000 uécot &váAovov &untrtouot &orðuol. xal otv ðs ô A 
ngóc 1óv D, obxoc ó À ngóc xvóv B: xoi xGv A, B &pga 600 
uécot &váAovov &untnvoucty dpiOuot. xot £o xóDoc 6 A’ 
xüDoc &pa £o xal ô B: nep den Seta. 


f 


Tu 


Eàv àpi0uóc ĉautòyv troràanriacigcas xóßov nof, xol 
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will be cube. 


For let the cube number A make C (by) multiplying 
the cube number B. I say that C is cube. 

For let A make D (by) multiplying itself. Thus, D is 
cube [Prop. 9.3]. And since A has made D (by) multi- 
plying itself, and has made C (by) multiplying B, thus 
as A is to B, so D (is) to C [Prop. 7.17]. And since A 
and B are cube, A and B are similar solid (numbers). 
Thus, two numbers fall (between) A and B in mean pro- 
portion [Prop. 8.19]. Hence, two numbers will also fall 
(between) D and C in mean proportion [Prop. 8.8]. And 
D is cube. Thus, C (is) also cube [Prop. 8.23]. (Which 
is) the very thing it was required to show. 


Proposition 5 


If a cube number makes a(nother) cube number (by) 
multiplying some (number) then the (number) multi- 
plied will also be cube. 


For let the cube number A make the cube (number) 
C (by) multiplying some number B. I say that B is cube. 

For let A make D (by) multiplying itself. D is thus 
cube [Prop. 9.3]. And since A has made D (by) multiply- 
ing itself, and has made C (by) multiplying B, thus as A 
is to B, so D (is) to C [Prop. 7.17]. And since D and C 
are (both) cube, they are similar solid (numbers). Thus, 
two numbers fall (between) D and C in mean proportion 
[Prop. 8.19]. And as D is to C, so A (is) to B. Thus, 
two numbers also fall (between) A and B in mean pro- 
portion [Prop. 8.8]. And A is cube. Thus, B is also cube 
[Prop. 8.23]. (Which is) the very thing it was required to 
show. 


Proposition 6 


If a number makes a cube (number by) multiplying 
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5 * 2 a 
AUTOS KUBO £ocot. 


Apivuoc yàp ô A éautoy nodAarAactidoag xUB0v tòv B 
row(xo: Aévo, 6 xal O A xOBoc Eotiy. 

O yao A tov B xoAAanxAaocté&cac vóv I' rotí(vo. &nei oov 
ó À &auxóv uev noAXanAaocikcac xóv B nenxoinxev, vóv 6€ 
B xoAAamnAacitcoc tóv I' rexotrxev, ó I &pga xópoc &otv. 
xoi &xei ó A Eautov nodAarAacidcauc tov B nenotnxey, © 
A &pa xóv B uetoet xoxà tàs Ev abt uováðas. uctoci Se 
xal Y| Uovac TOV A xatà tàs Ev avTE uováGac. Eotiv koa 
Oc f| uovàc npóc xóv À, obtoc ó À node tov B. xat Exel 
ô A tov B xoAXanxAaci&cac xóv D' nexotnxev, ó B goa tov 
' uexpet xoà tàs êv tT A uováðas. uecpel 08 xol Y) uovac 
tov A xata tac év x0TH Uovddac. Eat toa OS Å wove 
Teds tov A, oŬtas ó B ngóc TOV T. GAN’ xc f; uovàc npóc 
tóv À, o0vOoc ô A npóc vóv B: xoi óc doa 6 A tod¢ tov B, 
ô B npóc vov I. xoà &nei oi B, I xúßo eiotv, óuotov oxepeot 
cio. t&v B, I &pa 600 uécor àvéAoYvóv eio &prðuol. xot 
eot S ó B node vóv TL, ó À ngóc xóv B. xoi x&v A, B 
Koa Ovo uécor àvéAoYvóv eio &prðuol. xal £ouv xópoc ó 
B: xófoc àpa &oci xoi ó A* óneo £6ct Ocl&ot. 


C 
àv cóvOctoc &prðuòcs dprðuóv tva nrohàariacigoac 
roi xtvo, Ó Yevóuevoc otepeóc ČOTAL. 


Movdetog yao dprðuòc 6 A àpiüuóv tiva tov B roia- 
rAÀaoct&coc tov I' ro:ívoy Aévo, óu ò I' oxeggóc &owv. 

Enei yàp ô À cóvOexóc &ouv, brò &orðuoŬŭ voc ue- 
tperÜüfcicexot. uetpoeloðw onÓ toU A, xol óoóouc ô A xóv A 
UeToEel, roca ot uová6ec &ocooav &v T6) E. Exet obv 6 A 
TÒV A uetpci xarà tàs êv tõ E vovédac, 6 E tow tov A 
tohAanAaaidoug Tov A nerotyxev. xol Exel 6 A tov B toà- 
LatAaoidoug tov [ nenotnxey, 6 de A otw ô éx tay A, E, 
ô pa &x x&v A, E xóv B noAAanxAaoctóácac tov I nenotnxev. 
OT goa oxepgeóc &oxv, nàcupol 5é avdtOD eiow oi A, E, B: 
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itself then it itself will also be cube. 


For let the number A make the cube (number) P (by) 
multiplying itself. I say that A is also cube. 

For let A make C (by) multiplying B. Therefore, since 
A has made B (by) multiplying itself, and has made C 
(by) multiplying B, C is thus cube. And since A has made 
B (by) multiplying itself, A thus measures B according to 
the units in (A). And a unit also measures A according 
to the units in it. Thus, as a unit is to A, so A (is) to 
B. And since A has made C (by) multiplying B, B thus 
measures C according to the units in A. And a unit also 
measures A according to the units in it. Thus, as a unit is 
to A, so B (is) to C. But, as a unit (is) to A, so A (is) to 
B. And thus as A (is) to B, (so) P (is) to C. And since P 
and C are cube, they are similar solid (numbers). Thus, 
there exist two numbers in mean proportion (between) 
B and C [Prop. 8.19]. And as BP is to C, (so) A Cis) to B. 
Thus, there also exist two numbers in mean proportion 
(between) A and P [Prop. 8.8]. And B is cube. Thus, A 
is also cube [Prop. 8.23]. (Which is) the very thing it was 
required to show. 


Proposition 7 


If a composite number makes some (number by) mul- 
tiplying some (other) number then the created (number) 
will be solid. 


For let the composite number A make C (by) multi- 
plying some number B. I say that C is solid. 

For since A is a composite (number), it will be mea- 
sured by some number. Let it be measured by D. And, 
as many times as D measures A, so many units let there 
be in E. Therefore, since D measures A according to 
the units in E, E has thus made A (by) multiplying D 
[Def. 7.15]. And since A has made C (by) multiplying B, 
and A is the (number created) from (multiplying) D, E, 
the (number created) from (multiplying) D, E has thus 
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Ónep Eder Oetean. 


; 
n. 

àv àxó uováooc ónocow0v &prðuol éc &véAovov 

otv, O MEY ToltToS Ano Tho Uovddoc TEetedywvoc £ocot 

xal ol Eva dtadcinovtec, O è étoaptoc xÓDoc xoà oi 

000 OtgAc(rovtec máviec, Ó O& ÉDoouoc xópoc Gua xo 


TETONYWVOS Kol oi névre OtgAe(xoviec. 


"Eotwoay áàxó uová6oc ónocov0v àpiüuol ¿č c &våňoy- 
ov oi A, B, T, A, E, Z Aévo, óu ô uèv toltos dnd 
tc uováðos ô B tetpoáywvós čot xal ot Eva dtoAstmovtec 
Tavtec, O SE TETAOTOS OT xUBo0c¢ xat ol S00 dtaxretnovtec 
n&vcec, ó o£ £Doouoc ó Z xóDoc Gua xoi vevpéyeovoc xoà oi 
TEVTE OtgAc(rovtec návtec. 

Enc vóáp otv ðs f| uovàc ngóc vóv A, ota 6 A 
Teds tov B, toduic hoa Å uovàc tòv A àpiOuóv uecpel xol 
6 A tov B. fj 66 uovàc xóv À ópiüuóv uecpel xocà cc 
£v aOtG uováOoac xol ó A toa tov B uetoet xat& tue £v 
TG A yovddac. 6 A wow Eautdov noÀAoanAaot&coac xov B 
nenoixev: vexpé&ovoc tow gotlv ô B. xa Exel of B, T, A 
&&fic vé oYvóv eiow, ô dè B tetoåywvós otv, xoi 6 A dou 
TETONYWVOG ČOT. ÖA TÈ ÙT ÖA xal Ó Z xetxpéYovóc 
otv. Ouotuc On Setfouev, StL xol oi Eva SioArelnovtec 
TavVtEs tetoKywvol ciow. AEyo Of, StL xal Ò TÉTAPTOG ATÒ 
THo Uovadoc OT xvBo¢ £o xoà oi SLO Starcinovtes MaVTEC. 
Enel vóp £ouv óc f| uovàc ngóc xov À, obxoc ó B npóc vov 
I', ioco ow Y) uova vóv À ápi0uov uecpet xoi ó B xóv I. f) 
6€ uovàc xóv A dpi0uóv uecpet xoxà tàs êv T A uováboc: 
xoi ó B &pa xóv I' uevpet xoà tàs &v v6 A uováðac: 6 A 
&pa xóv B nxoAAaxAaociácoac tóv D nxenoírnxev. &ncl ov 6 
A éautòv uev xoAAanAaci&cac vóv B nenoixev, tov Se B 
TOMORXMGOGOOC xóv I' nenotrev, xópoc &po &oxiv ó T. xoi 
&nel ot D, A, E, Z é&fic àvóAovóv eiow, ô 6€ D xvGo¢ Eotty, 
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made C (by) multiplying B. Thus, C is solid, and its sides 
are D, E, B. (Which is) the very thing it was required to 
show. 


Proposition 8 


If any multitude whatsoever of numbers is continu- 
ously proportional, (starting) from a unit, then the third 
from the unit will be square, and (all) those (numbers 
after that) which leave an interval of one (number), and 
the fourth (will be) cube, and all those (numbers after 
that) which leave an interval of two (numbers), and the 
seventh (will be) both cube and square, and (all) those 
(numbers after that) which leave an interval of five (num- 
bers). 


Let any multitude whatsoever of numbers, A, B, C, 
D, E, F, be continuously proportional, (starting) from 
a unit. I say that the third from the unit, B, is square, 
and all those (numbers after that) which leave an inter- 
val of one (number). And the fourth (from the unit), C, 
(is) cube, and all those (numbers after that) which leave 
an interval of two (numbers). And the seventh (from the 
unit), F, (is) both cube and square, and all those (num- 
bers after that) which leave an interval of five (numbers). 

For since as the unit is to A, so A (is) to B, the unit 
thus measures the number A the same number of times 
as A (measures) B [Def. 7.20]. And the unit measures 
the number A according to the units in it. Thus, A also 
measures B according to the units in A. A has thus made 
B (by) multiplying itself [Def. 7.15]. Thus, B is square. 
And since B, C, D are continuously proportional, and B 
is square, D is thus also square [Prop. 8.22]. So, for the 
same (reasons), F is also square. So, similarly, we can 
also show that all those (numbers after that) which leave 
an interval of one (number) are square. So I also say that 
the fourth (number) from the unit, C, is cube, and all 
those (numbers after that) which leave an interval of two 
(numbers). For since as the unit is to A, so B (is) to C, 
the unit thus measures the number A the same number 
of times that B. (measures) C. And the unit measures the 
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xal ô Z &pa xópoc &oc(v. sdetyOn Se xal tetoedywvoc oO koa 
EDSOMOS á&xoó rfj; uováGoc xópoc TÉ £o xol vexpévovoc. 
ouotoc 97 6c(Gouev, ÖT xal oi névte OwAe(novrec návtec 
xUBoOL TE clot Kal TeTOayWvoL’ ONEE Ede Sete. 


U; 


Eàv amd uováðoçs ónocow0v É&fjc xoaxà tÓ cuveyéc 
corduol avadoyoy oly, O OF UETH THY LOVAOA TETEaYWVOC 
Y, xoà ot AOLMOL Na&VTES TETOUYWVOL EGOOVTAL. xal EXV Ô METH 
THY uováða xúßocs Y, xal ol Aoimol Mavtes xUBOL Ecovta. 


"Hotwoay amo wovddocg ethic avddAovyoy oootdnnotoby 
àpiüuol oi A, B, I, A, E, Z, ó è uex& thy uováoa 
o A xetpáYvovoc éotoy Aévo, Öt xal oi Àouxol návtec 
TETONYWVOL EGOVTOL. 

“Ot WEY ODY O TeitOS &NO TH¢ Yovadoc O B tetedywvdc 
£c xol ot Eva StanAetnovtes névtec, Sédetxtoau’ A€yoo [Sy], 
OTL Mal Ol Aotmol návteçs Tetodywvol ctow. nel yàp oi A, 
B, T é£fjc àváAoYvÓv ctotw, xat &ouv ó À tetodywvoc, xal 6 
T |Ega] vexoévovoc &ouv. nó, &xe& [xoi] ot B, L', A é&fic 
åváňoyóv cio, xal &ouv ó B xexoóyovoc, xoi ó A |&pa] 
tetpóYovÓóc otv. OUOtwo SY SetEoueyv, StL xa oi Aono 
NAVIES TETORYWVOL Eloly. 

AAAà 87, £o ô À xoc: Aévc, Óct xol oi Aowrol TAVTEG 
xvUPoL slaty. 

“OTL MEV ODY 6 TETAETOS UNO Thc Uovadoc OT xvBo¢ Eotl 
xol oi úo Gtoe(xovrec rávrec, 6éoeocvot Aévo [60], Öte xol 
oi Aotnol n&vec xüoi eiotv. &xel yàp &ouv óc f| uovàc nooóc 
tóv À, o0tOc ô A npóc xóv B, toóouc ópa À uovàc tòv A 
uetoet xol O A tov B. fj 6€ uovàc xóv À uecpet xoà vàc £v 
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number A according to the units in A. And thus B mea- 
sures C according to the units in A. A has thus made C 
(by) multiplying B. Therefore, since A has made B (by) 
multiplying itself, and has made C (by) multiplying B, C 
is thus cube. And since C, D, E, F are continuously pro- 
portional, and C is cube, F is thus also cube [Prop. 8.23]. 
And it was also shown (to be) square. Thus, the seventh 
(number) from the unit is (both) cube and square. So, 
similarly, we can show that all those (numbers after that) 
which leave an interval of five (numbers) are (both) cube 
and square. (Which is) the very thing it was required to 
show. 


Proposition 9 


If any multitude whatsoever of numbers is continu- 
ously proportional, (starting) from a unit, and the (num- 
ber) after the unit is square, then all the remaining (num- 
bers) will also be square. And if the (number) after the 
unit is cube, then all the remaining (numbers) will also 
be cube. 


Let any multitude whatsoever of numbers, A, B, C, 
D, E, F, be continuously proportional, (starting) from a 
unit. And let the (number) after the unit, A, be square. I 
say that all the remaining (numbers) will also be square. 

In fact, it has (already) been shown that the third 
(number) from the unit, E, is square, and all those (num- 
bers after that) which leave an interval of one (number) 
[Prop. 9.8]. [So] I say that all the remaining (num- 
bers) are also square. For since A, B, C are continu- 
ously proportional, and A (is) square, C is [thus] also 
square [Prop. 8.22]. Again, since B, C, D are [also] con- 
tinuously proportional, and B is square, D is [thus] also 
square [Prop. 8.22]. So, similarly, we can show that all 
the remaining (numbers) are also square. 

And so let A be cube. I say that all the remaining 
(numbers) are also cube. 

In fact, it has (already) been shown that the fourth 
(number) from the unit, C, is cube, and all those (num- 
bers after that) which leave an interval of two (numbers) 
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autés wovddac xat 6 A toa tov B uetoet xata& tae &v abt6 
uovadac’ 6 A doa Eautoy nodAartAacidoug xóv B nexotrnxev. 
xoí £ov ó A xó[joc. àv dè xópoc àpiOuoc &auxóv noAAa- 
rAaot&coc rod vo, ó Yevóugevoc xópoc &ozív: xoi ó B koa 
xÜüpoc &oc(v. xoi &rxel xécoopec ópiDuol ot A, B, D, À &&fic 
avedoyoy etow, xat gotty o A x0Boc, xat 6 A doa xbBoc 
£ct(v. Ouà xà abd O7) xoi O Ej xóoc &os(v, xoi óuotoc oi 
AOLMOL NaVTES XUGOL etotv: ónep Ede Setgau. 


b. 

'Eàv ànó uováGoc órocow0v dpuuoi [É&fic| àváAovov 
Wow, O OF META THY LOVaSA UN f TeTOaYWVOC, ODO HdAoc 
ovdete TetOayWvos Eatat yWelc ToD teitou aNd TH¢ Uovadsoc 
xol TEV Eva OLOACLMOVTIOV TaVTWY. xol &àv Ó uetà cv 
uováoa. xóDoc u?| FH, OvdE GAAXoc ob0clc xóDoc čata yoplc 
TOU TETHOTOL á&xó tfjc MovóGoc xoà THY LO LaACINOVTOY 
TOVTOY. 


"Hotwoay amo wovddocg ethic avddoyoy oootdnnotoby 
àpiüuol oi A, B, T, A, E, Z, ó uetà thv uováða ô A uñ 
£o) tevpé&ovoc: Aévo, óxt o08€ GA oc ob86lc tetpoétyovoc 
&ctot ywpls TOŬ teltou ånò tfi uováboc [xoà TOV Eva Sto 
ELNOVTOY]. 

Ei yao duvatéyv, gotw ó D' vexvo&vovoc. Eott OE xal Ô 
B teto&¢ywvoc’ ot B, I dea xpóc &AAfjAouc Aóvov £you- 
ow, OV TETONYMVOS GoLDUdS TOO TeTOdyYOVOY &prðuóv. xot 
£cuv àc ó B node tov T, 6 A node xóv B: oi A, B Spa 
npóc GAAYjAouc AóYvov &youow, Öv xexpévovoc dpu0uóc npóc 
tetTpåywvov åpruóv: ote ot A, B uoo ènineõol ciow. 
xoí £o cvevpóvovoc ó B: xexeéyovoc koa Eotl xat 6 A’ 
ONE OLY LUTEXEITO. OVX Koa OT xexpéyovóc &£ouv. óuotoc 
OY SetGoucy, STL ODO’ WAAOS ob66lc vexvoiryovóc £ott yoplc 


ELEMENTS BOOK 9 


[Prop. 9.8]. [So] I say that all the remaining (numbers) 
are also cube. For since as the unit is to A, so A (is) to 
B, the unit thus measures A the same number of times 
as A (measures) B. And the unit measures A according 
to the units in it. Thus, A also measures P according to 
the units in (A). A has thus made B (by) multiplying it- 
self. And A is cube. And if a cube number makes some 
(number by) multiplying itself then the created (number) 
is cube [Prop. 9.3]. Thus, B is also cube. And since the 
four numbers A, B, C, D are continuously proportional, 
and A is cube, D is thus also cube [Prop. 8.23]. So, for 
the same (reasons), E is also cube, and, similarly, all the 
remaining (numbers) are cube. (Which is) the very thing 
it was required to show. 


Proposition 10 


If any multitude whatsoever of numbers is [continu- 
ously] proportional, (starting) from a unit, and the (num- 
ber) after the unit is not square, then no other (number) 
will be square either, apart from the third from the unit, 
and all those (numbers after that) which leave an inter- 
val of one (number). And if the (number) after the unit 
is not cube, then no other (number) will be cube either, 
apart from the fourth from the unit, and all those (num- 
bers after that) which leave an interval of two (numbers). 


Let any multitude whatsoever of numbers, A, B, C, 
D, E, F, be continuously proportional, (starting) from 
a unit. And let the (number) after the unit, A, not be 
square. I say that no other (number) will be square ei- 
ther, apart from the third from the unit [and (all) those 
(numbers after that) which leave an interval of one (num- 
ber)]. 

For, if possible, let C be square. And B is also 
square [Prop. 9.8]. Thus, P and C have to one another 
(the) ratio which (some) square number (has) to (some 
other) square number. And as P is to C, (so) A (is) 
to B. Thus, A and B have to one another (the) ratio 
which (some) square number has to (some other) square 
number. Hence, A and P are similar plane (numbers) 
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toU xp(xou àmó tfjc uováOoc xoi TOV Eva, OLraACIMOVTODY. 

AAA& OF un čotw O6 A xópoc. Aévo, ów oó0 &AAoc 
ob06lc xÜüDoc £otot ywolc tol vexáprou imo tc uováðoc 
xal TV DVO OLOXASLTOVTOY. 

Et yao Suvatéy, čotw ô A xúßoc. Eott dé xat 6 T xópoc 
TETAOTOS YUO EOTLY ATÒ Ts uováðos. xal otv Oc OT nedc 
tov A, 6 B npóc xóv I xoi 6 B koa med¢ tov I Adyoy Eyet, 
Öv xÜüDoc npóc xóDov. xoí( &£ouv ó I' xópoc: xoi ó B goa 
xÜüDpoc &o(v. xoi Emel Coty Gc Yj Uovac MOd¢ TOV A, 6 A Ted¢ 
tov B, vb Uovac tov À uexpei xoxà Tae Ev abTES UOvadac, 
xal Ò A &pa 1óv B uexpet xoxà tae Ev abté uováGac ô A 
Kea EXAVTOV ToAAaTAaaLdcac xOBov tov B nenotnxev. àv 
Oè dpi0uóc EXUTOY TOAAaTAMOLdOAS XUBOV TOL, xal avTOC 
xÜüpoc — 
con ô A xbBoc Eatty. duotwe SY detGouey, Sti 00d" Grog 
ovdelc xOBoc¢ EoTL ywWoelc TOU tetHETOL ATO TH¢ uováooc xoi 
t&v 600 OtaAeITdVTIOY OTEE Eder Seton. 


ta. 


Eàv ànó uováooc ónocow0v ópuuol &&fjc &véAovov 
Gotv, 6 &Aávvov xóv uet(Cova uexpet xarxá vivat Gy onapy óvt- 
WV ÈV Tols à&våħoyov &prvuois. 


"Eocxocav àxnó uová6oc vfjc À ónocotoDv ópiDuoi &&fic 
&váXovov oi B, D, A, E: Aéyo, óu xGv B, I, A, E 6 
&£Aáytoxoc ó B xóv E uerget xaxá uva x&v T, A. 

"Enxci Yóáp &ov óc f| ÀA uovàc ngóc xóv B, obtw¢ 6 A 
Teds tov EB, todutc doa Y) À uovàc xóv B àpiüuóv uecpei 
xoi ó A xóv E" &vaAAà& &pa iocouc Y) À uovàc vóv A uetpei 
xoi ó B tov EB. fj è A uovàc xóv A uere xoà tae Ev 
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[Prop. 8.26]. And P is square. Thus, A is also square. 
The very opposite thing was assumed. C is thus not 
square. So, similarly, we can show that no other (number 
is) square either, apart from the third from the unit, and 
(all) those (numbers after that) which leave an interval 
of one (number). 

And so let A not be cube. I say that no other (num- 
ber) will be cube either, apart from the fourth from the 
unit, and (all) those (numbers after that) which leave an 
interval of two (numbers). 

For, if possible, let D be cube. And C is also cube 
[Prop. 9.8]. For it is the fourth (number) from the unit. 
And as C is to D, (so) BP (is) to C. And B thus has to 
C the ratio which (some) cube (number has) to (some 
other) cube (number). And C is cube. Thus, BP is also 
cube [Props. 7.13, 8.25]. And since as the unit is to 
A, (so) A (is) to B, and the unit measures A accord- 
ing to the units in it, A thus also measures B according 
to the units in (A). Thus, A has made the cube (num- 
ber) B (by) multiplying itself. And if a number makes a 
cube (number by) multiplying itself then it itself will be 
cube [Prop. 9.6]. Thus, A (is) also cube. The very oppo- 
site thing was assumed. Thus, D is not cube. So, simi- 
larly, we can show that no other (number) is cube either, 
apart from the fourth from the unit, and (all) those (num- 
bers after that) which leave an interval of two (numbers). 
(Which is) the very thing it was required to show. 


Proposition 11 


If any multitude whatsoever of numbers is continu- 
ously proportional, (starting) from a unit, then a lesser 
(number) measures a greater according to some existing 
(number) among the proportional numbers. 


Let any multitude whatsoever of numbers, B, C, D, 
E, be continuously proportional, (starting) from the unit 
A. Isay that, for B, C, D, E, the least (number), B, 
measures E according to some (one) of C, D. 

For since as the unit A is to B, so D (is) to E, the 
unit A thus measures the number P the same number of 
times as D (measures) E. Thus, alternately, the unit A 
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aOtG uováooc: xoi ô B toa tov E uetoet xata tac Ev xG 
A uováðac: Bote 6 éAdoowy 6 B tov uetCova tov E uce- 
Toel KATH tive, Gordy THY UNAPyOVTWY Ev xoic &váAovov 
àpviOuoic. 


IIógwya. 


Koi qovepgóv, ott Av Eyer THELV Ó uetpGv ànó uovábooc, 
THY aóctX|v Éyet xoà Ó xoa Óv uetgei ànó toO uetpouu£vou 
Enl TO TOO auto. Sneo Eder Seton. 


f 
(D. 
àv ànó uováooc ónocow0v &prðuol čs &véAovov 
QW, LY ócov àv ó Écyatoc TOWTWV Goudy vetofta, 
LUMO THY AUTOYV Xa Ó xopà THY LOvada UsToNnUHaetoan. 


A ————<———— (-) — — 

"Eotoocav ànó uováooc óxocourmotoOv GoLDUOl &váňoy- 
ov oi A, B, T, A: Ayo, Öt bg’ ócov dv 6 A npoov 
&pu0uGv uecefivot, brò THY aùtõV xal 6 A uetontýocTta. 

— yàp ô A bró tvog TeM@tOL dpi0uoD toð E 
Aévo, ó ó E xóv A vetoet. ud ydo: xat &ouv ó E noóixoc, 
&roc 6€ npó oc ópu0uóc npóc &rxovto, ÖV UÙ UETEEÑ, npb óc 
£cuv: oi E, A &pa npG tot npóc &AXfjAouc ceiotv. xol Enel 
ô E tov A yezget, uexpoe(xo abtxóv xaxà tov Z ô E goa 
tov Z xoAAanAaciácoc tóv A nenoinxeyv. nédw, Exel 6 A 
tov A vetost xate tac év 1645 T povddac, 6 A &pa tov T 
toAÀXonAootéooc vov A nerotrxev. &AXà urv xoi ó E xóv Z 
todhAanAaoidouc tov A nenotnxeyv’ 6 dow &x tõv A, T tooc 
éotl 165 éx Ty EB, Z. gotiv doa Gc 6 A node tov E, 6 Z 
meds TOV LT’. oi òè A, E roto, ot òè npóixot xol £A&yto cot, 
oi è EAdytotot YETtooBot tobc TOV avTOV AdYOV Eyovtac 
logxis © te YyOUUEVOS TOV HyOUUEVOY xal O ENdUEVOS TOV 
emouUEvov’ Uetost Goa 6 E tov LT. uetoetta advtov xat& tov 
H: 6 E &a tov H nodAAandAaordoug tov TD nenotnxev. ohAg 
UNV Sid TO TEd TOUTOLV xal O A tov B nohAamAaardoug tov 
[ nenotnxey. 6 tow éx x&v À, B tcoc ot x6 èx x&v E, H. 
cot toa c Ó À ngóc vóv E, 6 H ngóc vóv B. ot 6E A, E 
TEGITOL, Ol OF TEGTOL xal CAAYLOTOL, Ol OE EAdytotoL Hoot 
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measures D the same number of times as B (measures) 
E [Prop. 7.15]. And the unit A measures D according to 
the units in it. Thus, B also measures E according to the 
units in D. Hence, the lesser (number) P measures the 
greater E according to some existing number among the 
proportional numbers (namely, D). 


Corollary 


And (it is) clear that what(ever relative) place the 
measuring (number) has from the unit, the (number) 
according to which it measures has the same (relative) 
place from the measured (number), in (the direction of 
the number) before it. (Which is) the very thing it was 
required to show. 


Proposition 12 


If any multitude whatsoever of numbers is continu- 
ously proportional, (starting) from a unit, then however 
many prime numbers the last (number) is measured by, 
the (number) next to the unit will also be measured by 
the same (prime numbers). 

A —ñ —— E e 


B m= —— RH 


C — — — G E————————— 

D — — — — H — — 

Let any multitude whatsoever of numbers, A, B, C, 
D, be (continuously) proportional, (starting) from a unit. 
I say that however many prime numbers D is measured 
by, A will also be measured by the same (prime numbers). 

For let D be measured by some prime number E. I 
say that E measures A. For (suppose it does) not. E is 
prime, and every prime number is prime to every num- 
ber which it does not measure [Prop. 7.29]. Thus, E 
and A are prime to one another. And since E measures 
D, let it measure it according to F. Thus, E has made 
D (by) multiplying F. Again, since A measures D ac- 
cording to the units in C [Prop. 9.11 corr.], A has thus 
made D (by) multiplying C. But, in fact, E has also 
made D (by) multiplying F. Thus, the (number cre- 
ated) from (multiplying) A, C is equal to the (number 
created) from (multiplying) E, F. Thus, as A is to E, 
(so) F (is) to C [Prop. 7.19]. And A and E (are) prime 
(to one another), and (numbers) prime (to one another 
are) also the least (of those numbers having the same ra- 
tio as them) [Prop. 7.21], and the least (numbers) mea- 
sure those (numbers) having the same ratio as them an 
equal number of times, the leading (measuring) the lead- 
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usteovat tob< TOV abTOY AdyoV Eyovtac aAVTOIC LoduiC 6 TE 
fYoouevoc TOY HYOUUEVOY xal O ENOUMEVOS TOV ENOUEVOV' 
uetoet doa ó Ej xóv B. uexpe(xo aotóv xoaxà tov O° 6 E koa 
tov © nohAanhaoidouc TOV B nenotnxev. AAG Un xol O A 
EXUTOV TOAAaTAKoLdGas TOV B nenotynxev’ 6 Kou éx tõv E, 
O {oog £c 16$ àxó x00 À. £c uv Goa wo 6 Enpd¢ tOVA, OA 
ngóc xóv O. oi 66 A, E/ ngGixot, oi Oè noõto xoi &Aéytocot, oi 
ÖS &A&ytotot uexpoDot xobc 1óv aov Aóvov &£yovcac toco 
Ó r|vYoouevoc tòv fyrobuevov xoi ó &xóuevoc xóv &xóuevov 
uetost toa 6 E/ xóv A óc fvoouevoc Tyyoóouevov. &AAà uv 
xoà o0 uexpet: ónep àO0vortov. oOx àpa oi E, À npG ot noóc 
&AXfjouc cioty. cóvOetor &pa. ot 66 covOexor Oxo [npóov| 
corto tivog UetopoUvtTa. xal Enel ó E nodstoc DroOxEtto, Ô 
Oè notoc UNO EtECOL KoLDUOD Ov YETOEttTaL A D— EaUTOD, ô 
E goa tobe À, E/ uevpet: Gote 6 E tov A yetoet. uetoet òè 
xoi tóv A: ô E pa toù A, A vetoet. duotw¢ dy SeiGousy, 
ów bg. ócov àv ô A npóov dpi0uG6v uecofjvou, ÙTÒ TV 
qtv xal Ô A uetontýoctav once gder Seton. 


Y. 

TE&v ànó uováóoc ónocow0v ópuuol &&fjc &véovov 
Wow, O OF META THY uováða notos FH, O YEYLOTOC ÙT 
ovdevoc [%AAou] UetonDhoeta naped tv Onapydvtwv Ev 
toic &védoyoy dovWuotc. 

"Eoroocav ànó uováooc óxocov0v àpiüuot fic vé ovov 
oi À, B, TL, A, ó 9€ uexà viv uovába 6 A roc &otox 
Aévco, óu Ô uévioxoc abxGv Ó A dr’ obOevóc GAAXou ue- 
tonvnoeta rapèč tõv A, B,r. 
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ing, and the following the following [Prop. 7.20]. Thus, 
E measures C. Let it measure it according to G. Thus, 
E has made C (by) multiplying G. But, in fact, via the 
(proposition) before this, A has also made C (by) multi- 
plying B [Prop. 9.11 corr.]. Thus, the (number created) 
from (multiplying) A, B is equal to the (number created) 
from (multiplying) E, G. Thus, as A is to E, (so) G 
(is) to B [Prop. 7.19]. And A and E (are) prime (to 
one another), and (numbers) prime (to one another are) 
also the least (of those numbers having the same ratio 
as them) [Prop. 7.21], and the least (numbers) measure 
those (numbers) having the same ratio as them an equal 
number of times, the leading (measuring) the leading, 
and the following the following [Prop. 7.20]. Thus, E 
measures B. Let it measure it according to H. Thus, 
E has made B (by) multiplying H. But, in fact, A has 
also made B (by) multiplying itself [Prop. 9.8]. Thus, 
the (number created) from (multiplying) E, H is equal 
to the (square) on A. Thus, as E is to A, (so) A (is) 
to H [Prop. 7.19]. And A and E are prime (to one an- 
other), and (numbers) prime (to one another are) also 
the least (of those numbers having the same ratio as 
them) [Prop. 7.21], and the least (numbers) measure 
those (numbers) having the same ratio as them an equal 
number of times, the leading (measuring) the leading, 
and the following the following [Prop. 7.20]. Thus, E 
measures A, as the leading (measuring the) leading. But, 
in fact, (E) also does not measure (A). The very thing 
(is) impossible. Thus, E and A are not prime to one 
another. Thus, (they are) composite (to one another). 
And (numbers) composite (to one another) are (both) 
measured by some [prime] number [Def. 7.14]. And 
since E is assumed (to be) prime, and a prime (number) 
is not measured by another number (other) than itself 
[Def. 7.11], E thus measures (both) A and E. Hence, E 
measures A. And it also measures D. Thus, E measures 
(both) A and D. So, similarly, we can show that however 
many prime numbers D is measured by, A will also be 
measured by the same (prime numbers). (Which is) the 
very thing it was required to show. 


Proposition 13 


If any multitude whatsoever of numbers is continu- 
ously proportional, (starting) from a unit, and the (num- 
ber) after the unit is prime, then the greatest (number) 
will be measured by no [other] (numbers) except (num- 
bers) existing among the proportional numbers. 

Let any multitude whatsoever of numbers, A, B, C, 
D, be continuously proportional, (starting) from a unit. 
And let the (number) after the unit, A, be prime. I say 
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Bt P 
[L — H = 
A _--e H) ma 


Ei yàp duvatóv, uetpetoðw Ono tod BE, xal o E undevt 
:Gv A, B, I' £ovo) ó aóxóc. qavegoóv Of, ów ó E np&xoc 
oOx &cuv. ei Yàp ó E npgó$xóc £o xoà uetpei vóv A, xoi tov 
A uexpfioet npG ov Óvta uy) Gv aoxG Ó abtóc: Órep &oxiv 
ào0vaxov. oOx üpa ô E np& óc £ouv. oóvOctoc tou. nic 
0€ cóvOetoc dpi0uóc ONO TO@TOL TIvOs àpui0uoÜ0 uctocitar 
OE &ea UNO Tewtou ttvóc åprÛuoŬ uctpecita. Ayo DN, ÖTI 
Um o00E&vóc GA ou npgotou ueteriüfioeot TAY ToD A. ci yàp 
WP &xépgou uetpeïta ò E, ô 6€ E; vóv A uecpet, xóoxeivoc &pa 
TÒV A uexpfjoev óoce xol xóv À uecxpefioec npGxov Óvca UŇ 
àv aOtG 6 adtdc’ Stee Eotly &dúvatov. Ó À &pa tòv E 
uetoet. xoà &xel Ò E tov A yetoet, uexoetto abtÓv xarà TOV 
Z. Eva), 611 6 Z ovdewt tõv A, B, T Eotw 6 avtdc. et yuo 6 
Zev tõv A, B, T otv ó abróc xol uexpet xóv A xarà xóv 
E, xoi etc &pa tõv A, B, P xóv A uetoci xatá tòv E. Gà 
cic tv A, B, T tov A vetoet xatá tuva tõv A, B, E" xoi ó 
E &pa &vV x&v A, B, T éotw 6 avtdc: bnep ovy ONdxELTAL. 
oOx dea 6 Z &W tõv A, B, T cuv ó abxóc. uolws 97 
Oc(&ouev, StL UEeToetta Ô Z ond to A, GeocvOvtec nó, 
out O Z oÙx oti notoc. ei Yàp, xol uexpet vov A, xol xóv 
A uexefioet npGov Óvta uy) Gv aoxG Ô abtóc: Órep &oxiv 
&O0vartov: oOx üpa. npGixÓóc otv ô Z: oúvůetos How. Era 
0€ cóvOexoc àpiüuóc onó nporou uvóc épuiuo0 uecpeixat: Ó 
Z %ou ONO Tew@tov tives àpuiüuo0 uetpelvot. Aévo 00, óx og. 
ETEPOL TOWTOL OD YETONUYoETaL TAY Tob A. et yuo Etepdc¢ 
tus notos TOV Z vetost, O be Z tov A uetoci, xåxeivoc 
&po tov A uecpfjoev Gote val tov A uetoyoet noditov évta 
Ur) OV ÒT 6 avtdc’ Stee Eotly dS0vatov. 6 A doa Tov Z 
uetoet. “ol Emel 0 E tov A vetoet xata& tov Z, ô E how tov 
Z todhankaoidoac tov A nenotrev. oA uv xol 6 A xóv 
T nohAanaracidoag tov A nenotnxev’ 6 tow éx tv A, TP 
toog éotl T6) èx x&v E, Z. àváXovov dou Eotly W¢ 6 A Ted¢ 
tov E, obtaw¢ Ó Z npóc tòv T. ô 66 A xóv E vetoet: xat 6 Z 
&pa tóv D' uexpet. uevpetvo aróv xaxà xóv H. óuoíoc Or) 
oc(&ouev, tu O H oó8evi xGv A, B &oxv 6 avdtdc, xal Str 
uetoeitat bro tol A. xol &nel ó Z xóv T uetoci xatà tòv H, 
0 Z toa tov H nohAanAnoidoac tov TP nenotnxev. HAAG LAY 
xol ó À xóv B xoAAanxAactácac xóv I nenotrpcv: ó po èx 
t&v A, B oog &ox 16) &x xGv Z, H. àvóAovov &pa ðs ô A 
rgóc tov Z, ó H ngóc tòv B. uetoci òè ô A xóv Z^ uevpei 
&pa xoi ó H xóv B. uexpe(xo aov xaxà xóv O. óyuoí(oc Or) 
delouev, StL O O xG À ox Éov Ó abxóc. xoi &nel ô H tov 
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that the greatest of them, D, will be measured by no other 
(numbers) except A, B, C. 


A E = 
B -—— E = 
C t——_ G | 
D — 4 Ht 


For, if possible, let it be measured by E, and let E not 
be the same as one of A, B, C. So it is clear that E is 
not prime. For if E is prime, and measures PD, then it will 
also measure A, (despite A) being prime (and) not being 
the same as it [Prop. 9.12]. The very thing is impossible. 
Thus, E is not prime. Thus, (it is) composite. And every 
composite number is measured by some prime number 
[Prop. 7.31]. Thus, E is measured by some prime num- 
ber. So I say that it will be measured by no other prime 
number than A. For if E is measured by another (prime 
number), and E measures D, then this (prime number) 
will thus also measure D. Hence, it will also measure A, 
(despite A) being prime (and) not being the same as it 
[Prop. 9.12]. The very thing is impossible. Thus, A mea- 
sures E. And since E measures D, let it measure it ac- 
cording to F. I say that F is not the same as one of A, B, 
C. For if F is the same as one of A, B, C, and measures 
D according to E, then one of A, B, C thus also measures 
D according to E. But one of A, B, C (only) measures 
D according to some (one) of A, B, C [Prop. 9.11]. And 
thus E is the same as one of A, B, C. The very oppo- 
site thing was assumed. Thus, F is not the same as one 
of A, B, C. Similarly, we can show that F is measured 
by A, (by) again showing that F is not prime. For if (F 
is prime), and measures D, then it will also measure A, 
(despite A) being prime (and) not being the same as it 
[Prop. 9.12]. The very thing is impossible. Thus, F is 
not prime. Thus, (it is) composite. And every composite 
number is measured by some prime number [Prop. 7.31]. 
Thus, F is measured by some prime number. So I say 
that it will be measured by no other prime number than 
A. For if some other prime (number) measures F, and 
F measures D, then this (prime number) will thus also 
measure D. Hence, it will also measure A, (despite A) 
being prime (and) not being the same as it [Prop. 9.12]. 
The very thing is impossible. Thus, A measures F. And 
since E measures D according to F, E has thus made 
D (by) multiplying F. But, in fact, A has also made D 
(by) multiplying C [Prop. 9.11 corr.]. Thus, the (number 
created) from (multiplying) A, C is equal to the (number 
created) from (multiplying) E, F. Thus, proportionally, 
as A is to E, so F (is) to C [Prop. 7.19]. And A measures 
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B uecpet xoaxà tòv O, ô H àpga xóv O noAAanxAaotécoc tóv 
B nxenoü(xev. éÀAà uyjv xoi ó A &auxóv nohAarAnordouc 
tóv B nenoinxev: ó &pa òrò O, H tcoc £oxi 16 and toŭ A 
t&tpotY ovo: ov doa Wo 6 O nod¢ tov A, 6 À npóc xóv H. 
ustost d¢ O A tov H’ ustost &pa xal 6 © tov A nodstov dévta 
UY) OGY avtG O avtdc’ OnNEE &tonov. obx koa O UEYLOTOS Ô 
A bnxó Etépou dewuod uetondyoeta napeg tév A, B, T 
OnNEO Eder Setgan. 


(o. 


"Eàv &A&yioxoc ópiüuóc onó npoov àpuiDuov uecopf|cot, 
bm obdevog &Aov Te@tOL GoLWU0D UsteNndhosta maose 
TOV EE HOY FC UETCOUVTWY. 


EAdyiotog yuo àpi0üuóc 6 A ONO npotov àpuiu6v Gv 
B, T, A yvetostobw Aévo, S6tt 6 A On’ oó0evóc Aou 
Tem@tov gevuod uetondyoeta napeg tv B, TI, A. 

Ei yàp Suvatéy, uetocio0w bro nowtov tot E, xal ô 
E unóew t&v B, D, A Eotw 6 adtd¢. nal Exel 6 E tov 
A yetoet, uetoeita adtOv xate tov Z 6 E doa tov Z 
TOMRMGOGOOC tov A nemotnxev. xal uetocitor 6 A bro 
TeHOtToOY godudsy Gv B, D, A. &àv 6€ 000 ópi0uol noA- 
LatAgoidoavtes GAAKAous notójo( xtva, tóv O& Yevóuevov 
£& aOtOV uecgf| vic npG oc àpiDuóc, xoi Eva THY EF KOYTc 
uetoyjoe oi B, T, A pa Éva x&v E, Z yeverjcouotv.. 1óv 
u&v o0v E oo ueverjcouocty: ô Yàp E; ngGóc &oxt xoi ob6evi 
Gv B, D, A ó aóóc. xóv Z dow uetoobow &Aá&ocova Óvta 
tol A’ donee advvatoyv. Ó Yàp A onÓxewot &A&ytoxoc ÙTÒ 
t&v B, T, A uetoovuevoc. ob% toa tov A Ueteycet medto¢ 
coos nape tv B, T, A: Sree Eder Seteon. 
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E. Thus, F also measures C. Let it measure it according 
to G. So, similarly, we can show that G is not the same 
as one of A, B, and that it is measured by A. And since 
F measures C according to G, F has thus made C (by) 
multiplying G. But, in fact, A has also made C (by) mul- 
tiplying B [Prop. 9.11 corr.]. Thus, the (number created) 
from (multiplying) A, B is equal to the (number created) 
from (multiplying) F, G. Thus, proportionally, as A (is) 
to F, so G (is) to B [Prop. 7.19]. And A measures F. 
Thus, G also measures P. Let it measure it according to 
H. So, similarly, we can show that H is not the same as 
A. And since G measures B according to H, G has thus 
made B (by) multiplying H. But, in fact, A has also made 
B (by) multiplying itself [Prop. 9.8]. Thus, the (number 
created) from (multiplying) H, G is equal to the square 
on A. Thus, as H is to A, (so) A (is) to G [Prop. 7.19]. 
And A measures G. Thus, H also measures A, (despite 
A) being prime (and) not being the same as it. The very 
thing (is) absurd. Thus, the greatest (number) D cannot 
be measured by another (number) except (one of) A, B, 
C. (Which is) the very thing it was required to show. 


Proposition 14 


If a least number is measured by (some) prime num- 
bers then it will not be measured by any other prime 
number except (one of) the original measuring (num- 
bers). 


For let A be the least number measured by the prime 
numbers B, C, D. I say that A will not be measured by 
any other prime number except (one of) B, C, D. 

For, if possible, let it be measured by the prime (num- 
ber) E. And let E not be the same as one of B, C, D. 
And since E measures A, let it measure it according to F. 
Thus, E has made A (by) multiplying F. And A is mea- 
sured by the prime numbers B, C, D. And if two num- 
bers make some (number by) multiplying one another, 
and some prime number measures the number created 
from them, then (the prime number) will also measure 
one of the original (numbers) [Prop. 7.30]. Thus, B, C, 
D will measure one of E, F. In fact, they do not measure 
E. For E is prime, and not the same as one of B, C, D. 
Thus, they (all) measure F, which is less than A. The 
very thing (is) impossible. For A was assumed (to be) the 
least (number) measured by B, C, D. Thus, no prime 
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le. 


Eàv toeic Howuol &&fjc &váAovov Goty &A&yvotot xGY 
tóv aOtxOv Aóyov £yóvtov oOtoic, 0600 OÓmotovoUv cuv- 
teVEvtes MEO TOV AOLNOY noG ol eio. 


A E Z 


A | —— E — ———————4 


B = — 


l] — — 

"Eotwoay tecic &prðuol écc avadoyoy cAdytotot Tov 
TOV avLTOV Adyov EydvtwHY avtotc ot A, B, I" Aévo, óu vGv 
A, B, T 300 énotoroby ouvteðévtes Mod¢ TOV AoLTOY TeGTOL 
cioty, ot uev A, B npgóc xóv T, oi 6e B, P node tov A xa 
ett ot A, I' ngóc xov B. 

Bikfovwoay yao eAdcytotot Gpi0uol tGv tov abTOYV 
Aóvoy &yóvxov xoig; A, B, T úo o AE, EZ. oavepdv 
0f, ów ó u£v AE éautoyv noAXanAact&cac xóv A nenotnxey, 
tóv 6€ EZ roAAanAaoi&cac xóv B nenotrpxev, xoi £u ó EZ 
EXUTOV TOAAaTAMoLdous xóv D' nexotrxev. xoi &ncl ot AE, 
EZ &Aé&yioxol( eot, npó vot npóc &AXfjAouc eio(v. àv òè 
000 àpiOuoL np& ot npóc Af Aouc Doty, Xal COLVAUMOTEOOC 
npóc éxátepgov ngGróc £ouv: xol ô AZ pa npóc &xátepov 
:Gv AE, EZ npó óc &£ouv. àAA& uy xoi ó AE xpóc vov 
EZ rngGóc £ouv: oi AZ, AE &pa npóc xóv EZ ngGoí sio. 
£àv O€ OVO dprðuol npóc xtva ópvüuov npGtor ow, xal Ô 
£& aO0xOV Yevóuevoc npóc tÓv Aowóv np6Óóc OTV otc 


È 5 — 


o &x Tv ZA, AE node tov EZ nodsté¢ otv: Gote xol Ô 
éx tv ZA, AE node tov and tob EZ noditde éotw. |éàv 
yuo Sv0 geLUOl MEGStOL TEOS GAAKAOUS Got, 6 Ex To Evoc 
a0tGV Yevóuevoc TODOS TOV AOLNOV TEGTd¢ Eottv]. GAA’ 6 
éx tiv ZA, AE 6 ànó to AE ot, uetà vo0 &x tõv AE, 
EZ: 6 doa &nd 100 AE yete tot éx tiv AB, EZ mode tov 
ano tol EZ noðtós otv. xal otuv ó uev ano to AE 
6 A, 6 è éx x&v AE, EZ ó B, ó 6€ ànó tot EZ OT: ot 
A, B &pa ovvtedévtes mode tov T redstot ciow. uolas 9r) 
delfouev, ott xat of B, [ node tov A nodéstot ciow. Aévo 
dy, ött xal ot A, I' góc xóv B ngGroí eiow. &nel Yàp ó AZ 
npóc é&xátepov v6)y AE, EZ npGóc éotty, xal 6 and tod 
AZ nxpóc xóv £x 16v AE, EZ ngGxóc otv. àAAà v6 dno 
toU AZ toot etolv oi àró x&v AE, EZ uexà x00 oic £x tõv 
AE, EZ: xoi oi àxó Gv AE, EZ &pa uexà xoO oic ono TOV 
AE, EZ ngóc xóv onó 16v AE, EZ rotol [eio]. &wAóvu 
oi àxó x&v AE, EZ uexà tot &mag brò AE, EZ med¢ tov 
bro AE, EZ noeéstot etow. ett dteAdvtt of dno tõv AE, EZ 
toa moog tóv brò AE, EZ ng6ol ctow. xal otv ô uev 
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number can measure A except (one of) B, C, D. (Which 
is) the very thing it was required to show. 


Proposition 15 


If three continuously proportional numbers are the 
least of those (numbers) having the same ratio as them 
then two (of them) added together in any way are prime 
to the remaining (one). 

D E F 


A -———À m 


C M 

Let A, B, C be three continuously proportional num- 
bers (which are) the least of those (numbers) having the 
same ratio as them. I say that two of A, B, C added to- 
gether in any way are prime to the remaining (one), (that 
is) A and B (prime) to C, B and C to A, and, further, A 
and C to B. 

Let the two least numbers, DE and EF, having the 
same ratio as A, B, C, have been taken [Prop. 8.2]. 
So it is clear that DE has made A (by) multiplying it- 
self, and has made B (by) multiplying EF, and, fur- 
ther, EF has made C (by) multiplying itself [Prop. 8.2]. 
And since DE, EF are the least (of those numbers hav- 
ing the same ratio as them), they are prime to one an- 
other [Prop. 7.22]. And if two numbers are prime to 
one another then the sum (of them) is also prime to each 
[Prop. 7.28]. Thus, DF is also prime to each of DE, EF. 
But, in fact, DE is also prime to EF. Thus, DF, DE 
are (both) prime to EF. And if two numbers are (both) 
prime to some number then the (number) created from 
(multiplying) them is also prime to the remaining (num- 
ber) [Prop. 7.24]. Hence, the (number created) from 
(multiplying) FD, DE is prime to EF. Hence, the (num- 
ber created) from (multiplying) FD, DE is also prime 
to the (square) on EF [Prop. 7.25]. [For if two num- 
bers are prime to one another then the (number) created 
from (squaring) one of them is prime to the remaining 
(number).] But the (number created) from (multiplying) 
FD, DE is the (square) on DE plus the (number cre- 
ated) from (multiplying) DE, EF [Prop. 2.3]. Thus, the 
(square) on DE plus the (number created) from (multi- 
plying) DE, EF is prime to the (square) on EF. And 
the (square) on DE is A, and the (number created) from 
(multiplying) DE, EF (is) B, and the (square) on EF 
(is) C. Thus, A, B summed is prime to C. So, similarly, 
we can show that B, C (summed) is also prime to A. So 
I say that A, C (summed) is also prime to B. For since 
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ano tol AE ó A, ó 6€ oxó 6v AE, EZ ò B, 6 5€ &nd tod 
EZ ôT. oi A, I doa ovvtedévtes mod¢ tòv B nedstot eto: 
Onee Eder Ocl&ot. 
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DF is prime to each of DE, EF then the (square) on DF 
is also prime to the (number created) from (multiplying) 
DE, EF [Prop. 7.25]. But, the (sum of the squares) on 
DE, EF plus twice the (number created) from (multiply- 
ing) DE, EF is equal to the (square) on DF [Prop. 2.4]. 
And thus the (sum of the squares) on DE, EF plus twice 
the (rectangle contained) by DE, EF [is] prime to the 
(rectangle contained) by DE, EF. By separation, the 
(sum of the squares) on DE, EF plus once the (rect- 
angle contained) by DE, EF is prime to the (rectangle 
contained) by DE, EF.! Again, by separation, the (sum 
of the squares) on DE, EF is prime to the (rectangle 
contained) by DE, EF. And the (square) on DE is A, 
and the (rectangle contained) by DE, EF (is) B, and 
the (square) on EF (is) C. Thus, A, C summed is prime 
to B. (Which is) the very thing it was required to show. 


t Since if a 8 measures a? 4- 8? + 2a then it also measures a? + 8? + a 8, and vice versa. 


f 
lT * 
'"Eitv 600 àpiOuot xp&xot npóc GAAfjAouc Got, oóx čata 
(c Ó npGroc npóc tÓv OgO0TEDOV, ObtOG Ó OtOtEQOC NEG 
&AAOV ciVÀ. 


Ato yuo àpi0uol oi A, B ngGtot npóc GA Aouc £oto- 
cav: Aévo, Óxt oOx &ov óc ó À npóc xóv B, obvoc 6 B 
TOOS &AOV TIVE. 

Ei yàp Suvatéy, ot > ô A node tov B, ó B ngóc 
tov TD. of de A, B nediton, of òè noõtoi xa EAdyrotot, oi 6€ 
ehdytotor dovOyol yetooDar tobe Tov abtoOYV Adyoy Eyovtac 
loduic Ó Te fivoouevoc xóv fivoOuevov xoi ó &xóuevoc TÒV 
&róuevov: uetpei č&pa ó À xóv B óc fyoóouevoc f|voOuevov. 
uetoet Se xal Eautdv' ô A &pa toùs A, B uetpei npoouc 
óvvac npóc GÀAfouc: ónep &vonov. oOx &pa čata S Ô Å 
roòs tòv B, oŬtws ó B npóc xóv I Sree Eder Deréon. 


f 

IG. 
Eàv Gow ooordynrotoby deol Ecfic àvéAovov, oi o£ 
ARXEOL AVTOY TOGStoL TODS GAAYAOUS ow, ox EoTta OS Ò 
rpGtoc npóc TÒV 6E01EpoV, o0tOc 6 Eayatog Ted AAV 


Proposition 16 


If two numbers are prime to one another then as the 
first is to the second, so the second (will) not (be) to some 
other (number). 


For let the two numbers A and B be prime to one 
another. I say that as A is to B, so B is not to some other 
(number). 

For, if possible, let it be that as A (is) to B, (so) 
B (is to C. And A and P (are) prime (to one an- 
other). And (numbers) prime (to one another are) also 
the least (of those numbers having the same ratio as 
them) [Prop. 7.21]. And the least numbers measure 
those (numbers) having the same ratio (as them) an 
equal number of times, the leading (measuring) the lead- 
ing, and the following the following [Prop. 7.20]. Thus, 
A measures P, as the leading (measuring) the leading. 
And (A) also measures itself. Thus, A measures A and B, 
which are prime to one another. The very thing (is) ab- 
surd. Thus, as A (is) to B, so B cannot be to C. (Which 
is) the very thing it was required to show. 


Proposition 17 


If any multitude whatsoever of numbers is continu- 
ously proportional, and the outermost of them are prime 
to one another, then as the first (is) to the second, so the 
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—— 

"Eotwoay ôcodynrotoŭv åprůuol écc àváňoyov ol A, 
B, D, A, oi 6€ &xpot aóvGv oi A, A ngGrot npóc HAAKAOUC 
&£oto cov: AeéYo, Óów 00x £o óc ó À npgóc xóv B, obxoc 6 
A neds &hAov tive. 


Ei yao Suvatéy, Eotw Go ô A npóc tòv B, ottwo 6 A 
Teds TOV Ev EvoAAGE How Eotiv Bc O A Ted¢ vóv A, ó B ngóc 
tov EB. ot de A, A redstor, ot SE npóxot xoi EAdytotot, ol dé 
&£A&ytoxov wovduol uetooDat tobe xóv abtóv AÓóvov £yovcac 
loxis O TE YyOUUEVOS TOV HYOUUEVOY xXal O ENdUEVOS TOV 
ETOUEVOY. uetoci doa ô A tòv B. xal otv ðs 6 A ngóc 
tóv B, ó B mngoóc xov I. xoi ô B doa tov I yetoet Bote 
xal O A tov T vetoet. xoi &xe( £ouv óc ó B ngóc xóv T, 
OT node tòv A, uetoci òè ô B xóv L', uevpoet pa xoi ó DP 
tóv A. àÀX' Ó À tov TP éyuéxgev Gote 6 A xat tov A yetoet. 
ustoet Se xol Eautdv. 0 A toa tobc A, A yEeteEt mowtouc 
OvTAS TEOS GAAYAOUC’ STEE EoTlY GdUvaTOV. obx Koa Eotau 
Gc 6 A nods tov B, otttwe 6 A ngóc &AXov uwá  ónep £e 
Sete au. 


f 
bY * 
Avo goduedy dodévtwy énioxégocot, et GUvaóv &ouv 
atos toltov àvéAovov npootcugcivy. 
i —— 3 D —————À 


B— — — A 

"Eotwoayv ot dSovévtec Dúo auo oi A, B, xa 
déov Eatw EmoxédacdVa, ci SvvaTdY EoTLY oaolc TEITOV 
&vÓAoYvov npootupeiy. 

Ot dv A, B fiot np&ixot npóc A jAouc etoly f| oO. xoi cl 
npgGtou npóc AAAA ouc cioty, 6&Geocxot, ÖTE ADÓVATÓV ČOTLV 
autos TeitTOV àváAovov npootupeiy. 

AAA à 57) uÀ £oxoocav oi À, B ngGtot ngóc Gf ouc, 
xoi ó B &auxov roAAonAaoct&cac 1óv D note(vo. ó À 67) xov 
' fiot uexpet ñ ov uetoet. Uetoeita medtepov xat& tov A: 
Ò A toa tov A rxoAXanAaoci&coc vóv I' nexotrpev. &Aàa uy 
xoi ó B eautov xoAAanAaociRcac tov [ nenotyxev’ 0 how 
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last will not be to some other (number). 

Let A, B, C, D be any multitude whatsoever of con- 
tinuously proportional numbers. And let the outermost 
of them, A and D, be prime to one another. I say that as 
A is to B, so D (is) not to some other (number). 


For, if possible, let it be that as A (is) to B, so D 
(is) to Æ. Thus, alternately, as A is to D, (so) P (is) 
to E [Prop. 7.13]. And A and D are prime (to one 
another). And (numbers) prime (to one another are) 
also the least (of those numbers having the same ra- 
tio as them) [Prop. 7.21]. And the least numbers mea- 
sure those (numbers) having the same ratio (as them) an 
equal number of times, the leading (measuring) the lead- 
ing, and the following the following [Prop. 7.20]. Thus, 
A measures B. And as A is to B, (so) P (is) to C. Thus, B 
also measures C. And hence A measures C [Def. 7.20]. 
And since as B is to C, (so) C (is) to D, and B mea- 
sures C, C thus also measures D [Def. 7.20]. But, A was 
(found to be) measuring C. And hence A also measures 
D. And (A) also measures itself. Thus, A measures A 
and D, which are prime to one another. The very thing is 
impossible. Thus, as A (is) to B, so D cannot be to some 
other (number). (Which is) the very thing it was required 
to show. 


Proposition 18 


For two given numbers, to investigate whether it is 
possible to find a third (number) proportional to them. 
A -- — C =~~ — 


B m —— — D — — — — 

Let A and B be the two given numbers. And let it 
be required to investigate whether it is possible to find a 
third (number) proportional to them. 

So A and B are either prime to one another, or not. 
And if they are prime to one another then it has (already) 
been show that it is impossible to find a third (number) 
proportional to them [Prop. 9.16]. 

And so let A and P not be prime to one another. And 
let B make C (by) multiplying itself. So A either mea- 
sures, or does not measure, C. Let it first of all measure 
(C) according to D. Thus, A has made C (by) multiply- 
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éx tiv A, A toog éotl tă dnd tot B. gotw dou wc 6 A 
Teac tov B, 6 B mode tov A: tote A, B dea tettoc deidude 
àváňoyov Tooonventa ô A. 

AAXA& OY) UY UETocitw ò A tòv I^ Aévo, öt tois A, B 
ADÓVATÓV OTL TEÍTOV å&váňoyov nooccvpciv &průuóv. ci yàp 
Svvatoy, Tooonveyjove ó A. ó &pa ëx tõv A, A toog otl 
1G ano tot B. 6 de and tot B otv ô [> ó &pa &x tÕv A, 
A tooc £o tă I. dote 6 A tov A noddAarAaordoag tov 
[' renoi(xev: ó À &pa xóv D uexpei xoxà xóv A. da uv 
UMOXELTAL XAL UÙ uevoGiv: ónep àtonov. oOx Opa Ouvatóv 
£c tois A, B xp(xov àvóáAovov npootcupeiv &prðuòv, ÖTtav 
ô A xóv I uj uexefy ónep Eder decion. 


v. 


Teiv àpiüuév Go0évvov &noxéqgoaotot, nóte SUVATOV 
EOTLY LUTOIC TETAOTOV KVEAOYOY TEOTEUEETY. 


"Eocoocav oi 6090£vcec tecic gevduol ot A, B, TP’, xot déov 
got emroxedvacva, note Suvatdv Eottv avtoi¢ TETAETOV 
&vÓAoYvov npootupely. 

"Hxot o9v oOx eioty &&fjc &váňoyov, xal ol &xooL avTOY 
ngGcot npóc AAAA ouc cioty, Ñ £&fjc cto &váAXovov, xol oi 
AXEOL AVTHY OVX ciot notol noòs GAAAOuG, T, obte če 
cioty vá ovov, obxe oi &xpot aro xGv ngG o. npóc (A YAouUcC 
eLotv, f| xoi &&fjc eot avadoyoy, xol ot Go«pot a xv nott 
npgóc àAAfAouc cioty. 

Ei u&v ov oi A, B, T čec ciow àvóáXovov, xoà oi 
goo tV oi A, I noðto ngóc óAA A ouc etotv, 6éoeorrat, 
OTL COVVATOV EOTIV KUTOIC TETAXOTOV Ó&vÓAovov npootupciv 
govudy. ur ~otwoay 97, oi A, B, P &&fjc àvóáXovov tæv 
AXPÕV TAAL OYTOV TEMTWY TEOG AAAA ouc. AEYO, STL 
Xal OLTWS GS0vatdv Eotlv avtol¢e TETXOTOV aVEAOYOV TEO- 
ocupeiv. ei yàp duvatéy, teocevenode ô A, ote civa OS 
tov A modc¢ tòv B, tòv T ngóc 1óv A, xoà yeyovétw ac 6 B 
toocg TOV, ó A npóc xóv E. xoi &ne( £ouv óc uev ó A ngóc 
tòv B, ó I ngóc xóv A, óc 96 ó B node tov T, ó A ngóc 
tóv E, &V toou &pa cc ó À npgóc vóv T, ó T npóc xóv E. oi 
6€ A, ' npGot, oi 6& np&vot xoti £Aóyto ot, oi 68 EAcyrotot 
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ing D. But, in fact, B has also made C (by) multiplying 
itself. Thus, the (number created) from (multiplying) A, 
D is equal to the (square) on B. Thus, as A is to B, (so) 
B (is) to D [Prop. 7.19]. Thus, a third number has been 
found proportional to A, B, (namely) D. 

And so let A not measure C. I say that it is impossi- 
ble to find a third number proportional to A, B. For, if 
possible, let it have been found, (and let it be) D. Thus, 
the (number created) from (multiplying) A, D is equal to 
the (square) on P [Prop. 7.19]. And the (square) on B 
is C. Thus, the (number created) from (multiplying) A, 
D is equal to C. Hence, A has made C (by) multiplying 
D. Thus, A measures C according to D. But (A) was, in 
fact, also assumed (to be) not measuring (C). The very 
thing (is) absurd. Thus, it is not possible to find a third 
number proportional to A, B when A does not measure 
C. (Which is) the very thing it was required to show. 


Proposition 19t 


For three given numbers, to investigate when it is pos- 
sible to find a fourth (number) proportional to them. 


Let A, B, C be the three given numbers. And let it be 
required to investigate when it is possible to find a fourth 
(number) proportional to them. 

In fact, (A, B, C) are either not continuously pro- 
portional and the outermost of them are prime to one 
another, or are continuously proportional and the outer- 
most of them are not prime to one another, or are neither 
continuously proportional nor are the outermost of them 
prime to one another, or are continuously proportional 
and the outermost of them are prime to one another. 

In fact, if A, B, C are continuously proportional, and 
the outermost of them, A and C, are prime to one an- 
other, (then) it has (already) been shown that it is im- 
possible to find a fourth number proportional to them 
[Prop. 9.17]. So let A, B, C not be continuously propor- 
tional, (with) the outermost of them again being prime to 
one another. I say that, in this case, it is also impossible 
to find a fourth (number) proportional to them. For, if 
possible, let it have been found, (and let it be) D. Hence, 
it will be that as A (is) to B, (so) C (is) to D. And let it be 
contrived that as B (is) to C, (so) D (is) to E. And since 
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er 


uerpoUoi xvobc xóv abxóv Aóvov Éyovtac Ó te fjvoouevoc 
tóv fvoouevov xoi ó &xóuevoc xóv &nóuevov. uetpel àpa Ò 
A tov I' óc fjvoóuevoc fjvoouevov. uetgei O& xoà &autóv: 
6 A toa tobe A, [I uevget npoouc óvxac npóc dAAYiAoUC: 
ónep &oxlv dSvvatov. ovx àpa toic A, B, I' Guvaxóv &o 
TETAOTOV &véAoYov npootupelv. 

A XA& 89) n&Atvv £oxoocav oi A, B, T e&fjc àvóXovov, oi 6€ 
A, T uù čotwocav meditot mode aAAKAouc. Aéyoo, StL OUVATOV 
EOTLY AUTOS TETAOTOY AVaADYOY TOOGELEEIY. ó vào B xov T 
todhAanAacidoac tov A row(toy ô A pa tòv A Tixoc uevpel 
7| o0 uepet. uevpe(xo abtóv npótepov xoaxà xóv E* ó À &pa 
tov E xoAAanxAaoci&cac vóv A mnenolrxev. &AXà uv xoi ó 
B tòv [I noAAanAaocikcoc xóv A nenxoinxev: ó pa &x TOV 
A, Etoog éotl 16 &x xGv B, T. àváAovov &pa |£oxv] óc Ó 
A npóc tov B, 6T node tov E xoic A, B, I' àpa tétaptos 
&váXovov Teconventa ô E. 

AAAA OT) Uu?) uexpetvo ô A tov A’ Evo, OTL HdDVaTOV 
coti tois A, B, T xéxapxov àváXovov npootupeiv åprðuóv. 
ci yao Suvatoy, Teocevefjo0w ó E: ó &pa èx tõv A, E tooc 
cott t& &x x&v B, I. GAA ô &x x&v B, T otuv ô A' xol 
6 &x tÕV A, E wou toog Eoti 16) A. 6 A &pa xóv E roia- 
nAaot&coc TÒV A nenolnxev: 6 A doa tov A UETPEÑ XATA TÒV 
E Hote yetoet 6 A tov A. GAA nol ob UETtoEt Ónep &xonov. 
oOx àpoa Duvátov £o voic A, B, T tétaptov àváAovov npo- 
c£upelv dpiOuóv, óxvav ó À xóv A uù ueto. 6Aà 97) ot A, B, 
TP ute etic Eotwoay avddoyoy ute ol dxeot TEdStOL MEd 
&AAfAouc. xoi ó B tov T xoAXanAaciéácoc tov A note(xo. 
óuotoc 8f; óccy 0 fjoevon, óx. e uev uevpet Ó A tov A, õu- 
vatóv &oztv aoic &váAoYvov npootcugpeiy, et O& o0 uerpet, 
HoOVaTOV’ OTEE Eden Setgan. 
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as A is to B, (so) C (is) to D, and as B (is) to C, (so) D 
(is) to E, thus, via equality, as A (is) to C, (so) C (is) to E 
[Prop. 7.14]. And A and C (are) prime (to one another). 
And (numbers) prime (to one another are) also the least 
(numbers having the same ratio as them) [Prop. 7.21]. 
And the least (numbers) measure those numbers having 
the same ratio as them (the same number of times), the 
leading (measuring) the leading, and the following the 
following [Prop. 7.20]. Thus, A measures C, (as) the 
leading (measuring) the leading. And it also measures 
itself. Thus, A measures A and C, which are prime to 
one another. The very thing is impossible. Thus, it is not 
possible to find a fourth (number) proportional to A, B, 
C. 

And so let A, B, C again be continuously propor- 
tional, and let A and C not be prime to one another. I 
say that it is possible to find a fourth (number) propor- 
tional to them. For let B make D (by) multiplying C. 
Thus, A either measures or does not measure D. Let it, 
first of all, measure (D) according to E. Thus, A has 
made D (by) multiplying E. But, in fact, B has also made 
D (by) multiplying C. Thus, the (number created) from 
(multiplying) A, E is equal to the (number created) from 
(multiplying) B, C. Thus, proportionally, as A [is] to B, 
(so) C (is) to E [Prop. 7.19]. Thus, a fourth (number) 
proportional to A, B, C has been found, (namely) £F. 

And so let A not measure D. I say that it is impossible 
to find a fourth number proportional to A, B, C. For, if 
possible, let it have been found, (and let it be) E. Thus, 
the (number created) from (multiplying) A, E is equal to 
the (number created) from (multiplying) B, C. But, the 
(number created) from (multiplying) B, C is D. And thus 
the (number created) from (multiplying) A, E is equal to 
D. Thus, A has made D (by) multiplying E. Thus, A 
measures D according to E. Hence, A measures D. But, 
it also does not measure (D). The very thing (is) absurd. 
Thus, it is not possible to find a fourth number propor- 
tional to A, B, C when A does not measure D. And so 
(let) A, B, C (be) neither continuously proportional, nor 
(let) the outermost of them (be) prime to one another. 
And let B make D (by) multiplying C. So, similarly, it 
can be show that if A measures D then it is possible to 
find a fourth (number) proportional to (A, B, C), and 
impossible if (A) does not measure (D). (Which is) the 
very thing it was required to show. 


t The proof of this proposition is incorrect. There are, in fact, only two cases. Either A, B, C are continuously proportional, with A and C prime 


to one another, or not. In the first case, it is impossible to find a fourth proportional number. In the second case, it is possible to find a fourth 


proportional number provided that A measures B times C. Of the four cases considered by Euclid, the proof given in the second case is incorrect, 


since it only demonstrates that if A : B :: C : D then a number E cannot be found such that B : C :: D : E. The proofs given in the other three 
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cases are correct. 


f 
X * 
Oi noto: &prðuol rActouc etot Mavtoc tov meoteVEVTOC 
TANVOUS TE@TOYV priu. 


A Z 


a 

"Eotwoay ot tooteVévtec nodstor &prðuo ot A, B, T 
Evo, 6tt TV A, B, TP mAstoug ciol neato gerduot. 

EiAńotw yàp ô òrò tõv A, B, D &A&ytoxoc uevpobuevoc 
xal čotw AE, xal noooxstodw tõ AE uovàc f, AZ. ó or, EZ 
Nto MEGITOS EOTL f, o0. EoTW MEOTEPOV TEGTOC’ EVENUEVOL 
cow ciol nodstor govduot ot A, B, [, EZ rActoue tõv A, B, 
I 

AAAA O) uÀ Eotw ô EZ nedto¢c UNO Tew@tov koa tTivd¢ 
à&piOuo0 uectocita. wetostodw vmo mowtov to H: Agéyo, 
ott O H oddew tõv A, B, I éotw 6 attéc. et yuo duvatoy, 
got. ot è A, B, [ tov AE yetoottow: xal 6 H goa tov 
AE uexpfioei. yetoet d¢ xal tov EZ xot Aoimhy thy AZ 
uovada usetornoe: OH aoduoc v: óxep &xonov. oóx hoa O 
H év x&v A, B, TP éotw 6 adttédc. xa Ondxerton notos. 
ELVONUEVOL Koa ciol Nodstor GovWuol mMActouc to mooteVEvtoc 
rAnvoug tv A, B, l' oi A, B, D, H- óneg Eder deito. 


f 


Xa. 


"Eàv goto. dovwWuol onocototv ovvteViow, Ó ÓÀoc 


&puóc £o. 
A B T A E 


MuvxecíioOocav vàp &puot ópi0uol ónocovo0v oi AB, 
BI, TA, AE: Aéyo, öt óAoc ó AE &pxióc &ovwv. 

Enel yàp Exaotog x&v AB, BI, A, AE &puóc £o, 
£yct uépoc fiuucu: oce xoi óAoc ó AE Eye uépgoc fiov. 
Gotos öè àpi0uóc EoTIV O dtya Otupobuevoc: üpuoc oa 
£ctlv Ó AE" Ónep &6ct Ocizox. 
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Proposition 20 


The (set of all) prime numbers is more numerous than 
any assigned multitude of prime numbers. 
A't—— [ro 


B — '—-- 
C =N 


E D F 


— — — —— 

Let A, B, C be the assigned prime numbers. I say that 
the (set of all) primes numbers is more numerous than A, 
BoC. 

For let the least number measured by A, B, C have 
been taken, and let it be DE [Prop. 7.36]. And let the 
unit DF have been added to DE. So EF is either prime, 
or not. Let it, first of all, be prime. Thus, the (set of) 
prime numbers A, B, C, EF, (which is) more numerous 
than A, B, C, has been found. 

And so let EF not be prime. Thus, it is measured by 
some prime number [Prop. 7.31]. Let it be measured by 
the prime (number) G. I say that G is not the same as 
any of A, B, C. For, if possible, let it be (the same). And 
A, B, C (all) measure DE. Thus, G will also measure 
DE. And it also measures EF. (So) G will also mea- 
sure the remainder, unit DF, (despite) being a number 
[Prop. 7.28]. The very thing (is) absurd. Thus, G is not 
the same as one of A, B, C. And it was assumed (to be) 
prime. Thus, the (set of) prime numbers A, B, C, G, 
(which is) more numerous than the assigned multitude 
(of prime numbers), A, B, C, has been found. (Which is) 
the very thing it was required to show. 


Proposition 21 


If any multitude whatsoever of even numbers is added 
together then the whole is even. 


A B C D F 


— — — — — — 

For let any multitude whatsoever of even numbers, 
AB, BC, CD, DE, lie together. I say that the whole, 
AE, is even. 

For since everyone of AB, BC, CD, DE is even, it 
has a half part [Def. 7.6]. And hence the whole AF has 
a half part. And an even number is one (which can be) 
divided in half [Def. 7.6]. Thus, AE is even. (Which is) 
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f 
xD. 
Eàv nepicool ópi0uol óxocowoU0v cuvteOGctv, tÒ de 
TAHVOS avtey Yotrov Å, 0 OAOS HOTLOG EaTOL. 


A B T A E 


r ER] 

Luyxetovwoay yuo nepiocol dprÛuol ÖcoaðnTotToŬv 
gotor tÒ TARO oi AB, BL, TA, AE: éyw, Öt óAXoc 
ó AE &puóc ot. 

Enei yàp &xoccoc tõv AB, BPL, TA, AE xepgictóc ovy, 
Adparpeteclons uováooc à &x&otou Exoaotoc tGv AouxGv 
&ptoc Cota’ Gote xal Ò ocuYxec(uevoc ÈE aùtõyv otos 
cota. £o 0& xoi t6 nÀAfjooc xv uováoov &puov. xol 
óAoc àpga ó AE Gpuóc otv: Önce Ede dcia. 


f 
XY * 
Eàv nepicool ópiüuol óxocoto0v cuvteOGoctw, tÒ be 
rAfiüoc axGv nepuocOÓv T, xol ó ÓAoc nepuocóc Eocot. 


A BL E A 


Se SS — SSS 

S uYxetoUqmoav Yàp órocoto0v nepuocol ópuDuot, Qv TÒ 
nAfj9oc nepiocóv £oxo, oi AB, BD, L'A: Aévo, óx xoi óXoc 
Ò AA nepiocóc &ouv. 

Aqnofjo9o and tot TA uovàc f, AE: Aowóc àpga ô TE 
&putóc cty. éo 0€ xoi ó DÀ &puoc xoi óAoc &ga ó AE 
&puóc &ouv. xoi &owu uovàc f, AE. xepiocóc àpa &odv Ó 
AA: Ónep &Oct Oci&on. 


xo. 


Eàv and óàptíou ópi0uoU0 Gpuoc ó«oupeOf, ô Aowoc 


YOTLOS EOTAL. 
A U B 


—M—————————M———— 
Ano Yàp àpziou x00 AB &puoc &QNHEHoVw ó BI" Aévo, 
óU Ó Aowóc ó L'À &puóc &ouv. 
‘Enel yao 6 AB ó&puóc &ocuv, £ye uégoc uou. oux cà 
oat 87) xoi ó BI' yet uégoc fjucv: oce xoi Aomóc [6 TA 
&yet uépoc Ñuou] &puoc |&pa| &oxiv ó AT" önep der oci&on. 
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the very thing it was required to show. 


Proposition 22 


If any multitude whatsoever of odd numbers is added 
together, and the multitude of them is even, then the 
whole will be even. 


A B C D E 


E M ————————QM——————À4 

For let any even multitude whatsoever of odd num- 
bers, AB, BC, CD, DE, lie together. I say that the 
whole, AE, is even. 

For since everyone of AB, BC, CD, DE is odd then, a 
unit being subtracted from each, everyone of the remain- 
ders will be (made) even [Def. 7.7]. And hence the sum 
of them will be even [Prop. 9.21]. And the multitude 
of the units is even. Thus, the whole AF is also even 
[Prop. 9.21]. (Which is) the very thing it was required to 
show. 


Proposition 23 


If any multitude whatsoever of odd numbers is added 
together, and the multitude of them is odd, then the 
whole will also be odd. 

E D 


A B C 


For let any multitude whatsoever of odd numbers, 
AB, BC, CD, lie together, and let the multitude of them 
be odd. I say that the whole, AD, is also odd. 

For let the unit DE have been subtracted from C D. 
The remainder CE is thus even [Def. 7.7]. And CA 
is also even [Prop. 9.22]. Thus, the whole AE is also 
even [Prop. 9.21]. And DE is a unit. Thus, AD is odd 
[Def. 7.7]. (Which is) the very thing it was required to 
show. 


Proposition 24 


If an even (number) is subtracted from an(other) even 
number then the remainder will be even. 


A C B 


— — — 

For let the even (number) BC have been subtracted 
from the even number AB. I say that the remainder CA 
is even. 

For since AB is even, it has a half part [Def. 7.6]. So, 
for the same (reasons), BC also has a half part. And 
hence the remainder [C A has a half part]. [Thus,] AC is 
even. (Which is) the very thing it was required to show. 
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Eàv &nò repiocoŭ &priuoŬŭ nepiocòs daroe, Ó Aouróc 


&ptioc ËOTAL. 
A U A B 


[———————— EF„1P 
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f 
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A A 
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f 
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Proposition 25 


If an odd (number) is subtracted from an even num- 
ber then the remainder will be odd. 


A C D B 


$$ —— — —— — 

For let the odd (number) BC have been subtracted 
from the even number AB. I say that the remainder C A 
is odd. 

For let the unit C D have been subtracted from BC. 
DB is thus even [Def. 7.7]. And AB is also even. And 
thus the remainder AD is even [Prop. 9.24]. And CD is 
a unit. Thus, CA is odd [Def. 7.7]. (Which is) the very 
thing it was required to show. 


Proposition 26 


If an odd (number) is subtracted from an odd number 
then the remainder will be even. 
D B 


A C 


—ñ— — — — — 

For let the odd (number) BC have been subtracted 
from the odd (number) AB. I say that the remainder CA 
is even. 

For since AB is odd, let the unit BD have been 
subtracted (from it). Thus, the remainder AD is even 
[Def. 7.7]. So, for the same (reasons), CD is also 
even. And hence the remainder C A is even [Prop. 9.24]. 
(Which is) the very thing it was required to show. 


Proposition 27 


If an even (number) is subtracted from an odd num- 
ber then the remainder will be odd. 


A D C B 


— — — —— 

For let the even (number) BC have been subtracted 
from the odd (number) AB. I say that the remainder CA 
is odd. 

[For] let the unit AD have been subtracted (from AB). 
DB is thus even [Def. 7.7]. And BC is also even. Thus, 
the remainder C D is also even [Prop. 9.24]. C A (is) thus 
odd [Def. 7.7]. (Which is) the very thing it was required 
to show. 


Proposition 28 


If an odd number makes some (number by) multiply- 
ing an even (number) then the created (number) will be 
even. 
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For let the odd number A make C (by) multiplying 
the even (number) B. I say that C is even. 

For since A has made C (by) multiplying B, C is thus 
composed out of so many (magnitudes) equal to B, as 
many as (there) are units in A [Def. 7.15]. And B is 
even. Thus, C is composed out of even (numbers). And 
if any multitude whatsoever of even numbers is added 
together then the whole is even [Prop. 9.21]. Thus, C is 
even. (Which is) the very thing it was required to show. 


Proposition 29 


If an odd number makes some (number by) multiply- 
ing an odd (number) then the created (number) will be 
odd. 


For let the odd number A make C (by) multiplying 
the odd (number) B. I say that C is odd. 

For since A has made C (by) multiplying B, C is thus 
composed out of so many (magnitudes) equal to B, as 
many as (there) are units in A [Def. 7.15]. And each 
of A, B is odd. Thus, C is composed out of odd (num- 
bers), (and) the multitude of them is odd. Hence C is odd 
[Prop. 9.23]. (Which is) the very thing it was required to 
show. 


Proposition 30 


If an odd number measures an even number then it 
will also measure (one) half of it. 


For let the odd number A measure the even (number) 
B. I say that (A) will also measure (one) half of (B). 

For since A measures B, let it measure it according to 
C. Isay that C is not odd. For, if possible, let it be (odd). 
And since A measures B according to C, A has thus made 
B (by) multiplying C. Thus, B is composed out of odd 
numbers, (and) the multitude of them is odd. B is thus 
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odd [Prop. 9.23]. The very thing (is) absurd. For (B) 
was assumed (to be) even. Thus, C is not odd. Thus, C 
is even. Hence, A measures B an even number of times. 
So, on account of this, (A) will also measure (one) half 
of (B). (Which is) the very thing it was required to show. 


Proposition 31 


If an odd number is prime to some number then it will 
also be prime to its double. 


For let the odd number A be prime to some number 
B. And let C be double P. I say that A is [also] prime to 
C. 

For if [A and C] are not prime (to one another) then 
some number will measure them. Let it measure (them), 
and let it be D. And A is odd. Thus, D (is) also odd. 
And since D, which is odd, measures C, and C is even, 
[D] will thus also measure half of C [Prop. 9.30]. And B 
is half of C. Thus, D measures B. And it also measures 
A. Thus, D measures (both) A and B, (despite) them 
being prime to one another. The very thing is impossible. 
Thus, A is not unprime to C. Thus, A and C are prime to 
one another. (Which is) the very thing it was required to 
show. 


Proposition 32 


Each of the numbers (which is continually) doubled, 
(starting) from a dyad, is an even-times-even (number) 
only. 


For let any multitude of numbers whatsoever, B, C, 
D, have been (continually) doubled, (starting) from the 
dyad A. I say that B, C, D are even-times-even (num- 
bers) only. 

In fact, (it is) clear that each [of B, C, D] is an 
even-times-even (number). For it is doubled from a dyad 
[Def. 7.8]. 1 also say that (they are even-times-even num- 
bers) only. For let a unit be laid down. Therefore, since 
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any multitude of numbers whatsoever are continuously 
proportional, starting from a unit, and the (number) A af- 
ter the unit is prime, the greatest of A, B, C, D, (namely) 
D, will not be measured by any other (numbers) except 
A, B, C [Prop. 9.13]. And each of A, B, C is even. Thus, 
D is an even-time-even (number) only [Def. 7.8]. So, 
similarly, we can show that each of B, C is [also] an even- 
time-even (number) only. (Which is) the very thing it was 
required to show. 


Proposition 33 


If a number has an odd half then it is an even-time- 
odd (number) only. 

A — nrnlnn nrnnfnnfnnennrnnnr 

For let the number A have an odd half. I say that A is 
an even-times-odd (number) only. 

In fact, (it is) clear that (A) is an even-times-odd 
(number). For its half, being odd, measures it an even 
number of times [Def. 7.9]. So I also say that (it is 
an even-times-odd number) only. For if A is also an 
even-times-even (number) then it will be measured by an 
even (number) according to an even number [Def. 7.8]. 
Hence, its half will also be measured by an even number, 
(despite) being odd. The very thing is absurd. Thus, A 
is an even-times-odd (number) only. (Which is) the very 
thing it was required to show. 


Proposition 34 


If anumber is neither (one) of the (numbers) doubled 
from a dyad, nor has an odd half, then it is (both) an 
even-times-even and an even-times-odd (number). 

A — ———— — 

For let the number A neither be (one) of the (num- 
bers) doubled from a dyad, nor let it have an odd half. 
I say that A is (both) an even-times-even and an even- 
times-odd (number). 

In fact, (it is) clear that A is an even-times-even (num- 
ber) [Def. 7.8]. For it does not have an odd half. So I 
say that it is also an even-times-odd (number). For if we 
cut A in half, and (then cut) its half in half, and we do 
this continually, then we will arrive at some odd num- 
ber which will measure A according to an even number. 
For if not, we will arrive at a dyad, and A will be (one) 
of the (numbers) doubled from a dyad. The very oppo- 
site thing (was) assumed. Hence, A is an even-times-odd 
(number) [Def. 7.9]. And it was also shown (to be) an 
even-times-even (number). Thus, A is (both) an even- 
times-even and an even-times-odd (number). (Which is) 
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t This proposition allows us to sum a geometric series of the form a, 
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the very thing it was required to show. 


Proposition 35! 


If there is any multitude whatsoever of continually 
proportional numbers, and (numbers) equal to the first 
are subtracted from (both) the second and the last, then 
as the excess of the second (number is) to the first, so the 
excess of the last will be to (the sum of) all those (num- 
bers) before it. 

A —_———_ — ç— 


B G C 


—ñ— — 


Dp +e cw 
E L KH F 
— — ————————— 


Let A, BC, D, EF be any multitude whatsoever of 
continuously proportional numbers, beginning from the 
least A. And let BG and FH, each equal to A, have been 
subtracted from BC and EF (respectively). I say that as 
GC is to A, so EH isto A, BC, D. 

For let FK be made equal to BC, and FL to D. And 
since FK is equal to BC, of which FH is equal to BG, 
the remainder H K is thus equal to the remainder GC. 
And since as EF is to D, so D (is) to BC, and BC to 
A [Prop. 7.13], and D (is) equal to FL, and BC to FK, 
and A to FH,thus as EF isto FL,so LF (is) to F K,and 
FK to FH. By separation, as EL (is) to LF, so LK (is) 
to FK,and KH to FH [Props. 7.11, 7.13]. And thus as 
one of the leading (numbers) is to one of the following, 
so (the sum of) all of the leading (numbers is) to (the 
sum of) all of the following [Prop. 7.12]. Thus, as KH 
is to FH,so EL, LK, KH (are) to LF, FK, HF. And 
KH (is) equal to CG, and FH to A, and LF, FK, HF 
to D, BC, A. Thus, as CG is to A, so EH (is) to D, 
BC, A. Thus, as the excess of the second (number) is to 
the first, so the excess of the last (is) to (the sum of) all 
those (numbers) before it. (Which is) the very thing it 
was required to show. 


3 


ar, ar?, av?,-..ar?—1, According to Euclid, the sum Sn satisfies 


Proposition 36! 


If any multitude whatsoever of numbers is set out con- 
tinuously in a double proportion, (starting) from a unit, 


yéevytat, xol ó cÓunoc &ri TOV Eoyatov ToAAarAwowoVetc until the whole sum added together becomes prime, and 
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ethic &vdAoyOy Eloty Ev TH OimAnotom &vadoyia. irerio9o 
ON ATÒ TOŬ Oguxépou 100 OK xoi xo0 &oyóáxou tod ZH xG 
rgo TG E toos éxátepos tv ON, ZE: čotuv pa ðc ñ 
toU Ogutépou åpruoŬ ùnecpoyÀ MEd TOV TEdTOY, ODTWC FH 
tol gaydtou onepoy?) rgóc voUc ngo ÊAUTOŬ TÅVTAG. £ouv 
toa Wo O NK modc¢ tov E, otttwo 6 GH med¢ tobe M, A, 
KO, E. xal ouv 6 NK tcoc x6 E xa ô =H pa toos ot 
toic M, A, OK, E. čot òè xal 6 ZE 16 E tooc, 6 6E E 
tois A, B, T, A xoi tfj uováo. óXoc doa 6 ZH too &od 
toic ve E, OK, A, M xal tos A, B, T, A xa tf; uováov 
xal uetpocïtoa ÙT’ opty. Aévo, Óx xoi ó ZH On’ ovdevoc 
&AAou ueverüfioexot, rapèé tõv A, B, T, A, E, OK, A, M 
xoi tfjc uováGoc. ei yàp 8Guvatóv, uevpe(xo uc tov ZH 6 
O, xa ô O unéev x&v A, B, T, A, E, OK, A, M oto ò 
autos. Xol ócóouc Ó O tov ZH yetoet, tooatta uováðec 
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the sum multiplied into the last (number) makes some 
(number), then the (number so) created will be perfect. 

For let any multitude of numbers, A, B, C, D, be set 
out (continuouly) in a double proportion, until the whole 
sum added together is made prime. And let E be equal to 
the sum. And let E make FG (by) multiplying D. I say 
that FG is a perfect (number). 








Dp — ———3— 


For as many as is the multitude of A, B, C, D, let so 
many (numbers), E, H K, L, M, have been taken in a 
double proportion, (starting) from Æ. Thus, via equal- 
ity, as A is to D, so E (is) to M [Prop. 7.14]. Thus, the 
(number created) from (multiplying) E, D is equal to the 
(number created) from (multiplying) A, M. And FG is 
the (number created) from (multiplying) E, D. Thus, 
FG is also the (number created) from (multiplying) A, 
M [Prop. 7.19]. Thus, A has made FG (by) multiplying 
M. Thus, M measures FG according to the units in A. 
And A is a dyad. Thus, FG is double M. And M, L, 
HK, E are also continuously double one another. Thus, 
E, HK, L, M, FG are continuously proportional in a 
double proportion. So let HN and FO, each equal to the 
first (number) E, have been subtracted from the second 
(number) HK and the last FG (respectively). Thus, as 
the excess of the second number is to the first, so the ex- 
cess of the last (is) to (the sum of) all those (numbers) 
before it [Prop. 9.35]. Thus, as N K is to E, so OG (is) 
to M, L, KH, E. And N K is equal to E. And thus OG 
is equal to M, L, HK, E. And FO is also equal to E, 
and E to A, B, C, D, and a unit. Thus, the whole of FG 
is equal to E, HK, L, M, and A, B, C, D, and a unit. 
And it is measured by them. I also say that FG will be 
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cotwoay év ta) IT: 6 I goa tov O xoAAanxAactácoc vóv ZH 
nexoixev. àAAà uryv xoi ó E; xóv A xoAAanxAaot&ocac tov 
ZH nxenotrxev: £ouv &pa ðc ô E npóc tov II, ó O ngóc xov 
A. xol Enel dnd uováooc &&fjc àvéXovóv eiow oi A, B, T, 
A, Ô A &pa or^ ob8EvÓc Gov àpiDuo0 ueteri Yjoecor ropes 
t&v À, B, I. xoà oxóxevcot ó O oó0eV tõv A, B, T ô aóxóc 
oOx pa uetposi ô O tov A. &XX' óc ô O node TOV A, 6 
E, npóc tov IT ovde ó E &pa xóv II uetoci. xot ouv 6 E 
TOEGITOS mxóc 6€ npG oc dpui0uoc npoc ümovto, Óv UY) uecpet, 
nedtd¢ [£o v|. oi E, II &pga npGxot npóc 600 ouc etotv. oi 
d€ MEGITOL Kal EACYLOTOL, OL OE EAdyLoTOL UETEOOL TOUS TOV 
QUTOV AOYOV EYOVTAS Loco Öö te NYOUMEVOS TOV NYOUUEVOY 
xal ó &róuevoc xóv &nóuevov: xot £o óc ô E ngóc tov II, 
ó O npóc tov A. toduic How 6 E tov O vetoet val ó II xov 
A. 6 è A or o080evóc GAXov uetpeixot napèé tõv A, B, I* 
ô II &ga &X x&v A, B, T ouv ó aDróc. &oxo 16 B ó abróc. 
xol 6c0t eiclv oi B, T, A tH rAHVEr xocoÜ0cot eil fyoOocav 
amo tol E ot E, OK, A. xat ciow oi E, OK, A oic B, D, A 
Ev TG) avTta) Adyar ðr toou goa Eotly G¢ 6 B node tov A, 6 
E ngóc 1óv A. ó &pga &x t&v B, A toog Eotl 165 Ex 1Gv A, 
E: àAX' 6 èx x&v A, E tcoc &oxi 16 &x Gv II, O: xoi 6 Ex 
x&v II, O &ga tcoc &ox 16 &x x&v B, A. otv goa we 6 II 
moos TOV B, 6 A node tov O. xal otv ô I x6 B ó aoróc: 
xoi ó À &pa x) O &ouv 6 avtdc’ Stee HOvatov’ 6 yuo O 
UTNOXELTOL UNOEVL TOY EXXELUEVWY O KUTOG’ OLX “oa TOV ZH 
usTtoyost tic üpiOuóc rape& x&v A, B, I, A, E, OK, A, M 
xal tc Uovddoc. nal Edelyn 6 ZH tois A, B, T, A, E, OK, 
A, M xal t uováði toos. téAcioc 0è åprðuóc otv ó toic 
eXutod usoesoty taoc Gv’ TéEASLIOS pa £oxiy ó ZH- ónep &oet 
O€teon. 
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measured by no other (numbers) except A, B, C, D, E, 
HK, L, M, and a unit. For, if possible, let some (num- 
ber) P measure FG, and let P not be the same as any 
of A, B, C, D, E, HK, L, M. And as many times as P 
measures FG, so many units let there be in Q. Thus, Q 
has made FG (by) multiplying P. But, in fact, E has also 
made FG (by) multiplying D. Thus, as E is to Q, so P 
(is) to D [Prop. 7.19]. And since A, B, C, D are con- 
tinually proportional, (starting) from a unit, D will thus 
not be measured by any other numbers except A, B, C 
[Prop. 9.13]. And P was assumed not (to be) the same 
as any of A, B, C. Thus, P does not measure D. But, 
as P (is) to D, so E (is) to Q. Thus, E does not mea- 
sure Q either [Def. 7.20]. And E is a prime (number). 
And every prime number [is] prime to every (number) 
which it does not measure [Prop. 7.29]. Thus, E and Q 
are prime to one another. And (numbers) prime (to one 
another are) also the least (of those numbers having the 
same ratio as them) [Prop. 7.21], and the least (num- 
bers) measure those (numbers) having the same ratio as 
them an equal number of times, the leading (measuring) 
the leading, and the following the following [Prop. 7.20]. 
And as E is to Q, (so) P (is) to D. Thus, E measures P 
the same number of times as Q (measures) D. And D 
is not measured by any other (numbers) except A, B, C. 
Thus, Q is the same as one of A, B, C. Let it be the same 
as B. And as many as is the multitude of B, C, D, let so 
many (of the set out numbers) have been taken, (start- 
ing) from E, (namely) E, H K, L. And E, HK, L are in 
the same ratio as B, C, D. Thus, via equality, as B (is) 
to D, (so) E (is) to L [Prop. 7.14]. Thus, the (number 
created) from (multiplying) B, L is equal to the (num- 
ber created) from multiplying D, E [Prop. 7.19]. But, 
the (number created) from (multiplying) D, E is equal 
to the (number created) from (multiplying) Q, P. Thus, 
the (number created) from (multiplying) Q, P is equal 
to the (number created) from (multiplying) B, L. Thus, 
as Q is to B, (so) L (is) to P [Prop. 7.19]. And Q is the 
same as B. Thus, L is also the same as P. The very thing 
(is) impossible. For P was assumed not (to be) the same 
as any of the (numbers) set out. Thus, FG cannot be 
measured by any number except A, B, C, D, E, HK,L, 
M, and a unit. And FG was shown (to be) equal to (the 
sum of) A, B, C, D, E, HK, L, M, and a unit. And a 
perfect number is one which is equal to (the sum of) its 
own parts [Def. 7.22]. Thus, FG is a perfect (number). 
(Which is) the very thing it was required to show. 


t This proposition demonstrates that perfect numbers take the form 2”7 1 (2” — 1) provided that 2" — 1 is a prime number. The ancient Greeks 


knew of four perfect numbers: 6, 28, 496, and 8128, which correspond to n = 2, 3, 5, and 7, respectively. 
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Incommensurable Magnitudes' 


'The theory of incommensurable magntidues set out in this book is generally attributed to Theaetetus of Athens. In the footnotes throughout 
this book, k, k’, etc. stand for distinct ratios of positive integers. 
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“Opor. 

a. MOouuetga uevéUr Acyeton Ta TG at uetpo uE- 
TOOUUEVA, HCOUUUSTOA OE, DV UNSEV EVODEYETAL XOLVOY UETOOV 
vyeveovat. 

B’. Eero Suvauer obuustoot ctor, ÖTAV và dm atv 
TETONYOVA TH KOTGH YWOLW YETTA, GoDUUETEOL OE, ÖTAV 
TOL UN’ KUTHY TETOAY@VOIC UNOEV EVOEYNTAL YWELOV KOLVOV 
uétpov Yevéo9ot. 

y’. Tovtwv broxewevwy sefxvuta, Ott TH ToeoteVveton 
cevvety brdoyovow cvuvdeton mAHVEL &neoor oúuuetpol te xol 
QOUUMETOOL al UEV UKEL UOVOY, al dE Kal OUVdUEL. xaAciode 
OvY ¥) NEV TeoTEvetom eoVEta ONTH, xal al TAUTH CVUMETEOL 
ette uńýxer xal Duváue elite SLvaUEL UOVOY Onto, al dE TXUOTH 
govUUETtoo GAoyou xodelodMony. 

©. Kol tò uèv dno thc nooteVetonc sbVEtac TetTedyw- 
VOY ONTOY, Kal TH TOUT ocüuuetpa ONT, TH OE TOUTID 
à&cOuguetpa Goo xoAetoUo, xol ot ouváuevot ata &AOYOL, 
el MSV tetpáyco va cin, atal at xÀeupat, eL 0€ Etepá vivat 


5 


cOU0Ypopot, oi too ALTOS TETOdYWva &vayedpovadt. 
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Definitions 

1. Those magnitudes measured by the same measure 
are said (to be) commensurable, but (those) of which no 
(magnitude) admits to be a common measure (are said 
to be) incommensurable.! 

2. (Two) straight-lines are commensurable in square? 
when the squares on them are measured by the same 
area, but (are) incommensurable (in square) when no 
area admits to be a common measure of the squares on 
them.? 

3. These things being assumed, it is proved that there 
exist an infinite multitude of straight-lines commensu- 
rable and incommensurable with an assigned straight- 
line—those (incommensurable) in length only, and those 
also (commensurable or incommensurable) in square." 
Therefore, let the assigned straight-line be called ratio- 
nal. And (let) the (straight-lines) commensurable with it, 
either in length and square, or in square only, (also be 
called) rational. But let the (straight-lines) incommensu- 
rable with it be called irrational.* 

4. And let the square on the assigned straight-line be 
called rational. And (let areas) commensurable with it 
(also be called) rational. But (let areas) incommensu- 
rable with it (be called) irrational, and (let) their square- 
roots? (also be called) irrational —the sides themselves, if 
the (areas) are squares, and the (straight-lines) describ- 
ing squares equal to them, if the (areas) are some other 
rectilinear (figure). | 


t [In other words, two magnitudes a and 8 are commensurable if o : 8 :: 1 : k, and incommensurable otherwise. 


t Literally, ^in power". 


$ In other words, two straight-lines of length œ and 8 are commensurable in square if æ : 8 :: 1 : k!/?, and incommensurable in square otherwise. 


Likewise, the straight-lines are commensurable in length if œ : 8 :: 1 : k, and incommensurable in length otherwise. 


1 To be more exact, straight-lines can either be commensurable in square only, incommensurable in length only, or commenusrable/incommensurable 


in both length and square, with an assigned straight-line. 


* Let the length of the assigned straight-line be unity. Then rational straight-lines have lengths expressible as k or k!/2, depending on whether 


the lengths are commensurable in length, or in square only, respectively, with unity. All other straight-lines are irrational. 


> The square-root of an area is the length of the side of an equal area square. 


| The area of the square on the assigned straight-line is unity. Rational areas are expressible as k. All other areas are irrational. Thus, squares 


whose sides are of rational length have rational areas, and vice versa. 


/ 


D. 


A00 ueYve9Gv àvioov &xxewévov, àv imo voO ue(Covoc 
àrpotpe 9f, ueiCov fj vó Tiuucu xoi xoO xaoewxou£vou uetcov 
7| xo fjutcu, xal toto cel ylyvytat, AeupOficevat c uéveDoc, 
Ö £c ot £Aatocov xoÜ &xxeiuévou &Aáooovoc uevéoouc. 

"Eoo dúo ueyéðn &vca xà AB, T, Gv ucitov xó AB: 


Proposition 1! 


If, from the greater of two unequal magnitudes 
(which are) laid out, (a part) greater than half is sub- 
tracted, and (if from) the remainder (a part) greater than 
half (is subtracted), and (if) this happens continually, 
then some magnitude will (eventually) be left which will 
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Aévco, Ott, £&av àxó 1o0 AB óxoupeOf uciCov T) xó uou 
xoà xoU xoaoAewxouévou uciGov T, xó Tiutcu, xoà toŬto &el 
Yivvrjvot, AeupOrjoexot xv uéveOoc, Ó £otot EAaoocov xoO T 
uevéUouc. 


AK © B 


——— —— 
]'L——3 


— — — — 
A Z H E: 


Tò Dl yàp nxoAAaxAaciCÓuevov Eota note to} AB 
uciCov.  xenoAAanAaciXRo00, xol got) tO AE tot uev D 
nroAAanA&octov, vo0 6€ AB uciCov, xoi Stnofjodw to AE eic 
tà t I toa tà AZ, ZH, HE, xoi ó&nrfjo9o ànó u£v toO 
AB ucitov ñ tò fijucu xó BO, ànó o£ vo0 AO uciCov f| tò 
fico tò OK, xal voÜcxo ái ver véo9o, Éoc dv at év 765 AB 
Ototpéoetc toonArjOcic Yévovror voc £v tõ AE Ovtpéocow. 

"Ec*ocav oov oi AK, KO, OB Gwapéoeu iconic 
oboa ts AZ, ZH, HE: xoi &xei ueiCóv got: tO AE tot 
AB, xoi óxpfierivot &xó u£v xo0 AE £Xacocov toO fjutceoc 1o 
EH, àxó 5¢ tol AB uciCov fj tO fiuuco tò BO, Aowóv koa 
to HA Aotrot to} OA uciCóv &oxv. xol &£xel uei Cóv &oxt TÒ 
HA tot OA, xat aphonta tod uev HA fico xó HZ, tod 
d¢ OA UetCov ¥ tò fiuucu tò OK, Aowróv pa tò AZ Aoirob 
100 AK uciCóv &cuv. toov 66 xó AZ xG I xal tò T dow 
tol AK uciCóv &ouv. £Aaocov goa TO AK tod T. 

Koo e(xecot dou and tol AB uevéOouc vó AK véyedoc 
&Aaccov Ov tou &xxewu£vou &Aáocovoc uevéOouc tod I: 
OTEO EdEt Oelgar. — OUolwWe Oe SetyDhoeta, xaV utor Y, xà 
KPULOOUUEVEL, 
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be less than the lesser laid out magnitude. 

Let AB and C be two unequal magnitudes, of which 
(let) AB (be) the greater. I say that if (a part) greater 
than half is subtracted from AB, and (if a part) greater 
than half (is subtracted) from the remainder, and (if) this 
happens continually, then some magnitude will (eventu- 
ally) be left which will be less than the magnitude C. 


AK H B 
oo 
C — 


— — — 
D F G E 


For C, when multiplied (by some number), will some- 
times be greater than AB [Def. 5.4]. Let it have been 
(so) multiplied. And let DE be (both) a multiple of C, 
and greater than AB. And let DE have been divided into 
the (divisions) DF, FG, GE, equal to C. And let BH, 
(which is) greater than half, have been subtracted from 
AB. And (let) H K, (which is) greater than half, (have 
been subtracted) from AH. And let this happen continu- 
ally, until the divisions in AB become equal in number to 
the divisions in DE. 

Therefore, let the divisions (in AB) be AK, KH, HB, 
being equal in number to DF, FG, GE. And since DE is 
greater than AB, and EG, (which is) less than half, has 
been subtracted from DE, and BH, (which is) greater 
than half, from AB, the remainder GD is thus greater 
than the remainder HA. And since GD is greater than 
HA, and the half GF has been subtracted from GD, and 
HK, (which is) greater than half, from HA, the remain- 
der DF is thus greater than the remainder AK. And DF 
(is) equal to C. C is thus also greater than AK. Thus, 
AK (is) less than C. 

Thus, the magnitude AK, which is less than the lesser 
laid out magnitude C, is left over from the magnitude 
AB. (Which is) the very thing it was required to show. — 
(The theorem) can similarly be proved even if the (parts) 
subtracted are halves. 


t This theorem is the basis of the so-called method of exhaustion, and is generally attributed to Eudoxus of Cnidus. 


(. 


Egy 600 ueve96v |&xxewévov| &v(oov &vOudgotpouuévou 


&c& 100 &Aáccovoc àxó toO us(CQovoc TÒ xoaxoAewuóuevov 
uroénote xorouetof; tó npó &autoÜU, HovUUETOEA EoTaL TH 
usyedy. 

Ato yuo ueYve060v Óvrov dvicwy tHv AB, TA xoi 
£Aáccovoc to AB a&vOugaipouuevou óàel xoU &Aáccovoc 
ATÒ toU ue(Govoc TÒ TEQIAELTŐÓUEVOV UNDÉTOTE XATAUE- 


Proposition 2 


If the remainder of two unequal magnitudes (which 
are) [laid out] never measures the (magnitude) before it, 
(when) the lesser (magnitude is) continually subtracted 
in turn from the greater, then the (original) magnitudes 
will be incommensurable. 

For, AB and CD being two unequal magnitudes, and 
AB (being) the lesser, let the remainder never measure 
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tocita TO Ted EauTOD Ačyw, OTL KovUUETOS Eott tà AB, 


TA uevé9n. 


A H B 
Em 


—————————————— 

T Z A 

Bi vóáp Eott obuUETtoa, UETEYoEL TL aUTH uéyecvoc. us- 
toettw, et OUVaTOV, xal Eotw TO E xal tò uèv AB tò ZA 
xaxopiexpoUv Aewxéxo &ouxoO &£Aaccov xó LZ, xó 6€ LZ xo 
BH xataueteoty Acinéte eautot EAacooyv xó AH, xal toto 
Acl Yiv£o 00, Ecc o0 AeupÜUf, tt UeyeDoc, Ó otv £Aaooov toO 
E. Yevovéto, xoi AeAcíqüo ó AH £Xaccov tot EB. énet obv 
tò E tò AB uyerget, àAAà xó AB xó AZ uecpet, xoi xó E dow 
tO ZA ueterfjoet. uetoci 68 xol óXov xó DAÀc xoi Aoixóv &pa 
tò [Z uetońoci. &ààà tò TZ tò BH uetpet xoi tò E &pa 
tò BH perpeti. uecpei 0€ xoi óAov xó AB: xoà Aornòv Yow TO 
AH yvetoyjoet, tò ueiCov 10 EAaocoy Sree Eotly ad0vatoy. 
ovx àpa xà AB, DÀ uevéor vetoyjoe: tt uevedoc dovuUston 
goa otl tà AB, TA ueyéðn. 

Eàv &poa 000 ueYe06Gv àv(ocov, xol xà &&fic. 


t The fact that this will eventually occur is guaranteed by Prop. 10.1. 


f 
Y * 
A00 uegYe96v cuuuécoov 6o0évvov xó uéviotov aóv 
XOLWOYV uétpov eOptiv. 


AZ 


kt 


ai — — eee 


I E A 
Ht 

"Ecco tà 600évra 800 ueyéOr ovUUetoa te AB, TA, 
Gv EXacooy tò AB: Set SH tHv AB, TA tò uévtoxov xowoóv 
UETOOY ELOELY. 

Tò AB yàp uéve9oc Ato. yetoet tò TA ĵ oð. et uev 
ov UEToEt, uetoci òè xol ĉautó, TO AB &pa x&v AB, DA 
XOLVOY UETOOY EoTIV’ Kal qavepgóv, óxt xol uévioxov. uciGov 
yao tol AB ueyvé9ouc xó AB o9 yecefioer. 

My) uetpeitw ù tò AB tò L'A. xoi &vOudgorpouuévou 
gel tol gAdaoovog and to uelCovoc, TÒ neptàcinóuevov 
— NOTE TO TOO EaUTOD Oui TO uÙ civar dovVUUETON TH 
AB, TA: xai to uev AB 16 EA xatouetooby Aeinéte Eautob 


the (magnitude) before it, (when) the lesser (magnitude 
is) continually subtracted in turn from the greater. I say 
that the magnitudes AB and C D are incommensurable. 


A G B 
E — 


E ———————————————————————————4 
G F D 
For if they are commensurable then some magnitude 

will measure them (both). If possible, let it (so) measure 

(them), and let it be E. And let AB leave CF less than 

itself (in) measuring FD, and let CF leave AG less than 

itself (in) measuring BG, and let this happen continually, 
until some magnitude which is less than E is left. Let 

(this) have occurred,! and let AG, (which is) less than 

E, have been left. Therefore, since E measures AB, but 

AB measures DF, E will thus also measure FD. And it 

also measures the whole (of) C D. Thus, it will also mea- 

sure the remainder C F. But, CF measures BG. Thus, E 

also measures BG. And it also measures the whole (of) 

AB. Thus, it will also measure the remainder AG, the 

greater (measuring) the lesser. The very thing is impos- 

sible. Thus, some magnitude cannot measure (both) the 
magnitudes AB and CD. Thus, the magnitudes AB and 

C D are incommensurable [Def. 10.1]. 

Thus, if ... of two unequal magnitudes, and so on .... 


Proposition 3 


To find the greatest common measure of two given 
commensurable magnitudes. 


A F B 


m 


Jt tp —ñ— — — — 


C E D 


G |m 

Let AB and CD be the two given magnitudes, of 
which (let) AB (be) the lesser. So, it is required to find 
the greatest common measure of AB and CD. 

For the magnitude AB either measures, or (does) not 
(measure), CD. Therefore, if it measures (CD), and 
(since) it also measures itself, AB is thus a common mea- 
sure of AB and CD. And (it is) clear that (it is) also (the) 
greatest. For a (magnitude) greater than magnitude AB 
cannot measure AB. 

So let AB not measure CD. And continually subtract- 
ing in turn the lesser (magnitude) from the greater, the 
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£Aaccov tó ED, tò è ELI tò ZB xatauetpoŭv AewnétO 
exutod EAacaoyv tO AZ, xó 6€ AZ tò [E vetestto. 

"Enc oov tò AZ tÒ TE vetoet, Aà tò TE tò ZB uecpet, 
xal TO AZ &pa tO ZB uetpńoci. uetpeř ðè xal autó: xol 
ÓAov àpa xó AB uexefioet vó AZ. Gà xó AB xó AE uevpet 
xal tÒ AZ &pa tò EA uetpýosi. metoc è xa tò TE xot 
ohov Koa TO TA yuexget tò AZ how tv AB, TA xowòv 
uétpov ĉotív. AEya OY, OTL Kal UEYLOTOV. ei Yàp ur, £ocot 
-« uéyve9oc uciCov xo0 AZ, 9 uexprfioec xà AB, TA. £oxo tò 
H. énei o0v xó H xó AB uerpet, àÀAà xó AB tò EA uetoet, 
xoi tó H &pa xó EA uexerjoer. uevgel 68 xoi óXov xó DA 
xoi Aowxóv &pa tò T'E uetohosi tò H. &ààà tò T'E tò ZB 
uetoet’ xal TO H &pa tò ZB uetpńosi. uecpet 6€ xol ÓAov 
tó AB, xoi Aowóv xó AZ uecefjoet, TO uetCov TO EAaooov: 
once Eotly ddvuvatov. ovx goa vetCdv tu ueyvyedoc tot AZ 
tà AB, TA uexerioev tò AZ &pa t&v AB, TA tò uéyiotov 
xXOotvVÒV uÉTEOV ÈOTÍV. 

Ato toa veyedOyv ovuuétewyv dodevtwy tõv AB, TA 
TO UEYLOTOV XOLVOY UETOOY NENT’ OnEE Eder Setgou. 


lópioua. 
‘Ex Of toútou Maveody, dt, Exv usyeVoc S00 ueyéðn 
UETO, xol TÒ uévioxov aGv xotoóv uétpov uecprjoet. 


ð. 


Tov yeye0Ov ouvuuétowv dodévtav TÒ uÉyLOTOV 
aOTGv XOLVOV UETOOY ELOCELY. 


^ E Z 
"Hot tà sovévta voía uevéOv ovuuetoa tà A, B, T° 
det 07) xGv A, B, D' xó uévioxov xowóv uéxpov eopciv. 
PEXAfyp0o vàp 800 xGv À, B xó uévtotov xowóv uétpov, 
xol ota tO A tò ù A tò T Ator yeto Ñ oŭ [vetoei]. 
UETOSITW Medtepov. Enel obV TO A TOT uetoci, uetoci òè 
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remaining (magnitude) will (at) some time measure the 
(magnitude) before it, on account of AB and CD not be- 
ing incommensurable [Prop. 10.2]. And let AB leave EC 
less than itself (in) measuring ED, and let EC leave AF 
less than itself (in) measuring FB, and let AF measure 
CE. 

Therefore, since AF measures C E, but C E measures 
FB, AF will thus also measure FB. And it also mea- 
sures itself. Thus, AF will also measure the whole (of) 
AB. But, AB measures DE. Thus, AF will also mea- 
sure ED. And it also measures CE. Thus, it also mea- 
sures the whole of CD. Thus, AF is a common measure 
of AB and CD. So I say that (it is) also (the) greatest 
(common measure). For, if not, there will be some mag- 
nitude, greater than AF, which will measure (both) AB 
and CD. Let it be G. Therefore, since G measures AB, 
but AB measures ED, G will thus also measure ED. And 
it also measures the whole of C D. Thus, G will also mea- 
sure the remainder CE. But CE measures FB. Thus, G 
will also measure FB. And it also measures the whole 
(of) AB. And (so) it will measure the remainder AF, 
the greater (measuring) the lesser. The very thing is im- 
possible. Thus, some magnitude greater than AF cannot 
measure (both) AB and CD. Thus, AF is the greatest 
common measure of AB and CD. 

Thus, the greatest common measure of two given 
commensurable magnitudes, AB and CD, has been 
found. (Which is) the very thing it was required to show. 


Corollary 


So (it is) clear, from this, that if a magnitude measures 
two magnitudes then it will also measure their greatest 
common measure. 


Proposition 4 


To find the greatest common measure of three given 
commensurable magnitudes. 


D E F 


Let A, B, C be the three given commensurable mag- 
nitudes. So it is required to find the greatest common 
measure of A, B, C. 

For let the greatest common measure of the two (mag- 
nitudes) A and B have been taken [Prop. 10.3], and let it 
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xoi xà A, B, tò A &pga tà A, B, T uetoci: tò A dow xv A, 
B, I xowòv uétpov ëotiv. “al gavepdyv, OTL xal uéyiotov' 
uetCov yao tol A ueyédouc ta A, B ov uetoet. 

My uexpetvo 97) xó A xó E. Aévo npGov, óu cóuuetpá 
coti và D', A. &nel Yvàp oúuuetpå ċott tà A, B, T, etoos 
t" aótà uéyveOoc, Ó OrAoOT xoi tà A, B uetońoer Bote 
xal tò t&v À, B uéyioxov xowóv uéxpov xó A uetpfjoe. 
uetpet 0€ xoi tÒ I" Mote x6 eiernu£vov ueYveO0c uetprjoer TH 
I', A: oóuguetea àpa oti xà D, A. eO fyc 00v abt6v to 
UEYLOTOV XOLVOYV uétpov, xol Cotw tÒ E. &nei oov tò E tò 
A uetost, dAAd TO A tà A, B uetoci, xol tò E &oa tà A, B 
uUstoyjos. ustoet è xal tò T. tò E &pa tà A, B, IT uetper 
tó E &pa x&v A, B, I' xowóv &ow uéxpov. Ayo O¥, OTL xoi 
uéyiotov. cl Yàp Ouvaxóv, £oto tt tol E yvetCov uéyedoc 
tÒ Z, xa uetocitw xà A, B, T. xa net tò Z tà A, B, T 
uetost, xol Ta A, B tow uetonoe: xal tò tõv A, B uéyiotov 
XOLWOY uétpov uetprjoe.. TO 0è tõv A, B uéyiotov xovòv 
ueétooyv éotl TÒ A: TÒ Z dow TO A uexget. uetpet òè xal TÒ 
T: tò Z &pa xà D, A uexpet xoi tò TV TP, A &pa uévtoxov 
Xotvóv u£tpov ueterjoec TO Z. čom è tò E tò Z àpa xo E 
uecpfioet, xó ueiCov xó EAaccov: ónep &odly &60vaxov. oOx 
&pa uet Cóv v o0 E uevé9ouc [uéye9oc| tà A, B, T uevpet 
tò E &pa x&v A, B, I' xó uévioxov xotwóv uéxpov &ostv, &àv 
U*| uevof| xó A tò T, àv òè uetoñ, aóxó tò A. 

Tav gow ueyev@v ouuuétowy SoVEVTWY TO UEYLOTOV 
“OLWoy UETOOV NUoNtat [önep Eder Seton). 


7 
lópioua. 
"Ex Où tovtov yavepóv, ot, &£xv uéveOoc tola ueyéðn 
uecpfj, XAL TÒ uévioxov a6v xotvóv uétpov uetprjoet. 
"Ouolcoc 97) xoi &ri xAetóvov xó uéviotov xowóv uétoov 
ArvypüYjcecot, xal TÒ nrópuoua npoyoprjoev. OnEO Eder Seton. 
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be D. So D either measures, or [does] not [measure], C. 
Let it, first of all, measure (C). Therefore, since D mea- 
sures C, and it also measures A and B, D thus measures 
A, B, C. Thus, D is a common measure of A, B, C. And 
(it is) clear that (it is) also (the) greatest (common mea- 
sure). For no magnitude larger than D measures (both) 
A and B. 

So let D not measure C. I say, first, that C and D are 
commensurable. For if A, B, C are commensurable then 
some magnitude will measure them which will clearly 
also measure A and B. Hence, it will also measure D, the 
greatest common measure of A and B [Prop. 10.3 corr.]. 
And it also measures C. Hence, the aforementioned mag- 
nitude will measure (both) C and D. Thus, C and D are 
commensurable [Def. 10.1]. Therefore, let their greatest 
common measure have been taken [Prop. 10.3], and let 
it be E. Therefore, since E measures D, but D measures 
(both) A and B, E will thus also measure A and B. And 
it also measures C. Thus, E measures A, B, C. Thus, E 
is a common measure of A, B, C. So I say that Cit is) also 
(the) greatest (common measure). For, if possible, let 
be some magnitude greater than E, and let it measure A, 
B, C. And since F measures A, B, C, it will thus also 
measure A and B, and will (thus) measure the greatest 
common measure of A and B [Prop. 10.3 corr.]. And D 
is the greatest common measure of A and B. Thus, F 
measures D. And it also measures C. Thus, F measures 
(both) C and D. Thus, F will also measure the greatest 
common measure of C and D [Prop. 10.3 corr.]. And it is 
E. Thus, F will measure E, the greater (measuring) the 
lesser. The very thing is impossible. Thus, some [magni- 
tude] greater than the magnitude E cannot measure A, 
B, C. Thus, if D does not measure C then E is the great- 
est common measure of A, B, C. And if it does measure 
(C) then D itself (is the greatest common measure). 

Thus, the greatest common measure of three given 
commensurable magnitudes has been found. [(Which is) 
the very thing it was required to show. ] 


Corollary 


So (it is) clear, from this, that if a magnitude measures 
three magnitudes then it will also measure their greatest 
common measure. 

So, similarly, the greatest common measure of more 
(magnitudes) can also be taken, and the (above) corol- 
lary will go forward. (Which is) the very thing it was 
required to show. 
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E. 
T&à oóupetoa ueyéðn npóc GAÀvAa Aóvov Eye, Ov 
àpvi0uoc npóc dpuüuóv. 


A 


SS: OE 3t — 
-A E 

"Hote abvuuetoa ueyéðn tà A, B’ Aéyw, d6t1 TO A TOO 
tO B Adyoy Eye, Ov å&prðuòs TED àpiuóv. 

‘Enet yuo obuuseted ct xà A, B, uevpfioet xt ac 
uéYeUoc. uetpe(xo, xol &oxo tó I. xoi óoóouc xó D tò 
A ystest, tooalta uováðes gotwoay év 165 A, ôcåx dé 
tO T t0 B uetost, tooatta uovadec Cotwoay ev 16 E. 

Enel oŬv tò I tò A vetoet xata tac év 165 A uováoac, 
uetpel è xol Å uovàc xóv A xaxà TÒS &v ati uovábac, 
Loco c ipa Y) uova xóv A uetpei àgpiDuóv xoi xó D' uéveOoc 
tó Á: Écuv toa We xó L' ngóc xó À, obtoc f| uovàic npóc 
tov A: dvarnodw toa, @¢ T0 A node TOT, ottwo 6 A npóc 
THY wovdda. méAtv nel tò I tò B yetoet vata tac Ev x6 
E vovadac, uetoet 0€ xoi Y, uovac xóv E xatà vàc &v aoc 
Lovadac, todxic doa Y) uovic xóv E uecget xoi xó D xó Bc 
čaty àpa óc tÒ I' ngóc xó B, obxoc f| uovàc npóc xóv E. 
£Oc(y Ov, 66 xol oc TO A mod¢ TOT, 6 A ngóc tjv Lovdda: 
OU toou &pa £c xlv cc 16 À ngóc xó B, obxoc ó A óàpiouoc 
rpóc TOV E. 

Ta sou abuueton uevéor xà A, B xpóc Gra Aóvov 
éyet, OV gordudc Ó A ngóc dpiOuov xóv E; ónep £6 Gel&on. 
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Proposition 5 


Commensurable magnitudes have to one another the 
ratio which (some) number (has) to (some) number. 


A B C 


poppe. eH p 


D E 

Let A and B be commensurable magnitudes. I say 
that A has to B the ratio which (some) number (has) to 
(some) number. 

For if A and B are commensurable (magnitudes) then 
some magnitude will measure them. Let it (so) measure 
(them), and let it be C. And as many times as C measures 
A, so many units let there be in D. And as many times as 
C measures P, so many units let there be in EF. 

Therefore, since C measures A according to the units 
in D, and a unit also measures D according to the units 
in it, a unit thus measures the number D as many times 
as the magnitude C (measures) A. Thus, as C is to A, 
so a unit (is) to D [Def. 7.20].! Thus, inversely, as A (is) 
to C, so D (is) to a unit [Prop. 5.7 corr.]. Again, since 
C measures B according to the units in E, and a unit 
also measures E according to the units in it, a unit thus 
measures E the same number of times that C (measures) 
B. Thus, as C isto B,soaunit (is) to E [Def. 7.20]. And 
it was also shown that as A (is) to C, so D (is) to a unit. 
Thus, via equality, as A is to B, so the number PD (is) to 
the (number) E [Prop. 5.22]. 

Thus, the commensurable magnitudes A and B have 
to one another the ratio which the number D (has) to the 
number E. (Which is) the very thing it was required to 
show. 


t There is a slight logical gap here, since Def. 7.20 applies to four numbers, rather than two number and two magnitudes. 


F’. 
Eàv 000 ueyéðn noòs ğina Aóvov čyn, öv åprðuòc 
Tpoòc åprÜuóv, cúuuetpa čata TÀ USyEDY. 


Ato vàp uevéOr xà A, B npóc GQAvAa Aóvov &yéxo, Óv 
&piüuóc ô A npóc àpiOuoóv tòv E Aévo, óx oóuuetpá £o 
ta A, B peyédy. 

"Ocot ydo stow év và A uováOec, cic tooatita tow 


Proposition 6 


If two magnitudes have to one another the ratio which 
(some) number (has) to (some) number then the magni- 
tudes will be commensurable. 


For let the two magnitudes A and B have to one an- 
other the ratio which the number D (has) to the number 
E. I say that the magnitudes A and B are commensu- 
rable. 
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dineyjodvw tO A, xal Evl avtay toov ~otw tò I” ðo dé 
ciot £v tõ E; uováoec, x tocottwy ueve96v toov xG T 
ovyxetovw TÒ Z. 

Enel oŬŭv, dom etoly év 76) A uováðec, ooo tá ciot xo 
£v 1G A usyédy toa x6 L', Ò &pa uépos &odiv Y) uovàc tod 
A; TO AUTO VEDO &cxl xoi xó I' xoO0 A: £cuv tow Me 10 T 
npóc TÒ À, obtoc f| uovàc npóc tov A. uetper òè Å uovàs 
tov A óàpi0uóv: uexpei dpa xoi tò I tò A. xa nel otv 
Ós TOT node 16 A, obtw¢ f| uovàc ngóc tòv A [åprvuóy], 
averarw goa a¢ TÒ À npóc 16 L', obtoc 6 A àpi0uóc npóc 
TÙY uováoa.. tv &ret, óoot eioty £v x E uováóec, tooaté 
ciot xal &v 1G Z toa xG I, ouv toa wo tO TD ngóc xo Z, 
obtoc f| uovàc npóc vóv E |épiOuóv|. &Oc(y Or Dè xal ðc 
tó À ngóc xó D', o0xoc Ó A ngóc tjv Lovada di’ toov dow 
Eotlv Wo TO A npóc TO Z, ott 6 A ted¢ TOV E. GAN’ Ge 6 
A node tov EB, ottawe Eott tO A mod tò B’ nal Ge Hoa TO A 
npgóc tò B, oŬtws xal noòs TÒ Z. tÒ A Kou npóc &xátepov 
tv B, Z tov avtoyv Eye Aóvov: tcov &pa &oxi tò B 16 Z. 
uetoet òè tò I tò Z uetoet Koa xal TO B. GAA UNV xa TO 
A: t0T &oa tà A, B uetoet. otuuetoov dou éotl tO A xG 
B. 

‘Edy &pa 000 uevé9Or, ngóc G0 ma, xoi tà Efe. 


IIógwya. 

Ex Oy) TOUTOU qQoavepóv, óu, &àv Gov 000 puol, ac 
oi A, E, xoi eo0cta, óc À A, Góvaxóv &ow noou S Ô 
A àpiüuóc npóc xóv E ópi0uóv, obtoc tf'jv eoOctav npoóc 
cOUclav. &àv dè xol vv A, Z u£or, àváXovov ArxpOfi, c f, 
B, £ctot óc f| À xpóc tiv Z, obtoc TÒ ATÒ tc À npóc TÒ 
ànró tfjc B, vouxéo uv Oc Y, npo] npóc tijv ToltTHY, OVTWC 
TO ONO THC TOWTNS MOOS TO UNO TH¢ SeUTEPAS TO OUOLOY Kall 
óuotcoc &vayepaupduevoy. GAM ao H A node THY Z, obtw< 
éotlv Ô A dowuosg mode Tov E ópi0uóv: véyvovev &oo xoi 
aco A prus npóc xov E àpiüuóv, obtwe TO dnd TtH¢ A 
ceuvetac npoc TO &nO Thc B evdeiac: Sree Eder Setgau. 


a 
Tà &cóuuetpa uevéOr, ngoc GÀ Aóyov oùx čys, Öv 
Kordudos TEOS épiOuóv. 
"Ecco é&cóupuecea uevéor) và A, B: Aévo, ött tÒ A TOO 
tò B Aóvov oóx Eye, Öv àpi0uoóc npóc àpuüuóv. 
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For, as many units as there are in D, let A have been 
divided into so many equal (divisions). And let C be 
equal to one of them. And as many units as there are 
in E, let F be the sum of so many magnitudes equal to 
C. 

Therefore, since as many units as there are in D, so 
many magnitudes equal to C are also in A, therefore 
whichever part a unit is of D, C is also the same part of 
A. Thus, as C is to A, soa unit (is) to D [Def. 7.20]. And 
a unit measures the number D. Thus, C also measures 
A. And since as C is to A, so a unit (is) to the [number] 
D, thus, inversely, as A (is) to C, so the number PD (is) 
to a unit [Prop. 5.7 corr.]. Again, since as many units as 
there are in E, so many (magnitudes) equal to C are also 
in F, thus as C is to F, so a unit (is) to the [number] E 
[Def. 7.20]. And it was also shown that as A (is) to C, 
so D (is) to a unit. Thus, via equality, as A is to F, so D 
(is) to E [Prop. 5.22]. But, as D (is) to FE, so A is to B. 
And thus as A (is) to B, so (it) also is to F [Prop. 5.11]. 
Thus, A has the same ratio to each of B and F. Thus, P is 
equal to F [Prop. 5.9]. And C measures F. Thus, it also 
measures P. But, in fact, (it) also (measures) A. Thus, 
C measures (both) A and B. Thus, A is commensurable 
with B [Def. 10.1]. 

Thus, if two magnitudes ...to one another, and so on 


Corollary 


So it is clear, from this, that if there are two numbers, 
like D and E, and a straight-line, like A, then it is possible 
to contrive that as the number PD (is) to the number E, 
so the straight-line (is) to (another) straight-line (.e., F). 
And if the mean proportion, (say) B, is taken of A and 
F, then as A is to F, so the (square) on A (will be) to the 
(square) on B. That is to say, as the first (is) to the third, 
so the (figure) on the first (is) to the similar, and similarly 
described, (figure) on the second [Prop. 6.19 corr.]. But, 
as A (is) to F, so the number D is to the number E. Thus, 
it has also been contrived that as the number D (is) to 
the number FH, so the (figure) on the straight-line A (is) 
to the (similar figure) on the straight-line B. (Which is) 
the very thing it was required to show. 


Proposition 7 


Incommensurable magnitudes do not have to one an- 
other the ratio which (some) number (has) to (some) 
number. 

Let A and B be incommensurable magnitudes. I say 
that A does not have to B the ratio which (some) number 
(has) to (some) number. 
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AR — 


B- 

Ei yàp ëyet tO A med¢ tò B Aóvov, Óv ópi0uóc npóc 
&piOUuÓv, cóuuetpov £ocot xó À xG B. oóx čot 6€ oóx &pa 
TÒ A npóc tò B Aóvov čys, Öv àpiüuóc npóc àpiOuóv. 

Tà sou covuueton Usyédn Ted GANAa Adyoy ovx Exel, 
xoi xà cfc. 


n- 
“Ey O00 veyed Tedd GAANAY AdYoY Un ExN, OV &prðuòs 
TODOS HOLOUSY, HOVUUETOA EoTaL TH UEYEDY. 


ARS 


Bee 

Ato Y&p uevé9r xà A, B ngóc GO ma Xó6Yvov ut) &yéro, 
Öv àpiüuóc npóc ópi0üuóv: Aévo, óvt &cóuuetpá &ov Ta A, 
B ueyéðn. 

Ei yao goto obuuetoa, TÒ A noòc tò B Adyov E€et, dv 
àpuüuoc Teds KoLOUdY. OLX Eyel OE. KoLUMETOA Koa EoTl xà 
A, B pevéOn. 

"Edy pa 600 uevéOr) npóc Qva, xoi tà &&fic. 


v. 

Tà ànó t&v ufxev cuugétpov sUDELOV TETEdyWva 
npgóc &AArnAa Aóvov E&yet, OV xexpéyovoc ópuuóc npoc 
texpéYovov àpgu0uóv: xoi tà tetpéyova TA TODS GAÀYAa 
Aóvov Éyovxa, OV tetpéYcovoc dpi0uóc npóc veTQÓYOovov 
&pu0uÓv, xoi tàs mAsvoEdc Ete, ume, oLUUETEOUC. TH 
OS dno TEV UNKEL GOLUUETEWYV EvVELOY TeTEdywva Ted¢ 
&AAYjAa AÓóYvov oOx Eyel, OvnEO TeTedywvoc doLOUd> Ted 
TETONYWVOV àpu0uóv: xoi xà tetpéycova tà npóc AANA 
AOYOY UY Eyovta, OV xexpéovoc ópiDuóc npóc TETO&YWVOV 
Korgudy, Ode Tac TMASLEdS ECeL UYKEL OVUUETEOUC. 


"Eotwoay yao at A, B urxer obuuetoor Aéyo, OTL TO 
ono the A tetodywvov mod¢ TO Gnd The B tetod&ywvov 
Aóvov čys, OV Tetodywvoc prus xpóc TETEd&ywWvOV 
àpiOuóv. 
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A— 


B |m 
For if A has to B the ratio which (some) number (has) 
to (some) number then A will be commensurable with B 
[Prop. 10.6]. But it is not. Thus, A does not have to B 
the ratio which (some) number (has) to (some) number. 
Thus, incommensurable numbers do not have to one 
another, and so on .... 


Proposition 8 


If two magnitudes do not have to one another the ra- 
tio which (some) number (has) to (some) number then 
the magnitudes will be incommensurable. 

A't——— 


B — 

For let the two magnitudes A and B not have to one 
another the ratio which (some) number (has) to (some) 
number. I say that the magnitudes A and B are incom- 
mensurable. 

For if they are commensurable, A will have to B 
the ratio which (some) number (has) to (some) number 
[Prop. 10.5]. But it does not have (such a ratio). Thus, 
the magnitudes A and B are incommensurable. 

Thus, if two magnitudes ...to one another, and so on 


Proposition 9 


Squares on straight-lines (which are) commensurable 
in length have to one another the ratio which (some) 
square number (has) to (some) square number. And 
squares having to one another the ratio which (some) 
square number (has) to (some) square number will also 
have sides (which are) commensurable in length. But 
squares on straight-lines (which are) incommensurable 
in length do not have to one another the ratio which 
(some) square number (has) to (some) square number. 
And squares not having to one another the ratio which 
(some) square number (has) to (some) square number 
will not have sides (which are) commensurable in length 
either. 


For let A and B be (straight-lines which are) commen- 
surable in length. I say that the square on A has to the 
square on B the ratio which (some) square number (has) 
to (some) square number. 
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"Enc vàp oouuexpóc &ovv f; À xfj B ure, Y) À &pa noóc 
uv B Aóvov £yeu Óv ópiüuóc npóc àpiüuóv. &yévo, ÖV O 
[' rgóc xóv A. &nxei ov &ouv cc f; À npóc cv B, obtoc ò 
I mod¢ tov A, &AAà xoO uèv tc A npóc viv B Aóvou à- 
nAacícv &oclv 6 vo0 &nó tfjc À tTETPAYOVOL TÒS TÒ ATÒ TS 
B teto&ywvov: TÀ yàp Öuow oyuata £v SitAActow AdYa 
E0tl THY OUOAGYHY TAcLEdY: tot dé tol T [épiOuo0| npóc 
tóv A [ópiOuóv| Aóvou BurAac(ov Eotiy 6 toB dro tod T 
TETONYWVOU Teds TOV ano Tot A tetodywvov: úo yàp TE- 
TONYOVOY pruv cis uécoc avdAoYOY Eotiv &prðuóc, xal 
Ò tetToáywvoc Teds TOV TetTO&ywvoyv [àpirðuòy]| SitAactova 
AOYOY Exel, Aree Å TAcved Teds THY TAsvVEdV? Eat koa 
xol Wo TÒ AMO tfjg A TeEtToOdywvov med¢ TO aNd TH¢c B 
TETOKY VOY, OUTWS 6 dnd TOD T tetodywvos [Gord] TEd< 
tov and tot A [do.Su0t] tetodywvov [govudy). 

AAAA DÀ EotT OC TO aNd Thc A tetpoáywvov npóc TO 
ànó tfi; B, obtcoc 6 &nd tol T teted&ywvoc npòc TÒV ATÒ 
tot A |tetedywvoy|’ AEyw, Stt obuUEteds Eotiv H A tH B 
UYKEL. 

Enel yá got óc TO and thc A tetodywvoyv ted¢ TO 
and th¢ B [tetodywvoy], obtwe 6 dnd toh [T tetedyavoc 
Teds TOV &nOd tov A [tetod&ywvoy], GAA’ 6 LEV TOD dnd cfjc 
A tetexya@vou Teds TO and tic B |tetedywvoy| Aóyvoc &- 
TAaatwyv éotl tol thc A mode thY B Adyou, 6 b€ tod nò 
100 P [ġprðuo Č] tetpayovou [dprðuo oÙ] med¢ tov and tot A 
làpiOuo0| cevo&yovov [Gpiüuóv| Aóyvoc GuxAaciov ot) x00 
toù I [éovduob] moed¢ tov A [derOudy] Adyou, Eotw boa 
xol ðs Å A npóc tv B, obxoc ô T |ápiouóc] ngóc xóv A 
[àprðuóy]. i) A &pa ngóc vv B Adyoy éyei, ðv åprðuòs ôT 
ngóc dpi0uov xóv A: cóuueceoc ipa &oxiv f| À tfj B ufixe. 

AAXAà 97, àcouuepoc &oco f| À cf; B uńxer Aévo, óu 
to àxó tfic À vexoónrovov npóc xó ànó tfjc B [vexpévovov| 
Aóvov oOx Éyet, ÖV xvexoéyovoc doLOUdS npóc tetpiyovov 
&prðuóv. 

Ei yàp Eye. TO and Thc A tetodywvov med¢ TO ATÒ 
tfic B [rexpgávovov| Aóyov, öv xexpávovoc àpiüuóc ngoóc 
vexpáovov àpiouóv, cóuuereoc &ocot 7| À xfj B. oóx &ou 
O€' oOx Goa TO åTÒ tc A vetpóyovov npóc TO ATO THe 
B |[tetedéywvoy] Adyov Eyet, Ov xexpávovoc épiDuóc npóc 
TETORYWVOYV Goudy. 

IIótv ù tÒ dno th¢ A vetpéycovov npóc TÒ TÒ TC 
B [|xexo&veovov| Aóvov uj &yéxo, Öv tetoáywvos prðuòc 
npóc vevpáovovy dpiüuóv: Aévo, óx àcóuuerpóc &ouvy T| À 
tfj B ure. 

Et ydo oti oúuuetpocs À A tH B, &€er tO dnd thc A 
TeOS TO ENO Tho B Adyoy, Ov xetpÓYovoc ópi0uóc MEd 
TETONYWVOYV &piüuóv. o0x E£yet 6€ OLX Koa obUUETEOS EOTIV 
f| A xfj B ufixe. 

Tà dou and THY UAKEL OLULETOWY, Kal TH ETH. 
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For since A is commensurable in length with B, A 
thus has to B the ratio which (some) number (has) to 
(some) number [Prop. 10.5]. Let it have (that) which 
C (has) to D. Therefore, since as A is to B, so C (is) 
to D. But the (ratio) of the square on A to the square 
on B is the square of the ratio of A to B. For similar 
figures are in the squared ratio of (their) corresponding 
sides [Prop. 6.20 corr]. And the (ratio) of the square 
on C to the square on D is the square of the ratio of 
the [number] C to the [number] D. For there exits one 
number in mean proportion to two square numbers, and 
(one) square (number) has to the (other) square [num- 
ber] a squared ratio with respect to (that) the side (of the 
former has) to the side (of the latter) [Prop. 8.11]. And, 
thus, as the square on A is to the square on B, so the 
square [number] on the (number) C (is) to the square 
[number] on the [number] D.t 

And so let the square on A be to the (square) on B as 
the square (number) on C (is) to the [square] (number) 
on D. I say that A is commensurable in length with B. 

For since as the square on A is to the [square] on B, so 
the square (number) on C (is) to the [square] (number) 
on D. But, the ratio of the square on A to the (square) 
on B is the square of the (ratio) of A to B [Prop. 6.20 
corr.]. And the (ratio) of the square [number] on the 
[number] C to the square [number] on the [number] D is 
the square of the ratio of the [number] C to the [number] 
D [Prop. 8.11]. Thus, as A is to B, so the [number] C 
also (is) to the [number] D. A, thus, has to B the ratio 
which the number C has to the number D. Thus, A is 
commensurable in length with B [Prop. 10.6].* 

And so let A be incommensurable in length with B. I 
say that the square on A does not have to the [square] on 
B the ratio which (some) square number (has) to (some) 
square number. 

For if the square on A has to the [square] on B the ra- 
tio which (some) square number (has) to (some) square 
number then A will be commensurable (in length) with 
B. But it is not. Thus, the square on A does not have 
to the [square] on the B the ratio which (some) square 
number (has) to (some) square number. 

So, again, let the square on A not have to the [square] 
on B the ratio which (some) square number (has) to 
(some) square number. I say that A is incommensurable 
in length with B. 

For if A is commensurable (in length) with B then 
the (square) on A will have to the (square) on B the ra- 
tio which (some) square number (has) to (some) square 
number. But it does not have (such a ratio). Thus, A is 
not commensurable in length with B. 

Thus, (squares) on (straight-lines which are) com- 
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7 
IIóptyua. 
Koi «qovegóv ex Gv OgOetvuévov FoTa, OTL al UYXEL 
CUUUETOOL NAVTWS Kal OUVaUEL, al OÈ SLVAUEL OL TaVTWS xal 
UYKEL. 


t There is an unstated assumption here that if a : 8 :: y : ó then o? : 8? :: 
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mensurable in length, and so on .... 


Corollary 


And it will be clear, from (what) has been demon- 
strated, that (straight-lines) commensurable in length 
(are) always also (commensurable) in square, but (straight- 
lines commensurable) in square (are) not always also 
(commensurable) in length. 


«y^ :ó*, 


t There is an unstated assumption here that if o? : 8? :: 4? : 9? then o: B :: »y : ó. 


f 
t * 
Tfj ngoxe9Ostoy, eobOe(o npooseugetv 600 eoUe(oc &ouuuéc- 
pouc, tiv u£v ufixet uóvov, THY 68€ xol ouváget. 


AR — — 


"Eo0 f| xgoxe0cioo esta Y, A: oct 67) xfj A npootupeiv 
600 svLVElac dovUUETEOUG, THY UEV UKEL UOVOY, TYV OE xod 
OUVEUEL. 

‘Exxstatvwoay yàp 000 aprðuol ot B, I 1góc GAAfjAouc 
Aóyov uÀ EXOVTES, OV TETELYWVOS HOLDUOS MEd TETOUYWYOY 
Goroudy, TOLTESTL UY) Goto ninco, xal YEYOVETW Wc O 
B node tov T, ottwe TO and The A tetekywvov Ted TO 
ano tic A tetodywvov' éudQousv Yóáp: cóOuuerpov pa 
TO GMO tHe A TG dnd the A. xol Exet 6 B node tov D 
Aóvov oOx Éy&t, ÖV xvexoéyovoc dpiüuóc TEdS TETEd&yWVOV 
àpi0uóv, o08. goa tO and THe A med TO and tHe A Aóvov 
EXEL, OV TEeTOd&ywvoc dpi0uóc npóc tetpáåywvoyv &průuóv' 
à&cóuuetpoc ipa &oclv T] À cf; A ufixei. ei fypOo tõv A, A 
uéon àváAovov Y, E: £cowuv toa a¢ Å A npgóc tijv A, obtoc 
TÒ ATÒ TS A tTetodywvoy node TO aNd TH\¢ E. àcóuuerpoc 
Dé otv Å A tH A uńxev å&oúuuctpov pa oth nal TO GMO 
thc A tetod&ywvoy 16 dnd tfjc Ej vevpaty vox cobuusteoc 
hoa éotiv ¥) A tH E duvduen. 

TY àpa nootedetoy evdetx tH A moocevenvta 800 
cevvetoan dovuuetoot at A, E, ufxer ev udvoy ¥ A, duvéuer 
de xol unxer SnAady Å E [oneo Eder SetEon]. 


Proposition 10! 


To find two straight-lines incommensurable with a 
given straight-line, the one (incommensurable) in length 
only, the other also (incommensurable) in square. 


Let A be the given straight-line. So it is required to 
find two straight-lines incommensurable with A, the one 
(incommensurable) in length only, the other also (incom- 
mensurable) in square. 

For let two numbers, P and C, not having to one 
another the ratio which (some) square number (has) to 
(some) square number—that is to say, not (being) simi- 
lar plane (numbers)—have been taken. And let it be con- 
trived that as B (is) to C, so the square on A (is) to the 
square on D. For we learned (how to do this) [Prop. 10.6 
corr.]. Thus, the (square) on A (is) commensurable with 
the (square) on D [Prop. 10.6]. And since P does not 
have to C the ratio which (some) square number (has) to 
(some) square number, the (square) on A thus does not 
have to the (square) on D the ratio which (some) square 
number (has) to (some) square number either. Thus, A 
is incommensurable in length with D [Prop. 10.9]. Let 
the (straight-line) E (which is) in mean proportion to A 
and D have been taken [Prop. 6.13]. Thus, as A is to D, 
so the square on A (is) to the (square) on E [Def. 5.9]. 
And A is incommensurable in length with D. Thus, the 
square on A is also incommensurble with the square on 
E [Prop. 10.11]. Thus, A is incommensurable in square 
with E. 
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Thus, two straight-lines, D and E, (which are) in- 
commensurable with the given straight-line A, have been 
found, the one, D, (incommensurable) in length only, the 
other, E, (incommensurable) in square, and, clearly, also 
in length. [(Which is) the very thing it was required to 
show. ] 


t This whole proposition is regarded by Heiberg as an interpolation into the original text. 


Lot’. 

Eàv téoccapa ueyéðn avddoyoy Y, TO è npGtov t6 
SELTECW) CUUMETOOY YF}, xal TÒ ToltoYV TH) TETHOTW GUUUETEOV 
Čotar “HAV TO TODTOY TH) SELTEOW HobUUETEOY T) xal TÒ 
TOLTOY TE TETHOTO KHOUUUMETOOYV FOTAL. 


"Eotwoay técoapa yevyedn avédoyoy xà A, B, D, A, 
(c 16 A node 10 B, obtwe tò TI node to A, tÒ A SE TH 
B ovuyetoov čotw Aévo, ÖT xa tò D' tH A oóupetpov 
£o tot. 

"Enci vàp cóuuetpóv £o 1ó À x6 B, xó A &pa npóc 1ó 
B Aóvov Even, 0v prus npóc ópiDuóv. xot &£ouv óc xó À 
rngóc 1ó B, obxoc 1ó D ngóc xó Ac xoi xó D &pa ngóc 10 À 
Aóvov &£yet, Ov ópiÜüuoc npóc àpiüuóv: oüuuetpov Koa EoTl 
tò I tõ A. 

AAAA OÀ tò A 76 B &oúuuetpov čata Ayo, STL Kal TO 
I t& A gobuuetoov Eaton. Enel yuo GovUUETOdV EoTtL TO A 
1G B, tò A Gow med¢ 16 B Adyov obx Eyer, dv dorduoe Ted¢ 
&pvOuÓv. xot &oxtv óc xó À npóc xó B, obvoc 1ó T' npóc tò 
A: o08€ tò I dow med¢ xó A Aóvov Eye, Óv dpiOuóc npóc 
&puiOuóv: &àcOuuetpov &pa oti tò I tõ A. 

Eàv &pa técoapa ueyéðn, xal xà &&fjc. 


8. 

Tà t adt% useveéde. obuuetoa xol GAAKAoIc &od 
cue tpa. 

"Exétepov yàp tõv A, B t& l' ovo oóouyueteov. Aévo, 
ÖT Xal TÒ À x6) B ot oúuuetpov. 

Enel yàp cóÓuuetpóv éott TO A THT, tò A &pa npóc 
tò I Adyov Eyet, 9v ópi0uóc npóc doidudy. EyétwW, Öv ô A 
Teds TOV BK. ndAww, Enel ovuuETtody éott tò I x6 B, x6 I ow 
Teds TO B Adyoy yet, Öv àpiüuóc ngóc àpi0uóv. &yéto, OV 
Ò Z ngóc xóv H. xoà Aóvcov Sovevtwv Onrocowvody to Te, 
dv éyet ô A nodc xov E, xoi ó Z ngóc xóv H cidAngdwoav 
pruo &&fic £v tote SoVvetat Adyoicg oi O, K, A Bote civa 


Proposition 11 


If four magnitudes are proportional, and the first is 
commensurable with the second, then the third will also 
be commensurable with the fourth. And if the first is in- 
commensurable with the second, then the third will also 
be incommensurable with the fourth. 


Let A, B, C, D be four proportional magnitudes, 
(such that) as A (is) to B, so C (is) to D. And let A 
be commensurable with B. I say that C will also be com- 
mensurable with D. 

For since A is commensurable with B, A thus has to B 
the ratio which (some) number (has) to (some) number 
[Prop. 10.5]. And as A is to B, so C (is) to D. Thus, 
C also has to D the ratio which (some) number (has) 
to (some) number. Thus, C is commensurable with D 
[Prop. 10.6]. 

And so let A be incommensurable with B. I say that 
C will also be incommensurable with D. For since A 
is incommensurable with B, A thus does not have to P 
the ratio which (some) number (has) to (some) number 
[Prop. 10.7]. And as A is to B, so C (is) to D. Thus, C 
does not have to D the ratio which (some) number (has) 
to (some) number either. Thus, C is incommensurable 
with D [Prop. 10.8]. 

Thus, if four magnitudes, and so on .... 


Proposition 12 


(Magnitudes) commensurable with the same magni- 
tude are also commensurable with one another. 

For let A and B each be commensurable with C. I say 
that A is also commensurable with B. 

For since A is commensurable with C, A thus has 
to C the ratio which (some) number (has) to (some) 
number [Prop. 10.5]. Let it have (the ratio) which D 
(has) to E. Again, since C is commensurable with B, 
C thus has to B the ratio which (some) number (has) 
to (some) number [Prop. 10.5]. Let it have (the ratio) 
which F (has) to G. And for any multitude whatsoever 
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Gc uev tov A med¢ Tov E, obxoc xóv O ngóc vov K, óc o£ 
tòv Z ngóc xóv H, obxoc xóv K ngóc xov A. 


At (2) —3 
E |Á — K 
J — —— 
H 


c 


"Enel 00v otuv ðs tÒ À ngóc xó T, obtoc ô A ngóc 
tóv E, GAX óc ô A ngóc xóv E, obtoc ô O ngóc tòv K, 
cot &pat xol Bo TO A node TOT, oüxoc ô O ngóc xóv K. 
TdALW, Enel Eotlv Wc TO I’ nod¢ tO B, obtoc ó Z ngóc xov 
H, GAN’ ao 6 Z node tov H, [ottw<] 6 K node tov A, xa 
OS pa tÒ T node 10 B, obtwe 6 K node tov A. Eott Se xol 
OS TÒ A nod¢ TOT, ottwo 6 O node tov K: àv {oou gow 
Eotly Wo TO A Ted¢ TO B, obtw¢ 6 O node tov A. tO A bow 
ngoc tò B Aóyov čys, Öv üpi0uóc ô O npóc dpiOuoóv tov A: 
oUUUETOOY Yoo éotl TO A xG B. 

Tà pa tŒ at uevyeder ovbUUEToa xal GAAKAOIC Eotl 
obUUEToOa OnEoO Eden Seteau. 

LY’. 

‘Eav y Ovo uevéOr ovUUETeEa, TO bE ETEEPOV QAÙTÕV 
USVEVEL TLVL LOUUMETOOY Å, XAL TÒ AOLTÒV TE KOTO GODUUETO- 
OV EOTAL. 


AR — — — 
L — 


B —— r—— — — — — 

"Ecco 900 ueyéðn cúuuetoa tà A, B, tò è Eteoov 
autdy TÒ A WAw tt 164 I dovuuetoov gotw AYO, OT 
xoi 1ó Aowoóv 1ó B tă T &cóuuexpóv &ouv. 

Ei ydo tot, obuUetooyv xó B x6 T, &Aàà xal tÒ A tÕ 
B cóuuetoóv £o, xol TO A dow 6 T otuuetody &ouv. 
Gà xoi &oouuetpov: ónep àO0vaov. oOx Hoa CUUMETOOV 
goti TÒ B x6 I &oóuuecpov dpa. 

"Hav &pa f; 900 ueyéðn cóuuetpa, xoi xà &&fic. 


Afjuua. 
Ato Oo0ccGv e00c.v. d(cov eogelv, tivt uciCov 
Dúvata Y) uet Gov cfic £Aáocovoc. 
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of given ratios—(namely,) those which D has to E, and 
F to G—let the numbers H, K, L (which are) contin- 
uously (proportional) in the(se) given ratios have been 
taken [Prop. 8.4]. Hence, as D is to E, so H (is) to K, 
and as F (is) to G, so K (is) to L. 


C ———— B m —— — 


D |m Ht 
E— — R 
F— — L eC 


Therefore, since as A is to C, so D (is) to E, but as 
D (is) to E, so H (is) to K, thus also as A is to C, so H 
(is) to K [Prop. 5.11]. Again, since as C is to B, so F 
(is) to G, but as F (is) to G, [so] K (is) to L, thus also 
as C (is) to B, so K (is) to L [Prop. 5.11]. And also as A 
is to C, so H (is) to K. Thus, via equality, as A is to B, 
so H (is) to L [Prop. 5.22]. Thus, A has to B the ratio 
which the number H (has) to the number L. Thus, A is 
commensurable with B [Prop. 10.6]. 

Thus, (magnitudes) commensurable with the same 
magnitude are also commensurable with one another. 
(Which is) the very thing it was required to show. 


Proposition 13 


If two magnitudes are commensurable, and one of 
them is incommensurable with some magnitude, then 
the remaining (magnitude) will also be incommensurable 
with it. 


Let A and B be two commensurable magnitudes, and 
let one of them, A, be incommensurable with some other 
(magnitude), C. I say that the remaining (magnitude), 
B, is also incommensurable with C. 

For if B is commensurable with C, but A is also com- 
mensurable with B, A is thus also commensurable with 
C [Prop. 10.12]. But, (it is) also incommensurable (with 
C). The very thing (is) impossible. Thus, B is not com- 
mensurable with C. Thus, (it is) incommensurable. 

Thus, if two magnitudes are commensurable, and so 
Oori 


Lemma 


For two given unequal straight-lines, to find by (the 
square on) which (straight-line) the square on the greater 
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A 


A B 


"Eoxocav oi 6o9cicot 600 &wocot eóOctot ot. AB, TL, v 
ue(Cov &£oo Y, AB: 66 87 eogetv, tivi UstCov SUvaTton Y, AB 
the. 

l'evgáq90 èni týs AB fjuxóxAov tò AAB, xol eic oto 
evnovoove tH DT ton h AA, xal ExeCevydw Y, AB. qavegoóv 
dH, OTL GOH Eottv Å OTO AAB voa, xoi óx À AB tc 
AA, toutéott tihi¢ DL, uceiCcov 80vaxor vf; AB. 

"Ouoloc è xal Dvo 6007.06 vy cOO€LGY Y, Go vou évr] atate 
EvVELOXETAL OUTIWC. 

"Eoxocav ot 6o0cioot 000 eo06ctot ot AA, AB, xoi Géov 
£010) £Upely tyjv Ouvauévryv abtxóc. xeíoO0oo0av yåp, oce 
óp0Tv voa xepgiéyew thy UNO AA, AB, xoi &neCeoy oo 
?, AB: qavegóv nó, óu Y, tàs AA, AB ouvayévr, £oxiv f| 
AB: Oreo čer Degon. 


t That is, if o and 8 are the lengths of two given straight-lines, with 


a? = 8? 4-47. Similarly, we can also find ^ such that ,? — o? 4- 8?. 
na 


Eàv xéooopec cute àváAovov Got, O0vr|tot O& f| 
TOOTH The Sevtéoac yetCov tH óàxó ovLUUETEOL &auTf| 
luAxet], xal À tolt tic tethoths UEtCov SuvAoeta TG dnd 
cuuuérpou éautf| |ufxet. xol àv A meaty tic Seuteoac 
uctov óvta tH dnd &ouuuétpou taut [uńýxe, xa À 
tpítr) tfjg vevóptYy|c uciCov Ouvfjoexor x nó óouupuétpou 
aut [uyxet|. 

"Eotwoay téooaoes cuteta avddoyoy at A, B, T, A, 
ðs Å A node thy B, ottw¢ HT node thy A, xoi f| A uev 
tfjc B ueiCov Guvác90 16 ànó tfjc E, Y; 6£ I vfjc A ucitov 
Ouv&cO0o TH nrò tc Z Ayw, ÖT, ette oouuetpóc &oxtv 
Å A t E, oóuuetoós tot xa ÀI t Z, cite &ovuuetpoóc 
cot À A tH E, &oúuuetoós ċott xoi ó T tH Z. 
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(straight-line is) larger than (the square on) the lesser! 


C 
D 


A B 


Let AB and C be the two given unequal straight-lines, 
and let AB be the greater of them. So it is required to 
find by (the square on) which (straight-line) the square 
on AB (is) greater than (the square on) C. 

Let the semi-circle ADB have been described on AB. 
And let AD, equal to C, have been inserted into it 
[Prop. 4.1]. And let DB have been joined. So (it is) clear 
that the angle ADB is a right-angle [Prop. 3.31], and 
that the square on AB (is) greater than (the square on) 
AD—that is to say, (the square on) C—by (the square 
on) DB [Prop. 1.47]. 

And, similarly the square-root of (the sum of the 
squares on) two given straight-lines is also found likeso. 

Let AD and DB be the two given straight-lines. And 
let it be necessary to find the square-root of (the sum 
of the squares on) them. For let them have been laid 
down such as to encompass a right-angle—(namely), that 
(angle encompassed) by AD and DB. And let AB have 
been joined. (It is) again clear that AB is the square-root 
of (the sum of the squares on) AD and DB [Prop. 1.47]. 
(Which is) the very thing it was required to show. 


a being greater than 8, to find a straight-line of length y such that 


Proposition 14 


If four straight-lines are proportional, and the square 
on the first is greater than (the square on) the sec- 
ond by the (square) on (some straight-line) commen- 
surable [in length] with the first, then the square on 
the third will also be greater than (the square on) the 
fourth by the (square) on (some straight-line) commen- 
surable [in length] with the third. And if the square on 
the first is greater than (the square on) the second by 
the (square) on (some straight-line) incommensurable 
[in length] with the first, then the square on the third 
will also be greater than (the square on) the fourth by 
the (square) on (some straight-line) incommensurable 
[in length] with the third. 

Let A, B, C, D be four proportional straight-lines, 
(such that) as A (is) to B, so C (is) to D. And let the 
square on A be greater than (the square on) B by the 
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| 


ABETAZ 


‘Enel ydo got ðc Å A zpoòs tùy B, oŬtws ÀT rpòs viv 
A, éotty doa xal ¢ TO dnd tfjc A Teds TO aNd THe B, ob tw 
tO and THe TD ned¢ tO and the A. GAAd 165 UEV amd Tho A 
toa goth TÀ and THY E, B, tH dé and tic I toa ot) ta ano 
tav A, Z. Eotw &pa óc xà ànó 16v E, B ngóc 1o ànó tic 
B, obtwe ta dnd Gv A, Z npóc TÒ &nó xfjc A GA Óóvu Kon 
COTY GC TO ENO Thc Ej npóc 1o àmó tfj; B, obtoc TO HNO 
tfc Z npóc TÒ nò ts A čoty Ópa xol óc f, E, npgóc xijv 
B, obtw¢ 7| Z ngóc thy A’ vára dea Eotiyv O¢ Å B góc 
trv E, oboc f| A noóc tAv Z. £o 8€ xol óc f| À noóc viv 
B, ottwo 4 T mode thy A’ r (oou pa &oxlv óc f; À ngóc 
trv E, obta¢ I mode thy Z. eive oov cOuuecpóc otv 7| À 
tfj E, cuuuetpóc ot xal À I «fj Z, cite àcóuuetpóc got 
f| A xfj E, 4cóuuetpóc &ow xoi Y; D tH Z. 

àv &pa, xoi tà &&fjc. 


le. 

Eàv 000 ueyéUn oouuetpa ocuvteUf, xoi tO oAoV 
EXATEOW) aVTESVY cOuuetpov čata xày TO GAOV ÊV wOTESY 
OUUUETOOY Y, xoi xà && ópoyfic ueveéor) oouuetpa Eocot. 

Muvxcio90 yàp dvo uevéOr couuecpa xà AB, BI Aévo, 
ott xat dAov T0 AT Exatéow tv AB, BI £o oóuuereov. 
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(square) on F, and let the square on C be greater than 
(the square on) D by the (square) on F. I say that A 
is either commensurable (in length) with E, and C is 
also commensurable with F, or A is incommensurable 
(in length) with E, and C is also incommensurable with 
F. 


| 


A BE CODE 


For since as A is to B, so C (is) to D, thus as the 
(square) on A is to the (square) on B, so the (square) on 
C (is) to the (square) on D [Prop. 6.22]. But the (sum 
of the squares) on E and B is equal to the (square) on 
A, and the (sum of the squares) on D and F is equal 
to the (square) on C. Thus, as the (sum of the squares) 
on E and B is to the (square) on B, so the (sum of the 
squares) on D and F (is) to the (square) on D. Thus, 
via separation, as the (square) on E is to the (square) 
on B, so the (square) on F (is) to the (square) on D 
[Prop. 5.17]. Thus, also, as E is to B, so F (is) to D 
[Prop. 6.22]. Thus, inversely as B is to E, so D (is) 
to F [Prop. 5.7 corr]. But, as A is to B, so C also (is) 
to D. Thus, via equality, as A is to E, so C (is) to F 
[Prop. 5.22]. Therefore, A is either commensurable (in 
length) with E, and C is also commensurable with F, or 
A is incommensurable (in length) with E, and C is also 
incommensurable with F [Prop. 10.11]. 

Thus, if, andsoon.... 


Proposition 15 


If two commensurable magnitudes are added together 
then the whole will also be commensurable with each of 
them. And if the whole is commensurable with one of 
them then the original magnitudes will also be commen- 
surable (with one another). 

For let the two commensurable magnitudes AB and 
BC be laid down together. I say that the whole AC is 
also commensurable with each of AB and BC. 
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A B D 


et 


Am 

Enci yàp cúuuetod &owu xà AB, BI', ueverjoet xt aov 
uéyeDoc. uetpet(to, xol £oto tO A. Exel obv TO A xà AB, 
BI' uexeet, xoi óAov xó AT uecerjoet. uevpet o£ xoi và AB, 
BT. tò A &pga xà AB, BIL, AT uctor oouueveov ipa oti 
tO AT éxatéow tõv AB, Br. 

AAXA&à À tò AT čotw ovuuetpov t& AB: Aévo of, óu 
xoi tà AB, BI' oóuuetoá &ouv. 

Enci yàp cóuuexpá &ou xà AT, AB, uecprjoet vt ox 
uéyeOoc. uecpe(xo, xol otw tÒ A. &nel o0v xó A xà TA, 
AB uetoet, xal Aowóv àpa xó BI' ueverjoet. uevpoet è xol 
tò AB: tò A &pga xà AB, BI' uexerioev. couuecpa àpa &oi 
tà AB, BI. 

àv &pa Dúo ueyéðn, xal tà &&fic. 


£ 
m * 
Eàv 600 ueyéOr àcóuuetpa cuvteOf, xoi xó ÓAov 
EXATEOW) AVTOY &o0uuetpov £otxav xàv xó ÓÀAov EV, aroxOv 
QOVUUETOOY Y, xoi xà ES HOY Ac USvEDN KGovUUETOEA £ocat. 


A B D 


— y 


Ate 

MXuYvxeio0o yao Dúo ueyéOr aobuuetoan ta AB, BI: 
Aévc, Óxt xol óAov vó AT &xoxégo x&v AB, BT &ooupetpóv 
EOT. 

Ei yàp un £ouv àcóuuevga xà DÀ, AB, uevpfioet xt 
laoxà] uéveOoc. uecoe(xo, ci Guvartóv, xol &oxo tò A. Enel 
o0v tò A xà DA, AB uecpet, xoi Aowxóv &pa tò BI uexerjoe. 
uetpet o£ xoi vó AB: tò A Goa xà AB, BPI vetoet. cbuuetoa 
goa £o tà AB, BI: ónéxewto 8€ xoi àcÓuuetoor Ómep 
£cclv ad0vatoyv. obx toa xà DA, AB vetoyoe x uéveOoc: 
àcOuuecpoa pa otl tà L'A, AB. ópotoc 97) 6c(&ouev, Čti xol 
ta AT, TB cotuuetod totw. tò AT how Exatéow tov AB, 
BI' àcóuuetpóv &ouv. 

AAXAà 09 tò AT év :Gv AB, BI sovuueteov Eotw. 
&£cto 07) npóregov tæ AB: Aévo, Čtu xoi xà AB, BE 
HOUUUETON EOTIV. El YAP TOTAL CUMMETOA, UETPÁOEL TL AUTH 
uéveOoc. uerpoe(to, xoi Cota TO A. Exci obv T0 A tà AB, 
BI veteet, xal dAov How tò AT uetonoer. uetoet ðè xal tÒ 
AB: tò A bow ta TA, AB uvetoet. obuuetoea tow éotl xà 
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A B C 


[I 


Dt — 

For since AB and BC are commensurable, some mag- 
nitude will measure them. Let it (so) measure (them), 
and let it be D. Therefore, since D measures (both) AB 
and BC, it will also measure the whole AC. And it also 
measures AB and BC. Thus, D measures AB, BC, and 
AC. Thus, AC is commensurable with each of AB and 
BC [Def. 10.1]. 

And so let AC be commensurable with AB. I say that 
AB and BC are also commensurable. 

For since AC and AB are commensurable, some mag- 
nitude will measure them. Let it (so) measure (them), 
and let it be D. Therefore, since D measures (both) CA 
and AB, it will thus also measure the remainder BC. 
And it also measures AB. Thus, D will measure (both) 
AB and BC. Thus, AB and BC are commensurable 
[Def. 10.1]. 

Thus, if two magnitudes, and so on .... 


Proposition 16 


If two incommensurable magnitudes are added to- 
gether then the whole will also be incommensurable with 
each of them. And if the whole is incommensurable with 
one of them then the original magnitudes will also be in- 
commensurable (with one another). 


A B C 


PI —ñ— — — — 


Dmm 

For let the two incommensurable magnitudes AB and 
BC be laid down together. I say that that the whole AC 
is also incommensurable with each of AB and BC. 

For if CA and AB are not incommensurable then 
some magnitude will measure [them]. If possible, let it 
(so) measure (them), and let it be D. Therefore, since 
D measures (both) CA and AB, it will thus also mea- 
sure the remainder BC. And it also measures AB. Thus, 
D measures (both) AB and BC. Thus, AB and BC are 
commensurable [Def. 10.1]. But they were also assumed 
(to be) incommensurable. The very thing is impossible. 
Thus, some magnitude cannot measure (both) CA and 
AB. Thus, CA and AB are incommensurable [Def. 10.1]. 
So, similarly, we can show that AC and CB are also 
incommensurable. Thus, AC is incommensurable with 
each of AB and BC. 

And so let AC be incommensurable with one of AB 
and BC. So let it, first of all, be incommensurable with 
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TA, AB: bréxeito b€ xal gobuuetoa Smee Eotly GdUVaTOV. 
ovx wea và AB, BI' uexerjoet xt uéyeO0oc: àcóuuetpa dpa 
cott ta AB, BI. 

àv à&po 600 ueyéðn, xal tà EChe. 


Afjuua. 
Hav noed tiva coVetav naoaBAndy trapahinióypauuov 
CAASITNOY etoet TETONYWVE, TO TACAPANVEY loov oT 16 ONO 
t&v èx tc napa oAfic Yevouévov TUNUATOY Tic cutetac. 


A 


À D B 


IIopà yao eó0ctav thy AB mopopeDAfjo0c  ropo^- 
Anàóypauuov tò AA &AAXeixov elder tetoxyovea xG AB: 
Aévo, Óxt toov otl tò AA xG Ono tHv AT, VB. 

Kal otv aùtóðev pavcepóv: nel yàp TETPÁYWVÓV £o 
tò AB, fon éotiy ġ AT tH UB, vat ott t6 AA 16 O16 xGv 
AT, L'A, xouxéo tò brò xGv AT, UB. 

T&v toa maod tiva evvetav, xal xà &&fjc. 


t Note that this lemma only applies to rectangular parallelograms. 


C. 

"Eàv Gov 000 evdeta &vicou TG 0€ vetpóp uépet 
toO àxó tfjc £A&ocovoc tcov rapà tiv uctCova napa Anf 
cAAEITOV ELOEL TETOUYHOVO xoà eic GLUYETOA KOTHY Otoupf| 
ufxet, f| uctCov vfjc £Aácoovoc uciCov Guvfjioevot 16) and 
cuupécou éaucf| [ufpcei].. xoi &à&v f| uetGov tfjc £Aé&ocovoc 
uctov óvta Tt nò cuuuétpou aut |ufixeu, cG 96 
tetpópt( toU àmó tfjc £Aácoovoc tcov napà THY uelCova 
ropopArof, £AActxov etGev vevporyo vo, eic oüupetpa otv 
Oto pel ure. 

"Eotwoay 900 cö agvoot at A, BL, v uetCov f 
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AB. Isay that AB and BC are also incommensurable. 
For if they are commensurable then some magnitude will 
measure them. Let it (so) measure (them), and let it be 
D. Therefore, since D measures (both) AB and BC, it 
will thus also measure the whole AC. And it also mea- 
sures AB. Thus, D measures (both) CA and AB. Thus, 
CA and AB are commensurable [Def. 10.1]. But they 
were also assumed (to be) incommensurable. The very 
thing is impossible. Thus, some magnitude cannot mea- 
sure (both) AB and BC. Thus, AB and BC are incom- 
mensurable [Def. 10.1]. 
Thus, if two. .. magnitudes, and so on .... 


Lemma 


If a parallelogram," falling short by a square figure, is 
applied to some straight-line then the applied (parallelo- 
gram) is equal (in area) to the (rectangle contained) by 
the pieces of the straight-line created via the application 
(of the parallelogram). 

D 


A C B 


For let the parallelogram AD, falling short by the 
square figure DB, have been applied to the straight-line 
AB. I say that AD is equal to the (rectangle contained) 
by AC and CB. 

And it is immediately obvious. For since DB is a 
square, DC is equal to CB. And AD is the (rectangle 
contained) by AC and C D—that is to say, by AC and 
CB. 

Thus, if ... to some straight-line, and so on .... 


Proposition 177 


If there are two unequal straight-lines, and a (rect- 
angle) equal to the fourth part of the (square) on the 
lesser, falling short by a square figure, is applied to the 
greater, and divides it into (parts which are) commen- 
surable in length, then the square on the greater will be 
larger than (the square on) the lesser by the (square) 
on (some straight-line) commensurable [in length] with 
the greater. And if the square on the greater is larger 
than (the square on) the lesser by the (square) on 
(some straight-line) commensurable [in length] with the 
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BI, 16 8€ xevpópto uéget tol amd EAdooovoc Thc A, 
TOUTEGTL TH ANO TH¢ Yutcetac tH¢ A, toov nap& thy BI 
napapeBAnode cdArctnov elder vexporvo vo, xol COTW TO UNO 
tv BA, AT, cúuuetpogs è čotw À BA tý AT uńxer Aéyo, 
Ou 7) BT thc A veiCov dbvata TH àxó cuuuéteou &auf|. 





B Z E A T 

Tetunodo yuo v, BI otya xata to E onuetoy, xat xetodw 
th AE ton Y; EZ. Xowrr| &ga ?; AT tov) £o vf; BZ. xoi &xci 
cevveta À BI tétunta cic uèv toa xaxà xó E, eic 66 &woa 
xatà TÒ A, tO doa DnO BA, AT nepetyduevoy dodoyawov 
ueta tol and th¢ EA tetpaxyawvou toov éotl 16 and cfjc 
ET teteanyoves xal tà TETOATÀAQOLA TO Koa teteduic ONO 
tv BA, AT uetà tot tetoarAactov tot ano th¢ AE toov 
éotl 16) tetoduic ano thc ED tetoayoven. AAAA TÆ uèv 
tetoarAaocty tod brò tõv BA, AT {oov oti tò &nò tc 
A tetedywvoy, 65 dé tetoartAaciw tot dno th¢ AE toov 
£cl tO and the AZ tetodywvoyv dirhaciwy ydo &ov f) AZ 
thc AE. 14 d¢ tetoardacte tod and th¢ ED toov éoti tO 
ànó tfjc BI' vexpéyeovov: &uxAaotov Yáp £o táv Y, BE 
tfjc DE. và &pa ànó tõv A, AZ xexo&yova toa goth tH and 
tfc BI vexoé&ycovox óote t0 àxó tfj; BI tod and thc A 
uet Cóv ŝoti t dno tfjc AZ: fj BI &pa xfjc À uciCov dúvata 
th AZ. deixtéov, ów xoi cóuuetpóc &ouv ¥ BI tH AZ. 
Enel yàp oúuuetpós otv f| BA tH AT ufjxeu oóuperpoc 
&pa. &oxi xoi Y| BI xfj DA ufjixei. HAAG A TA tais TA, BZ 
£o cOuuetpoc ufixev tor) Yóáp got Y; DÀ tý BZ. xat Y, BP 
&po. coüuuecpóc oti tos BZ, TA uńxer ote xa Aon tH 
ZA oúuuetoós otv f| BI ufjxec 4 BI gow the A uetCov 
SVVATOL TG ATÒ cuuuÉTEOL ĉauTÕ. 

AAA à OA À BT tc A ueiCov ðuváow t tò ouuuétTpou 
EQUTH, TG de tetodtew tol nò ts A toov naod& thy BI 
naoopeBAnova éhActnov elder TEetOAyYHVO, Xal Eotw TO UNO 
tv BA, AT. derxtéov, 6tt oOUUETEdS Eottv HY BA tH AT 
UAKEL. 

TGv yàp aÓxGv xotaoxeuacOÉ£vtov Óuo(oc Oc(Couev, 
ott ¥) BI tic A uciGov G0varot v& ànxó tHe ZA. Sovata Se ¥ 
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greater, and a (rectangle) equal to the fourth (part) of the 
(square) on the lesser, falling short by a square figure, is 
applied to the greater, then it divides it into (parts which 
are) commensurable in length. 

Let A and BC be two unequal straight-lines, of which 
(let) BC (be) the greater. And let a (rectangle) equal to 
the fourth part of the (square) on the lesser, A—that is, 
(equal) to the (square) on half of A—falling short by a 
square figure, have been applied to BC. And let it be 
the (rectangle contained) by BD and DC [see previous 
lemma]. And let BD be commensurable in length with 
DC. IL say that that the square on BC is greater than 
the (square on) A by (the square on some straight-line) 
commensurable (in length) with (BC). 





B F E D C 

For let BC have been cut in half at the point E [Prop. 
1.10]. And let EF be made equal to DE [Prop. 1.3]. 
Thus, the remainder DC is equal to BF. And since the 
straight-line BC has been cut into equal (pieces) at F, 
and into unequal (pieces) at D, the rectangle contained 
by BD and DC, plus the square on ED, is thus equal to 
the square on EC [Prop. 2.5]. (The same) also (for) the 
quadruples. Thus, four times the (rectangle contained) 
by BD and DC, plus the quadruple of the (square) on 
DE, is equal to four times the square on EC. But, the 
square on A is equal to the quadruple of the (rectangle 
contained) by BD and DC, and the square on DF is 
equal to the quadruple of the (square) on DE. For DF 
is double DE. And the square on BC is equal to the 
quadruple of the (square) on EC. For, again, BC is dou- 
ble CE. Thus, the (sum of the) squares on A and DF is 
equal to the square on BC. Hence, the (square) on BC 
is greater than the (square) on A by the (square) on DF. 
Thus, BC is greater in square than A by DF. It must 
also be shown that BC is commensurable (in length) 
with DF. For since BD is commensurable in length 
with DC, BC is thus also commensurable in length with 
C D [Prop. 10.15]. But, CD is commensurable in length 
with C D plus BF. For CD is equal to BF [Prop. 10.6]. 
Thus, BC is also commensurable in length with BF plus 
CD [Prop. 10.12]. Hence, BC is also commensurable 
in length with the remainder FD [Prop. 10.15]. Thus, 
the square on BC is greater than (the square on) A by 
the (square) on (some straight-line) commensurable (in 
length) with (BC). 
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BI thc A yetCov 16 àxó cuuuécvgou &aucfj. cóuuetpoc àpa 
£cdv f BI' «fj ZA uńxev oce xoi Aowrfj cuvauoozépoo t 
BZ, AT obyuyeted¢ Eotw f| BI ufjxei. AXà covoauoócecoc 
5 BZ, AT' cóuuetpóc &o tH AT |ufixei. oce xoà Å BPI 
tfj UA cóugerpóc &ow urjxev xoi GuwAÓóvu Gow À BA tý AT 
£ott oOugetpoc ufixet. 

Eàv àpo Got 000 eo90ctot &vtoot, xoi xà &&f|c. 
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And so let the square on BC be greater than the 
(square on) A by the (square) on (some straight-line) 
commensurable (in length) with (BC). And let a (rect- 
angle) equal to the fourth (part) of the (square) on A, 
falling short by a square figure, have been applied to BC. 
And let it be the (rectangle contained) by B D and DC. It 
must be shown that BD is commensurable in length with 
DC. 

For, similarly, by the same construction, we can show 
that the square on BC is greater than the (square on) A 
by the (square) on FD. And the square on BC is greater 
than the (square on) A by the (square) on (some straight- 
line) commensurable (in length) with (BC). Thus, BC 
is commensurable in length with FD. Hence, BC is 
also commensurable in length with the remaining sum 
of BF and DC [Prop. 10.15]. But, the sum of BF and 
DC is commensurable [in length] with DC [Prop. 10.6]. 
Hence, BC is also commensurable in length with CD 
[Prop. 10.12]. Thus, via separation, BD is also commen- 
surable in length with DC [Prop. 10.15]. 

Thus, if there are two unequal straight-lines, and so 
— 


t This proposition states that if a2 — x? = 62/4 (where a = BC, x = DC, and 6 = A) then o and 4/o? — 8? are commensurable when o — x 


are x are commensurable, and vice versa. 


Wm 

"Eàv Got 000 cóc &vwcou TG O€ vetÓptp uépet 
toO àxó tfj; £A&ocovoc tcov rapà tiv uctCova napa Arf 
CAAEITOV ELOEL TETONY MVD, MOL El¢ GOVUUETOA ALTY)V Ototef| 
luAxet], A uetCwv tic EAdooovos UEiTov Suviceta TH dnd 
àcuuuérpou &aucfi. xol &àv f| uetCov cfjc £Aácoovoc uciCov 
O0vr|cot x&G ATÒ àcuuguétpou &autf|, 1&6 6€ vevpápto toO imo 
tfj; &Aácoovoc tcov Taped THY UstCova TapaBANDH E\Actrov 
elder TetTOAYHOVa, elo GobUUETOA abTHY Siamoet [ufixet]. 

"Hotwoay d00 cvVetoan &vioot at A, BP, Ov vetCov 4 BY, 
c) 6€ vevópto |uépei x00 àxó tfjc £Aácoovoc tfjc A {oov 
rapà tiv BI xapapepAroc crAcinoy etdet vevporyo vo, xal 
£c tÒ brò tõv BAT, àcúvuuetpos dè čotwo À BA «f 
AT ufxev Aéyo, óu f; BI vfjc À ueiGov 60vaxot x6. dno 
à&cuuuétpou aut. 


Proposition 18! 


If there are two unequal straight-lines, and a (rect- 
angle) equal to the fourth part of the (square) on the 
lesser, falling short by a square figure, is applied to the 
greater, and divides it into (parts which are) incom- 
mensurable [in length], then the square on the greater 
will be larger than the (square on the) lesser by the 
(square) on (some straight-line) incommensurable (in 
length) with the greater. And if the square on the 
greater is larger than the (square on the) lesser by the 
(square) on (some straight-line) incommensurable (in 
length) with the greater, and a (rectangle) equal to the 
fourth (part) of the (square) on the lesser, falling short by 
a square figure, is applied to the greater, then it divides it 
into (parts which are) incommensurable [in length]. 

Let A and BC be two unequal straight-lines, of which 
(let) BC (be) the greater. And let a (rectangle) equal to 
the fourth [part] of the (square) on the lesser, A, falling 
short by a square figure, have been applied to BC. And 
let it be the (rectangle contained) by B DC. And let BD 
be incommensurable in length with DC. I say that that 
the square on BC is greater than the (square on) A by 
the (square) on (some straight-line) incommensurable 
(in length) with (BC). 
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B Z E A T 


T Gv Y&p otóxGv xortooxeuoao 0e vtov TE TEOTEPOY OLOLWC 
oc(&ouev, Ott Å BI tic A ustCov dbvatoun TG and ts ZA. 
Ocoaxxéov. |obv|, öt àocóuguecpóc otuv À BI t AZ ufixa. 
Enel yàp å&cúuuetpós got f; BA xfj AT urjxet, &coupecpoc 
hoa goth xo Y; BI fj DA ufixei. 8XAX& Y, AU cóugetpóc &oxi 
cuvouQoxépouz xol; BZ, AI" xoi 5 BD &pa àcoupetpóc 
Eot, ovvaupotéoaic tois BZ, AT. ote xal Aarf tH ZA 
à&cóuuerpóc gotiv Å BI uýxe. xoa A BI ts A ucitov 
Suvatat tH and th¢ ZA: À Br how thc A ueiCov dóvatoa tõ 
ONO GOVUUETOOL EQUTH). 

Avuvác9o 07) nó 4) BL thc A uctov 16 dnd àcuuuéce- 
ou aut, T SE TetHOTW TOD aNd TH\¢ A toov nape THY BL 
napaseBAhova ehActnov elder TETEAY OVE, XA EST TO UMO 
tv BA, ATL. derxté0v, dtt KobUUETEd¢ Eottv 4) BA tH AT 
UAKEL. 

TGv vào aótGv xotaoxeuaoU0évt:ov uolas delfouey, 
ou ¥) BI thc A uetCov S0vato tH å&nò tc ZA. &AAà 
7 BE th A psilov Sdvata tÆ àxóÓ ócuuuétpou aut. 
govuuetoos &pa &oxiv Y; BD tÅ ZA uńxer ote xo Anf 
ovuvau.potéow tH BZ, AT å&oúvuuetpós otv ý BT. &Aàà ov- 
vaugótepos Y; BZ, AT tH AT cúuuetoós &ox ufixev xol f) 
BI dea tH AT àcóuueveóc &oxt ufjxev éoce xol QuAÓvu Å 
BA th AT àcóuueceóc &oxt ufixet. 

“Hav &pa 6t 600 côco, xal xà Efc. 
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B EF E D C 


For, similarly, by the same construction as before, we 
can show that the square on BC is greater than the 
(square on) A by the (square) on FD. [Therefore] it 
must be shown that BC is incommensurable in length 
with DF. For since BD is incommensurable in length 
with DC, BC is thus also incommensurable in length 
with C D [Prop. 10.16]. But, DC is commensurable (in 
length) with the sum of BF and DC [Prop. 10.6]. And, 
thus, BC is incommensurable (in length) with the sum of 
BF and DC [Prop. 10.13]. Hence, BC is also incommen- 
surable in length with the remainder FD [Prop. 10.16]. 
And the square on BC is greater than the (square on) 
A by the (square) on FD. Thus, the square on BC is 
greater than the (square on) A by the (square) on (some 
straight-line) incommensurable (in length) with (BC). 

So, again, let the square on BC be greater than the 
(square on) A by the (square) on (some straight-line) in- 
commensurable (in length) with (BC). And let a (rect- 
angle) equal to the fourth [part] of the (square) on A, 
falling short by a square figure, have been applied to BC. 
And let it be the (rectangle contained) by BD and DC. 
It must be shown that BD is incommensurable in length 
with DC. 

For, similarly, by the same construction, we can show 
that the square on BC is greater than the (square) on 
A by the (square) on FD. But, the square on BC is 
greater than the (square) on A by the (square) on (some 
straight-line) incommensurable (in length) with (5C). 
Thus, BC is incommensurable in length with FD. Hence, 
BC is also incommensurable (in length) with the re- 
maining sum of BF and DC [Prop. 10.16]. But, the 
sum of BF and DC is commensurable in length with 
DC [Prop. 10.6]. Thus, BC is also incommensurable 
in length with DC [Prop. 10.13]. Hence, via separa- 
tion, BD is also incommensurable in length with DC 
[Prop. 10.16]. 

Thus, if there are two ...straight-lines, and so on .... 


t This proposition states that if ax — x? = 82/4 (where a = BC, x = DC, and 8 — A) then « and 4/a? — 8? are incommensurable when 


a — x are x are incommensurable, and vice versa. 
f 
Ù. 
Tò òrò OntOv uńxet ouuuétpowy còÛcev nepieyóucvov 


ÓpUoYOwWov Órn1óv &ouv. 
“Trò yàp exrx&v ufixev cuupézpov eoó9&.8v x&v AB, BP 


Proposition 19 


The rectangle contained by rational straight-lines 
(which are) commensurable in length is rational. 
For let the rectangle AC have been enclosed by the 
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——— negieyeo0w TO AT Agywo, öt ONTSY got: tO rational straight-lines AB and BC (which are) commen- 
surable in length. I say that AC is rational. 


E yoo and thc AB tetedywvov tò AA: For let 2 square AD have been — on AB. 
órróv &pa oth xó AA. xoi éxncl oOuuetoóc &owv Y, AB tă AD is thus rational [Def. 10.4]. And since AB is com- 
BI pment, ton 66 otuv À AB tÅ BA, obuuetoo¢g Yow Eotiv mensurable in length with BC, and AB is equal to BD, 
5, BA xf; BU ufxet. xot £owv óc f, BA xgóc vy BE, obxoc BD is thus commensurable in length with BC. And as 
tó AA moóc tò AT. oóuuetpgov če ot tò AA tH AT. BD is to BC, so DA (is) to AC [Prop. 6.1]. Thus, DA 


érrvóv 66 tò AA’ oytoy pa £o xol tò AF. is commensurable with AC [Prop. 10.11]. And DA (is) 
Tò &pa ONO ervGv ufjxev cuupéxpov, xoi xà &&fjc. rational. Thus, AC is also rational [Def. 10.4]. Thus, 
the ... by rational straight-lines ... commensurable, and 
SOO ees 
X. Proposition 20 
"Edy Ontov Taed ENTHY TapaBANDH, TAc&to¢ row ernciv If a rational (area) is applied to a rational (straight- 
xol cOuuetpov TH, Tao’ Av maodxerton, UAKEL. line) then it produces as breadth a (straight-line which is) 


rational, and commensurable in length with the (straight- 
line) to which it is applied. 


A D 
B A B A 
D C 


‘Pytov yuo tò AT napà ntv tày AB xopofepAro9o For let the rational (area) AC have been applied to the 
tAdtog towoðŭv thv BI" AÉévo, ott Onty otuv f, BU xo rational (straight-line) AB, producing the (straight-line) 


obuuetpocs tfj BA ufixet. BC as breadth. I say that BC is rational, and commen- 
Avayeyedota yuo å&nò týs AB tetedéywvov t6 AA: surable in length with BA. 
ontov koa Eott tO AA. órxóv 8€ xoi tO AT: obuueteov pa For let the square AD have been described on AB. 
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otl TÒ AA c6 AT. xot &ov óc 1ó AA npgóc xó AT, obtoc 
f, AB ngóc thy BI. oúuuetpoc &pa £o xoi y; AB tH BI: 
ton 9€ f| AB «fj BA: cóuuereoc &pa xoi Y; AB cf; BI. érzy 
dé ony f?) AB’ Orth &pa £o xoi À BI xal obuueteoc tH 
AB ufixe. 

Hay Goa ONTOV Taed ENTHY nopopArof, xoi và Efe. 


f 
Xa * 
Tò nò erGv Ouvóáust uóvov ouuué£xpov eO906v TE- 
plieyoucvoy opvoyaviov d\oyoy Eotty, xal Y| Guvaiévr) aoo 
&oYvÓc Eat, xaAstata O& UEON,. 


I 

"Tro yuo ONTOY SUYaUEL UOVOY GUUUETOWY EDDELBY TOY 
AB, BT 6900yamoy nepieyéco0o tò ADI" Aévo, óx GXoYvóv 
£o 16 ALD, xoi f; óuvauévr, abxó GAovóc &ouv, xoAc(odo 
O£ U£oT. 

Avayeyedotve yàp ano thc AB tetedywvoy tò AA: 
Entov tow éott TÒ AA. xal ênel &oúvuuetpoócs otuv 4) AB 
t BI uńxev Suvduer yao Udvoyv Ondxeiwta cúuuETEOL ton 
dé *| AB th BA, dovduuetoog doa ott xa À AB tH BI 
unxer. xat ouy ðs Å AB ngóc tjv BD, ooóvoc tò AA 
teog tò AT” &otuuetoov kee [Eoti] tò AA t& AT. érxóv 
de To AA: Goyoy gow £oxl xó AT" Hote val Å Duvauévr) TO 
AT |[toutéoti Å toov abt tetedywvoy Suvayevy] Groydc 
£o, xoAc(oUo OE UEON’ OTEO Eder Setean. 


t Thus, a medial straight-line has a length expressible as k!/4. 
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AD is thus rational [Def. 10.4]. And AC (is) also ratio- 
nal. DA is thus commensurable with AC. And as DA 
is to AC, so DB (is) to BC [Prop. 6.1]. Thus, DB is 
also commensurable (in length) with BC [Prop. 10.11]. 
And DB (is) equal to BA. Thus, AB (is) also commen- 
surable (in length) with BC. And AB is rational. Thus, 
BC is also rational, and commensurable in length with 
AB [Def. 10.3]. 

Thus, if a rational (area) is applied to a rational 
(straight-line), and so on .... 


Proposition 21 


The rectangle contained by rational straight-lines 
(which are) commensurable in square only is irrational, 
and its square-root is irrational—let it be called medial.! 


D 


C 


For let the rectangle AC be contained by the rational 
straight-lines AP and BC (which are) commensurable in 
square only. I say that AC is irrational, and its square- 
root is irrational—let it be called medial. 

For let the square AD have been described on AB. 
AD is thus rational [Def. 10.4]. And since AB is incom- 
mensurable in length with BC. For they were assumed 
to be commensurable in square only. And AB (is) equal 
to BD. DB is thus also incommensurable in length with 
BC. And as DB is to BC, so AD (is) to AC [Prop. 6.1]. 
Thus, DA [is] incommensurable with AC [Prop. 10.11]. 
And DA (is) rational. Thus, AC is irrational [Def. 10.4]. 
Hence, its square-root [that is to say, the square-root of 
the square equal to it] is also irrational [Def. 10.4]—let 
it be called medial. (Which is) the very thing it was re- 
quired to show. 
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Añua. 
Eàv @o. S00 evvdeta, Eotiv @ Å TEOT TÒS tiv 
ÖESUTÉQAV, OŬTWGS TÒ ATÒ TS TOTNES TOEdS TO UNO THY 600 


SOUVELDY. 
Z E H 


A 


"Eotooav 600 cuveta ot ZE, EH. Aéyw, dtr Eotly we 7 
ZE npóc t'y EH, obxoc tò nò ts ZE nmedc tò UNO THY 
ZE, EH. 

Avayeyedove yuo ano th¢ ZE tetoáywvov tò AZ, xo 
cuuxen^nooo0o tò HA. net oŬv otv ðs 4 ZE med¢ THY 
EH, oŬtwc tò ZA mode to AH, xal £ow 1o u£v ZA xo and 
tfc ZE, tò 6€ AH 10 òrò tõv AE, EH, tovutéot to ond 
tv ZE, EH, gotw àpa óc fj, ZE ngóc thy EH, obtxoc 1o 
àxó tfj; ZE ngóc tò òrò tõv ZE, EH. ópotoc 9€ xoi óc tÒ 
oxó t&v HE, EZ ngóc 1o àxó tfjc EZ, xouvéov óc xó HA 
tedc TO ZA, ottw¢ À HE npóc thy EZ: ónep &£oe Seton. 


xD. 
Tó ànxó uéocrj napa ONTYY TapaBarkAdUEVOY TAATOS ToLEt 
ONTHY Xal GOUUUETOOY TH, Tao’ Hy ropóxevcot, urit. 


JE 


A T A E 


"Ecco uéon u£v À A, ont òè 4 TB, xoi M ATÒ TÄS 
A toov napà tijv BI' nagoQepAfioo ycoptov ópOovowov xo 
BA rid&tog nototy thy TA: Aévo, óx en, ouv f; LA xoi 
àcüuuecpoc tfj LB ure. 

Enel yàp uéon £c xiv 5| A, dvvata ywotoy nepieyouevov 
LTO erGv Ouváust uóvov cuguuétpov. Suvdo0G tò HZ. 
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Lemma 


If there are two straight-lines then as the first is to the 
second, so the (square) on the first (is) to the (rectangle 
contained) by the two straight-lines. 


F E G 


D 


Let FE and EG be two straight-lines. I say that as 
FE is to EG, so the (square) on FE (is) to the (rectangle 
contained) by FE and EG. 

For let the square DF have been described on FE. 
And let GD have been completed. Therefore, since as 
FE is to EG, so FD (is) to DG [Prop. 6.1], and FD is 
the (square) on FE, and DG the (rectangle contained) 
by DE and EG-—that is to say, the (rectangle contained) 
by FE and #G—thus as FE is to EG, so the (square) 
on FE (is) to the (rectangle contained) by FE and EG. 
And also, similarly, as the (rectangle contained) by GE 
and EF is to the (square on) EF—that is to say, as GD 
(is) to F D—so GE (is) to EF. (Which is) the very thing 
it was required to show. 


Proposition 22 


The square on a medial (straight-line), being ap- 
plied to a rational (straight-line), produces as breadth a 
(straight-line which is) rational, and incommensurable in 
length with the (straight-line) to which it is applied. 


iu 


Let A be a medial (straight-line), and CB a rational 
(straight-line), and let the rectangular area BD, equal to 
the (square) on A, have been applied to BC, producing 
C D as breadth. I say that C D is rational, and incommen- 
surable in length with C B. 

For since A is medial, the square on it is equal to a 
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O0varxot, 6€ xoi TO BA’ toov &pa £o tò BA x6 HZ. £o 6€ 
AUTO xol (covdwvtov: 16v DÈ toov te xol tocovco viov ropo- 
Anhoypáuuwv é&vunxenóvOoaotv oi mAcUpol oi repli tàs toas 
yovlac avéhoyoy &ea gotly ðs À BI rpòs thy EH, odtw< 
4) EZ node thy TA. Eotw &pa xoi óc xó ànó tH¢ BI xpóc 
TO &nO TH EH, obtwe 10 and the EZ npgóc tò à&nò tis VA. 
OUUMETEOY OE EoTL TO AO TH¢ TB 14 and th¢ EH: onty yao 
EOTLY EXATEOA ALTOY GVUUETEOV Koa EoTl xal TÒ ATÒ TC 
EZ t& dno th¢ TA. ontov d€ éott 10 and tH¢ EZ: Ontov 
koa cotl xal to and tho TA: onty dea Eotiv WTA. xot Exet 
àcüuguexpóc &ouv f| EZ th EH urxer duvduer yuo uóvov 
ciol oouuetpor Oc 0€ f| EZ xpóc t'y EH, obvoc tO and 
tfic EA npóc tò òrò tõv ZE, EH, &cópgueroov Goa. [£o] 
tó ànó tfjc EZ xG onxó xGv ZE, EH. àAA& x6 uv &nò tc 
EZ obuuetody éott 10 and th¢ TA: ntal yá eto. Suvduet 
TG O¢ DnO tæv ZE, EH oúuuetoóv got: tO Dro tHv AT, 
TB: toa ydo éott TH amd tfj A: àcóuuetpov &pa &oci xol 
tO and the TA 16 dnd tv AT, PB. óc 86 xó ánó cfic DA 
Teds tò Und tõv AT, VB, ottw¢ &oxiv fj AU npóc vv DB: 
govuuetoos doa éotly À AT tH VB yyxet. onth dou otv À 
TA nal aobuueteos tH TB unxer once Eder créa. 


t Literally, “rational”. 


xy’. 

'H t uéon cúuuetpos YEON EoTIY. 

"Ecco uéor,| fj À, xoi tH A cúuuetpos čotw À B Aévo, 
ou xal Å B ugon éotiy. 

Exxetodw yàp enty f| DA, xoà t& uèv ànó thc A 
toov napgà v? DA mopopeDAro0«o yoptov ópÜovaowov 1 
DE xAéxoc novotv thy EA: nt dea éotiv À EA xol 
govuuetoos TH DA uryer. 1H Se and tfj; B tcov naog 
thv PA napaBbeBbanodw yoplov óptoyövov tò [TZ nAéxoc 
noiotv thy AZ. Exel obv obuUETedc otuv H A TH B, 
OUUUETOSOY &oc xoi TO aNd Thc A TH and THe B. HAg 
ta) yev and th¢ A toov ŝoti tò ED, 16 9€ nò ts B 
{oov éotl to [Z: obuyetoov gow ot tò ET tă TZ. xal 
éottv ðs tÒ EPI ngóc tò L'Z, obxoc f| EA ngóc tv AZ: 


ELEMENTS BOOK 10 


(rectangular) area contained by rational (straight-lines 
which are) commensurable in square only [Prop. 10.21]. 
Let the square on (A) be equal to GF’. And the square on 
(A) is also equal to BD. Thus, BD is equal to GF. And 
(BD) is also equiangular with (GF’). And for equal and 
equiangular parallelograms, the sides about the equal an- 
gles are reciprocally proportional [Prop. 6.14]. Thus, pro- 
portionally, as BC is to EG, so EF (is) to C D. And, also, 
as the (square) on BC is to the (square) on EG, so the 
(square) on EF (is) to the (square) on C D [Prop. 6.22]. 
And the (square) on CB is commensurable with the 
(square) on EG. For they are each rational. Thus, the 
(square) on EF is also commensurable with the (square) 
on CD [Prop. 10.11]. And the (square) on EF is ratio- 
nal. Thus, the (square) on C D is also rational [Def. 10.4]. 
Thus, C D is rational. And since EF is incommensurable 
in length with EG. For they are commensurable in square 
only. And as EF (is) to EG, so the (square) on EF (is) 
to the (rectangle contained) by FE and EG [see previ- 
ous lemma]. The (square) on EF [is] thus incommen- 
surable with the (rectangle contained) by FE and EG 
[Prop. 10.11]. But, the (square) on CD is commensu- 
rable with the (square) on EF. For they are rational in 
square. And the (rectangle contained) by DC and CB 
is commensurable with the (rectangle contained) by FE 
and EG. For they are (both) equal to the (square) on A. 
Thus, the (square) on C D is also incommensurable with 
the (rectangle contained) by DC and CB [Prop. 10.13]. 
And as the (square) on CD (is) to the (rectangle con- 
tained) by DC and CB, so DC is to CB [see previous 
lemma]. Thus, DC is incommensurable in length with 
CB [Prop. 10.11]. Thus, CD is rational, and incommen- 
surable in length with CB. (Which is) the very thing it 
was required to show. 


Proposition 23 


A (straight-line) commensurable with a medial (straight- 


line) is medial. 

Let A be a medial (straight-line), and let B be com- 
mensurable with A. I say that B is also a medial (staight- 
line). 

Let the rational (straight-line) CD be set out, and let 
the rectangular area CE, equal to the (square) on A, 
have been applied to C D, producing ED as width. ED 
is thus rational, and incommensurable in length with C D 
[Prop. 10.22]. And let the rectangular area CF, equal 
to the (square) on B, have been applied to CD, produc- 
ing DF as width. Therefore, since A is commensurable 
with B, the (square) on A is also commensurable with 
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cüuguetpoc pa otv Å EA xfj AZ ufixev. ntù 66 otv 
5 EA xoi &cóupexgoc tfj AI uńxer onty koa Eotl xal ¥ 
AZ xoi &cúuuetpos tH AT uńxer oat DA, AZ goa erat 
ciol Duváuet uóvov GUUUETEOL. Å OÈ TO DMO ENTHY SLVaUEL 
uóvov cuuuétpov 6uvauévr uéocr) &£oxtv. Ù “ou TO DMO TOV 
TA, AZ dSuvayéevy yeon gattv: xol SUvata tO DMO THY TA, 
AZ ġ B: uécr, &pga &oxiv f) B. 


A= B= 


IB 
E A Z 
lópioua. 


‘Ex OY) TOUTOL Maveedy, OTL TO TH UEGW yopil oouuete- 
ov uécov &oiív. 
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the (square) on P. But, EC is equal to the (square) on A, 
and CF is equal to the (square) on B. Thus, EC is com- 
mensurable with C F. And as EC is to CF, so ED (is) to 
DF [Prop. 6.1]. Thus, ED is commensurable in length 
with DF [Prop. 10.11]. And ED is rational, and incom- 
mensurable in length with CD. DF is thus also ratio- 
nal [Def. 10.3], and incommensurable in length with DC 
[Prop. 10.13]. Thus, C D and DF are rational, and com- 
mensurable in square only. And the square-root of a (rect- 
angle contained) by rational (straight-lines which are) 
commensurable in square only is medial [Prop. 10.21]. 
Thus, the square-root of the (rectangle contained) by CD 
and DF is medial. And the square on B is equal to the 
(rectangle contained) by CD and DF. Thus, B is a me- 
dial (straight-line). 


A | B —— 


G 
E D F 
Corollary 


And (it is) clear, from this, that an (area) commensu- 
rable with a medial area! is medial. 


t A medial area is equal to the square on some medial straight-line. Hence, a medial area is expressible as &1/2. 


xo. 


Tò brò uécov ufjixev cuugétoov eOU6eL6v NEOLEYOUEVOV 
ópÜoYOwov uécov &osíy. 

"Yxó yàp uécov ufixec cuuuévpov eó9euv vv AB, BP 
nepieyéc00 ópÜDovovioy 1ó AI" Aévo, óu tO AT uécov 
£o iv. 

AvaevoópOo Yàp ànó tfjc AB tetedywvoy to AA: 
uécov &pa oT} tÒ AA. xal &nel cóuguetpóc otv f| AB f| 
BI' ufixeu, torj òè Y; AB vf; BA, cúuuetpos &pa &oc xol f 
AB «fj BT ufjxev ote xal tò AA 165 AT oóuuetoóv otv. 
uécov ðè tò AA: uéoov &pa xoi tò AI oreo &8et oci&on. 


Proposition 24 


A rectangle contained by medial straight-lines (which 
are) commensurable in length is medial. 

For let the rectangle AC be contained by the medial 
straight-lines AP and BC (which are) commensurable in 
length. I say that AC is medial. 

For let the square AD have been described on AB. 
AD is thus medial [see previous footnote]. And since 
AB is commensurable in length with BC, and AB (is) 
equal to BD, DB is thus also commensurable in length 
with BC. Hence, DA is also commensurable with AC 
[Props. 6.1, 10.11]. And DA (is) medial. Thus, AC (is) 
also medial [Prop. 10.23 corr.]. (Which is) the very thing 
it was required to show. 
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ME. 


Tò 0n0 UECWY SUVaUEL UOVOY OLUUETEWY evUDELBDY TE- 
giexóuevov ópOovoviov Trxot erixóv fj uécov &odív. 


7 H 
A B E M 
ft K N 

A 


“Trò yàp uécwyv 6uváuet uóvov cuuuécpov ELUELOY TOY 
AB, BI' ógüovowov nepieyéc0o xó ADI" Aévo, óu tò AT 
Tjvot erjxvóv fj uéoov &otv. 

Avayeyedove yuo dno tv AB, BT vexeéyova xà AA, 
BE: uécov &pa &cxiv &xóáxegov tõv AA, BE. xoi &xxetooo 
eru 5» ZH, xoà x u&v AA tcov napà v ZH napa- 
DepAYoOc ópÜovowov rapoaA^nAóvoouuov tò HO rAdtoc 
rovoby thy ZO, 16 de AT toov napà thy OM napapepAfioOo 
òptoyöovov tapahnàóypauuoyv tò MK xA&xoc xotoDv tv 
OK, xa ëu 16 BE toov uolos napà tày KN napa- 
BeBańcoðw tò NA nàátos roiv viv KA: êr’ còðelas pa 
etotv at ZO, OK, KA. éxet odv Uécov Eotly Exdtepov TOV 
AA, BE, xot £ouv tcov t6 uev AA 165 HO, tò 6€ BE 165 
NA, uécov &pa xol &xáregov x&v HO, NA. xal nape entry 
tiv ZH napdxertan Onty poa &oxiv &xoépa vv ZO, KA xoi 
govuustoos tfj ZH. ue. xoà &rel cOuuetpóv &ow xó AA 
té) BE, obuuetooy àpa £o xoi tò HO 16 NA. xot ott we 
tò HO ngpóc 1ó NA, obxoc f; ZO rode xijv KA: cóuperpoc 
goa éotiv Wy ZO th KA une. at ZO, KA koa Ontat ctor 
ufixev cóuguetpov ONTOV ipa &oxi x0 oxó x&v ZO, KA. xoi 
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C 


D 


Proposition 25 


The rectangle contained by medial straight-lines 
(which are) commensurable in square only is either ra- 
tional or medial. 


S F G 
D B C H M 
O E K N 

L 


For let the rectangle AC be contained by the medial 
straight-lines AB and BC (which are) commensurable in 
square only. I say that AC is either rational or medial. 

For let the squares AD and BE have been described 
on (the straight-lines) AB and BC (respectively). AD 
and BE are thus each medial. And let the rational 
(straight-line) FG be laid out. And let the rectangular 
parallelogram GH, equal to AD, have been applied to 
FG, producing FH as breadth. And let the rectangular 
parallelogram M K, equal to AC, have been applied to 
HM, producing HK as breadth. And, finally, let NL, 
equal to BE, have similarly been applied to KN, pro- 
ducing KL as breadth. Thus, FH, HK, and KL are in 
a straight-line. Therefore, since AD and BE are each 
medial, and APD is equal to GH, and BE to NL, GH 
and NL (are) thus each also medial. And they are ap- 
plied to the rational (straight-line) FG. FH and KL are 
thus each rational, and incommensurable in length with 
FG [Prop. 10.22]. And since AD is commensurable with 
BE, GH is thus also commensurable with NL. And as 
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étel ton éotlv y uev AB th BA, ¥ be SB th BI, otw goa 
óc Y; AB ngóc vy BI, obvoc f, AB rpòs thy BE. àAX' óc 
uev Y; AB ngóc tr|v BI, oüvoc 16 AA noóc 1ó ATI" óc 68 f) 
AB ngóc tjv BE, obxoc tò AT npòs tò TE £ouv Koa We 
tO AA node 10 ALT, ob two To AT tod¢ 16 TH. toov 5€ ot 
tò vev AA 16) HO, tò 6€ AT 165 MK, tò è r= t NA: 
čotyv toa G¢ TO HO node tO MK, ottw¢ tO MK npóc tò 
NA: gotty goa “al ac 4 ZO node thy OK, od tw¢ À OK tpòs 
Uv KA: xó &pa oro x&v ZO, KA tcov oti tă and tic OK. 
entoyv dé TO Dro THY ZO, KA: ón1óv &pa &odi xoi xó dro 
thc OK: nt tou gotly Y; OK. xoà et u£v cóuguetpóc &oxt 
tfj ZH ure, ontov cott tò ON: ci OE &oúuuetpós ot TH 
ZH uyxet, a KO, OM onto ctor duvauet uóvov obuuEToeot’ 
uécov goa TO ON. tò ON Som T|vot evxóv fj uécov &otv. 
tcov 6€ tò ON 163 AT tò AT &pa to ONntov f) u£cov Eotiy. 

Tò dea ONO UEOWY SLYaUEL UOVOY GLUMETOWY, XAL TÈ 


EGfic. 


f 


KF- 


Mécov uécou ovy brepéyet ONTO. 


A Z E 
A D 

B K H 

C 


Et yao Suvatéy, uécov xó AB uécou vo0 AT' onegeyéto 
ont và AB, xoi &xxeto90 onty À EZ, xol t& AB toov nape 
tHY EZ napaGeBAnoda naparAnrdoyeauoy dodoyawoy TO 
ZO nmAd&tog novoby thy EO, 16 d¢ AT toov agrnoryjode 1 
ZH: Aowndv goa tò BA Aow& xG KO £ouv tcov. ontov dé 
£c 1ó AB: ónxóv &pa &oxi xoi tò KO. &nei ov uécov &oxiv 
exateooyv Tv AB, AT, xot £o tò uèv AB 1G ZO tcov, xo 
dé AT xG ZH, uécov &pa xoi &xéxegov x&v ZO, ZH. xoi 
TACK ONTYY THY EZ naod&xerta’ ONT) wow Eotly Exateoa TOV 
OE, EH xoi àcóuuevgoc th EZ uxmet. xoà Emel Ontdv ott 
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GH isto NL,so FH (is) to K L [Prop. 6.1]. Thus, FH is 
commensurable in length with KL [Prop. 10.11]. Thus, 
FH and KL are rational (straight-lines which are) com- 
mensurable in length. Thus, the (rectangle contained) by 
FH and KL is rational [Prop. 10.19]. And since DB is 
equal to BA, and OB to BC, thus as DB is to BC, so 
AB (is) to BO. But, as DB (is) to BC, so DA (is) to 
AC [Props. 6.1]. And as AB (is) to BO, so AC (is) to 
CO [Prop. 6.1]. Thus, as DA is to AC, so AC (is) to 
CO. And AD is equal to GH, and AC to MK, and CO 
to NL. Thus, as GH is to M K,so M K (is) to NL. Thus, 
also, as FH is to HK, so HK (is) to KL [Props. 6.1, 
5.11]. Thus, the (rectangle contained) by FH and KL 
is equal to the (square) on H K [Prop. 6.17]. And the 
(rectangle contained) by FH and K L (is) rational. Thus, 
the (square) on HK is also rational. Thus, H K is ratio- 
nal. And if it is commensurable in length with FG then 
HN is rational [Prop. 10.19]. And if it is incommensu- 
rable in length with FG then KH and HM are rational 
(straight-lines which are) commensurable in square only: 
thus, HN is medial [Prop. 10.21]. Thus, H N is either ra- 
tional or medial. And HN (is) equal to AC. Thus, AC is 
either rational or medial. 

Thus, the... by medial straight-lines (which are) com- 
mensurable in square only, and so on .... 


Proposition 26 


A medial (area) does not exceed a medial (area) by a 
rational (area).! 


A F E 
D C 

B K G 

H 


For, if possible, let the medial (area) AB exceed the 
medial (area) AC by the rational (area) DB. And let 
the rational (straight-line) EF be laid down. And let the 
rectangular parallelogram FH, equal to AB, have been 
applied to to EF, producing EH as breadth. And let FG, 
equal to AC, have been cut off (from FH). Thus, the 
remainder BD is equal to the remainder KH. And DB 
is rational. Thus, K H is also rational. Therefore, since 
AB and AC are each medial, and AB is equal to FH, 
and AC to FG, FH and FG are thus each also medial. 
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tO AB xa Eotw toov 76 KO, érixóv &pa oti xal tò KO. 
xoà xapà eruv tv EZ nopóxewav er?) &pa &oxiv y, HO 
xoi couuetpoc vf; EZ ufjxev. GAAG xal À EH nth £o xoi 
govuuuetoos th BZ ure &ooupexpoc &pa &oxiv f, EH «f| 
HO yfixev. xot £ouv óc 7, EH xgóc thy HO, odtw¢ tO aNd 
tfjc EH. npóc 1ó ono xGv EH, HO' covuuetoov àpa otl tò 
ano tho EH 76 bnd tv EH, HO. àAAà 16 uev &rò tis EH 
cüuguetp& got, Ta dnd THY EH, HO tetoáywva: onta yao 
gupoteon’ 6) Se bnd THY EH, HO cbuuetoedy Eoti tò dic 
bono tõv EH, HO: dimAdowov yao got avtod: &oúuuetoa 
Koa cotl Ta aro THY HH, HO 16 oic rò t&v EH, HO: xoa 
cuvap.qócepga Kou Ta Te and THY EH, HO xt tO dic OO 
t&v EH, HO, ónep otl xó ànó tfj; EO, àcouuetpóv £o 
toic ano TOV EH, HO. onta de ta ano tv EH, HO: &dovov 
Koa TO ano tho EO. hoyos how Eotlv NEO. à xal pno 
ÖTEP EOTLY GOOVATOY. 

Méocov wou UECOU OLY DTEESYEL ENTE’ ONEE Eder Sete. 


t In other words, /k — Vk’ zx Kk. 


XC. 


Méoac ebópeiv Ouváuet uóvov ocuuuétpouc ONTOY TE- 


pex oboac. 
ABTA 


Exxetodooay 000 ental Suvduer uóvov oúuuetpo ot A, 
B, xoà eO «pc xGv A, B uéor) àvéáXovov f, P, xoi Yevovévo 
Gc Å A ngóc v?v B, obcoc f| D ngóc thy A. 
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And they are applied to the rational (straight-line) EF. 
Thus, H E and EG are each rational, and incommensu- 
rable in length with EF [Prop. 10.22]. And since DB 
is rational, and is equal to KH, KH is thus also ratio- 
nal. And (KH) is applied to the rational (straight-line) 
EF. GH is thus rational, and commensurable in length 
with EF [Prop. 10.20]. But, EG is also rational, and in- 
commensurable in length with EF. Thus, EG is incom- 
mensurable in length with GH [Prop. 10.13]. And as 
EG is to GH, so the (square) on EG (is) to the (rectan- 
gle contained) by EG and GH [Prop. 10.13 lem.]. Thus, 
the (square) on EG is incommensurable with the (rect- 
angle contained) by EG and GH [Prop. 10.11]. But, the 
(sum of the) squares on EG and GH is commensurable 
with the (square) on EG. For (EG and GH are) both 
rational. And twice the (rectangle contained) by EG and 
GH is commensurable with the (rectangle contained) by 
EG and GH [Prop. 10.6]. For (the former) is double 
the latter. Thus, the (sum of the squares) on EG and 
GH is incommensurable with twice the (rectangle con- 
tained) by EG and GH [Prop. 10.13]. And thus the sum 
of the (squares) on EG and GH plus twice the (rectan- 
gle contained) by EG and GH, that is the (square) on 
EH [Prop. 2.4], is incommensurable with the (sum of 
the squares) on EG and GH [Prop. 10.16]. And the (sum 
of the squares) on EG and GH (is) rational. Thus, the 
(square) on EH is irrational [Def. 10.4]. Thus, EH is 
irrational [Def. 10.4]. But, (it is) also rational. The very 
thing is impossible. 

Thus, a medial (area) does not exceed a medial (area) 
by a rational (area). (Which is) the very thing it was 
required to show. 


Proposition 27 


To find (two) medial (straight-lines), containing a ra- 
tional (area), (which are) commensurable in square only. 


A B C D 


Let the two rational (straight-lines) A and B, (which 
are) commensurable in square only, be laid down. And let 
C—the mean proportional (straight-line) to A and B— 
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Kol énel of A, B ontat cio: Guvápet uóvov oouguetpot, 
TÒ Hoa dnd THV A, B, toutéoti 10 and tH¢ L', uscov Eotiv. 
uéor| &po f) L'. xoà ënel otv ðc f| À ngóc THY B, lobtw¢] AT 
npóc tv A, oi 6&6 A, B Suvduer uóvov [etal] cóuuetpot, xoi 
at TD, A koa duvéuer Udvoy cial cóuuetpor. xat £o uec), f) 
I ugon àpa xoi Y, A. oi TD, A doa uéca ciol Duváuet yóvov 
OUUMETOOL. AEYO, OTL Xl ONTOV xepgiéy ouotyv. Enel Yuko EoTIV 
ðc Å A mode thy B, ottwo WT mode thy A, &vaAAà& Goa 
£ctlv óc À A moog THY T, 5| B ngóc t'y A. GAX oc ÅA 
ngoc tfv D, f| L' ngóc trjv B: xot óc ópa Y, P ngoóc t'y B, 
ovtw¢ Å B ngóc thy A xó &pa oxó 16v D, A tcov ot x6 
àxó tfic B. órvóv 8€ xó àxó xfjc B: erxóv gow [Eoti] xat tò 
Uüro tGv DL, A. 

Bvenvta ð&pa uécoa ÖLváueL WOVOY ocOugetpor erov 
Tepieyovoa once Eder Setgau. 
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have been taken [Prop. 6.13]. And let it be contrived 
that as A (is) to B, so C (is) to D [Prop. 6.12]. 

And since the rational (straight-lines) A and B 
are commensurable in square only, the (rectangle con- 
tained) by A and B—that is to say, the (square) on C 
[Prop. 6.17]—is thus medial [Prop 10.21]. Thus, C is 
medial [Prop. 10.21]. And since as A is to B, [so] C (is) 
to D, and A and B [are] commensurable in square only, 
C and D are thus also commensurable in square only 
[Prop. 10.11]. And C is medial. Thus, D is also medial 
[Prop. 10.23]. Thus, C and D are medial (straight-lines 
which are) commensurable in square only. I say that they 
also contain a rational (area). For since as A is to B, so 
C (is) to D, thus, alternately, as A is to C, so B (is) to 
D [Prop. 5.16]. But, as A (is) to C, (so) C (is) to B. 
And thus as C (is) to B, so B (is) to D [Prop. 5.11]. 
Thus, the (rectangle contained) by C and D is equal to 
the (square) on B [Prop. 6.17]. And the (square) on B 
(is) rational. Thus, the (rectangle contained) by C and 
D [is] also rational. 

Thus, (two) medial (straight-lines, C and D), con- 
taining a rational (area), (which are) commensurable in 
square only, have been found.’ (Which is) the very thing 
it was required to show. 


t C and D have lengths k!/4 and k3/¢ times that of A, respectively, where the length of B is k!/2 times that of A. 


xv. 
Mécac eopeiyv Ouváuet uóvov cuuuétpouc uÉGCOV m&t- 
pex oboac. 


"Exxeto*9«ooav [rpetc] óryvot Guvéáuet uóvov cÓpuetpot ok 
A, B, E, xoi ceAfypüc) x&v A, B uéor) àváXovov f| A, xoi 
Yevovézo óc f; B ngóc viv D, 5| A ngóc cry E. 

"Enc ot A, B érjxoít siot duvdauer Udvov obuuEToot, TO Kou 
brò tv A, B, toutéoti 10 &nd ts A, uécov &odv. uéor 
goa Å A. xal êzet oi B, P duvduer udvoy etot obupetoot, xa 
£cuv óc f; B npóc vy D, 5| A node tAv E, xal at A, E bon 
Guváuet uóvov etol cóuuetoot. uécr) 9€ f| A: uéor ioo xoi f) 
E: oà A, E &pa uécot ciol Duvyguel uóvov oouuerpot. Aévo 
Of, Óxt xoi u£cov nepiéy ouo. &xel Yóp &oxv óc f| B ned 
cvy D, ġ A npóc vy E, £voAAà& &pa óc 9| B npóc tv A, f 
I' ngóc tjv E. óc 8& 5| B ngóc thy A, f; A ngóc t'y À: xoi 
ac toa Å A node thy A, iT ngóc xijv E; xó pa ónó xGv 
A, T {oov ot 16 ono 16v A, E. uécov 8€ xvó onó THY A, 
I" uécov &pa xoi TO oró 16v A, E. 

‘Evenvto “oa uécot Suvdus, UOVOY GUUUETEOL uÉCOV 


Proposition 28 


To find (two) medial (straight-lines), containing a me- 
dial (area), (which are) commensurable in square only. 
A m — Dt — — 


B — ——— kK e-em — 


Cn 

Let the [three] rational (straight-lines) A, B, and C, 
(which are) commensurable in square only, be laid down. 
And let, D, the mean proportional (straight-line) to A 
and B, have been taken [Prop. 6.13]. And let it be con- 
trived that as P (is) to C, (so) D (is) to E [Prop. 6.12]. 

Since the rational (straight-lines) A and B are com- 
mensurable in square only, the (rectangle contained) by 
A and B—that is to say, the (square) on D [Prop. 6.17]— 
is medial [Prop. 10.21]. Thus, D (is) medial [Prop. 10.21]. 
And since B and C are commensurable in square only, 
and as B is to C, (so) D (is) to E, D and E are thus com- 
mensurable in square only [Prop. 10.11]. And PD (is) me- 
dial. E (is) thus also medial [Prop. 10.23]. Thus, D and 
E are medial (straight-lines which are) commensurable 
in square only. So, I say that they also enclose a medial 
(area). For since as P is to C, (so) D (is) to E, thus, 
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nepiéy oucot Óxep &oet Ocl&on. 
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alternately, as B (is) to D, (so) C (is) to E [Prop. 5.16]. 
And as B (is) to D, (so) D (is) to A. And thus as D (is) to 
A, (so) € (is) to E. Thus, the (rectangle contained) by A 
and C is equal to the (rectangle contained) by D and E 
[Prop. 6.16]. And the (rectangle contained) by A and C 
is medial [Prop. 10.21]. Thus, the (rectangle contained) 
by D and E (is) also medial. 

Thus, (two) medial (straight-lines, D and E), con- 
taining a medial (area), (which are) commensurable in 
square only, have been found. (Which is) the very thing 
it was required to show. 


t D and E have lengths k!/* and &/1/? /k1/4 times that of A, respectively, where the lengths of B and C are k!/? and &/1/? times that of A, 


respectively. 


Afjuua d. 
Evesty 000 te£t1poYOvouc GpuuoUc, 
cuYvxetuevov && av civar vexpéryovov. 
-——  — 


A A | B 


"Exxeio9ooav vo pruo oi AB, BT, £oxo6av 8€ fixo 
&ptiot N TepLTTOL. xal Enel, E&Y TE ATÒ ApTÍOL XPTLOG APA- 
pe0 fi, £&v TE ATÒ nepioco0 TEPLOOÓS, 6 AoLNOG Hots EotTty, 
ó Aoxóc àpa ó ATI wotL6¢ Eottv. tetuńoðw 6 AT dtya xata 
tO A. gotwouy Se xat ot AB, BI Atot Suotot Exinedor 7 
TETONYWVOL, Ol XOL AVTOL Suotot cio Eninedou O wou Ex 
t&v AB, BI vet& tot and [tot] TA tetoayavou too Eott 
TG) ano TOU BA tetoayove. xal ot. tetodywvod 6 Ex TOV 
AB, BI, éneiófjneo &Oc(yOr, óu, &àv 000 Óuotot &níneOot 
nohAanAacidoavtes AAAA ouc noot tva, Ò yevóuecvoç 
TETONYWVOS EOTLY. EVENVTAL Yon OVO TETEayWVoL dprðuol 
Öö te &x x&v AB, BI xoi ó àxó tot TA, ot ovvtedevtec 
roto0ot xóv ànó to BA tetodywvoy. 

Koal qavegóv, óxt eüprvxot xcv 000 xetoéyovot Ó TE 
àxó toO BA xoi ó ànó xo0 TA, ote thy brepoyhy adtédv 
tóv onó AB, BF ctvot xexoévovov, óxav oi AB, BP óuotot 
ow éninedor. Ótav ðè uÅ otv uoo &n(xeOot, eüprvcot 
000 tetodywvor 6 te and xoO0 BA xoi ó and xo0 AT, Gv 
f| ónepoy?| ó òrò xGv AB, BI oóx £o tetodywvoc: Sree 
£Oct Occ ot. 


ote xoi TOV 


Lemma I 


To find two square numbers such that the sum of them 
is also square. 
b+ 


A D C B 

Let the two numbers AB and BC be laid down. And 
let them be either (both) even or (both) odd. And since, if 
an even (number) is subtracted from an even (number), 
or if an odd (number is subtracted) from an odd (num- 
ber), then the remainder is even [Props. 9.24, 9.26], the 
remainder AC is thus even. Let AC have been cut in 
half at D. And let AB and BC also be either similar 
plane (numbers), or square (numbers)—which are them- 
selves also similar plane (numbers). Thus, the (num- 
ber created) from (multiplying) AB and BC, plus the 
square on C D, is equal to the square on BD [Prop. 2.6]. 
And the (number created) from (multiplying) AB and 
BC is square—inasmuch as it was shown that if two 
similar plane (numbers) make some (number) by mul- 
tiplying one another then the (number so) created is 
square [Prop. 9.1]. Thus, two square numbers have 
been found—(namely,) the (number created) from (mul- 
tiplying) AB and BC, and the (square) on C D—which, 
(when) added (together), make the square on B D. 

And (it is) clear that two square (numbers) have again 
been found—(namely) the (square) on BD, and the 
(square) on C D—such that their difference—(namely,) 
the (rectangle) contained by AB and BC—is square 
whenever AB and BC are similar plane (numbers). But, 
when they are not similar plane numbers, two square 
(numbers) have been found—(namely,) the (square) 
on BD, and the (square) on DC—between which the 
difference—(namely,) the (rectangle) contained by AB 
and BC—is not square. (Which is) the very thing it was 
required to show. 
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PP y 
Añuua B’. 

Ejopelv 000 t&tpotvcvouc ópi0uo0c, Bote TOV EF KOTESV 
GUYXELWEVOY UY) ElvaL TETOXY VOY. 


A H A Z D B 


—— — — — — — — — 
© E 

"Ectw yàp ô &x xGv AB, BI, wc Egauey, tetod&ywvos, 
xal &potios ô TA, xoi xexurjo9o o TA diya 1 A. pavepòv 
0f, Öt ô &x tõv AB, BI tetpáywvoç uetà toŬ ånò |toŭ] 
TA xexgaYó vou toog goth tH dno [tot] BA tetpayóovo. 
àprnorjo9c uovéc À AE ô tom éx tv AB, BL uetà tot 
ano [tot] TE éAdgoowy éotl tot and [tot] BA tetoxyavou. 
Evo) oby, 6tt 6 Ex THV AB, BI teto&ywvog yet& tod ano 
[o0] DE oóx oto tetedywvoc. 

Ei yàp gota tetodywvoc, Atot toog Eott 1G dno [roU| 
BE 7| $£Aácoov toŭ ånò |100| BE, oóxéu 9€ xot uctCov, tva 
UY) tunt ń uovác. £oto, et OUVATOV, TOOTEPOV O EX TOV 
AB, BI vet& tot and TE toos tæ ànó BE, xoi čotw tie 
AE uová6oc dttAactwy 6 HA. énet obv óAoc ó AT' óAoU 
100 L'A &ox QwAaoctov, Ov 6 AH xo0 AE &ox OwuAaotov, 
xoi Aowxóc &pa ó HI' Aotxobo 100 EI £o óutAaotov: 66ya 
goa tétunta ô HI 165 BE. 6 dow éx tv HB, BY ueta tod 
ano TE toog éotl tH and BE tetoayava. Gà xoi ó Ex 
tv AB, BD pexà xob àáxó TE {ooç oóxóxevcot 16$ ànó [x00] 
BE tetoxyove ò wou éx x&v HB, BI vet& tod ano TE 
(coc &cxi 16 &x x&v AB, BT uexà xoO àxó DE. xoi xowoO 
àpotpeüévvoc tol dnd TE ovvéeyeta 6 AB tooc tă HB: 
once &tonov. obx hoa 6 éx tv AB, BI uexà xoO ànó [x00] 
lD'E tcoc £oxi 1G àxnó BE. Aévco öh, OTL OLSE EAdoOOWY TOD 
ànroó BE. ci yàp Ouvaxóv, Eotw TH and BZ tooc, xat tod 
AZ ditkaotwv ò OA. xa cuvaydyceta nad ditAaotwy 6 
OL tot TZ: ote xal tov TO lya tetufhoda xat& tò Z, 
xal dà toto tov éx Tv OB, BI yuexà toč ànó ZI tcov 
Yiveo9ot 1G àxó BZ. onóxevot 0€ xoi ó &x xv AB, BI 
uete tol ano [E toos tõ àxó BZ. ote xal ô èx xv OB, 
BT vets tot ano TZ toog Eotm tH èx tõv AB, BI uexà 
tol and D'E: ónep &xonov. oóx &pa ó &x x&v AB, BT uetà 
100 àxó [E {ooç ot |xG] &A&ocow toŭ ànó BE. &9c(y 0n 
Dé, Öt oè [udt] t% dnd BE. oóx &ga 6 Ex x&v AB, BI 
ueta tol ano TE tetodywvoc Eotiv. Smee Eder cigo. 
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Lemma II 


To find two square numbers such that the sum of them 
is not square. 


A G D F C B 


H E 

For let the (number created) from (multiplying) AB 
and BC, as we said, be square. And (let) CA (be) even. 
And let CA have been cut in half at D. So it is clear 
that the square (number created) from (multiplying) AB 
and BC, plus the square on CD, is equal to the square 
on BD [see previous lemma]. Let the unit DE have 
been subtracted (from BD). Thus, the (number created) 
from (multiplying) AB and BC, plus the (square) on 
CE, is less than the square on BD. I say, therefore, that 
the square (number created) from (multiplying) AB and 
BC, plus the (square) on CE, is not square. 

For if it is square, it is either equal to the (square) 
on BE, or less than the (square) on BE, but cannot any 
more be greater (than the square on BE), lest the unit be 
divided. First of all, if possible, let the (number created) 
from (multiplying) AB and BC, plus the (square) on CE, 
be equal to the (square) on BE. And let GA be double 
the unit DE. Therefore, since the whole of AC is double 
the whole of C D, of which AG is double DE, the remain- 
der GC is thus double the remainder EC. Thus, GC has 
been cut in half at E. Thus, the (number created) from 
(multiplying) GB and BC, plus the (square) on CE, is 
equal to the square on BE [Prop. 2.6]. But, the (num- 
ber created) from (multiplying) AB and BC, plus the 
(square) on C E, was also assumed (to be) equal to the 
square on B E. Thus, the (number created) from (multi- 
plying) GB and BC, plus the (square) on CE, is equal 
to the (number created) from (multiplying) AB and BC, 
plus the (square) on CE. And subtracting the (square) on 
CE from both, AB is inferred (to be) equal to GB. The 
very thing is absurd. Thus, the (number created) from 
(multiplying) AB and BC, plus the (square) on CE, is 
not equal to the (square) on B E. So I say that (it is) not 
less than the (square) on B E either. For, if possible, let it 
be equal to the (square) on BF. And (let) H A (be) dou- 
ble DF. And it can again be inferred that HC (is) double 
CF. Hence, CH has also been cut in half at F. And, on 
account of this, the (number created) from (multiplying) 
H B and BC, plus the (square) on FC, becomes equal to 
the (square) on BF [Prop. 2.6]. And the (number cre- 
ated) from (multiplying) AB and BC, plus the (square) 
on C E, was also assumed (to be) equal to the (square) 
on BF’. Hence, the (number created) from (multiplying) 
H B and BC, plus the (square) on CF, will also be equal 
to the (number created) from (multiplying) AB and BC, 
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xU. 


Eùbpeřv 600 órjxàc 6uváuerc uóvov cuuuétpouc, oce TYV 
uet Cova cfjc &A&ocovoc uciCov 60vacot tT &üxó cupuuétpou 
aut UNXEL. 


Z 


A B 


— — O 
L E A 


"Exxeío0co ydo tic Enth À AB xo 800 tetod&ywvor 
govwuot ot TA, AEB, Gote thy brepoyny adtéyv tov TE uñ 
civar TEeTONYWVOY, nal yeyedoUe ext th¢ AB ñuxóxàtov tò 
AZB, xoi renotjo9o óc ó AT ngóc xóv D'E, obxoc 1o àxó 
tfc BA tetpoåywvov npóc xó àxó tfjc AZ xexpéyvovov, xoi 
&neCeóy 0o f) ZB. 

Enel [ody] &ouv óc 10 ànó tfic BA ngóc 1o áo the AZ, 
ovtwc 6 AT node tov TE, 16 and tc BA &pa npóc TH GTO 
ts AZ Aóyov &y&, ov govduds 6 AT ngóc ópiOuóv xóv PE: 
OUUUETOOV Koa EoTtl TO and the BA 14 and the AZ. ontov 
d€ TO ano THe AB’ Ontov &pa xoi TO dnd the AZ onth koa 
xol À AZ. xa net ò AT node tov TE Adyov obx Eyet, Ov 
TETONYWVOS GoLOUdS TOdS TETOaYWVOV GoLOUdY, ODdE TO ATÒ 
thc BA dou mod tò ànó tfjc AZ Aóvov Eye, Óv vexvoéyovoc 
&pui0uoóc npóc vetpéyovov &pi0uóv: KGoUUMETEOS Koa EoTly Y) 
AB «f; AZ ufixev ok BA, AZ &pa ntal ciot ouvéáyuet uóvov 
ovuuetoo. “ol &ne( |£owv| óc ô AT ngóc xóv DE, ooxoc 
TO aNO Thc BÀ npóc tò ånò THe AZ, avacteébavt &pa cc 
6 TA npóc xóv AE, obtoc 16 àxó tfjc AB npóc tò å&nò 
tc BZ. ó è TA nxgóc xóv AE Aóvov Éyet, Óv vevpéyovoc 
àpiüuóc npóc tetTpáywvov &prðuóv: xa tò ånò tc AB koa 
TEOS TO aNO Tho BZ Adyov Eyer, dv tetekywvoc óàpiuoc 
Teds Tetod&ywvoyv àpiüuóv: cóuuerpoc àpa &cxiv f| AB tf 
BZ ufixei.. xot £o xo àxó tfjc AB (cov xoiz ànó xGv AZ, 
ZB: 5$, AB soa th¢ AZ yetCov Svvata tH BZ suuuetow 
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plus the (square) on C E. The very thing is absurd. Thus, 
the (number created) from (multiplying) AB and BC, 
plus the (square) on C E, is not equal to less than the 
(square) on B E. And it was shown that (is it) not equal 
to the (square) on B E either. Thus, the (number created) 
from (multiplying) AB and BC, plus the square on C E, 
is not square. (Which is) the very thing it was required to 
show. 


Proposition 29 


To find two rational (straight-lines which are) com- 
mensurable in square only, such that the square on the 
greater is larger than the (square on the) lesser by the 
(square) on (some straight-line which is) commensurable 
in length with the greater. 


F 
A B 
— O 
C E D 


For let some rational (straight-line) AB be laid down, 
and two square numbers, CD and DE, such that the dif- 
ference between them, C' E, is not square [Prop. 10.28 
lem. I]. And let the semi-circle AF B have been drawn on 
AB. And let it be contrived that as DC (is) to CE, so the 
square on BA (is) to the square on AF [Prop. 10.6 corr.]. 
And let FB have been joined. 

[Therefore,] since as the (square) on BA is to the 
(square) on AF’, so DC (is) to CE, the (square) on 
BA thus has to the (square) on AF the ratio which 
the number DC (has) to the number CE. Thus, the 
(square) on BA is commensurable with the (square) on 
AF [Prop. 10.6]. And the (square) on AB (is) rational 
[Def. 10.4]. Thus, the (square) on AF (is) also ratio- 
nal. Thus, AF (is) also rational. And since DC does 
not have to CE the ratio which (some) square num- 
ber (has) to (some) square number, the (square) on 
BA thus does not have to the (square) on AF the ra- 
tio which (some) square number has to (some) square 
number either. Thus, AB is incommensurable in length 
with AF [Prop. 10.9]. Thus, the rational (straight-lines) 
BA and AF are commensurable in square only. And 
since as DC [is] to CE, so the (square) on BA Cis) to 
the (square) on AF, thus, via conversion, as C D (is) 
to DE, so the (square) on AB (is) to the (square) on 
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EQUTY). 

Evenvto dea S00 ntal Suvduet U6voy ovuuetoot at BA, 
AZ, ote thy uetCova thy AB th¢ EAdooovos th¢ AZ uetCov 
cúvacia TG ano tho BZ ovuuyetoov &avcf urjxev once Eder 
OELC an. 
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BF [Props. 5.19 corr, 3.31, 1.47]. And CD has to DE 
the ratio which (some) square number (has) to (some) 
square number. Thus, the (square) on AB also has to the 
(square) on BF the ratio which (some) square number 
has to (some) square number. AB is thus commensu- 
rable in length with BF [Prop. 10.9]. And the (square) 
on AB is equal to the (sum of the squares) on AF and 
FB [Prop. 1.47]. Thus, the square on AB is greater than 
(the square on) AF by (the square on) BF’, (which is) 
commensurable (in length) with (AB). 

Thus, two rational (straight-lines), BA and AF’, com- 
mensurable in square only, have been found such that the 
square on the greater, AB, is larger than (the square on) 
the lesser, AF, by the (square) on BF, (which is) com- 
mensurable in length with (AB).! (Which is) the very 
thing it was required to show. 


t BA and AF have lengths 1 and /1 — k? times that of AB, respectively, where k — J/DE/CD. 


e. 


Eùpeřv 600 órjxàc 6uváuerc uóvov cuuuétpouc, ote tIv 
uet Cova fic £Aáocovoc UEiCov SUvacVaL TH i xo GOLUUETOOD 
aut UNXEL. 


Z 


A B 


J — — — — 
L E A 


‘Exxetodw eni? y, AB xal Dúo tetedywvor pruo oi 
TE, EA, &oce 1óv cuvxciuevov && aóxOv vóv DA uñ civar 
tE&tQéOvVOv, xol Yevoó«9o &ri vfic AB fjuocóxoxov tò AZB, 
xol rerxotwjo9o ac ó AT ngóc xóv TE, obtw¢ TÒ and tHe 
BA npóc 1o ànó tfjc AZ, xoi &neCeóoy 9o ?| ZB. 

"Ouoloc 87) 6c(&ouev và npó tovtov, ott of BA, AZ 
ental cio. SuvaueL UOVOY ovUUUETOOL. xoà Emel EoTIV Wc O 
AT xpóc tov TH, ottw¢ 16 and the BA rede TO and THe 
AZ, avactoédvavtt toa ðc 6 TA node tov AE, ottw¢ TÒ 
ano th¢ AB nod¢ 10 and the BZ. 6 d¢ TA mode tov AE 
AOYOY OVX Eyel, OV TEeTOdywvocs dpiüuóc npóc vetpéyovov 
cordudy: 00d’ doa xo àmxó tfjc AB npóc xo ànó tfjc BZ Aóvov 
evel, OV tetod&ywvoc ópi0uóc npóc tetpåywvov &priuóv' 
govuuetoos &pa &oxiv f| AB xfj BZ ufixei. xol dS0vato Å 
AB fic AZ ueiCov xG àxó tfjc ZB àcuuguévpou auth. 


Proposition 30 


To find two rational (straight-lines which are) com- 
mensurable in square only, such that the square on the 
greater is larger than the (the square on) lesser by the 
(square) on (some straight-line which is) incommensu- 
rable in length with the greater. 


F 
A B 
{Pp — 
C E D 


Let the rational (straight-line) AB be laid out, and the 
two square numbers, C E and ED, such that the sum of 
them, C D, is not square [Prop. 10.28 lem. II]. And let the 
semi-circle AFB have been drawn on AB. And let it be 
contrived that as DC (is) to CE, so the (square) on BA 
(is) to the (square) on AF [Prop. 10.6 corr]. And let FB 
have been joined. 

So, similarly to the (proposition) before this, we can 
show that BA and AF are rational (straight-lines which 
are) commensurable in square only. And since as DC is 
to CE, so the (square) on BA (is) to the (square) on AF, 
thus, via conversion, as C D (is) to DE, so the (square) on 
AB (is) to the (square) on BF [Props. 5.19 corr., 3.31, 
1.47]. And CD does not have to DE the ratio which 
(some) square number (has) to (some) square number. 
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At AB, AZ dou Ontat cio: Suvduet Udvoy abuuetoot, xol 
7, AB th¢ AZ ueifov Sbvato tH ànó th¢ ZB aovuuetoov 
aut uýxev OTEO Eder Sete au. 
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Thus, the (square) on AB does not have to the (square) 
on BF the ratio which (some) square number has to 
(some) square number either. Thus, AP is incommensu- 
rable in length with BF [Prop. 10.9]. And the square on 
AB is greater than the (square on) AF by the (square) on 
F' B [Prop. 1.47], (which is) incommensurable (in length) 
with (AB). 

Thus, AB and AF are rational (straight-lines which 
are) commensurable in square only, and the square on 
AB is greater than (the square on) AF’ by the (square) on 
F B, (which is) incommensurable (in length) with (AB).! 
(Which is) the very thing it was required to show. 


t AB and AF have lengths 1 and 1//1 + k? times that of AB, respectively, where k = J/DE/CE. 


ha’. 


Evesiv 600 uécac Ouváuet uóvov ouuuétpouc ONTOV 
repieyo0oac, óote tv us(Qova tfjg &Aácoovoc ucitov 
O0vac'Uot x6) ànxó cuuuétpou &aucf| uie. 


A B r A 


"Exxeio9«ooav 8000 rta Guváuct uóvov cougecpot ot A, 
B, ote thy A uetCova oboay the EAdocovos tfjc B ucitov 
Ovasta T àüxó cuuuétpou qut UAKEL. Kal TE DMO TOV 
A, B tcov éco 1o ànó tfjc L'. uécov 66 tò òrò xGv A, B: 
uécov &pa xal xó àxó tfj; I" uéor) &pa xoà HT. tH OE aNd 
tfjic B toov &oxo tò òrò 1Gv I, A éryxóv 88 xo ànó tis B' 
entov doa xal TO Ono Gv D, A. xoi &nxe( &ouv óc f; À noóc 
trv B, obtw<¢ xo oro xGv A, B ngóc xo àxó tfjc B, HAAG TH 
uev onó tõv A, B tcov ot} tò ànò tis I, 16 òè and tHe 
B ïoov tò dnd tõv I, A, óc doa Å A npòs tùy B, oŬtos 
TÒ ArÒ the I node t6 bnd THVT, A. Be SE TO and THe T 
Teds TO Ono THVT, A, obtw¢ WT mode thy Ac xoi óc ipa 
4) A ted¢ thy B, obtac AT nmed¢ thy A. abuuetoos òè HA 
th B duvduer udvov’ ovuusteoc goa xat HT tH A Suvduer 
uóvov. xal cot, éon À T éon sow xat yA. xol Exet ott 
ao yA npóc thy B, AT node thy A, v dé A the B uetCov 
SvvaToaL TÆ ATÒ cuuuéTtpoL tauti, xa ÀT &oa ti¢ A uciCov 
SOVaTAL TH) AMO GUUUETEOL EaUTh. 

Evenvto. goa dúo u£cot SuUVauUEL UdVoY avUUETeoL at T, 


Proposition 31 


To find two medial (straight-lines), commensurable in 
square only, (and) containing a rational (area), such that 
the square on the greater is larger than the (square on 
the) lesser by the (square) on (some straight-line) com- 
mensurable in length with the greater. 


A B C D 


Let two rational (straight-lines), A and B, commensu- 
rable in square only, be laid out, such that the square on 
the greater A is larger than the (square on the) lesser B 
by the (square) on (some straight-line) commensurable 
in length with (A) [Prop. 10.29]. And let the (square) 
on C be equal to the (rectangle contained) by A and B. 
And the (rectangle contained by) A and P (is) medial 
[Prop. 10.21]. Thus, the (square) on C (is) also medial. 
Thus, C (is) also medial [Prop. 10.21]. And let the (rect- 
angle contained) by C and D be equal to the (square) 
on B. And the (square) on BP (is) rational. Thus, the 
(rectangle contained) by C and D (is) also rational. And 
since as A is to P, so the (rectangle contained) by A and 
B (is) to the (square) on P [Prop. 10.21 lem.], but the 
(square) on C is equal to the (rectangle contained) by 
A and B, and the (rectangle contained) by C and D to 
the (square) on B, thus as A (is) to B, so the (square) 
on C (is) to the (rectangle contained) by C and D. And 
as the (square) on C (is) to the (rectangle contained) by 
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A erjxóv negiéyoucotn, xoi Y; I' vfjc A uciCov Guvátor 16 and 
cuuguétpou &attf| urYjxet. 

"Ouotoc 97) 6ecy0foe vot xal T ATÒ &ouuuétpou, OTAY 7 
A tic B uciCov o0vrjvot x6 àxó àcuguuétpou &auf|. 
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C and D, so C (is) to D [Prop. 10.21 lem.]. And thus 
as A (is) to B, so C (is) to D. And A is commensurable 
in square only with B. Thus, C (is) also commensurable 
in square only with D [Prop. 10.11]. And C is medial. 
Thus, D (is) also medial [Prop. 10.23]. And since as A is 
to P, (so) C (is) to D, and the square on A is greater than 
(the square on) B by the (square) on (some straight-line) 
commensurable (in length) with (A), the square on C is 
thus also greater than (the square on) D by the (square) 
on (some straight-line) commensurable (in length) with 
(C) [Prop. 10.14]. 

Thus, two medial (straight-lines), C and D, commen- 
surable in square only, (and) containing a rational (area), 
have been found. And the square on C is greater than 
(the square on) D by the (square) on (some straight-line) 
commensurable in length with (C).! 

So, similarly, (the proposition) can also be demon- 
strated for (some straight-line) incommensurable (in 
length with C), provided that the square on A is greater 
than (the square on B) by the (square) on (some 
straight-line) incommensurable (in length) with (A) 
[Prop. 10.30].* 


t C and D have lengths (1 — k?)!/4 and (1 — &2)3/4 times that of A, respectively, where k is defined in the footnote to Prop. 10.29. 


* C and D would have lengths 1/(1 + k?)!/4 and 1/(1 + k?)3/4 times that of A, respectively, where & is defined in the footnote to Prop. 10.30. 


AD 
Evesiv 000 u£coac Ouvóáuev uóvov ocuuuétpouc MÉOOV 
Tepieyovouc, Gate ty us(tQova tfjg &Aóácoovoc ucitov 
SvvacVa TH ATÒ ovUUETEOD EaUTh. 


‘Exxetodwoay toeic ental Suvdue, UdOvoY oUUUETEOL ol 
A, B, T, ote tv A the Dl ucitov 8óvaot0ot x and 
cuuguécpou &aucf, xoi v uèv òrò THY A, B tcov got TO 
&nó t A. uécov toa TÒ Tò tc A: xal À A &pa uéon 
éottv. t& 0€ ono 1Gv B, T oov čotw tò bnd té&v A, E. 
“al Emel Coty Wo TO ONO xGv A, B node 16 ONO xGv B, T, 
ovtw¢ 4 A mod¢ THY Ty GAAd tõ uev onó tõv A, B toov 
éotl TO dnd the A, 6 dé nò tõv B, T cov tò onxó xGv 
A, E, gotw &pa óc ?| À ngóc vv D, obvoc xó ànó tc A 
Teds TO OnÓ 16v A, E. óc 8€ tÒ and the A node TO DTO 
tov A, E, obta¢ 4) A ngóc tjv E» xoi óc pa Å A npóc tijv 
I', obxoc 7| A node thy E. oúuuetpos 86 5| A tH Suvduer 
luóvov|. cóuuecpoc &po xoi Y) A xfj E, Guváuer uóvov. uéon 


Proposition 32 


To find two medial (straight-lines), commensurable in 
square only, (and) containing a medial (area), such that 
the square on the greater is larger than the (square on 
the) lesser by the (square) on (some straight-line) com- 
mensurable (in length) with the greater. 

A—— — — D ú —— 
B — 7 E, —9— 
C —— 

Let three rational (straight-lines), A, B and C, com- 
mensurable in square only, be laid out such that the 
square on A is greater than (the square on C) by the 
(square) on (some straight-line) commensurable (in 
length) with (A) [Prop. 10.29]. And let the (square) 
on D be equal to the (rectangle contained) by A and B. 
Thus, the (square) on D (is) medial. Thus, D is also me- 
dial [Prop. 10.21]. And let the (rectangle contained) by 
D and E be equal to the (rectangle contained) by B and 
C. And since as the (rectangle contained) by A and B 
is to the (rectangle contained) by B and C, so A (is) to 
C [Prop. 10.21 lem.], but the (square) on D is equal to 
the (rectangle contained) by A and B, and the (rectangle 
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o£ f| A' uéor,) ea xal À E. xal ënel &ouv óc A xpóc tiv 
I', 5j A ngóc xy E, 5j 66 A cfjc P usiGov Sbvata 14 and 
cuugétpou &aucf|, xoi Y| A &pa tic E usiCov Suvfoeto t 
ànó cuuuérgou aut. Aya Of, Ótt xoi uécov EoTL TO ONO 
tGv A, E. nel yàp toov &oxi xo onó x&v B, D x6 O20 tov 
A, E, uécov 8& xó oxó t&v B, T [x yàp B, T ntal ciot 
duvduet UOvov abuuetoot], ueEcov doa wal TO oxó xGv A, E. 

Evenvto You S00 Yeo SLUYaUEL UOVOY ODUUETEOL atl 
A, E uéooy nepiéyovom, Bote thy ustCova cxfjc £Aáoccovoc 
usiCov SvvaoVa TG &nò ouuuéTtpou aut. 

‘Ouotuc On TdAW dteyDHoeto “al TH ENO GovUUETEOL, 
otav Å A tc I ustCov dbvntou tT &xó àcuuu£tpou EQUTH). 
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contained) by D and E to the (rectangle contained) by 
B and C, thus as A is to C, so the (square) on D (is) 
to the (rectangle contained) by D and E. And as the 
(square) on D (is) to the (rectangle contained) by D and 
E, so D (is) to E [Prop. 10.21 lem.]. And thus as A 
(is) to C, so D (is) to E. And A (is) commensurable in 
square [only] with C. Thus, D (is) also commensurable 
in square only with E [Prop. 10.11]. And D (is) me- 
dial. Thus, E (is) also medial [Prop. 10.23]. And since 
as A is to C, (so) D (is) to E, and the square on A is 
greater than (the square on) C by the (square) on (some 
straight-line) commensurable (in length) with (A), the 
square on D will thus also be greater than (the square 
on) E by the (square) on (some straight-line) commen- 
surable (in length) with (D) [Prop. 10.14]. So, I also 
say that the (rectangle contained) by D and FE is medial. 
For since the (rectangle contained) by P and C is equal 
to the (rectangle contained) by D and E, and the (rect- 
angle contained) by B and C (is) medial [for B and C 
are rational (straight-lines which are) commensurable in 
square only] [Prop. 10.21], the (rectangle contained) by 
D and E (is) thus also medial. 

Thus, two medial (straight-lines), D and E, commen- 
surable in square only, (and) containing a medial (area), 
have been found such that the square on the greater is 
larger than the (square on the) lesser by the (square) on 
(some straight-line) commensurable (in length) with the 
greater.!. 

So, similarly, (the proposition) can again also be 
demonstrated for (some straight-line) incommensurable 
(in length with the greater), provided that the square on 
A is greater than (the square on) C by the (square) on 
(some straight-line) incommensurable (in length) with 
(A) [Prop. 10.30]. 


t D and E have lengths k’!/4 and k/!/4,/1 — k? times that of A, respectively, where the length of B is &/1/? times that of A, and k is defined in 


the footnote to Prop. 10.29. 


t D and E would have lengths k/!/4 and k/1/4/\/1 + k? times that of A, respectively, where the length of B is &/!1/? times that of A, and k is 


defined in the footnote to Prop. 10.30. 


Afjuua. 
"Eote totywvoy dpdoyavoy to ABI deny éyov thy 
A, xa fly 9c xáOetoc f| AA Aévo, óu xó uev oró xv BA 
(cov £o 1G &nò tc BA, tò dè òrò tõv BIA toov 1G nò 
th¢ TA, xal tò òrò tõv BA, AT toov tõ ànò tc AA, xo 
Ett tO ONO x&v BT, AA toov [£oxi| xG onó 16v BA, AT. 
Kol npGtov, óu tò onó tõv TBA tcov [éoti] 16 and 


thc BA. 


Lemma 


Let ABC be a right-angled triangle having the (an- 
gle) Aa right-angle. And let the perpendicular AD have 
been drawn. I say that the (rectangle contained) by CBD 
is equal to the (square) on BA, and the (rectangle con- 
tained) by BC D (is) equal to the (square) on C A, and 
the (rectangle contained) by B D and DC (is) equal to the 
(square) on AD, and, further, the (rectangle contained) 
by BC and AD [is] equal to the (rectangle contained) by 
BA and AC. 
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And, first of all, (let us prove) that the (rectangle con- 
tained) by CBD [is] equal to the (square) on BA. 





“Enel yuo Ev OOVOYOMG TOLY@VW ino tfjc ópüfic Yovtac 
emt thY Baow xáðetos Axta À AA, tà ABA, AAT àpa 
totywva óuou& ot TH te OAM tõ ABI xoà wAAHAOIC. xol 
Enel duordy Eott TO ABT totywvoy tă ABA toryavea, čaty 
gpa Gc À TB xgóc cv BA, obcoc f| BA xpóc vv BA: xo 
goa bro tõv L'BA ícov oti t ånò ts AB. 

Atà xà oróxà 87) xoi TO ONO tõv BTA {oov Eotl 165 and 
tfi AT. 

Kol nci, £v &v ópÜovcov(o xpvyovo ànxó tfj; ópOfic 
yovlag emt thy Baow xadetoc &yDH, 1 aydetoa tõv tc 
Baoews vurju&xov uéor àvóáAovóv &ouv, ouv tou Wo 4 BA 
todos thy AA, oŬtwc 9| AA node thy AT: tò doa ONO THY 
BA, AT' tcov é&ox 1G àxó the AA. 

Aéyw, Öt xoi tò òrò t&v BIT, AA tcov goth tH dnd 
x&v BA, AT. &ncl Yàp, óc &gouev, óuotóv ot tò ABT x6 
ABA, £ov &pa cóc f| BI mode thy TA, obvoc f; BÀ ngóc 
thv AA. tÒ &pa onó vv BI, AA tcov &od 1G oro tGv 
BA, AI donee den Seton. 


ÀY. 

Epeiv 000 eOUc(oc Ovuváuer &cuuuétpouc xoto0oac tO 
UEV OUYXELUEVOV EX TOV ON ALVTOV TETOAYOVOY ONTOY, TO 
Ò ÙT’ aOTGV u£cov. 

‘ExxetoVwoay Dúo ryta 6uváue. uóvov cóuuetpot ol 
AB, BI, ote thy ustCova thy AB tihi¢ £Aáocovoc tfjc BP 
ustCov SvvacDa TH and dovUUETEOL EAUTH, Kal TEeTUAOVE Å 
BL dtya xata tO A, xal 16 ap’ óroxépac vv BA, AT toov 
raed THY AB napabeBAnodw naparhAnrdyouumoy EAAsinov 
clost TETONYOVG, Xal &£oxo TO UNO xGv AEB, xoà Yevoóo9oo 
émt vfjc AB muoxoxo«ov tò AZB, xa fy9o tfj; AB ngóc 


For since AD has been drawn from the right-angle in 
a right-angled triangle, perpendicular to the base, ABD 
and ADC are thus triangles (which are) similar to the 
whole, ABC, and to one another [Prop. 6.8]. And since 
triangle ABC is similar to triangle ABD, thus as CB is 
to BA, so BA (is) to BD [Prop. 6.4]. Thus, the (rectan- 
gle contained) by CBD is equal to the (square) on AB 
[Prop. 6.17]. 

So, for the same (reasons), the (rectangle contained) 
by BCD is also equal to the (square) on AC. 

And since if a (straight-line) is drawn from the right- 
angle in a right-angled triangle, perpendicular to the 
base, the (straight-line so) drawn is the mean propor- 
tional to the pieces of the base [Prop. 6.8 corr.], thus as 
BD is to DA, so AD (is) to DC. Thus, the (rectangle 
contained) by BD and DC is equal to the (square) on 
DA [Prop. 6.17]. 

I also say that the (rectangle contained) by BC and 
AD is equal to the (rectangle contained) by BA and AC. 
For since, as we said, ABC is similar to ABD, thus as BC 
is to CA, so BA (is) to AD [Prop. 6.4]. Thus, the (rectan- 
gle contained) by BC and AD is equal to the (rectangle 
contained) by BA and AC [Prop. 6.16]. (Which is) the 
very thing it was required to show. 


Proposition 33 


To find two straight-lines (which are) incommensu- 
rable in square, making the sum of the squares on them 
rational, and the (rectangle contained) by them medial. 

Let the two rational (straight-lines) AB and BC, 
(which are) commensurable in square only, be laid out 
such that the square on the greater, AB, is larger than 
(the square on) the lesser, BC, by the (square) on (some 
straight-line which is) incommensurable (in length) with 
(AB) [Prop. 10.30]. And let BC have been cut in half at 
D. And let a parallelogram equal to the (square) on ei- 
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òptàs Å EZ, xal &neCeoy 0ccav oi AZ, ZB. 


A E B A F 

Kat éxet [Ovo] cv0eta &vool ciow at AB, BI, xoa ¥ 
AB thc BI ueiCov ðúvata t dnd HovUUETOOU auti, 
t 6& tetóápt toU and tfjc BD, xoutxéou t ano tic 
fjucetac aótfjo, (oov tapà tày AB napabéßànta rapa- 
AYAÓYoouuov &AAeinrov e(Oóe, tetpoyc wo xoà Nolet TO LTO 
tv AEB, cobuueteocs àpa &oxiv f| AE vf; EB. xot gatw oe 
5 AE npóc EB, ob0voc tò nrò THY BA, AE rode tO O10 
:Gv AB, BE, tcov 8& 1o u&v onó xGv BA, AE x6 ànó cfjc 
AZ, tò 8€ oró tõv AB, BE «6 å&rò týs BZ: &oúuuetpov 
&poa &ctl TÒ nÒ ts AZ t& ånò the ZB at AZ, ZB koa 
Suvauet ciciy &oúuuetpo. xa &nel Y| AB nth ctv, ġntòv 
hon goth xal tO and thc AB’ Hote xal tò ouvyxeluevov &x 
t&v àxó xGv AZ, ZB ón1óv &ocv.. xoi &nel mad tO dnd 
t:Gv AE, EB tcov ċot 16$ ànó vfjc EZ, ónóxewot b€ TO ONO 
t:Gv AE, EB xoi vG ànxó tfjc BA toov, tcr) &pa otv Y) ZE 
th BA: Sindh goa Å BIT ts ZE ote xa tO ONO tõv AB, 
BI cúuuetoóv éott TH ono 16v AB, EZ. uécov 9€ 1o oro 
t&v AB, BI" uécov &pa xoi 1ó oxó 16v AB, EZ. toov è 
tÒ oxó :Gv AB, EZ x6) ono 16v AZ, ZB: uécov &po xoà 1o 
oro vv AZ, ZB. &Oc(y 0r] 66 xoi óryvóv xó cuvxetuevov èx 
TOY GT AVTEY TETONYOVOY. 

EŬonvta koa dúo evdeton Suvduer dovuetoot ot AZ, ZB 
TOLODOAL TO UEV OLY XELUEVOY EX TOV AM AVTOYV TETOAY OVO 
Ontdv, TO dé On’ avUTHY Ugoov’ Oreo Eder Sete. 
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ther of BD or DC, (and) falling short by a square figure, 
have been applied to AB [Prop. 6.28], and let it be the 
(rectangle contained) by AFB. And let the semi-circle 
AFB have been drawn on AB. And let EF have been 
drawn at right-angles to AB. And let AF and FB have 
been joined. 


E 


A E B D C 


And since AB and BC are [two] unequal straight- 
lines, and the square on AB is greater than (the square 
on) BC by the (square) on (some straight-line which is) 
incommensurable (in length) with (AB). And a paral- 
lelogram, equal to one quarter of the (square) on BC— 
that is to say, (equal) to the (square) on half of it—(and) 
falling short by a square figure, has been applied to AB, 
and makes the (rectangle contained) by AEB. AE is thus 
incommensurable (in length) with EB [Prop. 10.18]. 
And as AE is to EB, so the (rectangle contained) by B A 
and AE (is) to the (rectangle contained) by AB and BE. 
And the (rectangle contained) by BA and AF (is) equal 
to the (square) on AF’, and the (rectangle contained) by 
AB and BE to the (square) on BF [Prop. 10.32 lem.]. 
The (square) on AF is thus incommensurable with the 
(square) on FB [Prop. 10.11]. Thus, AF and FB are in- 
commensurable in square. And since AB is rational, the 
(square) on AB is also rational. Hence, the sum of the 
(squares) on AF and FB is also rational [Prop. 1.47]. 
And, again, since the (rectangle contained) by AE and 
EB is equal to the (square) on EF, and the (rectangle 
contained) by AE and EB was assumed (to be) equal to 
the (square) on BD, FE is thus equal to BD. Thus, BC 
is double FE. And hence the (rectangle contained) by 
AB and BC is commensurable with the (rectangle con- 
tained) by AB and EF [Prop. 10.6]. And the (rectan- 
gle contained) by AB and BC (is) medial [Prop. 10.21]. 
Thus, the (rectangle contained) by AP and EF (is) also 
medial [Prop. 10.23 corr.]. And the (rectangle contained) 
by AB and EF (is) equal to the (rectangle contained) by 
AF and F B [Prop. 10.32 lem.]. Thus, the (rectangle con- 
tained) by AF and F B (is) also medial. And the sum of 
the squares on them was also shown (to be) rational. 

Thus, the two straight-lines, AF and FB, (which are) 
incommensurable in square, have been found, making 
the sum of the squares on them rational, and the (rectan- 
gle contained) by them medial. (Which is) the very thing 
it was required to show. 
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t AF and FB have lengths 4/[1 -- k/(1 4- &2)!/2]/2 and 4/[1 — k/(1 + k?)1/2]/2 times that of AB, respectively, where k is defined in the 


footnote to Prop. 10.30. 
dO. 


Epeiv 000 eOUc(oc Ouváuer HOLUUETEOUC xotoDoac tO 
uev cuvxetuevov £x TOY AM ADTOV TETOAY@VWY UEGOY, TO 
0 UN aDTOY ONTOY. 


A 


A LZ B E D 


‘Exxetovooay Dúo ué£cot Ouvápet uóvov cóuuetpot ot 
AB, BI' érxóv nepigéyovuom tò òr aotGv, Gote thy AB 
tf; BI' ueiCov 80vac9ot 1G and &cuuuétpou aut, xol 
yeyedove ent thc AB t6 AAB ryuxoxAov, xoi vevurjooo 
? BP iya xatà tò E, vat nopoPpeBAnodw napd thy AB 
1G å&nò tc BE toov traparànàóypauuov eAAcinoy etdet te- 
TOAYOV TO LTO tõv AZB: aovuueteoc koa [tony] Å AZ 
th ZB uńýxe. xal yw dnd tot Z th AB nod¢ deduce À ZA, 
xol ereCevy0woayv at AA, AB. 

‘Enet dovuuetods &ouv f| AZ xf; ZB, cobuusteov doa 
cott xat tÒ oxó 16v BA, AZ tõ oro x&v AB, BZ. tcov o£ 
tÒ uèv nò THV BA, AZ 165 dnd the AA, tO dé Od TOV 
AB, BZ «6 ànó xfjc AB: gobuUetoov wou oti xa TO MO 
thc AA 16 ano thc AB. xol Exet uEcov Eatl tO dno the 
AB, uécov &pa xoi xó cuYvxeciuevov &x THv dno THY AA, 
AB. xo nel nañ ouv À BI ts AZ, àxA&otov &pa xol 
tO òrò tõv AB, BPI toč nò t&v AB, ZA. ġntòv de tO ONO 
t&v AB, BT ntòv &pa xal tò òrò xGv AB, ZA. tò d€ ONO 
t&v AB, ZA toov x6 nrò x&v AA, AB: óote xoi tÒ ÙTÒ 
tõv AA, AB éntdvy otw. 

Evenvta goa Dúo ebVetan Suvduer cobuUetoar at AA, 
AB nototom tò [vey] cuyxetuevoy &x TV ÅT’ AÒTÕYV TE- 
TONYOVOYV UEGOY, TO O° OT avTHY ONTOV’ OnEO Eder Seton. 


Proposition 34 


To find two straight-lines (which are) incommensu- 
rable in square, making the sum of the squares on them 
medial, and the (rectangle contained) by them rational. 


D 


A F B E C 

Let the two medial (straight-lines) AB and BC, 
(which are) commensurable in square only, be laid out 
having the (rectangle contained) by them rational, (and) 
such that the square on AB is greater than (the square 
on) BC by the (square) on (some straight-line) incom- 
mensurable (in length) with (AB) [Prop. 10.31]. And 
let the semi-circle ADB have been drawn on AB. And 
let BC have been cut in half at E. And let a (rectangu- 
lar) parallelogram equal to the (square) on BE, (and) 
falling short by a square figure, have been applied to 
AB, (and let it be) the (rectangle contained by) AFB 
[Prop. 6.28]. Thus, AF [is] incommensurable in length 
with FB [Prop. 10.18]. And let FD have been drawn 
from F at right-angles to AB. And let AD and DB have 
been joined. 

Since AF is incommensurable (in length) with FB, 
the (rectangle contained) by BA and AF is thus also 
incommensurable with the (rectangle contained) by AB 
and BF [Prop. 10.11]. And the (rectangle contained) by 
BA and AF (is) equal to the (square) on AD, and the 
(rectangle contained) by AB and BF to the (square) on 
DB [Prop. 10.32 lem.]. Thus, the (square) on AD is also 
incommensurable with the (square) on DB. And since 
the (square) on AB is medial, the sum of the (squares) 
on AD and DB (is) thus also medial [Props. 3.31, 1.47]. 
And since BC is double DF [see previous proposition], 
the (rectangle contained) by AB and BC (is) thus also 
double the (rectangle contained) by AB and FD. And 
the (rectangle contained) by AB and BC (is) rational. 
Thus, the (rectangle contained) by AB and FD (is) also 
rational [Prop. 10.6, Def. 10.4]. And the (rectangle con- 
tained) by AB and FD (is) equal to the (rectangle con- 
tained) by AD and DB [Prop. 10.32 lem.]. And hence 
the (rectangle contained) by AD and DB is rational. 

Thus, two straight-lines, AD and DB, (which are) in- 
commensurable in square, have been found, making the 
sum of the squares on them medial, and the (rectangle 
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contained) by them rational.’ (Which is) the very thing it 
was required to show. 





t AD and DB have lengths Vila + k2)1/2 4 k]/[2(1 + k?)] and Via + k2)1/2 — k] /[2(1 + k2)] times that of AB, respectively, where k is 


defined in the footnote to Prop. 10.29. 
he. 


Epeiv 000 eoUc(oc Ouváuer HOLUUETEOUCS xotoboac TO 
TE GUYXEIUEVOY EX TOV AM ALTOV TETONYOVOYV UETOV xal 
TO UM QÛTÕV UETOV Kal ETL COVUMETOOYV TES OVYXELUEVE) EX 
TOY GN avTESY TETONY OVO. 


A 


A Z B E LU 


‘Exxetovooay 000 ué£cot ouvápet uóvov cóuuetpot ot 
AB, BI' uécov neptéyovcot, ote ty AB cfjc BI" ueitov 
SvvaoVa té ATÒ àcuuuétpou EaUTH, xal yeyedove nl tc 
AB fyuxoxiov xó AAB, xal tà Aowxà yeyovétw toi¢ Exava 
uolc. 

Koi &xei àcÓuuetpóc &ouv f| AZ cf; ZB ufixei, &oouguece- 
óc &o xoi FF AA th AB duvduer. xol Exel uUecov Eotl TO 
ano th¢ AB, uécov tow xal TO cuyxetuevoy Ex THY amd 
Tcv AA, AB. xoi &nel t6 O26 tHv AZ, ZB {oov toti t àg 
exatéoac tv BE, AZ, ton dow éotiv $9, BE vf; AZ: Sw 
gea À BI tc ZA: ote xol tò nrò tõv AB, BP dirAdotdy 
oti toŬ oxó tõv AB, ZA. uécov ðè tò òrò xGv AB, BI* 
uécov ğpa xal TO ONO THY AB, ZA. xal otv toov 16 ÙTÒ 
tõv AA, AB: uécov &oa xal tò Ònrò x&v AA, AB. xoi enel 
govuuetoeds &cuv f| AB «fj BI ufixeu oóuuevgoc 9€ IB 
xf; BE, &àcóuuepoc àpa xoà À AB th BE ufjxev orte xal tò 
àró ts AB tõ oxó xGv AB, BE àcóuuetoóv &£ouv.. G0 à 
1G uèv and tc AB (ca oti xà ànó 16v AA, AB, c6 66€ 
òrò t&v AB, BE tcov éoti to bnd tv AB, ZA, toutéott 
tO ONO TV AA, AB: dovuuEetoov boa EaTl TO Guyxetuevoyv 
Ex tev and tv AA, AB 76 nrò tõv AA, AB. 

Evenvta goa dbo evvetan of AA, AB duvauer dobuUEeteot 
ToroŬoa TÓ t& cuYxciuevov EX 1Gv àm aotGv uécov xoi 
TÒ ÙT’ AÙTÕV UÉCOV XAL £t àcOuuetpov 1G oUYXeuevo ÊX 
TÕV ÅT AÒTÕV TETPAYOVOV: Önep Eder Setgou. 


Proposition 35 


To find two straight-lines (which are) incommensu- 
rable in square, making the sum of the squares on them 
medial, and the (rectangle contained) by them medial, 
and, moreover, incommensurable with the sum of the 
squares on them. 


D 


A F B E C 

Let the two medial (straight-lines) AB and BC, 
(which are) commensurable in square only, be laid out 
containing a medial (area), such that the square on AB 
is greater than (the square on) BC by the (square) on 
(some straight-line) incommensurable (in length) with 
(AB) [Prop. 10.32]. And let the semi-circle ADB have 
been drawn on AB. And let the remainder (of the figure) 
be generated similarly to the above (proposition). 

And since AF is incommensurable in length with F B 
[Prop. 10.18], AD is also incommensurable in square 
with DB [Prop. 10.11]. And since the (square) on AB 
is medial, the sum of the (squares) on AD and DB (is) 
thus also medial [Props. 3.31, 1.47]. And since the (rect- 
angle contained) by AF and FB is equal to the (square) 
on each of BE and DF, BE is thus equal to DF. Thus, 
BC (is) double F D. And hence the (rectangle contained) 
by AB and BC is double the (rectangle) contained by 
AB and FD. And the (rectangle contained) by AP and 
BC (is) medial. Thus, the (rectangle contained) by AB 
and FD (is) also medial. And it is equal to the (rectan- 
gle contained) by AD and DB [Prop. 10.32 lem.]. Thus, 
the (rectangle contained) by AD and DB (is) also me- 
dial. And since AB is incommensurable in length with 
BC, and CB (is) commensurable (in length) with BE, 
AB (is) thus also incommensurable in length with BE 
[Prop. 10.13]. And hence the (square) on AB is also 
incommensurable with the (rectangle contained) by AB 
and BE [Prop. 10.11]. But the (sum of the squares) on 
AD and DB is equal to the (square) on AB [Prop. 1.47]. 
And the (rectangle contained) by AB and F D—that is to 
say, the (rectangle contained) by AD and DB—is equal 
to the (rectangle contained) by AB and BE. Thus, the 
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sum of the (squares) on AD and DB is incommensurable 
with the (rectangle contained) by AD and DB. 

Thus, two straight-lines, AD and DB, (which are) in- 
commensurable in square, have been found, making the 
sum of the (squares) on them medial, and the (rectangle 
contained) by them medial, and, moreover, incommensu- 
rable with the sum of the squares on them.! (Which is) 
the very thing it was required to show. 


t AD and DB have lengths k/!/4,/[1 + k/(1 + k?)1/2]/2 and k/1/4,/[1 — k/(1 4- k2)1/2]/2 times that of AB, respectively, where k and k’ are 


defined in the footnote to Prop. 10.32. 
AF. 


Eàv 600 ntal SUvduEL WOVOY OUUUETEOL ouvteððcy, À 
OAN Goydos otv, xarctoVa oe Ex O00 OvOUdTOY. 


E ——————————————]À——————À 
A B U 


S uYvxeloOcoo0av Yàp 000 erivoi 6uváueru uóvov oOuuetpot 
at AB, BI" Aévo, óu ó^r *; AU àAovóc &ouv. 

"Enci yàp àcOuuecpóc got f, AB «xf; BI' uev oováyet 
yàp uóvov siol cóuuetgov óc è Å AB npòs ty BT, obvoc 
TÒ ono tõæyv ABT npòs tò ànò týs BT, &oúvuuetpov pa oti 
to bnd Tv AB, BI x6 and tHe BL. Aà tõ uèv ONO vGv 
AB, BI obyuetedy tot t6 dic bn6 THY AB, BI, 16 06 àxó 
th¢ BE ctuuetod £o xà àxó x&v AB, BI" oi yàp AB, BP 
OTA Slot óuváuet uóvov oouuetpov &oouuetpov ipa &oti TO 
dic Dro THY AB, BI «oic àxó x&v AB, BI. xoà ouvOévu xo 
dic Ln6 THY AB, BI uexà Gv àxó x&v AB, BT, toutéot 
tO and the AT, dovupetody ot 1G ouYvxeauévo £x. Gv 
ano tv AB, BI: ġntòv 8& tò cuYxc(uevov &x THY amd 
tiv AB, BI: &Aovov &pa [Eoti] t6 and tHe AD: Gote xot Å 
AT ®oyd¢ Eotw, xocioOo dè Ex Dvo óvouétov: ónep SHEL 
Occ on. 


t Literally, “from two names". 


Proposition 36 


If two rational (straight-lines which are) commensu- 
rable in square only are added together then the whole 
(straight-line) is irrational—let it be called a binomial 
(straight-line).! 

$a —ñ — 


A B C 


For let the two rational (straight-lines), AP and BC, 
(which are) commensurable in square only, be laid down 
together. I say that the whole (straight-line), AC, is irra- 
tional. For since AB is incommensurable in length with 
BC—for they are commensurable in square only—and as 
AB (is) to BC, so the (rectangle contained) by ABC (is) 
to the (square) on BC, the (rectangle contained) by AB 
and BC is thus incommensurable with the (square) on 
BC [Prop. 10.11]. But, twice the (rectangle contained) 
by AB and BC is commensurable with the (rectangle 
contained) by AB and BC [Prop. 10.6]. And (the sum 
of) the (squares) on AB and BC is commensurable with 
the (square) on BC—for the rational (straight-lines) AB 
and BC are commensurable in square only [Prop. 10.15]. 
Thus, twice the (rectangle contained) by AB and BC is 
incommensurable with (the sum of) the (squares) on AB 
and BC [Prop. 10.13]. And, via composition, twice the 
(rectangle contained) by AB and BC, plus (the sum of) 
the (squares) on AB and BC—that is to say, the (square) 
on AC [Prop. 2.4]—is incommensurable with the sum of 
the (squares) on AB and BC [Prop. 10.16]. And the sum 
of the (squares) on AB and BC (is) rational. Thus, the 
(square) on AC [is] irrational [Def. 10.4]. Hence, AC 
is also irrational [Def. 10.4]—let it be called a binomial 
(straight-line).* (Which is) the very thing it was required 
to show. 


ł Thus, a binomial straight-line has a length expressible as 1 4- &!/? [or, more generally, p(1 4- k!/?), where p is rational —the same proviso 


applies to the definitions in the following propositions]. The binomial and the corresponding apotome, whose length is expressible as 1 — &1/? 
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(see Prop. 10.73), are the positive roots of the quartic z^ — 2(1-- k) x? 4- (1 — k)? — 0. 


AC 
Eàv úo uécot 6uváuet uóvov oouuetpor cuvteO6jot 
6vtóv xepiéyoucot, Y) óÀr| GovÓc &ov, xaAcioOc oe éx 
O00 UECWY TEGTY). 


—ñ — — —7,e— 
A B I 


*UYxeto9coav vào 600 uéca SvVaUEL UOVOY OUUUETOOL 
at AB, BI Ontov nepiéyouvoar Aévo, ów ó^rv À AT &hoyóc 
£o. 

Enei yàp å&oúvuuetoós &ouv AB tý BI ufixei, xoi tà 
ano tõv AB, BI' àpa àcóuuetp& &ox 16 Sic ónó xGv AB, 
BI xoà cuvOévu xà àxó x&v AB, BI uexà x00 8ic nò tõv 
AB, BI, óneo &oxi 1ó ànó tfjc AD, àcóuuevQóv £o tT ono 
tv AB, BI. Ontov è tò nrò tHv AB, BI Ordxetvtou yao 
ot AB, BI ontov nepiéyovom: &Aovov koa TO dnd tHe ALT: 
&^ovoc &pa *, AT, xoAc(oOo Se Ex 600 uécov npotry STEE 
Eder Setcau. 


t Literally, “first from two medials”. 


Proposition 37 


If two medial (straight-lines), commensurable in 
square only, which contain a rational (area), are added 
together then the whole (straight-line) is irrational—let 
it be called a first bimedial (straight-line).! 

— y —— 


A B C 


For let the two medial (straight-lines), AB and BC, 
commensurable in square only, (and) containing a ratio- 
nal (area), be laid down together. I say that the whole 
(straight-line), AC, is irrational. 

For since AB is incommensurable in length with BC, 
(the sum of) the (squares) on AP and BC is thus also in- 
commensurable with twice the (rectangle contained) by 
AB and BC [see previous proposition]. And, via com- 
position, (the sum of) the (squares) on AB and BC, 
plus twice the (rectangle contained) by AB and BC— 
that is, the (square) on AC [Prop. 2.4]—is incommen- 
surable with the (rectangle contained) by AB and BC 
[Prop. 10.16]. And the (rectangle contained) by AB and 
BC (is) rational—for AB and BC were assumed to en- 
close a rational (area). Thus, the (square) on AC’ (is) 
irrational. Thus, AC (is) irrational [Def. 10.4]—let it be 
called a first bimedial (straight-line). (Which is) the very 
thing it was required to show. 


t Thus, a first bimedial straight-line has a length expressible as k!/4 + k3/4. The first bimedial and the corresponding first apotome of a medial, 
whose length is expressible as k!/4 — k?/4 (see Prop. 10.74), are the positive roots of the quartic «4 — 2 Ek (1-4- k) x? 4- k(1— Kk)? — 0. 


An 
àv 600 uécot SuvduEL UOVOY ovUUETEOL oUYTEDBOL 
uécov nepiéyoucot, Y| ÓÀr| GA oYvóc Eotw, xaAdstodw be ex 
000 uécov Ouecégca. 


A b D 


[+ 
A © H 
E Z 
SuYvxclo9o0av vào 600 u£cot Ouváuet uóvov oOuuetpot 


c 


oi AB, BI' uécov nepiéyoucav Aévo, ów GXovóc ouy À 


Proposition 38 


If two medial (straight-lines), commensurable in square 
only, which contain a medial (area), are added together 
then the whole (straight-line) is irrational—let it be 
called a second bimedial (straight-line). 


A B C 


— — — — — 
D H G 
E F 
For let the two medial (straight-lines), AB and BC, 
commensurable in square only, (and) containing a medial 
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AT. 

"Exoxeto90 yàp önt Y, AE, xoi x6 dno tio AT toov nape 
thv AE napapeBAfjo0o tò AZ nàátos nowOv vv AH. xoi 
énel TO ano vfjc AI' toov &od xoic te àxó x&v AB, BI xoà x6 
dic Dro Tv AB, BI’, xagopepArjo9c 97, voic ànó x&v AB, 
BI' xapà try AE tcov xó EO: Aowóv dea tò OZ toov ot 
TG) Gic ONO x&v AB, BI. xoi &nei uéor) £oxiv êxatépa t&v 
AB, BI, uéca &pa &oxi xoi và ànó xv AB, BI'. uécov 6€ 
UNOXELTAL Xa TO Stig ONO t&v AB, BI. xot £ox tote uev ànó 
t&v AB, BI' tcov tò EO, x6) 6€ oic ono tõv AB, Br tcov 
TÒ ZO: uécov &pa &xá&tepgov xy EQ, OZ. xoi napà entry 
tHY AE rapdxerta ont) soa gotiv exatéoa tv AO, OH 
xol dovUUETtoos TH AE uyxer. Exet obv àcóuuetpóc &ouv f) 
AB t BI uńxe xot Eotw Gc Å AB ned¢ THY BL, ot tw¢ TO 
ano th¢ AB nod¢ t6 ono 16v AB, BI, &oúuuetpov pa goth 
TO and Tho AB 165 dnd tõv AB, BI. àÀAà 1G u£v ànó cfjc 
AB otuyetedyv &ox 1ó ocuvxectuevov &x x&v àxó xv AB, 
BI" zxexpgory vov, 1G 0€ ono tõv AB, BI oúuuetoóv oti tò 
Olc ónó xGv AB, BI'. àcópuetpov àpa &oxi 16 cuYvxeiuevov 
éx t&v and tv AB, BI x6 9i; oxó x&v AB, BI. HAAG 
tols wev ano Tv AB, BI toov éott 16 EO, 165 Se Sic Ord 
t&v AB, BI tooy éotl t6 OZ. GovuUEetooy wou Eotl tò EO 
t6) OZ oe xoi À AO tH OH Eotw dovuyetoos urmer. att 
AO, OH doa ontat cio: Suvéuer Udvov ovUUETOOL. Hote Y) 
AH &Aovóc otv. ern 96 Y, AE: tò Se ONO GAdyoU xa 
ertfjc nepgiey óuevov Covoyawoy GAoyoy got’ &oyoy doa 
éott tO AZ ywotov, xoi fj Govaguévr) [axo] GAovóc &ovv. 
Suvatat 0€ xó AZ f; AI" dAoyos tow éotiv 4 AT, xoretodo 
dé &x 000 uécov SeuTéog. OnEe Eder Setdan. 


t Literally, “second from two medials". 


ELEMENTS BOOK 10 


(area), be laid down together [Prop. 10.28]. I say that 
AC is irrational. 

For let the rational (straight-line) DE be laid down, 
and let (the rectangle) DF, equal to the (square) on 
AC, have been applied to DE, making DG as breadth 
[Prop. 1.44]. And since the (square) on AC is equal to 
(the sum of) the (squares) on AP and BC, plus twice 
the (rectangle contained) by AB and BC [Prop. 2.4], so 
let (the rectangle) EH , equal to (the sum of) the squares 
on AB and BC, have been applied to DE. The remain- 
der HF is thus equal to twice the (rectangle contained) 
by AB and BC. And since AB and BC are each me- 
dial, (the sum of) the squares on AB and BC is thus also 
medial. And twice the (rectangle contained) by AB and 
BC was also assumed (to be) medial. And EH is equal 
to (the sum of) the squares on AB and BC, and FH (is) 
equal to twice the (rectangle contained) by AB and BC. 
Thus, HH and HF (are) each medial. And they were ap- 
plied to the rational (straight-line) DE. Thus, DH and 
HG are each rational, and incommensurable in length 
with DE [Prop. 10.22]. Therefore, since AB is incom- 
mensurable in length with BC, and as AB is to BC, so 
the (square) on AP (is) to the (rectangle contained) by 
AB and BC [Prop. 10.21 lem.], the (square) on AB is 
thus incommensurable with the (rectangle contained) by 
AB and BC [Prop. 10.11]. But, the sum of the squares 
on AB and BC is commensurable with the (square) on 
AB [Prop. 10.15], and twice the (rectangle contained) by 
AB and BC is commensurable with the (rectangle con- 
tained) by AB and BC [Prop. 10.6]. Thus, the sum of the 
(squares) on AB and BC is incommensurable with twice 
the (rectangle contained) by AB and BC [Prop. 10.13]. 
But, EH is equal to (the sum of) the squares on AB and 
BC, and HF is equal to twice the (rectangle) contained 
by AB and BC. Thus, EH is incommensurable with 
HF. Hence, DH is also incommensurable in length with 
HG [Props. 6.1, 10.11]. Thus, DH and HG are ratio- 
nal (straight-lines which are) commensurable in square 
only. Hence, DG is irrational [Prop. 10.36]. And DE (is) 
rational. And the rectangle contained by irrational and 
rational (straight-lines) is irrational [Prop. 10.20]. The 
area DF is thus irrational, and (so) the square-root [of 
it] is irrational [Def. 10.4]. And AC is the square-root 
of DF. AC is thus irrational—let it be called a second 
bimedial (straight-line). (Which is) the very thing it was 
required to show. 


t Since, by hypothesis, the squares on AB and BC are commensurable— see Props. 10.15, 10.23. 


$ Thus, a second bimedial straight-line has a length expressible as k!/4 + k/1/2 /k1/4, The second bimedial and the corresponding second apotome 
of a medial, whose length is expressible as k!/4 — k/1/2/k1/4 (see Prop. 10.75), are the positive roots of the quartic x4 — 2 [(k + k’)/Wk] x? + 
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[(k — &^)*/k] = 0. 
AV’, 


Eàv Ovo cvveton Suvduer dovUUETeoL ovyteVGat NoLobc- 
Ol TO UEV OLYXELUEVOY EX TOY AN’ AVTOYV TETONYWVOV OYTOY, 
TÒ Ò UT ALTOYV UETOY, A OAN coVEta doy Eotty, xarctoVa 
dé yetCov. 


—ñ —ñ — —— 
A B I 


Yuyxeloðwcav yàp 600 evdetar SuvduEL &dovuuETEOL oi 
AB, BI notoBoo tà npgoxe(uevor Aévo, ów &hoyóc otv ñ 
AT. 

‘Enel yuo to Ono tv AB, BI uécov éotty, xal tO Sic 
l&pa] óxó x&v AB, BI uécov &osxtv. xó 8€ cuvxciuevov èx 
:Gv ànó tõv AB, BI' érxóv: àcóuuetpov ipa otl tò lç 
ünó t&v AB, BI' x6 cuvxewévo èx xGv àxó x&v AB, BI: 
ote xal và ànró x&v AB, BT uexà vob Gic ono x&v AB, BT, 
once Eotl TÒ ano vfjc AD, &oouuetpóv £o T cuYvxew evo 
éx tv and tv AB, BI |Ontov d& 16 ovyuetuevoy Ex TOV 
ano tév AB, BI]: &’Aoyov &ou ott tò and tfjc AT. oce 
xoi Al &Aovóc got, xorcioda dé UeiCwv. neo Eder 
Otc au. 
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Proposition 39 


If two straight-lines (which are) incommensurable in 
square, making the sum of the squares on them rational, 
and the (rectangle contained) by them medial, are added 
together then the whole straight-line is irrational—let it 
be called a major (straight-line). 

————  — — 


A B C 


For let the two straight-lines, AB and BC, incommen- 
surable in square, and fulfilling the prescribed (condi- 
tions), be laid down together [Prop. 10.33]. I say that 
AC is irrational. 

For since the (rectangle contained) by AB and BC is 
medial, twice the (rectangle contained) by AB and BC 
is [thus] also medial [Props. 10.6, 10.23 corr.]. And the 
sum of the (squares) on AB and BC (is) rational. Thus, 
twice the (rectangle contained) by AB and BC is incom- 
mensurable with the sum of the (squares) on AB and 
BC [Def. 10.4]. Hence, (the sum of) the squares on AB 
and BC, plus twice the (rectangle contained) by AB and 
BC—that is, the (square) on AC [Prop. 2.4]—is also in- 
commensurable with the sum of the (squares) on AP and 
BC [Prop. 10.16] [and the sum of the (squares) on AB 
and BC (is) rational]. Thus, the (square) on AC is irra- 
tional. Hence, AC is also irrational [Def. 10.4]—let it be 
called a major (straight-line).! (Which is) the very thing 
it was required to show. 








t Thus, a major straight-line has a length expressible as Ju +k/(1 + k?)1/2]/2 + Ju — k/(1 + k?)1/2]/2. The major and the corresponding 


minor, whose length is expressible as ,/[1 + k/(1 + k?)1/2]/2 — 4/[1 — k/(1-F &2)1/?]/2 (see Prop. 10.76), are the positive roots of the quartic 


z^ —22z? - k^/(14- k^) — 0. 


f 
"Eiàv 600 eó90ctot ouváuet &oOuuetpor cuvxeUGot rowÜc- 
Al TÒ uev cuvxetuevov &x TÕV ÅT’ AÙTÕV vetparr vov uécov, 
TO O ON’ KOTHY ONTOY, Y) ÓÀY) cóOcla Xovóc &ouv, xaActodo 
X 


0€ Ór|tóv xoi u£cov Ouvo£vnr. 


(++ 
A B I 


NXuvxcioOcocav Yàp 600 evVetan Duváuet &doúvuueETEOL ai 
AB, BI' xoto0cot tà npoxetuevor Aévo, óv dAovóc &ouv f) 
AT. 

‘Enel yuo tO ovyxetuevoyv &x Gv and tõv AB, BPF 

i 2 f * X A c x om c A 2 2 
uéooy Eotly, TO de dic Od tõv AB, BT ntóv, &oúuuetpov 
hoa ot} TÒ cuYvxciuevov èx tõv and Tv AB, BI 165 dic 


Proposition 40 


If two straight-lines (which are) incommensurable 
in square, making the sum of the squares on them 
medial, and the (rectangle contained) by them ratio- 
nal, are added together then the whole straight-line is 
irrational—let it be called the square-root of a rational 
plus a medial (area). 

k_y 


A B C 


For let the two straight-lines, AB and BC, incommen- 
surable in square, (and) fulfilling the prescribed (condi- 
tions), be laid down together [Prop. 10.34]. I say that 
AC is irrational. 

For since the sum of the (squares) on AB and BC is 
medial, and twice the (rectangle contained) by AB and 
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bro Tv AB, BI’ orte xal tò ano txfjc AU àcóyuuetpóv &ox 
TG) Sic Dro THY AB, BI. Ontdv de tO dic On THY AB, BI: 
&oYov toa t0 and thc AD. tAoyoc wou F AD, xaretoVa dé 
ONTOY Xa UEGOV OLVAMEVY. ONEO Eder Setcou. 


t Thus, the square-root of a rational plus a medial (area) has a length expressible as via + k2)1/2 4 k]/[2(1 + KH [a 4 k2)1/? — K]/[2 (1 4- &2)]. 
This and the corresponding irrational with a minus sign, whose length is expressible as ,/[(1 + k2)1/2 + k]/[2(1 + k?)]—4/[(1 + k?)1/2 — k]/[2 (1 4- &2)] 
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BC (is) rational, the sum of the (squares) on AB and 
BC is thus incommensurable with twice the (rectangle 
contained) by AB and BC. Hence, the (square) on AC 
is also incommensurable with twice the (rectangle con- 
tained) by AB and BC [Prop. 10.16]. And twice the 
(rectangle contained) by AB and BC (is) rational. The 
(square) on AC (is) thus irrational. Thus, AC (is) irra- 
tional [Def. 10.4]—let it be called the square-root of a 
rational plus a medial (area).! (Which is) the very thing 
it was required to show. 








(see Prop. 10.77), are the positive roots of the quartic z^ — (2/1 4- k2) x? -- k?/(1-- k?)? — 0. 


ua. 
àv 600 ceóUctot ou váuer &c0uuetpot ouvteO Got motobc- 
a TO Te OvYxEtUsvoy Ex TOY AN AUTOY TETCUYOVOV UÉCOV 
xal TÒ ÙT’ QAÙTÕV UÉCOV XAL ETL GODUUETOOYV TH OLY KELUEVAD 
EX TOY OM AVTOY TETOAYOVOY, 1) GAN cvVEta &hoyós &oxtv, 
xoAetoc 86€ 600 uéca Ouvoap£vr. 


K © 
A 

H Z 
B 
[= A E 


Yuyxeloðwcav yàp 600 evdetoan SuvduEL &dovuuETEOL o 
AB, BI nototom tà rooxslueva: Aévo, öt À AT &oyós 
EOTLY. 

Exxetodw entry 4 AB, xot napaBeBAnodw napà thy AE 
toi¢g uev and x&v AB, BT tcov tò AZ, 165 de Sic ONO TOV 
AB, BI toov 10 HO: óAov &pa tò AO tooy Eotl 16 and 
the AD tetoayavw. xal Emel ugcoyv gotl TO ovyxeluevov 
èx x&v àrxó 16v AB, BT, xot £owv tcov v6 AZ, uécov &pa 
£cl xol xó AZ. xoi rapà onthy thy AE naodxerta’ Onty 
goa £cl Y; AH xoi dovuuetoos tH AE purer. Dà Tà orbc 
0) xoi Y, HK nth £o xoà KovUUeteos 1f; HZ, xouxéo tf 
AE, ufixei.. xoi &xei àcóuuevpóá ċott xà ànó x&v AB, BI 
1G 8c ónó t&v AB, BPI, àcóuuetpóv ot tò AZ tă HO: 


Proposition 41 


If two straight-lines (which are) incommensurable in 
square, making the sum of the squares on them me- 
dial, and the (rectangle contained) by them medial, and, 
moreover, incommensurable with the sum of the squares 
on them, are added together then the whole straight-line 
is irrational—let it be called the square-root of (the sum 
of) two medial (areas). 


K H 
A 

G F 
B 
C D E 


For let the two straight-lines, AB and BC, incommen- 
surable in square, (and) fulfilling the prescribed (condi- 
tions), be laid down together [Prop. 10.35]. I say that 
AC is irrational. 

Let the rational (straight-line) DF be laid out, and let 
(the rectangle) DF, equal to (the sum of) the (squares) 
on AP and BC, and (the rectangle) GH, equal to twice 
the (rectangle contained) by AB and BC, have been ap- 
plied to DE. Thus, the whole of DH is equal to the 
square on AC [Prop. 2.4]. And since the sum of the 
(squares) on AB and BC is medial, and is equal to DF, 
DF is thus also medial. And it is applied to the rational 
(straight-line) DE. Thus, DG is rational, and incommen- 
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ote xal À AH th HK &ooguuetpóc otv. xal clot Ontat’ atl 
AH, HK &pa ntal ciot Duváuet uóvov cúuuetpor hoyos 
&pot £oxlv Y) AK Å xahouuévn éx Dúo dvoudtwv. ENTH sé Å 
AE: sAoyov dea Eotl tò AO xal Å Duvauévn atò ğhoyóc 
ctv. Suvata dé TO OA Å AI: hoyos how éotlv FH AT, 
xnorciode sé 600 uéca Ouvapévr. Ónep Eder Seton. 
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surable in length with DE [Prop. 10.22]. So, for the same 
(reasons), GK is also rational, and incommensurable in 
length with G F—that is to say, DE. And since (the sum 
of) the (squares) on AB and BC is incommensurable 
with twice the (rectangle contained) by AB and BC, 
DF is incommensurable with GH. Hence, DG is also in- 
commensurable (in length) with GK [Props. 6.1, 10.11]. 
And they are rational. Thus, DG and GK are rational 
(straight-lines which are) commensurable in square only. 
Thus, DK is irrational, and that (straight-line which is) 
called binomial [Prop. 10.36]. And DE (is) rational. 
Thus, DH is irrational, and its square-root is irrational 
[Def. 10.4]. And AC (is) the square-root of H D. Thus, 
AC is irrational—let it be called the square-root of (the 
sum of) two medial (areas).! (Which is) the very thing it 
was required to show. 








t Thus, the square-root of (the sum of) two medial (areas) has a length expressible as k/1/4 (vn + k/(1 + k?)1/2] /2 + Ju —k/(1+ K)1/2]/2) ; 








This and the corresponding irrational with a minus sign, whose length is expressible as k/1/4 (vi + k/(1 + k?)t/2]/2 — Ju —k/(1+ eaa) 


(see Prop. 10.78), are the positive roots of the quartic z* — 2 k/1/2? x2 + k/ k?/(14 k?) — 0. 


Afjuua. 
“Ott O€ at clonucvan Hoyo. Lovayaics Siapobvta elc TAS 
evvetac, € Ov ovyxewta motoveody ta nooxetueva, etdn, 
Oc(&ouev Hon mooexBEuevor Anuudtioy toroDtov' 


A AE T B 


— — —— — 

Exxetovw evveta 9| AB xoi vevufioto f| óÀv eic &voa 
xat &xávegov x&v I, A, onroxetoO0 9& uctCov fj, AI cfic 
AB: Aévo, öt xà ànó xGv AT, DB uetCová &ox xGv dro 
1:Gv AA, AB. 

Teturyote yàp i AB diya xatà tò E. xal &nei uetCov 
£c uv f| AT xfjc AB, xov? coneńco ġ AT: Aor) How 7) AA 
Aoufjc xfjc DB uetGov &octv. tor) o£ f| AE xfj EB: &£Aáxvov 
gpa À AE ts EI xà D, A hoa onusta ovx toov anéyovot 
tfj; Guy otoutac. xoà nel tò oxó x&v AT, TB vets tod and 
tfjic EI' tcov &oxi tõ ano cvfjc EB, àAA& ur|v xoi TO DRO TOY 
AA, AB vet& tot and AE toov got tH and th¢ EB, tò 
gon bro tHv AD, TB età toŭ and thc ED toov éotl 16 
bro tv AA, AB uetà tod and the AE: Sv tò å&nò tc 
AE &Xacoóv éott to ano tfjc EI" xoi Aowóv dou TO ONO 
tov AT, [TB ékaoody éott tod bn6 tõv AA, AB. Gote xat 
tO dice ono x&v AT, DB £Aacoóv éott tod dtc òrò xGv AA, 
AB. xoà Aowóv how TO ovyxetusvoyv &x THY and TOY AT, 
IP ucicóv £o xo cuvxeiévou &x tév and xGv AA, AB. 
once Òc Setan. 


Lemma 


We will now demonstrate that the aforementioned 
irrational (straight-lines) are uniquely divided into the 
straight-lines of which they are the sum, and which pro- 
duce the prescribed types, (after) setting forth the follow- 


ing lemma. 
A DE C B 


Let the straight-line AB be laid out, and let the whole 
(straight-line) have been cut into unequal parts at each 
of the (points) C and D. And let AC be assumed (to be) 
greater than DB. I say that (the sum of) the (squares) on 
AC and CB is greater than (the sum of) the (squares) on 
AD and DB. 

For let AB have been cut in half at E. And since AC is 
greater than DB, let DC have been subtracted from both. 
Thus, the remainder AD is greater than the remainder 
CB. And AE (is) equal to EB. Thus, DE (is) less than 
EC. Thus, points C and D are not equally far from the 
point of bisection. And since the (rectangle contained) 
by AC and CB, plus the (square) on EC, is equal to the 
(square) on EB [Prop. 2.5], but, moreover, the (rectan- 
gle contained) by AD and DB, plus the (square) on DE, 
is also equal to the (square) on EB [Prop. 2.5], the (rect- 
angle contained) by AC and CB, plus the (square) on 
EC,is thus equal to the (rectangle contained) by AD and 
DB, plus the (square) on DE. And, of these, the (square) 
on DE is less than the (square) on EC. And, thus, the 
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remaining (rectangle contained) by AC and CB is less 
than the (rectangle contained) by AD and DB. And, 
hence, twice the (rectangle contained) by AC and CB 
is less than twice the (rectangle contained) by AD and 
DB. And thus the remaining sum of the (squares) on AC 
and CB is greater than the sum of the (squares) on AD 
and DB.! (Which is) the very thing it was required to 
show. 


t Since, AC? --CB? -2ACCB — AD? - DB? -2AD DB — AB". 


up. 


H éx 000 óvou&tov xaxà £v uóvov onuctiov Ototpetcot 
cic và ÓvÓuaa. 


A A U B 


— — — —— — — —— 

P⸗Eocco x 600 óvou&ov i AB dujenuevn cis TÀ óvóuata 
xarà tò Ts at AT, TB doa ontat ciot Ouvóuet uóvov 
cüuguetgot. Aévo, 6 Y| AB xat’ AAO onuetoy ov Stopet ton 
cic OVO ENTdC SUVAUEL UOVOY OLUUNETEOUC. 

Ei yàp Suvatéy, Sinofjodw xual xata to A, Hote xoi TAS 
AA, AB ġntàs civa óuváue: uóvov cuuuétpouc. qovegov 
dy, ott Y, AT xfj AB oóx Eotw f, atf. el yàp Duvatóv, 
Eotw. Zotar oy xoi Y) AA cf; LB Å òt xo Eota we A AT 
ngóc t^v DB, obvoc f; BA ngóc tijv AA, xoa gota À AB 
KATY TO KUTO TH xatà TOT Gvotpécet OvotpeOeloo. xoi xorcà 
tO A’ Önep oby Drdxerta. obdm doa Y) AD xfj AB ouv À 
oOtf. Ou& 67) xoOxo xoà xà I, A orjueia oóx tcov &néyouoct 
thc Styotoutac. @ Koa Siapéper te and x&v AT, PB xGv 
ano tv AA, AB, tovte Stapépet xal TO ic UNO THY AA, 
AB x00 oic Ord tõv AT, TB &t& tò xal xà àxó x&v AT, 
TB vets tot oic oxó x&v AT, TB xa xà ànó 16v AA, AB 
usta ToD Sic Dro téHv AA, AB toca civa 16 ànxó cvfjc AB. 
AAAA và ànó vv AT, DB xGv and xGv AA, AB Otogéget 
év|vG ONTa yuo aUpdteoa’ nal TO dic &pa ono vv AA, AB 
tot dic bnd tõv AI, ITB àogéget évvG uéca dvta Sree 
&tTONOV’ UEGOV YhO UEGOU OLY UTEEEYEL ONTO. 

Ovy &pa Y) £x 600 óvourtov xax. Xo xol Go orjuctov 


2 0X 


Ototpelivo xard’ Ev You uóvov: órep Eder Setgan. 


Proposition 42 


A binomial (straight-line) can be divided into its (compo- 
nent) terms at one point only.' 


A D C B 


—ñ— —— — — — 

Let AB be a binomial (straight-line) which has been 
divided into its (component) terms at C. AC and CB are 
thus rational (straight-lines which are) commensurable 
in square only [Prop. 10.36]. I say that AB cannot be 
divided at another point into two rational (straight-lines 
which are) commensurable in square only. 

For, if possible, let it also have been divided at D, such 
that AD and DB are also rational (straight-lines which 
are) commensurable in square only. So, (it is) clear that 
AC is not the same as DB. For, if possible, let it be (the 
same). So, AD will also be the same as CB. And as 
AC will be to CB, so BD (will be) to DA. And AB will 
(thus) also be divided at D in the same (manner) as the 
division at C. The very opposite was assumed. Thus, AC 
is not the same as DB. So, on account of this, points 
C and D are not equally far from the point of bisection. 
Thus, by whatever (amount the sum of) the (squares) on 
AC and CB differs from (the sum of) the (squares) on 
AD and DB, twice the (rectangle contained) by AD and 
DB also differs from twice the (rectangle contained) by 
AC and C B by this (same amount)—on account of both 
(the sum of) the (squares) on AC and CB, plus twice the 
(rectangle contained) by AC and C B, and (the sum of) 
the (squares) on AD and DB, plus twice the (rectangle 
contained) by AD and DB, being equal to the (square) 
on AB [Prop. 2.4]. But, (the sum of) the (squares) on AC 
and CB differs from (the sum of) the (squares) on AD 
and DB by a rational (area). For (they are) both rational 
(areas). Thus, twice the (rectangle contained) by AD 
and DB also differs from twice the (rectangle contained) 
by AC and CB by a rational (area, despite both) being 
medial (areas) [Prop. 10.21]. The very thing is absurd. 
For a medial (area) cannot exceed a medial (area) by a 
rational (area) [Prop. 10.26]. 
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Thus, a binomial (straight-line) cannot be divided 
(into its component terms) at different points. Thus, (it 
can be so divided) at one point only. (Which is) the very 
thing it was required to show. 


t In other words, k + k/1/2 = k’’ 4- k&/"1/2 has only one solution: ie., k" — k and k"/ — K'. Likewise, k1/? + k/1/2 = k/1/2 4. &/"1/2 has only 


one solution: ie., k” = k and k” = k’ (or, equivalently, k” = k’ and k” = k). 


Hy 


a of 


H &x 600 uécov npor) xo £v uóvov oreiov Ototoelxon. 


A A D B 


eN 

"Eote èx 600 uécov npo) AB dinenuevy xatà tò P, 
ote tàs AD, DB uéoac civar Duváuet uóvov cuupétpouc 
Ontoyv nepgieyo0cac: Aévo, ów À AB xat Aho onueïov oò 
Otot pel cod. 

Et yao Suvatdéy diyofoVe xol xoxà TO A, Bote xal ta 
AA, AB uéous civa G6uváuet uóvov cuuuérpouc érjxóv TE- 
pisyovouc. Enel o0v, 6 dSiapépst TO Gic ono 1v AA, AB 
toU dic bro Tv AT, PB, tovte dtapéper tà and tõv AF, 
TB tõv and tv AA, AB, Ontés dé dtapgeer TO Gic DIO 
tõv AA, AB x00 dic rò tõv AT, PB: Onta yao aupdteoa: 
Ente ton Otopéper xoà xà àxó vv AL, DB t&v ànó tov 
AA, AB uéca Óvxor ónep &xorov. 

Oùx ü&pa y, £x 600 u£oov TOwTH XAT’ Ao xal “AO 
crjuetov Ototpeltxot eic xà óvóuarxoc xo Ev pa uóvov: ónep 
Ede, Setcau. 


Proposition 43 


A first bimedial (straight-line) can be divided (into its 
component terms) at one point only. 


A D C B 


—ñ— — — —— 

Let AB be a first bimedial (straight-line) which has 
been divided at C, such that AC and CB are medial 
(straight-lines), commensurable in square only, (and) 
containing a rational (area) [Prop. 10.37]. Isay that AB 
cannot be (so) divided at another point. 

For, if possible, let it also have been divided at D, 
such that AD and DB are also medial (straight-lines), 
commensurable in square only, (and) containing a ratio- 
nal (area). Since, therefore, by whatever (amount) twice 
the (rectangle contained) by AD and DB differs from 
twice the (rectangle contained) by AC and C B, (the sum 
of) the (squares) on AC and CB differs from (the sum 
of) the (squares) on AD and DB by this (same amount) 
[Prop. 10.41 lem.]. And twice the (rectangle contained) 
by AD and DB differs from twice the (rectangle con- 
tained) by AC and CB by a rational (area). For (they 
are) both rational (areas). (The sum of) the (squares) on 
AC and CB thus differs from (the sum of) the (squares) 
on AD and DB by a rational (area, despite both) being 
medial (areas). The very thing is absurd [Prop. 10.26]. 

Thus, a first bimedial (straight-line) cannot be divided 
into its (Component) terms at different points. Thus, (it 
can be so divided) at one point only. (Which is) the very 
thing it was required to show. 


t In other words, k!/4 + k3/4 = k/1/4 + k/3/4 has only one solution: ie., k’ = k. 


uo. 


H x úo yuécov öcutépa xat 


2 e 


£V uóvov onuciov 
Oto pel cod. 

"Hote x 0600 uécov Seutéoa 7 AB dinenueyn xat& tò 
l, Bote tac AT, ITB uéocag civar óuváuet uóvov cuupévpouc 
MÉcov TEpLeyovoac’ qovepgóv Of, óx tò I ox £o xatà 
Thc Styotoutac, OTL OLX seiol ufjxev ODUUETOOL. Aévo, Óu f) 
AB xat’ &ÀAo orjueiov oó Gutupeelxot. 


Proposition 44 


A second bimedial (straight-line) can be divided (into 
its component terms) at one point only. t 

Let AB be a second bimedial (straight-line) which 
has been divided at C, so that AC and BC are medial 
(straight-lines), commensurable in square only, (and) 
containing a medial (area) [Prop. 10.38]. So, (it is) clear 
that C is not (located) at the point of bisection, since (AC 
and BC) are not commensurable in length. I say that AB 
cannot be (so) divided at another point. 
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A A D B 
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E M © N 
Z A H K 
Et yuo Suvatéy, Oujofjo0o xoà xoaxà tO A, Bote tHy 
AT tý AB uù civar ty aDOTYy, AAG UstCova xa’ DndDEOW 
trv AI dfAov Of, óxt xoi tà and THY AA, AB, ðc ënávw 
£oc(&auev, &Aáocova x&v &xó x&v AT, DB: xoi xàc AA, AB 
uécac elvot SUVaUEL UOVOY OLUMETOOUS UEOOY TEpLeyoUvoue. 
nal Exxetoda er) Y, EZ, xoi 7 usv and xfjc AB toov napà 
tv EZ napgoaAXrAóvpopuov ópgüovowov rapapeDAYoo 1o 
EK, tois 9€ àró x&v AT', DB teov àqgnorjo9o t6 EH: Aoindv 
&pa tÒ OK toov &cxi 165 dic Dn0 Tv AT, DB. né $7, tois 
ànoó tõv AA, AB, črep &Aócocova &8cty 0v, TOV and TOV 
AT, FB, tcov à&qnofjoüco xó EA: xoi Aowóv &pa xó MK 
toov 165 8ic ono x&v AA, AB. xoi &rel uéca atl xà AO 
:&Gv AT, DB, uécov &pa [xa] tò EH. xoi rapà enti thv 
EZ, raipáxewcot: env) àpo &oxivy y, EO xoi &oouuergoc tH EZ 
UYXEL. Orde TÀ HOTA OF xoi Y, ON on, £o xoi é&couuetpoc 
th EZ unxer. xot éxel of AT, TB uécoxt ciol Suvduer udvov 
cóuguepot, àcüuuecpoc &pa &oxiy f| AD vf; LB ure. óc 9€ 
f, AT ngóc viv DB, obtoc xo ànó vfjc AD npóc xó nó xGv 
AT, TB: àcóuuevgov &pa oti tò &nó tfjc AD 1G oxó xGv 
ATL, DB. $AAà x6 u£v àxó vfjc AU cópuecpó £o xà dnd THY 
AT’, TB: duvéuer Yáo eov oóuuecpot ot. AD, DB. 16 98 ono 
tv AT, TB oeóuuecpóv £o 1o 0ic ono x&v AT, EB. xoà tà 
ano Tv AT, IB how dovuuetod ott TH Sic bxo xGv AT, 
TB. GAAg tote vev ond tv AT, PB toov é&cxi xó EH, 14 òè 
dic bro t&v AT, DB tcov tò OK: àcóuuetpov &pa &oxi tÒ 
EH t& OK: cte xa À EO th ON &ooupetpóc &ox ufixe. 
xal ciot ntal ot EO, ON pa ntal ciot ðuvåuet uóvov 
OUUMETOOL. Edy OE OVO ENTol SLYauUEL UOvVOY GLUUETEOL OVY- 
tety, Å OAN &hoyóc &£owv Y) xoXouuévr) &x 600 óvouátov 
À EN &pa &x 600 óvou&tov &ox owornuévr) xaxà tò O. xatà 
t& otà O7) OccyÜüficovtou xal a EM, MN ontot suvéuer 
uóvov cúuuetpov xal cota À EN &x 000 óvouá&tov xac 
HAO nal Xo Ouoenuévr, vó xe O xoi xó M, xoi oóx Ecuv 
À EO xfj MN *| aòth, ót tà ànó x&v AT, DB ustCová &ou 
tv and TV AA, AB. GA& ta and xGv AA, AB uctCová 
£c 100 8i; oxó AA, AB: xoAAG Goa xol tà ànó x&v AT, 
IB, vouxéox xó EH, uciCóv £o 100 8c ónó 16v AA, AB, 
touxéct. Tol MK: ote xa 4) EO tic MN uet(Gov &octv. f) 
&pa EO vf; MN oOx £cuv fj aótfy ónep dde Seton. 
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E M H N 
F L G K 

For, if possible, let it also have been (so) divided at 
D, so that AC is not the same as DB, but AC (is), 
by hypothesis, greater. So, (it is) clear that (the sum 
of) the (squares) on AD and DB is also less than (the 
sum of) the (squares) on AC and CB, as we showed 
above [Prop. 10.41 lem.]. And AD and DB are medial 
(straight-lines), commensurable in square only (and) 
containing a medial (area). And let the rational (straight- 
line) EF be laid down. And let the rectangular paral- 
lelogram EK, equal to the (square) on AB, have been 
applied to EF. And let EG, equal to (the sum of) the 
(squares) on AC and CB, have been cut off (from EK). 
Thus, the remainder, Hk, is equal to twice the (rectan- 
gle contained) by AC and CB [Prop. 2.4]. So, again, 
let EL, equal to (the sum of) the (squares) on AD and 
D B—wnhich was shown (to be) less than (the sum of) the 
(squares) on AC and C B—Ahave been cut off (from EK). 
And, thus, the remainder, M K, (is) equal to twice the 
(rectangle contained) by AD and DB. And since (the 
sum of) the (squares) on AC and CB is medial, EG 
(is) thus [also] medial. And it is applied to the ratio- 
nal (straight-line) EF. Thus, EH is rational, and incom- 
mensurable in length with EF [Prop. 10.22]. So, for the 
same (reasons), H N is also rational, and incommensu- 
rable in length with EF. And since AC and CB are me- 
dial (straight-lines which are) commensurable in square 
only AC is thus incommensurable in length with CB. 
And as AC (is) to CB, so the (square) on AC (is) to the 
(rectangle contained) by AC and CB [Prop. 10.21 lem.]. 
Thus, the (square) on AC is incommensurable with the 
(rectangle contained) by AC and CB [Prop. 10.11]. But, 
(the sum of) the (squares) on AC and CB is commensu- 
rable with the (square) on AC. For, AC and CB are com- 
mensurable in square [Prop. 10.15]. And twice the (rect- 
angle contained) by AC and CB is commensurable with 
the (rectangle contained) by AC and CB [Prop. 10.6]. 
And thus (the sum of) the squares on AC and CB is in- 
commensurable with twice the (rectangle contained) by 
AC and CB [Prop. 10.13]. But, EG is equal to (the sum 
of) the (squares) on AC and CB, and HK equal to twice 


the (rectangle contained) by AC and CB. Thus, EG is 
incommensurable with H K. Hence, EH is also incom- 
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mensurable in length with H N [Props. 6.1, 10.11]. And 
(they are) rational (straight-lines). Thus, EH and HN 
are rational (straight-lines which are) commensurable in 
square only And if two rational (straight-lines which 
are) commensurable in square only are added together 
then the whole (straight-line) is that irrational called bi- 
nomial [Prop. 10.36]. Thus, EN is a binomial (straight- 
line) which has been divided (into its component terms) 
at H. So, according to the same (reasoning), EM and 
M N can be shown (to be) rational (straight-lines which 
are) commensurable in square only. And EN will (thus) 
be a binomial (straight-line) which has been divided (into 
its component terms) at the different (points) H and M 
(which is absurd [Prop. 10.42]). And EH is not the same 
as MN, since (the sum of) the (squares) on AC and C B 
is greater than (the sum of) the (squares) on AD and 
DB. But, (the sum of) the (squares) on AD and DB is 
greater than twice the (rectangle contained) by AD and 
DB [Prop. 10.59 lem.]. Thus, (the sum of) the (squares) 
on AC and C B—that is to say, EG—is also much greater 
than twice the (rectangle contained) by AD and D B— 
that is to say, MK. Hence, EH is also greater than MN 
[Prop. 6.1]. Thus, EH is not the same as MN. (Which 
is) the very thing it was required to show. 


t In other words, k1/4 4- k/1/2 Jy 1/4 — ky p EARS has only one solution: ie., k” = k and k” = K. 


f 


ue’. 


‘H uelCwv xatà tÒ aùtò uóvov onueciov ðropeitor. 


A A T B 


— — — — 

"Ecco uetCov f, AB oinenuévn xaté 76 T, Gote tac AT, 
DB duvduer couUUETEOUC Elva MOLOVOMS TO UEV OLYXKELUEVOY 
éx tv and Tv AD, TB tetowyovey ontéy, tò © nò 
tv AT, DB gécov: Aévo, óu f| AB xax &ÀXo onueciov 
o0 Ototpelcon. 

Ei yàp 8uvaróv, &wjofjoOc xoà xarà tò A, Hote ral 
tac AA, AB Sdvuvduer dovuuetooue etvot xovo0oac TO èv 
ouyxeluevoy &x x&v ànó tv AA, AB ġntóv, tò © or. 
otGV uécov. xoi &net, D Srapépsr ta and vv AT, DB x6v 
and tiv AA, AB, tovte Stapéper xa tò Gic oxó vv AA, 
AB x00 8ic oxó tõv AL, DB, àAA& te ard x&v AT, LB 
t&v ànó vv AA, AB Oonecpéyet érjvGk evyxà yàp ådupótepa 
xoà TO dig Uno THv AA, AB &oa tod dic Ond xGv AT, TB 
LTEpeyeL ONTO uéca Óvxor Óónep &oviv GOvaToYV. oOx Ga Y) 
ue(Gov xa &Xo xoà Aho erjusiov Outpeltot: xoà xó aoo 
Kou UOvoy Oropeita’ Once Eder Seton. 


Proposition 45 


A major (straight-line) can only be divided (into its 
component terms) at the same point.! 


A D C B 


— y — 

Let AB be a major (straight-line) which has been di- 
vided at C, so that AC and CB are incommensurable in 
square, making the sum of the squares on AC and CB 
rational, and the (rectangle contained) by AC and CD 
medial [Prop. 10.39]. I say that AB cannot be (so) di- 
vided at another point. 

For, if possible, let it also have been divided at D, such 
that AD and DB are also incommensurable in square, 
making the sum of the (squares) on AD and DB ratio- 
nal, and the (rectangle contained) by them medial. And 
since, by whatever (amount the sum of) the (squares) on 
AC and CB differs from (the sum of) the (squares) on 
AD and DB, twice the (rectangle contained) by AD and 
DB also differs from twice the (rectangle contained) by 
AC and CB by this (same amount). But, (the sum of) 
the (squares) on AC and CB exceeds (the sum of) the 
(squares) on AD and DB by a rational (area). For (they 
are) both rational (areas). Thus, twice the (rectangle 
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contained) by AD and DB also exceeds twice the (rect- 
angle contained) by AC and CB by a rational (area), 
(despite both) being medial (areas). The very thing is 
impossible [Prop. 10.26]. Thus, a major (straight-line) 
cannot be divided (into its component terms) at differ- 
ent points. Thus, it can only be (so) divided at the same 
(point). (Which is) the very thing it was required to show. 








t In other words, \/[1 + k/(1 4- &2)!/2]/2 4- [1 — k/(1 + K2)/2]/2 — y/[1 + k'/Q - k2)1/2)/2 4- [1 — k'/(1 4- k2)1/2]/2 has only one 


solution: i.e., k’ = k. 


f 


UT. 


H ntòv xal uécov Ouvauévr) xo' Ev uóvov oruciov 
Otot pel cod. 


A A D B 


oh — — 

"Ecto ntòv xal ué£cov ouvayévr, À AB ounenuevyn xatà 
tò T, ote tàs AL, IB 8uvápet àcupuécpouc etvot norovoas 
tÒ uèv couyxeluevov &x THY ano THY AD, ITB uécov, tò è 
dic Dro THY AD, ITB ġntóv: ^évo, óu fj, AB xax àAXo 
ONUELOY OD StoMoEt ton. 

Ei yàp Ouvaróv, OwjorjoOc xoi xarà tò A, Hote ral 
:àc AA, AB GOuovápet àcuuuécpouc elvot rovo0cac TO UEV 
cuYvxe(uevov &x THv and tGv AA, AB yécov, TO dé oic 
oro vv AA, AB érnxóv. &nei o0v, à Ovgpéper xo dic ONO 
tv AD, TB tod dic bnd x6v AA, AB, xoóco Otaéper xot 
ta and t&sv AA, AB tév àxó xGv AT, DB, xó 9€ oic ono 
tv AD, TB tot dic nò x&v AA, AB bdrepéyer Ona, xot 
ta dnd tv AA, AB tou téHv and tHv AD, PB onegéyet 
ONT uéca Ovta’ OnE EoTly &60vaxov. oOx ópa f| erjtoóv 
Xa UEDOY ðuvauévy xat’ &Aào xal “AAO ONUELOV Guupeicot. 
KATA EV Hoa onuctoy Oroupeita OnE Cher Sete. 


t In other words, 4/[(1 + k?2)1/2 + k]/[2 (1 + k?)] + 





uc 
i 
2 SN A 


H 000 u£ca duvauévn xat £v uóvov onciov Ott pettor. 


[(1 + k?)1/2 — k]/[2(1 + k?)] = 
ela 4 k/2)1/? — k&']/[2 (1 + k/?)] has only one solution: ie., k’ = k. 


Proposition 46 


The square-root of a rational plus a medial (area) can be 
divided (into its component terms) at one point only. 


A D C B 


—ñ— —— — — 

Let AB be the square-root of a rational plus a medial 
(area) which has been divided at C, so that AC and CB 
are incommensurable in square, making the sum of the 
(squares) on AC and CB medial, and twice the (rectan- 
gle contained) by AC and CB rational [Prop. 10.40]. I 
say that AB cannot be (so) divided at another point. 

For, if possible, let it also have been divided at D, so 
that AD and DB are also incommensurable in square, 
making the sum of the (squares) on AD and DB medial, 
and twice the (rectangle contained) by AD and DB ra- 
tional. Therefore, since by whatever (amount) twice the 
(rectangle contained) by AC and CB differs from twice 
the (rectangle contained) by AD and DB, (the sum of) 
the (squares) on AD and DB also differs from (the sum 
of) the (squares) on AC and CB by this (same amount). 
And twice the (rectangle contained) by AC and CB ex- 
ceeds twice the (rectangle contained) by AD and DB by 
a rational (area). (The sum of) the (squares) on AD and 
DB thus also exceeds (the sum of) the (squares) on AC 
and C B by a rational (area), (despite both) being medial 
(areas). The very thing is impossible [Prop. 10.26]. Thus, 
the square-root of a rational plus a medial (area) cannot 
be divided (into its component terms) at different points. 
Thus, it can be (so) divided at one point (only). (Which 
is) the very thing it was required to show. 


[(1 + k/?)1/2 E k']/[2 (1 o &'2)] 


Proposition 47 


The square-root of (the sum of) two medial (areas) 
can be divided (into its component terms) at one point 
only.! 
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A A D B 
E Z 
M A 
© H 
N K 


"Ecto [Dvo uéca 9uvauévn| 5 AB dinonuevyn xatà tò 
I', ote tac AD, PB ðuváåuesi &ovuuétpouc civa roto0ooc 
tó t€ cuYxc(uevov &x x&v àxó x&v AT, IB uécov xoi 1 
òrò tõv AT, B uécov xoi &u &àoóouperpov x6 cuYxewuévo 
£x TOV am guTdy. Aéyw, ott 9| AB xnav’ dAo onustov ov 
Ototpelxot toroŬoa Tà npoxeiueva. 

EX vYàp Ouvaxóv, OwmorjoOco xoà tò A, ote náv ðn- 
Aovóu tv AI cf; AB uù civa x?|v aócfv, àÀAà uctCova 
xo9' oró96otw tjv AT, xoi &xxeto90 eru À EZ, xal napa- 
BeBAfova napd thy EZ xoic vey dnd tv AT, VB toov tò 
EH, 16 d¢ dt¢ ónó xGv AT, DB tcov xó OK: óAov goa tò 
EK tcov &cx x6 and th¢ AB tetepaymve. náv ù tapa- 
BeBAnodw napd thy EZ toic dno tõv AA, AB tcov xó EA: 
Loinov &oa TO dt¢ Ord tHv AA, AB donde 165 MK toov 
cotly. Kal ENElL UEGOV UTNOXELTAL TO OLYXELMEVOYV EX TOV ATO 
:Gv AT, DB, uécov &pa &oxi xoi xó EH. xoà ropà ércijv xrjv 
EZ naodxertou Onty àpa &oivy y, OE xoi &cóuuevgoc cf; EZ 
UYKEL. Orde TÀ HOTA OF Kal A ON ONtH cot xoi KovDUMETEOS 
tfj EZ uymer. xol nel dovuuetodyv &ot 10 cuvxeiuevov 
èx t&v and TOV AD, TB 10 dic ónó tHv AD, ITB, xal tò 
EH soa 165 HN &oouuetpóv &ov: óoce xoi Y, EO xfj ON 
à&cóuuetpóc ot. xal ciot ntal: at EO, ON dow ontat cior 
Ouváuet uóvov cóuuegoc Y| EN àpa &x 600 óvouétov £od 
Omenu£vr, xaxà xó O. óuoíoc rj oc(Gouev, óv xal XATÒ TÒ 
M difenta. xal oox gotiv f, EO xfj MN f| aócfy f| ipa £x 000 
OVOLETOY KAT GAO xal “AAO oNUEtov Sifenta’ Smee Eotty 
&roxov. oOx àpa f| 600 u£ca Ouvauévr) xoc. do xol Go 


2. SN 


onuciov dupeta: xo^ £v &pa uóvov [onuctov| dioupelo. 
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Let AB be [the square-root of (the sum of) two me- 
dial (areas)] which has been divided at C, such that AC 
and CB are incommensurable in square, making the sum 
of the (squares) on AC and CB medial, and the (rect- 
angle contained) by AC and CB medial, and, moreover, 
incommensurable with the sum of the (squares) on (AC 
and C B) [Prop. 10.41]. IL say that AP cannot be divided 
at another point fulfilling the prescribed (conditions). 

For, if possible, let it have been divided at D, such that 
AC is again manifestly not the same as DB, but AC (is), 
by hypothesis, greater. And let the rational (straight-line) 
EF be laid down. And let EG, equal to (the sum of) the 
(squares) on AC and CB, and H K, equal to twice the 
(rectangle contained) by AC and C B, have been applied 
to EF. Thus, the whole of EK is equal to the square on 
AB [Prop. 2.4]. So, again, let EL, equal to (the sum of) 
the (squares) on AD and DB, have been applied to EF. 
Thus, the remainder—twice the (rectangle contained) by 
AD and D B—is equal to the remainder, M K. And since 
the sum of the (squares) on AC’ and CB was assumed 
(to be) medial, EG is also medial. And it is applied to 
the rational (straight-line) EF. H E is thus rational, and 
incommensurable in length with EF [Prop. 10.22]. So, 
for the same (reasons), HN is also rational, and incom- 
mensurable in length with EF. And since the sum of 
the (squares) on AC and CB is incommensurable with 
twice the (rectangle contained) by AC and CB, EG is 
thus also incommensurable with GN. Hence, EH is also 
incommensurable with HN [Props. 6.1, 10.11]. And 
they are (both) rational (straight-lines). Thus, EH and 
HN are rational (straight-lines which are) commensu- 
rable in square only. Thus, EN is a binomial (straight- 
line) which has been divided (into its component terms) 
at H [Prop. 10.36]. So, similarly, we can show that it has 
also been (so) divided at M. And EH is not the same as 
MN. Thus, a binomial (straight-line) has been divided 
(into its component terms) at different points. The very 
thing is absurd [Prop. 10.42]. Thus, the square-root of 
(the sum of) two medial (areas) cannot be divided (into 
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its component terms) at different points. Thus, it can be 
(so) divided at one [point] only. 








t In other words, gn T k/(14- k2)1/2]/2 + gn — k/(1 + k2)!/2]/2 = jg Jn T k" /(1 4- k&"2)1/2]/2 


Fk/71/4 4 /[1 — k"/(1 -- k"2)1/2]/2 has only one solution: i.e., k” = k and k” = K’. 


“Opot Se0TEpot. 


Z 


c. lnoxeauévwc enti xoi tfj; &x 000 óOvou&tov 
Owpenuévrc eig ta Svduata, Ac TO ucitov Óvoua tov 
EAdooovos UstCov SOvata TG ENO GUUMETOOL EQUTH UYAXEL, 
EXV UEV xó ucitov óvoua oUMUETEOY F UAKEL TH Exxewuevy 
enty, xarctodw |r SAN] Ex S00 6voudtwY TET. 

«. Eàv 6& tò éhkdoooy Ovoum CUUUETOOY Å UAKEL TH 
EXMELUEVY OENTH, xarclodw éx 600 óvou&tov SEUTEOM. 

C. "Eàv 906 unoévepov 16v óvouéátov oóuuecpov f UYAKEL 
TH EXKEIUEVY ONTH, xo^cto0o Ex 600 óvouétov cpícr. 

ni. ddw 67; &àv xo uetCov óvoga [x00 &Aáocovoc| uciCov 
SUVYTOL TH aNd KovLUUETEOL EaUTH UAE, àv UEV TO UEtCov 
óÓvoua CUUUETOOY Y| ufjxe TH Sxxetuevyn ONTH, xarclodw ex 
OVO OVOURTWY TETHOTY. 

0. E&v 6€ 1ó £Aacoov, néumntr). 

V. "Eàv 9€ unoéepov, Extr. 


Ens 

Epelv tjv èx 600 óvou&tov nor. 

‘Exxetodwoay dbo aðu ot AT, TB, @ote tov 
cuYxe(uevov && ab1Gv xóv AB ngóc uev tov BI Aóvov 
EYELY, ÖV vevpiYovoc ópiüuóc MEO TETOEdywWvov coLOUdy, 
rpóc 8€ xóv DÀ AóYvov uf| £y&w, Ov tetpoáywvos &průuòc 
Teds Tetodywvoy corJudy, xol Exxetode xc err) Y| A, xo 
th A cúuuetpos £oco ufjixev Y| EZ. érjc| vou &od xol À 
EZ. xoi Yevovéxo óc ô BA ópi0uóc node tov AT, ot two 
TO ONO THe EZ node 16 and the ZH. 6 Se AB med¢ tòv 
AT Aóvov Éyew Óv ópi0uóc npóc åprðuóv: xal TÒ àró cfjc 
EZ &pa npóc to àxó tfjc ZH. Aóvov Eye, Óv àpi0uóc ngoc 
à&pi0uóv: oce cOupetpóv &ox xó ànó TH EZ tH and cfc 


Definitions II 


5. Given a rational (straight-line), and a binomial 
(straight-line) which has been divided into its (compo- 
nent) terms, of which the square on the greater term is 
larger than (the square on) the lesser by the (square) 
on (some straight-line) commensurable in length with 
(the greater) then, if the greater term is commensurable 
in length with the rational (straight-line previously) laid 
out, let [the whole] (straight-line) be called a first bino- 
mial (straight-line). 

6. And if the lesser term is commensurable in length 
with the rational (straight-line previously) laid out then 
let (the whole straight-line) be called a second binomial 
(straight-line). 

7. And if neither of the terms is commensurable in 
length with the rational (straight-line previously) laid out 
then let (the whole straight-line) be called a third bino- 
mial (straight-line). 

8. So, again, if the square on the greater term is 
larger than (the square on) [the lesser] by the (square) 
on (some straight-line) incommensurable in length with 
(the greater) then, if the greater term is commensurable 
in length with the rational (straight-line previously) laid 
out, let (the whole straight-line) be called a fourth bino- 
mial (straight-line). 

9. And if the lesser (term is commensurable), a fifth 
(binomial straight-line). 

10. And if neither (term is commensurable), a sixth 
(binomial straight-line). 


Proposition 48 


To find a first binomial (straight-line). 

Let two numbers AC and C B be laid down such that 
their sum AB has to BC the ratio which (some) square 
number (has) to (some) square number, and does not 
have to C A the ratio which (some) square number (has) 
to (some) square number [Prop. 10.28 lem. I]. And let 
some rational (straight-line) D be laid down. And let EF 
be commensurable in length with D. EF is thus also ra- 
tional [Def. 10.3]. And let it have been contrived that as 
the number BA (is) to AC, so the (square) on EF (is) 
to the (square) on FG [Prop. 10.6 corr.]. And AB has to 
AC the ratio which (some) number (has) to (some) num- 
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ZH. xoi £o eru À EZ: ntù pa xoi Y, ZH. xoi nel ô 
BA ngóc vóv AT' Aóvov oóx £yet, Óv vexvpéyvovoc àpiüuoc 
npóc tetTpåywvov óàpuüuóv, oo0& TO dnd Thc EZ &pa npóc 
TÒ àxó tc ZH Aóvov Eyet, dv teted&ywvoc ópi0uóc npóc 
texpéyco vov ópu0uóv: &o0uuetpoc koa &oxiv Y, EZ «f; ZH 
ure: ot EZ, ZH doa ntal etot Suvauer UOVOY cUUUETEOL’ 
x Dúo Kea Ovoudtwy cotly ý EH. Aéyoo, óc xol noo. 


E Z H 
A D B 


"Enei Yóp &cuv óc ó BA óàpiüuóc npóc xóv AT, obxoc TO 
àxó tfj; EZ npóc xó ànó cfic ZH, uctCov 9€ ó BA tod AT, 
UsiCov doa xal TO &ró TH¢ EZ tov ano th¢ ZH. Eatw obv 16H 
àxó tfj; EZ ica. xà ànó x&v ZH, O. xoi &éne( £ouv c ó BA 
teds tov ALT’, ottwe tO and tfj EZ npóc xo àxó tHe ZH, 
avaoteedayvt, doa Eotly Wo ô AB node tov BI, ottw¢ tO 
ànxó tfjc EZ ngóc vo ànó tfjc O. ó 6€ AB med¢ tov BL Adyov 
EYEL, OV TETENYWVOS HOLNUOS MEDS TETEKYWVOY KOLOUOYV. xal 
TO áàxó tfj; EZ &pa npóc tò ànò tis O Aóyov čys, Ov 
TETONYWVOS àpi0uoóc npóc vevpiyovov GOLWUOY. GUUUETEOS 
hoa gotly Å EZ tÅ O uńxer 4 EZ toa thc ZH uetCov S0vatou 
TG) INO cuuuétpou auti. xal clot ntal ot EZ, ZH, xol 
cüuuecpoc f| EZ tý A uńxe. 

H EH soa èx d00 övoudtwv £o npotr(y Ónep Eder 
Occ on. 


ber. Thus, the (square) on EF also has to the (square) 
on FG the ratio which (some) number (has) to (some) 
number. Hence, the (square) on EF is commensurable 
with the (square) on FG [Prop. 10.6]. And EF is ra- 
tional. Thus, FG (is) also rational. And since BA does 
not have to AC the ratio which (some) square number 
(has) to (some) square number, thus the (square) on EF 
does not have to the (square) on FG the ratio which 
(some) square number (has) to (some) square number 
either. Thus, EF is incommensurable in length with FG 
[Prop 10.9]. EF and FG are thus rational (straight-lines 
which are) commensurable in square only. Thus, EG is 
a binomial (straight-line) [Prop. 10.36]. I say that (it is) 
also a first (binomial straight-line). 
Dm= e— H= — 


E F G 


—— —ñ— — — 


A C B 


———— 

For since as the number BA is to AC, so the (square) 
on EF (is) to the (square) on FG, and BA (is) greater 
than AC, the (square) on EF (is) thus also greater than 
the (square) on F'G [Prop. 5.14]. Therefore, let (the sum 
of) the (squares) on FG and H be equal to the (square) 
on EF. And since as BA is to AC, so the (square) 
on EF (is) to the (square) on FG, thus, via conver- 
sion, as AB is to BC, so the (square) on EF (is) to the 
(square) on H [Prop. 5.19 corr]. And AB has to BC 
the ratio which (some) square number (has) to (some) 
square number. Thus, the (square) on EF also has to 
the (square) on H the ratio which (some) square number 
(has) to (some) square number. Thus, EF is commensu- 
rable in length with H [Prop. 10.9]. Thus, the square on 
EF is greater than (the square on) FG by the (square) 
on (some straight-line) commensurable (in length) with 
(EF). And EF and FG are rational (straight-lines). And 
EF (is) commensurable in length with D. 

Thus, EG is a first binomial (straight-line) [Def. 10.5].! 
(Which is) the very thing it was required to show. 


TIf the rational straight-line has unit length then the length of a first binomial straight-line is k -- &v/1 — k’2. This, and the first apotome, whose 
length is k — k V1 — k’? [Prop. 10.85], are the roots of x? — 2kg +k? k’? — 0. 
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Proposition 49 
To find a second binomial (straight-line). 
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‘Exxetodwoay dbo aðu ot AT, TB, ote tov 
ouyxetuevoy €& avtév tov AB mode uèv tov BI Adyov 
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npóc 0£ tov AT Adyov un Eyetv, öv tetpáywvos ådprðuòs 
Teds TETONYWVOV KoLOUdY, xal Exxetoda onty yA, xat t A 
OUUUETEOS £oco f, EZ urjxev. eror) pac &ociv Y, EZ. Yevovéxo 
0) xoi óc ó DÀ àpiouóc noóc vóv AB, obxoc 16 áo THe EZ 
TODS TÒ ATÒ tis ZH: oúuuetpov Hoa Eotl TO aNd tis EZ t& 
ano thc ZH. onty “oa cot xal À ZH. xol êncit 6 TA àprÛuòs 
meds Tov AB oyoy ovx Eyet, Ov vevpéyovoc dpiüuóc npóc 
TETONYWVOY KoLbUdY, OLdE TO ANO Tho EZ npòs tò HNO tic 
ZH AóYvov Eye, Ov tetedywvocg àpgi0uóc npóc vetpéovov 
àpiüuóv. &ocouuerpoc ópa &oxiv Y, EZ xfj; ZH uńxev ot EZ, 
ZH &pa érjxot eiov Gováper uóvov oouuerpov £x úo Gow 
óvou&tov eov 7, EH. derxtéov OF, OTL xal OeUTEOM. 

‘Enet yoo avanaAty £ouv óc ó BA àpiüuóc npóc xóv AT, 
o0t1Oc 1o àxó tfjc HZ node tò å&nò tc ZE, uctov è ô BA 
tot AT, uetCov goa [xat| tò àxó tfjc HZ toč ànò ts ZE. 
COTW TH ONO Tho HZ tow ta and tv EZ, O- avacteédavt 
&pa &cclv c ó AB ngóc tov BI’, obvoc xó ànó the ZH 
Teds TO GRO vfic O. àAX' ó AB npóc xóv BT Aóvov £ye, Öv 
texpéycovoc àpi0uóc ngóc vevoóyovov dpr0uóv: xoi TO ATÒ 
tic ZH toa npóc xó ànó tfjc O Aóvov Eyet, Öv xexoitYovoc 
àpuiüuoóc npóc tetpiyovov àpuiüuóv. oóuuetpoc ipa &oiy À 
ZH «fj O uńxer ote | ZH cfc ZE ueiCov 80varxot x6 imo 
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Let the two numbers AC and CB be laid down such 
that their sum AB has to BC the ratio which (some) 
square number (has) to (some) square number, and does 
not have to AC the ratio which (some) square number 
(has) to (some) square number [Prop. 10.28 lem. I]. And 
let the rational (straight-line) D be laid down. And let 
EF be commensurable in length with D. EF is thus a 
rational (straight-line). So, let it also have been contrived 
that as the number C A (is) to AB, so the (square) on EF 
(is) to the (square) on FG [Prop. 10.6 corr]. Thus, the 
(square) on EF is commensurable with the (square) on 
FG [Prop. 10.6]. Thus, FG is also a rational (straight- 
line). And since the number C A does not have to AB 
the ratio which (some) square number (has) to (some) 
square number, the (square) on EF does not have to the 
(square) on FG the ratio which (some) square number 
(has) to (some) square number either. Thus, EF is in- 
commensurable in length with FG [Prop. 10.9]. EF and 
FG are thus rational (straight-lines which are) commen- 
surable in square only. Thus, EG is a binomial (straight- 
line) [Prop. 10.36]. So, we must show that (it is) also a 
second (binomial straight-line). 

For since, inversely, as the number BA is to AC, so 
the (square) on GF (is) to the (square) on FE [Prop. 5.7 
corr], and BA (is) greater than AC, the (square) on 
GF (is) thus [also] greater than the (square) on FE 
[Prop. 5.14]. Let (the sum of) the (squares) on EF and 
H be equal to the (square) on GF. Thus, via conver- 
sion, as AB is to BC, so the (square) on FG (is) to the 
(square) on H [Prop. 5.19 corr]. But, AB has to BC 
the ratio which (some) square number (has) to (some) 
square number. Thus, the (square) on FG also has to 
the (square) on H the ratio which (some) square number 
(has) to (some) square number. Thus, FG is commensu- 
rable in length with H [Prop. 10.9]. Hence, the square on 
FG is greater than (the square on) FE by the (square) on 
(some straight-line) commensurable in length with (FG). 
And FG and FE are rational (straight-lines which are) 
commensurable in square only. And the lesser term EF 
is commensurable in length with the rational (straight- 
line) D (previously) laid down. 

Thus, EG is a second binomial (straight-line) [Def. 
10.6].! (Which is) the very thing it was required to show. 


t If the rational straight-line has unit length then the length of a second binomial straight-line is k/ v1 — k’? + k. This, and the second apotome, 
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whose length is k/ V1 — k’? — k [Prop. 10.86], are the roots of x? — (2 k/ V1 — k'/2) x + k? [&/? /(1 — k’?)] = 0. 
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Exxecioðwcav dbo aðu ot AT, TB, ®ote tov 
ouyxetuevoy €& avtév tov AB nod¢g uev xóv BI' Aóvov 
EYELY, Óv vevpiYo voc dpiüuóc npgóc teTpåywvov HoLDUdY, 
mods 0£ tov AD Adyov uñ ëyew, Ov xexpávovoc ópuüuoc 
TOOS tetTpåywvoyv àpui0uóv. Exxstov 6€ tic xol doc uÀ 
tetoayuvos dortuoc 6 A, xal mod¢ Exdtepov tv BA, AT 
AOYOV UN) SYETW, OV TETEAYWVOS KoLDUdS MEDS TET YWVOV 
&pvüuÓv: xoi &xxeío9o ttc er) cocta 7| E, xol veyovéco 
Oc 6 A npgóc xóv AB, oü0xoc x6 ànó tfjc E npóc vo dno 
tic ZH: oúuuetpov &pa otl tò and tis E; x6 ano tis ZH. 
xal £o eru À E onth doa gotl xat À ZH. xal ènel ô A 
meds tov AB )dyov ovx yet, Ov vevpáovoc dpiüuoóc npóc 
TETONYWVOV KOLWUdY, OLSE TO AMO tfj Ej npóc TO UNO TH 
ZH Adyoy Eye, Ov Tetodywvog words npóc vexpiyovov 
àpi0uóv: &oouuecpooc hoa cotly WE th ZH uyxer. yeyovetw 
07) táty ðc Å BA àpiOuóc ngóc xóv AT, obtwW¢ TO aNd THe 
ZH neds tO and thc HO’ oóuuecpov wow Eotl TO AMO TH¢ 
ZH xG ànó tfjc HO. enr o& y, ZH: erc Koa xat ġ HO. xal 
nel ò BA npóc xóv AT' Aóvov ox Eyet, Óv xexoéyovoc 
àpi0uóc Mods tetTpåywvov prðuóv, oè tò amo tfjc ZH 
rpóc tÒ àxó tfjg OH Adyoy £yet, Öv xetpéyvovoc &prðuòc 
TOONS t£tpóáYovov óàpiuóv: &oóuuetpoc ópa &odv À ZH 
tfj HO uYxe. oi ZH, HO dow ntal cio. Suvdusr Udvov 
ovuuetoo y| ZO &pa èx 600 óvou&ov &oziv. Avo OF, OTL 
Xl TOUTY). 
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E npóc TO ànó tfjc ZH, óc o£ 6 BA node tov AT, obtwe 
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ó A npóc tov AT, obtwe tO dnd the E ned¢ 16 aNd THe 
HO. ô è A node tov AT Aóvov oOx Eyet, Ov vevo&yovoc 
à&pi0uóc npóc vetpé&yovov àpiüuóv: oó0£ tò àxó tfjc E ipa 
rpóc tò àxó tfjg HO AóYvov Eye, Ov xetpéyvovoc &prðuòc 
TOONS TETOAYWVOY àpuiüuóv: &couuetpoc ópa &odv Å E qf 
HO uńxei. xoa nel ouv óc ó BA npóc xóv AT, obtwe 
tO Gnd thc ZH node tò &nd the HO, uciCov koa 16 and 
thc ZH tob ano thc HO. Eotw ody 16 and the ZH tow tà 
and tiv HO, K: d&vaotoédbavtt gow [éotiy] óc ó AB npóc 
tov BI’, obtw¢ tò ànò tc ZH node tò and the K. 6 Se 
AB nod¢ tov BI Adyoy Eyet, Öv vevoévovoc ópiüuóc MEd 


Proposition 50 


To find a third binomial (straight-line). 


A C B 


— — —“ 
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Let the two numbers AC and C B be laid down such 
that their sum AB has to BC the ratio which (some) 
square number (has) to (some) square number, and does 
not have to AC the ratio which (some) square number 
(has) to (some) square number. And let some other non- 
square number D also be laid down, and let it not have 
to each of BA and AC the ratio which (some) square 
number (has) to (some) square number. And let some ra- 
tional straight-line Æ be laid down, and let it have been 
contrived that as D (is) to AB, so the (square) on E 
(is) to the (square) on FG [Prop. 10.6 corr.]. Thus, the 
(square) on E is commensurable with the (square) on 
FG [Prop. 10.6]. And E is a rational (straight-line). 
Thus, FG is also a rational (straight-line). And since 
D does not have to AB the ratio which (some) square 
number has to (some) square number, the (square) on 
E does not have to the (square) on FG the ratio which 
(some) square number (has) to (some) square number 
either. E is thus incommensurable in length with FG 
[Prop. 10.9]. So, again, let it have been contrived that 
as the number BA (is) to AC, so the (square) on FG 
(is) to the (square) on GH [Prop. 10.6 corr.]. Thus, the 
(square) on FG is commensurable with the (square) on 
GH [Prop. 10.6]. And FG (is) a rational (straight-line). 
Thus, GH (is) also a rational (straight-line). And since 
BA does not have to AC the ratio which (some) square 
number (has) to (some) square number, the (square) on 
FG does not have to the (square) on HG the ratio which 
(some) square number (has) to (some) square number 
either. Thus, FG is incommensurable in length with GH 
[Prop. 10.9]. FG and GH are thus rational (straight- 
lines which are) commensurable in square only. Thus, 
FH is a binomial (straight-line) [Prop. 10.36]. So, I say 
that (it is) also a third (binomial straight-line). 

For since as D is to AB, so the (square) on E (is) 
to the (square) on FG, and as BA (is) to AC, so the 
(square) on FG (is) to the (square) on GH, thus, via 
equality, as D (is) to AC, so the (square) on F (is) 
to the (square) on GH [Prop. 5.22]. And D does not 
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have to AC the ratio which (some) square number (has) 
to (some) square number. Thus, the (square) on E 
does not have to the (square) on GH the ratio which 
(some) square number (has) to (some) square number 
either. Thus, E is incommensurable in length with GH 
[Prop. 10.9]. And since as BA is to AC, so the (square) 
on FG (is) to the (square) on GH, the (square) on FG 
(is) thus greater than the (square) on GH [Prop. 5.14]. 
Therefore, let (the sum of) the (squares) on GH and 
K be equal to the (square) on FG. Thus, via conver- 
sion, as AP [is] to BC, so the (square) on FG (is) 
to the (square) on K [Prop. 5.19 corr]. And AB has 
to BC the ratio which (some) square number (has) to 
(some) square number. Thus, the (square) on FG also 
has to the (square) on K the ratio which (some) square 
number (has) to (some) square number. Thus, FG [is] 
commensurable in length with K [Prop. 10.9]. Thus, 
the square on FG is greater than (the square on) GH 
by the (square) on (some straight-line) commensurable 
(in length) with (FG). And FG and GH are rational 
(straight-lines which are) commensurable in square only, 
and neither of them is commensurable in length with EF. 

Thus, FH is a third binomial (straight-line) [Def. 
10.7].* (Which is) the very thing it was required to show. 


t If the rational straight-line has unit length then the length of a third binomial straight-line is &1/? (1-- /1 — k’2). This, and the third apotome, 
whose length is &!/? (1 — 1 — k’2) [Prop. 10.87], are the roots of x? — 2k1/244+kk/? = 0. 
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tmedg tov BI’ Adyov un Éyew ufe uy nxpóc xóv AT, 
Öv tEtpÓYOVoc Opoi0uóc npóc tetoáywvov &prðuóv. xol 
éxxctodw onty À A, xal t A oúuuetpos ëoto uýxet À EZ: 
ONTÀ toa goth ual À EZ. xal yeyovétw ðs ó BA óépiuoc 
ted¢ tov AD, ottw¢ tò and ts EZ npoòs tò dno the ZH’ 
OUUMETEOV Kou EoTL TO a0 THe EZ 16 and the ZH Oty Koa 
£c xoà À ZH. xol &nel ó BA ngóc xóv AT Aóvov oóx Eyer, 
Óv tetpévcovoc ópuiüuóc npóc vexpéyovovy å&prÛuóv, oùðè TÒ 
ano thc EZ nods tO and the ZH Adyoy Eyet, Ov vexvpéyovoc 
Korduds Mod¢ TEeTEaYWVOY GoOLOUdY’ KGoUUMETEOS Koa EoTly Y) 
EZ tfj ZH uńxei. o EZ, ZH &pa ntal ciot Duváuet uóvov 
cOuuetpgouv Goce f| EH x 600 óvouådtwv otív. Ayw Of, 


Proposition 51 


To find a fourth binomial (straight-line). 


E F G 


— — — — — — 
D— —— Ht —4À 


oe 
A e B 

Let the two numbers AC and CB be laid down 
such that AB does not have to BC, or to AC either, 
the ratio which (some) square number (has) to (some) 
square number [Prop. 10.28 lem. I]. And let the rational 
(straight-line) D be laid down. And let EF be com- 
mensurable in length with D. Thus, EF is also a ratio- 
nal (straight-line). And let it have been contrived that 
as the number PA (is) to AC, so the (square) on EF 
(is) to the (square) on FG [Prop. 10.6 corr.]. Thus, the 
(square) on EF is commensurable with the (square) on 
FG [Prop. 10.6]. Thus, FG is also a rational (straight- 
line). And since B A does not have to AC the ratio which 
(some) square number (has) to (some) square number, 
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‘Enel ydo £owuv óc ó BÀ npóc tov ALD, ottwe TO ànó 
thc EZ node tO and tic ZH [|ue(Qov 9€ 6 BA tod AT, 
uciCov toa TO and th¢ EZ to and tic ZH. Eotw obv tæ 
ono th¢ EZ toa tà å&nò tõv ZH, O° avacteédbavtt toa ðs 
ó AB ópi0uóc npóc xóv BI, obtw¢ tO ànó tfjc EZ npóc 
TO GMO tfjg O. ô 6€ AB mngóc xóv BI' Aóvov oóx Eyet, Ov 
TETONYWVOS &pi0uóc npóc vevpiyovoy àpiDuóv: o08. Koa TO 
ànó tfjc EZ npóc xó ànó tfjc O Aóyvov &£yeu Öv vevpitvovoc 
àpu0uóc npóc tetpéyovov dpi0uóv. cKoUUUETEOS How Eotly 
? EZ «f; O ufjxev Y, EZ dou vfjc HZ uciCov o0varot 6 and 
à&cuuguécgeou &aucfj. xot eio ot EZ, ZH ontot duvayer uóvov 
ovuuetoot, xoi À EZ tÅ A obuuetods éott ure. 

'H EH &pa èx 000 óvouó&tov £o vexóptry Ónep Eder 
Deleon. 
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the (square) on EF does not have to the (square) on FG 
the ratio which (some) square number (has) to (some) 
square number either. Thus, EF is incommensurable 
in length with FG [Prop. 10.9]. Thus, EF and FG 
are rational (straight-lines which are) commensurable 
in square only. Hence, EG is a binomial (straight-line) 
[Prop. 10.36]. So, I say that (it is) also a fourth (binomial 
straight-line). 

For since as BA is to AC, so the (square) on EF (is) to 
the (square) on FG [and PA (is) greater than AC], the 
(square) on EF (is) thus greater than the (square) on FG 
[Prop. 5.14]. Therefore, let (the sum of) the squares on 
FG and H be equal to the (square) on EF. Thus, via con- 
version, as the number AB (is) to BC, so the (square) on 
EF (is) to the (square) on H [Prop. 5.19 corr.]. And AB 
does not have to BC the ratio which (some) square num- 
ber (has) to (some) square number. Thus, the (square) on 
EF does not have to the (square) on H the ratio which 
(some) square number (has) to (some) square number 
either. Thus, EF is incommensurable in length with H 
[Prop. 10.9]. Thus, the square on EF is greater than (the 
square on) GF by the (square) on (some straight-line) in- 
commensurable (in length) with (EF). And EF and FG 
are rational (straight-lines which are) commensurable in 
square only. And EF is commensurable in length with D. 

Thus, EG is a fourth binomial (straight-line) [Def. 
10.8].! (Which is) the very thing it was required to show. 


t If the rational straight-line has unit length then the length of a fourth binomial straight-line is k (1 + 1/./1 + k’). This, and the fourth apotome, 
whose length is k (1 — 1/V 1 + k’) [Prop. 10.88], are the roots of x? —2ka +k? k’/(1+ k’/) =0. 
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&pa Y) EZ. xoà veyovévo óc ó DÀ ngóc tov AB, obtoc 1 
ano th¢ EZ nod¢ 10 and the ZH. ó 8€ DA nxpóc vóv AB 
hOYOY Ovx Exel, OV vexvpiyovoc HoIOUdS TEdS TETEaYWVOV 
KOLUUOV’ OSE TÒ ATÒ TS EZ &pa npóc 16 ànó tfjc ZH Aóvov 
EXEL, OV tTeTpåywvoc dpui0uóc rpòs tetpåywvov &prðuóv. ol 


Proposition 52 
To find a fifth binomial straight-line. 
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Let the two numbers AC and C B be laid down such 
that AB does not have to either of them the ratio which 
(some) square number (has) to (some) square number 
[Prop. 10.38 lem.]. And let some rational straight-line 
D be laid down. And let EF be commensurable [in 
length] with D. Thus, EF (is) a rational (straight- 
line). And let it have been contrived that as C A (is) to 
AB, so the (square) on EF (is) to the (square) on FG 
[Prop. 10.6 corr.]. And C A does not have to AB the ra- 
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&po. óvouá&tov &oxiv f, EH. Aéyo 9f, óu xoi néuntr. 
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tfc EZ npóc xo àxó tfjc ZH, avanodtwy @¢ ô BA npóc xov 
AD’, ottw¢ tò and tfjg ZH npóc tò ànò tis ZE uciCov 
goa TO ano tH¢ HZ tod and thc ZE. Cots obv 16 aNd 
ts HZ toa tà ànò tõv EZ, O- avacteédvavt doa Eotty &s 
ó AB ópi0uóc npóc xóv BIP, obvoc 10 ano the HZ ned 
TO GMO ts O. ô è AB mngóc xóv BI' Aóvov oóx Eyet, dv 
TETONYWVOS GOLDS TOdS TETOdYWVOY àpiDuóv: o08. Koa TO 
ano tic ZH nods tO aNd tic O Adyoy Eyet, Ov TeTEaYWVOS 
àpu0uóc npóc tetpéyovov &prðuóv. KovUUETEOS How Eotly 
? ZH tý O uńxer Gote À ZH th¢ ZE ueiCov do0vaton 14 
ATÒ COLUMETOOL &autf|. xot eiow ot HZ, ZE ental suvauer 
uóvov cüuuetpot, xoà xó E/Z £Aaxxov óvoua oOuguetpóv OTI 
xfj &xewevy onth tH A ure. 
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tio which (some) square number (has) to (some) square 
number. Thus, the (square) on EF does not have to the 
(square) on FG the ratio which (some) square number 
(has) to (some) square number either. Thus, EF and 
FG are rational (straight-lines which are) commensu- 
rable in square only [Prop. 10.9]. Thus, EG is a binomial 
(straight-line) [Prop. 10.36]. So, I say that (it is) also a 
fifth (binomial straight-line). 

For since as CA is to AB, so the (square) on EF 
(is) to the (square) on FG, inversely, as BA (is) to 
AC, so the (square) on FG (is) to the (square) on FE 
[Prop. 5.7 corr.]. Thus, the (square) on GF (is) greater 
than the (square) on FE [Prop. 5.14]. Therefore, let 
(the sum of) the (squares) on EF and H be equal to 
the (square) on GF. Thus, via conversion, as the number 
AB is to BC, so the (square) on GF (is) to the (square) 
on H [Prop. 5.19 corr]. And AB does not have to BC 
the ratio which (some) square number (has) to (some) 
square number. Thus, the (square) on F'G does not have 
to the (square) on H the ratio which (some) square num- 
ber (has) to (some) square number either. Thus, FG is 
incommensurable in length with H [Prop. 10.9]. Hence, 
the square on FG is greater than (the square on) FE 
by the (square) on (some straight-line) incommensurable 
(in length) with (FG). And GF and FE are rational 
(straight-lines which are) commensurable in square only. 
And the lesser term EF is commensurable in length with 
the rational (straight-line previously) laid down, D. 

Thus, EG is a fifth binomial (straight-line).! (Which 
is) the very thing it was required to show. 


t If the rational straight-line has unit length then the length of a fifth binomial straight-line is k (,/1 + k’ +1). This, and the fifth apotome, whose 
length is k (./1 + k’ — 1) [Prop. 10.89], are the roots of x? —-Q2kV/1 +k e+ k’? ki =0. 
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tiv BA, AT àóyov čywv, Ov tetoáywvos ópiüuóc npóc 
texpéycovov àpuüuóv: xoà &xxeíoOco c ern ccia Ñ E, 
xol YeYovécxo ðc ô A npóc xóv AB, obtoc 1o and thc E 
rpóc tó ànó tfj; ZH- cúuuetoov hoa TO ano The E tH ano 


Proposition 53 
To find a sixth binomial (straight-line). 
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Let the two numbers AC and C B be laid down such 
that AB does not have to each of them the ratio which 
(some) square number (has) to (some) square number. 
And let D also be another number, which is not square, 
and does not have to each of BA and AC the ratio which 
(some) square number (has) to (some) square number ei- 
ther [Prop. 10.28 lem. I]. And let some rational straight- 
line E be laid down. And let it have been contrived that 
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tó àxó tfjc ZH Aóvov čys Ov vetpéyovoc ópi0uóc npoc 
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as D (is) to AB, so the (square) on F (is) to the (square) 
on FG [Prop. 10.6 corr.]. Thus, the (square) on E (is) 
commensurable with the (square) on FG [Prop. 10.6]. 
And F is rational. Thus, FG (is) also rational. And since 
D does not have to AB the ratio which (some) square 
number (has) to (some) square number, the (square) on 
E thus does not have to the (square) on FG the ra- 
tio which (some) square number (has) to (some) square 
number either. Thus, E (is) incommensurable in length 
with FG [Prop. 10.9]. So, again, let it have be contrived 
that as BA (is) to AC, so the (square) on FG (is) to 
the (square) on GH [Prop. 10.6 corr.]. The (square) on 
FG (is) thus commensurable with the (square) on HG 
[Prop. 10.6]. The (square) on HG (is) thus rational. 
Thus, HG (is) rational. And since BA does not have 
to AC the ratio which (some) square number (has) to 
(some) square number, the (square) on FG does not have 
to the (square) on GH the ratio which (some) square 
number (has) to (some) square number either. Thus, 
FG is incommensurable in length with GH [Prop. 10.9]. 
Thus, FG and GH are rational (straight-lines which are) 
commensurable in square only. Thus, FH is a binomial 
(straight-line) [Prop. 10.36]. So, we must show that (it 
is) also a sixth (binomial straight-line). 

For since as D is to AB, so the (square) on E (is) 
to the (square) on FG, and also as BA is to AC, so 
the (square) on FG (is) to the (square) on GH, thus, 
via equality, as D is to AC, so the (square) on F (is) 
to the (square) on GH [Prop. 5.22]. And D does not 
have to AC the ratio which (some) square number (has) 
to (some) square number. Thus, the (square) on E 
does not have to the (square) on GH the ratio which 
(some) square number (has) to (some) square number 
either. Æ is thus incommensurable in length with GH 
[Prop. 10.9]. And (E) was also shown (to be) incom- 
mensurable (in length) with FG. Thus, FG and GH 
are each incommensurable in length with E. And since 
as BA is to AC, so the (square) on FG (is) to the 
(square) on GH, the (square) on FG (is) thus greater 
than the (square) on GH [Prop. 5.14]. Therefore, let 
(the sum of) the (squares) on GH and K be equal to 
the (square) on FG. Thus, via conversion, as AB (is) 
to BC, so the (square) on FG (is) to the (square) on K 
[Prop. 5.19 corr.]. And AB does not have to BC the ra- 
tio which (some) square number (has) to (some) square 
number. Hence, the (square) on FG does not have to 
the (square) on K the ratio which (some) square num- 
ber (has) to (some) square number either. Thus, FG is 
incommensurable in length with K [Prop. 10.9]. The 
square on FG is thus greater than (the square on) GH 
by the (square) on (some straight-line which is) incom- 
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mensurable (in length) with (FG). And FG and GH 
are rational (straight-lines which are) commensurable 
in square only and neither of them is commensurable 
in length with the rational (straight-line) E (previously) 
laid down. 

Thus, FH is a sixth binomial (straight-line) [Def. 
10.10].! (Which is) the very thing it was required to 
show. 


t If the rational straight-line has unit length then the length of a sixth binomial straight-line is Vk + vk’. This, and the sixth apotome, whose 
length is Jk — Vk! [Prop. 10.90], are the roots of z? — 2 Vk x 4- (k — k') — O. 


Añua. 

"Eote úo tetoáyova xà AB, BTI xal xetodwoay Gote 
én còÛelac civa thy AB cf; BE: ér’ celas &pa &oc xod À 
ZB tf BH. xal ouunerAnomodte tò AT nopoXAnAóYvoouuov: 
MEY), OTL TeTO“ywveyv ot tò AT, xo öt tæv AB, BP 
uécov àváAovóv &ow tò AH, xæ Ett tv AT, [TB uécov 
à&váXovóv gott TO AT’. 
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Enei yàp ton ċotiy 5| u£v AB «fj BZ, f; 6€ BE «fj BH, 
orn &ea Å AE àn tý ZH &couv tor. àAX fj u£v AE &xaxépo 
tov AO, KT éotw ton, f| 66 ZH &xaxégo xv AK, OT otv 
ton xal éxatéea toa tHv AO, KT éxatéow tHv AK, OL 
éottv ton. todrAcupoyv pa oti tò AT rapaànàóypauuov: 
&ctt O£ xol ópOovowov: vexpávovov àpa &oxi xó AT. 

Koi &nei £c uv óc f; ZB npgóc vy BH, obcoc f, AB ngóc 
thv BE, &AX' óc uev f; ZB mode thy BH, ottw¢ t6 AB rede 
:ó AH, óc 9£ fj AB ngóc viv BE, obxoc 10 AH red¢ tò 
BI, xoà óc &ga xó AB ngóc tò AH, obtoc 1ó AH npóc tò 
BI. t&v AB, BI $ga uécov &váAovóv &cwu tò AH. 

Aéyw Dh, öt xa tõv AT, TB uécov àvóXovóv |£ox| xo 
AT. 

‘Enel ydo otv ðs Å AA node tijv AK, ooxoc f| KH 
rpóc tv HI" ton Yápo |£oxv] &xoxépa &xoxépoc xoi ouvüévu 
óc f; AK ngóc KA, obxoc Y, KT neóc FH, AX" óc uev f| AK 
ngóc KA, obvoc xó AT ngóc xó L'A, óc 8€ 9; KT neóc TH, 
otto; 1ó AT' ngóc LB, xoi óc &pa tò AT npóc AT, obtoc 
tò AT ngóc tò BI. x&v AT, LB &ga uécov àváAovóv &ou 
tO AT & noogxerto detgan. 


Lemma 


Let AB and BC be two squares, and let them be laid 
down such that DB is straight-on to BE. FB is, thus, 
also straight-on to BG. And let the parallelogram AC 
have been completed. I say that AC is a square, and 
that DG is the mean proportional to AB and BC, and, 
moreover, DC is the mean proportional to AC and CB. 


|__| |, 


A F H 

For since DB is equal to BF, and BE to BG, the 
whole of DE is thus equal to the whole of FG. But DE 
is equal to each of AH and KC, and FG is equal to each 
of AK and HC [Prop. 1.34]. Thus, AH and KC are also 
equal to AK and HC, respectively. Thus, the parallel- 
ogram AC is equilateral. And (it is) also right-angled. 
Thus, AC is a square. 

And since as FB is to BG, so DB (is) to BE, but 
as FB (is) to BG, so AB (is) to DG, and as DB (is) to 
BE, so DG (is) to BC [Prop. 6.1], thus also as AB (is) 
to DG, so DG (is) to BC [Prop. 5.11]. Thus, DG is the 
mean proportional to AB and BC. 

So I also say that DC [is] the mean proportional to 
AC and C B. 

For since as AD is to DK,so KG (is) to GC. For [they 
are] respectively equal. And, via composition, as AK (is) 
to KD, so KC (is) to CG [Prop. 5.18]. But as AK (is) 
to KD, so AC (is) to CD, and as KC (is) to CG, so DC 
(is) to CB [Prop. 6.1]. Thus, also, as AC (is) to DC, 
so DC (is) to BC [Prop. 5.11]. Thus, DC is the mean 
proportional to AC and C B. Which (is the very thing) it 
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T&v xopíov nepiéyntoa nrò ntc xal tc Ex úo 
OVOUETWY TOTS, HN TÒ yoplov ðuvauévn GAoyóc &ouuv 
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Xwetov yuo tò AT nepieyéoðw oro ntc ts AB xoi 
tfc &x 000 óvouéátov npotrc tfjg AA AéYvo, Óu Å TO 
AT yoplov 6uvouévr, &Aovóc &ouv f| xaXouuévr, x 800 
OVOURTOY. 

"Emnei Yàp &x 800 óvouá&ov oti tooth Y) AA, &wofio9o 
cis Tà ôvóuata xatà TO E, xal otw tÓ ucttov Óvoua 
tO AE. gaveooy df, óu oi AE, EA ntal ciot duvouet 
uóvov ovuUEToot, xoi Y; AE tic EA uctov dúvata t imo 
cupuécgou taut, xa Y| AE, cóuuerpóc ott TH Exxewwevy 
enth th AB une. tetuyodw dy À EA 8a xaxà tò Z 
onuciov. xol éxel À AE ts EA ueifoyv ðúóvata tæ &nò 
cuugétpou QUTI, EAV ĞA TÆ TETÁETY uéÉpEL TOD aNd TH¢ 
&£A&ccovoc, xou1éo 16) üxó vfic EZ, toov napà tijv uc(Cova 
tv AE napa Ar07 $SAAcinov etoet vevparyó wo, eic oouuerpa 
oOtT]v Ototpet. ropopepAYio00 oUv rapà trjv AE, xG and tic 
EZ toov tò òrò AH, HE: cóupereoc &pa &oxiv À AH fj 
EH ufixei. xoà rjy9coav ànó xv H, E, Z onotéox tv AB, 
TA rapino at HO, EK, ZA: xa tõ u£v AO napadAn- 
hoypáåuuw toov tetToáywvov ocuvecotátw tò UN, 165 d¢ HK 
toov to NII, xot xstodw ote én’ cvVetac civa thy MN 
th NE: én’ evvdetuc toa goth xat À PN tý NO. xal ouy- 
ren^rnpoo0o tò LIT naparAnddyeauyov’ tetoe&ywvoy koa 
cott tO SIT. wot Exel tO òrò xGv AH, HE tcov &oxi 165 ano 
tfc EZ, Éouv &pa óc 7) AH npóc EZ, ootoc H ZE rede 
EH: xoi óc goa tò AO nxpóc EA, xó EA xngóc KH- tõv 
AO, HK &pa u£cov àváXovóv £c xó EA. àAAà xó u£v AO 
toov otl t XN, tò òè HK tcov t& NIT tv UN, NIT doo 
uécov &váAovóv £o TO EA. Eott SE x&v atGv xGv XN, 
NII uécov &váňoyov xæ tò MP: {oov wow gotl tò EA x6 
MP: ote xa tõ OZ tcov £ox(v. £o 0€ xoi xà AO, HK 
toic XN, NII tow: óAov gow t6 AT toov &oxtv bw t& XII, 
TOUTEOTL TH àüxo tfjc ME xexgory ovo: xó AT &pa Dúvata Å 
ME. AéYGo, öt f| Mz x 600 6voudtwv Eotty. 

‘Enel yuo obuueteds got f| AH xf; HE, oóuuevoóc &ou 
xoi f, AE &xaxépgo xGv AH, HE. onóxevot dè xoa À AE xfj 
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was prescribed to show. 


Proposition 54 


If an area is contained by a rational (straight-line) 
and a first binomial (straight-line) then the square-root 
of the area is the irrational (straight-line which is) called 
binomial.! 
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For let the area AC be contained by the rational 
(straight-line) AB and by the first binomial (straight- 
line) AD. I say that square-root of area AC is the ir- 
rational (straight-line which is) called binomial. 

For since AD is a first binomial (straight-line), let it 
have been divided into its (component) terms at E, and 
let AE be the greater term. So, (it is) clear that AE and 
ED are rational (straight-lines which are) commensu- 
rable in square only, and that the square on AE is greater 
than (the square on) ED by the (square) on (some 
straight-line) commensurable (in length) with ( AE), and 
that AE is commensurable (in length) with the rational 
(straight-line) AB (first) laid out [Def. 10.5]. So, let ED 
have been cut in half at point F. And since the square on 
AE is greater than (the square on) ED by the (square) 
on (some straight-line) commensurable (in length) with 
(AE), thus if a (rectangle) equal to the fourth part of the 
(square) on the lesser (term)—that is to say, the (square) 
on E F—falling short by a square figure, is applied to the 
greater (term) AE, then it divides it into (terms which 
are) commensurable (in length) [Prop 10.17]. Therefore, 
let the (rectangle contained) by AG and G E, equal to the 
(square) on EF, have been applied to AE. AG is thus 
commensurable in length with EG. And let GH, EK, 
and FL have been drawn from (points) G, E, and F (re- 
spectively), parallel to either of AB or CD. And let the 
square SN, equal to the parallelogram AH, have been 
constructed, and (the square) NQ, equal to (the parallel- 
ogram) GK [Prop. 2.14]. And let MN be laid down so 
as to be straight-on to NO. RN is thus also straight-on 
to NP. And let the parallelogram SQ have been com- 
pleted. SQ is thus a square [Prop. 10.53 lem.]. And since 
the (rectangle contained) by AG and GE is equal to the 
(square) on EF, thus as AG is to EF, so FE (is) to EG 
[Prop. 6.17]. And thus as AH (is) to EL, (so) EL (is) 
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AB oóyueteoc: xoi ot AH, HE &pa xfj AB obuuetoot cio. 
xal cot ONTY y; AB: onty How Eoth xal exatéoa tv AH, HE: 
er|xoóv àpa &o xiv Exdtepov tv AO, HK, xat got: cúuuetpov 
tO AO 165 HK. àAAà xó u£v AO 165 UN toov Eotiv, tÒ Oe 
HK 765 NIT xoi tà EN, NIT dou, toutéot xà ànó x&v MN, 
NZ, órn& £o xoi oóuuetpa. xal &nxel écóuuetpóc £o T) 
AE th EA unmet, OA’ 9| u£v AE xfj AH ot oúuuetpoc, 
À òè AE xfj EZ otuyetooc, dovuuetooc &pa xol Y, AH «f| 
EZ: ote xal tÒ AO 165 EA &obuuetedy otv. AAAA TÒ uèv 
AO 76 XN éotw toov, 10 è EA tă MP: xa tò EN doo 
t MP &oúuuesetpóv cotiv. GA’ Go TO XN ngóc MP, vj ON 
meds THY NP: &oúvuuetpos àpa &oxiy Y) ON tý NP. ton òè ñ 
uèv ON th MN, ġ òè NP tý NE: &ovuuetoos doa &oiv À 
MN tñ NZ. xal oti tò &nò ts MN oúuuetpov tõ nò tc 
NZ, xal ontov Exdtepov’ at MN, NE dow Ontat stor duvewer 
UOVOY GUUMETEOL. 

‘H MX &pa &x 800 dvoudtwy Eotl xal SUvata TO AT: 
Órep Eder Setean. 
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to KG [Prop. 6.1]. Thus, EL is the mean proportional to 
AH and GK. But, AH is equal to SN, and GK (is) equal 
to NQ. ELis thus the mean proportional to SN and NQ. 
And MR is also the mean proportional to the same— 
(namely), SN and NQ [Prop. 10.53 lem.]. EL is thus 
equal to M R. Hence, it is also equal to PO [Prop. 1.43]. 
And AH plus GK is equal to SN plus NQ. Thus, the 
whole of AC is equal to the whole of S@—that is to say, 
to the square on MO. Thus, MO (is) the square-root of 
(area) AC. I say that MO is a binomial (straight-line). 

For since AG is commensurable (in length) with G E, 
AE is also commensurable (in length) with each of AG 
and GE [Prop. 10.15]. And AE was also assumed (to 
be) commensurable (in length) with AB. Thus, AG 
and GE are also commensurable (in length) with AB 
[Prop. 10.12]. And AB is rational. AG and GE are 
thus each also rational. Thus, AH and GK are each 
rational (areas), and AH is commensurable with Gk 
[Prop. 10.19]. But, AH is equal to SN, and GK to NQ. 
SN and NQ@—that is to say, the (squares) on MN and 
NO (respectively)—are thus also rational and commen- 
surable. And since AF is incommensurable in length 
with ED, but AE is commensurable (in length) with 
AG, and DE (is) commensurable (in length) with EF, 
AG (is) thus also incommensurable (in length) with EF 
[Prop. 10.13]. Hence, AH is also incommensurable with 
EL [Props. 6.1, 10.11]. But, AH is equal to SN, and 
EL to MR. Thus, SN is also incommensurable with 
MR. But, as SN (is) to MR, (so) PN (is) to NR 
[Prop. 6.1]. PN is thus incommensurable (in length) 
with N R [Prop. 10.11]. And PN (is) equal to M N, and 
NR to NO. Thus, MN is incommensurable (in length) 
with NO. And the (square) on MN is commensurable 
with the (square) on NO, and each (is) rational. MN 
and NO are thus rational (straight-lines which are) com- 
mensurable in square only. 

Thus, MO is (both) a binomial (straight-line) [Prop. 
10.36], and the square-root of AC. (Which is) the very 
thing it was required to show. 


t If the rational straight-line has unit length then this proposition states that the square-root of a first binomial straight-line is a binomial straight- 
line: i.e., a first binomial straight-line has a length k + k v1 — k’ 2? whose square-root can be written p (1 + Vk”), where p = 4/k (1 + k’)/2 and 
k” = (1 — k’)/(1 + k’). This is the length of a binomial straight-line (see Prop. 10.36), since p is rational. 


ve. 
Edy ywotov nepéynta nò ntc xal thc x úo 
óvou&tov G6cutépac, Ù TÒ yoplov ðuvauévn ğhoyós &ouv 
Å xaouuévn £x 600 uÉcOV TOOTH). 


Proposition 55 


If an area is contained by a rational (straight-line) and 
a second binomial (straight-line) then the square-root of 
the area is the irrational (straight-line which is) called 
first bimedial.! 
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IIcpieyéo90  Yàp ywetoyv tò ABTA òrò ntis ts AB 
xal tc ëx dúo ðvouádtwv duetépac tc AA: Aéyw, ÖT Å TÒ 
AT yoplov duvayevy £x S00 UgoWY TeEaTH EoTty. 

‘Enel yàp ëx Dúo dvoudtwv Seutéea éotiv y| AA, 
pcw sic xà Óvóuaxa xarà tò BE, Gote tO uetCov 
óvoua civa tO AE: at AB, EA doa ntal cio. duvauer 
uóvov ovuUEToot, xoi Y; AE tic EA uctov ðúvata t imo 
OUUMETOOL EQUTH, Xal TO Ehattoy óvoua À EA cúuuetpóv 
éott tH AB ure. tetufodw 7| EA Oa xaxà tò Z, xo 
1G àxó vfjc EZ tcov xapà thy AE, xapopeBArio0c &AXcinov 
efdeL TETONYOVW TO LTO x&v AHE: obouguetpoc àpa y, AH 
tf HE ufjxev xoi à cv H, E, Z raedArndow hydooav 
toic AB, L'A oi HO, EK, ZA, xoi 16 uèv AO napadAr- 
Aoveéuuo tcov exei ovov cuveoxóáxo 1ó XN, x6 66 HK 
toov tetod&yuwvoyv tO NII, xot xetodo Gote En’ evVetac etvou 
thv MN «f; NE: &x' eó9etac goa [jior] xa APN t NO. xo 
ouunetAnowmote TÒ LII vexpéyovov: qavegóv oy Ex Tob 
Toodedetyuevon, öt TO MP yeoov àváAovóv ot tv XN, 
NII, xa toov t& EA, xa öt tò AT yeootoy S0vato Y, ME. 
deLxtEov OF, OTL Å ME éx 600 u£oov oT} TEOTN. 

Enel &oúvuuetpoós &owv f; AE vf; EA ufjet, oóuperpoc 
dé Å EA t AB, &ovuuetoog gow Y, AE xfj AB. xoi éxet 
cüuguetpóc &ov f| AH «f; EH, sbuuetod¢e tot xoi 4 AE 
exatéoy tv AH, HE. àAAà 9, AE àcóuuereoc vf; AB ufixec 
xoi oi AH, HE &pa &cóguuecpot ctov xfj AB. oà BA, AH, 
HE doa ntal cio. Suvduer Udvoy cóuuetgovr. ote uécov 
£ctlv &xá&xepov 1&y AO, HK. Hote xat exateooyv tv UN, 
NII uécov gotiv. xo o MN, NE goa veo etotv. xol 
étel ovuueteoc À AH th HE uyxet, obuuetedv got xoi 
to AO 165 HK, tovutéott t6 UN 105 NII, toutéott tO &no 
thc MN 16 àxó tfjg NE [Hote duvéuer ciol obuuetpor o 
MN, NE]. xoi &nei dovuuetod¢ &ouv f, AE cf; EA ufixet, 
AAA À u£v AE obuuetodc ou t AH, 5| 66 EA cf; EZ 
cüuuetpoc, &oüuguerpoc doa À AH tý EZ: Gote xoi tò 
AO xà EA dovuyetedy otv, tovtéot tò LN 165 MP, 
toutéotty Ó ON tf NP, toutéotw Y, MN «fj NE &oouuetpóc 
goti Uufjxev. £oecty0ricav 6€ ot MN, NE xoà u£ocot oboot xoi 
ouváuer cóuuexpov ot MN, NE àpa uéoot eot oUváget uóvov 
OUUMETOOL. AEYW OF, OTL KAL ONTOV repiéyovow. nel yàp À 
AE òróxeita exatéog tv AB, EZ obuyetooc, abuueteoc 
con wal Å EZ t EK. xa onth exatéoa abxG v: ontov koa 
tò EA, toutéot tò MP: tò òè MP ot tò rò tõy MNE. 
£àv 6€ Óo učo SuVauEL UOVOY OUUUETOOL OUVTEDHL ONTOV 
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For let the area ABCD be contained by the rational 
(straight-line) AB and by the second binomial (straight- 
line) AD. I say that the square-root of area AC is a first 
bimedial (straight-line). 

For since AD is a second binomial (straight-line), let it 
have been divided into its (component) terms at E, such 
that AE is the greater term. Thus, AE and ED are ratio- 
nal (straight-lines which are) commensurable in square 
only and the square on AE is greater than (the square 
on) ED by the (square) on (some straight-line) commen- 
surable (in length) with (AE), and the lesser term ED 
is commensurable in length with AB [Def. 10.6]. Let 
ED have been cut in half at F. And let the (rectan- 
gle contained) by AGE, equal to the (square) on EF, 
have been applied to AE, falling short by a square fig- 
ure. AG (is) thus commensurable in length with GE 
[Prop. 10.17]. And let GH, EK, and FL have been 
drawn through (points) G, E, and F (respectively), par- 
allel to AB and CD. And let the square SN, equal to 
the parallelogram AH, have been constructed, and the 
square NQ, equal to GK. And let MN be laid down so 
as to be straight-on to NO. Thus, RN [is] also straight-on 
to NP. And let the square SQ have been completed. So, 
(it is) clear from what has been previously demonstrated 
[Prop. 10.53 lem.] that M R is the mean proportional to 
SN and NQ, and (is) equal to EL, and that MO is the 
square-root of the area AC. So, we must show that MO 
is a first bimedial (straight-line). 

Since AF is incommensurable in length with ED, 
and ED (is) commensurable (in length) with AB, 
AE (is) thus incommensurable (in length) with AB 
[Prop. 10.13]. And since AG is commensurable (in 
length) with EG, AE is also commensurable (in length) 
with each of AG and GE [Prop. 10.15]. But, AE is in- 
commensurable in length with AB. Thus, AG and GE 
are also (both) incommensurable (in length) with AB 
[Prop. 10.13]. Thus, BA, AG, and (BA, and) GE are 
(pairs of) rational (straight-lines which are) commensu- 
rable in square only. And, hence, each of AH and GK 
is a medial (area) [Prop. 10.21]. Hence, each of SN 
and NQ is also a medial (area). Thus, MN and NO 
are medial (straight-lines). And since AG (is) commen- 
surable in length with GE, AH is also commensurable 
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n&pi&y oucatt, Y| ÓÀY) &AoYvóc &oxtv, xoAcixor 68 Ex 600 uécov 
TOGITY). 
'H &pa M &x 600 uécov ot) npory ONEE EdEt Seton. 
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with GK —that is to say, SN with NQ--that is to say, 
the (square) on MN with the (square) on NO [hence, 
M N and NO are commensurable in square] [Props. 6.1, 
10.11]. And since AE is incommensurable in length with 
ED, but AE is commensurable (in length) with AG, and 
ED commensurable (in length) with EF, AG (is) thus 
incommensurable (in length) with EF [Prop. 10.13]. 
Hence, AH is also incommensurable with EL-——that is 
to say, SN with M R—that is to say, PN with N R—that 
is to say, MN is incommensurable in length with NO 
[Props. 6.1, 10.11]. But MN and NO have also been 
shown to be medial (straight-lines) which are commensu- 
rable in square. Thus, M N and NO are medial (straight- 
lines which are) commensurable in square only. So, I say 
that they also contain a rational (area). For since DE was 
assumed (to be) commensurable (in length) with each of 
AB and EF, EF (is) thus also commensurable with EK 
[Prop. 10.12]. And they (are) each rational. Thus, EL— 
that is to say, M R—(is) rational [Prop. 10.19]. And MR 
is the (rectangle contained) by M NO. And if two medial 
(straight-lines), commensurable in square only, which 
contain a rational (area), are added together, then the 
whole is (that) irrational (straight-line which is) called 
first bimedial [Prop. 10.37]. 

Thus, MO is a first bimedial (straight-line). (Which 
is) the very thing it was required to show. 


t If the rational straight-line has unit length then this proposition states that the square-root of a second binomial straight-line is a first bimedial 
straight-line: ie., a second binomial straight-line has a length k/V1— kK’? + k whose square-root can be written p (k”1/4 + k”3/4), where 


P= 


f 


YF 


Eàv ywplov nepéynta nò ntc xal tc x úo 
ÒvouáTtwv tolts, 7) TO YWelov duvauévn aAOYOC EoTIV À 
xahovuévn x 600 uécov Seutéod. 
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Xwetov yuo To ABTA repicyéo0w nrò ntc ts AB 


xal tc êx 600 Óóvou&ov totths thc AA Sinonuevne ete td 


óvóuaa xarà tó E, Gv ueitóv got, TO AE Aéyw, Ott À 
tó AT ycptov Guvauévr &Aovóc &owuv f| xaXouuévr, &x 600 
uécov 8EUÉQpo. 


Kateoxevéste yuo và abt& toic npÓtepov. Kol Enel 


(k/2)(1+k’)/(1 — k’) andk” = (1—k’)/(1 +k’). This is the length of a first bimedial straight-line (see Prop. 10.37), since p is rational. 


Proposition 56 


If an area is contained by a rational (straight-line) and 
a third binomial (straight-line) then the square-root of 
the area is the irrational (straight-line which is) called 
second bimedial.! 
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For let the area ABCD be contained by the rational 
(straight-line) AB and by the third binomial (straight- 
line) AD, which has been divided into its (component) 
terms at E, of which AE is the greater. I say that the 
square-root of area AC is the irrational (straight-line 
which is) called second bimedial. 
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£x 600 dvoUaTOYV £o tolt Y) AA, oi AE, EA goa ontat 
clo. Ouváuge. uóvov oóuuetgo,, xoi Y, AE tfjc EA uciCov 
OVVATOL TGS &xÓ cuuguérpou &autfj xol oo0gtépa tv AE, 
EA oóupgexpóc |£o] vf; AB uper. uolos DÙ tois moode- 
Oetyu£vorc o6e(&ouev, óx y) ME &ouv f| tò AT ycoptov du- 
vauévn, xo ot. MN, NE uéoot etot Guváget uóvov cüugetpou 
ote y ME &x 000 uéoov Eotly. deimtéov Oh, Ott xol 
OgutÉpa. 

[Kai] énet dgovuuetedc gotty À AE tH AB pret, 
toutéott th EK, obuueteoc Se W AE th EZ, gobuueteoc 
goa cotly Å EZ th EK ures. xat ciot ntal at ZE, EK pa 
ntal stor Suvduer Udvoy obuuEtoot. uécov wou |Eoti] tO 
EA, xouxéot 1ó MP'" xoà nepiéyevot ónó vy MNE-: uécov 
goa gott tO Ono tõy MNE. 

'H ME goa &x S00 ueowy Eotl deutéea reo Eder Setean. 
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For let the same construction be made as previously. 
And since AD is a third binomial (straight-line), AF and 
ED are thus rational (straight-lines which are) commen- 
surable in square only, and the square on AF is greater 
than (the square on) ED by the (square) on (some 
straight-line) commensurable (in length) with (AF), and 
neither of AE and ED [is] commensurable in length with 
AB [Def. 10.7]. So, similarly to that which has been 
previously demonstrated, we can show that MO is the 
square-root of area AC, and MN and NO are medial 
(straight-lines which are) commensurable in square only. 
Hence, MO is bimedial. So, we must show that (it is) 
also second (bimedial). 

[And] since DE is incommensurable in length with 
AB—that is to say, with E K—and DE (is) commensu- 
rable (in length) with EF, EF is thus incommensurable 
in length with EK [Prop. 10.13]. And they are (both) 
rational (straight-lines). Thus, FE and EK are rational 
(straight-lines which are) commensurable in square only. 
EL-—that is to say, M R—[is] thus medial [Prop. 10.21]. 
And it is contained by M NO. Thus, the (rectangle con- 
tained) by M NO is medial. 

Thus, MO is a second bimedial (straight-line) [Prop. 
10.38]. (Which is) the very thing it was required to show. 


t If the rational straight-line has unit length then this proposition states that the square-root of a third binomial straight-line is a second bimedial 
straight-line: i.e., a third binomial straight-line has a length k!/? (1 + /1 — k’2) whose square-root can be written p (k!/4 + k//!/2 /k1/4), where 


P= 


vC. 
"T&v xcopíov nepiéyntoa onó ntc xal tc Ex úo 
óvou&tov TETHOTISC, Å TÒ ywplov ðuvauévy ğhoyós oTy 
f| xoouuévr, uetGov. 
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Xwetov yuo tò AT nepieyécOo brò onthe the AB xol 
tc x úo Ovoudtay tetéoths TH¢ AA dtinonuévne ec xà 
ovouata xat& To BK, dv yetCov Eotw tò AE’ Ey, Sti Å TÒ 
AT xcogítov 8uvaguévr, &Xoyvóc &ocuv f| xoXougévr) uetGov. 

"Enxci vàp f| AA £x 800 óvou&ov &od vexáptr, oi AE, 
EA du ontat ctor Suvduer udvov ovuueteot, xoi À AE tic 
EA yetCoyv S0vatot TH and àcuuuétpou éaucfj, xoi yj AE 
tfj; AB cóuueteóc [£o] ufixei.. vexuio9o A AE diya xatd 


(1+ k’)/2 and k” = k(1 —k’)/(1 +k’). This is the length of a second bimedial straight-line (see Prop. 10.38), since p is rational. 


Proposition 57 


If an area is contained by a rational (straight-line) and 
a fourth binomial (straight-line) then the square-root of 
the area is the irrational (straight-line which is) called 




















major.! 
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For let the area AC be contained by the rational 
(straight-line) AB and the fourth binomial (straight-line) 
AD, which has been divided into its (component) terms 
at E, of which let AE be the greater. I say that the square- 
root of AC is the irrational (straight-line which is) called 
major. 

For since AD is a fourth binomial (straight-line), AE 
and ED are thus rational (straight-lines which are) com- 
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tO Z, “al tH and the EZ toov napd& thy AE napgopepAfiooo 
rapah nióypauuov tò óxó AH, HE: àcóuueteoc dea &ociv 
? AH tfj HE ufjxev.. fy 0ooov xopéAXAnAot xfj AB oi HO, 
EK, ZA, xoi xà Aowxà TÀ BOTH TOi¢g npó to0TOU Y&YOVÉTOY 
qovepóv Of, ót y) xó AI' ycgtov Suvauévr, £odvy f) ME. 
SetxTéov Oy, OTL YY ME &Xovóc &ouw 1| xoXouuévr uet Gov. 

"Enci àcóuuetgóc &ovv 7| AH xfj EH ufixei àcóuuetpóv 
£o xoi tó AO t& HK, toutéot: tO UN 165 NIT ot MN, 
N= dow Suvduer cioty GoUUMETEOL. Kol EMEL ODUUETOOS EOTIV 
5 AE tfj AB ufixet, Ontév ot tò AK: xal otv {oov tog 
ono tv MN, NE: ntòv ä&pa [£oxi| xoà xó covxetuevov &x 
tv and Tv MN, N&. xoi Exel dovuuetode [Eottv] À AE 
tf AB uyxet, toutéot tý EK, ìà Y, AE otuuetoedc¢ Eott 
tfj EZ, wobuueteoc dea EZ th EK ufxer. oœ EK, EZ 
hon ental elo. Gu váuet uóvov cüuuecxpov uécov goa TO AF, 
toutéott TÒ MP. xal neouéyeta brò t&v MN, NE: uécov 
gpa otl tò onó x&v MN, NE. xoi ôntòv tò [ovyxetuevoy| 
ex TOV ano TOV MN, Na, xal cio &oúuuetpoi at MN, Nz 
Ouvéuet. &àv oe 000 cocto SuvduEr &dovuuctpoo ouvreOG ot 
TOLODOAL TO UEV OLY XELUEVOYV EX TOV UM AVTOV TETOAY OVO 
OENTOY, TOO DM avTOY UEGOY, À OAN &Aovóc £o, xoAcitot 
6€ uetCov. 

H MZ toa &Aoyóc &£ouv 3| xaXouuévr ue(Gov, xol 
dSvvata. To AD ywotov: dneo gder Seton. 
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mensurable in square only, and the square on AF is 
greater than (the square on) ED by the (square) on 
(some straight-line) incommensurable (in length) with 
(AF), and AE [is] commensurable in length with AB 
[Def. 10.8]. Let DE have been cut in half at F, and let 
the parallelogram (contained by) AG and GE, equal to 
the (square) on EF, (and falling short by a square figure) 
have been applied to AE. AG is thus incommensurable 
in length with GE [Prop. 10.18]. Let GH, EK, and FL 
have been drawn parallel to AB, and let the rest (of the 
construction) have been made the same as the (proposi- 
tion) before this. So, it is clear that MO is the square-root 
of area AC. So, we must show that MO is the irrational 
(straight-line which is) called major. 

Since AG is incommensurable in length with EG, AH 
is also incommensurable with GA—that is to say, SN 
with NQ@ [Props. 6.1, 10.11]. Thus, MN and NO are 
incommensurable in square. And since AE is commensu- 
rable in length with AB, AK is rational [Prop. 10.19]. 
And it is equal to the (sum of the squares) on MN 
and NO. Thus, the sum of the (squares) on MN and 
NO [is] also rational. And since DE [is] incommensu- 
rable in length with AB [Prop. 10.13]—that is to say, 
with EK—but DE is commensurable (in length) with 
EF, EF (is) thus incommensurable in length with EK 
[Prop. 10.13]. Thus, EK and EF are rational (straight- 
lines which are) commensurable in square only LE— 
that is to say, M R—(is) thus medial [Prop. 10.21]. And it 
is contained by M N and NO. The (rectangle contained) 
by MN and NO is thus medial. And the [sum] of the 
(squares) on MN and NO (is) rational, and MN and 
NO are incommensurable in square. And if two straight- 
lines (which are) incommensurable in square, making the 
sum of the squares on them rational, and the (rectangle 
contained) by them medial, are added together, then the 
whole is the irrational (straight-line which is) called ma- 
jor [Prop. 10.39]. 

Thus, MO is the irrational (straight-line which is) 
called major. And (it is) the square-root of area AC. 
(Which is) the very thing it was required to show. 


t If the rational straight-line has unit length then this proposition states that the square-root of a fourth binomial straight-line is a major straight- 


line: ie., a fourth binomial straight-line has a length k (1 + 1/V 1 + k’) whose square-root can be written p 





[IL +k” /( + k” 2)1/2]/2 + 


p A/ [1 — k"/(1 -- k^ 2)1/2]/2, where p = Vk and k”? = k’. This is the length of a major straight-line (see Prop. 10.39), since p is rational. 


yn. 

Eàv ywplov nepéynta Oxo ntc xal tc x úo 
OVOUATOY TEUNTYS, À TO ywplov ðuvauévy ğhoyóc &ouv 
Y) KAAOLUEVY ENTOV xal uécov Duvauévyn. 

Xoplov yàp tò AT nepeyéotw brò ontis tc AB xol 


Proposition 58 


If an area is contained by a rational (straight-line) and 
a fifth binomial (straight-line) then the square-root of the 
area is the irrational (straight-line which is) called the 
square-root of a rational plus a medial (area).! 
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tfj; £x 600 dvoudtwyv néunthc tfjg AA Owpnuévrc eic cà 
óvóuaa xarà tÒ E, ote xó ucitov Öövoua civa tò AE: 
Eves [4], Str H TO AT xoptov Suvauévrn &Xovóc &ouv f 
XXAOUUEVY ENTOV xal uécov SOLVE). 




















A HE A A P II 
M N |€ 
B OK A T 
2; O 


Kateoxevdove yuo Tk HAUTE xolc MOOTEPOY OEdELYUEVOLC’ 
maveooy Of, OTL Å tò AT ywotoy Duvayévn gotiy Y, ME. 
Setxtéoy Of, óx Y) ME &ouv f| ónxóv xol u£cov Ouvou£vr. 

Enei yàp àcóuuetgóc &ouv ?| AH th HE, aobuueteov 
koa ott xal TO AO 765 OB, toutéott 16 dno the MN 163 å&nò 
ts N=: at MN, NZ son Suvauer eiotv covUMETOOL. Kal Enel 
7, AA &x 600 dvoudtwy goth néunty, wat [Eottv] EAacoov 
atc tuñua tò EA, oúuuetpos toa 4 EA th AB ufjixe. 
&AAà y AE th EA éotw aovuuetooc xoi f| AB doa TH 
AE éotw dobuuetoos uret [at BA, AE ontat ciot duvéuer 
udvov ovuuetoot| uécov toa gott t6 AK, toutéot tO 
cuvxetuevov &x 1&v ànó x&v MN, NE. xoi &nei oouuetoóc 
£cuv 5| AE xfj AB ufixeu xouxéo xfj EK, ìà À AE f| 
EZ ovuuetoeds éotty, xol À EZ hoa th EK obuuetods éotiy. 
xoi entry) 5j EK^ évóv &pa xoi xó EA, toutéot: to MP, 
touxéott 1ó üxó MNE: ot MN, NE dow duvduer dovuUEtoot 
ciot noroŬoa TÒ èv ouyxetusvoy Ex TOY AT’ oaOtGv Te- 
TONY QVWY UETOY, TO O DM KUTOY ONTOY. 

‘H ME dea ontov xal uecoy Suvauevy Eotl xoà GOovarcot 
tò AT yoplov: nee Eder Seton. 
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For let the area AC be contained by the rational 
(straight-line) AB and the fifth binomial (straight-line) 
AD, which has been divided into its (component) terms 
at E, such that AE is the greater term. [So] I say that 
the square-root of area AC is the irrational (straight-line 
which is) called the square-root of a rational plus a me- 
dial (area). 
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For let the same construction be made as that shown 
previously. So, (it is) clear that MO is the square-root of 
area AC. So, we must show that MO is the square-root 
of a rational plus a medial (area). 

For since AG is incommensurable (in length) with 
GE [Prop. 10.18], AH is thus also incommensurable 
with H E—that is to say, the (square) on MN with the 
(square) on NO [Props. 6.1, 10.11]. Thus, MN and 
NO are incommensurable in square. And since AD is 
a fifth binomial (straight-line), and ED [is] its lesser seg- 
ment, ED (is) thus commensurable in length with AB 
[Def. 10.9]. But, AE is incommensurable (in length) 
with ED. Thus, AB is also incommensurable in length 
with AE [BA and AE are rational (straight-lines which 
are) commensurable in square only] [Prop. 10.13]. Thus, 
AK-—that is to say, the sum of the (squares) on MN 
and NO—is medial [Prop. 10.21]. And since DE is 
commensurable in length with AB—that is to say, with 
EK—but, DE is commensurable (in length) with EF, 
EF is thus also commensurable (in length) with EK 
[Prop. 10.12]. And EK (is) rational. Thus, EL—that 
is to say, M R—that is to say, the (rectangle contained) 
by M NO—C(is) also rational [Prop. 10.19]. MN and NO 
are thus (straight-lines which are) incommensurable in 
square, making the sum of the squares on them medial, 
and the (rectangle contained) by them rational. 

Thus, MO is the square-root of a rational plus a me- 
dial (area) [Prop. 10.40]. And (it is) the square-root of 
area AC. (Which is) the very thing it was required to 
show. 


t If the rational straight-line has unit length then this proposition states that the square-root of a fifth binomial straight-line is the square root of 


a rational plus a medial area: i.e., a fifth binomial straight-line has a length k (v 1 + k’ + 1) whose square-root can be written 


PAIE R ER E 


[(1 4- &^ 2)1/2 — k"]/[2 (14- k"2)], where p = /k (1 + k” 2) and k”? — K'. This is the length of 
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the square root of a rational plus a medial area (see Prop. 10.40), since p is rational. 


vv’. 


‘Eay ywelov neoveynta nO ONthc xl Thc éx úo 
Óvou&tov &xtrc, TO YWelov 6ovagévr ğhoyós otv À 
XAAOULUEVY OVO UEGA ðuvauévn. 




















A HE Z A P II 
M N = 
B OK A TF 
23 OQ 


Xogtov yàp tò ABTA ngpiey£o0o brò ntc týs AB 
xol tfjc £x 600 Óóvou&xov Extr vfjc AA diNoNnuevne sic xà 
Ovouata xata TO EB, dote TO uetCov voua civa tò AE 
Aévc, ów Y) xó AT' Govagévr À Dúo uéca Duvauévn Eotiy. 

Kateoxevdotva [yàp] tà atà tote noodederyyevote. 
qavepgov O5, óu [Å] tO AT Suvayevyn gotiv À ME, xol 
óu óàcüuuetpóc &ouy y MN th N& Suvduer. xal nel 
àcóuuetpóc écuv Å EA t AB ure, at EA, AB boa 
ental cior Suvéuer U6vov oUUMETOOL’ uécov &pa ot tò AK, 
TOUTEOTL TO cuYxe(uevov &x x&v nó xv MN, NS. nóAw, 
&rel àcOuuecpóc &ouv f; EA cf; AB ufixei àcóuuecpoc ipa 
ot xal À ZE tý EK: ai ZE, EK vow er]xot eiov Guváuet 
uóvov cóuguetpor uécov ipa &oxi xó EA, xouxéou tò MP, 
TouTEoTL TO TÒ tY MNE. xa Exet àcOupecpoc À AE «f| 
EZ, xa tò AK 16 EA å&oúuuetoóv otv. &AAÀ TÒ uiv 
AK otu tò ouyxetluevov &x tõv and tHv MN, Ne, tò 
de EA éott tò òrò tõv MNE &oúuuesctpov You Eotl tO 
cuvxe(uevov &x xGv ànó THY MNE 163 bro tõv MNE. xal 
£o uécov &xátepov a6, xoi oi. MN, Ni dSuveuer cioty 
Gc Ue pot. 

H ME tow d00 uéca 8uvapévr, &£oxi xol GOvarxot tò AT: 
OnNEO Eder Setean. 


Proposition 59 


If an area is contained by a rational (straight-line) and 
a sixth binomial (straight-line) then the square-root of 
the area is the irrational (straight-line which is) called 
the square-root of (the sum of) two medial (areas).! 
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For let the area ABCD be contained by the rational 
(straight-line) AB and the sixth binomial (straight-line) 
AD, which has been divided into its (component) terms 
at E, such that AE is the greater term. So, I say that the 
square-root of AC is the square-root of (the sum of) two 
medial (areas). 

[For] let the same construction be made as that shown 
previously. So, (it is) clear that MO is the square-root of 
AC, and that MN is incommensurable in square with 
NO. And since EA is incommensurable in length with 
AB [Def. 10.10], EA and AB are thus rational (straight- 
lines which are) commensurable in square only. Thus, 
AK-—that is to say, the sum of the (squares) on MN 
and NO—is medial [Prop. 10.21]. Again, since ED 
is incommensurable in length with AB [Def. 10.10], 
FE is thus also incommensurable (in length) with EK 
[Prop. 10.13]. Thus, FE and EK are rational (straight- 
lines which are) commensurable in square only. Thus, 
EL—that is to say, M R—that is to say, the (rectangle 
contained) by M N O—is medial [Prop. 10.21]. And since 
AE is incommensurable (in length) with EF, AK is also 
incommensurable with EL [Props. 6.1, 10.11]. But, AK 
is the sum of the (squares) on M N and NO, and EL is 
the (rectangle contained) by M NO. Thus, the sum of the 
(squares) on M NO is incommensurable with the (rect- 
angle contained) by M NO. And each of them is medial. 
And M N and NO are incommensurable in square. 

Thus, MO is the square-root of (the sum of) two me- 
dial (areas) [Prop. 10.41]. And (it is) the square-root of 
AC. (Which is) the very thing it was required to show. 


t If the rational straight-line has unit length then this proposition states that the square-root of a sixth binomial straight-line is the square root of 


the sum of two medial areas: i.e., a sixth binomial straight-line has a length Vk + Vk’ whose square-root can be written 


ki/4 ( [1 -- &"/(1 4- &"2)1/2]/2 4- A/ [1 — k"/(14- Kr 2)1/9)/2), where k” 2 = (k — k’)/k’. This is the length of the square-root of the sum of 


349 


STOIXEION r. 
two medial areas (see Prop. 10.41). 


Afjuua. 

“Bay cuveta youuu vurjof| eic avoa, TA UNO THY àv(oov 
tetodywva usetCové ot tot dic Ond TÕV dviowy TEPLE- 
YOUEVOL OEDOYOVIOD. 

——— — — — 


A A F B 


"Eoo eó9cia 5 AB xoi tetuńoðw cic &vioa xoaxà TÒ 
I', xoi £o uetGov f, AI" Aévo, óu tà àxó xv ADI, UB 
ueiCové €ott to dic oxó xGv AT, FB. 

Texufjo9o yàp À AB dtya xate to A. Enel obv cdUeta 
Year tTéEtTUNToL cis uÈv toa xatà TÒ A, cis 66 vico xoà 
tò TD, tò &pa oxó x&v AT, ITB uetà tot and TA toov éott 
tG and AA: ote 16 OO xGv AT, DB £Aottóv &ox 100 
ono AA’ tò ğpa Gic ono x&v AT, DB £Aaxov fj Gut Goióv 
£o x00 dxó AA. dXAX&à xà ànxó x&v AT, LB &xA&o:ié [£o 
tv ano Tv AA, AT: t& don and tHv AT, TB uct(Cová 
Eott Tob dic On THY AD, VB: oreo Eder Seteon. 


E 
Tó ànó tfjg Ex 9600 óvoué&tov mxapà OEYTYY mopa- 
Do A óuevov xA&xoc Rotel THY Ex 600 óvou&tov TEATHY. 


A K M N H 
E © A = Z 
=I —ñ— — — 
A D B 


"Ecco x 600 óvoué&ov f, AB àwryuévr, eic xà óvópuara 
xatà tÒ T, oce 1ó uciCov óvoua civar tò AT, xoà &xxe(odo 
eynty | AE, xoi 16 dnd th¢ AB toov napà tày AE rapo- 
BeBAnodw tò AEZH nAéxoc novoby thy AH: Aéyw, St À 
AH éx 800 6voudtwv Eotl TE@TY. 

IIapapepAfio0c yàp tapà thy AE 76 yev and ts AT 
{oov tò AO, t& de ànxoó tfjc BI' toov xó KA: Aotxóv &pa 
tò lç oro x&v AT, PB tcov &£ox xà MZ. xexufjo90 f| 
MH iya xatà tò N, xoi napéáAAnAoc fro H NE lExatéo 
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Lemma 


If a straight-line is cut unequally then (the sum of) the 
squares on the unequal (parts) is greater than twice the 
rectangle contained by the unequal (parts). 

E ————————————————À 


A D C B 


Let AB be a straight-line, and let it have been cut 
unequally at C, and let AC be greater (than CB). I say 
that (the sum of) the (squares) on AC and CB is greater 
than twice the (rectangle contained) by AC and CB. 

For let AB have been cut in half at D. Therefore, 
since a straight-line has been cut into equal (parts) at D, 
and into unequal (parts) at C, the (rectangle contained) 
by AC and CB, plus the (square) on CD, is thus equal 
to the (square) on AD [Prop. 2.5]. Hence, the (rectangle 
contained) by AC and CB is less than the (square) on 
AD. Thus, twice the (rectangle contained) by AC and 
CB is less than double the (square) on AD. But, (the 
sum of) the (squares) on AC and CB [is] double (the 
sum of) the (squares) on AD and DC [Prop. 2.9]. Thus, 
(the sum of) the (squares) on AC and CB is greater than 
twice the (rectangle contained) by AC and CB. (Which 
is) the very thing it was required to show. 


Proposition 60 
The square on a binomial (straight-line) applied to a 
rational (straight-line) produces as breadth a first bino- 
mial (straight-line).! 


D K M N G 
E H L O F 
— y 
A C B 


Let AB be a binomial (straight-line), having been di- 
vided into its (component) terms at C, such that AC is 
the greater term. And let the rational (straight-line) DE 
be laid down. And let the (rectangle) DEFG, equal to 
the (square) on AB, have been applied to D E, producing 
DG as breadth. I say that DG is a first binomial (straight- 
line). 

For let DH, equal to the (square) on AC, and KL, 
equal to the (square) on BC, have been applied to DE. 
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téiv MA, HZ]. exd&tepov toa tv Ma, NZ toov éoti té5 
&no& ono tv ADB. xoi £net éx S00 Ovoudtay cotly 7 AB 
Omenuévr, eic xà óvóuaa xoxà xó L', ot AD, EB gow onto 
elo. Gu váuet uóvov cóuuetgov. xà doa and THY AD, CB onté 
coti xal oóuuexpa GAAYAOIC’ GoTE xal TO ouvyxeluevov x 
tHv and tõv AD, VB. xal otv toov t% AA: ntòv ipa 
éotl TÒ AA. xol mao ntv tùy AE ntapåxeita erc) ipa 
éotiv À AM xa oúvuuetpos tÀ AE uńxer. táv, &nel ot. AT, 
[B ntal ciot Õuváuet uóvov cúuuetpo, uécov &pa &od 
tO Sic rò tõv ATI, IB, touvtéot tò MZ. xal napd Ontryy 
thv MA ropdxerta nt &pa xoi À MH xal cobuusteoc 
th MA, tovtéot tý AE, ufjxei.. £o 88€ xoi À MA 6nd 
xoi tÅ AE uńxei oúuuetpoc: &oúuuetpoc àpa &oxiv Y| AM 
tf MH purer. xal ciot ontat of AM, MH ðpa ntal ciot 
LyáuEL WOVOY cúuueTpO EX BVO kom OVOUaTWY &£odlv Y) 
AH. deixtéov on, óxt xol npo. 

‘Enel tv and tv AD, TB yécov àváXovóv got TO 
ünó t&v ATB, xoi Gv AO, KA &pa uécov avédroydéyv Eott 
tO ME. got goa de TO AO node tò ME, ottws 16 ME 
meds tò KA, toutéotw oe f| AK node thy MN, 4} MN rede 
tv MK: tò &pa onó x&v AK, KM tcov got 16 and tic 
MN. xal nel ovuuetody got: TO dnd tfjc AI 16 and tic 
TB, cvuyetody got xa tò AO tõ KA: Bote xa Å AK 
t KM oúuuetpós oti. xol &nel ue(Cová got, và ATÒ TV 
AT, LB toč oic ónó xGv AT, EB, uciCov &pa xoà xó AA 
tol) MZ: ote xa f, AM «fic MH ue(Cov &oxiv. xot got 
toov tò bnd tv AK, KM 16 and thc MN, toutéot 16 
texáptQ to and thc MH, xal obuuetoocg À AK tý KM. 
àv è Oot Ovo cvveta &vicol, x6 Oe TETAPTWY UEOEL TOD aNd 
tfic &A&coovoc tcov xapà t'v uetCova TapaBANndH EAAcinov 
clost TETONYOVE Kal cic OUUUETOA aLTHY Simos, Y) uetCov 
the EAdooovos UEICov Sbvata TH nò ouuuétpov éaut À 
AM toa th¢ MH vetCov d0vato 16 å&nò ouuuétpou auth. 
xal sior nta ot AM, MH, xot 4 AM ueitov óvoua o0oa 
cüuguetpóc £o tfj &xxewevr) erf vf; AE uńxer. 

H AH &pa &x 900 óvou&vov &od npotry Ómnep Eder 
Oct on. 
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Thus, the remaining twice the (rectangle contained) by 
AC and CB is equal to MF [Prop. 2.4]. Let MG have 
been cut in half at N, and let NO have been drawn par- 
allel [to each of ML and GF]. MO and NF are thus 
each equal to once the (rectangle contained) by ACB. 
And since AB is a binomial (straight-line), having been 
divided into its (component) terms at C, AC and CB are 
thus rational (straight-lines which are) commensurable 
in square only [Prop. 10.36]. Thus, the (squares) on AC 
and CB are rational, and commensurable with one an- 
other. And hence the sum of the (squares) on AC and 
C B (is rational) [Prop. 10.15], and is equal to DL. Thus, 
DL is rational. And it is applied to the rational (straight- 
line) DE. DM is thus rational, and commensurable in 
length with DE [Prop. 10.20]. Again, since AC and CB 
are rational (straight-lines which are) commensurable in 
square only, twice the (rectangle contained) by AC and 
C B—that is to say, M F—is thus medial [Prop. 10.21]. 
And it is applied to the rational (straight-line) ML. MG 
is thus also rational, and incommensurable in length 
with M L—that is to say, with DE [Prop. 10.22]. And 
M D is also rational, and commensurable in length with 
DE. Thus, DM is incommensurable in length with MG 
[Prop. 10.13]. And they are rational. DM and MG are 
thus rational (straight-lines which are) commensurable 
in square only. Thus, DG is a binomial (straight-line) 
[Prop. 10.36]. So, we must show that (it is) also a first 
(binomial straight-line). 

Since the (rectangle contained) by ACB is the 
mean proportional to the squares on AC and CB 
[Prop. 10.53 lem.], MO is thus also the mean propor- 
tional to DH and KL. Thus, as DH is to MO, so 
MO (is) to K L—that is to say, as DK (is) to MN, 
(so) MN (is) to MK [Prop. 6.1]. Thus, the (rectan- 
gle contained) by Dk and KM is equal to the (square) 
on M N [Prop. 6.17]. And since the (square) on AC is 
commensurable with the (square) on CB, DH is also 
commensurable with K L. Hence, DK is also commensu- 
rable with KM [Props. 6.1, 10.11]. And since (the sum 
of) the squares on AC and CB is greater than twice the 
(rectangle contained) by AC and C B [Prop. 10.59 lem.], 
DL (is) thus also greater than M F. Hence, DM is also 
greater than MG [Props. 6.1, 5.14]. And the (rectan- 
gle contained) by DK and KM is equal to the (square) 
on M N—that is to say, to one quarter the (square) on 
MG. And DK (is) commensurable (in length) with K M. 
And if there are two unequal straight-lines, and a (rect- 
angle) equal to the fourth part of the (square) on the 
lesser, falling short by a square figure, is applied to the 
greater, and divides it into (parts which are) commensu- 
rable (in length), then the square on the greater is larger 
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than (the square on) the lesser by the (square) on (some 
straight-line) commensurable (in length) with the greater 
[Prop. 10.17]. Thus, the square on DM is greater than 
(the square on) MG by the (square) on (some straight- 
line) commensurable (in length) with (DM). And DM 
and MG are rational. And DM, which is the greater 
term, is commensurable in length with the (previously) 
laid down rational (straight-line) DE. 

Thus, DG is a first binomial (straight-line) [Def. 
10.5]. (Which is) the very thing it was required to show. 


t In other words, the square of a binomial is a first binomial. See Prop. 10.54. 


f 
ca. 
Tó &xó tfjg £x 000 uícov npotrj; napi NTÅY Tapa- 
DoAóuevov nA&xoc noet tv &x 600 óvouixov 6gutÉpav. 


A K M N H 
E © A E Z 
e 
A T B 


"Ecco &x 900 uécwv Towty f| AB dinenuevn cic tàs 
uécac xoxà TOT, Ov uciCwv Y, AD, xoi &xxetooo onty À 
AE, xoi ropojeDAYioOo ropa thy AE xG àxó tfjc AB tcov 
Tapah nióypauuov tò AZ rAdto¢g noroby thy AH: A€yoo, 
ott Å AH ëx d00 6voudtewv goth Sevtéod. 

Kateoxevéotw yuo và oótà Tol¢ med ToUTOL. xol 
ncl À AB £x Dúo uécov Eotl TowTH Sinonuevyn xatà tò 
r, o AT, TB &pa uéoot stot duvduer uóvoyv oúuuETEOL 
OEntov negéyovoa Bote xal ta dnd tõv AT, DB uéoca 
éotiv. uécov toa éott tÒ AA. xa nmapd entry thy AE na- 
eaBbéBAnta Onth toa éotty À MA xol &oúuuetpos t AE 
UYxeL. táv, Emel ONTOY EotL TO Sic DMO THY AT, VB, Ontdv 
£cct xol xó MZ. xoà napà érycrjv thy MA rapáxerta Onty 
gpa [oti] xa À MH xol uýxet ovuuetpos t MA, xouxéo 
th AE: dotuuetoos tow éotiv À AM tý MH wren. xot etot 
ental ot AM, MH pa ntal ciot Suvduer U6voyv oúuuetpor 
£x 000 dpa Óvoué&rov &ouv f, AH. Serxtéov oh, Óóu xoi 
OcutÉpa. 

‘Enel yoo ta and x&v AT, DB usetCová &ox x00 8ic bro 
tv AT, PB, ucitov &pa xol t6 AA tot MZ: ote xol À 
AM fic MH. xot éxet obuyetody got: to and the AT tæ 
ono th¢ PB, otuuetedy got xal t6 AO 14 KA: Bote xo 
f, AK th KM otbyuyetede otv. xal ot tò bnd Tv AKM 
toov tæ ånò ts MN: 5| AM dow xfjc MH ueiCov o0vorvot x6 


Proposition 61 


The square on a first bimedial (straight-line) applied 
to a rational (straight-line) produces as breadth a second 
binomial (straight-line).! 

D K M N G 
E H L O F 
l 
A C B 

Let AB be a first bimedial (straight-line) having been 
divided into its (component) medial (straight-lines) at 
C, of which AC (is) the greater. And let the rational 
(straight-line) DE be laid down. And let the parallelo- 
gram DF, equal to the (square) on AB, have been ap- 
plied to DE, producing DG as breadth. I say that DG is 
a second binomial (straight-line). 

For let the same construction have been made as 
in the (proposition) before this. And since AB is a 
first bimedial (straight-line), having been divided at C, 
AC and CB are thus medial (straight-lines) commen- 
surable in square only, and containing a rational (area) 
[Prop. 10.37]. Hence, the (squares) on AC and CB 
are also medial [Prop. 10.21]. Thus, DL is medial 
[Props. 10.15, 10.23 corr.]. And it has been applied to the 
rational (straight-line) DE. M D is thus rational, and in- 
commensurable in length with DE [Prop. 10.22]. Again, 
since twice the (rectangle contained) by AC and CB is 
rational, MF is also rational. And it is applied to the 
rational (straight-line) ML. Thus, MG [is] also ratio- 
nal, and commensurable in length with M L—that is to 
say, with DE [Prop. 10.20]. DM is thus incommensu- 


rable in length with MG [Prop. 10.13]. And they are 
rational. DM and MG are thus rational, and commensu- 
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ATÒ cuuuérpou taut. xal ouv 7) MH otuueteoc th AE 


UYKEL. 
‘H AH &pa &x dúo d6voudtayv goth Seutéea. 
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rable in square only. DG is thus a binomial (straight-line) 
[Prop. 10.36]. So, we must show that Cit is) also a second 
(binomial straight-line). 

For since (the sum of) the squares on AC and CB is 
greater than twice the (rectangle contained) by AC and 
CB [Prop. 10.59], DL (is) thus also greater than M F. 
Hence, DM (is) also (greater) than MG [Prop. 6.1]. 
And since the (square) on AC is commensurable with 
the (square) on CB, DH is also commensurable with 
KL. Hence, DK is also commensurable (in length) with 
KM [Props. 6.1, 10.11]. And the (rectangle contained) 
by DK M is equal to the (square) on MN. Thus, the 
square on DM is greater than (the square on) MG by 
the (square) on (some straight-line) commensurable (in 
length) with (DM) [Prop. 10.17]. And MG is commen- 
surable in length with DE. 

Thus, DG is a second binomial (straight-line) [Def. 
10:6]. 


tIn other words, the square of a first bimedial is a second binomial. See Prop. 10.55. 


cp 
Tò ànò tc £x 600 uécov OgutÉpoc rop ONTHY TAPA- 
BarAAOUEvoy TAaTOS ToLet THY £x 600 óvou&tov voix. 


A K M N H 
E © A © Z 
— — 
A D B 


"Eoo èx vo usowy Seutéea 4 AB Sdinonuevy eis tàs 
uécac xatà tò I, ote tò ueiCov tuñua civar tò AT, ENTÀ 
dé tic Eotw À AE, xol rapà tày AE x6 ànó tfjc AB toov 
Tapah nióypauuov TapaBebAyo dw tO AZ mAd&to¢g noiotv 
tiv AH: Agyoo, Ott À AH Ex S00 Svoudtev ott toity. 

— tà aDrà tote Noodederyuevoic. Kol Enel 
£x S00 Usowy Seutéea Eotly À AB dinonuévn xata 16 T, 
ot AT, TB &pga uécot etoi Guváuec uóvov oOupetpot uécov 
n&piéyoucot: éote xal TO cuvxc(uevov &x THY dnd THY AT, 
D'B uécov ċotiv. xal otv {oov t% AA: uécov tou xal tO 
AA. xa rapáxerta orga onthy thy AE: onth &oa oti xol À 
MA xot dovuuetoos TH AE ume. dre te COTE OY) xo À MH 
NT oti xa dovuuetoos xfj MA, vouxécu cf; AE, ufjxev 
er]? “oa gativ &xorxépa xv AM, MH xol àcóuuereoc tf 
AE ufixxei. xal énel dovuuetode gotw f| AT vf; DB ure, 
ac be HAD node thy TB, otoc có ànó txfic AT ngóc tò 


Proposition 62 


The square on a second bimedial (straight-line) ap- 
plied to a rational (straight-line) produces as breadth a 
third binomial (straight-line).! 


D K M N G 
E H L O F 
c y — 
A C B 


Let AB be a second bimedial (straight-line) having 
been divided into its (component) medial (straight-lines) 
at C, such that AC is the greater segment. And let DE be 
some rational (straight-line). And let the parallelogram 
DF, equal to the (square) on AB, have been applied to 
DE, producing DG as breadth. I say that DG is a third 
binomial (straight-line). 

Let the same construction be made as that shown pre- 
viously. And since AB is a second bimedial (straight- 
line), having been divided at C, AC and CB are thus 
medial (straight-lines) commensurable in square only, 
and containing a medial (area) [Prop. 10.38]. Hence, 
the sum of the (squares) on AC and CB is also medial 
[Props. 10.15, 10.23 corr.]. And it is equal to DL. Thus, 
DL (is) also medial. And it is applied to the rational 
(straight-line) DE. MD is thus also rational, and in- 
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ono tõv ATB, &cúuuetpov ğpa xal TO and xfjc AD 16 ono 
tv ADB. Sote xal t6 ovyxetuevoy éx xGv àxó xv AT, 
CB 16 dic Ord tõv AIB sovuuetody gotw, toutéott tO 
AN x& MZ: ote xal Å AM t& MH cobuuetedc got. xal 
cici ntal: êx 600 &pa d6voudtwy éotiv A AH. deixtéov [d¥], 
OTL Xa TOLTY). 

Ouolws SY) Tote mootépoig EmAoyiovueda, StL Yetta 
éotiy 9| AM «fic MH, xoi oouguexpoc f, AK xfj KM. xat £o 
to UnO TOV AKM toovy 16 àxó týs MN: Y, AM &pa týs MH 
uet Gov GOvarxot x6 GMO CLUUETOOL EAUTH. Xal ODSETEOa TOV 
AM, MH ovuuetods &ox th AE ure. 

“H AH dea éx 600 6voudtwy Eotl Totty’ Onee Eder Seton. 


t In other words, the square of a second bimedial is a third binomial. See 


f 
EY. 
Tò and tc ueclCovocs napà òntÀy TapabadAdUEvoy 
TAATOS TOLET TÙY Èx DÚO OvOUdTWY TETHOTYY. 


A KM N H 
E © A c A 
———— 
A DU B 


"Eoo uct&ov f; AB 8moenuévr, xaxà tò T, oce uc(Cova 
eiva tùy AT ts IB, onty dé 4) AB, xoà x6 &nò tc AB {oov 
ropà tv AE napaBeBAjodw tò AZ nrapahinàóypauuov 
rAároc rotoOv vi AEHT Aéyo, öt 79; AH &x 800 óvouétov 
EOTL TETHOTY). 

Kateoxevdode ta abt toi¢ moodederyuevoic. Kol Eel 
ue(Gov &oiv 7) AB dinoquévy xatd tò D, ot AD, TB Suvduer 
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commensurable in length with DE [Prop. 10.22]. So, 
for the same (reasons), MG is also rational, and incom- 
mensurable in length with M L—that is to say, with DE. 
Thus, DM and MG are each rational, and incommen- 
surable in length with DE. And since AC is incommen- 
surable in length with CB, and as AC (is) to CB, so 
the (square) on AC (is) to the (rectangle contained) by 
AC B [Prop. 10.21 lem.], the (square) on AC (is) also in- 
commensurable with the (rectangle contained) by ACB 
[Prop. 10.11]. And hence the sum of the (squares) on 
AC and CB is incommensurable with twice the (rect- 
angle contained) by AC B—that is to say, DL with MF 
[Props. 10.12, 10.13]. Hence, DM is also incommen- 
surable (in length) with MG [Props. 6.1, 10.11]. And 
they are rational. DG is thus a binomial (straight-line) 
[Prop. 10.36]. [So] we must show that (it is) also a third 
(binomial straight-line). 

So, similarly to the previous (propositions), we can 
conclude that DM is greater than MG, and DK (is) com- 
mensurable (in length) with KM. And the (rectangle 
contained) by DK M is equal to the (square) on MN. 
Thus, the square on DM is greater than (the square on) 
MG by the (square) on (some straight-line) commensu- 
rable (in length) with (DM) [Prop. 10.17]. And neither 
of DM and MG is commensurable in length with DE. 

Thus, DG is a third binomial (straight-line) [Def. 
10.7]. (Which is) the very thing it was required to show. 


Prop. 10.56. 


Proposition 63 


The square on a major (straight-line) applied to a ra- 
tional (straight-line) produces as breadth a fourth bino- 
mial (straight-line).! 


D K M N G 
E H L O F 
—ñ —ñ ————— — 
A C B 


Let AB be a major (straight-line) having been divided 
at C, such that AC is greater than CB, and (let) DE 
(be) a rational (straight-line). And let the parallelogram 
DF, equal to the (square) on AB, have been applied to 
DE, producing DG as breadth. I say that DG is a fourth 
binomial (straight-line). 

Let the same construction be made as that shown pre- 
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ciciv àcóuuetpor rowÜcot 1ó uev cuvxe(uevov &x TOY OT’ 
QUTEDY TETONY VOY ONTOY, TO OE DM ATHY UEOOV. Enel ODV 
ENtoyv &ow 16 cuvxetuevov &x x&v ànó THY AD, PB, ontov 
&pa gotl tO AA: Onty čepa xal À AM xal cúuuetpos Ttf 
AE ufjxet.. nó, &xei uécov ot} tò Gic ónó xGv AT, EB, 
touxéott TÒ MZ, xal tapà ntv £o vv MA, entry koa 
£cl xoi À MH xal &cóuueteoc vf; AE ufjxev. àcóuuerpoc 
&po £o xoi À AM th MH purer. of AM, MH doe ontait 
clot OUVAUEL MOVOY OUUUETEOL Ex OVO XPA OVOUATWY EOTly 
7, AH. Seixtéov [Dh], óxt xol tetépTN. 

'Ouotoc 87) 8c(&$ouev toic medteooyv, St yeiCav &ociv 
f AM ts MH, xo öt tò òrò AKM tcov ot) t and 
thc MN. énxel obv å&oúuuetoóvy got: TO and týs AD 1H 
ano tfjc DB, à&cúuuetpov &pa £o xoi tò AO tõ KA 
ote do0uuerpoc xol y| AK tfj KM ctw. Edy SE Bor 
000 cÓU0clo. &vicol, TH O&£ tetÓpuo uége. vo0 ómxó TH¢ 
&£A&ocovoc tcov rapa Tr óYvpoputov rapa THY uelCova tapa- 
BAND EAAsinoyv elder vetporvo vo xoi eic MODUUETOA atT)V 
Dap, *| ue(Gov tfjc &£Aáccovoc uciCov Ouvficexor v6 amo 
àcóuuéteou éaucfi ufjxev Yj AM &ow xfj; MH ueiCov 86varot 
TG) NO àcuuuérgou &aucfj. xat elow at AM, MH nta 
Suvaue, UOVoY obuuETool, “al À AM oúuuetpós &o t 
&xxeiévy) enti xfj AE. 

H AH &pa éx 600 óvou&tov oti tetápt Ónep Ecl 
Occ on. 
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viously And since AP is a major (straight-line), hav- 
ing been divided at C, AC and CB are incommensu- 
rable in square, making the sum of the squares on them 
rational, and the (rectangle contained) by them medial 
[Prop. 10.39]. Therefore, since the sum of the (squares) 
on AC and CB is rational, DL is thus rational. Thus, 
DM (is) also rational, and commensurable in length with 
DE [Prop. 10.20]. Again, since twice the (rectangle con- 
tained) by AC and C B—that is to say, M F—is medial, 
and is (applied to) the rational (straight-line) M L, MG 
is thus also rational, and incommensurable in length with 
DE [Prop. 10.22]. DM is thus also incommensurable 
in length with MG [Prop. 10.13]. DM and MG are 
thus rational (straight-lines which are) commensurable 
in square only. Thus, DG is a binomial (straight-line) 
[Prop. 10.36]. [So] we must show that (it is) also a fourth 
(binomial straight-line). 

So, similarly to the previous (propositions), we can 
show that DM is greater than MG, and that the (rectan- 
gle contained) by DK M is equal to the (square) on M N. 
Therefore, since the (square) on AC is incommensurable 
with the (square) on CB, DH is also incommensurable 
with KL. Hence, DK is also incommensurable with 
KM [Props. 6.1, 10.11]. And if there are two unequal 
straight-lines, and a parallelogram equal to the fourth 
part of the (square) on the lesser, falling short by a square 
figure, is applied to the greater, and divides it into (parts 
which are) incommensurable (in length), then the square 
on the greater will be larger than (the square on) the 
lesser by the (square) on (some straight-line) incommen- 
surable in length with the greater [Prop. 10.18]. Thus, 
the square on DM is greater than (the square on) MG 
by the (square) on (some straight-line) incommensurable 
(in length) with (DM). And DM and MG are rational 
(straight-lines which are) commensurable in square only. 
And DM is commensurable (in length) with the (previ- 
ously) laid down rational (straight-line) DE. 

Thus, DG is a fourth binomial (straight-line) [Def. 
10.8]. (Which is) the very thing it was required to show. 


t In other words, the square of a major is a fourth binomial. See Prop. 10.57. 


EDS 

Tò &xó cfjc erjvóv xoà uécov Guvouévric rapa ONTHY Toe 
pao Aóuegvov rÀAó&xoc xoti THY EX OVO óvouáxov TÉUTTNY. 

"Ecto ġntòv xal u£cov 8uvayévr À AB dinonuevny cic 
tae ceóUc(ac xoà tò T, ote uciCova etvon thy AT, xo 
éxxcto0w eni) Y; AE, xoi tõ ano th¢ AB tooyv napd thy 
AE napopeBAYjo0c 1ó AZ nÀAáxoc rovOv ctv AH: Aévo, 
ott Y, AH éx 900 óvou&tov £o néurtr). 


Proposition 64 


The square on the square-root of a rational plus a me- 
dial (area) applied to a rational (straight-line) produces 
as breadth a fifth binomial (straight-line).! 

Let AB be the square-root of a rational plus a medial 
(area) having been divided into its (component) straight- 
lines at C, such that AC is greater. And let the rational 
(straight-line) DE be laid down. And let the (parallelo- 
gram) DF, equal to the (square) on AB, have been ap- 
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A KM N 
E © A B 
— —— 
A I B 


— tà atra Tols noò to0toU. éEnel obv 
er|tóv xoà uécov Ouvagévr, £cxiv À AB dinonuevyn xatà tò 
l, oat AT, [TB doe duvauer stoly gobuUEtoot RoLtoDoo TO UEV 
ouyxetuevoy Ex TOV AT’ HUTHY TETONYMVWYV uécov, v6 0 ÒT 
aOtOv Ór|tóv. EMEl ODV UEGOV EoTL TO OUYxXElUEVOY EX TOY 
ànoó x&v AT, DB, uécov &pa &oxi xó AA: óoce erf, £ouv 
f| AM xoi urjxet àcóuuecpoc vf; AE. táv, nel tóv got 
tÒ ölç UNO THY ADB, tovutéot tò MZ, ntù goa À MH xol 
coúuuetpos vf; AE. &cúuuectoos &oa À AM tý MH: o AM, 
MH sox ntal ctor Suvduet uóvov cúuuctpov £x 000 Koa 
ovoudtwy &ociv f, AH. Aévo OY, ów xoi néuntr. 

Ouolws yàp Gey9fjoexot, Öt tÒ rò THY AKM tcov 
Eotl tH) å&nò ts MN, xal &cúuuetpos À AK tý KM uńxerv À 
AM &pa 1fjc MH uci&ov dúóvatoa 163 and &cuuuécpou &auf|. 
xal ciow at AM, MH [nta] Duváucei uóvov ovuuetpo, xol 
¥) EAdoowy À MH oúuuetpos xf; AE ufixe. 

H AH dou éx S00 Svoudtwy £o néuntry Sree Eder 
OEte au. 


ELEMENTS BOOK 10 


plied to DE, producing DG as breadth. I say that DG is 
a fifth binomial straight-line. 


D K M N G 
E H L O F 
e—a 
A C B 


Let the same construction be made as in the (proposi- 
tions) before this. Therefore, since AB is the square-root 
of a rational plus a medial (area), having been divided 
at C, AC and CB are thus incommensurable in square, 
making the sum of the squares on them medial, and the 
(rectangle contained) by them rational [Prop. 10.40]. 
Therefore, since the sum of the (squares) on AC and 
CB is medial, DL is thus medial. Hence, DM is rational 
and incommensurable in length with DE [Prop. 10.22]. 
Again, since twice the (rectangle contained) by AC B— 
that is to say, M F—is rational, MG (is) thus rational 
and commensurable (in length) with DE [Prop. 10.20]. 
DM (is) thus incommensurable (in length) with MG 
[Prop. 10.13]. Thus, DM and MG are rational (straight- 
lines which are) commensurable in square only. Thus, 
DG is a binomial (straight-line) [Prop. 10.36]. So, I say 
that (it is) also a fifth (binomial straight-line). 

For, similarly (to the previous propositions), it can 
be shown that the (rectangle contained) by DKM is 
equal to the (square) on M N, and DK (is) incommen- 
surable in length with KM. Thus, the square on DM 
is greater than (the square on) MG by the (square) on 
(some straight-line) incommensurable (in length) with 
(DM) [Prop. 10.18]. And DM and MG are [rational] 
(straight-lines which are) commensurable in square only, 
and the lesser MG is commensurable in length with DE. 

Thus, DG is a fifth binomial (straight-line) [Def. 10.9]. 
(Which is) the very thing it was required to show. 


t In other words, the square of the square-root of a rational plus medial is a fifth binomial. See Prop. 10.58. 


ce. 
Tò óànó tfj; 000 uéca Ouvauévrc TMaok ONTYY TaAoO- 
DoAóuevov rA&xoc noui tr|v &x 600 óvou&tov Extrjv. 
"Ecto 900 u£ca ouvauévr Y; AB oupryuévr xaxà tò L, 
erc?) 66 £ovo f| AE, xoà rapà tày AE 1G àxó fic AB tcov 
ropopeBAYio9o tò AZ rnÀAé&toc rovoOv xry. AH: Aévo, óu f) 
AH x 9600 óvou&vov £oxiv Extr. 


Proposition 65 


The square on the square-root of (the sum of) two me- 
dial (areas) applied to a rational (straight-line) produces 
as breadth a sixth binomial (straight-line).! 

Let AB be the square-root of (the sum of) two me- 
dial (areas), having been divided at C. And let DE bea 
rational (straight-line). And let the (parallelogram) DF, 
equal to the (square) on AB, have been applied to DE, 
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A KM 


E € A E Z 


— e — 
A T B 

Kateoxsvactdw yàp TÈ aÒÙTA toic npótepov. Nal Eel À 
AB úo uéca ðuvauévn cotl Sinonuevy xatà tò T, at AD, TB 
Hoa Suvauet elotv &cOuguetpor nrotvo0oot 1Ó Te ouvyxelucyvov 
£x TÕV dx aOtGv tetpoYOvov UETOV xal TO ÙT?’ qÙTÕV 
UETOV XAL ETL ACÚUUETPOV TÒ ÈX TEV AT’ AÛTEV TETPAYOVOWYV 
cuYxc(uevov TÆ DT QÙÒTÕV Bote XATÀ TÀ npoðcõciyuéva 
uécov &£oxiv &xáxegov tõv AA, MZ. xal tapà nTÀY TÙY 
AE napóxevxot entry) toa éotly &xoxéga x&v AM, MH xoi 
àcóuuetvgoc TH AE ure. xal Exel dovuuetedyv gat, TO 
ouyxetuevoy éx tv and tõv AT, TB x6 oic oxó xGv AT, 
TB, dobuueteov tow gott tò AA t& MZ. &oúuuetpoc hoo 
xoi *| AM xfj MH: oi AM, MH doe ontat ctor duvéuer Udvov 
cüuuetpov &x úo gow dvoudtwv gotiv f| AH. Aévo 99, Öt 
xoà Extr]. 

'Ouoíoc ù nå SelGouey, StL TO UNO xGv AKM tcov 
£c x dno tfjc MN, xoi óu Y, AK cf; KM ure é&cciv 
àcóuuetpoc: xoi Già và ocà O7) 5 AM qts MH ucitov 
Obvarxot 16) &xó GOVUUETOOL EQUTH UAKEL. Kal OLSETEOa TOY 
AM, MH ovuuetode tot th &xxewévy] enxf; vf; AE uper. 

H AH &pa èx 800 óvou&xov &ocv Exty Smee Fer 
Octeot. 


ELEMENTS BOOK 10 


producing DG as breadth. I say that DG is a sixth bino- 
mial (straight-line). 


D K M N G 
E H L O F 
$$$ —ñ — —— 
A C B 


For let the same construction be made as in the pre- 
vious (propositions). And since AB is the square-root 
of (the sum of) two medial (areas), having been divided 
at C, AC and CB are thus incommensurable in square, 
making the sum of the squares on them medial, and the 
(rectangle contained) by them medial, and, moreover, 
the sum of the squares on them incommensurable with 
the (rectangle contained) by them [Prop. 10.41]. Hence, 
according to what has been previously demonstrated, DL 
and M F are each medial. And they are applied to the 
rational (straight-line) DE. Thus, DM and MG are 
each rational, and incommensurable in length with DE 
[Prop. 10.22]. And since the sum of the (squares) on 
AC and CB is incommensurable with twice the (rectan- 
gle contained) by AC and CB, DL is thus incommensu- 
rable with M F. Thus, DM (is) also incommensurable (in 
length) with MG [Props. 6.1, 10.11]. DM and MG are 
thus rational (straight-lines which are) commensurable 
in square only. Thus, DG is a binomial (straight-line) 
[Prop. 10.36]. So, I say that (it is) also a sixth (binomial 
straight-line). 

So, similarly (to the previous propositions), we can 
again show that the (rectangle contained) by DKM is 
equal to the (square) on MN, and that DK is incom- 
mensurable in length with KM. And so, for the same 
(reasons), the square on DM is greater than (the square 
on) MG by the (square) on (some straight-line) incom- 
mensurable in length with (DM) [Prop. 10.18]. And nei- 
ther of DM and MG is commensurable in length with the 
(previously) laid down rational (straight-line) DE. 

Thus, DG is a sixth binomial (straight-line) [Def. 
10.10]. (Which is) the very thing it was required to show. 


t In other words, the square of the square-root of two medials is a sixth binomial. See Prop. 10.59. 


f 
es. 
-H fj £x 600 óvou&tov ufjxev oóuguexpoc xoà abt) &x 
000 óvouáov &oi xoi xfj vá&et Y) aot. 
"Eot &x úo óvouátov Y, AB, xoà «xfj AB ufxa 


Proposition 66 


A (straight-line) commensurable in length with a bi- 
nomial (straight-line) is itself also binomial, and the same 
in order. 
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cüuguetpoc Eoo Y, TA: Agyw, öt f, L'À éx 600 óvou&tov 
£o xol xfj váGe Y) aot? tH AB. 


A E B 
DU Z A 


———— — — — 

Enel yàp &x 600 óvouáov &ov f, AB, dinero eic xà 
òvóuata xaxà xó E, xoi £cxo ucicov óvoua tò AE o AE, 
EB doa entat clot Svvduet UOVOV CUUMETOOL. YEYOVETW Wc 
À AB node thy TA, obta¢ À AE mode thy TZ: xal ATÀ 
goa Y, EB ngóc omy tv ZA &ouv, óc 9; AB ngóc viv 
TA. cóuguecpoc 9€ 9| AB t TA uńxev oúuuetpoc pa tot 
xoi | u£&v AE cf; L'Z, 4 66 EB th ZA. vat ctor Ontot of AB, 
EB: nto &pa sioù xa ai TZ, ZA. xal otv óc f; AE ngóc 
TZ, f, EB ngóc ZA. &voAAà& Kou Eotly ðs Å AE zpòs EB, Ñ 
TZ nodg ZA. at 5¢ AE, EB duvduer uóvov leio] obuuetpor 
xoà oi TZ, ZA wow Suvduer udvov ciol obuUetoot. xal ciot 
ental èx Dúo doa dvoudtwy éotiv WTA. Agyoo OF, óu TH 
taEet Eotly FH tÀ tý AB. 

H yuo AE tic EB yvetCov d0vato tot tÆ dno 
cuugétoou &autfj fj TH AMO HovyUetoov. ti uev oOv f 
AE tc EB uetCov dbvata tH and cuvuuétpou auti, xol 
À TZ ts ZA yveiCov Suvijoeto TH àrxó cuugérpou &auf|. 
xol ei u£v cougetpóc &ov 7| AE cf; &xewévr) ont, xot 
À l'Z cóupetgoc atf, £otot, xoi Ouà toÜ0to &xaxépa TOV 
AB, TA éx 900 óvouátov &od nportr, voutéou tfj vá&et 
À ath. et 0€ y EB obuustoed¢ got t &xxeyévr] en, 
xol 3| Z4 obuyeteds Eotiv Ùt, xal Sia tolto nó TH 
tHEEL Y) HOT Cota tH AB’ Exatéoa yàp aùtõv čata èx Dúo 
Ovoudtuy Seutéoa. et d€ oddetépa TOV AE, EB obuuetede¢ 
£c TH Exnewwevy ONT, ovdetéoa tv TZ, ZA coúuuetpog 
aOcfj oto, xal oti Exatéea tolt. ci è yn AE tic EB 
ustCov SUvaTto TG ONO HoLUUETEOL EaUTH, xa OZ tho ZA 
uciCov SUvato TG dnd àcuuuétpou &aucfj. xoi ei uev Y| AE 
cüugetoóc EOTL TH £xxewévy] err, xoi TZ couuetpóc 
COTY AUTH, Kal EoTLY ExaTéoa tetdoTH. ci O08 y EB, xoi 
À ZA, xal Eoton Exatéoa néunty. ef d€ obdetéoa Gv AE, 
EB, xal t&v TZ, ZA oddetépa obuuetede ott TH Exxewwevy 
ONTI, xal Coto &xarcépo Extr). 

“Qote ý tÅ £x Dúo Ovoudtwyv yer oDUMETOOS Ex SLO 
óvou&tov £o xot TH TEL A avLTY ónep Eder Seteou. 
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Let AB be a binomial (straight-line), and let CD be 
commensurable in length with AB. I say that CD is a bi- 
nomial (straight-line), and (is) the same in order as AB. 


A E B 


— — — — — 
C F D 
c y E 

For since AB is a binomial (straight-line), let it have 
been divided into its (component) terms at E, and let 
AE be the greater term. AE and EB are thus rational 
(straight-lines which are) commensurable in square only 
[Prop. 10.36]. Let it have been contrived that as AB (is) 
to CD, so AE (is) to CF [Prop. 6.12]. Thus, the remain- 
der EB is also to the remainder FD, as AB (is) to CD 
[Props. 6.16, 5.19 corr.]. And AB (is) commensurable 
in length with CD. Thus, AE is also commensurable 
(in length) with CF, and EB with FD [Prop. 10.11]. 
And AE and EB are rational. Thus, CF and FD are 
also rational. And as AF is to CF, (so) EB (is) to FD 
[Prop. 5.11]. Thus, alternately, as AF is to EB, (so) 
CF (is) to FD [Prop. 5.16]. And AE and EB [are] 
commensurable in square only. Thus, CF and FD are 
also commensurable in square only [Prop. 10.11]. And 
they are rational. CD is thus a binomial (straight-line) 
[Prop. 10.36]. So, I say that it is the same in order as 
AB. 

For the square on AE is greater than (the square on) 
EB by the (square) on (some straight-line) either com- 
mensurable or incommensurable (in length) with (AE). 
Therefore, if the square on AE is greater than (the square 
on) EB by the (square) on (some straight-line) com- 
mensurable (in length) with (AE) then the square on 
CF will also be greater than (the square on) FD by 
the (square) on (some straight-line) commensurable (in 
length) with (CF) [Prop. 10.14]. And if AE is com- 
mensurable (in length) with (some previously) laid down 
rational (straight-line) then CF will also be commensu- 
rable (in length) with it [Prop. 10.12]. And, on account 
of this, AB and CD are each first binomial (straight- 
lines) [Def. 10.5]—that is to say, the same in order. And if 
EB is commensurable (in length) with the (previously) 
laid down rational (straight-line) then FD is also com- 
mensurable (in length) with it [Prop. 10.12], and, again, 
on account of this, (CD) will be the same in order as 
AB. For each of them will be second binomial (straight- 
lines) [Def. 10.6]. And if neither of AE and EB is com- 
mensurable (in length) with the (previously) laid down 
rational (straight-line) then neither of CF and FD will 
be commensurable (in length) with it [Prop. 10.13], and 
each (of AB and C D) is a third (binomial straight-line) 
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Se 
H t £x 900 uécov UAKEL GVUUETEOS Kal AUTH Ex 600 
uécov &o1 xoà vf; xá&e Y) aot. 


A E B 
E Z A 


eN 

"Ecco &x 900 uécov f, AB, xoi 1fj AB cóuueteoc £oto 
uýxe A TA: Aévo, óu À TA &x Dúo uécov &ox xoi vf; vá&et 
f| óc?) vf; AB. 

Enei yàp êx 000 uécov Eotiv f; AB, àworjo9o cic tàs 
uécac xaxà 1ó E» oài AE, EB &pa uécot ctoi 6uvápet uóvov 
cüuguetpo.. xol yeyovévo óc Å AB npgóc LA, f; AE ngóc 
D'Z: xoi Aowr?; &pa. Å EB npóc Aowrrv tijv ZA &oxw, óc f 
AB ngpóc T'A. cúuuetpos 96 f| AB cf; DÀ uńxer cóugueteoc 
toa walt Exatéoa tv AE, EB exatéog téiv DZ, ZA. uécot 
606 oi AE, EB: uécot dou xoa o TZ, ZA. xo neit otv 
ac Å AE ngóc EB, 5| l'Z ngóc ZA, œ 6¢ AE, EB duvduer 
uóvov oóuuecpo( etot, xol oi TZ, ZA [&pa| Suvduer udvov 
cOüugecpol eiot, &Ooc(yürjcav 8€ xol uécoar TY, DA koa &x 600 
uécov &o(v. Aéyw OÁ, óxt xol xfj vá&er Y) atf, £o tfj AB. 

"Exc váp &ouv óc f| AE node EB, ATZ node ZA, xoi 
Gc &pa 1o ànó rfjc AE, npóc xó onó x&v AEB, obtoc 1o 
àxó tfic D'Z ngóc xó onó tõv TZA: vahé ðs TÒ &nò tc 
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[Def. 10.7]. And if the square on AF is greater than 
(the square on) EB by the (square) on (some straight- 
line) incommensurable (in length) with CAE) then the 
square on CF is also greater than (the square on) FD 
by the (square) on (some straight-line) incommensurable 
(in length) with (CF) [Prop. 10.14]. And if AE is com- 
mensurable (in length) with the (previously) laid down 
rational (straight-line) then CF is also commensurable 
(in length) with it [Prop. 10.12], and each (of AB and 
C D) is a fourth (binomial straight-line) [Def. 10.8]. And 
if EB (is commensurable in length with the previously 
laid down rational straight-line) then FD (is) also (com- 
mensurable in length with it), and each (of AB and CD) 
will be a fifth (binomial straight-line) [Def. 10.9]. And 
if neither of AE and EB (is commensurable in length 
with the previously laid down rational straight-line) then 
also neither of CF and FD is commensurable (in length) 
with the laid down rational (straight-line), and each (of 
AB and CD) will be a sixth (binomial straight-line) 
[Def. 10.10]. 

Hence, a (straight-line) commensurable in length 
with a binomial (straight-line) is a binomial (straight- 
line), and the same in order. (Which is) the very thing it 
was required to show. 


Proposition 67 


A (straight-line) commensurable in length with a bi- 
medial (straight-line) is itself also bimedial, and the same 
in order. 


A E B 
be ë 
C F D 


— — — — — — — 

Let AB be a bimedial (straight-line), and let CD be 
commensurable in length with AB. I say that CD is bi- 
medial, and the same in order as AB. 

For since AB is a bimedial (straight-line), let it have 
been divided into its (component) medial (straight-lines) 
at E. Thus, AF and EB are medial (straight-lines 
which are) commensurable in square only [Props. 10.37, 
10.38]. And let it have been contrived that as AB (is) to 
CD, (so) AF (is) to CF [Prop. 6.12]. And thus as the 
remainder EB is to the remainder F D, so AB (is) to CD 
[Props. 5.19 corr, 6.16]. And AB (is) commensurable 
in length with CD. Thus, AE and EB are also com- 
mensurable (in length) with CF and FD, respectively 
[Prop. 10.11]. And AE and EB (are) medial. Thus, CF 
and FD (are) also medial [Prop. 10.23]. And since as 
AE is to EB, (so) CF (is) to FD, and AE and EB are 
commensurable in square only, CF and FD are [thus] 
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AE ngóc tò ånò tis D'Z, obvoc tò brò 6v AEDB npóc tò 
bro tõv TZA. oóuuergov 8€ tò nò tho AE 16 imo Tfjc 
[TZ obuyetooy goa xal TO Ond TOV AEB x6 onó x&v DZA. 
eive 00v ervóv £o TO UNO 16v AEB, xoi xó onó x&v DZA 
6rjvóv gotty [xal d1& toUtd otv &x 800 uécov npór. etxe 
uécov, uécov, xaí &oxtv &xaxépa Ogurépat. 

Kat dia totto Eaton À TA xfj AB «f| xá&et 5| aótfy OnE 
£Oct Oci&ot. 


en. 
H th uetiCow oougetpoc xol atr) uctCov &ostv. 
A E B 
MM ——— 
DU Z A 


— — — — — — — 

"Ecco uctCov À AB, xa th AB obuueteoc ote À TA: 
Aévo, öt Å TA uet(Cov &osv. 

Awpfyio9o f, AB xaxà tò E oi AE, EB &poa 6uváyset etoly 
COVUUETEOL TOLOUoa TO EV OUYKEtUEVOYV EX TOY m atGv 
TETONYWVOV ENTOY, TÒ © or. aOtxOv u£cov xol YeYovéto 
tà abtà toic npÓcepov. xoà &me( otv ðc Å AB node THY 
L'A, obvaoc Ñ te AE ngóc ty LZ xoi À EB rede thy ZA, 
xol cc àpa ?| AE, npóc trjv PZ, obttw¢ À EB node thy ZA. 
cüuuecpoc 9€ f| AB tÅ TA: oúuuetpocs &pa xoi &xorcépat vGv 
AE, EB éxaxéeq xGv DZ, ZA. xoà &ne( &ouv óc Y, AE ngóc 
t/jv LZ, oo1oc *| EB ngóc tijv ZA, xoi &£vaAAà& cc fj AE 
rngóc EB, obtoc fj L'Z ngóc ZA, xoi cuvOévu Kou Eotly Od 
Å AB ngóc v?jv BE, obcoc 7; DÀ xeóc cv AZ: xoi óc ipa 
tO dnd the AB npóc tò å&nò tfjc BE, obtoc TO dnd THe TA 
Ted TO and tHe AZ. dyotws 57 SeiFouev, dtr nal OS TÒ ATÒ 
tfc AB npóc to ànó tfj; AE, oOtoc tO and tHe TA rede 
TÒ TÒ tc L'Z. xoi @¢ Kou 16 and tHe AB ngóc xà and TOV 
AE, EB, obtw¢ 16 àxó tfjc L'A ngóc xà àxó tõv TZ, ZA 
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also commensurable in square only [Prop. 10.11]. And 
they were also shown (to be) medial. Thus, CD is a bi- 
medial (straight-line). So, I say that it is also the same in 
order as AB. 

For since as AE is to EB, (so) CF (is) to FD, thus 
also as the (square) on AE (is) to the (rectangle con- 
tained) by AEB, so the (square) on C'F (is) to the (rect- 
angle contained) by CFD [Prop. 10.21 lem.]. Alter- 
nately, as the (square) on AF (is) to the (square) on 
CF, so the (rectangle contained) by AEB (is) to the 
(rectangle contained) by CFD [Prop. 5.16]. And the 
(square) on AF (is) commensurable with the (square) 
on CF. Thus, the (rectangle contained) by AFB (is) 
also commensurable with the (rectangle contained) by 
CFD [Prop. 10.11]. Therefore, either the (rectangle 
contained) by AFB is rational, and the (rectangle con- 
tained) by CFD is rational [and, on account of this, 
(AF and CD) are first bimedial (straight-lines)], or (the 
rectangle contained by AEB is) medial, and (the rect- 
angle contained by CF D is) medial, and (AB and C D) 
are each second (bimedial straight-lines) [Props. 10.23, 
10.37, 10.38]. 

And, on account of this, C D will be the same in order 
as AB. (Which is) the very thing it was required to show. 


Proposition 68 


A (straight-line) commensurable (in length) with a 
major (straight-line) is itself also major. 


A E B 
Pf 
C F D 


[_ — — — — — 

Let AB be a major (straight-line), and let CD be com- 
mensurable (in length) with AB. I say that C D is a major 
(straight-line). 

Let AB have been divided (into its component terms) 
at E. AE and EB are thus incommensurable in square, 
making the sum of the squares on them rational, and the 
(rectangle contained) by them medial [Prop. 10.39]. And 
let (the) same (things) have been contrived as in the pre- 
vious (propositions). And since as AB is to CD, so AE 
(is) to CF and EB to FD, thus also as AE (is) to CF, 
so EB (is) to FD [Prop. 5.11]. And AB (is) commen- 
surable (in length) with CD. Thus, AE and EB (are) 
also commensurable (in length) with CF and FD, re- 
spectively [Prop. 10.11]. And since as AE is to CF, so 
EB (is) to FD, also, alternately, as AE (is) to EB, so 
CF (is) to FD [Prop. 5.16], and thus, via composition, 
as AB is to BE, so CD (is) to DF [Prop. 5.18]. And thus 
as the (square) on AB (is) to the (square) on BE, so the 
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xoà EVUAAGE oa &oiv óc xó àxó tfjc AB npóc tò UNO THe 
TA, obtoc xà àxó tõv AE, EB nxpóc tà ànó x&v LZ, ZA. 
cüuuetpov b€ TO and Tho AB 16 and thc TA: obyyetoa 
hoa xal ta dd Tv AE, EB coic ànó xGv LZ, ZA. xot £o 
ta ano Tv AB, EB gua ontév, xol te ano tv DZ, ZA 
ua ENntov otv. Ouotwc 5 xal TO Gic oro x&v AE, EB 
OUUMETEOY EoTL TGS Ole ONS THY TZ, ZA. xal £o uécov 1 
Ol; onó x&v AE, EB: uécov gow xa tò dic Ondo xGv IZ, 
ZA. oi D'Z, ZA &pa 8ovápec &oouuetpol eov xovoOcot 1Ó 
UEV OLYXELUEVOY EX TOV AN AVTOY TETONYOVOY Aa ONTOY, 
TO OE Sic ON’ avTHY UEGOV’ OAN Hoa TA &Aoydc Eat f) 
noAouuevny yetCov. 

H &pa xfj ucetCow cOgupecpoc ueiCov &oxiv: ónep &ba 
O€ie on. 


eU. 
H cfi 6nxóv xoà uécov 8uvapévy, oóupetpoc [xoi oc) 
6rtóv xoi uécov ouvoaguévr &osiv. 


e 


A E B 
ý Z A 


€P — — — — 

"Hot entov xal uécov Ouvayévr y | AB, xoi xfj AB 
cóuuetgoc Eoo f| DÀ: 8eoxxéov, óxt xol Y| DÀ rov xoi 
uécov Ouvauévr) &ostv. 

Awofio9o Y, AB cic vàc eóO9s(ac xaxà tò Er ot AE, EB 
doa Suvduer eloly covUUEToOL ToLoDoa TÒ uèy ouvyxeluevov 
£x TÕV AT’ avtTdy TetoayM@voyv ueooy, TÒ Ô ÙT qQÙÒTÕV 
ONTÓV: xal tà qÙTAà xorceoxcudcU0o tols TEdTEPOV. OUOlWC 
dy) Selouev, öt xal of TZ, ZA Svuvduer etotv àcóuuerpot, 
xal GUUUETOOY TO UEV ouyxeluevov èx TOY and THV AE, EB 
TG) OLYXELUEVW Ex THY and THY DZ, ZA, xó 66 oxó AE, EB 
ta) bnd TZ, ZA: ote xat tO [ver] ovyxetuevov Ex TOV and 
tv TZ, ZA tetowyovov &£od uécov, xó 0 onó xGv TZ, 
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(square) on C D (is) to the (square) on DF [Prop. 6.20]. 
So, similarly, we can also show that as the (square) on 
AB (is) to the (square) on AE, so the (square) on CD 
(is) to the (square) on CF. And thus as the (square) on 
AB (is) to (the sum of) the (squares) on AE and EB, so 
the (square) on C D (is) to (the sum of) the (squares) on 
CF and FD. And thus, alternately, as the (square) on AB 
is to the (square) on C D, so (the sum of) the (squares) on 
AE and EB (is) to (the sum of) the (squares) on CF and 
FD [Prop. 5.16]. And the (square) on AB (is) commen- 
surable with the (square) on C D. Thus, (the sum of) the 
(squares) on AE and EB (is) also commensurable with 
(the sum of) the (squares) on CF and FD [Prop. 10.11]. 
And the (squares) on AE and EB (added) together are 
rational. The (squares) on CF and FD (added) together 
(are) thus also rational. So, similarly, twice the (rect- 
angle contained) by AE and EB is also commensurable 
with twice the (rectangle contained) by CF and FD. And 
twice the (rectangle contained) by AE and EB is me- 
dial. Therefore, twice the (rectangle contained) by CF 
and FD (is) also medial [Prop. 10.23 corr.]. CF and FD 
are thus (straight-lines which are) incommensurable in 
square [Prop 10.13], simultaneously making the sum of 
the squares on them rational, and twice the (rectangle 
contained) by them medial. The whole, C D, is thus that 
irrational (straight-line) called major [Prop. 10.39]. 

Thus, a (straight-line) commensurable (in length) 
with a major (straight-line) is major. (Which is) the very 
thing it was required to show. 


Proposition 69 


A (straight-line) commensurable (in length) with the 
square-root of a rational plus a medial (area) is [itself 
also] the square-root of a rational plus a medial (area). 


A E B 
c y ë 
C F D 


— — — E 

Let AB be the square-root of a rational plus a medial 
(area), and let CD be commensurable (in length) with 
AB. We must show that CD is also the square-root of a 
rational plus a medial (area). 

Let AB have been divided into its (component) 
straight-lines at E. AE and EB are thus incommensu- 
rable in square, making the sum of the squares on them 
medial, and the (rectangle contained) by them rational 
[Prop. 10.40]. And let the same construction have been 
made as in the previous (propositions). So, similarly, we 
can show that CF and FD are also incommensurable 
in square, and that the sum of the (squares) on AE and 
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ZA rnv. 
"Próv àpa xoi u£cov 8uvauévr gotly WTA: oreo Eder 
Oct ot. 


f 


O. 


'H 1| 600 u£ca ovvau£vr oouuetpoc úo uéca Duvauévn 
£o iv. 


A E B 
DU Z A 


"Ecco 000 uéca duvauévn Y; AB, xoi xfj AB oúuuetpoc 
4) TA: derxtéov, ott ual FTA úo uéca ouvayévr, &oív. 

Enel yàp 8600 uíca Suvayevy gotlv 4 AB, pow 
cis tac evdetag wate TO E ot AE, EB Soa Suvduer 
eloly àcOuuecpot roto0cot T6 Te cuYxc(uevov Ex TOV oT’ 
oOtGV |rexpayOvOV| uécov xoi TÒ bm aóxGv ufcov xoi 
ETL GOUUUETOOV TO GUYxEtUEVOY Ex TOY and THY AE, EB 
TETOLYOVWY TH OndO tæv AE, EB: xa xateoxevéoda tà 
acd toic npócepov. óuotoc 87) 6c(&ouev, óx xa t TZ, ZA 
OVVEUEL ELOLY GODUUETOOL XL DUUUETOOY TO UEV OLYXKELUEVOY 
ex TOV and tv AB, EB 165 ovyxewuéves ex TOY and tov DZ, 
ZA, 1o 0€ oxó 16v AE, EB 165 òrò tõv ITZ, ZA: Gote xat 
TO ovyxetuevoy éx TOV and TOV TZ, ZA xexparyóvov uécov 
Eotl xal TO ONO THY TZ, ZA uécov ual Ett GovUUETOEOV TO 
cuYvxet(uevov &x 1Gv ànó 16v D'Z, ZA tetoayovay Tt 0nd 
t&v LZ, ZA. 

-H &pa DÀ 860 uéca duvaevy gotiv: neo Eder SeiFau. 


f 
Od. 
‘Pytod xal uecou ovytieyevou técaaoes KAoyot yy voy- 
tot, Tio, èx 000 óvou&tov Ex Dúo YEOWY TEaTH TF UElCov 
Ñ 6rxóv xoi u£cov Guvouiévr. 
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EB (is) commensurable with the sum of the (squares) 
on CF and FD, and the (rectangle contained) by AE 
and EB with the (rectangle contained) by CF and FD. 
And hence the sum of the squares on CF and FD is me- 
dial, and the (rectangle contained) by CF and FD (is) 
rational. 

Thus, C D is the square-root of a rational plus a medial 
(area) [Prop. 10.40]. (Which is) the very thing it was 
required to show. 


Proposition 70 


A (straight-line) commensurable (in length) with the 
square-root of (the sum of) two medial (areas) is (itself 
also) the square-root of (the sum of) two medial (areas). 


A E B 
C F D 


Let AB be the square-root of (the sum of) two medial 
(areas), and (let) CD (be) commensurable (in length) 
with AB. We must show that CD is also the square-root 
of (the sum of) two medial (areas). 

For since AB is the square-root of (the sum of) two 
medial (areas), let it have been divided into its (compo- 
nent) straight-lines at E. Thus, AE and EB are incom- 
mensurable in square, making the sum of the [squares] 
on them medial, and the (rectangle contained) by them 
medial, and, moreover, the sum of the (squares) on AE 
and EB incommensurable with the (rectangle) contained 
by AE and EB [Prop. 10.41]. And let the same construc- 
tion have been made as in the previous (propositions). 
So, similarly, we can show that CF and FD are also 
incommensurable in square, and (that) the sum of the 
(squares) on AE and EB (is) commensurable with the 
sum of the (squares) on CF and F D, and the (rectangle 
contained) by AE and EB with the (rectangle contained) 
by CF and FD. Hence, the sum of the squares on CF 
and FD is also medial, and the (rectangle contained) by 
CF and FD (is) medial, and, moreover, the sum of the 
squares on CF and FD (is) incommensurable with the 
(rectangle contained) by CF and FD. 

Thus, CD is the square-root of (the sum of) two me- 
dial (areas) [Prop. 10.41]. (Which is) the very thing it 
was required to show. 


Proposition 71 


When a rational and a medial (area) are added to- 
gether, four irrational (straight-lines) arise (as the square- 
roots of the total area)—either a binomial, or a first bi- 
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"Eoco én:oóv uev *ó AB, uécov 8€ xó DA Aévo, Öt À 
tÒ AA yoplov Guvauévr fioc £x 600 óvou&tov &odiv f| &x 
600 u£cOYv npo) fj ue(Gov f| 6xxóv xoi u£cov Guvouévr. 


K 


z H I 


B A 

Tò yàp AB roO DA Tov uciCóv &ouv f| EAacoov. 
£c) npótepov ucicov: xoi &xxetoo pnt À EZ, xol tapa- 
BeBAKodw xapà vv EZ xG AB toov xó EH nAóxoc xotoOv 
tiv EO: xG be AT toov nook thy EZ nopopeD^fjoOco tò 
OI rAdto¢g row Ov tv OK. xot enct oytév got: tO AB xal 
tot toov t EH, ġntòv koa xol tò EH. xa napà [6ntyy| 
tv EZ napaßéßanta nàátos nototyv thy EO: ġ EO koa 
erf, oti xal oúuuetpos t EZ uńxer. náv, nel uécov 
éott tÒ TA xal otv {oov 76 OI, uécov &pa otl xal TÒ 
OI. xoà nap& ontryyy vv EZ napdxsita mAdto¢ nowoby THY 
OK: nt sea cotiy nH OK xal aobuustoos th EZ uve. xal 
&nel uécov ot} tO TA, ontoyv è tò AB, covuuetoov dow 
otl tò AB 76) TA’ ote xol tò EH cobuuetedy éot 1H 
OI. óc è tò EH ngóc xó OI, obtoc &£oxiv f, EO nod¢ tH 
OK: govuusteoc hou goth xat EO xfj OK ure. xot eot 
àuqócepgot errat oat EO, OK &pa ntal etot ouvápet uóvov 
cüuuetpor Ex dúo wou óvou&rov éotlv y, EK ðinenuévn 
KATY TO O. xal Enel uetCdv coti TO AB x00 DA, tcov o£ tò 
ueév AB 76) EH, tò è rA x6 OI, uciCov àpa xoi tO EH 
tot OI: xat ġ EO tou vetCwov Eotl thc OK. fto odv 7 EO 
thc OK yustCov S0vato xG dnó cuupérpou aut ufixet 7) 
TGS ATO àcuuuétpou. 6uvácU0o npótegov 1G TÒ CUUUÉTOOU 
auti xal otv f| uc(Gov OE ovuuetoocs vf; Soxiuévr 
ont tÅ EZ: À tow EK éx 600 óvou&tov &od noir]. ONTH 
òè Y, EZ: cay O€ ywoloy nepleynto ONO ONTH¢ Kal TH¢ Ex 600 
OVOUETOY TOOTS, Ù TÒ ywplov duvauévy Ex S00 OVOUETOY 
cottv. 4 pa xó EI ouvogu£vr, £x 600 óvou&tov &otv: oe 
xol f| xó AA Guvayévr, éx 800 dvoudtwy &ociv.. GA à OÀ 
OuvácOo 7 EO thc OK uciCov v& àxó àcuuuérpou auti 
xal otv f| uc(CGov fj, EO obuuetoos xfj Goxcwévr) enti tř 
EZ ufjxev f; &pa. EK £x úo óvouóávov &oxi texóptr). ÖNTÀ 
0€ Y, EZ: Edy Oe ywotoyv neoreyntor ONO ONTH¢ xal Thc Ex OVO 
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medial, or a major, or the square-root of a rational plus a 
medial (area). 

Let AB be a rational (area), and CD a medial (area). 
I say that the square-root of area AD is either binomial, 
or first bimedial, or major, or the square-root of a rational 
plus a medial (area). 


A C E H K 


F G I 


B D 

For AB is either greater or less than CD. Let it, first 
of all, be greater. And let the rational (straight-line) EF 
be laid down. And let (the rectangle) EG, equal to AB, 
have been applied to EF, producing EH as breadth. And 
let (the recatangle) H7, equal to DC, have been ap- 
plied to EF, producing HK as breadth. And since AB 
is rational, and is equal to EG, EG is thus also rational. 
And it has been applied to the [rational] (straight-line) 
EF, producing EH as breadth. EH is thus rational, and 
commensurable in length with EF [Prop. 10.20]. Again, 
since C D is medial, and is equal to H7, HT is thus also 
medial. And it is applied to the rational (straight-line) 
EF, producing HK as breadth. HK is thus rational, 
and incommensurable in length with ÆF [Prop. 10.22]. 
And since CD is medial, and AB rational, AB is thus 
incommensurable with CD. Hence, EG is also incom- 
mensurable with HI. And as EG (is) to HT, so EH is 
to HK [Prop. 6.1]. Thus, EH is also incommensurable 
in length with HK [Prop. 10.11]. And they are both ra- 
tional. Thus, EH and HK are rational (straight-lines 
which are) commensurable in square only. EK is thus 
a binomial (straight-line), having been divided (into its 
component terms) at H [Prop. 10.36]. And since AB 
is greater than CD, and AB (is) equal to EG, and CD 
to HI, EG (is) thus also greater than H7. Thus, EH is 
also greater than H K [Prop. 5.14]. Therefore, the square 
on EH is greater than (the square on) HK either by 
the (square) on (some straight-line) commensurable in 
length with (EH), or by the (square) on (some straight- 
line) incommensurable (in length with EH»). Let it, first 
of all, be greater by the (square) on (some straight-line) 
commensurable (in length with EH). And the greater 
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Óvou&tov xexáptrc, H TO YWELOV SUVAEVH GAoydc EoT À 
xoAXouuévr, ue(Gov. 1 koa tò EI ywotoy duvayévy uc(Gov 
¿oti ote xal Å TÒ AA Guovayévr) uc(Cov &ostv. 

AdK& SH Eotw £Aaccov tò AB tod TA: xat to EH 
&pa £Aoaocóv éott tov OL Gote xat EO Ehdoowy ot 
tfc; OK. fov 08€ y OK thc EO ucilov dS0vata tÆ imo 
OUUUETOOD ALTI N T TÒ &ouuuéxpou. 6uvá&oOo npótepov 
T& ATÒ cuuuétpou &aucf, urjxev xot &ov Y, £Aácoov f, EO 
OUUMETOOS TH Exxewevy en, 1f; EZ ufxev. Y, 4pa. EK èx 
000 óvou&xov EoTlL 6gutépa. ONTY OE A EZ Edy SE ywotov 
NEOLEY NTA UNTO NTS xal tfjc £x 6000 óvou&tov Oeuépac, f) 
TÒ ywplov duvauévn éx dúo UEGWV EOTL TEGTY. Y) Yow TO El 
ywotoy SUVAEVY éx Dúo UEDWY ot) toot Gote xal Å TÒ 
AA duvayevy éx dúo Ugowy EoTl TOWTY. GAAG OY À OK tic 
OE uciCov ouvácOco 16$ àxó &cuuuérpou &aucfj. xot &oxtv 
f, £Aácoov f, EO couguexpoc xfj eExxewevy ènt tH EZ: À 
hoa EK éx 000 óvouétov £o néuntr. eru de Å EZ: àv 
òè YWeloY TECLEy NTA LTO ntis xal tc £x 600 óvou&tov 
TEUNTYS, Ù TÒ yoplov ðuvauévn encoóv xot uécov Ouvagévr, 
éotiv. 1 doa TO EI ywetov dSuvayévy ontov xal Uecov Sv- 
vouévr, £ox(v: ote xal Å TÒ AA ywplov Govou£vr entov 
xal u£cov OVVAMEVY EOTIY. 

"Prob &pa xoi uécou cuvuÜcuévou xéocopec ÓoYot 
ylyvoyvta fiov &x 600 óvouó&ov f, £x 600 u£oov xpo) f) 
uetGov T) exxóv xoi uécov Suvoauévry óneo Eder SetEan. 
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(of the two components of EK) H E is commensurable 
(in length) with the (previously) laid down (straight- 
line) EF. EK is thus a first binomial (straight-line) 
[Def. 10.5]. And EF (is) rational. And if an area is con- 
tained by a rational (straight-line) and a first binomial 
(straight-line) then the square-root of the area is a bino- 
mial (straight-line) [Prop. 10.54]. Thus, the square-root 
of EI is a binomial (straight-line). Hence the square- 
root of AD is also a binomial (straight-line). And, so, let 
the square on EH be greater than (the square on) HK 
by the (square) on (some straight-line) incommensurable 
(in length) with (FH). And the greater (of the two com- 
ponents of EK) EH is commensurable in length with the 
(previously) laid down rational (straight-line) EF. Thus, 
EK is a fourth binomial (straight-line) [Def. 10.8]. And 
EF (is) rational. And if an area is contained by a rational 
(straight-line) and a fourth binomial (straight-line) then 
the square-root of the area is the irrational (straight-line) 
called major [Prop. 10.57]. Thus, the square-root of area 
EI is a major (straight-line). Hence, the square-root of 
AD is also major. 

And so, let AB be less than CD. Thus, EG is also less 
than HT. Hence, EH is also less than H K [Props. 6.1, 
5.14]. And the square on HK is greater than (the 
square on) EH either by the (square) on (some straight- 
line) commensurable (in length) with (Hk), or by the 
(square) on (some straight-line) incommensurable (in 
length) with (HK). Let it, first of all, be greater by the 
square on (some straight-line) commensurable in length 
with (HK). And the lesser (of the two components of 
EK) EH is commensurable in length with the (previ- 
ously) laid down rational (straight-line) EF’. Thus, EK 
is a second binomial (straight-line) [Def. 10.6]. And EF 
(is) rational. And if an area is contained by a rational 
(straight-line) and a second binomial (straight-line) then 
the square-root of the area is a first bimedial (straight- 
line) [Prop. 10.55]. Thus, the square-root of area EJ is 
a first bimedial (straight-line). Hence, the square-root of 
AD is also a first bimedial (straight-line). And so, let 
the square on H K be greater than (the square on) HE 
by the (square) on (some straight-line) incommensurable 
(in length) with (Hk). And the lesser (of the two compo- 
nents of EK) EH is commensurable (in length) with the 
(previously) laid down rational (straight-line) EF. Thus, 
EK is a fifth binomial (straight-line) [Def. 10.9]. And 
EF (is) rational. And if an area is contained by a ratio- 
nal (straight-line) and a fifth binomial (straight-line) then 
the square-root of the area is the square-root of a rational 
plus a medial (area) [Prop. 10.58]. Thus, the square-root 
of area EI is the square-root of a rational plus a medial 
(area). Hence, the square-root of area AD is also the 
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Ato uécov àcuuuétgov OGAAQAow cuvuÜcuévov o 
Aowroi 600 óAoYot víYvovrot Trot £x. 600 u£ocov Ocutépa 
7| |f] 860 uéca Suvogévr. 


A if E © K 


7 H I 


B A 

Muyxetova yàp 600 uéca &couuerpa Got tà AB, 
DA: Aévo, óu 7| xó AA yoplov ðuvauévn to &x 600 u£oov 
£cl deutéoa 7| 600 uéca Guvapévr. 

To yao AB tot TA T|xox ueiCóv &ow T) £Aaoc0v. £oto, 
el tTUYOY, npóctepov ucitov xó AB tot TA: xoi &xxetooo 
er] À EZ, xoi x uev AB toov nape thy EZ napopepAfQio0o 
tO EH nA&xoc xotoOv trjv EO, x6 è TA {oov tò OI xA&xoc 
rotobOv cxf|v OK. xoi &nel uécov &oxly &xéáxepov xGv AB, TA, 
uécov toa xal Exateooy ty EH, OL. xoi xapà evvijv xrjv 
ZE xopáxevcot rA&ávoc rowÜv tàs EO, OK: êxatépa &oa t&v 
EO, OK onty got xoi &oúuuetpos tfj EZ ure. xoi &xel 
à&cüuuetpóv &ow TO AB 76) TA, xal otv toov xó u£v AB 
t& EH, tò òè TA 16 OI, àcopueceov &pa oti xoi vó EH x6 
OI. óc 6€ xó EH npóc tò OI, obtoc £odiv f| EO npóc OK: 
àcüuguecpoc &pa &oxiy f| EO xfj OK ufixev. oi EO, OK goa 
ntal clo. Guváuet uóvov oouuetpov &x 600 üpa óvouétov 
éotiy f? EK. to òè Å EO ts OK uetCov S0vata 163 and 
OUUUETOOD EQUTH Y, xG ATO GOLUMETOOL. SUVdOUGW TOOTEPOV 
TG) GMO cuuuéTtTpoL aut uńxev xal oððetépa xGv EO, OK 
cüugueceóc &o TH Exxewwevy ONnth tH EZ uýxev Wy EK Spa 
éx O00 OvoUdTwWY ~oTL toity. ENTH dé Å EZ: Ev dé ywotov 
NEOLEYNTAH LNO ONTHS xal tc Ex 000 Óvouétov ToeitH<, ¥ 
TO yWELOY SUVaUEVN Ex SVO UECwWYV otl OeLUTEEa’ Ty Koa TO 
EI, toutéoti tò AA, Duvauévn £x 600 uécov Eotl devutéEU. 
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square-root of a rational plus a medial (area). 

Thus, when a rational and a medial area are added to- 
gether, four irrational (straight-lines) arise (as the square- 
roots of the total area)—either a binomial, or a first bi- 
medial, or a major, or the square-root of a rational plus a 
medial (area). (Which is) the very thing it was required 
to show. 


Proposition 72 


When two medial (areas which are) incommensu- 
rable with one another are added together, the remaining 
two irrational (straight-lines) arise (as the square-roots of 
the total area)—either a second bimedial, or the square- 
root of (the sum of) two medial (areas). 


A C E H K 


F G I 


B D 

For let the two medial (areas) AB and CD, (which 
are) incommensurable with one another, have been 
added together. I say that the square-root of area AD 
is either a second bimedial, or the square-root of (the 
sum of) two medial (areas). 

For AB is either greater than or less than CD. By 
chance, let AB, first of all, be greater than CD. And 
let the rational (straight-line) EF’ be laid down. And let 
EG, equal to AB, have been applied to EF, producing 
EH as breadth, and HT, equal to CD, producing HK 
as breadth. And since AB and CD are each medial, EG 
and HI (are) thus also each medial. And they are ap- 
plied to the rational straight-line F E, producing EH and 
HK (respectively) as breadth. Thus, EH and H K are 
each rational (straight-lines which are) incommensurable 
in length with EF [Prop. 10.22]. And since AP is incom- 
mensurable with CD, and AB is equal to EG, and CD 
to HI, EG is thus also incommensurable with H7. And 
as EG (is) to HI, so EH is to HK [Prop. 6.1]. EH is 
thus incommensurable in length with H K [Prop. 10.11]. 
Thus, EH and H K are rational (straight-lines which are) 
commensurable in square only. EK is thus a binomial 
(straight-line) [Prop. 10.36]. And the square on EH is 
greater than (the square on) H K either by the (square) 
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AAAA h À EO xfjc OK uciCov 6uvácto 165 dno àcuuuétpou 
aut uńxev xal &oúvuuetpoós otv &xaxépa x&v EO, OK 
tý EZ uńxev i dow EK ëx úo ðvoudtwv čotiv Extr... £àv 
d& ywplov nepéyytTa DMO ontis xal tc x Dvo ÔvouåTwV 
Extr, 7| 1ó xcptov ouvau£vr Y, Dúo uéoa Duvauévn čotiv 
Hote xal 7 TO AA ywotoy Suvayevy Y; 660 uéca Guvapévr 
£oív. 

fOuotws 54 SetGouev, ott wav EAattov Å tò AB x00 TA, 
Å tò AA ywotoy duvayévy ñ Ex S00 UEGwY SeUTEEa EoTIY 
ftot S00 uéow SvvauEevy]. 

A00 &pa uécov àcuuuétpov AAMA OLVTIDE LEVEY atl 
Aoital SLO sAoyou ylyvovtou Ato. £x 600 uéoov SEUTEOa 7 
OVO UEGA OLVVAUEVY. 


H éx OVO OVOUaTWY Kal al WET AOTYHY KAoYo. ovTE 
tfj uéoy) obte AAAs cioty ai atal. tÒ uèv yàp ATÒ 
UEONS TAEY ENTHY TaeaPaAAdUEVOYV TAGTOS NoLet ONTYYV xatl 
QOUUUETOOY TY nap HY napåxeitar uýxeL TO OE AMO Tfjc 
EX OVO OVOUATWY TAC ONTYV TAPABAAADUEVOY TAATOS torci 
THY EX 600 OVOUdTMY TOM@THY. TO dE aNd tis éx úo 
UECWY TOWTNS TAPA ev napopoAAÓóugvov TAdTOS TotEt 
THY &x 000 GVOUATOYV SeUTEPAY. TO bE UNO Ttc £x O00 
UECWY SELTEPAC TAOd ENTHY NapaBaAAdUEvOY TAATOS roti 
tjv &x 900 GYOUdTWY ToOiTHY. TO dE ENO THe UElCovoc TaEd 
OENTHY TapaparkAGUSvoV TAdTOS ToLEt TYV EX SLO OVOUdTOY 
TETHOTHY. TO OF ANO Thc ENTOV xal UECOV SLVAEVNS TAEd 
er napapoAXóuevov xA&xoc notet tyjv &x 600 Óvou&tov 
TNEUNTHY. TO OF ENO tfj; 000 uéca Ouvauévrc nopà er|tv 
TACUBAAAGUEVOY TAATOS ToLet THV Ex OVO OVOUATOY EXTYV. 
TÀ © cionuéva TAATH Stapeoet TOU Te MEWTOL xal GAAHADY, 
tol YEY TOdTOV, StL ONTY Eoty, GAAHAwY 8€, óx tfj xáeet 
oOX tioiv al aùtal ote xal ADTAL at &Aovot diapeeovaty 
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on (some straight-line) commensurable (in length) with 
(EH), or by the (square) on (some straight-line) incom- 
mensurable (in length with EH). Let it, first of all, be 
greater by the square on (some straight-line) commensu- 
rable in length with (EH). And neither of EH or HK is 
commensurable in length with the (previously) laid down 
rational (straight-line) EF. Thus, EK is a third binomial 
(straight-line) [Def. 10.7]. And EF (is) rational. And if 
an area is contained by a rational (straight-line) and a 
third binomial (straight-line) then the square-root of the 
area is a second bimedial (straight-line) [Prop. 10.56]. 
Thus, the square-root of E/I—that is to say, of AD— 
is a second bimedial. And so, let the square on EH 
be greater than (the square) on HK by the (square) 
on (some straight-line) incommensurable in length with 
(EH). And EH and H K are each incommensurable in 
length with EF. Thus, EK is a sixth binomial (straight- 
line) [Def. 10.10]. And if an area is contained by a ra- 
tional (straight-line) and a sixth binomial (straight-line) 
then the square-root of the area is the square-root of (the 
sum of) two medial (areas) [Prop. 10.59]. Hence, the 
square-root of area AD is also the square-root of (the 
sum of) two medial (areas). 

[So, similarly, we can show that, even if AB is less 
than CD, the square-root of area AD is either a second 
bimedial or the square-root of (the sum of) two medial 
(areas). ] 

Thus, when two medial (areas which are) incommen- 
surable with one another are added together, the remain- 
ing two irrational (straight-lines) arise (as the square- 
roots of the total area)—either a second bimedial, or the 
square-root of (the sum of) two medial (areas). 


A binomial (straight-line), and the (other) irrational 
(straight-lines) after it, are neither the same as a medial 
(straight-line) nor (the same) as one another. For the 
(square) on a medial (straight-line), applied to a rational 
(straight-line), produces as breadth a rational (straight- 
line which is) also incommensurable in length with (the 
straight-line) to which it is applied [Prop. 10.22]. And 
the (square) on a binomial (straight-line), applied to a 
rational (straight-line), produces as breadth a first bino- 
mial [Prop. 10.60]. And the (square) on a first bimedial 
(straight-line), applied to a rational (straight-line), pro- 
duces as breadth a second binomial [Prop. 10.61]. And 
the (square) on a second bimedial (straight-line), applied 
to a rational (straight-line), produces as breadth a third 
binomial [Prop. 10.62]. And the (square) on a major 
(straight-line), applied to a rational (straight-line), pro- 
duces as breadth a fourth binomial [Prop. 10.63]. And 
the (square) on the square-root of a rational plus a medial 
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OY. 
Eàv à&xó er|tfjc nT o«poupe of óuváuet uóvov cougpetpoc 
oboa t OAN, À Aarh GAoydc &oxv: xa^c(oOo dè ümocopur. 


A I B 


— —,——m- U EEiqe9s9llvv “ ꝗjdfff e1UtL9V9CI9˖S——! 

Anò yàp ntis tc AB onth apnofodw BlI— duvouet 
uóvov coOuuetpoc obca TH GAN Aéyo, OTL A Aoi À AT 
wAoyds oT Y) KAAOLUEVY AMOTOUN. 

‘Enel yao &cúuuetpós éotw f| AB tý BPI urjxet, xot &oxtv 
OS Å AB ngóc vv BI, obxoc tò ànò tc AB ngóc 16 brò 
tv AB, BI, àcóyuuevgov &pa &oxi t6 and tH¢ AB 163 On 
t&v AB, BT. $ÀAà xG u&v ànó vfjc AB cóuuetpá &£ox xà dro 
1:Gv AB, BI" vexopévova, x6 d¢ bxd tv AB, BP oúuuetoóv 
oti TÒ öls nò x&v AB, BI. xoi &neiofjxep tà and tov AB, 
BT toa oti tõ ñs oxó x&v AB, BI' uexà xoO ànó DÀ, xoi 
Loin toa x63 àrxó ts AT &oúvuuetod got: te and x&v AB, 
BI'. ntà è tà ànó x6v AB, BI &^oyvoc àpa &oxv fj AI- 
xo^e(o0«o è motor. One Eder ocior. 


t See footnote to Prop. 10.36. 
o0. 
"Eady àxó uéorj u£or, é«otoe0f, ouváuet uóvov oóuuetpoc 


o0ca tfj ÓÀv, ugxà& dè ts ČANS erxóv nepiéyouoa, Y| Aor) 
&Aovóc &ouv: xaAcio9o 6€ uéorc &xotou| npo). 
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(area), applied to a rational (straight-line), produces as 
breadth a fifth binomial [Prop. 10.64]. And the (square) 
on the square-root of (the sum of) two medial (areas), 
applied to a rational (straight-line), produces as breadth 
a sixth binomial [Prop. 10.65]. And the aforementioned 
breadths differ from the first (breadth), and from one 
another—from the first, because it is rational —and from 
one another, because they are not the same in order. 
Hence, the (previously mentioned) irrational (straight- 
lines) themselves also differ from one another. 


Proposition 73 


If a rational (straight-line), which is commensu- 
rable in square only with the whole, is subtracted from 
a(nother) rational (straight-line) then the remainder is 
an irrational (straight-line). Let it be called an apotome. 


A C B 


-— — — — 

For let the rational (straight-line) BC, which com- 
mensurable in square only with the whole, have been 
subtracted from the rational (straight-line) AB. I say that 
the remainder AC is that irrational (straight-line) called 
an apotome. 

For since AB is incommensurable in length with BC, 
and as AB is to BC, so the (square) on AB (is) to the 
(rectangle contained) by AB and BC [Prop. 10.21 lem.], 
the (square) on AB is thus incommensurable with the 
(rectangle contained) by AB and BC [Prop. 10.11]. But, 
the (sum of the) squares on AB and BC is commen- 
surable with the (square) on AB [Prop. 10.15], and 
twice the (rectangle contained) by AB and BC is com- 
mensurable with the (rectangle contained) by AB and 
BC [Prop. 10.6]. And, inasmuch as the (sum of the 
squares) on AB and BC is equal to twice the (rectan- 
gle contained) by AB and BC plus the (square) on CA 
[Prop. 2.7], the (sum of the squares) on AB and BC is 
thus also incommensurable with the remaining (square) 
on AC [Props. 10.13, 10.16]. And the (sum of the 
squares) on AB and BC is rational. AC is thus an ir- 
rational (straight-line) [Def. 10.4]. And let it be called 
an apotome.! (Which is) the very thing it was required to 
show. 


Proposition 74 


If a medial (straight-line), which is commensurable in 
square only with the whole, and which contains a ratio- 
nal (area) with the whole, is subtracted from a(nother) 
medial (straight-line) then the remainder is an irrational 


367 


NTOIXEIGN v. 


A DU B 


—— — — — 

Ano yàp uéorc thc AB uéon à&onorjo9o A BI duvauer 
uóvov ovuUEteog ovoa th AB, età òè týs AB ntòv 
rotobca 1ó bxó xGv AB, BI" AÉyo, Óu f| Aowrr H AT 
Kovac &ottv: xaAeto9o 0€ u£orc àxotou| npo. 

‘Enel yuo at AB, BI' uécot ctotv, uéca &oci xoi ta HNO 
tv AB, BI. ontov 868 tò öls onó xov AB, BI: àcóuuecea 
goa ta and xGv AB, BI' x6 àic óxó x6Gv AB, BI" xoi Aouró 
hoa tH dnd tis AT àcóuuetpóv &o TO Sic ONO THY AB, 
BI', &£nei x&àv TO GAOV EVL aLTHY HovUUETOOV Y, xoà và EF 
&pyfjc vevyedn GHovuuetoa Eota. ONTOV è TÒ lc DMO TOV 
AB, BI: &Aovov &pa xó ànó the AD: GAovod how Eotly ñ 
AT xoretote 8€ u£orjc ànotou| npo. 


t See footnote to Prop. 10.37. 


OE. 

Eàv àró uéorj u£or, éqotgef, ouváuet uóvov oouuetpoc 
o0ca tfj ÓÀn, uev& o£ tfjc ÓArjc uécov nepiéyouoa, Y) Aor) 
&Xovóc &ocv: xaAcío9o 0€ uéorc ànxocou| ógzutépa. 

Antò yàp uéons tc AB uéor, à&onrjo9o 4 TB duvauer 
uóvov cóuuereoc o00a cf; ÓÀy) vf; AB, uexà 9& cfjc ČANG 
tfi; AB uécov nepiéyouca tò brò Gv AB, BI" Xéyo, óu 
f| Aon ġ AT &Xovóc £owv: xoAcíioOco dè uéorc éxocour) 
OgUtÉpa. 
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(straight-line). Let it be called a first apotome of a medial 
(straight-line). 


A C B 


SSS — —— —— — 

For let the medial (straight-line) BC, which is com- 
mensurable in square only with AB, and which makes 
with AB the rational (rectangle contained) by AB and 
BC, have been subtracted from the medial (straight-line) 
AB [Prop. 10.27]. I say that the remainder AC is an ir- 
rational (straight-line). Let it be called the first apotome 
of a medial (straight-line). 

For since AB and BC are medial (straight-lines), the 
(sum of the squares) on AB and BC is also medial. And 
twice the (rectangle contained) by AB and BC (is) ratio- 
nal. The (sum of the squares) on AB and BC (is) thus in- 
commensurable with twice the (rectangle contained) by 
AB and BC. Thus, twice the (rectangle contained) by 
AB and BC is also incommensurable with the remain- 
ing (square) on AC [Prop. 2.7], since if the whole is in- 
commensurable with one of the (constituent magnitudes) 
then the original magnitudes will also be incommensu- 
rable (with one another) [Prop. 10.16]. And twice the 
(rectangle contained) by AB and BC (is) rational. Thus, 
the (square) on AC is irrational. Thus, AC is an irra- 
tional (straight-line) [Def. 10.4]. Let it be called a first 
apotome of a medial (straight-line).! 


Proposition 75 


If a medial (straight-line), which is commensurable in 
square only with the whole, and which contains a me- 
dial (area) with the whole, is subtracted from a(nother) 
medial (straight-line) then the remainder is an irrational 
(straight-line). Let it be called a second apotome of a 
medial (straight-line). 

For let the medial (straight-line) CB, which is com- 
mensurable in square only with the whole, AB, and 
which contains with the whole, AB, the medial (rect- 
angle contained) by AB and BC, have been subtracted 
from the medial (straight-line) AB [Prop. 10.28]. I say 
that the remainder AC is an irrational (straight-line). Let 
it be called a second apotome of a medial (straight-line). 
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A D B 
A 2 H 
I © E, 


Exxetodw yao entry À AI, xal xvoic u£v àxó x&v AB, 
BT toov nap& thy AI napaSeBAnodw tò AE nAéroc noto0v 
Uv AH, tæ o£ dic Dro xGv AB, BI ícov nap& thy Al 
ropopeBAYio9«o xó AO nÀAáxoc rovoOv vv AZ: Aowóv ipa 
tO ZE tooy éotl 165 and vfi AT. xoà &xei uéca xoi cóuuevpó 
£c xà ànó x&v AB, BT, uécov &pa xoi xó AE. xoi xoà 
entyy vv. AI xapóxevxot nÀAávoc roov trjv AH: onty doa 
éotly 4) AH xoà àcóuuecpoc tH AT ures. mad, Exel uécov 
otl TO bno Gv AB, BD, xa tò ðs &ea nrò xGv AB, 
BI' uécov éottv. xal ctv toov 14 AO: xa tò AO koa 
uécov &£o(v. xal napà entry thy AI napaBeBAntoa tAdtOC 
nrovoty thy AZ: onth doa gotly À AZ xal gobuueteoc tH Al 
unxer. “ol érel of AB, BI’ duvduer uóvov oúuuetpoí ciow, 
àcóuuerpoc ipa &oxiv Å AB xfj BI ufixev. &oougpexpov &po 
xol TÒ àrxoó tfjc AB xevgóvovov 165 oró x&v AB, BI'. 62 
1G uev àxó Th¢ AB ovuuetod Eott xà ànó x&v AB, BI, 16 
oe brò tõv AB, BI obuuetodyv got: tò ts nrò Gv AB, 
BI govuuetooyv gow Eotl TO dic bnO t&v AB, BI tote and 
t&v AB, BI. ícov 8& tois uev ànó tõv AB, BPI tò AE, 
ta) dé Bic rò tõv AB, BT tò AO: dobuuetoov tow [Eott| 
tò AE tă AO. óc 66 xó AE ngóc xó AO, obtoc f| HA 
npóc tv AZ: àcouguexpoc àpa &oxiv Y| HÀ cf] AZ. xat etotw 
duót nTa at goa HA, AZ onto stor Suvduer udvov 
ovuuetoo À ZH goa àxovouf, otv. ónt è ý AL tò 66 
UNO ntc xal &Aóyou nepieyóuevov &Xovóv &ouv, xal À 
SvYaMEVY qÔTÒ &hoyós otv. xa Dúvata tò ZE À AI È 
AT' &pa &Xovóc &cuv: xoAcíoOo 8€ u£orc àxocour ðcutépa. 
Órep Ede ctoa. 
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A C B 
r 
D F G 
I H E 


For let the rational (straight-line) DJ be laid down. 
And let DE, equal to the (sum of the squares) on AB 
and BC, have been applied to DI, producing DG as 
breadth. And let DH, equal to twice the (rectangle con- 
tained) by AB and BC, have been applied to DI, produc- 
ing DF as breadth. The remainder FE is thus equal to 
the (square) on AC [Prop. 2.7]. And since the (squares) 
on AB and BC are medial and commensurable (with 
one another), DE (is) thus also medial [Props. 10.15, 
10.23 corr.]. And it is applied to the rational (straight- 
line) DI, producing DG as breadth. Thus, DG is rational, 
and incommensurable in length with DI [Prop. 10.22]. 
Again, since the (rectangle contained) by AB and BC is 
medial, twice the (rectangle contained) by AB and BC 
is thus also medial [Prop. 10.23 corr.]. And it is equal 
to DH. Thus, DH is also medial. And it has been ap- 
plied to the rational (straight-line) DI, producing DF as 
breadth. DF is thus rational, and incommensurable in 
length with DI [Prop. 10.22]. And since AB and BC are 
commensurable in square only, AB is thus incommensu- 
rable in length with BC. Thus, the square on AB (is) 
also incommensurable with the (rectangle contained) by 
AB and BC [Props. 10.21 lem., 10.11]. But, the (sum 
of the squares) on AB and BC is commensurable with 
the (square) on AB [Prop. 10.15], and twice the (rectan- 
gle contained) by AB and BC is commensurable with the 
(rectangle contained) by AB and BC [Prop. 10.6]. Thus, 
twice the (rectangle contained) by AB and BC is incom- 
mensurable with the (sum of the squares) on AB and 
BC [Prop. 10.13]. And DE is equal to the (sum of the 
squares) on AB and BC, and DH to twice the (rectangle 
contained) by AB and BC. Thus, DE [is] incommensu- 
rable with DH. And as DE (is) to DH, so GD (is) to 
DF [Prop. 6.1]. Thus, GD is incommensurable with DF 
[Prop. 10.11]. And they are both rational (straight-lines). 
Thus, GD and DF are rational (straight-lines which are) 
commensurable in square only. Thus, FG is an apotome 
[Prop. 10.73]. And DI (is) rational. And the (area) con- 
tained by a rational and an irrational (straight-line) is 
irrational [Prop. 10.20], and its square-root is irrational. 
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t See footnote to Prop. 10.38. 


OS. 
àv ànó eóUc(oc eó0cto aotpeUT, ouváuer &o0uuetpoc 
oca TH GAN, uexà 8€ tfjc CANS ToLtoDom xà uev àx' atGv 
Kua ONTOV, TO O° ON adTHV LEGO, FH AOLMY &Aovóc &oxv 
xoActo0c è £Aácoov. 


A D B 


——S —— — 

Ano yoo evvetac vfjc AB có9cia órnofo9o y, BI 
OUVOUEL GOOUUETOOS ODOM TH ÓAy) rovo0oa xà npoxetueva. 
AYO, ÖT À Aarh À AT GAovóc £o f) xovouu£vr) £Aácoov. 

Enel yàp tò uèy ovyxetuevoy &x 16v àxó x&v AB, BI 
TETONYOVWY ENTOY EoTLY, TÒ è dls Ön THY AB, BI uécov, 
govUUEToa wou éotl ta and tHv AB, BI tH ic ono t&v 
AB, BI: xoi àvaotpoébavt Aor tõ and tH¢ AT dobuuetod 
cot, Ta ano THY AB, BI. Ont& dé ta and xv AB, BI* 
& oov &pa xó à&nxó vfic AT* &Xovoc pa Y; AD" xoAct(o0o 9€ 
£A&conov. once det Seton. 


t See footnote to Prop. 10.39. 


oC, 

T&v ano ev0vetac cuveta aoaoedh Suvduer GovUUEToeOC 
obca TH GAN, ETÀ SE Tho GAN ToLoBoa TO UEV GUYxEiUEVOYV 
Ex TOY GN’ ATHY TETOUNYHVWY UEDOY, TO SE Sig ON MOTO 
ertóv, Y| Aou) &Aovóc &ov: xaAcío9o o£ Å UETA ero 
uécov xó ÓAov TOLOŬOQ. 


A D B 


—— — — — 

Ano yoo evuvetac thc AB cdVcia aonofodw A BI 
Svuvduet àücOuuexoc o0ca tfj AB xovo0oa tà mooxetuevar 
Aév«, Ó Å Aarh À AT &oyós &ov f| ngocterévr. 

Enel yàp TO ev ovyxetuevov &x Gy ànó tõv AB, BI 
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And AC is the square-root of FE. Thus, AC is an irra- 
tional (straight-line) [Def. 10.4]. And let it be called the 
second apotome of a medial (straight-line).! (Which is) 
the very thing it was required to show. 


Proposition 76 


If a straight-line, which is incommensurable in square 
with the whole, and with the whole makes the (squares) 
on them (added) together rational, and the (rectangle 
contained) by them medial, is subtracted from a(nother) 
straight-line then the remainder is an irrational (straight- 
line). Let it be called a minor (straight-line). 


A C B 


For let the straight-line BC, which is incommensu- 
rable in square with the whole, and fulfils the (other) 
prescribed (conditions), have been subtracted from the 
straight-line AB [Prop. 10.33]. I say that the remainder 
AC is that irrational (straight-line) called minor. 

For since the sum of the squares on AB and BC is 
rational, and twice the (rectangle contained) by AB and 
BC (is) medial, the (sum of the squares) on AB and BC 
is thus incommensurable with twice the (rectangle con- 
tained) by AB and BC. And, via conversion, the (sum 
of the squares) on AB and BC is incommensurable with 
the remaining (square) on AC [Props. 2.7, 10.16]. And 
the (sum of the squares) on AB and BC (is) rational. 
The (square) on AC (is) thus irrational. Thus, AC (is) 
an irrational (straight-line) [Def. 10.4]. Let it be called 
a minor (straight-line).! (Which is) the very thing it was 
required to show. 


Proposition 77 


If a straight-line, which is incommensurable in square 
with the whole, and with the whole makes the sum of the 
squares on them medial, and twice the (rectangle con- 
tained) by them rational, is subtracted from a(nother) 
straight-line then the remainder is an irrational (straight- 
line). Let it be called that which makes with a rational 
(area) a medial whole. 


A C B 


—ñ— — — — 

For let the straight-line BC, which is incommensu- 
rable in square with AB, and fulfils the (other) prescribed 
(conditions), have been subtracted from the straight-line 
AB [Prop. 10.34]. I say that the remainder AC is the 


370 


NTOIXEIGN v. 


TETONYOVWY UECOY EoTly, TO 066 Sic ono x&v AB, BI' ontdy, 
à&cüuuetpa tow totl ta dno tõv AB, BI 16 dic bro xGv 
AB, BI* xoi Aowróv &pa xó à&nó tfjc AD' &oúuuetpoóv ot 
t6) Qc ono tõv AB, BI. xal ot tò Ste Ord tõv AB, BI 
EYNTOV’ TO hoa and thc ALD &Aoydy Eat’ &hoyoc ğpa čotiy 
7, AD: xarstodw dé Å ueta ONtTOD UEcov tO ÓAov noroŬoa. 
OnE Edet OTEN. 


t See footnote to Prop. 10.40. 


f 

OY * 
‘Eav ano evvetac cuveta aopaoedh Suvduer &o0uuetpoc 
ovoa TH OAN, ETA dè tc CANS xovo0oa 1ó xe cuvxeiuevov 
£x TOV dm aOtGV tetpoOvov uécov 16 te Olc Or. atOV 


MM 


UETOV öls ÙT’ 


QOO, Y) Aant &hoyóc otuv: xahetod o£ Y| uei u£cou 
uécov xó ÓAov TOLOŬOQ. 


I © E 


c ë 
A T B 

And yoo evuvetac thc AB sdVcia aonofodw À BP 
Svuvduet dovuuetoos ovoa tH AB noiotoa tà nooxetuevar 
Eva, OTL Å Aar Yj AD GAovóc &ouv f| xoXouuévr, fj uexà 
uécou uécov 1ó ÓAov rovoOocq. 

"ExxeíoO0o yàp eru | AL, xoi xoiz u£v àxó x&v AB, 
BT toov napà tày AI napaBeBAnodw tò AE nAáxoc now0v 
tv AH, 16 è ös brò tõv AB, BI ïoov &yneńoðw tò 
AO [nAd&tog notoby thy AZ]. Xowxóv &pa xó ZE tcov ot 
1G ånò týs AI Hote Å AT Dúvata tò ZE. xoa Enel tO 
cuyxeluevov éx Tv årò tõv AB, BPI tetpayóovwv uécov 
&ox xat otv toov 166 AE, uécov àpa |£oxi] xó AE. xal naod 
ONTA xrjv. AI rapáåxeita xA&xoc rotoOv vy. AH: énc) soa 
éotly À AH xol &couuecpoc cf; AT ufjxei. moat, Emel tO dic 
oro tõv AB, BI' uécov &oxi xaí &ouv toov t% AO, tò soa 
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aforementioned irrational (straight-line). 

For since the sum of the squares on AB and BC is 
medial, and twice the (rectangle contained) by AP and 
BC rational, the (sum of the squares) on AP and BC 
is thus incommensurable with twice the (rectangle con- 
tained) by AB and BC. Thus, the remaining (square) 
on AC is also incommensurable with twice the (rectan- 
gle contained) by AB and BC [Props. 2.7, 10.16]. And 
twice the (rectangle contained) by AB and BC is ratio- 
nal. Thus, the (square) on AC is irrational. Thus, AC 
is an irrational (straight-line) [Def. 10.4]. And let it be 
called that which makes with a rational (area) a medial 
whole.! (Which is) the very thing it was required to show. 


Proposition 78 


If a straight-line, which is incommensurable in square 
with the whole, and with the whole makes the sum of the 
squares on them medial, and twice the (rectangle con- 
tained) by them medial, and, moreover, the (sum of the) 
squares on them incommensurable with twice the (rect- 
angle contained) by them, is subtracted from a(nother) 
straight-line then the remainder is an irrational (straight- 
line). Let it be called that which makes with a medial 
(area) a medial whole. 


D F G 


I H E 


———— 
A C B 

For let the straight-line BC, which is incommensu- 
rable in square AB, and fulfils the (other) prescribed 
(conditions), have been subtracted from the (straight- 
line) AB [Prop. 10.35]. I say that the remainder AC is 
the irrational (straight-line) called that which makes with 
a medial (area) a medial whole. 

For let the rational (straight-line) DJ be laid down. 
And let DE, equal to the (sum of the squares) on AB and 
BC, have been applied to DJ, producing DG as breadth. 
And let DH, equal to twice the (rectangle contained) by 
AB and BC, have been subtracted (from DE) [produc- 
ing DF as breadth]. Thus, the remainder FE is equal 
to the (square) on AC [Prop. 2.7]. Hence, AC is the 
square-root of FE. And since the sum of the squares on 
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AO péooy Eotly. xal naod& ontryy vv AI xopéoewot xÀAéxoc 
nototv thy AZ: oynty dea got xoà À AZ xoi aovuuetooc 
tfj AI ufjxei. xol Exel cobvuuetod Eott xà ànó x&v AB, BP 
TG) dic ónó xGv AB, BI, àcóuuetvpov poa xal tò AE x6 
AQ. óc è tò AE ngóc xó AO, obtoc &od xoi À AH xpóc 
thv AZ: à&cóuueeoc &pa Y, AH cf; AZ. xot eot óupócepot 
ntal oat HA, AZ &pa ntal eioi Duváusi yóvov oúuuETpOL. 
gmotouy &pa cotiv ġ ZH: nt oe 20. 10 de ONO ONTH¢ 
“al ENOTOUNS Tepieyduevoy |GoVoyawoy] doydéy gotty, xa 
7| óuvagiévr] axo ğhoyós otv: xal SUVaTa tò ZE ġġ AI Ñ 
AI' &pa &Xovóc &ov: xoAcio90 dè fj uexà u£cou UEDOY TO 
ÓAov rotoUca. Smee Eder Setgau. 


t See footnote to Prop. 10.41. 
ov’, 


TÄ dnotouf, ula [udvov] noooapudTa edv0cia Or 
OUVEUEL MOVOY OLUUETEOS OO TH OAD. 


A B D A 


eM 

"Ecto ånrotou ġ AB, tpocapuóčovoa o£ acf À BIT at 
AT, TB &pa ntal eiot Suvauer Ud6voyv oúuuetpor AYO, ÖT 
tf AB tépa où rpoocapuóče ort Duváuet uóvov oúuuEeTEOS 
oboa tH AÑ. 

Et yao duvatéy, xnpocopuoCévo y | BA xoi oi AA, 
AB &pa éryxot eicv Guvóuer uóvov cOuperpot.. xoà &net, G 
Dmeptyer và àxó tv AA, AB c00 üic òrò tõv AA, AB, 
to0tQ Omxepéyct xol te ano THY AT, TB tot dtc bro tov 
AT, TB: t& yàp aùt& 16 &nd tH¢ AB duyótepa breptyet 
EVOIAAE Hoa, @ Onepéyet Te and THY AA, AB tév ard TOV 
AT, TB, tovto onepéyet [xoi] tò dis òrò Gv AA, AB tod 
dic Ond x&v AT, DB. xà 6€ àxó x&v AA, AB x6v and TOV 
AT, DB brepéyen ones: ntà yàp Gupdteea. xal TO die Koo 
brò tõv AA, AB tod dic On0 THY ALT, TB oneeéyet ena 
OTEE Coty GOVVATOV’ USGA YUO GUMOTEOa, UEGOY OF UETOU 
ovy breeéyet Ente. tH “oa AB Etépa od noocapud ler Onty) 
Ouváguet uóvov oouuetpoc oboa TH GAY. 

Mía &poa uóvr vfj àxotouf, nrpocopuóCer erc Guváget 


a 
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AB and BC is medial, and is equal to DE, DE [is] thus 
medial. And it is applied to the rational (straight-line) 
DI, producing DG as breadth. Thus, DG is rational, and 
incommensurable in length with DI [Prop 10.22]. Again, 
since twice the (rectangle contained) by AB and BC is 
medial, and is equal to DH, DH is thus medial. And it is 
applied to the rational (straight-line) DI, producing DF 
as breadth. Thus, DF is also rational, and incommen- 
surable in length with DI [Prop. 10.22]. And since the 
(sum of the squares) on AB and BC is incommensurable 
with twice the (rectangle contained) by AB and BC, DE 
(is) also incommensurable with DH. And as DE (is) to 
DH, so DG also is to DF [Prop. 6.1]. Thus, DG (is) in- 
commensurable (in length) with DF [Prop. 10.11]. And 
they are both rational. Thus, GD and DF are ratio- 
nal (straight-lines which are) commensurable in square 
only Thus, FG is an apotome [Prop. 10.73]. And FH 
(is) rational. And the [rectangle] contained by a rational 
(straight-line) and an apotome is irrational [Prop. 10.20], 
and its square-root is irrational. And AC is the square- 
root of FE. Thus, AC is irrational. Let it be called 
that which makes with a medial (area) a medial whole.! 
(Which is) the very thing it was required to show. 


Proposition 79 


[Only] one rational straight-line, which is commensu- 
rable in square only with the whole, can be attached to 
an apotome.! 


A B C D 


ö— — — — — — —— 

Let AB be an apotome, with BC (so) attached to it. 
AC and CB are thus rational (straight-lines which are) 
commensurable in square only [Prop. 10.73]. I say that 
another rational (straight-line), which is commensurable 
in square only with the whole, cannot be attached to AB. 

For, if possible, let BD be (so) attached (to AB). 
Thus, AD and DB are also rational (straight-lines which 
are) commensurable in square only [Prop. 10.73]. And 
since by whatever (area) the (sum of the squares) on AD 
and DB exceeds twice the (rectangle contained) by AD 
and DB, the (sum of the squares) on AC and CB also ex- 
ceeds twice the (rectangle contained) by AC and CB by 
this (same area). For both exceed by the same (area)— 
(namely), the (square) on AB [Prop. 2.7]. Thus, alter- 
nately, by whatever (area) the (sum of the squares) on 
AD and DB exceeds the (sum of the squares) on AC 
and C B, twice the (rectangle contained) by AD and DB 
[also] exceeds twice the (rectangle contained) by AC and 
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C B by this (same area). And the (sum of the squares) on 
AD and DB exceeds the (sum of the squares) on AC 
and C B by a rational (area). For both (are) rational (ar- 
eas). Thus, twice the (rectangle contained) by AD and 
DB also exceeds twice the (rectangle contained) by AC 
and CB by a rational (area). The very thing is impos- 
sible. For both are medial (areas) [Prop. 10.21], and a 
medial (area) cannot exceed a(nother) medial (area) by 
a rational (area) [Prop. 10.26]. Thus, another rational 
(straight-line), which is commensurable in square only 
with the whole, cannot be attached to AB. 

Thus, only one rational (straight-line), which is com- 
mensurable in square only with the whole, can be at- 
tached to an apotome. (Which is) the very thing it was 
required to show. 


t This proposition is equivalent to Prop. 10.42, with minus signs instead of plus signs. 


f 


Tes 
T uéons &nocouf, ngocr, uta uóvov npocapuótCet eóOcto 


uécr| 6uváue. uóvov cóuuetgoc ooa tfj CAN, YETa SE cfjc 
OANS ENTOV TECLEYOLOM. 


A B rA 


"Ecto yàp uéons àrotou teot ?| AB, xoi xfj AB 
ngocapuoCéto f| BI" oà AT, [TB &pa yéoo etol duvauer 
uóvov cOuguetpot erixóv nepgiéyoucot xó onó x&v AT, DB: 
Aévo, óu TH AB &xépa oÓ mgocaguóCer uéor Ouváget 
uóvov cóyuuetgoc o0ca TH CAN, UsTa dè Thc CANS ONTOV 
TNEPLEYOUGE. 

Ei yao Suvatéy, Toocapyotéta xat 7 AB: at dow AA, 
AB uéca ciol Suvduet UGvov obuUETeot ENTOYV nepiéyoucot 
tO OnO THY AA, AB. xot éxet, © Drepéyer te and tov AA, 
AB tob dig bx6 tõv AA, AB, tobt Onepéyet xol xà dro 
tv AT, TB tot dic bnd tHv AD, TB: 16 yoo abt [név] 
üncepéyouct TH and tfjc AB: vahid tou, @ Omepéyer TH 
ono tv AA, AB téHv and téHv AD, PB, tovto Oncepéyet 
Xa TO Stic Ono tHv AA, AB tod dic Ond tHv AT, TB. tò 
dé dic Dro tév AA, AB tod dic òrò x&v AT, TB brepéyen 
Ente Enta yuo gupdteea. xa Ta and tHv AA, AB koa 
t&v àxó xGv AD, DB [xexpoyóvov| onegéyet envi one 
£cxlv ào0vaxov: uéca. Yóáp &oxv &uYÓTEpA, uécov 68 uécou 
oOx bnepeyet ento. 

Tfj ea uéons notou toot ula uóvov npocapuóCet 
cevveta ueorn Duváuei uóvov oúuuectTpoc oŬoa t SAN, UETE 
o£ tfjc Ó^T|c ntv nepéyouvoa: Önep der Seton. 


Proposition 80 


Only one medial straight-line, which is commensu- 
rable in square only with the whole, and contains a ra- 
tional (area) with the whole, can be attached to a first 
apotome of a medial (straight-line).t 


A B C D 


cy — — 

For let AB be a first apotome of a medial (straight- 
line), and let BC be (so) attached to AB. Thus, AC 
and CB are medial (straight-lines which are) commen- 
surable in square only containing a rational (area)— 
(namely, that contained) by AC and CB [Prop. 10.74]. 
I say that a(nother) medial (straight-line), which is com- 
mensurable in square only with the whole, and contains 
a rational (area) with the whole, cannot be attached to 
AB. 

For, if possible, let DB also be (so) attached to 
AB. Thus, AD and DB are medial (straight-lines which 
are) commensurable in square only, containing a ratio- 
nal (area)—(namely, that) contained by AD and DB 
[Prop. 10.74]. And since by whatever (area) the (sum of 
the squares) on AD and DB exceeds twice the (rectangle 
contained) by AD and DB, the (sum of the squares) on 
AC and C B also exceeds twice the (rectangle contained) 
by AC and C B by this (same area). For [again] both ex- 
ceed by the same (area)—(namely), the (square) on AB 
[Prop. 2.7]. Thus, alternately, by whatever (area) the 
(sum of the squares) on AD and DB exceeds the (sum 
of the squares) on AC and CB, twice the (rectangle con- 
tained) by AD and DB also exceeds twice the (rectangle 
contained) by AC and C B by this (same area). And twice 
the (rectangle contained) by AD and DB exceeds twice 
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the (rectangle contained) by AC and CB by a rational 
(area). For both (are) rational (areas). Thus, the (sum 
of the squares) on AD and DB also exceeds the (sum 
of the) [squares] on AC and CB by a rational (area). 
The very thing is impossible. For both are medial (areas) 
[Props. 10.15, 10.23 corr], and a medial (area) can- 
not exceed a(nother) medial (area) by a rational (area) 
[Prop. 10.26]. 

Thus, only one medial (straight-line), which is com- 
mensurable in square only with the whole, and contains 
a rational (area) with the whole, can be attached to a first 
apotome of a medial (straight-line). (Which is) the very 
thing it was required to show. 


t This proposition is equivalent to Prop. 10.43, with minus signs instead of plus signs. 


f 


AQ. 


Th weong amotouf, Seutéey ula uóvov nxpooapuóCet 
cuveta YEON OUVEUEL UOVOY OUUUETOOS TH OAN, UETÈ OE Tc 
ÓAY|c uécov xepiéy ovoa. 


A B I A 


— ——— ——À4 
E © M N 
Z A H I 

"Bote yéone dnotouy dSeutéoa À AB xa xfj AB roo- 
capguóCouca f, BI at goa AT, TB uéom ciol duvduer udvov 
CUMUETEOL UETOY TEelgeyovom TÒ Uno THY AT’, DB: ^évo, 
óu tÅ AB tépa oò noocapudoe cbVeta ugon SuvdueEr 
uóvov cóuuetgoc o0oa tfj ÓÀv, uetxà bE Tfj; ÓÀvc uécov 
NEPLEYOUGE. 

Et yao Suvatéyv, rpocapuoCévo Y) BA: xoi oi AA, AB 
hoa uéca clot Guvápuet uóvov cóuuerpot uécov nep.éyoucot 
tò òrò xGv AA, AB. xoi &xxeío90 eru) À EZ, xal toic 
uev àxó x&v AT, DB tcov napà thy EZ napofepAfo0o tò 
EH nAé&toc roioOv xrjv EM: x6 88 8ic ónó x&v AT', l'B tcov 
conoyove to OH rAdto¢ notoby thy OM: onov Goa t6 EA 
(oov gotl 16 and th¢ AB: oce f, AB dóvata tò EA. náv 
dy) tote and x&v AA, AB íicov napà tùy EZ napopepAfio9o 
tO EI xA&xoc novoOv xrjv EN: £ox 8€ xoi xó EA toov x& àxó 
tfc AB xexparvó vox Aowóv goa TO OI taov Eat tH die ONO 
tõv AA, AB. xa éxet uécot ctolv ot AT, DB, uéca &pa &oi 


xoà ta ond THY AT, DB. not otv toa tõ EH: uécov &pa xoi 
tO EH. xoà ropà óruv vv EZ nopóxevot rAétoc nowOv 


Proposition 81 


Only one medial straight-line, which is commensu- 
rable in square only with the whole, and contains a me- 
dial (area) with the whole, can be attached to a second 
apotome of a medial (straight-line).! 


A B C D 


E H M N 
F L G I 

Let AB be a second apotome of a medial (straight- 
line), with BC (so) attached to AB. Thus, AC and CB 
are medial (straight-lines which are) commensurable in 
square only, containing a medial (area)—(namely, that 
contained) by AC and CB [Prop. 10.75]. I say that 
a(nother) medial straight-line, which is commensurable 
in square only with the whole, and contains a medial 
(area) with the whole, cannot be attached to AB. 

For, if possible, let BD be (so) attached. Thus, AD 
and DB are also medial (straight-lines which are) com- 
mensurable in square only, containing a medial (area) — 
(namely, that contained) by AD and DB [Prop. 10.75]. 
And let the rational (straight-line) EF be laid down. And 
let EG, equal to the (sum of the squares) on AC and 
CB, have been applied to EF, producing EM as breadth. 
And let HG, equal to twice the (rectangle contained) by 
AC and C B, have been subtracted (from EG), produc- 


ing HM as breadth. The remainder EL is thus equal 
to the (square) on AB [Prop. 2.7]. Hence, AB is the 
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ty EM: nth soa &oxiv Y| EM xoà &oouuereoc tfj EZ ure. 
TOAW, ETEl UEGoV Eotl TO UNO x&v AT, DB, xoi xo oic oxó 
tv AD, DB uécov &ostv. xat £ouv toov 1G OH: xa tò OH 
&pa uécov cotty. xal maod ONTHY THY EZ naod&xertou tAdTOS 
movoty THY OM: ntù sea £o xoi Y, OM xoi &oougperpoc 
th EZ ures. xot éxet ot AD, PB Suvéuer udvoyv obuuetoot 
eictv, àcOuuetpoc &pa &oxiv f| AD xfj DB uie. óc o8 4 AT 
npóc tv DB, obxoc &oxi TO and Thc AD nod¢ tÒ ONO THY 
AT, TB: &oúuuetpov pa oti tò &nd tio AD GS bnO tõv 
AT, TB. (Ad tH uèv dno the AD obuusted ott và aNd 
t&v ATL, DB, t& è onó x&v AT, PB oóouueroóv &ox 1o 
dic bro x&v AT, 'B: àcópuetpa dow ott ta and x&v AT, 
IB x& oic ónó x&v AT, DB. xot ot xoic u£v àxó xGv AT, 
[B tcov tò EH, t& 9€ 8ic óxó xGv AT, LB toov xó HO: 
àcüuuetpov ipa otl tò EH xG OH. óc 6€ 16 EH xpoóc tò 
OH, obo &cv Y, EM nxpóc try OM: àcouuetpoc how Eotlv 
?, EM «fj MO uńxe. xal cio duyótepa ntal at EM, MO 
hoa ontat ciot Duváuet uóvov CÚULETOL ATOTOUŇ koa &ociv 
?, EO, npocapuóčovoa dé aot Y; OM. óuoí(oc 97) óc(&ouev, 
ott xoi A ON gòt noocapuóler tA &oa &rxocouf, GO) xol 
HAAN TeocapUd Cer euveta SuUYdUEL UOVOY coOuguexpoc oboa 
TH OAH OnEE EOTLY GOVVaTOY. 

Th koa yEans amotouf SevtTéoY ula uóvov npoooapuóčer 
ceuveta ugon Suvduet UOvov avuUUEToO? obo tÅ ÖAN, UETA 
d€ Tc ÓÀrc u£cov nepiéyoucor ónep Ede Sega. 
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square-root of HL. So, again, let EJ, equal to the (sum 
of the squares) on AD and DB have been applied to EF, 
producing EN as breadth. And EL is also equal to the 
square on AB. Thus, the remainder 7 is equal to twice 
the (rectangle contained) by AD and DB [Prop. 2.7]. 
And since AC and C B are (both) medial (straight-lines), 
the (sum of the squares) on AC and CB is also me- 
dial. And it is equal to EG. Thus, EG is also medial 
[Props. 10.15, 10.23 corr.]. And it is applied to the ratio- 
nal (straight-line) FF’, producing EM as breadth. Thus, 
EM is rational, and incommensurable in length with EF 
[Prop. 10.22]. Again, since the (rectangle contained) by 
AC and CB is medial, twice the (rectangle contained) 
by AC and CB is also medial [Prop. 10.23 corr.]. And it 
is equal to HG. Thus, HG is also medial. And it is ap- 
plied to the rational (straight-line) EF, producing HM 
as breadth. Thus, HM is also rational, and incommen- 
surable in length with EF [Prop. 10.22]. And since AC 
and CB are commensurable in square only, AC is thus 
incommensurable in length with CB. And as AC (is) 
to CB, so the (square) on AC is to the (rectangle con- 
tained) by AC and CB [Prop. 10.21 corr]. Thus, the 
(square) on AC is incommensurable with the (rectan- 
gle contained) by AC and CB [Prop. 10.11]. But, the 
(sum of the squares) on AC and CB is commensurable 
with the (square) on AC, and twice the (rectangle con- 
tained) by AC and C B is commensurable with the (rect- 
angle contained) by AC and CB [Prop. 10.6]. Thus, 
the (sum of the squares) on AC and CB is incommen- 
surable with twice the (rectangle contained) by AC and 
CB [Prop. 10.13]. And EG is equal to the (sum of the 
squares) on AC and CB. And GH is equal to twice the 
(rectangle contained) by AC and CB. Thus, EG is in- 
commensurable with HG. And as EG (is) to HG, so EM 
is to HM [Prop. 6.1]. Thus, EM is incommensurable 
in length with MH [Prop. 10.11]. And they are both 
rational (straight-lines). Thus, EM and MH are ratio- 
nal (straight-lines which are) commensurable in square 
only Thus, EH is an apotome [Prop. 10.73], and HM 
(is) attached to it. So, similarly, we can show that HN 
(is) also (commensurable in square only with EN and is) 
attached to (HH). Thus, different straight-lines, which 
are commensurable in square only with the whole, are 
attached to an apotome. The very thing is impossible 
[Prop. 10.79]. 

Thus, only one medial straight-line, which is commen- 
surable in square only with the whole, and contains a me- 
dial (area) with the whole, can be attached to a second 
apotome of a medial (straight-line). (Which is) the very 
thing it was required to show. 
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t This proposition is equivalent to Prop. 10.44, with minus signs instead of plus signs. 


f 
n. 

Tfj £Aáccow ula uóvov npocopuóCe. cóOcia Guváget 
QOVUUETEOS ODGM TH OAH Nolovoa uexà Tfjc OANS xÓ uev 
EX TOV ON ALVTOY TETOAYWOVOY ENTOV, TO OE Otc On’ AÛTÕV 
UECOY. 


A B DI A 


J_ iy 

"Eoo f| £ÀAéáooov f| AB, xoi xfj AB. xgocapuóCouca 
cot) ¥) BI’ at wow AD, PB 9OSuvéyge cioiv àcouuerpot 
TOLODOOL TO UEV OLYXEIUEVOY EX TOY AN AUTOV TETONYOVWYV 
ONTOY, TO SE Sic ON’ avTdY ugsov’ AEyw, Sti tÅ AB &xéga 
cuveta OÙ nrpocopuóost xà oà TOLOŬĞOQ. 

EX Yàp 8uvaxóv, rpocapguoCévo Y) BA xoi oi AA, AB 
pa Gu váger eotv àro0uuetpotr rotoDcot xà xpocteruaévo. xal 
Enel, & Oneogyet te dnd Tv AA, AB xGv årò x&v AD, DB, 
toÓt(Q Onxepéyet xol tÓ Sic ONd Tov AA, AB tod Sie Od 
t&v AT, IB, xà o£ ànó xv AA, AB tetoáywva tõv nò 
:Gv AT, DB tetoayovey breptyet ontés: ntà yåp &ouv 
àupócxepor xal TO dtc Dro tõv AA, AB goa tod dic dro 
tiv AD, DB bnepéye: oytés: Ónep otv àoó0vatov: uéca 
Yóp &oxtv du«pócepa. 

Tj &pa &Àáccow uta uóvov npocapuóCet eóOcta Guváuet 
à&cüuuetpoc o0ca TH DOAN xoi rovo00a tà u&v àm oOTGV 
TETONY OVA GUA ONTOV, TO OE Sic ÙT’ aDtO v u£cov: ónep &Oet 
Eta. 


Proposition 82 


Only one straight-line, which is incommensurable in 
square with the whole, and (together) with the whole 
makes the (sum of the) squares on them rational, and 
twice the (rectangle contained) by them medial, can be 
attached to a minor (straight-line). 


A B C D 


— — — — — — 

Let AB be a minor (straight-line), and let BC be (so) 
attached to AB. Thus, AC and CB are (straight-lines 
which are) incommensurable in square, making the sum 
of the squares on them rational, and twice the (rectan- 
gle contained) by them medial [Prop. 10.76]. I say that 
another another straight-line fulfilling the same (condi- 
tions) cannot be attached to AB. 

For, if possible, let BD be (so) attached (to AB). 
Thus, AD and DB are also (straight-lines which are) 
incommensurable in square, fulfilling the (other) afore- 
mentioned (conditions) [Prop. 10.76]. And since by 
whatever (area) the (sum of the squares) on AD and DB 
exceeds the (sum of the squares) on AC and CB, twice 
the (rectangle contained) by AD and DB also exceeds 
twice the (rectangle contained) by AC and CB by this 
(same area) [Prop. 2.7]. And the (sum of the) squares 
on AD and DB exceeds the (sum of the) squares on AC 
and CB by a rational (area). For both are rational (ar- 
eas). Thus, twice the (rectangle contained) by AD and 
DB also exceeds twice the (rectangle contained) by AC 
and CB by a rational (area). The very thing is impossible. 
For both are medial (areas) [Prop. 10.26]. 

Thus, only one straight-line, which is incommensu- 
rable in square with the whole, and (with the whole) 
makes the squares on them (added) together rational, 
and twice the (rectangle contained) by them medial, can 
be attached to a minor (straight-line). (Which is) the very 
thing it was required to show. 


t This proposition is equivalent to Prop. 10.45, with minus signs instead of plus signs. 


f 
zy. 

Tfj uex& érvoO uécov xó óAov rovooory, uta uóvov npo- 
capuóCet eoOcta Guváuet àcóuuerpoc oca tfj ÓÀv, uecxa 86 
tfjc óÀvjc roto0ca 1tó u£v ouYxc(uevov Ex TV àm  aOXOV 
tETpatY vov uécov, TO 0€ Olc or. aO ONTOV. 


A B rA 


a —— — — — — aa 


Proposition 83 


Only one straight-line, which is incommensurable in 
square with the whole, and (together) with the whole 
makes the sum of the squares on them medial, and twice 
the (rectangle contained) by them rational, can be at- 
tached to that (straight-line) which with a rational (area) 
makes a medial whole.! 


A B C D 


E — — — — — — —— — 
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"Eoo f| uexà evvoO uécov tò ÓAov xovoOca Y) AB, xoi 
tfj AB ngocapuoCévo 4) BI* oà &pa. AD, DB 8ováge cioty 
à&cóuuerpot xovo0oot xà npgoxe(uevor A&vo, óx tÅ AB tépa 
OÙ xpooonpuóoet xà axà rovo0oa. 

Ei yàp Ouvaxóv, xnpocapuoCévo y | BA. xoi oi AA, 
AB &pa eóOcio. Ouváuer ciolv àocóuuetrpot xowÜoot cà 
Teoxstueva. émel odv, @ bnepéyer ta amd tHv AA, AB 
tGv àxó tõv AT, ITB, tovto brepéyer xa tO dic ONO TOV 
AA, AB tot de òrò xGv AT, DB dxodkov¥we tote med 
goto, to bé die nrò tõv AA, AB tod dic Dnd tõv AT, TB 
UNEPEYEL ENTE’ ONT Yóp &£ov du«pócepor xol TÈ ATÒ TV 
AA, AB &pa x&v and tv AD, TB drepéyer ones: once 
EOTIY COVVATOV’ USGA YAO SOTIV GUPOTEEA. 

Ovx &pa xfj AB tépa npoocapuóoci svVeta Suvduet 
XOVUUETEOS OVE TH OAH, UETa OE TH¢ SANS xovo0ca tà 
Teosionueva’ ula doa Udvoy Teccapudoet’ ónep Eder Seton. 
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Let AB be a (straight-line) which with a rational 
(area) makes a medial whole, and let BC be (so) at- 
tached to AB. Thus, AC and CB are (straight-lines 
which are) incommensurable in square, fulfilling the 
(other) proscribed (conditions) [Prop. 10.77]. I say that 
another (straight-line) fulfilling the same (conditions) 
cannot be attached to AB. 

For, if possible, let BD be (so) attached (to AB). 
Thus, AD and DB are also straight-lines (which are) 
incommensurable in square, fulfilling the (other) pre- 
scribed (conditions) [Prop. 10.77]. Therefore, analo- 
gously to the (propositions) before this, since by what- 
ever (area) the (sum of the squares) on AD and DB ex- 
ceeds the (sum of the squares) on AC and CB, twice the 
(rectangle contained) by AD and DB also exceeds twice 
the (rectangle contained) by AC and CB by this (same 
area). And twice the (rectangle contained) by AD and 
DB exceeds twice the (rectangle contained) by AC and 
C B by a rational (area). For they are (both) rational (ar- 
eas). Thus, the (sum of the squares) on AD and DB also 
exceeds the (sum of the squares) on AC and C B by a ra- 
tional (area). The very thing is impossible. For both are 
medial (areas) [Prop. 10.26]. 

Thus, another straight-line cannot be attached to AB, 
which is incommensurable in square with the whole, and 
fulfills the (other) aforementioned (conditions) with the 
whole. Thus, only one (such straight-line) can be (so) 
attached. (Which is) the very thing it was required to 
show. 


t This proposition is equivalent to Prop. 10.46, with minus signs instead of plus signs. 


TO’. 


Tf| uexà uécou uécov TO dAov ToLtovon uta uóvr roo- 
capuótCet eoOcta Guváuet àcóuuerpoc oca tfj ÓÀv, uecxa 86 
thc CANS roroŬoa TÓ t€ ouYyxc(uevov &x TOV Om aDTOV 
TETONYOVWY YETOV TO TE Ol; ox aOtGOv uécov xal ČTI 
àcüugetpov TE OLYXELMEVGD EX TOY GAM AUTOY. 

"Eoo f| uevà uécou uécov xó óXov rovoOoca f| AB, npo- 
capguótouca 0€ aótfj Y; BI" at goa AT, TB duvaue cioty 
govuEetoot Totolco tà npociperuéva. Aévo, óu tH AB 
tépa oÙ TOCTAOMOOCEL TOLOUOM TEOELONUE VE. 


Proposition 84 


Only one straight-line, which is incommensurable in 
square with the whole, and (together) with the whole 
makes the sum of the squares on them medial, and twice 
the (rectangle contained) by them medial, and, more- 
over, incommensurable with the sum of the (squares) on 
them, can be attached to that (straight-line) which with 
a medial (area) makes a medial whole.! 

Let AB be a (straight-line) which with a medial 
(area) makes a medial whole, BC being (so) attached 
to it. Thus, AC and CB are incommensurable in 
square, fulfilling the (other) aforementioned (conditions) 
[Prop. 10.78]. I say that a(nother) (straight-line) fulfill- 
ing the aforementioned (conditions) cannot be attached 
to AB. 
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Ei yàp Suvatéy, moocapuotétw ?, BA, ðcte xa tàs 
AA, AB uváuei &ouvuuÉTEOoLGS civa TOLOVCAG TÅ TE ATÒ 
tv AA, AB tetpoáywva gua uécov xoi tÒ lc ÙnÒ TOV 
AA, AB uécov xoi £x và àxó x&v AA, AB à&oúuuetpa t 
dic Dro xtv AA, AB: xoi &xxe(oOo err, À EZ, xal tois 
uev and tv AD, [B toov napà tyv EZ napafepAro9o tò 
EH nxA&roc nowoby thy EM, 14 96& oig ono tõv AT, IB 
toov xapà t EZ napaeBAfoda to OH xAéxoc notobv 
tv OM: anov &pa tò å&nò týs AB tcov ot xG EA: Ñ 
gon AB dbvata tò EA. náv tois ànò tõv AA, AB toov 
raed THY EZ napaBeßàńotw tò EI tàátos nowoby thy EN. 
čom è xal TO and vfjc AB tcov 165 EA Aoixóv gow tO oic 
òrò tõv AA, AB toov [ċott] tõ OIL xa ënel uécov oti 
TO ovyxetuevoy &x tõv ånò THY AT, TB xal otv toov 
t& EH, uécov &pa oti xal tò EH. xal rapà ġntày tv EZ 
TAOAKELTAL TATOS ToLODY THY EM: onty dea otv À EM xoi 
&cóuuetpoc tH EZ unxer. náv, nel uEcov Eotl TO die ONO 
t&v AT, TB xat éott toov tă OH, uécov &pa xoi ó OH. 
xA TAPA ENTHY THY EZ napaxertou mAdtoc motoby thy OM: 
erc) &pa £o iy Y, OM xoà &couuereoc vf; EZ urixet. xoi &xel 
govuUEeTted £o. xà àxó xGv AT, DB x6 oic oxó x&v AT, 
IB, gobuuetedy £o xal tò EH t OH: àcóouueceoc tow 
£cl xoi À EM tH MO ure. xal ciow duoótepa ntal: ot 
&poa EM, MO 6rxat eot 6ováuet uóvov oouuexpov. ATOTOUÑ 
&po. &o ly f| EO, ngocaguóCouca 8& acf Y, OM. duotas ñ 
detoucyv, OTL Å EO náv ånotouń otv, npocopuóCouca 
Os at 4 ON. th dou dmotous AN nol GAAN noocapuóler 
ONTA SvvduEe. UOVOY OvVUUETEOS ODOM TH GAY’ OnEE cdely Dn 
g“oUvaTtoV. obx goa th AB étéoa meocapudoe: cdVeta. 

Tfj; $pa AB ula uóvov nmopoogoudTer cvdeta Suvduer 
&cóuuetpoc obca TH OAH, ETH OE Thc ÓÀv]; xotvo0oa tå 
TE &x' dótGv tetoóvova iuo u£cov xol to Oic OT. aOXOV 
UEGOV Kol ETL TH AN’ QUTHY TeTOdywva &o0uuetpa T6 Sle 
Lt gute Omee der Secon. 
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For, if possible, let BD be (so) attached. Hence, 
AD and DB are also (straight-lines which are) incom- 
mensurable in square, making the squares on AD and 
DB (added) together medial, and twice the (rectangle 
contained) by AD and DB medial, and, moreover, the 
(sum of the squares) on AD and DB incommensurable 
with twice the (rectangle contained) by AD and DB 
[Prop. 10.78]. And let the rational (straight-line) EF’ be 
laid down. And let EG, equal to the (sum of the squares) 
on AC and C B, have been applied to EF, producing EM 
as breadth. And let HG, equal to twice the (rectangle 
contained) by AC and CB, have been applied to EF, 
producing H M as breadth. Thus, the remaining (square) 
on AB is equal to EL [Prop. 2.7]. Thus, AB is the square- 
root of EL. Again, let EI, equal to the (sum of the 
squares) on AD and DB, have been applied to EF, pro- 
ducing EN as breadth. And the (square) on AB is also 
equal to EL. Thus, the remaining twice the (rectangle 
contained) by AD and DB [is] equal to H7 [Prop. 2.7]. 
And since the sum of the (squares) on AC and CB is me- 
dial, and is equal to EG, EG is thus also medial. And 
it is applied to the rational (straight-line) EF, producing 
EM as breadth. EM is thus rational, and incommen- 
surable in length with EF [Prop. 10.22]. Again, since 
twice the (rectangle contained) by AC and CB is me- 
dial, and is equal to HG, HG is thus also medial. And 
it is applied to the rational (straight-line) EF, produc- 
ing HM as breadth. HM is thus rational, and incom- 
mensurable in length with EF [Prop. 10.22]. And since 
the (sum of the squares) on AC and CB is incommen- 
surable with twice the (rectangle contained) by AC and 
CB, EG is also incommensurable with HG. Thus, EM 
is also incommensurable in length with M H [Props. 6.1, 
10.11]. And they are both rational (straight-lines). Thus, 
EM and MH are rational (straight-lines which are) com- 
mensurable in square only. Thus, ÆH is an apotome 
[Prop. 10.73], with HM attached to it. So, similarly, 
we can show that EH is again an apotome, with HN 
attached to it. Thus, different rational (straight-lines), 


which are commensurable in square only with the whole, 
are attached to an apotome. The very thing was shown 
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(to be) impossible [Prop. 10.79]. Thus, another straight- 
line cannot be (so) attached to AB. 

Thus, only one straight-line, which is incommensu- 
rable in square with the whole, and (together) with the 
whole makes the squares on them (added) together me- 
dial, and twice the (rectangle contained) by them medial, 
and, moreover, the (sum of the) squares on them incom- 
mensurable with the (rectangle contained) by them, can 
be attached to AB. (Which is) the very thing it was re- 
quired to show. 


t This proposition is equivalent to Prop. 10.47, with minus signs instead of plus signs. 


"Opot tpítot. 

la. Y xoxewu£vrc enc xoi àocoufic, àv uev f) Av tIS 
Teocaguotovan,e yetCov SUvNToOL TH GMO GUUMETOOU &aucf| 
UyKEL, Mal À GAN cúuuetpos YF TH eExxswevyn ONTH unxet, 
xoetoc AMOTOUN TOWTY. 

iO’. Ey d€ *| xpocapguóCouca abuUETeOS F TH Exxewwevy 
onti uýxe xal À GAN tc noocapuočobvons uetCov óvta 
TG) ONO ouuuétpoou &autf|, xoActo9c àoctour| ðcutépa. 

vY'. Eàv 6& unoexépa obuuetooc Y| vf| &xxewévy] erf 
unxet, Y, 6£ Ar] tfjc npocopuoCoóornc ucitov Govryvou. xG 
ATÒ cuuuétpou &aucf,, xo^ctoUo àxocour| TETN. 

(9. IIóMv, é&àv 4 Ody the npocopuoCo0ornc uUstCov 
O0vntor t6 àxó àcuupétpou éautf| |ufjxei], &xv uev vj AN 
cüugueceoc Å TH EXXELWEVY ONTH UAKEL, xaActoVW ànocour, 
TETHOTY). 

€. "Eàv 8€ fj npocoaguóCouca, néuntr. 

in. Eay 0€ undetéoa, Extn. 


z 


KE- 


Eùbpeiv TÅV TOWTHY aNOTOUNY. 


Definitions III 


11. Given a rational (straight-line) and an apotome, if 
the square on the whole is greater than the (square on a 
straight-line) attached (to the apotome) by the (square) 
on (some straight-line) commensurable in length with 
(the whole), and the whole is commensurable in length 
with the (previously) laid down rational (straight-line), 
then let the (apotome) be called a first apotome. 

12. And if the attached (straight-line) is commen- 
surable in length with the (previously) laid down ra- 
tional (straight-line), and the square on the whole is 
greater than (the square on) the attached (straight-line) 
by the (square) on (some straight-line) commensurable 
(in length) with (the whole), then let the (apotome) be 
called a second apotome. 

13. And if neither of (the whole or the attached 
straight-line) is commensurable in length with the (previ- 
ously) laid down rational (straight-line), and the square 
on the whole is greater than (the square on) the attached 
(straight-line) by the (square) on (some straight-line) 
commensurable (in length) with (the whole), then let the 
(apotome) be called a third apotome. 

14. Again, if the square on the whole is greater 
than (the square on) the attached (straight-line) by the 
(square) on (some straight-line) incommensurable [in 
length] with (the whole), and the whole is commensu- 
rable in length with the (previously) laid down rational 
(straight-line), then let the (apotome) be called a fourth 
apotome. 

15. And if the attached (straight-line is commensu- 
rable), a fifth (apotome). 

16. And if neither (the whole nor the attached 
straight-line is commensurable), a sixth (apotome). 


Proposition 85 


To find a first apotome. 


379 


NTOIXEIGN v. 


A B T H 
O E Z A 


‘Exxetodw entry À A, xal tH A uýxet oúuuetpos Eotw 
À BH: nt wow oti xa Y, BH. xoi exxetodwoav 000 
tetoayuvot pruo oi AE, EZ, Ov y bnepoyy ô ZA uñ 
čata texvpéyovoc: o08. àüpa ó EA npóc xóv AZ Aóyov £y, 
OV TETONYWVOS HOLDUOS TODS TETOKYWVOYV &prðuóv. xal tE- 
roijo0c óc ó EA ngóc xóv AZ, o0toc tò and th¢ BH 
texpéyco voy npgóc tó àxó tii; HI' vexpéyovov: oouuetpov 
&pa scott TO ano ts BH 16 ano thc HI. Ontov oe tò and 
thc BH: ontoyv &pa xal tò &nò tis HI Oty Kou Eotl xa 
À HI. xoa net 6 EA npóc tov AZ Adyov obdm Eyet, Ov 
TETONYWVOS GOLOUOS TODS TeTEaYWVOYV doLOUdY, ODD’ Yow TO 
ano thc BH ngóc tò ànxó tfjc HI' Aóvov £yet, Óv tetpåywvos 
àpi0uóc npóc tetpéYovov àpi0uóv: àcüuuetpoc Koa Eotly 
? BH «f; HI' uev. xot ctow óuoócepot exrvot oti BH, HE 
hoa ntal ciot Duváuei uóvoy ovuuetpor À &ea BI &nrotouń 
cot. Aéyoo OF, STL Xa npo. 

“Qu yuo yeitév got, TO dnd tH¢ BH tod dno the HY, 
čata TÒ nÒ týs ©. xa Enel Eotiv Wo 6 EA npóc TOV 
ZA, ovtw¢ TO and the BH rode tò ànxó tfjc HI, xoi à&va- 
oteédvavtt toa gotlv wc 6 AE ned¢ xóv EZ, obtoc TÒ àTÒ 
tfc HB ngóc tò and the ©. 6 Se AE med¢ tov EZ Aóvov 
EXEL, OV TetoEdywvoc dpi0uóc npóc tetpoáywvov coLDUdY: 
&xátepoc Yàp xexpéycovóc &ouv: xoi xó ànó tc HB doa 
TOONS tO àmo tfjc O Aóvov £yeu Ov tetpóyovoc ópuuoc 
TENS TETOAXYWVOYV àpiüuóv: oüugexpoc àpa &oxiv À BH tf 
O une. xal S0vato Y; BH cfic HI' ueitov ta ànó ts ©: 
À BH oa ts HI uctov dóvatoa tT% àxó cuuuérpou &auf| 
uýxer. xal oti fj ^r) À BH cúuuetpos th Exxewwéevy Onth 
ure tfj A. ġ BI doa &rotouy Eott TEWTH. 

Eŭpnta &pat Y; rpcr] àxocour, Y, BI* óxep £oct eopelv. 


* See footnote to Prop. 10.48. 
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Let the rational (straight-line) A be laid down. And 
let BG be commensurable in length with A. BG is thus 
also a rational (straight-line). And let two square num- 
bers DE and EF be laid down, and let their difference 
FD be not square [Prop. 10.28 lem. I]. Thus, ED does 
not have to DF the ratio which (some) square number 
(has) to (some) square number. And let it have been 
contrived that as ED (is) to DF, so the square on BG 
(is) to the square on GC [Prop. 10.6. corr]. Thus, the 
(square) on BG is commensurable with the (square) on 
GC [Prop. 10.6]. And the (square) on BG (is) ratio- 
nal. Thus, the (square) on GC (is) also rational. Thus, 
GC is also rational. And since ED does not have to DF 
the ratio which (some) square number (has) to (some) 
Square number, the (square) on BG thus does not have to 
the (square) on GC the ratio which (some) square num- 
ber (has) to (some) square number either. Thus, BG is 
incommensurable in length with GC [Prop. 10.9]. And 
they are both rational (straight-lines). Thus, BG and GC 
are rational (straight-lines which are) commensurable in 
square only. Thus, BC is an apotome [Prop. 10.73]. So, 
I say that (it is) also a first (apotome). 

Let the (square) on H be that (area) by which the 
(square) on BG is greater than the (square) on GC 
[Prop. 10.13 lem.]. And since as ED is to FD, so the 
(square) on BG (is) to the (square) on GC, thus, via con- 
version, as DE is to EF, so the (square) on GB (is) to 
the (square) on H [Prop. 5.19 corr.]. And DE has to EF 
the ratio which (some) square-number (has) to (some) 
square-number. For each is a square (number). Thus, the 
(square) on GB also has to the (square) on H the ra- 
tio which (some) square number (has) to (some) square 
number. Thus, BG is commensurable in length with H 
[Prop. 10.9]. And the square on BG is greater than (the 
square on) GC by the (square) on H. Thus, the square on 
BG is greater than (the square on) GC by the (square) 
on (some straight-line) commensurable in length with 
(BG). And the whole, BG, is commensurable in length 
with the (previously) laid down rational (straight-line) A. 
Thus, BC is a first apotome [Def. 10.11]. 

Thus, the first apotome BC has been found. (Which 
is) the very thing it was required to find. 


Proposition 86 


To find a second apotome. 
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‘Exxetode onty th A xoi xfj À ooupexpoc urjxec y, HI. 
env wea &oxv Y, HI. xoi &xxeto9coocav dvo tetpáywvor 


pruo ot AE, EZ, Gv f| ónepoyr] ó AZ ur | £oxo vexpérovoc. 


xol nemrowjo0o Oc ô ZA ngóc tov AE, obtoc tO TÒ 
tics L'H. x&xoé&yovov npóc tO and th¢ HB teteayovoy. 
cOuuetpgov wou otl TO aNd Tho [TH teted&ywvoy 16 aNd 
tic HB tetepayove. eróv oe to ano thc TH. ontov koa 
[iot] xa tò ånò týs HB: nt &oa otv Y, BH. xoà &rxei tò 
ano th¢ HE tetoáywvov npòs tò and tc HB Adyov ovx 
eYel, Ov tetpiYovoc ópi0uóc npóc tetpåywvoyv coLDUdY, 
àcüuguecxpóc &ov À IH th HB uńxei. xal cio &uqócegot 
entat ot TH, HB sea entot ctor 6ovápet uóvov oouuetpoc 
À BT &pa &xocoyuf, ouv. A&vo of, OTL Kal Dcutépa. 


A B T H 
O E Z A 


“Qu yuo yetCév got, TO dnd tH¢ BH tod dno the HY, 
EOT TO ENO tfj O. nel obv &£ouv Oc TO àmó ts BH 
Teds TO and THe HT, obtwo ô EA doibude med¢ tov AZ 
covwudy, &vaoteétbavtt toa éotiv ðs TO ano ts BH ngóc 
TO ENO THe O, obtw¢ ó AE ngóc tov EZ. nat Eat Exdteeoc 
t&v AE, EZ xexp&vovoc: tò koa and tH¢ BH med¢ 16 and 
tS O Adyoy Eye, Ov xexvoéyovoc KoLOUdS TEDS TETOYWVOV 
à&piüuóv: cóüuguecpoc àpa &oxiv Y| BH xfj O ufjxei. xal SOvaTtou 
? BH rfj; HI' ueitov tH and th¢ O À BH &gpa týs HI 
UetCoyv SUvato TG) dnd GUUMETOOL &aufj urjxet. xot &ouvy f) 
npocopuóCouca *| L'H «fj &xxewévr énfj ooupereoc fj A. 
?, BI' &pa &notouy cot oev éco. 

Evento goa deutéea anotoun ý BI éneo der Seton. 


* See footnote to Prop. 10.49. 
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Let the rational (straight-line) A, and GC (which is) 
commensurable in length with A, be laid down. Thus, 
GC is a rational (straight-line). And let the two square 
numbers DE and EF be laid down, and let their differ- 
ence DF be not square [Prop. 10.28 lem. I]. And let it 
have been contrived that as FD (is) to DE, so the square 
on CG (is) to the square on GB [Prop. 10.6 corr.]. Thus, 
the square on CG is commensurable with the square on 
GB [Prop. 10.6]. And the (square) on CG (is) rational. 
Thus, the (square) on GB [is] also rational. Thus, BG isa 
rational (straight-line). And since the square on GC does 
not have to the (square) on GB the ratio which (some) 
Square number (has) to (some) square number, CG is 
incommensurable in length with GB [Prop. 10.9]. And 
they are both rational (straight-lines). Thus, CG and GB 
are rational (straight-lines which are) commensurable in 
square only. Thus, BC is an apotome [Prop. 10.73]. So, 
I say that it is also a second (apotome). 


A B C G 
E EF D 
H ——— chl 


For let the (square) on H be that (area) by which 
the (square) on BG is greater than the (square) on GC 
[Prop. 10.13 lem.]. Therefore, since as the (square) on 
BG is to the (square) on GC, so the number ED (is) 
to the number DF, thus, also, via conversion, as the 
(square) on BG is to the (square) on H, so DE (is) 
to EF [Prop. 5.19 corr]. And DE and EF are each 
square (numbers). Thus, the (square) on BG has to the 
(square) on H the ratio which (some) square number 
(has) to (some) square number. Thus, BG is commen- 
surable in length with H [Prop. 10.9]. And the square on 
BG is greater than (the square on) GC by the (square) 
on H. Thus, the square on BG is greater than (the square 
on) GC by the (square) on (some straight-line) commen- 
surable in length with (BG). And the attachment CG 
is commensurable (in length) with the (prevously) laid 
down rational (straight-line) A. Thus, BC is a second 
apotome [Def. 10.12].! 

Thus, the second apotome BC has been found. 
(Which is) the very thing it was required to show. 


Proposition 87 
To find a third apotome. 
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TExxeío0co ern, À, xoi &xxc(oOocav toeic àprðuol 
ot E, BD, TA Aóvov uh gyovtec medc àAAfouc, Öv 
tetpéycovoc ópuÜüuoóc npgóc tetTpåywvov àpi0uóv, o o£ LB 
npóc xóv BA Aóvov &yéxo, Óv xexpóvovoc óàpuiüuóc npóc 
teTpåywvov åprðuóv, xal rexowioo óc u£v ó E npóc vov 
BI’, ob}tw¢ TO and the A tetekywvov Ted¢ TO GMO tfjc 
ZH tetedyavoyv, óc è ô BI node tov TA, otttwe t6 and 
tfc ZH. xexpéyovov npóc TO and THC HO. Exel obv Eottv 
ac 6 E node tov BI, ottw¢ tÒ nò ts A tete&ywvov 
TOOS TO ONO Thc ZH tetedywvov, cúuuetpov Hoa ot 
TÒ ONO The A xexpóyovov 16 and the ZH teteayovo. 
6r|róv 6& xó àxó vfjc À vetxpóvovov. ENTOY hoa xol TO AMO 
tfc ZH: ev! wou gotly Y) ZH. xoi &xei ó E ngóc tov BI 
Aóvov oOx Éyet, Ov xvexvoéyovoc doLOUdS npóc tetpiyovov 
cordudy, ovd° Goa TÒ ENO Tic A vevpávovov npóc xó dno 
tfc ZH [vexpéávovov| Aóvov eye, óv xevoévovoc àpiüuoc 
Teds vetoéYovov ópi0üuóv: &oouuetpoc ópa &oxiv Y; À cf 
ZH unxer. mad, émet Eottv oc 6 BE nod¢ xóv L'A, obvoc 1o 
ano th¢ ZH tetod&ywvoyv ngóc TO and tis HO, oúuuetpov 
&pa £o vo àxó tfjc ZH. 1G and th¢ HO. ontov o¢ tO ano 
thc ZH: Ontov dow xal TO aNd Tho HO’ ONtH Kou Eotlyv Y, HO. 
xol &xei ó BI' ngóc xóv T'A Aóvov oOx čys, Ov vevo&yovoc 
àpui0uóc npóc tetpéyovov KOLDUdY, ODO’ Koa TO ANO TH ZH 
TOONS TO AND TH HO Adyoy Eye, dv tetodywvocg &prðuòc 
TOOS TETOYWVOV GoLOUdY’ GovUUETOOS àpa &oxiv À ZH «f| 
HO ure. xot slow aupdtepan ntal at ZH, HO Kou ontet 
clo. SuvdueL MOVOY cóuuetpov amoTOUN Koa Eotly y ZO. 
Aévco) 8f, Ótt xol xp(tr. 

"Emei Yóáp &oxv óc u&v ô E npóc xóv BI', obtoc xó ànó 
tc A tetoáywvov roòc tò ånò tfi ZH, óc 66 ó BI ngóc 
tòv DA, obxoc xo ànó tfjc ZH npóc xo ánxó vfjc OH, ov toov 
hoa gotly Go O E nod¢ tov TA, obtwe 1ó ànó tfjc À npóc 
tO Gn the OH. 6 de E node tov TA Adyoy obx Eyet, dv 
TETONYWVOS GOL TOdS TeTOdyWVOY doLOUdY’ 00d’ Goa TO 
àxó tfjc À npóc TO and TH¢ HO Adyoy Eyet, dv tetodywvoe 
àpiüuóc npóc vexvoéyovov àpiüuóv: àcouuerpoc doa Y, À f| 
HO yfjxe. oó0gxépa. &pa. x&v ZH, HO cóuuetoóc &o tH 
&xxeiuévy) erfj vf; À urer. G odbv uci Cóv £o TÒ å&nò tc 
ZH tot ano th¢ HO, gotw tO and thc K. Enel obv otv 
jc o BT node tov TA, obtw¢ 16 and th¢ ZH node xo àxó 
thc HO, avacteébavt: dow Eotiv oc 6 BI node tov BA, 
ovTtMs TÒ ATÒ tc ZH tetoedywvoyv ngóc 1o ànó vfjc K. 6 $e 
BI ngóc xóv BA Aóvov Eye, Óv xexpéyovoc àpiüuóc ngóc 
TETONYWVOYV průuóv. Kal TO UNO tc ZH ipa npóc TO aNd 
thc K Adyov Eyet, Öv vevpéyovoc àpiüuóc npóc tetpiyovov 
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K ——34 

Let the rational (straight-line) A be laid down. And 
let the three numbers, E, BC, and C D, not having to one 
another the ratio which (some) square number (has) to 
(some) square number, be laid down. And let CP have 
to BD the ratio which (some) square number (has) to 
(some) square number. And let it have been contrived 
that as E (is) to BC, so the square on A (is) to the 
square on FG, and as BC (is) to CD, so the square on 
FG (is) to the (square) on GH [Prop. 10.6 corr.]. There- 
fore, since as E is to BC, so the square on A (is) to the 
square on FG, the square on A is thus commensurable 
with the square on FG [Prop. 10.6]. And the square on 
A (is) rational. Thus, the (square) on FG (is) also ra- 
tional. Thus, FG is a rational (straight-line). And since 
E does not have to BC the ratio which (some) square 
number (has) to (some) square number, the square on A 
thus does not have to the [square] on FG the ratio which 
(some) square number (has) to (some) square number 
either. Thus, A is incommensurable in length with FG 
[Prop. 10.9]. Again, since as BC is to CD, so the square 
on FG is to the (square) on GH, the square on F'G is thus 
commensurable with the (square) on GH [Prop. 10.6]. 
And the (square) on FG (is) rational. Thus, the (square) 
on GH (is) also rational. Thus, GH is a rational (straight- 
line). And since BC does not have to CD the ratio which 
(some) square number (has) to (some) square number, 
the (square) on FG thus does not have to the (square) 
on GH the ratio which (some) square number (has) to 
(some) square number either. Thus, FG is incommen- 
surable in length with GH [Prop. 10.9]. And both are 
rational (straight-lines). FG and GH are thus rational 
(straight-lines which are) commensurable in square only. 
Thus, FH is an apotome [Prop. 10.73]. So, I say that (it 
is) also a third (apotome). 

For since as E is to BC, so the square on A (is) to the 
(square) on FG, and as BC (is) to CD, so the (square) 
on FG (is) to the (square) on HG, thus, via equality, as 
E is to CD, so the (square) on A (is) to the (square) on 
HG [Prop. 5.22]. And E does not have to CD the ra- 
tio which (some) square number (has) to (some) square 
number. Thus, the (square) on A does not have to the 
(square) on GH the ratio which (some) square number 
(has) to (some) square number either. A (is) thus incom- 
mensurable in length with GH [Prop. 10.9]. Thus, nei- 
ther of FG and GH is commensurable in length with the 
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à&piOuóv. cOuguecpóc hoa gotly Y) ZH xf; K uper, xot S0vatou 
?, ZH «fj; HO uciCov xG ànó ouuuétpou ċauti. xal oòðectÉpA 
tv ZH, HO otuyetedc tot cfj &oxewevy envi vf A uýxer 
Å ZO boa &notouy £o Totty. 

Evento goa Å toit dnotouy À ZO dneo Eder Seteau. 


t See footnote to Prop. 10.50. 


/ 


TY. 
Ejbpeiv ty|v TEeTHOTHY óxoctour|v. 
B D H 
Ate a 


A LZ E 
H) = chl 

"Exxeío9o ern? Y, À xoi t A uýxei oúuuetpos Y, BH: 
en Apa &oxi xoi Y, BH. xot &xxeto9ocav 600 ópiüuot oi 
AZ, ZE, Gote xóv AE óAov npóc &xéátegov x&v AZ, EZ 
Aóvov uy) &yev, Ov vevoé&vovoc àpiüuóc npóc vetoityovov 
&piOuÓv. xoi renoujc0o ac 6 AE npóc xóv EZ, obtoc tO 
ànó tfic BH xexpáyovov npóc 1o àxó tfj; HI" cóupetpov 
&pa &oxi TÒ nrò ts BH 1G àrxó thc HI’. ontov de tò and 
tic BH: òntòv &pa xal tò ànò ts HI Cnty vou Eotly ġ HP. 
xa énet 6 AE rpoòs tòv EZ Aóyov oòx Eye, Óv vevo&yovoc 
Korgudos MOOS TETEAYWVOYV KELOUdY, ODO’ Koa TO Ano Tho BH 
TeOS TO Ano tis HI Adyoy čys, Öv xetpéyovoc &prðuòc 
TeOS TetOdywWvoyv ópiüuóv: GobuUEtoeos Koa gotly Y, BH «f| 
HD ufxer. xot eiow aupdteoa entot ot BH, HI’ cox ontett 
elo. Suvdue, UOVOY oúuuetpor àxotou?| dpa otv ġġ Br. 
JAéyo SH, St xol vexóáprn).] 

"f 00v ueiCóv &ow 1ó ànó ts BH tov dno the HT, 
ECT TO ANO The O. Enel oBv écuv óc ó AE npóc tòv 
EZ, obtw¢ TO and tfjc BH ngóc 10 and tH¢ HT, xoi &va- 
oteédvavt, doa Eatlv ðc ô EA node tov AZ, obtw¢ TÒ 
ano tfjc HB xnpóc tò and the O. 6 de EA node tov AZ 
Aóvov oOx Eyet, Öv xvexpévovoc ópiüuóc npóc vetpéyovov 
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(previously) laid down rational (straight-line) A. There- 
fore, let the (square) on X be that (area) by which the 
(square) on FG is greater than the (square) on GH 
[Prop. 10.13 lem.]. Therefore, since as BC is to C D, so 
the (square) on FG (is) to the (square) on GH, thus, via 
conversion, as BC is to BD, so the square on FG (is) to 
the square on K [Prop. 5.19 corr]. And BC has to BD 
the ratio which (some) square number (has) to (some) 
square number. Thus, the (square) on FG also has to 
the (square) on K the ratio which (some) square number 
(has) to (some) square number. FG is thus commen- 
surable in length with K [Prop. 10.9]. And the square 
on FG is (thus) greater than (the square on) GH by 
the (square) on (some straight-line) commensurable (in 
length) with (FG). And neither of FG and GH is com- 
mensurable in length with the (previously) laid down ra- 
tional (straight-line) A. Thus, FH is a third apotome 
[Def. 10.13]. 

Thus, the third apotome FH has been found. (Which 
is) very thing it was required to show. 


Proposition 88 


To find a fourth apotome. 


A B C G 
E F D 
H L— ——34 cl 


Let the rational (straight-line) A, and BG (which is) 
commensurable in length with A, be laid down. Thus, 
BG is also a rational (straight-line). And let the two 
numbers DF and FE be laid down such that the whole, 
DE, does not have to each of DF and EF the ratio 
which (some) square number (has) to (some) square 
number. And let it have been contrived that as DE (is) to 
EF, so the square on BG (is) to the (square) on GC 
[Prop. 10.6 corr]. The (square) on BG is thus com- 
mensurable with the (square) on GC [Prop. 10.6]. And 
the (square) on BG (is) rational. Thus, the (square) on 
GC (is) also rational. Thus, GC (is) a rational (straight- 
line). And since DF does not have to EF the ratio which 
(some) square number (has) to (some) square number, 
the (square) on BG thus does not have to the (square) 
on GC the ratio which (some) square number (has) to 
(some) square number either. Thus, BG is incommensu- 
rable in length with GC [Prop. 10.9]. And they are both 
rational (straight-lines). Thus, BG and GC are rational 
(straight-lines which are) commensurable in square only. 
Thus, BC is an apotome [Prop. 10.73]. [So, I say that (it 
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2 7 * 


&pu0uóv: o00' àpa 1o àxoó tfjc HB nxpóc tò ànò tic O Aóvov 
EXEL, OV TEeTOdywWvoc dpoi0uóc npóc texpáyovov dpuDuóv 
àcóuuetgoc dpa &ouv À BH tý O uryxer. xol SdvaTta f) 
BH «fj; HI uciCov 6 and thc O 5| &pa BH ts HI ueiCov 
OVVATOL TE ATÒ HOVUMETOOL EQUTH. xal cot dàn À BH 
GUUMETOOS TH Exxewevyn nt uyxet tH A. À doa BI àno- 
TOMY EOTL TETHOTY. 
Eŭpnta vow Å tett UmotOUN ONEE Eder Sete. 


T See footnote to Prop. 10.51. 
rv". 
Epelv tiv REURTHY GROTON. 
X r H 
A LZ HH 

H n — — — 

‘Exxetoda onty À A, xoi tÅ A uńxet obuueteoc Eotw ¥ 
DH: onty vou [éotiv] ATH. xot exxctodaoay dbo dprðuo oi 
AZ, ZE, dote tov AE nods é&xátegov x&v AZ, ZE Aóvov 
RÓAty Uj3| Éy&etv, Öv vetpévovoc ópgiüuóc npóc vetpéyovov 
àpgu0uóv: xoà nexowjo9o oc ô ZE ngóc tov EA, obtoc 1 
ano tho LH ngóc xó àxó the HB. Ontov Koa xa TO AMO TH 
HB: nt &oa éott xal Y; BH. xoà &nc( otv ðc ô AE ngóc 
tóv EZ, obttc 16 ànó tfjc BH noóc tò and tH¢ HI, 6 66 
AE ngóc xóv EZ Aóvov oOx &£ye&, Óv vevoévovoc ópiuóoc 
npóc tetpóyovov àpuüuóv, o6. dpa TO and ts BH red 
tÒ ànó tfjc HI' Aóvov £yet, Ov xexp&yovoc gordo Ted¢ 
texpéYovov &průuóv: àcouuexpoc àpa otv À BH t HI 
uńxe. xal cio dupdteoa Ontat of BH, HT dea ontat cior 
Guváuet uóvov cóuuecpov Y, BD &pa áxoxouf, ouv. Aévo 
0f, ÖTL KAL TÉUTTN. 

“Qu yuo ustév Eott TO GO tTH¢ BH tov àxó tfjc HI, 
COTW TÒ ATÒ Tic O. Exel obv Eotw Gc TO &NO Thc BH ned¢ 
tO dnd the HT, obvoc ô AE node tov EZ, avacteédavtt 
hoa éotly &¢ 6 EA node tov AZ, obtw¢ 6 &nd the BH red¢ 
TO ONO THe O, ó 6€ EA npóc xóv AZ Adyov obx Eye, dv 
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is) also a fourth (apotome).] 

Now, let the (square) on H be that (area) by which 
the (square) on BG is greater than the (square) on GC 
[Prop. 10.13 lem.]. Therefore, since as DE is to EF, 
so the (square) on BG (is) to the (square) on GC, thus, 
also, via conversion, as ED is to DF, so the (square) on 
G B (is) to the (square) on H [Prop. 5.19 corr.]. And ED 
does not have to DF the ratio which (some) square num- 
ber (has) to (some) square number. Thus, the (square) on 
G B does not have to the (square) on H the ratio which 
(some) square number (has) to (some) square number 
either. Thus, BG is incommensurable in length with H 
[Prop. 10.9]. And the square on BG is greater than (the 
square on) GC by the (square) on H. Thus, the square on 
BG is greater than (the square) on GC by the (square) on 
(some straight-line) incommensurable (in length) with 
(BG). And the whole, BG, is commensurable in length 
with the the (previously) laid down rational (straight- 
line) A. Thus, BC is a fourth apotome [Def. 10.14].! 

Thus, a fourth apotome has been found. (Which is) 
the very thing it was required to show. 


Proposition 89 


To find a fifth apotome. 


C G 

A --&-T —ñ— — — 
D F E 

— E E, 


Let the rational (straight-line) A be laid down, and let 
CG be commensurable in length with A. Thus, CG [is] 
a rational (straight-line). And let the two numbers DF 
and FE be laid down such that DE again does not have 
to each of DF and FE the ratio which (some) square 
number (has) to (some) square number. And let it have 
been contrived that as FE (is) to ED, so the (square) on 
CG (is) to the (square) on GB. Thus, the (square) on GB 
(is) also rational [Prop. 10.6]. Thus, BG is also rational. 
And since as DE is to EF, so the (square) on BG (is) to 
the (square) on GC. And DE does not have to EF the ra- 
tio which (some) square number (has) to (some) square 
number. The (square) on BG thus does not have to the 
(square) on GC the ratio which (some) square number 
(has) to (some) square number either. Thus, BG is in- 
commensurable in length with GC [Prop. 10.9]. And 
they are both rational (straight-lines). BG and GC are 
thus rational (straight-lines which are) commensurable 
in square only. Thus, BC is an apotome [Prop. 10.73]. 
So, I say that (it is) also a fifth (apotome). 
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TETONYWVOS GOLNUOS TOdS TEeTEdyWVOY doLOUdY’ ODS" Goa TO 
ànó tfjc BH xpóc t6 and The O Adyoy Eyel, Öv tTetpáywvos 
&pi0uóc npóc vetpiyovov àpuiüuóv: àcouuetpoc hoa EaTLY Y) 
BH «fj O ufjec. xoi õúvata À BH týs HI ueitov xG ànxó 
thc O | HB dow th¢ HD usiCov S0vaton x6 nò &douvuuétpov 
EQUTH uýxe xal otv 7| rgocapuóCouca Y, l'H. cóupereoc 
tfj exewévr nt t À ufxev. Y; àpa. BD &xoxouf, ot 
RÉUT TY). 

Evento wou Y) n&un tr) àxoxour, Hh BI once Eder Setgau. 


T See footnote to Prop. 10.52. 
L’, 

Bveety THY EXTHY &notouńy. 

"Exxeío0co pnt A A xol toeic àpiüuol oi E, BI', TA 
Aóvov Un Eyovtes TEdS GAAYAOUC, Öv tetoáywvos &prðuòc 
Teds TeTodywvoyv dorOudv čti ð xa 6 TB node tov BA 
AOYOY UY) SYETO, OV TEeTOdyWVOS KoLOUdS MEDS TETOd&yWVOV 
àpu0uóv: xoà rexowjo0o óc u£v ó E xnpgóc xóv BI', obtoc 
tó ànró THE A Ted¢ TO aNd THe ZH, we 5€ 6 BI ned¢ tov 
TA, ottw¢ 16 and th¢ ZH node tO &xd tH¢ HO. 


A A D 
Z © H 
E— — c ë) 


"Emei ov £ouv óc ó E ngóc tov BI’, o¥tw¢ tò HNO THe 
A med¢ TO dnd the ZH, oúuuetpov gow 10 and The A TH 
ano th¢ ZH. oytov de to dnd the A’ oNtov dow xal TO GMO 
ts ZH: nt doa got xoi n ZH. xal Enet O E nodc tov BL 
Aóvov oOx Eyct, Ov vexpiyovoc HoIOUdS TEdS TETEaYWVOV 
àpu0uóv, 005’ Goa TO aNd TH¢ A Node TO aNd TH¢ ZH Adyov 
evel, OV Tetedywvoc ópgi0uóc npóc TETEdywWvoV &prðuóv' 
gobvuuetoos dou gotly yA tH ZH uyxet. xác, &xet Cott we 
6 BL nod¢ tov TA, obtw¢ 6 dnd the ZH node tO dnd the 
HO, cbduuetoov doa 10 ano tfjc ZH tH ànó tfj HO. ontov 
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For, let the (square) on H be that (area) by which 
the (square) on BG is greater than the (square) on GC 
[Prop. 10.13 lem.]. Therefore, since as the (square) on 
BG (is) to the (square) on GC, so DE (is) to EF, thus, 
via conversion, as ED is to DF, so the (square) on BG 
(is) to the (square) on H [Prop. 5.19 corr.]. And ED does 
not have to DF the ratio which (some) square number 
(has) to (some) square number. Thus, the (square) on 
BG does not have to the (square) on H the ratio which 
(some) square number (has) to (some) square number 
either. Thus, BG is incommensurable in length with H 
[Prop. 10.9]. And the square on BG is greater than (the 
square on) GC by the (square) on H. Thus, the square on 
GB is greater than (the square on) GC by the (square) 
on (some straight-line) incommensurable in length with 
(GB). And the attachment CG is commensurable in 
length with the (previously) laid down rational (straight- 
line) A. Thus, BC is a fifth apotome [Def. 10.15].! 

Thus, the fifth apotome BC has been found. (Which 
is) the very thing it was required to show. 


Proposition 90 

To find a sixth apotome. 

Let the rational (straight-line) A, and the three num- 
bers E, BC, and CD, not having to one another the ra- 
tio which (some) square number (has) to (some) square 
number, be laid down. Furthermore, let C B also not have 
to BD the ratio which (some) square number (has) to 
(some) square number. And let it have been contrived 
that as E (is) to BC, so the (square) on A (is) to the 
(square) on FG, and as BC (is) to CD, so the (square) 
on FG (is) to the (square) on GH [Prop. 10.6 corr.]. 


B D C 
A — — o 
F H G 
E= — — — 


K — — — 

Therefore, since as E is to BC, so the (square) on A 
(is) to the (square) on FG, the (square) on A (is) thus 
commensurable with the (square) on FG [Prop. 10.6]. 
And the (square) on A (is) rational. Thus, the (square) 
on FG (is) also rational. Thus, FG is also a rational 
(straight-line). And since E does not have to BC the ra- 
tio which (some) square number (has) to (some) square 
number, the (square) on A thus does not have to the 
(square) on FG the ratio which (some) square number 
(has) to (some) square number either. Thus, A is in- 
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OS TO UNO TH¢o ZH: Ontov sou xal TO aNd Thc HO: nT Koa 
xoi *; HO. xoi &nei ó BI' ngóc xóv DÀ Aóvov oóx Eyer, Öv 
TETONYWVOS WOLDS TOdS TETOdyWVOY doLOUdY, Od" Koa TO 
ATÒ tc ZH ngóc tO and tho HO Adyoy Eye, dv vevpétvovoc 
cortuoc Meds TEeTEadyWVoY deLDUOV KODUUETEOS Koa Eotly 
? ZH «fj HO uńxei. xal ciow cgupdteom entat otf ZH, HO 
hoa ontat cio, duvduer UOvov abuuetoot’ y goa ZO gnotoun 
£ocv. Aéyo Of, Óct xol Extr. 

"Emei yop &oxv óc u£v ó Ej npóc xóv BI', oDtoc 1ó à&nò 
thc À npóc 1o ànxó tfjc ZH, cc 66 ó BI' ngóc xóv L'A, obvoc 
1o ànó tfjc ZH ngóc 1o ànó xfjc HO, oU (cou wou Eotly H¢ 6 
E, nod¢ tov TA, obtoc 1o àxó tfjc À npóc xo ánxó vfic HO. ó 
o£ E npóc vóv I'A Aóvov oóx Eye, Ov vevoéovoc dpgi0uoc 
Teds Tetedywvoy ópoi0uóv: o0. àpa tó and tfjc À mnpóc 
TO aNO THo HO Aóvov Eye, Óv vexpévovoc àpi0uóc xpóc 
teTpåywvov dpi0uóv: àcoüuuetvpoc doa éotiv À A tý HO 
— ovdetéoa soa Tv ZH, HO oúuuetpós got tH A nti 
uyxet. & ody ustCdv gott TO and tH¢ ZH tod and xfjc HO, 
EOTW TO ENO THe K. Exel obv otv ðs ô BPI node tov TA, 
oŬTOG TÒ nÒ týs ZH nod¢ 10 and týs HO, avacteébavtr 
gpa gotly wc O TB rpoòs tòvy BA, oŬtws tò ånò tis ZH tpòs 
tÒ å&nò tfj; K. ó 6€ DB. ngóc tov BA àóyov oùx Eyet, dv 
TETONYWVOS GOLIUOS toòc tTeTpåywvov àpiDuóv: o08. Koa TO 
ànó tfjc ZH. ngóc xo ànó thc K Adyoy Eyet, Ov tetoedywvoc 
KOLuUdS TODS TETEAYWVOY àpgiDuóv: &oouuecpoc How EoTly 7 
ZH oth K uve. xal Sdvaton y ZH thc HO usilov v6 and 
tis K: ġ ZH oa th¢ HO yetCov Sbvaton 165 dnd douUEeTtEOL 
aut uýxe xal Ovdetépa THY ZH, HO obuvEtedc Eott tH 
EXXELUEVY ONTH unuer tH A. 4 doa ZO anotouy Eotw Exty,. 

Evento dou t ExtH Knotoun yy ZO: Sree Eder Setgou. 


t See footnote to Prop. 10.53. 
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commensurable in length with FG [Prop. 10.9]. Again, 
since as BC is to CD, so the (square) on FG (is) to the 
(square) on GH, the (square) on FG (is) thus commen- 
surable with the (square) on GH [Prop. 10.6]. And the 
(square) on FG (is) rational. Thus, the (square) on GH 
(is) also rational. Thus, GH (is) also rational. And since 
BC does not have to C D the ratio which (some) square 
number (has) to (some) square number, the (square) on 
FG thus does not have to the (square) on GH the ra- 
tio which (some) square (number) has to (some) square 
(number) either. Thus, FG is incommensurable in length 
with GH [Prop. 10.9]. And both are rational (straight- 
lines). Thus, FG and GH are rational (straight-lines 
which are) commensurable in square only. Thus, FH is 
an apotome [Prop. 10.73]. So, I say that (it is) also a 
sixth (apotome). 

For since as E is to BC, so the (square) on A (is) 
to the (square) on FG, and as BC (is) to CD, so the 
(square) on FG (is) to the (square) on GH, thus, via 
equality, as E is to CD, so the (square) on A (is) to 
the (square) on GH [Prop. 5.22]. And E does not have 
to CD the ratio which (some) square number (has) to 
(some) square number. Thus, the (square) on A does not 
have to the (square) GH the ratio which (some) square 
number (has) to (some) square number either. A is thus 
incommensurable in length with GH [Prop. 10.9]. Thus, 
neither of FG and GH is commensurable in length with 
the rational (straight-line) A. Therefore, let the (square) 
on K be that (area) by which the (square) on FG is 
greater than the (square) on GH [Prop. 10.13 lem.]. 
Therefore, since as BC is to CD, so the (square) on FG 
(is) to the (square) on GH, thus, via conversion, as C P is 
to BD, so the (square) on FG (is) to the (square) on K 
[Prop. 5.19 corr.]. And CB does not have to BD the ra- 
tio which (some) square number (has) to (some) square 
number. Thus, the (square) on FG does not have to the 
(square) on K the ratio which (some) square number 
(has) to (some) square number either. FG is thus in- 
commensurable in length with K [Prop. 10.9]. And the 
square on FG is greater than (the square on) GH by the 
(square) on K. Thus, the square on FG is greater than 
(the square on) GH by the (square) on (some straight- 
line) incommensurable in length with (FG). And neither 
of FG and GH is commensurable in length with the (pre- 
viously) laid down rational (straight-line) A. Thus, FH 
is a sixth apotome [Def. 10.16]. 

Thus, the sixth apotome FH has been found. (Which 
is) the very thing it was required to show. 
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f 


La. 


‘Ey ywotoy nepréynto ONO ONTH¢ Xal AMOTOURS TEWTI<, 
f| xó x«ptov SUVANEVY àxopour, £ouv. 

IIcpieyéo90  Yàp ycoptov xó AB Ono nts ts AD xol 
àrotoufjc toote tc AA: Aévo, óu fj vxó AB ycogptov 8o- 
vaiévr) àrocouf, £ouv. 


A A p 


© IK 





‘Enel yuo &notouf, oti meaty Å AA, £oxo xdTH rpo- 
coapuóCouca 7, AH: oi AH, HA sow ontat ciot Suvduer uóvov 
cüuuecpot. xoi óÀv Y) AH cóuuerpóc &ox tÅ ëxxeruévy nT 
tf AD, xot À AH ts HA ueiCov ðúvata tT% àxó cupuétpou 
aut uýxev àv Hoa TH Tetdetw UeoeL toD and th¢ AH 
loov napà tày AH napaBAndf eAActnov elder tetoaxyove, 
cis CUUMETOM avUTHY Stoloet. tetuyoda Y, AH 8a xaxà tO 
E, xoi x and th¢ EH toov nook thy AH napaBebrAjove 
cAAetnoyv elder TetTONYOVW, xal EoTW TO ONO TOV AZ, ZH: 
ovuuEeteos doa gotly Å AZ t ZH. xa die tv E, Z, H 
onucioy th AD napdd\Anio fy 9ocav oi EO, ZI, HK. 

Koi &xei couuecpóc tot 4 AZ vf; ZH ufixei, xoi Y; AH 
hoa éxatéog tv AZ, ZH oúuuetoóc tot ufixei.— AX f) 
AH obuuetods got: th AD xal éxatépa tow tv AZ, ZH 
ovuuuetods tot, tH AD unxer. xal on eric) yj ADT" onty 
goa xa Exatéoa tv AZ, ZH: Gote xal exdtepov tév AT, 
ZK ntóv ctv. xal Enel ovuetodc &ouv f, AE xfj EH 
uyxet, xal 7) AH dou exatéeg tv AK, EH oúuuetpós ot 
uyxer. entry de À AH xoi &oouuecpoc vf; AD ufjxev. enjoy) 
hoa xal exatéoa tv AB, EH xot aobuuetoos vf; AU ufjxec 
exateooyv toa tv AO, EK yuécov &octv. 

Ketodo oh xG u£v Al toov xevoávovov xó AM, x6 9€ 
ZK tcov xexo&ycovov ónofjo9o xowv Yovtay £yov abt 
trv óxó AOM 10 NE: reel thy avthy &poc Guéuetpóv &oxt và 
AM, NE «expóvcova. £ovo abtGv Ggecpoc f| OP, xoi xa- 
tayeyedoue tò oyua. nel oŬv toov &oi xo ono x&v AZ, 
ZH nepieyóuevov ópgÜovoviov 16 ano thc EH tetoxyove, 
čaty pa ös Å AZ ngóc cv EH, ooxoc fj EH neóc xy ZH. 
&AA' &c uev À AZ mode thy EH, ottw¢ 16 AI node tò EK, 
Oc 6€ Å EH ngóc cv ZH, o0toc Eoti tO EK rodc¢ 160 KZ: 
tv dow AI, KZ uécov &váňoyóv &owu tò EK. £o 9& xoi 
t&v AM, NZ uécov àváAovov xó MN, óc èv toic éunpo- 
ovev édely0n, xal oti tò [uèy] AI tõ AM tetoayave toov, 
tò è KZ t& N= xa tò MN dow 163 EK toov éottv. àAX& 
tó u£v EK 165 AO otv toov, tò 66€ MN 16 AZ t6 doa 


ELEMENTS BOOK 10 


Proposition 91 


If an area is contained by a rational (straight-line) and 
a first apotome then the square-root of the area is an apo- 
tome. 

For let the area AB have been contained by the ratio- 
nal (straight-line) AC and the first apotome AD. I say 
that the square-root of area AB is an apotome. 

A D 





For since AD is a first apotome, let DG be its at- 
tachment. Thus, AG and DG are rational (straight-lines 
which are) commensurable in square only [Prop. 10.73]. 
And the whole, AG, is commensurable (in length) with 
the (previously) laid down rational (straight-line) AC, 
and the square on AG is greater than (the square on) 
GD by the (square) on (some straight-line) commensu- 
rable in length with (AG) [Def. 10.11]. Thus, if (an area) 
equal to the fourth part of the (square) on DG is applied 
to AG, falling short by a square figure, then it divides 
(AG) into (parts which are) commensurable (in length) 
[Prop. 10.17]. Let DG have been cut in half at E. And 
let (an area) equal to the (square) on EG have been ap- 
plied to AG, falling short by a square figure. And let it 
be the (rectangle contained) by AF and FG. AF is thus 
commensurable (in length) with FG. And let EH, FT, 
and Gk have been drawn through points E, F, and G 
(respectively), parallel to AC. 

And since AF is commensurable in length with FG, 
AG is thus also commensurable in length with each of 
AF and FG [Prop. 10.15]. But AG is commensurable 
(in length) with AC. Thus, each of AF and FG is also 
commensurable in length with AC [Prop. 10.12]. And 
AC is a rational (straight-line). Thus, AF and FG (are) 
each also rational (straight-lines). Hence, AI and FK 
are also each rational (areas) [Prop. 10.19]. And since 
DE is commensurable in length with EG, DG is thus 
also commensurable in length with each of DE and EG 
[Prop. 10.15]. And DG (is) rational, and incommen- 
surable in length with AC. DE and EG (are) thus 
each rational, and incommensurable in length with AC 
[Prop. 10.13]. Thus, DH and EK are each medial (ar- 
eas) [Prop. 10.21]. 

So let the square LM, equal to A7, be laid down. 
And let the square NO, equal to FK, have been sub- 
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NTOIXEIGON v. 


AK tooy éott 7 Y X vvoguow xoi x6 NE. £o 6€ xoi TÒ 
AK toov tois AM, NE teteayavoic: Aotnov doa tO AB tcov 
£c x& XT. tò è XT tò àxó tfjc AN &ow tetokywvov tO 
hoa and tho AN tetpáyovov toov oti tõ AB: f| AN dow 
dSuvata. TO AB. Aéyoo OH, öt Å AN a&notoyy Eotv. 

‘Emel yuo ontoyv gotw exdteoov tv AI, ZK, xat eottv 
toov tois AM, N=, xal exdtepov toa tv AM, NE érxóv 
EOTLY, TOUTEOTL TO ANO Exatéoauc THyv AO, ON: xat Exatéoa 
goa Tv AO, ON onth éotiv. néAw, &nel uécov oti tò AO 
xal £ouv toov 1&à AE, uécov pa £o xol tò AE. éxet obv tO 
uev Az uécov &ostv, tÒ 66 NE ontdv, cobuusteov tow goth 
tó AZ x6) NE: óc 66 v6 AE npóc vó NE, obxoc &oxiv f| AO 
ngoc t" ON: &oouguecpoc àpa &oxiv Y| AO xfj ON ufixe. 
xo etotv dupócepot ntal at AO, ON soa ontat stor Suvduer 
uóvov cOugetpov. &noxouT| &pa &ociy Y, AN. xoi GOvarxot TO 
AB yoplov: 4 dea 6 AB yawotov Suvauevy &notouy Eotty. 

"Hav doa ywWoetov neoreyntor ONO ntc xol xà &&fic. 


LB . 
"E&tv ycptov nepi&yr|vot ONO ntis xol &rxocoufic Geucépac, 


c * 


f| TO YWELOY SLVAEVH UEONS AMOTOUH EOTL TOOTH. 


A A E ZH 


B © IK 
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tracted (from LM), having with it the common angle 
LPM. Thus, the squares LM and NO are about the 
same diagonal [Prop. 6.26]. Let PR be their (com- 
mon) diagonal, and let the (rest of the) figure have been 
drawn. Therefore, since the rectangle contained by AF 
and FG is equal to the square EG, thus as AF is to 
EG, so EG (is) to FG [Prop. 6.17]. But, as AF (is) 
to EG, so AI (is) to EK, and as EG (is) to FG, so 
EK is to KF [Prop. 6.1]. Thus, EK is the mean pro- 
portional to AJ and KF [Prop. 5.11]. And MN is also 
the mean proportional to LM and NO, as shown before 
[Prop. 10.53 lem.]. And A/ is equal to the square LM, 
and KF to NO. Thus, MN is also equal to EK. But, EK 
is equal to DH, and MN to LO [Prop. 1.43]. Thus, DK 
is equal to the gnomon UVW and NO. And AK is also 
equal to (the sum of) the squares LM and NO. Thus, the 
remainder AB is equal to ST. And ST is the square on 
LN. Thus, the square on LN is equal to AB. Thus, LN is 
the square-root of AB. So, I say that LN is an apotome. 

For since A7 and FK are each rational (areas), and 
are equal to LM and NO (respectively), thus LM and 
N O—that is to say, the (squares) on each of LP and PN 
(respectively)—are also each rational (areas). Thus, LP 
and PWN are also each rational (straight-lines). Again, 
since DH is a medial (area), and is equal to LO, LO 
is thus also a medial (area). Therefore, since LO is 
medial, and NO rational, LO is thus incommensurable 
with NO. And as LO (is) to NO, so LP is to PN 
[Prop. 6.1]. LP is thus incommensurable in length with 
PN [Prop. 10.11]. And they are both rational (straight- 
lines). Thus, LP and PN are rational (straight-lines 
which are) commensurable in square only. Thus, LN is 
an apotome [Prop. 10.73]. And it is the square-root of 
area AB. Thus, the square-root of area AB is an apo- 
tome. 

Thus, if an area is contained by a rational (straight- 
line), and so on .... 


Proposition 92 


If an area is contained by a rational (straight-line) and 
a second apotome then the square-root of the area is a 
first apotome of a medial (straight-line). 


A D E F G L 
EN > 
C B H I K 





388 


MTOTXEION v. 


Xwetov yuo tò AB nepieyéo0o nò ontis ts AT xo 
àånotoufc Seutéeac thc AA’ AEvw, öt À tò AB xogtov 
Ouvotu£vr) u£orjc UMOTOUY £o xpo. 

"Eoxo vàp xfj AA mpocoaguótouca À AH: œi &pa 
AH, HA 6ntot cio. Suvduer Udvoy oúuuetpo, xal Ñ rpo- 
capuóCouca 9| AH obuusetedc got tfj Goxeuevr] ent] cf 
AT, ¥ 5 6An À AH tc npocapguoCooorc tfjc HA ucitov 
Obvarot T TÒ cuuuérpou &aucfj ufjxet. Enel obv 7 AH 
tfc HA uciCov 86vaxot 16 àxó cuuuécpou &aucf, £kv &pa 
TG) tetópt uéper TOD and tis HA tcov napà thy AH na- 
pgapAnÜüf £AAcinov cetòsi vETQoYOvO, €i; oouuetpa atv 
apel. vexuio90 o0v Y, AH 66ra xoaxà tò E xal t and 
thc EH toov nape thy AH xopopeDAYioO0c &£AXcirov etder 
TETONYOVO, Xal Eotw xó onó x&v AZ, ZH: oouuerpoc Kou 
otv À AZ tý ZH uyxer. xol 7 AH &pa éxatépa t&v AZ, 
ZH cúuuetpós gots unxer. onty d¢ 7 AH xol aovuuetoo 
t AT uńxev xal éxatépa toa tv AZ, ZH en, £o xoi 
govuuetoos xfj AD urpxev. Exdtepov toa tv Al, ZK uécov 
£ot(v. méAtv, Emel obuuEteds Eotw f) AE cf; EH, xoi 5; AH 
hoa éxatéog tv AK, EH ovbuuetod¢ gat. dA’ À AH 
cüuuetpóc éou tfj AD ufixe nT cou xol Exatéea t&v 
AE, EH xot obuuetoos ty AT uńxei]. exdtepov how t&v 
AO, EK ġntóv čotw. 

Muveotata ovyv 76 uèv AI {cov tetpoáywvov to AM, 76 
o£ ZK tcov &pnorjodco tò NE nel thy avtyy yovlay dv x6 
AM tyv òrò tõv AOM: nepil thy abthy &poc &oxi GuiuetQov 
tà AM, NEZ tetodywva. Eatw avtadyv didueteoc À OP, xo 
xooevoónoo TO oyua. eEnxel oBv te AI, ZK uéca &od 
xo &oxtv toa tote and tv AO, ON, xoa xà àxó x&v AO, 
ON |&pa] uéca &oxtv: xoi ot AO, ON boa uéoa ciot Suvduer 
UOVOY GUUUETOOL. xal Enel TO DMO THY AZ, ZH toov tot t 
ono tTh¢ EH, gotw tow oc i AZ node thy EH, ottw<¢ f| EH 
ngoc tiv ZH: GAN’ ðs uèv ġ AZ node thy EH, ottw<¢ tò AI 
npóc tó EK: óc 9€ Å EH node thy ZH, ott [Zot] tò EK 
ngóc tò ZK: tév bow AI, ZK ué£cov àváAovóv got: tò EK. 
čot è xa TOV AM, NE tetoayóvwv uécov &váňoyov tO 
MN: xat &oxuv toov xó ue&v AI t& AM, tò òè ZK x6 NE: xal 
tò MN oa toov otl tă EK. dA tH tv EK tcov [êėot] 
to AO, 165 6€ MN tcov tò AE: hov Kou xó AK tcov &£odi 
TG TX yyvouow xat 145 NE. éxet obv dAov tò AK tcov 
£o tois AM, Nz, àv tò AK tcov £o xG TX yvaouow 
xoà t$ NE, Aowtóv goa tO AB foov éotl x6 TX. tò òè TE 
Eott TÒ and the AN: t6 and the AN dou toov éotl tă AB 
yooto i AN gow d0vata tò AB yawotov. Aéya [64], öt Å 
AN uéong ånotouń £o nir. 

"Exe vàp evvóv &ow tò EK xat &oxv tcov x6 AE, ontov 
toa &otl 16 AE, xoutxéo 1o brò xGv AO, ON. uécov be 
édety0n tO N=: &oúuuetpov dea gotl TO AE 165 NE: ac 
O0£ tó AE ngóc vó NE, obtoc écxlv A -AO nods ON- o 
AO, ON Soa &ovuUETteot ctor Unxer. ok ipo AO, ON veo 
elol Suvduet UOVOY abUMETOOL ONTOY repéyovoar À AN doa 
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For let the area AB have been contained by the ratio- 
nal (straight-line) AC and the second apotome AD. I say 
that the square-root of area AB is the first apotome of a 
medial (straight-line). 

For let DG be an attachment to AD. Thus, AG and 
GD are rational (straight-lines which are) commensu- 
rable in square only [Prop. 10.73], and the attachment 
DG is commensurable (in length) with the (previously) 
laid down rational (straight-line) AC, and the square on 
the whole, AG, is greater than (the square on) the at- 
tachment, GD, by the (square) on (some straight-line) 
commensurable in length with (AG) [Def. 10.12]. There- 
fore, since the square on AG is greater than (the square 
on) GD by the (square) on (some straight-line) commen- 
surable (in length) with (AG), thus if (an area) equal 
to the fourth part of the (square) on GD is applied 
to AG, falling short by a square figure, then it divides 
(AG) into (parts which are) commensurable (in length) 
[Prop. 10.17]. Therefore, let DG have been cut in half at 
E. And let (an area) equal to the (square) on EG have 
been applied to AG, falling short by a square figure. And 
let it be the (rectangle contained) by AF and FG. Thus, 
AF is commensurable in length with FG. AG is thus 
also commensurable in length with each of AF and FG 
[Prop. 10.15]. And AG (is) a rational (straight-line), and 
incommensurable in length with AC. AF and FG are 
thus also each rational (straight-lines), and incommen- 
surable in length with AC [Prop. 10.13]. Thus, A7 and 
FK are each medial (areas) [Prop. 10.21]. Again, since 
DE is commensurable (in length) with EG, thus DG is 
also commensurable (in length) with each of DE and EG 
[Prop. 10.15]. But, DG is commensurable in length with 
AC [thus, DE and EG are also each rational, and com- 
mensurable in length with AC]. Thus, DH and EK are 
each rational (areas) [Prop. 10.19]. 

Therefore, let the square LM, equal to AJ, have 
been constructed. And let NO, equal to FK, which is 
about the same angle LPM as LM, have been subtracted 
(from LM). Thus, the squares LM and NO are about 
the same diagonal [Prop. 6.26]. Let PR be their (com- 
mon) diagonal, and let the (rest of the) figure have been 
drawn. Therefore, since AI and FK are medial (areas), 
and are equal to the (squares) on LP and PN (respec- 
tively), [thus] the (squares) on LP and PN are also me- 
dial. Thus, LP and PN are also medial (straight-lines 
which are) commensurable in square only! And since 
the (rectangle contained) by AF and FG is equal to 
the (square) on EG, thus as AF is to EG, so EG (is) 
to FG [Prop. 10.17]. But, as AF (is) to EG, so AI 
(is) to EK. And as EG (is) to FG, so EK [is] to FK 
[Prop. 6.1]. Thus, EK is the mean proportional to A7 
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MTOTXEION v. 


UEONS ENOTOUY cti noot xal SUvata TO AB ywotov. 
H soa t6 AB yaotov Suvauévn uéons &notour, &ox 
TOGTY’ OTEO Éder Setcou. 
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and FK [Prop. 5.11]. And MN is also the mean pro- 
portional to the squares LM and NO [Prop. 10.53 lem.]. 
And AI is equal to LM, and FK to NO. Thus, MN is 
also equal to EK. But, DH [is] equal to EK, and LO 
equal to MN [Prop. 1.43]. Thus, the whole (of) DK is 
equal to the gnomon U VW and NO. Therefore, since the 
whole (of) AK is equal to LM and NO, of which DK is 
equal to the gnomon UVW and NO, the remainder AB 
is thus equal to 7'S. And T'S is the (square) on LN. Thus, 
the (square) on LN is equal to the area AB. LN is thus 
the square-root of area AB. [So], I say that LN is the 
first apotome of a medial (straight-line). 

For since EK is a rational (area), and is equal to 
LO, LO—that is to say, the (rectangle contained) by LP 
and PN—is thus a rational (area). And NO was shown 
(to be) a medial (area). Thus, LO is incommensurable 
with NO. And as LO (is) to NO, so LP is to PN 
[Prop. 6.1]. Thus, LP and PN are incommensurable 
in length [Prop. 10.11]. LP and PN are thus medial 
(straight-lines which are) commensurable in square only, 
and which contain a rational (area). Thus, LN is the first 
apotome of a medial (straight-line) [Prop. 10.74]. And it 
is the square-root of area AB. 

Thus, the square root of area AB is the first apotome 
of a medial (straight-line). (Which is) the very thing it 
was required to show. 


t There is an error in the argument here. It should just say that LP and PN are commensurable in square, rather than in square only, since LP 


and PN are only shown to be incommensurable in length later on. 


LY i 
Eàv yoplov repéynta LTO ENTH¢ xol AnToTOUÑS TEITNG, 
f| xó xcptov ouvagévr, uéorc ànocour, £ox. 6cutépa. 


A A Bs xl 
DU B © I K 





Xowplov yàp tò AB zeaeyéotw bro ntis ts AT xo 
gmotourc tottn¢s thc AA’ Aéyw, óu À tò AB ywotov dv- 
VOUEVY uéorjc &rocouf, Eat. Sevutéoa. 

"Eoo vào th AA npocapguóCouca Y, AH: oi AH, HA 
hoa ental clo. Suvduet Udvov oúuueTtpoL, Kal ODdETEON TOY 
AH, HA otyuuetede ott unmet th Exxetuevy onty tH AT, 4 
ös AN tH AH tH¢ ngocopuoCoborgc th¢ AH uciCov Dúvata 
TG) ENO cuuguétgou &autfj. &nxcl oOv 9| AH cfjc HA ueitov 


Proposition 93 


If an area is contained by a rational (straight-line) and 

a third apotome then the square-root of the area is a sec- 
ond apotome of a medial (straight-line). 

A D E FG 





For let the area AB have been contained by the ratio- 
nal (straight-line) AC and the third apotome AD. I say 
that the square-root of area AB is the second apotome of 
a medial (straight-line). 

For let DG be an attachment to AD. Thus, AG and 
GD are rational (straight-lines which are) commensu- 
rable in square only [Prop. 10.73], and neither of AG 
and GD is commensurable in length with the (previ- 
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OVVATAL TE ATÒ CUUMETOOL &aucfj, &kv Koa TH TETHOTH UEPEL 
tol ano tc AH toov nap& thy AH nxopopAn9f £AAcinov 
ELOEL TETOAY OVE, Sic OOUUETOA AUTHY OieAet. tetUnoVE odv 
À AH dtya xatà tò E, xa 6 dno thc EH tcov xapà tijv 
AH napafepAYjoOc &AAXctrov etóec vevporyovo, xol £oxo TÒ 
ono t&v AZ, ZH. xoi rjy90960av àu 16v E, Z, H ongustov 
tf, AU xapóáAAnAo: oi EO, ZI, HK: cóuperpot tow eiolv o 
AZ, ZH: cbuuetooy doa xal tò AI 165 ZK. vot Exet ai AZ, 
ZH obuuetoot cio. unxer, xol À AH doa exatéoy tiv AZ, 
ZH cúuuetpós tots unxer. err) o£ Y; AH xoi aovuuetooc 
th AD ure Gote val ot AZ, ZH. &xáxegov &pa x&v. AL, 
ZK uécov éotty. néAw, Enel oúvuuetpós got f| AE tý EH 
uyxet, xal 7) AH dow exatéeg xv AE, EH oúuuetpós ot 
uyxer. entry se À HA xoi &oouuecpoc tH AD uńxer onty 
hoa xal exatéea tõy AE, EH xal aobuueteos tH AD uýxev 
exatepov toa tiv AO, EK uécov éotty. xa Exel ot AH, 
HA Svvéuer udvov ovuuetoot eta, &oouuetpoc oa oT} 
ufixev y) AH th HA. dA’ 4 vey AH tH AZ otuuetoedc¢ ot 
ufixei ġ è AH th EH: dotuuetooc tow éotiv À AZ tH EH 
ufjxei. cc Se AZ node thy EH, ottw¢ ott t6 AI node tò 
EK: gobuuetooy tou gotl to AI 16 EK. 

Muveotata ody 76 uèv AI {cov tetpoáywvov tò AM, x6 
o£ ZK tcov &ofiorjooc tò NE negl thy avtyy yovlay dv TG 
AM: reel thy abthy dow Siduetody éott te AM, NE. Eoteo 
aO1Gv Ouiuepoc Y, OP, xoà xoovevoóo tò oyua. Enel 
oŬv xo bxó 16v AZ, ZH tcov &oxi 16 ànxó ts EH, čoty soa 
OS Å AZ node thy EH, obtoc f, EH ngóc xy ZH. odd’ We 
uev AZ mode thy EH, obtaw¢ ott tO AI nod¢ t6 EK: 6c 
o£ Y, EH npoóc viv ZH, obvoc otl tò EK góc xó ZK: xol 
Gc &pa xo AI ngóc xó EK, obxoc xó EK npóc tò ZK: 16v 
goa AI, ZK uécov &ġváňoyóv ot tò EK. £c 0€ xoà xv 
AM, NE tetoayóvwv uécov àváAovov tò MN: xot &ouv 
tcov xó u£v AI xG AM, tò òè ZK xG NE xa tò EK doo 
(cov ot x MN. àAAà xó uév MN toov é&oxi tă AE, tÒ 
òè EK tcov [£coxi| xà AQ" xoi 6Xov &pa xó AK tcov ot 
1G Y X vvouow xoi 16 NE. got 0€ xoi tò AK toov tote 
AM, NZ: onov goa t6 AB tcov £o tă XT, xouxéou 16 
àxó tfj; AN tetpayovo: Y, AN &pa dóvata tò AB yoplov. 
Ey, OTL YAN uéons ånotouń tot Seutéea. 

Enci yàp uéca édety0n tà AI, ZK xal cot toa tois &nd 
tõv AO, ON, uécov &pa xol éxátepov t&v and tõv AO, 
ON: uéon &pa éxatéoea tõv AO, ON. xa &nel coóupetoóv 
éott TÒ AI t& ZK, cúóuuetpov doa xal tò ànò tc AO t& 
ano tic ON. néAw, Exel dovuUsTtooy edetyOn to AI t& EK, 
à&cüuuetpov &pa &oxi xoi xó AM 165 MN, toutéott tO and 
tc AO t bro xGv AO, ON: ote xa À AO &oouguetpóc 
éott uyxet tH ON: at AO, ON &pa uécot etot Duváuet uóvov 
OUUMETOOL. AEYW OY, OTL Kal UETOV TEPLÉYOLOW. 

Enel yàp ué£cov &0cty 0r, vó EK xal otv oov t& ono 
tõv AO, ON, uécov wow goth xal tO bnd tHY AO, ON: 
Hote at AO, ON veo ciol Suvduer UGvov avUUETOOL UECOV 
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ously) laid down rational (straight-line) AC, and the 
square on the whole, AG, is greater than (the square on) 
the attachment, DG, by the (square) on (some straight- 
line) commensurable (Cin length) with (AG) [Def. 10.13]. 
Therefore, since the square on AG is greater than (the 
square on) GD by the (square) on (some straight-line) 
commensurable (in length) with (AG), thus if (an area) 
equal to the fourth part of the square on DG is applied 
to AG, falling short by a square figure, then it divides 
(AG) into (parts which are) commensurable (in length) 
[Prop. 10.17]. Therefore, let DG have been cut in half 
at E. And let (an area) equal to the (square) on EG 
have been applied to AG, falling short by a square fig- 
ure. And let it be the (rectangle contained) by AF and 
FG. And let EH, FT, and GK have been drawn through 
points E, F, and G (respectively), parallel to AC. Thus, 
AF and FG are commensurable (in length). AT (is) thus 
also commensurable with FK [Props. 6.1, 10.11]. And 
since AF and FG are commensurable in length, AG is 
thus also commensurable in length with each of AF and 
FG [Prop. 10.15]. And AG (is) rational, and incommen- 
surable in length with AC. Hence, AF and FG (are) 
also (rational, and incommensurable in length with AC) 
[Prop. 10.13]. Thus, A/ and FK are each medial (ar- 
eas) [Prop. 10.21]. Again, since DE is commensurable 
in length with EG, DG is also commensurable in length 
with each of DE and EG [Prop. 10.15]. And GD (is) 
rational, and incommensurable in length with AC. Thus, 
DE and EG (are) each also rational, and incommensu- 
rable in length with AC [Prop. 10.13]. DH and EK are 
thus each medial (areas) [Prop. 10.21]. And since AG 
and GD are commensurable in square only, AG is thus 
incommensurable in length with GD. But, AG is com- 
mensurable in length with AF, and DG with EG. Thus, 
AF is incommensurable in length with EG [Prop. 10.13]. 
And as AF (is) to EG, so AI is to EK [Prop. 6.1]. Thus, 
AI is incommensurable with EK [Prop. 10.11]. 
Therefore, let the square LM, equal to AJ, have 
been constructed. And let NO, equal to FK, which is 
about the same angle as LM, have been subtracted (from 
LM). Thus, LM and NO are about the same diagonal 
[Prop. 6.26]. Let PR be their (common) diagonal, and 
let the (rest of the) figure have been drawn. Therefore, 
since the (rectangle contained) by AF and FG is equal 
to the (square) on EG, thus as AF is to EG, so EG (is) 
to FG [Prop. 6.17]. But, as AF (is) to EG, so AI is to 
EK [Prop. 6.1]. And as EG (is) to FG, so EK isto FK 
[Prop. 6.1]. And thus as AJ (is) to EK, so EK (is) to 
FK [Prop. 5.11]. Thus, EK is the mean proportional to 
AI and FK. And MN is also the mean proportional to 
the squares LM and NO [Prop. 10.53 lem.]. And AJ is 
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repgiéyoucot. À AN toa ugong &xotoun &ou 8ceutépo: xài equal to LM, and FK to NO. Thus, EK is also equal to 


dvvata tò AB yogtov. MN. But, MN is equal to LO, and EK [is] equal to DH 
‘H goa t6 AB yootoy Suvaevn uéons ånrotouń ot [Prop. 1.43]. And thus the whole of DK is equal to the 
SeuTéoa’ Smee Eder Seton. gnomon UVW and NO. And AK (is) also equal to LM 


and NO, Thus, the remainder AB is equal to S7’—that is 
to say, to the square on LN. Thus, LN is the square-root 
of area AB. I say that LN is the second apotome of a 
medial (straight-line). 

For since A7 and F K were shown (to be) medial (ar- 
eas), and are equal to the (squares) on LP and PN (re- 
spectively), the (squares) on each of LP and PN (are) 
thus also medial. Thus, LP and PN (are) each medial 
(straight-lines). And since A/ is commensurable with 
FK [Props. 6.1, 10.11], the (square) on LP (is) thus 
also commensurable with the (square) on PN. Again, 
since AJ was shown (to be) incommensurable with EK, 
LM is thus also incommensurable with M N—that is to 
say, the (square) on LP with the (rectangle contained) 
by LP and PN. Hence, LP is also incommensurable in 
length with PN [Props. 6.1, 10.11]. Thus, LP and PN 
are medial (straight-lines which are) commensurable in 
square only. So, I say that they also contain a medial 
(area). 

For since EK was shown (to be) a medial (area), and 
is equal to the (rectangle contained) by LP and PN, the 
(rectangle contained) by LP and PN is thus also medial. 
Hence, LP and PN are medial (straight-lines which are) 
commensurable in square only, and which contain a me- 
dial (area). Thus, L.N is the second apotome of a medial 
(straight-line) [Prop. 10.75]. And it is the square-root of 
area AB. 

Thus, the square-root of area AB is the second apo- 
tome of a medial (straight-line). (Which is) the very thing 
it was required to show. 





LO. Proposition 94 
"Eàv yptov negié&yot óxo érjxfjc xot ATOTOUÑS TETÁETNG, If an area is contained by a rational (straight-line) and 
f| xó x otov Guvaguévr) £A&ácoov &ostv. a fourth apotome then the square-root of the area is a 
minor (straight-line). 

A A Lh o cH A D E FG 

D B o INK C B H IK 
Xoplov yàp tò AB nepieyéo90 bro nts ts AT xo For let the area AB have been contained by the ra- 
àånotouñc tetáotNs tc AA: Aévo, öt Å tò AB yoplov tional (straight-line) AC and the fourth apotome AD. I 
Ouvoévr) &Aácocov &otv. say that the square-root of area AB is a minor (straight- 
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"Eota yoo th AA mnpoocapuóCouca y, AIT at dow 
AH, HA ntal ciot Duváuei uóvov oúuuetpo, xa Y, AH 
cüuguetpóc £o TH Exxewwevy onth tH AD ure, A oe OAy 
À AH tc noocapuofovone, th¢ AH uetCov dtvata 16 
ONO AOVUMETEOL aut urxer. éemel odv À AH týs HA 
uciCov 8Ovaror xG) ànó douuuétpou aut uńxei, àv “ou 
TG) TeTdOTH UEpEL 100 ånò tc AH tcov napd thy AH to- 
PABAN £AAcinov ctóe. vetpoY ovo, eic AOCÛÚUUETPA AÛTÙYV 
disAet. tetuyjodw odv 7 AH iya xatà tò E, xal tŒ ómo 
thc EH toov naop& thy AH napaBeBAnodw &£AXcirov etder 
TETONYOVO), xal Eot TO DNO Gv AZ, ZH: Gooupetpoc 
hoa éotl uyxer Y| AZ xfj ZH. fy 9ocav obv id tHv E, Z, H 
raodhAnrot totic AD, BA ot EO, ZI, HK. énet obv nth got 
?, AH xal obuuetoos tH AT uynet, Ontov &pa &oxiv ÓXov x 
AK. rótv, &xei àcouguexpóc &ouv f| AH «fj AU ufixeu xot 
claty duUMoTEoaL ntal, uécov &pa oti tò AK. ná, Enel 
à&cóuuetpóc &odv À AZ t ZH uńxei, &oúuuetpov pa xo 
to AI x6 ZK. 

Muveotata ody 1G uev AI {cov tetpáywvov tò AM, x6 
o£ ZK toov àqnpefjo9o negl THY aOTHY Yowtav vv ONO TOV 
AOM tò NE. negl xrjv aothy vou diduetdév ċott tà AM, NE 
TETONY OVA. EOTW HUTHY OidUETOS } OP, xal xatayeyeapde 
tÒ oyua. Enel obv TO ONO Gv AZ, ZH toov ot) 6 and 
thc EH, avéroyoyv pa otv ðs Å AZ node thy EH, obtw< 
?, EH node thy ZH. GA’ Go uev 4 AZ node thy EH, ottw< 
ctl tò AI mod¢ tO EK, óc 98 ñ EH medc¢ thy ZH, obcoc 
coti tò EK ngóc 10 ZK: tv bow AI, ZK uécov àvéXovóv 
ot tò EK. £cx òè xa tHv AM, NE tetoanyavwyv uéoov 
à&váAovov tò MN, xal otv toov tò u£v AI x6 AM, tÒ è 
ZK t& NÆ: xal tò EK &pga toov otl tă MN. &AA& x6 uev 
EK icov éott t6 AO, 14 6€ MN ftoov éott tò A= óAov 
goa tò AK tcov ot tõ TPX yvouow xa tă NE. nel 
ovv ddov tO AK foov éott tois AM, NE tetoayavoic, Ov 
tò AK tcov ott 7 Y X vvouow xoi xG NE vevgovóvo, 
Aowóv àpa tò AB toov &oxi tă UT, toutéot tT ànó tfc 
AN tetoayovea À AN &pa Dóvata tò AB yoplov. Aévo, 
ott Y) AN &Aovóc &ov f| xaXouuévr) £Aácoov. 

"Enc vàp érjvóv oti tò AK xal oti toov voic àxó xGv 
AO, ON tetoåywvo, tò &oa cuYvxetuevov èx TV ATÒ TV 
AO, ON énxóv otv. náv, Emel tò AK uéoov éotty, xal 
cot toov 1ó AK 16 dic ONO TOV AO, ON, tò &pa dic DTS 
tõv AO, ON péooy éotty. xal Exel dobuuetooy edety0n TO 
AI t ZK, aobuueteov tou xal To and the AO tetedywvov 
TG) and TH¢ ON tetexyave. at AO, ON dow duvduer etoty 
QOUUUETOOL ToLoUoaL TO UEV OLYKEtUEVOYV EX TOY ATM ATHY 
TETONYWVUY ONTOV, TO SE dic DT’ adTHV uécov. À AN doa 
&Aovóc otv Å xaiouvuévn EAdoowy “ol SVvaTa tò AB 
y otov. 

H &pa tò AB yoplov duvauévn £A&cocov otiw bree 
£Oct Ocean. 
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line). For let DG be an attachment to AD. Thus, AG 
and DG are rational (straight-lines which are) commen- 
surable in square only [Prop. 10.73], and AG is com- 
mensurable in length with the (previously) laid down ra- 
tional (straight-line) AC, and the square on the whole, 
AG, is greater than (the square on) the attachment, DG, 
by the square on (some straight-line) incommensurable 
in length with (AG) [Def. 10.14]. Therefore, since the 
square on AG is greater than (the square on) GD by 
the (square) on (some straight-line) incommensurable in 
length with (AG), thus if (some area), equal to the fourth 
part of the (square) on DG, is applied to AG, falling short 
by a square figure, then it divides (AG) into (parts which 
are) incommensurable (in length) [Prop. 10.18]. There- 
fore, let DG have been cut in half at E, and let (some 
area), equal to the (square) on EG, have been applied 
to AG, falling short by a square figure, and let it be the 
(rectangle contained) by AF and FG. Thus, AF is in- 
commensurable in length with FG. Therefore, let EH, 
FI, and GK have been drawn through E, F, and G (re- 
spectively), parallel to AC and BD. Therefore, since AG 
is rational, and commensurable in length with AC, the 
whole (area) AK is thus rational [Prop. 10.19]. Again, 
since DG is incommensurable in length with AC, and 
both are rational (straight-lines), DK is thus a medial 
(area) [Prop. 10.21]. Again, since AF is incommensu- 
rable in length with FG, AI (is) thus also incommensu- 
rable with FK [Props. 6.1, 10.11]. 

Therefore, let the square LM, equal to AT, have been 
constructed. And let NO, equal to FK, (and) about the 
same angle, LPM, have been subtracted (from LM). 
Thus, the squares LM and NO are about the same diag- 
onal [Prop. 6.26]. Let PR be their (common) diagonal, 
and let the (rest of the) figure have been drawn. There- 
fore, since the (rectangle contained) by AF and FG is 
equal to the (square) on EG, thus, proportionally, as AF 
is to EG, so EG (is) to FG [Prop. 6.17]. But, as AF (is) 
to EG, so AI is to EK, and as EG (is) to FG, so EK is 
to FK [Prop. 6.1]. Thus, EK is the mean proportional to 
AI and FK [Prop. 5.11]. And MN is also the mean pro- 
portional to the squares LM and NO [Prop. 10.13 lem.], 
and AJ is equal to LM, and FK to NO. EK is thus 
also equal to MN. But, DH is equal to EK, and LO is 
equal to MN [Prop. 1.43]. Thus, the whole of DK is 
equal to the gnomon UVW and NO. Therefore, since 
the whole of AK is equal to the (sum of the) squares LM 
and NO, of which DK is equal to the gnomon UVW 
and the square NO, the remainder AB is thus equal to 
S'T—that is to say, to the square on LN. Thus, LN is the 
square-root of area AB. I say that LN is the irrational 
(straight-line which is) called minor. 
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f 


Le. 


"Edy yootoyv neoiéyntoa ONO ONtiic xoi àrxocvoufic néun trc, 
7) TO YWotoyv Suvavevy [Å] weTta ONTOD UEGOV tò čov roroŬŭoć 
EOT. 


AÀ A E 





Xwetov yuo To AB regreyéode bro ntis ts AT xo 
àAnotouÑc néunts ts AA: Aévo, óu f; vó AB yogtov 8o- 
vauévn [À] uexà eryxoO uécov xó ÓAov rovo0oó octy. 

"Eoxo yàp t AA mpocoaguótouca fy AH ai doa 
AH, HA énoí eiot Guvápev uóvov cóupetpot, xol Y) rpo- 
coapuótouca 3| HA oúuuetoócs ot une vfj &xxeiévr 
erf; tfj AD, 5j 66 óàn 9j AH cfjc ngocopuoCooor tiS 
AH ueiGov Sbvata tæ dno àcuuuétrpou aut. &àv dow 
TG) TeTdOTH UEoEL TOD dnd THe AH tcov napà tùy AH no- 
epaBrAndy edAActnov elder vetpo ovo, eic GOVUUETEA AUTYYV 
dteAet. tetunoda obv ý AH diya xat& tO E onuetoy, xot 
TG) and tfjic EH tcov napà thy AH napopepAYio0o &XXcixov 
eet vevporY vo xoi &oxo TO ONO TOV AZ, ZH: dovuUetooc 
hoa éotly Å AZ tý ZH rer. ual Exel covuuetede Eotly Ff 
AH tH TA urer, xal cio aupdtepa ental, uécov Kou oth 
tò AK. náv, nel nth got ġ AH xot obuuetoos tH AT 
unxet, ONntdv ċott tò AK. 

Muveotate obv 165 uev AI toov teto&ywvoyv to AM, x6 
òt ZK toov vexo&yovov ódpnorjo9o0 to NE meet tHY abtr)v 
Yowv(av viv onó AOM: negl trjv abtr]v how Siduetodv Eott 
ta AM, NE sexoévova. £oxo ab1Gv àépuetpeoc f, OP, xoi 
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For since AK is rational, and is equal to the (sum of 
the) squares LP and PN, the sum of the (squares) on 
LP and PN is thus rational. Again, since DK is me- 
dial, and DK is equal to twice the (rectangle contained) 
by LP and PN, thus twice the (rectangle contained) by 
LP and PN is medial. And since AJ was shown (to be) 
incommensurable with FK, the square on LP (is) thus 
also incommensurable with the square on PN. Thus, LP 
and PN are (straight-lines which are) incommensurable 
in square, making the sum of the squares on them ra- 
tional, and twice the (rectangle contained) by them me- 
dial. LN is thus the irrational (straight-line) called minor 
[Prop. 10.76]. And it is the square-root of area AB. 

Thus, the square-root of area AB is a minor (straight- 
line). (Which is) the very thing it was required to show. 


Proposition 95 


If an area is contained by a rational (straight-line) and 
a fifth apotome then the square-root of the area is that 
(straight-line) which with a rational (area) makes a me- 
dial whole. 


A D E F G 
C B H IK 





For let the area AB have been contained by the ra- 
tional (straight-line) AC and the fifth apotome AD. I 
say that the square-root of area AB is that (straight-line) 
which with a rational (area) makes a medial whole. 

For let DG be an attachment to AD. Thus, AG and 
DG are rational (straight-lines which are) commensu- 
rable in square only [Prop. 10.73], and the attachment 
G D is commensurable in length the the (previously) laid 
down rational (straight-line) AC, and the square on the 
whole, AG, is greater than (the square on) the attach- 
ment, DG, by the (square) on (some straight-line) incom- 
mensurable (in length) with (AG) [Def. 10.15]. Thus, if 
(some area), equal to the fourth part of the (square) on 
DG, is applied to AG, falling short by a square figure, 
then it divides (AG) into (parts which are) incommensu- 
rable (in length) [Prop. 10.18]. Therefore, let DG have 
been divided in half at point E, and let (some area), equal 
to the (square) on EG, have been applied to AG, falling 
short by a square figure, and let it be the (rectangle con- 
tained) by AF and FG. Thus, AF is incommensurable 
in length with FG. And since AG is incommensurable 
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nxnatayeyedoue tò oyua. Oóuotoc dy deiouev, dtr À AN 
dSvvata TO AB ywotov. Aéyw, ott À AN Ñ eta Ontob ueoov 
TO OAOY TOLODCd SoTL. 

‘Enel yuo utaoy édety0n tò AK xal otv toov tos &nò 
t&v AO, ON, tò &oa ouyxeluevov éx tv dnd xGv AO, ON 
ugécov éotiy. méAw, émel Ontdov got: TO AK xot &£ouv tcov 
TG) Sic ONO THV AO, ON, xol aùbtò ontdv got. ral Enel 
govuuuetooy éott TO Al 76 ZK, &oúuuetpov You Eotl xal TÒ 
ano the AO t& ano the ON: at AO, ON dou Suvduet etoty 
COUUUETOOL TOLOUGM TO EV OLYKElUEVOYV EX TOY AN’ aDTESV 
TETONYWVOV UEGOV, TO OE Ole UM AUTBDY ONTOV. Y) our) pot 
f, AN &Aovóc &ouv 4 xaAOUUEVH UETa ONTO UETOY TO OAOV 
Totovoa xa S0vata. TO AB ywotov. 

‘H tò AB doa ywotov Suvauévn Ustad erivoo uécov TO 
ÓAov ToLlotad otv: ónep Eder Seteau. 


f 


LF ‘ 


"Ev ycptov nEe1veyntor ONO ENTH¢ xoi àxocoufjc Extr|c, 
f| TÒ yoplov Duvauévr uexà uécou uécov TO GArov ToLoDad 
EOTLY. 


A A E 





Xoplov yàp tò AB nepieyéc0o brò nts týs AT xo 
àxotoufic Extrc tho AA: Aévo, óu f| xó AB yowotov õu- 
vouévr) |f] uexà uécou uécov xó ÓXov rovc octy. 

"Eoo vàp xf; AA npgocapguóCouca ñ AH: ot goo AH, 
HA ntal ciot 8uváuet uóvov cOupetpot, xoi oóo0etépa 
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in length with C A, and both are rational (straight-lines), 
AK is thus a medial (area) [Prop. 10.21]. Again, since 
DG is rational, and commensurable in length with AC, 
DK isa rational (area) [Prop. 10.19]. 

Therefore, let the square LM, equal to AT, have been 
constructed. And let the square NO, equal to FK, (and) 
about the same angle, LPM, have been subtracted (from 
NO). Thus, the squares LM and NO are about the same 
diagonal [Prop. 6.26]. Let PR be their (common) diag- 
onal, and let (the rest of) the figure have been drawn. 
So, similarly (to the previous propositions), we can show 
that LN is the square-root of area AB. I say that LN is 
that (straight-line) which with a rational (area) makes a 
medial whole. 

For since AK was shown (to be) a medial (area), and 
is equal to (the sum of) the squares on LP and PN, 
the sum of the (squares) on LP and PN is thus medial. 
Again, since DK is rational, and is equal to twice the 
(rectangle contained) by LP and PN, (the latter) is also 
rational. And since AJ is incommensurable with FK, the 
(square) on LP is thus also incommensurable with the 
(square) on PN. Thus, LP and PN are (straight-lines 
which are) incommensurable in square, making the sum 
of the squares on them medial, and twice the (rectangle 
contained) by them rational. Thus, the remainder LN is 
the irrational (straight-line) called that which with a ra- 
tional (area) makes a medial whole [Prop. 10.77]. And it 
is the square-root of area AB. 

Thus, the square-root of area AB is that (straight- 
line) which with a rational (area) makes a medial whole. 
(Which is) the very thing it was required to show. 


Proposition 96 


If an area is contained by a rational (straight-line) and 
a sixth apotome then the square-root of the area is that 
(straight-line) which with a medial (area) makes a medial 
whole. 


A D E F G 
C B H IK 





For let the area AB have been contained by the ra- 
tional (straight-line) AC and the sixth apotome AD. I 
say that the square-root of area AB is that (straight-line) 
which with a medial (area) makes a medial whole. 

For let DG be an attachment to AD. Thus, AG and 
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autéy obuusteds &ow cf; &xewévr en tH AD ure, À 
òè dAn À AH tc noosapuoTovone tic AH ueiCov dbvatou 
TH) UNO HOLUVETOOL EaUuTH unxer. Emel obv WY AH thc HA 
UsiCov SOvaTaL TH TÒ &ouuuétpou EaLTH UYKEl, Ev Lou 
TG) TeTHOTH UgoEL TOU and th¢ AH toov nao& thy AH na- 
PaPa cAActnov elder TETEAYOVOd, eic àc0uuetpa. atv 
OcAct. vexvufio9o oOv f| AH GGya xaxà xó E [onguctov|, xoà 
1G àxoó tfjic EH tcov xapà vv AH napoDepAYio0o &XXcixov 
elder ve vparY VO, Kal £oxo 16 ónó x&v AZ, ZH: &ooupeceoc 
&pa &oxlv À AZ t ZH ure. óc 86 Y| AZ npgóc vv ZH, 
ovtw¢ otl TO AI node tò ZK: áàoóuuetpov You Eotl TO 
AI 16 ZK. xa éxel of AH, AD ntal etot Duváuet uóvov 
cóuueteot, uécov &oxi xó AK. nó, &nel ot AD, AH ontat 
ciot xal àcóuuerpot ufixeu uécov &od xoi xó AK. &nel oOv 
oi AH, HA 8uvéuet uóvov cóuuecpot eiotv, &oouuetpoc doo 
éotiy 9| AH th HA ufixev. óz o8 Y; AH ngóc xy HÀ, od tw 
éott TO AK moog T0 KA’ å&oúuuetpov &pa &oxi tO AK xG 
KA. 

Muveotats ovv 165 uev AI toov teto&éywvoyv tò AM, 
tõ ò ZK toov apnefodw nepil THY abtHY ywvlay TO NE: 
Teel THY avtrV dow Siduetody ott tà AM, NE tetodywva. 
EOTH) QÙTÕV duetos À OP, xal xatayeypágtw tò oyua. 
uolas O7, voic £x&vo Oc(&ouev, ött À AN dóvata tò AB 
yootov. Aéya, óu fj AN [f] uexà uécou uécov xó ÓXov 
ToLovod Eotty. 

‘Enet yuo uecoy édety0y tò AK xal ot toov toi¢ and 
tõv AO, ON, tò hoa ouyxetuevoy &x TOV and Tv AO, ON 
uéocov gotty. mdAwv, énel uecov edety0n tO AK xat éottv 
(cov 16) Oc Uno x&v AO, ON, xoà tò ðs onó x&v AO, ON 
uécov &ov. xol Enel dovUUETOOV Edely0n tO AK 16 AK, 
govuuetoa [woo] Eotl xat ta ano tõv AO, ON tetodyova 
TG) Sic oro vv AO, ON. xoi &nxel àcouguetpóv got TO AI 16 
ZK, &oouuerpov koa xol TO and THe AO TG ànó týs ON: 
at AO, ON bow duvdauet cioty GobuuEtoot notoUoa Té TE 
cuYxetuevov Èx TV àm a6 xetpary vov uécov xoi TÒ Bie 
ÙT aOTOV uÉcOV Ett TE TÒ AT? AÙÒTÕV vetpéty ovo. &o0uuetpa 
TG) Sig On’ aO XO. Å pa AN &XovÓóc &owv f) xoouuéur) uec 
uécou uécov xó óAov rovoUcor xoi SOvaTtot TO AB yootoy. 

'H &pa xó xycoptov 8uvauévr, ugxà uécou ué£cov xó ÓAov 
roioUcá £oxtv: óneo &oet cté. 
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GD are rational (straight-lines which are) commensu- 
rable in square only [Prop. 10.73], and neither of them is 
commensurable in length with the (previously) laid down 
rational (straight-line) AC, and the square on the whole, 
AG, is greater than (the square on) the attachment, DG, 
by the (square) on (some straight-line) incommensurable 
in length with (AG) [Def. 10.16]. Therefore, since the 
square on AG is greater than (the square on) GD by 
the (square) on (some straight-line) incommensurable in 
length with (AG), thus if (some area), equal to the fourth 
part of square on DG, is applied to AG, falling short by 
a square figure, then it divides (AG) into (parts which 
are) incommensurable (in length) [Prop. 10.18]. There- 
fore, let DG have been cut in half at [point] E. And let 
(some area), equal to the (square) on EG, have been ap- 
plied to AG, falling short by a square figure. And let it 
be the (rectangle contained) by AF and FG. AF is thus 
incommensurable in length with FG. And as AF (is) to 
FG,so AI is to FK [Prop. 6.1]. Thus, A7 is incommen- 
surable with FX [Prop. 10.11]. And since AG and AC 
are rational (straight-lines which are) commensurable in 
square only, AK is a medial (area) [Prop. 10.21]. Again, 
since AC and DG are rational (straight-lines which are) 
incommensurable in length, DK is also a medial (area) 
[Prop. 10.21]. Therefore, since AG and G D are com- 
mensurable in square only, AG is thus incommensurable 
in length with GD. And as AG (is) to GD, so AK is to 
K D [Prop. 6.1]. Thus, AK is incommensurable with K D 
[Prop. 10.11]. 

Therefore, let the square LM, equal to A7, have been 
constructed. And let NO, equal to FK, (and) about the 
same angle, have been subtracted (from LM). Thus, 
the squares LM and NO are about the same diagonal 
[Prop. 6.26]. Let PR be their (common) diagonal, and 
let (the rest of) the figure have been drawn. So, similarly 
to the above, we can show that LN is the square-root of 
area AB. I say that LN is that (straight-line) which with 
a medial (area) makes a medial whole. 

For since AK was shown (to be) a medial (area), and 
is equal to the (sum of the) squares on LP and PN, the 
sum of the (squares) on LP and PN is medial. Again, 
since DK was shown (to be) a medial (area), and is 
equal to twice the (rectangle contained) by LP and PN, 
twice the (rectangle contained) by LP and PN is also 
medial. And since AK was shown (to be) incommensu- 
rable with DK, [thus] the (sum of the) squares on LP 
and PN is also incommensurable with twice the (rect- 
angle contained) by LP and PN. And since AI is in- 
commensurable with FK, the (square) on LP (is) thus 
also incommensurable with the (square) on PN. Thus, 
LP and PN are (straight-lines which are) incommensu- 
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f 
x. 
Tò ànò ànocoufic Taek ENTHY nopo[joAAóugvov TAdTOS 
TOLEL OMOTOUNY TOWTYY. 


A B H 


A E = O A 

"Ecco énotouy) À AB, enty dé À TrA, xal tă ànxó tie 
AB tcov napà tv TA xapopjepArjo0co tò TE tàåtos rorŭyv 
uv PZ: Aévo, ów f| PZ àxorouf, £ow xpo. 

"Ecco yàp t AB ngocopuóCouca ?;, BH: oi &pa AH, 
HB éntat sto. Suvduet udvoyv cóuuetpot. xol TH YEV ETO 
thc AH toov nap& thy TA napoBebrAjodu to TO, 16 6€ 
àxó tfic BH tò KA. óXov &pa xó DL'À tcov £oxi toic and 
t:Gv AH, HB: Gv tò DE tcov &oxi x6 ànó txfjc AB: Aotxóv 
pa tÒ ZA toov otl tă üic oxó x&v AH, HB. tetuńoðw 
À ZM iya xatà tò N onuciov, xa HyDw àu voO N xf; DA 
nopéA^rAoc N=: éxdtepov toa tv ZE, AN toov éotl 16 
brò tõv AH, HB. xoi &nci xà ànó x&v AH, HB éné &oxv, 
xal got totc and Gv AH, HB toov tò AM, ġntòv koa 
éott tÒ AM. xal naok ontv tv TA xopopépArvot nAáxoc 
toroŭv tův TM: onth doa éotly À TM xal obuueteoc tH TA 
— náv, Emel UgcoOV EoTl TO dic ONO tõv AH, HB, xo 
1G 8c oxó tõv AH, HB toov tò ZA, uécov tou to ZA. xal 
ropà erjvry viv PA napdxerto nàátos nowOv xv ZM- eri 
&po £ov f) ZM xoi àcóuuecpoc tH TA unxer. val Exel te 
uev ànó vv AH, HB onté éotw, tò òè ic rò tõv AH, 
HB yécov, &abuueton tow éotl te and tv AH, HB x6 dic 
òrò tõv AH, HB. xal tois uèv àxó x&v AH, HB toov goth 
tO TA, t& è Gic ono tõv AH, HB 16 ZA: dobuuetoov ipa 
cott To AM 16 ZA. óc 6€ x6 AM mgóc xó ZA, oovoc otv 
À TM node thy ZM. à&cúuuetpos &pa &oxiv Y; DM th ZM 
UYKEL. Kal Slow GUpPdteoa ntal at doa TM, MZ ntal ciot 
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rable in square, making the sum of the squares on them 
medial, and twice the (rectangle contained) by medial, 
and, furthermore, the (sum of the) squares on them in- 
commensurable with twice the (rectangle contained) by 
them. Thus, LN is the irrational (straight-line) called 
that which with a medial (area) makes a medial whole 
[Prop. 10.78]. And it is the square-root of area AB. 
Thus, the square-root of area (AB) is that (straight- 
line) which with a medial (area) makes a medial whole. 
(Which is) the very thing it was required to show. 


Proposition 97 


The (square) on an apotome, applied to a rational 
(straight-line), produces a first apotome as breadth. 
A B G 


C F N K M 


D E oO H L 

Let AB be an apotome, and CD a rational (straight- 
line). And let CE, equal to the (square) on AB, have 
been applied to C D, producing CF as breadth. I say that 
CF is a first apotome. 

For let BG be an attachment to AB. Thus, AG and 
GB are rational (straight-lines which are) commensu- 
rable in square only [Prop. 10.73]. And let CH, equal 
to the (square) on AG, and KL, (equal) to the (square) 
on BG, have been applied to CD. Thus, the whole of 
C L is equal to the (sum of the squares) on AG and GB, 
of which C E is equal to the (square) on AB. The re- 
mainder FL is thus equal to twice the (rectangle con- 
tained) by AG and GB [Prop. 2.7]. Let FM have been 
cut in half at point N. And let NO have been drawn 
through N, parallel to CD. Thus, FO and LN are each 
equal to the (rectangle contained) by AG and GB. And 
since the (sum of the squares) on AG and GB is rational, 
and DM is equal to the (sum of the squares) on AG and 
GB, DM is thus rational. And it has been applied to the 
rational (straight-line) CD, producing CM as breadth. 
Thus, C M is rational, and commensurable in length with 
C D [Prop. 10.20]. Again, since twice the (rectangle con- 
tained) by AG and GB is medial, and FL (is) equal to 
twice the (rectangle contained) by AG and GB, FL (is) 
thus a medial (area). And it is applied to the rational 
(straight-line) CD, producing FM as breadth. FM is 
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dvvdusL WOVoY ovUUETooL’ UZ &pa ànotouf, £ouv.. Aévo 
OY, OTL Xo TET). 

"End Yàp t&v ànó x&v AH, HB uécov àvóAovóv tot 
to tnd tv AH, HB, xaí got xG u&v àrxó xfj; AH toov tò 
rO, 16 o£ àxó tfjc BH tcov xó KA, xG dé òrò xGv AH, 
HB «ó NA, xoi x&v rO, KA &pga uécov àváAovóv got. TO 
NA: £cuv goa @¢ T6 TO node tò NA, oŬtws tò NA ngóc 
tO KA. GAN’ Go uèv tò TO node tò NA, ottw¢ ot f) 
TK node thy NM: às òè tò NA node t6 KA, obtoc £odiv 
À NM znod¢ thy KM: tò pa òrò THY TK, KM toov ot 
T& nO tH NM, toutéot 16 tetd&oet uépEL toU ámó cfjc 
ZM. xa enel oúvuuetpóv ċott TÒ and thc AH 16 dno the 
HB, obuuetody |£oxt| xoi tò [TO tõ KA. ós è tò D'O ngóc 
tO KA, obta¢ À IK node thy KM: ottuuetoos tow éotly f) 
TK th KM. éxet ody d00 evdeta &vicot ciow at TM, MZ, 
xal TẸ TEeTHOTD UsoEL TOD and tho ZM tcov naod thy TM 
mapaBeBAntou cAAcinoy elde, vevpayo vo TO LO TOV TK, 
KM, xal ot oúuuetpos À IK th KM, ġ %oa TM xfjc MZ 
UsiCov SUvaTto TG TÒ ouuuéTpoL aut uýxe. xot otv Å 
[TM obuuetoos th éxxewevyn onth th TA uýxev ġ goa TZ 
ATOTOUÝ EOTL NOTH). 

Tò wou Gnd óàxotoufj; nopà err mxopopoAAóusvov 
TAATOS roii àrotou!|v nporv: ónep £oct Ocisot. 


uy. 
Tò ànò EONS &xotoufj; npotrc mopà órntv Tapa- 

Do Aóuevov nA&xoc notet ixocour|v ocutépav. 
"Eoo uéorg énxocour noo f, AB, érc è ATA, xol tõ 
àxó tfic AB tcov ragà tv DÀ napopepAfio9o tò TE nAécxoc 
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thus rational, and incommensurable in length with CD 
[Prop. 10.22]. And since the (sum of the squares) on AG 
and GB is rational, and twice the (rectangle contained) 
by AG and GB medial, the (sum of the squares) on AG 
and GB is thus incommensurable with twice the (rectan- 
gle contained) by AG and GB. And CL is equal to the 
(sum of the squares) on AG and GB, and FL to twice the 
(rectangle contained) by AG and GB. DM is thus incom- 
mensurable with F L. And as DM (is) to FL, so CM is to 
FM [Prop. 6.1]. CM is thus incommensurable in length 
with FM [Prop. 10.11]. And both are rational (straight- 
lines). Thus, CM and MF are rational (straight-lines 
which are) commensurable in square only. CF is thus an 
apotome [Prop. 10.73]. So, I say that (it is) also a first 
(apotome). 

For since the (rectangle contained) by AG and GB is 
the mean proportional to the (squares) on AG and GB 
[Prop. 10.21 lem.], and CH is equal to the (square) on 
AG, and KL equal to the (square) on BG, and NL to 
the (rectangle contained) by AG and GB, NL is thus 
also the mean proportional to CH and KL. Thus, as 
CH is to NL, so NL (is) to KL. But, as CH (is) to 
NL, so CK is to NM, and as NL (is) to KL, so NM 
is to KM [Prop. 6.1]. Thus, the (rectangle contained) 
by CK and KM is equal to the (square) on NM— 
that is to say, to the fourth part of the (square) on FM 
[Prop. 6.17]. And since the (square) on AG is commen- 
surable with the (square) on GB, CH [is] also commen- 
surable with K L. And as CH (is) to K L, so CK (is) to 
KM [Prop. 6.1]. CK is thus commensurable (in length) 
with KM [Prop. 10.11]. Therefore, since CM and MF 
are two unequal straight-lines, and the (rectangle con- 
tained) by CK and K M, equal to the fourth part of the 
(square) on FM, has been applied to C M, falling short 
by a square figure, and C K is commensurable (in length) 
with K M, the square on CM is thus greater than (the 
square on) M F by the (square) on (some straight-line) 
commensurable in length with (C M) [Prop. 10.17]. And 
CM is commensurable in length with the (previously) 
laid down rational (straight-line) CD. Thus, CF is a first 
apotome [Def. 10.15]. 

Thus, the (square) on an apotome, applied to a ratio- 
nal (straight-line), produces a first apotome as breadth. 
(Which is) the very thing it was required to show. 


Proposition 98 


The (square) on a first apotome of a medial (straight- 
line), applied to a rational (straight-line), produces a sec- 
ond apotome as breadth. 

Let AB be a first apotome of a medial (straight-line), 
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rovo0vy tv D'Z: Aévo, ów À TZ à&notouń £o Sevutéoa. 

"Ecco yàp t AB npocopuóCouca Y, BH’ at sow AH, 
HB uéco eici 6uváuet uóvov cóugetpot erxóv negiéy oucot. 
“ol TG u£v ànó tfj; AH tcov napà vv DA napopepAfio0o 
tò D'O nAéxoc novody thy PK, 16 o& ànó týs HB toov tò 
KA nA&xoc notoOv thy KM: ddov doa xó LÀ tcov £o tote 
ono tv AH, HB: uécov pa xa tò TA. xol xoà entry 
tHYV TA napéxeita tAdtoc notoby thy PM: entry goa éotiv 
? I'M xoi à&cóuperpoc tH TA unxer. xot Exel to DA toov 
coti toic àxó tõv AH, HB, &v tò ånò tc AB toov ot 
t& (E, Aoixóv &pa tò 8i; onó x&v AH, HB tcov £oxi 165 
ZA. entov sé [Eott] tO Sic rò téHv AH, HB: énxóv &pa xo 
ZA. xoi nape oentyy thy ZE napdmertou xAó&xoc xow0v tijv 
ZM- onty koa ott val À ZM xol oúuuetpos t TA ure. 
émet obv ta uev ard tv AH, HB, toutéot: xó DA, uécov 
£ct(v, 1o 0€ Olc ono x&v AH, HB, xouxéou xó ZA, ontdv 
govuuuetooyv doa &oxi tò TA x6 ZA. óc 68 16 DÀ nxpóc xo 
ZA, o0toc £ov f| ITM xgóc vv ZM-: àcóuguetpoc ópa f) 
I'M «f; ZM ufjxev.. xot eiotv aupdteoa ntal at goa DM, 
MZ ontat ctor Suvéuer Udvov obuuetoo fj DZ &pa àxocour, 
Eotlv. Acyw On, OTL Kal Gcuxéca. 


A B H 
I Z N K M 
A E Bu A 


Tetunodo yuo À ZM dtya xata tO N, xa AyVe oux 100 
N tÅ TA napóAAnAoc 9, NE: &xótegov &pa x&v Zo, NA toov 
£o 1$ ono Gv AH, HB. xoi &xce x6Gv ànó xv AH, HB 
TETONYOVUYV uécov àváXovóv &ox tò ono x&v AH, HB, xot 
£c tcov 1o u£v àxó tc AH x6 D'O, xó 66 oónó xGv AH, 
HB 76 NA, tò 8& ànó tfjic BH 16 KA, xoi xGv rO, KA 
toa uécov àváAovóv £o TO NA: oti pa ðs tò TO node 
tO NA, ottwe tO NA node tò KA. àAX' óc uev xó D'O node 
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and CD a rational (straight-line). And let CE, equal to 
the (square) on AB, have been applied to CD, producing 
CF as breadth. I say that CF is a second apotome. 

For let BG be an attachment to AB. Thus, AG and 
GB are medial (straight-lines which are) commensurable 
in square only, containing a rational (area) [Prop. 10.74]. 
And let CH, equal to the (square) on AG, have been ap- 
plied to CD, producing CK as breadth, and K L, equal 
to the (square) on GB, producing K M as breadth. Thus, 
the whole of CL is equal to the (sum of the squares) 
on AG and GB. Thus, CL (is) also a medial (area) 
[Props. 10.15, 10.23 corr.]. And it is applied to the ratio- 
nal (straight-line) C D, producing CM as breadth. CM 
is thus rational, and incommensurable in length with C D 
[Prop. 10.22]. And since CL is equal to the (sum of the 
squares) on AG and GB, of which the (square) on AB 
is equal to C E, the remainder, twice the (rectangle con- 
tained) by AG and GB, is thus equal to FL [Prop. 2.7]. 
And twice the (rectangle contained) by AG and GP [is] 
rational. Thus, FL (is) rational. And it is applied to the 
rational (straight-line) FE, producing FM as breadth. 
FM is thus also rational, and commensurable in length 
with C D [Prop. 10.20]. Therefore, since the (sum of the 
squares) on AG and G B—that is to say, C L—is medial, 
and twice the (rectangle contained) by AG and GB— 
that is to say, / L—(is) rational, CL is thus incommen- 
surable with FL. And as CL (is) to FL, so CM is to 
FM [Prop. 6.1]. Thus, CM (is) incommensurable in 
length with FM [Prop. 10.11]. And they are both ra- 
tional (straight-lines). Thus, CM and MF are rational 
(straight-lines which are) commensurable in square only. 
CF is thus an apotome [Prop. 10.73]. So, I say that (it 
is) also a second (apotome). 

A B G 


D E O H L 

For let FM have been cut in half at N. And let 
NO have been drawn through (point) N, parallel to 
CD. Thus, FO and NL are each equal to the (rectan- 
gle contained) by AG and GB. And since the (rectan- 
gle contained) by AG and GB is the mean proportional 
to the squares on AG and GB [Prop. 10.21 lem.], and 
the (square) on AG is equal to CH, and the (rectangle 
contained) by AG and GB to NL, and the (square) on 
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to NA, o¥ta¢ Eotlv 9| L'K. xgóc xrjv NM, óc 86 vó NÀ noóc 
tò KA, obtoc &£oxy À NM mode thy MK: Gc koa v; PK 
rpóc t?» NM, obtoc &odxv f| NM npgóc vy KM- tÒ Koa 
ónó tGv IK, KM toov &ox x6 ano th¢ NM, toutéot t 
TETHOT UEOEL TOD &nó cfjc ZM [xoi Exel obUUETOdY EoTL TO 
ano th¢ AH 16 ano thc BH, cvuyetoedy gots xat tò TO 16 
KA, toutéotw 4 PK tx KM]. éxet ody S00 cdVetan &nootl 
clow ot TM, MZ, xal 165 tetétow goss tov and tho MZ 
toov napà THY UetCova THY DM rapaBébAnton éAActroy elder 
TETONYOV TO LTO THY L'K, KM xoà eic oouuevpa aty 
capei, À goa TM xfjc MZ uciCov 60varxot TG ATÒ cuuuérpou 
EQUTH UAKEL. xal otv Y) npocoguóCouca v, ZM cóuueteoc 
ufxev vf; Goxeuuévy] evi; xfj, TA: À vou PZ anotoyy £o 
OEUTEO. 

Tò wou &md UsoNS ENOTOUAS TOWTYS TAPA ONTYVY TA- 
pABaAAOUEVOY TAATOS roii AmoTOUNY OgutÉpav: Ónep EOEL 
Octeot. 


nus 


Tò é&xó uéorc &rotoufj; 6cUtÉpoc mxopà ONTYY TaAoO- 
DoAóuevov TAdTOS ToLet &mOTOUNY TeITHY. 


A B H 
I: Z N K M 
A E 2-0 A 


"Ecto uéong &notouy Seutéea À AB, onty dé ATA, xol 
1G ànó tc AB toov napà thy TA napabebàańoðw tò TE 
TAaTOS ToLobY THY CZ: AEyo, O11 f?) LZ &xoctour, £o Totty. 

"Ecco vàp vf; AB npocapguóCouca f, BH: oi &pga AH, HB 
uécot eot OUVEUEL UOVOY OUUUETOOL UEGOYV TEPlEyOLOML. xatl 
1G u&v ànó vfic AH tcov nagà thy TA napaBeBAno de tò rO 
TAaTOS ToLoby thy DK, xG òè and thc BH tcov xapà ctv KO 
nropopebAyova to KA rAdtog notoby tiv KM: d\ov dou TO 
L'A tcov £c xoic àxó xv AH, HB [xal £o uéoo xà ànó 
téjv AH, HB]: uécov &pa xoà xó DÀ. xoà napd Ontyy try 
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BG to KL, NL is thus also the mean proportional to 
CH and KL. Thus, as CH is to NL, so NL (is) to KL 
[Prop. 5.11]. But, as CH (is) to NL,so CK is to NM, 
and as NL (is) to KL, so NM is to MK [Prop. 6.1]. 
Thus, as CK (is) to NM,so NM isto KM [Prop. 5.11]. 
The (rectangle contained) by CK and KM is thus equal 
to the (square) on NM [Prop. 6.17]—that is to say, to 
the fourth part of the (square) on FM [and since the 
(square) on AG is commensurable with the (square) on 
BG, CH is also commensurable with K L—that is to say, 
CK with KM]. Therefore, since CM and MF are two 
unequal straight-lines, and the (rectangle contained) by 
CK and KM, equal to the fourth part of the (square) 
on MF, has been applied to the greater CM, falling 
short by a square figure, and divides it into commensu- 
rable (parts), the square on C M is thus greater than (the 
square on) MF by the (square) on (some straight-line) 
commensurable in length with (C M) [Prop. 10.17]. The 
attachment F'M is also commensurable in length with the 
(previously) laid down rational (straight-line) CD. CF is 
thus a second apotome [Def. 10.16]. 

Thus, the (square) on a first apotome of a medial 
(straight-line), applied to a rational (straight-line), pro- 
duces a second apotome as breadth. (Which is) the very 
thing it was required to show. 


Proposition 99 


The (square) on a second apotome of a medial 
(straight-line), applied to a rational (straight-line), pro- 
duces a third apotome as breadth. 


A B G 
c y ñ 
C F N K M 
D E O H L 


Let AB be the second apotome of a medial (straight- 
line), and CD a rational (straight-line). And let CE, 
equal to the (square) on AB, have been applied to CD, 
producing CF as breadth. I say that CF is a third apo- 
tome. 

For let BG be an attachment to AB. Thus, AG and 
GB are medial (straight-lines which are) commensurable 
in square only, containing a medial (area) [Prop. 10.75]. 
And let CH, equal to the (square) on AG, have been 
applied to CD, producing CK as breadth. And let K L, 
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DA xopopépArot rA&xoc row 0v v? TM: nt pa otv 
? l'M xoi àcóuuetpgoc xfj DA urjxet. xol Emel dAov tO TA 
tcov éotl tote and tv AH, HB, ©v tò TE toov ot 1G 
ono tfjc AB, Aoixóv &pa tò AZ toov Eotl 16 dic ONO TOV 
AH, HB. tetuńoðw obv h ZM dtya xatà tò N onuetoy, 
xoà xfj DA xopóA^nAoc fyc 4 NE: éxdtepov doa tév ZH, 
NA toov £o tă nó xGv AH, HB. uécov Se tÒ onó TOV 
AH, HB: uécov &pa &oxi xoà tò ZA. xol tapà erjvi|v. civ 
EZ xapóxevot nAé&xoc notoUv cvrv ZM- erc) &pa xoà À ZM 
xol àcOuuecpoc tfj DA urjxet. xoi Exel of AH, HB Suvduer 
uóvov eiol cÓuuetpot, &oouuerooc àpa |&£oxi| ufixec Y, AH 
tf, HB: &oúvuuetpov wou goth xal tO dnd tfjc AH. x6 Ono 
:Gv AH, HB. àAA& xG u£v ànó thc AH otuuetod got: tà 
ànro t&v AH, HB, x6 è oxó x&v AH, HB 10 oic nò t&v 
AH, HB: àcóuuecea don ott te and tõv AH, HB c6 oic 
òrò tõv AH, HB. àAAà tois uèv ànó xGv AH, HB toov 
otl tò L'A, x66 è dic oro xGv AH, HB tcov éoti t6 ZA: 
à&cOuuergov ipa £o TO TA xG ZA. wo Se tO TA rede tO 
ZA, obta¢ Eotiv HTM node thy ZM-: àcóuuereoc how Eotiy 
? L'M «fj ZM ure. xot etotw aupdteoat ontat ot dow I'M, 
MZ ontat cio. Suvduet U6vov ovuUETtooL drotoun koa &ociv 
4 UZ. AEyoo OH, Ott ual toity. 

‘Enel yuo obuuetedy got, TO and tHe AH 16 and tic 
HB, obyueteov tow xal tò TO 16 KA: oce xoi f, DK th 
KM. xoà &xei x&v àxó x&v AH, HB yuécov àvóAovóv ot 
tò nò xGv AH, HB, xoí &cow 1G u&v àxó th¢ AH toov 
tO TO, xG d¢ and th¢ HB ícov tò KA, 16 dé b6x0 TOV 
AH, HB tcov xó NA, xoi xGv rO, KA &pga uécov &véXovóv 
éott TO NA’ Éoxv vou Go TO TO roog tò NA, obvoc 1o 
NA npóc tò KA. &AX' óc uev tò TO node tò NA, ottw¢ 
éotly 4) CK mode thy NM, óc òè tò NA rode 16 KA, ot tw 
cotly À NM ngóc t'y KM: óc àpga f| L'K ngóc cv MN, 
ovtws &otlv Y; MN node thy KM: tò pa òrò tõv DK, KM 
(cov £c 1G [and vfi; MN, xouxéou x6] vexópo uépet voO 
ànó tfjc ZM. &nxei oov 000 cóc ğvuool ciow a TM, MZ, 
xoi t&à t&téópQ uéper toŭ ànò tc ZM tcov napà thy TM 
mapapEBAnton &£AAeirov elds TETEAYHOVO Kal El¢c oouuetpa 
autyy Stoaoet, À TM doa thc MZ uetCov ðúvata tH) imo 
cuuuétgou EQUTH. ual ovdetéoa tGv I'M, MZ obuguetoóc 
EOTL UYMEL TH Exxetwevy onth tÁ TA: ġ doa TZ ånotouń £o 
TOLT. 

Tò &pa ànò uéons àdnotouñs ðecutépac napà NTÀY Tapa- 
BarAAduevoy TAATOS Totel anOTOUNY ToltHY’ Sree Eder Seton. 
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equal to the (square) on BG, have been applied to KH, 
producing KM as breadth. Thus, the whole of CL is 
equal to the (sum of the squares) on AG and GB [and 
the (sum of the squares) on AG and GB is medial]. CL 
(is) thus also medial [Props. 10.15, 10.23 corr.]. And it 
has been applied to the rational (straight-line) CD, pro- 
ducing CM as breadth. Thus, C M is rational, and incom- 
mensurable in length with CD [Prop. 10.22]. And since 
the whole of CL is equal to the (sum of the squares) on 
AG and G&B, of which CE is equal to the (square) on 
AB, the remainder LF is thus equal to twice the (rect- 
angle contained) by AG and GB [Prop. 2.7]. Therefore, 
let FM have been cut in half at point N. And let NO 
have been drawn parallel to CD. Thus, FO and NL are 
each equal to the (rectangle contained) by AG and GB. 
And the (rectangle contained) by AG and GB (is) me- 
dial. Thus, FL is also medial. And it is applied to the 
rational (straight-line) EF, producing FM as breadth. 
FM is thus rational, and incommensurable in length with 
C D [Prop. 10.22]. And since AG and GB are commen- 
surable in square only, AG [is] thus incommensurable in 
length with GB. Thus, the (square) on AG is also incom- 
mensurable with the (rectangle contained) by AG and 
GB [Props. 6.1, 10.11]. But, the (sum of the squares) 
on AG and GB is commensurable with the (square) on 
AG, and twice the (rectangle contained) by AG and GB 
with the (rectangle contained) by AG and GB. The 
(sum of the squares) on AG and GB is thus incommen- 
surable with twice the (rectangle contained) by AG and 
GB [Prop. 10.13]. But, CL is equal to the (sum of the 
squares) on AG and GB, and FL is equal to twice the 
(rectangle contained) by AG and GB. Thus, CL is in- 
commensurable with FL. And as CL (is) to FL, so CM 
is to FM [Prop. 6.1]. CM is thus incommensurable in 
length with FM [Prop. 10.11]. And they are both ra- 
tional (straight-lines). Thus, CM and MF are rational 
(straight-lines which are) commensurable in square only. 
CF is thus an apotome [Prop. 10.73]. So, I say that (it 
is) also a third (apotome). 

For since the (square) on AG is commensurable with 
the (square) on GB, CH (is) thus also commensu- 
rable with KL. Hence, CK (is) also (commensurable 
in length) with KM [Props. 6.1, 10.11]. And since the 
(rectangle contained) by AG and GB is the mean propor- 
tional to the (squares) on AG and GB [Prop. 10.21 lem.], 
and CH is equal to the (square) on AG, and KL equal 
to the (square) on GB, and N L equal to the (rectangle 
contained) by AG and GB, NL is thus also the mean 
proportional to CH and KL. Thus, as CH is to NL, so 
N L (is) to K L. But, as CH (is) to NL,so CK isto NM, 
and as NL (is) to KL, so NM (is) to KM [Prop. 6.1]. 
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f 
T6 ànó &A&ocovoc napà ernxr|v NapaParhAdUEVOY TAATOS 
TOLET EMOTOUNY TETHOTH)Y. 


A B H 


———————— 


I Z N K M 
A E = oO A 


"Eotw thdoowy f, AB, onty oe Y; DA, xoi x6 dno the 
AB foov —— 
rovo0v tv DL'Z: Avo, ów À TZ &xotour, £o tetaoety,. 

"Ecco yàp t AB npocoapuóCouca 7 BH’ at sow AH, 
HB 9ovvágzt eioty àcóuuexpor xovoOcot 1ó u&v cuvxetuevov 
£x x&v ànó xGv AH, HB tetpayóvov ġntóv, tò 068 Gic ono 
:Gv AH, HB yécov. xoi 16 uèv dnd thc AH toov naog 
Uv TA napabeBAnode tò TO nàátos nootv thy TK, 16 
dé dno tTh¢ BH tcov tò KA nA&xoc notobv thy KM: ddov 
goa tO TA toov éotl tote ano t&v AH, HB. xal ott tÒ 
ouyxetuevoy &x tõv å&nò tõv AH, HB énxóv: ernxóv &pga 
£c xoi TO L'A. xoà napà ontv ty TA napáxeita xAó&oc 
mrotoby thY TM: entry goa xot ñ TM xal obuueteoc tH TA 
Ufixet. xot &nel óAov xó DÀ toov &oxi tote and tõv AH, HB, 
Gv 10 TE tooy éotl 16 and th¢ AB, Aotndv gow 10 ZA {oov 
£cd T6 dic bnd tõv AH, HB. tetujodw o0v Å ZM dtya 


X 


xata to N onuciov, xal Hy0w dia tod N ónrotépa tõv TA, 
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Thus, as CK (is) to MN,so MN isto KM [Prop. 5.11]. 
Thus, the (rectangle contained) by CK and K M is equal 
to the [(square) on M N—that is to say, to the] fourth 
part of the (square) on FM [Prop. 6.17]. Therefore, 
since CM and MF are two unequal straight-lines, and 
(some area), equal to the fourth part of the (square) on 
FM, has been applied to C M, falling short by a square 
figure, and divides it into commensurable (parts), the 
square on C M is thus greater than (the square on) MF 
by the (square) on (some straight-line) commensurable 
(in length) with (CM) [Prop. 10.17]. And neither of 
CM and MF is commensurable in length with the (pre- 
viously) laid down rational (straight-line) CD. CF is 
thus a third apotome [Def. 10.13]. 

Thus, the (square) on a second apotome of a medial 
(straight-line), applied to a rational (straight-line), pro- 
duces a third apotome as breadth. (Which is) the very 
thing it was required to show. 


Proposition 100 


The (square) on a minor (straight-line), applied to 
a rational (straight-line), produces a fourth apotome as 
breadth. 
A B G 


—ñ —— —— — 

C F N K M 

D E O H L 
Let AB be a minor (straight-line), and CD a rational 
(straight-line). And let CE, equal to the (square) on AB, 
have been applied to the rational (straight-line) C D, pro- 
ducing CF as breadth. I say that C F is a fourth apotome. 
For let BG be an attachment to AB. Thus, AG and 
GB are incommensurable in square, making the sum of 
the squares on AG and GB rational, and twice the (rect- 
angle contained) by AG and GB medial [Prop. 10.76]. 
And let CH, equal to the (square) on AG, have been ap- 
plied to CD, producing CK as breadth, and KL, equal 
to the (square) on BG, producing KM as breadth. Thus, 
the whole of CL is equal to the (sum of the squares) on 
AG and GB. And the sum of the (squares) on AG and 
GB is rational. CL is thus also rational. And it is ap- 
plied to the rational (straight-line) CD, producing CM 


as breadth. Thus, CM (is) also rational, and commen- 
surable in length with CD [Prop. 10.20]. And since the 
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MA napóA^nAoc Y, N= &xáxepov &pa x&v Zo, NA toov oti 
1G òrò xGv AH, HB. xoi &nei 16 öls òrò tõv AH, HB uécov 
£cl xat £ouv tcov Gà ZA, xal xó ZA &pa uécov &ociv. xoi 
rapà envy THY ZE napaxerta TAdtos nrotoOv trv ZM- entr) 
&pa cti Å ZM xol àcóguueceoc vf; LA uńxei. xal nel tò 
uèy ovyxelusevoy éx THY dno tõv AH, HB ġrntóv otw, tò 
0€ Gic oxó xGv AH, HB uécov, &obuuetpa [koa] Eott te and 
t&v AH, HB «6 8ic rò xGv AH, HB. toov 8é [£ox] tò TA 
toic àxó x&v AH, HB, «6 9€ oic ónó x&v AH, HB toov tò 
ZA: dobuuetoov bow [éott] to TA 16 ZA. @¢ 6¢ 16 TA rode 
tO ZA, o¥tw¢ éotly À ITM rode thy MZ: dovuuetood doa 
cotly 7, I'M xfj MZ ufixec.. xat ciow duyótepa ontat at doa 
I'M, MZ énaí ctor Suvdauer U6voy ovUUETOOL’ &xocour koa 
éotly 1 UZ. Aéyoo [OH], öt xa tetápTN. 

‘Exel yoo at AH, HB Svuvéuer cioty aobuueteot, dobuuet- 
pov &pa xoi TO å&nò ts AH 76 and thc HB. xal got 1H 
uev dno th¢ AH toov to TO, x& 5€ ànó the HB tcov xo 
KA: àcóuuetpov &pa &oxi tò TO x6 KA. óc 6&6 x6 D'O ngóc 
:ó KA, obxoc &coiv f| 'K ngóc thy KM: &obuguetpoc àpa 
£cuvy f, DK xfj KM ufixet. vol Exel tv ano tv AH, HB 
uécov avédoyoy oti Tò onó xGv AH, HB, xot £ouv toov 
tó u£v and tHe AH 165 rO, tò dé and th¢ HB t KA, 
tò b€ ono xGv AH, HB «x& NA, x&v &pa rO, KA uéoov 
àváAoYóv ot tò NA: Éoxv oa ðs tò D'O ngóc 1ó NA, 
oUtoc tó NÀ npóc t6 KA. GA’ We EV TO TO rode TO 
NA, obtw¢ gotiv À IK node thy NM, &c 5€ 16 NA rode 
tO KA, ottwe Eotiv À NM rede thy KM: Ge bow IK 
rpóc t'y MN, obtoc &oxiy Y; MN node thy KM: tò dou 
bro THY ITK, KM toov gott 16 ano thc MN, toutéott 165 
TETHOT WEEL TOD dno The ZM. Enxet odv dV0 evvetar &viool 
ciot at TM, MZ, xot tH tetodetw uéper xoO ànó the MZ 
{oov rapà tùy TM napaBébAntou é\Acinov elder tetoaryava 
tO Ono THY PK, KM xa cic cobuuetoa abthy Stoeet, F) Koa 
[TM tc MZ uetCov S0vaton tH and å&ouvuuétpou taut. xal 
otv CAN HIM obuuetooc unmet tH Exxewmevy onth th PA: 
Å doa TZ à&nrotouń CTL TETÁPTN. 

T6 &pa ànó &A&ccovoc xoi xà &&fjc. 
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whole of CL is equal to the (sum of the squares) on AG 
and GB, of which CE is equal to the (square) on AB, 
the remainder FL is thus equal to twice the (rectangle 
contained) by AG and GB [Prop. 2.7]. Therefore, let 
FM have been cut in half at point N. And let NO have 
been drawn through N, parallel to either of CD or ML. 
Thus, FO and NL are each equal to the (rectangle con- 
tained) by AG and GB. And since twice the (rectangle 
contained) by AG and GB is medial, and is equal to FL, 
FL is thus also medial. And it is applied to the ratio- 
nal (straight-line) F E, producing FM as breadth. Thus, 
FM is rational, and incommensurable in length with CD 
[Prop. 10.22]. And since the sum of the (squares) on AG 
and GB is rational, and twice the (rectangle contained) 
by AG and GB medial, the (sum of the squares) on AG 
and GB is [thus] incommensurable with twice the (rect- 
angle contained) by AG and GB. And CL (is) equal to 
the (sum of the squares) on AG and GB, and FL equal 
to twice the (rectangle contained) by AG and GB. CL 
[is] thus incommensurable with FL. And as C L (is) to 
FL,soCM isto MF [Prop. 6.1]. CM is thus incommen- 
surable in length with MF [Prop. 10.11]. And both are 
rational (straight-lines). Thus, CM and MF are rational 
(straight-lines which are) commensurable in square only. 
CF is thus an apotome [Prop. 10.73]. [So], I say that (it 
is) also a fourth (apotome). 

For since AG and GB are incommensurable in square, 
the (square) on AG (is) thus also incommensurable with 
the (square) on GB. And CH is equal to the (square) on 
AG, and K L equal to the (square) on GB. Thus, CH is 
incommensurable with KL. And as CH (is) to KL, so 
CK is to KM [Prop. 6.1]. CK is thus incommensurable 
in length with KM [Prop. 10.11]. And since the (rectan- 
gle contained) by AG and GB is the mean proportional 
to the (squares) on AG and GP [Prop. 10.21 lem.], and 
the (square) on AG is equal to CH, and the (square) 
on GB to KL, and the (rectangle contained) by AG and 
GB to NL, NL is thus the mean proportional to CH and 
KL. Thus, as CH is to NL, so NL (is) to KL. But, 
as CH (is) to NL, so CK is to NM, and as N L (is) to 
KL, so NM is to KM [Prop. 6.1]. Thus, as CK (is) to 
MN,so MN isto KM [Prop. 5.11]. The (rectangle con- 
tained) by C K and K M is thus equal to the (square) on 
M N—that is to say, to the fourth part of the (square) on 
FM [Prop. 6.17]. Therefore, since CM and M F are two 
unequal straight-lines, and the (rectangle contained) by 
CK and K M, equal to the fourth part of the (square) on 
MF, has been applied to C M, falling short by a square 
figure, and divides it into incommensurable (parts), the 
square on C M is thus greater than (the square on) MF 
by the (square) on (some straight-line) incommensurable 
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f 
pa. 
To and th¢ usta ONTOD UEGOY TO ÖAov xotoborc xoà 
ONTHY TaApaaAASUEVOYV TAATOS Nolet AMOTOUNY TÉUTTNY. 


A B H 
[ Z N K M 
A E = A 


"Eoo À uex& evvoo u£cov xó óXov xovoOoa f| AB, onty 
o£ f| DA, xoi 6 and ts AB toov xapà vv DA tapa- 
BeBAjova to TE nAadtog novobyv thy L'Z: A&vo, ów 9 LUZ 
ATOTOUM EOTL NEUTNTY). 

"Hote yuo vf; AB ngocopuóCouca rt BH: at wow AH, 
HB zó9cio Suvduer cioty &oouuetpor notoUoa TO uÈv 
cuvxe(uevov &x TOY aN avTOY TETONYOVOYV UEDOY, TO OE 
dic UN avTdY ONTdY, xal TH uèv and tc AH toov naog 
Uv TA nopasebafjodw tò rO, 4 è and tfjc HB toov 
tO KA: dov dou tO TA toov Eotl tote dnd tv AH, HB. 
tÒ è ovyxeiuevoy éx THY dno THY AH, HB gua uéoov 
cti uécov goa éotl tò TA. xoi nap& ntv ty TA 
TACAKELTAL TAGTOS ToLtoby THY PM: enty doa gotiv HTM xt 
gobvuueteos TH TA. xot Exet SAov to TA toov gotl tote dnd 
:Gv AH, HB, Gv tò TE tcov &oxi xG dno ti¢ AB, Aotndv 
goa tO ZA toov &cxi 1G Gic oxó xov AH, HB. «exufjo9o 
oOv À ZM dtya xata xó N, xot fyc ou tod N dnotéeg 
:Gv DA, MA napáňànios NE: éxdtepov tou tv ZEB, NA 
(cov &cxi tõ ono x&v AH, HB, xoà &nei xó Gic ono x&v AH, 
HB éntév got xat [Eotty] toov 16 ZA, Ontov toa Eotl tO 
ZA. nol napà ENtHY THY EZ napdxertou xAéxoc xovo0v tiv 
ZM: entry goa otv À ZM xol obuuetoos tH TA ure. xol 
&nel xó u£v L'A uécov &oxív, tÒ 6€ ZA ontdy, aobuUetoeov 
goa ot) TO TA 16 ZA. Go Se 16 TA ngóc xó ZA, obtoq 
À TM node thy MZ: d&ovtuuetoos dex Eotiv HTM th MZ 
uýxe xal ctor aupdteoa Ontat at dow TM, MZ ntal ctor 
Ouváuet uóvov cóuuetpov. &moTtoUy doa gotly yy PZ. Aeyoo 
0f, Óct xoà NEUNTY. 

"Ouotoc yuo oc(&ouev, óu TO DMO THY TKM tcov tot 
TG) dno tic NM, xouxéou tT tetéotw usps: Tob and TH¢ 


ELEMENTS BOOK 10 


(in length) with (CM) [Prop. 10.18]. And the whole of 
CM is commensurable in length with the (previously) 
laid down rational (straight-line) CD. Thus, CF isa 
fourth apotome [Def. 10.14]. 

Thus, the (square) on a minor, and so on ... 


Proposition 101 


The (square) on that (straight-line) which with a ra- 
tional (area) makes a medial whole, applied to a rational 
(straight-line), produces a fifth apotome as breadth. 


A B G 

=| $$ — 
C F N K M 
D E oO H L 


Let AB be that (straight-line) which with a ratio- 
nal (area) makes a medial whole, and CD a rational 
(straight-line). And let CE, equal to the (square) on AB, 
have been applied to CD, producing CF as breadth. I 
say that C'F is a fifth apotome. 

Let BG be an attachment to AB. Thus, the straight- 
lines AG and GB are incommensurable in square, mak- 
ing the sum of the squares on them medial, and twice 
the (rectangle contained) by them rational [Prop. 10.77]. 
And let CH, equal to the (square) on AG, have been ap- 
plied to CD, and K L, equal to the (square) on GB. The 
whole of CL is thus equal to the (sum of the squares) on 
AG and GB. And the sum of the (squares) on AG and 
GB together is medial. Thus, CL is medial. And it has 
been applied to the rational (straight-line) CD, produc- 
ing CM as breadth. C M is thus rational, and incommen- 
surable (in length) with CD [Prop. 10.22]. And since 
the whole of CL is equal to the (sum of the squares) on 
AG and GB, of which C E is equal to the (square) on 
AB, the remainder FL is thus equal to twice the (rect- 
angle contained) by AG and GB [Prop. 2.7]. Therefore, 
let FM have been cut in half at N. And let NO have 
been drawn through N, parallel to either of C D or M L. 
Thus, FO and NL are each equal to the (rectangle con- 
tained) by AG and GB. And since twice the (rectangle 
contained) by AG and GB is rational, and [is] equal to 
FL, FL is thus rational. And it is applied to the ratio- 
nal (straight-line) EF, producing FM as breadth. Thus, 
FM is rational, and commensurable in length with CD 
[Prop. 10.20]. And since CL is medial, and F'L rational, 
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ZM. xoi &rxei &cóuuerpóv &ox xó ànó tic AH 163 and th¢ 
HB, tcov è tò vev and thc AH x6 DO, 10 de and the 
HB 16 KA, aovuuetooy goa 10 rO tă KA. ðc è tò rO 
ngoc tò KA, obxoc 7; L'K ngóc thy KM: àcúvuuetpos toa 
? LK th KM unmet. ncl oŬv 600 eó9Octot &vioot etotw ot 
I'M, MZ, xoi 1G texópto u£poet tod and thc ZM toov rapa 
tv LM xopapéDAvot &£AAeirov elde. tetoayavead “al cic 
à&cóuuetpa aOtr]v oto oet, Y| poc [TM the MZ yetCov Sbvatou 
TG) GMO HOVUUETOOL EauUTH. xal &£ocv Y) npocoapuóCouoca f) 
ZM ovuueteoc th exxewéevy nt tH A: 4 doa PZ anotouy 
OTL MEUNTH' OnEO Eder Seta. 


"n 
Tò &nxó rfj; uexà uécou uécov xó ÓAov notobor|c napa 
OENTYY TapAaPaAAGUEVOY TAATOS TOLEl AMOTOUNY EXTHY. 


A B H 
— — — —— 
r Z N K M 
A E a 49 A 


"Eoo f| u£xà uécou uécov xo óAov nrotoUca *| AB, nt 
dé 9| DÀ, xoi xG dnd the AB toov napà tùy TA napa- 
BeBAjodva tò L'E. xAéxoc xowOv uv DZ Aévo, óu 9| UZ 
OMOTOUY SOTLY Extr). 

"Eoxo yuo vf; AB ngocoapuóCouca y, BH: oi &pa AH, 
HB 9ouvápget ctolv &oouuetoot rowo0ocot 1Óó Te GUYXELUEVOY 
£x TOV dm aOtOv TeTONYaVWY UEGOV xal TO Sic LTO TOV 
AH, HB uécov xol &oúuuectpoov xà ànó x&v AH, HB 71635 
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CL is thus incommensurable with FL. And as CL (is) to 
FL, so CM (is) to MF [Prop. 6.1]. CM is thus incom- 
mensurable in length with M F [Prop. 10.11]. And both 
are rational. Thus, CM and MF are rational (straight- 
lines which are) commensurable in square only. CF is 
thus an apotome [Prop. 10.73]. So, I say that Cit is) also 
a fifth (apotome). 

For, similarly (to the previous propositions), we can 
show that the (rectangle contained) by C K M is equal to 
the (square) on N M—that is to say, to the fourth part 
of the (square) on FM. And since the (square) on AG 
is incommensurable with the (square) on GB, and the 
(square) on AG (is) equal to CH, and the (square) on 
GB to KL, CH (is) thus incommensurable with K L. 
And as CH (is) to KL, so CK (is) to KM [Prop. 6.1]. 
Thus, CK (is) incommensurable in length with KM 
[Prop. 10.11]. Therefore, since CM and M F are two un- 
equal straight-lines, and (some area), equal to the fourth 
part of the (square) on FM, has been applied to CM, 
falling short by a square figure, and divides it into incom- 
mensurable (parts), the square on CM is thus greater 
than (the square on) MF by the (square) on (some 
straight-line) incommensurable (in length) with (CM) 
[Prop. 10.18]. And the attachment FM is commensu- 
rable with the (previously) laid down rational (straight- 
line) CD. Thus, CF is a fifth apotome [Def. 10.15]. 
(Which is) the very thing it was required to show. 


Proposition 102 


The (square) on that (straight-line) which with a me- 
dial (area) makes a medial whole, applied to a rational 
(straight-line), produces a sixth apotome as breadth. 

A B G 


— — — — — 
C F N K M 
D E O H L 
Let AB be that (straight-line) which with a me- 
dial (area) makes a medial whole, and CD a rational 
(straight-line). And let C E, equal to the (square) on AB, 
have been applied to CD, producing CF as breadth. I 
say that CF is a sixth apotome. 
For let BG be an attachment to AB. Thus, AG and 


GB are incommensurable in square, making the sum of 
the squares on them medial, and twice the (rectangle 
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otc ono 1&v AH, HB. nopopeBArfjo9c oov nopà viv PA x6 
uev and tho AH toov tò TO xAé&xoc xowOv vv DK, x6 
o£ àxó tfjc BH xó KA: óAov &pa xó TA tcov &od xoic &nò 
t&v AH, HB: uécov &pa |£o ci] xoi tò TA. xoa ropà eren 
vv DA nxopóxevxot rÀAéxoc novOv viv PM: entry goa éotiv 
À ITM xoi àcóuuetgoc xfj TA urjxet.. &xet oov tò L'A tcov 
£c totic àroó x&v AH, HB, Gv tò D'E toov x6 àno ts AB, 
Aowtóv àpa tO ZA toov Eotl TG Oi; ono x&v AH, HB. xo 
coti TÒ dic UNO 16v AH, HB uécov: xoi 16 ZA &pa uécov 
£o1(v. xoà rapà ericry vv ZE napóxevxot nAó&toc rovo0v tiv 
ZM: ert) &pa £o v f| ZM xoi &cúuuetpos tÅ TA uńxei. xol 
Enel và àxó 6v AH, HB aobduueted &ox x6 Sic DMO TOV 
AH, HB, xot &c voiz u£v àxó x&v AH, HB tcov tò TA, 
t6) 6€ ülc onó x&v AH, HB tcov 16 ZA, dovuuetoos dou 
cxi] tò TA x& ZA. óc 6€ 16 DÀ ngóc xó ZA, obtoc Eotlv 
À TM nodc thy MZ &oúuuetpos àpa &oxiv Y, I'M xf; MZ 
UyKEL. Kat slow duMdTeoa orntot. of TM, MZ cow ontat cior 
OUVOUEL UWOVOY GOUUETOOL’ aMOTOUY Koa &ov Y, L'Z. Aévo 
OY, OTL Xo Extr). 

Enel yàp tO ZA {oov ot tõ öls Ono x&v AH, HB, 
tetunova dtya ñ ZM xatà tò N, xal HyVw 1a tod N tf 
L'A xapóáAAnAoc i N= &xáxegov &pa x&v ZE, NA toov ot 
TG) bro TOV AH, HB. xot éxet of AH, HB dvuvduer etotv 
COUUUETEOL, GoUUUETEOY koa Eotl TO dnd tH¢ AH tH and 
týs HB. dhà t& u£v ànó tH¢ AH toov éotl 16 TO, 16 d¢ 
ono th¢ HB toov otl tò KA: dovuuetooy gow éott to TO 
1G KA. óc è tò TO node 16 KA, obtoc &oxiv f| DK noóc 
tv KM: &oóoupergoc &pa &oxiy Y) L'K. xfj KM. xoà enct 
ono t&v AH, HB yécov àvóAovóv £o tò rò xGv AH, 
HB, xoi £o 16 u£v ànó vfjc AH tcov tò TO, x6 de and 
ts HB toov tò KA, xG 8€ ónó x&v AH, HB tcov tò NA, 
xoà 16jv &po L'O, KA uécov àváAoYvóv éott TO NA’ ott goo 
j¢ TO TO node tO NA, ottwo tO NA npgóc tò KA. xoi oux 
tà xt À ITM tc MZ ueiCov dbvaton 16 TÒ àcuuuétpou 
aut. xal oddetéopa abtÓv cOuuetpóc £o TH Exxetuevy 
pnt tH TA: AZ sou gnotoyy got Extn once gdeu ocior. 
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contained) by AG and GB medial, and the (sum of the 
squares) on AG and GB incommensurable with twice 
the (rectangle contained) by AG and GB [Prop. 10.78]. 
Therefore, let CH, equal to the (square) on AG, have 
been applied to C D, producing CK as breadth, and KL, 
equal to the (square) on BG. Thus, the whole of CL 
is equal to the (sum of the squares) on AG and GB. 
CL [is] thus also medial. And it is applied to the ratio- 
nal (straight-line) C D, producing CM as breadth. Thus, 
CM is rational, and incommensurable in length with 
CD [Prop. 10.22]. Therefore, since CL is equal to the 
(sum of the squares) on AG and GB, of which C E (is) 
equal to the (square) on AB, the remainder FL is thus 
equal to twice the (rectangle contained) by AG and GB 
[Prop. 2.7]. And twice the (rectangle contained) by AG 
and GB (is) medial. Thus, FL is also medial. And it is 
applied to the rational (straight-line) FE, producing F M 
as breadth. FM is thus rational, and incommensurable 
in length with CD [Prop. 10.22]. And since the (sum 
of the squares) on AG and GB is incommensurable with 
twice the (rectangle contained) by AG and GB, and CL 
equal to the (sum of the squares) on AG and GB, and 
FL equal to twice the (rectangle contained) by AG and 
GB, C L [is] thus incommensurable with FL. And as CL 
(is) to FL, so CM is to MF [Prop. 6.1]. Thus, CM is 
incommensurable in length with M F [Prop. 10.11]. And 
they are both rational. Thus, CM and M F are rational 
(straight-lines which are) commensurable in square only. 
CF is thus an apotome [Prop. 10.73]. So, I say that (it 
is) also a sixth (apotome). 

For since FL is equal to twice the (rectangle con- 
tained) by AG and GB, let FM have been cut in half 
at N, and let NO have been drawn through N, parallel 
to CD. Thus, FO and NL are each equal to the (rect- 
angle contained) by AG and GB. And since AG and GB 
are incommensurable in square, the (square) on AG is 
thus incommensurable with the (square) on GB. But, 
CH is equal to the (square) on AG, and KL is equal 
to the (square) on GB. Thus, CH is incommensurable 
with KL. And as CH (is) to KL, so CK is to KM 
[Prop. 6.1]. Thus, CK is incommensurable (in length) 
with KM [Prop. 10.11]. And since the (rectangle con- 
tained) by AG and GB is the mean proportional to the 
(squares) on AG and GB [Prop. 10.21 lem.], and CH 
is equal to the (square) on AG, and KL equal to the 
(square) on GB, and NL equal to the (rectangle con- 
tained) by AG and GB, NL is thus also the mean pro- 
portional to CH and KL. Thus, as CH isto NL, so NL 
(is) to KL. And for the same (reasons as the preced- 
ing propositions), the square on CM is greater than (the 
square on) MF by the (square) on (some straight-line) 
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H t ànotoufj ufjxev oouuexpoc notou ote xal fj 
TAEEL Y AÙTÁ. 
A B E 


—— ee — —— 


DU A Z 


SSS — 

"Eote &notouy Y; AB, xoi xfj AB ufixev oóuuetpoc £oto 
Y] DA: Aévo, öt xal À TA ànrotouń £o xol xfj xá&et | ari?) 
tf AB. 

‘Enel yoo dmotoun éotty AB, Eotw abt roo- 
capuólovoa tf BE’ ot AE, EB dea ontat eto. Suvduet Udvov 
coúuuetpo. xal t tc AB node thy TA AóYvo 6 adtd¢ 
yeyoveta ô tc BE npòs tùy AZ: nal we Ev toa ned Ev, 
navta |goti] moog né&vta Eotiv Kou xal Gc SAN Hh AE nod 
óÀrv tv LZ, obxoc fj AB npgóc vv DA. oúuuetpos 98 Y; AB 
th TA ufixev. oóupexpoc ipa xoi Y) AE èv tý TZ, 4 be BE 
tfj AZ. xoi ot AE, EB érjxoít eiot Guvápec uóvov oóuuerpov 
xol ot D'Z, ZA &pa evjxot etov G0váuet uóvov oDupecpor [&mo- 
xou?) &pac £oxiv. Y| DA. Aévo 8f, óv xoi vf; xá&er | acr) xfj 
AB]. 

‘Enel obv got óc f, AE ngóc thy CZ, obtw¢ 4} BE red¢ 
tv AZ, EvoAAKE &pa otv ðs Wy AE medc¢ thy EB, ottw< 
À TZ ngóc t^v ZA. fiov 99) Y; AE, vfic EB yetCov dbvatou 
TG) GTO GUUUETOOL EQUTH 7 TH AMO &cuuuétpou. cet uev oOv 
?, AE vfjc EB uciCov 60varxot tT% àxó cuupéxpou &aucfi, xot 
À TZ ts ZA ueiGov Suvfjioevot TH nò ovuuétpou auti. 
xal ei u£v ovuuetpós &cuv f; AE xfj &xxewévr erf, uńxet, 
xoi À TZ, ci òè Y, BE, xoi 7, AZ, ei 0€ oó0exéga tõv AE, 
EB, xoi oddetéoa tv DUZ, ZA. et 6€ fj AE |xfjc EB| ueiCov 
SUVaTAL TES ATÒ HoOLUUETEOL EauTH, xoi Y| L'Z xfjc ZA usitov 
Ouvfjcecot T UNO HOVLUUETOOL EQUTH. xal sl UEV CDUUETEOCS 
£cuv 1) AK th éxxewévy onty uynet, xot ġ TZ, et dé vj BE, 
xol AZ, ei 6€ ob8exépa tHv AE, EB, oòòetépa tõv IZ, 
ZA. 

Anotoury koa éotiv Y, DA xoi xfj xá&et 7| oot?) tý AB: 
OnE &£Oet Ocl&ot. 
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incommensurable (in length) with (CM) [Prop. 10.18]. 
And neither of them is commensurable with the (previ- 
ously) laid down rational (straight-line) CD. Thus, CF 
is a sixth apotome [Def. 10.16]. (Which is) the very thing 
it was required to show. 


Proposition 103 


A (straight-line) commensurable in length with an 
apotome is an apotome, and (is) the same in order. 


A B E 
———— Ż 
C D F 
— e — 


Let AB be an apotome, and let CD be commensu- 
rable in length with AB. I say that CD is also an apo- 
tome, and (is) the same in order as AB. 

For since AB is an apotome, let BE be an attachment 
to it. Thus, AE and EB are rational (straight-lines which 
are) commensurable in square only [Prop. 10.73]. And 
let it have been contrived that the (ratio) of BE to DF 
is the same as the ratio of AB to CD [Prop. 6.12]. Thus, 
also, as one is to one, (so) all [are] to all [Prop. 5.12]. 
And thus as the whole AF is to the whole CF, so AB 
(is) to CD. And AB (is) commensurable in length with 
CD. AE (is) thus also commensurable (in length) with 
CF, and BE with DF [Prop. 10.11]. And AF and 
BE are rational (straight-lines which are) commensu- 
rable in square only. Thus, CF and FD are also rational 
(straight-lines which are) commensurable in square only 
[Prop. 10.13]. [C D is thus an apotome. So, I say that (it 
is) also the same in order as AB.] 

Therefore, since as AE is to CF, so BE (is) to 
DF, thus, alternately, as AE is to EB, so CF (is) to 
FD [Prop. 5.16]. So, the square on AE is greater 
than (the square on) EB either by the (square) on 
(some straight-line) commensurable, or by the (square) 
on (some straight-line) incommensurable, (in length) 
with (AF). Therefore, if the (square) on AF is greater 
than (the square on) EB by the (square) on (some 
straight-line) commensurable (in length) with (A) then 
the square on CF will also be greater than (the square 
on) FD by the (square) on (some straight-line) commen- 
surable (in length) with (CF) [Prop. 10.14]. And if AE 
is commensurable in length with a (previously) laid down 
rational (straight-line) then so (is) CF [Prop. 10.12], 
and if BE (is commensurable), so (is) DF, and if nei- 
ther of AE or EB (are commensurable), neither (are) 
either of CF or FD [Prop. 10.13]. And if the (square) 
on AE is greater [than (the square on) EB] by the 
(square) on (some straight-line) incommensurable (in 
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H tfj uéorc ànxotouf; oouuetpoc uéorc ànotouf, £o 
xoà tfj và&et Y) aot. 


A B E 
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DU A A 


—ñ Se a 

"Eote uéone anotouy fj, AB, xoà vf; AB uńxet oúuuetpos 
&cco Y) DÀ: Aévo, óu xoà f; DÀ uéornc &xocouf, got xoi f| 
tage 7| aot?) 1f; AB. 

Enci yàp uéons à&notouń got 5| AB, £oxo af npo- 
copuóCouca Y, EB. oi AE, EB &pa uécot etci óuvóuet uóvov 
cüuguetpot. xol yevovéxo óc Y, AB ngóc thy TA, obtwe À 
BE nod¢ thy AZ: obuuetoos &pa |£oxi| xoi À AE xfj LZ, 
ñ òè BE t AZ. oi òè AE, EB uéow ciol duvéuer udvov 
ovuuetoo xoà oi DZ, ZA &pa uéoot eto Suvduer Udvov 
cüuuetpov uéor dpa áxotouf, £oxuv f| DA. Aévo OH, Öt 
xol tfj xá&et &o xv 7| aoc?) «f; AB. 

"Enc [yée] otv ðs f|, AE ngóc xy EB, oboxoc f| LUZ 
npóc tv ZA |&XX óc uev fj AE npóc tiv EB, obtoc tò 
ano tic AE node xó onó xGv AE, EB, óc 98 9| l'Z ngóc viv 
ZA, otc 16 áo tfic LZ noóc tò òrò xGv TZ, ZAJ, ouv 
hoa xal We TO End the AE npóc xo oxó x6v AE, EB, obtoc 
tO and tHe [TZ node t6 Ond tHv TZ, ZA pot vahit ðc 
TÒ GTO THe AE rede 16 and the L'Z, obxoc xo oxó xGv AE, 
EB noóc tò nó xGv LZ, ZA]. cóuuecpov 86 tò and tic AE 
1G ànó tHe TZ: ovuuetpov sow ott xal TO LUMO Gv AE, 
EB 76 bnxó xGv D'Z, ZA. eive o0v erxóv ott TO ONS TOV 
AE, EB, érxóv £oxot xoi xó onó xGv TZ, ZA, ceixe uécov 
[tot] tò oónó x&v AE, EB, uécov [£osi| xoi xó òrò x&v LZ, 
ZA. 

Méone wow a&notouy got ATA xol th xá&e f) abt?) TH 
AB: onee Seu Setean. 
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length) with (AE) then the (square) on CF’ will also 
be greater than (the square on) FD by the (square) on 
(some straight-line) incommensurable (in length) with 
(CF) [Prop. 10.14]. And if AE is commensurable in 
length with a (previously) laid down rational (straight- 
line), so (is) CF [Prop. 10.12], and if BE (is com- 
mensurable), so (is) DF, and if neither of AE or EB 
(are commensurable), neither (are) either of CF or FD 
[Prop. 10.13]. 

Thus, C D is an apotome, and (is) the same in order 
as AB [Defs. 10.11—10.16]. (Which is) the very thing it 
was required to show. 


Proposition 104 


A (straight-line) commensurable (in length) with an 
apotome of a medial (straight-line) is an apotome of a 
medial (straight-line), and (is) the same in order. 


A B E 
— tp e —— 
C D F 
— y 


Let AB be an apotome of a medial (straight-line), and 
let CD be commensurable in length with AB. I say that 
CD is also an apotome of a medial (straight-line), and 
(is) the same in order as AB. 

For since AB is an apotome of a medial (straight- 
line), let EB be an attachment to it. Thus, AE and 
EB are medial (straight-lines which are) commensurable 
in square only [Props. 10.74, 10.75]. And let it have 
been contrived that as AB is to C D, so BE (is) to DF 
[Prop. 6.12]. Thus, AE [is] also commensurable (in 
length) with CF’, and BE with DF [Props. 5.12, 10.11]. 
And AE and EB are medial (straight-lines which are) 
commensurable in square only. CF and FD are thus 
also medial (straight-lines which are) commensurable in 
square only [Props. 10.23, 10.13]. Thus, CD is an apo- 
tome of a medial (straight-line) [Props. 10.74, 10.75]. 
So, I say that it is also the same in order as AB. 

[For] since as AE is to EB, so CF (is) to FD 
[Props. 5.12, 5.16] [but as AE (is) to EB, so the (square) 
on AE (is) to the (rectangle contained) by AE and EB, 
and as CF (is) to FD, so the (square) on CF (is) to 
the (rectangle contained) by CF and FD], thus as the 
(square) on AE is to the (rectangle contained) by AE 
and EB, so the (square) on CF also (is) to the (rectan- 
gle contained) by CF and FD [Prop. 10.21 lem.] [and, 
alternately, as the (square) on AF (is) to the (square) 
on CF, so the (rectangle contained) by AF and EB (is) 
to the (rectangle contained) by CF and FD]. And the 
(square) on AE (is) commensurable with the (square) 
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pe’. 
‘H «fj £A&ccow oúvuuetpos &A&ocoov &o3íiv. 
A B E 
D A A 
pou —— — — 3 


"Ecco yàp £Aácoov f, AB xoi vf; AB oúuuetpos Y, LA 
Aévo, Óxt xol Y| DÀ &Aá&coov &osiv. 

l'evovécxo yàp xà otó: xoi &nel ot AE, EB ouváyet etolv 
àcóuuecpot, xol oi TZ, ZA pa Duváuesi cioty àcouuetpot. 
&rel o0v otv ðc Å AE xnpóc cv EB, obtoc f; L'Z toòs 
trv ZA, Eotiw &pa xoi óc TO å&nò ts AE ned¢ 16 and ts 
EB, obcoc tò ànó tc [TZ ngóc 16 and the ZA. ovvw0évtr 
&poa &£oclv (c ta and Tv AEB, EB ngóc tò å&nò tis EB, 
obtoc ta dnd tõv TZ, ZA node tO and tHe ZA [xoi 
Evag]: oúuuetpov OE EoTL TO GnO týs BE 1G óxó tfj AZ: 
CUUUETEOY Hoa xal TO OLYXEtUEVoV Ex THY and TOY AE, EB 
TETONYOVWY TH) cuYvxeauévo &x TOY dnd xGv D'Z, ZA te- 
TONYOVOV. ONTOV OE EoTL TO GUYXELUEVOY EX TOY NO TOY 
AE, EB xexpoyovov: érjróv &pa &odi xol xó ouvxctuevov 
&x 1Gv ànxó TOV TZ, ZA tetoayovayv. nó, Enel ot cq 
tO dnd tHe AE node tò òrò tõv AE, EB, obtoc tÒ dno 
th¢ [Z node t6 Ono tv TZ, ZA, ovuyetoeov Sé 10 and tHe 
AE teted&yavoy 16 and th¢ TZ tetoayove, sbuuetooyv toa 
Eotl xol tÒ LTO TV AE, EB 16 ónó xGv LZ, ZA. uécov 
dé TO oxó x&v AE, EB: uécov &pa xoi xó oxó tõv TZ, ZA: 
at TZ, ZA sow Suvduer etoiv àoOuuetoot roto0cot xÓ uev 
OVYXELUEVOY EX TOV AN aOxOV tetpoOvOov eróv, 1o O 
LT adOtGV MÉGCOV. 

"EAáccov &pa £oxiv À TA: nep Eder Seigau. 
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on CF. Thus, the (rectangle contained) by AE and EB 
is also commensurable with the (rectangle contained) by 
CF and FD [Props. 5.16, 10.11]. Therefore, either the 
(rectangle contained) by AE and EB is rational, and the 
(rectangle contained) by CF and FD will also be ratio- 
nal [Def. 10.4], or the (rectangle contained) by AE and 
EB [is] medial, and the (rectangle contained) by CF and 
FD [is] also medial [Prop. 10.23 corr.]. 

Therefore, CD is the apotome of a medial (straight- 
line), and is the same in order as AB [Props. 10.74, 
10.75]. (Which is) the very thing it was required to show. 


Proposition 105 


A (straight-line) commensurable (in length) with a 
minor (straight-line) is a minor (straight-line). 


A B E 
———— — — — 
C D F 
— 


For let AB be a minor (straight-line), and (let) CD 
(be) commensurable (in length) with AB. I say that CD 
is also a minor (straight-line). 

For let the same things have been contrived (as in 
the former proposition). And since AE and EB are 
(straight-lines which are) incommensurable in square 
[Prop. 10.76], CF and FD are thus also (straight-lines 
which are) incommensurable in square [Prop. 10.13]. 
Therefore, since as AE is to EB, so CF (is) to FD 
[Props. 5.12, 5.16], thus also as the (square) on AE is 
to the (square) on EB, so the (square) on C F (is) to the 
(square) on FD [Prop. 6.22]. Thus, via composition, as 
the (sum of the squares) on AE and EB is to the (square) 
on EB, so the (sum of the squares) on CF and FD (is) to 
the (square) on FD [Prop. 5.18], [also alternately]. And 
the (square) on BE is commensurable with the (square) 
on DF [Prop. 10.104]. The sum of the squares on AE 
and EB (is) thus also commensurable with the sum of the 
squares on CF and F' D [Prop. 5.16, 10.11]. And the sum 
of the (squares) on AE and EB is rational [Prop. 10.76]. 
Thus, the sum of the (squares) on CF and FD is also 
rational [Def. 10.4]. Again, since as the (square) on 
AE is to the (rectangle contained) by AE and EB, so 
the (square) on CF (is) to the (rectangle contained) by 
CF and FD [Prop. 10.21 lem.], and the square on AE 
(is) commensurable with the square on CF, the (rect- 
angle contained) by AE and EB is thus also commen- 
surable with the (rectangle contained) by CF and FD. 
And the (rectangle contained) by AE and EB (is) me- 
dial [Prop. 10.76]. Thus, the (rectangle contained) by 
CF and FD (is) also medial [Prop. 10.23 corr.]. CF and 
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H t uetà erxoU uécov TO OAODY xotoboy cougetpoc 
Usta ENTOD uécov TÒ óAov roo &ouv. 


A B E 
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DU A Z 


— —— — — 

"Eoco uec&à eryvoO u£cov xó Xov rotobca 7, AB xoi cfj 
AB oóypuepeoc 7| L'A: Aéyo, óx xoi Y| LA uecà eryxoO uécov 
TO OAOV rxoto0oG &£ouv. 

"Eoo yàp t AB rpocapuótovoa À BE ot AE, EB dou 
Suvawer eloly GovUUETtoot Totoloa TÒ uèy ouyxEtuevoyv Èx 
tGv ànó x&v AE, EB cxexpovóvov uécov, 1ó 0. or atGV 
ONTÓV. xal TÒ axi xoxeoxeudo00. Ouotoc 67) 6c(Gouev colc 
npóxepov, ott at TZ, ZA £v 16 abt Adyw ciol tos AE, 
EB, xoi cóuuetpóv gott TO ovyxetuevoyv Ex THv and Tov 
AE, EB tetoayovey xG cuYvxeuévo èx tv and 16v UZ, 
ZA xexgory vov, 16 66 nò 16v AE, EB x6 oxó 16v TZ, 
ZA &oe xoi ot TZ, ZA 6ovága etolv àcóouuetpotr rovo0oot 
tó uev cuvxe(uevov Ex THY and THY TZ, ZA cexpavovov 
UÉCOV, TÒ Ò UT’ AÙTÕV ENTOY. 

-H PA &pa uetà erjvoO uécov xó óAov noto0c& otv 
Órep deL Octa. 


e 
'H tfj ugxà uécou u£cov TO ÓAov noto0oy| cOugetpoc 
xoà abt uevà uécou uécov xó ÓAov xotoDcó OTY. 


A B E 


m y 
T A Z 


"Eoo uetÀ uécou uécov xó ÖAov toroŬŭoa À AB, xal tf 
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FD are thus (straight-lines which are) incommensurable 
in square, making the sum of the squares on them ratio- 
nal, and the (rectangle contained) by them medial. 
Thus, CD is a minor (straight-line) [Prop. 10.76]. 
(Which is) the very thing it was required to show. 


Proposition 106 


A (straight-line) commensurable (in length) with a 
(straight-line) which with a rational (area) makes a me- 
dial whole is a (straight-line) which with a rational (area) 
makes a medial whole. 


A B E 
—ñ — — — 
C D F 

mo H 


Let AB be a (straight-line) which with a rational 
(area) makes a medial whole, and (let) CD (be) com- 
mensurable (in length) with AB. I say that CD is also a 
(straight-line) which with a rational (area) makes a me- 
dial (whole). 

For let BE be an attachment to AB. Thus, AE and 
EB are (straight-lines which are) incommensurable in 
square, making the sum of the squares on AE and EB 
medial, and the (rectangle contained) by them rational 
[Prop. 10.77]. And let the same construction have been 
made (as in the previous propositions). So, similarly to 
the previous (propositions), we can show that CF and 
FD are in the same ratio as AE and EB, and the sum of 
the squares on AE and EB is commensurable with the 
sum of the squares on CF and FD, and the (rectangle 
contained) by AE and EB with the (rectangle contained) 
by CF and FD. Hence, CF and FD are also (straight- 
lines which are) incommensurable in square, making the 
sum of the squares on CF and FD medial, and the (rect- 
angle contained) by them rational. 

CD is thus a (straight-line) which with a rational 
(area) makes a medial whole [Prop. 10.77]. (Which is) 
the very thing it was required to show. 


Proposition 107 
A (straight-line) commensurable (in length) with a 
(straight-line) which with a medial (area) makes a me- 
dial whole is itself also a (straight-line) which with a me- 
dial (area) makes a medial whole. 


A B E 


J_ ypy 
C D F 
y 


Let AB be a (straight-line) which with a medial (area) 
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AB éotw oóyuuexpoc f| DÀ: Aévo, óu xoà À TA uexà uécou 
uécov xó ÓAov xovoDoó &ouv. 

"Eoo yoo th AB npocaguóCouca Y, BE, xoi xà acà 
xnatecoxsvdgov oi AE, EB &pa Duváuei eioiv &oouguetpot 
TOLODOAL TO TE GUYXELUEVOY EX TOY ON AVTOV TETEAY OVO 
UECOV XaL TO DM AUTDY YECOV xal ETL GOVUUETOOY TO 
OVYXELWEVOY EX TOY AN AUTOY TETONYOVOY TG DM aO. 
“al Eloy, Gc edelyOn, at AE, EB otuueteor totic TZ, ZA, 
xoi tó cuYxc(uevov &x Tv dnd Tv AE, EB tetowyavev 
tG cuYxewuéwo £x THY and THY TZ, ZA, 10 dE ONO TOV 
AE, EB 763 rò tõv IZ, ZA: xæ of TZ, ZA vow Suvauer 
ciclv àcOuuetpot roto0cot TÓ 1& ouYxc(uevov Ex TOV oT’ 
QUTGV TETOXYOVWV uécov xoi TÒ Om dOtOv uécov xal 
ETL GOUUUETOOV tÒ cuyxeluevov &x tGv dm abxGV |ce- 
tpoy vov) x6 or atv. 

‘H TA &pa uexà uécou uécov TO SAov rovo0oó otuv 
OnE Eder cioa. 


f 
Ano 6éroÜ uécou óqotpouuévou f| tÓ Aowóv yowplov 
OLVAUEVY uta Dúo dAóywyv yiveta ATOL &rxocogur, f, £Aáooov. 


AÀ E B 
A H 
© K Zz 
DU A 


Ano Yàp errvoü o0 BI uécov órnofjo9o xó BA: Aévo, 
ou Å TÒ Aounóv Ouvauévr, xó ED ula dvo GAdywv yivetou 
ATOL AMOTOUY 7 EAdOOOY. 

‘Exxetotoa yuo ern v, ZH, xoi x6 u£v BI toov napa tv 
ZH napasehrAjove devoyavoy trapaanióypauuov tò HO, 
1G 6€ AB ícov &enofjo9o xó HK: Aowóv &pa 1ó ET tcov 
éotl 76 AO. £rel o0v erxóv uév ot 1ó BI', uécov 9€ tò 
BA, toov è tò uev BI 165 HO, 10 de BA x6 HK, enxóv uev 
&po £o1l xó HO, uécov 8e xó HK. xoi xapà err thy ZH 
TAPAKELTAL ONTH UEV Koa 1) ZO xal abuuetoos tH ZH unxer, 
ONTA òè À ZK xal cobuusteoc tH ZH unxer cobuueteocs koa 
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makes a medial whole, and let CD be commensurable (in 
length) with AB. I say that CD is also a (straight-line) 
which with a medial (area) makes a medial whole. 

For let B E be an attachment to AB. And let the same 
construction have been made (as in the previous propo- 
sitions). Thus, AE and EB are (straight-lines which 
are) incommensurable in square, making the sum of the 
squares on them medial, and the (rectangle contained) 
by them medial, and, further, the sum of the squares on 
them incommensurable with the (rectangle contained) by 
them [Prop. 10.78]. And, as was shown (previously), AE 
and EB are commensurable (in length) with CF and FD 
(respectively), and the sum of the squares on AF and 
EB with the sum of the squares on CF and FD, and 
the (rectangle contained) by AE and EB with the (rect- 
angle contained) by CF and FD. Thus, CF and FD 
are also (straight-lines which are) incommensurable in 
square, making the sum of the squares on them medial, 
and the (rectangle contained) by them medial, and, fur- 
ther, the sum of the [squares] on them incommensurable 
with the (rectangle contained) by them. 

Thus, CD is a (straight-line) which with a medial 
(area) makes a medial whole [Prop. 10.78]. (Which is) 
the very thing it was required to show. 


Proposition 108 


A medial (area) being subtracted from a rational 
(area), one of two irrational (straight-lines) arise (as) the 
square-root of the remaining area—either an apotome, or 
a minor (straight-line). 


A E B 
L G 
H K F 
C D 


For let the medial (area) BD have been subtracted 
from the rational (area) BC. I say that one of two ir- 
rational (straight-lines) arise (as) the square-root of the 
remaining (area), EC——either an apotome, or a minor 
(straight-line). 

For let the rational (straight-line) FG have been laid 
out, and let the right-angled parallelogram GH, equal to 
BC, have been applied to FG, and let GK, equal to DB, 
have been subtracted (from GH). Thus, the remainder 
EC is equal to LH. Therefore, since BC is a rational 
(area), and BD a medial (area), and BC (is) equal to 


All 
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éotly Y; ZO th ZK uyxer. at ZO, ZK doa ontat ctor duvauer 
UOVOY GUUUETPEOL’ AroTOUN ipo &odiv Y) KO, npocoapuóCouca 
òè at Å KZ. fto öd À OZ tc ZK usiCov Sbvatou tT amo 
OUUMETOOU ý oŭ. 

Auvác9o npótepov x6 tò ouuuéTtpou. xal otv ČAN À 
OZ abuuetoos TH Exxewwevy onth uyxet th ZH: anotoun koa 
TewMty £odv f, KO. tò © nd ONTH¢ xoi àxoxoufjc nocte 
nepteyóuevov Y, Guvauévr, &notouń ouv. Hh doa tò AO, 
toutéott TO ED, Suvavevyn &notouń £ocuv. 

Ei òè ġ OZ tc ZK uciCov G0vorvot TH and &cuuuétpou 
aut, xal otv OAN ZO obuuEstoos tfj &xxewévr en 
uve. tH ZH, xnotoun tetdety Eotly ý KO. tò © ùro ntc 
xal LNOTOUAS TETHOTYS NEOLEYOUEVOY YH SUVAEVN EAdOOWV 
cotty’ OnEe det Setgau. 


ov’. 

Anó uécou ENTOU a&papovUevon dA SvO dovyor 
YIVOVTOL ATOL UEONS ANOTOUN TEGTY F UETX ONTOD uécov 
TO OAOV ToLoDod. 

Ano yuo uéoou tod BI ntòv àqgrpfio9o tò BA. AEyo, 
OTL Y) TO AoLNOY TO ET Suvauevy ula dvo aAdyOY ytveTou 
FTOL UECYS ATOTOUA TOOTH F UETX ONTOD UEDOV xó ÓAov 
TOLOŬOQ. 

Exxeioðw yàp nth À ZH, xal rapaBeBańctw ouotws tà 
ywota. Eott oy dxoovðws ONtH uèv À ZO xal dovuUsteoc 
th ZH uryxet, nt òè y», KZ xoi oouuecpoc th ZH uyxer at 
ZO, ZK wow ontat clot Suvdaue. UOVOY ODUUETEOL’ &xotour, 
hoa £cl f| KO, npgocoapuóCouca 8& xar) f| ZK. Tjxot 87) f) 
OZ ts ZK uciCov GÓvarot x6) àxó cuuuécpou auti ñ t 
ONO GOVUUETOOD. 
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GH, and BD to GK, GH is thus a rational (area), and 
G K a medial (area). And they are applied to the rational 
(straight-line) FG. Thus, FH (is) rational, and commen- 
surable in length with FG [Prop. 10.20], and FK (is) 
also rational, and incommensurable in length with FG 
[Prop. 10.22]. Thus, FH is incommensurable in length 
with FK [Prop. 10.13]. FH and FK are thus rational 
(straight-lines which are) commensurable in square only. 
Thus, KH is an apotome [Prop. 10.73], and KF an at- 
tachment to it. So, the square on HF is greater than 
(the square on) FK by the (square) on (some straight- 
line which is) either commensurable, or not (commensu- 
rable), (in length with H F). 

First, let the square (on it) be (greater) by the 
(square) on (some straight-line which is) commensurable 
(in length with HF). And the whole of HF is com- 
mensurable in length with the (previously) laid down 
rational (straight-line) FG. Thus, KH is a first apotome 
[Def. 10.1]. And the square-root of an (area) contained 
by a rational (straight-line) and a first apotome is an apo- 
tome [Prop. 10.91]. Thus, the square-root of LH—that 
is to say, (of) EC—is an apotome. 

And if the square on HF is greater than (the square 
on) FK by the (square) on (some straight-line which is) 
incommensurable (in length) with (H F), and (since) the 
whole of FH is commensurable in length with the (pre- 
viously) laid down rational (straight-line) FG, KH isa 
fourth apotome [Prop. 10.14]. And the square-root of an 
(area) contained by a rational (straight-line) and a fourth 
apotome is a minor (straight-line) [Prop. 10.94]. (Which 
is) the very thing it was required to show. 


Proposition 109 


A rational (area) being subtracted from a medial 
(area), two other irrational (straight-lines) arise (as the 
square-root of the remaining area)—either a first apo- 
tome of a medial (straight-line), or that (straight-line) 
which with a rational (area) makes a medial whole. 

For let the rational (area) BD have been subtracted 
from the medial (area) BC. I say that one of two ir- 
rational (straight-lines) arise (as) the square-root of the 
remaining (area), EC——either a first apotome of a medial 
(straight-line), or that (straight-line) which with a ratio- 
nal (area) makes a medial whole. 

For let the rational (straight-line) FG be laid down, 
and let similar areas (to the preceding proposition) have 
been applied (to it). So, accordingly, FH is rational, and 
incommensurable in length with FG, and KF (is) also 
rational, and commensurable in length with FG. Thus, 
FH and F K are rational (straight-lines which are) com- 
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H A 

Ei yev otv h OZ thc ZK yueiCov dbvvata 1H and 
OUUMETOOD EaUTH, xat otv À npgocopguótouca y, ZK 
cüugeceoc cf xev ert ure tH ZH, xnotouy sevtéea 
éotly ¥) KO. onty de 4) ZH: Gote Å tò AO, toutéott tO ED, 
OVVAUEVY UECNS ATOTOUŇÙ TOWTY EoTly. 

Ei 9€ 5| OZ xfjc ZK ueiCov Svvata 16 ano &cuuuétoou, 
nal Eat f| npocaguóCouca f, ZK cóuuecpoc TH Exxewwevy 
enth uyxer th ZH, ànocxou?| néuntr) £oxiv À KO: ote ñ 
tó EI 6uvoayévr) ugxà erjyvoO uécov xó óAov rovc otv 
— Eden Setgan. 


pt. 

Anó u£cou uécou KPULEOLUEVOL GOLUUETOODL TH) ÓAXc ot 
Aowtol 600 &Aovot v(vovcot Tjxov uéorjc àxoxou?| 6eucépat f) 
uexà uécou uécov TÒ ÓAov TOLOŬOQ. 

Agrfjo0c yàp óc &ri vGvV npoxeutéveov xoronpotpov 
ànó uécou vob BI' uécov xó BA G&o0upetpov 16$ ÓAcx Ay, 
ou f| xó EI' Guvauévr uta ctl 600 &AÓYoY f|xov u£orjc àmo- 
tou?) 8euxéoa. T) uexà uécou uécov xó ÓXov novotca. 
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mensurable in square only [Prop. 10.13]. KH is thus 
an apotome [Prop. 10.73], and FK an attachment to it. 
So, the square on H F is greater than (the square on) FK 
either by the (square) on (some straight-line) commensu- 
rable (in length) with (H F), or by the (square) on (some 
straight-line) incommensurable (in length with H F). 

B E F K H 


> 
J 
O 


G L 

Therefore, if the square on HF is greater than (the 
square on) FK by the (square) on (some straight-line) 
commensurable (in length) with (H F), and (since) the 
attachment FK is commensurable in length with the 
(previously) laid down rational (straight-line) FG, KH 
is a second apotome [Def. 10.12]. And F'G (is) rational. 
Hence, the square-root of L H—that is to say, (of) EC—is 
a first apotome of a medial (straight-line) [Prop. 10.92]. 

And if the square on HF is greater than (the square 
on) FK by the (square) on (some straight-line) incom- 
mensurable (in length with H F), and (since) the attach- 
ment FK is commensurable in length with the (previ- 
ously) laid down rational (straight-line) FG, KH is a 
fifth apotome [Def. 10.15]. Hence, the square-root of EC 
is that (straight-line) which with a rational (area) makes 
a medial whole [Prop. 10.95]. (Which is) the very thing 
it was required to show. 


Proposition 110 


A medial (area), incommensurable with the whole, 
being subtracted from a medial (area), the two remaining 
irrational (straight-lines) arise (as) the (square-root of 
the area)—either a second apotome of a medial (straight- 
line), or that (straight-line) which with a medial (area) 
makes a medial whole. 

For, as in the previous figures, let the medial (area) 
BD, incommensurable with the whole, have been sub- 
tracted from the medial (area) BC. I say that the square- 
root of EC is one of two irrational (straight-lines)— 
either a second apotome of a medial (straight-line), or 
that (straight-line) which with a medial (area) makes a 
medial whole. 
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H A 

Enel yàp uécov &odv &xóxegov x&v BI, BA, xoi 
gobuusteoyv TO BI 163 BA, Eotat axorodVw onty Exatéoa 
tv ZO, ZK xoi covuyetooc th ZH urxer. xol ënel 
àcüuuetoóv ċott TO BI t& BA, tovtéot tò HO x6 HK, 
govuuetoos xa À OZ tý ZK: œ ZO, ZK tow ontat ciot 
ÕuváueL uóvov oúuuetTEo ånotouð wou éotiv h KO froo- 
capguóCouca o¢ ¥) ZK. Atot oh À ZO týs ZK yetCov S0vatou 
TG) ENO GUULETOOL FH TG dno douvuuétpou ĉaut]. 

Ei yvev dy 4 ZO thc ZK yetCov ðúvata 1G dno 
OULUETOOD EaULTH, xal ovvetéoa tv ZO, ZK ovuuetoedc 
£c tfj &xxeuéuvn enc ure tH ZH, xnotoun teity cotiv 
À KO. ern è ñ KA, tò © ono ontis xoa &notouñs totte 
tepieyóuecvoyv poyöviov ğhoyóv &ouv, xol Y, Duvauévn 
auto GAovóc otv, xaicita Se UEONS àmxotoury| ðcutépa 
Hote Å TÒ AO, toutéot xó ET, 86uvauévr) uéorc &notouy 
col OEUTEOK, 

Ei òè ġ ZO tc ZK vetCov S0vata TH and douUEeTEOU 
aut [uýxe], xoa odVetéoa tv OZ, ZK obuyeted¢ OTI 
th ZH unxer, enotouy Exty £oxiy Y, KO. to 0 Ono ntc 
xoi UMOTOUAS EXTIS À OLVOMEVN oT. ETÈ uécou uéocov 1o 
ÓAov rovoDca. Å tÒ AO goa, toutéot: TO ED, Suvayey 
UETH UETOV UEGOY TO OAOY ToLODad otv: Óóxep Eder Setgau. 
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B E F K H 


G L 

For since BC and BD are each medial (areas), and 
BC (is) incommensurable with B D, accordingly, FH and 
FK will each be rational (straight-lines), and incommen- 
surable in length with FG [Prop. 10.22]. And since BC 
is incommensurable with BD—that is to say, GH with 
GK-—HF (is) also incommensurable (in length) with 
FK [Props. 6.1, 10.11]. Thus, FH and FK are ratio- 
nal (straight-lines which are) commensurable in square 
only KH is thus as apotome [Prop. 10.73], [and FK 
an attachment (to it). So, the square on FH is greater 
than (the square on) FK either by the (square) on 
(some straight-line) commensurable, or by the (square) 
on (some straight-line) incommensurable, (in length) 
with (F H ).] 

So, if the square on FH is greater than (the square 
on) FK by the (square) on (some straight-line) com- 
mensurable (in length) with (FH), and (since) neither of 
FH and FK is commensurable in length with the (pre- 
viously) laid down rational (straight-line) FG, KH is a 
third apotome [Def. 10.3]. And KL (is) rational. And 
the rectangle contained by a rational (straight-line) and 
a third apotome is irrational, and the square-root of it is 
that irrational (straight-line) called a second apotome of 
a medial (straight-line) [Prop. 10.93]. Hence, the square- 
root of L H—that is to say, (of) EC—is a second apotome 
of a medial (straight-line). 

And if the square on FH is greater than (the square 
on) FK by the (square) on (some straight-line) incom- 
mensurable [in length] with (FH), and (since) neither of 
HF and FK is commensurable in length with FG, KH 
is a sixth apotome [Def. 10.16]. And the square-root of 
the (rectangle contained) by a rational (straight-line) and 
a sixth apotome is that (straight-line) which with a me- 
dial (area) makes a medial whole [Prop. 10.96]. Thus, 
the square-root of LH—that is to say, (of) EC—is that 
(straight-line) which with a medial (area) makes a me- 
dial whole. (Which is) the very thing it was required to 
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pur. 
'H grotoun oox £ouv 7) oot?) xfj £x Dúo 
A B 


eN 


OVOUATOY. 


A H E Z 


I 

"Eoco anotouy *| AB: Aéyo, ów f; AB oóx £ouv f| abc?) 
tfj £x 600 óvoyu cov. 

Ei yàp Suvatéy, gota xal &xxeto90 eru y, AT, xoi x6 
ano th¢ AB toov napà thv TA nopaBbebrAjot ópOovowov 
tO TE rAdtog notoby thy AE. énxet obv &notouń éotey ġ AB, 
àroctou!| noocr, £cxiv f| AE. čotw noth noocapuólovoa ñ 
EZ: at AZ, ZE doa ntal ctor GuUváuet uóvov cOuuetpot, xoi 
f| AZ tc ZE uctov Dúvata t à&nò ouuuéTtpou tauti, xol À 
AZ ovuysteds got tH Exxewmevy ontH uyxer tH ALT. noary, 
Enel &x 000 óvou&tov &£odlv f| AB, &x d00 dou d6voudtov 
Teaty £oxiv Y; AE. owprjo9o eic xà óvóuaxa xoxà tò H, 
xol éot uciCov óvoua tO AH’ at AH, HE bow ontat eot 
Guváuet uóvov cüuuepot, xoà Y| AH cfjc HE ueitov d0vaton 
1G àró cuugérpou tauti, xal TO UEtCov Y) AH cóuuetpóc 
£c vf; &xxeiévr) envi; ure xfj, AT. xoi Yj AZ how tH AH 
OUUMETEOS EoTL UNxet xa Aout) doa Ý HZ cóuguetoóc £o 
tÅ AZ une. [Enel oBv abuuetod< Eotiv À AZ xfj HZ, onth 
Dé &ouv f| AZ, erc) &pac ot xoi À HZ. Exel obv abuuetede¢ 
cot f| AZ xf; HZ ufixei &oOupeceoc 8& f| AZ xf; EZ ure. 
àcüuguetpoc pa otl xal À ZH f; EZ urixex. ai HZ, ZE dou 
ntal [eioi] Suvduer udvoy obuuEetoot e&notour Yea Eotly Å 
EH. àAA&à xoi erfy nee Eotiy dd0vatovy. 

‘H &pa ánxocoyu?| ox £ouv f| aor) vf; £x 000 6voudtwy: 
OnNEO Eder cioa. 
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show. 


Proposition 111 


An apotome is not the same as a binomial. 


A B 
=A eú — — 
D G E F 
C 


Let AB be an apotome. I say that AB is not the same 
as a binomial. 

For, if possible, let it be (the same). And let a rational 
(straight-line) DC be laid down. And let the rectangle 
CE, equal to the (square) on AB, have been applied to 
CD, producing DE as breadth. Therefore, since AB is an 
apotome, DE is a first apotome [Prop. 10.97]. Let EF 
be an attachment to it. Thus, DF and FE are rational 
(straight-lines which are) commensurable in square only, 
and the square on DF is greater than (the square on) FE 
by the (square) on (some straight-line) commensurable 
(n length) with (DF), and DF is commensurable in 
length with the (previously) laid down rational (straight- 
line) DC [Def. 10.10]. Again, since AB is a binomial, 
DE is thus a first binomial [Prop. 10.60]. Let (DF) have 
been divided into its (component) terms at G, and let 
DG be the greater term. Thus, DG and GE are rational 
(straight-lines which are) commensurable in square only, 
and the square on DG is greater than (the square on) 
GE by the (square) on (some straight-line) commensu- 
rable (in length) with (DG), and the greater (term) DG 
is commensurable in length with the (previously) laid 
down rational (straight-line) DC [Def. 10.5]. Thus, DF 
is also commensurable in length with DG [Prop. 10.12]. 
The remainder GF is thus commensurable in length with 
DF [Prop. 10.15]. [Therefore, since DF is commensu- 
rable with GF, and DF is rational, GF is thus also ra- 
tional. Therefore, since DF is commensurable in length 
with GF,] DF (is) incommensurable in length with EF. 
Thus, FG is also incommensurable in length with EF 
[Prop. 10.13]. GF and F E [are] thus rational (straight- 
lines which are) commensurable in square only Thus, 
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Tópioua.] 


H áxocoyu? xoi ot uev. otv &Aovot oce TH uécy oŬte 
&AAY|Xotc eolv oi oca. 

Tò uev vào àxó u£ornc xopà ENTHY xopopoAAóuevov 
TAATOS TOLEL ONTHY xal GOOUUETOOY TH, rap. rjv TAPAXELTAL, 
— TO OE UNO MOTORS Taek ONTHY nopoDo^Aóucvov 
TAATOS NOEL AMOTOUNY TOWTYY, TO OE ANO EONS “TNOTOUFC 
TOWTHS TACK ENTHY TAPABAAADUEVOYV TAATOS ToLEt AMOTOUY)Y 
SELTEEAY, TO OE AMO EONS KNOTOUTS SevtEPAC ropa erjtrv 
TAOADUAAOUEVOYV TAATOS Toi “NOTOUNY ToOlTHY, TO SE AMO 
£Aácoovoc rapa erjtryv nopopoAAXóuevov xÀ&xoc xoti dro- 
TOUNY TETHOTHY, TO OF UNO Tho UST ONTO UETDOV 1ó ÓAoV 
rotoDornc xoà evt? nopopoAAÓóuevov TAATOS TOLET ATO- 
TOUNY NEUTTYY, TO OE UNO Tho UETX UETOL UETDOV xó ÓAov 
TOLOŬVONS TAPA ENTYY TaeaParAAdUEVOY TAATOS TOLET ATO- 
TONY EXTHY. nel ODV tà cionuéva TAATYH drapeper to 
TE TEWTOV XAL AAAA, TOČ UEY TOWTOL, OTL ONTY Coty, 
AAAA wv OL, ETMEL TH thet OLX Sloly at aùtal, OAAOV, Oo xa 
aTa oi óAoYot Otapépouoty GAAMAwWY. xal SEMEL OSSELXTOU 
f| &xoxou?| oóx ooa 7| aot?) xfj £x 600 6voUdTtwY, ToLoBoL 
OÈ TA Gr) ropa every nopopoXóus vot oi uecà tY|v &moxouT|v 
ànotoudec óéxxoAo09t0c &xáotr xfj vá&e. TH xa’ aT, at OE 
ugxà tjv Èx DVO óvouétov tàc Êx 600 óvoutov xol ool 
xfj xá&ec &xoAo000c, Exepot &pot eiotv ot. ue xà try &xotoudv 
xoà &xepot oi uecxa THY Ex SLO óvou&ov, óc elvot tÅ TAČEL 
xácoc GAÓYOUG Y, 
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EG is an apotome [Prop. 10.73]. But, (it is) also ratio- 
nal. The very thing is impossible. 

Thus, an apotome is not the same as a binomial. 
(Which is) the very thing it was required to show. 


[Corollary] 


The apotome and the irrational (straight-lines) after it 
are neither the same as a medial (straight-line) nor (the 
same) as one another. 

For the (square) on a medial (straight-line), applied 
to a rational (straight-line), produces as breadth a ratio- 
nal (straight-line which is) incommensurable in length 
with the (straight-line) to which (the area) is applied 
[Prop. 10.22]. And the (square) on an apotome, ap- 
plied to a rational (straight-line), produces as breadth a 
first apotome [Prop. 10.97]. And the (square) on a first 
apotome of a medial (straight-line), applied to a ratio- 
nal (straight-line), produces as breadth a second apotome 
[Prop. 10.98]. And the (square) on a second apotome of 
a medial (straight-line), applied to a rational (straight- 
line), produces as breadth a third apotome [Prop. 10.99]. 
And (square) on a minor (straight-line), applied to a ra- 
tional (straight-line), produces as breadth a fourth apo- 
tome [Prop. 10.100]. And (square) on that (straight-line) 
which with a rational (area) produces a medial whole, 
applied to a rational (straight-line), produces as breadth 
a fifth apotome [Prop. 10.101]. And (square) on that 
(straight-line) which with a medial (area) produces a 
medial whole, applied to a rational (straight-line), pro- 
duces as breadth a sixth apotome [Prop. 10.102]. There- 
fore, since the aforementioned breadths differ from the 
first (breadth), and from one another—from the first, be- 
cause it is rational, and from one another since they are 
not the same in order—clearly, the irrational (straight- 
lines) themselves also differ from one another. And since 
it has been shown that an apotome is not the same 
as a binomial [Prop. 10.111], and (that) the (irrational 
straight-lines) after the apotome, being applied to a ra- 
tional (straight-line), produce as breadth, each according 
to its own (order), apotomes, and (that) the (irrational 
straight-lines) after the binomial themselves also (pro- 
duce as breadth), according (to their) order, binomials, 
the (irrational straight-lines) after the apotome are thus 
different, and the (irrational straight-lines) after the bi- 
nomial (are also) different, so that there are, in order, 13 
irrational (straight-lines) in all: 
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Méonyv, 

‘Ex 000 óvou&tov, 

Ex 600 uécov TPOTNY, 
Ex 000 utoov 6gutépav, 
Meí(Cova,, 

"Prixóv xoi u£cov ouvouévr|v, 
A00 uécoa Ouvouévrv, 
ATOTOUÝY, 

Mons ànotout|v npocrv, 
Méonc &notouny deutéoay, 
"“EAdooova, 


Meta entov ugcoyv xó óAov Tototoay, 


Metà uécou uécov TO ÓóAov rovoDcav. 


pip. 

Tò ànò ntsc napà tv £x OVO óvouótov mopa- 
BarAAOUEVOY TAGTOS TOLEl ANOTOUNY, Ao TK OVOUATA OLUUETOE 
£c toic The Ex HUO OVOUaTOYV óvóuaot xoi ETL EV TES KDTES 
AÓYt«, xol £t Y) Ytvouévr) &xocou| THY avTHY ECer THEW TH 
Ex DÚO OVOUETOY. 


À —— 


B A 


| u —À4 


K E Z © 


— —— — — — 

"Ecco ert! u£v À A, &x 000 óvouó&xov 9& f| BI, fic 
ustCov dvoug čotw À AT, xa tæ ànò tc A lcov Éoto 
tó oró xGv BI, EZ: ^évo, ów À EZ &notouń ouv, fic xà 
òvóuata cúuuetoć cott totic TA, AB, xol êv 165 òt Adyoo, 
xal ët yy EZ thy aócrv E&ev xó&iw cf; BI. 

"Ecto yàp náv t àxó tfj A toov tò onó xGv BA, 
H. nel oðv tò brò xGv BI, EZ tcov &oxi x6 onó x6Gv BA, 
H, got &pa óc f; DB xgóc xy BA, ooxoc f H ngóc civ 
EZ. uc(C&ov 9€ ñ TB ts BA: uet(Cov &pa £o xat À H tc 
EZ. gotw tfj H ton ġ EO: čotv &pa óc ñ ITB modc¢ thy 
BA, obta¢ 7) OE node thy EZ: dteAdvtt how &oxiv óc 9| DA 
npgóc t? BA, obtoc OZ node thy ZE. yeyovétw a À 
OZ node tiv ZH, obtw¢ Y, ZE npóc vv KE: xoi óAv Ga ¥ 
OK npóc óAnv vv KZ &ov, óc f| ZK ngóc KE óc yuo Ev 
tGv fjYouuévov npóc EV TOV &xoué£vov, obtoc ATAVTA TÒ 
fvoóueva. npóc &xavta. xà &xóueva. &c o£ f| ZK npóc KE, 
ovtw¢ éotly Å TA node thy AB: xoi óc &pa f| OK node KZ, 
ovtw¢ WTA xngóc thy AB. obuueteov b¢ t6 and tH¢ TA 16 
ono tic AB’ obuuetooyv wou gotl xal tò dnd thc OK 16 


d 
d 


E 
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Medial, 

Binomial, 

First bimedial, 

Second bimedial, 

Major, 

Square-root of a rational plus a medial (area), 
Square-root of (the sum of) two medial (areas), 
Apotome, 

First apotome of a medial, 

Second apotome of a medial, 

Minor, 


That which with a rational (area) produces a medial 
whole, 


That which with a medial (area) produces a medial 
whole. 


Proposition 112? 


The (square) on a rational (straight-line), applied to 
a binomial (straight-line), produces as breadth an apo- 
tome whose terms are commensurable (in length) with 
the terms of the binomial, and, furthermore, in the same 
ratio. Moreover, the created apotome will have the same 
order as the binomial. 


A 1—— ———À 


B D C G 
K E F H 


— — — — — 

Let A be a rational (straight-line), and BC a binomial 
(straight-line), of which let DC be the greater term. And 
let the (rectangle contained) by BC and EF be equal to 
the (square) on A. I say that EF is an apotome whose 
terms are commensurable (in length) with CD and DB, 
and in the same ratio, and, moreover, that EF will have 
the same order as BC. 

For, again, let the (rectangle contained) by B D and G 
be equal to the (square) on A. Therefore, since the (rect- 
angle contained) by BC and EF is equal to the (rectan- 
gle contained) by BD and G, thus as CB is to BD, so G 
(is) to EF [Prop. 6.16]. And CB (is) greater than B D. 
Thus, G is also greater than EF [Props. 5.16, 5.14]. Let 
EH be equal to G. Thus, as CB is to BD, so H E (is) to 
EF. Thus, via separation, as CD is to BD, so HF (is) 
to FE [Prop. 5.17]. Let it have been contrived that as 
HF (is) to FE, so FK (is) to KE. And, thus, the whole 
HK is to the whole KF, as FK (is) to KE. For as one 
of the leading (proportional magnitudes is) to one of the 
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ano tho KZ. vat £oxv óc 1o ànó tfjc OK npóc xo ànó tfc 
KZ, o0toc *| OK nxpóc t'y KE, &nci oi xpeic at OK, KZ, 
KE àváňoyóv eiow. oouuergoc àpa y, OK «fj KE uńxe. 
Hote xal NH OE th EK ovuuetedc got uńxer. xal Emel TO 
ano thc A toov gotl 16 Ono tHv EO, BA, entov Sé got 
TÒ ATÒ TC A, ONTOY Hou Eotl xal xó oro xGv EO, BA. xoi 
ropà exu vv BA napdxertou ONnty dea &oxv ġ EO xol 
cóuueceoc xf; BA ufjxev oce xoi f| oóuuerpoc acf Y, EK 
erjvf, £o xoi cóuuecgoc xf; BA ufjxei. &xei ov &oxtv Oc f) 
TA xgóc AB, obtoc ġ ZK ngóc KE, oi 6€ DA, AB duvauer 
uóvov iol couguetgor, xoi ot ZK, KE duvauer uóvov ciol 
OUUMETOOL. ONTH dé Eotiv À KE: nt How otl xal À ZK. oi 
ZK, KE doa ntal Suvduet Udvoy stol ovUUETEOL ATOTOUÑ 
àpat £oty Y) EZ. 

"Hxot 9€ 5| DÀ cfjc AB ueiCov 860varxot TH àxó cuuuétpou 
EQUTH Ñ T àmó GOLUMETOOD. 

Ei yev ov y DÀ «fic AB yuetGov ðúvata tÆ ano 
cuuuécpou |&aucfi|, xoi 9j ZK vfjc KE ucetCov 8uvrfjicevot t 
ATÒ CuuuÉTpOL aut. xal ci u&v oóuuevpóc got f| LA «f| 
&xxeiévr ernfj uper, xoi Y ZK- et 68€ Y BA, xoi 4 KE: et 
dé ovdetéoa tTHv TA, AB, xot oddetéoa tév ZK, KE. 

Ei òè ATA tc AB uvetCov Sbvatan 16 ATÒ &ouuuétpou 
aut, xa À ZK tf; KE geitov dSuviceta 1H) amd 
à&cuuuérpou aut. xol ci uev y| DÀ cúuuetpoós &ou Tf 
&xxeiévr ent, ure, xoi y) ZK^ et o8 Y BA, xoi À KE ei 
dé obdetéoa TOV TA, AB, xal oddetéoe tv ZK, KE: Gote 
ànotouf, ouv À ZE, ñs xà óvóuaxa xà ZK, KE ovuuetod 
£c toic Thc Ex 600 óvouó&xov óvóuaot voic DA, AB xoi êv 
TG) KOT AóY«, xol THY abTHY ThE Eyer tH BI öneo der 
Etc au. 
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following, so all of the leading (magnitudes) are to all of 
the following [Prop. 5.12]. And as FK (is) to K E, so CD 
is to DB [Prop. 5.11]. And, thus, as H K (is) to KF, so 
CD is to DB [Prop. 5.11]. And the (square) on C D (is) 
commensurable with the (square) on DB [Prop. 10.36]. 
The (square) on HK is thus also commensurable with 
the (square) on KF [Props. 6.22, 10.11]. And as the 
(square) on H K is to the (square) on KF’, so HK (is) to 
KE, since the three (straight-lines) HK, KF, and KE 
are proportional [Def. 5.9]. HK is thus commensurable 
in length with K E [Prop. 10.11]. Hence, HF is also com- 
mensurable in length with EK [Prop. 10.15]. And since 
the (square) on A is equal to the (rectangle contained) by 
EH and BD, and the (square) on A is rational, the (rect- 
angle contained) by EH and BD is thus also rational. 
And it is applied to the rational (straight-line) BD. Thus, 
EH is rational, and commensurable in length with BD 
[Prop. 10.20]. And, hence, the (straight-line) commensu- 
rable (in length) with it, EK, is also rational [Def. 10.3], 
and commensurable in length with BD [Prop. 10.12]. 
Therefore, since as CD is to DB, so FK (is) to KE, and 
CD and DB are (straight-lines which are) commensu- 
rable in square only, FK and KE are also commensu- 
rable in square only [Prop. 10.11]. And KE is rational. 
Thus, FK is also rational. FK and K E are thus rational 
(straight-lines which are) commensurable in square only. 
Thus, EF is an apotome [Prop. 10.73]. 

And the square on CD is greater than (the square on) 
DB either by the (square) on (some straight-line) com- 
mensurable, or by the (square) on (some straight-line) 
incommensurable, (in length) with (CD). 

Therefore, if the square on CD is greater than (the 
square on) DB by the (square) on (some straight-line) 
commensurable (in length) with [CD] then the square 
on FK will also be greater than (the square on) KE by 
the (square) on (some straight-line) commensurable (in 
length) with (FK) [Prop. 10.14]. And if CD is com- 
mensurable in length with a (previously) laid down ra- 
tional (straight-line), (so) also (is) FK [Props. 10.11, 
10.12]. And if BD (is commensurable), (so) also (is) 
K E [Prop. 10.12]. And if neither of C D or DB (is com- 
mensurable), neither also (are) either of FK or K E. 

And if the square on C D is greater than (the square 
on) DB by the (square) on (some straight-line) incom- 
mensurable (in length) with (CD) then the square on 
FK will also be greater than (the square on) KE by 
the (square) on (some straight-line) incommensurable 
(in length) with (F«) [Prop. 10.14]. And if C D is com- 
mensurable in length with a (previously) laid down ra- 
tional (straight-line), (so) also (is) FK [Props. 10.11, 
10.12]. And if BD (is commensurable), (so) also (is) KE 
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[Prop. 10.12]. And if neither of C D or DB (is commen- 
surable), neither also (are) either of FK or K E. Hence, 
FE is an apotome whose terms, FK and KE, are com- 
mensurable (in length) with the terms, CD and DB, of 
the binomial, and in the same ratio. And (FE) has the 
same order as BC [Defs. 10.5—10.10]. (Which is) the 
very thing it was required to show. 


t Heiberg considers this proposition, and the succeeding ones, to be relatively early interpolations into the original text. 


e. 

Tó ànó nts ropà àrotouv ropa oA Xóuevov nA&xoc 
Toei vy £x 600 Óvouéov, fic xà óvóuaxa cOuuetpá &ovi 
toic tfjc àxotoufic óvóuaot xot Ev TG ADT AóYg, Et. O€ Y) 
YIVOUEVH Ex OVO GYOUATOY THY AOTHY THEY EVEL TH ANOTOUF. 


AW 


B A Coy 
K EZ © 


"Eote onty uev À A, &notout òè Y; BA, xoi t& ànó cfjc 
A tooy čëotw tò oro TOV BA, KO, Hote tò ånò tc A nte 
raed THY BA dnotouny napaBarAduevoy ràátos Rotel THY 
KO: Aévo, ó &x 600 óvou&tov &oxv f| KO, fc xà óvóuaxa 
cüuguetp& &oct xoic Thc BA óvóuaoct xol &v 1G ati AdYO, 
xoi ët Y, KO tv abcr Eyer tae tH BA. 

"Eoo yàp vfj BÀ ngocoguóCouca y, AI" at BY, TA 
koa entat ctor Suvduer udvov ovUUETeoL. xol TŒ nO THe 
A tooy ot xa tò brò THY BI, H. Ontov de tO dno TH¢ 
A’ entoyv dea xal xó oró x&v BD, H. xoi raed ontyyy civ 
BT napaBéBAntou onth dea éotiy WH xl obuuetooc tH BI 
uyxet. Exel obv TO Dro THY BI, H toov ot 1G ono TOV 
BA, KO, àvóAovov &pa &£oxiv óc f| l'B neóc BA, obtoc | 
KO nodc H. ue(Gov 98 fj, BT vfjic BA: uetGov &pa xoi À KO 
tic H. xetodo th H ton Y; KE- couuetpoc àpa &oxiv Y KE 
tH BI uve. nal éxet éottv O¢ À DB ngóc BA, obtoc f 
OK nooe KE, &vaoteédavtt koa &oxiv óc y, BI' npóc xijv 
L'A, obo ?; KO npgóc OE. yeyovétw Go fj, KO ngóc OE, 
obo À OZ xpóc ZEr xoi Aor) &pac Y; KZ npgóc ZO &ouv, 
oc f, KO xpóc OE, xouxéouw |óoc] * BI node UA. oi o£ 
BI, TA duvduer udvoy |ciol| oópuetpov xoà oi KZ, ZO doa 
Ouváuet uóvov etol oüuguetpov xoi &£xe( £ouv óc Y) KO nooc 
OE, 4) KZ ngóc ZO, dX óc f| KO ngoc OB, 5| OZ ngoc 
ZE, xa òs àpa Y) KZ npgóc ZO, fj OZ ngóc ZE: oce xoi 
OC Y) npor) ngóc tjv xpí(trv, xó àxó tfjc NOWTYS MEd TO 
ONO TH¢ SeutEpac Kal Wc Koa Ù KZ npóc ZE, obtoc TO HNO 
ts KZ node 10 dnd the ZO. avuuetooy ðé Eott TO ENO THe 
KZ 163 dno the ZO’ al yuo KZ, ZO Svuvduer ciol oúuuetpor 
cOuuetpoc Kou otl xal WY KZ th ZE unxev ose y, KZ xoi 


Proposition 113 


The (square) on a rational (straight-line), applied to 
an apotome, produces as breadth a binomial whose terms 
are commensurable with the terms of the apotome, and 
in the same ratio. Moreover, the created binomial has the 
same order as the apotome. 


A —— 


B D C q 
K E. E H 


— — — — — — 

Let A be a rational (straight-line), and BD an apo- 
tome. And let the (rectangle contained) by BD and KH 
be equal to the (square) on A, such that the square on the 
rational (straight-line) A, applied to the apotome BD, 
produces KH as breadth. I say that KH is a binomial 
whose terms are commensurable with the terms of BD, 
and in the same ratio, and, moreover, that KH has the 
same order as BD. 

For let DC be an attachment to BD. Thus, BC and 
CD are rational (straight-lines which are) commensu- 
rable in square only [Prop. 10.73]. And let the (rectangle 
contained) by BC and G also be equal to the (square) 
on A. And the (square) on A (is) rational. The (rect- 
angle contained) by BC and G (is) thus also rational. 
And it has been applied to the rational (straight-line) 
BC. Thus, G is rational, and commensurable in length 
with BC [Prop. 10.20]. Therefore, since the (rectangle 
contained) by BC and G is equal to the (rectangle con- 
tained) by BD and KH, thus, proportionally, as CB is to 
BD, so KH (is) to G [Prop. 6.16]. And BC (is) greater 
than BD. Thus, KH (is) also greater than G [Prop. 5.16, 
5.14]. Let K E be made equal to G. KE is thus com- 
mensurable in length with BC. And since as CB is to 
BD,so HK (is) to K E, thus, via conversion, as BC (is) 
to CD, so KH (is) to H E [Prop. 5.19 corr.]. Let it have 
been contrived that as KH (is) to HE, so HF (is) to 
FE. And thus the remainder K F is to FH, as KH (is) 
to H E—that is to say, [as] BC (is) to CD [Prop. 5.19]. 
And BC and CD [are] commensurable in square only. 
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tf, KE ovuuetode [gott] ufmer. err é otuv v, KE xoi 
cougueceoc xf; BI ufjxev. eve] doa xoat Y, KZ xoi oóuuetpoc 
th BL une. xot &xe( &ouv óc f, BI ngóc DA, ootoc 9| KZ 
ngoóc ZO, &vaAAà& óc f) BU ngóc KZ, obvoc f; AT neoc ZO. 
ovuuetoos O¢ ¥ BI th KZ: obyueteoc &pa xal À ZO xfj DA 
uyxer. at BL, TA è ntal ctor duvduer uóvov oóuuerpov 
xoi oi KZ, ZO wow ntal stor Suvauet UOVoY GbUUETEOL’ €x 
600 óvou&tov &o1iv àpa Y, KO. 

Et yey ody f| BEP thc TA uceitov dtvata 14 and 
cuuuéTtTpoLu taut, xa KZ thc ZO ueiCov ðuvýocta tæ 
ATÒ CuuuÉTpOL aut. xal ei uev oouuetpóc &ouvy À Br tH 
EXKMELUEVY ONTH UAet, xat ġ KZ, ci de ñ TA oúuuetoós ot 
TH EXXEWEVY ONTH uńxen xal n ZO, el OF ovdetéoa x&v BI, 
TA, obdetéon tv KZ, ZO. 

Et de 4 BP tic TA vetCov S0vata tH and &cuuuétpou 
auti, xa À KZ týs ZO uciCov duvýceta tT% dnd KovUUETO- 
ou éautfj. xoà ei uèy oúuuetpós &oxv Y, BI' vf; &oxewévy 
erf uper, xoi Y, KZ, et 68 y) L'A, xoi v; ZO, ei 66 ob8ecépa 
t&v BI, PA, oó0exépa xGv KZ, ZO. 

Ex 600 àpa óvouátov &o1v f, KO, fc xà óvóuaxa xà 
KZ, ZO ovuuetod [£o] tote vfi ånotouñs óvóuaot coic 
BIT, TA xa èv 16$ aóxG Aóvo, xoi £u Y, KO tH BI thy 
avThY eer THEW’ OnE Eder clé. 
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KF and FH are thus also commensurable in square only 
[Prop. 10.11]. And since as KH is to HE, (so) KF (is) 
to FH, butas KH (is) to HE, (so) HF (is) to FE, thus, 
also as KF (is) to FH, (so) HF (is) to FE [Prop. 5.11]. 
And hence as the first (is) to the third, so the (square) on 
the first (is) to the (square) on the second [Def. 5.9]. And 
thus as K F (is) to FE, so the (square) on K F (is) to the 
(square) on FH. And the (square) on KF is commen- 
surable with the (square) on FH. For KF and FH are 
commensurable in square. Thus, K F is also commensu- 
rable in length with FE [Prop. 10.11]. Hence, KF [is] 
also commensurable in length with K E [Prop. 10.15]. 
And KE is rational, and commensurable in length with 
BC. Thus, KF (is) also rational, and commensurable in 
length with BC [Prop. 10.12]. And since as BC is to 
CD, (so) KF (is) to FH, alternately, as BC (is) to KF, 
so DC (is) to FH [Prop. 5.16]. And BC (is) commen- 
surable (in length) with KF. Thus, FH (is) also com- 
mensurable in length with CD [Prop. 10.11]. And BC 
and C D are rational (straight-lines which are) commen- 
surable in square only. KF and FH are thus also ratio- 
nal (straight-lines which are) commensurable in square 
only [Def. 10.3, Prop. 10.13]. Thus, KH is a binomial 
[Prop. 10.36]. 

Therefore, if the square on BC is greater than (the 
square on) CD by the (square) on (some straight-line) 
commensurable (in length) with (BC), then the square 
on KF will also be greater than (the square on) FH by 
the (square) on (some straight-line) commensurable (in 
length) with (KF) [Prop. 10.14]. And if BC is com- 
mensurable in length with a (previously) laid down ra- 
tional (straight-line), (so) also (is) KF [Prop. 10.12]. 
And if CD is commensurable in length with a (previ- 
ously) laid down rational (straight-line), (so) also (is) 
FH [Prop. 10.12]. And if neither of BC or CD (are 
commensurable), neither also (are) either of KF or FH 
[Prop. 10.13]. 

And if the square on BC is greater than (the square 
on) CD by the (square) on (some straight-line) incom- 
mensurable (in length) with (BC) then the square on 
KF will also be greater than (the square on) FH by 
the (square) on (some straight-line) incommensurable 
(in length) with (KF) [Prop. 10.14]. And if BC is com- 
mensurable in length with a (previously) laid down ratio- 
nal (straight-line), (so) also (is) KF [Prop. 10.12]. And 
if CD is commensurable, (so) also (is) FH [Prop. 10.12]. 
And if neither of BC or CD (are commensurable), nei- 
ther also (are) either of KF or FH [Prop. 10.13]. 

KH is thus a binomial whose terms, KF and FH, 
[are] commensurable (in length) with the terms, BC and 
CD, of the apotome, and in the same ratio. Moreover, 
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f 
Qu. 

Eàv yoplov xnepi£yrvot nO àmotoufjc xoà tfjic £x O00 
óvou&tOov, fic xà óvóuaxa oOugerpá té OTL toic tfj; &xo- 
toufic óvóuatot xol £v 1G o6 AÓY«, f) v6 yoptov duvauévn 
enr eouv. 


A B Z 
D E A 


— —— — —— — — 
p 


_——— 
K A M 


Hequeyéodw yàp yoplov tò dno tõv AB, TA b26 
à&rotoufjc tfjc AB xal tc éx d00 dvoudtwy the DA, fic 
ucicov óvoua čotw 1ó DE, xoi £oxo tà d6vduata tfjc &x 
000 óvouó&xov Ta TE, EA cbuuetod te voic cvfjc àxocouf|c 
ovouaot totic AZ, ZB xol èv tŒ adtG Adyw, xal Eatw Å TÒ 
òrò 16v AB, PA dvuvayevyn Y; H: Aévo, óu erf, ouv ġ H. 

Exxelotw vào en À O, xal tă ànxoó tc O toov tap 
tiv DÀ nxogopepAYo9o nA&xoc notobv xrjv KA: àxocour ã&pa 
£cly f) KA, fic xà óvóuaxa £ovo xà KM, MA oóuuerea tote 
tfj; £x Dúo OvoudtwY óvóuact tois TE, EA xol êy 76 aot 
hoya. DAw xot at TE, EA obuyeteot té ciot tos AZ, ZB 
xal Ev TG) avTES Ady Eotwy dou We Å AZ mode thy ZB, 
ovtws Å KM moog MA. ëvariàč bow Eotiv ðc Å AZ npóc 
thv KM, obcoc ) BZ rede thy AM: xoi Aou) Koa AB 
npgóc Aounv vv KA otw ðc W AZ noog KM. coupecpoc 
0€ AZ tH KM: cbuuetoos tow oti xa À AB tÅ KA. xal 
éotwy ðs f; AB ngóc KA, obtw¢ tò brò THY TA, AB rede 
tò bro tÕV TA, KA: oúuuetpov &pa otl xa TO ONO TOY 
lA, AB x6 nrò t&v UA, KA. tcov 9€ xó ono xGv DA, KA 
TG) ATO THe O° obuUEToOY &pa &oxi tò brò THY TA, AB 14 
ONO tfjc O. 16 dè òrò tõv l'A, AB tcov &oxi xo ànó tc H: 
OUUUETEOYV Koa Eotl TO ENO Tic H 16H and tho O. ONtov dé 
TO ONO TH¢ O° ONTOV wow EoTtl xal TO dno Tho H ONTH doa 
éotly À H. xot Sbvaton xó onó THY TA, AB. 

àv “oa ywetov neoreynto TÒ &notouñs xal tc x 
OVO óvou&tov, fic xà óvóuaa oO0uuetp& £o xoic tfjc ATO- 
TOURS OVOUACL xal EV TG a6 AÓY«, Y| xó yoptov Guvagévr, 
er|tf) £ouv. 
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K H will have the same order as BC [Defs. 10.5—10.10]. 
(Which is) the very thing it was required to show. 


Proposition 114 


If an area is contained by an apotome, and a binomial 
whose terms are commensurable with, and in the same 
ratio as, the terms of the apotome then the square-root of 
the area is a rational (straight-line). 


A B F 
C E D 


— N —ñ— — — 
(Ce “y 


H 
K L 


For let an area, the (rectangle contained) by AB and 
CD, have been contained by the apotome AB, and the 
binomial CD, of which let the greater term be CE. And 
let the terms of the binomial, CE and ED, be commen- 
surable with the terms of the apotome, AF and FB (re- 
spectively), and in the same ratio. And let the square-root 
of the (rectangle contained) by AB and CD be G. I say 
that G is a rational (straight-line). 

For let the rational (straight-line) H be laid down. 
And let (some rectangle), equal to the (square) on H, 
have been applied to CD, producing KL as breadth. 
Thus, AL is an apotome, of which let the terms, KM 
and ML, be commensurable with the terms of the bino- 
mial, CE and ED (respectively), and in the same ratio 
[Prop. 10.112]. But, CE and ED are also commensu- 
rable with AF and FB (respectively), and in the same ra- 
tio. Thus, as AF isto FB,so K M (is) to ML. Thus, alter- 
nately, as AF is to K M, so BF (is) to LM [Prop. 5.16]. 
Thus, the remainder AB is also to the remainder K L as 
AF (is) to KM [Prop. 5.19]. And AF (is) commensu- 
rable with kK M [Prop. 10.12]. AB is thus also commen- 
surable with KL [Prop. 10.11]. And as AB is to KL, 
so the (rectangle contained) by C D and AB (is) to the 
(rectangle contained) by CD and K L [Prop. 6.1]. Thus, 
the (rectangle contained) by CD and AB is also com- 
mensurable with the (rectangle contained) by C D and 
K L [Prop. 10.11]. And the (rectangle contained) by CD 
and KL (is) equal to the (square) on H. Thus, the (rect- 
angle contained) by C D and AB is commensurable with 
the (square) on H. And the (square) on G is equal to the 
(rectangle contained) by C D and AB. The (square) on G 


M 
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IIógwya. 
Kol yéyovev fjftv xoi ovà tobtov Mavepdy, StL SUVATOV 


EOTL ONTOV yYWPLOY LTO dAdyuYV coUe v neptéyeoDot. Ónep 
Eder Setcau. 


f 
QE i 
A nó uéorc &netpot Goo Yivovcou, xoi oòðecula obðsuĞ 
tGv npÓótepov f| aot. 


"Eoo uéor| ?j À: Aévc, ów and tho A Grego &Aovot 
yivovtat, xol OLdEULa OLOEUL vGv xpótepov Y) aT. 

"Exxeio9o ern) Y, B, xoi xG onó 16v B, A tcov £oto 1 
ànó tfi; I" &Aovoc &pa &oxiv À I” tÒ yàp UNO GAdYOU xoi 
entfic Govóv £o. xoi oboeuud 6v npótepov Y) aotfy TÒ 
Y&p à oó8eutóic x6v npótepov roapà erjxrv napa oAAóugvov 
rA&toc roii u£orjv. xóAty 67) xG Oxo 16v B, I toov £o10o 1o 
ATÒ ts A’ &hoyov &pa &oi tÒ ànò ts A. &hoyoc &pa &oxiv 
Å A’ xal obde x&v npórepov f| abf! TÒ yàp åt’ obðecmäc 
TOY TOOTECOYV TACK ONTYV TapaBaAAAóuEvVOV TATOOS TOLET TÙY 
['. duotag OF TH TorMLUTHS TAES ÈT’ &nrerpoy noobavovong 
Oaveepdov, OTL ONO Tho wEoNS &meloot KAoyou ylvovtan, xol 
ovdeula, OLSEWULY THY TEdTEPOV Ù AUTH Oreo Eden Seteau. 
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is thus commensurable with the (square) on H. And the 
(square) on H (is) rational. Thus, the (square) on G is 
also rational. G is thus rational. And it is the square-root 
of the (rectangle contained) by CD and AB. 

Thus, if an area is contained by an apotome, and a 
binomial whose terms are commensurable with, and in 
the same ratio as, the terms of the apotome, then the 
square-root of the area is a rational (straight-line). 


Corollary 


And it has also been made clear to us, through this, 
that it is possible for a rational area to be contained by 
irrational straight-lines. (Which is) the very thing it was 
required to show. 


Proposition 115 


An infinite (series) of irrational (straight-lines) can be 
created from a medial (straight-line), and none of them 
is the same as any of the preceding (straight-lines). 


D ———- 

Let A be a medial (straight-line). I say that an infi- 
nite (series) of irrational (straight-lines) can be created 
from A, and that none of them is the same as any of the 
preceding (straight-lines). 

Let the rational (straight-line) B be laid down. And 
let the (square) on C be equal to the (rectangle con- 
tained) by B and A. Thus, C is irrational [Def. 10.4]. 
For an (area contained) by an irrational and a rational 
(straight-line) is irrational [Prop. 10.20]. And (C is) not 
the same as any of the preceding (straight-lines). For 
the (square) on none of the preceding (straight-lines), 
applied to a rational (straight-line), produces a medial 
(straight-line) as breadth. So, again, let the (square) on 
D be equal to the (rectangle contained) by P and C. 
Thus, the (square) on D is irrational [Prop. 10.20]. D 
is thus irrational [Def. 10.4]. And (D is) not the same as 
any of the preceding (straight-lines). For the (square) on 
none of the preceding (straight-lines), applied to a ratio- 
nal (straight-line), produces C as breadth. So, similarly, 
this arrangement being advanced to infinity, it is clear 
that an infinite (series) of irrational (straight-lines) can 
be created from a medial (straight-line), and that none of 
them is the same as any of the preceding (straight-lines). 
(Which is) the very thing it was required to show. 
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Elementary Stereometry 
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“Opor. 

oc. 3ixegeóv £o 16 ufixoc xoi nAó&xoc xoi Dáooc Eyov. 

[j. Xixepeo0 6& népac &xupávera. 

Y. Eó9cia npóc &níineóov ópOf| &oxv, óvav npóc nácac 
tàc &rxouévac abtfjc eóOelac xoi obcoc &v 1G |oroxeuévo| 
&nunéoQ pàs toi Yowvtac. 

0. “Entnedov nxpóc &níneGov óp0óv got, Stay ol TH 
xow Tous, THY Emimedav Tod¢ pàs KyOUEVaL EvDEtoL Ev 
EVL TOV ETLNEOOY TES ALTE ENINEOW TEOS ptc Dory. 

ce. Hvvetac mode Entnedov xAloig Eotly, Stav &nO TOD 
USTEMEOL TEEATOS TH¢ sLVEtac Ent tO Eninedov xaVetoc 
axvf, xal dno Tob yevougvou onustov El tO &v 165 EmMEdO 
népoac tfj; eoOc(ac có0cta &niGeoy 0T, Y| repreyouévr) vovía 
Oxo The éyrüctorc xal xfjc &geooor|c. 

¢. Eminédovu medc eximedov xdtouc &odiv f, negieyouévr 
ogeta Ywvia UNO THY TODS CEvAC TH xowf, xouf| éyvouévov 
TENS TE ALTE oONUElD Èy &xoxépo THY EMINEdWY. 

C. “Entnedov npóc éExinedov duotwe xexAtodanr Aéyeta 
xal ETECOV TOONS Etepov, OTAV al cionuéva THY xALaeoy 
Ycvtou toot, Aoc Got. 

Y. IHapóAAvjAa &n(rxeoó £o. và cour toa. 

9'. Ouota oxeped oy fjuaxá Cott TH UNO OUOtwv EMLNESWY 
nepiey óuevat toov xó nAfiDoc. 

V. Toa òè xoi óuota otepeà oy fjuavá £ox xà oxó óuotov 
ETLNEOWY nepteyóueva toov xG xÀYüe. xol xG uevéoer. 

la’. Uteped yWvia Eotly À ONTO tàsióvov ý úo ypauuðv 
ONTOUEVWY GAAHAWY xal UN EV TH HLTH Emipavetey oboGv 
TOOS rácotc tos Ypouuoüc xAtowc. AXAcoc ocepeà Yowvta 
&cly f| óxÓ nÀctóvov f, 600 Yowv &runé6ovy nepiey ouévr) 
uÀ oboy év t1) ax EMLNEOW mnpóc év onuelw cuv- 
Oto E VOY. 

B’. Iupauis £o oyfjua oxepeóv &mux£Ootc neptyÓugevov 
ONO EVOS ETIMESOL TEDS EV onusgío cuveotoc. 

Y. Hotouo cotl oy hua otepeov Eminedoicg nepiey óuevov, 
CY OVO TH ENEVAVTLOV Loam TE Kal OUOLE EOTL Kal MACdAANAG, 
TH OF AOLTE Topo ATA ÓY ooo. 

LO", Ue@oitod otv, tav HurxvxAtov wEvovane Th¢ O.eiéc- 
QOL TEQLEVEYÜÈV TÒ ÅUMXÚXAOV EiS TÒ KOTO TaALY ànoxaa- 
otaÛf, OVEv Hogato weocoda, TO NepiAnodey oyfuc. 

c£. "A&cov 8€ fic oxoítpac &ociv fj uévouca eó9cia, negl 
FV TO TYjuxOxXxAtov otp£ge ot. 

uw. Kévxpov 0& tfjc cyalpas otl TÒ ALTO, Ó xoi toO 
fjuocuxAtou. 

iC’, Arduetoog S€ vfic oqotopac &oxiv eoOctá ic Ode TOD 
xévtpou Yyyuévr) xoi repgoxouuévr, &o' &xéáxega. xà uépr) oro 
tfjc &nugotvetac xfjc oqoítpoc. 

wj. K&vóc &oxv, óxav ópÜovov(ou xpvróvou uevotDorc 
dic TAELEdS TEV NEEL THY ÓpOT vov(av n&puevey Dev TO 
toty@voyv cic TO aVTO nó droxaTtaotadh, ÖVev Aoecato 
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Definitions 

1. A solid is a (figure) having length and breadth and 
depth. 

2. The extremity of a solid (is) a surface. 

3. A straight-line is at right-angles to a plane when it 
makes right-angles with all of the straight-lines joined to 
it which are also in the plane. 

4. A plane is at right-angles to a(nother) plane when 
(all of) the straight-lines drawn in one of the planes, at 
right-angles to the common section of the planes, are at 
right-angles to the remaining plane. 

5. The inclination of a straight-line to a plane is the 
angle contained by the drawn and standing (straight- 
lines), when a perpendicular is lead to the plane from 
the end of the (standing) straight-line raised (out of the 
plane), and a straight-line is (then) joined from the point 
(so) generated to the end of the (standing) straight-line 
(lying) in the plane. 

6. The inclination of a plane to a(nother) plane is the 
acute angle contained by the (straight-lines), (one) in 
each of the planes, drawn at right-angles to the common 
segment (of the planes), at the same point. 

7. A plane is said to have been similarly inclined to a 
plane, as another to another, when the aforementioned 
angles of inclination are equal to one another. 

8. Parallel planes are those which do not meet (one 
another). 

9. Similar solid figures are those contained by equal 
numbers of similar planes (which are similarly arranged). 

10. But equal and similar solid figures are those con- 
tained by similar planes equal in number and in magni- 
tude (which are similarly arranged). 

11. A solid angle is the inclination (constituted) by 
more than two lines joining one another (at the same 
point), and not being in the same surface, to all of the 
lines. Otherwise, a solid angle is that contained by more 
than two plane angles, not being in the same plane, and 
constructed at one point. 

12. A pyramid is a solid figure, contained by planes, 
(which is) constructed from one plane to one point. 

13. A prism is a solid figure, contained by planes, of 
which the two opposite (planes) are equal, similar, and 
parallel, and the remaining (planes are) parallelograms. 

14. A sphere is the figure enclosed when, the diam- 
eter of a semicircle remaining (fixed), the semicircle is 
carried around, and again established at the same (posi- 
tion) from which it began to be moved. 

15. And the axis of the sphere is the fixed straight-line 
about which the semicircle is turned. 
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wépcova, TO meoiknovey oyfua. x&v uev y| uévouoa 
cocta ton A tÅ Aoin [tfj] regt xrjv ópOT|v nepupepgouévn, 
ópUovowoc Cota O xvod, Eav OF EAATTWY, GUBALYOMOC, 
eav b€ uetCwv, d6fvyauoc,. 

LW’. “A€wy dS€ xoO xovou gatly 1| uévouca coco, negl 
Fv TO TolyWvoy OTEEMETOL. 

x. Báo 6& ó xóxAoc o ONO tis repgupepouévrc eó9etoc 
Yeotpóuevoc. 

xa. KvAwded¢ Eat, OTav COVOYWVioL TaPAAANAOYEdU- 
uou uevoborjs ut&c xÀAeupóic xGv neol TAY COUNY YOVaAY Te- 
plieveyVEV 1o napa AYvAóYvpoouuov eic TÒ AÛTÒ TÅAYV &TOXA- 
taco, óUev TjoGaxo qépeotot, tò nepiàngtèv oyua. 

xB’. "A&cv dè 100 xuA(vOpou &£oiv f| uévouca có9cia, 
TEOl HY TO TOCUAANACY POUUOV OTOEDETOL. 

xy. Baosig O€ of xDxAOL OL ONO TOY OmEvaVTLOV TEPLA- 
YOUEVWY O00 TAELEESY YOEUPoUEVOL. 

xO. “Ouoror xB5vor xal xVAtVoeO! Elow, OV ot Te &ovec 
Kal a OLUETEOL THY BaoEwY aVaAOYOY EloLY. 

xe. Kópoc otl oyua ovepeóv UNO EG TETONYOVOV taWy 
REQUEY ÓUEVOY. 

“xe . Oxtdededv ETL OY HUA OTEPSOV VIO OXTO TOLYWOVOV 
flowy xal laonAsbowy nepieyóuevov. 

“0. Etxoodedeév éott oyfua otepsov brò elxoor 
TOLYOVOY toov xoi iconAeópov nEpueY ÓUEvov. 

xn. Awdexdedpdv £o oyfjua oxepeóv UNO GoO0exo n£V- 
TAY OVO LOWY Xal LOOTAEVEWY Xa toovo viov TEPLEYOUEVOY., 


Bn 

Eo9c(ac Yoouufj; uépoc uév v oÓx EoTIV Ev TGS DTO- 
KEWEVE) ETLMEOG, UEOOS OE TL EV UETEWOOTEOO. 

Et yao Suvatéy, evdetac yoouutc thc ABT uépoc uév 
ti TO AB Eotw èv t Droxeiwevn EmmEdw, uépoc DÉ TL TO 
BI èv uetewpotépo. 

"Eota dy tus tH AB ovveyyc cbVeta èr’ còÛelas èv 
TG) DNOXELUEVD EMLTESD. Eotw f| BA’ d00 wow cdVELHy Gv 
ABI, ABA xowoy xufju& ott ġ AB: öneo Eotly &ðúvatov, 
&neiOfinep &àv xévroo 6 B xoi Stactyuats 76 AB xdxrov 
yedduuey, ot Siduetoot avicoug &moAnbovta tol xvxAou 
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16. And the center of the sphere is the same as that of 
the semicircle. 

17. And the diameter of the sphere is any straight- 
line which is drawn through the center and terminated in 
both directions by the surface of the sphere. 

18. A cone is the figure enclosed when, one of the 
sides of a right-angled triangle about the right-angle re- 
maining (fixed), the triangle is carried around, and again 
established at the same (position) from which it began to 
be moved. And if the fixed straight-line is equal to the re- 
maining (straight-line) about the right-angle, (which is) 
carried around, then the cone will be right-angled, and if 
less, obtuse-angled, and if greater, acute-angled. 

19. And the axis of the cone is the fixed straight-line 
about which the triangle is turned. 

20. And the base (of the cone is) the circle described 
by the (remaining) straight-line (about the right-angle 
which is) carried around (the axis). 

21. A cylinder is the figure enclosed when, one of 
the sides of a right-angled parallelogram about the right- 
angle remaining (fixed), the parallelogram is carried 
around, and again established at the same (position) 
from which it began to be moved. 

22. And the axis of the cylinder is the stationary 
straight-line about which the parallelogram is turned. 

23. And the bases (of the cylinder are) the circles 
described by the two opposite sides (which are) carried 
around. 

24. Similar cones and cylinders are those for which 
the axes and the diameters of the bases are proportional. 

25. A cube is a solid figure contained by six equal 
squares. 

26. An octahedron is a solid figure contained by eight 
equal and equilateral triangles. 

27. An icosahedron is a solid figure contained by 
twenty equal and equilateral triangles. 

28. A dodecahedron is a solid figure contained by 
twelve equal, equilateral, and equiangular pentagons. 


Proposition 1! 


Some part of a straight-line cannot be in a reference 
plane, and some part in a more elevated (plane). 

For, if possible, let some part, AB, of the straight-line 
ABC be in a reference plane, and some part, BC, in a 
more elevated (plane). 

In the reference plane, there will be some straight-line 
continuous with, and straight-on to, AB.* Let it be BD. 
Thus, AB is a common segment of the two (different) 
straight-lines ABC and ABD. The very thing is impos- 
sible, inasmuch as if we draw a circle with center B and 
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nepupepetacc. radius AB then the diameters (AB D and ABC) will cut 
off unequal circumferences of the circle. 


D C 
A D 
B B 
A A 


Edvetac àpa Yoauufic uépoc uév x oóx É£ovw ÈV T bro- Thus, some part of a straight-line cannot be in a refer- 
xeu vo &nrixéoo, TO OE EV UETEWOOTEOW’ Sree Eder Sei~m. ence plane, and (some part) in a more elevated (plane). 
(Which is) the very thing it was required to show. 


t The proofs of the first three propositions in this book are not at all rigorous. Hence, these three propositions should properly be regarded as 
additional axioms. 


ł This assumption essentially presupposes the validity of the proposition under discussion. 


D. Proposition 2 
Eq dbo covet xéu vootv GO ac, £v évi cio &rixéo0, If two straight-lines cut one another then they are in 
xoà x&v totywvoy êv évi £ouv &ninéooQ. one plane, and every triangle (formed using segments of 


both lines) is in one plane. 


A A A D 
E E 
Z H E G 
D © K B C H K B 


Abo yàp còca at AB, TA teuvétwmoav Drtdac nate For let the two straight-lines AB and CD have cut 
tO E onuciov. Aéya, étt of AB, TA év évi ciow éxtnédw, | one another at point E. I say that AB and CD are in one 
xol x&v tolywvov èv évi £oxtv érinéOQ. plane, and that every triangle (formed using segments of 

Ei pve yuo én tv ED, EB tuyévta onueia tà Z, H, both lines) is in one plane. 
xoi &neCeoy 9ocav at TB, ZH, xot dijy0woay at ZO, HK: For let the random points F and G have been taken 


Aévc) np6&ixov, 6tt TO ETB cetyovov ëv £év(£ouv érunéóo. e( on. EC and EB (respectively). And let CB and FG 
Yáp £c toðŭ ETB xevyóvovu uégoc ňto tò ZOT ñ tò HBK have been joined, and let FH and GK have been drawn 
&v x6 oroxewvo |£runé60]|, xó 66 Aovxóv év dw, Éoxvot xoi — across. T say, first of all, that triangle EC B is in one (ref- 
u&c x&v ET, EB eó09eGv uépgoc uév x év x6 Oxoxeuévo — erence) plane. For if part of triangle ECB, either FHC 
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emimedas, TO Oè y Aw. ef OE TOD ETB tovymvov t6 ZV BH 
uégoc 7| &v 16) DNOXEIWEVED EMLNEDWD, TO OE AoLMOV EV HA, 
čata xol &ugoctépov xGv EDT, EB có9ev uépgoc uév tı 
EV 145 Droxewéeve &nunéóQ, TÒ 06 £v Go Ónep &tonov 
£Ooc(yOr. to doa EVB totywvoy év évi £ov &£nun£oQ. £v oO 
dé ot tÒ EIB tolyovov, év toto xal &xoxéga tHy ED, 
EB, év à 5€ éxatépa tõv ELI, EB, &v xo0xo xoi ot AB, 
TA. oi AB, L'A gow cb0eton Ev Evi ctow &nixéOQ, xol x&v 
toty@voy év évi ot Emimeda’ Oreo Eder Sedan. 


f 
Eàv 600 ënineða veuvf; GAAYvAa, f) xow?| aóxGv Tour 
evveta EOTLY. 


A A 


r 

Ato yuo éxineda ta AB, BT teuvétw Ania, xow òè 
autéy tour ovo À AB yoouuy: Aéyw, öt À AB yoouuy 
coUció &ouv. 

Et yao ph, ExeCevy0w ånò toŭ A êm tò B êv uèv tõ AB 
éminco cuveta À AEB, êv ôè tõ BI éruxéoQ eó0cia A AZB. 
gota DÀ S00 evverdy tv AEB, AZB tà abt& nEpata, xot 
negié&ouot OrAa97) ycptov: ónep &xoxov. oOx &pa ot. AEB, 
AZB eó9ctat etow. óuo(oc 97, 6c(Gouev, ów o00& GAY) vic 
&xó to0 A êm tò B &niCevvvuyévr, eóOcia Cota MARV Tic 
AB xowfic xoufjc xv AB, BI érixéoov. 

“Eay Goa OO Entneda TEUVY GAANAG, Y) xotwr) aoxGv tou?) 
ceuvet& Eotiv’ Omeo Eder ceita. 
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or GBK, is in the reference [plane], and the remainder 
in a different (plane) then a part of one the straight-lines 
EC and EB will also be in the reference plane, and (a 
part) in a different (plane). And if the part FC BG of tri- 
angle ECB is in the reference plane, and the remainder 
in a different (plane) then parts of both of the straight- 
lines EC and EB will also be in the reference plane, 
and (parts) in a different (plane). The very thing was 
shown to be absurb [Prop. 11.1]. Thus, triangle EC B 
is in one plane. And in whichever (plane) triangle EC B 
is (found), in that (plane) EC and EB (will) each also 
(be found). And in whichever (plane) EC and EB (are) 
each (found), in that (plane) AB and CD (will) also (be 
found) [Prop. 11.1]. Thus, the straight-lines AP and CD 
are in one plane, and every triangle (formed using seg- 
ments of both lines) is in one plane. (Which is) the very 
thing it was required to show. 


Proposition 3 


If two planes cut one another then their common sec- 
tion is a straight-line. 


D A 
C 


For let the two planes AB and BC cut one another, 
and let their common section be the line DB. I say that 
the line DB is straight. 

For, if not, let the straight-line DEB have been joined 
from D to B in the plane AB, and the straight-line DF B 
in the plane BC. So two straight-lines, DEB and DFB, 
will have the same ends, and they will clearly enclose an 
area. The very thing (is) absurd. Thus, DEB and DFB 
are not straight-lines. So, similarly, we can show than no 
other straight-line can be joined from D to B except DB, 
the common section of the planes AB and BC. 

Thus, if two planes cut one another then their com- 
mon section is a straight-line. (Which is) the very thing it 
was required to show. 
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Eàv ebvveta 0600 ecóÛeclas veuvoOootc GAÀYac nxpóc 
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Proposition 4 


If a straight-line is set up at right-angles to two 
straight-lines cutting one another, at the common point 
of section, then it will also be at right-angles to the plane 
(passing) through them (both). 





Eó9cta vóp cc f, EZ úo có9ctotz voic AB, TA te- 
uvovoaic ahAYAac xaTta& TO E onuctov and tot E nedc dedac 
&geovóxor Aévo, óu Y, EZ xoi xG oid tv AB, TA &nnéoo 
TODOS óp0óc £ouv. 

Arewjovwoaay yao at AE, EB, l'E, EA toot 6 Aoc, 
xoi Gujy0co tic Ou to E, ðc Etvyev, À HEO, xoi 
&neCe0y00ocav oi. AA, DB, xoi čt and tuydvto¢g tod Z 
&neCeoy9ooav at ZA, ZH, ZA, ZV, ZO, ZB. 

Kot éret 600 at AE, EA duol tos LE, EB tow siol xol 
yoviacs toas nepiéyovory, Báo &pa Y; AA Béoet th TB ton 
cotty, xal tO ABA toetywvoy tõ TEB toyóovo toov čata 
Öote xa yovia Å önrò AAE yoviy t òrò EBT ton |£oxtv]. 
čot 0€ xoi Å UNO AEH yovia th òrò BEO tor. 900 7 
totywvd £o tà AHE, BEO tàs úo Yowv(ac 9uol Yowvtotc 
loa EYOVTIA EXATEOAY EXATEOA Kal Ulav MASVEAY UL TACLOY 
tony THY noòc toc toas yœovioas thy AE tý EB: xa tac 
AOLTÒS poa. xAeupó tos Aornoñs nàcupois toas £Couotv. tor) 
gpa Å uev HE «f; EO, 5| 6€ AH «fj BO. xoi Exet ton Eotiv ñ 
AE t EB, xow) è xal npóc óp0àc À ZE, Dá&otc &pa y) ZA 
Bácsi xfj ZB &ov tor. GuX xà o xà DA xal À ZI tÅ ZA foty 
ior. xoi &nei tor] £o iv f| AA tÀ TB, čot òè xa À ZA tH ZB 
tcr, 000 97] oi ZA, AA uol toas ZB, BPI tom etotv exatéon 
&xarxépoc xoi Dáotc f| ZA Dé&oer tý ZI edetydy fon xal yovia 
cou 4 ono ZAA yovig th òrò ZBI ton ċotiv. xo nel råňy 
£O0c(y 0r) Y; AH th BO ton, AAG Uny xat H ZA tH ZB ton, dbo 
dy) at ZA, AH dvoi tote ZB, BO tom eiotv. xal ywovia h ond 
ZAH édetyOy ton th òrò ZBO: Báo How 4) ZH Pacer th ZO 
cotly ton. xal Enel tráv ton cdetyOn NY HE th EO, xown o¢ 
?, EZ, 600 $r at HE, EZ duol voic OE, EZ toot eiotv: xoi 
Bács W ZH Bdoet th ZO ton vota &pa f; oxó HEZ yovig 
tfj ónó OEZ ton gotty. dody) dou exatéoa tv bro HEZ, 
OEZ vowówv. f| ZE &pa ngóc tjv HO xuyóvxoc àu toO 
E) àyOcicav pth otv. óuotoc 97) 6ct&ouev, óu Y, ZE xoi 


For let some straight-line EF have (been) set up at 
right-angles to two straight-lines, AB and CD, cutting 
one another at point E, at E. I say that EF is also at 
right-angles to the plane (passing) through AB and CD. 

For let AE, EB, CE and ED have been cut off from 
(the two straight-lines so as to be) equal to one another. 
And let GEH have been drawn, at random, through E 
(in the plane passing through AP and C D). And let AD 
and CB have been joined. And, furthermore, let FA, 
FG, FD, FC, FH, and FB have been joined from the 
random (point) F (on EF). 

For since the two (straight-lines) AE and ED are 
equal to the two (straight-lines) CE and EB, and they 
enclose equal angles [Prop. 1.15], the base AD is thus 
equal to the base CB, and triangle AED will be equal 
to triangle CEB [Prop. 1.4]. Hence, the angle DAE 
[is] equal to the angle EBC. And the angle AEG (is) 
also equal to the angle BEH [Prop. 1.15]. So AGE 
and BEH are two triangles having two angles equal to 
two angles, respectively, and one side equal to one side— 
(namely), those by the equal angles, AE and EB. Thus, 
they will also have the remaining sides equal to the re- 
maining sides [Prop. 1.26]. Thus, G E (is) equal to EH, 
and AG to BH. And since AE is equal to EB, and FE 
is common and at right-angles, the base FA is thus equal 
to the base FB [Prop. 1.4]. So, for the same (reasons), 
FC is also equal to FD. And since AD is equal to C B, 
and FA is also equal to FB, the two (straight-lines) FA 
and AD are equal to the two (straight-lines) FB and BC, 
respectively And the base FD was shown (to be) equal 
to the base FC. Thus, the angle FAD is also equal to 
the angle FBC [Prop. 1.8]. And, again, since AG was 
shown (to be) equal to BH, but FA (is) also equal to 
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MOOS TAGAS Tas UNTOUEVAS AUTH cOVElac xal Oba Ev TH 
DROXEIWEVOD ETLNED COVA ToLhos YwOVlac. cvuveta Se xpoc 
&n(neO0v óp0f, £ouv, Óxav npóc nácoac TdC UNTOUEVAS HUT < 
cvvetac xal oboac Ev TG HTH EmiTEdSW CODAC ror vovtac: 
À ZE soa 76 Onoxswevo Eminedw Med CEVAC EOTLY. TO OE 
oroxeciuevov Entneddov gott TO uu x&v AB, DA eó9ev. f, 
ZE &pa ngóc ópOóc &ox 16 dà x&v AB, DA &nixéóo. 

T&v wow evveta d00 evvetaig teu. vobootc dAATAac npoc 
opvac £mb tfjc xotwfjc vouf[; &mtotof| xot t Ov otGv 
&minéOQ npóc ópüíc £otav. Ónep &oct Sete. 


f 
c * 
àv eó0cta tptoiv eoOctotc &ntouévoars &AXAfQcov npóc 
óp0Gc éni tc xos voufjc &ntovoO fi, at teste covet Ev Evi 
ELOLY ETUTEOW. 


A 
D 


Evveta yao uc Å AB tacy eoOctotc xvoic BI', BA, BE 
npóc óp0àc énl vfjc xoxà xó B ónfjc &égeotáo: Aévo, Ó ok 
BI, BA, BE &v év( cio éxinédo. 

My yde, GAA’ ci Suvatédy, Eotwoay at uev BA, BE 
£v 1G Onxoxeuévo &nnéoo, fj 6e BI év uexeogoréoo, xoi 
&xDepAfio9o tò dla Tv AB, BI éníne860v: xow?|v 97) vour|v 
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FB, the two (straight-lines) FA and AG are equal to the 
two (straight-lines) FP and BH (respectively). And the 
angle FAG was shown (to be) equal to the angle F BH. 
Thus, the base FG is equal to the base FH [Prop. 1.4]. 
And, again, since GE was shown (to be) equal to EH, 
and EF (is) common, the two (straight-lines) GE and 
EF are equal to the two (straight-lines) H E and EF 
(respectively). And the base FG (is) equal to the base 
FH. Thus, the angle GEF is equal to the angle HEF 
[Prop. 1.8]. Each of the angles GEF and H EF (are) 
thus right-angles [Def. 1.10]. Thus, FE is at right-angles 
to GH, which was drawn at random through E (in the 
reference plane passing though AB and AC). So, simi- 
larly, we can show that FE will make right-angles with 
all straight-lines joined to it which are in the reference 
plane. And a straight-line is at right-angles to a plane 
when it makes right-angles with all straight-lines joined 
to it which are in the plane [Def. 11.3]. Thus, FE is at 
right-angles to the reference plane. And the reference 
plane is that (passing) through the straight-lines AB and 
CD. Thus, FE is at right-angles to the plane (passing) 
through AP and C D. 

Thus, if a straight-line is set up at right-angles to two 
straight-lines cutting one another, at the common point 
of section, then it will also be at right-angles to the plane 
(passing) through them (both). (Which is) the very thing 
it was required to show. 


Proposition 5 


If a straight-line is set up at right-angles to three 
straight-lines cutting one another, at the common point 
of section, then the three straight-lines are in one plane. 


A 
C 


For let some straight-line AB have been set up at 
right-angles to three straight-lines BC, BD, and BE, at 
the (common) point of section B. I say that BC, BD, 
and BE are in one plane. 

For (if) not, and if possible, let BD and BE be in 
the reference plane, and BC in a more elevated (plane). 
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Toujoet EV x6) bnoxeuu£wp &muméoQ eoUciav. TOLLEITO TÙY 
BZ. èv evi dou cioly &mnéOQ TH Ouwyuévo à x&v AB, 
BI oi vgeic eo0ctot oi AB, BI', BZ. xo &nei 5| AB óg01 
£o xpóc éxatépay tõv BA, BE, xa t& dà tõv BA, 
BE Soa émnédm pt ouy Å AB. tò è à THY BA, BE 
&n(neOov 1ó onoxeciuevóv &ouv: À AB pa pth oti noòs tò 
LNOXELUEVOV ENIMEDOV. WOTE KAL MEOS MAGUS TAC UNTOUEVAC 
avTh¢ sbVEtac xal oboud Ev 165 oxoxeuévo &rxéoo óp0dc 
roosi ywvias AB. antetou è atis À BZ oboa èv t 
LTOXELUEVD ETIMedQ’ Å dow rò ABZ yovia óp0f5 otv. 
bnróxertTa 0€ xoi Y) oxó ABT pt tov) &pa fj ónó ABZ vota 
tf Ono ABP. xal eto ev Evi Eminédq Snee Eotly GOvatov. 
ovx goa ——— 
oa cveta t BI, BA, BE êv evi ctow &ruxéoo. 

Eàv doa cvuveta toroty covetouc antOUEeVac GAANAWY ert 
THs HTS TEdS GEDaS EmoTADH, al tocic cUVEton Ev Evi cio 
emimeday’ OTEO det Setcan. 


f 
T * 

T&v 000 cóÓUctot t6 aDtG &méOQ npóc dots Oow, 
TACGAANAOL Eoovta at cvuveta. 


" 
G 


Avo yàp còca d AB, TA 16 bnroxciuévo Exrnédw 
ngóc ópUdc £otoocav: Aévo, óx TaAOdAANAGS cty Å AB q 
TA; 

S uupoaAAÉoocav Yàp v& DTOXEIWEVO EMINESD xatà tà B, 
A onueia, xa &xeCeoy 90 Y, BA eó9cia, xoi Ty9o tÅ BA 
npóc óp0dc £v t Oxnoxcuévo &rinéoQ f| AE, xol xeto90 
tf, AB toy Y, AE, xoi £xeCeoy906av oi BE, AE, AA. 

Koi &nei À AB dph £o npóc tò onoxe(uevov &nineGov, 
xol Ted<¢ néoacg [wou] tac ó&xtouévac adthe cb¥elac xol 
ovoag êv TG broxeuuéwp EmiMEdD SOVaC Tooet ywviac. 
gnteta b¢ th¢ AB éxatéog tv BA, BE oto êv 16) bno- 
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And let the plane through AB and BC have been pro- 
duced. So it will make a straight-line as a common sec- 
tion with the reference plane [Def. 11.3]. Let it make 
BF. Thus, the three straight-lines AB, BC, and BF 
are in one plane—(namely), that drawn through AB and 
BC. And since AB is at right-angles to each of BD and 
BE, AB is thus also at right-angles to the plane (passing) 
through BD and BE [Prop. 11.4]. And the plane (pass- 
ing) through BD and BE is the reference plane. Thus, 
AB is at right-angles to the reference plane. Hence, AB 
will also make right-angles with all straight-lines joined 
to it which are also in the reference plane [Def. 11.3]. 
And BF, which is in the reference plane, is joined to it. 
Thus, the angle ABF is a right-angle. And ABC was also 
assumed to be a right-angle. Thus, angle ABF (is) equal 
to ABC. And they are in one plane. The very thing is 
impossible. Thus, BC is not in a more elevated plane. 
Thus, the three straight-lines BC, BD, and BE are in 
one plane. 

Thus, if a straight-line is set up at right-angles to three 
straight-lines cutting one another, at the (common) point 
of section, then the three straight-lines are in one plane. 
(Which is) the very thing it was required to show. 


Proposition 6 


If two straight-lines are at right-angles to the same 
plane then the straight-lines will be parallel.' 


e 


For let the two straight-lines AB and C D be at right- 
angles to a reference plane. I say that AB is parallel to 
CD. 

For let them meet the reference plane at points P and 
D (respectively). And let the straight-line BD have been 
joined. And let DE have been drawn at right-angles to 
BD in the reference plane. And let DE be made equal to 
AB. And let BE, AE, and AD have been joined. 

And since AB is at right-angles to the reference plane, 
it will [thus] also make right-angles with all straight-lines 
joined to it which are in the reference plane [Def. 11.3]. 
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XELUEVD EmiMEdG)’ CODY) doa Eotly Exatéoea tHv Dro ABA, 
ABE cow. Oux tà HOTH DA xal éxatépa THY Ono TAB, 
TAE pý £ouv. xal énel ton cotiv 7 AB xfj AE, xou? 
dé ý BA, úo ù ai AB, BA duo tois EA, AB toa eiotv: 
xal yovlas pàs negéyovow: Báo &oa À AA Booci tH 
BE &ouv tor. xoi èncl ton ċotiy À AB th AE, &AAà xoi 
? AA tfj BE, 600 99; oi AB, BE dvol totic EA, AA too 
cioty: xal Bács ax6v xow?) Y) AE: voví(a àpa ġ òrò ABE 
youd th bro EAA éotw ton. dody dé À òrò ABE: pt 
&pa xol À òrò EAA: À EA pa noóc thy AA óp otv. 
£c 6€ xol npóc éxatépav tõv BA, AT pth. 5; EA &pa 
totaly evvetouc tois BA, AA, AT rod¢ dedac Ent the Apc 
EMEOTHXEV’ al Tosic dou evveta at BA, AA, AT év évi siot 
&rixéOQ. &v à 06 ot AB, AA, êv tovto xal À AB: x&v vào 
totywvoy év Evi Cot Emneda’ at gow AB, BA, AT còco 
év evi slow éminéda. xal Coty oN éxatépa tõv òrò ABA, 
BAT ywowdy: naodAAnroc àpa &oxv f, AB xfj L'A. 

Ev &pot 000 eoOctot tT Ùt &ruxéOQ npóc ópUdc Got, 
TAKOGAANAOL EGOVTaL ot cvvetou önep Eder deiga. 
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And BD and BE, which are in the reference plane, are 
each joined to AB. Thus, each of the angles ABD and 
ABE are right-angles. So, for the same (reasons), each 
of the angles CDB and CDE are also right-angles. And 
since AB is equal to DE, and BD (is) common, the 
two (straight-lines) AB and BD are equal to the two 
(straight-lines) ED and DB (respectively). And they 
contain right-angles. Thus, the base AD is equal to the 
base BE [Prop. 1.4]. And since AB is equal to DE, and 
AD (is) also (equal) to BE, the two (straight-lines) AB 
and BE are thus equal to the two (straight-lines) ED 
and DA (respectively). And their base AE (is) common. 
Thus, angle AB E is equal to angle EDA [Prop. 1.8]. And 
ABE (is) a right-angle. Thus, EDA (is) also a right- 
angle. ED is thus at right-angles to DA. And it is also at 
right-angles to each of BD and DC. Thus, ED is stand- 
ing at right-angles to the three straight-lines BD, DA, 
and DC at the (common) point of section. Thus, the 
three straight-lines BD, DA, and DC are in one plane 
[Prop. 11.5]. And in which(ever) plane DB and DA (are 
found), in that (plane) AB (will) also (be found). For 
every triangle is in one plane [Prop. 11.2]. And each of 
the angles ABD and BDC is a right-angle. Thus, AB is 
parallel to CD [Prop. 1.28]. 

Thus, if two straight-lines are at right-angles to 
the same plane then the straight-lines will be parallel. 
(Which is) the very thing it was required to show. 


t In other words, the two straight-lines lie in the same plane, and never meet when produced in either direction. 


C 
“Bay Got ovo cvvetou TapdAAnNAot, ANnovy Se Ep’ Exatéeac 
aOtGV TWYOVTA oNuEta, À êm tà onusta EmCevyvouevny 
cuveta EV TG HUT ENINEOW otl tas tapao. 


A E B 
= 
[D Z A 
"Eotwoay 9000 svdeton mapdAAnAor ot AB, TA, xoi 
cthhjova ep Exatéoac avtéyv tuvydvta onucia tà E, Z 
Ey, OTL Å Ent xà E, Z onucia EmCevyvuyevy cvvdeta ev 16 
QUTE ETLNESW OTL TG napao. 


MY) vào, &ÀAA' ei Guvarxóv, £oxo £v ueteopotépo Oc f| 
EHZ, xoi oufyVe oux tfj EHZ &ning60v: touy Ò toos 


Proposition 7 


If there are two parallel straight-lines, and random 
points are taken on each of them, then the straight-line 
joining the two points is in the same plane as the parallel 
(straight-lines). 


A E b 

mE 

C F D 
Let AB and CD be two parallel straight-lines, and let 
the random points E and F have been taken on each of 
them (respectively). I say that the straight-line joining 
points E and F is in the same (reference) plane as the 


parallel (straight-lines). 
For (if) not, and if possible, let it be in a more elevated 
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EV TG) Oroxeciuévo &nrixéOQ eo06tav. rote(xo àc vv EZ: 600 
goa cvveta ot KHZ, EZ ywotov nepéčovoiwv: ónep &oxiv 
gdbvatov. obx koa H and tov E ëm tò Z emCevyvuyevy 
cevUEtaL Ev UETEWPOTEOW EoTLY Emimeday’ Ev tõ Oi THY AB, 
PB goa naparkAfrAwy cotty émnédow Å ano xoO E £ni tò Z 
eTLCevY VoUE VY) cvVETa. 

Eàv àpa ol dvo cieca napano, ANOVA Se EQ" 
EXATEPAC AUTHY TUYOVYTA ONElaA, FH Ent ta oNUsta EmiCev- 
YVUUEVY COUETA EV TH ADTE EMIMEDD SOTL Talc MACAAAHAoic’ 
— Eder Setcau. 


f 
Eàv Gov 000 evvetar maodAAnAol, À òè tépa aÙTtTÕV 
ETLNEOW) TIL TEOS CEVA H, Kal À AonrÀ T ALTE Eniné£OQ 
TOOS OEVACS ota. 
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"Eotwoay dvo euveta rapáňanio oft AB, L'A, fj 66 &xégat 
qtv Å AB t& Oxoxcuévwo émnéðw npóc pàs Eotw’ 
Ey, StL xa À Aan 4 TA x6 aodtG Emnédw med¢ dedac 
COTO. 

YXuupoAAécocav yàp at AB, TA t bxoxeuévo &nunéoo 
xata ta B, A onueta, xol ExneCévyVe À BA: a AB, TA, BA 
gpa év evi ciow émnédm. Aydo th BA npóc ópO0àc &v 16 
broxewevn Eminéd@ Y, AEB, xot xetode tH AB ton ġ AE, 
xoi &neCeoy0ocav oi BE, AE, AA. 

Koi &nei Y, AB pth £o npóc xo onoxciuevov &nineGov, 
xoà TOS TACAS How vàc &mxouévac aotfjc eoOe(ac xol obcac 
Ev 16) Dxoxeiuévo &runé6Q npóc óp0óc otuv ġ AB: óp97) Kou 
[civ] Exatéoa tõv òrò ABA, ABE yovv. xoa Enel cic 
nopoA^fiouc tàs AB, TA eó0cta &unéntoxev f| BA, at pa 
òrò ABA, TAB Yovíot 8ucly ópOoüc toot ciot(v. ópOT| òè Å 
òrò ABA: pt &pa xoi À òrò TAB: ATA &pa ngóc vv BA 
óp9Y, otv. xal ênel ton ċotiy À AB tÅ AE, xowy de Y; BA, 
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(plane), such as EGF. And let a plane have been drawn 
through EGF. So it will make a straight cutting in the 
reference plane [Prop. 11.3]. Let it make EF. Thus, two 
straight-lines (with the same end-points), EGF and EF, 
will enclose an area. The very thing is impossible. Thus, 
the straight-line joining E to F is not in a more elevated 
plane. The straight-line joining F to F is thus in the plane 
through the parallel (straight-lines) AB and CD. 

Thus, if there are two parallel straight-lines, and ran- 
dom points are taken on each of them, then the straight- 
line joining the two points is in the same plane as the 
parallel (straight-lines). (Which is) the very thing it was 
required to show. 


Proposition 8 


If two straight-lines are parallel, and one of them is at 
right-angles to some plane, then the remaining (one) will 
also be at right-angles to the same plane. 


A C 


E 

Let AB and C D be two parallel straight-lines, and let 
one of them, AB, be at right-angles to a reference plane. 
I say that the remaining (one), C D, will also be at right- 
angles to the same plane. 

For let AB and C D meet the reference plane at points 
B and D (respectively). And let BD have been joined. 
AB, CD, and BD are thus in one plane [Prop. 11.7]. 
Let DE have been drawn at right-angles to BD in the 
reference plane, and let DE be made equal to AB, and 
let BE, AE, and AD have been joined. 

And since AB is at right-angles to the reference 
plane, AB is thus also at right-angles to all of the 
straight-lines joined to it which are in the reference plane 
[Def. 11.3]. Thus, the angles ABD and ABE [are] each 
right-angles. And since the straight-line B D has met the 
parallel (straight-lines) AB and CD, the (sum of the) 
angles ABD and C DB is thus equal to two right-angles 
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úo ù a AB, BA ucl voi; EA, AB toot etotv: xoi Yowta 
5 ónó ABA yoviy t òrò EAB tory pù yàp &xorcépoc 
Báos tow 7 AA Béoet th BE ton. xoi &nxel tor] &oxiv f 
uev AB ty AB, 9; 6€ BE «fj AA, 960 ù of AB, BE čuo 
toic EA, AA toa eioly exatéoa exatéog. xal Bács adtOv 
xowy À AE: yovia goa À òrò ABE yovi t òrò EAA 
otv ton. óp97| 66 ġ DnO ABE: pù toa xat À òrò EAA: 
À EA dea medc thy AA óp £ouv. Eo 6€ xol npóc tijv 
AB ood Y, EA &pa xoi x ux xv BA, AA &nié80 dpt 
£OtlV. Xo MOOS MATA HON xàc imxouéva aO fjc eo eto xot 
ovo év TH Sid TOV BAA éninédm deddc noifoe: yavlac ¥ 
EA. èv è tõ dà THY BAA £&rané60Q &oxiv Y| AT, &xeiofineo 
£y tõ àà THY BAA éEmnédm éotly at AB, BA, êv & òè 
ai AB, BA, êv toto £o xoi À AT. fF EA soa tH AT 
ngóc ópÜóc £ouv: oce xoi ATA th AE redc debdc Eotv. 
£c 0€ xol Y) L'A xfj BA ngóc óg0óc. f; DÀ &pa 600 celos 
teu voócotc GAY voc AE, AB nó tis xoxà xo A toute 
Ted OEVaC EgeaTHuev’ Gote TA xoi t dà xv AE, AB 
Eminedw Mods GEVaE EoTIV. TO 68 àà THY AB, AB éExinedov 
tO Droxciuevdy otuv: TA toa 16 onxoxeagévwo &ninéoo 
rpóc CPD otw. 

Hav goa Gow dbo cdte mapdAAnAot, FH OE Ula avToY 
ETLNEOW) TlvL TEOS GEDA Å, xa Å Aon T ÛT EMINEd 
TEOS OEVAC Fata ONEE Ede Seta. 


us 


Ai tfj atf] cocto rotpéA Aro xol ur) oboot acf £v x6 
ÒT &munéOQ elol mapdAAnAot. 
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[Prop. 1.29]. And ABD (is) a right-angle. Thus, CDB 
(is) also a right-angle. C D is thus at right-angles to BD. 
And since AB is equal to DE, and BD (is) common, 
the two (straight-lines) AB and B D are equal to the two 
(straight-lines) ED and DB (respectively). And angle 
ABD (is) equal to angle EDB. For each (is) a right- 
angle. Thus, the base AD (is) equal to the base BE 
[Prop. 1.4]. And since AB is equal to DE, and BE to 
AD, the two (sides) AB, B E are equal to the two (sides) 
ED, DA, respectively And their base AE is common. 
Thus, angle ABE is equal to angle EDA [Prop. 1.8]. 
And ABE (is) a right-angle. EDA (is) thus also a right- 
angle. Thus, ED is at right-angles to AD. And it is also 
at right-angles to DB. Thus, ED is also at right-angles 
to the plane through BD and DA [Prop. 11.4]. And 
ED will thus make right-angles with all of the straight- 
lines joined to it which are also in the plane through 
BDA, And DC is in the plane through BDA, inas- 
much as AB and BD are in the plane through BDA 
[Prop. 11.2], and in which(ever plane) AB and BD (are 
found), DC is also (found). Thus, ED is at right-angles 
to DC. Hence, CD is also at right-angles to DE. And 
C D is also at right-angles to BD. Thus, C D is standing 
at right-angles to two straight-lines, DE and DB, which 
meet one another, at the (point) of section, D. Hence, 
C D is also at right-angles to the plane through DE and 
DB [Prop. 11.4]. And the plane through DE and DB is 
the reference (plane). CD is thus at right-angles to the 
reference plane. 

Thus, if two straight-lines are parallel, and one of 
them is at right-angles to some plane, then the remain- 
ing (one) will also be at right-angles to the same plane. 
(Which is) the very thing it was required to show. 


Proposition 9 


(Straight-lines) parallel to the same straight-line, and 
which are not in the same plane as it, are also parallel to 
one another. 


B H A 





K 
"Eoo yàp &xorépga tv AB, DA tý EZ xoapóAAnoc 
UY) OLOML AUTH Ev TH ALTE EmimeEda Aévo, óu napi AnAóc 


K 
For let AB and C D each be parallel to EF, not being 
in the same plane as it. I say that AB is parallel to C D. 
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£cuv *| AB ty TA. 

Bic yàp £n vfjc EZ xoxyóv ornuciov xó H, xoi ór 
autot tfj EZ &v u&v tõ dà Gy EZ, AB &nuxéoQ ngóc óp0óc 
xo A HO, £y 6€ v6 à&à xGv ZE, TA th EZ nóXv ngoóc 
ópUàc xto Y, HK. 

Kat énet À EZ node Exatéoay tv HO, HK oedy cot, 
? EZ &pa xoi x 6x xv HO, HK émnéðw npóc pás 
cty. xal ouy À EZ xfj AB napóXArAoc xoi y AB dou 
t6) à TOY OHK éEmnéd@ mode ópg0óc otv. à xà aca 
OY, xoi À TA t àà xóv OHK Emnédm npóc óg0óc totuv 
exatéoa tow Tv AB, TA 1635 oux x&v OHK &ninéóo npóc 
pás £ouy. àv è OVO ELVEN TH KOT EmiNEdW TedC 
oevac Dow, naodrArnAot stow at cdVetou maodAAnroc doa 
éotiy Y, AB tf TA: önep Eder Seta. 


f 
bo 
T&v 600 covet &ntóucvar AAAA napà dúo eoUcíac 
&ntouévac GAÀYjAoOv Wot UY EV TE HTH EmIMEdm, toas 
YOwv(ac nepgié&ouotv. 


v 
SN 
L— 


A00 Yàp eoO0ctot ot. AB, BI' àxxóuevot GA jv. nap 
000 eDOc(ac tàs AE, EZ ànxouévac GAXfov £ovooav uf 
EV TGS aUTES Eminedes’ AEyoo, Öt ton otv H ONO ABP yovla 
th ond AEZ. 

Arewjovwoaay vàp ot BA, BI, EA, EZ toot 6A joue, 
xoi &xeCeoy9ocav ot AA, LZ, BE, AT, AZ. 

Koi &nei ?, BA «fj EA tor) £o xoi xopóA^voc, xol *| 
AA &pa vf; BE tor, £o xoi rapóAArAoc. Già xà abc OT) 
xoi Y; ITZ t BE tov] £oxi xoà topóA roc: &xoxépat Go. xGv 
AA, ITZ th BE ton £oxi xoi napéAAroc. of Se TH abti 
cuveta TapdrAnAot xal UN) OOM AUTH Ev TG aot &nuxéon 
xol AAAs stot napdAAnAot maedAAnAos toa éotiv f| AA 
th TZ xo ton. xoi &riGeo Y vóoucty abràc ob. AD, AZ xoi 
f, AU &pa xfj AZ tov) £oxi xol rapóAroc. xoi Exel Svo ol 
AB, BT uo tois AE, EZ too cioty, xoi Dáotc Y, AT Báoc 
tÅ AZ ton, yovia &pa Y) óxó ABT yovi t òrò AEZ otv 


For let some point G have been taken at random on 
EF. And from it let GH have been drawn at right-angles 
to EF in the plane through EF and AB. And let GK 
have been drawn, again at right-angles to EF, in the 
plane through FE and C D. 

And since EF is at right-angles to each of GH and 
GK, EF is thus also at right-angles to the plane through 
GH and GK [Prop. 11.4]. And EF is parallel to AB. 
Thus, AB is also at right-angles to the plane through 
HGK [Prop. 11.8]. So, for the same (reasons), CD is 
also at right-angles to the plane through HGK. Thus, 
AB and CD are each at right-angles to the plane through 
HGK. And if two straight-lines are at right-angles 
to the same plane then the straight-lines are parallel 
[Prop. 11.6]. Thus, AB is parallel to CD. (Which is) 
the very thing it was required to show. 


Proposition 10 


If two straight-lines joined to one another are (respec- 
tively) parallel to two straight-lines joined to one another, 
(but are) not in the same plane, then they will contain 
equal angles. 


V 
SA 
— 


For let the two straight-lines joined to one another, 
AB and BC, be (respectively) parallel to the two 
straight-lines joined to one another, DE and EF, (but) 
not in the same plane. I say that angle ABC is equal to 
(angle) DEF. 

For let BA, BC, ED, and EF have been cut off (so 
as to be, respectively) equal to one another. And let AD, 
CF, BE, AC, and DF have been joined. 

And since B A is equal and parallel to ED, AD is thus 
also equal and parallel to BE [Prop. 1.33]. So, for the 
same reasons, CF is also equal and parallel to BE. Thus, 
AD and CF are each equal and parallel to BE. And 
straight-lines parallel to the same straight-line, and which 
are not in the same plane as it, are also parallel to one an- 
other [Prop. 11.9]. Thus, AD is parallel and equal to CF’. 
And AC and DF join them. Thus, AC is also equal and 
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tor. 

Ev &pa 000 còca imrÓuevot GAAYcov nxapà O00 
eoOc(ac &rcroué£vac dAXYAov 6o uT| £v tT Ôt EninéO0, 
toag yoviag xepgiéGouoty: ónep &Oet Ocl&on. 


f 


Ux. 


Ano toŭ 600évtoc orucíou ueteóopou éni tÒ dodEV 
&níneGov xáÜetov eó9ciav youuuny oyayety. 


A 





"Eote tO ev 8600€&v onueciov uetéwpov TO A, TO dé SOVEY 
éminedsov TO Lnoxstusvoy’ Set 7) dno toU A onuetiou El tò 
Lnoxetuevoy éxinedsov xdVetov cuvetay youuuny ayayely. 

Aifydo yao tig Ev TG onoxewuévo &nixéóo eó06ta, à 
&vuyev, f| BI, xoi fjy9co and tol A onuetov ext thy BI 
xáÜüetoc f| AA. ci u£v ov A AA xáOcxóc Gott xoa &ri xo 
Lbmoxetuevoy Entnedov, yeyovoc ay ely tO EmitayVEv. et dé 
o0, fjy9co ànó tod A onvetov tH BI év 16 vroxeiueven 
&rinéOQ ngóc óp0àc Y| AE, xoi fj 0c ànó x00 À &ri vy AE 
xáOetoc Å AZ, xol dà xoO Z onuctou xfj BI' rapgéAAnoc 
fy9o *, HO. 

Kat éxet Y, BD &xoxépa 16v AA, AE ngóc óp0ác tot, 
À BT don xot 16 die Gv EAA &riné80 npóc ópÜác otv. 
xal ctv KOTH TaodAAnAoc 4 HO: Edy OE Bor 600 cvveia 
TAEGAANAOL, V SE Ula KOTOY ExiNEdD Tvl TODS GOVdE Tj, xol Y) 
ALTA T a6) &nixéO(Q noóc ptàs čota xoi À HO vow x6 
did TOV BA, AA &rixéoQ ngóc ópÜc &£ouv. xol npóc nácoac 
Hoa Ta UNTOUEVAS aLTH¢ evvetac xal ODOC EV TH OL TOV 
EA, AA &niné8o óp0f| £ouv f| HO. &xteta de adth¢ Y| AZ 
oboa èv tT dà THY EA, AA émnéda f; HO &pa dp £o 
npóc t? ZÀ: doce xoà f| ZÀ pth £c noo THY OH. Eot 
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parallel to DF [Prop. 1.33]. And since the two (straight- 
lines) AB and BC are equal to the two (straight-lines) 
DE and EF (respectvely), and the base AC (is) equal to 
the base DF’, the angle ABC is thus equal to the (angle) 
DEF [Prop. 1.8]. 

Thus, if two straight-lines joined to one another are 
(respectively) parallel to two straight-lines joined to one 
another, (but are) not in the same plane, then they will 
contain equal angles. (Which is) the very thing it was 
required to show. 


Proposition 11 


To draw a perpendicular straight-line from a given 
raised point to a given plane. 


A 


< 


Let A be the given raised point, and the given plane 
the reference (plane). So, it is required to draw a perpen- 
dicular straight-line from point A to the reference plane. 

Let some random straight-line BC have been drawn 
across in the reference plane, and let the (straight-line) 
AD have been drawn from point A perpendicular to BC 
[Prop. 1.12]. If, therefore, AD is also perpendicular to 
the reference plane then that which was prescribed will 
have occurred. And, if not, let DE have been drawn in 
the reference plane from point D at right-angles to BC 
[Prop. 1.11], and let the (straight-line) AF have been 
drawn from A perpendicular to DE [Prop. 1.12], and let 
GH have been drawn through point F, parallel to BC 
[Prop. 1.31]. 

And since BC is at right-angles to each of DA and 
DE, BC is thus also at right-angles to the plane through 
EDA [Prop. 11.4]. And GH is parallel to it. And if two 
straight-lines are parallel, and one of them is at right- 
angles to some plane, then the remaining (straight-line) 
will also be at right-angles to the same plane [Prop. 11.8]. 
Thus, GH is also at right-angles to the plane through 
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6€ f| AZ xoi ngóc tjv AE òp: À AZ soa node Exatépav 
tõv HO, AE pý otv. Edy SE coVEta dvolv cbVEtac 
Teuvovoaic GAANAac nl tc tous modo deta EmtaTtadh, 
xol TGS OL avTHY EximEdH TODS ópOUc £oxav Y| ZA Goa tO 
dia tHV EA, HO énnédq npóc ópÜóc otv. TO dE àà 
tiv EA, HO éxtnedév Eot: tò Onxoxci(uevov: Y, AZ &pa x6 
UTOXELMEVO) ETLMESG) TEOS OCEVdC EoTLY. 

Ano tov àpa 6o0£vroc onucíou ueveopou xoU A ni tò 
Lmoxstuevoy éninedov xavetoc covdeta yoouuy Axta À AZ 
ONEO SEL noro. 


f 
(D. 
T& 600évu eEmmédm gro to npóc aot Oo00évroc 
onustov ngóc ópUàc eoUciav Yoogur|v &vaocfjoot. 


A 


"Hots tO uèyv 0600&v Entnedoyv tÓ Omoxc(uevov, TO OE 
Teds UVTE oNuetoy TO A’ Set OH and ToD A onuEtov T6 bro- 
xev EMTEC TODS OEVAC eo06clav Yoouur|v &vaocfjoot. 

Nevofjo90 ti onuecřov uetéwpov tò B, xal &ró 100 B &ri 
tO Dnoxeiuevoy Entnedov xaVetoc HyV Y, BI, xoi die tod 
A onustou th BI napddAndoc Hyde ñ AA. 

‘Enet obv dúo cvdeton napdAAnAot ctow ot AA, TB, ġ òè 
uia avtay yn BI 16 oroxeuévo &ninéoQ ngóc ópüóc &ouv, 
xoa À Aan goa À AA t Onoxeuévo Eminedy Tod¢ deVdC 
EOT. 

TG &pa 6o0évu &muxéOoQ ànó vo0 npóc aotxG oNUEstoU 
tol A mod do0ae avéotata À AA: Önep Edet roroa. 
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ED and DA. And GH is thus at right-angles to all of 
the straight-lines joined to it which are also in the plane 
through E D and AD [Def. 11.3]. And AF’, which is in the 
plane through E D and DA, is joined to it. Thus, GH is at 
right-angles to FA. Hence, FA is also at right-angles to 
HG. And AF is also at right-angles to DE. Thus, AF is 
at right-angles to each of GH and DE. And if a straight- 
line is set up at right-angles to two straight-lines cutting 
one another, at the point of section, then it will also be 
at right-angles to the plane through them [Prop. 11.4]. 
Thus, F'A is at right-angles to the plane through E D and 
GH. And the plane through ED and GH is the refer- 
ence (plane). Thus, AF is at right-angles to the reference 
plane. 

Thus, the straight-line AF has been drawn from the 
given raised point A perpendicular to the reference plane. 
(Which is) the very thing it was required to do. 


Proposition 12 


To set up a straight-line at right-angles to a given 
plane from a given point in it. 


D 


Let the given plane be the reference (plane), and A a 
point in it. So, it is required to set up a straight-line at 
right-angles to the reference plane at point A. 

Let some raised point B have been assumed, and let 
the perpendicular (straight-line) BC have been drawn 
from P to the reference plane [Prop. 11.11]. And 
let AD have been drawn from point A parallel to BC 
[Prop. 1.31]. 

Therefore, since AD and CB are two parallel straight- 
lines, and one of them, BC, is at right-angles to the refer- 
ence plane, the remaining (one) AD is thus also at right- 
angles to the reference plane [Prop. 11.8]. 
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f 


lY. 
Ano toU aóro0 ornucíou tG abt6 Emnédw 000 evdvetou 
TODS OPVACS OLX AvaAOTYGOVTAL ENL TH AÛTA ÉPT). 


B 





Et vàp Ouvatóv, ànó to avtoD onustov tot A x6 
LUTOXEIUEVW EmiMEd 000 eó0cio oi AB, BI' ngóc ópOàc 
AVECTATWOAV ETL và ootà uépr, xoi Ouwjy0co TO Oe TOV 
BA, AT' &ring6ov: vour|v 97) rowjoet Già o0 A êv x6 ono- 
xeruévw &muéOo eó0cstav. nowito tày AAE o àpa AB, 
AT, AAE eó9ciot £v év ciow Emnédm. xa Exet 4 TA 165 
UTOXELUEVG) ETITES) TODS GOVAS EOTIV, Kal TODS xóooc Koo 
TAS UNTOMEVAS ALTHS evVElac xal OVaUC EV TH DTOKELUEVED 
EMIMEH) pàs roosi yovlac. Anteta Se avtiic À AAE 
obca £v tQ ÜOnxoxcuévwo &mméOQ' f| &pa bnd TAE yovla 
óp0f, £ovv.. Quà Ta UTS OY xoi y) oxó BAE 6996, otv: ton 
con Y) ónó TAE t rò BAE xat ciow êv êv Emnédq oreo 
EOTLV GOOVATOY. 

Ovx soa and ToD adTOB onustov TH aDTH ExLNEdW 000 
cevvetar Ted¢ Covad avaotaDYoovToL Eml TH MOTH UEON’ OTEO 
Eder Setcan. 


LO. 


Tlod¢ & Exineda ġġ atA cvVeta dody eotiv, napddAAnra 
COTO TH ETIMEOA. 

Eó9cia vóp uc fj AB nxpóc éxátepov tæv DA, EZ 
ETLNESWY TOOS ópÜüc čata: AEYW, OTL TAOGAANAG EoTL TH 
enineda. 
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Thus, AD has been set up at right-angles to the given 
plane, from the point in it, A. (Which is) the very thing it 
was required to do. 


Proposition 13 


Two (different) straight-lines cannot be set up at the 
same point at right-angles to the same plane, on the same 
side. 


B 


E 


For, if possible, let the two straight-lines AB and AC 
have been set up at the same point A at right-angles 
to the reference plane, on the same side. And let the 
plane through BA and AC have been drawn. So it will 
make a straight cutting (passing) through (point) A in 
the reference plane [Prop. 11.3]. Let it have made DAE. 
Thus, AB, AC, and DAE are straight-lines in one plane. 
And since CA is at right-angles to the reference plane, it 
will thus also make right-angles with all of the straight- 
lines joined to it which are also in the reference plane 
[Def. 11.3]. And DAE, which is in the reference plane, is 
joined to it. Thus, angle CAE isa right-angle. So, for the 
same (reasons), B AE is also a right-angle. Thus, CAE 
(is) equal to BAE. And they are in one plane. The very 
thing is impossible. 

Thus, two (different) straight-lines cannot be set up 
at the same point at right-angles to the same plane, on 
the same side. (Which is) the very thing it was required 
to show. 


Proposition 14 


Planes to which the same straight-line is at right- 
angles will be parallel planes. 

For let some straight-line AB be at right-angles to 
each of the planes CD and EF. I say that the planes 
are parallel. 
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H 
EL 
ie, k 
N 
O 
E 
Ei yàp uf, &xpBoAAóueva cuunecoÜvrou. OUUTITTÉT- 


Wav ToÁcoLoL A xoy touy eoOeiav. row(xooav tT)v 
HO, xot ciAnodea ent tho HO tuyòv onuciov tò K, xal 
&neCeóy9ocav oi AK, BK. 

Koi &nci Y, AB óp0f| £c ngóc tò EZ Extnedov, xoi ngóc 
thv BK &pa eoOciav o0cav év tõ EZ &xpArü£vu £nin£oo 
óp0f, £cuv Y, AB: Å pa òrò ABK vyovia óp05, otv. ou 
TH GUTH OF xoi À òrò BAK dodH Eotw. toryövou ð too 
ABK oi 600 Yowvtot ot 0xó ABK, BAK dvoly dodaic etoww 
(cov Óneo $oxiv áà60vatov. oOx wow tà TA, EZ éninedar 
&xpaAAXóueva cuuncooŬvta napsána doa oti tà TA, 
EZ &nineoa. 

IIpóc & &n(ne6a &pa y| ao tY) ceóOctio dpt otv, rop AnA& 
cot, Te Enineda Once sder Detét. 


le 

Eàv dv0 covet &ntóucvar AAAA Taed SvO eoUcíac 
ONTOUEVAS GAAVAWY Dor UN EV TG ATG &mnéOQ oUoot, 
TAHOGAANAG OTL TH OL HOTOY EntmEda. 

Ato yuo ev0etoan &ntóucevar 4AA Awy at AB, BT rapà 
Dúo còÛeclac å&nrtouévas Ahoy tàs AE, EZ £ovooav uf 
EV TG) HLTH EmiMEH) oboa AEyeo, OTL ExBahAduEeva, TH Ore 
tv AB, BY, AE, EZ &nríne8a o0 cuuneotcivot GAY otc. 

"Hyde yuo &no tot B onuetov ni tò dà xv AE, EZ 
éninesov xaVetoc Y, BH xol cuuBarAétw 1G &ruxéoQ xoà 
tò H onuciov, xa òà toč H tý uev EA napóAnoc ry 9o 
?, HO, «fj 66 EZ f; HK. 
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For, if not, being produced, they will meet. Let them 
have met. So they will make a straight-line as a common 
section [Prop. 11.3]. Let them have made GH. And let 
some random point K have been taken on GH. And let 
AK and BK have been joined. 

And since AB is at right-angles to the plane EF, AB 
is thus also at right-angles to B K, which is a straight-line 
in the produced plane EF [Def. 11.3]. Thus, angle ABK 
is a right-angle. So, for the same (reasons), B AK is also 
a right-angle. So the (sum of the) two angles ABK and 
BAK in the triangle ABK is equal to two right-angles. 
The very thing is impossible [Prop. 1.17]. Thus, planes 
C D and EF, being produced, will not meet. Planes C D 
and EF are thus parallel [Def. 11.8]. 

Thus, planes to which the same straight-line is at 
right-angles are parallel planes. (Which is) the very thing 
it was required to show. 


Proposition 15 


If two straight-lines joined to one another are parallel 
(respectively) to two straight-lines joined to one another, 
which are not in the same plane, then the planes through 
them are parallel (to one another). 

For let the two straight-lines joined to one another, 
AB and BC, be parallel to the two straight-lines joined to 
one another, DE and EF (respectively), not being in the 
same plane. I say that the planes through AB, BC and 
DE, EF will not meet one another (when) produced. 

For let BG have been drawn from point B perpendic- 
ular to the plane through DE and EF [Prop. 11.11], and 
let it meet the plane at point G. And let GH have been 
drawn through G parallel to ED, and Gk (parallel) to 
EF [Prop. 1.31]. 
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Kot éxet À BH òp oti nodc tO 0i tõv AE, EZ 
eminesov, Xal MOOS THOS Hoa Tuc UNTOUEVAS AUTH cocta 
xol obcoc &v TH Ou x&v AE, EZ Eninédq deddc noifoer 
YOvlac. ntet OF aALTHc Exatéoa tv HO, HK ovow év 
1G Ou x&v AE, EZ éninéda óp doa Eotly éxatépa t&v 
bro BHO, BHK youdy. xol emel napdAAnrdc got Wy BA 
tH, HO, at &pa òrò HBA, BHO ywvian ðuoiv ptos too 
cioty. dobry de Y; oxó BHO" óp97; pa xoi À nò HBA: Y, HB 
&pa tÅ BA npòs ópO0ác otv. i Ta GUTH OF FY} HB xoi tH 
BI' £c ngóc ópOác. Exet obv evdeta ñ HB dvoly ceó9c(otc 
totic BA, BP tepvovoac dAAtAac ted Godd EEoTHKEY, À 
HB &po xoà 1G Ox Gv BA, BI éruxéóQ ngóc óp0óc otv. 
[Dà tà edt 675 5 BH xoi xG àà xv HO, HK £nxéoo 
TOS GOVdS EoTIV. TO SE Gui xv HO, HK Exineddv Eotr tO 
dic Tv AB, EZ 5| BH doa 16 Ste tõv AE, EZ émnédo 
Eotl Tedc Cova. EdelyOy SE Y; HB xal 16 did tv AB, BI 
&rinéOQ npóc ópOóc|. Todo & OE Extneda Å adt cvVeta dody 
EOTLVY, TAOGAANAY Cott TK Eximeda’ TAEGAANAOY hoa EoTL TO 
did Tv AB, BI éExtredov 16 dà 16v AE, EZ. 

Eàv &pa O00 cudeton amtouevan GAAKAwWY Taek O00 
evvetac &mtouevac GAAKAwY Bot UY EV TH abTGS Eminédo, 
TAOGAANAG Cott TH OL aUTHY nine ónep Eder delo. 


F^ 
"Ey O00 Entreda TAOGAANAG UNO EMLNESOL TIVOS TEUVITOL, 
al XOLVAL ALTOY TOMAL TaAEdAANAOL Eloy. 
Ato yuo éxtneda napdAAnrka tà AB, TA òrò émnédou 
tol) EZHO :euvéo90, xowol 6€ aótxGv toa Eotwouy al 
EZ, HO: Aévo, óu napóA^nAóc &owv r, EZ tH HO. 
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And since BG is at right-angles to the plane through 
DE and EF, it will thus also make right-angles with all 
of the straight-lines joined to it, which are also in the 
plane through DE and EF [Def. 11.3]. And each of 
GH and GK, which are in the plane through DE and 
EF, are joined to it. Thus, each of the angles BGH and 
BGK are right-angles. And since BA is parallel to GH 
[Prop. 11.9], the (sum of the) angles GBA and BGH is 
equal to two right-angles [Prop. 1.29]. And BGH (is) 
a right-angle. GBA (is) thus also a right-angle. Thus, 
GB is at right-angles to B A. So, for the same (reasons), 
GB is also at right-angles to BC. Therefore, since the 
straight-line GB has been set up at right-angles to two 
straight-lines, BA and BC, cutting one another, GB is 
thus at right-angles to the plane through BA and BC 
[Prop. 11.4]. [So, for the same (reasons), BG is also 
at right-angles to the plane through GH and Gk. And 
the plane through GH and GK is the (plane) through 
DE and EF. And it was also shown that GB is at right- 
angles to the plane through AB and BC.] And planes 
to which the same straight-line is at right-angles are par- 
allel planes [Prop. 11.14]. Thus, the plane through AB 
and BC is parallel to the (plane) through DE and EF. 

Thus, if two straight-lines joined to one another are 
parallel (respectively) to two straight-lines joined to one 
another, which are not in the same plane, then the planes 
through them are parallel (to one another). (Which is) 
the very thing it was required to show. 


Proposition 16 


If two parallel planes are cut by some plane then their 
common sections are parallel. 

For let the two parallel planes AB and C D have been 
cut by the plane EFGH. And let EF and GH be their 
common sections. I say that EF is parallel to GH. 
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Ei yàp wh, exBorAdueven at EZ, HO Ato ext tà Z, O 
uéer) ñ emt ta E, H ovuncoobyvtm. éxPeBaAnodwoay wc ert 
ta Z, O uéprn xal ovuumintétwoay MedtEpOYV xaTta xó K. xoi 
&nel À EZK év 165 AB &oxv é&nixéoQ, xol nmavta soa tk Ertl 
thc EZK onucia èv xG AB otw &nixéoQ. £v dè tõv ên tS 
EZK có9c(ac oncíiov oti tò K tò K pa èv tõ AB éottv 
&rixéOQ. Orde và HOTA OF TO K xot Ev tH TA Eotw Eminéd«- 
ta AB, TA bow éxtreda exBarrAdueva ovuunecotvta. oÙ 
OUUTINTOLGL è dA TÒ napina ùnroxciotoar o0x Koa 
at EZ, HO covet exBarAduevon Ext ta Z, O uépn cvy- 
TecoUvta. óOÓuoloc Oy) 6c(Gouev, óx oi EZ, HO có9ciot 
ovoe ent tà E, H uépon &xDoAAóuevou cuuneooÜvtou. od 
dé emt undétcoea ta ueon ovynintovom mapdAAnAot stow. 
TAEGAANAOS àpa &oxv À EZ tH HO. 

àv soa Ovo Entneda maodAAnAa DO EmiMEdOvU TIVOC 
TEUVITOAL, Ol KOLVAL ADTESY TOUaAl TAEGAANAOL Eloi’ OnEO det 
Octeon. 


c. 

Eàv 600 cóUctot ÙTÒ xopoAAYjAcv ËTLTEÖWOYV TÉUVOVTOL, 
cic TOÙLG avtTOUs Adyous tun dYcovta. 

Ato yee evdetan at AB, TA b26 napodAfrwy exinéd0v 
tv HO, KA, MN tepvéotdwoay xata tà A, E, B, T, Z, 
A onusta Aéyw, St &odv óc f| AE eó9cia mod¢ thy EB, 
ovtws 1 TZ mpd¢ thy ZA. 

"EncCeóy 900av yao at AT, BA, AA, xoi ovuBorrAéte Ñ 
AA 76 KA émnéd@ xatà 16 & onuciov, xoi &neCeoy0ooav 
al EE, SZ. 

Koi énet Dúo éntneda maodAAnAa ta KA, MN dro 
émimédov tol EBA téuvetou, of xotvol avtéy tool oi 
EZ, BA rapáňànňoí ctow. die te “OTe OY Exel SV0 Exineda 
Tapana ta HO, KA nrò Emnédsov tod ABZ téuvetou, 
ai xov avtay tool ot AT, EZ maodAAnAot ciow. xal &rxel 
tory@vou tol ABA rapà utav t&v mAevedyv thy BA còca 
Tocxot Y, EE, àváAovov &pa &oxiv óc f, AE npóc EB, obtoc 


For, if not, being produced, EF and GH will meet ei- 
ther in the direction of F, H, or of E, G. Let them be 
produced, as in the direction of F, H, and let them, first 
of all, have met at K. And since EFK is in the plane 
AB, all of the points on EF K are thus also in the plane 
AB [Prop. 11.1]. And K is one of the points on EFK. 
Thus, K is in the plane AB. So, for the same (reasons), 
K is also in the plane CD. Thus, the planes AB and CD, 
being produced, will meet. But they do not meet, on ac- 
count of being (initially) assumed (to be mutually) paral- 
lel. Thus, the straight-lines EF and GH, being produced 
in the direction of F, H, will not meet. So, similarly, we 
can show that the straight-lines EF and GH, being pro- 
duced in the direction of E, G, will not meet either. And 
(straight-lines in one plane which), being produced, do 
not meet in either direction are parallel [Def. 1.23]. EF 
is thus parallel to GH. 

Thus, if two parallel planes are cut by some plane then 
their common sections are parallel. (Which is) the very 
thing it was required to show. 


Proposition 17 


If two straight-lines are cut by parallel planes then 
they will be cut in the same ratios. 

For let the two straight-lines AP and C D be cut by the 
parallel planes GH, K L, and MN at the points A, E, B, 
and C, F, D (respectively). I say that as the straight-line 
AE is to EB,so CF (is) to FD. 

For let AC, BD, and AD have been joined, and let 
AD meet the plane KL at point O, and let KO and OF 
have been joined. 

And since two parallel planes KL and MN are cut 
by the plane EB DO, their common sections EO and BD 
are parallel [Prop. 11.16]. So, for the same (reasons), 
since two parallel planes GH and KL are cut by the 
plane AOFC, their common sections AC and OF are 
parallel [Prop. 11.16]. And since the straight-line EO 
has been drawn parallel to one of the sides B D of trian- 
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À AZ nmodc ZA. néAw énel tory@vou tot AAT nape utav 
tay TAsveEGY tHY AD codeta Axtou À EZ, àvóXovóv £oxv 
Oc i AE nmodc BA, obta¢g À TZ node ZA. &Oc(yOr) 66 xoi 
ðc Å AE moog BA, obtw f, AE ngóc EB: xoi O¢ goa ġ AE 
meds EB, obtw¢ ATZ ngóc ZA. 





M 


“Ecy Gea OVO evvetar UNO TAPAAANHAGY ETLNEOWYV TEUVOV- 
toL, Eig TOUS avVTOLS AdyoUs TUNnDHoovta ónep Eder Sevan. 


"m. 

"Ev eó9€ia &nixéOQ wi noòc pàs Å, xal tråvta xà à 
aOcfic ninc TG KOTG ETINEDW npoóc óp0dc E£ocot. 

Evveta yd vic fj AB x6 Droxeiueven &nixéóo noóc ópüdc 
&£cto* Aéyo, Óx xol návra và Od vfjc AB Extreda 16 bno- 
KEWEVG ETIMESW npóc ógüóc £o. 

ExBeBAnodw yuo duc th¢ AB éxinedov t6 AB, xa Eotw 
xo?) xou, voU AE &riné6ovu xot vob onoxewuévou y) DE, xoi 
ctAnove ent tis TE tuyòv onuctoyv 10 Z, xal ano tob Z tH 
l'E. ngóc óp08c fo &v v6 AE miné À ZH. 

Koi net À AB mpóc có Omoxciuevov émíneOov ógUf 
£O, Xo MOOS Tácac HOM Tas &mxouévac aotfjc eoUetoc xol 
obDcoac £v xG broxeguéwp &nxéoQ dpt ouv FH AB’ Gote 
xoi rpóc t'y DE óg9f, £ouv: À koa òrò ABZ yovia pth 
otv. Eott 6€ xoi Y| nrò HZB pt: xapóéAroc how Eotiv 
?, AB «fj ZH. fj 66 AB 16 broxewweven &nné0o Ted¢ dod 
sotuv xoi À ZH soa 163 broxewéva Emnédw npóc óp0óc 
£ottv. Kal ENimEdoV MOOS EnimEdov dovdY EoTiv, STAY at TH 
xotwfi vouf| x&v &ruxéócov npóc óptàc KydUEVaL EDVETOL Ev 
EVL TOY ENLNESWY TGS AoLTG EmimEdq TOdS pàs ow. xol 
tfj xowf, touf; t&v &mnéOov tfj DE £v £X x&v &nixéoov 
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gle ABD, thus, proportionally, as AF is to EB, so AO 
(is) to OD [Prop. 6.2]. Again, since the straight-line OF 
has been drawn parallel to one of the sides AC of trian- 
gle ADC, proportionally, as AO is to OD, so CF (is) to 
FD [Prop. 6.2]. And it was also shown that as AO (is) 
to OD, so AE (is) to EB. And thus as AE (is) to EB, so 
CF (is) to FD [Prop. 5.11]. 





M 


Thus, if two straight-lines are cut by parallel planes 
then they will be cut in the same ratios. (Which is) the 
very thing it was required to show. 


Proposition 18 


If a straight-line is at right-angles to some plane then 
all of the planes (passing) through it will also be at right- 
angles to the same plane. 

For let some straight-line AB be at right-angles to 
a reference plane. I say that all of the planes (pass- 
ing) through AB are also at right-angles to the reference 
plane. 

For let the plane DE have been produced through 
AB. And let CE be the common section of the plane 
DE and the reference (plane). And let some random 
point F have been taken on C E. And let FG have been 
drawn from F, at right-angles to CE, in the plane DE 
[Prop. 1.11]. 

And since AB is at right-angles to the reference plane, 
AB is thus also at right-angles to all of the straight- 
lines joined to it which are also in the reference plane 
[Def. 11.3]. Hence, it is also at right-angles to C E. Thus, 
angle ABF is a right-angle. And GFB is also a right- 
angle. Thus, AB is parallel to FG [Prop. 1.28]. And AB 
is at right-angles to the reference plane. Thus, FG is also 
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tõ AE npóc óp9óc óy9cica 7, ZH. &6c(y 9r, tT onoxeiuévo 
&munéOQ ngóc ópüóc: TO How AE Extnedov óp0óv &ox npóc 
tó Onxoxe(uevov. uolwc 067) oecyOYjce tot xol nóvra và Ol 
thc AB éxineda plà tuyyavoyvta med¢ tÒ Omnoxciuevov 
ETINEOOY. 
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at right-angles to the reference plane [Prop. 11.8]. And 
a plane is at right-angles to a(nother) plane when the 
straight-lines drawn at right-angles to the common sec- 
tion of the planes, (and lying) in one of the planes, are 
at right-angles to the remaining plane [Def. 11.4]. And 
FG, (which was) drawn at right-angles to the common 
section of the planes, CE, in one of the planes, DE, was 
shown to be at right-angles to the reference plane. Thus, 
plane DE is at right-angles to the reference (plane). So, 
similarly, it can be shown that all of the planes (passing) 
at random through AB (are) at right-angles to the refer- 
ence plane. 





Edy dow coveta &nun£0Q xti npóc ópUóc Å, Kal MaVTA TH 
OL HLTH Enimeda TG AXDTEH ENINEOW TMEdS GEDA £otav. Ónep 
Eder Setcau. 


Lv’. 


Eàv 600 entneda tEUvovta GAANAG EmIMEd@ TIVE MEDC 


c 


ópUdc Y xol Y| xotwy| aótGv ToUy TH ATE &mixéOQ MEDC 


Al 


Ato yàp éntneda ta AB, BI x6 Onxoxewuévo &nixéoo 
ted¢ doVdc Eatw, nowy SE HOTHYV Tour £oxo f| BA: AÉvo, 
ott Å BA v& brxoxewuévo &nuxéoo npóc óp0óc otv. 


Thus, if a straight-line is at right-angles to some plane 
then all of the planes (passing) through it will also be at 
right-angles to the same plane. (Which is) the very thing 
it was required to show. 


Proposition 19 


If two planes cutting one another are at right-angles 
to some plane then their common section will also be at 
right-angles to the same plane. 





For let the two planes AP and BC be at right-angles 
to a reference plane, and let their common section be 
BD. 1 say that BD is at right-angles to the reference 
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My yao, xal AyIwoav and tob A onueiou év usv 16 
AB éminédo tH AA evdety mod doduc Y, AE, £v 66 xG BI 
éminéda tH TA nod pàs À AZ. 

Kot éxet to AB éxtnedov do0dy Eott Red TO DTOKEtUEVOY, 
xoi tfj xowf; aóxGv tou tH AA modo dodac èv TH 
AB êmnéðy xtau f| AE, 5 AE &pa óp0f, £o npóc 1 
Lmoxetuevoy éninedoyv. Ouotwc 97) 6c(&ouev, öt xa À AZ 
pÙ £o. npóc tÓ bmoxc(uevov &níneoov. ATÒ ToD avTOD 
pa ornusíou vo0 A xG Onoxegévo &mnxéOQ 9000 có9cia 
npóc ópO0üc &veovoauévot eiolv ëm) TA AUTH UEEN’ ONEE Eotly 
àáO0vatov. oOx Opa tà) Onroxewuévo Erimedw gro tot A 
onucion avactathoeta npoòs pàs nay týs AB xowñs 
toufic Ty AB, BI Emnédev. 

"Edy Gow O00 Exineda téuvovta GAANAG EMNEd TIVL TODS 
òptàs TY xoà À xav ALTHY Tou TÆ ÙT EmiMEd@ Ted 
pàs gata Önep Eder Ocl& on. 


f 
X * 
"Hay oTEped YOVLG DIO TELOY YOUGY EMLNESWY NEOLEYN- 
tot, 600 ónototoUv tfj; Aowfjic UstCovec Slot NaVTY UETAAaL- 
Davóue vot. 


ZAN 


c 


Megeà yàp yovia À npóc xG A On tQijy YoOWGV 
&nixéoov tõv bro BAT, TAA, AAB mnegieyéo0ox Aévo, 
ott t&v òrò BAT, TAA, AAB vcowóv 800 ónototoOv cfic 
Aowfjc uetCovéc etov n&vty uevoxouiDorvóue von. 

Et uev obv at bro BAT, TAA, AAB yovio foo GO otc 
cioty, Paveedy, Ott Dvo ônorwoŬv ts Aoinhie uetCoves etoty. 
ei 6€ 00, £oxo ue(Cov À òrò BAT, xa ovveotaéta node tH 
AB cdVety xal 16 moog avth onucio tõ A tÅ òrò AAB 
yovig êv xG àà x&v BAT £ninéoQ ton À bro BAE, xoi 
xetodw tH AA ton ġ AE, xoi dud tot E onustou dtiaydetoa 
À BET teuvétw tàs AB, AT ed¥etac xat&é xà B, l' onueia, 
xol, &xeCeOy 9o6av ot. AB, AT. 

Koi &nel tor) £ov f) AA cf; AE, xowr?, è Y, AB, 600 
dvoly too xol vovta À òrò AAB yovig tH òrò BAE tory 
Bács dou À AB Baoe th BE éotw ton. xal &nei dv0 ot BA, 
AT ts BI uc(Covéc eiow, Gv f| AB cf; BE édety0n ton, 


plane. 

For (if) not, let DE also have been drawn from point 
D, in the plane AB, at right-angles to the straight-line 
AD, and DF, in the plane BC, at right-angles to C D. 

And since the plane AB is at right-angles to the refer- 
ence (plane), and DE has been drawn at right-angles to 
their common section AD, in the plane AB, DE is thus at 
right-angles to the reference plane [Def. 11.4]. So, simi- 
larly, we can show that DF is also at right-angles to the 
reference plane. Thus, two (different) straight-lines are 
set up, at the same point D, at right-angles to the refer- 
ence plane, on the same side. The very thing is impossible 
[Prop. 11.13]. Thus, no (other straight-line) except the 
common section DB of the planes AB and BC can be set 
up at point D, at right-angles to the reference plane. 

Thus, if two planes cutting one another are at right- 
angles to some plane then their common section will also 
be at right-angles to the same plane. (Which is) the very 
thing it was required to show. 


Proposition 20 


If a solid angle is contained by three plane angles then 
(the sum of) any two (angles) is greater than the remain- 
ing (one), (the angles) being taken up in any (possible 
way). 


ZAN 


For let the solid angle A have been contained by the 
three plane angles BAC, CAD, and DAB. I say that (the 
sum of) any two of the angles BAC, CAD, and DAB 
is greater than the remaining (one), (the angles) being 
taken up in any (possible way). 

For if the angles BAC, CAD, and DAB are equal to 
one another then (it is) clear that (the sum of) any two 
is greater than the remaining (one). But, if not, let BAC 
be greater (than CAD or DAB). And let (angle) BAE, 
equal to the angle DAB, have been constructed in the 
plane through BAC, on the straight-line AB, at the point 
A on it. And let AE be made equal to AD. And BEC be- 
ing drawn across through point E, let it cut the straight- 
lines AB and AC at points B and C (respectively). And 
let DB and DC have been joined. 

And since DA is equal to AE, and AB (is) common, 
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Aor?) &pat À AT onis tc ELI uet(Gov Eotty. nal exet ton 
£olv À AA tH AB, xov oe ñ AT, xal Béas À AT Báogcoc 
thc ED ust@wv éotty, ywvia doa 4 bn0 AAT ywvdug th¢ ONO 
BAT usiley gotty. £660 è xal A oxó AAB «fj ónó BAE 
tory oi &pa òrò AAB, AAT qts òrò BAT ustCovéc eiow. 
buolws OY) SElGoUEV, OTL Kal at AoLTal cúvõvo Aaubavóuecva 
tic Aouxfjc uetCovéc etow. 

Env ton oteped yWvia ÙTÒ TMV yoOudy emnédav 
repiéyr|xot, 6800 ÓxototoUv tic Aoinhe uetCovec slot né&vTH 
uetaAauBavóuceva OTEO Eder cico. 


f 
XO. 
“Araca otepeà Yow(a oxnó éAacoóvov |f] tecoópov 
OEVOY YOMOY ENINEOWY TEQUEY E XOU. 


Ls. 


"Eot otepeà ywovia À medc tH A mepieyouévr| onó 
ETINEOOY YOuUGY TOY ONO BAT, TAA, AAB: Xéyo, óc oi 
òrò BAT, TAA, AAB «eooópov óp0Gv EXdacoves ciow. 

EtAjodvew yàp p’ éxáotns xGv AB, AT, AA tuyóvta 
creta xà B, D, A, xoi &neCeóoy9060av oi BI, TA, AB. xo 
&rel oveped vovía f| rpóc xG B òrò vpiGv Yowov Eminédov 
regi&yexot x&v oró DBA, ABA, TBA, $600 ónototo0v fic 
Aouxfjic uetCovéc claw: at &pa òrò TBA, ABA tc òrò TBA 
uetCoves elow. Sid và aróxà O7) xol ot u£v òrò BTA, ATA 
tfjc óxó BI'A uetCovéc etotw, oi òè òrò TAA, AAB tg nò 
TAB usetGoves etow: at E€ dow yovin at Dnd TBA, ABA, 
BIA, ATA, TAA, AAB «piv xGv oxó TBA, BPA, TAB 
uetCoves etow. GAAg at Toetc at bno TBA, BAT, BVA uoy 
ópUolc (cot ciotv’ at EF dow at bro TBA, ABA, BLA, ATA, 
TAA, AAB úo 600965y UstCoves ciow. “al Enel Excotov TOV 
ABI, ATA, AAB «pryovov at tesic yavton dvotv ptos 
(cot &totv, ot &po. xv xptv xpvróvov Evvea yovion at bro 


the two (straight-lines AD and AP are) equal to the 
two (straight-lines EA and AB, respectively). And an- 
gle DAB (is) equal to angle BAE. Thus, the base DB 
is equal to the base B E [Prop. 1.4]. And since the (sum 
of the) two (straight-lines) BD and DC is greater than 
BC [Prop. 1.20], of which DB was shown (to be) equal 
to BE, the remainder DC is thus greater than the re- 
mainder EC. And since DA is equal to AE, but AC 
(is) common, and the base DC is greater than the base 
EC, the angle DAC is thus greater than the angle E AC 
[Prop. 1.25]. And DAB was also shown (to be) equal to 
BAE. Thus, (the sum of) DAB and DAC is greater than 
BAC. So, similarly, we can also show that the remain- 
ing (angles), being taken in pairs, are greater than the 
remaining (one). 

Thus, if a solid angle is contained by three plane an- 
gles then (the sum of) any two (angles) is greater than 
the remaining (one), (the angles) being taken up in any 
(possible way). (Which is) the very thing it was required 
to show. 


Proposition 21 


Any solid angle is contained by plane angles (whose 
sum is) less [than] four right-angles.! 


C 
ZA D 
B 

Let the solid angle A be contained by the plane angles 
BAC, CAD, and DAB. I say that (the sum of) BAC, 
CAD, and DAB is less than four right-angles. 

For let the random points B, C, and D have been 
taken on each of (the straight-lines) AB, AC, and AD 
(respectively). And let BC, CD, and DB have been 
joined. And since the solid angle at B is contained 
by the three plane angles CBA, ABD, and CBD, (the 
sum of) any two is greater than the remaining (one) 
[Prop. 11.20]. Thus, (the sum of) CBA and ABD is 
greater than CBD. So, for the same (reasons), (the sum 
of) BCA and ACD is also greater than BCD, and (the 
sum of) CDA and ADB is greater than CDB. Thus, 
the (sum of the) six angles CBA, ABD, BCA, ACD, 
CDA, and ADB is greater than the (sum of the) three 


(angles) CBD, BCD, and CDB. But, the (sum of the) 
three (angles) CBD, BDC, and BCD is equal to two 
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TBA, ATB, BAT, ATA, TAA, TAA, AAB, ABA, BAA êg 
devote tom etoty, Sv ot brO ABI’, BVA, ATA, TAA, AAB, 
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right-angles [Prop. 1.32]. Thus, the (sum of the) six an- 
gles CBA, ABD, BCA, ACD, CDA, and ADB is greater 
than two right-angles. And since the (sum of the) three 
angles of each of the triangles ABC, ACD, and ADB 
is equal to two right-angles, the (sum of the) nine angles 
CBA, ACB, BAC, ACD, CDA, CAD, ADB, DBA, and 
BAD of the three triangles is equal to six right-angles, of 
which the (sum of the) six angles ABC, BCA, ACD, 
CDA, ADB, and DBA is greater than two right-angles. 
Thus, the (sum of the) remaining three [angles] B AC, 
CAD, and DAB, containing the solid angle, is less than 
four right-angles. 

Thus, any solid angle is contained by plane angles 
(whose sum is) less [than] four right-angles. (Which is) 
the very thing it was required to show. 


t This proposition is only proved for the case of a solid angle contained by three plane angles. However, the generalization to a solid angle 


contained by more than three plane angles is straightforward. 


f 
xp. 

Eàv Gov vpeic Ycovtor &níineoóot, Gv ok 600 tfj; Aourfic 
uetCovéc eiot névty uevovaupavóuevot, repiéy cot 0€ aac 
(cot co Octot, Guvaxóv &oxty &x x6 éri ev Y vuouocGy xàc toa 
ceuvetac telywvoy ovotycaovan. 


A râ ArH 

"Eotwoay tocis yovi entredor ot brò ABI, AEZ, 
HOK, Gv oi 800 tfjc Aowrfjc uctCovéc ciov n&vty) UETA- 
AaupBoavóuevot, ok u£v oró ABD, AEZ thc bro HOK, at 
0€ óró AEZ, HOK tc òrò ABT, xa ču o òrò HOK, 
ABI qts òrò AEZ, xa čotwoav fom at AB, BI, AE, 
EZ, HO, OK cvveton, xa exeCevyOwoayv at AT, AZ, HK: 
Aéyvo, ÖT SLYaTOV Eotw £x TOV towv totic AT, AZ, HK 
tolywvoy cuoTfocao9ot, toutéotiv ott Ty AD, AZ, HK 
vo StoLaLoDy th¢ Aone UstCoves etow. 

Ei uèv obv at rò ABT, AEZ, HOK yovia tom 
&AAfXotg ciotv, qoavepóv, óu xol Gv AT, AZ, HK toov 
Ywouévov Ouvaxóvy otv Ex xGv toov xoc AD, AZ, HK 
tolywvoy ouotfjoaoUot. ci 6€ 00, £oxooav Anoo, xal ou- 
VEOTATW TOOS TH OK svVety xal 16 med¢ avTH onuste tõ 
O t òrò ABT yovig fon Y; bxó KOA- xoà xe(o9co uà xv 
AB, BI, AE, EZ, HO, OK ior f, OA, xoi &xeCeoy 0ooav 
at KA, HA. xot éxet 500 ot AB, BV duct xoi; KO, OA fom 
otv, xol vovía f| npóc tõ B ywvig th Od KOA ton, Bács 
goa Å AT Béost tÅ KA ton. xoa nel at òrò ABT, HOK tic 


Proposition 22 


If there are three plane angles, of which (the sum of 
any) two is greater than the remaining (one), (the an- 
gles) being taken up in any (possible way), and if equal 
straight-lines contain them, then it is possible to construct 
a triangle from (the straight-lines created by) joining the 


(ends of the) equal straight-lines. 


B H 
E L 


con FG 

Let ABC, DEF, and GHK be three plane angles, of 
which the sum of any) two is greater than the remain- 
ing (one), (the angles) being taken up in any (possible 
way)—(that is), ABC and DEF (greater) than GH K, 
DEF and GH K (greater) than ABC, and, further, GH K 
and ABC (greater) than DEF. And let AB, BC, DE, 
EF, GH, and HK be equal straight-lines. And let AC, 
DF, and GK have been joined. I say that that it is possi- 
ble to construct a triangle out of (straight-lines) equal to 
AC, DF, and GK—that is to say, that (the sum of) any 
two of AC, DF, and GK is greater than the remaining 
(one). 

Now, if the angles ABC, DEF, and GHK are equal 
to one another then (it is) clear that, (with) AC, DF, 
and GK also becoming equal, it is possible to construct a 
triangle from (straight-lines) equal to AC, DF, and GK. 
And if not, let them be unequal, and let kK HL, equal to 
angle ABC, have been constructed on the straight-line 
H K, at the point H on it. And let HL be made equal to 
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òrò AEZ usiCovéc stay, ton o£ ġ òrò ABT t òrò KOA, 
Å 4pa òrò HOA ts bro ABZ ust@wv gotty. xoi Exet dv0 
oi HO, OA 600 xoc AE, EZ toot ctotv, xoà vcovíia Y, onó 
HOA yoviac th¢ bnd AEZ usi@wv, B&ouc Koa } HA Dáoeoc 
tfc AZ uctov &oxtv.. ó&Aà& oi HK, KA th¢ HA uctCovéc 
cio. xoAAG doa ot HK, KA cfjc AZ usetCovéc eio. tor) dè 
5 KA xfj; AI" oà AD, HK &pa cfjc onis ts AZ usiCovéc 
cio. óuo(coc 87) Gc(&ouev, ów xoi ot uev AT, AZ ts HK 
uetCovéc etotv, xoi £u oi. AZ, HK fic AI' uctCovéc eto. 
SvUVaTOY wou Eotly &x x&v toov xoc AT, AZ, HK cetyovov 
ovothoaova once Eder Seton. 


f 
Ys 
Ex tav yonðy &mméoóo0Vv, Qv oi 000 tc Aone 
uce(Covéc eicu nóávty| uexoAoapDavóuevot, otepedv ywviav 
cuotfjcao0av Ocl O7) tàüc tpel; teooópov ptv doc- 
ovac eivor. 


A DI d ZH K 

"Eotwoay at Sovetoat Ttesic ywvlon Eninedor at OO 
ABT, AEZ, HOK, Gv oi 8600 cfjc Aowrfjc uctCovec &£ovocav 
rá&vty  uexo^oupavóuevot, &xt 6€ ot xpelc teooópov óp0Gv 
&£Aá&ccovec: bet ON Ex t&v loov tois brò ABT, AEZ, HOK 
otepeay ywviay ovotycaovan. 

Areryovocay ton of AB, BP, AE, EZ, HO, OK, xoi 
eneCevy0woay ot AT, AZ, HK: ðuvatòv dow &oxiv éx xGv 
tcov toic AT, AZ, HK tetywvoy svothcacta. coveotáto 
tO AMN, ote tony civa thy vey AD tH AM, thy d¢ AZ 
tH MN, xoi &u vv HK tH NA, xa nepryeyedptw nep 
tO AMN totywvoyv xvxdo¢ 6 AMN, xat etAfode avtod tO 
XEVTEOV Kal Eotw TOE, xal EneCevyNwoay ai AE, ME, N=: 
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one of AB, BC, DE, EF, GH, and HK. And let KL 
and GL have been joined. And since the two (straight- 
lines) AB and BC are equal to the two (straight-lines) 
KH and HL (respectively), and the angle at B (is) equal 
to KHL, the base AC is thus equal to the base KL 
[Prop. 1.4]. And since (the sum of) ABC and GHK 
is greater than DEF, and ABC equal to KHL, GHL 
is thus greater than DEF. And since the two (straight- 
lines) GH and HE are equal to the two (straight-lines) 
DE and EF (respectively), and angle GH TE (is) greater 
than DEF, the base GL is thus greater than the base DF 
[Prop. 1.24]. But, (the sum of) GK and KL is greater 
than GL [Prop. 1.20]. Thus, (the sum of) GK and KL is 
much greater than DF. And K L (is) equal to AC. Thus, 
(the sum of) AC and GK is greater than the remaining 
(straight-line) DF’. So, similarly, we can show that (the 
sum of) AC and DF is greater than GK, and, further, 
that (the sum of) DF and GK is greater than AC. Thus, 
it is possible to construct a triangle from (straight-lines) 
equal to AC, DF, and Gk. (Which is) the very thing it 
was required to show. 


Proposition 23 


To construct a solid angle from three (given) plane 
angles, (the sum of) two of which is greater than the re- 
maining (one, the angles) being taken up in any (possible 
way). So, it is necessary for the (sum of the) three (an- 
gles) to be less than four right-angles [Prop. 11.21]. 


H 
B 
E 


A C D F G K 

Let ABC, DEF, and GHK be the three given plane 
angles, of which let (the sum of) two be greater than the 
remaining (one, the angles) being taken up in any (pos- 
sible way), and, further, (let) the (sum of the) three (be) 
less than four right-angles. So, it is necessary to construct 
a solid angle from (plane angles) equal to ABC, DEF, 
and GHK. 

Let AB, BC, DE, EF, GH, and HK be cut off (so 
as to be) equal (to one another). And let AC, DF, and 
GK have been joined. It is, thus, possible to construct a 
triangle from (straight-lines) equal to AC, DF, and GK 
[Prop. 11.22]. Let (such a triangle), LM N, have be con- 
structed, such that AC is equal to LM, DF to MN, and, 
further, GK to NL. And let the circle LMN have been 
circumscribed about triangle LM N [Prop. 4.5]. And let 
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its center have been found, and let it be (at) O. And let 
LO, MO, and NO have been joined. 





Aévo, óu fj AB uciCov ot ts AE. et vàp uf, Tjxot 
ton cotiv Y) AB cf; AS T) &£A&xxov. £oxo ngórepov tov. xol 
&nel tor) £oxiv *| AB th AZ, &XA& f; uev AB «fj BP &oxv 
ton, ?| 6€ ZA «fj; EM, dúo ù a AB, BI' 860 xoi; AS, =M 
foo cloly exatéea Exatéoew xol doug Wy AD Báoet tý AM 
brdxsita ton? yovla goa Å nrò ABP yovi tÅ bro AEM 
cot ton. did TH KUT 67) xoi Y| u£v oxó AEZ xfj ónó MEN 
£cuv tor, xoi &u À òrò HOK t òrò NEA: ot dow toeic oi 
òrò ABT, AEZ, HOK yovi tao tois òrò ASM, MEN, 
NEA eioty (cot. GÀAAX oi tpel; ot oxó AEZM, MEN, NEA 
TETTAUCOLY DOVE clay too Kal at Toetc &oa oi òrò ABP, 
AEZ, HOK téttagotw devoic fom elotv. brdxetvton oe xo 
tecadowy oep0Gy EAdacovec’ Stee &tTOTOY. Ox wou Å AB 
th A= ton éotiv. Agyw Of, dtr obdE EAGT &odiv f| AB thc 
AZ. ci yàp uvatóv, čotw: xal xeloda tfj uev AB tor fj ZO, 
xfj 9€ BI' tor] fj ZIL, xoi &neCeoy 00 À OIL. xoà &rxei tor] £o civ 
À AB th BL, ton cot xa *, EO tH SIL ote xa Xov), f| 
AO qt TIM otw ïon. napddAAndrog dow gotiv Y; AM tÑ OII, 
xoi icovowvovy tò AME 163 OITE: Eotw &pa óc f| EA ngóc 
AM, obcoc f| ZO npóc OIL: £vaAA3& cc Å AZ npgóc ZO, 
ovtws Å AM ngeóc OII. ue(Cov 88 5; AE xfjc ZO: uetCov koa 
xoi WY AM xfjc OIL. ààAà Y, AM xetton tH AD ton: xa À AT 
goa ts OI uetGov &octv. &nel o0v 600 oà AB, BI' 806 voc 
Ox, SII tow cioiv, xo Båois À AT Báocws ts OI uetGov 
éotty, ywvia goa 4 brd ABT yovtas týs ónó OSII ueiGov 
éotty, duotws 87) oc(&ouev, Óx xoà Å uèv òrò ABZ thc dnd 
MEN pue(Gov &oz(v, fj, è òrò HOK qts rò NZA. ot bon 
tpeic vcvtot o òrò ABT, AEZ, HOK xgiv téHv Ondo AEM, 
MEN, NZA uys(Covéc etow. &ààà ai òrò ABT, AEZ, HOK 
tecoópov óp0Gv EAdaooves ONGxKELVTAL TOAAG Koa at ONO 
AEM, MEN, N&A tecodowy do06v &£A&ccovéc eot. àXAX 
xol toar Stee Eotly &tonoyv. ovx doa Å AB &Aácoov &od 
thc AS. sdetyOn dé, ów o09€ tory uctGov àpa f) AB tic AZ. 

A veo áo O7, ànó 100 = onuelou tă x00 AMN xÓxAou 
&rixéOQ ngóc pàs f| EP, xoi G uciCóv oti TÒ And THe 
AB tetpåywvov x00 &nó tic AS, &xeivo toov £oxo 1o àxó 


I say that AB is greater than LO. For, if not, AB is 
either equal to, or less than, LO. Let it, first of all, be 
equal. And since AB is equal to LO, but AB is equal to 
BC, and OL to OM, so the two (straight-lines) AB and 
BC are equal to the two (straight-lines) LO and OM, re- 
spectively. And the base AC’ was assumed (to be) equal 
to the base LM. Thus, angle ABC is equal to angle 
LOM [Prop. 1.8]. So, for the same (reasons), DEF is 
also equal to MON, and, further, GH K to NOL. Thus, 
the three angles ABC, DEF, and GH K are equal to the 
three angles LOM, MON, and NOL, respectively. But, 
the (sum of the) three angles LOM, MON, and NOL is 
equal to four right-angles. Thus, the (sum of the) three 
angles ABC, DEF, and GH K is also equal to four right- 
angles. And it was also assumed (to be) less than four 
right-angles. The very thing (is) absurd. Thus, AB is 
not equal to LO. So, IL say that AB is not less than LO 
either. For, if possible, let it be (less). And let OP be 
made equal to AB, and OQ equal to BC, and let PQ 
have been joined. And since AP is equal to BC, OP 
is also equal to OQ. Hence, the remainder LP is also 
equal to (the remainder) QM. LM is thus parallel to PQ 
[Prop. 6.2], and (triangle) LMO (is) equiangular with 
(triangle) PQO [Prop. 1.29]. Thus, as OL is to LM, so 
OP (is) to PQ [Prop. 6.4]. Alternately, as LO (is) to OP, 
so LM (is) to PQ [Prop. 5.16]. And LO (is) greater than 
OP. Thus, LM (is) also greater than PQ [Prop. 5.14]. 
But LM was made equal to AC. Thus, AC is also greater 
than PQ. Therefore, since the two (straight-lines) AB 
and BC are equal to the two (straight-lines) PO and OQ 
(respectively), and the base AC is greater than the base 
PQ, the angle ABC is thus greater than the angle POQ 
[Prop. 1.25]. So, similarly, we can show that DEF is 
also greater than MON, and GHK than NOL. Thus, 
the (sum of the) three angles ABC, DEF, and GHK is 
greater than the (sum of the) three angles LOM, MON, 
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tfic EP, xoà &neCeóy 9o6cav ot PA, PM, PN. 

Koi &nei y PE óp05, £c npóc tò toŭð AMN xúxňou 
étinedsov, xal Todd Exdotyy Hoa THv AZ, ME, NE dody 
cot À PE. xal Enel fon gotiv h A= th =M, xowyn de xall 
npóc óp0àc Y, EP, Báo &pa À PA Båosi th PM otw ton. 
Ot& TH HOTA OY xo A PN éxatépg x&v PA, PM £o tory 
oi tp&ic &pa oi PA, PM, PN toa &ààńàos eiotv. xol Enel 
à uciCóv cti TÒ ànxó tc AB xoO ànó xfjc A, &xetvo toov 
UNOXELTAL TO &NO Thc EP, 10 Kou and the AB toov Eotl voic 
ano tv AE, BP. toic 5€ and tv AZ, SP toov Eott 16 and 
thc AP: òp yàp Å òrò AEP: 16 goa ano tfj; AB tcov 
£c 16$ ànó tc PA ton oa fH AB th PA. 60 à vf; u£v AB 
ton éotly &xó&otr) xGv BI, AE, EZ, HO, OK, «fj 66 PA tov 
exatéoa tiv PM, PN: é&x&ocr] &pa xv AB, BI, AE, EZ, 
HO, OK &x&c1y| x&v PA, PM, PN tor) &oxtv. xoi &xei 000 
oi AP, PM 8uoi voic AB, BI' tcot eotv, xoi D&oic Y, AM 
Baéoet tH AD brdxerton fon, ywvia pa Y; ónó APM xov 
tf òrò ABT otv ïon. Dà xà ocà 97 xoi Å uèv òrò MPN 
tf ond AEZ otv ton, 4 de Ond APN th òrò HOK. 

"EX TeLOV toa yYWwdy émréðwy tõv òrò APM, MPN, 
APN, af ctow tom toot tate Sodetome tais òrò ABI, AEZ, 
HOK, oxepeà vota cuvéocaxot Y, npóc 1G P nepieyouevn 
òrò tõv APM, MPN, APN yovnõv: once Eder noifom. 
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and NOL. But, (the sum of) ABC, DEF, and GH K was 
assumed (to be) less than four right-angles. Thus, (the 
sum of) LOM, MON, and NOL is much less than four 
right-angles. But, (it is) also equal (to four right-angles). 
The very thing is absurd. Thus, AB is not less than LO. 
And it was shown (to be) not equal either. Thus, AB (is) 
greater than LO. 

So let OR have been set up at point O at right- 
angles to the plane of circle LM N [Prop. 11.12]. And 
let the (square) on OR be equal to that (area) by which 
the square on AB is greater than the (square) on LO 
[Prop. 11.23 lem.]. And let RL, RM, and RN have been 
joined. 

And since RO is at right-angles to the plane of cir- 
cle LM N, RO is thus also at right-angles to each of LO, 
MO, and NO. And since LO is equal to OM, and OR 
is common and at right-angles, the base RL is thus equal 
to the base RM [Prop. 1.4]. So, for the same (reasons), 
RN is also equal to each of RE and RM. Thus, the three 
(straight-lines) RL, RM, and RN are equal to one an- 
other. And since the (square) on OR was assumed to 
be equal to that (area) by which the (square) on AB is 
greater than the (square) on LO, the (square) on AB 
is thus equal to the (sum of the squares) on LO and 
OR. And the (square) on LR is equal to the (sum of 
the squares) on LO and OR. For LOR (is) a right-angle 
[Prop. 1.47]. Thus, the (square) on AB is equal to the 
(square) on RL. Thus, AB (is) equal to RL. But, each 
of BC, DE, EF, GH, and HK is equal to AB, and each 
of RM and RN equal to RL. Thus, each of AB, BC, 
DE, EF, GH, and HK is equal to each of RL, RM, 
and RN. And since the two (straight-lines) LR and RM 
are equal to the two (straight-lines) AB and BC (respec- 
tively), and the base LM was assumed (to be) equal to 
the base AC, the angle LRM is thus equal to the angle 
ABC [Prop. 1.8]. So, for the same (reasons), M RN is 
also equal to DEF, and LRN to GH K. 

Thus, the solid angle R, contained by the angles 
LRM, MRN, and LRN, has been constructed out of 
the three plane angles LRM, MRN, and LRN, which 
are equal to the three given (plane angles) ABC, DEF, 
and GH K (respectively). (Which is) the very thing it was 
required to do. 
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CN 
A B 
Afiuua. 

"Ov 6€ vpónov, Q uciCóv oti TO ànoó tfic AB tod ano 
tfc Az, &£xetivo toov Aapeiv £o tò &nò ts EP, oc(&ouev 
obtOc. &xxeio9ooav ot AB, AE eóOctot, xol Eotw UstCwv À 
AB, xoà Yevoóqoo &r^ aocfjc Yjuocoxoxov xó ABT, xoi eic tò 
ABT ñuxóxňov évnoudode 1f; AE cóOcí(q u uctov obo 
tfic AB dtayeteou ton Y) AE, xoi &neCeoy90 f, DB. &nei oov 
£v fiuxuxA(o tH ALB yovla otv ġ nò ATB, pù &pa 
éotiy f| Und ADB. t6 doa and tH¢ AB toov Eotl tote &nd 
tv AD, VB. ote tò and thc AB tot ånò vfjc AI uciCóv 
£c 76) and th¢ VB. fon de 4 AD th AE. t6 dou and the 
AB tod ano tio AS yetCév éott 16 and tio IB. ev obv 
tf BE tony thy EP &noAóáQpoguev, £ovot xó àxó vfjc AB cob 
ano thc AE uetCov 16 and th¢ SP’ örep nooéxeirto roroa. 


xo. 


"Eàtv otepeóv onó nopoA^fjev &runéGcv negtéyr|tot, TH 
anmevavttoyv avtot énineda toa te xal mapadhAndAdyoouud 
EOT. 


B O 


A E 
Mcegeóv vào TO TAOH bo napodAvrwy Emnédswv Te- 
gieyéc90 x&v AT, HZ, AO, AZ, BZ, AE" Aévo, Čti TÀ àme- 
vavttoy autod énineda toa te Kal mapadAAnAdyoeauUd EoTLy. 
Enel yàp Ovo éenineda maodAAnAa xà BH, TE bro 
éemmédov tot ALD téuvetou, at xouval avTOV Toul TapdAANAot 
cici. maodAAnAoc doa éotivy y) AB tfj AT. nó, Énc&l 
Dvo énineda napdAAnAa ta BZ, AE bxd émnédov toO 
AI téuvetou, af xotvol abt&v toual maodAAnAot stot. 
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CN 
A B 
Lemma 


And we can demonstrate, thusly, in which manner to 
take the (square) on OR equal to that (area) by which 
the (square) on AB is greater than the (square) on LO. 
Let the straight-lines AB and LO be set out, and let AB 
be greater, and let the semicircle ABC have been drawn 
around it. And let AC, equal to the straight-line LO, 
which is not greater than the diameter AB, have been 
inserted into the semicircle ABC [Prop. 4.1]. And let 
CB have been joined. Therefore, since the angle ACB 
is in the semicircle ACB, ACB is thus a right-angle 
[Prop. 3.31]. Thus, the (square) on AP is equal to the 
(sum of the) squares on AC and C B [Prop. 1.47]. Hence, 
the (square) on AB is greater than the (square) on AC 
by the (square) on CB. And AC (is) equal to LO. Thus, 
the (square) on AB is greater than the (square) on LO 
by the (square) on CB. Therefore, if we take OR equal 
to BC then the (square) on AB will be greater than the 
(square) on LO by the (square) on OR. (Which is) the 
very thing it was prescribed to do. 


Proposition 24 


If a solid (figure) is contained by (six) parallel planes 
then its opposite planes are both equal and parallelo- 
grammic. 


B H 


D E 

For let the solid (figure) CDHG have been contained 
by the parallel planes AC, GF, and AH, DF, and BF, 
AE. I say that its opposite planes are both equal and 
parallelogrammic. 

For since the two parallel planes BG and CE are 
cut by the plane AC, their common sections are parallel 
[Prop. 11.16]. Thus, AB is parallel to DC. Again, since 
the two parallel planes BF and AF are cut by the plane 
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napéA^roc àpa &oxiv À BI xfj AA. &6c(y9r, 66 xoi AB 
th ADT napdrAndoc: maparAnddypaumov dea &£ox to AD. 
óuotcc OY) SetGousy, StL Kal Exaotov Tv AZ, ZH, HB, BZ, 
AE nrapanióypauuóv octy. 

"EncCeoy9060av ot AO, AZ. xol &xei rapáňànàós £o f) 
uev AB th ATL, 4 Se BO th PZ, úo ù of AB, BO àmóuevot 
GA fov xapà S00 EvVEtac tac AT, TZ antoyevac GAAKAwy 
cioly 00x EV TH ALTE EMLMEdE toasc Hou YWvlac NEOLEgovoty’ 
ton goa ¥ Ord ABO yovia 1f; ónó AT'Z. xoà &xei 600 oi AB, 
BO 806i tas AT, l'Z toot etotv, xoà vovía Y, óoxó ABO vow 
t òrò ATZ otw ton, Bács àpa Y, AO D&ce cf; AZ &oxv 
ton, xal tò ABO teiywvoy 76) ATZ xev ovo toov &otv. xat 
éott tov wev ABO OuA&owov tò BH rapaànióypauuov, 
toŭ 8€ ADZ &uAéciov tò [T'E napoAAvAóYpouuov: tcov 
&pa tó BH xapo^n^óyvoouuov tõ TE napa kAndoyeduua’ 
óuotcoc 97) oc(&ouev, óu xal tò u£v AT x6 HZ otw toov, 
tò òè AE 16 BZ. 

"Hay Yoo OTEOSOYV nó NACUAAHAWY EMLNESWYV TEOLEYNTAL, 
TH OMEVaYttOV avTOD Enimeda toa TE xol opo ATA ÓYoou 
cot’ ONEO OEL Ocon. 


f 
Xe. 
E&v otepgeóv mopaAAnAenine0ov émnéðw tunt nra- 
POAAKAG OvtL Tote Anevavtiov Emmedoic, Eoxot Os Å Bå 
TOOS THY BxoLy, obtoc TO OTEESOV TODS TO OTEEEOY. 


V IL- — FP doc €. X ST 


A Low wv 


HHHH 
VV VV 





A K A E O M N 

Mepgeóv vào xopoAArAen(neo0ov xó ABI'A &nunéoo t6 
ZH tetuyovw mxoapoAAY«o Övt toic; àmevavitov &munéootc 
tois PA, AO’ Eye, öt &oxlv óc fj, AEZO Dáoiz ngóc viv 
EODLZ Dáotw, obxoc xó ABZY otepeov mode tò EHTA 
OTEQEÓV. 

"ExpegAQoOc yàp Å AO êp’ &xátepa tà uéer, xoà 
xetodwoay TH Uev AE too décamdnrotoby at AK, KA, tH de 
EO too oomdynototy at OM, MN, xal ovuunerAnewote 
tà AO, KẸ, OX, ME rapwAnrdyoouua xot tà AI, KP, 
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AC, their common sections are parallel [Prop. 11.16]. 
Thus, BC is parallel to AD. And AB was also shown (to 
be) parallel to DC. Thus, AC is a parallelogram. So, sim- 
ilarly, we can also show that DF, FG, GB, BF, and AE 
are each parallelograms. 

Let AH and DF have been joined. And since AB is 
parallel to DC, and BH to CF, so the two (straight-lines) 
joining one another, AB and BH, are parallel to the two 
straight-lines joining one another, DC and CF (respec- 
tively), not (being) in the same plane. Thus, they will 
contain equal angles [Prop. 11.10]. Thus, angle ABH 
(is) equal to (angle) DCF’. And since the two (straight- 
lines) AB and BH are equal to the two (straight-lines) 
DC and CF (respectively) [Prop. 1.34], and angle ABH 
is equal to angle DC F, the base AH is thus equal to the 
base DF, and triangle ABH is equal to triangle DCF 
[Prop. 1.4]. And parallelogram BG is double (triangle) 
ABH, and parallelogram CE double (triangle) DCF 
[Prop. 1.34]. Thus, parallelogram BG (is) equal to paral- 
lelogram C E. So, similarly, we can show that AC is also 
equal to GF, and AE to BF. 

Thus, if a solid (figure) is contained by (six) parallel 
planes then its opposite planes are both equal and paral- 
lelogrammic. (Which is) the very thing it was required to 
show. 


Proposition 25 


If a parallelipiped solid is cut by a plane which is par- 
allel to the opposite planes (of the parallelipiped) then as 
the base (is) to the base, so the solid will be to the solid. 


X O  R U D Y T 


A A A AA 





/ V yyyy 


I K A E H M N 

For let the parallelipiped solid ABC D have been cut 
by the plane FG which is parallel to the opposite planes 
RA and DH. Isay that as the base AEFV (is) to the base 
EHCF, so the solid ABFU (is) to the solid EGC D. 

For let AH have been produced in each direction. And 
let any number whatsoever (of lengths), AK and KL, 
be made equal to AF, and any number whatsoever (of 
lengths), HM and M N, equal to EH. And let the paral- 
lelograms LP, KV, HW, and MS have been completed, 
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AM, MT oteoed. 

Kat &nei toot ctotv ot AK, KA, AE covero Aho, toot 
£c xoi xà u£v AO, K , AZ napahàinióypauua Got, xà 
dé KS, KB, AH óAfjotc xoi £v xà AY, KII, AP hoc: 
ànevavitov vóp. OuX xà oot O7) xoi tà uev EI, OX, MX 
TAPAAANADY PAU too cioty dào, tà òè OH, OI, IN toa 
cioiy dAAYAotc, xal ët tà AO, MQ, NT: tola &pa ènineða 
tGv AII, KP, AY oxepgeGv xgiolv Emmédoug Eotly tow. 4d 
TÀ Tola tool tois &nevavtlov &oiv toa Ta Koa Tola OTEPEÙ 
ta AT, KP, AY foa &AXfjAotc &oxtiv. Oti xà o xà G7) xoi TH 
tola cotepeà xà EA, AM, MT toa àAAfXow; &ox(v: Ooo 
TAgotwy wea gotlv Y) AZ D&ow tfjc AZ Déceoc, tooau- 
tonAG&octÓv &cu xoi vó AY oxepeóv tot AY otepcot. oid 
TH HVTE OF) ócamxAaotov £o f) NZ Dé&otc th¢ ZO Baoswe, 
toca tan A&oiÓv oTi xal TO NYT oteosov tob OT otepeod. 
xol et tor) £o iv fj AZ Déoi xfj NZ D&oeu tcov &od xoi xo 
AY oxegeóv t& NY otepeds, xot et onepéyet Y| AZ Dáoic cfjc 
NZ Bdoews, brepéyer xol tO AT otepedv tod NYT otepeod, 
xoà ei &AAe(net, &AAe(nev. vecoópov 97) óvvov ueve0Gv, dúo 
uev Dáceov x&v AZ, ZO, 000 8€ ocvegeGv vv AY, YO, 
e rjrxot (oí; xoAXanA&out xfjc u£v AZ Dácecoc xoi toO 
AY ocegeo0 f| ve AZ Båois xol tò AY otepeóv, tis 66 OZ 
Dácecc xoi tov OT otepcod 4 te NZ Bács xa tò NY 
OtEQEÓV, xal Sédernta, OTL el Dnepéyer ty AZ Bdoug the ZN 
Dá&cecoc, onepéyet xoà TO AY oxepgeóv xoU N'Y |oxegeo|, xoi 
ci ton, (cov, xoi et &AAe(net, &AAe(nei.. Eo Hoa wo f| AZ 
Bács moog THY ZO Báctw, obtoc xó AY ocxepeóv npóc tÒ 
TO otepedéyv Stree gder Setean. 
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and the solids LQ, KR, DM, and MT. 

And since the straight-lines LA, KA, and AF are 
equal to one another, the parallelograms LP, KV, and 
AF are also equal to one another, and KO, K B, and AG 
(are equal) to one another, and, further, LX, KQ, and 
AR (are equal) to one another. For (they are) opposite 
[Prop. 11.24]. So, for the same (reasons), the parallelo- 
grams EC, HW, and MS are also equal to one another, 
and HG, HI, and IN are equal to one another, and, 
further, DH, MY, and NT (are equal to one another). 
Thus, three planes of (one of) the solids LQ, KR, and 
AU are equal to the (corresponding) three planes (of the 
others). But, the three planes (in one of the soilds) are 
equal to the three opposite planes [Prop. 11.24]. Thus, 
the three solids LQ, KR, and AU are equal to one an- 
other [Def. 11.10]. So, for the same (reasons), the three 
solids ED, DM, and MT are also equal to one another. 
Thus, as many multiples as the base LF is of the base AF’, 
so many multiples is the solid LU also of the the solid AU. 
So, for the same (reasons), as many multiples as the base 
NF is of the base FH,so many multiples is the solid NU 
also of the solid HU. And if the base LF is equal to the 
base NF then the solid LU is also equal to the solid NU." 
And if the base LF’ exceeds the base NF then the solid 
LU also exceeds the solid NU. And if (LF) is less than 
(N F) then (LU) is (also) less than (NU). So, there are 
four magnitudes, the two bases AF and FH, and the two 
solids AU and U H, and equal multiples have been taken 
of the base AF and the solid AU— (namely), the base 
LF and the solid LU—and of the base H F and the solid 
HU—(namely), the base NF and the solid NU. And it 
has been shown that if the base LF exceeds the base FN 
then the solid LU also exceeds the [solid] NU, and if 
(LF is) equal (to FN) then (LU is) equal (to NU), and 
if (LF is) less than (FN) then (LU is) less than (NU). 
Thus, as the base AF is to the base FH, so the solid AU 
(is) to the solid UH [Def. 5.5]. (Which is) the very thing 
it was required to show. 


t Here, Euclid assumes that LF - NF implies LU > NU. This is easily demonstrated. 


XS. 

IIpóc cf; 600ctoy, £o0cto xoi x& med aotf| onucío TH 
Sovelan oxepgeQ. voto tony oteopsav ywviayv ovotioaovan. 

"Ecco f| u£v Soveton ed0etia 4 AB, 10 è npòs aòtf 
6o0£v ornuciov xó A, f| 6& G6o0cica oteped Yovía Y| noóc 
TG A negteyouévr ond Tv ONO EAT, EAZ, ZAT yowdy 
émimeduv det SY) moog tH AB ecvV0ety nal 16 mxpóc af 
onuct tH A tfj npóc v A otepe& yoviy tony otepedy 
ywviay svotjoaovan. 


Proposition 26 


To construct a solid angle equal to a given solid angle 
on a given straight-line, and at a given point on it. 

Let AB be the given straight-line, and A the given 
point on it, and D the given solid angle, contained by the 
plane angles EDC, EDF, and FDC. So, it is necessary 
to construct a solid angle equal to the solid angle D on 
the straight-line AB, and at the point A on it. 
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7 Q 
A 
N H B 
E A 


EX Kove yàp &ri xfjc AZ tuyòv onuetoy to Z, xat Hyt% 
ATÒ TOŬ Z ext tò àà x&v EA, AT ênineõov xáðetos À ZH, 
xol cuupoAAÉto TG émnédðw xatà tò H, nol ExeCevyVw À 
AH, xoi cuveoxáto med¢ th AB cvvein xol 16 npóc af] 
creto 1G A tH uèv òrò EAT yovig ton ñ òrò BAA, «fj 6€ 
òrò EAH ton f; óxó BAK, xoi xc(o9c 1f; AH tov Y, AK, xoi 
àveotáto ATÒ TOŬ K onuelou 74 oux x&v BAA &rixéóQ noóc 
pàs 7, KO, xoi xeí(o90 tor xfj HZ f, KO, xoi &neCeoy 9o 
À OA: Ayw, Öt f| npóc xG À ocepged vowvia nepuey ouévr, 
brò tõv BAA, BAO, OAA yonðv tor £o tH mod¢ 165 A 
ctepgeQ Yoví(a. xfj regeyouévn brò xy EAT, EAZ, ZAT 
YCVIV. 

AneiAjovwcayv yao too ot AB, AB, xot ExeCevyVacay 
a OB, KB, ZE, HE. xoi &xei *| ZH 6091, £o npóc tO 
Onoxe(uevov &m(neG0v, xol npóc nácoc How Tac UNTOUEVAC 
aOtfjc &oUctoc xoi obcac èy TÆ onoxeuiévo &nunéoo CODA 
Tojo, ywviac’ óp wow éotly Exatéea tõv òrò ZHA, 
ZHE yovv. ðA tà tà Oy xal Exatéoa tv bnd OKA, 
OKB vowGv óp05, £cuv. xoi &£rcl 600 oi KA, AB 600 
toic HA, AE toot eioty &xorxépa. &xorxégo, xoà Yowtac tooc 
reg.éy ouo, Dó&otz àpa 7) KB Béoe: tH HE ton éotiv. £o 
o£ xoi Y, KO «fj HZ tory xoà Yvoviac ópgüàc nepgtéyouotv: tor 
gpa xa Y, OB t ZE. náv nel vo oi AK, KO duol toc 
AH, HZ tom sioiv, xa yoviac ópðàcs tepiéyovow, Bács &oa 
4, AO Bao th ZA ton ċotiv. čot è xa À AB t AE ton: 
Dúo Sy at OA, AB úo tac AZ, AE foa ciciv. xa Báo À 
OB Bácsi tý ZE ton: yovia goa ù òrò BAO yoovig tH dnd 
EAZ &ouv ïon. Dà TÀ aùTtà 97) xoi Y oxó OAM «fj oxnó ZAT 
otv ton. čom òè xal À òrò BAA tH óxó EAT ïon. 

Ilpòc wow tH Soveton codety tH AB ual 16 npoòc adt 
onucio tõ A tH Soveton oteps& ywvie th medc tă A ton 
OVYEOTATAL OTEO EdEL TOLL. 
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For let some random point F have been taken on DF, 
and let FG have been drawn from F perpendicular to 
the plane through ED and DC [Prop. 11.11], and let it 
meet the plane at G, and let DG have been joined. And 
let BAL, equal to the angle EDC, and BAK, equal to 
EDG, have been constructed on the straight-line AB at 
the point A on it [Prop. 1.23]. And let AK be made equal 
to DG. And let KH have been set up at the point 
at right-angles to the plane through B AL [Prop. 11.12]. 
And let KH be made equal to GF. And let HA have 
been joined. I say that the solid angle at A, contained by 
the (plane) angles BAL, BAH, and HAL, is equal to the 
solid angle at D, contained by the (plane) angles EDC, 
EDF,and FDC. 

For let AB and DE have been cut off (so as to be) 
equal, and let H B, K B, FE, and GE have been joined. 
And since FG is at right-angles to the reference plane 
(EDC), it will also make right-angles with all of the 
straight-lines joined to it which are also in the reference 
plane [Def. 11.3]. Thus, the angles FGD and FGE 
are right-angles. So, for the same (reasons), the an- 
gles HK A and HKB are also right-angles. And since 
the two (straight-lines) K A and AB are equal to the two 
(straight-lines) GD and DE, respectively, and they con- 
tain equal angles, the base KB is thus equal to the base 
GE [Prop. 1.4]. And KH is also equal to GF. And they 
contain right-angles (with the respective bases). Thus, 
H B (is) also equal to FE [Prop. 1.4]. Again, since the 
two (straight-lines) AK and KH are equal to the two 
(straight-lines) DG and GF (respectively), and they con- 
tain right-angles, the base AH is thus equal to the base 
FD [Prop. 1.4]. And AB (is) also equal to DE. So, 
the two (straight-lines) H A and AB are equal to the two 
(straight-lines) DF and DE (respectively). And the base 
H B (is) equal to the base FE. Thus, the angle BAH is 
equal to the angle EDF [Prop. 1.8]. So, for the same 
(reasons), H AL is also equal to FDC. And BAL is also 
equal to EDC. 

Thus, (a solid angle) has been constructed, equal to 
the given solid angle at D, on the given straight-line AB, 








452 


S TOIXEIGN tor. 


XC. 

Ano tic Sovetonc cbVEtac 165 Go0évtt otepetG TAPAAAT- 
AenixéoQ Óuotóv xe xoi óuotoc xe(ugvov oxepeóv roo Àn- 
Aeníne8ov dvoryoótpot. 

"Eoo ?| u&v 6o0ctco co0cta Y, AB, xó 6€ 600£v otepeóv 
rapaAAnAeninesoy tò TA: det DA nd Tic SodEtonc codetac 
thc AB 16 900évu otepes napahAndcmnédo 1H TA 
OUOLOY te xal OUOlWS xeluevoy otepeòy tapahànàecenineðov 
àvaypåļon. 

Mvveotata yuo meds th AB còÛeily xal tH npòc atf 
creto 1G À cf; npgóc xG D otepey ywrvig ton f| negrey ouévr 
òrò tõv BAO, OAK, KAB, ote fony civa ty wey O20 
BAO yoviav tý óxnó ELIZ, ty è önrò BAK th òrò ETH, 
thv è òrò KAO t Ord HIZ: xa yeyovétw ðc uèv 4 ED 
meds THY CH, obxoc À BA modc thy AK, óc de 4 HI npóc 
trv DZ, ottw¢ À KA mode thy AO. xoi à toov goa &ociv 
óc f| EI' negóc vv DZ, obxoc BA rode thy AO. xal oup- 
nenzÀnoco90 tò OB raparAnrdyeauoy xal TO AA otepedy. 


A 


À B 
E E 


Kat énet got ðc 4 ED node viv LH, obtoc f| BA ngóc 
trv AK, xal negi toas yoviac tàs òrò ETH, BAK oi nàcsupol 
àváňoyóv cto, Suotoyv ğpa &oxi xó HE. napo rA ÓóYvoouuov 
t KB napoAAvMovoéuugo. oi và obtà O7) xoi xó uev KO 
rapoA^AYAóvoouuov x6 HZ noapoA^rovoóuuo óuovóv £oct 
xoi £u tò ZE và OB: tota hoa naoowrAAnrAdyeouua tod TA 
OTEPEOU tool TapaAAnAoyeduuotc to AA otepcod Čuoá 
Cott. GAAG TH UEV Tola TOLOL tols à&nevavtlov toa TÉ OTI 
xal uoa, Ta OE Tole vpiol Tole amevaytiov tow xé &oxt xol 
óuott óXov goa TO TA oxegeóv óc tă AA otepeds Suotdyv 
EOT. 

Anò ts do00etone Goa celas täs AB t ovévT 
ctepeQ mopoAArvAemnnéOóQ 16 TA duoidy te xoa uolos 
“etuevoy avayeyeanta TO AA énee Eder roroa. 


x". 


‘Envy otepeóv moapoAAÀrenineoov &muxéOQ turf, xoà 
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at the given point A on it. (Which is) the very thing it 
was required to do. 


Proposition 27 


To describe a parallelepiped solid similar, and simi- 
larly laid out, to a given parallelepiped solid on a given 
straight-line. 

Let the given straight-line be AB, and the given par- 
allelepiped solid CD. So, it is necessary to describe a 
parallelepiped solid similar, and similarly laid out, to the 
given parallelepiped solid CD on the given straight-line 
AB. 

For, let a (solid angle) contained by the (plane angles) 
BAH, HAK, and KAB have been constructed, equal to 
solid angle at C, on the straight-line AB at the point A on 
it [Prop. 11.26], such that angle BAH is equal to ECF, 
and BAK to ECG, and KAH to GCF. And let it have 
been contrived that as EC (is) to CG, so BA (is) to AK, 
and as GC (is) to CF, so KK A (is) to AH [Prop. 6.12]. 
And thus, via equality, as EC is to CF, so BA (is) to AH 
[Prop. 5.22]. And let the parallelogram H P have been 
completed, and the solid AL. 

D 


A B 
C 

And since as EC is to CG, so BA (is) to AK, and 
the sides about the equal angles ECG and BAK are 
(thus) proportional, the parallelogram GE is thus simi- 
lar to the parallelogram K B. So, for the same (reasons), 
the parallelogram K H is also similar to the parallelogram 
GF, and, further, FE (is similar) to HB. Thus, three 
of the parallelograms of solid CD are similar to three of 
the parallelograms of solid AL. But, the (former) three 
are equal and similar to the three opposite, and the (lat- 
ter) three are equal and similar to the three opposite. 
Thus, the whole solid CD is similar to the whole solid 
AL [Def. 11.9]. 

Thus, AL, similar, and similarly laid out, to the given 
parallelepiped solid C D, has been described on the given 
straight-lines AB. (Which is) the very thing it was re- 
quired to do. 


Proposition 28 
If a parallelepiped solid is cut by a plane (passing) 
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TAS SLAYWVIOUS TOY ANEVAVTLOY EMLNEOWY, Otya tuNnDYoetou 
TO OTEPEOY UNO TOD Emimedov. 


B 


Â 7 
AAA 
Z-V 


Mtepeov yuo napaànàeceninsõoy tò AB êmnéðw t 
[TAEZ tetuńoůw xatà tàs daywovlous THY a&mevavtiov 
éminéduov tac [Z, AE: Evo, Öt Stya tuntceta tò AB 
oteoeoy brò toŭ [AEZ &rixéGov. 

Enel yàp toov oti tò uèv L'HZ tolywvov t IZB 
tp vo, xó 6€ AAE x6 AEO, £o 9€ xoi to uèv TA na- 
pgaAAnAóYpgouuov v EB tcov Gnxevavitov vóàp: tò òè HE 
t& D'O, xoi xó nploua &pa tó nepieyóuevov onó 000 uev 
tpiYc vov x&v P'HZ, AAE, xgtv 68 nopoA^rovoeóuov 
:Gv HE, AT, DE tcov éotl 16 notouat: TH nepueyouévo 
brò 600 uev tov vov tõv TZB, AEO, xov 6€ napa- 
Ankoveóuuov 1v DO, BE, TE: òrò yàp toov &xixéoov 
NEOLEYOVTAL TG Te TAVVEr xol TH ucyeder. Gote ÖAOV TO 
AB otepeòv diya tétunta òrò toŭð TAEZ &rinéGov: bree 
£Oct Occ ot. 


through the diagonals of (a pair of) opposite planes then 
the solid will be cut in half by the plane. 


F 


H 


A 


For let the parallelepiped solid AB have been cut by 
the plane CDEF (passing) through the diagonals of the 
opposite planes CF and DE." I say that the solid AB will 
be cut in half by the plane CDEF. 

For since triangle CGF is equal to triangle C FB, and 
ADE (is equal) to DEH [Prop. 1.34], and parallelo- 
eram C A is also equal to EB—for (they are) opposite 
[Prop. 11.24]—and GE (equal) to CH, thus the prism 
contained by the two triangles CGF and ADE, and the 
three parallelograms GE, AC, and CE, is also equal to 
the prism contained by the two triangles C FB and DEH, 
and the three parallelograms CH, BE, and C E. For they 
are contained by planes (which are) equal in number and 
in magnitude [Def. 11.10].* Thus, the whole of solid AB 
is cut in half by the plane CDEF. (Which is) the very 
thing it was required to show. 


t Here, it is assumed that the two diagonals lie in the same plane. The proof is easily supplied. 


t However, strictly speaking, the prisms are not similarly arranged, being mirror images of one another. 


f 
xU. 
c aOcfic Dácecc óvra ovepeà ropa reni(neóo 
tÒ Poc, OV ot EpeotHoon Ext v6 a6 ctotv 
Gf Xotc &ostv. 


S 
Q 
C^ 
e 
jm 
Q^ a 
A 
ROS — 


Proposition 29 


Parallelepiped solids which are on the same base, and 
(have) the same height, and in which the (ends of the 
straight-lines) standing up are on the same straight-lines, 
are equal to one another. 





"Ecco èni ts aótfjc Dáoecc vfjc AB oceped noo n- 


For let the parallelepiped solids CM and CN be on 
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Aerineda và I'M, D'N onó 1o axo Doc, Gv oi &geocxóoot 
oi AH, AZ, AM, AN, TA, TE, BO, BK ri xGv aùtõv 
cO0Uci v &oto0av xv ZN, AK: Aévo, óu toov £o tò TM 
otxepeóv 1G L'N oxegeG. 

Enel yàp trapahàinióypauuóv otv &xéáxepgov x&v l'O, 
IK, ton £odv f, PB xatépa tõv AO, EK: dote xol À 
AO th EK otv ton. xowr, &Qnorjo9o i EO: Aoinh dou 
À AE àon t OK otuv ton. Gote xa to yev ATE 
totywvoy xà OBK tayóvo toov éatty, tò è AH rapah- 
Anàóypauuov t ON tapahànioypáuuc. Sà TÀ oro O7) aco 
tO AZH teiywvoy 165 MAN terymve toov éotty. čot öè xo 
tO UEV DZ napowdAnrdyeauoy tă BM napodAndoyeduuc 
toov, TÒ òè [TH t& BN: anevavttoy yao: xal TO Tetouan Koa 
TO TECLEYOUEVOY LTO dUO UV ToLryOvayv Tv AZH, ATE, 
tov sé napahAnAoyeduuey tév AA, AH, FH toov £o 
TE) TOLOUATL TE nxepieyouéwp LUMO OVO UEV TOLYWVOY TOY 
MAN, OBK, «piv è naparAnroyeduuwy tv BM, ON, 
BN. xowodyv neooxstade TO otepedyv, oD Baoig uev TO AB 
roapoA YAÓYvoouuov, &xevavztov oe xó HEOM- hov dou tò 
[I'M otepcov napadAnAentnedov Aw tõ IN otepe& rapa- 
AnAennxéoQ toov &oív. 

Tà dou £m tfjg aótfjc Dáoecoc Óvta oteped TAPAAAN- 
Actrineda xal ONO TO avVTO Yoc, BY al Epeotoa Ent tHdv 
autédy slow svvderdsy, toa wAAYAotc Eotiv’ 6neo Eder Setgau. 


A 
— aóxfjc D&áoecc óvxa oxeped TaparAnArerineda 
xal VTO TO AUTO Uod, BY at Epeatoa ovx Eloy Ent tov 
aUToY evvEldy, toa. GAAHAotS Coty. 





"Ecco ént th¢ athe Bdoews týs AB otepeà taparin- 
Aerineda ta TM, VN O26 10 avtd toc, Ov al &qgeocGoot ol 
AZ, AH, AM, AN, TA, TE, BO, BK py Eotwoay èni t&v 
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the same base AB, and (have) the same height, and let 
the (ends of the straight-lines) standing up in them, AG, 
AF, LM, LN, CD, CE, BH, and BK, be on the same 
straight-lines, FN and DK. I say that solid CM is equal 
to solid CN. 

For since CH and C K are each parallelograms, C B 
is equal to each of DH and EK [Prop. 1.34]. Hence, 
DH is also equal to EK. Let EH have been subtracted 
from both. Thus, the remainder DE is equal to the re- 
mainder HK. Hence, triangle DCE is also equal to tri- 
angle HBK [Props. 1.4, 1.8], and parallelogram DG to 
parallelogram HN [Prop. 1.36]. So, for the same (rea- 
sons), traingle AF’G is also equal to triangle M LN. And 
parallelogram CF is also equal to parallelogram BM, 
and CG to BN [Prop. 11.24]. For they are opposite. 
Thus, the prism contained by the two triangles AFG and 
DCE, and the three parallelograms AD, DG, and CG, is 
equal to the prism contained by the two triangles MLN 
and HBK, and the three parallelograms BM, HN, and 
BN. Let the solid whose base (is) parallelogram AB, and 
(whose) opposite (face is) GEH M, have been added to 
both (prisms). Thus, the whole parallelepiped solid CM 
is equal to the whole parallelepiped solid CN. 

Thus, parallelepiped solids which are on the same 
base, and (have) the same height, and in which the 
(ends of the straight-lines) standing up (are) on the same 
straight-lines, are equal to one another. (Which is) the 
very thing it was required to show. 


Proposition 30 


Parallelepiped solids which are on the same base, and 
(have) the same height, and in which the (ends of the 
straight-lines) standing up are not on the same straight- 
lines, are equal to one another. 


N P K R 





Let the parallelepiped solids CM and CN be on the 
same base, AB, and (have) the same height, and let the 
(ends of the straight-lines) standing up in them, AF’, AG, 
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aOt6)y eüUet v: Aévo, Öt toov ot tò D'M oxegeóv tõ DN 
OtepeG. 

ExpepAfro9cocav yuo at NK, AO xot ovunintétwoayv 
CAAA Accs xatà xó P, xoi £v &xDepArio9ooav at ZM, HE 
&ri tà O, II, xo &neCeóoy0oocav oi AE, AO, TI, BP. {oov 
df} otn xó I'M ocegeóv, o0 Dáoi; u£v tò ADBA napad- 
Anàóypauuov, àxevavitov 68 tò ZAOM, «6 PO otepeds, od 
Bács uèy tò ATBA raparAnddyeaumoy, &mevavttoy è TO 
SIPO: ni te yàp tc avthe Baoews cior the ATBA xol 
UNO TO KOTO Do, BY at Egeotoa at AZ, AZ, AM, AO, 
PA, III, BO, BP ên tv awdtv cio edVerav tov ZO, AP. 
&AAà tò D'O oxepgeóv, o0 Dáotc uév &owu tò ADBA napad- 
AnAóYpoupov, &xevavitov è tò SIPO, toov ot tã TN 
otepeG, o0 Dáoi; uev TO ALBA raporAndrdyouuuoy, ane- 
vavttoy d¢ TO HEKN: ext te yuo náv týs atis Déoeoc 
elo. thc ALBA xa On6 10 adTO Bos, Gv ot &geocóocot o 
AH, A&, TE, PU, AN, AO, BK, BP ént t&v adtév ciow 
cevveldy tv HII, NP. ote xa tò I'M ocepgóv toov &od 
t& L'N oceeeG. 

Td toa emt vfjc aotfjc D&oecc ovepeà napadAnArenineda 
“XOL LTO TO AUTO Loc, BY at EpeatBoa ovx Eloy Ent tov 
avuTedy cvvdedsy, loa GAANAoic Eotiv’ OnE Eder déo. 


ha’. 


Tà &ri towy Bdoewv vta oteped TapadAnAerineda xa 
LTO TO aVTO Bho tco. GÀ fot EoTty. 

"Ecto èn towv Pdoewy tv AB, TA oteped napadAr- 
Acnineda ta AK, TZ br6 16 avdtd bdog. Aéyw, Öt toov Eth 
tO AE otepeoy 1G) D'Z oxegeG. 

"Eocoav 87, npócxegov ot Epeatyxviaa ot OK, BE, AH, 
AM, OM, AZ, T=, PX ngóc óp0àc voic AB, DÀ Báoeow, 
xoi &xpeDAYio0co en’ cvVetac vf; ITP cetera Y, PT, xoà ov- 
vVeotatw moos TH PT cbveta xal 16 nxpóc acf onucto tõ 
P tý òrò AAB vowví(q tor f| oxó TPY, xa xetodw tH uèv 
AN tcr f, PT, cf; 6€ AB tcr Y; PY, xoi cuunenxAnoooc9o0 f 
te PX Bács xal tò YY oxepeóv. 
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LM, LN, CD, CE, BH, and BK, not be on the same 
straight-lines. I say that the solid CM is equal to the 
solid CN. 

For let NK and DH have been produced, and let 
them have joined one another at R. And, further, let FM 
and GE have been produced to P and Q (respectively). 
And let AO, LP, CQ, and BR have been joined. So, solid 
CM, whose base (is) parallelogram ACBL, and oppo- 
site (face) FDH M, is equal to solid CP, whose base (is) 
parallelogram ACBL, and opposite (face) OQRP. For 
they are on the same base, ACBL, and (have) the same 
height, and the (ends of the straight-lines) standing up in 
them, AF, AO, LM, LP, CD, CQ, BH, and BR, are on 
the same straight-lines, FP and DR [Prop. 11.29]. But, 
solid CP, whose base is parallelogram AC BL, and oppo- 
site (face) OQRP, is equal to solid CN, whose base (is) 
parallelogram AC BL, and opposite (face) GEK N. For, 
again, they are on the same base, AC BL, and (have) 
the same height, and the (ends of the straight-lines) 
standing up in them, AG, AO, CE, CQ, LN, LP, BK, 
and BR, are on the same straight-lines, GQ and NR 
[Prop. 11.29]. Hence, solid CM is also equal to solid 
CN. 

Thus, parallelepiped solids (which are) on the same 
base, and (have) the same height, and in which the (ends 
of the straight-lines) standing up are not on the same 
straight-lines, are equal to one another. (Which is) the 
very thing it was required to show. 


Proposition 31 


Parallelepiped solids which are on equal bases, and 
(have) the same height, are equal to one another. 

Let the parallelepiped solids AE and CF be on the 
equal bases AP and C D (respectively), and (have) the 
same height. I say that solid AE is equal to solid CF. 

So, let the (straight-lines) standing up, HK, BE, AG, 
LM, PQ, DF, CO, and RS, first of all, be at right-angles 
to the bases AB and C D. And let RT have been produced 
in a straight-line with CR. And let (angle) TRU, equal 
to angle ALB, have been constructed on the straight-line 
RT, at the point R on it [Prop. 1.23]. And let RT be 
made equal to AL, and RU to LB. And let the base RW, 
and the solid XU, have been completed. 
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A A 

Kot énet S00 af TP, PY uol tas AA, AB too ciotv, 
xal ywviac toas mepiéyovoty, toov koa xal duUotov TO PX 
ropoaA^YvAóYvooupov 6) OA naparAndoyeduuw. xoa nel 
náAtv ton uev À AA t PT, 4 Se AM t PE, xa yovias 
ptas TEELEYovOLy, toov &pa xol. óuovóv £o. xó PY. rapah- 
Anàóypauuov tă AM nopoA^rnAovoóupo. Ou xà obcà Or) 
xa tò AE 16 MY ícov té £o xoi Öuorov: tola doa mor 
pa nióypauua toŭð AE otepeoŭ tool rapahàinioypáuuos 
to} WT otepeot tou té oti xal Öuora. GAA xà uèv tola 
ToLol TOS a&mevavtiov tow TE oti xal Čuo, TH OE Tota 
tpiol toic amevaytiov’ dAov doa tò AE otepeòv napahAr- 
— Oho 6 VT otepeds napahAnAemnéda toov &ostv. 
Otjy9coav ot AP, XT xa ovuumartétmoay GrAAhAoic xatà 
TÒ Q, xal Sta tod T tH AQ raoddArAnroc HyVa À aTA, xo 
exPeprAnodw A OA xatà tò a, xa ovuretràinpoctw tà QY, 
PI oteped. toov oh ot tò YQ otepeóv, oÙ Bács uév 
£c xó PV napoA^nAÓóYvoouuov, &xevavitov 6& xo (5, x6 
V'Y oxepgeG, oo D&otc; uev xó PY rapaànióypauuov, &ne- 
vavttoy d€ tO T@: ent te yao the avtiic Dóoeoc eiot tfjc 
PY xol òrò tò aòtò Bdoc, BY at EpeotHoa at PQ, PT, 
TA, TX, Ms, Uo, V4, VS ent tv aby ctow cvverOv tõv 
OX, «o. $AAà xó VY ocegeóv 16 AE otv toov: xal tò YOQ 
dpa ctepeóv x AE otepe& otv toov. xoi &rel toov &odl 
tò PYXT xoapgoAAvrAóvpouuov 165 OT naporAnroyeduua’ 
ETL te yàp fic aotfjc D&oeoc ciot týs PT xal Ev tolic avtaiic 
napodAnAoig tote PT, OX: GAG tò PYXT 165 DPA écuv 
(cov, &ncl xoi xG AB, xol t6 QT oa naparAnrdyoauoy 
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And since the two (straight-lines) TR and RU are 
equal to the two (straight-lines) AL and LB (respec- 
tively), and they contain equal angles, parallelogram 
RW is thus equal and similar to parallelogram HL 
[Prop. 6.14]. And, again, since AL is equal to RT, 
and LM to RS, and they contain right-angles, paral- 
lelogram RX is thus equal and similar to parallelogram 
AM [Prop. 6.14]. So, for the same (reasons), LF is also 
equal and similar to SU. Thus, three parallelograms of 
solid AF are equal and similar to three parallelograms 
of solid XU. But, the three (faces of the former solid) 
are equal and similar to the three opposite (faces), and 
the three (faces of the latter solid) to the three opposite 
(faces) [Prop. 11.24]. Thus, the whole parallelepiped 
solid AF is equal to the whole parallelepiped solid XU 
[Def. 11.10]. Let DR and WU have been drawn across, 
and let them have met one another at Y. And let aT'b 
have been drawn through T parallel to DY. And let PD 
have been produced to a. And let the solids YX and 
RI have been completed. So, solid XY, whose base is 
parallelogram RX, and opposite (face) Yc, is equal to 
solid XU, whose base (is) parallelogram RX, and oppo- 
site (face) UV. For they are on the same base RX, and 
(have) the same height, and the (ends of the straight- 
lines) standing up in them, RY, RU, Tb, TW, Se, Sd, 
Xc and XV, are on the same straight-lines, YW and 
eV [Prop. 11.29]. But, solid XU is equal to AE. Thus, 
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tà DA gotw taov. Ado d¢ 10 AT: Eotw toa ae Y, DA 
Baars node THY AT, obtag À QT modo thy AT. xa Exel 
otepeov naoahAnAseninedsoyv 10 [TI émnédq 16 PZ tétuntou 
TAOUAAHAG Ovtt tote anevaytiov Emmédsoic, Eotiv Oo Å TrA 
D&otc ngóc vv AT Báow, obvoc xó DZ oxepeóv ngóc xo PI 
OtEpEÓV. OuX tà aOtà Of, &mcel otepeOv moa ArAenineoov 
TÒ QI émréðy t PW tétunta napa AY Ovt volo dme- 
vavttoy émimédsoic, Eotty Wo OT Baars med¢ thy TA Bao, 
ovtws TO QW otepedv npóc TO PI. GAA’ wo FTA Báo 
teds thy AT, obta¢ À QT node tijv AT: xol óc how tO 
D'Z oxegeóv ngóc to PI otepedyv, obtw¢ TO QW otepeov 
moog TO PI. Exdtepov &pa x&v D'Z, QV oxegeGv npóc xo 
PI xóv aov £yet Aóvov: toov àpa &oxi tò PZ oxegeoóv x6 
QUY otepe&. Aà tò QY xG AE &6c(y9r) tcov: xoi xó AE 
goa tă D'Z otv toov. 
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solid XY is also equal to solid AE. And since parallel- 
ogram RUWT is equal to parallelogram Y T. For they 
are on the same base RT', and between the same par- 
allels RT and YW [Prop. 1.35]. But, RUWT is equal 
to CD, since (it is) also (equal) to AB. Parallelogram 
YT is thus also equal to CD. And DT is another (par- 
allelogram). Thus, as base CD is to DT’, so YT (is) to 
DT [Prop. 5.7]. And since the parallelepiped solid C7 
has been cut by the plane RF, which is parallel to the 
opposite planes (of CJ), as base CD is to base DT, so 
solid CF (is) to solid RJ [Prop. 11.25]. So, for the same 
(reasons), since the parallelepiped solid YJ has been cut 
by the plane RX, which is parallel to the opposite planes 
(of Y D, as base YT is to base TD, so solid Y X (is) to 
solid RI [Prop. 11.25]. But, as base CD (is) to DT, so 
YT (is) to DT. And, thus, as solid CF (is) to solid RI, 
so solid Y X (is) to solid RJ. Thus, solids CF and Y X 
each have the same ratio to R7 [Prop. 5.11]. Thus, solid 
CF is equal to solid Y X [Prop. 5.9]. But, Y X was show 
(to be) equal to AF. Thus, AF is also equal to CF. 





My Eotwoay oy ot Egeotynxvioan af AH, OK, BE, AM, 
Pe, OH, AZ, PX node de0a¢ voi AB, L'A Báoeow: Aévo 
nda, ÖT {oov tò AE otepeòv tă [Z otepeč&. HyDwoay yao 
ànó x&v K, E, H, M, II, Z, Z, onucioy ént tò broxeiuevoyv 
éntnedoyv xdVetor ot KN, ET, HY, M®, IIX, Zy, £O, XI, 
xoi cuupaAAécxoocav 1G &rixéOoQ xoà xà N, T, Y, 6, X, V, 
Q, I enucia, xoi &nece0y9ocav ot NT, NY, Yo, To, XV, 
XQ, OL, DV. tcov of, otu 10 KP oteoeoy x6 III oxegeG 
Eni te yàp towyv Dáoeov eio: xv KM, LHE xal ónó 16 axo 
Udo, GV at EMeotiHaa mod¢ dodde ceiot xoc Dáceotv. Gà 
tò uèy KP otepeòv tõ AE otepoe& otv toov, to d¢ III 165 
TZ: èni te yàp xfjc aotfjc Dáoecc ctor xal ónó TO KOTO Dog, 
Qv oi &qeoó cot 00x sloLV ENL THY avTHY cbVELBV. xal TÒ 
AE &pa oxepeóv x6 TZ oxepgeG &owv toov. 

Tà &pa &ri toov Bácecov édvta oteped TapahAnArenineda 
xol ono tO aOtO Dugoc tco GA fjAotc &oxiv: ónep Eder deio. 


And so let the (straight-lines) standing up, AG, H K, 
BE, LM, CO, PQ, DF, and RS, not be at right-angles 
to the bases AP and CD. Again, I say that solid AE 
(is) equal to solid CF. For let KN, ET, GU, MV, QW, 
FX, OY, and SJ have been drawn from points K, E, 
G, M, Q, F, O, and S (respectively) perpendicular to 
the reference plane (i.e., the plane of the bases AB and 
CD), and let them have met the plane at points N, T, 
U, V, W, X, Y, and I (respectively). And let NT, NU, 
UV, TV, WX, WY,YI, and 7 X have been joined. So 
solid KV is equal to solid Q7. For they are on the equal 
bases K M and Q5, and (have) the same height, and the 
(straight-lines) standing up in them are at right-angles 
to their bases (see first part of proposition). But, solid 
KV is equal to solid AE, and QI to CF. For they are 
on the same base, and (have) the same height, and the 
(straight-lines) standing up in them are not on the same 
straight-lines [Prop. 11.30]. Thus, solid AE is also equal 
to solid CF. 

Thus, parallelepiped solids which are on equal bases, 
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AB" 
Tà bro TO avtTd Bog Ovta otepeà TapahANASTineda 
TODOS GAANAG EOTIV GC at Bcoetc. 


B A K 
A F H Oo 


5 


"Eoo 0nd 1ó aóró Uoc octepeà nopoAATnAeni(neOo tà 
AB, DÀ: ^évo, óu xà AB, TA otepeà nopo)mAenineóo 
npóc GAANAY EoTW Wo al Bosc, TouTEOTIW OTL EOTLY WE T) 
AE Baoig noòs tv TZ Bdow, obxoc xó AB ocepeóv ngoóc 
tO TA otepedy. 

TapaSeBrAnodw yàp rapà tày ZH 165 AE toov tò ZO, 
xal ETO Báåcews EY Tho ZO, bdouc dé tob adtod 14 TA 
otepeÓv xapoAAren(neoov cuunxen^rnpooc0o tò HK. tcov 
df} got: TO AB otepeòv 70) HK otepets: èni te yàp toov 
Baocemy cio. tv AE, ZO xal ùnò tò aùto Bio. xol Enel 
oTtepeoy TaoaAAnAeninedoy t6 DK émnéde@ 76 AH tétuntou 
TACKAAHAG OVTL xoic ENEVAVTLOY ETIMEdOIC, EaTtiv Koa we 7 
TZ Baoug med¢ thy ZO Báo, oŬtos tò T'A otegedy Ted¢ TO 
AO otepsdy. ton dé ñ uèv ZO Bács xfj AE Bács tò òè HK 
otepEòv t AB otepe& čotv dou ual We 1) AE Bdoug tpòs 
tv [Z Báo, oŬtws tò AB otepeòv npòs tò L'A otepeóv. 

Tà &pa ono tò aùtÒò ioc övta otepeà napahànàenineda 
TODS GAANAG EOTIV WC at Baoeic’ OnE Eder Seigau. 








ÀY. 

Tà óuota oxepeà nrapahànàcnineða npóc &AArAa £v tpi- 
rAoacíovw Ady ciol tõv óuoAÓYv(V ntAgUQOGY. 

"Ec*o ópota otepeà mapodAnAerineda tà AB, TA, 
óuóAoYvoc 0€ &oxo fj, AE tH UZ: Aéyoo, öt tò AB otegedv 
tedc tO TA otepedyv tpuxAacíova Aóvov Eye, Anco AE 
moos ty TZ. 

ExBeBaAnodwoayv yao én’ evvetac totic AE, HE, OE oi 
EK, EA, EM, xot xetodo tH wev [Z ton i EK, tH be ZN 
ton À EA, xa étu tH ZP ton À EM, xol ovuunerAnemade tò 
KA napahàanióypauuov xat tò KO otepeóv. 
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and (have) the same height, are equal to one another. 
(Which is) the very thing it was required to show. 


Proposition 32 


Parallelepiped solids which (have) the same height 
are to one another as their bases. 


B D K 

A C G H 

Let AB and CD be parallelepiped solids (having) the 
same height. I say that the parallelepiped solids AB and 
C D are to one another as their bases. That is to say, as 
base AE is to base CF, so solid AB (is) to solid C D. 

For let FH, equal to AE, have been applied to FG (in 
the angle FGH equal to angle LCG) [Prop. 1.45]. And 
let the parallelepiped solid GK, (having) the same height 
as CD, have been completed on the base FH. So solid 
AB is equal to solid Gk. For they are on the equal bases 
AE and FH, and (have) the same height [Prop. 11.31]. 
And since the parallelepiped solid CK has been cut by 
the plane DG, which is parallel to the opposite planes (of 
CK), thus as the base CF is to the base F H, so the solid 
C D (is) to the solid DH [Prop. 11.25]. And base FH (is) 
equal to base AF, and solid GK to solid AB. And thus 
as base AF is to base CF, so solid AB (is) to solid CD. 

Thus, parallelepiped solids which (have) the same 


height are to one another as their bases. (Which is) the 
very thing it was required to show. 








Proposition 33 


Similar parallelepiped solids are to one another as the 
cubed ratio of their corresponding sides. 

Let AB and CD be similar parallelepiped solids, and 
let AE correspond to CF’. I say that solid AB has to solid 
CD the cubed ratio that AF’ (has) to CF. 

For let EK, EL, and EM have been produced in a 
straight-line with AE, GE, and H E (respectively). And 
let EK be made equal to CF’, and EL equal to FN, and, 
further, £M equal to FR. And let the parallelogram K L 
have been completed, and the solid K P. 


459 


S TOIXEIGN to. 


Kol nel úo w KE, EA duol toas TZ, ZN tom ciotv, 
GA xol Ycowvt(a À òrò KEA yoviy t òrò TZN otv ton, 
érevoyrco xa À òrò AEH t ond [TZN &oxv tor) à viv 
óuovótrva tõv AB, TA otepeðy, toov ğpa &oxi [xoà óuotov 
tO KA napodAnrdyeauuoy 74 ITN napahanioypáuuw. did 
TH KOTH OF Kal TO UEV KM nxopoAAnAóYvpouuov toov ot) xal 
duotov t4) ITP [napodAndoyeduue] xol Ett tò EO 165 AZ: 
Tota “oa napadAnrdoyeauua tod KO otepscot tect napa- 
Anroyeduuoic toh TA otepcod toa goth xal Öuora. AAAA TH 
uèv tola TOLOL Toi¢ &nevavtiov toa Fath xal Čuo, TÀ Oè tola 
tool tois ànevavtiov toa oth xal uor CAOV koa tò KO 
oteocoyv OAw 165 TA otepoec& tcov &odi xol óuowv. OVUTE- 
r^rnpoo9o tò HK rapahànàóypauuov, xal &nò Báocwy uèv 
tv HK, KA napadAnddyeauumy, vpouc è Tob avtod 16H 
AB oegeà cuunen^rnpoo9o rà EZ, AIL xoi net dà trjv 
óuotótriva. xv AB, DÀ oxegeóv &ouv óc f?) AE, ngóc tiv 
IZ, obxoc ?, EH. ngóc xv ZN, xoi Y; EO npòs ty ZP, tor 
òè Y] u£v ITZ «fj EK, 9; 6€ ZN «fj EA, 9; 6€ ZP tH EM, Eottv 
oa s Y| AE ngóc tijv EK, obcoc Y, HE med¢ thy EA xoi f| 
OE noóc tùy EM. &A' óc uev Å AE npóc cv EK, obcoc 1o 
AH |[nopadAnrdyeauuoy] tooc tò HK raparànióypauuov, 
óc 0€ A HE node thy EA, ottw¢ tò HK ngóc tò KA, óc 
òè À OE nod¢ EM, ottaw¢ tò IE npòs tò KM: xal ðc &pa 
tò AH napahànióypauuov roòc tò HK, obtw¢ tò HK tpòs 
tO KA xoà xó IIE ngóc xó KM. àAX' óc uev xó AH ngóc 
tó HK, obtoc tò AB oxepeóv npóc 10 ES otepedy, cx 0€ 
tò HK noóc xó KA, obxoc 16 EE ocegeóv npóc tò IA 
otepedy, óc 0€ tò IE ngóc xó KM, obxoc tò IA ocepeóv 
npóc tò KO otepeóv: xal ðs How 70 AB otepedyv med¢ TO 
EA Güte TO EE nod¢ to IIA xat t6 TIA node t6 KO. 
àv O£ TEcoUpA EYED KATH TO GUVEYES AVaAOYOY Å, TÒ 
TOEGITOV TEOS TO TETAOTOV TOLTAMOLOVa ADYOY EXEL HEE TOO 
TÒ öcútepov': TÒ AB &pa oxepeóv npóc TO KO xpuaoctova 
Aóvov £y& Tinep xó AB npóc 10 ES. GAA’ Bo tO AB ted¢ 
tO ES, ottw¢ TO AH rapaàinióypauuov mod¢ tò HK xot À 
AE edvdcia node tiv EK: Gote xoi xó AB ocepgeóv npóc 1 
KO teitAactova Adyoy éyet Anco Y; AE med¢ thy EK. toov 
dé tO [uev] KO otepedy 16 TA oteped, À dè EK eó9cia 
t TZ xa tò AB toa otepeòv med¢ TO TA otepedy tot- 
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C F 


R 
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And since the two (straight-lines) KE and EL are 
equal to the two (straight-lines) CF and FN, but angle 
K EL is also equal to angle C FN, inasmuch as AEG is 
also equal to CFN, on account of the similarity of the 
solids AB and C D, parallelogram K L is thus equal [and 
similar] to parallelogram C N. So, for the same (reasons), 
parallelogram KM is also equal and similar to [parallel- 
ogram] CR, and, further, EP to DF. Thus, three par- 
allelograms of solid KP are equal and similar to three 
parallelograms of solid CD. But the three (former par- 
allelograms) are equal and similar to the three opposite 
(parallelograms), and the three (latter parallelograms) 
are equal and similar to the three opposite (parallelo- 
grams) [Prop. 11.24]. Thus, the whole of solid KP is 
equal and similar to the whole of solid C D [Def. 11.10]. 
Let parallelogram Gk have been completed. And let the 
the solids EO and LQ, with bases the parallelograms GK 
and KL (respectively), and with the same height as AB, 
have been completed. And since, on account of the sim- 
ilarity of solids AB and C D, as AE is to CF, so EG (is) 
to FN, and EH to FR [Defs. 6.1, 11.9], and CF (is) 
equal to EK, and FN to EL, and FR to EM, thus as 
AE is to EK, so GE (is) to EL, and HE to EM. But, 
as AE (is) to EK, so [parallelogram] AG (is) to paral- 
lelogram Gk, and as GE (is) to EL, so GK (is) to KL, 
and as H E (is) to EM, so QE (is) to KM [Prop. 6.1]. 
And thus as parallelogram AG (is) to Gk, so GK (is) 
to KL, and QE (is) to KM. But, as AG (is) to GK, so 
solid AB (is) to solid FO, and as GK (is) to KL, so solid 
OE (is) to solid QL, and as QE (is) to K M, so solid QL 
(is) to solid KP [Prop. 11.32]. And, thus, as solid AB 
is to EO, so EO (is) to QL, and QL to K P. And if four 
magnitudes are continuously proportional then the first 
has to the fourth the cubed ratio that (it has) to the sec- 
ond [Def. 5.10]. Thus, solid AB has to KP the cubed 
ratio which AB (has) to HO. But, as AB (is) to HO, so 
parallelogram AG (is) to GK, and the straight-line AF 
to EK [Prop. 6.1]. Hence, solid AB also has to KP the 
cubed ratio that AE (has) to EK. And solid KP Cis) 
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TAactova Aóvov &ye Tjxep Y, óuóAoYvoc abvoO nÀeupà Y) AE 
npóc tv óuóAoYvov nÀgeupgàv THY DZ. 
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equal to solid CD, and straight-line EK to CF. Thus, 
solid AB also has to solid CD the cubed ratio which its 
corresponding side AF (has) to the corresponding side 
CF. 





Tà &pa ðuora otepeà mapahAnAetineda ev xpurAaotov. 
AOY EOTL THY Öuoróywv rAcupGv: ónep &£Occ SeiZou. 


lópioua. 

‘Ex O7» tovtou gavepóv, Öt &àv xéooapec eUDEton 
& VA oYov Gov, EOCTA OS Å TEOT MOOS THY TETHOTHY, ODT 
TO ONO THC TEOTNC OTEPEÒV TAPAAANAETIÍNEDOV NESS TO UNO 
Tic SeUTEOAS TO GUOLOV xal óuotoc &voaryvporóuevov, Excinee 
xal Y) xpo) npóc THY TETHOTHY TOLNAACtOVa AGYOY ëye NEE 
TOOS THY SELTEOAY. 

Oo.” 

TGv tocv otepeGv napohAnAemingswmv àvunrenóvüooty 
at Dácetc toic Üdeotv: xol Gv otepeðy ropa ^ renuné8oy 
àvxuxenóvUOoaocty oi Dácetc tole Udbeow, tow Eotiy &xelva. 

"Ecco toa otepeà napaànàenineõa xà AB, DA: Aévo, 
öt x&v AB, DÀ ocxepeGv napoX A renixéoov ivunxenóvüootv 
at Ba&oetc xoic Dieot, xot &£cv óc fj EO Bóáoic mode THY 
NII Béow, ottw¢ 1ó to} TA oxegeo0 Doc npóc tò toŭ AB 
ctepeoU Doc. 

"Eococav Yàp npóxegov oi &geotrxuiot ot AH, EZ, AB, 
OK, TM, N=, OA, IIP noòc pàs voc Dáoeow aótGv 
KEY, OTL Eotly ðc Å EO Bois medc¢ thy NIT Baow, odtw< 
f, UM rede thy AH. 

Bi yey obv ton cotty f, EO Baow tH NIT Baoet, čot o£ 
xat tO AB otepedy 165 TA otepeds taov, oto xot ATM tH 
AH toy. tà yàp oxó xo ato Doc oxepeà rogo) mAenineóo 
TOOS GAANAG EoTIV Wc at BdoEtc. xal Cota ðc À EO Bács 
npóc t?jv NII, obzoc 9; UM neóc cv AH, xoà qavegóv, óc 


Thus, similar parallelepiped solids are to one another 
as the cubed ratio of their corresponding sides. (Which 
is) the very thing it was required to show. 


Corollary 


So, (it is) clear, from this, that if four straight-lines are 
(continuously) proportional then as the first is to the 
fourth, so the parallelepiped solid on the first will be to 
the similar, and similarly described, parallelepiped solid 
on the second, since the first also has to the fourth the 
cubed ratio that (it has) to the second. 


Proposition 34! 


The bases of equal parallelepiped solids are recip- 
rocally proportional to their heights. And those paral- 
lelepiped solids whose bases are reciprocally proportional 
to their heights are equal. 

Let AB and C D be equal parallelepiped solids. I say 
that the bases of the parallelepiped solids AB and CD 
are reciprocally proportional to their heights, and (so) as 
base EH is to base NQ, so the height of solid C D (is) to 
the height of solid AB. 

For, first of all, let the (straight-lines) standing up, 
AG, EF, LB, HK, CM, NO, PD, and QR, be at right- 
angles to their bases. I say that as base EH is to base 
NQ,so CM (is) to AG. 

Therefore, if base EH is equal to base NQ, and solid 
AB is also equal to solid C D, CM will also be equal to 
AG. For parallelepiped solids of the same height are to 
one another as their bases [Prop. 11.32]. And as base 
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tv AB, TA otepeisy napadAnAeminésov åvtuneróvůacv o 
Bdoetc tote beat. 





Mr, £oxo 0r) tor, Y, EO Bao th NIT Bácsi, AAA ote 
uciCov Y, EO. got: de xol tO AB otepedy 165 TA otepe& 
tcov: uetGov goa gotl xa À ITM thc AH. xetodw obv tH 
AH fon 4 UT, xoi cuunen^rnooo0o ànó Déosoc u£v cfjc 
NII, bdoug è 100 L'T, oxegeóv nopoAAnAentneGov tò Pr. 
xoi, &nel toov &oxi tò AB otepeòv tõ L'A ocxegeG, £&oecv oe 
TÒ I P, tà OE tam MOOS TO AUTO TOV AUTOV EyEL AOYOY, EOTIV 
toa w¢ tO AB otepedyv node 10 [® otepedy, ottwo tO TA 
otepeoy Ted TÒ [P otepeóv. GAN’ óc ue£v xó AB ocepcóv 
npóc TÒ I' oxepeóv, obxoc f| EO B&owc ngóc vv NII Dáovw: 
iooddh yuo tà AB, TE otepsd we è tò TA otepedv ned 
tO T@ otepedv, ovtwc y MIT Baoic noog thy TIL Báow 
xoi *| I'M ngóc tv D'T* xot óc àpa Y, EO D&otc npóc ty 
NII Báo, obt1oxc f, MI ngóc vy VT. ton de HUT tH AH 
xoi > koa Å EO Báo ngóc xrjv NII B&otw, ooxoc y, MP 
ted tv AH. x&v AB, L'À &pa oxepeGv nopo) ^ rAeniné8oy 
&vunenxóvOaot oi D&ácetc volc Oeo. 

IléAw dy tv AB, TA oxegeóv rogo ^renuxéoov àvtt- 
TETOVUETWOAY al Pd&oEetc Tote Udbeow, xoi £oto óc f, EO 
Bács npóc tijv NII B&otw, obxoc t6 toh TA otegeot toc 
Teds tO 1o0 AB ocegeo0 Uoc: Aévo, óut toov atl TO AB 
oteoeoy 165 TA otepeð. 

"Eotwoayv [yuo] nó^tv ot &geocrxuiot npóc ópOdc coüc 
Dáceoct. xol ek uev ton £o ivy Y| EO Dó&oic th NIT Gáoet, xot 
£cuv óc f, EO Baoug node thy NIT Baouw, obtw¢ tO tod 
TA ocepeo6 Doc noóc tò to AB otepcot bdog, toov tou 
£c xol TÒ toU TA otepsod teboc 16 tol AB otepeod been. 
TÒ ÖS &ri toov Dáceov otepe& napa A rAent(xeoo xoi oxó tÓ 
ato Ouoc toa GÀ Aotc &oc(v: toov wow &oxi xó AB oxepeóv 
6) TA oteoeds. 

M7, £oxo 97, Å EO Báo cf; NII |[Báce ton, GA’ &oxo 
uciCov Y, EO: uetCov gow otl xa tò toŭ L'A cxegeo0 Dtboc 
tot tot AB otepcot Dugouc, voutéouv 4 TM cfi; AH. 
xetode tÅ AH ton táv ADT, xoà cuuxen^npooo90 óuotoc 
tO [T otepeóv. nel ouv ðs f| EO Báo ngóc thy NII 
Dáci, obtoc f| MI node thy AH, fon de 4 AH tH UT, 
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EH (is) to NQ,so CM will be to AG. And (so it is) clear 
that the bases of the parallelepiped solids AB and CD 
are reciprocally proportional to their heights. 





K B Ww 
— 


mh afo 
AO NOA 


A E 

So let base EH not be equal to base NQ, but let EH 
be greater. And solid AB is also equal to solid C D. Thus, 
CM is also greater than AG. Therefore, let CT’ be made 
equal to AG. And let the parallelepiped solid VC have 
been completed on the base NQ, with height CT. And 
since solid AB is equal to solid C D, and CV (is) extrinsic 
(to them), and equal (magnitudes) have the same ratio to 
the same (magnitude) [Prop. 5.7], thus as solid AB is to 
solid CV, so solid C D (is) to solid CV. But, as solid AB 
(is) to solid CV, so base EH (is) to base NQ. For the 
solids AB and CV (are) of equal height [Prop. 11.32]. 
And as solid C D (is) to solid CV, so base MQ (is) to base 
TQ [Prop. 11.25], and CM to CT [Prop. 6.1]. And, thus, 
as base EH is to base NQ, so MC (is) to AG. And CT 
(is) equal to AG. And thus as base EH (is) to base NQ, 
so MC (is) to AG. Thus, the bases of the parallelepiped 
solids AB and CD are reciprocally proportional to their 
heights. 

So, again, let the bases of the parallelepipid solids AB 
and CD be reciprocally proportional to their heights, and 
let base EH be to base NQ,as the height of solid C D (is) 
to the height of solid AB. I say that solid AB is equal to 
solid C D. [For] let the (straight-lines) standing up again 
be at right-angles to the bases. And if base EH is equal 
to base NQ, and as base EH is to base NQ, so the height 
of solid C D (is) to the height of solid AB, the height of 
solid CD is thus also equal to the height of solid AB. 
And parallelepiped solids on equal bases, and also with 
the same height, are equal to one another [Prop. 11.31]. 
Thus, solid AB is equal to solid CD. 

So, let base EH not be equal to [base] NQ, but let 
EH be greater. Thus, the height of solid CD is also 
greater than the height of solid AB, that is to say CM 
(greater) than AG. Let CT’ again be made equal to AG, 
and let the solid CV have been similarly completed. 
Since as base EH is to base NQ, so MC (is) to AG, 
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čaty pa Os Å EO doug ngóc viv NII B&ow, oovoc Y; UM 
npóc tày TT. &AX ós uèv À EO |Báoic] ngóc vjv NII Gov, 
oŬtws tò AB otepeòv npóc tò [P otepeóv: tooŭp ydo 
£c tà AB, TË otepe& we d¢ HEM node thy PT, ot tw 
ğ te MII Båois noog thy IIT Báow xoi xó DA otepedv 
npóc t6 otepedy. xal OS Koa tò AB otepedyv med¢ TO 
[® oteoedy, ottw¢ tò TA otepedv npoòcs tò IP otepeóv: 
exatepov toa tõv AB, TA mngóc xó D tov adtdv Eyer 
Aóvov. tcov üpa £&oxi tò AB otepeòv 165 TA otepeds. 





My gotwoay df at E~eotyxvta ai ZE, BA, HA, KO, 
EN, AO, MI, PII node dedac toc Báocow aùtõv, xoa 
fiy6ocav ànó x&v Z, H, B, K, E, M, P, À onyuctov &ri 
tà dà t&v EO, NII &n(xeoa xó&0üetot xoi cuupoAAétocav 
toig émnmedsoic wate xà 9, T, Y, 6, X, V, Q, <, xa ouy- 
neTAnoMmove ta ZO, HO oteoed& Ayu, OTL xal ODTWC towv 
évtwy TOV AB, TA otepeðv áàvunxenóvOoao at Bdoeic Totc 
vdeow, xal otv ðc Å EO Baow nedc thy NIT B&ow, ottw< 
to tol TA otepeot tdbog node 16 tol AB otepcod bdos. 

‘Enel toov otl tò AB otepedy 165 TA otepeds, GAAX TO 
uev AB 163 BT otv ftoov: éxt te yuo the aotfjc Dáoeóc 
ciot ts ZK xal brò tò abTO Udoc: TO de TA otepedy 1H 
AW otv oov: èni te yàp xóv vfic aocfjc Dáoeoc ciot tc 
PE xoà ónó 1o abo poc: xal tò BT pa otepeòv và) AV 
otepgeG toov cotty. Eotiv doa ac À ZK Báo npóc tjv =P 
Dá&ctv, obtoc TO tol AW otepeoŭ pos nodc¢ tò toŭ BT 
ctepeoU Doc. tor] 6€ 7| u£v ZK Dóow vf; EO Booci, 7| 6€ 
=P Béo cf; NII Gácev £c &pa óc f; EO B&otc mode viv 
NII Béou, obta¢ t6 to AV oteocod bdbog nod¢ t6 to} BT 
otepeod tboc. và ^ abxà Dd] £o vv AW, BT ocegeGv 
xa tv AT, BA: Eotw koa Ho Å EO Báo npóc xrjv NII 
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and AG (is) equal to CT, thus as base EH (is) to base 
NQ, so CM (is) to CT. But, as [base] EH (is) to base 
NQ, so solid AB (is) to solid CV. For solids AB and CV 
are of equal heights [Prop. 11.32]. And as CM (is) to 
CT, so (is) base MQ to base QT [Prop. 6.1], and solid 
CD to solid CV [Prop. 11.25]. And thus as solid AB Cis) 
to solid CV, so solid C D (is) to solid CV. Thus, AP and 
C D each have the same ratio to CV. Thus, solid AB is 
equal to solid C D [Prop. 5.9]. 





So, let the (straight-lines) standing up, FE, BL, GA, 
KH, ON, DP, MC, and RQ, not be at right-angles to 
their bases. And let perpendiculars have been drawn to 
the planes through EH and NQ from points F, G, B, K, 
O, M, R, and D, and let them have joined the planes at 
(points) S, 7, U, V, W, X,Y , and a (respectively). And 
let the solids FV and OY have been completed. In this 
case, also, I say that the solids AB and C D being equal, 
their bases are reciprocally proportional to their heights, 
and (so) as base EH is to base NQ, so the height of solid 
C D (is) to the height of solid AB. 

Since solid AB is equal to solid C D, but AB is equal 
to BT. For they are on the same base F K, and (have) the 
same height [Props. 11.29, 11.30]. And solid C D is equal 
is equal to DX. For, again, they are on the same base RO, 
and (have) the same height [Props. 11.29, 11.30]. Solid 
BT is thus also equal to solid DX. Thus, as base FK (is) 
to base OR, so the height of solid DX (is) to the height 
of solid BT (see first part of proposition). And base FK 
(is) equal to base EH, and base OR to NQ. Thus, as 
base EH is to base NQ, so the height of solid DX (is) to 
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Bác, oŬtwc xó 100 AT' oxegeo0 Udo med¢ tò toŭ AB ots- 
pcoŭ Duoc. t&v AB, TA &pa oxegeGv nopo) ^ rAenuné8ovy 
&vunenóvOaot oi D&cetc tos Ŭpeow. 

Hév ò tv AB, TA otepssyv napodAnremnédav vt- 
TETOVUETWAGAY al Pd&oEtc Toc Udbeow, wal Eotw Go 7} EO 
Baoug node thy NII Béow, obtw¢ t6 toh TA otepeot toc 
Teds tO tov AB otegeot Udo: AEyoo, Öt toov otl tò AB 
oteoeoy 165 TA otepeð. 

Tõv yao avt&yv xataoxevaovevtoy, Enel Eottv Wc Å EO 
Dáoic npóc thv NII B&otv, o0xoc t6 toh TA otepeot thoc 
meds tO to AB oceoeo0 Uoc, tor òè Y; uev EO Badong tH 
ZK Bács, Y, 6€ NII *fj £P, £ouv &pa óc f, ZK D&otc npoc 
tv EP péow, obtxoc 16 vo0 DA occpeob Doc npóc tò 
to0 AB ocepeo0 poc. xà 9^ abxà Dur) £o. xv AB, DA 
ctepgeGv xoi xv BT, AV: £ouv pa ðc Å ZK Báo npóc 
ty EP Béaw, ottw¢ 10 tol AV oxepeo0 Dtjoc npóc 1o xoO 
BT otepeot bdo. tHv BT, AV koa otepeiiv naparAnhe- 
TuxéOc v AvtinEeTOvVoaaty at Baceic xoic Deo: toov pa ot 
tO BT otepeòv tõ AW otepeG. GAAd 16 uev BT x BA 
(cov otv: èni te yao vfi; aotfic Dáoeoc [eto] tHe ZK xo 
UNO TO AUTO Uipoc. TO dè AW otepeoy xà AT' oxegeG toov 
cotty. xa tÒ AB doa otepeov tH) TA otepeds &ouv toov 


e 


OnEO Eder cioa. 
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the height of solid BT. And solids DX, BT are the same 
height as (solids) DC, BA (respectively). Thus, as base 
EH is to base NQ, so the height of solid DC (is) to the 
height of solid AB. Thus, the bases of the parallelepiped 
solids AB and CD are reciprocally proportional to their 
heights. 

So, again, let the bases of the parallelepiped solids 
AB and CD be reciprocally proportional to their heights, 
and (so) let base EH be to base NQ, as the height of 
solid C D (is) to the height of solid AB. I say that solid 
AB is equal to solid C D. 

For, with the same construction (as before), since as 
base EH is to base NQ, so the height of solid C D (is) to 
the height of solid AB, and base EH (is) equal to base 
FK, and NQ to OR, thus as base FK is to base OR, 
so the height of solid C D (is) to the height of solid AB. 
And solids AB, C D are the same height as (solids) PT, 
DX (respectively). Thus, as base FK is to base OR, so 
the height of solid DX (is) to the height of solid BT. 
Thus, the bases of the parallelepiped solids BT' and DX 
are reciprocally proportional to their heights. Thus, solid 
BT is equal to solid DX (see first part of proposition). 
But, BT’ is equal to BA. For [they are] on the same base 
FK, and (have) the same height [Props. 11.29, 11.30]. 
And solid DX is equal to solid DC [Props. 11.29, 11.30]. 
Thus, solid AB is also equal to solid CD. (Which is) the 
very thing it was required to show. 


t This proposition assumes that (a) if two parallelepipeds are equal, and have equal bases, then their heights are equal, and (b) if the bases of 


two equal parallelepipeds are unequal, then that solid which has the lesser base has the greater height. 


AE. 


E&v Gov 600 yovlon Emimedot tom, Ent O& TOV XO- 
ELOGY avtdv vEetewoor covet ematavadow toug ywvlac 
NEPLEYOVGOL UETA THY EF àpyfjc cvVeLv Exateoav ÊXATÉPQ, 
Enl òè TOV UETEWOWY ANODA tTLYdvTA onusta, nol an’ “DTH 
Enl tà ENimEda, Ev Olc slow al Ef Hoyhc yovian, xaVetor 
ayvdsotv, ano ¢ Tv yevouevay onuctwv Ev tois énuxéootc 
&ri tae && àpyfjc Ywviac EmCevyVBow ceo, toas ywviac 
TECLECOVOL USTY TOV UETEMOWY. 

"Eotwoay vo yovlar còðúypauuor too of Dro BAT, 
EAZ, ano de tv A, A onuctwy yetéwoot codeton Epeotat- 
woav at AH, AM toacg ywviag negiéyovow peta Gv && 
coytc covey éxatéoav Exatéoeg, thy u£v òrò MAE rf 
òrò HAB, civ de brd MAZ th ond HAT, xoà eO po 
&£ri vv AH, AM «xvyóvxa onucia xà H, M, xoi fy 9ocav 
ono TOV H, M onuctoy &ri tà &à vóv BAT, EAZ £ríneoa 
xáoerot oi. HÀ, MN, xoi cuupoAAévocay tote emnédoic 
nota ta A, N, not éneCevydwoay at AA, NÀ: Aévo, óu tor 


c * 


£cdly fj óxró HAA yovia t òrò MAN vowvíq. 


Proposition 35 


If there are two equal plane angles, and raised 
straight-lines are stood on the apexes of them, containing 
equal angles respectively with the original straight-lines 
(forming the angles), and random points are taken on 
the raised (straight-lines), and perpendiculars are drawn 
from them to the planes in which the original angles are, 
and straight-lines are joined from the points created in 
the planes to the (vertices of the) original angles, then 
they will enclose equal angles with the raised (straight- 
lines). 

Let BAC and EDF be two equal rectilinear angles. 
And let the raised straight-lines AG and DM have been 
stood on points A and D, containing equal angles respec- 
tively with the original straight-lines. (That is) MDE 
(equal) to GAB, and M DF (to) GAC. And let the ran- 
dom points G and M have been taken on AG and DM 
(respectively). And let the GL and MN have been drawn 
from points G and M perpendicular to the planes through 
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BAC and EDF (respectively). And let them have joined 
the planes at points L and N (respectively). And let LA 
and N D have been joined. I say that angle GAL is equal 
to angle MDN. 





Ketoto tH AM ton ġ AO, xal fyw dà o0 O cnustou 
th HÀ. xapéAAnAoc f, OK. 4 be HA xeVetd¢ Eatw Ext tO 
ov x&v BAT én(neoov: xoi y, OK &pa xéá0g1óc Eotw Ent tò 
Ov t&v BAT é&n(ne80v. Ay Qwoauy and x&v K, N onustov 
ént tac AT, AZ, AB, AE eó9c(ac xá0exov ot KT, NZ, KB, 
NE, xoi &neCeóy9060av oi OD, DB, MZ, ZE. éxet tO and 
tc OA toov oti tois ànó x&v OK, KA, x6 6€ àxó xfjc KA 
toa £o xà àrxó tõv KT, TA, xa tò ànó thc OA pa toov 
éotl toic and tv OK, KT, TA. tote òè á&nrò tõv OK, KT 
toov ot} TO ånò ts OIL: tò dow and the OA toov ot toic 
ano THY OL, TA. d00 dou Eotiy Å òrò OTA yovia. oux xà 
auta dy) xal Ono AZM yovia pý otv. ton doa éotiv 
7) òrò ATO yovia t òrò AZM. £o 8€ xoi Å òrò OAT 
tfj óxó MAZ ton. S00 dy tetywve ot tà MAZ, OAT 000 
ywvlas duol yovlar toas £y ovra éxatépav &xorvépo xal ulav 
TASVEAY ui& tàcvo& tony THY LroTElvovcay UNO Ulav TOV 
towy yaudy thy OA th MA: xal tac Aowmae how TAcvEd 
toc Aonais nàcupos toas Ečer éxatépav éxapépg. ton Koa 
éotiy ¥) AD th AZ. uolws oy SetGouev, óu xoi À AB «f| 
AE otv ton. éxet obv ton &oxiv f; u£v AT. xfj AZ, f; 6€ 
AB cf; AE, 900 865j oi T'A, AB uol tos ZA, AE tou cioty. 
&AA&à xol vovta À òrò TAB yovig xfj ónó ZAE éotw ton: 
Bács &pa À BPI Béost vf; EZ ton cti xal tO tolywvoy x6 
tpty owe xol ot Xovrol yovlar tais Aouroic Y« toic: tov) rat r) 
ono ADIB vovía t nrò AZE. čom è xoa óp97) Å òrò ATK 
òp tý òrò AZN tory xa Aoi) &gac À òrò BIK Aani ti 
bno BZN otv ton. dà xà oótà 97) xoi A ONO BK th Ono 
ZEN otv ïon. 900 97) ve(vová& ou xà BIK, EZN [tàs] 
Dúo ywvlas duol ywvlas toas čyovta &xorcépaty &xorcépot xal 
uiay TAcupàv w& xAcup& torjv tijv xpóc voli toas ywviac 
thy BI th EZ: xal tàs Aowxóc ópo nàcupàs voüc Aowtoüc 
tàscupois toas čcovo. ton soa cotiv À IK tý ZN. čot 6€ 


Let AH be made equal to DM. And let H K have been 
drawn through point H parallel to GL. And GL is per- 
pendicular to the plane through BAC. Thus, H K is also 
perpendicular to the plane through BAC [Prop. 11.8]. 
And let KC, NF, KB, and NE have been drawn from 
points K and N perpendicular to the straight-lines AC, 
DF, AB, and DE. And let HC, CB, M F, and FE have 
been joined. Since the (square) on HA is equal to the 
(sum of the squares) on HK and KA [Prop. 1.47], and 
the (sum of the squares) on KC and CA is equal to the 
(square) on KA [Prop. 1.47], thus the (square) on H A 
is equal to the (sum of the squares) on H K, KC, and 
CA. And the (square) on HC is equal to the (sum of 
the squares) on H K and KC [Prop. 1.47]. Thus, the 
(square) on H A is equal to the (sum of the squares) 
on HC and CA. Thus, angle HCA is a right-angle 
[Prop. 1.48]. So, for the same (reasons), angle DFM 
is also a right-angle. Thus, angle ACH is equal to (an- 
gle) DFM. And HAC is also equal to MDF. So, MDF 
and H AC are two triangles having two angles equal to 
two angles, respectively, and one side equal to one side— 
(namely), that subtending one of the equal angles —(that 
is), H A (equal) to M D. Thus, they will also have the re- 
maining sides equal to the remaining sides, respectively 
[Prop. 1.26]. Thus, AC is equal to DF. So, similarly, we 
can show that AB is also equal to DE. Therefore, since 
AC is equal to DF, and AB to DE, so the two (straight- 
lines) CA and AB are equal to the two (straight-lines) 
FD and DE (respectively). But, angle C AB is also equal 
to angle F DE. Thus, base BC is equal to base EF, and 
triangle (AC B) to triangle (DF E), and the remaining 
angles to the remaining angles (respectively) [Prop. 1.4]. 
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xoi ù AT t AZ ton: 800 87) oà AD, TK 806i tos AZ, ZN 
toot cici xa pàs yovias tegéyovow. Báo gow À AK 
Bácsi tÅ AN ton cotiv. xal &nxel tor] £ouv À AO t AM, 
toov &o xoi TO dnd the AO xG àxó cfjic AM. dà xG uev 
ano tfjc AO tco &oxi ta and x&v AK, KO: óp yàp f| oro 
AKO: 76 6€ ànó tic AM toa xà àxó x&v AN, NM- ógpr 
yàp Å òrò ANM: xà how and tv AK, KO tow goth tote 
àxó x&v AN, NM, &v xó ànó the AK toov Eotl 16 and tc 
AN: Aotxóv &poa xo ànó xfj; KO tcov &oxi x6 and tho NM: 
ton &ea ñ OK t MN. xal Exel S00 of OA, AK uol tos 
MA, AN too eiclv &xaxépa &xaxépo, xol Dáotc Y, OK Dácet 
th MN edetydn fon, yavia dea Y, oxó OAK vovta tfj ono 
MAN otv ïon. 

Eàv goa Got 600 ywvia ëninedo toa xal ta &&fjc vfic 
Teotdaews |Gnece Eder deté]. 


lópioua. 

"EX OF TOUTOL MavEpoy, OTL, E&Y Mot Dúo vovtot &nixeoot 
too, Emotavdo. SF En’ avtey uctéwpo, evdVeton tow toas 
yovlag tepéyouvcoa usta TOV €E oys cOVElOv Exatéoav 
EXATEOA, al an auto y xdVetor dyouevon Ent te Emtmeda, Ev 
oic cio al Sf àpyfjc Ycviou, too GAAKAac clotv. Once Eder 
Occ on. 


As. 

"Eàv pei; eoUciot àváAovov ow, TÒ x TV TEV 
otepeóv mapoAArAen(neoov toov ot TG nò tc uéonc 
OTEOEG) TAPKAANAETINEDW tooràcúpw EV, toovovigo 6€ tõ 
TPOELENUÉVO). 
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Thus, angle AC B (is) equal to DF E. And the right-angle 
ACK is also equal to the right-angle DFN. Thus, the 
remainder BCK is equal to the remainder EFN. So, 
for the same (reasons), CBK is also equal to FEN. 
So, BCK and EFN are two triangles having two an- 
gles equal to two angles, respectively, and one side equal 
to one side—(namely), that by the equal angles—(that 
is), BC (equal) to EF. Thus, they will also have the re- 
maining sides equal to the remaining sides (respectively) 
[Prop. 1.26]. Thus, C K is equal to FN. And AC (is) also 
equal to DF. So, the two (straight-lines) AC and C K are 
equal to the two (straight-lines) DF and FN (respec- 
tively). And they enclose right-angles. Thus, base AK is 
equal to base DN [Prop. 1.4]. And since AH is equal to 
DM, the (square) on AH is also equal to the (square) on 
DM. But, the the (sum of the squares) on AK and KH 
is equal to the (square) on AH. For angle AKH (is) a 
right-angle [Prop. 1.47]. And the (sum of the squares) 
on DN and N M (is) equal to the square on DM. For an- 
gle DN M (is) a right-angle [Prop. 1.47]. Thus, the (sum 
of the squares) on AK and KH is equal to the (sum of 
the squares) on DN and NM, of which the (square) on 
AK is equal to the (square) on DN. Thus, the remaining 
(square) on KH is equal to the (square) on NM. Thus, 
HK (is) equal to MN. And since the two (straight-lines) 
HA and AK are equal to the two (straight-lines) MD 
and DN, respectively, and base H K was shown (to be) 
equal to base MN, angle HAK is thus equal to angle 
MDN [Prop. 1.8]. 

Thus, if there are two equal plane angles, and so on 
of the proposition. [(Which is) the very thing it was re- 
quired to show]. 


Corollary 


So, it is clear, from this, that if there are two equal 
plane angles, and equal raised straight-lines are stood 
on them (at their apexes), containing equal angles re- 
spectively with the original straight-lines (forming the 
angles), then the perpendiculars drawn from (the raised 
ends of) them to the planes in which the original angles 
lie are equal to one another. (Which is) the very thing it 
was required to show. 


Proposition 36 


If three straight-lines are (continuously) proportional 
then the parallelepiped solid (formed) from the three 
(straight-lines) is equal to the equilateral parallelepiped 
solid on the middle (straight-line which is) equiangular 
to the aforementioned (parallelepiped solid). 
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"Eotwoay tocic cvveta &váñoyov ot A, B, T, oc 4 A 
meds thy B, ottw¢ FB npóc xijv I^ Aévo, óu 1o &x vGv 
A, B, l' oxepgeóv toov oti 16 àno vfic B oxepeG icon^eópo 
uev, icovovío 6€ 1G xpoctenu£vo. 

"Eaoxeto0c oteged vota Y) npóc 16 E nepieyougvn ono 
tay bro ABH, HEZ, ZEA, xal xetode cf u£v B tor £x&o1 
:Gv AE, HE, EZ, xoi cuuxen^rpooo90o tò EK otepeòv na- 
pgoAArAen(ingOov, vf; 6€ À tor À AM, xoi cuveotátxo npóc 
tfj AM eó96c(q xoi tT npóc aOtf| oracio xG A tfj npóc x6 
Ej oxepeà voví(o tov, oxveped vota Y| repevyouévr, ono tv 
NA&, EAM, MAN, xoi xe(o90 tÅ uèv B ton Y, AS, th Se 
I ton Y, AN. xoà &nc( £owv óc fj A npóc tiv B, obxoc f; B 
ngoc t'y D, tor 9€ yj u£v A xfj AM, À òè B éxatépg tõv Az, 
EA, fj 6€ P «fj AN, £oxv &pa óc Y; AM rede thy EZ, ot tw 
À AE nxpóc vv AN. xoà negl toas yovias tàs òrò NAM, 
AEZ o& rÀAeupgol àvxuenóvOaot: toov &oa ot tò MN ra- 
pah nAóypauuov tõ AZ rapa) nAovoouóuuo. xoi &nrel 600 
Ycvtot, £n(rxeoo0t eo Yopouuot toa cioty o òrò AEZ, NAM, 
xal EN’ KUTHY uetTéwpo. còta yecotõow d AZ, EH tow 
TE OAAHAOUS xal toas ywviac nepéyouca uexà Gv €E &pox Àc 
CLUELOV EXATEOAY ExaATEOa, al Koa and THY H, = onuelwv 
xáOectov &vóuevor &nri xà Oux x&v NAM, AEZ éExtreda toot 
AAA Aas eiotv: ore ta AO, EK oteped bro xo ato Dtpoc 
£ct(v. rà 6& émi toov Dáceov oteped napa A renineóa xol 
üxó 1Ó axo Üdoc tco GÀ Aot &oc(v: toov wow Eotl tò OA 
otegeóv 16 EK ocepeG. xot £o xó u£v AO 10 Ex tÕV A, 
B, I' ovegeóv, xó òè EK 10 and thc B otepedv: 10 kom Ex 
tõv A, B, IT otepeòv napadAndentnedov toov goth 16 dnd 
ts B oxepeG toonAsvoew UEV, laoyYWVIO OE TH MOOELONUEVED 
OnEO Eder Setean. 


ae 
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A 
B 


C 

Let A, B, and C be three (continuously) proportional 
straight-lines, (such that) as A (is) to B, so P (is) to C. 
I say that the (parallelepiped) solid (formed) from A, B, 
and C is equal to the equilateral solid on P (which is) 
equiangular with the aforementioned (solid). 

Let the solid angle at E, contained by DEG, GEF, 
and FED, be set out. And let DE, GE, and EF each 
be made equal to B. And let the parallelepiped solid 
EK have been completed. And (let) LM (be made) 
equal to A. And let the solid angle contained by N LO, 
OLM, and MLN have been constructed on the straight- 
line LM, and at the point £L on it, (so as to be) equal 
to the solid angle E [Prop. 11.23]. And let LO be made 
equal to B, and LN equal to C. And since as A (is) 
to B, so B (is) to C, and A (is) equal to LM, and B 
to each of LO and ED, and C to LN, thus as LM (is) 
to EF, so DE (is) to LN. And (so) the sides around 
the equal angles NUM and DEF are reciprocally pro- 
portional. Thus, parallelogram MN is equal to parallel- 
ogram DF [Prop. 6.14]. And since the two plane recti- 
linear angles DEF and NLM are equal, and the raised 
straight-lines stood on them (at their apexes), LO and 
EG, are equal to one another, and contain equal angles 
respectively with the original straight-lines (forming the 
angles), the perpendiculars drawn from points G and O 
to the planes through NEM and DEF (respectively) are 
thus equal to one another [Prop. 11.35 corr.]. Thus, the 
solids LH and EK (have) the same height. And paral- 
lelepiped solids on equal bases, and with the same height, 
are equal to one another [Prop. 11.31]. Thus, solid HL 
is equal to solid EK. And LH is the solid (formed) from 
A, B, and C, and EK the solid on B. Thus, the par- 
allelepiped solid (formed) from A, B, and C is equal to 
the equilateral solid on B (which is) equiangular with the 
aforementioned (solid). (Which is) the very thing it was 
required to show. 


Proposition 37! 
If four straight-lines are proportional then the similar, 
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OTECES TOOUAANASTINESA OUOLE TE Kal OMOLWS AvaAYEAPOUEVA 
&váAovov Eotov xal EXV TH AN aLTHY OTEESd TAEAAAY- 
Aetineda Óuou& ve xoà óuot(oc àvaypayóucva ivéXoYvov fF, 
Xo otü xol, odi coU cto (vé oYov &covtot. 


S S 
—— 


"Eotwmoay técoapes cuvetat — ot AB, a EZ, 
HO, óc 7 AB rede THY TA, ot two 4 EZ rode thy HO, xol 
avayeyedovwoay and x&v AB, DA, EZ, HO ópoi& xe xoi 
uolas xelusva oteoe& mapoAAnAerinesa xà KA, AT, ME, 
NH: Ayw, öt £oxlv óc 1ó KA npóc tò AT, ottwo TO ME 
Teog tO NH. 

‘Enet yuo Suotdy Cott ó KA oxegeóv napo Ar enineoov 
1G AT, tò KA &pga ngóc 1ó AT xguxAactova Aóvov &ye Aree 
À AB npóc cv DA. à tà aùtà 97) xoi tò ME ngóc tò NH 
toitAactova Advoy exer Aree Y, EZ nooc thy HO. xat cottv 
c Å AB node thy TA, obtoc f| EZ rode thy HO. xal òc 
&pa tó AK npóc 76 AT, ottwe tO ME rede to NH. 

AXAà 57) Eotw We TO AK otegedyv noòc tò AT oxepeóv, 
ovtws TO ME otepedv npòs xó NIT- Aéyo, Sti Eotly we À 
AB ecó9cta mode thy TA, obtw¢ À EZ modc thy HO. 

Enei yàp táv xó KA ngóc xó AT xputAaotova AóYvov 
eye. Anco Y) AB ngóc tvjv DA, £yei 96 xoi xó ME ngóc tò 
NH taniacliova Aóyov fixe Y, EZ nedc thy HO, xot £ouwv 
c :ó KA ngóc xó AT, oDtoc 1ó ME npóc tò NH, xat cc 
&pa Y) AB ngóc t'y DA, obxoc f| EZ ngóc xy HO. 

àv doa vécoopec eoUectot àváAovov Gov xoi và &&fic 
tfjc xpox&oecoc: ónep Eoct oci&ot. 
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and similarly described, parallelepiped solids on them 
will also be proportional. And if the similar, and similarly 
described, parallelepiped solids on them are proportional 
then the straight-lines themselves will be proportional. 


SH SH 
A B C D 
N 
X S< 
E F 
G H 


Let AB, CD, EF, and GH, be four proportional 
straight-lines, (such that) as AB (is) to CD, so EF (is) 
to GH. And let the similar, and similarly laid out, par- 
allelepiped solids KA, LC, ME and NG have been de- 
scribed on AB, CD, EF, and GH (respectively). I say 
that as KA is to LC, so ME (is) to NG. 

For since the parallelepiped solid K A is similar to LC, 
KA thus has to LC the cubed ratio that AB (has) to CD 
[Prop. 11.33]. So, for the same (reasons), M E also has to 
NG the cubed ratio that EF (has) to GH [Prop. 11.33]. 
And since as AB is to CD, so EF (is) to GH, thus, also, 
as AK (is) to LC, so M E (is) to NG. 

And so let solid AK be to solid LC, as solid M E (is) 
to NG. Isay that as straight-line AB is to CD, so EF (is) 
to GH. 

For, again, since KA has to LC the cubed ratio that 
AB (has) to CD [Prop. 11.33], and M E also has to NG 
the cubed ratio that EF (has) to GH [Prop. 11.33], and 
as K A is to LC, so M E (is) to NG, thus, also, as AB (is) 
to CD, so EF (is) to GH. 

Thus, if four straight-lines are proportional, and so 
on of the proposition. (Which is) the very thing it was 
required to show. 





t This proposition assumes that if two ratios are equal then the cube of the former is also equal to the cube of the latter, and vice versa. 


An. 

"Ev xópou x&v àxevavitov &muéOov oi rÀeupotl Obyot 
tunto, Dà Dè Ty xouGv &n(xeoo ELLAND, Å xow) Tou 
TOY EMINESWY xa Y TOD xUBOL SidUETOEOC Stya TEUVOUVOL 
AAA MAAG. 


Proposition 38 


If the sides of the opposite planes of a cube are cut 
in half, and planes are produced through the pieces, then 
the common section of the (latter) planes and the diam- 
eter of the cube cut one another in half. 
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A N H 


Kópou vàp vo0 AZ r&v anevavtioy émnédwv tv UZ, 
AO alt nàcupal diya tetuńotwocav xatà tà K, A, M, N, E, 
II, O, P onueta, dà d€ tv toudsy Exineda ExBePAfoVw TÀ 
KN, =P, xow òè tou tõv Emnéedmv Eotw Th, tot òè 
AZ x0Bov diayawoc 4 AH. Aéyo, Sti ton Eotlv H uev YT 
tf TX, 4 de AT tH TH. 

"Enceteóy90oav yàp o AY, TE, BE, XH. xa nel 
Tapåanàóc Eotw ġ AZ xfj, OE, of EvokAas yovion at Oxo 
AZT, TOE tom Aoc cioty. xoà Enel fon otv | uev 
AE tý OE, ġ òè ZY «fj YO, xoi yovias toas nepiéyovo, 
Dáocic Koa 4) AT tH TE éotw ton, xal t6 AZT toetywvoy x6 
OTE teryaves gotly taov xat at Aottal ywvian tois Aonais 
yovtauc toot ton doa yond ETA yovla tH òrò OTE yovig. 
did OF Toto cbVeta& got f, AY E. à xà aba 7| xoi BXH 
cevveté& &ccv, xol ton À BÈ t SH. xol éxet 4 VA tH AB 
fon got xoi rapáAArAoc, GAAG À DÀ xoi tfj EH ton té 
£c xal roapóAAnAoc, xoi À AB doa tH EH ïon té ot 
xol ropéA^YAoc. xoà &mCeuyvvOouoctv adc ceóOcior oi. AE, 
BH: xapóA^nAoc &po &£oxiv f| AE xfj BH. tor &pa Y) uev ono 
EAT yovia tH On0 BHT: évorAde yao: ý è ónó ATY «fj 
òrò HTE. dúo ù xp(vov& &ox tà ATY, HTE tàs dúo 
yovlac toc Svat ywrvlaig toacg Eyovta xal Ulav MACLEdY Le 
TASUEe tony trjv oxocc(voucav onó utav xv toov YowGv 
vv AY cf HX ġulosa yåp ciot tõv AE, BH: xol tàs 
Aowtüc 
uev AT tH TH, 4 Se TT tH TX. 

— THY anevayttoyv EMLNESOY of TACLEAL Oya 
TUNDEH, O1& OE THY Tous Enineda ExBANDH, Y wow? Tour 
TOV ETUMESOV Xa y| voO xófou Ou&puetpoc Oba tÉuvouotv 
GA AYjAoc: ónep Eo. Ocieot. 


A N G 

For let the opposite planes CF and AH of the cube 
AF have been cut in half at the points K, L, M, N, O, 
Q, P, and R. And let the planes KN and OR have been 
produced through the pieces. And let U S be the common 
section of the planes, and DG the diameter of cube AF. 
I say that UT is equal to TS, and DT to TG. 

For let DU, UE, BS, and SG have been joined. And 
since DO is parallel to P E, the alternate angles DOU and 
UPE are equal to one another [Prop. 1.29]. And since 
DO is equal to PE, and OU to UP, and they contain 
equal angles, base DU is thus equal to base U E, and tri- 
angle DOU is equal to triangle PU E, and the remaining 
angles (are) equal to the remaining angles [Prop. 1.4]. 
Thus, angle OU D (is) equal to angle PU E. So, for this 
(reason), DU E is a straight-line [Prop. 1.14]. So, for 
the same (reason), BSG is also a straight-line, and BS 
equal to SG. And since C A is equal and parallel to DB, 
but C A is also equal and parallel to EG, DB is thus also 
equal and parallel to EG [Prop. 11.9]. And the straight- 
lines DE and BG join them. DE is thus parallel to BG 
[Prop. 1.33]. Thus, angle EDT' (is) equal to BGT. For 
(they are) alternate [Prop. 1.29]. And (angle) DTU (is 
equal) to GT'S [Prop. 1.15]. So, DTU and GT'S are two 
triangles having two angles equal to two angles, and one 
side equal to one side—(namely), that subtended by one 
of the equal angles—(that is), DU (equal) to GS. For 
they are halves of DE and BG (respectively). (Thus), 
they will also have the remaining sides equal to the re- 
maining sides [Prop. 1.26]. Thus, DT (is) equal to TG, 
and UT to TS. 

Thus, if the sides of the opposite planes of a cube are 
cut in half, and planes are produced through the pieces, 
then the common section of the (latter) planes and the 
diameter of the cube cut one another in half. (Which is) 
the very thing it was required to show. 
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AQ. 


'"E&v f| 600 ngiouaxa tcoUUfj, xoi xó uev ëy Bác na- 
poA AnAóYvpouov, TO OE TOlyWVOY, OITAGOLOY OE Y) v6 rapo- 
AnAóYvpouuov TOU xpryovou, too Cota TK ToLoUATa. 


B X M O 


NNNM 
A 
Wo SN 


E Z H K 

"Ecto 900 ngtouaxa ico0gf, xà ABIAEZ, HOKAMN, 
xal TO u&v &yéxo Dóow tO AZ napadAnddyeaumoy, TO 
d¢ tO HOK toltywvoy, dimAdcotov è Eotw TO AZ tapad- 
Anàóypauuov tol HOK terymvou Aévo, ów toov &odi 1o 
ABDAEZ ngtoua xG HOKAMN npíouont. 

Y uunenAnooc9o yàp tà Az, HO oteoed. Enet ditA cody 
Eott TÒ AZ napahànàóypauuov toč HOK tetyóvou, £o 
è xal TO OK naparhAnddyeauuoy ditAdcotov tod HOK 
ToLy@von, toov pa otl tÒ AZ napahànàóypauuov tõ OK 
TAPOAANAOYEGUUGD. TH Oè El lowy Baoswv ÖvtTA otepsd 
raoahAnAerineda xal ONO TO HVTO Koc tow HAAYAotc &oxtv: 
{oov goa oth TO AE oteocdv tH HO otepets. xal got 
tot uev A= otcocod ňwou tò ABPAEZ zotoua, tod 6€ 
HO otepeoŭ futov tò HOKAMN motouo toov soa goth tO 
ABTAEZ notoua tõ HOKAMN noetouatt. 

'"Eàv &pa Y, 900 npíouaxa icoUQfj, xoi xó uèv ëy Baow 
TAOKAANAGY PAUMOV, TO OE TOLyYWVOY, SiTAGOLOYV OE Å TÒ TA- 
go AY óYvpouuov TOU ToLY@voL, toa EaTl Ta Nolouata’ One 
EdeL Seto. 
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Proposition 39 


If there are two equal height prisms, and one has a 
parallelogram, and the other a triangle, (as a) base, and 
the parallelogram is double the triangle, then the prisms 
will be equal. 


B D M P 


N io  NCÀN 
AEN A 
E F G K 

Let ABCDEF and GHKLMN be two equal height 
prisms, and let the former have the parallelogram AF, 
and the latter the triangle GH K, as a base. And let par- 
allelogram AF be twice triangle GH K. I say that prism 
ABCDEF is equal to prism GHKLMN. 

For let the solids AO and GP have been com- 
pleted. Since parallelogram AF is double triangle GH K, 
and parallelogram HK is also double triangle GH K 
[Prop. 1.34], parallelogram AF is thus equal to paral- 
lelogram HK. And parallelepiped solids which are on 
equal bases, and (have) the same height, are equal to 
one another [Prop. 11.31]. Thus, solid AO is equal to 
solid GP. And prism ABCDEF is half of solid AO, and 
prism GHKLMN half of solid GP [Prop. 11.28]. Prism 
ABCDEF is thus equal to prisn GH K LM N. 

Thus, if there are two equal height prisms, and one 
has a parallelogram, and the other a triangle, (as a) base, 
and the parallelogram is double the triangle, then the 
prisms are equal. (Which is) the very thing it was re- 
quired to show. 
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Proportional Stereometry' 


'The novel feature of this book is the use of the so-called method of exhaustion (see Prop. 10.1), a precursor to integration which is generally 
attributed to Eudoxus of Cnidus. 


471 


MTOIXEION p’. 


f 


o 


Tà èv xoic xóxAotc óuovt TOADYWVA TEdS GAANAG Eotiv 
GS TH AMO TEV OLAVETOWY TETEAY VEL. 





"Eotwoay xdxAo. ot ABP, ZHO, xal èv adtote duote 
roAOYova éo:o xà ABDAE, ZHOKA, Sdiduetoo b¢ tov 
xOx^cov Eoxoocav BM, HN: Aévo, óx &oxiv óc xo ànó cfjc 
BM «e&tp&yovov mods tO ano thc HN xexpéyovov, obtoc 
tO ABLAE nodbywvoy nodg tò ZHOKA noAOYvcovov. 

"Encteóy90o0oav yàp d BE, AM, HA, ZN. xol nel 
óuotov tò ABTAE rnodbywvoy 765 ZHOKA nodvyave, ton 
otl xal À brò BAE yovia t orò HZA, xat otv ðc 9, BA 
npóc t? AE, obtoc À HZ noòs tùy ZA. Dúo SY tetywvd 
éott ta BAB, HZA ulay yoviav w& yovi tony čëyovta tv 
brò BAE t nò HZA, neol dè tàs toas ywvias tàs nàsvpàs 
&váAoYvov: tcovowov goa gott To ABE totywvoy tõ ZHA 
TOLYM@VG). ton doa &o y Y| óxnó AEB yovia t òrò ZAH. dX? 
f| u&v ónó AEB tf òrò AMB otw ton: êm yao th¢ avtiic 
nepupepetoc Deprixootww: À è rò ZAH t òrò ZNH: xo ¥ 
òrò AMB doa tH nò ZNH éEotw ton. Eotr SE ual dody 
À òrò BAM pt tý òrò HZN fon xa FH Aoiny vow TH 
Aan £ouv tor. tcoyowov &pa &oxi tò ABM totywvoy x6 
ZHN «p(yowop.  &váAovov &pa &odv óc Y, BM node thy 
HN, obroc ? BA nxpgóc vv HZ. àAXà toO uèv ts BM 
moog THY HN Adyoy àunAaociov Eotly ô tot ano thc BM 
TETONYWVOL TOOS TO KNO THC HN tetod&ywvov, tod sé tH¢ 
BA red¢ thy HZ Str acteyv éotty 6 toh ABTAE rodvyavou 
meds TO ZHOKA nxoA0OYcovov: xol óc You TO and tHe BM 
TETONYWVOY TOOS TO aNO Tho HN teted&ywvoy, ovtwW¢ TO 
ABTAE nodtvyawvoy npóc xó ZHOKA rodvyovoy. 

Tà &pa &v xoic xóxAotcz GUOLA TOADYOVaA npóc GATA 
COTW GC TH ONO THY StaUETOWY TeTOdywva Stee Ede déo. 


p 
Ol x0xAoL Ted AAAA ous etolv coc và àró xv Ov étpov 
TETONY WOVE. 
"Eococav x0xXov ot ABDA, EZHO, diduetoor d¢ oóvGv 
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Proposition 1 


Similar polygons (inscribed) in circles are to one an- 
other as the squares on the diameters (of the circles). 
A 


b H K 


Let ABC and FGH be circles, and let ABCDE and 
FGHKL be similar polygons (inscribed) in them (re- 
spectively), and let BM and GN be the diameters of the 
circles (respectively). I say that as the square on BM is to 
the square on GN, so polygon ABCDE (is) to polygon 
FGHKL. 

For let BE, AM, GL, and FN have been joined. And 
since polygon ABC DE (is) similar to polygon FGH KL, 
angle BAE is also equal to (angle) GFL, and as BA 
is to AE, so GF (is) to FL [Def. 6.1]. So, BAE and 
GFL are two triangles having one angle equal to one 
angle, (namely), BAF (equal) to GFL, and the sides 
around the equal angles proportional. Triangle ABE is 
thus equiangular with triangle FGL [Prop. 6.6]. Thus, 
angle AEB is equal to (angle) FLG. But, AEB is equal 
to AM B, and FLG to FNG, for they stand on the same 
circumference [Prop. 3.27]. Thus, AMB is also equal 
to FNG. And the right-angle BAM is also equal to the 
right-angle GFN [Prop. 3.31]. Thus, the remaining (an- 
gle) is also equal to the remaining (angle) [Prop. 1.32]. 
Thus, triangle ABM is equiangular with triangle FGN. 
Thus, proportionally, as BM is to GN, so BA (is) to GF 
[Prop. 6.4]. But, the (ratio) of the square on BM to the 
square on GN is the square of the ratio of BM to GN, 
and the (ratio) of polygon ABC DE to polygon FGHKL 
is the square of the (ratio) of BA to GF [Prop. 6.20]. 
And, thus, as the square on BM (is) to the square on 
GN, so polygon ABC DE (is) to polygon FGHKL. 

Thus, similar polygons (inscribed) in circles are to one 
another as the squares on the diameters (of the circles). 
(Which is) the very thing it was required to show. 


Proposition 2 


Circles are to one another as the squares on (their) 
diameters. 
Let ABCD and EFGH be circles, and [let] BD and 
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[Eotwoay| at BA, ZO> Xéyo, öt otv ðs ô ABTA xúxioc 
Teds TOV EZHO xvxrov, obtw¢ TÒ &nò tc BA tetpoáywvov 
TEOS TÒ ATÒ TS ZO tetpåywvov. 





H 


F 
H x 


Ei yàp uý cuv óc ó ABA xóxAoc ngóc xóv EZHO, 
ovtwWs TO TÒ tc BA tetpoåywvov node tò dnd tfjc ZO, 
EOTAL WE TO dnd tfjc BA mpóc TO dnd TH¢ ZO, obtwe 6 
ABTA xóxAoc Ato npóc £Aacocóvy x xo0 EZHO xbxrov 
ycpíov f| rpóc uctCov. EOT ngótepov npóc ÉAaccov TO 
X. xot &vYevoódg0o cic vóv EZHO x0óxXov teted&yawvoy tò 
EZHO. tò ù êyyeypauuévov tetpåywvov uetCóv &oxv f| xo 
Autov toðŭ EZHO xóxàouv, eneidyneo àv dà tõv E, Z, H, O 
onuctwv Emantouevas [eb0etac] tol xbxAou aydywuey, tot 
TEOLYPUPOMEVOL TEEL TOV KOXAOY TETEAYaVOL ÁMÚ £o 
tO EZHO tetod&ywvoyv, tod 6€ neprygoévtoc vetparyovou 
EAATTOYV EaTtly O xUxAOC ote T0 EZHO tyyeyoauuevoyv 
TETONYWVOYV UEICdv got, TOD Auloewe tod EZHO xvxAov. 
tetunovwoay Gia oi. EZ, ZH, HO, OE nepipéperon xoà 
tà K, A, M, N onucïia, xa ExeCevydwoay ot EK, KZ, 
Z^, AH, HM, MO, ON, NE: xoi Éxactov &pa x&v EKZ, 
ZAH, HMO, ONE toryovey uciCóv &£ouv f) xo ficu tod 
xo' £guro tufjuatoc toU X0xAou, &xeiOfineo &àv Oud TOV 
K, A, M, N onuciwy épantouévag tol xbxAovu &yáywuev 
xoi AVaTANOWoWUEY xà &ri THY EZ, ZH, HO, OE eó9eGv 
ropoA^rAóYvooupa, &xaovov xy EKZ, ZAH, HMO, ONE 
TOLYWOVOY wcu Cota TOU xal’ autò rapahàinioypáuuou, 
AAAÒA TÒ xaÙ’ autò tuñua EAaTTOV Eat, TOČ Tapan- 
Aoypåuuov: ote čxaotov tv EKZ, ZAH, HMO, ONE 
teur vov uctCóv &ox xo0 fjutoecoc tToŬ vað autò tuńuatos 
toU xOÓxAou. téuvovtec Oy| tàc broAewxouévac nepupepetorc 
Diya xal EmCevyvovtec soVEtac ual toUto el troroŬvTtec xd- 
taci pouéy tiva &notuńuata tol xvxAov, & £oxot £Aácoova 


(2^ 


tfjc ónepoyfjc, T) ónepé&ye: ó EZHO xóxAoc 1oO X ycptov. 
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FH [be] their diameters. I say that as circle ABCD is to 
circle EFGH, so the square on BD (is) to the square on 
FEH: 





G 


C 
» | 


For if the circle ABC D is not to the (circle) EFGH, 
as the square on B D (is) to the (square) on FH, then as 
the (square) on B D (is) to the (square) on FH, so circle 
ABC D will be to some area either less than, or greater 
than, circle EFGH. Let it, first of all, be (in that ratio) to 
(some) lesser (area), 5. And let the square EFGH have 
been inscribed in circle EFGH [Prop. 4.6]. So the in- 
scribed square is greater than half of circle EFGH, inas- 
much as if we draw tangents to the circle through the 
points E, F, G, and H, then square EFGH is half of the 
square circumscribed about the circle [Prop. 1.47], and 
the circle is less than the circumscribed square. Hence, 
the inscribed square EFGH is greater than half of cir- 
cle EFGH. Let the circumferences EF, FG, GH, and 
H E have been cut in half at points K, L, M, and N 
(respectively), and let EK, KF, FL, LG, GM, MH, 
HN, and NE have been joined. And, thus, each of 
the triangles EKF, FLG, GMH, and HNE is greater 
than half of the segment of the circle about it, inasmuch 
as if we draw tangents to the circle through points K, 
L, M, and N, and complete the parallelograms on the 
straight-lines EF, FG, GH, and HE, then each of the 
triangles EKF, FLG, GMH, and HNE will be half 
of the parallelogram about it, but the segment about it 
is less than the parallelogram. Hence, each of the tri- 
angles EKF, FLG, GMH, and HNE is greater than 
half of the segment of the circle about it. So, by cutting 
the circumferences remaining behind in half, and joining 
straight-lines, and doing this continually, we will (even- 
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edety0n yuo év TH TOWTHW Veworuatt to ðcxátov Blov, 
óut 000 ueve0Gv àvioov &xxeuévov, £v ànó vob uctGovoc 
àcotoe9 f, uetCov Y, vó Tiutcu xoi o0 xaxaAcuxouévou uciCov 
Ñ tò uou, xal xoOxo àcl vCyvrjvou, Ae«porioexot xt uéveooc, 
Ó €ota EAaooov tol £&xxeiévou £Aáocoovoc uevéUDouc. 
AceAe(qOc obv, xoi £c tà Ext THY EK, KZ, ZA, AH, 
HM, MO, ON, NE tuńuata tod EZHO xdxrov cdattovea 
tfjc oxepoyfic, Y, oxepgéye: ó EZHO »xóxAoc tot L ywotou. 
Aowtóv wou TO EKZAHMON noAOYvovov uctCóv £o xo0 X 
ycptíou. éyyeyedove xal cis tov ABTA xóxAov x6 EKZ- 
AHMON rodvyove ðuoirov roAOYovov tò ASBOTTIAP: 
EOTLY Kod WC TO ATÒ tc BA tetedcywvov neds TO ATO THe 
ZO tetogywvoy, ottawa T6 AEBOTTIAP xoAÓYvovov node 
tO EKZAHMON nodtyavoyv. GAA xal @¢ TO aNd TH¢ BA 
TETOUYWVOY TODS xó ànó tc ZO, obtw¢ 6 ABTA xbxroc 
Teds TO Ls ywotov’ xal Oo doa 6 ABTA xúxňoc nod¢ tò X 
yootoy, obtw¢ T0 AEBOTHAP nxoAÓYvovov ngóc 1ó EKZ- 
AHMON rodvywvov: Evod\Ade ton @e ô ABTA xóxAoc 
TOOS TO EV ATG NOALDYWVOY, OLTWC TO U ywotov med 
tO EKZAHMON xoddywvoy. uettav b¢ 6 ABTA xóxAoc 
toU £v axi) roAuYvOvou: uciCov goa xal TO LY ywoetoyv too 
EKZAHMON moAvuYv(Gvou. GAG nol EAattov’ nee Eotlv 
“OUVaTOV. Ovx wow Eotly G¢ TO ano TH¢ BA tetoed&ywvov 
Teds TO ENO TH¢ ZO, obtwo 6 ABTA xóxAoc npóc £Aaccóv 
tt TOU EZHO x0xXou ywotoy. ðuolws 67) 6c(Couev, óxt o00€ 
c TO and ZO med¢ tO and BA, obvoc ó EZHO xóxAoc 
Teds Ehaoody x 100 ABTA xvxAou ywotoy. 

Aéyo Of, Sti OvdE Go TO dnd tHe BA node TO ENO 
ts ZO, ottw¢ ó ABI'A xóxAoc ngóc uciCóv x vo0 EZHO 
xúxňov ywplov. 

Ei yàp ðuvatóv, Eotw Med¢ UEtCov TO UL. avarnadw koa 
[£c xlv] óc tÒ ånò xfjc ZO vexpéávovov npóc xó ànó tfic AB, 
ovTw¢ TO L ywotov moog tov ABTA xvdudov. GAA’? Ge TO 
X yoptíov ngóc xóv ABDA xóxAov, o0xoc ô EZHO x0xAoc 
meds EAattoyv tt o0 ABTA xvxrovu ywetov: xal @¢ koa TO 
Eno the ZO node tO &nd The BA, obtw¢ 6 EZHO xdxroe 
npóc &Aacoóv x xo0 ABI'A xóxAou ycptov: ónep ào0vaxov 
edety0n. ovx hoa &o lv ðc TÒ ATÒ ts BA xexpéyovov noóc 
TO &NO THe ZO, ovtwo 6 ABTA xóxAoc ngóc uciCóv tt TOČ 
EZHO x0óxAou ywotov. cdetydn 06, ó o00& npoc £Aaooov 
Eat Goa We TO and the BA tetedywvoy med¢ TO AO THe 
ZO, obtw¢ 6 ABTA xóxAoc ngóc xóv EZHO x0xAov. 

Oi &pa xOxAot npóc GAAYjkouc eiolv (c Ta aNO TEV 
Otguérpov TETOdyWVa’ OTEE Eden Seton. 
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tually) leave behind some segments of the circle whose 
(sum) will be less than the excess by which circle EFGH 
exceeds the area S. For we showed in the first theo- 
rem of the tenth book that if two unequal magnitudes 
are laid out, and if (a part) greater than a half is sub- 
tracted from the greater, and (if from) the remainder (a 
part) greater than a half (is subtracted), and this hap- 
pens continually, then some magnitude will (eventually) 
be left which will be less than the lesser laid out mag- 
nitude [Prop. 10.1]. Therefore, let the (segments) have 
been left, and let the (sum of the) segments of the circle 
EFGH on EK, KF, FL, LG, GM, MH, HN,and NE 
be less than the excess by which circle EFGH exceeds 
area 5S. Thus, the remaining polygon EKFLGMHN is 
greater than area S. And let the polygon AOBPCQDR, 
similar to the polygon EKFLGMHNN, have been in- 
scribed in circle ABCD. Thus, as the square on BD is 
to the square on FH, so polygon AOBPCQDR (is) to 
polygon EK FLGMHN [Prop. 12.1]. But, also, as the 
square on BD (is) to the square on FH, so circle ABCD 
(is) to area S. And, thus, as circle ABC D (is) to area S, 
so polygon AOBPGQDR (is) to polygon EK FLGMHN 
[Prop. 5.11]. Thus, alternately, as circle ABC D (is) to 
the polygon (inscribed) within it, so area S (is) to poly- 
gon EKFLGMHN [Prop. 5.16]. And circle ABC D (is) 
greater than the polygon (inscribed) within it. Thus, area 
S is also greater than polygon EK FLGM H N. But, (it is) 
also less. The very thing is impossible. Thus, the square 
on BD is not to the (square) on FH, ascircle ABC D (is) 
to some area less than circle EF GH. So, similarly, we can 
show that the (square) on FH (is) not to the (square) on 
BD as circle EFGH (is) to some area less than circle 
ABCD either. 

So, I say that neither (is) the (square) on BD to 
the (square) on FH, as circle ABCD (is) to some area 
greater than circle EF'GH. 

For, if possible, let it be (in that ratio) to (some) 
greater (area), S. Thus, inversely, as the square on FH 
[is] to the (square) on DB, so area S (is) to circle ABC D 
[Prop. 5.7 corr.]. But, as area S (is) to circle ABC D, so 
circle EFGH (is) to some area less than circle ABC D 
(see lemma). And, thus, as the (square) on FH (is) to 
the (square) on BD, so circle EFGH (is) to some area 
less than circle ABC D [Prop. 5.11]. The very thing was 
shown (to be) impossible. Thus, as the square on BD is 
to the (square) on FH, so circle ABC D (is) not to some 
area greater than circle EFGH. And it was shown that 
neither (is it in that ratio) to (some) lesser (area). Thus, 
as the square on BD is to the (square) on FH, so circle 
ABCD (is) to circle EFGH. 

Thus, circles are to one another as the squares on 
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Afjuua. 

Aéyo 54, óx x00 X ywetou ustCovoc dvtoc tol EZHO 
“xUxXAOL EOTLY GS TO UL ywotov noocg tov ABTA xvxrov, 
o0tOoc ó EZHO xÓóxAoc npgóc EXattév tt toU ABTA xvdxAov 
y otov. 

l'evovéxo yàp cz xó X ywoetov ned¢ tov ABTA xvxAov, 
oütoc ó EZHO xóxAoc npóc tO T ywotov. AéYo, óu 
&Aattóv oti tÒ T ywotov toŭð ABTA xbxArov. Exel ydo 
EOTLV Wo TO L ywotov mod¢ tov ABTA xbxrov, obtw¢ 6 
EZHO xóxAoc npóc 16 T yopíov, £vaAAó& Eottv Go TO U 
ywplov ngóc xóv EZHO xóxAov, o0:oc ó ABI'À xóxAoc 
ngóc tò T yoplov. uctov 6& TO L ywotov tod EZHO 
xóxAou' uc(Gov doa xal 0 ABTA xbdxAo¢ tod T yopíov. 
Gate gatly (Oc TO LH ywotov ned¢ tov ABTA xvxrov, 
o0tOoc ó EZHO xÓóxAoc npgóc éAatt1óv x o0 ABDA xóxAou 
ywotov’ once eden Setgau. 

Y. 

II&co nupouic totywvoyv £youca Báo Otoupeivor cic OVO 
nupaulõac touc ve xoi uolas AAAs xal [duotas] t SAF 
Tely@vouc éyouoas Báosis xal cis Dvo nolouata tou’ xal TH 
000 noiouaxa uciCová& otv Ñ TO Hutu thc SANS tupauldos. 
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(their) diameters. (Which is) the very thing it was re- 
quired to show. 


Lemma 


So, I say that, area S being greater than circle EFGH, 
as area 9 is to circle ABC D, so circle EF'GH (is) to some 
area less than circle ABC D. 

For let it have been contrived that as area S (is) to 
circle ABCD, so circle EF GH (is) to area T. I say that 
area T is less than circle ABCD. For since as area S is 
to circle ABCD, so circle EFGH (is) to area T, alter- 
nately, as area S is to circle EFGH, so circle ABCD (is) 
to area T' [Prop. 5.16]. And area 5 (is) greater than circle 
EFGH. Thus, circle ABC D (is) also greater than area 
T [Prop. 5.14]. Hence, as area S is to circle ABC D, so 
circle EFGH (is) to some area less than circle ABC D. 
(Which is) the very thing it was required to show. 


Proposition 3 


Any pyramid having a triangular base is divided into 
two pyramids having triangular bases (which are) equal, 
similar to one another, and [similar] to the whole, and 
into two equal prisms. And the (sum of the) two prisms 
is greater than half of the whole pyramid. 





"Ecco nupouíc, fic Bácic uév £o tò ABT totywvov, xo- 
puo de 10 A onuctiov’ Aéyo, ött À ABTA nupaulc dtonpetton 
cic OVO TLEAULOAC Load GAAHAaS ToLyY@vous Baoeic Eyovouc 
xal uolas tH GAT ual cis Dúo nolouata tow xal xà Dúo 
Tetouata yetCove Eat 7 TO wou tc Čans tupautos. 

Tetuyotwoay yao at AB, BP, TA, AA, AB, AT diya 
xatà tà E, Z, H, O, K, A onyucia, xoi ExeCevyOwoay at 
OE, EH, HO, OK, KA, AO, KZ, ZH. &nci tcr) &odv Ñ uèv 
AE «f; EB, f; 6€ AO tH AO, napddrAnroc &pa &odiy f, EO 
th AB. ià xà abra 97) xoi y; OK tH AB xapéA^róc &ovw. 


Let there be a pyramid whose base is triangle ABC, 
and (whose) apex (is) point D. I say that pyramid 
ABCD is divided into two pyramids having triangular 
bases (which are) equal to one another, and similar to 
the whole, and into two equal prisms. And the (sum of 
the) two prisms is greater than half of the whole pyramid. 

For let AB, BC, CA, AD, DB, and DC have been 
cut in half at points E, F, G, H, K,and L (respectively). 
And let H E, EG, GH, HK, KL, LH, KF,and FG have 
been joined. Since AE is equal to EB, and AH to DH, 
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rogo TA óvpogupov hoe gotl TO OEBK: ton gow éotilv ġ OK 
tfj; EB. Aà f; EB tfj EA otw ton xa 7) AE dow tH OK 
ot ton. čom dè xal Y, AO «fj OA tory 600 07) oi EA, AO 
duol tais KO, OA toa eioly éxatépa éxatépg xal yovta À 
òrò EAO yœovig tÅ òrò KOA tory Báo &pa À EO Baoet tH; 
KA éotw ton. toov ğpa xal öuoróv oti tò AEO tolywvov 
t OKA tayovy. Gu xà aóxà O7) xoi vó AOH totywvov 
tT OAA teryamve toov té ot xol óuotov. xol &nel 600 
coUctot &xtóuevot &AAYAcYv oi EO, OH napà dúo coVetac 
&rtouévoac aAAKAwy tac KA, AA stow ovx év 163 Ôt 
ETLNESW) oboa, toas ywrlac MeeLlegovoty. ton wou Eatly H ONO 
EOH yovla tý òrò KAA Yoví(o. xoi &£rxei 600 eo06tot oi. EO, 
OH Svat totic KA, AA toon cioty exatéon exatéog, xat ywvla 
5 ónó EOH vov tý òrò KAA &ov ton, Dé&otc &pa y, EH 
Dá&ce xfj KA [&ouv| tory toov &pa xoi óuovóv ot ó EOH 
totywvoy x6 KAA cvpvyóvo. Ou xà arà 97) xoà xó AEH 
totywvoy ts OKA xpryoóvo toov xe xol óuotóv &£ocuv. Y) ipa 
rupauíc, fic Dáctz uév &ow xó AEH totywvov, xopugy d¢ tò 
O onysiov, tcr) xoi óuota Eotl nuEaULdL, Ac Bács UEV EoTL TO 
OKA tetywvoy, xopuey dé 76 A onuetov. xol Enel teryw@vov 
tol AAB xapà utav vv xAcugGv vv AB Tor y, OK, 
icovowóv ct tÒ AAB totywvov 16 AOK toryove, xal 
Tag TAELEdS &váAovov Eyoualy’ dYOoLOY goa £o tò AAB 
tolywvoyv tă AOK provo. Dà tk adt& dy xol TO uèv 
ABP toetywvoy tă AKA xpvyóvo óuotóv £ouv, tò è AAT 
TG AAO. xal ënel Dúo cdVEton antdusvar GAAKAWY at BA, 
AT nope S00 evvetac antoutvac GAAKAwY tàs KO, OA stow 
Ovx EV TG KOT ENIMEDOD, laac Ywviac NeeLlecovaty. ton koa 
éotly ¥) Ond BAT ywvia th òrò KOA. xal otv ðs Å BA 
meds tHY ALD, ottw¢o À KO npóc thv OA: Čuowov &pa ot 
tò ABT totywvoyv tă OKA piov. xol nupauic toa, fic 
Bács uév ċott tò ABI totywvov, xopugn dé To A onuctoy, 
óuota éotl mupautd,, Ao Bao uév Cott TO OKA totywvoy, 
xopuqQ?, 8€ vó A onuctov. &AXà rupoguíc, fic Dáctc uév [£o] 
tó OKA «piovov, xopuqor) 68 To A onucioy, óuota sdety Oy 
rupauítóu Åc Báo uév got: TO AEH tolywvoy, xopuer, dé 
tÒ O onustov. Exatéea toa Tv AEHO, OKAA nupautdov 
ouota gott tH Ay tH ABTA xvpautor. 

Kal énel ton eotlv 4 BZ th ZIT, ditAdordyv got tO 
EBZH xopo^Av^óvpoupuov to0 HZI cguyovou. xa énet, 
£àv J| S00 rolouata toobdh, xal tò uèv čëyn Báo tapa- 
Anàóypauuov, tÒ 6& tp(yovov, OumAGoiov OE Å TÒ napad- 
Anàóypauuov toŭ tory©vouv, toa goth Ta motouata, toov 
hoa oth TO Noloua TO NepieyduEevoy UNO OVO LEY TOLYOVOY 
TOV BKZ, EOH, tev ¢ naparkAndoyeduuay tv EBZH, 
EBKO, OKZH «6G npuouou t nepgieyouévo brò 000 u£v 
tp vov x&v HZD, OKA, tov 8& nopoA ^ rovoeóuov 
:Gv KZI'^A, AUTHO, OKZH. xoà covepóv, óxv &xátpov vv 
TOLOUATWY, OD xe Báo; xó EBZH rapakAnAdyoaumoy, ane- 
vavitoy o£ 4 OK eó9cta, xoi oo D&oiz xó HZDI' tetywvoy, 
&nevavtiiov è tò OKA «g(vovov, ucitóv otv Exatéoac 
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EH is thus parallel to DB [Prop. 6.2]. So, for the same 
(reasons), H K is also parallel to AB. Thus, HEBK is 
a parallelogram. Thus, H K is equal to EB [Prop. 1.34]. 
But, EB is equal to EA. Thus, AE is also equal to HK. 
And AH is also equal to H D. So the two (straight-lines) 
EA and AH are equal to the two (straight-lines) KH 
and H D, respectively. And angle EAH (is) equal to an- 
gle KH D [Prop. 1.29]. Thus, base EH is equal to base 
KD [Prop. 1.4]. Thus, triangle AEH is equal and simi- 
lar to triangle HKD [Prop. 1.4]. So, for the same (rea- 
sons), triangle AHG is also equal and similar to trian- 
gle HLD. And since EH and HG are two straight-lines 
joining one another (which are respectively) parallel to 
two straight-lines joining one another, K D and DL, not 
being in the same plane, they will contain equal angles 
[Prop. 11.10]. Thus, angle EHG is equal to angle KDL. 
And since the two straight-lines EH and HG are equal 
to the two straight-lines X D and DL, respectively, and 
angle EHG is equal to angle KDL, base EG [is] thus 
equal to base KL [Prop. 1.4]. Thus, triangle EHG is 
equal and similar to triangle K DL. So, for the same (rea- 
sons), triangle AEG is also equal and similar to triangle 
HKL. Thus, the pyramid whose base is triangle AEG, 
and apex the point H, is equal and similar to the pyra- 
mid whose base is triangle H K L, and apex the point D 
[Def. 11.10]. And since H K has been drawn parallel to 
one of the sides, AB, of triangle ADB, triangle ADB 
is equiangular to triangle DH K [Prop. 1.29], and they 
have proportional sides. Thus, triangle ADB is similar to 
triangle DH K [Def. 6.1]. So, for the same (reasons), tri- 
angle D BC is also similar to triangle DK L, and ADC to 
DLH. And since two straight-lines joining one another, 
BA and AC, are parallel to two straight-lines joining one 
another, KH and HL, not in the same plane, they will 
contain equal angles [Prop. 11.10]. Thus, angle BAC is 
equal to (angle) KHL. And as BA is to AC, so KH (is) 
to HL. Thus, triangle ABC is similar to triangle HKL 
[Prop. 6.6]. And, thus, the pyramid whose base is trian- 
gle ABC, and apex the point D, is similar to the pyra- 
mid whose base is triangle H K L, and apex the point D 
[Def. 11.9]. But, the pyramid whose base [is] triangle 
H KL, and apex the point D, was shown (to be) similar 
to the pyramid whose base is triangle AEG, and apex the 
point H. Thus, each of the pyramids AEGH and H KLD 
is similar to the whole pyramid ABC D. 

And since BF is equal to FC, parallelogram EBFG 
is double triangle GFC [Prop. 1.41]. And since, if two 
prisms (have) equal heights, and the former has a par- 
allelogram as a base, and the latter a triangle, and the 
parallelogram (is) double the triangle, then the prisms 
are equal [Prop. 11.39], the prism contained by the two 
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t&v rupautócov, Gv Dé&ocuc u£v và AEH, OKA totywva, xo- 
pugal, è tà O, A onucia, &éneiofixep [mat] Eav emCevEauev 
tac EZ, EK evvdetac, tò uèv neloua, oŭ Bács tò EBZH ra- 
paa nàóypauuov, ånrevavtiov òè 7) OK cbVeta, uetCév ot 
Thc TLEauldoc, Ac Baoig TO EBZ tetywvoyv, xopugy de tò 
K onuciov. àAA' Y nupauíc, fic Dáow; xó EBZ «etyovov, 
xopug? o£ :ó K omuciov, tor) £oxi xugpoutot, As Bács tò 
AEH totywvoy, xopugy è tò O onuciov Oxo Yvàp toov 
XA OUOLWY ETLINEOWY TNEPLEYOVTAL. ote xoi xo xol(ouo, o0 
Baoug uev TO EBZH nxopoAArAóvoouuov, ànevavitov O& f| 
OK ecó9cia, uciCóv oti nupautdoc, Ac Bdowg uev tò AEH 
tpelYevov, xopudo?) 6g xó O onueiov. toov 0€ xo uev ngtouo, 
o0 D&oci; xó EBZH nopoA^nAóvoouuov, &xevovitov 6e ñ OK 
cuveta, TG ngioua, ob B&otg uev tò HZI totywvov, one- 
vaviiov 6& tò OKA totywvov: fj 6€ xupoguíc, fic Bå tò 
AEH «piYovov, xopuq?| 6€ xó O onuciov, tor £o rupoutót, 
fic Báci; xó OKA totywvoy, xopuery se TO A orneiov. cà 
&po slonuéva dbo nolouata uetCové Eot xv eieruévov 000 
rupautóov, Ov Ba&oeic uev te AEH, OKA totyaova, xopucatl 
dé T4 O, A onucia. 

H &pa ÓAr, rogouíc, fic Dáci; xó ABI totywvoy, xo- 
puqr ó& xó A onuciov, conta cics te Dvo nupauldas toas 
GA fioc [xol uolas t GAN] nol etc S00 netouatatoa, xal tà 
d00 Tetouata welCové Eotty Ñ tò wou tc ÖAns trupautdos 
OnE Eder Setean. 


o. 

'Eàv Got 800 nupautde¢ br TO avTO Bbos Terywvoud 
eyovoat Bácsi, dopet Se éxatépa atv ets te vO 
Tupaulðac toas AAAs xal uolas tfj ÖAN xal cic O00 
TOLOUATA loa, čata OS YH) TH UUs tupauldoc Báo nps TÅY 
tfjc tépas nupaulðoc Bdot, obtwW¢ xà £v xfj uu nupoutót 
rpícuoara TAVTA TEOS Ta EV TH EtdoOK mUPaUld. molouUaTo 
Tavta ioonAndf. 

"Eotwoay 9800 nupauldec DNO xó ato Doc tptyovouc 
&youcot Dáceuc xàc ABD, AEZ, xoguqgàc òè tà H, O onusta, 
xoi OwjofjoUc éxatépa avtiy cic te S00 nupauldac toas 
GA foc xot duotas tÅ GAN xol eic OVO Tolouata toon A&Yo, 
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triangles BKF and EHG, and the three parallelograms 
EBFG, EBKH,and HKFG, is thus equal to the prism 
contained by the two triangles GFC and HKL, and 
the three parallelograms K FCL, LCGH, and HKFG. 
And (it is) clear that each of the prisms whose base (is) 
parallelogram EBFG, and opposite (side) straight-line 
H K, and whose base (is) triangle GFC, and opposite 
(plane) triangle H K L, is greater than each of the pyra- 
mids whose bases are triangles AEG and HKL, and 
apexes the points H and D (respectively), inasmuch as, 
if we [also] join the straight-lines EF and EK then the 
prism whose base (is) parallelogram EB FG, and oppo- 
site (side) straight-line H K, is greater than the pyramid 
whose base (is) triangle EB F, and apex the point K. But 
the pyramid whose base (is) triangle EB F, and apex the 
point K, is equal to the pyramid whose base is triangle 
AEG, and apex point H. For they are contained by equal 
and similar planes. And, hence, the prism whose base 
(is) parallelogram E BFG, and opposite (side) straight- 
line HK, is greater than the pyramid whose base (is) 
triangle AEG, and apex the point H. And the prism 
whose base is parallelogram LE BF'G, and opposite (side) 
straight-line Hk, (is) equal to the prism whose base (is) 
triangle GFC, and opposite (plane) triangle HKL. And 
the pyramid whose base (is) triangle AEG, and apex the 
point H, is equal to the pyramid whose base (is) trian- 
gle HKL, and apex the point D. Thus, the (sum of the) 
aforementioned two prisms is greater than the (sum of 
the) aforementioned two pyramids, whose bases (are) tri- 
angles AEG and H K L, and apexes the points H and D 
(respectively). 

Thus, the whole pyramid, whose base (is) triangle 
ABC, and apex the point D, has been divided into two 
pyramids (which are) equal to one another [and similar 
to the whole], and into two equal prisms. And the (sum 
of the) two prisms is greater than half of the whole pyra- 
mid. (Which is) the very thing it was required to show. 


Proposition 4 


If there are two pyramids with the same height, hav- 
ing trianglular bases, and each of them is divided into two 
pyramids equal to one another, and similar to the whole, 
and into two equal prisms then as the base of one pyra- 
mid (is) to the base of the other pyramid, so (the sum of) 
all the prisms in one pyramid will be to (the sum of all) 
the equal number of prisms in the other pyramid. 

Let there be two pyramids with the same height, hav- 
ing the triangular bases ABC and DEF, (with) apexes 
the points G and H (respectively). And let each of them 
have been divided into two pyramids equal to one an- 
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ou &ctlv óc 1) ABI' Báotz noóc thy AEZ Béou, obtw¢ TH 
êv tý ABIH nvupautd: noiouata névta med¢ xà &v TH AEZO 
TLEAULOL TOLoUaATA LooTANDH. 





E 


‘Enel yao ton éotly À uev B= tý £L, ġ 66 AA «fj AT, 
TaodAAnAos toa gotiv Wy AE th AB xoà óuovov xó ABT 
totywvoy 76 AEDT toryove. Sia ta adta À xa tò AEZ 
totywvov xG PEZ teryova Óuotóv otv. xoi Emel o- 
rAaotov &oxiv ?; u£v BI xfi Pa, ġ òè EZ ts ZÈ, £ouv 
pa ðs Y, BI' góc t?v T'E, oovoc 7, EZ ngóc thy Zo. xoi 
avayeyeaunta ano wev THY BI, TE uord te xal uolos 
xetueva ev0vyoauua tà ABI, AST, ano de tv EZ, Z® 
Óuot& 1e xoi óuotoc xe(ueva |eoO00Yoapuoa] và AEZ, POZ: 
&£cuv &pa óc tó ABT totywvov mod¢ 10 AST toltywvov, 
ovtw¢ TO ABZ tolywvoyv npóc xó POZ toliywvov: vahit 
toa gotly G¢ tO ABI totywvoyv xpóc xó AEZ [vetyovov], 
oltw¢ tò AET |xg(vovov| ngóc tò P®Z tetywvov. GAN 
ðS tÒ AST cgí(vovov npóc xó POZ totywvov, obDtoc TÒ 
noloua, oÙ Båois uév |£owu| tò AST totywvoy, anevayttoy 8€ 
tò OMN, noóc xo notoua, o0 Déco uev xó PeZ tolywvov, 
ànevavztov 8& xó XYT'Y* xoi óc dou TO ABT vetvovov ngóc 
tO AEZ teiywvoy, ottw¢ TO Totoua, o9 Dácic u£v tò AST 
totywvoy, amevayvttoy è tò OMN, npòs tò toloua, où Báo 
uev tò PEZ totywvov, anevavtioyv è tò LTY. ðc oe xà 
cionuéva totouata mods &AAnAa, oŬtws tÒ toloua, oÙ Báo 
uèv tò KBEA napahànàóypauuov, amevaytiov è À OM 
ceuveta, TeOS tÒ toloua, oÙ Báois uèv tò IEP napo^- 
Anàóypauuov, &mevavtioyv o¢ 4 UT covdeta. xal xà 600 &pa 
Tetouata, o) te Bdowg uev TO KBEA nrapaànióypauuov, 
omevaytioyv b¢ 7 OM, xal ob Baorg uev T0 ABT, dnevavtiov 
òè tò OMN, modc xà noiouao, o9 xe Dá&oic uev xó IIEOP, 
à&nevovitov o& A UT cvveta, xal où Påois uev 10 POZ 
totywvoy, anevayttoy 6& TO LTY. xal òc àpa ABI' Booic 
ted¢ Tùy AEZ Bdouw, obtw¢ Td slonuéva S00 Teiouata med¢ 
TH SLONUEVA OVO TEÍOUATA. 

Kol uolos, &£àv Otupe0Go0ty af OMNH, XTYO nu- 
pouítoec eic Te OVO Tolouata xal OVO TUPAULOaC, £otot (c T) 
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other, and similar to the whole, and into two equal prisms 
[Prop. 12.3]. I say that as base ABC is to base DEF, 
so (the sum of) all the prisms in pyramid ABCG (is) to 
(the sum of) all the equal number of prisms in pyramid 
DEFH. 


G 





B O 

For since BO is equal to OC, and AL to LC, LO is 
thus parallel to AB, and triangle ABC similar to triangle 
LOC [Prop. 12.3]. So, for the same (reasons), triangle 
DEF is also similar to triangle RV F. And since BC is 
double CO, and EF (double) FV, thus as BC (is) to 
CO, so EF (is) to FV. And the similar, and similarly 
laid out, rectilinear (figures) ABC and LOC have been 
described on BC and CO (respectively), and the sim- 
ilar, and similarly laid out, [rectilinear] (figures) DEF 
and RVF on EF and FV (respectively). Thus, as tri- 
angle ABC is to triangle LOC, so triangle DEF (is) to 
triangle RVF [Prop. 6.22]. Thus, alternately, as trian- 
gle ABC is to [triangle] DEF, so [triangle] LOC (is) 
to triangle RV F [Prop. 5.16]. But, as triangle LOC 
(is) to triangle RV F, so the prism whose base [is] trian- 
gle LOC, and opposite (plane) PM N, (is) to the prism 
whose base (is) triangle RV F, and opposite (plane) STU 
(see lemma). And, thus, as triangle ABC (is) to trian- 
gle DEF, so the prism whose base (is) triangle LOC, 
and opposite (plane) PM N, (is) to the prism whose base 
(is) triangle RV F, and opposite (plane) STU. And as 
the aforementioned prisms (are) to one another, so the 
prism whose base (is) parallelogram KBOL, and oppo- 
site (side) straight-line PM, (is) to the prism whose base 
(is) parallelogram Q EV R, and opposite (side) straight- 
line ST' [Props. 11.39, 12.3]. Thus, also, (is) the (sum 
of the) two prisms—that whose base (is) parallelogram 
K BOL, and opposite (side) PM, and that whose base 
(is) LOC, and opposite (plane) PM N—to (the sum of) 
the (two) prisms—that whose base (is) QEV R, and op- 
posite (side) straight-line ST, and that whose base (is) 
triangle RVF, and opposite (plane) STU [Prop. 5.12]. 
And, thus, as base ABC (is) to base DEF, so the (sum 
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OMN Bdotg noòs ty ETT Baow, obta¢ tà &v xfj OMNH 
TLEAULdL SOO nolouata Tedc Ta Ev TH LTTO nupaulò 600 
tetouata. OAAÀ' óc fj OMN p6otc ngóc thy ETT Béov, 
ovtw¢ 4) ABI Bdotg med¢ thy AEZ Báo: toov yàp &xáxepov 
tõv OMN, ETT tetyovay éxatéow tv ASD, P®Z. xat we 
goa À ABT Bács med¢ thy AEZ Béou, ottw¢ tà téocapa 
TOLOUATA MOOS TA TEGOACa TelouaTa. Ouol(oc 66€ xV TAS 
UMOASIMOUEVAS TLEAULOAC diEAWUEV cts te Dúo nupaulõacs 
xal cis úo Telouata, čota ðc Å ABT Báo med¢ thy AEZ 
Baow, obtws tà êv t ABVH nuvpaulò rolouata návta noòs 
tà êv tÅ AEZO nvpautd: notouata névta toonAndh once 
Eder Setcau. 


Afjuua. 

“Ou É éouv óc TO ART tolywvov moedc t6 PHZ 
tolywvoy, obtTw¢ TO Toeloua, oD Béoic tO AST totywvovy, 
&nevavztov 66 xó OMN, noóc tò noloua, oÙ Báois uèy tò 
PEZ |totywvoy], dnevavttov 6& tò MTT, ote Serxtéov. 

Eni yàp tc aùts xataypapis vevofnoVwoay ENO TOV 
H, O xáðeto £m. tà ABT, AEZ Enxtneda, too dsyrady 
tuyyávovcar Dà TO tooddeic Droxetoda tàs nupauldac. 
xal Emel SVo cvVeta f, ve HI" xoà Å ånò told H xadetoc 
LTO TACAAANHAWY &nixéocv x&v ABT, OMN téuvovta, cic 
tobe avtovs Adyous Tundhocovta. xol vévurvon Y, HI otya 
bro to0 OMN é&nin£60U xoà tò N' xoi fj ànó 100 H doa 
xgvetoc êm tO ABI Exinedsoyv dtya tundhoeta ond tod 
OMN Eningdov. dic xà orbxà 67) xoi Y, àxó TOD O xaVetoc Ent 
tO AEZ éntnedov diya tundhoeta nd tod NTT éninédov. 
xat etow toa at dnd tv H, O xdVetor Ext te ABP, AEZ 
érineda’ toot vou xal at ano tõv OMN, ETY tayovov 
ent ta ABT, AEZ xdVetor. toobdi dow [oti] tk notouata, 
Qv Dáceic uév cio. ta AGT, PZ totywva, &nevavtiov òè 
tà OMN, ETY. docte xoà tà otepeà maparhAnAenineda cà 
ONO THY cloNUEVWY TOLOUdTWY å&vaypapóueceva iooŭŬp xo 
Teds HAANAS [elow] ðc at Bd&oetc’ wat tà Aulon koa Eotiv 
jc fj, AST Béo ngóc thy P®Z Báo, oŬtos tà cionuéva 
Tolouata Teds GAANAa Sree Eder Seton. 
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of the first) aforementioned two prisms (is) to the (sum 
of the second) aforementioned two prisms. 

And, similarly, if pyramids PM NG and STU H are di- 
vided into two prisms, and two pyramids, as base PMN 
(is) to base STU, so (the sum of) the two prisms in pyra- 
mid PMNG will be to (the sum of) the two prisms in 
pyramid STU H. But, as base PMN (is) to base STU, so 
base ABC (is) to base DEF. For the triangles PMN 
and STU (are) equal to LOC and RVF, respectively. 
And, thus, as base ABC (is) to base DEF, so (the sum 
of) the four prisms (is) to (the sum of) the four prisms 
[Prop. 5.12]. So, similarly, even if we divide the pyra- 
mids left behind into two pyramids and into two prisms, 
as base ABC (is) to base DEF, so (the sum of) all the 
prisms in pyramid ABCG will be to (the sum of) all the 
equal number of prisms in pyramid DE F'H. (Which is) 
the very thing it was required to show. 


Lemma 


And one may show, as follows, that as triangle LOC 
is to triangle RV F, so the prism whose base (is) trian- 
gle LOC, and opposite (plane) PM N, (is) to the prism 
whose base (is) [triangle] RV F, and opposite (plane) 
STU. 

For, in the same figure, let perpendiculars have been 
conceived (drawn) from (points) G and H to the planes 
ABC and DEF (respectively). These clearly turn out to 
be equal, on account of the pyramids being assumed (to 
be) of equal height. And since two straight-lines, GC 
and the perpendicular from G, are cut by the parallel 
planes ABC and PMN they will be cut in the same ra- 
tios [Prop. 11.17]. And GC was cut in half by the plane 
PMN at N. Thus, the perpendicular from G to the plane 
ABC will also be cut in half by the plane PMN. So, 
for the same (reasons), the perpendicular from H to the 
plane DEF will also be cut in half by the plane STU. And 
the perpendiculars from G and H to the planes ABC and 
DEF (respectively) are equal. Thus, the perpendiculars 
from the triangles PMN and STU to ABC and DEF 
(respectively, are) also equal. Thus, the prisms whose 
bases are triangles LOC and RV F, and opposite (sides) 
PMN and STU (respectively), [are] of equal height. 
And, hence, the parallelepiped solids described on the 
aforementioned prisms [are] of equal height and (are) to 
one another as their bases [Prop. 11.32]. Likewise, the 
halves (of the solids) [Prop. 11.28]. Thus, as base LOC 
is to base RV F, so the aforementioned prisms (are) to 
one another. (Which is) the very thing it was required to 
show. 
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Ai onó tÒ ato Doc obcot nupouíOec xol tptycvouc 
£youcot Dáceic MOOS GAAYAaS Eloly ¢ al BdoEtC. 
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"Ectwoav 0nd TO auto Dog nupauldec, Ov Dáocic uev 
tà ABI, AEZ totywva, xopveal dé ta H, O onucia: Agyoo, 
ou &odv óc f; ABE B&otic ngóc vy AEZ Bdou, ottw f 
ABTH nxueoyic ngóc vv AEZO nveautda. 

Ei yàp wr got ðs Å ABT B&otc ngóc xj AEZ åo, 
ovtw¢ À ABIH rupaus mode thy AEZO nveautda, Eaton ¢ 
À ABT Báo npóc tjv AEZ Déow, obvoc f, ABPH rupaus 
Tixot npóc £Aacoóv tu tH¢ AEZO nupauldoc otepedy f) npóc 
uetCov. &oto npótepov npóc £Aaocov 1ó X, xoi Ouorjooo 
5 AEZO nugoayic eic; te 600 nupauíGoc tooc AAAs xol 
óuotac TH OAN xal cic Dúo nplouata toa: xà 67) 600 rpoloauta 
uc(Cová &ovw f| xo fiuc tis Čans nupagitGoc. ual NAW at Ex 
tfjc Ovotpéoecoc Yivóuevot xupapíóec óuotoc Ourfjo9ooav, 
xoà xoÜco ái Yuv£o 00, Ecc o0 Aeup0 Got vvec rupautoec imo 
thc AEZO xupauldoc, af ctotv &Aá&xxovec cfjc onepoyfic, 7| 
On£péyet Y) AEZO nupayic vo0 X ovepeoU. AeAciqüocav xol 
eotwoay Advou Evexev at ATIPL, X TYO: Aouxà &po xà £v 
th AEZO nupau(àu nptouaxa uctCov& &oxw xo0 X. oxepeoQ. 
owprjo9o xoi *, ABIH nxupapic óuotoc xoi icon^r9Gc tH 
AEZO xvupauldr Eotiv &pa óc f| ABD Béotc ngóc vy AEZ 
Báo, obvoc xà &v xfj ABI H nxupoutót notopao npóc và ëv 
xfj AEZO nupautàt notouao, 6A xoi óc Y; ABI 8áouc noóc 
thv AEZ Báow, oo1oc À ABIH rupaus mode 16 X otepeóv 
xol @¢ toa *, ABDTH nxupapic npóc vó X ocepeóv, obo 
tà êv t ABTH xvpautd: notouata node xà èv tH AEZO 
rupogít8t nplouaor. £voAAà& &pa c À ABTH rnvupauic mod¢ 
TH EV QKUTF Tolouata, obtwc vó X octepeóv npóc xà &v t 
AEZO nxugogutot ngtouoxa. uctGov o£ ñ ABTH nupaute tov 
£v acf TOLOUdTwWV’ UELCov how xal TO X atepeoy THY êv ti 
AEZO rvoautd: neroudtav. GAAd ual EAattov’ Smee éotiy 
gobvatov. ovux wow gativ ac Å ABT Báo mode tày AEZ 
Baouw, ottw¢ 7 ABT'H rupaule ngóc £Aacoóv wu the AEZO 
rupautóoc otepeóv. OUOlWC OF Setydroeta, OTL 000€ Oc T 
AEZ Báciz ngóc tijv ABI Báow, oboc À AEZO nxupogulc 
Teds Ehattoyv tt tc ABTH nvupautdo¢ otepedy. 

Aéyw oh, 6tt ovx Eat o00£ cx f| ABI" Báo npóc trjv 
AEZ Báow, ob0voc f, ABDH nxupopic npóc ucitóv c cfjc 
AEZO nupauidoc atepedy. 
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Proposition 5 


Pyramids which are of the same height, and have tri- 
angular bases, are to one another as their bases. 
G 





B O 

Let there be pyramids of the same height whose bases 
(are) the triangles ABC and DEF, and apexes the points 
G and H (respectively). I say that as base ABC is to base 
DEF, so pyramid ABCG (is) to pyramid DEF 'H. 

For if base ABC is not to base DEF, as pyramid 
ABCG (is) to pyramid DE FH, then base ABC will be 
to base DEF, as pyramid ABCG (is) to some solid ei- 
ther less than, or greater than, pyramid DE FH. Let it, 
first of all, be (in this ratio) to (some) lesser (solid), W. 
And let pyramid DEFH have been divided into two pyra- 
mids equal to one another, and similar to the whole, and 
into two equal prisms. So, the (sum of the) two prisms 
is greater than half of the whole pyramid [Prop. 12.3]. 
And, again, let the pyramids generated by the division 
have been similarly divided, and let this be done contin- 
ually until some pyramids are left from pyramid DEFH 
which (when added together) are less than the excess by 
which pyramid DEF'H exceeds the solid W [Prop. 10.1]. 
Let them have been left, and, for the sake of argument, 
let them be DQRS and STUH. Thus, the (sum of the) 
remaining prisms within pyramid DE FH is greater than 
solid W. Let pyramid ABCG also have been divided sim- 
ilarly, and a similar number of times, as pyramid DEFH. 
Thus, as base ABC is to base DEF, so the (sum of the) 
prisms within pyramid ABCG (is) to the (sum of the) 
prisms within pyramid DEFH [Prop. 12.4]. But, also, 
as base ABC (is) to base DEF, so pyramid ABCG (is) 
to solid W. And, thus, as pyramid ABC^G (is) to solid 
W, so the (sum of the) prisms within pyramid ABCG 
(is) to the (sum of the) prisms within pyramid DEFH 
[Prop. 5.11]. Thus, alternately, as pyramid ABCG (is) to 
the (sum of the) prisms within it, so solid W (is) to the 
(sum of the) prisms within pyramid DEF H [Prop. 5.16]. 
And pyramid ABCG (is) greater than the (sum of the) 
prisms within it. Thus, solid W (is) also greater than the 
(sum of the) prisms within pyramid DEF H [Prop. 5.14]. 
But, (it is) also less. This very thing is impossible. Thus, 
as base ABC is to base DEF, so pyramid ABCG (is) 
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Ei yao Suvatéy, gotw medc¢ UstCov TO X* avaraAty doo 
éotly ðs Å AEZ Båois npòs thy ABI. Báow, obvoc xó X 
otepeov Todos THY ABIV'H mupagí8a. óc è TO X otepsdv 
rgoc tv ABI'H rvupautda, ob0voc f| AEZO nupayic npóc 
&Aaccóv tt tc ABTH nupautdoc, Oo Eunooovey sdetyOn: 
xoi óc Koa Å AEZ Baorc nooo thy ABI Baow, ottwe ñ 
AEZO nvupauic mod¢ EAacady tt týs ABIH mupaouíooc: 
once &tonoy edetyDn. ovx koa Eotly ac ABl' Booic ned¢ 
thv AEZ Báow, obtoc f ABTH nopopic npóc ueitóv c 
tfc AEZO nupauíiooc otepeóv. &Oc(y Or) 66, OT, Ode TEd¢ 
&Aaccov. čaty pa óc Y) ABP Báoic npoòs thy AEZ Bow, 
ovtw¢ À ABTH nupauis npoòs tày AEZO rvpautda: oreo 
Edet Setcou. 


f 


T s 


Al 070 TO gdTtO boc oboa rupouí(oec xol TOAVYOVOUC 
eyovoa Bxosic Medd GAAHAas Elalv w< al P&oetc. 





M 
Q 
B 
ÁN 
A H 
A. 
E Z 


"Eotwoay Ond 6 abt Hdbog nupauldec, Gv [at] Báoeic 
uev xà ABDAE, ZHOKA roktvywva, xopveal dé xà M, 
N onucio Aéyo, öt otv ðs Y, ABPAE Déotc npóc tiv 
ZHOKA Bdow, ottw¢ Y, ABLAEM nugoyic ngóc cv ZHO- 
KAN nupapuítóa. 

Enctceóy9oo0av yuo oi AD, AA, ZO, ZK. énet odv 
600 nueautdec etciv oà. ABDM, AT'AM «eryóvouc éyov- 
cot Dácetc xoà uoc toov, npóc hias cioty c ot Boe: 
£cuy &pa óc Å ABT LBåois ngóc vv ADA Báo, oŬtoc À 
ABIM nxupopic npóc vt? ADAM mupapí8a. xol cuvOÉvu 
óc Å ABTA 8&ocicz rpòs tùy ATA Béow, odta¢ Y, ABDAM 
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not to some solid less than pyramid DEFH. So, simi- 
larly, we can show that base DEF is not to base ABC, 
as pyramid DEFH (is) to some solid less than pyramid 
ABCG either. 

So, I say that neither is base ABC to base DEF, as 
pyramid ABCG (is) to some solid greater than pyramid 
DEFH. 

For, if possible, let it be (in this ratio) to some 
greater (solid), W. Thus, inversely, as base DEF 
(is) to base ABC, so solid W (is) to pyramid ABCG 
[Prop. 5.7. corr.]. And as solid W (is) to pyramid ABCG, 
so pyramid DEFH (is) to some (solid) less than pyramid 
ABCG, as shown before [Prop. 12.2 lem.]. And, thus, 
as base DEF (is) to base ABC, so pyramid DEFH (is) 
to some (solid) less than pyramid ABCG [Prop. 5.11]. 
The very thing was shown (to be) absurd. Thus, base 
ABC is not to base DEF, as pyramid ABCG (is) to 
some solid greater than pyramid DEFH. And, it was 
shown that neither (is it in this ratio) to a lesser (solid). 
Thus, as base ABC is to base DEF, so pyramid ABCG 
(is) to pyramid DEFH. (Which is) the very thing it was 
required to show. 


Proposition 6 


Pyramids which are of the same height, and have 
polygonal bases, are to one another as their bases. 


M N 


A 


E F 

Let there be pyramids of the same height whose bases 
(are) the polygons ABCDE and FGH K L, and apexes 
the points M and N (respectively). I say that as base 
ABCDE is to base FGH K L, so pyramid ABCDEM (is) 
to pyramid FGHKLN. 

For let AC, AD, FH, and FK have been joined. 
Therefore, since ABCM and AC DM are two pyramids 
having triangular bases and equal height, they are to 
one another as their bases [Prop. 12.5]. Thus, as base 
ABC is to base ACD, so pyramid ABCM (is) to pyra- 
mid ACDM. And, via composition, as base ABCD 
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rupoyuic npóc vv ATAM mupapgíGa. Aà xoa s À ATA 
Dáoic npóc THY AAE Dá&ow, obtoc Y; ADAM rupauic modc¢ 
tày AAEM rupautda. GU toou &pa óc Y) ABDA Dáotc npóc 
thv AAE B&ow, obtoc Y; ABLAM nvpapyic ngóc cv AAEM 
rupauíGa. xol cu vüévru nó, óc Y; ABDAE B&otc npóc viv 
AAE Béow, ottw¢ Y; ABDAEM nxupoyic ngóc cv AAEM 
nupoauí8a. Ouo(oc O7 Geo 0fioe vot, Óx xoi óc Y) ZHOKA 
Dá&otc npóc viv ZHO Bó&ow, obtoc xoi Y; ZHOKAN rupaus 
rpoóc tv ZHON nveautda. xal Emel OVO xupouítoec eiolv ot 
AAEM, ZHON toeryavoug £youcot Dáceic xoà Ooc toov, 
čaty &pa óc Y, AAE Dáotc npóc vv ZHO Báo, obtoc 
À AAEM mnupapiz moog thy ZHON rvpautda. cA’ we f| 
AAE Béo medc thy ABLAE Béow, obta¢ Ay y) AAEM 
rupauic Tedc THY ABTAEM nvupautda. xol dv toov doa we 
4, ABTAE Béorc noo thy ZHO Béot, obtw¢ 7} ABTAEM 
rupouic npóc trjv ZHON rvpautoa. GA uv xol óc Y, ZHO 
Báo ngóc ctv ZHOKA Béow, obcoc Tv xoi Y, ZHON zv- 
pauls moog THY ZHOKAN xvpautda, xol du’ toov doa H¢ À 
ABDAEBE Bács nod¢ thy ZHOKA Bdow, otta¢ Y, ABTAEM 
Tupaulc Tod¢ THY ZHOKAN rnveautda one der Detto. 


II&v nptoua votycovov £yov Dá&oty Ovotpeivor eic vpelo ru- 
pautdac toa GAAKAaS Terymvouc Baoeic EyoVauc. 


Z 


B A 


"Ecco noloua, oÙ Bois uèv tò ABT totywvoy, &ne- 
vayttov è tò AEZ: éy, öt tò ABTAEZ noloua drupcito 
ci¢ Tosic nupaulðas toas AAAs tayovouvs ëyoúvocac 
—— 

"Exnceteóy0oo0av vào oi BA, EDT, DA. énc& mopo^- 
AnAóvoouuóv &ou tò ABEA, &perpoc 0€ aótxo0 otv 
Å BA, toov pa ċott tò ABA «glivovov 16 EBA totywve: 


(is) to base ACD, so pyramid ABCDM (is) to pyra- 
mid ACDM [Prop. 5.18]. But, as base ACD (is) to 
base ADE, so pyramid ACDM (is) also to pyramid 
ADEM [Prop. 12.5]. Thus, via equality, as base ABCD 
(is) to base ADE, so pyramid ABCDM (is) to pyramid 
ADEM [Prop. 5.22]. And, again, via composition, as 
base ABCDE (is) to base ADE, so pyramid ABCDEM 
(is) to pyramid ADEM [Prop. 5.18]. So, similarly, it can 
also be shown that as base FGH KL (is) to base FGH, 
so pyramid FGH K LN (is) also to pyramid FGH N. And 
since ADEM and FGHN are two pyramids having tri- 
angular bases and equal height, thus as base ADF (is) to 
base FGH, so pyramid ADEM (is) to pyramid FGHN 
[Prop. 12.5]. But, as base ADE (is) to base ABC DE, so 
pyramid ADEM (was) to pyramid ABC DEM. Thus, via 
equality, as base ABC DE (is) to base FGH, so pyramid 
ABCDEM (is) also to pyramid FGHN [Prop. 5.22]. 
But, furthermore, as base FGH (is) to base FGHKL, 
so pyramid FGHN was also to pyramid FGHKLN. 
Thus, via equality, as base ABC DE (is) to base FGHKL, 
so pyramid ABC DEM (is) also to pyramid FGHK LN 
[Prop. 5.22]. (Which is) the very thing it was required to 
show. 


Proposition 7 


Any prism having a triangular base is divided into 
three pyramids having triangular bases (which are) equal 
to one another. 


B A 


Let there be a prism whose base (is) triangle ABC, 
and opposite (plane) DEF’. I say that prism ABCDEF 
is divided into three pyramids having triangular bases 
(which are) equal to one another. 

For let BD, EC, and CD have been joined. Since 
ABED is a parallelogram, and BD is its diagonal, tri- 
angle ABD is thus equal to triangle EBD [Prop. 1.34]. 
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xal Å MLEaUic toa, Ac Bács u£v tò ABA Totywvov, xo- 
pup de tò I onuetoyv, ton ot nmuoautdr, Ac Bao. uév 
ct tÒ AEB totywvoy, xoougry de TO I onuetov. AA 
? rupeguíc, Ñc Bács uév got: TO AEB totywvov, xoougy 
dé tò I onuciov, À aot, £o nupoutàt, fic D&otc uév &o 
tO EBL totywvoy, xopugy dè 10 A onuctov’ Ord Yàp vGv 
ATV ENLNEOWY NEOLEYETOL. Kal MLEAULC ipo, fic Dáotc uév 
éott TO ABA totywvoy, xopugy dé 10 T onustov, ton £o 
rupautót, Ac Pao uéy otn tò EBI totywvov, xoepugny 
de tO A onuctov. méAtv, Enel mapadkAnAdyeaUUoy EotL TO 
ZUBE, oóisuexpoc 6é &ov aot00 ý LE, toov otl tò LEZ 
totywvoyv tH TBE tevyove. xal mupaulc koa, Ac Bd&otc 
uev ott tÒ BIE xg(vovov, xopuo?; 6€ x6 A onuetoy, ton 
cot} nupauld, Åc Báo uév &ox tò ETZ tetywvoy, xoougn 
dé TO A onueciov. À de nueautc, Ås Bács uév ot tò BTE 
totywvoy, xopuer de TO A onustoy, ton edety0y nupaulds, to 
Bács uév ott TO ABA teiywvoy, xopuey de To T onuctov: 
xal MLeaulc Koa, Aco Baoig uev cott TO TEZ tetywvoy, xo- 
pug? d¢ tO A omusiov, tor| £o mupauldr, Ac Bács uév 
[tot] tò ABA «g(yovov, xopguqr) 88 tò T onuciov: donta 
goa TO ABTAEZ noloua cis toeic nupauldac toas oA otc 
ToLY@vous Eyovaac BdoEtc. 

Kat énet nupaute, fic B&oug uév ott TO ABA Ttotywvoy, 
xnopugn oe tO T onuciov, n ùth cot nupauldr, Ac Baorc 
tO TAB tetywvov, xopuern de 70 A onuciov: brò yàp TÕV 
QUTAY EMLNESOV TEELeyovtaL’ À OE rupaus, s Baoic TO 
ABA tolywvoy, xopugy è tò I onucioy, tottoy edety0n 
tot nmotouatoc, ob Bdorg to ABT tetywvov, anevaytioy d¢ 
tO AEZ, xoi f rupauic doo, fic Dáci; xó ABI tetywvoy, 
xopugry, ðè TO A onuetoy, teitoyv &cxi tol moetouatoc tod 
Eyovtog Ba&oug THY avTHY tò ABT totywvoy, &mevavtiov ¢ 
tO AEZ. 


7 
lópioua. 
‘Ex OY) TOUTOU Haveooy, OTL trCa tupauls toltov uépos 
£ct 100 npiouatoc 100 tüv atr D&otw čyovtos gôt xal 
ÜUoc tcov: önep Eder Seton. 


n. 

Ai ópotot xupouíóec xol vp vouc Eyovoa Bdaoeic Ev 
xpuxAactow Aóvc eioi xv óuoAóvov TACUEOY. 

"Eotoocav óuowu xoi óuoí(oc xetuevor nupouíoóec, Qv 
Baoeg uév cio. te ABT, AEZ totywva, xopugat òè tà H, 
O onusta Aévo, óu f, ABDTH rvugaule mod¢ thy AEZO 
Tupaulða ToitAactova Adyoy Exe Tjnep Y, BI nodc thy EZ. 
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And, thus, the pyramid whose base (is) triangle ABD, 
and apex the point C, is equal to the pyramid whose base 
is triangle DEB, and apex the point C [Prop. 12.5]. But, 
the pyramid whose base is triangle DEB, and apex the 
point C, is the same as the pyramid whose base is trian- 
gle EBC, and apex the point D. For they are contained 
by the same planes. And, thus, the pyramid whose base 
is ABD, and apex the point C, is equal to the pyramid 
whose base is EBC and apex the point D. Again, since 
FCBE is a parallelogram, and CE is its diagonal, trian- 
gle CEF is equal to triangle CBE [Prop. 1.34]. And, 
thus, the pyramid whose base is triangle BCE, and apex 
the point D, is equal to the pyramid whose base is trian- 
gle ECF, and apex the point D [Prop. 12.5]. And the 
pyramid whose base is triangle BC E, and apex the point 
D, was shown (to be) equal to the pyramid whose base is 
triangle AB D, and apex the point C. Thus, the pyramid 
whose base is triangle CEF, and apex the point D, is 
also equal to the pyramid whose base [is] triangle AB D, 
and apex the point C. Thus, the prism ABCDEF has 
been divided into three pyramids having triangular bases 
(which are) equal to one another. 

And since the pyramid whose base is triangle AB D, 
and apex the point C, is the same as the pyramid whose 
base is triangle C AB, and apex the point D. For they are 
contained by the same planes. And the pyramid whose 
base (is) triangle AB D, and apex the point C, was shown 
(to be) a third of the prism whose base is triangle ABC, 
and opposite (plane) DEF, thus the pyramid whose base 
is triangle ABC, and apex the point D, is also a third of 
the pyramid having the same base, triangle ABC, and 
opposite (plane) DEF. 


Corollary 


And, from this, (it is) clear that any pyramid is the 
third part of the prism having the same base as it, and an 
equal height. (Which is) the very thing it was required to 
show. 


Proposition 8 


Similar pyramids which also have triangular bases are 
in the cubed ratio of their corresponding sides. 

Let there be similar, and similarly laid out, pyramids 
whose bases are triangles ABC and DEF, and apexes 
the points G and H (respectively). I say that pyramid 
ABCG has to pyramid DEFH the cubed ratio of that 
BC (has) to EF. 
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wh NE 
POY NY 


MUPTETANOOCVG YAP TÈ A EOIIO occeeà A 
AnAentneOa. xoi &£xei óuota &o vy Y) ABI'H nugagic cf; AEZO 
rupagutót, tov doa gotly y uèyv òrò ABT yovia tH òrò AEZ 
yovia, 7 oe OnO HBL tH örò OEZ, 7; 66 bxrd ABH «fj ono 
AEO, xal £ouv óc f) AB npóc tjv AE, o0xoc f| BI npóc 
tv EZ, xoi *, BH ngóc thy EO. xoi &nc( &£ouv óc f; AB 
meds thy AE, obxoc 5; BI ngóc xrjv EZ, xoi neo toas ywviag 
ob rAeupol &véáAoYóv eto, óuovov pa otl TO BM tapah- 
AnAóYvpougov T65 ELL naparAnroyoduua. ord xà oco xàt OT) xol 
tò uev BN 163 EP dyoidy ot, tò 6€ BK 16 Ez cà tola 
goa tà MB, BK, BN «gioi tois EI, ES, EP duoi otv. 
AAAA xà uèv tola tà MB, BK, BN tao tois å&nevavtiov toa 
TE MOL Oo éoty, Ta OE tola tà ElI, E=, EP tool tois 
anevavttoyv toa te xa uord otuv. te BHMA, EOTIO doa 
OTEPEÙ TÒ OVOlwWYV EMLNEOWY tawy TO TAOS TEPMLÉYETAL. 
OUOLOY Yow otl TO BHMA ozegeóv tă EOIIO ocepgeG. cà 
o£ Óu ota oxeped ropoXAYventneóa &v xpuxAactow Aóvo &odi 
THY OLOAGYOY nrAceupGv. xó BHMA &pa oxepeóv npóc 1o 
EOIIO ocepgeóv vpgixAaoctova Aóvov Exe fixep Y, óuÓAovoc 
rAeupa À BI npd¢ thy óuóAovov xAeupàv tiv EZ. óc 66 tÒ 
BHMA 2oeeeóv ngóc xó EOIIO ocepeóv, obxoc ?) ABUH 
Tupac npóc t?v AEZO mupapí8o, énetofjrep Y) rupouic 
Éxtov uépoc &oti 100 oxepeoU tà TÒ xal TO TOLoUA Tiucu 
Óv toU otepeoU ropoAArAenuxéGou xpuxAGotov elvot tfjc Tu- 
pgapíGoc. xoi ? ABIH &pa nxupopic ngóc v AEZO mv- 
popí£óo vpuxAaotova Aóvov Exe Tjneo À BI xpóc thy EZ: 
Órep deL Ocio. 


lópioua. 

Ex Ò tovto Havepdy, OTL Xal al MoAVY@VOUC Eyov- 
oot Baosig Soto xupautóec npóc Aahas Ev TeITAMotoM 
KOYO Elol THY OLOAGYWY TASUEOY. StaLpEeDELODY yao avTtéy 
Eig Tac EV avtol¢c rupoaguíooc xvpiyeovouc Déáocic Eyobouc TH 
mal TH Suota ToALYWVa TOV Baoewy sic uoa tolywva 
Oto peloDot xal toa tT TANVEL ual OUdAOYa TOtc óXotc £ocot 
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B C E F 

For let the parallelepiped solids BGM L and EHQP 
have been completed. And since pyramid ABCG is simi- 
lar to pyramid DEFH , angle ABC is thus equal to angle 
DEF, and GBC to HEF, and ABG to DEH. And as AB 
is to DE, so BC (is) to EF, and BG to EH [Def. 11.9]. 
And since as AB is to DE, so BC (is) to EF, and (so) 
the sides around equal angles are proportional, parallel- 
ogram BM is thus similar to paralleleogram EQ. So, 
for the same (reasons), BN is also similar to ER, and 
BK to EO. Thus, the three (parallelograms) M B, BK, 
and BN are similar to the three (parallelograms) EQ, 
EO, ER (respectively). But, the three (parallelograms) 
MB, BK, and BN are (both) equal and similar to the 
three opposite (parallelograms), and the three (parallel- 
ograms) EQ, EO, and ER are (both) equal and simi- 
lar to the three opposite (parallelograms) [Prop. 11.24]. 
Thus, the solids BGM L and EHQP are contained by 
equal numbers of similar (and similarly laid out) planes. 
Thus, solid BGM L is similar to solid KHQP [Def. 11.9]. 
And similar parallelepiped solids are in the cubed ratio of 
corresponding sides [Prop. 11.33]. Thus, solid BGML 
has to solid EHQP the cubed ratio that the correspond- 
ing side BC (has) to the corresponding side EF. And as 
solid BGM L (is) to solid EHQP, so pyramid ABCCG (is) 
to pyramid DE FH, inasmuch as the pyramid is the sixth 
part of the solid, on account of the prism, being half of the 
parallelepiped solid [Prop. 11.28], also being three times 
the pyramid [Prop. 12.7]. Thus, pyramid ABCG also has 
to pyramid DE FH the cubed ratio that BC (has) to EF. 
(Which is) the very thing it was required to show. 


Corollary 


So, from this, (it is) also clear that similar pyra- 
mids having polygonal bases (are) to one another as the 
cubed ratio of their corresponding sides. For, dividing 
them into the pyramids (contained) within them which 
have triangular bases, with the similar polygons of the 
bases also being divided into similar triangles (which are) 
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óc [A] Ev tH éxépa uta mugpopic votyovov £youca B&ow 
TOOS THY EV Tfj £xépa uíav mueaulda tolywvov Eyovoay 
Báo, oŬtwos xal Araca at Ev TH Etéoa mvpauid. nveautdec 
TOLYWVOUS Eyovaa. Bdaeic MedOS tàs êv tÅ tép% NLEAUOL 
rupauíóac tTevy@voug Baoeic EyoUaac, ToUTEGTIV AUTH Ý 
TOADY@VOYV Dáow Eyovoa nupaulc MEOS THY TOAVYWVOV 
Baow Eéyovoay nupautda. Y, 6E xplyovov Dé&oty £youca nu- 
pac MEO tr)v vebyovov D&otv &youoav &v xpixAacotovt AÓYc 
ot) THY ÓuoAÓYov nAeUQGv: xoi Y| xoAOYovov ipa D&oww 
&youca TED TY óuotav Dáoty £youoav xpixAactova Aóvov 
&x€t Tep Å TAcupà MOOS THY TACLEdY. 


Y 
TGv towv nuepautdmv xal xpvyóvouc Báocis EyovodSy 
&vunenóvOactw oi Dácew; tois úbeow: xa Ov nxupogutoov 
tpiYevouc Båoceis &youoób?y avtnendvdaaw oat Bacet¢ tos 
Ütjeotv, toot eiotv &xelvou. 


PRO 
OQ 





NS, 
Z I] 


"Hotwoay yao too mupautdec torymvouc Baoeic Eyovom 
tàs ABT, AEZ, xopuyàs òè xà H, O oncior Aévo, óu Gv 
ABIH, AEZO rvpautdwov ávunxenóvOaow oi Dáoew tote 
Beo, xat ouy ðs Å ABT Báo med¢ thy AEZ póovw, 
ovtws TO THe AEZO nupauldo¢ tho med¢ tò týs ABTH 
mupautdoc Udo. 

MuytenraAnooode vào xà BHMA, EOIIO ocepeeà nopo- 
AvAenineOo. xol &nxci tor] £o xiv 9| ABPH rupaus t AEZO 
rupou(à, xot ot tfj; u£v ABPH rupauloc &&ormAóotov 
tò BHMA 2o«egecóv, xfic 66 AEZO nugoyuí(ooc &&onAóoctov 
:ó EOIIO ozepeóv, tcov àpa &oxi xó BHMA ocegeóv tõ 
EOIIO ocepe&. xGv 6€ toov ocxepetv napodAnAemimaday 
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both equal in number, and corresponding, to the wholes 
[Prop. 6.20]. As one pyramid having a triangular base in 
the former (pyramid having a polygonal base is) to one 
pyramid having a triangular base in the latter (pyramid 
having a polygonal base), so (the sum of) all the pyra- 
mids having triangular bases in the former pyramid will 
also be to (the sum of) all the pyramids having triangu- 
lar bases in the latter pyramid [Prop. 5.12]—that is to 
say, the (former) pyramid itself having a polygonal base 
to the (latter) pyramid having a polygonal base. And a 
pyramid having a triangular base is to a (pyramid) hav- 
ing a triangular base in the cubed ratio of corresponding 
sides [Prop. 12.8]. Thus, a (pyramid) having a polygonal 
base also has to to a (pyramid) having a similar base the 
cubed ratio of a (corresponding) side to a (correspond- 
ing) side. 


Proposition 9 


The bases of equal pyramids which also have trian- 
gular bases are reciprocally proportional to their heights. 
And those pyramids which have triangular bases whose 
bases are reciprocally proportional to their heights are 
equal. 


H O 
KN, — 


T 





UJ 


“SWAN 
F Q 


For let there be (two) equal pyramids having the tri- 
angular bases ABC and DEF, and apexes the points G 
and H (respectively). I say that the bases of the pyramids 
ABCG and DEFH are reciprocally proportional to their 
heights, and (so) that as base ABC is to base DEF, so 
the height of pyramid DEFH (is) to the height of pyra- 
mid ABCG. 

For let the parallelepiped solids BGM L and EHQP 
have been completed. And since pyramid ABCG is 
equal to pyramid DE FH, and solid BGM L is six times 
pyramid ABCG (see previous proposition), and solid 
EHQP (is) six times pyramid DEFH, solid BGM L is 
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à&vunenóvOaot oi Båce tois Oeo: Eoxv àpa cóc À BM 
Dácic npóc t?jv EII Báow, obtoc 16 vo0 EOIIO otepeoŭ 
Upos npóc tò TOU BHMA otepecod bdo. GAN’ we À BM 
D&otc npóc viv EIL, obvoc xó ABI" xetyovov rpòs tò AEZ 
tolywvov. xoà óc &pa TO ABI totywvov npóc xó AEZ 
totywvoy, oUtws TÒ o0 EOIIO ocepego0 Doc npóc tO tod 
BHMA otepeoŭ boc. GAAd tò uev toŭ EOIIO cotepeoŭ 
Upos TO “UTS EoTL TH týs AEZO xupautdoc Beer, tO 66 
tol BHMA otepeot boc tò aùtó ot t& týs ABIH rv- 
pautos Oder. čoty &pa óc Å ABT Béoic nod¢ thy AEZ 
Bác, oŬtws tÒ týs AEZO nvpautdo¢ poc nps tò tc 
ABTH rupautõos vpocs. tõv ABTH, AEZO vox nveautdov 
àvunreróvůacv ol Báoes tos vpeow. 

AAXAà 65 tõv ABTH, AEZO rnvpautdmv dvtinexovdét- 
cca ol Dácetc tois Oeo, xoi £ovo óc Å ABT Báo ngoc 
tv AEZ f&ot, o0toc vo vfjc AEZO nupauíiSoc Ooc npóc 
tò tc ABTH nupautdoc tho Aévo, óu tor) ouv ġ ABTH 
rupauic xfj AEZO nupoptà. 

TGv v&àp aóxOv xooaoxeuaoÜUévtov, Emel otv © Y) 
ABT Bács npóc vy AEZ D&oww, obtoc 10 1fjc AEZO nv- 
pautos bdog node t6 tH¢ ABI'H nupautdo¢ thos, GAA’ ÖS 
À ABT Báo mode thy AEZ Péow, obtwo tò BM tapad- 
Anàóypauuov moos tò ElI rapahànàióypauuov, xal &c &pa 
tO BM rapadAnroyeaumov meds TO EII ropoAAvAóYvpouuov, 
ovtws TO THe AEZO nupautdoc tbo med¢ tò tc ABTH 
nrupautdoc dog. GAA TO luèy] ts AEZO nvupautdoc¢ tbo 
TO aUTO ETL TH) TOU EFOTIO naporAnremnédovu beer, tò è 
tc ABIH rvpautdo¢ bho tÒ ató £o xG o0 BHMA 
ropoAArnAenunéoou Üjev £oxv ópa óc Å BM fóoic med 
tv EIT Baow, obtw¢ tò toŭ EOLO noapoAAvAeniunéoou 
Lpog Ted¢g tò TOU BHMA napadrAnrerimédsov thoc. Ov 
d& OTECEHY mopoAArnAemunéOov àvunenóvOaot o Doc 
toic Ucbeow, (oa &oxlv &xeivor (oov doa éco tò BHMA 
otepeoyv noapoaAAnAen(neoov x& EOIIO ocepe&$ nopoAArAe- 
TunéOQ. xal ot tod ueyv BHMA £xxov uépgoc 5; ABIH 
mueautc, ToD òè EOLO napoAArenuéooU £xtov uépoc T) 
AEZO nupauíc tov àpa À ABTH nupauic th AEZO mnv- 
porto. 

Tv goa towy TUEAULOWY Kal xpvyovouc D&octc £xouoGv 
&vunenóvOüacty oi Dáccei; voic Udeow: xoà GV nveauldov 
tTolywvouc Baosic Eyovay àvunrenóvüao oat Bdoetc toe 
vdeo, too stoly Exetvou Önep Eder cigo. 


f 
Fa 
— xõvoç xuàivõöpou toltov uépos &£oxi x00 tijv avTHy 
Báo čyovtocs at xal boc taov. 
Eyéto Y&p xGvoc xouAtvopGó Dáot TE TÅV AÛTŇY TÒV 
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thus equal to solid EHQP. And the bases of equal par- 
allelepiped solids are reciprocally proportional to their 
heights [Prop. 11.34]. Thus, as base B M is to base EQ, 
so the height of solid EHQP (is) to the height of solid 
BGML. But, as base BM (is) to base EQ, so triangle 
ABC (is) to triangle DEF [Prop. 1.34]. And, thus, as 
triangle ABC (is) to triangle DEF, so the height of solid 
EHQP (is) to the height of solid BGM L [Prop. 5.11]. 
But, the height of solid EH QP is the same as the height 
of pyramid DEFH, and the height of solid BGM L is 
the same as the height of pyramid ABCG. Thus, as base 
ABC is to base DEF, so the height of pyramid DEFH 
(is) to the height of pyramid ABCG. Thus, the bases 
of pyramids ABCG and DEFH are reciprocally propor- 
tional to their heights. 

And so, let the bases of pyramids ABCG and DEFH 
be reciprocally proportional to their heights, and (thus) 
let base ABC be to base DEF, as the height of pyramid 
DEFH (is) to the height of pyramid ABCG. I say that 
pyramid ABCG is equal to pyramid DE FH. 

For, with the same construction, since as base ABC 
is to base DEF, so the height of pyramid DEFH (is) to 
the height of pyramid ABCG, but as base ABC (is) to 
base DEF, so parallelogram BM (is) to parallelogram 
EQ [Prop. 1.34], thus as parallelogram B M (is) to paral- 
lelogram EQ, so the height of pyramid DEFH (is) also 
to the height of pyramid ABCCG [Prop. 5.11]. But, the 
height of pyramid DEFH is the same as the height of 
parallelepiped EH QP, and the height of pyramid ABCG 
is the same as the height of parallelepiped BG M L. Thus, 
as base BM is to base EQ, so the height of parallelepiped 
EHQP (is) to the height of parallelepiped BGML. And 
those parallelepiped solids whose bases are reciprocally 
proportional to their heights are equal [Prop. 11.34]. 
Thus, the parallelepiped solid BGM L is equal to the par- 
allelepiped solid EHQP. And pyramid ABCG is a sixth 
part of BGM L, and pyramid DEF H a sixth part of par- 
allelepiped EHQP. Thus, pyramid ABCG is equal to 
pyramid DEFH. 

Thus, the bases of equal pyramids which also have 
triangular bases are reciprocally proportional to their 
heights. And those pyramids having triangular bases 
whose bases are reciprocally proportional to their heights 
are equal. (Which is) the very thing it was required to 
show. 


Proposition 10 


Every cone is the third part of the cylinder which has 
the same base as it, and an equal height. 
For let there be a cone (with) the same base as a cylin- 
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ABTA xvdxrov xal tog tcov: Aévo, StL 6 “BVO TOD 
XUALv6pou xp(xov &oti uépoc, vouxéo vy Óxt O RLALVOENS TOD 
XGvou tputAaotov &oziv. 





[ 


Ei yàp uý otv ó xOMwv6poc xoO xóvou tputAaotov, 
£ctoi Ó XÜAwOpoc toU xóvou Ato UstCwv f| xpixAaotov 


c 


2v 


f, £A&coov f) tputAao(ov. got npótepgov uciGov f| Tto- 
n Aatotov, xol &vyevoóqo9o eic xóv ABDA x0óxAov tetedywy- 
ov tò ABTA: tò ù ABTA «exg&yovov uetCóv &ouv f| TO 
ucu tov ABTA x0xXou. xoi àveovácxo àxó 100 ABIA te- 
tpatyovou not(oua ioo0dec t xvAtvdoeq). TO OY) vo óuevov 
ngicua ucitóv &ouv Ĥ tò Yjucu vo0 xuA(vOou, énceiofinep 
xàv negl xóv ABTA xóxAov tetedywmvoyv nepvrpótbopusev, 
TO EÉvYeYgouguévov cic tov ABLA  xóxAov xetpóyovov 
fiucó &ot1 toU nepiyeypauuévov: xal OTL TÈ AT AÙTÕV 
&vwotéueva ocepeà napahànàenineõa nolouata iooŭpi: tà 
OS OTO TÒ qÔTÒ Üfpoc övta otepeà TaparAnAetineda Ted¢ 
&AAnA& £oxv Gc oi Dáceic xoi tò êm toŭð ABTA tow te- 
TOAY@VOU KvactavEYV Totowa AULovd cot, To avaotavevtoc 
Tetouatos and tol meet tov ABTA xbxrov neprypapéevtocg 
TETONYQVOU' Kal EOTLV O XVALVOEOS EAATTOV TOD TOLoUaTo? 
toU avateavevtog dnd tol neol tòy ABTA xóxàov rep- 
YOAPEVTOS TEtTOUYWVOU' TO Hoa TelouUa TO KvAOTAVEY KO 
tol ABTA tetoayavou toobdee tH xvAtvdow uciCóv ot 
tol Auloewe to xvAtvdeov. tetufodwoay ot AB, BI, 
TA, AA nepgéper Diya xoà xà E, Z, H, O onusta, xoi 
éreCevytwoay at AE, EB, BZ, ZV, TH, HA, AO, OA: 
xal Exaotov goa tv AEB, BZT, THA, AOA towóvov 
usiCdv Eat FTO Futov tol xad’ autò trnfjuaroc toO 
ABIA xóxAovu, óc Éunpgoc0cv &0cocvuuev. avEoTaTH EQ’ 
&xáctou 1&y AEB, BZI', THA, AOA towoóvov notouata 
ioobdh 16 xuA(v8por xal Exactov doa THY avactadévtwy 
rpuwuóéxov uciCóv &ocv f| xó Tiuco uégoc tol vað autò 
tuYjuatoc toU xuA(vopou, &nciOfjneo &àv Ox vOv E, Z, H, 
O cenucíov rapoAAfXouc vic AB, BD, DA, AA évévopsev, 
xa OLUTANOM@oWUEY tà &ri xv AB, BT, TA, AA napal- 
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der, (namely) the circle ABCD, and an equal height. I 
say that the cone is the third part of the cylinder—that is 
to say, that the cylinder is three times the cone. 





For if the cylinder is not three times the cone then the 
cylinder will be either more than three times, or less than 
three times, (the cone). Let it, first of all, be more than 
three times (the cone). And let the square ABCD have 
been inscribed in circle ABCD [Prop. 4.6]. So, square 
ABCD is more than half of circle ABCD [Prop. 12.2]. 
And let a prism of equal height to the cylinder have been 
set up on square ABCD. So, the prism set up is more 
than half of the cylinder, inasmuch as if we also circum- 
scribe a square around circle ABCD [Prop. 4.7] then the 
square inscribed in circle ABCD is half of the circum- 
scribed (square). And the solids set up on them are par- 
allelepiped prisms of equal height. And parallelepiped 
solids having the same height are to one another as their 
bases [Prop. 11.32]. And, thus, the prism set up on 
square ABCD is half of the prism set up on the square 
circumscribed about circle ABCD. And the cylinder is 
less than the prism set up on the square circumscribed 
about circle ABCD. Thus, the prism set up on square 
ABCD of the same height as the cylinder is more than 
half of the cylinder. Let the circumferences AB, BC, 
CD, and DA have been cut in half at points E, F, G, 
and H. And let AE, EB, BF, FC, CG, GD, DH, and 
HA have been joined. And thus each of the triangles 
AEB, BFC, CGD, and DHA is more than half of the 
segment of circle ABCD about it, as was shown pre- 
viously [Prop. 12.2]. Let prisms of equal height to the 
cylinder have been set up on each of the triangles AEB, 
BFC, CGD, and DHA. And each of the prisms set up is 
greater than the half part of the segment of the cylinder 
about it—inasmuch as if we draw (straight-lines) parallel 
to AB, BC, CD, and DA through points E, F, G, and H 
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ANAGCYeALUA, Xal dn” ADTHY avaACTHIWUEY OTEPER TAPAAAN- 
Aerinedsa tootdh 1 xvAtvdow, &xácou x&v àvoaotaüévtov 
pion £o xà nolouaxa xà &ri xy AEB, BZI', THA, AOA 
TOLYOVOV' Xal EoTL TH TOD xuàlvõpou tuńuata EAótxovat 
TOV KVAOTAVEVIWY otepeðv NaparAnAemnéswMv ote xal 
tà êm tõv AEB, BZT, THA, AOA towóovwov roltouata 
ustCove otv Ñ tò wou tõv xal’ &auxà toŭ xvAtvSoov 
TUNUATWY. xéuvovtec O07| tàc OnoÀewou£voc nepupepetoc 
Oiya xal EmCevyvuvtec cvovetiac xal avotdytec ED’ Exdoov 
TOV TOLYOVOYV nolouata tooŬb TG xvAivdow xol toto Hel 
mototvtes xatoAstdbousy tiva d&rotuyuata tol xvAtvdeou, 
& čota £Aátrova Tic UNEpoyfc, f OMEesyer O xvATVOEOC 
toU xpuxAaocíou toU xm@vou. AcAsc(qOo, xoi £o tà AE, 
EB, BZ, ZV, TH, HA, AO, OA: Xouxóv &pa tò toloua, 00 
Dáoci; u£v tò AEBZLTHAO nodvywvoy, bbog S€ tÒ atò 
TG) “LALVOEGS, WElCdv Eotly f) xpuxAGotov. xoO xóvou.. Gà 
TO Totoua, oD Bdotg uev otl tò AEBZL'HAO rodbywvoy, 
Üpoc 8& TO KUTO TG) xuA(tvOpo, tpixAGocióv &ou tc Tu- 
pautos, fic Dácic uév &ou tò AEBZI'HAO rodtbywvoy, 
KOOL OF Y AUTH TH xov: xal À MLEaUIC Koa, Ac Pd&orc 
uév [gout] to AEBZTHAO rodvywvoy, xoouery dé 4 abty 
1G xGvo, ue(Gov &£oxl. xoU xóvou TOD åo Eyovtec TOV 
ABTA xóxAov. Gà xoi &£Aárvov: éunepiéyetotr yàp DT’ 
aÓtoU: Ónep &£otiv &OÓvaxov. oOx Koa gotly 6 xvALVOEOC 
tol x@voU YEICay f TeitAcOLOC. 

Aévco Of, Óu oó0& dttv otv ñ 
XüAtvOpoc TOŬ xXavov. 

Ei yuo Guvarxóv, £oxto &A&xvov f) xouxA&ovoc O RLALVOENC 
toU xóvou' á&váno)uv Goa Ó xGvoc toU xuA(vopou ucitov 
Eotly ¥ tottov uéeos. éyyeyodove oy cic tov ABTA x0óxAXov 
tetoadywvoy tò ABTA: tò ABTA &ow tetedyavov uctTév 
Eott Ñ TÒ uou toŭ ABTA xúxňou. xal àveotáo ànó TOŬ 
ABTA tetoayavou rupaus TÀY atr]v xopudor|v &youca 16 
“Ove ¥) doa &vaotavetoa mupaule uetCav Eotly FTO wou 
ueeoc TOU xMvou, EmeLdynEe, Oc Eunpoo0ev edetuvuuey, 
OTL àv nepil 1Óv XOxAov vetpéyovov nteprypábwuev, čata 
tO ABTA tetod&ywvoyv fuucu toU neol tov xUxAOV meQi- 
yeypauuévou TETOAYQVOU' xol &àv ANO TOV TETQOOO VOV 
Gtepeà rogo A ventneoo &voaoctfioopuev tcoUpf, vG xovo, à 
xol xoeivot Notouata, Cota TO avaotavey ano tot ABTA 
TETONY@VOU Autov tol avactavévtoc ATÒ TOŬ Teel TOV 
XÜXAOV NEOLYEADEVTOS TETOUYWVOU' rgóc GATA Y&p slow 
Gc oi Dé&oeic. dote xol xà Tota xoà mupaulc Kea, fic 
Bács tò ABTA «expévovov, fico ċott tc xupouítooc tc 
àvactaðslons ATÒ tTOŬ nepl TÒV XÓXAOV TEPLYPAPÉVTOG TE- 
Toayavovu. xal oti uelCwv À tupauis H avactaveton and 
toU Teel TOV XUXAOYV TETEAY@VOL TOD XOVOU' EUNEELEYEL 
yàp avtdyv. f| hoa mupautc, Ac Báo; xó ABDA tetpoáywvov, 
xopug?| è Y| aot?) vG xOVO, UElCav Eatly Ñ TO Hurov tod 
xovou. Tetunodwoav of AB, BP, TA, AA mnepupégetot 
diya wate tà E, Z, H, O onueia, xol ExeCevydwcar oi 


/ c 
ToLTAGoLOS Ô 
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(respectively), and complete the parallelograms on AB, 
BC, CD, and DA, and set up parallelepiped solids of 
equal height to the cylinder on them, then the prisms on 
triangles AEB, BFC, CGD, and DH A are each half of 
the set up (parallelepipeds). And the segments of the 
cylinder are less than the set up parallelepiped solids. 
Hence, the prisms on triangles AEB, BFC, CGD, and 
DH A are also greater than half of the segments of the 
cylinder about them. So (if) the remaining circumfer- 
ences are cut in half, and straight-lines are joined, and 
prisms of equal height to the cylinder are set up on each 
of the triangles, and this is done continually, then we will 
(eventually) leave some segments of the cylinder whose 
(sum) is less than the excess by which the cylinder ex- 
ceeds three times the cone [Prop. 10.1]. Let them have 
been left, and let them be AE, EB, BF, FC, CG, GD, 
DH, and HA. Thus, the remaining prism whose base 
(is) polygon AEBFCGDH, and height the same as the 
cylinder, is greater than three times the cone. But, the 
prism whose base is polygon AEBFCGDH, and height 
the same as the cylinder, is three times the pyramid whose 
base is polygon AEBFCGDH, and apex the same as the 
cone [Prop. 12.7 corr.]. And thus the pyramid whose 
base [is] polygon AF BFCGDH, and apex the same as 
the cone, is greater than the cone having (as) base circle 
ABCD. But (it is) also less. For it is encompassed by it. 
The very thing (is) impossible. Thus, the cylinder is not 
more than three times the cone. 

So, I say that neither (is) the cylinder less than three 
times the cone. 

For, if possible, let the cylinder be less than three times 
the cone. Thus, inversely, the cone is greater than the 
third part of the cylinder. So, let the square ABC D have 
been inscribed in circle ABC D [Prop. 4.6]. Thus, square 
ABCD is greater than half of circle ABCD. And let a 
pyramid having the same apex as the cone have been set 
up on square ABC D. Thus, the pyramid set up is greater 
than the half part of the cone, inasmuch as we showed 
previously that if we circumscribe a square about the cir- 
cle [Prop. 4.7] then the square ABC D will be half of the 
square circumscribed about the circle [Prop. 12.2]. And 
if we set up on the squares parallelepiped solids—which 
are also called prisms—of the same height as the cone, 
then the (prism) set up on square ABCD will be half 
of the (prism) set up on the square circumscribed about 
the circle. For they are to one another as their bases 
[Prop. 11.32]. Hence, (the same) also (goes for) the 
thirds. Thus, the pyramid whose base is square ABCD 
is half of the pyramid set up on the square circumscribed 
about the circle [Prop. 12.7 corr.]. And the pyramid set 
up on the square circumscribed about the circle is greater 
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AE, EB, BZ, ZI', TH, HA, AO, OA: xa Exactov goa 
tiv AEB, BZD, THA, AOA «pvyoóvov uciCóv otv ý tò 
ficu uépoc xou xo' &auxó xufiuaxoc to ABTA xvxAov. 
xol &àveoxá&ooavy &o' &xéáoxou x&y AEB, BZI', THA, AGA 
TOLYOVOOV NTLOAULOES TYV ALTYV XOELONY EYOVGAL TES XVOD" 
xoi &xáotry pa tV avactaveroGy mueaulowy xaTta& TOV 
QUTOY xpónxov uciQov otv Ñ tÒ wou uépoc TOU xad’ 
£aut? xuYjuavoc toD xeGvou. téuvovtec OY Tac DTOAEI- 
rouévac nepgupeoe(oc O(yo xoà &müeuyvOvrec eoUcloc xol 
UVLOTAVTES ED EXKOTOV TOY TOLYOVWY TLEAULOA THY ADTY]V 
xopgugrv &xyouocav x6) xOwp xoi to0to wel notobtec xo 
tareibouey tva àxoxufjuaxa x00 xxcvou, & £ocxot &Aáxxova 
tfjg óxepoxf|c, T) bxepéyet ó xGvoc toO tp(xou uépouc Tob 
XuAtv6pou. AeAc(quo, xoi £oxo ta Ext tv AB, EB, BZ, ZT, 
TH, HA, AO, OA Aou pa ñ nupauls, fic Báo uév £o 
tò AEBZI'HAO roddywvoy, xopuer dé Y; aot?) v6) XOVG, 
uetCwv gotty 7| volxov uépoc xoO xuXtv8pgou. àAXX' fj rupoauíc, 
fic Báotc uév &ou tò AEBZIL'HAO mnoA0Yovov, xoguqr, 9€ 
f| aut?) 1G xov, 1g(xov £oxi u£poc o0 nolouaxoc, oo Dáotc 
uév ou :ó AEBZI'HAO zroúvyovov, poc 68 16 aro t 
XxuAtv6po: 1o àpa notouo, o9 D&ctc uév £o TO AEBZTHAO 
xoAOYOvov, Dog SE TO ADT TE XLALVOEW, UStCdv EoTL TO 
“xvAtvdeov, o0 Bd&oug ċotiy ô ABDA xóxXoc. Gà xol Aat- 
TOV’ EUTEPLEYETAL YuO UM avTtOD’ OnE EoTly GdvVvaTOV. ODx 
&pa Ó xÜAiwvO6poc toU xovou &Aáttov &oxlv fj xpuxAGotoc. 
£Oc(y Ov, 66, ów o08€ uc(Gov fj xpxAGotoc: xpixAGotoc doa. Ó 
xüAtv6poc TOD XMVOU' OTE 6 xGvoc toíxov &oti uépoc TOD 
XUALvopou. 

II&cz &pa xGvoc xuAtv6pou tgí(tov uépoc &od toO tv 
gvTYV Baow Eyovtog “OTH ual Bboc taov’ Sree Eder Seton. 


Lo. 

Ot bro tO avTtd Duoc Óvcrec xé&vo xoà xóAw8poot ngóc 
GAAXfouc etclv óc ot Dáoeic. 

"Eococav bxó TO oaótó Üdoc xGvoi xol xOXw6pot, Gv 
Dé&cew; uev [eio] oi ABTA, EZHO x0óxAXot &&ovec 0€ oi 
KA, MN, àuergot 0€ Gv Báceov o. AT, EH: ^éyo, óu 
£ctlv óc ó ABI'A xóxAoc ngóc xóv EZHO xóxAov, obtoc 
Óó AN x6&voc ngóc xóv EN xGvov. 
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than the cone. For it encompasses it. Thus, the pyramid 
whose base is square ABC D, and apex the same as the 
cone, is greater than half of the cone. Let the circum- 
ferences AB, BC, CD, and DA have been cut in half 
at points E, F, G, and H (respectively). And let AE, 
EB, BF, FC,CG, GD, DH, and H A have been joined. 
And, thus, each of the triangles AEB, BFC, CGD, and 
DHA is greater than the half part of the segment of cir- 
cle ABCD about it [Prop. 12.2]. And let pyramids having 
the same apex as the cone have been set up on each of the 
triangles AEB, BFC, CGD, and DHA. And, thus, in the 
same way, each of the pyramids set up is more than the 
half part of the segment of the cone about it. So, (if) the 
remaining circumferences are cut in half, and straight- 
lines are joined, and pyramids having the same apex as 
the cone are set up on each of the triangles, and this is 
done continually, then we will (eventually) leave some 
segments of the cone whose (sum) is less than the excess 
by which the cone exceeds the third part of the cylinder 
[Prop. 10.1]. Let them have been left, and let them be 
the (segments) on AE, EB, BF, FC, CG, GD, DH, and 
HA. Thus, the remaining pyramid whose base is poly- 
gon AEBFCGDH, and apex the same as the cone, is 
greater than the third part of the cylinder. But, the pyra- 
mid whose base is polygon AEBFCGDH, and apex the 
same as the cone, is the third part of the prism whose 
base is polygon AEBFCGDH, and height the same as 
the cylinder [Prop. 12.7 corr.]. Thus, the prism whose 
base is polygon AEBFCGDH, and height the same as 
the cylinder, is greater than the cylinder whose base is 
circle ABCD. But, (it is) also less. For it is encompassed 
by it. The very thing is impossible. Thus, the cylinder is 
not less than three times the cone. And it was shown that 
neither (is it) greater than three times (the cone). Thus, 
the cylinder (is) three times the cone. Hence, the cone is 
the third part of the cylinder. 

Thus, every cone is the third part of the cylinder which 
has the same base as it, and an equal height. (Which is) 
the very thing it was required to show. 


Proposition 11 


Cones and cylinders having the same height are to one 
another as their bases. 

Let there be cones and cylinders of the same height 
whose bases [are] the circles ABCD and EFGH, axes 
K L and M N , and diameters of the bases AC and EG (re- 
spectively). I say that as circle ABCD is to circle EFGH, 
so cone AL (is) to cone EN. 
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Ei yàp uń, gota Oo ó ABI'A xóxAoc ngóc tov EZHO 
xuxAov, obTa¢ 6 AA xé3voc YitoL MEd EAaoody tt to EN 
XOVOU Ot£peOv f| npóc ueiGov. £oto npótepov npóc EAao- 
cov TÒ =, xal @ EAaoody £o 16 E oxepeóv xoO EN x«dàvov, 
&xetvQ toov £oto 10 V ocxeoeóv: ó EN xàvoc ópa tooc £o 
toic &, V ocegeoic. £YYevgóqUo ci; xóv EZHO x0óxAov 
tevpéYovoy :ó EZHO: tò &pa xexpóyovov uciCóv &ouuv 
f,tó uou 100 xOÓxAou. dveotát:o àxoó to0 EZHO rqe- 
tpayóvou TueaUle laobdyc TH xov: Å hoa &vaoTtadeton 
Tupauls uetGov &ociy T) xo fiuuco tov xavov, Enedynee Edy 
Tepryedvwusy Teel TOV xUXAOV TETEaYWVOY, xal an’ avTOD 
KVALOTHOMUEY TLEAULSA IoobdF TH “Oven, 1 EyYouEetoa nu- 
Pac HULGD SOTL Thc NEoryepapstonc’ MEdS GAANAac yd Elatv 
D> at Pdosic’ £Aátxov 6€ ó xGvoc tfj; reprypoetorc nu- 
pautdoc. cexufo90cav oi EZ, ZH, HO, OE negupépetot 
Oba xaxà tà O, IL, P, X ongucia, xoà ExeCevydwoav at 
OO, OE, EII, IIZ, ZP, PH, HX, XO. Éxaocxov &pa 1Gv 
OOE, EIIZ, ZPH, HZO «etyóvov uciCóv otv f, tO Tiutco 
toU xa0' &autó tUufjuauroc to xvxAov. dveotdtw eg’ 
exgotov tiv OOE, EIIZ, ZPH, HNO toyovey nueautc 
icobdyc TH xover xal éxdotn goa Tv d&vaotaverosy Tu- 
pautdev ustCov otv Ñ tò wou toč xat Eauthy tunuatoc 
toU x&vou. 1Éuvovteg Oy) tàüc OxoAeunouévoac nepupepetoe 
Olya xol EmCevyvuvtec eoc(ac xol àvoxávrec &ni &xáotou 
TOY TOYOVOY Tueautdac toobdete TH “OVE nol Hel toto 
Tototvtes “atoAreibouéy tiva amotuyata toO xovou, & 
cota EAdooova tol W otepeoŭ. Ackcinde, xoi £oto tà 
eni tõv OOE, EIZ, ZPH, HXO- Aou?) Goa Kh nveaute, fic 
Bács tò OOEIIZPHX nxo^óYvovov, Uoc o£ 1ó ato TH 
xov, ue(Gov ot) vo0 € ovegeo0. &vYevoóqgo xol eic vov 
ABTA xóxňov x66 OOEIIZPHX noAvYovo Óópotóv xe xoi 
óuotoc xetuevov roAOYvovovy ó A'TAY BOTX, xoi àveovéto 
én avtod mupautc toobdye x6 AA xóvo. Exel odV EoTW Ge 
tO and tTH¢ AT node t6 &xd TH¢ EH, obtw¢ tò ATAYBOTDX 
ToALyY@voy Toeog TO OOKIIZPH™ rnodkvywvoy, we öè tò 
ano thc AD nod¢ 10 dnd tc EH, obvoc ó ABDA xóxAoc 
npóc tóv EZHO »x0óxAov, xalt Oo doa 6 ABTA xvdxudo¢ tod¢ 
tov EZHO xvbdxrov, obttwo xó ATAYBOLX xo^Óóvovov 
npóc tò OOEIIZPH? noAOYvcovov. óc 6€ ó ABDA xóxAoc 
npgóc tóv EZHO xóxAov, ottwo 6 AA xvo¢g npóc 10 E 
otepeóv, óc 0€ xó ATAYTBODX rorvywvov npóc 16 OO- 
EIIZPHX. noAóYvovov, obcoc f| rugouíc, fic Dáotz u£v tO 
ATAYB®LX nxoAóYvovov, xogudo?, 6€ xó À onuciov, med¢ 
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For if not, then as circle ABCD (is) to circle EFGH, 
so cone AL will be to some solid either less than, or 
greater than, cone EN. Let it, first of all, be (in this ra- 
tio) to (some) lesser (solid), O. And let solid X be equal 
to that (magnitude) by which solid O is less than cone 
EN. Thus, cone EN is equal to (the sum of) solids O 
and X. Let the square EFGH have been inscribed in cir- 
cle EFGH [Prop. 4.6]. Thus, the square is greater than 
half of the circle [Prop. 12.2]. Let a pyramid of the same 
height as the cone have been set up on square EFGH. 
Thus, the pyramid set up is greater than half of the cone, 
inasmuch as, if we circumscribe a square about the cir- 
cle [Prop. 4.7], and set up on it a pyramid of the same 
height as the cone, then the inscribed pyramid is half 
of the circumscribed pyramid. For they are to one an- 
other as their bases [Prop. 12.6]. And the cone (is) less 
than the circumscribed pyramid. Let the circumferences 
EF, FG, GH, and H E have been cut in half at points 
P, Q, R, and S. And let HP, PE, EQ, QF, FR, RG, 
GS, and SH have been joined. Thus, each of the trian- 
gles HPE, EQF, FRG, and GSH is greater than half 
of the segment of the circle about it [Prop. 12.2]. Let 
pyramids of the same height as the cone have been set up 
on each of the triangles HPE, EQF, FRG, and GSH. 
And, thus, each of the pyramids set up is greater than 
half of the segment of the cone about it [Prop. 12.10]. 
So, (if) the remaining circumferences are cut in half, and 
straight-lines are joined, and pyramids of equal height 
to the cone are set up on each of the triangles, and 
this is done continually, then we will (eventually) leave 
some segments of the cone (the sum of) which is less 
than solid X [Prop. 10.1]. Let them have been left, and 
let them be the (segments) on HPE, EQF, FRG, and 
GSH. Thus, the remaining pyramid whose base is poly- 
gon HPEQFRGS, and height the same as the cone, is 
greater than solid O [Prop. 6.18]. And let the polygon 
DT AU BVCW,, similar, and similarly laid out, to polygon 
HPEQFRGS, have been inscribed in circle ABCD, And 
on it let a pyramid of the same height as cone AL have 
been set up. Therefore, since as the (square) on AC is 
to the (square) on EG, so polygon DT AU BVCW (is) to 
polygon H PEQF RGS [Prop. 12.1], and as the (square) 
on AC (is) to the (square) on EG, so circle ABCD (is) 
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tv xupouíoóo, fic Dáci; u£v tò OOEIIZPHX  xoAóYovov, 
xopuqQ? dé xó N oretov. xoi óc &pa ó AA xó&voc npóc TO 
— ot&p£Óv, oos f| rupauíc, fic Dáci; u£v xó ATAYBODIX 
xoÀOYOVOV, Xopuo?, 6€ xó À onuciov, TEdS THY tupayta, 
ñs Bács u£v xó OOEIIZPH» nxoAOYvovov, xopudo? 66 xó N 
onustov’ £vaAAà& &pa &otiv cc 6 AA x&voc npóc tijv Èv 
QUTG rupout(8a, obtoc tó E otepgeóv npóc THY Ev TH EN 
xcowvp Tueautda. us(Gov 66 ó AA x&voc tfjc £v aotG Tu- 
papíGoc: ueiCov dpa xoi tò E otepeòv tis êv tõ EN xov 
Tupautdoc. GAG xal čAaccov: Öneo ğ&tonrov. oÙx koa Eotlv 
óc ó ABI'A xóxAoc ngóc xóv EZHO xóxAov, ob:oc ó AA 
xGvoc npóc £Aacoóv u to0 EN xovou otegeóv. ouoltoc 
Oè Oc(&ouev, ów o00é £ov c ó EZHO xóxAoc npóc xov 
ABDA xóxAov, obt:oc ó EN xGvoc npgóc £Aaccóv uw tod 
AM xóvou otepeóv. 

Aéyo Of, ów o06é £ouv óc ó ABA xóxAXoc npóc tòv 
EZHO xóxAov, obtoc ó AX x6óvoc npgóc ucicóv xu vo0 EN 
XOVOU OTE£QEÓV. 

Ei yàp duvatéyv, Eotw Mods UstCov TO = avenaAdww goa 
cotly O¢ 6 EZHO xvudo¢ node tov ABTA xdxrov, ob tw< 
tO = aotepeoy med TOV AA xdSvov. AAN? OS TÒ £ oepeóv 
npóc TOV AA xéivov, obtwc 6 EN xGvoc npóc £Aacoóv ct 
1:00 AA xóvou otepgeóv: xoi óc &pa ó EZHO xóxAoc npóc 
tov ABDA xóxAov, o0xoc ó EN xGvoc noóc £Aoooóv t 
to0 AA xdóvou otepgeóv: ónep dO0vaxov &8cby0r. oox Kou 
&cxlv óc ó ABDA xóxAoc npgóc xóv EZHO x0xAov, oto 6 
AN x6voc npóc uciCóv vt o0 EN »xóvou ovepeóv. &Oociy 
Oé, Öt 008€ npóc EAacoov’ Eotw &pga óc ó ABA xóxAoc 
npóc tóv EZHO xÓóxAov, o0üvoc ó AA xGvoc ngóc xóv EN 
XC)VOV. 

AMM’ ðs Ó xGvoc npóc tóv xGvov, Ó x0AwOcoc npóc 
tÓóv xüAtO6pov: tpixAaoíov vào &xátepoc &xoxépou. xoi &S 
&oa ó ABDA xóxAoc ngóc 1óv EZHO x0xAov, obtoc oi £r 
o6 v toovdete. 

Ot goa bro tÒ aùtÒ Duoc Óvrec xGvov xoà xOXwOpot 
TOONS dAAYjAouc cioty ðs at Bdoeic’ GnEO Eder Setgan. 


low 
Ot dyotor xvor xol x0AvvSoot Teds GAAKAOUE EV ToL 
tàaclov ADYG clot THY Ev Tolic Ba&osoL Our étpov. 
"Eotooav óuow xGvo xoà xóAwopot, OV Bdosic yey 
oi ABA, EZHO xóxAot, didueteo òè TOV Bacewv at BA, 
ZO, &&ovec 8€ vOv x&vov xol xuAtvGpgov ot KA, MN: AEvoo, 
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to circle EFGH [Prop. 12.2], thus as circle ABC D (is) 
to circle EFGH, so polygon DT AU BVCW also (is) to 
polygon H PEQF RGS. And as circle ABC D (is) to cir- 
cle EFGH, so cone AL (is) to solid O. And as poly- 
gon DT'AU BVCW (is) to polygon H PEQF RGS, so the 
pyramid whose base is polygon DT AU BVCW, and apex 
the point L, (is) to the pyramid whose base is polygon 
HPEQFRGS, and apex the point N [Prop. 12.6]. And, 
thus, as cone AL (is) to solid O, so the pyramid whose 
base is DT AU BVCW., and apex the point L, (is) to the 
pyramid whose base is polygon H PEQF RGS, and apex 
the point N [Prop. 5.11]. Thus, alternately, as cone AL 
is to the pyramid within it, so solid O (is) to the pyramid 
within cone EN [Prop. 5.16]. But, cone AL (is) greater 
than the pyramid within it. Thus, solid O (is) also greater 
than the pyramid within cone EN [Prop. 5.14]. But, (it 
is) also less. The very thing (is) absurd. Thus, circle 
ABCD is not to circle EF'GH, as cone AL (is) to some 
solid less than cone EN. So, similarly, we can show that 
neither is circle EFGH to circle ABC D, as cone EN (is) 
to some solid less than cone AL. 

So, I say that neither is circle ABCD to circle EFGH, 
as cone AL (is) to some solid greater than cone EN. 

For, if possible, let it be (in this ratio) to (some) 
greater (solid), O. Thus, inversely, as circle EF'GH is to 
circle ABCD, so solid O (is) to cone AL [Prop. 5.7 corr.]. 
But, as solid O (is) to cone AL, so cone EN (is) to some 
solid less than cone AL [Prop. 12.2 lem.]. And, thus, as 
circle EFGH (is) to circle ABC D, so cone EN (is) to 
some solid less than cone AL. The very thing was shown 
(to be) impossible. Thus, circle ABCD is not to circle 
EFGH, as cone AL (is) to some solid greater than cone 
EN. And, it was shown that neither (is it in this ratio) to 
(some) lesser (solid). Thus, as circle ABC D is to circle 
EFGH,so cone AL (is) to cone EN. 

But, as the cone (is) to the cone, (so) the cylin- 
der (is) to the cylinder. For each (is) three times each 
[Prop. 12.10]. Thus, circle ABCD (is) also to circle 
EFGH, as (the ratio of the cylinders) on them (having) 
the same height. 

Thus, cones and cylinders having the same height are 
to one another as their bases. (Which is) the very thing it 
was required to show. 


Proposition 12 


Similar cones and cylinders are to one another in the 
cubed ratio of the diameters of their bases. 

Let there be similar cones and cylinders of which the 
bases (are) the circles ABC D and EFGH, the diameters 
of the bases (are) BD and FH, and the axes of the cones 
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öt ó xGvoc, o0 Bác uév [£ouv| ó ABUA x0xXoc, xoguqor) 
dé tÒ À omuciov, npóc xóv xGvov, o0 Déow uév |£ouwv| 
ó EZHO xóxAoc, xoguqg?| 6€ tO N onustoy, tornAactovar 
AóYvov &ye& Tjnepo À BA ngóc tv ZO. 








Et yoo wy Eyer Óó ABDAA xGvoc npgóc tov EZHON 
x&vov npurAactova Aóvov fjirepo ?) BA node thy ZO, eter 
ó ABIAA x6voc f, npóc £Aacoóv t x00 EZHON xóvov 
ot€peóv tpurAactova Aóvov f, xpóc uelCov. &yéxo npótepov 
npóc £Aacoov 106 —, xoi &vYevoóqo eic xóv EZHO x0xAov 
tetodywvoy T0 EZHO: tò goa EZHO tetoáywvov ueřćóv 
£cuv f| v0 fjucu to0 EZHO xóxAovu. xal aveotatw ent 
:o0 EZHO teteayavou tupauls THY AUTHY KOELONY £youca 
T Ovo Ky Goan avactavetaa mupaule ustCwv Eotly 7 TO 
fcu uégoc To xmvov. Tetufodwoayv dy oi EZ, ZH, 
HO, OE negupépeton oGyoc xoà xà O, II, P, X onucio, xoi 
&neCeoy9ooav oi EO, OZ, ZIL IIH, HP, PO, OX, XE. xoi 
&xactov àpa xy EOZ, ZIIH, HPO, OXE «xeryovov uciCóv 
£cv fj 1o Tjucu uégoc xo xa autò vurjuaxoc o0 EZHO 
XUXAOL. xal &vVEaTATW EM &xé&oxou x&v EOZ, ZIIH, HPO, 
OXE teryavwyv nxupopig tyjv obti|v xopuoyv £youca TES 
XOVE’ Kal ExdoTy how THY &vaotaverady nueautdwv welCwov 
Eotly Ñ tÒ uou uépocs toŬ vad’ Eavutyyv tufjuaroc tod 
XOVOL. TEUVOYTES ON Ta LMOACIMOUEVACS nepupepetoc obra 
xol, &ui Ceu Y vóvrec eoUe(ac xol dworávrec &q' &xá&otou vOv 
TOLYOVOY TLEAULDAS THY AUTYY XOELONY Eyoboas TH XOV 
“al toto cel notobytes xaTtoAetPouey Tiva &motunata TOŬ 
XOVOL, & ota, EAdooova tfjg Oxepoyfic, fH Onepsyer O 
EZHON x6 voc tol & ateosob. AeAc(qUco, xol £oto tà 
&ri x&v EO, OZ, ZII, IHH, HP, PO, OX, XE: Aon) &pa f| 
rupauíc, Åc Báo uév &ow xó EOZIIHPOX  noAóYvovov, 
xopguQ!y 8€ xó N omnuciov, uc(Cov oth told & otepcod. 
eyyeyedo ve xol cic xóv ABA xóxXov x EOZIIHPOX 
roÀuYGvQo Óóuotióv t& xoi óuotoc xe(uevov xoAOYovov TO 
ATBYT®AX, xoi àveoxáxo éxt o0 ATBYT AX zo- 
ÀAuvovou Tvepaulc THY AUTHY xoOUEHY Eyovo TH XOVO, 
xol TOV UEV TepLeySVTWY tiv nupoguíoo, fic Báciz uév &o 
tò ATBYT AX xodvywvoy, xopugy de TO A onuctoy, 
Ev totywvoyv čotw tò ABT, tõv 8& nepetyóvtov tiv nu- 
pautda, fic Dáci; uév ot tò EOZIIHPOX  xoAóYvovov, 
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and cylinders (are) KL and MN (respectively). I say 
that the cone whose base [is] circle ABC D, and apex the 
point L, has to the cone whose base [is] circle EFGH, 
and apex the point N, the cubed ratio that BD (has) to 


FH. 
N 











For if cone ABCDL does not have to cone EFGHN 
the cubed ratio that BD (has) to FH then cone ABCDL 
will have the cubed ratio to some solid either less than, or 
greater than, cone EFGH N. Let it, first of all, have (such 
a ratio) to (some) lesser (solid), O. And let the square 
EFGH have been inscribed in circle EFGH [Prop. 4.6]. 
Thus, square EF'GH is greater than half of circle EFGH 
[Prop. 12.2]. And let a pyramid having the same apex 
as the cone have been set up on square EFGH. Thus, 
the pyramid set up is greater than the half part of the 
cone [Prop. 12.10]. So, let the circumferences EF, FG, 
GH, and H E have been cut in half at points P, Q, R, 
and S (respectively). And let EP, PF, FQ, QG, GR, 
RH, HS, and SE have been joined. And, thus, each 
of the triangles EPF, FQG, GRH, and HSE is greater 
than the half part of the segment of circle EF'GH about it 
[Prop. 12.2]. And let a pyramid having the same apex as 
the cone have been set up on each of the triangles EPF, 
FQG, GRH, and HSE. And thus each of the pyramids 
set up is greater than the half part of the segment of the 
cone about it [Prop. 12.10]. So, Cif) the the remaining cir- 
cumferences are cut in half, and straight-lines are joined, 
and pyramids having the same apex as the cone are set 
up on each of the triangles, and this is done continu- 
ally, then we will (eventually) leave some segments of the 
cone whose (sum) is less than the excess by which cone 
EFGHN exceeds solid O [Prop. 10.1]. Let them have 
been left, and let them be the (segments) on EP, PF, 
FQ, QG, GR, RH, HS, and SE. Thus, the remaining 
pyramid whose base is polygon EPFQGRH S, and apex 
the point N, is greater than solid O. And let the polygon 
ATBUCV DW, similar, and similarly laid out, to poly- 
gon EPFQGRHS, have been inscribed in circle ABCD 
[Prop. 6.18]. And let a pyramid having the same apex 
as the cone have been set up on polygon ATBUCV DW. 
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xopuqr de to N onuetov, Ev tetywvoyv £o xó NZO, xoi 
ereCevyYwoay at KT, MO. xoi Exel duotdc Eotww 6 ABDAA 
xGvoc à EZHON »xdàvo, £couv dou Wo 1) BA ned civ 
ZO, obvoc ó KA &&ov npóc tov MN óà&ova. óc o6 Y) BA 
Teds THY ZO, obtw¢ 9; BK npóc vv ZM: xoi óc àga Y) BK 
ngoc tv ZM, obxoc f; KA npóc xijv MN. xal varié ðs 
? BK ngoóc tv KA, obtoc f| ZM ngóc vy MN. xoi negl 
toug yaovtag tac òrò BKA, ZMN ott nAeupot &váAXoYvóv eic 
OUOLOY Hoa ott TO BK A toetywvoy 165 ZMN toryove. not, 
&ne( £ouv óc f) BK ngóc vv KT, obxoc f| ZM npóc tijv 
MO, xoà neol toas ywvlas tàs rò BKT, ZMO, énseidńneo, 
Ó uépoc &oxiv f| ónó BKT yovla x&v ngóc tã K xévtow 
TECO óp0Gv, tó ato u£poc &oxi xoi Y) oxó ZMO vota 
t&v npóc 1G M xévtoo xeooópov óp06v: nel oÙv tepl toas 
ywvlas ai nàcupal &v&hoyóv stow, ðuorov &pa &ox tò BKT 
totywvoyv 74 ZMO tayóvgy. né, &nel edetyOn ac Y, BK 
tpoòs ty KA, oŭtws À ZM mngóc vv MN, tor] 96 ñ uèv 
BK th KT, 4 6€ ZM tH OM, čotv àpa óc Y, TK ngoóc 
uv KA, oboc f| OM neóc thy MN. xal meet toas yovias 
tàs òrò TKA, OMN: oda Yáp: ok rAeupot &vóXovóv eto: 
óuovov &pa. £01 tò AKT xetyovov x NMO tayóvw. xal 
émel Od THY OuoLoTHta TOV AKB, NMZ towyovey éotiv 
oc *| AB ngóc xijv BK, obcoc f, NZ ngóc cv ZM, àà Oe 
thv óuotiótnza x&v BKT, ZMO «xpryovov &oxiv óc Y, KB 
ngoc t? BT, obxoc À MZ node thy ZO, DY {oou pa òs 
À AB ngóc v?jv BT, ootoc 4 NZ node thy ZO. náv, Exel 
Ov tv ouotótrxa. THY ATK, NOM teryovey &odv óc f 
AT nod¢ thy TK, obxoc f; NO xgóc t'y OM, àà be tH 
oóuotótna tõy TKB, OMZ xeryovov £oxiy óc fr, KT tpòs 
thv TB, obxoc f| MO ngóc t'y OZ, Dr toou pa òs À AT 
rgoc vv TB, oüxoc y| NO ngóc tijv OZ. &octy Or] 68 xoi 
Gc Å TB xgóc cv BA, obcoc f| OZ npgóc cv ZN. V toou 
goa ðc Å TA node thy AB, ottw¢ 4 ON node thy NZ. 
tv ATB, NOZ da toryovay à&váAXovóv eiotv ok rAeupot 
icoyaua goa gott ta ATB, NOZ tolyava: Gote xol óuota. 
xoà MLEAULC Hoa, Ac Baotc uev tò BKT tetywvoyv, xopver 
de TO A onustoy, uola otl mupautds, Ao Báo uèv TO 
ZMO piYovov, xopuqotf| 6€ xó N onuciov onxó Yàp óuotov 
&mixéOQVv nepiéyovta locov t6 nAfj0oc. oi 6& Óuotot nru- 
pautdec Kal ToLrywvouc Eyovoa Pdosic éy vgirAaotow AÓYvo 
eol TAY GUOAGYOY TACUEDY. H doa BKTA nupaute mod¢ thy 
ZMON rveautda toinrAactova Adyoy Eye. Ameo 7 BK node 
ty ZM. uolas bf EmCevyvovtes and TOV A, X, A, ©, T, T 
eni tò K cb¥etac xat and tov E, &, O, P, H, HW êm tò M xol 
OVOTAVTES ED EXHOTOL TOY TOLYOVOY TLEAULDAE THY arbtr]v 
XOOLVOYNY Syovauc Toc R@VOLC 6ctGouev, OTL Xa ExdoTH THY 
OUOTAYOY rupouíocv npóc &xé&otrv óuoxot, nupoutoóo. tpi- 
tàaclova Aóov £&et Tjixep Y, BK óuóAovoc nÀeupa MOOS tiv 
ZM óyuóAovov nAeupáv, xouvéouv fineo Y) BA ngóc vy ZO. 
xoi Gc Ev vGv fYouuévov Mod Ev TEV ENOUEVWY, OUTWC 
&ravta xà YjvoOueva npóc Amavta Ta Endueva’ Eotiv goa 
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And let LBT be one of the triangles containing the pyra- 
mid whose base is polygon AT BUCV DW, and apex the 
point L. And let N FP be one of the triangles containing 
the pyramid whose base is triangle EPFQGRHS, and 
apex the point N. And let KT and M P have been joined. 
And since cone ABCDL is similar to cone EFGH N, thus 
as BD isto F'H,so axis K L (is) to axis MN [Def. 11.24]. 
And as BD (is) to FH,so BK (is) to FM. And, thus, as 
BK (is) to FM,so KL (is) to MN. And, alternately, as 
BK (is) to KL, so FM (is) to MN [Prop. 5.16]. And 
the sides around the equal angles BKL and FMN are 
proportional. Thus, triangle BK L is similar to triangle 
FMN [Prop. 6.6]. Again, since as BK (is) to KT, so 
FM (is) to MP, and (they are) about the equal angles 
BKT and FM P, inasmuch as whatever part angle BKT 
is of the four right-angles at the center K, angle FMP is 
also the same part of the four right-angles at the cen- 
ter M. Therefore, since the sides about equal angles 
are proportional, triangle BKT is thus similar to train- 
gle FMP [Prop. 6.6]. Again, since it was shown that 
as BK (is) to KL, so FM (is) to MN, and BK (is) 
equal to KT, and FM to PM, thus as TK (is) to KL, 
so PM (is) to MN. And the sides about the equal angles 
TKL and PM N—for (they are both) right-angles—are 
proportional. Thus, triangle LKT (is) similar to triangle 
NMP [Prop. 6.6]. And since, on account of the similarity 
of triangles LKB and NMF, as LB (is) to BK, so NF 
(is) to FM, and, on account of the similarity of triangles 
BKT and FMP, as KB (is) to BT, so MF (is) to FP 
[Def. 6.1], thus, via equality, as LB (is) to BT, so NF 
(is) to FP [Prop. 5.22]. Again, since, on account of the 
similarity of triangles LT'K and NPM,as LT (is) to TK, 
so NP (is) to PM, and, on account of the similarity of 
triangles TK B and PM F, as KT (is) to TB, so MP (is) 
to PF, thus, via equality, as LT (is) to TB, so NP (is) 
to PF [Prop. 5.22]. And it was shown that as TB (is) 
to BL, so PF (is) to FN. Thus, via equality, as T'L (is) 
to LB, so PN (is) to NF [Prop. 5.22]. Thus, the sides 
of triangles LT'B and NPF are proportional. Thus, tri- 
angles LTB and NPF are equiangular [Prop. 6.5]. And, 
hence, (they are) similar [Def. 6.1]. And, thus, the pyra- 
mid whose base is triangle BKT, and apex the point L, 
is similar to the pyramid whose base is triangle FMP, 
and apex the point N. For they are contained by equal 
numbers of similar planes [Def. 11.9]. And similar pyra- 
mids which also have triangular bases are in the cubed 
ratio of corresponding sides [Prop. 12.8]. Thus, pyramid 
BKTL has to pyramid FM PN the cubed ratio that BK 
(has) to FM. So, similarly, joining straight-lines from 
(points) A, W, D, V, C, and U to (center) K, and from 
(points) E, S, H, R, G, and Q to (center) M, and set- 
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xoà óc Y; BKTA nxugoyuic medc thy ZMON nupagí8a, obtar¢ 
f| óÀx, nupauis, fic Báci; xó ATBYT AX noAOYovov, xo- 
puqr, 6€ tò À onusiov, mod¢ THY óAnv nupaguítoo, fic Dé&otc 
uèv xó EOZIIHPOX, xoAOYvovov, xopguq?) 6€ tò N onuciov: 
Gore xal Mueautc, ñc Bács uev xó ATBYT PAX, xopvuey dé 
tO A, mode THY TUEaUlda, Ac Báciz [u£v| xó EOZIIHPOX 
TOADYWVOY, XoELEY dé TO N oyuetoyv, tormAactova AdYOV 
&y& Tinep r} BA node thy ZO. Ondxerton 68 xol ó x&voc, o0 
B&cic [u£v] ó ABTA xóxXoc, xopuqgr) 86 xó A onuctov, npóc 
TO E oxepeóv xpurAactiova Aóvov &ycov nce Y) BA ngóc tijv 
ZO: got toa @¢ ó xóvoc, o0 Déáotcz uév &£ouv ô ABTA 
XOXAoc, xopuQ?, 6 tÒ À, npóc x6 = OTEpEÓV, OŬTOWGS Å TU- 
paulis, fc Bács uèv tò ATBYT®AX [xodvywvoy], xopuey 
dé TO A, MOOS THY TLEAUIda, Ac Bdotg UEV Eot: tò EOZ- 
IHPOX norbywvoy, xoouery sé TO N° EvarAde hoa, a> Ò 
xGvoc, o0 Déáot; uev ó ABDA xóxAoc, xopuery dé tò A, 
Teds THY EV AUTH TUEaULda, Ac Baoig uEv TO ATBYT PAX 
TOALYWVOY, KOEULOY 86 xó À, obtoc 1ó E [oxvepeóv| ngóc tiv 
rupauítoóa, Åc Báo uév ot tò EOZIIHPOX  xoAOYvovov, 
xopguqg?, 6€ vó N. ue(Cov 8€ ó eienuévoc x&voc tfjc £v abt 
mupauldoc guneouéyer yuo avthy. peiCov &pa xoi TO 
OTEOEOV TH rupoguíooc, fic Baos u£v ot xó EOZIIHPOX 
TOADYWVOY, KOELEON Oe TON. GAAG ual EAUTTOV’ ONEE EoTIV 
“OLVaTOV. o0x &pa ó x&voc, o0 Dáci; ó ABI'A xóxAoc, xo- 
puy è xó A |onuciov|, npóc EAATTÓV xt x00 xovou ocepeóv, 
o0 Dáotc uev ó EZHO x0óxAoc, xopud? 68 xó N onuetoy, tot- 
nAaciova Aóvov &ye Aree 7} BA nxpóc trjv ZO. uolos OÙ 
óc(&ouev, óu oó0€ ó EZHON xGvoc ngóc EAattOY TL TOD 
ABI'AA xóvou otepgeóv xouxAactiova Aóvov &ye fjnep y, ZO 
Teds THY BA. 

Aéyo d%, Ot: odde ó ABDAA xóvoc npóc uciCóv xt TOD 
EZHON xövov otepeòv toinàaclova Aóvov Eye rep À BA 
Tees thy ZO. 

Et yao duvatéy, éyétw mMod¢ UEtCov TO E. avemadwy doo 
TO E oteoedoyv tod¢ tov ABLTAA xé3vov toitAactova Aóyov 
eye. reo Å ZO node tijv BA. óc 86 10 € ocepgeóv ngóc 
:óv ABIAA xGvov, obü:oc ó EZHON x6 voc ngóc éAattóv 
- toU ABDAA xóvou oxegeóv. xoi ó EZHON pa x6voc 
moos EAattTOV x tOU ABTAA xovou otepedv tornAactova 
AóYov Eyet Aree À ZO node thy BA’ Sree &dbvatov edety On, 
oOx toa 6 ABTAA xõvos node ucitév t tol EZHON 
“XQVOU OTEPEOY ToLTAaotova Adyoy Eye Tinep Y; DA mgoóc 
trv ZO. sdely0n O€, Sti OLSE TODS EAattov. 6 ABTAA koa 
xGvoc npóc TOV EZHON xé3vov teitAactova Adyov Eyet 
fnep Å BA ned¢ thy ZO. 

(c 6€ 6 x&voc ngóc xov xGvov, ó x0AwOpoc npóc tov 
XÜAtw6pov: xourA&otoc Yàp ó x0Xwepoc xoO xaovou O Ent tfjc 
avTHs Pdcews TH “OVO nal icobdyc adtG. xal 6 x0 vOpoc 
hoa Moog TOV xvAtVSpOY ToLTAaotova Adyoy éyet rep À BA 
Tees ctv ZO. 

Oi wow Soto, xBvor xal xbAwwoeot npóc AAAÁAoug Ev 
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ting up pyramids having the same apexes as the cones 
on each of the triangles (so formed), we can also show 
that each of the pyramids (on base ABCD taken) in or- 
der will have to each of the pyramids (on base EF GH 
taken) in order the cubed ratio that the corresponding 
side BK (has) to the corresponding side #'M—that is to 
say, that BD (has) to FH. And (for two sets of propor- 
tional magnitudes) as one of the leading (magnitudes is) 
to one of the following, so (the sum of) all of the leading 
(magnitudes is) to (the sum of) all of the following (mag- 
nitudes) [Prop. 5.12]. And, thus, as pyramid P KT'L (is) 
to pyramid FM PN, so the whole pyramid whose base 
is polygon AT BUCV DW, and apex the point L, (is) to 
the whole pyramid whose base is polygon EPFQGRHS, 
and apex the point N. And, hence, the pyramid whose 
base is polygon AT BUCV DW, and apex the point L, 
has to the pyramid whose base is polygon EPFQGRHS, 
and apex the point N, the cubed ratio that BD (has) 
to FH. And it was also assumed that the cone whose 
base is circle ABCD, and apex the point L, has to solid 
O the cubed ratio that BD (has) to FH. Thus, as the 
cone whose base is circle ABC D, and apex the point L, 
is to solid O, so the pyramid whose base (is) [polygon] 
AT BU CV DW , and apex the point L, (is) to the pyramid 
whose base is polygon EPFQGRH S, and apex the point 
N. Thus, alternately, as the cone whose base (is) circle 
ABCD, and apex the point L, (is) to the pyramid within 
it whose base (is) the polygon AT BUCV DW, and apex 
the point L, so the [solid] O (is) to the pyramid whose 
base is polygon EPFQGRHS, and apex the point N 
[Prop. 5.16]. And the aforementioned cone (is) greater 
than the pyramid within it. For it encompasses it. Thus, 
solid O (is) also greater than the pyramid whose base is 
polygon EPFQGRHS, and apex the point N. But, (it 
is) also less. The very thing is impossible. Thus, the cone 
whose base (is) circle ABC D, and apex the [point] L, 
does not have to some solid less than the cone whose 
base (is) circle EF GH, and apex the point N, the cubed 
ratio that BD (has) to EH. So, similarly, we can show 
that neither does cone EFGH N have to some solid less 
than cone ABC DL the cubed ratio that FH (has) to B D. 

So, I say that neither does cone ABC DL have to some 
solid greater than cone EF'GH N the cubed ratio that B. D 
(has) to FH. 

For, if possible, let it have (such a ratio) to a greater 
(solid), O. Thus, inversely, solid O has to cone ABCDL 
the cubed ratio that FH (has) to BD [Prop. 5.7 corr.]. 
And as solid O (is) to cone ABCDL, so cone EFGHN 
(is) to some solid less than cone ABCDL [12.2 lem.]. 
Thus, cone EF'GH N also has to some solid less than cone 
ABCDL the cubed ratio that FH (has) to BD. The very 
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toitAgotowu Ady ciol tõv éy xoc Dáogot Ovxaéxoov: óneo 
Eder Delco. 


f 
Y. 
"E&tv xóAw6poc &ninéOc tun xopoX Ac GvtL xoic &me- 
vavitov &runéOoo0tc, otw OS Ó KUALVOOOS TENE TOV XLALVOOOY, 
OUTOS O &WV rnpóc TOY &ova. 
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thing was shown (to be) impossible. Thus, cone ABC DL 
does not have to some solid greater than cone EFGHN 
the cubed ratio than BD (has) to FH. And it was shown 
that neither (does it have such a ratio) to a lesser (solid). 
Thus, cone ABCDL has to cone EFGH N the cubed ra- 
tio that BD (has) to FG. 

And as the cone (is) to the cone, so the cylinder (is) 
to the cylinder. For a cylinder is three times a cone on 
the same base as the cone, and of the same height as it 
[Prop. 12.10]. Thus, the cylinder also has to the cylinder 
the cubed ratio that BD (has) to FH. 

Thus, similar cones and cylinders are in the cubed ra- 
tio of the diameters of their bases. (Which is) the very 
thing it was required to show. 


Proposition 13 


If a cylinder is cut by a plane which is parallel to the 
opposite planes (of the cylinder) then as the cylinder (is) 
to the cylinder, so the axis will be to the axis. 





KóAw6poc yàp ô AA éEmnédm 4 HO tetunodw moe 
poi Óvx tois ånevavtioy Eminédoig totc AB, TA, xoi 
CUUBAAAETO TES &govn TO HO Extnedov xata to K onuctov: 
— OTL EoTLY De O BH xbAtvoe0¢ Teds TOV HA xvALvOooy, 
o0toc ô EK &&ov ngóc tov KZ &ova. 

LxpepAQo9co yàp ô EZ &wv ey’ Exdtepa tà ugon Ent 
tà A, M onusta, xoi éxxciodwoay tõ EK tovi toot dco 
órnoxobv oi EN, NA, 74 $& ZK tco ócoiórixoxoUv oi Za, 
=M, xal voctoðw ó ên tot AM &&ovoc xOówopoc ó OX, 
o0 Dóácew oi OIL, PX xóxAou xoi &£xDepArfjo9c Ox xGv 
N, = onustwv éentneda nopóAArAa tors AB, TA xoà toig 
Bacco. tov OX xvAtvdeou xal notsttwoay touc Ph, TY 
XÜxAouc neo tà N, = xévtoa. xo éxet ot AN, NE, EK 
&covec toot eiolv GAY otc, ot Koa IIP, PB, BH xóAv6got 
TEOS GAAYjAouc eiolv cc oi Dáoeuc. toot 6€ clot oi Dóoetc 
toot goa xat ot TIP, PB, BH xóAv6pot &AAfjXotc.. exei oov 
oi AN, NE, EK &&ovec toot cioty ào, ciol òè xol oi 
IIP, PB, BH xóAwépot tcov àAÀYjAotc, xot otv toov tÒ 
nAfjoc tă TAYVEL, dcarAactwy &pa ó KA &&ov tol EK 
&&ovoc, xocauxoamAaotov gota xal O ITH xbAwoeo¢ toč HB 
XVALVOOOD. Oc TH MOTH OF XL OoaTAACtwV cotlvy 6 MK &&ov 
toU KZ à&ovoc, xocoauxanAaotov écot) xat ò XH xvAwoeoc 
tol HA xvAtvdeou. xoà ei uev tooc &oxiv ô KA &&ov 16 
KM à&ow, tcoc £oxou xoà ò IH xó^wópoc 165 HX xvAtvoou, 


For let the cylinder AD have been cut by the plane 
GH which is parallel to the opposite planes (of the cylin- 
der), AB and CD. And let the plane GH have met the 
axis at point K. I say that as cylinder BG is to cylinder 
GD, so axis EK (is) to axis K F. 

For let axis EF have been produced in each direction 
to points L and M. And let any number whatsoever (of 
lengths), EN and NL, equal to axis EK, be set out (on 
the axis EL), and any number whatsoever (of lengths), 
FO and OM, equal to (axis) FK, (on the axis KM). 
And let the cylinder PW, whose bases (are) the circles 
PQ and VW, have been conceived on axis LM. And 
let planes parallel to AB, CD, and the bases of cylinder 
PW, have been produced through points N and O, and 
let them have made the circles RS and TU around the 
centers N and O (respectively). And since axes LN, NE, 
and EK are equal to one another, the cylinders QR, RB, 
and BG are to one another as their bases [Prop. 12.11]. 
But the bases are equal. Thus, the cylinders QR, RB, 
and BG (are) also equal to one another. Therefore, since 
the axes LN, NE, and EK are equal to one another, 
and the cylinders QR, RB, and BG are also equal to one 
another, and the number (of the former) is equal to the 
number (of the latter), thus as many multiples as axis K L 
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c c 


et b¢ ue(Cov ó &&ov vo0 &&ovoc, us(Cov xol ó x0XwOcoc 
toU xuA(v6pov, xol ei £Aácoov, £Aácoov. xeooópov OT) ue- 
Y£0Gv óvxov, à&óvov uev x&v EK, KZ, xuAtv6pov 0& Gv 
BH, HA, eAvx xot toóotc xoAXonA&owt, xo0 u£v EK &&ovoc 
xoi vo0 BH xuAtv6pgou ó xe AK &&ov xoi ó IIH xóAv6geoc, 
tol 6€ KZ &&ovec xoi o0 HA xuAtvopou ó xe KM G&ov 
xoi ó HX xOAw8poc, xoà 6é6eocvot, ów ei onegéye: ó KA 
agwv told KM d&€ovoc, bregéyet xoi ó IIH xóAvopoc tod 
HX »xvuA(v6pou, xoi ei tooc, tooc, xol ei $Àácoov, &£Aácoov. 
£cov àpa óc ó EK &&ov npoóc vóv KZ &&ova, o0xoc ó BH 
xvALWOOOS Teds TOV HA xvAtvdoov: Sree Eder Seton. 


LO. 


Ol &ri toov Dáceov Ovtec xavor xal xDALVOEOL TEC 
oA fouc cioty ðc xà Dun. 





"Eocxocav vàp &ri toov Dáoeov tõv AB, DA xóxAov 
xvAtvooot ot EB, ZA: Aéyoo, öt &cxiv óc ó EB x0Aw6eoc 
xpóc tov ZA xOAw6oov, o0xoc ô HO &&ov node tov KA 
à ova. 

ExpeBAYo90o yàp ó KA &&ov ëm tò N onyuctov, xoi 
xceío9o tă HO &&ow tcoc 6 AN, xoi regi &&ova xóv AN 
xüAw6poc vevofjo9o ô ITM. &xe ov oi EB, I'M xoóAvogot 
LTO tO gto Doc ciotv, npóc dAXfouc eiolv &c oi Dáoetc. 
toa 6€ etotv oi Dáoeuc AAAs: toot pot eot xoi o; EB, I'M 
XÜAtvOpot. xoi &mxel xOAw6poc O ZM Eminéd@ téEtUNTA TH 
TA rapain dvtt tote dnevaytiov émnédsoic, Coty how ðc 
OTM xbAwoeo¢g node tov ZA xvAWOooy, obta¢ 6 AN &&ov 
npóc tov KA &&ova. tooc Dé otv 6 UEv TM xvAtvSoo¢ 165 
EB xvatvoow, 6 d¢ AN &wv 16 HO &ow: Eotw how a¢ 6 
EB xóAwópoc med¢ tov ZA xvAIWOeov, OUTW 6 HO &ov 
npóc tóv KA &&ova. óc 96 ó EB x0óAw6poc ngóc tov ZA 
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is of axis EK, so many multiples is cylinder QG also of 
cylinder GB. And so, for the same (reasons), as many 
multiples as axis M K is of axis KF, so many multiples 
is cylinder WG also of cylinder GD. And if axis KL is 
equal to axis KM then cylinder QG will also be equal 
to cylinder GW , and if the axis (is) greater than the axis 
then the cylinder (will also be) greater than the cylinder, 
and if (the axis is) less then (the cylinder will also be) 
less. So, there are four magnitudes—the axes EK and 
K F, and the cylinders BG and GD—and equal multiples 
have been taken of axis EK and cylinder BG—(namely), 
axis LK and cylinder QG—and of axis KF and cylinder 
G D—(namely), axis KM and cylinder GW. And it has 
been shown that if axis K L exceeds axis KM then cylin- 
der QG also exceeds cylinder GW , and if (the axes are) 
equal then (the cylinders are) equal, and if (KL is) less 
then (QG is) less. Thus, as axis EK is to axis KF, so 
cylinder BG (is) to cylinder GD [Def. 5.5]. (Which is) 
the very thing it was required to show. 


Proposition 14 


Cones and cylinders which are on equal bases are to 
one another as their heights. 





For let EB and FD be cylinders on equal bases, 
(namely) the circles AB and CD (respectively). I say 
that as cylinder EB is to cylinder F D, so axis GH (is) to 
axis K L. 

For let the axis KL have been produced to point N. 
And let LN be made equal to axis GH. And let the cylin- 
der CM have been conceived about axis LN. Therefore, 
since cylinders EB and CM have the same height they 
are to one another as their bases [Prop. 12.11]. And the 
bases are equal to one another. Thus, cylinders EP and 
CM are also equal to one another. And since cylinder 
FM has been cut by the plane C D, which is parallel to 
its opposite planes, thus as cylinder CM is to cylinder 
FD, so axis LN (is) to axis K L [Prop. 12.13]. And cylin- 
der CM is equal to cylinder EB, and axis LN to axis GH. 
Thus, as cylinder EB is to cylinder FD, so axis GH (is) 
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x0üAw8eov, obtoc ó ABH x6voc ngóc xóv DAK xGvov. xol 
Oc ea ó HO &&ov ngóc tov KA Sova, ottwo 6 ABH 
x&voc ngóc 1óv D'AK x6vov xoi ó EB xóAw6peoc ngóc xov 
ZA. xÜüNwOpov: ónep Eder Oci&ot. 


f 
IE. 
TGv (oov xovov xoi xoA(ve6oov ó&vunrenóvOootv o 
Bdocic voi; Dleotv: xoà Ov xóovov xoi xouAtv6pov AVT- 
renóvOaot oi Dáceic tote Udbeoty, toot cioty &xelvot. 





"Eotooav toot x6vot xoi xóAtw6poot, @V Bdoetc WEY ol 
ABDIA, EZHO xóxAot O&puerpor 0€ aotGv oi AT, EH, 
&&ovec 66 oi KA, MN, otuvec xoà Our ciol v6v xóvov ñ 
xuAtv8pov, xol cuunenArnpoc9ocav oi AE, EO xówópo:. 
Evo, 611 THHV AE, EO xvaAtvoowy ávunxenóvOao oi Dáccic 
toic bdeaw, xat otuv Go À ABTA Bdoug node thy EZHO 
Báo, otos tO MN tdog mode 10 KA 60600. 

Tò yàp AK pos tæ MN beet tot toov Eotiv Ñ où. 
£c) npÓtepov (cov. Eott de xal O AZ xbAwdoo¢ 165 EO 
“xvAtvdem toos. ol è brò tÓ aotO Uoc Óvxec x&vou xol 
xVALVOOOL TEOS GAAHAOUS Eloly G¢ al Bdaetc’ ton hoa xol 
À ABTA Báo t EZHO Bácsi. oce xoà àvunxénovoev, 
óc Å ABTA Bao noòs tùy EZHO Baow, obta¢ tò MN 
Üpoc npóc tò KA pocs. GAA OY UH Eotw tò AK Doc 
t& MN toov, àAX' &oxo uciCov xó MN, xoi ócrnorjo9o ànó 
tol MN tdboug xG KA tcov tò IIN, xoi &u vo0 II onuetou 
tetunove ô EO xúóMNvöpos émnréðv tõ TYE naparAnro 
toic THY EZHO, PO xvxAwv Eninedotc, xal md Pdoews UEV 
tol EZHO xvxdov, voug è o0 NII xóAw6geoc vevofiooo 
ô EX. “at énet toog Eotlv 6 AZ xbAwoo0¢ 145 EO xvAtvoou, 
cot toads 6 AE xvAtvSo0¢ TOd¢ TOV EX xvatvdoov, o0tW<¢ 
6 EO xvAwdeo¢g Ted¢ TOV EX xvAtvSoov. GAM’ Oo uev 6 AE 
xOAtw6opoc npóc TOV EDX xvAtvdeoy, obtwe À ABTA otc 
Teds THY EZHO: nrò yàp tò abd Udo etolv of AE, EX 
xOüAtvopov Go è ó EO xów6poc npgóc xóv EX, obtoc 16 
MN tog mode tò TIN tepocg: 6 yao EO xbAwdoo¢ Eminédep 
TETUNTAL TAOAAAYAG OVTL Tols ànxevaviiov &ruxéOGotc.. Eoxtv 
koa xal öc À ABTA Baorg rede thy EZHO Báo, oŬtoc tò 
MN goc zpòs tò IIN Ŭypocs. tcov 8& tò IIN ogoc xà KA 
ver čotuv doa Wo Å ABTA Báo npoòs tày EZHO béo, 
oŬtws TO MN tog npòs tò KA Dugoc. tõv tow AE, EO 
xuAtvOpcov åvtunreróvůaciv ai Båce tote Udbeoty. 


ELEMENTS BOOK 12 


to axis K L. And as cylinder EB (is) to cylinder FD, so 
cone ABG (is) to cone CDK [Prop. 12.10]. Thus, also, 
as axis GH (is) to axis KL, so cone ABG (is) to cone 
CDK, and cylinder EB to cylinder FD. (Which is) the 
very thing it was required to show. 


Proposition 15 


The bases of equal cones and cylinders are recipro- 
cally proportional to their heights. And, those cones and 
cylinders whose bases (are) reciprocally proportional to 


their heights are equal. 
CARO p 
ae 
Ac (UES 


B R U E 

Let there be equal cones and cylinders whose bases 
are the circles ABC D and EFGH, and the diameters 
of (the bases) AC and EG, and (whose) axes (are) KL 
and M N, which are also the heights of the cones and 
cylinders (respectively). And let the cylinders AO and 
EP have been completed. I say that the bases of cylinders 
AO and EP are reciprocally proportional to their heights, 
and (so) as base ABC D is to base EFGH, so height MN 
(is) to height K L. 

For height LK is either equal to height MN, or not. 
Let it, first of all, be equal. And cylinder AO is also equal 
to cylinder EP. And cones and cylinders having the same 
height are to one another as their bases [Prop. 12.11]. 
Thus, base ABCD (is) also equal to base EFGH. And, 
hence, reciprocally, as base ABC D (is) to base EFGH, 
so height MN (is) to height KL. And so, let height LK 
not be equal to M N, but let M N be greater. And let QN, 
equal to KL, have been cut off from height MN. And 
let the cylinder EP have been cut, through point Q, by 
the plane TUS (which is) parallel to the planes of the 
circles EFGH and RP. And let cylinder ES have been 
conceived, with base the circle EFGH, and height NQ. 
And since cylinder AO is equal to cylinder EP, thus, as 
cylinder AO (is) to cylinder ES, so cylinder EP (is) to 
cylinder E'S [Prop. 5.7]. But, as cylinder AO (is) to cylin- 
der ES, so base ABC D (is) to base EFGH. For cylinders 
AO and ES (have) the same height [Prop. 12.11]. And 
as cylinder EP (is) to (cylinder) ES, so height M N (is) 
to height QN. For cylinder EP has been cut by a plane 
which is parallel to its opposite planes [Prop. 12.13]. 
And, thus, as base ABCD is to base EFGH, so height 
MN (is) to height QN [Prop. 5.11]. And height QN 
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AAA& Oy TOV AB, EO xvAtvoowyv &vunrenovüécxooav o 
Dáceic tote Udeow, xal Eotw c À ABTA åo npóc civ 
EZHO åo, oŭtws tò MN pos npóc xó KA Doc: AéYo, 
ótt tcoc £otlv ó AZ x0Aw6peoc tă EO xvAtvoeo. 

TGv vàp aótGv xaxaoxeuaoÜUévtoy énet Coty Wd À 
ABTA Bács npóc vv EZHO áo, obtoc tò MN doc 
meds T0 KA tog, tcov b¢ to KA toc tă IIN oet, £ocot 
pa óc Å ABTA óoic ngóc tjv EZHO éot, obtoc tÒ 
MN Odoc npóc t6 TIN poc. GAN’ We vey À ABTA Béo 
npóc tv EZHO óow, obxoc ó AZ xOMvOpoc npóc TOV 
EX xóAwópov: oro yàp xo abxó Uoc cto(v: óc 66 v0 MN 
Udog ted¢ tò TIN [boc], obvoc ó EO xO0Xv6poc noóc tov 
EX xvAwdeov: Eotw àpa c ó AZ x0Aw6peoc ngóc xóv EX 
xüAvv6pov, oütoc ó EO xóAw6poc npoóc TOV EX. tooc koa 
6 AE xdAwdeo¢ 16 EO xvatvoow. Boavdtws 08 xol &ri TOV 
XOVOV' ONEO EdEt Oetgat. 


f 
lT * 
A00 XÜXAOV Teel TO ALTO KXEVTEOV GYTWY El¢ TOV 
uetCova xUXAOV TOAUYWVOY LoOTAELEOY TE Kal COTLOTAELEOV 
eyyedba uy oov xoÜ &Aácoovoc xOÓxAov. 





"Eotooav oi 800év:ec 800 xOÓxAov oti ABLA, EZHO 
Teel TO AUTO XEVTOOY TO K° Set SH Ei¢ TOV UstCova “xOXAOV 
tov ABTA mxoAOYvovov icónAeupóv t& xol ópuónAcupov 
&YYoótbot uy, oov o0 EZHO xóxAov. 

"Hy9o yàp àù tod K xévtoou ceó9cia y BKA, xoi 
ono tol H onuctov th BA eó9c(q npóc ópO0àc Tyy9co f| 
HA xat difydo ém tò I À AT dou Eganteta tot} EZHO 
“xUxAOU. TéEUvovtes SY) THY BAA repipépeiay diya xal TÀY 
piociov avtiic diya xa toto cel norvobytes xataActbouey 
Tepiptesiay cAdacova the AA. AeAc(QOco, xol gota fj AA, 
xoi àxó to A éxt thy BA x&de_etoc HyVw Y, AM xal dyt 
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(is) equal to height K L. Thus, as base ABCD is to base 
EFGH,so height M N (is) to height K L. Thus, the bases 
of cylinders AO and EP are reciprocally proportional to 
their heights. 

And, so, let the bases of cylinders AO and EP be 
reciprocally proportional to their heights, and (thus) let 
base ABC D be to base EFGH, as height MN (is) to 
height KL. I say that cylinder AO is equal to cylinder 
EP. 

For, with the same construction, since as base ABC D 
is to base EFGH, so height MN (is) to height K L, and 
height K L (is) equal to height QN, thus, as base ABCD 
(is) to base EFGH, so height MN will be to height 
QN. But, as base ABCD (is) to base EFGH, so cylin- 
der AO (is) to cylinder ES. For they are the same height 
[Prop. 12.11]. And as height M N (is) to [height] QN, 
so cylinder EP (is) to cylinder ES [Prop. 12.13]. Thus, 
as cylinder AO is to cylinder ES, so cylinder EP (is) to 
(cylinder) ES [Prop. 5.11]. Thus, cylinder AO (is) equal 
to cylinder EP [Prop. 5.9]. In the same manner, (the 
proposition can) also (be demonstrated) for the cones. 
(Which is) the very thing it was required to show. 


Proposition 16 


There being two circles about the same center, to 
inscribe an equilateral and even-sided polygon in the 
greater circle, not touching the lesser circle. 





Let ABC D and EFGH be the given two circles, about 
the same center, K. So, it is necessary to inscribe an 
equilateral and even-sided polygon in the greater circle 
ABCD), not touching circle EF GH. 

Let the straight-line Bk D have been drawn through 
the center K. And let GA have been drawn, at right- 
angles to the straight-line BD, through point G, and let it 
have been drawn through to C. Thus, AC touches circle 
EFGH [Prop. 3.16 corr.]. So, (by) cutting circumference 
BAD in half, and the half of it in half, and doing this con- 
tinually, we will (eventually) leave a circumference less 
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c 


ni tò N, xal éxeCevyDwoav at AA, AN: tor] dpa &odiv f| 
AA th AN. nat Exel rap Av óc otv À AN tH AT, 4 Se AP 
e~anteta tod EZHO xbxrov, f, AN koa ove Epantetou to 
EZHO xbxrour nodAre toa at AA, AN ovx épantovta tot 
EZHO x0xXou. &àv 7| xfj AA eó96c(o loac xoxà xó cuveyec 
&£vapuócousv eic xóv ABDA xóxAov, éyyouphoetan si¢ TOV 
ABTA xúóxàov roAOYvOvov icónAeUpÓv Te xol óptiónAecupov 
uy qabov to &Aáccovoc xóxAou tot EZHO: énee ddan 
NOLO. 
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than AD [Prop. 10.1]. Let it have been left, and let it be 
LD, And let LM have been drawn, from L, perpendicu- 
lar to BD, and let it have been drawn through to N. And 
let LD and DN have been joined. Thus, LD is equal to 
DN [Props. 3.3, 1.4]. And since LN is parallel to AC 
[Prop. 1.28], and AC touches circle EFGH, LN thus 
does not touch circle EFGH. Thus, even more so, LD 
and DN do not touch circle EFGH. And if we continu- 
ously insert (straight-lines) equal to straight-line L D into 
circle ABC D [Prop. 4.1] then an equilateral and even- 
sided polygon, not touching the lesser circle EFGH, will 
have been inscribed in circle ABC D.! (Which is) the very 
thing it was required to do. 


t Note that the chord of the polygon, LN, does not touch the inner circle either. 


f 
C. 
A00 odotpGv nxepl xó oto xévtpov oOo0Gv cic tiv 
ustCova odoloay otepsov ToAUEdooy Ey yoddan uy datoy cfjc 
cAdaaovos aoloac KATH THY EMLPavELaY. 





— 800 o(olpot regi xo ato xévtpov xó A: 
det OY cic THY UelCova o~alloay otepsoOV TOAUEdeOY Ey yoda 
U*| datov cfjc £A&ocovoc odqoípoc xoà trjv &xup&veuarv. 

Tetuńcðwcav ol ogopa &£rixéoc: xi Ou x00 xévtpou 
Eoovta, Oy) at toual xvxXAOL, EmerdynEO YEvovoNc Tic 
StaveTeOU Kal xepupepouévou tol YjuxuxA(tou &Yuyveco f) 
odolpor &ote xoà xo  otac àv Üéceoc emwofjoouev TO 
YMLxLXALOY, TO OL AOTOD ExBarAAdUEVoY ExitedoyV toros 
ETL Tho Emipavetac tic opatoeac xUXAOV. xal Maveody, 
OTL xol uéYtoxov, &xeiorneo Y| Ol&uexpoc fic oqoítopac, Attic 


Proposition 17 


There being two spheres about the same center, to in- 
scribe a polyhedral solid in the greater sphere, not touch- 
ing the lesser sphere on its surface. 





Let two spheres have been conceived about the same 
center, A. So, it is necessary to inscribe a polyhedral solid 
in the greater sphere, not touching the lesser sphere on 
its surface. 

Let the spheres have been cut by some plane through 
the center. So, the sections will be circles, inasmuch 
as a sphere is generated by the diameter remaining be- 
hind, and a semi-circle being carried around [Def. 11.14]. 
And, hence, whatever position we conceive (of for) the 
semi-circle, the plane produced through it will make a 
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£o xoà toO fjuocuxAtou didUeTeog SHAASY xa TOU xOxAOD, 
ustCwv &od Naody xGv eic 16v xOxAov f, THY oqolipav Ou 
Youévov |e09eGv]. gota obv év uèv tÅ uetCow ocatog 
xóx^oc ô BTAE, &v 8€ vfj £Aáccow oqaípa xóxXoc ó ZHO, 
Kal HYVWoAY ALTOY SLO SidETEOL TEOS pàs AAAs at 
BA, DE, xoi 800 xOxAcv nei 10 oto xévtpov óvvov xv 
BI'AE, ZHO eic xóv uetCova xóxAov xóv BDAE roAOYovov 
(cónAeupov xoà àpuónAcupov &YYevoó«o uñ qabov toO 
£Aácocovoc xoxAou vo0 ZHO, od nAevedl Eotwoay év 765 BE 
tetaotynvoeiw at BK, KA, AM, ME, xa emCevyVetoa À KA 
Ay vw nl tò N, xal aveotatw &nd tod A onustov TG toO 
BI'AE xóxAou &rixéOQ med¢ pàs 9, AZ xoi cuupoAAévo 
TH Empaveta th¢ apaloug xatk TO z, xoi ux xfjc AZ xot 
exatépac tv BA, KN éxtreda ExBeBAnodw: noifcovor dy 
OL tà SLONUEVA ENL Tho Emipavetac tfjc oqaítpoc uevtovouc 
XOxAouc. TOLEtTWOaY, GY fjuxoxAu EoTw Ent THY BA, KN 
dtayetowyv Ta BEA, KEN. xo éxet fh ZA óp0f, £o med¢ TO 
1:00 BDAE xóxAou &n(ng60v, xol mavta koa và à ts ZA 
&n(neoá &ouv ópÜ0à npóc tO xo0 BDlAE xóxAovu &nine8ov: 
óoce xoi xà BEA, KEN fuoco óp0& Eat: Tod TO TOD 
BDAE xóxAou &n(ne90v. xoi &rci toa &oxi ta BEA, BEA, 
KEN Yuxdurra &ri Yàp toov etot ouxgéxpov vv BA, KN: 
toa goth val te BE, Ba, KE tetaotnudora aAAKAoic. doo 
goa cloly êy tă BE tetaptnuoplw xAcupol toŭ noAuYv(OvOU, 
tocaba eot xol &v tolce Bz, KE tetaptnuoploic taar vocc 
BK, KA, AM, ME eó9Oc(otc. eyyeypodoðwoav xal £oxocav 
oi BO, OI, UP, P=, KY, XT, TY, YE, xoi &neCeoy9ocav 
at $O, TIL YP, xoi ànó xGv O, X Ext to to} BIAE 
xvxAov Exinedov xdVetor HyVwouv neoodyvta OH Enl tac 
xowüc Toude THv éemimédav tac BA, KN, éExerdynee xa 
tz tv BEA, KEN éxtreda óp0& tot ngóc tò vo0 BDAE 
XOxAOU ENinEdsov. TMinTETWOAY, xol Eotwoayv at O®, UX, 
xol &neCeOy 0c ý XP. xal nel Ev toos AurxvxAtoig tote 
BEA, KEN toon &retAnuuévon cioty a BO, KE, xol xadetor 
fivuévot etotv ú OP, UX, ton [ea] otv H uév OP «fj XX, 
ñ òè Bo th KX. Eotr SE ual óan 4 BA An 1f; KA tory xoi 
Ao) àpa Y; PA Aan tH XA Eotw ton Eotw dou Ho 7 BS 
ngóc t? PA, oŬtos À KX med¢ thy XA’ napdAANAOS bow 
£cclv y Xo th KB. xol enel éxatépa x&v Odo, 5X. 0007 
£c npóc xó xo BDAE xóxAou &ríne80v, napóA^noc toa 
cotly À OP fj XX. &0cGy 0r] 6€ af] xoi tory xoi oi X, X0 
&pa toot eol xoà mopéAATvAow xot &mel napéAArAÓc £ouwv 
À XP t LO, DAG WH XP tH KB &ox noapóA^nAoc, xoi 
5 XO dea tH KB got nopóAAnAoc. xol EmCevyvvovow 
aùtàs at BO, Ku: 16 KBO™ bow xexpánAeugov v evi 
EotT E&rixéOc, Enerdyree, Exv Got dvo coVeton mapdrAAnAot, 
xal EM Exatépag abt&y Anpdf tuydvta onucta, Y) nl tà 
onueta EmCevyvuyevy coVeta Ev x63 abt Emimede tot) toc 
TAPAA oc. Dà TÀ OTR SY) xal Exdtepov xGv MOIIT, 
THPY teteanAcvewy ev Evi Coty EMiNEOW. Eot öè xol 
tO TPE tetywvoy év vi émnéðw. EdV OY) VOHOWUEV ATÒ 
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circle on the surface of the sphere. And (it is) clear 
that (it is) also a great (circle), inasmuch as the diam- 
eter of the sphere, which is also manifestly the diame- 
ter of the semi-circle and the circle, is greater than all 
of the (other) [straight-lines] drawn across in the cir- 
cle or the sphere [Prop. 3.15]. Therefore, let BCDE be 
the circle in the greater sphere, and FGH the circle in 
the lesser sphere. And let two diameters of them have 
been drawn at right-angles to one another, (namely), 
BD and CE. And there being two circles about the 
same center—(namely), BCDE and FGH—let an equi- 
lateral and even-sided polygon have been inscribed in 
the greater circle, BCDE, not touching the lesser circle, 
FGH [Prop. 12.16], of which let the sides in the quad- 
rant BE be BK, KL, LM, and ME. And, KA being 
joined, let it have been drawn across to N. And let AO 
have been set up at point A, at right-angles to the plane of 
circle BCDE. And let it meet the surface of the (greater) 
sphere at O. And let planes have been produced through 
AO and each of BD and KN. So, according to the afore- 
mentioned (discussion), they will make great circles on 
the surface of the (greater) sphere. Let them make (great 
circles), of which let BOD and KON be semi-circles on 
the diameters BD and KN (respectively). And since OA 
is at right-angles to the plane of circle BCDE, all of the 
planes through OA are thus also at right-angles to the 
plane of circle BCDE [Prop. 11.18]. And, hence, the 
semi-circles BOD and KON are also at right-angles to 
the plane of circle BCDE. And since semi-circles BED, 
BOD, and KON are equal—for (they are) on the equal 
diameters BD and KN [Def. 3.1]—the quadrants BE, 
BO, and KO are also equal to one another. Thus, as 
many sides of the polygon as are in quadrant BE, so 
many are also in quadrants BO and KO equal to the 
straight-lines BK, KL, LM, and ME. Let them have 
been inscribed, and let them be BP, PQ, QR, RO, KS, 
ST, TU, and UO. And let SP, TQ, and UR have been 
joined. And let perpendiculars have been drawn from P 
and S to the plane of circle BCDE [Prop. 11.11]. So, 
they will fall on the common sections of the planes BD 
and KN (with BC DE), inasmuch as the planes of BOD 
and KON are also at right-angles to the plane of circle 
BCDE [Def. 11.4]. Let them have fallen, and let them be 
PV and SW. And let WV have been joined. And since 
BP and KS are equal (circumferences) having been cut 
off in the equal semi-circles BOD and KON [Def. 3.28], 
and PV and SW are perpendiculars having been drawn 
(from them), PV is [thus] equal to SW, and BV to KW 
[Props. 3.27, 1.26]. And the whole of BA is also equal 
to the whole of kK A. And, thus, as BV is to VA, so KW 
(is) to W A. WV is thus parallel to B [Prop. 6.2]. And 
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t&v O, X, IL T, P, Y onuctov &ri xó À &riceovvouguévac 
cOUc(oc, ovovaioecxot vv oxTjuo oxepeóv roA0e0pov uaxato 
tv BE, KE nepupegeuGv £x. xupoutóov ouYvxetuevov, ev 
Baoeic usv ta KBOX, XOIIT, TIIPY tetpoáràcupa xal tò 
TP teiywvoy, xoougy ðè tò A onuetov. &àv O& xoi &mi 
&x&otrc xv KA, AM, ME n^eugGv xo&neo &ri xfi; BK xà 
AUTH KATUSXEVACWUEV Kal ETL TOV AOLMOYV xptv teta 
uoplwv, cvotatyoetat tt oyua MOAVEOOV SY YEYPAUUEVOV 
cig THY Oolloay tUpauloL negieyóuevov, Qv Déotec |uev| cà 
clonucva tetodmAcven xal tò TPE tolywvov xal xà óuocaryf| 
ob olc, xopuq?| 6€ tò À onuciov. 

Aéyw öt tò cienuévov noA0e8pov oóx &gádevos tS 
&£A&ccovoc oqgaípoac xarà tijv &mup&verav, &g' fic £ouv ò 
ZHO xOóxAoc. 

"Hyw dnd 100 A onuelou êm tò xo0 KBOX rqe- 
toamAcveou éxinedoyv xadetoc y, AY xal ovuBorrAétw 1H 
ETLMEDG) KATH TO Y onuciov, xal EneCevy0woay oi VB, VK. 
xol &xei Y, AV dpt got: med¢ 10 tol KBOD® tetoarAeveou 
emimesov, Xal MOOS THOS Hoa TaC UNTOUEVAS AUTH cocta 
xal ovoac Ev TG TOD TetopanAEvEOL EminEdW SoD otv. f) 
AW &pa ópOf, £o ngóc &xaxégav x&v BW, WK. xoi &nci 
tcr) £oxiv À AB t AK, toov ċoti xal 10 and thc AB 16 
ano tfjc AK. xal got: tH uèv å&nò tc AB tow t& and TOV 
AY, UB: 600% yao fj ngóc 16) WU 16H Se and ts AK toa tà 
ànó tGv AW, VK. tà &pa ànó xGv AW, VB tow toti tois 
àxó tõv AY, VK. xowóv &rjrjo9o có ànxó 1fjc AV* Aowxóv 
Koa TO ano tho BY AoinG t& and tho WK toov Eotty’ ton 
&pa Y BV xfj WK. óuotcoc 97) 6c(&ouev, OTL xol at ano TOD W 
emt tà O, X émCevyvouevar cvvdetar toon elolv Exatéoy tOv 
BW, WK. 6 &pa xévxoo xG VU xoi dStaothuatt evi tv WB, 
WK yoeupdusvoc xOxA0¢ čer xal Oia tHV O, X, xoi £ocot 
EV XOXAW TO KBOD tetedrAeveoy. 

Kal énet ustG@wv otv À KB tc XÈ, ton de Å XP tH 
XO, ueiCav goa À KB ts XO. ton òè Y; KB éxatépy tõv 
KX, BO: xoi &xaxépa &pa tõv KE, BO ts ŁO uetCwov 
cotty. xal nel &v XO0XxAc tetpoánrtàcupóv £o xó KBO, xoi 
toa o KB, BO, KE, xal &£A&xxov f| OX, xoi &x 100 xévtgou 
toU xOóxAou £oiv ù BY, tò dow and Tho KB tod ano cfjc 
BW ucitóv &ouv f, 8uxA&ovov. Tiy9co à&nó x00 K Ext thy BS 
xáåðetos À KO. xa &ncl Y; BA ts AQ erAdttwv &ody T 
OLTAN, xot &c xtv óc Y) BA node thy AQ, obtw¢ T6 DONO TOV 
AB, BQ rede 16 bxd [tv] AQ, QB, &vaypapouévou tò 
thc BQ teteaxymvou xal ovuumAnoouuévov tod &ri the QA 
nopoA^rnoveáupou xoi xó óxó AB, BO &pa 100 ónó AQ, 
QB. ÉAatxóv £ouv vj dimAdotov. xot £o tfjc KA én ev- 
Yvuuévrc tò uèv òrò AB, BO (cov 16 ànó tfjc BK, 16 de 
oro x&v At, OB tcov xG ànó tfj; KQO- xo dow &nd týs KB 
toU àxó tfjc K() £Aatocóv &ov T) QutA&ovov.. ÀXAà xó áo 
thc KB tod àxó tfjc BV ucitóv &oxv f| &uxAGotov: uciCov 
hoa TO and týs KO tod and tfjg BW. xoà &nei tor &oxiv À 
BA tf KA, {oov oti tò &nd týs BA x6 ànó tfjc AK. xo 
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since PV and SW are each at right-angles to the plane 
of circle BC DE, PV is thus parallel to SW [Prop. 11.6]. 
And it was also shown (to be) equal to it. And, thus, 
WV and SP are equal and parallel [Prop. 1.33]. And 
since WV is parallel to SP, but WV is parallel to KB, 
SP is thus also parallel to AB [Prop. 11.1]. And BP 
and KS join them. Thus, the quadrilateral kK BPS is in 
one plane, inasmuch as if there are two parallel straight- 
lines, and a random point is taken on each of them, then 
the straight-line joining the points is in the same plane 
as the parallel (straight-lines) [Prop. 11.7]. So, for the 
same (reasons), each of the quadrilaterals SPQT and 
TQRU is also in one plane. And triangle U RO is also 
in one plane [Prop. 11.2]. So, if we conceive straight- 
lines joining points P, S, Q, T, R, and U to A then 
some solid polyhedral figure will have been constructed 
between the circumferences BO and KO, being com- 
posed of pyramids whose bases (are) the quadrilaterals 
KBPS, SPQT,TQRU, and the triangle U RO, and apex 
the point A. And if we also make the same construction 
on each of the sides KL, LM, and M E, just as on BK, 
and, further, (repeat the construction) in the remaining 
three quadrants, then some polyhedral figure which has 
been inscribed in the sphere will have been constructed, 
being contained by pyramids whose bases (are) the afore- 
mentioned quadrilaterals, and triangle URO, and the 
(quadrilaterals and triangles) similarly arranged to them, 
and apex the point A. 

So, I say that the aforementioned polyhedron will not 
touch the lesser sphere on the surface on which the circle 
FGH is (situated). 

Let the perpendicular (straight-line) AX have been 
drawn from point A to the plane KBPS, and let it meet 
the plane at point X [Prop. 11.11]. And let XB and 
X K have been joined. And since AX is at right-angles to 
the plane of quadrilateral kK BPS, it is thus also at right- 
angles to all of the straight-lines joined to it which are 
also in the plane of the quadrilateral [Def. 11.3]. Thus, 
AX is at right-angles to each of BX and X K. And since 
AB is equal to AK, the (square) on AB is also equal to 
the (square) on AK. And the (sum of the squares) on AX 
and XB is equal to the (square) on AB. For the angle 
at X (is) a right-angle [Prop. 1.47]. And the (sum of 
the squares) on AX and X K is equal to the (square) on 
AK [Prop. 1.47]. Thus, the (sum of the squares) on AX 
and XB is equal to the (sum of the squares) on AX and 
X K. Let the (square) on AX have been subtracted from 
both. Thus, the remaining (square) on P. X is equal to the 
remaining (square) on X K. Thus, BX (is) equal to X K. 
So, similarly, we can show that the straight-lines joined 
from X to P and S are equal to each of BX and XK. 
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EOTL TH UEV ATO Thc BA tou té and THY BW, WA, 14 dE and 
tc KA toa tà ånò tõv KQ, QA: ta dou and THY BY, VA 
toa £o toic dno TOV KQ, QA, Gy 16 and tHe KQ uctCov 
100 àxó tfj BV: Aowxóv &pa xó &nó tic QA £Xaccóv &ou 
toD amd tho WA. ueiCov doa À AY ts AQ: xoAAG pa f) 
AW uz(Cov &ox vfjc AH. xal otv f) u£v AY £ri utav tod 
roAÀu£Opou D&o, Y 6€ AH Ent thy th¢ EAdoaovoc agatoac 
ETLPavelav’ Gote TÒ roAós0pov oO qaos tfjc £Aácocovoc 
O APAS KATH THY ETLAVELOLY. 

Ato ü&pa. oqotpGv xepi xo ato xévtpov o006v eic tiv 
ustCova adleayv otepsOyv roA0e0pov &Yyévpomon Uy datov 
tfjc £A&coovoc odqaípac xarà trjv Emipdverav’ OnE EdEL 
NOLO. 


ELEMENTS BOOK 12 


Thus, a circle drawn (in the plane of the quadrilateral) 
with center X, and radius one of X B or X K, will also 
pass through P and 5, and the quadrilateral K BPS will 
be inside the circle. 

And since K B is greater than WV, and WV (is) equal 
to SP, KB (is) thus greater than SP. And KB (is) 
equal to each of KS and BP. Thus, KS and BP are 
each greater than SP. And since quadrilateral K BPS 
is in a circle, and K B, BP, and KS are equal (to one 
another), and PS’ (is) less (than them), and BX is the 
radius of the circle, the (square) on KB is thus greater 
than double the (square) on B X.! Let the perpendicular 
KY have been drawn from K to BV.* And since BD is 
less than double DY, and as BD is to DY, so the (rect- 
angle contained) by DB and BY (is) to the (rectangle 
contained) by DY and Y B—a square being described 
on BY, and a (rectangular) parallelogram (with short 
side equal to BY) completed on Y D—the (rectangle con- 
tained) by DB and BY is thus also less than double the 
(rectangle contained) by DY and Y B. And, K D being 
joined, the (rectangle contained) by DB and BY is equal 
to the (square) on B K, and the (rectangle contained) by 
DY and Y B equal to the (square) on KY [Props. 3.31, 
6.8 corr]. Thus, the (square) on KB is less than double 
the (square) on KY. But, the (square) on KB is greater 
than double the (square) on BX. Thus, the (square) on 
KY (is) greater than the (square) on BX. And since 
BA is equal to KA, the (square) on BA is equal to the 
(square) on AK. And the (sum of the squares) on BX 
and X A is equal to the (square) on BA, and the (sum of 
the squares) on KY and Y A (is) equal to the (square) on 
K A [Prop. 1.47]. Thus, the (sum of the squares) on BX 
and X A is equal to the (sum of the squares) on KY and 
Y A, of which the (square) on AY (is) greater than the 
(square) on BX. Thus, the remaining (square) on Y A 
is less than the (square) on X A. Thus, AX (is) greater 
than AY. Thus, AX is much greater than AG.? And AX 
is (a perpendicular) on one of the bases of the polyhe- 
dron, and AG (is a perpendicular) on the surface of the 
lesser sphere. Hence, the polyhedron will not touch the 
lesser sphere on its surface. 

Thus, there being two spheres about the same cen- 
ter, a polyhedral solid has been inscribed in the greater 
sphere which does not touch the lesser sphere on its sur- 
face. (Which is) the very thing it was required to do. 


t Since K B, BP, and KS are greater than the sides of an inscribed square, which are each of length /2 BX. 


t Note that points Y and V are actually identical. 


3 This conclusion depends on the fact that the chord of the polygon in proposition 12.16 does not touch the inner circle. 
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IIóptoga. 

‘Edy è xol eic &vápav oqotipav x& èv tÅ BTAE oqaíteo 
otepeó) roAué0po Óuowv otepeóv rohúscõpov ëyypayñ, TO 
£v 1f; BLAE oqaíga ovepeóv xoA0E0pov npóc TO Ev TH 
tépa coyalpy OTEESOV xoA0E0pov tputAaotova AÓvov Ex&t, 
Tnep ?| tfjc BLAE o«oífpac Ou&uevpoc ngóc tjv vfi; tépas 
opatpoc Ot&uetpov.  OtvmpeÜÉvtov vào tv otepgeGv eic 
tàc ÓuotonAvÜcic xol opuovotoveic MLEAULOAS EGOVTOL ol TL- 
pouíóec Óuoto. at O Öuora nupoutóec npóc GAAKAaS Ev 
tpixAactow AóYv« eioi 16v óuoAóvov nAcupGv: Y, ipa tu- 
eautc, Ace Báo uév ot xó KBOX tetodmAcveov, xoouey 
dé TO A onUEtoy, Mod THY Ev TH tép% ogatpy ôuorotayñ 
TLEgUloa ToLnAactova AOYOY EYEL, ANEE Y OUOAOYOS TAELEY 
Teds TYV OUdADYOY TAELEdY, TouTéoTIV Aree Y| AB éx tod 
XEVTEOL Thc O@atouc The Neel xEvtooV TO A Ted THY Ex TOD 
xévtpou tfj; £tépoc oqoípoc. Oóuo(oc xol &xé&otr rupopic 
TOY Ev TH Teel xévxpov xó À oqgaípa MOd¢ ExdoTHY OLOTAYT, 
TUOEAULOA TOV EV TH ETEOK Oatley ToLTAUCLOVa AGYOV EGet, 
Anco ¥) AB node thy Ex toŭ xévtpoou ts &xépac odaítoac. 
Kal Wo EV TOV HYOLUEVWY TOO Ev xGv ENOUEVWYV, ODTWC 
ONAVTA TH VYOUUEVA TEdS &MavtTA TK EMOUEVa Hote ÓÀOV 
TO EV TY Teel xévtoov TÒ A agaloy otepedv noAvEdeoV 
Teds SAoy TO Ev TH EtEOX [o~atoy| otepEdv ToALEDdEOY ToL 
rAaociova Aóvov Ete, Timeo Y; AB nodc thy Ex voO xévxpou 
tfj; £xépoatz oqoípac, xouvéouv Teo Y, BA Ouerpoc noóc 
try tfj; £xépac BHaloac SIdUETEOV’ ONEE EdeL Seta. 


m. 
Ai oqoltpot npóc dXXa èv xpixAaotovi Aóyw ciol t&v 
LOY OLAUETOOY. 


A 
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Corollary 


And, also, if a similar polyhedral solid to that in 
sphere BC DE is inscribed in another sphere then the 
polyhedral solid in sphere BC DE has to the polyhedral 
solid in the other sphere the cubed ratio that the diameter 
of sphere BC DE has to the diameter of the other sphere. 
For if the solids are divided into similarly numbered, and 
similarly situated, pyramids, then the pyramids will be 
similar. And similar pyramids are in the cubed ratio of 
corresponding sides [Prop. 12.8 corr.]. Thus, the pyra- 
mid whose base is quadrilateral K BPS, and apex the 
point A, will have to the similarly situated pyramid in the 
other sphere the cubed ratio that a corresponding side 
(has) to a corresponding side. That is to say, that of ra- 
dius AB of the sphere about center A to the radius of the 
other sphere. And, similarly, each pyramid in the sphere 
about center A will have to each similarly situated pyra- 
mid in the other sphere the cubed ratio that AB (has) to 
the radius of the other sphere. And as one of the leading 
(magnitudes is) to one of the following (in two sets of 
proportional magnitudes), so (the sum of) all the lead- 
ing (magnitudes is) to (the sum of) all of the following 
(magnitudes) [Prop. 5.12]. Hence, the whole polyhedral 
solid in the sphere about center A will have to the whole 
polyhedral solid in the other [sphere] the cubed ratio that 
(radius) AB (has) to the radius of the other sphere. That 
is to say, that diameter BD (has) to the diameter of the 
other sphere. (Which is) the very thing it was required to 
show. 


Proposition 18 


Spheres are to one another in the cubed ratio of their 
respective diameters. 
A 
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Nevofovwoay odotoea oi ABT, AEZ, didgueteo òè 
oO1Gv oi BI', EZ: Avo, ów f, ABI oootipa ngóc t'y AEZ 
odleay tornmAactova Adyov Eyer Aree Y, BP xgóc thy EZ. 

Ei yàp wy) 4) ABI ogdlion node thy AEZ ogoitoay tot- 
rAaotova Aóvov £ye& Tinep Y) BD xgóc thy EZ, Efer dow À 
ABI' oqoípa npóc &£Aácoová uva tic AEZ ogalpas tot- 
nAaociova AóYvov f, npóc ustCova Ameo Y, BI ngóc xrjv EZ. 
SYETW TOOTEPOV TENS £Aácoova try HOK, xoà vevorjoto ^ 
AEZ t HOK zepi xó ato xév1pov, xoà &yyevoóxOco cic 
thv uetCova oqolpav xrv AEZ oxegeóv noAOe0pov ur paŭov 
tfc &Aáccovoc oqgaípac thc HOK xat& thy &mupévetav, 
&YYeYpágOco 98€ xoi eic xv ABI. oqootigav tõ èv tH ABZ 
opalo otep nroÀué0po Óuotov otepeóv xoÀ0E0pov: tO 
pa èy tÅ ABI otepedv roAóe8pov npóc tò &v tfj AEZ 
OTECEOY TOAVESEOY TeLTAUCtOVa Adyoy eye rep 1) BI’ node 
uv EZ. £yev 6€ xoi À ABT cyopa noòs thy HOK ogoïpav 
tpuxAatotova Aóvov rep Å BI tpoòs ty EZ: čotv boa wc 
À ABT codipa noòs tày HOK cọyoïpav, oŬtws tÒ èv t 
ABT ocoatoy otepedyv nohúvesõpov npòc tò èv tÅ AEZ ogatpy 
otepeóv noA0e8pov: £voAAà& |&pa] Oc H ABI coyoapa nod 
TO EV AUTH TOAVESEOY, OUTWS Y, HOK ogotioa node tO Ev TH 
AEZ ooatoy otepeòv noAbedeoy. ustCwv o¢ Y; ABI ogoiton 
tol év ùt moAvédeou’ ucitav doa xol  HOK oqgoápa 
tol év th AEZ ogatoy rouvéðpou.  àAA&à xol &A&rtov 
£urepiéyecot Yàp ox' aoto0. ox &pa Y) ABI" oxoltipa mode 
&£A&ccova tfi; AEZ oqotpac xpuaoctova Aóvov Eye Tue f| 
BI ðiáuetpoc mods THY EZ. óuotoc $7) 6c(&ouev, StL ODdE Å 
AEZ oqocüpo npóc &A&ccova vfi ABI' oqaíteoc veuxAactova 
Aóvov čys nep Å EZ roòs ty Br. 

Aéyw Dh, ott odde f| ABT odoüpa npóc uctCová tiva tc 
AEZ ooaioucg teitAactova Adyoy Eyer Ameo Y) BD npóc tiv 
EZ. 

Et yee duvatéy, éyétw med yetCova thy AMN: avémoAty 
goa Å AMN ogden rede thy ABI ocotoay tortAactova 
Aóvov Exe fixeo y, EZ Oi&uexpoc npóc thy BI dtduetooy. 
Gc 6€ | AMN oqoípa npóc vv ABI" oqoüpav, ottw¢ À AEZ 
ogopa Ted¢ &A&ocov& tuva xfjc ABD ogateuc, Exerdyjreo 
uc(Gov gotiv À AMN ts AEZ, óc £unpoo0ev £O0cty Or. xol 
À AEZ doa ogden npóc &Aáccová uva tfjc ABI" o«caípoc 
tpuxAaolova Adyov Eye. Arco EZ nooc thy BI once 
àG0varov gdsely0n. ovx goa 4 ABI' oqottpa xpóc ustCová 
tuva ts AEZ ogatpas vpguxAaotova Aóvov Eye Tjnep Y, BD 
Ted THY EZ. edelyDn OE, StL 006€ npóc &Aácoova. À &pa 
ABD ogden ned¢ thy AEZ ogoitpay toimAnotova Adyov Een 
Aree ¥) BI node thy EZ: once Eder detgou. 


ELEMENTS BOOK 12 


Let the spheres ABC and DEF have been conceived, 
and (let) their diameters (be) BC and EF (respectively). 
I say that sphere ABC has to sphere DEF the cubed ratio 
that BC (has) to EF. 

For if sphere ABC does not have to sphere DEF the 
cubed ratio that BC (has) to EF then sphere ABC will 
have to some (sphere) either less than, or greater than, 
sphere DEF the cubed ratio that BC (has) to EF. Let 
it, first of all, have (such a ratio) to a lesser (sphere), 
GHK. And let DEF have been conceived about the 
same center as GH K. And let a polyhedral solid have 
been inscribed in the greater sphere DEF, not touching 
the lesser sphere GH K on its surface [Prop. 12.17]. And 
let a polyhedral solid, similar to the polyhedral solid in 
sphere DEF, have also been inscribed in sphere ABC. 
Thus, the polyhedral solid in sphere ABC has to the 
polyhedral solid in sphere DEF the cubed ratio that BC 
(has) to EF [Prop. 12.17 corr.]. And sphere ABC also 
has to sphere GH K the cubed ratio that BC (has) to EF. 
Thus, as sphere ABC is to sphere GH K, so the polyhe- 
dral solid in sphere ABC (is) to the polyhedral solid is 
sphere DEF’. [Thus], alternately, as sphere ABC (is) to 
the polygon within it, so sphere GH K (is) to the polyhe- 
dral solid within sphere DEF [Prop. 5.16]. And sphere 
ABC (is) greater than the polyhedron within it. Thus, 
sphere GH K (is) also greater than the polyhedron within 
sphere DEF [Prop. 5.14]. But, (it is) also less. For it is 
encompassed by it. Thus, sphere ABC does not have to 
(a sphere) less than sphere DEF the cubed ratio that di- 
ameter BC (has) to EF. So, similarly, we can show that 
sphere DEF does not have to (a sphere) less than sphere 
ABC the cubed ratio that EF (has) to BC either. 

So, I say that sphere ABC does not have to some 
(sphere) greater than sphere DEF the cubed ratio that 
BC (has) to EF either. 

For, if possible, let it have (the cubed ratio) to a 
greater (sphere), LMN. Thus, inversely, sphere LM N 
(has) to sphere ABC the cubed ratio that diameter 
EF (has) to diameter BC [Prop. 5.7 corr.]. And as 
sphere LMN (is) to sphere ABC, so sphere DEF 
(is) to some (sphere) less than sphere ABC, inasmuch 
as LMN is greater than DEF, as was shown before 
[Prop. 12.2 lem.]. And, thus, sphere DEF has to some 
(sphere) less than sphere ABC the cubed ratio that EF 
(has) to BC. The very thing was shown (to be) impossi- 
ble. Thus, sphere ABC does not have to some (sphere) 
greater than sphere DEF the cubed ratio that BC (has) 
to EF. And it was shown that neither (does it have 
such a ratio) to a lesser (sphere). Thus, sphere ABC has 
to sphere DEF the cubed ratio that BC (has) to EF. 
(Which is) the very thing it was required to show. 
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The Platonic Solids' 


'The five regular solids—the cube, tetrahedron (i.e., pyramid), octahedron, icosahedron, and dodecahedron—were problably discovered by 
the school of Pythagoras. They are generally termed “Platonic” solids because they feature prominently in Plato’s famous dialogue Timaeus. Many 
of the theorems contained in this book— particularly those which pertain to the last two solids—are ascribed to Theaetetus of Athens. 
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Ol". 
àv eó0cía yoauuun dxeov xal uécov Aóyov tun9f, 
TO ustCov xufjua npocAopóv cv fjtoewtv tc Öns nev- 
TATAGOLOV OOVATAL TOD ANO THc NULOElac tetpayovou. 


ELEMENTS BOOK 13 


Proposition 1 


If a straight-line is cut in extreme and mean ratio 
then the square on the greater piece, added to half of 
the whole, is five times the square on the half. 





K H E 


Evveta yuo yoouury Y, AB óxpov xoi uécov AÓóYov 
tetuńoůw xatà xó D onuetoyv, xal Eotw ucitov xufjua tò 
AT, xoi &xpeQArjoO9co &r eo0ctac xfj D'À eó9cta Y) AA, xol 
xeloðw tc AB ulos À AA: AEEY, ÖT MEevtanAdordy Eott 
tO and Th¢ TA tot ano the AA. 

Avayeyedotwoay yuo ànó x&v AB, AT tetodyova 
tà AE, AZ, xa xatayeyodoðw £v 16 AZ tò oyua, xo 
Axo A ZI &ri tò H. xa Exet À AB äxpov xoa uécov 
Aóyov TéETUNTAL “ata ToT, tO You bud tõv ABT toov &od 
1G dro tc APT. xal oti tò uèv òrò tõv ABT tò TE, tò 
dé and ts AT 16 ZO: toov doa tò TE t& ZO. xa nel 
ATAN cuv *| BA xfjc AA, ton 66 fj uev BA tH KA, ġ oe 
AA th AO, Ouf] pac xol Y; KA vfi AO. ðc è ÅA KA npóc 
tv AO, obcoc tò L'K. ngóc tò TO: Gu oiov goa tò TK 
tob TO. eici 8€ xoi xà AO, OT Quota x00 D'O. toov Goa 
tò KT tois AO, OL. edetydy Se xal tò TE t& OZ toov: 
óAov goa TO AE tetod&ywvoy toov éotl 745 MNE yvauowu. 
xol &rel GA; £ouv Y; BA tfjc AA, xevpanAóGoióv £o TÒ 
ano tiH¢ BA tot and the AA, toutéott t6 AE tot AO. 
tcov 8€ tò AE 16) MNE yvauow “al 6 MNE goa yvauev 
texpaxA&oióc &oxt TOU AO’ ddov goa tò AZ nevtanrdordv 
éott tou AO. xat got: T0 uev AZ tO and xfjc AT, xó 66 AO 
tO dO Thc AA: 16 &pa àxó cfjc DÀ nevvanA&oióv &£ox Tob 
ano th¢ AA. 

"Ey doo evveta &xoov xal ugcov Advyoy TUNDT, tò uctov 
tufjua xpooAapóv cÀv fjutoewxv tfj CANS TREVTAMAcOLOY 
O0varxot toO áo cfjc Yjuvcetoc vetporyo vou: ónep &oct OclGon. 


K G E 


For let the straight-line AB have been cut in extreme 
and mean ratio at point C, and let AC be the greater 
piece. And let the straight-line AD have been produced 
in a straight-line with CA. And let AD be made (equal 
to) half of AB. I say that the (square) on C D is five times 
the (square) on DA. 

For let the squares AE and DF have been described 
on AB and DC (respectively). And let the figure in DF 
have been drawn. And let FC have been drawn across to 
G. And since AB has been cut in extreme and mean ratio 
at C, the (rectangle contained) by ABC is thus equal to 
the (square) on AC [Def. 6.3, Prop. 6.17]. And CE is 
the (rectangle contained) by ABC, and FH the (square) 
on AC. Thus, CF (is) equal to FH. And since BA is 
double AD, and BA (is) equal to KA, and AD to AH, 
K A (is) thus also double AH. And as K A (is) to AH, so 
CK (is) to CH [Prop. 6.1]. Thus, CK (is) double CH. 
And LH plus HC is also double CH [Prop. 1.43]. Thus, 
KC (is) equal to LH plus HC. And C E was also shown 
(to be) equal to H F. Thus, the whole square AE is equal 
to the gnomon M NO. And since BA is double AD, the 
(square) on BA is four times the (square) on AD—that 
is to say, AE (is four times) DH. And AE (is) equal to 
gnomon M NO. And, thus, gnomon M NO is also four 
times AP. Thus, the whole of DF is five times AP. And 
DF is the (square) on DC, and AP the (square) on DA. 
Thus, the (square) on C D is five times the (square) on 
DA. 

Thus, if a straight-line is cut in extreme and mean ra- 
tio then the square on the greater piece, added to half of 
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D. 

Eàv eó0cia youuu tunuatoc autc mevtanAdotov 
OOVINTOL, Tho SiTAMotac TOD Elonuevov tuńuaTtos &xpov xal 
uécov AóYvov veu vouévr xo ueiGov vufjua xó Aowróv uépoc 
EOTL Thc EF Hoyo cbVetac. 
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the whole, is five times the square on the half. (Which is) 
the very thing it was required to show. 


Proposition 2 


If the square on a straight-line is five times the 
(square) on a piece of it, and double the aforementioned 
piece is cut in extreme and mean ratio, then the greater 
piece is the remaining part of the original straight-line. 





K 


E H 

Evveta yao yeouyy Y; AB vuYjuaxoc &aucfjic tol AD tev- 
tanmAdotoy Suvdo0e, tfjc 6€ AT' Sindh goto À TA. AéYvo, 
ou tfjc DÀ Gxpov xoi uécov Adyov teuvouévog TO UEtCov 
tuñuá got | DB. 

Avayeyedove yuo dp’ éxatéoac tv AB, TA tetodgywova 
tà AZ, PH, xoà xoxovevoóqgoo v tõ AZ 10 oyfjua, xoi 
Owjy 9c Y, BE. xoi &nei nevvaxA&otóv £o tò dnd týs BA 
1:00 ànó tfjc AD, nevtanAdotdyv got: tO AZ to AO. te- 
toatAdoiog toa 6 MNE yvouwyv tot AO. xol Enel Sita 
éotw 7| AT. vfjic L'A, vexpanA&otov koa Eoti t6 dnd AT tod 
ànó LÀ, vouvéo wu xó [TH tod AO. £&oc(y Or) 6€ xoi ó MNE 
YYQUOY TeteatAdcotog Tol AO: toog toa 6 MNE yvauov 
1G DH. xoi &xe&& niñ ouv $ APT týs TA, ton òè | uev 
AT] xfj UK, 5| 9$ AT tH TO, [Bu fj &pac xot À KT tHe TOI, 
OuxA&otov &pa xoi xó KB xo0 BO. cio è xa tà AO, OB 
tol OB ndo toov &pa tò KB tois AO, OB. edetyOy 
dé “at GAog O MNE yvauav 6Aw tă [TH tooc xoà Aowxóv 
goa tò OZ t BH Eo tw toov. xal ot tò uèy BH tò ond 
tõv TAB: ton yoo ATA th AH: 16 5€ OZ 16 dno the TB: 
tO Yow ONO THY TAB tooy éott 14 dno th¢ TB. Eotw koa 
óc Å AT node thy TB, ottwe 4 TB rede thy BA. uet(Gov 
dé A AT ts LB: ue(Gov &pa xoi 4 IB th¢ BA. th¢ TA 
hoa euvetauc &xoov ual ugcov Adyoy veuvouévriz TO uciCov 
tunud cot v, DB. 

"Eitv dow evveta Yoon tuńuaTtos autis NevtamAdorov 
OOVNTOL, Thc SiTAMotac TOD Elonuevou vurjuaxoc &xpov xal 
uécov Aóvov xeu vouévre xó uciGov vufjua xó Aowtóv uégoc 


K E G 

For let the square on the straight-line AB be five times 
the (square) on the piece of it, AC. And let CD be double 
AC. I say that if CD is cut in extreme and mean ratio 
then the greater piece is CB. 

For let the squares AF’ and CG have been described 
on each of AB and CD (respectively). And let the figure 
in AF have been drawn. And let B E have been drawn 
across. And since the (square) on BA is five times the 
(square) on AC, AF is five times AH. Thus, gnomon 
MNO (is) four times AH. And since DC is double C A, 
the (square) on DC is thus four times the (square) on 
C A—that is to say, CG (is four times) AH. And the 
gnomon MNO was also shown (to be) four times AH. 
Thus, gnomon M NO (is) equal to CG. And since DC is 
double CA, and DC (is) equal to CK, and AC to CH, 
[KC (is) thus also double CH], (and) KB (is) also dou- 
ble BH [Prop. 6.1]. And LH plus HB is also double H B 
[Prop. 1.43]. Thus, K P (is) equal to LH plus H B. And 
the whole gnomon MNO was also shown (to be) equal 
to the whole of CG. Thus, the remainder HF is also 
equal to (the remainder) BG. And BG is the (rectangle 
contained) by C DB. For CD (is) equal to DG. And HF 
(is) the square on CB. Thus, the (rectangle contained) 
by CDB is equal to the (square) on CB. Thus, as DC 
is to CB, so CB (is) to BD [Prop. 6.17]. And DC (is) 
greater than C B (see lemma). Thus, C B (is) also greater 
than B D [Prop. 5.14]. Thus, if the straight-line C D is cut 
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£c thc EF Hoytc coVetac Smee Eder Setgau. 


Afjuua. 

“Ot de f| nA týs ALI uctGov &odx ts BI, otos 
ÖELXTÉOV. 

Ei yàp uń, čotw, st Suvatéyv, Å BI nà týs TA. te- 
tpa &otov ğ&pa TÒ and The BI toŭ ånò týs TA: xevxoxA &otat 
pa Ta dno x&v BD, DÀ tod and th¢ TA. brdxertou è xol 
1o àxó tfjc BÀ nevtanAdovoy to and ts T'A: tÒ dou and 
týs BA toov &oxi xoiz ànó x&v BD, DA: ónxep ó60vaxov. 
oOx &pa 7| Il'B 8&uAaocta otl xfjc AT. óuotoc 97) 6c(&ouev, 
ótt 090€ 7| £Aá&xxov tfjic TB dindactayv ot ths TA’ 106 
Y&o [uciCov| xó &xonov. 

H &pa týs AT àuxAf| uctiGov &ox tfjc DB: ónep eden 
O€tG on. 


Y. 

"àv eó9cia yoauuun ä&xpov xal uécov Aóyov tun, 
tó ÉAaocov xyufjua npocAopov tyjv fjutoetav TOU UEiCovoc 
TUYMATOS TEVTaNAcOLOV SUVaTAL TOD Ano TH¢ Hurcetac too 
uetCovoc TUNUATOS TEeTONYWVOL. 


A I B 
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in extreme and mean ratio then the greater piece is C B. 

Thus, if the square on a straight-line is five times 
the (square) on a piece of itself, and double the afore- 
mentioned piece is cut in extreme and mean ratio, then 
the greater piece is the remaining part of the original 
straight-line. (Which is) the very thing it was required 
to show. 


Lemma 


And it can be shown that double AC (i.e., DC) is 
greater than BC, as follows. 

For if (double AC is) not (greater than BC), if possi- 
ble, let BC be double C A. Thus, the (square) on BC (is) 
four times the (square) on CA. Thus, the (sum of) the 
(squares) on BC and CA (is) five times the (square) on 
CA. And the (square) on BA was assumed (to be) five 
times the (square) on CA. Thus, the (square) on BA is 
equal to the (sum of) the (squares) on BC and C A. The 
very thing (is) impossible [Prop. 2.4]. Thus, CB is not 
double AC. So, similarly, we can show that a (straight- 
line) less than CB is not double AC either. For (in this 
case) the absurdity is much [greater]. 

Thus, double AC is greater than CB. (Which is) the 
very thing it was required to show. 


Proposition 3 


If a straight-line is cut in extreme and mean ratio then 
the square on the lesser piece added to half of the greater 
piece is five times the square on half of the greater piece. 


A D C B 





Evveta yéo tic Å AB &xpov xoi u£cov Aóvov xexufiooo 
xarà TO TD onuciov, xoi Éoto ucitov tuñua tò AT, xol 
tetuńcůw À AT SGyac xoxà xó A Aévo, tL TEVTATÀÁOLÓV 
Eott TÒ TÒ tc BA tot eno the AT. 

Avayeyedote yàp ånò týs AB tetpáyovov tò AE, xol 


For let some straight-line AB have been cut in ex- 
treme and mean ratio at point C. And let AC be the 
greater piece. And let AC have been cut in half at D. I 
say that the (square) on BD is five times the (square) on 
DC. 
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natayeyedpva GuxAo0v TO oyfua. nel nà ouy WY AD 
thc ALD’, tetoanAdotov goa tO &ndO ths AT tob and th¢ AT, 
toutéott TÒ PX toŭ ZH. xol nel tò òrò tõv ABT toov 
coti t ànó tfjc AD, xot £o xó oxó x&v ABI tò TE, tò 
&pa D'E toov &oxi 1G PX. v&xpaxA&otov 66 160 PX toŭ ZH: 
TETPATAQOLOV &pa xal TO TE tot ZH. náv nel ton otv 
7) AA th AT, ton goth xa À OK xfj KZ. ote xal tò HZ 
tetTpåywvov toov &od x6 OA tetowyova. ton tow Y, HK 
tf, KA, toutéoti À MN t NE: ote xa tò MZ 16 ZE 
cot toov. GAAà tò MZ x6 [H otv tcov: xoi xó [TH dow 
t6 ZE otw toov. xowòv toocxelotw tò PTN: ò &oa ZOI 
YVQUOV taog Cott TH TE. Aà tò TE tetpanràgoiov cdety0n 
toč HZ: xol ò BOIL doa yyvouwy tetparhdoiós coti toŭ ZH 
tetoay@vou. Ò BOIL dea yvouwy xal tò ZH xexgéyovov 
revxanAGotóc £ow vo0 ZH. &AA& ó EOII vvoguov xoi to 
ZH tetoáywvóv &ox tò AN. xal ot xó u&£v AN có dno 
thc AB, to d¢ HZ tò dnd the AT. 16 dou ànò ts AB 
TEVTATAASLOV Eatt TOU and vfjc AI" Ónep Eder deitou. 


o. 


"E&v eó9cta Yoouu| óoxpov xoi uécov Aóvov xurjofi, TO 
ATÒ TIS GANS xa TOD EAdooovOS vufjuaxoc, xà cuvop«qócepo 
TETONY OVA, ToITAdOLe Eott TOU dnd xo ue(Covoc tuńuaTtoc 
TETONY@VOU, 


A | B 
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For let the square AE have been described on AB. 
And let the figure have been drawn double. Since AC is 
double DC, the (square) on AC (is) thus four times the 
(square) on DC—that is to say, RS (is four times) FG. 
And since the (rectangle contained) by ABC is equal to 
the (square) on AC [Def. 6.3, Prop. 6.17], and CE is the 
(rectangle contained) by ABC, CE is thus equal to RS. 
And RS (is) four times FG. Thus, CE (is) also four times 
FG. Again, since AD is equal to DC, H K is also equal to 
K F. Hence, square GF is also equal to square H L. Thus, 
G K (is) equal to K L—that is to say, M N to N E. Hence, 
MF is also equal to FE. But, MF is equal to CG. Thus, 
CG is also equal to FE. Let CN have been added to 
both. Thus, gnomon OPQ is equal to C E. But, CE was 
shown (to be) equal to four times GF. Thus, gnomon 
OPQ is also four times square FG. Thus, gnomon OPQ 
plus square F'G is five times FG. But, gnomon OPQ plus 
square FG is (square) DN. And DN is the (square) on 
DB, and GF the (square) on DC. Thus, the (square) on 
DB is five times the (square) on DC. (Which is) the very 
thing it was required to show. 


Proposition 4 


If a straight-line is cut in extreme and mean ratio then 
the sum of the squares on the whole and the lesser piece 
is three times the square on the greater piece. 


A C B 





A H E 


"Eote cvveta 1 AB, xol tetunode Gxpov xoi uéícov 
Aóvovy xarà TOT, xa Eotw ucitov vufjua tO AD Aéyoo, 
ott xà àxó 16v AB, BI' vpgixA&ot& £o x00 ànó cfic DA. 

AÀ vorveY oóqoo Yàp àxó xfjc AB tetpoáywvov tò AAEB, 
xal xatayeypodoðw tò oyua. enel oOv Y) AB &xoov xoi 
uécov Aóvov xéxurixot xoà xó D, xoi xó ueiCov xufiu& ott 
f, AT, tò &pga oró xGv ABT tcov &ox xG àxó tfi AT. xot 
cot 1ó uev onó t&v ABT xó AK, xó 6€ ànó xfic AT xó OH: 


D G E 


Let AB be a straight-line, and let it have been cut in 
extreme and mean ratio at C, and let AC be the greater 
piece. I say that the (sum of the squares) on AB and BC 
is three times the (square) on CA. 

For let the square ADEB have been described on AB, 
and let the (remainder of the) figure have been drawn. 
Therefore, since AB has been cut in extreme and mean 
ratio at C, and AC is the greater piece, the (rectangle 
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MS 


tcov goa otl tò AK t& OH. xoi &nei toov oti tO AZ x6 
ZE, xotwóv npooxcio0o tò ITK: hov oa tò AK ÖY t 
TE éotw toov: ta doa AK, PE tot AK &ox Ov Gota. 60 X 
tà AK, TE ô AMN vvógov oti xa tò TK tetoáywvov: ô 
goa AMN yyöuov xal tò ITK tetoáyovov ðriåoů ott x00 
AK. &AXà uv xoi xó AK xG OH edety0n toov: ó dou AMN 
Yvouov xoi [xó DK. xexeéyovov. QnA&oi& &£cu o0 OH: 
ote ó AMN vvoópuov xoi| xà 'K, OH xexgéyova xeu óéotá 
éott tol) OH xexpgayóvou. xot &ouv ó |u£v| AMN vvoguov 
xoi xà DK, OH xexeéyova ðàov tò AE xal tò IK, &neo oti 
ta and tv AB, BI tetodywva, tò òè HO 10 dno tHe AT 
TETONYWVOV. TA Hoa and Tv AB, BI teto&ywva veu &otó 
£c toU ànó 1fjc AT tetoaymvou: Sneo der Sets. 


E. 

Eàv cóùcia ypauu àxpov xoi uécov AóYvov vun, xoi 
TECOTEDT, aUTH ton TH UsiCowm tuńuat, Ù An ceia &xpov 
xal UEGOV AOYOY TETUNTOL, Kal TO UEtCov xufju& otv Å êč 
Koy fic coVeta. 


A A T B 
A 6 A 
E 


Eó9cia yuo yoouun 4 AB ä&xpov xal uécov Aóyov 
tetunovw xata xó D onustov, val gotw ucitov cufjua f| 
AT, xoi tH ALT ton [xctodu] 9$] AA. Xévo, óu fj AB eó9cta 
&xpov xoà uécov AóYvov xévur|xot xoxà TÒ A, xol xó uciCov 
1ufju& &ov Å êE doyfic cudeta ñ AB. 

Avayeyedove yuo and thc AB tetedywvoy tò AE, xo 
xortorv e Y oócp0co tò oyua. &nel Y] AB Goxpov xoi uécov AóYvov 
TETUNTA xoà TOT’, tO Gow ONS ABT tooyv éott 16 and AT. 
xoí &ow xó uev òrò ABT xó DE, tò òè ànó the AL 16 TO: 
toov goa T0 TE t& OT. dhà 165 u£v L'E toov £o tò OE, 
t& è OT tcov xó AQ' xoi t6 AO &pa tcov £o 165 OF 
Ixotwóv npooxtcioto x0 OB]. drAov &pa tò AK Siw 16 AE 
cot toov. xal £o xó u£v AK tò rò x&v BA, AA: tor 
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contained) by ABC is thus equal to the (square) on AC 
[Def. 6.3, Prop. 6.17]. And AK is the (rectangle con- 
tained) by ABC, and HG the (square) on AC. Thus, 
AK is equal to HG. And since AF is equal to FE 
[Prop. 1.43], let Ck have been added to both. Thus, 
the whole of AK is equal to the whole of CE. Thus, AK 
plus CE is double AK. But, AK plus CE is the gnomon 
LMN plus the square CK. Thus, gnomon LMN plus 
square CK is double AK. But, indeed, AK was also 
shown (to be) equal to HG. Thus, gnomon LMN plus 
[square CK is double HG. Hence, gnomon LMN plus] 
the squares CK and HG is three times the square HG. 
And gnomon LMN plus the squares CK and HG is the 
whole of AE plus CK—which are the squares on AB 
and BC (respectively)—and GH (is) the square on AC. 
Thus, the (sum of the) squares on AB and BC is three 
times the square on AC. (Which is) the very thing it was 
required to show. 


Proposition 5 


If a straight-line is cut in extreme and mean ratio, and 
a (straight-line) equal to the greater piece is added to it, 
then the whole straight-line has been cut in extreme and 
mean ratio, and the original straight-line is the greater 
piece. 


D A C B 
L H n 
E 


For let the straight-line AP have been cut in extreme 
and mean ratio at point C. And let AC be the greater 
piece. And let AD be [made] equal to AC. I say that the 
straight-line DB has been cut in extreme and mean ratio 
at A, and that the original straight-line AB is the greater 
piece. 

For let the square AE have been described on AB, 
and let the (remainder of the) figure have been drawn. 
And since AP has been cut in extreme and mean ratio at 
C, the (rectangle contained) by ABC is thus equal to the 
(square) on AC [Def. 6.3, Prop. 6.17]. And CE is the 
(rectangle contained) by ABC, and CH the (square) on 
AC. But, H E is equal to CE [Prop. 1.43], and DH equal 
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yoo Å AA qt AA: tò òè AE tò and the AB: 10 &pa ono 
tv BAA tcov &od 16 ànò tc AB. čotw toa cóc Y) AB 
ngóc t'y BA, obcxoc f; BA mode thy AA. ue(Cov 96 9| AB 
tfc BA: uetGov &pa xoi Y BA thc AA. 

"H &pa AB &Gxpov xoi u£cov Aóov xéxurxot xaxà TO A, 
xoi tó ueiGov vufju& &oxv Y, AB: önep Eder SetEau. 


f 


— 


Eàv coöelo nt äxpov xal uécov Adyov tun, 


EXATEOOV TOV TUNUGTOV Koyo &ouv f| xoXouuévr) &xo- 


TOU. 
A A F B 


pe I E a 

"Hote euveta onty Y, AB xoi tetuńoðw &xpov xal uécov 
Aóyov xatà tÒ I, xal £oxo uciCov vufjua Y; AI" Aévo, Stu 
éêxatépa tõv AT', PB &hoyós otv f| xoXouyuévr, éxocour. 

ExpeQAQo9o vào y, BA, xoi xc(o9co týs BA ulos 
f| AA. &xcl oOv eó9cia À AB tétunto Goxpov xol uécov 
Aóvov xaxà xó L', xoi TG uelCov tuńuati t& AI' npóoxevcot 
f| AA uice oboa ts AB, tò vou dno TA tot and AA 
nevxoxAó&otóv £o. 16 &po ànó L'A node 16 dnd AA Aóvov 
Exel, Óv ópiOuóc npóc dpiüuóv: cóuuexpov koa TO and TA 
té) and AA. Órnxóv 8€ x6 ànó AA: énxi) áo |£ouv| À AA 
fiutceix oca. tfjc AB nts oŭonc: Ontdv doa xal TO and 
TA: nth soa goth val À TA. xa éxet t6 dnd TA ngoóc 
tO dno AA àóyov oòùòx Eyet, Ov vexpóvovoc dpi0uoc npóc 
texpáovov àpibuóv, àcóuuecpoc dow Une ATA tH AA? ot 
TA, AA sow ortat ctor Suvduer Udvoy avUUETOOL ATOTOUÑ 
hoa éotly f AT. néaw, éxet Y; AB Gxpov xoà uécov Adyov 
TETUNTOAL, xa TO UEICoV vufju& otv ġ AT, tò &pa òrò AB, 
BI 163 dno AT toov éotty. tò ğ&pa ånò tc AT ånotouñe 
rood thy AB onthy noapapAnO0ev nrAd&to¢ nowi thy BI. tò 
dE NO ANOTOUAS ropà ér|xijv napoajoAAóugvov rAéxoc toc 
ONOTOUNY TOWTHY’ ANOTOLNH Kou TowTH cotiy 7 VB. cdety dn 
o£ xol WTA &rotouy. 

‘Edy &pa eó9cta er?) Gopov xoà uécov AóYvov tundy, 
EXATEPOV THY TUNUATWY GAoYóc &£ouv f| xoouuÉvr) áxo- 
TOU OTEE Eder Seigau. 
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to HC. Thus, DH is also equal to HE. [Let HB have 
been added to both.] Thus, the whole of DK is equal to 
the whole of AE. And DK is the (rectangle contained) 
by BD and DA. For AD (is) equal to DL. And AE (is) 
the (square) on AB. Thus, the (rectangle contained) by 
BDA is equal to the (square) on AB. Thus, as DB (is) 
to BA, so BA (is) to AD [Prop. 6.17]. And DB (is) 
greater than BA. Thus, BA (is) also greater than AD 
[Prop. 5.14]. 

Thus, DB has been cut in extreme and mean ratio at 
A, and the greater piece is AB. (Which is) the very thing 
it was required to show. 


Proposition 6 


If a rational straight-line is cut in extreme and mean 
ratio then each of the pieces is that irrational (straight- 
line) called an apotome. 


D A C B 


E ————————————À 

Let AB be a rational straight-line cut in extreme and 
mean ratio at C, and let AC be the greater piece. I say 
that AC and CB is each that irrational (straight-line) 
called an apotome. 

For let B.A have been produced, and let AD be made 
(equal) to half of BA. Therefore, since the straight- 
line AB has been cut in extreme and mean ratio at C, 
and AD, which is half of AB, has been added to the 
greater piece AC, the (square) on CD is thus five times 
the (square) on DA [Prop. 13.1]. Thus, the (square) on 
C D has to the (square) on DÀ the ratio which a number 
(has) to a number. The (square) on C D (is) thus com- 
mensurable with the (square) on DA [Prop. 10.6]. And 
the (square) on DA (is) rational. For DA [is] rational, 
being half of AB, which is rational. Thus, the (square) 
on C D (is) also rational [Def. 10.4]. Thus, CD is also 
rational. And since the (square) on CD does not have 
to the (square) on DA the ratio which a square num- 
ber (has) to a square number, C D (is) thus incommensu- 
rable in length with DA [Prop. 10.9]. Thus, CD and DA 
are rational (straight-lines which are) commensurable in 
square only. Thus, AC is an apotome [Prop. 10.73]. 
Again, since AB has been cut in extreme and mean ratio, 
and AC is the greater piece, the (rectangle contained) by 
AB and BC is thus equal to the (square) on AC [Def. 6.3, 
Prop. 6.17]. Thus, the (square) on the apotome AC, ap- 
plied to the rational (straight-line) AB, makes BC as 
width. And the (square) on an apotome, applied to a 
rational (straight-line), makes a first apotome as width 
[Prop. 10.97]. Thus, CB is a first apotome. And C'A was 
also shown (to be) an apotome. 
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C 
Eàv nmevtay@vou iconAeÓpou at Tesic yuvlan ToL ai 
xaT TÒ éc f| oi uy) xoxà tò &Cfjc loot. otv, tooy@voy 
ČOTAL TÒ TEVTAYOWVOV. 


[D A 


Tlevtaya@vou yao iconm\eveov tot ABLTAE œ cpcic 
yovlon noótepov ai xatà tÒ E€fic al Mode tois A, B, T tom 
AAA Aas Eotoocav: Aévo, Öt tooyóvnóvy ot tò ABTAE 
TEVTAYOVOV. 

"Encteóy90oav Yàp oà AD, BE, ZA. xoi nel S00 at 
IB, BA uc tas BA, AE toot étoly exatéoa Exattoa, xol 
yovta À òrò TBA yovig th 0nd BAE otv ton, Bács dow À 
AT Bács: tý BE £ov tor, xoi tò ABT tetywvov 14 ABE 
tet O vo tcov, xoi ot Aowtal ywovlon tollc Aottalte Yxvtotc toot 
&covcot, VY Ae at too TASUEal DnoTElvovOL, 7| u£v òrò BTA 
tfj ónó BEA, *| 6£ òrò ABE th òrò TAB: Hote xal xAcupa 
f, AZ n^eup& tfj BZ &ouv tor. &6cty 0r] 66 xoi óÀv Y; AT 
ön tÅ BE ton: xal Aon) &pa À ZI Aan t ZE otv tor. 
Ecc 0€ xol À TA th AE ton. S00 dh at ZI, TA duol toic 
ZE, EA toon stotv: xot B&oug avtéy xowrn À ZA: yovia &pa 
À òrò ZLA yovig th bro ZEA éotw fon. declyn Se xoi 
fj óró BIA t òrò AEB ton xa dAn dou FH Und BVA Ody 
tfj ónó AEA ton. àAX' ġ òrò BTA forn ónóxevvot toic med¢ 
toic A, B vovtiouc xoi Y brò AEA Goa coli; npóc tote A, B 
Ycwtatc tov) &oxtv. óuotoc o7) 8c(&ouev, óx xoi Å òrò TAE 
yovia fon atl voc npóc xoiz A, B, P yovtotc iooyóovov 
goa éott To ABPAE revtéyovoy. 

AAAA DÀ uÀ Eotwoay too ol xoà tò &&fjc yovlar, GAA’ 
cotwaay toa at moog totic A, DL, A onustore A€yoo, StL Kaul 
o0tOc tcoYOvióy ŝoti TO ABDAE nevxévovov. 

"Enctceóy9o yuo Å BA. xal nel S00 of BA, AE uo 
toic BD, DA toa stot xal ywviac toacg mepiéyovow, Béotc 
goa Y, BE Báca cf; BA tor) &ox(v, xoi xó ABE totywvov 16 
BTA tayoóovo toov &oc(v, xol oi Aovwrol Y«vtot xoc Aouxoc 


VGVIOIC toot Ecovta, LY &c ot toot tÀeupot Dxote(vouotv: 
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Thus, if a rational straight-line is cut in extreme and 
mean ratio then each of the pieces is that irrational 
(straight-line) called an apotome. 


Proposition 7 


If three angles, either consecutive or not consecutive, 
of an equilateral pentagon are equal then the pentagon 
will be equiangular. 


A 


C D 

For let three angles of the equilateral pentagon 
ABC D E—ftirst of all, the consecutive (angles) at A, B, 
and C—-be equal to one another. I say that pentagon 
ABCDE is equiangular. 

For let AC, BE, and F D have been joined. And since 
the two (straight-lines) C B and BA are equal to the two 
(straight-lines) BA and AF, respectively, and angle CBA 
is equal to angle BAE, base AC is thus equal to base 
BE, and triangle ABC equal to triangle ABE, and the 
remaining angles will be equal to the remaining angles 
which the equal sides subtend [Prop. 1.4], (that is), BC A 
(equal) to BEA, and ABE to CAB. And hence side AF’ 
is also equal to side BF [Prop. 1.6]. And the whole of AC 
was also shown (to be) equal to the whole of BE. Thus, 
the remainder FC is also equal to the remainder FF. 
And C D is also equal to DE. So, the two (straight-lines) 
FC and CD are equal to the two (straight-lines) F E and 
ED (respectively). And FD is their common base. Thus, 
angle FC D is equal to angle FED [Prop. 1.8]. And BCA 
was also shown (to be) equal to AEB. And thus the 
whole of BCD (is) equal to the whole of AED. But, 
(angle) BC D was assumed (to be) equal to the angles at 
A and B. Thus, (angle) AED is also equal to the angles 
at A and B. So, similarly, we can show that angle CDE 
is also equal to the angles at A, B, C. Thus, pentagon 
ABCDE is equiangular. 

And so let consecutive angles not be equal, but let 
the (angles) at points A, C, and D be equal. I say that 
pentagon ABC DE is also equiangular in this case. 

For let BD have been joined. And since the two 
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ton koa éotiv ġ bnd AEB yovia tH òrò TAB. Eott de xoi 
Å bn0 BEA yovta tH òrò BAE ton, Exel vat xAeugà Y, BE 
nicuo tfj; BA otw ïon. xal dAn dow 7) UNO ABA yovia 
oAY TH bnO DAE éotw ton. GAA f; ónó LAE tolic npóc toic 
A, DT yeovieug Ondxertou ton: xal À òrò AEA hoa yoovia totic 
Teds toic A, [ton éottv. Dà xà a xà Ù xal À òrò ABT ton 
£cl toic npóc xoic A, D, A Yowvtotc. toovowov goa goth tO 
ABTAE nevtéeyavoyv: once eer oci&ot. 


v 
"Eàv xevvaYOvou tconAe0pou xoi icovcovt(ou Ta xoà 
TÒ êc 000 vov(ac onoce(voocty eóOctot, doxpov xoi uécov 
Aóvovy xéuvouocty &AAYjAac, xol Ta UElCova HOTHY TUALATA 
toa oTt} tfj Tob nevtaywvou mACvEY. 


Af 

IIevxorvévou Yàp tooxAe0oov xoi tcovovtou vo0 ABIAE 
Dvo Yowí(ac tàc xarà TO Ethic tàs npóc tois A, B bto- 
tevvetwoay evveta at AT, BE téuvovom dXXa xoà tò 
O onvelov’ AEYO, OTL EXATEOA ALTOYV Oo«pov xoà uécov AÓYov 
TETUNTAL KATH TO O oNuctoy, nal tx UetCova avTOY TUnUaTta 
toa Eotl TH Tob nevtaywvou TACLE. 

IIcepvyevoó«p0co yàp repi tò ABTAE nevcxévovov xóxAoc 
ó ABDAE. xoi nesl 0600 sòca a EA, AB duol taig 
AB, BI tom stot xal ywrviac toacg nepiéyovoi, Báo koa 
À BE Bácsi t AT ton Eotty, xol 10 ABE toetywvov x6 
ABT tetyove toov éotty, xal ai Aona yoovton tole Aotmoite 
YOVLOLS Too ECOVTAL EXATEOA EXATEOY, DY Ue ait too MASvEat 
Lmotetvouoty. ton goa Eotty ¥ Ond BAT ywovia th Ono ABE: 
O nA f| &pat f| ónó AOE tic O26 BAO. čom òè xoa Å òrò EAT 
tfi; óxó BAT Mnà, &neiofjnep xol regupégeua Y, EAT tep- 
Qegetac vfjc DB omn Ouf; tor) &pa f; ónó OAE vowví(a tH 
bro AOE: dote xal Å OE evveta th EA, toutéot th AB 


ELEMENTS BOOK 13 


(straight-lines) BA and AF are equal to the (straight- 
lines) BC and CD, and they contain equal angles, base 
BE is thus equal to base BD, and triangle AB E is equal 
to triangle BC D, and the remaining angles will be equal 
to the remaining angles which the equal sides subtend 
[Prop. 1.4]. Thus, angle AEB is equal to (angle) CDB. 
And angle BED is also equal to (angle) BDE, since side 
BE is also equal to side BD [Prop. 1.5]. Thus, the whole 
angle AED is also equal to the whole (angle) CDE. But, 
(angle) CDE was assumed (to be) equal to the angles at 
A and C. Thus, angle AED is also equal to the (angles) 
at A and C. So, for the same (reasons), (angle) ABC is 
also equal to the angles at A, C, and D. Thus, pentagon 
ABCDE is equiangular. (Which is) the very thing it was 
required to show. 


Proposition 8 


If straight-lines subtend two consecutive angles of an 
equilateral and equiangular pentagon then they cut one 
another in extreme and mean ratio, and their greater 
pieces are equal to the sides of the pentagon. 


A 


D C 


For let the two straight-lines, AC and BE, cutting one 
another at point H, have subtended two consecutive an- 
gles, at A and B (respectively), of the equilateral and 
equiangular pentagon ABC DE. | say that each of them 
has been cut in extreme and mean ratio at point H, and 
that their greater pieces are equal to the sides of the pen- 
tagon. 

For let the circle ABCDE have been circumscribed 
about pentagon ABC DE [Prop. 4.14]. And since the two 
straight-lines E A and AB are equal to the two (straight- 
lines) AP and BC (respectively), and they contain equal 
angles, the base B E is thus equal to the base AC, and tri- 
angle AB E is equal to triangle ABC, and the remaining 
angles will be equal to the remaining angles, respectively, 
which the equal sides subtend [Prop. 1.4]. Thus, angle 
BAC is equal to (angle) ABE. Thus, (angle) AH E (is) 
double (angle) BAH [Prop. 1.32]. And EAC is also dou- 
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cotty ton. xoi enel tor) £o v 4} BA coveta th AE, ton £o 
xal Yovla Y; òrò ABE «fj ónó AEB. àAA& À òrò ABE qf 
bro BAO édetyby ton xoi À oxó BEA pa tfj nó BAO 
ctv lov. xoà xoi? vv 800 tpiyovov toŭ te ABE xol 
toŭ ABO otv ġ òrò ABE: Aou) àpga 4 Od BAE yovla 
Aouxf| tÅ òrò AOB otw tory icovovov &pa oti tò ABE 
totywvoy 16 ABO towóvo: avéAoyoy goa gotlv ðs Å EB 
ngoc tv BÀ, oboc f| AB nodc thy BO. fon òè f| BA «f 
EO: óc &pa f, BE ngóc xr|y EO, obxoc f, EO npoóc thy OB. 
ue(Gov è ù BE týs EO: usiGov àpa xoi À EO ts OB. Ñ 
BE ğpa ğxpov xal uéoov Aóyov tÉTUNTAL XATA TÒ O, xal TÒ 
ueiCov tuñua tò OE toov £o xfj vo0 ne&vxovovou xAeupQ. 
óuotcoc 97, oc(&ouev, óut xoi Y, AI' &xpgov xoi u£cov Adyov 
TETUNTOL KATA TO O, xol TO YEtCov adTH¢ tufua ñ TO toov 
£cl TY TOU nevtayw@vou nicuo OnEe Eder Seigau. 


n 
“Ey f, xoO &&oyovou nAgugó xot YN TOD Sexayavou TOY 
eic TOV KUTOV KUXAOY &YYpocxou£vov ouvteOGotv, Y| ÓÀr) 
coUa óotpov xoà uécov AóYvov xéxur|xot, xol xó ueteov a cfjc 
xUufju& &oxtv ?; x00 &&oryovou nAeupó. 


Z 


A 


"Eoto xóxAoc ó ABL, xoi xGv siç xóv ABD xóxAov 
SYYPUPOUEVWY CYNUATWY, SEXAYOVOU UEV EoTtW TALES 7 
BI, &&oyóvou 8€ f| D'A, xoi £ovocav En’ covetauc: A€ya, Stu 
Å OAN cdvVeia Y, BA pov xoi uécov Aóvov xéxur|cou, xol TO 
uciCov aotfjc vufju& &ocv f| DA. 

EU fp0o yàp xó xévvpov Tob xbxAov tò E conuciov, xoi 
ereCevy0woay at EB, ET, EA, xa 9wiy9co Å BE &ri tò 
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ble BAC, inasmuch as circumference EDC is also dou- 
ble circumference CB [Props. 3.28, 6.33]. Thus, angle 
HAE (is) equal to (angle) AHE. Hence, straight-line 
HE is also equal to (straight-line) ÆA—that is to say, 
to (straight-line) AB [Prop. 1.6]. And since straight-line 
BA is equal to AF, angle ABE is also equal to AEB 
[Prop. 1.5]. But, ABE was shown (to be) equal to BAH. 
Thus, BEA is also equal to BAH. And (angle) ABE is 
common to the two triangles ABE and ABH. Thus, the 
remaining angle BAF is equal to the remaining (angle) 
AH B [Prop. 1.32]. Thus, triangle AB E is equiangular to 
triangle ABH. Thus, proportionally, as FB is to BA, so 
AB (is) to BH [Prop. 6.4]. And BA (is) equal to EH. 
Thus, as BE (is) to EH, so EH (is) to HB. And BE 
(is) greater than EH. EH (is) thus also greater than 
HB [Prop. 5.14]. Thus, BE has been cut in extreme and 
mean ratio at H, and the greater piece H E is equal to 
the side of the pentagon. So, similarly, we can show that 
AC has also been cut in extreme and mean ratio at H, 
and that its greater piece C'H is equal to the side of the 
pentagon. (Which is) the very thing it was required to 
show. 


Proposition 9 


If the side of a hexagon and of a decagon inscribed 
in the same circle are added together then the whole 
straight-line has been cut in extreme and mean ratio (at 
the junction point), and its greater piece is the side of the 
hexagon.! 


D 

Let ABC be a circle. And of the figures inscribed in 
circle ABC, let BC be the side of a decagon, and CD (the 
side) of a hexagon. And let them be (laid down) straight- 
on (to one another). I say that the whole straight-line 
BD has been cut in extreme and mean ratio (at C), and 
that C D is its greater piece. 

For let the center of the circle, point E, have been 
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A. énel dexayavou tconAeópov nÀeupá &ocvy 4) BL, tevta- 
TAaciwy &pa Y, AUB nepipépsia th¢ BI nepupepstac: te- 
tpgaxAaotcov &pa Y, AI repupégewx vfjc DB. óc 68 Y, AP ne- 
gpépgeia npóc tv PB, obvoc f| óxó AED Yovta noóc tiv 
òrò [EB: tetoarAaciwy &pa Ñ òrò AEL ts òrò TEB. xol 
&rel tor] ġ òrò EBT yævia t òrò EDB, f, &pa ónó AET 
yovta SimAaota ctl ts òrò ETB. xa énel fon éoty f, EP 
cevveta tH DTA: exatéoa yao avtéy ton goth xfj voO &&orvovou 
nicuo tov cic tov ABT xbudov [eyyeapouevou]: ton £cl 
xoi ġ Ond TEA yovla th bro TAE yovier ditkaota soa 
À òrò EPB yoovia tfjg ónó EAT. àAA& xfjg oxó ETB à- 
nAooía &8cty0r, Y, óxó AEI" tetoanAacta koa Y, oxó AET 
tfi òrò EAT. ¿delyn 6€ xoà tfj óxó BED vetpamAooíta 
À òrò ABET: ton koa À òrò EAT th òrò BET. xow dé 
t&v 800 voy vov, To te BET xoi toŭð BEA, Ĥ òrò EBA 
yovtor xa Aar &oa À òrò BEA th òrò ELIB éotw ton: 
icoy@uoy goa otl tò EBA toetywvoyv tă EBI towovg. 
à&váAovov &pa. &oxiv óc Å AB roòs tùy BE, oŬtos f, EB 
ngoóc t?jv BI’. torn òè ġ EB th TA. Eotw &pa óc f; BA rede 
thv AT, obtac À AT node thy TB. vet@wv de ñ BA tc 
AT" ue(Gov &pa xoà À AT ts IB. À BA dow cdVeta &xpov 
xol uécov Aóyov tétuntæ [xatà tò T], xal xó ueiCov tuua 
atic otv Å AT önep Eder Seigau. 
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found [Prop. 3.1], and let EB, EC, and ED have been 
joined, and let B E have been drawn across to A. Since 
BC is a side on an equilateral decagon, circumference 
ACB (is) thus five times circumference BC. Thus, cir- 
cumference AC (is) four times CB. And as circumference 
AC (is) to CB, so angle AEC (is) to CEB [Prop. 6.33]. 
Thus, (angle) AFC (is) four times C EB. And since angle 
EBC (is) equal to EC B [Prop. 1.5], angle AEC is thus 
double EC B [Prop. 1.32]. And since straight-line EC is 
equal to C D—for each of them is equal to the side of the 
hexagon [inscribed] in circle ABC [Prop. 4.15 corr.]— 
angle C ED is also equal to angle C DE [Prop. 1.5]. Thus, 
angle ECB (is) double EDC [Prop. 1.32]. But, AEC 
was shown (to be) double ECB. Thus, AEC (is) four 
times EDC. And AEC was also shown (to be) four times 
BEC. Thus, EDC (is) equal to BEC. And angle EBD 
(is) common to the two triangles BEC and BED. Thus, 
the remaining (angle) BED is equal to the (remaining 
angle) EC B [Prop. 1.32]. Thus, triangle EB D is equian- 
gular to triangle EBC. Thus, proportionally, as DB is to 
BE, so EB (is) to BC [Prop. 6.4]. And EB (is) equal 
to CD. Thus, as BD is to DC, so DC (is) to CB. And 
BD (is) greater than DC. Thus, DC (is) also greater 
than CB [Prop. 5.14]. Thus, the straight-line BD has 
been cut in extreme and mean ratio [at C], and DC is its 
greater piece. (Which is), the very thing it was required 
to show. 


t If the circle is of unit radius then the side of the hexagon is 1, whereas the side of the decagon is (1/2) (V5 — 1). 


f 

l * 
— eic x0xAov nevvévovov icónAeupgov &'yoopfi, Y| o0 
rEvtaYvOvou TACVEd SOVaTOL THY Te TOD ECary@voU xa tiv 
TOU SEXAYWVOU THY Eig TOV AVTOV XOXAOV EY YEAPOUEVOY. 





Proposition 10 


If an equilateral pentagon is inscribed in a circle then 
the square on the side of the pentagon is (equal to) the 
(sum of the squares) on the (sides) of the hexagon and of 
the decagon inscribed in the same circle.! 
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"Eoxo xóx^oc ó ABDAE, xoà eic xó ABPAE xOÓxAov 
TEvtaywvov todnAsupov éyyeyedpda xó ABDAE. ^éYo, 
ou Å tol ABTAE revtay@vou nmAcved S0vatoa TÁV TE toO 
£Goycovou xoà t/jv tov dexayavou mACVEdV THY tic TOV 
ABTAE x0xAov &vYgotouévov. 

EA fpc) Yàp 1ó xévtpov 100 xOóxAou tò Z onuelov, xal 
&riCevyrOcioa Y) AZ OufrOo éni tò H onuciov, xoi &neCeoy 0o 
?, ZB, xoi ànó xoU Z &ri cv AB xó&exoc fy 9o f| ZO, xoi 
Dx Ent to K, xot ExeCebyVwoauy at AK, KB, xot néAw 
àxó toU Z &ri trjv AK xó&oecoc Tyro Y, ZA, xoi oio Ext 
tò M, xal ExeCevydw À KN. 

Exel ton éotiv 5| ABIH nepoépera t AEAH tep- 
epel, &v Å ABT th AEA ouv ton, Aan Koa 7 TH 
neoipéeera Aor tH HA otv ton. nevtayóovov oe 7 TrA: 
dSexaywvou dea 1 CH. xol Exel ton Eotlv À ZA xfj ZB, xoi 
xáUecoc f| ZO, tcr) &po xoi Y, ónó AZK yovia th bro KZB. 
Gote x neowptoera À AK tÅ KB otv ton ditaAh dou À 
AB nepupépoeia ts BK nepoepelas: Dexayóvov ğ&pa thevpå 
cot f; AK coveta. drà xà arà 97) xoi Y; AK týs KM éot 
OUAf. xol &rel Gv f; cuv f| AB. xepupégew týs BK tep- 
wepetac, ton dè Y, DÀ nxepupépeu xfj AB. nepupepeto, OvrAT| 
con xa Y; L'A xegupépewx vfic BK xepupepgetac. £o è Å TrA 
repupépev xal tic TH dnit ton sou 7 TH nepuptocia tH 
BK reoupcecix. oAAd 4 BK tho KM ot DnA, Exet xol 
5 KA: xoi Y; DH dom thc KM &ox Ouf... GXA& urjv xot À 
[TB nepipgecia thc BK nepupepetac &oxi nri ton yàp À 
[BE nepupégeua xfj, BA. xoi óÀv, &pa y, HB. xegupépeta. cfjc 
BM £ot ùn ote xal yovi Y; óxó HZB Yovtac tio bro 
BZM [&ou| Sindh. ott 6 4 bnd HZB xol týs rò ZAB 
OLTA ton yàp Å rò ZAB tý òrò ABZ. xal Y; Ono BZN vou 
tfj ónó ZAB otw ior. xow!| 6€ xv 000 tpuyovov, toO 
te ABZ xai tot BZN, 4 bn6 ABZ yooviee Aoin gow YH ONO 
AZB àon tý òrò BNZ otv ton tooymvoyv koa atl TO 
ABZ tetywvoy 764 BZN tayovy. &váňoyov &pa &oxiw óc f) 
AB eó9ctia npóc tijv BZ, oboc 4) ZB med¢ thy BN: tò &pa 
bno Tv ABN tooy éotl 16 dno BZ. náv ènel ton ċotiv ñ 
AA xfj AK, xov? 66 xoi npóc ópO0àc À AN, Báo &po Y, KN 
Baoet th AN éotw ton: xal yovia doa ù òrò AKN yæovig tH 
òrò AAN otw ton. Aà À òrò AAN t Ord KBN otv 
tor; xa À òrò AKN dow tfj òrò KBN otv tov. xol xo? 
tõv 800 tpvr vov tol te AKB xo toh AKN ¥ mode x6 
A. AaTÀ &pa y, nó AKB ñan th òrò KNA &ov torn 
icoy@vov goa éott TO KBA totyovov tõ KNA toawyövo. 
avddoyoy toa éotiv ac Wy BA eó9cia npóc tijv AK, obvoc 
À KA ngóc tjv AN: tò &pa oxó x&v BAN {oov &od 16 
àxó tfjc AK. édety0y Se xoi xó onó x&v ABN toov t& and 
th¢ BZ: tò &pa oónó vv ABN uex& toðŭ oró BAN, ónep 
£c 1o dro vfic BA, tcov &oxi 16 and fic BZ uet& tod and 
tfi; AK. xat £ouv ġ uèv BA nevtaymvou mAcved, fj 66 BZ 
&&oY vov, fh oe AK dexayavov. 

H dea to mevtaymvou nàcupà ÖúÚvata TÁV TE TOŬ 
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Let ABCDE be a circle. And let the equilateral pen- 
tagon ABCDE have been inscribed in circle ABCDE. I 
say that the square on the side of pentagon ABCDE is 
the (sum of the squares) on the sides of the hexagon and 
of the decagon inscribed in circle ABCDE. 

For let the center of the circle, point F, have been 
found [Prop. 3.1]. And, AF being joined, let it have been 
drawn across to point G. And let FP have been joined. 
And let FH have been drawn from F perpendicular to 
AB. And let it have been drawn across to K. And let AK 
and K B have been joined. And, again, let FL have been 
drawn from F perpendicular to AK. And let it have been 
drawn across to M. And let KN have been joined. 

Since circumference ABCG is equal to circumference 
AEDG, of which ABC is equal to AED, the remain- 
ing circumference CG is thus equal to the remaining 
(circumference) GD. And CD (is the side) of the pen- 
tagon. CG (is) thus (the side) of the decagon. And since 
FA is equal to FB, and FH is perpendicular (to AB), 
angle AFK (is) thus also equal to KFB [Props. 1.5, 
1.26]. Hence, circumference AK is also equal to KB 
[Prop. 3.26]. Thus, circumference AB (is) double cir- 
cumference BK. Thus, straight-line AK is the side of 
the decagon. So, for the same (reasons, circumference) 
AK is also double KM. And since circumference AB 
is double circumference BK, and circumference CD (is) 
equal to circumference AB, circumference CD (is) thus 
also double circumference BK. And circumference C D 
is also double CG. Thus, circumference CG (is) equal 
to circumference BK. But, BK is double KM, since 
KA (is) also (double KM). Thus, (circumference) CG 
is also double KM. But, indeed, circumference CB is 
also double circumference BK. For circumference CB 
(is) equal to BA. Thus, the whole circumference GB 
is also double BM. Hence, angle GFB [is] also dou- 
ble angle BFM [Prop. 6.33]. And GFB (is) also dou- 
ble FAB. For FAB (is) equal to ABF. Thus, BFN 
is also equal to FAB. And angle ABF (is) common to 
the two triangles ABF and BFN. Thus, the remain- 
ing (angle) AF B is equal to the remaining (angle) BNF 
[Prop. 1.32]. Thus, triangle ABF is equiangular to trian- 
gle BFN. Thus, proportionally, as straight-line AB (is) 
to BF, so FB (is) to BN [Prop. 6.4]. Thus, the (rectan- 
gle contained) by ABN is equal to the (square) on BF 
[Prop. 6.17]. Again, since AL is equal to LK, and LN 
is common and at right-angles (to KA), base KN is thus 
equal to base AN [Prop. 1.4]. And, thus, angle LKN 
is equal to angle LAN. But, LAN is equal to KBN 
[Props. 3.29, 1.5]. Thus, LKN is also equal to KBN. 
And the (angle) at A (is) common to the two triangles 
AKB and AKN. Thus, the remaining (angle) AKB is 
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ECAYMVOV Nall THY TOD Sexay@von THY sic TOV ALVTOY XUXAOV 
EYYEAPOUEVWYV' OTEE Eder detto. 


t If the circle is of unit radius then the side of the pentagon is (1/2) 
[ors 


"Eàv eic x0xAov ér|viv £yovca tijv Oiiuetpov nevtéYo- 
vov tcónAeupov &Yoo«pfi, Y; voO revvaryovou nÀAeupa GA ovóc 
COTW Å xoouuévr £A&coov. 


A 


Fic yao xbxAov tov ABLTAE éntyy éyovta try dlayetoov 
nevtáywvov tadmAcveoyv éyyeyedova tO ABLAE: déEvoo, 
óu ) tou [ABTAE] nevtaymvou mAsved &Aoyd¢ Eotw f 
XUAOLUEVY £Aáooov. 

Eihńyðw yàp TO xévxpov toO xOüxAou tò Z onuetoy, 
“al EreCebyYucav at AZ, ZB nal àujy9ocav &ri tà H, O 
onucta, xal eneCevy0w Y, AT, xoi xetoOo ti¢ AZ tétaotov 
uégoc f| ZK. ont òè Y; AZ: err) &pa xoi yj ZK. £ox 9€ 
xoi 3 BZ ont: An doa BK Onty gotw. xol nel ton 
éotiv Y, ATH neowpgoeiax xfj AAH  nepupepeto, Gv Y, ABD 
tfj AEA otuv ïon, Aon goa À TH Aan tý HA otv 
ton. rol àv ëmCeúvčwuey tày AA, covéávovtoy ópOol oi 
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equal to the remaining (angle) KNA [Prop. 1.32]. Thus, 
triangle KBA is equiangular to triangle KNA. Thus, 
proportionally, as straight-line B.A isto AK, so K A (is) to 
AN [Prop. 6.4]. Thus, the (rectangle contained) by BAN 
is equal to the (square) on AK [Prop. 6.17]. And the 
(rectangle contained) by ABN was also shown (to be) 
equal to the (square) on BF’. Thus, the (rectangle con- 
tained) by ABN plus the (rectangle contained) by BAN, 
which is the (square) on BA [Prop. 2.2], is equal to the 
(square) on BF plus the (square) on AK. And BA is the 
side of the pentagon, and BF (the side) of the hexagon 
[Prop. 4.15 corr.], and AK (the side) of the decagon. 

Thus, the square on the side of the pentagon (in- 
scribed in a circle) is (equal to) the (sum of the squares) 
on the (sides) of the hexagon and of the decagon in- 
scribed in the same circle. 


10 — 2 5. 


Proposition 11 


If an equilateral pentagon is inscribed in a circle which 
has a rational diameter then the side of the pentagon is 
that irrational (straight-line) called minor. 


A 


For let the equilateral pentagon ABCDE have been 
inscribed in the circle ABCDE which has a rational di- 
ameter. I say that the side of pentagon [ABCDE] is that 
irrational (straight-line) called minor. 

For let the center of the circle, point F, have been 
found [Prop. 3.1]. And let AF and FB have been joined. 
And let them have been drawn across to points G and H 
(respectively). And let AC have been joined. And let FK 
made (equal) to the fourth part of AF. And AF (is) ratio- 
nal. FK (is) thus also rational. And BF is also rational. 
Thus, the whole of BK is rational. And since circum- 
ference ACG is equal to circumference ADG, of which 
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npóc TH A yovi, xa rA À TA týs TA. ux xà acá 
O7) xol oi TEOS TH M dovat ciow, xa MAH HAT tho TM. 
&nel oŬv ton £c xiv Ñ òrò AAT. vovía xf; oxó AMZ, nowy 
6€ t&v 600 tgiycovov toU te ATA xa toŭ AMZ | oro 
AAT, Aou?) goa À òrò ATA àon t òrò MZA &ovw tory 
icoya@viov toa éotl TO ATA tetywvoyv 145 AMZ toryove: 
&v&Aovov č&pa &oxiv ðs Y; AU ngóc L'A, oboc 4 MZ rede 
ZÀ: xol 16v f|rouuévov và OuxAGotC Oc wou A tho AT 
Ouf ngóc vv DÀ, obcoc A tHe MZ &wfj ngóc xv ZA. 
Gc 8€ 7| tfjc MZ Sw f npóc vv ZÀ, obxoc À MZ ngoóc tr)v 
fiutoevav. xfjc ZA: xol óc &pa Y xfjc AD Gv] npóc cv TA, 
obtws À MZ node thy fjutoewv. vfi ZA xol x&v &xou£vov 
tà Fulosa ðc hoa À ts ALD SrA nod THY Hutoeiav th<¢ 
TA, obttaw¢ 4) MZ node tO tétatepov thc ZA. xal ot tc 
uev AD &Afj Y; AT, vfjic è DA utoe À TM, ts be ZA 
tétatoov ugeoc 1 ZK Eatw toa wo fy AT node thy I'M, 
obo MZ node thy ZK. ovvdeéve xal ðs cvuvaupoteeoc 
À ATM rede tHY TM, o0xoc f| MK ngóc KZ xal O¢ koa tò 
no ovvapotéeou th¢ ATM node tò &nò I'M, ottw¢ tO 
ano MK noedc tò and KZ. val Enet th¢ UNO O00 TASVEaS TOD 
REVtayWVoU broteivoúcng, olov ts AT, &xpov xal uécov 
Aóvov teuvouévne TÒ ucrCov xufjua toov &oxi xfj x00 nev- 
Tay@vou TAcvEd, toutéott xfj AT, vó òè uciCov tuñua tpo- 
cAoDpóv t^v fjutcewtv tis SA mevtamAdotov Sbvata toO 
à&xó cfjc Yjutoetoc tHe GAnc, xat Eat dAne the AD fjutoeta 
À TM, tò how and tHe ATM Go wae nevvanAGotóv &ox 
toD àxó tfjc I'M. óc 8& 16 and tHe ATM ¢ we med¢ TO 
ano tho PM, obtw¢ edety0n tO and tfjc MK nodc tO and 
thc KZ: nevtanAdoioy goa tò and tho MK tod and thc 
KZ. ontoyv d¢ tò &nd tHe KZ: onty yàp h Sidueteoc: ENntov 
hoa ual tO dno tho MK: ntù dow tony Af MK [dvvduer 
udvoy]. xo Enel tetoanAaota éotiv W BZ tic ZK, nevto- 
tacta wou éotlv À BK ts KZ: cixooinevtankdotoy ğpa TO 
Antò ts BK tod and tho KZ. nevxaxAGotov 6€ 1o nò tc 
MK tod ånò týs KZ: nevtanràáciov &pa tò and tfjc BK 
tol ond thc KM: tò &pa and tfjc BK. npóc tò and KM 
Aóvov oOx Éy&t, Ov xvexvoéyovoc doLOUdS TEdS TETOEd&yWVOV 
àpi0uóv: &couuetpoc Koa &£oxiy Y, BK «fj KM ure. xot £o 
eru &xaxépa aótGv. oi BK, KM Gópa ér]xot ciot duvauet 
uóvov cóuuetpot. &àv 6&6 ànxó er|vfic erjxr] o«poupe of Guváuet 
UOVOY GUUMETEOS ODG TH OAH, A AOLMY GAOYOo &oxtv áxo- 
tou å&notouð Koa &oxiv Y; MB, npocapguóCouca 9€ af, f) 
MK. Aévco 8f, Óx xoi tethoTH. @ O7) ueiCóv &ox TO aNd 
tic BK tod àxó tfjc KM, &xetvo toov £o tò à&nò tis N) 
À BK ä&oa ts KM yetCov Sbvata tH N. xoi &nel obuueted¢ 
£cuv f, KZ tfj ZB, xoi cuvüévu oóoupexpóc &ou f, KB qf 
ZB. Mà À BZ tfj BO oóoupexpóc £ouv: xoi Y, BK vow tH 
BO ovuysteds got. xol Enel mevtanAdoroyv Eott TO ATÒ 
thc BK tot ano thc KM, tò &pa ànó tfj; BK mpóc tò 
and tic KM Adyovy Eye, Ov E node Ev. &vaoteépavtt goa 
TO ONO tfjc BK npòs tò &nò tc N Aóvov čys, Öv € npóc 
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ABC is equal to AED, the remainder CG is thus equal 
to the remainder GD. And if we join AD then the angles 
at L are inferred (to be) right-angles, and C D (is inferred 
to be) double CL [Prop. 1.4]. So, for the same (reasons), 
the (angles) at M are also right-angles, and AC (is) dou- 
ble CM. Therefore, since angle ALC (is) equal to AMF, 
and (angle) LAC (is) common to the two triangles ACL 
and AMF, the remaining (angle) ACL is thus equal to 
the remaining (angle) M FA [Prop. 1.32]. Thus, triangle 
AC L is equiangular to triangle AM F. Thus, proportion- 
ally, as LC (is) to CA, so MF (is) to FA [Prop. 6.4]. And 
(we can take) the doubles of the leading (magnitudes). 
Thus, as double LC (is) to CA, so double MF (is) to 
FA. And as double M F (is) to FA, so M F (is) to half of 
FA. And, thus, as double LC (is) to CA, so MF (is) to 
half of FA. And (we can take) the halves of the following 
(magnitudes). Thus, as double LC (is) to half of CA, so 
M F (is) to the fourth of FA. And DC is double LC, and 
CM half of CA, and FK the fourth part of FA. Thus, 
as DC is to CM, so MF (is) to FK. Via composition, as 
the sum of DC M (i.e., DC and C M) (is) toCM,so MK 
(is) to X F [Prop. 5.18]. And, thus, as the (square) on the 
sum of DC M (is) to the (square) on C M, so the (square) 
on M K (is) to the (square) on K F. And since the greater 
piece of a (straight-line) subtending two sides of a pen- 
tagon, such as AC, (which is) cut in extreme and mean 
ratio is equal to the side of the pentagon [Prop. 13.8]— 
that is to say, to DC—-and the square on the greater piece 
added to half of the whole is five times the (square) on 
half of the whole [Prop. 13.1], and CM (is) half of the 
whole, AC, thus the (square) on DC M, (taken) as one, 
is five times the (square) on CM. And the (square) on 
DC M, (taken) as one, (is) to the (square) on CM, so 
the (square) on M K was shown (to be) to the (square) 
on KF’. Thus, the (square) on MK (is) five times the 
(square) on KF’. And the square on KF (is) rational. 
For the diameter (is) rational. Thus, the (square) on 
M K (is) also rational. Thus, M K is rational [in square 
only]. And since BF is four times FK, BK is thus five 
times KF’. Thus, the (square) on BK (is) twenty-five 
times the (square) on KF. And the (square) on MK 
(is) five times the square on KF’. Thus, the (square) 
on BK (is) five times the (square) on K M. Thus, the 
(square) on BK does not have to the (square) on KM 
the ratio which a square number (has) to a square num- 
ber. Thus, BK is incommensurable in length with K M 
[Prop. 10.9]. And each of them is a rational (straight- 
line). Thus, BK and KM are rational (straight-lines 
which are) commensurable in square only. And if from 
a rational (straight-line) a rational (straight-line) is sub- 
tracted, which is commensurable in square only with the 
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©, ODY OV TETESYWVOS TENS TETEaYWVOV’ GabUUETeEOS Koa 
cotly À BK t N: À BK doa thc KM ueiCoy d0vato t and 
QOLUUETEOL EaUTY,. Enel obv AN f) BK cfjc xpocapuoCoborc 
thc KM usiCov d0vato TH and &ouuguéxpou &aucfj, xol ÓÀ, 
À BK cúuuetpós £o TH Exxemevy ONT TH BO, émxotour 
hoa tetéety éotly 4 MB. tò òè bomo enfjc xoi àxocoufjc 
TETHOTYS Nepieyouevoy doVoyawmoy &Aovóv &otv, xol Y) Gu- 
VOMEVY) ALTO UAoYOs Eotty, xoActta OF &Aótxov. O0varot 
d€ TO UNO THY OBM ġ AB Già xó &niGeuvvuuévrc cvfjc AO 
icoyouoyv yiveodou to ABO totywvoy tă ABM toryave 
xal eiva ¢ THY OB nod¢ thy BA, oŬtws thy AB ngóc tijv 
BM. 

"H goa AB tod nevtay@vou mAsued GAovóc otv Å xa- 
KOVPEVY EAATIOV’ Stee Eder SetZau. 
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whole, then the remainder is that irrational (straight-line 
called) an apotome [Prop. 10.73]. Thus, MB is an apo- 
tome, and M K its attachment. So, I say that (it is) also 
a fourth (apotome). So, let the (square) on N be (made) 
equal to that (magnitude) by which the (square) on BK 
is greater than the (square) on KM. Thus, the square on 
BK is greater than the (square) on KM by the (square) 
on N. And since KF is commensurable (in length) with 
FB then, via composition, K B is also commensurable (in 
length) with FB [Prop. 10.15]. But, BF is commensu- 
rable (in length) with BH. Thus, BK is also commen- 
surable (in length) with BH [Prop. 10.12]. And since 
the (square) on BK is five times the (square) on KM, 
the (square) on BK thus has to the (square) on KM the 
ratio which 5 (has) to one. Thus, via conversion, the 
(square) on BK has to the (square) on N the ratio which 
5 (has) to 4 [Prop. 5.19 corr.], which is not (that) of a 
square (number) to a square (number). BK is thus in- 
commensurable (in length) with N [Prop. 10.9]. Thus, 
the square on BK is greater than the (square) on KM 
by the (square) on (some straight-line which is) incom- 
mensurable (in length) with (B X). Therefore, since the 
square on the whole, P K, is greater than the (square) on 
the attachment, K M, by the (square) on (some straight- 
line which is) incommensurable (in length) with (BK), 
and the whole, BK, is commensurable (in length) with 
the (previously) laid down rational (straight-line) BH, 
MB is thus a fourth apotome [Def. 10.14]. And the 
rectangle contained by a rational (straight-line) and a 
fourth apotome is irrational, and its square-root is that 
irrational (straight-line) called minor [Prop. 10.94]. And 
the square on AB is the rectangle contained by HBM, 
on account of joining AH, (so that) triangle ABH be- 
comes equiangular with triangle ABM [Prop. 6.8], and 
(proportionally) as H B is to BA, so AB (is) to BM. 

Thus, the side AB of the pentagon is that irrational 
(straight-line) called minor.t (Which is) the very thing it 
was required to show. 


t If the circle has unit radius then the side of the pentagon is (1/2) 4/10 — 2 4/5. However, this length can be written in the “minor” form (see 


L+k/V1+ k? — (p/V2) 


(D. 

Eàv eic xoxAov vglYovov icónAeugov &vpoofi, Y, 100 
tptyOvou mÀeupà Suváuet tgurAao(ov cth tfjg Ex TOD 
xévtpou toU XÓxAÀov. 

"Eoto xóxAoc ó ABEL, xoà etc obxóv ve(yovov ioónAcug- 
ov éyyeyedove xó ABI" Aévo, óu o0 ABI very vou uta 
TÀcupà Ouváuet vpunAao(ov oti tc £x toU xévtpou TOD 
ABI' xóxAov. 


Prop. 10.94) (p/4/2) 


1 — k/41 4 K*, with p= 4/5/2 and k — 2. 


Proposition 12 


If an equilateral triangle is inscribed in a circle then 
the square on the side of the triangle is three times the 
(square) on the radius of the circle. 

Let there be a circle ABC, and let the equilateral tri- 
angle ABC have been inscribed in it [Prop. 4.2]. I say 
that the square on one side of triangle ABC is three times 
the (square) on the radius of circle ABC. 
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E 


Ei «pc Yàp TO xévteov tol ABT xbxAovu tò A, xol 
emCevyvetaa ) AA Oro &ri 10 E, xoi &neCeoy 90 | BE. 

Kat énel tcónAeupóv &ow 1ó ABT totywvoyv, À BET goo 
nepupéoeta vg(xov uépoc &od tfjg vo0 ABI xvxAovu reo 
Qepoetac. Y| Koa BE nxepupégewa čxtov £o uépoc tfj; toO 
XOXAou nx&pupepetoc: &&oovou àpa &oxiy Y, BE eó9ctoc tor 
gpa ot xfj £x. x00 xévrpou tfj AE. xoi &xel nA otv À 
AE tij¢ AE, tetoanAdotoy éott tò ànrò ts AE tod dno fjc 
EA, toutéot tot and th¢ BE. toov ðè tò &nò the AE tote 
ànó x&v AB, BE: xà &pga ànó x&v AB, BE tetoanAdcové Eott 
toD and tic BE. dieAdvtt goa tO and týs AB vg óoióv 
éott tol and BE. ton òè ý BE tý AE tò &pa å&nò týs AB 
TOITAGOLOYV Eott TOU and ts AE. 

'H sox tod tetyovou TAcvEd 6uváuer xpuxAaota ot THe 
éx tot xévtoov [tot xbxAou] nee Eder Deréon. 


LY’. 
Ilveautda cvotioactan xo opatoy neptAaBety TH dovetoy 
Kal Seton, OTL 1 TH Cdaloac SiduUEteos SuUVaMEL FULOALa ot 
tfjc rAcupóic TH¢ xupautooc. 
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E 

For let the center, D, of circle ABC have been found 
[Prop. 3.1]. And AD (being) joined, let it have been 
drawn across to E. And let B E have been joined. 

And since triangle ABC is equilateral, circumference 
BEC is thus the third part of the circumference of cir- 
cle ABC. Thus, circumference BE is the sixth part of 
the circumference of the circle. Thus, straight-line BF is 
(the side) of a hexagon. Thus, it is equal to the radius 
DE [Prop. 4.15 corr.]. And since AE is double DE, the 
(square) on AF is four times the (square) on E D—that 
is to say, of the (square) on BE. And the (square) on 
AE (is) equal to the (sum of the squares) on AB and BE 
[Props. 3.31, 1.47]. Thus, the (sum of the squares) on 
AB and BE is four times the (square) on BE. Thus, 
via separation, the (square) on AB is three times the 
(square) on BE. And BE (is) equal to DE. Thus, the 
(square) on AB is three times the (square) on DE. 

Thus, the square on the side of the triangle is three 
times the (square) on the radius [of the circle]. (Which 
is) the very thing it was required to show. 


Proposition 13 


To construct a (regular) pyramid (i.e., a tetrahedron), 
and to enclose (it) in a given sphere, and to show that 
the square on the diameter of the sphere is one and a 
half times the (square) on the side of the pyramid. 
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Exxcioda vy tic Sovetone apatoac diauetooc À AB, xo 
tetunodw xat& ToT onustov, Hote OuxAaoíav eivot THY AL 
týs TB: ual yevyedpde èni týs AB YjuxóxXov xó AAB, 
xol HyYVw dnd tol DI' onuctou xfj AB xpóc óp9àc f| LA, 
xoi &neCeoy 00 TY, AA’ xal &xxeto9o xóxXoc ô EZH tony 
&ycv t^v £x 100 xévxgou cf; AT, xoi &yyevoóqo cic vov 
EZH xóxAov tp(Yovov icón^eugov tò EZH: xol eiAfyp0o 
TÒ Xxévxpov 100 x0xAou xó O ocnuciov, xol &neCeoy 0coav 
at EO, OZ, OH: xal aveotdta ano to © onuciov 1G toO 
EZH x0xAou &nué6Q ngóc óp0óc Å OK, xal doneo ano 
the OK cf; AT cd¥ety ton f| OK, xoà ExeCevydwoay at KE, 
KZ, KH. xoà &nei fj KO óp0f) £owu npóc 10 tol EZH xvxAov 
EMLIMESOV, XA MOOS TdOAS Hon TAS UNTOMEVAS ADTH¢ cocta 
xoi obcac Ev 765 TOU EZH xóxXou &ninéoQ ópÜüóàc noifjoet 
Yovlac. ANtEta Se avTH¢ Exdoty TV OK, OZ, OH: yn OK 
hea todos Excoty Tv OK, OZ, OH dedy Eotty. xoi Exel toy 
éotly f| uev AT' «fj OK, 9; 6€ TA «f; OE, xoi dodae ywviac 
nepiéy oucty, Dáotz &pa Y AA Béoet xfj KE otw fon. dtd 
TH HTH OF ual Exatéon tv KZ, KH th AA Eotw ton: at 
tocic toa al KE, KZ, KH tom aAAnAauc ciotv. xal Exet òùnàñ 
éotw 7) AT tc (B, tanàñ toa Y; AB cfjc BI. óc o£ 5| AB 
toeds THY BI, obtwe vó ànó tho AA node 10 ano the AT, 
óc &&fjc Get 0Yjoexvot. vpuxA otov dea TO dno tc AA tod 
and th¢ ALT. ott be xal 16 dnd the ZE tot ano tfj; EO 
toimAdatov, xal otv ton À AT vf; EO: tor) &pa xoà Y; AA 
tÅ EZ. à f; AA éexdoty Tv KE, KZ, KH edetydn tory 
xal &x&or) goa x&v EZ, ZH, HE &x&o:r, xv KE, KZ, KH 
&cuv tory ioónxAeupa &poa otl xà xéccapa tolywva tà EZH, 
KEZ, KZH, KEH. nvpauic doa ovuveotata ex teccdewy 
TOLYWOVOY LOOTAEUVOWY, fic D&otc uév £o xó EZH tetywvoy, 
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ZN 
A C B 
E 

K 
F G 


Let the diameter AB of the given sphere be laid out, 
and let it have been cut at point C such that AC is double 
CB [Prop. 6.10]. And let the semi-circle ADB have been 
drawn on AB. And let CD have been drawn from point C 
at right-angles to AB. And let DA have been joined. And 
let the circle EFG be laid down having a radius equal 
to DC, and let the equilateral triangle E FG have been 
inscribed in circle EF'G [Prop. 4.2]. And let the center 
of the circle, point H, have been found [Prop. 3.1]. And 
let EH, HF, and HG have been joined. And let HK 
have been set up, at point H, at right-angles to the plane 
of circle EFG [Prop. 11.12]. And let Hk, equal to the 
straight-line AC, have been cut off from H K. And let 
K E, K F, and KG have been joined. And since KH is at 
right-angles to the plane of circle EFG, it will thus also 
make right-angles with all of the straight-lines joining it 
(which are) also in the plane of circle EFG [Def. 11.3]. 
And HE, HF, and HG each join it. Thus, HK is at 
right-angles to each of HE, HF, and HG. And since 
AC is equal to HK, and CD to HE, and they contain 
right-angles, the base DA is thus equal to the base KE 
[Prop. 1.4]. So, for the same (reasons), KF and KG is 
each equal to DA. Thus, the three (straight-lines) KE, 
KF, and KG are equal to one another. And since AC is 
double CB, AB (is) thus triple BC. And as AB (is) to 
BC, so the (square) on AD (is) to the (square) on DC, 
as will be shown later [see lemma]. Thus, the (square) 
on AD (is) three times the (square) on DC. And the 
(square) on FE is also three times the (square) on EH 
[Prop. 13.12], and DC is equal to EH. Thus, DA (is) 
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xoouey ðè tò K onustoy. 

Asi dh avthy xol ogatow meoiraBety tH Sodeton xatl 
detgar, OTL TH Tic apatoac Sidusteoc uola otl duvet 
Thc TAELES TH MUEAULdOC. 

ExPeBArnova yuo én’ cudetac th KO codeta Å OA, xoi 
xeto0w tH TB ton 5, OA. xoi net Eotw óc f, AU xgóc tv 
['A, obvoc 9| L'A ngóc cv EB, ton 98 5| u£v AT xf; KO, ġ òè 
TA tf OF, 7 òè TB th OA, Eotw &pga óc fj KO ngóc vv OE, 
ovtw¢ f| EO npóc thy OA: tO &pa òrò THY KO, OA toov 
cotl TH and tho EO. xot &ov óp07) £xaxépa tHv òrò KOE, 
EOA ywoudy: to goa ént thc KA yeapduevoyv yuixdxALov 
Aer xol Sid tov E lénervdhnep Edv EmCevCwyuev trv EA, dedy 
yiveton À òrò AEK yovia ð tò (oovowov ytveodo TO 
EAK tetywvoy éxatéoew tiv EAO, EOK tetyaveyv|. &Xv 
df) Uevovorncs thc KA nepieveyVev TO YutxOxALov sig TO arto 
TOALY ETOKATAGTAUH, OVEV Hogato pépecta, Ader xal dà 
tv Z, H onuctwy emCevyvuuevesy x&v ZA, AH xoà óp0Gv 
óuoíoc viwwouévov xGv ngóc tols Z, H yonuv: xal čota 
Å Tupaulc ogaloy mepretAnuuévy tH Sovciof. À yàp KA 
tfjc o«oípoc didueteoc ton Eotl TH thc doVEtonc ogatoac 
auet TH AB, éxevdynco tH uev AD ton uxetta 1 KO, tH 
oe DB 5| OA. 

Aévco 85, öt Å tc oqofpac dáuetpos woila tot 
DuváuEL TS TAcvoğs ts tupautõos. 

Enel yàp &uAfj ouv À AT týs DB, toni &oa éotiv 
À AB ts BI” àvaoxpéqdavu Autworta doa gotiv Y, BA tic 
AT. óc 9€ Å BA node thy AT, ottw¢ tò and tc BA ngoóc 
tÒ ånò ts AA |énei ineo &meuYvuévnc týs AB éotw 
oc *| BÀ ngóc tjv AA, obtoc f| AA node thy ALT à 
thv óuovócrixa. vv AAB, AAT veryóvov, xoà elvot óc trjv 
TOWTHY TENS THY TEITHY, OUTWS TO ENO Thc TEMTNS MEDS TO 
ONO tic Seutéoac]. AyrdArtov Gow xal tO &nd tfjc BÀ tot 
ano tho AA. xal got f; u£v BÀ 1, xfjc 6o9etorc oqatpoc 
Ot&expoc, f| 8€ AA ton xfj xAcup& fic nvpautos. 

H &ga tfj; oqatpoc euiuetpoc TjuoAta otl týs rAeupóic 
tHe mupauldoc: nee Eder Oci&ox. 
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also equal to EF. But, DA was shown (to be) equal to 
each of K E, KF, and KG. Thus, EF, FG, and GE are 
equal to KE, KF, and KG, respectively. Thus, the four 
triangles EFG, KEF, KFG, and KEG are equilateral. 
Thus, a pyramid, whose base is triangle EFG, and apex 
the point K, has been constructed from four equilateral 
triangles. 

So, it is also necessary to enclose it in the given 
sphere, and to show that the square on the diameter of 
the sphere is one and a half times the (square) on the side 
of the pyramid. 

For let the straight-line HL have been produced in 
a straight-line with KH, and let HL be made equal to 
CB. And since as AC (is) to CD, so CD (is) to CB 
[Prop. 6.8 corr.], and AC (is) equal to KH, and CD to 
H E, and CB to HL, thus as KH is to H E, so EH (is) 
to HL. Thus, the (rectangle contained) by KH and HL 
is equal to the (square) on EH [Prop. 6.17]. And each 
of the angles KH E and EHL is a right-angle. Thus, 
the semi-circle drawn on KL will also pass through E 
[inasmuch as if we join EL then the angle LEK be- 
comes a right-angle, on account of triangle ELK becom- 
ing equiangular to each of the triangles ELH and EHK 
[Props. 6.8, 3.31] ]. So, if K L remains (fixed), and the 
semi-circle is carried around, and again established at the 
same (position) from which it began to be moved, it will 
also pass through points F and G, (because) if FL and 
LG are joined, the angles at F and G will similarly be- 
come right-angles. And the pyramid will have been en- 
closed by the given sphere. For the diameter, K L, of the 
sphere is equal to the diameter, AB, of the given sphere— 
inasmuch as KH was made equal to AC, and HL to CB. 

So, I say that the square on the diameter of the sphere 
is one and a half times the (square) on the side of the 
pyramid. 

For since AC is double CB, AB is thus triple BC. 
Thus, via conversion, BA is one and a half times AC. 
And as BA (is) to AC, so the (square) on BA (is) to the 
(square) on AD [inasmuch as if DB is joined then as BA 
is to AD, so DA (is) to AC, on account of the similarity 
of triangles DAB and DAC. And as the first is to the 
third (of four proportional magnitudes), so the (square) 
on the first (is) to the (square) on the second.] Thus, 
the (square) on BA (is) also one and a half times the 
(square) on AD. And BA is the diameter of the given 
sphere, and AD (is) equal to the side of the pyramid. 

Thus, the square on the diameter of the sphere is one 
and a half times the (square) on the side of the pyramid.! 
(Which is) the very thing it was required to show. 


t If the radius of the sphere is unity then the side of the pyramid (i.e., tetrahedron) is ,/8/3. 
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Afjuua. 


Aci xéov, óu &oxlv óc fj AB ngóc cry BI', obxoc tÒ 
ano th¢ AA nxpóc tO dno the ALT. 

‘Exxetodw yuo Y, toO TjuxuxAtou xatoyeapy, xal 
&neCeOy 9o ġ AB, xal dvayeyedo dw ano the AD tetod&ywvov 
tó EL, xoi ovuunerAnemote tò ZB napoA^nAÓYpouuov. 
Enel oOv Gu tÒ tcovowvov civar tò AAB tolyovov tõ AAT 
tpiY vo &oxlv óc Å BA rpòs tùy AA, ottw¢ À AA toòs 
tv AL, 10 doa òrò x&v BA, AT' tcov £o 16 ànò tc 
AA. xoi net otuv óc Å AB nodc thy BI, ottw¢ tò EB 
meds tò BZ, xal oti tò uèv EB tò òrò tõv BA, AI ton 
yàp Å EA t AI tò òè BZ tò dnd tõv AT, TB, @¢ doa ñ 
AB mnpóc thy BI, obtw¢ 16 nrò tõv BA, APD rod tò brò 
t&v AT, IB. xal £ow tò uev oxó tõv BA, AT toov t& å&nò 
tfc AA, vó 8€ oro tõv ATB toov 16 and tHe AT: À yàp 
AT xáðetoc t&v ts Dáceoc tunudtwy tv AD, TB uéor 
àváňoyóv ot OLA TO EU civa THY ONO AAB. we dpa ñ 
AB node thy BI, ot tw¢ tò å&nò tc AA npóc tò ànó tie 
AT" ónep Eder Seton. 


LO. 


‘Oxtdedseov cuotfjcacUo. xol cqoíoo mepiAaBety, Y) xod 
TH TOOTEOA, xal Ocicat, óct Y) xfjc oqotpoc Ouiuexpoc Guváuet 
Ovx Aaota —— 

Exxetodw f, tfj; So9c(or oqgoípac Siduetooc y| AB, 
xoi vexuYjo9c dlya xatà tò I, xa yeyedodw Ext týs AB 
ñuxóxov tò AAB, xa Hydw and tob [ tý AB tpòc ôptàc 
7, TA, xot éneCevyda f, AB, xoà exxctodw tetedywvov 
tO EZHO tony éyov éxdotyy tæv mAcvedsy vf; AB, xoi 
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Lemma 


It must be shown that as AB is to BC, so the (square) 
on AD (is) to the (square) on DC. 

For, let the figure of the semi-circle have been set 
out, and let DB have been joined. And let the square 
EC have been described on AC. And let the parallel- 
ogram FB have been completed. Therefore, since, on 
account of triangle DAB being equiangular to triangle 
DAC [Props. 6.8, 6.4], (proportionally) as BA is to AD, 
so DA (is) to AC, the (rectangle contained) by BA and 
AC is thus equal to the (square) on AD [Prop. 6.17]. 
And since as AB is to BC, so EB (is) to BF [Prop. 6.1]. 
And EB is the (rectangle contained) by BA and AC—for 
EA (is) equal to AC. And BF the (rectangle contained) 
by AC and C B. Thus, as AB (is) to BC, so the (rectan- 
gle contained) by BA and AC (is) to the (rectangle con- 
tained) by AC and CB. And the (rectangle contained) 
by BA and AC is equal to the (square) on AD, and the 
(rectangle contained) by ACB (is) equal to the (square) 
on DC. For the perpendicular DC is the mean propor- 
tional to the pieces of the base, AC and CB, on account 
of ADB being a right-angle [Prop. 6.8 corr.]. Thus, as 
AB (is) to BC, so the (square) on AD (is) to the (square) 
on DC. (Which is) the very thing it was required to show. 


Proposition 14 


To construct an octahedron, and to enclose (it) in a 
(given) sphere, like in the preceding (proposition), and 
to show that the square on the diameter of the sphere is 
double the (square) on the side of the octahedron. 

Let the diameter AB of the given sphere be laid out, 
and let it have been cut in half at C. And let the semi- 
circle ADB have been drawn on AB. And let CD be 
drawn from C at right-angles to AB. And let DB have 
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éreCevyducay ot OZ, EH, xot aveotatw &nd tol K onuctou 
tG) tol EZHO tetoeayovovu émnédsm tod¢ deduce cdVEta À 
KA xal dhyo ent ta Etepa ugorn tod Emnédov ðs Å KM, 
nal apnonode ag’ exatéoac Tv KA, KM we tv EK, ZK, 
HK, OK tcr éxaxépa vv KA, KM, xoi &neCeoy9oocav at 
AE, AZ, AH, AO, ME, MZ, MH, MO. 


A 
i B 
A 
xi 
[D 
p 
M 

Kot éxet fon gotly À KE th KO, xal otv óp907) f| ono 
EKO yovta, tò oa and tc OE dinAdovdy £o 100 àxó cfjc 
EK. néAw, énet ton écotiy À AK th KE, xal ouy pù FH 
brò AKE yovi, tò &pa å&nò ts EA dràdoróv oti Tob &nò 
EK. detyOn Oe xal tò ànò tc OE ðnràdorov toŭ nò tc 
EK: 16 goa &nd ti\¢ AE toov oti tõ àxó tfjc EO ton tou 
éotly 5| AE, vf; EO. Già xà abtà 97) xoi Y, AO th OF écuv 
iory icónAcupov goa &cxi xó AEO tolywvov. sduotw> 97 
Oc(&ouev, STL Kal Exaotoyv xGv Aowrvy vpvy vov, Gv Déoctc 
uev stow at Tob EZHO tetoaywvou xAeupat, xopudol 6€ xà 
A, M onusta, tGónAeupóv &£oxv: óxxácOpov &pa cuvéotaot 
UNO OXTO TOLYOVWY LOOTAELOWY TNEOLEYOUEVOY. 

Aci 84 x06 xal ogatog nepiraBety th Soveton xoi Seton, 
OTL Y) THe Goatoac Siduetoos Suvduet ditADotwy Eotl th¢ Tob 
ÓxtoéOpou rAcupüc. 

Exel yàp ai xpeic oi AK, KM, KE toot àÀAfjXotc etotv, 
tO ow Eni thc AM yeapduevoy fjuxoóxAuov figet xoà Oux 
toO E. xoi 8ià xà obcá, £v uevooorjc vfjc AM. nepieveyOev 
TÒ TYjuxOxAiov eic tó ató ómxoxaxaoto0f, SVEV Hecato 
QépeoOot, AEer xol Sid tv Z, H, O onyusctov, xoi £ocot 
caloy nrepuetATrjuuévov 16 Óxtág6pov. Aévo Of, OTL Xal TH 
dovetoyn. Exel yàp ton otv n AK tH KM, xown de 4 KE, 


A 


been joined. And let the square EFGH, having each of 
its sides equal to DB, be laid out. And let H F and EG 
have been joined. And let the straight-line K L have been 
set up, at point K, at right-angles to the plane of square 
EFGH [Prop. 11.12]. And let it have been drawn across 
on the other side of the plane, like KM. And let KL and 
KM, equal to one of EK, FK, GK, and H K, have been 
cut off from K L and K M, respectively. And let LE, LF, 
LG, LH, ME, MF, MG, and M H have been joined. 


D 


F G 


M 

And since KE is equal to KH, and angle EKH isa 
right-angle, the (square) on the HE is thus double the 
(square) on EK [Prop. 1.47]. Again, since LK is equal 
to KE, and angle LK E is a right-angle, the (square) on 
EL is thus double the (square) on EK [Prop. 1.47]. And 
the (square) on H E was also shown (to be) double the 
(square) on EK. Thus, the (square) on LE is equal to 
the (square) on EH. Thus, LE is equal to EH. So, for 
the same (reasons), LH is also equal to H E. Triangle 
LEH is thus equilateral. So, similarly, we can show that 
each of the remaining triangles, whose bases are the sides 
of the square EFGH, and apexes the points L and M, 
are equilateral. Thus, an octahedron contained by eight 
equilateral triangles has been constructed. 

So, it is also necessary to enclose it by the given 
sphere, and to show that the square on the diameter of 
the sphere is double the (square) on the side of the octa- 
hedron. 

For since the three (straight-lines) LK, K M, and KE 
are equal to one another, the semi-circle drawn on LM 
will thus also pass through E. And, for the same (rea- 
sons), if LM remains (fixed), and the semi-circle is car- 
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xoi vc v(oc óp0üc nepiéyouctv, Bác &pa Y; AE doe tH 
EM otv ton. xo Exet óp otuv 7| ónó AEM vowvtar &v 
AuLxvxAt@ yao: tO dow and tho AM dinAdotdyv éot tod and 
thc AE. náv, nel ton otv À AT th VB, dindacta éotiv 
? AB tfj; BI. óc 9& A AB ngóc vv BI', ottw¢ tò dnd 
tfc AB npóc tò &nd tHe BA’ ditAdotov wou atl TO TÒ 
thc AB tod ano rfj BA. &£oc(y Or, 6€ xoi xo ànò ts AM 
ditAdotoy tol and th¢ AE. xat gatw toov t6 and ts AB 
ta) a0 tho AE’ ton yuo xetta À EO th AB. toov goa xat 
TO and Tho AB 16 à&nó tfj AM: tov] &pa Y; AB cf; AM. xat 
&cuv f| AB | xfjc 6o0ctorc oqootpac diduetoeoc Y; AM doa 
ton £o 1fj 1fjc SoVEtoNS cHatoac StaUETEO. 

IIepietAvyn xou ğpa tò óxtåcõpov t ðoðeclon opalo. xal 
CUVATODÉÖELATAL, ÖTL Å TAS oqaítpac ouiuetpoc Ouváuer Or- 
rAaoícov £o TH¢ TOU óxtaéðpou nàcvoðc: Öneco Eder Seton. 


t If the radius of the sphere is unity then the side of octahedron is /2. 


f 


154 


KoBov cvotioacda xal opatoy nepiraBety, A eal thy 
rupopíGo, xol Geleot, Óct Y| vfjc o«oítpoc Ouiuetpoc Guváuet 
TOLTAASLWY EOTL Th¢ TOU xLBoU xAeupic. 

‘Exxetode À tc 6o0ctorjc oqaítgoc Siduetood Y, AB xoi 
tetunove xatà tò T ote Sindy siva ty AL ts IB, xo 
yeyedo de ëm týs AB ñuxóxov tò AAB, xol àxó xo0 DP 
tf, AB node óptàs HyDw ATA, xol ExeCevyda ñ AB, xoi 
exxcto0w tetod&ywvoy T0 EZHO tony Eyov thy nAcvedy tH 
AB, xoi ànó tõv E, Z, H, O x6 tot} EZHO tetoayavou 
&rixéOQ npóc óp0dc Tjy0oocav oi EK, ZA, HM, ON, xoi 
conoyove and &£xéáctirc TOV EK, ZA, HM, ON we t&v 
EZ, ZH, HO, OE ïon &x&ccr, xGv EK, ZA, HM, ON, xoi 
&neCeOy 9oocav oi KA, AM, MN, NK: xóffoc &pa cuvéovorton 
Ò ZN O16 EE 1etpovO vov toov nepuey óuevoc. 

Asi dy) avtov xal coatoy nepiXoQely tÅ GoOctor) xoi 
detgau, OTL Y) Thc TMatoac SidUETeOS SuUVdUEL ToLTAAOLA OTL 
Thc TAELEdc toŭ xúßouv. 
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ried around, and again established at the same (position) 
from which it began to be moved, then it will also pass 
through points F, G, and H, and the octahedron will 
have been enclosed by a sphere. So, I say that (it is) 
also (enclosed) by the given (sphere). For since LK is 
equal to KM, and KE (is) common, and they contain 
right-angles, the base LE is thus equal to the base EM 
[Prop. 1.4]. And since angle LEM is a right-angle—for 
(it is) in a semi-circle [Prop. 3.31]—the (square) on LM 
is thus double the (square) on LE [Prop. 1.47]. Again, 
since AC is equal to CB, AB is double BC. And as AB 
(is) to BC, so the (square) on AB (is) to the (square) 
on B D [Prop. 6.8, Def. 5.9]. Thus, the (square) on AB is 
double the (square) on B D. And the (square) on LM was 
also shown (to be) double the (square) on LE. And the 
(square) on DB is equal to the (square) on LE. For EH 
was made equal to DB. Thus, the (square) on AB (is) 
also equal to the (square) on LM. Thus, AB (is) equal to 
LM. And AB is the diameter of the given sphere. Thus, 
LM is equal to the diameter of the given sphere. 

Thus, the octahedron has been enclosed by the given 
sphere, and it has been simultaneously proved that the 
square on the diameter of the sphere is double the 
(square) on the side of the octahedron.! (Which is) the 
very thing it was required to show. 


Proposition 15 


To construct a cube, and to enclose (it) in a sphere, 
like in the (case of the) pyramid, and to show that the 
square on the diameter of the sphere is three times the 
(square) on the side of the cube. 

Let the diameter AB of the given sphere be laid out, 
and let it have been cut at C such that AC is double 
CB. And let the semi-circle ADB have been drawn on 
AB. And let CD have been drawn from C at right- 
angles to AB. And let DB have been joined. And let the 
square EFGH , having (its) side equal to DB, be laid out. 
And let EK, FL, GM, and HN have been drawn from 
(points) E, F, G, and H, (respectively), at right-angles to 
the plane of square EFGH. And let EK, FL, GM, and 
H N, equal to one of EF, FG, GH, and H E, have been 
cut off from EK, FL, GM, and H N, respectively. And let 
KL, LM, MN,and N K have been joined. Thus, a cube 
contained by six equal squares has been constructed. 

So, it is also necessary to enclose it by the given 
sphere, and to show that the square on the diameter of 
the sphere is three times the (square) on the side of the 
cube. 
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A 


rZ 
Y 


A [D B 


‘EneCevytwoay yàp d KH, EH. xa &nci óp0f, £ouv 
À bnO KEH yoovia die tò xa ty KE pty civa nooóc 
tO EH &n(xe060v önad xal modo THY EH eó0ctav, to dou 
emt thc KH youpduevov yurxoxAtov Aer xoal dia tod E 
onuelov. néAw, énet } HZ do0¥ éott node Exatéoay tay ZA, 
ZE, xa moog tO ZK Opa &níineoov ópUf) £ouv Y, HZ: ote 
“ol Exv emiebEwuev thy ZK, 5| HZ óg0r) £oxot xoà npóc 
tv ZK: xal ðla tobto néAw tò Ent thc HK yeapousvov 
YurxoxArov čet xal Dà xoO Z. óuotoc xol Ola tov Aoinodv 
toU xóDou onusiov AEs. sav OH Uevovonc tho KH me- 
pl\EvEYVEV TO YULXUXALOV Eig TO ALTO aNOxaTaOTADH, vev 
Hegato épecoða, Cota opatoy meoretAnuuevoc ó xoc. 
KEY) OF, OTL xal TH SoVvetoy. Enel ydo ton eotly À HZ tH 
ZE, xal Eottv oeVH Y) xpóc 1G Z ywvia, xó How and thc EH 
Ovx A&oLÓv EoTL TOU ano The EZ. ton dé ¥) EZ th EK: t6 doa 
ano tfjc EH GuxA&otóv £o tol and tho EK: Gote t& and 
tv HE, EK, xouxéo 1o ànó tis HK, vpuxA&ovóv &oxt x00 
ono tic EK. xot énet teitAnotwv otv 9| AB ts BT, wc 
dé 4) AB node thy BI’, ottw¢ tò &nò ts AB ngóc tò ànó 
thc BA, toitAdo1ov koa tò and ts AB tod and thc BA. 
£Oc(y Ov 6€ xoi TO and vfjc HK x00 ànó cfjc KE vpixA&otov. 
xol xeta ton À KE th AB: ton dow xot À KH tY AB. xot 
cot À AB tis 6o9elorjc oqaípac Sidueteoc xual À KH čepa 
ton oth Th thc SoVEtoNs cMatoac SraUETOW. 

TH soveton You opaten neoretAnntot O xUGB0C xal ov- 
VOMOOEOELKTOL, OTL TY To oMatoac Ouuetpoc Ouváuer TEI- 
rAaotcov £o 1fjc x00 xópou rAcupüc: ónep £oct Ocieot. 


ELEMENTS BOOK 13 


A 
i 


YZ 
Y 


A C B 

For let KG and EG have been joined. And since an- 
gle KEG is a right-angle—on account of KE also being 
at right-angles to the plane EG, and manifestly also to 
the straight-line ÆG [Def. 11.3]—the semi-circle drawn 
on KG will thus also pass through point E. Again, since 
GF is at right-angles to each of FL and FE, GF is thus 
also at right-angles to the plane FK [Prop. 11.4]. Hence, 
if we also join FK then GF will also be at right-angles 
to FK. And, again, on account of this, the semi-circle 
drawn on G K will also pass through point F. Similarly, 
it will also pass through the remaining (angular) points of 
the cube. So, if KG remains (fixed), and the semi-circle is 
carried around, and again established at the same (posi- 
tion) from which it began to be moved, then the cube will 
have been enclosed by a sphere. So, I say that (it is) also 
(enclosed) by the given (sphere). For since GF is equal 
to FE, and the angle at F is a right-angle, the (square) 
on EG is thus double the (square) on EF [Prop. 1.47]. 
And EF (is) equal to EK. Thus, the (square) on EG 
is double the (square) on EK. Hence, the (sum of the 
squares) on GE and E K—that is to say, the (square) on 
GK [Prop. 1.47]—is three times the (square) on EK. 
And since AB is three times BC, and as AB (is) to 
BC, so the (square) on AB (is) to the (square) on BD 
[Prop. 6.8, Def. 5.9], the (square) on AB (is) thus three 
times the (square) on BD. And the (square) on GK was 
also shown (to be) three times the (square) on K E. And 
K E was made equal to DB. Thus, KG (is) also equal to 
AB. And AB is the radius of the given sphere. Thus, KG 
is also equal to the diameter of the given sphere. 

Thus, the cube has been enclosed by the given sphere. 
And it has simultaneously been shown that the square on 
the diameter of the sphere is three times the (square) on 


526 


S TOIXEIGN ty. 


t If the radius of the sphere is unity then the side of the cube is 4/4/3. 


f 


IT 


Eixocáecðpov cuctýoacðoa xol cato nepihabeiv, T) xol 
TH npociponuéva coyńuatTa, xal cié, OTL H to cixocaćðpou 
TACLPÀ &Aovóc &ov Y) xaXouuévr) £A&tov. 


ZN 


A | B 

"Exxeío9o À tc 6o0ctorjc oqaítpoc Siduetoeoc Y, AB xoi 
tetuńoðw xatà tò I ote vexpamAf|v siva tày AT týs TB, 
xal yeyedove èni tc AB ġuxóxňov To AAB, xal Aydo 
ano tol T th AB rod¢ opbdc ywrviag cbVeta yoouuy ATA, 
xat émeCevyda Å AB, xal ëxxeloðw xóxAoc ó EZHOK, 
oU f| £v 100 xévtpou tor) &oxo tfj AB, xoi &vyevoóo9oo 
cic tov EZHOK xbxrov mevtéywvoy icónAcupóv t€ xol 
icovowov TÒ EZHOK, xoi xexurjo9o0av ot EZ, ZH, HO, 
OK, KE repupéperon dtya xata t6 A, M, N, &, O onueta, xoi 
ereCevy0woay at AM, MN, N&, £O, OA, EO. toónAeupov 
koa gott xal TO AMNEO mevcxóvovov, xol Sexayavou f| 
EO còca. xoi aveotatwoav &ndo tæv E, Z, H, O, K 
onuelwyv tT ToD xUxXAOL EMLNESW tpòc pàs yovlas còteia 
at EI, ZP, HX, OT, KT tom obca tÅ £x 100 xévtpou toŬ 
EZHOK x0xAov, xoi éneCeóy9ooav oi IIP, PX, XT, TT, 
TIL, WA; AP, PM, MX, =N, NT, TS, SY, YO, OIL 

Kot énet éxatéow tv EDI, KY 16$ a6) &rinéoQ nooóc 
opvdc otv, TaedAANAOS wow cotiv H EIT th KY. got 
OS AUTH xal ton oi O€& tàs toasc TE Kal MaoarAYAOUC Ent- 
CEU vOoucot &ri TÀ aUTa YEON cvVEton too te xo TAOGAANAOL 
cio. À IY vow tH EK ton te xal rapåhiniós otv. tev- 
toy vou öÈ icoràecúpov ý EK: tevtayovovu doa iconAsbeou 
xa ñ IY tot cic tov EZHOK xdxrov éyyoupouevon. 
Otà TH OTA OY xal Exdoty THY HP, PX, LT, TY tev- 
toYOvou &otv iconAe0pgou tol etc Tov EZHOK xbxAov 
eyyeadoutvou’ todrAcveoyv goa TO TIPE TY nevtéyoovoy. 
xoi &nel é&oy vou uév otv À TE, dexayavovu de Å EO, 
xal otv OoVY ġ òrò IEO, nevtayavovu soa gotty ġ HO: ñ 
yàp tTOŬ mevtaya@vou TAgvEd SOVaTaL THY Te TOD Efay@vou 
xal THY TOU Sexayavon THY El¢ TOV ALVTOV KXUXAOV &YYpa- 


Qouévov. Dà TÀ HOTA SY xoi FY OT nevtaywvou oti 
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the side of the cube.! (Which is) the very thing it was 
required to show. 


Proposition 16 


To construct an icosahedron, and to enclose (it) in a 
sphere, like the aforementioned figures, and to show that 
the side of the icosahedron is that irrational (straight- 
line) called minor. 


D 


A C B 

Let the diameter AB of the given sphere be laid out, 
and let it have been cut at C such that AC is four times 
C B [Prop. 6.10]. And let the semi-circle AD B have been 
drawn on AB. And let the straight-line CD have been 
drawn from C at right-angles to AB. And let DB have 
been joined. And let the circle EF GHK be set down, 
and let its radius be equal to DB. And let the equilat- 
eral and equiangular pentagon EFGH K have been in- 
scribed in circle EFGH K [Prop. 4.11]. And let the cir- 
cumferences EF, FG, GH, HK,and K E have been cut 
in half at points L, M, N, O, and P (respectively). And 
let LM, MN, NO, OP, PL, and EP have been joined. 
Thus, pentagon LM NOP is also equilateral, and EP (is) 
the side of the decagon (inscribed in the circle). And let 
the straight-lines EQ, FR, GS, HT, and KU, which are 
equal to the radius of circle EF'GH K, have been set up 
at right-angles to the plane of the circle, at points E, F, 
G, H, and K (respectively). And let QR, RS, ST, TU, 
UQ,QL,LR, RM, MS, SN, NT,TO, OU,UP,and PQ 
have been joined. 

And since EQ and KU are each at right-angles to the 
same plane, EQ is thus parallel to KU [Prop. 11.6]. And 
it is also equal to it. And straight-lines joining equal and 
parallel (straight-lines) on the same side are (themselves) 
equal and parallel [Prop. 1.33]. Thus, QU is equal and 
parallel to EK. And EK (is the side) of an equilateral 
pentagon (inscribed in circle EFGH K). Thus, QU (is) 
also the side of an equilateral pentagon inscribed in circle 
EFGH K. So, for the same (reasons), QR, RS, ST, and 
TU are also the sides of an equilateral pentagon inscribed 
in circle HFGHK. Pentagon QRSTU (is) thus equilat- 
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Tsup. čom è xal ý IY revxvayovou: icónAeupov pa 
cotl T0 HOY tolywvov. Dà xà obxà 07) xoi £xoaotov tGv 
IIAP, PMX, XNT, T£Y ioónAcugóv otv. xol net nev- 
xay óyvou &86ety 0r] &xaxépa. x&v ILIA, IIO, £ox 9& xoi Y, AO 
TEvtay@vonu, toónAeupgov &pa otl tò IAO toetywvov. oie 
TH Uta OH xal Exactov tv APM, MUN, NT=, SYO 
TOLY@VOV LoOTAELEOY EOTLY. 
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eral. And side QE is (the side) of a hexagon (inscribed 
in circle EFGH K), and EP (the side) of a decagon, and 
(angle) QEP is a right-angle, thus QP is (the side) of a 
pentagon (inscribed in the same circle). For the square 
on the side of a pentagon is (equal to the sum of) the 
(squares) on (the sides of) a hexagon and a decagon in- 
scribed in the same circle [Prop. 13.10]. So, for the same 
(reasons), PU is also the side of a pentagon. And QU 
is also (the side) of a pentagon. Thus, triangle QPU is 
equilateral. So, for the same (reasons), (triangles) QLR, 
RMS, SNT, and TOU are each also equilateral. And 
since QL and QP were each shown (to be the sides) of a 
pentagon, and LP is also (the side) of a pentagon, trian- 
gle QLP is thus equilateral. So, for the same (reasons), 
triangles LRM, MSN, NTO, and OUP are each also 
equilateral. 





EA fc tò xévtoov toč EZHOK xúxňou tò  onuctov: 
XAL ATÒ TOŬ P T TOŬ XÚXAOL ETLTÉDO TOÒS ÕPS AVEOTATW 
7) PQ, xol ExBeBAnoda Ent tà čtepa uéon Oo À PY, xal 
conejova etayovov uèv ý PX, öexayóovou Se éxatépa vGv 
QV, XO, xoi &neCeoy 9oocov ot IIO, ITX, YO, Eo, Ao, AV, 
VM. 

Kol nel éxatépa tõv PX, IE tă x00 x0xAou &rixéoQ 
Teas OpVdac toti, MAOdAANAODS hoa Eotly À PX t LE. ciol 
O€ xol tcov xoà oi EP, IIX &pa tom te xol mapddAnAot 
claw. ecayavou be ù E: e€ayovou doa xot À IX. xol 
&nel &&ovo vou uév otuv Å IHX, 8exovovou 8& f, XO, xol 
óp0f, cuv Å òrò IXO yovia, nevvovo vou goa éotiv ñ 
TIQ.. dre ta abta OH not NTO nevtayovov cotty, nerdy, 


Let the center, point V, of circle EFGH K have been 
found [Prop. 3.1]. And let VZ have been set up, at 
(point) V, at right-angles to the plane of the circle. And 
let it have been produced on the other side (of the cir- 
cle), like V X. And let VW have been cut off (from XZ 
so as to be equal to the side) of a hexagon, and each of 
V X and WZ (so as to be equal to the side) of a decagon. 
And let QZ, QW,UZ, EV, LV, LX,and X M have been 
joined. 

And since VW and QE are each at right-angles 
to the plane of the circle, VW is thus parallel to QE 
[Prop. 11.6]. And they are also equal. EV and QW are 
thus equal and parallel (to one another) [Prop. 1.33]. 
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exv emCevewuev tac PK, XT, toon val dnevavttov Ecov- 
tat, xo( &ouv À PK èx tov xévteov obaa E€ayovov. 
etay@vou goa xal Y) XY. oexayovou 0€ Å XQ, xal pÙ 
À nrò YXO nevtayovou dea yn TO. got òè xot À IY 
TEvtayY@vVou' iadnAcueoy wea cott TO ITT tetywvov. oie 
TH HUTA OF Xl Exaotoy THv AoinBdY Toryovay, Ov Bacerc 
uév eiow oi IIP, PE, ET, TY eó9ctot, xogugr), de to Q 
ornciov, icónAcupóv otw. náv, nel &&Goyeovou uev f| 
PA, dexaywmvov dé f| PY, xoi pth ouy FH vO AGW 
yovla, Tevtayovov goa gotly Å AY. Dà ta adTH OY) Edev 
emucevewuey ty M® ovoay efayovou, ovveyetoa xot A MY 
revvadYOvou. £o sé xat AM rnevtayovou: tadmAcveov 
pa oti TO AMY toiywvoyv. oyotac dy SeryOhoeta, ÖT 
Xa EXAOTOY THY AowGv tptyovov, Gv Dé&oectc uév sioi atl 
MN, NE, =O, OA, xopuery ð tò VU onuelov, tadmAcvedv 
EOTLY. OULVEOTATOL Kou einoodede0v DUNO ElKOOL TELYOVOY 
ISOOTAEVEWY REQUEY ÓUEVOY. 

Aci 8f) axo xoi oqatoa meeiAaBety th Soveton xal Seton, 
OTL ¥) toO eixoca£ópou xÀAeupà GAoYvóc &£ocv f| xoXougu£vr, 
£Aácoov. 

Enel yàp &&orycvou &oxiv *| PX, 6exovovou oe Y, XC, Y) 
PO how Gotpov xol uécov Aóvov xévurjvot xoà xó X, xoà xo 
uciCov aótfjc vufju& &owuv f, PX: £ouv pa ðc fy OP rode 
tv 9X, oütoc À OX xnpóc cvv XQ. tor) 06 H uev OX qf 
QE, y o£ XO tH OW Eotw Koa óc Y) (6 npóc vv ŽE, 
ovtac f| EP. xpóc thy OW. xat stow ptal at bro QE, 
EPY yovlar àv dow em CevEauev thy ED cvVetav, 6o0H 
cota À bro WEQ yovla Gu THY OuoLdtyTA TOY VEQ, PEQ 
TOLYOVOY. ÖA TH KOTH OY Emel EotIvV Wo NID neEd¢ THY 
QX, o0toc f| &X ngoóc thy XL, ton OE YW uev OP tH WX, 
À òè OX tH XII, Eotw &pa óc fj WX node thy XII, ootoc 
Å IIX node thy XO. xol dia tobto náv Edy EmCevauev 
tHY IY, ópù čata H medc xG II vovtoc tò Hom Ext tH 
WO youpduevov rurxdxAtov Aer xol Ola tot II. xol àv 
usvovoyns tio YQ nepieveydev tO NuimdxAtov cis TÒ HDTO 
TAY AToKXaTaoTAavH, OVEVY Hogato pepcoda, Ader xal dià 
tov II xoà x&v AowxGv onucíov tob cixocagdeou, xoi £ocot 
oqaítoo NEOLELANUMEVOY xó eixooóeopov. Aéyw OY, OTL xal 
th Sovetoy. vexufjoO9o yàp À PX oa xaxà TO a. xal Enel 
ceuveta youn r PQ d&xoov xal Uscov AdYoY TETUNTAL KATH 
TÒ X, xal TÒ £Aacoov acfic vufju& &ouv Y, OX, h doa OX 
ngocAopoÜUca tiv fjutcewrv xoO uctCovoc vufjuaxoc crv Xa 
nevvanA&otov 80vaxot toO àmxó cfi; fjucc(ac voO uciCovoc 
TUNUATOS NEVTATAKOLOV wom EOTL TO GNO TH Qa tod and 
Tho aX. xal Cott Tho uèv Qa dra FW OW, the OE aX Ouf 
7 OX: nevtanAdorov koa Eotl TO INO TH¢ QW tod ano thc 
X®. xol Exet tetoanAf otuv À AT týs TB, nevtanrh soo 
éotiy 9| AB th¢ BI. we dé Y; AB node thy BI, ottw¢ tò 
ano thc AB node tò and týs BA: nevtanràdoiov &pa ot 
1ó ànó tfjc AB toŭ ànò tc BA. &6c(y Or 66 xoi tÒ ånò tc 
OW nevtarAdotoy tod and th¢ PX. xal otv on 9j AB q 
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And EV (is the side) of a hexagon. Thus, QW (is) also 
(the side) of a hexagon. And since QW is (the side) of 
a hexagon, and WZ (the side) of a decagon, and angle 
QW Z is aright-angle [Def. 11.3, Prop. 1.29], QZ is thus 
(the side) of a pentagon [Prop. 13.10]. So, for the same 
(reasons), U Z is also (the side) of a pentagon—inasmuch 
as, if we join VK and WU then they will be equal and 
opposite. And V K, being (equal) to the radius (of the cir- 
cle), is (the side) of a hexagon [Prop. 4.15 corr.]. Thus, 
WU (is) also the side of a hexagon. And W Z (is the side) 
of a decagon, and (angle) UW Z (is) a right-angle. Thus, 
UZ (is the side) of a pentagon [Prop. 13.10]. And QU 
is also (the side) of a pentagon. Triangle QUZ is thus 
equilateral. So, for the same (reasons), each of the re- 
maining triangles, whose bases are the straight-lines Q R, 
RS, ST, and TU, and apexes the point Z, are also equi- 
lateral. Again, since V L (is the side) of a hexagon, and 
V X (the side) of a decagon, and angle LV X is a right- 
angle, L X is thus (the side) of a pentagon [Prop. 13.10]. 
So, for the same (reasons), if we join MV, which is (the 
side) of a hexagon, M X is also inferred (to be the side) 
of a pentagon. And LM is also (the side) of a pentagon. 
Thus, triangle LMX is equilateral. So, similarly, it can 
be shown that each of the remaining triangles, whose 
bases are the (straight-lines) MN, NO, OP, and PL, 
and apexes the point X, are also equilateral. Thus, an 
icosahedron contained by twenty equilateral triangles has 
been constructed. 

So, it is also necessary to enclose it in the given 
sphere, and to show that the side of the icosahedron is 
that irrational (straight-line) called minor. 

For, since VW is (the side) of a hexagon, and WZ 
(the side) of a decagon, VZ has thus been cut in ex- 
treme and mean ratio at W, and VW is its greater piece 
[Prop. 13.9]. Thus, as ZV is to VW, so VW (is) to WZ. 
And VW (is) equal to VE, and WZ to VX. Thus, as 
ZV is to VE, so EV (is) to V X. And angles ZV E and 
EV X are right-angles. Thus, if we join straight-line EZ 
then angle X EZ will be a right-angle, on account of the 
similarity of triangles X EZ and V EZ. [Prop. 6.8]. So, 
for the same (reasons), since as ZV is to VW, so VW 
(is) to WZ, and ZV (is) equal to XW, and VW to WQ, 
thus as XW is to WQ, so QW (is) to WZ. And, again, 
on account of this, if we join QX then the angle at Q will 
be a right-angle [Prop. 6.8]. Thus, the semi-circle drawn 
on X Z will also pass through Q [Prop. 3.31]. And if XZ 
remains fixed, and the semi-circle is carried around, and 
again established at the same (position) from which it 
began to be moved, then it will also pass through (point) 
Q, and (through) the remaining (angular) points of the 
icosahedron. And the icosahedron will have been en- 
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PX: exatéoa yuo aùtõv ton otl t ex tod xévteov tod 
EZHOK »x0xXAov: tcr &pa xoi Y, AB tÅ YQ. xal cotw 7 AB 
Y) thc Sovetanc ogatoac ou&uetpoc: xol Y, W(Q &pa tor otl 
tfj v?jc G09e(ovjc o«otpoc Guuétpo: tfj &po 6o9&toy opalo 
nepie(A xot 1 eixooóeopov. 

Acyco Of, óxt Y) x00 eixoco£opou nAeupà &Aovóc &ow f, 
xoAouuévr| &Aátxov. ncl yàp ENTY otv Ty) xfjc oqoítpoc 
Otduetpoc, xal ot OLVaMEL NevtanAaociwy thc ex TOD 
xévipou to0 EZHOK xóxAou, eni? &pa &od xoà Y| £x 
tol xévteou xo0 EZHOK xóxAou' óoce xoà nh didueteoc 
QUTOD ENTY Eotiv. Edv OE cic; XOXÀoV ert E£xovta tlv 
Otáuetpov nevtóávovov ioóxAeupov &YYgoqry, Å TOČ tev- 
TAY@VOU TAELVEd GAOYOS Eat Y) xaXouu£vr £A&áttov. T) 6€ 
to0 EZHOK nevtayovou nAeupa f, xoO eGxoco£o6pou &otv. 
f| &pa x00 &xocaéopou nÀeupà ğhoyóc £ouv Y) xoXouu£vr) 
CAQTTOY. 


lópioua. 

Ex Oy) TOUTOL Maveedy, OTL FH) Thc opateacg SdUETeOC 
Suvduet TevtarAaateov goth th¢ éx tol xEvtoov tov xvxAov, 
AP’ oÙ tÒ cixocácõpov AvayEyEUNTAL, xot óc Y) xfjc oqoítpac 
SidUETEOS GUYKELTAL EX TE The ToD Efaywvou xal vo tV 
toU Oexoovou tGv eic TOY AVTOV XUXAOV EYYEADOUEVOY. 
Órep Eder Setcan. 
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closed by a sphere. So, I say that (it is) also (enclosed) 
by the given (sphere). For let VW have been cut in half 
at a. And since the straight-line VZ has been cut in ex- 
treme and mean ratio at W, and ZW is its lesser piece, 
then the square on ZW added to half of the greater piece, 
Wa, is five times the (square) on half of the greater piece 
[Prop. 13.3]. Thus, the (square) on Za is five times the 
(square) on aW. And Z X is double Za, and VW double 
aW. Thus, the (square) on Z X is five times the (square) 
on WV. And since AC is four times CB, AB is thus 
five times BC. And as AB (is) to BC, so the (square) 
on AB (is) to the (square) on BD [Prop. 6.8, Def. 5.9]. 
Thus, the (square) on AB is five times the (square) on 
BD. And the (square) on ZX was also shown (to be) 
five times the (square) on VW. And DB is equalto VW. 
For each of them is equal to the radius of circle EFGH K. 
Thus, AB (is) also equal to X Z. And AB is the diameter 
of the given sphere. Thus, XZ is equal to the diameter 
of the given sphere. Thus, the icosahedron has been en- 
closed by the given sphere. 

So, I say that the side of the icosahedron is that irra- 
tional (straight-line) called minor. For since the diameter 
of the sphere is rational, and the square on it is five times 
the (square) on the radius of circle EFGH K, the radius 
of circle EFGH K is thus also rational. Hence, its di- 
ameter is also rational. And if an equilateral pentagon 
is inscribed in a circle having a rational diameter then 
the side of the pentagon is that irrational (straight-line) 
called minor [Prop. 13.11]. And the side of pentagon 
EFGH K is (the side) of the icosahedron. Thus, the side 
of the icosahedron is that irrational (straight-line) called 
minor. 


Corollary 


So, (it is) clear, from this, that the square on the di- 
ameter of the sphere is five times the square on the ra- 
dius of the circle from which the icosahedron has been 
described, and that the the diameter of the sphere is the 
sum of (the side) of the hexagon, and two of (the sides) 
of the decagon, inscribed in the same circle.! 


t If the radius of the sphere is unity then the radius of the circle is 2/4/5, and the sides of the hexagon, decagon, and pentagon/icosahedron are 


2/4/5, 1 — 1/ /5, and (1//5) /10 — 2 V/5, respectively. 
IC. 


Ac8exácopov cuotfjcacot xoi oxoítoo reguXoQely, T) xol 
TH MOOELONUEVA OYHMATA, Kal Setgou, STL F) TOU 6o9exoéopoU 
nAE£Upà GAovóc &ocv f| xoAouuévr) àxocouf. 


Proposition 17 


To construct a dodecahedron, and to enclose (it) in a 
sphere, like the aforementioned figures, and to show that 
the side of the dodecahedron is that irrational (straight- 
line) called an apotome. 
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Exxeío0coav toU mnxpoecternuévou xüpou 000 éentreda 
npóc pàs GAXWAow rà ABDIA, DBEZ, xoi vexufjo9o 
&x&ctr) xv AB, BI, DA, AA, EZ, EB, ZI' n^eugGv dtya 
xoxà tà H, O, K, A, M, N, £, xoi &neCeoy000av at HK, 
OA, MO, NE, xoi vexrjjo90o &xáctr tõv NO, Oz, OII 
Gxpov xoi u&cov Aóvov xaxà tà P, }Ł, T onucio, xoi £oto 
autéy uelCova tuńuata tà PO, OX, TII, xoi àveoxávocav 
ànó tGv P, X, T ongusí(ov toic xoO xófou &xixéootc npoc 
òpÛàc nl xà &xt1óc uéer) vo0 xópou oi PY, X, TX, xoi 
xe(oO9ocav toot xoc PO, OX, TIL, xoi &neCeóy90ooav. oi 
YB, BX, XT, rT, Y. 

Aéyo, 611 76 TBXT E nevtáywvoy ioónicvoóv te xal Ev 
Evi émiméda wal Ett looyavey éottyv. EneCevyVwoayv yuo al 
PB, XB, ®B. vot enet cbveta Y, NO Gxpov xoi u£cov Aóyov 
TETUNTOL KATA TO P, nal tò ueitov xufju& &ovv f PO, cà Koa 
ànó t&v ON, NP xpixA&ot& &oxt x00 ànó tfj; PO. ton òè ñ 
uev ON «fj NB, 5| 6€ OP «fj; PY: xà &pa àxoó x&v BN, NP 
TOMBMGOIG £oxt xoO ànó cfjc P'Y. voic 66 ànó x&v BN, NP tò 
ATÒ ts BP &cv (cov: 1ó àpa àxoó tfjc BP xpgiAGotóv £o 
tol ano tic PT: Gote xà ànó xGv BP, PY xexpomnA Got 
cott tod ano thc PY. xvoic o& ànxó xGv BP, PY tcov £o tò 
ano tho B'Y* xó &pa &xó xfjc BY xexpoxAGotóv £o to and 
tho TP: nah sou Eotiv W BY the PY. £ox 68 xoi A PY tie 
TP ònà, £xeiofjxep xoi À XP týs OP, toutéot the PT, 
cot, ANAL ton &pa ñ BY tý TP. duotos o7, 6o 0Yjoe con, 
öt xa &xáctry THY BX, XT, [® éxaxégya xov BY, Yo 
otv lor. icónAcupov doa £o xó B'YOIUX nevxévovov. 
Eva OF, Óxt xoi £v évi £oxv &ruxéoQ.. Too Yàp &rxoó o0 O 
exatéoy tv PT, LP xapéáAArAoc &ri xà &xvóc xoU xópou 
uéon | OV, xoi &neCeóy00cav oi VO, OX- AÉéyo, StL À 
VOX eó90ci& £ocv. &nci vàp v, OII Gxgov xoà uécov AóYov 
TETUNTAL KATA TO T, xoi xó ueiCov acfic xufju& &owv f) IIT, 
&cctv &pa ðs Å OIL xeóc tày IIT, oovoc f, IIT xgóc viv 
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Let two planes of the aforementioned cube [Prop. 
13.15], ABCD and CBEF, (which are) at right-angles 
to one another, be laid out. And let the sides AB, BC, 
CD, DA, EF, EB, and FC have each been cut in half at 
points G, H, K, L, M, N, and O (respectively). And let 
GK, HL, MH, and NO have been joined. And let N P, 
PO, and HQ have each been cut in extreme and mean 
ratio at points R, S, and T (respectively). And let their 
greater pieces be RP, PS, and TQ (respectively). And 
let RU, SV, and TW have been set up on the exterior 
side of the cube, at points R, S, and T (respectively), at 
right-angles to the planes of the cube. And let them be 
made equal to RP, PS, and TQ. And let UB, BW, WC, 
CV, and VU have been joined. 

I say that the pentagon U BW CV is equilateral, and 
in one plane, and, further, equiangular. For let RB, SB, 
and V B have been joined. And since the straight-line NP 
has been cut in extreme and mean ratio at R, and RP is 
the greater piece, the (sum of the squares) on PN and 
NR is thus three times the (square) on RP [Prop. 13.4]. 
And PN (is) equal to NB, and PR to RU. Thus, the 
(sum of the squares) on BN and NR is three times the 
(square) on RU. And the (square) on BR is equal to 
the (sum of the squares) on BN and NR [Prop. 1.47]. 
Thus, the (square) on B R is three times the (square) on 
RU. Hence, the (sum of the squares) on BR and RU 
is four times the (square) on RU. And the (square) on 
BU is equal to the (sum of the squares) on BR and RU 
[Prop. 1.47]. Thus, the (square) on BU is four times the 
(square) on U R. Thus, BU is double RU. And VU is also 
double UR, inasmuch as SR is also double P R—that is 
to say, RU. Thus, BU (is) equal to UV. So, similarly, it 
can be shown that each of BW, WC, CV is equal to each 
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TO. ton d€ A vèv OI tý OO, H Se IT exatéey xGv TX, 
OW: Eotw àpa cc f, OO ngóc cv OW, obtoc f| XT med 
tv TO. xo( £ow napéAArAoc fj u£v OO tH TX: Exatéoa 
yoo aviv 16 BA &riné8Q noóc plés £ouv fj 6€ TO tH 
OW: &xaxépa Yàp ax6v xG BZ &nunéóQ ngóc óp0óc £ouv. 
àv O€ OVO Tolywova ouvteDy xata ulav ywvlav, óc tà V OO, 
OTX, tac 600 tàcupàs Toc SUVIV avdAOYOY čyovtTA, OTE 
TÒS ÓóuoAÓóYouc aótGv TAELVEdS xal TaAPaAAAYAOUC civar, at 
Aottal sbVetou Ex’ cvdetac Eoovta En’ evvetac Koa Eotly Y) 
VO «fj OX. n&ca 0& codeta ev Evi Cot EminEdw: Ev Evi Hoa 
emimeow £o 0 YBXI' e nevrévovov. 

Aéyo 5%, StL Kal looyavdy got. 

‘Enel yao cvveta youuun À NO Gxpgov xoi uécov Aóvov 
TETUNTOUL xoà tÒ P, xal xó ueiCov vufju& &owuv H OP [Eotiv 
Koa wo avvaypdteoos Y; NO, OP npóc xrjv ON, obtoc ñ 
NO node thy OP], ton 9€ fj OP «fj OX: [É£owv &pa (c f| XZ2N 
npóc t^v NO, obtoc f; NO npóc vy OX], fj NY: &pa &xpov 
xol uécov AóYov vécur|xot xoà TÒ O, xal tÒ uecïCov tuñuá 
éottv À NO: ta doa dnd THY NY, XO xgixA&ot& Eott too 
ano tho NO. ton òè À uey NO tÅ NB, Ñ òè OX t LP: xà 
goa ATÒ t&v NE, EP tetodywva tonidoid Eott to ano 
thc NB: Gote ta dnd tv PX, UN, NB tetparàdoiá ot 
tov and tfjic NB. xoic 66 àxó x&v XN, NB toov £c 1o and 
tfj; XB: xà &pac àrnó x&v BY, 3b, xouxéo tÒ dnd the BS 
[bpt yao 1 bro PEB yovlal], tetoanAcordy Eott tov dnd 
tis NB: drà ğa &oxiv Y, PB týs BN. £o Se xa Y; BE 
thc BN mif ton &pa £oxiv y, B® xfj BI. xoi &£xei 600 ot 
BY, TP duol tcs BX, XT toa eiotv, xoi Dá&oic Y, Bé Dáoc 
th BL ton, yovla &pa À òrò BYP yovi tý órò BXT otv 
ton. óuotoc ÒN SelGoucy, óxt xoi Y, rò TPT yovia ton cott 
tf bro BXI oi &pa Dnd BXT’, BY ®, TOL xpeic vovtot 
toot GA fjXouc cioty. àv òè TEvTaY@VoU tooxAeÓpou at TeEt¢ 
ywvia toar AAA hioc otv, looyavoy čota TÒ xevxárovov: 
icoymwuoyv goa Eotl TO BY OLX nevrévovov. &8cty 0r] 66 xol 
lodnAcveoy’ TÒ Hoa BY OLX nevtéywvoy taodnAcvedy éott 
xoà icov«owvtov, xat &oxv &ri uic tov xULBOL TAEUVEdS tfjc 
BI'. £àv &pa &p' &xáotrcz THY TOD “xbBov SMdexa TACUEBSY 
tà UTE HaTASXELAOWUEY, OLOTADYoETal xt oyfiuo oxepeóov 
LTO SMdEXa TEVTAYOVWY tconrAeOpov ce xol teoovov(ov TE- 
gieyóuevov, à xaAeixot 6 o0egxócopov. 

Asi df abt xal opatog regu aetv cf; GoOctor xoi Gel&on, 
ou ¥) TOD Swdexaedoo0u TACLEd ğhoyóc &£ouv Y) xoXouu£vr, 
ànocouf. 

ExDepDArjo9o yàp Y, VO, xoi £oco y, Vt): cuupéAXet àpa 
?, OX) 1f| xoO xóDou Otagétpo, xoi obra xéuvouocty GAY: 
toUto yuo dédeixton Ev txG mopareAceÓóxo Üeopfjuat tod 
evdoexdtou DipAtou. teuvétwouv xatey tò Q tò Q koa 
XEVTOOV ETL Thc odaloac the TeetrauBavovon,s xóv xóov, 
xoi À QO ulosia vfjc xAeupac TOD xUGOL. ExeCevyDu OY f, 
TQ. xot énet cdVeta youuu 4 NX Gxgov xoi uécov Aóvov 
TETUNTAL KATH TO O, xal TÒ UEtTOV MOTH vufju& &ov À NO, 
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of BU and UV. Thus, pentagon BUVCW is equilateral. 
So, I say that it is also in one plane. For let PX have 
been drawn from P, parallel to each of RU and SV, on 
the exterior side of the cube. And let X H and HW have 
been joined. I say that X HW is a straight-line. For since 
HQ has been cut in extreme and mean ratio at T, and 
QT is its greater piece, thus as HQ is to QT, so QT (is) 
to TH. And HQ (is) equal to HP, and QT to each of 
TW and PX. Thus, as HP is to PX, so WT (is) to 
TH. And HP is parallel to TW. For of each of them is 
at right-angles to the plane BD [Prop. 11.6]. And TH 
(is parallel) to PX. For each of them is at right-angles 
to the plane BF [Prop. 11.6]. And if two triangles, like 
XPH and HTW, having two sides proportional to two 
sides, are placed together at a single angle such that their 
corresponding sides are also parallel then the remaining 
sides will be straight-on (to one another) [Prop. 6.32]. 
Thus, X H is straight-on to HW. And every straight-line 
is in one plane [Prop. 11.1]. Thus, pentagon U BW CY is 
in one plane. 

So, I say that it is also equiangular. 

For since the straight-line NP has been cut in extreme 
and mean ratio at R, and PR is the greater piece [thus as 
the sum of NP and PR is to PN, so NP Cis) to PR], and 
P R (is) equal to PS [thus as SN is to NP, so NP (is) to 
PS], NS has thus also been cut in extreme and mean 
ratio at P, and NP is the greater piece [Prop. 13.5]. 
Thus, the (sum of the squares) on NS and SP is three 
times the (square) on NP [Prop. 13.4]. And NP (is) 
equal to NB, and PS to SV. Thus, the (sum of the) 
squares on NS and SV is three times the (square) on 
NB. Hence, the (sum of the squares) on VS, SN, and 
NB is four times the (square) on NB. And the (square) 
on SB is equal to the (sum of the squares) on SN and 
NB [Prop. 1.47]. Thus, the (sum of the squares) on BS 
and SV—that is to say, the (square) on BV [for angle 
VSB (is) a right-angle]—is four times the (square) on 
NB [Def. 11.3, Prop. 1.47]. Thus, VB is double BN. 
And BC (is) also double BN. Thus, BV is equal to BC. 
And since the two (straight-lines) BU and UV are equal 
to the two (straight-lines) BW and WC (respectively), 
and the base BV (is) equal to the base BC, angle BUV 
is thus equal to angle BWC [Prop. 1.8]. So, similarly, we 
can show that angle UVC is equal to angle BWC. Thus, 
the three angles BWC, BUV, and UVC are equal to one 
another. And if three angles of an equilateral pentagon 
are equal to one another then the pentagon is equiangu- 
lar [Prop. 13.7]. Thus, pentagon BUVCW is equiangu- 
lar. And it was also shown (to be) equilateral. Thus, pen- 
tagon BUVCW is equilateral and equiangular, and it is 
on one of the sides, BC, of the cube. Thus, if we make the 
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tà Kon ATO THY NU, UO toirAdork Eott Tob ano the NO. 
ton Se ù uev NE th WO, exevdyreo xal À uev NO t OQ 
cty ton, À 6£ VO tÅ OX. AA uv xoi À OX tý YY, Exet 
xal vf; PO: xà hom and TOV QY, YY tario ott toB and 
tfjc NO. xoic 6€ ànó x&v (QW, W'Y toov &£oxi tò &nò tis TQ 
TO Koa UNO THC TQ teitAcarov £o 100 ànó tfjc NO. £o 
òè xal Å éx 100 xévrpou cfjc oqoítpac fic NeetAauUBavovonc 
TOV XUPOV OLVAUEL TOLTAQOLWY TH¢ fYjuvcetac vfjc vo0 xópou 
TACUEC nrpoO£OeUcxot Yàp xóDov cuotfjoaotot xoi oqoíoo 
neptAoQety xol Gct&ot, óvt Y) vfjc oxpotpac Guiuevpoc Suvduer 
tpgixAaotov &oxt tfjc xAeupüic TOD xUBOVv. El OE OAN TH¢ OAN<, 
“att [A] Huloeia th¢ fjutoetoc xot &owv 9 NO ulos ts x00 
xüpou xA&upüc: f| &po. TO ton ctl tÅ éx 100 xévtpou cfjc 
coatoac tic meotkauBavovonc tov xbBov. xal cot, TO Q 
XEVTOOY TH¢ aaloac Tc neethauBavovoncs xóv xópov: to 
Y dou onustoy nods tH Emipavetay Eott the aatoac. óuotoc 
On detGoueyv, óc xal &x&otr| x&v AounGv vov toO ðw- 
Ogxo&Opou npóc TH Emipavely &oxt xfjc oxotpoc: regie rm ott 
hoa TO OwWdexasdoov 1f 6oOcíor) oqotoq. 

Aévco 8f, ów f| xoO Go0exaé6pou MAcved sAoyd¢ Eoti 
f| xa kouuvr) &xocouf. 

Enel yàp ts NO óotpov xoi u£oov Aóvov xexurjuévrs xo 
ueiCov tTuhud otv ô PO, ts 66 Oz Gov xoi uécov AóYov 
texUuruévre xó ueitov vufju& &ouv f; OX, Anc hoa the NE 
&xpov xoi uécov Aóvov xeu vouévrc xó ueictov vufjuá ot À 
PE. [otov &ne( &ouv óc f, NO ngóc vy OP, f; OP npóc thv 
PN, xoà xà OvxA&otoc tà yàp uér tois toóouc noAAanxAaototc 
tóv aov Exe Aóyov: ðc ipa Y, NE npóc tijv PX, obtoc f| 
P»; npóc cuvaguqgócepgov thy NP, XE. uet(Cov 96 ý NE tc 
P» ue(Gov goa xal 4 PX ouvaugotépov tc NP, X= ġ Na 
hoa &xoov xal uecov AdYoY TETUNTAL, xoi xó ucicov aócfjc 
tuñug got fj PX.| tov dè À PE tý YP: ts &oa NE &xoov 
xol uécov AóYov teuvouévne xo ueitov vufju& &ovv y| Yo. 
xoà &xel entr) £o uv vfjc oqaítpac ouuetpoc xot £o. Guváyuet 
tpgurAatotov tfjc x00 xópou rAsupüc, ert? Koa cotiv Wy NE 
rAeupà oca toO xóDou. &àv OE ONTH Year ä&xpov xal 
uécov AóYvov xur0fj, &xátegov x&v xurjuxov &Aovóc &ouv 
ànocouf. 

H YP ipa tAcved obca x00 6o0exo£6pou GAoYvóc &£ouv 
ànocouf. 
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same construction on each of the twelve sides of the cube 
then some solid figure contained by twelve equilateral 
and equiangular pentagons will have been constructed, 
which is called a dodecahedron. 

So, it is necessary to enclose it in the given sphere, 
and to show that the side of the dodecahedron is that 
irrational (straight-line) called an apotome. 

For let X P have been produced, and let (the produced 
straight-line) be X Z. Thus, PZ meets the diameter of the 
cube, and they cut one another in half. For, this has been 
proved in the penultimate theorem of the eleventh book 
[Prop. 11.38]. Let them cut (one another) at Z. Thus, 
Z is the center of the sphere enclosing the cube, and ZP 
(is) half the side of the cube. So, let U Z have been joined. 
And since the straight-line NS has been cut in extreme 
and mean ratio at P, and its greater piece is NP, the 
(sum of the squares) on NS and SP is thus three times 
the (square) on NP [Prop. 13.4]. And NS (is) equal to 
XZ, inasmuch as NP is also equal to PZ, and XP to 
PS. But, indeed, PS (is) also (equal) to XU, since (it 
is) also (equal) to RP. Thus, the (sum of the squares) 
on ZX and XU is three times the (square) on NP. And 
the (square) on UZ is equal to the (sum of the squares) 
on ZX and XU [Prop. 1.47]. Thus, the (square) on UZ 
is three times the (square) on NP. And the square on 
the radius of the sphere enclosing the cube is also three 
times the (square) on half the side of the cube. For it 
has previously been demonstrated (how to) construct the 
cube, and to enclose (it) in a sphere, and to show that 
the square on the diameter of the sphere is three times 
the (square) on the side of the cube [Prop. 13.15]. And 
if the (square on the) whole (is three times) the (square 
on the) whole, then the (square on the) half (is) also 
(three times) the (square on the) half. And NP is half 
of the side of the cube. Thus, UZ is equal to the radius 
of the sphere enclosing the cube. And Z is the center of 
the sphere enclosing the cube. Thus, point U is on the 
surface of the sphere. So, similarly, we can show that 
each of the remaining angles of the dodecahedron is also 
on the surface of the sphere. Thus, the dodecahedron has 
been enclosed by the given sphere. 

So, I say that the side of the dodecahedron is that 
irrational straight-line called an apotome. 

For since RP is the greater piece of NP, which has 
been cut in extreme and mean ratio, and PS is the 
greater piece of PO, which has been cut in extreme and 
mean ratio, RS is thus the greater piece of the whole 
of NO, which has been cut in extreme and mean ratio. 
[Thus, since as NP is to PR, (so) PR (is) to RN, and 
(the same is also true) of the doubles. For parts have the 
same ratio as similar multiples (taken in corresponding 
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lópioua. 
Ex OY) toútou qavepóv, Óu tfjc toU xópou mÀeuQpüic 
&xpov xoi uécov Aóvov veuvouévric xo uciCov vufju& otv 
f| voO 6c0exaéopou xAeupá. Öneo čer deica. 
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order) [Prop. 5.15]. Thus, as NO (is) to RS, so RS (is) 
to the sum of NR and SO. And NO (is) greater than 
RS. Thus, RS (is) also greater than the sum of N R and 
SO [Prop. 5.14]. Thus, NO has been cut in extreme and 
mean ratio, and RS is its greater piece.] And RS (is) 
equal to UV. Thus, UV is the greater piece of NO, which 
has been cut in extreme and mean ratio. And since the 
diameter of the sphere is rational, and the square on it 
is three times the (square) on the side of the cube, NO, 
which is the side of the cube, is thus rational. And if 
a rational (straight)-line is cut in extreme and mean ra- 
tio then each of the pieces is the irrational (straight-line 
called) an apotome. 

Thus, UV, which is the side of the dodecahedron, 
is the irrational (straight-line called) an apotome [Prop. 
13.6]. 


Corollary 
So, (it is) clear, from this, that the side of the dodeca- 
hedron is the greater piece of the side of the cube, when 


it is cut in extreme and mean ratio.’ (Which is) the very 
thing it was required to show. 


t If the radius of the circumscribed sphere is unity then the side of the cube is \/4/3, and the side of the dodecahedron is (1/3) (15 — V3). 


"m. 


Tac nmAcvede TOV REVTE Cy NUdTOY ExVEadan xal ovynety- 


ot xpóc &AAfjAac. 
H 





"Exxeío90 7| vfic 9o9c(orc oqoaoítpac ouuepoc Y, AB, xoi 
xeu foo xoà xó I ote tony civa thy AT «f; PB, xoà 88 
tO A Gote ditAgotova etvon thy AA tic AB, xal yeyedoda 
eni týs AB ġwuxóxňov tò AEB, xoà ànó x&v D, A tH AB 
npóc óp0dc Tyr9oocav ot DE, AZ, xoi &neCeoy 9ocav at AZ, 
ZB, EB. xo nel Ura ouy À AA ts AB, vou, doo 
éotly 1) AB thc BA. àvaotoépavt fjuoAta &pa &oxv Y; BA 
tfc AA. óc 6€ Y; BÀ ngóc thy AA, obxoc tò ànò ts BA 


Proposition 18 


To set out the sides of the five (aforementioned) fig- 
ures, and to compare (them) with one another.’ 


G 





A K C DL B 

Let the diameter, AB, of the given sphere be laid out. 
And let it have been cut at C, such that AC is equal to 
CB, and at D, such that AD is double DB. And let the 
semi-circle AEB have been drawn on AB. And let CE 
and DF have been drawn from C and D (respectively), 
at right-angles to AB. And let AF, FB, and EB have 
been joined. And since AD is double DB, AB is thus 
triple BD. Thus, via conversion, BA is one and a half 
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npóc to ànó vfic AZ: icovówov Yáp got: tÒ AZB xpiyovov 
ta) AZA xprro vo: fjutóAtov dow Eotl xo àxó the BA tod and 
thc AZ. Eo 0€ xo f) vfjc oqotpac Guiexpoc SuUVdUEL FULOAter 
tfjc xAeupüc rfj nupaulðoc. xat ouy À AB *| xfjc oqatpoc 
diduetooc À AZ &pa ton Eotl th mAcved the mupautidoc. 

Mów, nel ditAactwy éotiv Y; AA tic AB, toinAt coo 
éotly À AB thc BA. òs è 4 AB node thy BA, ottw¢ tò 
ànó tfjc AB npóc vo àxó tfjc BZ: xpixA&otov ópa ot) tO 
ano tfjc AB tot and tic BZ. £o O£ xoi Y| xfjc o«atpoc 
Ot&uexpoc Ouváuer vpurAaotov vfi; xoO xópou nAeupüc. xo 
cot f| AB 1j vfjc oqgotpac ouiguevpoc: Y, BZ ipa xo0 xópou 
EOTL tAEupó. 

Kal énet ton éotty h AD th DB, SimAh oa otv Y, AB 
tfc BI. óc 8€ Y; AB nod¢ thy BI', obtoc xo ànò ts AB 
Teds TO aNd TH BE: GuxA&otov How Eotl tO and The AB tod 
ano tho BE. £o 6& xoà f| xfjc oxqotpoc ouiuexpoc Guváuet 
ditAactwy tio Tol óxta£ópou nÀeupüc. xoi £owuv À AB Ñ 
ts 6o9c(ovc oqatpac euuerpoc: Y, BE &pa xoO óxtaéopou 
£o1l rAeugpó. 

"Hyde dy and tol A onuetov xfj AB eó9c(o npóc ópOdc 
5, AH, xot xetodw f, AH tcr) xfj AB, xoi &neCeoy 90 y, HT, 
xol àxó toU O Ext thy AB xdVetoc xvw y), OK. xoà &nel 
Ouf £cuv À HA ts AT ton yao Y; HÀ vf; AB: óc 9€ f 
HA mngóc t'y AD, obroc 5; OK ngóc thy KT, ntà &oa 
xoi À OK tc KT. vexpamA&otov wow goth tO ano Thc OK 
tol ano tic KI tà &00 àró THY OK, KI’, ónep toti tÒ 
ano thc OL, nevtanAdcovdy cot tol ano tH¢ KT. toy òè 
À OL tý TB: nevtanAd&ovov sow Eotl tO and tH¢ BI tod 
ànó tfjc DK. xoi êncit niñ cuv yj AB cfic DB, v f 
AA tfj; AB £o OuAf,, Aou) &pa À BA Aowfic vfjc AT 
£ou OwAf. ctpuAfj &pa À BI thc TA: Evvarddotov soa 
tO and tHe BIE tot and th¢ TA. revvanAGovov ðè tÒ å&nò 
th¢ BE to¥ and thc TK: uetCov gow tO dnd tHe PK tot 
ano tio TA. uciCav goa éotiv À IK th¢ TA. xetodw f| 
TK toy ġ TA, vat dnd tod A tH AB nedc deduce FyVo f| 
AM, xoà &xeCeOy 00 Y, MB. xot Exel nevtanrdardv ott TÒ 
ano the BL tod ano thc PK, xot got the yey BI Gu 
À AB, ts òè TK ðn ý KA, nevxoxA&Gotov koa Eotl TO 
ano th¢ AB tod and th¢ KA. got è xoa À tc ogatpas 
diduEToOS SUVaUEL TEvtaTAaolWY tfjg £x xoO xévtpou Tob 
XOXAoU, à" o0 xo eixocóeopov å&vayéypanta. xal EOT Å 
AB fj vfjc oqotpoc Ousuevpoc: À KA &pa £x xoU xévtpou 
Eotl TOU xUxAOL, aM’ OD TO ElxoodedooV avayeyeuntan’ 
1) KA da &ayovou gotl mAcved tod slonuévov xvxAov. 
xal ênel KY} Thc o~atoac SiduETteOs GvYKELTOL EX TE TH¢ TOD 
ECAYQVOL Xal OVO THY TOD Sexay@von TOY cic TOV ELONUEVOV 
XOXAov &vpotouévov, xot &ouv fj u£v AB f| xfjc oqotpoc 
diduetooc, f| 6€ KA é&ayóvou nAeupá, xoi tov] À AK tñ 
AB, exatéoa tow tv AK, AB dexayavou oth ncup 
TOU EYYEAPOUEVOL eic TOV XUXAOV, AD OD TO Elxnoadedoov 
avayéyeanta. xol émel Sexaymvou uev Å AB, éčayóvov 


ELEMENTS BOOK 13 


times AD. And as BA (is) to AD, so the (square) on 
BA (is) to the (square) on AF [Def. 5.9]. For triangle 
AF B is equiangular to triangle AF D [Prop. 6.8]. Thus, 
the (square) on BA is one and a half times the (square) 
on AF’. And the square on the diameter of the sphere is 
also one and a half times the (square) on the side of the 
pyramid [Prop. 13.13]. And AB is the diameter of the 
sphere. Thus, AF’ is equal to the side of the pyramid. 

Again, since AD is double DB, AB is thus triple BD. 
And as AB (is) to BD, so the (square) on AB (is) to the 
(square) on BF [Prop. 6.8, Def. 5.9]. Thus, the (square) 
on AB is three times the (square) on BF. And the square 
on the diameter of the sphere is also three times the 
(square) on the side of the cube [Prop. 13.15]. And AB 
is the diameter of the sphere. Thus, BF is the side of the 
cube. 

And since AC is equal to CB, AB is thus double BC. 
And as AB (is) to BC, so the (square) on AB (is) to the 
(square) on B E [Prop. 6.8, Def. 5.9]. Thus, the (square) 
on AB is double the (square) on BE. And the square 
on the diameter of the sphere is also double the (square) 
on the side of the octagon [Prop. 13.14]. And AB is the 
diameter of the given sphere. Thus, B E is the side of the 
octagon. 

So let AG have been drawn from point A at right- 
angles to the straight-line AB. And let AG be made equal 
to AB. And let GC have been joined. And let HK have 
been drawn from H, perpendicular to AB. And since GA 
is double AC. For GA (is) equal to AB. And as GA (is) 
to AC, so HK (is) to KC [Prop. 6.4]. HK (is) thus also 
double KC. Thus, the (square) on H K is four times the 
(square) on KC. Thus, the (sum of the squares) on H K 
and KC, which is the (square) on HC [Prop. 1.47], is 
five times the (square) on KC. And HC (is) equal to C B. 
Thus, the (square) on BC (is) five times the (square) on 
Ck. And since AB is double CB, of which AD is double 
DB, the remainder BD is thus double the remainder DC. 
BC (is) thus triple CD. The (square) on BC (is) thus 
nine times the (square) on CD. And the (square) on BC 
(is) five times the (square) on CK. Thus, the (square) 
on CK (is) greater than the (square) on C D. CK is thus 
greater than CD. Let CL be made equal to CK. And 
let LM have been drawn from L at right-angles to AB. 
And let M B have been joined. And since the (square) on 
BC is five times the (square) on CK, and AB is double 
BC, and KL double Ck, the (square) on AB is thus five 
times the (square) on KL. And the square on the diam- 
eter of the sphere is also five times the (square) on the 
radius of the circle from which the icosahedron has been 
described [Prop. 13.16 corr.]. And AB is the diameter 
of the sphere. Thus, AL is the radius of the circle from 
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dé 3| MA: tov) Yáp got tý KA, &nxel xoi t OK: oov yàp 
ONEYOVOLY ATÒ toU xévtpou: xal otv &xoaxépa TOV OK, 
KA Ow Aaoctov týs KI” nevxovovou àpa &odv f, MB. f| 6€ 
toO nevtarvovou EoTLy H TOD eixooaéOpou: eixooaéopou àpa 
cotly 7) MB. 

Kot &xe v, ZB xófou gotl nAcved, tetufodu &xeov xol 
uécov Aóvov xaxà xó N, xoi £oxo uetCov tufua tO NB: À 
NB pa oc6gxo£opou &oti rAeupá. 

Kol nsi Y| xfjG o«oípoac Ot&ugTpoc sdetyOn tc uèv 
AZ rxAcupüc tfj; rupauíGoc Suvduer wota, tc b€ tod 
oxtacdeou Tic BE duvauer ditAactey, th¢ b€ TB xOBoU TH¢ 
ZB 6uváuei xpixAaotov, otov àpa Y) xfjc oxqotpoc ouuetpoc 
Svvdust ČE, tovoOtov f uev cfi; rupautóoc xeooópov, f| 6€ 
toU óxt1oaéOpou tpuiv, f| 6€ toO xóDou SO. HUEY Koa tfc 
rupouíóoc rAeupa tfjc u£v xoO Óxvaé£Opou nÀeupüc Guváuet 
cotly Enitoltoc, Thc è vo0 xóDpou Ouváuer OvxA f, de tod 
Oxtaédseov tfj; toO xópou Guvóuer YjutoAta. at usv odv 
ELONUEVOL TOV TOLBDY OYNUdTOYV TASLEdl, A&vco 97) xupagíóoc 
xol óxco£Opou xoi xOópou, npóc GHAAKAac cioty Ev Adyotc 
ontos. at òè onal 000, AéYc 9r| f| t&€ 100 eixooca£opou 
xoà Y| voO Oc6exoa£opou, obte TEOS GAAHAaC ODTE TEdS THC 
TOOELONUE Vas Eloly Ev Aóvow ENTOIC’ &Aoyot ydo clon, Y) uev 
EAGTITOY, Ù OE ETOTOUN. 

“Ot yetCav Eotly 7 toB eixooaédeou mAcved Y, MB fic 
tov dwoexaédeou fic NB, oc(&ouev obtoc. 

Enel vào icovowóv &ow tò ZAB totywvoy tæ ZAB 
TOLYOVW, &véáAovóv &ouv óc 4) AB zoòs tv BZ, oŬtoc 
1) BZ node thy BA. xo Exel tocic evdeion dvéAoyey stow, 
COT WS Y) NOWTY MOOS THY TEITHY, OUTWC TO UNO THe NOWTYC 
Ted TÒ ATÒ tfjc Gcuxépac &ouv ea ðc À AB npóc cv BA, 
ovtTws TO and TH¢ AB ned¢ tO and tc BZ avanarw koa 
óc Å AB nmod¢ thy BA, obta¢ 16 and the ZB ngóc TO ENO 
thc BA. toinAf b¢ 4 AB thc BA: teitAdoiov dea tO and 
th¢ ZB tod dno th¢ BA. Éow 8& xol 1ó dnd the AA tod 
àxó tfjc AB xevpgonAGotov: dinAh yuo 9| AA týs AB: ucitov 
koa to and the AA tod dnd the ZB velCwv doa À AA tc 
ZB: nodhrAG toa Å AA tc ZB ue(Gov Eotiv. xal tc uèv 
AA Gxpov xol uécov Aóvov xeguvouévrc xo ueiGov tuñuá 
souy À KA, éxevdynce À uèv AK &&avóvou éotty, fj 6€ KA 
Oexoovou: tfjc 6€ ZB Gopov xoi uécov Aóvov xeu vouévrc 
TO UelCov xufju& &ocv Y) NB: uetCov gow À KA ts NB. 
ton o£ 5| KA «f; AM: ueiCov gow À AM týs NB [xfic 9€ 
AM wvet@wov &oxtv iy MB]. nord &pa Y) MB mAcugà obca 
toO eixoco£Opou uc(Gov &ot rfj; NB nAeupóc oborc toO 
dWoexaedoou' Stee Eder Ocl&on. 
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which the icosahedron has been described. Thus, K L is 
(the side) of the hexagon (inscribed) in the aforemen- 
tioned circle [Prop. 4.15 corr.]. And since the diameter of 
the sphere is composed of (the side) of the hexagon, and 
two of (the sides) of the decagon, inscribed in the afore- 
mentioned circle, and AB is the diameter of the sphere, 
and KL the side of the hexagon, and AK (is) equal to 
LB, thus AK and LB are each sides of the decagon in- 
scribed in the circle from which the icosahedron has been 
described. And since LB is (the side) of the decagon. 
And ML (is the side) of the hexagon—for (it is) equal to 
KL, since (it is) also (equal) to HK, for they are equally 
far from the center. And H K and K L are each double 
KC. MB is thus (the side) of the pentagon (inscribed 
in the circle) [Props. 13.10, 1.47]. And (the side) of the 
pentagon is (the side) of the icosahedron [Prop. 13.16]. 
Thus, M B is (the side) of the icosahedron. 

And since FB is the side of the cube, let it have been 
cut in extreme and mean ratio at N, and let NB be the 
greater piece. Thus, N B is the side of the dodecahedron 
[Prop. 13.17 corr.]. 

And since the (square) on the diameter of the sphere 
was shown (to be) one and a half times the square on the 
side, AF, of the pyramid, and twice the square on (the 
side), BE, of the octagon, and three times the square 
on (the side), FB, of the cube, thus, of whatever (parts) 
the (square) on the diameter of the sphere (makes) six, 
of such (parts) the (square) on (the side) of the pyramid 
(makes) four, and (the square) on (the side) of the oc- 
tagon three, and (the square) on (the side) of the cube 
two. Thus, the (square) on the side of the pyramid is one 
and a third times the square on the side of the octagon, 
and double the square on (the side) of the cube. And the 
(square) on (the side) of the octahedron is one and a half 
times the square on (the side) of the cube. Therefore, 
the aforementioned sides of the three figures—I mean, of 
the pyramid, and of the octahedron, and of the cube— 
are in rational ratios to one another And (the sides 
of) the remaining two (figures)—I mean, of the icosahe- 
dron, and of the dodecahedron—are neither in rational 
ratios to one another, nor to the (sides) of the aforemen- 
tioned (three figures). For they are irrational (straight- 
lines): (namely), a minor [Prop. 13.16], and an apotome 
[Prop. 13.17]. 

(And), we can show that the side, M B, of the icosahe- 
dron is greater that the (side), N B, or the dodecahedron, 
as follows. 

For, since triangle FDB is equiangular to triangle 
FAB [Prop. 6.8], proportionally, as DB is to BF, so BF 
(is) to BA [Prop. 6.4]. And since three straight-lines are 
(continually) proportional, as the first (is) to the third, 
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so the (square) on the first (is) to the (square) on the 
second [Def. 5.9, Prop. 6.20 corr]. Thus, as DB is to 
BA, so the (square) on DB (is) to the (square) on BF. 
Thus, inversely, as AB (is) to BD, so the (square) on 
FB (is) to the (square) on BD. And AB (is) triple B D. 
Thus, the (square) on FB (is) three times the (square) 
on BD. And the (square) on AD is also four times the 
(square) on DB. For AD (is) double DB. Thus, the 
(square) on AD (is) greater than the (square) on FB. 
Thus, AD (is) greater than FB. Thus, AL is much greater 
than FB. And KL is the greater piece of AL, which is 
cut in extreme and mean ratio—inasmuch as LK is (the 
side) of the hexagon, and KA (the side) of the decagon 
[Prop. 13.9]. And NB is the greater piece of FB, which 
is cut in extreme and mean ratio. Thus, K L (is) greater 
than NB. And KL (is) equal to LM. Thus, LM (is) 
greater than NB [and MB is greater than LM]. Thus, 
MB, which is (the side) of the icosahedron, is much 
greater than N B, which is (the side) of the dodecahe- 
dron. (Which is) the very thing it was required to show. 


t If the radius of the given sphere is unity then the sides of the pyramid (i.e., tetrahedron), octahedron, cube, icosahedron, and dodecahedron, 


respectively, satisfy the following inequality: 4/8/3 » 2 > 


Aéyw D, ÖT Tape TH eipruéva névte oyfjuaxa oO ou- 
OTAUYGETUL Evepov oxfjua xepiey óuevov LTO LGOTAEVEWY TE 
xoà (covoviov toov GAY. 

‘Trò uèv yàp dúo tptyOvov T, óÓAcc &nunéoov ocepe 
yovla ob cuviotato. bnÓ Oè toV tptyovov f| tfj; nu- 
paulðoc, TÒ OÈ vecoópov f| 100 óxtaé£Opou, UNO OE TNÉVTE 
f, toO eixocaéO0pou: bro OE EF TOELYOVOYV looTAEVEWY TE 
xoi LGOYWVIOY TENS EVL ONMELWD DUMOTAUEVWY OLX FOTO 
otspsa YcowWor oborvc vào tfj; toU (comAeÓpou tptYyovou 
Yea Ouiotpou ópOfic £covror oi £& vécooapot ptas toar 
Ónep àO0varov: üxoaca Yàp oceped Yov(a ono &Aocoóvov 
f| v€coópov óp0Gv nepéyetot. Ore TH HUTA OY) OLSE DMO 
TACLOVONV FEC YOUGY ENIMESWV OTEpEd YWVIA GUVIOTATOL. 
UNO OF TETONYOVOY TEY H TOU xUBOL yovia NEOLeyeTou 
brò b€ TEecodewy Go0vatov’ Ecovta, yuo MéAt xÉoocopec 
ópal. DnO Se TEvTAYOVOY (GOTLAEÜpOY Xo Loo c viov, 0xÓ 
UEY TOLOY f; x00 Oc6exaéopou' 0xó 0& vecoópov do0vatov: 
oborc yàp tc toŭ nevtayovou toonAsveoL ywvlac deDfc 
xoà réurtOU, £covtot oi tÉéocapes yovlar xeooópov ptv 
uc(Couc: ónep àO0vaxov. o00€& urjv oxó noAuYvOvOY &TÉpoV 
OYNUATOYV repuoyeUfioexot oxeped Yovía DA TO ALTO &TO- 
TOV. 

Ovx hoa Napd Te clonueva nrévte oyýuata ČtEpov oyua 
Otepsov avotavyosta TÒ toonmAEvEWY TE xXal LaoyYWVLOY 
negtey óuevov: ónep &óet Oci&on. 


4/3 > (1/V5) /10 — 25 » (1/3) (/15 — V3). 


So, I say that, beside the five aforementioned figures, 
no other (solid) figure can be constructed (which is) con- 
tained by equilateral and equiangular (planes), equal to 
one another. 

For a solid angle cannot be constructed from two tri- 
angles, or indeed (two) planes (of any sort) [Def. 11.11]. 
And (the solid angle) of the pyramid (is constructed) 
from three (equiangular) triangles, and (that) of the oc- 
tahedron from four (triangles), and (that) of the icosahe- 
dron from (five) triangles. And a solid angle cannot be 
(made) from six equilateral and equiangular triangles set 
up together at one point. For, since the angles of a equi- 
lateral triangle are (each) two-thirds of a right-angle, the 
(sum of the) six (plane) angles (containing the solid an- 
gle) will be four right-angles. The very thing (is) impos- 
sible. For every solid angle is contained by (plane angles 
whose sum is) less than four right-angles [Prop. 11.21]. 
So, for the same (reasons), a solid angle cannot be con- 
structed from more than six plane angles (equal to two- 
thirds of a right-angle) either. And the (solid) angle of 
a cube is contained by three squares. And (a solid angle 
contained) by four (squares is) impossible. For, again, the 
(sum of the plane angles containing the solid angle) will 
be four right-angles. And (the solid angle) of a dodec- 
ahedron (is contained) by three equilateral and equian- 
gular pentagons. And (a solid angle contained) by four 
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Afjuga. 

"Oct è f| 100 iconAcópou xoà icov«v(ou xeVton(OvouU 
Y«cvtat ópOr, oti xal xéun tov, obto OgUCCÉOV. 

"Hote yuo xevr&ávovov toónAcupov xoà tooy@voy TO 
ABIAE, xoi negvyevoó«0o: negl oto xóxXAoc ó ABDIAE, 
xol cA fpOc) obtoO xó xévtpov TÒ Z, xal &neCeoy0ocav ai 
ZA, ZB, ZI, ZA, ZE. &tya &pa xéuvouot xàc npóc toic A, 
B, T, A, E xoÜ nevxavO vou Yowtac. xol &rei ot noóc 16 Z 
TEVTE YWVLAL TEGOMOOLY òptic tow ciol xal stow toot, uta 
&pot o0 xv, coc Y òrò AZB, wăs pfc ot napà néunrtov' 
Aottal wou at bDnd ZAB, ABZ wise eto pfs xal néEurtov. 
toy dé ġ òrò ZAB «fj òrò ZBI" xa GAN wow ¥ Od ABT tod 
TEVTAYWVOLD YWvia uti; otv ópOfjc xoi néurtou: ónep Eoet 
Etta. 
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(equiangular pentagons is) impossible. For, the angle of 
an equilateral pentagon being one and one-fifth of right- 
angle, four (such) angles will be greater (in sum) than 
four right-angles. The very thing (is) impossible. And, 
on account of the same absurdity, a solid angle cannot 
be constructed from any other (equiangular) polygonal 
figures either. 

Thus, beside the five aforementioned figures, no other 
solid figure can be constructed (which is) contained by 
equilateral and equiangular (planes). (Which is) the very 
thing it was required to show. 


A 


Lemma 


It can be shown that the angle of an equilateral and 
equiangular pentagon is one and one-fifth of a right- 
angle, as follows. 

For let ABCDE be an equilateral and equiangular 
pentagon, and let the circle ABC DE have been circum- 
scribed about it [Prop. 4.14]. And let its center, F, have 
been found [Prop. 3.1]. And let FA, FB, FC, FD, 
and FE have been joined. Thus, they cut the angles 
of the pentagon in half at (points) A, B, C, D, and E 
[Prop. 1.4]. And since the five angles at F are equal (in 
sum) to four right-angles, and are also equal (to one an- 
other), (any) one of them, like AF B, is thus one less a 
fifth of a right-angle. Thus, the (sum of the) remaining 
(angles in triangle ABF), FAB and ABF, is one plus a 
fifth of a right-angle [Prop. 1.32]. And FAB (is) equal 
to FBC. Thus, the whole angle, ABC, of the pentagon 
is also one and one-fifth of a right-angle. (Which is) the 
very thing it was required to show. 


538 


GREEK-ENGLISH LEXICON 


339 


YTOIXEIQN 


ABBREVIATIONS: act - active; adj - adjective; adv - adverb; conj 
- conjunction; fut - future; gen - genitive; imperat - imperative; 
impf - imperfect; ind - indeclinable; indic - indicative; intr - in- 
transitive; mid - middle; neut - neuter; no - noun; par - particle; 
part - participle; pass - passive; perf - perfect; pre - preposition; 
pres - present; pro - pronoun; sg - singular; tr - transitive; vb - 
verb. 


yw, w, yayov, -ya, yuu, Aydnyv: vb, lead, draw (a line). 
å&ðývatoç -ov : adj, impossible. 


2 wf 


ci : adv, always, for ever. 

oipéo, olorjoo, e[t]Xov, fonxa, Honus, nec0nv : vb, grasp. 
GUTEW, althow, Hinow, Atyxa, Trongot, rojo, : vb, postulate. 
otra -aroc, 1ó : no, postulate. 


2 Z 


axdrcouvoc -ov 
with. 


&xpoc -a -ov : adj, outermost, end, extreme. 


: adj, analogous, consequent on, in conformity 


GAK& : conj, but, otherwise. 
&AoYoc -ov : adj, irrational. 
&ua : adv, at once, at the same time, together. 


&yuBAuYvovioc -ov : adj, obtuse-angled; xó &uDAvuYvovtov, no, ob- 
tuse angle. 


&uBAOc -eia -O : adj, obtuse. 

&uqgócepoc -a -ov : pro, both. 

avayedow : vb, describe (a figure); see yedou. 
&vaAovía, Y, : no, proportion, (geometric) progression. 
&váAoYoc -ov : adj, proportional. 

vára : adv, inverse(ly). 

avanAnedw : vb, fill up. 

&vactoéQgo : vb, turn upside down, convert (ratio); see oxpéqo. 
&vactpoqgf, Hh : no, turning upside down, conversion (of ratio). 
&vÜudgatoéo : vb, take away in turn; see alpéw. 

&viongt : vb, set up; see toxngut. 

&évicoc -ov : adj, unequal, uneven. 

avindoyw : vb, be reciprocally proportional; see nécyw. 
&Ewv -ovoc, O : Vb, axis. 

&maé : adv, once. 

&rac, &dnaca, &nav : adj, quite all, the whole. 

&netooc -ov : adj, infinite. 

anevavttov : ind, opposite. 

anéyw : vb, be far from, be away from; see £yo. 
ånàathc -éc : adj, without breadth. 

andbdereic -ew, HN : no, proof. 

droxaviotnut : vb, re-establish, restore; see totnu. 


ånoàaubévæw : vb, take from, subtract from, cut off from; see 
Aaubávao. 


aénotéuve : vb, cut off, subtend. 
andétunus -atoc, té : no, piece cut off, segment. 
&roouf, ?, : vb, piece cut off, apotome. 
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ante, aw, Ava, —, Ayo, — : vb, touch, join, meet. 
&noeooc -a -ov : adj, further off. 

éea : par, thus, as it seems (inferential). 

dovudc, ó : no, number. 

doetiémic : adv, an even number of times. 


aettonAcupac -ov : adj, having a even number of sides. 


doxa, dos, ECA, TexXa, Heyy, hexvyy : 
gin. 


vb, rule; mid., be- 


> P 


dovuuEeteos -ov : adj, incommensurable. 


> 2 


dovuttwtos -ov : adj, not touching, not meeting. 
dotios -a -ov : adj, even, perfect. 

&tuntocs -ov : adj, uncut. 

a&ténos -ov : adj, absurd, paradoxical. 


> Z 


autévev : adv, immediately, obviously. 

&qaíogc : vb, take from, subtract from, cut off from; see oipéo. 
aor, À : no, point of contact. 

B&00c¢ -coc, t6 : no, depth, height. 


Batves, -Bhoopat, -éBnv, BEBnxa, —, — : 
(of angle). 


BdAAw, Bard, EBarov, FEGAnxa, BEGAnuat, EGAN : vb, throw. 


Báo -£cc, f; : no, base (of a triangle). 


vb, walk; perf, stand 


YÓo : conj, for (explanatory). 


yily]voum, yevhooun, éyevouny, yéyova, yeyévnua., — 
happen, become. 


: vb, 


YVQUWV -Ovoc, À : no, gnomon. 
Yeouuy, 7) : no, line. 


Yoóo, Y oso, £yea|u/oJa, yéyeuoa, yéeyeuuuo, goabduny : vb, 
draw (a figure). 

ywvia, 7 : no, angle. 

ct : vb, be necessary; oci, it is necessary; £óet, it was necassary; 
déov, being necessary. 


delxvuut, elw, Edea, Sederya, Sederyyou, Edelydnv : vb, show, 
demonstrate. 
: ind, one must show. 


delEtc -ewo, À : no, proof. 
dexaywvoc -ov : adj, ten-sided; 16 dexaywvov, no, decagon. 


déyouo, défoua, cdecduny, —, dédeyvyua, cdéy0nv : vb, receive, 
accept. 


df : conj, so (explanatory). 

ónAoór, : ind, quite clear, manifest. 

õñàoc -n -ov : adj, clear. 

ónAovózt : adv, manifestly. 

yw : vb, carry over, draw through, draw across; see &yw. 
dtay@vioc -ov : adj, diagonal. 

StaAcinw : vb, leave an interval between. 


ói&uexpoc -ov : adj, diametrical; 5, ótápexpoc, no, diameter, di- 


agonal. 
Ota(pgotc -ecc, T : no, division, separation. 
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Ototpéc : vb, divide (in two); dapeVEvtoc -7 -ov, adj, separated 
(ratio); see oio£o. 


üt&ctnua -aroc, 1Ó : no, radius. 


Otopépo : vb, differ; see yépw. 


- 


(tut, 0000, £ütxa, 0£0cxa, SEdo0uM, C6OVNV : vb, give. 
àtuotpoc -ov : adj, two-thirds. 

oimrAacotatw : vb, double. 

ditAdcotoc -a -ov : adj, double, twofold. 


dttAaotwv -ov : adj, double, twofold. 


c? 


umÀAoUc -f; -o0v : adj, double. 


íc : adv, twice. 


©? 


- 


(ya : adv, in two, in half. 


©? 


tyopoutla, į : no, point of bisection. 
udc -á4ðoç, Y, : no, the number two, dyad. 


duvaua. : vb, be able, be capable, generate, square, be when 
squared; duvayévn, n, no, square-root (of area)—~e., strai- 
ght-line whose square is equal to a given area. 


c? 


Óvattc -£oc, Y, : no, power (usually 2nd power when used in 
mathematical sence, hence), square. 


Ouvaóc -f, -óv : adj, possible. 

dwoexdedoo0c -ov : adj, twelve-sided. 

éautoŬ -Ñc -oŭ : adj, of him/her/it/self, his/her/its/own. 
évyylwv -ov : adj, nearer, nearest. 

évyyedow : vb, inscribe; see yedow. 

clooc -£oc, xó : no, figure, form, shape. 

ecixocégðpos -ov : adj, twenty-sided. 


clow/AEYW, €o0)/eptw, elmov, clonxa, clonuat, £opriürv : vb, 
say, speak; per pass part, eipnuévoc -7 -ov, adj, said, afore- 
mentioned. 

£e ...etve : ind, either ... or. 

£xoto oc -Tj -0v : pro, each, every one. 

£xaépoc -a -ov : pro, each (of two). 

€£xXDÓXAo : vb, produce (a line); see 8$AAo. 

extéw : vb, set out. 

éxxeiuat : Vb, be set out, be taken; see xeiuot. 


2 f 


extivnu. : vb, set out; see ti0nut. 

éxtéc : pre + gen, outside, external. 
ctrAcoowv/eddttwy -ov : adj, less, lesser. 
chdytotoc -n -ov : adj, least. 

&£AAe(mt : vb, be less than, fall short of. 

éunintw : vb, meet (of lines), fall on; see ninta. 
£unpooUev : adv, in front. 

£vaAAÓES : adv, alternate(ly). 

évaouotw : vb, insert; perf indic pass 3rd sg, £vfiouooxot. 
évoéyouat : vb, admit, allow. 

évexev : ind, on account of, for the sake of. 
évvarAdatoc -a -ov : adj, nine-fold, nine-times. 
£vvota, Y, : no, notion. 
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evnepiéxw : vb, encompass; see éyw. 

£vnín1 : see &unínto. 

évtoc : pre + gen, inside, interior, within, internal. 
£&&yYovoc -ov : adj, hexagonal; tò &&&Yovov, no, hexagon. 
Etanàśotog -a -ov : adj, sixfold. 

£&fic : adv, in order, successively, consecutively. 

£teyügv : adv, outside, extrinsic. 

£nóávo : adv, above. 

rotpf, Y; : no, point of contact. 


(y 


2 f 


énet : conj, since (causal). 
2 ~ f . . 5 
éxetoynee : ind, inasmuch as, seeing that. 


emiCevyviun, EmiCevdw, eméCeuda, —, eméCevyyon, eméCevydnv : 
vb, join (by a line). 

éemtAoyitouat : vb, conclude. 

émivotéw : vb, think of, contrive. 

émimédoc -ov : adj, level, flat, plane; tò êninéõðov, no, plane. 

émioxentoua : vb, investigate. 


étioxetic -eW>¢, À : no, inspection, investigation. 





énitéoow : vb, put upon, enjoin; to éxitayvév, no, the (thing) 
prescribed; see té&cow. 


éniteitoc -ov : adj, one and a third times. 

&nupáveta,  : no, surface. 

£rouot : vb, follow. 

£oyoguaot, cAcvooua, AAVov, £AYAu0o, —, — : vb, come, go. 
£cyaxoc -v, -ov : adj, outermost, uttermost, last. 
&xepóummre -ec : adj, oblong; xó &xepóumxec, no, rectangle. 
étepoc -a -ov : adj, other (of two). 

ët : par, yet, still, besides. 


cuduypauuoc -ov : adj, rectilinear; 16 ev00Uyeauuoy, no, recti- 
linear figure. 


ceuvuc -eta -0 : adj, straight; A cvdeia, no, straight-line; ên’ 
cuvetac, in a straight-line, straight-on. 

cveloxw, everjoxw, nNUpov, cUpexa, cVenua, cbeé0nyv : vb, find. 

£páno : vb, bind to; mid, touch; *, &paxvouévn, no, tangent; 
see $n. 


£gopuóto, £oopuóoto, &ofouooa, &ofjuoxa, &£oruoogat, &oruóoünv 
: Vb, coincide; pass, be applied. 


£geefic : adv, in order, adjacent. 

égtotnut : vb, set, stand, place upon; see totnut. 

čyw, fw, Eoyov, Eoynxa, -Eoynuat, — : vb, have. 

ÅyéouaL, Hyfjooua, nynoduny, hynuot, —, AYHVny : vb, lead. 
ön : ind, already, now. 


Dx 


fixe, f£, —, —, —, — : vb, have come, be present. 
fiuxoxAtov, tó : no, semi-circle. 


fiutóAtoc -a -ov  : adj, containing one and a half, one and a half 
times. 
Futouc -era -u : adj, half. 


fep — fj nep : conj, than, than indeed. 
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tol ... : par, surely, either ...or; in fact, either ... or. 
Eo -ews, A : no, placing, setting, position. 

Vewernus -atoc, xó : no, theorem. 

tó.oc -a -ov : adj, one's own. 


: adv, the same number of times; fodxic moAAaT Aco, 
the same multiples, equal multiples. 


2 , 
LOOKS 


2 2 


icoYovtoc -ov : adj, equiangular. 

icónAsupoc -ov : adj, equilateral. 

iconÀnÜüfc -éc : adj, equal in number. 

toog -n -ov : adj, equal; && tcov, equally, evenly. 
icocoxeàńe -éc : adj, isosceles. 


tont, o1fjoo, Éotrjoa, —, —, ovóéürv : vb tr, stand (some- 


thing). 


tont, oxfjoo, čaty, £ownxa, £ovagot, £ovoünv : vbintr, stand 


up (oneself); Note: perfect J have stood up can be taken 
to mean present / am standing. 


icoüUfic -éc : adj, of equal height. 

xaveance : ind, according as, just as. 

xav_etoc -ov : adj, perpendicular. 

xoaüóXou : adv, on the whole, in general. 

xaXÉo : vb, call. 

xàåxewvoc = Kal Exelvoc . 

x&v — xoi àv : ind, even if, and if. 

xatayeaon, n : no, diagram, figure. 

xatayedow : vb, describe/draw, inscribe (a figure); see Yoó«qo. 
xataxorovvew : vb, follow after. 


xataAettw : vb, leave behind; see Acinw; t& xatoAcinéueva, no, 
remainder. 


xavéAArvAoc -ov : adj, in succession, in corresponding order. 
xaxauevoéo : vb, measure (exactly). 

xatavtéw : vb, come to, arrive at. 

xataoxeuvecle : vb, furnish, construct. 


xeiuot, xeicouot, —, —, —, — : vb, have been placed, lie, be 


made; see tinut. 

xévtpov, TO : no, center. 

xdAéw : vb, break off, inflect. 

xAlvw, XAtvw, ExAwa, xExALna, xExALUAL, ExALOny : vb, lean, in- 
cline. 

xAiotc -eoc, f, : no, inclination, bending. 

xoiAoc -rj -ov : adj, hollow, concave. 


xoevuen, h : no, top, summit, apex; xat& xopueyy, vertically 
opposite (of angles). 


xptvo, xptvà, Éxpivo, xéxpuxa, xéxpiuiot, Exelny : vb, judge. 
xüDoc, 6 : no, cube. 

xUxAoc, Óó : no, circle. 

XOüAwOpoc, Ó : no, cylinder. 

xuptóc -f, -óv : adj, convex. 


XGvoc, Ó : n0, cone. 
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Aou vo, Ar boguot, Xaov, clAnoa efAnuuat, cAnodny : vb, 
take. 

Aéyw : Vb, say; pres pass part, Aevóuevoc -v, -ov, adj, so-called; 
see £tpo. 


Acinw, Actbw, EAutov, AgAoina, AéAciuua, EActony : vb, leave, 
leave behind. 


Anuuátov, tó : no, diminutive of Añua. 

Añuua -atoc, tó : no, lemma. 

Ab -ewc, À : no, taking, catching. 

ÀAóYoc, Ó : no, ratio, proportion, argument. 

Aoc -ń -óv : adj, remaining. 

vavidve, uaðńcoua, čuaðov, ueusůnxa, —, — : vb, learn. 
uéyeUoc -eoc, tó : no, magnitude, size. 

uelčwv -ov : adj, greater. 

UEVw, UEVe), Euciva, ueuévrjxo, —, — : vb, stay, remain. 
uÉ£ooc -ouc, tÓ : no, part, direction, side. 


Uécoc -T -ov : adj, middle, mean, medial; ¿x 600 uéoov, bime- 
dial. 


uevaAouDóévo : vb, take up. 

uetačó : adv, between. 

uetéwpoc -ov : adj, raised off the ground. 

uetoéw : vb, measure. 

uétpov, tÓ : no, measure. 

undcic, undeula, undév : adj, not even one, (neut.) nothing. 
undémote : adv, never. 

undétepocs -a -ov : pro, neither (of two). 

ufixoc -eoc, tó : no, length. 

ufv : par, truely, indeed. 


e 


uovác -óOoc, f, : no, unit, unity. 


Z 


uovayóc -f, -óv : adj, unique. 
uovayüc : adv, uniquely. 
uóvoc -T, -ov : adj, alone. 


Z $ Z Z 2 7 
vo£o, —, vórja, vevórxa, vevórgaot, £vorjünv : vb, apprehend, 
conceive. 
olog -& -ov : pre, such as, of what sort. 


óxt1órópoc -ov : adj, eight-sided. 

óAoc -"j -ov : adj, whole. 

oyuoYvevfc -éc : adj, of the same kind. 
óuotoc -« -ov : adj, similar. 

oóUuotonArüTfc -éc : adj, similar in number. 
oóyuotoxaYfic -éc : adj, similarly arranged. 


t i c 


OUOLOTHS -NTOC, 7 


t f 


óuotmc 


: no similarity. 

: adv, similarly. 

oóuÓóAoYoc -ov : adj, corresponding, homologous. 
oyuotaYfc -éc : adj, ranged in the same row or line. 
oóuovugoc -ov : adj, having the same name. 


óvoyua -aroc, 1ó : no, name; £x 600 dvoudtwv, binomial. 
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ôčuvyævioç -ov : adj, acute-angled; tò ó£uYyowvtov, no, acute an- 
gle. 


öčúc -gia -Ó : adj, acute. 


ónolocoŬy — Onoloc -« -ov - oOv : adj, of whatever kind, any 


kind whatsoever. 
ÓTÓCOC -T| -0v : pro, as many, as many as. 


OTOGOOONTOTOUY = Ond00¢ -7n -ov + OA + xoxé + OV : adj, of 
whatever number, any number whatsoever. 


ó1000000v — ónóooc -r, -ov t oOv : adj, of whatever number, 


any number whatsoever. 
: pro, either (of two), which (of two). 


e Z 


ÓTÓTEQOC -Qà -OV 
oepvoyavoyv, T6 : no, rectangle, right-angle. 


opvds -4 -6v : adj, straight, right-angled, perpendicular; ned 
opvac ywviac, at right-angles. 


ópoc, ó : no, boundary, definition, term (of a ratio). 


ócaO0rnnroioUv — 6oa« t ðh + noté + oðv : ind, any number 
whatsoever. 


oodxic : ind, as many times as, as often as. 
OOUTAGOLOS -OV : pro, aS Many times as. 
ÓOOcC -1| -0v : pro, as many as. 


oonep, Anee, Ónep : pro, the very man who, the very thing 


which. 
óoc, Ät, Öö w : pro, anyone who, anything which. 
otav : adv, when, whenever. 
ottolv : ind, whatsoever. 
ovdelc, ovdeuta, ovdév : pro, not one, nothing. 


cfs 


ovdétEpos -a -ov : pro, not either. 
ovvétepoc : see ob0évepoc. 

o90€v : ind, nothing. 

ovv : adv, therefore, in fact. 

otw¢ : adv, thusly, in this case. 

néaAwy : adv, back, again. 

névtwe : adv, in all ways. 

raoà : prep + acc, parallel to. 

ropa éAXAo : vb, apply (a figure); see $AAo. 
ropooAf, Y, : no, application. 

napdxetuot : vb, lie beside, apply (a figure); see xeiuot. 


ropoaÀAócot, napaAAóEo, —, napfAAoyo, —, — : vb, miss, fall 
awry. 


napadAnAenttedoc, -ov : adj, with parallel surfaces; tò napaà- 
AnAeninedoy, no, parallelepiped. 


TAPAAANAGY eas -ov : adj, bounded by parallel lines; xó xa- 
paàànàóyopauuoyv, no, parallelogram. 


TapgAAnAos -ov : adj, parallel; tò napdédAAnaov, no, parallel, 


parallel-line. 
TAPATANOW"S -atoc, t6 : no, complement (of a parallelogram). 
mapatéAvetos -ov : adj, penultimate. 
mapex : prep + gen, except. 


napeurinte : vb, insert; see nintw. 
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TIGOIVCO, teloouat, Enavov, nérovda, —, — : vb, suffer. 


TEVtEYWVOC -ov : adj, pentagonal; tO nevtéywvov, no, pen- 


tagon. 
mevtamAdatoc -a -ov : adj, five-fold, five-times. 
TEVTEXMLOEXAYWVOV, TO : NO, fifteen-sided figure. 
renepoouévoc -T, -ov : adj, finite, limited; see xepaívo. 


Tepaive, Tepaves, Enépava, —, nenepdoua, énepavavdny : vb, bring 
to end, finish, complete; pass, be finite. 

nÉooc -avoc, TO : no, end, extremity. 

TEPATOW, —, —, —, —, — : vb, bring to an end. 

n&ptYoGQo : vb, circumscribe; see Yoóqo. 

n£piéyo : vb, encompass, surround, contain, comprise; see yw. 

neptAaubdéve : vb, enclose; see Aaybévw. 

neptoodxic : adv, an odd number of times. 

reptooóc -f, -óv : adj, odd. 


n&pupéoetat, Y; : no, circumference. 





n&pupéot : Vb, carry round; see qgépo. 

TNAMOTHS -NTOS, A : no, magnitude, size. 

nintw, mecoUual, Emecov, TéETTWXA, —, — : Vb, fall. 

rÀÓxoc -£oc, xó : no, breadth, width. 

tActwy -ov : adj, more, several. 

nÀEUQS, T, : no, side. 

nAfjüoc -£oc, 1Ó : no, great number, multitude, number. 
TAY : adv & prep + gen, more than. 

rotóc -& -óv : adj, of a certain nature, kind, quality, type. 
roAAonAaociLO : vb, multiply. 

roAAoanAaociwOUuÓc,OÓ : no, multiplication. 

roAAanAS&otov, 1Ó : no, multiple. 

moAvedeoc -ov : adj, polyhedral; 16 noAvedeov, no, polyhedron. 
moAvywvoc -ov : adj, polygonal; tó noAvywvoy, no, polygon. 
roAÓnxAsupoc -ov : adj, multilateral. 

róptouo -aroc, xÓ : no, corollary. 

voté : ind, at some time. 

npiou« -aroc, TÓ : no, prism. 

rpoDoítvo : vb, step forward, advance. 

nmoodeixvuut : vb, show previously; see deixvuut. 


neoextivnus : vb, set forth beforehand; see tiny. 





meocpéw : vb, say beforehand; perf pass part, npoeienuévosc -n 
-ov, adj, aforementioned; see ctow. 


rpocavanAroóo : vb, fill up, complete. 
npocavaYoóoo : vb, complete (tracing of); see Yoóoo. 
rpoooapuóto : vb, fit to, attach to. 

Te0cEXBaAAw : vb, produce (a line); see &x8$AAo. 
meoceupioxw : vb, find besides, find; see evetoxe. 
teoocAguBdu : vb, add. 

tedxewa. : vb, set before, prescribe; see xeta. 





nedoxewa. : vb, be laid on, have been added to; see xeiua. 
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rpooninto : Vb, fall on, fall toward, meet; see ninta. 
npotaotc -Etc, f) : n0, proposition. 


rpootóácoQ : Vb, prescribe, enjoin; xó 1pooxay0Év, no, the 
thing prescribed; see té&00w. 


rpoottUnu : vb, add; see tidnu. 

mTeotepos -a -ov : adj, first (comparative), before, former. 
teotidnut : vb, assign; see ti0nus. 

rpoyopéo : Vb, go/come forward, advance. 

totog -a -ov : adj, first, prime. 

mupauic -f60¢, A : no, pyramid. 

erixóc -f, -óv : adj, expressible, rational. 

poubosöhc -éc : adj, rhomboidal; xó eoufosióéc, no, romboid. 
eóuDoc, ó 
onusiov, tó : no, point. 


no, rhombus. 


+ 


oxaànvós -ń -óv : adj, scalene. 
o1epgÓc -& -Óv : adj, solid; xó oxepeóv, no, solid, solid body. 
o1oty£iov, xÓó : no, element. 
Z Z 24 2 2 $ 
oTPÉQW, -oTpÉbw, čotpepa, —, Cota, EotdoNy : vb, turn. 


oóYvxewuot : vb, lie together, be the sum of, be composed; 
ovyxetuevoc -1 -ov, adj, composed (ratio), compounded; 
see xeiuat. 


ovyxetvw : vb, compare; see xpívo. 

cuuDaívo : vb, come to pass, happen, follow; see Batve. 
ScUUDÓAAG : vb, throw together, meet; see B&AAw. 
obuueteoc -ov : adj, commensurable. 

obunac -avtoc, O : no, sum, whole. 

ouunittw : vb, meet together (of lines); see ninta. 
ouutAneow : vb, complete (a figure), fill in. 

ovveyw : vb, conclude, infer; see &yw. 


cuvapg.qócepot -ot -a. : adj, both together; ó ouvay@dtepos, no, 
sum (of two things). 


ouvarnodeixvuut : no, demonstrate together; see deixvuut. 
cuvao, h : no, point of junction. 

cůvõvo, of, al, vá : no, two together, in pairs. 

cuveyfc -éc : adj, continuous; xoxà xó cuveyéc, continuously. 
cOvÜsotc -Eoc, f : no, putting together, composition. 
cůvůetoç -ov : adj, composite. 


ov[vitotnus : vb, construct (a figure), set up together; perf im- 
perat pass 3rd sg, ouveoxáxo; see fot. 


ouvtt0nust : vb, put together, add together, compound (ratio); 
see ti0nut. 


oytolc -EW¢, H : no, state, condition. 
oyfiua -avoc, tÓ : no, figure. 

oQoitpa -ac, T : no, sphere. 

1ó&ic -£0c, f : no, arrangement, order. 


tapóooQ, vapieo, —, —, veváporvuot, £vapáy nv. : vb, stir, trou- 


ble, disturbe; xvexopoyuévoc -rj -ov, adj, disturbed, per- 
turbed. 
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tó&oo0, THEW, Etta, vévaya, xéxovuot, £váy rv : vb, arrange, 
draw up. 

iÉAetoc -a -ov : adj, perfect. 

tÉUvO, teu v6, Exepuov, -vévurjxa, xéxurjuor, £vurjürv : vb, cut; 
pres/fut indic act 3rd sg, xéue«. 

tetaptuoptov, xÓ : no, quadrant. 

texvo&Yovoc -ov : adj, square; xó xexoéYovov, no, square. 

vexpóoac : adv, four times. 

texpaxAGotoc -o -ov : adj, quadruple. 

tete&mAcueac -ov : adj, quadrilateral. 

tetpanàóos -y -ov : adj, fourfold. 

tinut, ow, zinxa, téðNxa, xeiuas, ëtéðny : vb, place, put. 

tuuga -axoc, xÓ : no, part cut off, piece, segment. 

totvuv : par, accordingly. 

xotoU oc -aOtr, -o0xo : pro, such as this. 

tougÓc -Écc, O : no, sector (of circle). 

tou, ?; : no, cutting, stump, piece. 

tomoc, O : no, place, space. 

tooautdxuic : adv, so many times. 

TOOMUTATAGOLOS -% -OV : pro, so many times. 

toco0toc -atr-o0xo : pro, so many. 

toutéott = tot got : par, that is to say. 

toanréčiov, tó : no, trapezium. 

telywvoc -ov : adj, triangular; to tetywvovy, no, triangle. 

teitAdotocs -a -ov : adj, triple, threefold. 

teirAcueoc -ov : adj, trilateral. 

ToimA-Goc -1y -ov : adj, triple. 

tpómnOc, Ó : no, Way. 

TUYXEVO, veO0coguot, £xUyovV, vevOYvjxa, véveUYUot, £veby mv : 
vb, hit, happen to be at (a place). 

undeyw : Vb, begin, be, exist; see $oyo. 

bnesaípeotc -eoc, À : no, removal. 

bnepDGAAo : vb, overshoot, exceed; see BáAAo. 

brepoy, f, : no, excess, difference. 

bnepéyw : Vb, exceed; see £yo. 

bnÓUso:c -eoc, T : no, hypothesis. 

: vb, underlie, be assumed (as hypothesis); see xeiuot. 


g f 


UTOXKXELU OAL 


^ 


UmoAcinw : vb, leave remaining. 


bnot£(v(, UnotevO, Un£tetva, üUrovévoxo, ünotévogot, UneTaU NY 
: vb, subtend. 

OUoc -£oc, 16 : no, height. 

oavepds -& -6v : adj, visible, manifest. 

onul, ohow, ony, —, —, — : vb, say; Égogev, we said. 

(teu, olow, Aveyxov, Evivoya, Eviveyuat, AveyUny : vb, carry. 

y@ptov, tó : no, place, spot, area, figure. 

ywolc : pre + gen, apart from. 

dove : vb, touch. 

tc : par, as, like, for instance. 

(c Éxvuyev : par, at random. 

waautwc : adv, in the same manner, just so. 

@ate : conj, so that (causal), hence. 
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